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Gauge theory on Aloff-Wallach spaces

GAVIN BALL
GONCALO OLIVEIRA

For gauge groups U(1) and SO(3) we classify invariant G,—instantons for homo-
geneous coclosed G,—structures on Aloff-Wallach spaces Xj ;. As a consequence,
we give examples where Gp—instantons can be used to distinguish between different
strictly nearly parallel G,—structures on the same Aloff-Wallach space. In addition
to this, we find that while certain G,—instantons exist for the strictly nearly parallel
G,—structure on X1,1, no such Gy—instantons exist for the 3—Sasakian one. As
a further consequence of the classification, we produce examples of some other
interesting phenomena, such as irreducible G,—instantons that, as the structure varies,
merge into the same reducible and obstructed one and G,—instantons on nearly
parallel G,—manifolds that are not locally energy-minimizing.

53C07, 53C29, 53C38, 57R57

1 Introduction

A 3—form ¢ on an oriented 7—-dimensional manifold X7 is called a G,—structure
if it takes values in a certain open subbundle A3Jr C A3. Such 3—forms ¢ deter-
mine (in a nonlinear way) a Riemannian metric g, . In the case when the holonomy
of g, lies inside the exceptional Lie group G, the pair (X 7. @) is called a Go—
manifold, or equivalently ¢ is said to be torsion free. A G—instanton is a solution
to a gauge theoretical equation that can be written in an oriented 7—dimensional
manifold X7 equipped with a Go—structure ¢. Even though G—instantons have been
part of the mathematical literature for over 30 years now (see Corrigan, Devchand,
Fairlie and Nuyts [12]), it was only in the past few years that the first nontrivial
examples appeared, namely from S4 Earp and Walpuski [25; 26; 27], Clarke [11] and
Lotay and Oliveira [22; 24]. This and recent interest in G—instantons is mostly due to
the suggestion by Donaldson, Segal and Thomas [14; 15] that it may be possible to
use G,—instantons to construct an enumerative invariant of G,—manifolds. However,
adding to the scarcity of examples there are substantial difficulties in constructing such
an invariant. In fact, it is conceivable that in order to overcome some of these difficulties
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one may need to consider Gp—structures that are not torsion free. Indeed, there is a
larger class of Gp—structures, other than just the torsion-free class, with respect to
which the G,—instanton equation still lies in an elliptic complex. All of this leads
us to investigate G—instantons for these more general G,—structures. For example,
one may ask to what extent G—instantons are persistent under deformations of the
G,—structure. In this paper we classify homogeneous (invariant) Gp—instantons on an
infinite family of 7-manifolds admitting many such G,—structures. As a consequence
we find many examples of new phenomena and are able to investigate what happens to
the G,—instantons when the G,—structure varies.

1.1 Preliminaries

Let (X7, ¢) be a compact, oriented, 7-manifold equipped with a G,—structure ¢.
Let g, be the induced Riemannian metric, *, the associated Hodge star, and v the
4—form x4 ¢. If G is a compact, semisimple Lie group and P — X is a principal
G-bundle, a connection 4 on P is called a Gp—instanton if

(1-1) Fany =0,

where F4 denotes the curvature of A. When the G,—structure is coclosed, ie dy =0,
the G,—instanton equation lies in an elliptic complex and we shall restrict to this case.
The torsion-free G,—structures correspond to the special case when ¢ is harmonic. One
other special class of coclosed G,—structures are the so-called nearly parallel ones, for
which dg = Ay for some A #0. If ¢ is nearly parallel, then g, is Einstein with positive
scalar curvature. Another perspective on nearly parallel Gy—structures is that they are
exactly those Ga-structures for which the metric cone (R* x X7, g¢ = dr? +r2g,)
has holonomy contained in Spin(7).

One other interesting class of connections on a principal bundle over an oriented
Riemannian manifold are the Yang—Mills connections. These are defined as the critical
points of the Yang—Mills energy

1
£ =5 [[1FaP.

where we use an Ad—invariant inner product to compute the norm |F4|. If the Go—
structure is either torsion free or nearly parallel, then G,—instantons are also Yang—Mills
connections. Moreover, in the torsion-free case a simple computation (see (2-4)) shows
that any G,—instanton actually minimizes the Yang—Mills energy.
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Gauge theory on Aloff-Wallach spaces 687

1.2 Summary of the main results

The Aloff-Wallach space Xy ; is defined as the quotient of SU(3) by a U(1) subgroup,
whose embedding in SU(3) is determined by two integers k and /. On each X} ; we
consider a real 4-dimensional family C of Gp—structures, which contains exactly two
nearly parallel Go—structures. As proved by Cabrera, Monar and Swann [9], for most!
k and [ this family completely exhausts all homogeneous, coclosed Gp—structures.
In fact, for k #[, k # 21, | # —2k, the two nearly parallel G,—structures are strict,
meaning that the holonomy of the cone metric gc = dr? + rzg(p on R x X k,l
is exactly Spin(7). These and other facts regarding the geometry of Aloff~Wallach
spaces are recalled, with more detail, in Section 3. In Section 3.2, we classify invariant
connections on each Xj ;. These results are then used in Section 4 to investigate
G>—instantons on the Aloff-Wallach spaces Xy ;, for k # 1, k # 21, | # —2k. The
remaining cases are analyzed separately in Section 5. We now summarize the main
results of those sections starting with the more general situation. In Section 4.2 we
classify invariant abelian Gp—instantons with respect to all ¢ € C; see Theorem 42.
Here we only state a corollary, which is proved in the third item of Remark 43:

Theorem 1 Let k # 1, k # 21, | # —2k. For the generic ¢ € C there is a unique
invariant Gy—instanton on any homogeneous complex line bundle over Xy ;. However,
for any such k and [, there do exist ¢ € C so that any such bundle has a 1-parameter
family of invariant G,—instantons.

Then, in Section 4.3, we focus on invariant G,—instantons with gauge group SO(3).
Any homogeneous SO(3)-bundle on X} ; can be constructed as

Py, =SUQB) Xy(1), s ,2, SO(3),

where An: U(1)g,; — SO(3) is a group homomorphism and the integer n € Z denotes
the degree of the induced map between maximal tori. We construct explicit maps
0;: C— R, fori =1,2,3, whose significance is given in Theorem 44. Below we give
a summarized version of that result, when combined with Theorem 46.

Theorem 2 Let k # 1, k # 21, | # —2k, and let ¢ be a homogeneous coclosed
Gy —structure on Xy ;. Then invariant and irreducible Gy—instantons on Py, with
respect to ¢ exist if and only if one of the following holds:

V£ 21, k#0, 140, k#£21, 1 #£-2k.
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(1) n=k—1 and o1(p) >0,
2) n=2l+k and o3(¢) >0,
(3) n=-1-2k and o3(¢) > 0.

Moreover, if {¢(s)}ser CC is a continuous family of G,—structures with {o1(¢(s))}ser
crossing zero once from above, then as o1(¢(s)) \ 0, two irreducible G,—instantons
on Pr_; merge and become the same reducible and obstructed Gj—instanton for
o1(p(s)) <0. Similar statements hold for o, and o3 .

To better visualize the content of the last part of this theorem we refer the reader to
Examples 48 and 49, together with their respectively accompanying Figures 1 and 2.
Recall that for k # [, k # 21, | # -2k, the Aloff-Wallach space X} ; admits two
strictly nearly parallel G,—structures. As an application of Theorem 2, in Section 4.4,
we use Gp—instantons to distinguish these for many values of k and /. Here we will
simply state the following:

Corollary 3 The are many examples of k and [ as in Theorem 2 such that the two
inequivalent strictly nearly parallel Gy—structures on Xy ; always admit invariant and
irreducible G,—instantons, but on topologically different SO(3)—bundles.

In Section 4.6 we consider a particular example, namely X1,_1. As one other applica-
tion of Theorem 2, we show in Section 4.6.1 that X _; admits nonabelian, irreducible
Gy—instantons for a strictly nearly parallel G,—structure. These G,—instantons are also
Yang—Mills, as the Ga—structure is nearly parallel, but contrary to the torsion-free case
we show in Section 4.6.2 that they are not energy-minimizing (not even locally). We
refer the reader to Figure 3 for a contour plot of the invariant Yang—Mills functional.
The results quoted above can be combined into the following:

Theorem 4 There is a strictly nearly paralle] Gy—structure ¢ on X1,—1 such that:
e For gauge group SO(3), there is an irreducible Gy—instanton A with respect
tog.
e As a Yang—Mills connection, A is not locally energy-minimizing.
We now turn to the case when either k =/ or k =2/ or [ = —2k, which was excluded
from the previous results. Using the action of the Weyl group of SU(3), and up to

coverings, we may assume k =/ =1, so that we are working on X ;. This case is
analyzed in Section 5. As already remarked before, on X1,; the Gy—structures we
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Gauge theory on Aloff-Wallach spaces 689

consider, ie those in C, are not all the homogeneous, coclosed ones. Nevertheless,
C does contain nearly parallel Gp—structures, inducing two different metrics, one of
which is 3—Sasakian and the other strictly nearly parallel. There is however, one other
homogeneous nearly parallel Gy—structure not in C, which a Sasaki—Einstein metric.
Our first result for X1, is Theorem 62, which classifies invariant abelian G,—instantons
with respect to the ¢ € C. The statement is similar to the case k # / in Theorem 1. As
in that case, the generic ¢ admits a unique invariant G—instanton on any line bundle,
however there do exist ¢ € C so that the space of invariant Gp—instantons on any
complex line bundle is 3—dimensional. In fact, this can be interpreted in light of a more
general phenomenon explained in Proposition 17. Then, in Theorem 64, we consider
SO(3)-bundles over X1,1, and for all ¢ €C classify irreducible invariant Go—instantons
on them. The statement is however very similar to that of Theorem 2 and we shall omit
it in this introduction. Instead, we state here Corollary 73, which is a direct application
of that result. Its content is that the existence of invariant Gp—instantons, with gauge
group SO(3), distinguishes between the G,—structures inducing the 3—Sasakian and
the strictly nearly parallel metrics.

Theorem 5 Let ¢ and ™ be respectively the G,—structures inducing the 3—Sasakian
and the strictly nearly parallel metrics on X1,1. Then there are no irreducible invariant
G,—instantons with gauge group SO(3) for ¢*, but such G,—instantons do exist
for ¢"P.

Acknowledgements

We would like to thank Robert Bryant, Mark Haskins, Jason Lotay, Henrique Sa Earp,
Mark Stern, and Thomas Walpuski for conversations. In particular, we thank Thomas
Walpuski for having kindly suggested the interpretation given in Theorem 46 and its
visualization through the figures accompanying Examples 48 and 49.

2 Gauge theory and coclosed G,—structures

2.1 Background

We begin, in Section 2.1.1, with some basic facts about G,—structures? and their torsion.
In Section 2.1.2 we recall some background on G,—gauge theory. In particular, we
identify the coclosed G,—structures, ie those for which dy» = 0, as the ones for which
the Gp—instanton equation lies in an elliptic complex. Then, in Section 2.1.3, we derive

28ee [8] for more on this and other aspects of Gp—structures.
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some general results on the deformation theory of G,—instantons. These will be used
to give an abstract result, Proposition 13, yielding a criterion for when a G—structure
has the property that any circle bundle processes a G—instanton. As a consequence, in
Corollary 14 this result is applied in the strictly nearly parallel setting.

2.1.1 Coclosed G,—structures

Torsion of a Gy—structure Fernindez and Gray first classified the torsion of G-
structures in [16] by decomposing V¢ into irreducible G,-representations. The
components of d¢ and dyr = d(*xp) can then be written in terms of those of V.
What is nontrivial, but easily checked using the representation theory of G, is that the
converse is also true. Recall that the 2—forms and 3—forms decompose into irreducible
G-representations as A> = A2 @ A3, and A3 = A3 @ A3 @ A3, where the subscript
denotes the dimension of the representation. The Hodge star is an isomorphism of
representations and so induces isomorphic decompositions in A* and A>. Using these
decompositions the Ferndndez—Gray classification can be recast as follows. Given a
Ga—structure ¢, we have

do=1V+3t1Ap+x*x13 and dy =40 AY + 1 AQ

for some uniquely determined 79 € Q°(X), 11 €Q1(X), 1o € Qﬁ(X) and 13 € 8237()().
Of special interest to us will be the case when the G—structure is coclosed, ie when
dyr =d(xp) =0. Then 11 = 10 =0 and d¢ = 1oV + *713.

For future reference we shall use m;, for i = 1,7, 14,27, to denote the projection onto
an i—dimensional irreducible representation. For example, if @ is a 2—form we shall
denote by 77(w) the component of w € A27.

Nearly parallel Gy—structures We now turn to the definition of nearly parallel G-
structures. Given a closed, oriented, 7-manifold (X7, ¢) equipped with a Go—structure,
its metric cone (R™x X7, gc =dr?+r?g,) comes equipped with a Spin(7)-structure
determined by = r3dr A ¢ + r*y . From the Riemannian holonomy point of view,
if g¢ is nonsymmetric its holonomy is one of the groups in the ascending chain

{1} C Sp(2) C SU(4) C Spin(7) C SO(8).

Equivalently, thinking of G, as the group stabilizing a nonvanishing spinor in seven
dimensions, the groups above are possible stabilizers of spinors in eight dimensions
and each is determined by the number of linearly independent spinors fixed. In the
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language of spinors, the condition that the holonomy reduces to one of the groups
above is then that the respective spinors are parallel. Given a metric g on X7, the cone
metric gc = dr? + r?g has holonomy contained in Spin(7) if and only if there is a
compatible Gp—structure ¢ such that the 4—form Q = r3 dr A¢ +r*y is closed. That
is the case if and only if d¢ = 4y, which up to scaling and changing the orientation
can be written as

(2-1) do = Ay,
for some A € R\{0}.

Definition 6 A Riemannian manifold (X7, g,) is said to be nearly parallel if, after
possibly scaling the metric g, and changing the orientation, the holonomy of the
metric cone satisfies Hol(gc) € Spin(7). A metric g, is said to be 3-Sasakian,
Sasaki-Einstein, or strictly nearly parallel if, again after possibly scaling the metric g,
and changing the orientation, Hol(g¢c) is Sp(2), SU(4), or Spin(7), respectively. A
G,—structure ¢ is said to be nearly parallel, 3—Sasakian, Sasaki—Einstein, or strictly
nearly parallel if the induced metric g, is nearly parallel, 3—Sasakian, Sasaki—Einstein,
or strictly nearly parallel, respectively.

