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A formal Riemannian structure on conformal classes and
uniqueness for the o,—Yamabe problem

MATTHEW GURSKY
JEFFREY STREETS

We define a new formal Riemannian metric on a conformal classes of four-manifolds
in the context of the 0, —Yamabe problem. Exploiting this new variational structure
we show that solutions are unique unless the manifold is conformally equivalent to
the round sphere.

58J05; 53C44, 58B20

1 Introduction

1.1 Background

In [20], we defined a formal Riemannian metric on the space of conformal metrics on
surfaces of positive (or negative) Gauss curvature. Our goal in this paper is to show
that one can extend this definition to conformal classes of metrics on four-manifolds,
and to explore the geometric properties of this metric and their applications. The
definition we give can be extended to higher (even) dimensions, but this will be pursued
in a subsequent article since there are technical issues that do not arise in two or four
dimensions; see Gursky and Streets [21].

In addition to verifying the formal properties of this metric we prove a remarkable
geometric consequence: namely, solutions of the o, —Yamabe problem — whose exis-
tence follows from our positivity assumption and Chang, Gursky and Yang [6] —are
unique, unless the manifold is conformally equivalent to the sphere. This is a surprising
departure from the classical (or o1—) Yamabe problem, where explicit examples of
nonuniqueness are known (see Remarks 1.6 and 1.7 below). Thus, positive conformal
classes on four-manifolds have a unique conformal representative whose o, —curvature
is constant; moreover, the value of this constant (after normalizing the volume) can be
expressed in terms of the Euler characteristic and the L2—norm of the Weyl tensor (see
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the introduction of Chang, Gursky and Yang [7]). We also remark that this representative
has positive Ricci curvature.

To give a more detailed description it will be helpful to return to the setting of surfaces.
Let (M, gg) be a compact Riemannian surface with positive Gauss curvature Kq > 0,
and let [go] denote the conformal class of gq. Define

(1-1) ct ={gu=ego €lgo]: Ku = Kg, > 0}.

Formally, the tangent space to [go] at any metric g, € [go] is given by C*°(M ). For
¢, € C®(M) = Ty,(go]) we define

(1-2) (6.9 = /Mqﬂm i,

where K, is the Gauss curvature and d A4, is the area form of g,.

The definition (1-2) is inspired by the Mabuchi—Semmes—Donaldson metric [27; 32;
12; 13] of Kihler geometry, wherein a formal Riemann metric is put on a Kihler class
by imposing on the tangent space to a given Kihler potential the L2 metric with respect
to the associated Kéhler metric. As observed in [27], this metric enjoys many nice
formal properties, for instance nonpositive sectional curvature. Moreover, it has a
profound relationship to natural functionals in Kéhler geometry such as the Mabuchi
K —energy and the Calabi energy, as well as their gradient flow, the Calabi flow.

In [20] we established a number of analogous properties for the metric defined by (1-2).
For example, CT endowed with the metric in (1-5) has nonpositive curvature in the sense
of Alexandrov. We also showed that the normalized Liouville energy F: W12 — R,
defined by

(1-3) F[u]:/ |V0u|2dA0—|—2/ KoudAo—(/ KodAo)log(][ e2”dA0),
M M M M

is geodesically convex. Recall that critical points of F, which are precisely the con-
formal metrics of constant Gauss curvature, are minimizers and unique up to Mdbius
transformation. Many of these global geometric properties are based on existence
and partial regularity results for geodesics in C* (see Section 4 of [20] for precise
statements).

In this paper we study a natural generalization of the inner product (1-5). For an
n—dimensional Riemannian manifold (n > 3), we denote the Schouten tensor by

1

. 1
A= E(Rlc—z(n—_l)Rg),
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where Ric is the Ricci tensor and R is the scalar curvature. Let 03 (g~ '4) denote the
k™ symmetric function of the eigenvalues of the (1, 1)—tensor obtained by raising an
index of A4, ie

Al = g% ay.

The quantity oy (g~ 'A4) is called the oy —curvature or the k—scalar curvature. For
example,

-1, _ R
For 1 <k <n, we write 4 = Ag € I’,j' if 0j(g7'4) >0 0on M" forall 1 < j <k.
By (1-4), we have A, € F1+ if g has positive scalar curvature, while A, € T, if the
Schouten tensor of g is positive definite.

We will be interested in the case where n = 4 and k = 2. To this end, let (M *, go)
be a compact Riemannian four-manifold such that Ag, € F2+ . Given u € C®(M), let
A, denote the Schouten tensor of the conformal metric g, = e 2*g,. We will say
that u is admissible if A, € T’} . Let

ct= C+([g0]) ={gu €[go]| Au € F;_}

By a result of Guan, Viaclovsky and Wang [18], if g, € CT then g, has positive Ricci
curvature. As noted above, the tangent space to CT at any point is given by C®(M).
Thus, in analogy with (1-5) we define, for ¢, € C*° (M),

(1-5) 60 = /M pvoa(gs ' Au) dVi.

Remark 1.1 To simplify the notation we will write 0, (A4) instead of 0, (g~ '4). Since
we will be working with conformal metrics, we will also need to distinguish between
g7 4, and g 14, , ie whether we are using g or g, to raise an index. Therefore, we
will adopt the usual convention that 05(4,) = 02(g~'4,), but write 05(g;, '4,) when
we are using g, to raise an index. Note that

(1-6) 02(g; ' Au) = e 02 (Au).
In particular,

02(g;, 'Ay) dVy = 02(4,) dV.

Geometry € Topology, Volume 22 (2018)



3504 Matthew Gursky and Jeffrey Streets

Remark 1.2 There is a sharp characterization of conformal classes for which CV is
nonempty. In view of the conformal invariance of the integral

o= /O’z(g_lAg) dVg,

a necessary condition for [g] to admit a metric g, € [g] with 4, € I'2+ is the positivity
of the Yamabe invariant and the positivity of o. In Chang, Gursky and Yang [7] these
conditions were shown to be sufficient. Thus we have an exact parallel with the case
of two dimensions, since a conformal class of metrics on a surface admits a metric of
positive Gauss curvature if and only if the total Gauss curvature is positive.

1.2 Formal metric properties

We begin by establishing in Section 3 some fundamental formal properties of the metric
defined in (1-5). We first introduce a formal path derivative which can be regarded
as the Levi-Civita connection associated to the metric. Using this we compute the
curvature tensor, and furthermore show that the curvature is nonpositive:

Theorem 1.3 Given (M*, g) a compact Riemannian manifold, with Ag € F2+ . Then
(1-5) defines a metric with nonpositive sectional curvature on C¥ .

Next, we derive the geodesic equation. Formal calculations derived using either the
path derivative or variations of the length functional yield that a one-parameter family
of conformal factors is a geodesic if and only if

1
(1-7) ury — ————(T1(Ay), Vur ® Vuy) =0,
02(Ay)

where T is the Newton transform and (-,-) denotes the inner product on tensor
bundles induced by g (the background metric). This is a degenerate fully nonlinear
equation, which is related to a o, —type problem for the spacetime Hessian of u, in
direct analogy to the (n41)—dimensional degenerate Monge—Ampere interpretation of
the Mabuchi geodesic equation in Kihler geometry. We also show that one parameter
families of conformal transformations are automatically geodesics (Proposition 3.12).
This is again in analogy with the fact that one-parameter families of biholomorphisms
generate families of Kéhler potentials which are Mabuchi geodesics.

In the Kéhler setting, the Mabuchi metric and its geodesics are intimately related
to Mabuchi’s K—energy functional. This is a “relative functional” defined via path
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integration of a closed 1—form on a Kéhler class. It was shown in Mabuchi [26; 27]
that this functional is geodesically convex, leading to the conjecture that extremal
Kihler metrics are unique up to biholomorphism in a fixed Kéhler class. Confirming
this conjecture requires extensive existence and regularity results for the geodesic
equation. An initial theory of C L1 was developed in Blocki [1], Calabi and Chen [5]
and Chen [9], and eventually a more refined regularity theory was developed and the
conjecture finally confirmed in Chen and Tian [10].

In our setting there is a natural analogue of Mabuchi’s functional. For surfaces it is
given by the Liouville energy, or regularized determinant (1-3). In four dimensions this
functional was written down by Chang and Yang [8] (although it appears implicitly in
Chang, Gursky and Yang [7]):

(1-8) Flu]= /{2Au|Vu|2—|Vu|4—2Ric(Vu,Vu)+ R|Vul|* —8ucy(Ag)}dV

—2(f az(Ag)dV) 1og(][e—4”dv).

After this, Brendle and Viaclovsky [4] give a path-integration derivation of this func-
tional which makes clearer the analogy between it and the Mabuchi functional in
Kihler geometry. We will not need the precise formula, only the fact that it provides a
conformal primitive for 0, (A); ie if ug is a path with dug/ds|s—o = u’, then

(1-9) 4 Flus)

OZ/u/[—az(glleu)+c_r]qu.

s=
Consequently, u is a critical point of F if and only if g, = e~%*g is a solution of the
0,—Yamabe problem:

(1-10) az(g;lAu) = const.

In four dimensions the existence of solutions to (1-10) in conformal classes with
CT # @ was first proved by Chang, Gursky and Yang [6] (for surveys on solving the
o —Yamabe problem for general 2 < k < n see Viaclovsky [37] and Sheng, Trudinger
and Wang [33]). In particular, if C*([g]) is nonempty, then [g] always admits a critical
point of F. Our next result gives us deeper insight into the variational structure of F':

Theorem 1.4 The functional F in (1-8) is geodesically convex.

The proof of this theorem requires the use of a sharp curvature-weighted Poincaré
inequality due to Andrews (unpublished). In fact, it follows from Andrews’ inequality
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that F' is strictly convex, up to one-parameter families of conformal automorphisms
on the round sphere. This sharp characterization naturally leads one to conjecture that
critical points of F' are unique, except in the case of the sphere. We are able to confirm
this surprising fact:

Theorem 1.5 Let (M*, g) be a compact Riemannian manifold such that CT ([g]) # @ .

(1) If (M*,g) is not conformal to (S*, g ga), then there exists a unique solution to
the o, —Yamabe problem in [g].

(2) In[gga), all solutions to the 0, —Yamabe problem are round metrics.

Remark 1.6 This uniqueness property is in stark contrast to the Yamabe problem,
in which generic conformal classes admit arbitrarily many distinct solutions (see
Pollack [29]). In dimensions n > 25 the solution space may even be noncompact; see
Brendle and Marques [2; 3].

Remark 1.7 Explicit examples of nonuniqueness for the Yamabe problem were con-
structed by Schoen [31], in which he constructed Delaunay-type solutions on S"~!x S1.
By lifting to the universal cover $”~! xR and imposing symmetry, he reduced the Yam-
abe equation to an ODE and studied the phase portrait. Interestingly, Viaclovsky [35]
carried out a similar construction for solutions of the o —Yamabe problem when k < 7.
However, once k > 5 the construction fails, since the admissibility condition implies
the Ricci curvature of any solution would have to be positive, and S”~! x S does not
admit a metric with positive Ricci curvature.

The proof of Theorem 1.5 consists of two main phases. First we develop a weak
existence/regularity theory for the geodesic equation (1-7). In general for degenerate
Monge—Ampere equations one typically expects at best C1*! control, and indeed this
is verified in the Kihler setting by Chen [9] (with compliments due to Btocki [1]).
Where Mabuchi geodesics can be interpreted as solutions of a degenerate complex
Monge—Ampere equation, our geodesics are solutions to a degenerate o, —equation
(Proposition 4.1), and so one at best again expects C ! regularity. However, due to
some technical issues arising from the presence of first-order terms in the Schouten
tensor, we are not able to establish such estimates. Rather, we are forced to regularize
the equation by rendering the right-hand side positive (which is a standard trick),
but also perturbing the coefficients on the time direction term, to further break the
nondegeneracy. This leads to full C® regularity, but only the C! estimates persist as
the regularization parameters go to zero.

Geometry & Topology, Volume 22 (2018)
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Given this, one cannot directly rigorously establish properties of F related to the
geodesic convexity.! Nonetheless we are able to improve the regularity of an approxi-
mate geodesic connecting any two solutions to the o, —problem by smoothing via the
parabolic flow introduced by Guan and Wang [19]. In particular we are able to take a
sequence of approximate geodesics connecting two critical points for F, smooth them
for a short time with this flow, and then show that this process yields a path of critical
points for F, although not necessarily a geodesic. Combining this with arguments using
the geodesic convexity shows that the existence of this path implies that the critical
points are all round metrics on S*, finishing the proof.

1.3 Outline

In Section 2 we establish notation and record some basic properties of the Schouten
tensor and of elementary symmetric polynomials. Next, in Section 3 we establish the
basic properties of the o, metric defined in (1-5). In particular we prove Theorem 1.3
and establish the geodesic convexity of the functional F. Then, in Section 4 we
develop estimates for approximate solutions to the geodesic equation, leading to a weak
existence theory. In Section 5 we show a short-time smoothing result, which we will
use to improve the regularity of approximate geodesics connecting any two critical
points of the F—functional. We combine these two main technical tools in Section 6 to
establish Theorem 1.5.

2 Background

In this section we establish our notation and some basic formulas. Although we are
primarily interested in four dimensions, we will state most of the standard results for
symmetric functions we will need for general n and k.

2.1 The Schouten tensor

Given a Riemannian manifold (M", g) let A denote the Schouten tensor of g. Given
a conformal metric g, = e 2%g, the tensor A transforms according to

(2-1) Ay=A+Vu+Vu®Vu—1Vu|’g.

TRecently Weiyong He [22] has established the existence of C'1-! geodesics, leading to a more direct
proof of the uniqueness statement. This work also corrects a technical problem with an earlier version of
this paper (compare Theorem 4.18).

Geometry € Topology, Volume 22 (2018)
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Let g, =e 2“Wgbea one-parameter family of conformal metrics. Then using formula
(2-1) it follows that

J, — j u\, — j ou
@) D an] =22 et awf + (Vi
where the Hessian is with respect to g,,. A direct calculation [30] yields

0 - - du -
@3)  gronley ) =T (0 4. Vi) +2k (g ).

where T} _; is the Newton transform. Since the Newton transformis a (1, 1)—tensor, for
the pairing in (2-3) we lower an index of T _;(g, 14,)) and view it as a (0, 2)—tensor,
and use the inner product induced by g, . For example, if » =4 and k = 2,

(2-4) T (guAu) = —Au +01(2, ' Au) gu-
Combining (2-3) with the variation of the volume form yields
(2-5) [Uk (g5 ' Au) dVa]
d _
= (Tim1 (@ 4. V35E) Vit (=200 S on (g u) dVa

A key property we will use throughout is the following:

Lemma 2.1 If k = 2 or if the manifold is locally conformally flat, then Ty_; (g~ 'A)
is divergence-free.

