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DR/DZ equivalence conjecture and tautological relations

ALEXANDR BURYAK
JEREMY GUERE
PAOLO ROSSI

We present a family of conjectural relations in the tautological ring of the moduli
spaces of stable curves which implies the strong double ramification/Dubrovin—Zhang
equivalence conjecture introduced by the authors with Dubrovin (Comm. Math. Phys.
363 (2018) 191-260). Our tautological relations have the form of an equality between
two different families of tautological classes, only one of which involves the double
ramification cycle. We prove that both families behave the same way upon pullback
and pushforward with respect to forgetting a marked point. We also prove that our
conjectural relations are true in genus 0 and 1 and also when first pushed forward
from Mg n4m to Mg, and then restricted to M, , for any g, n,m > 0. Finally we
show that, for semisimple CohFTs, the DR/DZ equivalence only depends on a subset
of our relations, finite in each genus, which we prove for g <2. As an application we
find a new formula for the class A, as a linear combination of dual trees intersected
with kappa- and psi-classes, and we check it for g < 3.
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1 Introduction

A cohomological field theory (CohFT) cg , is a family of cohomology classes on the
moduli spaces Mg, of genus g stable curves with n marked points (parametrized by n
tensor copies of a vector space) which satisfy certain compatibility axioms with respect
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to the natural morphisms among different moduli spaces. They were introduced by
Kontsevich and Manin [20] to axiomatize the properties of Gromov—Witten classes for a
given smooth projective variety, but have since then also proved to be a powerful probe
for the cohomology and Chow rings of M, , itself, and their tautological subrings in
particular; see Janda, Pandharipande, Pixton and Zvonkine [22; 18; 19].

Recall that the tautological rings R*(/ﬁg,n) for g,n > 0 satisfying 2g —2+4+n >0
are the smallest Q —subalgebras of H*(Mg ,, Q) closed under pushforward along the
morphisms forgetting marked points and gluing two marked points together to form a
node. R*(Myg ) is much smaller than the full cohomology ring, but still has a rich
structure and contains most of the natural and geometrically interesting classes. The
ring structure of R*(Myg ,), however, is not yet completely under control. We know
a system of additive generators, the so-called strata algebra, formed by basic classes
which are represented by the closure of the loci of curves with fixed dual stable graph
intersected with a given monomial in kappa- and psi-classes. The product of basic
classes is explicitly described, but the full system of relations is still unknown, although
Pixton has found a large set of relations that is conjectured to be complete; see [22].

In this paper we present a new family of conjectural relations in the form of an equality
between two families of tautological classes. We denote these classes in R* (M g.n)
by A7,
satisfy 2g — 1 <Y d; <3g —3+ n. Their precise definition is given in Sections 2.2

g . .
d, and B Ay, where the n integer nonnegative parameters dj, ..., d,

..........

and 2.3, respectively, but here we stress that they can be described as two different
linear combinations of stable trees with psi-classes at the half-edges and, moreover, for
the A—classes only, a double ramification cycle times the Hodge class Ay is attached
at each vertex.

The motivation for this conjecture comes from the study of the double ramification
(DR) hierarchy, an integrable system of Hamiltonian PDEs associated to a CohFT
and involving the geometry of the DR cycle, introduced by the first author in [1] and
further studied by the authors and Dubrovin in [8; 7; 5; 3; 4] (see also Buryak [2] and
Rossi [23] for a review). In [3], sharpening a conjecture from [1], it was conjectured
that the (logarithm of the) tau-function of (a particular solution of) the DR hierarchy
coincides with the reduced potential of the CohFT. The reduced potential is obtained
from the full potential, ie the generating series of the intersection numbers of the CohFT
with monomials in the psi-classes, by an explicit procedure, also described in [3], which
only depends on the potential itself and which ultimately forgets part of the information.
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If the CohFT is semisimple (a technical condition on its genus 0 part), the conjecture
translates into a statement about the relation between the DR hierarchy and the Dubrovin—
Zhang hierarchy, another, more classical, construction associating an integrable system
to a semisimple CohFT for which we have the Witten-type result that the (logarithm of
the) tau-function of (a special solution of) the DZ hierarchy coincides with the potential
of the CohFT.

In this case the strong DR/DZ equivalence conjecture states that the two hierarchies
are related by a normal Miura transformation, ie a change of coordinates preserving
the tau-structure, and hence acting in particular on the tau-functions. This action on
the tau-functions precisely corresponds to the reduction procedure described above for
the potential of the CohFT.

As we have seen, the DR/DZ equivalence conjecture is about intersection numbers,
not cohomology classes. However, in Section 3 we show how the coefficients of the
two involved generating series, the (logarithm of the) DR tau-function and the reduced
potential of the CohFT, are the intersection numbers of the CohFT with two different
families of cohomology classes. These two families are precisely the A—and B —classes
above. So the DR/DZ equivalence conjecture states that the intersection numbers of
the A— and B-—classes with any (possibly nontautological) CohFT are equal:

g _ g
/ Ay a,Cen= / By . .a,Cgn
Mg.n Mg.n

This motivates us to conjecture that the A— and B —classes themselves are equal:

= B¢

g
A di,....dy"

di,....dn

In the rest of the paper we work towards the proof of this conjecture. In Section 4 we
prove the string and dilaton equations for both A—and B —classes, establishing that their
behaviour upon pullback and pushforward along the morphism 7: M g+l = M g.n
that forgets the last marked point is the same.

The string equation allows us to prove that the conjecture is true if and only if it is true
when all the parameters dy, ..., d, are strictly positive. This in turn yields a full proof
of the conjecture in genus 0 and genus 1.

The dilaton equation is used to show that the relations in R* (M, ,) obtained by
pushing forward our conjectural relations from R*(Mg n+m) to R*(Mg ) and then
restricting them to R*(My ,) are valid. This is what we mean by saying that the
conjecture is valid on Mg 5.
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We then show that our relations imply in particular a new expression for the top Chern
class of the Hodge bundle Ag as a linear combination of basic classes whose dual
graph is a tree (with psi- and kappa-classes). No expression of this type for A, was
known before. We check its validity for g < 3.

Finally, in Section 5 we show that, for semisimple CohFTs, the DR/DZ equivalence
conjecture actually depends on just a subset of our conjectural relations, namely the
ones for which )" d; = 2g and d; > 0. This means that the number of relations one
needs to check is finite in each genus, and equal to the number of partitions of 2g.

In the appendix we check this finite subset of relations for g = 2, thereby proving the

strong DR/DZ equivalence conjecture in genus g < 2 for any semisimple CohFT.
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2 Tautological relations
In this section we present our conjectural tautological relations.

2.1 Tautological ring of ./\71g,,,

Here we fix notation concerning tautological cohomology classes on Mg ,,. We will
use the notation from [22, Sections 0.2 and 0.3].

Recall that for any stable graph I" we have the associated moduli space

Mr:= ] Mgwmw
veV(I')
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and the canonical morphism

Er: Mr — Mg, |L(m)-

Recall [22] that given numbers x;[v], y[#] >0, i>1, ve V(') and h € H(T"), we
can define a basic cohomology class on Mr by

(1) y=[1 [Tawr® [1 v™en*Mr. Q.

veV)i=>1 heH(T)

where «;[v] is the i kappa-class on the space M 2(),n(v) and ¥y, is the psi-class on
/\_/lg(v(h)),n(u(h))- A cohomology class on Mg, of the form £r.(y), where T is a
stable graph of genus g with n legs and y is a basic class on M, will be called a basic
tautological class. Denote by R*(M, ) the subspace of H*(Mg », Q) spanned by
all basic tautological classes. The subspace R*(M g¢,n) 1s closed under multiplication
and is called the tautological ring of the moduli space of curves. Let

Ri(-/ﬁg,n) = R*(-/vlg,n) N HZi(Mg,n, Q).

D_enote by /\/lz,t,n cM ¢.n the moduli space of curves of compact type and by Mg , C
Mg » the moduli space of smooth curves. We will use the notation

R (M?,n) = Ri(ﬂg,n”/vlfg},n, R (Mg .n) = Ri(/\_/lg,n”/\/lg_n-

Linear relations between basic tautological classes are called tautological relations.
The class ér«(1) € R'E(F”(/ﬁg(p),m(p”) will be called a boundary stratum.

We will represent a basic tautological class &r«(y) on M ¢(I"),|L()| by a picture of
the graph T", where we put the monomial []; «;[v]™ [v] next to each vertex v and
the power of the psi-class w}f 7] hext to each half-edge /. For example, we have the

well-known formulas

1 3
Y1 = € R'(Moa), M=o 1@ € R'(Mi,1),
2 4
where we denote by A; € H? (M g.n> Q) the i™ Chern class of the Hodge vector

bundle over M ¢.n- 1t is well-known that the class A; is tautological (see eg [12]).

Suppose I and I3 are two stable graphs, both of genus g and with n legs. They are
called isomorphic if there exists a pair f = ( f1, f2) of set isomorphisms fi: V(I'1) —
V(I%) and f>: H(I'1) - H(I3) that preserve all the additional structure of the stable
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graphs. Suppose y; and y» are two basic classes on the spaces My, and Mr,,

Y1 = 1_[ HKl.[v]xl,i[U], 1_[ 1/,}3;1[}1]’

respectively,

veV(Ip)i=>1 heH(I)
)/2 = 1_[ 1_[ Ki [v]x2,i [U] . 1_[ w;ljz[h]
veV(In)i>1 heH(I»)

We will say that the pairs (I, 1) and (I3, y2) are combinatorially equivalent if there
exists a pair of maps f = (f1, f») with f1: V(In) = V(I3) and f>: H(Ih) — H(I%)
that defines an isomorphism between the stable graphs I'1 and I and also satisfies the
properties

x1,i[v] =x2,:[f1(v)] foranyi>1andv e V(I),
yilh] = y2[fa(h)]  forany h € H(I7).

Obviously, if the pairs (I, y1) and (I%,y2) are combinatorially equivalent, then
i« (r1) = s (12).

Consider the set of stable graphs of genus g with n legs. Suppose I is a subset of
{1,2,...,n}. The symmetric group S|7| acts on our set of stable graphs by permutations
of markings from the set /. This gives an §|;j—action on the set of pairs (I, y),
where T is a stable graph and y is a basic class on M. Let us fix some stable
graph I' and a basic class y. The sum of the basic tautological classes corresponding
to combinatorially nonequivalent pairs in the §)7|—orbit of the pair (I, y) will be
represented by the picture corresponding to the class £r«(y), where we erase the labels
from the set /. Let us give two examples in order to illustrate this rule:

QGQQGQ @GQ @GQ
_12 34+13 24+1423,
1 31 2 5,1 3

As another useful example, we can write the topological recursion relations in genus 0
and 1:

2
1 —
@) =3y M 0L, €R' (Mon). nz4
tjmn—3
121,120 ilegs J legs
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lﬂ (1) _
3) Y=g @ + > N/ € R (Myp).

~— i+j=n_1 ilegs J legs

n—1legs iZl,jZO
By stable tree we mean a stable graph I with the first Betti number b1 (I") equal to
zero. Suppose I' is a stable tree. Let

He(T) := H(I)\ L(D).

A path in I is a sequence of pairwise distinct vertices vy, va,..., v € V(I') such that
forany 1 <i <k —1 the vertices v; and v; 4+ are connected by an edge. For a vertex
v € V(I') define a number r(v) by

r(v) :=2gw)—2+n().

Denote by STZ,”’,I the set of stable trees of genus g with m vertices and with n legs
marked by numbers 1, ...,n. For a stable tree " € ST;",,, denote by /;(T") the legin T’
that is marked by i. Foraleg / € L(I") denote by 1 <i(/) <n its marking.

A stable rooted tree is a pair (I', vy), where I' is a stable tree and v; € V(I'). The
vertex v is called the root. Denote by H4 (I") the set of half-edges of I' that are
directed away from the root vy. Clearly, L(I") C H+(T"). Let

HS(T):= Hy(I)\ L(I).

A vertex w is called a descendant of a vertex v if v is on the unique path from the
root v; to w. Note that according to our definition the vertex v is a descendant of
itself. Denote by Desc[v] the set of all descendants of v. A vertex w is called a direct
descendant of v if w € Desc[v], w # v and w and v are connected by an edge. In
this case the vertex v is called the mother of w.

2.2 Double ramification cycle and the definition of the A —class

Consider integers ag,...,a, such that a; + --- 4+ a, = 0. The double ramifica-
tion cycle DRg (a1, ...,ay,) is a cohomology class in H?& (M, », Q). If not all of
the a; are equal to zero, then the restriction DRg (a1, ...,an)|m,, can be defined
as the Poincaré dual to the locus of pointed smooth curves (C, py, ..., p,) satisfying
Oc(>_7—; aipi) = Oc, and we refer the reader, for example, to [9] for the definition
of the double ramification cycle on the whole moduli space Mg . We will often
consider the Poincaré dual to the double ramification cycle DRg (a1, ...,a,). Itis an
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element of Hz(zg_3+n)(/\7l ¢.n» Q) and, abusing our notation a little bit, it will also be
denoted by DRg (ay,...,an).

