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Sutured manifolds and polynomial invariants
from higher rank bundles
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For each integer N > 2, Marifio and Moore defined generalized Donaldson invariants
by the methods of quantum field theory, and made predictions about the values of
these invariants. Subsequently, Kronheimer gave a rigorous definition of general-
ized Donaldson invariants using the moduli spaces of anti-self-dual connections on
hermitian vector bundles of rank N. We confirm the predictions of Marifio and Moore
for simply connected elliptic surfaces without multiple fibers and certain surfaces of
general type in the case that N = 3. The primary motivation is to study 3—manifold
instanton Floer homologies which are defined by higher rank bundles. In particular,
the computation of the generalized Donaldson invariants is exploited to define a Floer
homology theory for sutured 3—manifolds.
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1 Introduction

Sutured manifolds were introduced by Gabai [34] to study foliations and the Thurston
norm of 3-manifolds [82]. A sutured manifold is a pair of a 3—-manifold M and an
oriented 1-manifold « C M which decomposes the boundary of M in an appropriate
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way. In [34], Gabai also defines an operation on sutured manifolds, which is called
surface decomposition. Surface decompositions can be used to simplify sutured mani-
folds. Foliations of sutured manifolds are also well behaved with respect to surface
decompositions. As a result, Gabai was able to construct faut foliations for certain
families of 3—manifolds in an inductive way.

Floer homological invariants serve as another set of tools for studying topology and
geometry of 3—dimensional manifolds. Such invariants were initially constructed for
closed and oriented 3—manifolds: U(N )—instanton Floer homology — see Floer [27; 28]
and Kronheimer and Mrowka [58]; Heegaard Floer homology — see Ozsvath and
Szab6 [74]; monopole Floer homology — see Kronheimer and Mrowka [55]; embed-
ded contact homology — see Hutchings [44; 45]. Later, Juhdsz [46] defined sutured
Floer homology, a generalization of Heegaard Floer homology to balanced sutured 3—
manifolds.! Subsequently, Kronheimer and Mrowka [56] constructed a sutured version
of U(2)-instanton Floer homology and monopole Floer homology, and embedded
contact homology was constructed by Colin, Ghiggini, Honda and Hutchings [10; 11]
and Kutluhan, Sivek and Taubes [60]. In particular, Kronheimer and Mrowka [57] used
sutured U(2)—instanton homology as the main ingredient to establish that Khovanov
homology detects the unknot. This invariant was also used to reprove Property P for
knots [56], and it lies at the core of a program that hopes to find a computer-free proof
of the famous four-color theorem; see Kronheimer and Mrowka [59]. The primary
motivation for this article is to extend U(N )—instanton Floer homology to sutured
manifolds for higher values of N.

1.1 Motivation

Fix an integer N > 2, and let K be a knot in an integral homology sphere Y. Also
let ;o denote an element of the knot group, 1 (Y \ K), represented by a meridian of K:

Question 1.1 Does there exist a representation ¢: w1(Y\K) — SU(N) with non-
abelian image such that

10-- 0
0¢-- 0
(1.2) o) =c S
00 ... (N1
where ¢ = ?™? IN and ¢ =e™/N orc =1 depending on whether N is even or odd?

L For the definition of balanced sutured 3-manifolds, see Definition 5.20.
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In the case that K is the unknot, the answer to the above question is clearly negative.
Note also that if for a knot K, there is a representation to SU(N) with the mentioned
properties, then there is also a desired representation from 71 (Y \K) to SU(/N) for
any positive integer /.

Suppose Y is a homotopy sphere? and the answer to Question 1.1 for any nontrivial
knot K in Y is positive. A nonabelian representation ¢ satisfying (1.2) determines
a nontrivial representation of 71 (Xy(K)) with X x(K) being the N—fold cyclic
branched cover of Y, branched along K. This verifies the covering conjecture, which
asserts that X (K), for a nontrivial knot K, is not a homotopy sphere; see Kirby
[48, Problem 3.38]. A consequence of the covering conjecture is the Smith conjecture,
stating that a nontrivial knot is not the fixed-point set of an orientation-preserving
homeomorphism f: S3 — §3 of order N ; see Kirby [48, Problem 3.38]. The cov-
ering conjecture and the Smith conjecture have both been proved by geometrization
techniques; see [67].

The sutured U(2)-instanton homology group SHI? of Kronheimer and Mrowka [56]
can be employed to answer Question 1.1 affirmatively for N = 2 (and hence for
any even N) and any nontrivial knot K.3 Associated to any knot K, there is a
sutured manifold (M(K),«(K)), where M(K) is the knot complement and «(K)
is the union of two oppositely oriented meridional curves. Kronheimer and Mrowka
proved that if the dimension of SHI2(M(K),«(K)) is greater than 1, then there is
a nonabelian representation of the knot group of K that satisfies (1.2). Similar to
foliations, SHI2 also behaves well with respect to surface decomposition, and one
can inductively construct nontrivial elements of SHI2 (M (K), «(K)) after simplifying
(M(K),a(K)) by a series of sutured decompositions. In particular, the dimension of
SHI2(M(K), a(K)) is at least two for a nontrivial knot K . It is also shown by Boden
and Friedl [5; 29] that if K is a knot with nontrivial Alexander polynomial, then the
answer to Question 1.1 is positive for infinitely many values of N. In light of the
success of SHIZ in addressing Question 1.1, it is natural to look for the generalization
of SHIZ2 for higher values of N.

The essential device in the definition of the sutured Floer homology group SHI2 is an
excision theorem for U(2)—instanton Floer homology; see Braam and Donaldson [8],

2By the Poincaré conjecture, this is equivalent to saying that ¥ = §3. However, we are making this
assumption to show that our proposed approach does not require the Poincaré conjecture.

3The original notation for sutured U(2)—instanton homology is SHI, . Here we use the superscript 2
to indicate that this invariant is the sutured version of U(2)-instanton homology.
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Floer [28] and Kronheimer and Mrowka [56]. The proof of the excision theorem
is in turn based on Muiioz’s characterization of the structure of a U(2)-instanton
Floer homology group associated to the 3—-manifold S! x ¥, where ¥ is a Riemann
surface [73]. Mufoz’s work borrows some results about the cohomology ring of the
moduli space of rank 2 stable bundles — see Baranovskii [3], King and Newstead [47],
Siebert and Tian [78] and Zagier [86] — which are not available for higher values of
the rank.

In the present paper, we establish an excision theorem for N = 3 using the relationship
between instanton Floer homology and generalizations of Donaldson invariants from
Kronheimer [52]. Roughly speaking, there is a (34 1)—dimensional topological quantum
field theory which associates U(N )—instanton Floer homology to 3-manifolds and
U(N) analogues of Donaldson polynomial invariants to closed 4—manifolds. This
relationship between U(2)—instanton Floer homology and polynomial invariants has
been extensively used to compute the invariants of 4-manifolds. In this paper, we first
use the TQFT structure to compute the U(3)—polynomial invariants of some families
of smooth 4-manifolds. Next, we work in the other direction, and use our knowledge
of U(3)—polynomial invariants to obtain a better understanding of certain U(3)-Floer
homologies. This allows us to prove the excision theorem and define a Floer homology
group SHI2 for sutured manifolds in the case that N = 3. Computations of generalized
polynomial invariants in the physics literature — see Marifio and Moore [64] — suggest
that our approach can be also exploited for higher values of N.

1.2 Statement of results

In his groundbreaking work [17], Donaldson defined polynomial invariants for a smooth
manifold X using the moduli space of anti-self-dual (ASD) connections on X. In
his work, X is simply connected, b™(X) is an integer greater than 1, and the ASD
connections are assumed to be defined on an SU(2)-bundle £ over X. Although
the assumption on h¥(X) is essential, the definition of polynomial invariants was
subsequently generalized to the case that X is not simply connected — see Kronheimer
and Mrowka [54] —and E is a U(N )-bundle — see Culler [12] and Kronheimer [52].
Polynomial invariants have been extensively studied in the case that N = 2. However,
there is not much known about these invariants for higher values of N.

For a smooth and connected 4—manifold X, suppose the algebra A(X) is defined as

A(X) := Sym™(Ho(X) & H2(X)) ® A" (H1 (X)),
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where H;(X) is computed with coefficients in C. Form the tensor product algebra
AX)®N=D "and for « € H; (X) and 2 <r < N, let o be the corresponding
element in the (r—1)* factor of A(X)®WV =1 In the case that « is the generator
of Hy(X), this element of A(X)®™ =1 is denoted by a,. We also define a grading
on A(X)®W—1 guch that for « € H;(X), the degree of o) is equal to 2r —i. A
Hermitian vector bundle E of rank N on X is determined by its first and second
Chern classes. Suppose c¢1(FE) is represented by an embedded surface w in X and
c2(E)[X] = k. Then the U(N )—polynomial invariants associated to the bundle E are
given by a linear map,*

DY it APV D .
For z € A(X)®W=1D the complex number D)IX wk (z) is nonzero only if
1.3) deg(z) = 4Nk —2(N — Dw-w — (N* = D1 (x(X) + o (X)).

Therefore, we will not lose any information if we combine these invariants as
N . N
(1.4) DY = DY, k-
k

A substantial part of the present paper is devoted to computing U(3)—polynomial
invariants of some families of algebraic surfaces. Our first result in this direction is the
following:

Theorem 1 Suppose X is a K3 surface. Then for any embedded oriented surface w
in X and any element z € A(X)®?,
(1.5) Dy ., (a3z) =27Dx ,,(z) and Dy, (azz)=0.
Moreover, if I' and A are two elements of H»(X), then
(1.6) D)Z’( » ((1 4+ az +3 1 2) F(z)+A(3>) — e%Q(F)—Q(A)'
In order to clarify the statement of the above theorem, the following remarks are in
order. The left-hand side of (1.6) is defined as
0 0 D3 l—i—%az—l—%a) A])

D;,w((1+ a2+ 2) F(z)+A(3) ZZ Xw T 27"
i=0;=0 e

4QOur definition of U(N )—polynomial invariants slightly differs from Culler’s. See Section 2.1 for more
details.
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Theorem 1 asserts that the above series for a K3 surface is convergent, and the resulting
number is equal to e22M-2(A)  Here Q denotes the intersection form of X. That
is to say, Q(I') is the algebraic intersection number of I with itself. In general, the
intersection number of two homology classes I' and I'’ is denoted by I"-T". Since (1.6)
holds for all choices of I' and A, the dimension formula (1.3) allows us to compute
the following polynomial invariants for all choices of nonnegative integers i and j, an
integer k € {0, 1,2}, and homology classes " and A:

3 ki j
Dy, (@5 FEZ)A&)).

These invariants determine D; w(2) forall z € A(X )®2 because the K3 surface
satisfies (1.5) and b1(X) =0.

Our computation of the invariants of K3 surfaces motivates the following definition:
a smooth 4-manifold X with »*(X) > 2 and b'(X) = 0 has w-simple type with
respect to an embedded surface w if

1.7) Dy ,,(a3z) =27Dx,,(z) and Dy, (azz) =0

for all z € A(X)®2. The 4-manifold X has simple type if it has w—simple type with
respect to any w in X. As in the case of the K3 surfaces, if X has simple type and
the series

Dy, (e'@T2®): =D} ((1+ 1as + Lad)-f@TAo)

is convergent for all choices of w and I', A € H,(X), then these series determine all
polynomial invariants of X.

We can extend our calculation for the K3 surfaces to a larger family of complex surfaces.
Suppose that W(m,n) is the blowup of CP! x CP! at the 4mn singular points of
the (complex) curve

B:={pi.,..., pam} x CPLUCP! x{q1,....q2n}

Let B be the proper transform of B, and define X(m, n) to be the branched double
cover of W(m, n), branched along the smooth curve B. The horizontal and vertical
fibrations of W (m, n) by projective lines lift to two fibrations of X (m, n) whose generic
fibers are denoted by f;,,—1 and f,—1. The Riemann surface f;, fori e {m—1,n—1},
has genus i. The complex surface X(2,2) is a K3 surface. More generally, X (m, 2)
is an elliptic surface without multiple fibers, which is usually denoted by E(m); see
Gompf and Stipsicz [40].
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Theorem 2 The elliptic surface E(n) has simple type. Moreover, there are rational
numbers hy and hy independent of n such that for any embedded surfaces w in E(n)
and T, A € Hy(E(n)), the series D (n).. (€T @TA®) is equal to

e22(M—-2() [711 cosh(v/3f -T) —2h, cos(—%nw f4+3f- A)]n_z,

where f = f1 represents an elliptic fiber of E(n). Furthermore, hy 4+ i, = &1 for an
appropriate choice of the sign.

The constants % and %5 in Theorem 2 are respectively equal to % and % (work in
progress). The set of surfaces X(m,n), as a set of smooth 4-manifolds, is closed with
respect to taking fiber sums.> For example, we can take the fiber sum of X(m,n1)
and X(m,ny) along the fiber f;,—1, and the resulting 4-manifold is diffeomorphic
to X(m,n1+ny). Given two embedded surfaces X1 C X(m,n1) and ¥, C X(m,ny)
which intersect a fiber in the same number of points, we can form a surface X; # %, C
X(m,n1+n3). Suppose H(m,ni,ny) C Hy(X(m,ny+ny)) is the space of homology
classes generated by homology classes of the surfaces of the form X#X’. The following
theorem about X(m,4) is a consequence of Theorem 4.93 about the polynomial
invariants of fiber sums. In fact, Theorem 4.93 can be used to obtain similar results
about other surfaces in the family X(m,n).

Theorem 3 For m > 3, let w C X(m, 4) be an embedded surface which has the form
wi #wy for w; C X(m,2) and w- f,—1 # 0 mod 3. Let K denote the canonical class
of X(m,4). Then there are rational numbers h3 and h4, independent of m, such that
for I', A € H(m,?2,2) the series f)X(m,4),w (e'@+A®) js convergent and is equal to

e%Q(F)_Q(A)[%h%hg’_z cosh(v/3K - T') 4 2h2A7 2 cos(—3rw-K + V3K - A)].
where h1 and ko are the constants of Theorem 2.
We do not attempt to find the undetermined constants %3 and %4 here. We also
believe that X(m, 4) has simple type, and the above theorem holds for any choice of

w C X(m,4) and homology classes I' and A. But the current version of the theorem
is sufficient for our 3—dimensional applications.

The algebraic surfaces in Theorems 1, 2 and 3 are representatives of surfaces with
different possible finite Kodaira dimensions. K3 surfaces, elliptic surface E(n) with
n >3 and X(m,4) for m > 3 have Kodaira dimensions 0, 1 and 2, respectively.

5See Section 3.3 for a review of the definition of fiber sums.
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Theorem 1 shows that the U(3)—polynomial invariants of a K3 surface associated to
homology classes I' and A are determined by the self-intersection of these homology
classes. On the other hand, for the U(3)—polynomial invariants of E(n) and X(m, 4)
we also need the pairing of I' and A with the canonical class. Recall that the first
Chern class of the canonical classes of E(n) and X (m, 4) are represented by (n —2) f
and (m —2) f3 + 2 fin—1, respectively.

In Section 3, we introduce various Floer homology groups associated to the 3—manifolds
S1x %, and explain how these vector spaces admit ring structure. We also characterize
the vector space structure on these Floer homology groups. Theorems 2 and 3 allow us
to obtain further information about the ring structure of these rings. In particular, in
Proposition 5.7, which plays an essential role for us, we construct certain elements of
Floer homology groups of S! x X that interact nicely with the ring structure. We use
these elements to obtain an excision theorem for U(3)—instanton Floer homology. With
the aid of this excision theorem, we construct the promised sutured Floer homology
SHI2, following the approach of Kronheimer and Mrowka [56]. This sutured Floer
homology group has the following property:

Theorem 4 For a knot K in a homology sphere Y, suppose that the dimension of
SHI2 (M (K),«(K)) is greater than 1. Then there is a nonabelian representation of
m1(Y\K) into SU(3) that satisfies the holonomy condition (1.2) for N = 3.

This is established by Corollary 5.34. We conjecture that dim(SHI2 (M(K), «(K)) > 1
for any nontrivial knot K in a homology sphere Y such that Y\ K is irreducible. This
answers Question 1.1 affirmatively for N = 3 and any nontrivial knot K in an integral
homology sphere Y (without the irreducibility assumption on Y\ K). We hope to
come back to this conjecture elsewhere.

1.3 Outline of contents

Section 2 gives a review of the moduli spaces of anti-self-dual connections on 4-
manifolds (possibly with boundary) and U(N )—polynomial invariants. This section
also contains a nonvanishing theorem for U(/NN )—polynomial invariants of algebraic
surfaces. The second half of Section 2 discusses how the U(3)—polynomial invariants
behave in the presence of negative embedded spheres. In particular, we recall the
results of Culler’s thesis [12] about the blowup formula for U(3)—polynomial invariants
and discuss how this formula can be simplified for smooth 4-manifolds with simple
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type. Section 3 deals with various Floer homology groups which appear in this paper.
After giving an exposition of U(N )—instanton Floer homology, we study various Floer
homologies of ¥ x S where ¥ is an oriented surface. We also discuss a generalization
of U(N )—instanton Floer homology, which is known as Fukaya—Floer homology in the
case that N = 2.

The Floer homology groups of Section 3 are our main tools in computing U(3)-
polynomial invariants of several complex surfaces in Section 4. In particular, the proofs
of Theorems 1, 2 and 3 are given in this section. In Section 4, we also study the
behavior of U(3)—polynomial invariants with respect to fiber sum. In Section 5, we
prove our excision theorem and define the sutured Floer homology group SHIZ. To
make the exposition of the paper more comprehensible, we postpone providing proofs
for technical results in Sections 2 and 3 until Section 6. These results are proved by
gluing theory of the moduli spaces of anti-self-dual connections. Section 7 concerns
various questions and conjectures which naturally arise from our work on this paper.

All manifolds in this paper are smooth and oriented. Given such a manifold X, we
will write H;(X) and H'(X) for the homology and cohomology groups of X with
complex coefficients. If we need to work with another coefficient ring R, then we use
the notation H; (X, R) and H'(X, R). Our main results for this paper concern U(3)-
polynomial invariants and U(3)-instanton Floer homologies. However, we believe that
our method for the construction of SHI2 should work for arbitrary N. Therefore, we
try to state our results for general N, when it is possible.

Acknowledgements We thank Lucas Culler, Simon Donaldson, Peter Kronheimer,
Claude LeBrun and Tomasz Mrowka for helpful conversations. We are thankful to
Victor Mikhaylov for verifying that our definition of the simple type condition matches
the predictions from the physics literature. We also appreciate the referee’s close
reading of the paper and helpful comments about the exposition of the paper. We are
very grateful to the Simons Center for Geometry and Physics for providing a stimulating
environment while we were working on this project.

2 Higher rank bundles and polynomial invariants

2.1 U(N)-polynomial invariants

In this section, we review the definition of U(/N )—polynomial invariants of 4—manifolds
based on [52; 12]. For N = 2, there is an extensive literature on the subject (see, for
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example, [17; 20; 68; 54]). For higher values of N, these invariants were first defined
in [64] by the methods of quantum field theory. A rigorous definition of polynomial
invariants for higher rank bundles is given in [52]. As we mentioned earlier, the
polynomial invariants of a 4-manifold X are homomorphisms defined on the algebra
A(X)®W=1 n [52], the polynomial invariants are defined only on the subalgebra

AX)R1I® 1.

Kronheimer’s definition was subsequently generalized to the algebra A (X y®WN-1)
in [12]. The construction of Fukaya—Floer homology in Section 6.3 is based on Culler’s
modification of U(N )—polynomial invariants in [12]. Therefore, we attempt to give
enough background on his treatment to motivate the construction of U(N )-Fukaya—
Floer homology.

Suppose X is a smooth, closed, oriented and connected 4-manifold, w is an oriented
embedded surface in X, and k is an integer. Then there is a U(N )-bundle P, unique
up to isomorphism, over X such that ¢;(P) =P.D.[w] and c2(P)[X] = k. An explicit
construction of this U(N )-bundle can be given as follows. Suppose D(w) is a regular
neighborhood of w in X whose boundary is denoted by S(w). Then we can consider
a Hermitian line bundle on D(w) which is trivialized on S(W') and whose relative
first Chern class is given by the Thom class of the disc bundle D(w). By extending
the trivialization to the complement of D(w), we obtain a Hermitian line bundle L,
where ¢1(Ly) = P.D.[w]. The direct sum of L,, and the trivial bundle CV~! defines
a U(N)-bundle Py on X with ¢3(Eo)[X] =0 and ¢1(Eg) = ¢1(Ly). Next, fix a
U(N)-bundle on the 4-dimensional ball D* which is trivialized on the boundary
and whose relative second Chern class is given by k P.D.[pt]. Removing a ball from
X\ D(w) and gluing the above ball gives rise to the same 4-manifold. We can also
use the trivializations to glue the U(N )-bundle on D* to Py and produce a U(N)-
bundle P such that c¢;(P)=P.D.[w], c2(P)[X] =k and the determinant bundle of P
is identified with L, .

A 2—cycle w in a closed 4—manifold is a union of embedded closed surfaces in X.
We can apply the construction of the previous paragraph to obtain a Hermitian line
bundle L, for each connected component w; of w. Then we can replace L, in
the previous paragraph with the tensor product of the line bundles L, and produce a
U(N)-bundle P with ¢1(P) =P.D.[w] and c2(P)[X] = k. The topological energy
of P is defined to be

N—-1

K:=k—W'LU'w.
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Thus the bundle P is determined by the pair (k, w) up to a canonical isomorphism.
We say a closed 2—cycle w in X is coprime to N if there is an embedded oriented
surface ¥ C X such that the intersection number w - 3 is coprime to N.

Suppose P is a U(N)-bundle on a closed 4-manifold determined by a pair (k, w).
Fix an integer / > 3 and an arbitrary smooth connection By on Ly, . Let A, (X, w)
be the space of le connections on P whose induced connections on det(P) = Ly,
are each equal to Bg. If su(P) is the bundle associated to the conjugation action
of U(N) on the Lie algebra su(N) of SU(N), then A,(X,w) is an affine space
modeled on the Banach space LIZ(X ,su(P)® Al). We will also write G, (X, w) for
the space of L?, . automorphisms of P whose fiberwise determinant is equal to 1.
l+1(X,5u(P)). This
Lie group acts on A, (X, w), and the quotient space is denoted by B, (X, w). We

I+1
Then G, (X, w) forms a Banach Lie group with Lie algebra L

will write [A] for an element of B, (X, w) represented by a connection A. The center
of the Lie group U(N) induces a finite subgroup of G, (X, w). If this subgroup is
the stabilizer of a connection A, then A is an irreducible connection. Otherwise, the
connection A is called reducible. The space of irreducible connections on P is denoted
by A%¥(X,w), and we will write B (X, w) for the quotient space.

Fix a Riemannian metric on X and let * denote the associated Hodge operator on
differential forms of X. Then * defines an involution on the space of 2—forms on X,
and 2-forms in the 1-eigenspace (respectively, (—1)—eigenspace) are called self-dual
(respectively, anti-self-dual). A connection A € A, (X, w) is anti-self-dual if it satisfies

2.1 F,H(A)=0,

where Fy(A) denotes the projection of the curvature of A to the space su(P), and
F0+ (A) is the self-dual part of Fp(A). In other words, the connection induced by A
on the associated PU(N )-bundle to P has anti-self-dual curvature. Equation (2.1)
is invariant with respect to the action of G, (X, w) and the quotient space of ASD
connections is denoted by M, (X, w).

The local behavior of the moduli space M, (X, w) around an element [A] is governed
by the following elliptic complex, denoted by Dy :

22 L7, su(P)) 24, A LI(X,su(P)® A ) 4, L7 (X, su(P)®A™),

where AT denotes the bundle of self-dual forms on X. The i™ cohomology group of
this complex is denoted by H ,fl' The connection A is irreducible if and only if HX is
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trivial. We say A is regular if H?(A) is trivial. If A is an irreducible and regular ASD
connection, then in a neighborhood of [A4], the moduli space is a smooth manifold of
the same dimension as H f}. In this case, the dimension of H f{ is given explicitly by

(2.3) 4Nk —(N* =15 (x(X) + o (X)).
In general, the index of the elliptic complex D4 is given by (2.3).

The ASD equation (2.1) can be perturbed by changing the metric on X. Holonomy
perturbations determine another useful family of perturbations of the ASD equation
[16; 80; 27; 19; 52; 58]. By abuse of notation, a solution of the perturbation of the
ASD equation by a holonomy perturbation is still called an ASD connection, and the
moduli space of the solutions of the perturbed equation is still denoted by M, (X, w).
Suppose w is coprime to N and h™(X) > 1. Then for a generic choice of the metric
on X and a small holonomy perturbation the moduli space M, (X, w) consists of
only irreducible and regular connections [52]. Therefore, the moduli space is a smooth
manifold whose dimension is given by (2.3). This manifold is also orientable and in the
case that N is odd [52], a canonical choice of orientation can be fixed. If N is even,
to fix an orientation of the moduli space, we need an orientation of the determinant
line of the elliptic operator

dt@d*: L2(X,AY) > L2 (X, AT)@ L} (X).

Such an orientation of the determinant line is called a homology orientation of X. The
U(N)-polynomial invariants of X are given by integrating appropriate cohomology
classes on M, (X, w).

The pullback of P to the product space A, (X, w) x X admits an action of G, (X, w)
which lifts the obvious action on the base. The quotient space defines a PU(N )—
bundle P over By (X, w)x X, called the universal bundle associated to P. In general, P
cannot be lifted to an SU(N )-bundle. However, we can define Chern classes of P as
rational cohomology classes of By (X, w) x X, because the rational cohomology groups
of the classifying spaces BPU(N) and BSU(N) are isomorphic [7]. With a slight
abuse of notation, we will denote the ;™ Chern class of P with ¢; (P) for 2 <i < N.

The slant product of the Chern classes of the universal bundle and the homology classes
of X gives rise to cohomology classes of By (X, w). This construction can be used to
define an algebra homomorphism,

(2.4) w: AXHBWN=D s H*(BX (X, w)),
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which is the unique algebra homomorphism that satisfies the property

(2.5) plagy) = (=D"¢r(P)/a.

Our convention for the definition of w slightly differs from that of [12] where (—1)"
does not appear in the definition of j(c)).

Let the 2—cycle w be coprime to N, and arrange a metric and a small holonomy
perturbation such that the resulting moduli space consists of irreducible and regular
points. We will temporarily write M, (X, w, ) for the moduli space to emphasize
the dependence on g, which denotes the metric and the holonomy perturbation. If N
is even, fix a homology orientation for X. Then M, (X, w, mp) can be canonically
oriented. Let d = dim(M, (X, w, 7¢)), and fix z € A(X)®N =1 guch that deg(z) =d .
If the moduli space M, (X, w, 7p) is compact, then we can evaluate w(z) with respect
to the fundamental class of M, (X, w, mp) and obtain a number D)IX w.k (z). (Recall
that k is the second Chern number of P.) We wish to show that this number does not
depend on g, the metric and the holonomy perturbation. Suppose 1 is another choice
of a metric and a small holonomy perturbation avoiding reducible and irregular points.
If bT(X) > 2, then we can find a path {r;}o<s<1 of metrics and small holonomy
perturbations such that the 1-parameter family of moduli spaces

(2.6) M (X w, 70)
t

is a smooth manifold of dimension d + 1. Because the class u(z) can be pulled
back to (2.6), Stokes’ theorem implies that 7oy and m; give rise to the same num-
ber D)I(Y’ wk (z), assuming (2.6) is also compact. However, M, (X, w, wp) and the
1—parameter family of moduli spaces are not compact in general and we need to pursue
a geometric approach to define the evaluation of w(z) on M, (X, w, o).

Uhlenbeck compactification of the moduli space M, (X, w) compensates for the
noncompactness of this space. Suppose {[4,]} is a sequence of the elements of
M (X, w). Then there is a multiset x of m points in X and a connection Ay €
M—m (X, w) such that, after passing to a subsequence, (4,)«(Ay) is Lf —convergent
to Aso on X \x for any given real number p [52, Proposition 11]. Here h, is an
isomorphism from the U(N )-bundle carrying A, to the U(N )-bundle carrying Ao,
which is defined only on X\x and whose determinant does not depend on 7.

Another key input is that P can be replaced with a Hermitian vector bundle [12].
Consider the standard representation of SU(N) on C¥. The tensor product SU(N)—
space (CV)®N induces a representation of the group PU(N). Therefore, we can
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associate a vector bundle E of rank NV to P. We call E the universal complex
vector bundle. The Chern class ¢; (P) can be written as a polynomial in terms of Chern
classes ¢; (E) for 2 < j <i. For example, c2(P) is equal to (1/N™)c,(E). Therefore,
it suffices to define D)]X wk (z) for the elements z € A(X)®WV 1 such that

2.7 w(z)=ci(E)/ay---c;,(E)/ay for 2<i; <N.

In order to define this polynomial invariant, let 3; be a submanifold of codimension at
least 2 which represents the homology class «; .

The Chern classes of a vector bundle V' of rank r over a manifold M can be represented
by stratified subspaces of M. The vector bundle Hom(C"~+1, V) is stratified by rank.
If s is a generic section of V, then

2.8) N;i:={x e M |rank(s(x)) <r—i}

is a stratified subspace of M with strata of even codimension. Therefore, the funda-
mental class of N; determines a well-defined homology class which is the Poincaré
dual of ¢; (V).

In order to define D)IX wk (z) for z in (2.7), fix an open neighborhood v(X;) of the
submanifold X; such that the inclusion of this open set in X induces a surjective map
of fundamental groups. The unique continuation theorem implies that if the holonomy
perturbation in the definition of M, (X, w) is small enough, then the restriction of any
element of this moduli space to v(X;) is irreducible [52]. We also assume that v(X;)
and v(Xg) intersect only if X; and X; are embedded surfaces and each point of X
lies on at most two such open neighborhoods. Analogous to IE, we can form a vector
bundle E; of rank N N on B*(v(Z 7)) xv(X;). In order to produce a representative
for ¢j; (I£;), we form the bundle Hom((C]v[V_"J""1 ,E;), and form a subspace V;, (%)
of B*(v(X;)) xv(X;) asin (2.8).

The vector bundles E and [E; are related to each other. The pullback of [E; with respect
to the restriction map r;: My (X, w) x ; — B*(v(X;)) x v(X;) is the restriction of
the bundle E. This suggests that D)jg’ wk (z) can be defined as the signed count of the
points in the cut-down moduli space

Ne(X,w:z) i = {([A].x1.....Xm) EM (X, w) X Dy X=X Ty | 1 ([A], x;) € Vi; ()}

For a generic choice of V;; (X)), the cut-down moduli space Ny (X, w; z) is a compact
O—dimensional space, and the orientation of M, (X, w) fixes a sign on each point of
this space [52; 12]. The compactness of N, (X, w;z) is a consequence of Uhlenbeck
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compactification using a standard counting argument [17; 20; 52; 12]. Counting the
points of the cut-down with respect to the associated signs defines a number which
only depends on the homology class of X1,..., 3, and this dependence for each
homology class is linear. If 5+ (X) > 2, we can adapt the geometric counting argument
to the moduli space (2.6), and show that the invariant D)]X w.k does not depend on the
choice of the metric on X and the holonomy perturbation of the ASD equation.

There is also a standard trick which allows us to define DN w.k in the case that w is
not coprime to N. Suppose X denotes the blowup of X at an arbltrary point. Suppose
also E is the exceptional sphere of X. Then the cycle w4 E is coprime to N. In the
non-coprime case, define

N DN
Dy i (2) = Xw+Ek(E(2) '2).

In the case that w is already coprime, the above definition turns into an identity which
is proved in [52].

The invariant DN k(z) is defined to be zero if deg(z) is not equal to the dimension
of M, (X, w). For a fixed 2—cycle w in X, the moduli spaces of ASD connections
appear in different dimensions whose values mod 4N are constant. We use (1.4) to
define D;}” » (2), which is called the U(N )—-polynomial invariant of (X, w) evaluated
at z. This number is nonzero only if

deg(z) =2(N + Dw-w—(N? =13 (x(X) +0(X)) mod 4N.

In particular, if N is an odd integer, the invariant D§(V » (2) vanishes for the classes z
such that deg(z) is not divisible by 4.

There are relationships among the polynomial invariants of X associated to different
2—cycles. If w and w’ are two 2—cycles in X, then

2.9) DY i nw (2) = (=D DY, (2).

where c is zero if N is odd or divisible by 4, and is equal to 1 if N is 2 mod 4. The
invariants associated to the 2—cycle w and the same 2—cycle with the reverse orientation,
denoted by —w), are also related. As explained in [52], there is a diffeomorphism from
M (X, w) to M, (X, —w). This diffeomorphism is orientation-preserving if N is odd,
and changes the orientation by the factor of (—1)¥" if N is even. The diffeomorphism
lifts to an antilinear isomorphism of the universal complex vector bundles. Therefore,

(2.10) DF () = ()WDY DY (x(2)),
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where 7: A(X)®W-D 5 A(X)®W -1 s the algebra homomorphism that maps a(r)

to (—l)rO{(r).

Suppose T'2, ..., T'V are elements of H>(X) and z € A(X)®WV =D To avoid the con-
2 N

vergence issue, we define D§(V w (zer<2>+"'+F<N )) in a slightly different way compared

to the introduction:

2 4. N
D}]}{w (Zer(z)+ +F(N)) = Z

0<ip,..., inN <00

DG ()™
2 N >

izl -ipy!

where ¢#; is a formal variable. Therefore, the U(N )—series D)]}” w(zeF<22>+"'+F(1}/\’ )) is
an element of the ring of formal power series C[[t5, ..., fx]]. We can also define an
element of C[[t2, ..., ¢y] for linear functionals f>,..., fx: H2(X) — C and a power
series g(x) = Y.72, bix':

o0
21D g(HT) 4+ @) =) b+ + [y V)iw)

i=0
We use a similar convention in the case that f; are homogeneous polynomials of higher
degree (eg the intersection form Q). These conventions allow us to rephrase Theorems
1, 2 and 3 in terms of the identities of the elements of C[[z3, #3].

Remark 2.12 Suppose X is a 4-manifold with b7 (X) = 1. For a generic metric
and for small holonomy perturbations the moduli spaces M, (X, w) contains only
irreducible connections. For each such choice of metric, we can apply the construction
of this section to define a U(V )—polynomial invariant D)]X w- However, this polynomial
invariant depends on the choice of the metric, because a 1-parameter family of moduli
spaces as in (2.6) might have reducible connections. As a result, the space of metrics
on X can be divided into chambers such that D)j}’, » 18 constant only inside the interior
of each chamber. Such polynomial invariants have been studied for N = 2 in [50; 51].

