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Moduli stacks of semistable sheaves and
representations of Ext—quivers

YUKINOBU TODA

We show that the moduli stacks of semistable sheaves on smooth projective varieties
are analytic locally on their coarse moduli spaces described in terms of representations
of the associated Ext—quivers with convergent relations. When the underlying variety
is a Calabi—Yau 3—fold, our result describes the above moduli stacks as critical loci
analytic locally on the coarse moduli spaces. The results in this paper will be applied
to the wall-crossing formula of Gopakumar—Vafa invariants defined by Maulik and
the author.

14D22, 14D23; 14D15

1 Introduction

1.1 Motivation

The purpose of this paper is to give descriptions of moduli stacks of semistable sheaves
on smooth projective varieties in terms of quivers with (formal but convergent) relations,
analytic locally on their coarse moduli spaces. The relevant quiver is the Ext—quiver
associated to the simple collection of coherent sheaves, determined by a polystable
sheaf corresponding to a point of the coarse moduli space. Probably the main results
have been folklore for experts of moduli of sheaves (at least on formal neighborhoods
at closed points of the coarse moduli space), but we cannot find any reference and our
purpose is to give precise statements and details of the proofs. The main results in
this paper will be used in the companion paper [33] in the proof of the wall-crossing
formula of Gopakumar—Vafa invariants introduced by Maulik and the author [25].

1.2 Results

Let X be a smooth projective variety over C and w an ample divisor on it. Let M, be
the moduli stack of w—Gieseker semistable sheaves on X, and M, the coarse moduli
space of their S—equivalence classes. There is a natural morphism
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sending a semistable sheaf to its S—equivalence class. A closed point of M, corre-
sponds to a polystable sheaf, ie a direct sum

k
(1-1) E=Vi®E:.
i=1
where each of the Eq, ..., E} are mutually nonisomorphic w—Gieseker stable sheaves

with the same reduced Hilbert polynomials.

The Ext—quiver Q associated to the collection (E1, ..., Ey) is defined by the quiver
whose vertex is {1,...,k} and the number of arrows from i to j is the dimen-
sion of Ext'(E;, E 7). We denote by Mg the moduli stack of finite-dimensional
QO-representations with dimension vector (dim V;);<;<k, and Mg the coarse moduli
space of semisimple Q-representations with dimension vector as above. We have the
natural morphism

po: Mg — Mg

sending a Q-representation to its semisimplification. There is a point 0 € Mg rep-
resented by the semisimple Q-representation @f-;l Vi ® S;, where S; is a simple
Q-representation corresponding to the vertex i. The following is our main result.

Theorem 1.1 (Theorem 3.2) For p € M, represented by a polystable sheaf (1-1),
let QO be the Ext—quiver associated to (E1, ..., E). Then there exist analytic open
neighborhoods p e U C My, and 0 € V C M, a closed analytic substack Z C pél (V)
with the natural morphism to its coarse moduli space pg: Z — Z and the commutative
isomorphisms

Indeed we can define the (formal but convergent) relation I of the Ext—quiver Q using
the minimal Aso—structure of the dg-category generated by (Ey, ..., Ex). The conver-
gence of I will be proved by generalizing the gauge theory arguments of Fukaya [11]
and Tu [34] for deformations of vector bundles to the case of resolutions of coherent
sheaves by complexes of vector bundles. The substack Z C pél (V) is then defined to
be the stack of Q-representations satisfying the relation 7.

When X is a smooth projective Calabi—Yau (CY) 3—fold, we can take the relation /
to be the derivation of a convergent superpotential of the quiver Q. So we have:
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Corollary 1.2 (Corollary 5.7) In the situation of Theorem 1.1, suppose that X is a
smooth projective CY 3—fold. Then there is a morphism of complex analytic stacks
W pél (V) — C such that

Z={dW=0} = p3; ().

A similar result was already proved by Ben-Bassat—-Brav—Bussi—Joyce [3] and Joyce—
Song [17], where the stack M, is described as a critical locus locally on M,,. Our
description is more global, as we describe the stack M,, as a critical locus on the
preimage of an open subset of the coarse moduli space M,,. The result of Corollary 5.7
is also compatible with the d—critical structure introduced by Joyce [16]. By Pantev—
Toén—Vaquié—Vezzosi [28], the stack M., is a truncation of a derived scheme with a
(—1)-shifted symplectic structure. Using this fact, it is proved in [3] that the stack M,
has a canonical d—critical structure. From the construction of W in Corollary 1.2,
the data ( p;ll ), pél (V), W) is shown to give a d—critical chart of the d—critical
stack My, ; see [33, Appendix A].

In the case of moduli spaces of one-dimensional sheaves, we also investigate the wall-
crossing phenomena of these moduli spaces with respect to the twisted stability. Let
A(X)c be the complexified ample cone of X, and take an element

oc=B+iwe AX)c.

Let M, be the coarse moduli space of one-dimensional B-twisted w—semistable
sheaves on X. We will see that the result of Theorem 1.1 is also applied for the moduli
space M, of twisted semistable sheaves. If we take 0 € A(X)c to be sufficiently
close to o, we have the natural projective morphism

(1-2) qm: My — M.

Theorem 1.3 (Theorem 7.7) For p € M, let an open subset p € U C My, a
quiver Q, and an analytic space Z be as in Theorem 1.1. Then there is a stability
condition & on the category of Q-representations such that we have the commutative
diagram of isomorphisms

Z‘é;)qill(U)

(1-3) l lqM

zZ—==vU

Here Z¢ is the coarse moduli space of §—semistable Q—representations satisfying the
relation I .
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When X is a K3 surface, the morphism (1-2) was studied by Arbarello—Sacca [2]. In
this case, they showed that the morphism (1-2) is analytic locally on M, described
as a symplectic resolution of singularities of Nakajima quiver varieties via variation
of stability conditions of representations of quivers. One can check that the result of
Theorem 1.3 gives the same description of the morphism (1-2) as in [2], if we know
the formality of the dg-algebra RHom(E, E) for a polystable sheaf [E] € M, .

The results of Corollary 1.2 and Theorem 1.3 will be used in [33] to show the wall-
crossing formula of (the generalization of) Gopakumar—Vafa (GV) invariants introduced
by Maulik and the author [25]. Roughly speaking, the idea is as follows. In [33],
we construct some perverse sheaves ¢Ma +» ®m, on the moduli spaces M+, My
in (1-2), respectively, following the analogy of BPS sheaves introduced by Davison—
Meinhardt [7]. It turns out that there is a natural morphism

(1-4) 3, — Rard, .

and we want to show that this is an isomorphism. The results of Corollary 1.2 and
Theorem 1.3 enable us to reduce to the case of quivers with convergent superpotentials.
In the case of quivers with superpotentials, the similar question was addressed and
solved in [7], and we can use the results and arguments therein to show that (1-4) is an
isomorphism.

In a similar way, using the result of Corollary 1.2, it should be possible to reduce several
problems in Donaldson-Thomas (DT) theory on CY 3—folds to the case of representa-
tions of quivers with convergent superpotentials, which is easier in many cases. For
example it was recently announced by Davison—Meinhardt that the integrality conjecture
of generalized DT invariants (see Joyce—Song [17] and Kontsevich—Soibelman [21])
on CY 3—folds can be proved using the result of Corollary 1.2.

1.3 Plan of the paper

The organization of this paper is as follows. In Section 2, we introduce the notion of
quivers with convergent relations and construct the moduli spaces of their representa-
tions. In Section 3, we fix some notation on the moduli spaces of semistable sheaves
and state the precise form of Theorem 1.1. In Section 4, we describe deformation theory
of coherent sheaves in terms of minimal A —structures. In Section 5, we complete the
proof of Theorem 1.1. In Section 6, we recall NC deformation theory and relate it with
the result of Theorem 1.1. In Section 7, we prove Theorem 1.3.
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2 Quivers with convergent relations

In this section, we recall some basic notions on quivers, their representations and
moduli spaces. We also introduce the concept of convergent relations of quivers, and
moduli spaces of quiver representations satisfying such relations.

2.1 Representations of quivers

Recall that a guiver Q consists data
0 =V(Q). E(Q).s.1).
where V(Q) and E(Q) are finite sets, and s and ¢ are maps
s,t: E(Q)— V(0Q).

The set V(Q) is the set of vertices and E(Q) is the set of edges. For e € E(Q), the
vertex s(e) is the source and 7(e) is the target. For i, j € V(Q), we use the notation

2-1 Eiji={e€ E(Q):s(e) =i, tle)=j};

ie E; j is the set of edges from i to ;.

A Q-representation consists of the data

(2-2) V=A{Vi,ue): i €V(Q), e € E(Q), ue: Vse) = Vi(e)}»

where V; is a finite-dimensional C—vector space and u, is a linear map. For a Q-
representation (2-2), the vector

(2-3) m = (mj)iep(g). mi=dimV;,

is called the dimension vector.
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Given a dimension vector (2-3), let V; be a C—vector space with dimension ;. Set

G:= [] GL(V) and Repy(m):= [] Hom(Vy(). Vi(e))-
ieQ(V) ecE(V)

The algebraic group G acts on RepQ(n_a)) by

(2-4) U =1{g¢) O lle © Ls(e) tec E(Q)

for g = (gi)iev(g) € G and u = (ue)ecg(Q)- A Q-representation with dimension
vector 71 is determined by a point in Rep Q(r?a) up to G-action. The moduli stack of
QO-representations with dimension vector /1 is given by the quotient stack

Mg (i) := [Repy (in)/G].
It has the coarse moduli space given by
(2-5) po: Mo(m) — Mg (n) :=Repg(m)G.

Here in general, if a reductive algebraic group G acts on an affine scheme Y = Spec R,
then its affine GIT quotient is given by

Y /G := Spec RC.

For two points in xy, x; € Y, they are mapped to the same point in Y /G if and only
if their G—orbit closures intersect, ie

G-x1NG-xy # 2.

In the case of G—action on RepQ(%), the above condition is also equivalent to that
the corresponding Q-representations have the isomorphic semisimplifications. The
quotient space Mg (m) parametrizes semisimple Q-representations with dimension
vector m, and the map (2-5) sends a Q-representation to its semisimplification;
see [26, Section 5; 19, Section 3] for details.

For i € V(Q), let S; be the simple Q-representation corresponding to the vertex i ; ie
it is the unique Q-representation with dimension vector m; =1 and mj =0 for j #1i.
The point 0 € RepQ(r_n)) and its image 0 € Mo (m) by the map (2-5) correspond to
semisimple Q-representation @ieV(Q) Vi ® S;. A Q-representation (2-2) is called
nilpotent if any sufficiently large number of compositions of the linear maps u, becomes
zero. It is easy to see that a Q-representation is nilpotent if and only if it is an iterated
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extensions of simple objects {S;};cp(p). In particular, the fiber
Pg' (0) C Mo (i)

for the morphism (2-5) consists of nilpotent Q—representations with dimension vec-
—
tor m.

2.2 Quivers with convergent relations

Recall that a path of a quiver Q is a composition of edges in Q:
erey---ep, with e; € E(Q) and t(ej) = s(ej+1).

The number n above is called the length of the path. The path algebra of a quiver Q
is a C—vector space spanned by paths in Q:

(C[Q]:@ @ C-elez---en.

n>0 ey,....,en€E(Q)
t(ei)=s(ei+1)

Here a path of length zero is a trivial path at each vertex of Q, and the product on C[Q]
is defined by composition of paths. By taking the completion of C[Q] with respect to
the length of the path, we obtain the formal path algebra

C|[Q]]:=l_[ @ C-e1ex---ey.

n>0 ey,...,en€E(Q)
t(ei)=s(ei+1)
Note that an element f € C[Q] is written as
(2-6) f= Z Z Ay ey €1€2 €.
=0 i €Ey i),
Vi Do p() O EED

Here ay ., € C, ea = (e1,....,en) and Ey ;) y(i+1) is defined as in (2-1). The above
element f lies in C[Q] if and only if ay, ,, = 0 for n > 0.

Definition 2.1 We define the subalgebra

Cio} cClal

to be elements (2-6) such that |ay. .| < C" for some constant C > 0 which is
independent of 7.
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Note that C{Q} contains C[Q] as a subalgebra. For an element f € C{Q}, we
write it as (2-6) and consider the following Hom(V,, V})—valued formal function of

u = (e)ecE(Q) € Repg():

(2-7)  f(a.b, i) := > D Gy, e, 00 OUey O,

n=0 i €Ey (i) yi+1)
Yi{l,...n+1}—>V(Q)
Yv(1)=a, y(n+1)=>b

By the definition of C{Q}, the above Hom(V,,V})-valued formal function on Repg (m)
has a convergent radius. So there is an analytic open neighborhood

(2-8) 0 €U C Repy (i)

such that the function (2-7) absolutely converges on it and determines the complex
analytic map

f(a,b, n_a)): U — Hom(V,, V).

