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We construct new examples of quasi-asymptotically conical (QAC) Calabi—Yau
manifolds that are not quasi-asymptotically locally Euclidean (QALE). We do so by
first providing a natural compactification of QAC—spaces by manifolds with fibered
corners and by giving a definition of QAC—metrics in terms of an associated Lie
algebra of smooth vector fields on this compactification. Thanks to this compacti-
fication and the Fredholm theory for elliptic operators on QAC—spaces developed
by the second author and Mazzeo, we can in many instances obtain Kihler QAC-
metrics having Ricci potential decaying sufficiently fast at infinity. This allows us to
obtain QAC Calabi—Yau metrics in the Kihler classes of these metrics by solving a
corresponding complex Monge—Ampere equation.
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30 Ronan J Conlon, Anda Degeratu and Frédéric Rochon
Introduction

A complete Kéhler manifold (X, g, J) of complex dimension m is Calabi—Yau if it
is Ricci-flat and has a nowhere vanishing parallel holomorphic volume form Qy €
H°(X; Kx). In this case, the holonomy of (X, g) is contained in SU(m) and we
say that g is a Calabi—Yau metric. Since the resolution of the Calabi conjecture by
Yau [43], we know that a compact Kédhler manifold admits a Calabi—Yau metric if and
only if its canonical line bundle is trivial, in which case every Kéhler class contains a
unique Calabi—Yau metric obtained by solving a complex Monge—Ampere equation.
As subsequently shown by Tian and Yau in [41; 42], on noncompact complete Kédhler
manifolds, one can also obtain many examples of complete Calabi—Yau metrics by
solving a corresponding complex Monge—Ampere equation, but the triviality of the
canonical line bundle is not the only required condition. One also needs to take into
account the asymptotic behavior of the metric at infinity.

For example, if I' C SU(m) is a finite subgroup acting freely on C™ \ {0} and if
X — C™/T is a crepant resolution, then, as pointed out by Joyce [25], the results of
Tian and Yau or of Bando and Kobayashi [6; 7], combined with the results of Bando,
Kasue and Nakajima [5], allow one to construct examples of Calabi—Yau metrics on X
that are asymptotically locally Euclidean (ALE for short). In fact, Joyce, in [25; 24],
gave a more direct and self-contained proof of the existence of these metrics by using a
Moser iteration with weights which yields better control of the solution of the complex
Monge—Ampere equation at infinity. His approach was subsequently generalized by
various authors to obtain examples of asymptotically conical (AC for short) Calabi—Yau
manifolds; see van Coevering [11; 12], Conlon and Hein [13; 14], and Goto [21].

In [24; 26], Joyce generalized this approach in another direction by considering a
crepant resolution 7: X — C™/T" with I" C SU(m) not acting freely on C™ \ {0},
that is, with C™/T" having nonisolated singularities going off to infinity. For that
purpose, Joyce introduced the notion of quasi-asymptotically locally Euclidean metrics
(QALE—metrics for short). As the name suggests, away from the singularities, these
metrics resemble ALE—metrics. However, near rays of singularities going off to infinity,
the crepant resolution introduces some topology and we can no longer use the Euclidean
metric as a local model. More precisely, if p € (C™/T')\ {0} is a singular point, then
there is a neighborhood V of p of the form

V={(z1eC" 1 /T,xC:|A|>6,0 <argh <O+, |z| <A} cC™ /T, xC,
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Quasi-asymptotically conical Calabi—Yau manifolds 31

with p corresponding to the point (0,¢) € C™!/T, x C for some ¢ € C*, where
I'y € SU(m —1) is the stabilizer of this pointin I", § > 0 and 6 € R. Now, the type of
crepant resolutions 77: X — C™/ T that Joyce considers are local product resolutions
in the sense that 77— (V) corresponds to a subset of

Y, xC,

with Y}, a (local product) crepant resolution of cm-ly I'p . Suppose now for simplicity
that I', acts freely on cm-1 \{0}, which is automatic if m = 3. Then, in this case, an ex-
ample of a QALE—metric on 77— (V) is given by the restriction to 7! (V') of the Carte-
sian product of an ALE-metric gy, on Y, and the Euclidean metric gg on C, that is,

(1) 8QALE = gy, + E-

More generally, if T', does not act freely on C”~!, we can assume inductively that
QALE—metrics have been defined in dimension m — 1, so that one can still use (1)
as a model of a QALE-metric on V, this time however with gy, a QALE-metric
on Y, instead of an ALE—metric. Using local models as in (1), one can then define the
quasi-isometric class of QALE—metrics as the class of complete metrics which, outside
a compact set, are quasi-isometric to an ALE—metric away from the singularities and
quasi-isometric to the model (1) in the neighborhood 7z ~! (V') near a given singular point
p € C™/T'. However, to solve the complex Monge—Ampere equation and construct
Calabi—Yau QALE—metrics, it is important to have some control on the derivatives
of the metric. For this reason, in his definition of QALE-metrics, Joyce also imposes
some control on the asymptotic behavior of the derivatives of a QALE-metric with
respect to the local model (1). With these extra assumptions, Joyce [24, Theorem 9.3.3]
proves the following theorem.

Theorem (Joyce [24]) Let I' be a finite subgroup of SU(m) and X a crepant
resolution of C™/T". Then each Kihler class of QALE-metrics on X contains a
unique Kéhler Ricci-flat QALE—metric.

Since the complex Monge—Ampere equation is used to obtain these Calabi—Yau metrics,
the form of these metrics is not explicit, but Joyce in [24, Section 9.3] expressed
the hope that QALE—metrics with holonomy Sp(m) should also admit an explicit
construction using hyper-Kihler quotients. A first example in this direction was obtained
by Carron [9], who showed that the Nakajima metric, constructed by Nakajima [38] via
hyper-Kihler quotients on the Hilbert scheme of # points on C2, is a QALE—metric
in the sense of Joyce.
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32 Ronan J Conlon, Anda Degeratu and Frédéric Rochon

Besides the Moser iteration with weights that generalizes almost immediately to QALE—
metrics, one of the key ingredients in the proof of [24, Theorem 9.3.3] is the bijectivity
of the Laplacian of a QALE—-metric when acting on some suitable weighted Holder
space, a result that Joyce [24, Section 9] obtained using the maximum principle and
barrier functions. Joyce also made a more general conjecture [24, Conjecture 9.5.16]
on the mapping properties of the Laplacian of a QALE—metric. This conjecture has
recently been proven by the second author and Mazzeo [17] by obtaining heat kernel
estimates via the methods of Grigor’yan and Saloff-Coste [23]. In fact, in [17], the
second author and Mazzeo introduce a much wider class of Riemannian metrics for
which their results hold, namely the class of quasi-asymptotically conical metrics
(QAC-metrics for short) which generalizes the class of QALE—metrics in the same
way that the class of AC—metrics generalizes the class of ALE—metrics. For example,
a Cartesian product of ALE—metrics is a QALE-metric, and likewise, a Cartesian
product of AC—metrics is a QAC-metric (see Example 1.22).

The goal of the present paper is to extend Joyce’s program [24, Section 9] to the wider
setting of QAC—metrics and exhibit new examples of Calabi—Yau QAC—metrics, in
particular, examples of Calabi—Yau QAC-metrics that are neither QALE—metrics nor
Cartesian products of AC—metrics. To achieve this, one of the key ingredients is to
introduce a natural compactification of QAC—manifolds by manifolds with fibered
corners in the sense of Albin, Leichtnam, Mazzeo and Piazza [1] and Debord, Lescure
and Rochon [16]. On the one hand, as in several works of Melrose and collaborators for
other types of geometries, this allows one to give a simple description of QAC-metrics
in terms of a natural Lie algebra of vector fields on the compactification; see Epstein,
Mazzeo, Melrose and Mendoza [34; 35; 31; 18; 30; 32]. More importantly, when it
comes to solving the complex Monge—Ampere equation, it allows us to solve iteratively
the equation on each face of the compactification, which in turn allows us to reduce
the equation to a situation where the Ricci potential decays fast enough at infinity so
that the methods of Tian and Yau [41; 42] can be applied.

Remark For the Nakajima metric on the Hilbert scheme of n points on C?2, such a
compactification has been independently obtained by Melrose [37] using the hyper-
Kihler quotient construction of the metric.

Postponing to Section 1 a detailed description of the compactification, let us begin by
explaining how to construct it for a QALE—metric on a crepant resolution X of C”/T"
in the simple case where the singularities going off to infinity are all of complex
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Quasi-asymptotically conical Calabi—Yau manifolds 33

codimension k > 2. In this situation, we first radially compactify C™/I" to an orbifold
with boundary C” /T by adding a boundary dC™/T =~ S?”~1/T at infinity as
in [35, Section 1.8]. The boundary itself is then an orbifold, but by our simplifying
assumption, its singularities correspond to a disjoint union S = J S; of singular edges
S1,...,Sg. Afirst step in constructing the compactification is to blow up in the sense
of Melrose [33; 36] each singular edge of the boundary within Cm™/T, that is,

(2) A’;sc:: [Cm/F’S]Z[(Cm/F’SlvaK]’
with blow-down map
B: Xy — CmJT.

As illustrated in Figure 1, this yields an orbifold with corners with one boundary
hypersurface H; := B~1(S;) for each singular edge S; and one boundary hypersurface
Hyy1=B71@Cm/T)\ S corresponding to the lift of the boundary of C/T .

H,

Hj

Hy

Figure 1: The blow-down map B: Xy — Cm/ T in acase where £ = 4, with
the dotted lines corresponding to the singularities of C™/ T’

Moreover, for i < £, the blow-down map S restricts on H; to induce a fiber bundle

structure
Ck/T; — H;
(3) l«m
Si

with base S; smooth, but with fibers singular at the origin, where I'; C SU(k) is some
finite subgroup acting freely on CK \ {0}.
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34 Ronan J Conlon, Anda Degeratu and Frédéric Rochon

The manifold with corners X, ac compactifying X is then obtained by observing that
the crepant resolution 7: X — C”/T" naturally extends to a resolution 7: A?QAC —
Cm /T with (3) replaced by

Vi i

“ Fi

S

where Y; is the radial compactification of a crepant resolution 7;: ¥; — ck / Ti. Given
a suitable Kéhler QAC—metric g on X, our strategy to construct a Calabi—Yau QAC-
metric is to first solve the complex Monge—Ampere equation on each fiber Y; of qAS,-,
which amounts to finding a Calabi—Yau ALE—metric on Y;. Using these solutions, one
can then replace the metric g with another Kihler QAC—metric g’ in the same Kéahler
class, but with the extra property that its Ricci potential, given by

. (w/)m )
5 =1 — .
©) ' Og(cQA ANQp

Xoac Xoac

decays sufficiently fast at infinity, where @’ is the Kéhler class of g’, Qg Torc is some
nowhere vanishing holomorphic volume form on X Qac and c¢ is a nonzero constant.
One can then use standard techniques to solve the complex Monge—Ampere equation

((a)/ + ﬁaﬁu)m) ,
log =—r

()™

and obtain a Calabi—Yau QAC-metric with Kihler form o’ + +/—1 ddu.

Of course, as long as we are considering QALE—-metrics, this is essentially the ap-
proach of Joyce rephrased in terms of the compactification X Qac- In particular, the
compactification is not really needed, since in this simpler setting the bundles (3) and (4)
are in fact trivial and to construct a Kihler QALE—metric near fl, with Ricci potential
decaying at infinity, one can simply glue directly the Cartesian product

6 gE, +gv, on (RTxS;)xY;
to the Euclidean metric on C”/ I, where
8E; = er +r2gS,'

is the Euclidean metric on RTx S; and gy; is a Calabi-Yau ALE-metric on Y;.
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Figure 2: Gluing of gg; + gy, to gc¢, with the gluing region in gray

Now, if we replace C™/T" with the Euclidean metric by a more general orbifold
Calabi—Yau cone (C, g¢), gluing the Cartesian product (6) in a neighborhood of the
singularities corresponding to H; can still be done directly. However, if g¢ is not
Euclidean, then the QAC—metric introduced in this way will usually fail to have a Ricci
potential that decays at the boundary face flg_H . This is illustrated in Figure 2, where
the region in bold on ﬁg_H corresponds to the directions in which the Ricci potential
fails to decay.

One could instead try to glue gg; + gy; to g¢ as illustrated in Figure 3, but then the
Ricci potential fails to decay on I-AI, , in this case even if g¢ is the Euclidean metric.

Instead, if one uses the compactification, it suffices to put the model (6) on H; and keep
the model given by gc on Hy, 1. Provided that the two models agree on H; N Hy4 1,
one can then extend the Kéhler form in the interior as a closed (1, 1)—form. By
continuity, this form will then be positive definite in a neighborhood of }AI, and ﬁg.H .
More precisely, it will be the Kéhler form of a QAC—metric with Ricci potential
decaying at both ﬁ, and ﬁ£+1-

Thanks to this natural compactification of QAC—manifolds by manifolds with fibered
corners, we prove the following result, where we refer the reader to Definition 3.6 for
some of the terminology and to Theorem 5.7 and Corollary 5.8 for a more precise and
slightly more general statement.

i

Hyqq

Figure 3: A second way of gluing gg; + gy; to gc, with the gluing region in gray
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Theorem A Let Z be a compact orbifold of real dimension 2n + 1 and (C, gc, J¢)
a quasiregular Calabi—Yau cone on C = Rt x Z with parallel holomorphic volume
form Q¢ . Let X be a Kahler orbifold with nowhere vanishing holomorphic volume
form Qx and with singular set of complex codimension > 2. Suppose that there
is a compact set K C X such that X \ K is biholomorphic to ((k,00) X Z, J¢) for
some « > 0. Finally, suppose that there is a crepant resolution 7 : X = X with Q X
admitting a lift 2 3 € H 0 (1\? ; K ). Then, for any Kédhler QAC—metric g asymptotic
to gc with rate o such that 4 <« < 2u, the complex Monge—Ampére equation
(0 + v/—199u)" 1
oo ) =

has a solution u such that @ + ~/—190u is the Kéhler form of a Calabi—Yau QAC-
metric asymptotic to g¢ with rate o, where w is the Kéhler form of g and r is its

Ricci potential defined in terms of 2 ¢ as in (5).

When one takes X = C"T!/T in Theorem A for a choice of finite subgroup I' C
SU(n+ 1) for which X admits a local product Kéhler crepant resolution, a subtle point
hidden in Definition 3.6 is that Theorem A is not quite the same as the result of Joyce
[24, Theorem 9.6.1]. Indeed, in [24, Theorem 9.6.1], one of the hypotheses on the
initial QALE-metric g is that its Ricci potential decays at each boundary hypersurface
of X, Qac, Whereas in Theorem A, our result is stronger in that the Ricci potential
only has to decay at the maximal boundary hypersurface (PAIgH in the simpler setting
described above), but weaker in that the rate of decay « at that face has to be at least 4
(Theorem 9.6.1 of [24] only requires that « be strictly larger than 2).

More interestingly, Theorem A applies to situations where the geometry at infinity
is QAC, but not QALE. As described in Example 2.4, our main source of examples
is given by applying the Calabi ansatz [8; 29] to a Kéhler—Einstein Fano orbifold D,
which yields an orbifold Calabi—Yau cone metric gc on C = Kp \ D. One can then
take X = Kp in Theorem A provided that Kp admits a local product Kdhler crepant
resolution in the sense of [24]. This is the case for instance if D itself admits a local
product Kihler crepant resolution D, in which case K p is automatically a local product
Kéhler crepant resolution of Kp .

Nevertheless, given such a D, one still needs to find a suitable Kéhler QAC—metric in
order to apply Theorem A. For AC—metrics, it is very easy to produce examples of
Kidhler AC-metrics thanks to a standard trick comprising cutting off the model metric
at infinity by using a convex function. In Lemma 4.1, we do in fact use this trick to
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construct orbifold Kidhler AC—metrics on X. Unfortunately though, this trick does
not seem to generalize to QAC—metrics or QALE—metrics, the reason being that the
crepant resolution 7 : X — X introduces some topology at infinity, so that there are
typically no model QAC—metrics with Kihler form near infinity given by ~/—1 du
for some smooth real-valued function u. In particular, just knowing that X is Kéhler
is not sufficient to conclude that X admits Kihler QAC-metrics.

To overcome this difficulty, we develop a method that allows one to construct a Kihler
QAC—metric from an orbifold AC—metric g on X by gluing suitable local models
near each singularity, effectively implementing geometrically the crepant resolution.
In simple cases, this can be done directly by using cut-off functions. However, in order
to be able to tackle situations where the singularities have arbitrary depth relatively
easily, we have chosen to proceed with a systematic approach similar to what Kottke
and Singer [27] do for gluing monopoles, that is, the gluing is implemented by using a
manifold with corners with the various faces describing the metrics that need to be glued.

