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Hodge theory for intersection space cohomology

MARKUS BANAGL
EUGENIE HUNSICKER

Given a perversity function in the sense of intersection homology theory, the method
of intersection spaces assigns to certain oriented stratified spaces cell complexes
whose ordinary reduced homology with real coefficients satisfies Poincaré duality
across complementary perversities. The resulting homology theory is well known
not to be isomorphic to intersection homology. For a two-strata pseudomanifold with
product link bundle, we give a description of the cohomology of intersection spaces
as a space of weighted L2 harmonic forms on the regular part, equipped with a fibred
scattering metric. Some consequences of our methods for the signature are discussed
as well.

55N33, 58A14

1 Introduction

Classical approaches to Poincaré duality on singular spaces are Cheeger’s L? cohomol-
ogy with respect to suitable conical metrics on the regular part of the space [14; 13; 15]
and Goresky and MacPherson’s intersection homology, depending on a perversity
parameter. Cheeger’s Hodge theorem asserts that the space of L? harmonic forms on
the regular part is isomorphic to the linear dual of intersection homology for the middle
perversity, at least when X has only strata of even codimension or, more generally, is
a so-called Witt space.

More recently, the first author has introduced and investigated a different, spatial
perspective on Poincaré duality for singular spaces [2]. This approach associates
to certain classes of singular spaces X a cell complex 77X, which depends on a
perversity p and is called an intersection space of X. Intersection spaces are required
to be generalized geometric Poincaré complexes in the sense that when X is closed
and oriented, there is a Poincaré duality isomorphism H!(I7X;R) = H,_;(I1X;R),
where 7 is the dimension of X, p and g are complementary perversities in the sense
of intersection homology theory, and H* and H, denote reduced singular (or cellular)
cohomology and homology, respectively. The present paper is concerned with X
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that have two strata such that the bottom stratum has a trivializable link bundle. The
construction of intersection spaces for such X, first given in [2, Chapter 2.9], is described
here in more detail in Section 3. The fundamental principle, even for more general X
(see Banagl and Chriestenson [7]), is to replace links by their Moore approximations,
a concept from homotopy theory Eckmann—Hilton dual to the concept of Postnikov
approximations. The resulting (co)homology theory HI ;(X )y = H*(I?X;R) or
HI? (X) = H.(I? X;R) is not isomorphic to the respective intersection (co)homology
IH ;(X ;R) or IHF (X;R). The theory HI* has had applications in fibre bundle
theory and computation of equivariant cohomology (Banagl [3]); K—theory (Banagl
[2, Chapter 2.8]; Spiegel [35]); algebraic geometry (smooth deformation of singular
varieties (Banagl and Maxim [8; 9]), perverse sheaves (Banagl, Budur and Maxim [5]),
mirror symmetry [2, Chapter 3.8]); and theoretical physics [2, Chapter 3; 5]. Note for
example that the approach of intersection spaces makes it straightforward to define
intersection K—groups by K*(I”X). These techniques are not accessible to classical
intersection cohomology. There are also applications to Sullivan formality of singular
spaces: Given a perversity p, call a pseudomanifold X p—intersection formal if 1P X
is formal in the usual sense. Then the results of [8] show that under a mild torsion-
freeness hypothesis on the homology of links, complex projective hypersurfaces X
with only isolated singularities, whose monodromy operators on the cohomology of the
associated Milnor fibres are trivial, are middle-perversity (777) intersection formal, since
there is an algebra isomorphism from HI}(X) to the ordinary cohomology algebra of
a nearby smooth deformation, which is formal, being a Kéhler manifold. This agrees
nicely with the result of Chataur, Saralegi-Aranguren and Tanré [12, Section 3.4],
where it is shown that any nodal hypersurface in CP* is “totally” (ie with respect to
an algebra that involves all perversities at once) intersection formal. Rational Sullivan
models of intersection spaces have been investigated by M Klimczak [27].

A de Rham description of HI ;(X ) has been given by Banagl [4] for two-strata spaces
whose link bundle is flat with respect to the isometry group of the link. Under this
assumption, a subcomplex 7 ;(M ) of the complex Q*(M) of all smooth differ-
ential forms on the top stratum M = X — X, where ¥ C X is the singular set,
has been defined such that for isolated singularities there is a de Rham isomorphism
HI% 5(X) = H*(IPX;R), where HIj -(X) = H’(QI%(M)). This result has
been generalized by Timo Essig [16] to two-strata spaces with product link bundle.
In [4] we prove furthermore that wedge product followed by integration over M

induces a nondegenerate intersection pairing Ngy: HI C{R’ ﬁ(X )® HI :R_, g (X)—R for
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complementary p and g. The construction of 27 ; (M) for the case of a product link
bundle (ie the case relevant to this paper) is reviewed here in detail in Section 6.2.

In the present paper, we find for every perversity p a Hodge-theoretic description
of the theory HI ;(X ); that is, we find a Riemannian metric on M (which is very
different from Cheeger’s class of metrics) and a suitable space of L2 harmonic forms
with respect to this metric (the extended weighted L? harmonic forms for suitable
weights) such that the latter space is isomorphic to HI ; (X))~ HI cﬁz, 17(X ). éssume
for simplicity that ¥ is connected. If L denotes the link of ¥ in X and M is the
compact manifold with boundary M = L x ¥ and interior M (called the “blowup”
of X'), then a metric g¢ on M is called a product-type fibred scattering metric if

near M it has the form X
dx gL
8fs = 4 + 8> + 2
by b
where g7 is a metric on the link and gy a metric on the singular set; see Section 2.

If ¥ is a point, then gy is a scattering metric.

Given a weight ¢, weighted L? spaces xCLi,fSQ:,fS (M) are defined in Section 7. The
space HX (M, gs, ¢) of extended weighted L? harmonic forms on M consists of
all those forms @ which are in the kernel of d + § (where § is the formal adjoint
of the exterior derivative d and depends on gg and ¢) and in xC_ELz,fSQ;fS (M) for
every € > 0; see Definition 7.1. Extended L2 harmonic forms are already present
in Chapter 6.4 of Melrose’s monograph [30]. Then our Hodge theorem is:

Theorem 1.1 Let X be a (Thom—Mather) stratified pseudomanifold with smooth,
connected singular stratum ¥ C X. Assume that the link bundle Y — X is a product
L x X — X, where L is a smooth manifold of dimension [ . Let g¢ be an associated
product-type fibred scattering metricon M = X — 3. Then

HIG, 5(X) = HE (M, g 5(1—1) = p(l + 1).

Aside from giving an analytic description of HI cohomology in terms of harmonic
forms, a nice aspect of this result is that it shows that there is a natural topological
description of the space of extended harmonic forms on the right-hand side. In [25],
the second author obtained a Hodge theorem for these spaces of forms, but thought of
as relating to a conformally equivalent metric and with a different weight. However,
the topological description in that paper is in terms of the topologically less natural /G
spaces we consider below. Thus it is satisfying here to see that there is a natural
cohomology describing these forms.
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As a corollary to this description, we find that the spaces H (M, g, 2 (I—1)—p(/+1))
satisfy Poincaré duality across complementary perversities. We can see this duality
achieved on forms using an appropriate Hodge star operator, as has been shown by
the second author in [25]. Finally, it is worth noting that on the space of extended
harmonic forms, integration does not give a natural well-defined intersection pairing
on the right-hand side. Thus it would be interesting in the future to consider how to
realize the intersection pairing on extended harmonic forms.

The strategy of the proof of Theorem 1.1 is as follows: First we relate Hljx 5(X) and
H.(I? X;R) to intersection cohomology and intersection homology, respectively. To
do this, we introduce in Section 2 the device of a conifold transition CT(X) associated
to an X as in the Hodge theorem. The conifold transition arose originally in theoretical
physics and algebraic geometry as a means of connecting different Calabi—Yau 3—folds
to each other by a process of deformations and small resolutions; see [2, Chapter 3] for
more information. Topologically, such a process also arises in manifold surgery theory
when ¥ is an embedded sphere with trivial normal bundle. The relation of HI to IH
is then given by the following theorem.

Theorem 1.2 (homological version) Let X be an n—dimensional stratified pseudo-
manifold with smooth nonempty singular stratum ¥ C X. Assume that X is closed as a
manifold and the link bundle Y — X is a product bundle L x ¥ — ¥, where the link L
is a smooth closed manifold of dimension [. Then the reduced homology f[lf (X)
of the intersection space of perversity p is related to the intersection homology of the
conifold transition CT(X) of X by

A7 (X) = 16" 77D (er(x)),
where for a pseudomanifold W with one singular stratum of codimension c,
HT (W)
im(IH{ (W) — [H] (W)’

1IGOW) = IH] (W) &

with g(¢) =k —1 and q'(c) = k.

Note that when both p(/+1) and the degree j are large, one must allow negative values
for k in the quotient G}k). Therefore, the perversity functions g considered in this
paper are not required to satisfy the Goresky—MacPherson conditions, but are simply
arbitrary integer-valued functions. This, in turn, necessitates a minor modification in
the definition of intersection homology. The precise definition of IH;7 used in the
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above theorem is provided in Section 4 and has been introduced independently by
Saralegi-Aranguren [31] and by Friedman [17]. In the following de Rham version of
the above result, the link and the singular stratum are assumed to be orientable, as
our methods rely on the availability of the Hodge star operator. When an intersection
cohomology group IH ;(W) depends only on the value of the perversity p at one
particular codimension, it will frequently be more convenient to label the group directly
by the cutoff degree determined by the perversity. Thus we use the notation IH (J;I) w)
to mean that the integer ¢ is the cutoff degree in the local cohomology calculation on
the link. The Poincaré lemma for a cone on a closed manifold L then has the form

en = {110 1<

q) 0 if j >q.

Theorem 1.3 (De Rham cohomological version) Let X be an n—dimensional strati-
fied pseudomanitfold with smooth nonempty singular stratum ¥ C X. Assume that ¥ is
closed and orientable, and the link bundle Y — ¥ is a product bundle L x¥ — X, where
the link L is a smooth closed orientable manifold of dimension . Then the de Rham
cohomology H. :R’ 5(X ) can be described in terms of the intersection cohomology of
the conifold transition by

HIg 5(X) = IG(fj 1120 (CTX),

where k = — p(/ 4+ 1) and for a pseudomanifold W with one singular stratum,
J
IH(q)(W)
 TH j '
1m(IH(q_1)(W) — IH(q)(W))

1G] (W)= IH]

q (q—l)(W) @

We do not deduce the cohomological version from the homological one by universal
coefficient theorems, but prefer to give independent proofs for each version. The proof
of the homological version uses Mayer—Vietoris techniques while the proof of the
cohomological version compares differential forms in the various de Rham complexes
on M. (The regular part of the conifold transition coincides with the regular part M
of X.) Finally, we appeal to a result (Theorem 7.2 in the present paper) of the second
author [25], which relates extended weighted L2 harmonic forms with respect to a
fibred cusp metric gg to the [ G(jq) arising in Theorem 1.3 above. This leads in a
natural way to fibred scattering metrics because fibred cusp metrics
x? 2
8fe = 7+gL +X°8x
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on the conifold transition are conformal to

1 dx*> 1
28T T + 28 + 8=,

which is precisely a fibred scattering metric on X.

For n divisible by 4, and either / odd or H!/2(L) = 0 (ie X a Witt space), the
nondegenerate intersection pairing M g HI;’I{ —(X)® HI:}{,Z,W(X ) — R on the middle
dimension n/2 for the middle perversity has a signature o gy (X). It has been shown
in [2, Theorem 2.28] that in the setting of isolated singularities, the signature of
the homological intersection form Hy, /(1 mX)® H, 21 MX) — R is equal to the
Goresky—MacPherson signature coming from intersection homology of X. Banagl and
Chriestenson [7, Theorem 11.3 and Corollary 11.4] generalized this result to a class of
nonisolated singularities. We use Theorem 1.3 to obtain results about the intersection
pairing and signature on HIj, (X). This turns out to be related to perverse signatures
of the conifold transition, which needs not be Witt even when X is. Perverse signatures
are defined for arbitrary perversities on arbitrary compact oriented pseudomanifolds
from the extended intersection pairing on intersection cohomology. These signatures
are defined in the two-strata case by Hunsicker in [24] and more generally by Friedman
and Hunsicker in [18].

Theorem 1.4 Let n be divisible by 4 and let X be an n—dimensional compact
oriented stratified pseudomanifold with smooth singular stratum ¥ C X. Assume
that the link bundle Y — X is a product bundle L x % — X. Then the intersection
pairing Ngr: HI/ R ® HI R, ( X~ R for dual perversities p and q is compatible
with the mtersectlon pairing on the intersection cohomology spaces IG* appearing in
Theorem 1.3. When X is an even-dimensional Witt space, then the signature o gy (X)
n/2 —(X) is equal both to the signature o g (X) of the
Goresky—MacPherson mtersecaon form on IH%/ 2 (X), and to the perverse signature

of the intersection form on HI

o1H,7(CT(X)), that is, the signature of the intersection form on
im(IHY(CT(X)) - IH*(CT(X))),
where m is the lower-middle and n the upper-middle perversity. Further,
our(X) = o1g(X) = 01a,m(CT(X)) = 015 (Z) = o1 (Z) = 0(M),

where Z is the one-point compactification of X — % and o (M) is the Novikov
signature of the complement M of an open tubular neighborhood of the singular set.
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Remark 1.5 The compactification Z appearing in Theorem 1.4 has one isolated
singular point. Since X is even-dimensional, Z is thus a Witt space and has a well-
defined /H-signature and a well-defined HI/—signature. However, if X satisfies the
Witt condition, then CT(X) need not satisfy the Witt condition and o7y (CT(X))
and og7(CT(X)) are a priori not defined. Therefore, we must use the perverse
signature o7y 7 for CT(X) as defined in [24; 18].

We prove Theorem 1.4 using de Rham theory, Siegel’s work [33], Novikov additivity
and results of Banagl, Cappell and Shaneson [6]. Using different, algebraic methods
and building on results of [2], parts of this theorem were also obtained by Matthias
Spiegel in his dissertation [35].

