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Sutured manifolds and polynomial invariants
from higher rank bundles

ALIAKBAR DAEMI

YI XIE

For each integer N � 2 , Mariño and Moore defined generalized Donaldson invariants
by the methods of quantum field theory, and made predictions about the values of
these invariants. Subsequently, Kronheimer gave a rigorous definition of general-
ized Donaldson invariants using the moduli spaces of anti-self-dual connections on
hermitian vector bundles of rank N. We confirm the predictions of Mariño and Moore
for simply connected elliptic surfaces without multiple fibers and certain surfaces of
general type in the case that N D 3 . The primary motivation is to study 3–manifold
instanton Floer homologies which are defined by higher rank bundles. In particular,
the computation of the generalized Donaldson invariants is exploited to define a Floer
homology theory for sutured 3–manifolds.
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1 Introduction

Sutured manifolds were introduced by Gabai [34] to study foliations and the Thurston
norm of 3–manifolds [82]. A sutured manifold is a pair of a 3–manifold M and an
oriented 1–manifold ˛ �M which decomposes the boundary of M in an appropriate
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way. In [34], Gabai also defines an operation on sutured manifolds, which is called
surface decomposition. Surface decompositions can be used to simplify sutured mani-
folds. Foliations of sutured manifolds are also well behaved with respect to surface
decompositions. As a result, Gabai was able to construct taut foliations for certain
families of 3–manifolds in an inductive way.

Floer homological invariants serve as another set of tools for studying topology and
geometry of 3–dimensional manifolds. Such invariants were initially constructed for
closed and oriented 3–manifolds: U.N /–instanton Floer homology — see Floer [27; 28]
and Kronheimer and Mrowka [58]; Heegaard Floer homology — see Ozsváth and
Szabó [74]; monopole Floer homology — see Kronheimer and Mrowka [55]; embed-
ded contact homology — see Hutchings [44; 45]. Later, Juhász [46] defined sutured
Floer homology, a generalization of Heegaard Floer homology to balanced sutured 3–
manifolds.1 Subsequently, Kronheimer and Mrowka [56] constructed a sutured version
of U.2/–instanton Floer homology and monopole Floer homology, and embedded
contact homology was constructed by Colin, Ghiggini, Honda and Hutchings [10; 11]
and Kutluhan, Sivek and Taubes [60]. In particular, Kronheimer and Mrowka [57] used
sutured U.2/–instanton homology as the main ingredient to establish that Khovanov
homology detects the unknot. This invariant was also used to reprove Property P for
knots [56], and it lies at the core of a program that hopes to find a computer-free proof
of the famous four-color theorem; see Kronheimer and Mrowka [59]. The primary
motivation for this article is to extend U.N /–instanton Floer homology to sutured
manifolds for higher values of N.

1.1 Motivation

Fix an integer N � 2, and let K be a knot in an integral homology sphere Y . Also
let � denote an element of the knot group, �1.Y nK/, represented by a meridian of K :

Question 1.1 Does there exist a representation 'W �1.Y nK/ ! SU.N / with non-
abelian image such that

(1:2) '.�/D c

26664
1 0 � � � 0

0 � � � � 0
:::
:::
: : :

:::

0 0 � � � �N�1

37775
where � D e2�i=N, and c D e�i=N or c D 1 depending on whether N is even or odd?

1For the definition of balanced sutured 3–manifolds, see Definition 5.20.
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In the case that K is the unknot, the answer to the above question is clearly negative.
Note also that if for a knot K , there is a representation to SU.N / with the mentioned
properties, then there is also a desired representation from �1.Y nK/ to SU.lN / for
any positive integer l .

Suppose Y is a homotopy sphere2 and the answer to Question 1.1 for any nontrivial
knot K in Y is positive. A nonabelian representation ' satisfying (1.2) determines
a nontrivial representation of �1.†N .K// with †N .K/ being the N–fold cyclic
branched cover of Y , branched along K . This verifies the covering conjecture, which
asserts that †N .K/, for a nontrivial knot K , is not a homotopy sphere; see Kirby
[48, Problem 3.38]. A consequence of the covering conjecture is the Smith conjecture,
stating that a nontrivial knot is not the fixed-point set of an orientation-preserving
homeomorphism f W S3! S3 of order N ; see Kirby [48, Problem 3.38]. The cov-
ering conjecture and the Smith conjecture have both been proved by geometrization
techniques; see [67].

The sutured U.2/–instanton homology group SHI2� of Kronheimer and Mrowka [56]
can be employed to answer Question 1.1 affirmatively for N D 2 (and hence for
any even N ) and any nontrivial knot K .3 Associated to any knot K , there is a
sutured manifold .M.K/; ˛.K//, where M.K/ is the knot complement and ˛.K/
is the union of two oppositely oriented meridional curves. Kronheimer and Mrowka
proved that if the dimension of SHI2�.M.K/; ˛.K// is greater than 1, then there is
a nonabelian representation of the knot group of K that satisfies (1.2). Similar to
foliations, SHI2� also behaves well with respect to surface decomposition, and one
can inductively construct nontrivial elements of SHI2�.M.K/; ˛.K// after simplifying
.M.K/; ˛.K// by a series of sutured decompositions. In particular, the dimension of
SHI2�.M.K/; ˛.K// is at least two for a nontrivial knot K . It is also shown by Boden
and Friedl [5; 29] that if K is a knot with nontrivial Alexander polynomial, then the
answer to Question 1.1 is positive for infinitely many values of N. In light of the
success of SHI2� in addressing Question 1.1, it is natural to look for the generalization
of SHI2� for higher values of N.

The essential device in the definition of the sutured Floer homology group SHI2� is an
excision theorem for U.2/–instanton Floer homology; see Braam and Donaldson [8],

2By the Poincaré conjecture, this is equivalent to saying that Y D S3 . However, we are making this
assumption to show that our proposed approach does not require the Poincaré conjecture.

3The original notation for sutured U.2/–instanton homology is SHI� . Here we use the superscript 2
to indicate that this invariant is the sutured version of U.2/–instanton homology.
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Floer [28] and Kronheimer and Mrowka [56]. The proof of the excision theorem
is in turn based on Muñoz’s characterization of the structure of a U.2/–instanton
Floer homology group associated to the 3–manifold S1 �†, where † is a Riemann
surface [73]. Muñoz’s work borrows some results about the cohomology ring of the
moduli space of rank 2 stable bundles — see Baranovskiı̆ [3], King and Newstead [47],
Siebert and Tian [78] and Zagier [86] — which are not available for higher values of
the rank.

In the present paper, we establish an excision theorem for N D 3 using the relationship
between instanton Floer homology and generalizations of Donaldson invariants from
Kronheimer [52]. Roughly speaking, there is a .3C1/–dimensional topological quantum
field theory which associates U.N /–instanton Floer homology to 3–manifolds and
U.N / analogues of Donaldson polynomial invariants to closed 4–manifolds. This
relationship between U.2/–instanton Floer homology and polynomial invariants has
been extensively used to compute the invariants of 4–manifolds. In this paper, we first
use the TQFT structure to compute the U.3/–polynomial invariants of some families
of smooth 4–manifolds. Next, we work in the other direction, and use our knowledge
of U.3/–polynomial invariants to obtain a better understanding of certain U.3/–Floer
homologies. This allows us to prove the excision theorem and define a Floer homology
group SHI3� for sutured manifolds in the case that N D 3. Computations of generalized
polynomial invariants in the physics literature — see Mariño and Moore [64] — suggest
that our approach can be also exploited for higher values of N.

1.2 Statement of results

In his groundbreaking work [17], Donaldson defined polynomial invariants for a smooth
manifold X using the moduli space of anti-self-dual (ASD) connections on X. In
his work, X is simply connected, bC.X/ is an integer greater than 1, and the ASD
connections are assumed to be defined on an SU.2/–bundle E over X. Although
the assumption on bC.X/ is essential, the definition of polynomial invariants was
subsequently generalized to the case that X is not simply connected — see Kronheimer
and Mrowka [54] — and E is a U.N /–bundle — see Culler [12] and Kronheimer [52].
Polynomial invariants have been extensively studied in the case that N D 2. However,
there is not much known about these invariants for higher values of N.

For a smooth and connected 4–manifold X, suppose the algebra A.X/ is defined as

A.X/ WD Sym�.H0.X/˚H2.X//˝ƒ�.H1.X//;
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where Hi .X/ is computed with coefficients in C . Form the tensor product algebra
A.X/˝.N�1/ , and for ˛ 2 Hi .X/ and 2 � r � N, let ˛.r/ be the corresponding
element in the .r�1/st factor of A.X/˝.N�1/ . In the case that ˛ is the generator
of H0.X/, this element of A.X/˝.N�1/ is denoted by ar . We also define a grading
on A.X/˝.N�1/ such that for ˛ 2Hi .X/, the degree of ˛.r/ is equal to 2r � i . A
Hermitian vector bundle E of rank N on X is determined by its first and second
Chern classes. Suppose c1.E/ is represented by an embedded surface w in X and
c2.E/ŒX�D k . Then the U.N /–polynomial invariants associated to the bundle E are
given by a linear map,4

DNX;w;k W A.X/
˝.N�1/

!C:

For z 2A.X/˝.N�1/ , the complex number DN
X;w;k

.z/ is nonzero only if

(1:3) deg.z/D 4Nk� 2.N � 1/w �w� .N 2
� 1/1

2
.�.X/C �.X//:

Therefore, we will not lose any information if we combine these invariants as

(1:4) DNX;w WD
X
k

DNX;w;k :

A substantial part of the present paper is devoted to computing U.3/–polynomial
invariants of some families of algebraic surfaces. Our first result in this direction is the
following:

Theorem 1 Suppose X is a K3 surface. Then for any embedded oriented surface w
in X and any element z 2A.X/˝2 ,

(1:5) D3X;w.a
3
2z/D 27D3X;w.z/ and D3X;w.a3z/D 0:

Moreover, if � and ƒ are two elements of H2.X/, then

(1:6) D3X;w
��
1C 1

3
a2C

1
9
a22
�
� e�.2/Cƒ.3/

�
D e

1
2
Q.�/�Q.ƒ/:

In order to clarify the statement of the above theorem, the following remarks are in
order. The left-hand side of (1.6) is defined as

D3X;w
��
1C 1

3
a2C

1
9
a22
�
� e�.2/Cƒ.3/

�
WD

1X
iD0

1X
jD0

D3X;w
��
1C 1

3
a2C

1
9
a22
�
� i
.2/
ƒ
j

.3/

�
i Šj Š

:

4Our definition of U.N /–polynomial invariants slightly differs from Culler’s. See Section 2.1 for more
details.
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Theorem 1 asserts that the above series for a K3 surface is convergent, and the resulting
number is equal to e

1
2
Q.�/�Q.ƒ/ . Here Q denotes the intersection form of X. That

is to say, Q.�/ is the algebraic intersection number of � with itself. In general, the
intersection number of two homology classes � and � 0 is denoted by � �� 0. Since (1.6)
holds for all choices of � and ƒ, the dimension formula (1.3) allows us to compute
the following polynomial invariants for all choices of nonnegative integers i and j , an
integer k 2 f0; 1; 2g, and homology classes � and ƒ:

D3X;w.a
k
2�

i
.2/ƒ

j

.3/
/:

These invariants determine D3X;w.z/ for all z 2 A.X/˝2 , because the K3 surface
satisfies (1.5) and b1.X/D 0.

Our computation of the invariants of K3 surfaces motivates the following definition:
a smooth 4–manifold X with bC.X/ � 2 and b1.X/ D 0 has w–simple type with
respect to an embedded surface w if

(1:7) D3X;w.a
3
2z/D 27D3X;w.z/ and D3X;w.a3z/D 0

for all z 2A.X/˝2 . The 4–manifold X has simple type if it has w–simple type with
respect to any w in X. As in the case of the K3 surfaces, if X has simple type and
the series

yDX;w.e�.2/Cƒ.3// WD D3X;w
��
1C 1

3
a2C

1
9
a22
�
� e�.2/Cƒ.3/

�
is convergent for all choices of w and �;ƒ 2H2.X/, then these series determine all
polynomial invariants of X.

We can extend our calculation for the K3 surfaces to a larger family of complex surfaces.
Suppose that W.m; n/ is the blowup of CP1 �CP1 at the 4mn singular points of
the (complex) curve

B WD fp1; : : : ; p2mg �CP1[CP1 � fq1; : : : ; q2ng:

Let zB be the proper transform of B , and define X.m; n/ to be the branched double
cover of W.m; n/, branched along the smooth curve zB . The horizontal and vertical
fibrations of W.m; n/ by projective lines lift to two fibrations of X.m; n/ whose generic
fibers are denoted by fm�1 and fn�1 . The Riemann surface fi , for i 2 fm�1; n�1g,
has genus i . The complex surface X.2; 2/ is a K3 surface. More generally, X.m; 2/
is an elliptic surface without multiple fibers, which is usually denoted by E.m/; see
Gompf and Stipsicz [40].
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Theorem 2 The elliptic surface E.n/ has simple type. Moreover, there are rational
numbers „1 and „2 independent of n such that for any embedded surfaces w in E.n/
and �;ƒ 2H2.E.n//, the series yDE.n/;w.e�.2/Cƒ.3// is equal to

e
1
2
Q.�/�Q.ƒ/

�
„1 cosh.

p
3f ��/� 2„2 cos

�
�
2
3
�w �f C

p
3f �ƒ

��n�2
;

where f D f1 represents an elliptic fiber of E.n/. Furthermore, „1C„2 D˙1 for an
appropriate choice of the sign.

The constants „1 and „2 in Theorem 2 are respectively equal to 2
3

and 1
3

(work in
progress). The set of surfaces X.m; n/, as a set of smooth 4–manifolds, is closed with
respect to taking fiber sums.5 For example, we can take the fiber sum of X.m; n1/
and X.m; n2/ along the fiber fm�1 , and the resulting 4–manifold is diffeomorphic
to X.m; n1Cn2/. Given two embedded surfaces †1 �X.m; n1/ and †2 �X.m; n2/
which intersect a fiber in the same number of points, we can form a surface †1 #†2 �
X.m; n1Cn2/. Suppose H.m; n1; n2/�H2.X.m; n1Cn2// is the space of homology
classes generated by homology classes of the surfaces of the form †#†0. The following
theorem about X.m; 4/ is a consequence of Theorem 4.93 about the polynomial
invariants of fiber sums. In fact, Theorem 4.93 can be used to obtain similar results
about other surfaces in the family X.m; n/.

Theorem 3 For m� 3, let w �X.m; 4/ be an embedded surface which has the form
w1 #w2 for wi �X.m; 2/ and w �fm�1¤ 0 mod 3. Let K denote the canonical class
of X.m; 4/. Then there are rational numbers „3 and „4 , independent of m, such that
for �;ƒ 2H.m; 2; 2/ the series yDX.m;4/;w.e�.2/Cƒ.3// is convergent and is equal to

e
1
2
Q.�/�Q.ƒ/

�
1
2
„
2
1„
m�2
3 cosh.

p
3K ��/C 2„22„

m�2
4 cos

�
�
2
3
�w �KC

p
3K �ƒ

��
;

where „1 and „2 are the constants of Theorem 2.

We do not attempt to find the undetermined constants „3 and „4 here. We also
believe that X.m; 4/ has simple type, and the above theorem holds for any choice of
w �X.m; 4/ and homology classes � and ƒ. But the current version of the theorem
is sufficient for our 3–dimensional applications.

The algebraic surfaces in Theorems 1, 2 and 3 are representatives of surfaces with
different possible finite Kodaira dimensions. K3 surfaces, elliptic surface E.n/ with
n � 3 and X.m; 4/ for m � 3 have Kodaira dimensions 0, 1 and 2, respectively.

5See Section 3.3 for a review of the definition of fiber sums.
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Theorem 1 shows that the U.3/–polynomial invariants of a K3 surface associated to
homology classes � and ƒ are determined by the self-intersection of these homology
classes. On the other hand, for the U.3/–polynomial invariants of E.n/ and X.m; 4/
we also need the pairing of � and ƒ with the canonical class. Recall that the first
Chern class of the canonical classes of E.n/ and X.m; 4/ are represented by .n�2/f
and .m� 2/f3C 2fm�1 , respectively.

In Section 3, we introduce various Floer homology groups associated to the 3–manifolds
S1�†, and explain how these vector spaces admit ring structure. We also characterize
the vector space structure on these Floer homology groups. Theorems 2 and 3 allow us
to obtain further information about the ring structure of these rings. In particular, in
Proposition 5.7, which plays an essential role for us, we construct certain elements of
Floer homology groups of S1 �† that interact nicely with the ring structure. We use
these elements to obtain an excision theorem for U.3/–instanton Floer homology. With
the aid of this excision theorem, we construct the promised sutured Floer homology
SHI3� , following the approach of Kronheimer and Mrowka [56]. This sutured Floer
homology group has the following property:

Theorem 4 For a knot K in a homology sphere Y , suppose that the dimension of
SHI3�.M.K/; ˛.K// is greater than 1. Then there is a nonabelian representation of
�1.Y nK/ into SU.3/ that satisfies the holonomy condition (1.2) for N D 3.

This is established by Corollary 5.34. We conjecture that dim.SHI3�.M.K/; ˛.K// > 1
for any nontrivial knot K in a homology sphere Y such that Y nK is irreducible. This
answers Question 1.1 affirmatively for N D 3 and any nontrivial knot K in an integral
homology sphere Y (without the irreducibility assumption on Y nK ). We hope to
come back to this conjecture elsewhere.

1.3 Outline of contents

Section 2 gives a review of the moduli spaces of anti-self-dual connections on 4–
manifolds (possibly with boundary) and U.N /–polynomial invariants. This section
also contains a nonvanishing theorem for U.N /–polynomial invariants of algebraic
surfaces. The second half of Section 2 discusses how the U.3/–polynomial invariants
behave in the presence of negative embedded spheres. In particular, we recall the
results of Culler’s thesis [12] about the blowup formula for U.3/–polynomial invariants
and discuss how this formula can be simplified for smooth 4–manifolds with simple
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type. Section 3 deals with various Floer homology groups which appear in this paper.
After giving an exposition of U.N /–instanton Floer homology, we study various Floer
homologies of †�S1 where † is an oriented surface. We also discuss a generalization
of U.N /–instanton Floer homology, which is known as Fukaya–Floer homology in the
case that N D 2.

The Floer homology groups of Section 3 are our main tools in computing U.3/–
polynomial invariants of several complex surfaces in Section 4. In particular, the proofs
of Theorems 1, 2 and 3 are given in this section. In Section 4, we also study the
behavior of U.3/–polynomial invariants with respect to fiber sum. In Section 5, we
prove our excision theorem and define the sutured Floer homology group SHI3� . To
make the exposition of the paper more comprehensible, we postpone providing proofs
for technical results in Sections 2 and 3 until Section 6. These results are proved by
gluing theory of the moduli spaces of anti-self-dual connections. Section 7 concerns
various questions and conjectures which naturally arise from our work on this paper.

All manifolds in this paper are smooth and oriented. Given such a manifold X, we
will write Hi .X/ and H i .X/ for the homology and cohomology groups of X with
complex coefficients. If we need to work with another coefficient ring R , then we use
the notation Hi .X;R/ and H i .X;R/. Our main results for this paper concern U.3/–
polynomial invariants and U.3/–instanton Floer homologies. However, we believe that
our method for the construction of SHI3� should work for arbitrary N. Therefore, we
try to state our results for general N, when it is possible.

Acknowledgements We thank Lucas Culler, Simon Donaldson, Peter Kronheimer,
Claude LeBrun and Tomasz Mrowka for helpful conversations. We are thankful to
Victor Mikhaylov for verifying that our definition of the simple type condition matches
the predictions from the physics literature. We also appreciate the referee’s close
reading of the paper and helpful comments about the exposition of the paper. We are
very grateful to the Simons Center for Geometry and Physics for providing a stimulating
environment while we were working on this project.

2 Higher rank bundles and polynomial invariants

2.1 U.N/–polynomial invariants

In this section, we review the definition of U.N /–polynomial invariants of 4–manifolds
based on [52; 12]. For N D 2, there is an extensive literature on the subject (see, for
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example, [17; 20; 68; 54]). For higher values of N, these invariants were first defined
in [64] by the methods of quantum field theory. A rigorous definition of polynomial
invariants for higher rank bundles is given in [52]. As we mentioned earlier, the
polynomial invariants of a 4–manifold X are homomorphisms defined on the algebra
A.X/˝.N�1/ . In [52], the polynomial invariants are defined only on the subalgebra

A.X/˝ 1˝ � � �˝ 1:

Kronheimer’s definition was subsequently generalized to the algebra A.X/˝.N�1/

in [12]. The construction of Fukaya–Floer homology in Section 6.3 is based on Culler’s
modification of U.N /–polynomial invariants in [12]. Therefore, we attempt to give
enough background on his treatment to motivate the construction of U.N /–Fukaya–
Floer homology.

Suppose X is a smooth, closed, oriented and connected 4–manifold, w is an oriented
embedded surface in X, and k is an integer. Then there is a U.N /–bundle P, unique
up to isomorphism, over X such that c1.P /D P:D:Œw� and c2.P /ŒX�D k . An explicit
construction of this U.N /–bundle can be given as follows. Suppose D.w/ is a regular
neighborhood of w in X whose boundary is denoted by S.w/. Then we can consider
a Hermitian line bundle on D.w/ which is trivialized on S.W / and whose relative
first Chern class is given by the Thom class of the disc bundle D.w/. By extending
the trivialization to the complement of D.w/, we obtain a Hermitian line bundle Lw
where c1.Lw/D P:D:Œw�. The direct sum of Lw and the trivial bundle CN�1 defines
a U.N /–bundle P0 on X with c2.E0/ŒX� D 0 and c1.E0/ D c1.Lw/. Next, fix a
U.N /–bundle on the 4–dimensional ball D4 which is trivialized on the boundary
and whose relative second Chern class is given by k P:D:Œpt�. Removing a ball from
XnD.w/ and gluing the above ball gives rise to the same 4–manifold. We can also
use the trivializations to glue the U.N /–bundle on D4 to P0 and produce a U.N /–
bundle P such that c1.P /D P:D:Œw�, c2.P /ŒX�D k and the determinant bundle of P
is identified with Lw .

A 2–cycle w in a closed 4–manifold is a union of embedded closed surfaces in X.
We can apply the construction of the previous paragraph to obtain a Hermitian line
bundle Lwi for each connected component wi of w . Then we can replace Lw in
the previous paragraph with the tensor product of the line bundles Lwi and produce a
U.N /–bundle P with c1.P /D P:D:Œw� and c2.P /ŒX�D k . The topological energy
of P is defined to be

� WD k�
N�1

2N
w �w:
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Thus the bundle P is determined by the pair .�; w/ up to a canonical isomorphism.
We say a closed 2–cycle w in X is coprime to N if there is an embedded oriented
surface †�X such that the intersection number w �† is coprime to N.

Suppose P is a U.N /–bundle on a closed 4–manifold determined by a pair .�; w/.
Fix an integer l � 3 and an arbitrary smooth connection B0 on Lw . Let A�.X;w/
be the space of L2

l
connections on P whose induced connections on det.P /D Lw

are each equal to B0 . If su.P / is the bundle associated to the conjugation action
of U.N / on the Lie algebra su.N / of SU.N /, then A�.X;w/ is an affine space
modeled on the Banach space L2

l
.X; su.P /˝ƒ1/. We will also write G�.X;w/ for

the space of L2
lC1

automorphisms of P whose fiberwise determinant is equal to 1.
Then G�.X;w/ forms a Banach Lie group with Lie algebra L2

lC1
.X; su.P //. This

Lie group acts on A�.X;w/, and the quotient space is denoted by B�.X;w/. We
will write ŒA� for an element of B�.X;w/ represented by a connection A. The center
of the Lie group U.N / induces a finite subgroup of G�.X;w/. If this subgroup is
the stabilizer of a connection A, then A is an irreducible connection. Otherwise, the
connection A is called reducible. The space of irreducible connections on P is denoted
by A��.X;w/, and we will write B�� .X;w/ for the quotient space.

Fix a Riemannian metric on X and let � denote the associated Hodge operator on
differential forms of X. Then � defines an involution on the space of 2–forms on X,
and 2–forms in the 1–eigenspace (respectively, .�1/–eigenspace) are called self-dual
(respectively, anti-self-dual). A connection A2A�.X;w/ is anti-self-dual if it satisfies

(2:1) FC0 .A/D 0;

where F0.A/ denotes the projection of the curvature of A to the space su.P /, and
FC0 .A/ is the self-dual part of F0.A/. In other words, the connection induced by A
on the associated PU.N /–bundle to P has anti-self-dual curvature. Equation (2.1)
is invariant with respect to the action of G�.X;w/ and the quotient space of ASD
connections is denoted by M�.X;w/.

The local behavior of the moduli space M�.X;w/ around an element ŒA� is governed
by the following elliptic complex, denoted by DA :

(2:2) L2lC1.X; su.P //
dA
�! L2l .X; su.P /˝ƒ

1/
d
C

A
�! L2l�1.X; su.P /˝ƒ

C/;

where ƒC denotes the bundle of self-dual forms on X. The i th cohomology group of
this complex is denoted by H i

A . The connection A is irreducible if and only if H 0
A is
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trivial. We say A is regular if H 2.A/ is trivial. If A is an irreducible and regular ASD
connection, then in a neighborhood of ŒA�, the moduli space is a smooth manifold of
the same dimension as H 1

A . In this case, the dimension of H 1
A is given explicitly by

(2:3) 4N� � .N 2
� 1/1

2
.�.X/C �.X//:

In general, the index of the elliptic complex DA is given by (2.3).

The ASD equation (2.1) can be perturbed by changing the metric on X. Holonomy
perturbations determine another useful family of perturbations of the ASD equation
[16; 80; 27; 19; 52; 58]. By abuse of notation, a solution of the perturbation of the
ASD equation by a holonomy perturbation is still called an ASD connection, and the
moduli space of the solutions of the perturbed equation is still denoted by M�.X;w/.
Suppose w is coprime to N and bC.X/� 1. Then for a generic choice of the metric
on X and a small holonomy perturbation the moduli space M�.X;w/ consists of
only irreducible and regular connections [52]. Therefore, the moduli space is a smooth
manifold whose dimension is given by (2.3). This manifold is also orientable and in the
case that N is odd [52], a canonical choice of orientation can be fixed. If N is even,
to fix an orientation of the moduli space, we need an orientation of the determinant
line of the elliptic operator

dC˚ d�W L2l .X;ƒ
1/! L2l�1.X;ƒ

C/˚L2l�1.X/:

Such an orientation of the determinant line is called a homology orientation of X. The
U.N /–polynomial invariants of X are given by integrating appropriate cohomology
classes on M�.X;w/.

The pullback of P to the product space A�.X;w/�X admits an action of G�.X;w/
which lifts the obvious action on the base. The quotient space defines a PU.N /–
bundle P over B�� .X;w/�X, called the universal bundle associated to P. In general, P

cannot be lifted to an SU.N /–bundle. However, we can define Chern classes of P as
rational cohomology classes of B�� .X;w/�X, because the rational cohomology groups
of the classifying spaces BPU.N / and BSU.N / are isomorphic [7]. With a slight
abuse of notation, we will denote the i th Chern class of P with ci .P / for 2� i �N.

The slant product of the Chern classes of the universal bundle and the homology classes
of X gives rise to cohomology classes of B�� .X;w/. This construction can be used to
define an algebra homomorphism,

(2:4) �W A.X/˝.N�1/!H�.B�� .X;w//;
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which is the unique algebra homomorphism that satisfies the property

(2:5) �.˛.r//D .�1/
rcr.P /=˛:

Our convention for the definition of � slightly differs from that of [12] where .�1/r

does not appear in the definition of �.˛.r//.

Let the 2–cycle w be coprime to N, and arrange a metric and a small holonomy
perturbation such that the resulting moduli space consists of irreducible and regular
points. We will temporarily write M�.X;w; �0/ for the moduli space to emphasize
the dependence on �0 , which denotes the metric and the holonomy perturbation. If N
is even, fix a homology orientation for X. Then M�.X;w; �0/ can be canonically
oriented. Let d Ddim.M�.X;w; �0//, and fix z 2A.X/˝.N�1/ such that deg.z/Dd .
If the moduli space M�.X;w; �0/ is compact, then we can evaluate �.z/ with respect
to the fundamental class of M�.X;w; �0/ and obtain a number DN

X;w;k
.z/. (Recall

that k is the second Chern number of P.) We wish to show that this number does not
depend on �0 , the metric and the holonomy perturbation. Suppose �1 is another choice
of a metric and a small holonomy perturbation avoiding reducible and irregular points.
If bC.X/ � 2, then we can find a path f�tg0�t�1 of metrics and small holonomy
perturbations such that the 1–parameter family of moduli spaces

(2:6)
[
t

M�.X;w; �t /

is a smooth manifold of dimension dC1. Because the class �.z/ can be pulled
back to (2.6), Stokes’ theorem implies that �0 and �1 give rise to the same num-
ber DN

X;w;k
.z/, assuming (2.6) is also compact. However, M�.X;w; �0/ and the

1–parameter family of moduli spaces are not compact in general and we need to pursue
a geometric approach to define the evaluation of �.z/ on M�.X;w; �0/.

Uhlenbeck compactification of the moduli space M�.X;w/ compensates for the
noncompactness of this space. Suppose fŒAn�g is a sequence of the elements of
M�.X;w/. Then there is a multiset x of m points in X and a connection A1 2
M��m.X;w/ such that, after passing to a subsequence, .hn/�.An/ is Lp1 –convergent
to A1 on Xnx for any given real number p [52, Proposition 11]. Here hn is an
isomorphism from the U.N /–bundle carrying An to the U.N /–bundle carrying A1 ,
which is defined only on Xnx and whose determinant does not depend on n.

Another key input is that P can be replaced with a Hermitian vector bundle [12].
Consider the standard representation of SU.N / on CN. The tensor product SU.N /–
space .CN /˝N induces a representation of the group PU.N /. Therefore, we can
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associate a vector bundle E of rank NN to P. We call E the universal complex
vector bundle. The Chern class ci .P / can be written as a polynomial in terms of Chern
classes cj .E/ for 2� j � i . For example, c2.P / is equal to .1=NN /c2.E/. Therefore,
it suffices to define DN

X;w;k
.z/ for the elements z 2A.X/˝.N�1/ such that

(2:7) �.z/D ci1.E/=˛1 � � � cim.E/=˛m for 2� ij �N:

In order to define this polynomial invariant, let †i be a submanifold of codimension at
least 2 which represents the homology class ˛i .

The Chern classes of a vector bundle V of rank r over a manifold M can be represented
by stratified subspaces of M. The vector bundle Hom.Cr�iC1; V / is stratified by rank.
If s is a generic section of V , then

(2:8) Ni WD fx 2M j rank.s.x//� r � ig

is a stratified subspace of M with strata of even codimension. Therefore, the funda-
mental class of Ni determines a well-defined homology class which is the Poincaré
dual of ci .V /.

In order to define DN
X;w;k

.z/ for z in (2.7), fix an open neighborhood �.†j / of the
submanifold †j such that the inclusion of this open set in X induces a surjective map
of fundamental groups. The unique continuation theorem implies that if the holonomy
perturbation in the definition of M�.X;w/ is small enough, then the restriction of any
element of this moduli space to �.†j / is irreducible [52]. We also assume that �.†j /
and �.†k/ intersect only if †j and †k are embedded surfaces and each point of X
lies on at most two such open neighborhoods. Analogous to E, we can form a vector
bundle Ej of rank NN on B�.�.†j //� �.†j /. In order to produce a representative
for cij .Ej /, we form the bundle Hom.CNN�ijC1;Ej /, and form a subspace Vij .†j /
of B�.�.†j //� �.†j / as in (2.8).

The vector bundles E and Ej are related to each other. The pullback of Ej with respect
to the restriction map rj WM�.X;w/�†j ! B�.�.†j //� �.†j / is the restriction of
the bundle E. This suggests that DN

X;w;k
.z/ can be defined as the signed count of the

points in the cut-down moduli space

N�.X;wIz/ WD
˚
.ŒA�;x1; : : : ;xm/2M�.X;w/�†1�����†m j rj .ŒA�;xj /2Vij .†j /

	
:

For a generic choice of Vij .†j /, the cut-down moduli space N�.X;wI z/ is a compact
0–dimensional space, and the orientation of M�.X;w/ fixes a sign on each point of
this space [52; 12]. The compactness of N�.X;wI z/ is a consequence of Uhlenbeck
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compactification using a standard counting argument [17; 20; 52; 12]. Counting the
points of the cut-down with respect to the associated signs defines a number which
only depends on the homology class of †1; : : : ; †m , and this dependence for each
homology class is linear. If bC.X/� 2, we can adapt the geometric counting argument
to the moduli space (2.6), and show that the invariant DN

X;w;k
does not depend on the

choice of the metric on X and the holonomy perturbation of the ASD equation.

There is also a standard trick which allows us to define DN
X;w;k

in the case that w is
not coprime to N. Suppose yX denotes the blowup of X at an arbitrary point. Suppose
also E is the exceptional sphere of yX. Then the cycle wCE is coprime to N. In the
non-coprime case, define

DNX;w;k.z/ WD DN
yX;wCE;k

.EN�1.2/ z/:

In the case that w is already coprime, the above definition turns into an identity which
is proved in [52].

The invariant DN
X;w;k

.z/ is defined to be zero if deg.z/ is not equal to the dimension
of M�.X;w/. For a fixed 2–cycle w in X, the moduli spaces of ASD connections
appear in different dimensions whose values mod 4N are constant. We use (1.4) to
define DNX;w.z/, which is called the U.N /–polynomial invariant of .X;w/ evaluated
at z . This number is nonzero only if

deg.z/� 2.N C 1/w �w� .N 2
� 1/1

2
.�.X/C �.X// mod 4N:

In particular, if N is an odd integer, the invariant DNX;w.z/ vanishes for the classes z
such that deg.z/ is not divisible by 4.

There are relationships among the polynomial invariants of X associated to different
2–cycles. If w and w0 are two 2–cycles in X, then

(2:9) DNX;wCNw 0.z/D .�1/
cw 0�w 0 DNX;w.z/;

where c is zero if N is odd or divisible by 4, and is equal to 1 if N is 2 mod 4. The
invariants associated to the 2–cycle w and the same 2–cycle with the reverse orientation,
denoted by �w , are also related. As explained in [52], there is a diffeomorphism from
M�.X;w/ to M�.X;�w/. This diffeomorphism is orientation-preserving if N is odd,
and changes the orientation by the factor of .�1/w �w if N is even. The diffeomorphism
lifts to an antilinear isomorphism of the universal complex vector bundles. Therefore,

(2:10) DNX;�w.z/D .�1/
.N�1/w �w DNX;w.�.z//;
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where � W A.X/˝.N�1/!A.X/˝.N�1/ is the algebra homomorphism that maps ˛.r/
to .�1/r˛.r/ .

Suppose �2; : : : ; �N are elements of H2.X/ and z 2A.X/˝.N�1/ . To avoid the con-
vergence issue, we define DNX;w.ze�

2
.2/
C���C�N

.N// in a slightly different way compared
to the introduction:

DNX;w.ze�
2
.2/
C���C�N

.N// WD
X

0�i2;:::;iN<1

DX;w.z.�2.2//
i2 � � � .�N

.N/
/iN /

i2Š � � � iN Š
t
i2
2 � � � t

iN
N ;

where ti is a formal variable. Therefore, the U.N /–series DNX;w.ze�
2
.2/
C���C�N

.N// is
an element of the ring of formal power series CŒŒt2; : : : ; tN ��. We can also define an
element of CŒŒt2; : : : ; tN �� for linear functionals f2; : : : ; fN W H2.X/!C and a power
series g.x/D

P1
iD0 bix

i :

(2:11) g.f2.�
2/C � � �CfN .�

N // WD

1X
iD0

bi .f2.�
2/t2C � � �CfN .�

N /tN /
i :

We use a similar convention in the case that fi are homogeneous polynomials of higher
degree (eg the intersection form Q). These conventions allow us to rephrase Theorems
1, 2 and 3 in terms of the identities of the elements of CŒŒt2; t3��.

Remark 2.12 Suppose X is a 4–manifold with bC.X/ D 1. For a generic metric
and for small holonomy perturbations the moduli spaces M�.X;w/ contains only
irreducible connections. For each such choice of metric, we can apply the construction
of this section to define a U.N /–polynomial invariant DNX;w. However, this polynomial
invariant depends on the choice of the metric, because a 1–parameter family of moduli
spaces as in (2.6) might have reducible connections. As a result, the space of metrics
on X can be divided into chambers such that DNX;w is constant only inside the interior
of each chamber. Such polynomial invariants have been studied for N D 2 in [50; 51].

2.2 Cylindrical ends and moduli spaces

One of the important themes of this article is the interplay between gauge theory on
3–manifolds and 4–manifolds. One can see the interaction by considering the analogues
of the geometrical objects from the previous subsection on 4–manifolds with boundary.
Suppose W is a 4–manifold with boundary Y , and fix a metric which is a product
metric in a collar neighborhood of Y . A smooth 2–cycle in W is a properly embedded
2–dimensional submanifold of W . A 2–cycle w in W is a union of smooth 2–cycles
in W whose boundary determines a smooth 1–manifold 
 � Y . We will say that the
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boundary of the pair .W;w/ is the pair .Y; 
/. We also form a pair of noncompact mani-
folds .W C; wC/ by adding the cylindrical ends Œ0;1/�Y and Œ0;1/�
 to W and w .

As in the previous part, we can associate a U.N /–bundle Q to the pair .Y; 
/. This
U.N /–bundle is trivialized on the complement of a regular neighborhood D.
/ of 
 ,
and its relative first Chern class on D.
/ is given by the Thom class. We will also
write L
 for the determinant bundle of Q . Similar to the 4–dimensional case, let
B.Y; 
/ be the space of equivalence classes of connections on Q whose determinants
are equal to a fixed connection on L
 . Given ˛ 2B.Y; 
/, the stabilizer of a connection
representing ˛ is denoted by �˛ . The element ˛ is irreducible if �˛ is equal to the
center of SU.N /. The bundle Q can be extended to a U.N /–bundle P on W using
the 2–cycle w . The bundle P also determines in an obvious way a U.N /–bundle
on W C , which will be also denoted by P.