In particular, the equations f(a,b,n) =0 for all a, b € V(Q) determines the closed
complex analytic subspace of Uf.

2.3 Saturated open subsets

We will extend the arguments in the previous subsection to a preimage of an open
subset in RepQ(n_5) // G. Before doing this, we prepare some general definitions
and lemmas for the action of a reductive algebraic group on affine schemes or ana-
Iytic spaces.

Definition 2.2 Let G be a reductive group acting on an affine algebraic C—scheme Y.
Then an analytic open set U C Y is called saturated if for any x € U, the orbit closure
G -x CY iscontained in U.

Note that a saturated open subset is in particular G—invariant. Let

(2-9) ny: Y = Y)G

be the quotient map and V' C Y /G an analytic open subset. Then n;l (V) is obviously
saturated. Indeed, the converse is also true. In order to see this, we recall the following
fact on the topology of affine GIT quotient ¥ /G .
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Theorem 2.3 [27; 31] In the situation of Definition 2.2, let K C G be a maximal
compact subgroup of G . Then there is a K—invariant closed subset S C Y in analytic
topology, called a Kempf—Ness set, satistying the following: for any x € S the G—orbit
G -x isclosed in Y and the inclusion S C Y induces the homeomorphism

(2-10) i S/K2Y)G.

Here the topology of S/ K is a quotient topology induced from the analytic topology
of S, and that of Y /G is the analytic topology. In particular, the analytic topology of
Y /G is the quotient topology induced from the analytic topology of Y.

The following lemma follows from the above theorem:

Lemma 2.4 In the situation of Definition 2.2, an analytic open subset U C Y is
saturated if and only if there is an analytic open set V C Y /G such that U = n;l V),
where ny: Y — Y J/G is the quotient morphism.

Proof For x € U and y €Y, suppose that 7y (x) = 7y (y), ie that G -x and G - y
intersect. Since U is saturated, we have G - x C U. Then we have G - yNU # &, and
since U 1is open there is g € G such that g -y € U. Therefore we have y € U. This
implies that there is a subset V' C Y /G such that U = n;l (V). By Theorem 2.3, the
subset V is analytic open, hence the lemma holds. a

We also have the following lemma.

Lemma 2.5 In the situation of Definition 2.2, let y € Y be a G—fixed pointand U C Y
a G—invariant analytic open subset with y € U. Then there is an analytic open subset
U’ C Y which is saturated and satisfies 0 € y e U' C U.

Proof Let S CY be the Kempf-Ness set as in Theorem 2.3. Since y € Y is G—fixed,
we have y € S by the homeomorphism (2-10). Then we have y € SN U, and SNU
is a K—invariant open subset in . Therefore we have SN U = 7151 (V) for some
open subset V' C S/ K, where wg: S — S/K is the quotient map. Since the map 7 in
(2-10) is a homeomorphism, the subset ¢(V) C Y /G is open. We set a saturated open
subset U’ C Y tobe U’ = my' (1(V)) for the quotient map (2-9). Since 7g(y) € V,
we have y € U’. It is enough to check that U’ C U. By the construction of U’, for
x € U’ thereis z € SNU such that wy (x) = 7wy (z), ie the closures of G-x and G -z
intersect. Since G - z is closed, we have z € G - x. Therefore there is g € G such that
g-x e U. Since U is G—invariant, we have x € U, hence the lemma is proved. O
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2.4 Analytic Hilbert quotients

Later we will take GIT-type quotients for nonalgebraic complex analytic spaces. Here
we recall the basic notions for such quotients. The following definition appears in
[14; 12] for reduced complex analytic spaces.

Definition 2.6 Let G be a reductive algebraic group acting on a complex analytic
space Z. Then a complex analytic space Z /G together with a morphism

(2-11) nz: Z—>Z7Z)G
is called an analytic Hilbert quotient if the following conditions hold:

(1) 7z is alocally Stein map; ie there is an open cover Z /G = | J; U, by Stein
open subsets U/ such that n}l (U,) is Stein.

(2) We have (12x02)% =0z)5.

An analytic Hilbert quotient is known to exist when Z is a reduced Stein space, which
is unique up to isomorphism [13]. In [14; 12], analytic Hilbert quotients are discussed
under the assumption that Z is reduced. It seems that such quotients for nonreduced
analytic spaces are not available in the literature. We don’t develop generality of such
quotients for nonreduced analytic spaces, but show the existence of such quotients in
some special cases discussed below, and their universality.

We show the following lemma on the existence of analytic Hilbert quotients, which
may be well known, but we include it here as we cannot find a reference.

Lemma 2.7 Let Y be an affine algebraic C—scheme with G-action. Then for the
affine GIT quotient ry: Y — Y J/ G, its analytification

g YU > (Y /G)*"
is an analytic Hilbert quotient.

Proof The condition Definition 2.6(1) is obvious as Y*" and (Y //G)*" are Stein, so
we only prove (2). First suppose that ¥ = C” and the G-action on it is linear. In
this case, Definition 2.6(2) is proved in [24]. In general, there is a G—invariant closed
embedding Y C C”, where G acts on C” linearly, and the commutative diagram

Yo ., C"

(2-12) HYJ Jﬂcn

Y)G—C")G
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Since G is reductive, the functor (—) sending a G—representation to its G—invariant
part is exact. So the natural map I'(Ocn)? — I'(Oy)? is surjective, so the bottom
arrow of (2-12) is a closed embedding.

By taking the analytification of (2-12), we obtain the commutative diagram of analytic
sheaves on (C"/G)™:

O(Cn//G)an i) (n(acnn*O((cn)an)G

2-13) l |

Since Jré“,, is locally Stein, and the functor (—)G i1s exact, the vertical arrows of
(2-13) are surjections. Therefore the bottom arrow of (2-13) is surjective. Also as
Oy = (ry«Oy)C for Zariski sheaves, we have an injection Oyjc = ny«Oy,
which is also injective after taking completions at each closed point of Oy . Hence
the bottom arrow of (2-13) is also injective, so it is an isomorphism; ie 713‘/“ satisfies
Definition 2.6(2). m|

By Lemma 2.7, for an analytic open subset U C Y /G the map

(2-14) Ty n;l(U)—>U

is an analytic Hilbert quotient of 7 L(U). We also have the following lemma:
Lemma 2.8 Let Z C n;l(U ) be a G-invariant closed analytic subspace. Then

there is a closed analytic subspace Z |/ G — U and an analytic Hilbert quotient
nz: Z—>Z7Z)G.

Proof Since (2-14) is an analytic Hilbert quotient and the functor (—) is exact, we
have the surjection

Oy = (JTY*O,,;I(U))G — (1y+02)C.

Thus by setting Z//G to be the complex analytic subspace of U defined by the ideal of
the above kernel, we obtain the analytic Hilbert quotient 7z = ny|z: Z - Z//G. O

By gluing the above construction, we have the following lemma:
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Lemma 2.9 Let Y be an algebraic C—scheme with G—-action and wy: Y — Y’ a
G —invariant morphism of algebraic C—schemes, where G acts on Y’ trivially. Suppose
that Y’ = \J;¢; V{ is an affine open cover such that V; = my;'(V/) is affine and
w|y;: Vi = V/ is isomorphic to V; — V; /G . Then for an analytic open subset U C Y’
and a G—invariant closed analytic subspace Z C n;l (U), the analytic Hilbert quotient
Z /|G exists as a closed analytic subspace of U.

Proof Let U;=UNV/ and Z; = ZNV;. Applying Lemma2.8to Z; C n;l Upc,
we obtain the analytic Hilbert quotient Z; /G C U;. By the construction, they glue to
give a desired analytic Hilbert quotient Z /G C U. a

Remark 2.10 The situation of Lemma 2.9 happens for a GIT quotient of semistable
locus with respect to a G—linearization on a quasiprojective scheme.

We next discuss the universality of analytic Hilbert quotients:

Definition 2.11 An analytic Hilbert quotient (2-11) satisfies the universality if for any
G—invariant analytic map /: Z — Z' to a complex analytic space Z’, there is a unique
factorization

(2-15) 725 7)6— 7.

The above universality is proved in [13, Corollary 4] when Z is a reduced Stein space
and Z' = C". Below we show the universality for the analytic Hilbert quotients given
in Lemma 2.9. We prepare for this with the following lemma:

Lemma2.12 Let nz: Z — Z//G be the analytic Hilbert quotient given in Lemma 2.9.
Then for any family of G—invariant closed (not necessary analytic) subsets {Wy }).ca
in Z, the image 7z (W) is closed in Z |/ G, and we have the identity

(2-16) nz( N WA) = () 7z(Wy).

AEA AEA

Proof The question is local on Z /G, so we may assume that Y is affine and
Y'=Y//G. Since Z and Z /G are closed in 73! (U) and U, we may also assume
that Z = n;I (U)and ZJG =U. Let S CY be a Kempf-Ness set as in Theorem 2.3.
Then for §":= L(U)N S, we have the homeomorphism S’/ K => U. Therefore for
W, :=S'NW), we have 7z (W) = mz(Wy). Since each W, is a K-invariant closed
subset of S’, its image 7z (W):) is aclosed subset of U and the identity (2-16) holds. O
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The desired universality is proved in the following lemma:

Lemma 2.13 The analytic Hilbert quotient nz: Z — Z /G in Lemma 2.9 satisfies
the universality in Definition 2.11.

Proof Let i: Z — Z’ be a G—invariant analytic map to a complex analytic space Z’.
We take an open cover Z’" = | J; c5 U, such that 4, is a closed analytic subspace of
an open subset in C". Let W) := Z'\U; and W} := h_l(W}j). Then each Wy is
a G-invariant closed subset of Z. By Lemma 2.12, the image nz(W)) C Z// G is
closed, and

N Wk’) = 0.

LEA

m Tz (Wy) IHz(m Wk) znzoh_l(
AEA

AEA

Here the last identity follows because {U/ )/L }aen is an open cover of Z’. It follows that
by setting U, := (Z ) G) \ mz(W,), we have an open cover Z /G = | J; cp Uy and
the diagram

77 (Uy) s h(U))
<
U, ooy ui( cr

Here the top horizontal arrow is an open immersion, and the right horizontal arrow is a
locally closed embedding. By the property Definition 2.6(2), there is a unique analytic
map Uy — U i which makes the above diagram commutes. By the uniqueness, they
glue to give a desired factorization (2-15). a

2.5 Moduli spaces of representations of quivers with convergent relations
We return to the situation of Section 2.2.

Definition 2.14 A convergent relation / of a quiver Q is a collection of finite number
of elements

I:(fl""’ﬁ)’ ﬁEC{Q}

Using the lemmas in the previous subsection, we have the following:

Lemma 2.15 Given a convergent relation I = (f1,..., f;) of a quiver Q and its
dimension vector 1, there is an analytic open neighborhood of 0

0eV C Mg(m)
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such that each Hom(V,, V},)—valued formal function f;(a,b,m) defined by (2-7) for
f = fi absolutely converges on nél (V). Here m¢ is the quotient map

TQ: RepQ(n_a)) — MQ(%).

Proof Let U be an open neighborhood of 0 € RepQ(n_a)) as in (2-8), where each
fi(a,b,m) absolutely converges on U{. Since for g = (gi)iev(g) € G and u =
(tte)ec E(Q)» WE have

fila,b,n)(g-u) =gy o fia.b,m)(u)oga.

The Hom(V,, V})—valued function f;(a,b,n) absolutely converges on G -U. By
Lemma 2.5, there is a saturated open subset 0 € ¥V C G -U. Then by Lemma 2.4,
V= nél(V) for an open subset 0 € V' C MQ(771). a

For a quiver Q with a convergent relation 7 = (fi,..., fj), let m be its dimension
vector and take an open subset V C Mg () as in Lemma 2.15. By that lemma, we
have the G—invariant closed analytic subspace of JTél V)

(2-17) Rep(g, 1) (M) |y C gy (V)

whose structure sheaf is given by

ORep(Q_,)(,;’)W = Onél(V)/(fi(a»b,m)jk, a,beV(Q)).

Here fi(a,b,m) ik 1is the matrix component of the analytic map
fila.b,m): 7o' (V) — Hom(Va. Vp).

By taking the quotient by G, we have the following definition:

Definition 2.16 Let Q be a quiver with a convergent relation I, and 7 its dimension
vector. Then for a sufficiently small analytic open neighborhood 0 € V' C My (m),
we define the complex analytic stack Mg, 1)(%)|V and complex analytic space
Mg.r)(m)|y by

Mo,n(m)|y = [Rep(o.1y(m)|y/ G,

Mg, 1)(m)|y :=Rep(g.1y(m)|y | G-

Here Rep(g, 1)(775)|V // G is the analytic Hilbert quotient of Rep(g, 1)(775)|V, given in
Lemma 2.8.

