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A construction of the quantum Steenrod squares
and their algebraic relations

NICHOLAS WILKINS

We construct a quantum deformation of the Steenrod square construction on closed
monotone symplectic manifolds, based on the work of Fukaya, Betz and Cohen. We
prove quantum versions of the Cartan and Adem relations. We compute the quantum
Steenrod squares for all CP” and give the means of computation for all toric varieties.
As an application, we also describe two examples of blowups along a subvariety, in
which a quantum correction of the Steenrod square on the blowup is determined by
the classical Steenrod square on the subvariety.

53D45; 14N35, 55510

1 Introduction

We begin with the background of the Steenrod squares. We will then mention quantum
cohomology and the results in this paper. The Steenrod squares are cohomology
operations that are uniquely defined by a set of axioms, although this uniqueness does
not include a construction. There are multiple ways of constructing the squares, one
of which involves constructing the operations on H*(K(Z/2,n); Z/2) for Eilenberg—
Mac Lane spaces K(Z/2,n).

For a topological space M, the Steenrod squares are additive homomorphisms
Sq': H*(M) — H" (M)

using Z/2 coefficients. They generalise the squaring operation on cohomology with
respect to the cup product, x — x U x. The Z/2 coefficients ensure that the Sqi are
additive. These Steenrod squares together determine a degree-doubling operation that
we call the Steenrod square,

Sq: H*(M) — H*(M)[h],
where

Sq(x) = Sq* T (x)h'.
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Here 4 is a formal variable in degree 1 that represents the generator of
H*(RP*®;Z/2) = Z/2[h)].
The Steenrod square satisfies the Cartan relation

(1) Sq(x U y) = Sq(x) USq(y),

which, for example, allows one to inductively compute the Steenrod squares for the
cohomology of CP" (which we will review in Example 2.4). The Steenrod square
also satisfies the Adem relations, which are relations between compositions of the Sqi.
Namely, for all p,q > 0 such that ¢ < 2p,

lg/2]
) Sq? Sq? = Z (pq__sz_sl) qu+tI—s Sq°,
s=0

where [g/2] is the integer part of g/2. The Adem relations are classically implied by
the axioms.

In Section 2, we explain in more detail the relevant background material.

We will then describe two different constructions of the Steenrod square in Section 3:
the first construction uses Morse homology and the second uses intersections of cycles.
The first construction is based on the definition for Floer theory by Seidel in [18], the
origins of which are in the flowlines construction of Betz in [2] and Fukaya in [7], the
former of which was extended to a more categorical definition by Betz, Cohen and
Norbury in [3; 6]. The second construction we give will be isomorphic to the first
construction, using the isomorphism between Morse and singular cohomology.

After considering these constructions of the Steenrod square, in Section 4 we extend
them to define a quantum Steenrod square on the quantum cohomology of a closed
monotone symplectic manifold (M, w).

In Section 2.4 we will give details of the quantum cohomology QH*(M). Briefly,
QH* (M, w) is H*(M)[t] as a vector space using a graded formal variable ¢ of
degree 2. However, the cup product is deformed by quantum contributions from
counting 3—pointed genus 0 Gromov—Witten invariants; that is, by counting certain J—
holomorphic spheres in M where J is an almost complex structure on M compatible
with w. We often use the abbreviation 7 = ¢ for N the minimal Chern number.

The quantum Steenrod square, QS, will be a degree-doubling operation, where

3 08: QU (M) = H*(M)[[t]] — H*(M)[[t]|[h] = QH" (M)][h].
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A construction of the quantum Steenrod squares and their algebraic relations 887

As in the case of the classical Steenrod square, QS will be built using additive homo-
morphisms QS;,;: QH*(M) — QHZ* 71 =2/N (M), so

0S(x)= " 08 ;(x)'T/.
i,j=0

The quantum Steenrod square is not necessarily axiomatically defined, but a construction
was first suggested by Fukaya in [7] based on his Morse homotopy theory. Our
construction is different from Fukaya’s, and can be viewed as a Morse theory analogue
of the work by Seidel in Floer theory in [18]. The first goal of this paper is to solve an
open problem posed by Fukaya in [7, Problem 2.11] as to whether the Adem and Cartan
relations hold for quantum Steenrod squares and, if not, what their quantised versions
should be. Our second goal is to explore consequences of the solution to this problem,
specifically in computations for certain closed monotone symplectic manifolds.

In answer to the first part of Fukaya’s problem, the immediate generalisation of the
Cartan and Adem relations fail. In the case of the Cartan relation, this means that it
is not in general true that OS(x *x y) = QS(x) * OS(y). We will show this in the
following example.

Example 1.1 In Definition 4.1 of the quantum Steenrod square, we will see that
“) 0S8(aT) = 0S(a)T?
for any a € QH* (M).

Let M =P Let x be the generator of H?(M). Recall that the quantum product is
x xx =T, where T has degree 4. Then

QS(x xx) = QS(T) =T?,

using (4) and the fact that QS(1) = 1. Using degree reasons and knowledge of the
classical Steenrod square for P! and of the quantum cohomology ring, one can show
that QS(x) = xh? + T. Then

08(x)* OS(x) = (xh?> + T)x (xh> +T) = Th* + T2
Hence, in this case QS(x) * QS(x) # OS(x * x).
In Section 5 we will prove why the Cartan relation does not immediately generalise and
compute the actual quantum Cartan relation. Briefly, the quantum Cartan relation is de-

formed because the moduli space M 5 of genus 0 stable curves with five marked points
(zo, 21, 22, 23, Z4) has nontrivial Z /2-equivariant cohomology, under the Z /2-action
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that transposes marked points via the permutation (12)(3 4). More precisely, the two
configurations in Figure 6 that determine QS(x * y) and QS(x) * QS(y) are not
connected by a 7 /2—-invariant path in Mg s.

We will prove that a quantum deformation of the Cartan relation holds:

Theorem 1.2 (quantum Cartan relation)
OS(x*y) = 08(x) * QS(») + Y _qi.;(Wo x D'™>F)(x, y)h',
i,j
where the correction term is written in terms of linear homomorphisms

gi,;: HE'* (Mo 5) ® QH* (M) ® QH* (M) — QH* (M)

such that q; j(Wp X D'=2%) is nonzero only if i > 2 and j > 0. The qi,j will be
defined precisely in Definition 5.2.

In the correction term,
Wo x DT ¢ Moﬁ X7/2 S,

where Wy C 1\70,5 ~ Bl{(o,o),(l,l),(oo,oo)}((CP1 x CP') is the exceptional divisor
over (0,0) (compare to Figure 7). The notation D>+ means the upper i—dimensional
hemisphere in S’ C S. In fact, we are abusing notation as we are really interested in
the homology class represented by Wy x DT in Hy(My 5 Xz/2 S°°), where we are
using the singular homology.

In Section 6 we use Theorem 1.2 to calculate the quantum Steenrod squares for a Fano
toric variety M, as proven in Theorem 1.3. Here, for u € Hy(M; Z) (which is a free
Z—module as a Fano toric variety M is simply connected), let i, be the image of u
under H>(M:7Z) — H»(M;Z/2). Denote by x *, i y the coefficient of 5N in the
quantum product x * y, using spheres representing p. Let N be the minimal Chern
number, and |¢] = 2.

Theorem 1.3 Let M be a Fano toric manifold. For b,x € H*(M) and |x| = 2,
(5) qi,j(Wox D"F)(b.x)

J
=X 3 ) nx.p2) (OSip—it2,j—k(B) # e x) 17N,

j>lk=1c;(W=2kN

summing over a basis of u € Hy(M;Z), so ¢c1(iu) = 2kN € Z, and if y is some
pseudocycle representative of x, then n(x, uz) :=#(y » uz) € Z/2.
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For example, if M = CP" then setting b = x’ for the generator x € H>(CP"), we
will show in Lemma 6.1 that

qai+2—2n,1(Wp X D4i_2"’+)(xi,x) = (nl—i)T and gi,j =0 otherwise.

Hence
i . [n/2]+1

S (R i o R K

j=0
where x? denotes the p™ quantum power of x. In particular, if i + j >n + 1 in (6),

then x’*/ refers to x'*/="=1T. Omitting the inner summation would give the classical
Steenrod square.

Corollary 1.4 Let M be a Fano toric manifold. If we can compute QH* (M) (over the
Novikov ring as in McDuff and Salamon [10, Section 9.2]) then we can compute QS
through recursive calculations.

In Section 7 we extend the Adem relations from (2) to the quantum Steenrod square.
In order to state the quantum Adem relation, we next introduce operations
05%%: QH* (M) — QH*(M)

such that the sum of these QSa’b is the total quantum Steenrod square QS. The index a
is the change in homological degree, and the index b is the change in the index of 7.

Definition 1.5 Define 0S%? by
0S8(xT")

— Z Qsa,b(xTi) _h|x|—2N(b+f)—a where Qsa,b(xTi) c Tb+iH|x|+a(M)’
a,beZ

forany x € H*(M).

Computing QS8%? for CP?, we find that the naive generalisation of the Adem rela-
tion (2), namely

Z (QSq—ZbN,b o QSp—ZdN,d (Ot)

b,d

q/2
_ Z(pq__sz_sl)QSp-i-q—S—ZbN,b ° st—ZdN,d (a)) — 0’
s=0

does not hold, as in the example below.
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Example 1.6 Let M = CP2 so that 2N = 6. Then 0S272N:16 0§2-0N.0(x) =T
but

—_

s=
(2 2s) S2H2—s—2iN,i QSS—ZjN,j(x) -0
s=0

forall i and ;.

In order to prove the quantum Adem relation, we begin with the technical Theorem 1.7.
The terminology used in Theorem 1.7 will be fully defined in Section 7.2.

Theorem 1.7 For M a closed monotone symplectic manifold, with « € QH* (M),
and for p,q > 0 such that g < 2p,

q/2
p—s—1
QQ|a|+p—q,|a|—p(Ol) = Z ( g—2s )qQIa|+2s—p—q,|a|—s(a)-
s=0

The map gg is a homomorphism
qq: H*(M) — QH"(M) ® H*(BDs),

where Dg is the dihedral group. This gq operation will include the data of the
composition QSo QS. The ring H*(BDg) has three generators, labelled e, o1 and o,
(of which we only need to consider e and 0,). We then denote by gg; () the
coefficient of ¢’ 02 in gq(o), defined in (39).

This should be compared to (2). The above theorem leads to a corollary in more familiar
terms:

Corollary 1.8 (quantum Adem relations) For p,q > 0 such that ¢ <2p and @ €
QH*(M),

@ Z(quonSP’d(a) Z( g—2s )QS””‘S”’oQSS’d(a)) =70

for the correction term T - Q(«) given by

aps (gm1 + g2m1) ® V(e TP=152177)) (@)
[q/2]
- Z 'y 2 )y ((gmy 4 g2my) x W(el 257~ 61170)) ),
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In the above corollary, the dihedral group Dg = ((12), (13)(24)) C S4 acts on the
four incoming marked points (z1,z2, 23, z4) by permutations. The operation ¢p,
is a linear homomorphism determined by homology classes in M 0,5 Xpg EDg, s0
qpg(A): H*(M) — H**7Al(M) for A € Hi«(Mos xpg EDg). It is analogous
to the ¢; ; in Theorem 1.2. Here m; € ]\70,5 (see Figure 6), eiozj € H*(BDg)
and V: H*(Mo,s xpg EDg) — H*(]Wo,s Xpg EDg) is the universal coefficients
isomorphism. Let g = (123) € S4 such that the cosets of Dg in S4 are Dg, gDsg
and g2 Dg.

In Section 8, we calculate QS in the case of the blowups M = Bly (CP?) and
M = Bly ((C]P’1 x CP! x (CIP’I), where Y is, respectively, the intersection of two
quadrics and the intersection of two linear hypersurfaces. The setup here is similar to
Blaier [4]. Most of the squares can be computed using the methods from Section 6.
The new computation is of QS1,1, which is given in the following theorem.

Theorem 1.9 (1) 0811 =id: H3(Bly (CP?)) — H3(Bly (CP?)).
(2) 0811 =id: H3Bly (CP! x CP! x CP')) - H3Bly (CP! x CP! x CP)).

Observe that 0S7,1 gives quantum correction terms to the classical Steenrod square on
the blowup M. They are determined by lifts of contributions to the classical Steenrod
square on Y.

Acknowledgements

I thank my supervisor Alexander Ritter for his guidance and support throughout my PhD
and beyond. I thank Paul Seidel for suggesting this project, and for helpful conversations.
I thank the referee for all of the comments and points of clarification, which have been
crucial both to correct errors and to improve the exposition. I also thank Dominic Joyce
and Ivan Smith, and I thank Frances Kirwan and Ulrike Tillmann for helpful comments
and corrections on my thesis, and therefore this paper. This work was supported by
an EPSRC grant, reference EP/M508111/1, and partially supported by the Simons
Foundation, through a Simons Investigator grant (PI: Paul Seidel).

This forms a chapter of my PhD thesis.

2 Preliminaries

Henceforth we always work with coefficients in Z/2, unless otherwise stated. For
example H*(M) means H*(M;Z/2).
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2.1 Equivariant cohomology

We follow [18, Section 2].

Definition 2.1 (equivariant cohomology of a chain complex) Let (C*®,d) be a
cochain complex over Z/2. Suppose (C*,d) has a chain involution ¢, so t: C* — C*
is a chain map with (> =idce. Let & be a formal variable in grading 1. The equivariant
chain complex is

(Ci/z,S) = (C°[h),d + h(idc +1)).

Define H /2(C ):= H*(C},,.08), the equivariant cohomology of (C,d,1).

z)2°

Definition 2.2 (equivariant cohomology of a manifold) Let N be a topological space
with a continuous involution t: N — N. Let C = C*(N) be the singular cochain
complex of the topological space N. There is a Z /2-action on C*(N) induced by .
As in Definition 2.1, the equivariant cohomology of N is H, /2(N ):=H, /2(C (N)).

The important examples of this will be M x M with the involution swapping the factors
and M with the trivial involution. We will respectively denote the equivariant chains in
this case by C, /2(M X M) (or in the case of Morse cohomology by CM7, /2(M x M))
and by C; 7)2 (M). Similarly, equivariant cohomology will be denoted respectively
by Hi/z(M X M) and by Hi/z(M)

Remark 2.3 There is another description of H, /2(N ) for a manifold N with a
continuous involution. Recall that EZ /2 is the classifying space of Z/2: a contractible
space with a free Z/2-action, for example EZ /2 = S with the involution being the
antipodal map. Then

Hg/z(N) = H*(N xg,, EZ/2).

This definition is equivalent to Definition 2.2. If we let N = {pt} then we obtain
ptxz/, S =85%/(Z/2) = RP*, hence

HZ*/Z(pt) = H*(RP*®) = 7Z/2[h].
2.2 The Steenrod squares

For a reference, see [8, Section 4.L].

The Steenrod square operations {Sq’} are the unique collection of additive homomor-
phisms such that:

Geometry & Topology, Volume 24 (2020)
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(1) Sq': H*(M) — H"t' (M) for each n > 0 and topological space M.
(2) Each Sqi is natural in M.
(3) Sq° is the identity.
(4) Sq" acts as the cup square on H", so Sq*!(x) = x Ux.
(5) If n > |x| or n <0 then Sq"(x) = 0.
(6) Cartan relation For each n,
Sq"(xUy)= ) Sq'(x)USa’(y).
i+j=n
Here |x| is the cohomological grading of x € H*(M). Recall that we use Z/2
coefficients to ensure additivity: (x + y) U (x +y) = x Ux + y U y modulo 2.
These Sq' together define a single operator, the “total Steenrod square”

Sq: H*(M) — (H*(M)[h])**,

where Sq' is the coefficient of A", so Sq(x) = D Sq‘xH (x) - h'. The cup product
on H"(M)[h] is (a-h')U (b-h/) = (aUb)-h't/, so the Cartan relation becomes
Sq(x U y) = Sq(x) U Sq(y) and thus Sq is a unital ring homomorphism. We will
henceforth call Sq the “Steenrod square” when there is no ambiguity, noting that it
contains the same information as {Sq'}.

One must note that although these axioms imply that there is a unique Steenrod square,
there are many different approaches to constructing them.

Example 2.4 (the classical Steenrod square for CP")
H*(CP") = Z/2[x]/(x"*1),

where |x| = 2. We see that Sq°(x) = x and Sq?(x) = x? using axioms (3) and (4),
and these are all of the nonzero terms by axiom (5). Hence Sq(x) = xh? + x2. By the
Cartan relation (axiom (6)),

i .
Sq(x') =Sq(x)' = (xh* +x%) =x" ) (l. )xjhz(i_j).
4 J
Jj=0
Looking at the coefficient of h2i—k, qu (x) =0 for k odd and Sq2j (x!) = (;)xi"'j.

2.3 The Betz—Cohen construction

The details are relevant for Section 3.2.

Geometry & Topology, Volume 24 (2020)



894 Nicholas Wilkins

Fix a Morse—Smale function f on M, and pick a small convex neighbourhood Uy
of f in C*°(M) consisting of Morse-Smale functions. Let I" be the Y-shaped graph,
oriented and parametrised as (—o0, 0] Vo [0,00) Vo [0,00). We denote by S the
set of triples 0 = (f1,s. f2,s. f3,s) such that fi s € Us for each s € (—o0,0] and
f2.5. f3,5 € Uy for s € [0, 00), subject to:

(1) fi1,0, f2,0 and f3 o are pairwise distinct.

() fi,s =BUsD fi,o+ (1=PB(Is])) f, where B: [0, 00) — [0, 1] is a fixed monotone
bump function such that B(s) =1 for s < % and B(s) =0 for s > 1.

We define M to be the set of continuous maps y: I' — M that are smooth on the
edges such that for each edge E; of I' we write y; = y|g, and require

dyi _
—r )+ Vfis(i($)) =0.

This is actually slightly different to the construction in [3], in which the fi, f> and f3
were pairwise distinct and had no s dependence. The construction due to Betz—Cohen
is equivalent to that given here, as we are simply using a deformation retraction of their
moduli space of metric Morse flows.

Let Mgc = | |,e5 Mo, topologised so that Mpc — S is continuous. Observe that
there is a Z/2-action tg on S, induced by the permutation (23). This induces a
7. /2—action on Mpyc, via (0,y) — (ts o0,y o Rr). Here, Rr is the involution on I’
that swaps the two positive half-lines and fixes the negative half-line.

For ay,as,as € crit(f), define Mpc(ay,asz,as) to consist of equivalence classes of
pairs [0, y] € Mpc/(Z/2) such that

lim yi(s) =ap, lim ya(s) =ap and lim y3(s) = as.
I —>—00 1 —>00 1 —>00

The space S is contractible and has a free Z /2-action, so SB := S/(Z/2) is homotopy
equivalent to RP*°. Thus, there are representatives §; of the nontrivial generator of
H;(SB) =~ 7Z/2 for each i. Specifically, we consider some §; = )_ j Ti,j Where
7. Aj — § is a simplex. For each i > 0, let

Mgc,i(ai,az,a3) = U T ;Mpc(ar, az, as),
J

the union of pullbacks of Mgpc(ai,a2,as3) along 7; ; : A; — S, glued along faces.
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Recall that in Morse theory, CM*(M x M, f & f) and CM*(M, f) @ CM*(M, )
are identified via the Kiinneth isomorphism, where

fef:MxM =R, (f&f)x.y)=fx)+ ).

One uses the correspondence between critical points of @ f and formal pairs of critical
points of f, denoted by a ® b for a, b € crit( f). The isomorphism between Morse and
singular cohomology respects the involution that swaps the factors, and hence we may
replace the equivariant cohomology of C*(M)® C*(M), denoted by H, /2(M x M),
with the equivariant cohomology of CM* (M, ) ® CM*(M, f). One can think of this
in terms of equivariant Morse cohomology, as detailed in [19, Section 2], where for
the given Z/2-action all of the necessary transversality conditions are satisfied.

Using the fact that the equivariant chains are C; /2(M x M) =C*(M x M)[h], as
well as using the previous paragraph, elements of C; /2(M x M) may be written as a
finite sum of (b ® c¢)h/ for some j >0 and b, ¢ € crit(f). Let a € crit(f) and §; be
the generator of H;(SB) =~ 7Z/2 (because S is an EZ/2).

We define, at the chain level,

q: Hi(SB)® HJ . (M x M) — H/~ (M)

/2

such that the coefficient of a in ¢(§; ® (b ® c)h¥) is #Mpc,i—k(a,b,c), when
Mgc,i—k(a,b,c) is a collection of points. Let ¢;(b ® ¢) = q(6; ® b ® ¢). One
defines

Sq™ (x) = gi (x ® x).

2.4 The quantum cup product

For more details on the quantum cup product, see [10, Chapter 8]. Throughout this
paper, for M a closed n—manifold, we denote by PD: H*(M) — H,_«(M) and
PD: Hi«(M) — H"~*(M) the Poincaré duality operation over Z/2 coefficients.

