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Hyperbolicity and cubulability are preserved
under elementary equivalence

SIMON ANDRÉ

The following properties are preserved under elementary equivalence, among finitely
generated groups: being hyperbolic (possibly with torsion), being hyperbolic and
cubulable, and being a subgroup of a hyperbolic group. In other words, if a finitely
generated group G has the same first-order theory as a group possessing one of the
previous properties, then G enjoys that property as well.
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1 Introduction

Around 1945, Tarski asked whether all nonabelian free groups have the same first-order
theory. This famous question remained open for six decades and was finally answered
in the affirmative by Sela [26] and by Kharlampovich and Myasnikov [10]. Sela [27]
then generalized his work and classified all finitely generated groups with the same
first-order theory as a given torsion-free hyperbolic group. A consequence of Sela’s
classification is the following striking theorem; see [27, Theorem 7.10].

Theorem 1.1 (Sela) A finitely generated group with the same first-order theory as a
torsion-free hyperbolic group is itself torsion-free hyperbolic.
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This result is particularly remarkable in view of the fact that hyperbolicity is defined in
a purely geometric way. It is natural to ask whether Theorem 1.1 remains true if we
allow torsion. We answer this question affirmatively.

Theorem 1.2 A finitely generated group with the same first-order theory as a hyper-
bolic group is itself hyperbolic.

In fact, the previous theorem is still valid if one only assumes that the groups satisfy
the same 89–sentences, that is, the same sentences of the form 8x 9y  .x;y/, where
x and y are two tuples of variables, and  is a quantifier-free formula in these variables.
The set of such sentences satisfied by a group G is called the 89 theory of G, denoted
by Th89.G/. Similarly, we denote by Th8.G/ the universal theory of G, ie the set of
first-order sentences of the form 8x  .x/ that are true in G.

It is worth noting that, in Theorems 1.1 and 1.2, it is not sufficient to assume that the
groups have the same universal theory. For instance, the class of finitely generated
groups with the same universal theory as the free group F2 coincides with the well-
known class of nonabelian limit groups (see Sela [25]), also known as finitely generated
fully residually free nonabelian groups (see Remeslennikov [21]), and this class contains
some nonhyperbolic groups, such as F2 � Z2 . Note also that it is impossible to
remove the assumption of finite generation. For example, Szmielew proved in [29]
that Z and Z � Q have the same first-order theory. Moreover, every hyperbolic
group has the same first-order theory as groups of arbitrarily large cardinalities, by the
Löwenheim–Skolem theorem.

We also show that the property of being a subgroup of a hyperbolic group is preserved
under elementary equivalence, among finitely generated groups. More precisely, we
prove the following theorem.

Theorem 1.3 Let � be a group, possibly not finitely generated, that can be embedded
into a hyperbolic group, and let G be a finitely generated group. If Th89.�/�Th89.G/,
then G embeds into a hyperbolic group.

A hyperbolic group is said to be locally hyperbolic if its finitely generated subgroups
are hyperbolic. The class of locally hyperbolic groups is rich and includes, for instance,
virtually free groups, fundamental groups of compact hyperbolic manifolds of dimension
2 or 3, lots of small cancellation groups (see McCammond and Wise [13; 14]), and lots
of one-relator groups. For example, if S is a finite set and w is a nontrivial element
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in the free group F.S/, there exists an integer r0 such that for every integer r � r0 ,
the group G D hS j wr D 1i is locally hyperbolic and cubulable; more precisely, G is
hyperbolic for r � 2, cubulable for r � 4 and locally hyperbolic for r � 3jwjS ; see [13].

In Theorem 1.3, in the case where the group � embeds into a finitely generated locally
hyperbolic group, we prove that G embeds into a locally hyperbolic group as well. In
this case, the group G is itself hyperbolic.

Theorem 1.4 Let � be a group, possibly not finitely generated, that can be embedded
into a finitely generated locally hyperbolic group, and let G be a finitely generated
group. If Th89.�/� Th89.G/, then G is hyperbolic.

Recall that a group is called cubulable if it admits a proper and cocompact action by
isometries on a locally finite CAT.0/ cube complex (see Sageev [22] for an introduction).
Groups that are both hyperbolic and cubulable have remarkable properties; they play
a crucial role in the proof of the virtually Haken conjecture (see Agol [1]). By using
results of Agol, Haglund and Wise, we prove the following result.

Theorem 1.5 Let � be a hyperbolic group and G a finitely generated group. Suppose
that Th89.�/D Th89.G/. Then � is cubulable if and only if G is cubulable.

