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Finite type invariants of knots in homology 3—spheres
with respect to null LP—surgeries

DELPHINE MOUSSARD

We study a theory of finite type invariants for nullhomologous knots in rational
homology 3—spheres with respect to null Lagrangian-preserving surgeries. It is an
analogue in the setting of the rational homology of the Garoufalidis—Rozansky theory
for knots in integral homology 3—spheres. We give a partial combinatorial description
of the graded space associated with our theory and determine some cases when this
description is complete. For nullhomologous knots in rational homology 3—spheres
with a trivial Alexander polynomial, we show that the Kricker lift of the Kontsevich
integral and the Lescop equivariant invariant built from integrals in configuration
spaces are universal finite type invariants for this theory; in particular, this implies
that they are equivalent for such knots.
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1 Introduction

The notion of finite type invariants was first introduced independently by Goussarov
and Vassiliev for the study of invariants of knots in the 3—dimensional sphere S?; in
this case, finite type invariants are also called Vassiliev invariants. The discovery of the
Kontsevich integral, which is a universal invariant among all finite type invariants of
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knots in S3, revealed that this class of invariants is very prolific. Itis known, for instance,
that it dominates all Witten—Reshetikhin—Turaev quantum invariants. The notion of finite
type invariants was adapted to the setting of 3—dimensional manifolds by Ohtsuki [19],
who introduced the first examples for integral homology 3—spheres, and it has been
widely developed and generalized since then. In particular, Goussarov and Habiro
independently developed a theory which involves any 3—dimensional manifolds — and
their knots — and which contains the Ohtsuki theory for Z—spheres; see Garoufalidis,
Goussarov and Polyak [6] and Habiro [10]. Another generalization of the Ohtsuki
theory to general 3—dimensional manifolds was developed by Cochran and Melvin [5].

In general, the finite type invariants of a set of objects are defined by their polynomial
behavior with respect to some elementary move. For Vassiliev invariants of knots
in S3, this move is the crossing change on a diagram of the knot. For 3—dimensional
manifolds, the elementary move is a certain kind of surgery, for instance the Borromean
surgery — a Lagrangian-preserving replacement of a genus 3 handlebody —in the
Goussarov—Habiro theory.

Garoufalidis and Rozansky [8] studied the theory of finite type invariants for ZSK—pairs,
ie knots in integral homology 3—spheres, with respect to the so-called nullmove, which is
a Borromean surgery defined on a handlebody that is nullhomologous in the complement
of the knot. In this paper, we study a theory of finite type invariants for QSK—pairs,
ie nullhomologous knots in rational homology 3—spheres (Q—spheres). Our elementary
move is the null Lagrangian-preserving surgery introduced by Lescop [13], which
is the Lagrangian-preserving replacement of a rational homology handlebody that is
nullhomologous in the complement of the knot. This latter theory can be understood
as an adaptation of the Garoufalidis—Rozansky theory to the setting of the rational
homology; a great part of the results in this paper are stated in both settings.

Kricker [11] constructed a rational lift of the Kontsevich integral of ZSK—pairs. He
proved with Garoufalidis [7] that his construction provides an invariant of ZSK-—pairs.
This invariant takes values in a diagram space with a stronger structure than the target
diagram space of the Kontsevich integral, hence it is much more structured than the
Kontsevich integral, which it lifts. Garoufalidis and Kricker proved in [7] that the
Kricker invariant satisfies some splitting formulas with respect to the nullmove; see
also Garoufalidis and Rozansky [8]. These formulas imply in particular that the Kricker
invariant is a series of finite type invariants of all degrees with respect to the nullmove.

It appears that the nullmove preserves the Blanchfield module — the Alexander module
equipped with the Blanchfield form —of the ZSK-pair. Hence the study of the
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Garoufalidis—Rozansky theory of finite type invariants can be restricted to a class of
ZSK—pairs with a fixed Blanchfield module. In the case of a trivial Blanchfield module,
Garoufalidis and Rozansky gave a combinatorial description of the associated graded
space. Together with the splitting formulas of Garoufalidis and Kricker, this proves
that the Kricker invariant is a universal finite type invariant of ZSK—pairs with trivial
Blanchfield module with respect to the nullmove.

Another universal invariant in this context was constructed by Lescop in [12]. Lescop
proved in [13] that her invariant satisfies the same splitting formulas as the Kricker
invariant. Hence the Lescop invariant is also a universal finite type invariant of ZSK-—
pairs with trivial Blanchfield module with respect to the nullmove. This implies in
particular that the Lescop invariant and the Kricker invariant are equivalent for ZSK—
pairs with trivial Blanchfield module. Lescop conjectured in [13] that this equivalence
holds for knots with any Blanchfield module.

The Lescop invariant is indeed defined for QSK—pairs and Lescop’s splitting formulas
are stated with respect to general null Lagrangian-preserving surgeries. In Moussard [18]
the Kricker invariant is extended to Q SK—pairs and splitting formulas for this invariant
with respect to null Lagrangian-preserving surgeries are given. Hence a combinatorial
description of the graded space associated with finite type invariants of Q SK—pairs with
respect to null Lagrangian-preserving surgeries would allow an explicit understanding
of the universality properties of these two invariants and provide a comparison between
them, answering the above conjecture of Lescop for general Q SK—pairs.

In analogy with the integral homology setting, null Lagrangian-preserving surgeries
preserve the Blanchfield module defined over Q and we study finite type invariants of
QSK—pairs with a fixed Blanchfield module. In the case of a trivial Blanchfield module,
we give a complete description of the associated graded space. This description and
the above-mentioned splitting formulas imply that the Lescop invariant and the Kricker
invariant are both universal finite type invariants of QQSK—pairs with trivial Blanchfield
module, up to degree 1 invariants given by the cardinality of the first homology group
of the Q-sphere. In particular, the Lescop invariant and the Kricker invariant are
equivalent for QQSK—pairs with trivial Blanchfield module when the cardinality of the
first homology group of the Q—sphere is fixed.

Let (2, b) be any Blanchfield module with annihilator § € Q[¢*!]. The main goal of

this paper is to give a combinatorial description of the graded space

G, 6) = P Gu(21.b)

nez
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associated with finite type invariants of QSK-—pairs with Blanchfield module (2, b) —
precise definitions are given in the next section. The Lescop or Kricker invariant Z =
(Zn)nenN is a family of finite type invariants Z, of degree n for n even (Z,, is trivial
for n odd). For Q@ SK—pairs with Blanchfield module (2, b), Z, takes values in a space
Ay (8) of trivalent graphs with edges labeled in (1/8)Q[¢t*!]. The finiteness properties
imply that Z, induces a map on G, (2, b). In order to take into account the degree 1 in-
variants, we construct from Z an invariant Z%8 = (Z;"%),en of QSK—pairs with Z;,"¢
of degree n. The invariant Z, ¢ takes values in a space Aj ©(8) of trivalent graphs as
before, which may in addition contain isolated vertices labeled by prime integers. Again
by finiteness, Z,"® induces a map on G, (2L, b). This leads us to our main question.

Question 1 Is the map Z,"%: G, (2, b) — A, ¢(8) injective?

Injectivity of this map for any Blanchfield module (%, b) is equivalent to universality of
the invariant Z as a finite type invariant of QSK—pairs, up to degree 0 and 1 invariants.
This would imply the equivalence of the Lescop invariant and the Kricker invariant
when the Blanchfield module and the cardinality of the first homology group of the
Q-sphere are fixed.

To deal with Question 1, we first construct another diagram space Ay ¢(2, b) together
with a surjective map @n: Ay £ (A, b) = G, (A, b). Then we compose this map with
Z,'® to get amap ¥yt Ay (A, b) = Ay $(8); see Figure 1.

gn (Ql’ b)
b
An* (2L, b) Zyp'*
WX
A (8)
Figure 1: Commutative diagram

It appears that this composed map has a simple diagrammatic description. Nevertheless,
it is not easy to decide whether it is injective or not in general.

Question 2 Is the map V,: Ay ©(2A, b) — Ay $(8) injective?
If Question 2 has a positive answer, then Question 1 also has, and G, (2, b) is completely

described combinatorially by ¢,: Ay"(2, b) =56, (2(,06).
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Question 2 has a positive answer at least in the following cases, where the last two
cases are treated by Audoux and Moussard in [3]:

¢ For a trivial Blanchfield module and any value of 7.

¢ For a Blanchfield module which is a direct sum of N isomorphic Blanchfield
modules and n < %N .

¢ For a Blanchfield module of Q—dimension 2 and n = 2.

¢ For a Blanchfield module which is a direct sum of two isomorphic Blanchfield
modules of Q—dimension 2 and of order different from ¢ +1+¢~!, and n = 2.

In the third case, the map v, is not surjective, whereas in the other cases, it is
an isomorphism. In particular, Z,"® is not surjective in general. Moreover, for a
Blanchfield module which is a direct sum of two isomorphic Blanchfield modules of
Q-dimension 2 and of order # +1+4¢~!, and n = 2, Question 2 has a negative answer
(see [3]), but Question 1 is open, as well as the injectivity status of ¢.

The fact that Question 1 remains open while Question 2 does not have a positive answer
in general leads us to the following alternatives:

e cither Question 1 has a positive answer in general, in which case G, (2, b) is
isomorphic to ¥, (A (2, b)),

e or we miss some invariant to add to the augmented Lescop/Kricker invariant and
the Blanchfield module to get a universal finite type invariant of QQ SK—pairs.

We also treat the Garoufalidis—Rozansky theory of finite type invariants of ZSK-pairs
in the case of a nontrivial Blanchfield module.

Notation Let K be either Z or Q. A K—sphere (resp. K-ball, K—torus, genus g
K —handlebody) is a compact connected oriented 3—manifold with the same homology
with coefficients in K as the standard 3—sphere (resp. 3-ball, solid torus, genus g
standard handlebody). A K SK—pair (M, K) is a pair made of a K—sphere M and a
knot K in M whose homology class in Hy(M; Z) is trivial.

Plan of the paper In Section 2, we introduce the necessary notions and state the
main results of the paper. Section 3 is devoted to clasper calculus in the equivariant
setting. We apply this calculus in Section 4 to our diagrams. This provides a surjective
map from a graded diagram space to the graded space associated with ZSK—pairs
with respect to integral null Lagrangian-preserving surgeries. To get a similar map
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in the case of QSK—pairs, we need further arguments developed in Section 5. In
Section 6, we show the universality property of the invariant Z#'¢ which combines the
Lescop/Kricker invariant and the cardinality of the first homology group. In Section 7,
we answer Question 2 for a Blanchfield module which is a direct sum of N isomorphic
Blanchfield modules in degree at most %N .

Acknowledgements [ began this work during my PhD thesis at the Institut Fourier of
the University of Grenoble. I warmly thank my advisor, Christine Lescop, for her help
and advice during my PhD and since then. I am currently supported by a Postdoctoral
Fellowship of the Japan Society for the Promotion of Science. I am grateful to Tomotada
Ohtsuki and the Research Institute for Mathematical Sciences for their support. While
working on the contents of this article, I have also been supported by the Italian FIRB
project Geometry and topology of low-dimensional manifolds, RBFR10GHHH.