Let (M, w) be a monotone symplectic manifold of dimension 7n, with a fixed almost
complex structure J compatible with w.

Definition 2.5 A symplectic manifold (M, w) is monotone if the restriction to spheri-
cal homology classes of the cohomology class of w is positively proportional to the
first Chern class of TM. In other words, there exists a constant A > 0 such that

(@], )y = A1 (TM) |y (a1 -
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As an abelian group, QH* (M) = H*(M)|[t]], where ¢ is a formal variable of degree 2.
Let T = tV, where N > 0 is the minimal Chern number of M, determined by
c1(m2(M)) = NZ. By rescaling our symplectic form if necessary, we will assume
that A = 1/N, and so referring to a J—holomorphic map u of energy k means that
c1(us[S?]) = N - [w](u) = kN.

As an important note, we define the quantum cochains
QC*(M) :=C*(M) ®z/, Z/2[T].

Then QH* (M) = H*(QC*(M), d ®id), where d is the differential on C*(M). Most
of the operations that we consider are defined at the chain level, and then descend to
maps on (co)homology.

We pick a basis B for H*(M) and a dual basis with respect to the nondegenerate cup
product pairing (e, f) + (e U f,[M]). There is a dual basis BY with respect to this
pairing. Let ¥ € H"~l2l(M) denote the dual of the cohomology class o € H!®I(M).
Our operations on cohomology will not depend on this choice of basis, although they
may affect the chain-level description.

Given A € Hy(M), let M4(J) be the moduli space of J—holomorphic spheres
u: S2 — M such that u4([S?]) = A, up to reparametrisation by PSL(2,C). For a
generic choice of J, this moduli space is a smooth manifold with

dim My (J) = 2¢1(A) + dim(M).

For each z € S, there is an evaluation map evgq ;: My (J) — M with evg (1) =u(z).
Pick three distinct points z1, z5, 23 € S2. We use 0, 1 and oo throughout and write
eV4 = €V4,0 X V4,1 X €V4 00! Mu(J) > M x M x M.

Definition 2.6 (quantum product) Let o, 8 € H*(M) C QH*(M). Pick generic
pseudocycle representatives a and b of the classes PD(«) and PD(8) (so that they are
transverse to the evaluation maps in the previous paragraph). Similarly, for each y € 15,
we pick a representative ¢¥ of PD(y"). Denote by a x b x ¢V the product of these
cycles, landing in M x M x M.

Then we define

®) axp= > n(y.a. B, j)y-T7,
{j€Z,yeB|y|=|B|+|a|-2jN}
©) n(y.a.B. j)= > evae(axbxcY).

{A€H>(M):c (A)=jN}

Geometry & Topology, Volume 24 (2020)
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Here e is the intersection number of pseudocycles of complementary dimension.
Extending Z/2[t]|-linearly defines * on QH*(M).

Observe that for generic J, the evaluation map is a pseudocycle [10]. In order to show
that this is well defined, one must prove that the outcome is independent of the choice
of pseudocycle representatives, as in, for example, [10, Lemma 7.1.4]. The degree
condition ensures that the pseudocycles are of complementary dimension. Notice that
|a xb| = |a| + |b|, using that |T| =2N. If A =0 (so E(u) =0 and u is constant),
this recovers the classical intersection product.

Remark 2.7 Concretely, in Definition 2.6 we count the number of J—holomorphic
spheres in M intersecting some choice of pseudocycle representatives of the PD(«),
PD(B) and PD(y"). This can be thought of as the intersection

eVZ’lo (@) Nevyj(b)Nevy o (c¥)

in the space of J-holomorphic stable maps representing A.

3 Two constructions of the Steenrod squares

The first construction will use Morse theory, and will be based on that given in [18], [7]
and [3]. The second construction is a generalisation of the first, involving pseudocycles.
In this section I' is the Y-shaped graph with incoming edge e and outgoing edges
e> and e3. Let e; be parametrised by (—o0,0] and e¢5 and e3 by [0,00). This is
illustrated in Figure 1.

Throughout this section, M will be a smooth closed manifold. We recall the Morse-
theoretic cup product: given a Morse function f, pick three generic perturbations,
£l for s € (—00,0] and f2, £ for 5 € [0,00) (so that they are “transverse at 0”).
Making a generic choice ensures that the moduli space in Definition 3.1 is cut out
transversely: specifically, the genericity condition ensures that the moduli space is a
smooth manifold. This is discussed in [16, Section 5.2 and Chapter 2] by Schwarz. It
should be pointed out that the construction of the Morse-theoretic cup product in the
cited work uses three distinct fixed Morse functions £, f2 and f3, rather than using
perturbations f;!, £.2 and f,;>. Combining the case of Schwarz with the standard
notion of continuation maps from f* to our fixed Morse function f, and applying a
gluing argument, means that we can instead consider s—dependent functions on the
edges. After applying such a gluing of continuation maps, the requirement that 11, f2
and f3 be chosen generically translates to requiring that fol, f02 and f03 be chosen
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generically, which is what we meant by “transverse at 0" above. This idea is made
precise in [12, Section 2]. With this in mind, we choose the fsi such that there is
an R > 0 with f/ = f if |s| > R, so that we can apply Morse-theoretic arguments
outside of a compact neighbourhood of the vertex in I". Denote by critg (/) the critical
points of f of Morse index k. Write |x| for the Morse index of x € crit(f).

Definition 3.1 (Morse cup product) Let a and a3 be critical points of f, with
respective Morse indices |a| and |a3]|, and let k = |az| + |as|. Then

az-az .= E Nay,az,a341,
aj ecritg (f)

where ng4, 4,45 18 the number of elements in the O-dimensional moduli space
/\/l(fsi ,ai,dz,as) of continuous maps u: I' — M, smooth on the edges, such that

(1) d(ule;)/ds ==Vf,
(2) ule;(x) = ay as x - —o0,

(3) ule;(x) = a; as x > oo fori =2,3.

3.1 Morse Steenrod square

Henceforth, we will consider a nested sequence of spheres S c S! C ... Cc S,
consisting of equators that exhaust $°° and are preserved under the involution v > —v.

Writing
S® =1 (x0.x1.22... ) CEPR": D x? = 1},
i>0 i
the subset S? C S consists of those elements of S of the form (xo, ..., x;,0,...).

We refine the choice of fsi by picking a collection of smooth functions fv’" o M—R,
smoothly parametrised by v € §°° and s € (—o0, 0] for i = 1, respectively s € [0, c0)
for i = 2, 3, satisfying the following conditions:

(1) fvz,s = f—?’v,s‘
(2) For each i, the smooth map 2, : S’ x M — R must be chosen generically,
with more details provided in Section B.1.

(3) There is an R > 0 such that fU"’s = f forall |[s| > R and v € §.
4) vl,s = f—lv,S'
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Given aj,az,as € crit(f), and v € S, we define M/ (a1, az,as) to be the set of
pairs (u: I' = M, v) such that

(1) d(ule;)/ds ==Vfi,,

(2) ule,(s) = ay as s - —oo and ule, (s) - a; fori =2,3 as s — 00.

Let
Mi(ar,az,a3) = |_| M (a1, az,az),

veS!

topologised as a subset of C(I', M) x S’ (where C(T", M) is the space of continuous
maps from I' to M that are smooth on the edges). The projection to S’ is then
continuous for all ;. Indeed, M; (ay,as,as) is a smooth manifold for each i, by the
genericity conditions as given in Section B.1.

Let r: I' — I' be the reflection that swaps e, and e3 (preserving parametrisations)
and fixes ey. If ap = a3 as in Figure 1, there is a free Z /2-action on the moduli space
Mi(ay,az,az), via

(u,v) = (uor,—v).

Let M;(a1,az,az) = M;(al,az,az)/(Z/Z), the quotient by the Z/2-action. If

a #as,

Mi(ar,az,a3) = |_| M, (a1, az,a3) = |_| M (ar.a3,az),
veDi-t veDi—

where D' is the upper/lower i—dimensional hemisphere in S? C §. Observe that
when v € D, there is no overcounting of solutions (when as # a3). This is because
a solution for v € dD’T, with asymptotics a1, a, and a3, does not correspond to
a solution for —v € DT with asymptotics a;, ap and as: the action u — uor
swaps the a, and a3 asymptotics. Indeed, when a, # a3 the number of solutions
for v € D"* exactly corresponds to the Sq'((a2 ® a3 + a3 ® az)h) term in (10).

Consider the natural projection M; (a1, a»,asz) — RP. Over a generic v € RP! there
is a smooth manifold of degree |a1|—|az|—|as|, so the dimension of the moduli space is

dim M; (a1, az,a3) = |a1| —|az| — |as| + 1.
This is an example of genericity in family Morse theory, as in [9, Theorem 3.4], and

as used in [18, Equations (4.26) and (4.95)].
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dsu = —Vfl

a

Figure 1: Morse flowline configurations for the Steenrod square.

Before giving the definition, we recall the notation of Section 2.1. Specifically, given
the chain complex CM*(M, f) with the trivial action of Z/2, one defines the Z /2~
equivariant Morse cohomology using the equivariant chain complex CM?, /2(M ).
Similarly, given the chain complex CM*(M, ) ® CM*(M, f) (which we identify
with CM*(M x M, f & f) via the Kiinneth isomorphism), there is the action of Z /2
that swaps the two factors, and we denote the Z /2—equivariant chain complex in this
case by CM'Z/Z(M xM).

Definition 3.2 (the Morse Steenrod square) Let ay, a3 € crit( f). This determines
a, ®as € CM'Z/Z(M x M). Define

Sq': CM'Z/Z(M XM)— CM'Z/Z(M)
by

laz|+las]
, ,
Sq (612 ®(13) == Z Z nal,az,a_g,i ~dl _hl’

=0 alecritm2|+‘a3|_i(f)

where ng, 45,45, = #Mi(a1,a2,a3), where # gives the number of points modulo 2.
Then extend as an A—-module.

We then need to prove that Sq’ descends to a map on equivariant cohomology. To
do this, we use a standard argument involving a 1-dimensional moduli space (see for
example [16, Sections 2.4 and 5.3], applied as in [7, Proposition 1.9 and Lemma 1.10]).
We then consider its compactification, as covered in detail in Appendix A. This in turn
shows that Sq’ is a chain map, ie

(10)  Sq'((a2® a3z +az ®az)h+ (daz) ® az + az ® (dasz)) = dSq' (a2 ® az).
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Further, postcomposing with the doubling operation
double: CM*(M) — CMZ,(M x M), a~a®a,
which also descends to a map on equivariant cohomology, we define
Sq := [Sq'] o [double].

Here [—] denotes the cohomology level operation of the respective map of chains. This
definition is independent of the choice of parametrised Morse functions by a standard
continuation argument, such as in [15, Section 3.4].

The coefficient of 4141~ is denoted by Sq' (a) € H!¢IT1(M).

Proposition 3.3 The homomorphism Sq is additive and satisfies axioms (1), (2), (4)
and (5) from Section 2.2.

Proof To prove additivity, observe first
Sq(x +y) =Sq(x) +Sq(») +S¢'(x ® y + y ®x).

Hence we must show that [Sq'(x ® y + y ® x)] =0 when dx =dy = 0. In such a
case, we see d(x ® y) = (x ® y + y ® x)h. Using that Sq’ is a chain map, it follows
that Sq'(x ® y + y ® x)h) = dSq'(x ® y). As multiplication by / is injective on
Hy,,(M)=H*(M)® H*(BZ/2), this shows that [Sqd'(x®y +y ®x)] is exact, as
required.

Axiom (1) is immediate from the definition of Sqi .

Axiom (2) and naturality is true for the same reason as for the Morse cup product: see
for example [14, Section 2.1].

For axiom (4), for |y| = 2|x| the coefficient of y in Sq'*!(x) is the number of elements
of the O—dimensional moduli space Mg(y, x, x). From the definition of Mg(y, x, x),

and Definition 3.1, this number is the same as the coefficient of y in x2.

For the first case of axiom (5), Sq' (x) =0 for i > |x| by definition, as only nonnegative
powers of & are counted in Definition 3.2.

For the second case of axiom (5), fy.s is a perturbation of f. The perturbation may be
chosen arbitrarily small in the C? topology. For generic f there is no —V f—flowline
from b to a if |b| <|a|. As fys is close to f, this means that generically for any v
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there is no “flowline” from b to a that has gradient —Vf for s < 0 and —Vf, ¢
for s > 0. Hence Sq’ (x) =0 for i < 0.

We verify axiom (3) in Section 3.5 and axiom (6) in Section 3.3. O

Remark 3.4 Note that showing Sq satisfies these axioms is not sufficient to show
that it is indeed the Steenrod square, because we have not shown naturality under
all continuous maps: this definition is only applicable for closed smooth manifolds.
Nonetheless it provides a sanity check.

Remark 3.5 It is not straightforward to prove Sq° = id without a specific choice of
Morse functions. We prove it in Section 3.4 using a different approach.

3.2 The Morse Steenrod square is the Steenrod square

Recall from Section 2.3 the Steenrod square due to Betz and Cohen. Recall from
Section 3.1, Definition 3.2 of the Morse Steenrod square. We will show that these are
the same.

In the previous section we chose fvi, s for (v,5) € S°x[0,00) and i =1, 2, 3 such that
fv2, =1 _31,’ s- We abbreviate fy s = fvz’ ¢ where appropriate, and observe we may choose
Jv,0 distinct from { f_, o, f'} for each v (because Conf3(C*°(M)) is open and dense
in (C*(M))? and hence the condition is generic). Recall, from Section 2.3, that S was
a space consisting of triples ( fi!, .2, f;3), witheach f¥ € U '+, a small neighbourhood
of the Morse function f. Observe S => Conf3(C*°(M)) is a Z/2-equivariant
homotopy equivalence, using the map (f, 2, )+ (fo, & f¢). with the obvious
homotopy inverse. Henceforth, assume S = Conf3(C*°(M)). Let SB = S/{(23)),
where the transposition (2 3) acts on S’ by permutation of the components. As remarked
previously, SB is homotopy equivalent to RIP*°,

There is a natural Z /2-equivariant map i: $*° < S induced by v — (f. fv,0. f=v,0),
which descends to i: RP*® — SB.

Lemma 3.6 i.: H.(RP*>) — H.(SB) is an isomorphism.

Proof If i is a weak homotopy equivalence, then it is a quasi-isomorphism; see
[8, Proposition 4.21]. As the two spaces are both homotopy equivalent to RPP*° (which
isa K(Z/2,1)), it is sufficient to show that

iv: T (RP®) = Z/2 — 11(SB) =~ Z/2

18 nontrivial.
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Identify S' C S with R/(27Z), parametrised by 6 € [0, 27). Write f, = Jeiv,o-
We wish to show that 6 +— [(f, fg/2, fo/2+=)] determines a nontrivial loop, where -]
denotes the Z/2-equivalence class. Observe that 6 — (f, fg/2. fo/2+x) is a path
in Conf3(C®°(M)) with different endpoints, hence the loop is not contractible. O

Consider Diagram (11):
MSq

H«(RP*°)® H*(M)

i*®idlg l:
1D

H.(SB) ® H*(M) —— H.(SB)® H} ,(M x M) 4 HH (M)

H*(M)

Sq

Here s(A®x) = A® x ® x, and the map ¢ is as in Section 2.3. We have reinterpreted
the Morse Steenrod square from the previous section, here denoted by MSq, to be a
map MSq: H«(RP*°)® H*(M) — H*(M), which we can do canonically as there is
a unique graded basis of the homology of RIP*°. Observe that if we use the pushforward
of the generator of H; (RIP®°) by i as the generator of H;(SB), then it is immediate
that Diagram (11) commutes. Hence, Definition 3.2 yields the Steenrod square.

3.3 The Cartan relation

Let T be a family of graphs as in Figure 2, parametrised by ¢ € (0, c0). Edge e; is a
negative half-line and edges e3, e4, eg and e7 are positive half-lines. Edges e, and es
are parametrised by [0, ¢]. Compactify 7" by adding the graphs at 0 and oo as in the
figure, to obtain the compactification 7¢ = [0, 1]. Use edge labels as given in Figure 2.
Fix a Morse function f on M. The edge parameter in each case will be denoted by .

Pick five perturbations of f corresponding to the five tree edges in t = 0 € T¢ in
Figure 2. These are fv{’ 5,0 for p the edge label, s € R* and v € S°. We choose
1 = f forall s and v. We ensure that fv:j:s,O = f—4v,s,0 and fv6,s,0 = f7

v,s,0 — v,s,0

all v and s. The choice of fv{) 5,0 1s made along with an Sp € R such that fv{’ s0=1/

for |s| > So and for all edge labels p.

for

Choose seven perturbations of f labelled fv{) st for p=1,...,7 corresponding to
the edge labels in Figure 2, where t € T, v € S® and s € R for p = 3,4,6,7,
se€R™ for p=1and s € [0,¢] for p =2,5. Choose f! to be independent of
s, v and ¢ in this case. Choose Morse functions fsz,2 and fss2 for s € [0, 2] such
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t € (0,00)
€3
/
€1 &) €4
e
5 es
t
€7
€3
€4
(3] es
€7

Figure 2: Elements of T°.

that £ = f for s> 1 and p =2,5. The f? must be chosen “generically at each
vertex of ['”, which is discussed in Section B.2. This ensures the transversality of the
moduli spaces. The f,f 5,¢ satisfy the following conditions:

(1) flfs,, = fv{,s,O as picked previously for p = 1,3,4,6,7 and for all ¢.
2) fvz’s’t and fvs s,¢ are independent of v.
(3) Fort>2and p=2,5,

fh=fF fors<2  and  ff=f fors=2.
. P _
In particular, f,, = f.

Fix i € N and x,y € crit(f). Let T = T¢ consist of pairs (|¢[,¢) in which
t € T¢ =[0,00] and |¢]| is the metric tree represented by ¢ as a topological space. The
metric structure for ¢ € [0, co) is that the outer edges are semi-infinite and parametrised
respectively by (—oo, 0] for the incoming edge and [0, co) for the outgoing edges. The
inner edges are of length 7, parametrised by [0, ¢]. For the ¢ = co boundary, the metric
structure on |oo| is that the edges attached to bivalent vertices are semi-infinite with
the infinite end at the bivalent vertex.

For z € crity|x|42|y|—i (f) consider the space Jﬁl(x,y,z) of triples (¢,u,v) with
t€TC u: |t| > M and v € SXIHYI=1 guch that u satisfies

— )4
asus,t - _va,s,t
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along the edge p, with asymptotic conditions (z, x, x, y, y) on the exterior edges
(1,3,4,6,7). One needs to use an equivariant gluing theorem at the ¢ = oo boundary,
as discussed in Appendix C.

For generic t € T¢ there is a O—dimensional subset of pairs (u: |t| — M,v € §')
satisfying the conditions. So /ql(x, y,z) is 1-dimensional. Observe M 1(x,y,z) has
a free Z /2-action, (t,u,v) > (t,u or,—v) for 7 acting on |¢| by the permutation of
edges (34)(67). Let My(x,y,z) = Mi(x,y,z)/(Z]2), which s still 1-dimensional.
We also define a moduli space Mz(x, ¥, z) by choosing another seven Morse functions,
labelled flf s,¢ as above, but now with these conditions:

(D) Sl =F2 50 for (p.q) =(3.4).(6.7).(2.5).

2) fv{'s,t is independent of (v, t) for large enough ¢ and for p =1,3,4,6,7.

(3) flsi=f for p=13,467and |s|>1.

(4) For large enough ¢ and s € [1,1], f2, =[5, = [
In defining equations for pairs (¢,u,v) € ./\72()6, ¥,z), use the edge labellings in
Figure 3, ie the edge labels 4 and 6 from Figure 2 have been swapped. For each edge
label the equations and asymptotic conditions are the same as in the M; case. Further,
there is a free Z/2-action on M>(x, y, z) similarly to M but with edge permutation
(25)(34)(67) (using the new edge labels in Figure 3). Taking the quotient defines
Ma(x,y.2) = Ma(x.y.2)/(Z/2).
The following theorem is classical, and the following proof is a modification of

[3, Section 2, Example 2] for our definition of the Steenrod square. The modification
uses a cobordism argument as in [15, Section 3.4].

Theorem 3.7 (the Cartan relation)
Sq(xUy)= D S/ (x)USq“(y).
j+k=i

Proof The moduli space Mi(x, y, z) is a 1-dimensional cobordism, corresponding
to [0, oo], so #dM(x, y,z) =0. Similarly #dM»(x, y,z) =0. The t = oo boundary
of Mj(x,y,z) is the count of the contribution of z in

> Sa/ () USq“(y)
Jjt+k=i
(see Figure 4 and Lemma 3.8). The number of points in the boundary at ¢t = 0
for M»(x, y,z) is the same as for M(x, y,z), as follows: Suppose that (0, u, v)
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t € (0,00)
€3
/
(41 €2 €6
es

€4
t

€7

Figure 3: Tree labelling for M, .

is a point in the ¢t = 0 boundary of Mj(x,y,z). The domain of u consists of a
parametrised graph I/ with an incoming edge labelled 1, and four outgoing edges
labelled 3, 4, 6 and 7. Consider the automorphism r’: T" — T"/ that acts by the per-
mutation (4 6) on the edges (without changing the parametrisation). Then (0, uor’, v)
is a point in the 7 = 0 boundary of Mj(x, y,z), and as r’ is an involution we see that
this is a bijective correspondence. Notice that as we are working with Z /2—coefficients,
we do not need to worry about changing the orientation of the moduli space.