Strategy We now describe the strategy of proof of Theorems 1.2 and 1.3. The proofs
of these results rely crucially on the shortening argument proved by Sela [27] for torsion-
free hyperbolic groups and subsequently generalized by Reinfeldt and Weidmann [20]
to hyperbolic groups with torsion.

Theorem 1.6 (Sela; Reinfeldt and Weidmann) Let � be a hyperbolic group, and
let G be a one-ended finitely generated group. There exists a finite set F � G n f1g
such that for every noninjective homomorphism � 2 Hom.G; �/, there exists an
automorphism � of G such that ker.� ı �/\F ¤¿.

We refer the reader to Theorem 2.2 for a more general version of the result stated above.

First, we shall outline a proof of Theorems 1.2 and 1.3 in the particular case where G
is one-ended and finitely presented, and Out.G/ is trivial.

Claim 1.7 Let � be a hyperbolic group, and let G be a one-ended finitely presented
group. Suppose that Th8.�/� Th8.G/. If Out.G/ is trivial, then G embeds into �.
Suppose moreover that � is one-ended and Out.�/ is trivial. Then � and G are
isomorphic.
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Proof of Claim 1.7 Let G D hs1; : : : ; sn j†.s1; : : : ; sn/D 1i be a finite presentation
of G, where † stands for a finite system of equations in n variables. Note that
there is a one-to-one correspondence between Hom.G; �/ and the set of n–tuples
.
1; : : : ; 
n/ 2 �

n such that †.
1; : : : ; 
n/D 1. Let F D fg1; : : : ; gpg be the finite
set given by Theorem 1.6. Every element gk can be written as a word wk.s1; : : : ; sn/.
Assume towards a contradiction that G does not embed into �. Then every homomor-
phism from G to � is noninjective and thus kills an element of F by Theorem 1.6. In
other words, the group � satisfies the following first-order sentence:

8x1 : : :8xn .†.x1; : : : ;xn/D1/)..w1.x1; : : : ;xn/D1/_� � �_.wk.x1; : : : ;xn/D1//:

Since Th8.�/�Th8.G/, this sentence is true in G also. Taking x1D s1; : : : ; xnD sn ,
the previous sentence means that an element of F is trivial. This is a contradiction.
Thus, G embeds into �.

At this stage, we cannot conclude that G is hyperbolic. However, if � is one-ended and
Out.�/ is trivial, then we can prove in the same way as in the previous paragraph that �
embeds into G by observing that Theorem 1.6 is still valid for subgroups of hyperbolic
groups (see Corollary 2.4). Since one-ended hyperbolic groups are co-Hopfian (see
Sela [24] for torsion-free hyperbolic groups and Moioli [15], based on Delzant [6], for
hyperbolic groups with torsion), the groups � and G are isomorphic.

In the proof of the claim, the hypothesis that G is finitely presented can be replaced by
the hypothesis that G is finitely generated, using the fact that hyperbolic groups are
equationally noetherian [27; 20], meaning that every infinite system of equations in
finitely many variables † is equivalent to a finite subsystem of †.

Note that the proof of Claim 1.7 adapts easily to the case where Out.G/ is finite.
If Out.G/ is infinite, the proof does not work, because we cannot fully express
Theorem 1.6 by means of first-order logic as we did in the proof of the claim, since the
expressive power of first-order logic is not sufficient to describe precomposition by an
automorphism. However, by employing a strategy comparable to that used by Perin [19],
one can express some fragments of Theorem 1.6 and establish the following dichotomy.

Proposition 1.8 Let � be a hyperbolic group and G a one-ended finitely generated
group such that Th89.�/� Th89.G/. Then either

� G embeds into �, or

� G splits as a particular graph of groups called a quasifloor over a group G1 (see
Definition 5.2).
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Quasifloors generalize hyperbolic floors of hyperbolic towers in the sense of Sela and
Perin (see Section 5 for further details). Without torsion, a quasifloor is equivalent to a
hyperbolic floor (see Proposition 5.5).

By using Proposition 1.8, we shall sketch a proof of (a particular case of) Theorem 1.3.
Let � be a hyperbolic group, and let G be a one-ended finitely generated group such that
Th89.�/�Th89.G/. We aim to prove that G can be embedded into a hyperbolic group.

