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Inradius collapsed manifolds
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ZHILANG ZHANG

We study collapsed manifolds with boundary, where we assume a lower sectional
curvature bound, two side bounds on the second fundamental forms of boundaries
and upper diameter bound. Our main concern is the case when inradii of manifolds
converge to zero. This is a typical case of collapsing manifolds with boundary. We
determine the limit spaces of inradius collapsed manifolds as Alexandrov spaces with
curvature uniformly bounded below. When the limit space has codimension one, we
completely determine the topology of inradius collapsed manifold in terms of singular
I —bundles. General inradius collapse to almost regular spaces are also characterized.
In the general case of unbounded diameters, we prove that the number of boundary
components of inradius collapsed manifolds is at most two, where the disconnected
boundary happens if and only if the manifold has a topological product structure.

53C20, 53C21, 53C23

1. Introduction 2793
2. Preliminaries 2799
3. Descriptions of limit spaces and examples 2806
4. Metric structure of limit spaces 2816
5. Inradius collapsed manifolds with bounded diameters 2837
6. The case of unbounded diameters 2847
7. Remark on locally convex manifolds 2857
References 2858

1 Introduction

We are concerned with collapsing phenomena of Riemannian manifolds with boundary
under a lower sectional curvature bound. The study of collapse of closed manifolds
has a long history. In the case of two side bounds on sectional curvatures, a deep
general theory was established by Cheeger, Fukaya and Gromov [7]. Then for the case
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of lower sectional curvature bound, in Yamaguchi [32], Fukaya and Yamaguchi [9]
and Kapovitch, Petrunin and Tuschmann [14], the structure of the first Betti numbers
and the fundamental groups with their topological rigidity were determined through a
fibration theorem. Later on, those results were partly extended to the case of a lower
Ricci curvature bound by Cheeger and Colding [5; 6], Colding and Naber [8] and
Kapovitch and Wilking [15]. In particular, the general manifold structure results of
lower-dimensional collapsed manifolds under a lower sectional curvature bound were
established by Shioya and Yamaguchi [27; 28] and Yamaguchi [34].

In those results, it is crucial to study Alexandrov spaces with curvature bounded
below which appear as the Gromov—Hausdorff limit spaces. In particular, Perelman’s
topological stability theorem has played significant roles. In connection with the
study of Alexandrov spaces, the collapsing phenomena of three-dimensional closed
Alexandrov spaces with curvature bounded below has been classified in recent work of
Mitsuishi and Yamaguchi [19].

For collapsing Riemannian manifolds with boundary, there is pioneering work by
Wong [30; 31] on this subject after the investigation in the noncollapsing and bounded
curvature case due to Kodani [16] and Anderson, Katsuda, Kurylev, Lassas and Tay-
lor [2]. In the study of convergence and collapsing Riemannian manifolds with boundary,
it is obvious that the main problem is to control the boundary behavior in a geometric
way. It is in [30] that a nice extension procedure over the boundary was first carried out
to study collapsed manifolds with boundary under a lower sectional curvature bound.
The study of collapse of three-dimensional Alexandrov spaces with boundary is now
undergoing in the work [18] of Mitsuishi and Yamaguchi, where all the details of
collapses will be made clear.

In the present paper, partly motivated by [18], we develop and extend results in [31] to a
great extent. Let M(n, k, A, d) denote the set of all isometry classes of n—dimensional
compact Riemannian manifolds M with boundary whose sectional curvature, second
fundamental form and diameter satisfy

Ky >k, |yl <A, diam(M) <d.

Every Riemannian manifold in M(n, k, A, d) can be glued with a warped cylinder along
their boundaries in such a way that the resulting space becomes an Alexandrov space
with curvature bounded below having C°—Riemannian structure and that its boundary
is totally geodesic [30]. Investigating such a cylindrical extension, Wong proved that
M(n,k, A, d) is precompact with respect to the Gromov—Hausdorff distance. He also
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proved that if M(n,«,A,d,v) denotes the set of all elements M € M(n,k,A,d)
having volume vol(M) > v > 0, then it contains only finitely many homeomorphism

types.

Under the situation above, the main problem we are concerned with in this paper is as
follows:

Problem 1.1 Let M; be a sequence in M(n, k, A, d) converging to a length space N
with respect to the Gromov—Hausdorff distance.

(1) Characterize the structure of N.

(2) Find geometric and topological relations between M; and N for large enough 7.

The inradius of M is defined as the largest radius of metric ball contained in the
interior of M,

inrad(M) := sup d(x,oM).
xXeEM

In the present paper, we first consider the case of inrad(M;) converging to zero. We
prove in Corollary 3.13 that if inrad(M;) converges to zero, then M; actually dimension
collapses in the sense that any limit space N has dimension

dmN <n-—1.

Therefore, in this case, we say that M; inradius collapses. The inradius collapse is a
typical case of collapsing of manifolds with boundary. Actually in the forthcoming
paper [35], we show that if a sequence M; in M(n,k, A, d) converges to a topological
closed manifold or a closed Alexandrov space, then M; inradius collapses.

The main results in this paper are stated as follows. The first one is about the limit
spaces of inradius collapse.

Theorem 1.2 Let M; € M(n,k,A,d) inradius collapse to a length space N with
respect to the Gromov—Hausdorff distance. Then N is an Alexandrov space with
curvature > c¢(k, A), where c(x, A) is a constant depending only on x and A.

It should be noted that M; are not Alexandrov spaces unless I3, > 0, and that
the constant ¢(k, A) really depends on both x and A. Moreover, if one assumes only
Mypr, = —A2 or II M, = A2 instead of |II; M| = A2, there are counterexamples to
Theorem 1.2 (see Examples 3.16, 3.17, 3.18 and 3.19).
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Let M(n,k,A) denote the set of all isometry classes of n—dimensional complete
Riemannian manifolds M satisfying

Ky =k, |ypr| <A

This family is also precompact with respect to the pointed Gromov-Hausdorff conver-
gence. Theorem 1.2 actually holds true for the limit of manifolds in M(n, k, A) with
respect to the pointed Gromov—Hausdorff convergence (see Theorem 6.3).

Next we discuss the topological structure of inradius collapsed manifolds. First con-
sider the case of inradius collapse of codimension one. We can give a complete
characterization of codimension-one inradius collapsed manifolds as follows:

Theorem 1.3 Let M; € M(n,k,A,d) inradius collapse to an (n—1)—dimensional
Alexandrov space N. Then there is a singular I —fiber bundle

I— M; "> N
whose singular locus coincides with N .

Remark 1.4 Let Di (i) be the upper half-disk on xy—plane of radius ¢; with €; — 0
as i — oo, and J; 1= Di (i) N{y = 0}. It follows from the proof of Theorem 1.3 that
M becomes a gluing of the /-bundle N X I; over N and Di (i)-bundle N X Di @)
over dN,

M; = N X I; UIN X D3 (i),

where I; =[—¢;, ¢;] and the gluing is done via N X I; = dN X J;, and X denotes either
the product or a twisted product. Thus M; collapses to N as the result of shrinking of
Di (i) and I; to points. In particular, M; has the same homotopy type as N.

Next, we consider inradius collapse to almost regular spaces. An Alexandrov space N
is called e—almost regular if any point of N has the space of directions whose volume

Sdim N-—1

is greater than vol —¢€, where S denotes the unit m—sphere. We say that

N is almost regular if N is e—almost regular for an € > 0 small enough compared
with dim V.

Theorem 1.5 Let a sequence M; in M(n, «, A, d) inradius collapse to an Alexandrov
space N, and suppose that the limit of dM; is almost regular and

vol(Zx(N)) > 1 vo stimN =1

for all x € N. Then the topology of M; can be classified into the following two types:
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(a) There exists a locally trivial fiber bundle
FixI— M; — N,

where F; is a closed almost nonnegatively curved manifold in a generalized
sense as in [32].

(b) There exists a locally trivial fiber bundle
Cap; - M; — N,

where Cap; (resp. d Cap;) is an almost nonnegatively curved manifold with
boundary (resp. a closed almost nonnegatively curved connected manifold) in a
generalized sense as in [32].

In general, e—almost regularity of N implies that of the limit of dM; (Proposition 4.30).
However the converse is not true (see Example 3.21).

It should also be pointed out that several fibration theorem were obtained in [31] in
some cases, where the nonnegativity of the second fundamental form I3,z > 0, or the
upper bound Kjpyz; < k2 and the lower bound for the injectivity radius inj(M;) >ig > 0
were assumed.

Next we discuss the number of boundary components of inradius collapsed manifolds,
where we do not assume the diameter bound.

Theorem 1.6 There exists a positive number € =€, (k, A) such thatif M in M(n,k, L)
satisfies inrad(M) < €, then

(1) the number k of components of dM is at most two;

(2) if k =2, then M is diffeomorphic to W x [0, 1], where W is a component
of IM.

Theorem 1.6(1) was stated in [31, Theorem 5]. However it seems to the authors that
the argument there is unclear (see Remark 6.1). Theorem 1.6 may be considered as
a generalization of a result of Gromov [10] and Alexander and Bishop [1], where
an [ -bundle structure was found for an inradius collapsed manifold under the two-
sides bound on sectional curvature. It should be pointed out that the constants €(k, A)
in [10; 1] are explicit and independent of n while our constant €, (k, A) is neither. This
is because our argument is by contradiction.
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The organization and the outline of the proofs are as follows.

In Section 2, we first recall basic notions and facts on the Gromov—Hausdorff con-
vergence and Alexandrov spaces with curvature bounded below. Then we focus on
Wong’s extension procedure of a Riemannian manifold with boundary by gluing a
warped cylinder along their boundaries. By Kosovskii [17], the result of the gluing is a
C % _manifold with C°-Riemannian metric, and becomes an Alexandrov space with
curvature bounded below. This construction is quite effective and used in an essential
way in the present paper.

In Section 3, we describe limit spaces of glued Riemannian manifolds with boundary.
The limit spaces also have gluing structure. In this section we focus on the estimate of
multiplicities of gluing, the intrinsic metric structure of the limit space and a general
description of the limit spaces of extensions.

In Section 4, we determine the metric structure of limit spaces. First we study the spaces
of directions of the limit space at gluing points, and prove that the gluing map preserves
the length of curves. This implies that the gluing in the limit space is done metrically
in a natural manner, and yields significant structure results (see Theorem 4.32) on the
limits including Theorem 1.2.

Those structure results are applied in Section 5 to obtain the fiber structures of inradius
collapsed manifolds. Theorems 1.3 and 1.5 are proved there. To prove Theorem 1.3,
we need to analyze the singularities of the singular I —fiber bundle in details. To prove
Theorem 1.5, we apply an equivariant fibration-capping theorem from [34].

To prove Theorem 1.6, we consider the case of unbounded diameters in Section 6.
Applying the results in Section 4, we obtain basically three types on local connectedness
of the boundary of an inradius collapsed complete manifold, according to the types
of the local limit spaces. After such local observation, Theorem 1.6 follows from a
monodromy argument.

Our approach can be applied to the general case of noninradius collapse of Riemannian
manifolds with boundary. As a continuation of the present paper, in [35], we obtain the
structure of limit spaces, stabilities of topological types and volumes, in the general
framework of noninradius collapse/convergence, and get an obstruction to the general
collapse.

Acknowledgements The authors would like to thank the referee for valuable com-
ments on the first version of our paper.
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2 Preliminaries

In order to make the paper more accessible, we fix some basic definitions, notation and
conventions:

e 7(§) is a function such that limg_,¢ 7(§) = 0.

e For topological spaces X and Y, X &~ Y means X is homeomorphic to Y.

e The distance between two points x and y in a metric space is denoted by
d(x,p), [x, y| or [xyl.

e For a point x and a subset A of a metric space X, B(x,r) = BX(x,r) and
B(A,r) = BX(A4,r) denote open r—balls in X around x and A, respectively.

e For a metric space (X,d) and r > 0, the rescaled metric space (X,rd) is
denoted by rX.

e The Euclidean cone K(X) over a metric space (X, p) is X x [0, 0c0) equipped
with the metric d defined as

d((x1.11), (x2,12)) = (i + 13 — 2111 COS(min{P(Xl,Xz),ﬂ}))l/z

for any two points (xg, 1), (x2,%) € X x[0, 00).

e For a subspace M of a metric space (1\7 ,d 1\71)’ M denotes (M, d 1\7)’ which
is called the exterior metric of M.

e The metric d of a connected metric space (X, d) induces a length metric diy,
of X defined as the infimum of the length of all curves joining two given points.
We denote by X int the new metric space (X, din)-

e The length of a curve y is denoted by L(y).

2.1 The Gromov-Hausdorff convergence

A (not necessarily continuous) map f: X — Y between two metric spaces X and Y
is called an e—approximation if it satisfies

(D) |d(x,y)—d(f(x), f(y))| <e forall x,ye?,
(2) f(X)is e—densein Y,ie B(f(X),e) =Y.
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The Gromov—Hausdorff distance dgy(X, Y) is defined as the infimum of those ¢ such
that there are e—approximations f: X — Y and g: ¥ — X.

A map f: (X,x) — (Y, y) between two pointed metric spaces is called a pointed
e—approximation if it satisfies

M fx)=y,
(2) 1d(x,y)=d(f(x), f(»))| <& forall x,y € BX(x,1/e),
(3) f(BX(x,1/¢)) is e—dense in BY (y,1/¢).

The pointed Gromov—Hausdorff distance d,gu((X, x), (Y, y)) is defined as the infimum
of those ¢ such that there are pointed e—approximations f: (X,x) — (Y, y) and

g (Y, y) > (X,x).

Consider a pair (X, A) of a metric space X and a group A of isometries of X. For
such pairs (X, A) and (Y,T), atriple (f,¢,¥) of maps f: X - Y, ¢: A —> T and
Y. ' — A is called an equivariant e—approximation from (X, A) to (Y, T") if

(1) f is an g—approximation;
(2) if A€ A and x € X, then d(f(Ax), (pA)(fXx)) <e¢;
(3) if yel and x € X, then d(f (¥ (y)x),y(fx)) <e.

The equivariant Gromov-Hausdorff distance d.gu((X, A), (Y,T)) is defined as the
infimum of those ¢ such that there are e—approximations from (X, A) to (¥, T") and
from (Y,T) to (X, A).

2.2 Alexandrov spaces

Let X be a geodesic metric space, where every two points of X can be joined by a
shortest geodesic. For a fixed real number « and a geodesic triangle Apgr in X with
vertices p, ¢ and r, denote by A pqr a comparison triangle in the complete simply
connected model surface M, /<2 with constant curvature «. This means that A pqr has
the same side lengths as the corresponding ones in Apgr. Here we suppose that the
perimeter of Apgr is less than 27 /\/k if k > 0. The metric space X is called an
Alexandrov space with curvature > k , or sometimes Alexandrov space for short if we
do not emphasize the lower curvature bound, if each point of X has a neighborhood U
satisfying the following: for any geodesic triangle in U with vertices p, ¢ and r and
for any point x on the segment g7, we have |px| > | pX|, where X is the point on
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the segment g7 satisfying |gX| = |¢x|. From now on we assume that an Alexandrov
space is always finite-dimensional.

For an Alexandrov space X with curvature bounded below by «, let a: [0, s0] > X
and B: [0, 9] = X be two geodesics parametrized by unit speed starting from a point x.
The angle between « and B is defined by Z(«, B) = limg ;¢ Zoe(s)x,B(t), where
Z a(s)xpB(t) denotes the angle of a comparison triangle Zoe(s)x,B (z) at the point X.
Two geodesics @ and B from x € X are called equivalent if Z(o, f) = 0. We denote
by X/ .(X) the set of equivalent classes of geodesics emanating from x. The space of
directions at x, denoted by Xy = X (X), is the completion of X’ (X) with the angle
metric. A direction of minimal geodesic from p to x is also denoted by 17. Let X be
n—dimensional. Then X is an (n—1)—dimensional compact Alexandrov space with
curvature > 1.

A point x € X is called regular if £y is isometric to S”"~!. Otherwise we call x
a singular point. We denote by X™2 (resp. X*"2) the set of all regular points (resp.
singular points) of X.