The number of points in the ¢ = oo boundary component of M5 (x, y, z) is the count
of the contribution of z in Sqi (x Uy), by Lemma 3.9. Hence, the bijection between
the ¢ = 0 boundaries of the moduli spaces, along with the 1-cobordisms assigned to
Mi(x,y,z) and Ma(x, y,z), yields that

Y 8¢/ (x)USq*(y) =8¢’ (x U y).
j+k=i
as required. a

Lemma 3.8 Summing over all choices of wy,w» € crit( f), counting equivalence
classes [(u,v)] € M1(x, y, z) satistying the asymptotic conditions as shown in Figure 4,
yields the coefficient of z in Zj k=i Sq/ (x) U qu (y).

Proof We have that |w;|+ |wz| = |z| = |x| + |y| +i. Hence if |w;| = |x|+ j and
|lwa| = |y| +k then j + k =i. Throughout fix w; and w, for the configuration, as
outputs of Sq’ (x) and qu (y) respectively.

Restrict attention to the upper right-hand Y-shaped graph of Figure 4. Suppose that
we restrict the v parameter space to RP*I=/ ¢ RP¥I+1YI=7+ in this case, the count
of [(u, v)] satisfying the configuration conditions would be exactly the count of the
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3
fv,s

Figure 4: Flowline configurations for Sq(x) U Sq(y).

coefficient of wy - h*|=/ in qu (x), which we denote by ny,, . In our case, v varies
in the entirety of RP*I+P1=7 We call the set of such pairs

v e SIXIFI= and u: T’ — M satisfies conditions as }

U = { [v. ] } in the upper right-hand Y-shaped graph of Figure 4

Here [v,u] refers to taking the quotient by the Z/2-action (v,u) — (—v,u or)
(where r is the involution on the Y-shaped graph as seen previously). Similarly for the
lower right-hand branch, for each RPI=% c RP*IH1YI=T there is a count of Ny, , the
coefficient of wy - A% in Sq¥(y). Define similarly

v e RPXIFIYI= and u: T' — M satisfies conditions as }

Z/{ == ’ ) : 3 i
4 { [, u] in the lower right-hand Y-shaped graph of Figure 4

Let nz ,,w, be the coefficient of z in w; U wy (the chain-level Morse cup product
obtained by using the perturbed Morse functions f!, f,2, and f,>). This is obtained
by counting elements of the zero-dimensional set corresponding to configurations as
in the left-hand Y-shaped graph of Figure 4. We will show that the contribution of
configurations as in Figure 4 to the coefficient of z is 1z w, w, * Hw; *Pw- -

Following [17, Lemmas 4.2—4.5], suppose in fact that x is a Morse cycle (specifically
some sum of critical points, ) ; a; - x;, where x; € crit(f)). Then we may modify Uy
to Uy , obtained by first taking the disjoint union of a; copies of Uy, for each i (defined
as for x above) and then adding in codimension 1 strata, and identifying them in pairs
(this can be done exactly because dx = 0). Here, the codimension 1 strata correspond
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to the case when the Y-shaped graph undergoes a “breaking” at one end. The outcome
is then the union of a Y-shaped graph and an unparametrised flowline such that:

e One of the Y-shaped graph’s positively/negatively asymptotic critical points
coincides with the flowline’s negatively/positively asymptotic critical points. The
other three asymptotic critical points are wy, x; and x;, for some i .

¢ The index difference between the asymptotic critical points of the unparametrised
flowline is 1.

Then observe that I/ is a smooth manifold [17, Lemma 4.4]. Let
Tt Uy — RPIIFIYIZ

be the projection onto the first coordinate. Then m, is a pseudocycle: specifically,
consider [v,, u,] such that v, converges in RP X+ pyg [Vn, un] has no conver-
gent subsequence in Uy . By parametrised compactness of Morse flowlines we know
that [vy,, u,] must have a convergent subsequence in the full compactification of Uy :
but that convergent subsequence must be in the codimension 2 strata, as I{,, contains
its codimension 1 strata.

Observe also that by the second paragraph of the proof (ie knowing the intersection
of m, with RP¥I=/ , and in fact with any perturbation of RP*I=/ , 18 ny, ) we deduce

nx o [R]P)lx|_'/] == nwl N

where e is the intersection number, hence 7y is a weak representative of n,, -[RIP lyl—k ]
(by which we mean that the intersection number of any cycle with 7 is the same as
with 1y, - [RP1?I=%]). Similarly the first projection Ty Uy — RPPHDI s a weak
representative of 71y, - [RP>I=7].

The count of all solutions [(u, v)] satisfying the configuration in Figure 4 is now

nNzwi,ws " (7 '7Ty) =Nzwiwy Nwy " Nw,-

Now recall from the definitions of n,,, and ny,, that

S/ = Y mwwih and s¢f(= Y nwwahllE,
wi Ecritix |+ (f) wa Ecrit) ) -4 ()

Then
S¢/ () USE (y) = Y nuwy 1, w1 Uwy,

wi,w2

and recalling that 71, 4, 1, i the coefficient of z in w1 Uwy, the lemma is proved. O
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1
fvl f—zv

Figure 5: Flowline configurations for Sq(x U y).

Lemma 3.9 The count for the t = oo boundary component of M(x, y, z) is the
count of the contribution of z in Sqi (xUy).

Proof The edge and asymptotic conditions are as shown in Figure 5. The edges
attached to bivalent vertices are semi-infinite with the infinite end at the bivalent vertex,
which is a critical point of f. For this operation, the # = oo boundary, we choose the
perturbed Morse functions so that the two right-hand Y-shaped graphs use the same
perturbations f3 and f© of f. Specifically, we may assume that f3 and f© are
independent of v. The number of such setups is then immediately the coefficient of z
in Sq' (x U y). a

3.4 Steenrod squares via intersections of cycles

Recall that there are nested equators S' C S, invariant under the antipodal action.
Let a € H'4(M). Let B be a basis of H*(M).

In practice, we would like to work with representatives. A representative of a homology
class A is a pair (X, «), often denoted simply by «, where X is a smooth compact
manifold and a: X — M is smooth such that a«[X] = A. We recall that over Z /2~
coefficients every homology class has a representative (see eg [5, Theorem B]). We will
denote a homology class by A, we will denote its Poincaré dual cohomology class by a,
and o will be a representative as above. We will say that o represents a cohomology
class a if o represents its Poincaré dual homology class. Similarly for b € B, we write
B =PD(b). As previously, we denote by b the dual basis element to b in the dual
basis BY of H*(M).

In order to link this definition to the previous definition, we will weaken our requirements
below: in fact we only ask that o: X — M 1is a pseudocycle representative of a. Note
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however that the definition will proceed identically in the cases where we can instead
use either representatives or embeddings. Denote by SV: Y, — M a pseudocycle
representative of PD(hY). We will choose some smooth manifold X, along with a
sequence of smooth maps o;: X xS? — M x S* (for brevity we shorten X; := X x S')
such that:

(1) For my: M x §' — S the second projection, 75 (e (x,v)) = v for all (x,v)
in X xS’

(2) The restriction a; |x; is equal to o; for j <i.

(3) For my: M x S" — M the first projection, for any v € S/,
(12) oy =71 0| xx(p): Xp: =X x{v} - M

is a pseudocycle representative of A in M (and is well defined by (2) above).

(4) ForbeB,in M xM x M x S' we require

(13) (A xid) MW,
where

(14) W: Vpx X xX xS —>MxMxMxS'
is defined by (y,x,x",v) = (BY(¥), i (x,v),a; (x', —v),v) and

Axid: M xS"— MxMxM xS’

is defined by (z,v) — (z,z, z,v).

The pseudocycles A xid and W in (13) descend to pseudocycles

[A xid]: M xRP" — M x (M x M) xz/, S")
and
[W]: Y x (X X X) xz/2 ") — M x (M x M)xz,,S"),

respectively. Provided |b| = 2|a| —i, define n;  , = [A xid] « [W], the intersection
of these two pseudocycles (of complementary dimension).

Definition 3.10 (Steenrod square) Define

Sq(a) = > nipa-b-h.

{i€Z,beB:|b|=2|a|—i}

Geometry & Topology, Volume 24 (2020)



A construction of the quantum Steenrod squares and their algebraic relations 911

Remark 3.11 To see that Definition 3.10 is a good one, ie independent of the choice
of the ¢; (all the other choices are immediately covered by pseudocycle theory; see
eg [20]), observe that the given number of points 7; 5 , in any given degree (by which we
mean for any fixed choice of S? C §°°) is obtained as the number of intersection points
of two pseudocycles. A construction as in [20, Lemma 3.2] for two different choices
of «; yields a bordism of pseudocycles, meaning that the intersection number 7n; p 4 18
independent of this choice.

Remark 3.12 The Morse Steenrod square of Definition 3.2 is the same as the Steen-
rod square of Definition 3.10 using the isomorphism HM*(M, f) =~ H*(M) that
intertwines the Morse product and the cup product, as described in [17].

Recall that for each v and Morse cocycle a = ) n; -a; (n; € Z and a; € crit(f))
there is a pseudocycle associated to the s—dependent Morse function f; 5. The domain
of this pseudocycle is constructed first by taking the spaces W¥(a;, fy,s) of smooth
u: [0,00) — M such that du/0t(s) = —Vfy s(u(s)) and u(oco) = a;, the stable
manifold under f, . One then adds in the codimension 1 strata of the standard
Morse compactification, and then glues together the disjoint union of n; copies of
each W¥(a;, fy,s), along the codimension 1 strata, which one knows can be done
because da = 0. We call this space W (a, f,.5). The map of this pseudocycle is (on
the codimension 0 strata) evaluation at 0, denoted by Ey: W (a, f,.5) — M. Details
are in [17, Lemma 4.5], for the pseudocycle W (a, f) associated to the fixed Morse
function f.

Recall that we chose the f, s in Section 3.2, based on Section 2.3. Specifically, they
satisfy fy.s = B(s) fuo + (1 —B(s)) f (where f, is confined to a small contractible
neighbourhood of Morse functions Uy containing f*). Observe that in this instance
fo.s = f for s > 1. Recall that for each v € S’ there is a I-parameter family of
diffeomorphisms ¢y s: M — M for s € [0, 1], defined by ¢, o = id and

Ipu.1
ot ;=

Then W(a, fo,s) = ¢, 1 (W(a, f)).
Hence, for each i € Zxo we obtain an a;: W(a, f) x S' — M x S', defined by

o (u,v) = (Eyy 11, v).

(x) = =Vfys(x).

s

Then, recalling the conditions we required from « earlier in Section 3.4, we see that
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e condition (1) holds,
e condition (2) is immediate because we define our map fibrewise for each v,
e condition (3) holds because of [17, Lemma 4.5],

e condition (4) holds because of condition (2) at the beginning of Section 3.1.

Remark 3.13 As the definition in this section will be used as a computational tool for
our purposes, for simplicity we will assume in certain places that our homology classes
in BB can be represented as embedded submanifolds: in this instance, we may replace
an oj: X x S — M x §' (which in such a case satisfies that 7y (-, v): X — M is
an embedding for each v € ) by Xy = moa;(X,v).

Remark 3.14 Suppose that « is represented by an embedded submanifold 4 C M.
Then each «; (X;) cannot simply be {(p,v) | p € A, v e S'}, because then transversality
would not hold. More generally, we cannot assume that the pseudocycles «; are
independent of v. In the next section we construct a family of admissible choices of «;,
and we may, however, take BY x S’ to be such a “standard representative”. This is
analogous to how, in the Morse definition, £,! is chosen to be independent of v.

3.5 Properties of the Steenrod square

As promised in Section 3.1 we now check axiom (3) from Section 2.2.
Lemma 3.15 Sq°(PD(pt)) = PD(pt).

Proof Let n=dim(M). Write a = PD(pt). We construct a representative of {pt}x.S”"
in M x §": The submanifold pt C M has trivialisable normal bundle, so the disc
subbundle D(pt) of the normal bundle N(pt) embeds into M as a small disc around pt.
Let S”, D" c R"t1 where

S" = {(xl,...,xn+1) e R

> =1,
i
and

D" = {(xl,...,xn+1) GR"+1

Xn+1 =0 and le2 < 1}
i

is the n—disc with the (n+1)% coordinate 0. There is a natural flattening map denoted
by ¢’: " — D", where ¢'(x1,...,Xn, Xn+1) = (x1,...,Xn,0) is projection of S”
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onto the first n coordinates. Note that ¢’ is a double cover except on the equator, which
is 0D" =~ S"7L,

There is a diffeomorphism D" =~ D(pt) C M. Composing ¢’ with this diffeomor-
phism defines ¢: S — M. The map ¢ is homotopic to a constant map, and hence
[yesn(@(v),v), the graph of ¢ in M x S”, is cobordant to {pt} x S* C M x S".
Specifically, we denote ay: {pt} x S — M x S" by a,(pt,v) = (¢(v), v), and this
immediately satisfies most of the relevant properties of o from Section 3.4 (we will
verify transversality after computing the points of intersection).

Observe for b # [M]* (hence PD(bY) # [M]), and for a general choice of the dual basis
pseudocycles 8V, there is no intersection as in (13) (hence transversality holds trivially).
To check transversality in the case where b = [M]*, we pick Y =idps: M — M. Then
for A C M x M the diagonal, A x S’ intersects ® := | |, cgi {d(v)} x {p(—v)} x {v}
exactly when ¢ (v) = ¢(—v). We know there is exactly one such pair {+vg}, where
vo=(0,...,0,1) C " Cc R**1,

To verify transversality, consider the tangent directions at (8" (x), ¢ (vg), ¢ (—vo), Vo)
in T(M x M x M xS")=TM & TM & TM & TS'. Those tangent directions
in0®0POPTS and TADO C T(M x M x M) ® TS' are all contained
in T(AxS")=TA@TS'. Similarly, as B¥ = idjys we obtain all tangent vectors
in TM 0@ 0 0. It remains to show that we may obtain the rest of the tangent
vectors of T'(M x M x M x S'). Observe that d¢(vg) = —d¢ (—vp) is nondegenerate,
because vg € ¢’ (dD™). Hence, in particular, {(qb(v), qb(—v))}vesn C M x M intersects
{(x,x)}xem C M x M transversely at (¢(vg), p(—vg)). This immediately implies
transversality.

To calculate the coefficient of a in Sq°(a), count the number of (pairs of) solutions to
¢(v) = ¢p(—v) modulo Z/2. Recall from above there exists exactly one such (pair of)
solutions v = vy . Taking this modulo the Z/2-action gives Sq°(a¢) =a +--- . The
cycle {a} generates H" (M), so there are no more contributions to Sq°(a) for degree
reasons. o

An easy generalisation of the above proof shows:

Lemma 3.16 For x € H*(M), if PD(x) is represented by an embedded submani-
fold y then Sq°(x) = x.

Proof Let x be as given in the statement. Proceed as in the previous lemma, but
now x = PD(X) for some cycle X. It is convenient to assume that X is in a basis
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for the homology of M, with PD(XY) = x" being the corresponding member of the
dual basis under the intersection product. Similarly to above, for general pseudocycle
representatives o: y — M and «¥: Y — M of X and XV, we determine that o - "
consists of a finite, odd number of points {p;} (since x-x¥ = 1 mod 2 by definition).
In particular, this is true when « is the embedding of y. Moreover, this is true of any
generic sufficiently small perturbation of «, such as when the image of « is contained
in a sufficiently small normal disc bundle of .

Each of these p; has a small neighbourhood U; C M such that the normal bundle N ()
of x is trivial on U; N y, with the U; being pairwise disjoint. Pick a bump function f;
for each neighbourhood U;. On the neighbourhood U;, there is a diffeomorphism
between the disc bundle and the trivial bundle D(U;) == (U; N ) x D*~9m0)_ Using
the tubular neighbourhood theorem, N(y), and hence (U; N y) x D*~4mX)  embeds
into M viaamap e.

Hence there is a smooth map ¢: y x S™*~4m() _ Af such that if x € y is not
in any U;, then ¢(x,v) = x. Otherwise x is in exactly one U; and we define
d(x,v) 1= e(x, Bi(x)¢'(v)), where ¢: S#~4m() _ prn=dim(C0) js the flattening
map as in the previous lemma. This yields o, _gim(y)(X.v) := ¢(x,v), recalling
that n —dim(y) = |x|. Consider the intersection modulo Z /2, whose transversality is
verified as in Lemma 3.15. The coefficient of x4!*! is obtained by using as the output
cycle v (Y)x S n—dim(x), By construction, such intersections only occur when the first
coordinate is one of the p;. At p;, there is exactly one pair of solutions corresponding
to the two solutions as in the previous claim: ie ¢’ is 2-to-1 on a dense open subset.

Take the quotient by the Z /2-action to deduce that the number of contributions is an
odd number (the number of p; ) multiplied by an odd number (the number of pairs
of solutions at each p;), hence is odd. Therefore SqO (x) = xh*l 4+ ... To show
that there are no more terms in Sq°(x), repeat this with $”~4m(0) x B as the output
cycle, for B representing another element of the dual basis of homology. Strictly, to
cover all cases at once we must choose pseudocycle representatives for every B € BY.
Then, instead of considering {p;}, we now have {pp ;}, where B varies in B", which
are pairwise distinct. Define similarly pairwise disjoint Up; > pp ;, and a map ¢ as
previously. Then as B # XV is in the dual basis, a general pseudocycle representative
of B intersects y with an even number of points. We count exactly as in the previous
case, except the number of contributions is an even number (the intersection number
of B - y) multiplied by an odd number. Hence the count is even and the contributions
due to other B are 0. a
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Corollary 3.17 Let A be a closed submanifold of M, with trivialisable normal bundle.
Then Sq' (PD([A])) =0 for i # 0.

Proof Use the embedding e: A x D"~4m(4) _ A by inclusion of the unit disc
bundle of A, which exists because A has trivialisable normal bundle, to define 4,
for v e §"~! for i > 0. Immediately no intersections occur for i #0, as AyNA_, =&
for all v e S". O

Remark 3.18 More generally, for any immersed submanifold A — X, consider
the homology class [4] € H«(X). Then Sq’ (PD([A])) is the Stiefel-Whitney class
w;i (NgaX) (where NgX is the normal bundle of A in X). An account of Stiefel-
Whitney classes is given in [13].

4 Quantum Steenrod square via Morse theory

Let M be a closed monotone symplectic manifold. The definition of the quantum
Steenrod square uses a Y-shaped graph as with the Morse Steenrod square, but now
allows for a J—holomorphic sphere at the trivalent vertex in the Y-shaped graph in the
definition. This is a J—holomorphic sphere with 241 marked points and, from the
respective marked points, two incoming Morse flowlines and one outgoing.

Make a choice of fs{) v as in Section 3.1, for p = 1,2,3. Let N be the minimal Chern
number of M. Fix i, j € Z>o and a,b € H*(M) with

|b| —2la|+i+2jN =0.
Let M; j (b, a) be the moduli space of pairs (u, v) such that
e vesi
e u: S?— M is a simple J—holomorphic map of Chern number 2N, ie
(15) du(z) = J(u(z))odu(z) o jg2(z),
where jg> is the standard almost complex structure on S2,

e the —V fs{v—ﬂowline from u(0) converges to b as s — —o¢ and the —V fsf’ v—
flowlines from u(1) and u(co) converge to a as s — oo for p =2, 3 respectively.

There is a free 7 /2—action on this moduli space:

tmu,v) =(uoR,—v),
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where R is the unique M6bius map in PSL(2, C) swapping 1 and oo and fixing 0.
Let
M;,j(a,b) = ./\/l;-’j(a,b)/tM.

The space M; j(a,b) is a smooth manifold of dimension |b| —2|a|+i +2jN. See
Section B.3 for a discussion of transversality for the equivariant case in the presence of
pseudoholomorphic spheres.

Definition 4.1 (Morse quantum Steenrod square) Pick a basis B of H*(M). Let
a€ H*(M). Foreach i and j, let

0Si,j(a) = Z #M, j(b,a)-b,

{beB:|b|+i+2jN =2lal}
0S(a)=Y_ 0S8 j(a)-h'T’.
i,J
Extend to a general element of QH*(M) by 0S(aT/) = QS(a)T?.