For now, suppose that the group G is torsion-free. If the second alternative of the
dichotomy in Proposition 1.8 holds, then G is a hyperbolic floor over a group G1 . In
particular, G1 is a proper subgroup of G, and there exists a retraction from G onto G1 .
Moreover, G1 satisfies the following key property, which is an easy consequence of
the combination theorem of Bestvina and Feighn [4]: if G1 embeds into �, then G
embeds into a hyperbolic group. In order to prove that G embeds into a hyperbolic
group, one wants to iterate the previous argument with G1 instead of G. However,
Th89.�/ is not contained in Th89.G1/ and G1 is not one-ended in general. We can
nevertheless refine Proposition 1.8 and prove that G1 satisfies the same dichotomy
as G. By iterating this argument, we get a sequence of groups .Gn/n2N such that for
every integer n, the group Gn is a hyperbolic floor over GnC1 . In particular, GnC1 is
a proper subgroup of Gn , and Gn retracts onto GnC1 . It follows from the descending
chain condition for �–limit groups, Theorem 2.8, that this sequence of groups is
necessarily finite. Note that the descending chain condition applies since GnC1 is a
quotient of Gn and Th9.Gn/ is contained in Th9.�/ (indeed, Th9.Gn/ is contained
in Th9.G/ because Gn is a subgroup of G, and Th9.G/ is contained in Th9.�/ since
Th89.�/� Th89.G/). Let Gm denote the last group of the sequence. The group G is
a hyperbolic tower over Gm since, for every integer n, the group Gn is a hyperbolic
floor over GnC1 . As a consequence of the dichotomy, Gm embeds into the hyperbolic
group �. It follows that G embeds into a hyperbolic group. This concludes the proof
of Theorem 1.3 in the torsion-free case (assuming G is one-ended).

Unfortunately, quasifloors do not have the same good features as hyperbolic floors.
For every integer n, the group Gn (obtained as above by iterating the dichotomy
of Proposition 1.8) splits over finite groups as a graph of groups all of whose vertex
groups embed into G, but Gn is not a subgroup of G in general. Consequently, Th9.Gn/
is not contained in Th9.�/ a priori, as shown by Example 1.9 below. Moreover, GnC1
is not a quotient of Gn . These pathologies make more complicated the termination
of the iterative construction described in the previous paragraph, since we cannot
use the descending condition directly. We solve part of these problems by proving
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that all hyperbolic groups can be embedded into torsion-saturated hyperbolic groups
(see Theorem 1.10), a class of groups we introduce in Section 4.

A new phenomenon arising from the presence of torsion In the case of torsion-free
groups, performing an HNN extension over a finite group is the same as doing a free
product with Z, and every torsion-free nonelementary hyperbolic group G has the same
universal theory as G �Z (see Proposition 2.21), and even the same first-order theory,
as a consequence of the work of Sela [27]. By contrast, in the presence of torsion,
performing an HNN extension over a finite, even trivial, subgroup may modify the
universal theory of a hyperbolic group. Let us consider the following simple example.

Example 1.9 Let GDF2�Z=2Z. Then the sentence 8x 8y .x2D 1/) .xyD yx/

is satisfied by G, but not by G �Z.

This example shows that, in general, the class of groups with the same universal theory
as a given hyperbolic group with torsion is not closed under HNN extensions and
amalgamated products over finite groups. In Section 4, we deal with this problem by
proving the following result, which is crucial for proving that the iterative construction
outlined above eventually terminates.

Theorem 1.10 Every hyperbolic group � can be embedded into a torsion-saturated
hyperbolic group �, ie a hyperbolic group such that the class of �–limit groups is
closed under amalgamated free products and HNN extensions over finite groups.

The hyperbolic group � is obtained from � by performing finitely many HNN exten-
sions over finite groups (see Theorem 4.8).

Acknowledgements I am very grateful to Vincent Guirardel for his help and for the
time he spent carefully reading previous versions of this paper. I would also like to
thank Chloé Perin for a talk she gave at “Session états de la recherche de la SMF”,
where she presented a proof of Theorem 1.1; it was an important source of inspiration.
Lastly, I warmly thank Frédéric Paulin and the referees for their numerous and valuable
remarks and suggestions.

2 Preliminaries

In this section we recall some facts and definitions about the elementary theory of groups,
�–limit groups, K–CSA groups and JSJ decompositions and prove some results that
are useful in the sequel, and whose proofs are independent of the main body of the paper.
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2.1 Notation

Let n � 1 be an integer. We use the notation ŒŒ1; n�� to denote the set of integers k
such that 1� k � n.

Let G be a group and g an element of G. We write ad.g/ for the inner automorphism
x 2G 7! gxg�1 .

2.2 The elementary theory of groups

For detailed background, we refer the reader to [12]. A first-order formula in the
language of groups is a finite formula using the following symbols: 8, 9, D, ^, _,
), ¤, 1 (standing for the identity element), �1 (standing for the inverse), � (standing
for the group multiplication) and variables x; y; g; z; : : : which are to be interpreted
as elements of a group. A variable is free if it is not bound by any quantifier 8 or 9. A
first-order sentence is a first-order formula without free variables.