The tangent cone at x € X, denoted by Ty (X), is the Euclidean cone K(Xy) over 2.
It is known that Tx (M) = lim, _¢ (%M, x).

For a closed subset A of X and p € A, the space of directions £,(A) of A at p is
defined as the set of all £ € X,(X) which can be written as the limit of directions
in ¥,(X) from p to points p; € A with |p, p;| = 0:
=1 b,
§ 00 T
For x,y € X \ 4, consider a comparison triangle on M? having the side-length
(|4, x|, |x, p|, |y, A]) whenever it exists. Then Z Axy denotes the angle of this
comparison triangle at the vertex corresponding to x.

For x, y,z € X, we denote by Zxyz (resp. Zx yz) the angle between the geodesics
yx and yz at x (resp. the geodesics yX and yZ at X in the comparison triangle
Axyz = AXF?).

Let X be an n—dimensional Alexandrov space with curvature bounded below by « .

n

For § > 0, a system of n pairs of points {a;, b;};_,

x € X if it satisfies

is called an (n, 8)-strainer at

%n—& Z,Cbixbj>%7r—8, Z,ca,-xbj>ln—8

Zeaixbij>n =38, Zcajxaj> >
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forevery 1 <i # j <n. If x € X has an (n, §)—strainer, then we say x is (n,§)—
strained. In this case, we call x §—regular. We call X almost regular if every point
of X is 8,-regular for some 8, < 1/(100#n). It is known that a small neighborhood of
any almost regular point is almost isometric to an open subset in R”.

Inductively on the dimension, the boundary d.X is defined as the set of points x € X
such that ¥, has nonempty boundary 0%, . We denote by D(X) the double of X,
which is also an Alexandrov space with curvature > k (see [21]). By definition,
D(X) = X Uyx X, where two copies of X are glued along their boundaries.

A boundary point x € dX is called §—regular if x is §—regular in D(X). We say that
X is almost regular with almost regular boundary if every point of X is §—regular in
D(X) for 6 < 1/(100n).

In Section 5.1, we need the following result on the dimension of the interior singular

point sets. We set int X := X \ 0X.

Theorem 2.1 ([4]; see also [20]) We have
dimg (X*™ Nint X) <n—2, dimg(dX)™" <n-2,
where (0X)¥"¢ = D(X)*"¢ N 9X.
Theorem 2.2 ([21; 22]; see also [13]) If a sequence X; of n—dimensional com-
pact Alexandrov spaces with curvature > k Gromov—Hausdorff converges to an n—

dimensional compact Alexandrov space X, then X; is homeomorphic to X for large
enough i .

A subset E of an Alexandrov space X is called extremal [23] (see also [26]) if every
distance function f = dist; with ¢ € M \ E has the property that if f|g has a local
minimum at p € E, then df,(§) <0 for every £ € X,(X). Extremal subsets possess
quite important properties.

Theorem 2.3 [23] Let E be an extremal subset of X.

(1) Forevery p € E, ¥,(E) is an extremal subset of X,(X);

(2) E is totally quasigeodesic in the sense that any nearby two points of E can be
joined by a quasigeodesic (see [24]).
(3) E has a topological stratification.

Theorem 2.3(1)—(2) implies the following:
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Corollary 2.4 For an extremal subset E of X and p € E, dimX,(EF) <dim E —1.

Suppose that a compact group G acts on X as isometries. Then the quotient space X /G
is an Alexandrov space [4]. Let F denote the set of G—fixed points.

Proposition 2.5 [23] = (F) is an extremal subset of X /G, where n: X — X /G is
the projection.

Boundaries of Alexandrov spaces are typical examples of extremal subsets.

Proposition 2.6 [34, Proposition 5.10] Let X be an Alexandrov space with curvature
bounded below having nonempty boundary 0X which is not necessarily compact. Then
0X has a collar neighborhood.

An n—dimensional Alexandrov space is called smoothable if it is a Gromov—Hausdorff
limit of n—dimensional closed Riemannian manifolds with a uniform lower sectional
curvature bound.

Theorem 2.7 [12] Let X be a smoothable Alexandrov space. Then for any p € X,
every iterated space of directions

S (S (- (S, (3p (X)) +))

is homeomorphic to a sphere, where
él GEP(X)’ gzezél(X)v R SkeEék_l(“'(Zfl(ZP(X))'“))'
2.3 Manifolds with boundary and gluing

In this section, we consider a Riemannian manifold M with boundary in M(n,x,A,d).
First, we recall some fundamental properties of dM, which were derived by Wong [30].
We also recall Wong’s cylindrical extension procedure based on Kosovskii’s gluing
theorem [17].

Let M be a Riemannian manifold with boundary, and dM % denote a boundary com-
ponent of dM. Then (dM %)™ means dM * with intrinsic length metric.

The following is an immediate consequence of the Gauss equation.

Proposition 2.8 For every M € M(n,x,A), dM has a uniform lower sectional
curvature bound Kyps > K, where K = K(k,M).
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Proposition 2.9 [30] Let M € M(n,k,7,d).

(1) There exists a constant D = D(n, k, A, d) such that any boundary component
dM® has intrinsic diameter bound

diam((dM*)™) < D.

(2) OM has at most J components, where J = J(n,k,A,d).

It follows from Proposition 2.9 that every boundary component of M € M(n,k,A,d)
is an Alexandrov space with curvature > K and diameter < D, where K = K(«, A)
and D= D(n,k,A,d).

In general, a Riemannian manifold with boundary is not necessarily an Alexandrov
space. Wong [30] carried out a gluing of warped cylinders and M along their boundaries
in such a way that the resulting manifold becomes an Alexandrov space having totally
geodesic boundary.

This is based on Kosovskii’s gluing theorem:

Theorem 2.10 [17] Let My and M; be Riemannian manifolds with boundaries I}
and T, respectively, with sectional curvature Kps, > k for i = 0,1. Assume that
there exists an isometry ¢: Iy — I, and let M denote the space with length metric
obtained by gluing My and M; along their boundaries via ¢. Let L; fori = 0,1
be the second fundamental form of T' := Iy =4 I C M with respect to the normal
inward to M;. Then M is an Alexandrov space with curvature > « if and only if the
sum L := L + L, is positive semidefinite.

Remark 2.11 Actually, for every § > 0, a smooth Riemannian metric gg on M is

constructed in [17] in such a way that the sectional curvature of gg is greater than « ()

with limg_, ¢ k(8) = k and that (M, gs) Gromov—-Hausdorff converges to M as § — 0.

Now let us recall the extension construction in [30].

Let M be an n—dimensional complete Riemannian manifold with boundary satisfying
Ky >k, A7 <Tgy <AT,

where Iy, denotes the second fundamental form of dM with respect to the inward
unit normal to M. Let A := min{0, A~}. Then for arbitrary 7, > 0 and 0 < g¢ < 1
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there exists a monotone nonincreasing function ¢: [0, 79] — R™ satisfying
¢"(O+Kp(1) 0. p(0)=1. ¢(to) =e0. —00<¢'(0) <A ¢'(to)) =0
for some constant K = K(A, eg,%). Now consider the warped product metric on
dM %[0, ty] defined by
glx,1) = di* + 9> () gam (x).

where gjps is the Riemannian metric of dM induced from that of M. We denote by
M x4 [0, to] the warped product. It follows from the construction that

(2-1) o Iyprxgo; = [min{0, A7},

o Maarxiry =0,

o the sectional curvature of dM x4 [0,7] is greater than a constant ¢ =
c(k, A E, g9, 10),

e the second fundamental form of dM x {t} is given by

@' (1)
é(1)

for vector fields V, W on oM x {t}.

Clearly, dM x {0} in OM x4 [0, to] is canonically isometric to dM. Thus we can glue
M and OM x4 [0, 7] along dM and M x {0}. The resulting space

M := M Ugps (OM x40, 10))
carries the structure of a differentiable manifold of class C1® with C°—Riemannian
metric [17]. Obviously M is diffeomorphic to M.
Proposition 2.12 [30] For M € M(n,«k, A), we have

(D M is an Alexandrov space with curvature > ik, where kK = k(k,A);

(2) the exterior metric M **' is L —bi-Lipschitz homeomorphic to M for the uniform
constant L = 1/¢gg;

(3) diam(M) < diam(M) + 2¢,.
The notion of warped product also works for metric spaces.
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Let X and Y be metric spaces, and ¢: ¥ — R4 a positive continuous function.
Then the warped product X x4 Y is defined as follows (see [29]). For a curve
y = (0,v): [a,b] > X x Y, the length of y is defined as

k
L) = sup Y V2 wsi)lolim) o @) + v (ti—1). v(i)|*,

|A|—0 i=1

where A:a=1ty<t) <---<t =b and s; is any element of [t;_1, #;]. The warped
product X x4 Y is defined as the topological space X x Y equipped with the length
metric induced from L.

Proposition 2.13 [29, Proposition B.2.6] Let X; be a convergent sequence of length
spaces. If Y is a compact length space, we have

limGH(X,- X¢ Y) = (hmGH le) X¢ Y.

3 Descriptions of limit spaces and examples

Under the notation in Section 2.3, throughout this section unless otherwise stated,
we assume M; € M(n,k,A,d) Gromov-Hausdorff converges to a compact length
space N, where inrad(M;) — 0. Let ]\7,- converge to a compact Alexandrov space Y,
and M converge to a closed subset X of Y under the convergence Mi —7Y.

Here we fix some notation used later on:
* Cyy; denotes dM; x4 [0, 2o].
* Cjy;,r denotes the subspace dM; x4 {1} in Cpy, .
e For Cyy, C M;, Cﬁl‘ denotes (Ciy;,dg7.).

In this section, we first investigate the relation between the limit C (resp. Cp) of Cyy;
(resp. of dM;) and Y (resp. X'), and discuss the intrinsic structure of X and prove
that X' is isometric to N (Proposition 3.9). Then we describe the metric structure
of Y (Proposition 3.11)

3.1 Descriptions of X and Y

Under the notation presented in the beginning of this section, in view of Proposition 2.9
and (2-1), passing to a subsequence, we may assume that Cpy, converges to some
compact Alexandrov space C with curvature > K = K(k,A). Here Cpy, is not
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necessarily connected, and therefore the convergence Cpy; — C should be understood
componentwisely. It follows from Proposition 2.13 that

C=0Cy X [0,7], Co= lim (BM,-)i“‘,
i—00

where (3M;)™ denotes dM; endowed with length metric induced by its original metric.
For simplicity we write

Co:=Cox{0}, C,:=Cyx{t}cC.

Since the identity map ¢;: Cpy; — C ;\’}: is 1-Lipschitz, we can define a surjective
1-Lipschitz map n: C — Y in the limit. More precisely, define n: C — Y by

n= lim gjo;o fi,
1—>00
where fi: C — Cpy, and g;: Z\Z— — Y are componentwise &; —approximations with
lime; = 0.
From now on, we consider
o := Nlcyxfoy: Co = X,

which is also a surjective 1-Lipschitz map with respect to the exterior metrics of Cy
and X, and hence with respect to the interior metrics, too.

The following two lemmas are obvious.

Lemma 3.1 The map n: C \ Cy — Y \ X is a bijective local isometry.
Lemma 3.2 For (p,t) € C\ Cy, we have |n(p,t), X|=t.

We now study the multiplicities of the gluing map 7.

Lemma 3.3 For every x € X, we have the following:
(1) #nyt(x) <2.

(2) Suppose #no_l(x) = 2 for some x € X, and take p; € Co for k = 1,2 with
no(pr) = x. Then X, (Y) is isometric to a spherical suspension with the two
vertices {1, &,}, where

£ :ZTZ(Pk,to) )

Geometry & Topology, Volume 23 (2019)



2808 Takao Yamaguchi and Zhilang Zhang

Proof Suppose that #no_l(x) > 3 and take p; € no_l(x) and let y; := n(p;,t) for
some ¢ > 0 and for i = 1,2, 3. We show that |y;, yj| = 2t, or, equivalently,

(3-1) Zyixy; =m,

if t < %¢(t0)|p,~pj |C(i)m, where i < j and i, j € {1, 2, 3}. It turns out that the geodesics
y1y2 and y;y3 branch at x, which is impossible since Y is an Alexandrov space with
curvature bounded below. The conclusions (1) and (2) follow immediately.

Let y: [0,£] — Y be a minimal geodesic in Y joining y; and y;. If y meets X, we
certainly have |y;, yj| = 2¢. Suppose that  does not meet X. Then ¥ = n~1(y)
is well defined by Lemma 3.1 and is a minimal geodesic joining (p;,?) and (pj,?).
Write ¥ as y(s) = (0(s),v(s)) € Co X4 [0, t9]. Then we have

¢
Ly)=L(y)= fo V2 ()G (5)2 + [0(5)| ds

£
= [ 66l = 6@lpi. plcy
0

Thus we have |y;, yj| = L(y) = ¢(to)|pi. pj |C(i)n1. On the other hand, the triangle
inequality shows that |y;, yj| < 2t < ¢(to)|pi. pj |C(i)m. This is a contradiction, and
therefore y meets X and |y;, yj| = 2t. a

Next we construct a good approximation map ]\7,- — Y, which helps us to grasp a
whole picture on several convergences.

Let ¥;: 0M; = Cpy,,0 — Cp be an ¢;—approximation with lim; o €; = 0.
Lemma 3.4 [29] The map V¥;: Cpy, — C defined by

lIJ,-(p, t) = (Wl(p)9t)

is an €] —approximation with lim; o €; = 0. Actually, for any approximation map
Wi Cp, — C thereis a ;2 OM; = Cpy, 0 — Co such that [W;(p, 1), Wi (p,1)| <€}
for V; = (Y;,id).

Proof This follows from Proposition 2.13. a

Recall that n: C \ Cy — Y \ X is a locally isometric bijection. In particular, for every
y = (p,ty) € Cy, C Y, there is a unique minimal geodesic yy: [0, 7o] — Y between X
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and y such that y,,(0) € X and y(f) = y. Actually y) is defined as ) (t) = n(p.1?).
Define g7 CX}: — Y by

(3-2) gi(p.ty=noVio; (p,t) = n(Wi(p),1).

Proposition 3.5 The map g;: C ]‘f}l‘ — Y defined above provides an €] —approximation,
where lime]' = 0.

Let g;: Cﬁ: — Y be any ¢;—approximation such that g; = g/ on Cyy, s, namely
gi(p.to) = g7 (p.to).

For the proof of Proposition 3.5, it suffices to show the following:
Lemma 3.6 |gi(p.t), g (p,t)| <€/ forall (p.t) € Cj}:

Proof We have to show that

lim  sup |gi(p.1). g7 (p.1)| =0.

I—>o0 (PJ)ECMi
Suppose the contrary. Then there are subsequence {j} C {i} and (pj, ;) € Cpy; such
that

(3-3) lgj (pjtj). &F (pjs 1)) = ¢ >0

for some constant ¢ independent of j. Passing to a subsequence, we may assume that
(¥j(pj).tj) converges to (Poo, foo) € C. Let yj(t) = (pj.t) for 0 <t <ty, whichis a
minimal geodesic in Cﬁ; between d0M; and Cyy, 4, . Now gj’.“ oyi(t) =n(i(pj).t)
converges to a minimal geodesic Yoo (f) = n(poo, t) realizing the distance between X
and (poo. o) € Cyy C Y. Since g; is an €; —approximation, any limit of g; o y;, say 7,
must also be a minimal geodesic between X and (peo, o). From the uniqueness of
such geodesics, we have Yoo (f) = Voo (t), which contradicts (3-3). O

Remark 3.7 Proposition 3.5 will be effectively used in Section 6.

Next, we determine the intrinsic structure of X, and prove Proposition 3.9 below, which
will be crucial in our start for the description of ¥ in terms of N (see Proposition 3.11)

Recall that X C Y is the limit of M under the convergence M; — Y. By
Proposition 2.12, the identity ¢;: M — M; is an L-bi-Lipschitz homeomorphism.
Therefore we have that:
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Lemma 3.8 For a subsequence, (;: Ml.eXt — M; converges to an L —bi-Lipschitz
homeomorphism ts: X — N.