Notation If f is a continuous map, then cone( /) denotes its mapping cone. For a
compact topological space X, we denote by ¢ X the closed cone and by ¢°X the open
cone on X. Only homology and cohomology with real coefficients are used in this paper.
Thus we will write Hy(X) = Hx(X;R). When M is a smooth manifold, H*(M) is
generally, unless indicated otherwise, understood to mean de Rham cohomology The
symbol H, (X) denotes the reduced (singular) homology of X, and H* (X) denotes
the reduced cohomology.

2 The conifold transition and Riemannian metrics

Let X be a Thom—Mather stratified pseudomanifold with a single compact smooth
singular stratum, ¥. Let M = X — X. Assume that the link bundle of X is a product,
L x3.Let N C X be an open tubular neighborhood of X. Fix a diffeomorphism

0: N-Xx=LxXx(0,1)
that extends to a homeomorphism
LxXx][0,1)

= ~c’(L)x X.
(z,9,0) ~(z',»,0)

Define the blowup
=(X—-X)Ug (L xXx][0,1)),

with blowdown map 8: M — X given by the identity away from the boundary and by
the quotient map from L x X x[0,1) to (L x £ x[0,1))/((z, y,0) ~ (Z, y,0)) near
the boundary. The blowup is a smooth manifold with boundary ¥ = M = L x X.
Let inc: 9M — M be the inclusion of the boundary, and denote the projections onto
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the two components by ny: ¥ — L and ny: Y — X. By an abuse of notation, we
will also use 77, and 7y to denote the projections from N — ¥ =~ L x X x (0, 1)
to L and 3, respectively. Let wy denote the projection from N —3¥ to ¥ = L x 3.

The conifold transition of X, denoted by CT(X), is defined as
CT(X) = (X —Z)Ug (L x 2x[0,1))/((z,.0) ~ (z, ', 0)).

The conifold transition is a stratified space with one singular stratum L, whose link
is . However, CT(X) is not always a pseudomanifold: If X has one isolated
singularity ¥ = pt, then CT(X) = M is a manifold with boundary, the boundary
constitutes the bottom stratum and the link is a point. Since the singular stratum
does not have codimension at least two, this is not a pseudomanifold. If ¥ is positive-
dimensional, then CT(X) is a pseudomanifold. All of our theorems do apply even when
dim X = 0. Let /: M — CT(X) be the blowdown map for the conifold transition
of X, given by the quotient map. Note also the involutive character of this construction,
CT(CT(X)) = X.

The coordinate x in (0, 1) above may be extended to a smooth boundary-defining
function on M , that is, a nonnegative function, x, whose zero set is exactly M , and
whose normal derivative does not vanish at 3 . We can now define the metrics we
will consider on M, which may in fact be defined on a broader class of open manifolds.

Definition 2.1 Let M be the interior of a manifold M with fibration boundary
M =Y % % with fibre L and boundary-defining function x. Assume that ¥ can
be covered by bundle charts U; = V; x L whose transition functions f;; have differen-
tials df;; that are diagonal with respect to some splitting 7Y = T'L @ H. A product-type
fibred scattering metric on M is a smooth metric that near M has the form

dx? .0 D
gfs:F'i‘w dS):'i‘;,

where /£ is positive definite on T'L and vanishes on H.

Examples of such metrics are the natural Sasaki metrics [32] on the tangent bundle of a
compact manifold, 2. In this case, the boundary fibration of M = T is isomorphic
to the spherical unit tangent bundle S” — Y — X. We note that the condition on Y in
this definition is necessary for it to make sense. If the coordinate transition functions
do not respect the splitting of 7Y, then we cannot meaningfully scale in just the fibre
direction. This is different from the four types of metrics below, which can be defined
on any manifold with fibration boundary.
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A special subclass of these metrics arises when the boundary fibration is flat with
respect to the structure group Isom(L) for some fixed metric dsi on L. In this case,
we can require that the metric g¢ be a product metric
2
gfs = % +dsy, + %dsf

on each chart (0, €)xU; = (0, €)x V;x L for the given fixed metric on L. In this case, we
say that gg is a geometrically flat fibred scattering metric on M. This flatness condition
arises also in the definition of HI cohomology; see [4]. This of course can be arranged
when the boundary fibration is a product, as in the case we consider in this paper.

Note that in the case that M is a product L x X, it carries two possible boundary
fibrations: either ¢: ¥ — X or ¢p: Y — L. A fibred scattering metric on M associated
to the boundary fibration ¥: M — X is a fibred boundary metric on M associated
to the dual fibration ¢: M — L. Fibred boundary metrics on M associated to ¢ are
conformal to a third class of metrics, called fibred cusp metrics. These two classes may
be defined as follows:

o gp is called a (product-type) fibred boundary metric if near dM it takes the
form

dx? N ¢*dsi

= — —f—k’
&b 4

X2
where k is a symmetric two-tensor on dM which restricts to a metric on each
fibre ¥ of ¢p: ¥ — L.

o g is called a (product-type) fibred cusp metric if near M it takes the form

dx?
8 = "7 + ¢*dsi + x*k,

where k is as above.

In the case that X is a point, these two metrics reduce to the well-studied classes of
b—metrics and cusp metrics, respectively (see eg [23] for more) and gg becomes a
scattering metric.

3 Intersection spaces

Intersection homology groups of a stratified space were introduced by Goresky and
MacPherson in [20; 21]. In order to obtain independence of the stratification, they
imposed on perversity functions p: {2,3,...} —{0,1,2,...} the conditions p(2) =0
and p(k) < p(k+1) < p(k)+ 1. Theorems 1.2 and 1.3, however, clearly involve
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perversities that do not satisfy these conditions. Thus in the present paper, a perversity p
is just a sequence of integers (p(0), p(1), p(2),...). (This is called an “extended”
perversity; it is called a “loose” perversity in [26].)

Let p be an extended perversity. In [2], the first author introduced a homotopy-theoretic
method that assigns to certain types of n—dimensional stratified pseudomanifolds X
CW-complexes

17X,

the perversity-p intersection spaces of X, such that for complementary perversities
p and g, there is a Poincaré duality isomorphism

HIPX)~ H,_;(I7X)

when X is compact and oriented, where H (I?X) denotes reduced singular cohomol-
ogy of I?X with real coefficients. If p = i is the lower-middle perversity, we will
briefly write 7X for I™ X. The singular cohomology groups

HIN(X) = H*(IPX), HI%(X) = H*(I”X)

define a new (unreduced/reduced) cohomology theory for stratified spaces, usually not
isomorphic to intersection cohomology IH ; (X). This is already apparent from the
observation that HI ;(X ) is an algebra under cup product, whereas it is well known
that TH ; (X) cannot generally, for every p, be endowed with a p—internal algebra
structure. Let us put HI*(X) = H*(IX).

Roughly speaking, the intersection space X associated to a singular space X is defined
by replacing links of singularities by their corresponding Moore approximations, ie
spatial homology truncations. Let L be a simply connected CW complex, and fix an
integer k.

Definition 3.1 A stage-k Moore approximation of L is a CW complex L _j, to-
gether with a structural map f: L; — L, such that fi: H,(Lx) — H,(L) is an
isomorphism if r < k, and H,(L ;) =0 forall r > k.

Moore approximations exist for every k ; see eg [2, Section 1.1]. If &k <0, then we take
L _; = &, the empty set. If k =1, we take L to be a point. The simple connectivity
assumption is sufficient, but certainly not necessary. If L is finite-dimensional and
k > dimL, then we take the structural map f to be the identity. If every cellular
k—chain is a cycle, then we can choose L o = L%~V the (k—1)-skeleton of L, with
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structural map given by the inclusion map, but in general, f* cannot be taken to be the
inclusion of a subcomplex.

Let X be an n—dimensional stratified pseudomanifold as in Section 2. Assume that
the link L of ¥ is simply connected. Let / be the dimension of L. We shall recall
the construction of associated perversity-p intersection spaces I? X only for such X,
though it is available in more generality; see eg [7]. Set k = — p(/ + 1) and let
f+ L., — L be a stage-k Moore approximation to L. Let M be the blowup of X
with boundary M =Y = L x X. Let

e LgxE—>M

be the composition
L<kx2&>LxZ‘:8]\7(—>]\7.

The intersection space is the homotopy cofibre of g:

Definition 3.2 The perversity-p intersection space I? X of X is defined to be
IPX =cone(g) = M Ug c(L <k X X).
Poincaré duality for this construction is Theorem 2.47 of [2]. For a topological space Z,

let Z™ be the disjoint union of Z with a point. Recall that the cone on the empty set
is a point and hence cone(@ — Z) = Z 7.

Proposition 3.3 Let p be an (extended) perversity and let ¢ be the codimension of
the singular stratum ¥ in X. If p(c) < 0, then ﬁlf(X) ~ H.(M,dM), and if
p(c)=c—1, then HI?(X) =~ Hy(M).

Proof If p(c) <O0,then k >/ and L_; = L with f: L_; — L the identity. It
follows that 1P X = M Uy37 c(dM) and
HIP(X) = H (M Uyz7 c(0M)) = Hy (M, dM).
If p(c)>c—1,then k <0,s0 L_; = @. Thus, I’ X =cone(@ — M) =M™ and
HI?(X) = H (M) =~ H,(M). O

Example 3.4 Consider the equation

=22 (- 1)

2

or its homogeneous version v2w = u?(u — w), defining a curve X in CP2. A local
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isomorphism
V==x*(x-1} - ( =&}

near the origin is given by & = xg(x) and n = y, with g(x) = +/x — | analytic and
nonzero near 0. The equation n* = £2 describes a nodal singularity at the origin in C2,
whose link is 31 x S, two circles. All other points on the curve are nonsingular, as is
easily seen from the gradient of the defining equation. It is homeomorphic to a pinched
torus, that is, 72 with a meridian collapsed to a point, or, equivalently, a cylinder 7 x S'!
with coned-off boundary, where I = [0, 1]. The ordinary homology group H;(X) has
rank one and is generated by the longitudinal circle (while the meridian circle bounds the
cone with vertex at the singular point of X'). The intersection homology group IH;(X)
agrees with the intersection homology of the normalization S2 of X (the longitude
in X is not an “allowed” 1-cycle, while the meridian bounds an allowed 2—chain), so

IH,(X) = IH,(S*) = H,(S*) = 0.

The link of the singular point is 3/ x S, two circles. The intersection space X of X
is a cylinder 7 x S! together with an interval, whose one endpoint is attached to a point
in {0} x S and whose other endpoint is attached to a point in {1} x S'. Thus X is
homotopy equivalent to the figure eight and

H,(IX) =R &R.

Remark 3.5 As suggested by the previous example, the middle homology of the
intersection space /X usually takes into account more cycles than the corresponding
intersection homology group of X. More precisely, for X 2k with only isolated singu-
larities X, the group IHj (X)) is generally smaller than both Hy (X — X) and Hy(X),
being a quotient of the former and a subgroup of the latter, while Hy (/X) is generally
bigger than both Hj (X — X) and Hj(X), containing the former as a subgroup and
mapping to the latter surjectively; see [2].

One advantage of the intersection space approach is a richer algebraic structure: The
Goresky—MacPherson intersection cochain complexes /C g (X) are generally not al-
gebras, unless p is the zero-perversity, in which case IC ;(X ) is essentially the
ordinary cochain complex of X. (The Goresky—MacPherson intersection product raises
perversities in general.) Similarly, Cheeger’s differential complex Q’("z)(X ) of L2
forms on the top stratum with respect to his conical metric is not an algebra under
wedge product of forms. Using the intersection space framework, the ordinary cochain
complex C*(I?X) of I?X is a DGA, simply by employing the ordinary cup product.
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Another advantage of introducing intersection spaces is the possibility of discussing the
intersection K—theory K*(I”X), which is not possible using intersection chains, since
nontrivial generalized cohomology theories such as K—theory do not factor through
cochain theories.

4 Intersection homology

We need to use a version of intersection homology that behaves correctly for extended
perversities. More precisely, the singular intersection homology of [26], which agrees
with the Goresky—MacPherson intersection homology, displays the following anomaly
for very large perversity values: If A is a closed (n—1)-dimensional manifold and
c® A the open cone on A, then the intersection homology of ¢°A vanishes in degrees
greater than or equal to n — 1 — p(n), with one exception, namely, if the degree is 0
and 0 > n— 1 — p(n), then the intersection homology of the cone is Z. Now if the per-
versity p satisfies the Goresky—MacPherson growth conditions, then this exception can
never arise, since p(n) <n—2. Butif p is arbitrary, the exception may very well occur.

To correct this anomaly, we use the modification of Saralegi [31] and, independently,
Friedman [17]. Let A; denote the standard i—simplex and let Alj C A; be the j—
skeleton of A;. Let X be any stratified space with singular set > and p be an arbitrary
(extended) perversity. Let Cy(X) = C«(X; R) denote the singular chain complex with
R—coefficients of X. A singular i—simplex o: A; — X is called p-allowable if for
every pure stratum S of X,

o 1(S) c Aﬁ_kﬂj(k), where k = codim S.

(This definition is due to King [26].) Foreachi =0, 1,2, ..., let Cl.ﬁ(X) C Ci(X) be
the linear subspace generated by the p—allowable singular i—simplices whose image is
not entirely contained in X. If £ € Cl.l7 (X), then its chain boundary d& € C;_{(X) can
be uniquely written as 0§ = By + 8, where By is a linear combination of singular
simplices whose image lies entirely in X, whereas f is a linear combination of simplices
each of which touches at least one point of X —X. We set 9’6 = 8 and

ICP(X) =t e/ (X) | ¥E e L (X)),

It is readily verified that 9’ is linear and ([ Cf (X), d") is a chain complex. The version
of intersection homology that we shall use in this paper is then given by

IHY (X) = H;(IC] (X))
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Friedman [17] shows that if p(k) < k — 2 for all k, then IH,{f7 (X) as defined here
agrees with the definition of singular intersection homology as given by Goresky,
MacPherson and King. If A4 is a closed a—dimensional manifold, then

0 ifi >a—pa+1),
7 I _
IH(A) ifi <a—p(a+1),
and this holds even for degree i = 0, ie the above anomaly has been corrected. If A4 is

unstratified (that is, has only one stratum, the regular stratum), then IHI.I7 (4) = Hi(A4).
If A is however not intrinsically stratified, then one can in general not compute IHY (A)

(1) [HP (c°4) = {

by ordinary homology, since IH>,f7 is not a topological invariant anymore for arbitrary
perversities p.