Equivalently, nearly parallel Go—structures are exactly those satisfying (2-1). Notice
that, as v is exact, (2-1) implies d{r = 0 so that ¢ is coclosed, meaning that, from the
point of view of torsion of G—structures, t1, 7o and 3 all vanish and 79 = A is the only
nonzero component. As tp is the torsion component living in the smallest irreducible
representation, this is the sense in which we think of nearly parallel G,—structures as
close to being parallel.

Remark 7 1In fact, if we require that dvy = 0 separately and allow A to vanish, then
(2-1) also includes the torsion-free case. This shall be useful as some arguments used
for nearly parallel Ga—structures also work in the torsion-free case.

In [18], the authors classify homogeneous nearly parallel G,—manifolds, and give a con-
struction of strictly nearly parallel Go—structures starting from 3—Sasakian manifolds.

We shall recall and use this construction in Section 2.2.

2.1.2 Gauge theory Let G be a compact semisimple Lie group and P a principal G-
bundle over a manifold X, equipped with a G—structure ¢ . Recall that a connection A
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on P is called a Gy—instanton if Fgq A ¥ = 0, equivalently if 77(F4) = 0, or if the
following analogue of anti-self-duality holds:

(2-2) xFqg=—F4Ag.

On the other hand, a connection A is said to be Yang—Mills if it is a critical point of
the Yang—Mills energy

(2-3) E(4) =+ / |F4[? dvolg.
2 Jx

and so satisfies the Yang-Mills equation d F4 = 0, which together with the Bianchi
identity d4q F4 = 0 forms a second-order elliptic system for the connection (up to
gauge). Gp—instantons satisfy a first-order equation which in this generality need not
imply they are Yang—Mills connections. Nevertheless we have the following folklore
result, which in the nearly parallel case is due to Harland and Nolle [19].

Proposition 8 [19] If the Gy—structure is either parallel or nearly parallel, then any
Gy—instanton is a Yang—Mills connection.

Proof If the G,—structure is either parallel or nearly parallel, dy» = 0 and dgp = Ay
for some A € R, as in Remark 7. Then, if A is a G,—instanton, *F4 = F4 A ¢ and so

daxFg=da(Fane) = AFg Ay =0,

where in the last equality we use the Bianchi identity and dg = Ay O
The Yang—Mills energy can be equivalently written as

(2-4) E(A)=—%/X(FA/\FA)N/?-F%HFA/\Wliz-

In particular, if ¢ is torsion free, then the first term is topological and G,—instantons
minimize the Yang—Mills energy. It is then a natural question to ask if the same
must hold for nearly parallel G,—structures. We shall show in Example 28 that is not
the case, by providing an example of a nearly parallel G,—structure, together with a
Gy—instanton which is unstable as a Yang—Mills connection.

Remark 9 The variation of the Yang—Mills functional at a connection A is
2

2
ds s=0

and so we may instead think of the second-order operator H = djdaa — x[a A x F4].

25)  8Eia) = E(A+sa) = fX \dsal? —{la Ad). Fa).
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When the G,—structure ¢ is coclosed the G,—instanton equation lies on the elliptic
complex

—d4- dy- d
(2-6) QO(X, gp) =45 Q' (X, gp) LY QS(X, gp) 4> Q7 (X, gp).

Hence, in the coclosed case the G,—instanton equation is elliptic modulo gauge (rather
than overdetermined). From now on we shall suppose this is the case.

Remark 10 (1) The reason the G—instanton equation is consistent in the torsion-
free case can be interpreted as follows. The G—monopole equation

*V 40O = Fy Ay

is always elliptic modulo gauge. Moreover, if ¢ is coclosed, then the monopole
equation, dy = 0, and the Bianchi identity, d4 F4 = 0, give A4® = 0. We can
then compute A|®|? = —2|V,®|? <0, and the maximum principle implies that
|®|? is constant. Then |V4®|? must vanish, and the monopole equation reduces
to the Gp—instanton equation. Furthermore, the fact that V4® = 0 implies that
if ® £ 0, and G is semisimple, then A must be reducible.

(2) If the Ga-structure ¢ is not coclosed one may ask questions similar to those
answered in this paper, but for Go—monopoles rather than G,—instantons.

In particular, if (X, ¢) is a compact irreducible G,—manifold, ie the holonomy of the
metric g, induced by ¢ is equal to G3, any harmonic 2—form can be shown to be
of type A%, and so if F € Q2(X) is harmonic and has integer periods, it defines the
curvature of a connection on a line bundle whose first Chern class is [F]/2mi. Still in
the torsion-free case, Thomas Walpuski [26; 27], using the results of [25], constructed
the only known examples of nonabelian G,—instantons on compact, irreducible, Go—
manifolds. There are also examples in the noncompact case; see [11; 24; 22].

2.1.3 Deformation theory and abelian G—-instantons The main idea for this ap-
proach to the deformation theory comes from Remark 10. This suggests that given a
coclosed G,—structure, instead of studying the deformation theory of an irreducible
Go—instanton A we may instead study that of a Go—monopole (A4, ®) with & = 0.
Before restricting to that case suppose for now that ® # 0. Then the relevant elliptic
complex is

d d
(2-7) QX gp) 5 QU (X, gp) @ Q°X, gp) 2 Q1 (X, gp).
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with d1(¢) = (—da¢, [¢p, D]) and dar(a, p) = x(dga ny)—[a, P]—dq¢. Equivalently,
we can consider the elliptic operator

df ®da: Q'(X.gp) ® Q°(X.gp) —> Q'(X.gp) ® Q°(X. gp)
given by
(df ®dz)(a,¢) = (x(daa AY) —da¢, —dja) + ([P, a]. [P, ¢]),

which is self-adjoint when ¢ is coclosed. The following result, which is a consequence
of Remark 10, shows that in the coclosed case any infinitesimal monopole deformation
of a G—instanton is actually an infinitesimal instanton deformation. This fully justifies
studying the deformation theory of the complex (2-7).

Proposition 11 Let A be an irreducible Gp—instanton with respect to a coclosed G-
structure on a closed manifold. Then, if (a,¢) € ker(d,), where d, is the operator
associated with (A, 0), we have ¢ = 0.

Proof Let (a,¢) € ker(dz). Then dq¢p = *(dgqa A {) and dja = 0. Combining
these and using that v is closed, we compute

didap = —xdg(dga AY) = —x[Fg Ana] A Y.
This vanishes as A is a Gp—instanton and so F4 Ay = 0. Then taking the inner product

with ¢ gives d4¢ = 0 and so ¢ must vanish as A is assumed to be irreducible. O

Next we shall study the operator d|* @ d» for the trivial connection A = d . It will be
used later to give an existence result for G,—instantons in the abelian case.

Lemma 12 Let L be the operator
L: L2V (A’ @ AY) > L2(A% @ A,

given by L(f,a) = (—d*a,—df + x(da A )). Its cokernel can be identified with
those (g,b) € Q°(X) ® Q1(X) such that g is constant and b is a coclosed 1—form
satistying d(b A ) = 0.

In particular, if (X, ¢) has the property that there are no coclosed 1-forms b such that
d(b Ayr) =0, then L is surjective onto Qg(X) ® Q1 (X), where Qg(X) denotes the
functions with zero average on X.
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Proof We shall identify the cokernel of L with the kernel of its formal adjoint L*,
using the L2 inner product. Then one computes L*(g, b) = (—d *b, —dg+x*d (b)),
and so

LL*(g.b) = (Ag.dd*b) + (0, *(d(*d(b AY)) A w))
By taking the L? inner product with (g, 5) and using Stokes’ theorem we obtain
((g.0), LL*(g.b)) > = |ldgll7> + 1d*blIF > + (b, ¥ (d(xd (b AY)) A V)1
= gl + 14" bIEa + [ bAdGd® Ay av

= |ldgll7> + Ild*bl|7- +/Xd(b/\1#)/\*d(bm/f)
= lldglz> + 1d*bl7> + Id(b A Y7o,

Hence if (g, b) is in the kernel of L*, then also LL*(g,b) = 0 and the computation
above shows that dg =d*b =d((b Ay¥) =0. O

The next result gives a criterion for an abstract construction of abelian G,—instantons.

Proposition 13 If (X, ¢) has no nonzero coclosed 1-forms b such that d(b Ay) =0
and B is a complex line bundle over X, then there is a monopole (¢, A) on B.

Moreover, if ¢ is coclosed, then any such monopole is actually a G—instanton and it is
unique.

Proof We start with any connection A¢ on B and look for (¢,a) € Q°(X) ® Q1 (X)
such that (¢, Ag + a) solves the monopole equation d¢ = *(F4,+4 A ¥). This can
be rewritten in the form

—d¢ + *(dgga NY) = —x(Fao A Y),

and so, together with the gauge-fixing condition —d/’i‘oa = 0, it suffices to solve the
equation L(¢,a) = (0, —*(F4, AY)). Since O certainly has vanishing average, by
Lemma 12 this right-hand side lies in the image of the operator L and we can find
(¢, a) such that (¢, Ag + a) is a monopole on B.

The fact that in the coclosed case the monopoles are actually instantons follows from
the discussion in Remark 10. The uniqueness follows from the fact that in this case the
operator L is formally self-adjoint. However, since once restricted to Qg(X Y@ QLX)
it has no kernel, it is an isomorphism from L?! to L2, |
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As a particular example of how to apply the previous result we shall now consider the
strictly nearly parallel case.

Corollary 14 Let (X, ) be a nearly parallel Go—manifold. For any o € H*(X,7Z),
there is a unique G,—instanton on the complex line bundle B with ¢1(B) = «.

Proof We start by showing that in the nearly parallel case we are in the setup of
Proposition 13. Suppose b € Q21(X) is such that *b =0 and d (b Ay) =0. First notice
that in this case 1 is exact, so the second equation can be written db Ay =0. This shows
that 3d b = *(*(dbAr) AY) =0, which we can rewrite as 0=3d b =db—*(dbA@).
Hence, taking d* of this equation, we find

0=13d*d"b = d*db—x(db A dg) = d*db — A(*(db A )) = d*db,

where we have used that dg = Ay and db Ay = 0 by hypothesis. Putting this together
with d*b = 0, we conclude that Ab = 0 and so b is a harmonic 1-form. However,
nearly parallel Ga—structures are Einstein with positive constant, and so have positive
Ricci curvature. It then follows from the Bochner formula and Myers theorem that
b = 0. We are then in position to apply Proposition 13 and conclude that there is a
G,—instanton on any line bundle over X. a

Remark 15 (1) One may wonder if the previous corollary extends from nearly
parallel to a more general class of Gy—structures. We will see in the second
bullet of Theorem 67 examples of coclosed G,—structures where we do not have
uniqueness of abelian G—instantons. See also the second item in Remark 68.

(2) The previous proof works equally well for torsion-free, irreducible G,—manifolds,
ie those with holonomy equal to G». In that case, A = 0 and Ric = 0, but the
irreducibility shows that there are no harmonic 1-forms.

(3) In fact, the previous corollary has the following consequence. Any harmonic
2—form on a strictly nearly parallel G,—manifold must lie on A21 4+ As proved
by Lorenzo Foscolo [17, Theorem 3.23], a similar result holds for nearly Kahler
manifolds.

2.1.4 Sl-invariant G-instantons In Section 3 we will be interested in studying
Gy—instantons that are invariant under the action of a group which acts transitively.
Here we make a detour into U(1)—invariant Gp—instantons, on U(1)-invariant Go—
structures. We include this section so we can refer to its main computation in the proof
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of Proposition 57. Let V' be the infinitesimal generator of a U(1)-action preserving a
coclosed Gp—structure, ie L@ =0 and so Ly ¥ = 0 as well. Now let n € Q1(X7)
be the unique connection form on the circle bundle X7 — M = X7/S! such that
n(V) =1 and n|yy . = 0. Then the equation Ly = 0, together with dy = 0, shows
that both (v and ¥ —n Aty are V-basic, and so are pulled back from M®. We
may then write

V=-nAQ+r,

where €21 and 7 are —ty ¥ and ¢ —n ALy, respectively. Moreover, the equations
Lyy =0 and dy = 0 further imply

d21 =0 and dnAQi=dr.

In fact, since ¥ = *¢ is the 4—form associated with the Go—structure ¢, there must
further exist V—semibasic forms w € Q2(X) and Q, € Q3(X) such that ¢ = nAw+Q>

%a)z . In the setting we will be interested in, all the relevant principal bundles P

and T =
over X can actually be regarded as bundles pulled back from M. Hence, if A4 is a
connection on P over X and @’ a connection pulled back from M to X, we have that
A—a' € Q%X,A' ® gp). Then, using the splitting Al = (1) @ (n)+, we can write
A—d =a"+¢®n, where a” € QVX, (1)t @ gp) and ¢ € QO(X, gp). Defining
now a = a’ + a”, the connection A may written as A = a + ¢ ® n. Its curvature
may then be computed tobe Fq = Fy +dap An+ ¢ ®dn, and F, = FaJ- —Lyann
with F;- semibasic. However, as the connection is assumed to be invariant under the
action generated by V, Lya =0 and F, = FaJ- is actually V-basic. We then compute

FANY =(Fa+dap An+¢dQ@dn) A(—n A Q1+ 1)
= NAFaAQ+¢@dnAQ+dapAnT)+ (Fa+9Qdn) AT,

and so the Gp—instanton equation amounts to

(2-8) (Fa+¢QdnAQi+dagpArt=0 and (F,+¢R@dn)At=0.

2.2 Examples from 3-Sasakian geometry

We start this subsection with a brief discussion of 3—Sasakian geometry, following
the nice review paper [6]. Then, starting from a 3—Sasakian manifold, we construct a
family of coclosed G,—structures containing a strictly nearly parallel structure, and
give some existence results for G,—instantons; see Propositions 17, 18, and 22.
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A 3-Sasakian 7-manifold may be equivalently defined as a Riemannian 7-manifold
(X7, g7) equipped with a 3—orthonormal vector field {Ei}?zl satisfying [§;,&;] =
€;jk&k - Any 3—Sasakian X is quasiregular in the sense that the vector fields {§; ?:1
generate a locally free SU(2)-action. The space of leaves Z*, equipped with the
Riemannian metric gz such that 7: X7 — Z# is an orbifold Riemannian submersion,
has the structure of a self-dual, Einstein orbifold with scalar curvature s > 0. Let g7
be the 3-Sasakian metric on X7 and regard 7: X7 — Z* as an SU(2)- or SO(3)-
(orbi)bundle of frames of A2 Z*. The Levi-Civita connection of Z* equips it with a
connection n=1; ® T; € Q1(X7, 50(3)), where the 7; form a standard basis of s0(3)
satisfying [7;, Tj] = 2¢;x Ty . This has the property that the n-horizontal forms w;
defined by
o =dn+%[nmz] =570 ®T;

form an orthogonal basis of (A2 ker(7), 87|ker(y)) With |w;| = V2 and s e RT. We
further remark that the metric g7 can be written as

g1=1®n +r*gz.