Remark 2.2 This was proved in [34]. The essential idea also appears in [30], where
the Schouten tensor is replaced with the second fundamental form of a hypersurface of
a space of constant curvature. In both cases one needs that the tensor is Codazzi, ie

Viedij = Vj Ai.

Note that the conformal invariance of the integral

o= / 02(g5 Au) d Vi
M

follows from the variational formula (2-5) and Lemma 2.1. We denote the average
value by

(2-6) g=0oV L.

u
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2.2 Properties of elementary symmetric polynomials

We record some lemmas concerning elementary symmetric polynomials and Newton
transforms. To begin we record basic facts which are well known from Garding’s
theory of hyperbolic polynomials [15]. We use these to derive some further properties
of generalized Newton transforms required for our estimates of the geodesic equation.
First, given 4 € I']j we let 05 (A) denote the k™M elementary polynomial in the
eigenvalues of A. Moreover, given 41, ..., Ay we define the generalized Newton
transformation by

L ciigyeni
[Txlij(Ar, ... Ag) = Egj',l]}l,...f;k (A1)iyjy = (AR jic»
where here § denotes the generalized Kronecker delta function. Moreover, we set

YAy, ..., Ax) = mgiz,lﬁ( ADiyji o (AR i -

Lemma 2.3 One has:
(1) If Ay,..., Ag €T}F, then [Ty)ij(Ay, ..., Ag) > 0.
(2) If Ay,..., Ay €T, then (A4, ..., Ag) > 0.
(3) If A—=BeT} and A,,... Ay €T}, then
Y(B,As, ..., Ar) < (A, Ay, ..., Ap).
Lemma 2.4 Given A, B €T;" A < B, one has T_1(A) < Ty_1(B).
Proof From Lemma 2.3, for 4; € [y, one has T (A41,..., Ar) > 0. Now consider

M;=A+t(B—A). Since B— A is positive definite, certainly it lies in F,j' . It follows
that

k
d d
T T (M) = T (My..... M) = Zl[Tk](M,, ....B—A .. . M)>0.
Jj=
The result follows. O

Lemma 2.5 Given A a symmetric matrix and X a vector, one has for k > 1,

(ThH(A—X®RX), X ®X)=(Tr(A), X ® X),
0k (A= X ®X) =04 (A) — (Tx—1(4), X ® X).

Geometry € Topology, Volume 22 (2018)
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Proof If we express the matrix B; = A —tX ® X in a basis where X is the first basis
vector, it is clear that the function

S (@) =ox(B)
is a linear function of 7. It follows that its time derivative is constant, hence

C=f(t)=—(Ti_1(A—tX ® X), X ® X).

Hence,
(Tr—1(A). X @X)=—f"(0)=—f"(1) =(Tr1(A- X ® X), X ® X).

Moreover, this shows that

1
o(A—X®X) = f(1) = £(0) +/0 () ds = 04 (A) — (Te_i (A). X ® X). O

Lemma 2.6 Given A, B € Sym*(R*) with A, B € T one has

(T1(B), A)* = 402(A)02(B).

Proof We compute that

01(A) __o1(4) 2
o) [1(B)A) = T HER B A) o1 (4)
1[o1(D7? 1
—5[—01(3)} |B|2—§|A|2+[01(A)]2
2 2 2
— Lo PEE2E DD | ) 4 Jon a2
01(A4)?
= 01(3)202(3) + 0, (A).

Rearranging this and applying Cauchy—Schwarz yields

A gy, ay- DA gy <

2l =5 B o822 = 10,08)

(T1(B), 4)?,

as required. |

Geometry & Topology, Volume 22 (2018)
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3 The o0, metric

In this section we define the 0, metric and establish fundamental properties of this
metric concerning connections, torsion, curvature and distance. We end by showing
the crucial geodesic convexity property of the functional F' of Chang and Yang.

3.1 Metric, connection and curvature

As in the introduction, let

cr=ct(g) ={gu= e g Ay € F;_}

Definition 3.1 Let (M*, g) be a compact Riemannian four-manifold. The oy metric
is the formal Riemannian metric defined for g, € CT([g]) =C" and a, B € T,CT =
C°°(M) via

(@ Bhu= 1 [ aporier ) avi

Moreover, given a path u, in CT and a one-parameter family o, of tangent vectors
with a; € T,,,C*, we define the directional derivative along the path u, by

(3-1) o= —0a(gy  Au) T (T1 (g, 'Au), Vo ® Vi) g,

D
ot

= oy —02(Aw) " (T1(4u), Vo ® Viuy),
where we have used (1-6), and the convention that T (g7 '4,) = T1(44).

Lemma 3.2 The connection defined by (3-1) is metric-compatible and torsion-free.

Proof First we check metric compatibility. We compute, using (2-5) and Lemma 2.1,
d d -
E(at,ﬂt)u, =i /M aBoa(g, lAu) vy
. . -1 50U
— (@)l B+ [ (T a0 V20N av
M
. ; - 0
= (@ B)+ (o) [ (Tale"'0). @9+ pVe) @ V. 54 a,
_|D D
= (57 B)+ o 5:8)

Geometry € Topology, Volume 22 (2018)
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Next, to compute the torsion, let us, be a two parameter family of conformal factors.
Then

D Do 92 -
Do _ Do _ Tl o (g ) Ti(g 4. VoL @V

3u>
ds 0t 0t ds  0sot

dt

0%u 1 1 ou
o+ oa(g M T ). Vo 0 V)
=0.

The lemma follows. O

Next we compute the sectional curvature, and conclude that it is nonpositive. We first
record an integral identity in Lemma 3.3 and a certain general quadratic inequality in
Lemma 3.4. We then obtain the curvature inequality by exploiting these identities.

Lemma 3.3 If ¢,y € C*°(M), then
/ (V2O(VY, V) — Ag| VY [> — VY (VY Vo) + Ay VY, Vo) tp dV
- / (V. YY) + [VoPIVy 2 dv.
Proof Consider the vector field
Xi = (Vo, V) Viy — |V |*V;.

Taking the divergence gives
68X =V; X;

=V2¢(VY, V) + VY (Vo, V) +AY (V, Vi) =2V Y (Vi, V) —Ag| VY|

=V2¢(VY, Vi) —Ad| VY|P =V (Vi Vo) + Ay (Vi Vo).

Therefore,
I= / {(V2O(VY, V) — Ap| VY |> = VEY (VY. Vo) + Ay (VY. Vo) ko dV
= f X)pdV.

On the other hand, integrating by parts gives

I= /(8X>¢ v = — /(X, Vo) dV = /{—|<V¢>, VY 4+ (VPR IVy P av.

as claimed. O

Geometry & Topology, Volume 22 (2018)
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Lemma 3.4 Let Ty = T1(A) denote the first Newton transformation of the symmetric
linear map A: V. — V, where V is a real inner product space of dimension four.
Assume A € l"2+. Then, forall X,Y €V,

~T1(X. X)T1(Y,Y) + T1 (X, Y)? + o2 (D[ X*|Y > — (X, Y)?] <0.

Proof Choose an orthonormal basis for V' which diagonalizes 77, and let {A1,..., A4}
denote the eigenvalues of 7. Note by our assumption on 4 we know that A; > 0
for each i. With respect to this orthonormal basis, write X = (x1,...,x4) and
Y = (y1,...,y4). Then, expanding and collecting terms, we get

~Ti (X, X)T\(Y,Y)+ T, (X,Y)?
= —{hx] + - Aaxg HA T+ Aayg b+ Xy + oo+ Aaxg sl
= —AMAa(x]y3 + x3p7 —2x1X201¥2) — AAs (X ¥3 + X307 — 2X1x3 01 3)
— o = A3ha(X3 Y + X33 — 2X3X4 )3 Va).

Next, let
Z=XANAY,

whose components are
Zij = XiYj —XjVi-
In terms of Z, we can rewrite the above as
~Ti(X, X)T\ (Y, Y) + T1 (X, Y)? = —Ajhazi, — AAzziy — - — A3hgazi,.
At the same time,
XPIYP = (X.Y) =31 ZP =2}, + 25+ 4 23,
Therefore,
(3-2) —T(X. X)T1(Y.Y)+ T1(X.Y)? + o2 (A X*|Y | — (X.Y)]
= —)\.1)\.22122 — }\1)\.32123 — e —)\3)\.4254 + Uz(A)[lez + 2123 +---+ 254].
We need to express 0,(A) in terms of the eigenvalues of 77 . Since
(3-3) T\ =—A+o01(4)-1,
taking the trace it follows that

A+ 4+ Ay =301(4).

Geometry € Topology, Volume 22 (2018)
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Also, taking the norm-squared in (3-3),

T |* = |A]* + 201 (A)*.

Therefore,
02(A) = (AT =+ =2 + Aiha + Aihs + -+ Azha).
Substituting this into (3-2),

(G4 —Ti(X. X)T1(Y.Y)+T1(X,Y)* +o2(D[X*|Y]*—(X.Y)?]

= —AAaz], —AiA3ziy—- - —A3h4z)y
+ (AT == A A Ao+ A+ Asha)[z, 2y o 23]
= (A= =M =2hi A+ A A3+ A3hg)z],
+ 3 (AT = —Af +A1Aa =21 A3 + A hg oo+ A3ha)zTy
o F (AT == AL A+ Aahg —2h3R4) 23,

We claim that the coefficients of the Zizj —terms are all nonpositive. To see this, consider
the first one:

(3-5) A2 = = A3 =2h1hy + AAs F A Ag + Aoks + Aohg +Ashy
=—(h1 +22)* = A3 =15 + (A1 + A2)As + (A1 + A2)ha +Ashg
<=M +22) A=A+ 10+ 24P+ 345 + S + 1)
+ I+ I+ 30
= 0. O
Finally, we prove the required curvature inequality, which is a more precise statement

of Theorem 1.3.

Theorem 3.5 Let (M*, g) be a compact Riemannian manifold such that A g € F2+ .
Given u € I‘2+ and ¢,V € TuF;L, we have

K(g.¥)

1
= [ o T 40 T8 VAT e ). T @ V)
’ H(T1 (g7 Au). VoR V) +0a (g A V2V P

—02(gy " AV, V)2 } dV
<0,

where the inner products are with respect to g,

Geometry & Topology, Volume 22 (2018)
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Proof Let u(s,t) be a 2—parameter family of conformal factors, and o« = «(s,?) €
Tu (s,t)c+

For economy, we use the notation

1
w=——"
Uz(g;lAu)

Using the formula for the directional derivative in (3-1), we have
(3-6) %ga = a%(%oz) —u<T1 (& 'Au). V( ) ® V(gfﬁ»
= 2 rie i vee v (3)) |

~{mitei 0.9 (570) 9 9(57)),

0%«

= gy T (T (& Ao, vz(as ), (718 ) Ve © V(%L;))

—fTie 0. T8 (5),

i a5 (2) 5 (%) +ves v (Z4)

~{Titei 0.9 (579) ©9(57)),

In the above, we have used the fact that the inner product on symmetric 2—tensors
satisfies

0

du
ﬁ("'h’

FPRNRLE

For the last term in (3-6), we have

{7 a0, 9 (5) @ 9 (57)),

~ {0 {3 - ufrsstan.vae v (3)) fo v (3)

~umitetan. 9(57) @9 (5)),

+ M<T1 (&40 V{n{T1 (g7 ' 40, Vo V(%”» E V(3?)>
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By (2-4) and (2-2),
du du
D T1(85 ) = ot A+ 0185 gk = V2 (95) + A (54) g
Substituting this into (3-6), we get
D D

st
{0, v () (1 . Vs v (3))

ot
V() - (G )z veo v (5)),

Ti(g, 'Au), V( )®V(%Lzl))

dsot

Tie 0. V(5 ) @V (5)),

-
+(71(gi ), Voz®V(a )
- 3

ot as

Next, we rearrange the terms into two groups: those symmetric in s and ¢, and those
that are not:

%5
B et o) s(2)
)
T . Vaw v(Z1)) |
+M{M<T1(g;1Au),V2(8—Z)> (73 (e 0. V“‘X’V(au))u

#(Ta(50) ~ (5 )z v 9 (57)),

<T1(gu 4. v{ <T1(gu 14,), wgov(%”)) }®V(g§’)>u}.
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Therefore,
DD DD
CD (553~ 55)°

=l ricera0. v (3),{116ei 0. Va0 9 (34)),

— (T 4. V2 (52)) (i ). Ve @V (54))

#(7a(50) ~ (5w v 9 (57)),
(% (5) o5 e v v (57)),

H{na0. 7l o (2 05 (2)

—<T1<g;1Au>,V{M<T1(g;‘Au),Va®V(§—”)> }®V(aa§‘)> }

To compute the sectional curvature of the plane spanned by 8” ‘?ft’} we take o = %‘t‘

in the formula above, then take the inner product with a”

(Gearara) a5l

= [ {ufrtan w2 (5)), meeatan. v (5) v (50), 5
—(ritet . Vi (), (e 409 (5) 9 (5, 3
HVi(5) -2 (5 v (5= (5, 3
~{Vi(G)-au(5)en v (5) 2V (5)), 5

+{Ta(g ). V(11 (g 0, v (54) @9 (54)). ;®v(3_“)>u3_”

< ot as as

~(T1(g 4. V{{Ti (g ). V(a,)w(g?»u}@v(%» %}d""'
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Consider the last two lines above. Integrating by parts and using the fact that 7 (g}, 14,)

Buy)
s/ lu ds
Jrsztan. vt (2)ev(2) Jov (29, 2}

=/{_ (Ti (e " A0). vz(a—”)) (TG ;lAu)vV(y)W(a_l;))ug—z

is divergence-free, we get

[ {{mtsz a0 ¥l a0 (%) 0(2)) o5

Q_D“"”A
®

~u{rite40-9(50) 89 (50)),{rtea 0.9 (5) 89 (5)),
eumite . i (7)), (e 0.9 (5 9 (50)), 5

i an.5() v ()]

Substituting this into (3-7) we find that the first two lines there cancel, and we arrive at

(G i) 5 a1

= () 22w v (25 (2
{T2(2) () (24) (2
(2o (2 (s 4o (2)e

{1409 (55 & 9 (

S
)

)t

Q\/

Q9|°-3 mlw \/
~ | ~

From Lemmas 3.3 and 3.4 we conclude

<(D D D D)au 8u>

ds 0t 0t ds/ ds’ 0t

- Jule szt (29)o5 () fr a0 5 (2)o (%),
sl

- u 0
+02(g, ' 4u) |V 5o (vae o)

as required. |

) _02( ulAu)

}qu
=<0,
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Remark 3.6 The Mabuchi metric turns out to be formally an infinite-dimensional
symmetric space, evidenced by the sectional curvatures admitting an interpretation as
the square norm of the Poisson bracket of the two tangent vector functions. There does
not seem to be such an interpretation in this setting.

3.2 Formal metric space structure

In this subsection we observe some fundamental properties of lengths of curves and
distances in the 0, metric.