According to [17], IH>,f7 has Mayer—Vietoris sequences: If U,V C X are open such
that X = U U V, then there is an exact sequence

Q) = IH UNV)— IH U)® IH? (V) — [HF (X) > IH? (UNV)—---.

Furthermore, if M is any (unstratified) manifold (not necessarily compact) and X a
stratified space, then the Kiinneth formula

3) THP (M x X) =~ Ho(M) ® TH? (X)

holds if the strata of M x X are the products of M with the strata of X. (When
p(k) <k —2 for all k, this is Theorem 4 with R—coefficients in [26].)

Proposition 4.1 Let g be an (extended) perversity and let ¢ be the codimension of the
singular stratum L in the conifold transition CT(X). If g(c) <0, then IHI(CT(X)) =
H.(M), and if g(c) > c—1, then IH{ (CT(X)) == Hyx(M,0M).

Proof Set I; = IH?(L x ¢°X) and let s = ¢ — 1 be the dimension of X. Then by (1)
and (3),
Iy = Hy(L) ® IH(c°Y)
= Hy(L) ® t<5—1-g(s+1) Hx(X) = Hx(L) ® T<c—2—g(c) Hx(%).
If g(c) = c—1, thatis, c—2—g(c) <0, then I =0, so IHI(CT(X)) = Hx(M,IM)
by the Mayer—Vietoris sequence of the open cover CT(X) = M U (L x ¢°%) and

the five lemma. If g(c) <0, thatis, c =2 —g(c) = s, then Ix = H«(L x X), so
IH!(CT(X)) 2 Hy(M), again by a Mayer—Vietoris argument. a
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5 Proof of Theorem 1.2

Let j be any nonnegative degree. Throughout this entire section, j will remain fixed
and we must establish an isomorphism HI jﬁ X)=1I G;"_I_E +D=7) (CT(X)), where
!/ =dim L. Let M be the blowup of X and M its interior. Let ¢ be the codimension
of the singular set L in CT(X) and ¢ be the codimension of the singular set ¥ in X,
that is,

c=n—I] and c=1/+1.

Set k =¢—1— p(¢) and let f: L_; — L be a stage-k Moore approximation of L.
Then the intersection space I? X is the mapping cone I?X = cone(g) of the map
g: L_; x ¥ — M given by the composition

L<kx2&>LxE=8]\7f—>]\7.

Let ~ ~
y: IH] (CT(X)) — IH;I/(CT(X))

be the canonical map, where g(¢c) =n—2—p(l +1)—j and §'(c) = g(c) + 1. Note
that the perversities ¢ and g’ depend on the degree j. Then by definition

1G{"17PEEDD(CT(X)) = IH] (CT(X)) & coker(y).

The strategy of the proof is to compute intersection homology and HI near the singular
stratum using Kiinneth theorems (“local calculations”), then determine maps (‘“local
maps”’) between these groups near the singularities, and finally to assemble this infor-
mation to global information using Mayer—Vietoris techniques. Our arguments do not
extend to integer coefficients; field coefficients are essential.

We begin with the local calculations. Let Bx = Hy(L x X) be the homology of
the boundary, Ty = Hy«(M) the homology of the top stratum, I, = IH, q (Lxc°Y),
Jy = IHq (L xc°XY) and Ry« = Hy(cone(f xidy)). Again, we stress that the graded
vector spaces Iy and Js« depend on the degree ;.

Lemma 5.1 The canonical inclusion L — cone( f') induces an isomorphism

> Hy (L) = H, (cone( f)).

Proof The reduced homology of the mapping cone of f fits into an exact sequence

> Hi(L ) L5 Hi(L) — Hi(cone(f)) = Hi—y (L <) L Hiy(L) — -+

Geometry & Topology, Volume 23 (2019)



2180 Markus Banagl and Eugénie Hunsicker

We distinguish the three cases i =k, i >k and i <k.If i <k, then fix on H;(L ;)
and on H;_1(L_j) is an isomorphism and thus H; (cone(f)) =0. If i =k, then
H;(L.;) = 0 and fix on H;_;(L.x) is an isomorphism. Therefore, H;(L) —
H; (cone( f)) is an isomorphism. Finally, if i > k, then both H;(L <) and H;_1(L %)
vanish and again H;(L) — I?Ii(cone( f)) is an isomorphism. a

Remark 5.2 If k <0, then L_; = @ and cone( /)= L. It follows that in degree 0,
(tsk He (L))o = Ho(L) = Ho(LT) = Hy(cone(/)),

in accordance with the lemma.

Let v € cone( f) be the cone vertex and let Q = (cone( f) x X)/({v} x X), which is

homeomorphic to cone( f xidy). As the inclusion {v} x ¥ — cone( f) x X is a closed
cofibration, the quotient map induces an isomorphism

Hy((cone(f), {v})x ) = Hy(cone(f)x Z, {v}x X) 2= Hy(Q) = Hy(cone(f xidy)).
By the Kiinneth theorem for relative homology,
H, ((cone(f), {v}) x E) >~ Hy(cone(f),{v}) ® H«(X) = H, (cone(f)) @ Hy(X).
Composing, we obtain an isomorphism
Hy (cone( f xidx))) = Hy(cone( f)) @ Hx(Z).
Composing with the isomorphism of Lemma 5.1, we get an isomorphism
@) Hy(cone(f xidy)) 2 (t24 Ha(L)) ® Ha(3).

Remark 5.3 If k <0, then L_; x ¥ = @ and thus cone( f xidx) = (L x £)™. This
is consistent with

_cone(f)xE  LTxE {v}xTULXZX

o) ~ _ +
cone(f xidg) = Q0 = WXy ixT IxE =(LxX)".

It will be convenient to put ¢ = p(/ + 1) 4+ j —/; then the relation
(5) a+k=j

holds. We compute the terms Ry :
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Lemma 5.4 If j > 0, then the isomorphism (4) induces an isomorphism

R =@ Hj—(L)® H/(Z).

t=0
(If a <0, this reads Rj = 0.) Furthermore,
N R if k >0,
"T IR @ (Hy(L)® Hy(S)) if k <0.

Proof We start by observing that k£ is independent of j. Now for j > 0, reduced and
unreduced homology coincide, so

J
Rj = Hj(cone(f xidg)) = @ (t=k He(L))j— ® H/(Z).
t=0

Using (5), j —t > k ifand only if a = j —k >¢. Thus

Rj =P Hj+(L)® H/(%).

t=0

sinceif a > j and j <t <a,then j —1 <0, so that H;_,(L)=0.

J| P
f==== =
Fie B
Pyt
a Pl I Pa : Rj—l_Jj—l
a_l Pt;—l Pa—l:
PL;—Z Jj
]
1 P
P(/) Po I]—l
ko j—2 i1

Figure 1: Local Kiinneth factor truncations when j # 0
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In degree 0, we find
Ro =R & Hy(cone(f xids)) = R & ((r24 Hx (L))o ® Ho(Z))

and (7> H«x (L))o = 0 for k > 0, whereas (t>x H«(L))o = Ho(L) for k <0. O

With s = dim X, we have s + 1 =n —/ = ¢ and thus according to (1),

[HI(c°S) = 1oy g5+ 1) He (D) = 1=a He ()

for
s—1l—g@s+1)=s—1—gc)=n—I[-2—-m-2—-p(+1)—j)=a.
Consequently by the Kiinneth formula (3) for intersection homology,

Ij = (Hy(L) ® IH{ (c°));

> (Hi(L) ® < He (%)) = €D Hj—(L) ® H/(),
t=0

Ij—y = (Ho(L) ® THI(c°%)); -

a
~ (Hi(L) ® t=a H(2))j—1 = P Hj—1-1(L) ® Hy(Z).
1=0
Similarly for ¢’,

Jj = (Ho(L) ® IHZ (c°%)),
a—1
= (Hu(L) ® Tzq—1 Ha(2)); = €D Hj—i(L) ® H/(%).
t=0
_, a—1
Jj-1 2 (Ha(L) ® IH{ (c°%))j—1 2= D) Hj—1-1(L) ® Hi (D).
t=0
This concludes the local calculations of groups. We can get a bit of help understanding
how these pieces fit together, at least when j # 0, by setting P, = Hj (L) ® H;(X)
and letting [j, a]: i:o P: — @7_, P: be the standard projection if j > a and
the identity if j < a. (Recall that when j < a and j <t < a, then P; = 0 since
then j —¢ <0 and Hj_,(L) =0.) Analogously, let P; = Hj_1_;(L) ® H;(X) and
define [j — 1, a]: @i;(l) P} — @J_, P, to be the standard projection if j —1 > a and
the identity if j —1 <a.

We picture how these pieces fit together in Figure 1.
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We commence the determination of various local maps near the singularities. Let
yl.locz I; — J; the canonical map. Using the collar associated to the boundary of the
blowup, the open inclusion L x ¥ x (0, 1) =< M induces a map

BT: By — T,
while the open inclusion L x ¥ x (0, 1) = L x ¢°X induces maps

Bl: B, —> 1, and B’: By — Js

such that
BI
By —— I,
(6) A Jyloc

Jx
commutes. The canonical inclusion L x ¥ < cone( f X idy) induces a map

BR: B, — R,.
The diagram

commutes. The vertical isomorphisms are given by the cross product. For j > 0,
let ¢!°°: I; — R; be the unique isomorphism such that

commutes, using Lemma 5.4. Since

B
Bj R;
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commutes, we know that
I
J
Bj —— I

7 ~ loc
) B}Q\:P
R;

commutes also. For j > 1, let y'°¢: [ i—1 — Rj_1 be the unique epimorphism such that

loc

[aa 1] 1
@t OP, ?=0Pt/

commutes, using Lemma 5.4. Under the cross product, the commutative diagram

-1
i o Pt — EBt —o P/
[j—l,ak‘ l[a,a—l]
-1
=0 Pt
corresponds to
,BI

B]—l —) 1 i—1
(8) \ l loc
¥
B,
R4
and therefore this also commutes.

For any j, the diagrams

and
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commute, showing that both )/IOC and y}"_cl are surjective. For j >1,let Rj_; — Jj_4
be the unique isomorphism such that

Rj—l _ Jj—l
3=
a—1 P’ @d-l P’
t=0"1¢ t=0"1¢

loc

commutes. Then, since /' and y; %, are both under the Kiinneth isomorphism given

by the projection [a,a — 1], the dlagram

©) \
1/,]oc

commutes (j > 1).

loc

YiZ1

R

Lemma 5.5 When j > 1, the identity ker ﬂjJ_l = ker ﬂf_l holds in Bj_;.

Proof By diagram (9), in the case j > 1 there is an isomorphism v: R;_| — Jj_
such that vwloc = yloc According to diagram (8), ]R_l = wlocﬂ]!_l . Furthermore,
,8 IOC ,B]I 1 by diagram (6). Hence ,3 () = wlocﬂ}_l(x) vanishes if and
only if

vy Bl () = y)* 8] () =B (%)

vanishes. o

This concludes our investigation of local maps.

We move on to global arguments. The open cover CT(X) = M U (L x ¢°X) with
MN(Lxc?E)=LxXx(0,1) ~ L x ¥ yields a Mayer—Vietoris sequence for
intersection homology

ﬂ] '3] 1

Bi—bT;al; —>IHq(CT(X)) T @1

see (2). Similarly, there is such a sequence for perversity g’:

B]ﬂ—>T]@J] IHq(CT(X))—>Bj 1’3—>T, 1@ Ji-1.
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The canonical map from perversity g to g’ induces a commutative diagram

B 6 a 0 Bi—1
B — Tl —— IH!(CT(X)) Bjy ——= T &I,
(10) H lid@ym ly ‘ lid@y}?l
B/ 04 L
Bj — T; @ J; —— IH? (CT(X)) Bi ST 1 &J;
The subset

U = ((0,1]x L x ) UgpyxLxx cone( f x idx) > cone( f xidyx)
is open in the intersection space 7”7 X. The open cover I?X = M UU with M NU =
L xXx(0,1)~ L x X yields a Mayer—Vietoris sequence
Bﬂ—”>T ® R; —>H1P(X) Bj_ ILT] 1 @ Rj_q,
the standard Mayer—Vietoris sequence for singular homology of topological spaces.

We shall prove Theorem 1.2 first for all j > 1. Using the commutative diagrams
(7) and (8), we obtain the following commutative diagram with exact rows:

/3' a a* ﬂ—

By Ty @ 1; —2— IHY(CT(X)) B LT @I,

o |, e L
ﬂ// . 9, "

B; —Tj®R; —— HI?(X) Bii 5T, (®R;_

There exists a (nonunique) map p: IH q (CT(X))— HI P (X) which fills in diagram (11)
commutatively; see eg [2, Lemma 2. 46] By the four lemma, p is a monomorphism.
This shows that HI 4 (X) contains IH 7 (CT(X)) as a subspace. Hence the theorem
will follow from:

Proposition 5.6 If j > 1, there is an isomorphism coker p = coker y .

Proof Letus determine the cokernel of y. Let yp be the restriction of id: Bj_1— Bj_;
to yg: kerfj_; — kerﬂ}_l , that is, yp is the inclusion ker ;1 C ker,Bj/._l. Let
yp: im6@ — im O’ be obtained by restricting y. Applying the snake lemma to the
commutative diagram

— 3*
0 im 6 [H{(CT(X)) —— ker Bj—1 —— 0
l)’e Vl )/Bl
_ 5
0 im 6/ IH] (CT(X)) —— ker ;| —— 0
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yields an exact sequence
0 — ker yg9 — kery — ker yp — coker yg — coker y — coker yp — 0.
Since ker yp = 0, we can extract the short exact sequence
0 — coker yy — coker y — coker yg — 0.