Proposition 3.9 X" js jsometric to N.
Sublemma 3.10 X is connected.

Proof Take an ¢; —approximation @;: ]\7,' — Y such that ¢;(M;) C X and lime¢; = 0.
For every x, y € X, choose p;,q; € M; such that ¢;(p;) — x and ¢;(g;) — y. Let
yi: [0, 1] = M; be a minimal geodesic in M; joining p; to g;. Then the Lipschitz
curve ti_l oy [O,1~] — M converges to a Lipschitz curve in X joining x to y under
the convergence M; — Y. a

Proof of Proposition 3.9 Passing to a subsequence if necessary, we may assume that
the L-Lipschitz map t;: M — M;, where L = 1/¢, converges to a surjective map
h: X — N satisfying

X, yly = |h(x),h(y)In = Llx, yly

for every x,y € X. Let 0: [0,d] — N be a minimal geodesic joining A(x) and A(y).
Then we have

h(x), h(»)|n = L(0) = L(h™"(0)) = |x, |y

Next we show the reverse inequality. Let y: [0,¢] — X be a minimal geodesic in X
joining x to y. For any & > 0, take a subdivision A of y: x = xg < x1 <:-- <
Xq < -+-Xp = y such that, denoting by ya the broken geodesic consisting of minimal
geodesics joining x,—1 and x4 in Y for 1 <a <k, we have

(1) [L(ya) = 1x. ylxm| <&

(2) max; |ya(r). X| <e.
Take pa € M; converging to x, under the convergence M; — Y, and denote by % A

a broken geodesic consisting of minimal geodesics joining p’ u—; and pa in M; for
1 <« < k. Note that, for large enough 7,

(1) |L(ya) = Lyp)l <e:
(2) max; |y£(l),Mi| <e.
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Let 0; ;= m; o yi, where 7;: ]\Z — M; is the canonical projection defined by
mi(p,t) = p. From the warped product metric construction, we have L(yi) >
¢(e)L(o;) for large i. It follows that

%, ylxm = L(ya) —& > L(yp) —2& = (&) L(07) — 26 = $(8)| pi. qilm; — 2,

where p; — x and g; — y under ]\Z — Y. Letting |A| — 0 and i — 0o, we conclude
that |x, y|xm > |h(x), h(y)|n . This completes the proof. a

Let Xnt Une Co X4 [0, 79] denote the length space obtained by the result of gluing of
the two length spaces X' and Cp x4 [0, 7o] by the map 19: Co X 0 — X',

Proposition 3.11 Y is isometric to the length space

XM Up, Co % [0, to)].

Proof Let Z := XU, C, X [0, %], and ®: ¥ — Z be the canonical map. Note
that @ is bijective. For every yg, y; € Y, let y: [0,€] — Y be a minimal geodesic
joining yo and y;. Decompose y into the two parts

Y =Vvr\x Yrx,

where yy\xy =y N (Y \ X) and yx = y N X. Let yy\x = Ug)a be the at-most
countable union consisting of open arc components of yy\ x . For any € > 0, take yy
of length < € such that the endpoints z, and wgy of y, are contained in X if such a
Vo exists. Take p;,q; € M; such that p; — z, and ¢; — w, under the convergence
]\7,- — Y. For a minimal geodesic y; joining p; and ¢; in ]\Z, let o; := m;(y;), where
7 AZ- — M; is the projection. Note that max |y;(¢), M;| < €. Using the warped
metric structure, we have L(y;) > ¢(€)L(0;), which implies

|Zas waly = | i qil 7, — 0i = ()| pi. qilm; — i

where limo; = 0. Letting i — 0o, we have |zy, Wy |y = ¢ (€)|20, We|xin. Now we
replace Y, by a minimal geodesic joining z and wg in X", Repeating this procedure
at most countably many times if necessary, we construct a Lipschitz curve y joining
Yo to yq such that in the decomposition

Y =¥r\x Uvx.
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Yr\x (resp. Yx) consists of finitely many ¥ —minimal geodesics each of length > €
(resp. finitely many X —minimal geodesic) and that

[yo. y1ly = L(y) Z ¢(€)L(V) = ¢(&)|P(yo). P(y1)]z-

Letting € — 0, we conclude that |yg, y1ly = [P (yg), P(¥1)|2.

Next, taking a Z-minimal geodesic joining ®(yy) and ®(y;) and replacing it by
a Lipschitz curve in a similar way, we obtain the reverse inequality |yg, y1ly <

|D(30), ®(¥1)|z . This completes the proof. o

Remark 3.12 Both Propositions 3.9 and 3.11 hold true for pointed Gromov—Hausdorff
limits of inradius collapsed manifolds (see Section 6). Moreover, in the above proofs,
we do not need the assumption of inradius collapse. Therefore Propositions 3.9 and 3.11
also hold for Gromov—Hausdorff limits of noninradius collapsed manifolds.

The reason why we use the naming of inradius collapse partly comes from the following
corollary:

Corollary 3.13 If M; € M(n,«, A, d) inradius collapses to N, then we have
(1) dimM; >dim N ;
(2) limvol(M;)=0.
Proof (1) From Lemma 3.8 and Proposition 3.11, we have
dim M; = dim M; > dimY > dim X + 1 =dim N + 1.

(2) We proceed by contradiction. Suppose vol(M;) > vy > 0 for some constant v
independent of i . By Proposition 2.12, there is a uniform bound V' with vol(dM;) < V.
Choose any €y € (0, 1) and 79 € (0,v9/(2V)), and perform the extension procedure
with warping function as in Section 2.3. Then Cpy; has volume

vol(Cpy,) < Vg < %vo.

Passing to a subsequence, we may assume that ]\Z converges to Y. Since VOI(M i) >0,
we have dim Y = n. It follows from the volume convergence that

vol(Y) = lim VOI(M,') > .

However,
vol(Y) = vol(Y \ X) + vol(X) = vol(Co X4 [0, fo]) < Voto < 3 vo.

which is a contradiction. O
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Remark 3.14 Wong proved dim M; > dim N in [31, Lemma 1] under the condition
that N is an absolute Poincaré duality space. In [35], we shall show that if V is a closed
topological manifold or a closed Alexandrov space, then M; inradius collapses. Hence
Corollary 3.13 gives another version of Wong’s result. It should also be noted that the
conclusion of Corollary 3.13 holds for limit spaces of inradius collapsed manifolds
with respect to the pointed Gromov—Hausdorff topology (see Corollary 6.2).

Definition 3.15 In view of Lemma 3.3 and Proposition 3.11, we make an identification
N = X' and set, for k = 1,2,

Nip = Xp = {xe Xy (x) =k}, Ck:={peCo|no(p)e Xy}

3.2 Examples

We exhibit some examples of collapse of manifolds with boundary. All the examples
except Example 3.23 are inradius collapses.

Example 3.16 Let S™(r) := {x = (x1,..., Xpt1) € R™ | X' (x;)2 = 2} For
0 <a <r and small € > 0, define M, := {x € S"(r) | a < xp+1 <a+€}. Then

Ky, =1/r? and
a+e a

— <Iypy < —=—.
ryr?—(a+e)? T A2 —a2

Now M, inradius collapses to N := S"~1(+r2 —a?), where the limit space is an
Alexandrov space with curvature > 1/(r? —a?). Note that N, = N, and that the limit
Y of M, is isometric to the form

Y = ("N (V2 —a?) US" (V2 —a?)) x4 [0,10)/(f(x),0) ~ (x,0),

where f is the canonical involution on S~ !(v/r2 —a2?) LI S" 1 (v/r2 —a?). Equiv-
alently, Y is isometric to the warped product

Sn—l(@) X(; [—10, tO]?

where ¢() = ¢(|t]).

Example 3.17 Let 72 C R3 be a torus smoothly imbedded in R3, and let M, be a
closed e—neighborhood of 72 in R3 for small € > 0. Then, as € — 0, M, inradius
collapses to T2, where the limit space 72 has negative curvature somewhere, while
M, is flat.
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Examples 3.16 and 3.17 show that the lower Alexandrov curvature bound of the limit
in Theorem 1.2 really depends on the lower sectional curvature bound Kjs > « and
A= |yl

Example 3.18 [31] Let N C R? x0 C R? be a nonconvex domain with smooth
boundary, and let M/ denote the closure of e—neighborhood of N in R3. After a
slight smoothing of M/, we obtain a flat Riemannian manifold M, with boundary such
that ITyps, > —A for some A > 0 independent of €. Note that M inradius collapses
to N, where N has no lower Alexandrov curvature bound.

This example shows that Theorem 1.2 does not hold if one drops the upper bound
A>Ty

Example 3.19 Let N C R? be the union of the unit circle {(x, y) | x?>+ y?> =1} and
the segment {(x, y) | x =0, —1 < y < 1}. Let M, be the intersection of the closed
e—neighborhood of N in R? and the unit disk {(x, y) | x> + y? < 1}. After slight
smoothing of Me, it is a compact surface with Ky, =0 and Ilyps, < A2 for some A.
However infIljps, — —o0 as € — 0, and M inradius collapses to NV, which is not
an Alexandrov space with curvature bounded below.

This example shows that Theorem 1.2 does not hold if one drops the lower bound

—A2 <Ilyps.

Example 3.20 Let 7: P — N be a Riemannian double covering between closed Rie-
mannian manifolds with the deck transformation ¢: P — P. Define @: P x[—€,€] —
P x[—€,€] by

D(x.1) = (p(x), —1),

and consider M, := P x[—e¢,€]/®, which is a twisted /—-bundle over N. Note that
Me € M(n,k,0,d) for some x and d, and that M. inradius collapses to N as € — 0.
In this case, we have N, = N. Note that the limit ¥ of M, is isometric to the form

Y = P x4[0.7]/(¢(x).0) ~ (x.0),
or, equivalently, Y is doubly covered by the warped product

P Xz [—10, to].

Example 3.21 Let N be a convex domain in R”~!x0 C R”*! with smooth boundary.
Let M/ denote the intersection of the boundary of the € —neighborhood of N in R”*1
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with the upper half space Hy = {(X1,...,Xn+1) | Xn4+1 = 0}. After a slight smoothing
of M/, we obtain a nonnegatively curved Riemannian manifold M, with totally
geodesic boundary. Note that M, inradius collapses to N as € — 0. Note also that
(M), a smooth approximation of the boundary of e—neighborhood of N in R”,
converges to the double D(N) of N. It follows that Ny = dN and N, = N \ dN, and
that the limit ¥ of ]\76 is isometric to the form

Y = D(N) x4 [0.20]/(r (x),0) ~ (x,0).

where r: D(N) — D(N) denotes the canonical reflection of D(N).

Next let us consider more general examples. The following ones come from Example 1.2
in [32], where general examples of collapse of closed manifolds were given.

Example 3.22 Let 7: M — N be a fiber bundle over a closed manifold N with
fiber F' having nonempty boundary and with the structure group G such that

(1) G is a compact Lie group;

(2) F has a G-invariant metric gy of nonnegative curvature which smoothly

extends to the double D(F).

Fix a bi-invariant metric b on G and a metric # on N. Let 7: P — N be the principal
G -bundle associated with 7: M — N. Define a G —invariant metric g¢ on P by

ge(u,v) = h(dm(u), dn(v)) + €*b(0(u), ®(v)),
where w is a G—connection on P. Define a metric g on P x D(F) as
Ze=8gc+ Eng-

For the G —action on P x D(F) definedby (p, f)-g =(pg. g~ ' f), 8 is G—invariant
and invariant under the action of reflection of D(F). Therefore it induces a metric
gp(M),e on D(M) = P x D(F)/G. Since gp(ar),e is invariant under the action of
reflection of D (M), it induces a metric gps on M with totally geodesic boundary
such that (M, gas,e) inradius collapse to (N, /) under a lower sectional curvature
bound.

Example 3.23 Let M be a compact manifold with boundary, and suppose that a

compact Lie group of positive dimension effectively acts on M which extends to the
action on D(M). Suppose that D(M) has a G—invariant and reflection-invariant
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smooth metric g. As in Example 1.2 of [32], one can construct a metric gp(ar),e
on D(M) which collapses to (D(M), gp(ar),e)/ G under a lower curvature bound. It
follows that the metric (M, gas,¢) induced by gp(ar),e also collapses to (M, gar,e)/ G
under a lower curvature bound. Note that (M, gps,¢) has totally geodesic boundary.

4 Metric structure of limit spaces

Let X CY and N be as in Section 3. The main purpose of this section is to show that
Y and N are actually isometric to C /1o and Cq/ng, respectively. To study how this
gluing is made, we first analyze the tangent cones of C, Cy, Y and X at gluing points,
and their relations via the differential dng of the gluing map 7q. It turns out that the
identification map no preserves length of curves. Finally, we see that N is isometric
to a quotient of C(i)nt by an isometric Z,—action. (see Proposition 4.30), which implies
Theorems 1.2 and 4.32.

4.1 Preliminary argument

In this subsection, we study geodesic behavior in C and the property of a rescaling
limit of the map n: C — Y. These will be useful in the next subsection to investigate
geodesic behavior in Y.

Let 7: C — Cy and n: Y — X be the projections. To be precise, let 7(y) :=
noo7 (n~1(»)), which is a surjective Lipschitz map. Forevery p € Cy, let J+ (1) = (p. 1)
and y4+(t) =n(¥(2)) for t €0, 1]. We call Y4+ (resp. y+) a perpendicular to Cy (resp.
to X')at p (resp. at no(p)). The map 7 and m are the projections along perpendiculars.
Note that n: C \ Cy — Y \ X is a locally isometric bijective map. Therefore C \ Cy
and Y \ X are isometric to each other with respect to their length metrics.

For simplicity, we use the notation
Cri={xeC|d(Co.x)=t}, CY:={yeY|dX, y)=t}
for every ¢ € (0, tg]. We also denote by
T C—>C, mp Y\NX = Cy,
the canonical projections along perpendiculars. Recall that
Xi={xeX|[#y'() =1} Xpy={xeX|#y (x)=2}
CE=1{peCylno(p)e Xy} fork=1,2.
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First we investigate the behavior of geodesics in C. To do this we make use of the
Gromov—Hausdorff convergence Cps, — C.

Recall that for every ¢ € [0, tg], we set
CM,',[ = {X € CM,' | d(x’ 8]‘41) = t}'

We also use ¢ to denote the distance functions on C and Cypy, from Cy and 0M;,
respectively.

Let y: [0,£] — C be a unit-speed geodesic, and & = 3% the unit vector field on C.
Take a geodesic y; in Cpy, such y; — y. We denote by H’; the second fundamental
form of Cypy, ¢,

MLV, W) = —(Vy&, W) for V,W € T(Cp ),

where & = % is the unit vector field on Cypy, . Consider the function p; (s) =(yi(s)) =
lyi(s), dM;|. We have

P;(s) = (& (i (5)), vi (s)),
7(s) = (V.r & 9T = —11(5T . 7T _ ' (pi(s))
pr) = Wy v ) =101 = g 9)

where )'/l.T (s) is the component of y; (s) tangent to Cpy, ,, (s)- Note that 0 > p7/(s) > —c

17T ()12,

for some uniform constant ¢ > 0. In particular, we have:
Lemma 4.1 p; and p are concave functions.

Lemma 4.2 Forevery t € [0, 1] and py, p> € C;, we have

|P1,P2|C;m

—1
|p1. p2lc

< 0(|p1, p212)-

Proof Let y: [0,£] — C be a unit-speed minimal geodesic joining p; to p,. Take a
unit-speed minimal geodesic y;: [0, £;] — Cay, such that y; — y under the Gromov—
Hausdorff convergence Cps, — C. We may assume that p;(;(0)) = p;i(yi(£;)) =1t.
Putting

pi(s) = pi(yi(s)) = lyi(s), IM;],

pi(s) takes a maximum #; = p; (u;) >t at some u; € (0, £). By the mean value theorem,
we obtain

() —1 t — pi (u;) pi (W) — pj(vi)
pi (ui) = pl(vy), LRy, PRI PRIy
uj Ci—u; Vi — Vi
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for some 0 <v; <u; < vl’. <{and v; < w; < vlf. Adding the first two equalities, we
get
(gl - l/li)ui / i 2
4-1) pi(ui)—t < T(vi —vi)(—=p; (w;)) < c|yi(0), yi(€:)|*.
l

Setting ¢* := max{g ¢} p and letting i — oo, we have

(4-2) *—t =max p—1 <c¢|py. p2|?,
[0,£]
and hence
¢(I) l 2
(4-3) ——~— 1| =cp1. p2|”
P(*)
Let ;: C — C; be the canonical projection. Since 7; has Lipschitz constant ;)((ll*))

on the domain bounded by C; and Cy+, it follows from (4-3) that

4
(4'4) |p17p2|ctim S L(]rt O)/) S (f((l*))

This completes the proof. a

|p1. P2l < (1 + O(|p1, p21*)|p1. pal.