Remark 16 To make a connection with the holonomy point of view used in Definition 6
we remark that the 2—forms w; =r dr An; + %rz dn; equip the cone (R} x X, gc =
dr? + r?g7) with a compatible, torsion-free Sp(2)-structure.

The strictly nearly parallel Go—structure ¢ constructed in [18] determines a Riemannian
metric g, which is a squash of the 3—Sasakian metric g7. We shall consider the 1-
parameter family of Ga—structures {¢;};er\o such that

(2-9) §0t=t3771/\772/\773+t:_8(771 Aw1 4+ N2 Awy + 13 Aw3),

which determines g,, = tz(n% + n% + n%) +n*gz and

61\ 48

Recall that, up to scaling, the condition that ¢; be nearly parallel can be written

1 2
V= —(i) wi N\ ; +f2%(711 AMmAw3+mANIA©L+ 103 AN A®2).
as dgo; = Ay for some constant A > 0. In our case we can easily compute from
Wi = dn’ +eijen’ Ak that
do, =1(% + 1)%(’71 AMAw3+MmANZA©L+ 13 AN A®2)

2
+2t(418) (w1 Aw1 +wr Awy + w3 Aw3).
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Then the equation dg; = Ay; becomes the system 12¢ = A and 2 4 1 = 21¢, which

12 N = _12
NG and t = 75 A NG Note that we can

scale A by scaling the metric and change the sign of A by changing the orientation.

; — L —
has the solutions ¢t = 75 A

Conversely, it is possible to show that given a positive Einstein, anti-self-dual orbifold
(Z,gz) there is an SO(3)- or SU(2)-bundle 7: X’ — Z equipped with a 3—Sasakian
structure [6], so having a strictly nearly parallel G,—structure as above. We further
remark that this converse statement may however produce nonsmooth X 7. We are now
in position to give some examples of G—instantons, starting first with SU(2)—invariant
instantons and then with S!—invariant examples.

Proposition 17 For any by, by, bz € R the 1-form n = bi1ny + bana + bans equips
the trivial complex line bundle over X’ with a Go—instanton with respect to P1/3

Moreover, if L is a complex line bundle over X7 admitting a Go—instanton with respect
o ¢y, /3 then L actually has a real 3—parameter family of G,—instantons.

Proof The connection n = byny + banz + bzns is not only S!—invariant but also
SU(2)—invariant. Its curvature is dn and to show that dn A ¥, N 0 it is enough to
show that dny A ¥, /2 =0. The dn, and dnsz equations are dealt with similarly. So
we compute

| 2
dn ANy = (%wl —27)23) A (5(:_8) w; N\ W; +f24s—8(7723/\w1 +"'))

2
1
= 2(%) (12— 5)’723 A1 A1,

. . . . _ L
which vanishes if and only if t = 73

The second part of the theorem follows immediately from the fact that the G,—instanton
equation is linear in the abelian case. a
Proposition 18 Let A be a self-dual connection on a bundle over a positive, self-dual,
Einstein orbifold (Z, gz). Then, for all t > 0, the Gy—structure ¢; is coclosed and:

e 7*A is a Gy—instanton on X’ with respect to ¢,. In particular, T*A is a
G—instanton for the strictly nearly parallel Ga—structure ¢, /5

e 7*A is Yang—Mills with respect to ¢; .

Proof The fact that the G,—structure ¢; is coclosed for any ¢ > 0 follows from
computing that dy; = 0. This follows easily from the fact that 7y A n2 A 13 is closed
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(in fact exact) and that each w; A w; is closed as well, since dw; = 2¢; kwj A Mg and
w; Awj =0 for i # j. This shows that ¢, is coclosed.

We start by proving the first bullet in the statement, ie that A pulls back to a G,—
instanton. Let F4 denote the curvature of A, which is self-dual by hypothesis. Hence,
as m is a Riemannian submersion with respectto all g,,, 7* FgAw; =0 fori =1,2,3.
It is then easy to check that 7* Fq A ¢y = 0.

Now we prove the second bullet in the proposition. To ease notation denote by A the
pullback of such a self-dual connection. Then F4 takes values in A2+ ® gp and we
compute

(2-10) da(xg, Fa) =da(Fang:) = Fando;.

However, dg; = t3d(123) + tdn; A w; + tn; A dw; and it is easy to check that
d(m23) = w1 Anz3 +cp and n; Adw; = 2(n13 A w2 — N12 A w3) + cp, where cp
denotes cyclic permutations. Putting all these together we have

der = tw; Aw; + (1% — 61) (w1 A 23 + w2 A 31+ @3 Anr2).

As Fj4 is self-dual, F4 A w; =0, and hence, inserting d¢; into (2-10), we conclude
that dq(xF4) =0 and A4 is Yang—Mills. |

Remark 19 One may also consider the G—structures obtained by scaling differently
each of the n;, while keeping them orthonormal, ie

$ab,ec =abcni An2 ANz +an Awr+bna Awr +cnz Aws.

It is easy to check that any such G,—structure is coclosed if and only if a = b =c.

We now change the point of view on (X, g7) equipped with its 3—Sasakian structure,
and regard it as a Sasakian manifold with respect to any of the Reeb vector fields
&; = q151 + q282 + q3&3, for a unit quaternion ¢ = q1i 4+ q2j + g3k € Im(H). In
fact, the resulting Sasakian manifold is always quasiregular and does not depend on ¢.
Take £ = &; for example, ie (X7, &1, g7), then the leaf space (Y6, WKE = %dm) is
a Kihler—Einstein Fano orbifold. In fact Y ¢ is the twistor space associated with the
quaternionic Kéhler structure on Z. Moreover, Y is smooth if and only if Z is. In fact,
the twistor space also comes equipped with a nearly Kihler structure; see [23]. The
next result relates this nearly Kéhler structure with the Ga-structure ¢, /42 on X. We
came across it after a conversation with Mark Haskins, so it may be known to experts.
However, we were unable to locate a reference.
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Proposition 20 Let (X7, g”) be a 3—Sasakian manifold. Then (tg, /0Pt —tg, 11 Vt)
are basic with respect to £; and equip the twistor space with a nearly Kahler structure

. . _ L
ifand only if t = iﬁ‘

Proof The forms w = tg,/1¢r, 21 = —tg, /s ¥ and Qo = @ — 101 A g, /19 are all
basic with respect to £; and so they are the pullback of forms on the twistor Y. We
denote these also by w, 1 and 2, respectively, and we must check these equip ¥ ©
with a nearly Kihler structure. Back in X7 these can be written as

t t
w:tzn23+4s—8w1, 9122—8(772/\0)3—7)3/\0)2), 922—2—8(772/\0)2+773/\w3)-

Then we compute that dw = —31Q; and d Q2 = 2Aw? for some A if and only if
t = j:\%, in which case A = F+/2 and so (w, Q1) does equip Y° with a nearly
Kihler structure. |

Remark 21 In particular, using the notation introduced in the proof of the previous
proposition, we can recover the Gy—structure ¢; by

or=tmAw—+Q2, and Yy=—-tm AQ1+ %wz.
As a consequence, we have:

Proposition 22 Let A be a pseudo-Hermitian Yang—Mills (pHYM) connection for
the nearly Kéihler structure (w, 21) on Y®. Then its pullback is a Gy—instanton with

respect to ¢y, /3.

Proof If A is pHYM, its curvature F satisfies F' A w?=0=F A;. Then, writing
P12 in terms of (w, 21) as in Remark 21, we have F' A wl/«/i =0andso 4 isa
G—instanton with respect to ¢, N2 |

Remark 23 (1) Every nearly parallel G;—manifold carries a metric-compatible
connection A, in the tangent bundle whose holonomy is in G5. Therefore, by
the Ambrose—Singer theorem, Fy takes values in A2 ® g2 . This connection is
metric-compatible and has antisymmetric torsion, and then one can show that Fy4
takes values in S%(A?); see Proposition 3.1 in [19] for example. Putting all this
together we see that actually F4 takes values in S2(1\21 4), 8 g2 = A21 4> and so
is a Gy—instanton.

(2) A similar statement to Proposition 22 holds for the pullback of an HYM connec-
tion on Y © with respect to its Kiihler—Einstein structure wgg = % dny . Namely,
the pullback of such an HYM connection yields a G,—instanton for ¢".
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2.3 Deformation theory revisited

In this subsection we shall restrict to the case where (X7, ¢) is a nearly parallel Go—
manifold and prove some rigidity results regarding G,—instantons on them. Then, in
Section 2.3.2, we prove that on nearly parallel manifolds there are G,—instantons which
are not locally energy-minimizing. Recall, from formula (2-4), that the analogous
statement for torsion-free G,—structures is always false.

2.3.1 Rigidity The fact that nearly parallel manifolds are Einstein with positive
Einstein constant gives some hope of obtaining higher regularity for the moduli space
of G—instantons than on torsion-free Gp,—manifolds. In this direction we have:

Proposition 24 Let (X7, ¢) be a nearly parallel Go—manifold and A be a Go—
instanton with the property that all the eigenvalues of the endomorphism of Q!(X)
given by b > —14(x[x(F{*) A b]) are smaller than s,, where s, > 0 is the scalar
curvature of g,. Then A is rigid as a G,—instanton and (A, Q) unobstructed as a
monopole. Moreover, if A is irreducible, then (A, 0) is also rigid as a monopole.

Proof Let A be a connection as in the statement. Then we shall consider the operators
dy and d, from the complex (2-7), associated with (A4, 0). As ¢ is coclosed these can
be written as

dy(a.¢) = *(dga ") —dad and  dFb = (xdab Ay, —dD),

while dy () = (—=d4¥,0) and d{ (a,$) = —dja. Then the operator d;" @ d> which
controls the deformation theory of the G,—instanton equation is

(df ® d2)(a.¢) = (x(daa AY) —dag.—d ja),

which is self-adjoint. In order to study its infinitesimal deformations we must therefore
study its kernel. So let A be as in the statement and (a, ¢) € ker(d|" @ d>). Then
*(dga ANY) = da¢ and dja = 0, and moreover as ¢ is coclosed we have that
0= (df ®d2)*(a,¢)
= (Mg + *([Fanal AY), xdg(x(dga AY) AY) + dadja).

Then, if A is an irreducible G,—instanton, the first entry gives A4¢ = 0. Hence, taking
the inner product with ¢ and integrating by parts we get d4¢ = 0. From the second
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entry above and using that d¢p = Ay we compute
0=3xdgxdja+dsd}a

= xdg*x(daa —x(dga N ¢)) +dadja

= Aga—*([Fg ANa] A@) + A(x(dga A )

= Aga—*([Fanalne),
where in the last equality we used that x(dqa A V) = d4¢ = 0. Putting this together
with the Weitzenbock formula Aga = V3Vaa + *[* F4 A a] + Ric(a), we obtain

ViVaa + x[(xF4 + F4 A @) Aa] + Ric(a) = 0.

As Fg A = =2(xF]) + xF{*, and g, is Einstein with positive scalar curvature
sy > 0, ie Ric = 5 id, we have

ViVaa +*[xQF{* — F]) na] + %‘pa =0.

If A is as in the hypothesis of the statement, then taking the inner product with b, the
sum of the last two terms is positive and so we have

IVaallZ> + pllall7> <0,

for some p > 0. We conclude that @ must vanish identically and as we have already
seen dq¢p = 0. Hence, any infinitesimal monopole deformation of (A4, 0) is of the
form (0, ¢) for some ¢ satisfying dq¢ = 0. These can obviously be integrated as
the path {(A4,t¢)};er and so this is a purely monopole deformation which keeps the
connection A the same Gjp—instanton.

Exactly the same proof shows that d, is surjective (by showing that ker(d}) = 0),
proving that (A, 0) is unobstructed as a monopole. Moreover, if A is irreducible, then
d4¢ = 0 implies that ¢ must vanish and so (A4, 0) is also rigid as a monopole. |

Corollary 25 Let (X7, ¢) be a nearly paralle] Go—manifold. Then

(1) abelian Gp—instantons are rigid;

(2) flat connections are rigid as Gp—instantons.

One may wonder if the rigidity of abelian G,—instantons extends from strictly nearly
parallel G,—structures to a more general class, say coclosed ones. We will see a
counterexample to this in the second bullet of Theorem 67; see also the second item
in Remark 68.
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We shall now comment on the relation of Proposition 24 to the G,—instantons we
constructed earlier in this section.

Remark 26 (1) Through Corollary 14 we know that there is a unique G,—instanton
on every complex line bundle L over a nearly parallel Go—manifold. This actually
supersedes Corollary 25.

(2) A similar result to Corollary 25 holds for nearly Kidhler manifolds; see Theorem 1
in [10]. In fact, also in that case any complex line bundle admits a unique
pseudo-Hermitian Yang—Mills connection. See Theorem 3.23 and Remark 3.25
in [17].

It is also possible to find examples of Gy—instantons on strictly nearly parallel G,—
manifolds for which Proposition 24 does not apply:

Example 27 Consider a self-dual, Einstein 4—orbifold (Z, gz), with positive scalar
curvature admitting a family of self-dual connections (eg S*). Then, by Proposition 18,
these connections lift to a family of G,—instantons for a strictly nearly parallel Go—
structure constructed on the principal SO(3)-bundle associated with A2 Z . Therefore,
in this case G—instantons have nontrivial moduli and so the hypothesis in Proposition 24
must fail.

2.3.2 Yang-Mills unstable G—instantons Let A be a Go—instanton for a nearly
parallel G,—structure ¢ such that dgp = Ay. We have seen, in Proposition 8, that
such G,—instantons are actually Yang—Mills connections. Moreover, (2-4) and the
subsequent discussion show that in the torsion-free case a G—instanton minimizes the
Yang—Mills energy. That need not be the case for strictly nearly parallel Gp—structures
as we now show with a counterexample.