Geometry & Topology, Volume 22 (2018)



Moduli stacks of semistable sheaves and representations of Ext—quivers 3097

2.6 Convergent superpotential

For a quiver Q, its convergent superpotential is defined as follows.

Definition 2.17 A convergent superpotential of a quiver Q is an element

W e C{O}/[C{Q}, C{Q]].

A convergent superpotential W of Q is represented by a formal sum

WZZ Z Z Ayeq - €1€2 7" Cp

n=1 Y {l,..n+1}>V(Q) e;€E i), vi+1)
Y(n+1)=v¢(1)

with |ay ., | < C" for a constant C > 0.
For i, j € V(Q), let E; j be the C—vector space spanned by E; j. We set

Here for e € E; ;, the element eV € El.vj is defined by the condition ¢V (e) = 1
and e¢¥(¢’) =0 forany e # ¢’ € E; j; ie EIVJ is the dual basis of Ej j. For a map
vi{l,...,n+ 1} = V(Q) with (1) = ¥(n + 1) and elements e; € Ey ) y(i+1)
and e € E(Q), we set

dev(er---en) = Ze (ea)eat1:--eney - -1

Here eV (eq) =0 if (s(eq).2(eq)) # (s(e),t(e)). The above partial differential extends
to a linear map

dev: C{Q}/[C{Q}. C{Q}] — C{Q}.
For a convergent superpotential W, the set of elements in C{Q}
oW :={0,vW e € E(Q)}
is a convergent relation of Q.

For a dimension vector 717 of Q, let tr W be the formal function of u = (u¢)ee E(Q) €
Repg (m) defined by

tr W(u) := Z Z Z Ay ey “tr(Ue, OUe, , O+ Ollg,).

n=1 ¢:{1,...n+1}>V(Q) e;€E i) wi+1)
Y(n+1)=v¢(1)
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This formal function on RepQ(n_fi) is G—invariant. By the argument of Lemma 2.15,
there is an analytic open neighborhood 0 € V. C My (m) such that the formal function
tr W absolutely converges on nél (V) to give a G—invariant holomorphic function

wW: w5 (V) —C.

Then for the relation I = dW, it is easy to see (and well known when W is a typical
superpotential of Q) that the analytic subspace (2-17) equals to the critical locus of
tr W in nél(V):

Rep( g o) (M) |y = {d (tr W)=0}.

In particular, we have

Mg.om) )|y = [{d(tt W)=0}/G].

3 Moduli stacks of semistable sheaves

In this section, we recall some basic notions and facts on moduli spaces of semistable
sheaves, whose details are available in [15]. Then we state the precise form of
Theorem 1.1 in Theorem 3.2. In what follows, we always assume that the varieties or
schemes are defined over C.

3.1 Gieseker semistable sheaves

Let
(X, 0x (1))

be a polarized smooth projective variety with w = ¢;(Ox (1)). For a coherent sheaf £
on X, its Hilbert polynomial is defined by

X(E ® Ox(m)) = agm® +ag_yma~" +...

where d = dim Supp(FE) and a, is a positive rational number. The reduced Hilbert
polynomial is defined by

X(E,m):

_x(E ®aOX(m)) e Qlm].

For polynomials p;(m) € Q[m] with i = 1,2, we write py(m) > py(m) if deg p; <

deg p,, orif deg p; = deg p, and p;(m) > p,(m) for m > 0. Then (Q[m], >) is an
ordered set.
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By definition, a coherent sheaf E on X is said to be w—Gieseker (semi)stable if for
any nonzero subsheaf £’ C E, we have the inequality

X(E'.m) <(2) X(E.m).

For any Gieseker semistable sheaf £ on X, it has a filtration (called Jordan—Holder
(JH) filtration)
O=FCF CkhcCc---CF,=F

such that each F;/F;_; is w—Gieseker stable whose reduced Hilbert polynomial
coincides with ¥ (£, m). The JH filtration is not necessary unique, but its subquotient

k
gr(E) =P Fi/ Fi—y

i=1
is uniquely determined up to isomorphism. For two w—Gieseker semistable sheaves E
and E’ on X, they are called S-equivalent if gr(E) and gr(E’) are isomorphic.

3.2 Moduli spaces of semistable sheaves
Let M be the 2—functor
(3-1) M: Sch/C — Groupoid

which sends a C—scheme S to the groupoid of S—flat coherent sheaves on X x §.
The stack M is an algebraic stack locally of finite type over C. Let I" be the image of
the Chern character map

[ :=Im(ch: K(X) — H*(X,Q)).
For each v € I", we have an open substack of finite type
My (v) C M

consisting of flat families of w—Gieseker semistable sheaves with Chern character v.

The stack M, (v) is constructed as a global quotient stack of a quasiprojective scheme.
For [E] € M, (v), we take m > 0 and a vector space V satisfying

dimV = x(E(m)) = dim H°(E (m)).

The above condition depends only on v, and independent of E for m > 0. Let
Quot(V, v) be the Grothendieck Quot scheme parametrizing quotients

(3-2) s:V®Ox(—m) > E

Geometry & Topology, Volume 22 (2018)



3100 Yukinobu Toda

in Coh(X) with ch(E) = v. Then there is an open subscheme
Quot® (¥, v) C Quot(V,v)

parametrizing quotients (3-2) such that £ is w—Gieseker semistable and the induced
linear map ¥V — HC(E(m)) is an isomorphism. The algebraic group GL(¥') acts on
Quot°(V,v) by

g-(V ® Ox(—m) > E) = (V ® Ox (~m) —> E),
and the stack M, (v) is described as
Mo (v) = [Quot®(V, v)/ GL(V)].

The above construction is compatible with the geometric invariant theory (GIT). If we
take the closure of Quot®(V, v)

Quot® (¥, v) C Quot(V, v),

then there is a GL(V )-linearized polarization on Quot®(¥, v) such that its open locus
Quot° (¥, v) is the GIT semistable locus with respect to the above GL(V )-linearized
polarization. In particular, we have the good quotient morphism (which is in particular
a good moduli space in the sense of [1])

M My (v) = My (v) := Quot®(V,v) JGL(V).
Namely, there is a GL(V )—invariant affine open cover

Quot’(V,v) = U U;, U; =SpecR;

1

such that M, (v) has the following affine open cover

M) =|JUi/GL(V). Ui//GL(V) = Spec Y.

By the GIT construction of M, (v), two points x, x, € Quot®(¥) are mapped to the
same point by pjs if and only if their orbit closures intersect, ie

GL(V)-x1 NGL(V) - x5 # @.

It is also known that the above condition is equivalent to that, if x; corresponds to
a w—Gieseker semistable sheaf E;, then £ and E, are S—equivalent. In fact, the
projective scheme My, (v) is the coarse moduli space of S—equivalence classes of
w—Gieseker semistable sheaves with Chern character v. So every point p € M, (v) is
represented by a direct sum of w—Gieseker stable sheaves E (called a polystable sheaf),
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written as

k
(3-3) E=PVixE.
i=1
Here each V; is a finite-dimensional vector space, E; is a w—Gieseker stable sheaf
with ¥ (E;,m) = x(E,m) forall i.

3.3 Ext-quiver

Suppose that £ € Coh(X) is of the form (3-3). Then the collection of the sheaves
(Eq,..., Ep) forms a simple collection, defined as follows:

Definition 3.1 A collection of coherent sheaves (E1,..., Ey) is called a simple
collection if Hom(E;, Ej) = C - §;;.

Let E, = (Eq,..., Ex) be a simple collection of coherent sheaves on X. For each
1 <i,j <k, we fix a finite subset
(3-4) E;j CExt'(E;, Ej)Y

giving a basis of Ext!(E;, E i)Y. We define the quiver Q g, as follows. The set of
vertices and edges are given by

V(Qp)=11.2.....k}  EQp)= [] Eij.

1<i,j<k
The maps s,¢: E(QEg,) > V(QE,) are given by
SlEi.j:i’ Z|Ei,j:j'
The resulting quiver Q g, is called the Ext—quiver of E,.

We can now give the precise statement of Theorem 1.1:

Theorem 3.2 Let X be a smooth projective variety, and let M (v) be the moduli
stack of w—Gieseker semistable sheaves on X with Chern character v. We have the
natural morphism to its coarse moduli space

Py Mo (v) > My (v).
For p € M, (v), it is represented by a sheaf E of the form
k
E=Pviek,
i=1
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where E, = (Eq,..., Ey) is a simple collection. Let Q g, be the corresponding
Ext—quiver and m its dimension vector given by m = (my, ..., my), where m; =
dim V;. Then there is a convergent relation [ g, of Q g, , analytic open neighborhoods
peEUCMy(w)and0eV C Mg, (m), and commuting isomorphisms

M@y 1))y —— p3} U)

(3-5) pgl lPM

Moy, 1))y ———U

Here the bottom arrow sends 0 to p.

The proof of Theorem 3.2 will be completed in Proposition 5.4 below.

4 Deformations of coherent sheaves

In this section, we describe deformation theory of coherent sheaves via dg-algebras
and their minimal As,—models. The arguments are already known for vector bundles
[11; 34], and we apply similar arguments for resolutions of coherent sheaves by vector
bundles.

The above description will give local atlas of the moduli stack M in Section 3.2 via
finite-dimensional A.,—algebras. More precisely for a given coherent sheaf E on
a smooth projective variety X, we compare the following three descriptions of the
deformation space of E:

(1) An open neighborhood of the algebraic stack M given in Section 3.2 at the
point [E] € M.

(2) The Maurer—Cartan locus associated with the infinite-dimensional dg-algebra
RHom(E, E).

(3) The Maurer—Cartan locus associated with the finite-dimensional minimal A4 so—
algebra Ext*(E, E).

We will compare the above descriptions by first constructing the map (3) = (2) in
Lemma 4.2. Then we will construct a map (2) => (1), and then composing we get the
desired atlas (3) => (1) in Proposition 4.3.
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4.1 Deformations of vector bundles

We recall some basic facts on the deformation theory of vector bundles via gauge
theory, and fix some notation; see [11] for details. For a holomorphic vector bundle
& — X on a smooth projective variety X, we denote by A?-4(€) the sheaf of E-valued
(p, g)—forms on X, and we set

AP1(E) =T (X, AP1(¢)).
The holomorphic structure on £ is given by the Dolbeault connection
9e: A%0(&) —» AL (&).
The Dolbeault connection extends to the Dolbeault complex
0 A%0(E) = A%L(E) > - > A% (8) > A%TL(E) &> ...

giving a resolution of £. The complex A%*(€) is an elliptic complex (see [35, Chap-
ter IV, Section 5]), whose global section computes H* (X, £), ie

H*(X, &) = 1r(4%*(€)).
Any other holomorphic structure on £ is given by the Dolbeault connection of the form
e + A: AY0(E) — A% (&)

for some A € A%!1(End(£)). Conversely given 4 € A%!(End(€)), the connection
d¢ 4+ A gives a holomorphic structure on £ if and only if its square is zero, ie

ad(dg)(A) + Ao A =0.
The above equation is the Maurer—Cartan (MC) equation of the dg-algebra
4-1) gf = A%*(End(€)).

The quotient of the solution space of the MC equation of g by the gauge group of
C®—automorphisms of £ describes the deformation space of £ as holomorphic vector
bundles.

4.2 Deformations of complexes

We have a similar deformation theory for complexes of vector bundles. Let

(4-2) I S LN RO B
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be a bounded complex of holomorphic vector bundles on X. By taking the Dolbeault
complex A%*(£Y) for each £, we obtain the double complex A%*(£°). Let Tot(—)
means the total complex of the double complex. We set

(4-3) A%*(£%) := Tot(T (X, A%*(£*))).

Similarly to the vector bundle case, the complex Tot(A%*(£*)) is elliptic, and its global
section computes the hypercohomology of £°

(4-4) HERT (X, £%)) = HF(A%* (£*)).

Applying the construction (4-3) to the inner Hom complex Hom™*(£°, £*), we obtain
the complex

gre = A%* (Hom*(£*, £%)).
Its degree-k part is given by

(4-5) gke = P []A%(Hom(e £FPy),

p+g=k i

and the differential dj is induced by the Dolbeault connections 551. on each &; together
with the differentials d* in (4-2). Also the composition

A% (Hom(EL E11P)) x Ao’q/(Hom(SiJr”, gi+p+p/)) N Ao,q+q’(H0m(5i’ 5i+p+p’))
defines the product structure - on gg.. Then it is straightforward to check that the data
(4-6) (gee- dg: )

is a dg-algebra.

