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Central limit theorem for spectral partial Bergman kernels

STEVE ZELDITCH
PENG ZHOU

Partial Bergman kernels Il g are kernels of orthogonal projections onto subspaces
Sk € H°(M, L*) of holomorphic sections of the k™ power of an ample line bundle
over a Kihler manifold (M, w). The subspaces of this article are spectral subspaces
{Hk < E} of the Toeplitz quantization Hk of a smooth Hamiltonian H: M — R.
It is shown that the relative partial density of states satisfies Il g (z)/Ig(z) = 14
where A = {H < E}. Moreover it is shown that this partial density of states exhibits
“Erf” asymptotics along the interface d.4; that is, the density profile asymptotically
has a Gaussian error function shape interpolating between the values 1 and 0 of 1 4.
Such “Erf” asymptotics are a universal edge effect. The different types of scaling
asymptotics are reminiscent of the law of large numbers and the central limit theorem.

32A60, 32L10, 81Q50

This article is part of a series [28] devoted to partial Bergman kernels on polarized Kahler
manifolds (L,h) - (M™,w, J), ie Kédhler manifolds of (complex) dimension m
equipped with a Hermitian holomorphic line bundle whose curvature form Fy for the
Chern connection V satisfies w = i Fy . Partial Bergman kernels

(1) Mis.: L2(M, LK) - 8, c HO(M, L*)

are Schwarz kernels for orthogonal projections onto proper subspaces Sy of the holomor-
phic sections of L. For certain sequences Sy of subspaces, the partial density of states
Ig,s, (z) has an asymptotic expansion as kK — oo which roughly gives the probability
density that a quantum state from Sy, is at the point z. More concretely, in terms of
an orthonormal basis {s; }l =, of S, the partial Bergman densities are defined by

Nk
2) M5 (2) =Y llsi ()7

i=1

When S, = HO(M, L), Ny s, = Ng: L2(M, L*) — H(M, L¥) is the orthogonal
(Szeg6 or Bergman) projection. We also call the ratio Iy s, (z)/Ig(z) the partial
density of states.
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Corresponding to Sy there is an allowed region .4 where the relative partial density
of states Il s, (z)/Tg(z) is 1, indicating that the states in S “fill up” A, and a
forbidden region F where the relative density of states is O(k~°°), indicating that the
states in Sy are almost zero in F. On the boundary C := 0.4 between the two regions
there is a shell of thickness O(k_%) in which the density of states decays from 1 to 0.
One of the principal results of this article is that the «/k—scaled relative partial density
of states is asymptotically Gaussian along this interface, in a way reminiscent of the
central limit theorem. This was proved by Ross and Singer [21] for certain Hamiltonian
holomorphic S actions, then in greater generality by Zelditch and Zhou [28]. The
results of this article show it is a universal property of partial Bergman kernels defined
by C°° Hamiltonians.

Before stating our results, we explain how we define the subspaces Sy. In [28] and
in this article, they are defined as spectral subspaces for the quantization of a smooth
function H: M — R. By the standard (Kostant) method of geometric quantization,
one can quantize H as the self-adjoint zeroth-order Toeplitz operator

i

3) Hy = Hk(k

Ve, + H)Hk: HO(M, LK) — HO(M, L)

acting on the space H°(M, L¥) of holomorphic sections. Here, £ is the Hamiltonian
vector field of H, Vg, is the Chern covariant derivative on sections, and H acts by
multiplication. Let E be a regular value of H. We denote the partial Bergman kernels
for the corresponding spectral subspaces by

4 My g: HOM, LX) — #H; g,

where

(5) Ski=Hee = P Vi,
Wi, j<E

with . ; the eigenvalues of Hy and
(6) Vi, i=1{s € HO(M, L) : Hys = pg s}

We denote by My ;: HO(M, L*) — Vi, ; the orthogonal projection to V. ;. The
associated allowed region A, which is the classical counterpart to (5), the forbidden
region F and the interface C are

@) A={z:Hz)<E}, F={z:H(Ez)>E}, C={z:H(z)=EFE}
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For each z € C, let v; be the unit normal vector to C pointing towards .A. And let y,(¢)
be the geodesic curve with respect to the Riemannian metric g(X,Y) = w(X,JY)
defined by the Kéhler form @ such that y;(0) = z and y,(0) = v,. For small
enough § > 0, the map

(®) O:Cx(=6.8) > M, (z.1) > yz(1).
is a diffeomorphism onto its image.

Main Theorem Let (L,h) — (M,w,J) be a polarized Kihler manifold, and let
H: M — R be a smooth function and E a regular value of H. Let S; C H%(X, LK)
be defined as in (5). Then we have the following asymptotics on partial Bergman
densities Iy s, (z):

(%) () = { 1 mod O(k™°) ifze A,

Iy 0 mod O(k™®°) ifzelF.

For small enough § > 0, let ®: C x (—8,8) — M be given by (8). Then for any z € C
andt € R, we have

) (H]f[—fk)(qJ(Z, t/\/E)) — Erf(2/7t) + O(k_%)7

_lg2 . e . .
where Erf(x) = ffoo e~ 25" ~45_ s the cumulative distribution function of the Gaussian,

. Vo
ie Pxy~n¢,1)(X <x).

Remark 0.1 The analogous result for critical levels is proved in [30]. We could also
choose an interval (E1, E5) with E; regular values of H,? and define S as the span
of eigensections with eigenvalue within (£, E;). However the interval case can be
deduced from the half-ray case (—oo, E) by taking the difference of the corresponding
partial Bergman kernels for (—oo, E») and (—oo, E1), hence we only consider allowed
regions of the type in (7).

Example 0.2 As a quick illustration, holomorphic sections of the trivial line bundle
over C are holomorphic functions on C. We equip the bundle with the Hermitian metric
where 1 has the norm-square e~17P The kth power has metric e ¥ 121 Fix € > 0 and

define the subspaces Sy, = P i <ck 2/ of sections vanishing to order at most €k at 0, or

1 1
1The usual Gaussian error function erf(x) = (27)~2 ffx e_fs2 ds is related to Erf by Erf(x) =
1 1
2(1 + erf(ﬁx)).
21t does not matter whether the endpoints are included in the interval, since contributions from the
eigenspaces Vi ,, with u = E; are of order lower than k™.
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1964 Steve Zelditch and Peng Zhou
sections with eigenvalues 1 < € for the operator Hy = (1/ik)dg quantizing H = |z|%.
The full and partial Bergman densities are

_k _ kN K2kl
Mi(@) =5 Mie(2) =5 .ij!u [Ze T,
J=€

As k — 0o, we have

1 if|z)? <e,

lim k11 =
kgrolo ke (2) {0 if |z|> > €.

For the boundary behavior, consider a sequence zj such that |z;|> = €(1 + k_%u):

lim k' ((zx) = Erf(u).
k—o0 ’

This example is often used to illustrate the notion of “filling domains” in the integer
quantum Hall (IQH) effect. Filling domains will be discussed further in Section 0.8.
In IQH, one considers a free electron gas confined in the plane R? ~ C, with a
uniform magnetic field in the perpendicular direction. A one-particle electron state is
said to be in the lowest Landau level (LLL) if it has the form W(z) = e~3l2P f(2),
where f(z) is holomorphic as in Example 0.2. The following image of the density
profile is copied from Wen [25]. The picture on the right illustrates how the states
(Vk z)j/\/ﬁ)e‘%‘“z|2 with j < ek fill the disc of radius +/€, so that the density
profile drops from 1 to O:

'm

' v=1 AZBF

The example is S! symmetric and therefore the simpler results of [28] apply. For
more general domains D C C, it is not obvious how to fill D with LLL states.
Douglas and Klevtsov [8] generalized the IQH to line bundles over curved surfaces or
higher-dimensional Kihler manifolds, and D can be a domain in any Kéhler manifold.
The Main Theorem answers the question when D = {H < E} for some H. Other
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approaches are discussed in Section 0.9. For a physics discussion of Erf asymptotics
and their (as yet unknown) generalization to the fractional QH effect, see Can, Forrester,
Téllez and Wiegmann [3; 26].

0.1 Three families of measures at different scales

The rationale for viewing the Erf asymptotics of scaled partial Bergman kernels along the
interface C is explained by considering three different scalings of the spectral problem:

(10a) dpf(x) =Y T ;(2)8p, ; (X).
J
z.1
(10b) dp? () =) T j (D8 Jrue - bz -
J
(10c) d,bblzc’l’r(x) = Z M, ; (Z)Sk(uk!j_H(Z))‘i_\/Er(x),

J

where as usual, Jy, is the Dirac point mass at y € R. We use p(x) = ffoo du(y) to
denote the cumulative distribution function.

We view these scalings as analogous to three scalings of the convolution powers ,u*k of
a probability measure p supported on [—1, 1] (say). The third scaling (10c) corresponds
to u**, which is supported on [k, k]. The first scaling (10a) corresponds to the law
of large numbers, which rescales [L*k back to [—1, 1]. The second scaling (10b) corre-
sponds to the central limit theorem (CLT), which rescales the measure to [— Vk, JE]
For more on the CLT connection we refer to Section 0.7.

Our main results give asymptotic formulae for integrals of test functions and character-

istic functions against these measures. To obtain the remainder estimate (9), we need to
1 .

apply semiclassical Tauberian theorems to Mi’ 2 and that forces us to find asymptotics

z,1,T

for py
0.2 Unrescaled bulk results on du},

The first result is that the behavior of the partial density of states in the allowed region
{z: H(z) < E} is essentially the same as for the full density of states, while it is rapidly
decaying outside this region.

We begin with a simple and general result about partial Bergman kernels for smooth
metrics and Hamiltonians.

Geometry & Topology, Volume 23 (2019)
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Theorem 1 Let @ be a C* metricon M and let H € C°°(M). Fix aregular value E
of H andlet A, F and C be given by (7). Then for any f € C*°(R), we have

E .
_ f(H(z)) ifzeA,
11 1 ! A) dus (A
ay ot [ o - IO TR
In particular, the density of states of the partial Bergman kernel is given by the asymp-
totic formula
I mod O(k™®) ifze A,

(12) (@)™ My (2) ~ {0 mod O(k=®) ifzeF

where the asymptotics are uniform on compact sets of A or F.