Given a formula  .x1; : : : ; xn/ with n� 0 free variables, and n elements g1; : : : ; gn
of a group G, we say that  .g1; : : : ; gn/ is satisfied by G if its interpretation is true
in G. This is denoted by G ˆ  .g1; : : : ; gn/. The elementary theory of a group G,
denoted by Th.G/, is the collection of all sentences which are true in G. The universal-
existential theory of G, denoted by Th89.G/, is the collection of sentences true in G
of the form

8x1 : : :8xm 9y1 : : : 9yn  .x1; : : : ; xm; y1; : : : ; yn/;

where m; n� 1 and  is a quantifier-free formula with mCn free variables. In the
same way, we define the universal theory of G, denoted by Th8.G/, and its existential
theory Th9.G/. Note that Th9.G/ is contained in Th9.�/ if and only if Th8.�/ is
contained in Th8.G/.

2.3 �–limit groups

Let � and G be two groups. We say that G is fully residually � if, for every finite
subset F � G, there exists a homomorphism �W G ! � whose restriction to F is
injective. If G is countable, then G is fully residually � if and only if there exists
a sequence .�n/n2N of homomorphisms from G to � such that for every nontrivial
element g 2G, its image �n.g/ is nontrivial for every n large enough. Such a sequence
is called a discriminating sequence.

Sela [27] introduced �–limit groups in order to study Hom.G; �/, where � stands
for a torsion-free hyperbolic group, and G stands for a finitely generated group. Sela
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proved that the class of �–limit groups coincides with the class of finitely generated
groups that are fully residually � [27, Proposition 1.18]. Reinfeldt and Weidmann [20]
generalized this result in the case where � is hyperbolic, possibly with torsion.

The following easy proposition builds a bridge between group theory and first-order
logic. Recall that a group � is equationally noetherian if every infinite system of equa-
tions in uniformly finitely many variables † is equivalent to a finite subsystem of †.

Proposition 2.1 Let G and � be finitely generated groups. Suppose that G is finitely
presented or that � is equationally noetherian. Then G is a �–limit group if and only
if Th9.G/� Th9.�/.

Proof Suppose that G is fully residually �. Let .�nW G!�/n2N be a discriminating
sequence. Let †.x1; : : : ; xm/ D 1 ^  .x1; : : : ; xm/ ¤ 1 be a system of equations
and inequations. Suppose that this system has a solution .g1; : : : ; gm/ in Gm . Then,
for n large enough,  .�n.g1/; : : : ; �n.gm//D�n. .g1; : : : ; gm// is nontrivial. Thus,
.�n.g1/; : : : ; �n.gm// is a solution of the previous system in �m .

Conversely, suppose that Th9.G/� Th9.�/. Let GD hs1; : : : ; sk j†.s1; : : : ; sk/D 1i
be a presentation of G, where † stands for a system of equations in k variables,
possibly infinite. If G is finitely presentable, one can suppose that the system † is
finite. If � is equationally noetherian, † is equivalent in � to a finite subsystem of †,
so one can assume without loss of generality that † is finite. Let S D fg1; : : : ; grg be
a finite subset of G n f1g. Every element gi can be written as a word wi .s1; : : : ; sk/.
We shall find a homomorphism �W G! � such that ker.�/\S D¿. Observe that the
following sentence, � , is satisfied by G, since the identity of G kills no element of S :

9x1 : : : 9xk †.x1; : : : ; xk/D 1^
V
1�i�rwi .x1; : : : ; xk/¤ 1:

Since Th9.G/ � Th9.�/, this sentence is satisfied by � as well. Let 
1; : : : ; 
k be
the elements of � given by the interpretation of the sentence � in �. One defines
a homomorphism �W G ! � by sending si to 
i . This homomorphism satisfies
�.gi /D wi .
1; : : : ; 
k/¤ 1, for every 1� i � r . This concludes the proof.

The proofs of our main results rely essentially on the shortening argument, proved by
Sela for torsion-free hyperbolic groups in [27] and later generalized by Reinfeldt and
Weidmann to the case of hyperbolic groups possibly with torsion in [20].

Given a hyperbolic group � and a �–limit group G, the modular group Mod.G/
is a subgroup of Aut.G/ that will be defined in Section 2.6.5, by means of the JSJ
decomposition of G over virtually cyclic groups (with infinite center).
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Theorem 2.2 [27; 20, Theorem 4.2] Let � be a hyperbolic group and let G be a
one-ended finitely generated group. There exist nontrivial elements g1; : : : ; gk of G
such that for every noninjective homomorphism �W G ! �, there exist a modular
automorphism � 2Mod.G/ and an integer 1� `� k such that .� ı �/.g`/D 1.

