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Khovanov homotopy type, Burnside category and products
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We give a new construction of a Khovanov stable homotopy type, or spectrum.
We show that this construction gives a space stably homotopy equivalent to the
Khovanov spectra constructed by Lipshitz and Sarkar (J. Amer. Math. Soc. 27
(2014) 983-1042) and Hu, Kriz and Kriz (Topology Proc. 48 (2016) 327-360) and,
as a corollary, that those two constructions give equivalent spectra. We show that
the construction behaves well with respect to disjoint unions, connected sums and
mirrors, verifying several of Lipshitz and Sarkar’s conjectures. Finally, combining
these results with Lipshitz and Sarkar’s computations (J. Topol. 7 (2014) 817-848)
and refined s—invariant (Duke Math. J. 163 (2014) 923-952), we obtain new results
about the slice genera of certain knots.
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624 Tyler Lawson, Robert Lipshitz and Sucharit Sarkar

1 Introduction

In a sequence of revolutionary papers in the 1980s, Floer introduced a family of
invariants in low-dimensional and symplectic topology, now known as Floer homologies
[16; 17; 18]. While the definitions of these invariants appear to be a semi-infinite-
dimensional version of Morse homology, unlike classical (finite- or infinite-dimensional)
Morse homology, Floer homologies were not apparently isomorphic to the singular
homologies of any natural space. In the 1990s, under appropriate hypotheses Cohen,
Jones and Segal proposed a construction of a stable homotopy type whose singular
homology was Floer homology [9]. Their construction builds a CW complex cell by
cell, using a version of the Pontrjagin—-Thom construction for manifolds with corners to
define the attaching maps; the input data to this Pontrjagin—Thom construction is what
Cohen, Jones and Segal call a framed flow category. Analytic difficulties mean that their
proposal has not yet been carried out rigorously, though Manolescu constructed a stable
homotopy refinement of the Seiberg—Witten Floer homology of rational homology
3—spheres by other techniques [41] (compare Lidman and Manolescu [33]).

Around the turn of the millennium, in a seminal paper Khovanov gave a bigraded
homology theory whose graded Euler characteristic is the Jones polynomial [26]. The
definition of this Khovanov homology is purely combinatorial, though equivalent or
conjecturally equivalent definitions have been given using Floer homology — see Seidel
and Smith [52] and also Abouzaid and Smith [1] — and algebraic geometry; see Cautis
and Kamnitzer [8].

Inspired by Cohen, Jones and Segal’s work and the relation with Floer homology,
in [35] we introduced a stable homotopy refinement of Khovanov homology. That is, to
each link diagram K we associated a spectrum Xk, (K), with the following properties:

(1) The spectrum Xg;,(K) is a finite CW spectrum, that is, a formal desuspension
of a finite CW complex.

(2) The spectrum Xkp,(K) comes with a wedge-sum decomposition Xg,(K) =
V; (K.

(3) For each j, the cellular cochain complex of Xlgh(K ) is isomorphic to the Kho-
vanov complex C;;l] (K) in quantum grading j, via an isomorphism taking the
standard generators for C:;ll(X[éh(K )) to the standard generators for CZ;l] (K).

(4) For each j, the stable homotopy type of XI{h(K ) is an invariant of the isotopy
class of the link represented by the diagram K.
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There is also a reduced version th(K ) of Xxn(K), which satisfies properties (1)—(2)
with Cg, replaced by the reduced Khovanov complex EKh. The constructions of
Xxn(K) and Xgj,(K) involve defining a framed flow category combinatorially, and
then applying Cohen, Jones and Segal’s Pontrjagin—Thom construction.

Largely independently, inspired by their homotopy-theoretic investigations of topolog-
ical and conformal field theories, Hu, Kriz and Kriz gave another construction of a
Khovanov stable homotopy type with the same basic properties [22]. Roughly, they
turn the Khovanov cube into a functor from the cube category to the Burnside category
of finite sets and correspondences. They then apply the Elmendorf—-Mandell infinite
loop space machine to obtain a functor from the cube to symmetric spectra, and then
take an iterated mapping cone to obtain a spectrum.

These refinements give extra structure to the Khovanov homology groups. Because
the Khovanov homology groups of K are cohomology groups of Xk (K), the mod- p
cohomology groups possess Steenrod power operations such as the squares Sq” at
p = 2. These refinements also allow one to apply generalized cohomology theories,
such as topological K —theory, Morava K —theory and stable homotopy groups. Each of
these has its own Atiyah—Hirzebruch spectral sequence determining a potentially new
collection of knot invariants, and maps in the stable homotopy category give natural
transformations relating these different invariants. In the philosophically related case
of Seiberg—Witten Floer theory, for instance, equivariant KO —theory has been used to
obtain interesting low-dimensional applications; see Manolescu [42] and Lin [34].

One goal of the present paper is to study the behavior of Xk;(K) under disjoint unions

and connected sums of links. In particular, we will prove:

Theorem 1 [35, Conjecture 10.3] Let L; and L, be links, and LU L, their disjoint
union. Then

(L.D) XLy U L2) = Vjy 1 jy=j X (L) A X (L)

Moreover, if we fix a basepoint p in L1, not at a crossing, and consider the correspond-
ing basepoint for L1 U Lo, then

(1.2) X (LiULy) ~ V) 4 joej Xp(L1) A X2 (Lo).

Theorem 2 [35, Conjecture 10.4] Let Ly and L, be based links and L # L, the
connected sum of L and L,, where we take the connected sum near the basepoints.
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Then

(1.3) Eéh(Ll#Lz) 2\/1'14_}'2:]' fé}ll(Ll)/\flﬁ(Lz)

(We also compute the unreduced Khovanov spectrum of a connected sum [35, Conjec-
ture 10.6] as Theorem 10.)

These theorems, though unsurprising themselves, have some interesting corollaries:

Corollary 1.4 For any n there exists an n—component link L, such that the operation
Sq": Kh'*/ (L) — Kh't™J (L)

is nonzero for some i, j € Z . Similarly, there exists a knot K, such that the operation
Sq": Kh"/ (K,) — Kh't™7 (K,)

is nonzero for some i, j € Z. Further, for this knot, the operation
Sq": Kh'/ (K,) — Kh' T/ (K,,)

is also nonzero for some i, j € Z.

Corollary 1.5 Let K be one of the knots 942, 10136, m(117y), m(11%,), 117,
or 115,. (Here m denotes the mirror.) Let L be a knot which is the closure of a
positive braid. Letting g4 denote the four-ball genus, we have

ga(K#L)=ga(K)+ ga(L).

Remark 1.6 There is some confusion for nomenclature of knots regarding mirrors.
See Figure 1 for our convention, and compare with the discussion around Table 1 on
page 739. The value of g4(K) can be extracted from Figure 1 or Table 1, and g4(L)
equals the genus of the Seifert surface obtained by applying Seifert’s algorithm to the
positive braid closure knot diagram for L ; see Rasmussen [48, Theorem 4].

Corollary 1.5 is not implied by computations of Rasmussen’s s—invariant or the Hee-
gaard Floer t—invariant or the signature; see Table 1. At least for 945, the result
is not implied by the Heegaard Floer concordance invariant Y ; the Heegaard Floer
d —invariant of +1 surgery (Krcatovich, personal communication 2014); or Hom,

J’_

Rasmussen and Wu’s v —invariant [47; 21]. (These observations are not entirely

independent.)
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Figure 1: The knots appearing in Corollary 1.5. We have labeled the knot K
by the pair (K, g4(K)). The value of g4(K) is extracted from Knotinfo [38];
the knot diagrams have been produced using Knotilus [15]. Crossings giving
a minimal unknotting for each knot are circled.

The construction of Xk, (K) from [35] uses Cohen, Jones and Segal’s notion of flow
categories. To give a proof of Theorems 1 and 2 in this language seems tedious at
best: it involves understanding the combinatorics of (broken) Morse flows on product
manifolds, which turns out to be rather intricate.

Fortunately, as noted above, Hu, Kriz and Kriz gave another construction of a Khovanov
stable homotopy type, and from their construction the behavior under connected sums
and disjoint unions is clear. In this paper, we describe three additional constructions:

(1) A framing-free reformulation of the construction from [35] for a special family
of flow categories, called cubical flow categories, in Section 3.

(2) A version similar to the construction from [22] as a homotopy colimit, but using
the thickened cube instead of the ElImendorf-Mandell machinery, in Section 4.

(3) An intermediate object between the two in Section 5, using little k—cubes.

We then prove:

Theorem 3 The Khovanov stable homotopy types constructed in Sections 3, 4 and 5,
the Khovanov stable homotopy type constructed in [22], and the Khovanov stable
homotopy type constructed in [35] are all stably homotopy equivalent.
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This theorem is proved in parts:

¢ Theorem 4 asserts that the cubical flow category realization (Section 3) agrees
with the Cohen—Jones—Segal construction used in [35].

¢ Theorem 8 asserts that the cubical flow category realization (Section 3) agrees
with the little k —cubes realization (Section 5).

e Theorem 7 asserts that the little k—cubes realization (Section 5) agrees with the
thickening construction (Section 4).

e Theorem 9 asserts that the thickening construction (Section 4) agrees with the
construction in [22].

Theorems 1 and 2 follow easily. Corollary 1.4 follows immediately from these the-
orems and computations in Lipshitz and Sarkar [37]. We also obtain, via a TQFT-
style argument, that the Khovanov homotopy type of the mirror knot m(K) is the
Spanier—Whitehead dual to the Khovanov homotopy type of K (Theorem 11). Fi-
nally, Corollary 1.5 follows from these results, the refined s—invariant in Lipshitz and
Sarkar [36], the computations in [37] and a brief further argument.

This paper is organized as follows. We collect some basic notation in Section 1.1.
Section 2 has background on the cube category and the Khovanov construction, the
latter of which is not needed again until Section 7 except in some examples. Other
background appears at the beginning of the section in which it is first used. In Section 3,
after recalling the basics of flow categories, we introduce a special class of them,
cubical flow categories, which live over the cube, and give a reformulation of the
Cohen—Jones—Segal realization for this class of flow categories (“‘cubical realization™).
(The Khovanov flow category of [35] is a cubical flow category; this is a crucial tool in
its construction.) In Section 4 we show that cubical flow categories are equivalent to
2—functors from the cube to the Burnside category, and give a different, choice-free
way to realize such a functor. In Section 5 we give a smaller but less canonical way to
realize a 2—functor from the cube to the Burnside category, and prove the two ways to
realize such a functor are equivalent. Section 6 shows that the realization from Section 5
agrees with the cubical realization from Section 3. Section 7 is a brief interlude to
summarize these results and recall the Khovanov homotopy type. Section 8 shows that
these realizations agree with the Hu—Kriz—Kriz construction [22].

In Sections 9-11 we use these reformulated realizations to prove new properties of
the Khovanov homotopy type. The realizations of the product (smash product) and
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disjoint union (wedge sum) of functors from the cube to the Burnside category have
properties as one would expect; Section 9 uses these properties to study the Khovanov
homotopy type of a disjoint union and connected sum, Theorems 1, 2 and 10, and
verifies Corollary 1.4. Section 10 uses a TQFT-style argument suggested by the referee
for [37] to deduce a formula for the Khovanov homotopy type of a mirror, verifying
another conjecture from [35]. Finally, Section 11 gives an additivity property for the
refined s—invariant introduced in [36] and obtains Corollary 1.5.

The appendix has a flow chart of how the different sections depend on each other, so a
reader only interested in a particular result can choose the most efficient path to it.

Remark 1.7 It may be interesting to compare the homotopy colimit definition of the
Khovanov homotopy type with Everitt and Turner [14]; but see also Everitt, Lipshitz,
Sarkar and Turner [13].

1.1 Basic notation

The “cube” {0, 1}"* will appear in a number of contexts in this paper, as will some
auxiliary notions related to it:

e There is a partial order on {0, 1}"* defined by v > w if v is obtained from w by
replacing some 0’s by 1’s. Define v > w if v > w and v # w, and define <
and < in the corresponding ways. The maximum and minimum elements under
this partial order are denoted by 1 and 0, respectively.

e We denote the Manhattan (or £!) norm on {0, 1}"* by |v|=Y"_, v;.

e A sign assignment s on the cube consists of the following data: for every u > v
with |u| —|v| = 1, a choice of element sy, € 5 such that for any u > w with
|u| —|w| = 2, we have

Z (Su,v +Sv,w) =1
u>tl))>w
A number of categories will appear in this paper:
¢ The category Sets of finite sets and set maps.

¢ The Burnside (2—)category &% of sets, correspondences and isomorphisms of
correspondences (see Section 4.1).

e The cube category 2" = {1 — 0}" (see Section 2.1).
¢ The category Top, of (well-)based topological spaces.
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The subcategory CW, of Top, generated by based CW complexes and cellular
maps.

The category .7 of spectra. For concreteness, we can take the category of symmet-
ric spectra in topological spaces; see Mandell, May, Schwede and Shipley [40].

The category R—Mod of R-modules.

The category Permu of permutative categories (see Section 8.4).

b; +b1 of oriented 1-manifolds embedded in S?2 and oriented

The category Co
cobordisms embedded in [0, 1] x §? (see Section 8.1).

Some other notation:
e Let Ry =[0,00).

e Let N=1{0,1,2,...} denote the set of nonnegative integers.

Acknowledgements We thank Brent Everitt, Jennifer Hom, David Krcatovich, Peter
Ozsvéth and Paul Turner for interesting conversations. We also thank the referee for [37]
for suggesting the argument in Section 10. Lipshitz thanks Princeton University for
its hospitality; most of this research was completed while he visited there. We thank
Michael Willis for corrections to an early version of this manuscript. We also thank
the contributors to nLab: while we have cited published references for the relevant
background, n Lab has often been helpful in finding those references. Finally, we thank
the referees for their helpful comments.

Lawson was supported by NSF Grant DMS-1206008. Lipshitz was supported by NSF
Grant DMS-1149800. Sarkar was supported by NSF Grant DMS-1350037.

2 Review of Khovanov homology

2.1 The cube category

Let 2! denote the category with two objects, denoted by 0 and 1, and a single non-
identity morphism, from 1 to O:

2! = {1 -0}

For n € Z with n > 1 let 2" = 2! x 2"~1_ That is, 2" is the small category with
object set {0, 1}". Given objects v, w € {0, 1}"* the morphism set Hom(v, w) is empty
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=) SO%

Figure 2: Some resolutions of a knot diagram. Left: A knot diagram for the
figure-eight knot with crossings cy, ..., cs4. Right: The complete resolutions
at the vertices v = (1,0,0,0) and u = (1, 1, 1,0), along with the embedded
1-handle cores representing the embedded cobordism between P (1) and P(v).

unless v > w in the partial order induced by the relation 1 >0 on 2'. If v > w, the
set Hom(v, w) has a single element, which we will denote by ¢,y

The reader is warned that many authors refer to the opposite category (2")°P as the
cube category. (Our choice is made to agree with the grading conventions on Khovanov
homology [26] and the Khovanov stable homotopy type [35].)

Often, we will view 2" as a 2—category with no nonidentity 2—morphisms. That is,
for f, g € Hom(v, w), we define Hom( f, g) to be empty unless f = g and to have a
single element if f = g.

2.2 The Khovanov construction

The material in the rest of this section is used in Examples 3.24 and 4.21 and Remark 4.22
and then is not used again until Section 7.

Khovanov homology, and several of its generalizations, are all constructed from the
cube of resolutions of a link diagram. Let K be a link diagram in S? with n crossings,
numbered c1, ..., c,. Each of these crossings can be resolved locally in two different
ways, called the O-resolution and the 1-resolution (see for instance [26, Figure 14]).
Therefore, to each v € {0, 1}" there is an associated complete resolution P(v) obtained
by replacing the crossing ¢; by its O—resolution if v; =0 and its 1-resolution if v; = 1.
The complete resolution P(v) consists of a collection of disjoint circles in S2.

For any u > v € {0, 1}"*, there is a cobordism embedded in [0, 1] x S? that connects
the resolutions P(u) and P(v): to obtain P(u), one attaches embedded 1-handles
to P(v) with cores certain arcs near the crossings c; for all i with u; > v;. These
arcs are illustrated in Figure 2. (See also [26, Figure 18]. This is also the first step in
Bar-Natan’s “picture world” approach to Khovanov homology in [4].) For the special
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case when |u| — |v| = 1, the cobordism either merges two circles into one, or splits a
single circle into two.

To construct the Khovanov complex, we apply a (141)—dimensional TQFT to this cube
of cobordisms to obtain a commutative cube of abelian groups. Specifically, consider
the rank-2 Frobenius algebras over Z[h, t] with basis {x4, x_} and multiplication and
comultiplication given by

X1 ®@x+ s xy, x1®@x_ s xo, x_Q@xy S xo, x_®x_H hx_+txg,
x+|i>x+®x_+x_®x+—hx+®x+, x_|i>x_®x_—|—tx+®x+,

and the corresponding (1+1)—dimensional TQFT. Applying this TQFT to the cube
of resolutions of K gives a commutative cube A: (2*)°P — Z[h, t]-Mod. Explicitly,
given a vertex v, a Khovanov generator over v is a labeling of the circles in P(v)
by elements of the set {xy,x_}. The module A(v) is freely generated by the set
of Khovanov generators F(v) over v. For an edge of the cube ¢y, (Where u > v
and |u| —|v| = 1), A(¢u.v): A(v) - A(u) is the multiplication or comultiplication
above, depending on whether the cobordism from P(v) to P(u) is a merge or split,
respectively.

Definition 2.1 Fix a sign assignment s on the cube (in the sense of Section 1.1). The
chain complex C(K) is the totalization of A with respect to s. That is, the chain
group is defined to be C(K) = B, e(o,13n A(v) and the differential §: C(K) — C(K)

is defined by stipulating the component &, of § that maps from A(v) to A(u) to be

(=1)**v A(@)5,)  if u > v and Ju| —|v] =1,

Su,v = ’ .
0 otherwise.

The Khovanov chain complex (Cxn(K), 8kp) is the specialization & = ¢t = 0. The
homology of Ck;,(K) is the Khovanov homology Kh(K).

(The Khovanov complex was introduced by Khovanov [26]. The specializations (/,t) =
(0,1) and (4,1) = (1,0) were studied by Lee [31] and Bar-Natan [4], respectively; the
case of general (h,t) was studied by Khovanov [29], Naot [43] and others.)

The homological grading of the summand A(v) € C(K) is |[v|—n—, where n_ denotes
the number of negative crossings in the link diagram. There is additionally an internal
grading, called the quantum grading, that persists throughout; the quantum grading of
any Khovanov generator in F(v) is

n—3n_ + |v| + #{circles in P(v) labeled x4} — #{circles in P(v) labeled x_}.
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The quantum gradings of the formal variables (4, ¢) are (—2,—4).

In the presence of a basepoint on the link diagram, and after setting ¢ = 0, there is
also a reduced theory. In the reduced theory, for any v € {0, 1}"*, we only consider the
Khovanov generators in F(v) that label the pointed circle in P(v) as x—, and shift
quantum gradings up by 1. The reduced Khovanov chain complex and the reduced
Khovanov homology are denoted by Cxn and Iaz, respectively. (Alternatively, we could
have defined a reduced theory by setting # = 0 and only considering the Khovanov
generators that label the pointed circle as x4, and shifting quantum gradings down
by 1. When h =t = 0, these two reduced theories are canonically isomorphic; see
also [58].)

The Khovanov homology is an invariant of the link, not just of the link diagram, and
the reduced Khovanov homology is an invariant of the pointed link. More generally,
the chain homotopy type of the chain complex C(K) over Z[h, t] is a link invariant as
well.

3 Cubical flow categories

The Khovanov stable homotopy type is defined using an auxiliary object, the Khovanov
flow category. We review flow categories in Section 3.2, after first recalling some
notions related to manifolds with corners, on which flow categories are based. The
Khovanov flow category from [35] is defined as a kind of cover of another flow category,
the cube flow category (Definition 3.16), which in turn is based on permutohedra, a
family of polytopes reviewed in Section 3.3. After reviewing the cube flow category
and some of its basic properties in Section 3.4, new material begins in Section 3.5,
where we abstract the notion of a cover of the cube flow category into a cubical flow
category (Definition 3.21). In Section 3.6 we give a slightly different notion of neat
embeddings for cubical flow categories. Using this notion, in Section 3.7 we give a
realization procedure for a cubical flow category, the cubical realization. In Section 3.8
we show that the cubical realization and the Cohen—Jones—Segal realization (reviewed
in Section 3.2) give homotopy equivalent spaces.

3.1 Manifolds with corners and (n)-manifolds

The original construction of the Khovanov stable homotopy type from [35] relies on
Cohen, Jones and Segal’s notion of flow categories [9], which in turn uses a particular
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notion of manifolds with corners, called (n)-manifolds [25; 30]. For the reader’s
convenience, we review the relevant definitions here.

Definition 3.1 A k-—dimensional manifold with corners is a topological space X
together with an atlas {(Uy, ¢o: Uy — (R4)¥ )} modeled on open subsets of (R4)F
such that the transition functions are smooth. Given a point x in a chart (U, ¢) let ¢(x)
be the number of coordinates in ¢(x) which are 0; c¢(x) is independent of the choice
of chart. The codimension-i boundary of X is {x € X | c(x) =i}. A k—dimensional
manifold with corners X has a well-defined tangent space T'X, which is an R¥—plane
bundle; a Riemannian metric on X means a Riemannian metric on 7X.

Definition 3.2 A facet of X is the closure of a connected component of the codimen-
sion-1 boundary of X. (If X is a polytope then this agrees with the usual definition
of facets.) A multifacet of X is a (possibly empty) union of disjoint facets of X.
A manifold with corners X is a multifaceted manifold if every x € X belongs to
exactly c(x) facets of X. An (n)-manifold is a multifaceted manifold X along with an
ordered n—tuple (91X, ..., d,X) of multifacets of X such that | J; 9; X = dX and, for
all distinct i and j, 9; X N d; X is a multifacet of both d; X and 0, X. (The number n
need not be the dimension of X.) See Laures [30] for more details. (Laures uses the

LR I3

terms “connected face”, “face” and “manifold with faces” for “facet”, “multifacet” and
“multifaceted manifold”, respectively. We have changed the terminology since “face”
means something different for polytopes in Section 3.3.) Given a (n)-manifold X and

a vector v € {0, 1}" let X(v) = ﬂv,-=0 d; X, with the convention that X(I) = X.

Example 3.3 An n—gon (polygon with n sides) is a multifaceted manifold if n > 1,
while a 1-gon (disk with one corner on the boundary) is a manifold with corners
but not a multifaceted manifold. Only the 2n—gons can be made into (2)-manifolds,
though (2n+1)—gons can be viewed as 2—dimensional (3)-manifolds. Of the Platonic
solids only the tetrahedron, cube and dodecahedron are manifolds with corners, and
all three are multifaceted manifolds. The cube can be made into a (3)-manifold by
defining d; X to be the front and back facets, d, X to be the top and bottom facets, and
d3X to be the left and right facets. The tetrahedron and dodecahedron cannot be given
the structure of (3)-—manifolds, although both can be made into (4)-manifolds. An
even more fundamental example is (R4)" itself, which is a (n)-manifold by setting
9;(Ry)" = {v € R", | v; = 0}. Similarly, RN x (R%) is an (n+N)—dimensional
(n)—manifold.
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Construction 3.4 Given an (n)-manifold X and an (m)-manifold Y, the product
X x Y inherits the structure of a (n+m)-manifold, by declaring

(0; X)xY if 1 <i<n,

;i (X xY)=
i ) Xx@i_pY) ifn+1<i<n+m.

We end this subsection with the definition of neat embeddings.

Definition 3.5 Consider (n)-manifolds X and Y and fix a Riemannian metric on Y.
A neat embedding of X into Y is a smooth map f: X — Y such that:

e Y (v)) = X(v) forall ve{0,1}".
* flx@): X(v) = Y(v) is an embedding for each v € {0, 1}".

e Forall w<wve{0,1}", f(X(v)) is perpendicular to Y (w) with respect to the
Riemannian metric on Y, and in particular is transverse to Y (w).

3.2 Flow categories

Next we recall some notions about flow categories, from Cohen, Jones and Segal [9]
(see also [35, Section 3]), partly to fix terminology for this paper.

Definition 3.6 A flow category € is a topological category whose objects Ob(%)

form a discrete space, equipped with a grading function gr: Ob(%) — Z, and whose

morphism spaces satisfy the following conditions:

(FC-1) For any x € Ob(%¢), Hom(x, x) = {Id}.

(FC-2) For distinct x, y € Ob(%¥) with gr(x) —gr(y) = k, Hom(x, y) is a (possibly
empty) compact (k—1)—dimensional (k—1)-manifold; and

(FC-3) The composition maps combine to produce a diffeomorphism of (k—2)—
manifolds

]_[ Hom(z, y) x Hom(x, z) = d; Hom(x, y).

z€0b(¥)\{x,y}
gr(z)—gr(y)=i

(In [9], it is not required that the space of objects be discrete. In Morse theory, this
corresponds to allowing Morse—Bott functions.)

The identity morphisms in a flow category are somewhat special, and it is often
convenient to ignore them. So, for objects x and y in €, the moduli space from x

Geometry € Topology, Volume 24 (2020)



636 Tyler Lawson, Robert Lipshitz and Sucharit Sarkar

to y, M(x,y), is defined to be Hom(x, y) if x # y, and empty if x = y. (In Morse
theory, this corresponds to the moduli space of nonconstant downwards gradient flows
from x to y.)

For any flow category ¢, let ©%% denote the flow category obtained by increasing the
gradings of each object by k.

Definition 3.7 For each integer i, fix an integer D; > 0, and let D denote this
sequence. A neat embedding of a flow category ¢ relative to D is a collection jx
of neat embeddings (with the standard Riemannian metric on the target space)

Jx,y: M(x,y) = RP=0) x R4+ x RP=0)+1 XR4p x-- xRy x RPeo-1

of (gr(x)—gr(y)—1)—manifolds for all x, y € Ob(%), subject to the following:
(1) For all integers i and j,

]_[ Jx,y" ]_[ M(x,y) > RP/ xRy x--- xRy x RPi-1
X,y x,y
ar(x)=i ar(x)=i
gr(¥)=J gr(¥)=/J
is a neat embedding of (i —j—1)-manifolds.

(2) For all x, y,z € Ob(%¥) and all points (g, p) € M(y,z) x M(x,y),

Jx,z(g o p) = (Jy,z(9). 0. jx,y (P)).
A coherent framing for a neat embedding ; is a collection of framings of the normal
bundles v, , of jxy forall x,y € Ob(%) such that for all x,y,z € Ob(%), the
product framing of v, . x v, equals the pullback framing of o*v, _, where o
denotes composition.

Definition 3.8 [35, Definition 3.21] A framed flow category is a flow category ¢,
along with a coherent framing for some neat embedding of ¢ (relative to some D).

For a framed flow category, there is an associated cochain complex C*(%’), defined as
follows. The n™ chain group C” is the Z-module freely generated by the objects of €
of grading n. The differential § is of degree 1. For x, y € Ob(%¥) with gr(x)—gr(y)=1,
the coefficient {6y, x) of x in §(y) is the number of points in M(x, y), counted with
sign. We say a framed flow category refines its associated chain complex.

Remark 3.9 In order to define the associated chain complex, one only needs the
framing of the 0—dimensional moduli spaces; and in order to check that §2> = 0, one
only needs to ensure that the framing extends to the 1-dimensional moduli spaces.
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To a framed flow category, Cohen, Jones and Segal associate a based CW complex |%|
whose cells (except the basepoint) correspond to the objects of the flow category [9].
The following formulation of the Cohen—Jones—Segal construction is described in more
detail in [35, Definition 3.24].

Definition 3.10 Let % be a framed flow category with a neat embedding ; relative to
some D, and assume all objects of € have grading in [B, A] for some fixed A, B € Z.
Using the framing of v, , extend jx, , to a map

Jrey: M(x,y) x [6, §] Pt +Pu—1 , RPr) x Ry x -+ x Ry x RPartv—1,

Choose § small enough and T large enough that the map ]_[x,ylgr(x)=i,gr(y)=j Jx,y 18
an embedding into (=7, T)P/ x[0,T) x---x [0, T) x (=T, T)Pi-1 for all integers i
and j. In the based CW complex |¢|, the cell associated to an object x of grading m
is

m—1
C(x) = l_[ ([0, T] x [T, T]Di) x [-8, S]Dm_f_..._i_DA_l‘
i=B

For any other object y with gr(y) =n <m, the embedding j,, identifies the product
C(y) x M(x, y) with the subset of dC(x)

n—1
Cy (X) = l—[ ([0, T] X [—T’ T]Di) X {0} % im(]_x,y) « [_5, 8]Dm+"'+DA—1 ‘
i=B

The attaching map for C(x) sends Cy(x) = C(y) x M(x, y) via the projection map
to C(y), and sends dC(x) \ Uy Cy(x) to the basepoint.

Lemma 3.11 [35, Lemma 3.25] Definition 3.10 defines a CW complex, whose
reduced cellular cochain complex is isomorphic (after shifting the gradings down by
Dp+---4+ D41 — B) to the chain complex associated to the framed flow category €
from Definition 3.8. The isomorphism sends cells of |%| to the corresponding objects
of €.

Definition 3.12 The Cohen—Jones—Segal realization of € is the formal (de)suspension
»B=Dp——Da-1|¢|.

3.3 Permutohedra

We will be interested in a particular family of flow categories, in which the moduli
spaces are unions of permutohedra. So, we recall some basic facts about permutohedra.
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Before starting, let us fix some notation about polytopes, mostly following Ziegler [59].
Let P C R" be a polytope or an H—polyhedron (as described in [59, Definition 0.1]).
If there is an affine half-space of R” which contains P, then the intersection of its
boundary with P is called a face of P; and if dim(P) = d, then we declare the entire
polytope P to be its unique d —dimensional face. This gives a CW complex structure
on P, with the cells being the nonempty faces. The faces of dimension 0, 1 and
d — 1 are called vertices, edges and facets, respectively. A d —dimensional polytope
is called simple if every vertex is contained in exactly d facets; simple polytopes are
multifaceted manifolds.