Deferring to Section 4 a detailed description of this manifold with corners, let us for the
moment give the main intuitive idea behind its construction by restricting to the simple
setting of (2). To simplify even further, suppose moreover that the crepant resolution
of C™/ T is obtained by first blowing up the origin (in the sense of algebraic geometry)
to obtain Kp with D := CP™~! /T’ for some finite subgroup I'’ C SU(m), so that
one can replace (2) with

(7 X :=[Kp:S]=[Kp:Si..... S

where Kp is the radial compactification of Kp using the Calabi—Yau cone metric. In
this case, the singularity S; on the boundary of Xie corresponds to the boundary 0%;
of a singular edge ¥; of complex codimension k in X, sc» and the singular set of X, sc 18
given by the disjoint union
>=J=
1

Introducing a parameter of deformation ¢ € [0, 1), one can then consider the orbifold
with corners

X = [A”;SC x[0,1); 21 x{0},..., Xy x{0}].

This orbifold with corners has one boundary hypersurface H; coming from the lift
of H; x[0,1) to X. For each i, the blow-up of X; x {0} also introduces a boundary
hypersurface B;. Notice in particular that the blow-down map X — X X [0,1)
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naturally induces a fiber bundle structure,
Ck/Ti —— B
) lfpi
Zi x{0}

Finally, as illustrated in Figure 4, the lift of the boundary hypersurface Xoe ¥ {0} induces
the boundary hypersurface By, on X.

Figure 4: The orbifold with corners X

The manifold with corners 1mplement1ng the gluing is then obtained by observmg
that the resolution 77: X, QAC —> X, sc naturally extends to a resolution 7: X — X In
particular, the resolution extends in such a way that the fiber bundle (8) is replaced by

}_7,' E— B\i
9) l@i
3

with Y; the radial compactification of a crepant resolution Y; of Cck / Ti. To see how X
can be used to implement the gluing, notice that an orbifold Kéhler AC—metric g
on Kp naturally induces a metric on the boundary hypersurface B, ; of X. It also
induces an orbifold Kihler metric g; on B; with Kéhler form

(10) w; = ¢} oz, + 0y,

where @y, is a Kihler form on ¥; and wy, is a (1, 1)—form which restricts on each
fiber of (8) to a Euclidean metric. On X and E,-, one can therefore replace (10) with

(11) o = ¢f o3, + wg,,
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where wg. is a (1, 1)—form which restricts on each fiber of (9) to the Kahler form of

@i
an ALE-metric asymptotic to the corresponding Euclidean metric induced by wy, . In
other words, the metric g; with Kéhler form (11) is the local model that we want to glue
to g at the singularity ¥;. In terms of the manifold X, this gluing can be implemented
by considering a closed (1, 1)~form @ on (each level set of ¢ in) X which restricts
to @; on Ei and to the Kéhler form of g on §g+1 = By . By continuity, for § >0
sufficiently small, ®|,—s will then be positive definite and will induce the desired
Kihler QAC-metric on X le=g = A?QAC. Strictly speaking, to make this continuity
argument rigorous, one must also introduce a suitable vector bundle on X. We refer

the reader to Section 4 for its detailed description.

The biggest advantage of gluing using the manifold with corners X is that it is relatively
easy to generalize to singularities of arbitrary depth. Referring to Theorem 4.8 for the
precise statement, let us mention some examples of the Kdhler QAC—metrics that it
produces.

Theorem B (Corollary 4.10) Let (D1, g1),....(Dy, gq) be Kahler-Einstein orb-
ifolds with at worst isolated singularities of complex codimension at least 2. Suppose
that each (D;, gi) admits a Kéhler crepant resolution 13,-. Consider the Cartesian
products

D:=Dyx---xDy and D:= D, xmxﬁq.

Let gc be the orbifold Calabi—Yau cone metric on Kp \ D given by the Calabi ansatz.
Then, on Ky, there exist Kihler QAC—metrics that are asymptotic to gc¢ at any
rate o > 0.

Combining with Theorem A yields the following.

Corollary C On K as in Theorem B, there are Calabi-Yau QAC-metrics asymptotic
to gc with rate o« = 2pu, where (v is the complex codimension of the singular set of D.

As explained in the appendix, it is possible to push this construction further, giving
even more examples of Calabi—Yau QAC—metrics; see (A.1) and the discussion that
follows for details.

The paper is organized as follows. In Section 1, we give a definition of QAC-metrics
in terms of manifolds with fibered corners and we review some of their properties.
In Section 2, we describe how orbifold Calabi—Yau cones can be compactified by
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an orbifold with fibered corners and how one obtains a corresponding manifold with
fibered corners when there is a local product Kéhler crepant resolution. In Section 3,
we explain how an orbifold Calabi—Yau cone metric can be seen as a QAC—-metric
on the corresponding orbifold with fibered corners. In Section 4, we introduce the
manifold with corners X’ and explain how it can be used to produce examples of Kihler
QAC-metrics. Finally, in Section 5, we prove our main result, Theorem A, by solving
the corresponding complex Monge—Ampere equation.
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1 Manifolds with fibered corners

Let M be a compact manifold with corners in the sense of Melrose [33; 36] with
boundary hypersurfaces Hi,..., Hy. In particular, we assume that each boundary
hypersurface of M is embedded in M and we denote by dM the union of all the
boundary hypersurfaces of M. Suppose that each boundary hypersurface H; comes
endowed with a fiber bundle structure ¢;: H; — S; with base S; and with each fiber
a manifold with corners. We denote by ¢ = (¢1, ..., ¢x) the collection of all fiber
bundle maps.

Definition 1.1 [2; 1; 16] We say that (M, ¢) is a manifold with fibered corners if
there is a partial order on the boundary hypersurfaces such that:

e Any subset I of boundary hypersurfaces such that ();c; H; # @ is totally
ordered.
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e If H; < Hj,then H;N\H;j # &, the map ¢;|g;nm;: HiNHj — S; is a surjective
submersion and Sj; := ¢;(H; N Hj) is one of the boundary hypersurfaces
of the manifold with corners S;. Moreover, there is a surjective submersion
¢ji: Sji — Si such that ¢j; o¢p; = ¢; on H; N Hj.

* The boundary hypersurfaces of S; are given by the S;; for H; < Hj.

It follows directly from this definition that each base S; has a natural manifold with
fibered corners structure induced by the maps ¢;;: Sj; — S; for each i with H; < Hj.
Similarly, each fiber of ¢;: H; — S; has a natural manifold with fibered corners
structure. Moreover, S; is a smooth closed manifold whenever H; is minimal with
respect to the partial order, whereas the fibers of ¢; are smooth closed manifolds
whenever H; is maximal. This allows one to prove many assertions by proceeding by
induction on the depth of (M, ¢), that is, the largest codimension that a corner of M
may have, or by induction on the relative depth of a boundary hypersurface, where
we recall that the relative depth of a boundary hypersurface H; in M is the largest
integer j such that there exist j — 1 boundary hypersurfaces Hy,, ..., Hy;, | with

H; < Hy <---<H,_,.

The notion of a manifold with fibered corners is intimately related to the notion of a
stratified space, so let us recall briefly what is meant by this latter term.

Definition 1.2 A stratified space of dimension n is a locally compact separable
metrizable space X together with a stratification, which is a locally finite partition
S = {s;} into locally closed subsets of X, called the strata, which are smooth manifolds
of dimension dims; < n such that at least one stratum is of dimension » and

5iN5; #T < 5 C5j.

In this case we write that s; < s; and s; <s; if 5; # s;. A stratification induces a
filtration

B CXyCoCXy=X,

where X is the union of all strata of dimension at most j. The strata included in
X*:= X\ X, are said to be regular, whereas the strata included in X;,_; are said
to be singular. Given a stratified space, notice that the closure of each of its strata is
also naturally a stratified space.
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Remark 1.3 In the present paper, it is crucial for us to impose no restrictions on
the codimension of the singular strata. Notice however that in other situations, it is
quite common and natural to require that the singular strata are always at least of
codimension 2; see for instance [20].

A good measure of the complexity of a stratified space is given by its depth, a notion
which we now recall.

Definition 1.4 The depth of a stratified space (X,S) is the largest £ such that one
can find k 4 1 different strata with

S <S8y < < Sk < Sf41-

On the other hand, the relative depth of a stratum s in X is the largest k& such that
there exists k strata with
5§ <8 << Sk

More generally, the relative depth of a point p € X is the relative depth of the unique
stratum s containing p.

As observed by Melrose and described in [1; 16], a manifold with fibered corners M
always arises as a resolution of a stratified space SM given by M = M/~ where ~
is the relation

p~q <= p=gq or p,q¢€<H; with ¢;(p)=¢;(g) for some hypersurface H;.

In terms of the quotient map
B: M —°>M,

which we call the blow-down map, the regular stratum is given by (M \ dM).
More importantly, the blow-down map gives a one-to-one correspondence between the
boundary hypersurfaces H; of M and the closure of the singular strata s; := B(Hj;)
of M. The base S; of the fiber bundle ¢i: H; — S; is in fact itself a resolution
of the stratified space 5; and we have that s; = B(¢; 1(S; \ 8S;)). Moreover, the
correspondence between boundary hypersurfaces and singular strata is compatible with
the partial orders, ie
H; < [{j — i <y¢j,

so that the relative depth of a boundary hypersurface is equal to the relative depth of
the corresponding stratum. Notice also that the depth of SM as a stratified space is
equal to the depth of M as a manifold with corners.
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Definition 1.5 The stratified space M is said to be the blow-down of the manifold
with fibered corners (M, ¢). Conversely, the manifold with fibered corners (M, ¢) is
said to be a resolution of the stratified space M. More generally, a stratified space
which admits a resolution by a manifold with fibered corners is said to be smoothly
stratified.

Remark 1.6 Not all stratified spaces are smoothly stratified, but the property of being
smoothly stratified can be described intrinsically on the stratified space without referring
to a manifold with fibered corners; see for instance [1; 16].

Remark 1.7 The notion of resolution in Definition 1.5 should not be confused with
the notion of crepant resolution discussed in the introduction. In the first case, the
singularity is resolved using a manifold with corners and can be done quite generally,
while the latter case is much more specific, since the singularity must then be of a
particular complex geometric nature and is resolved by a smooth complex manifold
with suitable properties.

Example 1.8 An orbifold is naturally a smoothly stratified space — see for instance
[40, Section 4.4.10] or [19, pages 210-211] —and the corresponding manifold with
fibered corners is obtained by blowing up the singular strata in an order compatible
with the partial order.

Let x1,...,x; be some boundary-defining functions for the boundary hypersurfaces
Hy,..., H of M; thatis, x; is positive on M \ H;, x; = 0 on H; and dx; is
nowhere zero on H;. For each i, we will usually assume, unless otherwise stated,
that the boundary-defining function x; is identically equal to 1 outside some tubular
neighborhood of H;. This assumption is not restrictive, but turns out to be very
convenient. We also assume that the boundary-defining functions xi,...,x; are
compatible with ¢ in the following sense.

Definition 1.9 We say that the boundary-defining functions x1, ..., X} are compatible
with the collection of fiber bundle maps ¢ if for each i and ; with H; < Hj, the
restriction of x; to Hj is constant along the fibers of ¢;: H; — S;.

The assumption of compatibility with ¢ certainly imposes some restrictions on the
choice of boundary-defining functions. However, it imposes no restriction on the type of
manifold with fibered corners, since by [16, Lemma 1.4], we know that manifolds with
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fibered corners always admit compatible boundary-defining functions. One important
advantage of this compatibility condition is that for each i, the other boundary-defining
functions x; naturally define boundary-defining functions for §; that are compatible
with the induced manifold with fibered corners structure. Another advantage, as the
next lemma shows, is that it gives a nice local product decomposition of the manifold
with fibered corners structure near a boundary hypersurface.

Lemma 1.10 If xq, ..., x; are boundary-defining functions compatible with ¢, then
for each i, there exists a tubular neighborhood
ci: Hi x[0,e) > M
such that
(i) ¢fxi =pry;

(i) cfxj=xjopry for j#i;

(i) ¢t ogjoci(h,t)=¢;j(h) forh € H;N H; and Hj < H;;

(iv) ¢;'ogjoci(h,t)=(¢j(h).t) for h € H; N H; and H; > Hj;

where pr;: H; x[0,€) — H; and pr,: H; x[0,€) — [0, €) are the projections on the
first and second factors.

Proof Let & € C*°(TM) be a vector field such that
e dx;(£) > 0 everywhere on Hj;
* dxj(§) =0 in a neighborhood of H; in M for j #1i;
* &|m; is tangent to the fibers of ¢; : Hj — S; for H; < H;.

Then, in a sufficiently small neighborhood N; of Hj, the vector field n:= & /dx;(§) is
well defined and satisfies the same properties as & with the extra feature that dx;(n) = 1
in ;. By construction, the flow of 1 then generates the desired tubular neighborhood,
the last condition being satisfied thanks to the fact that the boundary-defining functions
X1,...,Xg are compatible with ¢. a

Recall from [33] that
V(M) :={£e€TM | Ex; € x;C>°(M) for all i }

is the Lie algebra of b—vector fields on M, that is, smooth vector fields on M which
are tangent to all boundary hypersurfaces. Notice that this definition does not depend
on the choice of boundary-defining functions Xx;.
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Definition 1.11 A quasi fibered boundary vector field, or QFB—vector field for short,
is a b—vector field & such that for each i,

» &|m; is tangent to the fibers of ¢; ;

o £v; €V}C®(M), where v; = a5~

We denote the space of QFB—vector fields by Vorp(M ).

Remark 1.12 This is closely related to the definition of an iterated fibered corners
vector field given in [16], the difference being that in [16], one requires that £x; €
xi2C°° (M) for each i instead of asking that

Ev; € VIC®(M).

Example 1.13 If M is a manifold with boundary, ¢p: dM — S is a fiber bundle and
X €C%°(M) is aboundary-defining function, then Vorg (M) is the Lie algebra of fibered
boundary vector fields (or ¢—vector fields) introduced by Mazzeo and Melrose [32].
If in fact S = 0M and ¢ = Id, then Vgrg(M ) is the Lie algebra of scattering vector
fields (or asymptotically conical vector fields) introduced by Melrose [35].

When there are corners of codimension 2 and higher, we can give a simple description
of QFB-vector fields in terms of coordinates adapted to the fibered corners structure.
If p € dM is contained in the corner H; N---N Hy, we can for simplicity label the
boundary hypersurfaces in such a way that

Hy<---<H,.

Let x1,...,xg be the corresponding boundary-defining functions. In a neighborhood
of p in which each fiber bundle ¢; is trivial, consider tuples of functions y; =
(yl.l,...,yfi) fori €{l,...,{} and z = (21, ..., zg) such that

(1.1) (X1, Y15+, X0, Y. 2)

defines coordinates near p with the property that on H;, (x1, y1,...,Xi—1, Yi—1, Vi)
induces coordinates on the base S; with ¢; corresponding to the map

(X1, V10 Xiy Vi oo X V0. 2) = (X1 V1 oo X1, Vi1 Vi),

where the notation “~” above the variable x; denotes its omission. In these coordinates,
one can check that the Lie algebra Vgrg(M) is locally spanned over C*°(M) by
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the vector fields

(1.2) wvix 9 v I VX I v 9 v 9
. 1 lax17 lay;'ll’ 2 Zaxz 18x1’ Zay;rlz, ey
0 0 d 0
VeXgq— —

Vy_ , v , —
dxg loxe Loyt 9z

for pe{l,....q} and n; € {1, ..., k;}, where x = ]_[f=1 x; and v; = H£1=i Xm. In
other words, in these coordinates, a QFB—vector field & € Vorg(M) is of the form

& 9 9 ¢ K 9 L9
(1.3) alUIXIa_)Cl+i=22ai Uixia—xi—vi—laxl__ +Zzbij”i@+chg’

1V is1j=1 =1

with a;, bij,cp € C*°(M); cf [16, equation (2.6)].

Definition 1.14 When the manifold with fibered corners (M, ¢) is such that S; = H;
and ¢; = 1d for each maximal boundary hypersurface H;, we say that a QFB—vector
field is a quasi-asymptotically conical vector field (QAC—vector field for short) and
(M, ¢) is a QAC-manifold with fibered corners.

The space Vorg(M ) clearly depends on the fiber bundle structure of each boundary
hypersurface H;. It also depends on the choice of boundary-defining functions.

Definition 1.15 If Hy,..., Hy is an exhaustive list of all the boundary hypersurfaces
of the manifold with fibered corners (M, ¢), then two different choices x,..., x;
and x7,...,x; of boundary-defining functions are said to be QFB—equivalent if they
yield the same Lie algebra of QFB—vector fields. If (M, ¢) is a QAC-manifold with
fibered corners, then we will also say that they are QAC—equivalent when they are
QFB—equivalent.

The next lemma gives a criterion to determine when two collections of boundary-
defining functions are QFB-equivalent.