2.2 Cylindrical ends and moduli spaces

One of the important themes of this article is the interplay between gauge theory on
3—manifolds and 4—manifolds. One can see the interaction by considering the analogues
of the geometrical objects from the previous subsection on 4-manifolds with boundary.
Suppose W is a 4—manifold with boundary Y, and fix a metric which is a product
metric in a collar neighborhood of Y. A smooth 2—cycle in W is a properly embedded
2—-dimensional submanifold of W. A 2-cycle w in W is a union of smooth 2—cycles
in W whose boundary determines a smooth 1-manifold y C Y. We will say that the
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boundary of the pair (W, w) is the pair (Y, y). We also form a pair of noncompact mani-
folds (W™, w™) by adding the cylindrical ends [0, c0)x Y and [0, c0)xy to W and w.

As in the previous part, we can associate a U(N)-bundle Q to the pair (Y, y). This
U(N)-bundle is trivialized on the complement of a regular neighborhood D(y) of y,
and its relative first Chern class on D(y) is given by the Thom class. We will also
write L, for the determinant bundle of . Similar to the 4—dimensional case, let
B(Y,y) be the space of equivalence classes of connections on Q whose determinants
are equal to a fixed connection on L, . Given a € B(Y, y), the stabilizer of a connection
representing « is denoted by I'y . The element « is irreducible if 'y, is equal to the
center of SU(N). The bundle Q can be extended to a U(N )-bundle P on W using
the 2—cycle w. The bundle P also determines in an obvious way a U(N )-bundle
on W7, which will be also denoted by P.

Fix an element o € B(Y, y), and let Ay and A; be two connections on P whose
restrictions to the end [0, c0) x Y are the pullback of representatives of «. Then we
say Ao and A; represent the same path if there is an automorphism g of P with
determinant 1 such that g*(A1)— Ao is a compactly supported 1-form. The equivalence
class of a connection under this equivalence relation is called a path along (W, w)
based at o. The topological energy of a path p represented by a connection A is
defined by the following Chern—Weil integral:

— / tr(ad(F(A)) A ad(F(A))).
w+

Here ad(F(A)) is regarded as a 2—form with coefficients in End(su(P)). The prod-
uct A in the integrand is induced by the wedge product of differential forms and
composition of the elements of End(su(P)). The above integral is independent of the
chosen connection A and only depends on p. The constant in front of the integral
is chosen such that if p is replaced by another path p’ based at «, then the energy
changes by an integer.

An important special case for us is the cylinder manifold W =[0, 1]xY. Fix connections
a,B € B(Y,y) and let p be a path along ([0, 1] x Y, [0, 1] x y) based at @ and B
on {0} xY and {1} x Y. Then p induces a path, in the ordinary sense, from « to
in B(Y,y). The topological energy of the path p defines a number whose value, up to
an integer, depends only on « and f. Therefore, we can fix Bo € B(Y, y) and define a
functional CS: B(Y,y) — R/Z, called the Chern—Simons functional, where CS(«) is
equal to the topological energy of any path from « to Bg. Since B¢ is chosen arbitrarily,
CS is well defined only up to a constant. But in the case that y is empty, the trivial
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connection ® gives a canonical choice of 8. Critical points of the Chern—Simons
functional are represented by connections A on Q such that

Fo(A4) = 0.

A critical point & € B(Y, y) is called nondegenerate if the Hessian of the Chern—Simons
functional is nondegenerate at «.

Suppose o is a nondegenerate critical point of the Chern—Simons functional. Suppose
also Ag is a connection on W that represents a path p based at o. Then Ap (W, w; @)
is the space of connections

Ap(W,wia) :={Ao+alaeL]s(W.su(P)® A"},

where [ > 3, § is a small positive number, and le s(W.su(P)) is a weighted Sobolev
space defined as follows. Let ¢ be a function on W™ that agrees with the cylindrical
coordinate on the end of W™ . For a vector bundle £ on W and a positive constant §,
the Banach space LIZ’S(W, E) is defined as e“”Li(WJr, E). Suppose G, (W, w; o)
is also defined as

Gp(W. w: @) := {g € Aut(P) | det(g) = 1, Va8 € L] (W, s5u(P) ® A1)}

Then G,(W, w;«) is a Banach Lie group. This group acts on A, (W, w; o) and the
quotient space is denoted by B, (W, w;«). The space of elements [A] € B, (W, w; )
such that F0+ (A) = 0 forms the moduli space of ASD connections associated to the
path p. This moduli space is denoted by M, (W, w; ).

It is useful to form a framed version of the moduli space of ASD connections. Any
gauge transformation in G, (W, w;«) is asymptotic to an element of I'y. Define the
framed gauge group gl‘,)(W, w; a) to be the subspace of the elements of gg(W, w;a)
which are asymptotic to the trivial element of I'y. The framed gauge group is also
a Banach Lie group and its Lie algebra can be identified with le 1.6 (W, su(P)).
We write B, (W, w;a) for the quotient of A, (W, w;«) with respect to the action
of gg(W, w;a). The set of the elements of E’p(W, w;«) which satisfy the ASD
equation is called the framed (or based) moduli space of ASD connections associated

to p and is denoted by MP(W, w; o).

There is an important relationship between the ASD equation and the Chern—Simons
functional. We can define an inner product on B(Y, y) using

1

R
{a.b) 16N 72

/ tr(ad(a) A xad(b)) for a,b € QI (Y, su(P)),
Y
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where tr is defined using the trace on End(su(N)). Suppose {a(f)};e[o,1] is a path
in B(Y,y). This path defines a trajectory of the downward gradient flow of CS with
respect to the above metric if it satisfies

(2.13) % — — % Fo(a()).

The path {«(¢)} determines a connection A4, in temporal gauge, on [0, 1] x Y, and (2.13)
is equivalent to the ASD equation F(;L (A) = 0. This relationship between the ASD
equation and the Chern—Simons functional allows us to conclude from nondegeneracy
of the critical points of CS that the moduli spaces M p(W,w; a) are analytically well
behaved.

The local behavior of the framed moduli space M p» (W, w; ) around an element [A]
is modeled by the following elliptic complex:

+
214) L}, s(W.su(P) H> L2 (W, A" @ su(P)) s 12| (W, A @su(P)).

This complex is Fredholm and its homology groups are denoted by H9, H j and Hj.
Then HX =0, and the element [A] is called regular if H j is also trivial. In this case,
M p(W, w; a) is smooth in a neighborhood of A, and H j gives a model for the tangent
space of the framed moduli space at [A]. Therefore, the index of the above complex
for a (not necessarily regular) ASD connection A is called the expected dimension
of MP(W, w; @) and is denoted by dime(ﬂp(W, w;a)).

We slightly generalize the above discussion to include the case of 4—-dimensional
cobordisms. A cobordism W: Yy — Y; is a 4-manifold with boundary Yo Y;.
We also assume that a 2—cycle w: Yo — y1 in W is given, and P is the associated
U(N)-bundle. Suppose also that «g and «; are flat connections on Yy and Y; and
that p is a path along (W, w) from g to a;. As before, we assume that ¢g and o
are nondegenerate. In this case, wt, Bp(W, w; g, 1) and Mp(W, w; o, 1) are
defined as in the previous case by regarding W as a 4-manifold with boundary.
However, there is an alternative elliptic complex that one can associate to the elements
of Mp(W, w;ag,a1). Suppose W is the Riemannian 4-manifold given by adding
cylindrical ends to W. In this case, we identify the cylindrical end corresponding to
the incoming end with (—o0, 0] X Yy. As in the previous case, suppose ¢ is a function
on W that agrees with the cylindrical coordinates on the ends and define le, s(W,E).
Therefore, an element of le, s(W, E) is allowed to have exponential growth on the
incoming end and it is forced to have an exponential decay on the outgoing end.
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For [A] € B, (W, w;ap, 1), the ASD operator Dy is defined by
215)  di®df: L7 (W.A'®@su(P)) - L]_, ;(W.(A° @ AT) @ su(P)).

The operator Dy is elliptic, and the excision property of elliptic operators shows that
the index of D4 is additive with respect to composition of cobordisms [19, Section 3.3].
It can be computed explicitly using the Atiyah—Patodi—Singer index theorem [81; 70]:

(2.16) index(Dy)
=4Nk(p)—(N?=1)

A(W) 40 (W) | (Y5 ada;) = g, (Y1)

where hO(Yi;ada,.) denotes the dimension of H O(Yi;adai). Moreover, for a flat
connection a on a vector bundle V over Y, p, is the Atiyah—Patodi-Singer p—invariant
of a [2]. As an example, let y; be a U(1)—connection on L(a,b) whose holonomy
around the standard generator of 71 (L(a, b)) is equal to e27%/ /a 1tis shown in [2] that

2.17) py,; (L(a,b)) = —2 S cot(%k) cot(nka) sinz(nTkj).

Suppose a 4—manifold W is regarded as a cobordism from the empty 3—manifold to the
boundary of W. Then dim, (/\7 p(W,w;a)) is equal to index(Dy) + hO(a) where A
is a connection that represents the path p.

In the case of a cylinder [0, 1] x Y, the ASD operator can be used to define a relative
Z /4N Z—grading on critical points of the Chern—Simons functional associated to a
pair (Y, y). Fix an arbitrary critical point B¢ of CS, and let « be another critical point
of CS. Let the connection A represent an arbitrary path p from « to B¢. Then the
Floer grading of «, denoted by deg(«), is defined to be index(D4) mod 4N. Since
the choice of B¢ is arbitrary, this grading only gives rise to a relative Z /4N Z—grading.
In the case that y is empty, we can make this grading absolute by requiring 8o = ©.
In this case, we can invoke the index formula (2.16) to compute deg(c) as follows:

(2.18) deg(er) = 4N -CS(2) — 2(N*—1) + 2(h°(Y; adg) — pag, (Y)) mod 4N.

Analogous to the case of closed 4-manifolds, we can avoid nonregular points in
Mp (W, w; ) by perturbing the ASD equation. Suppose « is irreducible and nonde-
generate. Then there are small holonomy perturbations of the ASD equation, supported
in [0, 1] xY C W™, such that the resulting moduli spaces consist of regular points [58].
Alternatively, if T (X) > 2 and w is coprime to N, then we can arrange for a small
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perturbation of the ASD equation such that the moduli spaces M, (W, w;«), for
arbitrary  and p with «(p) bounded, are regular [52]. In the case that M,(W, w; «)
consists of only regular points, it is an orientable smooth manifold.

In general, the critical points of the Chern—Simons functional might not be nondegen-
erate. Suppose that all critical points of the Chern—Simons functional associated to a
pair (Y, y) are irreducible. Then, CS can be also perturbed by appropriate perturbations
such that the critical points of the resulting functional are irreducible and nondegenerate
[58, Proposition 3.10]. The perturbations used in [58] are also defined in terms of the
holonomies of connections on Y. Suppose CS;; is such a perturbation of CS by a small
holonomy perturbation and « is a critical point of CS, . Suppose also (W, w) is a pair
whose boundary is equal to (Y, ). The negative-gradient flow line of CS; determines
a perturbation of the ASD equation on the end [0, c0) x Y of W . This perturbation
can be extended to W so that the corresponding moduli space contains only regular
points [58]. As in the previous case, the elliptic operator (2.15) can be used to study the
local behavior of the moduli spaces. In particular, in the case of a cylinder, the index
of D4 can be used to define a relative Z /4N Z—grading on the critical points of CSj .

2.3 Nonvanishing theorem for algebraic surfaces

For a complex projective surface, the moduli spaces of ASD connections can be
identified with the moduli spaces of stable bundles with fixed determinant [15]. Stable
bundles have been studied extensively using various techniques in algebraic geometry.
Thus one can use algebrogeometric methods to extract information about the polynomial
invariants of a complex projective surface. For example, the following theorem about
nonvanishing of U(N )—polynomial invariants of algebraic surfaces is a generalization
of Donaldson’s celebrated theorem about U(2)—invariants [17; 20]:

Theorem 2.19 Suppose X is a complex projective surface with positive geometric
genus, h is a hyperplane class (or equivalently a very ample class), and w is a 2—cycle
representing c; of a holomorphic line bundle L. Suppose also w is coprime to N.
Then

DY, () >0
when d is large enough and

d=(N+Dw w—(N>-1)5(x(X)+0o(X)) mod2N.
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Proof Let M,gv (X, L) be the moduli space of stable bundles with rank N, determi-
nant L, and energy «. We first review the proof of the nonvanishing theorem in the
rank 2 case. In this case, the key idea is to find a projective embedding of M2(X, L)
and then interpret the polynomial invariant D)Z(’w (hé)) as a multiple of the degree of
the moduli space. The main steps of the proof can be summarized as follows:

(1) Suppose C is an algebraic curve and N (C, d) is the moduli space of stable bundles
of rank 2 and degree d on C. Then there is a projective embedding of AN (C, d) into
a projective space P(W) [36]. Moreover, this projective embedding is given by the
sections of a large power £¢ of the determinant line bundle over N'(C,d) [20].

(2) For any stable bundle £ € M2 (X, £), there is a po such that if C C X is a generic
curve in the linear system |O(p)|, for p > po, then the restriction of £ to C is also
stable [66]. Using this result together with the fact that the moduli space M2(X, L)
has finite type, we can find a projective embedding J: M2(X,L) — P(V). This
embedding is given by restricting the elements of M2(X, L) to finitely many curves
in the linear system |O(p)| and applying the Gieseker embedding from the first step.

(3) For k large enough, the moduli space M2(X, L) is not empty [79; 37].

(4) The dimension of the irregular part of M2 (X, £) is strictly smaller than the virtual
dimension of the moduli space, when « is large enough [17].

By combining these facts, it can be shown that the map J can be chosen such that the
degree of the quasiprojective variety J(M, (X, I)) is equal to

K D)Z}’,w (ht(iz))

for an appropriate integer K, and for a large enough d. Therefore, the invari-
ant DJIX w (hé)) is positive. This proof can be generalized to the case that N > 2.
Steps 1 and 2 are proved for an arbitrary rank in the references mentioned above. The
generalization of the third step to the higher rank case is given in [62]. The higher rank
version of the fourth fact is also proved in [38]. Then the same arguments as in [17; 20]
can be used to realize D;}" w (hé)) as a multiple of the degree of a quasiprojective
variety, which verifies the claim in Theorem 2.19. a

Remark 2.20 In Theorem 2.19, we assume that X is a projective surface. But a
similar nonvanishing theorem can be formulated for any Kéhler surface, because Kéhler
surfaces can be deformed into projective surfaces [49] and the U(N )-polynomial
invariants only depend on the smooth structure.
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2.4 Negative embedded spheres

Motivated by [76], Fintushel and Stern used embedded 2—spheres with negative self-
intersection to study polynomial invariants of a 4-manifold X [26; 25] (see also [83]).
The same idea is exploited in [12] to obtain information about the properties of the
polynomial invariants associated to higher rank bundles. Suppose 7 is an embedded
sphere in a 4-manifold X which has self-intersection —2. Fix a 2—cycle w with
w-t=0,and z € A((r)1)®2. In general, A(V) for a vector subspace V C H»(X)
denotes the subalgebra Sym* (Ho(X) & V) ® A*(H1(X)), and (t)T is the subspace
of H»(X) consisting of the homology classes orthogonal to 7. The following formulas
about the U(3)—polynomial invariants of X are proved in [12, Section 3.2]:

(Cy) Dg(’w (‘17(22)2) =-2 D)3(’w+r(z).

(C2) D, (thy2) = —4D% ,, (a213)2) —3D% , (t5)2).

(C3) D},w (1(32) 1(3)z) = -3 Dg,,w (a3r(22)z) — D},w (a27(2)T(3)2).-

By a similar approach, we shall prove the following proposition in Section 6.2:

Proposition 2.21 Suppose X is a smooth 4—manifold with b*(X) > 2 and w is

a 2—cycle. Suppose also o is an embedded sphere with self-intersection —3 and
zeA((o)1)®2,

(1) If w-o =1 mod 3, then there is a constant number ¢ such that
3 3 3.2 3
Dy w((—30() — 50() —42)z) = ¢ Dy y_o(2).
(i) If w-o =2 mod 3, then for the same constant ¢ as above,
3 3 3,2 3
DX,w ((50(3) - 50(2) - az)z) =c DX,w+a (Z)
(iii) If w-o =0 mod 3, then the following two formulas hold:
3 4 2 2
Dg(’w ((0(32)0(3) + 3a30(22) +a20(2).0(3))z) = 0.

In Section 4.2, we will show that the constant ¢ in Proposition 2.21 is equal to —3.

2.5 Blowup formula for 4-manifolds with simple type

In this subsection, we review the properties of U(3)—polynomial invariants of blown-up
4-manifolds. This part has the same theme as the previous subsection, because the
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exceptional divisor of a blown-up 4—manifold gives rise to a (—1)—sphere. We start
with an exposition of the main result in Culler’s thesis [12]. Given a 4—manifold X,
let X denote the blowup of X at one point, which is diffeomorphic to the 4-manifold
X #CP2. We will also denote the exceptional sphere in X with E. If wisa 2-cycle
in X, then it induces a 2—cycle in X, which will be also denoted by w. Similarly, we
can regard A(X) as a subalgebra of A()? ).

Proposition 2.22 Suppose w is a 2—cycle in X and z € A(X)®?. For 0 <i <2 and
0 < j <1, the invariant D3 > (E(Z) (J3)z) is equal to Dy, (2) if i = j = 0 and it is
zero otherwise. The mvanant D3A E(E(3)z) is equal to Dg( w (2). Finally,

0 it i =0,1,3,
3 .
w () if i =2,
—Dy ,(a22) if i =4,
3 PR
wlasz) if i =5.

3 i _
D% wieE@?) =

Proof As we mentioned in Section 2.1, the identity D3 2 (E 2)? z)= w(2) 18
proved in [52]. Proposition 62 in [12], together with the dlscuss10n succeedlng it,
essentially contains the proof of the remaining identities using a method similar to
that in [52]. To be a bit more detailed, one stretches the neck region in X between X
and CP?, and studies the moduli spaces of ASD connections over X in terms of the
moduli spaces associated to X and CP2. |

According to this proposition, some of the polynomial invariants of X are determined
by the invariants of X. The following theorem claims that a similar pattern holds for
all invariants of X. This theorem is essentially proved in [12]. We just slightly expand
the results of this thesis using the same methods:

Theorem 2.23 Suppose w is a 2—cycle in X and z € A(X)®?2. For nonnegative inte-
gers i and j, there are polynomials B; ;. S; ; € Qlaz,as] independent of X , w and z
which satisfy the following identities:

3 E E 3 j ]
D7 w(e @+tE@ ;) = Dy w (z Z Bi,j (a2, a3)tét3]),
i,J
D; wAE (eEoTEd ;) = D)3(,w (z Z Si,j(az, a3)t§t3j).
i,J
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Moreover, B := Zi’j Bi,; (az,a3)t£t3j and S = Zi,j Si,j(az, a3)t§t3j , as power
series in the variables t, and t3 with coefficients in the polynomial ring of a and a3,
are uniquely determined by the initial values given in Proposition 2.22 and the following
four PDEs:

(2.24) BsB— BBy =—So01-S8, 8$:8—-55 =-So01-B,
(2.25) B2222B —4B223 B2+ 3By Bay = —4az (B2 B— B2 B) —3(B33B — B3 B3),
(2.26) B2223B —3B233B2 — B2 B3 +3B23B23

= —3a3(B22B — B2B3) —ax(B23B — B> B3).

Here t maps (t2,t3) to (—t2, —t3). The subscript 2 means taking the partial derivative
with respect to t, and the subscript 3 should be interpreted similarly.

Using (2.10), the power series S can be used to compute the invariant D)3(’ w—E -

Sketch of the proof The main tool is a trick due to Fintushel and Stern [26]. Suppose
E and E’ are the two exceptional spheres in X #2CP?2. Then the homology class
E — E’ is represented by a (—2)—sphere. Suppose Ckl (respectively, C l) is the
identity that is given by applying (C7) from Section 2.4 to w (respectively, w+ E + E”)
and 7 := (E + E/)’(CZ)(E + E/)€3)z. Similarly, we can derive identities C ; and ék,l
by applying (C3) and (C3) to w and Z as above. These identities can be used to prove
the existence of B; ; and S; ; inductively. To be a bit more detailed, first one shows
the existence of By o and Sk ¢ inductively using the initial values in Proposition 2.22,
Ck o and C %.0 [12, Propos1t10n 69]. Then another inductive argument with the aid
of the identities C k, and Ckl and Proposition 2.22 shows the existence of By ;
[12, Proposition 73]. Finally, Ck,l, C! kD the initial values of Proposition 2.22 and
the fact that So,; is nonzero imply the existence of Si ; in an inductive way. After
proving the existence of the polynomials By ; and S ;, the identities ék,l , 6,21 C k.l
and Cy; can be used to write four differential equations for B and S which are given
in (2.24), (2.25) and (2.26). The existence proof shows that these PDEs and the initial
values are enough to uniquely determine B and S. a

In general, computing the exact form of the power series B and S (equivalently, solving
the PDEs in the statement of Theorem 2.23) is not straightforward. In the following
corollary, we show that for 4—manifolds with simple type, the blowup formula has a
simple form:
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Theorem 2.27 Suppose (X, w) is a pair of a 4—manifold and a 2—cycle such that X
has w—simple type. Suppose also X is the blowup of X at one point and E is the
exceptional class. Then there are power series b(tz,t3), s(t2,t3) € Q[[t2, t3]] such that

~

(2.28) Dy ,€"@TFO2) =Dy 4y (2)b(12, 13),

(2.29) D E2FE@)7) = Dy 4 (2)s(t2, 13)

)’(\,w-i-E(e

for z € A(X)®2. The power series b and s are given by the formulas
230)  b(a,13) = Le 75 [cosh(v/31) + 2 cos(v/313)],
(2.31) s(t2,13) = %e_%g”»’z [cosh(+/312) — cos(v/313) + +/3 sin(v/313)].

Formula (2.30) for the power series b(t,, t3) was previously found by means of quantum
field theory arguments in [22, Formula 6.22]. When comparing the formulas here and
in [22], the reader should note that 73 needs to be replaced with i3 because of different
conventions in the definition of the © map.

Proof Evaluating B and S of Theorem 2.23 at a» = 3 and a3 = 0 produces b and s
with the required property. These power series satisfy (2.24), (2.25) and (2.26) with
a, and a3 in the last two equations replaced by 3 and 0. In fact, the same proof as the
existence proof in Theorem 2.23 shows that » and s are uniquely determined by these
equations and the initial vales in Proposition 2.22 (with a, and a3 replaced by 3 and 0).
The power series (2.30) and (2.31) satisfy the required conditions. Therefore, they are
equal to b and s. o

Remark 2.32 Identity (2.10) implies that

(2.33) ﬁ}?,w_ 5 (eE@E® ) =Dy, (2)s(t2, —13).

3 Floer homologies for closed 3—-manifolds

3.1 Admissible pairs

A pair (Y, y) of a connected closed 3—manifold and an embedded oriented 1-manifold
is N—admissible if there is an embedded oriented surface 3 in Y such that the
integer X -y is coprime to N. Suppose Q is the U(/N)-bundle associated to the
pair (Y, y). The admissibility of (Y, y) is what is called the nonintegral condition for
the U(N)-bundle Q in [58]. In particular, we can use the construction of [58] and
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associate the instanton Floer homology group 1Y (Y, y) to an N—admissible pair (Y, y).
Instanton Floer homology can be lifted to a functor from a cobordism category COB 4
to a certain category of vector spaces.

An object of the category COBy is an N—-admissible pair. A morphism from a pair
(Yo, Y0) to another pair (Y1, y1) is a triple (W, w, z), where W: Yy — Y7 is a cobor-
dism, w: yo — 1 is a 2—cycle, and z € A(W)®WN =D The composition of two
morphisms

(W, w, z): Yo,y0) — (Y1,y1) and (W', w’,z): (Y1,71) = (Y2, 72)
isequal to (W oW, w' ow,z'-z).

Suppose VECTOR,, is the category of relatively Z/nZ—graded vector spaces over C.
An object of this category is a vector space V' with a direct sum decomposition

v=V.

where Z/nZ acts transitively and freely on J. A morphism in this category from
V=@ VitoV =Bes Vj// is a complex linear map f: V — V'’ such
that f maps each V; to a summand Vh/(j) of V' such that h(j +k) = h(j)+k. Let
P—-VECTOR;, be the category that has the same objects as VECTOR,. A morphism in
P—VECTOR;, is a vector space homomorphism as above which is well defined only up
to a sign. Instanton Floer homology gives a functor I¥: COBg — P-VECTOR4y .

Remark 3.1 The invariant constructed in [58] is more general than the one we de-
scribed here. In [58], a version of instanton Floer homology is constructed for a
triple (Y, y, K), where K is alink in ¥ and y determines a U(N )-bundle on Y that
satisfies a certain nonintegral condition. We need to consider only the case that K is the
empty link. On the other hand, in [58], the cobordism maps I*N (W, w, z) are defined
only in the case that z = 1. The more general case is a straightforward generalization
and is reviewed below.

For an N-admissible pair (Y,y), the vector space IY (Y,y) is defined by apply-
ing Morse homological methods to the Chern—Simons functional CS: B(Y,y) — R.
The admissibility condition implies that all critical points of CS are irreducible
[58, Proposition 3.1]. Therefore, we can arrange for CS,;, a perturbation of the Chern—
Simons functional with a small holonomy perturbation, such that all of its critical
points are irreducible and nondegenerate [58, Proposition 3.10]. Then CS; has finitely
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many critical points. Suppose o and S are two critical points of CS; and p is a path
along ([0,1] x Y, [0, 1] x y) based at o and B8 on {0} x Y and {1} x Y. We will write
M (o, B) for the moduli space of the solutions to the perturbed ASD equation on R xY
associated to the path p. Here the perturbation of the ASD equation is induced by
the perturbation of the Chern—Simons functional; ie the elements of M, («, B) can be
regarded as the downward gradient flow lines of CS;. We can also assume that CS; is
chosen such that the elements of M, (o, B) for all choices of «, B and p are regular
[58, Proposition 3.18]. There is an R—action on M, («, B) given by translation along
the R—factor. The quotient space is denoted by M p(a, B). The dimension formula of
the previous section implies that

dim(M, (a, B)) = deg(a) —deg(B) —1 mod 4N.

Instanton Floer homology of the pair (Y, y) is given by the homology of a chain
complex (€%}, d) associated to the functional CS,. The vector space €F is freely
generated by the critical points of CS, . The differential of a generator « of €7 is also
defined as

3.2) d@):= Y #My(a.p)B.

pa—f

where the sum is over all paths p such that M p(a, B) is O—dimensional. These 0—
dimensional moduli spaces are compact and we orient them as in [58, Section 3.6].
Then #Mp (e, B) denotes the signed count of the points in Mp (o, B). We use the
Floer grading deg to define a relative Z /4N Z—grading on €7 . Then the differential d
decreases this grading by 1. The relatively Z /4N Z-graded vector space IY (Y, y) is
defined to be the homology of the chain complex (€F,d). This homology group is
independent of the choice of the Riemannian metric on Y and the perturbation of the
Chern—Simons functional.

Suppose the Chern—Simons functional associated to the pair (Y, y) is Morse—Bott.
That is to say, the set of critical points of CS is a smooth manifold, and the Hessian
of CS is invertible only in the normal direction to the critical manifold. Following the
above definition, we need to work with perturbations of the Chern—Simons functional
to define 1Y (Y, y). However, one can still derive some information about I¥ (Y, y)
using the unperturbed Chern—Simons functional:

Proposition 3.3 If the Chern—Simons functional of the pair (Y, y) is Morse—Bott, then
dim(IY (Y, y)) < dim(H(crit(CS))).
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Proof This claim can be verified using the standard spectral sequence that starts from
the homology of the critical manifold of CS and abuts to the instanton Floer homology
of (Y,y). a

Suppose (W, w): (Yo, yo) — (Y1, y1) is a cobordism of N-admissible pairs. After
fixing Riemannian metrics on Yo and Y7, we form the noncompact manifold W+
by adding cylindrical ends to W. Suppose also a perturbation of the Chern—Simons
functional for (Y;,y;) is fixed such that we can form the chain complex (¢}, d) as
above. We use a perturbation of the ASD equation on W™ which is compatible with
the chosen perturbations of the Chern—Simons functionals. Given a generator o; of ¢}’
and a path p: o9 — a1 along (W, w), let M, (W, w;ap, 1) be the moduli space of
the corresponding equation. We can pick a perturbation of the ASD equation on W
such that this moduli space is a smooth manifold. By fixing a homology orientation
of W, we can also assume that all such moduli spaces are oriented [58]. Moreover,
if Mp(W,w;ap,aq) is O—dimensional, then it is compact.

Define a map €(W, w): €X° — ¢! by

(3.4) CW.w)(ao) := Y #Mp(W, wieo. ar)en,

P oo—>o
where the sum is over all paths such that M, (W, w; oo, @1) is O—dimensional. The term
#Mp(W, w; g, 1) is equal to the signed count of the points in M, (W, w; g, @1).
As a matter of fact, (3.4) defines a chain map and the induced map at the level of
homology, I¥ (W, w, 1): I¥ (Yo, o) — I¥ (Y1, y1), determines a morphism of the
category P—VECTOR4y . More generally, given z € A(W)®@W~1 we can cut down
the moduli space M, (W, w; o, 1) using z as in Section 2.1, and construct a smooth
submanifold M, (W, w;ag, o1, z) such that

3.5 dim(Mp, (W, w; o, a1, z)) = dim(M, (W, w; ag, 1)) — deg(z).

To be more precise, M, (W, w; ag, a1, z) is a linear combination of the spaces whose
dimensions are given by (3.5). Replacing M, (W, w; g, 1) in the right-hand side
of (3.4) with M, (W, w; a9, 1, z) determines a new chain map and the associated map
at the level of homology is IY (W, w, z): I¥ (Yo, yo) — I¥ (Y1, y1). This map is well
defined; namely, it does not depend on the metric on W, the perturbation of the ASD
equation and the choices involved in the construction of M, (W, w; g, 1, z). Because
we fix the central part of connections associated to (W, w), the cobordism maps only
depend on the induced PU(N )-bundles. In particular, if w is replaced with w+nw’, for
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a closed 2—cycle w’, then the induced PU(N )-bundles are the same and they determine
the same cobordism maps. This property is the analogue of (2.9) for closed 4-manifolds.

Remark 3.6 A priori it might seem that the cycles in 3—-manifolds and 4-dimensional
cobordisms only keep track of the first Chern classes of U(/N )-bundles. However, they
have strictly more information than these cohomology classes. For example, an element
of H2(Y,Z), for a 3-manifold Y, determines a U(N )-bundle up to an isomorphism of
U(N)-bundles. But an embedded 1-manifold y in ¥ determines a U(/N )-bundle up to
a canonical isomorphism. (See [57, Section 4] for more details.) As a manifestation of
this issue, suppose cohomology classes « and &’ are given on cobordisms W: Yy — Y7
and W': Y1 — Y, such that the restrictions of these classes on Y7 agree with each other.
Then there might be an ambiguity in gluing these cohomology classes to construct an
element of H2(W’o W ;Z). On the other hand, there is no such ambiguity if & and o’
are represented by embedded surfaces w C W and w’ C W’ such that wly, = w'|y, .

Remark 3.7 There is not much difficulty in extending the definition of instanton Floer
homology to the case of disconnected 3—manifolds. Suppose Y is a disconnected
3-manifold and y C Y is a I-cycle. Then we say (Y, y) is N-admissible if for each
connected component Yq of Y, the pair (Yo, y N Yp) is N—admissible. Then we can
repeat the definition analogous to the connected case and construct instanton Floer
homology for the pair (Y, y). This instanton Floer homology can be computed in terms
of the invariants for the connected components:

Ny y) =10 Q - Q1Y Yu. yn).

Here the Y; are connected components of Y and y; = y N Y;. It is also possible to
define cobordism maps for a cobordism of pairs (W, w) between two (not necessarily
connected) N—admissible pairs and z € A(W)®(N —1) However, these maps are not as
well behaved with respect to composition as in the previous case. Consider two triples

(W,w,z): (Yo,y0) — (Y1,y1) and (W', w'.2"): (Y1,y1) = (Y2, 72).
If Y is not connected, what we can say about the cobordism maps is that
INW oW, wow,z-2)=c-INW W', z) o IN (W, w,z2)

for some nonzero constant ¢. The simplest way to fix this issue about functoriality is
to work with a variation of the category P-VECTOR4y where the morphisms are well
defined only up to a nonzero scalar. We follow this approach when it is necessary to
work with disconnected 3—manifolds.
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Remark 3.8 A slightly unsatisfying point about I¥ is the sign ambiguity in the
definition of the cobordism maps. This issue can be avoided in a straightforward way.
In the case that N is an even number, we need to change the definition of the category
COBy slightly. Let COB 4 have the same objects as COB 4 . But a morphism of this new
category is a quadruple (W, w, z, ow) where W, w and z are as before and oy is a ho-
mology orientation for W. Then I¥ can be lifted to a functor T*N : COBp — VECTOR4y .
The main point is that initially there is an ambiguity in the orientation of the moduli
spaces M, (W, w; ap, 1) that appear in the definition of the cobordism maps, and a
homology orientation of W fixes this ambiguity. In the case that N is odd, there is not
such ambiguity and one can readily lift IY to HV : COBp — VECTORyy .

The definition of cobordism maps can be extended to the case that one of the ends is
the empty pair. Suppose X is a 4—manifold with boundary Y and w is a properly
embedded surface in X such that y := dw = w N Y. Assume that (Y, y) is an N—
admissible pair. Given any element z € A(X)®@ =1 we can form an element D)I:," w (@)
of I¥ (Y, y). This construction is the extension of the U(N )—polynomial invariants for
closed 4-manifolds in the previous section. Alternatively, (X, w, z) can be regarded
as a cobordism from the empty pair to the N—admissible pair (Y, y). Although the
empty pair is not N—admissible, (3.4) can be used to define D;}" w()-

Remark 3.9 Given z; € A(X ,-)®(N —D  we can consider the relative elements

DY, (z) €IN (Y. ).