The proof that QS is an additive homomorphism is identical to Proposition 3.3. First
define QS”: Hik/z(M x M) — QH*(M) ® H*(BZ/2). This is identical to Sq’
from Definition 3.2, but one uses moduli spaces M; ;(a1,az,a3) that have a J-
holomorphic map u: S? — M in place of the intersection of the Morse flowlines. Then
0S8 = Q&' odouble, and observe that QS'(x1 ® x2 + x2 ® x1) = 0.

Remark 4.2 For a € H*(M),

0Si0(a) =897 (),
because it counts constant spheres. Further,
Z QSo,j(a)Tj =ax*a
Jj=0

is the usual quantum product.

4.1 Quantum Steenrod squares via intersections of cycles

Let a € H'9l(M), and we pick a basis B of H*(M). Write @ =PD(a) and 8 =PD(b)
for b € B. We define a moduli space and evaluation maps analogously to Section 2.4:
given j € Zxg, consider M;(J) x S’ consisting of pairs (u,v) where u is a J—
holomorphic map such that u4[S?] has Chern number jN and v € S’. Fixing ¢ € CP!,
the evaluation maps are evy x idgi: M;(J)xS ! > M xS', which we abusively denote
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by evy. Choose a sequence of maps ()72, X X Si — M x §' as in Section 3.4,
satisfying conditions (1), (2) and (3), but we will modify (4). First, let M(j, J) be
the space of J—holomorphic spheres of Chern number jN, with a Z /2-action acting
by u +> u o R, where as in Section 4, R: 2 — §? by R(z) = z/(z — 1). Further,
for be B and i € Z>o we define

Yo: Vp x (X x X)xz/28") = M x (M x M) xz/,S")

by
(s (e, XN, VD) = (BY (), [ (x, ), 0 (7, —v), ]),
and
ev: M(j,J) xZ/zSi — M x (M xM) xZ/zSi)
is defined by

[, v] = (u(0), [u(1), u(c0), v]).
The required condition (4) is then:
(4) For b € B, and i € Z>y, the intersection of pseudocycles
(16) ev(M(j. J) xz/2 ST) NYo (X x RP)
is transverse in M X (M X M) xz,/» 5.

Given i, j € Z>g, for |b| = 2|a| —i —2j, the pseudocycles are of complementary
dimension. Define n; ;(a,b) to be the intersection number of these pseudocycles.

Definition 4.3 (quantum Steenrod square) For a € H*(M) define
0S: QH* (M) — QH*(M)|[A]

such that

0S(a) := > ni j(a.b)-bTIh

{i,j€Z>0,beB:|b|=2|al—i—2jN}

with QS a linear homomorphism. Then extend QS linearly to QH* by requiring that
08(aT*) = 0S(a)T?*. Also define 0S;,j(a) as previously.

As in the classical case this is equivalent to Definition 4.1.
4.2 Quantum Stiefel Whitney class

For a smooth compact manifold M, the classical Stiefel-Whitney class of 7'M, denoted
by w(TM), is constructed as in [6, Section 5.3], using a certain graph operation. We
will not go into details. A more classical treatment is found in [13].
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Using the convention that (ah, A) = (a, A)h fora € H*(M) and A € H.(M), one
can use a gluing theorem as in [6, Theorem 20], or a direct argument, to prove that:

Lemma 4.4 w(TM) =Y ,c5Sa(») - (Sq(y"), [M]).

Proof Recalling that w(TM) = Sq(v), where v is the Wu class of M, it is sufficient
to prove that

(17) v=>_y-(Sq(y").[M]).
yEB
Suppose that we write v as an element of H*(M)[h], ie
V= Z nyi-yh'.
yEB,i>0
Substituting this into the definition of v, ie (Sq(b),[M]) = (b U v, [M]), for any
b € H*(M), we obtain that
(Sq(), [M]) =) “ny,i-(bU yh', [M]).
yEB

For each y € B, let b = yV. Hence

(SqOY), M) = ny;i - (yV U YA [M]) = ny; - K (M]*, [M]) = ny,; - B,
and (17) follows. m|
Let M be a closed monotone symplectic manifold.

Definition 4.5 (quantum Stiefel-Whitney class) The quantum Stiefel-Whitney class
is

wo(TM) := > 0S(y)(Sq(y"). [M]).

yEB
It follows from this definition and a grading argument that:

Lemma 4.6 If the minimal Chern number N satisfies N > % dim M , then wo (TM ) =
w(TM).

Proof We will show that given the assumptions of this lemma, for every y € H*(M),
either QS(y) = Sq(y) or (Sq(y"),[M]) = 0.

Suppose that QS(y), which is of degree 2|y|, has a summand containing some non-

trivial power of 7T, which is of degree 2N. This implies that 2|y| > 2N > dim M.
Hence |y| > %dimM . Hence |yV| < %dimM , and therefore for degree reasons
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there can be no summand of the form [M]*h/ in the expansion of Sq(y"). Therefore
(Sq(y¥).[M]) =0. O

Corollary 4.7 Let M = CP". Then wo(TM) = w(TM).

Proof The minimal Chern number for CP" is N =n+1>n = % dim CP". Now
apply Lemma 4.6. a

5 The quantum Cartan relation

We continue the discussion from Example 1.1. Consider the space M(’; 5 of five distinct
marked points on the 2—sphere, and let

Mo,s = M§ 5/ PSL(2,C),
where the Mobius group G = PSL(2, C) acts diagonally on the five marked points.
There are two different descriptions of My s that will be useful:

(1) Mos = {(z0,21.22,23,z4)}/ G, five distinct points modulo the action of G,
reparametrising Mobius maps.

(2) My5={(0,1,00,z3,24)} with z3 and z4 distinct from each other and from 0, 1
and oo.

The former description gives a simpler definition of the compactification, but the latter
description is more useful when describing homology classes. Letting z3 and z4 vary
in description (2) yields a third description:

(3) Mo,s= ((CP'—{0,1,00}) x (CP'—{0,1,00})) — A, where A is the diagonal.

One compactifies this space, adding stable genus 0 nodal curves with five marked points
(there are 10 copies of CP! — {0, I, 0o} and 15 points to add), and obtains a space

M0’5 ~ Bl{(O,O),(l,l),(oo,oo)}(C]P1 X (CPl).

See [11, Section D.7]. Then ]\70’5 is homotopy equivalent to (CP! x CP1) #3(CP?),
which means

where
I = (82, 8%, wl3 for all i, wi2 + 68165 forall i, §;w; foralli, j, w;w; fori # j),

w; corresponds to the exceptional divisor at (i,i), and 6; and 8, correspond to the
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spheres CP! x {pt} and {pt} x CP! respectively: thus all the generators have degree 2.
A treatment of this is [11, Section D.7]. Henceforth W; = PD(w;) and A; = PD(J;)
fori =0,1,00 and j =1, 2.

Let x, y and z be cohomology classes in H*(M). Let ¢{: ZY — M be a pseudo-
cycle representative of PD(zV). There is a natural Z/2-action on M, 0,5, induced
by (12)(34). Specifically,

i (20,21, 22, 23, 24) > (20, 22, 21, 24, 23)-
Then ¢ x —id defines a free diagonal Z /2—action on M 0,5 %S I for each i . Define
P; = (Mg xS/ (tx—id).

Pick smooth maps y;: X; — M and y;: Y; — M, as in Section 4.1, for the cohomology
classes x and y. Then Mﬁj (x,y,z) consists of triples (u,m,v), where m is a 5-
pointed genus 0 holomorphic nodal curve, and u: |m| — M is a smooth stable (nodal)
J—holomorphic map representing a homology class of Chern number jN (here |m|
refers to forgetting the marked points of m). The parameter space is v € S. The
map u satisfies u(zo) € {(ZY), u(z1) € xo(Xv), u(z2) € x—v(X-v), u(z3) € yo(¥y)
and u(z4) € y—p(Y—y).

There is a Z/2-action on M j(x, ¥, z), acting by
(19) (u’m9v)'_)(u’tm’_v)’

recalling that ¢ acts, as on M s, by the permutation of marked points (12)(34). Then
the action (19) is well defined because |tm| = |m|. There is also an action induced by
reparametrisation: specifically, if g € PSL(2, C) acts on some holomorphic sphere m4
of m, with corresponding J-holomorphic map u“: |m?| — M, then

(20) g - W mv)y=@ug ', g-m%v).

We denote by
M j(x,y,2)

the moduli space obtained after quotienting M, j (x, v, z) by the actions in (19) and (20).
There is a natural map

Tx,y,z: Mi j(x,y,2) = P;i, [u,m,v] > [stab(m),v],
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where stab(m) denotes taking the stabilisation of the 5—pointed genus 0 nodal curve m,
which corresponds to an element of Mg 5. The square brackets denote taking equiva-
lences classes with respect to the actions of PSL(2,C) and Z/2.

Remark 5.1 We can think of M; ;(x,y,z) as the inverse image under the evaluation
map
evi Mos(J.j) xz2 ' — M x (M* xz5 "),

ev([[u. (po. p1..... pa)l.v]) = (u(po). [(u(p1). ... . u(p4)). v]),

where Mg 5(J, j) is the set of 5—pointed J—holomorphic maps u: CP! - M of
Chern number jN, where m combines the information of CP! along with the five
marked points. The space /\m is a partial compactification using stable nodal
genus 0 holomorphic curves that contain no repeated or multiply covered components.
The Z /2-action acts on the marked points by the permutation (12)(34). Observe that
one uses some large machinery, namely the gluing theorem for J—holomorphic curves
(see [11, Chapter 10]), to show that this partial compactification of the space of simple
maps has a fundamental class. Then given x, y and z as previous to this remark, it is
immediate from the definition that M; ;(x, y,z) is obtained by

Q1) ev_l(;“(ZV)x|: U ocv(Xv)xoz_v(X_v)xyv(Yv)xy_U(Y_v)x{v}]).

[v]eRP!

As in Section B.1, we may interpret the expression between the parentheses in (21)
as a pseudocycle. The square brackets in (21) denote the equivalence class under the
7 /2—action. This allows us to calculate dim M, ; (x, y,z) as follows.

Let Q be a closed submanifold of the parameter space P;. Then Q represents a cycle
in H.(P;) such that

(22) dimz ), (Q) = |z| = 2|x| = 2|y| + dim(Q) + 2/ N.
In particular, for Q = P;, using dim(P;) =441,
dim M; j(x,y,z) =dimn ), (P) = |z| = 2|x| =2|y| +i + 4+ 2jN.

Definition 5.2 Let W be a cycle in H«(P;) with i and j fixed, represented by a
union of embedded closed submanifolds | J,c4 Qa C P;. Let x,y € H*(M). Define

qi,j W)(x,y) = > (Z #(n;’;,z(Qa))) zT,

{z:dimzy ), . (Q)=0} "a€4
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Figure 6: m,my € ]\70,5.

where the first sum is taken over a basis of z for H!?/(M) such that (22) is 0. Extending
bilinearly over Z/2[T], this defines a bilinear map

q,;(W): QHF (M) ® QH! (M) — QHF F=WI(pr).

Lemma 5.3 The homomorphism
gi,;(W): QH¥ (M) ® QH! (M) — QHF-IWI(pr)

does not depend on the representative of W and is additive.

Proof Represent W by a pseudocycle w: U — P; (in the case of Definition 5.2,
we chose a union of embedded submanifolds). Observe that the coefficient of z
in ¢;, j(W)(x, y) is the intersection number of two pseudocycles. Using notation as
previously, these are my,y ;: M; j(x,y,z) — P; and w: U — P;. We know that
intersection numbers are independent of the choice of pseudocycle representative,
ie g;,j (W) only depends on the homology class of W.

Then it is immediate that ¢; ;(W + W') = q; (W) + qi,;(W'). If 0: U — P;
represents W and w’: U’ — P; represents W’ then consider ”: U U U’ — P;,
defined by ©”|yx = w* for * = ' or ”. Then " represents W + W’. The
intersection numbers from the previous paragraph are additive. a

Remark 5.4 One likewise calculates the coefficients of zT/ in ¢;, F(W)(x,y) (with
notation as in Definition 5.2) as follows. Take the cup product of the cycle 7 *p, where
o =PD(Q) € H*(P;), with the pullback of z¥ x x x x x y x y under the evaluation
map (specifically, the cup product takes place in H *(/Wj,]) Xz/2 S 7)). Integrate
this over the equivariant fundamental class of /m
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In the following, use a cell decomposition for §? with cells D¥** in degree i, corre-
sponding to the two hemispheres of dimension i. For d the differential on cellular
chains, d(D>*) = D=L+ 4 pi—1—,

The class of cases we consider are when dim(Q) =i. If m;,m; € Mo,s are as given
in Figure 6, then m; and m, are invariant under the Z /2-action on ]\70,5. Hence
{m1} x D> and {m,} x D>*, which are embedded submanifolds of P;, represent
well-defined cycles in Hx(Mo s X7, /28 7). For p = 1,2 call these cycles Q;. To see
that these cycles are indeed closed, observe that (for example using singular homology)
if X C Mo,s is an embedded submanifold, then X x Dt represents some chain
in H,.(P;). Then abusing notation (applying the Kiinneth isomorphism, and writing
the submanifold X instead of a sum of the simplices representing X ),

d([X x D)) = [(dX) x DP 4 [X x (D1 4 DITL7)] = [(X +.0X) x DI,

The square brackets represent that we have taken the quotient by Z /2 of the chain
complex Cyx (M 0,5%S 7). The last equality uses the Z /2—action on M 0,5X%S ! Hence,
if X is a Z/2-invariant closed submanifold, such as {m} or {m5}, then the chain
represented by X x D% is closed in equivariant homology.

Indeed, by the previous discussion, for i > 0 the chain “{pt} x D’>*” is only a
cycle when pt is a fixed point of the Z/2-action on My 5. The space of fixed
points (1\70,5)Z/ 2 is the disjoint union of a sphere containing m, and the single
point m. See Remark 5.11 for more details on this Z /2-action.

Lemma55 o 3, . q;,;(Q))(x, »)h' = 0S(x) * 0S().
>, 41, (0 (x, I = 0S(x * y).

Proof For the rest of this proof, we fix i and j, and we show that

41,7 (0D (x.7) = [0S () QS (];.; T/
To do this we proceed as in Lemma 3.8, using 1-dimensional moduli spaces, the ends
of which count eg Zi,j qi,j (Q"l)(x, y)-h' and QS(x)* OS(y), respectively. This
yields a bordism between the endpoints, with more details provided in Section B.4.

Fixing some i € N (the dimension of the sphere in which v will vary), we con-
sider the 1-dimensional moduli spaces from Section 3.3, denoted by ./\71(x, V,2)
and My(x, y,z). Recall the spaces T¢ = [0,00] and T — T°. We define quan-
tum analogues qu (x,y,z) of the Mp(x, ¥, z) from Section 5 for p = 1,2, where
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now each element of /ﬁg(x,y,z) is a triple (¢,u,v) where t € T¢, v € S, and
u: (|t|p,t) — M is continuous and smooth away from nodes. Here, |t|¢p is obtained
by taking the graph associated to |¢| and adding a sphere at each trivalent vertex
(in such a way that the incoming edge of 7 is attached at O on the sphere, and the
outgoing vertices are attached at 1 and oo respectively). We then require that u be
J—holomorphic on each sphere and satisfy the edge and asymptotic equations as in
Section 3.3 and that the sum of the Chern numbers of the three spheres be jN. The
Z./2-action acts by (u,v) — (4 o¥,—v), where ¥ acts on || as in Section 5 and
extends to the holomorphic spheres in the following ways:

e For MlQ(x, v,z), the involution 7 acts by z — z/(z — 1) on the two right
holomorphic spheres and the identity on the left holomorphic sphere.

e For /\7? (x, y, z), the involution 7 acts by z + z/(z—1) on the left holomorphic
sphere and the identity on the two right holomorphic spheres.

For the # =0 end of the moduli spaces, we instead consider for M g (x, y, z) continuous
maps u: |mp|" — M. Here, m,, are the elements of M s as in Figure 6, and |m,| is
obtained from the nodal sphere configuration |m,| associated to m, by attaching to zg
the negative half-line (—oo, 0] and to z1, z3, z3 and z4 the positive half-line [0, 00).
We then require the same conditions on the edges, the asymptotics and the energy of
the nodal spheres. The Z /2-action extends continuously from the ¢ € (0, co] action.
We let M2 (x,y,2) = M2 (x.y.2)/(Z/2) for p=1.2.

It is then immediate from the definition that counting the setups corresponding to
the t = 0 end of M, ;(x,y,z) gives the coefficient of z in qi,j(Qé)(x,y)hi, for
each i. Hence, it remains to show that counting the ¢t = oo ends of ./\/lg(x, v,2)
corresponds to the coefficients of QS(x) * QS(y) and QS(x * y) respectively for
p = 1,2. The proof of this is identical to Lemmas 3.8 and 3.9 respectively.

We do not need to worry about the bubbling-off of extra spheres because M is mono-
tone. Specifically, any J—holomorphic bubble must have strictly fewer than two
marked points. Introducing “phantom” marked points, we may consider this to be a 3—
pointed Gromov—Witten invariant corresponding to intersections with the Poincaré dual
of 1€ H%(M). We know that, for a general choice of J, such Gromov—Witten invariants
only contain contributions from constant spheres, as in [11, Proposition 11.1.11(ii)]. O

We now prove a slightly more general lemma for Z /2-equivariant homology.

Lemma 5.6 Suppose that M is a smooth connected manifold with a smooth 7, /2—
action t: M — M. Suppose that W", L"~! C M are submanifolds, fixed setwise by (,
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of dimensions n and n — 1 respectively, and representing respective homology classes
[W] and [L]. Suppose turther that W = L U U U U for some open submanifold
U C W such that 9U = L, where U is the closure of U in W.

Then, writing D% for the upper i—dimensional hemisphere in S/ (i < j), the
submanifolds W x D'=1% and L x D% of M x S/ represent homologous elements
of H«(M xz,5 S7), ie

[W x D=L+ = [L x D" F].

Proof By the Kiinneth isomorphism, using singular homology, there is a quasi-
isomorphism between Co(M) ® C.(S7) and C,(M x S/), here using singular homol-
ogy. In fact we may replace singular homology of C,(S/) by cellular homology, as the
Kiinneth isomorphism is natural on chain complexes. In this cellular decomposition,
there are two i—cells for each 0 <i < j such that one obtains a decomposition of S/ 1
from S/ by attaching two (j +1)—cells along their boundaries at S-.

Observe then that there is an involution on C,(M) ® C,(S/), which is the chain map
¢ := 1+ @ (—id)«. We consider the homology of the complex (C.(M) ® C.(S7))/¢,
the quotient of the complex C,(M)® C,(S/) by ¢, with the differential being induced
by the differential on the tensor product. Then we know that the Kiinneth isomorphism
is natural (in particular, with respect to the action of ¢ ), hence

H.((Co(M) ® Cu(S7))/¢) = Hi(Cu(M x S7)/$).

The homology of the latter complex is isomorphic to the homology of M xz/, S J, but
we will represent chains using the former complex.

We will (abusively) denote by W x Di~1:% the ¢—equivalence class of the chain (ie sum
of simplices) corresponding to the submanifold W x D'~1:F c M x S/. Observe that
d(U x D7) = (dU) x DT + U x (dD"™),
abusively also denoting by d the differentials on all possible complexes. We know
that dU = L by assumption. Further, dD">* = D=1 4 D/=1= Hence

d({Ux D"y =LxD"t +Ux (D"t 4+ D717,
Note that
Ux (D=4 D"ty =UxD" T +Ux D'
=Ux DM Ux D71
= (U +0)x D17,
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Figure 7: Elements of W.

using for the second equality that the chains represent elements of the complex quo-
tiented by the involution ¢. But note that by definition the chains satisfy U + .U = W
(summing simplices, the boundaries match and cancel along L). Hence

d(U x D" )y=Lx D"+ W x D=L+,

as required. a

Let A" = Q’i — Qé. Let W, be the pullback under the blowdown
Bl(0,0).(1.1).(00,00) (CP" X CP1) — Bl(g )(CP" x CPY)

of the exceptional CP! divisor in Bl(q,q)((C]P>1 x CP!), for ¢ =0, 1, c0. The elements
of Wy are given in Figure 7.

Lemma 5.7 [Wo x DI=2F] = [{m1} x DHF] + [{ma} x DIH].
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Proof We use M = Mos and W = Wy, and « = (12)(34). Observe that we may
identify Wy = S? with the extended complex plane, fixing (29, 23,24) = (0, 1, 00).
The z € CU{oo} corresponds to the freely moving point on the four-pointed component
of an element m of Wy: specifically, the node connecting together the two components
(ie copies of S?) that together comprise m. The Z/2-action on C U {oo} is then
zz/(z—1). Let L=R C C U{oo}. By Lemma 5.6, we know that

[Wo x DI=2F] = [L x D'=17].