As y}"c is surjective, the diagram

Tj DI j L—) im 6
id @y}""l lye
Ti®J; 2 im6’
shows that yp is also surjective and thus cokeryy = 0. Therefore, we obtain an
isomorphism

ker,B;._1 _ ker,BjT_1 ﬁker,BjJ_1
ker B;_1 ker,BjT_1 ﬂker,BjI_l’

coker y = coker yg =

since /3j—1 = (ﬂjT_lvﬁjI_l) and /31/'_1 = (ﬂf_lvﬁf_l)-

Similarly, we determine the cokernel of p. Let pp be the restriction of id: Bj_1 — Bj_
to pp: kerfj_; — ker,B;/_1 , that is, pp is the inclusion ker 8;_; C kerﬂ}/_l. Let
pg: im 6 — im 6” be obtained by restricting p. Applying the snake lemma to the
commutative diagram

— a*
0 im 6 IH{(CT(X)) —— ker Bj— — 0
lpe pl PBl
— 3*
0 im 6" HI7 (X) —— ker B ——0

yields an exact sequence
0 — ker pg — ker p — ker pp — coker pg — coker p — coker pp — 0.
Since ker pp = 0, we can extract the short exact sequence

0 — coker pg — coker p — coker pp — 0.
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loc

As @°° is an isomorphism, the diagram

Tj@[j 0—»11]19

id @wlocJ/; va(_)
”

T; ®R; 2 im6”

shows that pg is also surjective and thus coker pg = 0. Therefore, we obtain an
isomorphism

ker B7_

o~ J—1
coker p => coker pp = ——.
ker B4

As ,BJ’/_I = (ﬂf_l,ﬂf_l), we have
ker B/, = ker ,BJ-T_l Nker :B/R—l-
By Lemma 5.5, ker ,8]*.’_1 = ker ,BJR_I and hence

ker,BjT_1 ﬂkerﬂf_l 3 ker,BjT_1 ﬂker,BjJ_1
kerﬂJT_l ﬂkerﬂ}_l kerﬂjT_1 ﬂkerﬂ}_l

coker p =~ = coker y. O

Now assume that j = 1. We need to consider the subcases k <0, k =1 and k > 1
separately. We start with & < 0. In principle, we shall again use a diagram of the shape
of (11), but the definition of ¥!°° changes. In this case, Ly = @, cone(f xidy) =
(LxZ)t, Ro=R & (Ho(L)® Hy(X)), a>1and Iy = Jy = Hy(L) ® Hy(Z).
The maps of the commutative diagram

By

are all isomorphisms. The map L x ¥ <> cone(f x idx), which induces B, is
the inclusion L x ¥ < (L x £)* and thus ,B§ : Bg — Ry is the standard inclusion
Hy(L) @ Hy(Z) - R @ (Ho(L) ® Hy(X)). Let y'°: Iy — R, be the unique
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monomorphism such that

B
B() —) I()
|
| wloc
B v
Ry

commutes. (Note that for j > 2, the map ¥'° was known to be surjective, which is
not true here.) Diagram (11) becomes

Bo

By b, T, ¢ 1, 9, IHq(CT(X)) LN By —— Ty® I,

[ ol | [
3* ﬂ//

B, —>T1@R10—>HIP(X) By —2 Ty @ R

There exists a (nonunique) map p: IH 1‘7 (CT(X))— HI 117 (X) which fills in the diagram
commutatively. By the five lemma, p is an isomorphism. To establish the theorem, it
remains to be shown that coker  vanishes. Since diagram (10) is available for any j,
the argument given in the proof of Proposition 5.6 still applies to give an isomorphism

ker B, ker ,Bg N ker ,3(')’

coker y =~ = .
Y ker Bo kerﬁoT ﬂkerﬂé

Since ,35 and ,6({ are isomorphisms, we deduce that coker y = 0, as was to be shown.
This concludes the case k < 0.

We proceed to the case k =1 (and j = 1). By Lemma 5.4, Ry = R, generated by the
cone vertex. We have a =0 and thus still /o = Hy(L)® Hy(X), but Jo =0. Therefore,
ker ,8({ = By. The map ,B(f: By — Ry can be identified with the augmentation map
€: By — R, a surjection. Let ¥'°: I — R, be the unique epimorphism such that

commutes. There exists a map p filling in diagram (11) commutatively. Such a p is
then injective. Using arguments from the proof of Proposition 5.6, we have

ker ,Bg N ker ,Bg

cokery =~
Y ker ,BOT N ker ,Bé

= ker,BOT N By = ker,BOT
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and
coker p = ker ,BOT N ker ,35 = ker ﬂOT Nkere.

We recall from elementary algebraic topology:

Lemma 5.7 If A and B are topological spaces and h: A — B is a continuous map,
then the diagram
h
Hy(A4) —— Ho(B)

!

commutes. In particular, ker hy C ker(e: Hy(A) — R).

Applying this lemma to /1, = ,BOT , we have ker ,BOT C ker € and thus coker p = ker ,BOT ~
coker y. This concludes the proof in the case k = 1.

When k > 1 (and j = 1), then Ry =R (Lemma 5.4), a <0, and Iy = Jo =0. As
in the case k = 1, the map ,Bée: By — Ry can be identified with the augmentation
epimorphism €: By — R, but this time, there does not exist a map 1/f1°° such that
wlocﬂé = ,8(1)?. We must therefore argue differently. By exactness and since ,Bé =0,
im(d: THY (CT(X)) — Bo) = ker(BY, BL) = ker BT

Also, ~

im(3,: HI? (X) — Bo) =ker(BL, &) = ker Bl Nkere.
By Lemma 5.7, ker ﬂg C kere and hence

im(d: IH? (CT(X)) — Bo) = im(dx: HI?(X) — By).

For the diagram

J a* .
B L men 2 HCT(X)) im 9 0
BY .

By — Ty ® Ry ——— HI?(X) im 9 0

there exists a (nonunique) map p: IH 1‘7 (CT(X))—> HI 1’7 (X) which fills in the diagram
commutatively. By the five lemma, p is an isomorphism. The cokernel of y,

kerﬂg ﬂkerﬂ({ ker,BOT N By
ker,BOT ﬂkerﬂé B ker,BOT N By B

coker y =~

’
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vanishes and thus the theorem holds in this case as well. This finishes the proof
for j =1.

It remains to establish Theorem 1.2 for j = 0. We shall write E*, T* and Ihé* for the
reduced homology groups. We have a = —k,

Iy = {HO(L)®H0(E) if k <0,
o 0 if k >0,
and by Lemma 5.4,
Ry = {HO(L)®H0(2) if k <0,
0 itk >0.

Thus Iy and IAéo are abstractly isomorphic. Recall that for a topological space A4, the
reduced homology f[o (A) is the kernel of the augmentation map €: Hy(A) — R, so
that there is a short exact sequence

0— Hy(A) 5 Hy(A) SR — 0.

Let B§: Eo — Eo be the map induced by 1353 between the kernels of the respective
augmentation maps. If £ <0, then L_; = @ and the exact sequence

Ho(Loj x %) — Hy(LXX)—> Ry — 0
shows that By — ﬁo is an isomorphism. Since the composition
By <% By =5 Ry

is 55, we deduce that E(f is injective for k < 0. Inverting E§ on its image and
composing with ,Bé , then extending to an isomorphism using dim /y = dim Ry, we
obtain a (nonunique) isomorphism k: Ry — I such that

- BE

By — Ry

I
(12) t[ | K
1

BO — [0
B
commutes. When k > 0, let x: Ry — Io be the zero map (an isomorphism). Then
diagram (12) commutes also in this case. As for the above open cover I?X = M U U,

the intersection M NU = L x ¥ x (0, 1) is not empty, so there is a Mayer—Vietoris
sequence on reduced homology:

Bo Lo Ty Ry 25 HITZ (X) — 0,
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Using «, we get the following commutative diagram with exact rows:

t[ L@K[
Bo

By —2 To & Ig —— IHI(CT(X)) — 0
From this we infer that
HI?(X) = coker Bl and  THJ(CT(X)) = coker fo.

Let Ty & Ip — R be the composition of the standard projection Ty & Iy — Ty with
the augmentation €: Ty — R. Applying the snake lemma to the commutative diagram

o L

0 Bo Bo

JE{{ lﬂo

0—)T0@§0ﬂT0@[0—>R—)0

€

R 0

we arrive at the exact sequence

0 — ker Eg — ker Bo — keridg — coker Eg — coker Bg — cokeridg — 0.

2N~

As lier idr =0 fmd cokeridr = 0, we obtain an isomorphism coker 8y = cgker Bo, ie
Fllg’ (X) = IHJ (CT(X)). It remains to show that y: IH] (CT(X)) — IH] (CT(X))

is surjective. This follows from the surjectivity of .

o and diagram (10).

5.1 Example

We may consider the following example to illustrate Theorem 1.2. Consider the two-
sphere, as a stratified space, thought of as the suspension of S'. So the two poles are
the “singular” stratum, with link L = S, and we will denote these by +pt. Now take
X = §? x T? with the induced stratification, & = {#pt} x T? C X. The codimension
of ¥ in X is 2, and any standard perversity takes p(2) = 0. We will first calculate
H.(I?X). Let M = X — N(X), where N is an open normal neighborhood of X.
Note that dM =~ S x {£pt} x T?. The cutoff degree here is k = 1 — p(2) = 1, so
IPX = Mugc(L<1 xT?),where L.; C L =S". For any path connected space, L ;
is just a point e in the space. Thus g is the inclusion map g: € x {#pt} x T? < M.
The reduced homology is given by

HI?(X) = H(IPX) = Ho (M, e® x {£pt} x T?).
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Then using the relative exact sequence on homology, we can calculate this as

~ 0 ifi =0or4,
HI?(X) = {R? ifi=1or3,
R* ifi =2,

Theorem 1.2 states that there is a relationship between the HI iﬁ (X) we just calculated
and intersection homology groups for CT(X'). The conifold transition of X is CT(X) =
((T?>x1)/(T?xdI)) x S, whose normalization is the suspension of 7% times S!,
that is, a\f(X) = S(T?) x S'. This has singular stratum B = {%pt} x S! with
link F = T2, so the codimension of B is 3. This means there are two possible
standard perversities 7 (lower middle) and 7 (upper middle), where #2(3) = 0 and
n(3) = 1. By [20, Theorem 4.2] and [19, Lemma C.1], the intersection homology
does not change under normalization and thus IH,,f7 (CT(X)) =~ IH;7 (/C\'f(X )). The
intersection homology groups of Ef(X ) for the perversities 7 and 7 are calculated
in [2, page 79], which also indicates the generators of the classes.

In order to illustrate Theorem 1.2, we also need to understand IH;7 (CT(X)) when
g is an extended perversity, as in [18], and we need to understand the maps be-
tween consecutive perversity intersection homology groups to calculate the groups
1G¥(CT(X)). By Proposition 4.1, THI(CT(X)) = Hy(M) for §(3) < 0 and
IHE(CT(X)) = Hy (M, M) for g(3)>2. If g(3) <q'(3), then there is a natural map

IHI(CT(X)) ~ IHI (CT(X)),
since any cycle satisfying the more restrictive condition given by g will in particular
also satisfy the less restrictive condition given by g’. This is the map that appears in

the definition of [/ Gik)(CT(X )). Now we can create Table 1, which will allow us to
calculate these groups.

j\g® | -1 - 0 —> 1 — 2
0 R =~ R = R & o0
1 R} ~ R?» R &% R
2 R3 —» R? % R?2 s R3
3 R &% R < R3 =~ R3
4 0 % R =~ R = R

Table 1: TH{ (CT(X))
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We get, for example,

7(3)=2
1GPCT(X) = IHTP= (cT(X) & M (1)
1 (CT(X)) i (CT(X)) im(IHIO=1(CT(X)) - HT O~ (CT(X)))

- 0

~R2,

Collecting the relevant results, and recalling that p(2) = 0, we get

16 (CT(x)) =0,
162 (CT(X)) = R?,
169(CT(X)) = R*,
160 CT(X)) = R?,
1GSV(CT(X)) = 0.
Thus
A17(X) = 16877 (CT(X)).

where we see 3 =n— 1+ p(2), as in Theorem 1.2.

6 De Rham cohomology for /H and HI

6.1 Extended perversities and the de Rham complex for 7H

Let W be a pseudomanifold with one connected smooth singular stratum B C W of
codimension ¢ and with link F of dimension f = ¢ — 1. (In what follows, we will
take W = CT(X),so B= L and F = X.) Then the only part of the perversity which
affects TH g(W) is the value p(c). Thus, in this special case, we can simplify notation
by labelling the intersection cohomology groups by a number p that depends only on
the value p(c), rather than by the whole function p. Further, we will fix notation such
that the Poincaré lemma for a cone has the form

HI(F) if j <q,

J (°F) —
(13) H] (¢ F)_{ 0 g

That is, the ¢ we use in the notation IH(];I)(W) gives the cutoff degree in the local coho-
mology calculation on the link. The de Rham theorem for intersection cohomology [11]
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states that in this situation,
IH{, 5 (W) = Hom(IH{ (W), R).

Standard perversities satisfy 0 < p(c) < ¢ — 2, so in terms of the convention we have
introduced, this gives 0 < ¢ < ¢ — 1. We use an extension of these definitions in
which ¢ € R. This does not give anything dramatically new; when ¢ < 0, we get
H*(M,dM), where M =~ W — N for N an open tubular neighborhood of B. When
g >c—1 we get H*(M). It is also worth recording that when W has an isolated
conical singularity B = pt with link F, we get globally the isomorphisms

H/ (M) if j <gq,
IH]\(W) = {im(H/(M,dM) - H/ (M)) if j =g,
H/(M,dM) if j > ¢,

where in this case 9IM =~ F.