Lemma 1.16 If Hy,..., Hy is an exhaustive list of all the boundary hypersurfaces of
the manifold with fibered corners (M, ¢), then two different choices x1, ..., X and
x{,...,x; of boundary-defining functions compatible with ¢ are QFB—equivalent if
and only if for all i , the function

/ /

- q0ef V) = Y 2 oo
f,.—log( ')— Z log(x.)ec (M)

v
! Hj=H,; /

is such that for all H; > H;, filg, = ¢J’."h,~j for some hij € C*°(S;).
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Proof Consider the Lie algebra of vector fields

Voo(M):=1{§ € Vp(M) | (¢i)« (5| ;) = 0 for all i}.

Clearly then, by Definition 1.11, the two choices of boundary-defining functions yield
the same space of QFB—vector fields if and only if for all £ € Vj (M),

dv; dv’
(14 Sl ec®M) foralli ( ,v)’z (§) €C(M) forall i.
Ul- Ul-
Now, by definition of f; € C°*°(M), we have that v = efiv;, so that
dv, dv;  df;
(15) e (ﬁ+i).
(v;)? v

In particular, if for all i and all H; > H;, filg; = ¢J’."h,~j for some h;; € C*°(S)),
then we see from (1.5) that (1.4) holds. Conversely, if for some H; and some H; > Hj,
Jilg; is not the pullback of some element of C°°(S), then we can find & € Vp 4 (M)
such that df;(§)|g; # 0 and

d

ZLEyec® ) forall L,
1)

4

so that by (1.5), (dv;/ (vlf)z) (&) is not bounded near H; , implying in particular that (1.4)
does not hold. i

It is clear from the definition that Vopg(M ) is in fact a Lie subalgebra of V(M ). In
particular, we can define the space Diff(’SFB (M) of QFB—differential operators as the
universal enveloping algebra of Vorg(M ) over C°°(M). Thus, DifngB (M) is the
space of operators generated by multiplication by elements of C°°(M) and the action
of up to ¢ QFB-—vector fields.

Now, as described in (1.2), the Lie algebra Vorg(M) is a locally free sheaf of
rank dim M over C°°(M). Hence, by the Serre-Swan theorem, there exists a natural
smooth vector bundle, the QFB—tangent bundle, which we shall denote by TM — M,
and a natural map t: $TM — TM restricting to an isomorphism on M \ M such that

Vors (M) = (14)+C® (M ;°TM).
More precisely, at a point p € M, the fiber of ?TM is given by
Ty M = Vors(M) /I, - Vors(M),

where 7, is the ideal of smooth functions vanishing at p. It is then natural to define
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the QFB—cotangent bundle to be the dual ?T*M of the QFB—tangent bundle 7M.
In terms of the coordinates (1.1) near H; N---N Hy, a local basis of sections of the
QFB—cotangent bundle is given by

dv dy™ dv dy’;*
(1.6) e Dy
f U1 v% Uy

forke{l,...,q} and n; € {1,...,k;}.

Definition 1.17 A quasi fibered boundary metric (QFB—metric for short) is a choice
of Euclidean metric g4 for the vector bundle *TM. A smooth QFB—metric on M \dM
is a Riemannian metric on M \ dM induced by some QFB-metric g4 via the map
lp: ¢TM — TM. Hoping this will lead to no confusion, we will also denote by g¢
the smooth QFB-metric induced by a QFB-metric g, € C®°(M;9T*M Q@ *T*M).

Remark 1.18 Because M is a compact space and all of the Euclidean metrics of a
vector bundle on a compact space are quasi-isometric, notice that all smooth QFB—
metrics are automatically quasi-isometric among themselves. Thus, more generally, if a
Riemannian metric on M \ 0M is quasi-isometric to a smooth QFB-metric gorp and
if all of its derivative taken with respect to the covariant derivative of gqrp are bounded,
then we say that it is a QFB-metric. Similarly, we say that a QFB—metric gy is polyho-
mogeneous if g4 is induced by a Euclidean metric on ®TM which is polyhomogeneous
on M.

Example 1.19 In the local basis (1.6), an example of a QFB—metric is given by

0 >y O S

i=1 i i=1j=1 i

Example 1.20 If M is a manifold with fibered boundary ¢: 0M — S, then a QFB—
metric is a fibered boundary metric (or ¢—metric) in the sense of [32]. If moreover
S = dM and ¢ = Id, then a QFB-metric is a scattering metric (also called an
asymptotically conical metric) in the sense of [35].

Notice that given a smooth QFB—metric gqrg, there is an alternative description of
the Lie algebra Vorg (M ), namely, it is given by the smooth vector fields on M which
are uniformly bounded with respect to gqorp:

(1.8) Vors(M) ={§ € C*(M;TM) | S{IP gor(§.§) < oo}
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In this paper, we are interested in the following particular example of a QFB—metric
first considered in [17].

Definition 1.21 A quasi-asymptotically conical metric (QAC—-metric for short) is a
QFB-metric on a manifold with fibered corners such that S; = H; and ¢; = Id for
each maximal boundary hypersurface H; with respect to the partial order.

Example 1.22 (cf [17, Section 2.3.5]) Let M; and M, be two smooth manifolds
with boundary and consider the manifold with corners M = [M; x M,; oM x dM,]
obtained by blowing up the corner of M x M, in the sense of Melrose [34]. Let
B: M — My x M, denote the blow-down map. As illustrated in Figure 5, M has
three boundary hypersurfaces, H; and H, coming respectively from the old faces
dM1 x M, and M| x dM,, and H3 coming from the blown-up corner.

Hz M1 x8M2
Hj H;
H1 M H1 L 8M1 XM2 8M1 XM2
H; H;

H, M, ><8M2

Figure 5: The blow-down map : M — My x M,

These faces come naturally with fiber bundle structures
¢128M1XM2—>3M1, ¢22M1X8M2—>8M2, ¢3 =Id: H3—>H3,

given respectively by the projections on the left and right factors for Hy = M x M, and
H, = M, xdM,, and by the identity map on Hz. These fiber bundles ¢ = (¢1, ¢, P3)
endow (M, ¢) with a manifold with fibered corners structure with partial order given
by Hi < H3 and H, < H;3. Let u; and u, be boundary-defining functions on
M and M, respectively and denote also by u; and u; their pullbacks to M x M,
via the projections on the left and right factors. On M, consider the polar coordinates
uy =rcost, u, =rsinf, so that x; =cosf, x, =sinf and x3 = r are boundary-
defining functions for H;, H, and Hj3, respectively. In terms of these choices, the
functions v; of Definition 1.11 are given by

V) = X1X3 =Uq, Uy = X2X3 = Uj, U3 = X3 =T.
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In terms of the local basis of sections (1.6) of the QAC—cotangent bundle, we thus
see that any pair of asymptotically conical metrics g; € C°(M;;**TM;), fori = 1,2,
naturally induces a QAC—metric goac on M by taking their Cartesian product:

goac = B (g1 x g2).

Remark 1.23 On a manifold with boundary M with fiber bundle structure on dM
given by the identity map, all choices of boundary-defining functions lead to the same
Lie algebra of scattering vector fields. In Example 1.22, this is reflected by the fact
that the Lie algebra of QAC—vector fields does not depend on the choice of u; and u5.
However, choosing boundary-defining functions x; not induced by the choices of u
and u, as in the previous example may change the Lie algebra of QAC—vector fields.

Proposition 1.24 Definition 1.21 is a particular case of the notion of a QAC-metric
introduced in [17].

Proof Let (M, ¢) be a manifold with fibered corners such that S; = H; and ¢; = Id
for each maximal hypersurface. The simplest way to see that Definition 1.21 is a special
case of [17] is to proceed by recurrence on the depth of M. If the depth of M is one,
that is, if M is a manifold with boundary, then Definition 1.21 just corresponds to the
notion of a scattering metric in the sense of [35], so that the result is obvious in this case.

Suppose then that the result holds for all QAC-manifolds with fibered corners of
depth k > 1 and smaller and let (M, ¢) be a QAC-manifold with fibered corners of
depth k£ + 1. Let H; be a boundary hypersurface of relative depth k + 1 in M. Using
a tubular neighborhood N} = H; x[0,€)x, of H; as in Lemma 1.10, we see from
Example 1.19 that in A7, an example of a smooth QAC—metric is given by

2 *
(1.9) iy Pigs %5,

4
vy

+ h,

Vi

where / is a symmetric 2—tensor which restricts to a smooth QAC—metric on each
fiber of ¢1: H;y — S and gg, is a Riemannian metric on the closed manifold Sj.
Here, we think of /1 as being constant in X1, that is, defined on H; and pulled back
to the tubular neighborhood of H; given by Lemma 1.10.

Alternatively, we can look at the restriction of / to each level set of v;. For ¢ > 0, the
region of the level set v; = ¢ contained in the tubular neighborhood A corresponds
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to the open set U, = {p € H; | v2(p) > ¢/e} in Hy under the retraction r;: N7 — Hj.
In fact, we have that
H\oH, = | ] Ue.

0<c<e

Thus, in terms of the level sets of vy, and restricting to a region W of S| where the
fiber bundle ¢;: H; — S is trivial, we see that the metric (1.9) can be assumed to
be the Cartesian product of the cone metric dv% / v;‘ +gs,/ vf with a QAC—metric &
on Z1, but restricted to the region

{(.0.2) €[0.€)0y x WX Zy [ 02(2) > £} C[0,€)0, x W Z1,

where Z is a typical fiber of ¢; so that ¢1_1 (W) = W x Z;. This is precisely the
local inductive model given in [17, Lemma 2.9]. This completes the proof. O

Remark 1.25 Using directly [17, Lemma 2.9], we did not have to deal with the
notion of resolution blow-ups introduced in [17]. Since this is intuitively useful, let us
nevertheless quickly explain how resolution blow-ups arise in terms of Definition 1.21.
Let (M, ¢) be a QAC—manifold with fibered corners and let D be the (disjoint) union
of all maximal boundary hypersurfaces of M. Then D naturally inherits a manifold with
fibered corners structure. As such, there is an associated smoothly stratified space Y
with singular strata in one-to-one correspondence with the boundary hypersurfaces
of D. Let x =[] H;cam Xi be the product of all boundary-defining functions of M.
Then, for € > 0 small, the level set

Ye:={peM|x(p)=e

of x corresponds to a smooth desingularization of Yy in the sense of [17, Section 2.3].
Let t¢ : Ye — M be the natural inclusion and consider the metric ge¢ 1=t} (x2 gQAC)
for goac a choice of QAC-metric on (M, ¢). Then, for € > 0, the family (Y, g¢) is
a resolution blow-up of (Yy, g¢) for some incomplete iterated edge metric g¢ on Yy,
the stratified space associated to D. A subtle point however is that g¢ is not equal

to L;Xz goac for to: D — M the natural inclusion. For instance, if xpnax denotes

2

4
max /xmax lead

to nonzero contributions in the limit € Y\ 0, but these contributions are clearly not

the boundary-defining function for D, then terms of the form ¢} x? dx

captured by ] x2 goac, which in fact is not an incomplete iterated edge metric. See
Remark 4.6 for a related phenomenon.
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Remark 1.26 One advantage of using QAC—manifolds with fibered corners is that the
weight functions of [17, Section 2.4] admit a simple description in terms of boundary-
defining functions. If x =[], cyps Xi is the product of all of the boundary-defining
functions of M, then the radial function of [17] can be taken to be p = 1/x. Moreover,
if (M, ¢) is of depth £, then for 1 < j < ¢, the weight function w; of [17, Section 2.4]
is simply the product of all boundary-defining functions associated to boundary hyper-
surfaces of relative depth at least j. In particular, in the situation where the boundary
hypersurfaces of M are totally ordered, say H; <--- < Hy, the weight function w; is
simply given by

Using a similar approach as in the proof of Proposition 1.24, we can obtain the following
general result about QFB—metrics.

Proposition 1.27 Each QFB-metric is a complete metric of infinite volume with
bounded geometry.

Proof A QFB-metric is a particular example of a metric with Lie structure at infinity
in the sense of [3]. As such, it is complete and of infinite volume by [3, Proposition 4.1
and Corollary 4.9]. By [3, Corollary 4.3], its curvature is bounded, as well as all of
its covariant derivatives. By [3, Corollary 4.20] and Remark 1.18, for a fixed Lie
algebra of QFB-—vector fields, it suffices to find one example of a QFB-metric with
positive injectivity radius to conclude that all QFB—metrics have positive injectivity
radius. Now, it is well known that closed Riemannian manifolds have a positive
injectivity radius. Thus, proceeding by induction on the depth, we can assume that
QFB-metrics on a manifold with fibered corners of depth k have a positive injectivity
radius. On a manifold with fibered corners (M, ¢) of depth k + 1, let H; be one of
the boundary hypersurfaces of relative depth k& + 1. Using a tubular neighborhood
N1 = Hy x[0,€)x, of H; asin Lemma 1.10, we can consider a QFB-metric as in (1.9),
this time however with / restricting to a QFB—metric on each fiber. In particular, each
fiber has positive injectivity radius by our induction hypothesis. Clearly then, by the
discussion at the end of the proof of Proposition 1.24, the points contained in the
smaller tubular neighborhood N} = H; x [0,€/2)x, have positive injectivity radii
uniformly bounded from below by a positive constant. Considering similar metrics
near each boundary hypersurface of relative depth k 4+ 1, we can then extend in an
arbitrary way to obtain a global QFB metric on (M, ¢), which, thanks to our induction
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hypothesis, will have positive injectivity radius. Hence, by our earlier observation,
all QFB—metrics have positive injectivity radius. Combined with the control on the
curvature and on its derivatives mentioned previously, this shows that all QFB-metrics
have bounded geometry. a

For QAC—metrics, we also have another important property, namely the Sobolev
inequality.

Lemma 1.28 (Sobolev inequality) Given a QAC-metric g on a manifold with fibered
corners M of dimension m, there exists a constant C > 0 such that

(m—2)/m
(1.10) ( / |u| 2/ (m=2) dvol(g))
M\OM

<C | |Vul?dvol(g) forall ueCX®(M\IM).
4 c

Proof By [17, (3.20) and (4.16)], the heat kernel of g satisfies a Gaussian bound,
which is well known to be equivalent to the existence of a constant C > 0 such that
(1.10) holds; see for instance [22]. a

Given an asymptotically conical metric, one can define corresponding Holder spaces.
However, in some situations — see for instance [13; 15] — it is more convenient to work
with the weighted Holder spaces associated to a conformally related metric, namely a
b-metric in the sense of Melrose [34]. The same phenomenon arises for QAC—metrics,
since the Holder spaces introduced and used in [24; 17] are really those associated to a
metric conformal to a QAC-metric.

Definition 1.29 Let (M, ¢) be a QAC—manifold with fibered corners and let xp,x
be the product of the boundary-defining functions associated to all maximal boundary
hypersurfaces of M. A smooth quasi b-metric on M (Qb-metric for short) is a
metric gqp of the form

2
8Qb = X1ax8QAC

for some smooth QAC—metric ggac.

As for a QAC—metric, the space

(L.11) V(M) ={£ €C®(M;TM)| sup gqv(§.§) < oo}
M\OM
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of smooth vector fields on M uniformly bounded with respect to gqp is in fact a Lie
algebra. Indeed, we see from Definition 1.11 and (1.8) that this space can alternatively
be defined as the space of b—vector fields & such that for each i,

* &|m; is tangent to the fibers of ¢; if H; is not maximal;
* évj € (v,'z/xmax)coo(M)a

which is clearly closed under the Lie bracket. In particular, the Lie algebra Vo, (M)
does not depend on the choice of the Qb-metric for a fixed QAC—manifold with
fibered corners and for a fixed choice of boundary-defining functions. Looking at the
corresponding universal enveloping algebra over C®°(M), one can then define the
space Difféb (M) of Qb—differential operators of order k to be the space of differential
operators generated by C*°(M) and products of up to k elements of Vgp(M). In
particular, we obtain the following analog of Proposition 1.27.

Proposition 1.30 Each Qb-metric is a complete metric of infinite volume with
bounded geometry.

Proof A Qb-—metric is a particular example of a metric with Lie structure at infinity
in the sense of [3], so we can proceed as in the proof of Proposition 1.27 to conclude
that it is complete of infinite volume with curvature and all its covariant derivatives
bounded. To show that it has positive injectivity radius, we can proceed by induction
on the depth as in the proof of Proposition 1.27. a

There are various functional spaces that we can associate to QAC-metrics and to
Qb-metrics. We will be particularly interested in Holder spaces. Recall that to a
given complete metric g on M \ dM, a Euclidean vector bundle £ — M \ oM
with a compatible choice of connection and k € Ny, one can associate the space
Céf (M \ 0M ; E) comprising continuous sections f: M \ 0M — E such that

(1.12) V/feC®(M\OM:T)(M\OM)® E) and  sup |V/f(p)lg <oo0
pPEM\OM

for all j € {0,...,k}, where V denotes the covariant derivative induced by the
Levi-Civita connection of g and the connection on E, |-|g is the norm induced by
the metric g and the Euclidean structure on E, and

TP(M\OM)=T*(M\OM)®--- @ T*(M \ dM).