Definition 3.7 Given a path u: [a,b] — CT, the length of u is

L(u) = /abm,ﬁ)%dz:/ab[/M(aa—bt‘) o2 (g lAu)dV,,}dz.

A curve is a geodesic if it is a critical point for L.
Lemma 3.8 A curve u; € C* is a geodesic if and only if

(3-8) Ut — (T (Au), Vur ® Vuy) = 0.

1
02 (Ay)
Proof Formally, by Lemma 3.2 the connection is indeed the Riemannian connection

and so a curve is a geodesic if and only if

D du — _1
arar a(A,,)

This can also be derived by directly taking the first variation of the length functional. O

0= T1(Au), Vur ® Vuy).

Remark 3.9 We observe a canonical isometric splitting of 7,CT with respect to
the oy metric. In particular, the real line R C 7T,C™ given by constant functions is
orthogonal to

TZ?CJr = {a ‘ /M aaz(g;lAu)qu = 0}.

In the next lemma we show two basic properties of geodesics, namely that they preserve
this isometric splitting, and are automatically parametrized with constant speed.

Lemma 3.10 Let u; be a solution to (3-8). Then
d _
a7 / uro2(g, 1Au) dv, =0,
M

%/ 2oy (g: Aw) dVy = 0.
M
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Proof Differentiating and using (2-5),
d -
& [ w40 av,
M
— [ o2t ) + T (g 4. Vo) Ve

- /Mwn (g ) T (g ), Vity @ Ve ))oa (g Au) d Ve

=0.
Next,

d _
E/ “?UZ(gu lAu) dv,
M
- fM[zoz(g;lAu)unu, (T (g ), V)] d Vi

=2 or (g A us\usyy — —————(T1 (g '4,), Vu, @ Vu dv,
/M 2(8, Au) t|: 1t Gz(g,IlAu)( 1084 Au) t t>ui| u

= 0. O
Proposition 3.11 Given ug,u; € C®(M) and u,: [0,1] — CT a geodesic, one has

L(u) >
_1 _
o2 max{/ (1 —uo)Uz(gullAul) qul,/
uyp>uo

uo>u1

(uo —u1)oz (gu_olAuo) dVy, }
Proof Observe that the geodesic equation implies u;; > 0, and so we obtain the

pointwise inequality
ur(0) Sup—uo < ue(l).

Thus using Holder’s inequality we have

1
_ 2 _1 _
E<1)=( /Mufoz(gquul)dvm) > o} /M|u,|oz(g,,ﬂAul)dvm

_1 -
>0 z/ (1 —10)02(gy, Auy) d Vi, .
uyp>ug
A similar argument yields
_1 _
EO) 207 [ (g~ u)02(e Au) Vi,
uo=>u

Since geodesics are automatically constant speed by Lemma 3.10, the result follows.
O
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3.3 Geodesics and the conformal group of the sphere

As in the two-dimensional case, we will show that the one-parameter family of transfor-
mations that generate the conformal group of the sphere are geodesics. In anticipation
of our forthcoming article on the higher-dimensional case we will prove a more general
result.

Let (S, go) denote the round sphere. Using stereographic projection o: S"\{N } —R”",
where N € S” denotes the north pole, one can define a one-parameter of conformal

Ix on R” with o:

maps of S” by conjugating the dilation map §q: X — ™
po =0 08y 00: S — S".

Taking «(¢) = eM  where A is a fixed real number, we can define the path of conformal
metrics

(3-9) gty=egy=gago = [

2a(t) T
(1+&+a®?(1-85]"

where £ = x"T! is the (n+1)—coordinate function, ie N = (0,...,0,1) (see [24]).
Proposition 3.12 If k = %, the path g(t) = e 2V gy: (—o0, +00) — C* satisfies

(3-10) Ut —

Tv_1(A4,),V \Y% =0.
Uk(Au)< k—1(Ay),Vu; @ Vuy)

In particular, when n = 4, this path defines a geodesic.

Proof The proof is by a direct calculation. There is a more geometric approach, which
is used in the two-dimensional case (see [20, Proposition 3.7]). However, this would
require us to introduce a certain gradient flow on paths, and verify that the length is
nonincreasing under the flow. To avoid the additional machinery we will just verify
that (3-10) holds.

By (3-9),
u =u(t) = —log2a + log[(1 + &) + a*(1 — £)].
This yields
K 2ai(l—§)
@ (1+8&+a?(1-§)

Ur =
and hence

v __&+(ﬂ)2 045 + 21— )]Quary, +207)(1-§) ~da’a}(1 )’
e T\ [(1+8) +a2(1-§)P ‘
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Since a(7) = e, we have

112 ,2Mt 1—52
(3-11) U = 4A%e AT DT (0=BF"
Also,
__ 2oV  2ew(1-9) .
Vi = (1+E)+(¥2(1—5) [(1+?§‘)+a2(1_§§-)]2[(1 a”)VE]
T iniff_ ppll +O+e’ (-5 + 1 -5 —a’)]
_ —4aa,VE
T +E) +a2(1-§)
—4)e?MVE

[(1+8) +a2(1-8)2
On S, the Schouten tensor is a multiple of the identity; in fact, A(ggy) = % g0-
Therefore, using standard identities for the symmetric functions,
1
ok (g(t) ' g(r))

since k = 5. Thus,

Ti(2() Ag) = 2(0) = £(),

(3-12)

- (Tk—l(g(l)_lAg(t)), Vu; @ Vuy)
4,

ok (g(t) 'Ag () Ve
[(A+&)+a2(1-81

Since |V£|? = 1— &2, comparing (3-11) and (3-12) we see that u satisfies (3-10). O

— 4)&2€2kt

Remark 3.13 We do not expect conformal vector fields on general backgrounds to
generate nontrivial geodesics, and thus nonuniqueness of solutions. It follows from
a result of Lelong-Ferrand [25] and Obata [28] that if (M", g) is not conformally
equivalent to the round sphere, then any conformal Killing field is a Killing field for a
conformally related metric. Expressed with respect to this background metric, pullback
by a family of isometries will result in no change on the level of conformal factors.

3.4 The F —functional and geodesic convexity

We now derive the geodesic convexity of the F'—functional of Chang and Yang. The
crucial input is a sharp curvature-weighted Poincaré inequality due to Andrews:
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Proposition 3.14 (Andrews; see [11, page 517]) Let (M", g) be a closed Riemann-
ian manifold with positive Ricci curvature. Given ¢ € C*°(M) such that [,, ¢ dV =0,

N / p2dV < / (Ric™HIV;¢V;p d V.,
n—1 M M
with equality if and only if ¢ =0 or (M", g) is isometric to the round sphere.

The convexity of F' will follow from a weaker form of this inequality:

Corollary 3.15 Let (M*, g) be a closed Riemannian manifold such that Ag € F2+ .
Given ¢ € C°(M) such that [, ¢ dV =0,

/ ! Ty (Ag)/ VipVip dV, >4/ ¢2dV—(—4 )(/ ¢dv)2
v oa(dg) E T £ £\ dVe)\Ju £)°

with equality if and only if ¢ =0 or (M", g) is isometric to the round sphere.

Proof We assume | v @ dVg =0. By Andrews’ Poincaré inequality we have

4

3/MqudVgS/M(Ric_l)ijvid)VjQSdVg.

To show the claim it suffices to show that
1

1
3 Ric (X,X)EMTI(X,X).

Since Ric and T7(A) commute, it suffices to show that Rico7} > 30,(A4)g. Since
Ric =24 + 01(A)g, this is equivalent to

—2A0A+01(A)A+01(A)*g > 305(A)g.
Now let Z = A — %ol (A)g; then we can rewrite this as
—27%+ %01 (4)%g > 30,g.
Now, a Lagrange multiplier argument shows that

ZoZ <3|Zg.
Thus,
—27% + 301(4)’g = —31Z|*g + 301(4)°g = 302(A)g. -

Proposition 3.16 The functional F is geodesically convex.
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Proof 1t follows from [8] that, for a path of conformal metrics u = u(z),

d - _
(-13) 4= [ wl-oxe 40 +51dVe,
t M
Assuming the path is a geodesic, then differentiating again and using Lemma 3.10 we
have
d? d L _
St =4 [ wloatey a0 + 31V,
= oi u, V-1av,
dt Jpy
= a/ [u,tv,;l + V, 2uy (/ 4uthu) —4Vu_1uf} dV,
M M
1
=aV, ! / ——————(T1 (g, ' Au), Vu; ® Vuy)y dV,
u |: M Uz(g,;lAu)( l(gu u) t l)u u .
—4(/ urdv, —v,! (/ U qu) )}
M M
>0,
where the last line follows from Corollary 3.15. |

4 Estimates of the geodesic equation

In this section we establish several fundamental properties of the geodesic equation (3-8).
Once again, for future reference we will consider a more general equation which reduces
to (3-8) when n =4 and k = 2:
1
=—(Tp_1(4,),V Vuy).
Ut Uk(Au)( k 1( Il)? ut® Ut>

To begin, we define a certain regularization of this equation. In particular, let
D(u) :=ur 0k (Au) = (T—1(Au), Vs  Vuuy).
Furthermore, let
Oc(u) = (1 + urrox (Au) — (Tr—1(Au), Vur @ Vuy).
We will fix two parameters € and s, and study a priori estimates for

e(u(-.-.5)) =5/

Geometry & Topology, Volume 22 (2018)



A formal Riemannian structure on conformal classes and the o,—Yamabe problem 3525

To obtain estimates though we will simply fix a function f € C*°(M x [0, 1]) and
study the equation

(*e.s) GE(u) = De(u)— f =0.

As remarked above, in the setting of Mabuchi geodesics, as observed by Semmes [32]
if one complexifies the time direction, the equation admits an interpretation as a certain
modification of the tensor A4 will show up naturally in the linearized operator. Let

(4-1) E=E;=(l+e)uttAu—Vu,®Vut.

Proposition 4.1 A path u € C? satisfies (*¢, ) if and only if

(4-2) [(1 4 €)ur ) Kar (ES) = f.

Proof Using Lemma 2.5 and homogeneity properties of elementary symmetric poly-
nomials, we compute

ok (Eg) =04 (1 +€)usr Ay —Vuy ® Vuy)
=ox (1 +eusr Ay) — (Ti—1 (1 + €)usr Ay), Vur @ Vuy)
=[(1+ us (1 + ©urr0% (Au) = (Tie—1 (Au). Vitr ® Vauy)].

The proposition follows. a

We will say that a solution u of (x¢, r) is admissible if Ej; € Flj . As we will see below,
(*¢, 1) 1s elliptic for admissible solutions.

Lemma4.2 Let u =u(s,-) € C®(M x][0, 1]) be a one-parameter family of smooth
functions such that %u(s, ~)}s:0 =v. Then

d 1-k
Jstr ok B )| _ = L),
where
4-3) L) = 1+ uz! fvy
Ful TR T (ES), (14+€)u s (V2u+Vu@Vu+Vu®Vu—(Vu, Vu)g)
—Vv,®Vu,—Vut®Vv,+ut_tlv,,Vut(X)Vu,).
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Proof We compute

d -
(4-4) %u}, Kok (EE)

= (-KuiF o EQvituly (T (B9, L)
= (1-k)u ;o (Ef)ves
ul (T (B,
(1+e)v,tAu+(1+e)un%Au—Vvt®Vut—Vut®Vvt>.
The second term can be simplified using Lemma 2.5 to
(@-5)  (1+ Oy (Temr (B9, ver Au)
= vy (1 + uly Fup (1 + )™ (T 1 (ES). ES + Vu, @ Vuy)]
= vt lkop (E) + (Tem1(Ew), Vur ® V)]
= kvttut_tkcrk(E;) + vttu,_tl(l + e)k_1 (Tr—1(Au), Vu; @ Vuy)
= kvgu o (Eg) + vl (1 + o (Au) = f(1+ ]
= vatluzl (k = Doy (E) + (1 + & oy (Au).

Hence, the overall term involving v;; in (4-4) is v (1 + e)k oy (A,). However, we can
furthermore express, again using the geodesic equation and Lemma 2.5, that

(14 6for () = 1+ Mur £+ (1 + ) up (Tho1 (Aw), Ve @ Vuy)
= (1 4+ "uy [+ ur (Ti—1 (E). Vur @ Vuy).
Likewise, we simplify the third term of (4-4) as
(rr + €)' (T 1 (Ew). (1 + €)use (V0 + Vv @ Vu + Vu @ Vv — (Vu, Vu)g)).

Collecting these calculations yields the result. |

Lemma 4.3 Given [ > 0, equation (x¢, r) for admissible u is strictly elliptic for
€ > 0, and weakly elliptic for e = 0.

Proof We compute the principal symbol of £. We will ignore the first term of (4-3),
which has weakly positive symbol. Now fix a vector V = (A, X) € T[0, 1] x TM. It
follows from (4-3) that the principal symbol of L acts via

LV.V)=ul M (ES. (1 + Ouu X @ X —Vu, ® LX) — (WX) ® Vu,
+ u,_tl Vu; ® Vut(kz)).
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It follows from the Cauchy—Schwarz inequality that for any p > 0, as an inequality of
matrices one has

X QVu; —AVu; X < pX @ X + p 'A*Vu; @ Vuy.
Applying this inequality with p = (1 + %)u ¢¢ yields

(I4+un XX —Vu; @ (AX) —(AX) @ Vuy +uj,' Vu, @ Vi, (A?)
> %euttX®X+ %eu,_tl)\z.

Since u is admissible, we have Tj;_;(E},) > 0, and the result follows. |

4.1 C° estimate

To prove a C° estimate we begin with two technical lemmas:

Lemma 4.4 Suppose ¢ = ¢(t). Then

Lo = dre(1+)Fop(Ay).

Proof We directly compute using (4-3), Lemma 2.5 and the geodesic equation that

Lo =dud(l+ ) U f +uf 7 M (Teo1 (B9 ui Vi, ® Vuy))
= ¢ee{(1+ O U f +ul 7T (U + OupeAu) . ug Vi, @ Vi)
= ¢u(1+ O Mu £ +u Ty (A), Vi, ® V)
= ¢r:(1 + )% o (Au). O

Lemma 4.5 Let u be an admissible solution to (x¢, ). Then

Lu= (k+ D1+ f + 1+ uf ¥{Timi (Eu). A+ Vu ® Vu = 5 |Vulg).

Proof To begin we directly compute using (4-3) that

Lu=(1+* 7 +ul7K(T_ (ES), (1 + up (VPu+2Vu @ Vu —|Vulg)
— Vut ® Vut).
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For the second term we simplify

(14 ez M (T (ES), VZu)
= (I + ul M (Tim1 (Ey). Ay — A= Vu® Vu + 1| Vul’g)
= ul; M (Th—1 (Eu). u7 [Eu + Vu, ® Vuy)
+ (4 uZ ™Iy (E), —A—Vu® Vu + 1|Vu|*g)

= kuj; *or (E) + u; M (Te_1(EW), Ve @ Vuy)

+(1+ e)u%t_k(Tk_l (Ey),—A—Vu®Vu+ %|Vu|2g)
=k(1+ &) 1 f +u; M (ko1 (Ey). Vi, ® Vuy)

+ 1+ e)uft_k(Tk_l(Eu), —A—-Vu®Vu -+ %|Vu|2g).