Each of these relative elements lies in a graded summand of I (Y, y). Therefore, the
difference deg(Dﬁ}’2 w5 (z2)) — deg(Dﬁ}’1 wi (z1)) of the relative Z /4N Z—gradings is a
well-defined number in Z /4N Z and is equal to

2N+ 1) (wF-wd)- (V21 (KD LEEOT)  geg () -deg(z1))

Note that the term wl2 is not well defined and depends on a framing of the 1-cycle y.
However, the difference w% — w% is independent of the framing and the above expression
is well defined. A similar formula can be written for the difference between the gradings

of two cobordisms with the same ends.
Suppose (X, w) is a cobordism from an N-admissible pair (Y, y) to the empty pair;

namely, X is a 4—manifold whose boundary is identified with Y, the 3—manifold Y
with the reverse orientation. The boundary of the embedded surface w is also identified
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with 7. Suppose also z € A(X)®W~1D  Similarly, we can construct a functional
DAY (2): ¥ (Y. y) - C.

Similar to cobordism maps, D)IX »(2) and D%’w (z) satisfy some functorial properties.
For example, if (X, w,z) and (W, w’, z’) are chosen such that

(X, w) = (Yo,y0) and (W,w’,z'): (Yo.y0) = (Y1,y1).
then
DY o x wrow (- 2) =1 (W W', 2) o DY, (2).

A similar property holds for Dﬁ’w (z). There is also an important relation among these
invariants and invariants of closed manifolds form the previous section:

Proposition 3.10 Suppose Y is a closed and connected 3—manifold, (Y, y) is an
N —admissible pair, and X1 and X, are two smooth 4—manifolds with 0X; =Y and
90X, = Y. Suppose also that oriented properly embedded surfaces w; C X; are given
such that 9wy =y and dw, = y. If bH (X2 0 X1) > 2, then for z; € A(X;)®WV -1,

X2,
(3.11) DY ox, wyow; (21+72) = D32 (z2) o DY, (z1).

Ifbt (X20X1) =1, then a similar formula holds where the left-hand side of (3.11) is in-
terpreted as the invariant of the chamber associated to metrics with a long neck along Y.

There is another way that the invariants of a closed 4—manifold can be related to the
cobordism maps:

Proposition 3.12 Let (Y, y) be an N-admissible pair and (W, w): (Y,y) — (Y, y)
a cobordism of pairs. Let W and Y be connected. Let W be the closed 4—manifold
given by gluing the incoming end of W to its outgoing end. Suppose also that w C w
is defined similarly. If b"’(VT/) > 2, then for z € A(W)®W-1)

(3.13) Dgg S(2)=N- str(IY (W, w, 2)),

where str denotes the supertrace of 1Y (W, w,z).6 If bT(W) = 1, then a similar
formula holds where the left-hand side of (3.13) is interpreted as the invariant of the
chamber associated to metrics with a long neck along Y.

6Since the Z /4N Z—grading on instanton Floer homology is defined only relatively, there is a sign
ambiguity on the right-hand side, even after fixing a homology orientation for W. There is also a sign
ambiguity on the left-hand side because we did not fix any homology orientation for W. Therefore,

(3.13) should be interpreted as an equality up to sign. Although we do not need to do so here, both sign
ambiguities can be fixed after fixing a homology orientation for W.
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3.2 Floer homology of S! x X

Suppose X is the connected oriented Riemann surface of genus g. The 3—manifold
Yg := X x S! and the embedded 1-manifold Ye.d = AX1,....Xq} X S determine an
N—admissible pair if (d, N) = 1. The U(N )-bundle associated to the pair (Yg, Y4 4)
is the pullback of a U(N)-bundle Q; of degree d on X. Let also L, denote the
determinant of Q4. Recall that the space A(Yg, Y4 4) is constructed using an auxiliary
connection on Ly, ,. We assume that this connection is the pullback of a connection Bg
on L. Similar to the 3—dimensional case, A(X, Q) is defined to be the space of
U(N )—connections on Q,; whose determinants are equal to Bgy. The space G, is also
defined to be the group of determinant 1 automorphisms of Q.

Let VN be the vector space 1Y (Y, Ye.d)- The critical points of the Chern—Simons
functlonal for the pair (Yg, y¢,4) can be identified with N copies of the space

Nyag :={A€ A(Z, Qq) | Fo(4) =0}/G4.

In fact, we can pull back any element of Ny 4 to X x [0, 1] and then identify the
connections on X x {0} and X x {1} using an element of G; which is induced by a
central element of SU(N). For any connection A representing an element of Ny 4,

(3.14) h°(=,ady) =0, h'(Z,ady) =(N>—1)(2g—2) and h%(Z,ady) =0,

where A’ (X, ad4) again denotes the dimension of the cohomology group H' (X, ady).
This implies the space Ny 4 is a smooth manifold of dimension (N?2=1)(2g—2) [1].
If « is a critical point of the Chern—Simons functional of the pair (Yg, )4 4) asso-
ciated to the connection A and a central element of G,;, then the Kiinneth formula
and the identities in (3.14) imply that H!(Yg,ady) is isomorphic to H!(Z,ad4).
Consequently, the Chern—Simons functional of (Yg, y¢ 4) is Morse-Bott, and hence
dim(vg ) S Ndim(H*(Ny,q)).

The space Ny 4 has been extensively studied in the literature. This space is a Kahler
manifold and can be identified with the moduli space of stable bundles of rank N and
degree d on a Riemann surface of genus g with a fixed determinant. The Poincaré
polynomial of this manifold can be computed inductively [42; 14; 1]. Furthermore,
a set of generators for the cohomology ring of this space is given [1]. We review a
slightly reformulated description of these generators which are more suitable for our
purposes here.

Consider the 4-manifold X, := ¥ x S? and the surface yg := {x1,...,x4} x S2.
The pullback of the elements of Ny s to X are ASD connections associated to
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the pair (Xg, xg) with x = 0. In particular, Ny 4 can be regarded as a subset
of Bo(Xg. xg). Consider the subalgebra AY := A(D)®N=D of A(Xg)®WN=D  The
u—map in (2.4) determines a graded algebra homomorphism W: Aév — H*(Ny.q).
Note that this map is equivariant with respect to Diff(X), the group of diffeomorphisms
of X.

Proposition 3.15 The map W is surjective. In particular, the cohomology ring
of Ny 4 is generated by the elements

(3.16) pri=Wa,), ql:= xp(z(fr)) and s, 1= W(Z()),

where 2 <r < N and {lj}lfjfzg forms a set of generators for Hy(X,7Z).

The action of Diff(X) on H;(X) factors through the action of the symplectic group
Sp(2g). Therefore, this proposition implies that the same holds for H*(Ny 4).

Proof In [1], a universal U(/N )-bundle F is constructed over the product manifold
Nn,q X Z and it is shown that the cohomology ring of Ny 4 is generated by the classes

(3.17) Pri=c (F)/[a). G} :=c,(F)/[I/] and 5, :=c,(F)/[Z].

The map W is defined similarly using the universal PU(N )-bundle P over the space
Be(Xg, xg)x Xg. The restriction of P to Ny g x X C Be(Xg, xg) X Xg is isomorphic
to the PU(N )-bundle associated to IF. Thus the cohomology classes in (3.17) can be
identified with the corresponding ones in (3.16) and this verifies the claim. |

The vector space Vg 4 admits a ring structure which is the analogue of the cup
product on H*(Ny 4). Suppose P is the pair of pants cobordism from two copies
of S to one copy of S!. Then the triple (X x P, {x1,...,x4} x P, 1) defines a map
m: Vg]\” 4 ® VQ’ i Vg]\” 4 To be more precise, we need to fix a homology orientation
in the case that N is even. Suppose Ag := ¥ x D? and 8g.d :=1X1,..., x4} X D2,
where D? is the 2—-dimensional disc. We fix an arbitrary homology orientation on A g
and let e := Dgg,Bg,d (e ng. We shall see in the proof of Proposition 3.23 that e
is nonzero. We choose a homology orientation on X x P such that m(e, e) = e. Then
functoriality of instanton Floer homology can be used to show that m defines a ring
structure on Vé\” 4 With unit e. We turn the relative Z /4N Z~grading on VQ’ 4 into an
absolute grading by requiring that the unit element have degree 0. With this convention,
the multiplication map is Z /4N Z—graded; namely, the product of two elements of
degree i1 and i, has degree ij +i5.
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Suppose B is a cylinder, regarded as a cobordism with two circles as the incoming end
and empty outgoing end. Then the pair

(3.18) Qe:=YXxB and wg:={x1,....,x5}xB

determines a pairing (, ): Vg i ® VgA” 4 —> C which is defined in the following way
after we choose an arbitrary homology orientation on Qg:

(o, a’) =D]%g’wg(a®a’) for a,a’ € V;,Id

Proposition 3.19 The space V;’ 4 s acomplex vector space with an action of Diff(%)
is isomorphic to H*(NN,d(E))[u]/(uN — 1). In particular, the action of Diff(X)
on Vg{v 4 factors through an action of Sp(2g)

When N = 2, one can show that V;,,d is isomorphic to H*(Ny.4(Z)[u]/@? —1)
using the results of [21]. Mufioz [71] gave an alternative proof of this proposition for
N = 2, and the proof of the general case is based on his approach.

Proof We can define a Diff(X)—equivariant algebra homomorphism

®: AN [ul/ @™ —1) — Vg]\,’d by ®(u'z) = Dgg,sg,dﬂ'z(z)’

where on the right-hand side of the defining equation z is regarded as an element of
A(Ag)®(N_1) .Let S: H*(Ny,q) — Afg,v be a graded linear Sp(2g)—equivariant right
inverse for the map W. Extend W to an algebra homomorphism from Aév [u]/ N —1)
to H*(Nyq4(Z)[u]/ @Y — 1) by requiring that ¥(u) = u. Similarly, we can ex-
tend S to H*(Ny.q4(Z))[u]/ @Y —1). We claim that the Diff(Z)-equivariant map
®oS: H*(Ny.q ENu]/@N -1) - ng is injective. If the claim does not hold,
then there is
M
p= Z Zmu'™m eAi,v[u]/(uN —1) with z, EAQ’ and 0 <i, <N
m=1

such that W(p) # 0 and ®(p) = 0. We assume that each z,, is nonzero and lies in
one of the graded summands of Aév . Furthermore, if m < n, then deg(z,,) > deg(z,)
and equality holds only if i, # i,. Let z' € Aé,v be such that

(3.20) deg(z’) 4+ deg(z1) = (N2 —1)(2g —2)
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and the cup product of W(z’) and W(z1) is nonzero. By Proposition 3.10, the pairing
(®(p), PN ~12")) is equal to

M
(3.21) Z D5xs2 wg g+ (Ntim—in) (2 Zm),

m=1
where the polynomial invariants are computed in the chamber such that the fiber ¥
is small. The expression for the dimension in (2.3) shows that the dimension of each
component of the moduli space associated to the pair (X x S2, w g,d TkX) is at least
(N2—1)(2g—2). Moreover, if k is not divisible by N, this dimension is strictly greater
than (N2 —1)(2g —2). In the case that k = 0 (or divisible by N ), the moduli space of
dimension (N2 —1)(2g —2) is given by the pullback of the elements of N N,d to Xg.
Therefore, the only nonzero term in (3.21) is Dsxs2,w,.q (z'z1), which is given by eval-
uating the cohomology class j(z'z1) on the pullback of the elements of Ny 4 to Xg.
Note that the moduli space is compact in this case and we do not need to use the geomet-
ric representatives to evaluate this invariant. Therefore, Dyy g2 4, , (z'z1) is equal to
W(z')UW(z)[Nn, 4], which is nonzero by assumption. This contradicts the assumption
that ®(p) = 0. Therefore, the map ®o S is injective. We already know that the dimen-
sion of Vé\,’ 4 1s not greater than N dim(H *(Nn.q))- Therefore, o S is a bijection.
In particular, the action of Diff(X) on V&f\" ;4 factors through an action of Sp(2g). O

Corollary 3.22 The ring VgN 4 Is generated by the elements
€ :DAg,sgd‘FE(l)? xr :DAg,(squ(ar)v
0] =Da,s,4Uly):  Pr=Dagse.(E)

where 2 <r < N and 1 < j < 2g. Furthermore, the 7 /4N 7Z—gradings of these
elements are given by

deg(e) =4d, deg(R,)=-2r, deg(o{) =-=2r+1, deg(p,)=-2r+2.

Proof The first part is an immediate consequence of Proposition 3.19. The second
part can be also verified easily using Remark 3.9. a

Fix S: H*(Ny4) — Aév as in the proof of Proposition 3.19. Then we can use the
isomorphism ®o S to pull back the ring structure, the pairing and the Z /4N Z-grading
of Vé\” 4 into H*(Ny q)[u]/ (u™ —1). Suppose the new multiplication map and the
pairing on H*(/\/'N,d)[u]/(uN — 1) are also denoted by m and (,). We also fix the
cohomological Z—grading on H™*(Ny 4)[u]/ ™ —1), where we set deg(u) = 0. The
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cohomological and the Z/4 N Z—gradings differ by a sign after collapsing into Z /47—
gradings. In the proof of Proposition 3.19, we show that for any element p of degree i
in H*(/\/'N,d)[u]/(uN — 1), there is an element ¢ of degree (N2 —1)(2g —2) —i
with (p, q) # 0. In particular, {,) defines a nondegenerate pairing.

Suppose p; and p, are two elements of degrees i1 and i in H*(NN,d)[u]/(uN —1).
Then the product m(py, p2) consists of terms in various gradings. However, there
are some constraints on the degrees of these terms. Firstly, they all have the same
7./ 47Z~grading because the multiplication map is graded with respect to the Z /4N Z—
grading on VN Moreover, an argument similar to that of Proposition 3.19 shows
that the palrlng of m(p1, p2) — p1 U p2 and any element of H*(Ny, D]/ @™ =1)
with cohomological degree less than or equal to (N2 —1)(2g —2) — iy —i» is zero.
Therefore, the degree of the terms in m(p1, p2) are at most i1 + i» and the term with
the maximal degree is p1 U p». Therefore, the product m is a deformation of the cup
product. We summarize these properties of Vg]\f 4 1in the following proposition:

Proposition 3.23 The pairing (,) on Vg 4 1s nondegenerate and the product
. yN N N
m: Vg,a’ X Vg,d — Vg,d
is a deformation of the cup product preserving the Z /47 —grading.

Multiplication with the elements of V¥ ed constructed in Corollary 3.22, defines a series
of operators on VN We will use the same notation to denote these operators. The
operator € can be alternatively described as the cobordism map associated to the triple

([0,1] x Yg,[0,1] X yg 4 U X, 1). Similarly the remaining operators are cobordism
maps associated to triples ([0, 1] x Yg,[0,1] X y4 4,2) for approprlate choices of z.
The operators €, X, and p, commute with each other and o} . However, o} and o
anticommute with each other.

In the special case that g = 1, the moduli space Ny 4(X) consists of only one point.
Therefore, V{Y 4 has N generators with exactly one generator ; in degree 4/ with
respect to Z /4N Z—grading. In fact, the (nonperturbed) Chern—Simons functional
associated to the N—admissible pair (Y1, y;,4) has irreducible and nondegenerate
critical points (see [52]). The operator € maps «; to «; 4. The following proposition
characterizes the action of some of the point classes in the case that d = 1:

Proposition 3.24 The operators N;: Vle — Vlj\fl satisty the identities

(3.25) R, =Ne ! and Ny_1=0.
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Proof The second identity can be verified easily, because deg(X»;—1) is not divisible
by 4. The first claim is proved in [85]. Since R, and € commute with each other and
deg(X,) = —4, we can conclude that 8, = ce~!. Therefore, we just need to show that
tr(R, o €) = N2. Using Proposition 3.12, this can be reduced to showing that
N _ A3
DT4,T2X{pt}U{pt}XT2(N2) =N-,

which is established in [85] using properties of stable bundles on abelian varieties. O

In a work in progress, we will give another proof of this proposition which is independent
of the results of [85].

3.3 Fukaya-Floer homology

Suppose X7 and X, are 4-manifolds with dX; =Y and 90X, = Y, and X is given
by gluing these manifolds along their boundaries. Suppose also a 1-cycle y C Y and
2-cycles w; C X; are chosen such that Jw; =y and dw, = y. The cycles wy and w,
can be glued to each other to form a 2—cycle w C X. We also assume that (Y, y) is an
N —admissible pair. Then Floer homology for this N—admissible pair provides a useful
device to relate U(N )—polynomial invariants of the form

(3.26) DY ,(z1-22) with z; € A(X;)®N D

to the relative invariants associated to (X1, wy,z1) and (X2, wa, z2) (see Proposition
3.10). As we shall see in the next section, this decomposition theorem for polynomial
invariants is a useful tool for computational purposes. However, not all polynomial
invariants of (X, w) have the form in (3.26). There are homology classes I € H,(X)
such that I is not the sum of elements in H(X;) and H»(X3). Then, for example,
D}]}/’ w (Féz) F(j3)) cannot be expressed in terms of the relative invariants. In this section,
we introduce an extension of Floer homology which admits relative invariants for such
polynomial invariants. This extension of Floer homology was already constructed
in [33; 9] for N = 2 and is known as Fukaya—Floer homology.

Our extension of Floer homology is a module over a ring Ry . Let Ry ; be the
polynomial ring over the variables 7z ; for 2 <k < N and 1 <i < j, modulo the
relations t,?l. =0:

Ry, :=Cltg; :2<k <N, 1<i <jl/(t},).
For j > > 0, there is an obvious map from Ry, ; to Ry ; which maps # ; to f ;

when i </ and maps 7 ; to O when i > /. The ring Ry is defined to be the inverse
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limit of this system of rings. For example, for each 2 < k < N, we have an element
of Ry as follows:

9]
Sk 1= Ztk,i-

i=1
The ring of polynomials C[[t,,...,¢y] can be regarded as a subring of Ry by map-
ping t; to s € Ry . Under this inclusion we have

/
ko S T

SCNieS
|S|=I

The full version of Fukaya—Floer homology for N = 2, whose construction is sketched
in [9], is expected to be a module over C[#;]]. However, our construction is slightly
different and we obtain a module over the ring Ry for general N. This is partly
because the definition of polynomial invariants for higher rank bundles slightly differs
from the classical definition of U(2)—polynomial invariants. Another reason is that
even for N = 2, the authors were not able to avoid some analytical difficulties related

to the noncompactness of the moduli space of ASD connections and construct a ring
over C[[#2].

Consider the N—admissible pair (Y, y), and let L = (I5,...,In) be an (N —1)-tuple
of the elements of H;(Y ). Fukaya—-Floer homology associates to (Y, y, L) an Ry, ;—
module ]Iiv J (Y, y, L) for each nonnegative integer j and an Ry, j—module homomor-
phism fk ]IN’j Y,y, L) — ]INk(Y y, L) for each pair (j, k) of nonnegative integers
suchthat j >k >0.1If j >k >1>0, we require fk o f k— f ! Fukaya—Floer homology
of (Y, y, L) is the inverse limit of the inverse system ({I, N.j Y,y L)}] {f }i>k)- The
RN, j—module I N.j (Y, y, L) is the homology of a chain complex (& N.j (Y,y.L),dn,;).
In fact, we can arrange for a perturbatlon CSy, of the Chern—Simons functional of the
N—admissible pair (Y, y) such that € N.J (Y,y,L)=¢% (Y,y) Qc RN,;.

The differential dy, ; of the Fukaya—Floer chain complex has the form

(3.27) dyj@= Y hs(a,ﬁ)(]_[tk,,-)ﬁ,

S=(S2,....8n) i€Sk
pa—>p

where S; C{1,...,j} and the path p is chosen such that the dimension of the moduli
space M (e, B) is equal to

2|82+ 4|83+ 4+2(N =1)|Sny| + 1.
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The constant term of the differential is equal to the differential d of the Floer chain
complex. That is to say, if we evaluate all variables 7 ; at zero, then we recover d .
The definitions of the other terms in (3.27) are discussed in Section 6.3. We extend
the Floer grading to EQIJ (Y, y, L) by requiring that deg(#x ;) = 2(k —1). Then the
differential dy ; has degree —1.

Suppose (X1, wy) is a pair of a 4-manifold and a 2—cycle which fills the N —-admissible
pair (Y, y). Suppose also z; € A(X1)®N =D and I'2, ..., T'N are properly embedded
surfaces in X; where [0T] = I; ¢ H{(Y). Then one can associate an element
of I[iV(Y, v, L) to (X1, wy,z1, T2, ..., FN), which is denoted by

2 N
(3.28) Dﬁ(\’l ) (z1- eF<2)+...+I‘(N))‘

The element in (3.28) is given by a system of cycles Dé(vl’jwl (z1 .eF(22>+"'+F([>IV)) €
(’Z,I.Y’J (Y,y, L). We have

N,j e i

§=(Sz ..... Sn), i€Sk

for appropriate choices of complex numbers m g(«). Evaluating all the variables 7 ; at
zero produces a cycle in il (Y, y) which represents the relative invariant D;}'l wi (z1).

Next, let (X2, w2) be a cobordism from (Y, y) to the empty pair. Suppose that
72 € A(X2)®W =D and A,, ..., Ay are properly embedded surfaces in X» where
[0A/] = —/;. In this case, there is an Ry-linear map from IN(Y,y,L) to Ry
associated to (X2, wo, 22, A2, ..., AN), which is denoted by

(3.29) D22 (2, . Al T AN

The construction of the element (3.28) and that of the functional (3.29) are given in
Section 6.3. We can glue the 4-manifolds (X1, w;) and (X5, w) to form a closed
pair (X0 X1, wpow;). The embedded surfaces '/ and A/ can also be glued to each
other to form a closed embedded surface T'/ # A/ . Then we have

(330) D;KVZOXI woow) (Zl -Zp - e(Fz#Az)(2)++(FN#AN)(N))

_ pX2w2 AL+t A N I, +-+TX
=Dy (z2-e"@ (1\/>)oDX1’w1(Z1 e @ (™M),

This claim shall be proved as Proposition 6.51 in Section 6.3. A priori, the right-hand
side of the above equality is an element of R . Part of the claim is that the right-hand
side belongs to C[[t2,...,tny] C Ry and is equal to the given power series on the
left-hand side.
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Fukaya—Floer homology is also functorial with respect to cobordisms of N—admissible
pairs. Suppose (W, w): (Yo, Y0) — (Y1, y1) is such a cobordism. For 2 <i < N,
suppose also I'? is a properly embedded surface in W such that T/ NY ; represents
the homology class ll.j € Hy(Y;). For any z € A(W), there is a homomorphism

1Y (W, w, ze"> T TT00): IV (Yo, yo. Lo) — IV (V1. y1. L),

where L; = (I],...,] 1]\,). This construction is functorial with respect to composition
of cobordisms.

Suppose (Yg, Vg 4) is the N—admissible pair from Section3.2and Lg = (I3, ...,In) is
the (N —1)—tuple of the elements of H;(Yg) where /; isan § 1 fiber. In this article, the
main example of Fukaya—Floer homology for us is T (Y, Ye.d» Lg), which is denoted
by I g 4+ Analogously to the previous subsection, we can define a ring homomorphism

Y o0 D2 4.1 D2
d: Ai,v[u]/(uN -1)— ]I(]gv,d by ®(u'z):= D]Xg,(sg'dﬁx(ze Tt ).

Recall that D? is a 2-dimensional disc, Ag = £ x D? and 84 g = {x1,...,x4} x D%
Similarly, we can define a multiplication and a pairing on I[g 4 by repeating the
construction of Section 3.2.

Proposition 3.31 For any nonzero element g € [ év 4> there are z € Afgv and 1<i <N
such that

2 4. 2
(¢.DX 5, yrix(ze?@ TP 0.

Proof Suppose g is given by the sequence {g; };>0, where g; € I[iv’j (Yg.Ve,d:Lg).
Since g is nonzero, there is a j such that g; is nonzero. To verify the claim, it suffices
to show that there are z € Aé,v and 1 <i < N such that

N,j D% +-+D?
(QJ’DAgjy‘sg,d-i-iE(Ze @ 1)) # 0.

Suppose (€5 (Yg.Vg,a).d) is a Floer chain complex for the pair (Yg,yg 4) such
that ¢’ (Yg,Vg,a) ® Ry,; can be used to define Hiv’] (Yg.Vg,a.Lg). Suppose g; is

3 bS( T tk,,.)as

represented by the element

S=(S2,....,.SN)ET i €Sk
of this complex, where 7 is a set consisting of (N—1)—tuples of finite subsets of
{_1, ..., ]}, each bg is a nonzero complex number and ag € ey (Yg, Vg,a)- Suppose
So=(S9,..., SIO\,) € 7 is a minimal element with respect to the partial order on Z
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induced by inclusion. Then do 5, = 0. and by changing the representative if nec-
essary, we can assume that og, is not a boundary in ey (Yg.Vg,a). Therefore, by
Corollary 3.22 and Proposition 3.23, there are z € A{gv and 1 <i < N such that

N
<“§0’ DAg,sg,d +ixn(2) #0.

This implies that the coefficient of [[,x<y [];c s9 ki in the pairing
R\ D2, +-+D?
<qJ’DAg,8g,d+i>:(Ze @ ™)),
is nonzero. a

Example 3.32 In the case that g = 1, the Fukaya—Floer homology group of the triple
(Yg,Vg,a-Lg) is equal to R%N . This can be easily seen from the construction of
Fukaya—Floer homology in Section 6.3. In fact, this R y—module is freely generated by
the critical points o, ..., oy of the Chern—Simons functional of (Y1 =T x S 1 Y1,d)-
Consider the operator

333  @=1Y([0.1]x Y1, [0, 1] xyy g + T, OINert-+ {01 mn)

where y is an S'—fiber of Y;. This operator is of order N and has degree 4d.
Moreover, «;, €(ct;), . .., €N "1 («;) form a basis for Hiv((Yg, Ye.d»Lg)) forany i. In
particular, the kernel of €— 1 is equal to Ry - (1 +€+--- + V" )(a;).

Next, we discuss a prototype for 4-manifolds with boundary Y, which are of interest to
us. Suppose (X1, X) is a pair of a 4—manifold and an embedded surface of genus g with
self-intersection O such that a regular neighborhood of X in X7 is identified with Ag.
Suppose (X5, X) is another such pair. As the notation suggests, the embedded surfaces
in X; and X, are identified with each other. Remove regular neighborhoods of X
in X1 and X5 to produce 4—manifolds whose boundaries are Y, and then glue the
resulting two 4-manifolds along their common boundaries by the orientation-reversing
diffeomorphism that maps (z,x) € S' x £ to (Z,x). This 4-manifold is denoted
by X1 #x X», and is called the fiber sum of X1 and X, along ¥. We will also
write X;” for the complement of a neighborhood of ¥ in X;. Then X can be also
regarded as a subspace of X #x X».

Elements of H(X1) and H»(X3) can be glued to each other to construct elements
of Hy(X; #x X»). Suppose (;: Hz(X;) — C denotes the map that computes the
intersection number of an element of H(X;) with X. Suppose also K is the subspace
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of the elements (I', A) € H>(X1) & H2(X>3) such that ¢;(I") = 12(A). Then there is a
homomorphism #: K — H, (X #5 X») with the property that

(3.39) JI@#A)=j2(T) and jIT#A) = j5(A).

Here j’: Hy(X1) — Ha(X;,0X?) is the composition of the map from H>(X;) to
the relative homology H>(X;, Ag) and the excision isomorphism. To abbreviate our

notation, from now on, we will write I'° and A° for j’(I') and j;(A). The maps
jl.#: Hy (X1 #x X2) — Ha(X[,0X?) are also defined similarly.

The homomorphism # is not uniquely defined and we proceed as follows to fix one
such homomorphism. Suppose I" and A are integral homology classes. Then these
homology classes can be represented by oriented embedded surfaces, which we denote
with the same notation. We can assume that these surfaces are transversal to X, and
intersect X in the same set of points with the same signs. Then there is an obvious
way to glue I' and A and to produce an oriented embedded surface in X; #x X». The
homology class I'# A is defined to be the homology of the glued-up surface. We apply
this construction to an integral basis of K and extend it linearly.

We use Poincaré duality to define £ < H?(X1) ® H?(X>), the counterpart of K, and
the gluing map #: £ — H?(X1# X>). Suppose (K, L) € £ and (I, A) € K. Then we
have the equality of the pairing of cohomology classes with homology classes

(K#L)[T#A] = K[T] + L[A].

Similarly, we can glue two cycles w1 C X; and wy C X5 that intersect X transversely
in the same set of points with the same signs. The resulting 2—cycle in X #x X is
denoted by w; #w,. We will also write w;’ for the intersection w; N X l.°.

Proposition 3.35 For 1 <i <4, suppose X; is a 4—manifold and T is an embedded
surface of genus one in X;. Suppose also w; C X; is a 2—cycle such that w; - T is
coprime to N. For each 2 <[ < N, suppose also Fl.l is an element of H,(X;) such
that Fij T =1.For1=<i,k<4,let D, be the following element of C[[t3,...,tN]:

N
ZDXi#TXk,wi#wk—f—jT(e i k)@ i Kk /( ))‘
Jj=1
Then
D1,2D3’4 = D1,4D3’2.
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Proof The following elements lie in the kernel of the operator € in (3.33):
N 2y0 Nyo
Di =) Dfs oy p @),
Jj=1

Moreover, (3.30) implies that

1
(3.36) Dij = 57 {Di. D).
Because D; € ker(€ — 1), the claim is a consequence of the description of ker(€ — 1)
in Example 3.32. a

3.4 An SU(3)-instanton Floer homology for X (2, 3, 23)

In Section 3.1, Floer homology is defined for an N-admissible pair (Y, y). Then
the computation of the polynomial invariants for a closed pair (X, w) which can be
decomposed along a copy of (Y, y) can be reduced to computing relative invariants for
each component of X\Y (Proposition 3.10). One wishes to extend the definition of
Floer homology so that it can be used in studying polynomial invariants of a pair (X, w)
which is decomposed along a nonadmissible pair. However, there is little known in
this direction even when N = 2. For N = 2, the most satisfactory answer is provided
in the case that Y is an integral homology sphere and y is empty [27], which will
be denoted by I2(Y). The main reason that one can define I2(Y) for an integral
homology sphere is that the only reducible flat connection on Y is the nondegenerate
trivial connection. In order to extend IY (Y) to higher values of N, one would face
more complicated reducible connections. Due to this complication, there are some
difficulties in extending the definition of Floer homology of integral homology spheres
to higher values of N. In this section, we make a modest progress in this direction and
define 12 (Y) for the Brieskorn homology sphere (2, 3, 23). Meanwhile, we compute
some of the gauge-theoretical invariants for flat connections on X (2, 3,23).

Suppose the positive integers a1, a and a3 are pairwise coprime, and X (a1, a»,as)
is the associated Brieskorn sphere:

S(a1.a2.a3) = {(21.22.23) € C* | 2" + 257 + 257 = 0. |21 * + |22 + |23 = 1}

This 3—manifold is an integral homology sphere. There is an S!-action on this 3—
manifold,
eZniO . (217227 23) — (CZnia2a3921’eZnia1a3922’ eZnia1a2023)‘
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This action turns X (a1, az, a3) into a Seifert fiber space over S? with three exceptional
orbits. Complex conjugation on C3 induces a diffeomorphism of X (2, 3,23), which
will be also called complex conjugation. There is also a standard presentation of the
fundamental group of this 3—manifold, given as

(3.37) mi(S(a1.a2.a3)) = (x1, x2, X3, b | [, x;] =1, x{"hPi =1, xpxax3 = 1),

where B; is given by the identity

with @ = ajazas. The central element /4 in (3.37) is represented by a generic fiber of
the Seifert fibration.

Suppose W is the space (X (ay,az,az)x D?)/S!, where the S'-action is the product
of the Seifert action on X (a1, as,a3) and the standard action on D2, Alternatively, W
is the mapping cylinder of the fibration of X (a1,a»,a3) over S2. This space is an
orbifold and has three singular points. Neighborhoods of these singular points are
diffeomorphic to cones on the lens spaces L(a;, Bi). Therefore, removing neighbor-
hoods of the orbifold points produces a cobordism Wy from the union of three lens
spaces L(a;i, i) to X(ay,as,as). We will denote the union of the lens spaces by Y.

The fundamental group of Wy is equal to w1(X(a1,az2,a3))/{h) and the inclusion
of X(ay,as,a3) in Wy induces the quotient map at the level of fundamental groups.
Moreover, the induced map from the fundamental group of L(a;, B;) to the group
m1(X(ay,az,as))/{h) maps the standard generator of wy(L(a;, B;)) to x;. The de-
scription of the fundamental group implies that the first homology of Wy is trivial. We
also have the short exact sequence

0— H>(Wy, Wy, Z) =7 —> H*(Wy,Z) = 7 — H*(3Wy.,Z) = Z/aZ — 0,

where the map ¢ is multiplication by a. The self-intersection pairing, defined on the
image of ¢, maps a generator of im(:) to —a. In particular, b+ (W) is equal to 0.

The space L := X(ay,az,as) % D? defines an orbifold S'-bundle on W. In particular,
the restriction of L to Wy, denoted by L, is a smooth S 1_pundle. The first Chern class
of Ly is a generator of H?(Wy,Z). The restriction of this Chern class to L(a;, Bi)
is equal to B; times the standard generator of H?(L(a;,Bi).Z). In particular, for
any complex line bundle on dWj, there is a k such that the restriction of ng to the
boundary is isomorphic to the given line bundle.
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The rational cohomology class induced by ¢1(Lg) can be lifted to H?(Wy, dWy, Q).
In particular, ¢1(Lg)? is well defined and is equal to —1/a. For our purposes, we also
fix a connection By on Lo whose restriction to a neighborhood of dWj is the pullback
of a flat connection on dWj. In particular, we can assume that the restriction of this
connection in a regular neighborhood of X (ay, as,as) is the trivial connection.

Suppose « is a flat SU(N )—connection on X (a1, as, a3) whose holonomy around the
fiber is central. Then « can be extended as a flat PU(N)—connection 4 to Wy. The
holonomy of « induces a conjugacy class r; in PU(/N) corresponding to the loop x; .
The class r; has order a; and determines a flat PU(N )—connection on 71 (L(a;, Bi))
which matches the restriction of A to L(a;, ;). This connection will be also denoted
by r;. As it was pointed in [24], the connection A can be used to compute some of the
gauge-theoretical invariants of «:

Proposition 3.38 Let a and A be given as above. Then p,q(y) 1s equal to

3
(3.39) (T + 1=N?) 4+ paacry (L @i Bi)).
i=1
where Ty, is the number of trivial summands in the irreducible decomposition of the
representation associated to ad,, .