2 Statement of the results

2.1 Filtration defined by null LP-surgeries

We first recall the definition of the Alexander module and the Blanchfield form. Let
(M, K) be a QSK—pair. Let 7 (K) be a tubular neighborhood of K. The exterior of K
is X = M \Int(T'(K)). Consider the projection 7: 71 (X) — Hy(X;Z)/torsion = Z
and the covering map p: X — X associated with its kernel. The covering X is the
infinite cyclic covering of X . The automorphism group of the covering, Aut(f ), is
isomorphic to Z. It acts on H; (f ; Q). Denoting the action of a generator 7 of Aut(f )
as the multiplication by 7, we get a structure of Q[¢*!]-module on (M, K) =
H,(X:Q). This Q[t*!]-module is called the Alexander module of (M, K). It is a
torsion Q[¢*!]-module.

On the Alexander module, the Blanchfield form, or equivariant linking pairing,

b: AxA — w

Q[r*1]
is defined as follows. First define the equivariant linking number of two knots. Let
Ji and J, be two knots in X such that p(J1) N p(Jy) = 2. Let § € Q(¢) be the
annihilator of 2(. There is a rational 2—chain S such that 0.5 = §(t)J; . The equivariant

linking number of Jy and J, is

tke(/1.12) = a5 2 (S T ()ek,
keZ
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where (-,-) stands for the algebraic intersection number. It is well-defined and

1 —
5T Ke(2. )0 = Ke(J1. )T,
lke(P(0)J1, Q(1)J2)(1) = P() Q™) ke (J1. J2)(0).

Now, if y (resp. 1) is the homology class of J; (resp. J») in 2, define b(y, n) by

lke(.jl, J2) (S

b(y,n) =1ke(Jy,J2) mod Q[rE!].

The Blanchfield form is hermitian:

by, (@) =b(n.y)¢™") and b(P@)y, Q(t)n)(t) = P)Q(t™") by, n)(t)

for all y,n €2 and all P, Q € Q[t*!]. Moreover, it is nondegenerate (see Blanchfield
in [4]): b(y,n) = 0 for all n € A implies y = 0.

The Alexander module of a QSK—pair (M, K) endowed with its Blanchfield form
is its Blanchfield module denoted by (2, b)(M, K). In the sequel, by a Blanchfield
module (2, b), we mean a pair (2(, b) which can be realized as the Blanchfield module
of a QSK—pair. An isomorphism between Blanchfield modules is an isomorphism
between the underlying Alexander modules which preserves the Blanchfield form.

We now define LP—surgeries. Note that the boundary of a genus g Q-handlebody
is homeomorphic to the standard genus g surface. The Lagrangian L4 of a Q-
handlebody A is the kernel of the map ix: H;(0A4; Q) — H;(A4;Q) induced by the
inclusion. Two Q-handlebodies A and B have LP—-identified boundaries if (A4, B)
is equipped with a homeomorphism /4: d4 — 0B such that h.(L4) = Lp. The
Lagrangian of a Q—handlebody A is indeed a Lagrangian subspace of H;(d4;Q)
with respect to the intersection form.

Let M be a Q—sphere, let A C M be a Q-handlebody and let B be a Q—handlebody
whose boundary is LP—identified with dA4. Set M (B/A) = (M \Int(A)) Uy4—, 9B B.
We say that the Q—sphere M (B/A) is obtained from M by Lagrangian-preserving
surgery, or LP—surgery.

Given a QSK—pair (M, K), a Q-handlebody null in M \ K is a Q—handlebody
A C M \ K such that the map ix: H{(4;Q) - H{(M \ K;Q) induced by the
inclusion has a trivial image. A null LP—surgery on (M, K) is an LP-surgery (B/A)
such that 4 is null in M \ K. The QSK-pair obtained by surgery is denoted by
(M, K)(B/A).
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Let Fy be the rational vector space generated by all QSK—pairs up to orientation-
preserving homeomorphism. Let 7, be the subspace of Fy generated by the

()] =, 2 o0l
1 /1=<i=n 1/ie

I1c{1,...,n}

for all QSK—pairs (M, K) and all families of Q-handlebodies (A4;, B;)1<j<n, Where
the A; are null in M \ K and disjoint, and each 0B; is LP—identified with the cor-
responding dA;. Here and in all the article, |-| stands for the cardinality. Since
Fn+1 C Fu, this defines a filtration.

Definition 2.1 A Q-linear map A: Fy — Q is a finite type invariant of degree at
most n of QSK—pairs with respect to null LP—surgeries if A(Fy+1) =0.

Theorem 2.2 [17, Theorem 1.14] A null LP-surgery induces a canonical isomor-
phism between the Blanchfield modules of the involved QSK —pairs. Conversely, for
any isomorphism ¢ from the Blanchfield module of a QSK—pair (M, K) to the Blanch-
field module of a QSK—pair (M', K'), there is a finite sequence of null LP-surgeries
from (M, K) to (M’, K') which induces the composition of { by the multiplication
by a power of t.

This result provides a splitting of the filtration (F,),eN , as follows. For an isomorphism
class (2, b) of Blanchfield modules, let P (2, b) be the set of all QSK—pairs, up to
orientation-preserving homeomorphism, whose Blanchfield modules are isomorphic
to (2, b). Let Fo(2A, b) be the subspace of F( generated by the QSK—pairs (M, K) €
PELb). Let (F, (2, b))pen be the filtration defined on Fo (2, b) by null LP—surgeries.
Then, for n € N, F, is the direct sum over all isomorphism classes (2, b) of Blanchfield
modules of the F, (2, b). Set

Gn(2A, b) = Fp(A. b)/Fry1(A.6) and G2, b) = @D Gu(2A. b).
neN
We wish to describe the graded space G(2L, b). By Theorem 2.2, Go(2(,b) = Q. In
Section 5, as a consequence of Theorem 2.7, we prove:

Theorem 2.3 Let (2, b) be a Blanchfield module. Let (M, K) € P(2,b). For any
prime integer p, let B, be a Q—ball such that H\(B)y;Z) = Z/ pZ. Then

G120 = Q[(M, K);%],

D prime

where B* is any standard 3—ball in M \ K .
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2.2 Borromean surgeries

2 (I)

Figure 2: The standard Y-graph

Let us define a specific type of LP—surgery.

The standard Y-graph is the graph Ty C R? represented in Figure 2. The looped
edges of 'y are the leaves. The vertex incident to three different edges is the internal
vertex. To Ty is associated a regular neighborhood X (I'g) of 'y in the plane. The
surface X (I"g) is oriented with the usual convention. This induces an orientation of
the leaves and an orientation of the internal vertex, ie a cyclic order of the three edges.
Consider a 3—manifold M and an embedding /: X (I'g) — M . The image I" of Ty is
a Y-graph, endowed with its associated surface ¥ (I') = h(2(Ty)). The Y-graph T is
equipped with the framing induced by X(I"). A Y-link in a 3—manifold is a collection

S

5

Figure 3: Y-graph and associated surgery link

of disjoint Y—graphs.

Let I' be a Y-graph in a 3—manifold M. Let X(I") be its associated surface. In
3 x [—1, 1], associate with " the six-component link L represented in Figure 3. The
Borromean surgery on I' is the surgery along the framed link L. The surgered manifold
is denoted by M (I"). As proved by Matveev in [14], a Borromean surgery can be
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realized by cutting a genus 3 handlebody (a regular neighborhood of the Y-graph) and
regluing it in another way, which preserves the Lagrangian. If (M, K) is a QSK—pair
and if I is an n—component Y-link, null in M \ K, then [(M, K); '] € Fy denotes
the bracket defined by the n disjoint null LP—surgeries on the components of IT".

For n > 0, let g,l,’ (2, b) be the subspace of G, (2, b) generated by the classes of the
brackets defined by null Borromean surgeries. The following result is a consequence
of Proposition 2.6 and Lemma 2.5.

Proposition 2.4 For any Blanchfield module (2, b) and any n > 0, gé’n 41, b)=0.

2.3 Spaces of diagrams

Fix a Blanchfield module (2, b). Let 6 € Q(¢) be the annihilator of 2. An (2, b)—
colored diagram D is a unitrivalent graph without strut ( I ), with the following data:

e Trivalent vertices are oriented, where an orientation of a trivalent vertex is a
cyclic order of the three half-edges that meet at this vertex.

e Edges are oriented and colored by Q[¢*!].
e Univalent vertices are colored by 2.

e For all v # v in the set V of univalent vertices of D, a rational fraction
fvg,(t) € (1/8(1))Q[Zi1] is fixed such that fvlg/(t) mod Q[lil] = b(y.y"),

where y (resp. y’) is the coloring of v (resp. v"), with fvl,)v ()= f2,t 1.

v’

In the pictures, the orientation of trivalent vertices is given by \(\V . When it does not
seem to cause confusion, we write fy, for j’£,. The degree of a colored diagram is
the number of trivalent vertices of its underlying graph. The unique degree 0 diagram
is the empty diagram. For n > 0, set

Q((2A, b)—colored diagrams of degree n)
Q(AS, IHX, LE, OR, Hol, LV, EV, LD) ’

An(21,b) =

where the relations AS (antisymmetry), IHX, LE (linearity for edges), OR (orientation
reversal), Hol (holonomy), LV (linearity for vertices), EV (edge-vertex) and LD (linking
difference) are as described in Figure 4.

The automorphism group Aut(2(, b) of the Blanchfield module ([, b) acts on An (A, b)
by acting on the colorings of all the univalent vertices of a diagram simultaneously.
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™~ N
Yo AR
1 1
AS IHX
R tR
Hol

LE OR
N 24 872 Yy $XV1I Y2 " 2 , 120y
D, D, D Q
D D’
.D .D . N/
xfo MO+ yf 7O = fB@) Vv #£v I =00 2@ vv'#v
LV EV

P
V1 V2 V1 V2
U1 1% U1 1%
D D’ D"
= St P

v1v2
LD

Figure 4: Relations, where x, y € Q, P,Q,R € Q[til] and y,y1,y2 € 2.

Denote by Aut the relation which identifies two diagrams obtained from one another
by the action of an element of Aut(%2l, b). Set

An(A,b) = A, (A, b)/(Aut) and AR b) = ) A, (2. b).
neN

Since the opposite of the identity is an automorphism of (2, b), we have:
Lemma 2.5 Forall n >0, Ay,4+1(2,b) =0.
In Section 4, we prove (see Proposition 4.5):

Proposition 2.6 Fix a Blanchfield module (2(, b). For all n > 0, there is a canonical
surjective Q—linear map

n: Ay (A, b) > g,l;(gl, b).
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To get a similar surjective map onto G, (2, b), we need more general diagrams. An
(A, b)—augmented diagram is the union of an (2, b)—colored diagram (its Jacobi part)
and of finitely many isolated vertices colored by prime integers. The degree of an
(A, b)—augmented diagram is the number of its vertices of valence 0 or 3. Set

Q((, b)—augmented diagrams of degree n) " >0
or n>0,
Q(AS, IHX, LE, OR, Hol, LV, EV, LD, Aut) -

AR, b) = D AV b).
neN

An (2, ) =

In Section 5, we prove:

Theorem 2.7 Fix a Blanchfield module (2, b). For all n > 0, there is a canonical
surjective Q —linear map

Pn: Ay (A, 6) = Gn(2A, b).