Combining these calculations yields the result. |

Proposition 4.6 Let u be an admissible solution to (¢ ). Then

sup |u| < C(uprxgo,13- max f).
Mx[0,1] M

Proof We first observe that an admissible solution to (x¢ ) satisfies u;s > 0, and
hence by convexity one has supps.[o,1]% = SUPasx{o,1} #- To obtain the lower bound,
fix a constant A and let

U =u+At(l—1).

Observe that at an interior spacetime minimum of ¥ one has
0=Vu, V?u>0.

Using this and Lemma 4.5 yields, at such a spacetime minimum,

LY = (k+ D)1+ ' f = (1 + eui, M(Th_1(Ew), A)
—2A[(1+ & g f 4wy (T (B uyy Vi ® Vg,

Next we claim
U, V20U -V, @ V¥, > 0.

Since we are at a minimum for W, the matrix W;; V2 W is positive semidefinite. The
expression above is thus the difference between a positive semidefinite matrix and a
negative definite rank 1 matrix. The lemma follows if we establish positivity in the
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nondegenerate direction of the rank 1 matrix we subtracted, ie VW;. In particular, it
then suffices to show

U, VAUV, W, v, 0, — VI, |4 > 0.

To establish this we use that W is actually a spacetime minimum. This implies that the
spacetime Hessian is positive semidefinite. Testing this condition against the vector

V¥, % 9
V¥ VY @ o
SRV, PR

0 < W, VEVIUV, U, V0, — 2|V, |* + |V, |4,

yields

as required. However, using the explicit form of W we see that this implies
(uer — AV~ Vu, ® Vu, >0,
which, since V2u > 0, implies
ut,VZu —Vu; ®Vu,; = 0.
Hence E, > u;; A, and then we obtain using Lemma 2.3 that
upr*(Tim1 (Eu). A) = uf; *S(Ey.... Ey. 4)
>uZ * S (A, u AL A)
= us10x(A)

= 0.

We can also simplify
ugy (T (E) ! Vur @ Vug) = (14 g Ty (Aw). Vuy @ Vuy)
=1+ f + (1 4+ e)F lap(Aw).
Combining these observations yields, at the interior minimum,
LV = (k+ D+ =201 + & og (Au)
<k + DA+ 200 + ) op(4)
<Cf —25A

for some constants C and § depending only on the background data and maximum
of /. Choosing A sufficiently large with respect to these constants yields LW < 0.
Hence, W cannot have an interior minimum, and the result follows. O
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Remark 4.7 In the following estimates, all bounds on solutions be understood to

2
Ve IV 1 ul IVfI}’

depend on

Y R

but this dependence will be suppressed to simplify the exposition.

sl 1+

4.2 C! estimates

Proposition 4.8 Given an admissible solution u to (¢, s), one has

sup |us| < C.
M x[0,1]

Proof First we observe that, since u;; > 0, there is a constant such that u;(0) < C
by direct integration. Now fix constants A and A, and consider

O(x, 1) =u(x,t)—u(x,0) — A% + Ast,

where A is chosen large below, and A, is chosen still larger so that ®(x, 1) > 0.
First note using (4-3) that

Lug = u;t_k(Tk_l (ES), (1 +€)up (V2ug + Vg ® Vu + Vu ® Vg — (Vuy, Vu)g)).
Combining this with Lemmas 4.4 and 4.5 we obtain
LD = Lu—Lug— A Lt?
= (1 +eui*
X(Tk_l(Eu),—A—V2u0+Vu®Vu—2Vu®Vu —%|Vu|2g+(Vu0,Vu)g)
+hk+ D)1+ 2 1+ u =2 A yu K (T (ES), Vu, @ Vuy).
Also we have Vu = Vu at the minimum, so we can simplify to
LD = —u?TMTh_ 1 (E), A+ Vug + Vo ® Vug — 1| Vuo|*g)
+(k+ D+ 7/ =241 (1 + &) or (Au)
= —uZ7 (T (E), Aug) + (k + DA+ 0 1 f —2A1(1 + ©)For (An).
At a spacetime minimum for ® we have V2(u —ug) > 0, and hence
0<®;V*®—-VP, ® VI,
= (usr —2A 1)V (u —ug) — Vu; ® Vi,
<upV(u—uo) — Vi, ® Vuy.
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Using this yields
Ey=[(14+euyAy—Vu: ® Vuy]
= [(1 + e)u,t(A +Viu+Vu®Vu— %|Vu|2g) —Vu;® Vu,]
> [(1+ €)us(A+ Vug+ Vu® Vu— 1| Vul*g)]
= [(1 + e)u,t(A +V2uy+ Vug ® Vug — %|Vu0|2g)].
It follows from Lemma 2.4 that
(Tk—1(E), 4) = 0.
A similar calculation shows that at the minimum point under consideration we have
0% (Au) Z 01 (Au)-
Putting these estimates together yields
LD < (k4 1)1+ 1 f —2A,(1 + )F0p(Ayy).

If we choose A sufficiently large with respect to the positive lower bound for o (Ay,)
and the maximum of f, we obtain L® < 0, and hence ® cannot have an interior
minimum. Thus, it follows that ®;(x,0) > 0 for all x, and thus the lower bound for
u;(0) follows. A very similar estimate yields a two-sided bound for u,(1). Since
usr > 0 everywhere we have a two-sided bound for u; everywhere. O

We next proceed to obtain the interior spatial gradient estimate. To do this we need
two preliminary calculations.
Lemma 4.9 Let u be an admissible solution to (x¢, r). Then

Le™ > —pe Ly 4+ InZe My K (T (ES), Vu @ Vu) — CA2e ™Moy (Au)u?.

Proof To begin we directly compute using (4-3) that
Lo = (1 4+ g (e
+ ”;t_k(Tk—l (Ep). (1+ E)u”(vze—ku + Ve ™ @ Vu+ Vu ® Ve M
— (Ve ™ Vu))— V(e ™), @ Vu,

—Vu, ® V(e ™), + U ' Vu, ® Vut(e_ku)tt)
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= —he M Lu+ (1+ ) uy fa2e ™ uy?
+A2e _)‘”utt (Tk—1(Eg). (1 +)usy Vu @ Vu —u; Vu @ Vuy
—utVuz®Vu+u,_tlu%Vut®Vu,).
Next we observe using the Cauchy—Schwarz inequality and equation (¢, ) that
u,t (Tk 1(ES), 1+€)uy Vu®Vu— utVu®Vut—u,Vut®Vu+u” u Vu,®Vu,)
= op(Aw)ui — 2y (T 1 (Eu). Vuy ® Vi) + ul; ¥ (T (Ey), Vi ® Vu)
> —Coy(Ay )ut + lu%t k(Tk_l(Eu),Vu ® Vu).

Combining these calculations yields the result. O

Lemma 4.10 Given an admissible solution u to (x¢, ), one has

Cuf =2u; fr +2(1 +e)k_1fu,, —|—2euft_ka_1(E)jiju,Vku,.

Proof 1t follows directly from the definition of £ that Lu; = f;. It follows that
Lu? =2u Lu+2(14+6) % fuy,
+2utt ka 1(E)jk{(l+€)uttvjutvkut_zvjutvkututt+vjulvkutull}
_2u,ft+2(1+e)k 1fu;;+2eutt ka l(E)’ ViusViuy,

as required. a

Lemma 4.11 Given an admissible solution u to (¢, ), one has

L|Vul® = 2u} ka I(E)/k{(l +€)us ViViuViViu —2V;ViuViu:Viu;
+uy, Vjutvkut|VMt|2}
+2(1+ ) ug, 1V P+ 2(V f, Vu)
—2(1 + €)u; (Ty—1 (E). V'uVi A + R}, V'uVu).

Proof To begin we take the gradient of the geodesic equation to yield
Vi = Vilug; Cor(E5)]
= (1 = k) Viuuor (ES) +ul * (Tr_y (E5). Vi ES)
= (1 —k)“tt Viugiop (Ey)
+uy (Th1 (ES), (14 ) Vittge Ay + (14 €)u Vi Ay = ViVu, @ Vg
—Vu; ® ViVut).
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A calculation similar to (4-5) shows that
(1= kg Vit 0 (Eu) + g (T (Eu), (1+ €) Vit Ay)
=1+ [ Viur +u (T (E), Vi, @ Vi) Vit
Next we simplify via
Vi(Au)jk
= Vi[Ajx + V; Viu + ViuViu — 1| Vul®gji |
= ViAjk + ViViViu+ViViuViu + ViuV;Viu — %V,-|Vu|2gjk
= Vi Ajic + V;ViViu+ RL Viu + ViViuViu + ViuV;Viu — 3 Vi | Vul* g
Hence, we obtain the identity
(4-6) LViu =V, f = (1 +eui ¥ Ty (EY*{Vidj) + R Viu}.
On the other hand, using (4-3) we have
L|Vu|* =2(LVu, Vu) +2(1 + e)k_lut_tlf|Vu,|2
+2ul 7R T (EY R+ € ViViuViViu — 2V VjuViu, Viug
—i—u,_,leu,Vkut|Vu,|2}
= 2ul T* T4 (EY (1 + ©us ViViuVi Viu — 2V VjuViu, Viu,
+7/lt_tle‘MthM[|vut|2}
+2(1+ ) u f|1Vu|? + 2(V f. Vu)
—2(1 + €z, (Ty—1(E), V'uVi A+ R} V'uVyu),

as required. |

Proposition 4.12  Given an admissible solution u to (x¢_r), one has

sup |Vul|* <C.
Mx[0,1]

Proof Without loss of generality we can assume # < 0. Choose A1, A, A3 € R and
let
® = |Vu|? + hu? + 224 4 a5 —1).

Lemmas 4.4, 4.9, 4.10 and 4.11 show that

LO> L|Vu|* 420 [ frtr+ A+ oy +eu KTy 1 (EY*Vju, Viu,|—hy Lue 2"
+ I Ze 27k (T (ES), Vi @ Vu) — CA2e ™oy (Au)u? + hsop (Aw)
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>2(V f, V) 4 204 (Ay) | Ve |? + 2075 (Ty - (Ey), V; ViuVy Viu)
_4”gt k(Tk 1(Ew)ij. ViuViuViViu)
= 2uf; M (Ti1 (Eu)jiViw, ViAji + RE Viu) = Chy fy + dy fuse
—Aze Azu[f “tt (Tk 1(Ey), A)
w2 R Ty (Ew), Vu @ Vu) — L e Ty (EW)|Vul?]]
+ 303 2 K (T (ES). Vi ® Vu) — CA3e ™2 oy (Auw)u? + X305 (Ay).

First we observe that, using the Cauchy—Schwarz inequality and Lemma 2.5,

Ay (Th—y (Eu)ij . Vi Viu V; Vicu)
= du b KTy (EW)? - V2, Ty (Ea) - Ve ® V)]
<203 M (Thm1 (Ew). V2u - V2u) + 2ui (T (Ey), Vi ® V)| Vg |2
= 2uf; M (Th—1(Ew). VZu- V2u) + 2u; Ty (Au). Vi ® Vuug) |V |
= 2u?7 M (T (EW). VPu - V) + 2on (Ay) — fuz Vi),
Observe the preliminary inequality
Wik Ty (Ey) = u? %o (Ey)
uzy ok (E) %P4
—”tt k[fuk 1](k 1)/k
— f(k—l)/ku?t—k+(k2_2k+1)/k
:f(k—l)/ku}t/k.

Next observe the estimate

(V f,Vu) < Crup* + crull*|vu)?
< Cfug +Cfup + Cluyl*|Vul?

< Cfu; + Cfuy + Cr&—/ky kg2,

Next observe that

—Zutt (Tk 1(Ew)jiViu, VA]k+RleV1u)> Cutt tr Ty 1(Eu)[1+|Vu|]
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Combining these preliminary observations and using Proposition 4.8 yields
LO> (h3—C) fuy + M —C) fug+ (Lage ™24 —C) fEDIk R G2 Chy f
+ -Wu?, K302 =1 (Th—1 (Eu), Vu ® Vu)
+u? R Ty (E) [~ C—C | VuP+ 1 hae ™2 | Vu |40 (A)[A3—CA3]
> ShaSuy 4 3 Su — Cha f +ul K e T (E)[—C + | Vul’]
> uf e Ty (E)[=C + [Vul?],

where the second inequality follows by choosing A; and A, large with respect to

—Azu

universal constants and noting that e > 1 for every choice of A,, and then choosing

A3 large with respect to these choices. The third inequality follows by choosing A3
large with respect to A;. Using the previously establishing a priori estimates for u
and u,, at a sufficiently large maximum of ® we will have |Vu|?> > C, and hence we
see that L® > 0 at a sufficiently large maximum, a contradiction. The a priori estimate
for |Vul|? follows. |

4.3 C? estimates
Lemma 4.13 Given an admissible solution u of (x¢_r), we have
Lupr =~k [T Tuy (146 FIMED ij[(Eu) il

—{—u” (Tk I(E) 2(1—|—e)u” umVu,®Vut—4un umVut,(X)Vu,

+2vutt®vutt_2uttvut®vut+(l+6)utt|vut|2g)
R T (SR 20— DA+ g T () st
1 — k+1 . _
_2(1+6)k lutt utttft+(1+€)k ! + ——fu ttzuin

Proof First we compute using (4-3) that
@47 Lusy = (1+6)k_1”z_tlfutttt
+utt (Tk 1E), M +€)ur (Vg + Vi @ Vu+Vu® Vg,
—(VuVu)g) =V @Vur —Vur @ Vi,
+ut_tlvut®vututttt>-

To simplify notation we adopt the following (standard) conventions: for an n x n
symmetric matrix r = rj; we write

F(r) = o (¥,
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and denote the derivatives of F with respect to the entries of r by

9 — pq

() = F ),
P F) = F(ryrer
Orpqrys B '

We next need to differentiate the equation, which we can rewrite as

k—1

1 K= 1
Cefkuttk =ox(Ey)k = F(Ey),

where ce = (1 + e)%. Differentiating this yields

k—1
k

1 .
f%“ttk“m =F [iEu]

1 k—1
Ce(fk)tuttk + ce 9

ij
1 1—k
= EUk(Eu) F (Tk—1(Eu), (Ew)e).
Differentiating again yields

@8)  FUNEW)udij + F7R(En) )i [(En) ikt

1o kb k11— 1 k—1\ .1 _1tk
=C'~‘|:(fk)ff“ttk +27(f")t“ttkuttt—E(T)f"”zz Fufy

k—1

1 1
T k
—I-—k Sruy, Mtttt]-

Next we want to get an explicit formula for (E,);;, which we build up to in stages.
We first observe the preliminary computation