The double ramification cycle DRg (ay, ..., ap) is a tautological class on Mg ,, [13]. A
simple explicit formula for the restriction DRg(ay,...,an)| ML, Was derivedin [16; 21]:

(4) DRg(ai,....an)|pe

g.n

L (NaiVi 1 21 1 T o)
_ i
—a(X -y X - Y ).
i=1 1c{1,...,n} I1c{1,...n} h=1
[7]>2

where for a subset / C {1,2,...,n} and a number 0 </ < g we use the notation
ary ::Zai,
i€l
sl = M e R'(Mygn), I°:={1.2,....m}\I. W :=g—h.
I I°€

From (4), which is known as Hain’s formula, we see that the class DRg (a1, ...,a,)| M,
is a polynomial in the variables a1, ...,a, homogeneous of degree 2g. We obtain from
Ag |Mg’n\MCgl!n = 0 that the class Ag DRg(a1,...,an) € R?8 (Mg ) is a polynomial
in ai,...,a, homogeneous of degree 2g. The full double ramification cycle is also
polynomial, but not necessarily homogeneous [19].

The following properties of the double ramification cycle will be useful for us. Let
it Mg nt1—> Mg, be the forgetful map that forgets the i™ marked point. Then

DRg(al,...,an,O) == n:+1DRg(a1,...,an).

Let w: Mg ntg — Mg n be the forgetful map that forgets the last g marked points.
Then we have [9, Example 3.7]

) TeDRg (@1, ... antg) = glal - a} g[Mgn.
It is also useful to remember that (see eg [19])
DR (0,0,...,0) = (=1)8Xg € RS (Mg ).
We denote by DRg (a1, ...,d;,...,a,) theclass w;« DRg(ay,...,ay) € Rg_l(./\_/lg,n—l).

Recall the following important divisibility property:
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Lemma 2.1 [3] Let g,n > 1. Then the polynomial class

DRg(—Zai,al,az,...,ﬁn)

is divisible by aZ.

€ RSN MG )

ct
MS’,

Consider a stable tree I" € ST;,"’n and integers ai,...,a, such that a; +---4+a, =0.

To each half-edge & € H(I") we assign an integer a (/) in such a way that the following
conditions hold:

(@) If he L(I'), then a(h) = a;).
(b) If he Hé(T), then a(h) +a(t(h)) =0.
(¢) For any vertex v € V(I'), we have ZheH[v] a(h) =0.

Clearly, such a function a: H(I') — Z exists and is uniquely determined by the
numbers a1, ..., d,. For each moduli space /\_/lg(v),n(v), v € V(I'), the numbers a(h)
for h € H[v] define the double ramification cycle

DR, () (Ax ) € REY (Mg (v)mn(v))-

Here Ap[y) denotes the list a(hy),...,a(hyw)), where {hy, ..., hywyt = H[v]. If
we multiply all these cycles, we get the class

[] DRew)(Anp) € H* (Mr., Q).
veV ()

We define a class DRr(ay, ..., a,) € RET™ 1 (M, ») by

DRr(ai,...,an) IZEF*( H DRg(v)(AH[v]))-

veV(I')
Clearly, the class
A,g DRF(al, e ,an) € R2g+m_1(/\7lg,n)

is a polynomial in ay, ..., a, homogeneous of degree 2g.

Suppose now that ay, ... ,a, are arbitrary integers and let ag := —) ;_, a; . Consider
the set of stable trees STy ,, 1 ; . It would be convenient for us to assume that the legs of
stable trees from STy, || are marked by 0, 1,...,n. Let I' € STZ,, ;| be an arbitrary
stable tree. Consider it as a rooted tree with the root v;(I') := v(/o(I")). As above, the
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numbers ap,d1,...,d, define a function a: H(I") — Z. Define a coefficient a(I") by

o (1) 1)

heH¢ (T) vev () 2-veDes] " (7)

Let m: M gn+1 —> M g.n be the forgetful map that forgets the first marked point.
Define a class A$™(ay,. .., ay,) € R28TM=2(M4g ,) by

/Tg’m(al,---,an)iz Z a(F)kgn*DRp(ao,al,...,an).

resty, 14

We know that this class is a polynomial in a1, . . ., @, homogeneous of degree 2g+m—1.
Note that the expression for the class Ag:1 (ai,...,an) is actually very simple:

A%8Y(ay, ... ay) = Ag DRg(do.ay.....ap).
Lemma 2.2 The polynomial class A2™ (ay,...,ay) is divisible by 3", a; .

Proof If m = 1, then the lemma follows from Lemma 2.1. Suppose m > 2 and
ap=—Y 1, a; =0. We have to prove that

A8™(ay, ..., a,) = 0.
Consider a stable tree I' € STy, ;. If g(v1(I")) > 1, then, again by Lemma 2.1,
Agms« DRr(0,a1,...,a,) =0.
If g(v1(I')) =0, then 7« DRr(0,aq,...,ay), unless n(vy(I")) = 3. We obtain

6) A8™(ay, ... ay) = Z a(l")Agm« DRr(0,ay, ..., an).

FesTy, 1

g(i1(T))=0
n(v(I))=3

Let us define certain maps
STyy' = (T € STy 4y | (i) =0, n(vi(D)) = 3}.

Note that we mark the legs of stable trees from STZ,“;I by 1,...,n and the legs of
ent1 DY 0. 1,....n. Let I' € ST?;l. Choose aleg [ € L(T").
Suppose that it is marked by the number 1 <i <n. Let us attach to the leg / a new

stable trees from ST

vertex of genus 0 with two legs marked by numbers 0 and i. Denote the resulting
stable tree by ®;(I") € STg nat
can break this edge and insert a genus O vertex with one leg marked by 0. Denote

1 - Similarly, if we choose an edge e € E(I"), then we
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the resulting stable tree by @, (I") € STZ,”’,Z 11 Using these operations, we can rewrite
formula (6) as

Zg’m(al,...,an)

= > ( Yo a@@)+ )y a(%(r)))AgDRr(al,...,an).

Festy, ! " 1eL(T) ecE(T)

We see that it is sufficient to prove that for any stable tree I" € STZ,";I we have the
identity

() Yo a@@)+ Y a(®@() =0.

leL(T") ecE(I")

We prove (7) by induction on m. It will be convenient for us to assume that the
genus g(v) of avertex v € V(I") can be a rational number such that 2g(v)—2+n(v) > 0.
So the total genus g = ZveV(l") g(v) can also be rational. If m = 2, then

n

Y a(@(D) = Zﬁ =0

leL(T) i=1

Suppose m > 3. Choose a vertex v € V(I') such that |H[v]\ L[v]| = 1. Let & be the
unique half-edge from the set H[v]\ L[v]. Write

Wo=uh), :=v), r:=r@), r:=r@), R:=2¢g-2+n.

Denote by e the edge of " corresponding the pair of half-edges (h,h’). Let us erase
the vertex v together with all half-edges incident to it. Then the half-edge &’ becomes

a leg. Let us denote it by /” and mark by n + 1. Finally, let us increase the genus
—2

gr/2n-|LD]l+1°

which we denote by I'”. Note that the legs of I'” are marked by the numbers i (/) for

of the vertex v’ by 5. As a result, we get a stable tree from ST

[ € L(T)\ L[v] and n + 1. We want to apply the induction assumption to the tree T"'.
Naturally, we assign to a leg / € L(I") the number a; () if / # I’, and the number
a(h’) = Z;GL[U] a(l) if I =1’. Tt is not hard to see that
rr’
(R=r)(r+r7)
/

/ r R /
a(®.(I')) = a(h )ma(cpl/(F ).

> a(@(D) = (—a(h')) a(@p (")),

leL[v]

Geometry & Topology, Volume 23 (2019)



3548 Alexandr Buryak, Jérémy Guéré and Paolo Rossi

It is also easy to see that for any leg / € L(T"") with [ #[” and for any edge ¢’ € E(T")
we have

a(h')a(@e ().

a(@(1) = ——alW)a(@ (). a(@e(T) = ——

Therefore, we obtain

Y a@@)+ Y. a(@e()
leL(I") e’eE()

-2 ,a(h)( Y a@m)+ Y a<q>ef<r’)))

leL(T') e’eE(I")

-0,

where the last equality follows from the induction assumption. The lemma is proved. O

The lemma allows us to define a class 48" (ay,...,a,) by
A8™(ay, ... ay) = AE™(ay, ... an) € R¥ET2(Mg ).
a;
It is a polynomial in ay, ..., a, homogeneous of degree 2g +m — 2.

Definition 2.3 For any dy,...,d, > 0 such that § := Z;’:l di > 2g —1 we define

A;gil, odp Coefailn,,,a;zn AEST28F2(g  ay) € R‘g(/\_/lg,n).

If > d; =2g—1, then the formula for Af;l d, becomes particularly simple:

.....

1
g
A COCfa;ll_._adn(Z A DR( Zal,al,_, ))

n

2.3 Definition of the B —class and the main conjecture

Let T be a stable rooted tree with at least n legs, where we split the set of legs in two
subsets:

e the legs oy, ...,0, corresponding to the markings;

e some extra legs, whose set is denoted by F(T'), corresponding to additional
marked points that we will eventually forget.
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We will never call marking an element of F(7") and let
H{NT) == Hy (T)\ F(T).

There is a natural level function /: V(T') — N* such that the root is of level 1 and if a
vertex v is the mother of a vertex v’, then /(v’) = [(v) + 1. The total number of levels
in T will be denoted by deg(7") and called the degree of T. It is also convenient to
extend the level function to H{™(T') by taking /() := k if the half-edge # is attached
to a vertex of level k. We say that T is complete if the following conditions are
satisfied:

e every vertex has at least one of its descendants with level deg(7T);
 all the markings are attached to the vertices of level deg(T);

e cach vertex of level deg(T) is attached to at least one marking;

e there are no extra legs attached to the root;

e for every vertex except the root there is at least one extra leg attached to it.
For a complete tree T define a power function
q: HS(T) - N

by requiring that for a half-edge 7 € H$ (T) there are exactly g(h) + 1 extra legs
attached to the vertex v which is the direct descendant of 4. We say that T is stable if

e forevery 1 <k <deg(T), there is at least one vertex v € V(T) of level k such
that v remains stable once we forget all the extra legs;

* every vertex of genus 0 with exactly one half-edge h € H{™(T') attached to it
has exactly g(h) 4 1 extra legs attached to it;

e every vertex of genus 0 with exactly two half-edges /1,2 € H{™(T') attached
to it has exactly g(h1) + g(h2) extra legs attached to it.

We say that a stable complete tree T is admissible if for every 1 < k < deg(T') we
have the condition

) Y g2 ) g)-2.
heH$ (T) veV(T)
1(h)=k I(v)<k

We denote by le’g. dy the set of pairs (7, g), where T is an admissible stable complete
tree with total genus g and n markings, and ¢: H{™(7T') — N is the extension of the
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power function from above defined by ¢(o;) := d;. We denote by

T.q):= sT*( I1 wg(’”) € R* (Mg nt4F (1))

he HS™(T)
and by

¢ Mg,n+#F(T) - Mg,n

the map forgetting all the extra legs.

Definition 2.4 For any dy,...,d, >0 with § :=d{ +--- 4+ d,, we define

©) B ay= 2 DO e g e RO (Mg ).

Conjecture 2.5 Suppose g>0,n>1 and 2g—2+n>0. Then forany di,...,d, >0
such that Y d; >2g — 1, we have

g
(10) Adla---:dn

= 351
Remark 2.6 Let us show how to express the B—class in terms of basic tautological
classes. Let T be a stable complete tree with n markings. For a vertex v € V(T)
denote by F[v] the set of extra legs incident to v and by H{™[v] the set of half-edges
h € H{™(T') incident to v. The vertex v will be called strongly stable if it remains
stable once we forget all the extra legs. Otherwise, we call it weakly stable. Clearly,
the vertex v is weakly stable if and only if g(v) =0 and [H{"[v]| = 1. The set of all
strongly stable vertices of 7" will be denoted by V*(T).

For a stable complete tree T denote by st(7') the stable rooted tree obtained by
forgetting all extra legs of T and then contracting all unstable vertices. Clearly, we
can make the identification V(st(7)) = V*(T) and we also identify the set H(st(7T'))
with the set of half-edges A € H(T') such that v(h) is strongly stable.