We will see in the next subsection that this map is an isomorphism when the Blanchfield
module (2, b) is trivial.

2.4 The Lescop invariant and the Kricker invariant

In order to introduce the Kricker invariant of [7] and the Lescop invariant of [12], we
first define the graded space .A(§) where they take values and we relate it to the graded
space A2, b).

Let § € Q[t*']. A §—colored diagram is a trivalent graph whose vertices are oriented
and whose edges are oriented and colored by (1/8(¢))Q[t']. The degree of a §—
colored diagram is the number of its vertices. Set

Q{(8—colored diagrams of degree n)

An(8) = ,
n(6) Q(AS, IHX, LE, OR, Hol, Hol’)

where the relations AS, IHX, LE, OR, Hol are represented in Figure 4 and the relation
Hol’ is represented in Figure 5. Here the relations LE, OR and Hol hold with edges
labeled in (1/8(¢))Q[t']. Note that in the case of A, (2, b), the relation Hol’ is
induced by the relations Hol, EV and LD. Since any trivalent graph has an even number
of vertices, we have Ay,41(8) =0 for all n> 0.

To an (2, b)—colored diagram D of degree n, we associate a §—colored diagram 1;,, (D).
Let V be the set of univalent vertices of D. A pairing of V is an involution of V
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f tf

g g
Figure 5: Relation Hol’, with £, g € (1/6(1))Q[t*!].
with no fixed point. Let p be the set of pairings of V. Fix p € p. Define a §—colored

diagram p(D) in the following way. If v € V and v’ = p(v), replace in D the vertices
v and v’, and their adjacent edges, by a colored edge, as indicated in Figure 6. Now set

Yn(D) =Y p(D).

pep

Note that lzn (D) = 0 when the number of univalent vertices is odd. We obtain a Q-
linear map V¥, from the rational vector space freely generated by the (2, b)—colored
diagrams of degree n to A, (8). One easily checks that v, induces a map

Yn: Ay (A, b) — A, (8).

The disjoint union of diagrams defines on A(§) = @@, cn An(8) a multiplicative
operation, which endows it with a graded algebra structure. Denote by exp,, the
exponential map with respect to this multiplication.

Y POQE NP

Figure 6: Pairing of vertices

The following result asserts the existence and the properties of an invariant Z, which
may be either the Lescop invariant or the Kricker invariant. Although it is not known
whether they are equal or not, they both satisfy the properties of the theorem. In the
sequel, we will refer to “the invariant Z”.

Theorem 2.8 [12; 13; 11;7; 18] There is an invariant Z = (Z,),eNn of QSK-—pairs
with the following properties:

Geometry € Topology, Volume 23 (2019)



2018 Delphine Moussard

o If (M, K) is a QSK—pair with Blanchfield module (2, b), then Z,(M, K) €
Ay (8), where § is the annihilator of 2.

e Fix a Blanchfield module (2(,b). Let § be the annihilator of 2. The Q-
linear extension of Z,: P(U, b) — A, (8) to Fo(2, b) vanishes on F,41(2, b)
and Z, o ¢y = Y,, where @n: Ay, b) —> g,l,’(Q[, b) is the surjection of
Proposition 2.6.

e Let pS: Ay(8) = An(8) be the map which sends a connected diagram to itself
and nonconnected diagrams to 0. Set Z5 = p°oZ, and Z¢ =) _,_, Zf,. Then
Z¢ is additive under connected sum and Z = exp (Z°€).

We will detail the second statement of this theorem in Section 4. Note that, in particular,
if the map ¥, is injective, then the map ¢, is an isomorphism.

In order to take into account the whole quotient G, (2, b), we extend the invariant Z .
Define a §—augmented diagram as the disjoint union of a §—colored diagram with
finitely many isolated vertices colored by prime integers. The degree of such a diagram
is the number of its vertices. Set

(6—augmented diagrams of degree n)

A sy = 2 :
Q(AS, IHX, LE, OR, Hol, Hol')

aug aug

The map v, naturally extends to a map ¥,: A, °(2A, b) — A, °(8) preserving the
isolated vertices. We now define an invariant Z®¢ = (Z,"%),en of QSK—pairs such
that the Q-linear extension of Z;"¢ to Fo(2, b) takes values in Ay £(8), from which
the invariant Z is recovered by forgetting the isolated vertices. For a prime integer p,
define an invariant p, by pp (M, K) = —v,(|H1(M;Z)|).*p, Where v, is the p—adic
valuation. Once again, the disjoint union makes A™¢(8) = P, cn A () a graded

algebra. Set
z% =27 I_Iexpl_l( Z ,op).

. D prime
In Section 6, we prove:

Theorem 2.9 Fix a Blanchfield module (21, b), and let § be the annihilator of .
Consider the surjection ¢n: Ay 2(2A,b) — G,(A,b) of Theorem 2.7 and the map
Yt A8(A, b) — A3"%(8). Then the Q—linear extension of Z"¢: P(A, b) — Ay"%(8)

to Fo(2A, b) vanishes on Fy11 (2, b) and Z," 0 oy = ¥y,

Let Ao be the trivial Blanchfield module. The relations LV and LD allow us to express
the elements of A5 ®(2) without diagrams with univalent vertices. It follows that this
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diagram space has a simpler presentation as

Q(augmented diagrams of degree n)

aug Ap) = ,
A (o) Q(AS, IHX, LE, OR, Hol, Hol")

where an augmented diagram is the disjoint union of a trivalent part— a trivalent graph
whose vertices are oriented and whose edges are oriented and colored by Q[r*!] —
and a finite number of isolated vertices colored by prime integers. The degree of an
augmented diagram is the number of its vertices. The space A, (2ly) admits a similar
description without isolated vertices; the corresponding graded space A(2ly) coincides
with the space denoted by A(Q[¢*']) in [8]. Obviously, ¥,: Ay (o) — A7e(1) is
an isomorphism. Hence Theorems 2.7 and 2.9 imply the next results.

Theorem 2.10 We have a graded space isomorphism G(2ly) =~ A*¢(2y).

Theorem 2.11 Let Zjos = (Zy,Les)neN and Zxyi = (Zn kii)neN denote the Lescop
equivariant invariant and the Kricker invariant, respectively. Let (M, K) and (N, J)
be QSK —pairs with trivial Blanchfield module, such that H{(M ;Z) and H{(N;Z)
have the same cardinality. Then, forany n € N, Zy 1.s(M, K) = Zj 1 <(N, J) for all
k <n ifandonly if Zy x(M,K) = Zy x(N,J) forall k <n.

Proof Let Z = (Z,),en be the Lescop or Kricker invariant. Since H{(M;Z)
and H{(N;Z) have the same cardinality, the assertion “Zy (M, K) = Z; (N, J)
for all £k < n” is equivalent to “Zzug(M, K) = Z,iug(N, J) for all kK <n”. Since
the Zzug: Gr (o) — Aiug(i’lo) are isomorphisms, this last assertion is equivalent to
“(M,K)—(N,J) € Fpp1(Ao)”. m

In general, note that “the map ¥y: Ay, © (2, b) — Ay'$(8) is injective” is equivalent to
“the map ¥y: Ax (2, b) = A (8) is injective for all k& <n”. Hence we focus on the
study of injectivity of the map ¥,: A, (2, b) — A,(5).

2.5 About the map ¢,: A, (A, b) — A,(8) and perspectives

We now state a result about the injectivity of the map v, A, (2, b) — A, (§) for
n even.

In Section 7, we prove:

Geometry € Topology, Volume 23 (2019)



2020 Delphine Moussard

Theorem 2.12 Let n be an even positive integer and N > %n Fix a Blanchfield
module (21, b). Let § be the annihilator of 2A. Define the Blanchfield module (2, b)
as the direct sum of N copies of (2, b). Then the map V¥,: An(2, b) — A,(8) is an
isomorphism.

This result provides a rewriting of the map ¥, in the general case. We have a natural
map tn: Ap (A, b) = A,(A, b) defined on a diagram by interpreting the labels of its
univalent vertices as elements of the first copy of (2, b) in (2, b). The following
diagram commutes:

A (2, 5)

An(8)

We mention here results from [3] about the map ¥,: A, (A, b) — Ay (§) for small
Alexander modules.

Proposition 2.13 [3] If dimg () = 2, then Vr, is injective but not surjective.

Proposition 2.14 [3] If 2 is the direct sum of two isomorphic Blanchfield modules
of Q—dimension 2 with annihilator §, then v, is injective if and only if § #t+1+4171.
In this case, it is an isomorphism.

Perspectives As mentioned in the introduction, our main goal in this paper is to study
Question 1 in order to determine if the Lescop/Kricker invariant Z is a universal finite
type invariant of QQSK—pairs up to degree 0 and 1 invariants. Theorem 2.12 provides
the following rewriting of this question.

We have a map A, (2, b)®%) — A, (2, b)®**1) defined by viewing the labels of the
univalent vertices in the direct sum of the first k& copies of (2, b) in (2, b)®*+1. We
also have a map Cy: Q,l,’ (2, 6)%k) — g};((m, b)®%+1) induced by the connected sum
with a fixed QSK-pair (M, K) € P(2, b). Using Theorem 2.2, one can check that the
map C, is independent of the fixed pair (M, K). These maps provide the following
commutative diagram for any integer N such that N > %n, where the vertical arrows
are the maps ¢, and Z,:
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An@,0) — - = A (L B)®F) — - A((, 6)®N)

l l | =

G — - —  GEELB®) — = Gh(,)®V)

\ l

An(8)

12

It follows that the map Zj: g,’,’ (A, b)®%) — A,,(8) is injective for all k if and only if
Cn: GB((A, 0)®F) — G (A, b)®*+1) is injective for all k. This assertion is true for
all (2, b) and all n if the space of finite type invariants of Q SK—pairs is generated as
an algebra by degree 0 invariants and invariants that are additive under connected sum.

2.6 The case of knots in Z—spheres

A great part of the results stated up to this point have an equivalent in the case of
ZSK—pairs. In this subsection, we adapt the definitions and state the results in this
case.

Given a ZSK—pair (M, K) and the infinite cyclic covering X of the exterior of
K in M, define the integral Alexander module of (M, K) as the Z[t*!]-module
A7 (M, K) = H; (f ; ) and the Blanchfield form bz on this module. The integral
Alexander module of a ZSK—pair (M, K) endowed with its Blanchfield form is its
integral Blanchfield module denoted by (7, bz)(M, K). In the sequel, by an integral
Blanchfield module, we mean a pair (7, bz) which can be realized as the integral
Blanchfield module of a ZSK—pair.

Replacing Q by Z in the definitions of Section 2.1, define integral Lagrangians,
integral LP—surgeries and integral null LP—surgeries. Note that a Borromean surgery
is an integral LP—surgery.

For diagram spaces, we have to adapt the relation Aut. Given (217, bz), set (2, b) =
Q ® ]z, bz). Define the relation Aut Z on (2l, b)—colored diagrams as the relation
Aut restricted to the action of the automorphisms in Aut(2(, b) that are induced by
automorphisms of the Z[t*!]-module (27, bz). Set

AZ(QUz.bz) = A, b)/(Aut Z) and A% (Az.bz) = P ALz, bz).
neN

Since the opposite of the identity is an automorphism of (2(z, bz), we have:
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Lemma 2.15 Forall n >0, A%nH(le, bz) =0.