4-9) (1 +e)(Aw)r = [uy Eu +uj Vu; @ Vuy]s

-2 —1 -2
= —Uyy e Ey + Uyy (Ew): —Uyy Uit Vir @ Vg

+u; Vg ® Vuy +uz ' Vu, @ Vi,
Next we compute that

(Eid)=A+eusysAu+ A +e€)us(Au)r —Vury @ Vuy —Vu; @ Vuy,

= (1+urrs Au+ (1 +)up[V2u; +Vu, ® Vu+Vu®Vu, —(Vuy, Vu) gl
— VM” ® Vut — lelt ® VM”.
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Next we have, using (4-9),

[(Ew)ee]l= 1+ urere Ay +2(1 + )utrs (Au) e + (1 + urs (Au) e
— Vi @ Vuy =2Vuy @ Vuyy — Vuy @ Vg
=+ usrer Au +2(1 + €uree (Au):
+(1+ 6)“tt[v2utt +Vuy @ Vu +2Vuy @ Vur +Vu @ Vg,
—|Vus P g — (Vu. Vus)g]
—Vus @ Vur —2Vuy @ Vuy —Vur @ Vg
=+ e)usrtAu
+ 2uttt[_ut_tzutttEu + Ut_tl (Eu)r — ut_tzutttvut ® Vu,
+ u,_tl Vuiy @ Vuy + u,_IIVu, ® Vutt]
+(1+ e)un[Vzun +Vu;;  Vu+2Vu; @ Vuy +Vu @ Vuy,
—|Vu, > g = (Vu, Vuy)g]
— Vi @Vuy —2Vuy @ Vi, — Vi, @ Vg,

Hence,

k—1 _ ..
kog(Ex) F uli ¥ FUI(Ey) i

= ”;t_k<Tk—1 (Ew), (1 + €)ttsree Ay —2uifub, By + 2u7 uses (Eu):
— 2u,_,2uf,,Vut ® Vu; + 4u,_11umVun ® Vu,

+(1+6){u”V2ut, +2uttVun®Vu+2uttVut®Vut
_utt|vut|2g —uz(Vu, Vutt)g}
=2V @ Vg — 2V @ V)

Comparing against (4-7) yields

Lug = A1+ A+ A7+ Ao+ A +uresuly (T (E), —(1+€) Autur Vi, @Vu,)
+(1+ é)k_lut_tlfutttt
= A1+ Ag+ A7+ Aro + A1y + wedlu (T (E). —E) + (1 + o 1up f]
= Ay + A¢+ A7 + Aro + Ary + useaelkuiFog (B) + (1 + ) uy, f]
A+ Ag+ A7+ Ao+ A+ A+ A =k s
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Hence, we obtain

(4-10)  Luy;
= kok(Ey )"%‘u:—kf"f[w el
_”tt (Tk 1(Ew), —2uy, utttE +2”tt Urre(Eu)s
—2(1+€)uy, u,t,Vut®Vut+4u,_tlumVutt®Vut
+2uttvut®vut_(l+€)”tt|Vut|2g_2vutt®vutt)
+fA+ 1 —kyu ureee
= kor(Eu) © uli*
x[—f”’k’[(Eu)t],-,-[(Eu)t]kl

1+k

+ k—1\ .1 —
+2—(f )tunk”ttt k( % )f’ U © ”%tt

+CE|:(f )ttu[[’
k—1 .1 —¢
+_k fkuttkutttt]]
+utt (Tk 1(E), 2”1[ uanu 2”[[ urrr(En)t
+2(1+€)uu?, Vu, ®@Vu—duy sy Vi @V,
—2u,tVut®Vut—|—(1+e)u,t|Vut|2g+2Vutt®Vun)
+ A+ T Ak e
13
St
i=1
We now clean up some of the lower-order terms. In particular we express
kop(E)'F ul® = kil (14 R gk
— kS T F (14 kDY,

Then observe

Ay = (ko (BY'Trul7 ) (1 + 0 F (S V) )
= kT f (0% VTR 4 o T uyf )
= (1 +* kS T (fF )
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Next,
= (kor ()7 ut;k)((1+ o' 2Lt )tu,fum)
— kST F (4 o®D /k)((1+ )
=20k — DA + U T ().
Next,

k=1 1=k 12 k=11 (k—1\ ,1 -1k
Ag= S Fruf 1 +o% 0 (— 4+ T L (57) Sy < udy,)
—1(k—1 —
=—(1+ek I(T)futtzu?tt

Next note that

_1
As =koy () T uli e L rhuFug = (k=00 +0 fug ugs =~ 415,

Also observe
Ag —“n (Tk 1(E), 2u” umEu)

_2k“tt utttak(E)
= 2kuy! Fug, [ (4 e
=2k(1+‘5)k luttz”‘%ttf'

Lastly,
A7 = =2ul ¥ (T 1 (E), us tire ()

= —2ufusiilon(E)s
= =200+ ur fui
= =200+ ufurd fouty ! + k=) fufy ]
= =201+ N ug wedl fo + k= 1) fur wsed].
Inserting these simplifications into (4-9) yields the result. O

Proposition 4.14 Given an admissible solution u to (x¢_r), one has

sup Uy < Ce!
M x[0,1]

Proof Let’s begin with a preliminary estimate for Lu,;. Returning to Lemma 4.13
and considering the terms in order, one first observes by convexity of F that

kST T (1 + OF FIR(E) i [(Eu)ilir = 0.
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Also, by an application of the Cauchy—Schwarz inequality one has the matrix inequality
2u;2u?, Vuy @ Vg —4u; Vg ® Vuy + 2V @ Vg > 0.
Also, since u is an admissible solution we have
ugr (T (E).unt|Vur ) = ufr | Vus | e Tie—y (E) = 0.
Also we observe

A+ f T () < CfFLfE fu+ fE212) < CF.

Next,
1 1 k=11 k=1 .1_ -
2k = DA+ f T (FR) uses <CL 7 (5 fyup s
=< Cfut_tluttt
< C8'f + CSfuilug,.
Also,

201+ i ug fy < Cfuius < C87Vf + C8furPu?,,.

Combining these estimates and choosing § sufficiently small leads to the preliminary
estimate

(4-11) Luy > —=2u*7M(Ty_(E), Vu, @ Vu,) - CF.
Similar considerations with the result of Lemma 4.10 lead to the preliminary estimate
(4-12) Lu? > —Cf +2fusy + 2eu’ 7 (Ty_(E), Vu, ® Vu,).
Now fix constants A; and let
D =upy +rie w4 hu(—1).
Choosing Ay > 1, combining Lemma 4.4 with (4-11) and (4-12) yields

LD >2u Ty (E), =)V @V )— f(C+Chye ) +2h 1€ fup+As fur,
> f[@he™! =8(C + Chie™ s + (= 67HC + Chyet))].

If we now choose § small above with respect to universal constants and then choose
Ao large with respect to §, we conclude

LD >0,

and hence ® cannot have an interior maximum. The proposition follows. |
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Lemma 4.15 Given an admissible solution u of (x¢_r), we have

L(Au) = ~kor(E) T uly FFDUD G, (E,) iV (i
+ul TR T (BT 207 2| Vg Viug ® Vi —4up Vi ViVpu, Viu,
+2ViVouViVour —2(1 + €)u s ViVpuViVyu
+ (14 €| V2ulPgij +u O(Vul+|Vul* + 1)}

k(1 + O T A — (L R 2u T £, Vi)

ikl o
+ (e (55 fur A Vu

Proof To begin we compute, using (4-3),

4-13) L(Au) =
I+ T f Auyy

+ut KTy (E),
(14+€)us (V2 Au+VAuRVu+Vu®VAu—(VAu, Vu)g)

~VAu;@Vur—Vu; YV Aus+uy Vu Vg Auyy).

Next we differentiate the equation, which we rewrite as

1 k=l 1
cefFul =op(Ey)k =: F(Ey).
Differentiating yields
Lt k=1\ ot % ij
ceVp(f*)uy, —i—ce(T)fk Uy Vpur = FIVy(Ey)ij.
Differentiating again yields
FIAEij +FDEDV,(E)ij V()i
D F o (k=1 i ¢
= e[ AU +2(F) V), Vuuy,
1 (k=1\ .1 -1k k—1\ .1 —¢
- E(T)fkutt o Vug | + (T)fk”ttk A”tt]-
Next we have

Vp(Ew)ij = Vpl(1+€)uss(Ay)ij—ViusVjuy]
= (14+€)Vpus s (Au)ij +(1+€)us Vp(Au)ij—VpViuViu—ViuVpViug.
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Differentiating again and commuting derivatives yields
(AEy)ij = (1 +€)Aus(Au)ij +2(1 + €)Vpus Vp(Au)ij + (1 + €)us A(Aw)ij
—ViAuVjur —ViuViAuy —2ViVpuViVyuy
— RipVpuVjur — RjpVpuViug.
Differentiating the equation for the Schouten tensor yields
Vo (Aw)ij = VpAij + VpViViu+ ViVyuViu + ViuV;Vyu — 1V, |Vul?g.
This implies

4-14) A(Au)ij = AA,']' + V,-Vj Au + ViAuVju + ViuVj Au + 2V,~VpuViju
—[V2ul*gij — (Vu, VAu)gij + O(|V2ul + [Vul* + 1).

On the other hand it is also useful to express

(1 +€)Vp(Au)ij = Vpluy, (Eu)ij +uy ViurViuy]
= ;' Vi (Ew)ij — Uz (Ew)ij Vpttsr — ur? Vpus Viue Viuy

+ u;l V,-Vputvjut + u;l ViuthVput.
Combining the above calculations yields

A(Ew)ij
=1+ e)Aus(Au)ij
+ 2Vpun[ut_tl Vp(Ew)ij — ut_tz(Eu)iijutt —ut_tszu,,Viu,Vju,
+ U ViVpus Viug + uy Viu Vi Vpuy |
+(1+ e)u,t[V,-Vj Au+ ViAuVju + ViuVjAu +2ViVpuV;Vyu
— |V2u|2g,-j —(Vu,VAu)g;j + O(V2u| + |Vu|* + 1)]
—ViAuVijuy —ViuViAuy —2ViVou ViVpu,
=1 +e)Au(Au)ij + 2“;1 VputVp(Ey)ij —2ut_tz|Vun|2(Eu),~j
—2ut_tz|Vu,t|2V,-u, ® Vju; +2ut_thpu,,Vinu¢Vju,
4+ 2u3 ' Vpu Vi Vou, Viug + (1 + €)us Vi Vi Au
+ (I +e)uViduViu+ (1 +€)uy ViuViAu +2(1 + €)u ViVpuV;Vyu
— (L +us|V2ulPgij — (1 + e (Vu, VAU) gij + ur O(V2u| + [Vu|> 4+ 1)
—ViAuViuy —ViuViAuy —2ViVou ViVpuy.
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Thus,
ko (E) T ul7* FU(AEL)
= ulTM(Thm1 (E).(14+€) Aty (Au)ij +2u7; Vopure Vo (Eu)i

—2u 2| Vure | (Ew)ij—2u; 7 Vg |*Viu @ Vju,
+4u; ! Vous ViVpu Viug+(14€)u Vi Vi Au
+2(1+€)us ViAuViju+2(14€)us ViVpuV;iVpu
—(14€)us |VulPgij—(1+€)ur (Vu, VAu) gij
—2Vi AusVius—2ViVpu ViV +u O(|V2u|+|Vu >+ 1))

Comparing this against (4-13) yields
(4-15) L(Au)=A1+A¢+ A7+ Ao+ A1
g Ay (T (E), —(1 + €) Ay + Vu, ® V)
+ (L + o g f Auyy
= A+ Ag+ A7+ Ajo + Ay +uF Aug (Ty—((E), —E)
+(1+ e)k_lut_tlfAutt
= A1+ Ae+ A7+ Aro+ A1 +Aus [k F o (B)+(1+6)F g f]
= A1+ As+ A7+ Aro+ Ay + (=) + ) ug f Auyy.
Hence, collecting these calculations yields
L(Aw) = kop(E)'T ulT* F(AEL)i;
— g M (T (). 20 Vpus e Vp (E)ij — 2u [ Vus | (Ev)ij
— 202 |V | Viur @V +-4u7, Vo1 ViVou, Vi,
+2(1 + )ty ViVpuV; Vpu — (1 + €)use | V:ulgi
—2ViVpu Vi Vpus +upy O(V2ul| + |Vul|* + 1))
+ 1=k + % u fAuy,
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k—1 _ P
= —koy(E) % ul7KFED-CDG (E,))ii V(B

+c€kok(E)*u;, k

< (A b 2 (5 kl)W(fk) Vit g
()b T 9 () s ]
oy M (Them1 (E). =207 Vpu s Vp(EW)ij + 2u 2 Vi |* (Ew)ij
+2u;2|Vu,t|2V,-u,®Vju,—4ut_11Vpu,,Vinu,Vjut
+2ViVouViVpur —2(1 + €)u ViVpuV; Vyu
+ (1 +uy |V2ul*gij + u O(V2ul + |Vul + 1)
+ (1 =)+ fAuy,

14
ZZAi.

i=1
Now we simplify:
Ay = (ko (BT ul ) e f ASHY)
= (kf T f (1 0* VTR (14 o Tk A
— k(1 + kL T A(F 7).

Next,
= (kor(B) T ul7) (26 (S22 ) (V). Vurgyu )
= /T 1+ 0" (2010 (A1) (V). Vurug )
=201+ (k=) f 7 ur (V(f5), Vuer)
—( +e)k—1(2—%)u; (V £, Vur).
Next,

Ay = o (B) Tl ) (e (K21) b, B 1902
ST U F (14 %D /k)((1+6)T ( )/ u |vu,,|)

(k=1
= —(+ e (S2) fu I Vul
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Next,
k=1 {_ k—1\ ,1 -+
As = (kor(E) T ul®) (e (F0) 1 u Au)
1 1=k e _ _1
= (STt (4@ (40 T (1) rhut Aus)
= (k=D +)* 1 fu Auyy
=—A4.

Next,
A6 = =2} *Vpur (Ti—1(E). 17 Vp(Eu)ij)
= —Zut_thpu,thak(E)
= 2(1+ ) U KV yu, Vo fuk 1]
=201+ U NV . Vu) =20+ ) Nk — 1) fu 2| Vu .