Fix an element ˛ 2 B.Y; 
/, and let A0 and A1 be two connections on P whose
restrictions to the end Œ0;1/�Y are the pullback of representatives of ˛ . Then we
say A0 and A1 represent the same path if there is an automorphism g of P with
determinant 1 such that g�.A1/�A0 is a compactly supported 1–form. The equivalence
class of a connection under this equivalence relation is called a path along .W;w/
based at ˛ . The topological energy of a path p represented by a connection A is
defined by the following Chern–Weil integral:

�.p/ WD
1

16N�2

Z
WC

tr
�
ad.F.A//^ ad.F.A//

�
:

Here ad.F.A// is regarded as a 2–form with coefficients in End.su.P //. The prod-
uct ^ in the integrand is induced by the wedge product of differential forms and
composition of the elements of End.su.P //. The above integral is independent of the
chosen connection A and only depends on p . The constant in front of the integral
is chosen such that if p is replaced by another path p0 based at ˛ , then the energy
changes by an integer.

An important special case for us is the cylinder manifold W D Œ0; 1��Y . Fix connections
˛; ˇ 2 B.Y; 
/ and let p be a path along .Œ0; 1� � Y; Œ0; 1� � 
/ based at ˛ and ˇ
on f0g �Y and f1g �Y . Then p induces a path, in the ordinary sense, from ˛ to ˇ
in B.Y; 
/. The topological energy of the path p defines a number whose value, up to
an integer, depends only on ˛ and ˇ . Therefore, we can fix ˇ0 2 B.Y; 
/ and define a
functional CSW B.Y; 
/!R=Z, called the Chern–Simons functional, where CS.˛/ is
equal to the topological energy of any path from ˛ to ˇ0 . Since ˇ0 is chosen arbitrarily,
CS is well defined only up to a constant. But in the case that 
 is empty, the trivial

Geometry & Topology, Volume 24 (2020)



66 Aliakbar Daemi and Yi Xie

connection ‚ gives a canonical choice of ˇ0 . Critical points of the Chern–Simons
functional are represented by connections A on Q such that

F0.A/D 0:

A critical point ˛ 2B.Y; 
/ is called nondegenerate if the Hessian of the Chern–Simons
functional is nondegenerate at ˛ .

Suppose ˛ is a nondegenerate critical point of the Chern–Simons functional. Suppose
also A0 is a connection on W C that represents a path p based at ˛ . Then Ap.W;wI˛/
is the space of connections

Ap.W;wI˛/ WD fA0C a j a 2 L2l;ı.W; su.P /˝ƒ
1/g;

where l � 3, ı is a small positive number, and L2
l;ı
.W; su.P // is a weighted Sobolev

space defined as follows. Let t be a function on W C that agrees with the cylindrical
coordinate on the end of W C . For a vector bundle E on W and a positive constant ı ,
the Banach space L2

l;ı
.W;E/ is defined as e�ıtL2

k
.W C; E/. Suppose Gp.W;wI˛/

is also defined as

Gp.W;wI˛/ WD fg 2 Aut.P / j det.g/D 1; rA0g 2 L
2
l;ı.W; su.P /˝ƒ

1/g:

Then Gp.W;wI˛/ is a Banach Lie group. This group acts on Ap.W;wI˛/ and the
quotient space is denoted by Bp.W;wI˛/. The space of elements ŒA� 2 Bp.W;wI˛/
such that FC0 .A/D 0 forms the moduli space of ASD connections associated to the
path p . This moduli space is denoted by Mp.W;wI˛/.

It is useful to form a framed version of the moduli space of ASD connections. Any
gauge transformation in Gp.W;wI˛/ is asymptotic to an element of �˛ . Define the
framed gauge group G0p.W;wI˛/ to be the subspace of the elements of G0p.W;wI˛/
which are asymptotic to the trivial element of �˛ . The framed gauge group is also
a Banach Lie group and its Lie algebra can be identified with L2

lC1;ı
.W; su.P //.

We write zBp.W;wI˛/ for the quotient of Ap.W;wI˛/ with respect to the action
of G0p.W;wI˛/. The set of the elements of zBp.W;wI˛/ which satisfy the ASD
equation is called the framed (or based) moduli space of ASD connections associated
to p and is denoted by �Mp.W;wI˛/.

There is an important relationship between the ASD equation and the Chern–Simons
functional. We can define an inner product on B.Y; 
/ using

ha; bi WD �
1

16N�2

Z
Y

tr.ad.a/^� ad.b// for a; b 2�1.Y; su.P //;
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where tr is defined using the trace on End.su.N //. Suppose f˛.t/gt2Œ0;1� is a path
in B.Y; 
/. This path defines a trajectory of the downward gradient flow of CS with
respect to the above metric if it satisfies

(2:13) d˛.t/

dt
D��F0.˛.t//:

The path f˛.t/g determines a connection A, in temporal gauge, on Œ0; 1��Y , and (2.13)
is equivalent to the ASD equation FC0 .A/D 0. This relationship between the ASD
equation and the Chern–Simons functional allows us to conclude from nondegeneracy
of the critical points of CS that the moduli spaces �Mp.W;wI˛/ are analytically well
behaved.

The local behavior of the framed moduli space �Mp.W;wI˛/ around an element ŒA�
is modeled by the following elliptic complex:

(2:14) L2lC1;ı.W; su.P //
dA
�! L2l;ı.W;ƒ

1
˝ su.P //

d
C

A
�! L2l�1;ı.W;ƒ

C
˝ su.P //:

This complex is Fredholm and its homology groups are denoted by H 0
A , H 1

A and H 2
A .

Then H 0
A D 0, and the element ŒA� is called regular if H 2

A is also trivial. In this case,�Mp.W;wI˛/ is smooth in a neighborhood of A, and H 1
A gives a model for the tangent

space of the framed moduli space at ŒA�. Therefore, the index of the above complex
for a (not necessarily regular) ASD connection A is called the expected dimension
of �Mp.W;wI˛/ and is denoted by dime. �Mp.W;wI˛//.

We slightly generalize the above discussion to include the case of 4–dimensional
cobordisms. A cobordism W W Y0 ! Y1 is a 4–manifold with boundary Y0 q Y1 .
We also assume that a 2–cycle wW 
0! 
1 in W is given, and P is the associated
U.N /–bundle. Suppose also that ˛0 and ˛1 are flat connections on Y0 and Y1 and
that p is a path along .W;w/ from ˛0 to ˛1 . As before, we assume that ˛0 and ˛1
are nondegenerate. In this case, W C, Bp.W;wI˛0; ˛1/ and Mp.W;wI˛0; ˛1/ are
defined as in the previous case by regarding W as a 4–manifold with boundary.
However, there is an alternative elliptic complex that one can associate to the elements
of Mp.W;wI˛0; ˛1/. Suppose W C is the Riemannian 4–manifold given by adding
cylindrical ends to W . In this case, we identify the cylindrical end corresponding to
the incoming end with .�1; 0��Y0 . As in the previous case, suppose t is a function
on W C that agrees with the cylindrical coordinates on the ends and define L2

l;ı
.W;E/.

Therefore, an element of L2
l;ı
.W;E/ is allowed to have exponential growth on the

incoming end and it is forced to have an exponential decay on the outgoing end.
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For ŒA� 2 Bp.W;wI˛0; ˛1/, the ASD operator DA is defined by

(2:15) d�A ˚ d
C

A W L
2
l;ı.W;ƒ

1
˝ su.P //! L2l�1;ı.W; .ƒ

0
˚ƒC/˝ su.P //:

The operator DA is elliptic, and the excision property of elliptic operators shows that
the index of DA is additive with respect to composition of cobordisms [19, Section 3.3].
It can be computed explicitly using the Atiyah–Patodi–Singer index theorem [81; 70]:

(2:16) index.DA/

D 4N�.p/�.N 2
�1/

�.W /C�.W /

2
C

X
iD0;1

.�1/i
h0.Yi I ad˛i /��ad˛i

.Yi /

2
;

where h0.Yi I ad˛i / denotes the dimension of H 0.Yi I ad˛i /. Moreover, for a flat
connection a on a vector bundle V over Y , �a is the Atiyah–Patodi–Singer �–invariant
of a [2]. As an example, let �j be a U.1/–connection on L.a; b/ whose holonomy
around the standard generator of �1.L.a; b// is equal to e2�ij=a . It is shown in [2] that

(2:17) ��j .L.a; b//D�
4

a

a�1X
kD1

cot
�
�k

a

�
cot
�
�kb

a

�
sin2

�
�kj

a

�
:

Suppose a 4–manifold W is regarded as a cobordism from the empty 3–manifold to the
boundary of W . Then dime. �Mp.W;wI˛// is equal to index.DA/C h0.˛/ where A
is a connection that represents the path p .

In the case of a cylinder Œ0; 1��Y , the ASD operator can be used to define a relative
Z=4NZ–grading on critical points of the Chern–Simons functional associated to a
pair .Y; 
/. Fix an arbitrary critical point ˇ0 of CS, and let ˛ be another critical point
of CS. Let the connection A represent an arbitrary path p from ˛ to ˇ0 . Then the
Floer grading of ˛ , denoted by deg.˛/, is defined to be index.DA/ mod 4N. Since
the choice of ˇ0 is arbitrary, this grading only gives rise to a relative Z=4NZ–grading.
In the case that 
 is empty, we can make this grading absolute by requiring ˇ0 D‚.
In this case, we can invoke the index formula (2.16) to compute deg.˛/ as follows:

(2:18) deg.˛/� 4N �CS.˛/� 1
2
.N 2
� 1/C 1

2
.h0.Y I ad˛/� �ad˛ .Y // mod 4N:

Analogous to the case of closed 4–manifolds, we can avoid nonregular points in
Mp.W;wI˛/ by perturbing the ASD equation. Suppose ˛ is irreducible and nonde-
generate. Then there are small holonomy perturbations of the ASD equation, supported
in Œ0; 1��Y �W C , such that the resulting moduli spaces consist of regular points [58].
Alternatively, if bC.X/� 2 and w is coprime to N, then we can arrange for a small
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perturbation of the ASD equation such that the moduli spaces Mp.W;wI˛/, for
arbitrary ˛ and p with �.p/ bounded, are regular [52]. In the case that Mp.W;wI˛/

consists of only regular points, it is an orientable smooth manifold.

In general, the critical points of the Chern–Simons functional might not be nondegen-
erate. Suppose that all critical points of the Chern–Simons functional associated to a
pair .Y; 
/ are irreducible. Then, CS can be also perturbed by appropriate perturbations
such that the critical points of the resulting functional are irreducible and nondegenerate
[58, Proposition 3.10]. The perturbations used in [58] are also defined in terms of the
holonomies of connections on Y . Suppose CS� is such a perturbation of CS by a small
holonomy perturbation and ˛ is a critical point of CS� . Suppose also .W;w/ is a pair
whose boundary is equal to .Y; 
/. The negative-gradient flow line of CS� determines
a perturbation of the ASD equation on the end Œ0;1/�Y of W C . This perturbation
can be extended to W C so that the corresponding moduli space contains only regular
points [58]. As in the previous case, the elliptic operator (2.15) can be used to study the
local behavior of the moduli spaces. In particular, in the case of a cylinder, the index
of DA can be used to define a relative Z=4NZ–grading on the critical points of CS� .

2.3 Nonvanishing theorem for algebraic surfaces

For a complex projective surface, the moduli spaces of ASD connections can be
identified with the moduli spaces of stable bundles with fixed determinant [15]. Stable
bundles have been studied extensively using various techniques in algebraic geometry.
Thus one can use algebrogeometric methods to extract information about the polynomial
invariants of a complex projective surface. For example, the following theorem about
nonvanishing of U.N /–polynomial invariants of algebraic surfaces is a generalization
of Donaldson’s celebrated theorem about U.2/–invariants [17; 20]:

Theorem 2.19 Suppose X is a complex projective surface with positive geometric
genus, h is a hyperplane class (or equivalently a very ample class), and w is a 2–cycle
representing c1 of a holomorphic line bundle L. Suppose also w is coprime to N.
Then

DNX;w.h
d
.2// > 0

when d is large enough and

d � .N C 1/w �w� .N 2
� 1/1

4
.�.X/C �.X// mod 2N:
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Proof Let MN
� .X;L/ be the moduli space of stable bundles with rank N, determi-

nant L, and energy � . We first review the proof of the nonvanishing theorem in the
rank 2 case. In this case, the key idea is to find a projective embedding of M 2

� .X;L/

and then interpret the polynomial invariant D2X;w.h
d
.2/
/ as a multiple of the degree of

the moduli space. The main steps of the proof can be summarized as follows:

(1) Suppose C is an algebraic curve and N .C; d/ is the moduli space of stable bundles
of rank 2 and degree d on C. Then there is a projective embedding of N .C; d/ into
a projective space P .W / [36]. Moreover, this projective embedding is given by the
sections of a large power Ld of the determinant line bundle over N .C; d/ [20].

(2) For any stable bundle E 2M 2
� .X;L/, there is a p0 such that if C �X is a generic

curve in the linear system jO.p/j, for p � p0 , then the restriction of E to C is also
stable [66]. Using this result together with the fact that the moduli space M 2

� .X;L/

has finite type, we can find a projective embedding J W M 2
� .X;L/ ! P .V /. This

embedding is given by restricting the elements of M 2
� .X;L/ to finitely many curves

in the linear system jO.p/j and applying the Gieseker embedding from the first step.

(3) For � large enough, the moduli space M 2
� .X;L/ is not empty [79; 37].

(4) The dimension of the irregular part of M 2
� .X;L/ is strictly smaller than the virtual

dimension of the moduli space, when � is large enough [17].

By combining these facts, it can be shown that the map J can be chosen such that the
degree of the quasiprojective variety J.M�.X; I // is equal to

Kd DNX;w.h
d
.2//

for an appropriate integer K , and for a large enough d . Therefore, the invari-
ant DNX;w.h

d
.2/
/ is positive. This proof can be generalized to the case that N > 2.

Steps 1 and 2 are proved for an arbitrary rank in the references mentioned above. The
generalization of the third step to the higher rank case is given in [62]. The higher rank
version of the fourth fact is also proved in [38]. Then the same arguments as in [17; 20]
can be used to realize DNX;w.h

d
.2/
/ as a multiple of the degree of a quasiprojective

variety, which verifies the claim in Theorem 2.19.

Remark 2.20 In Theorem 2.19, we assume that X is a projective surface. But a
similar nonvanishing theorem can be formulated for any Kähler surface, because Kähler
surfaces can be deformed into projective surfaces [49] and the U.N /–polynomial
invariants only depend on the smooth structure.
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2.4 Negative embedded spheres

Motivated by [76], Fintushel and Stern used embedded 2–spheres with negative self-
intersection to study polynomial invariants of a 4–manifold X [26; 25] (see also [83]).
The same idea is exploited in [12] to obtain information about the properties of the
polynomial invariants associated to higher rank bundles. Suppose � is an embedded
sphere in a 4–manifold X which has self-intersection �2. Fix a 2–cycle w with
w � � D 0, and z 2A.h�i?/˝2 . In general, A.V / for a vector subspace V �H2.X/
denotes the subalgebra Sym�.H0.X/˚V /˝ƒ�.H1.X//, and h�i? is the subspace
of H2.X/ consisting of the homology classes orthogonal to � . The following formulas
about the U.3/–polynomial invariants of X are proved in [12, Section 3.2]:

.C1/ D3X;w.�
2
.2/
z/D�2D3X;wC� .z/.

(C2 ) D3X;w.�
4
.2/
z/D�4D3X;w.a2�

2
.2/
z/� 3D3X;w.�

2
.3/
z/.

(C3 ) D3X;w.�
3
.2/
�.3/z/D�3D3X;w.a3�

2
.2/
z/�D3X;w.a2�.2/�.3/z/.

By a similar approach, we shall prove the following proposition in Section 6.2:

Proposition 2.21 Suppose X is a smooth 4–manifold with bC.X/ � 2 and w is
a 2–cycle. Suppose also � is an embedded sphere with self-intersection �3 and
z 2A.h�i?/˝2 .

(i) If w � � � 1 mod 3, then there is a constant number c such that

D3X;w
��
�
3
2
�.3/�

3
2
�2.2/� a2

�
z
�
D c D3X;w�� .z/:

(ii) If w � � � 2 mod 3, then for the same constant c as above,

D3X;w
��
3
2
�.3/�

3
2
�2.2/� a2

�
z
�
D c D3X;wC� .z/:

(iii) If w � � � 0 mod 3, then the following two formulas hold :

D3X;w..�
4
.2/C 4a2�

2
.2/C 3�

2
.3//z/D 0;

D3X;w..�
3
.2/�.3/C 3a3�

2
.2/C a2�.2/:�.3//z/D 0:

In Section 4.2, we will show that the constant c in Proposition 2.21 is equal to �3.

2.5 Blowup formula for 4–manifolds with simple type

In this subsection, we review the properties of U.3/–polynomial invariants of blown-up
4–manifolds. This part has the same theme as the previous subsection, because the
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exceptional divisor of a blown-up 4–manifold gives rise to a .�1/–sphere. We start
with an exposition of the main result in Culler’s thesis [12]. Given a 4–manifold X,
let yX denote the blowup of X at one point, which is diffeomorphic to the 4–manifold
X # CP2 . We will also denote the exceptional sphere in yX with E . If w is a 2–cycle
in X, then it induces a 2–cycle in yX , which will be also denoted by w . Similarly, we
can regard A.X/ as a subalgebra of A. yX/.

Proposition 2.22 Suppose w is a 2–cycle in X and z 2A.X/˝2 . For 0� i � 2 and
0� j � 1, the invariant D3

yX;w
.Ei
.2/
E
j

.3/
z/ is equal to D3X;w.z/ if i D j D 0 and it is

zero otherwise. The invariant D3
yX;wCE

.E.3/z/ is equal to D3X;w.z/. Finally,

D3
yX;wCE

.Ei.2/z/D

8̂̂̂̂
<̂
ˆ̂̂:

0 if i D 0; 1; 3;

D3X;w.z/ if i D 2;

�D3X;w.a2z/ if i D 4;

D3X;w.a3z/ if i D 5:

Proof As we mentioned in Section 2.1, the identity D3
yX;wCE

.E2
.2/
z/D D3X;w.z/ is

proved in [52]. Proposition 62 in [12], together with the discussion succeeding it,
essentially contains the proof of the remaining identities using a method similar to
that in [52]. To be a bit more detailed, one stretches the neck region in yX between X
and CP2 , and studies the moduli spaces of ASD connections over yX in terms of the
moduli spaces associated to X and CP2 .

According to this proposition, some of the polynomial invariants of yX are determined
by the invariants of X. The following theorem claims that a similar pattern holds for
all invariants of yX. This theorem is essentially proved in [12]. We just slightly expand
the results of this thesis using the same methods:

Theorem 2.23 Suppose w is a 2–cycle in X and z 2A.X/˝2 . For nonnegative inte-
gers i and j , there are polynomials Bi;j ; Si;j 2QŒa2; a3� independent of X , w and z
which satisfy the following identities:

D3
yX;w
.eE.2/CE.3/z/D D3X;w

�
z
X
i;j

Bi;j .a2; a3/t
i
2t
j
3

�
;

D3
yX;wCE

.eE.2/CE.3/z/D D3X;w

�
z
X
i;j

Si;j .a2; a3/t
i
2t
j
3

�
:
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Moreover, B WD
P
i;j Bi;j .a2; a3/t

i
2t
j
3 and S WD

P
i;j Si;j .a2; a3/t

i
2t
j
3 , as power

series in the variables t2 and t3 with coefficients in the polynomial ring of a2 and a3 ,
are uniquely determined by the initial values given in Proposition 2.22 and the following
four PDEs:

(2:24) B22B �B2B2 D�S ı � �S; S22S �S2S2 D�S ı � �B;

(2:25) B2222B�4B222B2C3B22B22D�4a2.B22B�B2B2/�3.B33B�B3B3/;

(2:26) B2223B � 3B223B2�B222B3C 3B23B23

D�3a3.B22B �B2B2/� a2.B23B �B2B3/:

Here � maps .t2; t3/ to .�t2;�t3/. The subscript 2 means taking the partial derivative
with respect to t2 and the subscript 3 should be interpreted similarly.

Using (2.10), the power series S can be used to compute the invariant D3X;w�E .

Sketch of the proof The main tool is a trick due to Fintushel and Stern [26]. Suppose
E and E 0 are the two exceptional spheres in X # 2CP2 . Then the homology class
E �E 0 is represented by a .�2/–sphere. Suppose yCk;l (respectively, yC 0

k;l
) is the

identity that is given by applying .C1/ from Section 2.4 to w (respectively, wCECE 0 )
and zz WD .ECE 0/k

.2/
.ECE 0/l

.3/
z . Similarly, we can derive identities C k;l and {Ck;l

by applying .C2/ and .C3/ to w and zz as above. These identities can be used to prove
the existence of Bi;j and Si;j inductively. To be a bit more detailed, first one shows
the existence of Bk;0 and Sk;0 inductively using the initial values in Proposition 2.22,
yCk;0 and yC 0

k;0
[12, Proposition 69]. Then another inductive argument with the aid

of the identities C k;l and {Ck;l and Proposition 2.22 shows the existence of Bk;l
[12, Proposition 73]. Finally, yCk;l , yC 0k;l, the initial values of Proposition 2.22 and
the fact that S0;1 is nonzero imply the existence of Sk;l in an inductive way. After
proving the existence of the polynomials Bk;l and Sk;l , the identities yCk;l , yC 0k;l , C k;l
and {Ck;l can be used to write four differential equations for B and S which are given
in (2.24), (2.25) and (2.26). The existence proof shows that these PDEs and the initial
values are enough to uniquely determine B and S.

In general, computing the exact form of the power series B and S (equivalently, solving
the PDEs in the statement of Theorem 2.23) is not straightforward. In the following
corollary, we show that for 4–manifolds with simple type, the blowup formula has a
simple form:
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Theorem 2.27 Suppose .X;w/ is a pair of a 4–manifold and a 2–cycle such that X
has w–simple type. Suppose also yX is the blowup of X at one point and E is the
exceptional class. Then there are power series b.t2; t3/; s.t2; t3/ 2QŒŒt2; t3�� such that

yD yX;w.e
E.2/CE.3/z/D yDX;w.z/b.t2; t3/;(2:28)

yD yX;wCE .e
E.2/CE.3/z/D yDX;w.z/s.t2; t3/(2:29)

for z 2A.X/˝2 . The power series b and s are given by the formulas

b.t2; t3/D
1
3

e�
1
2
t22Ct

2
3 Œcosh.

p
3t2/C 2 cos.

p
3t3/�;(2:30)

s.t2; t3/D
1
3

e�
1
2
t22Ct

2
3 Œcosh.

p
3t2/� cos.

p
3t3/C

p
3 sin.

p
3t3/�:(2:31)

Formula (2.30) for the power series b.t2; t3/ was previously found by means of quantum
field theory arguments in [22, Formula 6.22]. When comparing the formulas here and
in [22], the reader should note that t3 needs to be replaced with it3 because of different
conventions in the definition of the � map.

Proof Evaluating B and S of Theorem 2.23 at a2D 3 and a3D 0 produces b and s
with the required property. These power series satisfy (2.24), (2.25) and (2.26) with
a2 and a3 in the last two equations replaced by 3 and 0. In fact, the same proof as the
existence proof in Theorem 2.23 shows that b and s are uniquely determined by these
equations and the initial vales in Proposition 2.22 (with a2 and a3 replaced by 3 and 0).
The power series (2.30) and (2.31) satisfy the required conditions. Therefore, they are
equal to b and s .

Remark 2.32 Identity (2.10) implies that

(2:33) yD yX;w�E .e
E.2/CE.3/z/D yDX;w.z/s.t2;�t3/:

3 Floer homologies for closed 3–manifolds

3.1 Admissible pairs

A pair .Y; 
/ of a connected closed 3–manifold and an embedded oriented 1–manifold
is N–admissible if there is an embedded oriented surface † in Y such that the
integer † � 
 is coprime to N. Suppose Q is the U.N /–bundle associated to the
pair .Y; 
/. The admissibility of .Y; 
/ is what is called the nonintegral condition for
the U.N /–bundle Q in [58]. In particular, we can use the construction of [58] and
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associate the instanton Floer homology group IN� .Y; 
/ to an N–admissible pair .Y; 
/.
Instanton Floer homology can be lifted to a functor from a cobordism category COBA

to a certain category of vector spaces.

An object of the category COBA is an N–admissible pair. A morphism from a pair
.Y0; 
0/ to another pair .Y1; 
1/ is a triple .W;w; z/, where W W Y0! Y1 is a cobor-
dism, wW 
0 ! 
1 is a 2–cycle, and z 2 A.W /˝.N�1/ . The composition of two
morphisms

.W;w; z/W .Y0; 
0/! .Y1; 
1/ and .W 0; w0; z0/W .Y1; 
1/! .Y2; 
2/

is equal to .W 0 ıW;w0 ıw; z0 � z/.

Suppose VECTORn is the category of relatively Z=nZ–graded vector spaces over C .
An object of this category is a vector space V with a direct sum decomposition

V D
M
j2J

Vj ;

where Z=nZ acts transitively and freely on J. A morphism in this category from
V D

L
j2J Vj to V 0 D

L
j 02J 0 V

0
j 0 is a complex linear map f W V ! V 0 such

that f maps each Vj to a summand V 0
h.j /

of V 0 such that h.j C k/D h.j /C k . Let
P–VECTORn be the category that has the same objects as VECTORn . A morphism in
P–VECTORn is a vector space homomorphism as above which is well defined only up
to a sign. Instanton Floer homology gives a functor IN� W COBA! P–VECTOR4N .

Remark 3.1 The invariant constructed in [58] is more general than the one we de-
scribed here. In [58], a version of instanton Floer homology is constructed for a
triple .Y; 
;K/, where K is a link in Y and 
 determines a U.N /–bundle on Y that
satisfies a certain nonintegral condition. We need to consider only the case that K is the
empty link. On the other hand, in [58], the cobordism maps IN� .W;w; z/ are defined
only in the case that z D 1. The more general case is a straightforward generalization
and is reviewed below.

For an N–admissible pair .Y; 
/, the vector space IN� .Y; 
/ is defined by apply-
ing Morse homological methods to the Chern–Simons functional CSW B.Y; 
/! R.
The admissibility condition implies that all critical points of CS are irreducible
[58, Proposition 3.1]. Therefore, we can arrange for CS� , a perturbation of the Chern–
Simons functional with a small holonomy perturbation, such that all of its critical
points are irreducible and nondegenerate [58, Proposition 3.10]. Then CS� has finitely
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many critical points. Suppose ˛ and ˇ are two critical points of CS� and p is a path
along .Œ0; 1��Y; Œ0; 1�� 
/ based at ˛ and ˇ on f0g �Y and f1g �Y . We will write
Mp.˛; ˇ/ for the moduli space of the solutions to the perturbed ASD equation on R�Y

associated to the path p . Here the perturbation of the ASD equation is induced by
the perturbation of the Chern–Simons functional; ie the elements of Mp.˛; ˇ/ can be
regarded as the downward gradient flow lines of CS� . We can also assume that CS� is
chosen such that the elements of Mp.˛; ˇ/ for all choices of ˛ , ˇ and p are regular
[58, Proposition 3.18]. There is an R–action on Mp.˛; ˇ/ given by translation along
the R–factor. The quotient space is denoted by MMp.˛; ˇ/. The dimension formula of
the previous section implies that

dim. MMp.˛; ˇ//D deg.˛/� deg.ˇ/� 1 mod 4N:

Instanton Floer homology of the pair .Y; 
/ is given by the homology of a chain
complex .C�� ; d / associated to the functional CS� . The vector space C�� is freely
generated by the critical points of CS� . The differential of a generator ˛ of C�� is also
defined as

(3:2) d.˛/ WD
X

pW˛!ˇ

# MMp.˛; ˇ/ˇ;

where the sum is over all paths p such that MMp.˛; ˇ/ is 0–dimensional. These 0–
dimensional moduli spaces are compact and we orient them as in [58, Section 3.6].
Then # MMp.˛; ˇ/ denotes the signed count of the points in MMp.˛; ˇ/. We use the
Floer grading deg to define a relative Z=4NZ–grading on C�� . Then the differential d
decreases this grading by 1. The relatively Z=4NZ–graded vector space IN� .Y; 
/ is
defined to be the homology of the chain complex .C�� ; d /. This homology group is
independent of the choice of the Riemannian metric on Y and the perturbation of the
Chern–Simons functional.

Suppose the Chern–Simons functional associated to the pair .Y; 
/ is Morse–Bott.
That is to say, the set of critical points of CS is a smooth manifold, and the Hessian
of CS is invertible only in the normal direction to the critical manifold. Following the
above definition, we need to work with perturbations of the Chern–Simons functional
to define IN� .Y; 
/. However, one can still derive some information about IN� .Y; 
/
using the unperturbed Chern–Simons functional:

Proposition 3.3 If the Chern–Simons functional of the pair .Y; 
/ is Morse–Bott, then
dim.IN� .Y; 
//� dim

�
H�.crit.CS//

�
.
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Proof This claim can be verified using the standard spectral sequence that starts from
the homology of the critical manifold of CS and abuts to the instanton Floer homology
of .Y; 
/.

Suppose .W;w/W .Y0; 
0/! .Y1; 
1/ is a cobordism of N–admissible pairs. After
fixing Riemannian metrics on Y0 and Y1 , we form the noncompact manifold W C

by adding cylindrical ends to W . Suppose also a perturbation of the Chern–Simons
functional for .Yi ; 
i / is fixed such that we can form the chain complex .C�i� ; d / as
above. We use a perturbation of the ASD equation on W C which is compatible with
the chosen perturbations of the Chern–Simons functionals. Given a generator ˛i of C�i�
and a path pW ˛0! ˛1 along .W;w/, let Mp.W;wI˛0; ˛1/ be the moduli space of
the corresponding equation. We can pick a perturbation of the ASD equation on W
such that this moduli space is a smooth manifold. By fixing a homology orientation
of W , we can also assume that all such moduli spaces are oriented [58]. Moreover,
if Mp.W;wI˛0; ˛1/ is 0–dimensional, then it is compact.

Define a map C.W;w/W C�0� ! C�1� by

(3:4) C.W;w/.˛0/ WD
X

pW˛0!˛1

#Mp.W;wI˛0; ˛1/˛1;

where the sum is over all paths such that Mp.W;wI˛0; ˛1/ is 0–dimensional. The term
#Mp.W;wI˛0; ˛1/ is equal to the signed count of the points in Mp.W;wI˛0; ˛1/.
As a matter of fact, (3.4) defines a chain map and the induced map at the level of
homology, IN� .W;w; 1/W IN� .Y0; 
0/ ! IN� .Y1; 
1/, determines a morphism of the
category P–VECTOR4N . More generally, given z 2A.W /˝.N�1/ , we can cut down
the moduli space Mp.W;wI˛0; ˛1/ using z as in Section 2.1, and construct a smooth
submanifold Mp.W;wI˛0; ˛1; z/ such that

(3:5) dim.Mp.W;wI˛0; ˛1; z//D dim.Mp.W;wI˛0; ˛1//� deg.z/:

To be more precise, Mp.W;wI˛0; ˛1; z/ is a linear combination of the spaces whose
dimensions are given by (3.5). Replacing Mp.W;wI˛0; ˛1/ in the right-hand side
of (3.4) with Mp.W;wI˛0; ˛1; z/ determines a new chain map and the associated map
at the level of homology is IN� .W;w; z/W IN� .Y0; 
0/! IN� .Y1; 
1/. This map is well
defined; namely, it does not depend on the metric on W , the perturbation of the ASD
equation and the choices involved in the construction of Mp.W;wI˛0; ˛1; z/. Because
we fix the central part of connections associated to .W;w/, the cobordism maps only
depend on the induced PU.N /–bundles. In particular, if w is replaced with wCnw0, for
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a closed 2–cycle w0, then the induced PU.N /–bundles are the same and they determine
the same cobordism maps. This property is the analogue of (2.9) for closed 4–manifolds.

Remark 3.6 A priori it might seem that the cycles in 3–manifolds and 4–dimensional
cobordisms only keep track of the first Chern classes of U.N /–bundles. However, they
have strictly more information than these cohomology classes. For example, an element
of H 2.Y;Z/, for a 3–manifold Y , determines a U.N /–bundle up to an isomorphism of
U.N /–bundles. But an embedded 1–manifold 
 in Y determines a U.N /–bundle up to
a canonical isomorphism. (See [57, Section 4] for more details.) As a manifestation of
this issue, suppose cohomology classes ˛ and ˛0 are given on cobordisms W W Y0!Y1

and W 0W Y1!Y2 such that the restrictions of these classes on Y1 agree with each other.
Then there might be an ambiguity in gluing these cohomology classes to construct an
element of H 2.W 0 ıW IZ/. On the other hand, there is no such ambiguity if ˛ and ˛0

are represented by embedded surfaces w �W and w0 �W 0 such that wjY1 D w
0jY1 .

Remark 3.7 There is not much difficulty in extending the definition of instanton Floer
homology to the case of disconnected 3–manifolds. Suppose Y is a disconnected
3–manifold and 
 � Y is a 1–cycle. Then we say .Y; 
/ is N–admissible if for each
connected component Y0 of Y , the pair .Y0; 
 \Y0/ is N–admissible. Then we can
repeat the definition analogous to the connected case and construct instanton Floer
homology for the pair .Y; 
/. This instanton Floer homology can be computed in terms
of the invariants for the connected components:

IN� .Y; 
/ WD IN� .Y1; 
1/˝ � � �˝ IN� .Yn; 
n/:

Here the Yi are connected components of Y and 
i D 
 \ Yi . It is also possible to
define cobordism maps for a cobordism of pairs .W;w/ between two (not necessarily
connected) N–admissible pairs and z 2A.W /˝.N�1/ . However, these maps are not as
well behaved with respect to composition as in the previous case. Consider two triples

.W;w; z/W .Y0; 
0/! .Y1; 
1/ and .W 0; w0; z0/W .Y1; 
1/! .Y2; 
2/:

If Y1 is not connected, what we can say about the cobordism maps is that

IN� .W
0
ıW;w0 ıw; z � z0/D c � IN� .W

0; w0; z0/ ı IN� .W;w; z/

for some nonzero constant c . The simplest way to fix this issue about functoriality is
to work with a variation of the category P–VECTOR4N where the morphisms are well
defined only up to a nonzero scalar. We follow this approach when it is necessary to
work with disconnected 3–manifolds.
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Remark 3.8 A slightly unsatisfying point about IN� is the sign ambiguity in the
definition of the cobordism maps. This issue can be avoided in a straightforward way.
In the case that N is an even number, we need to change the definition of the category
COBA slightly. Let eCOBA have the same objects as COBA . But a morphism of this new
category is a quadruple .W;w; z; oW / where W , w and z are as before and oW is a ho-
mology orientation for W . Then IN� can be lifted to a functor zIN� W eCOBA!VECTOR4N .
The main point is that initially there is an ambiguity in the orientation of the moduli
spaces Mp.W;wI˛0; ˛1/ that appear in the definition of the cobordism maps, and a
homology orientation of W fixes this ambiguity. In the case that N is odd, there is not
such ambiguity and one can readily lift IN� to zIN� W COBA! VECTOR4N .

The definition of cobordism maps can be extended to the case that one of the ends is
the empty pair. Suppose X is a 4–manifold with boundary Y and w is a properly
embedded surface in X such that 
 WD @w D w \ Y . Assume that .Y; 
/ is an N–
admissible pair. Given any element z2A.X/˝.N�1/ , we can form an element DNX;w.z/
of IN� .Y; 
/. This construction is the extension of the U.N /–polynomial invariants for
closed 4–manifolds in the previous section. Alternatively, .X;w; z/ can be regarded
as a cobordism from the empty pair to the N–admissible pair .Y; 
/. Although the
empty pair is not N–admissible, (3.4) can be used to define DNX;w.z/.

Remark 3.9 Given zi 2A.Xi /˝.N�1/ , we can consider the relative elements

DNXi ;wi .zi / 2 IN� .Y; 
/:

Each of these relative elements lies in a graded summand of IN� .Y; 
/. Therefore, the
difference deg.DNX2;w2.z2//� deg.DNX1;w1.z1// of the relative Z=4NZ–gradings is a
well-defined number in Z=4NZ and is equal to

2.NC1/.w22�w
2
1/�.N

2
�1/

�
�.X2/C�.X2/

2
�
�.X1/C�.X1/

2

�
�.deg.z2/�deg.z1//.

Note that the term w2i is not well defined and depends on a framing of the 1–cycle 
 .
However, the difference w22�w

2
1 is independent of the framing and the above expression

is well defined. A similar formula can be written for the difference between the gradings
of two cobordisms with the same ends.

Suppose .X;w/ is a cobordism from an N–admissible pair .Y; 
/ to the empty pair;
namely, X is a 4–manifold whose boundary is identified with Y , the 3–manifold Y
with the reverse orientation. The boundary of the embedded surface w is also identified
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with x
 . Suppose also z 2 A.X/˝.N�1/ . Similarly, we can construct a functional
DX;wN .z/W IN� .Y; 
/!C .

Similar to cobordism maps, DNX;w.z/ and DX;wN .z/ satisfy some functorial properties.
For example, if .X;w; z/ and .W;w0; z0/ are chosen such that

@.X;w/D .Y0; 
0/ and .W;w0; z0/W .Y0; 
0/! .Y1; 
1/;

then
DNW ıX;w 0ıw.z � z

0/D IN� .W
0; w0; z0/ ıDNX;w.z/:

A similar property holds for DX;wN .z/. There is also an important relation among these
invariants and invariants of closed manifolds form the previous section:

Proposition 3.10 Suppose Y is a closed and connected 3–manifold, .Y; 
/ is an
N–admissible pair, and X1 and X2 are two smooth 4–manifolds with @X1 D Y and
@X2 D Y . Suppose also that oriented properly embedded surfaces wi �Xi are given
such that @w1 D 
 and @w2 D x
 . If bC.X2 ıX1/� 2, then for zi 2A.Xi /˝.N�1/ ,

(3:11) DNX2ıX1;w2ıw1.z1 � z2/D DX2;w2N .z2/ ıDNX1;w1.z1/:

If bC.X2ıX1/D1, then a similar formula holds where the left-hand side of (3.11) is in-
terpreted as the invariant of the chamber associated to metrics with a long neck along Y .