Lemma 4.3 For every pi, p, € C; and unit-speed minimal geodesic y: [0,{] — C
joining pi to p,, we have

p'(0) < C|p1. pal,
where p(s) = |y (s), C¢].

Proof Let p(s) take the maximum at s = 5. Using the mean value theorem, we
obtain —p’(0)/s¢ > inf p” > —¢, from which the conclusion is immediate. O

Next we discuss a rescaling limit of the map n: C — Y. Fix p € Cy and x =n¢(p) € X,
and let #; be an arbitrary sequence of positive numbers with lim#; = 0. Passing to a
subsequence, we may assume that

ni =n: (lC, p) — (lY,x)
li li
converges to a 1-Lipschitz map
Noo: (Tp(C),0p) = (Tx(Y),0x)

between the tangent cones of the Alexandrov spaces. We may also assume that (%X , x)
converges to a closed subset (7 (X),0x) of (Tx(Y),0x) under the convergence
(%Y, x) — (TxY, 0x).
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Sublemma 4.4 1o T,(C)\ Tp(Co) — TxY \ TF(X) is a bijective local isometry.

Proof Let p=|-,Cy|, p=1|-, X]|. Under the 1/t;-rescaling, we may assume that p
and p converge to the maps

ﬁ00=|'7T17(C0)|’ IOOO=|’T;(X)|’

respectively, satisfying poo = Poo © oo For any W € T, (C) \ T(Co), let € = poo (W)
and W =100 (W). Since poo(w) =€, it is easily checked that neo: B(W, §) — B(w, §)
is an isometry.

Next let us show that 1e0: Tp(C)\ Tp(Co) — TxY \ T} (X) is bijective. Suppose that
W 1= Noo(W1) = Neo(W2) for w; € T,(C)\ Tp(Cp). Take q’i,qé € C such that qJ’:
converges to w; under the 1/¢;—rescaling. Let n(q]’.) = yj’.. Since y]’. converges to the
same point w, any minimal geodesic joining y{ and 3 does not meet X. This implies
that |¢{,¢5] = |y{. y3|. However this must imply that W = W, . Hence 7« is injective
on T,(C)\ Tp(Cy). It is easy to see that neo: Tp(C) \ Tp(Co) = TxY \ Ty (X) is
surjective, and hence the proof is omitted. a

4.2 Spaces of directions and differential of 7o

In this subsection, we study the spaces of directions of C, Cy, Y and X at the points
where the gluing is done, and the relation between them. We also study the differential
of the gluing map ¢ at those points.

Lemma 4.5 Forevery p € Cy, let ¥+ (t) = (p,t) and y4+(t) = n(y(t)). Then
(1) X,(C) is isometric to the half-spherical suspension {}, (0)} * X,(Co);
(2) forevery s €(0,19), Z(p,5(C) and Xy, 5)(n(C)) are isometric to the spherical
suspensions {£" (s)} * X,(Co) and {£y! (s)} * X(Cy), respectively.

Proof From the suspension structure C = Co X4 [0, #9], obviously we have 7, (C) =
T (Co) x[0, 00), which implies the conclusion (1). Since both ¥ and y4 are geodesic,
the splitting theorem shows (2). a

Lemmad4.6 Forevery x € X and & € T (Y )\ K(2 (X)) which is not a perpendicular
direction, assume that there is a geodesic y: [0,£] — Y with y’(0) = £, and let

V=n"'y), =70y, o=moy, p:=7(0).
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Let Y4 be the perpendicular to Cy at p, and set y4+ = n(y+). Put
E=70). & =710, T=50. & =y}
Then
(1) o defines a unique vector v =0’ (0) € K(Zx(X)) and we have
24§ = LE4 D). LEv=2E),
L(E+, &) + L5 v) = L(E4,v) = 373

(2) there is a unique limit Noo: Tp(C) — Tx(Y) of n; =1n: (%C, p) — (%Y,x) as
t — 0, and we have

(4-5)

Noo(V) = v, [0] = v].

Proof Let { € ¥, (X) be adirection defined by the curve o . By definition, this means
that { = lim; o Tg(t" ) for a sequence #; — 0. Since y is minimal, so is . Note that
v is uniquely determined since & is a shortest curve. From Lemma 4.5, we have

(4-6) LEw )+ LE D) = LE+, D) = 47

Now we show (4-5). Consider the 1/¢; —rescaling limits,

i (1 i (L
(Tx(Y).00) = Jim (2Y.x). (Tp(C).0p) = Jim (£C.p).

Let y (resp. ¥y, ) be the perpendicular to X at o(#;) (resp. to Cy at 5(¢;)). Passing
to a subsequence, we may assume that the quadruplet (y4,y,0,Ys) converges to
(V400> Voo» Oco» Yoo1) under the convergence (tl—iY, x) — (Tx(Y), 0y). For instance,
this explicitly means that the Lipschitz curve %G(t,-t) converges to a Lipschitz curve
0co(t) in Tx(Y). Thus y4o0 and yeo1 are perpendicular to 777 (X) at ox and 0oo(1)
and yo is the geodesic from oy with yso(1) = &. Here we assume that (%X , x)
converges to a closed subset (7y (X), 0x) of Tx(Y),0x).

Similarly passing to a subsequence, we may assume that the quadruplet (Y1, .0, ¥s,)
converges t0 (¥+o0, Yoo» Ocos Yoo1) Under the convergence (%C, p) — (Tp(C),0p).
Thus Y400 and Yoo are perpendicular to 7,(Cop) at 0, and Goo(1) and Yoo is the
geodesic from o0, with Yoo (1) = E .

We set
p(t) =1Co, ¥ ()| =X,y (D).
Notice that:
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(1) €. 000(1)] = |E,Foo(1)| = p'(0).
2) p/(0) = [€] sin Z(E, D)

Let A be a minimal geodesic joining E: Yoo(1) t0 Vioo. Let oot Tp(C) — Tx(Y)
be any limit of n;, = n: (%C p) — (%Y x). Since neo is 1-Lipschitz, we have

€| sin Z(E4, &) = L(X) = L(eo 0 &) = |€| sin Z(£4, £),

and hence

4-7) L. 6) < L1 B).
Next we show that

(4-8) L(6.0) = ZED).

Put for simplicity
0:=2ED), 6= LF @) Ty)Coun)-
0:= (g’ é‘)i Qi = A(V/(tl')’ Ty(t,')CpY(ti))'
From the warping product structure of C, we easily have

lim 6; = 6.

i—00
On the other hand, under the convergence (%C , p) — (Tp(C),0p) (resp. under the

convergence (1 Y, x) (TxY,0x)), we may assume that Cy;; converges to some
space, denoted by Cyoo. (resp. CY sz, converges to some space s);o). Then we have

(1) 6= Z(F(0),5.(0));
2) 0 =1imb; = LT (1), Tr,(1)(Cor(0)o0)) -

Since A(yoo(l) Vo1 (0 (0))) 27r 6, we have
(4-9) L0pPoe(1)Goo(1)) = 17 8.

On the other hand, since 1: C \ Co — CY \ X is a local isometry, we have

From the lower semicontinuity of angles, we have

lim 6; = Z(y (1), Ty, (1) (Cor(0)o0))-
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It follows from the spherical suspension structure of ¥, (1)7,(C) that

L (Vo) VLo (0 0)) = 2ot — 2(1Ls (1), Ty (1) (Cor0)oo)) = A7 =8,
and hence
(4-10) LoxEaoo(1) = L —8.

By (4-9) and (4-10), the two Euclidean triangles Aoyx&0x(1) and Aopg?ioo(l) are
congruent to each other, and we conclude that Z (&, {) = Z(&, V), as required.

The first variation formula immediately implies Z(£4,¢) > %n. It follows from (4-7)
and (4-8) that

(4-11) 0 S L(E4,0) < L(E4 E) + L(5,0) < L(E4, &) + L(E, D) = L.
Thus we conclude that

LERE) +LE ) = L(E+. D) = 37,

which shows the uniqueness of {. Namely, o determines a unique direction at x . Note

that x.0(0)|
=0'(0) = lim ——"2¢ = |ox, 000(1)]C,
4-12) vi=0'(0) = lim === =|ox, 000 (1)[¢
[v] = |ox, 000 (1)| = |0p, Too(1)] = [V].

Since 7so (V) = v, this shows that 7o, does not depend on the choice of t; - 0. O
Remark 4.7 The argument in the proof of Lemma 4.6 also shows that

|€[ cos € = |0p, Ooo(1)| = |0x, 0oo(1)| = L(00l[0,1]) = L(Ocol[0,1]) = cOs 0,
which implies that
(4-13) Oco is minimizing in the direction o’(0).
Corollary 4.8 Forevery x € X and & € ¥, (Y)\ Zx(X) which is not a perpendicular

direction, there is a unique perpendicular direction £y € ¥, (Y) to X at x and a unique
v € Xx(X) such that

(4-14) L(E+ &) + L v) = L(E4,v) = 3.

Proof This immediately follows from Lemma 4.6 and a limit argument. a
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By Lemma 4.6, for every geodesic y in Y starting from x € X such that y'(0) €
Y (Y)\ Zx(X), the Lipschitz curve 0 = m(y) determines a unique direction [o] €
Y x(X). In general, we call such a direction [o] an intrinsic direction if o is a Lipschitz
curve in X starting from x and having a unique direction [0] = ¢”(0) in the sense that
for any sequence #; — 0, Tg(ti ) converges to [o].

The next lemma shows that every direction in X (X) can be approximated by intrinsic
directions.
Lemma 4.9 Forevery v € Xx(X), we have the following:

(1) For any perpendicular direction §4 € X4 (Y), we have

L(Ey,v)=1m.
(2) There are intrinsic directions [0;] € X (X) satisfying
lim[o;] = v.

Proof For every v € X, (X) take a sequence y; € X with y; — x and v; :=1% — v.
Let p;i: [0,s;] — Y be a minimal geodesic from x to y;. Let y+ be a perpendicular
to X at x with y} (0) = £1. Let A; be a minimal geodesic joining y4(f) to y;.
Considering perpendiculars to X through the points of A; and taking the limit, we

obtain a perpendicular y,, to X at y;. Let y;: [0,#] — Y be a minimal geodesic
from x to yy,(s;), and set

0i(t) :=x(yi(t)), Vi=n"'(), G =7
By Lemma 4.6, o; defines a unique direction v; € X (X) such that
(4-15) L(e4 ) + £, B) = £G4, D) = 3.
where & = y/(0). Note that y; = 0 (t;).
We now use an argument similar to that of Lemma 4.6. Consider the convergence
(%Y,x) — (T (Y). 0x). (%c p) = (Ty(C). 0p).

Passing to a subsequence, we may assume that & converges to some & € X,(Y) C
Tx(Y). We may also assume that

(a) yi(t;s) and o;(t;s) converge to a geodesic Yoo (s) and a Lipschitz curve oo (s),
respectively;
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(b) Yi(tis) and 0;(t;s) converge to geodesics Yoo(s) and Goo(s) in 7, (C), respec-
tively.

Let oot (Tp(C),0p) = (TxY, 0x) be the 1-Lipschitz map defined in Lemma 4.6(2)

as the limit of
ni = (lC, p) - (lY, x)'
li li
Note that 7e0(Foo($)) = 000 (s). Consider the geodesic triangles
Ao, = AoxVoo(1)000(1) C Tx(Y),
An argument similar to that in Lemma 4.6 implies that
(4-16) L0xVoo(1)000(1) = Z£0p Voo (1)T0(1).

It should be remarked that in the case of Lemma 4.6, the geodesic y: [0,£] — Y in
the direction £ was given in the beginning, and we considered the points y (¢;) with
t; — 0. On the other hand, in the present case, we have only the geodesic y;: [0, ;] — Y.
Therefore we take a point z; € Y instead, in such a way that

Zxyit)zi > —oi, |yilti), zi| = ti,

where limo; = 0. Then, with almost parallel argument, we obtain (4-16) and that
Ao, and A,, are congruent to each other as Euclidean flat triangles. In particular, we
conclude that

(4-17) |0x7000(1)| = |0p7aoo(1)|-

Since L(000) < L(Goo), this implies that 0, is a minimal geodesic in the direction v.
As in Lemma 4.6, (4-16) also implies that

(4-18) L(E+.6) + L€ v) = L(E4.v) = 37,
where £ = 1lim§&;. This proves (1). It follows from (4-15) and (4-18) that
4-19) v = lim v;,

which shows (2).

Furthermore, it follows from
L(5;)

L(o;) . L(o;) . L(/./Li)’ lim — op Fo(D)], lim L(pi)

= |0y, 000(1
li I L li t; | * oo( )l
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that
L(oy)

1

(4-20) lim

= L(0s0). a

Let £%(X) denote the set of intrinsic directions [0] € Zx(Y) of Lipschitz curves
o: [0,€) — X starting from x such that the direction [o] is uniquely determined. From
Lemma 4.9, we immediately have the following:

Proposition 4.10 X, (X) coincides with the closure of £%(X) in T, (Y).
The space of direction X (X') was originally defined in an extrinsic way; see Section 2.2.
Proposition 4.10 shows that it coincides with the one defined in an intrinsic way.

For x € X7 (resp. x € Xp),let £ € T4 (Y) (resp. £+ € X4 (Y)) be the unique (resp.
the two) direction (resp. directions) of the perpendicular (resp. perpendiculars) to X
at x.
Corollary 4.11 For every x € X, we have the following:

(1) If x € Xy, then

Sx(X) = {v € Ty (Y) | £(E4,v) = 7).
(2) If x € X, then £x(Y) is isometric to the spherical suspension {£1} % X (X).

In either case, X (X) is an Alexandrov space with curvature > 1 of dimension equal
todimY —2.

Proof (1) is a direct consequence of Corollary 4.8 and Lemma 4.9. (2) is a direct
consequence of Lemma 3.3, Corollary 4.8 and Lemma 4.9. In an Alexandrov space X
with curvature > 1, for any £ € X, the set {v eX||vé&l = %71} is convex, which
implies the last conclusion. a

Our next purpose is to show the following:

Proposition 4.12 Under the convergence lim(g_,o(%Y, x) = (Tx(Y),0x), (%X, x)
converges to the Euclidean cone (K(EX(X)), ox) as § — 0.

We set
Tx(X) = K(Zx(X))

and call it the tangent cone of X at x.

For the proof of Proposition 4.12, we need three lemmas.
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Lemma 4.13 For every minimal geodesic y: [0,{] — Y joiningany x € X and y €Y,
the curve o (t) := m(y(¢t)) has a unique direction at t = 0, and hence defines an intrinsic
direction [o] € X4 (X).

Proof By Lemma 4.6, it suffices to consider only the case £ := y/(0) € X, (X).
Suppose that for sequences s; — 0 and #; — 0 we have limits

ni= lim 1257 ¢:= 1im 199

Jj—00 j—o00
Take & € T (Y) \ Zx(X) such that £ — & and the geodesic y; in the direction &; is

defined. Set 0; = woy;. By Lemma 4.6, o; defines an intrinsic direction [0;] € X5 (X),
and passing to a subsequence we may assume that

L(Eq &) + L(Ei [oi]) = L(E.[oi]) = n

for some perpendicular direction &4 at x. It follows that Z(&;, [07]) — 0 and [0;] — £.
From &; — &, we have

lvi (), y (O < oit,
where limo; = 0. Since & is 1-Lipschitz, it follows that
4-21) loi(2),0(t)] < oit,
which implies that
(4-22) |0i(sj). 0 (sj)| <oisj. |oi(tj). o(4)| <oitj.