Lastly,
A = 2ul  u\Vuu Ty (E). E)
= 2ku}t_kut_tz|Vun|20k(E)
= 2k(1+ &) fu 72| Vi, |2
Collecting these simplifications yields the result. |

Proposition 4.16 Given an admissible solution u to (x¢_r), one has

sup Au<Ce !
M x[0,1]

Proof We begin with a preliminary estimate for LAu. Returning to Lemma 4.15 and
considering the terms in order, one first observes by convexity of F that

K f T U (1 + F FIHMN ()] [V (Eu)lia > 0.
Also, by an application of the Cauchy—Schwarz inequality one has the matrix inequality
22 VP ViugViug — 4ui Vu ViVpu Viug + 2ViVou, Vi Vou, > 0.
Also we observe
L+ ks T A Cf RTINS + fEV P2 CF.
Next,

2 -1 - — - -
—E(l'i‘é)k luttl(Vf,Vu,t)§Cfutt1|Vun|§C5 1f+C5utt2|Vun|2.
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Combining these estimates and choosing § sufficiently small leads to the preliminary

estimate
(4-16) LAu> =21+ )u  (Ty_1(E), ViVpuV,;Vyu)
+uzy (T (E). [V2ulPg + O(V2ul + |Vul* + 1) = CF.

Similar considerations applied to Lemma 4.11 yield
(4-17) L|Vu|® > 2eu? KT (E)*ViVjuViViu— Cf —u? % (T, (E), O(1)).
Now fix a constant A € R and consider

® = Au+e (1 +6)|Vul* + u? + 1t (t —1)].
Combining Lemma 4.4 with (4-12), (4-16) and (4-17) yields

LO = uZ M (T (E), |V2ul*g + O(V2ul + [Vul> + 1) + e 10(1))
—Ce f 4 2¢  fuy, +)\e_1fut_tl.

First we observe that at a sufficiently large maximum of @, the existing a priori estimates
: . . . 1
imply that Au is also large. In particular, at a maximum for ® where |V2u| > Ce™2
we obtain

IV2ulg + O(V2ul +|Vul> + 1) + 7' 0(1) = 3|V?ul’g,
and hence, since u is an admissible solution, we have

uZ7 M (T 1 (E). |V2ul? g+0(IV2u|+|Vu|2+1)+e‘10(1)>
> Ly K \V2 |2 e Ty (E)
> 0.

But then we can estimate
-1 -1 14 -1
Ce ' f <€ fuu+Ce fu, .

Hence, choosing A sufficiently large we obtain, at a sufficiently large maximum for ®
which satisfies Au > C 2 , that one has

LD >0,

a contradiction. The a priori estimate for Au follows directly. |
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4.4 Boundary estimates

By Proposition 4.8 we already have the boundary estimate

sup [lu|+ |us| + | Vul] = C.
M x{0,1}

In this section we prove boundary estimates for second-order derivatives. Our barrier
function methods have a parallel with work of Guan [17].

Proposition 4.17  Given an admissible solution u to (x¢ r), one has

sup [luse| + |Vus| + [VZul] < C.
M x{0,1}

Proof A bound for |V2u| is immediate. If we can prove a bound for the “mixed”
term |Vuy|, then restricting the equation for u to = 0 we have

(I +eu (-, 0)0x (Ay(- ,0) = {Tr—1(Auc-,0))s Ve (+,0) @ Vue (-, 0)) + f
< C1(1+[Vuo|* + [V2uo)[Vu (-, 0)]* + Ca.
Since uq is admissible,
ok (Au(.,0) = 0k (Auy) = 80 > 0,

and it follows that

suptze(+, 0) < Co(1+sup [ Vu, (-, 0)?),
M M
where Cy depends on the second-order spacial derivatives of uy. The same argument

gives a corresponding bound for u (-, 1) in terms of the mixed derivative |Vu,(-, 1)|.

To prove a bound on Vu; we consider the auxiliary function ¥: M x [0,7] — R,
where 0 < 7 < 1 will be chosen later,

W = |V(u—ug)| + [0 _ A1) L Ar(r — 1),

where A, A and Y are constants yet to be determined. By making an appropriate
choice of these constants, we claim that W attains a nonpositive maximum on the
boundary of M x [0, 7]. Assuming for the moment this is true, let us see how a bound
for Vu, follows.
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Choose a point xo € M, and a unit tangent vector X € Tx,M. Let {x"} be a local
coordinate system with X = d/0x! at xo. Then

0
—(u(x. 1) —ug(x)) + [*0T D — A4 Ar(r—1)
dx _ Auo—u+Y) _ AT _
< |V(u—ugp)(x,t)|+|e e+ At -1)
<0.

Therefore,

ad ad
0> lim 1 —u(x, 1) — —ug(x) + [P0 _ AT 4L Ar(r—1)
t—0+ ¢ | dx! dx1

5
= i (x0,0) + %[e)‘(”"_”JFT) M)A —1).

Since u; is bounded, an upper bound on du,/dx! follows. Since X = d/dx' was
arbitrary, we obtain a bound on |Vu,(x, 0)|.

To see that such a choice of A, A, T and t are possible, we first note that
Y(x,0)=0.
Since |Vu| is bounded,
W(x, 1) = |Vu(x, ) — Vug(x)| + [ePHo@=D+T) _ AT 4 Ar(z— 1)
< () + |Mo)=ubeTD) _ pAT| 4 A7(g —1).
Since |u;| is also bounded,
| A 0)—uED+Y) _ AT| < 07 oCobet T

hence, if 0 < 7 < %,

U(x,7) < Cp 4+ Crrre Y _Ar(1—1) < C; + (Cz)ueécz)‘JrT — %A)r.
Therefore, if A is chosen large enough (depending on ¢, C;, C,, A and T), then
Y(x,7) <0.
We conclude that ¥ <0 on d(M x [0, t]).

Assume the maximum of W is attained at a point (xg, #y) which is interior (ie 0 <fg < 7).

Let
V(u—ug)(xo, 1)

1= NV w—uo)(xo. t0)]

Geometry & Topology, Volume 22 (2018)



A formal Riemannian structure on conformal classes and the o,—Yamabe problem 3549

We can extend 7 locally via parallel transport along radial geodesics based at xg. By
construction,

(4-18) Vn(xo) =0, [V?n(x0)| < C(g).

By using a cut-off function, we can assume 7 is globally defined and satisfies
Inl <1,

with || =1 in a neighborhood of X .

Define
H = 1%V (u —ug) + [*@07#+ D _ AV 4 Ar (1 —1).

Since |n| <1,
H(x,t) <W(x,t),
and the max of H is attained at (x¢, Z9). Therefore,
LH(xg,1) <0.
To compute £ H (xg,ty), let ¢ = n*Vy(u —ug). Using (4-18), at (xg, Z9) we have
¢t =0"Vaur,  ¢re =1"Vatisr, Vidr =0V Vauy.
Also at (xg, %),
Vi = 1"V Vo (u —uo) = n* Vi Vou + O(1),
VieVeg = Vi Vin* Vo (u —uo) + 1% Vi Vi Va (u — o) = 1% Vi Vi Vou + O(1).
Therefore, by the formula in (4-3), at (xq, f9) we have
Lo = 1+ uy /1 Vaur
g Tt (Eke
X {(1 + e)utt[n“VngVau + Vi VouViu + n*ViuVyVau
— (1% Vi VavVmu) gre + O(1)gxe]

A/
kautveut}
Ut

— 0"V Vot Vour —n*Viu Ve Vou, +
> 0 LVqu — Cu7* e Ty (ES).
Using the identity (4-6), we conclude
Lo = (V[fin) = Cufy* u Ty (ES) = —Cf — Cu;* Ty (ES),

where the constants depend on maxas |V f|/f .
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Next, we use Lemma 4.5 to calculate

(4-19)  L(u—ug)
=k+DA+e)f 'y
+(L+ eup, ¥(Troi (B, A+ Vu ® Vu — 3| Vul*g)
—(1+ e)u?l_k(Tk_l(E;), V2ug 4+ Vg ® Vu + Vu ® Vuyg
— (Vuo. Vu)g)
= (k+ DA+ f — (1 + i (Th_1 (E). A+ Vuy)
+ (1 + g, *[(Tho1(E). Vu ® Vu) — S tr Ty (Eg)|Vu|*]
— (1 + eu7, 2(Ti—1 (ES). Vu ® Vi) — tr Ty (ES)(Vu, Vuug)]
=k +DA+e)k 1y
+ (1 + Oul M (Ti— 1 (ES). — Auy + Vo ® Vg — 3[Vuo|*g)
+(1+ e)uf;k[(Tk_l(E;), Vu® Vu—2Vu ® Vuyg)
+tr Th— g (ES) (=3I Vul* + (Vu, Vuo)) |
=k +DA+e)k 1y
+(1+eui*
X [—(Tk—1 (E). Aug) + Tk (ES). V(1 —u0) ® V(1 — o))
— 3t T (E)|V (u —ug)|?].

Mug—u+7YT) _ e)LT

Taking v =-e¢ in Lemma 4.2, we also have

)c(e)\.(uo_u‘f"r) _e)\.T)

— ek(”"_"JrT){(1+6)k_1fu,_,1[—kun+k2u?]

+u},‘k<Tk_1 (ES). (14€)u 1t [AV? (uo—u) +A>V (ug—u) @V (1g—u)
FAV(ug—u)@Vu+AVu®V(ug—u)
—MV(ug—u), Vu)g]
+kVut®Vut+k2utV(u0—u)®Vut
:

+A2u,Vu,®V(uo—u)+k2u—Vu;@Vu,>}
u

tt
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_ _)\ek(uo—u+T)£(u_u0)
+)L2ek(u0—u+T)

u2
x{(1+e)k—1f—'
(237
u
+u%:"<Tk_1 (ED. (1+e)V (u=u0)®V (u=ttg)+ =V (ug—u) ®Vus
tt

2
+u Vu:@V(ug— u)+—Vu,®Vut>}
it

“tt

We can estimate the term in braces as follows:
u
(1+ef 7y =2 +u <Tk 1(E5). (1) V (u—ttg)® Y (u=tto)+-—V(uo—u) &V,
tt

2
—Vut®V(u0 u)+—Vut®Vut>
Upy Ui,

9 g o v (- uo)——wt@wt>

> (14€)k~ 1f +u,, <Tk 1(E), »
tt

Using Lemma 2.5 and the regularized equation, the final term above can be rewritten:

u2
”tt <Tk 1(Ep). — tvut®vut>

”tt
= ”tt u (Tk (M +€up Ay —Vur ® Vue), Vur @ Vuy)

= “tt u (Tk (M +€usAy), Vur @ Vuy)
:_(1+6)k lutt u (Tk 1(A4), Vu; ® Vuy)
= —(1+ " ' u?{(1 + Oupor(Aw) — f}

2
_ u
= —(I+ & ufor(An) + (1 +ef71f L
tt
Therefore,

(4-20) E(ek(uo—u+T) _ ekT)
> —ne* o4+ £y — )

2
+ )LZeK(M()—u-i—T) {2(1 + E)k—lfz_t _ (1 + E)ku%Uk(Au)
tt

3 M1 (B9, 9w —u0) @ _uo))}.
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Also, by (4-19),

(4-21)  —AL(u—ug) = —A(k + 1)(1 + )% f + A1 + ) (T (ES), Auy)
+ (T (E), =M1+ €)V (1 — 1) ® V(u —ug))
+ 3+ Orud e Ty (E9)IV (u —uo) .

Combining (4-20) and (4-21), we get
E(ek(uo—u+T) _ekT)
2
> e)‘(”o‘”+T){—k(k F DA+ 12021+ % Y 3201+ e)Fuloy (Aa)
Uty
+ U2 K (T (ES), (1+ €)(LA% = 2) V(1 — ug) ® V(1 — ug))
+ 3 (1 + rug * e T (ES|V (1 —uo)?

+ A1+ eup, “(Tr (EF), Au())}-
Next, using Lemma 4.4, we have
LAt(1—1)) =2A( + )05 (4y).
Combing the above, we conclude that at an interior maximum of H,

LH>—Cf —Cu? %t Ty (ES) +2A(1 + €)% 0y (44)
+ek(u0—u+T)

2
x {—x(k FDO4 O 220405 2201 4+ 9bulo ()
tt
+ 127K (T (ES), (1 + ) (A2 = 1) V(1 — 1) ® V(1 — up))
+ 301+ Orud Ty (E9)IV (u — o) 2

+ (1 + OulT M Ty (ED), Au0>}.

Now note that since the cone F,j is open and M is compact, there exists § > 0
depending only on u such that 4,,—48g € F,j . It follows from Lemma 2.3 that

Str Ty (ES) = S(ES,... ES.8g) < S(ES. ... ES, Ayy) = (Te—1 (ES). Au,).
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Therefore, if A >> 2 we have
(4-22) LH>{—C =ik + 1)(1 + e)f1ro—ut Ty ¢
+ 2A(0 4+ )F —22(1 + )k u2r o=+ Dng (4,,)
+{—C + M1 + )83 7%t Ty_, (ES).

Observe that by choosing A = A(§) large enough, we can assume the last term in (4-22)
is bounded below by

(4-23) I08u? % w Th_y (ES).
By the Newton—Maclaurin inequality,
w27 e T (ES) = (k — Du? *op_ 1 (ES)
> (k — D o (BT
= k=1 /T,
> Cfu{l‘t
Combining this with (4-23) and substituting into (4-22), we get
LH > {—C — Ak + 1)(1 + e)k~1ro—u+T) 4 Cmu%,}f
+ {2A(1 + &) —22(1 + e)*u2r o4+ D (4,).
Let us fix the constant Y so that
O0<ugp—u+7Y =<C;
then
LH>{-C—Cik+1)+ cxauf‘t}f + {2A(1 4+ e)F —CA2u? oy (AL).

Next, we assume A = A (A, max u?) is chosen large enough that the coefficient of the
second term above is
2A(1+ )% —CA2u? = 132,
By the regularized equation,
f
> <

Gk(Au) — (1+€)utt .

Therefore,

1
(" _ k b 2 -1
sz{ C = Chlk+ 1)+ Chduly + 5220 }f.
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If uss > C(8) is large then the left-hand side is positive, which would be a contradiction
at an interior maximum. On the other hand, if u;; is small then as long as A is chosen
large enough, the last term in the braces will dominate and once again we conclude
LH > 0. It follows that H attains its maximum on the boundary, as claimed. O

4.5 Existence of approximate and regularizable geodesics

In this subsection we use the a priori estimates of the previous subsections to establish
the existence of weak geodesics in the case n = 4.

Theorem 4.18 Given ug,u € F2+, there exists [ € C*°(M x[0,1]) with f > 0 and
a smooth solution u(x,t,s,€): M x[0,1]x[0, 1] x (0,€9] = R of ggf(ue) =0 such
that:

(1) Foreach € € (0, €p], ue =u(-,-,-,€) satisfies
ue(x,0,8) =ug(x), ue(x,1,s)=u;(x).
(2) There is a constant C > 0, independent of €, such that
luel + |Vue| + |(ue)e| + 6{|V2ue| +[V(ue)e| + [(ue) e l} = C.
Proof As the argument follows standard lines we provide only a sketch. Fix some
0 < €9 < 1, then choose an arbitrary 0 < € < €. First we observe that it follows
from [36, Proposition 3] that the path u; := tu + (1 — t)ug lies in F2+ . Moreover,

there exists some constant A for which w; :=u, + At(t — 1) satisfies E;, € I‘2+ . Let
f = ®(w), and set

Z={sel0,1]:thereisa u e C**N F2+ that solves (¢, r)}.
By construction, 1 € Z.