There is another way that the invariants of a closed 4–manifold can be related to the
cobordism maps:

Proposition 3.12 Let .Y; 
/ be an N–admissible pair and .W;w/W .Y; 
/! .Y; 
/

a cobordism of pairs. Let W and Y be connected. Let zW be the closed 4–manifold
given by gluing the incoming end of W to its outgoing end. Suppose also that zw � zW
is defined similarly. If bC. zW /� 2, then for z 2A.W /˝.N�1/ ,

(3:13) DN
zW ; zw

.z/DN � str.IN� .W;w; z//;

where str denotes the supertrace of IN� .W;w; z/.
6 If bC. zW / D 1, then a similar

formula holds where the left-hand side of (3.13) is interpreted as the invariant of the
chamber associated to metrics with a long neck along Y .

6Since the Z=4NZ–grading on instanton Floer homology is defined only relatively, there is a sign
ambiguity on the right-hand side, even after fixing a homology orientation for W . There is also a sign
ambiguity on the left-hand side because we did not fix any homology orientation for zW . Therefore,
(3.13) should be interpreted as an equality up to sign. Although we do not need to do so here, both sign
ambiguities can be fixed after fixing a homology orientation for W .
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3.2 Floer homology of S 1 � †

Suppose † is the connected oriented Riemann surface of genus g . The 3–manifold
Yg WD†�S

1 and the embedded 1–manifold 
g;d WD fx1; : : : ; xd g�S1 determine an
N–admissible pair if .d;N /D 1. The U.N /–bundle associated to the pair .Yg ; 
g;d /
is the pullback of a U.N /–bundle Qd of degree d on †. Let also Ld denote the
determinant of Qd . Recall that the space A.Yg ; 
g;d / is constructed using an auxiliary
connection on L
g;d . We assume that this connection is the pullback of a connection B0
on Ld . Similar to the 3–dimensional case, A.†;Qd / is defined to be the space of
U.N /–connections on Qd whose determinants are equal to B0 . The space Gd is also
defined to be the group of determinant 1 automorphisms of Qd .

Let VN
g;d

be the vector space IN� .Yg ; 
g;d /. The critical points of the Chern–Simons
functional for the pair .Yg ; 
g;d / can be identified with N copies of the space

NN;d WD fA 2A.†;Qd / j F0.A/D 0g=Gd :

In fact, we can pull back any element of NN;d to † � Œ0; 1� and then identify the
connections on †� f0g and †� f1g using an element of Gd which is induced by a
central element of SU.N /. For any connection A representing an element of NN;d ,

(3:14) h0.†; adA/D 0; h1.†; adA/D .N 2
� 1/.2g� 2/ and h2.†; adA/D 0;

where hi .†; adA/ again denotes the dimension of the cohomology group H i .†; adA/.
This implies the space NN;d is a smooth manifold of dimension .N 2�1/.2g�2/ [1].
If ˛ is a critical point of the Chern–Simons functional of the pair .Yg ; 
g;d / asso-
ciated to the connection A and a central element of Gd , then the Künneth formula
and the identities in (3.14) imply that H 1.Yg ; ad˛/ is isomorphic to H 1.†; adA/.
Consequently, the Chern–Simons functional of .Yg ; 
g;d / is Morse–Bott, and hence
dim.VN

g;d
/�N dim.H�.NN;d //.

The space NN;d has been extensively studied in the literature. This space is a Kähler
manifold and can be identified with the moduli space of stable bundles of rank N and
degree d on a Riemann surface of genus g with a fixed determinant. The Poincaré
polynomial of this manifold can be computed inductively [42; 14; 1]. Furthermore,
a set of generators for the cohomology ring of this space is given [1]. We review a
slightly reformulated description of these generators which are more suitable for our
purposes here.

Consider the 4–manifold Xg WD †� S2 and the surface �g WD fx1; : : : ; xd g � S2 .
The pullback of the elements of NN;d to Xg are ASD connections associated to
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the pair .Xg ; �g/ with � D 0. In particular, NN;d can be regarded as a subset
of B0.Xg ; �g/. Consider the subalgebra ANg WDA.†/˝.N�1/ of A.Xg/˝.N�1/ . The
�–map in (2.4) determines a graded algebra homomorphism ‰W ANg !H�.NN;d /.
Note that this map is equivariant with respect to Diff.†/, the group of diffeomorphisms
of †.

Proposition 3.15 The map ‰ is surjective. In particular, the cohomology ring
of NN;d is generated by the elements

(3:16) pr WD‰.ar/; qjr WD‰.l
j

.r/
/ and sr WD‰.†.r//;

where 2� r �N and flj g1�j�2g forms a set of generators for H1.†;Z/.

The action of Diff.†/ on H1.†/ factors through the action of the symplectic group
Sp.2g/. Therefore, this proposition implies that the same holds for H�.NN;d /.

Proof In [1], a universal U.N /–bundle F is constructed over the product manifold
NN;d �† and it is shown that the cohomology ring of NN;d is generated by the classes

(3:17) zpr WD cr.F/=Œa�; zqjr WD cr.F/=Œl
j � and zsr WD cr.F/=Œ†�:

The map ‰ is defined similarly using the universal PU.N /–bundle P over the space
B�.Xg ; �g/�Xg . The restriction of P to NN;d �†�B�.Xg ; �g/�Xg is isomorphic
to the PU.N /–bundle associated to F. Thus the cohomology classes in (3.17) can be
identified with the corresponding ones in (3.16) and this verifies the claim.

The vector space VN
g;d

admits a ring structure which is the analogue of the cup
product on H�.NN;d /. Suppose P is the pair of pants cobordism from two copies
of S1 to one copy of S1 . Then the triple .†�P; fx1; : : : ; xd g �P; 1/ defines a map
mW VN

g;d
˝VN

g;d
! VN

g;d
. To be more precise, we need to fix a homology orientation

in the case that N is even. Suppose �g WD†�D2 and ıg;d WD fx1; : : : ; xd g �D2 ,
where D2 is the 2–dimensional disc. We fix an arbitrary homology orientation on �g
and let e WD DN

�g;ıg;d
.1/ 2 VN

g;d
. We shall see in the proof of Proposition 3.23 that e

is nonzero. We choose a homology orientation on †�P such that m.e; e/D e . Then
functoriality of instanton Floer homology can be used to show that m defines a ring
structure on VN

g;d
with unit e . We turn the relative Z=4NZ–grading on VN

g;d
into an

absolute grading by requiring that the unit element have degree 0. With this convention,
the multiplication map is Z=4NZ–graded; namely, the product of two elements of
degree i1 and i2 has degree i1C i2 .
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Suppose B is a cylinder, regarded as a cobordism with two circles as the incoming end
and empty outgoing end. Then the pair

(3:18) �g WD†�B and !g WD fx1; : : : ; xd g �B

determines a pairing h ; iW VN
g;d
˝VN

g;d
! C which is defined in the following way

after we choose an arbitrary homology orientation on �g :

h˛; ˛0i D D�g;!gN .˛˝˛0/ for ˛; ˛0 2 VN
g;d

Proposition 3.19 The space VN
g;d

as a complex vector space with an action of Diff.†/
is isomorphic to H�.NN;d .†//Œu�=.uN � 1/. In particular, the action of Diff.†/
on VN

g;d
factors through an action of Sp.2g/

When N D 2, one can show that VN
g;d

is isomorphic to H�.NN;d .†//Œu�=.uN � 1/
using the results of [21]. Muñoz [71] gave an alternative proof of this proposition for
N D 2, and the proof of the general case is based on his approach.

Proof We can define a Diff.†/–equivariant algebra homomorphism

ˆW ANg Œu�=.u
N
� 1/! VN

g;d by ˆ.uiz/ WD DN�g;ıg;dCi†.z/;

where on the right-hand side of the defining equation z is regarded as an element of
A.�g/˝.N�1/ . Let S W H�.NN;d /!ANg be a graded linear Sp.2g/–equivariant right
inverse for the map ‰ . Extend ‰ to an algebra homomorphism from ANg Œu�=.u

N �1/

to H�.NN;d .†//Œu�=.uN � 1/ by requiring that ‰.u/ D u. Similarly, we can ex-
tend S to H�.NN;d .†//Œu�=.uN � 1/. We claim that the Diff.†/–equivariant map
ˆ ı S W H�.NN;d .†//Œu�=.uN � 1/! VN

g;d
is injective. If the claim does not hold,

then there is

p D

MX
mD1

zmu
im 2ANg Œu�=.u

N
� 1/ with zm 2ANg and 0� im <N

such that ‰.p/¤ 0 and ˆ.p/D 0. We assume that each zm is nonzero and lies in
one of the graded summands of ANg . Furthermore, if m< n, then deg.zm/� deg.zn/
and equality holds only if im ¤ in . Let z0 2ANg be such that

(3:20) deg.z0/C deg.z1/D .N 2
� 1/.2g� 2/

Geometry & Topology, Volume 24 (2020)



84 Aliakbar Daemi and Yi Xie

and the cup product of ‰.z0/ and ‰.z1/ is nonzero. By Proposition 3.10, the pairing
hˆ.p/;ˆ.uN�i1z0/i is equal to

(3:21)
MX
mD1

D†�S2;wg;dC.NCim�i1/†.z
0zm/;

where the polynomial invariants are computed in the chamber such that the fiber †
is small. The expression for the dimension in (2.3) shows that the dimension of each
component of the moduli space associated to the pair .†�S2; wg;d C k†/ is at least
.N 2�1/.2g�2/. Moreover, if k is not divisible by N, this dimension is strictly greater
than .N 2�1/.2g�2/. In the case that kD 0 (or divisible by N ), the moduli space of
dimension .N 2� 1/.2g� 2/ is given by the pullback of the elements of NN;d to Xg .
Therefore, the only nonzero term in (3.21) is D†�S2;wg;d .z

0z1/, which is given by eval-
uating the cohomology class �.z0z1/ on the pullback of the elements of NN;d to Xg .
Note that the moduli space is compact in this case and we do not need to use the geomet-
ric representatives to evaluate this invariant. Therefore, D†�S2;wg;d .z

0z1/ is equal to
‰.z0/[‰.z/ŒNN;d �, which is nonzero by assumption. This contradicts the assumption
that ˆ.p/D 0. Therefore, the map ˆıS is injective. We already know that the dimen-
sion of VN

g;d
is not greater than N dim.H�.NN;d //. Therefore, ˆ ıS is a bijection.

In particular, the action of Diff.†/ on VN
g;d

factors through an action of Sp.2g/.

Corollary 3.22 The ring VN
g;d

is generated by the elements

� D D�g;ıg;dC†.1/; @r D D�g;ıg;d .ar/;

ojr D D�g;ıg;d .l
j

.r/
/; �r D D�g;ıg;d .†.r//;

where 2 � r � N and 1 � j � 2g . Furthermore, the Z=4NZ–gradings of these
elements are given by

deg.�/D 4d; deg.@r/D�2r; deg.ojr /D�2r C 1; deg.�r/D�2r C 2:

Proof The first part is an immediate consequence of Proposition 3.19. The second
part can be also verified easily using Remark 3.9.

Fix S W H�.NN;d /! ANg as in the proof of Proposition 3.19. Then we can use the
isomorphism ˆıS to pull back the ring structure, the pairing and the Z=4NZ–grading
of VN

g;d
into H�.NN;d /Œu�=.uN � 1/. Suppose the new multiplication map and the

pairing on H�.NN;d /Œu�=.uN � 1/ are also denoted by m and h ; i. We also fix the
cohomological Z–grading on H�.NN;d /Œu�=.uN �1/, where we set deg.u/D 0. The
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cohomological and the Z=4NZ–gradings differ by a sign after collapsing into Z=4Z–
gradings. In the proof of Proposition 3.19, we show that for any element p of degree i
in H�.NN;d /Œu�=.uN � 1/, there is an element q of degree .N 2 � 1/.2g � 2/ � i

with hp; qi ¤ 0. In particular, h ; i defines a nondegenerate pairing.

Suppose p1 and p2 are two elements of degrees i1 and i2 in H�.NN;d /Œu�=.uN �1/.
Then the product m.p1; p2/ consists of terms in various gradings. However, there
are some constraints on the degrees of these terms. Firstly, they all have the same
Z=4Z–grading because the multiplication map is graded with respect to the Z=4NZ–
grading on VN

g;d
. Moreover, an argument similar to that of Proposition 3.19 shows

that the pairing of m.p1; p2/�p1[p2 and any element of H�.NN;d /Œu�=.uN � 1/
with cohomological degree less than or equal to .N 2 � 1/.2g � 2/� i1 � i2 is zero.
Therefore, the degree of the terms in m.p1; p2/ are at most i1C i2 and the term with
the maximal degree is p1[p2 . Therefore, the product m is a deformation of the cup
product. We summarize these properties of VN

g;d
in the following proposition:

Proposition 3.23 The pairing h ; i on VN
g;d

is nondegenerate and the product

mW VN
g;d �VN

g;d ! VN
g;d

is a deformation of the cup product preserving the Z=4Z–grading.

Multiplication with the elements of VN
g;d

, constructed in Corollary 3.22, defines a series
of operators on VN

g;d
. We will use the same notation to denote these operators. The

operator � can be alternatively described as the cobordism map associated to the triple
.Œ0; 1� � Yg ; Œ0; 1� � 
g;d [†; 1/. Similarly the remaining operators are cobordism
maps associated to triples .Œ0; 1�� Yg ; Œ0; 1�� 
g;d ; z/ for appropriate choices of z .
The operators � , @r and �r commute with each other and ojr . However, ojr and oj

0

r 0

anticommute with each other.

In the special case that g D 1, the moduli space NN;d .†/ consists of only one point.
Therefore, VN

1;d
has N generators with exactly one generator ˛i in degree 4i with

respect to Z=4NZ–grading. In fact, the (nonperturbed) Chern–Simons functional
associated to the N–admissible pair .Y1; 
1;d / has irreducible and nondegenerate
critical points (see [52]). The operator � maps ˛i to ˛iCd . The following proposition
characterizes the action of some of the point classes in the case that d D 1:

Proposition 3.24 The operators @i W VN
1;1! VN

1;1 satisfy the identities

(3:25) @2 DN�
�1 and @2i�1 D 0:
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Proof The second identity can be verified easily, because deg.@2i�1/ is not divisible
by 4. The first claim is proved in [85]. Since @2 and � commute with each other and
deg.@2/D�4, we can conclude that @2D c��1 . Therefore, we just need to show that
tr.@2 ı �/DN 2 . Using Proposition 3.12, this can be reduced to showing that

DN
T 4;T 2�fptg[fptg�T 2.@2/DN

3;

which is established in [85] using properties of stable bundles on abelian varieties.

In a work in progress, we will give another proof of this proposition which is independent
of the results of [85].

3.3 Fukaya–Floer homology

Suppose X1 and X2 are 4–manifolds with @X1 D Y and @X2 D Y , and X is given
by gluing these manifolds along their boundaries. Suppose also a 1–cycle 
 � Y and
2–cycles wi �Xi are chosen such that @w1D 
 and @w2D x
 . The cycles w1 and w2
can be glued to each other to form a 2–cycle w �X. We also assume that .Y; 
/ is an
N–admissible pair. Then Floer homology for this N–admissible pair provides a useful
device to relate U.N /–polynomial invariants of the form

(3:26) DNX;w.z1 � z2/ with zi 2A.Xi /
˝.N�1/

to the relative invariants associated to .X1; w1; z1/ and .X2; w2; z2/ (see Proposition
3.10). As we shall see in the next section, this decomposition theorem for polynomial
invariants is a useful tool for computational purposes. However, not all polynomial
invariants of .X;w/ have the form in (3.26). There are homology classes � 2H2.X/
such that � is not the sum of elements in H2.X1/ and H2.X2/. Then, for example,
DNX;w.�

i
.2/
�
j

.3/
/ cannot be expressed in terms of the relative invariants. In this section,

we introduce an extension of Floer homology which admits relative invariants for such
polynomial invariants. This extension of Floer homology was already constructed
in [33; 9] for N D 2 and is known as Fukaya–Floer homology.

Our extension of Floer homology is a module over a ring RN . Let RN;j be the
polynomial ring over the variables tk;i for 2 � k � N and 1 � i � j , modulo the
relations t2

k;i
D 0:

RN;j WDCŒtk;i W 2� k �N; 1� i � j �=.t
2
k;i /:

For j � l � 0, there is an obvious map from RN;j to RN;l which maps tk;i to tk;i
when i � l and maps tk;i to 0 when i > l . The ring RN is defined to be the inverse
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limit of this system of rings. For example, for each 2 � k � N, we have an element
of RN as follows:

sk WD

1X
iD1

tk;i :

The ring of polynomials CŒŒt2; : : : ; tN �� can be regarded as a subring of RN by map-
ping tk to sk 2RN . Under this inclusion we have

t l
k

lŠ
!

X
S�N
jS jDl

Y
i2S

tk;i :

The full version of Fukaya–Floer homology for N D 2, whose construction is sketched
in [9], is expected to be a module over CŒŒt2��. However, our construction is slightly
different and we obtain a module over the ring RN for general N. This is partly
because the definition of polynomial invariants for higher rank bundles slightly differs
from the classical definition of U.2/–polynomial invariants. Another reason is that
even for N D 2, the authors were not able to avoid some analytical difficulties related
to the noncompactness of the moduli space of ASD connections and construct a ring
over CŒŒt2��.

Consider the N–admissible pair .Y; 
/, and let LD .l2; : : : ; lN / be an .N�1/–tuple
of the elements of H1.Y /. Fukaya–Floer homology associates to .Y; 
; L/ an RN;j–
module IN;j� .Y; 
; L/ for each nonnegative integer j and an RN;j–module homomor-
phism f kj W I

N;j
� .Y; 
; L/! IN;k� .Y; 
; L/ for each pair .j; k/ of nonnegative integers

such that j �k�0. If j �k� l�0, we require f l
k
ıf kj Df

l
j . Fukaya–Floer homology

of .Y; 
; L/ is the inverse limit of the inverse system .fIN;j� .Y; 
; L/gj ; ff
k
j gj�k/. The

RN;j–module IN;j� .Y; 
; L/ is the homology of a chain complex .CN;j� .Y; 
; L/; dN;j /.
In fact, we can arrange for a perturbation CS�j of the Chern–Simons functional of the
N–admissible pair .Y; 
/ such that CN;j� .Y; 
; L/D C

�j
� .Y; 
/˝C RN;j .

The differential dN;j of the Fukaya–Floer chain complex has the form

(3:27) dN;j .˛/D
X

SD.S2;:::;SN /
pW˛!ˇ

hS .˛; ˇ/

� Y
i2Sk

tk;i

�
ˇ;

where Sk � f1; : : : ; j g and the path p is chosen such that the dimension of the moduli
space Mp.˛; ˇ/ is equal to

2jS2jC 4jS3jC � � �C 2.N � 1/jSN jC 1:
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The constant term of the differential is equal to the differential d of the Floer chain
complex. That is to say, if we evaluate all variables tk;i at zero, then we recover d .
The definitions of the other terms in (3.27) are discussed in Section 6.3. We extend
the Floer grading to �CN;j� .Y; 
; L/ by requiring that deg.tk;i /D 2.k � 1/. Then the
differential dN;j has degree �1.

Suppose .X1; w1/ is a pair of a 4–manifold and a 2–cycle which fills the N–admissible
pair .Y; 
/. Suppose also z1 2A.X1/˝.N�1/ and �2; : : : ; �N are properly embedded
surfaces in X1 where Œ@� i � D li � H1.Y /. Then one can associate an element
of IN� .Y; 
; L/ to .X1; w1; z1; �2; : : : ; �N /, which is denoted by

(3:28) DNX1;w1.z1 � e
�2
.2/
C���C�N

.N//:

The element in (3.28) is given by a system of cycles DN;jX1;w1
.z1 � e

�2
.2/
C���C�N

.N// 2

C
N;j
� .Y; 
; L/. We have

DN;jX1;w1
.z1 � e

�2
.2/
C���C�N

.N//D
X

SD.S2;:::;SN /; ˛

mS .˛/

� Y
i2Sk

tk;i

�
˛

for appropriate choices of complex numbers mS .˛/. Evaluating all the variables tk;i at
zero produces a cycle in C

�j
� .Y; 
/ which represents the relative invariant DNX1;w1.z1/.

Next, let .X2; w2/ be a cobordism from .Y; 
/ to the empty pair. Suppose that
z2 2 A.X2/˝.N�1/ and ƒ2; : : : ; ƒN are properly embedded surfaces in X2 where
Œ@ƒj � D �lj . In this case, there is an RN–linear map from IN� .Y; 
; L/ to RN

associated to .X2; w2; z2; ƒ2; : : : ; ƒN /, which is denoted by

(3:29) DX2;w2N .z2 � e
ƒ2
.2/
C���CƒN

.N//:

The construction of the element (3.28) and that of the functional (3.29) are given in
Section 6.3. We can glue the 4–manifolds .X1; w1/ and .X2; w2/ to form a closed
pair .X2 ıX1; w2 ıw1/. The embedded surfaces �j and ƒj can also be glued to each
other to form a closed embedded surface �j #ƒj . Then we have

(3:30) DNX2ıX1;w2ıw1.z1 � z2 � e
.�2#ƒ2/.2/C���C.�N #ƒN /.N//

D DX2;w2N .z2 � e
ƒ2
.2/
C���CƒN

.N// ıDNX1;w1.z1 � e
�2
.2/
C���C�N

.N//:

This claim shall be proved as Proposition 6.51 in Section 6.3. A priori, the right-hand
side of the above equality is an element of RN . Part of the claim is that the right-hand
side belongs to CŒŒt2; : : : ; tN �� � RN and is equal to the given power series on the
left-hand side.
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Fukaya–Floer homology is also functorial with respect to cobordisms of N–admissible
pairs. Suppose .W;w/W .Y0; 
0/ ! .Y1; 
1/ is such a cobordism. For 2 � i � N,
suppose also � i is a properly embedded surface in W such that � i \Yj represents
the homology class lji 2H1.Yj /. For any z 2A.W /, there is a homomorphism

IN� .W;w; ze�
2
.2/
C���C�N

.N//W IN� .Y0; 
0; L0/! IN� .Y1; 
1; L1/;

where Lj D .l
j
2 ; : : : ; l

j
N /. This construction is functorial with respect to composition

of cobordisms.

Suppose .Yg ; 
g;d / is the N–admissible pair from Section 3.2 and LgD .l2; : : : ; lN / is
the .N�1/–tuple of the elements of H1.Yg/ where li is an S1 fiber. In this article, the
main example of Fukaya–Floer homology for us is IN� .Yg ; 
g;d ; Lg/, which is denoted
by IN

g;d
. Analogously to the previous subsection, we can define a ring homomorphism

�̂W ANg Œu�=.uN � 1/! INg;d by �̂.uiz/ WD DN�g;ıg;dCi†.zeD
2
.2/
C���CD2

.N//:

Recall that D2 is a 2–dimensional disc, �g D†�D2 and ıg;d D fx1; : : : ; xd g�D2.
Similarly, we can define a multiplication and a pairing on IN

g;d
by repeating the

construction of Section 3.2.

Proposition 3.31 For any nonzero element q 2 IN
g;d

, there are z 2ANg and 1� i �N
such that

hq;DN�g;ıg;dCi†.zeD
2
.2/
C���CD2

.N//i ¤ 0:

Proof Suppose q is given by the sequence fqj gj�0 , where qj 2 IN;j� .Yg ; 
g;d ; Lg/.
Since q is nonzero, there is a j such that qj is nonzero. To verify the claim, it suffices
to show that there are z 2ANg and 1� i �N such that

hqj ;D
N;j

�g;ıg;dCi†
.zeD

2
.2/
C���CD2

.N//i ¤ 0:

Suppose .C�j� .Yg ; 
g;d /; d/ is a Floer chain complex for the pair .Yg ; 
g;d / such
that C�j� .Yg ; 
g;d /˝RN;j can be used to define IN;j� .Yg ; 
g;d ; Lg/. Suppose qj is
represented by the element X

SD.S2;:::;SN /2I

bS

� Y
i2Sk

tk;i

�
˛S

of this complex, where I is a set consisting of .N�1/–tuples of finite subsets of
f1; : : : ; j g, each bS is a nonzero complex number and ˛S 2 C

�j
� .Yg ; 
g;d /. Suppose

S0 D .S
0
2 ; : : : ; S

0
N / 2 I is a minimal element with respect to the partial order on I
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induced by inclusion. Then d˛S0 D 0, and by changing the representative if nec-
essary, we can assume that ˛S0 is not a boundary in C

�j
� .Yg ; 
g;d /. Therefore, by

Corollary 3.22 and Proposition 3.23, there are z 2ANg and 1� i �N such that

h˛S0 ;D
N
�g;ıg;dCi†

.z/i ¤ 0:

This implies that the coefficient of
Q
2�k�N

Q
i2S0

k
tk;i in the pairing

hqj ;D
N;j

�g;ıg;dCi†
.zeD

2
.2/
C���CD2

.N//i:

is nonzero.

Example 3.32 In the case that gD 1, the Fukaya–Floer homology group of the triple
.Yg ; 
g;d ; Lg/ is equal to R˚NN . This can be easily seen from the construction of
Fukaya–Floer homology in Section 6.3. In fact, this RN–module is freely generated by
the critical points ˛1; : : : ; ˛N of the Chern–Simons functional of .Y1D T �S1; 
1;d /.
Consider the operator

(3:33) z� WD IN�
�
Œ0; 1��Y1; Œ0; 1�� 
1;d CT; e.Œ0;1��
/.2/C���C.Œ0;1��
/.N/

�
;

where 
 is an S1–fiber of Y1 . This operator is of order N and has degree 4d .
Moreover, ˛i ; z�.˛i /; : : : ; z�N�1.˛i / form a basis for IN� ..Yg ; 
g;d ; Lg// for any i . In
particular, the kernel of z�� 1 is equal to RN � .1Cz�C � � �C z�N�1/.˛i /.

Next, we discuss a prototype for 4–manifolds with boundary Yg which are of interest to
us. Suppose .X1; †/ is a pair of a 4–manifold and an embedded surface of genus g with
self-intersection 0 such that a regular neighborhood of † in X1 is identified with �g .
Suppose .X2; †/ is another such pair. As the notation suggests, the embedded surfaces
in X1 and X2 are identified with each other. Remove regular neighborhoods of †
in X1 and X2 to produce 4–manifolds whose boundaries are Yg , and then glue the
resulting two 4–manifolds along their common boundaries by the orientation-reversing
diffeomorphism that maps .z; x/ 2 S1 �† to .z; x/. This 4–manifold is denoted
by X1 #† X2 , and is called the fiber sum of X1 and X2 along †. We will also
write Xıi for the complement of a neighborhood of † in Xi . Then Xıi can be also
regarded as a subspace of X1 #†X2 .

Elements of H2.X1/ and H2.X2/ can be glued to each other to construct elements
of H2.X1 #† X2/. Suppose �i W H2.Xi / ! C denotes the map that computes the
intersection number of an element of H2.Xi / with †. Suppose also K is the subspace
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of the elements .�;ƒ/ 2H2.X1/˚H2.X2/ such that �1.�/D �2.ƒ/. Then there is a
homomorphism #W K!H2.X1 #†X2/ with the property that

(3:34) j #
1 .� #ƒ/D j ı1 .�/ and j #

2 .� #ƒ/D j ı2 .ƒ/:

Here j ıi W H2.X1/! H2.X
ı
i ; @X

ı
i / is the composition of the map from H2.Xi / to

the relative homology H2.Xi ; �g/ and the excision isomorphism. To abbreviate our
notation, from now on, we will write �ı and ƒı for j ı1 .�/ and j ı2 .ƒ/. The maps
j #
i W H2.X1 #†X2/!H2.X

ı
i ; @X

ı
i / are also defined similarly.

The homomorphism # is not uniquely defined and we proceed as follows to fix one
such homomorphism. Suppose � and ƒ are integral homology classes. Then these
homology classes can be represented by oriented embedded surfaces, which we denote
with the same notation. We can assume that these surfaces are transversal to †, and
intersect † in the same set of points with the same signs. Then there is an obvious
way to glue � and ƒ and to produce an oriented embedded surface in X1 #†X2 . The
homology class � #ƒ is defined to be the homology of the glued-up surface. We apply
this construction to an integral basis of K and extend it linearly.

We use Poincaré duality to define L�H 2.X1/˚H
2.X2/, the counterpart of K , and

the gluing map #W L!H 2.X1 #X2/. Suppose .K;L/ 2 L and .�;ƒ/ 2 K . Then we
have the equality of the pairing of cohomology classes with homology classes

.K #L/Œ� #ƒ�DKŒ��CLŒƒ�:

Similarly, we can glue two cycles w1 �X1 and w2 �X2 that intersect † transversely
in the same set of points with the same signs. The resulting 2–cycle in X1 #†X2 is
denoted by w1 #w2 . We will also write wıi for the intersection wi \Xıi .

Proposition 3.35 For 1� i � 4, suppose Xi is a 4–manifold and T is an embedded
surface of genus one in Xi . Suppose also wi � Xi is a 2–cycle such that wi � T is
coprime to N. For each 2 � l � N, suppose also � li is an element of H2.Xi / such
that �ji �T D 1. For 1� i; k � 4, let Di;k be the following element of CŒŒt2; : : : ; tN ��:

NX
jD1

DNXi#TXk ;wi#wkCjT .e
.�2
i

#�2
k
/.2/C���C.�

N
i

#�N
k
/.N//:

Then

D1;2D3;4 DD1;4D3;2:
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Proof The following elements lie in the kernel of the operator z� in (3.33):

Di WD

NX
jD1

DN
Xı
i
;wı
i
CjT

.e.�
2
i
/ı
.2/
C���C.�N

i
/ı
.N//:

Moreover, (3.30) implies that

(3:36) Di;k D
1

N
hDi ;Dki:

Because Di 2 ker.z�� 1/, the claim is a consequence of the description of ker.z�� 1/
in Example 3.32.

3.4 An SU.3/–instanton Floer homology for †.2; 3; 23/

In Section 3.1, Floer homology is defined for an N–admissible pair .Y; 
/. Then
the computation of the polynomial invariants for a closed pair .X;w/ which can be
decomposed along a copy of .Y; 
/ can be reduced to computing relative invariants for
each component of XnY (Proposition 3.10). One wishes to extend the definition of
Floer homology so that it can be used in studying polynomial invariants of a pair .X;w/
which is decomposed along a nonadmissible pair. However, there is little known in
this direction even when N D 2. For N D 2, the most satisfactory answer is provided
in the case that Y is an integral homology sphere and 
 is empty [27], which will
be denoted by I2�.Y /. The main reason that one can define I2�.Y / for an integral
homology sphere is that the only reducible flat connection on Y is the nondegenerate
trivial connection. In order to extend IN� .Y / to higher values of N, one would face
more complicated reducible connections. Due to this complication, there are some
difficulties in extending the definition of Floer homology of integral homology spheres
to higher values of N. In this section, we make a modest progress in this direction and
define I3�.Y / for the Brieskorn homology sphere †.2; 3; 23/. Meanwhile, we compute
some of the gauge-theoretical invariants for flat connections on †.2; 3; 23/.

Suppose the positive integers a1 , a2 and a3 are pairwise coprime, and †.a1; a2; a3/
is the associated Brieskorn sphere:

†.a1; a2; a3/ WD f.z1; z2; z3/ 2C3
j z
a1
1 C z

a2
2 C z

a3
3 D 0; jz1j

2
Cjz2j

2
Cjz3j

2
D 1g:

This 3–manifold is an integral homology sphere. There is an S1–action on this 3–
manifold,

e2�i�
� .z1; z2; z3/ WD .e2�ia2a3�z1; e2�ia1a3�z2; e2�ia1a2�z3/:
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This action turns †.a1; a2; a3/ into a Seifert fiber space over S2 with three exceptional
orbits. Complex conjugation on C3 induces a diffeomorphism of †.2; 3; 23/, which
will be also called complex conjugation. There is also a standard presentation of the
fundamental group of this 3–manifold, given as

(3:37) �1.†.a1; a2; a3//D hx1; x2; x3; h j Œh; xi �D 1; xaii h
ˇi D 1; x1x2x3 D 1i;

where ˇi is given by the identity

ˇ1

a1
C
ˇ2

a2
C
ˇ3

a3
D
1

a
:

with aD a1a2a3 . The central element h in (3.37) is represented by a generic fiber of
the Seifert fibration.

Suppose W is the space .†.a1; a2; a3/�D2/=S1 , where the S1–action is the product
of the Seifert action on †.a1; a2; a3/ and the standard action on D2 . Alternatively, W
is the mapping cylinder of the fibration of †.a1; a2; a3/ over S2 . This space is an
orbifold and has three singular points. Neighborhoods of these singular points are
diffeomorphic to cones on the lens spaces L.ai ; ˇi /. Therefore, removing neighbor-
hoods of the orbifold points produces a cobordism W0 from the union of three lens
spaces L.ai ; ˇi / to †.a1; a2; a3/. We will denote the union of the lens spaces by Y .

The fundamental group of W0 is equal to �1.†.a1; a2; a3//=hhi and the inclusion
of †.a1; a2; a3/ in W0 induces the quotient map at the level of fundamental groups.
Moreover, the induced map from the fundamental group of L.ai ; ˇi / to the group
�1.†.a1; a2; a3//=hhi maps the standard generator of �1.L.ai ; ˇi // to xi . The de-
scription of the fundamental group implies that the first homology of W0 is trivial. We
also have the short exact sequence

0!H 2.W0; @W0;Z/Š Z
�
�!H 2.W0;Z/Š Z!H 2.@W0;Z/Š Z=aZ! 0;

where the map � is multiplication by a . The self-intersection pairing, defined on the
image of �, maps a generator of im.�/ to �a . In particular, bC.W0/ is equal to 0.

The space L WD†.a1; a2; a3/�D2 defines an orbifold S1–bundle on W . In particular,
the restriction of L to W0 , denoted by L0 , is a smooth S1–bundle. The first Chern class
of L0 is a generator of H 2.W0;Z/. The restriction of this Chern class to L.ai ; ˇi /
is equal to ˇi times the standard generator of H 2.L.ai ; ˇi /;Z/. In particular, for
any complex line bundle on @W0 , there is a k such that the restriction of Lk0 to the
boundary is isomorphic to the given line bundle.
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The rational cohomology class induced by c1.L0/ can be lifted to H 2.W0; @W0;Q/.
In particular, c1.L0/2 is well defined and is equal to �1=a . For our purposes, we also
fix a connection B0 on L0 whose restriction to a neighborhood of @W0 is the pullback
of a flat connection on @W0 . In particular, we can assume that the restriction of this
connection in a regular neighborhood of †.a1; a2; a3/ is the trivial connection.

Suppose ˛ is a flat SU.N /–connection on †.a1; a2; a3/ whose holonomy around the
fiber is central. Then ˛ can be extended as a flat PU.N /–connection A to W0 . The
holonomy of ˛ induces a conjugacy class ri in PU.N / corresponding to the loop xi .
The class ri has order ai and determines a flat PU.N /–connection on �1.L.ai ; ˇi //
which matches the restriction of A to L.ai ; ˇi /. This connection will be also denoted
by ri . As it was pointed in [24], the connection A can be used to compute some of the
gauge-theoretical invariants of ˛ :

Proposition 3.38 Let ˛ and A be given as above. Then �ad.˛/ is equal to

(3:39) .T˛C 1�N
2/C

3X
iD1

�ad.ri /.L.ai ; ˇi //;

where T˛ is the number of trivial summands in the irreducible decomposition of the
representation associated to ad˛ .

Using the calculations of [2] for lens spaces, (3.39) allows us to compute the �–invariant
of any connection as above.

Proof According to [2],

�ad.˛/�

3X
iD1

�ad.ri /.L.ai ; ˇi //D .N
2
� 1/�.W0/� �A.W0/;

where �A.W0/ denotes the signature of the twisted cohomology group H 2.W0I ad.A//
determined by the flat PU.N /–connection ad.A/. This twisted cohomology group can
be decomposed according to the irreducible decomposition of A (or equivalently ˛ ).
The argument of [24, Lemma 2.6] shows that the contribution of the nontrivial sum-
mands is equal to 0. On the other hand, each trivial summand contributes �1 to the
sum, because �.W0/D�1.

The underlying PU.N /–bundle of the connection A on W0 can be lifted to a U.N /–
bundle E . There are also nonnegative integers k1; : : : ; kN such that the restriction of
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the connection

(3:40) B
k1
0 ˚ � � �˚B

kN
0

to Y , the union of the three lens spaces, is equal to the restriction of A to Y . In
particular, Lk10 ˚ � � � ˚L

kN
0 , the underlying U.N /–bundle of (3.40), has the same

restriction as E on Y . Therefore, the determinant of Lk10 ˚ � � � ˚L
kN
0 is equal to

det.E/˝Lak0 for an appropriate integer k . After replacing k1 with k1C ak , the new
bundle Lk10 ˚ � � �˚L

kN
0 has the same determinant as E and the connection in (3.40)

and A give rise to the same connection after restriction to Y .

Since A and the connection in (3.40) agree on boundary components except on
†.a1; a2; a3/, where A gives the connection ˛ and B0 restricts to the trivial connection,
we can conclude that

(3:41) CS.˛/D E.Bk10 ˚ � � �˚B
kN
0 /� E.A/

D�
1

2N

X
i<j

.ki � kj /
2c1.L/

2

D
1

2N

X
i<j

.ki � kj /
2

a
:

Therefore, this gives us a strategy to compute the Chern–Simons functional of the flat
connection ˛ .