Passing to a subsequence, we may assume that there are limits

. X, 0(Sj . X,0i(S;
o = lim —| (J)|, o; = lim —' l(1)|,
Jj—o0 Sj j—00 Sj

. X, 0 (¢ . X, 0 (¢
b tim O g @)
j—o0 l‘j j—o0 lj

Inequality (4-21) implies @; — o« and B; — B. On the other hand, since & € X4 (X),
(4-12) shows aj — 1 and B; — 1, Thus we have o = 8 = 1. Since (4-22) implies

(4-23) |ai[oi]. an| < 0i, |Biloil. BE| < oi,
we conclude that
loil.nl < 0i.  lloil. &I < oi,
and hence the uniqueness n = ¢ = £. a
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Lemma 4.14 For every x, y € X and every minimal geodesic u: [0,£] — Y joining
them, let 0 = mw o u and set p(¢t) = |u(¢), X|. Then we have

(1) maxp < O(x,y|?):;
(2) ZW'(0),[o]) = O(x. ¥D);
3) |L(0)/L(w)=1] < O(lx, p[*).
Proof (1) Let p(s*) = max p and take 0 <a < b <{ such that s* € (a,b), p>0

on (a,b) and p(a) = p(b) =0. Then i =n~! (1][a,p]) and & = 7 (f1) are well defined.
By (4-1), we have

p(s*) = |fi(s™), Col = O(|f(a). £ (B)?) = O(p(a), w(b)I*) = O(lx, yI?).

(2) We may assume u’(0) # [o]. Take the smallest sq € (0, €] satisfying p(sy) € X.
Note that & = U_I(M|0,s1]) is well defined and |x, u(sy)| = |£(0), it(s1)|. Since
p(s) = |u(s), X| = |ii(s), Co| for 0 <s < sy, Lemmas 4.6 and 4.3 imply

©'(0) = sin Z(1/(0), [o]) < C|(0), fi(s1)| = Clx, u(sp)| < Clx, yl.

(3) Take at most countable disjoint open intervals (a;, b;) of [0, £] such that
e plai), u(bi) € X and pu((ai,bi)) CY\ X;
e u(s)e X forall s e J:=1[0,€]\ U(a;, b;).

Set
ti = Wlg; b 0i =0l Bi =10 i), & =n"" (o).

Let L(J) denote the measure of J. Since L(it;) = L(ui), L(6;) = L(o;) and
w(J) =0(J), Lemma 4.2 implies that

L(o)=>)_L(oy)+L(J)
<> L@+ L(J)
<> (1 + 0(5i(ai). 5 (b)) L(i) + L(J)
=Y 1+ O(lu(ai). u(b) ) L(1i) + L(J)
< (1+0(x.y») L(w). O
Lemma 4.15 For any v = [0] € £%(X), if we consider the arc-length parameter

of a, a(8t) converges to the geodesic ray oo0(t) in Tx(Y) from the origin o in the
direction v as § — 0 under the convergence (%Y, x) = Tx(Y),0x).
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Proof Since o determines the unique direction v, we have, for any 0 < Ry < R,,

lim A76RD — Jim 10(6R2)
51—% Tx al—rf}) Tx

This implies that the image 040([0, 00)) coincides with the ray in the direction v. O
We denote by t(R | €) a function satisfying lim¢—¢ (R | €) = 0 for any fixed R.

Proof of Proposition 4.12 We have to show that the Gromov—Hausdorff distance
between (%B(x, 0R; X), x) and (B(ox, R; K(Xx(X)), 0x) converges to zero as § — 0
for any fixed R > 0. For every small € > ( take an €—dense subset {[(7,']}1.121 of 22(X),
and put K :=[R/€] + 1. Taking small enough §, we may assume that o; are defined
on [0, 6R] and that g; can be written as o; = 7 (y;), where y; is a minimal geodesic

in Y joining x to 0;(6R). Let us consider the sets

NS = {l%[a] 120 =10k = K} C Blox, R K(Z(X)),

N€ = {ai(‘”;{R) l1<i<I,0<k< K} c %B(X,SR; X).
First we show that both N5, and N€ are (7(R|e)+1(R|5))—dense. For simplicity, set

kR 5k R
Vik = 7[0]» Xik = 01‘(7)-

For every y € B(x,6R; X), let y: [0,£] — Y be a minimal geodesic joining x to y,
and let 0 := 7 (y). Choose i and k with Z([o],[0;]) <€ and |{—kR/K| < R/K <E€.
Since Lemma 4.14 implies that

Z(y'(0), 7/ (0) = £(y'(0).[0]) + Z([o]. 0i]) + Z([07]. ¥ (0)) < € +27(8).

we obtain
ly(£), yi(0)| < Cl(e + 27(8)).

It follows from Lemma 4.14 that
|y, Xikl = 1y @), vi(O] + 1yi(0), 0i (O] + |0i (£), x; k|

< cle +208) + GR)? + SR
<8(z(R|€)+1(R|5)).

Thus N€ is (t(R|e)+t(R|F))—dense in %B(x,SR).
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For every v € B(ox, R: K(2x(X))), take i and k satisfying Z(v,[0;]) < € and
|lv| —kR/K| < R/K < €. Then we have

R
v, v k| < X +eR =1(R]e).
Hence N§ is t(R]|e)—dense in B(OX, R; K(EX(X))).

Finally, define f: NS5, — N€ by f(v; k) = x; k. For simplicity put

kR SkR
Wi g = 7)/{(0)’ Vik = J/i(T)-

By Lemma 4.14, we then have
|1xi k. X561 = ik vjul| <2C(BR)?,

[1Vigs vjel = lwig. wjgl| < T(R|9),
i wj el — ik vjel| < T(R),

which implies that f is t(R|§)—approximation. In this way, we conclude that

dGH((éB(x, 5R),x), (B(ox, R: TX(X)))) <t(R|e)+ (R ). 0

Lemma 4.16 Fix any x € X and take p € Cy with no(p) = x. Then, for every y € X,
there is a point ¢ € 170_1 (») such that

|x’y|Y

—1
Ip.qlc

< zx(lx. yly).

where 1 (t) is a function depending on x with lim;_, ¢ 7, (¢) = 0.

Proof Suppose the lemma does not hold. Then, since nq is 1-Lipschitz, we have a
sequence y; € X with lim y; = x such that for every ¢; € r)o_l i),

|x. yily

(4-24)
|p.gilc

<1l—e¢

for some € > 0 independent of 7.

We proceed as in the proof of Lemma 4.9. Let u;: [0, s;] — Y be a minimal geodesic
from x to y;, and take a perpendicular y), to X at y;. Let y;: [0,#;]— Y be a minimal
geodesic from x to yy, (s;), and set

0i(t) =i (@), Fi=n"'). G =7
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Let ¢; := & (¢;). By passing to a subsequence if necessary, under the convergences
1 1
(7.%) > @(.00). (€. p) > (T5(C).0p).
l 4

we may assume that the triplet (u;(2;5), yi(t;s), 0i(t;is)) (resp. the pair (¥;(¢;5), 0; (t;s))
converges to a triplet (oo (), Yoo ($), 0oo(s)) (resp. a double (Yoo($), Goo(s)). From
(4-17), we see that

x? j Y ~ . b 1 C
| yl' = |0x,000(1)| = |0p,000(1)| =lim |17t_6{z|’
4 l

lim
which yields a contradiction to the hypothesis (4-24),

|x, yily _
i—oo |p.qilc

O

For any p € Cy, by Lemma 4.6, as t — 0, 1y: (%Co, p) — (%X,x) converges to a
1-Lipschitz map (dno)p: Tp(Co) = Tx(X), which is called the differential of ng at p.
Note that the surjectivity of no: Co — X implies that of (dno)p: Tp(Co) — Tx(X).

Lemma 4.6 immediately implies the following:
Proposition 4.17 For every p € Cy, the differential dng: Tp(Co) — Tx(X) satisfies
|dno (V)| = ]

for every v € T,(Cy). In particular, no: Cy — X preserves the length of Lipschitz
curves in Cy.

By Proposition 4.17, dno provides a surjective 1-Lipschitz map dng: X,(Co) —
Yx(X).

Remark 4.18 By Corollary 4.11, x € X, is a regular point of Y if and only if the
tangent cone T (X)) is isometric to R™~1, where m = dim Y. For this reason, in that
case we call x a regular point of X, and set X™8 := X N Y™, Later we show that
every x € X is a singular point of X unless X = X7 (see Corollary 4.35).

Proposition 4.19 For every p € C?, we have:

(1) the differential dn, provides an isometry dn,: T,(C) — Ty (Y) which pre-
serves the half suspension structures of both X,(C) = {§+} * 2,(Co) and
SHY) = {4} * Ty (X)), where T (Y) = T (X) x R

2) pe Céeg if and only if x € X™®. In this case, (dno)p: Tp(Co) — Tx(X) isa
linear isometry.
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Proof (1) For every U1, 02 € Xp(Cy), put v; := dno(v;). We show that Z(Vy,V3) =
Z(vy,v72). Let S, (resp. é,) be the midpoint of the geodesic joining S+ to v; (resp.
&4+ to v;). Note that dn(é,) = &;. We may assume that there are geodesics ;(¢)
with ¥/(0) = §, and set y;(¢) := n(¥;(t)). Since Tx(Y) = Tx(X) xR, any minimal
geodesic joining ;1 (¢) and y,(¢) does not meet X for any small # > 0. It follows from
the fact that n: C \ Cy — Y \ X is locally isometric that

71(0), 20| = |y1(2), 2 ()1,

which implies that 4(§ 1 52) = Z(&1, &). From the suspension structures, we conclude
that Z(v1,072) = Z(v1, v3).

(2) is an immediate consequence of (1). O

4.3 Gluing maps

Using the results of the last subsection, we study the metric properties of the gluing
map.

From Lemma 3.3, we can define a map f: Cy — Cy as follows: for an arbitrary

point p € Cy, let f(p):=q if {p,q} = no_l(r;o(p)), where ¢ may be equal to p if
no(p) € X;. Note that f is an involutive map, ie /2> = id. Moreover:

Lemma 4.20 f: Cy — Cy is a homeomorphism.

Proof Since f is involutive, it suffices to prove that f is continuous. For a sequence
pi converging to a point p in Cy, we show that f(p;) = f(p). Set x = no(p) and

xi =no(pi).

Case1 (x € X;) Inthiscase, f(p) = p. If xj € X1, then f(p;) = p;i, and we
have nothing to do. Suppose x; € X,. Let y;? be the two perpendiculars to X at x;.

Letting s; = |x, x;|, consider minimal geodesics yl. joining x to y;- E(s;). If we set
~+ +

o =1 o)7ii, where )7ii =y ()/l.i), then &;

and f(p) to f(pi), respectively. Lemma 4.16 then shows that

are minimal geodesics joining p to p;

|, x|
|p. pil
which implies f(p;) — f(p).

|, x|

2> ORI

-1

< x(]x, xil), — 1| < e (|x, xi]),
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Case2 (x € X,) Inthiscase, f(p)# p. Let )/;': be the two perpendiculars to X
at x. By Corollary 4.11, we have

(4-26) LyF (s0)xivy (50) = Zy (s0)xivy (s0) > 7 —T(s0)

+ —
for small enough so > 0. If x; € X7, then both A(S;r, %f (SO)) and A(S;r, ,);f (SO))
become small, yielding a contradiction to (4-26). Thus we have x; € X5. Then, in a
way similar to Case 1, we have the formula (4-25), which implies f(p;) — f(p). O

Corollary 4.21 7y |C02: Co2 — X, is a double covering space and X, is open in X.

Proof For x € X;, set no_l(x) = {p1, p»}, and take an open neighborhood D
of py in Cy such that Dy N f(D;) is empty. We set D, = f(D;). We show that
E :=no(D;) is open in X. Suppose that E is not open, and take y € E for which
there are y; € X \ E converging to y. Let {g1,¢2} := no_l(y) with g € Dy for
k =1,2. Applyinjg Lemma 4.16 to y; — y and ¢j € 170_1 (v), we have g ; € 770_1 (i)
such that

|9k ki

|y, yil

This implies that g ; € Dy and y; € E for large i . Since this is a contradiction, E is

—1' <t(ly,yil) for k=1,2.

open. Similarly one can show that each restriction 1¢9|p,: Dy — E is an open map,
and hence is a homeomorphism. a

Corollary 4.22 Y and X are homeomorphic to the quotient spaces Cq x4 [0, t0]/ f
and Cy/ f, respectively, where (x,0) and (f(x),0) are identified for every x € Cy.

Corollary 4.23 If the inradius of M; € M(n,k,A,d) converges to zero, then the
number of components of dM; is at most two for large enough i .

Proof Since f is an involutive homeomorphism, f gives a transposition of two
components of Cy. The conclusion is immediate from the connectedness of X. O

Remark 4.24 In Theorem 1.6, we remove the diameter bound to get the diameter-free
result.

Lemma 4.25 770|ng (Coz)int — Xzint is a local isometry.
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Proof For every p € C2, by Corollary 4.21 it is possible to take relatively compact
open subsets D > p and E > no(p) of C02 and X, respectively, such that ng: D — E
is a homeomorphism. We may assume that D and E are small enough so as to
satisfy that for every x, y € E, there is a minimal geodesic y: [0, 1] = X, joining
X to y. We must show that ng: D — E is an isometry with respect to the interior
distances of Cy and X, respectively. Since ng is 1-Lipschitz, it suffices to show that
g:= 77613 E — D is 1-Lipschitz. We do not know if g oy is a Lipschitz curve yet.
However, by Proposition 4.17, g oy has the speed vgoy, (7) (see [3]),

|goy(t),goy(t+e)l
le]

) =l

’

which is equal to the speed vy () of y, and therefore
1
|x.yl=L(y) =/0 vgoy (1) dt = L(goy) = |g(x).g(y)|. O

Lemma 4.26 If X, has nonempty interior in X, then X = X and n¢: (Co)™ — X'™
is an isometry.

Proof If the interior U of X; is nonempty, then V := r]o_l(U ) C CO1 is open
in Cy. From the nonbranching property of geodesics in Alexandrov spaces, we have
V =Cp and X = X;. An argument similar to the proof of Lemma 4.25 shows that
no: (Co)™ — X" is an isometry. a

Proposition 4.27 1 (Cy)™ — (Cp)™ is an isometry.

Proof If Cy is disconnected, Lemma 4.25 immediately implies the conclusion. There-
fore we may assume that Cy is connected. For x € X, with nal(x) ={q1,9>}, by
Lemma 4.25, we can take disjoint open sets D; 3 ¢g; for i = 1,2 and E > x such
that nf) :=1nol|p,: Di — E are isometries. Thus f|p, = (77(2))_1 o )7(1): Dy — D, isan
isometry with respect to the interior distances. Note that f is the identity on C , and by
Lemma4.25, f: (C3)™ — (C3)™ is alocal isometry. For every py, p, € Co we show
that | f(p1), f(p2)| =|p1, p2|. Thisis obvious if pq, p; € COI. Let y: [0,1]— Cy be
a minimal geodesic joining p; to p,. If py, p» € CZ, applying Lemma 4.25, we may
assume that y meets CO1 . Let ¢y € (0, 1) be the smallest parameter with y (¢y) € Co1 . By
Lemma 4.25, we have | f(p1), f(v(t))| = | p1, Y (to)|. Therefore the nonbranching
property of geodesics in Alexandrov space implies that y N CO1 consists of only the
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single point y(¢y), and therefore we also have | f(p,), f(y ()| = |p2, y(to)|. Tt
follows that

|f (D). f(p)I =1 f(p1). [y (to)] + | f (v (o). f(p2)]
<|p1.y ()| + [y (t). p2l = |p1. p2l.

Repeating this, we also have | p1, p2| =| f(p1). f(p2)| and | f(p1), f(p2)|=|p1. p2l.
The cases of p; € CO1 and p, € CO2 are similar, and hence are omitted. a

4.4 Structure theorems

In this subsection, making use of the results on gluing maps in the last subsection, we
obtain structure results for limit spaces.