To verify that Z is open, it suffices to study the linearized equation; ie given ¢ €
C®°(M x[0,1]), we need to solve for some s € Z the equation

Eue(-,~,s)¢ =y

with ¢ satisfying Dirichlet boundary conditions. The solvability of this linear problem
follows from [16, Theorem 6.13].
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We claim that Z is closed: Let {u; = uy, } be a sequence of admissible solutions with
s;i > 8o. The preceding a priori estimates imply there is a constant C (independent
of €) such that

i | + Vi |+ |@i)e] + €l @) eel + (Vui)e| + [V2uily < C.

To obtain higher-order regularity, we need to verify the concavity of the operator.
Observe that the equation can be rewritten as

(4-24) log((1 + €)ur02(Au) = (T1(Au). Vur ® Vuy)) = f

for some smooth positive function f . This is a concave elliptic operator in the spacetime
Hessian of u.? Thus by Evans [14] and Krylov [23] we conclude there is a constant
C = C(e, f) such that

luillcz.e = C.

Applying the Schauder estimates we obtain bounds on derivatives of all orders, and it
follows that the set Z is closed. Since Z is open, closed and nonempty, it follows that
Z =10, 1]. The theorem follows. |

Definition 4.19 Given ug, u; € F,j , we say a one-parameter family of C!*! functions
ue(x,t): M x[0,1] — R is an e—geodesic from ug to uy if

ue(x,0) =uo(x), uelx.l,5) =ui(x), Gglue) =0.

We furthermore will say that it is a regularizable €—geodesic if there exists fy €
C>®(M %10, 1]) with fy > 0 and a smooth function u(x,7,s): M x[0,1]x[0,1]— R
with the following properties:

(i) Foreach s €0, 1], u(-,-,s) satisfies
u(x,0,s) =ug(x), wu(x,1,s)=ui(x), Gsp(u)=0.
(i) There is a constant C > 0, independent of €, such that
el + [Viue| + e | + e{| V2ue| + [V(ue)e| + |(ue)s|} = C.

(iii) One has that u(x,?,s) — u(x, ) in the weak C!>! topology as s — 0.

2 An earlier draft of this paper noted that the formulation of Proposition 4.1 expressed the equation as
a “op—equation”, and claimed that convexity of 021/ 2 thus sufficed to apply the Evans—Krylov regularity.
This is false since the left-hand side of (4-2) is 0, of a nonlinear combination of second derivatives.
Nonetheless, (4-24) is convex, as was shown by He [22, Theorem 4.1]. We thank the referee for pointing
out this problem, and Weiyong He for correcting it.
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Definition 4.20 Given ug,u; € F,j , we say a one-parameter family of C! functions
u(x,t) is a regularizable geodesic from uq to uy if there exists fo € C°(M %[0, 1])
with fo > 0 and a smooth function u(x,?,s,€): M x[0,1]x]0, 1] x [0, 9] = R with
the following properties:

(i) Foreach € €[0,¢q), ue =u(-,-,-,€) satisfies
uUe(x,0,5) =uo(x), uelx,1,5)=ui(x), Gsp(ue)=0.
(i1) There is a constant C > 0, independent of €, such that
el + [Vue| + [(ue)e| + €{|Vuel + 1V (ue) e + |(ue) |} < C.
(iii) Foreach 0 <a <1, u¢ = u in C%% as €,5s — 0.

We can now show existence and uniqueness of a regularizable geodesic connecting any
two points in I'". The key issue for uniqueness is a comparison lemma.

Lemma 4.21 Suppose u,u € C are admissible and satisfy
g;l (u) =0, Q;Z (u) =0,
where f1 < f>. Assume further that on the boundary,

u(x,0) =u(x,0), wu(x,1)=1u(x,1).
Then, on M x [0, 1],
u(x,t) >u(x,t).

We remark here also that the Lemma 4.21 can be used to exhibit uniqueness for solutions
of the equation G¢(u) = 0.

Corollary 4.22 Given ug,u; € Flj , there exists a unique € —geodesic from ug to uy .

Proof Let u(x,t,€¢) and f be the data guaranteed by Theorem 4.18. Due to the a
priori estimates, by Arzela—Ascoli there exists a C!*! limit as s — 0. By definition
this is an e—geodesic. Now suppose # is another regularizable geodesic connecting
ug to uy, with regularization 7(x, ¢, €) and auxiliary function /. Fixing some § > 0,
for sufficiently small € > 0 Lemma 4.21 implies that u(x,t,€) > u(x,¢,§). Since the
convergence is in C%%, sending € — 0 yields u(x, ) > #(x,t,5). We can now send
8 — 0 to obtain u(x,t) > u(x,t). Since the roles of u and # are interchangeable in
that argument, it follows that u(x,?) = u(x,¢). |

Corollary 4.23 Given ug,u; € I‘]j , there exists a unique regularizable geodesic from
Ug touq.
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Proof Let u(x,7,¢) and f be the data guaranteed by Theorem 4.18. Due to the
a priori estimates, by Arzela—Ascoli there exists a C%% limit as both € — 0 and
s — 0. By definition this is a regularizable geodesic. Now suppose # is another
regularizable geodesic connecting u¢ to u;, with regularization #(x, ¢, €) and auxiliary
function f . Fixing some § > 0, for sufficiently small € > 0 Lemma 4.21 implies
that u(x,¢,€) > #i(x,¢,8). Since the convergence is in C%%, sending € — 0 yields
u(x,t)>1u(x,t,8). We can now send § — 0 to obtain u(x,7) > u(x,t). Since the roles
of u and u are interchangeable in that argument, it follows that u(x,¢) = #(x,t). O

5 Smoothing via Guan—Wang flow

In this section we develop a sharper picture (Theorem 5.13) of the short-time smoothing
properties of a parabolic flow introduced by Guan and Wang [19]. This is used in the
proof of Theorem 1.5 to smooth the approximate geodesics so that we can take strong
limits to obtain a curve of critical points for F connecting any two given critical points.

In the first subsection we will derive a series of formulas for the evolution of various
quantities. Since we will be quoting some of the formulas from the previous section,
we will state these formulas for general dimensions. In the second subsection, where
we derive some short-time estimates, we will specialize to the case n =4 and k = 2.

First, we recall the definition of the flow introduced in [19]:

ad — - —
(5-1) T = logox (g, 1Au)—Vu 1/M log oy (g, 1Au)dVg.
For technical simplicity we will instead study an unnormalized flow
(5-2) %u =log ak(glleu) =log oy (Ay) + 2ku.

As we will be able to control the size of u along this flow, the renormalizing term
will only change u by a controlled constant, and have no effect on the estimates.
A fundamental property of the flow which we will exploit is monotonicity of the
functional F.

Lemma 5.1 Given a solution u to (5-1), one has

d

Proof This is immediate from the flow equation (5-1) and the formula (3-13). O
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5.1 Evolution equations

We remark that when the dimension # is greater than 4, Guan and Wang assumed the
manifold was locally conformally flat. For the evolutionary formulas we are interested
in this assumption will not be necessary.

Definition 5.2 Given an admissible solution u to (5-2), define

Lf =0k (A0) " (Tim1 (Au). V2 f +Vu @V f + V f @ Vu— (Vu. V f)g).
9 _
at

where the derivatives and inner products are with respect to g (the fixed background

H = L,

metric).

Lemma 5.3 Let u be a solution to (5-2). Then

Hu = log oy (Au) —k + 0 (Au) " (Tk—1(Au). A — Vu ® Vu + 3|Vul*g) + 2ku.

Proof We directly compute
Lu = 03,(A,) " NTe_1(An), V?u +2Vu @ Vu — |Vul*g)
= 03 (Au) N Ti—1 (Au). Ay — A+ Vu ® Vu — 5| Vu|*g)
= k + 0k (Aw) ™ (Th—1 (Au), —A + Vu ® Vu — 5| Vul?g).

Combining this with (5-2) yields the result. |

Lemma 5.4 Let u be a solution to (5-2) and A € R. Then
HeM = )Le)‘”[log or(Ay) +2ku—k

+ 0k (Auw) N Th—1(Au), A— (1 + 2)Vu ® Vu + 1| Vul?g)].
Proof Note

%(e)‘“) = Ae* (log g (Au) + 2ku).
Also,
LM = 04 (Aw) " Y Ti— 1 (Aw), A V2u + 226 Vu @ Vu + 20e*Vu ® Vu

— M| Vul’g)
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= 0% (Aw) " Th—1 (Au), he™ [ Ay — A~ Vu ® Vu + 1| Vu|*g]
+ A+ 2)eM VU @ Vu — ret | Vu|*g)
= he™ 0 () N Th—1(Au), Au— A+ 0+ 1D)Vu ® Vu— L Vu|?g)
= AeMop (Au) N Th—1(Au), — A+ (L + )Vu ® Vu — L Vu|>g) + Aket.
Therefore,
HoM — %(eku)_Leku
= LM [log o (Au) + 2ku —k
+ 0k (Auw) N Tk—1(A4u), A— (1 + 2)Vu ® Vu + 1|Vul?g)]. O

Lemma 5.5 Given a solution u to (5-2), one has

H|Vu|* = 204 (Ay) ' T (A0) PH{=V; VouV;Vou + O(|Vu|? + 1)} + 4k |Vu|?.

Proof We compute

%Viu = V; log 0% (Au) + 2k Viu
= 0k (Aw) " (Th—1 (Au), ViAu) +2kViu
=05 (Au) " T 1 (A) P9V Apq + ViV Vqu+ 2V VouVau—V;ViuViugpg |
+2kViu
= 0k (Au) ™ Tie—1(A) P9
x{VquV,'u +2ViVouVau—V;ViuViugps +(VA+Rm *Vu),-pq}
+2kViu,
hence
2 1Vul? = 200 (40) 7 Timy (A) P
x AV, Vg ViuViu + 2ViVpyuVeuViu — ViViuVijuViugpq
+[(VA+Rm *Vu) * Vulpg}
+ 4k|Vul?.
Also,
L|Vul? = 204 (Au) " Tr—1 (Au) P2 {V, ViuVy Viu + Vp Vg ViuViu
+ 2ViVouVeuViu — ViViuVijuViugpe}.
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It follows that

d 2

—|V

a1Vl

= L|Vu|* 4+ 203 (A,) "' Ti_, (A)PU{=V,ViuVyViu +[(VA+Rm*Vu) * Vulpg}
+4k|Vul?,

which implies the result. |

Corollary 5.6 Given a solution u to (5-2), one has
(5-3) H(e **|VuP?)
=2 63 (A) T Th— 1 (A)PUH=V; VpyuViVyu + O(|Vul|? + 1)}

For the following lemma, for an n x n symmetric matrix r = r;; we write
F(r) =logoy(r),

and denote derivatives of F with respect to the entries of r by

i — pq L — pq.rs
F(r) = F(r)?q, 3 pg 7y F(r)=F(r) .

0rpq

Lemma 5.7 Given a solution u to (5-2), one has
HAw = FPI" Y (A)pgVi(A)rs
+ 01 (Au) ™ (Tr—1(Aw)ij . 2ViVpuV; Vpu — [V2ul* g
+ O(|V2u| + |Vul® + 1)).

Proof We compute
Alogoy (Ay) = Vi[FPIV; (Au)pq] = FPITV; (Au)pgVi(Ay)rs + ]:qu(Au)pq-

Combining this with our prior calculation of A A, (4-14) yields

%Au = Alogoy(Ay) + 2kAu

= FPU Vi (Au)pgVi(Auw)rs + 0k (Ad) ™ Ti—1 (Au)P1(A A)pg + 2k Au
= FPL13y; (Au)pqvi(Au)rs
+ 0% (Au) ™ Tie— 1 (Au)P?
x{Vp Vg (Au)+Vp AuVgu+VpuVy Au+2V,VeuVgVeu—|V2ul*gpq

— (Vu, VAU gpq + O(V2u| + |Vul* + 1)}
+ 2kAu
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= L(Au) + FPL"SVi(A) pg Vi(Aw)rs
+Uk(Au)_lTk—1(Au)pq
x {2V, VouVyVou — |V2ul? gpg + O(IVZu| + [Vul* + 1)},

and the result follows. O

5.2 Estimates

In this section we specialize to the case n = 4 and k = 2, and use the evolutionary
formulas from the preceding subsection to derive some short-time smoothing estimates.
We begin with a standard result:

Lemma 5.8 Let (M*, g) be a compact Riemannian manifold such that g € F2+ .

(i) Given ugy € l";r , there exists a solution u of (5-2) on some small time interval
[0, n], where n > 0 depends on |uy|ca.« .

(i) If [0, T) is the maximal time interval on which the solution exists and T < oo,
then
lim sup max{|log o5 (Ay)| + |u| + |Vu| + |Vu|}(-, 1) = co.
t-T M

Proof Part (i) appears in Proposition 3 of [19]. Although part (ii) is not explicitly
stated, it is implicitly used in Section 3 of [19]; therefore, we provide a brief summary.

Suppose
sup _{[log o2 (Au)| + |u| + [Vu| + |VZul} < C.
M x[0,T)

It then follows that (5-2) is strictly parabolic on [0, 7") with control over the parabolicity
and the C ! norm of u as t — T. It follows from the Evans—Krylov estimates [14; 23]
that there is a C2*® estimate for u on [0, 7)) which remains controlled as t — T.
Schauder estimates now imply that for any / and « there are C L bounds on u on
[0, T) which remain controlled as ¢ — T, which by a standard compactness argument
proves that the solution can be extended beyond time 7" if T < oco. O

Proposition 5.9 Suppose u is a smooth solution to (5-2) with n = 4 on [0, T'] with
T < 1. There is a constant C = C(g) such that

sup |u| = C(1+ |ug|co).
M x[0,T]
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Proof At a maximum for u, one has A4, < A4, and hence 0,(4,) < 0,(4) < C.
By (5_2)’

imaxu <C +4maxu.

dt

Integrating this inequality, we get an upper bound for u. Applying a similar argument
at a minimum of %, we obtain a lower bound. O

Proposition 5.10 Suppose u is a smooth solution to (5-2) with n = 4 on [0, T'] with
T < 1. There is a constant C = C(g, |ug|co,|Vuo|co) such that

sup |Vu|=<C.
M x[0,T]

Proof Let
S =e 8 |\Vu|> + Ae ™2 — put,

where A, > 0 will be specified later. Combining Corollary 5.6 and Lemma 5.4, and
using the fact that at a maximum of & we have H® > 0, it follows that

0<HO
= 202(Au)_1T1 (Aw)P1
x{—e ¥V VpuViVau+e 3 O(1+|Vu|*)—Ae ™ [VpuVau+1|Vul?gpq]}
—2Ae *[log o3 (Ay)+4u—2402(A,) " (T1(A). A)l—p
=1L+1H—un.
We can estimate the terms in braces in I by
—e 3V VpuViVau + e 3 O(1 + |Vul?) — Ae [ VpuVau + 3| Vul* gpq]
<{C+(C- %Ae_Z”)|Vu|2}gpq.