J times

Geometry & Topology, Volume 23 (2019)



Quasi-asymptotically conical Calabi—Yau manifolds 55

The space Cif (M \ OM; E) is in fact a Banach space with norm given by
k

(1.13) 1A lgr:=D_ sup  |V/f(p)lg

j=0 PEM\OM

Taking the intersection over all k, we also get the Fréchet space

CO(M\OM:E)= () CE(M \ M E).
keNy

For « € (0, 1] and k € Ny, we can also consider the Holder space C{‘f’“ (M \OM;E)
of functions f € C{‘f (M \ M ; E) such that

[V*/Te
Vk _ Vk
<00,

where P: (T,?(M\&M)@E)h,(o) — (T,?(M\&M)@Eﬂy(l) is the parallel transport
along y and £(y) is the length of y with respect to the metric g. This is also a Banach
space with norm given by

(1.14) I f gk i= I fllgx + [V flga-

For p € C*°(M \ dM) a positive function, we can also consider the weighted version

(1.15)  pC&*(M \ M E)

= {f ‘ % IS C;‘,a(M\E)M;E)} with norm ”f”pcfg"’“ - Hi

g.k.a

By choosing g = ggac to be a smooth QAC-metric, we get in particular the Banach
spaces

Coac(M \OM: E) and CéfC(M\aM;E).

Notice however that they do not correspond to the Holder spaces of [24, Section 9]
and [17]. Indeed, [24, Section 9] and [17] consider instead weighted versions of
the Banach spaces Céb(M \ dM; E) and Cé]’f‘ (M \ OM ; E) obtained by choosing
g = ggb = X2.,80Ac to be a smooth Qb—metric on M. The reason for this choice is
that one can obtain nicer mapping properties for elliptic QAC—operators when acting
on weighted Qb-Holder spaces. Results stated in terms of Qb—Holder spaces are also
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more precise, since, as one can easily check, there are continuous strict inclusions
cgb(M \OM: E) C Cipc(M \ OM; E),
(M \dM; E)C CQAC(M\BM; E).

(1.16)

As in [24, Section 9] and [17], we will mostly deal with Qb—Holder spaces and their
weighted counterparts. Still, we will also have to deal with QAC-Holder spaces. The
following lemma will be helpful in these cases in bringing the discussion back to
Qb-Holder spaces.

Lemma 1.31 For 0 <§ < 1, there is a continuous inclusion x% . C Q AC (M\OM; E)C
Cow (M \ OM: E) for e < 5.

Proof Let ggac be a choice of smooth QAC—metric and consider the conformally
related Qb—metric gqp := X2, goac. Given y € C®([0,1]; M \ dM), let £oac(y)
and £qp(y) denote the length of y with respect to the metrics ggoac and ggp. Then,
using the Holder inequality with p = 1/§ and ¢ = 1/(1 —§), observe that
1

Xmax (1 (0)° Ximax (7 ()3
/ dXmax | _s /‘ dXmax <5

y X y XXy
= 8(KLlaac(1)’ (Klav(y)' ™
= 8K Loac () lap()'™°

for some constant K > 0 depending on goac and gqp, but not on the path y.

(1.17)

1-4

=4

8
[ dXmax
y  Xmax

/ dXmax
2
Y *max

For f € xmax Q AC (M \OM ; E), consider the positive constant C := || f/ xmaxll goac0,1 -
Then, for any path y € C°°([0, 1]; M \ dM'), we have that

(1.18)  2C min{lqac(y), 1}

B U@O)  frd)
Xmax (¥ (02 Xmax (v (1))’
_ | B ©O) S r() n Sy@)  Sy@)
Xmax(V(0))° Xmax(¥(0))° Xmax((0))° Xmax (¥ (1))?
_ By (S () = f(r(D)] 1 1

Xmax (7(0))° ~ I 0| T 0P T S (D)
1Py (f(y () = fy()] 5 15
> e O) CKloac(y)Lov(y) —°,
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where we have used (1.17) and the inequality || flgguc,0 < ||f/xglaxl|gQAC,0,1 =C in

the last step. Thus, we infer from (1.18) that for all y € C*°([0, 1]; M \ M),

(1.19) | P, (f(y(0))— f(y (1)
< 2CXmax (1(0))° min{loac(y), 1} + CK8xmax (1 (0))° Laac () qu () 2.
Thus, if £qu(y) > 1, then

| Py (f(y(0))— f(y(1))]
Lon(y)*

(1.20) =[Py (f(¥(0) = f(y(D)]

v
)

max

<2/ leorco < z‘

£qac,0,1
=2C <2C + CKS§.

If instead €qp(y) <1, let tmin € [0, 1] be such that

¥max (¥ (fmin)) = min{xXmax (y (1)) : 7 € [0, 1]},

[tmin dxmax
- °V
0 Xmax

so that

e )= < ko) 2 K

(Y O) o) < oK
xmax(y(tmiﬂ))

9’

where K > 0 is the constant occurring in (1.17). Then (1.19) yields

[Py (S ((0)—f(r(D)]

(1.21)
Lon(y)®
< 2Cxmax (¥ (0))8 min{EQAC (V)» 1} CKSxmax(y (0))8€QAC (V)seQb(V) 1=
+
- Laop(y)e Laov(y)*
_ 2Cxman (y(0)  min{loac(y). 1} | CK8xmax(y (0)) loac(r)*lon(y)'
(Xmax (¥ (tmin)))* €oac (¥)* (Xmax (¥ (fmin)))? Loac (¥)?

<2CeK® 4 CK8lon(y)' ek < (24 K8)CeX?,

since @ < §. Hence, combining (1.20) with (1.21) and taking the supremum over y
yields
’

8
X max

’

£qac,0,1

[f]ng,O,a =2+ KS)CeKs =02+ K5)€K5

from which the result follows. O
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2 Manifolds with fibered corners coming from
Sasaki-Einstein orbifolds

Let Z be a closed orbifold of real dimension 2n + 1. A Ricci-flat Kéhler cone metric
on the Cartesian product C := R™ x Z is a cone metric

gc=dr* +r’gz,
where gz is some Riemannian metric on Z, together with a complex structure J¢ on C
such that g¢ is Ricci-flat and Kidhler with respect to J¢ with Kéhler form given by
we = —Vz_l 99r2.
In particular, when such a metric g¢ and complex structure J¢ exist, the corresponding
canonical line bundle K¢ of C is flat with respect to the Chern connection induced
from g¢ and Jc.

Notice then that the metric gz is Sasakian and that there is a corresponding Reeb

vector field on Z given by

. d
g— JCW

The orbits of the flow of this vector field induce a foliation called the Reeb foliation. In
the present paper, we will always assume that the Ricci-flat Kéhler cone (C, g¢c, J¢)
is quasiregular in the following sense.

Definition 2.1 The Ricci-flat Kéhler cone (C, g¢, J¢) is quasiregular if there exists a
Kéhler-Einstein Fano orbifold (D, gp) and a holomorphic line bundle L over D with
Hermitian metric Ay, such that L \ D is biholomorphic to (C, J¢) with the properties
thaton L\ D:

(1) The radial function r is given by
1
r=1-l," on L\D

for some g € N and Z =r~1(1).

(2) The Reeb foliation corresponds to the fibers of the unit circle bundle of (L, iy),
that is,

St ——

V4
(2.1) le
D
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(3) The map vy in (2.1) is an orbifold Riemannian submersion from (Z, gz)
to (D,gp).

(4) For some p € N, the line bundle K g has a nowhere vanishing holomorphic sec-
tion Q7 € H%(C: K{) which is parallel with respect to the induced Chern con-
nection from K¢ and J¢ . In particular, there is a nonzero constant ¢, such that

2.2) (@IFYP =, QP AQP,

where (a)ZH)P is the tensorial product of wZ’Ll with itself p times seen as a

section of K¢ ® K.
Furthermore, when p = 1 in item (4), we say that (C, g¢, J¢) is a quasiregular

Calabi—Yau cone.

As a simple computation shows, the Kidhler—Einstein constant of the metric gp is
completely determined by the previous definition, namely

Ric(gp) =2(n+1)gp.
Furthermore, the Kéhler form of gp is such that
2.3) vV—=10y, = —2qwp,
where ©y, is the curvature of (L, i) with respect to the Chern connection.
Remark 2.2 Let us clarify that we assume that L is locally trivial in the sense that

in a neighborhood of any point p on D, there are orbifold charts ¢: &/ — C"/T" and
v le (U) — (C"x C)/ T inducing a commutative diagram

P U) 2 (€ x )T

(2-4) lPL lpfl
v

U—>r cnyr

where pr; is the projection on the first factor. In particular, although we do assume
that C and Z may have orbifold singularities, not all singularities of D correspond
to singularities of Z and C. Indeed, even if Z were smooth, as a space of leaves, D
could still be singular. Also, notice that a point p € Z is singular if and only if all
points of le (vr(p)) are singular.
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In fact, a simple way to construct examples of quasiregular Calabi—Yau cone metrics
is to start off with a Kihler—Einstein Fano orbifold (D, gp) and to apply the Calabi
ansatz [8; 29], which yields a Calabi—Yau cone (Kp \ D, g¢) with the zero section
D C Kp corresponding to the apex of the cone, where Z is then the total space of
the unit circle bundle of Kp over D. The Kéhler form w¢ of g¢ can then be written
explicitly in terms of the Kéhler—Einstein metric gp as

25) we = Y199 1Y,
where || -|[|g, is the Hermitian metric on Kp induced by gp seen as a function
on Kp\ D.

To describe the natural holomorphic volume form associated to this Calabi—Yau cone,
recall that the space of sections H®(Kp;n*(Kp)) has a tautological element = given
by w, = n*p for p € Kp, where n: Kp — D is the canonical projection. For any
choice of local coordinates (z1, ..., z;) on D, we have a local section dzq A--- Adzy
of Kp, and hence local coordinates (zy,...,zy,v) on Kp with (z1,...,z,,v) corre-
sponding to vdzy A---Adzy € Kpl(z,,....z,)- In these local coordinates, o is simply
given by
w=vdzi N Ndzy.

Taking the exterior derivative of the tautological element w yields the canonical
holomorphic volume form Q¢ of Kp, namely,

Qc:=dw = 0w € H*(Kp; Kg,).

The fact that the cone metric g¢ is Calabi—Yau amounts to the fact that

+1 o
a)g =cQc NQc

for some fixed nonzero constant c.

More generally, if pr: L — D is a ¢™ root of Kp, namely if L®? = K, then the
natural map

Q: L\D— Kp\D,

o oc%®,

(2.6)
is a Zg—cover of Kp \ D, so that pulling back Q¢ and wc to L\ D endows L\ D

with an orbifold Calabi—Yau cone structure. Conversely, given such a line bundle L,
we have that Z,, seen as the group of p™ roots of unity, naturally acts by isometry
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on (L \ D, Q*gc) via the natural S!'-action, and the quotient, which is naturally
identified with L? \ D, naturally inherits the structure of a quasiregular Ricci-flat
Kihler cone since the Z,—action is trivial on (Q*Q¢)? € H(L \ D; Kf\D).

Now, suppose that (C, g¢) is a quasiregular Ricci-flat Kihler cone with holomorphic
parallel section Qg e HY(C; K g) as above and suppose that X is a Kdhler orbifold
with a nowhere vanishing holomorphic section Qf", e HO(X: K §) such that for some
compact subset K C X, there is a biholomorphism

Q2.7) X\K=(k,00)xZCC

for some x > 0 identifying Qf\’, with QIC’. Assume further that the singular set of X
has complex codimension at least 2 and that X admits a local product Kihler crepant
resolution X — X in the sense of [24] such that Qf", lifts to a nowhere vanishing
holomorphic section Qf;? € AH 0 (XA i K f‘;). In the remainder of this section, we will
explain how the resolution X can then be naturally compactified as a manifold with
fibered corners. However, before doing that, let us give some examples of such a
space X.

Example 2.3 We can take X = C”"T!/ T for some finite subgroup I' C SU(n+1). Itis
not automatic that X will admit a local product Kihler crepant resolution, but for many
choices of T" it will [24, Sections 6.4—6.6]. For instance, if I' C SU(2) C SU(n + 1),
there is automatically a crepant resolution by [28]. On the other hand, we can take
(C,gc)=((C™1/T)\ {0}, gg), where g is the Euclidean metric on C"*1/T and
K = {0}, to obtain trivially that X \ {0} is biholomorphic to C.

Example 2.4 Let (D, gp) be a Kéhler—Einstein Fano orbifold of complex dimen-
sion n and assume that D admits a local product (Kéhler) crepant resolution D. This
automatically implies that the total space K 5 of the canonical line bundle of Disa
local product (Kihler) crepant resolution of Kp and that the diagram

Bk
Kﬁ—)KD

(2.8) l J

~ B

D——D
commutes, where the vertical maps are the canonical projections and the horizontal
maps are the blow-down maps of the local product resolutions. Thus, in this setting,
we can take X = Kp and the Calabi-Yau cone C = Kp \ D with Kéhler metric given
by (2.5).
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Remark 2.5 In the previous example, we could for instance take D = CP”/T" with
I' € SU(n + 1) a finite subgroup. In this case, the Fubini—Study metric descends to
a Kihler—Einstein metric gp on D. On the other hand, D does not always admit
a local product Kéhler crepant resolution, but in some cases it does, for instance in
Example A.2 in the appendix or when n =2 and I C SU(3) is the subgroup generated
by the diagonal matrix with diagonal entries given by e2™ i/3 ¢727i/3 and 1. We could
also take D to be a Kéhler—Einstein log del Pezzo surface with canonical singularities
of degree at most 4; see [39] for examples. According to [39, page 165], D then has
only singularities of type D4 and Ay for k <7, so automatically admits a local product
Kihler crepant resolution by proceeding as in [28]. Finally, notice that if (D, gp,)
and (D, gp,) are two examples of Kihler—Einstein Fano orbifolds admitting local
product Kahler crepant resolutions, then after scaling the metrics, we can assume
without loss of generality that Ric(gp;) = gp, for i = 1, 2, so that the Cartesian
product (D x Dy, gp, X gp,) is another example of a Kihler-Einstein Fano orbifold
admitting a local Kéhler crepant resolution.

To describe the natural compactification of X, observe first that we can compactify X
into an orbifold with boundary X such that the biholomorphism (2.7) extends to a
diffeomorphism

Xoe \ K = (k,00] x Z.

Here, we mean that X is an orbifold with boundary in the sense that it is locally
modeled by charts of the form

R**2/Ty or (R*"*!/Ty) x [0, 00),

with 'y € GL(2n + 2,R) and T, € GL(2n + 1,R) finite subgroups. Notice in
particular that with this definition, the orbifold singularities are always transversal to
the boundary. Clearly, we have that dXs. = Z and that the function x := 1/r defined
near dX, is a natural choice of boundary-defining function.

As an orbifold, 0X;. has the structure of a smoothly stratified space with strata cor-
responding to the various types of orbifold singularities. In particular, the strata are
partially ordered by the relation

S1 =85y <= 51 C35>.

Geometry & Topology, Volume 23 (2019)



Quasi-asymptotically conical Calabi—Yau manifolds 63

In fact, by Remark 2.2, each stratum 5; of Xy is naturally equipped with an S'—
orbibundle structure

Sl e E,'
2.9) lvi
Oi
in which &; := v;(57). The partial order on the strata of dX;. gives us a systematic way
of blowing up the strata of d.X,. in X in the sense of [1]. Namely, let {s,..., s}
be an exhaustive list of all the strata of dX;. compatible with the partial order in the

sense that
si =8j = i <j.

In particular, sz will be the regular stratum, so that dX;. = 5% . One constructs a natural
space X out of X, by blowing up all of the strata of d.X. in X;. except the regular
one; that is,

(2.10) fsc = [Xsc;S1,52,--.,5k—1] with blow-down map Bi.: )?SC — Xie.

Each of these blow-ups creates a new boundary hypersurface, so that X, is not an orb-
ifold with boundary, but rather an orbifold with corners, by which we mean that X is
locally modeled on charts of the form R2”+279 /' x[0, c0)? for ¢ € {0, 1,...,2n + 2}
and I' C GL(2n + 2 — ¢, R) a finite subgroup. By construction, X has a boundary
hypersurface H; for each stratum s; of dXs.. Since we blow up each 5; in X
instead of in dXy., notice that each boundary hypersurface H; remains an orbifold for
each i <k, whereas Hj, is the manifold with fibered corners that resolves the stratified
space 0X;c, hence contains no orbifold singularities. As we are about to show, there is
a natural fiber bundle structure on each boundary hypersurface, making X, an orbifold
with fibered corners in the following sense.