The filtration (F,),en of Section 2.1 generalizes the following filtration introduced
by Garoufalidis and Rozansky in [8]. Let ]-'0Z be the rational vector space generated
by all ZSK—pairs, up to orientation-preserving homeomorphism. Define a filtration
(]—"nZ JneN of ]—"OZ by means of null Borromean surgeries.

Remark Habegger [9, Theorem 2.5] and Auclair and Lescop [2, Lemma 4.11] proved
that two Z -handlebodies whose boundaries are LP-identified can be obtained from one
another by a finite sequence of Borromean surgeries. Therefore, the filtration defined
on }'OZ by integral null LP—surgeries is equal to the filtration (]:Z:)neN-

Theorem 2.16 [17, Theorem 1.15] An integral null LP-surgery induces a canonical
isomorphism between the integral Blanchfield modules of the involved ZSK —pairs.
Conversely, for any isomorphism ¢ from the integral Blanchfield module of a Z.SK —pair
(M, K) to the integral Blanchfield module of a ZSK—pair (M’, K'), there is a finite
sequence of integral null LP-surgeries from (M, K) to (M’, K') which induces the
composition of ¢ with multiplication by a power of t.

This result provides a splitting of the filtration (]—"nZ)neN as the direct sum of fil-
trations (F,,Z(QKZ, b7))nen of subspaces ]-"OZ(QlZ, bz) of FZ, where (Uz,bz) runs
along all isomorphism classes of integral Blanchfield modules. Set g,,Z Rz, bz) =
FE®Qz.bz)/FE | (Az.bz) and GZ(Az.bz) = P,cn 6% (Az. bz). Theorem 2.16
implies gOZ (Az,bz) = Q. In [8], Garoufalidis and Rozansky identified the graded
space GZ(2y), where 2 is the trivial Blanchfield module, with the graded space
AZ (). Theorem 2.10 generalizes this result.

Proposition 4.6 implies:

Theorem 2.17 Fix an integral Blanchfield module (27, bz). For all n > 0, there is a
canonical surjective Q—linear map

oL: AZ(Uz,b7) - GE(Az, byz).

Corollary 2.18 Fix an integral Blanchfield module (27, bz) and an integer n > 0.
Then gzzn+1(21Z, bz)=0.

As in Section 2.4, we have a map lﬂnZ: .A% Rz, bz)— A,(8), where § is the annihilator
of A =Q®%Uz. Theorem 2.8 implies that the degree n part of the invariant Z provides
a Q-linear map Zj: ]-"OZ(QIZ, bz) — A, () such that Z, o<an = wnZ.
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Set b = idg ® bz. We have a natural projection AZ(2lz,bz) — A,(2A, b). The map
wnZ is the composition of the map v, with this projection. Hence we could adapt
Theorem 2.12 and get a surjective map w_nZ, but we would not get injectivity, which is
what we are mostly interested in.

3 Equivariant clasper calculus

For a QSK—pair (M, K), let .7-"([)’ (M, K) be the rational vector space generated by
all the QSK—pairs that can be obtained from (M, K) by a finite sequence of null
Borromean surgeries, up to orientation-preserving homeomorphism. For n > 0, let
f,l,’(M, K) be the subspace of ]-'(I)’(M, K) generated by the [(M, K); T'] for all m—
component null Y-links with m > n.

Lemma 3.1 [6, Lemma 2.2] Let I' be a Y-graph in a 3—manifold V' which has
a O—framed leaf that bounds a disk in V whose interior does not meet I". Then
V) x=V.

Lemma 3.2 [6, Theorem 3.1; 1, Lemma 5.1.1] Let I'y, I'y and I'; be the Y-graphs
drawn in a genus 4 handlebody in Figure 7. Assume this handlebody is embedded in a
3—manifold V. Then V(I¢) = V(I'; UT).

o o] |00

Figure 7: Topological equivalence for edge sliding

Lemma 3.3 Let I' be an n—component Y-link which is null in M \ K. Let J be
a framed knot which is rationally nullhomologous in M \ K and disjoint from T".
Let TV be obtained from T" by sliding an edge of T' along J (see Figure 8). Then
[(M,K);T]=[(M, K);T"] mod F2__ (M. K).

Proof Let F(’) be the component of I that contains the slid edge and let Iy be
the corresponding component of I'. By Lemma 3.2, the surgery on F(’) is equivalent
to the simultaneous surgeries on Iy and on a null Y—graph f‘o which has a leaf
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Figure 8: Sliding an edge

which is a meridian of a leaf of T'y. It follows that [(M, K); T —[(M, K);T'] =
[(M,K):TUT,] e 72, (M. K). O

In particular, the above lemma shows that the class of [(M, K); I'] mod ]—",11’ 1 (M, K)
is invariant under full twists of the edges.

Lemma 3.4 [6, Theorem 3.1] Let I'g, I'y, I'; be the Y-graphs drawn in a genus 4
handlebody in Figure 9. Assume this handlebody is embedded in a 3—manifold V .
Then V(Ig) = V(I UT,).

© OO

Figure 9: Topological equivalence for leaf cutting

Lemma 3.5 Let I be an n—component Y-link null in M \ K. Let £ be a leaf of T".
Let y be a framed arc starting at the vertex incident to £ and ending in another point
of £, embedded in M \ K as the core of a band glued to the associated surface of T’
as shown in Figure 10. The arc y splits the leaf { into two leaves £’ and {”. Denote
by TV (resp. T'"") the Y-link obtained from " by replacing the leaf £ by {’ (resp. {").
If ¢' and €" are rationally nullhomologous in M \ K, then T'" and T are null Y-links
and [(M, K);T] = [(M, K); ']+ [(M, K); T"] mod F?, (M. K).

Proof Let Ty (resp. Iy, ') be the component of T" (resp. I', T'") that contains the

leaf € (resp. €', £). By Lemma 3.4, the surgery on [y is equivalent to simultaneous
surgeries on '] and on a null Y-graph f’(/) obtained from T by sliding an edge
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Figure 10: Cutting a leaf

along €. Set T = (I'\To)UT}. We have [(M, K); T/]+[(M, K); T"]-[(M, K); T| =
[(M,K);(T'\Ty) U f‘(’) urgle ]-"rll’_H (M, K). Conclude with Lemma 3.3. O

The next lemma is a consequence of [6, Lemma 4.8].

Lemma 3.6 Let I be an n—component Y-link null in M \ K. If a leaf £ of T
bounds a disk in (M \K) \ (I'\{) and has framing 1 (ie the linking number of £ with
its parallel induced by the framing of I" is 1) then [(M, K); '] =0 mod ]:3+1 (M, K).

The above two lemmas imply that the class of [(M, K); '] mod F, b +1(M, K) does not
depend on the framing of the leaves of T".

Lemma 3.7 Let I' be an n—component Y-link null in M \ K. Let £ be a leaf of T".
Assume I' \ £ is fixed. Then [(M, K); '] mod ]—'b+1(M K) only depends on the
homotopy class of £ in (M \ K)\ (I"'\ £).

Proof If the leaf ¢ is modified by an isotopy in (M \K) \ (I'\€), then the homeo-
morphism class of (M, K)(I') is preserved. If the leaf £ crosses itself during a
homotopy, apply Lemma 3.5, as shown in Figure 11, and conclude that [(M, K); T']
mod ]-' 1 (M, K) is unchanged by applying Lemma 3.1. m|

Lemma 3.8 Let I' be an n—component Y-link null in M \ K. Let { be a leaf of T".
Let T/ be an n—component null Y-link such that I\ ¢’ coincides with T\ €, where
¢ isaleafof T'. Let T \E be the pre1mage of T'\ £ in the infinite cyclic covering X
associated with (M, K). Let ¢ and U be lifts of £ and ', respectively, with the
same basepoint. If £ and {’ are homotopic in M \ K and ¢ and U are rationally
homologous in X \ (fTZ), then [(M, K);T|=[(M, K);T"'] mod F +1(M K).

Proof Consider a homotopy from £ to £’ in M \ K. Thanks to Lemma 3.7, it suffices
to treat the case when the leaf crosses some edges or leaves of "\ £ during the homotopy.
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\\~/\~ /\

7/ \ //
// /

T g

Figure 11: Selfcrossing of a leaf

As shown in Figure 12, Lemma 3.5 implies that the bracket [(M, K); '] has the bracket
[(M, K); f‘] added to it, where T is the null Y-link obtained from T by adding the
cutting arc to the edge adjacent to £, and by replacing £ by a meridian of the crossed
edge or leaf. In the case of a meridian of an edge, Lemmas 3.1 and 3.3 show that the
added bracket vanishes.

Fix a leaf £y of "'\ £. Let [(M, K); f,-], for i € I, be the brackets added during
the homotopy when the leaf £ crosses the leaf 4. In each I, pull the basepoint of
the leaf replacing the leaf £ onto the initial basepoint of £. Let £; be the obtained
leaf. Let Z be the lift of £; which has the same basepoint as {. Let Y be the
Complement in X of the prelmage of EO In H{(Y;Q), we have (= Zze] G+
Since £ and ¢’ are homologous in X \ (T \K) this implies that Zle[ 1k, (Z, , KO) =0,
where Zo is a lift of £y. By construction of the E,, each 1k, (K,,Eo) is equal to +rk
for some k € Z. Thanks to Lemmas 3.1, 3.3 and 3.5, it follows that the F, can
be grouped by pairs with opposite corresponding brackets. Hence [(M, K);T'] =
[(M.K):T'| mod 72 (M. K). O

Lemma 3.9 Let I be an n—component Y-link null in M \ K. Let £ be a leaf of T'.
Let T'\ £ be the preimage of T\ £ in the infinite cyclic covering X associated with

Figure 12: Crossing of an edge or a leaf
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(M, K). Let € be alift of €. If T is trivial in Hy (X \ ("' \ £); Q), then [(M, K); ] =
0 mod F2, (M. K).

Proof Since ¢ has a multiple which is trivial in H; (X~ ;Z), Lemma 3.5 allows us
to assume £ itself is trivial in H, (f ;7). Hence {isa product of commutators of
loops in X . It follows that £ is homotopic to [[;c/le, Bi] in M \ K, where I is
a finite set and the «; and B; satisfy lk(o;, K) = 0 and 1k(8;, K) = 0. Construct a
surface ¥ in (M \ K)\ I whose handles are bands around the «; and §;, so that 0%
is homotopic to £ in M \ K. Let I'" be the Y-link obtained from I" by replacing
£ by 0X. Note that the lifts of X are nullhomologous in X \ (ITTE). Hence, by
Lemma 3.8, [(M, K):T'] =[(M, K): T mod 72, (M. K).