Example 28 Equip the 7-dimensional sphere, S, with the nearly parallel G,—
structure ¢ induced from the 3-Sasakian one, as in Remark 19. Then g, is the
round metric. Now consider the Hopf bundle g : S7 — S*. A verbatim repetition of
the proof of Proposition 18 shows that the pullback, via wg , of a self-dual connection
on S* is also a Gp—instanton with respect to ¢'. Hence, if A is the pullback of a
charge 1 self-dual connection on S#, it is a Go—instanton for ¢'. As dg' = 4y, we
have that A is also a (nonflat) Yang—Mills connection. However, it is shown in [5] that
any nonflat Yang—Mills connection on S”, where n > 4, is Yang—Mills unstable.
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Remark 29 We have also proved in Proposition 18 that the pullback of a Yang-Mills
connection on a quaternion-Kéhler manifold is both a G,—instanton and a Yang—Mills
connection, with respect to any of the G,—structures ¢y, for r > 0. Hence, the example
above also works also for any ¢; with 7 in a neighborhood of 1.

3 Aloff-Wallach spaces

We begin, in Section 3.1, by summarizing some facts about the geometry of homo-
geneous, coclosed G,—structures on Aloff—Wallach spaces. Then in Section 3.2 we
determine all the invariant connections on homogeneous SO(3)-bundles over the Aloff-
Wallach spaces and use them in Sections 4 and 5 to classify invariant G,—instantons
on the Aloff-Wallach spaces. As a consequence, we discover that G,—instantons
can distinguish between different strictly nearly parallel G,—structures on the same
Aloff—Wallach space. We also produce examples of some interesting phenomena, for
instance, irreducible Gp—instantons that merge into the same reducible G,—instanton as
the G,—structure varies. This particular phenomenon was expected to occur, but these
are the first examples. In Section 4.6 we shall also give examples of G—instantons for
a nearly parallel Gp—structure in X1 —;. Some of these are then shown to not be locally
energy-minimizing. In fact, they are saddles of the invariant Yang—Mills functional.
Further, in Section 5.3 we show that the existence of G,—instantons distinguishes
between a 3—Sasakian and a strictly nearly parallel G,—structure on X7 1.

3.1 Geometry of coclosed G,—structures

Let k,l € Z, and let U(1)g; be a circle subgroup of SU(3) consisting of elements of
the form

eik@ 0 0
0 ei19 0 ,
0 0 eim9

where k +1 +m = 0. The Aloff-Wallach space Xy ; = SU(3)/U(1)x; is the quotient
of SU(3) by this circle subgroup. We shall now recall some basic facts about the
geometry and topology of the Aloff-Wallach spaces. Aloff-Wallach spaces inherited
their name from [1], where they were shown to admit homogeneous metrics with
positive curvature, for k/m # 0 (see also page 18 of the survey paper [30]). Later,
Wang showed in [29] that Aloff—Wallach spaces admit homogeneous Einstein metrics
with positive scalar curvature, not all of which are the ones considered by Aloff
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and Wallach. In [4, page 116], the authors show that each Xy ; admits at least two
homogeneous Einstein metrics. The authors further show, that for Xy ; (and those
related to it through the action of the Weyl group of SU(3); see Remark 34) one
of these is 3—Sasakian and the other strictly nearly parallel, while on the other X ;
they are both strictly nearly parallel. As a side remark, we mention that there are
examples of different pairs (k, /) such that the corresponding Aloff—Wallach spaces
are homeomorphic, but not diffeomorphic [21].

Regarding coclosed Ga—structures, Aloff-Wallach spaces were shown to admit a real
4—dimensional family of homogeneous, coclosed G,—structures as described in [9]. We
now give details of this family of homogeneous coclosed Go—structures on Xy ;. Let

= T
and write the canonical left-invariant form on SU(3) as
%(%n-i—l_TmaM) w1 +iws —w3 +iwy
M:E -1 + iws %(%T}—i—mT_kaM) Wy +iwe
w3 +iwy —wy +iwy %(%n—l—%am)

Let ({e;}7_,, H) be the vector fields dual to ({a),-}i7=1, n), using the SU(3)-invariant

i=1
metric a)% + a)g + a)% + w‘% + a)g + a)g + a)% + n?%. Then +/6sH is the infinitesimal
generator of the u(1)g ;—action.

Let A, B, C and D be nonzero constants. The G,—structures under consideration are
given by

(3-1) ¢ = ABC(w123 — w167 + w257 — w356) — Dwa A(A*w15 + B? w26 + C2w37).
The metric g, and the 4—form = *, ¢ associated to the Gp—structure are
gy = A2(0f + w3) + B (03 + w§) + C* (w3 +0]) + D?wj,

¥ = ABCD(w4567 — 02345 + 01346 — 01247) + B*C? w367 + A2C? w1357
+ A2B%w15s6.

Here we fixed the orientation induced by the volume form vol, = 7A%2B2C2Dwi234567 .
Also, notice that this family of G,—structures is, up to scaling, only 3—dimensional. The
exterior derivatives of the {w; }1.7:1 and 1 may be computed using the Maurer—Cartan
formula dp = —p A . Here we use these formulas to compute the exterior derivatives
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of ¢ and v, to get information about the torsion of these G,—structures. We find

ﬁd(ﬂ = D(A? + B? + C?)(~w4s67 + 02345 — 01346 + W1247)

+ (Q(k/ﬁ +mB?)— 4ABC)a)1256 + (2(132 +kC?) — 4ABC)w2367
S S

+ (Q(mC2 +14?) —4ABC)601357,
s

dy = 0.

From these we can extract the torsion component g :
7 4 A . B + C n D (1 4 k + m
— T = — - R JR— — | — JR— — ).
V20 BC " AC "aB) " s\c2" B2 42
Definition 30 Let C denote the spaces of Gp—structures of the form (3-1).

Lemma 31 Let k # £I, [ # +m, m # k. Then the space of homogeneous co-
closed G,—structures C may be identified with (R™)? x (R\{0})?. Moreover, given
(A, B,C, D) €C, the corresponding Gy—structure can be written as in (3-1).

Proof It follows from the analysis in [9] that for k # £/, | # +m, m # k, any
homogeneous, coclosed G,—structure is one of those considered above. These are
precisely those with s = 0, in that reference. Now notice that the G,-structures (3-1)
are parametrized by (4, B,C, D) € (R\{0})* minus the coordinate hyperplanes.
Moreover, (3-1) stays invariant by any of the following maps: (A4, B) — (—A4,—B),
(B,C)—~ (—=B,—C) and (4,C) +— (—A,—C). These discrete symmetries give rise
to a (Zyx7Z»)—action on (R\{0})*, generated by the first two symmetries. Hence, the
Ga—structures in (3-1) are parametrized by (R\{0})*/(Z, x Z,). Taking a fundamental
domain for the (Z, xZ.,)—action we may equally well regard the space of G,—structures
asin (3-1) as RT xR} x (R¢\{0}) x (Rp\{0}). o

Remark 32 (1) Uptoacover, and the action of the Weyl group (see Remark 34), the
restrictions in the lemma above can be simply written as (k, 1) ¢ {(1, 1), (1,—=1)}.

(2) Inthe case when (k,l) € {(1,1), (1,—1)} we will continue to use C to denote
the G,—structures as in (3-1). However, in that case there are homogeneous
coclosed Gp—structures that can not be written as in (3-1) and so are not in C.

(3) We know that 71 = 1o = 0 because the G,—structure is coclosed, and we can
compute 73 by 13 = *(d@ — 10V).
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A Gy—structure of the form (3-1) is nearly parallel, ie dp = Ay, when (A, B, C, D)
satisfy
A2+ B? + C?+ V2)AABC =0,

D(kA%? +mB?)—4sABC — v/2AsA>B? = 0,
D(IB*+kC?)—4sABC — v2AsB*C? =0,
D(IA% + mC?) —4sABC — \/2AsA%>C? = 0.

(3-2)

By fixing an orientation we can suppose that A > 0. Then, in [9], it is shown that
for k # £1, | # +m, m # £l, the system (3-2) admits precisely eight solutions.
Moreover, up to the action of Z, x Z, alluded to in the proof of Lemma 31, these
eight solutions give only two nonequivalent solutions ¢ € C, which are in fact strictly
nearly parallel. The following result completely determines the connected component
in C in which each of these structures lives.

Lemma 33 Let k # £1, | # £m, m # %[, and let ¢"1, ¢"P2 € C denote the two
strictly nearly parallel Go—structures. Then C(¢"P1) and C(¢"P2) have the same sign,
while those of D(¢"1) and D(¢"P2) are opposite. Moreover, sign(C) is constrained
by AC < 0 and determines the orientation.

Proof Fix an orientation and suppose that A > 0. Then the first equation in (3-2)
implies that ABC must be negative for any such ¢. On the other hand, it follows
from the analysis in the bottom of page 413 in [9] that the two solutions have different
signs of ABCD and so they must in fact have different signs of D. Choosing ¢ € C,
we have A > 0 and B > 0, so we must also have C <0 (as ABC < 0), which then
implies each of the solutions has a different sign of D. a

Remark 34 (1) The Weyl group of SU(3) moves the U(1),; subgroup inducing
an action in the set of Aloff—Wallach spaces. In fact, this action is generated
by X+ X;x and Xy ; = Xi ., which can be combined to generate the
order 3 element o: X; ; — Xj ,,, ie cyclic permutations of (k,/,m). Hence,
up to coverings and this action, there is no loss in supposing that k and / are
coprime and that k > 0 and —/ <k <?2/.

(2) Consider the U(2)-subgroup of SU(3) generated by the image of the homomor-
phism SU(2) x U(1) — SU(3) given by

(A, %) > diag(Aeie, det(Aeie)_l).
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As CP? = SU(3)/U(2), we obtain a canonical fibration
- Xk,l — (C]P’z,

whose fibers one can check to be the lens spaces U(2)/U(1)g,; = S3/Z|k+” , if
k+1+#0,o0r S1%xS2? if k+1=0. In fact, using the order 3 element o, we may
obtain two more fibrations 77, = 7; oo and 713 = 7 002 of X, k,l over CP2.
At least two of these have fibers S3/Z, for a nonzero p € {|k|, |/|, |m|}.

3.2 Invariant connections

Given a Lie group G, a principal G-bundle P over Xy ; = SU(3)/U(1)x  is said to
be SU(3)-homogeneous (or just homogeneous) if there is a lift of the SU(3)-action
on Xy ; to the total space which commutes with the right G—action on P. In general,
homogeneous SO(3)—principal bundles over Xy ; are determined by their isotropy
homomorphisms A,: U(1) — SO(3), and are constructed via

Pn = SU(3) X(U(l)k,lykn) 50(3),

where the possible group homomorphisms A, are parametrized by n € Z. Explicitly
we can think of SO(3) as SU(2)/Z», where Z, acts via multiplication by minus the
identity matrix, —1, then A, is given by

ei(n/2)0 0

Definition 35 Let {77, 72, T3} be a basis for su(2) such that [T;,T;] = 2¢;x T
Then the canonical invariant connection on P is

n.n
A =—— ®T;.
c 2«/6s®1

Using the Maurer—Cartan equations, the curvature of the canonical invariant connec-
tion Al is found to be

n
n __
Fe T 1242

Wang’s theorem [28] classifies invariant connections on homogeneous bundles. In our

((k =Dw1s + (I —m)wae + (m — k)w37).

situation, Wang’s theorem says that SU(3)—invariant connections on P, are in bijection
with morphisms of U(1)-representations

A: (m,Ad) — (s0(3),Ado A,),
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where m is the U(1)x ;—Ad complement to (H) in su(3). If (k,/) is not in the Weyl
orbit of (1, 1) and n # 0, these split into irreducible real representations as

m = (X1, Xs)g—1 ® (X2, X6)1-m D (X3. X7)m—k D (X4),
50(3) = (T1) & (T2, T3)n.
where the weight of each 2-dimensional irreducible representation is indicated by a
subscript. It will be useful to use the notation Vi = (X1, X5), Vo = (X3, Xg) and

V3 = (X3, X7) (these are simply the real root spaces of su(3)). Applying Schur’s
lemma and Wang’s theorem [28] we have:

Lemma 36 ((k,])# (1,1)) Let A" € Q1(SU(3),s0(3)) be the connection 1—form
of an invariant connection on P, over Xy ;, for (k,l) not in the Weyl orbit of (1,1).
Then it is left-invariant and can be written as A" = A} 4+ (A" — A?), where (A— A7) €
m* ® 50(3), extended as a left-invariant 1—form with values in s0(3), is given by

A—A7 =aV1 +axyz + a3y +bos ® T

Here the ; denote isomorphisms v;: V; = (T», T3) with || € {0, 1} with respect
to the fixed basis, and the a;, b € R are constants. Moreover, each a; must vanish if
the weight of V; is not equal to n, ie

ar=0 ifn#k—I,

a,=0 ifn#l—m,

az=0 iftn#m—k.

Remark 37 (1) The order 3 element of the Weyl group W permutes the different
roots and so the different root spaces. In particular, there is no loss in considering
the Aloff—Wallach spaces up to the action of W. Hence, in the previous lemma
when we consider the case k # [, it is implicit that also [ = m or m # k.

(2) Since it is not possible to have k —1 = [ —m = m — k = n without forcing
k =1=m=n =0, we must have ajazasz = 0. This splits us into seven cases
to be analyzed below.

Lemma 38 ((k,])=(1,1)) Let A" € Q1(SU(3),50(3)) be the connection 1-form
of an invariant connection on P, over X1,1. Then it is left-invariant and can be written
as A" = Al 4+ (A" — A), where (A — AZ) e m* ® s0(3), extended as a left-invariant
1—form with values in so(3), is given by

A—Al =a1y+axy2 +azys.
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Here the v; denote isomorphisms ;: Vi — (T, T3) with || = 1 with respect to
the fixed basis, and y: (X1, X5, X4) — s0(3) denotes a linear map, which in the case
n # 0 must take values in (T1) C s0(3). Moreover,

a» =0 ifn#3,
az=0 ifn#-3.

Proof The proof in this case is similar and we simply give the main steps. As before
the proof amounts to using Wang’s theorem [28] to find the invariant connections. One
must split the corresponding representations into irreducibles as

m = (X1) @ (X5) ® (X4) ® (X2, Xe)3 D (X3, X7)-3,
(T1) & (T2, T3)n if n #0,

OO =V Ty @ (o) @ (Ts) if n=o0.