Remark 2.3 In the case where G is not a �–limit group, the result is obvious.

One easily sees that Theorem 2.2 remains true if one only assumes that � is a subgroup
of a hyperbolic group.

Corollary 2.4 Let � be a group that embeds into a hyperbolic group, and let G be a
one-ended finitely generated group. There exist nontrivial elements g1; : : : ; gk of G
such that for every noninjective homomorphism �W G ! �, there exist a modular
automorphism � 2Mod.G/ and an integer 1� `� k such that .� ı �/.g`/D 1.

The following result is not explicitly stated by Reinfeldt and Weidmann in [20], but
can be derived from their arguments.

Theorem 2.5 (Sela, Reinfeldt–Weidmann) Let � be a hyperbolic group and let G
be a one-ended finitely generated group. Suppose that G embeds into �. Then there
exists a finite set f�1; : : : ; �`g of monomorphisms from G into � such that for every
monomorphism �W G ! �, there exist a modular automorphism � 2 Mod.G/, an
integer 1� `� k and an element 
 2 � such that

� D ad.
/ ı�` ı �:

Remark 2.6 In contrast with Theorem 2.2, Theorem 2.5 does not extend to the case
where � is a subgroup of a hyperbolic group.

Theorem 2.7 [27; 20, Corollary 6.13] Hyperbolic groups are equationally noetherian.

The following result is known as the descending chain condition for �–limit groups,
with � hyperbolic. It is an easy consequence of the equational noetherianity of
hyperbolic groups.

Theorem 2.8 [27; 20, Corollary 5.3] Let � be a hyperbolic group. Let .Gn/n2N be a
sequence of �–limit groups. If .�nW Gn�GnC1/n2N is a sequence of epimorphisms,
then �n is an isomorphism for n sufficiently large.

Theorem 2.9 [27; 20, Proposition 6.2] Let � be a hyperbolic group and G a �–limit
group. Then every abelian subgroup of G is finitely generated.

Geometry & Topology, Volume 24 (2020)



1084 Simon André

2.4 K–CSA groups

A group is said to be CSA if its maximal abelian subgroups are malnormal. It is
well known that every torsion-free hyperbolic group is CSA. However, it is not true
anymore in the presence of torsion. To overcome this problem, Guirardel and Levitt
defined K–CSA groups in [7, Definition 9.7].

Definition 2.10 Let K > 0. A group G is called a K–CSA group if the following
conditions hold:

� Every finite subgroup of G has order bounded by above by K (hence, an
element g has infinite order if and only if gKŠ ¤ e ).

� Every element g of infinite order is contained in a unique maximal virtually
abelian subgroup of G, denoted by M.g/. Moreover M.g/ is K–virtually
torsion-free abelian (ie M.g/ has a torsion-free abelian subgroup of index less
than K ).

� M.g/ is equal to its normalizer.

We recall some useful facts about K–CSA groups.

Proposition 2.11 Every hyperbolic group is K–CSA for some K > 0.

Proposition 2.12 [7, Lemma 9.8] Let G be a K–CSA group.

(1) If g; h 2G have infinite order, the following conditions are equivalent :

(a) M.g/DM.h/.

(b) gKŠ and hKŠ commute.

(c) hg; hi is virtually abelian.

(2) Let H be an infinite virtually abelian subgroup of G. Then H is contained in
a unique maximal virtually abelian subgroup of G, denoted by M.H/. This
group is almost malnormal : if gM.H/g�1\M.H/ is infinite, then g belongs
to M.H/. Moreover, for every element h of H of infinite order, M.H/DM.h/.

Proposition 2.13 Let G be a K–CSA group and g an element of G of infinite order.
The subgroup M.g/ is definable without quantifiers with respect to g . In other words,
there exists a first-order formula  K.x; y/ without quantifiers such that

M.g/D fh 2G j  K.h; g/g:
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Proof First, note that

M.g/D fh 2G j hg; hi is K–virtually torsion-free abeliang:

Indeed, if hg; hi is K–virtually abelian, then hg; hi �M.g/ by maximality of M.g/.
Conversely, if h 2M.g/ then hg; hi is a subgroup of M.g/, which is K–virtually
torsion-free abelian, so hg; hi is K–virtually torsion-free abelian. We now prove
that there exists a first-order formula  K.x; y/ with two free variables such that
hg; hi is K–virtually torsion-free abelian if and only if  K.g; h/ is true in G. Let
� W F2 D hx; yi ! G be the epimorphism sending x to g and y to h. If A is a
subgroup of hg; hi of index less than K , there exists a subgroup B of hx; yi of index
less than K such that AD �.B/. Denote by H1; : : : ;Hn the n subgroups of F2 of
index � K . For each 1 � i � n, let .wi;j .x; y//1�j�ni

be a finite generating set
of Hi . We can define  K.g; h/ by

 K.g; h/D
Wn
iD1

Vni

kD1

Vni

`D1
Œwi;k.g; h/; wi;`.g; h/�D 1:

Proposition 2.14 [7, Proposition 9.9] The property K–CSA is defined by a set of
universal formulas.