Now we focus on N D 3 and the Brieskorn homology sphere †.2; 3; 23/. Suppose ˛
is an irreducible connection on †.2; 3; 23/. The irreducibility assumption implies that
the holonomy of ˛ along the generic fiber of the Seifert fibration is central. In fact, this
central element is equal to the identity [4]. It is also shown in [4] that there are 44 such
irreducible representations which are nondegenerate. One can use the method of [4] to
find the conjugacy classes of holonomies corresponding to the elements x1 , x2 and x3
of �1.†.2; 3; 23//. Any irreducible flat connection on †.2; 3; 23/ is characterized by
its holonomies along x3 . The possible conjugacy classes for x3 are listed in Table 4. On
the other hand, the holonomies along x1 and x2 are conjugate to the diagonal matrices
Diag.1;�1;�1/ and Diag.1; �; �2/, where �D e2�i=3 . Knowledge of these conjugacy
classes allows us to apply Proposition 3.38 and (3.41) to compute the �–invariants,
the Chern–Simons functional and hence the degrees of irreducible flat connections
on †.2; 3; 23/:
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Proposition 3.42 There are ten irreducible flat connections of degree 0, five irre-
ducible flat connections of degree 2, nine irreducible flat connections of degree 4, five
irreducible flat connections of degree 6, nine irreducible flat connections of degree 8
and six irreducible flat connections of degree 10. There are not any irreducible flat
connections of odd degree. The Chern–Simons functional and the �–invariants of these
irreducible flat connections can be found in Table 4.

Any reducible flat connection on †.2; 3; 23/ is either trivial or SU.2/–reducible, be-
cause this 3–manifold is an integral homology sphere. In particular, nontrivial reducible
SU.3/–connections on †.2; 3; 23/ can be regarded as irreducible SU.2/–connections.
The results and the methods of [24] can be utilized to study such connections. The
holonomy of any nontrivial flat SU.2/–connection along the fiber of the Seifert fibration
is the central element �id. The holonomies of this connection along x1 and x2 are
respectively conjugate to Diag.i ;�i / and Diag.e�i=3; e��i=3/. As in the SU.3/–case,
an irreducible flat SU.2/–connection on †.2; 3; 23/ is determined by the conjugacy
class of its holonomy along x3 . The eigenvalues of the holonomy term along x3 are
equal to e2�ik=23 and e�2�ik=23 for 2� k � 9:

Proposition 3.43 [24] There are eight irreducible SU.2/–connections on †.2; 3; 23/.
For each degree 2i C 1 2 Z=8Z, there are exactly two such irreducible connections
and there is no irreducible connection of even degree.

Proposition 3.38 and (3.41) give a strategy to compute the Chern–Simons functional
and the �–invariants of irreducible SU.2/–connections. These computations can be
used to verify the second part of the above proposition.

We also need to compute the degrees of flat SU.2/–connections when they are regarded
as SU.3/–connections. To distinguish between these connections, we will write z̨ for
the SU.3/–connection associated to an SU.2/–connection ˛ . The values of the Chern–
Simons functional of ˛ and z̨ are equal to each other. However, the �–invariants
of these two connections are different because ad˛ and adz̨ define two different
representations of the fundamental group. We cannot use Proposition 3.38 to compute
the �–invariant of z̨ because this connection does not extend to the cobordism W0 .
In [6], cut-and-paste methods have been utilized to compute the difference �adz̨ � �ad˛

for flat SU.2/–connections on a family of homology spheres which includes †.2; 3; 23/.
In particular, the following proposition can be extracted from [6]. The claim in it about
the nondegeneracy of reducible flat connections on †.2; 3; 23/ is also proved in [6].
For more details about reducible flat SU.3/–connections on †.2; 3; 23/ see Table 5.
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Proposition 3.44 The eight nontrivial reducible flat connections on †.2; 3; 23/ are
nondegenerate. The SU.3/–degrees of these connections are given as follows: there is
one connection of degree 1, one connection of degree 3, one connection of degree 5,
two connections of degree 7, two connections of degree 9 and one connection of
degree 11.

Define I3�.†.2; 3; 23// to be the complex vector space generated by the irreducible flat
connections on †.2; 3; 23/. The significance of this vector space for us is a gluing
theorem for the 4–manifolds which split along a copy of †.2; 3; 23/. The proof of
the following theorem will be given in Section 6.1. This theorem is analogous to
Proposition 3.10 and implies that I3�.†.2; 3; 23// plays a role similar to instanton Floer
homology of admissible pairs. Motivated by this, we call I3�.†.2; 3; 23// instanton
Floer homology of †.2; 3; 23/.

Proposition 3.45 Let X1 and X2 be two 4–manifolds such that bC.X1/, bC.X2/�1,
@X1 D †.2; 3; 23/ and @X2 D †.2; 3; 23/. Let wi be a closed 2–cycle in Xi and
zi 2A.Xi /˝2 . Assume that

deg.z1/��4w21 � 4.�.x1/C �.X1//C 4 mod 12:

Then there are

D3X1;w1.z1/ 2 I34.†.2; 3; 23// and DX2;w23 .z2/W I3�.†.2; 3; 23//!C

such that

DX2;w23 .z2/ ıD3X1;w1.z1/D D3X1#†.2;3;23/X2;w1[w2.z1 � z2/:

Moreover, DX2;w23 .z2/ is nonzero only on the terms of degree

4w22 C 4.�.X2/C �.X2//� 4C deg.z2/:

4 Computing polynomial invariants

In this section, which is the heart of this paper, we first compute the U.3/–polynomial
invariants of E.n/. The rank 2 invariants of elliptic surfaces were partially computed
in [30; 32; 31] using algebrogeometric techniques. Complete calculations of the U.2/–
polynomial invariants of elliptic surfaces are given in [53; 25; 63]. In [25] and [63],
Gompf decomposition of elliptic surfaces plays a key role in computing the invariants.
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In the introduction, we also recalled a construction of elliptic surfaces which give rise
to a decomposition of E.n/ into fiber sum of n copies of E.1/. This decomposition
of elliptic surfaces can be also exploited to compute some of the U.2/–polynomial
invariants [69; 18].

Our method for computing the U.3/–invariants of elliptic surfaces uses the Gompf
decomposition, the fiber-sum decomposition and the rich group of the symmetries of
elliptic surfaces. In Section 4.1, we first review the Gompf decomposition of elliptic
surfaces. Then we show how symmetries of elliptic surfaces give constraints on the struc-
ture of their U.3/–invariants. Among the elliptic surfaces E.n/, the K3 surface E.2/
is special because it has a larger symmetry group, which gives more restrictions
on the invariants of this 4–manifold. In particular, most of the U.3/–invariants of
this 4–manifold are computed in Section 4.2 using identities .C1/, .C2/ and .C3/
of Section 2.4. In the same subsection, we extend this computation to all U.3/–invariants
of E.2/ using the blowup formula, and then we explain what can be said about the
invariants of the other surfaces E.n/ using the same techniques. In Section 4.3, we
complete the computation of the invariants of E.3/ using the universal formulas of
Proposition 2.21 about .�3/–spheres.

Finally, we consider the general case of elliptic surfaces E.n/ with n � 4. The key
ingredient here is Proposition 3.45 about the Floer homology of †.2; 3; 23/. This
together with Gompf decomposition allows us to compute all invariants of E.n/ by
induction on n. The calculations of the invariants of E.2/ and E.3/ in the previous
subsections serve as the basis of the induction. In the last subsection of this section, we
also give a general gluing theorem for fiber sums. Similar results for U.2/–invariants
are proved in [71]. The proof of the rank 3 case follows the same strategy as in [71].

In the next two sections of the paper, we mainly focus on polynomial invariants and
instanton Floer homology in the case N D 3. Therefore, we shall drop 3 from our
notation I3� , D3X;w , et cetera, when it does not create any confusion. Because we are
working with an odd value of N, there is not any sign ambiguity in the definition of
I3�.W;w; z/, D3X;w.z/, et cetera and we do not need to fix a homology orientation for
the underlying 4–manifold.

4.1 Structure of the invariants of E.n/

A construction of the elliptic surface E.n/ was reviewed in the introduction. The
simplest 4–manifold in this family, E.1/, can be also constructed by blowing up the
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projective plane CP2 at the nine intersection points of two generic cubics. The pencil
of cubics generated by the two cubics determines an elliptic fibration of E.1/. The nine
exceptional divisors give rise to sections of this elliptic fibration, which are embedded
spheres with self-intersection �1. The manifold E.n/ is the fiber sum of n copies
of E.1/ along the fibers of the elliptic fibration. The fibration of E.1/ induces an
elliptic fibration for E.n/, and we will write f for a regular fiber of this fibration.
By taking the connected sums of the exceptional sections of E.1/, we can form nine
disjoint embedded spheres in E.n/. These are sections of the elliptic fibration of E.n/
and have self-intersection �n. We fix one of these sections and we will denote it by � .
When it does not cause any confusion, we will use the same notation to denote the
homology and the cohomology classes associated to f and � .

We can assume that there is a cusp fiber in the elliptic fibration of E.1/ by choosing
appropriate cubics. This gives a cusp fiber f0 in the fibration of E.n/. A regular
neighborhood of � [ f0 is a 4–manifold with boundary †.2; 3; 6n � 1/, which is
called the Gompf nucleus and is denoted by G.n/ [39]. The intersection form of G.n/
is given by �

0 1

1 �n

�
:

The complement of G.n/ in E.n/, denoted by B.2; 3; 6n� 1/, is a Milnor fiber and
its intersection form is given by

(4:1) n.�E8/˚ 2.n� 1/

�
0 1

1 �2

�
:

Here each �E8 summand has a basis of embedded spheres with self-intersection �2
which intersect each other according to �E8 . The i th summand of the second type
in (4.1) has a basis of an embedded torus gi with self-intersection 0 and an embedded
.�2/–sphere �i , where gi and �i intersect each other positively at one point [40].

The 4–manifold E.2/, which is a K3 surface, plays a special role in this family. For
example, E.2/ enjoys a rich group of symmetries. As a manifestation of this fact, we
have the following proposition:

Lemma 4.2 Suppose that e and e0 are two nonzero elements of H 2.E.2/;Z/ with
e [ e � e0 [ e0 mod 3. Then there is an orientation-preserving diffeomorphism ˆ

of E.2/ such that ˆ�.e/ � e0 mod 3. In particular, the action of Diff.E.2// on
H 2.E.2/;Z=3Z/ has four orbits.
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Proof Let e1; e2 2 H 2.E.2/;Z/ be chosen such that ei [ ej is zero when i D j ,
and is equal to 1 when i ¤ j . Because the action of Diff.E.2// on the primitive
cohomology classes of a fixed self-intersection is transitive, there is an element ‰
of Diff.E.2// such that ‰�.e/Dm.e1Cne2/ for m; n 2Z. Therefore ‰�.e/ mod 3
is equal to one of the following elements:

(4:3) 0; e1; e1� e2; e1C e2:

The nonzero classes in (4.3) can be distinguished from each other by their self-
intersection. Thus, there is a ‰0 2 Diff.E.2// such that ‰�.e/�‰0�.e0/ mod 3.

For 1 � i � 3, suppose wi is the 2–cycle in E.2/ given by � � .i � 1/f . Then
w2i � i mod 3. Therefore, these 2–cycles and the empty cycle give representatives for
the orbits of the action of Diff.E.2// on H 2.E.2/;Z=3Z/. Alternatively, let w0i be
the union of i elements of the nine disjoint spheres of self-intersection �2 in E.2/
that were constructed above. If i is a positive integer and i � j mod 3 with 1� j � 3,
then define wi WDwj and w0i WDw

0
j. We also define w0 and w00 to be the empty cycles.

The group of diffeomorphisms of E.n/ for n � 3 is more constrained than that
of E.2/. For example, any diffeomorphism of E.n/ maps the homology class f
to ˙f . Therefore, we cannot expect that the analogue of Lemma 4.2 holds for an
arbitrary n. However, E.n/ still has a big diffeomorphism group and we can prove
the following weakened version of Lemma 4.2:

Lemma 4.4 Suppose that the integers n � 3 and 1 � i � 3 are given and that
u 2 H 2.B.2; 3; 6n� 1/;Z/ satisfying u[ u � i mod 3 is fixed. Suppose also that
e 2H 2.E.n/;Z/ is such that e [ f � 0 mod 3 and e [ e � i mod 3. Then there is
an element ˆ of Diff.E.n// such that

(4:5) ˆ�.e/� kf Cu mod 3 or ˆ�.e/� kf mod 3;

where k D 0 or 1. Moreover, the map on H 2.G.n/;Z/ induced by ˆ is ˙id. In
particular, the action of Diff.E.n// on hf i? in H 2.E.n/;Z=3Z/ has eight orbits.

In the statement of Lemma 4.4 we regard u as an element of H 2.E.n/;Z/ using the
inclusion of B.2; 3; 6n� 1/ in E.n/. Note also that the second case in (4.5) holds
only if i D 3.
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Proof The element e can be written as the sum

rf C s� C v;

where v 2 H 2.B.2; 3; 6n� 1/;Z/ � H 2.E.n/;Z/. Because e [ f � 0 mod 3, we
know s is divisible by 3. There is also a diffeomorphism of E.n/ that maps f to �f
and � to �� [39, Lemma 3.7]. After applying this diffeomorphism if it is necessary,
we can assume e � kf C v mod 3 with k D 0 or 1. Suppose SO.H 2.E.n/;Z//

denotes an element of the special orthogonal group of the lattice H 2.E.n/;Z/ with
respect to the intersection bilinear form. According to [41, Proposition 3.3], there is a
spinor norm one element of SO.H 2.E.n/;Z// that fixes f and � and maps v to an
element of the form m.�1Cng1/. This element can be realized by a diffeomorphism
of E.n/ [32, Section 6.2]. This can be used to verify the claim as in Lemma 4.2.

The eight orbits in Lemma 4.4 can be represented by

wk;0 D kf and wk;l D kf C �1� .l � 1/g1

for k D 0; 1 and l D 1; 2; 3. Alternatively, we can use w0
k;l
D kf C �1 C � � � C �l .

If l is a positive integer and l � j mod 3 with 1� j � 3, then let wk;l D wk;j and
w0
k;l
D w0

k;j
.

Consider the U.3/–polynomial invariant D3
E.n/;w

.� i
.2/
ƒ
j

.3/
/ for the homology classes

� and ƒ. This polynomial is invariant with respect to the action of the diffeomor-
phism group of E.n/ on .w; �;ƒ/. Therefore, we can use Lemmas 4.2 and 4.4 to
focus on a smaller subset of possible values for w . Since changing w mod 3 would
not change the polynomial invariant and H 2.E.n/;Z=3Z/ is finite, the polynomial
D3
E.n/;w

.� i
.2/
ƒ
j

.3/
/ is invariant with respect to the action of a finite-index subgroup

of Diff.E.n// on .�;ƒ/. This action of the diffeomorphism group factors through
the action of the algebraic group O

�
H2.E.n//

�
. Here the orthogonal group is defined

using the intersection form on the complex vector space H2.E.n//. Suppose also
that SO

�
H2.E.n//If

�
is the subgroup of O

�
H2.E.n//

�
consisting of the orthogonal

transformations that map f 2H2.E.n// to itself and have determinant 1. As another
manifestation of the big diffeomorphism group of E.n/, it is shown in [32, Section 6.2]
that the image of any finite-index subgroup of Diff.E.n// in O

�
H2.E.n//

�
con-

tains an algebraically dense subgroup of SO
�
H2.E.n//If

�
. Therefore, the polyno-

mial D3
E.n/;w

.� i
.2/
ƒ
j

.3/
/ is invariant with respect to the action of SO

�
H2.E.n//If

�
on .�;ƒ/. In the case that n D 2, one can even replace SO

�
H2.E.n//If

�
with

SO
�
H2.E.n//

�
.
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Lemma 4.6 Suppose .V;Q/ is a pair of a complex vector space of dimension greater
than 2 and a quadratic form. Suppose also �1 and �2 are two vectors orthogonal to
each other such that Q.�1/ and Q.�2/ are nonzero. Suppose P W V ˚ V ! C is a
bihomogeneous polynomial of bidegree .d1; d2/ that is invariant with respect to the
diagonal action of SO.V / on V ˚V . Then P is determined by its value on W0˚W1 ,
where W0 is the span of �1 , and W1 is the span of �1 and �2 . Moreover, P has the form

P.x; y/D
X

i;j;k�0
2iCjDd1
jC2kDd2

ci;j;kQ.x/
iQ.x; y/jQ.y/k

for appropriate constants ci;j;k 2C .

In our application, V will be H2.E.2//, and �1 and �2 will be two disjoint embedded
spheres in E.2/.

Proof Suppose .˛; ˇ/ 2 V ˚ V is such that Q.˛/ ¤ 0. Then the vector ˇ can be
written as the sum ˇ0Cˇ1 where ˇ0 is a multiple of ˛ , and ˇ1 is orthogonal to ˛ .
We also assume that Q.ˇ1/ ¤ 0. It is straightforward to find an element of SO.V /
which maps .˛; ˇ/ to an element of the form W0˚W1 . The set of vectors .˛; ˇ/ as
above is also dense in V ˚V . Therefore, P is determined by its values on W0˚W1 .

By evaluating P on elements of W0˚W1 , we have

P.��1; �1�1C�2�2/D
X

ma;b;c�
a�b1�

c
2:

There is an element of SO.V / which maps �1 to itself (respectively, ��1 ) and �2
to ��2 (respectively, itself). Therefore, ma;b;c is nonzero only if aCb and c are even.
This implies that there are constants ci;j;k such that

P.x; y/D
X

2iCjDd1
jC2kDd2

ci;j;kQ.x/
iQ.x; y/jQ.y/k

for .x; y/ 2 W0 ˚W1 , where j and k are nonnegative integers. This implies the
second part of the lemma because each side of the above equality is invariant with
respect to the action of SO.V /. Arguing as in [32, Chapter 6, Lemma 2.2], we can
also assume that i only takes nonnegative integers.

Lemma 4.7 Suppose that .V;Q/ is a pair of a complex vector space of dimension
greater than 3 and a quadratic form. Fix a vector f 2 V with Q.f / D 0, and
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let the vectors k and � be chosen such that Q.k; f / and Q.�/ are nonzero, and
Q.�; k/DQ.�; f /D 0. Suppose also P W V ˚V !C is a polynomial that is invariant
with respect to the diagonal action of SO.V If /. Then P.x; y/ is determined by its
values on W0˚W1 , where W0 is the span of the vectors f and k , and W1 is the span
of f , k and � .

In our application, V , f , k and � will be H2.E.n//, f , � and an embedded sphere
in B.2; 3; 6n� 1/, respectively.

Proof The proof is similar to that of the first part of Lemma 4.6. For a given .˛; ˇ/ 2
V ˚V , assume Q.˛; f /¤ 0. Then the vector ˇ can be uniquely written as ˇ0Cˇ1
where ˇ0 2 Span.f; ˛/, and ˇ1 is orthogonal to Span.f; ˛/. As another assumption,
we require that Q.ˇ1/¤ 0. These assumptions hold for a dense subset of V ˚V . It can
be easily checked that there is an element of SO.V I k/ which maps .˛; ˇ/ to W0˚W1 .
Therefore, P jW0˚W1 determines P on V ˚V .

4.2 Invariants of E.2/

In this section, we study the U.3/–polynomial invariants of E.2/ and a 2–cycle w .
Lemma 4.4 shows that we can assume that the 2–cycle w is either empty or wi for
some 1� i � 3. Equivalently, we can replace wi with w0i. Throughout this subsection,
we will follow the same notation as in the previous part to denote the surfaces � , �i
and gi embedded in E.2/.

Proposition 4.8 The invariant DE.2/;wi satisfies the identities

(4:9) DE.2/;wi
��
1
3
a2
�j
z
�
D DE.2/;wiCj .z/ and DE.2/;wi .a3z/D 0

for z 2 A.E.2//˝2 . In particular, for 1 � i � 3, E.2/ has wi–simple type and
yDE.2/;wi .e

�.2/Cƒ.3// is independent of the choice of i .

Proof Suppose N.f / is a neighborhood of a regular fiber and X is the complement
of N.f /. We also identify the boundary of X with Y1 D S1�f . The 4–manifold X
contains a copy of B.2; 3; 11/. Therefore, we can find two disjoint embedded spheres
�1 and �2 of self-intersection �2 in X. Let S be the subspace of H2.X/ spanned
by the vectors �1 and �2 , and A.S/ be the subalgebra Sym�.H0.X/˚S/ of A.X/.
Then wi can be decomposed as w #w0 , where w (respectively, w0 ) is a 2–cycle in X
(respectively, N.f /), and w and w0 intersect Y1 in 
 WD S1�fptg. For z 2A.S/˝2 ,
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Proposition 3.24, with the aid of the functoriality properties discussed in Section 3.1,
implies that

DE.2/;wi .a
j
2a
k
3z/D DN.f /;w

0

.1/ ı I�.Y1 � Œ0; 1�; 
 � Œ0; 1�; a
j
2a
k
3 / ıDX;w.z/

D 3j 0k DN.f /;w
0

.1/ ı I�.Y1 � Œ0; 1�; 
 � Œ0; 1�� jf; 1/ ıDX;w.z/

D 3j 0k DE.2/;wi�jf .z/:

This verifies (4.9) for the case z 2A.S/˝2 . Using Lemma 4.6, the same claim holds
for general z , and as a result yDE.2/;wi .e

�.2/Cƒ.3// is equal to

DE.2/;w1.e
�.2/Cƒ.3//CDE.2/;w2.e

�.2/Cƒ.3//CDE.2/;w3.e
�.2/Cƒ.3//:

In particular, yDE.2/;wi .e
�.2/Cƒ.3// does not depend on i .

A similar argument, using Lemma 4.7 instead of Lemma 4.6, proves the following
analogous statement for E.n/:

Proposition 4.10 The polynomial invariants DE.n/;wk;l for 1 � l � 3 satisfy the
identities

(4:11) DE.n/;wk;l
��
1
3
a2
�j
z
�
D DE.2/;wk;lCj .z/ and DE.n/;wk;l .a3z/D 0

for z 2 A.E.n//˝2 . In particular, for 1 � l � 3, E.n/ has wk;l–simple type and
yDE.n/;wk;l .e

�.2/Cƒ.3// is independent of the choice of l .

Proposition 4.12 For 1� i � 3, we have

(4:13) yDE.2/;wi .e
�.2/Cƒ.3//D e

1
2
Q.�/�Q.ƒ/:

The two sides of (4.13) are power series in t2 and t3 where the coefficients of t i2t
j
3

are bihomogeneous polynomials on H2.E.2//˚H2.E.2// of degree .i; j /. Identity
(4.18) means for each choice of .i; j / these coefficients are equal to each other.

Proof Using Lemma 4.6, we can find a power series g.r; s; t/ 2CŒŒr; s; t �� such that

yDE.2/;wi .e
�.2/Cƒ.3// � e�

1
2
Q.�/CQ.ƒ/

D g.Q.�/;Q.�;ƒ/;Q.ƒ//:

The constant term of g is equal to 1 [52]. Lemma 4.6 also implies that it suffices to
show that g.Q.�/;Q.�;ƒ/;Q.ƒ// is equal to 1 for homology classes � and ƒ and
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2–cycles wi which are orthogonal to an embedded .�2/–sphere � . For such choices
of � and ƒ, we have

yDE.2/;wi .e
�.2/C��.2/Cƒ.3// � e�

1
2
Q.�/C�2CQ.ƒ/

D g.Q.�/� 2�2;Q.�;ƒ/;Q.ƒ//:

By taking the second derivatives of the above expression with respect to � , evaluating �
at 0 and using .C1/ of Section 2.4, we obtain

@g

@r
.r; s; t/D 0:

Similarly, identities .C2/ and .C3/ imply

4
@2g

@r2
.r; s; t/�

@g

@t
.r; s; t/D 0 and 2

@2g

@s@r
.r; s; t/C

@g

@s
.r; s; t/D 0:

Therefore, g is equal to the constant power series 1.

Suppose X is the blowup of E.2/ and w is the 2–cycle f in X. If E is the exceptional
sphere in X, then Theorem 2.27 can be used to compute the invariants of .X;w/:

yDX;w.e�.2/Cƒ.3//D 1
3

e
1
2
Q.�/�Q.ƒ/.cosh.

p
3E ��/C 2 cos.

p
3E �ƒ//:

The homology class � CE can be represented by an embedded .�3/–sphere � 0 in X.
Fix �;ƒ 2H2.X/ which are orthogonal to � 0. Then the above formula can be used
to show

(4:14) yDX;w
��
�
3
2
� 0.3/�

3
2
� 02.2/� a2

�
e�.2/Cƒ.3/

�
D e

1
2
Q.�/�Q.ƒ/.�

p
3 sin.

p
3E �ƒ/C cos.

p
3E �ƒ/� cosh.

p
3E ��//:

By another application of Theorem 2.27 and Remark 2.32, yDX;w�� 0.e�.2/Cƒ.3// is
equal to

(4:15) 1
3

e
1
2
Q.�/�Q.ƒ/.cosh.

p
3E ��/� cos.

p
3E �ƒ/C

p
3 sin.

p
3E �ƒ//:

Using Proposition 2.21 and comparing these two identities, we can find the undetermined
constant c in Proposition 2.21:

Proposition 4.16 The constant c is equal to �3.

Now we are ready to complete the computation of the invariants of E.2/:

Theorem 4.17 Suppose w is a 2–cycle in E.2/. Then E.2/ has w–simple type and
the U.3/–series of E.2/ is given by the formula

(4:18) yDE.2/;w.e
�.2/Cƒ.3//D e

1
2
Q.�/�Q.ƒ/:
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Proof In light of Lemma 4.2 and Proposition 4.12, it suffices to consider only the empty
2–cycle w0 . Let � 0 be the embedded .�3/–sphere in E.2/ # CP2 constructed above.
Consider the 2–cycle w0 WD � of E.2/ # CP2 and the element z WD .�.2/� 2E.2//2z0

of A.E.2/# CP2/˝2 , where z0 2A.h�i?/˝2\A.E.2//˝2 . By Proposition 2.22, the
following invariant of E.2/ # CP2 is equal to 4DE.2/;w0.z

0/:

(4:19) DE.2/#CP2;w 0�� 0..�.2/� 2E.2//
2z0/:

Moreover, the first identity of Proposition 2.21 can be used to show (4.19) is equal
to DE.2/#CP2;w 0.z

00/ for an appropriate choice of z002A.E.2/#CP2/˝2 . Replacing w0

with w00 WD � C �1Cg1 shows that

4DE.2/;�1Cg1.z
0/D DE.2/#CP2;w 00.z

00/:

Since w0 � w0 � w00 � w00 mod 3, the left-hand side of the above identity is equal
to DE.2/#CP2;w 0.z

00/ by the blowup formula. Therefore, we can deduce that

(4:20) DE.2/;w0.z
0/D DE.2/;�1Cg1.z

0/

for z0 2A.h�i?/˝2 . As a consequence of Lemma 4.6, Identity (4.20) holds for any
choice of z0. In particular, E.2/ has simple type with respect to w0 and (4.18) holds
for this choice of w .

Proposition 4.21 Suppose that �;ƒ 2 H2.B.2; 3; 6n � 1// � H2.E.n// and that
� 0; ƒ0 2H2.G.n//�H2.E.n//. Then

(4:22) yDE.n/;wk;l .e
.�C� 0/.2/C.ƒCƒ

0/.3//

D e
1
2
Q.�/�Q.ƒ/ yDE.n/;wk;3.e

.� 0/.2/C.ƒ
0/.3//:

Proof The group of orthogonal transformations SO
�
H2.B.2; 3; 6n�1//;Q

�
, regarded

as a subgroup of SO
�
H2.E.n//

�
, acts as the identity on the series yDE.n/;w.e�.2/Cƒ.3//.

This fact can be combined with the argument of Proposition 4.12 to verify (4.22)
for 1 � l � 3. To finish the proof, it suffices to show that yDE.n/;wk;0.e

�.2/Cƒ.3// is
equal to yDE.n/;wk;3.e

�.2/Cƒ.3//. This also can be achieved with the method of the
proof of Theorem 4.17.

By Proposition 4.10, we already know that E.n/ has wk;l–simple type for 1� l � 3.
The above proof can be used to show that E.n/ has wk;0–simple type, too.
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4.3 Invariants of E.3/

In this section, we study the U.3/–polynomial invariants of E.3/ up to a constant and
a sign ambiguity. The following is Theorem 2 from the introduction:

Theorem 4.23 The 4–manifold E.3/ has simple type. There are also real numbers
„1 and „2 such that for any 2–cycle w in E.3/ and �;ƒ 2 H2.E.3//, the series
yDE.3/;w.e�.2/Cƒ.3// is equal to

e
1
2
Q.�/�Q.ƒ/

�
„1 cosh.

p
3f ��/� 2„2 cos

�
�
2
3
�w �f C

p
3f �ƒ

��
:

Furthermore, „1C„2 D˙1 for an appropriate choice of the sign.

In a work in progress, we show that „1D 2
3

and „2D 1
3

. However, we do not need the
exact values of these constants in this paper. Later, we only use the fact that „1 and „2
are nonzero. To abbreviate our notation, define

(4:24) G.�;ƒ; j / WD „1 cosh.
p
3f ��/� 2„2 cos

�
�
2
3
�j C

p
3f �ƒ

�
:

Proposition 4.25 Suppose w is a 2–cycle in E.3/ with w �f 6� 0 mod 3. Then

(4:26) DE.3/;w
��
1
3
a2
�j
z
�
D DE.3/;w�jf .z/ and DE.3/;w.a3z/D 0

for z 2 A.E.3//˝2 . In particular, E.3/ has w–simple type. Furthermore, there is a
power series g 2QŒŒt2; t3�� such that for �;ƒ 2H2.E.3//,

yDE.3/;w.e
�.2/Cƒ.3//D e

1
2
Q.�/�Q.ƒ/g.� �f;ƒ �f /

when w �f � 1 mod 3, and

yDE.3/;w.e
�.2/Cƒ.3//D e

1
2
Q.�/�Q.ƒ/g.�� �f;�ƒ �f /

when w �f � 2 mod 3. Furthermore, g is even with respect to the variable t2 and its
constant term is equal to ˙1.

Proof The 4–manifold E.3/ is given as the fiber sum E.2/ #f E.1/. In this proof,
let �n denote a section of the elliptic fibration of E.n/, which is a sphere of self-
intersection �n. We can assume that �3 D �2 # �1 . Firstly, consider the case w � f �
1 mod 3. Arguing as in Lemma 4.4, we can assume that w D w1 # �1 , where w1 is a
2–cycle in E.2/ with w1 �f D 1. Suppose �0 and ƒ0 are two elements of H2.E.2//
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such that �0 �f Dƒ0 �f D 1. Then Proposition 3.35 for X1DE.2/, X2DE.1/ and
X3 DX4 D S

2 �f implies that

p.t2; t3/
X
0�j�2

DE.2/#fE.1/;wCjf .e
.�0#�1/.2/C.ƒ0#�1/.3//

D q.t2; t3/
X
0�j�2

DE.2/#f S2�f;w2Cjf .e
.�0/.2/C.ƒ0/.3//;

where
p.t2; t3/D

X
0�j�2

DS2�f;S2�fptgCjf .e
�.2/C�.3//

and
q.t2; t3/D

X
0�j�2

DE.1/;w1Cjf .e
.�1/.2/C.�1/.3//:

Note that bC.S2 � f /D bC.E.1//D 1 and we use the invariants with respect to the
metrics that have long necks along f in the above identities. The power series p.t2; t3/
is invertible, because p.0; 0/ D 1. Therefore, we can conclude there is a power
series g.t2; t3/ such that

(4:27)
X
0�j�2

DE.3/;wCjf .e
�.2/Cƒ.3//D e

1
2
Q.�/�Q.ƒ/g.t2; t3/

with �D�0#�1 and ƒDƒ0#�1 for �0 and ƒ0 given as above. Then Lemma 4.7 im-
plies that (4.27) holds for arbitrary � and ƒ with � �f Dƒ �f D 1. By Proposition 4.8,
we can use a similar argument as above to showX

0�j�2

DE.3/;wCjf .P.a2; a3/e
�.2/Cƒ.3//D P.3; 0/e

1
2
Q.�/�Q.ƒ/g.t2; t3/:

In particular, this shows that

DE.3/;w
��
1
3
a2
�j es�.2/Ctƒ.3/

�
D DE.3/;w�jf .e

�.2/Cƒ.3//;

DE.3/;w.a3es�.2/Ctƒ.3//D 0:

The power series g is even with respect to t2 , because D.e�.2/Cƒ.3// is even with
respect to t2 . A similar application of Proposition 3.35 for X1 D X2 D E.1/ and
X3 DX4 D S

2 �f shows that

e�t
2
2C2t

2
3p.t2; t3/D q.t2; t3/

2:

The constant term of the above equality and the identity p.0; 0/ D 1 shows that
the constant term of g is equal to ˙1. This fact completes the proof for the case
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that w � f � 1 mod 3. Using a diffeomorphism of E.3/ which maps f to �f , we
can also treat the case that w �f � 2 mod 3.

To determine the power series g , let � and � 0 be two disjoint sections of the elliptic
fibration of E.3/. Let also w be chosen such that w �f D 1 and w � � D 2. Then

yDE.3/;w.e
.s�Cs0� 0/.2/C.r�Cr

0� 0/.3//

D e�3t
2
2 .s

2Cs02/=2C3t23 .r
2Cr 02/g..sC s0/t2; .r C r

0/t3/:

By differentiating with respect to s and r , we can conclude that

yDE.3/;w.�
i
.2/�

j

.3/
z/D h

d i

dsi
d j

drj

ˇ̌̌̌
sDtD0

e�3t
2
2 s
2=2C3t23 r

2

g..sC s0/t2; .r C r
0/t3/;

where z D es
0� 0
.2/
Cr 0� 0

.3/ and hD e�3t
2
2 s
02=2C3t23 r

02

. By applying these identities to the
second formula in Proposition 2.21, we can conclude

(4:28) �
1
2
g3C

1
2
g22�

1
2
g D g ı �;

where g22 means the second derivative of the power series g.t2; t3/ with respect to t2 ,
and so on. Moreover, � maps .t2; t3/ to .�t2;�t3/. We can use (4.28) to derive the
identity

(4:29) 1
2
.g ı �/3C

1
2
.g ı �/22�

1
2
g ı � D g:

Replacing g ı � in (4.29) with the left-hand side of (4.28) gives rise to the following
PDE for g :

(4:30) g2222�g33� 2g22� 3g D 0:

Next, let w0 be a 2–cycle with w0 �f D 1 and w0 � � D 0 and consider

yDE.3/;w 0.e
.s�Cs0� 0/.2/C.r�Cr

0� 0/.3//

instead. With the same argument, the last part of Proposition 2.21 implies that

(4:31) g2222� 6g22C 3g33C 9g D 0 and g2223� 6g23 D 0:

We can combine (4.30) and the first equation in (4.31) to come up with the following
simpler PDE:

(4:32) g33�g22C 3g D 0:
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The second PDE in (4.31) and the fact that g is even with respect to the variable t2
imply that gst Dp.t/ cosh.

p
6s/. The equations (4.30) and (4.32) can be used to write

two linear ordinary differential equations for p . It is straightforward to check that the
only solution of these ODEs is p.t/D 0. Therefore, the power series g has the form
q1.t/Cq2.s/. Equation (4.32) can be used to find differential equations for q1 and q2 .
By solving these ODEs and using the fact that g is even with respect to t2 , we can
conclude

(4:33) g.t2; t3/D a cosh.
p
3t2/C b cos.

p
3t3/C c sin.

p
3t3/:

If g.0; 0/D 1, then the initial value and (4.28) imply the following constraints on a , b
and c , which can be used to prove Theorem 4.23 in the case w �f 6� 0 mod 3:

aC b D 1 and a� 1
2
b�

p
3
2
c D 1:

A similar argument can be used in the case that g.0; 0/D�1.

Next, let w � f � 0 mod 3. Using Lemma 4.4 and Proposition 4.10, it suffices to
consider the case that w D wk;1 for k D 0 or 1. The following proposition computes
the invariants of E.3/ for this choice of 2–cycle. In its proof, we use the basis for the
homology of H2.E.3/;Z/ which is introduced in Section 4.1:

Proposition 4.34 For any .�;ƒ/ 2H2.E.3//˚H2.E.3//,

(4:35) yDE.3/;wk;l .e
�.2/Cƒ.3//D e

1
2
Q.�/�Q.ƒ/G.�;ƒ; 0/:

Proof Let � 0 be a section of the elliptic fibration of E.3/ which is disjoint from � .
Then the homology class of � 0 is equal to �C3fCu, where u2H2.B.2; 3; 17/;Z/ and
u �uD�6. Arguing as in Lemma 4.4, there is a diffeomorphism ˆ of E.3/ that fixes
H2.G.3// and maps u to a linear combination of g1 and �1 . Furthermore, ˆ�.u/�
2g1� �1 mod 3. In particular, ˛ WDˆ.� 0/ is a .�3/–sphere with ˛ �wk;1 � 1 mod 3.
Suppose W is the subspace of the elements of H2.E.3// whose intersection numbers
with ˛ are equal to 0. Using Proposition 2.21, the series yDE.3/;wk;l .e

�.2/Cƒ.3//, for
any .�;ƒ/ 2W ˚W , is equal to

(4:36) �
1
3
yDE.3/;wk;1C˛

��
�
3
2
˛.3/�

3
2
˛2.2/� a2

�
e�.2/Cƒ.3/

�
:

Since .wk;1C˛/ �f D 1, we can evaluate (4.36) using our current knowledge of the
invariants of E.3/. It is straightforward to check that the resulting series is equal to
that in (4.35).
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The homology classes f , k WD � C 3
2
f and �2 satisfy the assumption of Lemma 4.7

for V DH2.E.3//. Suppose W0 and W1 are given as in Lemma 4.7, and U is the
subset of W0˚W1 consisting of the pairs that satisfy (4.35). Then U is a Zariski closed
subset of W0˚W1 . In order to complete the proof, we shall show that U contains a
Euclidean open set in W0˚W1 and hence U DW0˚W1 . Let .�;ƒ/ 2W0˚W1 be
given by

� WD af C bk and ƒD a0f C b0kC c�2:

Consider the homology classes

u1 WD
1p
2
.�1C �3/ and u2 WD

1p
2
.�1� �3/;

which have nonzero intersection with ˛ . There is an element At;� 2SO
�
H2.E.n//If

�
such that

At;� .�/ WD af C b.kC t
2f C tu1/;

At;� .ƒ/ WD a
0f C b0.kC t2f C tu1/C c

0.cos.�/�2C sin.�/u2/:

If a and a0 are close enough to each other and b , b0 and c0 are close enough to 1,
then t and � can be chosen such that At;� .�/; At;� .ƒ/ 2W . Therefore, U contains
an open subset of W0˚W1 .