In order to prove Theorem 1.3 from the de Rham perspective, we need to use compatible
de Rham complexes to define these cohomologies. Various complexes have been shown
to calculate intersection cohomology of a pseudomanifold. We will present first a
version of the de Rham complex from [11], adapted to our setting.

We use the notation from Section 2, and in particular let W = CT(X) have an /-
dimensional smooth singular stratum L with link ¥, a smooth s—dimensional manifold,
and product link bundle Y = L x 3. Note that s+ 1 = codim L. From the isomorphism
Y = L x X, we have that T*Y =~ T*L @ T*X. This induces a bundle splitting

AT Y)= @ A(T*L)® AV(T*D).
i+j=k

We write QK(Y) = T'°(Y; A¥(T*Y)) for the space of smooth differential k—forms
on Y, and we write A/ Y = A{(T*L)® A/ (T*X) and Q5/(Y) =T®(Y; AMY).
Then also we obtain a splitting of the space of smooth sections,

AWM= P V). a=) .
as C*°(Y)-modules. For g € Z, define the fibrewise (along X) truncated space of
forms over Y by

qg—1
(fleg Q¥(Y ) = {a e Qk(1) ‘ o= Zak_,-,,-}.

j=0
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Note that ft-, 2*(Y) is not a complex in general. Then define the complex

(14)  1Q(,(CT(X))
= {w e Q*(M) |inc*w € ft<, Q*(Y) and inc* (dw) € ft; Q*(Y)}.

(Recall that inc: ¥ = M <> M is the inclusion of the boundary.) The cohomology of
this complex is IH(":]) (CT(X)), as shown in eg [11]. We note that there is an inclusion
of complexes,

Sga+1t 1920, (CT(X)) = I1QF, | (CT(X)).

This induces a natural map on cohomology, which however is generally neither injective
nor surjective. We will come back to this map later.

6.2 Extended perversities and the de Rham complex for H/

In this subsection, we present the de Rham complex defined in [4], which computes the
reduced singular cohomology of intersection spaces. Let L be oriented and equipped
with a Riemannian metric. For flat link bundles £ — 3 whose link can be given a
Riemannian metric such that the transition functions are isometries, the first author
defined in [4] a subcomplex Q7},5(X) C Q*(E), the complex of multiplicatively
structured forms. In the present special case of E =Y = L x X, this subcomplex is

Q% (D) = {a) € Q*(Y) ‘ 0= nfh An;aj},
i

where the sum here is finite, and A; € Q*(L) and 0; € Q*(X). We may also write
this as

Qs(D) = Q" (L) @ Q* (D).
Let k be any integer. The level-k cotruncation of the complex Q*(L) is defined in

loc. cit. as the subcomplex 7> Q*(L) C Q*(L) given in degree m by

0 ifm<k,
(=k Q¥(L))" =3 kerdy ifm=k,
Qm(L) ifm >k,

using the codifferential 67 on 2*(L). Note that 1>, Q*(L) = Q*(L) for k <0, while
7>, Q*(L) = 0 for k > . The subcomplex ft>; Q%,5(X) C Q3 5(X) of fibrewise
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(along L) cotruncated forms is given in degree m by

(ftzt Rpys(D)™ = {w €Q"(Y) |0 =Y 7jhi Anpo; hi rzksz*(m}.
i,j

Taking k =1 — p(l + 1), we set

HIJy 5(X) 1= H*(QIE(M)).

where
Q[;(M) = {a) € Q*(M) | a)|N_z; = 7[;;77, ne ftzl—ﬁ(l—i—l) QTVIS(E)}

(Recall from Section 2 that NV is an open tubular neighborhood of ¥ with a fixed
diffeomorphism N — ¥ =~ L x ¥ x (0,1) and ny: N — ¥ — Y = L x X is the
projection.) The Poincaré duality theorem of [4] asserts that if p and g are comple-
mentary perversities, then wedge product of forms followed by integration induces a
nondegenerate bilinear form

Hlg 5(X) x Hlg 5(X) = R, (o], [1]) '—>/ ® A,

when X is compact and oriented. (This is shown not just for trivial link bundles,
but for any flat link bundle whose transition functions are isometries of the link.)
Furthermore, using a certain partial smoothing technique that we shall sketch below, the
de Rham theorem of [4] for isolated singularities and its generalization to nonisolated
singularities with trivial link bundle due to Essig [16, Theorem 3.4.1] asserts that

(15) HIf 5(X) = Hom(H.(I”X;R).R).

This isomorphism is constructed as follows: For a topological space Z, let Cyx(Z)
denote its singular chain complex with real coefficients. For a smooth manifold V
(which is allowed to have a boundary), let C2°(V') denote its smooth singular chain
complex with real coefficients, generated by smooth singular simplices A/ — V. For
a continuous map g: Z — V, the first author defined in [4] the partially smooth chain
complex C(g). In degree j,

C(9) = Hi(2) & CP(V).

Let i C° (V) Cy (V) be the inclusion and s: Cyx (V) — C2°(V') be Lee’s smoothing
operator [29, pages 416—424]. The map s is a chain map such that s ot is the identity
and ¢ o s is chain homotopic to the identity. Thus s and ¢ induce mutually inverse
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isomorphisms on homology. If V' has a nonempty boundary 9V, then we can assume
that s has been arranged so that the square

Cx (V) —— C2 V)

L]

C(V) —— C2(V)

commutes. Let Z; denote the subspace of j—cycles in Cj(Z) and Bj = 9C;1(Z)
the subspace of j—boundaries. Choosing direct sum decompositions Z; = B; @& HJ/ ,
we obtain a quasi-isomorphism q: Hy(Z) = H«(Cx(Z)) — C«(Z), which is given
in degree j by the composition
Zj B & HJ/ =~ /

Here, we regard H«(Z) as a chain complex with zero boundary operators. By construc-
tion, the formula [¢(z)] = z holds for a homology class z € H;(Z). Let z € H;_1(Z)
be a homology class in Z and v: A/ — V be a smooth singular simplex v € C j°°(V).
The boundary operator 9: C jo‘ (g)—>C jo‘_l (g) is defined to be

d(z,v) = (0, 0v + 5g4q(2)),

where g«: Cj_1(Z) — Cj_1(V) is the chain map induced by g. By Proposition 9.2
of [4], the partially smooth chain complex CX(g) is naturally quasi-isomorphic to the
algebraic mapping cone Cx(g«) of g«. Applying this to the map g: L_; X X — M,
we get an identification

H,(C()) = Ha(Ci(gx)) = Hu(cone(g)) = Hu(I7X).
A map
W5 H/(QI3(M)) — Hom(H; (C5(2)), R)

is given by Wpw][(z,v)] = [, @, where w € QI;(M) is a closed form and (z,v) €
C fo (g) is acycle. (See [4, page 48]. Note that w has a unique extension to a closed
form on M ; see also Section 6.3.) Then the isomorphism (15) is the composition

HIj 5(X) 2 Hom(H (C(2)). R) = Hom (. (17 X). R).

This construction, as well as the argument showing the map to be an isomorphism,
does not require any assumptions on the cutoff degree k € Z, and thus works even
for extended perversities p. We can create a notation for HIj, 5 that emphasises
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the cutoff degree instead of the perversity in a similar vein to the notation we fixed
for IH ;(X ) in the previous section. With k =17 — p(/ + 1), we simply write

HIG (X) := HIjy 5(X).

Since the only value of p to make a difference in the right side of this equation is
p( + 1), no ambiguity arises from replacing the function p by the number k, where
now k is giving the cutoff degree in the local calculation on the link.

We observe two useful lemmas about the cohomology of the complex 27 ; (M). The
first one is a generalized Mayer—Vietoris sequence.

Lemma 6.1 There is a long exact sequence of de Rham cohomology groups as follows:

j
L

(X) — H/ (M) @ H (ftsf, Q% 5(2) = H (M) — ---.
In particular, since )M = L x X, the second summand of the middle term is isomorphic
to
l . . .

P H (L) e H T (D).

i=k
Proof Letk=/—p(/+1). By definition of Q7 ;(M ), we have a short exact sequence
of complexes

0— QIE(M) — Q% (M) & ftzf Qy5(T) = (N - 2) >0,

where the second map takes a pair (w,7) to @|y—x — 7y, and the first map takes
w € SZI;(M) with w|y_x = 7y to (w,n). This sequence induces a long exact
sequence on cohomology isomorphic to the one above. The form of the second summand
comes from the definition of cotruncation and of multiplicatively structured forms. The
isomorphism of the third term comes from the standard de Rham Kiinneth isomorphism
H/ (M) =~ H’(0M x (0, 1)) and the diffeomorphism N — X =~ 9M x (0,1). O

Lemma 6.2 (Kiinneth for HI,) If W is a pseudomanifold with only one isolated
singularity and B is a closed manifold, then the homological cross product induces an
isomorphism HI? (W x B) =~ HI? (W) ® Hy(B).

Proof Let W be the blowup of W. Set k =/ — p(I + 1), where [ is the dimension
of the link L = dW, and let f: L_; — L be a stage-k Moore approximation to L.
Then IP?W = cone(g), where g is the composition

Lol =aWw—Ww.
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The blowup M of X = W x B is M = W x B with boundary M = L x B.
The intersection space of X is then I?X = cone(g x idg) because g x idg is the
composition

L<kaﬂ>LxB=8]\7<—>]l7=WxB.

Let v € cone(g) be the cone vertex and let Q = (cone(g) x B)/({v} x B), which is
homeomorphic to cone(g xidp). As the inclusion {v} x B — cone(g) x B is a closed
cofibration, the quotient map induces an isomorphism

Hiy ((cone(g), {v})x B) = Hy(cone(g)x B, {v}x B) = H,(0) = Hy(cone(g xidp)).

The Kiinneth theorem for relative homology [34, Theorem 5.3.10, page 235] asserts
that the cross product

H(cone(g). {v}) ® Ha(B) > Hi((cone(g). {v}) x B)
is an isomorphism. Composing, we obtain an isomorphism
HI? (W x B) = Hy(cone(g x idp)) = Hi ((cone(g), {v}) x B)
~ H,(cone(g)) ® Hy(B) = HI? (W) ® Hy(B). O
Lemma 6.3 (Kiinneth for HIj;) Let W be a pseudomanifold with only one isolated

singularity and B be a smooth closed manifold such that HI f (W) and H.(B) are

finite-dimensional. Then HI;RJ—,(W X B) =~ HI;‘R,ﬁ(W) ® H*(B).

Proof The homology groups HI f (W) and H«(B) are finite-dimensional by assump-
tion, and thus the natural map

Hom(HI? (W), R) @ Hom(Hyx(B), R) — Hom(HI? (W) ® Hy(B),R ® R)
is an isomorphism. Thus, by Lemma 6.2 and the de Rham isomorphism (15),
HIjy 5(W x B) = Hom(HI] (W x B).R)
~ Hom(HI? (W) ® Hy(B).R)
~ Hom(HI? (W), R) ® Hom(Hx(B),R)
= HI} (W) ® H*(B). O

Using these lemmas, we may also compute HI (";C) (X) for values of extended perversities
that lie outside of the topologically invariant range of Goresky—MacPherson, as follows:
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For standard perversities, | <k </.If k <0, then 1>, Q*(L) = Q*(L) and thus the
sequence of Lemma 6.1 becomes

Jj
= HI(k)

The map  has the form ¥ = s — Yy, where Yar: H/ (M) — HJ(9M) is restric-
tion and yy: H/ (Qys(X)—H J(3M) is induced by the inclusion of complexes.
Since Yy is in the present case an isomorphism, the map ¥ is surjective and thus ¢ is

X)S H (M) H (Q%,5(2) % HI (0M) —

injective. Now

im¢ =kery = {(@, 1) | Ym (@) = Yy ()} = {(@, ¥y ¥ar (@)},

which is isomorphic to H*(M ). We conclude that HI (k)(X )= H*(M) when k <0.
On the other hand, if £ >/, then 753 Q2*(L) = 0 and hence the sequence of Lemma 6.1
becomes

c-— HI} \(X) — H/ (M) — H (IM) — -

(9]
Therefore, HI, )(X )= H*(M,dM) when k > [. In particular, Poincaré duality also

works for these extended perversities, since relative and absolute (co)homology pair
nondegenerately under the standard intersection pairing.

6.3 An alternative de Rham complex for H/

We continue to assume that L is oriented. We now want to define a new, equivalent
de Rham complex for HI &) (X) that is analogous to the de Rham complex we presented
above for IH* )(CT(X )). In order to do this, we need to extend the operator §;, from
multlphcatlvely structured forms on Y to all smooth forms on Y. This is standard,
but we give details here for clarity. First, we can decompose the exterior derivative
according to the splitting of Y as

dy =dp + (-1)"ds

for (r, x)—forms, where for z = (z1,..., z;) local coordinates on a coordinate patch
UcCLandy=(y1,...,ps) local coordinates on a coordinate patch V C ¥ and
multi-indices I and J,

l
~ 0
TL(f oy dzr ndys) =Y 2 dei ndzg Adyy.

i=1 !

ds(f(z,y)dzr Adyy) = Z —dn Adyj Ny .
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Note dy (mjA An§0) = nf(dLA) Ango and ds(mfA AT50) = nfA AT (dso),
so these operators extend the exterior derivatives on multiplicatively structured forms
to operators over all smooth forms on Y.

Now fix a metric g7 on L. This defines a Hodge star operator on *(L), which may
be extended to forms on Y via the rule
*¥p(dzp ANdyy) = (xpdzr) Adyy.
We can extend the adjoint operator of dy, to forms on Y by setting for (i, j)—forms that
Sp = (=D, dr %,

Note that this does extend the adjoint operator from multiplicatively structured forms.
From the coordinate definitions and the invariance of gy inthe V coordinates, observe

(16) JLEE = JEJL, C‘Z’E;L = ;Lgih and JEEL = ELJE.