In effect, the leading-order asymptotics says that the normalized measure satisfies
Mi(z)~'d Wi —> SH(z)- This is a kind of law of large numbers for the sequence duj .
The theorem does not specify the behavior of 7 (—oo, E) when H(z) = E. The next
result pertains to the edge behavior.

1
0.3 +/k-scaling results on du;’z

The most interesting behavior occurs in k~2—tubes around the interface C between
the allowed region A and the forbidden region F. For any T > 0, the tube of “radius”
Tk=2 around C = {H = E} is the flowout of C under the gradient flow of H,

F':=exp(tVH): M — M,

for |¢| < Tk~2. Thus it suffices to study the partial density of states Iy g(zx) at points
7 = FP/ */E(Zo) with zo € H~!(E). The interface result for any smooth Hamiltonian
is the same as if the Hamiltonian flow generates a holomorphic S! action, and thus
our result shows that it is a universal scaling asymptotic around C.

Theorem 2 Let w be a C* metricon M and let H € C°°(M). Fix a regular value E
of H andlet A, F and C be given by (7). Let F': M — M denote the gradient flow
of H by time t. We have the following results:

(1) For any point z € C, any € R, and any smooth function f € C°°(R), there
exists a complete asymptotic expansion,

(13) 3 f(Vk(ug,; — BN (FP/VE(2)) ~ (%)’"uo kA g,
J
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in descending powers of k%, with the leading coefficient as

0o dx
IO(f’Z’ﬁ):/—oo f(x)exp( (|VH|( ) — Bl H(Z)|) )—ﬁ|VH(Z)|'

(2) For any point z € C, and any o € R, the cumulative distribution function
z,1 o z, L.
w2 () = [Z o duy? is given by

.t m 2 m—1
4 wr@= Y k)= (2’;) Erf(lv}{l_(zﬂ) + O(k™2).
Mk!j<E+a/f

(3) Forany point z €C, and any B € R, the Bergman kernel density near the interface
is given by

(15) Mz (FA/YE(2))
> M (FFYRE) = (4£) Bt (-V2BIVHE))) + 06" ).

/J,j‘k<E

Remark 0.3 The leading power (k/2m)™ is the same as in Theorem 1, despite the
fact that we sum over a packet of eigenvalues of width (and cardinality) k=2 times the
width (and cardinality) in Theorem 1. This is because the summands [k, ;(z) already
localize the sum to juy ; satisfying |ug ; — H(z)| < Ck™

0.4 Energy level localization and dpu;> L
To obtain the remainder estimate for the +/k —rescaled measure du? My 23 | in (14) and (15)
we apply the Tauberian theorem. Roughly speaking, one approximates de 2 by
convoluting the measure with a smooth function W}, of width %, and the difference of
the two is proportional to /2. The smoothed measure d ,LL]Z(% * W}, has a density function,
the value of which can be estimated by an integral of the propagator Ui (t, z, z) for
|t] ~ k_l/(hk_%). Thus if we choose h = k_%, and W}, to have Fourier transform
supported in (—e, +€)/h, we only need to evaluate Uy (¢, z, z) for |¢t| < €, where €
can be taken to be arbitrarily small.

Theorem 3 Let E be aregular value of H and z € H™'(E). If € is small enough that
the Hamiltonian flow trajectory starting at z does not loop back to z for time |t| < 27e,
then for any Schwarz function f € S(R) with f supported in (—¢, €) and f(O) =
[ f(x)dx =1, and for any € R, we have

2ta () — (K \"T2 e e 12 V2 -3
| s = (55)" e i+ 06,
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It is an interesting and well-known problem, in other settings, to find the asymptotics
when supp( f ) is a general interval. When z € H~!(E) they depend on whether or
not z is a periodic point for exp &g . In this article we only need to consider the
singularity at ¢ = 0 or, equivalently, test functions for which the support of fA is
sufficiently close to 0. In [31], we use the long-time dynamics of the Hamiltonian flow
to give a complete asymptotic expansion for (23) when f € C2°(R) and a two-term
asymptotics with remainder when f = 1{g, ]

0.5 Sketch of the proofs

The theorems are proved by first smoothing the sharp interval cutoff 1jg . g] to a
smooth cutoff f and obtaining asymptotics, and then applying a Tauberian argument.
The jump discontinuity of 1jg_. g produces the universal error function transition
between the allowed and forbidden regions. This error function arises in classical
approximation arguments involving Bernstein polynomials (see [28] for background
and references). This is a standard method in proving sharp pointwise Weyl asymptotics
by combining smoothed asymptotics with Tauberian theorems.

Given a function f € S(R) (Schwartz space) one defines
(16) fit) = [ Foe ™ 4T
R 2

to be the operator on H (M, L¥) with the same eigensections as Hy and with eigen-
values f(ug, ;). Thus,if s ; is an eigensection of Hy, then

(17 SH)sk,; = f(Uk,j)Sk, )

Let Enin and Enax be such that H(M) = [Emin, EFmax]- Given a regular value of E
of H, the subspace Sg in (5) is defined as the range of f(Hy) where f =1(g . F)
and the partial density of states is given by the metric contraction of the kernel,

(18) M p(z)=fHYE@ = > T
{ik, j<E}
For a smooth test function f, Il r(z) is the metric contraction of the Schwartz kernel

of f(Hy) at z = w, given by
(19) Mpe, £ (2) =Y f (e, )k (2).
J

Note that TTze/*#x 1} is the exponential of a bounded Toeplitz pseudodifferential
operator Hj and itself is a Toeplitz pseudodifferential operator. To obtain a dynamical
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operator, ie one which quantizes a Hamiltonian flow, one needs to exponentiate the
first-order Toeplitz operator k Hj, . In that case,

~ . ) d ~ d
Q0 St —E)= [ Fodkt ST [ foum &
R v/ R 2w
where
21) Ur(t) = exp(itkHy)
is the unitary group on H(M, L¥) generated by kHy,.

In Section 4 it is shown that Uy (¢) is a semiclassical Toeplitz Fourier integral operator of
a type defined in [27]. To construct a semiclassical parametrix for Uy (¢) it is convenient
to lift the Hamiltonian flow g’ of H to a contact flow g’ on the unit circle bundle
X, ={¢ € L*:h(¢) = 1} associated to the Hermitian metric 4 on L*. That is, we
lift sections s of L¥ to equivariant functions §: X — C transforming by ¢'k? under
the natural S! action on L*. Holomorphic sections lift to CR—holomorphic functions
and the space H°(M, L¥) lifts to the space H (X},) of equivariant CR functions. The
orthogonal projection IT; onto H°(M, L¥) lifts to the orthogonal projection f hk
onto Hy(Xy). In Proposition 4.5 it is shown that the lift Uk (t) to Hz(Xp) has the
form I, (3" ) Okt I1,x , where (%)* is the pullback of functions on X}, by g’ and

where oy ; is a semiclassical symbol.

The main tool in the proof of Theorem 2 is to use the Boutet de Monvel-Sjostrand
parametrix to study the integrals [ f (1)Ux(t/k,z,z)dt. Since the relevant time
interval is “infinitesimal” (of the order k~2) the result can be proved by linearizing
the kernel Uy (1/v/k,z.z). The smoothed interface asymptotics thus amount to the
asymptotics of the dilated sums,

22) 3 f(Vh(pr,j — ENTLi ; (FF/V¥ (z9))
J
- f FO)e EVE L (8 o Tl (FP/VE () 4L
R 27'[

where z € 3.A = H™!(E) and where f € L1(R), so that the integral on the right side
converges. We employ the Boutet de Monvel-Sjostrand parametrix to give an explicit
formula for the right side of (22) modulo small remainders.

At this point, we are essentially dealing with (1/+/k)—-scaling asymptotics of Szeg6
kernels, as studied first by Bleher, Shiffman and Zelditch [2], then in more detail by
Lu, Ma, Marinescu, Shiffman and Zelditch [12; 13; 23] and for related dynamical
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purposes by Paoletti [17; 18]. The scaling asymptotics of the Bergman kernel infinites-

imally off the diagonal at zg are expressed in terms of the osculating Bargmann—Fock—
Tz
BF
equipped with a complex structure J, and a Hermitian metric H, and therefore with

Heisenberg kernel T1 M of the (complex) tangent space at zg. This tangent space is
a Bargmann—Fock space H2(T;, M,y s Hzo) of entire J;,—holomorphic functions
on T,,M which are in L? with respect to the Gaussian weight determined by J,
and H;. This is the linear model for semiclassical Toeplitz calculations. Since we
reduce the general calculation of scaling asymptotics to the linear ones, we present
the calculations in the Bargmann—Fock model in detail first (see Sections 1.5, 3.2
and 5.1). We emphasize that the linear model is not only an example, but constitutes a
fundamental part of the proofs.

To prove Theorem 3, we study the integrals

@3)  pptt(f) =) Sk, — H(2) + VED) T (2)
J

Do i - N o dt
— /Rf(t)e lH(z)kt+lﬁrtHhk(gt)*Uk,tHhk(Z) E

For the purposes of this article, we only need the infinitesimal-time behavior of the
Hamilton flow. In [31], we use the long-time asymptotics of the Hamilton flow to
obtain a two-term Weyl law.

After obtaining scaling asymptotics for smoothed partial densities of states, we employ
Tauberian theorems with different scalings to obtain asymptotics with remainders for
the sharp partial densities of states or the measures (10). Background on Tauberian
theorems is given in Appendix B.

0.6 Comparison to the S! case

For purposes of comparison, we review the results of Ross and Singer in [21] and
of [28] in the case where the Hamiltonian generates an S! action by holomorphic maps.

