:. Geometry & Topology 22 (2018) 3925-3977
msp

Ricci flow from spaces with isolated conical singularities
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Let (M, go) be a compact n—dimensional Riemannian manifold with a finite number
of singular points, where the metric is asymptotic to a nonnegatively curved cone
over (S"7!, g). We show that there exists a smooth Ricci flow starting from such a
metric with curvature decaying like C/¢. The initial metric is attained in Gromov—
Hausdorff distance and smoothly away from the singular points. In the case that the
initial manifold has isolated singularities asymptotic to a nonnegatively curved cone
over (S"71/T, g), where I acts freely and properly discontinuously, we extend the
above result by showing that starting from such an initial condition there exists a
smooth Ricci flow with isolated orbifold singularities.
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1 Introduction

Consider a smooth solution (M, g(t));e[o,T) to the Ricci flow

.
5:8 = —2Ric(g),

starting from a closed Riemannian manifold (M, g(0)). Hamilton has shown in [16]
that the existence time 7 of the unique maximal solution is bounded from below
by C/K, where C = C(n) > 0 and K = sup,,|Rm(g(0))|.
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It is a natural question to ask which nonsmooth spaces can arise as initial data for
smooth solutions to the Ricci flow. In [29; 30; 31], Simon shows that one can construct
a smooth Ricci flow starting from a space that can be approximated by a sequence
of smooth 3—dimensional manifolds that is locally uniformly noncollapsed and has
curvature operator locally uniformly bounded from below. This result has been applied
by Lebedeva, Matveev, Petrunin and Shevchishin [21] to show that 3—dimensional
polyhedral manifolds with nonnegative curvature in the sense of Alexandrov can be
approximated by nonnegatively curved 3—dimensional Riemannian manifolds. Koch
and Lamm [18] show that from any initial metric, which is a small L° —perturbation
of the standard Euclidean metric, there exists a smooth solution to Ricci—-DeTurck
flow. They extend this in [19] to small L% —perturbations of a C? background metric
on a uniform C3 manifold. We note that small L% —perturbations allow for conical
singularities where the cones are sufficiently close to Euclidean space.

Much more is known in dimension two. The results of Simon are still valid, and
the work of Giesen and Topping [13; 34] implies that given any initial data, even
incomplete with unbounded curvature, there exists a smooth Ricci flow that becomes
complete for ¢ > 0, which is unique in an appropriate class. Moreover, Yin [37; 38]
and Mazzeo, Rubinstein and Sesum [24] consider two-dimensional Ricci flows that
preserve the conical singularity. For a generalisation to higher dimensions of Ricci
flows that preserve a certain class of singularities, see the work of Vertman [35]. In the
case of Kihler—Ricci flow also more is known. Short-time existence from nonsmooth
initial data was studied by Guedj and Zeriahi [14], Di Nezza and Lu [10] and Song and
Tian [32], where the last article also treats the evolution through singularities. Preserving
conical singularities in the Kéhler case was considered by Chen and Wang [4].

In this paper we consider smooth Ricci flows that start from compact smooth initial
spaces (Z, gz) with isolated conical singularities. Such spaces can be expected to
arise as the limiting space of a smooth Ricci flow (N, h(t));ef0,1) as t — T, as the
following heuristic argument describes. Assume that at (p, T') the flow has a type I
singularity. By work of Naber [26], Enders, Miiller and Topping [11] and Mantegazza
and Miiller [23] it is known that any parabolic blow-up of the flow around (p, T)
converges to a smooth, shrinking, nontrivial, gradient soliton solution. Furthermore,
if one assumes that this soliton is noncompact and the Ricci curvature goes to zero
at infinity, then it is known by work of Munteanu and Wang [25] that the gradient
shrinking soliton is smoothly asymptotic to a cone over a compact Riemannian manifold.
Assuming further that such a tangent flow is unique, ie does not depend on the sequence
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Ricci flow from spaces with isolated conical singularities 3927

of rescalings chosen, it should be possible to show that (N, i(t)) converges to a smooth
space (Z, gz) with an isolated conical singularity. We would then like to continue
the flow so that it immediately becomes smooth after time 7. For an example of such
a behaviour on the level of soliton solutions, see the work of Feldman, Ilmanen and
Knopf [12]. We note furthermore that such a picture of a smooth limiting space with
isolated conical singularities can be made precise for mean curvature flow.

We define a compact Riemannian manifold with isolated conical singularities as follows:

Definition 1.1 We say that (Z, gz) is a compact space with isolated conical singular-
ities at {Zl'}inl C Z modelled on the cones

(C(X)), gei =dr? +r%gx,),

where (X;, gx;) are smooth compact Riemannian manifolds, if:

(1) (Z\{z1,....z0},gz) is a smooth Riemannian manifold.
(2) The metric completion of (Z \ {z1,...,zp},gz) is a compact metric space
(Z,dz).

(3) There exist maps ¢;: (0,70] x X; — Z\{z1,...,zp} fori =1,..., Q, diffeo-
morphisms onto their image, such that lim, ¢ ¢;(r, p) = z; for any p € X;

and
4

(1-1) D o rIN(VE) ($F gz — gei)lges < kz(r)
j=0

for some function kz: (0,r9] — R with lim, ¢ kz(r) = 0.
We prove the following short-time existence result:

Theorem 1.1 Let (Z, gz) be a compact Riemannian manifold with isolated conical
singularities at {z; }inl C Z, each modelled on a cone

(CS™™). gei =dr* +r%g)
with Rm(g;) > 1, but Rm(g;) # 1.

Then there exists a smooth manifold M, a smooth Ricci flow (g(t)):e,77 on M and
a constant Cry, with the following properties:

() (M,dg)) — (Z.dz) as t — 0, in the Gromov-Hausdorff topology.

(2) There existsamap W: Z\{z1,...,z9} — M, a diffeomorphism onto its image,
such that W*g(t) converges to gz, smoothly uniformly away from z; , as t — 0.
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3928 Panagiotis Gianniotis and Felix Schulze

(3) maxp [Rm(g(1))|g() < Crm/t fort € (0,T].

(4) Let tx (0 and px € Im W) C (M,dg(,)). Suppose that py — z; under the
Gromov—Hausdorff convergence, as k — oo. Then

(M, ;" g (1), PR et ) — (Nis 8e,i (1), @) 1e(0,400)

where (Nj, ge,i (1)) te(0,400) Is the Ricci flow induced by the unique expander
(N;,gn;, fi) with positive curvature operator that is asymptotic to the cone

(CS™™). gei)-

To construct the solution, we desingularise the initial metric by gluing in expanding
gradient solitons with positive curvature operator, each asymptotic to the cone at the
singular point, at a small scale s. These expanding solitons exist due to a recent result
of Deruelle [7]. Localising a recent stability result of Deruelle and Lamm [9] for such
expanding solutions, we show that there exists a solution from the desingularised initial
metric for a uniform time 7" > 0, with corresponding estimates, independent of the
gluing scale s. The solution is then obtained by letting s — 0.

The last point in the statement of the above theorem says that the limiting solution
has the corresponding expanding gradient soliton as a forward tangent flow at each
initial singular point. We further note that our construction doesn’t require that the
initial data or the constructed approximating sequence satisfy any lower bound on the
curvature. Moreover, aside from the existence of the expanding gradient solitons and
the stability result of Deruelle and Lamm, the construction does not depend in any way
on the nonnegativity assumption on the curvature of the conical models.

In the case that the isolated singularities are modelled on cones over a quotient of
(S"!, g) with Rm(g) > 1, we can show that there exists a smooth solution to the
orbifold Ricci flow starting from such a space, with isolated orbifold points. Each
initial cone (C(S"~1/T}),dr?+r?g;), with I'; nontrivial, corresponds to an isolated
orbifold point in the flow.

Theorem 1.2 Let (Z, gz) be as in Theorem 1.1, with singularities at {z; }I-Q:1 mod-
elled on cones (C(S"'/T}), ge.i :=dr?+r?g;) withRm(g;) > 1, Rm(g;) # | and
I'; acting freely and properly discontinuously.

Then there exists a smooth orbifold Ricci flow (M, g(t))se(o,] With isolated orbifold
singularities, each modelled on R" /T, and a constant Cry, for which (1)—(3) of
Theorem 1.1 hold. Moreover:
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(4) Let tx \(0 and py € (ImW)¢ C (M, dg(,)). Suppose that py — z; under the
Gromov-Hausdorff convergence, as k — co. Then

(M, ;' g(1x), Pi) e 1)~ (O 8e,i (1)) 1€(0,400)

where (O;, ge,i (t))te(0,+00) 18 the orbifold Ricci flow induced by the unique
orbifold quotient expander (O;, go, . fi) with positive curvature operator that
is asymptotic to the cone (C(X;), g¢.i)-

The proof of Theorem 1.2 is a direct modification of the proof of Theorem 1.1. We
do this by showing that there exists a unique orbifold quotient expander (O;, go; . fi)
with positive curvature operator and one isolated orbifold point that is asymptotic to
the cone (C(X;), g¢,i); see Theorem 6.1.

We can also allow for cones as models for the singularities which are not nonnegatively
curved, provided they are small perturbations of nonnegatively curved cones considered
in Theorem 1.1.

Theorem 1.3 Let (Z, gz) be as in Theorem 1.1, with singularities at {zi}l.Q=1 mod-
elled on cones (C(S"™ 1), gc.i :==dr?>+r?g;). Let (N, gn;, f;) be expanders with pos-
itive curvature operator asymptotic to (C(S"™1), 8ei= dr?+r2gl) withRm(g}) > 1,
Rm(g/) # 1. Then there exist &; > 0, depending on gy; , such that if

((VEY (¢! — gi)lg; <ei,

where 0 < j < 4, then there exists a smooth Ricci flow (M, g(t));e(0,1] and Crm for
which (1)—(3) of Theorem 1.1 hold.

Of course, the analogous statement is also true for the orbifold case of Theorem 1.2.
We would like to point out that the condition that the curvature operator of the cones
(C(S"™1), g, ; =dr*+r?g]) is nonnegative is not preserved under small perturbations.
This implies that the curvature operator of (Z, gz) might be unbounded from below in a
neighbourhood of the singular points. In this case, the constructed flow (M, g(1));e(0,7]
will have curvature operator unbounded from below as ¢ \ 0.

Observe also that the case Rm(g;) = 1 in Theorems 1.1 and 1.2 corresponds to a
smooth Riemannian manifold or orbifold, respectively, and there is nothing to prove.
Similarly, the case Rm(g}) = 1 in Theorem 1.3 corresponds to initial data which are
perturbations of a smooth Riemannian metric, which is dealt with by Koch and Lamm
in [19].
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Outline In Section 2 we recall some facts about gradient Ricci expanders asymptotic
to cones and introduce notation.

In Section 3 we define the class of Riemannian manifolds M(n, A, s), which can be
understood as a local smoothing of an isolated conical singularity with an expander
at scale s. In Theorem 3.1 we state local a priori curvature estimates for Ricci flows
with initial data in M(#n, A, s), which are uniform in s. To prove these estimates we
separate the initial manifold in the conical and expanding region. The idea is then to
use Perelman’s pseudolocality theorem to control the flow for a short time in the conical
region, showing that it remains conical, and use a localised version of the stability
result of Deruelle and Lamm [9] to control the flow in the expanding region. However,
to exploit the latter we need to work with the Ricci—-DeTurck flow for a suitably chosen
background metric, which is an interpolation of the initial metric and the expanding
metric at scale s 4+ ¢. To pass from a solution of Ricci flow to the corresponding
solution to Ricci—-DeTurck flow one needs to pull back by the inverse of a solution
to harmonic map heat flow  with the background metric as a target. Assuming an
a priori bound on |V/|, we use Perelman’s pseudolocality theorem to control the
solution to Ricci—DeTurck flow in the conical region (Lemma 3.1). Then, localising the
stability result of Deruelle-Lamm we control the Ricci—-DeTurck flow in the expanding
region (Lemma 3.2). We finally show how these results can be combined to prove
Theorem 3.1. A central point is that a posteriori the assumed threshold for |V/| is
never achieved, and thus the argument closes.