Suppose 7: Mg n+m —> Mg n is the forgetful map that forgets the last m marked

points. Then for any numbers ¢y, ...,c, > 0 we have
m! 1
Cl... Cn — —‘ bi
WY = Y e 5] [1v"
bl,esbp>0 RN =
bi=<c;
Y bitm=3c;
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Using this formula, it is easy to see that (9) can be rewritten as

g — deg(T)—1
Boaty= 2 D™
(TeRy 4
[Fv]]! h
X Eu(T)* 1_[ Z @) — p())! l_[ W;I,)().
veV(su(T))  p:Hi[wl—>Z=o " heH[v]
p(h)=q(h)

Y p(W+|F[v]|=Xq(h)

Let us immediately present some examples of relations (10). Consider genus 0. Then
it is easy to see that for any di,...,d, > 0 we have

0 _ d1
Bdl 4, = Vi coqpdn,

On the other hand, let us compute, for example, A(l) 0.0.0- We have
A%3(ay,az,a3,a4)

= n*( > s(@i+aj)ai +aj +ay) 0
Ik

{i,7.k,013={1,2,3,4}
i<j

i
J

©
+ > 3@ +aj)ag +ap) 0
i, je,1}={1,2,3,4} (©

i<j, k<l i<k

1 0@ = -G,

where a := ) _a;. This gives

AO . 1 3
2 4

which is indeed equal to {r; = B?,o,o,o-

)

~ X~

Consider genus 1 and the case n = 1, dy = 1. Then we have
Al = Coefa(%kln* DR1(—a,a)) —=v1, Bl =y

Let us give one more example with g =2, n =1 and dy = 3. We compute

1 —_ 2
1) A= Coefas(EAZDRz(—a,a)), B2 =y —(D—(L.
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Now the relation A% = Bg is not so trivial, and we will prove it in the appendix.

Below we will check that the conjecture is true in genus 0 and 1 for arbitrary d;, and
also in genus 2 in the case ) d; < 4.

3 DR/DZ equivalence conjecture and the new tautological
relations

In this section we explain the relation between the above Conjecture 2.5 and the strong
double ramification/Dubrovin—Zhang hierarchies equivalence conjecture from [3]. After
recalling the main notions, we prove in particular how the first implies the second.

3.1 Dubrovin-Zhang hierarchy

Consider an arbitrary cohomological field theory (CohFT; see [20]) cg »: yen
H®*(M g.n> C), with V its N —dimensional vector space, eg,...,ey a basis of V,
e1 the unit and 7 its symmetric nondegenerate bilinear form. Let F = F(t},¢) denote
its potential, ie the generating series of its intersection numbers with monomials in the
psi-classes:

(le (eqy) " Ta, (ea,))g = /M Cg,n(®ea,») 1_[ wldz

i=1 i=1

for 2¢—24+n>0,1<a; <N,
F(tf,¢):= Zsngg(t:),

£=0
where
1 n n
®\ L a;
Fe(th)= ) — > <1‘[rd,.(eai>> [T
n=>0 “dy,endn,=0'i=1 8i=1
2g—24+n>0

When the cohomological field theory is semisimple, in [10; 6] the authors associate
to it an integrable hierarchy of Hamiltonian PDEs. Let /Algf,l I be the degree d part
of Cllwy,e]l, where wf for @ =1,...,N and kK =0,1,2... are formal variables
of degree degwy = k and dege = —1. Let KEUd ! be its quotient with respect to
constants and the image of the operator dx = ;- Wy 419/ dwy (we perform sums
over repeated Greek indices here and in what follows) and, if f € AL‘,I ] , let f_ denote its
equivalence class in /A\,[f,i I The Dubrovin—Zhang (DZ) hierarchy consists in Hamiltonian
densities

W% e A, 1<a<N p=>-1,
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with hD ~ 1 = Napw", and a Hamiltonian operator

(K> =3 (K)o, (KDY e A7+,
Jj=0
such that
DZ

{th h }DZ, / ap( DZ ghﬂ,q
o@p 5 ] sw Sw

where we have used the variational derivative § f /§w := Y iso(=0 ) of/ 8w . This
guarantees that solutions wy (x,;, &) = 8];w“(x, ty,e) € Cllx,t}, ] exist for the

)dsz, 1<a,B<N, p,g>—1,

system of Hamiltonian PDEs

L (KDZ)"”’(%) 1<a,f<N,qg>0

"~ T

Notice how this Hamiltonian system in fact only depends on the Hamiltonian functionals
hDZ € A[O] and not on the Hamiltonian densities hDZ € A[O] Nonetheless, Dubrovin
and Zhang’s construction of specific Hamiltonian densmes hDZ € AEB] is important
because it is a tau-structure (see [3] for details), which implies in partlcular that, for any
solution w¥(x,t},¢) € C[[x, ), ¢], there exists a formal series, called the (logarithm

of the) tau-function, F(t},¢) € C[[t, €], such that

8hDZ 33]:'
Ll :—ﬂ’ lfoh,BfN,p,qu'
0F  lwr=wrizoleo 91 g ditg

An important property of the DZ hierarchy is that the so-called topological solution,
ie the solution with the initial condition (w'?)*(x, 1. ¢&)|;x=¢ = §%1x, has the poten-
tial F(t},e) of the underlying semisimple CohFT as the logarithm of its tau-function:

oDz 83F
— =———. 1=ap=<N pqg=0
g lwi=@oni(nitele=o 01)0181g

3.2 Double ramification hierarchy

The double ramification (DR) hierarchy — see [1; 3] —is another tau-symmetric hier-
archy of Hamiltonian PDEs associated to an arbitrary CohFT, this time even without
the requirement of semisimplicity. This time it is the Hamiltonians that are constructed
as generating series of certain intersection numbers of the CohFT with psi-classes,
the Ag—class and the double ramification cycle. Written in formal variables u} for

Geometry & Topology, Volume 23 (2019)



3554 Alexandr Buryak, Jérémy Guéré and Paolo Rossi

a=1,...,Nand k =0,1,2..., it consists of differential polynomials
DR . 7I0]
heAy”, 1<a<N,p>-1,
with hD Y = Nauu*, and a Hamiltonian operator

(KDR)M\) _ Z(KDR)WB!; (KDR)M c A"L—j+1]
J ’ J u ’
Jj=0
such that

§hD
{hgl},h }KDR:—/ 8(“)( DR)W(Sﬂvq)dX—O l<a,B<N, p,g=>—1.

Like for the DZ hierarchy, the DR Hamiltonian densities hg", € ,21\1[70 I form a tau-
structure and we can define the DR potential as the (logarithm of the) tau-function
of the topological solution, (i*P)* € C[[x, t;, e]] with (*P)*(x, 15, €)|;x =9 = §%1x
ie FPR(t*, e) e C[t}, €] satisfies

dhPR 53 FDR

%1 =——% 1<a,B<N, p,g=>0.

g lat=@)i(xite)lemo 01001801,

Clearly, this equation doesn’t determine the function FPR uniquely, but we can addi-
tionally require that FPR should satisfy the string and the dilaton equations. Then this

FDR

fixes the potential completely. We define the DR correlators as the coefficients of

the power series FPR(t¥,¢),

FPR(tY e) =1 ) e FPR()).,

=0
where " DR 7
DR . 1 o
= S (TTwten) TT0
n>0 T dyyendy>0'i=1 g =1

2g—2+n>0
3.3 Strong DR/DZ equivalence conjecture

In the effort toward understanding the relation between the DR and DZ hierarchies
associated to the same semisimple CohFT, in [3] it was conjectured that a change of
coordinates w* > u“ existed, transforming one hierarchy into the other and preserving
the given tau-structures. A natural family of such changes of coordinates (called normal
Miura transformations) has the form

(12) 0% (w) = w® + ™95 {P. h) o oz,
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where P € .A?,[u_ s an arbitrary differential polynomial and

JIP DZ 5};2,20
(P b koe = Z dul x((K ) Swv )
k>0
The effect of such a transformation on the topological tau-function of the DZ hierarchy
is
F > F 4P &)lwr=wen)i(xa.0) 0"

n [3] the following results were proved:

Proposition 3.1 [3] Let g,m > 0 be such that 2g —2 + m > 0. Then

m
(T, (€ay) *+* Ta () gh =0 if Y di <2g—1.
i=1

=2

Proposition 3.2 [3] There exists a unique differential polynomial P € Ay, = such

that for the power series F™ € C[[t}, ] defined by
(13) F = F + P}, )| o) (x.12.0) r—o-

the correlators

n rred
red . "F

(ta,(eq;) -7, (eq,))g = Coefyoe S
lay =g, ler=o0

satisfy the following vanishing property:
n
(14) (T, (€ay) -+ Ta, (€ay)) g =0 if Y di <2g—1.
i=1
In light of these two results the following conjecture was formulated in [3]:
Conjecture 3.3 (strong DR/DZ equivalence) Consider a semisimple cohomological
field theory and the associated DZ and DR hierarchies. Then the normal Miura transfor-

mation (12) defined by the differential polynomial P of Proposition 3.2 maps the DZ
hierarchy to the DR hierarchy respecting their tau-structures.

As proved in [3] this conjecture is equivalent to saying that F™ = FPR_ This last
form of the conjecture can be generalized to arbitrary CohFTs, forgetting about the DZ
hierarchy and concentrating on the reduced and DR potentials.

Conjecture 3.4 (generalized strong DR/DZ equivalence) For an arbitrary cohomo-
logical field theory we have FPR = Fred,
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3.4 From intersection numbers to cohomology classes

The following result makes the relation between Conjectures 2.5 and 3.4 explicit,
showing in particular how the first implies the second.

Proposition 3.5 Consider an arbitrary cohomological field theory cg ,: V®" —
Heve“(/\_/lg,n, C). Then for any g,n >0 with 2g—2+n >0 and numbers dy, ..., d, >0
such that Y d; >2g — 1, we have

(15) (le(eal)"'fdn(ean))?R = /M A(f]]’._.,dncg,n(ea] R - Req,),
g.n

16 (raea) (a5 = [ BE conlew 9 ®en,).
g.n

Proof In [4] the authors proved that for any d > 2g — 1 we have

DR . d d
Z (rdl (eal)""[dn(ean»g all : ann
di,...,d,>0

i=

n
=Zla Z a(r) B DRF(_Zai,al,...,an))thg,n+1(€1®®€ai)
i

M .
e Td 2g+2 g.n+1 i=1
S g.n+1

n

:/ Ag,d—2g+2(a1, . ,an)cg,n(®eai).
Mg!n

i=1
Equation (15) is proved.

Let us prove (16). The reduced potential F™¢ can be constructed in the following way.
Let us recursively construct a sequence of power series

F0,=2) _ F, F(I,O)’ F(2,0)’ F(2,1)’ F(2,2)’ o F(J',O)’ F(J',l)’ o F(J',2J'—2)’ o

e C[tk.€].
Suppose that a series F (k) s already defined. Introduce correlators
o FUsk)
(v, (ear) -+ Ta, (€0, ) 1= Coefpoe
otg d1 8td =0
If k <2j —2, then we define the series F(/K+1D by
. . 2j (k)
(a7) PO = pO0 3 3 ([T o)
n>0 dl,...,dn>0 . .
S di=k¥1 x [T )G —=8%184, 1)lx=o-
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If k =2/ —2, then we define the series F /119 by an analogous formula

(j+1,0) (J,2j-2) 22| v top) @i
T D D IO M § (T
n>0  li=1 Jj+1
Recall that
2
(wtop)azn(xu 8MF1 .
dtg Oty b1l +x

The string equation for the potential F,
JoF JoF 1 B 2
ol = Zfﬁlﬂm—a +3Maplolo + & (vole))1,
n>0 n
implies that the function (w'°P)%|y—o has the form
(WP lx=0 = 8" 8n,1 + 15 + 1y + O(?),

where the power series r¥ € C[¢;] doesn’t contain monomials tbll -~-tfr;” with
> b; <n. Clearly, if g < j, then we have the property

ifg<j,
ifg=j.

Define a series F' by F':=1lim; o F (J:2=2) The series F’ has the form

i . 28 -2
(a, (ear) -+ Ta, (ea, )PP =0 if Y di < { kg

F' = F 4 P ul®, . o)lemo

for some nonhomogeneous differential polynomial P’ =", __, P/ with P/ € ALl
Moreover, we have the property
"F’

o1 [077)
azdl ---azdn

Coef 2¢ =0 if » d;<2g-2.

tE=0

One can notice that the recursive construction, described above, is slightly different
from the recursive construction of the reduced potential F™¢ presented in the proof of
Proposition 7.2 in [3]. However, using the uniqueness argument given there we can see
that F/ = F™ and that actually P’ € A

For a stable complete tree T and 1 <m < deg(T), let

gm(T):i= Y g).
veV(T)
l(v)<m

Before we proceed, let us prove the following simple lemma:
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Lemma 3.6 Letdy,...,d, >0, (T,q) € ng..,dn and 1 <m < deg(T). Suppose
that gm+1(T) = gm(T) and e«[T, q] # 0. Then

Yo ay> > qh).

heH$ (T) heH{ (T)
I(h)=m+1 I(h)=m

Proof Consider a half-edge i € H{ (T) with [(h) =m and let v:=v(c(h)). We have
g(v) =0 and the map e forgets all g(%)+ 1 extra legs incident to v. Therefore, if v is
strongly stable, then ) ;¢ HS o] q(h’) > q(h). If v is weakly stable, then |H$[v]| =1
and g(h') = q(h), where i’ € H[v]. Since at least one vertex of level m + 1 is
strongly stable, the lemma is true. a

A stable complete tree 7 will be called (j, k)—admissible if for any 1 <m < deg(T)
we have g;,(T) < j and
2 T)-2 if T) <],
heHS (T) Em{l)=J-
I(h)y=m

Let Q ’g (J k) ={(T.q) €2, ’g .a, | T is (j,k)—admissible}. Define the class

K - (M
B, = Z (-1, [T, g) € RE4 (Mg ).
(T, q)GQB .8, (J k

)
..... dn

Bg (J k)

Clearly, 0, =Bg o ifi>g.