For o € S, a permutation, let vy, = (6~ !(1),...,07 (n)) € R". The (n—1)—dimen-
sional permutohedron Tl,_1 is the convex hull in R” of the n! points vy [59,
Example 0.10]. The permutohedron IT,_; lies in the affine subspace AnTL =
{(x1,...,xp) € R" | 3, x; = 2n(n + 1)} of R". As its name suggests, IT,—
is (n—1)—dimensional, and the v, are its vertices.

For each nonempty, proper subset S of {1,...,n} of cardinality say k, let Hg C
A"l C R" be the half-space {(x1,...,x,) € A"V | Y, gx;i > 2k(k +1)}. The
permutohedron IT,—; can also be defined as the intersection of the 2" — 2 half-
spaces Hg. In fact, the facets of I1,_; are exactly the Fg :=1I1,_1 NJdHg.

The facets Fg are identified with products of lower-dimensional permutohedra:

Lemma3.13 Let a; <ap <---<ay bethe elementsin S, and let by <by <---<b, _y
be the elements in {1,2,...,n}\ S. Then the map fs: R" — Rk x R"~%

Ssxr, oo xn) = ((Xays -0 Xay ), (Xp, =k, oo xp,_, — k),

identifies the facet Fg C R"™ with Ij_; xI1,,_1_x C RK x R"F

Proof It suffices to show that fg takes the vertices of Fg C Il,—_; to the ver-

tices of Ij_1 x I1,,_1_x. The vertices of Fg are the points (x1,...,Xx,) such that
Xay, o Xay =141,... k}and {xp,,...,xp,_,} =tk +1,...,n}. Itis immediate
that fg takes these vertices bijectively to the vertices of ITjp_; x IT,,_1_g. O

The permutohedron IT,_; is simple, ie each vertex lies in exactly n — 1 facets: vs
lies in the facet Fis(1),...0(k); for each 1 <k <n, and no others. Therefore, every
d —dimensional face belongs to exactly n — 1 —d facets, and the subsets corresponding
to those facets are nested. Hence, d —dimensional faces correspond to sequences of
n — 1 —d nested proper, nonempty subsets of {1,...,n}. Further:
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Lemma 3.14 The space I1,_1 can be treated as an (n—1)-manifold by declaring
0= ) Fs forl<i<n—1
S:|S|=i

Proof We must check:

(1) Every point x belongs to c¢(x) facets.

(2) Each 0;11,_; is a multifacet, that is, a disjoint union of facets.

3 U;0illy—y =0I,—.

(4) Foreachi # j, 0;I1,—1 N3d;I1,—1 is a multifacet of 9; 1,1 (and 9;I1,,_1).
Point (1) follows from the fact that IT,,—; is a simple polyhedron.
For point (2), we claim that if |[S|=|T| =i and S # T then Fs N Fr = &; it follows
that 0; [1,,—; is the disjoint union of the facets Fg (with |S|=1). Butif vy is a vertex
in Fg N Fr, then

dooTl)=) o' () =3iG+1D)

€S jeT 1, . . 1, . . .

’ ’ = o' () jeSi={oT () IjeTy={1.....i}
— S=T={o(l),...,00)}.

Point (3) is immediate from the definitions.

For point (4), suppose that |[S| = i. After identifying Fg with IT;_y x I1,,—;—; using
Lemma 3.13, we get

Mi—1 x (0j—i Mp—j—1) ifi <},

(8.,-1'11-_1) X I1,—i—1 ifi > ]

Therefore, Fs M d;I1,—1 is a disjoint union of facets of Fg = IT; 1 x IT,—; ;. Since

FsnN 8,-1‘[,,_1 =

the Fg for |S| =i are disjoint, d; I1,—1 N 9,1, is a disjoint union of facets of
0;I1,,_1 as well. O
We will also use the following well-known cubical complex structure on IT,_;. For

any permutation o € S, let C; be the convex hull of the barycenters of all the faces
that contain the vertex v, .

Lemma 3.15 Each C, is combinatorially equivalent to an (n—1)—dimensional cube,
and these cubes form a cubical complex subdivision of T1,_;.

Proof We present the proof from Ovchinnikov [44, Section 3], for which he cites
Ziegler. Consider the intersection of half-spaces

FC, = ﬂ Hy.
S|lvgeFs
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The space FCy is an (n—1)—dimensional cone with cone point vy, with n — 1 facets
(corresponding to the facets of II,—; that contain v ), and therefore is a simplicial
cone. (For comparison with [44, Section 3], FCy is the dual of the facet cone of the
dual of vy (in the face fan of the dual of I1,,-1).)

Next, consider the vertex cone of vy (in the normal fan of I1,_;), VCs. By definition,
the cone point of VCy is the barycenter of I1,,_, and the edges of VC, are obtained
by dropping perpendiculars from the barycenter to the facets of I1,,—; that contain v .
The cone VCy is an (n—1)—dimensional cone with n — 1 edges, and, therefore, VCg,
is a simplicial cone. The d —dimensional faces of VCy correspond to the (n—1—d)—
dimensional faces of I1,_; that contain vy . Given corresponding faces fyc of VCqy
and f of IT,—1, fyc is perpendicular to f and passes through the barycenter of f.

Therefore, Cy is the intersection of the two simplicial cones FCy, and VCy . Since the
edges of VCy pass through the interiors of the facets of FCy, VCy and FC, intersect
transversely, and, therefore, VCy; N FC, is combinatorially equivalent to a cube.

The facets of C, are of two types: the ones contained in FCy, which are not identified
with the facets of any other cube and lie in the boundary of IT,,_; ; and the ones contained
in VCy, which are identified with facets of other cubes and lie in the interior of IT,_.
Indeed the facets of the latter type correspond to the edges e of IT,_ that contain vy :
the facet corresponding to e is formed by taking the convex hull of the barycenters
of all the faces of IT,—; that contain e. With these identifications, it is clear that these
cubes Cy come together to form a cubical subdivision of the permutohedron. O

3.4 The cube flow category

We start by recalling the cube flow category from [35, Definition 4.1]. There we
gave a definition in terms of Morse flows on [0, 1]*. Here, we give a more directly
combinatorial definition in terms of permutohedra (see also Remark 3.18):

Definition 3.16 The objects of the cube flow category % (n) are the same as the
objects of the cube category 2", ie tuples u = (uy,...,u,) € {0, 1}"*. The grading on
the objects is defined by gr(u) = [u| =), u;.

The space M (u, v) is defined to be empty unless u > v. If u > v and gr(u) —gr(v) =
k > 0 then we define M(u, v) = I1j_;, the (k—1)—dimensional permutohedron. Note
that, by Lemma 3.14, M(u, v) is a (k—1)-manifold.
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The composition map M (v, w) X M(u,v) - M(u,w) is defined as follows. As-
sume that ¥ > v > w with gr(u) — gr(v) = k and gr(v) — gr(w) = /. Suppose that
Ug, =+ =Ugy; =1 and wg, =+ = wg,,, = 0 (ie the a; are the coordinates
in which ¥ and w differ), where a1 < a < --- < agy;. Let S be the subset of
{1,...,k + 1} such that v,, = 1 for s € S. (The set S has cardinality /.) By
Lemma 3.13, there is a corresponding facet Fs C Ilx4;—1, and Fg is identified with
My x Mgy = M(v,w) x M(u,v). The composition map is the corresponding
inclusion map M (v, w) x M(u,v) = Fs — M(u, w).

Lemma 3.17 Definition 3.16 defines a flow category.

Proof Conditions (FC-1) and (FC-2) of Definition 3.6 are immediate from the defini-
tions and Lemma 3.14. For condition (FC-3), it is enough to recall from Lemma 3.14
that 31Hk+1_1 = U|S|=l Fg.

Finally, we need to check that this defines a category, or, in other words, that composition
is associative. Towards this end, for any u > v with gr(u) — gr(v) = k > 0, it
is convenient to treat M(u,v) = II;_; as a subset of l_[ilul->vl- R instead of R¥,
where the two ambient spaces are identified by linearly ordering the coordinates
ai <ap <---<ay in which u and v differ. With this viewpoint, for ¥ > v > w with
gr(u)—gr(v) =k and gr(v)—gr(w) =1, the composition map IT;_y xg_1 — 47—
is induced from the map

IT ®x [T B2 [T rx [T R= ][ &
ilvi>w; iluj>v; ilv;>w; iluj>v; ilui>w;
where the first map adds / to each of the coordinates of [, lu; >v; R and the second map
is coordinatewise identification. (See also Lemma 3.13.) Now, given u > v > w > x
with gr(u) —gr(v) =k, gr(v) —gr(w) =/ and gr(w) — gr(x) = m, the corresponding
double compositions are

> o> 2

[T 'x [T ®x J] R 7 rx [ ®

i|w;>x; ilv;>w; ilu;>v; i|w;>x; i|u;>w;
l+@ﬁﬁ) l+@ﬁ)
+(0,7+m)
M e« 7 & I e
ilvi>x; ilu;j>v; ilu;j>x;

where we have suppressed the reshuffling of factors from the notation. So, both
compositions are given by +(6, m, [ + m) (and the same reshuffling of factors). O
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Remark 3.18 We have not shown that the definition of the cube flow category from
Definition 3.16 agrees with the Morse-theoretic definition from [35, Definition 4.1], as
doing so would seem to require a nontrivial digression about the smooth structures on
moduli spaces of Morse flows. For the purposes of this paper (and future work), note
that the combinatorial definition used here works just as well for the construction of
the Khovanov homotopy type in [35], and all the results stated in [35; 37; 36] remain
true with this combinatorial definition. To be more precise, the only statements that
involve the moduli spaces on the cube flow category coming from the Morse flows are
[35, Lemmas 4.2—4.3], which are immediate for the combinatorial definition. Therefore,
when we talk about the Khovanov homotopy type in this paper (and future work), we
mean the homotopy type defined using the cube flow category from Definition 3.16.

Before moving on to the definition of cubical flow categories in Section 3.5, we digress
a little to study the cubical complex structure from Lemma 3.15 on the permutohedron
M(u,v).

Definition 3.19 For u > v in {0, 1}"*, define the space

Mo=( 1 o)/~

mE{l,,|u|—|v\}
u=u>->y"=yp

where, for each chain u = u® > --- > u™ = v, each 1 <i <m—1 and each point
(t1,....tm—2) in the cube [0, 1]~2 corresponding to the chain u® > --- > =1 >
u'T1>...>y™ the equivalence relation ~ identifies
(tlv L) tm—2)u:u0>...>ui—1>ui+1>...>um:v
~ (e tim1, Lty oo tm—2) ymy O sy =y -

For u > v > w in {0, 1}"*, define a map My X My, — My by
((Zl’ L) Zf—l)v=v0>~~~>v€=w’ (S17 L) Sm—l)u=u0>...>um=v)

= (Sl, cesSm—1,0,11,..., t@—l)u=u0>~-~>u’"=v=v0>...,ve=w'

Lemma 3.20 There are homeomorphisms hy : My 4 =5 M(u, v) from the spaces
of Definition 3.19 to the permutohedra M (u, v) such that:

(1) The hy, identity the cubes in the definition of M, , with the cubes in the
cubical complex structure on M(u, v) from Lemma 3.15 which are not entirely
contained in M (u, v).
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(2,1,3) (1,2,3)

(2,3.1) (1,3,2)

(3.2,1) (3,1,2)

Figure 3: A cubical decomposition of the permutohedron. Left: The 2—
dimensional permutohedron M(111,000) with vertices labeled by the cor-
responding permutations of (1,2,3). Right: The corresponding cubical
complex Mi11,000, Where we have labeled the cube corresponding to a
sequence 111 =u° > ... > ™ =000 by (u',...,u™ ).

(2) The hy,y identity the points in the cubes for M, , where some coordinate is 0
with the points in oM (u, v).

(3) For any u > v > w, the following diagram commutes:

My X My y —= 5 M, w) x M(u,v)

l hy,wXhy v l

My w = M(u, w)

s

hu,w

Here, the Ieft vertical arrow is the map from Definition 3.19, and the right vertical
arrow is the composition in ¢ (n).

(See Figure 3.)

Proof The chain ¢ = {u = u°

> .-+ >u" = v} in {0, 1}" corresponds to the
(Ju|—|v|—m)—dimensional face F, = M@ 1, u™) x -+ x M(u®,u') of the permu-
tohedron M (u, v). If we take the convex hull of the barycenters of all the faces of
the permutohedron that contain F,, we get an (m—1)—dimensional cube C,. which
appears in the cubical complex structure from Lemma 3.15. (If F, is a vertex of the
permutohedron, or equivalently if ¢ is a maximal chain, then the cube C, is one of
the C, from Lemma 3.15.) We will identify C. with the cube [0, 1] ! corresponding

tocin Myy.
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Let t1,...,tm—1 be the coordinates of [0,1]"!. As a first step, we identify the
vertices of C. and [0, 1]™!. A vertex of C. corresponds to a barycenter of some
face containing F,, which in turn corresponds to some subchain ¢’ of ¢; the corre-
sponding vertex in [0, 1]~ ! has t; = 0 if u’ € ¢/, and has #; = 1 otherwise. The
identification on the vertices leads to our desired identification as follows. Construct
the simplicial complex subdivision of C. (respectively [0, 1]”~1) by joining every
face to the barycenter of M(u, v) (respectively the vertex le [0, 1]"~1), and extend
the identification linearly over each simplex.

It is fairly straightforward to check that such identifications induce a cubical complex
homeomorphism between the cubical complex M, , and the cubical complex structure
on M(u, v), and these homeomorphisms satisfy the conditions of the lemma. Further
details are left to the reader. m]

3.5 Definition of a cubical flow category

Definition 3.21 A cubical flow category is a flow category ¢ equipped with a grading-
preserving functor f§: ¥k% — %c(n) for some k € Z and n € N such that for each
x,y € 0b(%), f: M(x,y) = M(f(x),f(»y)) is a (trivial) covering map.

Thus, if §: € — %c(n) is a cubical flow category and x, y € Ob(%) then Hom(x, y)
is empty unless f(x) > f(y). If x = y, then Hom(x, y) = {Id}, and if f(x) = f(y) but
x # y then Hom(x, y) is empty. If f(x) > f(y), then the moduli space M (x,y) =
Hom(x, y) is a (possibly empty) disjoint union of permutohedra.

Convention 3.22 Sometimes we suppress the grading information if it is inessential
to the discussion, and drop the grading shift ¥* from the notation.

A framing of the cube flow category % (n) in the sense of Definition 3.8 induces a sign
assignment s on the cube (see Section 1.1) as follows: for u > v with |u| —|v| =1,
Su,» =0 if the point M (u, v) is framed positively, and s, , = 1 otherwise. Furthermore,
every sign assignment on the cube is induced from an essentially unique framing
of ¢c(n); see [35, Section 4.2]. The chain complex associated to ¢¢ (n), framed
according to some sign assignment s, is defined as follows. The chain group is generated
by the vertices of the cube {0, 1}, and the differential is given by

Swy= > (=D%ru

u>v
|ul—[v|=1
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This is an acyclic chain complex, and is often referred to as the cube chain complex.

Furthermore, if (¢, f: € — %c(n)) is a cubical flow category then any sign assignment s
on the cube induces a framing of the 0—dimensional moduli spaces in ¢ as well: all the
points in M (x, y) are framed positively if sj(x),j(y) = 0, and, otherwise, all the points
in Mg(x, y) are framed negatively. The pullback of the (essentially unique) framing
on %c (n) inducing s produces an essentially canonical extension of this framing to the
entire cubical flow category ¥ . The chain complex associated to € for this framing
has the following differential: for x, y € Ob(%¢) with gr(x)—gr(y) = 1, the coefficient

of x in dy is
(=1%o i f(x) > f(y),
0 otherwise.

6(y). x) =

This chain complex only depends on the sign assignment s and not the entire framing
of €c(n).

Even though the definition of cubical flow categories seems fairly restrictive, there are
many examples:

Example 3.23 Given any (finite) simplicial complex S, with vertices vy, ..., v,, there
is a corresponding cubical flow category (¢, f: £¥¢ — %¢c(n)), defined as follows.
The objects of ¢ correspond to the simplices of S., which in turn can be viewed as
nonempty subsets of {vy,...,v,}. Given an object in ¢, corresponding to a subset
T C{vy,...,v,}, define f(T) to be the vector in {0, 1}" whose i™ coordinate is 1
if and only if v; € T. Note that the map f is injective on objects. Let & be the full
subcategory of 4 (n) generated by the objects in the image of f. The chain complex
associated to ¢ is isomorphic to the simplicial chain complex for S,.

(One can think of the category % as coming from choosing a Morse function on each
simplex in S, with a unique interior maximum and no other interior critical points,
and so that these Morse functions are compatible under restriction. The moduli spaces
in ¢ are then the corresponding Morse moduli spaces.)

Example 3.24 The Khovanov flow category [35, Definition 5.3] ¥k (K) associated
to a link diagram K (with n crossings ci, ..., cp) is, by construction, a cubical flow
category. For any v € {0, 1}"*, the subset of Ob(¢x (K)) that maps to v are precisely
the Khovanov generators over v (as defined in Section 2.2):

() = F(v).
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For any u > v € {0, 1}" with |u|—|v|=1andany x €f ! (u) = F(u) and y €' (v) =
F(v), the moduli space is

{pt} if x appears in 8g,(y),

M , x’ = .
wx (K) (X, Y) 1%} otherwise.

Therefore, the chain complex associated to ¥k (K) is isomorphic to the Khovanov
chain complex Cgp(K) (from Definition 2.1).

3.6 Cubical neat embeddings

Consider the cube flow category ¢¢ (n), and fix a tuple d = (dy, ..., dn,—1) € N” and
a real number R > 0. For any u > v in Ob(%6¢ (n)) = {0, 1}, let

ul—1

Eyy = |: 1_[ (=R, R)di:| XM(@”C(n)(u’ v).

i=|v|

Equip E,, with the Riemannian metric induced from the standard metric on the
Euclidean space after viewing the permutohedron M. () (4, v) as a polyhedron
in RMI=IYl For any u > v > w in Ob(%¢ (n)), there is a map Epw X Eyy— Eyw

given by
[v|-1 lul—1
EpwXEyy= 1_[ (—R,R)di X Mg (ny (v, w) X l_[ (—R,R)di X Mg (ny (U, v)
i=w| i=v]
lu|—1
= [T (R R x My () (v, w) X Mige iny (1. v)
i=lw]|
|lu|—1
Jdxo, l_[ (—R,R)di X My (my (U, w).
i=|w|

Definition 3.25 Fix a cubical flow category (¢, §: Yk¢ — Gc(n)). A cubical
neat embedding 1 of (¢,f) (or, more succinctly, of ¢) relative to a tuple d =
(do, ...,dn—1) € N" consists of neat embeddings

Le,y: Mg(x,y) = Ejx).()

such that:
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(1) For each x,y € Ob(%), the following diagram commutes:

lx,
M (x,y) —— Ejx) i(»)

; lprojection
Mege () (F(X). F(1))

(2) For each u,v € Ob(%¢c(n)), the induced map

]_[ lx,y: ]_[ M%’(an)%Eu,v

x’y x!y
f(x)=u f(x)=u
f(y)=v f(y)=v

is a neat embedding.

(3) Foreach x, y,z € Ob(%), the following diagram commutes:

Mg(y,2) x Mg(x,y) —— My(x,2)

| l

Ei(),i(z) X Ejx),i() — Ejx).5(2)

In order to construct the cubical realization, we need to extend these embeddings iy
to maps

[f(x)|—1
Ix,y: [ I1 [—G’G]di] X Mg (x, ) = Ejx),j(r)

i=[f(»)]
for some € > 0, so that the analogue of the diagram from condition (3) still commutes,
and the extension of the map from condition (2) is still an embedding. One way to
choose such a family of extensions would be to coherently frame the normal bundles of
the embeddings tx,, (in a similar sense to Definition 3.7) and then use the construction
from Definition 3.10. Instead, we will use the following explicit extension.

For any x,y € Ob(%), let u and v denote f(x) and §(y), respectively, and let T[,ﬁv
and Jr,%) denote the projections of []_[luzl‘_vll (—R, R)di] X M (n)(u, v) onto the two
factors. Given sufficiently small € > 0, extend the embedding ¢y , to a map

[u|—1 lu|—1

l_[ [—e,e]d{| XMy (x,y)—=>Eyp= [ 1_[ (—R, R)di] XMee ), v),

i=|v|

326 [

i=|v|

(@.y)> @+l ey ), 7y (1))
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The definition of ¢ ensures that the analogue of the diagram from condition (3) still
commutes. By condition (1), t(Mg(x, y)) is transverse to the fibers

|u|—1

[ IR R)ﬂ < (7.

i=|v|

So, for € sufficiently small, the extension of the map from condition (2) is still an
embedding. We make this a requirement on €:

Convention 3.27 When talking about extensions ty y of cubical neat embeddings, we
will always assume that € is chosen to be small in the sense that the induced map

ul—1

]_[ Zx,y: ]_[ [H[—e,e]di:|xM<g(x,y)—>Eu,v

X,y X,y i =|v|
f(x)=u f(x)=u
f(y)=v f(y)=v

is an embedding.

Remark 3.28 In [35], we used a framing of the normal bundles, rather than the kind
of explicit extension above, to trivialize tubular neighborhoods. When identifying the
cubical realization with the Cohen—Jones—Segal realization (see Section 3.8), we will
need an isotopy between these two trivializations.

Let Vo = ]_[ll':'m R% x {0} C (TEuw)i, , (M (x,y)) and let V7 be the normal bundle
to tx,y My (x,y). Since n,%) Oly,y 1S a covering map, the projection dn,fv: Vi—>W
is an isomorphism. For 7 € [0,1] let m;: Vi — (TEyw)li, (M (x,y)) be 7 =
t1d + (1 —t)d=xR,  and let V; = n;(V;). The V; are a 1—parameter family of

u,v
subbundles connecting Vp to Vi, and each V; is a complement to 7'(tx,y M« (x, y)).

The bundle V) is a trivial bundle, and in particular framed. Pushing forward this framing
by m; gives a framing of each V;. Exponentiating these framings gives a 1-parameter
family of extensions Zﬁc, y Of tx,y, each satisfying the analogue of condition (3). The
framing Z?C y 1s our explicit extension ix,y from (3.26), and Z}C, y 1s an extension coming
from coherently framing the normal bundles of ¢, . Since each V; is a complement
to T (tx,yMx(x,y)), each Z;,y satisfies the analogue of condition (2) for some ¢;;
compactness allows us to choose a uniform € for which each Zﬁc’ y satisfies the analogue
of condition (2). This produces the required isotopy between the extension from (3.26)
and an extension coming from some framing of the normal bundle.
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3.7 Cubical realization

Definition 3.29 Fix a cubical neat embedding ¢ of a cubical flow category
(%, f: =56 — %c(n),

relative to a tuple d = (do, ..., dn—1) € N% and fix € > 0 satisfying Convention 3.27.
We build a CW complex ||| = [|€];,, from this data as follows:

e The CW complex has one cell for each x € Ob(%). Letting u denote f(x), this
cell is given by

[u|—1 n—1
cx)= [ =R RI% x [] [—€. € x My (u. 0),
i=0 i=|ul

where ./\71% ) (u, 6) is defined to be [0, 1] x M. () (u, 6) if u+# 0, or the point {0}
if u =0.

e For any x,y € Ob(¥) with f(x) = u > f(y) = v, the cubical neat embedding ¢
furnishes an embedding

C(y) x Meg(x,y)

lv|—1 n—1
= 1_[ [—R. R)% x l_[ [—e. €] X Mo (m)(v,0) X Mg (x, y)
i=0 i=|v]
lv|—1 n—1 R |lul—1
= 1_[ [_R’ R]di X 1_[ [_636]di XM%C(”)(va) X ( 1_[ [_E’E]di XM(K(X’ y))
i=0 i=|ul i=|v|
LT |lv]—1 n—1 |lul—1
il § 1_[ [—R, R]% x l_[ [—e. €] X Mg m)(v,0) x ( l_[ [—R, R]% X Mg m) (U, v))
i=0 i=lul i=|v|
lul—1 n—1
o~ 1_[ [—R, R]% x l_[ [—e, €)% X Mo (n) (v, 0) X Mg () (1, v)
i=0 i=|ul
lul—1 n—1 R
> [][=R.RI% x [] €. €] x d(Mg ) (u. 0))
i=0 i=|ul
C dC(x).

Here, the second inclusion comes from the composition map if v # 6, or the inclusion
{0} — [0,1] if v = 0. Let Cy(x) C 9C(x) denote the image of this embedding.

e The attaching map for C(x) sends Cy(x) == C(y) X Mg (x,y) by the projection
map to C(y) and sends the complement of U,C,,(x) in dC(x) to the basepoint.
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The cubical realization of (¢, f) is defined to be the formal desuspension X (%) =
y~(k+dot-+du-1)|%||. (The desuspension ensures that the gradings of the objects
in ¢ agree with the dimensions of the corresponding cells in X'(%).)

Lemma 3.30 The attaching maps in the cubical realization are well defined.

Proof As in the proof of [35, Lemma 3.25], we must show that for any x, y, z € Ob(%)
with gr(x) > gr(y) > gr(z), the dashed arrow in the following diagram exists such that
the diagram commutes:

Cz(x)N Cy (x) € Cy (x) C(»)
C:() Sl )

l o = I
C(2) Cz(y)

Let u, v and w denote f(x), f(v) and §(z), respectively. We may assume v > v > w;
otherwise, it is not hard to verify that C;(x) and Cy(x) are disjoint. In a similar vein
to Definition 3.29, let Cy, ;(x) C dC(x) be the image of the embedding

C(z) x Mg(y, z) x Mg(x,y)

Jw|—1 n—1
= [T =R RI% x ] [~€. €% x Mgy (w. 0) x Mg (y. 2) x Mg (x. )
i=0 i=lw|
lw|—1 n—1 lv|—1
~ l_[ [—R. R]% x l_[ [—e, €] xﬂgc(n)(w,a) X ( H [—e, €e]% xMcg(y,z))
i=0 i=|u| i=|w|
[oe|—1
X ( H [—e, €] x/\/hg(x,y))
i=|v|
IdXty z Xtx ol -1 R nl . ~ -
CETY l_[ [—R,R]dl X H [—e,e]d' X Mg (my(w, 0)
i=0 i=|ul
lv]—1 u|—1
x( [T =R R x Mg iy (v, w)) x( [T =R RI% x Mo (uy (1. v))
i=w| i=[v|
Jul—1 n—1 .
o~ l_[ [—R, R]di X 1_[ [—e,e]di X/\?%C(n)(w,()) X My (v, w) X Mg (ny (1, v)
i=0 i=|ul
Jlul—1 n—1
= [T =R RI% x [T [—e. €] x 0(Me iy (. 0)) € 0C(x).
i=0 i=|ul
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(As in Definition 3.29, the second inclusion usually comes from the composition map;
the only special case is if w = 0, when it comes partly from the inclusion {0} — [0, 1].)

We claim that C) ;(x) = C;(x) N Cy(x). The direction Cy ;(x) € C;(x) NCy(x) is
immediate since the inclusion

C(z) x Mg(y.z) x Mg(x,y) =>Cy 2 (x) CIC(x)
factors in both of the following ways (using condition (3) of Definition 3.25):

C(2) X Mg (1.2) X Mg (x,y) #2% C(2) X Mg (x, 2) > €z (x) C 8C(x),
C(2) x Mg (y. 2) x M (x, ) =5 C2(y) x Mg (x, y) = C(y) x My (x, y)
=5 Cy(x) CIC(x).
The other direction requires more work. We will abuse notation slightly and identify

points with their images under the composition map in ¢ (n). View any point p €
Cz(x) NCy(x) as a point (p1, p2, p3, p4) in the following subspace of dC(x):

lv]—1 || —1

lw|—1 n—1
( TT =R &1 TT e} [T 1R RIS [T R RISy 1)

i=0 i=|ul i=lw| i=|v|

For p tolie in C;(x), p4 must lie in the subspace
Mige () (W, 0) X Mg g (1, w):
similarly, for p to lie in Cy(x), p4 must lie in the subspace
Mgy (0, 0) X Mgy (t, v).

Therefore, p4 must lie in the subspace M5C ) (w, 6) XM (ny (U, W) X Mo (ny (U, V).
Write p4 also in component form as (p4,1, pa,2, p4,3). Since p lies in Cy(x), we

know (p3, pa,3) €im(ly,y), and since p liesin C;(x), we know (p2, p3, p4,2, pa,3) €
im(ly, ;). Moreover, since ¢ is a cubical neat embedding (Definition 3.25),

lvl—1 -1

im(zx,z)m( [] =R RI% x Meyey(w.w) x [ [-R. R x./\/lg»c(n)(u,v))

i=|w| i=|v|
:im( 1 zy/,zxzx,y/),

Y=o
and, therefore, there exists y’ with f(y’) = v such that (p3, ps,3) € im(ly,,’) and
(p2. pa2) € im(ly’ 7). Condition (2) from Definition 3.25 (but with ¢ instead of ¢)
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ensures that y’ = y, and then it is straightforward to see that p lies in C, ;(x). This
completes the proof that Cy, ,(x) = C;(x) NCy(x).

Define the dashed arrow from C; (x)NCy(x) =Cy 7 (x) = C(2) X My (Y, 2) X My (X, y)
to C;(y) = C(z) x M« (y, z) to be the projection map. From the definition of Cy, ;(x),
it is easy to verify that the resulting diagram commutes. |

Proposition 3.31 Up to stable homotopy equivalence, the cubical realization is inde-
pendent of the choice of tuple d. More precisely, let t be a cubical neat embedding
relative tod = (dy, ...,dn—1) and let ||| be the cubical realization corresponding
tot. Fixatuple d’ = (dy....,d,_,) with d] > d; for all i. There is an induced
cubical neat embedding of ¢ relative to d’, gotten by identifying the space E,, , for
with the subspace

lul—1
[T R R x {0} =% x My (ny (u, v)

i=|v|
of the space E,, ,, for /" Let ||€||" be the cubical realization corresponding to " and let
N=|d'|—-|d|= Zl'-’;é d! — Z:‘l:_é d; . Then there is a homotopy equivalence

Vg = 14,

taking cells to the corresponding cells.
Proof The proof is the same as case (3) in the proof of [35, Lemma 3.27]. O

One can also show, by following the proofs of [35, Lemmas 3.25-3.27], that the
stable homotopy type of |||, is independent of the cubical neat embedding ¢ and the
parameters R and €. Since this result also follows from Theorem 4, we do not give
further details.