By Proposition 5.9, on the time interval under consideration we have a uniform bound
on |u| depending only on |ug|co, hence, if A >> 1 is chosen large enough,

C+(C—1Ae™")|Vu|* < C —|Vul.

Again using that |u| is controlled, at a sufficiently large maximum of & one has that
|Vu| must itself be arbitrarily large, thus at a sufficiently large maximum of & one has

Iy <0.
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To estimate I,, we first consider the case where 0,(A4,) > 1. Then logo;(A4,) >0
and the remaining terms in brackets are either bounded or nonnegative, hence

5-4) ILy—p<CA,max|ul)—pn=<0
if pu is chosen large enough with respect to |u¢|co. On the other hand, using Lemma 2.6
we see that
1
— — L 1 02(4)2
02(A) Ty (Aa), 4) = 03 (A or(A) boa () = A
02(Au)?

It follows that there is a small constant § = 8(0,(A4)) such thatif 0 <o0,(A,) <4, then
log 02 (Au) +02(4u) " (T (Au). 4) Z 0.

Then, arguing as we did in the case where 0,(A,) > 1, we can choose pu large enough
to achieve (5-4) again. Finally, in the intermediate range § < 0,(A,) < 1, all the terms
in the brackets in I, are bounded and nonpositive, and we again conclude that (5-4)
holds once p is chosen large enough. It follows that H® < 0, and the result follows
from the maximum principle. |

Proposition 5.11 Suppose u is a solution to (5-2) withn =4 on [0, T] with T < 1.
There exists a constant C = C(|ug|co) such that for all t € [0, T'], one has

t|logoy(A4,)| = C.
Proof We first note that by Proposition 5.9,

(5-5) sup |u| <N,
M x[0,T]

where N = N(|ug|co).

Next, by the evolution equations above,
0
57 10802(4u)

= 02 ()7 (T (A0, 54

= 02(Au) " (T1(4u), V* log 62(A4y) + Vu ® Vlog05(A4,) + Vlego2(4y) ® Vu
—(Vu,Vlogoy(Ay))g +4Vu +8Vu ® Vu —4|Vu|2g)

= L(log 02(Au)) +402(A4u) " (T1(Au), Vu + 2Vu ® Vu — |Vu|*g)

= L(log 02(Au)) +402(Au) T1(Au), Au— A+ Vu® Vu— $|Vul?g)

= L(log02(A4,)) + 8 +402(4,) " (T1(44). —A + Vu ® Vu — | Vul*g),
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hence
(5-6)  H(logoz(Ay)) =8 +402(Au) T1(Au). —A + Vu ® Vu — 3| Vul?g).

Set
® :=tlogoa(Ay) + Ae 2" — put.

We will show that by choosing A, i >> 1 sufficiently large (depending on N ), H® <0.
This will give an upper bound on ® depending only on the initial C°-norm of u.

To begin, we combine (5-6) with Lemma 5.4 to get
(5-7) H® = —p+ 8 +4A(1 —2u)e 2" + (1 —2Ae %) log 02 (Ay)
+02(Au) " HT1(Aw), —(4t +2Ae ") A+ (4t —2Ae*)Vu®Vu
— (2t + Ae 2| Vul?g).

By choosing A large enough (depending on the constant N in (5-5)) we may assume
the coefficient of the log term satisfies

(5-8) 1 —2Ae™ 2 < —1.

For ¢ small (depending on N and A) the coefficients of the gradient terms in (5-7) are
also nonpositive, so we have

(5-9) H® < —pu+8t+4A(1—2u)e 2 + (1 —2Ae™ ") log o2 (Ay)
— (41 420705 (A4) T (T2 (4u), A).

If © > 1 is chosen large enough, the first three terms on the right-hand side of (5-7)
can be bounded above by —%, and we conclude

(5-10) HCDS—%-I—(I—ZAe_Z”)logoz(Au)—(4t+2Ae_2”)02(Au)_l(Tl(Au),A).
By Lemma 2.6 we have

02(A) " (T1(Au). A) = 02(Au) " [402(Au) 202(4)2] = 802(4,) 2 > 0,
hence
-1 (41 +2Ae )0y (A) T (Aw). A) < —Croa(Ay) 2.

If 05(A4y,) = 1, it follows from (5-8), (5-10) and (5-11) that H® < 0. On the other
hand, if 0,(A4,) < 1, then

H® < —5 —log0(4u) — Cr0(Au) 2.
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and by choosing @ >> 1 large enough (depending only on Cy) once again we have
H® =<0.

To obtain a lower bound for log g,(A4,), we consider
® = —1log oy (Ay) + Ae 2" — it

and apply a similar argument. We will omit the details. O

Proposition 5.12 Suppose u is a solution to (5-2) withn =4 on [0, T] with T < 1.
There exists a constant C = C(|ug|co, |ug|c1) such that for all t € [0, T, one has

tAu <C.

Proof By Proposition 5.10, there is a A = A(|ug|co, |uo|c1) such that

sup {|Vul|® + Jul} < A,
M x[0,T]
Let

® =1Au+ |Vul?.
A direct calculation using Lemmas 5.5 and 5.7 and some elementary estimates yields
(5-12) HO® = Au+tFPU" Vi (Ay) pgVi(Au)rs
+ 02 (Au) T 1 (Au)P2{2(t — D) Vi VpuViVeu — t|Vul* gpq
+O@t|V2ul + |Vul* + 1)}.
If ® attains a large space-time maximum, say ® > B > 24, then
tAu>B—A>1B,
hence
BZ
16t
Therefore, if ¢ < 1, the terms in braces in (5-12) can be estimated as

1|\V2ul? >

2(t — 1)V VyuViVau —t|V2ul? gpg + O Vu| + |[Vul® + 1)
<{—t|Vu|* + Ct|V?u| + C(A)}gpq
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if B is large enough. Thus we conclude H® < 0 at a sufficiently large maximum,
proving the result. |

Theorem 5.13 Let (M*, g) be a compact Riemannian manifold such that g € F2+ .
Given ug € T';", there exists C = C(|ug|, |Vuo|) such that the solution to (5-1) with
initial condition uq exists on [0, 1] and moreover satisfies
(5-13) —C <tlogoy(A) <C, —C <Au< %
Furthermore, choosing [ € N and 0 < o < 1, there exists C = C(|ug|, |Vuol,!, )
such that

|u1 |Cl.0( <C.

Proof By Lemma 5.8 there is a solution u of (5-2) on some small time interval
[0, n], where n depends on |ug|c4.«. We now argue that the solution can be extended
smoothly to [0, 1]. Suppose n < T <1 is the maximal smooth existence time of the
flow. By Propositions 5.9 and 5.10, we have
sup {Ju| +[Vul} = C(luolco. [uolc1)-
M x[0,T)

In addition, by Propositions 5.11 and 5.12 the estimates (5-13) hold on [0, T'), where
the constant is C = C(|ug|co, |uolc1)-

By Lemma 5.8, if 77 < 1, we must have

(5-14) lim sup max{|log 02 (Ay)| + |Vu|}(-,1)| = oo.
t-T M

However, since u € F2+ it follows that
|V2u| < C(1 + |Vul® + |Aul),

which combined with the estimates in (5-13) will contradict (5-14). It follows that
T>1. O

Remark 5.14 The proof above could be used to show long-time existence of the
solution to (5-2), but the estimates of Propositions 5.9 and 5.10 degenerate as time
approaches infinity, and thus one would not obtain convergence with these estimates.
The short-time existence statement, together with a smoothing effect which is controlled
by the C! norm of the smooth initial data, is a crucial tool in smoothing approximate
geodesics to obtain Theorem 1.5.
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6 Uniqueness of solutions to the o,—Yamabe problem

In this section we combine the previous results to establish Theorem 1.5. As described
in the introduction, the proof consists of a few main steps. In particular, we use
Theorem 4.18 to connect any two critical points for F by an e—geodesic. Applying
the geodesic convexity of F' we obtain that the curve must consist of near-minimizers
for F. We then smooth this approximate geodesic via Theorem 5.13. Taking the limit as
€ — 0 of these smoothed paths yields a nontrivial one-parameter family of minimizers
of F. Using our knowledge of the geodesic convexity of F' we can show that this can
only happen if the background conformal class is [gg4] and the endpoints of the path
are round metrics. Note that, unlike the K#hler setting, we are unable to show that the
approximate geodesics converge directly to a nontrivial smooth geodesic due to the
lack of stronger regularity results for the geodesics.

Lemma 6.1 Given two admissible critical points uy and u; of F, one has Flug] =
Fluy], and F[u]> Fl[uy] for all admissible u. Moreover, given [ and u =u(x,t,s,¢€),
the approximate geodesics given by Theorem 4.18, one has, for any t € [0, 1],

N

limo Flu(-,t,s,¢)] = Flug].
,€—>

Proof Fix f, and let u = u(x,t,s,€) be the approximate geodesics guaranteed
by Theorem 4.18, connecting uy and u;. To begin we repeat the calculation of
Proposition 3.16 for these paths. Fix some s and € and compute

d? d

qattl= g | wl-oa(g, 4w +o1dV,

=— fM[unaz(g;lAu) +u(Ti(gy, ' Au), Vius))dV,

+of [ut,vu“ + Vu_zut(/ 4u,qu) —4Vu—1u§] dv,
M M

1
_ -1 —1
= /M[EuttUz(gu Ay)—sfldVy+oV, /M[msf—éutt} dvy

_ 1 B
+ 0oV, I/M[—(Tl (g, Au), Vu; @ Vuy)

02(A4) )
_ 2 -1
4(/M u;dVy =1V, (/Mu,qu) ):| dvy.

Geometry € Topology, Volume 22 (2018)



3568 Matthew Gursky and Jeffrey Streets
Applying Corollary 3.15 to the above equation yields

dZ
(6-1) —2F2—/ sdeu—o*Vu_le/ Ure.
dt M M

Now let us estimate using the uniform C! estimate:

1 1 8
// ut,qu =/ |:—/ uthu—/ 4M%i| df
0oJm o Lot Jm M
t=1 1
:/ urdVvy, —// 4u? dV,dt
M =0 0oJM

<C.
Hence, integrating the inequality (6-1) and using that u is a critical point yields

t d2
%F[u](t) - %F[u](t) - %F[u](O) = | gaFdiz—Ci+o.

Integrating this in time and sending s, € — 0 yields
Flui] = Fluo].

But since the roles of #¢ and u are interchangeable, we obtain Flug] = Flui]. O

Lemma 6.2 Fix (M*, g) with Ag € 1"2+, and suppose u € C*° (M) is an admissible
critical point of F. Then either u is an isolated critical point for F or (M*, g,) is
isometric to (S*, gg4).

Proof Suppose u is not an isolated critical point, so that there exists a sequence of
admissible conformal factors {u;}, with u; # u, converging in C° to u, normalized
so that [, (u—u;)dV, =0. We aim to use the convexity properties to show that the
minimum eigenvalue of the linear operator

L(¢) = —(T1(g; 'Au). Vi, d)g, — 400

is zero. Since u satisfies 0,(A4,) = ¢ and has unit volume, this lowest eigenvalue is
characterized variationally as

A= inf & / [02(Au) " Ty (A1), Vb ® V) — 4% d V.
{¢|,/M¢qu=0} M

It follows from Corollary 3.15 that A; > 0, with equality if and only if (M*, g,) is
isometric to (S*, gg4). We suppose that A; > 0 and derive a contradiction.
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Fix a sufficiently large i that the path
w(x,t) =(1—0u+tu;

consists of admissible functions. Note that w;; = 0, and, by construction,

dF(w(-.1)) dF(w(-.1))

T TS
It follows that for any i there exists #; € [0, 1] such that
d*F(w(-,1))
) =0,

We aim to derive a contradiction from this setup. First we make a second variation
calculation along this path using (1-9) and (2-5), yielding

d2
72 [w(-,0)]
d _ _
=1 |, i c02(gn' Aw) + ) dVay

= /M wtt(—az(g;IAw) +0)dVy + /M[—w,(Tl (g;lAw), VZiw;) —nc_rwtz] dVy
_ /M[m (g2 Aw), Voy ® Viwy) — ngw?] d Ve
= [ lou(ea' ) (T (e dw). Ve ® T =nuf]dVa.
We next evaluate this at #;. Using that w’ := w(-,#;) converges to u as i — oo yields
0= /M[(T1 (8,1 Awi). Vw; ® Vwy) —nowi]dV,,
= /M[((l —o(1))Th (gu_olAuO), Vw; @ Vwy;) —nc_rwtz](l —o(1))dVy,
= [ oreudAu)™ 71 (g Au). Vo ® o) =] dVay —o(1)
>0M / w? dVy, —o(1).
M
If A1 > 0 then, for sufficiently large i, this implies that w; = u; —u = 0, a contradic-

tion. It follows that A; = 0, and hence, by Corollary 3.15, (M 4 gy) is isometric to
(S4, gSzl) . O
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(1) u(x,t,s,€): nearly a geodesic, (2) v(x,t,s,€): unknown

F nearly minimized by Lemma 6.1, metric properties, F nearly

poor regularity minimized, strong regularity
\ via Theorem 5.13

N

in the space of Uy

F —minimizers \

(3) v(x,t): a path of smooth

uo and u; lie

(4) Initial tangent vector to v(x,?)

yields equality in Andrews’ inequality F-minimizers with unknown

as in Lemma 6.2 metric properties

Figure 1: Scheme of the proof of Theorem 1.5

Proof of Theorem 1.5 See Figure 1 for a schematic outline of the argument. Sup-
pose there exist two distinct solutions uy and u; to the o,—Yamabe problem. Let
u(x,t,s,€) be the family of approximate geodesics connecting uq to #; guaranteed
by Theorem 4.18. Noting the a priori estimates on |u|c-o and |Vu|co are independent
of s and €, we have by Theorem 5.13 that the solution to the flow equation (5-1)
with initial condition u(-,1, s, €) exists on some time interval [0, 1], and moreover the
solution at time 1, denoted by v(x, ¢, s, €), has uniform C k.a estimates independent
of s and € and stays uniformly in the interior of F2+ , in the sense that 77 (g, 14,) has
uniform upper and lower bounds. Due to these estimates we can obtain a one-parameter
family of smooth functions v(x,?) = limg ¢ v(X,?, 5, €) which is continuous in .
Moreover, by Lemmas 5.1 and 6.1 we see that F[v(-,?)] = Flug]. It follows that
v(-,?) is a nontrivial path of critical points for F through u¢, and hence by Lemma 6.2
we conclude that (M4, g,) is isometric to (S*, gg4). a
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