In [21] and [28], it is assumed that (M, L, h) is invariant under a Hamiltonian holomor-
phic S action. The action naturally quantizes or linearizes on the spaces H(M, Lk ),
and Sy is defined in terms of the weights (eigenvalues) of the S' action on the
spaces HO(M, L¥). The eigenvalues of the generator Hj of the quantized S! action
are “lattice points” j/k, where j € Z. The partial Bergman kernel Iy ; onto a single
weight space Vi (j) C H(M, L¥) already has asymptotics as k — oo and j/k — E,
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and the asymptotics of the partial Bergman kernels corresponding to intervals of weights
is obtained by integrating these “equivariant” Bergman kernels.

The “equivariant Bergman kernels” Iy ;: H O(M, L*) - Vi ( j) resemble transverse
Gaussian beams along the energy level H~1(j/k), and have complete asymptotic
expansions that can be summed over j to give asymptotics of the density of states
Hpk 1£,,E,1(2, 2) of partial Bergman kernels as k — oo. In the allowed region
H™Y([E1, E2]), we have k™" Tk (g, g,1(2.2) ~ k™" (z,z) = 1, while in the
complementary forbidden region the asymptotics are rapidly decaying, and exponen-
tially decaying when the metric  is real analytic. The equivariant kernels additionally
possess Gaussian scaling asymptotics along the energy surface, and by summing in j
one obtains incomplete Gaussian asymptotics of the partial Bergman kernels along the
boundary H~YEq, E;} as in [21].

In the nonperiodic case of this article, the Hamilton flow
g i=exptéy: M — M,

generated by H: M — R with respect to @, is not holomorphic. Here and below,
we use the notation exp X for the flow of a real vector field X. The gradient flow is
denoted by

(24) F':=exptVH: M — M.

This change from a holomorphic Hamiltonian S! action to a Hamiltonian R action
brings many new features into the asymptotics of partial Bergman kernels. First, the
gradient flow of VH no longer commutes with the Hamilton flow of £g, so that one
does not have a global C* action to work with. As mentioned above, the eigenvalues
generally have multiplicity one and the eigenspace projections

(25) Mgy, HOM LYY >V,

do not have individual asymptotics. One only obtains asymptotics if one sums over a
“packet” of k™~ eigenvalues in a “smooth” way. The asymptotics of this counting
function are given by the reasonably well-understood Weyl law for semiclassical
Toeplitz operators. When H is real analytic, exponential decay of density of states for
z € F still occurs but the rate has a different shape from that in the holomorphic case.
But as shown in this article, the interface asymptotics of [21] and [28] are universal,
and continue to hold even in the C*° case.
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Remark 0.4 The corresponding result for holomorphic Hamiltonian S! actions
[28, Theorem 4] states the following. Let w be a C*° T—invariant Kdhler metric,
and let H generate the holomorphic T action. Fix E € H(M), and let z = ef/ JE-ZO
for some zg € HY(E) € R, where e?/ VE denotes the imaginary-time part of the C*
action generated by H. The gradient flow (24) of this article is the same as the
imaginary-time Hamiltonian flow eP/ vk in the S1 case. Moreover, in the S! case,
H = %8p(p and 718%(/) = |VH|?. The asymptotics also hold if f = 1[g, ,E,] is the
characteristic function of an interval, and then, for f(x) = 1[g c0](xX),

BT (z0)
D TR =/_oo e—%’z—d_ztn +O0(k™?),

j>kE

Hence this agrees with the formula of Theorem 2.
0.7 Relation to the CLT

In Section 0.1 we mentioned that the three scalings of duf are analogous to the three
scalings of convolution powers u** of probability measures 1 on R. The simplest
example of the classical CLT is that of the Bernoulli measures 1, = (1 — p)do + pé1
and their convolution powers on the unit interval [0, 1]. The k" convolution power
u;k =27k Zﬁ:o pka — pynk (ﬁ)&, has its support in [0, k]. In the law of large
numbers one rescales the measure back to [0, 1] as 27 Z,f:() pk —pyrk (§)8n/k’
which tends weakly to 8, . This is thus analogous to our k—scaling in Section 0.1. In the
CLT one recenters the measure at 0 and then dilates it by Vk so that it spreads out to
- vk, \/E], and then it tends to the Gaussian of mean 0 and variance 1. The parameter
p €[0,1] of pp is analogous to the parameter z € M in the Kihler setting. In a sequel
to this article [29] the authors expand on this analogy by proving a CLT for toric Kéhler
manifolds, in which the u are refined so that they live on the polytope of a toric Kahler
manifold. In the special case of CP! with the Fubini-Study metric, the measures are
precisely the Bernoulli measures j, with p € [0, 1] being the image of z under the
moment map. Moreover, the CLT is in fact the classical CLT in this special case, ie j}
is the k™ convolution power of w7 . For almost any other metric, the CLT of [29] and
of this article does not involve a sequence of convolution powers, nor has any relation to
the classical CLT. But these special cases show that the analogy to the CLT is quite apt.

0.8 Filling domains in the quantum Hall effect

As mentioned above, this article is partly motivated by the somewhat vague question
that arises in the quantum Hall effect (QHE): How do you fill a domain D with quantum
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states in the lowest Landau level? The LLL is the term in QHE for holomorphic sections
Y of line bundles. The curvature form w of a Hermitian line bundle models a magnetic
field, and the LLL represents single-particle states of electrons in a strong magnetic field.
The problem is to construct states v; in the LLL so that (1/N) Z/N=1 [V (2)]> ~ 1p
is approximately equal to the characteristic function 1p of D.

In this article we answer the question by representing D = { H < E} for some smooth
Hamiltonian H. We then use the quantization H r of H to construct the states that
fill D, by proving that the eigensections of H k (3) from the spectral subspace Hi g (5)
asymptotically fill D. The Main Theorem and Theorem 1 show that, as k — oo,

k_mnhk,[El,Ez](Z’Z) = 1g-1[E,, B,

and thus it “fills the domain H ! [E1, E»] with lowest Landau levels” without spilling
outside the domain.

Another approach is to use I1x1pIl;, a Toeplitz operator with discontinuous sym-
bol 1p. To leading order it agrees with I1x g when D = {H < E}, but it is not a
projection operator. Its eigensections with eigenvalues close to 1 should be the states
which fillup D. It would be interesting to compare this operator to I1; g more precisely.

0.9 Subspaces of sections vanishing to high order on a divisor

Another way to generalize Example 0.2 is to think of the exterior of the disc as sections
vanishing to high order > ¢k on the divisor {0}. In general, one may introduce a
smooth integral divisor D in X, and let the subspace S; be holomorphic sections
in L* that vanish at least to order lek | along D, where € is a small enough positive
number. Articles by Berman, Pokorny, Ross and Singer [1; 19; 21] study this problem.
The allowed region is given by

A= {(Peq,e,D(Z) = O}’

where
Qeq,e,D(2) = sup{@(z) 1 w + 100§ >0, 5 <0, v(@)y =€ forallw e D}

and v(@)y is the Lelong number at w (see [1, Section 4]). As yet, there is no
spectral interpretation of this subspace except in the S! equivariant case, where D is a
component of the fixed-point set of the S! action. Erf asymptotics along the boundary
of the allowed region have only been proved in that case [21; 28].
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1 Background

The background to this article is largely the same as in [28], and we refer there for
many details. Here we give a lightning review to set up the notation. First we introduce
the cocircle bundle X C L* for a positive Hermitian line bundle (L, %) such that
holomorphic sections of Lk for different k can all be represented in the same space
H(X) = Py Hr(X) of CR-holomorphic functions on X. Then we define the Szeg6
projection kernel and state the Boutet de Monvel-Sjostrand parametrix. In the end, we
give the Bergman kernel for the Bargmann—Fock model on C”.

1.1 Positive line bundle (L, &) and the dual unit circle bundle X

Let (M,w, J, g) be a Kéhler manifold, where w is a J—invariant symplectic two-form
and g is a Riemannian metric determined by w and J as g(—,—) = w(—, J—). Let
(L, h) be a holomorphic Hermitian line bundle on M. Let ¢;, € I'(U, L) be a local
frame over an open subset U C M, and the Kéhler potential ¢(z) over U is defined
by e?% = hi(er, er). The local expressions for the Chern connection V and Chern
curvature Fy are V. =9+ 9 — 3¢ A (—) and Fy = d¢. We say (M, w) is polarized
by (L, h) if the Kihler form w is

w=2mci(L)=iFy =iddp = —1dd‘e,
where d€ = i(d—3) such that (d€ f.—) = (df, J(=)).

Let (L*,h™*) be the dual bundle to L with the induced Hermitian metric 2*, and
e; € I'(U, L*) the dual frame to ey, with [lef || =1/|leL|| = 29 The unit open disk
bundle is D = D(L*,h*)={p € L*:||p|l < 1} and the unit circle bundle is X = dD.
Let 7: X — M be the projection. Then there is a canonical circle action rg on X.
Let p be a smooth function defined in a neighborhood of X such that p > 0 in D,
plx =0 and dp|x # 0. In this paper, we fix a choice of p as

p(x) = —log | x[|; = —2log|A| —log [l |I> = —2log|A| — ¢(2),

where x = Aej(z) € L*|y, z € U and A € C* Then X can be equipped with a
contact one-form «:

(26) a = —Re(idp)|x = dO +n*Re(idp(z)) =d0—1d°¢p(z) and do=r*w,
where (z, 0) is a local coordinate on X, given by

27) (z.0) > ? ek (2)/ ek (2)] = €039 @e (2).
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The Reeb vector field on X is given by R = dg.

Naming convention For points in the base space M, we use names such as z, w, ...;
for points in the circle bundle X, weuse Z, w, ... todenote that 7 (2) =z, n(W) =w,...
under the projection 7: X — M. In general, objects upstairs in the circle bundle X
with a corresponding object in M are equipped with a hat.