We conclude this section by returning to our simplicial complex example:

Proposition 3.32 Let S, be a simplicial complex with n vertices and let
(%, f: ¢ — %c(n))
be the corresponding cubical flow category, as in Example 3.23. Let |S,|, denote the

disjoint union of the geometric realization of S, and a basepoint. Then there is a stable
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homotopy equivalence
X(€) = |Sd| 1.

Moreover, the stable homotopy equivalence may be chosen so that it induces an isomor-
phism between the simplicial cochain complex of S, and the reduced cellular cochain
complex of X (%) (with the CW complex structure from Definition 3.29).

We leave the proof as a (somewhat involved) exercise to the reader.

3.8 Cubical realization agrees with the Cohen—Jones—Segal realization

The main aim of this subsection is to prove the following:

Theorem 4 Let (¢,f: ¢ — ¢c(n)) be a cubical flow category. For any cubical neat
embedding t relative to any tuple d = (dy, ..., d,—1), and parameters R and ¢, the
cubical realization X' (¢) (from Definition 3.29) is stably homotopy equivalent to the
Cohen—Jones—Segal realization (from Section 3.2) of ¢ with framing induced from
some framing of ¢¢ (n). Furthermore, the stable homotopy equivalence sends cells to
corresponding cells by degree +1 maps.

Proof Using Proposition 3.31, we may assume that the d; are sufficiently large
that there is a neat embedding ; of the cube flow category %¢ (n) relative to D =
(...,0,...,0,do,...,dy—1,0,...,0,...) in the sense of Definition 3.7. Fix some fram-
ing of the cube flow category ¢¢ (1), and construct the extension ; as in Definition 3.10.
Let § and T be the corresponding parameters. After scaling if necessary, we may
assume § = R, and after increasing T if necessary, we may assume 7 > 1.

Note that jo¢ is a neat embedding (in the sense of Definition 3.7) of our flow category ¢
relative to D ; it has an extension j ot (again, as in Definition 3.10) with respect to the
parameters € and 7, and j ot is isotopic to the extension coming from the framing
of ¥ induced from the framing of 4¢ (n); see also Remark 3.28.

Let ||%|| be the CW complex constructed from the cubical neat embedding ¢ and its
extension ¢ with respect to the parameters € and R; and let |¢’| be the CW complex
constructed from the neat embedding j o: and its extension j ot with respect to the
parameters € and 7. Cells of both ||| and || correspond to objects of ¢, and hence
to each other. We will produce a quotient map from |%’| to ||¢’|| which will send each
cell via a degree 1 map to the corresponding cell. It follows that the quotient map is
a stable homotopy equivalence.
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For any x € Ob(%) with f(x) = u € Ob(%¢c (n)), the cell associated to x in ||€]| is

Clx) = {]_[lul o [-R, R]% x]_[l_M[ €, €)% X [0,1] X M. (ny(,0) if u 7é0
17" M€, €]9 x {0} if u =0,
while the cell associated to x in |¢] is
u|-1 n—1 u|—1
cx)y=[]-T.71% x [ [~e.e)% x [ ] [0.71.
i=0 i=ul i=0

Let [C(x)] (respectively [C(x)]) denote the image of C(x) (respectively C(x)’) in |Z|
(respectively || %||). We will define a map C(x) — [C(x)’] and check that this induces
a well-defined map [C(x)] — [C(x)'].

Ifu=0, identify C(x)" =~ ?;é [—e,€]% = C(x). If u# 0, the embedding

lu|—1
Tt Mecm@,00x [T =R, R|% < (=T, T)%x[0, T)x---x[0, T)x (=T, T)dmi-1
i=0
|u|—1 |u|—1
=~ [Tl0.1)x [](-T.1)%
i=1 i=0

induces the codimension-zero embedding of C(x)" into C(x)

ul—1

c(x)y = [][-R. R x ]‘[ —¢,€]% x[0,1] X Mg () (11, 0)
i=0 i=|ul
|u|—1 n—1
= Migeny@.0) x [ [=R.RI% x [T [=e.e]¥ x[0.1]
i=0 i=|ul
N lul—1 n—1
]_[ [0, T] x 1_[ [—T.71% x [ [—e. €] x [0.1]
i=1 i=|ul
lul—1 n—1 Jul—1
= [[-7.71% x [ [ [=e. )% x[0.1]x [] 0.7
i=0 i=|ul i=1
[u|—1 lul—1
> l_[[ T, T]% x 1_[[ €. €] x 1_[[0 T]
i=u|
= C(x).
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(Here, the =~ arrows correspond to the obvious reshuffling of the factors, and the
second inclusion is induced from the inclusion [0, 1] < [0, T'].) In either case, map
C(x) to [C(x)] by identifying the image of this embedding with C(x)’, and quotienting
everything else to the basepoint. To see that this gives a well-defined, continuous map
from the CW complex |%’| to the CW complex ||¢’||, we need to check that for any
other y € Ob(%) with f(y) = v < u, the following commutes:

C(y) x Mg(x,y) —— C(y) x Mg(x,y)

| |

C(x)’ ¢ C(x)

(The horizontal arrows are induced from the inclusions defined above. The right vertical
arrow is the inclusion defined in Definition 3.10 for j o, while the left vertical arrow
is the inclusion defined in Definition 3.29 for t.)

When v = 0, after removing the constant factor of ]_[l'-':_|1u| [—e, e]d" and doing some
consistent reshuffling, the diagram is

lul—1 lu|—1
{0} x [] [-e. el x My (x,y) ————— [ [—€.€% x Me(x.y)
i=0 i=0
{(m,?x,y) {(xg,ld)OJu,éon,y
lul—1 2.7, ) lu]—1 lu|—1
[0, 1] x ]‘[ RI%Y X Mg (my(u, 0) ——2— ]‘[ .71 [][-1. 11

where 7 is the inclusion {0} < [0, 1], k> is the inclusion [0, 1] — [0, T'], and /cg (for
0 <€ < |ul) is the inclusion

|ul—1 |ul—1 |u|—1

[T 0. 71203 x [ 0,712 TT [0. 7).

i={+1 i={+1 i={

Therefore, the diagram commutes.

When v # 0 once again after removing the constant factor of nz—|u|[ €, e]dl and
some consistent reshuffling, the diagram factors as:
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[v]—1 [ vl-1 lv]—1

[0, 1] % My (v.0) x [ ] [=R. R} o [Two.71x [T -7.71%
i=0 2Tyl i=0 i=0
Jlul—1 |lu|—1
X l_[ [—e,e]di X Mg (x,y) X 1_[ [—e,e]di X Mg (x,y)
i=[v] L i=|v| _
14Txr) PIdJ §olx.»)

[ vl—1 |ul—1

lu|—-1 o ]—[ [0, T] x ]_[ [-T, T]%
i=0 i=0

[0, 1] X Mg @y (v, 6) X l_[ [—R, R]di (k2.7 goJu.v)

i=0 lu|—1
X Mg (ny (14, V) < [] [0.7]
L i=|v|+1
(1d,0)0p [po(ld,xzf’)
ul-1 k2.7, 5) [ul-1 |1

[0.1]x [ =R, RI% x Mgy (u. 0) | ———— | ] [0.7]x ]_[[ T.T)%
i=0

i=0

where p throughout denotes some (further) consistent reshuffling of factors, and k>
and Kf are from before. The top square commutes automatically; the bottom square
commutes since condition (2) of Definition 3.7 holds for j as well (because the
extension was defined via coherent framings of the normal bundles of ;).

Therefore, we get a well-defined map from || to ||¢’|| which sends the cell [C(x)] to
the corresponding cell [C(x)] by a degree 1 map. It is easy to check that the grading
shifts match up, and, therefore, we get the required stable homotopy equivalence. O

4 Functors from the cube to the Burnside category and their
realizations

In this section we give a reformulation of cubical flow categories, as 2—functors from
the cube category to the Burnside category. We then give a choice-free way of realizing
such a functor, in terms of a thickening construction. (A smaller but choice-dependent
way to realize such a functor is given in Section 5.) The proof that this realization
agrees with the cubical realization is deferred until Section 6. The main results of this
section can be summarized in two theorems:

Theorem 5 The data of a cubical flow category is equivalent to the data of a strictly
unitary, lax 2—functor from the cube category to the Burnside category.
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This is stated more precisely and proved as Lemmas 4.18 and 4.20.

Theorem 6 Given a functor F' from the cube category to the Burnside category there
is a canonically associated CW spectrum | F |, the realization of F.

This is stated precisely as Construction 4.39 and Lemma 4.42. In Section 6, we show
that this construction agrees with the cubical realization (a combination of Theorems 7
and 8). A feature of the realization procedure introduced in this section is that it behaves
well with respect to products (Proposition 4.46).

We start by reviewing the Burnside (2—)category and the data required to define a
functor from the cube to it, in Section 4.1. We then recall some properties of homotopy
colimits, in Section 4.2, before turning to new material in Section 4.3, where we
formulate precisely and prove Theorem 5. The thickening and realization procedure
are given in Sections 4.4 and 4.5, while invariance under natural isomorphisms of 2—
functors is proved in Section 4.6. Section 4.7 discusses the behavior of this realization
procedure under certain kinds of products.

4.1 The Burnside category and 2—functors to it

Given sets X and Y, a correspondence (or span) from X to Y is a set A and maps
s: A— X and t: A — Y (for source and rarget). Given a correspondence (A, s4,%4)
from X to Y and (B, sp,tg) from Y to Z, the composition (B, sg,tg) o (A, s4,t4)
is the correspondence (C,s,t) from X to Z given by

C=BxyA={(b,a)e BxA|ta)=sb)}, sb,a)=s4(a), t(b,a)=1tp(b).

Given correspondences (A4, s4,%4) and (B, sp,tp) from X to Y, a morphism of cor-
respondences from (A, s4,t4) to (B, sp,tp) is a bijection of sets f: A — B which
commutes with the source and target maps, ie such that s4 =spo f and t4 =tpo f.
Composition (of set maps) makes the set of correspondences from X to Y into a
category. Further, composition of correspondences makes

(sets, correspondences, morphisms of correspondences)

into a weak 2—category (bicategory in the language of [6]). By the Burnside category
we mean the sub-2—category of finite sets and finite correspondences. We denote the
Burnside category by #. (More typically, one defines the Burnside category of a
group G in terms of G—sets and G —equivariant correspondences; for us, G is the
trivial group.)
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Remark 4.1 Some authors refer to our Burnside category as the Burnside 2—category,
and refer to the 1—category with objects sets and morphisms isomorphism classes of
correspondences as the Burnside category.

We will typically drop the maps s and ¢ from the notation, referring simply to a
correspondence A from X to Y.

As mentioned above, the Burnside category is a weak 2—category: the identity and
associativity axioms only hold up to natural isomorphism. That is, given a set X, the
identity correspondence of X is simply the set X itself, with the identity map as source
and target maps. Given another correspondence A from W to X there is a natural
isomorphism

A X x X A=A

defined by A(x,a) = a. Similarly, given a correspondence B from X to Y there is a
natural isomorphism
p: Bxy X = B

defined by p(b, x) = b. Finally, given correspondences A from W to X, B from X
to Y and C from Y to Z there is a natural isomorphism

a: (Cxy Byxy A— C xy (Bxxy A)
defined by a((c,b),a) = (¢, (b,a)).

This distinction between weak and strict 2—categories may seem superficial here, but
the distinction between weak and strict 2—functors, to which we turn next, will be
crucial.

Definition 4.2 Given (weak) 2—categories ¥ and 2, a lax 2—functor F: € — 9
consists of the following data:

¢ For each object x € Ob(%) an object F(x) € Ob(2).
e For each pair of objects x, y € Ob(%) a functor

Fx,y: Hom(x, y) = Hom(F(x), F(y)).

* For each object x € Ob(%) a 2—morphism Fig,: Idp(x) = Fx,x(Idy).

e For any three objects x, y, z € Ob(%¢) a natural transformation

Fx,y,z('a'): Fy,z(')ol Fx,y(')ﬁFx,z('ol')-
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(Here, both Fy ;(-) o1 Fx,,(-) and Fy ;(-o1-) are functors
Hom(y, z) x Hom(x, y) — Hom(F (x), F(2));
o1 denotes the 1-composition in € or 2, not the composition of functors.)

These data must satisfy the following compatibility conditions:
(Fn-1) For each pair of objects x, y € Ob(%), the following diagrams commute:

A
IdF(y) o1 Fx,y(') Fx,y(')

Fay olmJ TFMQ)

Fyy(ldy) o1 Fry(+) ———— Fry(dy 01 )
X,y.y

o
Fx,y(')ol IdF(x) Fx,y(')

IdolFIdxl TF_ny(P)

Fy,y(+) o1 Fxx(Idy) F—> Fy,y(-011dy)
X. X,y

(Here, A is the natural isomorphism from Idy o1 - to the identity functor of ¢
or 7, as appropriate, and p is the natural isomorphism from - oy Id, to the
identity functor of ¢ or 2.)

(Fn-2) For each quadruple of objects x,y,z,w € Ob(%), the following diagram
commutes:

(Fy,z(+) 01 Fry(+)) 01 Fyx(+) —— Fy z(+) 01 (Fx,y(+) 01 Fu x(-))
Fx,y,z(',')oll l'ole,x,y(',')
Fyz(-o1-)o1 Fyx(+) Fy (-)o1 Fy,y(-01+)
Fw.x,z('ol’s')l levy,z(',@l')
Fy,z((~o1+)01-) Fy,z(-o1(-01+))

Fw,z(a)

(Here, « is the natural isomorphism from ((-01-)o1-) to (-o01(-01-)), the two
different orders of triple compositions, associated to € or 2, as appropriate.)

(See for instance [6, Definition 4.1 and Remark 4.2], where lax 2—functors are called
homomorphisms.)
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We will often drop the subscript from F': given an element f € Homg(x, y) and a lax
2—functor F: ¢ — 2 we will often write F'(f) for Fx ,(f).

Definition 4.3 [6, Remark 4.2] We call a lax 2—functor F: € — 2 strictly unitary if
for all objects x € Ob(%), Fx x(Idx) =Idf(y) and Fyq, is the identity 2—morphism.

As mentioned above, we will be mainly interested in 2—functors from 2" to %, which
moreover will be strictly unitary. In this case, Definition 4.2 simplifies substantially:

Lemma 4.4 A strictly unitary, lax 2—functor F: 2" — 2 is determined by the fol-
lowing data:
e For each object v € Ob(2") = {0, 1}" the set X, = F(v).
e For each pair of objects v, w € Ob(2") such that v > w, a correspondence
Ay w = F(pyw) from X, to Xy,.
e For each triple of objects u, v, w € Ob(2") such that u > v > w, a bijection
Fu,v,w: Av,w XXy Au,v - Au,w .
These data satisty the compatibility condition:
(CF-1) For any u,v,w,x € Ob(2") with u > v > w > x, the following diagram
commutes:

dXFy v.w
Aw,x XXw Av,w XX, Au,v Aw,x XXw Au,w

Fv,w,xXIdl lFu.w.x

Av,x XX, Au,v Au,x

Fu.v,x
(We have suppressed some inessential parentheses.)

Moreover, any collection of data satisfying this compatibility condition determines a
strictly unitary, lax 2—functor F: 2" — 2.

Proof Since F is strictly unitary, we have F(¢y,») = Idy, (whichis Xy, viewed as
a correspondence from itself to itself). If v # w then Hom(v, w) = @, so F(¢y,»)
is the unique functor from the empty category. Thus, the F (¢, 4, ) are entirely spec-
ified by the correspondences Ay = Fyw(@v,w) With v > w. Next, the source
Hom(v, w) x Hom(u, v) of Fy . is nonempty if and only if ¥ > v > w, in which
case Hom(v, w) x Hom(u, v) consists of the single element (¢, ¢yu,v). Since 2"
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is a strict 2—category and F is strictly unitary, condition (Fn-1) is equivalent to the
statement that Fy y 4 Av,w Xx, Xy = Ay,w 1S the canonical isomorphism p, and
Fyww: Xw Xx,, Av,w — Ayp,w is the canonical isomorphism A. So, F is deter-
mined by the specified data. Condition (Fn-2) is equivalent to condition (CF-1); in
condition (CF-1) we have abused notation to identify the two sides of the top row of
condition (Fn-2), and the bottom arrow in condition (Fn-2) is an equality because 2"
is a strict 2—category and F' is strictly unitary. The result follows. |

Lemma 4.5 Up to natural isomorphism, a strictly unitary, lax 2—functor F: 2" — A
is determined by the sets F(v), the correspondences F(¢y,y,) with v > w and
|v|—|w| =1, and the maps Fu_,;/,w o Fyww: Fev,w)oF(puw) = F(@v,w)oF(puv)
with u > v,v" > w and |u|—|w| =2.

Proof This follows from the observations that:

e Any morphism in 2" is a composition of maps associated to edges, so F (¢y,w)
is determined for all v > w.

e Any two (directed) edge paths from v to w in 2" are related by a sequence of
swaps across 2—dimensional faces, so Fy y 4 is determined for all u > v > w.

Further details are left to the reader. O

4.2 Homotopy colimits and homotopy coherent diagrams

The realization of a 2—functor 2" — 4 in this section and Section 5 will involve an
iterated mapping cone, which can be described as a homotopy colimit. So, we review
briefly the notion of homotopy colimits here.

Given a diagram F: 2 — Top, of based topological spaces, the homotopy colimit of F,
hocolim F = hocolimy F, is another based topological space. Similarly, if F': 9 — .
is a diagram of spectra then we can again form the homotopy colimit of F, hocolim F,
which is a spectrum. We will give a construction in a slightly more general setting
presently, but first we note some key properties of the homotopy colimit, all of which
hold for both diagrams of spaces and diagrams of spectra:

(ho-1) Suppose that F,G: ¢ — Top, are diagrams and 1: ' — G is a natural
transformation. Then 7 induces a map hocolim 7: hocolim F — hocolim G.
If n(c) is a stable homotopy equivalence for each ¢ € Ob(%) then hocolim 7
is a stable homotopy equivalence as well.
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(ho-2) Suppose that F,G: € — Top, are diagrams and F VvV G: € — Top, is the
diagram obtained by taking their wedge sum, (F Vv G)(v) = F(v)Vv G(v). Then
the natural map hocolim F vV G — hocolim F V hocolim G is an equivalence.

(ho-3) Suppose that F: € — Top, and G: 2 — Top,. Then there is an induced
functor F A G: € x 2 — Top,, with (F AG)(vxw) = F(v) AG(w), and a
natural weak equivalence (hocolim F') A (hocolim G) — hocolim(F A G).

(ho-4) Let G: € — 2 be a map of diagrams (ie a functor between small categories).
Given d € Ob(2), the undercategory of d has objects

{(c, f)|lce?, f:d— G(c)},

and Hom((c, ), (¢, f") ={g:c—>c"| f'=G(g)o f}. Let d | G denote
the undercategory of d. The functor G is called homotopy cofinal if for each
d € Ob(92), d | G has contractible nerve.

Now, let F': 9 — Top, be adiagram. Then there is an induced functor FoG: € — Top,.
Suppose that G is homotopy cofinal. Then

hocolim F o G ~ hocolim F.

(In the case of homotopy limits, this is [7, Cofinality Theorem X1.9.2]. The homotopy
colimit can be characterized by knowing that the mapping space Map(hocolim F, Z)
is equivalent to the homotopy limit of the diagram of spaces Map(F, Z).)

In Section 5, we will need to talk about homotopy colimits of diagrams which are
only homotopy-commutative, but where the homotopies are part of the data, and are
coherent up to higher homotopies (also part of the data). The rest of this subsection
focuses on one formulation of this generalization.

We start with an appropriate notion of diagrams:
Definition 4.6 [57, Definition 2.3] A homotopy coherent diagram in Top, consists
of:

e A small category %.
e For each x € Ob(¥) a space F(x) € Top,.

e For each n > 1 and each sequence

fl f2 fn

Xg > x1 == - x,
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of composable morphisms in ¥ a continuous map
F(fn, ..., f1): [0, 1" x F(x0) = F(xn)
with F(fn, ..., f1)([0, 171 x {*}) = *, the basepoint in F(x,).

Letting (¢1,...,t,—1) denote points in [0, 1]"~1, these maps F are required to satisfy
the conditions

@7 F(fn,.... O, ....th—1)

F(fn,--., )2, ..., tn—1) if f1=1d,
F(faso oo fivrs fimro oo SOl iy oo Bp1)

if fi=1d,1<i<n,

_ F(fn_l,...,fl)(ll,...,ln_z) iffn=1d,

[F(fn,...,ﬁ+1)(fi+1,...,[n_l)]O[F(ﬁ,...,fl)(f],...,fj_l)]

if t; =0,
F(fn,,fz—l—lofz,,fl)(tl,,[1—1,[l+1’,l‘n—1)

if t; =1.

(A homotopy coherent diagram is what Vogt [57] calls an h% —diagram. We are
restricting to the case that his topological category % is discrete.)

We will abuse notation and denote a homotopy coherent diagram as above by F: € —
Top, . It will be clear from context when we mean a commutative diagram or a homotopy
coherent diagram.

Example 4.8 Any commutative diagram F: ¥ — Top, can be viewed as a homotopy
coherent diagram by defining

F(fa,.... fO1, ... ta—1) = F(fno0---0 f1).

Remark 4.9 Associated to an ordinary category %, there is a simplicially enriched
category €[%], introduced by Leitch [32] and further developed by many authors (eg
[10; 11; 39]) such that homotopy coherent diagrams ¥ — Top, are the same (up to
the replacement of the continuous function #;_; - #; by an equivalent piecewise linear
one) as simplicial functors from €[¢] to spaces. Lemma 3.20 essentially proves that
the cube flow category ¢c(n) is the topological category obtained from €[2"] by
taking the realization of each morphism set. So, homotopy coherent 2" —diagrams give
functors out of ¢¢(n).
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Definition 4.10 [57, Paragraph (5.10)] Given a homotopy coherent diagram F: € —
Top, , the homotopy colimit of F is defined by

(4.11) hocolim F ={«} L[] [  [0.1]" x F(xo)/~.

n>0 f1 n
XO—> > Xy

where the second coproduct is over n—tuples of composable morphisms in ¥ and the
case n = 0 corresponds to the objects xo € Ob(%). Letting (¢1,...,?,) denote points
in [0,1]" and p a point in F(xg), the equivalence relation ~ is given by

(fn,...,fz;fz,...,tn;p) ifflzld,
(frsooos fit1s fimtseoos 1301, oo tiztiy oo tes D) if fi=1d,i>1,
(fnseoos Jittstigrs oo tns F(fisoon, fO)(0, oo tizy, ) if 1 =0,
(frrooon fix10 fineo s f13t1, o tic1, tigls oo o5 tns D) ift; =1,1 <n,
(fn_l,...,fl;l‘l,...,l‘n_l;p) ift, =1,
* if p =x,

where * denotes the basepoint.

Observation 4.12 The first three cases in the compatibility condition (4.7) for a
homotopy coherent diagram imply that F is determined by its values on sequences of
nonidentity morphisms (and on objects). If one restricts to only nonidentity morphisms,
however, the compatibility condition for F' becomes more complicated. In the special
case that ¢ has no isomorphisms except for identity maps, however, the compatibility
condition for sequences ( fy, ..., f1) of nonidentity morphisms is simply the last two
cases of (4.7).

Similarly, the first two relations in the definition of ~ mean that we can write

hocolim F = {x} 11 | | 11 [0,1]" x F(xo)/~'

n=0 1 In
Xo—>—>Xp

fiF#ld fori€{1,...,n}
for some equivalence relation ~/, the difference being that we consider only nonidentity
morphisms when n > 0. The equivalence relation ~’ is more complicated than ~. In
the special case that ¢ has no isomorphisms except for identity maps, ~’ is simply
given by the last four cases of the definition of ~.
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In the homotopy coherent diagrams and homotopy colimits considered in this paper,
the categories ¢ will have no nonidentity isomorphisms, and so we will work with
these smaller formulations.

There is a notion of a morphism between homotopy coherent diagrams (/—morphisms
[57, Definition 2.7]) F, G: € — Top,, which relaxes the notion of a morphism (natural
transformation) between diagrams. In particular, a morphism F — G of homotopy
coherent diagrams includes the data of maps F(v) — G(v) for each v € Ob(%);
we call these maps the underlying maps of the morphism. There is also the notion
of a (simplicial) homotopy of morphisms [57, Definition 2.7], and hence the notion
of a homotopy equivalence of homotopy coherent diagrams. A special case is that
any morphism of homotopy coherent diagrams whose underlying maps are homotopy
equivalences is a homotopy equivalence of diagrams [57, Proposition 4.6]. Further:

Proposition 4.13 [57, Theorem 5.12] If F,G: ¥ — Top, are homotopy equivalent
diagrams then hocolim F >~ hocolim G.

There is also a rectification result, that any homotopy coherent diagram can be made
coherent:

Proposition 4.14 [57, Theorem 5.6] Given any homotopy coherent diagram F: € —
Top, there is an honest diagram G: ¢ — Top, which is homotopy equivalent to F.

Finally:

Proposition 4.15 [57, Section 8] If F: 4 — Top, is an honest diagram then the
homotopy colimits of F, viewed as an honest diagram and as a homotopy coherent
diagram, are homotopy equivalent.

Corollary 4.16 Properties (ho-1)-(ho-4), or their obvious analogues, hold for homo-
topy colimits of homotopy coherent diagrams.

4.3 Cubical flow categories are functors from the cube to the Burnside
category

Construction 4.17 Fix a cubical flow category f: ¢ — ¢ (n). We will construct
a strictly unitary, lax 2—functor F: 2" — 4, as follows. By Lemma 4.4, it suffices
to define the sets X, (v € {0, 1}"), correspondences Ay, (v > w € {0,1}") and
isomorphisms of correspondences Fy 1 (¥ > v > w € {0, 1}"*). We do so as follows:
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e Given v €0, 1}", define F(v) =§ 1 (v).

e Given v > w, define Ay 4, to be the set of path components of

]_[ Hom(x, y).
xef~1(v)
yef~H(w)

We will write o(X) for the set of path components of X. Then the source
(respectively target) map s: Ay — Xy (respectively 1: Ay 4 — Xy ) is defined
by s(no(Hom(x, y))) =x (respectively t(nO(Hom(x, y))) = y).

¢ Given u > v > w the composition map in % induces a continuous map

o:( ]_[ Hom(y,z))xfl(v)( ]_[ Hom(x,y))—> ]_[ Hom(x, z).

yei~t(w) xef~(u) xef~(u)
zef~H(w) yef~l(v) zef~H(w)

Taking path components gives a map Ay, Xx, Au,o = Au,w, which we define
to be Fy p,w-

Lemma 4.18 Construction 4.17 defines a strictly unitary, lax 2—functor.

Proof By Lemma 4.4, we only need to check the compatibility condition (CF-1),
which is immediate from associativity of composition in %'. |

Construction 4.19 Fix a strictly unitary, lax 2—functor F: 2" — 2. We will construct
a cubical flow category f: € — %¢ (n), as follows:

e Ob(%) = HUG{O,I}" F(v). The functor f sends an object x € F(v) to v.
¢ For any object x, Hom(x, x) consists of the identity morphism.

¢ Given objects x and y, with v = f(x) > f(y) = w, consider the set
By,y = S_l(x) N I_I(Y) C Av,w = F(pv,w).

Define Hom(x, y) = Bx,y X Mg (n)(v, w). The map

f: Hom(x, y) — Hom(f(x). f())

is projection to the permutohedron M. () (v, w).

Geometry & Topology, Volume 24 (2020)



Khovanov homotopy type, Burnside category and products 667

e Given objects x, y and z with f(x) > f(y) > f(z) define the composition map
Hom(y, z) x Hom(x, y) — Hom(x, z) as follows. Let u = f(x), v = f(y) and
w = f(z). The 2—functor includes amap Fy y w: Av,w X F(v) Au,v = Au,w. The
composition map in G¢ (n) gives a map o: M. (n) (v, W) X My () (U, v) —
M (n)(u, w). Define the composition map in % to be

Fypwxo: (By,z X M%c(n)(v7 w)) X (Bx,y X M%C(n)(uv v))
— (Bx,z X M%’c(n)(uv w)).

(That is, we apply [y, y,w to the B—factors and o to the M —factors.)
Lemma 4.20 Construction 4.19 defines a cubical flow category.
Proof The proof is similar to the proof of Lemma 3.17, and is left to the reader. O

It is straightforward to verify that Constructions 4.17 and 4.19 are inverse to each other,
in a sense which does not seem worth spelling out precisely.

Example 4.21 Applying Construction 4.17 to the Khovanov flow category from
Example 3.24 yields a functor Fgj,: 2" — 2. For any v € {0, 1}", the set Fgj(v)
consists of the Khovanov generators over v, denoted by F(v) in Section 2.2. For
u>v e{0,1}" with |u|—|v| =1, and for x € Fg;(u) and y € Fgu(v), the set

Bx,y = S_l(x) N [_I(Y) CAypy = FKh((Pu,v)

consists of one element if x appears in dg;(y) (see Definition 2.1), and is empty
otherwise. The maps Fy 4w When |u| — |w| = 2 are defined using the ladybug
matching [35, Section 5.4]; see also Section 8.1.

Remark 4.22 In Section 2.2 we discussed a generalization of the Khovanov theory that
works over the ring Z[h, t]: a functor from (2)°P to the category of (graded) Z[h, t]-
modules. Setting 7 =t = 0 recovers Khovanov’s original functor to Z—Mod [26],
setting (h,t) = (0, 1) gives the theory studied by Lee [31], and setting (4, ¢) = (1,0)
gives a theory introduced by Bar-Natan [4].

There is a functor (%)°P — Z—-Mod given as follows: to a set X, associate the abelian
group Z{X) freely generated by the elements of X ; to a correspondence (4, s, ) from
X to Y, associate the map Z(Y) — Z(X),

4.23) Yy Z #{{a eAl|s(a)=x,t(a)= y}}x.
xeX
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Figure 4: An example showing that the Lee complex does not come from a
functor 2" — & that extends Fgj,. Left: A particular diagram for the two-
component unlink, and an ordering of its crossings. Center: The correspond-
ing resolution configuration (the 0-resolution with dashed lines recording the
crossings) and two labelings of this resolution. Both labelings are in the image
of F(¢1100,0000) of the labeling x_ of the circle in the (1, 1, 0, 0)—resolution
(right). Further, the two labelings give incompatible restrictions on the map

1 .
F(1111 1110,1100) © F(1111,1101,1100) associated to the subcube (1, 1, *, *).