{3

In Section 4 we give the proofs of Lemmas 3.1 and 3.2. This includes a “pseudolocality
theorem for the harmonic map heat flow (Lemma 4.1) and the localisation of the
stability result of Deruelle and Lamm (Lemma 4.2).

In Section 5 we give the proof of Theorem 1.1, as well as that of Theorem 1.3. In
Section 5.1 we construct the approximation sequence, by gluing in the expander
metric at scale s into gz around the singular point, and showing that this metric is
in the class M(1n, A, s). The proof of the statements of Theorem 1.1 then follows in
Sections 5.2-5.10. In Section 5.11 we show how the proof of Theorem 1.1 can be
modified to prove Theorem 1.3. Finally, in Section 6 we show the existence of orbifold
quotient expanders and prove Theorem 1.2.

Acknowledgement The authors wish to thank Alix Deruelle for many interesting
discussions on expanding Ricci solitons.
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2 Preliminaries

2.1 Expanders asymptotic to cones

Atriple (N, gn. f), where (N, gn) is a Riemannian manifold and f* a smooth function
on M, is said to be a gradient Ricci expander if it satisfies the equation
(2-1) Hessg, f = 2Lvrgn = Ric(gn) + 28N.
As a consequence, the well-known formula
Vf2=f+c-R
holds for an appropriate constant c.

Note that f is well defined up to a constant and linear function. Hence, provided
(N, gn) has bounded curvature, we will assume without loss of generality that ¢ =
infas R := Rjns, where R denotes the scalar curvature. Such a normalisation always
ensures that f > 0.

A gradient Ricci expander generates a solution to Ricci flow, which moves only by
diffeomorphisms and scaling: Let ¢; for # > 0 be the diffeomorphisms satisfying the
ODE

d 1
(2-2) = —;Vf ° s,
(2-3) ¢1 =1dy.

Then the family g.(¢) = t¢; gn solves Ricci flow for # > 0. Define f; = f o ¢y, for
any s > 0.

We note for later reference that the ODE implies that
(2-4) Ps ©Pr = Pst.
Let (X, gx) be a smooth Riemannian manifold and
(C(X), g =dr*+r’gx, o)

be the associated cone with vertex 0. We will say that the expander (N, gy, f) is
asymptotic to the cone C(X) if:

(1) There is a diffeomorphism onto its image F: [Ag,00) x X — N such that

N \Im (F) is compact and
f(F(r.q)) = 5r°

for every (x,q) € [Ag, 00) X X.
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(2) We have
4

Y sup r|(VE)Y (F*gn —ge)lge = kexp(r).
]:0 aBg( (Osr)

where limy o0 Kexp(r) = 0.

From [8, Theorem 3.2] we may assume without loss of generality that
(2-5) F(r,q) = Jr2/4_A%/4(F(A0,q)),
where J;: N — N is the flow of the vector field Vf/|Vf|? with Jo = idy .

A natural radial coordinate at infinity on the expander is given by

r=2yf=FH*r
Similarly, for the expander at scale s, it will be convenient to consider the radial

coordinate at infinity defined as ry = 2./sfs.

In fact, if we define Fg: [Aga/s,00)x X — N by Fj :(ps_loFoas, where ag(r, q) =
(JLE q) for (r,q) € [0, 00) x X, it follows that rs(Fy(r,q)) =r.

Moreover, since
26) 17 |(VE) (Fy*ge(s) — ge)lg. (r.9)

=r7|(VE) (a5 0 F* o (95 )" ge(s) — gc)lg. (1, q)

i —1y* : _

=r/ay (VO )78) (F*(sgn) — (a7 ") 8e) (um1ye g, (@)

=/ |(V*8)) (F*(sgn) = 58o)lsec (rs ™12, )

= (rs™ 2 (VEY (F g — go)lg. (rs ™12, q)

= kexp(rs_l/z)a
FJ ge(s) converges to g¢ as s — 0, uniformly away from o in Cl‘;c. Moreover,
|Vg€(s)rs|ge(s) — 1, uniformly away from o.
We will also need the following lemma, whose proof we postpone until Section 4:
Lemma 2.1 Let (N, gn, f) be an asymptotically conical gradient Ricci expander

and let (go(?)):>0 be the induced Ricci flow with go(0) = gy . There exists yo > 1
and C, Ag > 0 such that

|F*g0_gc|gc +r|ngF*g0|gc < ﬁ’ % = |Vg0r|g0 = 2’

rAgrl<4(m—1),  r?[Rm(go)lg < C(gc)

in{(x,1) € N x[0,+00) | r(x) > /yot + A3}.
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From now on, given any expander asymptotic to a cone, Yo and Ao will refer to the
constants given by Lemma 2.1.

2.2 Expanders asymptotic to cones with positive curvature operator

It is known by the recent work of Deruelle [7] that, given (S”~!, g) with Rm(g) > 1,
there exists a unique expanding gradient soliton (N, gx7, f) with nonnegative curvature
operator, which is asymptotic to the cone

(C(S"™),dr? +r%g,0).

We note the following consequence. The proof has similarities to the argument of
Perelman in the proof of Claim 2 in [27, Section 12].

Lemma 2.2 Assume that (S"~!, g) satisfies Rm(g) > 1 but Rm(g) # 1. Then the
expander (N, gy, f) that is asymptotic to (C(S™~ 1), dr? +r2g,0), given by [7], has
positive curvature operator. Moreover, if f is normalised so that |Vf|?> = f + Rint— R,
then it is unique.

Proof Assume that there exists a point p € N such that Rm(gxy)(p) has a zero
eigenvalue. By Hamilton’s strong maximum principle there exists § > 0 such that, for
every ¢ € (0,8], Ker(Rm(ge(t))) is a positive-rank subbundle of A?T* N, invariant
under parallel translation.

Consider (1, ¢q) € (0, +00) x S"~1 such that Rm(g)(¢) > 1 and let g. = dr? +r?g.
Then Ker(Rm(g,)) in a neighbourhood of (1, ¢) consists solely of elements of the
form 9, AV, for V e TS" 1. Moreover, recall that, for W e Ty s»1

2-7) Vi (0r AV)|1,g) = WAV +0, AV,
since Vi d, = %W on the cone.

Now, since F;*g.(t) converges to g. as t — 0, we conclude that around (1, ¢) thereis a
section 0, AV of Ker(Rm(g.)) satisfying V(3 AV)|1,4) = 0. This contradicts (2-7).

To prove umqueness of f, note that any other potentlal function f will satisfy
Hessgy (f — f ) = 0. This implies that either f f + ¢, for some constant c,
or the expander splits a line by de Rham’s theorem (recall that N is simply connected
by construction). However, the latter is not possible, since the unique tangent cone at
inﬁnity would split a line, contradicting that it has an isolated singularity. But then, if
f satisfies |Vf|2 f + Rin — R, we see that ¢ = 0. |
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2.3 Distance distortion estimate

Let go(t) = ge(t + 1) denote the associated Ricci flow with g¢(0) = gn . Since
(g0(?))¢>0 1is a type III solution for the Ricci flow, namely

C
mA;IX|Rm(go(f))|go(r) =T

the following distance distortion estimate holds: there exists C(gy) > 0 such that for
every x,y € N and t >0,

(2-8) dgo0)(x. ¥) — C(gn)VT < dgyy(x. ).

This estimate is due to Hamilton; for a proof, see for example [6, Lemma 8.33].

3 Flowing almost conical metrics

In this section we fix an asymptotically conical gradient Ricci expander (N, g, f)
with positive curvature operator and let Yo and A be as in Lemma 2.1. We will consider
the following class of Riemannian manifolds as initial data for the Ricci flow. Recall
that a natural coordinate at infinity for an expander at scale s is given by ry = 24/sf;s.

Definition 3.1 Given 7,5 > 0 and A > A define the class M(n, A, s) of complete
Riemannian manifolds (M, g) with bounded curvature satisfying the following: there
exist @y: {ry <1} - M, a function ry: Im ®5 — [A /s, 1] defined by

rs = max{(®; 1) *ry, A/s}
and

° Z?:o r/ (V&) ((®so Fs)* g —8gc)le. + ”jl(vgc)j(Fs*ge(s) —8&c)lg. <nin
[AVs, 1] x X,
d |q):g_ge(s)|ge(s) <nin {rs <2(A+1)/s}.
Note that [(®; 0 F5)*rs](r,q) =r in [A/s,1] x X.

A metric in M(n, A, s) can be viewed as the smoothing of an isolated conical singularity
with an expander at scale s. The function ry behaves like the distance from the origin
of the cone C(X) when 7 is small. The parameter A separates the manifold into two
regions, the conical region where it is n—close to the cone, and the expanding region
where it is n—close to the expander at scale s.
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The aim is to prove a priori curvature estimates for Ricci flows with initial data in
M(n, A, s) which are uniform in s.

Theorem 3.1 (1) Given A > 0, there exist no(gn),so(A), to(gn), C(gn) such
that for every s € (0, so| the following holds:
If (M, g(t)):e0,7] is a complete Ricci flow with bounded curvature and we
have (M, g(0)) € M(no, A, s), then

max }|Rm(g(t))|g(t) < g for t € (0, min{zp, T'}],

{rs<3/4
2

[ max r2t71(vEW) Rm(g (1)) gy < C  for t € [0, min{zg, T'}].
S = ,]=0

(2) For every ¢ > 0 and integer k > 0, there exist n1 = n1(gn,&,k) and y; =
y1(gn,é&, k) such that if s € (0, 9] and y > y; then the following holds:
If (M, g(t))sefo,1] is a complete Ricci flow with bounded curvature and we
have (M, g(0)) € M(n1, A, s), then for every t € (0, min{(32y)~!, T'}] there is

a map
Osyi {rs < 3Vyt +s(A+1)*} —> N,

a diffeomorphism onto its image, such that

{rs < Y1} CIm Qg C {rs < 3Vyi +s(A +1)%)

and, for any nonnegative index j <k,

(2 +5)/2VECTNT (07 * g (t) — get +5))|g r4+5) < &

inIm Q.

Assuming a bound on the initial curvature outside of the conical and expanding region,
the above result implies a global bound for the curvature in time:

Corollary 3.1 Let (M,G) € M(no, A, s) for 0 <s < so, where n9(gn) and so(A)
are given by Theorem 3.1. Suppose that supys\1, o, |Rm(G)|G < A. Then there exist
T(A,gn) and C(A, gn) such that the Ricci How g(t) with g(0) = G exists for
t € [0, T] and satisfies
C(A,gN)
max |Rm < —-.
max (R (g)]s <

Moreover, all the conclusions of Theorem 3.1 hold.
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Proof Since G is complete with bounded curvature, Shi’s theorem [28] provides a
complete Ricci flow g(¢) with bounded curvature for ¢ € [0, Tg]. Then the second
inequality of Theorem 3.1(1) implies that

(3-D IRm(g (1)) |gr) = C(gn)
along the level set {rs = %} for t € [0, min{zg, Ts}].

The evolution equation for the norm of the curvature tensor along Ricci flow,

(32 LRmEO)R g < A RmEO) ) +cmRmEO) ),

and maximum principle imply that there exists 71(A4, gn) < to such that

(3-3) i IRm(g(l))lg(t) =C(4.¢n)

for ¢ € [0, min{ty, Ts}], for some C(A4, gn).
Since, by Theorem 3.1,

C(gn)
(34) xR0l <
for ¢ € [0, min{zg, T§}], it follows that g(¢) exists for all ¢ € [0, t1]. This suffices to
prove the result. |

Remark 3.1 Since the expander is merely asymptotic to the cone, in practice A
depends on 7. Namely, one has to go far into the asymptotic region of the expander, ie
make A large, for the metric to be close to the cone, otherwise the class M(n, A, s) is
empty. Thus, when we apply Corollary 3.1 in Section 5, it will be important that the
statement holds for arbitrary A with 1 independent of A.