Let us prove that [(M, K); '] = 0 mod ]-'SH (M, K). Apply Lemma 3.5 to cut the

leaf 9 into leaves o;, Bi, o !, B; 1. Apply it again to reglue each leaf o; with

i
the corresponding leaf o; ! and each leaf B; with the corresponding leaf B 1. The
obtained Y-links all have a leaf which is homotopically trivial in the complement
of K and of the complement of the leaf in the Y-link. Then the result follows from

Lemma 3.7. O

Lemma 3.10 Let I' be an n—component Y-link null in M \ K. Let £ be a leaf
of T'. Let '\ £ be the preimage of T" \ £ in the infinite cyclic covering X associ-
ated with (M, K). Let £ be a lift of £. Fix T’ \E Then the class of [(M, K); ']
mod]—" +1(M, K) only depends on the class of ¢ in Hy (X \ (F\E) Q), and this
dependence is Q—linear.

Proof Let I’ be a null Y-link which has a leaf £’ such that I'"\ £’ coincides with T"\ £,
and ¢ is homologous tofin X \ (F \ £), where ¢’ is the lift of ¢’ which has the
same basepoint as {. Construct another null Y-link T8 by replacing the leaf £ by
¢—¢' in T'; see Figure 13. By Lemma 3.9, [(M, K); T%] = 0 mod .7-',1:+1(M, K). Thus
Lemma 3.5 implies [(M, K); T]=[(M, K);T’] mod ]_-'lle (M, K). Linearity follows
from Lemma 3.5. O

4 Colored diagrams and Y-links

In this section, we apply clasper calculus to obtain the maps from diagram spaces to
graded quotients of Proposition 2.6 and Theorem 2.17.

Fix a Blanchfield module (2(, b). An (2, b)—colored diagram is an elementary ((2(, b)—
colored) diagram if its edges that connect two trivalent vertices are colored by powers
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Figure 13: The leaf £ — ¢’

of ¢ and its edges adjacent to univalent vertices are colored by 1. Below, we associate
a null Y-link with some elementary diagrams that generate A, (2, b). Let (M, K) €
PRI, b). Let & (A, b) — (A, b)(M, K) be an isomorphism. Let m(K) be a meridian
of K.

Let D be an elementary diagram. An embedding of D in M \ K is admissible if the
following conditions are satisfied:

e The vertices of D are embedded in some ball B C M \ K.

e Consider an edge colored by ¢%. The homology class in H; (M \K:Z) of the
closed curve obtained by connecting the extremities of this edge by a path in B
is km(K).

Such an embedding always exists. It suffices to embed the diagram in B, and to let
each edge colored by 1k turn k times around K. To an admissible embedding of an
elementary diagram, we wish to associate a null Y-link.

Let ' be a Y-graph, null in M \ K. Let p be the internal vertex of I". Let £ be a
leaf of I". The curve £ drawn in Figure 14 is the extension of £ in T.

¢ n

p p
Figure 14: Extension of a leaf in a Y-graph
Let D be an elementary diagram, equipped with an admissible embedding in M \ K.
Equip D with the framing induced by an immersion in the plane which induces the

fixed orientation of the trivalent vertices. If an edge connects two trivalent vertices,
insert a little Hopf link in this edge, as shown in Figure 15. At each univalent vertex v,
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: S gy

Figure 15: Replacement of an edge

glue a leaf ¢, trivial in Hy(M \ K;Q), in order to obtain a null Y-link I". Let V
be the set of all univalent vertices of D. Let B be the ball in the definition of the
admissible embedding of D. Let B be alift of B in the infinite cyclic covering X of
the exterior of K in M . For v € V, let y, be the coloring of v, let E be the extension
of £ in T and let £, be the lift of £, in X defined by lifting the basepoint in B.
The null Y-link T is a realization of D in (M, K) with respect to & if the following
conditions are satisfied:

o Uyis homologous to £(y,) forall ve V,
o Ike(ly,ly) = fyu forall (v,0) e V2.

If such a realization exists, the elementary diagram D is &—realizable.

Lemma 4.1 Let (M,K) € P(,b). Let & (A,b) - (A, b)(M, K) be an isomor-
phism. Let D € A,(2,b) be an elementary diagram of degree n > 0, & —realizable.
Let T' be arealization of D in (M, K) with respect to &. Then the class of [(M, K); ']
mod ]—":l’ 1 (M, K) does not depend on the realization of D.

Proof If the ball B and its lift B are fixed, then the result follows from Lemmas 3.3
and 3.10. Fix the ball B and consider another lift B’ = rk(E) of B, where 7 is the
automorphism of X which induces the action of ¢ and k € Z. A realization of D with
respect to B’ can be obtained from T by letting the internal vertex of each Y—graph
in I' turn k£ times around K, and come back into B, by an isotopy of (M, K,T").
This does not change the result of the surgeries on these Y—graphs, hence this does
not modify the bracket [(M, K); I']. Now consider two balls By and B, in M \ K.
If By C B;, arealization of D with respect to B; is a realization of D with respect
to B,. If By N B, # &, thereis aball B3 C By N B,. If BN B, = &, there is a
ball B3 D B; U B,. Hence the class of the bracket [(M, K); I'] does not depend on
the chosen ball B. O

In the sequel, if D is a £-realizable elementary diagram, [(M, K); D] denotes the
class of [(M, K); '] mod .7-"b+1(M K).

Let D be any elementary diagram. Let V' be the set of all univalent vertices of D. For
any family of rational numbers (gy)yey , define an elementary diagram D' = (qy) ¢} D
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from D in the following way. Keep the same graph and the same colorings of the edges.

For v € V', multiply the coloring of v by ¢y . For v # v’ € V, set fvlg,/ = qqu/fvlz,.

Lemma 4.2 Let (M, K) € P, b). Let & (,b) — (A, b)(M, K) be an isomor-
phism. Let D be any elementary diagram. Let V be the set of all univalent vertices
of D. Then there exists a family of positive integers (sy)yey such that (sy), gy - D is
& —realizable.

Proof Let X be the infinite cyclic covering associated with (M, K). Since any
homology class in 2l has a multiple which can be represented by a knot in X, we can
assume that the color y,, of each vertex v in V' can be represented by a knot in X.
From D, define as above a Y-link I', null in M \ K, with leaves £, which satisfy
the condition that Zv is homologous to £(yy) for all v € V. For v #£ v € V, set
Pyy = lke(ZU, Zvr) — fyur. We can assume that Py, € Z[tE1] forall v#0v' € V. Add
well-chosen meridians of £, to £, to get Py, = 0. O

Lemma 4.3 Let (M, K) € P, b). Let & (A, b) — (A, b)(M, K) be an isomor-
phism. Let D be an elementary (2, b)—colored diagram. Let V be the set of all
univalent vertices of D. Let (sy)yey and (s,), ., be families of integers such that
($v)yep - D and (sy), oy, - D are &—realizable. Then

[ s0lM. K): (so)vey - Dle = [ sul(M. K): (s)ver - Dle.
vel velV

Proof Let I' be a realization of (sy),cp - (5),cp - D in (M, K) with respect to £.
By Lemma 3.10, [(M, K); I'] is equal to both sides of the equality. |

Let D be an elementary (2, b)—colored diagram. Let V' be the set of all univalent
vertices of D. The above result allows us to define

(M, K); Dl = [ (M. K); (sv)ver Dl € GH(M, K),
vey Y

where (sy)yep is any family of integers such that (sy), oy - D is £-realizable.
Lemma 4.4 Let D be an elementary (2, b)—colored diagram. Let (M, K) and

(M', K’) be QSK—pairs in P(2l, b). Fix isomorphisms &: (, b) — (2, b)(M, K) and
£ (U, b) > (A, b)(M', K'). Then [(M’, K'); D]y =[(M. K): D¢ mod Fy1 (2, b).
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Proof Set { =§ o0&~ !. By Theorem 2.2, (M’, K') can be obtained from (M, K)
by a finite sequence of null LP—surgeries, which induces { o my for k € Z, where my
is the multiplication by k. Assume the sequence contains a single surgery (A4'/A).
Let V be the set of all univalent vertices of D. Let (sy)yep be a family of integers
such that (sy), ¢ - D is £-realizable by a null Y-link I" in (M \ K) \ 4. Then

A/
A

In (M’', K’), T is arealization of (sv),ep - D with respect to & omy. . Hence it is also

|:(M, K); T, i| =[(M,K);T]—[(M', K'); T].

a realization of (sy), . - D with respect to &’ (it suffices to change the lift B of the
ball B; see Lemma 4.1).

The case of several surgeries easily follows. |
In the sequel, the class of [(M, K); D] modulo F;, (%, b) is denoted by [D].

Proposition 4.5 Fix a Blanchfield module (2(,b). Let n > 0. There is a canonical,
Q-linear and surjective map ¢n: A, (2, b) — g,?(Ql, b), given by D + [D] for any
elementary diagram D.

Proof Let D, be the rational vector space freely generated by the (2, b)—colored
diagrams of degree n. If D is an elementary (2, b)—colored diagram, set @, (D) =[D].
Define ¢, (D) for any (2, b)—colored diagram D so that the obtained Q—linear map
&n: Dy — Q,ll’ (A, b) satisfies the relations LE and EV. Let us check that ¢, satisfies
the relations AS, IHX, OR, Hol, LV, LD and Aut. OR is trivial. LV follows from
Lemma 3.10. Hol is obtained by letting the corresponding vertex of a realization of D
turn around the knot K. AS and IHX respectively follow from [6, Corollary 4.6] and
[6, Lemma 4.10]. Aut follows from Lemma 4.4. For the relation LD, it suffices to
prove that @, (D) = @, (D’) + @n(Dy), where D, D’ and Dy are elementary diagrams
which are identical except for the part drawn in Figure 16. Note that the edges adjacent
to v; and v, are colored by 1. Since the diagram Dy and the diagram D, drawn in
Figure 17 can be realized by the same null Y-link, we have ¢, (Do) = @»(D,). To

k

t
V1 V2 V1 V2
U1 U2 V1 U2 > o .
SR = fv1v2 +t

D D’ Dy
Figure 16: The diagrams D, D’ and Dy, where y1,y, €A and k € Z
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V1 01)2 0 fvlvz([)ztk V1 01)2 2 f;)lvz(t)ztk
Jop(@) =0 Fop(@) =0
fvzv([) = 0 fUzU(t) - vzv(t)

D, Dy
V1 0v2 2 fvlvz(t) =0
fvlv(t) :0
Jozu(®) = f.2,(0)
Doo

Figure 17: The diagrams Dj,, Dy and Do with v # vy, vz

see that ¢, (Dy) = @ (Dy)), apply the relation LV at the vertex v; to obtain (D) =
@n(Dgy) +@n(Doo), then apply the relation LV at the vertex v; to obtain @,(Dgg) = 0.
Apply the relation LV again at the vertex v; to get @n(D) = @n(D') + §n(Dy).

Finally, the map ¢, induces a canonical Q-linear map ¢,: A,(2A, b) — g,’; (A, 0).
For (M, K) € P(2, b), any n—component Y-link null in M \ K is a realization of
an elementary (2(, b)—colored diagram, which is the disjoint union of n diagrams of
degree 1. Hence ¢y is surjective. a

Now that the map ¢, is well-defined, we can prove the second point of Theorem 2.8.