Example 4.21 lifts Khovanov’s functor (2"*)°? — Z—Mod to the functor Fgj: 2" — 2.
It is natural to ask whether any other specializations of 4 and ¢ comes from a strictly
unitary, lax 2—functor 2" — 2. Any candidate must have 2 =0 and ¢ € N, since the
coefficients in (4.23) need to be positive and integral. The special case (4,7) = (0, 1)
(ie Lee’s theory) does not come from any functor 2" — £ for arbitrary link diagrams
extending the functor Fkj,, as can be seen by considering the diagram in Figure 4. The
question of whether there is such an extension for 2 =0 and ¢ > 1 is, as far as we
know, open.

4.4 The thickened diagram

Fix a small category 2, which we regard as a strict 2—category whose only 2—
morphisms are identity maps. Fix also a strictly unitary, lax 2—functor F': 2 — 4, ie
a 9—diagram in 4. In this section, we will associate to (Z, F) a new (1-)category 9
and, for each k > 1, an (honest) functor Fk 9 — Top,, the category of based
topological spaces. There will also be natural transformations X o Fk — Fk+1 (where
¥ denotes suspension), so that we get an induced diagram F: 9 — 7, the category of
symmetric spectra. To realize a functor from the cube category to the Burnside category
we will apply this construction and then take an iterated mapping cone; see Section 4.5.

We start by defining 9:

Definition 4.24 Let 2 be a small category. The thickening of 2 is the small category
9 defined as follows:

e The objects of 9 are composable pairs of morphisms u S v win 9.
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e The morphisms in Z are commutative diagrams: given composable pairs

uin)i)w andu/f—>v —>w

Hom((f. g).(f',g") ={(a: u —u',B: vV — v,y: w — w') | D commutes},
where D is the diagram
S g
U ——— v —— W
IO L

4 ’

/ / g /
u — v — w
(Note the direction of the middle vertical arrow.)

e Composition of morphisms is given by stacking diagrams vertically:
@ B y)o(aB.y)=(oa fop y oy).

Example 4.25 For 2 =2!, 2 has four objects: 1 >1—>1,1-1—-0,1-0—->0
and 0 — 0 — 0. There are unique morphisms

1->1-1))>(1—->1-0«(1—->0—-0—(0—>0—0).

(Again, note the direction of the middle arrow.)
The thickening operation respects products:

Lemma 4.26 Given small categories ¢ and 2, there is an isomorphism ¢: Ex =
EXD given on objects by

q(luc Ie, ve £S5 wel x [MD vp £2 wpl)

=[uc xup Mﬂ) x vp EEZEL, e x wpl.

Proof This is immediate from the definitions. |
Next we define ﬁk.

Definition 4.27 Let 2 be a small category, which we regard as a 2—category with
only identity 2—morphisms and let F': 2 — £ be a strictly unitary, lax 2—functor.

Given an integer k > 0 we define a new functor ﬁk: 9 — Top, (of 1—categories) as
follows.
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On objects, let

ﬁk(u ARG SN w) = Vaer(f) 1_[ sk.
beF(g)
s(b)=t(a)

(Here, s: F(g) —> F(v) and ¢: F(f) — F(v) are the source and target maps of the
correspondences F(g) and F(f), respectively.)

To define ﬁk on morphisms fix a commutative diagram

(4.28) l T,a ly
, S , & ’
U —muv —w
‘We must construct a map
(4.29) Vaer(ry [l 8= Vaergn [] S
beF(g) b'eF(g’)
s(b)=t(a) s(")=t(a")

It suffices to construct this map one a at a time, so fix a € F(f). The maps Fy ' v/
and Fy 4 induce a bijection

F(f) = F(B)xrw) F(f") xFu) F(@):

let (y,a’,x) € F(B) Xpu) F(f') XFu) F(a) be the triple corresponding to a.
The map ﬁk will send HbeF(g),s(b):t(a) S the summand corresponding to a, to
Hb’eF(g’),s(b’):t(a’) S* the summand corresponding to a’.

Next, the maps Fy 4 and Fy 4 induce a bijection

F(g") = F(y) xpw) F(8) XFrw) F(B).

Consider the map

(4.30) [T s* T Ap, I1 I1 sk~ ] s~

beF(g) bEF(g) p'=(z,b,5)eF(g") b'eF(g’)
s(b)=t(a) s(b)=t(a) B=b b'=(z,b,y)
F=y s(b)=t(a)

where A}, is the diagonal map S¥ — [y S k . Notice that

{b' e F(g) |0 = (z.b.y). s(b) =t(a)}
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F(f) F(g')
a <N
TN TN TN TN
F(a) F(f') F(p) F(g) F(y)
N T VN
F(u) Fu') F@) F(v) F(w) F(w')

Figure 5: Constructing the functor from the thickened diagram. In the first
row of arrows, leftwards arrows are source maps, and rightwards arrows are
target maps. All squares are fiber products. To define the map (4.30), fix
a€ F(f)and b € F(g). The element a specifies a’ € F(f’) and y € F(B).
We then consider the elements b’ € F(g’) which map down to y and b. The
diagonal map A, corresponds to this set. Any such b’ has source equal to
the target of a’.

is a subset of {b’ € F(g') | s(b’) =t(a’)} since s(b") = s(y) = t(a’). We can extend
the map (4.30) to a map

[T s*-= ] ¢s*
beF(g) b'eF(g")
s(b)=t(a) s(b)=t(a’)
by mapping to the basepoint in the remaining factors. This is the desired map.

(It can be helpful to think of this argument diagrammatically; see Figure 5.)

Lemma 4.31 Definition 4.27 defines a functor ﬁk whose values have natural actions
of the symmetric group Sy .

We omit the proof, which is straightforward, albeit a bit elaborate.

Example 4.32 Consider the functor F: 2! — % given by F(1) = {x, y}, F(0) =
{z,w} and F(¢1,0) ={a,b,c,d} with s(a) = x, s(b) =s(c) =s(d) =y, t(a) =
t(b) =t(c) =z and t(d) = w. Graphically, F is given by

X y
a d
z w

Recall the thickening 2/\1 from Example 4.25. The induced diagram F P gAl — Top, is

1:
0:

given by

k k Idv k k k k k k k k k k
Sk Sk B (SK OV(SE xSE xSK )~ Sk vsy vSE vsk Sk vsE .
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(Here, for instance, the sphere )]g,a corresponds to the pair (x,a) € F(¢1,1) X F(¢1,0)
over the object 1 — 1 — 0.) We claim that the second map is the inclusion of the
k—skeleton. To see this, note that it corresponds to the diagram

®1.0 $0.0
2% 02%0

1—0
lfol,l T‘pl.O l‘P0.0
1

P11 91,0
——1—0

The map decomposes along wedge sums. For b, for instance, we get the map S}f i
(K, x S¥ . xSk ) as follows:

s =] T ]

{z} PEF (90.0)
s(p)=t(d)
12, [ I1 Sk]:HSk% [T s
q'€F (91.0) {b} {b,c,d}
q'=(r,p,b)eF (90.0)xF (¢0.0)xF (¢1.0)
s(p)=t(b)

Similarly, the third map sends S, k.S l’f , and S ({‘ . by the identity map to S f , and

a,z»

S gll‘,w by the identity map to S{f,’w .

Finally, we show that the ﬁk induce a functor F: 9 — .. Given a based space X,
identify S” A X as [0, 1]" x X/(9[0, 1]" x X U [0, 1]* x {*}), where * is the basepoint
in X. Given n > 0 and based spaces X;, there is a canonical map

o™ S"/\HX,- —>l_[S”/\X,-, Vo X1y xn) = (0, x1), ..., (3, x0)).
i i

Given k,n > 0, define a map

@33) L v Esw): S"A B Ls v Es w) = By L v £ w)

as the composition

(4.34) Sn/\ﬁk(uL)vi)w)ZSn/\(\/aep(f) l_[ Sk)g\/aep(f) S™A l_[ Sk
beF(g) beF(g)
s(b)=t(a) s(b)=t(a)

\/aeF(f)U” ~ f

+>\/aeF(f) l_[ S”+k=Fk+n(u—>vi>w).

beF(g)
s(b)=t(a)
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Lemma 4.35 The maps n are S, x Sy —equivariant and form a natural transformation,
in the sense that for each u L v 5> w the square

u—)v—)u;)

snAﬁk(¢ rl

S" A Fo(u L5 v 25 w) WV oW en Bl L v & W)
n(uLN)L)w)l ln(u’f—;v’g—/)w’)

A~ ’ /7
Fran@’ Ly & w’)

ﬁk+n(u WA N w)

commutes. Further, each of the maps 1 (u AN v 2> w) induces an isomorphism on 7;

for0<i <2k-2.
Proof The proof is straightforward, and is left to the reader. |

Corollary 4.36 The functors F % and natural transformations 1 assemble to define a
diagram of symmetric spectra F:9— .

Remark 4.37 Lemma 4.35 amounts to a verification that we can more concisely
express I’ within the category of spectra itself by the formula

ﬁ(u A £sw) = VaeF(f) 1_[ S.
beF(g)
s(b)=t(a)

The wedge and product play the roles of coproduct and product in this category.

Remark 4.38 The construction of the thickened functor F) P 29— Top, from a functor
F: 92 — % would work with any based space Xj in place of the sphere S k. the
construction only uses properties of the wedge sum and product operations. Further,
if the spaces Xj form a sequential spectrum then there is a corresponding thickened
diagram in spectra. However, this construction is scarcely more general than the one we
gave: in spectra, the diagram coming from (X}) is naturally equivalent to the smash
product of the spectrum X and the diagram obtained from the sphere spectrum (S k ).

4.5 The realization

Construction 4.39 Let 2/’3_ be the category obtained from 2;’ by adding a new object
and a unique morphism (¥ — v — w) — * from each vertex (u — v — w) of 2’7
with w # 0.
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Given a functor F: 2" — %, define Ft: 2 — .7 by ﬁﬂﬁ = F and ﬁ+(*) = {pt},
a single point.

Let |F| be the homotopy colimit of Ft. We call | F| the realization of F .

Example 4.40 Continuing with Example 4.32, we have
Sx,x VSy,y—>(Sx,a) V(Sy,p XSy,c XSya)¢—Sa,z VSpzVSeczVSauw
| F| = hocolim )
{pt} Sz,z V Sw,w

where S denotes the sphere spectrum.

Instead of 2” it will be convenient, sometimes, to work with the larger enlargement
(2 )" of 2” Given a functor F: 2" — % extend F to a functor FT: 25; — .7
by setting F’f|2n = Fand FT(d) = {pt} if d ¢ Ob(2").

Lemma 4.41 For any functor F: 2" — % there is a stable homotopy equivalence
hocolim F* ~ hocolim FT,

Proof Consider the functor G: 2” — 2” which is the identity on 2” and sends all
objects not in 2” to x. We claim that G is homotopy cofinal. To see this, we divide
the computation of the undercategories into three cases:

(a) The undercategory x |, G of x is the full subcategory of 2” spanned by the
objects not in 2" The nerve of this category is homeornorphlc to

{X=(x1,....x,) €[0,1]" | x; = 0 for some i},

which is contractible.

(b) For any object d = (u > v — 6) of ZA” the undercategory d | G of d is the
full subcategory of 27 of objects d’ for which there is a map d — d’. The
object d is an initial object for this subcategory, so the nerve is contractible.

(¢) Fix anobjectd = (u - v — w) of 27’ with w # 0. The undercategory d | G
of d is the full subcategory of 2’% spanned by the objects d’ not in 2% and the
obJects d’ in 2” for which there is a map d — d’. Let 2 be the full subcategory
of g’T’ spanned by the objects d’ not in 2" and let & be the full subcategory of g;&
consisting of objects d’ for which there is a morphism d — d’. The categories

2 and & are each downwards closed in d | G, ie there are no morphisms out
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of 2 or &. Thus, the nerve of d | G is the union of the nerves of 2 and &,
glued along the nerve of ¥ N &. We already saw in part (a) that the nerve of
is contractible. The category & has an initial object, d, and hence the nerve
of & is contractible. Finally, the realization of the category 2 N & is similar to
the realization of Z (ie a union of coordinate hyperplanes), and so contractible.
It follows that the realization of d |, G is contractible.

Thus, the functor G is homotopy cofinal. It is immediate from the definitions that
Ft = F* 0 G, so the result follows from property (ho-4) of homotopy colimits
(Section 4.2). O

4.6 An invariance property of the realization

Lemma 442 If F,G: 2" — 2 are naturally isomorphic 2—functors then the realiza-
tions of F' and G are stably homotopy equivalent.
Proof A natural isomorphism 7" from F to G specifies
e abijection Ty: F(v) — G(v) for each v € {0, 1}"*, and
e abijection Ty,y: F(@y,w) = G(py,w) foreach v > w € {0, 1}"
satisfying the conditions that
Ty.w

F(‘Pv,w) : G(ov,w)
t t

F(v) Fw)  G) G(w)

Ty Tw
and

Fu,v,w

F(ov,w) XF(v) F(ouw) ——— F(ouw)

lTv,wau.v lTu,w

G(pv,w) XG() G(Qu,v) m G(ou,w)

commute. (See [19, Section 1,2.4] and note that an isomorphism in % between two
sets induces a bijection between them.) Given a natural transformation 7, there is a
corresponding map of diagrams defined as follows. Given u > v > w we want a map

\/aeF((I’u,v) 1_[ S — \/aGG((pu.v) 1_[ S.

beF (pv.w) beG(ov.w)
s(b)=t(a) s(b)=t(a)
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This map sends the wedge summand corresponding to a € F(gy,y) to the wedge
summand corresponding to 7y (@), and sends the factor corresponding to b € F(¢y,y)
to the factor corresponding to 7y 4, (D). It is straightforward to verify that this gives
a map of diagrams, which is by definition an isomorphism. It follows that the map
induces a stable homotopy equivalence of homotopy colimits. (In fact, if we worked
with diagrams of S ks, the map would be a homeomorphism.) |

4.7 Products and realization

In the language of flow categories, the product is a rather complicated object. In the
language of functors from the cube to the Burnside category, however, the product is
quite simple:

Definition 4.43 There is a map x: % x & — % which sends a pair of objects (X, Y)
to their direct product X x Y, a pair of correspondences ((4, s4,t4), (B, sp,tp)) to
(A x B,sq xsp,tqg X tg), and a pair of isomorphisms (F: A — A, G: B — B’)
of correspondences to the isomorphism F x G: A x B — A’ x B’. Given functors
F: 2" — % and G: 2" — %, we define the product F x G of F and G to be the
composition

gmtn =, omyon EG) g g X, p.

Explicitly, (F x G): 2"t — 2 is given as follows. Identify {0, 1}"* x {0, 1}"* with
{0, 1} Then:

e For (u1,us) € {0, 1} x {0, 1}* = {0, 1" define
(F xG)(uy,uz) = F(up) X G(uz).

e For (u1,u2) > (v1,v2) € {0, 1}*T" define (F x G) (@@, ,u2).(v;,v7)) to be the
correspondence

F((puhm) X G((ﬂuz,vz)

SFXSG trpXtG

F(up) x G(uz) F(v1) x G(va)

o Define (F X G)(u,,us),(v1,v9),(wy,wy) fOr (U1,u2) > (v1,v2) > (w1, w2) €
{O, 1}m+n by

(F x G)(ul,uz),(vl,vz),(m,wz)(x’ Y) = (Fuy,v;,w, (%), Gy w05 (¥))-
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Lemma 4.44 Definition 4.43 specifies a strictly unitary, lax 2—functor.
Proof This is immediate. m|

Note that smash products distribute across wedge sums. Moreover, while X A (Y x Z)
is not homotopy equivalent to (X AY)x (X A Z), there is a natural map X A(Y xZ) —
(X AY) X (X AZ) defined by (x, y,z) — ((x,y), (x,z)). This generalizes to a map

p: (l_[Xa)/\(l_[Yb)—) ]_[ X, N Yp.

acA beB (a,b)eAxB

The map p is natural in both factors.

Given functors F: ¢ — Top, and G: ¥ — Top, we can take the smash product of F
and G to obtain a functor F A G: € x 2 — Top, (compare (ho-3)). At a vertex (c,d)
of x2,(FAG)c,d)=F()AG(d).

Lemma 4.45 The thickening construction from Section 4.4 respects products, in the
following sense. Fix functors F: 2™ — % and G: 2" — Z. Let F xG: 2" x2" — &
be as in Definition 4.43. Let q: € x 9 — € X 7 be the isomorphism from Lemma 4.26.
Then, the map p induces a natural transformation from ﬁk A Gl to (ﬁ),m oq
such that on vertices the natural transformation is a weak homotopy equivalence up to
dimension k + [ + min(k, /) — 1. These natural transformations respect the spectrum
structure, and so induce maps of diagrams FAG — (m) o q such that the map at
each vertex is a stable homotopy equivalence.

Proof This is straightforward from the definitions. To illustrate, we describe the
natural transformation at the level of vertices. At a vertex [uc f—c> Ve LN wc] x

Jp gD
[up = vp = wp] we have

ﬁ(uc f—C> vC L{eN wc)/\é(uD f—D> Up 12N w]_))

=(\/aceF(fc) I Sk)A(\/aDeG(fD) ] Sl)

bceF(gc) bpeG(gp)
s(bc)=t(ac) s(bp)=t(ap)

while

(FXG)k+l(uC XMDM)vC XUD%WC wa)

=Vacersey [ S
ap€G(fD) beeF(gc)

bpeG(gp)
s(bc)=t(ac)
s(bp)=t(ap)
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The map p sends the first to the second in an obvious way, and is an equivalence up
to dimension k + / + min(k, /) — 1. Moreover, this map is (S xS;)—equivariant and
respects the structure maps of the spectrum. |

Proposition 4.46 Given functors F: 2" — % and G: 2™ — %, we have |F x G| >~
|FIAIG].
Proof Let >~ denote stable homotopy equivalence. By Lemma 4.41,

|F| ~hocolim FT, |G| ~hocolimGT, |F x G| ~ hocolim(F x G)".

From the definitions, it follows that the natural transformation from FA G to (m)
of Lemma 4.45 extends to a natural transformation from £t AGT to (F/>-<\G )", which

is a stable homotopy equivalence on objects. By point (ho-1) in Section 4.2,
hocolim(F/>—<\G)T ~ hocolim(l’?r A GT).
By point (ho-3) in Section 4.2,
hocolim(ﬁ A (/;\Jr) ~ (hocolim F T) A (hocolim GT).

The result follows. |
An even simpler operation is disjoint union:

Definition 4.47 There is a map LI: & x & — % which sends a pair of objects (X, Y)
to their disjoint union X LI Y, a pair of correspondences ((A4, s4,4), (B, sg,tg)) to
(AU B,sqUsp,t4 Utp), and a pair of isomorphisms of correspondences

(F:A— A',G: B— B’)

to the isomorphism F LIG: AU B — A’ U B’. Given functors F,G: 2" — %, we
define the disjoint union F UG of F and G to be the composition

o Ay on ot G, gy p U, @,
where the first arrow is the diagonal map.
Explicitly, (F U G): 2" — 4 is given as follows:

« Forve{0,1}", (FUG)(v) = F(v)UG(v).
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e Forv>we{0,1}", (FUG)y,w(pp,w) is defined to be the correspondence

F(‘Pv,w) U G((pv,w)

SFUsG trpUtg

F)uG(v) Fw)uG(w)
e Foru>v>we{0,1}", (FUG)y,y,uw is defined by the commutative diagram

(FUG)y,v,w
[F(‘/’v,w)UG(‘/’v,w)]XF(v)I_IG(v)[F((Pu,v)UG((pu,v)] ———— F(0u,w)UG(ou,w)

El Fuv.wlGu,v.w
[F((/)v,w)XF(v)F(‘Pu,v)]U[G((ﬂv,w)XG(U)G(¢u,v)]

where the vertical arrow is the obvious bijection.
Lemma 4.48 Definition 4.47 specifies a strictly unitary, lax 2—functor.
Proof This is immediate from the definitions. |

Given diagrams F, G: 4 — Top, there is an induced diagram F' Vv G: ¢ — Top, with
(FVG)(v)=F()vG()and (FVG)(f)=F(f)vG(f).

Lemma 4.49 The thickening construction respects disjoint unions in the sense that
given F,G: ¢ - %, (FUG), = ﬁk\/@k.

Proof Again, this is immediate from the definitions. o
Proposition 4.50 Given functors F,G: 2" — %, |[F UG| ~ |F| Vv |G]|.

Proof Lemma 4.49 extends immediately to the statement that F 0 GJr ~ FtvGT,
and homotopy colimit commutes with wedge sum (point (ho-2) in Section 4.2). O

S Building a smaller cube from little box maps

In this section we show that the realization of a functor 2" — % can be understood in
terms of a smaller diagram.
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Definition 5.1 Let 2% be the result of adding a single object, which we will denote
by *, to 2" and declaring that
one element ¢, 5 if v # (} Hom(x, v) = {Id} ifv=x,

H , %) =
om(v, *) ifv=0, o it

In other words, 27 is the result of replacing the terminal object in 2" by two copies of
itself, with no maps between them.

The goal of this section is to prove:

Theorem 7 Fix a strictly unitary, lax 2—functor F: 2" — 2. Then there is a homotopy
coherent diagram Ft: 2" — . such that:

(1) Foreach v e Ob(2"), FT(v) = VaeFw) S.
(2) Ft(x)isa single point.
(3) hocolim Ft ~ |F|.

The diagram Ftisa special case of a more general construction, which we give in
Section 5.2. We specialize to F* in Section 5.3, and prove that this homotopy colimit
is equivalent to | F'| in Section 5.4. Before turning to these constructions, we introduce
a particular class of maps between spheres in Section 5.1.

5.1 Box maps

Definition 5.2 By a box in R* we mean a subset of the form B = [ay, b1]x- - -X[a, by]
for some ay,...,br with a; < b;. Given a box B in R¥ . a subbox B’ of B is a box
B’ in R¥ such that B’ C B.

Definition 5.3 Given a box B in R¥, let E(B, ) be the space of ordered £—tuples
of disjoint boxes in B, topologized as a subspace of (RZk)E,

Given a correspondence (A4,s: A — X,t: A— Y), consider a collection {By | x € X}
of distinct copies of the standard unit box. Let F({By},s,?) be the space of collections
{Ba C By(q) | a € A} of subboxes labeled by elements of A, satisfying the condition
that B,N By = @ if a # a’ and s(a) = s(a’) and t(a) = t(a’). See Figure 6.

Let E({Bx}.s) C F({Bx},s,t) be the space of collections {B; C By, | a € A}
satisfying the stronger condition that B, N By = @ if a #a’ and s(a) = s(a’). Again,
see Figure 6.
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-
Ba, B,y
Ba,
ai
as Bxl Bxl
as
e
X1/ \Y1
X2 Y2
Ba, Ba,
BX2 Bx2

Figure 6: Spaces of boxes. Left: A correspondence A from a 2—element
set X to another 2—element set Y. Center: A pointin E({Bx},s). Right: A
pointin F({Bx},s,t) whichisnotin E({Bx},s). The boxes B, are shaded.

Example 5.4 If A is an {—element correspondence and X has one element x then
E({Bx},s) = E(Bx., ).

Definition 5.5 Fix once and for all an identification S*¥ = [0, 1]¥/9. When we view
Sk as a pointed space, we assume that this identification identifies the basepoint
and 9[0, 1]*. For any box B in R¥, there is a standard homeomorphism B — [0, 1]¥,

given by (x1,...,x¢) = ((x1 —a1)/(b1 —ai)..... (xx —ag)/(bx —ay)), and hence
an induced identification S* =~ B/dB.

Given {Bj1,..., By} € E(B,{), the associated basic box map is the composition
(5.6) S* =B/3B — B/(B\ (B1U---UBy)) = V'_, By/0B, = Vi, % — ¥,

where the last map is the identity on each summand (so the composition has degree £).
This defines a continuous map E (B, £) — Map(S*, S¥).

Remark 5.7 The map E(B,{) — Map(S k Sky is the composition of the coaction
of the little kK —cubes operad with the fold map.
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Definition 5.8 Given a correspondence A from X to Y and a collection of boxes
e ={By C By | a € A} € E({ By}, s), there is an induced map

(5.9) ®(e. A): Vyex S¥ = Vyey S*
defined by
(5.10) el gy: SK = By /0By — Bx/(Bx \ ( U B’a))
a€A
s(a)=x
=V gea Bs/0Bg = V gea Sf - \/er Sk,
s(@)=x s(a)=x

where the last map sends S Zl‘ by the identity map to S z{C(a)‘ This defines a continu-
ous map ®(-, A): E({Bx}.s) = Map(Vxex Sk, Vyey Sk). We call a map of the
form ®(e, A) for some e € E({Bx},s) a disjoint box map, and say it refines the
correspondence (A, s,t).

Example 5.11 The basic box maps are exactly the disjoint box maps where X and Y
each consist of a single element.

Definition 5.12 Given a correspondence A from X to Y and a collection of boxes
e ={By C By | a € A} € F({Bx},s,1), there is an induced map

(5.13) Veex S¥ — ]‘[ sk
yeyY

whose component sending S )]C‘ to SJ],c is the basic box map associated to the collection
(Bx,{Bgs | s(a) = x, t(a) = y}). We call a map arising this way an overlapping box
map, and say it refines the correspondence (A, s,t).

By a box map we mean either a disjoint box map or an overlapping box map.
Example 5.14 Given ¢ € E({Bx},s) C F({Bx},s,t), the overlapping box map asso-

ciated to e is obtained by composing the disjoint box map ®(e, A) with the standard
inclusion ey SK < [lyer Sk,

Remark 5.15 We have not defined, and will not need, box maps from products, just
box maps to products.

Example 5.16 The diagonal map S¥ — = S* is a box map: take X = {x} to
have a single element, A and Y to have m elements each, ¢ to be a bijection, and each
box B, to be all of By.

Geometry & Topology, Volume 24 (2020)



Khovanov homotopy type, Burnside category and products 683

Lemma 5.17 A composition of box maps is a box map.

Proof Given composable box maps F and G, the preimages under F' of the boxes
for G are the boxes for G o F. d

The value to us of these constructions comes from the following:

Lemma 5.18 If B is k—dimensional then the space E(B,{) is (k—2)—connected.
More generally, E({Bx},s) and F({By},s,t) are (k—2)—connected.

Proof The space E(B,{) is homotopy equivalent to the ordered configuration space of
¢ points in the interior of B, ie B\ A, where A is the fat diagonal. Since A is a finite
union of smooth submanifolds of codimension &, the result for E(B, £) follows. Next,
E({Bx},s) =] 1,ex E([O, 1%, ]s71(x)|) is a product of (k—2)—connected spaces, and
hence is (k—2)—connected. Finally,

F({Behs.y= ]  E(0.1Fs7'x)ne(»)l),
(x,y)eXxY
and so again is (k—2)—connected. |
Informally, Lemma 5.18 says that the space of box maps is highly connected. (For this
statement to be correct, we must think of a box map as not just the map but also the

labeling of the boxes.) Indeed, we will show next that the space of box maps is also
highly connected in relative terms.

Definition 5.19 For any set map s: A — X, define E°({By}, s) to be the subspace
of E({Bx},s) where we require the box B, to lie in the interior of the box By, for
all a € A.

If A9 C A is a subset and sg: A9 — X is the restriction of s then there is a map
E°({Byx}.s) — E°({Bx},s0) gotten by forgetting the boxes labeled by A\ Ag.

Lemma 5.20 Fix a set map s: A — X and a subset Ao C A. Let so = s|a, . If the
boxes { By} are k—dimensional, then for any i <k — 1 and any commutative diagram

Si=1 — 5 E°({By},s)

|

D' —— E°({Bx}, )

there exists a lift D' — E°({By},s) making the diagram commute.
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Proof By induction, we may assume that A\ Ao consists of a single element, say a1,
and let x; =s(a1) and £ =|sy ! (x1)|. The projection 7: E°({Bx},s) — E°({Bx}, s0)
is seen to be a fiber bundle by the following argument.

Let w,: Eq — E°({Bx},S0) be the fiber bundle where the fiber over a point is the
complement of the £ boxes in the interior of By, . It is easy to see that 7, is a fiber
bundle as follows. For z € E°({By}, s0)., fix a minimal triangulation of the complement
of the £ boxes in z. This triangulation persists in some small neighborhood U of z in
E°({By}, 50), and induces a PL homeomorphism between 7, "!(z) and 7 !(z’) for
any z’' € U.

Now, forany z € E°({ By}, so), construct a coordinate chart on 77! (z) by the following
variables: the center C of the box B,, viewed as a pointin 7, 1(z); the “aspect ratio” R
of the box By, , presented as a (k—1)—tuple of ratios of the k side-lengths of By, ;and a
proportion P € (0, 1) of the volume of the box By, relative to the volume of the largest
box with the same center and same aspect ratio that lies in By, in the complement of
the interiors of other £ boxes. This identifies 7 ~!(z) with 7] 1(z) x (0, 00)k 1% (0, 1),
and the identification holds for small open sets around z. But 7, is a fiber bundle, and,
therefore, so is .

The fiber over each point is homeomorphic to the space of boxes in the complement of
¢ disjoint boxes in the interior of By, . The fiber, being homotopy equivalent to the
complement of £ points in R¥, is (k—2)—connected, so the statement follows. m|

5.2 Refining diagrams via box maps

Definition 5.21 Fix a small category & and a strictly unitary, lax 2—functor F': 2 — %
(ie a Z—diagram in ). A k—dimensional spatial refinement of F is a homotopy
coherent diagram fk: 2 — Top, such that

o forany u € Ob(2), Fr(u) = Vyerw S* = (Urer) Bx)/9:
e forany u,v€Ob(2) and f: u —v, Fy (f) is a disjoint box map which refines

the correspondence F(f) from F(u) to F(v) (see Section 5.1); and, more
generally,

e for any sequence of morphisms
S

fl f2
Ug ~—> U] —> - —> Uy
in 9,

Fr(faseoos 110,117 = Map(VeeFug) S VeeF ) S¥)
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is a family of box maps induced by a map
[0, 11" > E({Bx}xeF(uo)s SF(fpowo fo))

(refining the correspondence F( fno---0 f1) = F(fu) X F(u,_,) "X Fu,) F(f1)
from F(ug) to F(up)).