The idea behind the proof of Theorem 3.1 is that Perelman’s pseudolocality theorem
will control the flow in the conical region, and a localised version of the weak stability
result of Deruelle and Lamm [9] for expanders with positive curvature operator will
control the flow in the expanding region. However, to exploit the latter we need to
work with the Ricci-DeTurck flow

J ~ A ~
(3-5) 5,8 = —2Ric(®) + L. )8
where W(g, 8)r = 8r18Y (f‘l.lj — fl.lj) and g(¢) is a carefully chosen family of back-
ground metrics defined as follows. Given (M, 2(0)) € M(n, A, s),

(3-6) Z(1) = E1(rs) (P51 * (e (t +5)) + (1 — £1(r5)2(0),

Geometry & Topology, Volume 22 (2018)



Ricci flow from spaces with isolated conical singularities 3937

where £1: [0, 1] — [0, 1] is a fixed smooth, nonincreasing function which is identically
equal to 1 in [0, %] and £ =0 in [%, 1]. This metric interpolates between the initial
metric and the expanding metric at scale s +¢.

Let (M, g(?))¢e[o,7] be a Ricci flow with (M, g(0)) € M(n, A,s) and consider the
harmonic map heat flow y: {rs < %} x[0,T] — {rs < %}:

3
(3-7) 37V =BemEnV:
(3-8) V=0 = idgr <3743,
(3-9) Vliro=3/41x[0,T] = 1d(r =3/4},

asin [15], where we assume that 7" is small enough that both g(¢) and ¥;(-):=v(-,¢)
are smooth for ¢ € [0, T] and v is a diffeomorphism for all # € [0, T]. Note that
¥ is smooth up to the corner {rs = 3} x {0}, since g(0) and g(0) coincide around
{rs = %} It is well known that

g0 = () e@)
is a solution to (3-6); see [6].

Lemma 3.1 below controls g(¢) in the conical region, assuming a bound on |V¥/|, 7,
and Lemma 3.2 uses the weak stability of the expander to control g in the expanding
region, assuming control of g in the overlap of the two regions.

Lemma 3.1 (estimates in the conical region) Given B, « > 0 there exist ny(a) > 0,
y2(B,a) > 1 and C(g.) > O such that the following holds:

Let (M, g(t))se[0,] be a complete Ricci flow with bounded curvature and suppose
that (M, g(0)) € M(n2, A, s) for some A > Ay and s < Let g, Y and
2(1) = (Y7 H)*g(t) be as above, define

(3-10) s = {0 € {rs < 31 x10,(329) 7 | rs(x) = Vyt +5A% )

for some y > y» and suppose |V{r|g z < B in {rs < %} x [0, min{(32y)~ 1, T}]. Then
the estimates

1
32(A+1)2°

(3-11) 8- 8z +7:1V8lz <a,
2
(3-12) Y r2H|(VE) Rm(g)|g < C
j=0
are valid in D¢, | N (M x [0, T]).
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Lemma 3.2 (estimates in the expanding region) For every ¢ > 0 and integer k > 0
there exists ao(gn. €. k) > 0 such that if (M, g(t)):e[0,1] is a complete Ricci flow
with bounded curvature and (M, g(0)) € M(«, A,s) for @ < ag and some A and
s < Wlﬂ)z’ then the following holds: Let g(t) = (¥, 1)*g(t) be the corresponding
Ricci—DeTurck flow in {rs < %} If for some y > 1 the estimate (3-11) holds in

DR, 1.5 N (M x[0,T]), then, forevery 0 < j <k,

(3-13) t+5)2 VI (g -B)lz <e

in DYR (N(M x[0,T)), where

G-14) DY} ={(x,0) e M x[0,(32y) 7] | rs(x) < 3Vyr +s(A+ 17},

Remark 3.2 For ¢ € [0,(32y) '] and s < 7 we have

1
32(A+1

2Vyt+s(A+1)* <1

hence g() = (®5")*ge(r +5) in D)} (N (M x{r}).

Assuming for now Lemmas 3.1 and 3.2, we proceed to prove Theorem 3.1.

Proof of Theorem 3.1 Let (M, g(¢));c[0,7] be a complete Ricci flow with bounded
curvature such that (M, g(0)) € M(n. A, s) for some A > Ao and s € (0, Wlﬂ)z]
We will prove that the assertion of the theorem is true when n = min{ag, n2(co)},
where a9 = a9(gn, 1072, 4) is the constant provided by Lemma 3.2 and 7, (ctg) the
constant provided by applying Lemma 3.1 for a large enough constant B > 0, which
will be specified in the course of the proof.

Let ¢ satisfy (3-7)—(3-9) and define

Ty = max{t |g(t) := (W;l)*g(t) is smooth and V|, 5 < B in {rs < %} x [0, r)}.
Applying Lemma 3.1 we obtain y» = y»2(B, ap) such that

(3-15) 881z +r:1V8lz < 0.

2
(3-16) Y2 |(VE) Rm(g)lg < c1(8e. A)
Jj=0

in DS L N(M x [0, T2]).
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Then, Lemma 3.2 implies that

(3-17) 18—l + V1|VElz +1]V?glz < 0.01,
hence

c2(gnN)
(3-18) [Rm(g)|g <

t

in D)) o N(M x[0, Tx]).

Since (DS 41 UDL" A )N (M x[0, Ty]) = {rs < 31 %[0, min{(32y) "1, T}] and

|Vl/f|§’§ = trg g, it follows from (3-15) and (3-17) that

(3-19) IVirlgzs <c3(gn)
in {rs < %} x [0, min{ T, (32y2)"1}].

Now, choosing B = 2c¢3, the estimate (3-18) implies that g(¢) remains smooth up to
time min{T%, (32)y2)~!}. This, together with (3-19) and parabolic regularity implies
that v, is also smoothly controlled up to time min{T%, (32y2)~'}, and remains a
diffeomorphism due to (3-15) and (3-17). It follows that Tx > (32y2)~! and the
estimates in the statement of the theorem are valid for ¢ < 79 := (32y2)"!.

In order to prove the second part of the theorem, let (M, g(0)) € M(n1, A, s) for

m = min{aO(gN’ g, k)’ 772(“0(ng g, k))}’

putting B = 2c¢3. Combining Lemmas 3.1 and 3.2 as above, we obtain that, for
0<j=k,

(3-20) It +)20) (g —B)lz <e

. exp
in Dy’ Aus and

(3-21) 18— 8lz +7s|VElz <aolgn. )
in DCOHC

ysA_laS :

Set T(y) = (32y)~!'. We claim that, making y even larger,

(3-22) Ye({rs < 3Vyt+s(A+1)%}) C 3y < Vyt +s(A+1)%}

for all ¢ € [0, 7].
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To prove this, let ¢ € [0, 7] and suppose there is x € {rs < 2\/ yt +s(A+ 1)2} and
T1 < Tp <t such that

rs(Yr, (x)) = % Vyt+s(A+ 1)2,
(3-23) rs(Yr, (X)) = 3V yt +5(A + 1)2,

rs(Ue(0) € [3Vre+s(A+ 12 3Vyt +s(A+1)?]

for all t € [11, 12].

Then, for every t € [11, 12], we have

(3-24) Ly () = BT WE D)W (). 7)
< 4| Vrs |51 VElz (Y2 (x). T)
< ea(rs (Y () Vs g (Yo (x), 7).

where we used (3-21). Note that the constant ¢4 is independent of y but is allowed to
change from line to line.

Note that
(3-25) Vrslg(r.0) = [VEr g 05y (05 (D5 (1)) < 2.
as long as r5(y) > v/yot + sA2, by Lemma 2.1.

Since t > 15, it follows from (3-23) that, for t € [11, 12],
rs(Ue(0)) = §Vyt +s(A+1)2 > Vyor +5A3,
as long as y > yo and A > Ay. Hence, (3-25) holds at (¥;(x), 7).

Putting this into (3-24) we obtain
(3-26) %rs(\Pr(X)) <cay)™'?
for T € [11, 12]. Integrating this we obtain

1 3 t 1/2
Vvt +s(A+1) <C4(y) .

If y > 4c4, we obtain a contradiction. Hence, t, > ¢, which implies that (3-22) holds
for every t € [0, T].

Similarly we obtain the inclusion

{rs <Vyt+s(A+ D>y Cye({rs <2Vt +s(A+1)%}).

The conclusion of the theorem then holds for Qg ; = @;1 oYy. |
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4 Proofs of Lemmas 3.1 and 3.2

4.1 Estimates in the conical region

First we need the following auxiliary lemma. Let (M, g) be a complete Riemannian
manifold with boundary. For every x € M \ dM, recall that the C2*®—harmonic radius
Thar,g (X) at x is the maximal r < %d ¢ (x, M) with the following property: there exist
harmonic coordinates u: Bg(x,r) — R" satisfying u(x) =0 and

@1 278 <g<25, ) rldkgijleo+ Y r?(1838iilco +ro97,gila) <2,
i,j,k i3j7kﬁl

where § here denotes the Euclidean metric in R”.

If x € M, the harmonic radius rpar, g (x) is defined as the maximal r such that there
exists u: Bg(x,r) — R”, mapping Bg(x,r) to {x" > 0} and Bg(x,r) N M to
{x"™ = 0}, such that (4-1) holds and the restriction u|gss is harmonic (see [1]).

The following lemma proves a “pseudolocality”” theorem for the harmonic map heat
flow. We would like to stress that this is not a true pseudolocality-theorem since it
assumes an a priori bound (4-2) on the gradient of the solution to the harmonic map
heat flow with respect to the evolving metrics. Nevertheless, in the application later
we will be able to assume such a bound, and then show a posteriori that this bound is
never achieved. Notably, due to the assumed bound on the gradient, the proof relies
only on parabolic regularity.

Lemma 4.1 For every «, B > 0 there is an &, = ¢j (o, B) > 0 with the following
property: Let g(t) and g(t) fort € [0, T] be one-parameter families of Riemannian
metrics on a smooth manifold M" with boundary 0M and that g(0) = g(0) in a
neighbourhood of dM. Also, let ¥: M x [0, T] — M be a solution to the harmonic
map flow

0
g‘ﬂ = Ag,§¢»
Vli=0 =1idp.
Vlamxqo,7] = idgas -

Suppose that ryy ¢(0)(x) > p for some x € M and

4-2) |Vw|g,§ <B,
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in Bg(g)(x,p) x [0, min{e;,p?, T}] and
2 . .
(4-4) B™'g(0) <3(0) < Bg(0). > p/[(VED)/ g(0)lg0) < B
j=1

at Bg(0)(x, p). Then ¥ (-)|B, ) (x,p/10) := ¥ (-, 1) is a diffeomorphism onto its image
for every t € [0, min{e;,p?, T}] and

() 8~ gle@ +AIVE W™ e ~9lg) <@
in Bg (o) (x, 1%) x [0, min{epp2, T}].
Proof By rescaling g'(1) = p~2g(p?1), &' (1) = p2g(p?t) and ¥’/ (-. 1) =¥ (-, p*1)
we may assume that p = 1.

First suppose that x ¢ dM. In harmonic coordinates u in the ball Bg(g)(x,1) we may
write oy ou~! = (y1,...,¥™). Then

awl . aZwl ok awl oy awm awk
4-5 =il TV _GiipkZY L ST R
(4-5) or =8 axians & Tiga T8 W e V)55
(4-6) ylli=o = x!.

Observe that by (4-2) there exists e > 0 such that if u o s o u_l(Bl/g_gB) C Biya
then u o Y, OM_I(BI/g) C By)2.
By continuity, there exists a maximal 7 € (0, min{1, 7'}] such that uo; ou~! (B1/8) C
By, forevery t € [0, r]. Hence, w! are controlled in L?(By8x[0,7]) for p>n+2.
The assumptions of the lemma imply that the last term in (4-5),
o awm 3Wk
g’ ( kal//) Oxl xd

is also uniformly controlled in L?(Bj/g x [0, 7]).

Parabolic regularity then implies that ¥/ are controlled in sz’l (B1/3—ep x[0.7]). By
the embedding of sz’1 c C1H8O+0/2 for ¢ =1 — ”;2 , and parabolic regularity
again, it follows that

4-7) ¥ late.2+2)/2 < C(B)

in By/g_g, %[0, 7].
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Now, observe that there exists tp € (0, min{1, T'}], depending only on C(B), such that
if (4-7) holds in By/g_gp x [0, Tg] then u oy, ou_l(Bl/g_eB) C Byy4 for t €0, 7].
From the above this gives 1oy, ou™! (B1/8) C By, forall ¢ € [0, 7] Hence, 7 > 5.