Let mc be the map defined by

Me: ggo —> Gre, o> dy(@) +a -0

Its zero set
4-7) MC(gks) = {a € gte : mc(a) = 0}

is the solution of the Maurer—Cartan equation of the dg-algebra gz.. Note that an
element ¢ € g }:. satisfies the MC equation if and only if

(dAO,*(go) =+ Ol)z = 0
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on A%*(£*). In this case, the data
(4-8) (./40’*(5.), d_AO,*(go) + 0[)

determines a dg-.A%* (Ox)-module. Then (4-8) is a bounded complex of Ox—-modules
whose cohomologies are coherent (see [4, Lemma 4.1.5]), giving a deformation of the
complex (4-2) in the derived category.

More explicitly, by (4-5) an element « € gé. consists of data
4-9) o= (af.0f. ..., of € A% (Hom(e' £77H)).

Suppose that the above « satisfies the MC equation mc(c) = 0. Then the diagram

. . di+ai .
_,__)AO,O(SI—I)_>A0,0(51);“0>A0,0(51+1)_>._.

| e

AO,I(gi—l) AO’I(Si)—>A0’1(€i+1)—>"'
l 8£i+a’il l
. AO’Z(Ei_l) AO’Z(Ei)—>A0’2(Ei+1)—>"'

is a complex in the horizontal direction, each square is commutative, and the composi-
tions of vertical arrows are homotopic to zero with homotopy given by a;.

In particular if a;'. =0 for j > 2, then the above diagram extends to a double complex.
In this case,

EL = (A%, 0z + o)
is a holomorphic structure on £'. By setting
d(i — i +Olf): A0 (gl) 5 f00(gitTy,
we have the bounded complex of holomorphic vector bundles on X
n do" d

—1
(4-10) o = (S

giving a deformation of £° as complexes. Conversely given a deformation of £° as a
complex, it gives rise to the solution of MC equation of the form o = (aé, oe’i ,0,...).

For o, o’ € MC(g7.), a and o are called gauge-equivalent if there exist

Y ={&. Vi Vi i €gde.  vi€ A% (Hom(E, £77)),
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where yé gives an isomorphism £ => £7 as C>—vector bundles, such that we have
(4-11) Yo (d ooy +e)oy ! =d oo +a.
In this case, we have the isomorphism of the dg-.4%*(Ox)-modules
i (AY*(E%), d go.(eey + &) => (A*(E°). d g0 g0y + @)
giving isomorphic deformations of (4-2) in the derived category.

Suppose that the complex (4-2) is quasi-isomorphic to a coherent sheaf E. Let Defg
be the deformation functor

Defg: Art — Set

sending a finite-dimensional commutative local C—algebra (R, m) to the set of isomor-
phism classes of R—flat deformations of E to X x Spec R. Then it is shown in [10,
Section 8] that we have the functorial isomorphism

MC(g}. ® m)/(gauge equivalence) => Defg (R)
by sending a solution of the MC equation to the cohomology of the corresponding

deformation (4-8).

4.3 Resolutions of coherent sheaves

For a smooth projective variety X, we consider the deformation theory of a sheaf
E € Coh(X)

in terms of the dg-algebra. As we recalled in Section 4.1, when E is a vector bundle
its deformation theory is described in terms of the dg-algebra (4-1). In general, we take
a resolution of E by vector bundles and consider the associated dg-algebra (4-6).

We first fix a resolution of E by vector bundles in the following way. Let Ox (1) be
an ample line bundle on X. Then for m >> 0 we have the surjection

H°(E(mo)) ® Ox(—mg) — E.

Applying this construction to the kernel of the above morphism and repeating, we
obtain the resolution of E of the form

s> WIQ Ox (—my) AN Wi+1®OX(—mi+1) — o> WOROx (—mg) > E —0
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for finite-dimensional vector spaces W'. Since X is smooth, the kernel of d* for
i = —N with N > 0 is a vector bundle on X. Therefore we obtain the bounded
resolution of E

4-12) 0N g1 dT 0 L p s,
where £~V =Ker(d V) and & = W' ® Ox(—m;) for —N <i <0.

By replacing m; and n if necessary, the above construction can be extended to local
universal family of deformations of E. Let M be the stack (3-1), and take its local atlas

(4-13) (4, p) = (M, [E])
at [E]€ M such that A is a finite-type affine scheme and a point p € 4 is sentto [E]. Let
E 4 € Coh(X x A)

be the universal family. Let Oy« 4(1) be the pull-back of Oy (1) to X xA4. For mg >0,
the O 4—module H°(E 4(—my)) is locally free of finite rank and we have the surjection

HO(E 4(mo)) ®0,4 Oxxa(—mo) > E4.
Similarly as above, we obtain the resolution of E 4 of the form

W R0, Oxxa(—=mi) = W @0, Oxxa(—mjt1) = -

— W°®0, Oxxa(—mo) — E4 — 0

for locally free ©4—modules W' of finite rank. By taking the kernel at i = —N for
N > 0, we obtain the resolution of E 4

(4-14) 0N - el 5> Eq—0.

For N > 0, each é’i is a vector bundle on X x A4, since E 4 is a A—flat perfect object.
By restricting it to X x {p}, we obtain the resolution (4-12).

4.4 Minimal A4.,,—algebras

For a coherent sheaf £ on X, we fix a resolution £° as in (4-12) and consider the
dg-algebra (4-6)

(4-15) 0% = 0F..
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When E is a vector bundle, we just take the dg-algebra (4-1) in the argument below.
By (4-4) we have
Extf(E, E) = H* (g%).

By the homological transfer theorem, there exists a minimal A —algebra structure
{my}n>2 on Ext*(E, E), and a quasi-isomorphism

(4-16) It (BXC(E, E), imntnz) — (8. dg. )
as Aso—algebras. Here the Aoo—structure on Ext*(E, E) consists of linear maps
4-17) my: Ext*(E, E) = Ext*T>™(E E), n>2,
and the quasi-isomorphism (4-16) is a collection of linear maps
In: Ext*(E, E)®" — g3t ™"

Both of m, and I, satisfy the A.o—constraints. The maps m, and I, are explicitly
described in terms of Kontsevich—Soibelman’s tree formula [20] given as follows.

Let us choose a Kihler metric on X, Hermitian metrics on vector bundles &, and
fix them. A standard argument in Hodge theory for elliptic complexes (for example,
see [35]) yields a linear embedding

i: Ext*(E,E) < g}
which identifies Ext*(E, E) with A =0, where A is the Laplacian operator
A=dyd; +djdy: 9 — oF-

Here dg is the adjoint map of dy with respect to the above chosen Kihler metric on X
and Hermitian metrics on £’. Moreover we have linear operators

(4-18) p: gy > Ext"(E,E), h:gh—gy!
satisfying the relations

(4-19) poi=id, iop=id+djoh+hod,.
The homotopy operator / is given by

(4-20) h=—djoa,

where G is the Green’s operator, which is an operator of order —2 (see [35, Chapter [V]),
hence 4 is of order —1.
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The As—product (4-17) is described by Kontsevich—Soibelman’s tree formula as

(4-21) mp= Y *m,r,
TeO(n)

where O(n) is the set of isomorphism classes of binary rooted trees with n leaves.
Here my, r is the operation given by the composition associated to 7', by putting i
on leaves, the product map - of g% on internal vertices, the homotopy / on internal
edges, and the projection p on the root of 7'. For example, m3 is given by

m3(x1,x2,x3) = £p(h(i(x1)-i(x2)) i (x3)) £ p(i (er) - b (x1) -1 (x2))).-

The operation I, is similarly given by

(4-22) Li=) #l.r,
TeO(n)

where I, T is defined by replacing p by / in the construction of m, . For example,
15 is given by

Iy(x1.x2,x3) = £h(hi (x1) 1 (x2)) i (x3)) £ h(i (x1) - h(i (x1) i (x2))).
By [34, Appendix A], there exists another A.—homomorphism
(4'23) P: (92‘7 dgv ) g (EXt* (Ev E)’ {mn}nZZ)

which is a homotopy inverse of 7, ie

homotopic .

Pol=id, [IoP ~" id.

Here two Aso—morphisms f;, f2: A1 — A, between Aqo—algebras Ay, A, are called
homotopic if there is an Asc—homomorphism

H: A —> 4,090 |

such that H(0) = f; and H(1) = f,, where QE‘O’I] is the dg-algebra of C*°—differential

forms on the interval [0, 1]. The As—homomorphism P consists of linear maps
Py: (9%)®" — Ext*T1""(E E)

which are also described in terms of the tree formula, whose details we omit (see [34,
Appendix A] for details).

Later we will use some boundedness properties of linear maps m,,, I, and P,. Let us
take an even number / 3> 0, eg / > 2 dim X, and consider the Sobolev (/, 2)-norm ||—||;

Geometry & Topology, Volume 22 (2018)



3110 Yukinobu Toda

on g7 . It also induces a norm ||—||; on Ext*(E, E) by the embedding i in (4-18).
We denote by

95 COEy

the completion of g%, with respect to the Sobolev norm || —||;.

Lemma 4.1 There is a constant C > 0 independent of n such that
lmally < C* |Unlls <C*. ||Pull; < C".

Here ||—||; for linear maps mean the operator norm with respect to the norm ||—||;
on g}, or Ext*(E, E).

Proof When E is a vector bundle, the lemma is proved in [11, Proposition 2.3.2]
and [34, Lemmas A.1.1, A.1.2 and A.1.5]. The key ingredient of the proof is that the
maps my, I, and P, are constructed as in (4-21) using rooted trees, whose cardinality

is bounded as
(2n—-2)! g1

(n—1)n! ’

and the fact that the homotopy operator /, the product map on g}} are extended to

#O(n) =

bounded operators
h

0k — 0 Op.%0g; > 0E,
When E is a coherent sheaf which is not necessary a vector bundle, the above property
still hold for the complex (4-12) without any modification: the boundedness of / is
a general fact for elliptic complexes (see [35, Theorem 4.12]), as it is an operator of
degree —1 given by (4-20), and that of the product - follows from our choice of / >> 0
and a standard result of Sobolev spaces (for example, see [36, Theorem 25]). Therefore
the same argument for the vector bundle case proves the lemma. O

4.5 Deformations by A,,—algebras

For x € Ext!(E, E), we consider the infinite series

(4-24) K(x):= Zmn(x, cey X)
n=2
where each term m,(x, ...,x) is an element of Ext?>(E, E). By Lemma 4.1, there is

an analytic open neighborhood

(4-25) 0eU CExt'(E, E)
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such that the series (4-24) absolutely converges on U to give a complex analytic
morphism

(4-26) k: U — Ext*(E, E).

The equation «(x) = 0 is the Mauler—Cartan equation for the 4o—algebra (4-17). We
set 7" to be

(4-27) T:=«x"1(0) CcU;

ie T is the closed complex analytic subspace defined by the ideal of zero of the map
(4-26).

On the other hand, for x € Ext! (E, E) we also consider the infinite series

(4-28) Lo(x) =Y In(x.....x),
n=1
where each term 7,(x, ..., x) is an element of g}s. By Lemma 4.1, for a sufficiently

small open subset (4-25) the series (4-28) absolutely converges on U/ to give a morphism
of Banach analytic spaces

(4-29) LU~ ).

Lemma 4.2 The morphism (4-29) restricts to the morphism of Banach analytic spaces
(4-30) Ie: T — MC(g}).

Here MC(g7};) is the solution of the Maurer—Cartan equation (4-7) of the dg-algebra g7, .

Proof The result is proved in [34, Section 2.2, Lemma A.1.3] when E is a vector
bundle, and the same argument applies for the complex (4-12). Since I, is an Aso—
homomorphism, it preserves the MC locus, so it sends T to MC(ﬁ*E’ ) ForxeT,
the smoothness of 74(x) follows along with the argument of [34, Lemma A.1.3],
by replacing d in [loc. cit.] by the differential d;; of ﬁ% ;- Therefore we obtain the
morphism (4-30). a

Let M be the moduli stack of coherent sheaves on X, and we regard it as a complex
analytic stack. The above lemma implies the following proposition:

Proposition 4.3 By shrinking U if necessary, the morphism (4-29) induces the mor-
phism of complex analytic stacks

(4-31) Io: T — M.
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Proof The map in Lemma 4.2 corresponds to the element

a€gp®T(Or)
satisfying the MC equation of the dg-algebra g7 ® I'(O7). Then we obtain the
dg-A%*(Ox) ® Or-module
(4-32) (AP () ® O1, d o+ (gm0, + ).
Here £° is the complex (4-12).
The dg-module (4-32) is a bounded complex of Oy xr—modules. We can show that
each cohomology of (4-32) is a coherent Oy x7—module as in [4, Lemma 4.1.5], which
essentially follows the argument in [8, pages 51-52]. Indeed for each r € 7" and x € X,

by the proof of [4, Lemma 4.1.5] there is an open neighborhood x € U such that there
is a degree-zero C*°—isomorphism

(4-33) ¢r: A%*(E) |y = A%*(E)y
satisfying
(]bt_l o (dAO,*(go) +Ott) O¢t = d_AO,*(go) + ﬂt-

Here in the notation (4-9), B; is of the form

Bt = ((B}):.0,0,...), (BL): € Hom(E' |y, & |y).