Proposition 5.22 Let 2 be a small category in which every sequence of composable
nonidentity morphisms has length at most n. Fix a 9 —diagram F in A.

(1) If k > n then there is a k —dimensional spatial refinement of F.

(2) If k >=n+1 then any two k —dimensional spatial refinements of F are homotopic
(as homotopy coherent diagrams).

3) If ﬁk is a k —dimensional spatial refinement of F then the result of suspending
each Fy(u) and Fy (fu. ..., f1)(©) gives a (k+1)—dimensional spatial refine-
ment of F.

Proof We start with point (1). Given u € Ob(2), define F~k(u) = VyeF) sk
write the S¥ —summand corresponding to x as By/d, where By is a box in RF (eg
By = [0,1]%). Next, by Observation 4.12 it suffices to consider only nonidentity
morphisms. For each nonidentity morphism f: u — v in 2 choose a disjoint box map
which refines the correspondence F(f). Let ey € E({Bx | x € F(u)},sF(r)) be the
collection of little boxes corresponding to F(f).

We have now defined F r on vertices and arrows. The diagram does not commute, so it
remains to define the coherence homotopies associated to sequences of composable
morphisms. We will build these inductively. As a warm up, we spell out the first case
carefully before proceeding to the general case.

Fix a composable pair of morphisms u Sy v %5 win 2. There are two points

in E({Bx | x € F(u)}.SF(g0s)) associated to (g, /). One is the point ego r. The
other is defined as follows. The point eg corresponds to a collection of boxes Bg in
{By |y € F(v)}, labeled by elements of F'(g). The inverse image ®(ey, F(f) Y(By)
of these boxes is a collection of boxes in {Byx | x € F(u)}. These ®(ey, F(f) 1(By)
inherit a labeling by elements of F(g) X () F(f) =F, ., F(go f). This labeling
makes ®(ey, F(f))~!(Bg) into a second point in E({Bx |xe F(u)}, sF(gof)) , which
by abuse of notation we will call eg o es (see also Lemma 5.17).

By Lemma 5.18, since k > 2 (or else we would not have a composable pair (g, f)),
the space E({Bx | x € F(u)}, sF(gof)) is connected, so we can find a path from eg,
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to eg o ey . Fix such a path, and call it eg #: [0, 1] — E({Bx | x € F(u)},sF(gof)).
Then e, s defines a homotopy ®(eg, 7, F(go f)) from ®(eg, F(g)) o Pler, F(f))
to ®(egor, F(go f)).

Si Se

More generally, suppose that for any sequence vy ~— - -+ —> vy of nonidentity mor-
phisms we have chosen amap ey, . 7, : [0, 111> E({Bx | x € F(vo)}, SF(fEO"'Ofl))’
and these maps are compatible in the following sense. Let (¢1,...,f,_1) be the
coordinates on [0, l]g_1 . Then, for any 1 <i </{ —1, we require that
(5.23) ey, 71, ti-1,0. 841, tg—1)

=€fy,....f; (ti-i-la cee t@—l) ot 1,.. M (tl? RN ti—l)v

ety filis i tict, Lt 1)
= efev--,f‘iof‘i—la---afl (tlv R tl—lv tl+la ] te—l)

. /i S .
Then, given vg EANR LS AN Vg1, there is a map

S =9(10. 1] — E({Bx | x € F(v0)}. SF(fy\ oo 1))

defined by

B5.24) (t1,....ti-1,0,ti41,...,tp)
ey fimi Tigts o tg)oes q(t, ..o tiz1),
(t1,.. . i1, L v, .00 tp)
B> €yt fig10fiven i (B oo lim 1, tig 1, - 2).
The inductive hypothesis implies that this map is continuous. Since k > £ + 1, by
Lemma 5.18, the space E({Bx | x € F(vg)}, SF(leo---of])) is ({—1)—connected, so

the map (5.24) extends to a map [0, 1]¢ — E({Bx | x € F(vo)}, SF(foys °-~-°f1))' Define
€fyit,nfi 1O be any such extension.

Now, (5.9) gives a map
cD(ev() ..... Vo1 F(f€+1 -0 fl)): [0’ 1]e X \/xeF(vo) Sk g \/XEF(U[+1) Sk-

It follows from the compatibility conditions (5.23) that these maps define a homotopy
coherent diagram.

Next, for point (2), fix spatial refinements fk and F, ]é of F. Consider the category
21 x 2. 1t suffices to define a homotopy coherent diagram G: 2! x 2 — Top, so that
Glioyxg = Fp, Gliyxg = f]é, and, for any u € Ob(2), G(¢1,0 x1d,) is a homotopy
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equivalence [57, Proposition 4.6]. To define G, note that G|9yx» and G|{yxo are
already specified. Let G(¢1,0 x Id,) be the identity map. More generally, define
(somewhat arbitrarily) G(¢1,0 X &) = I*:k (g). It follows from the fact that both fk
and F, Ié refine F that the resulting diagram G is homotopy commutative. Extend G
to a homotopy coherent diagram inductively, as in the proof of point (1).

Finally, point (3) is immediate from the definitions. |

5.3 A coherent cube of box maps

Definition 5.25 Given a strictly unitary, lax 2—functor F: 2" — % let Fk: 2" — Top,
be a spatial refinement of F. Let F, k+: 21 — Top, be the diagram obtained from ﬁk
by defining F, k+ () to be a single point. Let F7 be the diagram obtained from F k+ by
replacing each vertex F, k+ (u) with S%(Z°F k+ (1)), the k—fold formal desuspension
of its suspension spectrum.

Corollary 5.26 Up to stable homotopy equivalence, the spectrum hocolim FT de-

L F
pends only on the functor F. In fact, for any k > n, the homotopy type of hocolim F},
is independent of the choices in its construction.

Proof This is immediate from Proposition 5.22, together with the fact that the ho-
motopy colimits of homotopy equivalent homotopy coherent diagrams are homotopy
equivalent (Theorem 5.12 of [57], quoted as Proposition 4.13). a

As in Section 4.5, we can also work with a larger enlargement 2% = (x < 1 — 0)*"
of 2. Extend Fj to a functor ﬁ,j 2;‘ — Top, by setting ﬁ;bn = F} and F]j(v) ={pt}

if v is an object which is not in 2", ie if some coordinate of v is *.

Lemma 5.27 For any functor F: 2" — % and any spatial refinement ﬁk of F there
is a stable homotopy equivalence hocolim FF ~ hocolim F ];r .

Proof The proof is similar to but easier than the proof of Lemma 4.41, and is left to
the reader. |

5.4 The realizations of the small cube and big cube agree

Before proving Theorem 7, we introduce an auxiliary category, the arrow category
of 2", and study its relationship with 2" and o,
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Definition 5.28 Given a small category %, the arrow category of €, which we denote
by Arr(%), has Ob(Arr(%)) = Uu,vGOb(%) Hom(u, v) the set of morphisms in €. Given
objects f: u — v and g: w — x in the arrow category, Hom( f, g) consists of pairs

v
s
X

commutes. Maps compose in the obvious way: (y,8) o («, ) = (yow,80 ).

(¢: u = w, B: v — x) such that

S
—

u
(5.29) al
w

—
g

There is a functor A: € — Arr(%’) defined by

M—>Idu u
Au) = 1dy, A(f:u—>v)=lf lf
ML

There is also a functor B: ¢ — Arr(%) defined by

In the special case of the cube category,
Arr(2') = (¢1.1 = 910 > 90,0).  Arr(2") = (Arr(21))".

We will need a version with extra objects added, analogous to 2’,; :

Definition 5.30 Let
Arr(2h)s = (x < @11 = 91,0 > 90,0).  Arr(2") = (Arr(21))".
The functors A and B have extensions

~

Ay: 28 —> Arr2")4, By 2;1 — Arr(2")+.
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These are products of the 1-dimensional case, which is given by

* 1 0
[ [ [
[ [ [
4 4 4
* ®1,1 ®1,0 — ¢0,0

* 11 110 100 000

< - e -
K 01— 91,0 %0,
The dashed arrows denote A+, and the dotted arrows denote By .
To relate various diagrams, we will need to know A+ and By are homotopy cofinal:

Lemma 5.31 The functor A+ is homotopy cofinal.

Proof Recall from point (ho-4) in Section 4.2 that homotopy cofinality means that each
undercategory d | A+ has contractible nerve. Since taking undercategories commutes
with taking products, it suffices to verify the one-dimensional case. This verification is
straightforward, and is left to the reader. O

Lemma 5.32 The functor By is homotopy cofinal.

Proof As in the proof of Lemma 5.31, it suffices to verify the 1-dimensional case,
which is straightforward. |

Next we see that for any small category %, any functor F': € — & lifts to a functor
F: Arr(¢) > 8.

Definition 5.33 Given a functor F: ¢ — 4%, define a functor F: Arr(¢) — A as
follows. For f € Ob(Arr(¥)), F(f) is a correspondence, and in particular a set; define
F (f)= F(f). This defines F on Ob(Arr(%)). Given a diagram as in formula (5.29),
define F (o, B) = F(g o) (which is exactly the same as F(f8 o f), but merely in
bijection with F(g)o F(a) and F(B)o F(f)). The source and target maps are given
by

F(B) xr ) F(f) 0 F(a, )~ F(g) X peuw) F ()

| |

F(f)=F(f) F(g) = F(g)
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For any pair of composable morphisms

o

f
—
B
g
—

u
w

d
y

F #.¢,h should specify an isomorphism from

F(7,8) X F(g) F(a, ) = F(§0g) X p(g) F(goa)

to F(ogoa)= F(yoa,§opf). Define this isomorphism to be the composition of

8

|
|

e
h

the isomorphisms

F(§og)xXpg) F(goa)= F(8) Xpx) F(g) XF(g) F(g) XFw) F(@)
=~ F(8) XF(x) F(8) XFw) F(a)
~ F(ogouw).

Lemma 5.34 These maps make F intoa strictly unitary, lax 2—functor, and FoA=F.
We leave the proof as an exercise to the reader.

Lemma 5.35 In Arr(2")+, any sequence of composable, nonidentity morphisms has
length at most 2n.

Proof This is immediate from the definitions. O

Corollary 5.36 If k > 2n then any strictly unitary, lax 2—functor F: Arr(2™) —> #
admits a k —dimensional spatial refinement F: Arr(2™) — Top, .

Proof This is immediate from Lemma 5.35 and Proposition 5.22. a

Lemma 5.37 Fix k > 2n. Given F: 2" — 3, let F be a k—dimensional spatial
refinement of F and consider the homotopy coherent diagram F oB: 2’\’ — Top,.
There is a morphism of homotopy coherent diagrams Gy: FoB— ﬁk such that on
each object the underlying map induces an isomorphism on H; fori <2k —1.
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Proof Recall that a morphism from FoBto ﬁk is a diagram over 2! x 2’7 whose
restriction to {1} x 27' is F o B and whose restriction to {0} x ZA” is Fy. We will build

such a diagram inductively, using box maps from wedges to products.

On {0} x 27’ and {1} x gAn, G is already specified. Notice that for each object
(u L5 p 2y ) € Ob(f’), the space (ﬁoB)(u = V= W) = VaeF 0y woou.v) Sk is
the k —skeleton of F(u — v — w) = VaeF@uv) [beF(oy ), sb)=t(a) S* . For each
arrow of the form @10 X Idy—y—y , define G(¢1,0 X Idy—y—w) to be the inclusion
of the k—skeleton (which is an isomorphism on H; for i <2k —1). More generally,
given a morphism (e, B, y) as in formula (4.28), define G(¢1,0 x (@, B, y)) to be the
composition F k(a, B,y)oG(p1,0 X Idy—y—w). (Factoring in the other order would

work just as well, though it would give a different map.)

The result is a homotopy commutative diagram G, so that the restriction to {0} x 2/’\" is
commutative and the restriction to {1} x 2;’ is homotopy coherent. By construction,
the maps on the 1-side are disjoint box maps. The maps associated to the edges
©1,0 X Idy—y—syy from the 1-side to the O0—side are wedge sums of overlapping box
maps: the inclusion

\/XGF((Ov,wO(pu,u) Sk = vaeF((ﬂu,v) \/beF((ﬂv,w) Sk — vaeF((Du,v) l_[ Sk
s(b)=t(a) beF (pv.w)

s(b)=t(a)
restricts to \/pe Fpp.w),s)=t(a) S k as the overlapping box map associated to the
correspondence ({b € F(pv,w)|s(b)=t(a)},1d, Id) from {b € F(¢y,w)|s(b) =t(a)}
to itself where each subbox is the whole box; see Example 5.14. More succinctly,
the map ng,b) — Hb/eF(govww),s(b’)=t(a) S* is the box map corresponding to the 1—
element correspondence from {(a,b)} to b € {b’ € F(pyw), s(b') =1t(a)}, where the
subbox B, p) C By is equal to the whole box By,

To extend the diagram constructed so far to an entire homotopy coherent diagram, we
need to define families of maps

VieFuw) S* = Vaer@wy  [] S*

bEF((ov/!w/)
s(b)=t(a)

corresponding to sequences of morphism starting at (1,4 — v — w) and ending
at (0,u’ — v/ — w’). Observe that for there to be such a sequence we must have
u >u" and w > w’. We choose these extensions inductively, maintaining the following
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restrictions:

(X-1) Fix a morphism (u — v — w) — (' — v/ — w’) in 27. Let x € F(ouw)-
Decompose x as

(x1,x2,x3,x4) € F(@uu) XF@) F(ouw v) XF@) F(@v v) XFw) Flevw)-

Then G((u — v — w) — (u’ — v/ — w’)) sends the sphere associated to x to
the wedge summand of

VaeF (o, ) 1_[ sk

bEF((pU/!w/)
s(b)=t(a)

corresponding to x5.
(X-2) The map
hy: S k_, 1_[ sk

bEF((pU/!w/)
s(b)=t(x2)

associated to x in the previous condition is an overlapping box map.

For the inductive step, we need to show that

(Y-1) if we postcompose a map satisfying properties (X-1)—(X-2) with the map in
formula (4.29), we obtain another map satisfying (X-1)-(X-2); and

(Y-2) if we precompose a map satisfying properties (X-1)—(X-2) with one of the
box maps used to define G on the 1-side, we obtain another map satisfying
(X-1)—(X-2).

Then, Lemma 5.18 implies we can find the desired family of maps to continue the
induction.

Statement (Y-2) is clear. For (Y-1), let &, be as in condition (X-2) for x € F(¢y,w).
Givenamap g: (u' — v/ = w') = (u” — v” — w"), the map Fi(g) sends the wedge
summand corresponding to x» € F(¢y,) to the summand corresponding to x7, where
X7 corresponds to

(x1. X3, X3) € F(puru) X Fawry F(wr,v7) Xpry F(@ur,v).

Since x decomposes as (x1, X}, X5, X5, X3, x4), property (X-1) is satisfied. Further,

the map .
Fe: I s¥= ] s*
bEF((pv/.w/) b/EF((pv//'w//)
s()=t(x2) s(d)=t(x5)
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sends Slf to Hb/:(xg,b,y) Sl’f, = [1s)=td) S(];g,b,y) by the diagonal map. If we
replace each box for £ labeled by ¢ with [{y € F(@y,w”) | s(¥) = t(b)}| boxes,
labeled by the corresponding b’ = (x3, b, y), then the resulting box map is Fi(g)oh.
In particular, we have verified that ﬁk (g) o h is a box map, as desired.

The following diagram may be helpful in keeping track of the source and targets of the
various elements in the previous paragraph:

X
u /v\ w
X4
x| [xs |
/ / !
u v w
/ xz / b
X [EZ 1y
u// p v// p w//
X5 b

The letter labeling each arrow — is the element of F(—) under consideration.

As noted above, Lemma 5.18 and induction now complete the proof. |

Corollary 5.38 There is a stable homotopy equivalence
hocolim(ﬁ o B)Jr ~ hocolim F .

Proof The morphism of diagrams Gj from Lemma 5.37 extends uniquely to a
morphism of thickened diagrams GZ: (F oB)' > ﬁ];r . Further, the diagram F and

T

the morphisms GZ can be chosen so that G is the suspension of GZ. It follows that

k+1
there is an induced map of diagrams of spectra G, and the underlying maps of G '

are equivalences. |

Proof of Theorem 7 Let F: Arr(2") — % be the functor from Lemma 5.34. By
Corollary 5.36 there is a spatial refinement F of F. The composition F=FoAisa
spatial refinement of F. We will show that the corresponding diagram Ft: 28—
satisfies the conditions of the theorem. Indeed, all of the conditions except that the
homotopy colimit is | F'| are immediate. We compute the homotopy colimit.

By Lemma 5.27,

hocolim F+ ~ hocolim F .
21 2f

By Lemmas 5.31 and 5.32 and property (ho-4) of homotopy colimits,

hocolim FT ~ hocolimf T~ hocolimf To BT,
24 Arr(27)+ j';
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By Corollary 5.38, there is a homotopy equivalence

hocglim ﬁT oBT ~ hocglim Ft.

2% 24
By Lemma 4.41,
hocolim F F1~ hocolim F Ft= =|F|,
2 2
proving the result. O

6 A CW complex structure on the realization of the small
cube

In this section, we prove that the realization in terms of little cubes (Section 5) is stably
homotopy equivalent to the cubical realization (Section 3). We start by studying the
cell structure on the little cubes realization:

Proposition 6.1 Let F: 2" — % be a strictly unitary, lax 2—functor and fk: 2" —
Top, a spatial refinement of F' (Definition 5.21). Then the homotopy colimit of F, k+ car-
ries a CW complex structure whose cells except the basepoint correspond to the elements
of the set | [,,e(0.1yn F (). Further, the eiuivalences % hocolim F;" ~ hocolim F, k++1
can be chosen to be cellular, so hocolim F inherits the structure of a CW spectrum

(in the sense of [2, Section III.2]).

Proof Per Observation 4.12, when taking the homotopy colimit we may (and will)
consider only chains of nonidentity arrows.

For u € Ob(2") and x € F(u), let By be the box that is associated to x during the
construction of ﬁk"'; that is, By/dBy is the S k _summand corresponding to x in
Fk"' (u) = VxeFu) sk, Following Definition 4.10 (and with ~ denoting the same
equivalence relation), we can write the homotopy colimit as

hocolim]’:;kJr
—(eaun [T (L L 007)x (Vaer B2/95:)) /~
uef{0,1}” m>0 0_) ﬂ)um
uE{O 1}7U{*}
fi#1
:([{*}H I] (]_[ 11 [0,1]m)/~1]x( 1] Bx))/~2.
ue{0,1}" ~m=>0 1 fm x€F (u)

_u > 5 um

u' €{0, 1}”U{*}
fi#1d
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where we have broken up the identification ~ into a two-step identification ~; and
~y, defined as

(S J1i 0100 )
{(fm, s fit10 fiveo s J1it, s tic tig 1, .- tm) ifG =10 <m,
(fm=1>---5 S1it1, oo s tm—1) if ty, =1,
(fm,...,fl,tl,...,tm;y)
Nz%(fm,---,fi+1;ti+1,---,tm;ﬁ,:r(fi,---,fl)(tl,---,ti—l)()’)) if7; =0,
* if y € 0By.

Now fix u € {0, 1}, and let us study the cubical complex

(6.2) M, = ( 11 [ 101 )/~1

m=0 fl Sm
u= u —>—>U

u' €{0,1}"U{*}
Ji#ld

m

Ifu= 6, then M, is a single point, which we write as {0} for reasons that will soon
be apparent. When u # 0, we divide the chains u = u® Siy L Ty ym u™ into two
types: the ones ending at 0 or *, and the ones ending at neither. In the first case, when

m ¢ 0, %}, the facet [0, 1]™! x {1} is identified with the cube [0, 1]™~1 coming

0 f1 Sm—1

from the subchain u = u® = ... 2= yym—1 Therefore, we can write

M, = (( 11 [T 0.1 xo. 1]) ( 11 ]_[ [0, 17"~ x0, 1])

) -

m>1 o 1 fm- m>1 0
u=u’—>—> u=u —> —>*
Jfi#ld fi #1d

=
l:
L =

m=1y=y0>..>ym-1
ul €{0,1}"\{0}

- ( ]_[ ]_[ [0, 1]’"‘1)/~1 x [0, 2],
m>1=y0>..>ym—1

ui €{0,1}"\{0}
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where the second identification is via the linear map [0, 1] — [1, 2] that sends O to 2

and 1 to 1. This quotient space is just M, 5 x [0, 2], where M| 5 = Mq ) (1, 6) is

the cubical complex from Definition 3.19.
Therefore, we can write

hocolim ﬁk’L
:({*}H[ [T 1] Mecwm O)x[OZxBx} [ I] {0}x3x])/~2
ue{0,1}7\{0} X€F (u) €F(0)

This gives the required CW complex on the homotopy colimit, where the cell corre-
sponding to x is

Mgy, 0) x [0,2] x By if u #0,

{0} x By ifu=0.

The identification ~, glues the boundary dC(x) to lower-dimensional cells. Specif-

C(x) = {

ically, everything over 0B, is identified with the basepoint . If u # 0, everything
over {2} C ([0, 2]) is identified with * as well, and everything over {0} C 9([0, 2])
is identified with cells corresponding to u = 0. Finally, points on 0Mq,. () (4, 6)
correspond to points on some cube [0, 1]1 C My (n)(u, 6) where some coordinate is 0
(Lemma 3.20(2)), and such points are identified by ~5 to points of Mg, (1, 6) for
some u >u’ > 0.

The fact that the suspension maps are cellular is trivial if we choose compatible spatial
refinements. Specifically, take the boxes used to define F; k++1 to be [0, 1] times the
boxes used to define F k+' |

It is not hard to show that if % is the cubical flow category corresponding to F (from
Construction 4.19) then its associated chain complex (from Definition 3.8) is isomorphic
to the reduced cellular cochain complex of the above CW complex, via an isomorphism
sending the objects of ¢ to the corresponding cells in the CW complex. We will not
prove this now, since it follows from Theorem 8.

Theorem 8 Let (¢,f: € — ¢c (n)) be a cubical flow category, and let F: 2" — %
be the corresponding functor (Construction 4.17). Then the cubical realization of €
(Definition 3.29) is stably homotopy equivalent to the realization of F as the homotopy
colimit of the homotopy coherent diagram Ft: 2" — . from Theorem 7; and the
homotopy equivalence sends the cells in the CW complex structure on the homotopy
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colimit from Proposition 6.1 to the corresponding cells in the cubical realization of €
via maps of degree %1.

Proof Fix a cubical neat embedding ¢ of ¢ relative to d = (dy, ..., dn—1) and let
k =7),d;.Let € and R be the parameters from Section 3.6, and let

[f(x)|—1 [f(x)|—1
eyt [] [—e,eldfo%'(x,y)—{ I [—R,R]d"]XM%t(n)(f(X),f(y))
i=lf(»I i=lf(»)|

be the extension of ¢ from (3.26). Recall that given u € Ob(2") and x € F(u) the
cubical realization ||¢’|| has a corresponding cell

]_[lu| '-R, R ’XHZ_|u|[ €, €]% x [0, 1] X M () (u, 0) 1fu7£0

e = {]_[ [—e €] x {0} if u = 0.

The strategy of the proof is to use the cubical neat embedding to build a particular spatial
refinement ﬁk of F and construct a map from hocolim F.F, with the CW structure
from Proposition 6.1, to the cubical realization ||%’| of the cubical flow category &
associated to F, that sends cells to cells by degree &1 maps, and hence is a stable
homotopy equivalence.

The diagram Fy is defined as follows. The box associated to x € F (u) is

|u]—1
B, = H[—R,R] i x l—[ €,€
i=0 i=|ul
Next, consider a sequence of composable nonidentity morphisms u = u° Sy Imy

m

u™ = v in 2". We will define

FE (fmseos 1) = ety Flou)): [0, 11" B ) - i ()

for an appropriate family of boxes e;, ;. _,: [0,1]" ! — E({Bx|x € F(u)}, SF(ouv))-
In other words, if for y € F(¢y,y) we write B, = ]_[lvl Y[R, R x Hl—lvl[ €, €]
1y is a [0, 17"~ —parameter family of embeddlngs (as disjoint subboxes)

]_[ By — By forall x € F(u).
y
s(y)=x

To define e;,,... 1,1, fiXx ¥ € F(@u,v) With s(y) = x, and let y =(y). Let v, be
the section of the covering map Mg (x, y) — My, (n)(u, v) whose image is the path
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component corresponding to y. Consider the map

M) (U, v) X By

lv]—1 n—1
= My (n)(u,v) x l_[ [—R, R]% x l—l [—e, €]%
i=0 i=|v|
lv|—1 n—1
MM%(X,)/) X 1_[ [—R., R]% x 1_[ [—e, €]
i=0 i=|v|
lvl—1 |u|—1 n—1
~ [ -R.R% x( [][—e.e xMcg(x,y)) x [ €.
i=0 i=|v| i=|ul
14,7y y,1d) el . a1 . n .
e l_[ [—R, R]% x( 1_[ [-R, R]% X My (ny (U v)) X l_[ [—e. €]%
i=0 i=|v| i=|ul
(14 R 1d) lv]—1 . |lu|—1 - n—1 _
—> 1_[ [—R, R]* x l_[ [—R, R]% x 1_[ [—e. €]
i=0 i=lv| i=lul
lul—1 n—1
~ 1_[ [—R, R]d" X l_[ [—e,e]d" = By
i=0 i=|ul
and the induced map
(6.3) Meem@.v)x [ By — Bx.
YEF (9u.v)
s(y)=x

It follows from the definition of cubical neat embeddings and the formula for iy, that

YEF (@u,v)ls(y)=x By — By
is an inclusion of disjoint subboxes. Therefore, we may view the map from (6.3) as an

B, C Bx.

for any point pt € Mg, (n)(u, v), the restriction {pt} x ||

M (n)(u, v)—parameter family of subboxes ]_[y| s(y)=x

0> ...> y™ = v corresponds to some cube [0,1]”1 in the

The chain u = u
cubical complex M, , from Definition 3.19, which via Lemma 3.20 is identified
with some cube [0, 1]~ ! C Mg n)(u,v). Restrict the map from formula (6.3)
to [0, 1] 1 x [, |s¢y)=x By to obtain the required [0, 1]~ —parameter family of

subboxes [ [, (5()=x By C Bx.

We check that fk is indeed a homotopy coherent diagram. For any sequence of

0o fi

. . . 1 Jm .
composable nonidentity morphisms # = u? ~— .- = y™ = v in 2", we need to
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show that

Fk(fm’---’fl)(t19~~-9tl'—lvlvti+1""’tm—1)
=F(fm,-... fiv10 fioooo, fO)(t1s oo tic tig oo s tm—1),

ﬁk(fm’-’fl)(tl,stz—l,O,tz+1,,tm—l)
= Fe(fomsooos fix)@itts o stmet) 0 Fx(fivo oy fO)(t1s .. tic1).

The first equation is immediate from Definition 3.19 since the facet of [0, 1]~ which

has #; = 1 is identified with the cube [0, 1] =2 coming from the sequence of composable

iz yim1 SioSi it Sida

morphisms u = u° EiNgy - Imm — . The second

equation follows from Lemma 3.20(3) since the facet of [0, 1] ! that has #; = 0 lies
in the facet Mq,. (,,)(ui, V) X My (n)(u, u') of M (n)(u, v) and is identified with
the product [0, 17" ~'=1 x [0, 1]*~!, coming from the sequences u’ Jixt, I ym
and u® <L ... =5 o | respectively. Since the maps F k+ were defined via cubical neat

embeddings that satisfied Definition 3.25(3), the second equation holds.
Finally, we construct the desired cellular map from hocolim F, k+ to ||€].

For any u € Ob(2") and any x € F'(u), the cell associated to x in hocolim ﬁk+ is

Oy — Moy, 0) x [0,2] x By if u #0,
{0} x By if u =0,

while the cell associated to x in ||¢] is

Mege(ny(u,0) x [0,1] x By if u % 0,

C(X)z{{O}xBx ifu=0.

Map C(x)’ to C(x) by the quotient map [0, 2] — [0, 2]/[1,2] = [0, 1], and the identity
map on all other factors. This map certainly has degree +1 on each cell. To check that
it produces a well-defined map on CW complexes, we must check that it commutes
with the attaching maps. Everything over 0B, was quotiented to the basepoint on either
side. If u = 0, this is the only identification on either side. If u # 6, everything over
{2} C [0, 2] was quotiented to the basepoint for C(x)’, while everything over {1} C
[0, 1] was quotiented to the basepoint for C(x). Therefore, we only need to consider
U # 0 and concentrate on the attaching maps on the portion of the boundary of C(x)
(respectively C(x)") that lives over dMq,. () (u, 0) or {0} C 8([0,1]) (respectively
{0} C a([0.2])).
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Consider the subcomplex

1\7,,::( 11 [0,1]”’)/~1;M%C(n)(u,f))x[o,l]

u=yO0>..>ym
ul €{0,11

of the cubical complex M, = My () (u, 6) x [0, 2] from equation (6.2) in the proof
of Proposition 6.1. We are interested in the part of dC(x)’ that lives over the following
subset N, of 8]\7,,:

Ny := (0Mg (y (11, 0) X [0, 1]) U (Mge (my (12, 0) x {0})

=( 1] ]_[[0,1]"—1x{O}x[o,l]m—i)/~1.

u=u0>->ymi=1

Let p € 3C(x)" be some point living over N,,, and write p = (p1, p2), where p; € Ny,
and p, € By. Assume p; lies in the cube [0, 1] corresponding to some chain
u=u">-..>u". Let P1.1,---, P1,m be the coordinates of p; as a point in the
cube, and assume p; ¢ = 0. Let ¢ denote the restriction of fk (Put=1 4445+ Pu0 1)
to [0, 1]¢~! x (Bx/dBy). Under the CW complex attaching map (denoted by ~» in

the proof of Proposition 6.1), p is attached to the point

((P1,£+1, coos P1m)s @((P11s - -5 PrE—1), PZ)) € [0, l]m_e X yeF(uf)(By/aBy)v

£

where [0, 1]~ is the cube in Muf corresponding to the chain u* > --- > u. The

map ¢ is constructed as a [0, 1]~

—parameter family of box maps. Therefore, the
attaching map glues p to the basepoint * unless p, lies in the interior of one of the
subboxes at the point (p1,1,..., p1,¢—1) in the family; and if p; lies in the interior of

some box By, then p is glued to the point
q:=((Pres1.--- Prm)-42) € (0. 11" x By, C Mye x By, CC(yo).

where yo =1(yo) and g2 := ¢((p1,1,.-.. P1,6—1), P2) € By,.