Now observe that L contains two fixed points, {m,m3} € Wy, corresponding to the
points {0,2} € R C C U {oo}. Applying Lemma 5.6 again, we obtain that

[Wox D' =2 4] = [Lx DI F] = [{my, ma}x D] = [y} x D'+ [ima} x D1,

Hence it remains to prove that [{m3}x D>+ = [{m3} x D"*]. Recall we stated earlier
(and will elaborate in Remark 5.11) that the fixed-point set of M 0,5 corresponds to the
union of {m1} and a 2—-dimensional sphere. In particular, the points m3 and m, can
be joined by a path of invariant points, which we denote by /. Then d(I x D"»*) =
{m3} x Db 4 {my} x Db, as required. a

Proof of Theorem 1.2 By Lemmas 5.7 and 5.3,
gi,j (Im1} x D'F) = g j ({m2} x D'F) + g, j(Wo x D'7>),

Multiply by 4’ and sum over all i and j and apply Lemma 5.5. a

Lemma 5.8 The homomorphism g; ; (Wp x D=2%) is only nonzero when i > 0
and j > 0.

Proof The j =0 case corresponds to J—holomorphic maps that are constant. Suppose
that we have chosen input cocycles x and y and a test output cocycle z¥ such that
the moduli space used to calculate the coefficient of z in g; ; (Wp x D72y (x,y) is
O—dimensional. In particular, we require that |z| = 2|x| + 2|y| — (i —2), using (22)
and recalling that dim Wy x D'=27 =i and j = 0. However, such setups in fact
consist of pairs (m € Wy, (v, u)) such that (v, u) is a configuration as in the t = 0 end
of Figure 2. For generic choices of data, there do not exist any such (v, u) (the space
of such pairs is of virtual dimension |z| —2|x| —2|y| +i = —2), hence the moduli
space is empty and therefore trivially transverse.
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For the vanishing for i = 0, observe that the 4’ terms correspond to calculating
qi,; (Wo x D=2:%), which vanishes for i <2, because S has no cells of negative
dimension. O

We will verify Theorem 1.2 in the case of CP!.

Example 5.9 (CP!) Let x be the generator of 2—dimensional cohomology. We
verify that

[08(x) * OS(N)]i,j = OSi,j (x % x) +qi,;(Wo x D' 7> F)(x, x).

We know that there can only be contributions from j > 0 and i > 0, by Lemma 5.8.
In the cases where j =0 or i = 0, we have already verified this using Example 1.1.
For degree reasons, there cannot be any solutions for j > 2 or i > 4, and there cannot
be solutions for i = 1,3 (as CP! has only even cohomology). Hence we only need to
consider the cases (i, j) = (4,1) and (i, j) = (2,1).

For the case (i, j) = (4,1),
[0S(x) % Q8 (x)]a,1 = [T? + h*Tla, = h*T,
084,1(x % x) = 0841(T) = [T?]4,1 = 0.
We then calculate g4,1(Wo x D*)(x, x).

Pick representatives of PD(x) x S as follows: Let ¢: S> — D? be the “flattening
map” of the sphere; ie if S C R3, then ¢ is projection onto R? C R3. Pick two
disjoint discs in CP! = §2, call them D and D’, and pick maps 1: D?> — D < CP!
and 7/: D> — D — CP! identifying D? with D and D’ respectively. Let i =
no¢: S — CP! and, likewise, ' = 1/ o ¢: S — CP!. Then two representatives
of PD(x), = {pt}, are ¥ (v) and ¥'(v), where v varies in S2. Recall that elements
of Wy are as in Figure 7.

Every element of Wy consists of two spheres, joined at a point, which in this discussion
we call “components”: recall that one has three special points, and one has four.
The space S? has minimal Chern number N = 2, so for J—holomorphic maps u
from elements of Wy to CP!, the map u may be nonconstant on only one of the
two components. Further, this J—holomorphic map must be degree 1 on the other
component. It is immediate that the map must be constant on the component with three
marked points (if it were constant on the other component, then the solution cannot be
rigid as z4 can vary freely), and the other sphere of u has degree 1. Then u(z1) = ¥ (v)
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and u(z;) = ¥ (—v) meet at the unique point on the sphere where ¥ (v) = ¥ (—v).
Hence there is one solution, and this solution gives the correction term A*T.

For the case (i, j) = (2, 1), observe that the coefficient of 42 in the correction term
corresponds to using as the parameter space D22 C S?2, which is a single point:
thus, we are simply performing a nonequivariant calculation. As we are calculating
the coefficient of T, as in the previous paragraph we know that any J-holomorphic
maps must be constant on the component with three special points. This setup then
corresponds to deducing the coefficient of x 7" in (x*x)*(xUx), but xUx =0 in CP.
Example 1.1 provides the contributions QS5 1(x*x) =0 and [QS(x)* OS(x)]2,1 =0.

Henceforth, for brevity we will write

qW)(x.y) = _qi,j(Wox D'">F)(x, y)h'
i,j
for x,y € QH*(M).

Remark 5.10 (quantum Cartan in classical case) Lemma 5.8 gives a sanity check
that, in the classical case, Sq(x) U Sq(y) = Sq(x U y).

Remark 5.11 We recall that the Z /2—-action ¢ on My s acts on the labels of the points
by the transposition (12)(34). Hence, suppose that (0, 1, 00, z3,z4) € Mp,5. Then
1(0,1,00,z23,2z4) = [0,00, 1, z4, z3]. This is no longer from description (2) of My 5.
We must apply the element R € PSL(2, C) such that R(z) =z/(z—1). Then

[0, o, 1, Z4, 23] = [RO, ROO, Rl, RZ4, RZ3] = (0, 1, oo, Z4/(Z4 — 1), Z3/(Z3 — 1))

Such a point in My 5 is fixed exactly when z3 = z4/(z4 — 1). This provides a 2—
dimensional family F of fixed points of ¢, as z3 varies in S2 —{0, 1, oo, 2}.

Using description (2) of My s, the action ¢ extends in the obvious way to the com-
pactification, by permuting edge labels of the marked points. Fixed points of the (—
action on the compactification can be found in the limit as z3 — 0, 1, 00, 2, assuming
that z4 — 0, 00, 1, 2 respectively. These four points compactify F to a 2—sphere that
we denote by F. The point when z3 — 1 and z4 — 00 is m5.

We now use description (1) of My 5. It can be deduced by inspection that there are no
fixed points if exactly one of the pairs (z1, z3), (z2,24), (21, z4) and (z3, z3) collides.
The collisions of (z1, z2) are only fixed if they collide at 2, which is covered above.
The collision of (z3, z4) is only fixed if it occurs at 2, which is the single point when the
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pair (z1, z») collides at 0, which is counted above. It is an easy check that any point in
a collision of (zg, z;) is not fixed for i =1, 2, 3, 4. Hence, the only other possibility to
check is a collision when two pairs collide at the same time, say (z;,z;) and (zg, z;)
for (i, j, k,1) all distinct. Checking the cases, we see that there is a single point that has
not yet been accounted for in F, namely (z1, z) and (z3, z4). This is the point m .

6 Computing the quantum Steenrod square for toric
varieties

In this section, we will use the intersection definition of the quantum Steenrod square
(Definition 4.3). We will require that oy: Xy — M be an embedded submanifold for
each v (and not just a pseudocycle), and we will abusively replace o, (Xy) by Xy .

6.1 Quantum Steenrod squares for CP”

Let x’ generate H2'(CP"). By the quantum Cartan relation, Theorem 1.2,

OS(x'T1) = 0S(x") ¥ 08(x) + g(W)(x', x).

We can iteratively construct QS(x*1) as long as we know ¢(W)(x’, x). Using a
combination of degree reasons and Remark 4.2, OS(x) = x *x x + xh?.

Lemma 6.1 For2i <n, g(W)(x',x)=0. Forn <2i <2n,

dOW)(x' . x) = (nii)Th4i+2_2n'

Proof Recall that we make a generic choice of C/*~! C CP”, parametrised by v € S,
such that C;’_l represents PD(x) € Hp(,—1)(CP") for each v. Similarly, we choose
CI'™" C CP" representing PD(x") € Hy(n—iy(CP") for each v € S*°. Observe
that ¢(W)(x?, x) has degree 4i + 4 so, by Lemma 5.8, for i = 1,...,n we deduce

23) qW)(x'.x)

1
_ Z it Lyii—n 26 +D—2)
J
j=n—i
_ m;t}xOTh‘”Jrz_z" +m£,t,1-_1x1Th4i_2n L. +m§+1x2i_”Th2,
where m;H are coefficients and the degrees are |x| =2, so |x’| 4+ |x| = 2i +2 and
|T| =2(n + 1). Equation (23) follows for grading reasons.
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Zo (CPH-_/ —n

21

Z4
Z1

constant on lower-left bubble

Figure 8: Configurations for ¢(W)(x, x) for CP".

We claim that mj“, the coefficient of x!T/ 7 Th2G+D=2/ ig the number of (un-
parametrised) J—holomorphic spheres that intersect both CP!*/~" and some repre-
sentative of PD(Sq?/ (x?)). We proceed in the following steps:

(i) Counting the coefficient of x!T/=2ThH2E+D=2] in ¢(W)(x’, x) is the same as
counting setups as in Figure 8, top for v € D% ~2/:% (recall D?~2/* corresponds to
the #%'=2/%2 term when defining ¢(W) in Theorem 1.2). Only T'! appears in (23),
so one of the holomorphic bubbles has degree 0 and the other degree 1. For the
solutions to be rigid, the sphere with the marked points z; and zp must be constant (as
in Example 5.9). This yields the setup in Figure 8, bottom.

(i) Let b be an element of the basis of cohomology, B. The intersection of C;’_i
and C" ! with some representative of PD(bV), taken over all v € D?=2/>%F s the
coefficient of b in Sq?/ (x?) (by definition).

(iii) Suppose that we neglect the intersections with C i;l in Figure 8, bottom. Then
we count the number of (unparametrised) J—holomorphic spheres u: S — M that
intersect:
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e arepresentative of PD((x’T7/7")V) = PD(x2"~(+/)) (an example of which is
a copy of CP'*/~" ¢ CP"), and

e arepresentative of PD(quj (x%)).

We recall Sq?/ (x?) = (;) xitJ/ (see [8, Section 4.L.]). This implies PD(Sq?/ (x?)) =
( ) PD(x*/). Recall PD(x’*/) is represented by a copy of CP"~“+/)_ Our problem
reduces to asking how many lines there are intersecting CP¢ /=" and Cp"~¢+/)
and multiplying this by the coefficient ( j).

However, this only makes sense if i + j —n >0 and n — (i + j) > 0 (both of
the representatives must be of nonnegative dimension), hence j = n —i. In par-
ticular, the representative of PD((x'T/7")V) is a point, denoted by pt. Further,
there are a finite number (congruent to (n’_l) mod 2) of pairs {vi,—vg} such that
C;’k_" ncr; kl = pty = CP°. For each pt; there is exactly one line between pt;, and pt
(ie there is always exactly one line between any two points in CP").

(iv) The homology class of each of the degree 1 J-holomorphic spheres (the lines
from the previous step) is the same homology class as that of CP!. Observe that
CP!'NC~! = {pt,} for each v. We make a generic choice of C/~! such that the J—
holomorphic spheres are not contained in C/?~! for generic v: specifically, we choose
some hypersurface in C”~! not containing the finite collection of lines from step (iii)
and then require that C*~! be a C?—small perturbation in v from this hypersurface
(to ensure transversality). Then for each pair {vy, —vg}, the intersection of the line
at pt/ fixes the parametrisation of the J—holomorphic map, and the intersection of

the line at pt’ fixes which element m of W, that we are using as the domain.

—vg

Therefore, for each of the ( n’_ ;) lines from step (iii), there is exactly one choice of
tuple (m, u, vg) (up to reparametrisation and the 7 /2-action) satisfying the configura-
tion in Figure 8, bottom. a

Theorem 6.2 Forall i >0,

i . ln/2]+1

o oswr= ()4 S (1) (O

j=0 k=0

where x'*/ is the (i+j)" quantum power of x.

Observe that if i + j > n then x'*/ = x/T/="T, as this is the quantum power.
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Recall that 0S(x') = Sq(x’) + T(...), where, by Example 2.4,

n—i

Sq(xi) = Z (; )xi+jh2i—2J"

Jj=0

Proof of Theorem 6.2 Since T = x"*!, we can express the square as
i
QS(xi) — Z ljl:xi+jh2i—2j
j=0
= léxihzi + l{xi+1h2i_2 +--+ l,?XZiho
for some l’: eZ/2.

By the quantum Cartan relation, Theorem 1.2 and Lemma 6.1, the coefﬁ(:lents l [ satisfy
Z’Jrl = l’ +l’ _, for j #n—i and l‘Jrl =01+ +(,.,) (the latter term
arises from the quantum correction). Using Pascal’s triangle and the iterative formula
for the / J’ , one can write down the closed-form solution. O

In particular, truncating the sum in (24) to j < n —1i recovers the classical Steenrod
square formula for CP” from Example 2.4. This is because if j <n —i then every
term in the second summation in (24) vanishes because either

j—k<0 or i—(n+1—-k)<O.
To see that this is true, observe that if j > k then
i—-(n+1-k)y=k+i—-n—-1<j+i—-n—1.
Thenas j <n—i,weseethat j +i—n—-1<-1<0.
We give some explicit examples: For CP1,
g0 = (|1 )T,
08(x) =xh*>+T,
08(T) = (xh®> +T)? + Th* =T2.
For CPZ,
g0 = (51 )T,
08(x) = xh? + x2,
08(x?) = (xh? + x®)2 + Th? = x®h* + Th? + xT.
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For CP3,
gW)(x,x) = (3i1)Th4+2_6 =0 and q(W)(x2% x)= (332)”8“—6 =0,
0S(x) = xh* + x?,
S(x?) = (xh?> +x2)? =x2h* + T,
0S(
08(x%) = (xh? + x®)(x2h* + T) = x3h® + Th* + xTh? + x*T.

Remark 6.3 Observe that, after one appeals to dimension reasons to rule out the other
cases, the proof of Theorem 6.2 only uses GW(CP"~ 1 {pt}, {pt'}).

6.2 Fano toric varieties

Let M be a compact monotone toric manifold, with b € H!?!(M) and x € H2(M),
and let X = PD(x). Then, analogously to Theorem 6.2, one proves Theorem 1.3.

Proof of Theorem 1.3 Consider setups as in Figure 9, which henceforth is what we
refer to by “setups”. These are configurations that, when counted, yield the coefficient
of ¢cTVMWRI+2 in q(W)(b, Xp). Henceforth, we fix the dimension of the equivariant
parameter space, i € Z>q corresponding to S? C S, and some u € Hy(M, Z) such
that the J—holomorphic curves we consider represent . We also fix x € H?(M)
and b € H*(M), as in the statement of the theorem. We make choices of X, and B,
for v € §°°, with the usual conditions for the input cycles used in ¢(W)(b, x,). Given a
test output cycle ¢ € H*(M), we pick an embedded submanifold representing PD(c").

We will describe configurations that are related to Figure 9, which we call reduced
setups, which arise by neglecting the intersection with X, and the marked point z4
corresponding to it. The setup as given remains of dimension 0: removing z4 “removes
two dimensions” and removing the intersection with X, “adds two dimensions”.

A “reduced setup” is a pair (v, Urq) such that v € St and Upeq: SZ Vi SZ —> M.
Then v € S%, and ueq is J—holomorphic and subject to (t;eq)«[S?V S?] = pu. The
map Upeq satisfies

Ued(0) €PD(cY),  Upda(00) € X—y, Uwa(l) € By and  ureq(00) € B_y.

Note that, given a setup, we may obtain a reduced setup by forgetting the point z4 (and
the associated intersection condition). Observe that the space of setups and reduced
setups is of the same dimension, |c| +i + 2¢1(u) —2|x| —2|b].
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20 PD(z)"

Z4

z
1 Z3

Z2

Figure 9: Configurations for g(W)(b, x,) for toric varieties, where x and b
are the inputs and ¢ is the output. Here we are using the notation where
Xy and B, are embedded submanifolds, as in Remark 3.13.

We would like to prove that for a generic choice of { Xy}, if (v, ureq) is a reduced setup,
then for every p € S? such that ueq(p) € Xy,

* U and X, intersect transversely in M at u.q(p), and

* p is an injective point of Uyeq.

Observe that if we are in the situation where the set of reduced setups is O—dimensional,
ie |c| +i 4 2c1(pn) — 2|x| —2|b| = 0, then we may assume that no intersections
occur for v € 9D>+ = S'~1. Further, counting reduced setups with v € S’ and then
quotienting by the free Z /2-action of (19) is identical to simply restricting to v € Dis+
(without taking a quotient). With this in mind, we may freely perturb our choice of X,
for v e 5’”‘, without changing the reduced setups. We make sure that the perturbation
is sufficiently small that the moduli spaces of setups remains transverse. Then the
argument becomes a classical argument that a generic perturbation of the embedded
submanifold/pseudocycle X, will be transverse to u.eq, and [10, Proposition 1.3.1]
implies that the set of injective points of a simple curve u.q is open and dense: hence,
generically each intersection occurs at an injective point of ueq.

Now suppose that we are given a reduced setup (v, ureq). Then there are #(X, )
(modulo 2) setups corresponding to it. Observe that the actual number of corresponding
setups is #(X, N ), where N gives the absolute number of intersection points counted
without signs. Generally such a count is not preserved under changes of representatives
of X, and u, but one immediately sees that #(X, e ) = #(X, N ) for transversely
intersecting pseudocycles in characteristic 2. This choice of #(X, ® i) setups corre-

Geometry & Topology, Volume 24 (2020)



936 Nicholas Wilkins

sponds to a choice of the marked point z4 on the domain, which we know bijects with
a choice of intersection points of X, and Im(u) (as it is an injective point).

In fact, setups and reduced setups are in a 1-to-#(X ¢ ) correspondence (recalling
that X = PD(x)). This holds because one may pick X, such that every X, is a
normal perturbation in a C?—small tubular neighbourhood of some fixed submanifold
representative X of X (argue likewise for a pseudocycle representative). This is then
bordant to having chosen X, = X for all v, by deformation retracting the tubular
neighbourhood to X. Hence #(X, o ) = #(X o ).

It is now sufficient to prove that reduced setups count
|5] J

220 Yo (0S5 jk(b) g ) APITHERTI

2i=0,>1k=1{ueH(M):E(un)=k}
However, considering reduced setups alone one may choose X_, to be independent
of v € D’* (again, choose a deformation retraction of a tubular neighbourhood to its
core X). The result follows immediately from the definitions of QS and the quantum
product. a

As the cohomology of a toric variety M is generated by H?(M), iterated application
of (5) yields a general solution, ie one can calculate QS(xp,xp, -+ Xp,) assuming the
base cases QS(xp,) for a basis {x,} of H2(M) are known. Using a combination of
degree reasons and Remark 4.2, QS(xp) = xp * X, + Xp - h.

Proof of Corollary 1.4 We induct on degree. The base case is for |x| = 2, and
we know from above that QS(x) = xh? + x * x is determined by QH*(M). Given
a € H*(M) for x > 2, write a = b x x for x € H>(M). By Theorem 1.2, we
have QS(a) = QS(b) *x QS(x) + q(W)(b, x). By induction QS(b) and QS(x) are
determined by QH* (M), hence so is QS(b) * QS(x). By Theorem 1.3, g(W)(b, x)
is determined by QH*(M) (observing that #(X e u) is determined from singular
cohomology). |

Let 8: QH* (M) — QH* (M) be a ring homomorphism satisfying (7)) = T. In the
notation of Theorem 1.3, we deduce that for a,b € QH*(M),

B(a *o0,0 b) = B(a) *0,0 B(D).

This is because u = 0 is the only possible element of H,(M, Z) of Chern number 0
when M is monotone. Indeed, Theorem 1.3 simplifies to state that if |x| = 2, then

(25) O8(b x x) = QS5(b) * QS(x) + (Q5(b) * x — QS(b) *0,0 X).
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Thus, any ring homomorphism f with the given constraint is compatible with the
quantum Steenrod square.

Example 6.4 (CP!xCP!) Welet x and y be the generators of H2(CP! x CP),
with PD(x) = [{pt} x CP'] and PD(y) = [CP! x {pt'}]. Here ¢(Wp x D=2 )(x, y)
vanishes, and hence QS(x) * OS(y) = QS(x * y). Indeed, by (5),

2 J
qWox D> H)(x,y) = Y D> k- QSai jie(x) i yh* 2T
2i=0j>1k=1

recalling that x x,, x y is the coefficient of T* in the quantum product x * y, using
spheres representing 1. Working from definitions, QS(x) =xh?+T. Then a*; y #0
implies that k = 1 and o = y. There are no i, j and k such that 0S;; ;¢ (x) =y.
Hence the sum on the right-hand side is 0.

7 The quantum Adem relations

7.1 Classical Adem relations

We begin with a discussion of the group cohomology of S4 and Dg. This will involve
adding details to the argument alluded to by Cohen and Norbury to prove the classical
Adem relations in [6, Section 5.2].