Further, we can lift the Hodge decomposition for 2*(L) to any neighborhood L x V
by observing that for any fixed y € V, we have a decomposition of w € Q/ (L x V)
given by
o= ) k() Adys.
|J1=j

where each Ay (y) € Q¥ (L) decomposes as dy Ay j () +8rA2,7(¥) +A3.7(y), with
A3 g(y) € H!(L). Here, H*(L) denotes the space of harmonic forms on L. Thus
altogether we can decompose

A7) o= Y dih () Adys+ Y Stha s (M Adys+ Y A3 (¥)Adys

|J1=Jj |J1=Jj [J1=j
=dp Y haWAdys+3L Y ks IAdys+ Y has(p)Adyy
WAES AES [J1=j

=drw(p)+8Lw(p) +w3(p).

Now putting this together for all y € V, we get a unique decomposition of any form
in Q’/ (L x V) into pieces in the image of dy , in the image of §, and in the kernel
of both.

Lemma 6.4 We have the decomposition
QY =d QM (V) @8 (V) @ (H (L) ® QY (%)),

where the sums are vector space direct sums. Further, dy, preserves this decomposition.

Geometry & Topology, Volume 23 (2019)



Hodge theory for intersection space cohomology 2203

Proof We have already demonstrated the decomposition, since this is done pointwise
in B (finite-dimensionality of H’(L) allows us to write the last term of the decompo-
sition as a tensor product). The fact that it is preserved by dyx follows from (16). O

Note that since L x ¥ is a product, we can also apply Lemma 6.4 in the other direction,
namely that d 1. preserves the Hodge decomposition for X. In this way, we get in fact
a double Hodge decomposition. A graded vector space ﬁzk Q*(Y) of alternatively
fibrewise cotruncated forms is given by

!
(fisg Q* (V) = {06 = aij-i

i=k

aij—i € QYTHY), gLak,j—k = 0}-

Lemma 6.5 The ditferential dy restricts to ﬁzk Q*(Y).

Proof The differential dy = d L igg does not lower the L—degree i of aform «; j—;.
Thus, if o = Zf=k @, j—i, then dya can again be written in the form dya =
Zf:k Bi,j+1—i» where B; j11-; € QBJFH1I=1(Y). Assume that Spag,j—x = 0. Since

dyo = (dp £ds) (g, j—k + Q+1,j—k—1 )
=dpog,jr Tdsoygjk +drogyr,j—k—1 Tdsogi1j—k—1+-,

the component in bidegree (k, j + 1 —k) of dy« is

(dyd)k,jri—k = igEak,j—k-
Using (16),

gL(dYOl)k,j+1—k = ingEak,j—k = igEgLak,j—k =0.
This shows that dy« € (ﬁzk Q*(Y))/+1. O

By the lemma, ﬁzk Q*(Y) is a differential complex. Now we can define the new
de Rham complex for HI &)(X ) as

(18) QI (X) = {julas | € Q* (M), inc* (1) € fioge Q*(V)}.

We want to show this complex is quasi-isomorphic to the original de Rham complex.
For this, we will need the Kiinneth theorem.

Theorem 6.6 (Kiinneth theorem) LetY = L x 3, where ¥ has a finite good cover.
Then the inclusion of complexes

QY (L)@ Q*(2) = Qms(T) = Q*(Y)
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induces an isomorphism on cohomology. In particular, if « € Q7,5(X) and a = df
for p € Q*(Y), then B =dy + p’, where B’ € Q7 ,5(%).

Note that the second part of the Kiinneth theorem is not obvious, but follows from
the standard proof for the de Rham cohomology version. Details may be found eg
in [10, page 49].

It is also useful to start with two observations. First, although the forms in the complex
QI (*k)(X ) are only defined on ]\_4 , we can extend each one uniquely to a form on M.
This is because on N — X = dM x (0, 1), they are constant in the variable on (0, 1)
(which we will call x), and thus can be extended to M x [0,1). We will abuse
notation and use 2/ (*k)(X ) to denote both the original complex and the complex of
extended forms, which is isomorphic to the original complex through the extension map.
This is convement because it then allows us to consider 27 (k)(X ) as a subcomplex
of QI (o) (X).

Second, we observe that when we choose our neighborhood N of ¥ C X, we can
always arrange for it to sit inside a larger neighborhood N, C X with the property
that Ny — X = dM x (0,2), where N — X =~ M x (0,1) is a restriction of the
diffeomorphism for N, —X. Let N denote the blowup of N, so that N ~90M x [0,1),
and similarly, let N, denote the blowup of N, .

Lemma 6.7 The cohomology f]?fk)(X ) of the complex 57?/()(/\’ ) is isomorphic
to HI(*k)(X).

Proof The inclusion of complexes

(k)(X) — Ql(k)(X)

described above induces a map on cohomology. We need to show this map is a
bl]CCthIl We start with injectivity. Assume that [a] € HI (k)(X ) and that @ = d ,3 for
,8 e QI ) (X ). The two complexes differ only by the structure of forms on N. To
prove injectivity, we will thus only need to modify forms in a small neighborhood of N.
We will use N, as this neighborhood.

When we restrict 8 to N >, we have

B(x) = Br(x) +dx A Bu(x),
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where x is the coordinate in [0, 2), and where the ,BA ¢/n(x) are, for each fixed value
of x, smooth forms on ¥ = dM. Now on all of M, define a new form

ﬂ=3—d(xf0 En(z)dz),

where x is a smooth cutoff function on M which is identically 1 on N and is
identically 0 on M — N, (we may in particular choose x to be a pullback of a
smooth cutoff on [0,2) to N 2 and extend it by zero to the rest of M). Note that
inc (,3) inc (,8) so B € Ql(k) (X). But additionally, dx 2 8 = 0 on N, because

B = (B:(x)— [ dypn(t) dr) +dx A O.

Since, on N, o = myn for some n € QLS(E) and df = d,é: o, we have on N that

wyn = dp(x) = dy B(x) + dx A B'(x),

where B’(x) = (9/dx)B(x). Thus we must have B’(x) = 0, so ,B(x) is constant
in x on N. This means 8 = nyo for some o =inc*f = 1nc*,8 € (ft>k Q*(Y)) 1.
Since d commutes with pullbacks, we have dyo = 1.

To complete the injectivity proof, we need to show now that we can further adapt B
toa E =m0 where & is multiplicatively structured and still in the right cotruncated
complex. What we have done so far permits us to reduce this to showing that if
n = dyo, where o € (fts; Q*(Y))/ ™! and 5 € (fts; Q%,5(X))/, then n = dy 5,
where G € (ft>f Q%,5(X))/ 1.

As noted in Theorem 6.6, the injectivity of the Kiinneth isomorphism, dy o = n, where
n € Q),5(T), implies that o = dyy + o/, where o’ € Qﬂsl (X). Thus dyo’ =n. We
need to show that in addition, o’ can be chosen to satisfy the correct cotruncation.
Expanding dyo’ = 1 in terms of bidegree, we get

drLoj_; o =1j.0,

7o i—17 1
dLUj_z,l + (-1)/ d)JUj_l,() =T1j—-1,1,

(19) dLoj_y i+ (D dso) ;i =k jx.

g k—175 1 .
droy_s j_jy1 + (D" dsop_y ;4 =0,
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Decompose the term al’w._l_ « according to the L Hodge decomposition as

) ~ -
O j—1—k = AdLAk—1,j—1—k T 8Lbkt1,j—1-k + Ch,j—1k>

and set
G=0j_10+ + 044y ik 2+ LBt j 1k + Ch o1k

Note that in the L Hodge decomposition of a multiplicatively structured form, each
term is itself multiplicatively structured. This means that & € (ft>x 27, S(E))j -1 We
would like to have that dyo = n. When we decompose this equation by bidegree,
we get exactly the same equations as in the previous decomposition for all equations
above the one for 7y ;i (labelled (19)), so these are still correct. For the equations
corresponding to those below (19), we get just 0 4- 0 = 0, which is also correct. So we
just need to check that the equation corresponding to (19) is also correct:

(20) (_1)kJE(ngk+1,j—1—k + Ch,j—1—k) = Mk, j—k-
So consider again (19):
Nk,j—k = JLO—]/C_l’j_k + (~D¥ds(drag—1 j—1—k +Lbrt1,j—1-k + Ckj—1-k)
=dp(0}_y ;_j + (—=D¥dsar_yj—1-) + 3. (=D dsbitr j—1-k
+(—D*dger,j-1-k.

where in the last step, we have used the fact that 672 commutes up to sign with both
d, 1 and s, 1.. This is exactly the L Hodge decomposition of g ;j_x. However, the fact
that 8L Nk,j—k = 0 implies that the dL term in its decomposition vanishes, ie

dp(o}_y ;g +(=D¥dsar_y,j-1-1) =0.
This means that (19) reduces to
Mkj—k =L (=D dsby 1 j1-4) + (=D dser j14,
which is equivalent to (20), as desired. This completes the injectivity part of the proof.

Now consider surjectwlty Let [,3] e HI {k) (X ). We need to construct a form /3 €

Ql(fk)(X) such that B = 8 + d7j for some 7 € Ql(k) (X).

Restricting forms to N ,, we again have

B(x) = Br(x) +dx A Bu(x).
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As before, on M, define

ﬂ=3—d(x/0x3n(z>dz).

By the same arguments/e\ls above, we get that [3] =[B] € i]?{k)(X), and on N,
p = myo for some o € (ft>; *(Y))’. We now need to adapt f to a multiplicatively
structured 8. As before, this reduces to adapting the form o on Y to an element
of (ft> Q% 5(2))/.

First note that d ,BA = (0 implies that dyo = 0. Thus using the Hodge decomposition
on Y, we get

(2D O:dyr)-i-O’,,

where ¢’ is harmonic in Y, and therefore multiplicatively structured as a sum of wedges
of harmonic forms on L and X. (This follows from the double Hodge decomposition
Lemma 6.8 together with the Kiinneth theorem.) Now as in the injectivity argument,
decomposing by bidegree and using the Hodge decomposition and the fact that o €
ﬁzk Q7 (Y), we get that 0’ € (ft> Q%,5(Z))/ as desired.

We next need to show that we can choose 1 € (Ezk Q*(Y))/~! in (21). Decompos-
ing (21) by bidegree, we also get that dy (ng—1,j—k +---+no,j—1) = 0. Thus we may
choose our 1 without loss of generality such that ng_; j_x +---+no,j—1 = 0. Finally,
we have that nggnk,j_k_l = SL(ak’j_k —al/w._k) =0.Thus n € (ﬁzk Q*(Y))/ !
as desired.

Finally, we let
F=p-don=F=d(x(n+ [ Butcrar)) =p+an

Since [,g] = [,3\] € ﬁ?{k)(X), where [,g] isaclassin HI(J}C) (X), the map is surjective. O

When the link bundle is trivial, that is, Y = L x X, we can analogously define operators
dy, and dy. Then the Hodge decomposition theorem for forms on Y, Lemma 6.4, can
be refined to a double Hodge decomposition.

Lemma 6.8 Let w € Q5/ (L x X). Then w may be decomposed uniquely in a double
Hodge decomposition as

-~ . ~ s -~
w=drdsaj—1,j-1 +drésai—1,j+1 +dphi, ; +8rdsaiyr,j—1
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where the terms hE, j are in the kernels of gz and gg , the terms hij* are in the kernels
of dy, and &1, and lej is in the kernels of dy and Jy .

Proof This follows from the Hodge decompositions of each factor in
Qb (L x X)
=Q'(L)® Q' (D)
= dLQN L) +6.QTHL) + H(L) ® (dsQ/7H(D) + 62/ TH(D) + H/ (D))
together with the definitions of d, L/ and gL /= » which imply that
dpds(@ (L)@ Q77 (2) = dL Q7 (L) ®ds Q7 (D),

and similar equalities for d, ng, ELJ and ngg. Note that the finite-dimensionality of
the space of harmonic forms on L and on ¥ means that for the terms in the expansion
of the product that contain harmonic forms, we in fact have that ® is simply the same
as ®, so the operators satisfy dy /5 = JL/E and 6r /5 = gL/E- a

This double Hodge decomposition has similar properties to the standard single Hodge
decomposition. For instance, if dsw = 0, then applying this to the double decomposi-
tion of w, we get that

dsds(drai—yj+1+8Laiv1,j+1 +hi ) =0.

Taking the inner product in L?(X) of this with dLa, 1,j+1 —|—5La,+1 1 +hl i1
at each point in L implies that in fact

gE(gLai—l,j—H + gLai—H,j—H + hf,url) =0.
6.4 Proof of Theorem 1.3

Theorem 1.3 follows from a sequence of lemmas relating the spaces /H, )(CT(X ),

(J q)(X) and TH (q+1
that there is a sequence of maps in each degree j:

)(CT(X )). First we have the following lemma, Wthh shows

Lemma 6.9 For all j, there are well-defined maps

IH! i (CT(X)) A, g’ y(X) B, 1H ,(CT(X))

(j—q (+1

that factorise the standard map Sy 411 between intersection cohomology groups of
adjacent perversities.
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Proof First consider the map A. Let o € 1 Q/ )(CT(X )), with da = 0. Then by
definition of this complex, inc*« € (ft<, Q* (Y))J We can decompose inc*a by
(L, X) bidegree to get

inc*a = Qj.0 +--+ Oj—g+1,9—1-
In particular, g j + -+ aj—g,q = 0, which means that o € m{j_q)(X).

To show that this inclusion induces a well-defined map, A4, on cohomology, we need to
know that if @ = dn, where n € Q7 )I(CT(X)) then we can find 1’ € QI(J q)(X)
so that o = dn/, as well.