Finally, it follows from (4-7) that for every « > O there is g5 = &, (e, B) small enough
that, for all i, j and /,
!

in By/g_gp X [0, &p], which suffices to prove the result, if eg is chosen small enough.

2.1
! — x|+ ‘ iilid

axiox/

If x € dM, in addition to (4-5)—(4-6) holding in B;;g N {x" > 0}, we also have the
following boundary conditions on Byg N {x" = 0}:

(4-8) Yllnegy =x! for 1<l<n—1, Y™ |(xn=0y = 0.

Since g(0) = g(0) in a neighbourhood of M and ¥ |;=¢ = idys, it follows that the
compatibility conditions required for the C218:2+8)/2 egtimates hold. The result then
follows arguing as in the interior case. a

Proof of Lemma 3.1 We first recall a direct consequence of Perelman’s pseudolocality
theorem and Shi’s local derivative estimates [33, Corollary A.5].

There exists eps > 0, depending only on n, such that the following holds: Let
(g(1))¢efo, 7] be a complete, bounded curvature Ricci flow on an n—dimensional
manifold M. Assume that, for some r > 0 and x¢y € M,

2
(4-9) D rII(VE@) Rmgg)lgo) <772 in Bg(o)(xo.7),
j=0
(4-10) Volg (0)(Bg(0) (X0, 7)) = (1 —&ps)wnr™;
then
2 . .
(4-11) > 1/ |(VE) Rmlg (x.1) < (epsr) 7>
j=0

for ¢ € [0, min{T, (spsp(x))z}] and x € Bg(g)(xo0. &psT).

Let (M, g(0)) € M(n,A,s). For sufficiently small n we can choose B,co > 0,
depending only on g., such that the following holds: Let p(x) = Brs(x). Then, for
all x € {rs < %} the condition (4-9) is fulfilled with r = p(x). Furthermore, for
x € {(A +1)/s <rg <2}, condition (4-10) is fulfilled with r = p(x).
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Moreover, if x € {rs = Z}’

Thar,g (0) (x) = co,

and

(4-12) rhar,g(O)(x) > COIO(X)

for x € {(A 4+ 1)/s <rg < 3 — 1co}, by the lower-semicontinuity of the harmonic
radius.

Then, by (4-11), for all x € {(A 4+ 1)/s <ry <2},
2
(4-13) Y ()Y [(VE) Rmlg (x,1) < (epsp(x)) >
j=0
for 1 € [0, min{7, (gpsp(x))?}]. Now, using (4-13) and integrating the Ricci flow

equation we estimate

2
> (VO g —gon)| Yo =cm

Jj=0
and >
_ g O e _
(4-14) ;)(pjl(vg ) (g g(O))Ig«»)(X’f)fc(”)(p(x))Z’

for x € {(A+1)/s <15 < %} and 7 € [0, min{T, (epsp(x))>}].

Similarly, since
(1-21)g(0) <g(0) < (1+2n)g(0),

rsIVEOZO g0 + 7 1(VEO)?EO)g0) = ClEro 8

on {(A +1)/s<rg < %} by the pseudolocality theorem applied to (N, ge(s+1))r>0,
we obtain

2
/|0 o~

> (0[S VEO @) )0 = Clengo)

¢ g(0)

Jj=0
for x € {(A +D/s<rs < %} and ¢ € [0, min{7, (8psp(x))2}]. Integrating the Ricci
flow equation leads to

2

@15 D (P IVED)Y (F - g(0)g(0)) (x. 1) < C(E1. 8c)
j=0

for x € {(A+1)/s <ry <2} and 1 € [0, min{T, (psp(x))?}].

t

(p(x))?
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Hence, by Lemma 4.1, for every ¢ > O there is y(gc, B, B, ¢) > 1 large enough that

(¥ * g —glg) +7sIVEQUE ™) g —g)|g(0) (x. 1) <&

for x € {(A +1)/s<rs < %} and ¢ € [0, min{T, y 1 (rs(x))?}]. Then, at any such
(x, t) we may estimate, by possibly making y even larger (exploiting (4-14) and (4-15))
and n smaller,

(v e —2lz <2(10 ™) *g —glgo) + 18 —2(0)|g0) + 18 —8(0)g(0)) <

and

IV H*elz <2(IV(( D * s = 9le + 1Y€~ Dlg)
<2((V=VED) () * e —2)lg + IVEQ(W ™ *s = 9)lg0)
+(V=VED) (g — D)o 0) + IVEQ (g = Bl (0))
<CIVEOZ L0 (1™ g =2l + 18— 2O)g o) + 18— 2(0)¢(0))
+C(IVEO(( ™ *g = 9l + V2@ (g — £(0)l (0

. +|VEO (T —£(0))|4(0))
< _7
Is

which suffices to prove the theorem. |
Proof of Lemma 2.1 Choosing Ag large, |F*go(0) — g¢lg. + r|VE F*go(0)|g.
becomes small enough in {r > Ag} that

2< |Vg0(0)r|g0(0) <3 and |rAgr|<2(n—1),

since F*r =r, |V&r|g. = 1 and the mean curvature of the level sets of r is

Ag.r = ”:1 . Moreover, by the quadratic curvature decay we obtain

r?IRm(g0(0))|go(0) < 3C(8c)-

Then, using Perelman’s pseudolocality theorem as in the proof of Lemma 3.1, we
obtain the result. d

4.2 Estimates in the expanding region

In this section we show that we can adapt the estimates in [9] to show that control in
the conical region yields control in the expanding region.
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Lemma 4.2 Let (N, gn, f) be an asymptotically conical gradient Ricci expander
with positive curvature operator and let (go(t)):>0 be the induced Ricci flow with
g0(0) = gn. There exists ag(gy) > 0 with the following property: Let A > Ay,
y>1andr(x):= 2%. Define the interior region

D ={(x.t)e N x[0,T]|r(x) =2yt +(A+ D}
and the annular region
A={(x.0) e N[0, T Vyt +(A+ 17 = r(x) =2vyt + (A + 12},
Let (g(t))se[o,1] be a solution to the Ricci—-DeTurck flow

0 .
gg(f) = —2Ric(g(?)) + Lyw(g(t).g0(1)) &)

on D, and assume

H:=max{ sup [g—golgy. sup(|g—golgo +rIVE°&lgy)} < o.
DN{t=0} A

If D'=DN{r(x) <3yt +(A+1)?}, then
1
sup (13 V¥0)? (101)" (¢ = 80)l0 = Cap(¢N)

for any nonnegative indices a and b. Furthermore, for every k =0, 1, ..., there exists
C, = C,(gn) and 0 < o (gn) < oo such that if H < ay, then

sup | (11/2V50)"(19,)" (s — g0) g0 < CH
provided a +2b < k.

Proof Fix a smooth function 0 < §, < 1, identically equal to 1 in [0, 1] and O in
[2, +00), and let Cg, > 0 be a constant such that

851 + 185 = Ce,.
Define the following cut-off function in D:
20 1) =6(r) (e + (A + 1H72).

Since ¥ > Ag in A it follows from Lemma 2.1 that |V80r |§0 <2and [rAg,r|<4(n—1)
in A. Hence, we compute

2
|vgo(t)X|2 < Céz |Vg0(t)r |2 < G (52) '
g0() = 1 4 (A +1)2 80() = ;4 y—1(A +1)2
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Moreover, we compute

r(x) 1
Vyt+ A+ D)2ty A+ 1D
hence [0; x| < Cg, (t + Y HA 4+ 1)?)7L, because £, =0 in {r > 2yt + (A + 1)}.

Similarly, we compute

1 = —1E(r(x)(yt + (A + 1)1 7V2)

_ 1
Agoy X = E(r(@) (vt + (A + 17?2 = Ago()”
vyt+(A+1)
1 Vi 2\—1/2
— t+(A+1 Ve, 2

hence
|Ago (] = Ca(n. E2)(t +y~H (A + 1?7
because £, =0 in {r < v/yt + (A + 1)?}. Putting everything together gives

CS(nvi:Z)
t+y (A +1)?

in D. Moreover, since r(x) > (t + y "1 (A +1)?)'/2 in A, we obtain

H
(4-17) IVED (1) g0 ) <
T iy TI(A+ 1)?

in A. Now, letting h(t) = g(¢) — go(¢), the Ricci-DeTurck flow in D takes the form

(4-16) [VEO 112 o 10|+ Agox] <

(9 — L¢)h = Ro[h] + VR1[h],
where
Lihij = Agoyhij +2Rm(go(2)) k1 hict —Ric(go(1))ixhicj —Ric(go (1)) jxhii
Ro[h] = Rm(go(r)) * h xh+ O(h®) xRm(go (1)) + g~ x g~ % VED 5 vE Dy
VR [1] = V5O (((g0(1) +h(1))P? —(g0(1)?7) V5*Oh).

and O(h3) satisfies |0(h3)|g0(,) < C|h(t)|z, Also we let

o(®)"
Ri[h] = ((g0(0) +h(1)P? — (g0(1))??) VD
A direct computation yields the following evolution equation for y2h:
(4-18) (3 = L) (x*h) = > Ro[h] + VE°© (3> Ry [h])
+ QU = 2D oy X —2/VE O P
— 2y VED y 5 8D _ 258Dy 4 Ry [h].
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Define
P(x,R) ={(y,1) € N x[0,+00) | y € Bgy(r)(x, R), t € [0, R*]},
Q(x,R) ={(y.1) € N x[0,+00) | y € Bgyr)(x. R), t € [AR*, R*]}.

Given 0 < T’ < T, we consider the Banach spaces X7/ and Y7/ =Y. 79, + VY;/, with
norms defined as follows, as in [9; 18]:

Ihllx,, = sup |hlg,
Nx[0.T]
+ sup (R™2|VEh| 12(p(x.p))

(x,R)eN x(0,/T")
+ R DI VER| L utao(x.RY))-

Inllys, = sup (R"IRlpi(peery + RYCFVNR Lotz m))-
(x,R)ENX(0,4/T")

Inlys, = s (RT2hlapiery + RO Latacoe, vy)-
(x,R)ENx(0,/T")

Let

S1[h] = x*Ro[h] + V& O (42 Ry [h)),

Salh] = Q2x0: x = 22D go(ry X — 2| VED g PYh — 2 VED y 5 vE Oy
— zxvgo(l‘)x * Ry[h],

as they appear in (4-18).
By (4-16) and (4-17), it follows that S>[h] is supported in A and satisfies

C.H
<
lgo) = 7 LA +1)2°

|S2[h]
hence, applying Lemma 4.3, we obtain
(4-19) 1S2[A]lly7, = lIS2[]llyo, = C(gn)CaH.
To estimate S[h] we may estimate, for the first two terms in y2Ro[h],
(4-20) | x?(hxh+ O(h?)) * Rm| gy ()
= C)(2|h|§,0(t)|an(g0(t))|g0(t)

< Cl*h P2 4y IR (01D lgota) + €2 (1 = D)1, oy RM(Z0 () go 0

Cgn)Hy*(1—x?)
r+y "l A+ D2

<C |)(2h|§70(t) IRm(go(?))|goq) +
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since, from Lemma 2.1,

C C
Ren(go)lgy = 00 < 80

in A.
For the term involving V&®)} we compute
e lxg !« veo®)p 4 yeo)y,
= 2(1— ) g Lag 14 VE Dy VED 4 g7 1y o714 V8D () 21) 4 V8D (52 )
g gLy 25 VEOD 35 VEOD vy hseh 4 g g T iy 35 VEOD v EOD ey
From this we may estimate
@21) g v g x VDR VEOR
< CIVEOGD o)+ 2= DIVEORE )

+CIVE O r L0 M0y HC L IVE X500 VOO R g0 o o)-
Note that the terms in the second and third line are supported in A and, due to (4-16)
and (4-17), are bounded by CH/(¢t + y~!(A + 1)?). Here we assumed without loss
of generality that H < 1. Finally, for y2R;[h] we have
4-22) [} Rillgotr) < Cla*hlgoy| VOO UM goty + CIVED Xl goir |12
+ C =) 1 g0 VO lgo0)

where again the last two terms are supported in A and, due to (4-16) and (4-17), are
bounded by CH?2/(t +y~'(A + 1)2)1/2. Thus, combining (4-20), (4-21) and (4-22)
and using Lemma 4.3, together with the estimate from Lemma 3.1 in [9], we can
estimate

IS1[A]lly,, < CUx*hl%,, + H).