1.2 Holomorphic sections in L* and CR-holomorphic functions on X

Since (L, h) is a positive Hermitian line bundle, X is a strictly pseudoconvex CR
manifold. The CR structure on X is defined as follows: The kernel of « defines a
horizontal hyperplane bundle HX C TX which is invariant under J since kera =
ker dp Nker d®p. Thus there is a splitting of the complexification of HX as HX¢c =
HX®rC =HX"0® HX%! compatible with the splitting TMc = TM1-° @ TM %1,
We define the almost-CR 51, operator by 51, = d|go.1. More concretely, if z1,...,2zm
are complex local coordinates on M, and 9 on M is given by 9 = 271—1 dzj ® 0z, ,
then the ), operator on X is given by ), = Z]_l n*dz; ® 8— where 8@ is the
horizontal lift of dz, from TM™ 0.1 to HX%! Similarly one can deﬁne dp. A functlon
f: X—>Cis CR—holomorphlc if 9, f =0.

A smooth section s of L¥ determines a smooth function §; on X by

S(x) = (x®F s¢), xeXcCL*

Furthermore, 53 is of degree k under the canonical S! action ry on X, that is,
Sk (rox) = e'k95; (x). We denote the space of smooth sections of degree k by C°(X)y.
If sy is holomorphic, then §j is CR-holomorphic.

We equip X and M with volume forms
o (do)”
2w a m!

so that the pushforward measure of X equals that of M. Then, given two smooth

dVOlX =

wm
and dVoly = P

section s1 and s, of LK, we may define the inner product

(51,82) i= /M 1 (51(2). 52(2)) dVolyg (2).

Similarly, given two smooth functions f; and f> on X, we may define

(i fo) = fX £1(x) Fal) dVoly ().
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Let L2(M, L) and LIZC(X ) be the Hilbert spaces of L2—integral sections. Then
sending sy to §) is an isomorphism of Hilbert spaces: L?(M, Lk) = lec (X). More-
over, if ’Hi (X) C L,ZC (X) is the subspace of CR—holomorphic functions, then the
isomorphism restricts to an isomorphism between the holomorphic sections in L¥ and
the CR-holomorphic functions of degree k, that is, H(M, L¥) => ”;’-[,2c (X).

1.3 Szego projection kernel on X

On the circle bundle X over M, we define the orthogonal projection from L2(X) to
the CR—holomorphic subspace H?(X) = @kZOHIZc (X) and the degree-k subspace
Hi(X):

0: L2(X) > H2(X), i L2(X) > Hp(X), T =) T.
k>0

The Schwarz kernel I1 k(x,y) of I r 1s called the degree-k Szegd kernel, ie
(T F)(x) = / i (x,y)F(y)dVoly(y) forall F e L?*(X).
X
If we have an orthonormal basis {5 ;}; of ”lec (X), then

Tpe(x.y) =Y Sk, ()3, ()
J

Similarly, one can define the full Szegd kernel I (x, ¥). The degree-k kernel can be
extracted as the Fourier coefficient of ﬁ(x, y):

2r
~ 1 ~ .
e = 3 [ Ao, y)e ™ o

We denote the value of the kernels on the diagonal as ﬁ(x) = ﬁ(x, x) and m r(x) =
m x(x,x). Then the Bergman density on M can be obtained from the Szegd kernel
as T (z) = Nz (3).

1.4 Boutet de Monvel-Sjostrand parametrix for the Szego kernel

Near the diagonal in X x X, there exists a parametrix due to Boutet de Monvel and
Sjostrand [16] for the Szegd kernel of the form

(28) O(x,y) = / e‘”Z(x’y)s(x, y,0)do + R(x, y),
R+

where lﬁ(x, y) is the almost CR—analytic extension of @(x, x) = —p(x) = log ||x|%
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In local coordinates, let x = eie-‘ez(z)/Hez (z)| and y = e'% ej (w)/|lef (w)]|. Then

V(x,y) =i(0x —0)) + ¥ (z.w) — Lo(2) - Lo(w),

where ¥ (z, w) is the almost analytic extension of ¢(z).

1.5 Bargmann-Fock Model

Here we consider the trivial line bundle L over C™, both as a first example to illustrate
the various definitions and the normalization convention and as a local model for a
general Kihler manifold.

We fix a nonvanishing holomorphic section ez, of L, and choose the Hermitian metric /
on L so that ¢(z) = —log |lez || (z) = |z|% The Kihler form o is then

w=1i00¢(z) =i Z dzj NdZ;.
J
The unit circle bundle X in the dual line bundle L* =~ C™ x C is given by

X ={(z.0)eC"xC:|jhef| =1} ={(z.A) eC" x C : |A| = e~ 217"}.
We may then choose a trivialization of X = C™ x S with coordinate (z, 6):
(z,0) — eieez(z)/||eZ(z)|| = em_%‘zlze}’i(z) eL”.
The contact form « on X is then

i = _
a=df—> Z(zjdzj —z;d7Z)).
J

If 5(z) is a holomorphic function (section of L¥) on C™, then its CR—holomorphic
lift to X is
5(z,0) = ek(m_%lzlz)s(z).

Indeed, the horizontal lift of dz; is 8% =0z, — %i zjdg, and 8%_ 5(z,0)=0.
The Szeg6 kernel [1(Z, %) for X = C™ x S! is given by

-~ m . _
fic. o) = Z(%) o kO-=0)+k (20— 12 P— L [w|?)

>0
_ Z(L)meik(02—9w+lm(zw))—%klz—w|2
2w ’

k>0

where £ = (z,6,), © = (w, 6), and where the k™ summand is T (2, ©).
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The Bergman kernel T1;(z, w) for M = C™ is given by

My (z,w) = (%)mekzw.

The Bergman density is the norm contraction of ITj(z, w) on the diagonal

kKN oos 1.2 k \"
Hk(Z)IHk(Z,Z)He]?kHZZ(E) elezemh :(E) '

In general, for an m—dimensional complex vector space (V, J) with a constant Kihler
form w, we may define a “ground state”

Qw’j(v) — e—%w(v,]v)’
as a real-valued function on V. The Bargmann—Fock Hilbert space for (V,w, J) is
He.s ={¥Qey.s : ¥ is J-holomorphic and ¥ 2, s € L*(V,dL)},

where L is the standard Lebesgue measure on V.

1.6 Osculating Bargmann-Fock model and near-diagonal scaling
asymptotics

At each z € M there is an osculating Bargmann—Fock or Heisenberg model, defined
as above for the data (7, M, J;, w,). We denote the model Heisenberg Szegé kernel
on the tangent space by

(29) O0Y  L2(ToM x SY) > H(TM. Tz 07) = Hy.
If we choose linear coordinates (zi,...,Zy) on T, M such that (TuM,w,, J;) =

(C™, wgq, Jgq), and the obvious coordinate & on S! = R/27Z, then we have

(30) A0M (u.601.0.60) = )Ml @102 T3 (uP+1ol)

. _ . '—_l _ 2
=ez(01 Gz)ezlmuv 5 lu—v| )

The following near-diagonal asymptotics of the Szeg6 kernel is the key analytical
result on which our analysis of the scaling limit for correlations of zeros is based. The
lifted Szegd kernel is shown by Shiffman and Zelditch [23] and by Lu and Shiffman
[12, Theorems 2.2-2.3] to have the scaling asymptotics. Here we only state the first
version since it will be enough for our purpose.

Theorem 1.1 [23] Let (L,h) — (M,w) be a positive line bundle over an m—
dimensional compact Kahler manifold with Kahler form w = iFy. Let ef, be a
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holomorphic local frame for L and zy, ..., z, be complex coordinates about a point
zg € M such that the Kéhler potential satisfies ¢ = —log ||er, (z)||}2l =z|2 4+ O0(|z)?).
Then, for some k € ZT,

Nl (u 91' v (92
k T = T T = 5
Vi k Vi k
N
=kmﬁ£§fvj’z(u,91;v,92)(1+Zk—érbr(u,v)+k—£(N+1>EkN),

r=1
where

e cach b,(u,v) is a polynomial (in u, v, u,v) of degree at most 5r ;

e foralla>0 and j > 0, there exists a positive constant Cj, such that

|D/ Exn (u, )] <Cjng for |u|+v|<a.

2 Proof of Theorem 1

This is the simplest of the results because it does not involve the dynamics of the
Hamiltonian flow. That is, it only involves the unitary group of “pseudodifferential”
Toeplitz operators (16) and not the group Uy (¢) of Fourier integral Toeplitz operators.

We first prove a smoothed version of Theorem 1. We recall from (19) that a smoothly
weighted Bergman density is defined by
Gl My, r()=Tx f(HOTk(2)= Y fur )k j(2)= 3 fur)lIsk,; (@I

Kk, j Kk, j

where f € S(R) and the sum is over the eigenvalues jiy ; of the operator Hj defined
in (3). Note that since H; commutes with IT; and ITj o I1; = I}, we could have
written f(Hy)IIy instead of Iy f(Hy)I1g. The sharp partial Bergman kernels Iy g

morally corresponds to the case f =1(g . ), Where Emin = minzepm {H(z2)}.

Proposition 2.1 Let w bea C* metricon M andlet H € C*°(M). Let f € C>°(R).
Then the density of states of the smoothly weighted Bergman kernel is given by the
asymptotic formulae

Oy, r(2) = Mg (2)(f(H(2)) + CLf(Z)k_1 + cz,f(z)k_z +-e),

where the ¢; y(z) depend on f up to its i derivative at H(z).
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We give two proofs for the above proposition, one using the Helffer—Sjostrand formula
and the fact TTy (A — Hy)~'TIj is a Toeplitz operator, the other using the Fourier
transformation of f and the fact that ITge/*Hx ITj, is a Toeplitz operator.

2.1 Proof of Proposition 2.1 using the Helffer-Sjostrand formula

Proof We use the Helffer—Sjostrand formula [7]. Let f € C°(R) and let ]7 1) €
C2°(C) be an almost analytic extension of f to C, satisfying 9 f =0 to infinite order
on R. Then

fitt) ==+ [ 370G~ Ho™ dLG).

where dL is the Lebesgue measure on C. We recall that the almost analytic extension
is defined as follows: Let ¥ (x) = 1 on supp f and let y be a standard cutoff function.
Then, define

() Foerin = 52 [ oty 7 ds.