We need to check that p, now viewed as a point in dC(x), is also glued to g, now
viewed as a point in C(yg), in the CW complex ||%||. In the construction of ||Z|
(Definition 3.29), we extended the cubical neat embedding

|u|—1
Loyt Ma(x, Y0) > Mo @0 x ] (=R, R)

i=lut|
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to an embedding
lul—1 |u|—1
Tryot Ma(x,y0)x [ [—e.€l% &> Myemy@ . 0)x [T [-R. R,
i=lut| i=[ut|
and used it to define embeddings 1: M« (x, yo) X By, < Mg, (n)(u ut) x By and
J: My(x, yo) X C(yg) = dC(x). (Note that M«gc(n)(u O) M ¢.)

For any path component y of Mgy(x, yo), let 1, and j, denote the restrictions
1lyxB,, and Jlyxc(yo): and as before, let v, denote the section of My (x, yo) —
Mo (n)(u, ue) whose image is y. Since iy y, satisfies Definition 3.25(1), and its ex-
tension iy, y, was defined via (3.26), there exists amap 1y : By, — M (n) (U, ue) X By
such that 1y (vy (a),b) = (a, uy(a, b)) for all (a,b) € My, @) (u, ut) x By, .

Let g1 = (p1,e+1.-- - Pl,m) €01 and ¢’ = (p11...., pl,e—l) €[0.1]71; treat
¢’ as a point in /\/l(,gc(n)(u U ) after viewing the cube |0, 1] ~1 as the cube correspond—

ing to the chain u = u°

> ... >yt in the cubical complex structure on M. () (1, u !
from Lemma 3.20. Let « be the inclusion map M. () (u, u 6 x M ¢ X By = C(x).

Since Fk (Put=1 4445+ » Py0 41) (used to define ¢) is defined via (6.3) using the cubical
neat embeddings tx,y, (which are used to define the maps 1, , and, consequently, ),
P2 is in the interior of the box By, , and ¢(q’, p2) = g2, it follows that 1., (g, g2) = p>.

Therefore,
JroWy (@), @) = 1y (Vy (@), q1.92) = k(@' q1, Lyo (4. 42))
=x(q".q1. p2) =«k((P1,1.-- . P1e=1) (P1g+1+-- - PLim), P2)
=((p1,1,---» P1,e-1,0, 14415 --» PLm)s P2) = (1, p2) = P

The last line is justified by the fact that the cubical complex structures on M. () (1, ué)
and Mue respect the product structure on facets of Mu = Mggc(n)(u,(s) x [0, 1]
(Lemma 3.20(3)). Therefore, p is glued to ¢ in the CW complex |€|| as well. O

7 The Khovanov homotopy type

We pause briefly to review where we stand. We have introduced a special kind of flow
categories, cubical flow categories (Section 3), and shown that the data of a cubical
flow category is equivalent to a strictly unitary, lax 2—functor from the cube 2" to
the Burnside 2—category (Section 4). Given a cubical flow category (or functor from
the cube to the Burnside category) we have four ways of realizing the functor as a
spectrum:
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e The original Cohen—Jones—Segal realization (Section 3.2).

¢ The cubical realization, a modification of the Cohen—Jones—Segal construction
taking into account the map to the cube (Section 3.7).

¢ Thickening the diagram, producing a canonical diagram in spectra, and taking
the iterated mapping cone (Section 4).

¢ Using the “little box™ construction to produce a homotopy coherent cube in
spectra, and then taking the iterated mapping cone (Section 5.3).

Moreover, Theorems 4, 7 and 8 together imply that, up to stable homotopy equivalence,
these realizations all agree.

For the rest of the paper, we turn to a particular cubical flow category: the Khovanov
flow category constructed in [35] (see also Section 2.2 and Examples 3.24 and 4.21).

Definition 7.1 Given an oriented link diagram K, let Fx,(K): 2" — % be the Kho-
vanov functor constructed in Example 4.21. Let | Fx,(K)| be the result of applying
Construction 4.39 to Fx,(K) and let Xgp(K) = 7" | Fxp(K)|, where n_ is the
number of negative crossings in K.

Theorems 4, 7 and 8 imply that, up to stable homotopy equivalence, Xk, (K) is the
same as applying any of the other three realization constructions to Fgy(K). A more
direct description of Fk;,(K) was given by Hu, Kriz and Kriz [22]; see Section 8.1.

Similar constructions can be carried out for the reduced Khovanov flow category:

Definition 7.2 Let Fg; (K): 2" — % be the functor corresponding to the reduced
Khovanov flow category from [35, Section 8], via Construction 4.17. Let Xx;,(K) be
the corresponding spectrum, obtained by applying Construction 4.39 to Fg; (K) and
desuspending n_ times.

8 Relationship with Hu-Kriz—Kriz

The goal of this section is to prove:

Theorem 9 Fix a link diagram K. Let M(K) be the homotopy type associated to K
by Hu, Kriz and Kriz [22, Theorem 5.4]. Then Xx,(K) is stably homotopy equivalent
to M(K).

The Hu—Kriz—Kriz construction has four steps:
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(1) Construct a 2—functor 2" — . (The category 2" is denoted by /” in [22], and
the category % is denoted by S».)

(2) Use the Elmendorf-Mandell machine [12] to turn the 2—functor 2" — 4% into
an Aoo—functor B,(2") — .7, where B,(2") is an auxiliary category which
we review below.

(3) Use Elmendorf and Mandell’s rectification result [12, Theorem 1.4] to lift this
composition to a strict functor 2" — ..

(4) Expand 2" to a category Z, analogous to the expansion of 2" to 2’;, extend the
functor 2" — . to a functor Z — ., and take the homotopy colimit.

We will prove that the two constructions agree, step-by-step.

8.1 The functors from the cube to the Burnside category agree

Hu, Kriz and Kriz’s construction of the Khovanov homotopy type uses the following
auxiliary category:

Definition 8.1 The (141)—dimensional embedded cobordism category Cobelnj:b1 is the
2—category defined as follows. The objects of Cobirjbl are oriented 1—-manifolds C
embedded in S? along with a 2—coloring of the components of S2\ C, by the colors
“white” and “black”, such that if B(S2\C) denotes the closure of the black region, then
C is the oriented boundary of B(S?\ C). The morphisms from C; to Cy are oriented
cobordisms ¥ embedded in [0, 1]x S? satisfying XN ({i }xS?) ={i}xC; fori €{0, 1},
along with a 2—coloring of ([0, 1] x S2)\ X, so that if B(([0, 1] x $?)\ ) denotes the
closure of the black region, then X is oriented as the boundary of B(([0, 1] x S2)\ X).
The 2—morphisms are isotopy classes of isotopies of cobordisms relative boundary.

The Hu-Kriz—Kriz functor 2" — % is constructed in two steps [22, Section 5], which
we give as Constructions 8.2 and 8.3.

Construction 8.2 [22, Section 4.3] Given a link diagram L in S? with n crossings
c1,...,Cn, along with a checkerboard coloring of the link diagram, we construct a lax
2—functor from 2" to Cob;;lrbl
v € {0, 1}"*, associate the complete resolution P(v) which is a collection of disjoint

. This functor was partially described in Section 2.2: to
circles in S2. The checkerboard coloring for L induces a 2—coloring of the complement

of these circles; orient the circles as the boundary of the black region. To u > v €{0, 1}",
associate the embedded cobordism ¥ C [0, 1] x S2, which is a product cobordism
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outside a neighborhood of the crossings where u and v differ, and has a saddle for each
such crossing. We declare the cobordism to be running from P(u) = £ N ({1} x S?)
to P(v) = XN ({0} x S2). Up to isotopy, ¥ is independent of the order of the saddles,

and in fact the isotopies changing the order of saddles are themselves well defined up
bl +1

to isotopy. Thus, this construction gives a lax 2—functor 2" — Cob_.".

Construction 8.3 [22, Section 3.4] There is a lax 2—functor L: Cob;n":b1 — A defined
as follows. On objects, £ sends a 1-manifold C C S? to the set of all possible labelings
of the components of C by elements of {x4,x_}, L(C) = ]_[Cieno(c){er, x_}. The
value of £ on morphisms is more complicated. For any embedded cobordism ¥ and any
connected component X of X, consider the 2—coloring of ([0, 1]x52)\ X that agrees
with the given 2—coloring of ([0, 1] x §2) \ T near g, and let B(([0, 1] x $2)\ Zp))
denote the closure of the black region. Observe that
Hi(([0, 1] x $%)\ S0)/H1(({0, 1} x §) \ 850) = 2780,
Hi(B(([0. 1] x $?) \ 0))/H1(B(({0. 1} x $%) \ §%0)) == 28>0,
A valid labeling of a cobordism ¥ C [0, 1] x S? consists of

¢ alabeling of each boundary component of ¥ by x4 or x_, and
¢ alabeling of each genus 1 component ¥ of ¥ by o or —«, where {+a} are
the generators of Hi(B(([0,1] x $%)\ Z¢))/H1(B(({0.1} x $?)\ 9%¢)) = Z,

such that:

e Each connected component of ¥ has genus 0 or 1.

¢ For each genus 0 connected component of ¥, the number of boundary com-
ponents in {0} x S2 labeled x_ plus the number of boundary components in
{1} x §2 labeled x4 is 1.

e For each genus 1 connected component of ¥, all boundary components in

{0} x S? are labeled x4 and all boundary components in {1} xS? are labeled x_.

(See [22, Formula (12)].) Define £(X) to be the set of valid labelings of 3. The source
and target maps of £(X) send a labeling of X to the induced labeling of the boundary
components.

For ¥¢ and ¥; composable cobordisms in [O, %] x S2 and [%, 1] x S2, respectively,
the composition 2—isomorphism £(Xg) o L(X1) => L(Zpo X1) is obvious except for
the situation when one gets a cobordism ¥ C [0, 1] x S2 with a genus 1 component by
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stacking two genus O cobordisms. The composition map decomposes as a product over
connected components of 3, so for simplicity assume that 3 is connected. Given valid
labelings on X and X that agree on (0%9) N(0X1) C {%} x §2, we want to construct
a valid labeling on ¥, which amounts to labeling ¥ by o or —«. It follows from
the labeling conditions that there is a unique component C of (dXg) N (0X) that is
nonseparating in ¥ and is labeled x . Orient C as the boundary of the black region, and
let Cp and Cy, be the push-offs of C into the black and the white regions, respectively.
One of Cp, and Cy, is a generator of Hy(([0, 1]xS?)\X)/H1(({0,1}xS?)\0X) = Z?
and the other one is zero. If Cp is the generator, label X by [C]. If Cy, is the generator,
let D be a curve on X, oriented so that the algebraic intersection numberis D-C =1,
and label X by [D]. It is clear that these composition 2—isomorphisms satisfy the
coherence condition (Fn-2).

Remark 8.4 It is not hard to see that choosing the other checkerboard coloring on
the link diagram yields a naturally isomorphic functor 2" — 2. On the other hand,
one could have required D - C to be —1 instead of 1; this would have produced a
different functor. This global choice is essentially the choice of ladybug matching from
[35, Section 5.4].

Lemma 8.5 Hu, Kriz and Kriz’s 2—functor Fygg: 2" — % [22] is naturally isomor-
phic to the 2—functor Fx; constructed in Example 4.21 by applying Construction 4.17
to the Khovanov flow category from [35].

Proof The functors Fygx and Fgj, are identical on objects. By Lemma 4.5, we only
need to show that they agree on the edges and that the composition 2—isomorphisms
for the functors agree on the 2—dimensional faces of the cube.

For u > v € {0, 1}" with |u| — |v| = 1, the corresponding embedded cobordism is
a merge or split. Let F' denote either Fygx or Fgp. It is straightforward from the
definitions that for any x € F(u) and y € F(v), s~ (x) Nt~ (y) C F(py,p) is empty
if x does not appear in the Khovanov differential of y, and consists of one point
otherwise, so in particular there is a unique bijection Fyxk (¢u,v) = Fxn(¢Qu,v)-

Now consider u > w € {0, 1}" with |u| — |w| = 2, and let v and v’ be the two
intermediate vertices. The composition 2—isomorphisms for Fygx and Fgp, produce
bijections between F (¢y,w) 0 F(¢y,p) and F(@y ) o F(¢y,,7). We want to show that
these two bijections are the same.

Fix x € F(u) and z € F(w), and consider s~!(x) N¢71(z) C F(¢y,w). This set can
have 0, 1, or 2 elements. The only nontrivial case to check is when the set has 2
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Figure 7: The ladybug matching. Left: The ladybug configuration. Right:
Two intermediate configurations, obtained by attaching embedded 1-handles
along the two arcs. Black regions are indicated by dark shading.

elements, which occurs precisely when x and z are related by a ladybug configuration
(Figure 7).

Therefore, assume x and z are related by a ladybug configuration, and without loss of
generality assume that the corresponding embedded genus 1 cobordism X is connected.
The composition 2—isomorphisms for F are unchanged under isotopy in $2: this is
[35, Lemma 5.8] for Fkj, and is immediate from the definition for Fygg. Therefore,
we may further assume that the ladybug configuration is as shown in Figure 7, in the
following sense. The circle Cy is the complete resolution at w, and it is labeled x4 by z;
and the circle Cyp, the complete resolution at u, is obtained by attaching embedded 1—
handles along the arcs A and A’, and C is labeled x_ by x. The embedded cobordism
¥ C [0,1] x S% connects C; to Cy, that is, £ N ({i} x S?) = {i} x C; . Further, the
black region contains the arc A. Consider the labelings of the circles at the complete
resolutions at v and v’ shown in Figure 7; the corresponding generators y € F(v) and
y' € F(v') are matched by the ladybug matching for Fgj, [35, Figure 5.1b].

To show that y and y’ are also matched by Frkk, let C (respectively C’) be the circle
that is labeled x4 by y (respectively y’); therefore, C (respectively C”) is a homology
generator of the white (respectively black) component of the complement of X. Isotope
the cobordism X inside [0, 1] x S relative boundary so that both the saddles occur at
{%} x §2. Isotope the curves C and C’ on ¥ so that they intersect transversally at one
point, C lies in [O, %] x S2 and C’ lies in [%, 1] x S2. Therefore, C and C’ intersect
at the saddle point p corresponding to the arc A. The portion of the cobordism X
near p is shown in Figure 8. Let 7i be the normal vector to X at p pointing away from
the black region, and let 7 and 7’ be the tangent vectors to C and C’ at p. It is clear
from Figure 8 that [7, % ,1] constitutes a positive basis; consequently in X, oriented
as the boundary of the black region, the intersection number C’-C = 1. Therefore,
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Figure 8: The embedded cobordism X. The cobordism connects Cy at the
bottom to C; at the top. The portion of the cobordism near the saddle point p,
the oriented curves C and C’, and the normal vector 7 are shown.

for both y and y’, the surface X is labeled by [C’], and thus y and y’ are matched
by Fhkk- |

8.2 Iterated mapping cones

The easiest part of the identification is to see that the Hu—Kriz—Kriz notion of iterated
mapping cone agrees with ours. Specifically, to take the iterated mapping cone of their
functor K(Fpgg): 2" — . (see Sections 8.1 and 8.4) they enlarge 2" slightly to a
category Z, and extend Fpgg to a functor F, nkk: L — . by declaring that the new
vertices in Z map to {*}, a one-point space [22, Section 5.2]. We observe that their
enlargement is the same as 2’;:

Lemma 8.6 There is an isomorphism 7 == 2;3 which commutes with the inclusions
of 2":

I—>2”

NS
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Proof The category Z has, as objects, pairs (J € {1,...,n}, ¢: J — {0,1}), and
there is a morphism ¢ — v (which is unique) if and only if ¢ is a restriction of . The
cube 2" sits in Z as the subcategory {(J, ¢) |0 ¢ im(¢)}. Recall that 2’; = (2#)”, and
Ob(g}i_) ={0, 1, x}. Given an object 0 = (v1, ..., v,) €2?, define J ={i | v; € {0, x}}
and

. 0 ifv; = x*,
1) =
() 1 ifv; =0.
With this dictionary, the rest of the verification is straightforward. O

8.3 Another kind of homotopy coherent diagram

Hu, Kriz and Kriz use a slightly different notion from Vogt of homotopy coherent
diagrams (Section 4.2), which is defined in two steps:

Definition 8.7 Given a small category %, let ¢’ be the 2—category with the same
objects as %,

Homs (x, y)

= ]_[ Homg (x,—1, X5) X Home (Xp—2, Xp—1) X -+ x Homg (xo, X1),

the set of finite sequences of composable morphisms starting at x and ending at y, and
a unique 2-morphism from (fy,..., f1) to (gm,...,g1) whenever f,o0---0 f1 =
gmo---0og1 (compare [22, Section 4.1]). Composition is given by concatenation of
sequences. There is a projection ¢’ — %, where we view % as a 2—category with only
identity 2—morphisms, which sends (f5,..., f1) to f,o---0 f1.

Definition 8.8 Given a 2—category 2, we can form a simplicially enriched category
B>(2) by replacing each Hom category in 2 by the realization of its nerve.

Combining Definitions 8.7 and 8.8, the analogue of a homotopy coherent diagram
in [22] is a (simplicially enriched) functor B(%¢”’) — .7, or more generally an Aco—
functor B,(%¢”’) — .7. Note that there is a projection IT: B,(¢”) — ¢ induced by the
projection ¥’ — ¢ (and the triviality that B, (%) = %). So, given a functor F: ¢ — ./
(say) there is an induced (simplicially enriched) functor By(F') = FoIl: By(¢") — .7.

Lemma 8.9 For any small category ¢, the projection map I1: By(¢') — ¢ is a
homotopy equivalence on each Hom space.
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Proof The category Home~(x, y) decomposes as a disjoint union of subcategories

Home(x, )= | AU SO [ fuo0 fi= £},

f €Hom(x,y)

and for each of these subcategories, every object is initial. a

The notion of homotopy colimits extends easily to functors from simplicially enriched
categories: in formula (4.11), say, one replaces the disjoint union over sequences of

composable morphisms with the disjoint union of products | |, oney, HOM(Xp—1, Xp) X

..... X
-+ x Hom(xg, x1) x [0, 1]" x F(x0), and quotients by the same equivalence relation
from Definition 4.10. The properties of homotopy colimits stated in Section 4.2 extend

without change to diagrams from simplicially enriched categories.

Lemma 8.10 Let F: ¥ — . be a diagram from a small category €. Then there is a
homotopy equivalence hocolimy F 2 hocolimp, 7y B2(F').

Proof By definition B,(F’) = F o I1. By Lemma 8.9, the projection IT is a quasi-
equivalence, and in particular homotopy cofinal, so the result follows from property
(ho-4) of homotopy colimits. O

8.4 The Elmendorff-Mandell machine

A permutative category is a strictly unital, strictly associative, symmetric monoidal
category (see eg [12, Definition 3.1]). Let Permu denote the (strict) 2—category of
permutative categories [12, Definition 3.2]. The Elmendorff—-Mandell machine [12] is
a functor

K: B(Permu) — .7

from (B, of) the category of permutative categories to spectra. (Constructions of this
type go back to Segal [51].) Rather than explain how the machine works, we list the
properties we will need:

(EM-1) Given a permutative category % and an object x in %, there is an induced map
K(x): S — K(%). Further, this is natural in the sense that given a functor of
permutative categories F: ¢ — 2 the following diagram commutes:

S

K(x)l Y(X))

K@) < K@)
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(EM-2) The Cartesian product is both the categorical product and coproduct in the
category of permutative categories.

(EM-3) Given permutative categories ¢ and 2, K(% x 2) = K(%) x K(2).

(EM-4) The category Sets of finite sets, with disjoint union, is equivalent to a permu-
tative category [23]; to keep the exposition clear we will continue to use the
name Sets for this category. The map S — K(Sets) induced by a 1-element
set and property (EM-1) is a stable homotopy equivalence. (This is a version
of the Barratt—Priddy—Quillen theorem.)

(EM-5) Given a 2—category ¢ in which all 2—morphisms are isomorphisms and a
strict 2—functor F': & — Permu, there is an induced (simplicially enriched)
functor K(B>(F)): B2(%¢) — 7.

Construction 8.11 Given a set X, we can consider the category [ [,y Sets. Given
a correspondence (C,s,t) from X to Y, there is an induced functor [], oy Sets —
[, ey Sets which sends

(Ax)ex ( U6 o n e o) x Ax)
xeX yeyY

(Note that the union operation in the above formula is actually a disjoint union.)
An isomorphism between correspondences (C,s,t) and (C’,s’,t") can be viewed
as simply a relabeling of the elements of C; and this relabeling induces a natural
isomorphism between the two functors.

Lemma 8.12 Construction 8.11 defines a lax 2—functor % — Permu.

Sketch of proof Verify that the category [ [, ¢y Sets is naturally isomorphic to the
category Sets/ X, and that under this identification the functor induced by C is naturally
isomorphic to the functor 4 +— C xx A. a

Remark 8.13 Using properties (EM-3) and (EM-4),

K( l_[ Sets) ~ l_[ K (Sets) ~ 1_[ S.

xeX xeX xeX

With respect to this decomposition, however, the map [[,cx S — ]_[y cy S induced
by a correspondence C: X — Y is not geometrically obvious.
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1 . 5
hocolim K(B,(F'))* L hocolim K (B, ((F o B)))* L hocolim K(BZ(GI’,))T

[@
@ 3)

hocolim £t hocolim G «————— hocolim K(G p)Jr

Figure 9: The steps in the proof of Proposition 8.15. Each arrow is labeled
by the step showing it is an equivalence.

Construction 8.14 Given a category %, viewed as a 2—category with only identity
2—morphisms, and a strictly unitary, lax 2—functor F: ¥ — 4, there is an induced
strict 2—functor F’: ¢ — %, where %’ is as in Definition 8.7. Composing with the
[ I e(o) Sets construction gives a strict 2—functor ¢” — Permu, which we will still
denote by F', with F'(u) = [[,ecF(y,) Sets. Finally, by (EM-5), the K—theory functor
gives a functor K(B2(F’)): By(¢") — 7.

Hu, Kriz and Kriz apply this construction to the Khovanov functor Fygg: 2" — 4,
and then take the iterated mapping cone as in Section 8.2 to obtain their Khovanov
stable homotopy type.

Proposition 8.15 Given a strictly unitary, lax 2—functor F: 2" — 2, there is a stable
homotopy equivalence between the Hu—Kriz—Kriz realization hocolim K (B> (F’))'
and the realization hocolim FT from Section 4.5.

Proof To identify the Hu—Kriz—Kriz construction and the thickening construction
from Section 4, we use a sequence of intermediate diagrams, somewhat in the spirit of
Section 5.4. (See Figure 9 for an overview.)

(1) By Lemma 5.34, we can lift the functor F: 2" — £ to a functor F: Arr(2") — A,
sothat F = FoA. Composing with the composition map B: 2’7 — Arr(2") gives a
functor F o B: 2;‘ — A.

There is a homotopy equivalence hocolim K (B3 (F’))" ~ hocolim K (B (( Fo BY)T;
the argument is similar to the one in Section 5.4. In the commutative diagram

By (2")y —— Ba(Arr(2"))s +—— Ba((2))+
2 A7) ———— 20
T4 By i

the vertical arrows are quasiequivalences by Lemma 8.9, and A+ and By are homotopy
cofinal by Lemmas 5.31 and 5.32, so the functors in the top row are also homotopy
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cofinal. Hence, by property (ho-4) of homotopy colimits, hocolim K (B, (F'))T ~
hocolim K (B, (F’))t ~ hocolim K(B»((F o B)))T.

(2) Recall that F sends an object (u Ly £, w) to Vaer(r) [per o). sy=t(a) S-
Further, the definition of F uses only the universal properties of product and coproduct,
so for any spectrum X we could define a functor Fx: 27’ — % with

F\X(ML)UL)U))=\/QEF(J€) 1—[ X

beF(g)
s(b)=t(a)

(see Remark 4.38). Moreover, this thickening procedure is clearly natural in X. Taking
the special case X = K(Sets) and using property (EM-4) gives a diagram G 271 -7
with
Gu Lo v, w)=Vaeryy [[ K(Sets),
beF(g)
s(b)=t(a)

and a natural transformation of diagrams F — G which is an equivalence on objects.
In particular, hocolim Ft ~hocolimGT.

(3) There is also a functor Gp: 27’ — Permu defined similarly to F, using the product
and coproduct on Permu in place of the product and wedge sum of spaces, and using
Sets in place of S. That is,

Gp(uLn)Lw)z ]_[ 1_[ Sets.
acF(f) beF(g)
s(b)=t(a)
Recall from (EM-2) that finite products and coproducts of permutative categories are
given by the Cartesian product. Thus, using property (EM-3),

KGpuLsvtswy~ T T[] KSets).
acF(f) beF(g)
s(b)=t(a)
(Note that since ZA” has only identity 2—morphisms, B> (2;‘) can be identified with 2”\1,
and, therefore, we have written K(G,) instead of K(B2(Gp)).)

Using the stable homotopy equivalence between wedge sum and product, we get a
natural transformation of diagrams from G to K(Gp,) which is an equivalence on
objects. In particular, hocolim GT ~ hocolim K (GP)T.
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(4) By Lemma 8.10, there is a homotopy equivalence
hocolim K(G,)" ~ hocolim B, (K(G,))T.

However, since G, is a strict functor from a 1—category to Permu, B>(K(Gp)') =
K(Gp) o Il = K(B2(G,)), where IT: B»((2")') — 2" is the projection; therefore,
hocolim K(G,)" = hocolim K(B2(G),))T.

(5) To finish the identification, there are isomorphisms H from G;) to (17“ oB)". On
the objects, the natural transformation will induce the equivalence from

G;,(uin)%w)=Gp(uL>vi>w)= ]_[ l_[ Sets
acF(f) beF(g)
s(b)=t(a)
to

(FoBYuLsvSsw)y=(FoB)uLsvEswy= J[ Sets

ceF(gof)
which comes from the natural bijection F(go f) — F(g) X ) F(f) between their
indexing sets, and the identification of coproducts and products in Permu with Cartesian
products. Because Cartesian product of sets is not strictly associative, and because of the
2—categorical nature of the identification between coproducts and products in Permu,
this does not strictly define a strict natural isomorphism GI/, — (17" o B)’ Instead it
defines a pseudonatural equivalence: for a map ¢: (u AR IR w)— (u’ AN v’ £, w')
in 271 there is a natural isomorphism of functors

(F o B) (¢)o H(u ARG R w) = Hu' FARV iR w’) o G, (p)
which respects composition in 2’\’

We define & to be the category with objects 1 and 0 and a unique morphism between
any pair of objects. Let ¥ = & x 2/;’, and let 90 and 2 be the full subcategories of &
spanned by the objects of {0} x 2n and {1} x 2n , respectively. Note that the prOJeCtlon
9 — 2n is an equivalence, and restncts to isomorphisms from both %y and 2; to 2”.

The pseudonatural equivalence above defines a lax 2—functor, also denoted by H, from
2 to Permu whose restriction to {1} x 27 is G’ and whose restriction to {0} x 27 is
(F o B)'. Therefore, K(B>(H)) restricts to K(BZ(G )T and K(BQ(F o B))T, and
since both inclusions 2y — 2 and 2; — 2 are homotopy cofinal,

hocolim K(B2((F o BY'))" ~ hocolim K (B2(H)) ~ hocolim K(B2(Gj))".
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Putting these all together (see Figure 9), in conjunction with Lemma 8.6, the Hu—
Kriz—Kriz realization hocolim K (B (F'))" agrees with our thickening construction
hocolim £ |

8.5 Proof that the Khovanov homotopy types agree

Proof of Theorem 9 Lemma 8.5 identifies the 2—functors 2" — % used in this paper
and [22]. Proposition 8.15 identifies Hu, Kriz and Kriz’s realization of this functor
with ours. O

9 Khovanov homotopy type of a disjoint union and connected
sum

In this section we prove Theorems 1, 2 and 10. For the first two theorems, we merely
need to show that the functor associated to a disjoint union (respectively connect sum)
of links is the product of the functors of the individual links:

Proposition 9.1 Let Ly and L, be link diagrams, and let L1 U L, be their disjoint
union. Order the crossings in L1 U L, so that all of the crossings in L1 come before
all of the crossings in L,. Then

Fl(LiuLly= ] Fi@)xFEL).
J1t+j2=j
where x denotes the product of functors (Definition 4.43), [ | denotes the disjoint

union of functors (Definition 4.47) and =~ denotes natural isomorphism of 2—tfunctors.
If we fix a basepoint on L then

J ~ J J
FL(LiULy) = 11 FL (L) x Fi (L),
Jitj2=]
If we fix basepoints on L1 and L, and let L1 # L, denote the connected sum (at the
basepoints), then

J ~ J1 J2
FL(Li#Ly) = 11 FI(Ly) x F2(Lo).
J1tj2=j

Proof We will prove the first statement; the proofs of the other two are similar. Let n;
be the number of crossings in L;. To keep notation simple, write F' = F Igh(Ll U L,),
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Xy = F(v), Avw = F(@vw). G =1}, 4 ;=; FH (L1) x FZ(L2), Yy = G(v) and
By,w = G(pp,w).

By Lemma 4.5, it suffices to construct bijections ¢,: Xy => Yy and ¥y Ay w —>
By, for all v > w with |v| —|w| =1 so that v, 4, respects the source and target
maps and for any u > w with |u| —|w| = 2, the following diagram commutes:

Yo wXVuv
Ayw XX, Aypy —— Byw XY, Buy

J/FM.U,LU lGu,U.w

(9'2) Au,w Bu,w

TFu.v’,w TGu,v’.w
1ﬁv’.wx‘pu,v’

Ay w XX, Ay ——— Byrw XY, By v

Here, v and v’ are the two vertices such that ¥ > v, v’ > w. Note that all arrows in
this diagram are isomorphisms.

The map ¢, is the canonical identification between Khovanov generators for L1 L Ly
and pairs of a Khovanov generator for L; and a Khovanov generator for L,. There
is a unique map Yy y: Ayp,w — By,w for v > w with |v| —|w| =1 which commutes
with the source and target maps, because:

(1) Given xy € Xy and xy € Xy, s_l(xv) Nt~ (xy) C Ay is either empty, if
Xy does not occur in the Khovanov differential of x,, or consists of a single
point, if x; does occur in the Khovanov differential of x,,. Similar statements
hold for Y, and By 4 . It follows that if v, 4, exists then it is unique.