In order to prove (16), it is sufficient to prove that for any pair (j, k) from the sequence

as8) (0,-2), (1,0), (2,0), (2, 1), (2,2), ..., (,0), (j, D, ..., (j,2j =2), ...
we have

i k
(19) (‘Edl (erxl)"‘fdn (eozn))gr]’k) = / Bg (k) Cg,n(eon ®"'®ean)
Mg,n

if either g > j,or g <j and

20 —2 if j
> di> & A
k ifg=j.
We proceed by induction. Obviously, (19) is true for (j, k) = (0, —2). Suppose that
(19) is true for a pair (j, k) from the sequence (18). Let us check it for the next pair.
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Suppose k < 2j —2. For any di,...,d, > 0 we have QB éfn(f *) - leéfn(]d’]:-i-l)'

Using the induction assumption and formula (17), we see that it remains to check that

Q0 %f > > (=)™

g.,n>0 A1 Z0(T,g)eQ € AT I\Q e 10

([, ro @)
g i=1
=3 Y SH{Tratean), (T g -5 0,0l T15).

n>0dy,..., dn>0
Mdi=k+1

..........

exists 1 <m < deg(T) such that gm(T) = ] and ZheHj_(T),l(h)=m q(h) =k+1. By
Lemma 3.6, m = deg(T) — 1. Denote by T the stable rooted tree obtained by erasing
all vertices in T of level m + 1 together with half-edges incident to them. Half-edges
h € H(T) with [(h) = m become marked legs of 7". Clearly, T’ is a stable complete
tree. By Lemma 3.6, the tree T’ is (j, k)—admissible. Using the induction assumption,
we conclude that (20) is true. This completes the induction step in the case k < 2j —2.
The case k = 2j —2 is analogous. The proposition is proved. a

4 Further structure of the relations

In this section we discuss the structure of the conjectural relations (10) in more details.
In Section 4.1 we recall the formulas for the intersections of the double ramification
cycle with a ¥ —class and with a boundary divisor on M g.n- In Section 4.2 we show
that for a fixed g > 1 all relations A% = Bf’; with d > 2g — 1 follow from the relation
Ag = B2 ¢—1- In Section 4.3 we prove that the A— and the B—class behave in
the same way upon the pullback along the forgetful map. We then use this result in
Section 4.4 in order to show that Conjecture 2.5 is true if and only if it is true when all
the d; are positive. In Section 4.5 we prove that the classes Ai,..., dy.1 and BS dyond 1
behave in the same way upon the pushforward along the map forgetting the last marked
point. Using this result, in Section 4.6 we show that Conjecture 2.5 is valid on Mg ;.
In Section 4.7 we show that the conjectural relations (10) give a new formula for the
class A, € R8(My) and check the resulting formula for g < 3.
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4.1 Formulas with the double ramification cycles

First of all, let us recall the formula from [9] for the product of the double ramification
cycle with a i —class. Denote by
glg: Mgl,nl—f-k X /\7g2,n2+k g Mg1+g2+k—1,n1+n2

the gluing map that glues a curve from M g1.n1+k to acurve from M g2.no+k along
the last k& marked points on the first curve and the last k marked points on the second
curve. Introduce the notation

DRy, (a1,...,an)XgDRg, (b1,....bm) =gl (DRg, (a1,...,an)xDRg, (b1,...,by))

+g2+k 14
€ RS1T&2 (Mg1+g2+k—l,n+m—2k)~

Letay,...,a, be alist of integers with vanishing sum. For a subset I = {iy,...,i;} C
{1,...,n} with i} < iy < --- <, let us denote by A; the list a;,,...,a;, and
by a; the sum ) ;.; a;. Assume that ag # 0 for some 1 <s < n. Then we have
[9, Theorem 4]

(21) asysDRg(ai,...,an)
p ki

-y Yy oy ed=s

|
IWI=(1,.}p>1 81,8220  ky.kpzl L

a;>0 g1t+g2+p—1=g Ykj=a
x DRy, (A7, —k1, ..., —kp) Ry DRg, (A s, k1, ..., kp),

where r :=2g —2+n and

__{ 2802+ |J|+p ifsel,
P =g —2+ 11|+ p) ifsel.

Let us also recall the formula for the intersection of the double ramification cycle with
a boundary divisor on /Wg,n. For 0 <h < g and a subset I C {1,...,n} we have [9]

8] -DRg(ar,....an) = DRy (A, —ar) ®1 DRy (Ase,ay),

where 1€ :={1,2,...,n}\ I.

4.2 One-point case

Lemma 4.1 Let g > 1. Then for any k > 0 we have Agg—1+k = w{‘Agg_l.
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Proof Let 7: Mg, — Mg 1 be the forgetful map that forgets the second marked
point. We compute
aWIAg’l(a) = Y1Ag DRg(a,=a) = (Y -Ag DRg(a, —a))
= 70 (Y1 - g DRg(a, —a)) — 72 (85" - A DRg(a, —a))
= Y £5,(A¢ DRy, (0, —a) B DRy, (—a.a))
£1,82>1
g1+82=¢ —m+(Ag DR¢(0) Xy DRo(a, —a, 0))
= A%2(a),
where we used that Ay DR (0) = (—l)gx\é = 0. If k =1, then the lemma is proved.
If k > 2, then we write the equation (a11)¥ 481 (a) = (a1 ¥1)* =1 A%2(a) and apply
formula (21) to the right-hand side of it k — 1 times. The lemma is proved. a

On the other hand, it is not hard to get an explicit expression for the class Bf; . Let
£1,82....,8 > 1and dyq,...,d; > 0. Introduce a class

Clrit = @@ @ e RET (Mg ).
Then it is easy to see that for g > 1 and d > 2g — 1 we have
g
B=Y Y X oo

k=1g&1,.-,.8xk=1 dl,...,dk
> 8i=¢

where the last sum is taken over all nonnegative integers dy, ..., d; satisfying

l l k
dodi+1-1=<2) gi—2 if1<l<g—1, Y di+k—1=d.

i=1 i=1 i=1

We see that Bg = l/ff 28 HBégg_l. Thus, for n = 1, Conjecture 2.5 is equivalent to
the sequence of relations

Ag’g_l = Bg’g_l, g>1.

4.3 String equation

In this section we prove that the A— and the B—class behave in the same way upon the
pullback along the forgetful map 7: M g+l = M g.n-
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Proposition 4.2 Denote by w: Mg y+1 — Mg the forgetful map that forgets the
last marked point. Then we have

g
(22) Adl,...,dn,O
{”*Ale,...,dn Y d =2g—1,
=) . x48 Gn+1}_x g . _
T Adl,---adn + Z 50 v4 Adl,...,di—l,...,d,, Ifzdl > 2g.
1<i<n
di>1

Proof Letm:=)_d; —2g+ 2. The proposition is equivalent to the equation

(23) A®™(ay,...,an,0)

B n*gg’m(al,...,an) ifm=1,
N JT*/Tg’m(al, . ,an)-l—Z?:l ai5é”n+1}n*gg’m_l(a1, .o,ap) ifm=>2,
where ai,...,a, are arbitrary integers. Let ag := —Z?=1 a; . Introduce a class
A\g’m(ao,al,...,an) by
A8 (ag,ay, ... ay) = Z a(I')Ag DRr(ag.ay,....as).
PeSTe nt

Formula (23) follows from the equation
(24) A%™(ao, ... an,0)

n*fl\g’m(ao,...,an) ifm=1,
T*AEM (aq, . .. an)+Y 74 a,-(?({)l’"Jrl}n*z‘/l\g’m_l(ao, cooap) ifm>2,

where the map n: M g.n+2 = M g.n+1 forgets the last marked point.

For m = 1, equation (24) is clear. Suppose that m > 2. Consider a stable tree
T'e ST?,nJrz. Recall that we denote by /; (I') the leg of I' marked by 0 <i <n + 1.
We will call a vertex v € V(I") exceptional if g(v) =0, n(v) = 3 and the leg /,,+1 (")
is incident to v. An exceptional vertex v € V(I") will be called bad if it is not incident
to any leg /; (I'), where 1 <i <n. We will call the tree " bad if it has a bad vertex.
Otherwise, it will be called good. For a vertex v € V(I") let

() = 2g(v) +n(v)—2 ifl,4+1(I") is not incident to v,
2g(v) +n(v)—3 ifl,4+1(I') is incident to v.

For a good stable tree I € ST, , introduce a constant a’(I") by

g.n+
'(v)
a'(T):= ( a(h)) d —
hEII;‘i_[(F) vel;[(r) ZﬁGDesc[v] r'(v)

v is not exceptional
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Using this notation, we can rewrite the right-hand side of (24) as

n
ﬂ*/fg,m(ao, s an)+ Zai(g({,l’”“}ﬂ*ffg’m_l(ao, L an)

i=1
= Z a'(T)Ag DRr(ag, ay, ... ,an,0).

FGSTZ}.n-i-Z

I is good
On the other hand, by definition,

/Tg’m(ao, .o, ap,0) = Z a(I")Ag DRr(ag.ay,....as,0).

resty , 1»

We see that we have to prove the equation

(25) > a(D)AgDRr(ag.ai.....an.0)

resty, s )
= Z a'(T)Ag DRr(ag. ay, ..., an,0).
l-‘GSTZ'q,n+2
T is good

Let us prove equation (25). Suppose I' is a bad stable tree. Let us show how to
express the class a(I')Ag DRr(ag, ai, ..., an,0) as alinear combination of the classes
Ag DRy (ag,ay,. .., an,0), where the stable trees [ are good. Suppose that s > 2
and by, ..., bs are integers with vanishing sum. We have the following relation in the
cohomology of Mg 42 (see eg [1, equation (5.2)]):

26) Ag > > by DRg, (0. By, —by) ®i DR, (0, By, —by) =0.
IuJ={1,...,s} g1+g2=¢
1,J#2

Suppose that the point with the zero multiplicity in the second double ramification
cycle is marked by s 4 2. Let us multiply relation (26) by ¥4> and push it forward
to M g.s+1 by forgetting the last marked point:

QN g Y Yo Qe+ |-

TuJ={1,..., +go=
W BN o X DRy, (0, By, —br) ®1 DR, (B, —by) = 0.

Suppose that the level of the bad vertex in our bad stable tree I" is equal to k. Then
relation (27) allows us to express the class a(I")Ag DRr(ao, ..., a,,0) in terms of the
classes A¢ DRy (ap, - . ., an,0), where the tree [ is good or bad with the bad vertex
of level k + 1. Therefore, applying relation (27) sufficiently many times, we come to a
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Figure 1: Stable tree T".

decomposition

a(T)Ag DRr(ag. ....an.0)= > a(I.T)Ag DRg(ao. . ... an.0).

FeSTg 42
Tis good

where a(T, f‘) are certain coefficients. We see that for any good graph I" we have to
prove the identity

(28) ay+ > a@.I)=d @)
l“eSTg n+2
T is bad

Let us prove (28). Suppose that the leg [,+1 = l,+1(I") is incident to a vertex of
level k. Denote it by vy . Denote by vy the root of I'. Let vy, va, ..., v be the unique
, v,lc i1 [ > 0, the direct descendants
of vg. Let L' := L[vg] \ {{n+1}. In Figure 1 we draw our tree I". Note that each

: 1
path connecting vy and vg. Denote by v, |....

vertex v in the picture is decorated by the number r (v), instead of the genus. This is
more convenlent for the computations. We use the notation r; :=r(v;) for 1 <i <k

and rk 4= r(vk +1) for 1 < j <[. The symbols A; and A7 | indicate the pieces

k+1
of the tree I" that don’t contain the vertices v; and vk 41 Let us also introduce the

notation
R, := Z r(v), 1 <i<k,
v€Desc[v;]
Riji= ), r(w. 1=j=l

veDesc[vli_H]

i —a(r)/(n ri 1‘[

i=1""j=1 k+1

).
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Figure 2: Bad stable tree of the first type.

There are two cases: the vertex v can be exceptional or not.