Proof of the second statement of Theorem 2.8 Take an (2(, b)—colored diagram of
degree n. Let I' =I'y U--- U T, be arealization of D in some QSK—pair (M, K) €
P, b). Foreach i € {1 ., n}, fix a lift [; of I in the infinite cyclic covering X
of M \ K, and represent it schematlcally as

43 %

G;
£

where {1, £,, {3 are the leaves of ;. By [13, Theorem 1.1] for the Lescop invariant and
[18, Theorem 1.1] for the Kricker invariant, the image by Z of the bracket [(M, K); ']
is, modulo F,11(d), the sum of all diagrams obtained from G = | |, -;<, Gi by
pairwise gluing all univalent vertices as follows:

o -0

Geometry & Topology, Volume 23 (2019)



Finite type invariants of knots in homology 3—spheres with respect to null LP—surgeries 2033

Note that the choice of the lifts of the I'; has no importance thanks to the relation Hol.

When an edge of D joins two trivalent vertices, then the corresponding two univalent
vertices in G are labeled by curves £ and £’ such that the equivariant linking of ¢
is 0 with any curve labeling a vertex of G other than ¢’, and vice versa. Moreover,
relevant choices of the lifts of the I'; ensure that lk.(¢,¢’) = 1. Finally, modulo
Fn+1(8), we have Z([(M, K);T]) = ¥, (D). Hence Z;((M,K);T))=0if k <n
and Zy, o gn(D) = Y (D). d

In the setting of ZSK—pairs, all the results of Section 3 apply since we work modulo
]:3 1 (M, K). All the results of the current section apply as well. In Lemma 4.4, note
that we use Theorem 2.16 instead of Theorem 2.2. We finally get a similar result to the
above proposition.

Proposition 4.6 Fix an integral Blanchfield module (217, bz). Let n > 0. There is
a canonical, Q—linear and surjective map (an: A% RAz,bz) > gnZ (Rz,bz), given
by D +— [(M, K); D]¢ for any elementary diagram D, where (M, K) is any ZSK-
pair with Blanchfield module (27, bz) and &: (Rz,bz) — (A7, bz)(M, K) is any
isomorphism.

Fix (/z,bz) and set (A, b) = (Q ®z Az,1dg ® bz). The corresponding map ¢,
satisfies @ 0 py, = wy, o<pnZ , where py: .A% (2, b) = A, (2L, b) is the natural projection
and wpy: g,,Z Rlz,bz) — g,l,’ (A, b) is the map induced by the inclusion .F,,Z Rz, bz) —
Fn(2, b).

5 The surjective map ¢,: A;"¢(2(, b) = G,(2A, b)

In this section, we prove Theorems 2.7 and 2.3.

Fix a Blanchfield module (2(,b). Let (M, K) be a QSK—pair in P(2(,b). Let
£ (A, b6) - (A, b)(M, K) be an isomorphism. Let n > 0. Let D be an (2, b)—
augmented diagram of degree n whose Jacobi part D is elementary. With an isolated
vertex colored by a prime integer p, we associate a surgery B,/B 3, where By is
a fixed Q-ball such that |H(Bp;Z)| = p. Hence, if Dy is &-realizable with a
realization of Dy, we associate a family of n disjoint null LP—surgeries.

Lemma 5.1 Let (M,K) € P(2,b). Let & (A,b) — (R, b)(M, K) be an isomor-
phism. Let n > 0. Let D be an (2, b)—augmented diagram whose Jacobi part D j
is elementary. Let (p;)1<j<n—k be the labels of the isolated vertices of D. If Dy is

Geometry € Topology, Volume 23 (2019)



2034 Delphine Moussard

& -realizable, let T" be a realization of Dy in (M, K) with respect to . Then

* [(M,K):; D] := [(M, K): (Bp,/ B®)1<i<n—k>T] € Gu(2A, b) does not depend
on (M, K), on & or on the realization I" of Dy .

If D is any elementary diagram, set [D] =[],y (1/50)[(M, K): (sv)vey - Dle, where

(sv)vey is a family of integers such that (sy), .y - Dy is & —realizable and (sy) .y - D
is the disjoint union of (sy) - Dy with the O—valent part of D. Then

e [D] € G2, b) does not depend on (sy)yey, (M, K) or &.

Proof Take (M’, K') € P(2(,b) and an isomorphism &": (2, b) — (2, b)(M’, K')
such that Dy is & -realizable. Let '/ be a realization of Dj with respect to &. By
Proposition 4.5,

[(M', K');T') = [(M,K);T] mod Fy41(2,b).

Let p be a prime integer. Let M, = B3 Uyps B,. In the equality in Fo(%, b)
corresponding to the above relation, make a connected sum of each Q@ SK—pair with M, .
Then subtract the new equality from the original one, to obtain

By
B3’
Applying this process n — k times, we get

1 T B
[(M’,K’); I = (M,K);B—Z,F} mod Fj (2, b).

B3 B3

B, 1 T B,
[(M’,K’); (—1’) k,r’ = |(M, K); (—”) k,r] mod F41 (2, b).
1<i<n— . L 1<i<n—

If Dy is any elementary diagram, use Lemma 3.10, as in Lemma 4.3, to prove that
[(M, K); D]g = [],ep (1/s0)[(M, K): (sy),cp, - D] does not depend on the family
of integers (sy)yep such that (sy)yep - Dy is £-realizable. Conclude with the first
assertion of the lemma. O

The above result implies that the map ¢,: A, (2, b) — g,f,’ (2, b) extends to a canonical
Q-linear map @,: Ay 2 (2, b) — G, (A, b) defined by ¢, (D) = [D] for any diagram
D € Ay"®(2A, b) whose Jacobi part is elementary. To prove Theorem 2.7, it remains
to show that the map ¢,,: Ay (A, b) — G,(2, b) is surjective. We first recall results
from [15] and give consequences of them.

Definition 5.2 Let d be a positive integer. A d—torus is a Q—torus Ty such that

o H(0T;;7) = Za & Zf, with algebraic intersection number {(a, 8) = 1;
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o da=0in H{(T;;7Z);
e B=dyin H(T;.:Z), where y isacurvein T ;
e H\(T4;:Z)=(Z]dZ)a®Zy.

Definition 5.3 An elementary surgery is an LP—surgery among the following ones:

(1) Connected sum (genus 0).
(2) LP-replacement of a standard torus by a d —torus (genus 1).

(3) Borromean surgery (genus 3).

The next result generalizes the similar result of Habegger [9] and Auclair and Lescop [2]
for Z—handlebodies and Borromean surgeries.

Theorem 5.4 [15, Theorem 1.15] If A and B are two Q—handlebodies with LP-
identified boundaries, then B can be obtained from A by a finite sequence of elementary
surgeries and their inverses in the interior of the (Q —handlebodies.

Corollary 5.5 The space F,,(2, b) is generated by the [(M, K); (E}/E;)1<i<n] def-
ined by a QSK—pair (M, K) € P(2, b) and elementary null LP-surgeries (E;/E;).

Proof Consider [(M, K); (A;/A;)i1<i<n] € Fu(2,b). By Theorem 5.4, for each i,
A; and A} can be obtained from one another by a finite sequence of elementary
surgeries or their inverses. Write A = A(E|/E1)---(E; /Ey). For 0 < j <k, set
Bj = Ay(E}/E\)---(E}/E}). Then

v k B E. 14
|:(M’ K (A_z')lsisj N Z[(M K)( éol ); Fj (A_;)Kiin i|

j=1

Decompose each surgery (A;/A;) in this way and conclude with

Y T = Jor o (E). £ (4
[( ' )’f’(z‘l—i)zsisn]__[( ’ )(E)’F’(A_i)ﬁiin} §

Let ]-'(? * be the rational vector space generated by all Q—spheres up to orientation-
preserving homeomorphism. Let (F,2*),en be the filtration of ]-'(()@S defined by LP-

surgeries, as before Definition 2.1. Let G,2* = F,2°%/ .7-",;@4_51 be the associated quotients.
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Lemma 5.6 [15, Proposition 1.8] For each prime integer p, let B, be a Q —ball such
that H\(Bp;Z) = 7/ pZ. Then

B,
i= D Q[S3 33}

D prime

Lemma 5.7 For each prime p, let B, be a Q—ball such that H\(Bp;Z) = Z/ pZ.
Let (M, K) be a QSK—pair in P(2,b). Let B be a Q—-ball. Let (A;/A;)1<i<n be
disjoint null LP-surgeries in (M, K). Then

[ B A’ ]
(M, K)§ 53’ (—l)
L B Ai 1<i<n d

is a rational linear combination of the

-(M,K) ZB;P;’(A_;) T

and elements of F,41(2,b).

Proof By Lemma 5.6, there is a relation
B C/ D/
3. —
= 2 ol w2 )
D prime jeJ

where J is a finite set, the a, and b; are rational numbers, the a,, are all trivial except
for a finite number and [N;; C;/C;, Dj/Dj] € Fy** for j € J. For I C{1,..,n—1},
make the connected sum of each Q—sphere in the relation with M ((4;/A;)icr) to
obtain

n((3),.) ]

B A/ C/ D/
- T alono((5), )@l Dulemen(R) 25]

p prime JjeJ

Summing these equalities for all I C {1, ..,n — 1}, with appropriate signs, we get

B (A,
0.0 35 (A—’) ]
1<i<n

A C! D, 4
= a,| (M. K + b-|:M#N-,K ;—’,—f,(—’) ]
Z p[( ) (A )1<,<n] Z 7| 5K Ci Dj \Ai)i<i<n

D prime jeJ

This concludes the proof. |

Geometry & Topology, Volume 23 (2019)



Finite type invariants of knots in homology 3—spheres with respect to null LP—surgeries 2037

Corollary 5.8 Let (M, K) € P(,b). Let (E;/E;)i1<i<n be null elementary surg-
eries of genus 0 or 3. Then

L ang
1/1<i<n

Proof Thanks to Lemma 5.7, it suffices to treat the case when the genus 0 surgeries
are surgeries of type (B/B?) for a Q-ball B such that | H;(B;Z)| is a prime integer.
In this case, the considered bracket is the image of a diagram given as the disjoint
union of O—valent vertices and of (2(, b)—colored diagrams of degree 1. a

To conclude the proof of Theorem 2.7, we need the next result about degree 1 invariants
of framed Q—tori, ie Q—tori equipped with an oriented longitude. Note that any two
framed Q—tori have a canonical LP—identification of their boundaries, which identifies
the fixed longitudes. LP—surgeries are well-defined on framed Q—tori and we have an
associated notion of finite type invariants.

Lemma 5.9 [15, Corollary 5.10] For any prime integer p, let M, be a Q —sphere
such that Hy(Mp;7Z) = Z/ pZ. Let Ty be a framed standard torus. If (v is a degree 1
invariant of framed Q —tori such that ©(Ty) =0 and (7o # Mj) = 0 for any prime
integer p, then u = 0.

Proof of Theorem 2.7 Take A € (F, (2, b))* such that A(F,+1(2(, b)) =0. Assume
that A(@, (A 2(2,b))) = 0. In order to prove that ¢, is onto, it is enough to prove
that A = 0. Thanks to Corollary 5.5, it suffices to prove that A vanishes on the brackets
defined by elementary surgeries. For elementary surgeries of genus 0 and 3, this
follows from Corollary 5.8.