Using the calculations of [2] for lens spaces, (3.39) allows us to compute the p—invariant
of any connection as above.

Proof According to [2],

3
Padie) — Y Padryp(L(@i. i) = (N> = D)o (Wo) — o4 (Wo).
i=1
where o4(Wp) denotes the signature of the twisted cohomology group H?(Wp;ad(A))
determined by the flat PU(N )—connection ad(A4). This twisted cohomology group can
be decomposed according to the irreducible decomposition of A (or equivalently «).
The argument of [24, Lemma 2.6] shows that the contribution of the nontrivial sum-
mands is equal to 0. On the other hand, each trivial summand contributes —1 to the
sum, because o (Wp) = —1. a

The underlying PU(N )-bundle of the connection A on Wy can be lifted to a U(N)—
bundle E. There are also nonnegative integers k1, ...,k such that the restriction of
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the connection
(3.40) BN g...@ BEY

to Y, the union of the three lens spaces, is equal to the restriction of A to Y. In
particular, L’él D---P Lg” , the underlying U(N )-bundle of (3.40), has the same
restriction as E on Y. Therefore, the determinant of L’gl SRR LgN is equal to
det(E) ® Lgk for an appropriate integer k. After replacing k1 with k1 + ak, the new
bundle ngl DD LISN has the same determinant as £ and the connection in (3.40)
and A give rise to the same connection after restriction to Y.

Since A and the connection in (3.40) agree on boundary components except on
3 (ay,az,as), where A gives the connection o and By restricts to the trivial connection,
we can conclude that

(3.41) CS(a) = E(BX @@ BEY) —£(4)
1
=—3x sz(ki —kj)?er(L)?
1 (ki —k;)?
T 2N lg]: a '

Therefore, this gives us a strategy to compute the Chern—Simons functional of the flat
connection «.

Now we focus on N = 3 and the Brieskorn homology sphere X (2, 3,23). Suppose o
is an irreducible connection on X (2, 3,23). The irreducibility assumption implies that
the holonomy of « along the generic fiber of the Seifert fibration is central. In fact, this
central element is equal to the identity [4]. It is also shown in [4] that there are 44 such
irreducible representations which are nondegenerate. One can use the method of [4] to
find the conjugacy classes of holonomies corresponding to the elements x1, x» and x3
of 71(X(2,3,23)). Any irreducible flat connection on (2, 3, 23) is characterized by
its holonomies along x3. The possible conjugacy classes for x3 are listed in Table 4. On
the other hand, the holonomies along x; and x, are conjugate to the diagonal matrices
Diag(1, —1,—1) and Diag(1, ¢, £2), where ¢ = 27#/3 Knowledge of these conjugacy
classes allows us to apply Proposition 3.38 and (3.41) to compute the p—invariants,
the Chern—Simons functional and hence the degrees of irreducible flat connections
on X(2,3,23):
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Proposition 3.42 There are ten irreducible flat connections of degree 0, five irre-
ducible flat connections of degree 2, nine irreducible flat connections of degree 4, five
irreducible flat connections of degree 6, nine irreducible flat connections of degree 8
and six irreducible flat connections of degree 10. There are not any irreducible flat
connections of odd degree. The Chern—Simons functional and the p—invariants of these
irreducible flat connections can be found in Table 4.

Any reducible flat connection on X (2, 3, 23) is either trivial or SU(2)-reducible, be-
cause this 3—-manifold is an integral homology sphere. In particular, nontrivial reducible
SU(3)—connections on X(2, 3,23) can be regarded as irreducible SU(2)—connections.
The results and the methods of [24] can be utilized to study such connections. The
holonomy of any nontrivial flat SU(2)—connection along the fiber of the Seifert fibration
is the central element —id. The holonomies of this connection along x; and x, are
respectively conjugate to Diag(i , —i ) and Diag(e™/3,e=7/3) Asin the SU(3)—case,
an irreducible flat SU(2)—connection on X (2, 3,23) is determined by the conjugacy
class of its holonomy along x3. The eigenvalues of the holonomy term along x3 are
equal to e2mik/23 and e27ik/23 for 2 <k < 9:

Proposition 3.43 [24] There are eight irreducible SU(2)—connections on %(2,3,23).
For each degree 2i + 1 € Z./8Z, there are exactly two such irreducible connections
and there is no irreducible connection of even degree.

Proposition 3.38 and (3.41) give a strategy to compute the Chern—Simons functional
and the p-invariants of irreducible SU(2)—connections. These computations can be
used to verify the second part of the above proposition.

We also need to compute the degrees of flat SU(2)—connections when they are regarded
as SU(3)—connections. To distinguish between these connections, we will write & for
the SU(3)—connection associated to an SU(2)—connection «. The values of the Chern—
Simons functional of « and & are equal to each other. However, the p—invariants
of these two connections are different because ad, and adz define two different
representations of the fundamental group. We cannot use Proposition 3.38 to compute
the p—invariant of & because this connection does not extend to the cobordism W.
In [6], cut-and-paste methods have been utilized to compute the difference paq; — Pad,
for flat SU(2)—connections on a family of homology spheres which includes (2, 3, 23).
In particular, the following proposition can be extracted from [6]. The claim in it about
the nondegeneracy of reducible flat connections on X (2, 3, 23) is also proved in [6].
For more details about reducible flat SU(3)—connections on X (2, 3,23) see Table 5.
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Proposition 3.44 The eight nontrivial reducible flat connections on (2, 3,23) are
nondegenerate. The SU(3)—degrees of these connections are given as follows: there is
one connection of degree 1, one connection of degree 3, one connection of degree 5,
two connections of degree 7, two connections of degree 9 and one connection of
degree 11.

Define I2 (X (2, 3,23)) to be the complex vector space generated by the irreducible flat
connections on X (2, 3,23). The significance of this vector space for us is a gluing
theorem for the 4-manifolds which split along a copy of X(2,3,23). The proof of
the following theorem will be given in Section 6.1. This theorem is analogous to
Proposition 3.10 and implies that I2 (X2 (2, 3, 23)) plays a role similar to instanton Floer
homology of admissible pairs. Motivated by this, we call I2(XZ(2, 3, 23)) instanton
Floer homology of X (2, 3,23).

Proposition 3.45 Let X; and X, be two 4—manifolds such that b* (X1), b (X5)>1,
0X1 = X(2,3,23) and 0X, = X(2,3,23). Let w; be a closed 2—cycle in X; and
zi € A(X;)®2. Assume that

deg(zy) = —4w% —4(x(x1)+o0(X1))+4 mod12.
Then there are
D}, w, (21) €13(2(2.3,23)) and D3>"*(z2): I3(2(2.3,23)) - C
such that
D}>™"(z2) 0 Dy, v, (1) = D§1#2(2,3,23>X2,w1u:1)2 (21 22).
Moreover, sz’wz (z2) is nonzero only on the terms of degree

4w} + 4(x(X2) + 0(X2)) — 4 + deg(z2).

4 Computing polynomial invariants

In this section, which is the heart of this paper, we first compute the U(3)—polynomial
invariants of E(n). The rank 2 invariants of elliptic surfaces were partially computed
in [30; 32; 31] using algebrogeometric techniques. Complete calculations of the U(2)-
polynomial invariants of elliptic surfaces are given in [53; 25; 63]. In [25] and [63],
Gompf decomposition of elliptic surfaces plays a key role in computing the invariants.

Geometry & Topology, Volume 24 (2020)



98 Aliakbar Daemi and Yi Xie

In the introduction, we also recalled a construction of elliptic surfaces which give rise
to a decomposition of E(n) into fiber sum of n copies of E(1). This decomposition
of elliptic surfaces can be also exploited to compute some of the U(2)—polynomial
invariants [69; 18].

Our method for computing the U(3)—invariants of elliptic surfaces uses the Gompf
decomposition, the fiber-sum decomposition and the rich group of the symmetries of
elliptic surfaces. In Section 4.1, we first review the Gompf decomposition of elliptic
surfaces. Then we show how symmetries of elliptic surfaces give constraints on the struc-
ture of their U(3)—invariants. Among the elliptic surfaces E(n), the K3 surface E(2)
is special because it has a larger symmetry group, which gives more restrictions
on the invariants of this 4—manifold. In particular, most of the U(3)-invariants of
this 4—manifold are computed in Section 4.2 using identities (Cy), (C2) and (C3)
of Section 2.4. In the same subsection, we extend this computation to all U(3)—invariants
of E(2) using the blowup formula, and then we explain what can be said about the
invariants of the other surfaces E(n) using the same techniques. In Section 4.3, we
complete the computation of the invariants of E(3) using the universal formulas of
Proposition 2.21 about (—3)-spheres.

Finally, we consider the general case of elliptic surfaces E(n) with n > 4. The key
ingredient here is Proposition 3.45 about the Floer homology of X (2,3,23). This
together with Gompf decomposition allows us to compute all invariants of E(n) by
induction on n. The calculations of the invariants of E(2) and E(3) in the previous
subsections serve as the basis of the induction. In the last subsection of this section, we
also give a general gluing theorem for fiber sums. Similar results for U(2)—invariants
are proved in [71]. The proof of the rank 3 case follows the same strategy as in [71].

In the next two sections of the paper, we mainly focus on polynomial invariants and
instanton Floer homology in the case N = 3. Therefore, we shall drop 3 from our

notation I3, D}3( et cetera, when it does not create any confusion. Because we are

,W ’
working with an odd value of N, there is not any sign ambiguity in the definition of
B(W,w,z), D)3( w (2), et cetera and we do not need to fix a homology orientation for

the underlying 4-manifold.

4.1 Structure of the invariants of E(n)

A construction of the elliptic surface E(n) was reviewed in the introduction. The
simplest 4-manifold in this family, £(1), can be also constructed by blowing up the
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projective plane CP? at the nine intersection points of two generic cubics. The pencil
of cubics generated by the two cubics determines an elliptic fibration of £(1). The nine
exceptional divisors give rise to sections of this elliptic fibration, which are embedded
spheres with self-intersection —1. The manifold E(n) is the fiber sum of n copies
of E(1) along the fibers of the elliptic fibration. The fibration of E(1) induces an
elliptic fibration for E(n), and we will write f for a regular fiber of this fibration.
By taking the connected sums of the exceptional sections of E(1), we can form nine
disjoint embedded spheres in E(n). These are sections of the elliptic fibration of E(n)
and have self-intersection —n. We fix one of these sections and we will denote it by o.
When it does not cause any confusion, we will use the same notation to denote the
homology and the cohomology classes associated to f and o.

We can assume that there is a cusp fiber in the elliptic fibration of E(1) by choosing
appropriate cubics. This gives a cusp fiber fy in the fibration of E(n). A regular
neighborhood of ¢ U fy is a 4-manifold with boundary (2,3, 6n — 1), which is
called the Gompf nucleus and is denoted by G(n) [39]. The intersection form of G(n)

is given by
0 1
)

The complement of G(n) in E(n), denoted by B(2, 3, 6n — 1), is a Milnor fiber and
its intersection form is given by

@.1) n(—Eg) ®2(n—1) [(1) _ﬂ .

Here each —FEg summand has a basis of embedded spheres with self-intersection —2
which intersect each other according to —Eg. The i summand of the second type
in (4.1) has a basis of an embedded torus g; with self-intersection 0 and an embedded
(—2)-sphere 7;, where g; and 7; intersect each other positively at one point [40].

The 4-manifold E(2), which is a K3 surface, plays a special role in this family. For
example, E(2) enjoys a rich group of symmetries. As a manifestation of this fact, we
have the following proposition:

Lemma 4.2 Suppose that e and e’ are two nonzero elements of H>(E(2), Z) with
eUe = ¢ Ue' mod3. Then there is an orientation-preserving diffeomorphism ®
of E(2) such that ®*(e) = ¢’ mod 3. In particular, the action of Diff(E(2)) on
H?(E(2),7/37) has four orbits.
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Proof Let e1,ex € H?(E(2),Z) be chosen such that e; Ue; is zero when i = j,
and is equal to 1 when i # j. Because the action of Diff(£(2)) on the primitive
cohomology classes of a fixed self-intersection is transitive, there is an element W
of Diff(E(2)) such that ¥*(e) = m(ey +ney) for m,n € Z. Therefore ¥*(e) mod 3
is equal to one of the following elements:

4.3) 0, e1, er1—ez, e1+en.

The nonzero classes in (4.3) can be distinguished from each other by their self-
intersection. Thus, there is a W’ € Diff(E£(2)) such that ¥*(e) = ¥'*(¢’) mod 3. O

For 1 <i < 3, suppose w; is the 2—cycle in E(2) given by 0 — (i — 1) f. Then
wl2 =1 mod 3. Therefore, these 2—cycles and the empty cycle give representatives for
the orbits of the action of Diff(E(2)) on H?(E(2),7Z/3Z). Alternatively, let w, be
the union of i elements of the nine disjoint spheres of self-intersection —2 in E(2)
that were constructed above. If i is a positive integer and i = j mod 3 with 1 < j <3,

then define w; := w; and w; := wJ’.. We also define wg and wy, to be the empty cycles.

The group of diffeomorphisms of E(n) for n > 3 is more constrained than that
of E(2). For example, any diffeomorphism of E(n) maps the homology class f
to &+ f'. Therefore, we cannot expect that the analogue of Lemma 4.2 holds for an
arbitrary n. However, E(n) still has a big diffeomorphism group and we can prove
the following weakened version of Lemma 4.2:

Lemma 4.4 Suppose that the integers n > 3 and 1 < i < 3 are given and that
u e H*>(B(2,3,6n —1),Z) satistying u Uu = i mod 3 is fixed. Suppose also that
ec H?(E(n),Z) is such that e U f =0 mod 3 and e Ue =i mod 3. Then there is
an element © of Diff(E(n)) such that

4.5) ®*(e)=kf +u mod3 or ®*(e) =kf mod 3,
where k = 0 or 1. Moreover, the map on H?(G(n),Z) induced by ® is +id. In
particular, the action of Diff(E(n)) on (f)+ in H?(E(n),Z/3Z) has eight orbits.

In the statement of Lemma 4.4 we regard u as an element of H?(E(n),Z) using the
inclusion of B(2,3,6n — 1) in E(n). Note also that the second case in (4.5) holds
only if i = 3.
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Proof The element e can be written as the sum
rf +so+v,

where v € H?(B(2,3,6n—1),Z) C H>(E(n),Z). Because e U f = 0 mod 3, we
know s is divisible by 3. There is also a diffeomorphism of E(n) that maps f to — f
and o to —o [39, Lemma 3.7]. After applying this diffeomorphism if it is necessary,
we can assume e = kf + v mod 3 with k = 0 or 1. Suppose SO(H?(E(n),Z))
denotes an element of the special orthogonal group of the lattice H?(E(n),Z) with
respect to the intersection bilinear form. According to [41, Proposition 3.3], there is a
spinor norm one element of SO(H?(E(n), 7)) that fixes f and ¢ and maps v to an
element of the form m(t; +ngy). This element can be realized by a diffeomorphism
of E(n) [32, Section 6.2]. This can be used to verify the claim as in Lemma 4.2. O

The eight orbits in Lemma 4.4 can be represented by
wio=kf and wir;=kf+u—-(010-Dg

for k =0,1 and [ = 1,2, 3. Alternatively, we can use w}cl =kf+tu+---+71.
If [ is a positive integer and / = j mod 3 with 1 < j <3, then let wg; = wy ; and
Wy = Wi -

Consider the U(3)—polynomial invariant D3 (F(z) (3)) for the homology classes

I' and A. This polynomial is invariant w?t%)rewspect to the action of the diffeomor-
phism group of E(n) on (w, ', A). Therefore, we can use Lemmas 4.2 and 4.4 to
focus on a smaller subset of possible values for w. Since changing w mod 3 would
not change the polynomial invariant and H 2(E(n),Z/37) is finite, the polynomial

E ).w (F(z) (3)) is invariant with respect to the action of a finite-index subgroup
of Diff(E(n)) on (I', A). This action of the diffeomorphism group factors through
the action of the algebraic group O(Hz(E (n))). Here the orthogonal group is defined
using the intersection form on the complex vector space H,(E(n)). Suppose also
that SO(HZ(E(n)); f) is the subgroup of O(H2 (E(n))) consisting of the orthogonal
transformations that map f € H,(E(n)) to itself and have determinant 1. As another
manifestation of the big diffeomorphism group of E(n), it is shown in [32, Section 6.2]
that the image of any finite-index subgroup of Diff(E(n)) in O(H2(E(n))) con-
tains an algebraically dense subgroup of SO(HZ (E)); f ) Therefore, the polyno-
mial DE(n) » (Féz)Aé)) is invariant with respect to the action of SO(Hz(E(n)); f)
on (I, A). In the case that n = 2, one can even replace SO(HZ(E(n)); f) with
SO(H2(E(n))).
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Lemma 4.6 Suppose (V, Q) is a pair of a complex vector space of dimension greater
than 2 and a quadratic form. Suppose also 11 and 1, are two vectors orthogonal to
each other such that Q(t1) and Q(tp) are nonzero. Suppose P: V &V — C isa
bihomogeneous polynomial of bidegree (d1, d3) that is invariant with respect to the
diagonal action of SO(V) on V @& V. Then P is determined by its value on Wy @ W1y,
where Wy is the span of t, and W} is the span of Ty and t,. Moreover, P has the form

Px.y)= Y ¢ k0 Q(x.»)/0(»F

i,j,k>0
2i+j=d;
Jj+2k=d>

for appropriate constants ¢; j € C.

In our application, V' will be H»(E(2)), and 71 and 7, will be two disjoint embedded
spheres in E(2).

Proof Suppose (o, ) € V & V is such that Q(«) # 0. Then the vector 8 can be
written as the sum fBo + B1 where B¢ is a multiple of «, and B is orthogonal to «.
We also assume that Q(B1) # 0. It is straightforward to find an element of SO(V)
which maps (e, ) to an element of the form Wy @& W;. The set of vectors («, B) as
above is also dense in V @ V. Therefore, P is determined by its values on Wy & W;.

By evaluating P on elements of Wy @ Wp, we have

P(Aty, p1t1 + pot2) = Zma,b,ckalilf/ig-

There is an element of SO(V') which maps t; to itself (respectively, —z;1) and 3
to —13 (respectively, itself). Therefore, m, p . is nonzero only if @ + b and c are even.
This implies that there are constants ¢; ;x such that

Px.y)= Y ¢ kQ®) 0.y 00"
2i+j=d,
j+2k=d,
for (x,y) € Wy & Wy, where j and k are nonnegative integers. This implies the
second part of the lemma because each side of the above equality is invariant with
respect to the action of SO(V). Arguing as in [32, Chapter 6, Lemma 2.2], we can

also assume that i only takes nonnegative integers. a

Lemma 4.7 Suppose that (V, Q) is a pair of a complex vector space of dimension
greater than 3 and a quadratic form. Fix a vector f € V with Q(f) = 0, and
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let the vectors k and t be chosen such that Q(k, f) and Q(t) are nonzero, and
Q(t,k)=Q(z, f)=0. Suppose also P: V&V — C is a polynomial that is invariant
with respect to the diagonal action of SO(V'; ). Then P(x, y) is determined by its
values on Wy @ Wy, where Wy is the span of the vectors f and k, and Wy is the span
of f,k and .

In our application, V, f, k and t will be H2(E(n)), f, o and an embedded sphere
in B(2,3,6n — 1), respectively.

Proof The proof is similar to that of the first part of Lemma 4.6. For a given («, ) €
V @V, assume Q(w, f) # 0. Then the vector B can be uniquely written as B¢ + B1
where Bo € Span( f,«), and B is orthogonal to Span( f, ®). As another assumption,
we require that Q(81) # 0. These assumptions hold for a dense subset of V & V. It can
be easily checked that there is an element of SO(V'; k) which maps («, 8) to Wo @ W.
Therefore, P|w,@w, determines P on V @ V. |

4.2 Invariants of E(2)

In this section, we study the U(3)—polynomial invariants of E£(2) and a 2—cycle w.
Lemma 4.4 shows that we can assume that the 2—cycle w is either empty or w; for
some 1 <i < 3. Equivalently, we can replace w; with wl/ Throughout this subsection,
we will follow the same notation as in the previous part to denote the surfaces o, t;
and g; embedded in E(2).

Proposition 4.8 The invariant Dg () ., satisfies the identities

4.9)  Dg@yw ((392)'2) =Dg@)w,,, (2) and Dge)u,(azz) =0
for z € A(E(2))®2. In particular, for 1 <i <3, E(2) has w;—simple type and
ﬁE(Z),wi (eP'@+A®) s independent of the choice of i .

Proof Suppose N(f) is a neighborhood of a regular fiber and X is the complement
of N(f). We also identify the boundary of X with Y; = S! x f. The 4-manifold X
contains a copy of B(2,3, 11). Therefore, we can find two disjoint embedded spheres
71 and 1, of self-intersection —2 in X. Let S be the subspace of H,(X) spanned
by the vectors 77 and 15, and A(S) be the subalgebra Sym™ (Hy(X) & S) of A(X).
Then w; can be decomposed as w # w’, where w (respectively, w’) is a 2—cycle in X
(respectively, N(f)), and w and w’ intersect Y7 in y := S x {pt}. For z € A(S5)®2,
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Proposition 3.24, with the aid of the functoriality properties discussed in Section 3.1,
implies that

D@y (@)akz) = DV (1) o L(¥; x [0, 1],y x [0, 1], afa¥) o Dy, (2)
=370 DV (1) o Ly(Y; x [0, 1], x [0, 1] — j /. 1) 0 Dx 4 (2)
=30 DE).u,—ir (2.

This verifies (4.9) for the case z € A(S)®?. Using Lemma 4.6, the same claim holds
for general z, and as a result D EQ).w; (eT@TA®) is equal to

DE@).w; (efotro) 4 DE@)w, (eF@otro) 4 DE @) .ws (eF@the),
In particular, b) EQ2),w; (e’'@*TA®) does not depend on i . a

A similar argument, using Lemma 4.7 instead of Lemma 4.6, proves the following
analogous statement for E(n):

Proposition 4.10 The polynomial invariants D (), , for 1 <1 < 3 satisfy the
identities

@1)  Dewuy,((302)'2) =DE@uy,q,; () and  DEayu, ,(a3z) =0

for z € A(E(n))®2. In particular, for 1 <[ <3, E(n) has wy j—simple type and
D E(n),wis (er<2)+A(3)) is independent of the choice of [ .

Proposition 4.12 For 1 <i <3, we have

(4.13) D2y, (7@ HA®) = e32(M-0(A)

The two sides of (4.13) are power series in ¢, and 3 where the coefficients of tét3j

are bihomogeneous polynomials on Hy(E(2)) & H>(E(2)) of degree (i, j). Identity
(4.18) means for each choice of (7, j) these coefficients are equal to each other.

Proof Using Lemma 4.6, we can find a power series g(r, s,t) € C[[r, s, ] such that
DE@)w, (@ HA®) e 22M+2A) — ¢(o(T'), O(I. A). O(A)).

The constant term of g is equal to 1 [52]. Lemma 4.6 also implies that it suffices to
show that g(Q(T"), Q(T', A), Q(A)) is equal to 1 for homology classes I' and A and
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2—cycles w; which are orthogonal to an embedded (—2)—sphere 7. For such choices
of I and A, we have

ﬁE(z),w,- (er(z>+€f(2)+1\(3)) .e—%Q(F)+€2+Q(A) =g(0() — 22, O(T, A), O(A)).

By taking the second derivatives of the above expression with respect to €, evaluating €
at 0 and using (C;) of Section 2.4, we obtain

0
—g(r, s,t)=0.
ar

Similarly, identities (C) and (C3) imply

0%g

4—( st)——ag(rst)—O and 2 ’
; —
arz> ar

I°g
dsar
Therefore, g is equal to the constant power series 1. a

0
(r,s,t)+ —g(r,s,t) =0.
as

Suppose X is the blowup of E(2) and w is the 2—cycle f in X. If E is the exceptional

sphere in X, then Theorem 2.27 can be used to compute the invariants of (X, w):
1

f)X,w fothe) = %efg(r)_Q(A)(cosh(«/gE .T) +2cos(+/3E - A)).

The homology class o + E can be represented by an embedded (—3)-sphere ¢’ in X.
Fix I', A € H»(X) which are orthogonal to ¢’. Then the above formula can be used
to show

(4.14) Dy ((—%aé3) — %0‘8) —ay)el@TA®)
= C%Q(F)_Q(A) (—«/gsin(«/gE -A)+ cos(«/gE -A)— cosh(\/gE ).

By another application of Theorem 2.27 and Remark 2.32, ﬁX,w_G/(eF@)JFAO)) is
equal to

4.15) %e%Q(F)_Q(A)(cosh(\@E -T)—cos(V3E - A) + /3sin(v3E - A)).

Using Proposition 2.21 and comparing these two identities, we can find the undetermined
constant ¢ in Proposition 2.21:

Proposition 4.16 The constant c is equal to —3.
Now we are ready to complete the computation of the invariants of E(2):

Theorem 4.17 Suppose w is a 2—cycle in E(2). Then E(2) has w—simple type and
the U(3)—series of E(2) is given by the formula

4.18) DEywE@th®) = e32(M-0(A)
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Proof In light of Lemma 4.2 and Proposition 4.12, it suffices to consider only the empty
2-cycle wg. Let o’ be the embedded (—3)—sphere in E(2) #CP? constructed above.
Consider the 2—cycle w’ := o of E(2)#CP? and the element z := (02) — 2E(2))22/
of A(EQ2)#CP?)®2, where z' € A((0)1)®2NA(E(2))®2. By Proposition 2.22, the
following invariant of E(2)#CP? is equal to 4D E@).wo(Z):

(4.19) DE(Z)#@Z,w’—U’((O(Z) - 2E(2))22/)'

Moreover, the first identity of Proposition 2.21 can be used to show (4.19) is equal
t0 D (2)4ep2,,(2") for an appropriate choice of z” € A(E(2)#CP?)®2 . Replacing w’
with w” := o + 11 + g1 shows that

4DE@),7 44 (z') = DE(Z)#@2,U)”(2//)‘

Since w’ - w’ = w” - w” mod 3, the left-hand side of the above identity is equal
to D E(2)#@2,w’(zl ") by the blowup formula. Therefore, we can deduce that

(4.20) Dg2),wo(Z) =DE@),01+¢1 (2)

for z/ € A({(o)+)®2. As a consequence of Lemma 4.6, Identity (4.20) holds for any
choice of z’. In particular, E(2) has simple type with respect to wgo and (4.18) holds
for this choice of w. O

Proposition 4.21 Suppose that I', A € H>(B(2,3,6n — 1)) C H»(E(n)) and that
I'', A" € Hy(G(n)) C Hy(E(n)). Then

4.22) Dginyw,, T H@TA+A6)

— e%Q(r)_Q(A) ]5E(n),wk,3 (e(r‘/)(z)-i-(l\/)(_g)).

Proof The group of orthogonal transformations SO(HZ(B (2,3,6n—1)), Q) , regarded
as a subgroup of SO(Hz(E(n))) , acts as the identity on the series ﬁE(n),w (ef@tA@).
This fact can be combined with the argument of Proposition 4.12 to verify (4.22)
for 1 <[ < 3. To finish the proof, it suffices to show that ﬁE(n),wk!O (ef@tAm) is
equal to D E(n).wi 3 (eF'@*A®) . This also can be achieved with the method of the
proof of Theorem 4.17. a

By Proposition 4.10, we already know that E(n) has wy ;j—simple type for 1 </ < 3.
The above proof can be used to show that E(n) has wy o—simple type, too.
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4.3 Invariants of E(3)

In this section, we study the U(3)—polynomial invariants of £(3) up to a constant and
a sign ambiguity. The following is Theorem 2 from the introduction:

Theorem 4.23 The 4-manifold E(3) has simple type. There are also real numbers
hy and hy such that for any 2—cycle w in E(3) and T', A € H>(E(3)), the series
ﬁE(3),w (eT@TA®) js equal to

e22(M—-0(A) (h1cosh(V/3 f - T) —2hs cos(—2mw- f + V31 - A)).
Furthermore, h1 + ho = £ 1 for an appropriate choice of the sign.
In a work in progress, we show that 1 = % and A, = % However, we do not need the

exact values of these constants in this paper. Later, we only use the fact that ; and 75
are nonzero. To abbreviate our notation, define

(4.24) G(I, A, j):= hy cosh(v/3 f -T) —2hy cos(—2mj + V31 - A).

Proposition 4.25 Suppose w is a 2—cycle in E(3) with w- f % 0 mod 3. Then

(4.26) DE(3),w((%a2)Jz) = DE(3)’w_jf(z) and Dg@3yw(asz) =0

for z € A(E(3))®2. In particular, E(3) has w—simple type. Furthermore, there is a
power series g € Q[[t2, t3]] such that for I', A € H>(E(3)),

ﬁE(3),w (efotho) = e%Q(F)—Q(A)g(F “fiA-f)
when w- f =1 mod 3, and
Dp3)u (@A) =20 CW (1. f—A- f)
when w - f =2 mod 3. Furthermore, g is even with respect to the variable t, and its

constant term is equal to £1.

Proof The 4-manifold E(3) is given as the fiber sum E(2) #¢ E(1). In this proof,
let 0, denote a section of the elliptic fibration of E(n), which is a sphere of self-
intersection —n. We can assume that o3 = 0, # 01 . Firstly, consider the case w- f =
1 mod 3. Arguing as in Lemma 4.4, we can assume that w = w; #07, where w; is a
2-cycle in E(2) with wy - f = 1. Suppose I'p and A are two elements of H,(E(2))
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such that T'g- f = Ag- f = 1. Then Proposition 3.35 for X; = E(2), X» = E(1) and
X3 = X4 = S? x f implies that

p(t2,13) Z DE(2)#fE(1),w+jf(e(FO#Ul)(2)+(AO#01)(3))

s (To)2)+(Ao)
=q(t2,13) Z DE(Z)#fSZXf,wz-}-jf(e 0)(2) 03,
0<j=<2
where
pliz,13) = Z DS2Xf,S2)<{pt}+jf(eA(2)+A(3))
0<j=<2
and

q(12.13) = Z DE (1), 4 (V@O
0</<2

Note that 57 (S2 x ) =b+(E(1)) = 1 and we use the invariants with respect to the
metrics that have long necks along f in the above identities. The power series p (2, t3)
is invertible, because p(0,0) = 1. Therefore, we can conclude there is a power
series g(t2,t3) such that

1 —
4.27) Y Dp@us e @FA0) = e220"CWe (s, 1)
0<j=<2

with I' =Tg#01 and A = Ag#0; for I'g and Ay given as above. Then Lemma 4.7 im-
plies that (4.27) holds for arbitrary T and A with I'- f = A- f = 1. By Proposition 4.8,
we can use a similar argument as above to show

3" De)wtjr(Plaz.az)et@+8@) = p(3,00e22M~2W g (15 13).
0=<j=<2
In particular, this shows that

)jesF(2)+tA(3)) F(2)+A(3>)’

=DE@)w-jrle
SF(2)+ZA(3)) —0.

De@)w (342
DEg3),w(asze

The power series g is even with respect to t,, because D(el'@TA®) is even with
respect to . A similar application of Proposition 3.35 for X; = X, = E(1) and
X3 = X4 =82 x f shows that

2 2
e 225 p(1,13) = q (12, 13)%.
The constant term of the above equality and the identity p(0,0) = 1 shows that

the constant term of g is equal to 1. This fact completes the proof for the case
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that w- f = 1 mod 3. Using a diffeomorphism of E(3) which maps f to —f, we
can also treat the case that w- f =2 mod 3. a

To determine the power series g, let 0 and o’ be two disjoint sections of the elliptic
fibration of E(3). Let also w be chosen such that w- f =1 and w-o = 2. Then

ﬁE(3) w(e(s0+s’0’)(2)+(ra+r’a/)(3))

= BRI (5 45tz (r 4+ )13).
By differentiating with respect to s and r, we can conclude that
di d’

_ 2422 2.2
T e 357 /2H357 o (s + 1o, (r + 1)13),
s=t=0

ﬁE(S),w (0(1'2)0(]3)2) =h

I [~ 2.2 2.2 . . s
where z = ¢* “@ 17 9G) and h = ¢35 /2431357 By applying these identities to the

second formula in Proposition 2.21, we can conclude
4.28) —383+ 5802 — 38 =go°T,

where go» means the second derivative of the power series g(¢2,t3) with respect to #5,
and so on. Moreover, T maps (¢2,%3) to (—t2, —t3). We can use (4.28) to derive the
identity

(4.29) 1(got)3+3(gor)n—Ligor=g¢g.

Replacing g ot in (4.29) with the left-hand side of (4.28) gives rise to the following
PDE for g:

(4.30) 82222 — 833 — 2822 — 38 =0.

Next, let w’ be a 2—cycle with w’- f =1 and w’-o = 0 and consider
ﬁE(3) w/(e(sa+s’cr’)(2)+(rU+r’U’)(3))

instead. With the same argument, the last part of Proposition 2.21 implies that

(4.31) 82222 — 6822 +3g33+9¢ =0 and g2223—6g23 =0.

We can combine (4.30) and the first equation in (4.31) to come up with the following
simpler PDE:

4.32) g33— 822 +3g=0.
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The second PDE in (4.31) and the fact that g is even with respect to the variable 7,
imply that gg; = p(t) cosh(+/6s). The equations (4.30) and (4.32) can be used to write
two linear ordinary differential equations for p. It is straightforward to check that the
only solution of these ODEs is p(¢) = 0. Therefore, the power series g has the form
q1(t) + g2 (s). Equation (4.32) can be used to find differential equations for ¢; and ¢, .
By solving these ODEs and using the fact that g is even with respect to #,, we can
conclude

(4.33) g(t2.13) = a cosh(~/312) + b cos(+/313) + ¢ sin(+/313).

If g(0,0) = 1, then the initial value and (4.28) imply the following constraints on a, b
and c, which can be used to prove Theorem 4.23 in the case w - f # 0 mod 3:

a+b=1 and a—%b—‘/Tgc= 1.
A similar argument can be used in the case that g(0,0) = —1.