We begin with:
Lemma 4.28 X, is convex in X.

Proof Suppose this is not the case. Then we have a minimal geodesic y: [0, 1] - X
joining points x, y € X, such that y is not entirely contained in X,. Let #; be the
first parameter with y(¢1) € X;. Set z := y(#1). By Lemma 4.25, for any p € 770_1 (x),
there exists a unique geodesic y: [0,7;] — Cy such that ¥(0) = p and ngo ¥y (z) =y (¢)
for every ¢ €[0,1;]. Put Z:= %(#;) € C!, and take ¥ € £3(Cy) such that (dno)z(?) =
%y(to) € ¥,(X). Let y1: [0,#;] = Cp and y;: [0,¢1] = X be the reverse geodesic
to ¥ and y[o,¢,1, namely 1 (1) =y (11 —1), y1(t) =y (t1—1), and set (1) := f(}1(2)).
Since (dng)z preserves norm and is 1-Lipschitz, we have

~ ~ d d
L@.70) = £( 5y ), Tn(©) =7
for i =1,2. Since ¥(0) # 7,(0), this is impossible in the Alexandrov space Cp. O
Lemma 4.29 Forevery x,y € X, let y: [0, 1] > X be a minimal geodesic joining x
to y, and let p € Cy be such that no(p) = x. Then there exists a minimal geodesic

y: [0, 1] = Cy starting from p such that ngoy = y. If x € X,, then ¥ is uniquely
determined.

In particular, if X is not empty, then Cy is connected.

Proof Suppose x € X;. It follows from Lemmas 4.25 and 4.28 and Proposition 4.27
together with the nonbranching property of geodesics in Alexandrov spaces that

y([0. 1) C X;.
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Suppose x € X;. If y C X7, the conclusion is immediate. Otherwise, by an argument
similar to the above, we have y((0,1)) C X,. Thus we have a lift y: (0,1) — CO2
of ¥(0,1), Which extends to a required lift y: [0, 1] — Cy of y. a

Proposition 4.30 N = X™ js isometric to C™/f.

Proof In the case of X = X7 or X = X;, the conclusion follows from Lemma 4.26
or Lemma 4.25, respectively. Next assume that both X; and X, are nonempty. We set
Z = C(i)rlt /f, which is an Alexandrov space. Letting : C(i)nt — Z be the projection,
we decompose Z as

Z=2Z,UZ, with Z;:=¢(C}) fori=1,2.

For every {(p) € Z1, Z¢(p)(Z) is isometric to X,(Co)/ f«, where fi: Xp(Co) —
> ,(Cp) is the isometry induced by f. Since X is a proper subset of X, fi defines
a nontrivial isometric Z,—action on X,(Cp). Thus {(p) is a singular point of Z, ie
¢(p) € Z°"¢, and therefore Zy C Z*"¢. Thus Z™¢ C Z,. Now, by Proposition 4.19,
there exists an isometry Fy: Z, — Xé‘“. Since Z™ is convex in Z (see [25]),
Fy defines a 1-Lipschitz map Fp: (Z™8)**' — X which extends to a 1-Lipschitz map
F: Z — X, where (Z™8)**' denotes the exterior metric of Z™¢.

Conversely, since X3 is convex in X' by Lemma 4.28, F I defines a 1-Lipschitz
map G;: (X,)™ — Z, which extends to a 1-Lipschitz map G: X'™™ — Z satisfying
G o F = 1. Therefore X'™ must be isometric to Z. a

Proof of Theorem 1.2 By Proposition 4.27, f: C(i)nt — C(i)m is an involutive isometry.
By Propositions 3.9 and 4.30, N is isometric to C(i)m/ /. Since C(i)nt is an Alexandrov
space with curvature > c(x, 1), so is N. a
In view of Proposition 2.5, Proposition 4.30 immediately implies:

Corollary 4.31 X, is an extremal subset of X,

Theorem 4.32 Let M; € M(n, k, A, d) inradius collapse to a compact length space N.

Let ]\Z Gromov-Hausdorff converge to Y, and MieXt converge to X C Y under the
convergence M; — Y. Then

(1) X™ js isometric to N ;
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(2) Y isisometric to C(i)rlt X [0,10]/(f(x),0) ~ (x,0), or equivalently, isometric to
the quotient by an isometric involution f = ( f,—id),
i C" xgl=to. t0l/ f.
where ¢(1) = ¢(|t]).

In particular, Y is a singular I —bundle over N, where singular fibers occur
exactly on X1 unless X = X;.

Compare Examples 3.16, 3.20 and 3.21.

Proof of Theorem 4.32 (1) is just Proposition 3.9. (2) follows immediately from
Propositions 3.11 and 4.30. i

Remark 4.33 Theorem 4.32 can be generalized to the unbounded diameter case (see
Section 6).

Proposition 4.34 If x € X then X (X) is isometric to the quotient space X, (Cy)/ f«
and Xx(Y) is isometric to the quotient space X,(C)/fx, where fi: X5(Co) —
¥ ,(Co) is the isometry induced by f.

Proof Take an f—invariant neighborhood U, of p in Cy, where no(p) = x. It is
easy to check that Vy := no(Up) is a neighborhood of x isometric to U,/f. The
conclusion follows immediately. a

Corollary 4.35 Let dim N = m. Suppose that both X1 and X, are nonempty. Then
every element x € X satisfies that

vol ¢ (X) < vol ™1
In particular, dim(X; N 0X) <m —1 and dim(X; Nint X) <m —2.
Proof For x € X, take p € Cy with ng(p) = x. Note that Cy is connected by
Lemma 4.29. If fi: X,(Co) — X,(Cy) is the identity, then the nonbranching property

of geodesics in Alexandrov spaces implies that f is the identity on Cy. Therefore,
J+ must be nontrivial on X,(Cp). The conclusion follows since

VOIEX(X)=%VOlEp(Co)E%VOISm_I. O
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By Corollary 4.35, if every x € X satisfies that
vol Zy(X) > S vol "1,
then X = X; or X = X>.

Next let us consider such a case. If X = X7, then by Lemma 4.26, 1 is an isometry.
If X = X3, then by Lemma 4.25, ng is a locally isometric double covering. Therefore
it is straightforward to see the following:

Corollary 4.36 If X = X or X,, then Y can be classified by N as follows:
(1) If X = Xy, then Y isisometric to N x4 [0, to].
(2) If X = X,, then either Y is isometric to the gluing
N X(g [—Z(), lo],

with length metric, or else Y is a nontrivial [ —bundle over N, and is doubly
covered by

C(i)m X(; [—t0, to],

where ¢(t) = ¢ (1))
Compare Examples 3.16 and 3.20.

From now, we write for simplicity as Cp := C(i)m.

5 Inradius collapsed manifolds with bounded diameters

In this section, we investigate the structure of inradius collapsed manifolds M;, applying
the structure results for limit spaces in Section 4. First we study the case of inradius
collapse of codimension one to determine the manifold structure. To carry out this, some
additional considerations on the limit spaces are needed to determine the singularities
of singular /—fibered spaces. In the second part of this section, we study inradius
collapse to almost regular spaces.

5.1 Inradius collapse of codimension one

We consider M; € M(n,k,A,d) that inradius collapse to an (n—1)—dimensional
Alexandrov space N. Then, by Theorem 2.2, M; is homeomorphic to Y, and by
Theorem 4.32, we have

Y =C, Xg[—fo,fol/f’ N =0GCo/f.
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where f = (f, —id) is an isometric involution. and the singular locus of the singular
I-bundle structure on Y defined by the above form coincides with CO1 unless X # X.
Later, in Lemma 5.5, we show that ng (Col) = JN.

Assuming that N has nonempty boundary, we begin with construction of singularity
models of singular I —fibered spaces around each boundary component of the limit
space N.

By Proposition 2.6, each component dy N of dN has a collar neighborhood V. Let
@: Vo = 0o N %[0, 1) be a homeomorphism. Let 7: ¥ — N be the projection. Then
the I—fiber structure on 7o~ 1 ({p} x [0, 1) is isomorphic to the form

Ry :=10, 1) x[~10.70]/(0, y) ~ (0, =),

with the projection 7: Ry, — [0, 1) induced by (x, y) — x. Therefore 7~ !(Vy) is an
R;,—bundle over dy N.

Now we define two singularity models for the singular 7 —bundle 7 ~!(V,): one is the
case when 77! (Vi) is a trivial R;,—bundle over do NV, and the other one is the case of
a nontrivial R,—bundle.

Definition 5.1 (1) First, set
U1 (0¢N) := 0g N X Ry,

and define y: Uy (g N) — 0o N x[0,1) by x(p,x,y) = (p, x) for (p,x,y) €
daN X Ry,. This gives U (0o N) the structure of a singular /-bundle over
da N x[0, 1) whose singular locus is du N x 0. We call this the product singular
I —bundle model around 04 N.

(2) For the second model, suppose that d, N admits a double covering space
p: Py — 0o N with the deck transformation ¢. Let

Ur(0aN) := (Py X Ryy)/ P,

where @ is the isometric involution on Py x Ry, defined by @ = (¢, g),
where g: Ry, — Ry, is the reflection induced from (x, y) — (x,—y). Define
X: Uz (BaN) = o N x [0,1) by x([(p.[x, yD]) = (o(p).x) for (p,x,y) €
Py x Re. This gives Up(dy N) the structure of a singular /-bundle over
da N x [0, 1) whose singular locus is d4 V x 0. The second model is a twisted
one, and is doubly covered by the first model U; (Py) = Py X Re. We call this
the twisted singular I—bundle model around 0y N.
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Example 5.2 Let us consider the codimension one inradius collapse in Example 3.21.
Recall that the limit space Y of M, is isometric to the form

Y = D(E) %3110, 1)/ (x.0) ~ ( (x), =),

where r: D(E) — D(E) denotes the canonical reflection of D(E). If m: Y — E
denotes the projection, then 7~!(V') is isomorphic to the product singular 7 -bundle
model around 0F, where V is any collar neighborhood of JE.

Example 5.3 Let Q. denote the space obtained from the disjoint union of two copies
of the completion R, of R, glued along each segment 1 x [—e, €] of the boundaries,

Oc = Re Hlx[—e,e] Re-

Let r: Q¢ — Qe be the reflection induced from (x, y) — (x,—y). Let

Me = (S'(1) x Q&)/(z, p) ~ (=2, 7(p)).

As € — 0, M, inradius collapses to S! (%) x[0,2]. Let me: M — S! (%) x [0, 2] be
the projection induced by [z, (x, y)] = (z,x). Then both 77! (S'(1) x[0, 1)) and
771 (SY(%) x (1,2]) are solid Klein bottles and their /—fiber structures are isomorphic
to the twisted singular 7-bundle model around respective boundary of S'! (%) x [0, 2].

The following is a detailed version of Theorem 1.3:

Theorem 54 Let M; € M(n,k,A,d) inradius collapse to an (n—1)—dimensional
Alexandrov space N. Then there is a singular I —fiber bundle
I— M; "> N
whose singular locus coincides with ON.
More precisely:

(1) If N has no boundary, then M; is homeomorphic to a product N x I or a
twisted product N X I.

(2) If N has nonempty boundary, each component 0, N of dN has a neighborhood
V' such that ;- L(V) is isomorphic to either the product or the twisted singular
I —fiber bundle around d, N.

(3) If L(V) is isomorphic to the product singular I —fiber bundle for some com-
ponent du N, then M; is homeomorphic to D(N) x [—1,1]/(x,t) ~ (r(x),—t),
where r is the canonical reflection of the double D(N).
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Recall that
Y = Coxz[—to. 10/ f

where f = (f,—id), and Cy and Y are the noncollapsing limits of (dM;)™ and M;,
respectively. Therefore both Co and Y\ Cy, are smoothable spaces in the sense of [12].
See also Remark 2.11.

Let F C Cy denote the fixed-point set of the isometry f: Cy — Cyp. By Proposition 2.5
and Theorem 2.3, no(F) is an extremal subset of N and it has a topological stratifica-
tion.

Lemma 5.5 1y(F) coincides with ON if f is not the identity.
We postpone the proof of Lemma 5.5 for a moment.

Proof of Theorem 5.4 (1) By Lemma 5.5, if N has no boundary, F is empty,
and therefore either N = Ny or N = N,. If N = Ny, then Cy = N and Y is
homeomorphic to N x I. If N = N,, then N = Cy//f has no boundary, and Y is
homeomorphic to either N x I or Co x[—1,1]/(x,t) ~ (f(x), —t), which is a twisted
I-bundle over N.

(2) Suppose N has nonempty boundary. Note that
N1 =no(F).

By Proposition 2.6, each component do N of dN has a collar neighborhood V. Let
@: Vo = 0¢ N x[0, 1) be a homeomorphism. Since M; is homeomorphic to Y for
large i, the projection from Y to N induces a map m;: M; — N.

By the I-fiber structure of Y, ;" Y@~ 1(x x [0, 1)) is canonically homeomorphic
to Ry,. In particular, ;- 1(VO,) is an R;,—bundle over doN. If this bundle is triv-
ial, 7r;” 1(Vy) is isomorphic to the product singular 7 —bundle structure U (0o N) =
daN X Ry, .

Suppose this bundle is nontrivial and let Py be the boundary of ;- 1 ((p_l (8aN X {%})) ,
which is a double covering of dN,. Let @ = (¢, g), and let p: P, — d, N be the
projection.

Lemma 5.6 7;” (V) is isomorphic to the twisted singular I —bundle structure

U (0gN) = (Py X Ryy)/ P.
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Proof Note that

U (0 N) := (Poy X Ryy)/(p, x, y) ~ (9(p), x, =),
77 (Vo) = 77 Yo7 (3 N x [0, 1).

We define a map W: Up(0q N) — ni_l (Vy) as follows: Note that for each (p, x) €
Py x[0,1), {p.¢(p)} can be identified with the boundary of the I —fiber 1,(p) x :=
ni_lw_l(p(p) x {x}). Define W (p, x, y) for —t5 < y <t; to be the arc on the fiber
Ip(p),x from p to @(p). Itis easy to see that W: Up(daN) — ni_l(Va) gives an
isomorphism between [ fibered spaces. |

(3) Putint N := N \ 0N for simplicity.
Assertion 5.7 There is an isometric imbedding g: N — Cy such that ngog = 1y.

Proof Set Fy := 770_1 (0o N ). Since the bundle 7; (V) is nontrivial, we may assume
that Fy is two-sided in the sense that the complement of F, in some connected
neighborhood of it is disconnected. Thus there is a connected neighborhood V,
of dy N in int N for which there is an isometric imbedding go: Vo — Cp \ F such
that noo go = 1y, .

Let W be the maximal connected open subset of int N for which there is an isometric
imbedding go: W — Cy \ F such that g o go = 1y and go(W) D go(Vy). We
only have to show that W = int N. Otherwise, there is a point x € dW Nint V.
Take a connected neighborhood W, of x in int N such that 170_1 (Wy) is a disjoint
union of open sets U; and U, such that ny: U; — Wy is an isometry for i = 1, 2.
Obviously one U;, say U;, meets go(W) and the other does not. We extend gg to
g1: WUWy — Co\ F by requiring g1 |w, = 770_1: W, — Uj. Since g is an isometric
imbedding, this is a contradiction to the maximality of W.

Thus we have an isometric imbedding g¢: int N — Cy \ F. Since int N is convex and
no is 1-Lipschitz, gy preserves the distance. It follows that gy extends to an isometric
imbedding g: N — Cy which preserves distance. a

Assertion 5.7 shows that every component of F is two-sided. It follows that Cy = D(N)
and that f is the reflection of the double D(N). This completes the proof of
Theorem 5.4. a

Proof of Lemma 5.5 Obviously dN C no(F). Suppose that no(F) N (int NV) is not
empty.
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Sublemma 5.8 dim(no(F) Nint N) <m —2, where m :=dim N.