T4 Ez/
(M, K); (24 (=L :
Ti Ji<i<k \Ei)i<i<n—k

where (M, K) € P(2, b), the T; are standard tori null in M \ K, the T, are d;—tori
for some positive integers d;, and the (E]/E;) are null elementary surgeries of genus 0

Consider a bracket

or 3. By induction on k, we will prove that A vanishes on this bracket. We have treated
the case k = 0. Assume k > 0. Fix a parallel of 7. If T is a framed Q—torus, set

— T, E’
=00 (7). (2) )
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where the LP—identification 37 2 9T} identifies the preferred parallels. Then A is a
degree 1 invariant of framed (Q—tori:

([ 2D = (oro(7) 2 2 ) (B), o))
A" Ay A0 4\ T 2<i<k \Ei)i<i<n—k

=0.

Moreover, we have A(7}) = 0 and, by induction, AT, (BP/B3)) = 0. Thus, by
Lemma 5.9, A = 0. |

Proof of Theorem 2.3 Theorem 2.7 provides a surjective map ¢;: A?ug (A, b6) >
G1(2L, b). Thanks to Lemma 2.5, we have A?ug (A, b)= @P prime Q@ ¢p . Hence Gy (2, b)
is generated by the images of the diagrams e, , which are the brackets [(M, K); B,/ B3]
for all prime integers p, with any (M, K) € P(2L, b).

For any prime integer p, define a Q-linear map v,: Fo — Q by setting v,(M, K) =
vp(|Hy (M ; Z)]|) for all QSK—pairs (M, K), where v, denotes the p—adic valuation.
By [15, Proposition 1.9], the v, are degree 1 invariants of Q—spheres, hence they are
also degree 1 invariants of QSK—pairs. This implies that the family

([ 20:52),....

is free in Gy (2, b). O

6 Extension of the Lescop/Kricker invariant

In this section, we prove Theorem 2.9.

Given two invariants A; and A, of QSK—pairs, define their product on any QSK-pair
(M, K) by (A1A2)(M, K) =Xx1(M, K)Ay(M, K) and extend to Fy by linearity. The
following lemma is classical and holds for any objects and any invariants with values
in some ring; see for instance [15, Lemma 6.2].

Lemma 6.1 The following relation holds:

(1) (o (5)..)
L2 (el ), D)

g=JoC~Cly=I j=1
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This lemma implies in particular that a product of finite type invariants is a finite type
invariant whose degree is at most the sum of the degrees of the factors.

Proof of Theorem 2.9 We begin with a preliminary remark about the invariant Z.
It follows from the last point in Theorem 2.8 that Z, o ¢,, vanishes on diagrams that
contain isolated vertices. Now, the degree n part of Z"¢ is given by

N

Zve Z Z Z Zku(U$(ppi)ti).

k=0 P1<"<Ps ti+-+ty=n—k i=1
prime integers ti>0

That Z,"® vanishes on F;; follows from Lemma 6.1.

Let us compute Z, < o ¢,. Let D be an (2, b)—augmented diagram of degree n.
Write D as the disjoint union of its Jacobi part Dy and its O—valent part D,. Apply
Lemma 6.1, noting that for a term in the right-hand side of the obtained equality to be
nontrivial,

¢ each bracket must have exactly the order of the corresponding invariant,

e each invariant p, must be evaluated on a bracket associated with the diagram e,
and

¢ the invariant Z; must be evaluated on a bracket associated with a diagram
without isolated vertices.

It follows that Z;" 0 9, (D) = (Zy o px(Dy))U Dy = Y5 (Dy) U Dy = Yu(D). O

7 Inverse of the map 3;,,

In this section, we prove Theorem 2.12. To this end, we construct the inverse of the
map &n The rough idea is to open the edges of a given §—colored diagram, inserting
univalent vertices whose fixed equivariant linking is the label of the initial edge. We
need some preliminaries.

Proposition 7.1 Fix a Blanchfield module (21, b). Assume 2l is a direct sum 2| =
A" @ A", orthogonal with respect to the Blanchfield form. Let D and D’ be (2, b)—
colored diagrams which differ only by the labels of their univalent vertices; ie D and D’
have the same underlying graph, with a common set V' of univalent vertices, the same
orientations and edges labels, and the same linkings between the univalent vertices.
Further assume that
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o there are two vertices v and w in V whose labels in D and D’ are elements

of A';

e for all other vertices in V , the labels in D and D’ are equal and are elements
of A”;

e forany u € V different from v and w, we have f,, =0 and f,,, =0 for D
and D'.

Then D and D’ are equal in A, (2, b), where n is the degree of D and D’.

We first prove a few lemmas in the setting of the proposition. In the following, we
denote by

14 — D——el]
the diagram identical to D except for the labelings of v and w, which are y and 7
respectively, and the linking fy ,,, which is equal to /.

‘We will use the structure of the Blanchfield module recalled in the next theorem. The
dual of a polynomial P(z) € Q[t*!] is the polynomial P(¢) = P(t~"). The polynomial
P is symmetric if P(t) = alkP(l) forsome a € Q and k € Z.

Theorem 7.2 [16, Proposition 1.2 and Theorem 1.3] The Blanchfield module (2, b)
of a QSK—pair is an orthogonal direct sum of

e cyclic submodules

QlrE!]
(™)

where n is a positive integer, m is either a symmetric prime polynomial with

)/,

7(£1) #0, or (t +2+1t~1), or a product of two dual nonsymmetric prime
polynomials, and b(y,y) = P/xn" for some polynomial P which is symmetric
and prime to 7 ; and

e submodules
QUe*'] e Q™' y
(C+Dm" 7+ D™
where m is an odd positive integer, b(p, p) =0, b(p’, p’) =0 and b(p, p') =
1/(t+1)™.

Lemma 7.3 Assume A’ =, &1 A,. If y €2, and n € A, then
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Proof Apply the Aut relation with the automorphism of (2, b) given by the opposite
of the identity on 2(; and the identity on 2(, & 21" . O

Corollary 7.4 Assume 2! is the orthogonal direct sum of submodules 2; for i =
l,....k. Let y,ne'. Write y =Zf~‘=1 i and n=Zf-‘=1 n;i, with y;,n; € ;. Then
k
Ye—D—1 = Yie— D —e1i
for all families of rational fractions f; such that b(y;,n;) = f; mod Q[t*!] and

k
Zizl fi=71.
Lemma 7.5 If y,ne? and P € Q[t*], then
Pye—D—1 = Ye—BDH—s Py.
\»_>'f/ \»_>'f/
Proof In the case where P is a power of ¢, apply the Aut relation with the automor-

phism of (2, b) given by multiplication by some power of ¢ on 2[" and identity on 2"
Conclude with the LV relation. O

Corollary 7.6 Assume .
()

D=Ye—D— Py
-

Then

for some P € Q[t*1], with f = f2.

Lemma 7.7 Assume

, . QUE!] QrEl]
=G o G rym”

with m odd, b(p, p) =0, b(p’, p’) =0 and b(p, p') =1/(t +1)™. Then

D=pPe—D—Qp
\»_>'f/
for some Q € Q[t*'], with f=f£,.

Proof Write
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with v = Ap + Bp’ and v/ = A’p + B’p’. Applying the Aut relation with the
automorphism given by p — 2p, p %p’ and identity on 2", we see that the
diagrams

ApoiB‘oA,,O and B,OloiD‘oB/p,
\\»->'0/ \\»->'O/

are trivial. Hence we can decompose D as

D= A,Oo\*D‘oB/,O/ + B,O/O\iD‘oA/,O
2 %

Now the automorphism given by p — p’, p' = ™ p and identity on 21" gives

/

B,Olt\iD‘.A,p = Blmpo\fDﬂA/,O
2y 2

Thanks to Lemma 7.5, we get

D= /OO\TD? Po’
with P = AB'+ Bt™™A’. O

Proof of Proposition 7.1 For 7 € Q[t*!], the = —component of a Q[t*!]-module is
the submodule of its elements of order some power of 7. Any Blanchfield module
is the direct sum of its w—components, where m runs through all prime symmetric
polynomials (including ¢ 4+ 1) and all products of two dual prime nonsymmetric
polynomials. Thanks to Corollary 7.4, we can assume that 2’ is reduced to one
7T—component.

First case (7(—1) #0) The module 2’ can be written as an orthogonal direct sum

£\ QIrt!]

/— .
RN

i=1

with b(y;, ;) = P;/n"™ for some symmetric polynomial P; prime to 7, and

n::nl="'=nq>nq+12"'>np-

Replacing y; by some rational multiple if necessary, we can assume that Z?:] P;is
prime to . Set y = Zle vi. Then b(y,y) = P/n"™ with P symmetric and prime
to 7. It follows that the submodule (y) of 2" generated by y has a trivial intersection
with its orthogonal ()L, thus

A = (y)dT (y)*.
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By Corollaries 7.4 and 7.6, we can decompose D as

14
D=} Vie—P——=Qii
i=1 i

for some polynomials Q;. Corollary 7.4 gives

D= Ve—D——l
27

with n=Y"2_, Q;yi and f =Y, fi. Write n = Ay + p with 1 € (y)*. Since

Ve—D— [l =0
\»_>'0/

by Lemma 7.3, we get

Similarly,

The condition on f implies AP/n" = (BP/n™) mod Q[t*'], thus A = B mod 7"
and Ay = By.

Second case (7w =t+1) In this case, the decomposition of 21" may involve noncyclic
submodules. We have 2’ = 2; &1 2A,, where

(AL QI (AL QUi Q!
w=(Drarrmr) = 2= (B (G moerems)

i=1 Jj=1

with b(yi,y1) = Pi/(t+2+¢7")", Pi(=1) # 0, b(p;, pj) = 0, b(p}, p}) = 0,
b(ﬂj,l)}) =1/¢+1D)™,ng = =ng>ngyy =+ =np and my = --- = my
with mlj{ odd. We can assume Z?=1 P; is prime to (1 +1). Set y = Zf:l y; and
p=2j=1Pi-

Proceeding as in the first case, applications of Corollaries 7.4 and 7.6 and Lemma 7.7
give

D=Ye—D——0 + Pe—D—f
S ey

- J1 )2

with & € 2(; and 8 € 2,. Finally,

D= (y+p)e—D—1
\»_»vf/
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with n € 2’ and f = £,P . Similarly,
D=y+pe—D—=1
-~ _ 'f/
with ' e 2.
First assume 2n; > m;. We have

. B P Pi _ P
(V+va+p)_2(t+2+t—1)"i - (t+2+t"Hm

i=1

with P(—1) # 0. We get 2’ = (y + p) &+ (y + p)* and we conclude as in the first
case.