This implies that the dg-module (4-32) restricted to U X {¢} is gauge-equivalent to
a complex which is quasi-isomorphic to a bounded complex of holomorphic vector
bundles on U. The isomorphism (4-33) can be found by solving a certain differential
equation, as in [8, pages 51-52]. As remarked in [8, page 52], the solution ¢; is analytic
in t € T as oy is. Therefore by shrinking U and T if necessary we see that (4-32)
restricted to U x T is gauge-equivalent to a complex which is quasi-isomorphic to a
bounded complex of analytic vector bundles on U x T'. In particular, each cohomology
of (4-32) is coherent.

Therefore (4-32) determines an object

We show that by shrinking U if necessary, the object £7 is quasi-isomorphic to a
T—flat sheaf

Er :=H%(}) € Coh(X x T).
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L
By the construction of £7., at ¢ =0 we have £} ®o; Ogoy = E. We have the spectral
sequence
= Tor%%<T (H1(£). Oxxqoy) = HPTI(E).

Let go be the maximal ¢ € Z such that H7(EF) # 0. If go > 0, then by the above
spectral sequence we have H90(E7)|;=0 = 0. Therefore by shrinking ¢/, we have
go <0, and as E # 0 it follows that gy = 0 by the above spectral sequence. Moreover
we have Ez_l’0 = 0, which implies that E7 is flat at # = 0, hence Eé)’o = 0 for any
p < 0. Then by the above spectral sequence again, we have E g 1
assume H ! (€7) = 0. Inductively, by shrinking ¢/ we see that #7(£7.) = 0 for any

q < 0. Therefore the above claim holds.

= 0, hence we may

By the universal property of M, the sheaf E7 defines the morphism (4-31). O

Proposition 4.4 The morphism of complex analytic stacks I.: T — M in (4-31) is
smooth of relative dimension dim Aut(E).

Proof We first show that I.: T — M is smooth. Let (S, s) be a complex analytic
space and (S,s) — (M, [E]) a morphism of complex analytic stacks which sends s
to [E]. Tt is enough to show that, after replacing S by its open neighborhood at s € S
if necessary, we have the factorization

(4-34) (S.5) = (T.0) 1 (M.[E]).
By shrinking S if necessary, we may assume that S — M factors through
(8.5) L5 (4, p) > (MLED),
where the right morphism is the local atlas in (4-13). Let £% be the complex on X x A
constructed in (4-14). By pulling £5 back by f}*, we obtain the complex
& = /'€
Then as described in Section 4.1, the complex structures of each term of £ and their

differentials give rise to the solution of the MC equation of the dg-algebra g3, ® Os(S).
Thus we obtain a map of Banach analytic spaces

J2: (S.5) > (MC(gg). 0).

We are left to prove the existence of the morphism f3: (S, s) — (T, 0) such that the
composition
(S.5) L5 (T.0) L5 (MC(gF). 0)
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differs from f> only up to gauge equivalence. The existence of such f3 is proved
in [34, Theorem 2.2.2] when FE is a vector bundle, and the same argument applies for
the complex of vector bundles (4-12). Below we give an outline of the proof.

For y € g}E, consider the series

Pu(y) =Y Pa(y.....¥)

n=1
where P is the homotopy inverse of I in (4-23). By Lemma 4.1, there is an open
neighborhood 0 € U/’ C 9}5 in ||—|;—norm such that P, gives the analytic map

Py: U — Ext'(E, E).

Since P is an Aso—homomorphism, after shrinking ¢/’ if necessary the above map
induces the morphism of Banach analytic spaces

Py MC(gp)NU'—T.
Therefore by shrinking S if necessary so that f5(S) C U’, we have the analytic map
J3=Pxo f2:(S,5) = (T, 0).
It remains to show that two maps
Iio fs=1I1s0Pxo fr, [5: (S,S)%(MC(QE),O)
are gauge-equivalent. Since P is a homotopy inverse of I, we have
H: g% — 05 ® Q)

an As—homomorphism with H(0) =id and H(1) = I o P. Then H also satisfies
the boundedness property as in Lemma 4.1 (see [34, Corollary A.2.7]), so that after
shrinking U’ if necessary the Ao,—homomorphism H induces the analytic map

Hy: MC(g) NU' — MC(g} @ 2 1)).

Then the analytic map

H*szZ S —)MC(QE ®QE<0’1])
satisfies
Hyo f2(0) = f2, Hxo fo(1) =1Is0 Pyo f3.

This implies that f, and /. o Py o f, are gauge-equivalent in the sense of [11, Defini-
tion 2.2.2]. As proved in [11, Lemma 2.2.2], this notion of gauge equivalence coincides
with the gauge equivalence in (4-11). Therefore the smoothness of I, follows.
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Finally, the relative dimension of I: T — M is dim Aut(E) since the dimension of the
tangent space of 7" at 0 is dim Ext! (E, E), and that of M at [E] is dimExt! (E, E)—
dim Aut(E). a

S Local descriptions of moduli stacks of semistable sheaves

In this section, we use the results in the previous sections to prove Theorem 3.2. By
applying the arguments to the CY 3—fold case, we also obtain Corollary 5.7.

5.1 Convergent relation of the Ext—quiver

For a smooth projective variety X, let
E,=(Eq,...,Ep)

be a simple collection of coherent sheaves on X, and Q g, the associated Ext—quiver;
see Section 3.3. Here we construct a convergent relation of Q g, from the minimal
Aso—structure on the derived category of coherent sheaves on X.

Let us consider the sheaf on X of the form

k
(5-1) E=DVi®E

i=1
for vector spaces V;, and set m; = dim V;. Note that we have the decomposition
(5-2) Ext*(E.E)= P Hom(Va.Vs) ® Ext*(Eq, Ep).

1<a,b<k

Let us take a resolution £°* — E as in (4-12). From its construction, it naturally
decomposes into the direct sum of resolutions of £;. Namely, let

N d7N —1 di!
0—>€iN’—>---—>5i 1’—>€l-0—>E,-—>0

be the resolution (4-12) applied for E;. By taking N > 0, we may assume that N is
independent of 7. Then the complex £° in (4-12) is

k
e=Prise.

i=1
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Therefore we have the decompositions
(5-3) oy = P Hom(Vi, V) ® A%* (Hom™ (€. £)).
1<a,b<k

Here g7}, is the dg-algebra (4-15), defined via the above complex £°. The decom-
position of g7 is compatible with the Laplacian operator A. Indeed each complex
A%*(Hom* (&3, €p)) is elliptic and hence we have linear operators

iqp: EXU(Eq, Ep) = A™* (Hom™ (&, &})).
Pap: A%*(Hom* (£}, €3)) — Ext*(Eq, Ep),
hap: AV*(Hom* (£, 7)) — A¥* 1 (Hom™ (&3, &)

satisfying the same relations as (4-19) and

(5-4) x= P iduomr.ri) ® *ab-
1<a,b<k

where * is either i or p or & as given in Section 4.4.

Let E be the coherent sheaf on X defined by

k
(5-5) E:=@E

i=1

and consider the A —product
(5-6) mp: Ext! (E, E)®" — Ext*(E, E).

By the relation (5-4) and the explicit formula (4-17) of the Aso—product, the map (5-6)
only consists of the direct sum factors of the form

(5-7)  my: Ext'(Ey 1y, Ey2) @Ext! (Ey 2y, Ey3)) ®- - ®Ext' (E (). Eynt1))
— Ex(Ey (1) Eyt)
formaps ¥: {1,...,n+1}—{l1,..., k}, which give a minimal A—category structure
on the dg-category generated by (E1, ..., E;). By taking the dual and the products
of (5-7) for all n > 2, we obtain the linear map
mY = 1_[ mY: Ext*(E, E)Y
n=2

1 1
=11 @ Ex'EpayEv@)’ @ @Ext' (Eyg). Eym)"

n>2 y:{1,...,n+1}
—{1,....k}
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Note that an element of the right-hand side is an element of C[QEg,] by (2-6). Let
{01....,0;} be abasis of Ext?(E, E)V and set

fi =m”(0;) € C[QFE,].
Then by Lemma 4.1, we have f; € C{QE,}. We obtain the convergent relation of Q g,

(5-8) Ig, = (f1..... D).

5.2 Deformations of direct sums of simple collections

We consider the deformations of sheaves of the form (5-1). By the decomposition (5-2),
the space Ext! (E, E) is identified with the space of Q g,—representations

(5-9) Ext'(E. E) =Repg, ().
Here m is the dimension vector of Q g, given by m; = dim V;. We also have
k
(5-10) G = Aut(E) = [ [ GL(V),
i=1

and the adjoint action of Aut(E) on Ext'(E, E) coincides with the action (2-4) under
the identification (5-9). Recall that in (4-26) and (4-29), we constructed analytic maps

(5-11) k:U —>EBxt*(E.E), IL:U—8y,

for a sufficiently small analytic open subset 0 € U/ C Ext! (E, E). Explicitly under the
identification (5-9), for a Q g,—representation

U= (Ue)ecE(Qpr,) €U, Ue: Vse) = Vi(e)s

we have the following identities by the decompositions (5-2), (5-3) and (5-4):

A\ A\
k(u) = E E mp(ey,....e, ) Ueg, O -Olle,Olle,,
nz2, e €Ey i) yi+1)
vi{l,...,n+1}—>{1,... .k}
(5-12) Y Y
I*(u): E E In(el,...,en)'ugno"'ouezouel.
n>2, e €Ey i) yi+D)

v:{l,...,n+1}—>{1,... .k}

Here for e € E; j, the element ¢ € Ext! (E;, Ej) is defined as in (2-18).
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Lemma 5.1 There is a saturated open subset V in Ext! (E, E) with respect to the
G-action on Ext! (E, E), satisfying

0eVcG -UCExt!(E,E)
such that the maps in (5-11) induce G—equivariant analytic maps
K: V—>Ext2(E,E), Iy V—)gEl
Here G acts on Ext*(E, E) and ﬁ*El by adjoint.

Proof The formal series « and /4 in (5-12) are obviously G—equivariant. Therefore
for a choice of U/ in (4-26) and (4-29), the maps « and I, can be extended to analytic
maps

k: G-U—>Ex*(E.E), I« G-U—Fg,.

By Lemma 2.5, there is a saturated analytic open subset V C G -U which contains
0 € Ext' (E, E), so the lemma follows. o

Let V C Ext!(E, E) be as in Lemma 5.1. By Lemma 2.4, it is written as
=70, (V)
for some analytic open subset 0 € V C Mg, (m), where TQp, 18 the quotient map
mQe.: Repg,. (M) — Mg, ().
Let R C V be the closed analytic subspace given by
R:=«"10)cV CExt!(E, E).
By the definition of /g, in (5-8), under the identification (5-9) we have
R=Rep(gp, 15, (M)l

Here we have used the notation (2-17) for the right-hand side. Therefore in the notation
of Definition 2.16, we have

M(Qp..1z) M)y =[R/G].

Lemma 5.2 By shrinking V if necessary, the map I, in Lemma 5.1 induces the
smooth morphism of relative dimension zero

(5-13) Lt M@y, 1) M)y — M.

Here M is the moduli stack of coherent sheaves on X.
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Proof By Lemma 4.2 and Proposition 4.4, the map [, in Lemma 5.1 gives the analytic
maps
I.: RNU—MC(gg)., Is: RNU— M.

Then by the G—equivalence of /4 and the property V C G -U/ in Lemma 5.1, the above
maps extend to the G—equivariant analytic maps

(5-14) Ii: R—>MC(gh), I« R— M.

Here the right map is induced by the left map as in the proof of Proposition 4.4. By the
G—-equivalence of I, the right map of (5-14) descends to the quotient by G to induce
(5-13), which is of relative dimension zero by Lemma 5.1. |

5.3 Functoriality of 1,

In this subsection, by the explicit description (5-12) of the map I, in Proposition 5.4,
we see that it has some functorial property. In particular, it implies that 7, sends
subsheaves to subrepresentations of Ext—quivers. This fact will not be used in the rest
of this section, but will be used in the proof of Theorem 6.8, which will be used in
Theorem 7.7 to compare stability conditions of sheaves and quiver representations.