4.4 Invariants of E.n/

In this section, we compute the invariants of the elliptic surface E.n/. We start with
the simpler case that w �f 6� 0 mod 3:

Proposition 4.37 Suppose w is a 2–cycle in E.n/ with w �f 6� 0 mod 3. Then E.n/
has w–simple type, and for �;ƒ 2H2.E.n//,

yDE.n/;w.e
�.2/Cƒ.3//D e

1
2
Q.�/�Q.ƒ/G.�;ƒ;w �f /n�2:

Proof The proof of this proposition is similar to that of Proposition 4.25. Applying
Proposition 3.35 for X1 D E.n � 2/, X2 D E.2/ and X3 D X4 D E.1/ gives us
enough relations to verify the proposition by induction.

In the blown-up elliptic surface E.n/ # CP2 , there is an embedded sphere with self-
intersection �.n C 1/, given by tubing a section of the elliptic fibration and the
exceptional sphere in CP2 . Therefore, there is a copy of the Gompf nucleus G.nC 1/
in G.n/#CP2 . The homology class ECf can be realized by an embedded surface E
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in Mn WDG.n/ # CP2nG.nC 1/. The surface E determines a generator of H2.Mn/.
Similarly, the nucleus G.nC 2/ can be embedded in G.n/ # 2CP2 . Therefore, there
are copies of G.4/ in the 4–manifolds E.4/, E.3/ # CP2 and E.2/ # 2CP2 . Let
Z0 �E.4/, Z1 �E.3/ # CP2 and Z2 �E.2/ # 2CP2 be the complements of G.4/
in these manifolds. Then the boundary of Zi is diffeomorphic to †.2; 3; 23/. It is
clear from the inductive construction of E.n/ that there is an embedding of Zi in
E.n� i/ # iCP2 for n� 4. In fact, if W.n/ is the fiber sum E.n� 4/ #f G.4/, then
E.n� i/ # iCP2 is diffeomorphic to Zi #†.2;3;23/W.n/.

The 4–manifold Zi gives rise to elements of I�.†.2; 3; 23// as it is explained in
Proposition 3.45. Suppose V0 � I�.†.2; 3; 23// is the vector space generated by
the element DZ0;v0.1/ where v0 is a 2–cycle in Z0 with v20 � 0 mod 3. Similarly,
define V1 to be the vector space generated by the three elements DZ1;w.1/ where w
is one of the following elements, which satisfy w2 � 1 mod 3:

v1 WDEC �1�g1; v2 WD �EC �1�g1; v3 WD �1:

Finally, let V2 be the subspace of I�.†.2; 3; 23// which is generated by the elements
of the form DZ2;w.1/ where w2 � 2 mod 3.

Proposition 4.38 The space Vi is a subspace of I4.†.2; 3; 23//. Furthermore, the
dimension of Vi is at least 1

2
.i C 2/.i C 1/.

Proof The first part of the proposition is an immediate consequence of Proposition 3.45.
To show that dim.V0/D 1, let DZ0;v0.1/D 0. By Proposition 3.45, DE.4/;v0Cw0.z/
vanishes for a 2–cycle w0 in G.4/ and z 2 A.G.4//˝2 . If w0 is chosen such
that w0 � f 6� 0 mod 3, then Proposition 4.37 asserts that there is a z such that
DE.4/;v0Cw0.z/¤ 0, which is a contradiction.

Next, we consider the case that i D 1. By Proposition 3.45, a linear relation among the
vectors DZ1;vl .1/ for 1� l � 3 implies that there are constant numbers cl such that

(4:39)
X
1�l�3

cl yDE.3/#CP2;vlCw0
.e�.2/C�.3//D 0:

Here w0 is a 2–cycle in G.4/ and � is the embedded .�4/–sphere in G.4/. We can
use the blowup formula and the results of the previous subsection to evaluate the above
power series and to conclude thatX

1�l�3

cl
�
cosh.

p
3t2/C �

�.vlCw0/�Eei
p
3t3 C �.vlCw0/�Ee�i

p
3t3
�
D 0:
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Since vl �E ��l mod 3, the constants cl are equal to zero. Therefore, dim.V1/D 3.
Similar proofs can be applied to the case that i D 2.

Theorem 4.40 Suppose w is a 2–cycle in E.n/ and �;ƒ 2H2.E.n//. Then

(4:41) yDE.n/;w.e
�.2/Cƒ.3//D e

1
2
Q.�/�Q.ƒ/G.�;ƒ;w �f /n�2:

Proof Since the dimension of I4.†.2; 3; 23// is equal to 9, Proposition 4.38 implies
that there are vectors �i 2 Vi such that

(4:42) �0C�1C�2 D 0:

We use this identity to verify (4.41) inductively for the remaining invariants of E.n/.
Firstly, consider the case that �0¤ 0. Then we can assume that �0DDZ0;v0.1/. There
are also 2–cycles w1; : : : ; wk in Z2 and constants c1; c2; c3; c01; : : : ; c

0
k

such that

(4:43) �1 D

3X
lD1

clDZ1;vl .1/ and �2 D

kX
jD1

c0jDZ2;wj .1/:

Suppose �;ƒ2H2.W.n// and w is a 2–cycle in W.n/. Then Proposition 3.45 implies
that the U.3/–series yDE.n/;v0Cw.e

�.2/Cƒ.3// is equal to

(4:44) �
X
l

cl yDE.n�1/#CP2;vlCw
.e�.2/Cƒ.3//

�

X
j

c0j
yDE.n�2/#2CP2;wjCw

.e�.2/Cƒ.3//

D e
1
2
Q.�/�Q.ƒ/G.�;ƒ;w �f /n�4A.�;ƒ/;

where the term A.�;ƒ/ is a linear combination of the six expressions

(4:45)
cosh.

p
3f ��/2; cosh.

p
3f ��/��w �f e˙i

p
3f �ƒ;

��2w �f e˙2i
p
3f �ƒ; 1;

and the coefficients of this linear combination do not depend on w . To derive (4.44)
we use the facts that � �E D�� �f and ƒ �E D�ƒ �f . In the case w �f 6� 0 mod 3,
A.�;ƒ/ is equal to G.�;ƒ;w � f /2 using Proposition 4.37. This identity holds also
in the case that w � f � 0 mod 3, because A.�;ƒ/ is a linear combination of the
terms in (4.45) with coefficients which are independent of w . Therefore, for a general
2–cycle w in W.n/ and �;ƒ 2H2.W.n//,

yDE.n/;v0Cw.e
�2Cƒ3/D e

1
2
Q.�/�Q.ƒ/G.�;ƒ;w �f /n�2:
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Then Proposition 4.21 implies yDE.n/;w.e�2Cƒ3/ equals e
1
2
Q.�/�Q.ƒ/G.�;ƒ;w/n�2

for any 2–cycle w in E.n/ and �;ƒ 2H2.E.n//.

Next, assume that �0 D 0. We assume that the nonzero vectors �1 and �2 are
given as in (4.43). Fix an arbitrary 2–cycle w in W.nC 1/ and homology classes
�;ƒ 2H2.W.nC 1//. Another application of Proposition 3.45 shows that

(4:46)
X
1�l�3

cl yDE.n/#CP2;vlCw
.e�.2/Cƒ.3//

is equal to X
j

c0j
yDE.n�1/#2CP2;wjCw

.e�.2/Cƒ.3//:

By our inductive calculation of the invariants of E.n/, the latter expression is equal to

e
1
2
Q.�/�Q.ƒ/G.�;ƒ;w �f /n�3B.�;ƒ/:

Here B.�;ƒ/ is a linear combination of the six expressions

cosh.
p
3f ��/2; cosh.

p
3f ��/��w �f e˙i

p
3f �ƒ; ��2w �f e˙2i

p
3f �ƒ; 1:

As in the previous case, the coefficients of this linear combination are determined
by c0j and wj . In particular, they do not depend on w . Therefore, we can determine
these coefficients by considering the case that w �f 6� 0 mod 3, for which we already
computed the invariants. Therefore, B.�;ƒ/ is equal to

G.�;ƒ;w �f /
X
1�l�3

1
3
cl.cosh.

p
3E ��/C ��w �Eei

p
3E �ƒ

C �w �Ee�i
p
3E �ƒ/:

For an arbitrary 2–cycle w � E.n/ # CP2 and �;ƒ 2 E.n/ # CP2 , let yPw.�;ƒ/ be
the power series given by subtracting yDw.e�.2/Cƒ.3// from the power series

e
1
2
Q.�/�Q.ƒ/G.�;ƒ;w�f /n�2 1

3
.cosh.

p
3E ��/C�w �Eei

p
3E �ƒ
C��w �Ee�i

p
3E �ƒ/:

Then we can rephrase our conclusion in the form of the identity

(4:47)
X
1�l�3

clyPvlCw.�;ƒ/D 0

where w is a 2–cycle in W.nC 1/ and �;ƒ 2H2.W.nC 1//. Suppose pi;jw is the
polynomial on H2.E.n/ # CP2/˚H2.E.n/ # CP2/ of bidegree .i; j / determined by
the coefficient of t i2t

j
3 in yPw . Then pi;jw can be evaluated at

.�1; : : : ; �i Iƒ1; : : : ; ƒj /

Geometry & Topology, Volume 24 (2020)



Sutured manifolds and polynomial invariants from higher rank bundles 115

for �k; ƒk 2 H2.E.n/ # CP2/. By induction on i C j , we shall show that pi;jw
vanishes for all possible choices of w . By considering the constant terms of (4.47) for
empty w , we have

c1p
0;0
v1
C c2p

0;0
v2
C c3p

0;0
v3
D 0:

The blowup formula asserts that p0;0v1 D p
0;0
v2 D 0. Therefore, if c3¤ 0, then p0;0v3 D 0.

Thus Proposition 4.21 and the blowup formula show that p0;0w D 0 for all 2–cycles w
in E.n/ # CP2 . If c3 D 0, then by (4.47),

c1p
2;0
v1
.� CE; � CE/C c2p

2;0
v2
.� CE; � CE/D 0

and

c1p
0;1
v1
.� CE/C c2p

0;1
v2
.� CE/D 0:

The blowup formula asserts that

c1p
0;0
v1�E

C c2p
0;0
v2CE

D 0 and c1p
0;0
v1�E

� c2p
0;0
v2CE

D 0:

Consequently, at least one of the numbers p0;0v1�E and p0;0v2CE is zero and we can derive
the same conclusion as in the previous case.

Now assume that the polynomial pi;jw vanishes for i C j � k and any 2–cycle in
E.n/ # CP2 . Fix .i; j /, z�1; : : : ; z�i and zƒ1; : : : ; zƒj such that i C j D k C 1 and
z�l and zƒl 0 are equal to either � CE or f . Then apply (4.47) to conclude that

(4:48)
X
1�l�3

clp
i;j
vl
.z�1; : : : ; z�i I zƒ1; : : : ; zƒj /D 0:

The blowup formula and the induction hypothesis imply that every term of the form
� CE can be replaced with � . Thus, if c3 ¤ 0,

(4:49) pi;jv1 .�1; : : : ; �i Iƒ1; : : : ; ƒj /D 0

for �k; ƒk 2H2.G.n//. Therefore, Proposition 4.21 and the blowup formula allow us
to complete the verification of the induction step. If c3 D 0, we can use the analogue
of (4.48) for

.� CE; � CE; z�1; : : : ; z�i I zƒ1; : : : ; zƒj / and .z�1; : : : ; z�i I � CE; zƒ1; : : : ; zƒj /

and argue as in the basis of the induction. This completes the proof of the theorem.
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4.5 Gluing 4–manifolds along surfaces of self-intersection zero

In this subsection, we use the calculation of U.3/–polynomial invariants for elliptic
surfaces to study invariants of another family of closed 4–manifolds:

Definition 4.50 Suppose that X is a smooth 4–manifold, † is an oriented surface of
genus g � 1 embedded in X, w is a 2–cycle in X, and H is a subspace of H2.X/.
Then .X;†;w/ is permissible with respect to the subspace H if the following hold:

(i) b1.X/D 0 and bC.X/ > 1.

(ii) † �†D 0.

(iii) w �† 6� 0 mod 3.

(iv) Let z 2A.H/˝2 , and let u be the 2–cycle wC l† for l D 0, 1 or 2. Then

(4:51) DX;u
��
1
3
a2
�3
z
�
D DX;u.z/ and DX;u.a3z/D 0:

Moreover, there are cohomology classes Ki 2 H 2.X;Z/ such that Ki is an
integral lift of w2.TX/ and jKi �†j � 2g � 2, and for � , ƒ 2 H, the power
series yDX;u.e�.2/Cƒ.3// is equal to

(4:52) e
1
2
Q.�/�Q.ƒ/

X
i;j

cij �
�l†�. 1

2
.Ki�Kj //e

p
3
2
.KiCKj /��C

p
3
2

i .Ki�Kj /�ƒ:

The cohomology class Ki is called a basic class of the triple .X;†;w/ and ci;j is
called the coefficient associated to the pair .Ki ; Kj /. In the case that HDH2.X/, we
say .X;†;w/ is permissible.

Example 4.53 The results of Section 4.2 show that the triple .E.2/; f; w/ forms a
permissible triple where f is a fiber in an elliptic fibration of E.2/ and w is a 2–cycle
such that w � f 6� 0 mod 3. In this case, the only basic class in (4.52) is the zero
cohomology class. More generally, we can embed a surface of genus g in E.2/ whose
self-intersection is equal to 2g� 2. For example, we can construct such an embedded
surface by considering the union of g fibers and a section of the fibration, and then
smoothing out the intersection points. Let † be the proper transform of this surface
after blowing up E.2/ at 2g � 2 points on the surface. Let also w be a 2–cycle in
E.2/ # .2g � 2/CP2 such that w �† 6� 0 mod 3. Then the blowup formula implies
that .E.2/ # .2g � 2/CP2; †; w/ is a permissible triple. If E1; : : : ; E2g�2 are the
exceptional classes, then a basic class of this triple has the form ˙E1˙ � � �˙E2g�2 .
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Example 4.54 One can further generalize the previous example by considering a
surface † with self-intersection 0 embedded in the 4–manifold E.n/#kCP2 . Let w be
a 2–cycle in X such that w �† 6� 0 mod 3. Then the blowup formula and Theorem 4.40
can be utilized to verify most requirements of Definition 4.50 for permissibility
of .X;†;w/. The only missing part is to verify the inequality jK �†j � 2g� 2 for
basic classes K of X. To check this inequality, note that our basic classes for .X;†;w/
are the same as U.2/–basic classes for X [53; 25; 63; 54; 26]. Therefore, the desired
inequality is a consequence of the adjunction inequality in [54].

Remark 4.55 Among the conditions in Definition 4.50, (iv) might seem the most
mysterious one. The first part of this condition is a weaker version of the simple
type condition in (1.7). We expect that if X has simple type in the sense of [54]
and .X;w;†/ satisfies properties (i), (ii) and (iii) of Definition 4.50, then condition (iv)
automatically holds. In fact, we propose a more general conjecture as Conjecture 7.2 in
Section 7. This conjecture is the U.3/ version of Kronheimer and Mrowka’s structure
theorem [54].

Definition 4.56 For g�1, the set of all integer pairs .a; b/ which satisfy the following
two properties is denoted by Cg :

(i) a and b have the same parity.

(ii) jajC jbj � 2g� 2.

We will write Ng for the number of the elements of Cg , which is equal to 2g.g�1/C1.

The following proposition can be verified using the permissible triples provided by
Example 4.53:

Proposition 4.57 For any .a; b/ 2 Cg , there are a permissible triple .X;w;†/ and
basic classes Ki and Kj of the triple such that † has genus g and

(4:58) aD 1
2
..Ki CKj // �† and b D 1

2
..Ki �Kj // �†:

For a permissible triple .X;†;w/, define

DX;w;†.e�.2/Cƒ.3// WD
X
0�l�2

DX;wCl†.e
�.2/Cƒ.3//:

More generally, DX;w;†.z/ is defined to be the sum DX;wCl†.z/ for different values
of 0� l � 2. The dimension formula shows that if all terms in z have a fixed degree,
then only one of the 2–cycles wC l† is involved in the definition of DX;w;†.z/.
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Lemma 4.59 Suppose .X;w;†/ is a permissible triple as above and dw 2 Z=3Z is
defined to be bCC 1�w �w . Then DX;w;†

��
1
3
a2
�me�.2/Cƒ.3/

�
is equal toX

cij �
li;j .dw�m/e�

2li;j . 1
2
Q.�/C

p
3
2

i .Ki�Kj /�ƒ/C�
li;j .�Q.ƒ/C

p
3
2
.KiCKj /��/;

where the inner sum is over all pairs of basic classes .Ki ; Kj /. Moreover, li;j 2 Z=3Z

is equal to .w �†/
�
1
2
.Ki �Kj /

�
�†.

Proof For a 4–manifold W with simple type, the power series DX;w can be recovered
from yDX;w in the following way:

DX;w
��
1
3
a2
�me�.2/Cƒ.3/

�
D
1

3

X
0�k�2

�k.dw�m/ yDX;w.e�
k�.2/C�

2kƒ.3//:

ThereforeX
0�l�2

DX;wCl†
��
1
3
a2
�me�.2/Cƒ.3/

�
D
1

3

X
0�k;l�2

�k.dwCl†�m/ yDX;wCl†.e
�k�.2/C�

2kƒ.3//:

Then, we can use the permissibility of .X;w;†/ to rewrite the right-hand side in terms
of basic classes. A straightforward simplification gives the desired result.

Suppose .X;w;†/ and .X 0; w0; †/ are two permissible triples such that the embedded
surfaces of genus g are identified with each other, and this identification is lifted
to the normal bundles. Suppose also w and w0 intersect † in the same number
of points with the same signs. As explained in Section 3.3, we can form the triple
.X #† X 0; w # w0; †/. There is also a subspace K � H2.X/˚H2.X 0/ such that
there is a map #W K! H2.X #† X 0/. The main goal of this section is to compute
yDX#†X 0;w#w 0.e�.2/Cƒ.3// for �;ƒ 2 im.#/ in terms of the invariants of the pairs
.X;w/ and .X 0; w0/.

The basic idea to achieve this goal is to use the gluing property in (3.30). Therefore, the
RN–module IN

g;d
, introduced in Section 3.3, for N D 3 and d D w �†, plays a key

role in computing the invariants of .X #†X 0; w#w0/. In fact, we can replace I3
g;d

with
a smaller module. Before giving the definition of this smaller module, we introduce
some conventions. Form now on, we drop 3 from our notation and denote this Fukaya–
Floer homology module with Ig;d . Moreover, for a permissible triple .X;w;†/ the
intersection w �† is denoted by d , unless otherwise is stated.
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Let zIg;d � Ig;d be the CŒŒt2; t3��–module generated by the following relative elements
in Ig;d :

(4:60) DXı;wı;†.e
�ı
.2/
Cƒı

.3// WD
X

l2Z=3Z

DXı;wıCl†.e
�ı
.2/
Cƒı

.3//;

where .X;w;†/ is a permissible triple, and � , ƒ 2H2.X;Z/ with � �†Dƒ �†D 1.
By (3.30), the pairing of this element with D�g;ıg.zeD.2/CD.3// is equal to the follow-
ing element of CŒŒt2; t3��:

(4:61) DX;w;†.ze�.2/Cƒ.3//:

Suppose CŒŒt2; t3��Œx; y; z� is the ring of polynomials of three variables with coefficients
in CŒŒt2; t3�� and zDP.a2; †.2/; †.3// for P 2CŒŒt2; t3��Œx; y; z�. Then Lemma 4.59
shows that the pairing of (4.60) and D�g;ıg.zeD.2/CD.3// is equal toX
.a;b/2Cg

�
�dbdwP.u.a; b//

�

X
ci;j e�

2db. 1
2
Q.�/C

p
3
2

i .Ki�Kj /�ƒ/C�
db.�Q.ƒ/C

p
3
2
.KiCKj /��/

�
;

where the inner sum is over all pairs of basic classes .Ki ; Kj / such that

(4:62) 1
2
.Ki CKj / �†D a and 1

2
.Ki �Kj / �†D b;

and

(4:63) u.a; b/ WD .3�2db; �db
p
3aC �2dbt2; �

2db
p
3ib� 2�dbt3/:

For �D .˛; ˇ/ 2 Cg , fix a polynomial P� 2CŒŒt2; t3��Œx; y; z� such that

(4:64) P�.u.˛; ˇ//D 1 and P�.u.a; b//D 0 for .a; b/¤ .˛; ˇ/:

Define a map ˆW zIg;d !CŒŒt1; t2��Ng by

ˆ.�/ WD
˚
h�; D�g;ıg.P�.a2; †.2/; †.3//e

D.2/CD.3//i
	
�2Cg

:

By (3.30), the homomorphism ˆ maps the relative element in (4.60) to an element of
CNg ŒŒt2; t3��, whose component corresponding to �D .a; b/, denoted by c�X;w;†.�;ƒ/,
is equal to

(4:65) �dbdw
X

ci;j e�
2db. 1

2
Q.�/C

p
3
2

i .Ki�Kj /�ƒ/C�
db.�Q.ƒ/C

p
3
2
.KiCKj /��/;
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where the sum is over the pairs of basic classes .Ki ; Kj / that satisfy (4.62). Let
C..t1; t2// denote the field of fractions of CŒŒt2; t3��. Then ˆ induces a map

ˆW zIg;d ˝CŒŒt1;t2��C..t1; t2//!C..t1; t2//
Ng :

Proposition 4.66 The map ˆ is injective. Moreover, ˆ is an isomorphism of vector
spaces.

Proof Suppose I is the ideal in A3g˝C CŒŒt2; t3�� generated by a3 , 
.2/ , 
.3/ and the
elements P.a2; †.2/; †.3//, where P 2CŒŒt2; t3��Œx; y; z� is a polynomial evaluating
to zero at the points in (4.63). Then the pairing of (4.60) and D�g;ıg.zeD.2/CD.3//
vanishes when z 2 I. Any element of zIg;d is also invariant with respect to the action of

(4:67) z� WD IN� .Œ0; 1��Yg ; Œ0; 1�� 
g;d C†; e.Œ0;1��
/.2/C���C.Œ0;1��
/.N//:

Recall that Yg D † � S1 and 
 in (4.67) denotes an S1–fiber of Yg . Any z 2

A3g ˝C CŒŒt2; t3�� can be written as a sum of an element of I and a CŒŒt2; t3��–linear
combination of the polynomials fP�g�2Cg . Therefore, injectivity of ˆ is a consequence
of Proposition 3.31.

For a given �0 2 Cg , Proposition 4.57 gives a permissible triple .X;w;†/ such that the
component of the relative element (4.60) corresponding to �0 is nonzero. Furthermore,
we can change the relative class as in (4.60) by replacing � with �C s† and ƒ with
ƒC s†. The component of this relative element corresponding to �D .a; b/ picks
the factor es.�

2b
p
3at2C�

b
p
3bt3C�

bt22�2�
2bt23 / . Therefore, by taking CŒŒt1; t2��–linear

combinations of such expressions for different values of s , we can produce elements
of zIg;d such that the component corresponding to �0 is the only nonzero element.
This verifies the second part of the proposition.

Consider the restriction of the pairing h ; i on Ig;d . The above proposition implies that
this pairing induces a pairing on C..t1; t2//Ng using the map ˆ:

(4:68) h � ; � iW C..t1; t2//
Ng �C..t1; t2//

Ng !C..t1; t2//:

Suppose this pairing is given by f�2bd.g�1/hg;d
�;�0
g�;�02Cg with respect to the standard

basis of C..t1; t2//Ng , where b is the second coordinate of �. The constant �2bd.g�1/

does not play an important role here. It will be used to obtain a slightly simpler form
for our gluing formulas in Proposition 4.71.

Proposition 4.69 The element hg;d
�;�0

.t2; t3/ 2 C..t1; t2// is nonzero only if � D �0.
Furthermore, if �D .a; b/ and j�j1 WD jajC jbj< 2g� 2, then hg;d

�;�
is zero.
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Proof Suppose .X;w;†/ and .X 0; w0; †/ are two permissible triples such that
w and w0 intersect † in the same set of points with the same signs. Suppose the
homology classes �;ƒ 2 H2.X/ and � 0; ƒ0 2 H2.X

0/ are chosen such that their
intersection with † is equal to 1. Then (3.30) asserts that

(4:70) DX#†X 0;w#w 0;†.e.�#� 0/.2/C.ƒ#ƒ0/.3//

D

X
�;�02Cg

�2bd.g�1/h
g;d

�;�0
c�X;w;†.�;ƒ/c

�0

X 0;w 0;†.�
0; ƒ0/:

Replacing � , � 0, ƒ and ƒ0 with � C r†, � 0 � r†, ƒC s† and ƒ0 � s† does
not change the left-hand side of the above identity. On the right-hand side, the term
corresponding to � and �0 changes by a factor of the form er �f .�;�

0/Cs�g.�;�0/ . Here
f .�; �0/ and g.�; �0/, which can be computed explicitly, are zero if and only if �D �0.
Therefore, hg;d

�;�0
has to be nonzero when �¤ �0.

Let .X;w;†/ be the permissible triple of Example 4.53 where † has genus g � 1.
Taking the connected sum of † and a homologically trivial torus embedded in a 4–ball
produces a permissible triple .X;w;†0/ such that †0 has genus g . Then X #†X can
be decomposed as the connected sum of S2�S2 and another 4–manifold with bC >0.
Theorem 6.14 asserts that for �;ƒ; � 0 and ƒ0 2H2.X/, the invariant

DX#†0X;w#w;†.e.�#� 0/.2/C.ƒ#ƒ0/.3//

vanishes. If j�j1 < 2g� 2, then we can find � and ƒ such that c�X;w;†0 is nonzero.
Consequently, hg;d

�;�
is zero for this choice of �.

In light of the above proposition, let hg;d
a;b

be hg;d
�;�

for �D .a; b/ 2 CgnCg�1 . These
are the only nonzero terms among the coefficients of the pairing.

Proposition 4.71 Suppose .X;w;†/ and .X 0; w0; †/ are two permissible triples
such that w and w0 intersect † in the same set of points with the same signs. Then

(4:72) DX#†X 0;w#w 0
��
1
3
a2
�3
z
�
D DX#†X 0;w#w 0.z/ and DX#†X 0;w#w 0.a3z/D 0

for z 2 Sym�.H0.X #† X 0/˚ im.#//˝2 . Suppose also that the intersection number
of the homology classes �;ƒ 2 H2.X/ and � 0; ƒ0 2 H2.X

0/ with † is 1. Then
yDX#†X 0;w#w 0.e.�#� 0/.2/C.ƒ#ƒ0/.3// is equal to

e
1
2
Q.�#� 0/�Q.�#� 0/

�

X
.a;b/2CgnCg�1

h
g;d

a;b
.t2; t3/

X
cijdi 0j 0e.

p
3
2
.Mi;i0CMj;j 0 /��#� 0C

p
3
2

i .Mi;i0�Mj;j 0 /�ƒ#ƒ0/:
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For each .a; b/, the second sum is over the pairs of basic classes .Ki ; Kj / and
.Li 0 ; Lj 0/ such that

(4:73) 1
2
.KiCKj /�†D

1
2
.Li 0CLj 0/�†Da;

1
2
.Ki�Kj /�†D

1
2
.Li 0�Lj 0/�†Db;

and Mi;i 0 and Mj;j 0 are respectively equal to Ki #Li 0 and Kj #Lj 0 .

Proof The series DX#†X 0;w#w 0;†.e.�#� 0/.2/C.ƒ#ƒ0/.3// can be computed in terms
of the cohomology classes Mi;i 0 by substituting (4.65) into (4.70) and applying
Proposition 4.69. Then we argue as in Lemma 4.59 to obtain the desired formula for
the U.N /–series yDX#†X 0;w#w 0.e.�#� 0/.2/C.ƒ#ƒ0/.3//. We can follow a similar strategy
to compute yDX#†X 0;w#w 0.a

i
2a
j
3e.�#� 0/.2/C.ƒ#ƒ0/.3// in terms of the classes Mi;i 0 . The

resulting formulas prove the identities in (4.72).

The goal of the remaining part of this section is to determine the power series hg;d
a;b
.t2; t3/

up to two constants. Firstly, one can obtain a constraint on this power series by changing
the orientation of †:

(4:74) h
g;2

a;b
.t2; t3/D h

g;1

�a;�b
.�t2;�t3/:

We shall obtain more constraints by looking at some explicit 4–manifolds. In the case
g D 1, we can in fact determine h1;d0;0 .t2; t3/ completely using our calculation of the
invariants of E.n/:

Corollary 4.75 For g D 1, the only nonzero term among the pairing coefficients is

h
1;d
0;0 .t2; t3/D

�
„1 cosh.

p
3t2/� 2„2 cos

�
�
2
3
�d C

p
3t3
��2
:

In particular, if .X;w;†/ and .X 0; w0; †/ are permissible triples such that the genus
of † is equal to 1, and w and w0 intersect † in the same set of points with the same
signs, then

(4:76) yDX#†X 0;w#w 0.e.�#� 0/.2/C.ƒ#ƒ0/.3//

D h
1;d
0;0
yDX;w.e�.2/Cƒ.3// yDX 0;w 0.e

� 0
.2/
Cƒ0

.3//:

Remark 4.77 Identity (4.76) is a consequence of Proposition 3.35, and it holds
even if we only require (i), (ii) and (iii) of Definition 4.50 for the triples .X;w;†/
and .X 0; w0; †/.

The 4–manifold B.1/ WDE.1/ # CP2 has two elliptic fibrations with fibers f and f 0

such that f � f 0 D 1. There are also disjoint embedded spheres E and E 0 in B.1/
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such that E (respectively, E 0 ) intersects f (respectively, f 0 ) positively in one point
and is disjoint from f 0 (respectively, f ). The fiber sum of n copies of B.1/ along f 0

produces a 4–manifold B.n/ which is diffeomorphic to E.n/ # nCP2 (Figure 1).
The exceptional spheres of B.n/ are denoted by E1; : : : ; En , where Ei is given by
the exceptional sphere E in the i th summand of B.n/.7 Furthermore, one can glue
copies of f to produce a surface fn of genus n with self-intersection zero. The
homology class of fn is equal to ŒS�� ŒE1�� � � � � ŒEn� for an appropriate surface S
of genus n in E.n/. Similarly, one can glue copies of E 0 to produce �n , a sphere
of self-intersection �n that is disjoint from fn and the exceptional spheres. The
intersection number of �n and f 0 is equal to 1. The following proposition shows that
.B.n/; fn; w/ is permissible if w �f 6� 0 mod 3:

Proposition 4.78 Suppose w is a 2–cycle in B.n/ such that w � fn 6� 0 mod 3.
For n� 2, the triple .B.n/; w; fn/ is permissible and yDB.n/;w.e�.2/Cƒ.3// is given by

e
1
2
Q.�/�Q.ƒ/G0.�;ƒ;w�f 0/n�2

Y
i

1
3

�
cosh.

p
3Ei ��/C2cos

�
�
2
3
�w�EiC

p
3Ei �ƒ

��
for �;ƒ 2 H2.B.n//. Here G0 is given by (4.24) after replacing f with f 0. In
particular, a basic class of B.n/ has the form

.n� 2k/f 0˙E1˙ � � �˙En for 1� k � n� 1:

Proof This follows from the blowup formula and Theorem 4.40.

From the construction, it is clear that there is a diffeomorphism (see Figures 2 and 3)

(4:79) ˆnW B.n/ #fn B.n/! B.2/ #f2 � � � #f2 B.2/:

This diffeomorphism maps fn and f 02 WDf
0#f 0 in B.n/#fnB.n/ to f 0n WDf

0# � � �#f 0

and f2 in B.2/ #f2 � � � #f2 B.2/. The sphere �n � B.n/ determines two spheres
of self-intersection �n in B.n/ #fn B.n/, which are denoted by �1n and �2n . The
diffeomorphism ˆn maps � in to Ein WDE

i # � � �#Ei . Therefore, the following elements
of CŒŒr2; s2; r3; s3; t2; t3�� are equal to each other:

(4:80) yDB.n/#fnB.n/;kf 02Clfn.e
.r2fnCs2f

0
2/.2/C.r3fnCs3f

0
2/.3//

D yDB.2/#f2 ���#f2B.2/;kf2Clf 0n.e
.r2f

0
nCs2f2/.2/C.r3f

0
nCs3f2/.3//:

7For the special case of exceptional spheres in B.n/ , we deviate from our previous notation and put i
as a superscript.
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fn

E
1

E
2 E

n

f 0f 0

�n

Figure 1: A schematic of B.n/: each embedded curve represents an embed-
ded surface and each intersection point of these curves represents an element
in the intersection of the corresponding surfaces. Note that Ei and �n do not
intersect.

Proposition 4.81 Suppose .a; b/ 2 C2nf.0; 0/g. Then

(4:82) h
2;d
a;b
.t2; t3/D

X
.
;�/2C2nf.0;0/g

h
2;d
a;b;
;�

e
p
3
t2C

p
3i�t3 ;

where h2;d
a;b;
;�

is a constant number.

Proof The triple .B.2/; df 0C 2df2; f2/ is permissible, and Proposition 4.71 can be
utilized to compute the following element of CŒŒr2; r3; s2; s3; t2; t3��:

yDB.2/#f2B.2/;df 02Cdf2.e
.s2f

0
2Cr2f2/.2/C.s3f

0
2Cr3f2/.3//:

fn

E
1

2
E

2

2
E

n

2f 0

2
f 0

2

�1
n

�2
n

Figure 2: A schematic of B.n/ #fnB.n/ .
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f 0

n

�1

2
�2

2
�n

2f2f2

E
1
n

E
2
n

Figure 3: A schematic of B.2/ #f2 � � � #f2B.2/ .

We can evaluate this series at t2 D t3 D 1 to obtain a well-defined element of
CŒŒr2; r3; s2; s3��. This power series is equal to

(4:83) er2s2�2r3s3
X

.a;b/2C2nf.0;0/g

h
2;d
a;b
.s2; s3/e

p
3ar2C

p
3ibr3

� X
.Ki ;Kj /

cij

�2
;

where the inner sum is over all pairs of basic classes .Ki ; Kj / of .B.2/; df 0C2df2; f2/
such that

1
2
.Ki CKj / �f2 D a and 1

2
.Ki �Kj / �f2 D b:

For each choice of .a; b/, the inner sum is nonzero. The identity (4.80) shows that the
expression (4.83) is invariant with respect to the symmetry of CŒŒr2; r3; s2; s3�� that
switches r2 with s2 and r3 with s3 . This can be used to show that h2;d

.a;b/
.t2; t3/ has

the form in (4.82).

f2

f 0

2

E
1

2
E

2

2

�1

2

�2

2

Figure 4: A schematic of B.2/ #f2B.2/: reflection with respect to the dashed
line represents the diffeomorphism ˆ2 of this 4–manifold.
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Proposition 4.84 The constant numbers h2;d
a;b;
;�

are zero except possibly

h
2;d
2;0;2;0; h

2;d
0;2;0;2; h

2;d
0;�2;0;�2 and h

2;d
�2;0;�2;0:

Furthermore, there are real numbers „3 and „4 such that

(4:85) h2;d2;0;2;0 D h
2;d
�2;0;�2;0 D „3; h

2;d
0;2;0;2 D �

d
„4 and h

2;d
0;�2;0;�2 D �

�d
„4:

Proof Firstly, for the purpose of brevity, let

NX;w.�;ƒ/ WD yDX;w.e�.2/Cƒ.3//e
1
2
�Q.�/CQ.ƒ/:

Proposition 4.81 implies that NB.2/#f2B.2/;df 02Cd 0f2.�;ƒ/, for �;ƒ 2 im.#/, has the
formX

M
d;d 0

a;b;
;�
.i;j;i 0;j 0/e

�p
3
2
..Ki#Ki0CKj #Kj 0C2
f2/��/C

p
3
2

i ..Ki#Ki0�Kj #Kj 0C2�f2/�ƒ/
�
;

where the sum is over the pairs .a; b/; .
; �/ 2 C2nf.0; 0/g and the basic classes
Ki , Kj , Ki 0 and Kj 0 of the permissible triple .B.2/; df 0C 2d 0f2; f2/ such that

1
2
.Ki CKj / �f2D

1
2
.Ki 0CKj 0/ �f2D a;

1
2
.Ki �Kj / �f2D

1
2
.Ki 0 �Kj 0/ �f2D b:

In the above expression, the constant M d;d 0

a;b;
;�
.i; j; i 0; j 0/ is equal to h2;d

a;b;
;�
cij ci 0j 0 ,

where cij and ci 0j 0 are the coefficients associated to the pairs of basic classes .Ki ; Kj /
and .Ki 0 ; Kj 0/ for the permissible triple .B.2/; df 0C2d 0f2; f2/. We need the follow-
ing elementary lemma:

Lemma 4.86 Suppose V is a vector space and ffig1�i�N is a finite set of distinct
complex-valued linear functionals on V . Then the functions fefi g1�i�N are linearly
independent over C .