(2) The canonical identification of Khovanov generators does, in fact, give a chain
map. So, by the observations in the previous point, the map v, 4, does exist.

Except in one case, the same argument shows that the diagram (9.2) commutes: typically,
for each x, € Xy, and xy, € Xy (With u > w and |u|—|w|=2), s~ 1(x,) Nt (xw) C
Ay 1s either empty or has a single element. The exceptional case is the case of
a ladybug configuration, as in [35, Section 5.4] (see also Figure 7). In the ladybug
case, either both crossings under consideration lie in L or both crossings lie in L,
from which it follows easily that the diagram commutes. (This is immediate for the
present case when we are considering the disjoint union L; LI L5 ; the connect-sum
case L1 # L, is also fairly obvious.) O
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We are now ready to prove Theorems 1 and 2, which we recall for the reader’s conve-
nience:

Theorem 1 Let Ly and L, be links, and L1 Ul L, their disjoint union. Then
(1.1) X (L1 ULo) = V4 jpej XI(L1) AXE (L),

Moreover, if we fix a basepoint p in Ly, not at a crossing, and consider the correspond-
ing basepoint for L1 U L, then

(1.2) Xl (LiU L) ~ V), 4 jy=j X (L1) A X2 (L2).

Theorem 2 Let L1 and L, be based links and L1 # L, the connected sum of L1
and L, , where we take the connected sum near the basepoints. Then

(1.3) X (L1# L) ~\j 1 jymj Xip (L1) A Xy (La).

Proof of Theorems 1 and 2 We will prove formula (1.1); the proofs of formulas (1.2)
and (1.3) are essentially the same.

Fix a diagram for L; U L, so that there are no crossings between L; and L. Order
the crossings in L LI L, so that all of the crossings in L; come before all of the
crossings in L,. By Proposition 9.1,

F(LyULy) = ]_[ FL(Ly) x FZ(Lo).
Jit+j2=Jj
By Lemma 4.42, naturally isomorphic functors have stably homotopy equivalent realiza-
tions. By Propositions 4.46 and 4.50, the realization of 11 i4i=i F I{,‘Z (L1)x Flﬁ (L2)
is Vi ja=7 Xin (K1) A Xy (L2). O

These results quickly imply Corollary 1.4, which we also recall:

Corollary 1.4 For any n there exists a link L, such that the operation
Sq™: Kh'J (Lp) — KK ™7 (Ly)

is nonzero for some i, j € 7. Similarly, there exists a knot K, such that the operation
Sq": Kh' (Ky) — Kt (K,,)

is nonzero for some i, j € Z.. Further, for this knot, the operation
Sq": Khi'™/ (Ky) — K+ (Ky)

is also nonzero for some i, j € 7.
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Proof For the first statement, consider the disjoint union L, of n copies of the
left-handed trefoil 7. It follows from [35, Proposition 9.2] that

Xin(T) ~ 23S v E2SvSvS v Z4RP?
(compare [35, Example 9.4]). So, by Theorem 1,
n copies
Xxn(Ly) ~ S (RP* A---ARP?) VY
for some space Y. It follows from the Cartan formula that
Sq": H"(RPHN':2./27) — H*" (RP*)'; 2./27)
is nontrivial. This proves the first part of the result.

For the second part of the result, let K be the knot 15%,,,, and let K, be the
connect sum of n copies of K. According to the calculation in [53, Figure 6],
Kh™20(K;Z) ~ Z, Kh®%(K;Z) = Z/2Z and Khi:°(K;Z) = 0 for i # —2,0. In
particular, there is a class o € Kh=1-0 (K;Z/2Z) = Z./2Z such that Sq! («) is nonzero
and Sqi () =0 for i > 1. So, it follows from Theorem 2 and the Cartan formula that
fortheclass B=a A---Aa € Kh™"-0 (K»n), Sq"(B) is nontrivial.

Finally, we argue that Sq” is nonvanishing on Kh*"*(K}), as well. To see this, recall
from [35, Theorem 3] that there is a cofibration sequence

~j—1 i ~Jj+1
Xgp  (Kn) — X[éh(Kn) — X, (Kn)
inducing the long exact sequence
o= KT (K,) — KT (Ky) — KT 7Y (Ky) — KRB YN (K,) — -
Further, for coefficients in Z /27 — see[45, Proposition 1.7] —
dim(Kh'/ (Kp: Z/27)) = dim(Kh'~ ~Y(Kp:; Z/27)) + dim(Kh'~ *1(K,: Z./27)),
so the map Kh'/ (Kp:Z/27) — Khi»J—1 (Kn:Z/27) is surjective. In particular, there
isaclass y € Kh ™1 (K,;Z/27) which maps to 8 € Kh"°(K,,; Z /2Z). By naturality
of Sq", it follows that Sq" (y) maps to Sq"(B8) # 0, so Sq"*(y) # 0, as desired. O

Finally, we turn to the unreduced Khovanov homology of a connected sum.

Definition 9.3 Consider the Khovanov homotopy type associated to the unknot,
Xgn(U) =S V'S, which is the suspension spectrum of SV S® = {x, p_, p4}. The
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spectrum H! := X, (U) has a product w: H! A H! — H! induced by the map of
spaces (SOV S A (SOv S9) — (S%v S given by

P—-Np—+>Pp—s D+ AP—> P, P-AP+ > Pty P AP >R
Lemma 9.4 The operation 1 makes H' into a ring spectrum.
Proof This is immediate from the definitions. O

Remark 9.5 The map on reduced cohomology induced by p is the split map Kh(U) —
Kh(U) ® Kh(U). (The generators of Kh(U) are x_ corresponding to p_ and x
corresponding to p4.)

Remark 9.6 The notation H! is chosen to be reminiscent of the first of Khovanov’s
arc algebras H".

Next, fix a link diagram K with n crossings and a basepoint p € K. We make Xx;,(K)
into a module spectrum over H'. We will use the box map realization from Section 5,
applied to the functor Fgp: 2" — 9, using a particular choice of spatial refinement,
which we need to specify. The resulting CW complex is described in Proposition 6.1,
producing a finite CW spectrum Xk, (K). Before specifying the spatial refinement, we
recall the definitions of the reduced Khovanov functors Fgy: 2" — 4, to fix notation:

Notation 9.7 For u € {0,1}", define Fig,(u) (respectively F_gu(u)) to be the
subset of Fk,(u) where the circle in the complete resolution P(u) containing the
basepoint is labeled x4 (respectively x_). For u > v € {0, 1}"*, define the correspon-
dence from Figj(u) to Fign(v) (respectively from F_gp(u) to F_gu(v)) to be the
subset s~ ! (Fyxn(u)) Nt~ (Fixn(v)) (respectively s (F_gn(u)) Nt~ (F_ga(v)))
of the correspondence from Fgj(u) to Fgp(v). It is straightforward from the def-
inition of the Khovanov differential (Section 2.2) that this produces well-defined
functors Figp: 2" — . Furthermore, the map from Figp(u) to F_gp(u) which
relabels the pointed circle in P(u) from x4 to x_ induces a natural isomorphism
from Fyg, to F_gp; we often write F 7, to denote either functor. Finally, for any
u e€{0,1}"*, Fgn(u) = Fign(u) U F_gp(u); and for any u > v € {0, 1}", the correspon-
dence Fkp(¢u,v) from Fgu(u) to Fiu(v) is the disjoint union of the correspondence
Fygn(@u,v) from Fygp(u) to Fygn(v), the correspondence F_kp(@y,y) from F_gp(u)
to F_gn(v), and some correspondence from F_gj(u) to Fign(v).

Definition 9.8 A spatial refinement ﬁKh of Fgp, induces spatial refinements fH(h
of Fygy, and ﬁ_Kh of F_gp,. We call th a pointed spatial refinement if, with respect

Geometry & Topology, Volume 24 (2020)



Khovanov homotopy type, Burnside category and products 719

to the natural isomorphism between F,gj; and F_gy, the boxes used to define f_,. Kh
and F_gy are identical. In this case, there is an induced natural isomorphism between
ﬁ+Kh and F_Iih' For pointed spatial refinements, the CW complexes hocolim(ﬁth)
and hocolim(F_JrKh) are canonically isomorphic.

Lemma 9.9 FEach pointed link diagram (K, p) admits a pointed spatial refinement Fxn.

Proof We construct a spatial refinement F, xn of Fkj, in several steps. First construct a
spatial refinement F_ kn of F_gj, with the additional restriction that the box maps come
from the subspaces E°({By},s) of E({By},s), that is, the subboxes are contained in
the interiors of the bigger boxes. Then use the natural isomorphism between F.
and F_gj, to get a spatial refinement ﬁ-{-Kh of Fygp. Finally, extend ﬁ—f-Kh and F_g,
to construct a spatial refinement F, xn of Fxp, following the inductive argument in the
proof of Proposition 5.22(1). For the induction step, fix a length-£ sequence vy —
.-+ — vy of nonidentity morphisms in 2". There is a correspondence Fgy(¢y,,v,) and
a subset Fyxp(@ug,v,) U F—kn(@ug,v,); let s be the source map of the correspondence
Fin(¢ug,v,) and s’ the restriction of s to Fi gi(¢ug,v,) U F—gn(@ug,v,)- Induction and
F+Kh and ﬁ_Kh give a diagram

([0, 1] 1) —— E°({By},s)
[0, 1] ——— E°({By}.s")
where the right-hand vertical map forgets the boxes labeled by elements of

Fin(@vo,0e) \ (Fkn(@vo,00) U F—kn(@vg,v,))-
The inductive step is to construct a lift [0, 1]¢~! — E°({By},s) making the diagram
commute. Lemma 5.20 guarantees the existence of such a lift. Thus, induction implies
that Fkj, has a spatial refinement extending ﬁ+Kh and ﬁ_Kh. O
Construction 9.10 Given a pointed spatial refinement, define a map
W hocolim(ﬁ&) — hocolim(ﬁgl)

as follows: hocolim(f_:rKh) is a subcomplex of hocolim(F 122) and hocolim(fth) is
the corresponding quotient complex; define W to be the composition

hocolim(F I?;Z) —> hocolim(ijh) =5 hocolim(f_?_LKh) — hocolim(ﬁ Ig;l)
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where the first map is the quotient map, the second map is the canonical isomorphism
and the third map is the subcomplex inclusion. Note that W is a cellular map. The
induced map on Cg(K), the reduced cellular cochain complex of hocolim(f ,;Z), sends
generators that label the pointed circle by x_ to zero and on the rest of the Khovanov
generators relabels the pointed circle from x4 to x_.

Now we are ready to define the H!-module structure on Xx,(K).

Definition 9.11 Define a map Xg;,(K) A H! — Xk,(K) induced the following map
of spaces:

(9.12) hocolim(F )ALk, p—, p4+} = (hocolim(Fg)x{ p—})V (hocolim(F,)x{p+})
— hocolim(f[jh).

On the first summand, the map hocolim(F, 12; ) x{p_} — hocolim(F, ,:Z) is projection
to the first factor. On the second summand, the map is projection to the first factor
composed with the map W: hocolim(F~ I;Z) — hocolim(F~ I;Z) defined above.

Lemma 9.13 Definition 9.11 makes Xx;(K) into a module spectrum over H .

Proof This follows from the fact that WoW sends all of hocolim(ﬁ I;Z) to the basepoint.
O

The ring spectrum H! is commutative, so we can view the action of H! on Xx;,(K)
as either a left or a right action.

Note that the induced map on the reduced cellular cochain complexes associated to the
map (9.12) is the split map Cx;(K) — Cxn(K) ® Kh(U).

Proposition 9.14 Up to weak equivalence of H'-module spectra, Xi;(K) is an
invariant of pointed links. That is, if (K, p) and (K’, p") are pointed link diagrams
representing isotopic pointed links, then there exist H ' —module spectra Xg,(K) = X,
X1,...,Xy_1, Xy = Xkn(K'), and, for any adjacent pair X; and X1, either a map
X; — Xi41 oramap X;j+1 — X;, which is both an H! —-module map and a weak
equivalence.

Proof First, observe that the H ! —module structure is independent of the choice of box
maps; the proof is essentially the same as Proposition 5.22(2), but using Lemma 5.20
instead of Lemma 5.18.
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Next we show that, up to weak equivalence, this H!—-module spectrum is invari-
ant under Reidemeister moves. By a standard argument [27, Section 3], we only
need to consider Reidemeister moves that do not cross the marked point p. We
follow the framework from [35, Section 6]. Let Ky and K; (with ng and n;
crossings, respectively) be pointed link diagrams related by any of the three Rei-
demeister moves of [35, Figure 6.1], and assume nog < n;. The usual proof of
invariance of Khovanov homology shows that Cg,(Kp) can be identified with a
subquotient complex of Ck,(K1), inducing a (two-step) zigzag of isomorphisms
connecting Kh(Ko) and Kh(K1) (see also the proofs of [35, Propositions 6.2—6.4]).
Indeed, there is a particular vertex w € {0, 1}"*'7"0 such that for every u € {0, 1}"*°,
Fxn(Ko)(u) is identified with a certain subset Sy, € Fx,(K1)((u, w)), and, for every
u > v € {0,1}"°, the correspondence Fg;(Ko)(¢y,v) is identified with the subset
sTHS) NeTI(Sy) C Fin(K1)(@@,w),(v,w)) - Furthermore, these identifications iden-
tify Fygxn(Ko)(u) with Sy, N Fi (K1) ((u, w)) and, consequently, F_gp,(Ko)(u) with
Su N F_gn(K1)((u, w)).

Construct the H!-module spectrum Xx;,(K1) using some pointed spatial refinement
F, kxn (K1) for K. Restricting to the subsets S;, and the correspondences between them,
we get a pointed spatial refinement F, xn(Ko) for Ko, which we use to construct the
H ! —module spectrum Xx,(Ko). With the CW complex structures from Proposition 6.1,
hocolim(f I;;Z(KO)) can be identified with a subquotient complex of hocolim(f I;Z(K 1),
leading to a two-step zigzag of maps connecting Xk, (K1) and Xxg,(K3). Since the
Reidemeister moves do not cross the basepoint, it is immediate from the definitions of
these sub- and quotient complexes that the maps are H! —equivariant. Since they also
induce isomorphisms on homology, they are weak equivalences. a

For the rest of this section, fix a link diagram for K; U K5, which is a disjoint union
of link diagrams for K; and K,, with n; and n, crossings, respectively, and fix
basepoints p; on K; so that the two basepoints are next to one another (ie on the
boundary of the same component of S2\ (K U K>)).

Recall:

Definition 9.15 The (derived) tensor product of the module spectra Xk, (K1) and
Xgn(K3) is the homotopy colimit of the diagram

(9.16)  Xxu(K1) A Xxn(K2) £= Xkn(K1) AHY A Xk (K2)

£= X (Ki) AHAHY A X (K2) = -
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where the maps are all possible ways of applying  to a pair of consecutive factors.
To be more precise, let A;,; be the category with one object n = {0,...,n — 1}
for each positive integer n and Hom(m, r) the set of order-preserving injections
{0,....m—1}—{0,....,n—1};forn>0and 0 <i <n,let fpu; eHomAmj(g,lil)
be the morphism n — n+1 whose image is n+ 1\ {i}. (The category A;,; is
the subcategory of the simplex category generated by the face maps, and the fy
are the face maps themselves.) Then the diagram (9.16) can be treated as a (strict)
functor Fg from A?E. to ¥, the category of CW spectra. On objects, Fg(n) =

Y
XKh(Kl) AN (/\:l;llHl) A XKh(KZ)- On morphisms, F®(f'fll) is the map

Xin(K1) A (A= H') A Xin(K2) = X (K1) A (ANF=1H') A X (K2)
gotten by applying u to the (i +1)% pair of consecutive factors. Let
Xkn(K1) @ Xkn(K2) := hocolim(Fg)
denote the derived tensor product of Xg;,(K7) and Xxn(K>).

Theorem 10 There is a stable homotopy equivalence

Xin(K1 # Kp) >~ Xgn(K1) @p1 Xen(K2).

The proof of Theorem 10 involves three components. First, we show how the functor
Fxn (K1 # K») is determined by the functors Fx,(K1) and Fk,(K>); this is Lemmas
9.18 and 9.20, which take a little work but are purely combinatorial. Second, in Lemmas
9.21 and 9.23, we prove that Theorem 10 holds at the level of cellular cochains, for
an appropriate CW complex structure on Xk, (K1) @1 Xxn(K2). This is essentially
immediate from Segal’s construction of homotopy colimits and the connected sum
theorem for the Khovanov chain complex. Third, using the description of Fg,(K1#K>)
in terms of Fx,(K7) and Fku(K>) and carefully chosen spatial refinements, we produce
a (strict) map from the diagram (9.16) to Xk, (K # K3), inducing the desired map of
cellular cochains. This argument is Lemmas 9.24 and 9.25. From these three steps,
Theorem 10 follows easily.

We begin by reconstructing the functor Fgj, (K7 # K») from the functor
Fin(Kq U Kp): 2"M+12 5 o,

Definition 9.17 For a,b € {x, +,—}, let Fpx,(K1 U K>): 2*1 772 — 2 denote the
functor where we only consider the Khovanov generators that label the circle containing
p1 by x4 if a € {+, —} and label the circle containing p, by xp if b € {4+, —}, and we
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restrict the correspondences correspondingly. (If a or b is %, we make no restriction
on the label of the corresponding circle.)

Lemma 9.18 For v e {0,1}"17"2 the map F1_g,(K1UK3)(v) = F— 4 gn(K1UK>)(v)
that interchanges the labelings of the two pointed circles in P(v) induces an isomor-
phism Fi_gp(K1 U K2) — F_gn(K1 U K3).

Proof The isomorphism from Proposition 9.1 identifies either functor with the prod-
uct Fg; (K1) X Fg;(Kz). The given map is the composition Fi_g;(Ky U Kp) =
Fg (K1) X Fgg(K2) = F_ k(K1 U K3). m

Notation 9.19 Let F/;;(K1 U K3) denote the functor 2mtn2 . 2 where we
only consider the Khovanov generators that label at least one of the two pointed circles
by x_, and we restrict the correspondences correspondingly. (The notation F/y g,
is the mnemonic “not ++.) That is, for all u € {0, 1}*1 772 Fiixn(K1UKp) =
F__gn(KiUK)(u)U Fy— (K1 UK) () U F_y g (K1 U K)(u); and forall u > v €
{0, 1}"1+72 the correspondence Fi/4kn(K1UK2)(@y,v) is the disjoint union of the cor-
respondences F——xn(K1UK2)(@u,v), F+—xn(K1UK2)(@u,v), F—4+xn(K1UK2)(@u,v),
some correspondence P, from F__g;(K; U K2)(u) to Fy_gs(K; U K2)(v), and
some correspondence Qy v from F__g;(Ky U K3)(u) to F_4g,(Ky U K2)(v). Let
F be the functor obtained from F /4 g, (K1 U K3) by identifying Fy —xn(K1 U K>)
and F_gn (K1 U K3) by the isomorphism from Lemma 9.18. That is, for all u €
{0’ l}nl +n2 ,

F(u) = (F——gn(u) U F4—gn(u) U F—y k(W) / (F4—kn(u) = F—ygn(u));
and for all u > v € {0, 1}"1 172
F(pu,v) = (F——kn(@u,v) U Fp—kn(Pu,v) U F—t kn(@u,0) U Pup U Quw) / (Fp—kn(Puv)
= F_kn(@u,v))-

Lemma 9.20 The functor F constructed above is isomorphic to Fg,(K1 # K») via
the following map: for all u € {0, 1}"1%"2  the isomorphism sends x € F(u) to
y € Fgn(Ky1 # K»)(u) where y labels the connect-sum circle by x_ if and only if x
labels both the pointed circles by x_, and x and y label all the circles that are disjoint
from the connect-sum region identically.

Proof The proof is similar to the proof of Proposition 9.1. To keep the notation
similar, let X, = F(v), Ayy = F(oup), G = Fxn(K1 # K3), Yy, = G(v) and
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Buy = G(¢uw). The bijections ¢y: X, => Y, are already provided to us. To
construct bijections Yy, y: Ay => Byy, forall u > v with |u|—|v| =1, we need to
check the conditions (1) and (2) of the proof of Proposition 9.1.

For any u € {0, 1}*1 772 and any z, € Fi/ykn(Kq1 U K2)(u), let w(zy,) denote the
image of z, in Xy ; and for any x, € X, let ! (xy) (respectively 2 (xy)) denote the
preimage of x, in Fy_gn(K7 U K3)(u) (respectively F_xg, (K1 U K2)(u)). Then, for
any u > v with |u|—|v| =1, zy € Fy/y g, (K1 UK2)(u) and xy € Xy, one of the two
subsets 571 (zy,) N7 (1 (xy)) € Faein(K1 U K2) (0u,) and s 1(zy) N1 (12 (xy)) €
F_skn(K1 U K2)(¢u,p) is empty, and the other one is canonically identified with
the subset S_I(T[(Zu)) N t_l(xv) C Ay,y. This follows from the fact that the corre-
spondences in F. 4k, (K1 U K2) preserve two quantum gradings, the one coming
from K; and the one coming from K»; however, the double quantum gradings of
t1(xy) and (2(x,) are different, and, therefore, at least one of s~1(z,,) Nt~ 11! (xy))
and s~ 1(z,) Nt71(%(xy)) is empty.

From this observation, condition (1) is immediate. Condition (2) follows from addition-
ally noting that the composition Fg,(K; U K3) — X 5 Y induces the cobordism
map Cgp (K1 # K3) — Cgn (K1 U K3) associated to splitting at the connect-sum region,
which is a chain map.

Finally, we need to check that diagram (9.2) commutes for all ¥ > w with |u|—|w|=2.
Using the observation in the previous paragraph, this follows from the same arguments
as in the proof of Proposition 9.1. |

Next we observe that Theorem 10 holds at the level of cellular cochain complexes.

Lemma 9.21 There exists a CW complex structure on Xgj,(K1) ®p1 Xxn(K2) such
that the reduced cellular cochain complex is the chain complex
(9.22)  Cxn(K1) ® Cxn(K2) = Cxn(K1) ® Kh(U) ® Cxn(K2)
with the differential given by
Adxg® Q@ xp) =6(x0) R QX R Xy + X0+ RX; ®-+-®(xp)
n
+ Z(—l)i+"xo Q- Qxi—1QS(Xi)RXi4+1® X,
i=0

where S denotes either the Khovanov Frobenius algebra comultiplication map Kh(U)—
Kh(U) ® Kh(U) or the cobordism map Ckj (K1) — Cxn(K1) ® Kh(U) (respectively
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Cxn(K2) — Kh(U) ® Ckn(K»)) for splitting off a trivial unknot at py (respectively p»),
and § denotes the Khovanov differential on Cg,(K1) and Cgp(K>2).

Proof If F: A

inj

— CW, is a functor, Segal [51, Appendix A] defines its geometric

171 = (0 L &t ) /~

n=1

realization as

with (f(¢).@) ~ (&, F(f*)()) forall { € A"~1, a € F(n) and f € Homa,,(m.n),
and A" ! x {x} ~ % for all n. (The map fi: A" ! — A"! is the face inclusion
corresponding to f.) If A’fi__l denotes the disjoint union of A*~! and a basepoint, then
we can rewrite

IFIl = (Va A% A F )/~

with just the relation ( fx(¢),a) ~ (¢, F(f°P)(a)) for all £ € A"~!, g € F(n) and

f € Homp, (m,n).
Let Fg ¢: A}, — CW, be the functor obtained from Fg: A%, — €% by looking at

the £™ spaces in the spectra. Define the geometric realization || Fg|| as a CW spectrum
whose £ space is || Fgll¢ = | F,¢ |l with the structure map

T Folle = Z(Vau AT A Fg p(n))/~= (Vn AP A X Fg 4(n))/~
— (Va ATV A Fgp1()/~ = || Follg+1.

where the middle arrow is induced by the structure maps X (Fg(n))y = (Fo(1n))¢+1-
Equipped with the natural CW complex structure [51, Proposition A.1(i)], the reduced
cellular cochain complex of || Fg|| is easily seen to be the one from formula (9.22).

To identify || Fg|| with hocolim(Fg), use the construction of homotopy colimits of
the strict functor Fg via simplices, instead of cubes; Vogt [57, Corollary 8.5] shows
the two definitions agree. Using the simplicial model for the homotopy colimit, it
is well known that hocolim(Fg) is the barycentric subdivision of || Fg||. (See also
[51, Proposition A.3], where |simp(-)| plays the role of this space.) O

Lemma 9.23 The cobordism map S: Cgp(K1#K3) — Cgn(K1) ® Ckn(K2) associated
to splitting at the connected sum region induces a quasi-isomorphism

Cxn(K1#K>2)
s
Crn(K1)®Cxn(K2) = Crn(K1) ®Kh(U ) QCxn(K2)—Cxn( K1) QKh(U)®Kh(U)QCn(K2)— - -
from Cgp (K1 # K») to the chain complex from formula (9.22).
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Proof The Khovanov complex Cgp (K1 # K3) is the cotensor product of Cg; (K1) and
Ckn(K>) as comodules over Kh(U) [35, Lemma 10.5], while formula (9.22) is the
derived cotensor product of Ck, (K1) and Ckp(K3). Thus, the statement presumably
follows from the fact that Cx;, (K1) and Ck;(K2) are coflat. Rather than going down
this rabbit hole, dualize the complex (9.22) over Z, which exchanges the split map S
and the merge map m, the (derived) cotensor product and the (derived) tensor product,
and Cgp,(K) and Cgp(m(K)). (The last assertion is [26, Proposition 32].) The result
then follows from the fact that Cgy,(m(K;)) is free as a Kh(U)—module and Khovanov’s
connected sum theorem [27, Proposition 3.3]. O

We turn to the third part of the argument, constructing compatible spatial refinements
for Fgn(K1 #Kz) and FKh(Kl uuu---uUUKy).

Lemma 9.24 Consider any spatial refinement ﬁ+/+Kh(K1 UK>3) of Fi/pgn(K1UK>)
whose induced spatial refinements f_+Kh(K1 L K3) and ﬁ+_Kh(K1 U K») of

F_ykn(K1 U K2) = Fy—gp(Ky U K3)

agree. Then, identifying f_+Kh(K1 U K») and ﬁ+_Kh(K1 U K») produces a spatial
refinement ﬁKh(Kl # Kz) of FKh(Kl # K2) .

Proof It is immediate from the definitions that identifying F_+ k(K1 U K3) and
I*:+_Kh(K 1 U K») produces a spatial refinement of the functor F above. The iso-
morphism from Lemma 9.20 then produces the spatial refinement F, xn(K1# Ky) of
F, Kh(K 1 # Kz) . O

Let Z,-,,j = A;,;; U0 be the category obtained by adding an object 0 = & to A;,; and
a unique morphism 0 — n for each n;let fy ¢ denote the unique morphism from 0
to 1. We will extend diagram (9.16) to construct a functor AP @,

inj

Lemma 9.25 There exists a functor Fx: Z?Ej — €W satisfying the following:
(1) Fx(0) = Xgn(K1 # K2) and Fy(n) = X, (K1 U K2) A (AFZ]HY) forall n > 0.

(2) Let Fx denote the restriction Fy | A - Then there is a natural transformation 7
from the functor Fg of diagram (9. 16) to Fx, sothatforall n>0, n,: Fg(n)—
Fy«(n) sends each cell in Xk,(K1)A (/\?ZIIHI) AXkn(K2) to the corresponding
cell in Xy(K1 U K2) A (AJZ{H') by a degree 1 map.
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(3) Fx (foo%) is a map Xk, (K1 U K») — Xgn(K1 # K») such that the induced map
on reduced cellular cochains is the cobordism map

S: Cxn(K1 # K3) — Cxn(K7 U K>3)

induced by splitting at the connected sum region.

Proof During the construction of Fy, we will use spatial refinements for K LI K5 that
are pointed spatial refinements with respect to both p; and p,. We will call such spatial
refinements doubly pointed spatial refinements. Doubly pointed spatial refinements are
spatial refinements that agree on Fyygn(K1 U K3) and Fy—gx(K1 U K»), and also on
Fisxn(K1 U K>p) and F_4gn (K1 U K3) (and, therefore, agree on Fygp(Kq1 U K>),
Fi_gn(Ky U Kp), Foygn(Ky U Kp) and F__gp(Kqp U K3)). The CW spectrum
Xgn(K1 U K») constructed using any such doubly pointed spatial refinement can be
viewed as a strict bimodule over H', with the two actions coming from the two

basepoints p; and p,. Therefore, we can construct a strict functor G: A, —

inj
CW, by declaring G(n) = Xgn(K; U K3) A (/\?;IIHI) and by defining the Jmap
G(f5): Xin(K1 U K2) A (A= H') = X (K1 U K2) A (AIZ{H') to be the ring
mult;plication map applied to the i™ pair of consecutive H! —factors if 0 <i < n, and
the bimodule map coming from p; (respectively p») using the first (respectively last)

H! —factor if i = 0 (respectively n).
Now we are in a position to construct Fy. The construction proceeds in several stages.

(F-1) We start with pointed spatial refinements Fx,(K;) and Fxy(K2) of Fxn(K1)
and Fgj,(K>) (using kj—dimensional and k,—dimensional boxes with k1 + ky = k).
Since Fp(Kp U Kz) = FKh(Kl) X Fgp(K2) (Proposition 9.1), ﬁKh(Kl U Kp) =
F, xn(K1) A F, xn(K2) (see (ho-3)) is a doubly pointed spatial refinement for K1 U K5 .