Now assume m1; > 2n;. It is easily checked that (y 4 p, p|) N (y + p, ,o’l)J‘ = 0.
Hence 2’ = (y + p. o)) &+ (v +p, p/l)L, and we can assume 1,7’ € (y + p, p}). By
Theorem 7.2, there is a basis (1, i) of (¥ +p, p}) suchthat b(u, 1) =0, b(u', u') =0
and b(u, u') =1/(t + 1)™!. By Lemma 7.7, we have

D= :U“'\ii‘)‘/./lﬂ/ and D,: ,U,.\—B‘/.B/L/
27 —27
Since the linking f is the same, we get A = B mod (¢ + 1)"! and A = By/. O

Let us fix some notation. Let n be an even positive integer and N > %n. Fori =
1,...,N,let (2;,b;) beacopyof (2, b) and fix an isomorphism &;: (2, b) i>(2[,-, b;).
Let (A, b) be the orthogonal direct sum of the (2;,b;). Define permutation au-
tomorphisms £; of (A,b) by & o&7! on A, & o 7! on 2 and identity on
the other 2A,. Given a diagram D with set of univalent vertices V', denote by
D((Yv)vev. (fow)v#wey) the diagram obtained from D by replacing the label of
the vertex v by y, and the linking between v and w by fyq, . If all the linkings are
the same as in D, we drop this part of the notation.

Definition 7.8 An (2, b)—colored diagram D is distributed if there are a decomposi-
vi/2
i=1

L; #{; if i # j such that the labels of v; and w; are elements of 2, for all i and

tion of the set of univalent vertices of D as V = | {vi, w;} and indices £; with
the linkings between vertices in different pairs are trivial.

Proposition 7.9 The space A, (2, b) is generated by distributed (A, b)—colored dia-
grams.
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Proof Let D be an (2, b)—colored diagram of degree 7. First note that D has
n trivalent vertices and each univalent vertex is related to a trivalent vertex by an edge
since we avoid struts, hence D has at most 3» univalent vertices. We shall prove that
D is a linear combination of distributed diagrams. Thanks to the LV relation, we can
assume that all labels of univalent vertices of D are elements of the 2l;. Thanks to the
LD and LV relations, we can assume that all univalent vertices have nontrivial labels
and the linking fy4, is trivial if v and w are labeled in different ;. If D has an odd
number of univalent vertices labeled in some 2;, application of the automorphism given
by opposite identity on 2(; and identity on the other 2(; shows it is trivial. Assume
D has an even number of univalent vertices labeled in each ;. Let i be an index
such that the number of univalent vertices of D labeled in 2l; is maximal; denote this
number by 2s. If s > 1, there is an 2(; that contains no labels of univalent vertices
of D. Consider the following automorphism y;; of (2, b):

xy +yE o (y) ify e,
Xij(y) = véio& (y)—xy ify e,
y if y ey with £ #£1i, j,

where x and y are positive rational numbers such that x? 4+ y2 = 1. Apply the Aut
relation with x;; to D and use the LV relation to express D = D((yy)yer) as the
sum of x25D, y* D((&;j(yv))ver) and a linear combination C of diagrams with
strictly fewer than 2s vertices in 2; and in ;. Now D and D((&ij(yv))vey) are
equal thanks to the Aut relation with &;; . It follows that D is a rational multiple of C.
Conclude by iterating. a

Remark In the case of ZSK—pairs, Proposition 7.9 is the point in this section that
does not work. Indeed, this proposition uses automorphisms y;; whose definition is
based on rational numbers x and y that are not integers. Thus it is not clear whether
such isomorphisms are induced by isomorphisms of the underlying integral Blanchfield
module. For instance, consider the integral Blanchfield module (27, bz) defined by
2 1 2l

=57

Then any isomorphism of (2(z, bz) preserves the given direct sum decomposition.

1

n with §(¢) =t—1+41¢"" and bz(y,y) = bz(n,n).

Indeed, an isomorphism of (27, bz) has the form

{V+—>PV+Q77,
n— Ry + Sn,
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with PP+ Q0 =1, RR+SS =1 and PR+ QS =0, where the polynomials are
considered in Z[tT']/(8). Since § has degree 2, one can write P(t) = at + b and
Q(t) =ct+d with a,b,c,d € 7. This gives

PP+Q0=a*+b*+ab+c*+d*+cd =1((a+b)* +a* +b*+(c+d)* +c* +d?).

If PO#0,thena##0orb+#0,and ¢ #0 or d # 0. It follows that PP + QQ > 2,
contradicting the first condition on P and Q. Hence PQ = 0 and the conditions on
the polynomials P, O, R and S give P=S=00or Q=R =0. |

Recall that the map t,,: A, (2, b) — A,(2, b) is defined on diagrams by

tn(D((Yw)ver)) = D((E1(rv))ver)-

Proposition 7.10 If D is an (2, b)—colored diagram of degree n with an even number
of univalent vertices, then

Ln(D((Vv)veV» (ﬁ;w)v;éweV)) = % Z D((ga(v)(yv))v€V7 (5a(v)a(w)ﬁ)w)vaéweV)7

oeY

Wheres=%|V| and T = {0: V—>{1,...,s}}|o_1(i)| =2 forall i = 1,...,s}.

Proof We apply the method of the previous proposition with precise computations.
We indeed prove a slightly more general result. Consider an (2, b)—colored diagram
D = D((vw)vevuw, (fow)vrweyuw) With [V =2s, ypy €Ay if veV, yy €2
with i > s if we W, and fyy =0if v €V and w € W. We prove by induction on s
that in A,(2, b),

D= % Z D((éla(v)(Vv))veVU(Vw)weW» (Sa(v)a(w)fvw)vaéweVU(fvw)vaéweW)a

oeT
where the unindicated linkings are trivial. We will use that our formulas remain valid
when permuting the indices of the 2(; , without mentioning it.

The result is trivial if s = 1. Take s > 1. Applying the Aut relation with x5 to D,
we get

D=Y " > x*pOD(E ()ver, U E(m)vers U (uw)wew)

k=0 V=Viuv,
Vil=2k

with, for the diagram in the right-hand side, the linking 84 (y)g (w) fow if v # w are
both in V; or both in V,, fy,y if v # w are both in W and 0 otherwise. Now apply
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Figure 18: Opening an edge

the induction hypothesis twice with V; and V, instead of V' to obtain

(1_x2s_yZS)D=

s—1 x2ky2(s—k)
Z m Z D((éla(v)(Vv))veVl U (élv(v)(Vv))veVz U (Yw)wew)
k=1V=Vur, ’ ’ oeY;

[V |=2k veY,

with the required linkings, where Y (resp. Y») is defined as Y with V7 and {1, ..., k}
(resp. Vp and {k+1,...,s}) instead of V and {1,...,s}. To conclude, note that each
diagram in the right-hand side occurs once for each value of k. |

Proof of Theorem 2.12 Define the inverse @, of the map V,: A, (A, b) — A, (5)
in the following way. Given a §—colored diagram D of degree n, denote by e;,
i =1,...,k,its edges whose labels are nonpolynomial. “Open” each such edge ¢; as
represented in Figure 18, label the created vertices v and w with some y, and yy, in 2;
such that b(yy, yw) = f mod Q[tT'], and fix the linking fyy = /. Such y, and yy,
always exist: note that y, can be chosen to have order §, the annihilator of 2;, then use
the nondegeneracy of the Blanchfield form and the fact that the denominator of f has
to divide §. Fix the other linkings to 0 so that we obtain a distributed diagram @,(D).
It does not depend on the numbering of the edges of D thanks to the Aut relation in
An(2, b) with the permutation automorphisms £; 7. Itis also independent of the choice
of labels yy, yw € 2; by Proposition 7.1. Note that these independence arguments
imply that any distributed diagram in A, (2, b) is a @, (D).

We have to check that the relations defining A, (§) are respected. It is immediate for
AS and THX. OR follows from the rule fy,,(t) = fyw(t~!) on linkings. Hol and Hol’
are recovered via Hol and EV. LE follows from LE when the involved edges have
polynomial labels, from LD when one of the involved edges has a polynomial label,
and from LV when the involved edges have nonpolynomial labels. In this latter case,
note that one can open this edge with the same label on one univalent vertex for the
three diagrams. Finally, we have a well-defined map ®,: A,(8) — A, (2, b) satisfying,
by construction, &n o ®y =1idy,s)- Now P, is surjective by Proposition 7.9. Thus
1/_/,, and @, are inverse isomorphisms. O
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We end with a few results that derive from the above argument and prove useful in the
study of the structure of the diagram space A, (2, b), as it appears in [3]. The first one
gives a simplified presentation of A, (2, b).

Proposition 7.11 Keeping notation as fixed before Definition 7.8, we have

Q(degree n distributed (2, b)—colored diagrams )
Q(AS, IHX, Hol, OR, LE, LV, EV, LD, Auty)

A (AU, b) =

where the relation Aut, is the Aut relation restricted to the following automorphisms
of (A, b): permutation automorphisms &; 7, and automorphisms fixing one 2; setwise
and the others pointwise. Moreover, if (2, b) is cyclic, we can further restrict the Aut
relation to permutation automorphisms &;;, and multiplication by t or —1 on one 2;
and identity on the others.

Proof We can see that the space defined by the given presentation is isomorphic
to An(8) as we did for A, (2, b) in the proof of Theorem 2.12. At the level of
generators, the proof of Theorem 2.12 only uses distributed diagrams and at the level of
relations, one has to check that the proof of Proposition 7.1 only uses the Aut relation
with the allowed automorphisms. a

In order to study A, (%A, b), it is natural and helpful to consider the filtration induced by
the number of univalent vertices. For k =0, ..., 3n, let .A,(,k) (21, b) be the subspace of
A, (2, b) generated by diagrams with at most £ univalent vertices, and set

AP @) =
Q((2A, b)—colored diagrams of degree n with at most k£ univalent vertices)
Q(AS, IHX, LE, OR, Hol, LV, EV, LD, Aut)

Similarly, let A%

%k edges with a nonpolynomial label, and set

(6) be the subspace of 4,(5) generated by diagrams with at most

Q( d—colored diagrams of degree n with at most %k edges with a
nonpolynomial label )

Q(AS, IHX, LE, OR, Hol, Hol’)

Recall that all these diagram spaces are trivial when 7 is odd. Moreover, the number of

AR @) =

trivalent vertices and the number of univalent vertices in a unitrivalent graph have the
same parity. So we are only interested in cases where 7 and k are even. Define a map
w,Sk): 2,5")(2[, b) — ﬁ,gk) (8) via pairings of vertices, as ¥, was defined in Section 2.4.
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Proposition 7.12 Let n, k and K be integers such that 0 < k < 3n and k < 2K.

Then:

The isomorphism ¥,,: A (2, b) — A,(8) induces an isomorphism Ag,k) (A, b) =
(k)
A7 (6).

The map &,Sk): ﬁ,ﬁ")((m, 6)®K) fl,gk)(S) is an isomorphism.
The space 21,5")(@1, 6)®X) admits the presentation

Q( degree n distributed ((A, b)EBK )—colored diagrams
with at most & univalent vertices )

Q(AS, THX, Hol, OR, LE, LV, EV, LD, Aut,)

AP (A, 0)®K) =

Proof The first point is due to the fact that ¥, identifies the (2, b)—colored diagrams
that have at most & univalent vertices with the §—colored diagrams that have at most %k

edges with a nonpolynomial label. The last two points follow from the same argument

as Theorem 2.12 and Proposition 7.11. |

A Blanchfield module (21, b) for which ﬁ2(4) (2, b) £ A§4) (2, b) is given explicitly

in (3],

and this provides the example with a negative answer to Question 2 mentioned

in the introduction.
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