This lemma is an immediate consequence of the existence of a line l � V such that the
restrictions fi jl are distinct. We apply this lemma in the case that V is the following
subspace of H2.B.2/ #f2 B.2//

˚2 :�
im.#/\ .ˆ2/�.im.#//

�
˚
�
im.#/\ .ˆ2/�.im.#//

�
:

Since ˆ maps df 02C d
0f2 to df2C d 0f 02, we have

NB.2/#f2B.2/;df 02Cd 0f2.�;ƒ/D NB.2/#f2B.2/;df2Cd 0f 02..ˆ2/�.�/; .ˆ2/�.ƒ//

for .�;ƒ/ 2 V . This identity implies that

(4:87)
X

M
d;d 0

a;b;
;�
.i;j;i 0;j 0/ef

i;j;i0;j 0

a;b;
;�
.�;ƒ/
�M

d 0;d
a;b;
;�

.i;j;i 0;j 0/eg
i;j;i0;j 0

a;b;
;�
.�;ƒ/

D 0:
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f2 f 02 E12 E22 �12 �22

Lı1 WDE
1
2 CE

2
2 C ıf2 2 ı ı� 2 ı� 2 0 0

Lı2 WD �E
1
2 �E

2
2 C ıf2 –2 ı ıC 2 ıC 2 0 0

Lı3 WD �E
1
2 CE

2
2 C ıf2 0 ı ıC 2 ı� 2 0 0

Lı4 WDE
1
2 �E

2
2 C ıf2 0 ı ı� 2 ıC 2 0 0

Lı5 WD �1� �2C ıf2 0 ı ı ı 0 0

Lı6 WD �2� �1C ıf2 0 ı ı ı 0 0

J ı1 WD �
1
2 C �

2
2 C ıf

0
2 ı 2 0 0 ı� 2 ı� 2

J ı2 WD ��
1
2 � �

2
2 C ıf

0
2 ı –2 0 0 ıC 2 ıC 2

J ı3 WD ��
1
2 C �

2
2 C ıf

0
2 ı 0 0 0 ıC 2 ı� 2

J ı4 WD �
1
2 � �

2
2 C ıf

0
2 ı 0 0 0 ı� 2 ıC 2

J ı5 WD �1� �2C ıf
0
2 ı 0 0 0 ı ı

J ı6 WD �2� �1C ıf
0
2 ı 0 0 0 ı ı

Table 1: Pairing of the cohomology classes Lım and J ım with some elements
of
�
im.#/\ .ˆ2/�.im.#//

�
.

Here f i;j;i
0;j 0

a;b;
;�
is defined by the pair of cohomology classes�p

3
2
.Ki #Ki 0 CKj #Kj 0 C 2
f2/;

p
3
2

i .Ki #Ki 0 �Kj #Kj 0 C 2�f2/
�
;

and gi;j;i
0;j 0

a;b;
;�
Dˆ�2.f

i;j;i 0;j 0

a;b;
;�
/. In the case of f i;j;i

0;j 0

a;b;
;�
, this pair is equal to�p

3
2
.LımCL

ı 0

m0/;
p
3
2

i .Lım�L
ı 0

m0/
�

for an appropriate choice of m and ı , where Lım is as defined in Table 1.

There are similar formulas for gi;j;i
0;j 0

a;b;
;�
, where Lım and Lı

0

m0 are replaced by J ım and J ı
0

m0 .
In Table 1, the cohomology classes �1 and �2 are equal to E1 #E2 and E2 #E1 .
Moreover, �i WD ˆ�2.�i /. The table contains evaluations of Lım and J ım at some
elements of im.#/ \ .ˆ2/�.im.#//. The evaluations of Table 1 show that the only
possible identities among the functionals

Lıi and J ıi for 1� i � 4

on V are the identities of the elements in the pairs .L21; J
2
1 / and .L�22 ; J�22 /. Therefore,

Lemma 4.86 can be used to prove the first part of the proposition. The second part is a
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consequence of the remaining information in (4.87), the identity (4.74) and rationality
of polynomial invariants.

Proposition 4.88 The constant number „3 is nonzero.

Proof Recall that the 4–manifold X.m; n/ is a branched double cover of W.m; n/
which is the blowup of CP1 �CP1 at 4mn points. Suppose � W X.m; n/!W.m; n/

is the covering map. Since � does not contract any curve, the pullback of any ample
divisor is still ample by the Nakai–Moishezon criterion and projection formula [43]. In
particular, the divisor

��
�
fpg �CP1CCP1 � fqg�

X
i

Ei

�
D fn�1Cfm�1�

4mnX
iD1

��.Ei /;

where fEig1�i�4mn is the set of exceptional classes, is ample.

Next we focus on the 4–manifold X.3; 4/. Suppose w1D f3 and w2D f3Cf2 . Then
there is a holomorphic line bundle Li on X.3; 4/ such that c1.Li / is represented by wi
and wi can be decomposed as w1i #w2i with respect to the decomposition of X.3; 4/ as
E.3/ #f2 E.3/. Let S denote the ample class f2Cf3�

P48
iD1 �

�.Ei /. According to
Theorem 2.19, the coefficient of tk2 in the series yDX.3;4/;w.eS.2// 2CŒŒt2�� is positive
for large values of k . Since X.3; 4/DE.3/ #f2 E.3/ and the homology class S lies
in the image of #, we can use Proposition 4.84 to show that

yDX.3;4/;wi .e
S.2//

D e
1
2
Q.S/

�
1
2
„
2
1„3 cosh.

p
3.f3C 2f2/ �S/C 2„

2
2„4 cos

�
�
2
3
�wi � .f3C 2f2/

��
:

Therefore

2 yDX.3;4/;w1.e
S.2//C yDX.3;4/;w2.e

S.2//D 3
2
„
2
1„3e

1
2
Q.S/ cosh.

p
3.f3C 2f2/ �S/:

This implies that „3 is a positive number (and „1 is nonzero).

Proposition 4.89 The power series hg;d
a;b
.t2; t3/ is zero, unless

.a; b/ 2 f.˙.2g� 2/; 0/; .0; ˙.2g� 2//g:

Furthermore, we have

h
g;d

˙.2g�2/;0
.t2; t3/D „

g�1
3

�
2

„1

�2g�4
e˙2
p
3t2 ;

h
g;d

0;˙.2g�2/
.t2; t3/D „

g�1
4 „

4�2g
2 �˙

2
3
�d e˙2

p
3i t3 :

Geometry & Topology, Volume 24 (2020)



Sutured manifolds and polynomial invariants from higher rank bundles 129

Proof This theorem can be proved by exploiting the diffeomorphism in (4.79) for nDg .
Let the 2–cycle w in B.g/ #fg B.g/ be equal to df 02C dfg . Using Propositions 4.71
and 4.78, we can show that NB.g/#fgB.g/;w.�;ƒ/, for �;ƒ 2H WD im.#/, is equal to

(4:90)
X

.a;b/2CgnCg�1

h
g;d

a;b
.t2; t3/

X
cij ci 0j 0e.

p
3
2
.Mi;i0CMj;j 0 /��C

p
3
2

i .Mi;i0�Mj;j 0 /�ƒ/;

where the second sum is over the pairs of basic classes .Ki ; Kj / and .Ki 0 ; Kj 0/ of the
permissible triple .B.g/; df 0C 2dfg ; fg/ such that

(4:91)
1
2
.Ki CKj / �fg D

1
2
.Ki 0 CKj 0/ �fg D a;

1
2
.Ki �Kj / �fg D

1
2
.Ki 0 �Kj 0/ �fg D b;

Mi;i 0 DKi #Ki 0 and Mj;j 0 DKj #Kj 0 .

Recall that the 4–manifolds B.g/#fg B.g/ and B.2/#f2 � � �#f2B.2/ are diffeomorphic
to each other using the diffeomorphism ˆg . Therefore, NB.g/#fgB.g/;w.�;ƒ/ can be
also computed by regarding B.g/#fg B.g/ as the fiber sum of g copies of B.2/ along
surfaces of genus 2. In particular, Propositions 4.81 and 4.84 allow us to obtain the
following explicit form for NB.g/#fgB.g/;w.�;ƒ/:

(4:92) „g�13

�
1
36

�ge
p
3Mg �� C„

g�1
3

�
1
36

�ge�
p
3Mg �� C„

g�1
4

�
1
9
�d
�ge
p
3iMg �ƒ

C„
g�1
4

�
1
9
��d

�ge�
p
3iMg �ƒ;

where Mg D �
1
g C �

2
g C 2.g� 1/f

0
2. However, this approach works for the homology

classes �;ƒ 2H0 where H0 is the image of the iterated applications of # using the
decomposition of B.g/ #fg B.g/ as the fiber sum of g copies of B.2/. Therefore,
(4.90) and (4.92) are equal to each other for �;ƒ 2H\H0. Fix �;ƒ 2H\H0 and let

l WD f�C sfg j s 2Cg and l 0 WD fƒC sfg j s 2Cg:

Applying Lemma 4.86 to the subspace l ˚ l 0 of .H\H0/˚2 shows that

h
g;d

˙.2g�2/;0
.t2; t3/

�
1
36

�g�1
2
„1

�2g�4e˙
p
3M 0g �� D „

g�1
3

�
1
36

�ge˙
p
3Mg �� ;

h
g;d

0;˙.2g�2/
.t2; t3/

�
1
9

�g
„
2g�4
2 ��.2g�2/d e˙

p
3iM 0g �ƒ D „

g�1
4

�
1
9
�˙d

�ge˙
p
3iMg �ƒ;

where M 0g WD .g � 2/f
0
2 CE

1
2 C � � � CE

g
2 . Since „1 and „2 are nonzero (work in

progress), the above identities prove the second part of the proposition. If .a; b/ …
f.˙.2g� 2/; 0/; .0;˙.2g� 2//g, then the same argument shows that

h
g;d

a;b
.t2; t3/

X
cijdi 0j 0e.

p
3
2
.Mi;i0CMj;j 0 /��C

p
3
2

i .Mi;i0�Mj;j 0 /�ƒ/ D 0
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for �;ƒ 2H\H0. This sum is over the pairs that satisfy (4.91). Another application
of Lemma 4.86 for the homology classes

� D s.E12 ˙ � � �˙E
g
2 / and ƒD s.E12 ˙ � � �˙E

g
2 /

in H\H0 shows that hg;d
a;b
.t2; t3/ has to be zero.

The following theorem summarizes our results in this subsection:

Theorem 4.93 Suppose .X;w;†/ and .X 0; w0; †/ are two permissible triples and
the genus of † is at least 2. Then the triple .X #† X 0; w # w0; †/ is permissible
with respect to the image of the map #W K! H2.X #† X 0/. The basic classes for
.X #†X 0; w #w0; †/ are

(4:94) M


i;i 0 DKi #Li 0 C 2
†;

where Ki and Li 0 are basic classes of .X;w;†/ and .X 0; w0; †/, Ki �† D Li 0 �†,
and

.Ki �†; 
/ 2 f.2g� 2; 1/; .�.2g� 2/;�1/g:

For a pair of basic classes M 

i;i 0 DKi #Li 0 C 2
† and M �

j;j 0 DKj #Lj 0 C 2�†, let

1
2
.Ki CKj / �†D

1
2
.Li 0 CLj 0/ �†D a;

1
2
.Ki �Kj / �†D

1
2
.Li 0 �Lj 0/ �† D b:

Then the coefficient associated to this pair is equal to ci;jdi 0;j 0h
g;d

a;b;
;�
, where ci;j is

the coefficient associated to .Ki ; Kj / for the triple .X;w;†/, di 0;j 0 is the coefficient
associated to .Li 0 ; Lj 0/ for the triple .X 0; w0; †/, and hg;d

a;b;
;�
is nonzero in the cases

h
g;d

.2g�2/;0;1;0
D h

g;d

�.2g�2/;0;�1;0
D „

g�1
3

�
2

„1

�2g�4
;

h
g;d

0;.2g�2/;0;1
D
„
g�1
4

„
2g�4
2

�d and h
g;d

0;�.2g�2/;0;�1
D
„
g�1
4

„
2g�4
2

��d :

5 Sutured Floer homology

5.1 Eigenvectors

For arbitrary N, we introduce a set of generators of the algebra VN
g;d

in Corollary 3.22.
In particular, in the special case that N D 3 and d � 1 or 2 mod 3, we have the
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following generators of V 3
g;d

(which will be denoted by Vg;d from now on):

(5:1)
� D D�g;ıg;dC†.1/; @r D D�g;ıg;d .ar/;

ojr D D�g;ıg;d .l
j

.r/
/; �r D D�g;ıg;d .†.r//;

where r D 2; 3 and flj g1�j�2g is a set of generators for H1.†;Z/. If y is one of the
above elements, then the product m. � ; y/ defines an operator on Vg;d , which is still
denoted by y . Recall that there is also a pairing on Vg;d , which is denoted by h ; i.

The operator � is equal to I�.Yg � Œ0; 1�; 
g;d � Œ0; 1�C †; 1/ and the remaining
operators can be described as

(5:2) I�.Yg � Œ0; 1�; 
g;d � Œ0; 1�; q/;

where q D ar , lj
.r/

or †.r/ . This alternative description allows us to extend the
definition of these operators to arbitrary admissible pairs. Suppose .Y; 
/ is a 3–
admissible pair, and † is an embedded surface of genus g in Y . We also assume that
an integral basis flj g1�j�2g for H1.†/ is fixed. By replacing .Yg ; 
g;d / with .Y; 
/,
we can define analogues of the operators � , @r , ojr and �r on I�.Y; 
/. These operators
on I�.Y; 
/ are denoted by �.†/, @r , ojr .†/ and �r.†/. When the choice of † is
clear from our discussion, we drop † from our notation for �.†/, ojr .†/ and �r.†/.

Definition 5.3 An element v 2Vg;d is called an exhaustive eigenvector if it is a simul-
taneous eigenvector of the action of the operators in (5.1). An exhaustive eigenspace is
the set of all exhaustive eigenvectors which have the same eigenvalues with respect to
these operators. An exhaustive eigenvector v is called nondegenerate if hv; vi ¤ 0.

Remark 5.4 Since .ojr /2 D 0, the only eigenvalue of this operator is zero.

Suppose .X;w;†/ is a permissible triple, † is a surface of genus g , and w �†Dd . For
a pair of basic classes .Ki ; Kj / of this triple, let ci;j denote the associated coefficient.
Suppose also for a fixed �D .˛; ˇ/ 2 Cg that

(5:5)
X

.Ki ;Kj /

ci;j ¤ 0;

where the sum is over all pairs of basic classes .Ki ; Kj / that satisfy the following
equalities for .a; b/D .˛; ˇ/:

(5:6) 1
2
.Ki CKj / �†D a and 1

2
.Ki �Kj / �†D b:
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Recall that P� is the polynomial that satisfies (4.64). Suppose Q� 2 CŒx; y; z� is
defined as the evaluation of P.a;b/ at t2 D t3 D 0 and consider the following element
of Vg;d :

v.˛;ˇ/ WD DXı;wı;†.Q�.a2; †.2/; †.3///:

Proposition 5.7 The element v.˛;ˇ/ 2 Vg;d is a nonzero exhaustive eigenvector.
The eigenvalues of v.˛;ˇ/ with respect to the actions of � , @2 , @3 , �2 and �3 are
respectively equal to 1, 3�2dˇ , 0, �dˇ

p
3˛ and �2dˇ

p
3iˇ . Furthermore, if .˛; ˇ/D

.˙.2g� 2/; 0/, then the eigenvector v.˛;ˇ/ is nondegenerate.

Proof Lemma 4.59 can be used to show that for an arbitrary polynomial P 2CŒx; y; z�,

(5:8) DX;w;†.P.a2; †.2/; †.3///

D

X
.a;b/2Cg

�dbdwP.3�2db; �bd
p
3a; �2bd

p
3ib/

X
.Ki ;Kj /

ci;j ;

where the inner sum is over all pairs of basic classes .Ki ; Kj / that satisfy (5.6)
and ci;j is the coefficient associated to the pair .Ki ; Kj /. Functorial properties
of Floer homology imply that the pairing of v.˛;ˇ/ and D�g;ıg;d .1/ is equal to
DX;w;†.Q�.a2; †.2/; †.3///, which is nonzero. Therefore, v.˛;ˇ/ is a nonzero vector.

Suppose y is one of the elements of V 3
g;d

in (5.1). Proposition 3.19 and the nondegen-
eracy of the pairing on Vg;d (Proposition 3.23) imply that v.˛;ˇ/ is an eigenvector of
m. � ; y/ with eigenvalue cy if and only if

(5:9) hm.v.˛;ˇ/; y/;D�g;ıg;dCi†.z/i D cyhv.˛;ˇ/;D�g;ıg;dCi†.z/i

for any z 2 A3g and 0 � i � 2. Another application of the functorial properties
of Floer homology shows that both of the expressions in (5.9) can be written as
U.3/–invariants of .X;w/. In particular, (5.8) shows that v.˛;ˇ/ is an eigenvector
of � , @2 , �2 and �3 . The vector v.˛;ˇ/ is in the kernel of the operators @3 and ojr
because X has w–simple type and b1.X/ D 0. The pairing hv.˛;ˇ/; v.˛;ˇ/i can be
also computed by Theorem 4.93. Using Proposition 4.88, this number is nonzero for
.˛; ˇ/D .˙.2g� 2/; 0/.

Example 4.53 gives a permissible triple such that the condition in (5.5) is satisfied
for any � 2 Cg . Therefore, for each � there is an exhaustive eigenvector in Vg;d .
The condition in (5.5) is not very essential in constructing such an eigenvector. This
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condition is used to show that v.˛;ˇ/ is a nonzero element of Vg;d . It is possible to
replace v.˛;ˇ/ with the element

v0.˛;ˇ/ WD DXı;wı;†.Q�.a2; †.2/; †.3//z/;

where z 2 A.Xı/˝2 . If the triple .X;w;†/ has at least one pair of basic classes
.Ki ; Kj / which satisfy (5.6) for .a; b/D .˛; ˇ/, then z can be chosen such that the
above element of Vg;d is nonzero.

Proposition 5.10 An exhaustive eigenspace is 1–dimensional.

Proof Suppose V �Vg;d is an exhaustive eigenspace, and s1 , s2 , s3 , s4 and s5 are
respectively the corresponding eigenvalues of � , @2 , @3 , �2 and �3 . Suppose also
that I� Vg;d is the ideal generated by the elements of the set

(5:11) G WD f��s1; @2�s2; @3�s3; �2�s4; �3�s5g[ fojr j 1� j � 2g; 2� r � 3g:

Then an element of I is the sum of the elements of the form m.x; y/ with x 2G and
y 2 Vg;d . For any v 2 V ,

hv;m.x; y/i D hm.v; x/; yi D 0:

Therefore, V is orthogonal to I. Since Vg;d=I is a 1–dimensional vector space and
the pairing is nondegenerate, the dimension of the vector space V is at most 1.

Lemma 5.12 Suppose that v 2 Vg;d is a nondegenerate exhaustive eigenvector, and
s1 , s2 , s3 , s4 and s5 are respectively the corresponding eigenvalues of � , @2 , @3 ,
�2 and �3 . Then the space

H WDkergen.��s1/\ kergen.@2�s2/\ kergen.@3�s3/\ kergen.�2�s4/\ kergen.�3�s5/

is 1–dimensional. Here kergen.T /, for an operator T , is the union of the kernel of the
operators T k for all values of k .

Proof Suppose the claim does not hold and v0 2 H is a vector which is linearly
independent of v . Let G be defined as in (5.11). All the operators involved in the
definition of H have even degree with respect to the Z=2Z–grading of Vg;d induced
by the Z=12Z–grading. Therefore, H can be decomposed as H0˚H1 with respect
to the Z=2Z–grading of Vg;d , and we may assume that v0 2Hi for i D 0 or 1. By
Proposition 5.10, there is an x0 2G such that m.v0; x0/¤ 0. Since the restrictions of
the elements of G on H are nilpotent, we can also assume, without loss of generality,
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that the product of m.v0; x0/ and any element x 2G is zero. Therefore, m.v0; x0/D cv
for a nonzero complex number c . This implies that

hm.v0; x0/;m.v
0; x0/i D hcv; cvi ¤ 0:

On the other hand, we have

hm.v0; x0/;m.v
0; x0/i D ˙hm.m.v

0; x0/; x0/; v
0
i D 0;

which is a contradiction.

Proposition 5.13 [56, Proposition 7.2] Suppose .Y; 
/ is a 3–admissible pair and †
is an embedded surface in Y of genus g such that 
 �†�d mod 3. If .s1; s2; s3; s4; s5/
is a simultaneous eigenvalue of the operators .�.†/;@2;@3; �2.†/; �3.†//, then it is
also a simultaneous eigenvalue of the operators .�;@2;@3; �2; �3/ acting on Vg;d .

By Proposition 5.7, v2g�2;0 is a nondegenerate exhaustive eigenvector of Vg;d . Sup-
pose sg1 , sg2 , sg3 , sg4 and sg5 denote the corresponding eigenvalues of � , @2 , @3 , �2
and �3 . Then sg1 D 1, sg2 D 3, sg3 D 0, sg4 D

p
3.2g�2/ and sg5 D 0. Following [56],

we can define a variation of instanton Floer homology:

Definition 5.14 Suppose .Y; 
/ is a 3–admissible pair and † is an embedded surface
in Y of genus g such that 
 �†� d mod 3. Then I�.Y; 
 j†/ is defined as

kergen.�.†/� s
g
1 /\ kergen.@2� s

g
2 /\ kergen.@3� s

g
3 /\ kergen.�2.†/� s

g
4 /

\ kergen.�3.†/� s
g
5 /:

In this definition, we allow † to have more than one connected component. In that case,
each connected component †0 of † is required to have genus g and 
 �†0� d mod 3.
In the definition of I�.Y; 
 j†/, we include the operators �.†0/, �2.†0/ � s

g
4 and

�3.†
0/� s

g
5 for each connected component †0 of †.

Remark 5.15 In the case that g D 1, the actions of the operators @3 , �2 and �3
on V1;d are trivial, the operator @2 is equal to 3��1 and �3D1. Therefore, similar rela-
tionships hold among the operators �.†/, @2 , @3 , �2.†/, �3.†/ acting on I�.Y; 
/,
where † is a genus one surface in Y . This can be verified in a similar way as in
Proposition 5.13. (See [56, Proposition 7.2].) Therefore, I�.Y; 
 j†/, for a genus one
surface †, is simply equal to ker.@2� 3/.
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This variant of instanton Floer homology is also functorial with respect to cobordisms.
Suppose .W;w/W .Y0; 
0/! .Y1; 
1/ is a cobordism of admissible pairs, z 2A.W /˝2 ,
†i is an embedded oriented and connected surface in Yi such that †i � 
i � d mod 3,
and †0 and †1 induce the same homology classes of W . More generally, if †1 is
disconnected, then each connected component of †1 is required to be homologous
to a connected component of †0 inside W . Properties of instanton Floer homology
discussed in Section 3.1 imply that I�.W;w; z/ maps I�.Y0; 
0j†0/ � I�.Y0; 
0/
to I�.Y1; 
1j†1/ � I�.Y1; 
1/. Moreover, suppose .X;w/ is a cobordism from an
admissible pair .Y; 
/ to the empty pair and z 2A.X/˝2 . Then the restriction of the
map DX;w.z/ gives rise to a functional on I�.Y; 
 j†/, which is denoted with the same
notation.

Lemma 5.12 asserts that I�.Yg ; 
g;d j†/ is 1–dimensional. The following pairs from
Section 3.2 define cobordisms from two copies of .Yg ; 
g;d / to the empty pair:

.�g ; !g;d / and .�g q�g ; ıg;d q ıg;d /:

Therefore, they determine two functionals D�g;!g;d .1/ and D�g;ıg;d .1/˝D�g;ıg;d .1/
on the 1–dimensional vector space I�.Yg ; 
g;d j†/˝ I�.Yg ; 
g;d j†/. The nondegener-
acy of the exhaustive eigenvector involved in the definition of I�.Yg ; 
g;d j†/ implies
that the former functional is nonzero. Therefore, we have the following lemma which
provides the distinguishing property of working with a nondegenerate exhaustive
eigenspace for us:

Lemma 5.16 The map

D�g;ıg;d .1/˝D�g;ıg;d .1/W I�.Yg ; 
g;d j†/˝ I�.Yg ; 
g;d j†/!C

is a multiple of D�g;!g;d .1/W I�.Yg ; 
g;d j†/˝ I�.Yg ; 
g;d j†/!C:

5.2 Excision and sutured manifolds invariants

Suppose R1 and R2 are two embedded surfaces of genus g � 1 in a 3–manifold Y .
Suppose also there is a 1–cycle 
 in Y such that 
 �R1 D 
 �R2 . We also assume 

intersects R1 and R2 transversally, and all the intersection points have the same signs.
Fix a diffeomorphism �W R1! R2 such that � maps 
 \R1 to 
 \R2 . We cut Y
along the surfaces R1 and R2 , and then identify the four boundary components of the
resulting 3–manifold using � so that the final 3–manifold, zY , is an oriented closed
3–manifold with embedded surfaces zR1 and zR2 . Our assumption on � implies that 
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ı

ı0

Figure 5: The saddle cobordism P : the union of the two vertical boundary
components on the left (respectively, right) is denoted by @v

l
P (respec-

tively, @vrP ).

determines a 1–cycle z
 in zY . We will also write R (respectively, zR) for the union
R1[R2 (respectively, zR1[ zR2 ). Now we are ready to state our excision theorem:

Theorem 5.17 The following Floer homology groups are isomorphic:

I�.Y; 
 jR/D I�. zY ; z
 j zR/:

Proof This theorem is the analogue of excision theorem for U.2/–instanton Floer
homology. The U.2/ version of the excision theorem is proved in [28] for g D 1 (see
also [8]) and in [56] for higher values of g . We follow the same strategy as in the
U.2/ case to prove the theorem. In particular, the isomorphism between I�.Y; 
 jR/
and I�. zY ; z
 j zR/ is induced by a cobordism of pairs .W;w/W .Y; 
/! . zY ; z
/. Let Y ı

be the complement of a regular neighborhood of R in Y . Then the cobordism W

is the result of gluing Œ0; 1� � Y ı to P � R1 where P is the saddle cobordism in
Figure 5. The boundary of the 3–manifold Y ı is equal to R1 [ R1 [ R2 [ R2 .
Then Œ0; 1�� .R1 [R1/� Œ0; 1��Y ı is glued to @v

l
P �R1 by the identity map and

Œ0; 1��.R2[R2/� Œ0; 1��Y
ı is glued to @vrP�R1 by the map � . (For the definition

of @v
l
P and @vrP see Figure 5.) The surface cobordism wW 
! z
 is also constructed in

a similar way. This surface is given by gluing one copy of P for each intersection point
in 
 \R1 to Œ0; 1�� .
 \Y ı/. Reversing the cobordism .W;w/ determines another
cobordism .W ; Sw/W . zY ; z
/! .Y; 
/. To prove the excision theorem, we claim that

(5:18)
I�.W ; Sw/ ı I�.W;w/W I�.Y; 
 jR/! .Y; 
 jR/;

I�.W ; Sw/ ı I�.W;w/W I�. zY ; z
 j zR/! . zY ; z
 j zR/

are nonzero multiples of the identity map. In the composite cobordism W ıW W Y ! Y ,
a copy of P �R1 is glued to another copy of P �R1 with the reverse orientation.
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In this part of W ıW , the union of the two copies of ı �R1 gives rise to a copy of
Yg WD S

1 �R1 . The intersection of Sw ıw with S1 �R1 produces a copy of 
g;d .
According to Lemma 5.16 and functoriality of I� , replacing a neighborhood of S1�R1
with .�g q �g ; ıg;d q ıg;d / does not change the map I�.W ıW; Sw ı w/, up to
multiplication by a nonzero constant number. But the resulting cobordism of the pair
is the product cobordism .Œ0; 1��Y; Œ0; 1�� 
/. Therefore, the first map in (5.18) is a
nonzero multiple of the identity map. Replacing ı with ı0 and using the same argument
proves a similar result for the second map in (5.18).

The following proposition is the analogue of Corollary 4.8 in [56] and can be proved
in a similar way using the excision theorem:

Proposition 5.19 Let Y be a 3–manifold, 
 be a 1–cycle in Y , and R � Y be a
connected surface of genus g � 1 such that 
 �R 6� 0 mod 3 and the intersection points
of 
 \R are transversal and have the same signs. Let zY be the 3–manifold obtained
by cutting Y along R and regluing by an orientation-preserving diffeomorphism
�W R!R . Suppose � maps R\ 
 to R\ 
 , and z
 and zR are the induced 1–cycle
and the embedded surface in zY . Then

I�.Y; 
 jR/Š I�. zY ; z
 j zR/:

Now we can define invariants for balanced sutured manifolds almost verbatim from [56].
Firstly we recall the definition of balanced sutured manifolds (see [35; 46; 56]):

Definition 5.20 A sutured manifold .M; ˛/ consists of an oriented 3–manifold M,
an oriented closed 1–manifold ˛ in @M and a decomposition of @M as

(5:21) @M DRC[A.˛/[R�:

Each connected component of ˛ is called a suture and A.˛/ is the closure of a
tubular neighborhood of ˛ . The spaces RC and R� are disjoint and each of them
is a union of some of the connected components of @MnA.˛/. In particular, each
component of @RC and @R� is a parallel copy of a suture. Suppose RC and R�
are oriented with the outward-normal-first convention. Similarly, each component
of @RC (respectively, @R� ) inherits an orientation from RC (respectively, R� ). This
orientation is required to agree (respectively, disagree) with the orientation of the
corresponding suture. The sutured manifold .M; ˛/ is balanced if neither M nor R˙
has closed components, and �.RC/D �.R�/.
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Note that the required conditions on RC , R� and A.˛/ imply that the decomposition
(5.21) is unique.

Example 5.22 Suppose Fg;k is a surface of genus g with k�1 boundary components
which is not the 2–dimensional disc. Then .Œ�1; 1��Fg;k; @Fg;k � f0g/ determines a
balanced sutured manifold. The decomposition of the boundary of this product sutured
manifold is given by

(5:23) RC D f1g �Fg;k; A.˛/D Œ�1; 1�� @Fg;k; R� D f�1g �Fg;k :

Example 5.24 Suppose Y is a 3–manifold and K � Y is a knot. Let M.K/ be the
complement of a regular neighborhood of K in Y , and ˛.K/ be the union of two
oppositely oriented meridional curves on the boundary of M.K/. Then .M.K/; ˛.K//
determines a balanced sutured manifold. The manifolds RC and R� are homeomorphic
to Œ0; 1��S1 .

Example 5.25 Suppose that K is a null-homologous knot in Y and S is a Seifert
surface for K . We can also associate a sutured manifold .N.S/; ˛.S// to S. The
3–manifold N.S/ is defined to be Y n

�
.�1; 1/� int.S/

�
, where .�1; 1/�S is a regular

neighborhood of S in Y . The only suture ˛.S/ of this sutured manifold is defined to
be f0g � @S.

Let .M; ˛/ be a balanced sutured manifold such that the number of sutures is greater
than one and neither RC nor R� is a union of 2–dimensional discs. We attach the
product sutured manifold .Œ�1; 1��F0;k; f0g�@F0;k/ to .M; ˛/ where k is the number
of sutures of .M; ˛/. More precisely, we glue M to Œ�1; 1��F0;k by identifying A.˛/
with Œ�1; 1�� @F0;k using an orientation-reversing map. The resulting manifold is
oriented and has two boundary components,

RC DRC[f1g �F0;k and R� DR�[f�1g �F0;k :

Since .M; ˛/ is balanced, the oriented surfaces RC and R� have the same positive
genus. We choose an orientation-reversing diffeomorphism �W RC!R� . Identifying
RC and R� using the map � determines a closed 3–manifold Y� , which is called a
closure of the sutured manifold .M; ˛/. The 3–manifold Y� only depends on .M; ˛/
and the choice of the diffeomorphism � . The surface RC also induces an oriented
surface in Y� , which is denoted by R . We also fix a point y on F0;k and require that �
map .1; y/ 2RC to .�1; y/ 2R� . Therefore, the path Œ�1; 1��fyg � Œ�1; 1��F0;k
induces a 1–cycle 
� in Y� .
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Definition 5.26 The sutured instanton homology of the sutured manifold .M; ˛/ is

(5:27) SHI�.M; ˛/ WD I�.Y� ; 
� jR/:

If .M; ˛/ has one suture or RC (or equivalently R� ) is a union of discs, we replace F0;k
with F1;k in the definition of .Y; 
; R/ and then extend sutured instanton homology to
these sutured manifolds using (5.27).

Proposition 5.19 implies that sutured instanton homology SHI� is well defined. Notice
that our choices imply that the surface R in (5.27) has genus at least one. In particular,
the required assumption for Proposition 5.19 is satisfied.

Remark 5.28 In the definition of the closure of a sutured manifold .M; ˛/, we
can replace F0;k with Fg;k for an arbitrary g . Then for each choice of g , we can
define a sutured Floer homology group as above. Using our excision theorem and the
method of [56], we can show that the rank of these sutured Floer homology groups is
nondecreasing in g . We expect that these sutured Floer homology groups for various
choices of g are isomorphic to each other. However, proving this seems to need a
further study of the algebra Vg;1 . For example, if Conjecture 7.3 holds, then all of the
above versions of sutured Floer homology of .M; ˛/ are isomorphic. We hope to come
back to this issue elsewhere.

5.3 Instanton knot homology

Definition 5.29 Given a knot K in a 3–manifold Y , let .M.K/; ˛.K// be the sutured
manifold of Example 5.24. The U.3/–knot homology of K , denoted by KHI�.Y;K/,
is defined to be SHI�.M.K/; ˛.K//.

As explained in [56, Lemma 5.2], a closure of .M.K/; ˛.K// can be described as
follows. Suppose F is a genus 1 surface with one boundary component, and c; c0 � F
are two oriented nonseparating simple closed curves which intersect in exactly one
point and c � c0 D 1. Let Z.K/ be the result of gluing the knot complement M.K/
to the product 3–manifold F � S1 such that the meridian of K is identified with
fpointg � S1 and the longitude of K is identified with @F � fpointg. Suppose also

.K/�Z.K/ is the 1–cycle given by c�fpointg � F �S1 . Then Z.K/ is a closure
of the sutured manifold .M.K/; ˛.K// and 
.K/ is the corresponding 1–cycle. The
embedded surface R is also given by the torus T D c0�S1 � F �S1 . Consequently,

(5:30) KHI�.Y;K/D I�
�
Z.K/; 
.K/jT

�
:
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Next, we characterize the set of the critical points of the Chern–Simons functional
associated to the pair .Z.K/; 
.K//:

Proposition 5.31 For a knot K in a 3–manifold Y , the set of the critical points of
the Chern–Simons functional associated to the admissible pair .Z.K/; 
.K// is a
3–sheeted covering space of

(5:32) RD

8<:�W �1.Y nK/! SU.3/

ˇ̌̌̌
ˇ �.�/D

241 0 0

0 � 0

0 0 �2

359=; :
Recall that � is a meridian of K and � D e2�i=3 .

Proof The set of the critical points of the Chern–Simons functional is given by the
conjugacy classes of representations �W �1.Z.K/n
.K//!SU.3/ such that a meridian
of the closed curve 
.K/ is mapped to � . We fix a base point for Z.K/ on the torus
c0�S1�F �S1 . Suppose J1D �.c0�fpointg/ and J2Dfpointg�S1 . Since c0�S1

intersects c in one point, we can assume

(5:33) ŒJ2; J1�D � � id:

This implies that J2 and ��1J2 are conjugate to each other. Thus there is a unique
representative for the conjugacy class of � such that

J1 D

240 0 11 0 0

0 1 0

35 and J2 D

241 0 0

0 � 0

0 0 �2

35 :
Therefore, the conjugacy class of the representation �j�1.F�S1n
.K// is uniquely
determined by J3 2 SU.3/, which is equal to the image of � for a parallel copy of c .
Since J3 has to commute with J2 it is a diagonal matrix. Therefore, the restriction of
the above representative of � to the knot group �1.M.K// determines an element of R.
Furthermore, � maps the longitude of K to ŒJ3; J1�. Now the claim can be easily
verified, because the map that sends a diagonal matrix J3 to ŒJ3; J1� is 3-to-1.

Corollary 5.34 Suppose K is a knot in a homology sphere Y . If dim.KHI.Y;K//>1,
then there exists a nonabelian representation �W �1.Y nK/!SU.3/ such that the image
of the meridian is conjugate to 241 0 0

0 � 0

0 0 �2

35 :
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Proof Suppose there is not a representation with this property. Then the only critical
points of the Chern–Simons functional of .Z.K/; 
.K// are the three flat connections
induced by the abelian representation in (5.32). Since these critical points are non-
degenerate,8 I�.Z.K/; 
.K// is the homology of a chain complex which has three
generators. The order-three map � has degree 4 with respect to the Z=12Z grading.
Thus the three eigenspaces of this operator have the same dimensions. Therefore,
ker.�� 1/ has to be at most 1–dimensional, which is a contradiction.

Proposition 5.35 Let K be a null-homologous knot in Y and S be a Seifert surface
of genus g � 1 for K . Then dim.KHI.Y;K// � 2 dim

�
SHI�.N.S/; ˛.S//

�
, where

.N.S/; ˛.S// is the sutured manifold of Example 5.25.

Proof According to (5.30), the U.3/–knot homology is equal to I�
�
Z.K/; 
.K/jT

�
.

In order to form a closure of .N.S/; ˛.S// and to define SHI�.N.S/; ˛.S//, we
first glue Œ�1; 1� � F1;1 along the suture ˛.S/. In this case, R˙ are two copies
of S [F1;1 . If we identify R˙ in the obvious way, then the resulting space is again
the 3–manifold Z.K/. Let 
.S/ and R.S/ be the resulting 1–cycle and the surface
in the closure Z.K/. The 1–cycle 
.S/ is a copy of S1 � fpointg � S1 �F1;1 . The
surface R.S/ has genus gC 1 and is given by gluing the Seifert surface S to F1;1 .
Arguing as in [56, Proposition 7.9] and using our excision theorem, we can show that

I�
�
Z.K/; 
.K/jT

�
D I�

�
Z.K/; 
.K/C 
.S/jT

�
and

I�
�
Z.S/; 
.S/jR.S/

�
D I�

�
Z.S/; 
.K/C 
.S/jR.S/

�
:

Remark 5.15 implies that the homology group I�
�
Z.K/; 
.K/C 
.S/jT

�
is equal to

(5:36) I�
�
Z.K/; 
.K/C 
.S/

�
\ ker.@2� 3/:

We can further decompose the vector space in (5.36) using the eigenvalues of the
operators �2.R.S//. In particular, the vector spaces

(5:37) I�
�
Z.K/; 
.K/C 
.S/

�
\ ker.@2� 3/\ kergen

�
�2.R.S//� 2

p
3g
�

and

(5:38) I�
�
Z.K/; 
.K/C 
.S/

�
\ ker.@2� 3/\ kergen

�
�2.R.S//C 2

p
3g
�

8This is a consequence of the fact that the Alexander polynomial of a knot K in an integral homology
sphere does not have a root which is a third root of unity.
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are two distinct summands of I�
�
Z.K/; 
.K/C 
.S/jT

�
. Since the operator R.S/

has degree 2 with respect to the Z=12Z–grading of I�
�
Z.K/; 
.K/C 
.S/jT

�
, the

vector spaces in (5.37) and (5.38) have the same dimension. It is also clear from the
definition that (5.37) contains I�

�
Z.S/; 
.K/C 
.S/jR.S/

�
, which verifies the claim

of this proposition.