It is verified in [7, page 94] that this defines an almost analytic extension. This formula
has previously been adapted to Toeplitz operators in [4].

If ImA # 0, then there exists a unique semiclassical symbol Zjoio k=7 bj(w;A)
with by = (A — H(w))~! and a Toeplitz operator Ek (A) as an approximation for
Iy (A — Hy)~ 1 such that

Be(M)o(A—Hy) =T+ Rpx(). AeC\R,
where Rp i (A) is a residual Toeplitz operator (ie of order k~°°). Thus
1 —— A
My, g o= Ty f(Hi) g &~ _;/c 9/ (A)Br(A)dL(})

is a Toeplitz operator with complete symbol

o0 .
k=) [ =~
Ok, (w) ~ =Y = fc 37 (Wbj (w: ) dL(A).
j=0
and principal symbol

U})rin(w) _ _% /(C M)A —Hw) VAL = f(H(w)).

We can then express the density for Ty s as

e () = [ TG )0, () T4(@.2) d Vol )
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and use the Boutet de Monvel-Sjostrand parametrix to compute the resulting expansion
stated in Proposition 2.1.

Finally, we show how the coefficients in the expansion ¢; r(w) depend on the j
derivative of f at H(w) for j <i. For this it suffices to prove the same statements
for the terms

/ 3/ (AM)bj(w: 1) dL(A)

C

for j > 1. As discussed in [7], the lower-order terms b;(w; A) of ék have the form
bj(wiA) = Pj(w: A)(A— H(w)) ™/ 7",

where P; is polynomial in A. Writing

19

(A-Hw) /' = Y

(A—H(w)™

and integrating by parts gives the value as a sum of holomorphic derivatives 9(d* f 1))
evaluated at A = H(w) of degree £ < j. This shows ¢; r(w) depends on f through

SOHE), ..., fOH(2)). O
We get immediately the following corollary:

Corollary 2.2 If f vanishes in an open neighborhood of H(z), then
Mg, f(z) = Ok™).

2.2 Proof of Proposition 2.1 using Fourier transformation

Since we use the Fourier inversion formula in other applications of the functional
calculus, we digress to describe an alternative to the Helffer—Sjostrand formula above.

We may construct Wy (¢) := Iy, e!HkT], asa Toeplitz operator of the form

o0
(33) Mg Wi O, (i) = eH 13 k7w (win),
Jj=1
where uy (w;t) denotes multiplication by the function uy (w;¢), where w € M and

t € R. For instance, we can write the equation for Wy (¢) as the unique solution of the
propagator initial value problem

(34) (ll% - Hk)Wk(t) —0, with W(0) = Tl .
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There exists a semiclassical symbol

ok, f(w) = f(HwW)) +k " ery(2) +--
such that
(35) iy f(Hi) My = Hgo, £ (w) .
Indeed,
i, r = Mg f(Hi) T
= [ Fomee Az, 6= ([ oo 45

dt

2n°

Hence, the symbol for ITy, ¢ is then oy, r(w) = [ f(t)uk(w; 1)
symbol f(H).

with the principal

2.3 Proof of Theorem 1

We first prove the result (12) in Theorem 1 about Iy (z) ™11 k,E (2). It suffices to prove
the result in the case where z lies in the forbidden region H(z) > E. Indeed, since for
H(z) < E,we may use —H and —F as the energy function and the threshold, write

M (2) ' g<p(z) =1-T(2) ' M —g<—g(2),

and use Iy _g-_g(z) = O(k™°°) from the result in the forbidden region. Hence
from now on, we assume H(z) > E.

Let € be a positive number small enough that H(z) > E + €. It suffices to assume
f€Cs°R), f >0, with f =1 on the interval (Ey;y, £) and f = 0 outside of
(Emin — €, E + €), since the general result can be obtained by taking the difference of
two such functions. Then, f(x) > 1[g . g](x), and

min>»

e r(2) =Y fue sk OIP = D sk @I =i e (2).
J

Wi, j<E

Since we have f(H(w)) =0 for w in an open neighborhood of z, by Corollary 2.2,
g, 7 (z) = O(k™°). Since I g(z) > 0, we have

Mi,p(2)] = Mg, g(2) < Mg, r(2) = OG™).

To prove the statement in (11), we split the sum in ITg r(z) according to the eigenvalue:

g, r(z) = Ny, £<p(z) + Mg £5E(2),
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where

My, f<(@) = Y flue)lse; @I

i, j<E

My, foe(2) = > flue)lse; @I

wi j>E

For z € F such that H(z) > E, we need to prove that

lim k_ml'[k,ﬂ<E(z) =0.

k—o00

We may define a nonnegative smooth function y on R thatis 1 for x < E, and O for
x> H(z) > E. Then

0 <y, r<p(z) <Tg, ry(z) = O(k™),

where we used Corollary 2.2 and that fy(w) vanishes identically for w in a neighbor-
hood of H(z). Similarly, if H(z) < E, then
lim k711, f£>£E(2) =0,
k_)oo bl 9
and we get

lim k™" Iy r<p(z) = lim k™™g r(z) = f(H(2)).
k—o00 k—o00

This finishes the proof of the statement of Theorem 1 regarding the leading-order
asymptotic behavior of Iy r(z).

3 Hamiltonian flow and its contact lifts to X,

In order to prove the main results, we need to quantize the Hamiltonian flow of a
Hamiltonian H: M — R. The definition is based on lifting the Hamiltonian flow to a
contact flow on X, . The purpose of this section is to explain this lift.

3.1 Lifting the Hamiltonian flow to a contact flow on X

Let H be a Hamiltonian function on (M, w). Let £ be the Hamiltonian vector field
associated to H, that is,
dH(Y)=w(n.Y)

for all vector fields Y on M. Let g’ be the flow generated by £p .
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Recall (X, @) is a contact manifold, and X — M is a circle bundle, such that do = *w.
We abuse notation and still use H for the lifted Hamiltonian function 7* H on X. The
horizontal lift & I}ZI of £ is given by the conditions

a(Eh)=0 and m.Eh =¢g.
The contact lift §H of &g is then defined by
(36) En =&l — HR.
We define g’: X}, — X}, to be the flow generated by § H:

(37) g =expréy.

Lemma 3.1 The flow g’ preserves the contact form « and commutes with the S
action of rotation in the fibers of X — M.

Proof Since da = w, we have
= (LEZ—HR od+d OLSZ—HR)a = ngn*a) +d(—Ha(R))=H—-H =0.

Since ;,?H preserves «, it follows that £§H (R)=0,ie [§H dg] = 0, and the flow g’
commutes with the fiberwise rotation. |

Let (z, 6) be local coordinates for X |y = U x S! over an open neighborhood U, as
in (27).

Lemma 3.2 In the coordinates (z, 8), we can write SZ and ;?H as

€ = (n. 1(d 0. 6n)09) and &n = (6. (3(d 0. En) — H)0p).

And the flow g' has the form
t

§f(z,9)=(g’<z>,9+ / Hdp. tx) (g (2)) ds — / H(g%z))ds)
0 0
_ (g’(z)ﬁ T [O Ld%p. Em) (g () ds—tH(z)).

Proof Since o = df — % 7*d€y, and («, EZ) =0, we have then

(d6.&f) = (s m*dp. ) = (3 d°0.n).
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Hence 51121 = (én. % d°¢(Er)dg). The formula for £y follows from (36). The state-
ment for g’ follows since H is constant along the Hamiltonian flow. a

Since g' preserves « it preserves the horizontal distribution H(X}y) = kera, ie

(38) Dg": H(X)x — H(X)zt(x)-

It also preserves the vertical (fiber) direction and therefore preserves the splitting
V @ H of TX. When g’ is nonholomorphic, g’ is not CR-holomorphic, ie does not
preserve the horizontal complex structure J on H(X) or the splitting of H(X) ® C
into its i eigenspaces.

3.2 Linear Hamiltonian function and Heisenberg group action

Let C™ be equipped with coordinates z; = x; +iy; with j =1,...,m. Weuse x;, y;
as coordinates on R?™. Let L be the trivial bundle over C™, and ¢(z) = |z|>.

A linear Hamiltonian function H on C™ has the form

(39) H(x,y) =Re(a-7) = $(aZ + az)

for some 0 # o € C™. Then

1 _
En = E Z(O‘jaz}- —Oljafj),
J

éfé, = Z %(Olj (sz + %Ejae) —Q; (3Ej - %Zjae)) =&n + %Hae,

Em =t —Hog =&p — 5 Hog,
where we abuse notation and write (§5,0) on U x S! as & .

The lifted Hamiltonian flow g%(z) = exp(tg g ) is then

(40) g0 =(45.0- Lz +an).

The linear Hamiltonian function generates translations on C” x S, which is exactly
the action of the reduced Heisenberg group, which we now review. The simply
connected Heisenberg group [9; 24] of dimension 2m + 1 is H” =~ R?”™ x R =

{(x,y,t) :x,y € R", t € R}, with a multiplication law

41 x,y, )",y )= +x,y+y .t +1' —(xy —yx')).
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The reduced Heisenberg group is H"; = R2™ x (R/27Z). The center of H, is the
circle subgroup S! 2 {(0,0, 0)}. If we identify R?™ with C™ by z; = x; + ~/—1y;,
and R /277 with the argument of C, then we may make the identification H™, =~

red =

C™ x S!. And the group action is given by
(z,0)0(z',0)=(z+72,0+ 0 +1Im(zZ)).