We can use this estimate, together with (4-19), to apply the main estimate, Theorem 6.1
in the stability result of Deruelle and Lamm, [9], to obtain

1*hlx,, < CUlX*hIE,, + H).
Therefore, for every 7’ < T such that || x%hl|x,, < % we have
Ix*hlx,, <CH.
Thus, if max{H, CH} < 5¢, it follows that
Ix*hlx, < CH,
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since

im (I*hllx,, — sup [x*hlgo) =0 and lim sup |hlg < H
T'— Nx[0,T’] T'=0 N x[0,77]

The decay estimates follow by a local argument and scaling. We split them into several
steps.

Claim 1 There exists 0 < ro < 1, g9 > 0 and constants C, j, > 0 such that the
following holds: Let xo € N, to € (0, 1], 0 < r < min(y/79, r9) and g(t) a solution to
Ricci-DeTurck flow with background go(t) on

C(xo,to,7) 1= U Bgo(t)(x0.7) X {1}
te(to—r2,to)

with |g(t) — go(t)|go < €0. Then

[(rVE)? (r23:)% (g — 20)|go (X0, t0) < Cap-

Furthermore, for every k € N there exists 0 < g < g¢ such that, if additionally
|g(t) — go(t)gy < &k on C(xo,to,r), then there exists a constant C| , > 0 such that

|(r V&) (r29,)° (g — 80)|go (0. 20) <Cy  sup  |g(6) — g0(!)]gq
C(x0,t0,7)

provided a +2b <k.

We can assume that rg is sufficiently small that go(¢) is well controlled in a suitable
coordinate system in Bg(o)(po,ro) for 0 < < 1. The estimate then follows from
local estimates for the Ricci—-DeTurck flow; see [2, Proposition 2.5].

Claim 2 There exists 0 <§ < 1, independent of y and A, such that for any (x,t) € D’
we have

C(x.t,(80)"*) c D.

Note first the basic estimate

SVyt+ (A + 1)+ /it < 2Vyt + (A +1)2 + /vt

2
<3Vyt+(A+ 12+ 3y + (A +1)2
=2/ 8yt + (A +1)2 <2\/ yt+ (A +1)%
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Let (x,7) € D’. By Lemma 2.1, the function r satisfies

3 < |VEOr|g <2

in {r(x)>+vyot + A(z) }. This, together with the previous estimate, implies there exists
a § > 0 such that

Bgon(x, 6OV C{r < 3Vyt + (A + 1)+ /et ) C{r <2yt + (A +1)2),
where 1" € (1-8)t,1) C (t.1).

Decay estimates in D’ 1In the case that 0 < ¢ < 1, the estimates follow directly from
Claims 1 and 2. Fix a point (xg,%9) € D’. We can assume that 1 < ¢ty < T. Let
A:=2/(to + 1). Recall that we denote by ¢; the diffeomorphisms which generate the
Ricci flow ge(t) = tg/ gn of the expanding gradient soliton. We define

) =rpigA T e+ 1) - 1.

Note that this scaling is chosen so that gé () = go(z). This implies that g)L solves
Ricci—-DeTurck flow with background go(¢) on

D* ={(x.1) € g3—1{r(x) <2Vy((t + )/A—1) + (A + 1)2} C N x [0, 1]}

and the point (x;, 1), where x{, := ¢;—1(x), corresponds to (xo, fo) under this scaling.
By Claim 2 we see that

D* > C(x}. 1, (8At0) /%) D C(x).1,812).
We can thus apply Claim 1 to obtain
|(V50)9(@0)” (8% = 80)|go (x0: D) = Ca
where ga,b = 8_(“/2+b)Ca,b. Similarly,

[(VE) (@) (8% — g0)go (x5 D < CL,y  sup  [g*(1) — g0()lgo-
C(x(,1,81/2)

_ o—(aj2+b
where C;”b—S (a/ )C;,b'

Since the norms are invariant under the diffeomorphism ¢, , we obtain the desired
estimates at (xg, Zo) by scaling back to g(¢). |

Lemma 4.3 Let (N,gy, f) be an asymptotically conical gradient Ricci expander
with positive curvature operator and let (go(t)):>0 be the induced Ricci flow with
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g0(0) = gn . There is a C(gn) > 0 such that, for every A > Ay, the following holds:
Define

A={(x, 1) e Nx[0,T]| Vyt +(A+1? <r(x) <2vVyt + (A + 1)}

for some y > 1, where r(x) :=2+/ f(x). Then, if the tensors hy and h, are supported
in A and satisfy |hy|g, ) + |h2|§0(1) <D/(t+y (A +1)?), then

lh1 + VEDh, ||y, < C(gn)D.

Remark 4.1 The importance of Lemma 4.3 is that the constant C(gy) does not
depend on A or y.

Proof We begin by estimating the terms in the norms of Y2, and Y7}, in two different
cases. We will only present the computations for the norm of 4 := h; in YTQ, since
the norm of /5 in YTI, can be treated in a similar way. In the following, C(gy) will
denote a constant that depends only on the expander and is allowed to change from
line to line.

To estimate the first term in |[h]lyo , consider first the following cases regarding
T
P(x,R):

e P(x,R)NAc{t<ciy 'R*}U{t <c1y~1(A +1)?} Then

R™ / |h ()] g0 () At go(r) 1
P(x,R)

ci max{R,A+1}2/y 1
< DR_”/ [ ——du dr.
0 By (. RINANN () [+ (A +1)2/y g0

Now, for R > A + 1 we estimate

(4-23) R™" / 1h(2)|go() At go(r) A
P(x,R)

c1R?/y (VZ + (A + 1)2)n/2
t+y HA+1)?

< C(gn)DR™ /O

c1R?/y
= C(gN)DR‘”V”/z([ (t+y A+ D! dt)
0
<C(gn)(c1 +1)"?D.,
since Volgo ) (AN (N x {1})) < C(gn)(yt + (A + 1)?)"/? from Lemma 2.1.
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For R < A + 1 we estimate as follows:
c1(A+1)2/y dr

t+y N (A+1)?

(424) R / (D) g0 ditgter df < Clgn)D [
P(x,R) 0

<C(gn)log(c1+1)D,

where we also use that Volg ;) (Bg,(r)(x, R)) < C(gn)R", which follows again from
Lemma 2.1.

e P(x,R)NAC{aR?*/m <t <aR?) for some « € (0,1] Then

(4-25) R™" /

P(x,

) |h (1)l gor) Aibgo(r) At

aR?
<R™" / / 1A (1) go(r) At go(r) dt
aR2/m J Bg)(x,R)

aR?
dr
=< DC(gn) -
aR2/m t

= DC(gn)logm.

For the second term in the definition of the norm of YYQ, we can estimate directly:

2
n+4
(4-26) R +9 ( /Q - 1| @FD2 g o) dz)

2 2

R
< DR4/(+4) (/ C(gn)R" dt)n+4
R2/2 (1 +y (A + 1)2) /2

<DC(gn).
Now recall the distance distortion estimate (2-8) from Section 2,
dgo(O)(x’ y) - C(gN)\/; . dg()(t)(-x’ y)
It implies that for K = 1 + C(gn) and every x € N and ¢ € [0, R?],
Bgo(t) (x, R) C Bgo(O) (x, KR),
hence P(x,R) C P(x,R) = Bgy0)(x, KR) x [0, R?].

Define
S(x,R) ={r(x)—2KR <r <r(x)+2KR}x[0, R?],

S(A,R) = {r <4(A + 1) +4KR} x [0, R?],
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and recall that

(4-27) < |VEOr, o) <2

1
2
in {r > A}, by Lemma 2.1, since A > Ay.
We distinguish the following cases:
(1) ﬁ(x, R) € S(A, R) In this case let

to =max{t € [0, R®*] | ANS(A,R)N (N x {t}) # @}.
Then

_é(a+D+ 4KR)? @+ 4K)?R?/y if R>A+1,
- % T (@ +4K)>(A+ 1))y if R<A4+1,
and the result follows from estimates (4-23)—(4-24) and (4-26).

fo

2) P (x, R)Z S(A, R) Inthiscase we can use (4-27) to conclude that r (x)—2KR >
4(A+1)> A and ﬁ(x, R)C S(x,R).

We may define
tin =min{r € [0, R*] | S(x, R)N AN (N x {t}) # @},
tou = max{t € [0, R?] | S(x, R)N AN (N x {t}) # o},
and note that £, > 0.

Let « € (0, 1] be such that fo, = «R?. From

Vot (A +1)2 = F(x) +2KR
it follows that

r(x) > (J/ya—2K)R.
Then, using r(x) —2KR = 2+/ytin + (A + 1)%, we conclude that

2
_aR? (Y@ —4K)? —4(A+1)*/R?
-4 ( yo )

Notice that if o > y~! max{(S(l + C(gN)))z, 32R72(A + 1)2}, then t;, > %tout, and
the result follows from estimates (4-25)—(4-26). In any other case, either fo, < C )/_1 R?
or toy < C )/_1 (A + 1)2, therefore the result follows from estimates (4-23)—(4-24)
and (4-26). |
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Proof of Lemma 3.2 Suppose that (M, g(0)) € M(«, A, s). Observe that the follow-
ing identities hold regarding Q = ®50¢;!:

Q*rs = \/Era
sT'Q*E(1) = go(0) in fr < ﬁ}.

Denoting G(t) = s~ Q*2(st), we obtain by the assumption on D;"j‘f 11, that

1G(t) — g0(1)|go(r) + | VEODG(t)|gor) < O (18— 8z + 75| VE|7)(51) <

in {r > Vyr+(A+1)2} = Q7 ({Vyst +s(A+1)2 < ry < %}) for any ¢ €
[0, s~ ! max{(32y)~ ', T}].

Moreover,
1G(0) — £0(0)[go(0) = Q" (18(0) — &(0)|z(0)) <
in {r <2(A +2)}, since (M, g(0)) € M(c, A, s).

Therefore, by Lemma 4.2, for every & > 0 there is ag(gn, &, k) > 0 such that if & <y
then

sup |(19,)% (¢ 1/2VE DN (G(1) — g0 (1)) |gor) < €
D/

for any nonnegative indices @ and b with a + 2b < k, where D’ is as in Lemma 4.2.
Hence,

(13 (V202 (3(1) — §(1)) gy (x) <&
for (x,t) € M x [0, max{(32y)~ L, T'}] satisfying r¢(x) < %\/yt +s(A +1)2, which

suffices to prove the theorem. a

5 Flowing metrics with conical singularities

The aim of this section is to prove Theorem 1.1 in the case of one conical singularity
at z; € Z modelled on the cone (C(S" 1), g. = dr?+r?gy), with Rm(g;) > 1 and
Rm(g;) # 1, denoting the coordinate around z; of Definition 1.1 by ¢. Since the
arguments are local, the case of more than one singular point can be treated similarly.
Then we proceed to prove Theorem 1.3.

Let (N, gy, f) be the unique expander asymptotic to (C(S"7!), g¢) given by [7].
Recall that it has strictly positive curvature operator, by Lemma 2.1. Moreover, let « > 0
and A1 > Ao be small and large constants, respectively, which will be determined later
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in the course of the proof. By rescaling we may assume that ro = 1 and kz(r) <k
for r € (0, 1].

5.1 The approximating sequence

Given any s € (O, %] let Zg = Z\ ¢((0, s1/4) x X) and ry be as in Section 2. Define
the diffeomorphic manifolds
ZsU{rg <1}
M, = 1/4 1’
{¢(r.q) = Fs(r.q) | r € [sV/*, 1]}
equipped with the natural embeddings ®s: {rs < 1} - M and V,: Zs — M;. Also,
define rg: Mg — [0, 1] as

A1+, x € Ds({rs < A14/s}),
rs(x) = { (@ H*rs, x € d({A1/s <rs <1}),
1, x € Mg\ Im &y,
and note that

(5-1) rs = ((Ys0p)™H*r
in Im &5 N Im ;.