Definition 2.6 Let M be an orbifold with corners and suppose that each of its boundary
hypersurfaces H; is a fiber bundle ¢;: H; — S; whose base S; is a manifold with
corners (hence has no orbifold singularities) and whose fibers are all orbifolds with
fibered corners. If ¢ denotes the collection of fiber bundle maps ¢;, then we say that
(M, ¢) is an orbifold with fibered corners if there exists a partial order on the boundary
hypersurfaces such that the same conditions as in Definition 1.1 are satisfied, namely:

e Any subset I of boundary hypersurfaces such that ();c; H; # @ is totally
ordered.
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e If H; < Hj, then H; N H; # &, ¢ilg;nm;: Hi N H; — S; is a surjective
submersion and Sj; := ¢;(H; N Hj) is one of the boundary hypersurfaces
of the manifold with corners S;. Moreover, there is a surjective submersion
¢ji: Sji — Si such that ¢j; o¢p; = ¢; on H; N Hj.

* The boundary hypersurfaces of S; are given by the Sj; for H; < H;.

Proposition 2.7 The orbifold with corners X, itself has a natural orbifold with fibered
corners structure.

Proof Before we perform the blow-ups for larger strata, the closure of the stratum s;
lifts to a submanifold S; of [Xs;s1,...,8;—1], so that the blow-up face associated to s;
is just the radial compactification N'S; of the normal bundle of S; (as a suborbifold of
a boundary hypersurface of [X;;57,...,5;—1]), whose fibers are orbifolds of the form
V= (CT/F, with m; = n —dimc o0; and ['; C SU(#n;) a finite subgroup, that is,

Vi —— NS;
(2.11) ld)i
Si
The subsequent blow-ups of strata modify the face associated to s;, but only in the
fibers of (2.11), so that ultimately H; comes equipped with a fiber bundle structure
Vi — H
(2.12) ld’i
Si
with V; obtained from V; by blowing up the singular strata of dV; in V; in an order
compatible with the partial order of the strata of dV/;. In other words, V; is naturally

an orbifold with boundary and 17, is obtained from V; in the same way that X. s 18
obtained from X..

Notice that thanks to the order in which we do the blow-ups, S; is the natural manifold
with fibered corners that resolves the closure s; seen as a stratified space. In particular,
it has no orbifold singularities and the singularities of the face H; are all in the fibers
of (2.12). Now, clearly, since each boundary hypersurface of X, is associated to a
stratum of 0.Xj, the partial order of the strata of d.X,. induces a partial order on the
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boundary hypersurfaces of X, sc. Moreover, we clearly have that
HiNH #2 S s;i <s; or s§j=sj,

and we see that the partial order on the boundary hypersurfaces of Xee totally orders
any subset / of the boundary hypersurfaces with (;.; H; # @. Finally, if H; < Hj,
then it follows from the order in which we blew up the strata that ¢; restricts to a
surjective submersion on H; N H; onto the boundary hypersurface Sj; of S;, and that
the fiber bundle structure ¢j;: S;j; — S; coming from the orbifold with fibered corners
of Sj is such that ¢;; o ¢pj = ¢;. ml

The space Xee provides a compactification of X, but it still has orbifold singularities.
On the other hand, since we only blew up strata of dX;., we still have a natural
identification XNSC \ 3X~SC = X, so we can still use the local product Kihler crepant
resolution of X to remove the orbifold singularities.

Theorem 2.8 The local product Kihler crepant resolution Bx: X > X naturally
extends to give a resolution Bqac: X, Qac — X, sc of the orbifold with fibered corners X
by a manifold with fibered corners X, QAc, inducing the commutative diagram

X ————— Xoac
lﬁx lﬂQAC
X X

The space AA’QAC is called the QAC—compactification of X and we say that it is a
QAC-resolution of X, sce

SC

ﬂSC

Proof If oy = v (s;) is a point, then S; = s; = S! and H; = V; x S! with
¢1: V1 xS! — S! given by the projection on the right factor and V; = W for a
certain finite subgroup I'y C SU(n) acting freely on C”\{0}. Here, C"/ I'y can be seen
as an orbifold chart for the corresponding stratum o; in D. Clearly then, the crepant
resolution of X extends to one for fsc and H;. If PAII denotes the induced resolution
of Hy, then H 1= ?1 x S!, where )A’l is the radial compactification of the crepant
resolution Y7 of C”"/ T, so that we still have a natural fiber bundle d;l: I-?l —- S
which is just the projection ¥; x S! — S! on the right factor. If oy is not a point but 5
is still a singularity of relative depth one, then we can proceed in the same way, that is,
the crepant resolution of X clearly extends to give a resolution of X. sc hear H; with
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resolution H | of H; obtained from (2.11) by replacing each fiber V; by its crepant
resolution }’}1 , that is,

f}l —_— f‘il
2.13) Fl
S

More generally, using the fact that the resolution X — X isalocal product resolution,
we see by induction on the depth of X that f], will be the total space of a fiber bundle

Yi — H
(2.14) Fi
Si

with ﬁ the QAC-resolution of V. Indeed, the local product Kéhler crepant resolution
of X naturally induces one on V;, and since 17, is an orbifold with fibered corners of
smaller depth than X., we can assume by induction that the theorem already holds
true for 17,

Since at each step the local product resolution X > Xis only used fiberwise in the
fiber orbibundle ¢;: H; — S;, we see that X Qac is naturally a manifold with fibered
corners with fiber bundle structure on the boundary hypersurface I’{\, given by (2.14)
and with partial order on the boundary hypersurfaces of X Qac induced by the one on
the boundary hypersurface of Xee. |

Notice that for the face Hk associated to the regular stratum sz, we have that S, =
H = Hk and that the fiber bundle ¢k Hk — S} is just the identity map. Since the
only maximal stratum with respect to the partial order is the regular stratum, we see
that ﬁk is the only maximal boundary hypersurface of X QAC-

Using Lemma 1.16, we can also specify a natural Lie algebra of QAC—vector fields
on Xy, that is, a natural choice of QAC-—equivalence class of boundary-defining
functions. Indeed, let Bg := Bsc: X. sc = Xc be the blow-down map and for each i > 1,
consider the partial blow-down maps

(2.15) Bi: Xse = [Xsei51, ..., 5] and Bl [Xeei51,. .., 51] = Xecs

so that Bo = B} o B; for each i. For each i > 1, consider the lift of X, to
[Xsc; 51, ..., 5], namely

B = (ﬁ;)_l (0Xse \ (51 U---Us;)).
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Let also W; be the boundary hypersurface of [X; 57, ..., ;] coming from the blow-up
of 5; and let py be any choice of boundary-defining function for By := 0Xy in X.
More generally, proceeding recursively on i, choose a boundary-defining function
pi € C°([Xse;S1,...,5:]) of B; such that p; is identically equal to the pullback
of '31* ;1 Pi—1 outside a small neighborhood %; of W; not intersecting the boundary
hypersurfaces of [Xg; 51, ...,5;] disjoint from W;, where

Bii—1: [Xsc:S1. ... 8i] = [Xses 51, .00 8i—1]
is the blow-down map. Then, on X sc, the functions

_ :8;_1101'—1

(2.16) X
l B} pi

for i <k and X = Pk

are such that x; € C°°(A7 sc) is a boundary-defining function for H; for each i.

Lemma 2.9 On (f sc» @), the Lie algebra of QAC-vector fields specified by the choice
of the QAC—-equivalence class of the boundary-defining functions (2.16) does not
depend on the choice of the functions p;, hence yields a natural Lie algebra of QAC-
vector fields.

Proof Suppose that for each i, p; and p; are two different choices of boundary-
defining functions and suppose recursively that p;, respectively p;, is identically equal
to ,BZZ._ 1 Pi—1, Tespectively 181* ;_1Pi_,» outside a small neighborhood %/; of W; not
intersecting the boundary hypersurfaces of [X; 51, .. .,s;] disjoint from W;. In this
case, essentially by definition of the blow-down map, we have that for j > i,

B} pi
B i

(2.17) = ¢;hij for some h;j € C*°(S)).

H;

On the other hand, thanks to the identification of p; with B};_; pi—1 outside U;, we
also have that for H; > H;,

,8:_1101'—1

1

(2.18)

= ¢; fij forsome fij € C°(S;), where v; = 1_[ Xi-
Hj H;>H;

Of course, there is a similar statement for pg, so the combination of (2.17) and (2.18)
allows us to apply Lemma 1.16, from which the result follows. a

Geometry & Topology, Volume 23 (2019)



68 Ronan J Conlon, Anda Degeratu and Frédéric Rochon

Provided that we can choose the functions p; so that their lifts ﬂ(’S AcBipi to X QAC
are smooth, we obtain corresponding boundary-defining functions on Xgac,

:BSAC,B?_lpi—l

(2.19) X; = Biacxi =
l QACTH ﬁSACﬂ;kpi

for i <k, 5C\k = ,BaAcxk = ﬁSACIOk'

Lemma 2.10 The QAC-equivalence class of the boundary-defining functions (2.19)
does not depend on the choice of the functions p; that lift to be smooth on A/}QAC.

Proof Given two different choices p; and p}, we can proceed as in the proof of
Lemma 2.9 with (2.17) and (2.18) replaced respectively by

IBSACIB;k/Oi

ﬁaAClBl*p; PAI]‘

(2.20) = $fhij for some h;; € C*°(S))

and

ﬂSACﬁ;’:—Ipi_l
2.21) b;

= <$}"f,'j for some f;;j € C*°(S;), where v; = 1_[ X;. O
i A
Z 1

=

Thus, to see that fQAC comes endowed with a natural Lie algebra of QAC-vector
fields, we need to show that the functions p; can be chosen in such a way that they lift
to be smooth on Xqac, a discussion that we postpone until Lemma 3.4.

3 The Ricci-flat Kihler cone metric seen as a QAC-metric

Continuing with the setup of the previous section, we will show in this section how
an orbifold Ricci-flat Kidhler cone metric can be seen as a QAC—metric on X. s In a
neighborhood of 9 X Let p € C be asingular point. Then, by Remark 2.2, C = L\ D,
where L is an orbifold holomorphic line bundle over a Kéhler—Einstein Fano orbifold D,
and we can find orbifold charts as in (2.4). However, since p and the points of the
entire fiber of L containing p are singular, we know by averaging that the holomorphic
line bundle pr;: C” x C — C”" in (2.4) has a I'-invariant holomorphic section that
does not vanish near 0 € C”. Thus, this means that without loss of generality, we
can assume that there is a finite subgroup I'; C SU(n) acting linearly on C” together
with orbifold charts ¥: Y — C"/ Ty and ¥ : le (U) — C"/T'; x C inducing the
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commutative diagram

pp ) L €Ty X C

(3~1) lPL lprl
v

U—C"/1,
and such that ¥z (p) = (0,1). Let z = (z1, ..., z,) be the coordinates on C" \ T’y

and v the coordinate on L. Then the Kihler form of the Ricci-flat Kdhler cone
metric g¢ takes the form

(3.2) we = Y5101 (z,7)

for some positive smooth function f and some positive ¢ € Q. Let W; C C” be
the subspace of points fixed by each element of I'; and suppose without loss of
generality that it corresponds to the subspace zy = -+ =z, = 0, so that we have the
decomposition C"*/ 'y = C™1/T'y x W; with W; = C"7™1, In terms of the orbifold
chart (3.1), ¥~ (W;) corresponds to the singular stratum in which py (p) lies.

Lemma 3.1 The differential of f is such that (8]”/82")|Wl = (af/a?)lw1 =0 for
ie{l,...,ml}.

Proof The function f is invariant under the action of I'y. In particular, df |, is
invariant under the action of 'y, which, by definition of W, holds if and only if the
statement of the lemma holds. a

To distinguish between the factors C”1/I"; and Wi, let us set ut =zt for i <my
and r]{ = zJ for j > m;. Then, by the previous lemma, the Taylor expansion of f
at W is of the form

(33) f(u7 Ev n, ﬁl) = fO(nlvﬁl) +HeSS(f)Wl (Ll, E) + O(|U|3),

where Hess(f)w, is the Hessian of f restricted to W; and only applied to the normal
bundle of Wj.

Instead of the coordinates (z, v), one can then consider the holomorphic coordinates
(¢, A) related to (z,v) by

(3.4) v=2% Zl:k_l for i <my, n =z for j>my.
1

Away from A; = 0, this is a valid change of coordinates for 6 < arg ¢ ’1 <60+2m/q
for all i for some fixed choice of 6.
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In these new coordinates, the Kihler form of the Ricci-flat Kidhler cone metric takes

the form
(35) . é‘ )
= @(iﬁlhlzﬂz(il1 , ;l e m) +8573),
where fE(u’ u, nlvﬁl) = j()(nlvﬁl) +HeSS(f)Wl (Ll,ﬁ) and
(3.6) = |Aq] f(gl : ;1 ,771,7)1) — A1 12 fo(ni. 71) —Hess(f)m, (61, 81)
3
=O(%) as |A;| — oo and %%—Mﬂ_

3.1 The Ricci-flat Kihler cone metric seen as a QAC-metric when X sc IS
of depth one

We now suppose that X, is an orbifold with fibered corners of depth one. In this case,
if p lies in a singularity of relative depth 1, then the action of I'; on C™! \ {0} is
free. Let H; denote the boundary hypersurface of Xee corresponding to p and Hpax
the boundary hypersurface corresponding to the maximal stratum. In terms of the
coordinates (3.4), notice that xy.x = 1/+/1 + [¢1|? is a boundary-defining function
for Hpax and x; = +/1+1¢1]%/|A1] is a boundary-defining function for H; . Moreover,
¢l 1reee ml are holomorphic coordinates in the interior of the fibers of ¢; : H; — S,
and argkl , N1, 11 are coordinates on the interior of Sj.

With this interpretation, we can replace (3.6) with the more precise estimate

(3.7) Pex2x1C®Xe) = 00P€x1C®Xee:?T* Xee AN8T*Xe).

max

In particular, we deduce that wg := @Bmkl 12 fE(&1 /A1, &1/ 1.1, 771) is also a
Kéhler form near H; .

Proposition 3.2 The Kihler metric g g associated to the Kihler form wg is a QAC-
metric with respect to the Lie algebra of QAC—vector fields induced by the choice
of x1 and Xpax.

Proof Notice first that in terms of the boundary-defining functions x{ and Xpax,

(3.8) diy, diy, Aydny, hduy. dty, dg
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is a local basis of QAC—forms. Now, the Kihler form wg is of the form

(3.9) wE_‘/_<fdelAdA1+ZZ */

oulou/
i=1j m

dgi adg]

ful Y Y 2 i nay

i=mi+1j=m+1

+Z(x1 dnlAdxlﬂlgidxlAd) )

i=1 M

where v is
mi n ) _ . . . n n ) .
D37 (ay dE ARy di +bighidy] AdTY+ > Y el dnf AdT,
i=1j=mi+1 i=my j=mi+1
with

ajj, bij,cij € x1C°(Xye)
and with the convention that dn'l'“ :=dlogA;. By Example 1.19 and the local basis of

QAC-forms (3.8), we therefore see that the metric gg is a QAC—metric with respect
to the boundary-defining functions x; and Xpqax. O

In particular, we see from (3.9) that (Hess(f)w,)ij = (E)zj'/(auiaﬁj)ﬂwl is positive
definite. In fact,
g¢, := Hess(f)w,

is a family of Euclidean metrics on the interior of the fibers of the fiber bundle
¢1: Hy — S1, that is, a Euclidean metric for the vector bundle ¢1: H; \ 0H; — S;.

Corollary 3.3 The metric gc is a QAC—metric which has the same restriction as g g
on Hy, namely
m; mjy 2f

3.10 dr @dA
(3.10) fEdM ® 1+l_21]28u’8u1

+ 2] Z Z

i=mi+1j= m1+1

mj
3 - 0dfo
i

1

At ®dg)

dn ® df,

i=1

Proof This is a direct consequence of (3.7) and Proposition 3.2. a
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3.2 The Ricci-flat Kihler cone metric seen as a QAC-metric when X sc IS
of arbitrary depth

More generally, if X, is of arbitrary depth, then given a singular point p, we can
still use the coordinates (3.4), but with the difference that this time the action of I';
on C™1\ {0} is not necessarily free. However, to see that this model agrees with models
at boundary hypersurfaces of lower relative depth in X, we will need to introduce
more refined coordinates.

Let us first describe these more refined coordinate systems. Suppose that the action
of I'y on C™1\ {0} is not free. Let p, € (C™!/T';)\ {0} be given and let £, be the
corresponding complex line passing through p, and the origin. If p, is not singular,
then it suffices to use the coordinates (3.4) to describe the behavior at infinity of the
metric g¢ in the direction of £,. In this case, the discussion is essentially as before. If
instead p, is singular, then the coordinates (3.4) are no longer appropriate to describe
the metric g¢ at infinity in the direction of £,. Near p, € C"1/I"{, where it is
understood that we are using the coordinates ¢ i = A1z%, we can introduce an orbifold
chart of the form

@2: C™M2 /T, x CxC"27 ! >y cC™ /Ty, where vy =my —msy,

with p, =@,(0, 1,0) and with T’y C SU(m,) a finite subgroup such that Fix(T"y) = {0},
where
Fix(Tp) ={qgeC™ |y-q =¢q forall y € T,}.