Suppose that vy is not exceptional. Then

fom o~ T T (g — 1) l rl£+1
O =T ke L

J
Jj=1 Rk+1
It is not hard to understand the structure of bad stable trees I' such that a(f, I #£0.
These trees are of two types. A bad tree of the first type is shown in Figure 2, where
1 <i<k—1and ¥ =rr_; +rr—1. A bad tree of the second type is shown in
Figure 3, where 1 <i <k, 1 <j <l and 7 =rg -|—r,gJrl — 1. It is not hard to see that

[ J

~ ~ ricccTk—1 "k+1
a,T)=a l_[ :
Ry Ri(Ri = 1) (Re—1 = 1) 73 Ry,
if T" is of the first type, and
~ r1---rg . ! VIZ”
a(T,T)=-a = R/ +1
Ri- Ri(Ri — 1) (R —1) k+1 1 R

if T" is of the second type.

Figure 3: Bad stable tree of the second type.
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Therefore, (28) follows from the identity

k k-1
71 Tk—1

HE+ZR1--~Ri(Ri—1)"'(Rk—1—1)

i=1

I

k
-2 ket Y
S 2R Ri(Ri— 1) (R — 1)+

_ rysrg—1(rg —1)
(Ri—1)-- (R — 1)’

or, equivalently,

e k—1 1
O R R TR KRR
k Ry —ri
_l; Ry~ Ri(Ri — 1)+ (Rg — 1)

. re—1
C(Ri=1) (R —1)

Note that

T Ry — g . rp—1
Ri-Re Ry Re(Re—1) Ry R (Re—1)
1 Ri — 1k
Ry Ri(Ri—1)-(Reey — 1) Ry Ri(Ri— 1)+ (R — 1)

. rp—1
Ry---Ri(Ri —1)--- (R — 1)

where 1 <i <k — 1. Therefore, (29) is equivalent to the equation

k—1 1 1

30) ——mMmM = ,
B0 R TR & ) B ) R (R D

which can be easily proved by induction on k.

Suppose that vy is exceptional. Then / = 0, the set L’ consists of only one leg and
rr = R = 1. We have
~ Il Tk—1

(Ri—1) (R — 1)
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A bad stable tree T with a(I', ) # 0 should necessarily be of the first type (see
Figure 2) and then we have

rl...rk_l
Ry Ri(Ri— 1) (Re_i — 1)’

We immediately see that again (28) follows from the elementary identity (30). The

a(T,T) =4

proposition is proved. O

Proposition 4.3 Denote by w: Mg 441 — Mg the forgetful map that forgets the
last marked point. Then we have

g . _
G By a0 = R in+1} if Y di =2g—1,
7777 ns +l .
1 0 n’*Bg ,,,,, d + Z 8 i,n *Bg ,,,,, di—1,d if Zdl >2g.
1<i<n
dl'zl

.....

function
g: H{™(T) - N,

as in Definition 2.4. We denote by deg(7") its number of levels. In particular, there
are extra legs at every vertex (except the root) that we will eventually forget when
computing the B—class.

Choose a vertex v € V(T). Let C = (elc, vlc, cees edig(T)_l(v), vg;g(T)—l(v)’ On+1) bé:

a chain of weakly stable vertices with a new marking oy,41. Precisely, the edge ej
is attached to the vertex vl , the edge ek links the vertex v¢ k—1 to v¢ i » and the leg
On41 is attached to the vertex v$ dea(T)—I(v)" Moreover, every vertex is of genus 0 and

contains an extra leg. We construct a tree 77, obtained from 7' by gluing the edge e1
(and thus the chain C) to the vertex v. We have H{™(T') C H{™(Ty) and we extend
the power function ¢ into a function g,: H{"(Ty) — N by taking

qv(hlg) =0 and ¢y(on+1):=0,

where h,f is the half-edge in H{™(Ty) contained in the edge ekc . It is easy to see that
we get
(Ty,qv) € SZ

Choose a half-edge 7 € H{™(T') attached to the vertex v and such that g(#) > 0.
We construct a tree T\, p), obtained from 7' by adding an extra level between the
levels /(v) and I(v) + 1 of T as follows:
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* denote by ho,...,hn € H{(T) the half-edges of level /(v), with hg := h;

e insert a pair (eg, v;) between the half-edge hj and the vertex it is attached to,
where e = (I ,h%) is an edge and vy is a vertex of genus 0;

e glue the half-edge hf from the chain C to the vertex vy ;

e add g(h) extra legs to the vertex vg and g (hz) + 1 extra legs to the vertex vy
for 1 <k <m.

Therefore, the number of levels of the tree Ty, p) is deg(T) + 1, the vertex v €
V(T(v,n)) is the only strongly stable vertex at its level, and we have a natural inclusion
H™(Ty) € H{"(T(y,n))- Then, we extend the power function g, into a function
q(v,h): Him(T(v,h)) — N by taking

ghe)—1 ifk =0,
q(he) if k # 0.

The complete tree T, p) is obviously stable, but not necessarily admissible. We get

dony(hy) =

n

B’
(Tw,nys 4(v,n)) € lef..,dn,o > l(v) #deg(T) or Zdi =2g—1
i=1
Furthermore, observe that when [(v) = deg(T'), the half-edge & corresponds to a
marking o; and we get

ex[Tew .y dwy) = OiweslT, qi] = 88"V w*eu[T, qi] € R* (Mg n+1),

where the morphism o; denotes here the section of the ;™ marking in the universal
curve Cg n > Mg nt1, and where ¢;: HS™(T) — N is defined by
di—1 ith=o,

i (h) =
4i (1) q(h)  otherwise.

Conversely, let (T',q') € ng..,dn,o

of the marking 0,1 . In particular, the marking 0,4+ is attached to the vertex v via a
chain C of weakly stable vertices and we denote by K t1D e H S(T’) the half-edge
from C attached to v. We have two possibilities:

and denote by v the first strongly stable ancestor

(1) v is a vertex of genus 0 with exactly two half-edges h, h®**1 ¢ H{™(T')
attached to it and v is the only strongly stable vertex of level /(v);

(2) v is another type of vertex.
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Denote by T the tree obtained from 7’ by forgetting the chain C containing the
marking oy+1, and contracting the level /(v) in case (1). In particular, the power
function ¢’ restricts to a function ¢ and we get

T, i 1
(T.q) € Q2% and (T".q") = Ty d00.1) - case (1,
Lsesdn (Ty, qv) in case (2).

Furthermore, from the formula

32) x* é\ - ﬁ\ O O

q1qr q1-qr 1q<z><0r q1qiqr i

expressing the pullback of y—classes via the map x, we obtain

ext*([Toq) =) ew ([Tv"]v] -y [T(v,h)"](v,h)])

veT heHj{“(T)
h—v,q(h)>0

.....

to the vertex v. As a Consequence when di +--- 4+ d, > 2g, we obtain

S

.....

= Z <—1)deg(T>—1e*n*[T,q],

where the second equality comes from the general fact that M g,n+2 1s birational to
the fibre product Mg 11 X g Mg n+1, and then

7 (Bg, .4,
= Z (_1)deg(T)—1 Z (e* [Tv,qv] — Z e*[T(v,h)aCI(v,h)])
(Teels vel heH(T)

h—v,q(h)>0

= Y )Ty

(T".q /)egdl ..... dn.0

- Z (—1ydeeM=1 Z > elTwm - qwn]

h HCm T
(TII)GQ ..... dn l(v) deg(T)h—w q(ff)>)0
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g deg(T)—1 {i,n+1}
=B4,....dyo Z (=1)*ED= Y 5T el T gi]
1<i<n
(Tq)EQ ..... dn di>0
_ ng& {i,;n+1} 1*BE
=B 40~ 2 % TBy ditod”
1<i<n
d;i>0

When dy +---+dy, =2g —1, we have seen that (T, 1), 4(v,k)) is always admissible,
so that the first three equalities are the same, but there is no second term in the last
three equalities. Hence we get

_Bg

*pg
n'B d1seensdy 0"

dy,....dn

4.4 Reduction of the conjecture

Proposition 4.4 Conjecture 2.5 is true if and only if it is true when all the d; are
positive. Furthermore, Conjecture 2.5 is true in genus 0 and in genus 1.

Proof The first statement follows immediately from Propositions 4.2 and 4.3.

Assume g = 0. Since dim /\_/lo,n = n — 3, the classes Agl od, and Bgl ., are
nontrivial only if ) d; <n—3. Therefore, we can always apply formulas (22) and (31)
to them, unless n = 3 and dy = dp = d3 = 0, where we get

Ao 0,0 = Bg,o,o =1¢€ H(Mo,3,Q).

Assume g = 1. Since dim M, . =n, the classes Al1 dy and B1 .d, are nontrivial
only if ) d; < n. Therefore, we can always apply formulas (22) and (31) to them,
unless dy = dp = --- = d, = 1. In order to prove that Al,l,...,l = Bl,l,...,l’ it is
sufficient to check that f [ A= i B{ .1 Note that these two integrals
are equal to (t1(e1)")PR and (7 ((21)”)red respectively, for the trivial cohomological
field theory. The equality FPR = F™4 for the trivial cohomological field theory was
checked in [3]. Therefore, Conjecture 2.5 is true in genus 1. |

4.5 Dilaton equation

Here we prove that the classes Afll,...,dn,l and Bgl,...,d,,,l behave in the same way
upon the pushforward along the map forgetting the last marked point.
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Proposition 4.5 Denote by w: Mg y+1 — Mg the forgetful map that forgets the
last marked point. Then we have

2g—2+mAy  ,  if Ydi>2g-2,

33 (A% =
(33) «(Ag, a4 1) 0 if ) di =2g-2.

Before proving the proposition let us formulate three auxiliary statements. Recall that
for a stable tree I' € ST'g"’nJrl we denote by v (I") the root of T" and by /; (I") for

0 <i <n the leg of I marked by i.

Lemma 4.6 Let ag,...,a, with n > 1 be integers with vanishing sum and m > 2.
Then we have

A& (ay, . .. ,an)—alwlAg’m_l(ao, .o, dy)

20 —1+n
= Y T u)A¢ DRr(ag, ... an).
resTm r(vi(I))
ESTg,n—H

vl M)=v1(I)

Proof Using formula (21), for an arbitrary stable tree I" € STZ,";}FI we can write a
decomposition

ary1-a(T)dg DRr(ao.....an) = Y a(I.T)g DRg(ao. ... .an),

FGSTZ“;"_H

where a(T, T') are certain coefficients. Let T € STg »+1- The statement of the lemma
is equivalent to the equation

2g—14n . L

= = if (I dent t I,

G am)- Y af.ry=)r@m) "0 smedeton(®
0 otherwise.

Testr
Let v € V(T') be the vertex incident to /; = [;(I"). Denote by vf,...,v; with
[ > 0 the direct descendants of v. Let L' := L[v]\ {{1}, r :=r(v), r/ :==r(v}),
R:= Zi}'GDesc[v] r(v) and Rz,', = Zi}“eDesc[v;/] r(v).

Suppose that v # v1(I"). Denote by v’ € V(I') the mother of v and let r’ := r(v’)
and R":= ) gepesey) 7 (V). We draw the stable tree I' in Figure 4. Similarly to the
figures in the proof of Proposition 4.2, we decorate a vertex w of I' by number r(w).
It is not hard to see that there are exactly / + 1 stable trees I' € ST;,”};}H such that
a(T',T) # 0. The first one is shown on the left-hand side of Figure 5, and the other /
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Figure 4: Stable tree I'.

trees are on the right-hand side, where 1 < j </. Let

The coefficient a(I", T') for the left tree in Figure 5 is equal to (@r’/ Ili” ) ]_[i:1 r/ Ry
and for the right tree in Figure 5 it is equal to —(@r'R}/R'R) [Ty 1}/ R}. We
compute

! I ' R" I P ' l r
= o~ J k _ ~ k _
> e =a( =3 ) 1 g =g [ 3 =

™ —1 = = k = k
FGST?,n-i—l j=1 k=1 k=1

Therefore, formula (34) is proved in the case when /; is not incident to v1(T").

Suppose that v = v1(I'). The tree I" and stable trees [ such that a(f‘, I') # 0 are
shown in Figure 6.

Figure 5: Stable trees I" such that a(T, T') # 0.
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r

Figure 6: Stable tree I and stable trees T such that a(T', T') # 0.

Let
a —a(F)/( R”)

The coefficient a(T", T") for the right tree in Figure 6 equals —(@Rj}/R) ]_[2:1 i/ Ry
So we compute

l "

l ”
am)— Y a(f,F):a( +Z ) R,,:a]‘[%:?ar).
k=1 1k

FesTm 1, k=
The lemma is proved. a
Lemma 4.7 Let ag,...,a,, n > 1, be integers with vanishing sum and m > 2. Then
we have
A8 ™ (g, ... an) —aoYoAS™ Y a, ... an)
2g¢—1+4n
= Y  =———a(M)Ag DRr(ao.....an).
roS i)
g.n+1
Proof The proof is analogous to the proof of the previous lemma. a
Corollary 4.8 Let ay,...,a, with n > 1 be arbitrary integers and m > 2. Denote

by : Mg nt1— Mg, the forgetful map that forgets the first marked point. Then we
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have

(35) A&™M(ay,....an) —a1¥1 A" Yay, ... a,)
= 2¢—1+na),
= Z r(vl(r)) Za gﬂ*DRI‘( Za,,al,,”’ )

l"eST”’ n+1 "
v(l (F)) v () ~
gl(v1(1“));1 —i—Ag’m_l(—Zai,az,...,an).