Let &3 be a smooth, positive and nonincreasing function equal to 1 in (—oo, 1] and 0
in [2, 400). Now, we may define a Riemannian metric G5 on Mj as follows:

6=t 177 )@ eetor + (1-6( 7 )J oz

In particular,

5.2) Go— {(‘Ifs_l)*gz in {ry > 25'/4},
N

L@ ge(s) in {rs <514
5.2 Uniform almost conical behaviour
By the definition of Gy it follows that there is A such that

max |Rm(Gy)|g, < 4.
{rs=1} ‘

Let no = no(gn) be given by Theorem 3.1. Then, choosing x small and A large, we
obtain (My, Gs) € M(no, A1, s). For this, recall the computation (2-6) and observe
that, since @50 Fy = ¢ in {s1/4 <rs <1},

(5-3) (q)soFs)*Gs_gc =& (%)(Fs*ge(s)_gc)+ (1_&(%)) (¢*gZ_gc),

and that the support of (V&<)/&;(rs/s1/4) for j > 1 is contained in {ry > s1/4}.

Geometry & Topology, Volume 22 (2018)



Ricci flow from spaces with isolated conical singularities 3957

5.3 Taking the limit

By Corollary 3.1, there exist T, Cry, > 0 such that for small s the following hold for
the Ricci flows (h5(1))se0,77 With hs(0) = Gy:

Crm
(5-4) max|Rm(hs (), ) < = for 1€ (0.T],

2
(5-5)  max Y ) *2|(VRO) Rm(hs(0)lny0) < Crm  for £ €[0. 7).
N j:()
Moreover,
VOth(t)(Bhs(t) (x,1)) >vy for ¢t €]0,T]

for some x € {ry = 1}, due to (5-5).

Now, take any sequence s; \ 0 and write M; = My,, G; = Gy, and h;(t) = hg, (t).
By Hamilton’s compactness theorem applied to the sequence (M;, h;(1))se[o,7] We
can obtain a compact and smooth Ricci flow (M, g())se(o,7] as a subsequential limit.
Namely, there exist diffeomorphisms H;: M — M, such that

(5-6) H'hy(t) — g(1)

uniformly locally in M x (0, T'] in the C*° topology.

5.4 The map ¥

Let lfll = Hl_1 oV;: Z; = Zs;, - M. We will prove that there exists a map
V: Z \ {z1} — M, a diffeomorphism onto its image, such that ¥; converges to W
in C® uniformly away from z;. Since M is compact and Z; C Z; 4 exhaust Z\{z1},
it suffices to obtain derivative estimates for ‘131 and \TJI_I with respect to fixed metrics
on Z\{z;} and M.

First, observe that around any p € Z; and ¥;(p) € Im(W¥;) there are local coordinates
{xk}k=17m,n and {yk}k=1,m,n, respectively, such that

(5-7) = wpyk,
and
2718 < gz <26, 2718 < hy(0) <26,
(5-8) 3/ (gZ)pq . ajhl(o)pq )
okt - gxks | = 0 dyki ... 9yki |~ s
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for all j, since W 'h;(0) = gz in Z;, by (5-2). Here § denotes the Euclidean metric

in the corresponding coordinates.

Applying (5-2), Perelman’s pseudolocality theorem and Shi’s local derivative estimates

to (h;(t))sefo,T) as in the proof of Lemma 3.1, together with the bound (5-4), we

obtain the following: for every /o and any nonnegative index j there exist C;;, such

that, for [ > I,
(5-9) |(V*O) Rm (g () 5,y < Clte
in Im(y7,,) C {ry > 25"} and 1 € [0, T]. Thus, in Tm(¥11z,,),

(5-10) 0, 11(0) < hi(T) < Q1,11 (0), ‘8yk1 L ayk

< Qjl
for any / > [y and nonnegative ;.
Then (5-7), (5-8) and (5-10) imply that
}(ng,hz(T))j W, |Zzo |
|(vh1(T),gZ)j vy

/
gz = Cilo
1 | | <’

Yi(Zig) Ihy(T).gz = “islo
for any nonnegative j .
Finally, since H;"h;(T) — g(T'), we obtain
(TN =
}(vgz g( ))J\pllzlo| <

gz,8(T) = “Jlo’
|(Vg(T),gZ)j (I}l— "

1
~ < .
13,z1) eg2 = Cito

for any nonnegative j. The existence of W follows from Arzela—Ascoli.

5.5 Curvature bounds for the limit

Since (My, hy(t)):e(o,1] satisfy (5-4), it is clear that g(z) satisfies

Crm
(5-11) R (g(1)]gry < =

on M x (0,T].

Now, notice that H;*r; = (W; ' o H))*(¢~1)*r in (H; ' o W;)(Z;), by (5-D).

¥t — w1t it follows that
(5-12) Hifrp— (U H* (o7 *r]

in Cl‘;‘c’,g (T)(Irn W). Recall that ¢ parametrises the conical region in Z.
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Let rps be the continuous function on M defined as

[(Wog)"1*r in Im(¥og),

ry =40 in (Im W)¢,
1 otherwise.
By (5-5) and (5-12) it follows that g(¢) satisfies
2
(5-13) max 2% i 1(VEDY Rm(g ()l gy < Crm
j =

in M x(0,T].

5.6 Uniform convergence to the initial data, away from the singular point

Observe that

(5-14) Wih () = (V) (H (1)),

(5-15) W (0) = gz.

Since W; — W and H;*h;(t) — g(t), (5-14) implies that W}/, (1) — W*g(t).

Finally, the curvature bound (5-9) and relation (5-15) imply that ¥*g(¢) converges to

gz ast—0,in C.

5.7 Closeness to expander improves in small scales

We will need the following lemma regarding the flows (Mj, hg(t)):e(0,77:

Lemma 5.1 For every ¢ > 0 and integer k > 0, there exist positive A1(e, k) and
s2(e, k) small and y3(e, k) and A, (e, k) large such that the following holds: for each
s €(0,52], y>y3 and t € (0, A1(32y)"!], there is a map

Osit {rs < 3V yt +s(Aa+1)2} > N,

a diffeomorphism onto its image, such that, for all nonnegative integers j <k,
(t + )72 (VECENTQTH (1) = ge(t +9)lg,(145) <€

inIm Qg and {ry < /yi} CIm Qs C {rs < 2/yt +s(Ay+1)2}.

Remark 5.1 In the above statement we can assume without loss of generality that
ya(e. k) = (Az(e.k) + 1)%.
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Proof Givenany ¢>0,let n; =711(gn, &, k) be the constant provided by Theorem 3.1.

Since lim; 0 kz (r) =1im; - 4 o0 kexp(r) =0, there are A1 (&) >0 small and A>(e) >0
large such that
kz(r)<m for re (0,412,

kexp(r) <mp  for r > As.
Moreover, set s2(e, k) = min{2_4)@, (2(Az 4+ 1))™*}; we have
2(Ag + D)5 <514 <2514 <212
for every s € (0, s2].

By construction of (M, Gy) it follows that (Ms,)tl_le) € M(n1,A2,s8/A1) for
any s € (0,s2], with associated map P/, = Ps o Pt and function rg/y, =

max{Az+/s/A1, min{)&l_l/zrs, 1}}.

Theorem 3.1 implies that there is y; > 1 such that, forevery y > y; and 7 € (0, (32y)~1],
the metric )Ll_lhs()tl‘[) is e—close to ge(r + /A1) in

{roja S VyT+sA3/ai} = {rs < Vyhir + A3}
Then, for every € (0, 11(32y)™"], apply the above for T = /A1 to prove the lemma

for y3 =y;. O

5.8 Diameter control of high-curvature regions of g(¢)

We will prove the following lemma:

Lemma 5.2 (high curvature—small diameter) There exists co > 0 with the following
property: for small { > 0 there exists C¢ > 0 such that if t € (0, co{] then

diamg ) ({rme < V/71}) < Ce/1,
Rm(g()lge < & in {rar > V77,
where C; = C(gN)Cliélzf_l/z and y = Crml™ L.

Proof Fix ¢ = 1072. By (5-13) and putting k = 0 in Lemma 5.1 we can find A,
and A such that, if y = Crpn¢ ™! and ¢ is small, then:
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e For large / and each ¢ € (0, A1(32y)~!] there exists

Que {ri < 3Vyt +s1(h2+ 17} = N
satisfying

|(Ql_,t1)*hl(t) —8elt +sl)|ge(t+s,) <1072

inIm Q;, C {r; < 3vyt +s51(A2 +1)2}.

e Rm(g(?))lgr) < CRm/rI%l < Crm/yt = ¢/t in {rpyy > Jyt} provided that
t€(0,A1(32y)71].

By the closeness to the expander, we obtain

diamy, () ({r; < Vyt +s1(A2+ D2}
< diam(Q,—_})*hl(t)(Im Or1.1)
< (1.01)"/? diamg, (; 4,y (Im Oy,
< (1.01)1/2 diamge(tﬂl)({rl < %\/yt +s7(Az + 1)2}).

Working on the expander we compute, using Lemma 5.3 below for the last inequality,

(5-16) diamg, 45 ({r1 < 3Vt +s1(A2+1)2})
=.t+s diam(p;;SlgN ({rl < %\/yt +s7(Az + 1)2})
= Vits diamg. o (o5, ({r < 3Vyt/si + (A2 + 1))

= Vi + sy diamg,y (@14/5, ({r < %\/Vt/sl + (A2 + 1)2}))
< Cg«/l‘ + 57,

where C¢ = C(gN)CéI{]ZC_l/Z.

Now note that

(5-17)  diamy, ¢y ({r < Vyt +s(A2 + 1)?})
= diamyy s, (o) ((H 1 < Vyt +51(A2 + 1)?})
= diamgp, () (CH (97D (67 r < Vi +s1(Az+ 1)2))
= diam g, (1) (¥ 0 H)* (671 *r < Vyt +51(A2+ 12},

where we also used (5-1).
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Since H}*h;(t) — g(t) and \Ill_l o H; — W1 it follows that
diamg(t)({rM <Jyt}) < Cg- \/; O

Lemma 5.3 Let (N, gn, f) be a gradient Ricci expander with bounded curvature. De-
note by Riy¢ and Rgyp the infimum and supremum of the scalar curvature, respectively,
and suppose f is normalised so that |Vf|?> = f + Riut— R. Let r =2/ f and ¢4,
be the associated family of diffeomorphisms. Then, if y > (A +1)? > 32(Rgup — Rinf),
then

(5-18) or4u({r < 3Vyu+ A+ D)) cir <8y}

for all u >0 and

(5-19) orellr < Wyut A+ 7)) o fr < /by

foru >1.

Proof First note that the normalisation of f implies that
f=1VfI?+R—Rint 2 0,

and f > 0 away from the critical points of f .

By (2-2) it follows that
d
(5-20) Tn ) oPHu = ——|Vf| O P14u-

In order to prove (5-19) note that, since |Vf|?> = f + Rint— R < f, (5-20) becomes

Il > _
duf°<ﬂ1+u > 1+uf Pl+u-
Integrating this inequality we immediately obtain that
(x
(5-21) fogriu = L
14+u

forall x € N with Vf(x) # 0 and u > 0.
Thus, if x is such that r(x) > \/ yu + (A + 1)2, it follows that

(5-22) r(@14u(x)) = m(/\ +1)

for0<u <1 and

(5-23) r(Qr4u(x) = /3y
for u > 1, which proves (5-19).
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On the other hand, |Vf|?>> f—C(gn), where C(gn) = Rgup— Ring > 0, hence (5-20)

becomes .
1Jru(f—C(gzv))c’cﬁuru.

Hence, as long as f o @14+4(x) > C(gn), f ©@14+u4(x) is nonincreasing in u and

(5-24) f o1l = o (/00 = Clgn)) + Clen).

j_uf°§01+u <-

Thus, if x is such that r(x) = %\/yu +(A+1D?and y > (A +1)2>32C(gn), by
(5-22) and (5-23),

1 .
25 fu=>1
> 32)/ 1 -
foprtu(x) > TA+1? if0<u<l,
>C(gn)

for u > 0. Hence, by (5-24) and y > (A +1)? > 32C(gn),

f o @rulx) = o S0+ Clew) = (v + (A + 1) + Clgw) 2.