It is proved in [1, Sections IV.1 and VI.1] that

(26) H*(BDs) = Z/2[e, 01,02]/(e01),

where e and o; are of degrees 1 and o5 is of degree 2, and

27 H*(BS4) =Z/2[n1.n2,c3]/(n1c3),

where again subscripts denote the degree of the elements. Considering

Dg =((12),(34),(13)(24)) C S4,
there are subgroups
Z/2={(13)24)) and Z/2xZ/2={(12),(34)).

Then
H*(BZ/2)=17/2[e] and H*(B(Z/2x1Z]2))=17/2[x,y].
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Consider the commutative diagram (28) induced by the various inclusion maps of
groups. As in [1], one shows that

H*(BZ/2)

(28) H*(BDs) +———— H*(BS4)

H*(B(Z/2xZ/]2))
with
ie)=e, i2(01)=x+y, i202)=xy,
J1a) =e* ja(m)=x+y. ja(n2)=xy.
All of the other generators map to O via the i and j maps. From this, and the fact
that 7 * is injective, we deduce that

n*(n) =01, n*(Mm2)=o02+¢> and 7*(c3) = eos.

By Cohen and Norbury [6],

H* (M) 2 (M) © H*(BSy)

(29) =l lidH*(M) o

0
H*(M) "= H*(M) ® H*(BDs)
is a commutative diagram, where gq° satisfies

q¢°(@) = Z Sq? o0 Sq” (a)elaHp_qo*éa'_p.
P
We do not in general know a closed-form definition of gg° in terms of compositions of
Steenrod squares, but in fact we do not need to: the Adem relation is a purely algebraic
relation, only using the fact that ¢g° lifts to a homomorphism ¢g° (and not any
information about the homomorphism itself). For a definition of gg° in Diagram (29),
use the 7 %—component of gg from Definition 7.4.

Fact By Theorem 19 (invariance) in [6], the diagram (29) commutes. This implies
that the image of ¢¢° lies in the image of id H*(M) ®*. Hence there are constraints
on the image. Specifically, eZiog may only appear in g¢°(«) if it arises from some
(e02)? (% +02)! /73 for k =0, 1,..., with coefficient (i +/__k3k) This is a special

case of Lemma 7.8.
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Lemma 7.1 For any s and m,
3s+m N mA+1—1\ (3s+m
(30) (s—i—m) ;)( )( s—I )

modulo 2.

Proof We prove this by induction. Let

cm. s) = (m+3s).

m+s
Then, modulo 2,

cim+2,5)=c(m,s)+c(m+3,s—1).

s =S (" ()

Check that S(m,s) = c(m,s) for s = 0,1 and m = 1, 2. These are the base cases.
Hence if S(m +2,s) = S(m,s) + S(m + 3s,s — 1) for all m and s then the lemma
holds by induction. This is an exercise in binomial coefficient algebra modulo Z /2. O

Define

Theorem 7.2 (classical Adem relations) Given « € H*(M) and ¢q, p > 0 such
that g < 2p,

O
G31) sa”sa? @)= ) (7 5 ) saP 7 sdk ).
k=0

Proof Suppose ¢ iseven. Let [ = |o|—p, m=p—q/2,and n = q/2—k. Then

p—k—1\ (m+n—1 )
( q—2k ) o ( 2n :
Assume ! = 2r. The cases for ¢ or [ odd are proven identically, except for slight

modifications in the substitutions and the exponents of the labelled equations. Through-
out, for E € H*(BDs3), let cff(E) be the coefficient of E in gq°(«). By definition

of q¢°,
Sqq OSqP(a) — Cff(el+2m l) and qu+l kosq ((X) _ cff(el —2n l+m—n).

By the fact on the previous page (which also ensures that the right-hand sides of the
following two equations are well defined),

r
3r4+m—3i ; s
(32) Cff(€l+2m(fé) = Z( rim—i ).cff((eo—z)Zl (6’2 +O_2)3r+m 31)
i=0
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and

r

(33) Cff(el—ZnO_é-f-m-‘rn) — Z (37‘ +m—3l ) -Cff((€02)2i (62 + 0_2)3r+m—3i).

r—nm-—i
i=0

The claim now follows since, by Lemma 7.1,

3r+m—=3i\ > m+n—1\ /3r+m—3i
(r—l—m—i )_Z( 2n )( r—n—i )

Substitute this into (32), swap the summation, and then substitute (33). This yields (31),
after substituting back for p, g and k.

The terms with n > ¢/2 will not appear in the final statement because n > ¢q/2

implies k < 0, and qu(a) =0 for k <O. m|

7.2 Quantum Adem relations

In this section we will denote by B some basis of H*(BS4), by B some basis
of H*(BDg) and by Bjs some basis of H*(M).

Recall that in Definition 5.2, for W € Hy(My s X7/2 S%) for some i, we defined
additive homomorphisms

gi.j(W): QH*(M) ® QHP (M) — QH24+2b=1=2JN (1),

We will define a similar construction of operators that are parametrised by H *D 8(Mos)
and H34(M, s), where

Dg=((12),(34).(13)(24)) C S4

acts by permutations on the indices of [zq,z1,z2,23,24] € Mo5. We will abbre-
viate Pgéq’r = 1\70,5 XDg ESf’q’r and P_é;’q’r = 1\70,5 XS, ESf’q’r, recalling the
constructions in Appendix D, where we expressed ES4 as the union of a count-
able nested sequence of smooth closed manifolds, ES f 4T of respective dimensions
2p—1+3qg+6r.

We note that for any M with H*(M) finitely generated in all degrees, there is a map
V: H*(M) — H«(M),

along with its inverse also denoted by W: H. (M) — H*(M). This is an isomorphism
via universal coefficients (as usual working over Z/2): explicitly, one picks a dual basis
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under the pairing (&, a) — a(a) given by evaluation of cocycles. For brevity we write
Pp, = Mo s xpg ES4 and Ps, = My 5 x5, ES4. The homology of Pp, and Psg,
satisfy this finite generation condition: this is due to the Cartan—Leray spectral sequence.

Pick a pseudocycle representative {¥: Z¥ — M for each zV € By, . For « € H*(M),
choose pseudocycles iy: Ay — M for v € ES4 (where Ay = Ax{v} C AX ESf’q’r for
some sufficiently large p, g and r). We do this such that i, A, is a weak representative
of PD(«) for each v, by which we mean that i, A, ® X =PD(«)e X forall X € H«(M),
where ¢ gives the intersection number. We choose i, with invariance and genericity
conditions as follows:

() Ay =A@3)y = A4y and iy =i(23).y = i(24)y forall v € ESy.

(2) Let My,5(J, j) be the space of J—holomorphic maps of Chern number jN
from S2 to M with five marked points. Let m be its compactification
with stable nodal maps. Then the i, must be chosen sufficiently generically
so that the intersection of the S4—equivariant pseudocycles in (34) and (35) is

transverse:
34 ev: Mos(J, j)x ESPT" — M x M x M x M x M x ESP?",
(u,v) = (u(20), u(z1), u(z2), u(z3), u(z4), v),
35) ZVXxAXxAXxAx AXESL — M xM x M x M x M x ES},

(x,a1,a2,a3,a4,v) = (§(x),iy(a1), i@ 2)v(@2),i13)v(@3), i 4y (aa), v).

Observe that we may restrict to the special case of Morse theory, as we have done
throughout this paper. Specifically, we choose f, s for v € ES4 and s € [0,00).
We do this such that f, s = f for s > 0, and f23)4,s = f24)v,s = fo,s for
all v and s, and we replace the incidence condition with i(; 5., (ap) by incidence with
a —Vf(1 p)v,s—flowline asymptotic to a critical point c.

Definition 7.3 Let o ecrit(f). Ford € H ;4 (Mo5), we pick a pseudocycle represen-
tative 6: D — P_Sl.""q’r of ¥(d) € H*(PSI.:q’r) (for some sufficiently large p, g and r).
Then we define an operation ¢s,(D): H*(M) — QH*(M) by

CIS4(D)(05):: Z ”z,a,j'Z'Tj,
zecrit(f),j >0

where 1, o ; counts the number of S4—equivalence classes of triples (m,u, v) with
[m,v] € §(D) C Ps, and such that u: m — M is J—holomorphic and of Chern
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number jN. We also require that
ug: (—00,0] > M and wup: [0,00) = M
for p =1,2,3,4 such that

deuo(s) = =Vf(uo(s)), drup(s) = =Viap)v(up(s)),

u(zp) =up(0), wug(—o0)=z and wup(oo)=oc.

On cohomology the operation will be independent of the representative § of W(d), by
the same proof as of Lemma 5.3 (ie we express our coefficients as the intersections of
pseudocycles, and bordant pseudocycles give the same intersection number).

In order to show that Definition 7.3 is well defined on cohomology, we must define an
operation qg4 (D): C§4 (MXMxMxM)—C*(M)®C*(BS4) as in Definition 3.2.
It is then a standard compactification theorem to prove that ¢gg, is well defined on
cohomology (as D is closed), for example as in (10).

The definition of gp (D) is identical to Definition 7.3, replacing everywhere S4 by Dg
(note specifically that this definition uses BDg = ES4/Dg as its parameter space).

Henceforth, we will restrict to the subalgebra H*(BS4)eq of H*(BS4) generated
by o2 and e, and similarly the subalgebra H*(BDg).q of H*(BDg) generated
by 1, and ¢3. The map n*: H*(BS4)req — H*(BDg)req is well defined and injec-
tive because of Diagram (28). Indeed, the only difference between using H*(BS4)
or H*(BDg) is that we forget all additive generators that include monomials with
some nontrivial o1 or n; exponent, respectively.

As in the case of the quantum Cartan relation, we would like to consider cycles
in H«(Ps,) parametrised by some basis B of H*(BS4)req. Compare this to the proof
of the quantum Cartan relations, where the classes [{m} x D"*] € H.(Pg /2) were
parametrised by [D>1] € Hy(BZ/2) = Hy«(RP®). Further, we will show later that

(36) 050 08(@) =) qpy(im1} ® W(e'03))(@) €03

i’j
Hence, ideally we would like the chains represented by {{m} ® B} to be elements
of H«(Ps,), for B € B. This will not work because m; is not S4—invariant. However,
the cycle m1 +gm1+g?my € Hi(Mo5) is Ss—invariant, where g = (12 3) generates
the cosets of Dg in S4 (note that gmy = my).
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Definition 7.4 Given a basis B of H*(BS4)red, define
@: H*(M) - QH*(M) ® H*(BS4)red,

qa(@) = qs,((m1+gmy + g2m1) ® V(b)) (@) - b.
beB

Definition 7.5 Given a basis B of H *(BDg)yeq, define
qq: H*(M) — QH*(M) ® H*(BDg);eq.
9q(@) =Y qps((m1 + gm1 + g%m1) @ W(b))(@) -b.
beB

We fix some additive basis B for H*(BS4)red, of the form {n‘zlcg} (with notation as
in (27)). Recall from Diagram (29) there are maps 7w«: Hx(BDg)red —> H+(BS4)req and
7% H*(BS4)rea — H*(BDg)req, Which are induced by the continuous quotient map

T ES4/D8 —> ES4/S4.
We also define

ix: He(BS4)reda = Hix(BDg)red, i*(D)=D+gD+g2D,

and
i*: H¥*(BDg)red = H*(BS4)rea, i¥(d)=d +gd + g%d.

As we work over Z /2 we see that w4 oix = id and i* o 7* = id, which also shows
that 7* is injective. As 7™ is injective, 7 * B is linearly independent in H™*(BDg)eq-
We extend this to a basis B = n*BUB’ of H*(BDg)eq.

Lemma 7.6 The value of qs,((m1 + gm1 + g*m1) ® w«W(b)) is the same as that
of qDS((ml +gmy + gzml) QR W(b)).

Proof Suppose that we pick some pseudocycle representative f: X — BDg of
W(b) € Hx(BDg)req (or, specifically, some stratum BDé’ 4Ty To define a pseudocycle
representative of 7w, W (b) € Hx(BS4)red, We choose 1 o f. So, in particular, there is a
pseudocycle representative of (mq + gmy + g2m1) ® W(b) of the form

I/ Apty g pte2} x X — PDg. f'(pty. x) = (a-my, f(x)),

which we see descends to a Dg—equivariant pseudocycle and, similarly, to an S4—
equivariant pseudocycle

mo f'r{pt;.pty.pte2} X X — PS4, mo f'(pty,.x) = (a-my, 7o f(x)).
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Let z € crit(f). Let M(J, j) be a partial compactification of the space of genus 0
stable J—holomorphic maps (ie excluding repeated or multiply covered components).
Recall from Lemma 5.3 the means by which we determine the coefficient of z in
gs,((m1 + gmy + g2m1) ® m¥(h))(x) as an intersection number. One defines a
5—pointed Gromov—Witten invariant assigned to M(J, j). Push this forwards along
the map

W: M(J, j)x ESPTT — M x (M xM x M x M x My s)xs, ESP'?")

(for some p, g and r), which is induced by the evaluation map on the five marked points,
the stabilisation map M(J, j) — M, 0,5 and the identity on the ES f 4T factor. This
determines a cohomology class in M x (M x M x M x M x Mo 5)Xs, ESf’q’r). There
is also a pseudocycle constructed using the evaluation maps on the partially compactified
(un)stable manifolds W"(z, f), W¥(x, fy,s), W¥(x, f(12)v:5), WX, f(13)0.5)
and W*(x, f(14)v.5), alongside the map 7 o f”. The intersection of the image of the
(equivariant) Gromov—Witten invariant with the pseudocycle provides the coefficient
of z. A similar argument holds for gpy, this time using the map f’. Then
M x((MxMxMxMxMgs)xpg ESf’q’r)

— M x (M xMxMxMx Mgs)Xs, ESf’q’r)
is a 3-to-1 covering, hence the coefficients of this intersection differ by multiplying the

Ss—coefficient by three. As we work over Z/2—coefficients, multiplication by three is
the identity.

Ensuring transversality for pseudocycles in both the base and the cover simultaneously
is not an issue, as the property of an intersection being transverse is preserved under
a p—fold smooth covering map (being a local diffeomorphism), so it suffices to ensure
transversality on the cover, M X (M x M x M x M x Mo,s) X Dg ESf’q’r), which
we know by Section B.5. |

Lemma 7.7 gpy((m1+gmi+g*m)@W(') =0 forb €B = B—n*B.

Proof By Lemma 7.6,
aps((m1+ gmyi + g>m1) @ W(b")) = gs,((m1 + gm1 + g°my) @ m ¥ ().
If B =W (b') then for all b € B,
(b, V(b)) = (b, mxB') = (x*b, B') = (n*b, ¥ (b)) =0
by definition of the dualising isomorphism W. Hence 7. W (b") = 0. a
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This implies that
BN qq@ = > qpy((mi+gmi+g>my)®W(x*bh)) (@) 7*b.
n*ben*B

Lemma 7.8 The following diagram commutes:

/\

H*(M) —2 QH*(M) ® H* (BS4)rea
(38) _ lid,,w) o
H (M) QH* (M) & H (BDS)red

Proof Observe that

(A7) = Y gs,((m1+gmi+g2m1) @ ¥(b)(@)-m*b
n*ben*B

Then

qq@)= Y gs,((m1+gmi+g*m) @ mW(x*b))(@) 1*b
n*ben*B
usmg (37) and Lemma 7.6. For b € B, let D = \D(n*b) Then (7*b, D) =1 and
(b, D) =0 for all b € B—m*b, specifically for b = n*d with d € B—b. Hence
(d,m«D) =0 ford € B—b and (b, m«D) =1, so m«¥(*b) = W(b) by definition
of W. a

We now pick a different basis B for H *(BDg)req (ie different from B ) consisting of
elements of the form e’ o*zj (see Section 7.1 to recall the notation). Let

(39) 941, (@) := qpy((m1 + gmy + gm1) ® ¥(e'03)),
which is the coefficient of ¢’ 02 in gq(a).

Proof of Theorem 1.7, the Adem relations The theorem follows immediately by
Lemma 7.8 and the combinatorial argument in Theorem 7.2. a

We relate this to a composition of quantum Steenrod squares. First, we observe that
instead of using BDg as our parameter space, we will use the spaces £ and B = F/Dg
as defined in Section D.1. Recall from Section D.2, there is a map p: ESqy — Sy = E,
a space that is an EDg (ie a contractible space with a free Dg—action).

Recall then that E is stratified by finite-dimensional Dg—invariant submanifolds E'-/ =
ST x (S7 x §7). Let D/t be the upper i—dimensional hemisphere as usual. It is
immediate that D">* x D/>* x D/>7 C E represents a closed cycle in Hy(BDsg).
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Lemma 7.9 The submanifold D>+ x D/»* x D/>% represents \IJ(eiazj

Proof Consider the projections

ki: E— S, (x,(x1,x2)) > x,
and
kzl E—)SOOXSOO, (x,(xl,xz))|—>(x1,x2),

which are respectively Z/2 = ((13)(24))—and Z/2xZ /2 = ((12), (3 4))—equivariant.
Indeed, they induce respectively Z/2— and Z /2 x Z /2—equivariant homotopy equiva-
lences for the same reason as the map at the end of Section D.2. We abusively denote
by k1 and k, the maps after quotienting by the free Z/2-action. Combining these
with the quotient maps

l1: E/(Z)2)—> B and [1: E/(Z/2x7/2)— B,
we obtain ip from Diagram (28) as the composition i = /7 o (k;)_l, for p=1,2.

If j = 0 then observe that ij(e’) = e’ using Diagram (28). Notice that for the
homogeneous choice of homology basis, W(e’) in BZ/2 is represented by D>+ C §°.
Letting (ip)«: H«(BZ/2) — H«(B) be the pushforward, observe that

W(e') = (1)« (i) (e') = (i) V(")
= (i)«([D"*]) = [D"* x D®F x D*F] € H.(B).

Hence the result holds for j = 0. Similarly the result holds for i = 0: using the
homomorphism i, and replacing e by 0{ and D>t by D/ x D/t we see that
\IJ(Uzj) is represented by [D%F x D/t x DT,

Observe, via the Kiinneth isomorphism, that elements of H*(B) may be represented
as Dg—equivalence classes of cochains x ® y ® z, where x € C*(S°°). By the
previous paragraph, we know that e’ 021‘ is represented by x; ® x; ® x;, where x; is the

indicator homomorphism for a simplex representing D**. Then W([x; ® x; ® x;]) =
[Dit x D/ F x D71, as required. .

We reinterpret the operation gg in terms of the parameter space B = E/ Dg (as opposed
to BDg = ES4/Dg). Observe that the space E does not have an action of any element
of S4 — Dg. Hence, in Definition 7.3 we no longer ask for our Morse function f ¢
to have invariance under (23) or (24) (as this is meaningless). Further, we choose
the fy,s that we use for incidence conditions to be respectively fy, f(12).vs f(13)(24)v
and f(1 4)(23).,- (Observe that when we used the parameter space ES4, the invariance

conditions imply that f(;3)24).0 = f(13)v and f(14)23)v = f(14)v)-
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For the following proof, we fix « € crit(f).

Proof of Corollary 1.8 The corollary follows from Theorem 1.7 if we prove that for
each i, j € Zxo

(40) qps(m1 ® W(e'0)))(@) =Y 05" 0 057 (w).

b,d
Henceforth we will fix some choice of b and d, and count those contributions to ¢py,
ostensibly denoted by ¢pg .4, Which arise from counting configurations with nodal
curves with three components, corresponding to a nodal sphere composed of a sphere
of Chern number AN attached to two spheres of Chern number dN at 1 and co. As
we have now fixed b and d, we abusively exclude them from the notation.

To prove (40), we use a similar idea to proving the Cartan relation, as is illustrated in
Figure 10. Specifically, recall the 1-dimensional space of graphs 7¢ from Section 3.3.
Recall from Lemma 5.5 that for each ¢ € [0, oo] there is a space |f|g, consisting of
three copies of 2 with semi-infinite or finite lines attached at 0, 1 and oo (with the
length of the finite edges being ¢ for ¢ € [0, 00)). Associated to each ¢ € [0, c0), we
define fy s and gy 5 for v € E and for s € [0,00) or s € [0, #] respectively. We
also choose a perturbation fy for s € (—o0, 0]. We choose these such that:

(1) fs=f fors<-1.

Q) fasnesyvs: = fa3)@4)v,s: = Jose fort>1.
3 gu2)v,s,r = &@B4)v,s,t = &u,s,t forall v, s and 7.
4) fvs:=f fors>1 and forall v and 7.

(5) guvs:=f whent>1ands>1.

These conditions are analogues of those made in Definition 7.3 (here adapted to the Dg
case).