Furthermore, H; can be identified with the unit cocircle bundle X of the dual
bundle L* of the positive Hermitian line bundle over C™ with Kihler potential

o(z) =z~

Lemma 3.3 The contact form o = d6 + %i Zj (zjdz; —Zjdz;) on HT, is invariant
under the left multiplication

Rizo.60): (2.0) > (20.00) 0 (2. 0) = (z 4 20.0 + 6 + W)

Proof We have
EZ()—E()Z i _ _ _
R?zo,eo)akz:@) = d(@ + 90+T) + 5 Z((Zj + Zoj) de — (Zj + Zoj) de)
J

=(x|(2’9). O

Lemma 3.4 The lifted contact flow g' generated by H = 2(az +az) acts on HT7,
by left group multiplication by ( at/i, 0) e H”

red*
Proof We have

(57:0)o.0)= (=457 0+1m(572)) = (54 57 0~ Re(@2) ) =§'(:.0). @

The Hardy space of square-integrable CR-holomorphic functions H on X is preserved

under the reduced Heisenberg group H™,, and decomposes into Fourier components

red’
according to the action by the central subgroup S!:

H= P Han

n€zZ,n>0

Hy = {ei"(e_%lzlz)f(z) : f(z) holomorphic and [ | F)2e 2P 4L < 00},

where dL is the Lebesgue measure on C™ and the integrability condition forces n > 0.
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In the case of the simply connected (2m+1)—dimensional Heisenberg group H™, the
Szegd projector S(x, y) is given by convolution with

0

(42)  K()=Cuy;

L) ™ * rit=41zP)
(t+5i1¢1%) :Cm/ "I ET )y M gy x = (z2,1),
0
for some constant Cy, depending on the dimension m. More precisely, if x = (z,¢)
and y = (w, s), then the projector is given by

wﬂ@o=/qu&ﬂw¢w5/K@*nf@ww

and
(43) S(x,y) =K 'x) =K(z—w,t—s—Im(wz))
=Cp, /Ooeir(t—s)er(zw—é|z|2—é|w|2)rm dr.
0
In the reduced Heisenberg group,

(44) Sted (¥, ) = Y K(y~'x(0,27n))

nez

. s L2 Ly

— Z Cm/ elr(t—s)er(zw—jlzl —5|w] )rm dr.
nez 0
Using the Poisson summation formula y_,, ., €2%/%* =3 §(x —n), we have

k(t— G—Liz2— L2
Seed(x, ) = Cpe Z KMeik( s)ek(zw 3lzlf =5 |w] )’ x=(z,t) and y = (w, s).
k€Z>0

If we denote the Fourier components relative to the S! action of H”, by ﬁgﬂ(x, ),
then we have

45) ]"\[EI(X’ y) — kameik(t—s)ek(z.w—%|Z|2_%|w|2)’

and Speq(x,y) = Zk>0 ﬁEI(x’ y).

4 Toeplitz quantization of contact transformation

Let (M,w, L,h) be a polarized Kéhler manifold, and 7: X — M the unit circle
bundle in the dual bundle (L*,2*). X is a contact manifold, and can be equipped
with a contact one-form «, whose associated Reeb flow R is the rotation dg in the
fiber direction of X. Any Hamiltonian vector field £ on M generated by a smooth
function H: M — R can be lifted to a contact Hamiltonian vector field §H on X.
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In this section, we review the relevant results about the quantization of this contact
vector field g?H , acting on holomorphic sections of H%(M, Lk), or equivalently on
CR-holomorphic functions on X, that is, H(X) = Py~ Hi(X). We follow the
exposition of [22; 15] closely. -

An operator T: C*®(X) — C®°(X) is called a Toeplitz operator of order k, denoted
as T € T, if it can be written as T = [ o Qo I, where Q is a pseudodifferential
operator on X . Its principal symbol o (7) is the restriction of the principal symbol
of Q to the symplectic cone

Y={(x,ra(x):r>0 =X xRy CcT*X.

The symbol satisfies the properties
o(ThTz) = o(T1)o(T2);
o([T1, T2])) ={0(T1),0(T2)};
if T € 7% and o(T) =0, then T € T*~1,

The choice of the pseudodifferential operator Q in 7T = Mo Qo I is not unique.
However, there exists some particularly nice choices.

Lemma 4.1 [15, Proposition 2.13] Let T be a Toeplitz operator on X of order p.
Then there exists a pseudoditferential operator Q of order p on X such that [Q, ﬁ] =0
and T =T o Qo .

Now we specialize to the setup here, following closely [21]. Consider an order-one
self-adjoint Toeplitz operator
T=ﬁo(H-D)oﬁ,

where D = (—idg) and dy is the fiberwise rotation vector field on X, and H is
multiplication by 7 ~1 H. We note that D decomposes L?(X) into eigenspaces with
eigenvalues k € Z, that is, L?(X) = Drez L?(X)y . The symbol of T is a function
on ¥ = X xR, given by

o(T)(x,r)=(c(H)a(D)|g)(x,r)= H(x)r forall (x,r)e X.

Definition 4.2 [21, Definition 5.1] Let U (t) denote the one-parameter subgroup of
unitary operators on L?(X) given by

(46) O(t) =T MPMIf
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and let 0k (t) (21) denote the Fourier component acting on L?(X)g:
@7 ﬁk(l) = ﬁk eitﬁ(kH)ﬁ ﬁk.
We use Uy (t) to denote the corresponding operator on H%(M, LK.

Proposition 4.3 [21, Proposition 5.2] U (¢) is a group of Toeplitz Fourier integral
operators on L?(X), whose underlying canonical relation is the graph of the time t
Hamiltonian flow of rH on the symplectic cone X of the contact manifold (X, o).

We warn the reader that [1e// TP I iy general is not equal to Hei™PH T since
DH and TI may not commute. However, thanks to Lemma 4.1, one can always find
a Q replacing D H such that [Q, ﬁ] =0 and ﬁ(DH)ﬁ = ﬁQﬁ = Qﬁ = ﬁQ.
Thus

O(11) 00 (1) = e TCAff 2020 = flf 1+ H = § (1) + 1),
and U (t) indeed forms a group.

Remark 4.4 1In the introduction, we defined a semiclassical (ie depending on k)
Toeplitz operator Hj, acting downstairs on L2(M, LKy, or equivalently an operator
I-?k acting on L%(X) by

~ ~ i -~

Hy .= HkO[EE;-LI +H]0Hk.
The collections {I-AI &} assemble into a homogeneous degree-one Toeplitz operator H
acting on L?(X):

H =P kH, =Tolif}y + (—idg)H]o I: L*(X) > H(X).
k>0

Compared with T = Mo [(—idg)H]o I1, we claim that they have the same principal
symbol on ¥. Indeed,

o(H)—o(T) =0t} s = (p, —EH () p=raw) = O,
since (a,éﬁ,) =0.

When we say a one-parameter family of unitary operators U(¢) on H(X) quantizes
the Hamiltonian flow exp(tég) on (M, w), we mean the real points of the canonical
relation of the complex Fourier integral operator U(¢) in T*X x T*X is the graph
{(x,¥;(x)) : x € Z} of the Hamiltonian flow ¥, generated by rH on the symplectic
cone (X, wy). The quantization is not unique. Indeed, if A is a pseudodifferential
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operator of degree zero on X, and V = e!4 is unitary pseudodifferential operator, then

V*U(t)V is another quantization with the same principal symbol.

Proposition 4.5 There exists a semiclassical symbol oy (t) such that the unitary
group (47) has the form

(48) Uk (t) = M (87" *or (1) I
modulo smooth kernels of order k—°°.

Proof It follows from the theory of Toeplitz Fourier integral operators and Fourier
integral operators with complex phase [15; 14] that (47) is a unitary group of semi-
classical Fourier integral operators with complex phase associated to the graph of the
lifted Hamiltonian flow of H to X. On the other hand, the operator on the right-hand
side of (48) is manifestly such a Fourier integral operator. To prove that they are equal
modulo smoothing operators of order k£~ it suffices to construct oy (¢) so that they
have the same complete symbol.

In [27] the principal symbol algrin (t) of (47) was calculated, and by using this as the
principal symbol of (48) one has that

(49) Op(t) = TR () o™ ()T € IS'(Rx X x X,CoT 00).

where 1 ~1(---) is the class of semiclassical Fourier integrals of order —1 with complex
phase associated to the canonical relation C o TocC ; see [10, Chapter 25] and [22]. By
the same method as in the homogeneous case, one may then construct the Toeplitz

symbol oy (¢) to all orders so that the complete symbols of ﬁk (¢) and (48) agree to all
orders in k. a

It follows from the above proposition and the Boutet de Monvel-Sjostrand parametrix
construction that U (¢, x, x) admits an oscillatory integral representation of the form

(50)  Ug(t, x, x)

k \2m o0 0o ~ ~f ~ . ;
~ (_) / / [ [ / (eoﬂlf(re]x,g y)+o2y(ro,y,x)—ik01—ik6>
2r xJo Jo JstJs1

X Ag(t,y,60;,07)) d01 db, doy doy dy
(KN kB )+ (50

where Ay is a semiclassical symbol, the integral for 61, 6> is to extract the Fourier
component, and the integral for y comes from operator composition. The asymptotic
symbol ~ means that the difference of the two sides is rapidly decaying in k.
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5 Short-time propagator l7k (t, x, x) and proof of Theorem 3

In this section, we give an explicit expression for the short time propagator ﬁk (t), by
applying the stationary phase method to the integral (50). As a warm-up, we illustrate the
quantization of Hamiltonian flows in the model case of quantizations of linear Hamilton-
ian functions (constant flow) on Bargmann—Fock space. In effect, this is the construction
of the Bargmann—Fock representation of the Heisenberg group in terms of Toeplitz quan-
tization. Quantizations of linear Hamiltonians on C™ are “phase space translations”,
and belong to the representation theory of the Heisenberg group. Their relevance to our
problem is that Hamilton flows on general Kéhler manifolds (M, J, ) can be approxi-
mated by the linear models at a tangent space (7, M, J,, w,). Quadratic Hamiltonians
and the metaplectic representation are constructed by the Toeplitz method in [5].

5.1 Propagator with linear Hamiltonian function

Let M =C", w=i Zj dzjAdz; be the Bargmann—Fock model, and let H =Re(x-Z)
(see Sections 1.5 and 3.2).