Then the conclusion follows from a similar application of Schur’s lemma. a

3.2.1 Case splitting, for k # I We shall now consider the case when Xj ; is such
that (k, /) is not in the Weyl orbit of (1, 1); the other case will be investigated separately.
Here we use Lemma 36 in order to write down all the possible connection 1-forms, up
to invariant gauge transformations. We shall analyze the different cases corresponding
to the different values of n.

Case0 (n#k—1,1l—m,m—k) In this case a; = ap = asz = 0 and so every
connection is reducible, with

non
A"=-—+b T;.
(2 Jes + a)4) ® 11
Casel (n=k—1) Inthiscase ap = az =0 and we may use our gauge freedom to
write the isomorphism ¥1: V7 —> (T2, T3) as Y1 = w1 ® T» + w5 ® T3. Then

k—1
Ak_l = (T% +ba)4) ®T1 +al(w1 ®T2+a)5®T3)
S

Case2 (n=1—m) Now we must have a; = a3 = 0 and as in Case 1 we may use
our gauge freedom to fix the form of ¥, . We can write the connection form as

_ [ —m
Al-m — (—L +ba)4) QT +az(w2 @ Tz +we @ T3).
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Case 3 (n = m — k) Similarly, in this case a; = a» = 0 and we can write the
connection form as

m—k
Am—k — (—L +ba)4) ®T1+a3(wz3®@ T2+ w7 @ T3).

Cased (n=m—k=1[1—m,ien=1=—k) Inthis case a; = 0 and we exhaust
our gauge freedom in fixing ¥, = wr ® T + we ® T3, so that

V3 = w3 ® (cos(B) T2 + sin(B)T3) + w7 ® (—sin(B) T + cos(B)T3)

is dependent on an angle parameter 8. The connection form is

/
Al = (ET +b(,04) ® Tl +a2(w2®T2 +we ® T3)
6s

+ a3 (w3 ® (cos(B) T + sin(B) T3) + w7 ® (—sin(B) T» + cos(B) T3)).

Case5 (n=I[l-m=k—I,ie n=k =-—m) This is similar to Case 4, but with a, =0.
The connection form is

k
Ak = (ET +ba)4) ®T1 +a1(a)1 ®T2—|—0)5®T3)
6s

+ a3 (w3 ® (cos(B) T + sin(B)T3) + w7 ® (—sin(B) T> + cos(B) T3)).

Case6 (a3=0andn=k—[=m—k,sothat n =m = —[) This is similar to
Cases 4 and 5, except that we use « for the angle parameter. The connection form is

m
A™ = (2 } +bw4)®T1+a1(w1®Tz+ws®T3)
S

+ az(a)z ® (cos(a)Tr + sin(e)T3) + we ® (—sin(x) T2 + cos(a)T3)).

3.2.2 Case splitting, for kK = =1 Now we use Lemma 38 to write down the
possible connection 1-forms for an invariant connection on P, over Xj 1, splitting
into cases depending on the value of 7.

f 5Ws ’

where a1,as5,b € R.
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Casel (n=0) In this case,
A’ =0 ®c1 +ws®cs+ w5 Rcs,
where c1, ¢4, c5 € 50(3).

Case2 (n =3) In this case,

3
A3 = (57 + bws +a1w1 +a50)5) ®T1+az(w2 @ T2 + we @ T3),

where a1,a,,as5,b € R.

Case3 (n =-—3) In this case.

3
A% = (—57 + bws + a1 +asws) ®T1 +a3(03® T2 + w7 ®T3),

where a1,a3,as5,b € R.

3.2.3 Topology of the homogenous bundles P, Recall from the beginning of
Section 3.2 that given a group homomorphism A,: U(1) — SO(3) we may construct
the homogeneous bundle

= SUB) XW(1)x.1,An) SO3)

over Xy ;. In this section we compute the first Pontryagin and second Stiefel-Whitney
classes of the associated vector bundle E, with respect to standard action of SO(3)
on R3. To compute its characteristic classes it will be convenient to use a lift
of E, to a Spin®(3)=U(2)-bundle W,. Then the adjoint bundle gy, of W, splits
as gw, =R ® E,, where R denotes the trivial bundle. We can then compute the
characteristics of £, via the Chern classes of W,, as

w2 (En) = c1(Wyp)  (mod 2) and p1(Ep) = C’I(I/Vn)2 —4ca(Wa).

To state the result we recall some facts about the cohomology ring of Xj ; [21],
namely, that H?(X, k,1-Z) = Z and that the square of its generator is the generator
of H*(Xk,1,Z) = Zy2,12x;- We now state and prove:

Lemma 39 The associated homogeneous SO(3)-bundle E, has

wa(Ep) =n (mod2)  and  py(Ep) =n?> (mod k?+kl+1?).
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Proof The first step towards the computation is to notice that, for any n € Z,
there is actually a homogeneous lift of P, to a Spin°(3)=U(2)-bundle. To see
this, we make the identification SU(2) x U(1)/Z, =~ U(2) by the isomorphism
[(A, e'?)] > diag(e’?, e?) A, and it is easy to see that there is a group homomorphism
r: U(2) — SO(3) which is simply 7([4, ¢!?]) = A € SU(2)/Z» =~ SO(3).

Remark 40 One other way to describe this is by considering the adjoint action of U(2)
on its Lie algebra. This decomposes as 1(2) = R@s0(3), and U(2) acts on s0(3) = R3
via SO(3).

Then the bundle P, can be homogeneously lifted to a U(2)-bundle if and only if there
is a group homomorphism wu,: U(1) — U(2) such that A,, = 7 o u,. That is indeed
the case, as we can simply check that

0 ein@/Z 0 0
Un(e'?) = |:( 0 e_l.ne/z), e'” /2] e SUQR)xU(1)/Z,

does the job. Then the canonical invariant connection on W, =SU3) X (1), ;, ) U(2)
is A% = nn/(+/6s) ® diag(i,0) and its curvature Fl'=n dn/(/6s) ® diag(i, 0).
Then ¢;(Wy) = [i r(FS)] = —n[dn]/(~/6s) with [dn]/(+/6s) being the generator
of Hz(Xk,l, Z), and so wy(E,) = n (mod 2). We now turn to the computation
of p1(E,), which besides ¢1(W,) also requires c»(W,), which we can check to
be zero using the formula %[tr(Fnc A FE) —tr(F¢)?]. Therefore, we conclude that
P1(En) = n? € Zya 241, finishing the proof of Lemma 39. |

A short computation also yields:

Corollary 41 Letny =k—1, np=1—m, n3 =m—k. Then

wy(Ep,) =k —1 (mod?2),  pi(En,)=-3kl (mod k?+kl+1?),
wy(En,) =k (mod 2),  p1(Enp,) =—3k? (mod k% + kI +1?),
Wy (Epy) =1 (mod 2),  p1(Eny) =31 (mod k? + kI +1?).

4 Gauge theory on X, ;, with (k,1) # (1,1)

This section is concerned with stating and proving the main results of our paper,
namely Theorems 42 and 44, which classify all invariant G,—instantons with gauge
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groups U(1) and SO(3), for any G,—structure ¢ € C as in Definition 30. Recall that,
as proved in [9], for k # £I, [ # +m, m # Lk, these are in fact all the homogeneous
coclosed Ga—structures on Xy ;. Then, in Theorem 46, we use the classification to show
that in any Aloff—Wallach space as above, there are irreducible G,—instantons, with
gauge group SO(3), which as the G,—structure varies merge into the same reducible
and obstructed Gy—instanton. This phenomenon was expected to be possible and
Theorem 46 gives plenty of explicit examples; see for instance Examples 48 and 49,
together with their accompanying Figures 1 and 2, representing the merge of the
G,—instantons. As a consequence of Theorem 44 we give in Section 4.4 examples of
Aloff—Wallach spaces where G,—instantons can be used to distinguish between the
two inequivalent strictly nearly parallel G,—structures. More precisely, we show that
in these examples there always exist invariant and irreducible G,—instantons, which
however live on topologically different SO(3)-bundles.

In Section 4.6, we fix (k,/) = (1, —1) and a nearly parallel G,—structure on X, ;.
After finding the corresponding invariant G,—instantons we show that any irreducible
such Gy—instanton is not a local minimum of the Yang—Mills functional. In fact, they
are saddles of the invariant Yang—Mills functional.

4.1 G,-instantons

Before stating the main results we introduce some quantities which will simplify the
notation later on:

I' = A2B%(m —k) + A2C*(1 —m) + B>C?(k —1),

A = A?>B?1 + A*>C?k + B*C?m.
Note that for a given Aloff-Wallach space X} ; each of these quantities only depends
on the G,—structure (3-1) and varies continuously with it.

4.2 Abelian case

We start below by stating the result classifying G,—instantons with gauge group U(1).
In this abelian case, some particular examples of the instantons appearing in our
classification are already present in [20, Equation (3.29)]. In this case, the possi-
ble homogeneous bundles are parametrized by n € Z, which denotes the degree
of the homomorphism A,: U(1)g; — U(1) used to constructed the bundle Q, =

SUQB) X w)e..an) U).
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Theorem 42 (abelian case) Let (k,!) # (1,1) and A be a Gp—instanton on a line
bundle over Xy ; equipped with the Ga—structure (3-1). Then one of the following
holds:

(1) A 50, in which case there is a unique Gy—instanton in any homogeneous line
bundle. For instance, if A lives on the bundle associated with A, , its connection
1-form is

n 1 r
- 5(\/&77"‘ SﬁsAw‘t)'
(2) A =0, but I' # 0, in which case A lives in the trivial homogenous bundle
(ie that associated with Ag), and A is simply one of the 1-forms bwg , for some
beR.

(3) A =0 andI' =0, in which case there is a real 1-parameter family of such
instantons on any homogeneous line bundle.

Proof Any abelian Gj—instanton can also be interpreted as a reducible SU(2)-
instanton. Hence, we can use the formula for the connection in the previous section.
More precisely, for the instanton to be reducible we must have a1 =a, = a3 =0, so

A" = —n+ bwy.

zf

Its curvature is
F'"=F Cn +bdws,
where

FI'= 12 2((k —Dwis + (I —m)ware + (m —k)ws7),

75

Then we write ¥ = —Dwg A Q22 + %wz, with €, and w? the pullbacks of differential
forms on the flag manifold F, = SU(3)/ T2, and determined by this relation. As
in Section 2.1.4, more precisely, (2-8), we compute that the Gp—instanton equation

dws = (mw1s + kwae + lw3z7).

reduces to the equations
(F' +bdwg) AQy=0 and (F!+bdws) Aw?* =0.

It is easy to check that F! A Qy =0 = dwa A Q25 always. We are, therefore, reduced
to the second equation, which turns into

—nT + 642sAb = 0,
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where I' and A are as in the beginning of this section. In particular we see that
F!'AQ =0 if and only if I' = 0 and dws A Q2 = 0 if and only if A = 0. Therefore,
if A # 0 there is exactly one SU(3)-invariant instanton, whose connection form is

" n(l ; )
== + ws | ®T.
AWTERENTTN A

However, if A = 0 there are no instantons unless nI" = 0 as well, in which case there

is a 1-parameter family of instantons as we can chose b arbitrarily. |

A few remarks are in order, related to how the existence of invariant abelian G,—
instantons varies with the G,—structure.

Remark 43 (1) For a fixed Aloff-Wallach space Xy ; both A and I' vary smoothly
with the Gp—structure, and generically A # 0. Note that A = 0 defines a hypersurface
in the space of coclosed homogeneous G—structures.

(2) Suppose that we vary the Go—structure always keeping I" # 0, but crossing the
hypersurface defined by A =0. We see that the instantons on the bundles O, for n #0,
“disappear” when A = 0 and “reappear” on the other side of the hypersurface.

(3) Forany (k,!) it is easy to find examples where the situation A =0 = I" occurs.
These equations, ie A =0 and I' = 0, can also be written as

A%(B? —C?)l = B*(C? — A?)k,
C2(A%2 = B*)(I —k) = A*2(B2=C?)(k +1).

For example, it is easy to see that any G,—structure having 42 = B% = C? satisfies
these equations.

(4) The conditions A =0 and I" =0 are independent of scaling the metric as expected.

(5) Both I' and A are independent of D. This can be understood directly from
the proof, as follows. Recall that (w, 2,) induces an SU(3)-structure on the flag
[F, = SU(3)/T?. Then it follows from the proof of Proposition 57 that

Fcn/\S22:0:da)4/\§22

always. Notice that both F/ and dw4 are the pullback of 2—forms from F,. Hence
F' AQ2 and dws A Q2> measure the components of these 2—forms in A%0 with respect
to the complex structure on [F» induced by €2,. In particular, the canonical connec-
tion A%, which is induced from a connection on 5, is always pseudoholomorphic.
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Furthermore, the proof also shows that F" A w? and dws A w? are proportional to T’
and A respectively. Given that F and dwa, as 2—forms on F,, are of type (1, 1), the
constants I' and A measure the components of these 2—forms along w. Thus, A7 is
pHYM with respect to (w, 25) if and only if I = 0.

(6) Any abelian connection can be written as a direct sum of connections with gauge
group U(1), so there is no loss of generality in working with gauge group U(1) when
investigating abelian connections.

4.3 Nonabelian case

In this section we prove Theorem 44, which classifies invariant and irreducible G-
instantons on SO(3)-bundles, with respect to the Gp—structures ¢ € C on the X ;,
for k #£ £, | # +m, m # +k. Recall that in these cases, the G—structures in C
are in fact all the homogeneous coclosed Ga—structures on Xy ;. Then we prove
Theorem 46, which yields examples of irreducible Gp—instantons that, as the G,—
structure varies, merge into the same reducible and obstructed G,—instanton (see also
Examples 48 and 49).

The reason for focusing our attention on irreducible G,—instantons is that any reducible
one is already taken into consideration by Theorem 42. Recall, from the previous
section, that the homogenous SO(3)-bundles are also parametrized by an integer n € Z
and we denote them by P, .