Next, let w - f = 0 mod 3. Using Lemma 4.4 and Proposition 4.10, it suffices to
consider the case that w = wy ; for k =0 or 1. The following proposition computes
the invariants of E(3) for this choice of 2—cycle. In its proof, we use the basis for the
homology of H»(E(3),Z) which is introduced in Section 4.1:

Proposition 4.34 For any (I', A) € Hy(E(3)) & H2(E(3)),

(4.35) DE @), (7@ TA) = e22M-2W G (1, A, 0).

Proof Let o’ be a section of the elliptic fibration of E(3) which is disjoint from o .
Then the homology class of ¢’ is equal to 6 +3f +u, where u € Hy(B(2,3,17), Z) and
U -u = —6. Arguing as in Lemma 4.4, there is a diffeomorphism ® of E(3) that fixes
H>(G(3)) and maps u to a linear combination of g; and t;. Furthermore, ®.(u) =
2g1 — 11 mod 3. In particular, o := ®(0”) is a (—3)—sphere with o - wg ; = 1 mod 3.
Suppose W is the subspace of the elements of H»(E(3)) whose intersection numbers
with « are equal to 0. Using Proposition 2.21, the series D E3),wk (ef@+2®) for
any (I', A) e W @ W, is equal to

(4.36) LDy s +al(—3a) — 30d, —az)et @A),

Since (wg,; +a)- f =1, we can evaluate (4.36) using our current knowledge of the
invariants of E(3). It is straightforward to check that the resulting series is equal to
that in (4.35).
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The homology classes f, k:=0 + % f and 15 satisfy the assumption of Lemma 4.7
for V.= H»(E(3)). Suppose Wy and W) are given as in Lemma 4.7, and U is the
subset of Wy @ W) consisting of the pairs that satisfy (4.35). Then U is a Zariski closed
subset of Wy @ Wj. In order to complete the proof, we shall show that U contains a
Euclidean open set in Wy @ W) and hence U = Wy @ W. Let (I', A) € Wy @ W7 be
given by

I'i=af +bk and A=d f+bk+cr.

Consider the homology classes
Uy = «/LE(” +13) and up:= \/LE(‘L] —13),

which have nonzero intersection with «. There is an element A, g € SO(HZ(E n)); f )
such that

Aro(D):=af + bk +1>f +tuy),
Arg(N):=d' f+b'(k + 1% f +tuy) + ¢’ (cos(0) 12 + sin(O)uz).
If a and a’ are close enough to each other and b, b’ and ¢’ are close enough to 1,

then 7 and 6 can be chosen such that 4; g(I"), A; 9(A) € W. Therefore, U contains
an open subset of Wy & W;. O

4.4 Invariants of E(n)

In this section, we compute the invariants of the elliptic surface E(n). We start with
the simpler case that w - f % 0 mod 3:

Proposition 4.37 Suppose w is a 2—cycle in E(n) with w- f % 0 mod 3. Then E(n)
has w—simple type, and for I', A € H»(E(n)),

D (@FA®) = 3 CDCWGI A w- f)"2

Proof The proof of this proposition is similar to that of Proposition 4.25. Applying
Proposition 3.35 for X; = E(n —2), X2 = E(2) and X3 = X4 = E(1) gives us
enough relations to verify the proposition by induction. a

In the blown-up elliptic surface E(n)# CP2, there is an embedded sphere with self-
intersection —(n + 1), given by tubing a section of the elliptic fibration and the
exceptional sphere in CP2. Therefore, there is a copy of the Gompf nucleus G(n + 1)
in G(n)#CP2. The homology class E 4 f can be realized by an embedded surface E
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in My, := G(n)#CP?\G(n + 1). The surface E determines a generator of Ha(M,).
Similarly, the nucleus G (n + 2) can be embedded in G(n) #2CP2. Therefore, there
are copies of G(4) in the 4-manifolds E(4), E(3)#CP? and E(2) #2CP2. Let
ZoC E(4), Z; C E3)#CP? and Z, C E(2)#2CP? be the complements of G(4)
in these manifolds. Then the boundary of Z; is diffeomorphic to X (2, 3,23). It is
clear from the inductive construction of E(n) that there is an embedding of Z; in
E(n—i)#iCP2 for n > 4. In fact, if W(n) is the fiber sum E(n —4) #r G(4), then
E(n—i)#iCP? is diffeomorphic to Z; #3(2,3,23) W(n).

The 4-manifold Z; gives rise to elements of I.(X(2,3,23)) as it is explained in
Proposition 3.45. Suppose Vp C 1.(X2(2,3,23)) is the vector space generated by
the element Dz, ,,(1) where vg is a 2—cycle in Zy with v% = 0 mod 3. Similarly,
define V; to be the vector space generated by the three elements Dz, ,, (1) where w
is one of the following elements, which satisfy w? = 1 mod 3:

vi=E+11—-¢g1. vi=—E+11-g1, v3i=r11.

Finally, let V> be the subspace of 1.(X(2, 3,23)) which is generated by the elements
of the form Dz, ,, (1) where w? =2 mod 3.

Proposition 4.38 The space V; is a subspace of 14(X(2, 3, 23)). Furthermore, the
dimension of V; is at least %(i +2)i+1).

Proof The first part of the proposition is an immediate consequence of Proposition 3.45.
To show that dim(Vp) = 1, let Dz ,,(1) = 0. By Proposition 3.45, D g (4),y0+wo (2)
vanishes for a 2—cycle wg in G(4) and z € A(G(4))®%. If wg is chosen such
that wo - f # 0 mod 3, then Proposition 4.37 asserts that there is a z such that
DE(4),v0+wo(2) # 0, which is a contradiction.

Next, we consider the case that i = 1. By Proposition 3.45, a linear relation among the
vectors Dz, 4, (1) for 1 </ < 3 implies that there are constant numbers ¢; such that

(4.39) 3" D20y 40 €2 = 0.
1</<3

Here wy is a 2—cycle in G(4) and o is the embedded (—4)-sphere in G(4). We can
use the blowup formula and the results of the previous subsection to evaluate the above
power series and to conclude that

Z ¢1(cosh(v/3ta) 4 ¢~V Twor E g V33 | prtwo)E i ﬁt3) =0.
1<l<3
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Since v; - E = —I mod 3, the constants ¢; are equal to zero. Therefore, dim(}7) = 3.
Similar proofs can be applied to the case that i = 2. a
Theorem 4.40 Suppose w is a 2—cycle in E(n) and I', A € Hy(E(n)). Then
(4.41) DE (. (@ TA®) = e22M=2W G A w- £)2,

Proof Since the dimension of 14(X(2, 3,23)) is equal to 9, Proposition 4.38 implies
that there are vectors ¢; € V; such that

4.42) $o + P1+¢2=0.

We use this identity to verify (4.41) inductively for the remaining invariants of E(n).
Firstly, consider the case that ¢ # 0. Then we can assume that ¢o =Dz, 4,(1). There

are also 2—cycles wy, ..., wy in Z, and constants ¢y, ¢z, €3, ci, el c;c such that
3 k
(4.43) ¢p1=> Dz, (1) and ¢ = ¢jDz,u, (D).
I=1 j=1

Suppose I', A € Hy(W(n)) and w is a 2—cycle in W(n). Then Proposition 3.45 implies
that the U(3)—series ﬁE(n),vo—}-w (ef'@T2®) is equal to

A Toy+A
4.44) _chDE(n—l)#@2,vl+w(e @TEE)

l ;A
- Z ‘jDE(n—z)#2@2,w,- 4w (e

/ = 32M-2MG(T A w- )" A(T, A),

T(2) +A(3))

where the term A(T", A) is a linear combination of the six expressions

cosh(«/gf . 1")2’ cosh(«/gf . F)g-:Fw-fe:I:i«/gf.A’

44
@.45) §:F2w~feiziﬁf-A’ 1.

and the coefficients of this linear combination do not depend on w. To derive (4.44)
we use the factsthat ' E=—T"- f and A-E =—A- f. Inthe case w- f %0 mod 3,
A(T, A) is equal to G(I', A, w - £)? using Proposition 4.37. This identity holds also
in the case that w - f = 0 mod 3, because A(I", A) is a linear combination of the
terms in (4.45) with coefficients which are independent of w. Therefore, for a general
2—cycle w in W(n) and T', A € Hy(W(n)),

DEm.agtu(e?T49) = 2 0O-CWGE A w- £y,
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Then Proposition 4.21 implies ﬁE(n),w (eT2143) equals e%Q(F)_Q(A)G(F, A, w)* 2
for any 2—cycle w in E(n) and I', A € Hy(E(n)).
Next, assume that ¢o = 0. We assume that the nonzero vectors ¢; and ¢, are

given as in (4.43). Fix an arbitrary 2—cycle w in W(n + 1) and homology classes
I', A € Hy(W(n + 1)). Another application of Proposition 3.45 shows that

N T'o)+A
(4.46) Y A Dguepo 0@ @A)
1<l<3
is equal to
N T'oy+A
Z CJ/' DE(n—l)#2@2,w_,-+w (e @TR@).
J
By our inductive calculation of the invariants of E(n), the latter expression is equal to
e22M=2W G A, w- £)"3B(T, A).
Here B(T, A) is a linear combination of the six expressions

cosh(«/gf-l")z, cosh(«/gf-F)Z:Fw'feiiﬁf'A, €_=sz~fej:2i«/§f'1\’ 1.

As in the previous case, the coefficients of this linear combination are determined
by c} and w; . In particular, they do not depend on w. Therefore, we can determine
these coefficients by considering the case that w - f % 0 mod 3, for which we already
computed the invariants. Therefore, B(I", A) is equal to

GT,Aw-f) Z %cl(cosh(«/gE-F) +ewEe V3E-A 4 {w'Ee_iﬁE'A).

1</<3
For an arbitrary 2—cycle w C E(n) #CP? and T, A € E(n) # CP?2, let Py (I',A) be
the power series given by subtracting Dy ('@ +A®) from the power series
e22M=CMG(T, A, w-f)" 2L (cosh(v3E-T) 40 Eel VIEA L —wE—i3EA)

Then we can rephrase our conclusion in the form of the identity

4.47) Y aPusuA)=0

1</<3

where w is a 2—cycle in W(n + 1) and I', A € Ho(W(n + 1)). Suppose pfj,j is the
polynomial on Hy(E(n)#CP2) & H,(E(n)#CP?) of bidegree (i, j) determined by
the coefficient of tété in Py, . Then pi’ can be evaluated at

(Fh..”I};Ai,“.,Aj)
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for T, Ay € Ho(E(n) # CP2). By induction on i + j, we shall show that pfj]j
vanishes for all possible choices of w. By considering the constant terms of (4.47) for
empty w, we have

c1pyy +eapyy +e3pyy =0.
0,0 0,0 . 0,0
The blowup formula asserts that p,;;” = p,,” = 0. Therefore, if ¢3 # 0, then p,;” =0.
Thus Proposition 4.21 and the blowup formula show that p,‘};" = 0 for all 2—cycles w
in E(n)#CP?. If c3 = 0, then by (4.47),
2,0 2,0 -
apy, ©0+Eo+E)tep; (0+Eo+E)=0

and

0,1 0,1 —

c1py, (0 +E)+capy, (0 +E)=0.

The blowup formula asserts that

0,0 0,0 0,0 0,0 __
clpvl_E—l—czpszrE—O and clpvl_E—czpv2+E—0.

0,0 0,0 . .
Consequently, at least one of the numbers Pyi—E and Py,+E 18 Z€1O and we can derive
the same conclusion as in the previous case.

Now assume that the polynomial pfj,j vanishes for i + j < k and any 2—cycle in

E(n)#CP2. Fix (i,j), T1.....T; and Ay,..., A, such that i + j =k + 1 and
fl and A ;» are equal to either o + E or f. Then apply (4.47) to conclude that

(4.48) Z c,pi’/(fl,...,fi;Kl,...,Kj)=O.

1<l<3

The blowup formula and the induction hypothesis imply that every term of the form
0 + E can be replaced with ¢. Thus, if c¢3 # 0,

(4.49) P/ (T, Tii AL ... Aj) =0

for Ty, Ay € Hp(G(n)). Therefore, Proposition 4.21 and the blowup formula allow us
to complete the verification of the induction step. If ¢z = 0, we can use the analogue
of (4.48) for

(U+E,0+E,f],...,f‘i;/’il,...,/’{j) and (f1,...,fj;0+E,Kl,...,/’ij)

and argue as in the basis of the induction. This completes the proof of the theorem. O
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4.5 Gluing 4-manifolds along surfaces of self-intersection zero

In this subsection, we use the calculation of U(3)—polynomial invariants for elliptic
surfaces to study invariants of another family of closed 4-manifolds:

Definition 4.50 Suppose that X is a smooth 4—manifold, X is an oriented surface of
genus g > 1 embedded in X, w is a 2—cycle in X, and # is a subspace of Hy(X).
Then (X, X, w) is permissible with respect to the subspace H if the following hold:

() b'(X)=0and bT(X)> 1.
(i) X£-¥=0.
(ili)) w-X # 0 mod 3.
(iv) Let z € A(H)®?, and let u be the 2—cycle w+[X for [ =0, 1 or 2. Then

(4.51) Dy ((La2)’2) =Dxu(z) and Dy (a3z) =0.

Moreover, there are cohomology classes K; € H?(X,Z) such that K; is an
integral lift of w(7X) and |K; - X| <2g —2, and for I, A € H, the power
series Dy, (eF@1A®) is equal to

(4.52) e%Q(F)—Q(A)ZCl.j;—ln(%m—Kj))e%x,-+Kj).r+§i<Kf—K,-)-A_
i’j
The cohomology class K; is called a basic class of the triple (X, X, w) and ¢;,; is

called the coefficient associated to the pair (K;, K;). In the case that H = H»(X), we
say (X, X, w) is permissible.

Example 4.53 The results of Section 4.2 show that the triple (E(2), f,w) forms a
permissible triple where f is a fiber in an elliptic fibration of E(2) and w is a 2—cycle
such that w - f % 0 mod 3. In this case, the only basic class in (4.52) is the zero
cohomology class. More generally, we can embed a surface of genus g in £(2) whose
self-intersection is equal to 2g — 2. For example, we can construct such an embedded
surface by considering the union of g fibers and a section of the fibration, and then
smoothing out the intersection points. Let ¥ be the proper transform of this surface
after blowing up E(2) at 2g — 2 points on the surface. Let also w be a 2—cycle in
E(2) #(2g — 2)CP? such that w - X # 0 mod 3. Then the blowup formula implies
that (E(2) # (2g —2)CP2, =, w) is a permissible triple. If E, ..., Esg_» are the
exceptional classes, then a basic class of this triple has the form +FEy +---+ Ezg».
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Example 4.54 One can further generalize the previous example by considering a
surface 3 with self-intersection 0 embedded in the 4-manifold E (n)#kCPZ. Let w be
a 2—cyclein X such that w-X %0 mod 3. Then the blowup formula and Theorem 4.40
can be utilized to verify most requirements of Definition 4.50 for permissibility
of (X, X, w). The only missing part is to verify the inequality |K - X| <2g — 2 for
basic classes K of X. To check this inequality, note that our basic classes for (X, X, w)
are the same as U(2)-basic classes for X [53; 25; 63; 54; 26]. Therefore, the desired
inequality is a consequence of the adjunction inequality in [54].

Remark 4.55 Among the conditions in Definition 4.50, (iv) might seem the most
mysterious one. The first part of this condition is a weaker version of the simple
type condition in (1.7). We expect that if X has simple type in the sense of [54]
and (X, w, X) satisfies properties (i), (ii) and (iii) of Definition 4.50, then condition (iv)
automatically holds. In fact, we propose a more general conjecture as Conjecture 7.2 in
Section 7. This conjecture is the U(3) version of Kronheimer and Mrowka’s structure
theorem [54].

Definition 4.56 For g > 1, the set of all integer pairs (a, b) which satisfy the following
two properties is denoted by Cg :

(i) a and b have the same parity.

(ii) |a[+|b] <2¢—-2.
We will write N for the number of the elements of Cg, which is equal to 2g(g—1)+1.

The following proposition can be verified using the permissible triples provided by
Example 4.53:

Proposition 4.57 For any (a,b) € Cg, there are a permissible triple (X, w, X) and
basic classes K; and K of the triple such that X has genus g and

(4.58) a=3(Ki+K;)-T and b=1i(Ki—K)) =

For a permissible triple (X, 3, w), define
DX,w,z(CF(2)+A(3)) - Z DX,w+lz(CF(2)+A(3)).
0<l<2

More generally, Dy 4, 5(z) is defined to be the sum Dy ,4;x(z) for different values
of 0 <[ <2. The dimension formula shows that if all terms in z have a fixed degree,
then only one of the 2—cycles w + [ X is involved in the definition of Dy ,, x(z).
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Lemma 4.59 Suppose (X, w, X) is a permissible triple as above and d, € 7. /37 is
defined to be b* + 1 —w-w. Then DX,w,g((%az)meF@“LAG)) is equal to

3 il (duw=m) 8717 (S QD)+ 521 (Ki =K )-W)+L'1-7 (Q(A)+ P (Ki+K)T)

where the inner sum is over all pairs of basic classes (K;, K;). Moreover, l; j € /37
is equal to (w - Z)(%(K,' — Kj)) - 3.

Proof For a 4-manifold W with simple type, the power series Dy ,, can be recovered
from ﬁX,w in the following way:

D ((Laz)"eT@+A®) — % S gkdum) By (£ T+ M)

3
0<k<2
Therefore
1 m _Toy+A
Z DX,w+lZ((§CZZ) el @ (3))
0<I<2
T 1 k(d _ ~ kF + ZkA
=3 ¢ dw+1s m)DX,w+lE(e§ @+¢ ®),
0<k, <2

Then, we can use the permissibility of (X, w, X) to rewrite the right-hand side in terms
of basic classes. A straightforward simplification gives the desired result. a

Suppose (X, w, X) and (X', w’, X) are two permissible triples such that the embedded
surfaces of genus g are identified with each other, and this identification is lifted
to the normal bundles. Suppose also w and w’ intersect X in the same number
of points with the same signs. As explained in Section 3.3, we can form the triple
(X #x X', w#w’, ). There is also a subspace K C H,(X) & H,(X’) such that
there is a map #: K — H,(X #x X’). The main goal of this section is to compute
]SX#E X/,w#w/(erm"'AG’) for I', A € im(#) in terms of the invariants of the pairs
(X,w) and (X', w’).

The basic idea to achieve this goal is to use the gluing property in (3.30). Therefore, the
R y—module Hg 4> introduced in Section 3.3, for N =3 and d = w - X, plays a key
role in computing the invariants of (X #x X', w#w’). In fact, we can replace ]I; 4 With
a smaller module. Before giving the definition of this smaller module, we introduce
some conventions. Form now on, we drop 3 from our notation and denote this Fukaya—
Floer homology module with I, ;. Moreover, for a permissible triple (X, w, X) the
intersection w - X is denoted by d, unless otherwise is stated.
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Let ng,d C Ig 4 be the C[[t2, 13]]-module generated by the following relative elements
inly4:

(4.60) Dyewe 5@ TA0) = 37 Dy iz ™40,

leZ/3Z
where (X, w, X) is a permissible triple, and I', A € Hy(X,Z) with - X =A-X = 1.
By (3.30), the pairing of this element with Dy, 5, (zeP@1DP3) js equal to the follow-
ing element of C{z3, #3]:

(4.61) Dy . x(zel@TA®),

Suppose C[[t2, t3]|[x, v, z] is the ring of polynomials of three variables with coefficients
in C[[12, 23] and z = P(az, X(z), X(3)) for P € C[t2,13][x, y, z]. Then Lemma 4.59
shows that the pairing of (4.60) and Da s, (zeP@+P3) is equal to

) (zd”dmma,b»

,b)ecC
(@Prece ch o825 QD)+ (K —K)- M) +£ 7 (~ QM)+ (K; +K)F))

where the inner sum is over all pairs of basic classes (K;, K;) such that

(4.62) #(Ki+Kj)-S=a and 1(Ki—K;)-Z=b,
and
(4.63) u(a,b) = (3¢90, ¢4 3a + 2901, 295 /3ib —2¢%%13).

For A = («, B) € Cg, fix a polynomial P, € C[t2, t3][x, y, z] such that
(4.64) Py(u(a,B)) =1 and Py(u(a,b)) =0 for (a,b) # (o, p).
Define a map &: .va,d — C[[t1, 2] V¢ by

®(n) := {(1, Da, 5, (Pala2, T(z), T(3))e?@ PO},

g

By (3.30), the homomorphism ® maps the relative element in (4.60) to an element of
CNe([ta, t3]], whose component corresponding to A = (a, b), denoted by c))} w.x T A),
is equal to

V3
465) ¢dbdn 3 B0 QD)+ 5% (Ki=K)-D)+5 7 (~Q(A)+ 5 (Ki+K))T)
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where the sum is over the pairs of basic classes (K;, K;) that satisfy (4.62). Let
C((t1,t2)) denote the field of fractions of C[[¢2, t3]]. Then ® induces a map

®: T, g ®cr, ] C((t1, 22)) = C((11, 2) Ve

Proposition 4.66 The map ® is injective. Moreover, ® is an isomorphism of vector
spaces.

Proof Suppose Z is the ideal in Ag ®c C[lt2, 13]] generated by a3, y(2), ¥(3) and the
elements P(az, X(2), X(3)), where P € C[t2,23]|[x, y. z] is a polynomial evaluating
to zero at the points in (4.63). Then the pairing of (4.60) and Dy, s, (zeP@+Dm)
vanishes when z € Z. Any element of T, 4 is also invariant with respect to the action of

(4.67) :=1N([0,1]x Yg, [0,1] x Ved + 2, (0 1)@+ (0,11 )

Recall that Yy = ¥ x S and y in (4.67) denotes an S!'—fiber of Yo. Any z €
AZ’, ®c C[[t2, t3] can be written as a sum of an element of Z and a C[#;, #3]-linear
combination of the polynomials { P; } 5 ec, - Therefore, injectivity of ® is a consequence
of Proposition 3.31.

For a given A € Cg, Proposition 4.57 gives a permissible triple (X, w, X) such that the
component of the relative element (4.60) corresponding to Ag is nonzero. Furthermore,
we can change the relative class as in (4.60) by replacing I" with I' + 5% and A with
A + sX. The component of this relative element corresponding to A = (a, b) picks
the factor e$(¢>"V3at+8"V/3bt3+¢73-2013) Therefore, by taking C[[t1, -] -linear
combinations of such expressions for different values of s, we can produce elements
of ﬁg’d such that the component corresponding to A is the only nonzero element.
This verifies the second part of the proposition. a

Consider the restriction of the pairing (,) on I 4. The above proposition implies that
this pairing induces a pairing on C((t1,2))V¢ using the map ®:
(4.68) () C(t1. )V x C (11, )V > C((11. 12)).

Suppose this pairing is given by {£204(2 _1)h§j{,} A,nec, With respect to the standard
basis of C((t1.12))N¢, where b is the second coordinate of A. The constant &204(€—1)
does not play an important role here. It will be used to obtain a slightly simpler form
for our gluing formulas in Proposition 4.71.

Proposition 4.69 The element hﬁ"/{/ (t2,13) € C((t1,12)) is nonzero only if A = ).
Furthermore, if A = (a,b) and |A|; := |a| + |b| <2g — 2, then hi’i is zero.
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Proof Suppose (X,w,X) and (X’,w’,X) are two permissible triples such that
w and w’ intersect X in the same set of points with the same signs. Suppose the
homology classes I, A € H>(X) and I/, A’ € H>(X’) are chosen such that their
intersection with ¥ is equal to 1. Then (3.30) asserts that

(470) Dysyx wiw,z (@ TAH#A )

= Z Zzbd(g_l)hﬁﬁ/c)/},w,il(r’ A)C)}E//,w’,E(F/’ A/)-

AN €ECq
Replacing T', T/, A and A’ with T +rX, TV —rX, A +sX and A’ —sX does
not change the left-hand side of the above identity. On the right-hand side, the term
corresponding to A and A’ changes by a factor of the form e’/ -A)+s:¢(A.4) Here
f(A, 1) and g(A, ), which can be computed explicitly, are zero if and only if A = A’

Therefore, hi’i, has to be nonzero when A # 1.

Let (X, w, X) be the permissible triple of Example 4.53 where X has genus g — 1.
Taking the connected sum of 3 and a homologically trivial torus embedded in a 4-ball
produces a permissible triple (X, w, X’) such that X’ has genus g. Then X #x X can
be decomposed as the connected sum of S2 x S? and another 4-manifold with b > 0.
Theorem 6.14 asserts that for I', A, T'" and A’ € H,(X), the invariant

Dy, X,wiw, s (e T @ HA#A) @)

vanishes. If |A|; <2g —2, then we can find I" and A such that c))} w.3y 1S NONZEro.
Consequently, hﬁ "i is zero for this choice of A. i

In light of the above proposition, let hi ’Z be hi’j for A = (a,b) € Cg\Cg—1. These
are the only nonzero terms among the coefficients of the pairing.

Proposition 4.71 Suppose (X,w,X) and (X’,w’, X) are two permissible triples
such that w and w’ intersect X in the same set of points with the same signs. Then

3
(4.72) Dyysx'wiw ((3a2)”z) = Dxusx/wiw'(z) and Dxuyx7,wiw (@3z) =0

for z € Sym* (Ho(X #5x X’) ® im(#))®2. Suppose also that the intersection number
of the homology classes ', A € Ho(X) and T/, A’ € Hy(X’) with ¥ is 1. Then
ﬁX#EX’,w#w/(e(F#F/)Q)Jr(A#A/)G)) is equal to
02 Q(T#I)—Q(T#T)
/3 /4 A3 ’
% Z h%l (12, 13) ZCU di,j/e(g(Mi,,‘/+Mj'j,).r#F +520 (M; j1—M; jr)-A#A')
(a,b)€Ce \Co—1
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For each (a,b), the second sum is over the pairs of basic classes (K;, K;) and
(Li, Lj) such that

@4.73) 3(Ki+Kj)-E=%(Li+Lj»)-E=a., 3(Ki—K;)-Z=3(Li—Lj)-S=b,

and M; ;» and M ; are respectively equal to K; # L;s and K; # L.

Proof The series Dy, X/,w#w/’z(e(F#F/)@)"'(A#A/)@)) can be computed in terms
of the cohomology classes M;;» by substituting (4.65) into (4.70) and applying
Proposition 4.69. Then we argue as in Lemma 4.59 to obtain the desired formula for
the U(N )-series 6X#2 Xr,w#w/(e(F#F/)Q)“A#A/)G)). We can follow a similar strategy
to compute ﬁx#zX/,w#w/(aéaée(F#F/)@)"'(A#A/)@) in terms of the classes M; ;-. The
resulting formulas prove the identities in (4.72). O

The goal of the remaining part of this section is to determine the power series hf; ’Z (t2,13)
up to two constants. Firstly, one can obtain a constraint on this power series by changing
the orientation of X:

4.74) et t3) = hE:) _, (—tr.—13).

We shall obtain more constraints by looking at some explicit 4—manifolds. In the case
g =1, we can in fact determine h(l)’g (t2, t3) completely using our calculation of the
invariants of E(n):

Corollary 4.75 For g =1, the only nonzero term among the pairing coefficients is
h(l):g (t2,13) = (k1 cosh(v/3t2) — 2hp cos(—2nd + \/§Z3))2,

In particular, if (X, w,X) and (X', w’, ¥) are permissible triples such that the genus
of X isequal to 1, and w and w’ intersect X in the same set of points with the same
signs, then

(4.76) Dyyyx' wiw (T @ HA#AG))

~ 7 /
hid Dy (5O HA®) By (T T4,

Remark 4.77 Identity (4.76) is a consequence of Proposition 3.35, and it holds
even if we only require (i), (ii) and (iii) of Definition 4.50 for the triples (X, w, X)
and (X', w’, 2).

The 4-manifold B(1) := E(1)#CP? has two elliptic fibrations with fibers f and f’
such that f - f/ = 1. There are also disjoint embedded spheres E and E’ in B(1)
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such that E (respectively, E’) intersects f (respectively, f’) positively in one point
and is disjoint from f’ (respectively, f). The fiber sum of n copies of B(1) along f’
produces a 4-manifold B(n) which is diffeomorphic to E(n) # nCP? (Figure 1).
The exceptional spheres of B(n) are denoted by E', ..., E™, where E' is given by
the exceptional sphere E in the i™ summand of B(n).” Furthermore, one can glue
copies of f to produce a surface f, of genus n with self-intersection zero. The
homology class of f;, is equal to [S] —[E!] —---—[E™] for an appropriate surface S
of genus n in E(n). Similarly, one can glue copies of E’ to produce o5, a sphere
of self-intersection —n that is disjoint from f;, and the exceptional spheres. The
intersection number of ¢, and f’ is equal to 1. The following proposition shows that
(B(n), fn,w) is permissible if w- f =% 0 mod 3:

Proposition 4.78 Suppose w is a 2—cycle in B(n) such that w - f, # 0 mod 3.
For n > 2, the triple (B(n),w, fy) is permissible and 6B(n),w (eT@*TA®) is given by

222N G/ (1 A - f)"2 [ [ 5 (cosh(~3E" -T')+2cos(—5ww-E'+~/3E"-A))

1

for T, A € Hy(B(n)). Here G’ is given by (4.24) after replacing f with f’. In
particular, a basic class of B(n) has the form

(n—2k)f'+E'+...+E" for 1<k<n-—1.
Proof This follows from the blowup formula and Theorem 4.40. a

From the construction, it is clear that there is a diffeomorphism (see Figures 2 and 3)
4.79) ®y,: B(n)#y, B(n) — B(2) #p, ---#7, B(2).

This diffeomorphism maps f, and f; := f'# f" in B(n)#s, B(n) to f, := f'#---# f’
and f> in B(2) #g, --- #¢, B(2). The sphere 0, C B(n) determines two spheres
of self-intersection —n in B(n) #¢, B(n), which are denoted by o} and o2. The
diffeomorphism ®,, maps 0,‘; to E;, := E'#...#E" . Therefore, the following elements
of C[[rz, 52,73, 53, t2, t3]] are equal to each other:

(4.80) ﬁB(n)#/‘ B fI+1f, (e(rzfn+szf2’)(2)+(r3fn+S3f2’)(3))
Jn ) n

= DBy, -y, B ko rify €21 TR F St o),
12T ’ n

7For the special case of exceptional spheres in B(1), we deviate from our previous notation and put i
as a superscript.
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Figure 1: A schematic of B(n): each embedded curve represents an embed-

ded surface and each

intersection point of these curves represents an element

in the intersection of the corresponding surfaces. Note that E’ and o, do not

intersect.

Proposition 4.81 Suppose (a, b) € C2\{(0,0)}. Then

.d ,d j
(4.82) RGNS D D S S L
(y,meC2\{(0,0)}
where h2’d is a constant number.

a,b,y,n

Proof The triple (B(2),df’ +2df,, f>) is permissible, and Proposition 4.71 can be
utilized to compute the following element of C[[r;, 3, 52, 53, 2, t3]:

Dp@ys, B2),dfj+df (€

(Szf2/+7‘2fz)(2)+(S3f2’+r3f2)(3))‘

— - n
El / E ’ E2
2 fz 2 2
\ ! e
1
Un
. 2
f o2
—— B Eiieel

Figure 2: A schematic of B(n)#s, B(n).

Geometry & Topology, Volum

e 24 (2020)



Sutured manifolds and polynomial invariants from higher rank bundles 125
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Figure 3: A schematic of B(2)#,---#¢, B(2).

We can evaluate this series at 1, = t3 = 1 to obtain a well-defined element of
Clr2,r3, 52, s3]]. This power series is equal to

(483) er2S2—2r3S3 Z hi’z (52» S3)e~/§ar2+«/§ibr3 (
(a,b)eC2\{(0,0)}

where the inner sum is over all pairs of basic classes (K;, K;) of (B(2).df’+2df>. f2)
such that

3 )

(KHK/)

7(Ki+Kj)-fo=a and L(Ki—K;)-f=0.

For each choice of (a, b), the inner sum is nonzero. The identity (4.80) shows that the
expression (4.83) is invariant with respect to the symmetry of C[[rz, r3, 52, s3] that
switches rp with s, and r3 with s3. This can be used to show that h?fb) (t2, t3) has
the form in (4.82). a

Figure 4: A schematic of B(2) #¢, B(2): reflection with respect to the dashed
line represents the diffeomorphism @, of this 4-manifold.
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. 2,d .
Proposition 4.84 The constant numbers ha’ b,y.y AI€ Zero except possibly
2,d 2,d 2.d 2,d
h30.2,00 N02,020 Mo —202 and hZ4 5.

Furthermore, there are real numbers h3 and k4 such that

2.d _12d _ 2,d _ od 2,d _ «—d
(4.85) h2,0’2,0 — h 2,0,_2,0 — h3, hO,Z,O,Z — é‘ h4 and hoj_zso’_z —_— é‘ h4.

Proof Firstly, for the purpose of brevity, let

Ny A) = ﬁX,w (CF(2>+A<3))C%—Q(F)+Q(A).
Proposition 4.81 implies that Np(2)4 1, BQ).df+d’ f> (T, A), for T', A € im(#), has the
form

ZMd,bd’ (i.j l.,j/)e(é((K,»#Kﬂ+K,»#Kj,+2yf2)~r)+§i((K,-#Ki,—K,#K,+2nf2).A))
a,0,y,n0? ’

where the sum is over the pairs (a,b), (y,n) € C2\{(0,0)} and the basic classes
K;, K;, Kis and K of the permissible triple (B(2),df’+2d’ f>, f>) such that
3(Ki+Kj)- fa=3(Kir +Kj)- o=a, 3(Ki=K;)- fo=3(Kir=K;)- fa=b.

In the above expression, the constant Mj,’l:{;,n(i’ J.i',j’) is equal to hz:z,y,ncij cirjr,
where ¢;; and ¢;/j- are the coefficients associated to the pairs of basic classes (K;, K;)
and (K;, K;) for the permissible triple (B(2),df’ +2d’ f2, f>). We need the follow-
ing elementary lemma:

Lemma 4.86 Suppose V is a vector space and { f; }1<i<n Is a finite set of distinct
complex-valued linear functionals on V. Then the functions {e/i }1<i<n are linearly
independent over C.