Conjecture 5.39 If Y nK is irreducible, then dim
�
SHI�.N.S/; ˛.S//

�
� 1.

If Y nK is irreducible, then the sutured manifold .N.S/; ˛.S// is taut. Kronheimer and
Mrowka proved a nonvanishing theorem for the U.2/–sutured Floer homology SHI2�
of taut sutured manifolds [56]. As explained in Section 7, we expect that a similar
nonvanishing theorem holds for our version of sutured Floer homology.

If Conjecture 5.39 holds, then the answer to Question 1.1 is positive for N D 3 and for
any nontrivial knot in an integral homology sphere Y . Using the prime decomposition
theorem for 3–manifolds, one can decompose Y as a connected sum Y1 #Y2 such that
K � Y1 and Y1nK is irreducible. With the aid of Corollary 5.34 and Proposition 5.35,
we can conclude from Conjecture 5.39 that the answer to Question 1.1 for N D 3 and
the pair .Y1; K/ is positive. This clearly would imply the claim for .Y;K/.

6 Gluing theory

6.1 Moduli spaces on manifolds with long neck

Suppose that Y is a connected 3–manifold and 
 � Y is a cycle. We do not assume
that .Y; 
/ is N–admissible. However, we assume that the critical points of the
(possibly perturbed) Chern–Simons functional of .Y; 
/ are nondegenerate. Suppose
also that .X;w/ is a pair with boundary .Y; 
/. As explained in Section 2.2, we can
form moduli spaces Mp.X;w/ and their framed counterparts �Mp.X;w/ by working
with perturbations of the ASD equation. The Uhlenbeck compactness theorem of
Section 2.1 has an analogue for 4–manifolds with cylindrical ends. A proof of this
result for N D 2 is given in [19, Chapter 5], and it can be extended to higher rank by
combining the arguments of [19] and [52]:

Theorem 6.1 Suppose fŒAi �gi2N is a sequence of connections in the moduli space�Mp.X;w/. Then there is an element .ŒB�; ŒC1�; : : : ; ŒCk�/ of the space

(6:2) �Mp0.X;wI˛0/��˛0
�Mp1.˛0; ˛1/��˛1 � � � ��˛k�1

�Mpk .˛k�1; ˛k/
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and an element .x;y1; : : : ;yk/ of the space

(6:3) .XC/m0=Sm0 � .Y �R/m1=Sm1 � � � � � .Y �R/mk=Smk

for appropriate nonnegative integers mi such that fŒAi �gi2N , after passing to a sequence,
is weakly chain convergent to

�
.ŒB�;x/; .ŒC1�;y1/; : : : ; .ŒCk�;yk/

�
. Furthermore,

(6:4) �.p/D �.p0/C �.p1/C � � �C �.pk/Cm0Cm1C � � �Cmk :

Note that �Mq.˛; ˇ/ is the moduli space of framed connections associated to a path
qW ˛!ˇ over .Y �R; 
�R/. This moduli space is equipped with an action of �˛��ˇ .
The weak chain convergence of fŒAi �gi2N to

�
.ŒB�;x/; .ŒC1�;y1/; : : : ; .ŒCk�;yk/

�
means that the following holds [19]: the sequence fŒAi �gi2N , after choosing appropriate
gauge representatives, is Lp1–convergent to B on compact sets of Xnx . Moreover,
there is a sequence of real numbers

t1i WD 0 < t
2
i < � � �< t

k
i

with limi t
jC1
i � t

j
i D1 such that the translation of Ai jY�Œ0;1/ by the constant tji

is Lp1 –convergent to Cj on compact sets of Y �Rnyj . Identity (6.4) implies that

(6:5) index.DAi /� index.DB1/C index.DC1/C � � �C index.DCk /

and the two sides of the inequality are also equal to each other mod 4N. In (6.5), equality
holds if and only if the integers mj are all zero, and in this case, Lp1 convergence on
compact subspaces can be improved to C1 convergence on compact subspaces.

Remark 6.6 Theorem 6.1 can be extended to the case that W has more than one
boundary component in an obvious way. In this case, we need to fix a chain of the
elements of moduli spaces for each boundary component.

There is another compactness theorem we need to review, in which we stretch a 4–
manifold along a neck and consider the associated moduli spaces. Suppose .X1; w1/
and .X2; w2/ are pairs whose boundaries are .Y; 
/ and .Y ; x
/, respectively. Then
we can glue these pairs to form .X;w/. We also fix Riemannian metrics on the Xi
which are product metrics in neighborhoods of their boundaries associated to a fixed
metric on Y . Let XT be the Riemannian manifold diffeomorphic to X which has an
isometric copy of Y � .�T; T / and is such that XT nY � .�T; T / is isometric to the
disjoint union of X1 and X2 . The proof of the following theorem is similar to that of
Theorem 6.1.
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Theorem 6.7 Suppose Ai is a connection on the moduli space M�.X
Ti ; w/ such

that limi!1 Ti D1. Then there is an element .ŒB1�; ŒC1�; : : : ; ŒCk�; ŒB2�/ of

(6:8) �Mp.X1; w1I˛0/��˛0
�Mp1.˛0; ˛1/��˛1 � � � ��˛k�1

�Mpk .˛k�1; ˛k/

��˛k
�Mp0.X2; w2I˛k/

and an element .x1;y1; : : : ;yk;x2/ of the space

(6:9) .XC1 /
m0=Sm0 � .Y �R/m1=Sm1 �� � �� .Y �R/mk=Smk � .X

C
2 /

mkC1=SmkC1

such that fŒAi �gi2N is weakly chain convergent to�
.ŒB1�x1/; .ŒC1�;y1/; : : : ; .ŒCk�;yk/; .ŒB2�;x2/

�
:

Moreover, we have

(6:10) � D �.p/C �.p1/C � � �C �.pk/C �.p
0/Cm0Cm1C � � �CmkCmkC1:

The following gluing theorem can be regarded as an inverse to Theorem 6.7. There are
various places in the literature where similar gluing theorems are discussed [81; 19; 55].
Theorem 6.11 can be proved with similar strategies (see eg [19, Theorem 4.17 and
Section 4.7.1]):

Theorem 6.11 Let .Xi ; wi / be given as above. For 1� i � k , let pi W ˛i�1! ˛i be
a path along .Y �R; w�R/, and let zNi be a compact .�˛i�1��˛i /–invariant subspace
of �Mpi .˛i�1; ˛i / which consists of regular points. Suppose we are also given two
other compact spaces

zN0 � �Mp.X1; w1I˛0/ and zNkC1 � �Mp0.X2; w2I˛k/

which contain only regular points and are respectively invariant with respect to the
action of �˛0 and �˛k . Here we assume that the perturbations of the ASD equation
on the ends of X1 and X2 are induced by a fixed perturbation of the Chern–Simons
functional of .Y; 
/. Then there is a space zUi containing zNi which is an open subset
of the relevant moduli space and is invariant with respect to the action of the relevant
group. Moreover, for large enough values of T , there is a gluing map

ˆT W zU0 ��˛0
zU1 ��˛1 � � � ��˛k

zUkC1!M�.X
T ; w/;

where

(6:12) � D �.p/C �.p1/C � � �C �.pk/C �.p
0/:

The gluing map is a diffeomorphism into its image and satisfies the following properties:
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For any fixed element a in the domain of ˆT , the sequence ˆT .a/ is chain convergent
to a , as T goes to infinity. Moreover, if Ai is a connection on the moduli space
M�.X

Ti ; w/ such that limi!1 Ti D1 and the sequence fAig is chain convergent
to an element of

zN0 ��˛0
zN1 ��˛1 � � � ��˛k

zNkC1

then Ai lies in the image of the gluing map for large enough values of i .

Remark 6.13 Theorems 6.7 and 6.11 are strong enough to study the cut-down moduli
spaces on a 4–manifold with a long neck. To demonstrate this in the context of an
example, suppose .Xi ; wi / is as above and bC.Xi / � 1. Let † be an embedded
surface in X2 . Let �.†/�X2 be an open neighborhood of † such that the inclusion
of �.†/ in X2 induces a surjection of fundamental groups. Let � be chosen such
that M�.X

T ; w/ has expected dimension two. We make the simplifying assumption
that all critical points of the Chern–Simons functional on .Y; 
/ are irreducible and
nondegenerate, and all the moduli spaces on Y �R are regular. By choosing a generic
metric and a small compactly supported perturbation, we can assume that the moduli
spaces of the form Mp.X1; w1I˛/ with expected dimension at most 0 contain only
irreducible and regular elements [52, Lemma 24]. Similarly, we can arrange for a
metric, a small compactly supported perturbation on X2 , and a geometric representative
V2.†/� B�.�.†//� �.†/ such that:

(i) The moduli spaces of the form Mp.X2; w2I˛/ with dimension at most two
consist of irreducible and regular solutions.

(ii) The map r WMp.X2; w2I˛/ �†! B�.�.†// � �.†/, for any moduli space
Mp.X2; w2I˛/ of dimension at most two, is transversal to V2.†/. Suppose
Np.X1; w1I˛;†/ denotes the cut-down moduli space.

The chosen holonomy perturbations on X1 and X2 induce a holonomy perturbation
on XT for large values of T . Theorem 6.1 implies that for large enough values of T ,
the space M�.X

T ; w/�† is also cut-down transversely by V2.†/ and the resulting
space is compact. Furthermore, the elements in the cut-down space N�.XT ; wI†/ are
in correspondence with the elements of the space[

�.p1/C�.p2/D�

Mp1.X1; w1I˛;†/�Np2.X2; w2I˛/:

In the following, we use a similar strategy to study the cut-down moduli spaces on
4–manifolds with long necks, without going into details.
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The following vanishing theorem is a standard application of the above theorems
[17; 20; 68]:

Theorem 6.14 Suppose X1 and X2 are two 4–manifolds with bC.Xi /� 1. Then for
any 2–cycle w in the connected sum X1 #X2 and any z 2A.X1 #X2/˝2 , the number
DX1#X2;w.z/ is equal to zero.

Proof We can assume that w D w1 [w2 and z D z1 � z2 , where wi is a 2–cycle
in Xi and zi 2A.Xi /˝2 . By replacing Xi , wi and zi with Xi # CP2 , wi [Ei and
zi � .Ei /

2
.2/

, we can also assume that wi is coprime to N. Here Ei is the exceptional
class in Xi # CP2 . We fix a Riemannian metric on X1 #X2 whose restriction to the
connected sum region is isometric to the product metric Œ�T; T �� S3 , where T is
a large constant and S3 has the standard metric. Using the standard metric on S3

allows us to ensure that all the framed moduli spaces on the cylinder R � S3 are
regular. We fix a holonomy perturbation of the ASD equation on each Xi such that
the perturbation is supported outside of a neighborhood of the connected sum region,
and the cut-down moduli spaces Np.Xi ; wi I‚; zi / of expected dimension at most
zero are regular. Here ‚ is the trivial connection, which is the only flat connection
on S3 . Now we can use Theorem 6.11 to conclude that the 0–dimensional moduli
space N�.X1 #X2; w1[w2I z1 � z2/ is empty when T is large enough.

Next, we utilize the gluing and the compactness theorems to prove Proposition 3.45 on
connected sums along †.2; 3; 23/. Recall that in addition to the trivial connections,
there are 44 irreducible and eight SU.2/–reducible connections on the trivial SU.3/–
bundle over †.2; 3; 23/. All these connections are nondegenerate. We choose a
perturbation of the Chern–Simons functional of †.2; 3; 23/ (and the empty cycle)
such that the critical points of the perturbed functional are the same as those of the
Chern–Simons functional and the following assumption about the regularity of the
elements of ŒA� 2Mp.†.2; 3; 23/I˛; ˇ/ holds: if A is irreducible, then A is regular,
and if A is reducible and induced by an SU.2/–connection, then A is regular as a
solution of the (perturbed) ASD equation for SU.2/–connections [19; 58].

Suppose X1 is a 4–manifold with bC.X1/ � 1 and @X1 D †.2; 3; 23/. Suppose
also that w1 is a closed 2–cycle in X1 which is coprime to 3. Fix a metric with
cylindrical ends on X1 and a small holonomy perturbation of the ASD equation which is
compatible with the perturbation of the Chern–Simons functional. Let Mp.X1; w1I˛/

be the moduli space of solutions to a perturbation of the ASD equation associated to
the pair .X1; w1/ and the path p :
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Proposition 6.15 Suppose a positive integer n0 is given. There is a metric and a
holonomy perturbation of the ASD equation on X1 such that the following holds:
Let p be a path along .X1; w1/ based at a flat connection ˛ on †.2; 3; 23/ such
that the index of the elements of Mp.X1; w1I˛/ is at most n0 . Then the moduli
space Mp.X1; w1I˛/ consists of regular solutions and does not have any reducible
connections. Moreover, suppose z1 2A.X/˝2 is such that

dX1;w1 WD �4w
2
1 � 4.�.X1/C �.X1//� 4� deg.z1/C 4 mod 12:

Suppose also that the expected dimension of Np.X1; w1I˛; z1/ is zero. Then there is a
geometric representative for z1 such that the cut-down moduli space Np.X1; w1I˛; z1/
is compact.

Note that Np.X1; w1I˛; z1/ might be a linear combination of different spaces. Then
compactness of this space is defined to be the compactness of all the involved spaces
in the linear combination. In what follows, we gloss over this point about the nature of
the spaces Np.X1; w1I˛; z1/.

Proof The arguments of [52] can be used to show that the metric and the perturbation
can be chosen such that if p is a path as in the statement of the proposition, then
Mp.X1; w1I˛/ is regular and does not contain any reducible solutions. We can also
assume that V.z1/ is chosen such that all moduli spaces Np.X1; w1I˛/ with expected
dimension at most n0 � deg.z1/ are cut down transversely. Next, let the dimension
of Mp.X1; w1I˛/ be equal to deg.z1/, and fAigi be a sequence of connections in the
cut-down moduli space Np.X1; w1I˛; z1/. By Theorem 6.1, this sequence converges
to an element

�
.ŒB�;x/; .ŒC1�;x/; : : : ; .ŒCk�;yk/

�
, where ŒB� 2 �Np0.X1; w1I˛0; z1/,

ŒCi � 2 �Mpi .˛i�1; ˛i /, ˛k D ˛ , and

(6:16) deg.z1/� index.DB/C index.DC1/C � � �C index.DCk /;

with equality holding if and only if the multisets x;y1; : : : ;yk are empty. The main
point of the rest of the argument is to show that instantons Ci with nonpositive values
of index.DCi / do not appear in the limit points of Np.X1; w1I˛; z1/.

We first show that index.DB/ in (6.16) is bounded above. If Ci is irreducible, then
index.DCi / is positive. In the case that Ci is reducible, we cannot guarantee that
index.DCi / is positive. However, the index of DCi as an SU.2/–connection is positive.
Using Table 5, it is straightforward to check that for a reducible connection Ci 2�Mpi .R�†.2; 3; 23/I˛i�1; ˛i / with nonpositive index.DCi /, the flat connection ˛i
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has to be ˇ8 , and ˛i�1 is equal to either the trivial connection ‚ or the SU.2/–
connection ˇ2 . In the first case, index.DCi / is equal to �3 and in the latter case
index.DCi / is equal to �2. Suppose

(6:17) fi1; : : : ; ilg � f0; : : : ; k� 1g

is the set of indices such that ˛ij D ˇ8 . We have

(6:18) index.DCijC1/C index.DCijC2/C � � �C index.DCijC1 /� 0 mod 12

for 1 � j � k � 1. In (6.18), the last term is at least �3 and the other terms are
positive. This shows that the sum in (6.18) is nonnegative. We can use this to conclude
that the sum index.DC1/C � � � C index.DCk / in (6.16) is at least �3. That is to say,
index.DB/ is not greater than deg.z1/C 3. By increasing the value of n0 if necessary,
we can assume that Np0.X1; w1I˛0; z1/, which contains B , is cut down transversely.
In particular, index.DB/� deg.z1/.

If l � 1, then the index formula (2.16) shows

index.DB/C index.DC1/C� � �C index.DCi1 /� dX1;w1� 3� deg.z1/C 1 mod 12:

In the above expression, the first term on the left-hand side is not less than deg.z1/,
the last term is not less than �3, and the remaining terms are positive. Therefore,
the sum on the left-hand side is not less than deg.z1/C 1. This also shows that the
right-hand side of (6.16) is at least deg.z1/C 1, which is a contradiction, and as a
result, l D 0. Therefore, in (6.16), index.DCi / is always positive. This also implies
that k D 0 and x is empty. Consequently, Np.X1; w1I˛; z1/ is compact.

Form the moduli spaces Np.X1; w1I˛; z1/ with the perturbations from Proposition 6.15,
and define the following element of I4.†.2; 3; 23//:

(6:19) DX1;w1.z1/ WD
X

#Np.X1; w1I˛; z1/ �˛;

where the sum is over all irreducible connections ˛ in †.2; 3; 23/ and the paths p
such that

(6:20) Np.X1; w1I˛; z1/

is 0–dimensional. Here we follow the standard conventions to orient (6.20) [58; 52].
Since N D 3, we do not need a homology orientation of .X1; w1/ to fix a sign
for DX1;w1.z1/.
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Next, let X2 be a 4–manifold with bC.X2/� 1 and @X2 D†.2; 3; 23/. Let also w2
be a closed 2–cycle in X2 which is coprime to 3. Fix a metric with cylindrical ends
on X2 and a small holonomy perturbation of the ASD equation which is compatible
with the perturbation of the Chern–Simons functional:

Proposition 6.21 Suppose a positive integer n0 is given. There is a metric and a holo-
nomy perturbation of the ASD equation on X2 such that the following holds: Let p be
a path along .X2; w2/ based at a flat connection ˛ on †.2; 3; 23/ such that the index of
the elements of Mp.X2; w2I˛/ is at most n0 . Then the moduli space Mp.X2; w2I˛/

consists of regular solutions and does not have any reducible connections. Moreover,
suppose z2 2A.X/˝2 is chosen such that deg.z2/ is divisible by 4. Suppose also the
expected dimension of Np.X2; w2I˛; z2/ is zero. Then there is a geometric represen-
tative for z2 such that the cut-down moduli space Np.X2; w2I˛; z2/ is compact.

The proof of this proposition is analogous to that of Proposition 6.15, and we leave it
to the reader. The cut-down moduli spaces in Proposition 6.21 can be used to define
the following functional on I�.†.2; 3; 23//:

(6:22) DX2;w2.z2/.˛/ WD #Np.X2; w2I˛; z2/;

where ˛ is an irreducible connection on †.2; 3; 23/ and the path p is chosen such
that Np.X2; w2I˛; z2/ is 0–dimensional. The index formula shows that this space is
0–dimensional only if

(6:23) deg.˛/� 4w22 C 4.�.X2/C �.X2//� 4C deg.z2/ mod 12:

Thus, DX2;w2.z2/ is nonzero only on the elements of I�.†.2; 3; 23// that satisfy (6.23).

Proposition 6.24 For i D 1; 2, suppose .Xi ; wi / and zi are as in Propositions 6.15
and 6.21. Then

(6:25) DX1ıX2;w1[w2.z1 � z2/D DX2;w2.z2/ ıDX1;w1.z1/:

Proof Use Propositions 6.15 and 6.21 to fix metrics on X1 and X2 . Let also X1ıX2 be
equipped with a Riemannian metric which is compatible with the metrics on X1 and X2
and has a long neck along †.2; 3; 23/. By slightly modifying the holonomy perturba-
tions provided by Propositions 6.15 and 6.21, we can assume that the perturbation of Xi
on the complement of a compact subset of XCi is induced by the chosen perturbation of
the Chern–Simons functional of †.2; 3; 23/ and the claims of these propositions about
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the moduli spaces of the form Np.X1; w1I˛; z1/ and Np.X2; w2I˛; z2/ still hold.
The perturbations of the ASD equations on X1 and X2 induce a perturbation of the
ASD equation on X1 ıX2 . By applying Theorem 6.11 and arguments similar to those
in the proof of Proposition 6.15, we can conclude that, for a long enough neck along
†.2; 3; 23/, we have the following diffeomorphism of 0–dimensional moduli spaces:

N�.X1 ıX2; w1[w2; z1 � z2/Š
[
˛

Np1.X1; w1I˛; z1/�Np2.X2; w2I˛; z2/:

Here ˛ is an irreducible connection on †.2; 3; 23/, and � , p1 and p2 are chosen such
that all the above cut-down moduli spaces are 0–dimensional. Standard arguments
show that the above diffeomorphism is compatible with respect to the orientation of
the involved moduli spaces. This diffeomorphism implies the claim in (6.25).

This proposition essentially proves Proposition 3.45 from Section 3.4. We only need to
extend the above proposition to the case that w1 and w2 are not necessarily coprime
to 3 and deg.z2/ is not divisible by 4. The assumption on the wi can be removed
by the blowing-up trick. The dimension of the moduli space of rank 3 instantons
on the closed 4–manifold X1 ıX2 is always divisible by 4. Therefore, if we define
DX2;w2.z2/D 0 in the case that deg.z2/ 6� 0 mod 4, then the above theorem still holds.

6.2 Gluing theory for negative embedded spheres

In this subsection, we give a proof of Proposition 2.21 based on the techniques which are
discussed in Section 6.1. Suppose X is a smooth 4–manifold with bC.X/�2. Suppose
also � is an embedded sphere in X with � � � D�3. A tubular neighborhood of � ,
denoted by Z , is a disc bundle over � with Euler class �3 and boundary Y DL.3;�1/.
Thus X can be split as Z ıX1 , where X1 is the closure of the complement of Z . We
will also write w0 for a fiber of the disc bundle Z . Fix the orientation on w0 such
that w0 intersects � negatively in one point.

Fix a Riemannian metric with a cylindrical end on Z . Let also L be the complex line
bundle over Z associated to the 2–cycle w0 . Since bC.Z/D b1.Z/D 0, there is a
unique ASD connection on L with finite energy. This connection, denoted by B , is
asymptotic to a flat connection � which maps the generator of �1.Y / to � D e2�i=3 .
Consider the ASD U.N /–connection A WD Bk1 ˚ � � �˚BkN which is asymptotic to
the flat connection ˛ WD �k1 ˚ � � � ˚ �kN . The first Chern class of the underlying
U.N /–connection is equal to .k1C � � �C kN /P:D:Œw0�. The topological energy of A
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is given by the formula

�.A/D
1

12N

X
1�i;j�N

.ki � kj /
2:

Therefore, we can use (2.16) to compute the index of DA . In particular, if jki �kj j � 3
for all i and j , then (2.16) shows [12] that

index.DA/D 1�N 2
C

X
1�i;j�N

jki � kj j:

Table 2 consists of various choices of U.3/–connections. For each connection A, the
first Chern class of the underlying bundle of A is equal to k P:D:Œw0�, where k is also
given in Table 2.

A ˛ k indexDA dim �M.A/ �˛

B2˚ 1˚ 1 �2˚ 1˚ 1 2 0 4 S.U.1/�U.2//

B˚B˚ 1 �˚�˚ 1 2 –4 0 S.U.2/�U.1//

B�1˚B2˚B �2˚�2˚� 2 4 8 S.U.2/�U.1//

B˚B�1˚B�1 �˚�2˚�2 –1 0 4 S.U.1/�U.2//

B�1˚ 1˚ 1 �2˚ 1˚ 1 –1 –4 0 S.U.1/�U.2//

B�2˚B˚ 1 �˚�˚ 1 –1 4 8 S.U.2/�U.1//

Table 2

We will write M.A/ (respectively, �M.A/) for the moduli space (respectively, the
framed moduli space) of connections on Z corresponding to the path which is rep-
resented by A. From now on, we assume that an anti-self-dual metric with positive
scalar curvature is fixed on Z [61].9

Proposition 6.26 For each A in Table 2, A has the minimal topological energy among
all ASD connections with the same limiting flat connection as A and the same c1 .

Proof Let A0 be an ASD connection with a smaller topological energy and the same
limiting flat connection and c1 as A. The difference dim. �M.A//� dim. �M.A0// is at
least 12. On the other hand, any such connection is regular because of the choice of

9We use such metrics to ensure regularity of moduli spaces of ASD connections with respect to these
metrics. The construction of [61] provides asymptotically cylindrical ASD metrics rather than cylindrical
metrics. However, that is enough for our purposes because we can pick a cylindrical approximation to the
these metrics and then argue as in [13, Corollary 5.13].
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the metric. Therefore, the dimension of �M.A0/ is at least dim.�˛/� dim.�A0/. This
can be used to rule out the existence of A0.

We study the moduli spaces M.A/ for various choices of A. The same argument
as in Proposition 6.26 shows that if A D B ˚B ˚ 1, then the moduli space M.A/

contains only the completely reducible connection A. Next, we turn to the case that
AD B2˚ 1˚ 1. An argument analogous to that in Proposition 6.26 shows that there
are three types of connections in this space:

� finitely many irreducible connections;

� the complete reducible connection AD B2˚ 1˚ 1;

� reducible connections of the form R ˚ 1, where R is an irreducible U.2/–
connection in the 1–dimensional space M.B2˚ 1/.

Proposition 6.27 The unique component of M.B2 ˚ 1/ containing B2 ˚ 1 is a
half-line Œ0;1/. All the other components are either circles or copies of R consisting
of only irreducible connections. The corresponding components of �M.B2˚ 1˚ 1/

are C2 , S3 �S1 and S3 �R.

Proof The proof of the first part is straightforward. For the second part, note that the or-
bit of the connection R˚1 in the framed moduli space, for an irreducible connection R ,
is �˛=�R˚1 D S.U.1/�U.2//=S.U.1/2�U.1//D S3 , where U.1/2�U.1/ denotes
3� 3 diagonal matrices where the first two diagonal entries are equal to each other.

Now we are ready to prove the first part of Proposition 2.21:

Proposition 6.28 Suppose X and � are as above and z 2A.h�i?/˝2 . Suppose also
that w is a 2–cycle in X such that w �� � 1 mod 3. Then there is a constant c such that

D3X;w
��
�
3
2
�.3/�

3
2
�2.2/� a2

�
z
�
D c D3X;w�� .z/:

Proof For simplicity of exposition, we assume that z D 1. A similar proof works
in the more general case. Equip X with a Riemannian metric that has a neck of
length T along the lens space Y , and denote the resulting Riemannian manifold by XT .
We first study the 4–dimensional moduli spaces of the form M�0.X

T ; w/ for large
values of T . Let ˛1 and ˛2 denote the flat connections �2˚ 1˚ 1 and �˚ �˚ 1.
We write Gi for the stabilizer group �˛i . We also write R1 for �M.B2 ˚ 1˚ 1/

and R2 for �M.B ˚B ˚ 1/. Clearly Ri is a Gi–manifold. By Theorem 6.11 and
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the above description of the low-dimensional moduli spaces on Z , the moduli space
M�0.X

T ; w/ can be covered with two open sets U and V of the form

U D �Mp1.X1; w\X1I˛1/�G1 R1 and V D �Mp2.X1; w\X1I˛2/�G2 R2;

where the framed moduli spaces �Mp1.X1; w\X1I˛1/ and �Mp2.X1; w\X1I˛2/ are
respectively of dimensions 4 and 8. By choosing a generic metric on X1 and a small
holonomy perturbation of the ASD equation supported in X1 , we can assume the action
of �˛i on �Mpi .X1; w\X1I˛i / is free. In particular, there are Gi equivariant maps

(6:29) zfi W �Mpi .X1; w\X1I˛i /!EGi ;

where EGi is the universal principal Gi–bundle over the classifying space BGi .
Every connected component of �Mp1.X1; w\X1I˛1/ can be identified with G1 and
we can assume that the map zf1 is the same on different connected components of�Mp1.X1; w\X1I˛1/.

Gluing theory also gives a description of the intersection U \V for large values of T .
Let N be the .G1�G2/–manifold �Mq.˛1; ˛2/, where the path q is chosen such that
this space is 8–dimensional. Since the orbit of any irreducible connection with respect
to the action of G1�G2 and translations is at least 9–dimensional, N does not contain
any irreducible connections. Thus N consists of ASD connections of the form R˚1 on
R�L.3; 1/, where R is asymptotic to �2˚1 and �˚� on the two ends. After dividing
by the action of translations, there are finitely many choices for the connection R . Thus,
this manifold, as a .G1�G2/–space, is the union of finitely many spaces of the form

(6:30) R�
G1 �G2

S.U.1/2 �U.1//
:

In particular, the action of Gi on this space is free. The G1–space N �G2 R2 can
be identified with the end of R1 . The G2–space �Mp1.X1; w \X1I˛1/�G1 N can
be identified with the end of �Mp2.X1; w\X1I˛2/. Using these identifications, the
overlap U \V is identified with the space

(6:31) �Mp1.X1; w\X1I˛1/�G1 N �G2 R2:

In summary, M�0.X
T ; w/ is the pushout of the following diagram:

(6:32)

�Mp1.X1; w\X1I˛1/�G1 N �G2 R2 �Mp1.X1; w\X1I˛1/�G1 R1

�Mp2.X1; w\X1I˛2/�G2 R2 M�0.X
T ; w/

p
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We can form a universal version of the above diagram as follows:

(6:33)
EG1 �G1 N �G2 R2 EG1 �G1 R1

EG2 �G2 R2 M

h2

h1 p

The free action of G2 on EG1 �G1 N gives a G2–equivariant map

f W EG1 �G1 N !EG2:

The vertical map h1 is induced by f . The horizontal map h2 is induced by the
inclusion of N �G2 R2 into R1 . The space M is then the pushout of h1 and h2 . The
maps zf1 and zf2 determine the maps

fi W �Mpi .X1; w\X1I˛i /�Gi Ri !EGi �Gi Ri

and

gW �Mp1.X1; w\X1I˛1/�G1 N �G2 R2!EG1 �G1 N �G2 R2:

The maps zf1 and zf2 can be chosen such that f1 , f2 and g give rise to a map from dia-
gram (6.32) to diagram (6.33). We will write F for the induced map from M�0.X

T ; w/

to M.

There is a similar description of the universal bundle over the space M�0.X
T ; w/� � .

Suppose q1 is the path over Z determined by the connection B2˚1˚1. We can form
an equivariant universal bundle �P1 over zBq1.Z;w\ZI˛/�� similar to the universal
bundles in Section 2.1. There is an action of G1 on �P1 which lifts the obvious action
of this group on zBq1.Z;w \ZI˛/ � � . This bundle induces a PU.3/–bundle over
R1�� with an action of G1 , which we still denote by �P1 . Similarly, we can construct
a PU.3/–bundle �P2 over R2 � � with an action of G2 . Since R2 consists of only the
class of the connection B˚B˚ 1, the bundle �P2 has the form [12, Proposition 46]

(6:34) �P2 D F �L˚P;
where F and P are the standard U.2/– and U.1/–representations of G2 , and L is the
line bundle defined at the beginning of the subsection. To be more precise, (6.34) gives
a lift of �P2 to a U.3/–bundle with an action of G2 . The restriction of �P1 , as a PU.3/–
bundle with an action of G1 , to the subset N �G2 R2 � � of R1 � � can be identified

Geometry & Topology, Volume 24 (2020)



Sutured manifolds and polynomial invariants from higher rank bundles 155

with N �G2�P2 . Thus, �P1 and �P2 give rise to the following diagram of PU.3/–bundles:

(6:35)
P3 WDEG1 �G1 N �G2 �P2 EG1 �G1

�P1
EG2 �G2

�P2 P

xh2

xh1 p

The PU.3/–bundle P over M � � is the pushout of the above diagram. The pullback
of P with respect to the map .F; id/WM�0.X

T ; w/ � � ! M � � is equal to the
universal bundle.

Suppose ' 2H 4.M;Q/ is defined to be

3
2
c3.P /=� �

3
2
.c2.P /=�/

2
� c2.P /=x:

We claim the restriction of ' to the subspace EG2 �G2 R2 vanishes. To see this, let

p WD c1.P / and f WD c2.F / 2H
�
G2
.R2/DH�.BG2/

be the equivariant Chern classes of the bundles P and F in the description of �P2
in (6.34). Then it is easy to verify our claim from the following identities:

c2.EG2 �G2
�P2/=� D�p; c3.EG2 �G2

�P2/=� D 1
3
p2C 2

3
f;

c2.EG2 �G2
�P2/=x D�p2C f:

By (6.30), the space EG1 �G1 N �G2 R2 is homotopy equivalent to finitely many
copies of

EG1=S.U.1/2 �U.1//Š BS.U.1/2 �U.1//Š B.U.1/�U.1//

whose odd-degree cohomology groups vanish. Therefore, we can apply the Mayer-
Vietoris exact sequence for the pushout diagram in (6.33) to conclude that there is a
unique choice of a relative cohomology class

 2H 4.EG1 �G1 R1; EG1 �G1 N �G2 R2/

such that ' is equal to the image of  in H 4.M;Q/. This discussion shows that
the pairing of F �.'/ and the fundamental class of the 4–dimensional moduli space
M�0.X

T ; w/ is equal to the pairing of f �1 . / and the relative fundamental class of�Mp1.X1; w\X1I˛1/�G1 R1 . The description of the moduli spaces and the map zf1
shows that there is a constant c such that the latter pairing is equal to

c � #Mp1.X1; w\X1I˛1/:
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Since �M.B�1˚ 1˚ 1/ consists of a single point, we have

(6:36) Mp1.X1; w\X1I˛1/D �Mp1.X1; w\X1I˛1/��˛1
�M.B�1˚ 1˚ 1/

DM�1.X
T ; w� �/:

Here �1 is chosen such that the space M�1.X
T ; w � �/ is 0–dimensional. We use

Theorem 6.11 to conclude the second identity for large enough values of T . The
identities in (6.36) allow us to verify the desired claim.

The second part of Proposition 2.21 can be proved by applying the first part to the
.�3/–sphere � with the reverse orientation. Next, we turn to the proof of the last part
of Proposition 2.21. As in the previous case, we need to study some low-dimensional
moduli spaces over Z . Table 3 consists of various choices of U.3/–connections on Z
with vanishing c1 . The proof of Proposition 6.26 shows that each connection A in this
table has the minimal energy among all ASD connections with the same limiting flat
connection and vanishing c1 .

A ˛ indexDA dim �M.A/ �˛

1˚ 1˚ 1 1˚ 1˚ 1 –8 0 SU.3/

B˚B�1˚ 1 �˚�2˚ 1 0 2 S.U.1/�U.1/�U.1//

B˚B˚B�2 �˚�˚� 4 12 SU.3/

B�1˚B�1˚B2 �2˚�2˚�2 4 12 SU.3/

Table 3

For AD B˚B�1˚ 1, the moduli space M.A/ contains three types of connections:

� finitely many irreducible connections;

� the completely reducible connection AD B˚B�1˚ 1;

� reducible connections of the form R˚ 1, where R is an irreducible SU.2/–
connection in the 1–dimensional space M.B˚B�1/.

Proposition 6.37 Each of the connected components of M.B˚B�1/ which contains
B ˚B�1 is a half-line Œ0;1/. All the other components are either circles or copies
of R consisting of only irreducible connections. The corresponding components
of �M.A/ are C , S1 �S1 and S1 �R, and the action of �˛ D S1 is standard.
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Proposition 6.38 Suppose X and � are as above and z 2 A.h�i?/˝2 . Suppose
also w is a 2–cycle in X1 . Then

D3X;w..�
4
.2/C 4a2�

2
.2/C 3�

2
.3//z/D 0

and

D3X;w..�
3
.2/�.3/C 3a3�

2
.2/C a2�.2/�.3//z/D 0:

Proof Similar to the proof of Proposition 6.28, we may assume that z D 1. We need
to study the 8–dimensional moduli space for the first identity and the 10–dimensional
moduli space for the second identity. Suppose �0 is a constant number such that the
expected dimension of the moduli space M�0.X

T ; w/ is 8 or 10. This moduli space
is compact. Moreover, Theorem 6.11 and the above description of the low-dimensional
moduli spaces on Z show that M�0.X

T ; w/ can be given as the pushout of the diagram

(6:39)

�Mp1.X1; wI˛1/�G1 N �G2 R2 �Mp1.X1; wI˛1/�G1 R1

�Mp2.X1; wI˛2/�G2 R2 M�0.X
T ; w/

p

where ˛1 D �˚ �2 ˚ 1, ˛2 D 1˚ 1˚ 1, Gi D �˛i , R1 D �M.B ˚ B�1 ˚ 1/,
R2 D �M.1˚ 1˚ 1/, N D �Mq.˛1; ˛2/ and the path q is chosen such that the index
of any element in N is equal to 0. As in the previous case, we can form the universal
version of the above diagram as

(6:40)
EG1 �G1 N �G2 R2 EG1 �G1 R1

EG2 �G2 R2 M

h2

h1 p

with a map F WM�0.X
T ; w/!M.