Since every hyperbolic group is K–CSA for some K > 0 (see Proposition 2.11), the
following proposition holds.

Proposition 2.15 [7, Corollary 9.10] Let � be a hyperbolic group. There exists a
constant K > 0 such that every group satisfying Th9.G/� Th9.�/ is K–CSA.

We now prove that a group with the same 89–theory as a subgroup of a hyperbolic
group does not contain Z2 as a subgroup (see Corollary 2.18 below). First, let us recall
the following well-known result.

Lemma 2.16 There exists a 89–sentence  such that if G is a finitely generated
torsion-free abelian group, G ˆ  if and only if G is cyclic.

Proof Since Zn=2Zn has 2n elements, the pigeonhole principle shows that the
following 89–sentence is satisfied by Zn if and only if n� 1:

8x1 8x2 8x3 9x4 .x1 D x2x
2
4/_ .x1 D x3x

2
4/_ .x2 D x3x

2
4/:

Proposition 2.17 Let � be a hyperbolic group, let � be a subgroup of �, and let G
be a finitely generated group such that Th89.�/� Th89.G/. If g is an element of G
of infinite order, then M.g/ is virtually cyclic.
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Proof First, note that Th9.G/ � Th9.�/ � Th9.�/. By Proposition 2.15, the
groups �, � and G are K–CSA for some K . Let g be an element of G of infinite
order. Since the group M.g/ is K–virtually torsion-free abelian, it has a normal
torsion-free abelian subgroup N of index dividing KŠ. For every element h of M.g/
the element hKŠ belongs to N. Denote by N.g/ the subgroup of M.g/ generated
by fhKŠ j h 2M.g/g. This is a subgroup of N, so it is torsion-free abelian.

It is enough to show that N.g/ is cyclic, because then we will be able to conclude
that M.g/ is virtually cyclic. Indeed, if N.g/ is cyclic, then so is hxKŠ; yKŠi for
every x; y 2M.g/. As a consequence there is no pair of elements of M.g/ generating
a subgroup isomorphic to Z2 . Since M.g/ is virtually abelian and finitely generated
by Theorem 2.9, it is virtually cyclic.

For every integer `� 1, let N`.g/DfhKŠ1 � � � h
KŠ
`
j h1; : : : ; h` 2M.g/g. Since N.g/ is

finitely generated, there exist an integer r and some elements g1; : : : ; gr of M.g/ such
that N.g/ is generated by fgKŠ1 ; : : : ; gKŠr g. We claim that N.g/DNr.g/. In order to
see this, note that, since N.g/ is abelian, every element h 2N.g/ can be written

hD .gKŠ1 /
n1
� � � .gKŠr /

nr
D .g

n1

1 /
KŠ
� � � .gnr

r /
KŠ
;

where n1; : : : ; nr lie in Z. This proves that N.g/�Nr.g/, and the reverse inclusion
is immediate. Then, recall that there exists a first-order formula without quantifiers
 .x; y/ such that M.g/D fh 2G j  .h; g/g (see Proposition 2.13). Hence

Nr.g/D
˚
h 2G j 9h1 : : : 9hr .hD h

KŠ
1 � � � h

KŠ
r ^ .h1; g/^ : : :^ .hr ; g//

	
:

It remains to prove that Nr.g/ is cyclic. Recall that, by Lemma 2.16, a finitely generated
torsion-free abelian group is cyclic if and only if it satisfies

8x1 8x2 8x3 9x4 �.x1; x2; x3; x4/;

where �.x1; x2; x3; x4/ is .x1 D x2x24/_ .x1 D x3x
2
4/_ .x2 D x3x

2
4/. Since � is a

hyperbolic group and � ��, every torsion-free abelian subgroup of � is cyclic and
thus satisfies the previous sentence. We can write a 89–sentence �r satisfied by �,
with this interpretation: for every element 
 of � of infinite order, Nr.
/ is cyclic.
Below is the sentence �r , where hi stands for .hi;1; : : : ; hi;r/ and xi WD hKŠi;1 � � � h

KŠ
i;r :

8
 8h1 8h2 8h3 9h4
��V3

iD1

Vr
jD1 .hi;j ; 
/^ .