In particular, notice that I'; can be identified with a subgroup of I'{, namely, with the
stabilizer of a lift p, of p, to C™! under the action of I';. We denote by ({2, A2, 22)
the complex linear coordinates on each factor of C™2 x C x C"2~!, However, in terms
of QAC—geometry, the coordinates that will actually be useful are instead given by
)

If the action of I'; on C2\{0} is free, then these coordinates combined with A and 7

$2s Az, M2

in (3.4) will be what we need. If the action is not free, then these coordinates will still
suffice away from the singularities of (C™2/T1,) \ {0}, but for p3 € (C™2/T,)\ {0}
a singular point, the coordinates must be refined again in the direction of the complex
line €3 passing through ps3 and the origin. Even once these coordinates have been
introduced, we may still have to repeat this step finitely many times before we have an
adequate description of g¢ in all directions at infinity. More precisely, if £ is the relative
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depth of the point p, then we might have to apply this procedure up to £ — 1 times to
the coordinates (3.4) depending on the direction at infinity in which we wish to look.

Thus, in general, we will have a finite sequence of subgroups
rycly_yc.--cr,crly,

with T; C SU(m;) acting linearly on C™ in such a way that Fix(I';) = {0}, and
orbifold charts

@it CMi /Ty xCxCV iy cC™i—1/Ty_;.

For such a chart (;, A;,z;) € C™i /T; x C x C¥~1, we consider instead the projec-
tivized coordinates
Zi
A mpi= L
Gi i M Y
with the recursive relation &;—; = ¢; (i, Ai, A;jn;). Combining these yields the holo-
morphic coordinates

GI1) (g hgme, hg—1.0e—15- - A1)

€C™ /Ty x (CxCY-1)x- . x(CxC"™,
Suppressing the reference to the map ¢; of the orbifold chart to lighten notation, we
relate these new coordinates to the coordinates ({;,A1,n;) by

§1 = (Q,)\Z,)\ZW»M—M)\6—1778—1,---’)\za)\zﬂz), )\1 :)\17 m=n-.

This should be compared with the real coordinate system of (1.1) with 1/|A;| playing
the role of v;; arg(A;), n; playing the role of y;; and /|| playing the role of y;4,
since the function 1/|¢;| can be used as a boundary-defining function x;; of the
maximal boundary hypersurface Hy,| := Hpax. Notice that this labeling of the
boundary hypersurfaces is compatible with the partial order given by the orbifold with
fibered corners structure in that

Hi<H = i<]j.
We can thus pick

v v; Aj
Xp = ¢ :M and Xj = — :| i1l for i < ¢,
Xe+1 o |Ael vivr Al
as boundary-defining functions for the other boundary hypersurfaces Hy,..., H;

involved in this coordinate system.
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Moreover, the coordinate system (3.11) induces the coordinates

Ai— A
(;E’)\[’ne»"~5)\i+1vni+laarg)\'l'9nl’ |}\' | 777l 1y |)\, |7n1)

on H;, and in terms of these coordinates the projection ¢;: H; — S; is given by

Ailq A
¢i(§£,)\£,7)£,---,)\i—f—l,ni—i—l,arg)\i,ni,ﬁ’ni—l,-- |)\ |,771)
l

A A
)\' ) 9 ) ge e ey a1 S
(arg isTi |)\i| Ni—1 ] 771) € 9j

Notice moreover that in the coordinates (3.11), the crepant resolution Sy: X = Xis
a local product in the sense that it is described entirely in terms of the coordinates (g,
so that the other coordinates of (3.11) naturally lift to holomorphic coordinates on the
crepant resolution X. This allows us to complete the discussion of Section 2 about the
existence of a natural Lie algebra of QAC—vector fields on X QAC-

Lemma 3.4 The functions p; introduced in (2.16) can be chosen in such a way that
they lift to be smooth on /{;QAc. In particular, by Lemma 2.10, the boundary-defining
functions (2.19) induce a well-defined Lie algebra of QAC—vector fields on X QAC-

Proof Using a suitable partition of unity on X QAC, the problem becomes local on X,
so we can work with the coordinate chart (3.11). But in this chart, the choice of p; is
equivalent to the choice of v;, so we can set

=L
PRI

which clearly lifts to be smooth on /X/}QAC. O

Now, to describe the metric g¢ near H; in the coordinates (3.11), we can, as in
Lemma 3.1, use the local invariance of f under the action of I'; to deduce that,
at W; = Fix(I'y), the function f has a Taylor expansion of the form

(3.12) f(g,)—?,m m)

Ay
i A Aini )»iﬁz Az )»z Aana AT
_fSl = > = ’ 77’1
)\1 )"1 )xl )\1 )\1 )\,1 At )&1

+ Hess(f)w; ()L:l Zl ) -I-O(
1

uj

A

\
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with u; = (g, Ag, Agng, -« -y Aig1, Ai+1Mi+1)- In particular,

— .13
(3.13) |M|2f(fl Xz; ’m’m) =5 +O(|Iillll )

with

Ai A A X,«— Ay Ay Aama Aally _)
3.14 A , =, , —= =, , N1,
G.14) S5, = |1|fs(k R o

+ Hess(f)w; (ui, ui).

Since [u;/A1| = O(w;) with w; = []; <; xi, we see that

(3.15) wE, —oc € wiC® (X A2(PT X)),
where
(3.16) WE; = Faa|xl| JE; = wg; + ¢f w5, +vi,

with v; € wicoo(fsc; A2(¢TXSC)) and
(3.17) Wy, = F88Hess(f)W (ui, uji),

(3.18) ws,

(| s, ()» )» Aini ATl 33 A2 Aana ATl " ﬁl))
)\ )\1 )"1 Xl )\1 )\1’ )\'1 ’ Xl ’ ’ '

In particular, since wc is a Kihler form, this implies that near H;, wg; is the Kihler
form of a Kéhler metric g g; and that wg, is a Kéhler form in each fiber of ¢;: H; — S;
of a corresponding family of Kihler metrics g4, which are in fact Euclidean. This also
implies that

(3.19) wclu, = 0E; |H;.

Moreover, since w;/w; € C* (f sc) for i < j, we also have that in this case
wE;, —0E, = 0E, —0c — (0F; —oc) € wiIC™ (Xe: A*(PTX,)),

which implies that

WE;|H;nH;, = ©E; |H;:nH; -

Lemma 3.5 The metrics g, and the Ricci-flat Kihler cone metric gc are QAC-
metrics on X.
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Proof In terms of the holomorphic coordinates (3.11), a local basis of the complexifi-
cation of ?T*X,. (cf (1.6)) is given by

dhi, dhy, hidny, hidiy, ..., dhg, dhg, hedng, Agdig, dl, di.

Thus, we see from (3.15) and the local description (3.16) that g, and gc are QAC-
metrics. a

Recall that the interior of the fibers of ¢;: H; — S; are modeled on C™i /T; for some
finite subgroup I'; C SU(m;), while the fibers of ¢;: PAIi — §; are modeled on a Kihler
crepant resolution Y; of C"i/T';. This suggests the following definition.

Definition 3.6 A Kihler QAC-metric g € C2(X; #T* Xoac @ T * Xgac) on X with
Kihler form w is said to be asymptotic with rate § to the Ricci-flat Kdhler cone
metric g¢ if:
(1) g—gce gglaxc&.;(XA;(ﬁT*j}QAC ® T* Xgac) near oy
2 o—(w;+ <$,~*0)S,») € )?ﬁlax)?i ng(}?§ $T*AA”QAC ® $T>:)?QAC) near PAI, with wg;
as in (3.18) and with w; a closed (1, 1)—form on H; which restricts on each
fiber of $i: PAI, — §; to the Kihler form of a Kdhler QAC-metric asymptotic
to g4, with rate §. Moreover, as a family of (1, 1)—forms parametrized by S;,
w; is smooth up to 9.S;.

Remark 3.7 This definition is not circular. Since the fibers of qAbi: I-AI, — §; are of
depth lower than those of X QAC, We can assume, proceeding by induction on the depth
of )?QAC, that the notion of a Kihler QAC—metric asymptotic to g4, with rate § has
already been defined.

4 Existence of Kihler QAC-metrics asymptotic to
the Ricci-flat Kiahler cone metric

Before discussing examples of Kidhler QAC-metrics, we need to provide examples of
orbifolds equipped with asymptotically conical K&hler metrics. Let g¢ be a Ricci-flat
Kihler cone metric defined on C = L\ D as in Section 2, where L is some holomorphic
line bundle over a Kihler-Einstein Fano orbifold. For N > 0, set

Dy ={te L[|l =N}

Suppose that X is a complex orbifold such that for some compact set X C X,
X \ K is biholomorphic to L\ Dy for some N > 0.
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Lemma 4.1 Suppose that @ is a compactly supported closed (1, 1)—form on X which
is positive on K. Then there exists a Kihler form @ on X such that (X \ K/, ®) is
isometric and biholomorphic to (L \ Dy, w¢) for some compact set K' C X and
some N’ > 0.

Proof By continuity, @ is positive in a small neighborhood &/ of K. Using the
identification X \ X = L\ Dy, we will work on L\ Dy, so that » will be positive
on UN(L\ Dy). Now, let n € C°°(R) be a nondecreasing convex function such that

t ifr=2
77(1)={§ .
2

ift <1,

and set 15 (1) =n((t—a)/d) for § >0 and a € R, so that 15 , is also a nondecreasing
convex function. On L \ Dy, one computes that

.1 @aﬁna,a(n 130
S U IR D00 - 17 A B 179 + S o - 1774)a0] - 1171
Lt ol 15/ a3] - 1377 = 0,

so that this (1, 1)—form is nonnegative. Moreover, in the region where || - ||z£ 1>284a,
it is equal to

SELa5) - 170

=wc,

the Kéhler form of the Ricci-flat Kédhler cone metric g¢, whereas it vanishes in the
region where || - ||2/ 7 < § 4 a. In particular, choosing § > 0 sufficiently small and
a=N?1 we have that

v =YFL93ms 4(] - 11}9)

is a nonnegative closed (1, 1)—form which vanishes on Dy, is strictly positive on
L\UN(L\ Dy)), and is equal to wc outside a compact set. Hence, it suffices to take

W=V+ew
with € > 0 sufficiently small. O
We are in particular interested in the case X = L. Notice then that g¢ is not smooth

in the orbifold sense since it has a singularity along D, so we cannot simply take g¢
itself to obtain the conclusion of Lemma 4.1.
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Proposition 4.2 On L, there exists a Kihler metric smooth in the orbifold sense which
is equal to g¢ outside a compact set.

Proof Let p;: L — D denote the bundle projection, let ¢ € H°(L; py L) denote
the tautological section and equip pj L with the Hermitian metric

2
hpL = e"(p”thzhL'
The curvature of (p; L, hp, ) is then given by
V=10, =-v-13dll¢};, —2qp;@p,

where we use formula (2.3) for the curvature of L. Clearly, the restriction of the
(1, )—form ~/—189]¢| }21L is positive on each fiber of pr: L — D. Moreover, pj wp
is positive in the directions transverse to the fibers of pr: L — D. Because the
nonvertical part of \/_88||g0||h is O(|lellx, ), we see that \/_G)h, is positive
in Dy for N > 0 sufficiently small. Replacing /,, with h pr such that h pr =hp,
on Dy and hp, (¢, ¢) =1 outside a compact set, we see that
=—v-10;
pL

is a compactly supported closed (1, 1)—form which is positive on D . It then suffices
to apply the previous lemma with @ to obtain the desired Kéhler form. a

Suppose now that X is a complex orbifold and g is a complete Kéhler metric on X
with Kdhler form o such that there is a biholomorphism X \ £ = L \ Dy for
some N > 0 and some compact set  C X inducing at the same time an isometry
between g and g¢. Let X, be the corresponding orbifold with fibered corners given
by (2.10) and let Hy,..., H; be an exhaustive list of the boundary hypersurfaces
of X compatible with the partial order in the sense that H; < H; = i < j. The goal
of this section is to construct examples of Kidhler QAC-metrics on the QAC-resolution
/\A’QAC of fsc. Our strategy will consist of gluing local models of Kéhler metrics to
the Kéhler metric g at places where the singularities of X, are resolved by a local
product Kihler crepant resolution. To do this in a systematic way, we introduce a
natural space X on which this gluing can be performed. This is in fact where most of
the effort will be put, for once this space is defined, the gluing construction becomes
very simple; see the proof of Theorem 4.8.

To introduce this space X , we need to work with the orbifold with fibered corners X, sc-
As an orbifold, X, is automatically a stratified space. Let ¥z41,...,%; be an
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exhaustive list of its strata compatible with the inclusion in the sense that
TiCE = i<

In particular, 3, is the regular stratum. Consider then the orbifold with corners

4.2) Xee x[0,1)
and set
(4.3) X =Xy x[0,1): Sy x {0}, ..., Sp_y x {0}].

Clearly, X is an orbifold with corners. Some of the boundary hypersurfaces come from
the lift of old hypersurfaces H; x [0, 1) to X, namely

H; = B~V(H; x (0,1)) for i €{l,... Kk},

where 8: X — X X [0, 1) is the blow-down map. As is clear from the definition, #;
is also naturally equipped with a fiber bundle structure

Vi— Hi
4.4) l(/’i for i €{1,...,k},
Si
where V; is obtained from 17, x [0,1) in the same way that X was obtained from

Xee x [0, 1), namely by blowing up the strata of Vi x {0} in V; x[0,1) in order of
decreasing relative depth.

The other boundary hypersurfaces of X’ arise from the blow-up of ;x{0} in Xee x[0, 1),
as well as the lift of the hypersurface X ¥ {0}. Thus, foreach i e {k +1,...,¢},
X has a boundary hypersurface #; associated to the stratum X;. As in the proof
of Proposition 2.7, this boundary hypersurface H; is naturally equipped with a fiber
bundle structure

Vi —— H;

4.5) l(oi forief{k+1,...,¢},

i

where &; is the manifold with fibered corners that resolved the stratified space %;
and V; is obtained from V; = Cn+1—dimc Zi /A; by blowing up the singular strata

of dV; in V; in an order compatible with the partial order of the strata of v,
where A; CGL(n 4+ 1 —dimc¢ X;, C) is some finite subgroup. In particular, the base oF
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is smooth as a manifold with fibered corners and only the fibers V; remain with orbifold
singularities; cf the fiber bundle (2.12). Notice also that in the case that i = £, we have
that ie = Hy and ¢; is just the identity map.

Lemma 4.3 The orbifold with corners X is in fact an orbifold with fibered cor-
ners (X, ¢), where ¢ = (¢1,...,¢¢) is the collection of fiber bundle maps given by
(4.4) and (4.5).

Proof It suffices to observe that for the partial order on the boundary hypersurfaces
given by

(4.6) Hi<H;j <<= i<j and H;NH; #3,

all the compatibility conditions of Definition 1.1 are satisfied for the collection of
bundle maps ¢ = (¢1,...,¢¢). O

As for X, there are natural choices of boundary-defining functions for the boundary
hypersurfaces of X. Indeed, for H; with i <k, we simply take

ri = B*pr} xi,
where pry: fsc x[0,1) = fsc is the projection on the first factor and x; € C*° (X~SC) is

a boundary-defining function for H; as specified in Section 2. For i > k, we proceed
as follows. Consider the partial blow-down map

Bit X = [Xye x[0,1); Tpqq x {0}, ..., Z; x {0}]
and denote by B; the boundary hypersurface of [XSC X [0 1):Zk41,..., %;] given by
the lift of ch x {0}, with the convention that By := ch x {0} in ch x[0,1). Let

also W; denote the boundary hypersurface of [ X x [0, 1); Tt X {0}, ..., Z; x {0}]
corresponding to the blow-up of X; x {0}. Set

(4.7) Pk i= pry € C®° (X x [0, 1)),

where pr,: X X [0,1) — [0, 1) is the projection on the second factor. Starting with

i = k + 1, recursively choose a boundary-defining function p; for B; such that,

outside a small neighborhood U/; of W; disjoint from the boundary hypersurfaces not

intersecting W;, the function p; is identified with the lift of p;—;. Then, for i > k, we

can take for H; the boundary-defining function

“s) . {(ﬂ;*_lpi_o/(ﬂ;*pi) itk <i<t.
Oi ifi =4,

with the convention that 8y := 8.
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Lemma 4.4 The QAC—equivalence class of the boundary-defining functions r, ..., 1y
does not depend on the choice of the functions p; for i > k. Hence the canonical
choice (4.7) yields a natural Lie algebra of QAC-vector fields Voac(X) on X.

Proof One proceeds as in the proof of Lemma 2.9. The details are left to the reader. O

Using the function ¢ := B*pr = B*pr, € C*°(X), we consider the Lie subalgebra
of Voac(X)

4.9) Voac,e(X) :={§ € Voac(X) | e = 0},

which corresponds to the Lie algebra of QAC—vector fields tangent to the level sets
of &. As for Vgac(X), there exists a natural vector bundle £ — X" and a natural map
tg: &€ — TX such that there is a canonical identification

Voac,e(X) = (te)+CP (X E).
In fact, £ is naturally a vector subbundle of ¥7T'X, which induces a natural map
(4.10) T X — &%
This means in particular that a smooth QAC-metric naturally restricts to define an
element of C*°(X;E* Q £F).
We are intereited in the pullback g := B*pr] g to X of the smooth Kihler QAC—
metric g on Xi.