Similarly to the case of the quantum Cartan relation, we define for each ¢ € [0, co] a
moduli space M, (a, z), consisting of pairs (v, 1) such that v e S&T xS/ xS/ (see
Lemma 7.9) and u: |t|g — M such that u is J-holomorphic, with the Chern number
on each sphere being fixed as at the beginning of the proof, and edge and asymptotic
conditions as in Figure 10. There is the previously given Dg—action on E'/ =
§iFx 87+ xS/F and Dg also acts by permutations on M 5 (which induces an action
on the moduli space of u: |t|g — M ). Together these yield a Dg—action on M;(a, 2),
and we write M, («, z) = M; (e, z)/ Dg. We let M(«,z) = Ll;ere Ms(, z), which
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t € (0,00)

o

f(l 3)(24)-v,s,t
o

8(13)(24)v,s,t

./
RS

Figure 10: Moduli space for the Adem relations.

Ja9@e3) v~

is a smooth 1-dimensional manifold (establishing transversality is a modification of
Section B.4 using the considerations of Section B.5, so we omit a restatement here).

Note that it is immediate from the definition that the # = 0 boundary corresponds to
qpg(m1 ® (el crzj ))(«) (ie when the output is z € crit( f), this yields the coefficient
of z in gpg(m1 ® \I/(eiazj ))(«)). Hence it remains to prove that the # = co boundary
yields the coefficient of z in QS"? 0 0574 ().

We observe that from our choice of gy s;, we may ensure that g, s o0 depends only on
the first summand S of E = S x §%° x §°°, which we denote by g, s for v € S.
Similarly, we may ensure that f, 5 o depends only on the second two summands,
denoted by f:,l,vz,s for (vi,v2) € §%° x §°. Then let S be the space obtained by
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attaching (—oo, 0] to S at 0, and two copies of [0, c0) to SZ at 1 and oo respectively.
Let R: S — S be the involution that on §2 is z — z/(z — 1), swapping the positive
half-lines and fixing the negative half-line.

The configurations for the # = oo end then decouple. Specifically, if v = (vg, (v1, v2))
is in E then pairs (v, u) € M(«, z) correspond to two tuples as follows:

A pair (vo,u) such that vo € S* and u: S — M is J—holomorphic of Chern
number AN, satisfying the conditions in part I of Figure 10.

e A four-tuple (vy,va,uy,uz) such that (vy,v;) € S/ x S/ and up: § — M for
p = 1,2 are each J-holomorphic of Chern number d N, satisfying the conditions
in parts II and III of Figure 10, respectively.

The Dg—actlon on these palrs is as follows (recalling that the invariance conditions
on f ensure that fv1 Vot = f vi.—vo,t fOrany vy, vy € S®):

(12) - (vo,u) = (vo, u),
(34) - (vo,u) = (vo, u),
(13)(24) - (vg,u) = (—vg,uo R)
and
(12)-(v1,vp,uy,uz) = (—v1,vp,u; 0 R,up 0o R),
(34)-(v1,v2,u1,u2) = (v1,—V2,u1 0 R, uz 0 R),

(13)(24)-(vi,v2,u1,u2) = (v2, V1, U2, U7).

To begin with, we see that the number of pairs (vg, u#) such that vg € S, modulo
the Dg—action, is exactly the coefficient of (QS’)*?(4 ® B(x)), where the operation
A® B: QH*(M) — QH*(M) ® QH*(M)[h] is determined by counting configura-
tions corresponding to the (v, va,u1,us) above (with (vy,u1) determining the A4
component and (v, us) determining the B component), and QS is recalled from
Definitions 3.2 and 4.1.

In fact, we only need to count solutions where v; = v, and u; = uy. First, consider
(see Figure 10) contributions from using the intermediate critical points wj # w, . Then,
if (vo,u) and (v, v, u1,us) contribute to a term of the form (QS/)i’b (w1 @ woTY),
it must be that (vg, u) and (va, v1, U2, u1) contribute to (QS/)i’b (w2 @wq Td). Hence,
together counting all such contributions, one will attain a summand of the form

(08)b(n- (w1 ®ws + w2 @ wi)T),
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for some n € Z /2. We know this to be zero by an argument as in Proposition 3.3. Hence
the only contributions we must count occur when w; = ws, in which case if vy # vy
or u1 # up then solutions come in pairs, corresponding to ((vo, 1), (v1, V2, U1, u2))
and to ((vo, ug), (v2, v1,uz,u1)), which are not related by the Dg—action (hence are
counted separately).

In particular, it is immediate that (with asymptotic conditions as given in Figure 10)
the number of such ((vg,u), (v1,u1)) up to the action of Dyg is the coefficient of w;
in 0574 () multiplied by the coefficient of z in QS"?(w;). Summing over all
wi € crit( f), we get that the count of the moduli spaces of maps is then exactly the
coefficient of z in 0S"? 0 0874 («), as required. O

Remark 7.10 Observe that the coefficients of zT% in gpg(gm1 x Wh)(x) and in
qDs (g2m1 x Wh)(x) (corresponding to constant spheres) are the same: specifically, we
are counting exactly the same moduli spaces in both cases. Consider the contributions
of gpg(gm1 x ¥h)(x) and gp, (g2my1 x Wh)(x) to (7) for constant spheres. These
then cancel out modulo 2, and so we are left with only ¢gpg(m1 x ¥b)(x), which for
constant J—holomorphic spheres is Sqo Sq(x).

Remark 7.11 The term gq;,0(a) € QH* (M) is the h' coefficient in QS(ar) * OS(at).
This is one of the correction terms that can be computed, eg the p = || term
in Corollary 1.8.

8 QS for blowups

Denote by QS; j(x) the coefficient of 2’ T/ in QS (where |T| is the minimal Chern
number of M). We will demonstrate calculations of QS;; in two cases. The setup
in both cases will be similar to the setup in [4, Section 8], where Blaier computes the
quantum Massey product.

8.1 CP3

Fix two generic quadric hypersurfaces in X = CP3. Their intersection Y is an elliptic
curve, hence a torus. We let M = Bly X, equipped with the blowdown p: M — X.
Recall that there is a CP!~bundle 7: E — Y over the torus and an inclusion i: E — M
of the exceptional divisor E. Specifically, E is the projectivisation of the normal
bundle of y: ¥ «— X.
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Consider the continuous 3—disc bundle n’: DY — Y such that £ < DY is an
inclusion of the subbundle E, with the maps of fibres being inclusion of the boundary
§2 < D3. Locally, let U C Y be a trivialising neighbourhood for Y, so that there is
a homeomorphism ¢y : U x S?2 =5 7~ 1(U). Then we define DY to have the same
trivialising neighbourhoods as F, ie ¢2]: U x D3 = 7'~1(U). Further, we require that
the transition functions Wbl’Uz = (¢fjl)_1 o¢bz: (Ui1NUy)x D3 — (Ui NU,) x D3
be defined by

Vu,,0, (1 0).x) = ((r. Yu,,0,(0)). x),

where here we use polar coordinates on D3 and ¥y, p, is the transition function on Y.
One can use the Mayer—Vietoris sequence, by observing that M Ug DY is homotopy
equivalent to X, to write down the long exact sequence of a blowup,

A1) - — Ho(E) 227 g, (M) @ Ho(Y) 222 B (X) S Ho((E) > ---.

One can also use the homological Gysin sequence for the bundle DY — Y to get an
exact sequence (after applying the Thom isomorphism and observing that DY — Y is
a homotopy equivalence)

(42) s Hyo(E) ™5 Hyo(Y) % Hyo3(Y) S Ho ((E) — -,

where § and ¢ are the connecting homomorphisms in the long exact sequence and
the maps i, m«, px and ys are induced by the continuous maps above. The map g
is induced by the composition of Hy(Y) = H«(DY) — H«(DY, DY —Y) (where
DY —Y denotes the removal of the O—section) with the Thom isomorphism. Putting
these together, we see that

(43) Hy(M) = Hy(X) ® Hy(E)/Ha(Y),
44) Is: H3(E)i>H3(M),
45) P: H1(Y)i>H3(E).

In particular, dim H3(E) = 2. The class of a sphere lifted from P> to M and the class
of a fibre 77 1(y) of m over y € Y generate H,(M).

We calculate ¢;(TM). There is a natural embedding j: M — P3 x P! as a complex
hypersurface of bidegree (2, 1), with respect to the generators of H, (M) in the previous
paragraph. By bidegree, we mean that the number of points of intersection of M with
a general curve A of P3 x P! is the following:
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o If A=P!xP? then we get an intersection number of 2 because we are counting
the number of solutions of a general quadric equation (the blowup is defined as
the set of (¢, [r : s]) € CP3 x CP! such that rf(t) +sg(t) = 0, where f and g
are the quadric equations defining V).

o If A=P%x P! then we obtain an intersection number of 1 because a general
point p € P3 is such that there is only one point ¢ such that (p,q) € M.

Functorality and the Whitney sum formula imply that
c1(TM) + c1(vM) = c1(T(P3 x P |n),

where vM is the normal bundle of M in P3xPL Recall c{(T(P3xP!)|y) = (4,2),
and ¢ (vM) = (2, 1) because it is the same as the degree (here we note that the Euler
class can be reinterpreted as j* PD([M]), represented by the self-intersection of M,
where [M] € Hg(P3 x P)). Hence ¢;(TM) = (2, 1). Thus, when calculating QS ;
we only need to consider the spheres in the fibre class of M as these are the only
J-holomorphic spheres of Chern number 1, which are confined to be in E'.
Consider QS1,1: H*(M) — H3(M). We will show that OS1,1|g3(ar) = id. First we
show that calculating OS1,1|g3(pr) reduces to calculating QSy,1: H3(E)— HY(E).
We use i! on cohomology to mean PDoiy o PD_I, and let i) = PD loi*oPD on
homology.

Lemma 8.1 Fixa e H3(M). Then

0S1,10i*(a)=i'0 QS1,1(a)
fora € H3(M), ie (46) commutes:

H3(M) S H3(M)
(46) l T"’
H3(E) HY(E)

Proof Fix a generator a € H3(M) whose Poincaré dual is represented by a smooth sub-
manifold A. To compute the coefficient of b in 0S1,1(a), we choose A, for v € S
(such that A, represents PD(a) for each v) and BY that represents PD(b"). To
simplify the notation, ¥ acts on H,(M) as the conjugation of the cohomological
intersection dual by Poincaré duality, so PD(b)Y :=PD(b"). We thus see that the coef-
ficient of b in 0Sy,1(a) is determined by counting setups as in Figure 11, left (setups

of type I).
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Ay

n_ly n_ly

Chern number = 1 A, Chern number=2  4_, NE

Figure 11: Configurations for 0S5, on M (left) and QS;,; on E (right),
which we respectively refer to as type I and type II.

In general, if a is represented by A then a representative of i *(a) is obtained by
choosing some small perturbation A’ of A such that A’ intersects E transversely.
Then the intersection A’ N E, a submanifold of E, represents i *(a). Hence, supposing
that we perturb A to intersect E transversely, if we choose A, to be a sufficiently
small perturbation of A for each v then A, N E is transverse for each v € .
By this procedure, we obtain representatives of i*A for each v, which we denote
by A, N E, and we similarly obtain a representative BY N E of i*(BY). This can
be done in such a way as to ensure that the space of setups as in Figure 11, right
(setups of type II) are transverse: in particular, any perturbation of A, N E may be
extended to yield a perturbation of A, in a small neighbourhood of E. By making
this perturbation sufficiently small, we ensure that the intersection between A, and E
remains transverse.

Observe that using the choice of basis induced from H;(Y) by (44) and (45), a direct
computation shows that for any b € H3(M),

47) i PD(b)Y = (i, ' PD(b))".

Hence, in particular, BY N E represents ((i "~1p)V. With all of this in mind, the
coefficient of (')~ in 081.1(i*a) is determined by counting setups of type II.

Hence, to show that the diagram commutes we need to show that setups of types I and II
biject. This is immediate, however, because every J—holomorphic curve u of Chern
number 1 (in M) is contained in E. Therefore, if (v,u) is a setup of type I (ie u
intersects A4, and B"), then u will automatically intersect with EN A4, and ENBY
(hence (v, u) will be a setup of type II) and vice versa. a

Geometry & Topology, Volume 24 (2020)



954 Nicholas Wilkins

Remark 8.2 In Lemma 8.1, in order to show that £ N A, is of the correct form
for Definition 4.3, we need to demonstrate that in fact

| | (Enay)x{v}

ves!
is of the form A’ x S? for some smooth manifold A’. We make two observations:

e The space | |,cgi Ay X {v} is a smooth manifold by assumption, transversely
intersecting ExS’. Hence | |,cgi (ENAy)x{v} = (lyesi Avx{v})N(ExS’)
is a smooth manifold. Further, the map | |,cgi £ N Ay x {v} — S ! induced by
projection to the second factor is a proper surjective submersion between two
smooth manifolds, hence it is a fibre bundle by Ehresmann’s lemma.

o This fibre bundle is trivial, because we know that it must extend to a fibre bundle
over D!T1:% the upper hemisphere in S’, which is a contractible base.

A lemma similar to Lemma 8.1 would hold if we replaced embedded submanifolds by
pseudocycles.

Note that the index of the codomain of QS;; changes by 2, between H3(M)
and H'(M), in Diagram (46). This comes from the fact that ;' changes cohomological
degree by 2 (and is also to be expected because the minimal Chern number of E is 2,
whereas the minimal Chern number of M is 1).

Henceforth, we will use the Morse-theoretic definition of the quantum square. Observe
that £ = Y x P!, so we may pick the Morse function on E to be f + g, where
f:Y >R and g: P! — R such that g has two critical points, of index 0 and index 2,
which we call ag and a,, and f has critical points bg, b1, b/1 and b, (whose indices
are the subscripts). Recalling that w: E — Y is the projection map,

()7 (b1) = (b1,a0) and 7*(b1) = (b1,a2).

Lemma 8.3 Let Sq;(x) be the coefficient of h' in Sq(x). Then QS1,1 =n*0Sq or'.

Proof Recall that input elements of H3(E) correspond to (by,az) or (b/1 ,ds), which
project down under 7 to by or b/1 respectively. Output elements of H(E) correspond
to (b1,ao) or (b}, ao).

We will show that pairs (v, %) in the moduli space used to calculate the coefficient of ¢
in O81,1(x) correspond to pairs (v,u) in the moduli space yielding the coefficient
of w*c in Sq,(7'x). For clarity we will fix x = (b1,a») and ¢ = (b,ao) (hence
7*(b1) = x and '(c) = by ), although the argument follows identically for any choice
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by
-V (b1,az)
(_vav _ng)
bl (bl»a())
y —> n_ly
V£ (=V/f—v.—Vg—)
by (bl,az)

Figure 12: Lifting configurations of Sq on Y to QS on M.

of x and c¢. For conciseness we denote the moduli spaces of pairs respectively as
Mg and M for QS on E and Sq on M.

Consider a pair (v,u) € Mg, as on the right-hand side of Figure 12. We observe
that, using the projection w: £ — Y, the setup (v, wu) is one that is counted when
calculated the coefficient of b; in Sq,(b1), ie (v, mu) € M. This is because a fibre
sphere in E lives above a point y € Y, hence the incidence condition of the flowlines
attaching to S at the points 0, 1 and oo translates under this projection to the three
flowlines coinciding at the point y € Y. As the transversality condition is generic, we
may choose the perturbations f, s and g, s of f and g in such a way that both moduli
spaces M and Mg are transverse.

We show every pair (v, u) € M arises uniquely from the a pair (v, %) € Mg as in the
previous paragraph. Consider such a pair (v, u): specifically, the image of u consists
of three perturbed half-flowlines meeting at some point y. Consider the —Vf, s—
flowline /, which is the image of u restricted to one of the two positive half-lines. This
flowline is asymptotic to b; in Y, hence it lifts uniquely to a =V ( fy s + gv,s)-flowline
that is asymptotic to (b1, az) in E. The uniqueness is because a; is the maximum
of g, and hence there is a unique —V g, s—flowline L asymptotic to ay. Specifically,
this is the flowline L: [0, 00) — §?2 such that L(s) = a for s > 0. See Figure 12.
Likewise the output flowline on Y, which is a —V f;—flowline, lifts uniquely to a
—V(fs + gs)-flowline on E, asymptotic to (b1, ag), which is unique because ag is
the minimum of g.

Moreover, because this setup lifts from Y we know that the three flowlines will all
intersect the J—holomorphic sphere 7~ !y at 0. We also know where each lifted
flowline intersects the J—holomorphic sphere 7!y, as this is determined by the
gradient of f + g on each of the flowlines at s = 0. Therefore, there is a unique
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J—holomorphic sphere that fits into the lifted setup, giving a unique configuration on E
corresponding to the configuration on Y. a

Proof of Theorem 1.9(1) Note that Sq|g1(yy: H'(Y) — H'(Y) is the identity,
which is known by the definition of Sq. Lemmas 8.1 and 8.3 imply that Diagram (48)

commutes:
H3 (M) =L H3(M)
(43) H3(E) HY(E)

L

HU(Y) 2, oY)

The abelian group H'(E) is generated by {(b,a;—1), (b},ai—1)} for i =1,3. From
the axioms of Sq, we know that Sq; = id. Then from Lemma 8.3,

(49) 0S1,1(b1,ao) = (b1,az) and  QS1,1(by.ao) = (by,az).

We apply the isomorphism between Morse and classical cohomology and then Poincaré
duality to the Morse cocycles (b1, as) € H3(E) and (b1, a) € H'(E). This yields
cycles By € Hi(E) and B3 € H3(E). Likewise we define B] € H;(E) for (b}, a3—;)
for i = 1,3. We recall that v is the intersection dual on homology (defined as the
conjugation by Poincaré duality of the duality on cohomology, for our given basis).
Note that

(50) BY = By,

and so on. In this notation QS1,1(B1) = B3. Observe that B3 N Bz = & so we see
that ix B3 Ni« B3 = & (which is immediate if one chooses a generic submanifold
representative: then nonintersection in £ implies nonintersection in M ). As H3z(M)
is generated by ix B3 and ix B}, this implies

(51) (ixB3)Y = ixBj.

By (51),

(52) ix0 Q81,1 001((ixB3)") = ix 0 OS1,1 0i1((ixB3)).
By (47), then (49) and (50),

(53) ix0 Q81,1 00y((ixB3)") = ix 0 QS1,1(By) = ix B},

Geometry & Topology, Volume 24 (2020)



A construction of the quantum Steenrod squares and their algebraic relations 957

From (52) and (53), along with identical calculations for the other generators, plus the
fact that 7, is an isomorphism, we deduce that ix o Q81,1 0i* = id. Diagram (48) then
implies that

Q81’1=i*0Q31’10i*=id. O

8.2 CP! xCP! x CP!

Now let X = CP! x CP! x CP!, with Y C X defined by the intersection of two
generic linear hypersurfaces. By “linear” we mean that we require that the defining
equations of the hypersurfaces be linear in the coordinates of each CP! (when the
other coordinates are treated as constants). The subvariety Y is in fact a torus, which
one can see by using the adjunction formula: in particular, one proves that Ky = 0.
Specifically, Ky = (—2,—2,—2) and the two linear hypersurfaces are (1,1,1) by
definition, and hence Ky = (1,1,1)+(1,1,1) + (-2, —2,—2) = 0. Then the genus g
of Y satisfies g =1+ %deg Ky =1, hence Y is a surface of genus 1.

Define M = Bly X. Using a similar method to the CP? case, we can show that the
Chern class of M is (1,1, 1, 1), where the first three entries correspond to lifting the
J-holomorphic spheres on each of the three coordinates of X, and the final entry
corresponds to a fibrewise J—holomorphic sphere in the exceptional divisor. Hence,
when calculating QSy,1: H3(M) — H?3(M), there are contributions from the fibre
direction plus those from J-holomorphic spheres in X that have been lifted to M.
The fibrewise contributions are calculated in exactly the same way as for CP3, so we
turn our attention to the spheres lifted from CP! x CP! x CP!.

Proof of Theorem 1.9(2) Suppose the defining linear equations for Y are P;(x, y, z)
and P,(x, y,z) in local coordinates on P! x P! x P!, Fixing x and y, there is at most

Ay

{pt} x {pt'} x P!
Chern number = 1 Ay

Figure 13: Configurations for contributions to 0S; 1 from lifts on P! x P1 x PL.
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one solution z such that Py (x, y,z) = P»(x, y,z)=0. Hence, let S = {x}x{y}xCP!
be a J-holomorphic curve in X, and S its lift to M. By the previous, SNE isat
most one point. If A € H3(M) then recall from (44) that we may assume A = i« Ag
for some Ag € H3(E). Recall that to calculate Q81 1(a), where A = PD(a), we
need to choose some A, satisfying the transversality conditions. We may pick the
representatives A, to be some D, x P!, where D, is a representative of D € H{(Y).
Then assuming S is not contained in Y, there are no solutions to Figure 13. For such a
solution, we would need S to intersect E in at least two points (as A, C E for all v),
which we know is impossible. Hence the space of such setups is transverse, because it
is empty.

The case S C Y is not possible, because there is no degree 1 holomorphic map
Pl Y. O

Appendix A Equivariant compactification

We give a more in-depth treatment of (10) in Definition 3.2.