Proof The corollary is an elementary exercise that uses the two previous lemmas and
the fact that

A& (ay, ..., an)—z—n Agm( Za,,al,.. ) O

Proof of Proposition 4.5 Let m := > _d; —2g + 3. Let us prove that

(36) A8 (ay, ..., an+1)

ad
datp+1 apn+1=0
_ 0 iftm=1,
T\ a1 A5 N (ay, ap, 0)) i m > 2,
For m =1 this equation immediately follows from Lemma 2.1. Suppose m > 2. Let

us rewrite (35) in the way that is more suitable for us:

(B7) A®™M(ay,...,an+1) —ant1¥n+1 48" Yan, ... ant1)
2g +n a(F)
= Z AN gﬂO*DRI‘( Zal,al,---,an-{—l)
vy ) T

v(lp+1(@)=v1(T)

n
g1 (M)=1 +Xg’m‘1(—2ai,a1,..-,an),

i=1
where the map m: M gn+2 = M g.n+1 forgets the first marked point. The last term
on the right-hand side of this equation doesn’t depend on a,+. Note also that, by
Lemma 2.1, after applying the pushforward m, each term in the sum on the right-hand
side of (37) becomes divisible by a% +1- This proves (36).

Equation (36) immediately implies the statement of the proposition for m = 1. In the
case m > 2, (36) yields

N*Agl,...,dn,l = T (W"HAgl,...,dn,o) (by Proposition 4.2)

= ”*(Wn—H”*Agl dn)

.....

= (2g_2+n)A§1,...,dn' O
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Proposition 4.9 Denote by w: Mg y+1 — Mg the forgetful map that forgets the
last marked point. Then we have
Qg—2+nﬂﬁ; a, i di>2g-2,

38 Bg — )\ 7 1T,
%) 7+ Ba....a,.1) 0 if Y dj =2g 2.

Proof Let (T,q) € ng dy be an admissible and stable complete tree with a power
function

qg: H{™(T) - N,
as in Definition 2.4. We denote by €: {1,...,deg(T)— 1} — N the function

ek):=2 Y gw)— Y qh)-2
veV(T) heH(T)
l(v)=<k I(h)=k
measuring the distance to nonadmissibility at the level k. As in the proof of Proposition
4.3, we have two possible ways to add a new marking labelled by n + 1.

: —_(,C ,,C C C
First, choose a vertex v € V(T'). Let C = (e}, vy, ..., €ea(T)—1(v)’ Vdea(T)—I(v)’ On+1)
be a chain of weakly stable vertices with a new marking o,+1. Precisely, the edge
elc is attached to the vertex vlc , the edge e,g links the vertex v,f_l to vf , and the
leg 0,41 1s attached to the vertex de;g(T)—l )" Moreover, every vertex is of genus 0
and contains two extra legs. We construct a tree Ty, obtained from 7 by gluing the
edge elc (and thus the chain C) to the vertex v. We have H{™(T) C H{"(Ty) and

we extend the power function ¢ into a function g,: H{"(Ty) — N by taking

qo(hg):=1 and gy(ont1):=1,

where h,f is the half-edge in H{™(Ty) contained in the edge e]f . It is easy to see that
we get

(To.q) €55, | & e(k)=1 forall k €[I(v).deg(T)—1].

In particular, when the vertex v is at the maximal level deg(T"), then the tree T is
always admissible.

Second, choose a half-edge 1 € H{™(T') attached to the vertex v. We construct a
tree T(y ), obtained from 7' by adding an extra level between the levels /(v) and
l[(v) + 1 of T as follows:

* denote by ho,...,hn € HI™(T) the half-edges of level /(v), with hg := h;
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e insert a pair (e, vy) between the half-edge h; and the vertex it is attached to,
where e; = (h), h}) is an edge and vy is a vertex of genus 0;

e glue the half-edge hlc from the chain C to the vertex vg;

e add g(hz) + 1 extra legs to the vertex v for 0 <k <m.
Therefore, the number of levels of the tree Ty ) is deg(T) + 1, the vertex vg €
V(T (y,n)) is the only strongly stable vertex at its level, and we have a natural inclusion

H —ekm(Tv) CH .eq_m(T(v,h)). Then, we extend the power function ¢, into a function
q,ny: HS™(Tw,ny) — N by taking

qo,ny(hy) == q(hg).
We obtain

B.g €(k)>1 forall k € [[(v),deg(T)—1]
Twn-qwm) €247 4,1 = noog
and (l(v) #deg(T) or Y i_,di =2¢g—2).

In particular, when the vertex v is at the maximal level deg(T), the tree T{y p) is
admissible if and only if d; +---+ d, =2g—2.

Let I €[1,deg(T)] be the smallest integer such that
€(k)y>1 forall k € [lr,deg(T)—1].
When dy+---+d, >2g—2 (resp. when dj +---+d, =2g—2), the two constructions

(T,q,v) > (Ty,qv) and (T,q,v,h) = (T(y,n)>9,n)

give a bijection from the set

Ll (wev(D) i@ =Ir}
TR’ 4, L {(v.h) € V(T) x HS™(T) | h—v. Iy <1(v) < deg(T)}

B.g

(resp. the same set with the inequality /7 < [(v) < deg(T)) to the set le,...,dn,l‘

Furthermore, we get the contributions
(39 exTx ([Ty, qv]) = (28(v) =2+ n(v) +q(v) + Dex[T. q],

(40) exTx([Tw,ny- 4w.m]) = (q(h) + Dex[T. q],
where ¢ (v) denotes the value of the power function g: H{™(T) — N at the (half-)edge
linking the mother of the vertex v to the vertex v and n(v) denotes the number of

half-edges attached to the vertex v, without counting the extra legs. Thus, the total
number of half-edges attached to the vertex v is indeed n(v) +¢(v) + 1.
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Finally, when d; +---+d, > 2g —2, we get

g
]T*(Bdl,...,dn,l)

= ). DD e T

_ Z (_1)deg(T)—1( Z xex [Ty, gv]

B.g EV(T)
Ty ay l(;])=deg(T)

+ > (n*e*[Tu, = Y meeslTon. ‘](v,h)]))

veV(T) heH{™(T)

I <l(v)<deg(T) h—v

— Z (_l)deg(T)—l ( Z CuTTx [Tv’QU]
B.g eV(T)
(T,q)Ele ..... dn l(z;))Zdeg(T)
+ > (e*n*[Tv, wl— D ewma[Tn). Q(v,h)]))

veV(T) he H™(T)

I <l(v)<deg(T) h—v

where the minus sign in the second line of the second equality comes from the fact that
the number of levels in the tree T, p) is deg(T') + 1; the third equality comes from the
relation eor = 7 oe among the forgetful maps. Using equations (39) and (40), we get

g
”*(Bdl,...,dn,1)

- ¥ (—1)deg<T)—1e*[T,q1~( T g)—24n() +q@) + 1)

B.g eV(T)
(TR, * 4, Z(J})Zdeg(T)
Py (2g(v>—1+n(v)+q(v>— ) (q(h>+1>))
veV(T) he H™(T)
I7<1(v) <deg(T) Iy
- ¥ (—1)deg(T)-1e*[T,q1-( S g) +n)—1+4)
B.s eV (T)
(T,q)Gle ..... dn l(ljj)=deg(T)
Py (2g(v>+q(v)— ) q(h>))
veV(T) heHS™(T)
IT <l(v)<deg(T) h—v
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= ) DTy

,,,,, n

.(2 Z g(v)+n+( Z q(v) — Z Z q(h)))

veV(T) veV(T) veV(T) hGHj_m(T)

1(v)=l7 1(0)=l7 Ir<l()<deg(T) o

- ¥ (—1)deg<T>—1e*[T,q1~(2 Y ot Y q(v)).
B.g eV(T) ev(T)
(TRa;..an I0=17 I)=17

We conclude using the equality €(/7 — 1) = 0:
T (Bgl,...,dn,l)

= Y comPamg (2 ¥ soane2 B sw-2)

B.g eV(T) ev(T)
(qu)egdl ..... dn ;)(U)ZIT ;)(U)<IT

=@g—2+n) ) (DD T ql=0g-2+m)BS .

.....

When dy 4+ ---+ d, = 2g — 2, we have the same sequence of equalities with the
additional term

- > > > DD e [Ty 4]

T.q)enb® veV(T) heHS™(T)
TDLa it 10 =aee(T) " sy

- Z (_1)deg(T)_le*[T,Q]'(n+d1 ++dn)
_ _(2g-2+n)B§1 ..... dn’

coming from the fact that (T(y 1), ¢ n)) € le’gm 4.1 When [(v) = deg(T). a

ns

4.6 Validity of the conjecture on M, ,
Let g,n,m > 0 be such that 2¢ —2 +n > 0 and denote by 7™ Mg piym — Mg

the map forgetting the last 77 markings. By definition, the restriction of Conjecture 2.5
to Mg, is the following statement:
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Proposition 4.10 The restriction of Conjecture 2.5 to Mg , is true. Precisely, for all
integers di, . .., dp+m > 1 such that

di+--+dpim>28-2,

we have
T AE e Nt = VB4 Dlmen € R (Mg.n).
Proof Using Propositions 4.5 and 4.9, we can assume that dy+1,...,dn4m > 2.

Furthermore, the Chow degree of the two classes in the statement is

83=d1+"'+dn+(dn+l_1)+"'+(dn+m_1)-
We get
6>2g—2—m and & >n+m.

Summing these two inequalities yields
8>g—|—%n—12g—1.
We conclude with the following result from [17]:

RP(Mgpn)=0 forall p>g—1. O
4.7 New expression for A,

Let us show that our conjectural relations (10) give a new formula for the class Ag €
RE (My).

Let g > 2 and consider the class

Ag’l(al,...,ag_1)= gZ DRg( Za,,al,...,ag_1>.

Let 7: Mg g—1 — Mg be the forgetful map that forgets all marked points. Then,
by (5).

meAS ar, ... ag_1) = glAgat --aj_, Zai.
Thus,

Ag = AT, 5 € RE(Mp).

g!

So, Conjecture 2.5 implies that

(41) Ag =

,,,,,,
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We can easily see that the expression on the right-hand side of this equation is a
linear combination of basic tautological classes ér«(y), where I' is a tree. No such
expressions for the class A, were known before. Let us write explicitly and prove the
resulting formulas in genus 2 and 3.

4.7.1 Genus 2 We already wrote the expression for Bg in (11). Pushing it forward
to Mo and dividing by 2, we get that Conjecture 2.5 implies

K1

(42) Ay = 3k — 3(O—D).
The relation A3 = B? is proved in the appendix, so formula (42) is true.

4.7.2 Genus 3 We compute
B, =wi0etar el weral etad -efar
’ 2 Y2 2 v>o 2 W22
1 1 1
s@ea serd oo -o-al
(2P 2 v ¥2 2
2 1 2 1 2
IS OS OQEOS O OQRIOS O OSY
2 2
2
v 1 ‘/le 1//3] v 1
+O—O—T 20—~ +O—0O—0L +O—0-G
¥ 2 () 2 ¥2 2
W 1 1/,21
BO-OGET HO-ORE +O-0-0
(2N 2 v
2
3 1 5 1 ¢ o~ 1
+10O—@@ ~100—O—00 -100—0-0@
2 2 2
2
OO 1.
2

Pushing forward this expression to M3 and dividing it by 6, we get that Conjecture 2.5
implies

2
K1 K1 K1 K2 K
43 A =30+ +300 - 100 +30-0-1 -0
K1

O—0O—®.

W=
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Let us prove this equation. In [11], C Faber proved that the whole cohomology ring
of M3 is tautological and that it is generated by the classes

501= @, 81 = @—®, )Ll, K>.

There are 13 monomials of cohomological degree 6 in these classes. Faber proved
that dim R3(/\_/l3) = 10 and found 3 relations between the 13 monomials (see [11,
page 407]). These relations easily imply that the following 10 classes form a basis in

R*(M3):
5311, 508111, 80)&%, 80/(2, 5%, 5%11, 5112, /\?, 51/(2, /\1K2.

It is not hard to check that each of these 10 classes has the same intersection numbers
with both sides of equation (43). So, formula (43) is true.

5 Restricted set of relations

In this section we show that the strong DR/DZ equivalence conjecture for semisimple

cohomological field theories follows from the restricted set of relations (10), where
d>'di=2gand d; > 1.

Consider an arbitrary cohomological field theory in genus 0,
Co,n-: V®n —> H*(./W(),n, C)
Let Fo(t)) be its potential. Suppose we have a deformation F(t},e) of Fy the form

F=Fo+ ) e¥F, FgeC[t].
g>1

Introduce formal power series (w*®)%*(x, ), e) by
P*F

(wsol)a = nocu,
31y dty

b
1,41
toy>tn+x

and let (w*°)% := 9" (w°")*. We will use the notation

d"F,
(ta, (ea;) - Ta, (€a,))g = W
1 n

t¥=0

A correlator (74, (eq,) - 74, (€q,))g Will be called admissible if ) d; <2g.