Lemma 4.5 The pullback g := 1 f*prt g is such that g¢/e* € C®(X;E* ® £¥).

Proof It suffices to check that given a section s € C*° (f scs ¢T*/\75C), its pullback
Se := 1z B* pry s is such that

s

Zec®(x;Ey).

€

This can be seen by using the local basis of sections (1.6) of PT*X, sc on X, sc. Indeed,
let us denote by

POV * L3 . ~nj _ * * n; ~ * L3
vi =B privi, Yy =BTpriy;', Zg=p"pr]zq

the pullbacks of the functions appearing in (1.6). Now, the function v; should be
compared with its analog on X, namely

w; = 1_[ rj = ﬁil‘i with t; = 1—[ Fj.

Hj=Hi ’HjZHi,j>k
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By the choice of the functions p; above, notice that we can assume that ¢#; = €. In this
case, we compute that

@iy Do du de L;“(d”") =L:(dw") € C®(X; %),
w

2 ~ T a2 ~2 2
wl. SUI- Vi€ gvi i
Similarly,
d A
_IL: x i = Ji €C®(X;E)
V; Wi
and
_ dz,
e EB*dzy =1 —L eC®(X;E).
£
Thus, this local computation shows that e ls, eC® (X;E*), as desired. O

Remark 4.6 Because of the term de/(D;2) in (4.11), e~2g is not an element of
C®(X:°T*X @ YT*X),

namely, it is singular as a section of T*X ® YT*X near B! (0 X x {0}) C .

To give a description of the restriction of e 2g, to H; for i > k, we need first to give
a description of the restriction of £ to #; . First, observe that the orbifold with fibered
corners structure of X naturally induces an orbifold with fibered corners structure
on H; by considering the fiber bundle ¢;: H; NH; — f]ji on H; NH; for Hj > H;,
@i Hj NH; — Zj on H; NH; with j >k and H; < H;, and ¢;: Hj NH; — S
on Hj NH; with j <k and H; <H,.

Restricting the boundary-defining functions of X’ to #;, we also obtain a Lie algebra
of QFB-—vector fields and a corresponding QFB—tangent bundle that we will denote
by ¢TH;. Clearly, there is a natural map £|y; — YT#H; and its kernel

N;€ :=ker(E|y, - YTH,)

is a vector bundle on #;. On the other hand, Im(£|y; — YTH;) is also a vector
bundle, namely the vertical tangent bundle 7T (H;/3;) which, on each fiber ®; Y(p)
of (4.5), restricts to define the QFB—tangent bundle of that fiber. Consequently, there
is a natural short exact sequence of vector bundles

(4.12) 0— Ni€ = Elp; — °T(Hi/Zi) — 0.
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Since there is a natural inclusion T (H;/ f)i) C &y, » this short exact sequence splits
and yields a natural decomposition

(4.13) Elyy = NiE ® T (H;/ ).

The vertical tangent bundle “7T (H;/ f]i) also naturally fits into another natural short
exact sequence, namely

(4.14) 0— °T(H;i/Si) = TH; — ¢ (“TE;) — 0,

where ?T'S; is the QFB-tangent bundle of ;. Notice that this tangent bundle is well
defined thanks to the fact that the boundary-defining functions of X’ are compatible
with the collection of fiber bundle maps ¢ see the discussion just below Definition 1.9.
In particular, this yields the natural identification

OF TS = TH; [°T(Hi/ ).

On the other hand, multiplication by the boundary-defining function r; induces the
identification
TH; /°T (Hi/ i) = Ni€ly,,

so that there is a canonical identification

(4.15) Ni€lw; = @F (°TE)).

Summing up, we have a canonical decomposition

(4.16) Elu = ¢ CTE) ® T (Hi/ ).

Now, proceeding as in Section 3 but replacing |A{| with &, we can show that in terms
of this decomposition, the restriction of g2 ge to H; takes the form

8s

4.17) o2

= 8o + 7 85,

Hi

where g5 € Coo(fli; N*3; ® N*f],-) and where g, is on each fiber Vi of (4.5) a
QAC-metric induced by a corresponding Euclidean metric on V;. In terms of the
form we = B* pr} @, we have a corresponding decomposition

Weg

(4.18) 2

— * ~
= a)(oi + (pl Cl)Ei,

1

where wy,; and wg  are closed (1, 1)—forms.

We can finally introduce the space of deformations that will allow us to obtain Kéihler
QAC-metrics on /\?QAC.
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Lemma 4.7 The local product Kéhler crepant resolution X QaAc of X, sc extends to give
a resolution of X by a manifold with fibered corners X.

Proof The proof is similar to the proof of Theorem 2.8 and is left as an exercise. O

On the resolution X, the boundary hypersurface H; is replaced by a boundary hyper-
surface ”)fl,- that is a resolution of #;. Moreover, the fiber bundles (4.4) and (4.5) are
replaced by

Vi — H;
4.19) l@ for i e{l,...,k},
Si
where ); is a local product crepant resolution of V;, and
Vi — Hi
(4.20) l@. forie{k+1,...,¢},
bf

with ); a local product crepant resolution of Vi . Notice also that the function & on X
naturally extends to a smooth function on X, which we also denote by e. Similarly, as
in Lemma 3.4, the boundary-defining functions r; defined in (4.8) can be chosen to lift
to smooth boundary-defining functions on X, yielding a natural Lie algebra Voac (2? )
of QAC-vector fields. Hence, we can introduce a Lie subalgebra of Vgac ()? ), namely,

(4.21) Vaac,s(X) 1= {& € Voac(X) | £e = 0},

and a corresponding vector bundle E— X witha map (: ESTX inducing a canonical
identification
l*coo(X; &)= VQAC,S(X)'

As the next theorem shows, the deformation space allows us to formulate a criterion
for the existence of Kihler QAC—metrics on Xgac.

Theorem 4.8 Suppose that foreach i € {k +1,...,£}, we can find a smooth closed
(1, 1)—form wg, on ’;Qi that restricts on each fiber of @;: ”;fli — f),- to the Kéhler form
of a QAC—metric asymptotic to w,, with rate 6 > 0 in the sense of Definition 3.6.
(Notice that this is trivial for i = £ since the fibers of ¢; = ¢; are points.) Suppose
moreover that the forms

. PN
w; = wg;, +¢; ws,
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on H; are compatible in the sense that w; |H Ny = @ |H N for every i and j in
{k+1,...,£}. Then XQAC admits a smooth Kahler QAC—metnc asymptotic to gc
with rate 8.

Proof Thanks to the compatibility condition, we can find & € C*°(X; € NE *) such
that @ is a closed (1, 1)—form on each level set of the function & whose restriction
to H; is w; for each i € {k + 1,...,£}. By continuity, this means that for ¢ > 0
sufficiently small, the restrlctlon of @ to the level set {& = ¢} = XQAC is positive
definite as a section of & A €. Since 5|{8 o) = ¢TXQAC, we see that @|¢,—.y is the
desired Kéhler form. |

Corollary 4.9 If the compact Kihler—Einstein Fano orbifold (D, gp) has only iso-
lated singularities of complex codimension at least two with each locally admitting
a Kihler crepant resolution, then D admits a Kéhler crepant resolution D and the
QAC-compactification X QAc of K admits a Kéhler QAC—metric equalto gc ina
neighborhood of the maximal boundary hypersurface of Xqac, in particular, asymptotic
to gc with rate § for any § > 0.

Proof By Proposition 4.2, Kp admits a smooth Kahler metric g which is equal
to gc outside a compact set, so we have a corresponding metric g. = 5 8% pr} g
on X to which we can hope to apply Theorem 4.8. Now, since the singularities of D
are isolated, the fiber bundles ¢; : 7-{,, — E, are trivial and Z‘, ~ C. Thus, using
Lemma 4.1, we can construct for each i the forms W in the statement of Theorem 4.8
which are equal to wy,; in a neighborhood of H; N ﬁe , where ’;f[g is the maximal
boundary hypersurface of X. The result then follows by applying Theorem 4.8. Notice
in particular that without loss of generality, the deformation @|¢,—.y can be chosen to
be equal to w¢ in a neighborhood of the maximal hypersurface of X QAc.- Moreover,
by restricting to the zero section of K, we also obtain a Kahler metric on D, as
claimed. a

Corollary 4.10 If the compact Kihler—Einstein Fano orbifold (D, gp) is of the form

(D,gp) =(Dyx--xDg,g1 XX gq),

with each D; an orbifold as in the previous corollary, then the QAC—compactification
/\A’QAC of K5 admits a Kdhler QAC-metric equal to gc in a neighborhood of the
maximal boundary hypersurface of Xqac, in particular, asymptotic to gc with rate 6
for any § > 0.

Geometry & Topology, Volume 23 (2019)



86 Ronan J Conlon, Anda Degeratu and Frédéric Rochon

Proof Again, we can use Proposition 4.2 to construct a smooth Kahler metric g on the
orbifold Kp equal to g¢ outside a compact set, so we have a corresponding metric g,
on X to which we can hope to apply Theorem 4.8. We still also know that the fiber
bundles ¢;: ”;fli -3 ; are all trivial. For those for which the fibers are manifolds with
boundary, we can proceed as before using Lemma 4.1 to construct the form wg, . For
the other fiber bundles, the fibers are QAC-resolutions of spaces of the form

C"/Tyx---xC" /T,

with I'; C SU(n;) a finite subgroup acting freely on C"/ \ {0}, hence we can apply
Lemma 4.1 on the crepant resolution of each factor to obtain the form wg, . It suffices
to make consistent choices to ensure that the compatibility conditions of Theorem 4.8
are satisfied. Hence the result follows by applying Theorem 4.8. Again, we can do this
in such a way that the resulting Kihler form is equal to wc in a neighborhood of the
maximal boundary hypersurface of A?QAC- O

5 Solving the complex Monge-Ampere equation

Let X be a Kdahler orbifold as in Section 2 and let i be the complex codimension of
the singular set of X.. In other words,

5.1 = i .

( ) IU/ Hillnfl}maxml
with m; the complex dimension of the fibers of the fiber bundle (}5,1 I-AI, — §;. Notice
that by the hypotheses of Section 2, we are assuming in particular that

(5.2) 2<pu=<n.

Now let wq be the Kihler form of a Kdhler QAC—metric go on X QAC asymptotic to
the Ricci-flat Kdhler cone metric g¢ with rate € > 0 for some € > 0. Notice that the
examples of Kdhler QAC—metrics of Corollary 4.10 are in fact asymptotic to g¢ with
a rate of « as large as we want, but their Ricci potentials do not necessarily decay
near 8A?QAC \ ﬁmax. In fact, knowing that gq is asymptotic to g¢ at rate € implies
that its Ricci potential

n+1yp
(5.3) ro = log((wo—))

cp Q8 AQE
X x

is in x¢ 68?) (AA’ ), where Q; is the lift of Qf{, to the local product Kihler crepant res-

max
olution X of X. Hence, the Ricci potential decays near Hp,x, but not necessarily near
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the other boundary hypersurfaces of X oac- However, by Definition 3.6, we see that rq
has well-defined restrictions at the other boundary hypersurfaces in the following sense.

Definition 5.1 For H, < Hmdx, let C, b(H /Si) be the space of smooth functions on

(U 0
FI]’>FI[
which restrict on each fiber qb_ (s) of qAS, H, (U f,>H, H] N H,) — S; to a function
in C°° (¢ 1(s)). A function f € xmaxcgg()( ) is sald to restrict to BXQAC if for each

H < Hmax, there is an f; € xmaxcgf)(H /Si) such that
f - fl € X%aXXiCS?)(X).

We denote by x% CQb , (X ) the space of functions in x% CQb (/X? ) that restrict to aX, QAC-

max max

To obtain a Ricci-flat QAC—metric on A?QAC, we then need to solve the complex
Monge—Ampere equation

((a)o + J_aau)"+1)
lo —ro.

>4 n+1

In fact, this is a particular case of the more general complex Monge—-Ampere equation

(wo + v/—130u)"+! -~
(5.5) lo ( o =/ T € Xl (X)-
Since it does not require any further work, we will solve (5.5) with f € x5, C Qb , (X )

not necessarily equal to —rg.

To begin, we make the simplifying assumptions that

(5.6) 4<a=<2u

and that the restriction of f to dXqac is zero, so that in fact f € x%axxsingcgf)(f ).

Xsing = l_[ Xi =

Hl <Hmax

where

X max

is the product of all of the boundary-defining functions except the one of the maximal
boundary hypersurface. As we shall soon see, it is always possible to reduce the
problem to this simpler setting. Now, to solve (5.5) for f € x%

max

xsmgCS%()? ), our
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strategy is to modify the metric so that (5.5) is replaced with a complex Monge—Ampere
equation with a new f decaying faster at infinity. In order to do this, we follow the
strategy of [13, Lemma 2.12] using the following Fredholm theory result.

Theorem 5.2 [17] Forall s € Ny and y € (0, 1), the Laplacian A of a QAC-metric
on fQAC induces an isomorphism

(5.7) Ar x7xE,Con 2V (X) = x2T0x T 2es (X)

provided that —2n < § <0 and 2—2u < v <0, where we recall that X = A?QAC\E)A?QAC.

Proof Recall that in terms of the notation of [17], x = ,0_1 and Xging = wy is the func-
tion defined in Remark 1.26. Thus, by [17, Theorem 7.6], we know that the map (5.7)
is Fredholm. Since 8A?QAC is connected, we can deduce from [17, Theorem 6.10] and
the proof of [17, Theorem 7.6] that the map (5.7) is in fact an isomorphism. O

Lemma 5.3 If [ € x{, XsingCQ b(X ), with o as in (5.6), then there exists v €
x% 2xmg (X ) such that &y = wo—+~/—199v is the Kihler form of a QAC-metric g
asymptotic to the Ricci-flat Kdhler cone metric g¢c with rate o« and

~n+1

f f - log( ) € xmax smgCQb(X) - xgglx;ngcgf)(‘x)'

0

Proof We follow the strategy of [13, Lemma 2.12] using Theorem 5.2. As the reader
will see, the inequality (5.2) will be used in an essential way in the proof. Since

f € xsingx%axcgf)(X) =x“ xsmg CQb(X)

we see, by taking t =3 —« and § =2 —« < —2 in Theorem 5.2, that there exists a
unique u € X 5x:mg Qb(X ) such that

Agou =2f,

where Ag) = gO AV V; is the Laplacian associated to g¢. Since § <0 and -8 =1>0,
u is decaying at infinity, hence wo+~/—19du is still positive definite outside a compact
set. Moreover, we can truncate # to obtain a new function v; equal to u# outside a
compact set such that w; := wg + V—109v; is positive definite everywhere. Now, one
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computes that
(5.8) (wo + v—130vy)" !
_ 1 +1 (n+1)! +1-2( /77 2
—(1+§Ag0v1) @y +m wg (v/—100vy)
+ o4 (V=180 !

_(1+f)wn+1+x4 28 2‘[ 4CQb(X A2n+2(¢T XQAC))

smg

which implies that

a)”'H .
fii=f— log(wnJrl ) ex* 2 Szlflg 4CQb(X) = xz"‘x;n;“cg?)()() C x"‘xsmg CQb(X)
0
In particular, we see that f; decays faster than f at infinity. Repeating the above
argument with w; and f; in place of @y and f, this time using the isomorphism (5.7)
with g instead of 80 and with § = 2 — « as before, but with 7 = %

Vy EX sxfmg Qb(X ) such that w; := wy + v/—199v, is positive definite, with

f f 1 (wn+l) f 1 (wn—i—l)
2:=J —log = J1—log
wn+1 wn+1

— o, we can find

0 1
428 21—4 20,32
ex su‘gg CQb(X) =X a'xsmg aCQb(X) - xmdx smgCQb(X)
Thus, it suffices again to take v = vy + v, to obtain the result. a

For the Kihler metric @y and the function f , we can now appeal to the result of
Tian and Yau [42] or its parabolic version [10] to solve the complex Monge—Ampere
equation.

Theorem 5.4 For the Kahler form @, and the function f given by Lemma 5.3, the
complex Monge—Ampere equation

o ((w0+¢_aau)"+1) 7

(5'9) ~n+1

)

alZCoo

has a unique solution u in xg,, X singCQb

(X).

Proof This is very similar to what has been done for asymptotically conical metrics
in [24; 21]. We will therefore go over the argument putting emphasis on the new
features. The idea is to apply the continuity method to

n+1 -
(5.10) lo ((w°+‘/~;818”) )_tf
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for ¢ € [0, 1]. That is, we will show that the set

= {s €0, 1] | there is a solution ug € xma CQb(X) of (5.10) for ¢t = s}

X smg

is in fact all of [0, 1] by showing that it is nonempty, open and closed. Clearly, uo = 0
is a solution of (5.9) for ¢ = 0, so that .S is nonempty. The openness of S follows
from Theorem 5.2.