KŠ
¤ 1/

�
)
�Vr

jD1 .h4;j ; 
/^ �.x1; x2; x3; x4/
��
:

Since Th89.�/�Th89.G/, the sentence �r is true in G as well. It follows that Nr.g/
is cyclic. This concludes the proof.
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Corollary 2.18 Let � be a hyperbolic group, let � be a subgroup of �, and let G
be a finitely generated group. Suppose that Th89.�/� Th89.G/. Then every abelian
subgroup of G is virtually cyclic.

Proof First, note that Th9.G/ � Th9.�/. By Proposition 2.15, the group G is K–
CSA for some K . Let H be an infinite abelian subgroup of G. By Proposition 2.12, H
is contained in a unique maximal virtually abelian subgroup of G, denoted by M.H/,
and M.H/ D M.h/ for every element h of H of infinite order (note that such an
element exists since H is abelian, finitely generated (according to Theorem 2.9) and
infinite). By Proposition 2.17, M.h/ is virtually cyclic, so H is virtually cyclic.

2.5 Generalized Baumslag’s lemma

If g is an element of infinite order of a hyperbolic group G, we denote by gC and g�

the attracting and repelling fixed points of g on the boundary @1G of G. The following
proposition generalizes a criterion proved by Baumslag in the case of free groups (see
[3, Proposition 1] or [2, Lemma 7]). This result is very useful to show that some
sequences of homomorphisms taking values in a hyperbolic group are discriminating.
A proof in the hyperbolic case can be found in [17, Lemma 2.4].

Proposition 2.19 Let a0; a1; : : : ; am; c1; : : : ; cm be elements of a hyperbolic group.
Let w.p1; : : : ; pm/D a0c

p1

1 a1c
p2

2 a2 � � � am�1c
pm
m am with p1; : : : ; pm � 0. Suppose

(1) every ci has infinite order;

(2) for every i 2 ŒŒ1;m� 1��, c�i ¤ ai � c
C
iC1 .

Then there exists a constant C such that w.p1; : : : ; pm/¤ 1 for every p1; : : : ; pm�C.

If G is a hyperbolic group, each element g of infinite order is contained in a unique
maximal virtually abelian subgroup of G, denoted by M.g/, namely the stabilizer of
the pair of points P D fgC; g�g. An element h 2G belongs to M.g/ if and only if
h.P /\P ¤ ¿. The following straightforward consequence of Proposition 2.19 is
easier to use in practice.

Corollary 2.20 Let a0; a1; : : : ; am and c be elements of a hyperbolic group. Let ."i /
in f�1;C1gm . Let w.p/D a0c"1pa1c

"2pa2 � � � am�1c
"mpam with p � 0. Suppose

(1) c has infinite order;

(2) for every i 2 ŒŒ1;m� 1��, ai …M.c/.

Then there exists a constant C such that w.p/¤ 1 for p � C.
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Here is an interesting application of Baumslag’s lemma.

Proposition 2.21 Let G be a nonelementary torsion-free hyperbolic group. We have

Th8.G �Z/D Th8.G/:

Proof Fix a finite generating set of G � hti, and let Bn denote the ball of radius n
in G � hti for this generating set. We shall use Baumslag’s lemma in order to find a
homomorphism �n from G�hti to G that does not kill any nontrivial element of Bn . As
a consequence, the sequence of homomorphisms .�n/n2N will be discriminating, and
hence Th8.G �Z/� Th8.G/. Note that the reverse inclusion Th8.G �Z/� Th8.G/
is obvious since G �G �Z.

First, note that every nontrivial element x of Bn can be written as a reduced word
x D g1;xt

n1;xg2;xt
n2;x � � � tnkx;xgkxC1;x , with ni;x ¤ 0 and gi;x 2 G n f1g, except

g1;x and gkxC1;x , which may be trivial. Let A D
S
x2Bn
fg1;x; : : : ; gkx ;xg. Since

the group G is torsion-free hyperbolic, two elements commute if and only if they
fix a common point on the boundary of G. By hypothesis, G is nonelementary, so
fgC jg 2Gnf1gg is infinite. Moreover, every nontrivial element of G fixes exactly two
distinct points on the boundary, and A is a finite set, so one can find an element g 2G
that does not fix any point on the boundary that is fixed by a nontrivial element
of A. Hence, g does not commute with any nontrivial element of A. It follows from
Corollary 2.20 that the homomorphism �n from G�hti to G whose restriction to G is
the identity and that sends t to a sufficiently big power of g does not kill any nontrivial
element of Bn . Hence, the sequence .�n/n2N is discriminating.

Note that Proposition 2.21 is false if G is not assumed to be torsion-free, as illustrated
by Example 1.9 in the introduction. Section 4 is devoted to this problem.