This lemma is an immediate consequence of the existence of a line / C V such that the
restrictions f;|; are distinct. We apply this lemma in the case that V' is the following
subspace of H>(B(2) #, B(2))®2:

(im#) 1 (©2).(m#)) & (im(#) N (2)(im(#)).
Since ® maps df, +d’ f> to df> +d’ f,, we have

Ny, B@).df+d £, (T A) = Ny, B@).dfo+d £ (P2)«(T), (P2)«(A))
for (I, A) € V. This identity implies that

dd’ oo o SRy did s gl i (A
(487) Ma,b,y,n(l’J’l . )efa,b,y,r/ ( )_Ma,b,y,n(l’J’l L )ega.b,y.n ( ): 0.
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£ fi E} E o o
LS :=E}+ E2+5f 2§ §-2 §-2 0 0
Ly:=-E}—E2+68f, 2 § §+2 §+2 0 0
LS:=—E}+E2+8f, 0 § 6842 §-2 0 0
LY :=E}—E2+6f> 0 § 8-2 §+2 0 0
LE=t1—-L+68f 0 6 § § 0 0
Li=0-0 +8f 0 6 § § 0 0
J¥ =0l +02+5f) § 2 0 0 §-2 §-2
Ji=—cl-02+8ff § =2 0 0 §+2 §+2
J§i=—o}+02+8ff § 0 0 0 §+2 68-2
J{ =0} —o2+5f) § 0 0 0 §-2 §+2
I =& —&+6f) § 0 0 0 § §
JE =& —& +6f) § 0 0 0 $ §

Table 1: Pairing of the cohomology classes LS, and J? with some elements
of (im(#) N ()« (im(#))).

Here falé;/{ is defined by the pair of cohomology classes

(‘/Tg(K,'#Ki/ + Kj #Kj/ +2)/f2), “/Tgi(Kl' #K; —Kj#Kj/ +27]f2)),

d g — ox(fH") I th £ #5217 this pair is equal t
and g, 7, = Z(fa,b,y,n ). In the case o fa,b,y,r] , this pair is equal to

(s, +12),LBil -1%))
for an appropriate choice of m and &, where Lfn is as defined in Table 1.

There are similar formulas for g;g;g ', where L} and L‘f,;, are replaced by J$ and J,‘f,t/,.
In Table 1, the cohomology classes ¢; and ¢, are equal to E' # E? and E2#E!.
Moreover, £ := ®3({;). The table contains evaluations of L‘fn and J,‘fl at some
elements of im(#) N (®3)«(im(#)). The evaluations of Table 1 show that the only

possible identities among the functionals
L% and J} for1<i<4

on V are the identities of the elements in the pairs (L?, J 12) and (L;Z, Jy 2). Therefore,
Lemma 4.86 can be used to prove the first part of the proposition. The second part is a
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consequence of the remaining information in (4.87), the identity (4.74) and rationality
of polynomial invariants. O

Proposition 4.88 The constant number h3 is nonzero.

Proof Recall that the 4—manifold X (m, n) is a branched double cover of W(m,n)
which is the blowup of CP! x CP! at 4mn points. Suppose 7: X(m,n) — W(m,n)
is the covering map. Since 7 does not contract any curve, the pullback of any ample
divisor is still ample by the Nakai—Moishezon criterion and projection formula [43]. In
particular, the divisor

4mn

7 (1hxCP! + P x )= DB ) = ot 4 St = Y1 (B,

i=1
where {E;}1<i<amn is the set of exceptional classes, is ample.

Next we focus on the 4—manifold X(3,4). Suppose w; = f3 and wy = f3+ f>. Then
there is a holomorphic line bundle L; on X(3,4) such that ¢ (L;) is represented by w;
and w; can be decomposed as w, #w with respect to the decomposition of X(3,4) as
E(3)#¢, E(3). Let S denote the ample class fo + f3— Zl_l 7*(E;). According to
Theorem 2.19, the coefficient of t2 in the series DX(3,4),w (e5@) e C[[t2] is positive
for large values of k. Since X(3,4) = E(3)#¢, E(3) and the homology class S lies
in the image of #, we can use Proposition 4.84 to show that

ﬁX(3,4),w,~ (e5@)
1
=e2 Q(S)[%h%m cosh(\/g(f3 +2/2)-8)+ 2h§h4 cos(—%nwi (fs+ 2f2))].
Therefore
~ A 1
2Dx (3,401 (%) + Dx(3,4),0, (€5?) = 311113e2 2 cosh(V3(f3 +2/2) - S).

This implies that %3 is a positive number (and #; is nonzero). m|

Proposition 4.89 The power series hf: Z (t2, t3) is zero, unless

(a. b) € {(£(2¢ =2). 0),(0. £(2¢g - 2))}.

Furthermore, we have

g.d g1 2\3¥ ™4 123
hieg—202:13) =h3 (hl) e

g.d _ 28— 1324-2g.+27d +2./3it;
hoﬂzg 2)(Z2,Z3)—h4 h, “°073"% .
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Proof This theorem can be proved by exploiting the diffeomorphism in (4.79) for n=g.
Let the 2—cycle w in B(g)#y, B(g) be equal to df, + dfg . Using Propositions 4.71
and 4.78, we can show that NB(g)#ng(g),w (I, A), for I', A € H :=im(#), is equal to

/3 V3
(4.90) > (12, 13) 3 cijeirjreCE MM T35 (M =M j)-A)
(@.b)€C¢\Cg—1

where the second sum is over the pairs of basic classes (K;, K;) and (K;’, K;s) of the
permissible triple (B(g),df’ + 2dfg, f¢) such that

3(Ki+Kj)- fo =5(Kir+ Kjr)- fy =a,
3(Ki = Kj)- fg = 5(Kir = Kj)- fg =b.
Mi,i’ = Kl'#K,'/ and Mj,j/ = Kj#Kj/.

4.91)

Recall that the 4-manifolds B(g)#¢, B(g) and B(2)#g, ---#z, B(2) are diffeomorphic
to each other using the diffeomorphism ®g . Therefore, Np(g)# o B(g).w (', A) can be
also computed by regarding B(g) #¢, B(g) as the fiber sum of g copies of B(2) along
surfaces of genus 2. In particular, Propositions 4.81 and 4.84 allow us to obtain the
following explicit form for Np(g)# o B(g).w (I',A):

(4.92) 157 () eV PMeT 15T (5g) FemVAMT 4 T () e Mt

36
+hT (557 e VMR,

where Mg = ogl + 05 +2(g — 1) f,. However, this approach works for the homology
classes I, A € H' where H’ is the image of the iterated applications of # using the
decomposition of B(g) #7, B(g) as the fiber sum of g copies of B(2). Therefore,
(4.90) and (4.92) are equal to each other for I, A e HNH'. Fix I, A € HNH' and let
[:={T+sfg|s€C} and [":={A+sfg|seC}.
Applying Lemma 4.86 to the subspace [ @I’ of (H NH')®? shows that
hg s

+(2g— 2)0(t2vIS)(%)g(%hl)zg_4eiﬁM§' =hy~ 1(36)g £V3M T

hg s ag—n) (12, 13) (3) 15E (T8I e VEMA _ g1 (1) M

where My = (g —2) f, + E}l 4+ ...+ Ef. Since 1 and %, are nonzero (work in
progress), the above identities prove the second part of the proposition. If (a, b) ¢
{(£(2g —2),0), (0, £(2g —2))}, then the same argument shows that

3 V3,
hg’b (t2,13) Zcud @07 Miirt My ) TH57E (M =M j)-A) —
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for I', A € H NH . This sum is over the pairs that satisfy (4.91). Another application
of Lemma 4.86 for the homology classes

F=s(Ey+---+E§) and A=s(E;+---+ES)

in H N#H' shows that hg’g (t2,t3) has to be zero. a
The following theorem summarizes our results in this subsection:

Theorem 4.93 Suppose (X, w, X) and (X', w’, X) are two permissible triples and
the genus of X is at least 2. Then the triple (X #x X', w # w’, X) is permissible
with respect to the image of the map #: K — H,(X #x X’). The basic classes for
X#s X, w#w', X) are

(4.94) M}, = Ki#Liy+2y%,

where K; and L;  are basic classes of (X,w,X) and (X", w’,X), K;-X=L;y-X,
and

For a pair of basic classes Ml.’:l./ =K, #L;+2y¥ and Mjrfj/ =K;#Lj +2nX, let
1(Ki+Kj)-T=3(Li+Lj) T=a,
1(Ki—Kj)-S=4Ly—Lj)-==b.

Then the coefficient associated to this pair is equal to c;_jd;, J’ha by’ where ¢; ; is

the coefficient associated to (K;, K;) for the triple (X, w, X), d; ;s is the coefficient
associated to (L;s, L;») for the triple (X', w’, X), and hg,’g,y,n is nonzero in the cases

g.,d g.d g—1( 2 2g—4
h(2g -2),0,1,0 — h—(2g —2),0,—1,0 h3 (E) ’
hg 1 hg 1
g.d d g.d -
ho! ,(2g-2),0,1 = 28— =36 and hg —(2g-2),0,—1 — 28— 4§
h, 2

S Sutured Floer homology

5.1 Eigenvectors

For arbitrary N, we introduce a set of generators of the algebra Vév 4 in Corollary 3.22.
In particular, in the special case that N = 3 and d = 1 or 2 mod 3, we have the
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following generators of Vg3, 4 (which will be denoted by Vg 4 from now on):

5.1) € =Dp, 5, 4+5(D), R, =Dqp,s, . (ar),
' 0{ = DAg:‘gg.d (l(jr))’ Pr = DAga‘sg,d (2(7’))’

where r =2,3 and {lj}lfjfzg is a set of generators for H1(X,Z). If y is one of the
above elements, then the product m (-, y) defines an operator on Vg 4, which is still
denoted by y. Recall that there is also a pairing on V, 7, which is denoted by ().

The operator € is equal to I«(Yg x [0,1], yg,4 x [0,1] + X, 1) and the remaining
operators can be described as

(5.2) Le(Yg x[0,1], yg .4 x[0,1],q),

where ¢ = a;, l(jr) or X(;. This alternative description allows us to extend the
definition of these operators to arbitrary admissible pairs. Suppose (Y, y) is a 3-
admissible pair, and ¥ is an embedded surface of genus g in Y. We also assume that
an integral basis {lj}lfjfzg for Hy(X) is fixed. By replacing (Yg,yg,q4) with (Y, ),
we can define analogues of the operators €, N, O'r/ and p, on L« (Y, y). These operators
on L« (Y, y) are denoted by €(X), R,, 0{ (X) and p,(X). When the choice of ¥ is
clear from our discussion, we drop X from our notation for €(X), 0{ (2) and p, ().

Definition 5.3 Anelement v € V, ; is called an exhaustive eigenvector if it is a simul-
taneous eigenvector of the action of the operators in (5.1). An exhaustive eigenspace is
the set of all exhaustive eigenvectors which have the same eigenvalues with respect to
these operators. An exhaustive eigenvector v is called nondegenerate if (v, v) # 0.

Remark 5.4 Since (0‘,’.)2 = 0, the only eigenvalue of this operator is zero.

Suppose (X, w, X) is a permissible triple, X is a surface of genus g, and w-X =d . For
a pair of basic classes (K;, K;) of this triple, let ¢; ; denote the associated coefficient.
Suppose also for a fixed A = («, B) € Cg that

(5.5) > iy #0.

(Ki.K;)

where the sum is over all pairs of basic classes (K;, K;) that satisfy the following
equalities for (a,b) = («, B):

(5.6) 37(Ki+Kj)-£=a and 1(Ki—K;)-Z=b.
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Recall that P, is the polynomial that satisfies (4.64). Suppose O, € Clx, y,z] is
defined as the evaluation of P, p) at f» = t3 = 0 and consider the following element
of Vg 4:

V(a,8) = Dxe,we,n(Q1(az2, X(2), X(3)))-

Proposition 5.7 The element v, gy € Vg 4 is a nonzero exhaustive eigenvector.
The eigenvalues of vy gy Wwith respect to the actions of €, Ry, X3, pp and p3 are
respectively equal to 1, 3¢24P | 0, ¢98 /3« and £29P \/3i B. Furthermore, if (o, ) =
(£(2g —2),0), then the eigenvector v(y,g) is nondegenerate.

Proof Lemma 4.59 can be used to show that for an arbitrary polynomial P € C[x, y, z],

(5.8) Dxuw,z(P(az, Z). X3)))
— Z é'dbdw P(3§2db,§bd\/§a,§2bd\/§ib) Z Ci js

(a,b)eCq (Ki.K;)

where the inner sum is over all pairs of basic classes (K;, K;) that satisfy (5.6)
and c¢; ; is the coefficient associated to the pair (K;, K;). Functorial properties
of Floer homology imply that the pairing of v(g,g) and Da, s, ,(1) is equal to
Dx,w,=(Qx(az2, X(2). £(3))), which is nonzero. Therefore, v(q gy is a nonzero vector.

Suppose y is one of the elements of V; 4 in (5.1). Proposition 3.19 and the nondegen-
eracy of the pairing on Vg ; (Proposition 3.23) imply that v(,, g) is an eigenvector of
m(-,y) with eigenvalue c,, if and only if

(5.9 (MmV(a,p), ¥):Dag.8, 4 +ix(2)) = ¢y (v(@,8): DAg.6, q+ix(2))

for any z € AZ’, and 0 < i < 2. Another application of the functorial properties
of Floer homology shows that both of the expressions in (5.9) can be written as
U(3)—invariants of (X, w). In particular, (5.8) shows that v, g) is an eigenvector
of €, Ry, pz and p3. The vector v(y g) is in the kernel of the operators N3 and 0{
because X has w—simple type and b1(X) = 0. The pairing (v(q,g). V(a,p)) can be
also computed by Theorem 4.93. Using Proposition 4.88, this number is nonzero for

(a.p) = (£(2¢ =2).0). O
Example 4.53 gives a permissible triple such that the condition in (5.5) is satisfied

for any A € Cg. Therefore, for each A there is an exhaustive eigenvector in Vg 4.
The condition in (5.5) is not very essential in constructing such an eigenvector. This
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condition is used to show that v, gy is a nonzero element of V, 5. It is possible to
replace v(y,g) with the element

vza,ﬂ) :=Dxo,yo,=(0Qx(a2, X(2). (3))2),

where z € A(X°)®2. If the triple (X, w, ¥) has at least one pair of basic classes
(K;, K;) which satisfy (5.6) for (a,b) = («, B), then z can be chosen such that the
above element of V, ; is nonzero.

Proposition 5.10 An exhaustive eigenspace is 1-dimensional.

Proof Suppose V C Vg 4 is an exhaustive eigenspace, and 51, 52, §3, 54 and s5 are
respectively the corresponding eigenvalues of €, 8y, N3, p» and p3. Suppose also
that J C Vg 4 is the ideal generated by the elements of the set

(5.11) G:={c—s1, Ro—52, N3—53, p2—54, p3—s5}U{o] |1 <j <2g,2<r<3}.

Then an element of J is the sum of the elements of the form m(x, y) with x € G and
y€Vg 4. Foranyvel,

{(v.m(x,y)) = (m(v,x),y) =0.

Therefore, V' is orthogonal to J. Since V, 4/J is a 1-dimensional vector space and
the pairing is nondegenerate, the dimension of the vector space V isatmost 1. O

Lemma 5.12 Suppose that v € V, 4 is a nondegenerate exhaustive eigenvector, and
S1, S2, 83, S4 and s5 are respectively the corresponding eigenvalues of €, Ry, N3,
p2 and p3. Then the space

H: =kergen (e=s1)N kergen(NZ_SZ) N kergen (R3—s3)N kergen (p2—s4)N kergen (p3—S55)

is 1-dimensional. Here Kerge,(T'), for an operator T, is the union of the kernel of the
operators Tk for all values of k .

Proof Suppose the claim does not hold and v’ € H is a vector which is linearly
independent of v. Let G be defined as in (5.11). All the operators involved in the
definition of H have even degree with respect to the 7Z/27Z—grading of Vg ; induced
by the Z/12Z—grading. Therefore, H can be decomposed as Ho @& H; with respect
to the Z /2Z-grading of V, 4, and we may assume that v’ € H; for i =0 or 1. By
Proposition 5.10, there is an xog € G such that m(v’, xg) # 0. Since the restrictions of
the elements of G on H are nilpotent, we can also assume, without loss of generality,
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that the product of m(v’, xo) and any element x € G is zero. Therefore, m(v’, xg) = cv
for a nonzero complex number c. This implies that

(m(v', x0),m(v’, x0)) = (cv,cv) # 0.
On the other hand, we have
(m(v,’ XO), m(v/7 XO)) = :I:(m(m(v,’ X()), XO), v/> = 0’

which is a contradiction. O

Proposition 5.13 [56, Proposition 7.2] Suppose (Y, y) is a 3—admissible pair and ¥
is an embedded surface in Y of genus g such that y-¥ =d mod 3. If (s1, 52, 53, 54, 55)
is a simultaneous eigenvalue of the operators (e(X), X2, R3, p2(X), p3(X)), then it is
also a simultaneous eigenvalue of the operators (e, Rz, N3, p2, p3) actingon Vg 4.

By Proposition 5.7, v2g—2,0 is a nondegenerate exhaustive eigenvector of Vg 4. Sup-
pose sf , s§ , s_f s sf and s§ denote the corresponding eigenvalues of €, Ny, N3, ps
and p3. Then s¥ =1, 55 =3, s§ =0, s§ = +/3(2g—2) and 55 = 0. Following [56],

we can define a variation of instanton Floer homology:

Definition 5.14 Suppose (Y, y) is a 3—admissible pair and X is an embedded surface
in Y of genus g such that y - ¥ = d mod 3. Then L. (Y, y|X) is defined as

kergen(€(X) — sf) MNkergen (V2 — sf) M kergen (N3 — s_f) Nkergen(02(X) — sf)
N kergen(p3(2) - Sg)

In this definition, we allow X to have more than one connected component. In that case,
each connected component X’ of X is required to have genus g and y-X’ =d mod 3.
In the definition of I.(Y, y|X), we include the operators €(X), p2(X') — sf and
p3(Z’) — s for each connected component ¥’ of .

Remark 5.15 In the case that g = 1, the actions of the operators X3, p» and p3
on V; 4 are trivial, the operator N is equal to 3¢~ ! and €3 = 1. Therefore, similar rela-
tionships hold among the operators €(X), Ry, Rz, p2(X), p3(X) acting on 1.(Y, y),
where ¥ is a genus one surface in Y. This can be verified in a similar way as in
Proposition 5.13. (See [56, Proposition 7.2].) Therefore, L« (Y, y|X), for a genus one
surface X, is simply equal to ker(X, — 3).
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This variant of instanton Floer homology is also functorial with respect to cobordisms.
Suppose (W, w): (Yo, Y0) = (Y1, y1) is a cobordism of admissible pairs, z € A(W)®2,
Y; is an embedded oriented and connected surface in Y; such that ¥; - y; = d mod 3,
and ¥ and X; induce the same homology classes of W. More generally, if ¥ is
disconnected, then each connected component of ¥ is required to be homologous
to a connected component of X inside W. Properties of instanton Floer homology
discussed in Section 3.1 imply that I«(W, w,z) maps L«(Yo, Yo|Z0) < 1«(Yo, Yo)
to Le(Y1,y112Z1) C L«(Y1, y1). Moreover, suppose (X, w) is a cobordism from an
admissible pair (Y, y) to the empty pair and z € A(X)®?. Then the restriction of the
map DX% (z) gives rise to a functional on I (Y, y|X), which is denoted with the same
notation.

Lemma 5.12 asserts that L« (Yg, yg 4|%) is 1-dimensional. The following pairs from
Section 3.2 define cobordisms from two copies of (Yg, y¢ 4) to the empty pair:

Therefore, they determine two functionals D%s-®2.4 (1) and D2 S2.a (1) @DA%0s.a )
on the 1-dimensional vector space L« (Yg, Vg 4|%) ® L« (Yg. V¢, 4|%). The nondegener-
acy of the exhaustive eigenvector involved in the definition of 1« (Yg, y¢ 4|X) implies
that the former functional is nonzero. Therefore, we have the following lemma which
provides the distinguishing property of working with a nondegenerate exhaustive
eigenspace for us:

Lemma 5.16 The map

DAsd5d (1) @ DA% 9% (1): 14(Yy, Vg.a|Z) @ I« (Yg, Vg.a|Z) — C

is a multiple of D%=-?s.d (1): L (Yg, ¥¢.4|%) ® Li(Yg, vg.q]|Z) — C.

5.2 Excision and sutured manifolds invariants

Suppose R; and R; are two embedded surfaces of genus g > 1 in a 3—manifold Y.
Suppose also there is a 1-cycle y in Y such that y - Ry = y - R,. We also assume y
intersects Ry and R; transversally, and all the intersection points have the same signs.
Fix a diffeomorphism ¢: Ry — R, such that ¢ maps y N R; to y N Ry. Wecut ¥
along the surfaces R; and R;, and then identify the four boundary components of the
resulting 3—-manifold using ¢ so that the final 3—manifold, Y, is an oriented closed
3-manifold with embedded surfaces Ry and R». Our assumption on ¢ implies that y
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Figure 5: The saddle cobordism P: the union of the two vertical boundary
components on the left (respectively, right) is denoted by 9P (respec-
tively, d¥P).

determines a 1-cycle ¥ in Y . We will also write R (respectively, R) for the union
R U R, (respectively, R 1 U ﬁz). Now we are ready to state our excision theorem:

Theorem 5.17 The following Floer homology groups are isomorphic:
L(Y.7|R) = L(Y.7IR).

Proof This theorem is the analogue of excision theorem for U(2)—instanton Floer
homology. The U(2) version of the excision theorem is proved in [28] for g =1 (see
also [8]) and in [56] for higher values of g. We follow the same strategy as in the
U(2) case to prove the theorem. In particular, the isomorphism between L (Y, y|R)
and 1, (Y, 7|R) is induced by a cobordism of pairs (W, w): (Y,y) — (¥,7). Let Y°
be the complement of a regular neighborhood of R in Y. Then the cobordism W
is the result of gluing [0, 1] x Y° to P x Ry where P is the saddle cobordism in
Figure 5. The boundary of the 3-manifold Y° is equal to Ry U RiUR,UR,.
Then [0, 1] x (R U Ry) C [0,1] x Y° is glued to d]P x Ry by the identity map and
[0, 1] x(R2UR2) C[0,1]xY° is glued to 9P x Ry by the map ¢. (For the definition
of 3]P and 9;'P see Figure 5.) The surface cobordism w: y — ¥ is also constructed in
a similar way. This surface is given by gluing one copy of P for each intersection point
in y N Ry to [0,1] x (y N Y?°). Reversing the cobordism (W, w) determines another

cobordism (W, w): (7 ,¥) — (Y, y). To prove the excision theorem, we claim that
(5.18) L (W, w) o La(W,w): Lu(Y,y|R) — (Y, y|R),
' L(W,w) o LW, w): L(¥.,7|R) — (¥,7|R)

are nonzero multiples of the identity map. In the composite cobordism WoW: Y — Y,
a copy of P x R; is glued to another copy of P x R; with the reverse orientation.
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In this part of W o W, the union of the two copies of § x Ry gives rise to a copy of
Yy := S! x Ry. The intersection of W o w with S! x Ry produces a copy of y, 4.
According to Lemma 5.16 and functoriality of I, replacing a neighborhood of S x R;
with (Ag I Ag,8,.4 LI 84 4) does not change the map Ly(W o W, o w), up to
multiplication by a nonzero constant number. But the resulting cobordism of the pair
is the product cobordism ([0, 1] x Y, [0, 1] x ). Therefore, the first map in (5.18) is a
nonzero multiple of the identity map. Replacing § with §’ and using the same argument
proves a similar result for the second map in (5.18). a

The following proposition is the analogue of Corollary 4.8 in [56] and can be proved
in a similar way using the excision theorem:

Proposition 5.19 Let Y be a 3—manifold, y be a 1-cyclein Y, and R C Y be a
connected surface of genus g > 1 such that y - R % 0 mod 3 and the intersection points
of y N R are transversal and have the same signs. Let Y be the 3—manifold obtained
by cutting Y along R and regluing by an orientation-preserving diffeomorphism
¢: R — R. Suppose ¢ maps RNy to RNy, and y and R are the induced l—cycle
and the embedded surface in Y. Then

L(Y,y|R) = L.(¥,7|R).

Now we can define invariants for balanced sutured manifolds almost verbatim from [56].
Firstly we recall the definition of balanced sutured manifolds (see [35; 46; 56]):

Definition 5.20 A sutured manifold (M, «) consists of an oriented 3—manifold M,
an oriented closed 1-manifold @ in dM and a decomposition of dM as

(5.21) M = R4 U A(o) U R_.

Each connected component of « is called a suture and A(w) is the closure of a
tubular neighborhood of «. The spaces Ry and R_ are disjoint and each of them
is a union of some of the connected components of m. In particular, each
component of dR; and dR_ is a parallel copy of a suture. Suppose R4+ and R_
are oriented with the outward-normal-first convention. Similarly, each component
of R4 (respectively, dJR_) inherits an orientation from R, (respectively, R_). This
orientation is required to agree (respectively, disagree) with the orientation of the
corresponding suture. The sutured manifold (M, «) is balanced if neither M nor Ry
has closed components, and y(R+) = y(R-).
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Note that the required conditions on Ry, R_ and A(«) imply that the decomposition
(5.21) is unique.

Example 5.22 Suppose Fy x is a surface of genus g with k > 1 boundary components
which is not the 2—dimensional disc. Then ([—1, 1] X Fg ¢, 0F x x {0}) determines a
balanced sutured manifold. The decomposition of the boundary of this product sutured
manifold is given by

(5.23) Ry ={}xFyi, A(@)=[-1,1]x0F;, R_={-1}xF.

Example 5.24 Suppose Y is a 3—manifold and K C Y is a knot. Let M(K) be the
complement of a regular neighborhood of K in Y, and «(K) be the union of two
oppositely oriented meridional curves on the boundary of M(K). Then (M(K),«(K))
determines a balanced sutured manifold. The manifolds R4 and R_ are homeomorphic
to [0,1] x S1.

Example 5.25 Suppose that K is a null-homologous knot in ¥ and S is a Seifert
surface for K. We can also associate a sutured manifold (N(S),«(S)) to S. The
3-manifold N(S) is defined to be Y\((—l, 1) xint(S)), where (—1,1) xS is aregular
neighborhood of S in Y. The only suture «(S) of this sutured manifold is defined to
be {0} x 3S.

Let (M, @) be a balanced sutured manifold such that the number of sutures is greater
than one and neither R4 nor R_ is a union of 2—dimensional discs. We attach the
product sutured manifold ([—1, 1] x Fy , {0} x0Fy &) to (M, o) where k is the number
of sutures of (M, «). More precisely, we glue M to [—1, 1] x Fy . by identifying A (o)
with [—1, 1] x dFj x using an orientation-reversing map. The resulting manifold is
oriented and has two boundary components,

Ry =Ry U{l}xFyy and R_=R_U{-1}x Fyg.

Since (M, «) is balanced, the oriented surfaces Ry and R_ have the same positive
genus. We choose an orientation-reversing diffeomorphism ¢: Ry — R_. Identifying
R4 and R_ using the map ¢ determines a closed 3-manifold Y, which is called a
closure of the sutured manifold (M, ). The 3—manifold Yy only depends on (M, o)
and the choice of the diffeomorphism ¢. The surface R also induces an oriented
surface in Yy, which is denoted by R. We also fix a point y on Fy k. and require that ¢
map (1,y) € Ry to (—1, y) € R_. Therefore, the path [—1,1] x {y} C [-1, 1] x Fo
induces a 1—cycle yp in Yyp.
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Definition 5.26 The sutured instanton homology of the sutured manifold (M, @) is
(5.27) SHI.(M, &) := 1.(Ys, v4| R).

If (M, ) has one suture or R4 (or equivalently R_)is a union of discs, we replace Fj x
with Fy j in the definition of (Y, y, R) and then extend sutured instanton homology to
these sutured manifolds using (5.27).

Proposition 5.19 implies that sutured instanton homology SHI, is well defined. Notice
that our choices imply that the surface R in (5.27) has genus at least one. In particular,
the required assumption for Proposition 5.19 is satisfied.

Remark 5.28 In the definition of the closure of a sutured manifold (M, ), we
can replace Fy with Fg i for an arbitrary g. Then for each choice of g, we can
define a sutured Floer homology group as above. Using our excision theorem and the
method of [56], we can show that the rank of these sutured Floer homology groups is
nondecreasing in g. We expect that these sutured Floer homology groups for various
choices of g are isomorphic to each other. However, proving this seems to need a
further study of the algebra Vg 1. For example, if Conjecture 7.3 holds, then all of the
above versions of sutured Floer homology of (M, ) are isomorphic. We hope to come
back to this issue elsewhere.

5.3 Instanton knot homology

Definition 5.29 Given aknot K in a 3—manifold Y, let (M (K), @(K)) be the sutured
manifold of Example 5.24. The U(3)—knot homology of K, denoted by KHI« (Y, K),
is defined to be SHI(M(K), a(K)).

As explained in [56, Lemma 5.2], a closure of (M(K),«(K)) can be described as
follows. Suppose F is a genus 1 surface with one boundary component, and ¢, ¢’ C F
are two oriented nonseparating simple closed curves which intersect in exactly one
point and ¢ -¢’ = 1. Let Z(K) be the result of gluing the knot complement M (K)
to the product 3—manifold F x S! such that the meridian of K is identified with
{point} x S! and the longitude of K is identified with dF x {point}. Suppose also
Y(K) C Z(K) is the 1—cycle given by ¢ x {point} C F x S'. Then Z(K) is a closure
of the sutured manifold (M (K),«(K)) and y(K) is the corresponding 1-cycle. The
embedded surface R is also given by the torus 7 = ¢’ x §1 C F x S!. Consequently,

(5.30) KHI. (Y, K) = 1«(Z(K). y(K)|T).
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Next, we characterize the set of the critical points of the Chern—Simons functional
associated to the pair (Z(K), y(K)):

Proposition 5.31 For a knot K in a 3—manifold Y, the set of the critical points of
the Chern—-Simons functional associated to the admissible pair (Z(K),y(K)) is a

3—sheeted covering space of
100
(5.32) R=4p: 11 (Y\K)—SUQB) |p(u)=]0¢ 0
00 ¢?

Recall that ju is a meridian of K and ¢ = 271/3.

Proof The set of the critical points of the Chern—Simons functional is given by the
conjugacy classes of representations p: 1(Z(K)\y(K))— SU(3) such that a meridian
of the closed curve y(K) is mapped to {. We fix a base point for Z(K) on the torus
/xS c FxS'. Suppose J; = p(c’ x {point}) and J, = {point} x S!. Since ¢’ x S
intersects ¢ in one point, we can assume

(5.33) [J2, J1] = ¢ -id.

This implies that J, and =1 J, are conjugate to each other. Thus there is a unique
representative for the conjugacy class of p such that

001 100
J1= 100 and J2= 0;‘0
010 00 ¢?

Therefore, the conjugacy class of the representation pl, (rxs1\y(k)) 1S uniquely
determined by J3 € SU(3), which is equal to the image of p for a parallel copy of c.
Since J3 has to commute with J5 it is a diagonal matrix. Therefore, the restriction of
the above representative of p to the knot group 71 (M (K)) determines an element of R.
Furthermore, p maps the longitude of K to [J3, J1]. Now the claim can be easily
verified, because the map that sends a diagonal matrix J3 to [J3, Jq] is 3-to-1. |

Corollary 5.34 Suppose K is a knot in a homology sphere Y. If dim(KHI(Y, K)) > 1,
then there exists a nonabelian representation p: w1 (Y \ K) — SU(3) such that the image
of the meridian is conjugate to

0
0
;2

S O =
S v O
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Proof Suppose there is not a representation with this property. Then the only critical
points of the Chern—Simons functional of (Z(K), y(K)) are the three flat connections
induced by the abelian representation in (5.32). Since these critical points are non-
degenerate,® 1,(Z(K), y(K)) is the homology of a chain complex which has three
generators. The order-three map ¢ has degree 4 with respect to the Z /127 grading.
Thus the three eigenspaces of this operator have the same dimensions. Therefore,
ker(e — 1) has to be at most 1-dimensional, which is a contradiction. a

Proposition 5.35 Let K be a null-homologous knotin Y and S be a Seifert surface
of genus g > 1 for K. Then dim(KHI(Y, K)) > 2dim(SHI*(N(S),a(S))), where
(N(S),a(S)) is the sutured manifold of Example 5.25.

Proof According to (5.30), the U(3)-knot homology is equal to I, (Z(K), y(K)|T).
In order to form a closure of (N(S),«(S)) and to define SHI.(N(S),a(S)), we
first glue [—1, 1] x Fy,1 along the suture «(S). In this case, R* are two copies
of SU Fy ;. If we identify R* in the obvious way, then the resulting space is again
the 3-manifold Z(K). Let y(S) and R(S) be the resulting 1-cycle and the surface
in the closure Z(K). The I—cycle y(S) is a copy of S! x {point} C S! x Fy . The
surface R(S) has genus g + 1 and is given by gluing the Seifert surface S to Fj ;.
Arguing as in [56, Proposition 7.9] and using our excision theorem, we can show that
L(Z(K), y(K)|T) = L(Z(K), y(K) 4+ y(S)IT)

and

L (Z(S), y(S)IR(S)) = L(Z(S), y(K) + y(S)|R(S)).
Remark 5.15 implies that the homology group I (Z(K), y(K) + y(S)|T) is equal to
(5.36) L(Z(K), y(K) + y(S)) Nker(R; — 3).

We can further decompose the vector space in (5.36) using the eigenvalues of the
operators p(R(S)). In particular, the vector spaces

(5.37) L (Z(K), y(K) + y(S)) Nker(Rz — 3) Nkergen (p2(R(S)) —2+/3g)
and

(5.38) L (Z(K), y(K) + y(S)) Nker(Rz — 3) Nkergen (p2(R(S)) 4+ 2+/3g)

8This is a consequence of the fact that the Alexander polynomial of a knot K in an integral homology
sphere does not have a root which is a third root of unity.
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are two distinct summands of I, (Z(K), y(K) + )/(S)lT). Since the operator R(S)
has degree 2 with respect to the Z/12Z—grading of L (Z(K), y(K) + y(S)|T), the
vector spaces in (5.37) and (5.38) have the same dimension. It is also clear from the
definition that (5.37) contains L« (Z(S), y(K) + y(S)|R(S)), which verifies the claim
of this proposition. a

Conjecture 5.39 If Y\K is irreducible, then dim(SHL«(N(S),a(S))) > 1.