For closedness, suppose that [0, ) C S for some 0 <7 < 1. We need to show that (5.10)
has a solution for ¢ = t. For this, we need to derive a priori estimates for solutions
of (5.10). We do this as follows. First of all, thanks to the Sobolev inequality (1.10), we
can apply a Moser iteration to obtain an a priori C°~bound on a solution u; of (5.10).
Yau’s method then provides a uniform bound on /—1 d0u, . By the Evans—Krylov
theorem, this yields an a priori C>-¥—bound on solutions, where the Holder norm is
defined in term of gy. If {#;} is a strictly increasing sequence with #; /' t and {u;, }
is a corresponding sequence of solutions of (5.10) for t = #1,¢,, ..., then using the
Arzela —Ascoli theorem, one can extract a subsequence that converges in Cé AC (A? ) to
some function u. Clearly then, u is solution of (5.10) for ¢ = t. Bootstrapping, we
thus see that u € Cg?xc ()? ).

To see that u is in fact in xmX smgCQb(X ), we need to work slightly harder. First,

using Moser iteration with Welghts as in [24, Section 8.6.2] and the fact that f €
a+1

xmax

gmg Qb(X) C x3C°° (X) we obtain an a priori bound in x”CO(X) for some
O<v<3—-2=1 for the solutions u;, . The argument in [24, Section 8.6.2] is, strictly
speaking, written for ALE—metrics, but as subsequently explained in [24, Section 9.6.2],
because we have the Sobolev inequality (1.10), the argument also works for the
QAC-metric gy and only involves minor notational changes. This a priori bound

thus implies that u € x"CO(X) N C C(X)

To improve the statement about the regularity of u, we now work directly with (5.10)
for ¢ = 7. Notice first that the equation can be rewritten as

oo o+ 1/ 10Ty L D@, A T0D
ff=/ %Mg((w”t 99u) )dz:/ ((" s ”)dz,
0

5)61+1 &3”+1

u,t

where @, ; = @ + t~/—130u. In other words, the complex Monge—Ampere equation
can be rewritten as

(5.11) Au=tf,
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where

L+ D@, A/—109v
Auv:/( s A ) /(Awu,v)dz,
0 w

u,t

with Ag, , the Laplacian associated to the Kéhler form @, ;.

Since a QAC-metric has bounded geometry by Proposition 1.27 or [17, Remark 2.20],

applying the Schauder estimate to (5. 11) we find that in fact u € x”C&‘/’\C (X ). Since,

by Lemma 1.31, x"ClAC(X) C C (X) for y <v, we see in particular that ||88u||g0
(X ). Rewriting (5.11) in terms of an elliptic Qb—operator, that is,

2

(5.12) (2 Au=x21]f,

we can, thanks to Proposition 1.30, apply the Schauder estimate once again and
bootstrap to see that u € x"Cqp (X ). Finally, using the inclusion x%,.!x fmgCOOb(X ) C
X xm;)gcg;()( ), we can apply the isomorphism (5.7) with (8, ) equal to (—v, —v) and
(1 —a,3 —a) to conclude that u € x%_!x gzmg Qb(X) This shows that the set S is

closed and completes the proof of existence.

For uniqueness, we can proceed as in [4, Proposition 7.13], but using the isomor-
phism (5.7) instead of the maximum principle. |

This means that for f € x% xsingcgg (A’; ), we can solve the original equation (5.5).

max

Corollary 5.5 For f € xﬁ‘laxxgmg b(X ), the complex Monge—Ampére equation (5.5)
has a unique solution u € x§, xgmgC b(X)

Proof Applying Lemma 5.3, this amounts to solving the complex Monge—Ampere
equation (5.9), so existence follows from Theorem 5.4. On the other hand, uniqueness
follows again by proceeding as in [4, Proposition 7.13], but using the isomorphism (5.7)
instead of the maximum principle. a

The decay of the Ricci potential at infinity, and more generally of the function f,
is a strong assumption. Still, since it is satisfied by the examples of the previous
section in the case that X, Qac 1s a manifold with boundary, we will be able to relax this
assumption by proceeding by induction on the depth of j}QAC and using the existence
result of Corollary 5.5.

Proposition 5.6 Given f € dex b, r(X) with B > 4 and  # 2u, there exists a
function u € x%2CoY L (X) with @ = min{2, B} such that

max
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(1) w:=wo+ @aﬁu is the Kahler form of a Kiahler QAC—metric g asymptotic
to gc withrate o;

@) f—log(@" " /ot € x%, XingC(X).

Proof Let H Loevns I-AIgH be an exhaustive list of the boundary hypersurfaces of X QAC
compatible with the partial order in the sense that
H<H = i<]j.
To construct w, we will recursively construct the restrictions u| 5z proceeding in order
1
of increasing relative depth, that is, in decreasing order with respect to the index i.
More precisely, for each i € {1,...,£ + 1}, we will show that there exists a function
u; € x%2C2 (X) such that w + v/—130u; is the Kihler form of a QAC—metric

max ~Qb,r
asymptotic to g¢ with rate @ and with

— 199, \n+1 ~
(513) f—log((wo + «/_laaul) ) c xglax( 1_[ X])Cg?)(X)

wn+1
i<j<€+1

For the maximal boundary hypersurface PAIHI , we simply take uy41 = 0. Suppose
now that for some 7, we can find u;4; € x%&zcgf,’r(XQAc \ 0Xqac) such that w :=

wo + v —185u,~+1 is the Kéhler form of a QAC-metric asymptotic to g¢ with rate o
such that

—199,,. n+1 R
f—1og((w+~/_133”t+l) ! )exgax( I1 xj)cg,g(X).

wn+1
i<j<f€+1

In terms of f; := f/| 4 and the restrictions of wg and @ to H; respectively given by
1

wol g = 5L fg, ddy AdRy + wo + dfws;,
(5.14) i

olg, = YL (. ddg Adhy + 0; + ¢ s,

this means that

~ Y
jl = ﬁ —IOg( lm,

Wy ;

) € xﬁﬁax( [1 xj)c<3‘f,($,-‘1<s))

i<j<€+1
in each fiber $l_ 1 (s) of q@}: ﬁ, — S, where m; is the complex dimension of the
fibers of $,-. Moreover, w; is a closed (1, 1)-form which restricts on each fiber
of &5,-: I-Ali — S} to the Kéhler form of a Kéhler QAC—metric asymptotic to the Eu-
clidean metric g3, with rate ov. We then need to distinguish two cases.
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Case 1: The relative depth of ﬁi is strictly bigger than 1 In this case, we apply
Corollary 5.5 to each fiber )7, of ¢;: I-AI, — S to obtain a unique function

Vi G( 1_[ x]) X max CQb(Yl)
i<j<¢t

such that

= Ji.

(5.15) log

(wi + v/ —100v;)" ~

7 Ji
i

On PAIi , this yields a function that we will also denote by v;. Notice that for all 7 €0, 1],

(5.16) wi +1v/=130(v;) = (1 — Hw; + t (w; + v/ —190v;)

is a convex sum of two Kihler forms, hence is itself a Kdhler form. We can use this
to extend v; to a function v € (Hi<j§£ xj) X2 2C"O(X) such that & + ~/—199v is

max

the Kihler form of a QAC-metric. To see this, let ¢;: H, x [0, €) — XQAC be a collar
neighborhood of PAI, in fQAC as in Lemma 1.10, so that x; o¢;: H1 [0,¢) = [0, ¢€)
is the projection on the second factor. If ¢ € C*°(R) is a cut-off function that takes
values in [0, 1] with ¥ (¢) =1 for ¢t < 1 and ¥ (¢) = 0 for ¢ > 2, then, given the local
descriptions (5.14) and (1.6), it suffices to take

v =(ci)« (¥ (Nxi)vi)

for N > 0 a constant chosen sufficiently large so that the (1, 1)—form & + +/—199v
remains positive definite. Indeed, set p; = [, - j<t+1%j - Then, using local coordinates
as in (1.2), one computes that

dx; € xipicgf,(f;‘;T*fQAc) and 90x; € x,-p,-cgi;()?; Az(‘zT*fQAC)).
On the other hand,
V=100(y (N xj)vi) = v =1y (Nx;)ddv; + O,
with
0 =+v-1y; (NZW’/(Nx,-)axi Adx; + NW/(in)E)gxi)
+ V=INY (N x:)(dv; Adx; + dx; A ;).

Since x; <2N~! on the support of ¥ (Nx;), for v > 0 to be taken small, we see that
in the region p; < v,

V=183 (N x;)v) |l go < Cv
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for a constant C independent of N > 1. Taking v small enough, we can thus ensure
that @ + ~/—13dv > 0 in the region p; < v whatever the choice of N > 1. Keeping
v > 0 fixed, we now adjust the choice of N > 1 to ensure that @ + ~/—1 ddv is also
positive definite in the region p; > v. In this region, one easily computes that

dx; € xizcgf,(f;d’T*fQAc) and 85x,- c xl.zcgg(f; A2(¢T*)?QAC)).
Hence, since again x; < 2N ~1 on the support of (N x;), we see that
C,
”Q”g =< WV in the region pi=v

for some constant C,, > 0 depending on v. Thus, Q can be taken as small as we
want by taking N sufficiently large. On the other hand, by construction, the term
=1y (N x;)ddv; is not expected to be small in the region p; > v, but by the convexity
property (5.16), we can still ensure that

o 4+ ~—1y(Nx;)ddv; > 0 in the region p; > v

provided that N > 1 is taken large enough. Summing up, we can therefore ensure
that @ + +/—199v > 0 provided that N > 1 is large enough, as claimed. Notice then
that by (5.15), it suffices to take u; = uj+1 + v € X, Cap (X) to obtain the desired

function for which w + ~/—19du; is the Kihler form of a QAC—metric asymptotic
to g¢c with rate o and

—190u;)"+! -
f_log((w+ \/a)_n—i-lu ) ) exr?iax( 1_[ xj)C&i(X)’

i<j<t+1

thereby completing the inductive step.

Case 2: The relative depth of ﬁ,— isequalto 1 Inthis case, the fibers of qAbi: I—AI, — S;
are necessarily manifolds with boundary and the corresponding fiberwise Kihler metrics
are ALE. Instead of applying Corollary 5.5, we then apply standard results about ALE—
metrics to find v; in (5.15); see [24, Section 8.5] and also [13, Theorem 2.1]. In
particular, when B > 2y, it is in this step that f is replaced by o = 2. We then
proceed as in Case 1 to extend v; to a function on X and obtain Uj. O

This leads to the main result of this section.

Theorem 5.7 Let gy be a Kdhler QAC—metric on X QAc asymptotic to the Ricci-flat
Kiéhler cone metric gc with rate € > 0. Let wg be its Kahler form. Given f €
xlﬁaxcgf,,, (f) with 8 > 4 such that B # 2, there exists a unique u € x“—zcgg,, (1\?)

max

Geometry & Topology, Volume 23 (2019)



Quasi-asymptotically conical Calabi—Yau manifolds 95

with « = min{2u, 8} solving the complex Monge—Ampére equation

1og(("’° + J—_laﬁu)"ﬂ) _

n+1
@y

Proof The existence is obtained by combining Proposition 5.6 and Corollary 5.5.
Uniqueness can be seen by proceeding as in [4, Proposition 7.13], but using the
isomorphism (5.7) instead of the maximum principle. a

Taking f to be the Ricci potential of g¢ gives the following result.

Corollary 5.8 Let go with Kéhler form wg be a QAC—metric on A?QAC asymptotic

to the Ricci-flat Kidhler cone metric gc with rate € > 4 such that € # 2u. Then

a—2
max

there exists a unique u € x Cé?),r (1\?) with o = min{2u, €} solving the complex

Monge-Ampeére equation

((a)o + /—199u)"H! )
log = —r9,

n+1
)

where rq is the Ricci potential defined in (5.3). In particular, wqy + V—100u is the
Kihler form of a Ricci-flat Kahler QAC—metric.

Remark 5.9 If we can take p =1 in the definition of X and X near (2.7), then Q}
is a nowhere vanishing parallel holomorphic volume form on X and the Ricci-flat
Kéahler QAC—metric of Corollary 5.8 is in fact Calabi—Yau.

Appendix More examples of Kihler-Einstein orbifolds
admitting a crepant resolution
by Ronan J Conlon, Frédéric Rochon and Lars Sektnan

It is possible to slightly widen the situations where we can apply Theorem 4.8, yielding
in turn more examples to which Theorem 5.7 can be applied. In this appendix, we
will be interested in the case where (D, gp) is a Kdhler—Einstein Fano orbifold with
nonisolated singularities of depth 1 having a nontrivial normal bundle, a situation not
covered by Corollary 4.10. In fact, we will be very specific and only consider orbifold
singularities that are locally modeled on

(A1) C"™M % (C™ [ Zm;),
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with the generator e27V~1/mi of Zim; acting on C™ via complex multiplication. For
singularities of this kind, it is well known that 7z;: Kcpm;—1 — C™ /7, is a crepant
resolution.

Theorem A.1 Let (D, gp) be a compact Kihler—Einstein Fano orbifold with at most
depth-one singularities. Assume that the isolated singularities can be resolved by a Kah-
ler crepant resolution and that the nonisolated singularities are locally of the form (A.1).
Then D admits a Kéhler crepant resolution D and the QAC-compactification X QAC
of K 5 admits a Calabi-Yau QAC-metric asymptotic to g¢ with rate 2ju, where  is
the complex codimension of the singular set of D.

Proof The idea is to first construct a Kéhler QAC-metric on A/}QAC by applying
Theorem 4.8. By Proposition 4.2, Kp admits a smooth Kéhler metric g which is
equal to gc outside a compact set, so we have a corresponding metric ge = 15 8* pry g
on X to which we can hope to apply Theorem 4.8. In order to do that, we need to also
provide a smooth closed (1, 1)-form wg, on #; as in the statement of Theorem 4.8.
For a boundary hypersurface #; associated to an isolated singularity of D, we can
proceed exactly as in the proof of Corollary 4.9 to construct the form wg. . For a
singular stratum of D locally modeled on C"™™ x (C™i/Zy,,) as in (A.1), the
corresponding crepant resolution is locally of the form C"™" x Krpm,;—1, so that the
corresponding fiber bundle ¢;: Hi > S isa I?C]P,mi—1—bundle, where Ecpmi—l is
the radial compactification (or equivalently in this case the QAC—compactification)
of Kcpm;—1 with respect to the corresponding Calabi—Yau cone metric. In fact, oF
itself is a fiber bundle over the corresponding singular stratum of D. For convenience,
we will denote this singular stratum by o; and the corresponding fiber bundle by

vi: 2 — 0j, where dimc o; =n—m;j.

Now, what is important for us is that ;: ﬁ,’ — f],- is in fact the pullback of a
I?(CPmi —1-bundle over o;,

hi — oi,
for h; — o0; a Kpm;—1—-bundle with /; = hi \ oh; .

Alternatively, we can regard /; as a complex line bundle L; over a CPP™~!_bundle
P; — 0. By the proof of Proposition 4.2, we can therefore find a smooth closed
(1, 1)-form w; on the total space of /; which has compact support and is positive
definite in a neighborhood of P; in /;. Pulling back this form to 7—7,-, one can then
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apply Lemma 4.1 fiberwise to @;: H; — T, to obtain the closed (1, 1)—form required
in Theorem 4.8. This theorem thus yields a Kéhler QAC—metric on X QAC asymptotic
to gCAwith rate « for any o > 0. Restricting this metric to DCK 5 shows in particular
that D is a Kihler crepant resolution of D. Finally, applying Theorem 5.7, we obtain
the desired Calabi—Yau QAC-metric. a

Example A.2 In the previous theorem, one can take D = CP2"~1/7,,. with the
generator e2mV=1/m of Zm acting on CP2"~1 by

eZH«/jl/m_[ZO:. ZnJ?l/mZOZ___:eZHle/m

iam—1]=le Zm—1:Zm " Zam—1)-

The fixed points of this action are given by the disjoint union of

o] = {[Zo : "'lsz_l]G(C]P)zm_l |Zo = =ZIm—1 ZO}
and
0y = {[Zo Deee ZZm—l] S Csz_l |Zm = =Dm—-1= 0},

so that D has two disjoint singular strata o1 and o, which are each locally modeled
on C"™ 1 x(C™/Z,,). Since Z, acts isometrically on CP?>"~1 with respect to the
Fubini—Study metric, the orbifold D is naturally a Kdhler—Einstein Fano orbifold.

More generally, proceeding as in Corollary 4.10, we can extend Theorem A.1 to apply
to a Kéhler—Einstein Fano orbifold (D, gp) of the form

(D.gp) =(D1x---xDg,g1 X+ g¢).

where each (D;, g;) a Kihler—Einstein Fano orbifold as in the statement of Theorem A.1.
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