Consider a 1-dimensional moduli space M; (a1, a»,a3). Specifically, we require
that |aq| — |az| — |az| +i = 1. Here, the notation is as in Section 3.1. One char-
acterises the different possible limits (Voo, Uoo) Of some sequence of pairs (v;,u;)
in M; (a1, a»,as). There are two possibilities for each:

e Either veo € DT or voo € 0D"T = DI=LF y pi—1—,

e Fither u is a map taking as its domain the Y-shaped graph with a single broken
edge (broken) or u is a map with the Y-shaped graph as its domain (unbroken).

No codimension 1 boundary setups are present when either
e s is unbroken and ve € DT, or
e Us is broken and ve € dDT.

In the case where voo € Di™11 and u is unbroken, one obtains the coefficient of a;
in Sq/_, (a2 ® az) = Sq;((a2 ® az)h). Similarly, when v € D717 and ueo is
unbroken, one obtains the coefficient of a; in Sq;_; (a3 ® az) = Sq;((a3 ® az)h).
When veo € DT and s is unbroken, this is the standard compactification of the
Y-shaped graph, and thus one obtains the coefficient of a; in

dSq;(az ® a3) + Sq;((daz) ® as) + Sq; (a2 ® (da3)).

These are all of the terms in (10).
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Appendix B Notes on transversality

Following are more detailed treatments of the relevant transversality considerations for
the sections of this paper.

B.1 The Morse Steenrod square: Section 3.1

In the second of the conditions at the beginning of Section 3.1, for ay, as € crit(f),
we required that our moduli spaces were transverse. More specifically, write

We(az. f7) = {p € M| lim_¢us(p) = az}.

where ¢, ; is the 1-parameter family of diffeomorphisms defined for v € S7 and t >0
by

do.
dr
We recall first that if a is in fact a sum of critical points of f such that da = 0, then
there is a (partial) compactification W¥(a, f) of W5(a, f), the stable manifold of
the critical point a for the Morse function f. The compactification WS (a, f) comes

(54) (5)=—Vf7 and ¢vo=id.

equipped with an evaluation map E: W5(a, f) — M, so that W¥(a, f) becomes a
pseudocycle (see eg [17]). We consider

Wi = Wu((ll, f) X I_l Ws(az’ fuz,s) X Ws(a27 f—zv,s) X {U}7
veSs!

and Wi =W’ /(Z/2) (ie the pseudocycle descending to the quotient). The Z /2-action
is induced from M x M x M x S’, fixing the first M factor, swapping the second

and third M factors and acting antipodally on S’. This induces a smooth pseudocycle
representative of a cycle in M x (M x M) xz,, S 1), which we can see for example
by precomposing the smooth Z /2—equivariant map

ViMXMxMxS"—>MxMxM xS,
(x0, X1, Xx2,V) = (X0, Pv,—1(x1), p—y,—1(x2), V),

with the pseudocycle

(35)

ExEXExid: W¥(ay, f)x WS(az, f)xWs(az, f)xS' — M xM xM x S'.

Here ¢y 1 is the diffeomorphism induced by backwards integrating along fvz’s from
s =1 to s = 0: specifically,
d¢ .
d—‘t”f(—s) =Vf2_, and ¢yo=id  for s€0,1],
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analogously to (54). Indeed, ¢v,—1 = ¢, } We abusively denote by W' the pseudocycle
associated to the quotient by Z/2 of vo (E x E x E xid).

For transversality, we require that for
&M xRP— M x (M x M) Xz,/2 ST such that (x,[v]) ~ (x, [x, x, v]),

the pseudocycle W be transverse to {. In particular, the coefficient ng, 4, 45.i
in Definition 3.2 is the intersection number of these two pseudocycles. More gen-
erally, in that definition, we considered moduli spaces M; (a1, a»,a3) for general
aiy,as,as € crit( f). This does not yield a pseudocycle (as there may be codimension 1
boundary strata). Nonetheless, such an intersection may still be defined at the chain level,
and the operation Sq itself is only well defined on cohomology (ie exactly when the codi-
mension 1 strata of these moduli spaces may be glued so as to define a smooth manifold).

To demonstrate that we can choose such an f;, s (and indeed such a choice is generic in a
reasonable sense), we first assume that the fy s are constrained to Uy from Section 2.3.
We next, as in the same section, assume that f, s = B(s) fv,0 + (1 — B(s)) f for the
monotonic bump function B: R — [0, 1]. Observe that for v € S9, there is always
a choice of f; 0 and fs1 such that f, 0, f-v,0 and fO1 yield transverse moduli
spaces M (a1, az,az) of dimension |ai|—|az| —|a3| + i, as in Definition 3.2. The
above pseudocycle description using ¢ and W' reveals that this is simply a classical
transversality question. We wish to ensure transversality for all possible incoming and
outgoing critical points a1, a, and as, which requires only a finite number of choices.
Having shown a base case, we then proceed inductively. Next suppose that we have
made a choice of fy o for ve S =1 Choose a small open collar neighbourhood N?~1
of S'=1 in S’. As the setup is transverse when we let v € S'~! vary, if we pick
some small perturbation of f, 0 for v € N =1 then the pseudocycle intersection
remains transverse when we let v vary in N =1 We then choose an extension of Jv,0
to S’. Observe that we may freely (ie without requiring any consistency conditions
onour f, o) pick a small perturbation away from a (potentially smaller than N =1y
collar neighbourhood of S?~1. This ensures that the intersection is now transverse
when we vary v in S, and remains transverse when restricting to S'~!. Further, as
we make a countable number of choices, this condition is generic. This is an example
of family Morse homology, as covered in [9] (the Floer-theoretic example of this is
made in [18, Section 4.3]).

Remark B.1 The difference between the case considered here and that in [18] is
that our parameter space is RP’, and not the space of flowlines of some fixed Morse
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function h: RP? — R. In our instance there is no technical difference between these
two options, because the underlying chain complexes have a trivial action of Z /2. The
technical importance of using a parametrisation by the space of flowlines appears when
considering gluing and compactness of equivariant flowlines in the equivariant Morse
or Floer complex: see [18, Section 4.2].

Remark B.2 Note that the transversality condition required here is weaker than requir-
ing W(az. f,2) M We(az, f2, ;) and (WS (az. f2)NWS(az, f2, ) hW¥(ay, f)
intersect transversely for all v (which is impossible in general with our given conditions).
Indeed, it is the failure of transversality for particular isolated v that ensures we obtain
interesting Steenrod squares.

B.2 The Cartan relation: Section 3.3

We will, for convenience, assume that fv",s,t = f fors>1wheni =23,4,67.

In Section 3.3, when constructing the moduli spaces that we used to prove the Cartan
relation, we chose our fU"’ st t0 be “generic at each vertex”. To illustrate what is meant
by this, observe that for each vertex of the graph corresponding to ¢ € T, there are
either three or five edges meeting at this vertex. The idea is that for each p, the smooth
functions fv{’ 0, and fv{’ ¢+ are chosen in such a way that all of the intersections occur
transversely within the space M*° x /2 S (denoting the 9—fold Cartesian product
of M by M*?). Here, labelling the copies of M by 1,...,9, the Z/2-action is
denoted as the transposition (56)(89).

More specifically, we first define (analogously to (54)) some 1-parameter families of

diffeomorphisms ¢f, st M — M (with parameter s), via

d p
%(so) = —valfso,t and ¢y, =1id for all v and 7.
For the moduli space denoted by M (x, y,z) we define a map

E1r M x M x M xRP! — (M) Xz/2 St

(x1,x2, x3, [V]) = [x1, X1, X1, X2, X2, X2, X3, X3, X3, V],

recalling that in this instance fvz’s’t and fv5 s+ (hence ¢5’ s,¢ and ¢5, 5,¢) are independent
of v. We also define

vi: M7 x St x Txg — M*° x St
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where Tx = [0, K] is an interval for any K € R~¢, by

( ¢1}’1’t(m1)

(m1 ma

my ms

ms ¢5,t,t(m2)

Zz: N ¢3,_1,; (mg) ’

me ¢, _1.:(ms)

my ¢S,t,t(m3)

v ¢2 1, (me)
Nt ) g, L m)
v

to construct a pseudocycle bordism when composing with

(E W (as, f)
idps M
idy M
E Ws(ay, f)
E |:|wWs@, )| > M7 x5 xTg,
E Ws(az, f)
E W5 (az, f)
idSi Si

1dTK K Tx )
where E is the evaluation map. Transversality in this instance means that we want
to make a choice of fvi,O,t (for all i) and fv]; ¢y (for j = 2.5) such that the two
pseudocycles intersect transversely for a generic choice of ¢, including t =0, 1. To do
this we appeal once again to genericity for Morse homology, observing as previously
that we may always perturb any choice of fvi,O,t and fvj ¢+ In a generic way so that these
pseudocycles intersect transversely. This ensures that the moduli space M (a1, a2, a3)
is a manifold of dimension 1 if |a3| — 2|a1| — 2|az| +i = O (intuitively there is a
limiting process as K — o0} in practice one appeals to a gluing theorem). There is a
similar argument for ./\/l/z(al,az, as).

Remark B.3 Some of the conditions require a choice of fv{) s,¢ that becomes indepen-
dent of v for large enough ¢. The reason why this is not an unrealistic request is that
we need to retain a nontrivial v dependency on the moduli space in some form, but it

Geometry & Topology, Volume 24 (2020)



A construction of the quantum Steenrod squares and their algebraic relations 963

need not be everywhere. In essence we are constructing a copy of EZ/2: there is a
tuple (fils ... fols,) foreach v € $°°, along with the associated Z /2-action ¢. Our
choices ensure that ¢: v — —v always acts freely on tuples, hence the union of tuples
over all v € §® is an EZ/2 C (C*®(M))”. Nonetheless, each pair (flf’m, fU{S,t)
for (i, j) equal to (2,5), (3,4) or (6,7) also defines an EZ /2, as long as the action
remains free on that pair (which will be the case for a generic choice of v—dependence).
So as long as ¢ acts freely on some pair, the set of these tuples is an EZ/2.

Remark B.4 Intuitively, the M*° corresponds to the nine possible finite ends of a
flowline in the domain of M’l (a1,as,as3) (as each vertex has valence 3). The M x7
corresponds to the seven edges in the domain of M/ (a1,a2,a3). Then the condition
of intersecting with ¢; is exactly identifying the edges at the vertexes at their finite
endpoints.

B.3 Transversality for the quantum Steenrod square: Section 4

The argument that we can ensure that the moduli spaces M; ;(b,a) are carved out
transversely in Section 4 is identical to that in Section B.1, after turning this problem
into a suitable intersection problem involving pseudocycles.

In particular, fixing @ and b we consider
W= |_| W¥ (b, f)x Ws(a,fvz’s) x W¥(a, —2v,s) x{v}CMxMxMxSt,
veSsi
which, similarly to Sections B.1 and B.2, when passing to the partial compactification
(if a is a closed sum of critical points), induces (via the evaluation map) a pseudocycle

that we denote by W in M x (M x M) xz/5 S 7). We require that this intersect
transversely with the pseudocycle defined by the evaluation map

evi M(j,J)xS" > M xMxM xS’
defined by
ev(u,v) = (u(0),u(1),u(c0), v).

We observe that this is classically a pseudocycle, such as in [11, Theorem 6.6.1], where
we denote by M(j, J) the compactification of the smooth moduli space of u: $% — M
such that u,[S?] is a homology class of Chern number jN and u is J—holomorphic.

Once we quotient the two pseudocycles by the given Z /2-action, our requirement is
then that we can perturb the choice of Morse functions in such a way that the Morse
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pseudocycle is transverse to the pseudocycle ev. This is the same as the previous
transversality problems.

B.4 The quantum Cartan relation: Section 5

In the proof of Lemma 5.5, and in Section B.2, we constructed a bordism. We will make
this somewhat clearer, using the language of the previous sections of this appendix.

Strictly, for each ¢ the setup as given can be shown to be identical to the intersection
of two pseudocycles, as usual. The first is

evi M (J) x M (J) x M;(J)x ST — M° x S,
acting by
(u1,uz,u3,v) > (u1(0),u1(1),u1(00),u2(0),uz(1),u2(c0), u3(0),u3(1),u3(c0),v).

The second is (for y;: X; — M x S* and y;: Y; — M x S’ being the “input” pseudo-
cycles, and ¢: Z — M the “output” pseudocycle) the map

g:MxMxXxXxYxYxeSix[O,K]—>M9xSi,

for some large K, such that

¢(z) \
aip ai
an an
*1 ¢3,t,t(ala v)
(56) ¢ | | | Poraomtr
58 N P Aoy
z ¢S,t,t(02, v)
v ¢3,—1,t o yy(y1.v)
\ ! / ¢Z,_1,; oy—y(y2,—v)
v

We observe that this is a pseudocycle bordism, identical to the construction for the
classical Cartan relation of Section B.2. For each fixed ¢, the pseudocycle is then
obtained by using the parameter ¢ € [0, K]. Observe that for sufficiently large K,
an (equivariant) gluing theorem (in this case it is nothing more than a standard gluing
theorem; see Appendix C) shows that the K—end of the bordism corresponds to a
count using broken trajectories. Further, the entire bordism g above shows that the
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pseudocycles corresponding to the t = 0 and ¢ = K ends are bordant, hence have the
same intersection with the pseudocycle ev.

B.5 Transversality for the quantum Adem relations: Section 7

We give only brief details for this case, as one just needs to edit the previous transver-
sality arguments using the discussion in this appendix.

We recall that in our previous constructions, we proved transversality by observing
that we may assume that v varies in some fundamental domain D of the Z/2-action
on S, and then we may freely choose f; for v € D. We would like to make a similar
claim for the more general finite groups that we consider.

Suppose that we are defining operations as in Section 7, using ES4 as our parameter
space. One constructs a pseudocycle as in (35), and intersects this with the evaluation
pseudocycle in (34). In order to ensure transversality, one requires that the f,, may be
chosen (where v € ESy) sufficiently generically. In particular, we must ensure that
the invariance conditions are not troublesome. Suppose that D were a fundamental
domain of the S4—action on ES4. The only way that the invariance conditions could
prove to be a problem for transversality is if one of the invariance conditions were
to in some way relate (1p)- D with (1g)- D for some p,q = 1,2, 3,4. If this were
the case then we could not freely choose our Morse function on f(;4)., with v € D
(because then this would influence our choice of f(;,).p)). Recall that the invariance
conditions required that f(,3)., = f(24).w = fv. The pseudocycle that one must write
down involves fy, f(12).v, f(13)» and f(14).p. Itis then sufficient to demonstrate
that the cosets of G := ((23),(24)) C Sy are exactly {G,(12)-G,(13)-G,(14)-G},
which is a straightforward verification.

Appendix C Equivariant gluing

We will not repeat the classical gluing argument, as pertinent details are well known,
for example as in [11, Chapter 10]. Instead, for completeness we mention gluing for
the equivariant case (ie as necessary for Section 3.3). A more general equivariant
gluing argument, as in for example [18, Section 4.3], is not necessary for this paper.
In the case of Morse flowlines, observe that the Morse—Smale condition is open, so
for a fixed metric g we may assume that each pair ( fy,s. g) is Morse—Smale. The
equivariant gluing theorem for a broken pair of flowlines with parameter v simply
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works by applying a standard gluing argument to a —V f,, ;—flowline concatenated
with a —Vf,, +oo—flowline. The conditions on the functions fv’i s forp=1,....7
in Section 3.3 were specifically chosen for this to be the case. Specifically, for large 7,
one chooses f,” ; such that f”; , is independent of v and s when |s| is sufficiently
large.

The gluing theorem for holomorphic spheres holds likewise: one may apply a gluing
theorem on the space M(J, j) of stable genus 0 J-holomorphic maps of Chern
number j , and this immediately provides a gluing theorem for M(J, j)x S’. However,
an important point must be highlighted: When descending to M(J, j)Xz/2S ! recalling
the action of Z/2 on M(J, j) is by

(z—z/(z—1)) e PSL(2,0C),

suppose that u is a nodal J-holomorphic map (with at least one node). Then, if
[u,v]e M(J, j)Xz/2 S ! in general there is an ambiguity in how one defines a glued
solution (which depends on a choice of lift to M(J, j) x S'). In particular, if the
domain of u is m1 (in the notation of Figure 6) then there is no way to coherently glue
the domain while respecting the Z/2-action. This is because m2; is an isolated point
in the fixed-point set of 1\70,5.

Appendix D Constructions for EDg and E S,

In this appendix, we construct EDg and ES4 as the union of a countable nested family
of submanifolds (with respective Dg— and S4—actions).

D.1 The construction for E Dg

Consider the contractible space S x (§°° x §°°), along with the following action of
Dg=(ralr’=a*=1,r-a=a3r) CS4 (where r =(13)(24) and a = (1324)):

r-(z,(z1,22)) = (=z,(22,21)) and a-(z,(z1,22)) = (=2, (=22, 21)).

This is a free action of Dg on the contractible space S x (S x §°°), which can be
checked by verifying all possibilities. We call this space E, and it is a model for EDg.
We write B = E/Dg, to contrast with the BDg as constructed in the next section.
Observe that there are finite-dimensional submanifolds S’ x (S/ x S/, for each (i, j),
which are invariant under the Dg—action. These will be referred to as E’»/, and we
let Bi»/ = E'J /Dg.
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D.2 The construction for ES4

Recall, from Section D.1, the space
Sy =8 % (8§% x §%),

defined for Dg using r = (12)(34) and a = (1324). We may define similarly
S3 and S4 for the conjugates (23)- Dg-(23) and (24)- Dg-(24) (corresponding to
copies of Dg with r = (13)(24) and r = (14)(23)) respectively.

Let S&° = ;s S 2i=1 denote the infinite-dimensional sphere taken as the union of
the odd-dimensional spheres S~ C C’. Let

Sc = S& X S2 X S3 x Sg.

This remains contractible, but now has a free S4—action as follows (to define the action,
it is sufficient to define it on the generators (12), (13) and (14) and show that all
relations are satisfied). First, these act on

82X83XS4
by
a ai ar —a —ajy daj
(12):|b by by |=>]| ¢ c2 1],
c c1 ¢ b by b
a ai ar ¢ —C2 (1
(A3): | b by b | > |=b =b1 by,
CcC C1 C» a ar —djq
a ay a» b —by —by
14): 1D by by |—=>| a —arx —ay
c C1 Co —C —C1 C2

Here we denote an element of this space as a matrix

a ay ap
b by by,
c C1 Cp

where for example (a, (a1,a2)) € S» and so on.

Further, to decide the action of the transpositions (1 2), (1 3) and (14) on S2°, we pick

three reflections of S (ie involutions that restrict to reflections in each S ~1 c §°°)

such that the composition of any two of these reflections is a rotation by 27” in
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each complex coordinate, using the identification with the unit sphere S%~1 c C’.
Alternatively, this is multiplication by the third root of unity ¢ € C. To see that we can
do this, recall that any element of O(2n) may be block-diagonalised into 2 x 2 blocks.
It is then sufficient to show that this may be done for S! (and then extending likewise
for each 22 block). Observe that if one takes the diameters of S! through 0, ¢ and 2
then reflection through any two of these three lines suffices.

It remains to show that this is indeed a well-defined free action of S4, which we will
not prove here but can be checked by exhaustion. Note further that the inclusion of
Dg C S4 from Section D.1 demonstrates this ES4 as an EDg. We denote by ESi’j ok
the S4—invariant submanifold of ES4 corresponding to

Szi—l % (Sj > (Sk XSk)) x (Sj x (Sk XSk)) X (Sf X (Sk xSk)).

Choosing any point p € ES4 that is fixed by the reflection associated to (1 2), there is a
homotopy equivalence between our ES4 and E (from Section D.1), via the projection

p: ES4 —> Sz,

which is in fact a Dg—equivariant homotopy equivalence with respect to the action
of Dg C S4. To see that we can do this, recall the following argument that S&° is
contractible: there is a shift map

T: S& — S&, (z0.z1,...) > (0,20,21,...),

where each z; € C. Pick some p € SZ° —Im(T). Then T is both homotopic to the
identity map on S&° and the constant map at p via a (normalised) linear interpolation
(the key being that this interpolation is never zero). A similar argument shows that S
is contractible. We then observe that p is Dg—equivariant, and the ES4/Dg — E/Dsg
is a homotopy equivalence because it is a fibration over E/Dg with a contractible
fibre. Using the long exact sequence of homotopy for a fibration, this implies that p is
a weak equivalence. By construction, our choices of ES4 and E are CW—complexes,
hence this is indeed a homotopy equivalence.

For notational purposes, we will write BDg = ES4/Dg (specifically, using the con-
tractible space ES4 with a free Ss—action as constructed in Section D.2, but only
quotienting by Dg). We will write B = E/Dg (specifically, using the contractible
space E from Section D.1), noting that, by standard theory of classifying spaces,
B and BDg are both homotopy equivalent, as in the previous paragraph.
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