Theorem 44 (nonabelian case) Let (k,[) # (1,1) and Xy ; be an Aloff—~Wallach
space equipped with one of the G—structures ¢ in (3-1) and n € Z.. Then irreducible
and invariant G,—instantons on P, exist if and only if:

(1) n=k—I and o1(p) =3(m/2—s(AD)/(BC))A+((k—1)/2)T >0, in which
case the instantons have a, = a3 =0,

1 AD\ « | k—I 1 ( m  AD
2_ - m __AD K—1l _ Lt f_m  AD]\,
“1_1232c2s2(3(2 SBC)A+ 2 F) and b ﬁ( 2s+BC)’

(2) n=1-m and 02(p) =3(k/2—s(BD)/(AC))A+ ((l —m)/2)T > 0, in which
case the instantons have a1 = a3 =0,

1 k  BD\, [—m 1 ( k  BD
2_ - o DU Lt—m — (K, DU,
a2_12A2C2s2(3(2 SAC)A+ 2 F) and b ﬁ( 2s+AC)’
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(3) n=m—k and 03(¢) =3(l/2—s(CD)/(AB))A+ ((m—k)/2)T >0, in which
case the instantons have a1 = a, =0,

1 I CD m—k I\ ( |  CD
2 _ WLy [ L &
a3_1232A252(3(2 SAB)A+ 2 F) and b ﬁ( 2s+AB)'

Proof Let A" be an irreducible, invariant G—instanton on Py over X ;. In order to
compute the instanton equations we must compute the curvature F” first. This may be
found by the formula

F" = FI' +dgn(A" — A) + 2[A" — AL, A" — A7),

and the Maurer—Cartan equations. Our strategy for finding instantons will be simply to
solve the equations F" A = 0 for the a; and b in each of the cases listed above.

Case0 (n#k—I[,1—m, m—k) Here a;y =a; =a3=0,s0 A" is always reducible
and we immediately deduce that for A to be irreducible we are reduced to one of the
items in the statement. We also remark that the G,—instantons arising from this case
are precisely those from Theorem 42.

Casel (n=k—1) Here ay =a3 =0, and

Ak_l = (%n +ba)4) ® Ti +a1(a)1 R T2+ w5 R@T3),

whose curvature F!=% is

1

W((_(k —1)? +6+/2smb + 24s2a%)w15 + (—(k —D(—m)+ 6\/§Skb)a)26

+(—(k—D)(m—Fk) + 6f2slb)w37) ® T
+ a—l(w23 —we7 — (% + 2\/519)6045) )

V2
a
+ 715(—6027 + w36 — (% + 2ﬁb)w14) ® T3.

The equations resulting from F k=LA =0 are

6+/2sAb +24B%C?5%a? — (k — )" = 0,
a1BC(2ADs — BC(2v/2sb + m)) = 0.
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Hence, if a1 = 0 we obtain the same reducible instanton as in Case 0 and Theorem 42,
while if a; # 0, the solutions satisfy

1 ADY | kI
a1 (y(m_ AD\, k-l
a1_1232C2s2(3(2 SBC)A+ 2 F)’

_ (. m_ AD
~ J/2\ 2s  BC)
Therefore, in this case the existence of SU(3)—invariant irreducible instantons depends

on the sign of o7 = 3(m/2—s(AD)/(BC))A +((k=01)/2)T.

Case2 (n=1—m) As this case is very similar to Case 1, we will omit the details.
We must have a; = a3z = 0 and if a, # 0, solutions to Fl=m A ¥ = 0 must satisfy

1 k BD I—m
2 N 2= P
“2_12,420252(3(2 SAC)A+ 2 F)’

1 ( k , BD
b=p5(-5 + i)

The sign of 0, =3 (k/2—s (BD)/ (AC)) A+ ((I—m)/2)T determines whether solutions
exist.

Case3 (n=m—k) Again, we will omit the details. Now a1 =as =0 and if a3 # 0,
the equation F” % Ay =0 gives

1 [ CD m—k
2_ - [ m—-r
T 2 A2 (3(2 SAB)A+ 2 F)’

1 [l , CD
b= V2 ( 25 + AB )
The sign of 03 =3 (l /2—s(CD)/(AB )) A+((m—k)/2)I" determines whether solutions
exist.

Cased (n=m—k=1[1—m,andson=1[=—k) Recall that in this case we have
an angle parameter . Then the equation F Ay =0 becomes

67/ 25Ab + 244252 (B%a3 + C2%a2)—IT =0,
a2(2BDs + AC(=2+/2sb +1)) =0,

a3 sin(B)(2CDs — AB(2N/2sb +1)) = 0,

az cos(B)(2CDs — AB(2+/2sb + 1)) = 0.

Squaring and summing the last two equations we are left with

a3(2CDs — AB(2v/2sb + 1)) = 0.
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This together with the second equation then implies that either az = 0 or a; = 0,
in which case we can then use an invariant gauge transformation to set § = 0. We
have then reduced this case to Cases 2 and 3 above. In particular, the existence of
G—instantons is determined by the signs of o3 and o, (note that here we have | = —k).

Cases 5 and 6 These cases exhibit the same phenomena as in the last one and so
reduce to Cases 1, 2 and 4 above. O

Remark 45 Fix Xj ; and the bundle P;_;. Then Theorem 44(1) shows that for
a Gp-structure ¢ such that o1(p) > 0 there are two irreducible Gp—instantons. In
addition, we also have a reducible Gy—instanton given by Theorem 42 (with n =k —1).
Varying ¢ so that o1(¢) | 0, the two irreducible, invariant G,—instantons existent
when o1 > 0 merge with the reducible abelian G,—instanton from Theorem 42. Indeed,
it is easy to check that if o1 =0 (and A # 0) then a1 =0 and b =nT'/(6+/2sA). We
shall see below that the resulting G,—instanton is obstructed. From Theorem 44(2)—(3),
a similar phenomena holds on the bundles P;_,, and P, .

Theorem 46 Let n = k —1, and suppose {¢(s)}ser is a continuous family of homo-
geneous, coclosed G,—structures such that o1(¢(s)) > 0 for s <0 and o1 (p(s)) <0
for s > 0. Then, as s /' 0, the two irreducible Gy—instantons on P, from Theorem 44
merge and become the same reducible and obstructed G,—instanton when s > 0.

Proof Recall that an invariant connection on Pj_; can be written as
A=A 41 bos® Ty + a1 (01 @ Tr + w5 @ T).
Similarly, an invariant 1-form with values in the adjoint bundle can be written as
a=xw4 T+ y(w1 ® T+ ws ®T3),
for some x, y € R. Using these it is easy to compute
dqa = (xdws + dar1yw1 Aws) @ Ty

+ (y(dwl - %n /\ws) +2(by + xay)ws /\0)4) T
S

k—1
+ dws + —— /\a))—2b + xa a)/\a))®T.
()’( 5 \/ESU 1 (by w1 Aws 3

We are now ready to find the invariant Lie algebra valued 1-forms a which lie in the
cokernel of the deformation operator of the G,—instanton equation L(-) =*(dg- AY).
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As the Gp—structure is coclosed L is self-adjoint and we can identify the cokernel with
its own kernel. Hence a € ker(L) if and only if dqa A ¢ = 0, which we compute to
be equivalent to

4-1) ﬁAx+8B2C2sa1y =0,
4-2) —4BCsa1x + (\/E(Z%S —m) — 4sb)BCy =0.

Hence, there is a nonzero solution (x, y) if and only if the linear operator in the
left-hand side of (4-1)—(4-2) is not invertible, ie its determinant vanishes:

(4-3) 32B3C35%a? + (4ADs —2BCm —4+/2BChs)A = 0.

Inserting into (4-3) the formulas in Theorem 44 for the reducible instantons when
n =k —[ we obtain
%BC s?01 =0,

which holds if and only if 01 = 0. We have thus proved that as the instantons from
Theorem 44 on Pj_; merge, when o1 = 0 they become reducible and obstructed
before disappearing. a

Remark 47 A similar statement to Theorem 46 holds for n =/ —m and n =m —k,
with o replaced by o, and o3 respectively.

Here are two examples of this phenomenon.

Example 48 On the Aloff-Wallach space X;,_1 consider the G—structures given by
B=1,C=1and D =1 with A allowed to vary freely in order to make o; change
sign. Then, as A varies, the condition for irreducible G,—instantons on P, to exist is
that o1 (¢) = 2(1 — A?) be positive, which happens if and only if 4% < 1. See Figure 1
for a plot of a; (the “irreducible part” of the connections) as A varies. There one
can clearly see that the irreducible Gp—instantons merge into the same reducible and
obstructed (by Theorem 46) G,—instanton.

Example 49 Similarly we consider G,—instantons on Pg over X1 _s, equipped with
the G,—structures having B = C = D = 1. In this case the existence of irreducible
Go—instantons is controlled by the positivity of o1 (¢) = (42—1)(12+/7A —42), which
is positive if and only if A2 <1 or 4 > 4 Figure 2 illustrates the two irreducible
G,—instantons merging into the same reducible and obstructed Gy—instanton.
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Figure 1: Instantons on P, over Xi,_;
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Figure 2: Instantons on Pg over X1,—s

Remark 50 The phenomenon described above can be interpreted as the G, analogue
of a family of stable holomorphic bundles in a Kéhler manifold, that become polystable
as either the Kéhler metric or the complex structure varies; see for example [2] and [3].3

3We thank Mark Stern for these references.
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4.4 Distinguishing strictly nearly parallel structures

Suppose that k # +[, [ # +m, m # +k. As remarked in Section 3, it is shown in [9]
that the system (3-2) yields two inequivalent solutions ¢"P1, ¢"P2 € C, which are strictly
nearly parallel. In this section we will give examples of Xy ; where the G—instantons
can be used to distinguish between ¢"P1 and ¢"P2. More precisely, we shall prove
that in many examples of k& and / the structures ¢"P1 and ¢"P2 do admit invariant and
irreducible Gp—instantons with gauge group SO(3). However, the Go—instantons live
on topologically different SO(3)-bundles.

To fix notation, let ¢+ denote the solution of (3-2) that satisfies C(¢ ™) > 0 and
D(p*) >0, and let ¢~ denote the solution satisfying C(¢~) >0 and D(¢~) <0. Let
A%, ..., DT denote the parameters determining the nearly parallel Go—structures ¢+ .
While it is possible to solve equations (3-2) symbolically, the resulting formulas are
extremely unwieldy, so we will instead just give approximations.

Example 51 (k=1,/=2) On X3,
At =2822, BT =229, CT=1797, D' =249,
o1(pT) = —694.918, 02(p1) =—-357.130, o3(p") =102.969,

while
A" =1.699, B =2.639, C~ =2720, D™ =-1.727,
01(p7) =257.213, o02(p~) =—623.289, o03(¢~ )= —676.142.
Hence, Theorem 44 implies that for ¢ T, irreducible, invariant G,—instantons exist only
on the bundle P_4, while for ¢, irreducible, invariant G,—instantons exist only on the
bundle P—_;. These bundles are topologically distinct: indeed using the formulas from

Corollary 41 we find that wy(E—4) = 0 (mod 2) and p;(E—4) = 2 (mod 7), while
wz(E-1) =1 (mod 2) and p;(E—_1) =1 (mod 7).

Example 52 (k=1,/=3) On X3,
AT =2813, BT =2385 C*T=1.760, DT =2.304,
o1(p1) = —1304.737, o0a2(¢™) =—794.177, o03(p™) =286.314,

while
A" =1.702, B~ =2.615, C~ =2.737, D™ =-1.764,

o1(p7) = 468212, 0a(p7) =—1124.808, o3(p~) = —1272.289.
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Hence, for go"', irreducible, invariant G,—instantons exist only on the bundle P_s, while
for ¢, irreducible, invariant G—instantons exist only on the bundle P_,. The bundles
are topologically distinct: wz(E—_5) =1 (mod 2) and p;(E_5) = 12 (mod 13), while
wa(E—2) =0 (mod 2) and pi(E—3) =4 (mod 13).

Example 53 (k=1,/=4) On X4,

AT =2806, BT =2425 CT=1.746, DT =2208,
o1(pT) = =2113.761, o02(¢™) =—1378.207, o3(p") =526.442,
while
A" =1.011, B =2425, C  =1.746, D™ =-1.792,
01(p™) =349.253, o02(p~) =—1593.714, o3(¢p~) = —823.167.
Hence, for g0+, irreducible, invariant G—instantons exist only on the bundle P_g, while
for ¢, irreducible, invariant Gp—instantons exist only on the bundle P_3. The bundles

are topologically distinct: wa(E_g) =0 (mod 2) and p;(E—_¢) = 15 (mod 21), while
wz(E—3) =1 (mod 2) and pi(E£-3) =9 (mod 21).

Example 54 (k=2,/=3) On X, 3,

At =2827, Bt =2.197, CT=1.848, DT =2.668,
o1(ph) = —1857.936, 02(pt) = —753.703, o3(pT) =107.336,
while
A" =1.698, B =2658, C =2.707, D =-1.708,
o1(p7) =705.209, o02(p~ ) =—1726.540, o3(p~ )= —1812.541.
Hence, for <p+, irreducible, invariant G—instantons exist only on the bundle P_7, while
for ¢, irreducible, invariant G—instantons exist only on the bundle P_;. The bundles

are topologically distinct: w(E—7) =1 (mod 2) and p;(E—7) =11 (mod 19), while
wa(E-1) =1 (mod 2) and p;(E-1) =1 (mod 19).

Example 55 (k=2,/=11) On X211,

At =2800, BT =2456, CT=1736 DT =2.132,
o1(p™) = —14809.573, o02(pt) =—10158.191, o3(¢™) = 4009.812,
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while
A" =1.706,B~ =2.584,C~ =2.755, F~ = —1.823,

01(p7) = 5116368, 02(p~) = —12243.994, 03(p~) = —14559.716.

Hence, for go+, irreducible, invariant G—instantons exist only on the bundle P_;s,
while for ¢, irreducible, invariant Gp—instantons exist only on the bundle P_g.
The bundles are topologically distinct: w2(E—15) = 1 (mod2) and pi(E_15) =
78 (mod 147), while w2(E—9) =1 (mod 2) and pi(E—_9) = 81 (mod 147).

Remark 56 We did not find any Aloff-Wallach space for which one of the strictly
nearly parallel Gy—structures does not admit irreducible, invariant Gy—instantons with
gauge group SO(3).

4.5 Yang-Mills connections

It is interesting to consider the question: what conditions on a G—structure ensure that
a Gp—instanton is a Yang—Mills connection? Proposition 8 says that this is the case
for parallel and nearly parallel Go—structures. In this section we shall characterize the
homogeneous coclosed G,—structures ¢ € C for which an abelian G,—instanton is a
critical point for the Yang—Mills energy.