Lemma 5.1 Suppose that the following conditions are satisfied:

Geometry & Topology, Volume 23 (2019)



3582 Alexandr Buryak, Jérémy Guéré and Paolo Rossi

e we have the vanishing property

(44) (ta, (€ar) -+ Ta, (ea,))g =0 if Y dj <2g—2;

e the string and the dilaton equations hold:

oF oF 1 B
— = e o'ty
8[& ng(:) n+13t°‘ 2770!,3 0°0

oF 2N
ark _8_+Zt”az_a_2F+ 24°

n>0

» foreach u there exists a differential polynomial 21,1;,,0 € ﬁ{?l such that

82

(45) Ql 1, O|wn _(wiol)n W
1770

tr—>t +x

Then all correlators (T4, (eq,) ** T4, (€a,))g are uniquely determined by the admissible
correlators.

Proof The topological recursion relation in genus zero implies that the primary
correlators (to(eq,) - To(eq,))o determine all correlators in genus zero. Denote by
Ry the subspace of C[z}] defined by

Rgq = {ch‘:jj;:d” l_[t e C[lt;1 ‘c :;_‘_‘:d” —01f2d < d—l}

From the string equation and the vanishing property (44) it follows that the function
(w*")¥| =0 has the form

(46) (wSOI)mx:O = 5“’15,,’1 +t,? +r,‘f + Z qg’né‘zg, r,‘f €ERn+1, qg’n ER2g+n.
g=>1

Introduce a grading in the ring C[[¢{]] by degt := d and consider the expansion

= Z qg’n’k, degqg’n,k =2¢+n+k.
k>0

Note that the functions qg n.0 and qg .1 are determined by the admissible correlators.

Let us show that 8291,1;M,o/3(w;)2 = (. Consider a monomial f of the form

@D f=Mwpwd w1+ di =2k, (i, di) # (1),
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Then property (46) implies that

@8)  (flug=one)lx=0 =" (G 15" +ho) + Y &Ky,

k>1
m>0

where ho € Rop—j41, deghyg ,, = 2h + 2k — | + m and the functions /g o and
hi,1 are completely determined by the admissible correlators. Suppose now that
02Q21.1:1,0/d(w})? # 0. Consider monomials f as in (47) with the minimal 4 such
that / > 2 and such that the coefficient of f in the differential polynomial €21, 14,0 is
nonzero. Let us choose such a monomial with / as big as possible. Then using (45)
we can see that

(toe) [ |y €ardhn = = (enroteso) [ was ear )b # 0,

This contradicts the vanishing property (44), because » d; =2h—1 <2h—2. We
conclude that 9%Q1,1;,0/9(wl)? =0.

Let us now prove that the differential polynomial €21 1;,,0 is completely determined
by the admissible correlators. Let

' Coef ar 820100 S di =2
' agawg‘;mawgz’ ' '

Let us prove by induction on g that all coefficients cg;lo’[l' ;’f{’fan are uniquely determined

di,....dn

Cgian,an

by the admissible correlators. We already know it for g = 0. Suppose g > 1. Using
property (48) we see that if (B;,¢;) # (1,1) and >_¢; = 2g — 1, then the difference

(e1Ceoreaten [ Teaen)), —etiem,,

can be expressed in terms of the admissible correlators and the coefficients c}rlf;/'l"’r"

V1 seees Vi
with h < g. Similarly, if (B;,¢;) # (1,1) and >_¢; = 2g, then the difference
(ri(enoten [Trarten)), —ctisrs,
can be expressed in terms of the adm1551ble correlators, the coefficients c,rll’ ol - with

.....

h < g and the coefficients ! . We conclude that the differential polynonnal

g; 1 301 5eees
€21,1;u,0 is completely determined by the admissible correlators.

We see that the functions (w*')* are solutions of the system of partial differential

equations

ow®

1
t,

=n"0xQ1,1:0,00 1 <a<N.
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The argument from the proof of Proposition 5.2 in [5] shows that using this system
together with the string and the dilaton equations for F one can uniquely reconstruct
the whole solution (w*°!)? starting from the dispersionless part (w*°")*|s—¢. After that
using the string and the dilaton equations it is easy to reconstruct the whole function F.
The lemma is proved. a

Proposition 5.2 Suppose that all relations (10) with Y d; = 2g and d; > 1 are true.
Then the strong DR/DZ equivalence conjecture is true for any semisimple cohomologi-
cal field theory.

Proof Consider an arbitrary semisimple cohomological field theory. Propositions 4.2,
4.3, 4.5 and 4 9 imply that all relations (10) with > d; < 2g are true. Therefore,
(ITq, (ea;) ) = ([T 4, (ea;) )re if Y d; <2g. Both potentials FPR and F™¢ satisfy
the assumptions of Lemma 5.1 (see [3]). Therefore, the lemma implies that FPR = Fred,
So the strong DR/DZ equivalence conjecture is true. a

In the appendix we will prove that relations (10) are true when g = 2, d; > 1 and
> d; <4. Therefore, the strong DR/DZ equivalence conjecture is true for all semisimple
cohomological field theories at the approximation up to genus 2.

Appendix Proof of the restricted genus 2 relations

Here we prove relations (10) when g =2, d; > 1 and ) d; <4.
. 2 _ p2
A.1 Relation 4 1= B pr

As we know from Section 4.2, in order to prove that A2 = Bj for any d > 3, it is
sufficient to prove that A2 = B32. We have

B} =y -~
and A% = Coef,4 (A2 DR2(=d, a)). The group H?(My 1, Q) has dimension 3 and a
basis is given by (see eg [15])

lﬁl 80 2=@ 51 = @—@—

So it is sufficient to check that the intersection of the difference A% — B% with these

three classes is zero. We compute

_ 1 4 2, _ 1
/ . MU =q5a = | A3V = 195
DRz (—a,a) M2 1
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/ A2bp =0 = | A%(SO =0,
DR>(—a,a) M2 g
2 1
/ A8y = 570 = | A381 = 37¢>
DR>(—a,a) M2 1
and
2 4 1
/ Bsvn=[_ Vi =1
M2 M2
3 2
[, mi=Co - (-6 =0
2.1
2
[ B -
2.1

Thus, A% = B%.
. 2 _ p2
A.2 Relation A2,1 = BZ’1

We have

3585

1 ¥ 1 1pzl 1
(49) B}y =via—3@7 @ -O-@ -0 30~ -
2 2 2 2

In [15], E Getzler proved that H*(Ma », Q) = R*(M> ). Moreover, he proved that

the group R%(M3 ») has dimension 14 with a basis given by

1

820 1= 1// 511|

2

3

1 2

000 4, YV

1
811|2:= Q c 811|12 :: 501\ =

2 1 2 . 5

() () !
(50) 801|1 = 801|2 = Q 0 801‘12 =
2 1 1 2 2
1
8oy := (L1_T0) Soj == 1 —(L_{0)—2 Sopp:= 2 !

1
Soj12 := ‘ﬂ (0) 800 := 2@1
2
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We compute

/ . A2822
DRz (—ai—az,a1,a2)

/DRZ(—al —az,a1+az)
/ P A2811| = 0
DRz (—a1—az,ai,az)

/DRz (—a1—az,ay,az)

/];RZ(_QI —az,ay,az)

/DRZ(_al_aZaal ,a2)

Ay = T152(a1 +a2)4 =

A2811)12 = 53¢ (a1 + az)*

Alexandr Buryak, Jérémy Guéré and Paolo Rossi

2 1
A2,1522 = 3’74

_ 384>
M2 2
2
——4 / A2’1511| = O,
M2 >
1 2 2 2
A2b111 = sgai(ar +a2)” = | A3 1011 = 576>
M2z
1 2 2 2
A2811)2 = zggaz(a1 +a2)” = [ A3 8112 =0,
M2 2

2 _ 1
= _ A2,1511\12_ 192 -

M2 2

Since Ag| Men\ M, = 0, the intersections of all remaining 9 classes from (50) with

A% , are equal to zero. It is not hard to compute the intersections of the class 322 1

with the classes from (50) ans see that they agree with what we have just computed

for A3 |. Thus, A3, = B3 .

= B2

. 2
A.3 Relation A 11,1

1,1,1

We have

(51 Bil,1=w1wzw3—2—6—2—®{{,ﬁ

4@ @+ 20O +20-0LEC
6D DO + 20D G — 4D @r .

Introduce the notation

o3 .= a

= OO~ ;
4= DD @ as:= 1= DD~

©=" D@ @
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gk D@k DO® s (- ®
3,2,1° 1,4,1° 1,2,3
ilegs Jlegs K legs ilegs Jlegs K legs ilegs Jlegs Klegs
gk 5 () ik ._ OB OO pisik .
2,3,1" 2,3,1" S 1,3,2°7
ilegs Jjlegs K legs ilegs Jlegs K legs

Jlegs ilegs K legs

bl’j’ —
3,2,1°

klegs ilegs J legs

60,2,1 . Q
222 -—
©

Denote by L’ the subspace of R3(M> 3) spanned by boundary strata £« (1), where
the first Betti number of a stable graph I' is equal to 2. The symmetric group S3
acts on My 3 by permutations of marked points. This action induces an action on
R*(M3,3). Define a map Sym: R* (M 3) — R*(Ma 3) by

Sym(a) := % Z oa, o€ R*(Myj3).
g€eS3
Let L := Sym(L’) C R3(/W2,3)S3. For two classes o, B € R*(Mj 3) we will write
o™l B if «—p € L. Using the formulas for wlz € R2(M3,1) and ¥1 v € R?*(M>2)
from [15] and also the topological recursion relations in genus 0 and 1, after a long
computation we obtain

B 1y "N = don + Foo + fos + s+ hos — das + 5haly) — al s
24753+ 2501273 1809123 — 1% 23 — 38941 — 359141
— T 1 T 559231 — 35925 + 7459231 + 369321 + 560135
+ 203+ gobiay — Bby T — T5by T — a5bast — %5
+ L)+ &y

On the other hand, a direct computation using Hain’s formula gives

1
Coefy,a5a (—
1 \ar +az+as

— (Y1 + V2 + V2 — 6@ —3@— — DT~ LD .
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In this computation one should use that (see eg [15])

= h OO+ @ e R

Using the formula [19]

2o =555 () )+ 555 D—@) ) e R*(My).

we obtain the following formula for the class Ail,l :

A2, S s+ et + e+ ey + daras + hearas
1 0,0,3 1 0,1,2 1 1,0,2 1 0,0,3 1 0,1,2 1 1,0,2
—80%1,4,1 ~ 240%1,4,1 ~ 240%1,4,1 ~ 8092,3,1 ~ 24092,3,1 — 24092,3,1
Thus,
312,1,1—14%,1,1 mgL_%o‘l"‘%0‘2"‘%“3"'%a4+%“5_%a6_ﬁa?:;ﬁ
26015315415 S+ 25412 395415 3~ 251 23
— 1209141~ 2591 41~ 3609141 F 269231~ 269231
+ 13592 51 +3695 51 Fonb1 s +ash1 5 +a5b1 s
O LN T TN LR TR ToWAR i T

The famous Getzler relation [14] says that

(52) y:=—§—%+% ©—
+ &0l + 5@ @ -4 T

=0¢e R*(My4).

We will adopt the following notation. Suppose g1,g2 > 0 and let iy,...,i; and
J1, ..., J; betwo lists of integers such that {iy,...,ig, j1,...,ji}={1,2,..., k+1}.
Consider the moduli spaces M g1,k+1 and M 2,141, but let us label the marked points
on curves from Mg, s11 and Mg, ;11 by the numbers iy,...,ix,k + 1 + 1 and
J1s--+sJ1,k 4+ 1+ 2, respectively. Denote by

g1lg2 v I I'wi
gl i Merkr1 X Mgy 141 = Mgy ggs ket
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the gluing map that glues the marked points labelled by k +/+1 and k + 1 + 2. From

DR/DZ equivalence conjecture and tautological relations
Getzler’s relation we obtain

1
3
(M23).

s
s

2
2

s
s

0
a5+a6+2—14a1

054+%

1

1

al—gaz—og—g

1
-3

D((Mi1]xy)

11
|152737

(53) (gl

0eR3

2
2

10,1,
_2b1,3,

—

Notice that the WDVYV relation on My 5 implies that —

o] + %az + %cx5 = 0. Using

1
3

this observation and expressing the class o via formula (53), we get

Let w: M1,5 — M4 be the forgetful map that forgets the fifth marked point and

gly 50 M1,5 —> Mp 3 be the gluing map that glues the first and the fifth marked points.