It follows that r o @144 (x) < /8y, which proves (5-18). O

5.9 Gromov-Hausdorff convergence to the initial data

In this section we prove that for every ¢ > 0 the map ¥: Z \ {z;} — M is an
e—isometry between (Z \ {z1},dz) and (M, g(¢)) for small ¢, which implies that
(M, dg()) converges to (Z,dz) in the Gromov—Hausdorff sense as ¢ — 0.

The result follows immediately from the following two lemmas:

Lemma 5.4 (distortion estimate) For every & > 0O there exist §1,¢1 > 0 such that the
map

(5-25) W:{r>681} —> {rm > 01}
satisfies
(5-26) sup{|dg(r)(¥(z1), W(22)) —dz(21.22)| 1 21, 22 € {r = §1}} < 3¢

for every t € (0,11], and diam({r < §;}) <e.

Proof Take 81 > O such that the intrinsic (hence also the extrinsic) diameter satisfies

(5-27) diamg, ({r =461}) <e.
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By the uniform convergence away from z1, as t — 0, it follows that
(5—28) diamg(,)({rM = 51}) <¢
for small ¢.

We will use dg, 5, to denote the intrinsic metric in {r > 6} induced by gz, and
similarly dg ;) s, for the intrinsic metric in {rp; > &1} induced by g(z).

By (5-27) and (5-28), it follows that, for every z1,z5 € {r > 81},

(5-29) ldg, 5,(z1.22) —dz(z1,22)| <e,
(5-30) ldg(1),8,(¥(21), ¥(22)) —dg 1) (¥(z1), ¥(22))| <e.

To see this, note for instance that
dg,(21,22) <dg, 5,(21,22) <dg,(z1,{r =81}) +dg,(z2.{r =61}) +e.
Moreover, if
dg,(z1.{r =61}) +dg, (z2,{r = 81}) > dg, (21, 22)

then dg,(z1,22) = dg, 5,(21.22). For, if dg,(21.22) <dg, 5, (21, 22), then there is
a path connecting z; and z, escaping {r > §;}, hence

dg,(21,22) > dg, (z1.{r = 81}) + dg, (22, {r = é1}),
which is a contradiction. This proves (5-29), and (5-30) is similar.
By the uniform convergence away from z;, as t — 0, it also follows that, for small #,
(5-31) |dg,.8,(21,22) —dg(r),8, (¥ (21), ¥(22))] <e,

uniformly for all zy,z, € {r > §;}. The result follows from the triangle inequality,
combining (5-29)—(5-31), having possibly made §; > O smaller in order to achieve
diam({r < 81}) <e. |

Lemma 5.5 (Im VY is an e-net) For every ¢ > 0 and small enough 65,1 > 0,
(5-32) diamg(t)({rM <&} <e

for every t € (0, 12].
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Proof Let ¢ be the constant given by Lemma 5.2. Then, since coCrm/ rg > 1 for
small rg, it follows that ¢ € (0, coCrm/ rgl], hence we can apply Lemma 5.2 for
¢ = Crmt/rg to obtain

diamg (1) ({rpr <710}) < C(gn)ro

for small ¢, which proves the lemma. a

5.10 Tangent flow at the conical point

Take any sequence of times #; \ 0. It follows from the convergence (5-6) that there is
a sequence [ such that, for any nonnegative index j <k,

' ; 1 S
té/Zl(Vg)J (¢ — Hl’;hlk)|g(tk) <z and t_: —0.
Let v = y3(1/k, k), A = Ax(1/k,k) and A = A1(1/k, k) be as given by
Lemma 5.1 and set tp = Ax(32y%)~ . Passing to a subsequence if necessary, we
may assume that 75 < 7% and s;, <s2(1/k.k).

By Lemma 5.1, there exist

Ok: {rie < Vyktk + 51, (Mg + 1?} > N,
diffeomorphisms onto their image, such that for j <k
; it = 1
(tk + 51) P (VECTIN ( Qi) hyy (1) — ge 1k + 51D g t+51) < T

in Im Q. Thus, setting Ry = (Qy o Hlk)_l , we obtain

t]i/2|(vge(tk+slk))j (Ryg(tr) — ety + Slk))lge(tk+slk) < A

in Im Qy, for large k. Moreover, since

— N
tk lgE(tk +Slk) = (1 + t_lj)(p;‘;-‘rslng’

we conclude that

<
EN

=

in Dt +s1, (Im Qk)
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Putting Gy = (R o (pt;1+ i, )t Lg(t), the estimate above becomes

(5-33) '(vgN)ka - (1 + si)gN <L
I k

&N

in Im((ptk +s1, o R,;l) = Pt +s1, (Il'Il Qk)

Then, since by Lemma 5.1 and Remark 5.1

{r, < %\/kak + 51, (Mg + 1)} C{ry < ¥t} CIm Oy,

it follows that

(5-34) Oti+s;, M Q) D @y 4, ({ry, < IVt + s, (A + 12}
= Q141 /sy, (Ir = SVVkte/sy + (A + 1))

> {r = \ine),

where the last inclusion follows from Lemma 5.3.

Now, let g € M be such that gmax = ¢y, +sy, © R,:l (qx) € N satisfies
|Rm(gN)(Qmax)|gN = mAE}X|Rm(gN)|gN .

Applying Lemma 5.2 for { = %maxN|Rm(gN)|gN we obtain C, ¥ > 1 such that

i €{rm = V¥Vt },
and diamg(tk)({rM < \/f/\l‘k hH< C\ﬂ

Given any pjy ¢ Im W, it follows that a7 (pg) = 0, hence distg () (Pr. qk) < C JVix.
Therefore, distgy (dmax, @1 +s;, © R (pr)) < 2C for large k.

This, together with (5-33)—(5-34) and the fact that y; — 400, suffices to prove that
(M, 1, Ye(t1). px) converges in the smooth pointed Cheeger-Gromov topology to

(N.gn.q)-

This implies that (M, tk_lg(tkt), pk)te(o’tk—lT] — (N, h(t),q)e(0,+00) in the smooth
pointed Cheeger—Gromov topology, where (N, /(¢)) is complete with bounded curva-
ture and /(1) = gy . By the forward and backward uniqueness property of the Ricci
flow [3; 20], it follows that h(t) = g.(¢).
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5.11 Proof of Theorem 1.3

Proof of Theorem 1.3 Let g,z =d r2 +r2g1 be the cone that models the singularity
at z1 and geexp = dr? +r2gy be a cone with Rm(g}) > 1.

Let ejink and « be small constants (to be determined in the course of the proof) such
that, for 0 < j <4,

(5-35) |(VED (85 = 8D)ler < etnk
on S"! and kz(r) <k for r € (0, 1].
Moreover, let (N, gn, /) be the expander given by Lemma 2.2, asymptotic to g¢ exp-

The proof is again similar to the proof of Theorem 1.1, so we only describe the necessary
changes. The approximating sequence (Mj, Gy) is defined as in Section 5.1, gluing
the expander (N, gn, f). Then, in Section 5.2, equation (5-3) becomes

(5‘36) (@S o FS)*GS - gc,exp

I's

— (7 ) e - e + (12857 )02 - e

+ (1 _53(8’1’%)) (gc,Z _gc,exp)-

Recall n9(gn), given by Theorem 3.1. It follows by (5-36) that we may choose « and
elink small and A large (depending on 71g) such that (Ms, Gs) € M(no, A1,s) for
small s.

Then, Sections 5.3-5.6 carry over unchanged, providing a Ricci flow (M, g(2))e(0,7]
and amap W: Z \ {z1} — M such that W*g(¢) converges to gz smoothly uniformly
away from z; as t — 0.

Now, although Lemma 5.1 is no longer valid, its conclusion does hold for ¢ = 0.01, by
the proof of Theorem 3.1(1). It follows that Lemma 5.2 also holds for (M, g(¢)), hence
Section 5.9 carries over, proving that g(¢) converges to gz in the Gromov—Hausdorff
sense as ¢t — 0. O

6 Orbifold quotient expanders and Theorem 1.2

We consider S”~! € R” and I' C O(n) a finite subgroup, acting freely and properly
discontinuously on S”~!. Let g be a metric on S”~! with Rm(g) > 1, but Rm(g) # 1,
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which is invariant under the action of I' and thus descends to a metric g on the
quotient S”~1/T". Note that the action of I" thus naturally extends to an isometric
action on the cone (C(S"™ 1), dr? + r?3).

Let (N, gn, f) be the unique nonnegatively curved gradient Ricci expander (N, gy, f)
given by [7], which is asymptotic to (C(S"*1), dr? 4+ r?g), where we assume that f
is normalised as in Section 2. By the soliton equation (2-1) it follows that f is strictly
convex. Let pg € N be the unique point where f attains its minimum, or equivalently
V£(po) =0. Then all the level sets { f =a} for a > min f are diffeomorphic to S*~!,
and the flow J; of Vf/|Vf|? yields natural diffeomorphisms between them. Thus,
we may extend the coordinate system at infinity F of Section 2 to a diffeomorphism

F: (0, 400) xS" 1 = N\ {po},

given by F(r,q) = J(rz_A%)/4(F(A0, q))-

Let us now assume that " also acts isometrically on (N, gy, f) and fixes f. This
implies that the action of I" has to preserve the flow lines of the vector field Vf/|Vf|?
and thus the action of T" is completely determined by the action on a level set { /' = a}
for a > min f. We will call such an action compatible with the action on (S"7!, g) if
it agrees with the action on the cone (C(S"~1), dr? 4+ r?g). In other words, we call
the action of I" compatible if y - F(r,q) = F(r,y-q) for all y € I'. Note that thus the
action of I" on the cone uniquely determines the action on (N, gy, f).

Now, let O be an noncompact orbifold with exactly one singular point p € O. Then,
there is a neighbourhood U of p, a neighbourhood 0 € U CR” and a projection
7: U — U that is invariant under the fixed-point-free action of a finite subgroup I'’
of O(n).

A smooth function f on O is a continuous function, smooth on O\ {p}, with the
property that 7* f is smooth. Similarly, a smooth orbifold Riemannian metric go
on O is a Riemannian metric on O\ {p} with the property that 7*g extends smoothly
along 0 e R",

Since the action of any element of T/ preserves both 7*g and 7* f, it follows that
V7 g0 7* f is a fixed point of the induced action on ToR”. But, since the action is
free of fixed points we conclude that V|, = 0, in the sense that V" "gox* flo = 0.

We call a triple (O, go, f) an orbifold expander, where O, g» and f are as above, if
Hessg,, f = Ric(gp) + %g@ on O\ {p}.
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Lemma 6.1 Let (O, go, f) be an orbifold expander with positive curvature operator
that is asymptotic to the cone (C(S"~1/T),dr? +r2g). Suppose (S"~1/T, g) is the
quotient of (S™~1,g) with Rm(g) > 1. Then there is a manifold expander (N, gn . f)
with positive curvature operator that is asymptotic to the cone (C(S"™1), dr? + r?g)
such that (O, gp) = (N, gn)/ . It follows that the singularity of the expander is
modelled on R"/T".

Proof It suffices to show that O is diffeomorphic to R”/T". By Rm(gp) > 0 we
obtain that Hessg,, f > % go,hence Vf #£0 on O\ {p}. Thus the coordinate system
at infinity can be extended to a surjective map

F: (0, +00)x S"1/T — N\ {p}.

As in the manifold case, we may assume that this map is related to the flow J; of
Vf/IVfI? by

F(r.q) = J(rz_rg)/4(F(”0,‘]))
for some rog > 0.

Observe that F can be deformed to a map F: (0, 400) x S"71/T — O\ {p},
which extends to a diffeomorphism between R”/T" and O. To see this, let f be
a smooth function equal to %dgo (p,-)? near p and to f outside a compact set. Since
Hessg,, f > %go, we can arrange that Vf;é 0in O\ {p}.