Decomposing by bidegree, we get
inc*n=mnj_1,0++nj-gq-1-

Breaking down the equation inc*«a = inc*dn = dy inc*n by bidegree, we get that

dsnj—q,q—1 = 0. This means that in the double Hodge decomposition for 17;_4 41

we have

Nj—g,q—1 = ngEaj_q_l,q_z + nggaj_q+1,q_2 + Jz;hjL g.q—2 T th}: a—1.4—1
+5Lh/ —q+1,4-1 +h1 —q.q—1"

Note that dz; (a’ga i—g—1,qg—2 + h _g—1,g—1) = 0. For x a smooth cutoff supported at

the end of M, let n' =n— d(x(dz;aj —g—1,q— 2—|—hj _g—1,9—1))- Then dn' = « still, and

inc* ' = inc* n—dy (@zdj—g—1.9-2+h> 411 4-1)
=nj—1,0t +Nj—g+1,g-2tNj—g,q—-1 _JL(JEaj—q—l,q—Z +hjz—q—1,q—1))'
So gLn;._q’q_l =0,s01n € é?{,-__lq) (X), and the map A is well defined.
Now consider the map B. Suppose that 8 € S/Z\I{j_q) (X) and dB = 0. Then
(22) inc*B=Bj0+ - +Bi-ga LBj-g.q =0,
and so decomposing inc*dp by bidegree, we have
0 =inc*dB = dy inc* B
= (dLBj.0) + dLBj—1.1+ (=1 dsBjo) + - % (dsBj—q.q).

Thus dg,@, —g,g=0,50 B € ISZ(q+1)(CT(X)) We need to show the map i 1nduced by
inclusion is well defined on cohomology. Assume that 8 = du for ,u e QI = q)(X )E
then decomposing by bidegree again, we have by definition of QI (j—q)(X) that

inc* i = ptj 1.0+ + lj—gg-1. OLMj—qq-1=0.
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In particular, pj_4_1,4=0,s0 p € IQ(q+1)(CT(X)) so B is well defined.

Finally, since on the form level, 4 and B are both given by inclusion of a closed form
in the domain complex into the range complex, their composition factorises the natural
map Sy g+1- O

Next we have three lemmas showing A is injective, B is surjective and ker(B) Cim(A4).
Together, these prove Theorem 1.3.

Lemma 6.10 The map A is injective.

Proof Suppose that A[a] = 0, that is, o € IQ] )(CT(X)) do =0 and @ = df
for B € QI G q) (X). Then decomposing by bldegree
inc*B=Bj_1,0++Bi-qq-1. OLBj—gq-1=0.

Because the degree in £ is < ¢ — 1 for all pieces, inc*f € (ft<; Q* (Y))/~1. Also,
by hypothesm dp = o where inc*« € (ft<; Q* (Y)),s0 BelIQ )I(CT(X)) and
0=[a]elH )(CT(X)) Thus A is injective. O

Lemma 6.11 The map B is surjective.

Proof Suppose that [y] € IH, 2 +1)(CT(X )). Then decomposing by bidegree, we have

inc*y =yj0+ -+ Vi-qq-

Since dy =0, we get that 672 Yi—q,q = 0. Decompose y;j—g4 4 according to the double
Hodge decomposition:

Vi qq—deEaJ —q—1,9— 1+5Ld2a1 —q+1,9— 1+d2h] —q.9— 1+dLh] —q—1,4

Y
+5Lh1 q+lq+h1 —4.9

Note that dg(d;;a] —g—1,q-1 +h
at the end of M, let

-1 q) = 0. Then for x a smooth cutoff supported

y' =y —d(x(dsaj_g-1.q-1+h7 4 1)
Then we have dy’ = 0 and

inc*y’ = Vio+t -+ Vi—qg —JL(C?Zaj—q—l q—1 "‘hjz—q—l,q))’

o) SL)/] —g.q = 0. Thus y' e QI(J —¢)(X) represents a class in HI )(X)
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Further,
inc*()((dgaj_q_l,qq + hjE_q_l,q))
= d5ajg-1,q-1 + "1 4 € (ftager Q1)) 7,

so[y']=1y] e IH(];IH)(CT(X)). Thus [y] = B[y'], so B is surjective. O
Lemma 6.12 The kernel of B is contained in the image of A.

Proof Assume that B[] = 0, that is, 8 € fﬁ{j_q)(X) and 8 = dy for y €

1 Q{q_ﬁ 1)(CT(X )). Then decomposing inc* B by bidegree as in (22) and using the fact

that df =0, we get that dxBj 49 =0=061Bj—q,q-
Now decomposing inc*y and inc*dy by bidegree, we get that
inc*y = yj—10+ - +Vi-1-q.q-
inc*dy = (dLyj-1,0+((=1’ "' dxyj—10+dLyi-2.1)
(D) sy g -1 +dLYj-1-g.0) (1 T g q)-
Thus ggyj_l_q,q =0 and
(23) (=1)"dsYj—gq-1 +dLYj-1-4.4 = Bi~a.a
Decompose yj—4.4—1 by the Hodge decomposition in L :
Vicaa—1 = dLaj—g—1,4-1 +8Lbj—g+1,4-1 + =g q—1.

Then recalling that gL Bj—q,4 = 0 and applying the Hodge decomposition in L to all
of (23), we get

ﬂj—q,q = (_l)j_ng (ngj—qH,q—l + cj—q,q—l)-
Let
B i=B—dx(6rbj—g+1,9—1+ Ci—gq—1)-

Note (8Lbj—g+1.4-1+ Cjgg—1) € Ttz j— Q*(Y), s0 [ =Bl € HI{,_ (X). But
inc* B’ =inc* B —dy (SLbj—gr1.49-1 + Cj—g.q—1)
=Bjo+ -+ Bi—g+ig—1— JLngj—q-H,q—l’
so B € IQ{q) (CT(X)). Thus [8] = A[B]. O

To put these lemmas together, we will use the following general result:
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Lemma 6.13 Assume that X, Y and Z are vector spaces and we have an injection
A: X — Y and surjection B: Y — Z such that the kernel of B is contained in the

image of A. Then
Z

Y;X@inl(B—OA)'

Proof Choose a splitting ¥ =im(A) @ W and a further splitting im(A) =ker(B)® V.
Then Y =ker(B)® V & W. Note that A is an isomorphism X == im(4) =ker(B)dV
and B is an isomorphism V & W =~ Z. Further,

(Bo A)(X) = B(im(4)) = Bker(B)® V) = B(V) = V.

Thus W =~ Z/im(B o A). Thus

Z

Finally, we can complete the proof of Theorem 1.3 by applying this lemma to the maps

IH] (CT(X)) 4> HI]._ (X)) L5 1H] | (CT(X).

( +1)
We get
J'
IH] | (CT(X))
im(B o A)
IHJ 11y (CT(X))

(Sq,q+1)

HI/

g (X)) = H! iy (CT(X)) &

= IH/ iy (CT(X)) &

= IG/

! (CT(X)).

To reindex, define p such that
g+1l=j+1—-k:=j—1—(1—-pl+1).
Then p(/+1)=qg—j+!,s0

HI’

J
Jr.5(X) = HI

(—-p(+1D)

5 (CT(X)), as desired.

(X) = HI(]] _pX)-

HIG g1y (X) =

J J
Thus HI AR.7 —(X) = IG(]+!

7 The Hodge theorem for H/I

Our Hodge theorem relates to the spaces of extended weighted L2 harmonic forms
over M = X — ¥ with respect to the various metrics we consider. A weighted L2
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space for any metric g on M is a space of forms:
xcLi,Q;(M) = {a) € Q*(M) ‘ /M||x_ca)||z,dvolg < oo}.

Here || - ||¢ is the pointwise metric on the space of differential forms over M induced
by the metric on M and x is the function on M that extends the (0, 1) coordinate
on the end of M. The space x‘LéQ;(M ) can be completed to a Hilbert space with
respect to the inner product (see standard references, eg [28, Theorem 3.2-3.3])

(a, B)c := /M aAXT2 %, B

Let d represent the de Rham differential on smooth forms over M and Jg . represent
its formal adjoint with respect to the x¢L? inner product induced by the metric g.
Then Dy . :=d 4 84, is an elliptic differential operator on the space of smooth forms
over M. If ¢ = 0, the elements of the kernel of Dy o that lie in L? are the standard
space of L? harmonic forms over (M, g). More generally, we write

’HéZ(M,g,c) = {a) € xchQé(M) ‘ Dgcov = ()}_

Definition 7.1 The space of extended x¢L?* harmonic forms on (M, g) is

HE(M..0)i= (Vi |0 € x"LIQLOM), Dy =0}

>0
7.1 Proof of Theorem 1.1

The space [ G(jq)(W) arises in extended Hodge theory for manifolds with fibred cusp
metrics, studied by the second author in [25], and this allows us to prove Theorem 1.1.
In [25], the second author considered the situation in which the regular stratum M
of a pseudomanifold X with a single singular stratum B is endowed with a fibred
cusp metric. It is important to note that when we apply the results of that paper here,
we are applying them to the space CT(X) rather than the space X considered in the
current paper. Thus, although the manifold M, which is the regular stratum of both X
and CT(X), is the same as the one considered in [25], the role of the base and fibre
of M =Y = L x ¥ will switch depending on if we are considering M as the regular
stratum of X or of CT(X). In particular, the base of M in [25], referred to as B in
that paper, corresponds to the fibre L considered in the current paper. Correspondingly,
the fibre F' considered in [25] corresponds to the base X in the current paper. With
this notation in mind, Theorem 1.2 from [25] may be rephrased in this situation as:
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Theorem 7.2 [25] Let (M, g¢.) be the regular stratum of CT(X) and x be a smooth
positive function on M restricting to the radial coordinate at the end, as defined
before. Endow M with a geometrically flat fibred cusp metric, gy, for the fibration
¢: Lx3¥ — L. Then

MM, gre,€) 2 1G5y 11 (CT(X)),
where b = dim 2.

Corollary 7.3 Under the conditions of Theorem 7.2, if g = X~ 2gj. is the fibred
boundary metric conformal to g, then

(24) MM, g, €) = Hbo (M, gre, ¢ + n— j) = 1G]\ (CT(X)),

where ¢ :j—%(b—l)—c andn =dim(M)=1[14+b+1.

Proof The proof of this corollary is not difficult, but is somewhat long and technical
in that it uses the spaces of fc— and fb—forms on M. The basic idea is that if we

take g to be the conformally related fibred boundary metric on M, then the conformal
relationship g = x2 g means that

XCLRQE (M) = xT2=T L2Qf (M).
This means for the Hodge star operators that also *g ¢ = *gc ¢4 (n/2)—j» SO in fact

the extended harmonic forms in these spaces are the same. For more details, see the
definitions of fc— and fb—forms and similar calculations to the above in [23]. O

Note that changing the role of fibre and base in the boundary fibration on M means
that the fibred boundary metric gg, on M with respect to the fibration L x ¥ — L can
also be thought of as a fibred scattering metric g¢ on M with respect to the fibration
L x ¥ — ¥. Thus we can rewrite this corollary as follows.

Corollary 7.4 Under the conditions of Theorem 7.2, it (M, g¢) = (M, gg,) is the
corresponding fibred scattering metric on M, then

(25) ngt(M’ 8fs, C) = IG(]q) (CT(X)),

where ¢ :j—%(l—l)—c.

Finally, if we set ¢ = j +1—(/ — p(I 4+ 1)) as in Theorem 1.1, then this implies that
c= %(Z —1)—p( +1) as claimed.
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7.2 Example

We consider the same space X = S2 x T'2 as in Section 5.1, stratified as before. Then
M =R x S! x T?. We can endow this with a geometrically flat fibred scattering
metric:

g = dr? + (1 +r?) do? + do7 + do3.

Note that if we make the change of coordinates x = |r|~! near 00, we get a metric
that is a perturbation of one of the form in Definition 2.1 that decays like x2. This
turns out to be sufficient to use the same analysis (see [22]). We use this coordinate
instead of x because it makes the explicit calculations below easier to understand. In
fact, in general, it is impossible to explicitly calculate the space of harmonic forms,

and only the very simple structure of the space and metric here makes it possible.

If we consider extended L? harmonic forms on (M, g¢s) with no weight (¢ = 0), then
Theorem 1.1 says
H:Xt(M’ gfs» 0) = HI(TR’IT(X)’

where %(1 — 1) — p(2) = 0. That is, the spaces of extended unweighted L? harmonic
forms on M should be isomorphic to the spaces with p(2) = 0 as we calculated in
Section 5.1.

In order to identify the extended L2 harmonic forms on (M, gg,) it is useful to observe a
few things. First, since the metric is a global product metric, the extended > harmonic
forms on M are all products of extended L? harmonic forms on W = R x S! with
harmonic forms on 7'2. Thus it suffices to determine the extended harmonic forms
on W with the metric g :=dr? + (1 +r?) d@lz.

Second, we observe that gy is a scattering metric, and is thus conformally invariant
(with conformal factor (1472)) to a b-metric. By the same argument as in Corollary 7.3,
this means that extended harmonic forms on (W, gy) are the same as extended
weighted L? harmonic forms on (W, (1 4+r2)~!gy). These forms are, in turn, known
to be in the kernel of d and § independently (see either Proposition 6.16 in [30] or
Lemma 4.3 in [25]). Thus we know that extended harmonic L?—forms on W are both
closed and coclosed. This means that the only possible 0—forms are constants and the
only possible 2—forms are constant multiples of the volume form.

Third, recall that for a differential form to be extended harmonic, it must be in
XT€L2Q*(W, gw) for all € > 0, or equivalently, (1 + r?)"€w € L2Q*(W, gw).
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If we consider constant functions, this means we need
o0
/ 1 +r)12¢4dr <0.
—0o0

This is not true, so H2 (W, gw) = {0}. By an analogous argument (or equivalently,

by Poincaré duality), also H2 (W, gw) = {0}.

Finally consider HL (W, gw). The space of extended L? harmonic forms of middle
degree is preserved by a conformal change of metric, and as noted before, gy is
conformally equivalent to the metric

dr?
1472

If we reparametrize, setting ¢ = arcsinhr, this becomes the metric on the infinite

gp = +d02

cylinder:
gp = dt* +do}.