There are also PU.3/–bundles �Pi on Ri with an action of Gi . These bundles give rise
to a pushout diagram of bundles

(6:41)
P3 WDEG1 �G1 N �G2 �P2 EG1 �G1

�P1
EG2 �G2

�P2 P

xh2

xh1 p
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such that .F; id/�.P / is equal to the universal bundle on M�0.X
T ; w/ � � . Let

'1 2H
8.M;Q/ and '2 2H 10.M;Q/ be defined by

'1 WD .c2.P /=�/
4
C 4.c2.P /=x/ � .c2.P /=�/

2
C 3.c3.P /=�/

2;

'2 WD .c2.P /=�/
3
� .c3.P /=�/C 3.c3.P /=x/ � .c2.P /=�/

2

C .c2.P /=x/ � .c2.P /=�/ � .c3.P /=�/:

The restrictions of cohomology classes '1 and '2 to the open sets EGi �Gi Ri vanish.
We show this claim for the connected component EG1 �G1 C of EG1 �G1 R1 . The
restriction of the bundle �P1 to the G1–manifold C is given by [12, Proposition 46]

P �L˚Q�L�1˚R�C;

where P , Q and R are the G1–equivariant line bundles over C associated to the three
standard 1–dimensional representations of G1 . Note that P ˝Q˝R is the trivial
bundle with the trivial action of G1 . Suppose p; q 2H�G1.C/ denote the equivariant
first Chern classes of the bundles P and Q . Then

c2.EG1 �G1
�P1/=� D p� q; c3.EG1 �G1

�P1/=� D q2�p2;
c2.EG1 �G1

�P1/=x D�p2� q2�pq; c3.EG1 �G1
�P1/=x D�pq.pC q/:

These identities can be used to show that the restrictions of '1 and '2 to EG1�G1C are
equal to zero. Using similar arguments, it is even easier to show that the restrictions of
these two cohomology classes to EG2�G2R2 and the remaining connected components
of EG1�G1R1 are equal to zero. Since the cohomology groups of EG1�G1N�G2R2
in odd degrees vanish, the Mayer-Vietoris exact sequence for diagram (6.40) implies
that '1 and '2 are both equal to zero. In particular, this verifies the claim of this
proposition.

6.3 Gluing theory for Fukaya–Floer homology

One of the primary goals of this subsection is to define the Fukaya–Floer homology for
an N–admissible pair .Y; 
/ and an .N�1/–tuple LD .l2; : : : ; lN / of the elements
of H1.Y /. As it is mentioned in Section 3.3, we shall construct a chain complex
.C
N;j
� .Y; 
; L/; dN;j / over RN;j , for each nonnegative integer number j . We also

define a chain map

F kj W C
N;j
� .Y; 
; L/! CN;k� .Y; 
; L/ for j � k � 0

such that F kj is a homomorphism of RN;j–modules, and for a triple of integers
satisfying j � k � l � 0, the map F l

k
ı F kj is chain homotopy equivalent to F lj .
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Let IN;j� .Y; 
; L/ be the homology of the chain complex .CN;j� .Y; 
; L/; dN;j / and
f kj W I

N;j
� .Y; 
; L/! IN;k� .Y; 
; L/ be the map induced by F kj . Then the Fukaya–Floer

homology group IN� .Y; 
; L/ is defined to be the inverse limit of the inverse system
.fIN;j� .Y; 
; L/gj ; ff

k
j gj�k/.

For simplicity of exposition, we assume that l3 D � � � D lN D 0 and l2 is an integral
homology class. Later we shall explain how the definition should be adapted to the
arbitrary case. For each i 2N , let �i be an oriented closed curve that represents l2 .
Let also �.�i / be a regular neighborhood of �i such that the inclusion of �.�i / into Y
induces a surjective map at the level of fundamental groups. Furthermore, we assume
that the open sets �.�i / are disjoint.

For a fixed integer j � 0, let CS�j be a perturbation of the Chern–Simons functional as-
sociated to .Y; 
/ such that all critical points of CS�j are irreducible and nondegenerate,
and all moduli spaces Mp.˛; ˇ/ with dimension at most 2jC1 consist of regular points.
If i is a nonnegative integer number not greater than j and dim.Mp.˛; ˇ//� 2j C 1,
then we may also assume that the restriction of any element in Mp.˛; ˇ/ to the open
subspace �.�i /� .0; 1/ is irreducible.10 We define

(6:42) C
N;j
� .Y; 
; L/ WD C

�j
� .Y; 
/˝RN;j :

Next, we need to define the differential dN;j .

For any path p between two critical points ˛ and ˇ of CS�j and S D fi1; : : : ; ikg �
f1; : : : ; j g, we have the diagonal R–action f�tgt2R on the space

(6:43) Mp.˛; ˇ/� .�i1 �R/� � � � � .�ik �R/:

Here the action of t 2R maps .x; r/2 �i�R to .x; r�t /. If p is not the constant path
or S is not the empty set, then this action is free and we will write MMp.˛; ˇIS/ for
the quotient space. Otherwise, MMp.˛; ˇIS/ is defined to be empty. In the case that S
is empty, the quotient space is the space MMp.˛; ˇ/. If S 0 � S, then there is an obvious
projection map from MMp.˛; ˇIS/ to MMp.˛; ˇIS

0/, which is denoted by �S!S 0 .

We can form a partial compactification of MMp.˛; ˇIS/ by defining

MMCp .˛; ˇIS/ WD
[
k

[
f.pi ;Si /g1�i�k

kY
iD1

MMpi .˛i�1; ˛i ISi /;

10This is a consequence of the unique continuation property of (nonperturbed) ASD connections and
the Uhlenbeck compactness theorem. For more details see [52].
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where Si � S and pi W ˛i�1! ˛i is a path between two critical points of CS�j such
that the sets Si are disjoint, their union is equal to S, and the composition p1 ı � � � ıpk
is equal to p . Note that the set Si may be empty. A sequence ul 2 MMp.˛; ˇIS/

is chain convergent to u1 D .u11; : : : ; u
k
1/ 2

Qk
iD1

MMpi .˛i�1; ˛i ISi / if there is a
sequence of k–tuples of real numbers .t1

l
; : : : ; tk

l
/ such that

t1l < � � �< t
k
l ; lim

l!1
tmC1
l
� tml D1 for all 1�m� k� 1

and
�tm
l
ı�S!Sm.ul/

C1loc
��! um1:

We use this notion of convergence to define a topology on MMCp .˛; ˇIS/.

Remark 6.44 Due to the possibility of bubbling off instantons, the space MMCp .˛; ˇIS/
is not necessarily compact.

Example 6.45 Suppose A 2Mp.˛; ˇ/, where pW ˛! ˇ is a nontrivial path between
two critical points of the perturbed Chern–Simons functional. Suppose also x 2 �1 is
fixed. Then ui D ŒA; .x; i/� defines a sequence of elements of MMp.˛; ˇIS/ where
S D f1g. This sequence is convergent to .u11; u

2
1/:

u11 WD ŒA� 2 MMp.˛; ˇ/ and u21 WD Œ�
�.ˇ/; .x; 0/� 2 MMq.ˇ; ˇIS/:

Here q is the constant path from ˇ to ˇ , and ��.ˇ/ is the pullback of the connection ˇ
to R�Y .

For S D fi1; : : : ; ikg, define the map

(6:46) ˆS W MMp.˛; ˇIS/!
Y
i2S

B�.�.�i /� .0; 1//� �i

by

ˆs
�
ŒA; .xi1 ; ti1/; : : : ; .xik ; tik /�

�
D
�
.T �ti1

Aj�.�i1 /�.0;1/
; xi1/; : : : ; .T

�
tik
Aj�.�ik /�.0;1/

; xik /
�
;

where Tti W R � Y ! R � Y denotes the translation that maps .x; t/ to .x; t C ti /.
This map extends to MMCp .˛; ˇIS/ in the obvious way and the extension is continuous.
As in Section 2.1, we can form a universal PU.N /–bundle Pi and an associated
SU.NN / vector bundle Ei on B�.�.�i /� .0; 1//� �i . We need to find a subspace of
B�.�.�i /�.0; 1//��i representing c2.Pi / or equivalently .1=NN /c2.Ei /, and use the
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inverse image of this representative to cut down the moduli space MMp.˛; ˇIS/. We can
proceed as in Section 2.1. The rank stratification of the vector bundle Hom.CNN�1;Ei /

determines a codimension-four representative V2.�i / for the second Chern class of the
universal bundle. For all choices of ˛ , ˇ , S and p , we may assume that ˆS in (6.46)
is transversal to

V2.�i1/� � � � �V2.�ik /:

Let MNp.˛; ˇIS/ be the inverse image of the above space by the map ˆS . Then the
closure of MNp.˛; ˇIS/ in MMCp .˛; ˇIS/, denoted by MNCp .˛; ˇIS/, is also a stratified
space with smooth strata of the form

kY
iD1

MNpi .˛i�1; ˛i ISi /:

Lemma 6.47 If the dimension of MNCp .˛; ˇIS/ is at most 1, then this space is compact.

Proof This is a consequence of Remark 6.6 and the standard dimension counting
argument used for the definition of the polynomial invariants for closed 4–manifolds.

Now we are in a position to define the differential dN;j . Firstly consider the operator

dS W C
�j
� .Y; 
/! C

�j
� .Y; 
/; dS .˛/D

X
pW˛!ˇ

# MNCp .˛; ˇIS/ �ˇ;

where the sum is over all paths p from ˛ to other critical points of CS�j such that the
dimension of the moduli space Mp.˛; ˇ/ is equal to 2jS jC 1. The cut-down moduli
space MNCp .˛; ˇIS/ is 0–dimensional and hence it is compact by Lemma 6.47. Finally,
the Fukaya–Floer differential dN;j is defined as

dN;j WD
X
S�NC

Q
i2S t2;i

NN jS j
dS :

The term NN jS j appears in the above expression due to the relationship between
c2.Pi / and c2.Ei /.

Proposition 6.48 The map dN;j defines a differential; ie d2N;j D 0.

Proof For critical points ˛ and ˇ of CS�j and S � N , let hS .˛; ˇ/ be a number
that satisfies the identity

d2N;j˛ D
X
ˇ;S

mS .˛; ˇ/

NN jS j

�Y
i2S

t2;i

�
ˇ:
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Fix ˛ , ˇ and S�f1; : : : ; kg, and suppose pW ˛!ˇ is a path such that dim.Mp.˛; ˇ//

is equal to 2jS jC 2. Then the term mS .˛; ˇ/ is equal to

mS .˛; ˇ/D
X

p1W˛!

p2W
!ˇ

X
S1;S2

# MNCp1.˛; 
 IS1/ � # MN
C

p2
.
; ˇIS2/

with p1 ıp2 D p , S1[S2 D S, S1 and S2 disjoint,

dim.Mp1.˛; 
//D 2jS1jC 1 and dim.Mp2.
; ˇ//D 2jS2jC 1:

Therefore, mS .˛; ˇ/ is equal to the signed count of the boundary points of the compact
1–manifold MNCp .˛; ˇIS/. This implies that mS .˛; ˇ/ is equal to zero.

The above discussion can be generalized in a straightforward way to the case of an
arbitrary .N�1/–tuple .l2; : : : ; lN /. For each lk , we choose a sequence of disjoint
representatives f�k;igi2N and the open neighborhoods �.�k;i /. We keep assuming
that �k;i is an oriented simple closed curve in Y , the open sets �.�k;i / are disjoint
and the inclusion of �.�k;i / in Y induces a surjective map at the level of fundamental
groups. In a more general case that li is a homology class with complex coefficients,
we need to consider the straightforward generalization that �k;i is a linear combi-
nation of disjoint closed curves. Then for each .N�1/–tuple S D .S2; : : : ; SN / of
subsets of f1; 2; : : : ; j g, we can form the moduli space MMp.˛; ˇIS/ and its partial
compactification MMCp .˛; ˇIS/. As in the previous case, each stratum of the partial
compactification is a product of moduli spaces of the form MMp.˛; ˇIS/. The next step
is to cut down MMCp .˛; ˇIS/ with divisors Vk.�k;i / for i 2Sk . As in the case of closed
4–manifolds, we can use the auxiliary complex vector bundles of rank NN associated
to the universal PU.N /–bundle and construct geometric representatives for Vk.�k;i /.
The desired representatives are linear combinations of codimension 2k stratified spaces
with even-dimensional strata. We will write MNCp .˛; ˇIS/ for the cut-down moduli
space. A generic choice of these divisors allow us to obtain a cut-down moduli space.
This space is compact when its dimension is less than or equal to 1.

The 0–dimensional cut-down moduli spaces MNCp .˛; ˇIS/ can be used to define an
operator dS acting on C

�j
� .Y; 
/:

dS˛ D
X

pW˛!ˇ

# MNCp .˛; ˇIS/ �ˇ:

We combine these operators to form

dN;j WD
X

SD.S2;:::;SN /

� Y
i2Sk

tk;i

�
dS :
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As in the previous case, the 1–dimensional moduli spaces can be used to show that
d2N;j D 0.

Before giving the definition of the maps F kj , we study the functorial properties of the
chain complex .CN;j� .Y; 
; L/; dN;j /. Let .X;w/ be a pair whose boundary is .Y; 
/.
Suppose that �2; : : : ; �N are properly embedded surfaces in X such that Œ@� i � D
li 2H1.Y /. For z 2A.X/N�1 , we want to define the relative invariant

DN;jX;w.ze
P
i�
i
.i// 2 IN;j� .Y; 
; L/;

where LD .l2; : : : ; lN /. This is similar to the definition of the differential of the Fukaya–
Floer chain complex. For simplicity of exposition, we assume that �3D � � � D�N D 0,
and zD 1. As in the case of the definition of the differential in Fukaya–Floer homology,
the more general case is just slightly different. In the manifold XC with a cylindrical
end, let f†igi2N be a sequence of surfaces which are given by perturbing the surface �2 .
We assume that these surfaces intersect generically and their intersections with R�0�Y

are equal to the disjoint product surfaces f�i �R�0gi2N . We choose a holonomy
perturbation of the ASD equation on XC, compatible with the chosen perturbation
CS�j of the Chern–Simons functional of Y , such that all moduli spaces Mp.X;wIˇ/

consists of regular points. Given a subset S D fi1; : : : ; ikg � f1; : : : ; j g and a path p
along .X;w/ based at the critical point ˇ of CS�j , consider the space

(6:49) Mp.X;wIˇ; S/ WDMp.X;wIˇ/�†i1 � � � � �†ik :

For S 0 � S, the obvious projection map from Mp.X;wIˇ; S/ to Mp.X;wIˇ; S
0/ is

denoted by �S!S 0 . There is also a partially defined translation map for Mp.X;wIˇ;S/.
Suppose Mcyl

p .X;wIˇ; S/ denotes the following subset of Mp.X;wIˇ; S/:

Mp.X;wIˇ/� .�j1 �R�0/� � � � � .�jk �R�0/:

For uD .ŒA�; .x1; t1/; : : : ; .xk; tk//2M
cyl
p .X;wIˇ; S/ define �t .u/ to be the element�

ŒT �t .AjY�R�0/�; .x1; t1� t /; : : : ; .xk; tk � t /
�
:

Note that the connection T �t .AjY�R�0/ is partially defined on the cylinder Y �R.

As in the cylinder case, we form a partial compactification of Mp.X;wIˇ; S/ given by

MCp .X;wIˇ; S/ WD
[
k

[
f.pi ;Si /g1�i�k

Mp1.X;w; ˛1; S1/�

kY
iD2

MMpi .˛i�1; ˛i ISi /;
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where ˛1; : : : ; ˛k are critical points of CS�j , ˛k D ˇ , p1 is a path along .X;w/,
pi W ˛i�1! ˛i is a path along the cylinder, p D p1 ı � � � ıpk , the sets Si are disjoint
and their union is equal to S. As before, Si may be empty. In a little more detail,
a sequence ul 2 Mp.X;wIˇ; S/ is chain convergent to u1 D .u11; : : : ; u

k
1/ 2

Mp1.X;w; ˛1; S1/�
Qk
iD2

MMpi .˛i�1; ˛i ISi / if there is a sequence of .k�1/–tuples
of real numbers .t2

l
; : : : ; tk

l
/ such that

t1l WD 0 < t
2
l < � � �< t

k
l ; lim

l!1
tmC1
l
� tml D1 for all 1�m� k� 1

and
�S!S1.ul/

C1loc
��! u11; �t i

l
ı�S!Si .ul/

C1loc
��! ui1 for i � 2:

Here part of the assumption is that �t i
l
ı�S!Si .ul/ is well defined for i � 2. That is

to say, �S!Si .ul/ 2M
cyl
p .X;wIˇ; Si /.

We momentarily assume that S D f1g. Suppose �.†1/ is an open neighborhood
of †1 such that the inclusion map of �.†1/ induces a surjective map. Suppose also
that B��.�.†1// is the set of connections on �.†1/ whose restrictions to the sets of
the form �.�1/� .t � 1; t/ are irreducible. We can assume that the perturbation �j is
small enough that the restriction map r1WMp.X;wIˇ; S/!B��.�.†1//�†1 is well
defined.11 We can form a universal PU.N /–bundle P1 and the associated SU.NN /–
bundle E1 on B��.�.†1// �†1 . Our goal is to define a geometric representative
for c2.P1/ or equivalently .1=NN /c2.E1/ which is compatible with our choice of
the geometric representative in the case of cylinders. Note that Mp.X;wIˇ; S/ is the
union of the two sets

B1DMp.X;wIˇ/�.�1� Œ1;1// and B2DMp.X;wIˇ/�
�
†1n.�1�.2;1//

�
:

The map r1jB1 can be composed with the map

F W B��.�.†1//� .�1 � Œ1;1//! B�.�.�1/� .0; 1//� �1;

F .ŒA�; .x; t//D .ŒAj�.†/�.t�1;t/�; x/:

Therefore, we can choose the geometric representative V2.†1/ � B��.�.†1//�†1
for c2.E1/ such that

V2.†1/\
�
B��.�.†1//� .�1 � Œ1;1//

�
D F�1.V2.�1//:

Arguing as in [52], we can also assume that V2.†1/ is transversal to the map r1 for
all choices of the path p . In this process, first we slightly modify V2.�/ to make

11This is again a consequence of unique continuation and the Uhlenbeck compactness theorem [52].
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the map r1jB1 transversal. Then we extend F�1.V2.�1// to B��.�.†1// �†1 so
that r1jB2 is also transversal. We will write Np.X;wIˇ; S/ for the cut-down moduli
space r�11 .V2.†1//. A similar construction can be used to define Np.X;wIˇ; S/
in the case that S has more than one element. The closure of Np.X;wIˇ; S/ in
MCp .X;wIˇ; S/, denoted by NCp .X;wIˇ; S/, is also a stratified space with smooth
strata of the form

Np1.X;w; ˛1; S1/�
kY
iD2

MNpi .˛i�1; ˛i ISi /:

As in the cylinder case, the cut-down moduli space NCp .X;wIˇ; S/ is compact when
its dimension is at most one. The relative invariant DNX;w.e

�.2// is defined using
0–dimensional moduli spaces as below:

(6:50) DN;jX;w.e
�2
.2// WD

X
S�f1;:::;j g

Q
i2S t2;i

NN jS j
.#NCp .X;wIˇ; S// �ˇ 2 C

N;j
� .Y; 
; L/:

Following the proof of Proposition 6.48, we can show that (6.50) determines a cycle
in C

N;j
� .Y; 
; L/. We will denote the corresponding element in IN;j� .Y; 
; L/ with the

same notation.

The definition of the relative element in (6.50) can be extended to similar situations.
For example, suppose .Y0; 
0/ and .Y1; 
1/ are two N–admissible pairs and Li D
.l2i ; : : : ; l

N
i / is an .N�1/–tuple of the elements in H1.Yi /. Suppose also .W;w; z/ is

a morphism from .Y0; 
0/ to .Y1; 
1/, and �j is a properly embedded surface in W
such that Œ@i�j �D l

j
i . Then there is a chain map,

CN;j .W;w; ze�
2
.2/
C���C�N

.N//W C
N;j
� .Y0; 
0; L0/! C

N;j
� .Y1; 
1; L1/;

which induces a map at the level of homology,

IN;j� .W;w; ze�
2
.2/
C���C�N

.N//W IN;j� .Y0; 
0; L0/! IN;j� .Y1; 
1; L1/:

Alternatively, if .Y; 
; L/ is as above, .X;w/ is a 4–manifold whose boundary is equal
to .Y ; x
/, and �j is an embedded surface such that Œ@�j � D �lj , then we have an
RN;j–linear map

DX;wN;j .ze�
2
.2/
C���C�N

.N//W IN;j� .Y; 
; L/!RN;j :

Now we are ready to define the maps F kj for a triple .Y; 
; L/. For a pair of nonnegative
integers j and k with j � k , we have chosen perturbations CS�j and CS�k of
the Chern–Simons functional of the pair .Y; 
/. Since j � k , the functional CS�j
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satisfies all the properties that we required for CS�k . In particular, the chain complex
.CN;j� .Y; 
; L/˝RN;k; dN;j / gives an alternative chain complex to define IN;k� .Y; 
; L/.
The functoriality mentioned in the previous paragraph implies that there is a chain map

CN;j .Œ0; 1��Y; Œ0; 1�� 
; e�
2
.2/
C���C�N

.N//W C
�j
� .Y; 
/˝RN;k! C�k� .Y; 
/˝RN;k;

where � i is the surface Œ0; 1�� �i;1 . The map F kj is the composition of the above
map and the obvious map from C�j� .Y; 
/ ˝ RN;j to C�j� .Y; 
/ ˝ RN;k . A stan-
dard argument shows that F lk ı F

k
j is chain homotopy equivalent to F lj for any

triple j � k � l � 0. Therefore, the maps f kj , induced by the maps F kj , have the
required properties for an inverse system. This completes the definition of Fukaya–
Floer homology IN� .Y; 
; L/ for the triple. It is also standard to show that this RN–
module is independent of the choices that were made. The homomorphism f kj maps
DN;jX;w.ze

P
i �
i
.i// 2 IN;j� .Y; 
; L/ to DN;kX;w.ze

P
i �
i
.i// 2 IN;k� .Y; 
; L/. Thus we have an

induced element of IN� .Y; 
; L/, which we denote by DNX;w.ze
P
i �
i
.i//. Similarly, we

can use the construction of the previous paragraph to define IN� .W;w; ze�
2
.2/
C���C�N

.N//

and DX;wN .ze�
2
.2/
C���C�N

.N//.

Now we are ready to give a proof of (3.30). For the convenience of the reader, we
restate the claim as the following proposition:

Proposition 6.51 Let .X1; w1/ be a pair whose boundary is equal to an admissible
pair .Y; 
/. Let .X2; w2/ be another pair whose boundary is equal to .Y ; x
/. Let
z1 2A.X1/˝.N�1/ and z2 2A.X2/˝.N�1/ . Let �j be a properly embedded surface
in X1 with boundary lj . Let ƒj be a properly embedded surface in X2 whose boundary
is equal to lj with the reverse orientation. Then we can form the closed 4–manifold
X2 ıX1 and the 2–cycle w2 ıw1 . The embedded surfaces �j and ƒj can be glued to
each other along their boundary to form a closed surface �j #ƒj . Then the invariant

(6:52) DNX2ıX1;w2ıw1.z1 � z2 � e
.�2#ƒ2/.2/C���C.�N #ƒN /.N// 2CŒŒt2; : : : ; tN ���RN

of the closed 4–manifold X2 ıX1 is equal to

DX2;w2N .z2 � e
ƒ2
.2/
C���CƒN

.N// ıDNX1;w1.z1 � e
�2
.2/
C���C�N

.N//:

Proof We make simplifying assumptions as before: assume z1 D z2 D 1 and
�3; : : : ; �N and ƒ3; : : : ; ƒN are empty. Choose two series of properly embedded
surfaces f†igi2N � X1 and fTigi2N � X2 such that †i (respectively, Ti ) is given
by perturbing �2 (respectively, ƒ2 ). We also assume that @†i (respectively, @Ti ) is
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equal to �i (respectively, �i with the reverse orientation), the curves �i are disjoint and
the embedded surfaces †i and Ti intersect generically. We fix metrics on X1 and X2
which are product metrics in a neighborhood of their boundaries corresponding to a
fixed metric on Y . For each nonnegative integer j , we prove that the image of the
element in (6.52) in RN;j is equal to

DX2;w2N;j .eƒ
2
.2// ıDN;jX1;w1

.e�
2
.2//:

To achieve this goal, we proceed as before to define open sets �.�i /� Y , �.†i /�XC1
and �.Ti /�XC2 and the geometric representatives

V2.�i /� B�.�.�i /� .0; 1//� �i ;

V2.†i /� B��.�.†i //�†i ;

V2.Ti /� B��.�.Ti //�Ti
suitable for the definition of the differential dN;j of the Fukaya–Floer chain com-
plex and the relative elements DN;jX1;w1

.e�
2
.2// and DX2;w2N;j .eƒ

2
.2//.

Suppose XT is the metric on X2 ıX1 induced by the metrics on X1 and X2 with a
neck of length T along Y . Suppose w �XT is the 2–cycle induced by w1 and w2 ,
and RTi � X

T is the embedded surface induced by the surfaces †i and Ti . The
4–manifold X can be decomposed into the three pieces

X1; X2 and Y �
�
�
1
2
T; 1

2
T
�
:

We assume that X1 and X2 are disjoint and that they intersect Y �
�
�
1
2
T; 1

2
T
�

in
Y �

�
�
1
2
T;�1

2
T C 2

�
and Y �

�
1
2
T � 2; 1

2
T
�
, respectively. The Riemann surface RTi

can be decomposed into a union of the three sets

†ci �X1; T ci �X2 and �i �
�
�
1
2
T C 1; 1

2
T � 1

�
� Y �

�
�
1
2
T C 1; 1

2
T � 1

�
:

Suppose B��� .XT ; w/ is the subset of B�� .X;w/ which consists of connections whose
restriction to any set of the following form is irreducible:

�.�i /� .t � 1; t/; �T C 1 < t < T:

Suppose � is chosen such that the dimension of the moduli space M�.X
T ; w/ is at

most 2j . Then unique continuation and gluing theory show that for large enough
values of T , the moduli space M�.X

T ; w/ is a subset of B��� .XT ; w/. Similar to the
case of 4–manifolds with cylindrical ends, V2.�i /, V2.†i / and V2.Ti / can be used to
define a geometric representative V.RTi /�B��� .XT ; w/��.RTi /. Another application
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of gluing theory shows that for large enough values of T , these divisors determine a
transversal cut of M�.X

T ; w/�RTi1�� � ��R
T
ik

for any set SDfi1; : : : ; ikg�f1; : : : ; j g.
In the case that the cut-down moduli space is zero-dimensional, it can be identified, for
large values of T , with the set[

p1;p2;S1;S2

Np1.X1; w1I˛; S1/�Np2.X2; w2I˛; S2/;

where each pi is a loop along .Xi ; wi / based at the connection ˛ such that � D
�.p1/C �.p2/. Moreover, S1 and S2 are disjoint sets with S D S1 [ S2 . These
geometric results for different choices of S can be translated to the algebraic identity

(6:53) DX2;w2N;j .eƒ
2
.2// ıDN;jX1;w1

.e�
2
.2//D

X
S�f1;:::;j g

�Y
i2S

t2;i

�
DN
XT ;w

�Y
i2S

.RTi /.2/

�

D

X
S�f1;:::;j g

�Y
i2S

t2;i

�
DN
XT ;w

..�2 #ƒ2/jS j
.2/
/:

In the second equality, we used the fact that RTj represents the homology class of
�2 #ƒ2 . The term in (6.53) is equal to the image of DN

XT ;w
.e.�

2#ƒ2/.2// in RN;j .

7 Questions and conjectures

In this section, we propose some questions and conjectures for future directions. This
section is divided into two parts: the first subsection is concerned with the polynomial
invariants of 4–manifolds. In the second part, we discuss some conjectures related to
the algebra VN

g;d
.

7.1 Structure of polynomial invariants and 4–manifolds with simple type

In Section 2.5, the definition of the simple type property of 4–manifolds uses U.3/–
polynomial invariants. As we pointed out earlier, the definition is motivated by
Kronheimer and Mrowka’s simple type property, defined using U.2/–polynomial
invariants [54]. There is another version of simple type property defined by Seiberg–
Witten invariants. It is unknown whether there are examples of smooth 4–manifolds
with bC � 2 which do not have Kronheimer–Mrowka simple type or Seiberg–Witten
simple type. It is also shown in [23] that many 4–manifolds with Seiberg–Witten simple
type have Kronheimer–Mrowka simple type. Therefore, it is natural to ask whether
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there is any relationship among U.3/–simple type, Kronheimer–Mrowka simple type
and Seiberg–Witten simple type. A more challenging question would be to investigate
whether there is a 4–manifold with bC � 2 which does not have U.3/–simple type. A
more approachable question is the following:

Question 7.1 What is the analogue of the simple type condition with respect to U.N /–
polynomial invariants?

As in the U.2/ and the U.3/ case, the simple condition has to be formulated in terms
of point classes. In light of Proposition 3.24, it is plausible that one of the required
conditions is

DNX;w.a
N
2 z/DN

NDNX;w.z/:

For N D 2; 3, the blowup formula for U.N / simple type manifolds has a simpler
form [26; 12]. One might hope that the same holds for higher values of N and follow
this direction to gain more insights into the correct definition for the simple type
condition. The physics literature [64; 22] suggests that the blowup formula for an
arbitrary N is related to function theory on a hyperelliptic curve with coefficients
in QŒa2; : : : ; aN �. Evaluation of .a2; : : : ; aN / determines a hyperelliptic curve on
the complex numbers, and the simple type condition is related to the evaluations that
produce a fully degenerate curve.

The relationship between U.2/–polynomial invariants and Seiberg–Witten invariants
goes beyond the simple type conditions. In [54], Kronheimer and Mrowka prove that
U.2/–polynomial invariants are completely determined by a finite set of cohomology
classes (known as Kronheimer–Mrowka basic classes) and a set of rational numbers,
one for each basic class. In [84], Witten argues that basic classes and corresponding
rational numbers can be determined in terms of Seiberg–Witten invariants. To be more
detailed, recall that for each spinc structure s on a 4–manifold X (satisfying appropriate
conditions, such as bC.X/ � 2) there is a Seiberg–Witten invariant SWX .s/. Then
Witten’s conjecture states that any basic class of X is equal to c1.SCs /, where s is a
spinc structure with nonzero SWX .s/ and SCs is the half-spin bundle associated to s.
Witten’s conjecture is generalized to higher values of N in [64]. The calculations of
U.3/–polynomial invariants in this paper agree with the Moore–Mariño conjecture
in [64] and can be exploited to fix the undetermined constants in this conjecture. In
particular, a modified version of the Moore–Mariño conjecture runs as follows:
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Conjecture 7.2 Let X be a four-manifold which has U.3/–simple type. Let fKig be
the set of Kronheimer–Mrowka basic classes. Then the U.3/–series of X has the form

yDX;w.e�.2/Cƒ.3//

D e
1
2
Q.�/�Q.ƒ/

X
i;j

cij �
�w �. 1

2
.Ki�Kj //e

p
3
2
.KiCKj /��C

p
3
2

i .Ki�Kj /�ƒ;

where ci;j is given as

2�C
3
2
�C 1

2
Ki �Kj 32C

7
4
�C 11

4
� SWX .si /SWX .sj /:

Here si is chosen such that the associated basic class is equal to Ki .

7.2 The algebra V N
g;d

In Section 5.1, a list of simultaneous eigenvectors for the operators � , @2 , @3 , �.2/
and �.3/ , acting on V 3

g;d
, is constructed. We also showed that there are at least two

nondegenerate simultaneous eigenvectors, which form the essential ingredient to prove
the excision theorem in Section 5.2. However, we do not know whether our approach
produces all simultaneous eigenvectors:

Conjecture 7.3 Suppose V N
g;d
� VN

g;d
is the set of vectors which are invariant with

respect to the action of � . Then for N D 3, any simultaneous eigenvector of the
operators acting on V Ng;d that are induced by @2 , @3 , �.2/ and �.3/ has the form
.3�2dˇ ; 0; �dˇ

p
3˛; �2dˇ

p
3iˇ/ with .˛; ˇ/ 2 Cg .

For N D 2, there are three operators � , @2 and �.2/ . In this case, Muñoz obtains
a complete understanding of the action of � , @2 and �.2/ in [73]. In particular, his
results show that the simultaneous eigenvectors of @2 and �.2/ , acting on V 2

g;d
, have

the form
..�1/r2;˙2ri rC1/; 0� r � g� 1:

All of these eigenvalues can be produced using the method of Proposition 5.7. Therefore,
the analogue of Conjecture 7.3 holds for N D 2. Muñoz’s method of understanding
the action of � , @2 and �.2/ is based on the characterization of the ring structure of
the cohomology ring N2;d .†g/ in [86; 47; 78; 3], which is not available for higher
values of N.

If Conjecture 7.3 holds, then we can use the method of [56] and show that SHI�.M; ˛/
is nonzero for a taut balanced sutured manifold [46; 56]. This nonvanishing result
can be used to show that Conjecture 5.39 holds. We can also use this to show that
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KHI�.K/ detects the genus of K . Thus the answer to Question 1.1 for a nontrivial
knot and N D 3 is positive. In fact, in order to make this series of conclusions, we
need the following weaker version of Conjecture 7.3:

Conjecture 7.4 If .x; y/ is a pair of simultaneous eigenvalues for .�.2/; �.3// in Vg;d ,
then jxjC jyj �

p
3.2g� 2/.

There is also a symplectic analogue of the algebra VN
g;d

. The manifold NN;d .†g/ is
Kähler and the associated Gromov-Witten invariants can be used to define the quantum
cohomology ring QH�.NN;d / [75; 65]. The underlying vector space of QH�.NN;d /
is H�.NN;d / and the ring structure is also a deformation of the cup product. Thus, it has
similar structure to V N

g;d
D ker.��1/, and it is natural to make the following conjecture:

Conjecture 7.5 The ring V N
g;d

is isomorphic to QH�.NN;d /.

This conjecture for N D 2 is proved by Muñoz [72] using the characterization of
the cohomology ring H�.NN;d / in [86; 47; 78; 3]. The N D 2 special case of this
conjecture was also proved using an adiabatic limit argument in [77].

Appendix Invariants of flat connections on †.2; 3; 23/

There are 44 irreducible flat SU.3/–connections on †.2; 3; 23/ [4]. These flat connec-
tions are determined by their holonomies along the loop x3 in the standard presentation
of the fundamental group of †.2; 3; 23/ (see (3.37)). For each flat connection, the
conjugacy class of this holonomy is determined by its eigenvalues which have the form
e2�ik=23 , e2�i l=23 and e2�im=23 . The possible values of fk; l;mg are given in Table 4.

The complex conjugation diffeomorphism of †.2; 3; 23/ maps a flat connection with
the associated triple fk; l;mg to the flat connection with the complementary associated
triple f23� k; 23� l; 23�mg. If both these triples give the same flat connection, we
denote this connection with j̨ for an appropriate choice of the integer j . Otherwise,
the resulting connections are denoted by ˛1j and ˛2j .

The gauge-theoretical invariants of these flat connections are also given in Table 4.

There are eight nontrivial flat SU.2/–connections on †.2; 3; 23/. As in the irreducible
case, these connections are determined by the conjugacy class of their holonomies
along x3 . For each 2� k � 9, there is a unique flat SU.2/–connection on †.2; 3; 23/
where the eigenvalues of holonomy along x3 are equal to e2�ik=23 and e�2�ik=23 . We
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holonomy
˛ k l m CS.˛/ �ad˛ deg

˛1 0 4 19 1
138

–364
23

4

˛2 0 5 18 49
138

–540
23

0

˛3 0 6 17 31
138

–520
23

10

˛4 0 7 16 85
138

–488
23

2

˛5 0 8 15 73
138

–444
23

0

˛6 0 9 14 133
138

–572
23

8

˛7 0 10 13 127
138

–504
23

6

˛8 0 11 12 55
138

–424
23

10

˛19 1 4 18
– 43
138

–472
23

10
˛29 5 19 22

˛110 1 5 17 127
138

–412
23

4
˛210 6 18 22

˛111 1 6 16 7
138

–524
23

8
˛211 7 17 22

˛112 1 7 15 97
138

–532
23

4
˛212 8 16 22

˛113 1 8 14 121
138

–528
23

6
˛213 9 15 22

˛114 1 9 13 79
138

–420
23

0
˛214 10 14 22

˛115 1 10 12 109
138

–484
23

4
˛215 11 13 22

holonomy
˛ k l m CS.˛/ �ad˛ deg

˛116 2 4 17 19
138

–476
23

8
˛216 6 19 21

˛117 2 5 16 1
138

–456
23

6
˛217 7 18 21

˛118 2 6 15 55
138

–516
23

0
˛218 8 17 21

˛119 2 7 14 43
138

–472
23

10
˛219 9 16 21

˛120 2 8 13 103
138

–508
23

4
˛220 10 15 21

˛121 2 9 12 97
138

–440
23

2
˛221 11 14 21

˛122 3 4 16 67
138

–468
23

0
˛222 7 19 20

˛123 3 5 15 85
138

–488
23

2
˛223 8 18 20

˛124 3 6 14 37
138

–404
23

8
˛224 9 17 20

˛125 3 7 13 61
138

–492
23

0
˛225 10 16 20

˛126 3 8 12 19
138

–476
23

8
˛226 11 15 20

Table 4: Holonomies and gauge-theoretical invariants of irreducible flat
SU.3/–connections on †.2; 3; 23/ .

will write ˇk for this connection. The gauge-theoretical invariants of these connections
are given in Table 5. In this table, z̨ denotes the reducible SU.3/–connection associated
to an SU.2/–connection ˛ .
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˛ CS.˛/ �ad˛ �adz̨ deg˛ deg z̨

ˇ2
1
552

–343
69

–206
23

1 1

ˇ3
169
552

–559
69

–406
23

5 9

ˇ4
73
552

–475
69

–410
23

3 7

ˇ5
265
552

–643
69

–402
23

7 11

˛ CS.˛/ �ad˛ �adz̨ deg˛ deg z̨

ˇ6
193
552

–511
69

–382
23

5 9

ˇ7
409
552

–631
69

–534
23

1 5

ˇ8
361
552

–451
69

–490
23

7 3

ˇ9
49
552

–523
69

–434
23

3 7

Table 5: Gauge-theoretical invariants of reducible flat SU.3/–connections on †.2; 3; 23/ .
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