Now, let J; be the flow of the field V 7 /|V f|? and define F by
F(r.q) = 7(rz_,3)/4(F(Vo, q))-

Working on 7*g—exponential coordinates around 7 ~!(p) we see that F is indeed a
diffeomorphism. O

Theorem 6.1 Given (S",g) as above, the action of I" extends to a compatible iso-
metric action on the unique positively curved gradient Ricci expander (N, gn, f) that
is asymptotic to the cone (C(S" '), dr? 4+ r?g). The action fixes f and the only fixed
point on N is the critical point po of f. Thus, the quotient space is an expander
with exactly one orbifold singularity modelled on R" /T" and is asymptotic to the cone
(C(S™1/T),dr? +r2g).

Proof We aim to extend Deruelle’s proof [7] of existence and uniqueness of positively
curved gradient expanders to show that the action of I' on the link extends to a
compatible, properly discontinuous action on the expander with the claimed properties.

Geometry € Topology, Volume 22 (2018)



3970 Panagiotis Gianniotis and Felix Schulze

As in Deruelle, let (g;)o<s<1 be the (reparametrised) evolution of g by volume-
preserving Ricci flow such that o =g and g1 = 0/grouna, Where @ = (vol(S" ™1, g))2/".
Since Ricci flow preserves symmetries, g; is invariant under I' for all ¢ € [0, 1].

Let (N¢, 8¢, fr) be the unique positively curved gradient expander asymptotic to the
cone (C(S"1),dr? +r?g;) obtained by Deruelle. Then, let po € N; be the unique
point where Vf;(po,:) = 0.

Note that (N1, 21, f1) is one of the rotationally symmetric expanders constructed by
Bryant (see [5]). In this case the action of I' naturally extends to a compatible and
properly discontinuous isometric action on N1 which preserves f1 and has only one
fixed point pg 1.

We want to use an open—closed argument to show that this is true for all ¢ € [0, 1].

Recall that (Ny, g¢, fr) satisfies the conclusion of the theorem if the following holds:
there is an isometric action of I" on N; with one fixed point, preserving f;, and the
action is compatible with the standard action of I' on the link (S"~!, g;). Note that
since the action of I" preserves the level sets of f;, the fixed point has to be pg ;.

Openness Suppose that (N, g¢, f) satisfies the conclusion of the theorem. Let
e = dr?+ ngr, and Fy: (0, +00) % S"~1 — N; be the associated coordinate system
at infinity, satisfying

r (V8 (FF8: —ge.t)lge, = O(r2).

Then the local uniqueness given in [7, Theorem 3.7] yields an isometric action of I’
onto Ny for ¢’ close to t. Moreover, there is a diffeomorphism between N; and N/
identifying this action with the action on N;, so from now on we will work on N := N;
and assume that g;, g, f; and f;/ are defined on N.

This action has a unique fixed point, it preserves f; by assumption and, by the unique-
ness statement of Lemma 2.2, it follows that it also preserves f;/. We conclude that
the fixed point of the action is the critical point pg of both f; and f;.

By [7, Theorem 3.7], it follows that
(6_1) rj |(Vgc.1/)j (Ft*(’é’t/ —gc,t’)lgc,,/ — O(r—Z)'

Observe, however, that the coordinate system F; is not adapted to the gradient soliton
structure of (N, gy, f/), namely it does not parametrise the level sets of f;/. Thus,
although the action on (N;, g7, f;) is compatible with the standard action of I on S”~1,
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it is not immediate that the action on (N, g/, f3/) is also compatible with the standard
action.

For this, we need to construct a diffeomorphism

Fy: [ro. +00) x S" 1 = { fir > r8}
such that
M) for(Fr(r.q) =372,
) rI|(VE )Y (F}gr = ge)g, , = O(r™2) for all integers j > 0,
(3) y-Fp(r,q) = Fp(r,y-q), where the action on ¢ is the standard action of I
on S 1,

Denote by J; the flow of the vector field V& f;/|V& f,|2 and by J, the flow of
V& . /|VE f,12. Since the action leaves both vector fields invariant, it follows that
both J; and J/ are equivariant with respect to this action.

Now fix a large number rg > 0. Then, given any a > %r&, define on {f; = a} and
{ fir = a} the Riemannian metrics

@1p=02Up2/a-a) 8 and ()20 = p 22 /4 ) &1,
respectively, for any p > ro. Here, abusing notation we use g/ to also denote the
restriction of g4 to the tangent bundle of { fr = ipz} and { fr = %pz}, respectively.

Note that, from (6-1), it follows that

(6-2) (V&) (Fy(p.)* (&)1,0— &) = O(p2),
and, from the estimates in [8, Theorem 3.2],
(6-3) (V') ((81)2.0 —ha) = O(p™?)

for some metric s, on { f;y = a}, uniformly in a.

Moreover, note that

~ VEr f,|2 7+ Rmin— R _
64 V2 R, =] ffl - 7, = Hous.

Now, we claim that the level set { f;y = a} is a graph over { f; = a} via the normal
exponential map of (4a)~'g, for each a > %rg if ro is large. Moreover, the graphing
function smoothly converges to zero as a — +00.
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To see this, first observe that, as a — +o00, any pointed sequence
((461)_1 Ft*gt/a x(l)a

with f;(x,) = a, has a subsequence converging to (g¢,//. Xoo), With 7(Xe0) = 1,
in C22, by (6-1). Moreover, under this convergence, F*(2+/ f:/2+/a) converges to

loc °
the radial function r of the cone C(S"1).

Since
Hess4q)-17,, J;—’ =a ' Ric((4a)"18y) +2(4a) 15,

the curvature decay supy 21/ |(VE)/ Rm| g, < +oo implies uniform derivative
estimates for f;//a with respect to (4a)~'g; and within bounded distance from
{fy = a}. Thus, passing to a subsequence, 2@ /2+/a converges smoothly to a
limit roo as @ — +o00, which satisfies |V8e.t’ ro| g.p = 1 due to (6-4). Moreover,
Foo —>0asr—0,hence roo =r = distgc’t/ (0,-), with o denoting the tip of the cone.
This suffices to prove the claim, since it implies that the level sets of (4a)~! f; and
(4a)~! f;» smoothly converge to each other under this convergence. Note that here

1

we used that the normal exponential map of (4a)~'g; over { fi/a = Z} smoothly

converges to the normal exponential map of g., over {r = 1}.

Thus, there is a diffeomorphism, defined via the normal exponential map,
Ko: {ft =a} > {fr =a},

satisfying y - K4(x) = K4(y - x) forevery x € {f =a} and y € T.

Now, as the level sets converge to each other smoothly after scaling, we obtain that

(6-5) (v(gt/)l,Z\/E)j (I{Z= (gt/)z’p — (gt/)l,zﬁ) -0
as zp* > a — 400, where we also used (6-3). Using (6-2), we obtain
(6-6) (VE) (Fi(2v/a, )" K§ (Fr)a,p = 8ur) > 0

as ipz >a—> +00.
Consider the family of maps given by
Frra(r.q)=J0, ,0KaoF:(2v/a,q).
Observe that the Fy 4 are equivariant, in the sense that
Y Fra(r.q)=Fr(r,y-q)
forall y €T and ¢ € S"71.
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Then we can write

Fp .8 = i,a(Ing?v fr |§“,,) dr® +r2F,(2v/a,-)* K (Z0)a,r-

2

By (6-6), F;*K}(g)2,r converges smoothly to g;/ as %r >a — +o0.

Thus, F;5 gy is C*—controlled in terms of the metric dr? + r2g;, uniformly in a.
Moreover, by (6-4)

{fr <gri} CFralir<n}) C{fy =2rf}
forri >rg.
Taking a — +o00, by Arzela—Ascoli, a subsequence of F; , converges to a limit Fs.
Since Fyrq(2vb+5,) = J. o Fyr 4(2+/b,-), it follows that
Fo@Vb+s,-)=J,o Fu(2v/b,),

which implies that requirement (1) above is satisfied. Clearly, (3) is also satisfied since
the Fy 4 are equivariant.

Moreover, (6-6) implies that

lim lim Ft* o K; (gt/)Z,r = gt/-

a—>+00 r—>+00
This, combined with the estimates of [8, Theorem 3.2], proves (2).
Closedness Let #; — t € [0,1] and assume that (Ny, gy, f;;) satisfy the con-
clusion of the theorem. Consider the sequence of the quotient orbifold expanders
(Oi = Ny /T, g4, f1;+ Po,,;)- Note that for simplicity we use the same notation to
denote the metrics and soliton functions in the quotient space. These orbifold expanders
have a unique singular point, since the actions of I' on Ny, have a unique fixed point.

The compactness theorem in [8] carries over to the orbifold setting, using [22], to obtain
a pointed Cheeger-Gromov limit (Of, g, f7, Po.7), Which is an orbifold expander with
positive curvature operator. Moreover, p 7 is the unique singular point and the orbifold
expander is asymptotic to the cone (C(S"~!/T"),dr? +r2g;/T).

By Lemma 6.1, it follows that there is (N7, g7, f7. Po ;) such that
(O7, &> f7: Po.i) = (N7, &5, f7: Po.i)/ T

and the action on N7 is compatible with the standard action of I" on S"~!, m
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Remark 6.1 The positively curved gradient expander with one isolated orbifold
singularity, asymptotic to (C(S*~!/T),dr? +r?g), is unique. To see this, note that
by Lemma 6.1 the orbifold expander has to be the quotient of a smooth, positively
curved expander asymptotic to (C(S"1), dr? 4 r?g) under the action of I', with a
unique fixed point.

Remark 6.2 Using the fact that I" has finite-characteristic variety, it is possible to
employ the continuity argument above to prove the following stronger statement: if
Ppo € N is the critical point of the soliton function then there exists an orthonormal basis
of Tp,N such that the orthogonal action on Tp,N that is induced by the isometric
action on N is represented by the standard action of " on R”.

Proof of Theorem 1.2 The proof is similar to the proof of Theorem 1.1, so we only
describe the necessary changes. For ease of notation, we assume again that there is
only one isolated conical singularity at z;. Let (C(S*"1/T),dr? + r?gy) be the
cone that models the singularity at z;. We denote by g; the lift of g; to S"~!.
Since (Z,gz) is asymptotic to (C(S"1/T),dr? + r?g;), there exists a smooth
metric gz on (B1(0) \ {0}) C R”, which is invariant under the natural action of T,
such that there is a quotient map 7: B1(0) — U, where U is a neighbourhood of z;
in Z and gz = n*gz. Note that this implies that gz is asymptotic to the cone
(C(S"™ 1Y), dr?> +r?g;) at 0.

Let (N, gn, f) be the expander given by Lemma 2.2, asymptotic to the cone
(CS"™H.dr? +r%g).

By Theorem 6.1 the action of T" extends to (N, gn, f). As in Section 5.1 we can glue
in the orbifold quotient of this expander around zg into gz to obtain an approximating
sequence (My, Gy) with one orbifold singularity. We can furthermore assume that
under 7 this lifts to a corresponding local gluing (B1(0), Gs) of (N,gn., f) into g7.

By short-time existence for the orbifold Ricci flow — see for example [17, Section 5.2] —
we obtain a solution (gs(7))se[o,7,] to Ricci flow with an isolated orbifold singularity,
starting at g4(0) = G. We can arrange this in such a way that the flow lifts under =
to a smooth Ricci flow (h4(f));e0,77 on B1(0), starting at Gs.

Now, all the estimates in Sections 5.2-5.10 are local, and we can thus apply them
to the family (%5(7))se[o,7]- Note also that the conclusion of Theorem 3.1 holds for
(B1(0), hg(2)). Although (B1(0), hs(t)) is not complete, all the arguments in the proof

Geometry & Topology, Volume 22 (2018)



Ricci flow from spaces with isolated conical singularities 3975

of that theorem go through, provided we apply the pseudolocality theorem for orbifolds
from [36] to (M, gs(t)) to obtain the necessary curvature estimates in the conical
region.

Projecting under 7 we obtain the corresponding estimates for (gs(t));e[o,77- In
particular, as in Corollary 3.1, we obtain a uniform existence time 7 for gg(¢) and the
curvature bound

C
%X|Rm(gs ) lgy) = rh

Thus, by the compactness theorem for orbifold Ricci flow in [22], there exists a limit
Ricci flow (g(?))e[0,77 With an isolated orbifold singularity and the claimed properties.
O
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