If we use a Fourier series decomposition in 67, we find that a 1-form

0= 10)dr + (Y2 (010 0S80) + 121 sinCu) i ) + palr)
n=0

o0
+ > (1) cos(nby) + iz u(r) sin(n6y)) db,
n=0
is closed and coclosed if ng(r) and po(r) are constant and the remaining coefficients
satisfy f” =n? f, that is, they are all exponential functions in ¢, and thus blow up
at either oo or —oo, so are not almost in L?. So the only extended L? harmonic
forms are ¢; df; + c5 dt, which are in (1 4 )€ L>Q*(W, gy), as required. Thus
HL (W, gw) =~ R?. Now when we take the tensor product with #*(7?), we get
Hou(M, g) = 0 = HIg, 5(X),
Hoa(M. gg) = R? = HI f 5(X),
Hoy(M, gr) = R* = HI, ~(X),
M (M, gr) = R? = HIF, 5(X),
(M, gr) = 0 = HIf 5(X),

ext

as predicted by Theorem 1.1.
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7.3 Explicit isomorphism for the Hodge theorem

Although Theorem 1.1 shows that there exists an isomorphism from extended harmonic
forms to HI cohomology of X, the proof does not give an explicit description of a map
that yields this isomorphism. Furthermore, although the spaces involved do not relate in
any way to CT(X), the proof of the theorem critically uses relationships to CT(X). It
would be nice if, as in the classical Hodge theorem, the isomorphism could be realized
by sending an extended harmonic form to the HI class that it represents: y — [y]. That
way, we obtain a map realising the isomorphism that makes sense without reference
to CT(X). Furthermore, it gives us a place to start when trying to extend the HI
Hodge theorem to the case when the link bundle of ¥ in X is twisted.

However, the extended harmonic forms in our Hodge theorem do not in general lie in
either of the two complexes we have seen that calculate HI ;R, ﬁ(X ), as forms that are
in the extended L2 spaces over M can in general have coefficients that blow up at the
end of M. Thus to obtain an explicit map realising the Hodge isomorphism, that is to
see extended harmonic forms as representatives of classes in the HI space, we need
new larger spaces of forms that can be used to calculate the HI cohomology spaces
and that do contain the extended harmonic forms. We can find spaces that work in this
regard by reinterpreting the proof of Theorem 1.1. In this section, we find appropriate
new spaces of forms by using the isomorphism with /G and alternative complexes
of forms that may be used to calculate IH. However, the spaces that we eventually
obtain do not relate in any way to CT(X), and are defined entirely in terms of X itself.
In this sense they achieve our goal. Unfortunately, the spaces used in the definition
do not fit into a cochain complex, so the necessary alternative description of the HI
cohomology spaces is not as topologically satisfying as it might be. Nevertheless, we
believe that demonstrating an explicit isomorphism is useful.

From [25], we have the following setup and lemma which will allow us to see the
extended harmonic forms as representing classes in HI. Assume that W is a pseudo-
manifold with a single, smooth singular stratum B of dimension /, whose link bundle
with link F of dimension b is flat with respect to the structure group Isom(F, gr)
for some fixed metric on F. Let M = W — B and let x be a smooth function on M
that extends across B in W by zero. Let M be the complement in W of a normal
neighborhood of B, and let is: dM — M denote the inclusion of dM into M in the
slice where x = s.
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Define the projection operator IT; 1 4 on Q*(dM) by projection onto forms in fibre
degree ¢ that lie in ker(§ ) and forms in fibre degree ¢+1 that lie in im(dF) in terms
of the F Hodge decomposition. Let x4 L2Q*

con

(M, gg.) denote the complex of forms
on M that are conormal at x = 0 (see eg [30]), and are also in the x? weighted L?
space on M with respect to the metric gg.

Lemma 7.5 The cohomology of the complex x®/D=4=€ 2Q* (M, gg.) (made into a
complex in the standard way by requiring both @ and dw lie in the appropriate spaces)
is isomorphic to IH(”;)(W) and the cohomology of the complex

xR L2QE(M. gre)
={wex®/Dae 2

con

(M, ge) | lim ITy_y goifw =0, lim [Ty_; 40i;dw =0}
s—0 s—0

is isomorphic to IH("(‘I_I)(W). Furthermore, using this definition of IH(Z_I)(W), we
have the following long exact sequence on cohomology:

— H/™7N (B HP(F) 55 IH] (W) ™5 TH] (W) > H/™9(B; HY(F)) -,

where r = limg_,0 [Tg_1 4 0i .

These are the complexes used to prove Theorem 5.1 from [25], so from Corollary 7.3,
letting W =CT(X), B=L and ¥ = F, we have that the isomorphism in Corollary 7.4
is realized by an inclusion of the space of extended weighted L2 harmonic forms into
the numerator of the quotient space:
ker(d) c x/D=a=€12QJ (M, g.)

d(x(®/D=a=< L2Q{(M, gt.))

HI (M, gr. c) —

where ¢ = j — %(l — 1) —c for / the dimension of B. We can reinterpret the spaces
on the right in terms of the metric g¢ to get
ker(d) C x¢71€L2QJ (M, gfs)

HL (M, g c) >
ext s d(xc 1— ELZQ](M’ gfs))

Using Theorem 1.3, we calculate H _(X ) from this quotient:

ker(d) C x(l_3)/2_p(l+1)_€L29 (M, g)

HI} 1=3)/2—p(+D)—€e T 20*( N/
d(x 2PN [2Q¥ (M, gy,))

dRp(X)g

This is then the definition of HI C{R ﬁ(X ) for which the isomorphism in the Hodge
theorem, Theorem 1.1, is given by the classical map y — [y].
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8 Proof of Theorem 1.4

In order to prove Theorem 1.4, we need to understand how the intersection pairing
defined on the original de Rham cohomology of intersection spaces relates to the
isomorphism in Theorem 1.3 and the intersection pairing on the de Rham intersection
cohomology groups. First, we can show that the alternative complex we defined to
calculate HI J, N
this pairing is equivalent to the original pairing by the isomorphism in Lemma 6.7.

~(X) also admits a natural intersection pairing by integration, and that

Lemma 8.1 Integration of wedge products defines a bilinear pairing between HI ~ HI? (X )
and HI HI' (X) which is equal to the pairing by integration of wedge products between
HIJ _(X) and HI" J(X)

Proof First we show there is a well-defined bilinear pairing between HI 5 HI! (X ) and

I” J(X). Let@ € QIP(X) and B € QIﬁ J(X) be closed forms. Then fMoz/\,B
is ﬁmte since both forms are smooth on M. Furthermore, if & = d7j, where 7 €
?2\1]17_1 (X), then by Stokes’s theorem,

| ainb=[ a@ap = im [ 3)npo)
where now s is the coordinate on (0, 1) near the end, to correspond to the limits in
Lemma 7.5. We can decompose 7(s) and ,B(S) by (L, ¥) bidegree. By definition of
QI% 1(X) and QI— (X) and by the fact that p(/ + 1) +g(/ + 1) =/—1, we get
k—1 -k

lim ZO fij-1-i(s) = 0 = lim ZO Pin==i(5).
1= 1=

Thus the only part that can remain in the limit is

l l
= lim (Z ﬁi,k_l_xs)) A ( > Bin- ,-_,-(s>).
s=>0Jy \ ! .
i=k i=l+1-k
But this also is zero, since none of the terms in the second sum is of complementary
bidegree to any term in the first sum.

Because the inclusion map of forms from QI J (X) — ?27]17 induces an isomorphism
on cohomology for all p and j, and because the intersection pairing between classes
in HI. 2(X) and HIZ HI™™/ can be calculated from any representatives of these classes,
the 1ntersect10n palrmg between these spaces is equal to the intersection pairing (also
defined by integration) for HI IJ—;(X ) and HI g_j . a
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Next, we want to trace this pairing through the proof of Theorem 1.3 to see how it can
be interpreted in terms of the signature pairing on intersection cohomology on CT(X).
Recall that we have

t)(CT(X)) ® IH(’t +1(CT(X))
im(/H/ t)(CT(X)) — IH(JI +1)(CT(X)))

(26) HI’ _(X)_IG(t +(CT(X)) =

where t = j —/ + p(/ +1). So also if p and g are dual perversities on X, then
p(l+1)4+q( +1)=1[—1 implies that
n—j
(CTD) = IH " (CT(X)) & 1H, (s+1)(CT(X))
im(IH,, 7 (CT(X)) — [H] ), (CT(X)))’

27 HI (X) ~ IG(s+1)
where s =n—j —1— p(l +1). Observe that t + s + 1 = n — [/, which is the
codimension of the singular stratum in CT(X). This is the relationship we expect for
the cutoff degrees for dual perversities in /H,S(CT(X)). That is, the signature pairing
for intersection cohomology on CT(X) pairs the first term in the top of (26) with the
second term in the top of (27), and vice versa.

We can identify the right and left spaces in (26) in terms of the HI space using the
maps A and B from the proof of Theorem 1.3. To distinguish these maps in the two
settings of (26) and (27), fix the notation

IH], (CT(X)) 25> HIJy (X) 22> IH]

J41)(CT()

and similarly define Az and Bg for the spaces in (27). Then we have

IH], (CT(X)) =im(4p) and IH]  (CT(X)) = HI} (X)/ker(Bp).

and analogous isomorphisms in the g case. Now we can precisely state the compatibility
between the intersection pairing on HI spaces and on IH spaces.

Lemma 8.2 For [o] € IH {(CT(X)) and [B] € HI . (X),

Apgla) N gr [B] = [o] N g BglB].

Proof Both of the pairings Ny and N gy are achieved on their corresponding de
Rham cohomology spaces by integration of the wedge of representatives of the paired
cohomology classes. Both are known to be well defined on their corresponding coho-
mologies. Further, by definition of the map 45, we can take the same representative
form to represent both [«] and A4 z[o]. Similarly, we can represent both [8] and Bg[f]
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by the same form. Thus for [«] and [8] as in the statement of the lemma,

Aplod Niar B)i= [ o B i e i Bl o
Note that this gives us the following corollary:
Corollary 8.3 The image im(A ) is the annihilator under the pairing N gy of ker(Bg).

Proof Lemma 8.2 implies that if [8] € ker(B7), then Az[a] N gy [B] =[] N7 0 =0.
So im(A4 ) C Ann(ker(Bgz)). So we just need to show this containment is an equality.
Because the intersection pairing on HI is nondegenerate, we know that

dim (ker(Bg)) = dim(HIZ(X)/Ann(ker(Bz))).
So we want to show that
dim(ker(Bg)) = dim(HIZ(X)/im(4g)).
Recall that Poincaré duality for intersection cohomology gives isomorphisms
IHG 7 (CT(X)) = (IH],, ,
for some complementary subspace W and

J(CT(X)))" :=im(Bpo dp)* & W*

IH % (CT(X) = (IH], (CT(X)))" := V* @ ker(Bpo Ap)»

for a complementary subspace V = im(Bz o A5). Suppose that we have classes
[a];H € IH(jt)(CT(X)) and [y] € IH(';)_] (CT(X)). Then by Lemma 8.2,

Apla] Nur Agly] = o] Nim Bg o Agly].
But applying Lemma 8.2 where we switch the roles of the perversities ¢ and p, we
also have

Aple] Ny Agly] = Bpo Apla] N [v].
Thus overall, we have Bj o Az[a] Nyp [y] =[] N Bg o Ag[y]. Because Poincaré
duality for intersection cohomology is realized by the intersection pairing between
dual perversity and dual degree spaces, this means that under the duality map, also
quAq = (BﬁOAﬁ)*
Thus Bz o Az must be an isomorphism from im(Bz o A5)* to V*. This means that
W™ = ker(Bg o Ag) = ker(Bjg),

because Az is an injection and ker(Bgz) C im(Az). But also,

W* = W = HIL(X)/im(A4p). o
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Now let us focus on the setting where X is an even-dimensional Witt space, so the map
S7,m from the lower-middle perversity intersection cohomology to the upper-middle
perversity intersection cohomology is an isomorphism. Note that this does not imply
that CT(X) is Witt; for instance, / could be odd and H?/2(X) # 0. We start with the
decomposition

HIY*(X) = ker(Bm) @ V @ W,

where TH"/*(CT(X)) = ker(Bm) ® V and IHY*(CT(X)) = V @ W. Here V =
im(IH,i: / 2(CT(X ) — IH%/ 2(CT(X ))), so the signature of the intersection pairing
restricted to V' is the middle perversity perverse signature of CT(X). This is equal
to the signature of the open manifold M as well as the middle perversity signatures
for HI and IH of the space Z obtained as the one-point compactification of M.
This follows from a result in [24], which calculates perverse (/H) signatures for a
pseudomanifold with a single smooth singular stratum as the sum of the signature on
its complement (ie the signature of M ) and a set of terms arising from the second and
higher pages in the Leray spectral sequence of the link bundle of the singular stratum.
In particular, if the spectral sequence degenerates at the second page, as it does in the
case of a product bundle, all of these additional terms vanish, so all perverse signatures
are simply the signature of M.

Thus we need to show that the signature of the intersection pairing restricted to each
of the other two factors vanishes. For the factor ker(Bj;), this is true because it is
contained in its annihilator, im(Am) For the factor W, we use the fact that under
Poincaré duality applied to IH_ /_(X ) the space W is the dual of ker(Bj;). Because
this map preserves intersection pairing, this means that the intersection pairing restricted
to W also vanishes.

It remains to show that o7 (X) = o7y (Z). There are several ways to see this,
for example as follows: By Siegel’s pinch bordism (see [33] or [1, Chapter 6.6]),
org(X) =01 (Z)+ o1 (E), where E is the pseudomanifold

=(cL)x X Upxy c(L xX).

If / = dim L is odd, then Lemma 8.1 of [6] implies that in fact already the group
IH’”Z(E) is trivial. In particular, oy (E) =0 and o7 (X) = o (Z£). If [ is even,
then dim ¥ is odd and thus CT(X) is a Witt space. (Note that dim ¥ odd means in
particular that dim X > 1 and thus that the singular set of CT(X') has codimension
at least 2.) Hence we may apply what we have proved so far to X’ = CT(X) and
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obtain

ou1(CT(X)) = 015, (CT(CT(X))) =075 (Z).

Since CT(CT(X)) = X and X is Witt, we have for the perverse signature

o11,m(CT(CT(X))) = o7 (X).
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