Proposition 57 Equip Xy ; with a Go—structure (3-1) such that A # 0. Let A" be
the unique G,—instanton on the line bundle associated with A, . Then A is a critical
point for the Yang—Mills energy if and only if the Gy—structure satisfies

(4-4) A%B?(A% — B?)] 4+ A2C?(C?* — A>)k + B*C*(B*-C*Hm = 0.

Proof From the proof of Theorem 42 we have

1 I
A”:Q( + a))®T.
AWTERENTT N A

The Yang—Mills energy for an invariant abelian connection

n

A" = (2\/6Sn+bw4) ®h

is
E() = ﬁ(%@ﬁbms —n(k—1))*+ %(6\/§bms —n(l —m))?

+ é(&/ﬁbms —n(m —k))z).

Geometry & Topology, Volume 23 (2019)



Gauge theory on Aloff-Wallach spaces 727

Then we require that at the G,—instanton, ie when b =nT"/(6+4/2sA), there be a critical
point of E(b), which immediately yields (4-4).

For completeness we also remark that, in general, the critical points of E have

n A*BY(k —m) + A*C*k(m —1) + B*C*m(l — k)

h=—
6+/2s A4B4]2 + A4C4k2 + B4C4m?

Remark 58 (1) If A =0 then only one of the G—instantons in the 1-parameter
family described in Theorem 42 is a critical point for the Yang—Mills energy.

(2) For a given Xj ; condition (4-4) describes a hypersurface in the space of homo-
geneous coclosed Gp—structures, containing the nearly parallel G,—structures.

(3) One can carry out a similar analysis to determine conditions on the Ga—structure
so that the irreducible G,—instantons described in Theorem 44 are Yang—Mills.
The space of such G,—structures is cut out in C by two real algebraic equations.

4.6 For a nearly parallel structure on X

We shall now see an example of a nearly parallel G,—structure on an Aloff—Wallach
space, namely X1 1, for which instantons do exist and do not minimize the Yang—
Mills—Higgs energy.

4.6.1 Gy-instantons The precise statement we shall prove in this section is:

Theorem 59 Let ¢ be the nearly parallel] G,—structure on X 1.

(1) For each n, there is a unique, invariant, Gp—instanton on the line bundle
Ln = SU(3) XU(I)l,—l,pn C.
(2) Let A be an irreducible and invariant G,—instanton, with gauge group SO(3)

on X1,—1. Then A lives on the bundle P_;. Moreover, such instantons do exist.

The rest of this section is dedicated to proving this result. First we must obtain the
strictly nearly parallel Go—structure on X1 —;. This is of the form (3-1), with

A=—4\/2 B=24V75+15V5 C=-4V75-15V5 D =-18/30,

as a straightforward computation shows. We shall now compute G,—instantons for
this structure, starting with abelian ones on the bundles L, = SU(3) x; C. The
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invariant connections are of the form %r} + aqw4 and the Gr—instanton equation
(5 dn+asdws) Ny =0 gives

Vi35

Hence, we must have a4 = n 1—85 and the resulting G,—instanton has curvature
1 1 5
F= 7571(—6015 + 5 (w26 + w37) + %(a)zs —w37)).

We turn now to nonabelian G,—instantons, namely those with gauge group SO(3) that
we constructed before. We start by considering the case n = k — [ = 2, ie instantons
on the bundle on P, = SU(3) x, SO(3). Inserting the A, B, C and D associated
with the nearly parallel G—structure into our general formula one can check that the
quantity inside the square root is negative and so there are no invariant, irreducible,
Go—instantons on P. In fact, to be a little more explicit we shall explain all the steps
underlying that computation in this case. First, the more general invariant connection
on P, has a, = a3z = 0 and so is of the form

A= (Jen+as0s) ®Ti +ar(@1 ® T2 + w5 @ T3).

We compute its curvature Fy as before and set F4 A = 0, which yields the equations

(4-5) 3v/30a4 —20a3 —5 =0,
(4-6) a1(2v2 + V15a4) = 0.
From (4-6) we see that either a; = 0, in which case the connection is reducible,
or ag = —2 12—5 Inserting this into (4-5) we then have to solve —ZOa% —17 =0,
which has no real solutions. Alternatively we could have just found that o7 = — lgggG,

whose being negative shows that there are no irreducible instantons on P;.

We analyze now the case when n = —m or n = m — k as in both these cases we
have n = —1. In this case an invariant connection must have @y = 0, while a, and a3
can be nonzero. However, as we have seen in our analysis of the general case, the
G,—instanton equations imply that at least one of these vanishes. In fact, after inserting
the values of A, B, C and D into the formulas of Theorem 44, we can check that
0, <0 and o3 > 0. Hence, there are irreducible Gp—instantons and any such has a, =0,

a3 =+1V 214+ 12V5 and ay =L (4v/5-13).
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The quantities appearing inside the square root are positive and so these solutions do
correspond to genuine Gy—instantons for the nearly parallel G,—structure on X1, 1.
For completeness we write the curvature of such an instanton in the usual way with

F = 2w15+( _},)\/g)wzs—i- (—%4-\/5)0)37,
F, = :E%\/ 21+ 12\/3(0)12 — w356 + %5(—1 + \/3)0)47),
F3 = i}/—fv —21+ 12«/5(—6016 + w5 + %5(—1 + ~/§)0)34)-

4.6.2 Yang-Mills unstable Gy—instantons Let A be a G,—instanton for a nearly
parallel or torsion-free Go—structure ¢, ie such that dp = Ay for A € R. We have
seen, in Proposition 8, that such G,—instantons are actually Yang—Mills connections.
Moreover, (2-4) and the subsequent discussion show that in the torsion-free case a
Go—instanton minimizes the Yang—Mills energy, and so is Yang—Mills stable. That need
not be the case for nearly parallel G,—structures as we now show with a counterexample
on the nearly parallel X1 ;.

Proposition 60 The irreducible G—instantons constructed in the second item of
Theorem 59, over the nearly parallel X; _1, are unstable as Yang—Mills connections.

Proof In order to demonstrate instability, it will be sufficient to consider the Yang—
Mills energy only for invariant connections with a, = 0. We will denote as simply
by a. The Yang—Mills energy for the connection

A7l = (_2_?/5 +ba)4) QT +alw3s T2 +w7®T3)

on P_; is

E(a,b) = 325 + 223 —V5)(12b — V6)? + 552 (3 + V/5)(8a® — 2v/6b — 1)?
+ 155702 (5 = V5) + 28 a* (5 + V5) (4b — V6)2.

A routine calculation shows that, as expected from Proposition 8, the G,—instantons at

a=+1V21 4125 and b=—-L@UV5-13)

are critical points for this energy. For both of these G,—instantons the determinant and
trace of the Hessian of E(a,b) are

det(Hess(E)) = ;gﬁgég — 28632012454 5<0 and tr(Hess(E))= 8713952 + g%g; 5>0.

Thus they are critical points of index one, hence unstable as Yang—Mills connections. O
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Figure 3: Level sets of the invariant Yang—Mills functional with a; = 0. One
can see three local minima. The global minimum is on top and is a reducible
G,—instanton. There are also two saddles which lie on straight lines from
the reducible G,—instanton to the other local minima. Those saddle points
correspond to the irreducible G,—instantons.

Remark 61 (1) It is not difficult to check that the reducible Gp—instanton is the
global minimum for the Yang—Mills energy among all invariant connections on
the bundle P_; (ie even when aj # 0).

(2) When restricting to the a; = 0 case there are three local minima of the Yang—
Mills energy: the reducible G,—instanton, and a pair of Yang—Mills connections
that are not G,—instantons; see Figure 3. The two irreducible G,—instantons are
the two saddles in that figure.

S5 Gauge theory on Xy

In this section we study G,—instantons on Xy 1, with respect to the G—structures (3-1).
This case was excluded from the previous section, since here the existence result for
invariant connections, Lemma 38, requires a separate analysis. We further remark that
in the case (k,l) = (1, 1), the form (3-1) for the G—structure does not yield the most
general homogeneous coclosed G,—structure. We start by proving Theorems 62 and 64,
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which are the analogues of Theorems 42 and 44, classifying abelian and nonabelian
G>—instantons on X1,1. Then, in Theorem 65, we prove that the same phenomenon as
in Theorem 46 occurs in the case of X1,1. Namely, we prove that on X1,1 there are
irreducible invariant Gp—instantons, with gauge group SO(3), that as the G—structure
varies merge into the same reducible and obstructed one.

Then, in Section 5.3, we specialize to a certain subfamily of G,—structures in C and
write down the explicit formulas for the G—instantons in this subfamily. The main
results here are Theorems 67 and 69. In particular, this last one proves that there are
two bundles (one of which is the trivial one) carrying irreducible G,—instantons, with
gauge group SO(3), for a continuous family of G—structures. Also, we prove in
Theorem 71 that as the fibers of a projection m: X1,1 — CP?2 collapse, the irreducible
G,—instantons in the trivial bundle converge to the pullback of a connection from CP2.
We also show this cannot be true for the G,—instantons in the other bundle. Finally,
in Corollary 73 we prove that while there are no invariant irreducible G,—instantons
with gauge group SO(3) for the 3—Sasakian structure on X 1, these do exist for the
strictly nearly parallel one.

5.1 Abelian case

The following theorem is the analogue of Theorem 42, classifying invariant G,—
instantons on X1,; with gauge group U(1). Note that for (k,/) = (1, 1),

[ =34%(C?—B?) and A= A?B?+ A?>C?-2B?C?.

Theorem 62 Equip X1, with the Gy—structure (3-1). Let A" be an invariant G,—
instanton on the line bundle Q, over X1,1. Then:

(1) If AD + BC # 0, then one of the following holds:

(a) A 0, in which case A" is the unique Gp—instanton on Q. Its connection
1-form is

1 r
A" = ’l(_ L )
(b) A =0, but I" # 0, in which case n = 0 and so A lives in the trivial

homogenous bundle (ie that associated with A¢), and A" is simply one of
the 1-forms bw,, for some b € R.

(¢c) A=0andT =0, in which case there is a real 1-parameter family of such
instantons on each Q.
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(2) If AD + BC =0, then one of the following holds:

(a) A # 0, in which case there is a real 2—parameter family of such G,—
instantons on Q, and A" is given by

A" = %(%U-I— 3\/—%604 +aiw; +a5a)5),

for some aq,as5 € R.

(b) A =0, but " # 0, in which case n = 0 and so A lives in the trivial
homogenous bundle (ie that associated with Ag), and A is simply one of the
1-forms bw4 + a1w1 + asws, for some ay,as,b € R.

(¢) A=0andT =0, in which case there is a real 3—parameter family of such
instantons on each Q.

Proof Any abelian G,—instanton can be interpreted as a reducible SO(3)—instanton.
Hence, we can use the formulas from Section 3.2.2 for the connection form

A" = %% +bws +ajw1 +asws.

For this connection the 6-form F”" A iy becomes

V2BC(AD + BC)(a1w234567 + As0123467) + (%A(M — £nT)w123567.

If we equate this to zero, then the result follows from splitting into the various possible
cases and simple algebraic manipulations. a

Remark 63 e The condition that A=0=T and AD + BC =0 can occur. Take
for example a Gp—structure with A = B = C and D = —A. In this case there
is a 3—parameter family of invariant G,—instantons on any complex line bundle
over X1,1.

¢ The existence of this real 3—parameter family for these G—structures can be
understood in light of Proposition 17.

5.2 Nonabelian case

Next we have the analogue of Theorem 44, classifying invariant, irreducible G-
instantons over X1,; with gauge group SU(2).
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Theorem 64 Equip X1,1 with the Gy—structure (3-1). Then invariant, irreducible
G—instantons exist on the bundle P, if and only if:

(1) n =0 and —A(1 + (AD)/(BC)) > 0, in which case the G,—instanton has
connection 1-form

A% =440, @ Ty + a1 (w01 ® Tr + w5 @ T3),

where the a; satisty

2 —A AD 1 AD
a1_4B2C2(1+BC) and - as = ﬁ(1+BC)
(2) n=3and 02(p) =3(3—(BD)/(AC))A+3T >0, in which case ay =as =0,
» 1 1_BD 3 _ 1 (1, _BD
az_—12A2C2(3(2 AC)A+ I‘) and b_ﬁ( +AC)

(3) n=-3and 03(¢)=3(1—(CD)/(AB))A—3T >0, in which case a; =as =0,
2__ 1 (3(1_CD\,_3 _L(_1,¢D
3= 12422 (3(2 AB)A 2F) and b= ﬁ( 2t AB)

Proof We follow the same strategy as in the proof of Theorem 44, splitting into the
cases described above.

Case 0 (n #0,3,—3) Here A" is always reducible so there cannot be an invariant,
irreducible instanton. We note that the reducible G,—instantons arising from this case
are exactly those appearing in Theorem 62.

Cases2 and 3 (n = 3,—3) These cases can be handled in the same way as the
second and third items in Theorem 44, so we omit the details.

Case 1 (n = 0) Here any invariant connection is simply a left-invariant, and
Ad(U(1)1,1)—invariant, 1-form with values in so(3). We write it as

A" =01 ®c1 +ws ®cy +ws R cs,

where ¢y, ¢4, ¢5 €50(3). We compute the curvature of this connection using the formula
FO=dA4° + %[A0 A AY]. This gives

F° =dv1®c1+dwsRca+dws @cs+w14R®|[c1, cal+wi15Q[c1, 5]+ wa5R|ca, c5].
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The equation F° Ay = 0, after a small amount of simplification, yields

BClcy,ca] = —~2(AD + BC)cs,
BClca,cs) = —~2(AD + BC)c1,
\/5 BZC2[01,65] = —AC4.

Bracketing the third equation with ¢4 gives us [[c1, ¢5], c4] = 0. We first assume that
[c1, c5] 7 0, which by the third equation implies ¢4 # 0. This being the case, we may
change gauge to require that

c1=r1T>, c4=rs4T7 and c¢5=r5T3
for some nonzero real constants ry, r4 and r5. With this choice, the system becomes
2BCrirgy = «/E(AD + BC)rs,
2BCrars = V2(AD 4+ BC)ry,
2«/§BzC2r1r5 = —Ary.

Since we have assumed that the r; are nonzero, we must have A0 and AD+ BC #0.
The solutions to these equations are readily found to be

2 —A AD _ L1 AD
r1—432C2(1+BC), rs =£r; and r4_iﬁ(l+BC)’

which seems to yield four solutions, provided

AD
—(1 + ﬁ) > 0.