Proposition 5.1 The kernel for the propagator Uk ()= ﬁk eikt Hy ﬁk is given by
1) Up(t,2, %) = (%)meik(&#—%Re(er)t—Ow—i—Im((z—%at/i)w))—k%|z—%at/i—w|2‘

In particular, if Z = W, we have

(52) ﬁk(t, 2,2) = (%)meikH(z)te—ktz%||$H(z)||2'
Proof We may start from the integral expression

~ 2m S apaN | T
(53) Up(t:2, D) = (ZL) / KW EZ NV T.D] gyl (),
T yeXx

where the function v (X1, X») is given by
Y(R1.%2) =i (01— 0p) +zw — 3|z* = Lwl?, %1 =(z,01) and % = (w, 62),
and g'(y) is given by
o (5) = at 5 1 )
g0 = (y+ 5700y =5 HOE ).

Then after a Gaussian integral of dy we get the desired answer. The diagonal case is

straightforward, except to note that ||£g (2)||? = CU(EH (2), Jém (Z)) = %|a|2. a
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Remark 5.2 Since the Hamiltonian flow for a linear Hamiltonian is just translation
on C™, which is compatible with the complex structure on C™, we have that ﬁk
commutes with I, and hence Uy (r) = [ (27)* I = (8~")*II). Thus

F 7 FaNaN At A~ kN o135
Ur(r:2,w) = T (g tz,w)z(ﬂ) V@2

which gives the desired result.

5.2 Short-time propagator U (t,2,2) for t ~1/Vk

Let (M, w) be a Kihler manifold polarized by an ample line bundle (L, /) such that
w =c1(L). Let X — M be the dual circle bundle over M. We have the following
result about the kernel U (t) on the diagonal, generalizing the special case of the
Bargmann—Fock model.

Proposition 5.3 If zog € M such that dH(zy) # 0, then for any t € R,

R m .
Uk(ﬁvé\o”z\o) = (%) elr«/EH(Zo)e—Tz%”EH(ZO)"Z(1 + 0(|‘E|3k—%)),

where the constant in the error term is uniform as t varies over compact subsets of R.

Proof First, we pick Kéhler normal coordinates zy, ..., z, centered at the point zg.
That is, for a small enough € > 0, we may find coordinates in U = B(zg, €) such that
the coordinate of zg is 0 € C™, and

m
w(z) =iy dz; ndZj+ O(z]?).
j=1

We may also choose a local reference frame ey, of the line bundle in a neighborhood
of zg so that the induced K#hler potential ¢ takes the form

0(2) = z1> + 0(z).
And the almost analytic continuation is
Y(zw) =z-0+ 0z +wf).
The Hamiltonian assumes the form
H(z) = H(0) + H1(2) + O(|z[*),

where Hj(z) is areal-valued linear function on C" 2 R?™. Locally the circle bundle X
over M can be trivialized with fiber coordinate 6.
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Now we are ready to evaluate the integral in (50):
2m PN do
U( A’A KO DY+I@.0] 4 g0y E7 1 (0.
{2 0) =) e Cd gy TOT)

If |{w| > € or |[g"w| > €, the integrand is fast decaying in k, due to the off-diagonal
decay of Tl (z1,z2). Hence we may restrict the integral to |w| < € and |g'w| < €.

For the phase function in the integral (50), when we plug in

and write W = (w, fy) and g'W = (w(7), Oy (1)), if |w| < € and |g'w| < €, we have
¥(0,8'®) + v (@, 0)
=16y (0)— by (1)) — 3w () > = 2w (@) >+ O(|w > + [w(t)?)
= k2 [iHO)t] + kT [i L H )T — Lu? = L+ &, 7P+ O (uf +[2 ).
Thus we have
Uy (¢, 20, Z0)
ko / / HIOZD+T@O 4, g0y 00 | (=00
2 st 2
_ % 2’"/ / KB @00 O)~FwOP—JwOP+0(wP+Hw®OP) 4, gy 46,
Sl
+ O(k™®)

2’"/ / ki G @00 )~ JwOP=3wOP] gy 46, « (14 O ))
S1

k2[lH(0)‘E]-‘r[l Hl(u)r— lu]2—L|u+Eq ‘E|2] —m m
(—2”) /|u|<€k2 2 LT dVolom (u)
3, -1
x (14 0(7Pk™2))

(£>2mek%[m(o)r] f eli 2 Hi0T=3 P =3t &, tPl=m g \iol e ()
2 ueCm 32
x (1+ O0(|t|°k™2))

_ (%)’"emﬁ?mzo)e—rzi||sH<zO>||2(1 +0(7Pk™2)),

where W = B(zg,€) N g ' (B(zo,€)), and the calculation in the last step is the exactly
the same as in the Bargmann—Fock model. a
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5.3 Short-time propagator Uy (t, z, z) for nonperiodic trajectories

For z € M such that dH(z) # 0, let T'(z) € (0, 0co] be the period of the flow trajectory
starting at z, and if the trajectory is not periodic we let 7'(z) = oco.

Lemma 5.4 The function T(z) is uniformly bounded from below over compact
subsets in the complement of the fixed-point set of £p .

Proof Let K C M be a compact subset such that if z € K then dH(z) # 0. Then
for small enough € > 0, the graph of the flow &g,

D Kx(—€,6) > MxM, (z,t) (z,exp(tég)(2)),

is injective by the implicit function theorem. Thus 7°(z) > € for all z € K. |

Lemma 5.5 Fixany T > 0. Forany z,w € M and t € R with |t| < T, there exists
constants C, B > 0 depending on (T, H, M, w, J) such that for any lifts Z,w € X

of z, w, we have
10,(t,3, B)| < Ck™eBVkdGg'w),

where d is the Riemannian metric of M. In addition, for any n > 0, we have
1070 (1,2, B)| < Cuk™H1e=BVEd(z8"0)

for some constants C, .

Proof Modulo a smooth remainder term, we have

Ot 2. w)=/ fie .2 M (@, D) A (. 2. 2. D) da.
ueX

From the off-diagonal decay estimate of the Szegd kernel (Theorem A.1), there exists
C1 and B1 such that

|ﬁk(ﬁ, i]\)| < Clkme_ﬂl x/Ed(u,v)

Thus there exists a constant C, > 0 such that

Ok (t.2.9)| < C2 sup [Tx(2.8"0)| - | Mg (2. D))
ueX
_ t
< €1 Cok™ sup e P1VRGzg" ) +dw,w)
ueM
To finish the proof, it suffices to bound d(z, g'u) + d(u, w) from below by d(z, g'w).
Since g’ is a diffeomorphism on M, there exists 1 > ¢ > 0 such that

d(g'u,g'v)>ed(u,v) forall u,ve M and|t| <T,
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and then
d(z,g'u) +du,w) > ed(z,g'u) +ed(g'u,g'w) > ed(z, g'w).
To prove the claim for the r—derivative, we note that
87 Uk (1) = (ik Ho)" Uk o).
Since H &, 1s an operator with bounded spectrum on Hy (X), we get the desired estimate.

O

5.4 Proof of Theorem 3

Proof By the Fourier inversion formula,

/R F AR ) = Y flkGuej — H() + Vo) T ;2. 2)
J

_ —ikt(H(Z)—a/VE) F(nFr (¢ o o Al
/e f@OUr(t,2,2) o
To complete the proof of the theorem, it suffices to prove:

Lemma 5.6 Let K be a compact subset of M that does not contain any fixed points of
£, and let € > 0 be small enough that T (z) > € for all z € K. Then for any z € K and
any nonnegative Schwarz function f € S(R) such that [ f(x)dx =1, ie f(O) =1,
and fA(t) is supported in (—€, +¢€), and for any o € R, we have

dr

4 /fA(f)Uk(t,Z,z)e—fka(Z)+itJl€a
R 2

(KT e lepor N2 -
=(30) e anlea T OE )
1

Fix any 0 < < 5. We claim that the contribution to the integral is O(k™°°)

if € > |t] > k=2%3. From Lemma 54,
Up(t,2,2) = U, (t,2,5) < CkMeVkBAG'2) < Cfm =Bk — (=0
for all ¢ such that |¢| € [k_%""g, €].
Now, we may approximate the integral on the left side of (54), and rescale the integration

variable by 1 = t/k:

~ —itkH(z)+itvko dt
[ Fov.zz0e 4

dr

= k_% / f(rk_%)Uk(rk_%,Z, Z)e_i“/EH(Z)Hm
2| <kb 2
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With the Taylor expansion £ (tk=2) = £ (0)(1+ O(|z[k~2)) = 1 + O(|t]k~?2), using
f(0) =1, and using the expansion of Uy (rk_%, z,z) in Proposition 5.3, we have

~ —itkH(z)+itavk dt
[ Fov.z.z0e &

— k3 K\ =2 bl @)1 +ita 3, -4y dT
- 2/|r|<k8(27T) ¢ (1+0(Ie1’k™2)) 5

R 2 e SR VTP V) -1
_(E) e sTen (T O

This completes the proof of Lemma 5.6 and of Theorem 3 . |

6 Smooth density of states: proof of Theorem 2(1)

We start by proving (13). As above, let g’: X — X denote the lifted Hamiltonian flow
and let F? denote the gradient flow. For any z € M, we choose a lift Z in X, and since
[ (2.%) and Ui (1,2, %) do not depend on the choice of the lift, we will use 7 and z
interchangeably in these cases.

Proof of (13) Let z; = FB/vkz_ By (20) we have

dy
1= f(“/E(“kJ_E))Hk,Mk,j(ZkvZk):/Rf(f)e_iEﬁtUk(t/«/%, Zks Zk) ;l—;

J=1

Using Proposition 5.3 to express Uy, we get
= (L)m/ F(t)e T EVkt pm it VEH ) o =31tk COP [ L 011 Pk 2))] dr.
2 R 27
In the exponent, using £ = H(z), we get

—iEkt +itVkH(zy) = it Vk(H(z) — H(2))

= izx/%[g(VH(Z% %VH(Z)) + 0((%)2)}

— itB|VH(2)|? + O(lt]k~3).