Proof If dim(no(F) Nint N) = m — 1, then the top-dimensional strata S of the
intersection 1o (F)Nint N is a topological (m—1)-manifold, and therefore it meets the
m—dimensional strata of N because N"¢Nint N has codimension > 2 (Theorem 2.1).
Take p € r]gl (S). It is now easy to see that f is the reflection with respect to 7751 (S)
in a small neighborhood of p. It follows that S is a subset of dN, which contradicts
the hypothesis. a

Take a point x = no(p) € no(F) N int N, and consider the directional derivative
S+t 2p(Cop) = X,(Cop) of f at p, which is again an isometric involution with fixed-
point set

Fy:=3,(F).

By Corollary 2.4 and Sublemma 5.8, dim Fyx < m — 3 while dim X,(Co) =m — 1.
Repeating this, we have a finite sequence of directional derivatives of f, fx ..., each
of which is an isometric involution

Jik: Zar (Co) — Zyx (Co),
where X, (Cp) denotes a k—iterated space of directions,
Tk (Co) = Zg,_, (- (Zg, (p(Co))) -++).

and §&; is taken from the fixed-point set of the iterated directional derivatives,

E1€Xp(F), &€Zg(Fo), ..., Sk €Zg_ (Fak-1),

and Fy; denotes the fixed-point set of fi;: X4 (Co) = Z4i(Cp), which coincides with
Bg oy (Fe-1)-

Note that the iterated space of directions X, (Cy) has dimension m — k, and the
iterated fixed-point set Fy; C 4% (Co) has dimension < m —k — 2. It follows that
for some k < m —2, F,x becomes a finite set. It follows that for any &4+, € Fyg,

Srte+ 1)t Ty (Bak (Co)) = gy, (Zsk (Co))

has no fixed points. Put
D :=C X‘; [—lo, to],

and let f be an isometric involution on D defined by f = (f, —id). From Theorem 4.32,

Y=D/f.
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Let x =no(p), p = (p,0) and &; € Zg, | (Fy—1)) for 1 <i <k + 1 be as above.
Note that we have isometric identifications

Sx(Y) = Zp(D)/ fu,  Ex(X) = Zp(Co)/ fr

Let {1 € Zx(no(F)) CZx(X) CXx(Y) be the element corresponding to &1 € X, (F) C
¥p(Co) C Zp(D). Note that

Ep(D) = {E+} * Zp(Co)

and f; = (f«,—id) interchanges &4 and &_ and preserves X,(Cp). Next consider

B¢, (Zx(Y)) = g, (Zp(D))/ faxs

where ﬁ* denotes the directional derivative of fix at {;. Note that Xg (X,(D)) is
still isometric to {£+} * Zg, (Z5(Cp)) and fix = (fix, —id) interchanges & and £
and preserves Xg (X,(Co)). Similarly and finally we consider

(5-1) Stept Sk (V) = Sy, (B (D) frkar

where (i1 € Ly (Y) is the element corresponding to &+ € L i (D), and ]Zk—H =
(fxk+1,—1d) freely acts on Xg, .| (Z4x(D)). Recall that

C:=dim X, | (Zux (D)) =m—k =2.

Note that the iterated spaces of directions of the smoothable spaces Y \ Cy, must be all
homeomorphic to spheres (Theorem 2.7). However, (5-1) shows that X¢, | (Z4x(Y))
is homeomorphic to a quotient S¢/Z, for £ > 2 by a free Z,—action, which is a
contradiction. This completes the proof of Lemma 5.5. a

5.2 Inradius collapse to almost regular spaces

Next we consider the case where M; inradius collapses to an almost regular Alexandrov
space N. The idea of using an equivariant fibration-capping theorem in [34] was inspired
by the recent work [18].

First we recall this theorem. Let X be a k—dimensional complete Alexandrov space
with curvature > x possibly having nonempty boundary. We denote by D(X) the
double of X, which is also an Alexandrov space with curvature > k. (see [21]). By
definition, D(X) = X U X* glued along their boundaries, where X ™* is another copy
of X.
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A (k,§)—strainer {(a;, b;)} of D(X) at p € X is called admissible if a; € X and
bj e X forevery ] <i <k and | < j <k —1 (clearly, by € X* if p € 0X for
instance). Let Rf (X) denote the set of points of X at which there are admissible
(k, 8)—strainers. It has the structure of a Lipschitz k—manifold with boundary. Note
that every point of Ré) (X) N adX has a small neighborhood in X almost isometric to
an open subset of the half space Rﬁ_ for small §.

If Y is a closed domain of Ré) (X), then the §p—strain radius of Y is defined as the
infimum of positive numbers £ such that there exists an admissible (k, §)—strainer of
length > £ at every point in Y, denoted by §p—strrad(Y').

For a small v > 0, we put
Y, :={xeY |d@OX,x)>v}.
We use the special notation
doYy :=Y, N{dyxy = v}, intgY, =Y, —0doYs.

Let M" be another n—dimensional complete Alexandrov space with curvature > k
having no boundary. Let Rg(M) denote the set of all (n, §)—strained points of M.

A surjective map f: M — X is called an e—almost Lipschitz submersion if
(1) itis an e—approximation;

(2) forevery p,ge M,

d , .
LD g, |

where 0, , denotes the infimum of Zgpx when x runs over f~!(f(p)).
In the definition above, if dim X = n, sin 8, 4 is replaced by 1.
Now let a Lie group G acton M"™ and X as isometries. Let
degu((M, G), (X, G))
denote the equivariant Gromov—Hausdorff distance as defined in Section 2.1. We need

to assume the following on the existence of slice for G —orbits:

Assumption 5.9 For each p € X, there is a slice L, at p. Namely U, := GL, pro-
vides a G —invariant tubular neighborhood of Gp which is G —isomorphic to G xg, Lp.
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Obviously, Assumption 5.9 is automatically satisfied if G is discrete. By [11], it also
holds true if G is compact.

Theorem 5.10 (equivariant fibration-capping theorem [34, Theorem 18.9]) Let
X and G be as above such that X /G is compact. Given k and p > 0 there
exist positive numbers § = 8, €x,g(n) and v = vy () satistying the follow-
ing: Suppose X = RSD(X) and §p-strrad(X) > . Suppose M = R, (M) and
decu((M, G), (X, G)) < € for some € < ex (). Then there exists a G —invariant
decomposition

M = M, U Mcap

of M into two closed domains glued along their boundaries, and a G —equivariant
Lipschitz map f: M — X, such that
(1) My is the closure of f~(intg Xy), and Meyp = f~1(00Xy);
(2) the restrictions f'|ar,,: Mine — Xy and flMcap: Meop — 09X, are
(a) locally trivial fiber bundles;

(b) (8, v,€/v)-Lipschitz submersions.

Here, 7(€q,...,€;) denotes a function depending on an a priori constant and ¢;
satisfying

lim t(eq,...,e;) =0.

€;—0

Remark 5.11 If X has no boundary, then X, is replaced by X, M., = & and
M = N in the statement above.

We go back to the situation of Theorem 1.5. Assume that AM; inradius collapses to an
almost regular Alexandrov space N. Let us consider the double and the partial double
of M; and Y, respectively,

D(My):= M; Uy M;, W:=Ylc, Y,

where two copies of Y are glued along C;,. From Perelman’s result [21], both
D(M;) and W are Alexandrov spaces. Note that both D(M;) and W admit canonical
isometric Z,—actions by the reflections.

The proof of the following lemma is standard, and hence omitted.

Lemma 5.12 (D(]\Z'),Zz) converges to (W, Z,) with respect to the equivariant
Gromov—Hausdorff convergence.
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Proof of Theorem 1.5 By Lemma 5.12, for any ¢ > 0, if i is large,
decu((D(My), Z2), (W, Z)) <.

By Theorem 4.32 together with our assumption on N, Y is almost regular with almost
regular boundary. Hence, W = RSD (W) and §p-strrad(W) > p for some > 0. Thus,
by Theorem 5.10 and Remark 5.11, there exists a Z,—equivariant capping fibration

fi: D(M;) — Wi,
where

W, ={xeW|d(x,dW)=>v}.

Notice that W, is homeomorphic to W because of the form of Y. Obviously, ﬁ induces

a map fi: M; — Y. From Theorem 4.32, Y is isometric to C(i)nt X3 [—to., lo]/f with

f = (f,—id). Moreover, by the remark after Corollary 4.35, no: Co — X is either an
isometry or a locally isometric double covering.

Case (a) (the action of f on Cy is nontrivial) In this case, Y is a nontrivial /-
bundle over N, and hence Y = C;,. Hence W has no boundary. Thus in this case,
fi: AZ — Y is a fiber bundle with fiber F; which are closed, almost nonnegatively
curved manifolds. This implies that ]\Z and hence M; is an F;xI-bundle over N.

Case (b) (the action of /" on Cj is trivial) In this case, Y is isometric to N X4 [0, #o],
and therefore 0Y consists of n(Co) = X and 1(Cy,). Thus W consists of two copies
of 1n9(Cyp). Therefore, by Theorem 5.10, there exists a Z,—invariant decomposition

(5-2) D(M;) = (D(Mi)ine U (D(M))eap
of D(]l?,-) into two closed domains glued along their boundaries such that
(1) (D(M;))in is the closure of f;~!(inty W,) and (D(M;))eap = £, (30 Wa).

(2) ﬁl(D(Mi))int: (D(Mi))int — W, and ﬁ|(D(Mi))cap: (D(Mi))cap — doW, are
locally trivial fiber bundles,

where

Since (5-2) is Z,—invariant, it induces a decomposition

Mi = (Mi)int U (Mi)cap-
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Since ﬁ is Z,—equivariant, these fibrations induce fibrations
Fi — (Mi)int —Y,, Cap;, — (Hi)cap — 0o Yy,

where Y, ={yeY |d(y, X)>v}and 0oY, :={y €Y |d(x, X)=v}. By construction,
dCap; is homeomorphic to F;. Note that every cylindrical geodesic in the warped
cylinder C; C M; is almost perpendicular to the fibers [32, Lemma 3.1; 33, Lemma 4.1].
This implies that (Z\Z)im is homeomorphic to 94 (]\Z)im x [0, 1], where 81(]\7,~)im isa
component of 8(A7i)int. Therefore 1\7,- and hence M; is homeomorphic to (A7[i)cap.
Noting d¢Y) is homeomorphic to N, we obtain a fiber bundle

Cap; > M; — N. o

6 The case of unbounded diameters

In this section we provide the proof of Theorem 1.6. In view of Corollary 4.23, for
the proof of Theorem 1.6(1), it suffices to consider inradius collapsed manifolds with
unbounded diameters.

Remark 6.1 Theorem 1.6(1) was stated in [31, Theorem 5], where the following
argument was employed: if kK > 3 and if p € M is the furthest point from dM, then
B(p,r), where r = inrad(M), touches oM at least three points. However it seems to
the authors that this is unclear.

6.1 Description of pointed inradius collapse

In the case of unbounded diameter, we do not know the uniform boundedness of the
numbers of boundary components of inradius collapsed manifolds yet. This forces us
to reconsider the descriptions of limit spaces in Section 3.

Let M(n,k, L) (resp. M(n, k, L)y ) denote the set of all isometry classes of n—dimen-
sional complete Riemannian manifolds M (resp. pointed complete Riemannian mani-
folds (M, p) with p € dM ) satisfying

Ky >k, |H3M|§)\
We carry out the extension procedure for M to obtain M. Let

MM(m, 16, M)
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denote the set of all (ﬂ, M, p) with M € M(n,«,A) and p € IM. We let
Do MM(n, . Mt

be the set of all pointed Gromov—Hausdorff limit spaces (Y, X, x) of sequences
(M;. M;, pi) in MM(n, k., M)y with

inrad(M;) — 0.

From now on, (]\7,; M;, p;) and (1\7 , M, p) are always assumed to be elements in
MM (n, i, M)yt

Now suppose that a sequence (M;, p;) € M(n, k, L)y converges to a complete length
space (N, g) with inrad(M;) — 0, while (M;, M;, p;) converges to (Y, X, x). In a
way similar to Proposition 3.9, we see that X' is isometric to N.

Next we describe Y as
Y=X U770 C() X [O, l()],

as in the bounded diameter case. In the bounded diameter case, the number of compo-
nents of dM; is uniformly bounded, and Cy is the componentwise Gromov—Hausdorff
limit of 0M;. In the case of unbounded diameter, we do not know the boundedness of
the number of components of dM; yet. This is why we need a bit careful consideration
to define Cy, which will be carried out in the following.

Let
Cr={yeY||X.y|=t}

We begin with the decomposition of C t’g into the connected components,

cr=1]ce
acA
Set {
Cg = mcg), CcY = Cg X¢ [0, 7],
and

c=[]c* c=]]cgxto0

a€A a€A

Note that each component of C and C(i)nt is an Alexandrov space with curvature
>c(k,A).
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Each p € Cy can be identified with the element of C Ig, which we write as 1(p, ty), and
there is a unique perpendicular ¥ (r) for 0 <t <ty to X satisfying 710 (¢) =
n(p,ty). We then define the surjective 1-Lipschitz map n: C — Y as

n(p,t) = y"@0 ().

Obviously n: C\ Cy — Y \ X is a bijective locally isometric map.

Let ¢;: BMi (pi.1/8;) = BY (x,1/6;) be a §;—approximation, with lim §; = 0. Note
that for iach comNponent Cy of C}g and any fixed point Ja€ Cy; , there is a component,
say 0% M;, of dM; for which we have a point g{* € 0% M; satisfying |¢; (¢}"), ya| < 4.
For a distinct component Cy B and VB € Ct , we also have a component BﬁMl of
dM; for which there is a pomt qﬂ € 8’3M, satlsfylng |oi (‘11) ygl < 8;. Since

|Ct‘2‘), C, B | > 21, it is easily checked that B“M, and 98 M M; are distinct components,

and hence |8°‘]\7i, aﬂ]\?ﬂ > 2ty. Thus we have that

6-)  lim (0" Mi.qf) = (Cirya).  lim (38 Mi.qp)) = (Cf. p).

under the convergence (1\7,-, pi) = (Y, x). In particular, the component 3% M; is
uniquely determined by Cy’ .

Now, for the map

no :=1lc,: Co — X,
from an argument similar to the bounded diameter case, we see that
#ny(x) <2

for every x € X. Thus we can define the involution f: Cy — Cy as in Section 4. Note
that all the results in Sections 4.1, 4.2 and 4.3 still hold true for the present situation of
noncompact Cy, because the arguments there are local. In particular, we see that

(6-2) the number of components of Cy is at most two.

Thus we see that all the results in Section 4 holds true except Corollary 4.23, and
therefore we conclude that

= Cg" xg[~to.10)/ ]
where ¢ (1) = ¢(|7]), and N = X'™ is isometric to CM/f.

Now we immediately have the following:
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Corollary 6.2 If (M;, p;) € M(n,k,A) inradius collapse to (N, q) with respect to
the pointed Gromov—Hausdorff convergence, then we have dim M; > dim N.

Theorem 6.3 Let a sequence of pointed complete Riemannian manifolds (M;, p;) in
M(n, k, L) inradius collapse to a pointed length space (N, q) with respect to the pointed
Gromov-Hausdorff convergence. Then N is an Alexandrov space with curvature
> c¢(k, ), where c(k, A) is a constant depending only on x and A.

To have Corollary 4.23 in the case when Y is noncompact is a main purpose of the
rest of this section.

Remark 6.4 Property (6-2) only shows that there are at most two components of dM;
meeting a bounded region from the reference point p;. Thus (6-2) does not immediately
imply that the number of components of dM; is at most two. This is because the
convergence (]l? i, pi) — (Y, p) is only under the pointed Gromov—Hausdorff topology.
Namely, there is still a possibility that some component of dM; disappears to infinity
under that convergence.

To overcome the difficulty stated in Remark 6.4, we investigate the local connectedness
of dM; in more detail. To carry out this, it is helpful to consider a special pointed
Gromov—Hausdorff approximations similar to (3-2), which is verified below.