(F-2) Define Fx: A?Sj — €W to be the functor associated to this doubly pointed spatial
refinement. This automatically satisfies the second part of Lemma 9.25(1). To relate Fg
and Fy, observe that for all n > 0, Fx(n) = Fx(1) A (/\?;%IHII) and Fg(n) is canon-
ically isomorphic to Fg(1) A (/\;:11 Hl) (preserving the order of the H!—factors);
therefore, it is enough to relate Fx (1), which is a formal desuspension of the suspension
spectrum of hocolim((ﬁ n(K)AF, Kh(Kz))+) ,and Fg(1), which is a formal desuspen-
sion of the suspension spectrum of hocolim((th(K 1))+) A hocolim((ﬁKh(Kz))Jr).
However, the former is easily seen to be a quotient of the latter, with the quotient
map sending each cell by a degree 1 map to the corresponding cell. This proves

Lemma 9.25(2).
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(F-3) The doubly pointed spatial refinement F k(K1 U K») induces a spatial refine-
ment ﬁ+/+Kh(K1 U K3) of Fy/ygy(K1 U K>); and its induced spatial refinements
F_qxn(K1 UK>) and Fi_gy(K1 U K2) of Foqxp(Ky U K>) and Fi_gy(K1 U K>)
agree (with F_4 k(K1 UK>) and Fy_g,(K; U K>) identified by Lemma 9.18). There-
fore, by Lemma 9.24, we get a (pointed) spatial refinement F) k(K1 # K>) for Kq# K>
(with the basepoint chosen on either of the two strands near the connect-sum region).

(F-4) We use ﬁKh(Kl # K») to construct the CW spectrum Fyx 0) = X (K1 #K>3);
this automatically satisfies the first part of Lemma 9.25(1).

(F-5) The space hocolim((F4x(K1 L K2))T) is a quotient complex of the space
hocolim((ﬁgh(l(l U Kz))"‘); it has two subcomplexes hocolim((f__,_Kh(Kl U Kz))+)
and hocolim((ﬁ+_Kh(K 1u K2))+) that have a canonical isomorphism between them;
and the coequalizer is canonically identified with the space hocolim((ﬁ xn(K1#K 2))"') .
That is, we have a diagram

hocollm((F_+Kh(K1 U Kz))+ ~ hocohm (F+ xn(K1 U Kz))"')

NS

hocolim(( Fxr(K1 U K2))*) —» hocolim((Fy/4 (K1 U K2))¥)

l

hOCOlim((ﬁKh(Kl # KZ))+)

Let Fu(fyp): Fx(1) = Xkn(K1 U K2) — X, (K1 # K2) = Fx(0) be the map induced
from the composmon hocohm((FKh(Kl LK,)T) — hocohm((FKh(Kl#Kz))"') This
map is a cellular map sending the cells in Xk, (K1 U K3) to the corresponding cells in
Xkn(K1 # K») by degree 1 maps (with the correspondence described in Lemma 9.20).
Therefore, this map satisfies Lemma 9.25(3).

(5—6) We hive to define the map Fx(2) — Fx(0) to be both Fx(fg(”%) o Fx (fﬁ%) and
Fx( fQO %) ) fx( ffl)); so we merely need to check that the latter two maps agree. The
two maps Fx ( flo %) and Fx( f1 1) are both induced from maps of spaces

hocolim((Fix (K1 U K2) V) A%, p—. p1}

= (hocolim((Fx (K1 U K2))*) x {p—}) v (hocolim((Fxr (K1 U K2))*) x {p+})
— hocolim((Fgn(K1 U K2))™).
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The two maps agree on the first summand: both are the projection
hocolim ((Fia(K1 U K2)) 1) x { p—} — hocolim((Fxa(K1 U K2))).

On the second summand, the two maps are compositions of the projection map
hocolim((Fxs(K1U K2)) ) x{ p4} — hocolim((Fxs (K1 U K2)) ) with the following
two maps:

hocolim((ﬁKh(K1 ] Kz))+)

— T

hocolim ((F_xxn(K1 L K2))%) hocolim((Fy—gr (K1 L K2))¥)
hocolim((Fy«xn(K1 U K2))F) hocolim(( Fy4xn(K1 U K2))F)

hocolim ((Fia(K1 U K2))*)
Therefore, after composing with the map
hocolim ((Fxx(K1 U K2)) ") — hocolim((Fyu (K1 # K2)) ™)

from step (F-5) that induces Fix ( fo0 %), we get the two maps

hocolim((ﬁkh(K1 U Kz))+)

!

hOCOlim((ﬁ——Kh(Kl u Kz))+)

/ \

hocolim((Fy—xn(K1 U K2))F) hocolim((F—+xn(K1 U K2))T)

\ /

hocollm((F+/+Kh(K1 U Kz))+

!

hocolim((Fi (K1 # K2))*)

(The first vertical map is the quotient map to hOCOlim((ﬁ——Kh(K 1 u Kz))+), as the
composition sends the rest of hocolim((ﬁ xn(K1U Kz))"‘) to the basepoint.) However,
since hocolim((ﬁ xn(K1 # Kz))+) is the coequalizer (see step (F-5)), these maps agree.

Geometry € Topology, Volume 24 (2020)



730 Tyler Lawson, Robert Lipshitz and Sucharit Sarkar

(F-7) The n different morphisms n — 1 in Alsj induce the following two maps

Fx(n) — Fx(1): first apply the ring multiplication on the H!—factors to get a map
¢3 Fx(ﬂ) = XKh(KI U KZ) A (/\1_1 Hl) - XKh(Kl U K2) A Hl Fx(z),

and then compose with the two maps Fx( flo%) and Fi( flori). We have already defined
the map Fx(2) — Fx(0); define the map Fx(n) — Fx(0) to be its composition with ¢.

The functor Fx thus constructed satisfies the conditions of the lemma (see steps (F-2),
(F-4) and (F-5)), thereby concluding the proof. O

Remark 9.26 Steps (F-5) and (F-6) in the proof of Lemma 9.25 actually show that
with the specific choices made in the proof, Xk, (K1#K>) is the ordinary tensor product
of Xgn(K1) and Xx;,(K>) over H'. However, these spectra and their module structures
are only defined up to weak equivalence (see Proposition 9.14); and the ordinary tensor
product is not invariant under such equivalences, while the derived tensor product is.

Proof of Theorem 10 Let Fg: A7), — %% be the functor from diagram (9.16), and let
Fy: Z?flj — €W be the functor constructed in Lemma 9.25. The derived tensor product
Xkn(K1) @1 Xgn(K2) is defined to be hocolim(Fg). The natural transformation
n: Fg — Fx = Fx| AL from Lemma 9.25(2) is a stable homotopy equivalence on each
object; therefore, by property (ho-1) in Section 4.2, hocolim(Fg) =~ hocolim(Fx).
Since 0 is a terminal object in Aisj, the functor Fy induces a map

XKh(Kl) Qw1 XKh(Kz) = hOCOlil‘n(FX) — FX(Q) = XKh(Kl #Kz).

Using Lemmas 9.21 and 9.25(2), we can view hocolim(Fx) as a CW spectrum whose
reduced cellular cochain complex is the complex from formula (9.22). Lemma 9.25(3)
implies that the map hocolim(Fx) — Fx(0) induces the quasi-isomorphism from
Lemma 9.23 at the level of reduced cellular cochain complexes. Therefore, the map is
a stable homotopy equivalence. a

10 Khovanov homotopy type of a mirror

Given a spectrum X, let X denote the Spanier—Whitehead dual of X, which is the
internal function object parametrizing maps X — S. If X is a finite spectrum, the
spectrum XV is also finite, and is characterized by the existence of map of spectra

w: X AXY =S
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such that the slant product map
(10.1) w*(y)/-: Ho(X) > H*(XY)

is an isomorphism. (Here, y € HO(S) is the fundamental class.) We will say that p
witnesses S—duality between X and X" . See Switzer [54, Proposition 14.37] and
Adams [2, Section III1.9] for more details.

Theorem 11 [35, Conjecture 10.1] Let L be a link and let m(L) denote the mirror
of L. Then
/’\,’Iéh(m(L)) ~ Xlghj (L)Y.

Before proving the theorem we recall a reformulation of the Spanier—Whitehead duality
criterion, after some homological algebra.

Lemma 10.2 Let Cx and D be finitely generated chain complexes of abelian groups
and let f: Cx — Dy be a chain map. Suppose that for any field k , the induced map
f®Id;: C« ®k — Dy ® k is a quasi-isomorphism. Then f is a quasi-isomorphism.

Proof (compare [20, Corollary 3.A.7]) It suffices to prove that the mapping cone
Cone(f) of f is acyclic. Observe that Cone(f ® Id;) = Cone(f) ® k, and by
assumption Cone( f ® Idg) is acyclic for any field k. It follows from the universal
coefficient theorem that if £, ® [F,, is acyclic for all primes p then E is acyclic. O

Lemma 10.3 Let Cy and D, be finitely generated chain complexes of free abelian
groups and F: Cx ® D« — Z a chain map. Write D* = Hom(D«, Z) for the dual
complex to D, . Then the following conditions are equivalent:

(1) The map Cx — D* induced by F is a quasi-isomorphism.

(2) For any field k, the map H«((Cx ® k)) ® H«((D+ ® k)) — k induced by F is
a perfect pairing.

Proof (1)=(2) Tensoring with k, the map f: Cx ® k - D* ® k = Hom(Dx, k)
induced by F is a quasi-isomorphism. Suppose « is a nontrivial element of H,(Cx®k).
Then fi() #0€ He(D* ®k) =Hom(H« (D« ®k),k). Let p € Hi(D« ®k) be an
element on which fi () evaluates nontrivially. Then Fy (o ® B) = f«(x)(B) # 0.

Similarly, if 8 # 0 € H«(Dx ® k) then there is an element b € H«(D* ® k) such
that b(B) # 0. Since f is a quasi-isomorphism there is an o € H4«(Cx ® k) such that

b= f(a). Then Fy(a ® f) = fu(a)(B) =b(B) #0.
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(2)=(1) We start by checking that for any field k&, the map f: Cx ®k - D* ®k
is a quasi-isomorphism. To this end, suppose o« # 0 € H,(Cx ® k). Then there exists
B € He(Dx ® k) such that Fy(e ® B) #0 € k. Then fi(x)(B) = Fx(a ® B) # 0,
so f«(a) # 0. Thus, fx is injective. Next, given any element b € Hy«(D* Q k) =
Hom(H« (D« ®k), k), since Fy is a perfect pairing there is an element o € H4(Cx ®k)
such that b(-) = Fx(@ ®-). Since Fx(@ ®-) = fiu(a@)(-), we get b = fi(a). So, fx«
is surjective.

Thus, the map f ® Idg: Cx ® k — D* ® k is a quasi-isomorphism for any field k.
So, by Lemma 10.2, the map f: C« — D™ induced by F is a quasi-isomorphism, as
desired. |

Proposition 10.4 Let X and Y be finite CW complexes and let u: X AY — S™ be
a continuous map. Then u witnesses S —duality between X and ¥7"Y if and only if
for every field k and integer i, the induced map

Hi(X:k)® Ho_i (Y:k) = Hy(S™: k) =k
is a perfect pairing.
Proof Let C£(X) denote the reduced cellular chain complex of X and C x (X))

the reduced cellular cochain complex. The slant product map of formula (10.1) is the
map on homology induced by

CiM(X) = Cly™ () = Hom(Cul (Y), Z), - x> (v = y(a(x A Y))).

ce
In other words, this is the map induced by the pairing

CENX)QCL(Y) —> CNS™) =Z, x®y > y(us(x AY)).

So, the result is immediate from Lemma 10.3. O

The other ingredients in the proof of Theorem 11 are some facts about functoriality of
Khovanov homology and the Khovanov stable homotopy type.

Suppose that F C [0, 1] x R3 is a link cobordism from Lg to L;. Associated to F is a
map ®r: Kh(Lo) — Kh(L1), well-defined up to multiplication by £1; see [24; 28; 4].
The following properties of ® are immediate from the definition:

(1) If F and F’ are isotopic link cobordisms (relative boundary) then ®p = +® /.
(2) If F =10,1]x L is the identity cobordism from L to L then

®p = £1d: Kh(L) — Kh(L).
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(3) If F; is a cobordism from Lg to L{ and F5 is a cobordism from L to Lo,
and F, o F; denotes the composition of F, and Fj, then

Dryor, = +Pp, 0 O, .

(4) If F is a cobordism from Lo to Ly and F’ is a cobordism from L; to L/,
and F U F’ denotes the disjoint union of F and F’, which is a cobordism from
LoU Ly to Ly U LY, then, for any field k,

Opup =+Pr @ P Kh(Lo: k) ® Kh(Ly: k) = Kh(Lo U Ly k)
— Kh(LiUL;k)=Kh(L1;k)® Kh(L’; k).

Given a link L there is a canonical, genus O cobordism F from L Lim(L) to the empty
link.

Proposition 10.5 For any field k, the map
®r: Kh(L;k) @ Kh(m(L); k) = Kh(LUm(L); k) — Kh(D;k) =k

associated to the canonical cobordism from L Lim(L) to the empty link is a perfect
pairing.

Proof This follows from properties (1), (2), (3) and (4) above via the usual snake-
straightening argument in topological field theory (see for instance [46, Lecture 7]). O

As noted above, the cohomology groups of Xxy(L) are the Khovanov homology of L.
Since we are viewing Khovanov homology as covariant in the cobordism, it is more
convenient to work with the homology groups of Xk, (L). These can be understood as
follows:

Lemma 10.6 Let L be a link diagram. Then the cellular chain complex for Xk, (L)
agrees with the Khovanov complex for m(L). In particular,

Hi(X,(L)) = Kh™"77 (m(L)).

Proof This is immediate from the definitions. To wit, Xk, (L) can be constructed as

a CW complex whose reduced cellular cochain complex C,

to the Khovanov complex Ck;(L) from Section 2.2. Therefore, the reduced cellular

(Xkn(L)) is isomorphic

chain complex C£¢(Xg,(L)) is isomorphic to the dual complex Hom(Cg,(L), Z).
However, the dual complex is isomorphic to Cg,(m(L)) [26, Proposition 32]. In
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the language of Section 2.2, this isomorphism takes a Khovanov generator in F7,(v)
to a Khovanov generator in Fj,;( L)(T — v) by changing the labels on the circles of
PL(V) = Py L)(T —v) from x4+ to x_ and vice versa. The gradings work out, and
we get H; (X}, (L)) = Kh ™"/ (m(L)). O

Functoriality for the Khovanov spectrum has not yet been verified, but in [36] we did
associate maps to elementary cobordisms:

Proposition 10.7 Let L1 and L, be links in R® and F a cobordism from L1 to L.
Then there is a map of spectra

Y, (Fy: Xxkn(m(L1)) — Xgn(m(L2))
such that the induced map
W (ryx: Ha(Xkn(m(L1))) = Kh(L1) — Kh(L2) = Hy(Xgn(m(L2)))
agrees with the cobordism map ©® g up to sign.
Proof The corresponding statement in cohomology is immediate from [36, Proposition

3.4, Lemma 3.6 and Lemma 3.7]; the homology statement comes from dualizing [36,
Proposition 3.4 and Lemmas 3.6-3.7] (see Lemma 10.6). O

With these ingredients, we are now ready to verify the mirror theorem.
Proof of Theorem 11 The following argument was suggested to us by the referee
for [37].

By Proposition 10.4, it suffices to construct a map Xxp(m (L)) A Xxkn(L) — S so that
for any field k, the induced map

Hi (Xkn(m(L)); k) ® H_; (Xgi(L); k) — Ho(S) =k

is a perfect pairing. By Proposition 10.5, applying Proposition 10.7 to the canonical
cobordism from L Lim (L) to the empty link gives such a map. |

Remark 10.8 Theorem 11 (perhaps) gives an obstruction to knots being amphichiral:
if K is amphichiral then X,gh(K) is Spanier—Whitehead dual to XK_hj (K). Using
KnotKit [50] (and the technique in [37]), it is possible to verify that this obstruction
does not give any additional restrictions on amphichirality for prime knots up to 15
crossings, beyond those implied by Khovanov homology itself. Indeed, the only
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Khovanov homology-symmetric knots with 15 or fewer crossings for which Sq? is
nonvanishing are 14%,,, 14573,, 145,794, 145,073 and 15755-,-. In each of these
cases, the non-Moore space summands of Xk are copies of (various suspensions and
desuspensions of) RP>/RP? and RP#/RP!, and these summands (with appropriate
grading shifts) are exchanged by (i, j) — (—i,—j).

It remains open whether the stable homotopy type gives nontrivial restrictions for
larger prime knots, although we expect that it does. As a proof of concept, look at
[49, Table 1] and consider the link L = 1479 Um(147,5,4c). Its Khovanov homology
is symmetric since Khovanov homologies of 14,4 and 1475, are isomorphic (as
bigraded groups); the homology of either knot is supported on three adjacent diagonals,
the only torsion present is 2—torsion, and the lowest and highest quantum gradings
where 2-torsion appears are —11 and 5. However, 14%.., has no Sq?, but 147, 4,
has a single Sq? in quantum grading —1. Using the Cartan formula and Theorem 1, the
lowest and highest quantum gradings where Kh(L) has nontrivial Sq* are —6 and 10,
and, therefore, its Khovanov homotopy type is not symmetric. (Of course this is not
our recommended proof for showing L is achiral!)

11 Applications

In this section we give an application of the Kiinneth theorem for the Khovanov stable
homotopy type to knot concordance. We begin with some background, continuing
from Section 2.2. Recall that Rasmussen [48] used the Lee deformation of the Kho-
vanov complex [31] (the specialization (k,¢) = (0, 1) of Definition 2.1) to define a
concordance invariant sg € 27. As the notation suggests, to define s@, Rasmussen
used Khovanov homology with coefficients in QQ, though any field of characteristic
different from 2 would work as well. Bar-Natan [4] gave an analogue Cgy of the Lee
deformation that also works over 5 (see also [43; 55]). The Bar-Natan complex Cpy
is the specialization (%,t) = (1, 0) of the universal complex C of Definition 2.1. Let
SK = SEZ denote the corresponding Rasmussen-type invariant; see also [36, Section 2.2].
Since the formal variable 4 has quantum grading —2, the differential in the Bar-Natan
chain complex either preserves the quantum grading or increases it. Let F;Cpy denote
the subcomplex of Cpy supported in quantum grading g or higher. This defines a filtra-
tion on the Bar-Natan complex, and the associated graded object €5 q FqCoN/Fq+2Csn
is the Khovanov chain complex Ckj, .
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The second Steenrod square Sq? for the Khovanov spectrum Xx;,(K) gives a map
Sq?: Kh'/ (K:Fp) — KK 727 (K T»)

2
for each i and j. Using this, in [36] we constructed a refined s—invariant siq (K), as
follows:

Definition 11.1 [36, Definition 1.2 and Lemma 4.2] Consider configurations of the
following form:

(@.b) (@,b) (a,b) (@,b)

(11.2) [ [ H
Ki~25 K1 (K3 Fa) 25 KHOSK (K ) Ho((Fs 1 Caon(K): F2) —> Ho(Con(K); F2)

Define

if there does not exist such a configuration,

Sq? SK
K) =
s+ (B {SK 42 otherwise.

2
Theorem 12 [36, Theorem 1] The integer siq (K) is a concordance invariant, and
Sq2
2g4(K) = |53 (K)|

where g4(K) is the 4-ball genus of K.

Lemma 11.3 Let K and L be two knots such that the following holds:

2
(1) $3(K) = s +2.
(2) KhSLTY(L:TF,) S&, gp2se+l (L:T5) is the zero map.
(3) Either the map Kh®Stt1(L;F,) Sql, gplse+l (L:T5) is the zero map or the
1
map Kh™ 2K~ 1(K; F,) 3% Kh~ K ~1(K; F,) is the zero map.

2
Then siq (K#L)=sgsr +2=5g +s1 +2.

Proof Consider the saddle cobordism from K LIL to K# L. Choose some orientations
0k, oy, and ogur , of the knots K, L and K # L, which are coherent with respect to
the saddle cobordism (see Figure 10). Let {+ok}, {*or} and {+ogsr} denote the
sets of orientations of K, L and K # L. For any orientation o there is a corresponding
generator g(o) of Ho(Cpy;F2) [31, Theorem 4.2; 56, Theorem 1]. We will use the
following facts:
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X

Figure 10: Oriented connected sum. Pieces of two knots and their connected
sum, oriented coherently with the obvious saddle cobordism, are shown.

(1) Cpn(K U L) is canonically identified with Cpy(K) ® Cpy(L). The induced iden-
tification on the associated graded objects, Kh(K U L) =~ Kh(K) ® Kh(L), is the one
induced from the equivalence from Theorem 1. (This is immediate from the definitions.)

(2) The sets {g(+ok)}, {g(FoL)}, {g(Foksr)} and {g(+ok) ® g(FoL)} form
bases of Ho(Cpn(K)), Ho(Cpn(L)), Ho(Cpn(K # L)) and Ho(Cpy(K U L)), respec-
tively [31, Section 4.4.3; 56, Theorem 1].

(3) g(oL)+g(—or) has acycle representative in Fs, +1Cpn(L) [36, Proposition 2.6].

(4) The saddle cobordism map Cpy(K LI L) — Cpy(K # L) preserves the homological
grading and either increases the quantum grading or decreases it by exactly one. The
induced map on Kh commutes with the map Sq? [36, Theorem 4]. The induced map
on Hy(Cpy;F2) is the following:

glox)®glor) — gloksr), g(—ok)®gl(or) 0,
g(ox) ® g(—oL) — 0, g(—ok) ® g(—oL) = g(—oksL).
(This follows from the same argument as [48, Proposition 4.1], since Turner’s change

of basis diagonalizes the Bar-Natan Frobenius algebra.)

2
Since siq (K) = sg + 2, there is a configuration as in (11.2). Since {g(0ok), g(—oK)}
also form a basis for Ho(Cpy(K);F2) (fact (2)), after performing a change of basis if
necessary, we may assume that a = g(og) and b= g(—ok).

Using fact (3), choose some configuration of the form

(©) {c) {(glor) +g(—oL))

[ | |

KhOSL V(L Fy) «— Ho(Fs, +1Cav(L): F2) —— Ho(Can(L); F2)
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Combining the two configurations and using the identification from fact (1), we get the
configuration (transposed to fit)

(@RC,b®E)C Kh™ 25K HSL(K | L Ty)
|
(@®e,b®70)C KROSKHSL(K U L: TF,)

T

(a®c.b®c)——— Ho(Fsg+s,Con(KUL);F2)

!

(8(0x) ® (8(0) +g(—01),
§(Cox)® (¢(01) + g(opn)— HolCav(KUL):Fa)

We should justify the topmost square; that is, assumlng Sq (@)=a and Sq? (b) =b, we
need to show that Sq?(@ ®¢) =a ®¢ and Sq? (b ®C) = b ®¢. Since the identification
Kh(K U L) = Kh(K) ® Kh(L) is induced from the identification Xx,(K U L) =
Xin(K) A Xkp(L) of Theorem 1 —see fact (1) —

SPP@R8) =Sq?@) Q¢ +Sq' (@) ®Sq'@)+a®S¢>(E) =aQ¢.

The first equality is the Cartan formula; the second uses the lemma’s hypotheses.
Similarly, Sq?(b ® ¢) = b ®¢C.

Now consider the image of this configuration under the saddle cobordism map. Using
fact (4), we get a configuration

(P, q) ——— Kh™ 25KV (K # L; TFy)
Sq2

§)————— K™KLY (K # L; )

S

(p,q)—————— Ho(Fsgu,—1Con(K#L);F)

(gloksL). g(—ok#L))—— Ho(Can(K #L);[F2)

2
By fact (2), (g(0k#L). §(—0k#1)) = Ho(Can(K # L): F2); therefore, s3% (K # L) =
SK#L + 2. |
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2
K oK) sg ©(K) s3(K) ga(K) sg u(K)
94> -2 0 0 2 1 0 1
10136 -2 0 0 2 1 0 1
m(11%) -4 2 1 4 2 2 2
m(11%,) -2 0 0 2 1 0 1
1z, -4 2 1 4 2 2 2
1 =2 0 0 2 1 0 1

Table 1

We are almost ready to prove Corollary 1.5. First, we tabulate some invariants of the
knots K that appear in its statement.

There is some confusion in the nomenclature of knots regarding mirrors, stemming
primarily from the fact that Gauss codes do not distinguish between a knot and its
mirror. See Figure 1 for our convention. We have followed the convention from the
Knot Atlas [5], using their planar diagram presentations (which do detect chirality).
The knots in Figure 1 are produced in Knotilus [15] using Gauss codes from the Knot
Atlas; however, for 117, our knot diagram differs from the one produced by Knotilus
(as well as the one in the Knot Atlas) by mirroring. Alternatively, one can deduce our
convention from the value of the signature ¢ (K) in Table 1 (which, for us, is negative
for positive knots).

The values of sxg = s% and siqz(K ) are imported from [37]; sx can also be computed
independently by Knotkit [50]. The values of the four-ball genus g4(K) and the
unknotting number u(K) are extracted from Knotinfo [38]. The absolute values of the
signature o (K) and sg are extracted from [5] and the absolute value of Ozsviath and
Szabd’s invariant 7(K) come from [3]. We deduce the signs of o(K), sg and t(K)
by noticing that all the unknotting crossings in Figure 1 are positive, and changing a
positive crossing to a negative one decreases —%O’(K), %SQ and 7(K) by O or 1. We

list 7(K), sg and u(K) purely for the reader’s interest.

Finally, we deduce Corollary 1.5, which, to recall, was the following:

Corollary 1.5 Let K be one of the knots 942, 10136, m(117y), m(11%,), 1175,
or 115,. (Here m denotes the mirror.) Let L be a knot which is the closure of a
positive braid. Letting g4 denote the four-ball genus, we have

ga(K#L) = ga(K) + ga(L).
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Proof Certainly g4(K#L) < g4(K) + g4(L), so we only need to show g4(K#L) >
g4(K) + ga(L).

First consider the knot K € {943, 10136, m(1174), m(11%,), 117, 115} . In all cases
2
$3T(K) = sx +2 = 2ga(K) (see Table 1).

Next consider the knot L. Draw L as the closure of a positive braid with n crossings
and m strands. We will classify the generators of the Khovanov chain complex Cgy (L)
in quantum grading n 4+ 2 —m or less.

Let v be some vertex in the cube of resolutions for L. Assume there are ¢, circles in
the resolution at v. The smallest quantum grading over v is achieved by the Khovanov
generator which labels all the ¢, circles by x_. The value of this smallest quantum
grading is n + |v| — ¢y.

Since all the crossings of L are positive, the resolution at the zero vertex 0 is the
oriented resolution; therefore ¢ = m. If u is some vertex of weight 1, ie [u| =1,
then the resolution at u is obtained from the oriented resolution by a merge; therefore
¢y = m — 1. The resolution at any other vertex v is obtained from some weight 1
vertex by |v| — 1 merges or splits; therefore ¢, <m —1+ |[v|—1=m + |v| — 2, with
equality holding if and only if the resolution at v can be obtained from some weight 1
resolution by splits only.

It follows that the minimum quantum grading over any vertex v 7 0 is at least n—m+2;
and over 0, the minimum quantum grading is n — m, which is attained only by the
Khovanov generator that labels all the m circles by x_. Observe that this is enough to
compute the values of sz, g4(L) and g(L): s, > n—m + 1, and Seifert’s algorithm
yields a surface of genus %(n —m + 1); therefore, the inequality

n—m+1<sp <2g4(L)<2g(L)<n—m+1
leads to the equality
sp, =2g4(L)=2g(L)y=n—m+ 1.

Next, we compute the Khovanov homology in these quantum gradings. We have
Kh*4(L;7Z) =0 forall ¢ <n—m and Kh*"~™(L;Z) is Z supported in homological
grading zero. However, our interest lies in quantum grading n —m 4+ 2; we show that
Kh*"~™%2(L:7) is Z supported in homological grading zero as well.
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Number the m strands in the braid diagram from left to right. For 1 <i <m, let n; be
the number of crossings in the diagram between the i and the (i4-1)* strands, ie the
number of times o; occurs in the braid word. (Then n= Zi n;, and, since L is a knot,
n; > 1 for all i.) Number the n; crossings from top to bottom. For 1 <i <m, let
X;i = (6, x;) be the Khovanov generator where x; labels the i™ circle in the oriented
resolution by x4, and the rest by x_. For 1 <i <m and @ # J C {1,...,n;},
let u; j be the weight |J| vertex in the cube of resolutions where the 1-resolution
is taken only at the crossings that appear in J between the i" and (i +1)*' strands;
and let y; y be the Khovanov generator living over u; y where all the circles are
labeled by x_. From the discussion above it is clear that the Khovanov chain group

CI’;;anrz_m (L) is generated by these generators x; and y; y. The differential is fairly
straightforward:
YL vig ifi=1,
Sxi =20l iy + 2 yieyy if1<i<m, Syig= Y. Eyir.
S Y1) if i =m, v

Here we are using the standard sign assignment on the cube, and the signs are determined
by the ordering of the n crossings.

Using the change of basis replacing xj by Z;;l (=1)ix; forall 1 <k <m, itis easy

*,n+2—m
CKh

to see that the chain complex (L) is isomorphic to the direct sum of cube

complexes

m—1 n;
c;,;”“‘m(L;Z);Z@(@( (Z—>Z)).
1

i=1"j=

Therefore, Kh*"*27™(L;7Z) = 7, supported in homological grading zero (and is
generated by the cycle Y 7L, (=Dix;).

As an immediate consequence, we have that both the maps
Sq': Kn®SLH(L;Fy) — Kh' 5Lt H(L;Fy) =0,
Sq%: KhOSL T (L Fy) — Kh2SL (L Fy) = 0

vanish. Therefore, K and L satisfy the conditions of Lemma 11.3, so

2
2g4(K#L) > 55T (K#L) = sg + s +2 = 2ga(K) + 2g4(L). =
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Appendix Flow chart of sections

— 2.2 Khovanov constr. 2.1 Cube cat.

|

3.1 Corners — 3.2 Flow cats. —— 3.4 Cube flow cat. 4.3 Cube to Burnside

|\

3.3 Permutohedra 3.5 Cubical flow cat. 4.1 Burnside 2—cat. 4.4 Thickening

3.6 Cubical neat emb. 5.1 Box maps 4.2 Hocolim

l | l

3.7 Cubical realization 5.2 Box refinements — 5.3 Small realization 4.5 Thick realization

[T —

3.8 Cubical is CJS 6 Small is cubical 5.4 Small is big 4.7 Products

e

L— 7 The Khovanov stable homotopy type and its many realizations 4.6 Thick invariance

— T

8 HKK Khovanov htpy . 9 Disjoint unions
. 10 Mirrors «——
type agrees with ours and connected sums

— 11 Applications

Background material is in italics. Superficial dependencies (eg for examples or small
pieces of notation) have been omitted.
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