However, the solutions differing only by the £ sign are gauge equivalent: we can
change gauge to send 77 to —77, and T3 to —73. At this point we set a; = r; and
as = r4 yielding the result in the statement.

If [c1,c5] = 0 then we may by change of gauge fix ¢y = ATy and ¢5 = A5T]
for some (possibly zero) constants A1 and As5. Then, considering the first equation
BClcy,cq] = —/2(AD + BC)cs, we must have [c1,c4] = 0. Therefore the connec-
tion is reducible, and the solutions will correspond to abelian G,—instantons already
described in Theorem 42. O

With exactly the same method as in Theorem 65 we can prove that when the G,—
instantons merge they become reducible and obstructed.
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Theorem 65 Let {¢(s)}ser be a continuous family of G,—structures as in (3-1) such
that o1(¢(s)) > 0 for s < 0 and o1(¢(s)) <0 for s > 0. Then, as s /' 0, the two
irreducible G—instantons on P, from Theorem 44 merge and become the same
reducible and obstructed G,—instanton when they disappear for s < 0.

Remark 66 A similar statement holds for the G,—instantons on P, N with o7 replaced
by 02 and o3 respectively.

5.3 An example of merging G,—instantons on Xy ;

We may think of m1: X1,1 — CP2 as in Remark 34, ie as an SO(3)-bundle over CPZ?,
which is a quaternion-K#hler 4-manifold (self-dual, Einstein) with positive scalar
curvature. The discussion before Proposition 18, in Section 2.2, shows that X 1
carries two nearly parallel G,—structures, one inducing a 3—Sasakian metric and the
other inducing a strictly nearly parallel one. This last one will be contained in the family
of G,—structures we consider in this section. Proposition 18 gives some examples of
G,—instantons on X1,; by pulling back self-dual connections on CPP2. In fact, on any

line bundle over CP? there is one such connection that is SU(3)-invariant, namely the
n

. N .

this fact and we will also obtain other examples of Ga—instantons that are not pulled

back from CP2.

canonical connection

n on the degree n—bundle. In what follows we shall confirm

In this subsection we will consider the G,—structures in the family (3-1) that satisfy
C = B and D = A. This is, up to scaling, the 1—parameter family in the hypothesis
of Proposition 18 with ¢ proportional to A/B. For completeness we note that the
G,—structure in (3-1) gives

A2
V= 34(602367— ﬁ(wls A1+ was AQz—w14/\93)),

where Q1 = wag — w73, Q2 = w23 —we7 and 23 = wy7 — w3 form an orthonormal
basis for the pullback of the space of anti-self-dual 2—forms on CIP?. One can then
check that this family contains one of the homogeneous nearly parallel G,—structures
on Xj 1. In fact, one can check that 4 = —24/2/A and B =2/ satisfy dp = Ar.

For the structures we are considering,

AD +BC = A2+ B>#0, A=2B%*(4>—B? and I'=0,
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and thus Theorem 62(1)(a) tells us that for A # 0, ie A? #* B?, there is a unique
Gy—instanton on Q,. This has b = 0 and so is precisely the canonical invariant
connection

L =7. Its curvature is

24/6
2L\/€ dn = —%(wzs + w73),
and as remarked before, is actually the pullback from CP? of a self-dual 2—form. On
the other hand, Theorem 62(1)(c) shows that when A% = B? there is a l—parameter

family of G,—instantons, namely any of the connections ﬁgn + bwy, for b € R. We
state these conclusions as:

Theorem 67 Let A, B€R™ andequip X1,1 =SU(3)/U(1)1,1 with the Gy—structure
pa.8 = A>w14s + AB* (0123 — w167 + w257 — W356 — Wa26 — W437).
If L is a complex line bundle over X1,1 withci(L) =n € Z = H2(X1,1,Z), then:

o If A% # B2, the canonical connection #gn is the unique invariant G,—instanton
on L.

e If A2 = B2, then the connections #gn +bwy are Go—instantons for any b € R.
These are the unique invariant Gp—instantons on L .

n
. 26" . .
connection on CP2. Therefore, the fact that it is a G,—instanton with respect

Remark 68 (1) The canonical connection n is the pullback of a self-dual

to @4,p also follows from Proposition 18. Its uniqueness for the nearly parallel
structure is also a consequence of Corollary 14, however uniqueness amongst
invariant ones for other structures in the family {¢4,8}4p is not.

(2) The abelian instantons constructed for A = B show that the uniqueness part
of Corollary 14 does not extend from nearly parallel to general coclosed G,—
structures. In fact, not even the rigidity stated in Corollary 25 holds.

We turn now to invariant, irreducible, nonabelian G,—instantons. We start with the
case n = k —1 = 0. Theorem 64 tells us that Gp—instantons on Py exist if and only if

_ 2 2_ p2 A_2
2B>(A2 = B?)( 1+ 15 ) > 0,

or in other words if and only if B? > A2. In this case we have

A° =a4ws Ty +a1(w1 @ Ty + ws ® T3),
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where the a; must satisfy

N B4 —A* q A% + B?
a; = ——— and 4= ——.
: 2B MY
The curvature of these connections is

F=FNeh+FRelhh+F3®T;,
with

A2 A2 1
(5-1) Fi=- ﬁ+1 ﬁwIS_z(w26_w73) ,

A% [ A2 1

(5-2) F,=7F1- il gz~ 5(6023 —we7) |,
[ A* [ A? 1

(5-3) F3=74/1- B4 (ﬁwm — 5(6036 — 6027))-

The other cases in which there exist nontrivial invariant connections are when n = £3.
Notice that P3 and P_3 are interchanged by the automorphism of SU(3) given by
g+ g~ L. This automorphism preserves U(1) 1,1 and so descends to a diffeomorphism
of X1,1 = X_1,—1. We shall therefore consider only the case n =3 where a; =a3 =0.
Also in this case, our work above gives that there are irreducible, invariant G,—instantons
on Pz (resp. P—3) if and only if

0y =03 =3B*(B*>—A4%) >0,

ie B2 > A2. In that case we have

Y L L
ar, =+ -1/ — — and a4 = ——,
2 3 1 4 22
and their curvature is such that
1 B?

(5-4) Fi=—sois—|1- Sz P26 T w37,
(5-5) Frm 10 B (et L )

- = E ﬁ(w“b E w13 — W57 )’
(5-6 Fz =+ L 1 B L

-6) 3=E5 + ﬁ( w24 + 5(0)17 a)35)).

As before these are clearly irreducible and not pulled back from CP? via . We have
thus proved:
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Theorem 69 For A, BeR™T, let @4,B be the Go—structure on X1,1 =SUQ3)/U(1)1,1
from Theorem 67. Let V4 be an SU(3)—invariant, irreducible G,—instanton for ¢4 g,
with gauge group SO(3). Then either:

(1) Vg4 lives on Py, the trivial SO(3)-bundle over X1, in which case the following
hold:

e If A< B, then V4 is one of two G,—instantons on Py, having curvature as
in equations (5-1)—(5-3).

e Jf A > B, there is no invariant, irreducible Go—instanton on Py.

(2) V4 lives on one of the bundles P3 or P_s, in which case the following hold:
e If A< B, then V4 is one of two invariant, irreducible G,—instantons on P45 .
If V4 lives on Ps, its curvature is as in equations (5-4)—(5-6).

e If A > B, there is no invariant, irreducible G,—instanton on either P4 5.

Remark 70 e Bothin Py and P3, the Gy—instantons (V4)4,p constructed above
become abelian when 4 = B.

e None of the irreducible G,—instantons on Py and P3 constructed for A < B is
pulled back from CP? and so none follows from Proposition 18.

The instantons on Py and P3 constructed above are quite different. In fact, looking at
the expressions for the curvature of these, we see that by metrically collapsing the fibers
of m: X1,1 — CP? by sending 4 to 0, the instantons constructed on Po converge to
the pullback of a connection on CP2. However, this property does not hold for those
constructed on P3. More precisely, we have:

Theorem 71 Let (V4)4,B be the Gy—instanton associated with ¢4, g on Py. Then
there is an SO(3)—connection V on CP? such that as A — 0, (V4)a,B converges
uniformly with all its derivatives to 7*V ..

Let (ﬁA)A,B be the G,—instanton associated with ¢4, g on P3. There is no connec-
tion V. on CP? such that (V4)4,p — 7*V uniformly with respect to ¢1,1 as A — 0.

Proof Let P = SU(3) xy(2),4 SO(3) be the bundle constructed from

A: SUQ) x U(1)/Z» — SO(3)  with A(g,e'?) = g mod —1.
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The canonical invariant connection V associated with this bundle is
%(am QT+ w1 ®Tr+ws ®T3) € LLSUB), s0(3)).
Its curvature is F =T1 ® T1 + F> ® T» + F3 ® T3 such that

1 1 1
Fi = 3(w6 —w73), Fa=3(w3—we7) and F3=—5(w27 —w3e).

so it is a anti-self-dual connection. In fact notice that the components Fy, F» and F3 of
the curvature pull back respectively to €21, €22 and 3 on X1 1. We now let (V4)4,B
be our G—instanton on ¢4, g, which has connection 1-form

| [ A2 1 A%
E ﬁ‘i‘l (1)4®T1+E l_ﬁ(wl®T2+w5®T3)’

seen as an element of Q!(SU(3), s0(3)). Hence the difference of the two connections
as,B =(Va)ap—n*Visa ﬁgr}—horizontal 1-form in SU(3) given by

1 A2 1 A4
GZEEC{)4®TI+E l_ﬁ_l (6!)1®T2+6()5®T3).

Using the fixed metric associated with the Ga—structure ¢ 1 to take norms we compute

that for any k € Z1,
2

ﬁy

for some positive constant ¢ independent of A and B. Taking A to 0 we see that a4 p

laa,Bllcx <ck

converges uniformly to 0 with all derivatives, proving the first assertion in the statement.

We turn now to the proof of the second assertion, namely, that the same phenomena
cannot happen for the instantons we constructed on P, . If such a statement was to
be true, the curvatures ﬁA, B of (6,4) 4,8 should converge to an so(3)—valued 2—form
on SU(3) that is basic with respect to the projection SU(3) — CP?2. Any linear
combination V of the vector fields e;, e4 and es is vertical with respect to this
projection. Taking V' = e; we have

2

B
1 —1+ﬁ(a)3®T2—a)7®T3)

22

and clearly limg—,¢||te, ﬁA,B |cx = +o0 forall k € Ng. Hence, FvA,B cannot converge

ley ﬁA,B = %0)5 T F

to a basic form. 0
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Remark 72 The SO(3)—connection V on CP? appearing in the previous theorem
is in fact anti-self-dual. However, we do not want to emphasize this fact too much,
as it may be misleading. Indeed, we expect that in other similar situations the same
phenomena can occur with the corresponding V not being anti-self-dual.

There is one other homogeneous nearly parallel Ga—structure on X1,1. In fact, the
equations for homogeneous nearly parallel G,—structures in the case (k,!) = (1,1)
yield eight solutions, which give rise to two different metrics. The solutions are
completely determined by C? = B2, D? = A? and these two cases:

e A2 =2B? and ABCD > 0, which fits into the family just described and in
which case the corresponding metric is 3—Sasakian.

e A2 =2B?/5and ABCD < 0, and so the G,—structure is obtained from the
above through the squashing construction in Section 2.2. In this case, the corre-
sponding metric is a strictly nearly parallel G,—metric; see [18, Theorem 5.5].

Notice that Theorem 69 does not yield any irreducible G,—instanton for the nearly
parallel G,—structure contained in the family we are analyzing, which is the one
inducing the 3—Sasakian structure. However, as we shall now show, the theorem does
yield irreducible G—instantons for the strictly nearly parallel structure.

Corollary 73 e There are no irreducible, invariant Gy—instantons with gauge
group SO(3) for the nearly parallel Gy—structure on X1, inducing the 3—
Sasakian metric.

e There are irreducible, invariant Gp—instantons with gauge group SO(3) for the
strictly nearly parallel Go—structure on Xy 1.

Proof Any homogeneous nearly parallel Go—structure on X1p,; satisfies A2 = D2
and B% = C2. There are two cases:
e A?=2B? and ABCD > 0. In fact, for ABCD > 0 we compute

o1(9) = 6(B*— A% and 02(p) = 03(p) = 3B*(B* — 4?).

As the nearly parallel G,—structure in this case has A2 =2B? > B? we see that all o},
for i =1,2,3, are negative and so there are no G,—instantons.

e A2=2B?/5and ABCD < 0. In this case we compute that for ABCD <0,
o1(9) = 6(A% = B%)? and 0a(p) = 03(p) = 9B*(4% - B?).
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The nearly parallel G,—structure has A? = 2B? /5 < B?, so both 0, and o3 are

negative. On the other hand o7 is positive and thus irreducible G,—instantons on this

nearly parallel G;—structure do exist. Any such must live in the trivial bundle P;,. O

Remark 74 e The previous result shows the G,-structures inducing the 3—

Sasakian and the strictly nearly parallel G—structures on X; ; can be dis-
tinguished by the existence of an irreducible, invariant G,—instanton with gauge
group SO(3).

We further remark that we are not analyzing the most general homogeneous and
coclosed Ga—structures on X1p,1. In fact, for (k,/) = (1, 1) there is a larger-
dimensional family, containing in particular a nearly parallel G,—structure whose
associated metric is Sasaki—Einstein; see [7] and [9].

G,—instantons with gauge group SU(3) for the 3—Sasakian structure on X1 1
have been considered in [20].

6 Questions for further work

The following are natural directions for further work:

€]

2

3

)

Similar methods can be used in many other cases where homogeneous G,—
structures exist. Of particular interest would be the cases admitting nearly
parallel G,—structures; see [18] for the classification of homogeneous nearly
parallel Go—manifolds.

Carry on a general analysis of the following question: for which (k,/) do
Theorems 42 and 44 provide irreducible G—instantons for the nearly parallel
Go—structures in Xy ; ? We intend to address this in the future.

Compute the Crowley—Nordstrom invariants [13] for the G—structures ¢ € C
and check if this distinguishes the two disconnected components in C. If that
is the case, then for k # [, [ # m, m # k these invariants can be used to
distinguish the two strictly nearly parallel G,—structures.

Given a Go—instanton A for a Gy—structure on Xy ; such that A is also Yang—
Mills, in which cases is A stable as a Yang—Mills connection? Here, it would be
interesting to understand better how the answer to this question depends on the
Gy—structure.
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