If Y\K isirreducible, then the sutured manifold (N(S), «(S)) is taut. Kronheimer and
Mrowka proved a nonvanishing theorem for the U(2)—sutured Floer homology SHIi
of taut sutured manifolds [56]. As explained in Section 7, we expect that a similar
nonvanishing theorem holds for our version of sutured Floer homology.

If Conjecture 5.39 holds, then the answer to Question 1.1 is positive for N = 3 and for
any nontrivial knot in an integral homology sphere Y. Using the prime decomposition
theorem for 3—manifolds, one can decompose Y as a connected sum Y7 # Y, such that
K C Yy and Y1\K is irreducible. With the aid of Corollary 5.34 and Proposition 5.35,
we can conclude from Conjecture 5.39 that the answer to Question 1.1 for N = 3 and
the pair (Y7, K) is positive. This clearly would imply the claim for (Y, K).

6 Gluing theory

6.1 Moduli spaces on manifolds with long neck

Suppose that Y is a connected 3—manifold and y C Y is a cycle. We do not assume
that (Y,y) is N—admissible. However, we assume that the critical points of the
(possibly perturbed) Chern—Simons functional of (Y, y) are nondegenerate. Suppose
also that (X, w) is a pair with boundary (Y, y). As explained in Section 2.2, we can
form moduli spaces M, (X, w) and their framed counterparts M (X, w) by working
with perturbations of the ASD equation. The Uhlenbeck compactness theorem of
Section 2.1 has an analogue for 4-manifolds with cylindrical ends. A proof of this
result for N = 2 is given in [19, Chapter 5], and it can be extended to higher rank by
combining the arguments of [19] and [52]:

Theorem 6.1 Suppose {[A;]}ieN is a sequence of connections in the moduli space
MP(X, w). Then there is an element ([B], [C1],...,[Ck]) of the space

(62) /\;l,po(X» w’ 050) Xl"ao Mp1 (050, Ol]) XF(X] e XI‘ak_l /\F;l/pk (ak—laak)
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and an element (x, y1, ..., y) of the space
(6.3) (XY /S X (¥ X RY™ /Sy, X -+ x (Y X R)™k /S,

for appropriate nonnegative integers m; such that {[A;]};eN , after passing to a sequence,
is weakly chain convergent to (([B], x), ([C1], y1).. ... ([Ck]. yk)). Furthermore,

(6.4) K(p) = k(po) +k(p1) + -+ Kk(pr) +mo +my + -+ mg.

Note that ./-\;l,q (o, B) is the moduli space of framed connections associated to a path
q: a— B over (Y xR, yxR). This moduli space is equipped with an action of I'y xI'g..
The weak chain convergence of {[A4;]}ien to (([B],x), (IC11, »1), - - -, ([Ck],yk))
means that the following holds [19]: the sequence {[A;]};eN , after choosing appropriate
gauge representatives, is Lf —convergent to B on compact sets of X\x. Moreover,
there is a sequence of real numbers

th=0<1?<... <tk

with lim; tl.j o tij = 0o such that the translation of A;|y x[0,00) by the constant tij

is L{) —convergent to C; on compact sets of ¥ x R\ y;. Identity (6.4) implies that
6.5) index(Dy; ) > index(Dp, ) + index(Dc, ) + - - - + index(Dc, )

and the two sides of the inequality are also equal to each other mod 4 N. In (6.5), equality
holds if and only if the integers m; are all zero, and in this case, Lf convergence on
compact subspaces can be improved to C°° convergence on compact subspaces.

Remark 6.6 Theorem 6.1 can be extended to the case that W has more than one
boundary component in an obvious way. In this case, we need to fix a chain of the
elements of moduli spaces for each boundary component.

There is another compactness theorem we need to review, in which we stretch a 4—
manifold along a neck and consider the associated moduli spaces. Suppose (X1, w)
and (X»,w,) are pairs whose boundaries are (Y, y) and (Y, y), respectively. Then
we can glue these pairs to form (X, w). We also fix Riemannian metrics on the X;
which are product metrics in neighborhoods of their boundaries associated to a fixed
metric on Y. Let X7 be the Riemannian manifold diffeomorphic to X which has an
isometric copy of ¥ x (=T, T) and is such that XT\Y x (=T, T) is isometric to the
disjoint union of X; and X». The proof of the following theorem is similar to that of
Theorem 6.1.
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Theorem 6.7 Suppose A; is a connection on the moduli space M, (X7, w) such
that 1im; >, T; = 0o. Then there is an element ([B1], [C1], ..., [Ck],[B2]) of

(6.8) My (X1, wi:ag) xr,, Mp, (@0, 1) X1+ XTIy, Mpy (-1 k)

XTy, Mp (X2, w2; 0k)
and an element (x1, y1,..., Yk, X2) of the space

(6.9) (X{)™0/Smox (¥ XxR)™ /Sy, X+ x (¥ x RY™ /Sy x (XY™ 41 /Sy,
such that {[A;]}ieN is weakly chain convergent to

(([B1]x1). (IC1]. y1). - - .. ([Ck]. ¥k)- ([B2]. x2)).

Moreover, we have

(6.10) « =k(p)+k(p1)+---+x(pr) +k(P)+mo+my+---+mg +mj;.

The following gluing theorem can be regarded as an inverse to Theorem 6.7. There are
various places in the literature where similar gluing theorems are discussed [81; 19; 55].
Theorem 6.11 can be proved with similar strategies (see eg [19, Theorem 4.17 and
Section 4.7.1]):

Theorem 6.11 Let (X;, w;) be given as above. For 1 <i <k, let p;: aj_; — «; be
a path along (Y xR, w xR), and let N; bea compact (I'y, _, xI'y; )—invariant subspace
of Mpi (oi—1, ;) which consists of regular points. Suppose we are also given two
other compact spaces

ﬁocﬂp(Xl,wl;ao) and Nk+1 C/ﬁp/(Xz,wz;ak)

which contain only regular points and are respectively invariant with respect to the
action of T'y, and TI'y, . Here we assume that the perturbations of the ASD equation
on the ends of X1 and X, are induced by a fixed perturbation of the Chern—Simons
functional of (Y, y). Then there is a space U; containing N; which is an open subset
of the relevant moduli space and is invariant with respect to the action of the relevant
group. Moreover, for large enough values of T, there is a gluing map

[ 7 7 T
@7 Uo XTg, Ut XTg, +* XTy, Uk+1 = Mic (X7, w),

where

(6.12) kK =k(p)+Kk(p1)+---+x(pr) + k().

The gluing map is a diffeomorphism into its image and satisfies the following properties:
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For any fixed element a in the domain of @7, the sequence ®7(a) is chain convergent
to a, as T goes to infinity. Moreover, if A; is a connection on the moduli space
MK(XT", w) such that lim; o T; = 0o and the sequence {A;} is chain convergent
to an element of

ﬁo X ﬁl XTq, """ XTqy Nk—H

then A; lies in the image of the gluing map for large enough values of i .

Remark 6.13 Theorems 6.7 and 6.11 are strong enough to study the cut-down moduli
spaces on a 4-manifold with a long neck. To demonstrate this in the context of an
example, suppose (X;,w;) is as above and hT(X;) > 1. Let ¥ be an embedded
surface in X,. Let v(X) C X» be an open neighborhood of ¥ such that the inclusion
of v(X) in X, induces a surjection of fundamental groups. Let k be chosen such
that M,(XT, w) has expected dimension two. We make the simplifying assumption
that all critical points of the Chern—Simons functional on (Y, y) are irreducible and
nondegenerate, and all the moduli spaces on Y x R are regular. By choosing a generic
metric and a small compactly supported perturbation, we can assume that the moduli
spaces of the form M, (X, w;;«) with expected dimension at most 0 contain only
irreducible and regular elements [52, Lemma 24]. Similarly, we can arrange for a
metric, a small compactly supported perturbation on X5, and a geometric representative
V2(X) C B*(v(X)) x v(X) such that:

(i) The moduli spaces of the form M, (X2, w>;«) with dimension at most two
consist of irreducible and regular solutions.

(i) The map r: Mp(Xz, wo;a) x ¥ — B*(v(X)) x v(X), for any moduli space
Mp (X2, wp; ) of dimension at most two, is transversal to V2(X). Suppose
Np (X1, wi;a, X) denotes the cut-down moduli space.

The chosen holonomy perturbations on X; and X, induce a holonomy perturbation
on XT for large values of T. Theorem 6.1 implies that for large enough values of T,
the space M (X7, w) x X is also cut-down transversely by V5(Z) and the resulting
space is compact. Furthermore, the elements in the cut-down space N (X7, w; X) are
in correspondence with the elements of the space

g Mp, (X1, w1, T) X Np, (X2, wa; ).
k(p1)+x(p2)=«

In the following, we use a similar strategy to study the cut-down moduli spaces on
4-manifolds with long necks, without going into details.
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The following vanishing theorem is a standard application of the above theorems
[17; 20; 68]:

Theorem 6.14 Suppose X1 and X, are two 4—-manifolds with b+ (X;) > 1. Then for
any 2—cycle w in the connected sum X1 # X, and any z € A(X1 # X2)®2, the number
Dy, 4x,,w(2) is equal to zero.

Proof We can assume that w = w; U w, and z = z; - zp, where w; is a 2—cycle
in X; and z; € A(X;)®?. By replacing X;, w; and z; with X; #CP?2, w; UE; and
Zi - (E,-)%Z), we can also assume that w; is coprime to N. Here E; is the exceptional
class in X; # CP2. We fix a Riemannian metric on X; # X, whose restriction to the
connected sum region is isometric to the product metric [-7, 7] x S3, where T is
a large constant and S3 has the standard metric. Using the standard metric on S3
allows us to ensure that all the framed moduli spaces on the cylinder R x S3 are
regular. We fix a holonomy perturbation of the ASD equation on each X; such that
the perturbation is supported outside of a neighborhood of the connected sum region,
and the cut-down moduli spaces N, (X;, w;;©,z;) of expected dimension at most
zero are regular. Here © is the trivial connection, which is the only flat connection
on S3. Now we can use Theorem 6.11 to conclude that the O—dimensional moduli
space Ny (X1 # X2, w; Uws;z1-23) is empty when T is large enough. O

Next, we utilize the gluing and the compactness theorems to prove Proposition 3.45 on
connected sums along X (2, 3,23). Recall that in addition to the trivial connections,
there are 44 irreducible and eight SU(2)-reducible connections on the trivial SU(3)-
bundle over X(2,3,23). All these connections are nondegenerate. We choose a
perturbation of the Chern—Simons functional of X(2,3,23) (and the empty cycle)
such that the critical points of the perturbed functional are the same as those of the
Chern—Simons functional and the following assumption about the regularity of the
elements of [A] € M,(2(2,3,23);«, B) holds: if A4 is irreducible, then A is regular,
and if A is reducible and induced by an SU(2)—connection, then A4 is regular as a
solution of the (perturbed) ASD equation for SU(2)—connections [19; 58].

Suppose X7 is a 4-manifold with »*(X;) > 1 and 0X; = 2(2,3,23). Suppose
also that w; is a closed 2—cycle in X; which is coprime to 3. Fix a metric with
cylindrical ends on X; and a small holonomy perturbation of the ASD equation which is
compatible with the perturbation of the Chern—Simons functional. Let M, (X, wy; @)
be the moduli space of solutions to a perturbation of the ASD equation associated to
the pair (X1, w;) and the path p:
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Proposition 6.15 Suppose a positive integer no is given. There is a metric and a
holonomy perturbation of the ASD equation on X1 such that the following holds:
Let p be a path along (X1,w;) based at a flat connection @ on X(2,3,23) such
that the index of the elements of My (X1, w;;a) is at most ng. Then the moduli
space Mp (X1, w1; @) consists of regular solutions and does not have any reducible
connections. Moreover, suppose z1 € A(X)®? is such that

dx, w, = —4w? —4(x(X1) +0(X1)) —4 =deg(z1) +4 mod 12.

Suppose also that the expected dimension of N,(X1, w1;«, z1) is zero. Then there is a
geometric representative for z such that the cut-down moduli space N, (X1, w1: e, z1)
is compact.

Note that NV, (X1, wi; e, z1) might be a linear combination of different spaces. Then
compactness of this space is defined to be the compactness of all the involved spaces
in the linear combination. In what follows, we gloss over this point about the nature of
the spaces N, (X1, wisa, 21).

Proof The arguments of [52] can be used to show that the metric and the perturbation
can be chosen such that if p is a path as in the statement of the proposition, then
Mp (X1, w1; @) is regular and does not contain any reducible solutions. We can also
assume that V(z1) is chosen such that all moduli spaces N, (X1, wy; o) with expected
dimension at most no — deg(z;) are cut down transversely. Next, let the dimension
of Mp(X1,wr;a) be equal to deg(z1), and {A;}; be a sequence of connections in the
cut-down moduli space N, (X1, w1;«, z1). By Theorem 6.1, this sequence converges
to an element (([B], x), ([C1], %), ..., (Ck], y&)), where [B] € N po (X1, w1; 0, 21),
[Ci] S Mp[ (a,-_l,(x,-), o = o, and

(6.16) deg(z1) > index(Dp) + index(D¢, ) + - - - + index(Dc, ),

with equality holding if and only if the multisets x, y1, ..., yx are empty. The main
point of the rest of the argument is to show that instantons C; with nonpositive values
of index(Dc;) do not appear in the limit points of N, (X1, wi;a, z1).

We first show that index(Dp) in (6.16) is bounded above. If C; is irreducible, then
index(Dc; ) is positive. In the case that C; is reducible, we cannot guarantee that
index(Dc; ) is positive. However, the index of D¢; as an SU(2)—connection is positive.
Using Table 5, it is straightforward to check that for a reducible connection C; €
Mpi (R x X(2,3,23); 2j—1, «;) with nonpositive index(Dc; ), the flat connection «;
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has to be Bg, and «;—; is equal to either the trivial connection ® or the SU(2)—
connection B;. In the first case, index(Dc;) is equal to —3 and in the latter case
index(Dc; ) is equal to —2. Suppose

(6.17) {it,...,;}C{0,....k—1}
is the set of indices such that «;; = Bs. We have
(6.18) index(Dcij )t indeX(DCij ) et index(DCl.jH) =0 mod 12

for 1 < j <k —1. In (6.18), the last term is at least —3 and the other terms are
positive. This shows that the sum in (6.18) is nonnegative. We can use this to conclude
that the sum index(Dc,) + - -+ + index(Dc, ) in (6.16) is at least —3. That is to say,
index(Dp) is not greater than deg(z;) + 3. By increasing the value of n¢ if necessary,
we can assume that Npo (X1, w1; @, z1), which contains B, is cut down transversely.
In particular, index(Dp) > deg(z1).

If / > 1, then the index formula (2.16) shows
index(Dp) + index(Dc,) + -+ + index(DCil) =dy,,w,—3=deg(z1)+1 mod 12.

In the above expression, the first term on the left-hand side is not less than deg(z1),
the last term is not less than —3, and the remaining terms are positive. Therefore,
the sum on the left-hand side is not less than deg(z1) + 1. This also shows that the
right-hand side of (6.16) is at least deg(z1) + 1, which is a contradiction, and as a
result, / = 0. Therefore, in (6.16), index(Dc; ) is always positive. This also implies
that k = 0 and x is empty. Consequently, N, (X1, w1; o, z1) is compact. O

Form the moduli spaces NV, (X1, w1; o, z1) with the perturbations from Proposition 6.15,
and define the following element of I4(X(2, 3,23)):
(6.19) Dx, wi (71) := Y #Np (X1, wise, 21) @,

where the sum is over all irreducible connections « in X (2, 3,23) and the paths p
such that

(6.20) Np (X1, wrie, z1)

is O—dimensional. Here we follow the standard conventions to orient (6.20) [58; 52].
Since N = 3, we do not need a homology orientation of (X, w;) to fix a sign
for Dx, w, (21).
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Next, let X» be a 4-manifold with 5 (X3) > 1 and 9X» = X(2, 3, 23). Let also w»
be a closed 2—cycle in X which is coprime to 3. Fix a metric with cylindrical ends
on X» and a small holonomy perturbation of the ASD equation which is compatible
with the perturbation of the Chern—Simons functional:

Proposition 6.21 Suppose a positive integer no is given. There is a metric and a holo-
nomy perturbation of the ASD equation on X» such that the following holds: Let p be
a path along (X5, w) based at a flat connection o on ¥ (2,3,23) such that the index of
the elements of M (X2, w2; «) is at most ng. Then the moduli space Mp(X2, wa; o)
consists of regular solutions and does not have any reducible connections. Moreover,
suppose z, € A(X)®? is chosen such that deg(z,) is divisible by 4. Suppose also the
expected dimension of Nj,(X2, wa; @, z2) is zero. Then there is a geometric represen-
tative for z, such that the cut-down moduli space Ny, (X2, wa; @, z2) is compact.

The proof of this proposition is analogous to that of Proposition 6.15, and we leave it
to the reader. The cut-down moduli spaces in Proposition 6.21 can be used to define
the following functional on 1. (X (2, 3, 23)):

(6.22) DX22(z5) (@) = #Np (X2, w23 @, 22),

where « is an irreducible connection on X(2,3,23) and the path p is chosen such
that NV, (X2, wa; o, z3) is O—dimensional. The index formula shows that this space is
O—dimensional only if

(6.23) deg(x) = 4w§ +4(x(X2) +0(X2)) —4+deg(zz) mod 12.
Thus, DX2:%2(z,) is nonzero only on the elements of L (X (2, 3, 23)) that satisfy (6.23).

Proposition 6.24 Fori = 1,2, suppose (X;,w;) and z; are as in Propositions 6.15
and 6.21. Then

(6.25) DX, 0Xo.w; U, (71 - 22) = DX2¥2(25) 0 Dy, 1, (21).

Proof Use Propositions 6.15 and 6.21 to fix metrics on X; and X5. Letalso X;0X, be
equipped with a Riemannian metric which is compatible with the metrics on X; and X,
and has a long neck along X (2, 3,23). By slightly modifying the holonomy perturba-
tions provided by Propositions 6.15 and 6.21, we can assume that the perturbation of X;
on the complement of a compact subset of X i+ is induced by the chosen perturbation of
the Chern—Simons functional of 3 (2, 3, 23) and the claims of these propositions about
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the moduli spaces of the form N, (X1, wi;o,z1) and Np(X2, wo; o, z2) still hold.
The perturbations of the ASD equations on X; and X, induce a perturbation of the
ASD equation on X1 o X5. By applying Theorem 6.11 and arguments similar to those
in the proof of Proposition 6.15, we can conclude that, for a long enough neck along
3(2,3,23), we have the following diffeomorphism of 0—dimensional moduli spaces:

Nie(X10Xp, wi Uws, 21+ 22) = U Npy (X1, w50, 21) X Np, (X2, was o, 22).
o
Here « is an irreducible connection on X (2, 3, 23), and «, p; and p, are chosen such
that all the above cut-down moduli spaces are O—dimensional. Standard arguments
show that the above diffeomorphism is compatible with respect to the orientation of
the involved moduli spaces. This diffeomorphism implies the claim in (6.25). |

This proposition essentially proves Proposition 3.45 from Section 3.4. We only need to
extend the above proposition to the case that w; and w, are not necessarily coprime
to 3 and deg(z») is not divisible by 4. The assumption on the w; can be removed
by the blowing-up trick. The dimension of the moduli space of rank 3 instantons
on the closed 4-manifold X; o X, is always divisible by 4. Therefore, if we define
DX2:%2(z,) = 0 in the case that deg(z2) % 0 mod 4, then the above theorem still holds.

6.2 Gluing theory for negative embedded spheres

In this subsection, we give a proof of Proposition 2.21 based on the techniques which are
discussed in Section 6.1. Suppose X is a smooth 4-manifold with b™(X) > 2. Suppose
also o is an embedded sphere in X with o -0 = —3. A tubular neighborhood of o,
denoted by Z, is a disc bundle over o with Euler class —3 and boundary Y = L (3, —1).
Thus X can be split as Z o X1, where X is the closure of the complement of Z. We
will also write wq for a fiber of the disc bundle Z. Fix the orientation on wq such
that wg intersects o negatively in one point.

Fix a Riemannian metric with a cylindrical end on Z. Let also L be the complex line
bundle over Z associated to the 2—cycle wg. Since bT(Z) = b'(Z) =0, there is a
unique ASD connection on L with finite energy. This connection, denoted by B, is
asymptotic to a flat connection y which maps the generator of 71 (Y) to { = e27¢/3,
Consider the ASD U(N )—connection 4 := B¥1 @ ... @ BXN which is asymptotic to
the flat connection o := x! @ --- @ yk~ . The first Chern class of the underlying

U(N )—connection is equal to (k; +--- 4+ k) P.D.[wg]. The topological energy of A
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is given by the formula
_ AR
() = 35 > (ki —kj)>.
1<i,j<N

Therefore, we can use (2.16) to compute the index of D4. In particular, if |k; —k;| <3
for all i and j, then (2.16) shows [12] that

index(Dg) =1-N?>+ Y |ki —kjl.
1<i,j<N
Table 2 consists of various choices of U(3)—connections. For each connection A, the

first Chern class of the underlying bundle of A is equal to k P.D.[wg], where k is also
given in Table 2.

A o k indexDy dim M(A) Ty
B’a1a1 Polel 2 0 4 S(U(1) x U(2))
B®Ba1 (®x®l 2 —4 0 S(U(2) x U(1))

B '@B’0B Yooy 2 4 8 S(U(2) x U(1))

BoB'oB™! yextex? -l 0 4 S(U(1) x U(2))

B lal®l P?elel -1 —4 0 S(U(1) x U(2))

B2oBal (Ox®1 -1 4 8 S(UQ2) x U(1))
Table 2

We will write M(A) (respectively, M(A)) for the moduli space (respectively, the
framed moduli space) of connections on Z corresponding to the path which is rep-
resented by A. From now on, we assume that an anti-self-dual metric with positive

scalar curvature is fixed on Z [61].°

Proposition 6.26 For each A in Table 2, A has the minimal topological energy among
all ASD connections with the same limiting flat connection as A and the same c .

Proof Let A’ be an ASD connection with a smaller topological energy and the same
limiting flat connection and c¢; as A. The difference dim(M(A)) —dim(M(A")) is at
least 12. On the other hand, any such connection is regular because of the choice of

9We use such metrics to ensure regularity of moduli spaces of ASD connections with respect to these
metrics. The construction of [61] provides asymptotically cylindrical ASD metrics rather than cylindrical

metrics. However, that is enough for our purposes because we can pick a cylindrical approximation to the
these metrics and then argue as in [13, Corollary 5.13].
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the metric. Therefore, the dimension of M(A’) is at least dim(I'y) —dim(T"4). This
can be used to rule out the existence of A'. a

We study the moduli spaces M(A) for various choices of A. The same argument
as in Proposition 6.26 shows that if A = B @ B & 1, then the moduli space M(A)
contains only the completely reducible connection A. Next, we turn to the case that
A= B?@1® 1. An argument analogous to that in Proposition 6.26 shows that there
are three types of connections in this space:

¢ finitely many irreducible connections;
* the complete reducible connection 4 = B2 ® 1 & 1;

e reducible connections of the form R @ 1, where R is an irreducible U(2)-
connection in the 1-dimensional space M(B? @ 1).

Proposition 6.27 The unique component of M(B? @ 1) containing B> ® 1 is a
half-line [0, c0). All the other components are either circles or copies of R consisting
of only irreducible connections. The corresponding components of M(B 2pldl)
are C2, §3x S and S3 xR.

Proof The proof of the first part is straightforward. For the second part, note that the or-
bit of the connection R@ 1 in the framed moduli space, for an irreducible connection R,
is Ty /Tre1 = S(U(1) x U(2))/S(U(1)2 x U(1)) = §3, where U(1); x U(1) denotes
3 x 3 diagonal matrices where the first two diagonal entries are equal to each other. O

Now we are ready to prove the first part of Proposition 2.21:

Proposition 6.28 Suppose X and o are as above and z € A({o)1)®2. Suppose also

that w is a 2—cycle in X such that w-o =1 mod 3. Then there is a constant ¢ such that
3 3 3.2 3
Dy ((—=30() — 5003 —a2)z) = ¢ Dy _,(2).

Proof For simplicity of exposition, we assume that z = 1. A similar proof works
in the more general case. Equip X with a Riemannian metric that has a neck of
length T along the lens space Y, and denote the resulting Riemannian manifold by X 7.
We first study the 4-dimensional moduli spaces of the form M, (X T w) for large
values of 7. Let «; and «» denote the flat connections )(2 dldland yp yd1.
We write G; for the stabilizer group I'y;. We also write Ry for M B2p1@1)
and R, for M(B@® B @ 1). Clearly R; is a G;—manifold. By Theorem 6.11 and
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the above description of the low-dimensional moduli spaces on Z, the moduli space
Mo (X T 'w) can be covered with two open sets &/ and V of the form

leﬂpl(Xl,wﬂXl;ozl) X6, R1 and VZMPZ(Xl,wﬂXI;Olz) XG, Ra,

where the framed moduli spaces ﬂpl (X1, wN Xy;a1) and ./\71,2()(1, wN Xq;ay) are
respectively of dimensions 4 and 8. By choosing a generic metric on X; and a small
holonomy perturbation of the ASD equation supported in X, we can assume the action
of I'y; on Mpi (X1, wN X1; ;) is free. In particular, there are G; equivariant maps

(6.29) fir My, (X1, wN Xy;05) > EG;,

where EG; is the universal principal G;—bundle over the classifying space BG;.
Every connected component of M p1 (X1, wN X1;a1) can be identified with G and
we can assume that the map f~1 is the same on different connected components of
Mpl(Xla wNX1;0q).

Gluing theory also gives a description of the intersection &/ NV for large values of 7.
Let AV be the (G1xG5,)-manifold /ﬁq (o1, 02), where the path ¢ is chosen such that
this space is 8—dimensional. Since the orbit of any irreducible connection with respect
to the action of G1 X G, and translations is at least 9—dimensional, A/ does not contain
any irreducible connections. Thus A consists of ASD connections of the form R@1 on
R x L(3,1), where R is asymptotic to y?>@1 and y @ x on the two ends. After dividing
by the action of translations, there are finitely many choices for the connection R. Thus,
this manifold, as a (G xG»)—space, is the union of finitely many spaces of the form
R x G1 X G2 .

S(U(1)2 xU(1))
In particular, the action of G; on this space is free. The Gj—space N xg, Rz can
be identified with the end of R;. The G,—space /\71,,1 (X1, wN X1501) Xg, N can
be identified with the end of M p> (X1, wN Xy;a2). Using these identifications, the
overlap & NV is identified with the space

(6.30)

(6.31) Mp, (X1, wN X1;01) X6, N X6, Ra.
In summary, M, (X7, w) is the pushout of the following diagram:

Mp, (X1, wN X1;01) X6, N XG, Ra > My, (X1, wN X1;01) XG, Ri

(6.32) £ r l

Mp,(X1,w N X1:02) Xg, Ra > Mo (XT, w)
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We can form a universal version of the above diagram as follows:

h
EG1 xg, ./\/'XG2 Ry <2 EG1 %6, R1

(6.33) yl r l

EGyxg, Ry ——— M
The free action of G, on EGj xg, N gives a Ga—equivariant map
f: EG1 XGy N — EGz.

The vertical map £, is induced by f. The horizontal map /, is induced by the
inclusion of N %Gy R» into Ry. The space M is then the pushout of /; and A,. The
maps f1 and f2 determine the maps

fi: ﬂpi(Xl,wﬂXl;ai) xG; Ri = EG; xg,; Ri
and

g: ﬂpl(Xl,wﬂXl;al) XGy NXG2 R, — EGq XG ./\/'XG2 Ro>.

The maps ﬁ and ];; can be chosen such that fj, f> and g give rise to a map from dia-
gram (6.32) to diagram (6.33). We will write F for the induced map from M, (X T, w)
to M.

There is a similar description of the universal bundle over the space M, (X T wyxo.
Suppose ¢ is the path over Z determined by the connection B2 @ 1@ 1. We can form
an equivariant universal bundle ﬁl over E’ql (Z,wN Z;a)x o similar to the universal
bundles in Section 2.1. There is an action of G on ﬂﬁl which lifts the obvious action
of this group on qu (Z,wN Z;a) x o. This bundle induces a PU(3)-bundle over
R1 x o with an action of G, which we still denote by ﬁl . Similarly, we can construct
a PU(3)-bundle ﬁz over R, x o with an action of G5. Since R, consists of only the
class of the connection B @ B @ 1, the bundle ﬁg has the form [12, Proposition 46]

(6.34) P,=FXRL®P,

where F and P are the standard U(2)- and U(1)-representations of G5, and L is the
line bundle defined at the beginning of the subsection. To be more precise, (6.34) gives
aliftof P, toa U(3)-bundle with an action of G,. The restriction of P, asa PU(3)-
bundle with an action of G, to the subset V' xg, R2 x 0 of R x o can be identified
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with V' xg, P,. Thus, P; and P, give rise to the following diagram of PU(3)-bundles:

~ h ~
P3:= EGq XG, NXGz P> —2> EGy XGy Py

(6.35) l’;‘ - l

EGs xg, P, y P

The PU(3)-bundle P over M x o is the pushout of the above diagram. The pullback
of P with respect to the map (F,id): MKO(XT, w) X0 — M X o is equal to the
universal bundle.

Suppose ¢ € H*(M, Q) is defined to be
5¢3(P)/o =3 (c2(P)/0)* —c2(P)/x.
We claim the restriction of ¢ to the subspace £G> X, R» vanishes. To see this, let
p:=ci1(P) and f:=ca2(F)e€ Hg,(R2) = H*(BG2)

be the equivariant Chern classes of the bundles P and F' in the description of ’Iﬁz
in (6.34). Then it is easy to verify our claim from the following identities:

c2(EGaxG, P2) /o = —p,  c3(EGaxG, P2)/o = Lp? + 2§,
c2(EGa %G, P2)/x = —p2 +F.

By (6.30), the space EG1 xG, N Xg, Rz is homotopy equivalent to finitely many
copies of

EG1/S(U(1)2 x U(1)) 2= BS(U(1)2 x U(1)) = B(U(1) x U(1))

whose odd-degree cohomology groups vanish. Therefore, we can apply the Mayer-
Vietoris exact sequence for the pushout diagram in (6.33) to conclude that there is a
unique choice of a relative cohomology class

Ve H4(EG1 xG, R, EGq X6 ./\/XG2 R2)

such that ¢ is equal to the image of ¥ in H*(M, Q). This discussion shows that
the pairing of F*(¢) and the fundamental class of the 4—dimensional moduli space
Mo (X T ‘w) is equal to the pairing of 1 (¥) and the relative fundamental class of
/\7,,, (X1, wNXi;a1) XG, R1. The description of the moduli spaces and the map fl
shows that there is a constant ¢ such that the latter pairing is equal to

c-#Mpl(Xl,wﬂXl;ozl).
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Since M(B~! @ 1@ 1) consists of a single point, we have

(6.36) Mpl(Xl,wﬂXl;ozl) =/\7p1(X1,wﬂX1;Ol1) XTq, /\7(3_1 1l
:MKI(XT,w—a).

Here « is chosen such that the space M, (X T 'w —o0) is O—dimensional. We use
Theorem 6.11 to conclude the second identity for large enough values of 7. The
identities in (6.36) allow us to verify the desired claim. a

The second part of Proposition 2.21 can be proved by applying the first part to the
(—3)-sphere o with the reverse orientation. Next, we turn to the proof of the last part
of Proposition 2.21. As in the previous case, we need to study some low-dimensional
moduli spaces over Z. Table 3 consists of various choices of U(3)—connections on Z
with vanishing c¢;. The proof of Proposition 6.26 shows that each connection A in this
table has the minimal energy among all ASD connections with the same limiting flat
connection and vanishing c; .

A o index Dy dim M(A) Ty
1olel 11l -8 0 SU(3)
BoB lal 1@l 0 2 S(U(1) x U(1) x U(1))
B®B® B2 XPxDx 4 12 SU(3)
B 'eB 'eB? Yo’ 4 12 SU(3)
Table 3

For A= B ® B~ ! @1, the moduli space M(A) contains three types of connections:

e finitely many irreducible connections;
o the completely reducible connection A= B® B~ 1 @ 1;

e reducible connections of the form R & 1, where R is an irreducible SU(2)—
connection in the 1-dimensional space M(B @ B~1).

Proposition 6.37 Each of the connected components of M(B @ B~') which contains
B & B! is a half-line [0, c0). All the other components are either circles or copies
of R consisting of only irreducible connections. The corresponding components
of M(A) are C, S! x S! and S! xR, and the action of Ty = S! is standard.
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Proposition 6.38 Suppose X and o are as above and z € A((0)+)®2. Suppose

also w is a 2—cycle in X1. Then

D)3(’w((0(42) + 4a20(22) + 30(23))2) =0
and

Df(’w ((0(32)0(3) + 3a30(22) +a20(2)0(3))z) = 0.

Proof Similar to the proof of Proposition 6.28, we may assume that z = 1. We need
to study the 8—dimensional moduli space for the first identity and the 10-dimensional
moduli space for the second identity. Suppose k¢ is a constant number such that the
expected dimension of the moduli space M, (X7, w) is 8 or 10. This moduli space
is compact. Moreover, Theorem 6.11 and the above description of the low-dimensional
moduli spaces on Z show that M, (X T ‘w) can be given as the pushout of the diagram

Mp, (X1, w;a1) X, N X6, Ra —— My, (X1, w;1) X6, R

(6.39) l - l

Mp, (X1, wi02) Xg, Ry ——————— M, (XT, w)

where 01 = y @ 12 @1, au = 1@ 1®1, G, =Ty, Ri = MB®B 1),
Ro=M(1D1D1), N = Mq (a1, a2) and the path g is chosen such that the index
of any element in A is equal to 0. As in the previous case, we can form the universal
version of the above diagram as

h
EGq XGINXGZ Ry SLETN EG1 X6, R1

(6.40) l’“ - l

EGyxg, Rp —— M
with a map F': MKO(XT,w)—>M.