Foreach i € V(QE,) =1{1.2,...,k},let V; and V/ be vector spaces with dimensions
m; and m’, and set

k k
E=PVi®E. E=V/eE.
i=1 i=1

Let us take

(5-15) u=(ue)ecE(Qpy): U = (Ue)eeEQr,):
where u, and u/, are linear maps
ue: Vie) = Vice) Uy Vs,(e) - Vt/(e)

e

whose operator norms are sufficiently small that they give Q g,—representations satis-
fying the relation /g, . Let ¢;: V; — V/ be linear maps for 1 <i < k such that the
following diagram commutes for each e € E(QE,):

Ue
Vs(e) I Vt(e)
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Then each term of
(5-16) Ii(u) e MC(gg). I+(w') e MC(g%)
in (5-12) satisfies

v v v v
In(el ,...,en)-qbt(en)oueno—--ouel =In(€1 ,---,en)'uéno“'ouél © Ps(ey)-

This implies that the map

k k
Do wia: (407 (D 967). g, vocr) + 1)

i=1 i=1

k
0, .
- (“4 ’ (@ Vi® Ei) 4o (@, vigen) T I (”,))
i=1
is a map of dg-.A%*(Ox)-modules. By taking the cohomology of the above map, we
obtain the morphism of coherent sheaves

k
(5-17) HO(@ ¢ ® id): Ey— Ey.
i=1
Here E, and E, are coherent sheaves corresponding to u and u’ under the map in
Proposition 4.3, respectively.

Remark 5.3 In the above argument, we assumed that the operator norms of u and u’
are small enough that 7, is defined. We can relax this condition in the following cases.
First suppose that each ¢; is injective or surjective. Then the operator norm of u is
bounded by that of u’, so if the operator norm of u’ is enough small then so is u,
and I« (u) is defined. Next if # and u" correspond to nilpotent Q g,—representations,
then whatever the operator norms of u and ', the infinite sums I, (u) and I4(u’) in
(5-12) are finite sums. So in the above cases, E,, E,» and the morphism (5-17) are
well defined.

5.4 KEtale slice

Below we use the notation in Section 3.2. Let M (v) be the moduli stack of w—
Gieseker semistable sheaves on X with Chern character v, M, (v) its coarse moduli
space. Let E be a polystable sheaf of the form (3-3), and take closed points

p=I[Ele My(v), p =[E]€ My(v).
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For m > 0, let V be the vector space given by
k
V =HE(m)) =D Vi ® H (Ei(m)).

i=1

Let ¢ € Quot°(V, v) be a point which is mapped to p’ under the quotient morphism
Quot®(V,v) — My (v). Then we have

Stabgrr)(q) = G C GL(V),

where G is given as in (5-10). By Luna’s étale slice theorem [23], there is an affine
locally closed G—invariant subscheme

q € Z C Quot’(V,v)
such that the natural GL(V )—equivariant morphism
GL(V) xg Z — Quot®°(V,v)
is étale. Moreover by taking the quotients by GL(V'), we obtain the Cartesian diagram
[Z2/G] —— Mow(v)

(5-18) sz O ll’M
Z)|G —— My(v)

such that each horizontal arrows are étale. Therefore there is a saturated analytic open
subset W C Z (with respect to the G—action on Z') which contains ¢ and the Cartesian
diagram of complex analytic stacks

W/ Gl —— Mop(v)
| o |
W) G —— My(v)
such that each horizontal arrows are analytic open immersions.

On the other hand, let us consider the morphism /4 in Lemma 5.2 applied for the above
polystable sheaf p’ =[E] € My (v). By the openness of stability, by shrinking ¢/ in
Lemma 5.1 if necessary, the map 74 in Lemma 5.2 factors through the open substack
My (v) C M:

(5-19) Li: M(Qp 1))y — My (V).
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Now the following proposition completes the proof of Theorem 3.2.

Proposition 5.4 By shrinking V in Lemma 5.1 and W if necessary (while keeping
the condition to be saturated in Ext! (E, E), Z respectively) the map (5-19) induces
the commuting isomorphisms

[R/G] = Mg, 1p0) ()Y — W/G]

(5-20) pgl lpw

R|G =M, 1))y —— W[ G

Proof The map (5-19) induces the analytic map R/ G — M (v). So by shrinking
0eV C Mg, (m) if necessary, we may assume that the above map factors through
R/ G — W/ G. Then we have the commutative diagram

[R/G] — W/ G]

vo| |

R)|G—— W) G

Let K C G be a maximal compact subgroup, and take a sufficiently small K—invariant
analytic open subset ¢ € W; C W. Then as in the proof of Proposition 4.4, the
composition

Wi =W —[W/G] C My (v)

admits a lift ¢: W; — R using the homotopy inverse P of /. Moreover, that proof
immediately implies that ¢ can taken to be K—equivariant. (Indeed if the map f, in
that proof is K—equivariant, then so is f3 as Py is K—equivariant.) So we have the
commutative diagram

R—"—w,

o

[R/G] = W/ G

Note that the bottom arrow is a smooth morphism of relative dimension zero by
Lemma 5.2. Let 0 € R; C R be a sufficiently small K—invariant analytic open neigh-
borhood. Since both Ry and W are the bases of versal families of flat deformations
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of E with tangent space Ext! (E, E), and ¢ is an isomorphism at the tangent by the
diagram (5-21), the K—equivariant map ¢ gives an isomorphism v¥: W; => R for
some suitable choices of W; and R;. By setting ¥/ = ¢!, we obtain the commuta-
tive diagram

<

R1—>W1

N

[R/G]—= W/ G

Il

By Lemma 5.5 below, after shrinking R if necessary we can extend the K—equivariant
isomorphism v: R; => W to a G—equivariant isomorphism between G—invariant
open subsets in R and W

(5-23) Vi Ry =>W,, where Ry:=G-R; and W, :=G - W,

by sending g-x to g-¥(x) for g € G and x € R;. Then by Lemma 5.6 below, the
isomorphism (5-23) restricts to the isomorphism of saturated open subsets. By taking
the quotients of G—actions, we obtain the desired isomorphisms (5-20). a

In the proof of the above proposition, we postponed the following two lemmas:
Lemma 5.5 The map (5-23) is well defined and an isomorphism.

Proof The lemma is essentially proved in the proof of [17, Theorem 5.5]. In order
to show that (5-23) is well defined, it is enough to show that if g Ry Ngr Ry # @
for g1, g> € G, then we have the identity gllﬁgl_l = gzz/fgz_1 on giR{NgyR;. By
applying g5 !, we may assume that g, = 1. Let G’ C G be the open subset given by

G,I={gEGZgR1ﬂR1 #+ o},
If we define
G":={geG :gyg™' =y ongR NRy}

then G” is a closed analytic subset of G’ which contains K. Therefore if (G’)° and
(G")° are the connected components of G’ and G” which contain K, then we have
(G')° = (G")°. Then we take a sufficiently small K—invariant open subset 0 € R} C R;
satisfying the following: for any x1,x; € R/1 with G - x; = G - x,, the connected
component of (G -x1)N R; containing x; should contain x,. The above choice of R’1
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implies that
G":={geG:gR|NR| #a}C(G"".

o __ o -1 _
Therefore as (G')° = (G")°, for g € G" we have gyyg~' = on gR| N R # @.
By replacing Ry with R’l, we see that (5-23) is well defined. Applying the above
argument for the inverse of ¥: Ry => W, we have the inverse of (5-23), showing
that (5-23) is an isomorphism. O

Lemma 5.6 There exist saturated open subsets V C Ext' (E, E) and wcZz satistying
0e RNV C R, and g € Wc W, such that the isomorphism (5-23) restricts to the
isomorphism

~
~

v RNV S W.

Proof Let W3 C Z be a saturated open subset in Z satisfying ¢ € W3 C W,
which exists by Lemma 2.5, and set R; := 1;_1 (W3) C R,. Then Rj is written as
R3 = RNV’ for some G—invariant open subset 0 € V' C V. Let V" CExt!(E, E) bea
saturated open subset satisfying 0 € V" C V’, which again exists by Lemma 2.5, and set
Ry4:=RNV" C Ry. Let Wy := ¥/(R4). We show that Wy is a saturated open subset
in Z. Indeed for x € Wy, the orbit closure G - x in Z is contained in Wjs since Ws;
is saturated. Take y € G - x and consider {ﬂ‘_l (y) € R3. Then since V" is saturated,
we have J_I(y) € R4, hence y € Wy as desired. Now V" and W;, are saturated in
Ext'(E, E) and Z. By setting V = V" and W = Wj, we obtain the lemma. |

5.5 Calabi-Yau 3-fold case

We keep the situation as in the previous subsections. Suppose furthermore that X is a
smooth projective CY 3—fold; ie

dimX =3, Ox(Ky)=Oyx.
In this case, the Aso—structure (5-6) is cyclic (see [29]); ie for a map
viAl,...,n+ 1} =>A{l,....k}, v()=yvm+1)

and elements
a; eEth(Etlz(i)’Ew(i+l))’ 1<i=<n,

we have the relation

(5-24) (muy—1(ay,....ap—1),an) = (Mp—1(az,...,an),ay).
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Here m,, is the Aoo—product (5-7), (—, —) is the Serre duality pairing
(525)  (=.—): Ext/ (Eq. Ep) x ExC~/ (Ep. Eq) — Ext(Eq. Eq) X% C.

Let Wg, € C[QE,] be defined by

WEg, = Z Z Z Aoyeq €1€2 " Ep.

n=3 Yi{l,.,n+1}=>{1,....k} €&;€Ey i), yi+1)
Yy(D)=y¢(n+1)

Here the coefficient ay, ., is given by
1
(5-26) Ay ey = E(mn_l(e;/,e;/, ... ,e,\l/_l), e,\{).

Then by Lemma 4.1, we have

Wg, € C{OE,} CC[QE.]

Therefore Wg, determines a convergent superpotential of Q g, (see Definition 2.17).

Let E be the object given by (5-5). By the Serre duality, Ext?(E, E)V is identified
with Ext! (E, E). Thus

(5-27) {eV e € E(QE,)} CExt!(E, E)

gives a basis of Ext?>(E, E)V. Using this basis, the relation I, defined in (5-8)
satisfies

Ig, ={m"(e"): e € E(QE,)} = 0WE,.

Here the first identity is due to the definition of /g, via the basis (5-27), and the second
identity follows from the construction of W, and the cyclic condition (5-24). As a
corollary of Theorem 3.2, we obtain the following:

Corollary 5.7 In the situation of Theorem 3.2, suppose furthermore that X is a
smooth projective CY 3—fold. Then there is a convergent superpotential Wg, of QE,,
analytic open neighborhoods p € U C My, (v), 0 €V C Mg, (m) and commuting
isomorphisms

PMU) 5= M@y vy ()l = [d (0 WE,)=0}/ G| 5/ (V)/G]

(5-28) lPM lPQ J(tr W,

U M(QEo,BWE.)(%)lV C
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Here the bottom arrow sends 0 to p, the map wg: Repg .. (m) — M OF. (m) is the
quotient morphism, and tr Wg, is the G—invariant analytic function on the smooth
analytic space nél (V) (see Section 2.6).

6 Noncommutative deformation theory

Note that the diagram (3-5) in Theorem 3.2 in particular implies the isomorphism

(6-1) L pg'(0) = pas (p).

In this section, we recall the NC deformation theory associated to a simple collection
of sheaves, and explain its relationship to the isomorphism (6-1).

More precisely in Theorem 6.8, using NC deformation theory we show that the map I
gives an equivalence of categories between the category of nilpotent representations of
the Ext—quiver and the subcategory of coherent sheaves on X generated by the given
simple collection. Theorem 6.8 immediately implies the isomorphism (6-1), so giving
an interpretation of (6-1) via NC deformation theory. The result of Theorem 6.8 will be
only used in the proof of Lemma 7.8 in the next section, but seems to be an interesting
result in its own right as it gives intrinsic understanding of the isomorphism (6-1).

6.1 NC deformation functors

Let X be a smooth projective variety, on which we take a simple collection of coherent
sheaves

(6-2) E.=(Ey,E,,...,Ep).

The NC deformation theory associated to the simple collection (6-2) is formulated for
such a collection [22; 9; 18; 5]. The following convention is due to Kawamata [18].

By definition, a k—pointed C—algebra is an associative ring R with C—algebra homo-
morphisms

ck 2 rL Ck
whose composition is the identity. Then R decomposes as

R=Ck dm, m:=Kergq.
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For 1 <i <k, let m; be the kernel of the composition
RL Cck ,

where the second map is the i projection. Note that m = ﬂf-;l m;. We define Arty
to be the category of finite-dimensional k—pointed C-algebras R = C k'@ m such that
m is nilpotent.

For a simple collection (6-2), we have the NC deformation functor
(6-3) Defg : Arty — Set.