Let typr: ((OM)™, dypgin) — ((AM )X, dypzext) be the canonical map, where (M )X
is equipped with the exterior metric in M. For each p € M take a point ¢ € M satisfy-
ing |p,q|=|p,dM|. Setting w(p) = g, we define a nearest-point map wps: M — IM.
It should be noted that although wps is not continuous in general, it will not affect the
argument below (compare Proposition 3.5).

For (]\7 M, p)and (Y, X,x) € 80MM(n,K,k)pt with

as described above, set
IMI™(p,1/8) = OM 0 BM (p,1/8), dypgm).
Cy" (Pos 1/8) 1= (Co N B (po, 1/8, dcin),

where pg € 770_1 (x). Note that if ¢, g’ € IM ™ (p, 1/8) belong to distinct components
of dM, then the distance between them in M ™ (p, 1/8) is infinity: dypsim(q,q’) = 0.
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Similarly, we also consider
OM™(p, 1/8) := (M N BM (p,1/8),dy ),
Cro(po.1/8) 1= (C, N B (po.1/8). dc,)-

Sublemma 6.5 The number of components of dM; which intersect 8Miim( pir1/6;)
is at most two.

Proof Suppose that there are three points ¢{* € M, l.im( pi, 1/8;) which belong to three
distinct components 0% M; for 1 <a < 3. Let g € M (p;, 1/§) be the image of g¥
under the projection to dM; along perpendiculars, which belongs to the component
0% M; corresponding to 0% M;. Since Cj as well as Cy, has at most two components,
we may assume that @; (ql.l) and @; (qiz) are in the same component of Cy. It turns out
that ¢; (Ej}) and @; (@f) are in the same component of Cy,, which contradicts (6-1). O
Definition 6.6 For (]l?, M, p)and (Y, X,x) € aonM(l’l,K,)\.)pt with
Y=X U770 C() X¢ [0, [()],

we define the pointed Gromov-Hausdorff starred distance
(6-3) diu((M, M, p), (Y, X, x))
as the infimum of those § > 0 such that

(1) there exists a componentwise é—approximation

v (AM)™(p, 1/8) — Ci™(x, 1/8);
(2) the map ¢: BM™(p,1/8) - BX™ (x,1/8) defined by
@ =100V 0lyp 0w

is a §—approximation:

-1

Mext oM M Xt ‘M 9 int

| I
no ;

Xext C(1)nt
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(3) the map ®: BM (p,1/8) — BY (x,1/8) defined by

0(q) it g€ M0 BM(p,1/8),
o(q) = . i
(@(qo).1) if = (qo.1) € IM x4[0.10]N BM (p.1/8).

is a §—approximation.
This definition is justified by the following lemma:

Lemma 6.7 Let the sequence (AZ, M;j, pi) € MM(n, Kk, A)pe converge to (Y, X, x)
in dgMM(n, k, A)pt for the usual pointed Gromov—-Hausdorff topology. Then there
exists a componentwise §; —approximation

Vit (OM;)™(pi, 1/8;) — CM™(x, 1/8;)
with lim §; = 0 such that the maps
oir BMT (pi, 1/6:) — BYX ™ (x,1/8), @12 BMi(pi,1/8;) — BY (x,1/6;)
defined as in Definition 6.6 via V; are §;—-approximations with lim §; = 0.
Proof Let A;: BMi (pi. 1/€i)— BY (x, 1/€;) be an €; —approximation with lim ¢; =0.
We may assume that when it is restricted to the boundary, it provides a componentwise
€; —approximation )\ﬁo: BMi(p; 1/€;)NOM; — BY (x, l/ei)ﬂCtg. Since dM; and C;,

are convex and 1/¢(fy)—homothetic to (9M;)™ and Cy, respectively, )\50 gives a
componentwise €; /¢ (tg)—approximation

vit (OM;)™ (pi, 1/ ($(t0)er)) — Co™(po. 1/ (¢ (t0)ei)).

Let 6; := ¢(¢p)€;, and define ¢; and &; as in Definition 6.6. In a way similar to
Proposition 3.5, one can easily show that the restriction

@;: BMi(p;, 1/8)\ M; — BY (x,1/8;)\ X
is a §;—approximation with lim §; = 0. In particular, this implies that
¢it BMI (pi.1/8) N oM; — BX ™ (x, 1/8;)

is also a &/ —approximation. Let v; := inrad(M;). Since BM™ (pi, 1/6;)NOM; is vi—
dense in BMi™ (p;, 1/8;) N OM;, ¢; is certainly a 8! —approximation with lim 6 = 0.
Since @; is a natural extension of ¢;, @; is also a 51’-’ —approximation. O
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Lemma 6.8 Foreach § > 0 there exists a positive number € = €(8) such that if (M, p)
in M(n,k,A)p satisfies inrad(M) < €, then

dI;kGH((M’ M,p), (Y, X,x)) <6

for some (Y, X, x) contained in BOMM(n,K,A)pt.

Proof Lemma 6.8 follows from Lemma 6.7 and the precompactness of MM (n, K, M)pt
combined with a contradiction argument. a

If (Y, X,x) € doMM(n,«, A)pt satisfies the conclusion of Lemma 6.8 for (M, p) €
M(n, i, M), we call it a §—limit of (1\7, M, p), which is also denoted by Y(M, p)
for simplicity:

YM, p)= (Y, X, x).

6.2 Local/global connectedness of boundary

In this subsection, using Lemma 6.8, we first investigate the local behavior of connect-
edness of boundary of a inradius collapsed manifold, and then provide the proof of
Theorem 1.6.

Definition 6.9 Let (Y, X, x) € 80/\7/\/1(11, k,A) and y € X. We call y a single point
(resp. double point) if #no_l(y) =1 (resp. #r;o_l(y) = 2). We say that (Y, X, x) is
single (resp. double) if every element of X is single (resp. double). If (Y, X, x) is
neither single nor double, it is called mixed. We also say that (Y, X, x) is single (resp.
double) in scale R if every element of X N BY (x, R) is single (resp. double). If
(Y, X, x) is neither single nor double in scale R, it is called mixed in scale R.

From now on, to prove Theorem 1.6, we analyze the local structure of dM about the
connectedness when inrad(M) < €. By Lemma 6.8, for any p € M, there exists a
d-limit Y(M, p) = (Y, X, x) together with

(1) a §—approximation ¥: (IM)™(p, R) — C™(p. R);
(2) a 8—approximation ¢ := 190y otz ocwp: BM™ (p, R) - BX™ (x, R).
Note that for every py, p» € BM™(p, R),
(6-4) lo(p1). @(p2)lxim = Llo(p1). ¢(p2)lxex
< L(Ip1, p2lmex +8) = L(|p1, palpgine +6).

Those approximation maps are effectively used in the proofs of the following lemma:

Geometry & Topology, Volume 23 (2019)



2854 Takao Yamaguchi and Zhilang Zhang

Lemma 6.10 For any R > 0 there exists 69 > 0 satisfying the following: For every
0 <68 =<46gy,let € =€(8) >0 be as in Lemma 6.8. For each M in M(n,x,}) with
inrad(M) < € and for each p € 0M, we have the following: Let Y(M, p) any §-limit
of (M, p).
(1) If Y(M, p) is single in scale R, then every py, pp € OM N BM(p, R) can be
joined by a curve in dM of length < L|p1, pa|pr + (L +1)6.
(2) If Y(M, p) is double in scale R, then there exists a point p' € OM with
|p. p'|lam < 8 such that every ¢ € 9M N BM (p, R) can be joined to p or p’ by
a curve in 0M of length < L|p,q|ar + (L +2)4.
(3) If Y(M, p) is mixed in scale R, then there exists a point po € M N BM(p, R)
such that every point g in M N BM (p, R) can be joined to py by a curve
in oM of length L|po,qlap + (L +2)6.

Proof Let (Y, X,x):=Y(M, p), and v, ¢ be approximation maps as above.

(1) Putx;:=¢(p;)€ X fori=1,2. Take X; € Cy such that 1 (X;) = x;. Lemma 4.29
shows |X1,X»| = |x1, x2|. Since y is a §—approximation and ¥ (p;) = X;, it follows
from (6-4) that

|P1s P2loprine < |551,352|c(i)m +38 = |x1, x2]xm +8 < L|p1, p2|apr + (L +1)4.

(2) Set x :=¢(p), ¥y :==¢(q). Since (Y, X, x) is double in scale R, we can put
{X1,X2}:= no_l(x) and {y1, 2} := no_l(y). Let y: [0, 1] = X be a minimal geodesic
joining x to y. From Lemma 4.29, there are lifts ;: [0, 1] - Cy of y starting from X;,
where we may assume y;(1) = y; and X1 = ¥ (p). If ¥ (¢) = 1, then

|2:qlapin < X1, 1lgm +8 = |x, ylxm +8 < LIp, qlm + (L + 1)8.

If ¥ (q¢) = 7,, then take a point p’ with |y(p’),X2| < §. Then, similarly, we have
1P qlaprim < LIp.qlm + (L +2)8.

(3) Let xo € X be a single point with |x, xo| < R, and take X € Cy and py € OIM
such that 179(Xo) = x¢ and | (po), Xo| <6 Let y: [0, 1] — X be a minimal geodesic
from xq to ¢(g). Since Xy € C/!, there is a unique minimal geodesic 7: [0, 1] — Cy
from Xy to ¥ (g) with g oy = y. We then have

[P0 qlangim < |X0, V(@) cim +8 = [x0, (@) xim + 8

< lo(q), (po)|xin + |@(po), Xo|xim + 8
< L|po.qlm + (L +2)é. |
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From now on, for a fixed R > 0, let § = §p(n,«x,A, R) > 0 and € = €(8) > 0 be as
determined in Lemma 6.10.

Lemma 6.11 If M € M(n, «, A) has inradius inrad(M ) < € and disconnected bound-
ary, then every 6 -limit (M, p) is double in scale R for every p € oM.

Proof Suppose that some §-limit Y(M, p) = (¥, X, x) is single or mixed in scale R.
First note that by Lemma 6.10(1), (3), any points ¢;,¢> in dM N BM(p, R) can
be joined by a curve in dM. Take a point p, € dM contained in a component
different from the component containing p. Let ¢: [0, £] — M be a unit-speed minimal
geodesic in M from p to py. For each k with 1 <k <[2{/R], take p; € 0M with
’pk, c(%kR)}M < €. Note that

BM (pk. Ry N BM (pi. R)NOM # @

foreach 1 <k <[2{/R]—1. By applying Lemmas 6.10 to p; together with a standard
monodromy argument, we see that p, can be joined to p by a curve in dM, which is
a contradiction. a

Lemma 6.12 Suppose that M € M(n, k,A) has inradius inrad(M) < € and discon-
nected boundary. For any p € oM, let (Y, X, x) be any é-limit for (M, p). For any
y € X, take distinct points y; # y; € C}OI such that |y;, y| =ty. Then |y, y2| = 2tp.

Remark 6.13 InLemma 6.12, we need the assumption on the disconnectedness of dM.
Namely, for some (Y, X, x) which is double, the conclusion of Lemma 6.12 does not
hold. For instance, take the Mobius band

Y = SKI ia [—t0, to].

If the length £ of X = Sel is smaller than g, then |y, y,| < 2ty for every y € X and
yi € CY with |y;, X| =1t for i =1,2.

Proof of Lemma 6.12 First note that (Y, X, x) is double in scale R. Suppose
|¥1, y2] < 2ty, and take a minimal geodesic y joining them in Y. Then y does
not meet X, and therefore we can project y to C ,Ig. The obtained curve 74, ()) joins
y1 and y; in C}g. Thus the two elements y; and ), of no_l(y) can be joined in Cy.
Take q1,q2 € M such that | (gk.), Yk| < 8 for k = 1,2. Lemma 6.10(2) shows
that every p’ € 9M N BM (p, R) can be joined to g; or ¢, by a curve in IM. By a
monodromy argument as in Lemma 6.11, we can conclude that every g € dM can be
joined to g or g, by a curve in dM, which is a contradiction. a
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We are now ready to prove Theorem 1.6.

Proof of Theorem 1.6 We assume that inrad(M) < €.

(1) Suppose that dM is disconnected. By Lemma 6.11, every §—limit Y(M, p) is
double in scale R for every p € M. Take py and pg from distinct components of dM.
For every p € dM, let c: [0,£] — M be a unit-speed curve in M from py to pg
through p. For each k with 1 <k <[2{/R], take p; € 0M with ‘pk, c(%kR)!M <e.
By applying Lemma 6.10(2) to each p; together with a standard monodromy argument
asin Lemma 6.11, we see that p can be joined to py or pg by acurve in dM. Therefore
we conclude that the number of boundary components of M is at most two.

(2) Suppose that M has two components. By Lemma 6.11, any §-limit Y (M, p) =
(Y, X, x) is double in scale R for every p € dM. Therefore, for any y € X, there are
distinct y; # y; € C}g with |yg, y| =1t for k =1,2. Lemma 6.12 shows that

ly1, y2l = 21.

Let W be a component of 9 M, and consider the distance function dw from W. The
above observation shows that for any p € M, there exists a point ¢ € dM such that

ZWpq > —1(5).

That is, dy is %n—r(é)—regular on a neighborhood of M in M. This makes it
possible to define locally defined gradient-like vector fields for dp on neighborhoods
of the points of M. Then, by gluing those local gradient-like vector fields, we get a
globally defined gradient-like vector field V' on M whose support is contained in a
neighborhood of M. It is now straightforward to obtain a diffeomorphism between M

and W x [0, 1] by means of integral curves of V. a

Theorem 6.14 (Gromov [10]; Alexander and Bishop [1]) There exists a positive
number € = €(n, k, \) such that it M € M(n, k, ) has the two side bounds on sectional
curvature | Kps| < k? in addition and if the inradius satisfies inrad(M ) < €, then either
M or its double cover is diffeomorphic to a product W x [0, 1], where W is a closed
manifold.

The following example shows that Theorem 6.14 does not hold in the connected
boundary case if one drops the upper sectional curvature bound K7 < k2. Namely
there are some M € M(n, k, A, d) with connected boundary and with small inradius
that are not finitely covered by any topological product of the form W x [0, 1], where
W is a closed manifold.
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Example 6.15 Let N be a compact surface of genus one with connected boundary,
and consider a Riemannian metric on N such that dN has a cylindrical neighbor-
hood U,. Namely there is an isometric imbedding f: Se1 x [0, €) — Ue such that
f(Sél x 0) = dN, where £ = L(dN). Consider a segment / = {(x,0,0) | 0 < x <2¢}
in the xyz—space R3?, and let D, denote the intersection of the boundary of the
e—neighborhood of I with {x <e€,z <0}. Let

Je:=DcN{x=¢€}, K¢:=DN{x=<0,z=0}
szzDeﬂ{Zz—E}, EGZDGH{OEXEG}

Note that J and K, (resp. L) are segments of length me (resp. length €). Since
there is an isometry ¢: Ug x [—%ne, %ne] — Se1 x E¢, we have an obvious gluing to
obtain a three-dimensional Riemannian manifold M, with totally geodesic boundary,

Me =N x[—3me, 3me] LUy S} x De.

Note that after slight smoothing of M., we may assume that M, € M(3,«,0,d) for
some x and d, and it inradius collapses to N as € — 0. Note that M is homeomorphic
to N x I UN x D? as in Theorem 5.4.

Note that any finite cover ]Qe of M¢ is not homeomorphic to W x [0, 1] for any closed
surface. Otherwise a finite cover ]\26 of M. is homeomorphic to W x [0, 1] as above.
Since M has the same homotopy type as N, w1 (Mc) is a free group generated by two
elements. It turns out that 7y (1\26) = (W) is a free group, which is a contradiction.

7 Remark on locally convex manifolds

In the argument so far, the assumption |IIj7| < A% was used to have lower sectional
curvature bound Kjyps > ¢(k, A). It is a challenging problem to study the case where
only the lower bound Ily3, > —k is assumed.

In the case of locally convex boundary in the sense that I35, > 0, the Gauss equation
implies Kyps > x as long as Kps > «. Therefore, taking ¢(¢) = 1 as the warping
function, we can extend M to M = M UM %[0, t9], and proceed by the same argument
as in the previous sections, to obtain the results corresponding to Theorems 1.3, 1.5
and 1.6.
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