There are also PU(3)-bundles ﬁ on R; with an action of G;. These bundles give rise
to a pushout diagram of bundles

~ ~
P;:= EGq XGy ./\/’XG2 P, —2> EGq XGq Py

(6.41) l,; - l

EG, XG, ﬁz > P
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such that (F,id)*(P) is equal to the universal bundle on Mo (X T w)xo. Let
@1 € H3(M,Q) and ¢, € H'9(M, Q) be defined by

1 1= (c2(P)/0)* + 4(c2(P)/x) - (c2(P)/0)? + 3(c3(P) /0)?,
92 1= (2(F)/0)* - (c3(F)/0) + 3(c3(B)/x) - (c2(P) /)

+(c2(P)/x) - (c2(P)/0) - (c3(P) /o).
The restrictions of cohomology classes ¢1 and ¢, to the open sets EG; Xg; R; vanish.

We show this claim for the connected component EGy xg, C of EG1 X, R1. The
restriction of the bundle ﬁl to the G—manifold C is given by [12, Proposition 46]

PRLOORL '®RKRC,

where P, Q and R are the Gj—equivariant line bundles over C associated to the three
standard 1-dimensional representations of G;. Note that P ® Q ® R is the trivial
bundle with the trivial action of G. Suppose p,q € H(*;l (C) denote the equivariant
first Chern classes of the bundles P and Q. Then

e2(EGy %6, P1)/o = p—q, e3(EGy %, P1)/o = ¢* - p,

2(EG1 xg, P1)/x = =p>—q* = pq. ¢3(EG1xg, P)/x =—pq(p+q).
These identities can be used to show that the restrictions of ¢ and ¢, to EG1xg,C are
equal to zero. Using similar arguments, it is even easier to show that the restrictions of
these two cohomology classes to £ G X, R and the remaining connected components
of EG1xg,R1 are equal to zero. Since the cohomology groups of EG1xg, N xg,R2
in odd degrees vanish, the Mayer-Vietoris exact sequence for diagram (6.40) implies
that ¢; and ¢, are both equal to zero. In particular, this verifies the claim of this
proposition. |

6.3 Gluing theory for Fukaya—Floer homology

One of the primary goals of this subsection is to define the Fukaya—Floer homology for
an N-admissible pair (Y, y) and an (N—1)—tuple L = (I3, ...,Ix) of the elements
of Hi(Y). As it is mentioned in Section 3.3, we shall construct a chain complex
(Q*N’j (Y,y.L),dn,;) over Ry, ;, for each nonnegative integer number j. We also
define a chain map

FFoel vy L) —»eMky.p.L) for j=k=0

such that F jk is a homomorphism of Ry, j—modules, and for a triple of integers
satisfying j > k > [ > 0, the map Flé oF jk is chain homotopy equivalent to Fjl.
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Let ]IN] (Y, y, L) be the homology of the chain complex (& N.J (Y,y.L),dn,;) and
f k. ]IN J Y,y,L)— HN k (Y, y, L) be the map induced by F; k. Then the Fukaya—Floer
homology group I (Y, y, L) is defined to be the inverse hmlt of the inverse system

(I (Yy. L)Y A 0.

For simplicity of exposition, we assume that /3 =--- =[xy =0 and [, is an integral
homology class. Later we shall explain how the definition should be adapted to the
arbitrary case. For each i € N, let 1; be an oriented closed curve that represents /5.
Let also v(7;) be a regular neighborhood of 7; such that the inclusion of v(#;) into Y
induces a surjective map at the level of fundamental groups. Furthermore, we assume
that the open sets v(7;) are disjoint.

For a fixed integer j >0, let CSy; be a perturbation of the Chern—Simons functional as-
sociated to (Y, y) such that all critical points of CS; are irreducible and nondegenerate,
and all moduli spaces M, (e, B) with dimension at most 2 +1 consist of regular points.
If i is a nonnegative integer number not greater than j and dim(Mp (o, B)) <2j +1,
then we may also assume that the restriction of any element in M («, B) to the open
subspace v(1;) x (0, 1) is irreducible.!® We define

(6.42) e (YV.y. L) =7 (Y.y) ® Rw,;.
Next, we need to define the differential dy, ;.

For any path p between two critical points a and B of CSy; and S = {iy,...,ix} C
{1,...,j}, we have the diagonal R—action {o; };cRr on the space

(643) Mp(a,ﬂ)x(ﬂil XR)X"'X(nik XR)

Here the action of £ € R maps (x,r) € n; XR to (x,r—t). If p is not the constant path
or S is not the empty set, then this action is free and we will write M pla, B: S) for
the quotient space. Otherwise, M pla, B; S) is defined to be empty. In the case that S
is empty, the quotient space is the space M p(a, B). If S’ C S, then there is an obvious
projection map from M, (a, B; S) to M,(a, B; S’), which is denoted by 75— 5.

We can form a partial compactification of M p(a, B;S) by defining
k
o+ v
My p:8):=) U ] Mp@i-1.0;8),
k {(pi,Si)i<i<k i=1

10Thjs is a consequence of the unique continuation property of (nonperturbed) ASD connections and
the Uhlenbeck compactness theorem. For more details see [52].
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where S; C § and p;: «j—1 — «; is a path between two critical points of CSy; such
that the sets S; are disjoint, their union is equal to S, and the composition pjo---o pg
is equal to p. Note that the set S; may be empty. A sequence u; € Mp (o, B85 S)

is chain convergent to ueo = (uly,..., uk)) € ]—[f=1 My, (eti—1, ;5 S;) if there is a
sequence of k—tuples of real numbers (tll, cee, tlk ) such that
th<-e<tf, lim "t g =00 forall 1<m<k-1
-0
and

G . m
Oy O S8, (U]) —> Uy,

We use this notion of convergence to define a topology on M: (a, B;S).

Remark 6.44 Due to the possibility of bubbling off instantons, the space M: (o, B5S)
is not necessarily compact.

Example 6.45 Suppose A € M, («, B), where p: @ — B is a nontrivial path between
two critical points of the perturbed Chern—Simons functional. Suppose also x € 1 is
fixed. Then u; = [A, (x,i)] defines a sequence of elements of M p(a, B;S) where

S = {1}. This sequence is convergent to (ul,,u2):

ul, :=[Al € Mp(e, B) and uZ, :=[7*(B), (x,0)] € Mq(B. B; S).

Here ¢ is the constant path from S to §, and 7*(f) is the pullback of the connection S
to RxY.

For S ={i1,...,ir}, define the map

(6.46) s Mp(@. p:8) = [ ] B*(wm) x (0. 1) x;
ieS
by

¢S([14'/ (xll ’ ti])? L] (xlk ’ Z‘lk)])
= ((thl A|v(n,~l)x(0,1)» Xig)s oo (Tttk A|v(nik)x(0,1)’ xik)),

where T;,: R xY — R x Y denotes the translation that maps (x,?) to (x,? +1¢;).
This map extends to M: (e, B; S) in the obvious way and the extension is continuous.
As in Section 2.1, we can form a universal PU(N )-bundle P; and an associated
SU(NN) vector bundle E; on B*(v(n;) x (0, 1)) x ;. We need to find a subspace of
B*(v(n;)x (0, 1)) xn; representing c5(IP;) or equivalently (1/N¥)c,(E;), and use the
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inverse image of this representative to cut down the moduli space M pla, B;S). We can
proceed as in Section 2.1. The rank stratification of the vector bundle Hom(C* M- JE;)
determines a codimension-four representative V,(7;) for the second Chern class of the
universal bundle. For all choices of «, 8, S and p, we may assume that &g in (6.46)
is transversal to

Va(miy) % -+ x Va(ni, ).

Let N p(a, B;S) be the i 1nverse image of the above space by the map ®g. Then the
closure of Np (o, B;S) in ./\/l (o, B; S), denoted by N (o, B; S), is also a stratified
space with smooth strata of the form

k
1_[ Nopi (@i—1, @5 ).
i=1
Lemma 6.47 If the dimension of N ;,r(oz, B:S) is at most 1, then this space is compact.

Proof This is a consequence of Remark 6.6 and the standard dimension counting
argument used for the definition of the polynomial invariants for closed 4-manifolds. O

Now we are in a position to define the differential d ;. Firstly consider the operator

ds: €7 (Y,y) > €7 (V.y), ds@ = Y. #N, (@B:S) B,
pia—p
where the sum is over all paths p from « to other critical points of CSy; such that the
d1mens1on of the moduli space M («, B) is equal to 2|S| + 1. The cut-down moduli
space /\/' (o, B; S) is O—dimensional and hence it is compact by Lemma 6.47. Finally,
the Fukaya—Floer differential dy,; is defined as

=2 H;}g |;2\l s
ScN+
The term NNIS| appears in the above expression due to the relationship between
c2(P;) and c2(E;).

Proposition 6.48 The map dy ; defines a differential; ie d2 N = 0

Proof For critical points « and 8 of CSy; and S C N, let hg(a, ) be a number
that satisfies the identity

(a, B)
dN/ Zm]f]]\?|5'| (le,i)ﬂ.

B.S ieS
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Fixa, fand S C{1,...,k}, and suppose p: o — f is a path such that dim(M, («, B))
is equal to 2|S| 4 2. Then the term mg(«, B) is equal to

o+ -+
ms(.f)= > Y #N, (@ y:S1)-#N,, (. B: S2)
p1ie—>yY §..8,
p2iy—>B

with pjop, =p, S1 US> =S, S1 and S, disjoint,
dim(Mp, (@.7) =2/S1|+1 and  dim(Mp, (y. ) = 2|Sa| + 1.

Therefore, mgs (o, B) is equal to the signed count of the boundary points of the compact
1-manifold A ;- (e, B; S). This implies that m g («, B) is equal to zero. a

The above discussion can be generalized in a straightforward way to the case of an
arbitrary (N—1)—tuple (l5,...,Ix). For each [, we choose a sequence of disjoint
representatives {1 ;};en and the open neighborhoods v(nx ;). We keep assuming
that 7, ; is an oriented simple closed curve in Y, the open sets v(ng ;) are disjoint
and the inclusion of v(nx ;) in Y induces a surjective map at the level of fundamental
groups. In a more general case that /; is a homology class with complex coefficients,
we need to consider the straightforward generalization that 7, ; is a linear combi-
nation of disjoint closed curves. Then for each (N—1)-tuple S = (S,,...,Sy) of
subsets of {1,2,..., j}, we can form the moduli space Mp (o, B: S) and its partial
compactification /\v/l; (a, B: S). As in the previous case, each stratum of the partial
compactification is a product of moduli spaces of the form M, (e, B; S). The next step
is to cut down M; (a, B; S) with divisors Vj (ki) for i € Sk. Asin the case of closed
4-manifolds, we can use the auxiliary complex vector bundles of rank NV associated
to the universal PU(/N )-bundle and construct geometric representatives for Vi (1 ;).
The desired representatives are linear combinations of codimension 2k stratified spaces
with even-dimensional strata. We will write A ;- (o, B; S) for the cut-down moduli
space. A generic choice of these divisors allow us to obtain a cut-down moduli space.
This space is compact when its dimension is less than or equal to 1.

The O—dimensional cut-down moduli spaces /\Vf;_ (o, B; S) can be used to define an
operator dg acting on e (Y, y):
o+ _
dga = Y #N, (a.B:5)-B.
pa—f
We combine these operators to form

dyj:= > (]‘[zk,i)ds.

§=(Sz,...,SN) iESk
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As in the previous case, the 1-dimensional moduli spaces can be used to show that
2 _
dy ;=0

Before giving the definition of the maps F k we study the functorial properties of the
chain complex (€* J (Y,y,L),dn,;). Let (X w) be a pair whose boundary is (Y, y).
Suppose that I'2, ..., TV are properly embedded surfaces in X such that [0T7] =
l; € H(Y). For z € A(X)¥~1, we want to define the relative invariant

Dy 5 (ze> Ty e 12 (Y.y. L),

where L = (I3, ...,Iy). Thisis similar to the definition of the differential of the Fukaya—
Floer chain complex. For simplicity of exposition, we assume that T3 =... =TV =0,
and z = 1. As in the case of the definition of the differential in Fukaya—Floer homology,
the more general case is just slightly different. In the manifold X * with a cylindrical
end, let {;};en be a sequence of surfaces which are given by perturbing the surface I'2.
We assume that these surfaces intersect generically and their intersections with R=% x ¥
are equal to the disjoint product surfaces {n; x R=Z%};cn. We choose a holonomy
perturbation of the ASD equation on X ¥, compatible with the chosen perturbation
CSy; of the Chern—Simons functional of Y, such that all moduli spaces M (X, w; B)
consists of regular points. Given a subset S = {i1,...,ix} C{l,...,j} and a path p
along (X, w) based at the critical point B of CSy;, consider the space

(6.49) Mp(X,w; B,S) :=Mp(X, w; B) X Zjy XX Zj.

For S’ C S, the obvious projection map from M, (X, w; B, S) to M,(X,w; B, S’) is
denoted by wg_,s/. There is also a partially defined translation map for M, (X,w;B,S).
Suppose ./\/l;yl(X, w; B, §) denotes the following subset of M, (X, w; B, S):

My(X, w; B) x (j; x RZ%) x -+ x (n;, x R=?).
For u = ([A4], (x1,t1), ..., (xg.t;)) € Mcyl(X, w; B, S) define o4 (u) to be the element
(T (Aly xg=0)l. (x1. 11 = 1), ..., (X, 1 —1)).
Note that the connection 7;*(A|y «g=0) is partially defined on the cylinder ¥ x R.

As in the cylinder case, we form a partial compactification of M, (X, w; B, S) given by
k
M;(X’wvﬁ’s) :=U U MPI(X’w’aleI)Xl—[Mpi(Oli—l,ai§Si),
k {(pi-Si)h<i<k i=2
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where ay, ..., are critical points of CSy,, ax = B, p1 is a path along (X, w),
pi: ®j—1 — «; is a path along the cylinder, p = pyo---o pg, the sets S; are disjoint
and their union is equal to S. As before, S; may be empty. In a little more detail,
a sequence u; € Mp(X, w;fB,S) is chain convergent to uUs = (uéo,...,u’;o) €
Mp, (X, w, a1, S1) X ]_[{;2 Mpi (ai—1,;; S;) if there is a sequence of (k—1)-tuples
of real numbers (tlz, cee, tlk ) such that

thi=0<1?<---<tF, lim "t " =00 forall I<m<k-1
—>00

and

1

oo} 0

Cie Cie i S
ws—s, (Up)) —=>u ti °”S—>Si(”1)—>”oo for i > 2.

Here part of the assumption is that 04i O TS5, (u;) is well defined for i > 2. That is

to say, mss; (u) € M;yl(X, w; B, Si).

We momentarily assume that S = {1}. Suppose v(X7) is an open neighborhood
of X7 such that the inclusion map of v(X;) induces a surjective map. Suppose also
that B**(v(X1)) is the set of connections on v(X1) whose restrictions to the sets of
the form v(n1) x (t —1,¢) are irreducible. We can assume that the perturbation m; is
small enough that the restriction map r1: M, (X, w; B, S) = B**(v(X1)) x X1 is well
defined.!! We can form a universal PU(N )-bundle P; and the associated SU(NV)—
bundle E; on B**(v(X1)) x X1. Our goal is to define a geometric representative
for c2(P1) or equivalently (1/N¥)c,(IE1) which is compatible with our choice of
the geometric representative in the case of cylinders. Note that M, (X, w; B, S) is the
union of the two sets

By = Mp(X.w: B)x (ni x[1,00)) and By = Mp(X.w: f)x (£1\(1 x (2. 0))).
The map r1|p, can be composed with the map
F: B*(v(Z1)) x (n1 x [1,00)) = B*(v(n1) x (0, 1)) x 11,
F([A]. (x,1)) = ([Aly(m)x@-1,0]- %)

Therefore, we can choose the geometric representative Vo (X1) C B**(v(XZ1)) X X
for ¢3(E1) such that

V2(21) N (B**(v(Z1)) x (1 % [1,00))) = F~1(Va(m)).

Arguing as in [52], we can also assume that V(X)) is transversal to the map r; for
all choices of the path p. In this process, first we slightly modify V>(n) to make

U This is again a consequence of unique continuation and the Uhlenbeck compactness theorem [52].
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the map r1|p, transversal. Then we extend F~!(Va(n1)) to B**(v(Z1)) x =1 so
that r1|p, is also transversal. We will write NV, (X, w; 8, S) for the cut-down moduli
space rl_l(Vz(El)). A similar construction can be used to define N,(X,w; B, S)
in the case that S has more than one element. The closure of N, (X,w;f,S) in
Ml'," (X, w; B, S), denoted by N, p+ (X,w; B, S), is also a stratified space with smooth
strata of the form

k
Npy (X w, a1, 81) % [ [Ny, (@imr, @i Si).
i=2
As in the cylinder case, the cut-down moduli space N, lj' (X, w; B, S) is compact when
its dimension is at most one. The relative invariant D)IX w(er @) is defined using
0—dimensional moduli spaces as below:

N,j , T2 ies 12,i N,j
(6.50) Dx’é(er@)):: Z %(#N;(X,w;ﬁﬂ))-ﬂe@*’(Y,y,L)-

Sc{l,...,j}
Following the proof of Proposition 6.48, we can show that (6.50) determines a cycle
in Civ’] (Y, y, L). We will denote the corresponding element in Hiv *J(Y,y, L) with the
same notation.

The definition of the relative element in (6.50) can be extended to similar situations.
For example, suppose (Yo, y0) and (Y7, y;) are two N—admissible pairs and L; =
(11.2, ey ll.N) is an (N —1)-tuple of the elements in H;(Y;). Suppose also (W, w, z) is
a morphism from (Y, yo) to (Y1, y1), and T/ is a properly embedded surface in W
such that [9;T/] = lij . Then there is a chain map,

NI (W, w, 2" TN ) @ (Yo, v, Lo) — €N (Y1, y1, L),
which induces a map at the level of homology,
I (W.w, ze" &+ T80y 1V (Yo, yo. Lo) — T2 (Y1 y1, L),

Alternatively, if (Y, y, L) is as above, (X, w) is a 4-manifold whose boundary is equal
to (Y,y), and I'/ is an embedded surface such that [0T/] = —I i, then we have an
Ry, j—linear map

2 4..4TN j
D%;‘) (zeF(2)jL +F(N)): ]IiV’J (Y,y,L) = Rn,;.

Now we are ready to define the maps F ]k for a triple (Y, y, L). For a pair of nonnegative
integers j and k with j > k, we have chosen perturbations CSy; and CSy, of
the Chern—Simons functional of the pair (Y, y). Since j > k, the functional CS;,

Geometry & Topology, Volume 24 (2020)



166 Aliakbar Daemi and Yi Xie

satisfies all the properties that we required for CSy, . In particular, the chain complex
@N-J(v,y,L)®R N.k»dn, ;) gives an alternative chain complex to define Iy k(y,y,L).
The functoriality mentioned in the previous paragraph implies that there is a chain map

NI (10, 1] x ¥, [0, 1] x y, "0+ 100 € (V,9) ® Ry — €5 (Y. 1) ® Ry x.

where T is the surface [0, 1] x ni,1. The map F jk is the composition of the above
map and the obvious map from €/ (Y,y) ® Ry,; to €%/ (Y,y) ® Ry . A stan-
dard argument shows that F,é oF Jk is chain homotopy equivalent to F jl for any
triple j > k > [ > 0. Therefore, the maps f Jk , induced by the maps F¥, have the
required properties for an inverse system. This completes the definition of Fukaya—
Floer homology I (Y, y, L) for the triple. It is also standard to show that this Ry—
modgle is ind'ependenthof the choices that were made. The homomorphism f Jk maps
D;VI{} (zezl' F<’z’)) € ]Iiv” (Y,y,L) to Dﬁ(vf} (zeZi r<'z'>) € ]Iiv’k(Y, ¥, L). Thus we have an

induced element of IY (Y, y, L), which we denote by D;}' w (zezl' Ffi)). Similarly, we

i ; N I, +-+TX
can use the construction of the previous paragraph to define 1.’ (W, w, ze" @ 620

2 N
and D%’w(zer(2)+"'+r(N)).

Now we are ready to give a proof of (3.30). For the convenience of the reader, we
restate the claim as the following proposition:

Proposition 6.51 Let (X, w;) be a pair whose boundary is equal to an admissible
pair (Y,y). Let (X2, w>) be another pair whose boundary is equal to (Y,y). Let
71 € AX1)®W D and z, € A(X2)®WN =D Let T/ be a properly embedded surface
in X1 with boundary [; . Let A7 be a properly embedded surface in X, whose boundary
is equal to [; with the reverse orientation. Then we can form the closed 4—manifold
X>0 X1 and the 2—cycle w, ow; . The embedded surfaces 'V and A/ can be glued to
each other along their boundary to form a closed surface T'/ # A/ . Then the invariant

2 2 N N
(6.52) D§20X1,w20w1(21 <Zp e TH#AD) @+ + (T #A )(N)) e Cllta,...,tN]] C RN
of the closed 4-manifold X, o X; is equal to
2 N 2 N
D])\(Iz,wz (22 ‘CA(2)+~-~+A(N)) °D§(Vl,w1 (21 _er(2)+---+F(N)).
Proof We make simplifying assumptions as before: assume z; = z; = 1 and
3,...., TN and A3,..., AN are empty. Choose two series of properly embedded

surfaces {¥;}ieny C X1 and {7T;};en C X» such that X; (respectively, T;) is given
by perturbing 2 (respectively, A?). We also assume that 0X; (respectively, a7;) is
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equal to n; (respectively, n; with the reverse orientation), the curves 7; are disjoint and
the embedded surfaces X; and 7; intersect generically. We fix metrics on X; and X,
which are product metrics in a neighborhood of their boundaries corresponding to a
fixed metric on Y. For each nonnegative integer j, we prove that the image of the
element in (6.52) in Ry ; is equal to

Xo,wo , A2 N,j r2
DN?J' “(e (2))ODX1,w1(e @).

To achieve this goal, we proceed as before to define open sets v(;) C Y, v(Z;) C X 1+
and v(T;) C X 2+ and the geometric representatives

Va(ni) € B*(v(ni) x (0, 1)) x n;.
V2(%;) C B (v(Z))) x X,
Va(Ti) € B (u(T) x T;
suitable for the definition of the differential dy,; of the Fukaya—Floer chain com-

. N,j (T2 Xo,wa ( A?
plex and the relative elements Dy’ - (e" @) and D N (e @),

Suppose X T is the metric on X 2 0 X1 induced by the metrics on X; and X, with a
neck of length 7 along Y. Suppose w C X7 is the 2—cycle induced by w; and ws,
and Rl-T C XT is the embedded surface induced by the surfaces X; and 7;. The
4-manifold X can be decomposed into the three pieces

Xi. Xo and Y x[-1iT.1T].

We assume that X; and X, are disjoint and that they intersect ¥ x [—%T ) %T ] in
Y x[-AT,—3T +2] and Y x [3T —2, 1T, respectively. The Riemann surface RT
can be decomposed into a union of the three sets

CXy, TFCX, and n x[-4T+1,3T—1]cYx[-3iT+1.iT-1].

Suppose BX*(X T, w) is the subset of B (X, w) which consists of connections whose
restriction to any set of the following form is irreducible:

vini)x(@t—-1,1), -T+1<t<T.

Suppose « is chosen such that the dimension of the moduli space M, (X7, w) is at
most 2j. Then unique continuation and gluing theory show that for large enough
values of 7, the moduli space M, (X7, w) is a subset of BX*(X T, w). Similar to the
case of 4-manifolds with cylindrical ends, V>2(n;), V2(2;) and V2(T;) can be used to
define a geometric representative V(Rl.T ) C B (X T w)x v(Rl.T ). Another application
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of gluing theory shows that for large enough values of T, these divisors determine a
transversal cut of M, (X T, w)le.Tlx- . -le?]: foranyset S ={i1,..., i} C{l,...,j}.
In the case that the cut-down moduli space is zero-dimensional, it can be identified, for
large values of T, with the set

U Npl(Xl,U)];C(,Sl)Xsz(Xz,wZ;Ol,Sz),
P1,P2,51,52

where each p; is a loop along (X;,w;) based at the connection « such that k =
k(p1) + k(p2). Moreover, S; and S, are disjoint sets with S = S; U S,. These
geometric results for different choices of S can be translated to the algebraic identity

2 ; 2
(6.53) Dﬁf}wz e2®)o0 D;V;{wl ef) = > ( I zz,i) D?T’w ( [[®RF )(2))

Sc{1,...,j} “ieS ieS

S
-y (Hrzl)DgT,w((Fz#Az)LZJ).
Sc{i,..., ieS

In the second equality, we used the fact that RT represents the homology class of
I'2# A?. The term in (6.53) is equal to the image of DN NC C2#A%) @) in Ry,j. O

7 Questions and conjectures

In this section, we propose some questions and conjectures for future directions. This

section is divided into two parts: the first subsection is concerned with the polynomial

invariants of 4—manifolds. In the second part, we discuss some conjectures related to
N

the algebra Vg, d

7.1 Structure of polynomial invariants and 4-manifolds with simple type

In Section 2.5, the definition of the simple type property of 4-manifolds uses U(3)—
polynomial invariants. As we pointed out earlier, the definition is motivated by
Kronheimer and Mrowka’s simple type property, defined using U(2)—polynomial
invariants [54]. There is another version of simple type property defined by Seiberg—
Witten invariants. It is unknown whether there are examples of smooth 4—manifolds
with T > 2 which do not have Kronheimer-Mrowka simple type or Seiberg—Witten
simple type. It is also shown in [23] that many 4-manifolds with Seiberg—Witten simple
type have Kronheimer—Mrowka simple type. Therefore, it is natural to ask whether
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there is any relationship among U(3)-simple type, Kronheimer—-Mrowka simple type
and Seiberg—Witten simple type. A more challenging question would be to investigate
whether there is a 4-manifold with b > 2 which does not have U(3)—-simple type. A
more approachable question is the following:

Question 7.1 What is the analogue of the simple type condition with respect to U(N )—
polynomial invariants?

As in the U(2) and the U(3) case, the simple condition has to be formulated in terms
of point classes. In light of Proposition 3.24, it is plausible that one of the required
conditions is

D%w(aévz) = NND)]}:w(Z).

For N = 2,3, the blowup formula for U(N) simple type manifolds has a simpler
form [26; 12]. One might hope that the same holds for higher values of N and follow
this direction to gain more insights into the correct definition for the simple type
condition. The physics literature [64; 22] suggests that the blowup formula for an
arbitrary N is related to function theory on a hyperelliptic curve with coefficients
in QJ[as,...,an]. Evaluation of (as,...,ay) determines a hyperelliptic curve on
the complex numbers, and the simple type condition is related to the evaluations that
produce a fully degenerate curve.

The relationship between U(2)—polynomial invariants and Seiberg—Witten invariants
goes beyond the simple type conditions. In [54], Kronheimer and Mrowka prove that
U(2)—polynomial invariants are completely determined by a finite set of cohomology
classes (known as Kronheimer—Mrowka basic classes) and a set of rational numbers,
one for each basic class. In [84], Witten argues that basic classes and corresponding
rational numbers can be determined in terms of Seiberg—Witten invariants. To be more
detailed, recall that for each spin® structure s on a 4-manifold X (satisfying appropriate
conditions, such as b+ (X) > 2) there is a Seiberg—Witten invariant SWy (s). Then
Witten’s conjecture states that any basic class of X is equal to ¢1(S;"), where s is a
spin® structure with nonzero SWyx (s) and St is the half-spin bundle associated to s.
Witten’s conjecture is generalized to higher values of N in [64]. The calculations of
U(3)—polynomial invariants in this paper agree with the Moore-Marifio conjecture
in [64] and can be exploited to fix the undetermined constants in this conjecture. In
particular, a modified version of the Moore—Marifio conjecture runs as follows:
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Conjecture 7.2 Let X be a four-manifold which has U(3)-simple type. Let {K;} be
the set of Kronheimer—-Mrowka basic classes. Then the U(3)—series of X has the form

Dy o (eF@TAm)
fom-om) —w-( (K —K)) o %2 (Ki+K))T+%2i (Ki—K))-A

=e2 Zcijé' 2 BT RN BT Ry 2 iR

where ¢; ; is given as b

px+30+3Ki K32+ 51+ 0 SWx (si) SWx (s;).

Here s; is chosen such that the associated basic class is equal to K; .

N
7.2 The algebra Vg’ d

In Section 5.1, a list of simultaneous eigenvectors for the operators €, 8z, N3, p(2)
and p(3), acting on V;’ 4 1s constructed. We also showed that there are at least two
nondegenerate simultaneous eigenvectors, which form the essential ingredient to prove
the excision theorem in Section 5.2. However, we do not know whether our approach
produces all simultaneous eigenvectors:

Conjecture 7.3 Suppose VN cV¥N o.d is the set of vectors which are invariant with
respect to the action of €. Then for N = 3, any simultaneous eigenvector of the
operators acting on VN that are induced by Wy, N3, p(z) and p(3) has the form

(3¢248 0, ¢98 /3a, §2dﬂ V3i B) with (a, B) € Cg.

For N = 2, there are three operators €, R and p(z). In this case, Mufioz obtains
a complete understanding of the action of €, Ny and p(2) in [73]. In particular, his
results show that the simultaneous eigenvectors of 8y and p(y), acting on ng’ 4> have
the form

(=172, £2ri™ 1), 0<r<g-1.

All of these eigenvalues can be produced using the method of Proposition 5.7. Therefore,
the analogue of Conjecture 7.3 holds for N = 2. Mufioz’s method of understanding
the action of €, 8 and p(,) is based on the characterization of the ring structure of
the cohomology ring N, 4(Xg) in [86; 47; 78; 3], which is not available for higher
values of N.

If Conjecture 7.3 holds, then we can use the method of [56] and show that SHI. (M, «)
is nonzero for a taut balanced sutured manifold [46; 56]. This nonvanishing result
can be used to show that Conjecture 5.39 holds. We can also use this to show that
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KHI(K) detects the genus of K. Thus the answer to Question 1.1 for a nontrivial
knot and N = 3 is positive. In fact, in order to make this series of conclusions, we
need the following weaker version of Conjecture 7.3:

Conjecture 7.4 If (x, y) is a pair of simultaneous eigenvalues for (p(2), p(3)) in Vg 4,
then |x| +|y| < v/3(2g —2).

There is also a symplectic analogue of the algebra Vg]\,’ 4 The manifold Ny 4(Zg) is
Kihler and the associated Gromov-Witten invariants can be used to define the quantum
cohomology ring QH* (N 4) [75; 65]. The underlying vector space of QH* (N 4)
is H* (N 4) and the ring structure is also a deformation of the cup product. Thus, it has
similar structure to Vg]\’] 4 = ker(e—1), and it is natural to make the following conjecture:

Conjecture 7.5 The ring Vg]\” 4 1s isomorphic to QH* Ny .q)-

This conjecture for N = 2 is proved by Muifioz [72] using the characterization of
the cohomology ring H*(Ny 4) in [86; 47; 78; 3]. The N = 2 special case of this
conjecture was also proved using an adiabatic limit argument in [77].

Appendix Invariants of flat connections on X (2, 3, 23)

There are 44 irreducible flat SU(3)—connections on X (2, 3,23) [4]. These flat connec-
tions are determined by their holonomies along the loop x3 in the standard presentation
of the fundamental group of (2, 3,23) (see (3.37)). For each flat connection, the
conjugacy class of this holonomy is determined by its eigenvalues which have the form

e27rik/23 2mil/23

e and e271M/23  The possible values of {k, [, m} are given in Table 4.

The complex conjugation diffeomorphism of X(2,3,23) maps a flat connection with
the associated triple {k, [, m} to the flat connection with the complementary associated
triple {23 —k,23 —1[,23 —m}. If both these triples give the same flat connection, we
denote this connection with «; for an appropriate choice of the integer ;. Otherwise,
the resulting connections are denoted by a} and ozjz.

The gauge-theoretical invariants of these flat connections are also given in Table 4.

There are eight nontrivial flat SU(2)—connections on X (2, 3,23). As in the irreducible
case, these connections are determined by the conjugacy class of their holonomies
along x3. For each 2 <k <9, there is a unique flat SU(2)—connection on X (2, 3,23)

2nik/23 —2mik/23 We

where the eigenvalues of holonomy along x3 are equal to e and e
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holonomy holonomy
a k I m CS(a) pad, deg o k I m CS(a) pad, deg
1 364 1
o1 0 4 19 138 -33 4 a;G é 13 ;Z % _% 8
o
ap 0 518 A 30 9 16
0 6 17 13318 52230 10 aj; 2 516 456
2 1823 2 7150 1 2z O
@ 0 7 16 85 _48 5 || U7
138 23 Ly 6 15
73 444 o 55 516
os 0 815 g 55 0 ) 50 oo, T om0
18
s 0 9 14 B2 32 8 P
127 504 %19 43 472
a; 0 10 13 127 304 ¢ 2, 916 21 1% 2 10
55 424
(043 0 11 12 138 —33 10 1
1 0 2 8 13 o3 sos
ozg 1 4 18 _% _% 10 0‘%0 10 15 21 138 23
@ 519 22 )
o 2 9 12 97 440
aio 1 517 1 sz oy o2, 11 14 21 138 723 2
a2, 6 18 22
1
ay 3 4 16 67 46
ap 1616 5 s agz 719 20 18 "2 0
afl 7 17 22 138 23 22
1
o 3 515
o LTS e smo ] B0 L0 T a3 2
@2, § 16 22 138 723 a3 8 18 20
1, 3 6 14
afy 1 8 14 a1 s || 2 s a5 8
Ol%:; 9 15 22 138 23 05y 9 17 20
1
afy 1 913 g0 mg o |[%s 3 T B e am
«?, 10 14 22 13% 23 o?s 10 16 20 1% 2
afs 110 12 100 asa . || %6 3 812 19 w6 g
o 11 13 22 138 23 ads 11 15 20 138 23

Table 4: Holonomies and gauge-theoretical invariants of irreducible flat
SU(3)—connections on (2, 3,23).

will write B for this connection. The gauge-theoretical invariants of these connections
are given in Table 5. In this table, &@ denotes the reducible SU(3)—connection associated
to an SU(2)—connection «.
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o CS(a) pady Pady dega deg@ || o CS(®) pad, Pady dego degd
1 343 206 193 511 382
B2 552 69 23 1 1 Bes 552 69 23 5 9
169 559 406 409 631 534
B3 552 T 69 23 > 9 B 552 69 23 1 8]
73 475 410 361 451 490
Ba 552 T 69 23 3 7 Bs 552 69 23 7 3
265 643 402 49 523 434
Bs 552 69 23 7 11 Bo 552 69 23 3 7

Table 5: Gauge-theoretical invariants of reducible flat SU(3)—connections on (2, 3,23).
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