The above functor is defined by sending R = Ck @& m to the set of isomorphism classes
of pairs

(E,v¥), €& e€Coh(R®c Ox),

where £ is a coherent left R ® c Ox—module which is flat over R, and i is an
isomorphism R/m @ g € => @, E; which induces isomorphisms

R/mi®R5i>Ei, 1<i<k.

6.2 Prorepresentable hull

Let ﬁtk be the category whose objects consist of ck —algebras given by inverse limits
of objects in Art; . An object 4 € .Z;tk is called a prorepresentable hull of the functor
Defj‘i,,c’ if there is a formally smooth morphism

Hom £ (4,—) — Defg ()

which are isomorphisms in first orders. A prorepresentable hull is, if it exists, unique
up to noncanonical isomorphisms; see [30].

A prorepresentable hull of the functor Defgc. is known to exist by [22; 9]. By [18],
it is explicitly constructed by taking the iterated universal extensions of sheaves E;,
which we review here. We first set E;O) = E; for 1 <i < k. Suppose that E;’” is
constructed for some n > 0 and all 1 <i <k. Then E ;”H) is constructed as the
universal extension

k
(6-4) 0> @PExt" (E". Ej) ® Ej - E"*D — E{® — 0.
j=1
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Let us set

n
E(n) = @ E;n)’ R(n) = Hom(E("), E(n)).
i=1
Then by [18, Theorem 4.8], R™ is an object of Art, and E™ is an element of

Defy (R™). Moreover by [18, Lemma 4.3, Corollary 4.6, Theorem 4.8], there exist
natural surjections R+ — R™ such that the inverse limit

RY =lim R™ € Arty

is a prorepresentable hull of (6-3). Moreover the surjection £+ —» E™ induces
the isomorphism

(6-5) R® ® gort En+D = pm

By the surjection R”*t1D — R™ we have the fully faithful embedding

(6-6) mod R"™ < mod R"*V.

Then the category mody sz. is defined by

(6-7) mod,i R, := lim(mod R™).

The above category is identified with the abelian category of nilpotent finite-dimensional

right R —modules.

6.3 Equivalence of categories via NC deformations

In what follows, we show that the category (6-7) is equivalent to the subcategory of
Coh(X)
(Eq1, Ea, ..., Ep) C Coh(X)

given by the extension closure of Eq,..., Ey, ie the smallest extension closed subcat-
egory of Coh(X) which contains Eq,..., Ej.

Lemma 6.1 For T € mod R"™, we have

(6-8) O(T):=T Qg E™ €(E,..., Eg).

Proof Since R™ € Arty, it decomposes as R™ = CK @m™ . We take the following
filtration in mod R

e CTm™)Y cTm"™)y 'c-..cTm™ CT.
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Then the subquotient
T(j) = T(m(n))j/T(m(n))j-l-l

is a C*¥—module, which is zero for j > 0. Since E™ is an NC deformation of E,
to R™, it follows that T ® py E™ is a direct sum of objects in (Ey,..., Ex).
Since T is given by iterated extensions of 7/, the lemma follows. a

The functor
®: mod R™ — (E;, ..., Eg)

given by Lemma 6.1 commutes with the embedding (6-6) by the isomorphism (6-5).
Hence we obtain the functor

(6-9) ®: modn R, — (Eq, ..., Eg).
We will show that the functor (6-9) is an equivalence of categories, for which we now
prepare some lemmas.
Lemma 6.2 We have Hom(E{™, E;) = C%i , and the natural map
Ext'(E{", Ej) — Ext"(E{"*" Ej)
is a zero map.
Proof The lemma follows from the exact sequence

0 — Hom(E{", E;) - Hom(E"*", E;) — Ext'(E", E})

1

44, Bxt' (E}", Ej) — Ext'(E{"*, E})
obtained by applying Hom(—, E;) to the exact sequence (6-4). |
Lemma 6.3 Forany U € (Ey,..., E;) and n > 0, the natural map
(6-10) Ext!(E™,U) — Ext! (E"+D U)

is a zero map for [ > 0.

Proof If U = E; forsome 1 < j <k, the lemma follows from Lemma 6.2. Otherwise
there is an exact sequence

0->U —-U—->U"—-0, U, U"€(E,...,Ex)\{0}.
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Suppose that the lemma holds for U’ and U”. For [/’ 3> 0 and /” > 0, We have the
commutative diagram

Ext'(E™®,U") —— Ext'(E™,U) ——  Ext' (E™,U")

l l |
Ext! (E(n—i-l”)’ U)—— Ext! (E(n—i-l”)’ U) — Ext! (E(n—i-l”)’ U’
| | J
EXtI(E(n—i-l/—i-l”) U/) EXtI(E(n+l/+l”) U) EXtI(E(n—I—l—l-l”) U//)

Here the horizontal arrows are exact sequences. The map (6-10) for / =1’ +[” is the
composition of middle vertical arrows, which is zero by a diagram chasing. Therefore
the lemma follows by the induction on the number of iterated extensions of U by
Eq . .E k- |

Lemma 6.4 Forany U € (Eq,..., Ey), the sequence
(6-11) Hom(E?,U) c Hom(E",U) C --- c Hom(E™,U) C ---
terminates for n > 0.

Proof The lemma can be proved by the induction on the number of iterated extensions
of U by Eq,...,Er. If U= E; for some i, then the sequence (6-11) terminates by
Lemma 6.2. Otherwise there is an exact sequence

0> E —-U—-U —0

forsome 1 <i <k and U’ € (Eq,..., E). By applying Hom(E™, —), we obtain
the exact sequence

0 — Hom(E™, E;) - Hom(E™,U) — Hom(E™,U").
By Lemma 6.2, it follows that
Hom(E"™,U) <Hom(E™,U’) + 1.

By the induction hypothesis, Hom(E™, U’) is bounded above by a number which is
independent of n. Therefore Hom(E™, U) is also bounded above. a

By Lemma 6.4, we have the functor
(6-12) : (Ey,..., Ex) — modn RE,
sending U to Hom(E™,U) for n > 0.
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Lemma 6.5 The functor (6-12) is exact.

Proof It is enough to show that (6-12) is right exact. Let 0 > U’ — U — U” — 0 be
an exact sequence in (Eq,..., Ex). For n > 0 and / > 0, we have the commutative
diagram

Hom(E™,U) ——— Hom(E™,U") —— Ext!(E™, U’)
|- | -
Hom(E(”H), U) Hom(E(”‘H), U") Ext! (E(n—i-l)’ U’)

Here the isomorphisms of the left and middle vertical arrows follow from Lemma 6.4
and the right vertical arrow is a zero map by Lemma 6.3. Therefore the right bottom
horizontal arrow is a zero map, which shows that Hom(E", U) — Hom(E™,U") is
surjective for n >> 0. Therefore the functor (6-12) is exact. a

Proposition 6.6 The functor (6-9) is an equivalence of categories.
Proof The functor (6-12) is a right adjoint functor of ®, so there exist canonical
natural transformations
id—>VYod(—), doW¥(—)—id
It is enough to show that both of them are isomorphisms of functors.

As E™ is flat over R™, the functor ® is exact. The functor W is also exact by
Lemma 6.5, so the compositions W o ® and ® o W are also exact. Therefore by the
induction on the number of iterated extensions by simple objects and the five lemma, it
is enough to check the isomorphisms

Si = Wod(S;), PoW(E;) =S E;.

Here Si,..., S aresimple R® = Ck—modules. Since ®(S;) = E; and W(E;) = S;,
the above isomorphisms are obvious. a

6.4 Maurer—Cartan formalism of NC deformations

We can interpret the NC deformation functor (6-3) in terms of Maurer—Cartan formalism.
The argument below is also available in [32].
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For R € Arty, with the decomposition R = CK @ m, an argument similar to Section 4.2
shows that

(6-13) Def¥ (R) = MC(AO*(’Hom (@5',@5)@)”,)) /N

= MC(ED A%* (Hom* (&7, &) ®c mij)/fv.
iL,Jj
Here ~ means gauge equivalence, ® is the tensor product of k—pointed C—algebras
(see [32, Section 1.3]), and m;; = e; -m - e; for the idempotents {ey,...,ex} of R.
Then using the As—operation {I,},>; in Section 4.4, we have the map

(6-14) I,: MC (@Ext*(Ei, Ej))®c m,-j) — MC (@ A%*(Hom(E!.£7)) ®c m,j),
i, i,j

which is an isomorphism after taking the quotients by gauge equivalence. Here the

left-hand side is the solution of the MC equation of the A.,—algebra

@Ext*(Ei, Ej) Qc mjj
i,
whose As.—product is given by (5-7), and the map I, is constructed as in (4-28).

Let A be the Ck—algebra defined by
(6-15) A:=C[QE]/(f1..--. JD),
where (f1,..., f7) is the convergent relation of Qfg, given in (5-8). We have the
tautological identification
(6-16) MC(EBExt*(Ei,Ej) ®c mij) Homgz, (4. R).
i,J
Here (e;, j ® r;,;) in the left-hand side corresponds to 4 — R given by
z>ejj(z)-rij forze E;jC Ext! (E;, Ej)Y.

As proved in [32, Proposition 2.13], under the above identification the gauge equivalence
in the left-hand side corresponds to the conjugation by an element in 1 + €D; m;; in
the right-hand side.

Thus we see that A is a prorepresentable hull of Def}‘s‘i. By the uniqueness of prorep-
resentable hull, we have an isomorphism

RE, =4
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which commutes with maps to Def. Combined with Proposition 6.6, we have the
following corollary:

Corollary 6.7 We have an equivalence of categories

(6-17) ®: modyy A => (Eq, E;, ..., Eg).
Here A is the (Ck—algebra (6-15).

6.5 Equivalence of categories via 1,

Let us take a nilpotent Q g,—representation

(6-18) U= (Ue)ecEQr,)> Ue: Vsie) = Vi)

By the argument in Section 5.3 and Remark 5.3, the correspondence u +— I« (1) forms
a functor

(6-19) I: mod,;(4) — Coh(X).

We compare the above functor with the equivalence (6-17) in the following proposition:

Theorem 6.8 The functor (6-19) is isomorphic to the functor ® in (6-9). In particular,
the functor I in (6-19) is an equivalence of categories

I: modyi(A) <> (E;, E,, ..., Ex) C Coh(X).

Proof Let A =CK @m be the decomposition and {ey., ..., ez} the idempotents of A,
andset A :=A/m"T! and m" :=m/m"™ . Then for an element u as in (6-18), the

compositions of u, for e € E(Q g, ) along with the path in Q g, defines the linear map

—Hom(V;, Vj), m{?:=e;-m™ -e;.

n)
; ij

. (
u: ml-]

On the other hand, let

c™ e MC (@ Ext* (E;, Ej)®c mg?))
i,j

(n)

be the canonical element corresponding to the surjection 4 — A“Y under the tauto-

logical identity (6-16). Applying the map (6-14), we obtain

(6-20) I*(C(n)) c MC(@ AO’*(HOHI*(S;,E';)) ®c mg))
i’j
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Then for n > 0, we have the identity
(6-21) Li(u) =uol(c™) e MC(g}).

Let F™ € Defy (A™) the NC deformation of E, over 4” corresponding to (6-20)
under the isomorphism (6-13). Note that 7 is the universal NC deformation over A
pulled back by the surjection 4 — A™ . Let T € mod,;(A) be the object given by
the Q g,—representation u. Then the identity (6-21) implies that

I*(T) = T®A(n) F(m-

By the construction of ® in (6-17), which goes back to the construction in Lemma 6.1,
and the universality of 7™, we have ®(T) = T ® 4 F ™. Therefore, the proposi-
tion holds. i

In the diagram (3-5), note that pél (0) consists of nilpotent A—modules and p;,ll (p)
consists of objects in the extension closure (Eq,..., Ex). The above proposition
implies that the isomorphism (6-1) is induced by the universal family over NC defor-
mations.

7 Moduli spaces of one-dimensional semistable sheaves

In this section, we focus on the case of moduli spaces of one-dimensional semistable
sheaves, and prove Theorem 1.3.

7.1 Twisted semistable sheaves

Let X be a smooth projective variety, and 4(X)c its complexified ample cone

A(X)c :={B+iw e NS(X)c : wis ample}.
Let
Coh<;(X) C Coh(X)

be the abelian subcategory of coherent sheaves whose supports have dimensions less
than or equal to one. For an object £ € Coh<;(X) and B +iw € A(X)c, the
B-twisted w—slope |1p ,,(E) is defined by
X(E) — B-chg—(E)

w-chg—1(E)
Here d = dim X, and we set up,(E) = oo if w-chy_1(E) =0, ieif F is a
zero-dimensional sheaf.