Then from Getzler’s relation (52) we obtain

gly s« (™)

We can obtain another consequence from (52). Let gly 5: M1,5 — M2 3 be the gluing
map that glues the first two marked points. Then Getzler’s relation implies that

Geometry & Topology, Volume 23 (2019)
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Adding %glli*(n*y) — % Sym(gly 54 (7*y)) to the right-hand side of (54), we get

(55) B2, —42,, " kel - aal - sheal S+ shary s — skeara s
— i — 1 — 55T — 25141 — Tag b e
+ 3050130 T 25b030 — 1oub1 35 + 1a5P13 2 + 960132
— 3y by T —aba st H 3+ g5 a -

The WDVYV relations on Mo,4, Mo,s and /\_/10,6 imply that

LLL _ 1,02
C222=0231>
0,2,1 _ 3;0,0,3 , 1,0,1,2
Cropn = §b2,3,1 + §b2,3,1’
2,1,0 _ 20,1
123 =013
1,02 _ 11,1,1 1,20 1,1,1,1
by3s =3a153+a;53— 30130,
L1,1 _ 1,2,0 1,0,2
b1,3,2 =dip3tAd1 41,
0,03 1012, 2 02,11 0,30 2,0,1,2 1.02,1
b1,3,2 = 30153t 34153 +a; 53— §b1,3,2 - §b1,3,2’
02,1 __1.021, 3030, 3 003, 1.012 ;01,2
b3 = 3a123 3012350141 30141 —b135-

Using these relations, one can easily check that the right-hand side of (55) is zero. We
conclude that Blz,l’1 — A%,l,l elL.

It is easy to see that the space L is spanned by the classes

>
i
(&)
©)
Ny
|
®)
S))
b
i
g
©)
=
|
©)
)
8

5.= ' 6 .= Q‘Q 7= Q=Q
f f pr=lalls)

The WDVV relations on Mo 7 give the relations
B2—PBa+p7—PBs =0,
Bi+B2+2B3+1Bs+31B7—2Bs—3Bo =0.

Therefore, dim L < 7. On the other hand, in Table 1 we compute the intersection
matrix of the classes f1,..., B9 with the seven classes wf’, 1//%1#2, Va3, k3,
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5:=®ﬁ.

This matrix is nondegenerate, so dim L = 7. Thus, in order to prove that A%,l,l =
B 12’1’1 it is sufficient to check that the intersections of Ail’l —B 12’1’1 with the classes
wf, wftﬁz, Yiva s, k3, K1k2, Y1k and w128 are zero. This is a simple direct
computation. The relation Ail’l = Blz’l’1 is proved.

K1Kk2, Y1kz and Y78, where

B B2 Bs Ba Bs Bs B7 Bs Po

w3 o 1 o 1 1 0 0 0 2
Vi, 0o 3 0 3 0 1 1 1 3
Y1y rs 0O 6 0 6 0 0O 6 6 0
K3 0 1 0 1 3 0 0 0 3
K1K2 1 9 1 9 27 3 3 3 27
Yika 1 4 0 4 4 2 1 1 8
Y2s 02 1 0 2 0 2 0 2

Table 1: Intersection matrix of By, ..., Be with ¥, ¥Zva, Y1¥2v3, k3,
K1k2, Yiko and Y26,
. 2 _ p2 2 _ p2
A.4 Relations A3,1 = B3’1 and Az’2 = Bz’2

Suppose g,n > 1 and ay,...,a, € Z. Let a := ) _ a;. The following formula is the
particular case of Corollary 4.8 when m = 2:
(56) A2(ay,....an)—ay1 A% (ay, ... ap)

=A¢gDRg(ar —a,az,...,a,)

ay —~
+he D > — DRg,(=a.A1.aj) M1 DR, (A7, —ay).
g1>1,82>0 TuJ={1,...,n}
g1+82=¢

1€l
2g2—1+|J|>0
Let us prove now that A?ll,dz = B;l b where (dy,d>) = (3,1) or (d1,d>) = (2,2).
By (56), we have
2 2
Ad1,d2 - lplAdl—l,dz
= COCfaijla;!z(

A2 DRi(=ay —az,a, az)&lDRl(aZ»—CIZ))
ay+a

:COefa(lilagz ((al—gﬂ Q @,
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On the other hand, it is easy to compute that

5 X 21 31

B2, =yin-O—GL -O-GL
() 2
2.1 1

v

B2, =viv3 -0 -G

' () E)

Comparing these expressions with formula (49), we can easily see that B32,1 =Y BZZ’1
and B22 = wlBlzz. Since the relation A% 1= 322 | is already checked, the relations
A3, = B3, and A3, = B3, are now also proved.

_BZ

2
A.5 Relation A 211

2,1,1

Using (56), we compute A%,1,1 — Y1 Ail,l as

. —
57 Y Coefzg,, (Z; 22 DRy (=D i Ar.as) B DR (4, —a,))

TuJ={1,2,3}
1€l,|J|>1
ap +as "~
+Coefa2a2a3( Sa AZDRZ(—Zai,aI,a2+a3) ngRo(Clz,am—dz—as))-

Let us look at a term in the sum in the first line of (57). The class A{ DRy (A, —ay)
is a polynomial in the variables a; for j € J, and it doesn’t depend on a1. We have

1

P a1 —dsr —ax — I
a1+a2+a3MDRl( ay—az—as, Ay,ay) = (a1 +az+as)Ar € R-(My 1141)-

So, the polynomial class in the brackets in the first line of (57) depends on a at most
linearly. Therefore, the expression in the first line of (57) is equal to zero. Let us look
at the expression in the second line of (57). We can easily see that it is equal to

(58) 2-Coef 2b2(gl 12 3)*( Ar DRy (—a — b a,b) x [Mo, 3])

b
+b
=2 (3] )w(43; % [Mo 3)).

As a result, we obtain

A3 =147 +2 (glﬂg )« (43 1 x [Mo3)).
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On the other hand, we have

s Y 1 5 1 ) 21

Bia =00y —6@C G 30K EE 00t ~0-af
) 1 1
+6O—OHE +30-OH@ -

Using also formula (51), we compute
1 1
B2, , —y B2, , =302 +30—O-O— +2
2,1,1 Y1 1,1,1 G G N
OO @ 20—-L@
v ™
_ Vi W2 i
=2 -6~ 20—
v 1 [
—2O— @@ +6® 0200
W 1 1

Using (49) we see that the last expression is equal to 2 - (glﬂgﬁ)*(Bzz,1 x [Mo3]) and

we get

2[0 v
322,1,1 = WIB12,1,1 +2- (g11I2,3)*(322,1 X [M0,3])'

Since the relations A3 ; = B, and A%, , = B}, are proved, we conclude that
. 2 _ 2 .
relation A2,1,1 = 32,1,1 is true.

. 2 — p2
A.6 Relation A1,1,1,1 = Bl,l,l,l

We follow the same strategy as in the previous section. Using (56), we compute

2 2
AT 110~ V14§11, as

ay —
(59) > Coefayarazas (712 DRy (Za, A7.ay) X1 DRy (4y, _a,))
TuJ={1,2,3,4}
I>1,|J|>1
aj —~
+ > Coefala2a3a4(7)tzDR2(—a,AI,aJ)&lDRQ(AJ,—aJ)),
T1uJ={1,2,3,4}
I1>1,|J|>2
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where a := Z?zl a;j. Let us look at a term in the sum in the first line of (59). We
have %)Ll DR (=a,Aj,ay) =al; € RI(JW1,|1|+1) and the class A; DRy(Ay, —ay)
doesn’t depend on the variables a; for i € I. Therefore, the coefficient of ajasasza4
can be nonzero only if / = {1}. So the expression in the first line of (59) is equal to

(60) (gli:;,3,4)* (A1xCoefayasas((@2+az+as)r1 DRy (az, a3, as, —az—az—as)))

A A A A Al Al Al Al
—-O-0-@ -3 OO 2P0 +: -
1 1 1 1

The expression in the second line of (59) is equal to

©1) 6(g)) ; Ju(Adox[MoaD+2 Y (@ )w(4d ) x [Mo 3]

i,/ ky=1{2,3,4}
j<k

On the other hand, we have

BY 11 =V1V2V¥3Ys—6 —2—2 @(ﬁ
4+4+6+2
+z+z+8

4D @G roié—s

After a long direct computation, which uses only the genus O topological recursion
relation, we obtain that B? | | | —y1BZ | | equals

6(glfs 3 )x(BIax [MoaD+2 D" (e}, )« (BE 11 x [Moga)) + (contd.)

{i,7,k}={2,3,4}
j<k
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MOS0 OROROROSOR]
6m+2m
Using the formula

V1 =21 +1 € R'(My,),
2

we can rewrite the expression in brackets above as
A1 Al Al " Al "
(62) CP—‘”}R” 2@ —2—6
1 1 1 1
Ay
+2 O—O—©—0)

® @ @ @
TO-m, *® © “2@—0"@) ~*@—0"@
1 1 1 1

@
HEOROSOSOE

1

11
1]2,3,4

a=_4_3 4+2 4+3 4+3 4.

Geometry & Topology, Volume 23 (2019)

The expression on the right-hand side of (60) has the form (gl )« (A1 X ), where
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The part in brackets in expression (62) has the form (gl}léﬁ’ J*(A1 x B), where

ﬂ=4—¢%p—24—24—64+24.

Expressing all psi-classes using the genus 1 topological recursion relation and also
using the WDVV relation, it is easy to show that & = . Since A3, = 322,1 and
A%, | = B?,,, we obtain

12111_ %111: c wz c w_ c c@ 0
63) BZ,,-42,, 6%4_2% 2%
—@7%# O ? vfaw _ZW © O

1

Define an operator Sym: R*(Mj 4) — R*(Ma 4) by

Sym() := % Z oa, o€ R*(My,a),

O'ES4

where the symmetric group S4 acts on Mo 4 by permutations of marked points.
Applying the operator Sym to both sides of (63) we obtain that

BY iaa—Ad i = %+ %—%
ﬁ@% +% - 10—© (0)
—%—% O
+0-O-0-0O-@.
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We see that the expression on the right-hand side has the form (gll1 1' 12 3 4)*(/\711,1 X p),
where

+4° M—%
_gs+%s.

It is sufficient to prove that p = 0. For this we express all the psi-classes using the

l\)l'—‘

genus 1 topological recursion relation, and then prove that p = 0 using the WDVV
relation and Getzler’s relation. This computation is straightforward, but quite long, so
we present here only the most interesting parts of it. Expressing all the psi-classes, we
obtain

p=A101+ 02,

where 0; € RZ(M 1,5) and 6 € R3(M 1,5) are sums of boundary strata. Using the
WDVV relation it is not hard to prove that 8, = 0. For the class A16; we get the
expression

0,1,3 02,2 1,1,2 0,0,4 0,1,3 0,2,2 1,0,3 1,1,2
M6y =a)" P +1a" - day ; +2ay" P+ 2ay" 7+ 20,7 + ay
2,027 013 3, 03,1_ 7 112 12,1 0272
tay " —1ed3y T34 +16 37— 1543 T+ 15037 +by

0,1,3 11,12
3by 7 —3by 7

where we use the notation

5

Al
.. .. Al
”k. 5 ﬁ’k.
ak = d* = D)@

ilegs Jlegs Klegs

ilegs Jjlegs K legs

o Al A1

ilegs Jjlegs K legs 5

Al
2 T

Jlegs ilegs K legs
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Consider Getzler’s relation (52). Let 7: M 5 — Mj 4 be the forgetful map that
forgets the last marked point. We have

ty = 101314022 112 1,031,022 1,112 1,013
MTTy = gay T —gay T —3ay) T ay T —gay T —3a +2 3
1022 1.1, 02,2, 0,22
—gd3 " —3a37 T +byT T+ b,
=0€R3(./W15).

Let 7’: My 5 — M4 be the forgetful map that forgets the first marked point. We
assume that, after forgetting the first marked point, a point labelled by i with i > 2
on a curve from M 1,5 becomes a point labelled by i —1 on a curve in M 1,4. The
symmetric group Sy acts on My s by permutations of the first four marked points.
Define a map Sym’: R*(M; 5) — R*(M;5) by

1 —
Sym’(a) := ] Z oa, «€ R*(Mis).

g€ESy
We have
Alsym'((n/)*y)=—%a?’1’3—éa?’2’2—% +1ago4 112a222_%a;03
_%a;,l,z_%agoz_i% 013_|_1a(3)22 flsa(3)31 214a;12
_%a;,z,l_%ag,l,l+%b0,1,3+_b0,2 2,1 b112
=0e R}*(My5).
We compute
A161 = 41601 =A™y +221 Sym’ () *y)
:3 004+3 013+£1; ;)22+ ;03+; ;12+§ 302 %ag,l,s_%ag,z,z
e el
Finally, applying the WDVV relations
ag,l,l _ 2a2 02
a0 = —dadt 4 Lol dal
a(2)04_ ;a(z) 3_%(2) +%g +1022+1031’

it is easy to see that A16; = 0. The relation Ail’l,l = 312,1,1,1 is proved.
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