_1
Furthermore, —%ll‘EH(Zk)P = —%|I$H(Z)|2 + Ok~ 2|t|?).
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Hence
I = (;)m/ f(t)eilﬂIIVH(Z)llz |IVH(Z)|2 dt (1 + O(k—j))
T R
— (L)’"/ f(x)e—ixteitﬂ||VH(z)||2 WVHEP dXdL (g ogh)
2r teR JxeR 2
k\" —(x/IVHI-BIVH@)> ___ dx 1
=\5, x)e —————— x(14+ 0(k™2)).
(32) ] /@ Jrivay o)

To obtain the complete asymptotic expansion stated in Theorem 2(1), it is only necessary
to Taylor expand F B/VE7 and use the expansion of Proposition 5.3 for ﬁk (t/ Vk) to
higher order in k3. |

7 Tauberian argument: proof of Theorem 2(2)—(3)

We denote by W a positive function in S(R) with [ W(x)dx =1 and supp W c
(—e€, €), where ¢ is small enough that there is no closed orbit of the flow &g passing
through z with time less than €. Let Wj,(x) = h='W(x/h) for h > 0.

1
For clarity of notation, we let Fj (x) = I (z)™! ,ui’f (x).

Proposition 7.1 There exists a k¢ large enough that for any k > kg, and for all x e R,

we have
dx

_4X Lok,
e TOE)

X0
Fie x Wi=% (x0) = / e Enl?
—0o0
Proof Denoting Fy * Wy—%(xg) by I, and letting h = k_%,

X0 Ni
D= ™ Y Bk @18 g, ey 09 Wi =) dy d
—o0o JyeR = J

X0 Nk
= [ @Y Ik Wi — VG — HE) dx

j:

X0
- / Mie(z)™ IZ”Sk,J(Z)HZ f W, (z)el b= VEGue s —H(2)] dTdx

2
—Hk(Z) 1/ / zer ltfH(z)U( Tk )d;jx.
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Since supp W C (—e, €), the integral of ¢ is limited to |t/~/k| < €. We first show
that one can further cut off the dt integral to |t| < k% for any 0 < § < % Let
x(x) € C2°(R) which is identically 1 in a neighborhood of x = 0. Then we claim

(55) Hk(z)_l/_Z/R(l_x(k%))W(ﬁ)eirﬁH(z)—HmUk(_ﬁ’z’z) d;;ix
— 0(k~).

Indeed, we may define

xr= (1 ) (S)om ( 522)

and let Gk (x) be its Fourier transformation. Then (55) can be written as

X0 ) X0
| [ o= [ G
—o0 JR 2z —00

We note that Gy (t) is a smooth and compactly supported function in t, hence its Fourier

transform ék (x) is also a Schwarz function in x. Since when k2t < lz|/Vk <€,
we have that Uy (—t/~/k, z, z) and all its derivatives in 7 are bounded by k?e™# k® for
some f3,y >0, all the Schwarz function seminorms of G (t) and Gk (x) are O(k™°).
Thus we have proved (55).

With the above claim, we can write

X0
_ -1 St (T \ itx+itVkH ) g (T drdx
n=me@ ™ [ [ i () Ue(~J22) 95
+ O(k™°)

:/_xo /Rx(z/k(?)fv(ﬁ) wx P e O (1 4 R(0) L2 4 0 k),

where e~ 4l (Z)"2Rk () is a Schwarz function in 7 with all the Schwarz norms
bounded by k~=. With the Gaussian suppression factor e~ allén (z)”2, we may replace
the factor y(r/k%) by 1, while adding an error term of O(k~°°). We may also write

() =W Il <l
W(ﬁ)_W(0)+0(ﬁ)_1+o(ﬂ)
and absorb the error term into Ry (t) as well. Thus we have

I = / / itx —t ||§'H(Z)||2(1 + Ry (7)) d‘L’dX + Ok~ 00)

52 2 dx _1
= e X" /IEnl + 0(k™2). O
[oo \/_|$H|
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1 . . e
This shows the smoothed measure of d ,ui’Z has the desired cumulative distribution
function. To prove the sharp result, we need a Tauberian argument.

Lemma 7.2 Let 0, = dF}, be a tamily of finite measures, where Fj: R — R is a
family of nondecreasing functions with h € [0, 1), such that:

(1) suppoy,(x) C [-h~1. A1),

(2) Fp(x) = op[—00, x].

(3) There exists a nonnegative integer n such that Fy(x) < h™" uniformly in x

ash—0.

4 j—th * Wy (x) = O(h™™) uniformly in x.

Then
F(x) = Fp«Wy(x)+ O™t as h — 0.

This lemma is almost the same as in [20, Theorem V-13, page 266], except that the latter
Tauberian lemma assumes that supp d I, is a fixed interval [to, 71] whereas our du, Z.2
each have support in C| —Vk,Vk k]. Tt turns out that the proof of [20, Theorem
V-13, page 266] extends to this situation with no change in the proof. For the sake of
completeness, we review the proof in Appendix B to ensure that the extension is correct.?

Proposition 7.3 Let h = k=2 and n = 0,and F, = F, = (k/Zn)_m;Li’%(—oo, X).
Then we have

(1) sup, Fp(x) < C for some positive constant C.

2) j—th * Wy (x) = O(1) uniformly in x .
Proof (1) Since Fj(x) is nondecreasing and limy_ oo F(x) =g (z) "' (z) =1,
Fj(x) is uniformly bounded by 1.

(2) By an argument similar to that used in Proposition 7.1, we have

A p Wy (x) = e~/ len P Ok,

1
dx Vlér|(2)

which is uniformly bounded in x. O

In particular, the condition in Lemma 7.2 is satisfied, and we have

X0
Fixo) = Fyx W(xo) + 04 = [ e enP o o),
= e

3We thank D Robert for corroborating that the compact support condition is unnecessary.
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7.1 Proof of Theorem 2(3)

In the statement of Theorem 2(2), the sequence of points (zg, Ex) = (z, H(z)+«/ «/E)
approaches (z, H(z)) while keeping zj fixed. The following proposition would relax
the direction of approach.

Proposition 7.4 Let (L,h, M,w), H and E be as in Theorem 2. Pick any z €

H~Y(E). If there is a sequence of (zj, Ex) € M xR and o € R such that |z —z| =

O(k=2) and |Ey — E| = O(k~2), and |k (Ex — H(z)) —a| = O(k~2), then
V2

(56) Me.g, (zk) = (%)m Erf(|VH|(Z)) + o™ Y.

Proof By Theorem 2(2), the constant in (14) is uniform for z for a compact neigh-
borhood K (not containing the critical point of H) and |«| < T. Thus, we have for k
large enough, z; € K, and

k \™ V20 m—1
Mt arvi@) = (27) Bf(iricg) + O*™ ™.

Let o = vk(Ey — H(zx)). Then by hypothesis |o — o | = O(k_%), and then
\/_Olk —1
M £ (20 = Ty ey e @0 = (5 ) Er f(IVHI( k)) +owm ). o

Given this proposition, we may take the sequence (zy, Ex) = (F B/ */E(Z), H(z)), and
o = —B|VH(z)|?, then verify that

VE(Eg — H(zp) —
_ B _
— VK(H(z) + (dH, VH)(E) +O(k™Y) — H(2)) + BIVH(2)|?
= 0(k™2).
Thus
Mg ) (FP VR (2) = (%)m Erf(—v/28|VH|(2)) + O (k™" 2),

which proves (15).
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Appendix A Off-diagonal decay estimates

Theorem A.1 (see [6, Theorem 2; 11, Proposition 9]) Let M be a compact Kahler
manifold, and let (L, h) — M be a positive Hermitian line bundle. Then there exists a
constant B = (M, L, h) > 0 such that

ITin (x, )y < CN7e PYNAGD),
where d(x, y) is the Riemannian distance with respect to the Kdhler metric @.

The theorem is stated for strictly pseudoconvex domains in C” but applies with no
essential change to unit codisc bundles of positive Hermitian line bundles.

Appendix B Tauberian theory

In this section, we review the semiclassical Tauberian theorem of Robert [20].
Let 0 € C5°(—1,1) satisfy 6(0) = 1, and 0(—x) = 6(x). We may also assume 6>0

and |§(x)| > ro for |x| <§p. Let

Wi, (x) = 2nh)~18 (—2—‘)

Theorem B.1 Let 5: R — R be a family of nondecreasing functions with h € [0, 1)
satisfying:

(1) op(x) =0 for x < xp.

(2) There exists x1 > x¢ such that o, is constant on [x1, o0].

(3) There exists a positive integer n > 1 such that o (x) < h™" uniformly in x
ash — 0.

(4) j_xo—h * Wy (x) = O(h™™) uniformly in x.

Then
opn(x) =0y, * Wy(x)+ O™t as h —0.

Proof One has
on(x) — o % Wa(1) = /R (01 (2) — 0 (x — 1) Wa () dp
=A(Gh(f)—0h(f—av))§(—v) dv.

Due to the fact that § € S (R) and assumptions (1)—(2), this theorem reduces to the
following estimate on the a—scale increments.
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Lemma B.2 There exists I' > 0 such that

o () —on(x +hv)| < T(v|+ 1) A"+,
forall T,v € R.

The proof is broken up into three cases:

Case (i) (|v| <8¢, where |§| >ro on |x| <d8p) We have
T+hv|

04 (1) — oz + h)| =[

_ [ p(z=n
[ dou) < hdoy =« W) = [R 04 dow(w.

The inequality holds because | — t| < hdp on the interval of integration and |§ | >ro
on |x| < 8p. The statement of the lemma then follows from Theorem B.1(4).

Case (ii) (|v| = jdo, where j € Z) One has

j
|on(t) —0n(t +hjdo)l = Y _lon(x + hkdo) — on(x + h(k — 1))
k=1

Applying Case (i) to each term gives
|on(t) —on(t + hjdo)| < C|jln"F!.
Case (iii) (/o < |v| < (j + 1)dp, where j € Z) In this case,

o (t) —on(t + hv)| < |op(r) —op(z + jhdo)| + |op(z + jhdo) — op (7).
By the previous two cases,
0w (t) —on(x +hv)| < CRA"F1(1+ /).

It follows that
l07(v) — op(t + hv)| <ah™C85 ' (S0 + |v)). i
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