Hp.w(E) = e R U {oo}.
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Definition 7.1 An object E € Coh<(X) is (B, w)—(semi)stable if for any nonzero
subsheaf F' ¢ E, we have the inequality

PLB,a)(F) < (3 ILB,a)(E)~

Remark 7.2 If B =0, then E € Coh<;(X) is (0, w)—(semi)stable if and only if it is
w—Gieseker (semi)stable sheaf.

Remark 7.3 For any integer k > 1 and a line bundle £ on X, we have

UB,w(E) = kB kow(E) = WikBte () ko (E ® L).

In particular if B and @ are elements of NS(X)q such that kB and kw are integral,
then for a line bundle £ with ¢{(£) = —k B, a sheaf £ € Coh<{(X) is (B,w)-
semistable if and only if £ ® L is a w—Gieseker semistable sheaf.

The (B, w)-stability condition is interpreted in terms of Bridgeland stability condi-
tions [6] as follows. Let Ni(X) C Hy(X,Z) be the group of numerical classes of
algebraic one cycles on X and set

I'y =N X)®Z.
Let cl be the group homomorphism defined by
(7-1) cl: K(Coh<i (X)) > I'y, E > ([E], x(E)),

where [E] is the fundamental one cycle associated to £ . By definition, a Bridgeland
stability condition on D (Coh<1 (X)) with respect to the group homomorphism map
(7-1) consists of the data

(7-2) c=(Z,A), Z:Tyx—>C, AC DPCoh<(X)),

where Z is a group homomorphism and A is the heart of a bounded t-structure
satisfying some axioms; see [6; 21] for details. It determines the set of o—(semi)stable
objects: E € D?(Coh< (X)) is o—(semi)stable if E[k] e A for some k € Z, and for
any nonzero subobject 0 # F € E[k] in A, we have the inequality in (0, 7]

arg Z(cl(F)) < () arg Z(cl(E[k])).

The set of Bridgeland stability conditions (7-2) forms a complex manifold, which we
denote by Stab<1(X). The forgetting map (£, A) — Z gives a local homeomorphism

Stab<(X) = (Cx)¢.
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For a given element B+iw € A(X)c, let Zp 4, be the group homomorphism I'y — C
defined by

(7-3) Zpow(B.m):=—m+ (B+iw)p.
Then the pair

(7-4) 08w = (Zp.u. Cohzi (X))
determines a point in Stab<;(X).

It is obvious that an object in Coh<;(X) is (B, w)—(semi)stable if and only if it is
Bridgeland op ,—(semi)stable. We also call (B, w)—(semi)stable sheaves as op ,—
(semi)stable objects. Moreover the map

A(X)c — Stab<; (X), (B,w) > 0Bw.
is a continuous injective map, whose image is denoted by

U(X) C Stab<; (X).
7.2 Moduli stacks of twisted semistable sheaves

For 0 = 0B, € U(X) and v € I'y, let
Mg () C M
be the moduli stack of o—semistable £ € Coh<;(X) with cI(E) = v. As in the case

of Gieseker stability, we have the following:

Lemma 7.4 The stack M (v) is an algebraic stack of finite type with a projective
coarse moduli space My (v). So we have the natural morphism

Py Mo (v) = Mg (v).

Moreover for each closed point p € M (v), the same conclusion of Theorem 3.2 holds.

Proof If B and w are rational, then we can reduce the lemma in the case of B =0
and o is integral by Remark 7.3. In that case, the lemma follows from Theorem 3.2.
In general by wall-chamber structure on the space of Bridgeland stability conditions,
there is a collection of real codimension one submanifolds {W;};cs in A(X)c called
walls such that M (v) is constant if ¢ is contained in a stratum

(7-5) A wi\Jw

jeJ’ JEJ
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for some subset J' C J. Each wall is given by g . (B.n) = g »(B’.n’) for other
(B’.n’) € Tx which is not proportional to (8,7), ie

(n'B—np"ow = BB'-wp — B -wp'.

The above equation determines a hypersurface in A(X )¢ which contains dense rational
points. Therefore if (B, @) is not rational, then we can perturb it in the strata (7-5) and
can assume that (B, w) is rational. a

7.3 Moduli stacks of semistable Ext—quiver representations

For v € I'y and 0 = o, € U(X), take a point p € Ms(v). Suppose that p is
represented by a (B, w)—polystable sheaf E of the form

k
(7-6) E=PVioEi,

i=1
where E; € Coh<;(X) is (B, w)-stable with up ,»(E;) = B »(E). Then we have
the Ext—quiver Q g, associated to the simple collection

E.=(Eq,..., Ep),

together with a convergent relation /g, asin (5-8). Fori e V(QEg,) =1{1,2,...,k},
let S; be the one-dimensional Q g,—representation corresponding to the vertex i. We
denote by K(Q g, ) the Grothendieck group of finite-dimensional Q g,-representations,
and take the group homomorphism

k
dim: K(Qg,) — g =D Z-dim(S))
i=1
by taking the dimension vectors.

Let us take another stability condition
(7-7) 0" =0p+ o+ = (Zp+ o+.Coh< (X)) € UX).
Then we have the group homomorphism

25: K(QEg,) 2 To —C, [Si]— Zp+u+(Ei).

The above group homomorphism determines a Bridgeland stability condition on the
category of Q g,-representations, and the associated (semi)stable representations. They

Geometry & Topology, Volume 22 (2018)



3138 Yukinobu Toda

are described in terms of slope stability condition as in Definition 7.1. Let ,uJQr be the
slope function on the category of Q g,—representations defined by

+(—

wh(—) = _&Q().

0 m Z}(-)
Note that if V is a Q g,—representation with dimension vector
(7-8) m=(mi)<i<k, mi=dimV;,
then we have the identity
(7-9) uo(V) = pipt ot (E),
where E is given by (7-6). We have the following definition:

Definition 7.5 A Q g,-representation V is u‘é—(semi)stable if for any Q g,—subrep-
resentation 0 # V' € V, we have the inequality

HH(V) < () V).

For the dimension vector (7-8), let
RepEE.(Wa) C RepQE‘(r_n))

be the (Zariski) open subset consisting of uJQF—semistable Q g,—representations. The
above open subset is a GIT semistable locus with respect to a certain character of G;
see [19, Section 3]. The quotients by G

M}, () =[Reply, ()/G). MJ, (#)=Repl, ()]G

are the moduli stack of ,uJé—semistable Q E.—representations with dimension vector 771,
and its coarse moduli space, respectively. We have the commutative diagram

M, (1) s Mo, ()

pgl lpg

MEE. (,7/1) q—Q> MQE- (}7[)

Here the vertical arrows are natural morphisms to the coarse moduli spaces, the top
horizontal arrow is an open immersion and the bottom horizontal arrow g ¢ is induced
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by the universality of the GIT quotients. Note that ¢ is projective due to a general
argument of affine GIT quotients; see [26, Section 6].

Let0eV C Mg, () be a sufficiently small analytic open subset as in Definition 2.16.
Let

Rep(p . 1)y CRepg . 1))y

be the open locus consisting of MJQF—semistable representations, where the right-hand
side is defined as in (2-17). Then we set

Mo gatzn) My :=[Repiy, ;.\ m)ly/G]

M(EE.JE.)(H_/Z)NV = RCP?QE.JE.)(%HV//G'

Here M (EE Ie )(ﬁ)a)h/ is the analytic Hilbert quotient given in Lemma 2.9, which is
a closed analytic subspace of V1 = qél (V). We have the commutative diagram

M?_QE.sIEQ)(n_/I))h/ ;) M(QE.;’E.)(}%))h/

(7-10) p(z.,)l m J/P(Q.I)

+ — —
M(QE. 9IE.)(m)|V q(0.1) M(QE. aIE.)(m)|V

Here the vertical arrows are natural morphisms to the coarse moduli spaces, the top
horizontal arrow is an open immersion and the bottom horizontal arrow q(g,r) is
induced by the universality of analytic Hilbert quotients (see Lemma 2.13).

Lemma 7.6 The morphism q(g,ry in diagram (7-10) is projective.

Proof We have the commutative diagram

M(BE.’IE.)(%)|V( V+( MEEO(H_/Z))

o l P

M(QE.JE.)(E/I)NV( Ve MQE.(’?I)

Here the right diagram is a Cartesian square whose horizontal arrows are open immer-
sions, and the horizontal arrows in the left diagram are closed immersions. Since gg
is projective, the morphism ¢g(g 1) is projective by the above diagram. a
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7.4 Moduli stacks of semistable sheaves under the change of stability

Let us take o in (7-7) sufficiently close to o. Then by wall-chamber structure
on U(X), any o t—semistable object E with cl(E) = v is o—semistable. Then we
have the commutative diagram

Mg+ (U) s MO’(U)

(7-11) le m l"M

Mo+ (v) —— Mo (1)

Here the vertical arrows are natural morphisms to the coarse moduli spaces, the top
arrow is an open immersion and the bottom arrow is induced by the universality of
coarse moduli spaces. The following is the main result in this section.

Theorem 7.7 For a closed point p € M, (v) represented by a polystable sheaf (7-6),
there are analytic open neighborhoods p € U C Ms(v) and 0€ V C Mg E.(%), where
QO E, is the Ext—quiver associated to p with convergent relation I g, , and the dimension
vector m is given by (7-8), such that the diagram (7-11) pulled back to U

ry (U) —— pi/(U)

| 7

V) U
is isomorphic to the diagram (7-10).

Proof Wetake U =W/)G,V C Mg,, () and the isomorphism

(7-12) I M(QE.JE.)(’%)”V = PJT/II ()

as in Proposition 5.4. It is enough to show that the isomorphism (7-12) restricts to the
isomorphism

(7-13) Iy M{QE.’,E.)(%)W =3/ ().

For a C-valued point x € Mg, IE.)(n_1))|V, let V, be the corresponding Q g,—
representation, and £, € Coh<;(X) the (B, w)-semistable sheaf corresponding to
I.(x) e p;[l (U).Let Z C M?_QE Ie )(n_a))h/ be the closed substack given by

2= (€ Mgy 1 (PIY £ 140 £ i )
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Namely x € M(QE.,IE.)(H_/Z)NV is a C—valued point of Z if and only if V, is ;ﬁé—
semistable but E, is not (B*, w™)-semistable. Below we use the notation in the
diagram (7-10). By Lemma 7.8 below, we have

(7-14) ZN(ro.n) ' (0) = 2.
On the other hand, by Lemma 2.12 the subset

+ + -
Pio.nB) C My, 1My

is closed. Together with Lemma 7.6, we see that

r.n(2) = 4.1 ° 1y 1y(Z) C Mo, 15 M)y

is a closed subset. By (7-14), the above closed subset does not contain 0. There-
fore by shrinking V if necessary, we may assume that Z = &, ie (7-12) takes

My, 1@y o 1 U).

Next for x € M(QE.,IE.)(%NV, suppose that E is (BT, w™)-semistable, ie I4(x) €
rA_,Il (U). Note that by (7-9), we have

ME(Vx) = KB+ o+ (Ex).

By the functoriality of I, in Section 5.3 and the above equality, if a Q g,—subrepres-
entation V' C V, destabilizes Vy in pL“QL—stability, then by applying /4 and noting
Remark 5.3 we obtain the subsheaf E’ C E, which destabilizes Ey in (BT, w™)-
stability. This is a contradiction, so Vy is ,U,JQF—semistable; ie x € MerE., IE,)(%NV'
Therefore we obtain the desired isomorphism (7-13). a

We have used the following lemma:

Lemma 7.8 Under the equivalence I, in Theorem 6.8, an object V € mody;j(A) with
dimV = m is /LE—SCmiSI&b]G if and only if F = I4(V) is (BT, ™")—semistable in
Coh<(X).

Proof The if direction is proved in the first part of the proof of Theorem 7.7, so we
only prove the only if direction. Suppose by contradiction that V is M‘é—semistable
but F is not (B*, w™)—semistable. Then there is a nonzero subsheaf F’ ¢ F such
that ptg+ o+ (F') > jig+ 4+ (F). On the other hand, as o™ is sufficiently close to o
we may assume that there is no wall between o and o with respect to the numerical
class cI(F). So we have up ,(F') > up o (F). Since F € (Ey, ..., E) and each E;
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is (B, w)-stable with the same slope, the sheaf F is (B, w)-semistable. Therefore
we have pp o, (F') < upw(F), thus pp o (F') = pup o (F) and F' is also (B, w)-
semistable. By the uniqueness of JH factors of (B, w)—semistable sheaves, we have
F’ € (Ey,..., Er). Then by the equivalence I in Theorem 6.8, we find a subobject
V' C V in mody;(A4) with I,(V') =~ F’. By the identity (7-9), the subobject V'
destabilizes V, hence a contradiction. O
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