2.6 JSJ decompositions of finitely generated groups

JSJ decompositions for torsion-free hyperbolic groups were introduced by Sela in [24]
(see also [5]). Constructions of JSJ decompositions were then given in more general
settings by many authors. In [7], Guirardel and Levitt give a simple general definition
of JSJ decompositions and explain how to construct JSJ decompositions in a wide
range of contexts. We refer the reader to [7] for details.

2.6.1 Existence of JSJ decompositions In this paper, we are mainly concerned with
the following JSJ decompositions:
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(1) JSJ decompositions of a finitely generated group G over finite subgroups of G.
The existence of these decompositions is guaranteed as soon as there exists a constant K
such that every finite subgroup of G has order less than K (see [11]). However, such
a decomposition is not unique in general. See Section 2.6.6 for more details.

(2) JSJ decompositions of a one-ended finitely generated group G over virtually Z

subgroups of G. Such decompositions exist for one-ended hyperbolic groups, and more
generally for one-ended finitely generated K–CSA groups that do not contain Z2 . For
a proof of the existence, we refer the reader to the first point of Theorem 9.14 of [7],
which is an immediate consequence of Corollary 9.1.

(3) JSJ decompositions of a one-ended finitely generated group G over the family Z
of virtually Z subgroups of G with infinite center. Such decompositions exist for
one-ended hyperbolic groups, and more generally for one-ended finitely generated K–
CSA groups that do not contain Z2 . Again, the proof of the existence is an immediate
consequence of Corollary 9.1 of [7].

(4) JSJ decompositions of a one-ended finitely generated K–CSA group over virtually
abelian groups (see [7], first point of Theorem 9.14).

2.6.2 Uniqueness Let G be a one-ended finitely generated group as in cases (2)–(4).
In [7], the authors associate to each JSJ decomposition T of G over a family of sub-
groups A a tree called the tree of cylinders of T , denoted by Tc (see [7, Definition 7.2]).
They prove that Tc is a JSJ decomposition over A and that Tc does not depend on
the initial JSJ decomposition T : if T 0 is another JSJ decomposition over A, then
Tc D T

0
c (meaning that there exists a G–equivariant isomorphism between them). This

tree Tc is called the canonical JSJ decomposition of G over A (see the third point of
[7, Lemma 7.3] for details). If we are in the third case above, we refer to the canonical
decomposition as the Z–JSJ splitting of G.

2.6.3 Description of the vertex groups Once we know that JSJ decompositions
exist, the essential feature of the JSJ theory is the description of their flexible vertices,
as defined below.

Definition 2.22 Let G be a finitely generated group. Let T be a JSJ decomposition
of G over a family of subgroups A. A vertex group Gv of T is said to be rigid if it is
elliptic in every splitting of G over A. If Gv fails to be elliptic in some splitting of G
over A, it is said to be flexible.
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Before giving a description of flexible vertex groups of the Z–JSJ splitting, we shall
recall some basic facts about hyperbolic 2–dimensional orbifolds.

A compact connected 2–dimensional orbifold with boundary O is said to be hyperbolic
if it is equipped with a hyperbolic metric with totally geodesic boundary. It is the
quotient of a closed convex subset C � H2 by a proper discontinuous group of
isometries GO � Isom.H2/. We denote by pW C !O the quotient map. By definition,
the orbifold fundamental group�1.O/ of O is GO . We may also view O as the
quotient of a compact orientable hyperbolic surface with geodesic boundary by a finite
group of isometries. A point of O is singular if its preimages in C have nontrivial
stabilizer. A mirror is the image by p of a component of the fixed point set of an
orientation-reversing element of GO in C. Singular points not contained in mirrors are
conical points; the stabilizer of the preimage in H2 of a conical point is a finite cyclic
group consisting of orientation-preserving maps (rotations). The orbifold O is said to
be conical if it has no mirror.

Definition 2.23 A group G is called a finite-by-orbifold group if it is an extension

1! F !G! �1.O/! 1;

where O is a compact connected hyperbolic conical 2–orbifold, possibly with totally
geodesic boundary, and F is an arbitrary finite group called the fiber. An extended
boundary subgroup of G is the preimage in G of a boundary subgroup of the orbifold
fundamental group �1.O/ (for an indifferent choice of regular base point). We define
in the same way extended conical subgroups.

Definition 2.24 A vertex v of a graph of groups is called quadratically hanging (QH)
if its stabilizer Gv is a finite-by-orbifold group 1!F !G!�1.O/! 1 such that O
has nonempty boundary and such that any incident edge group is finite or contained in
an extended boundary subgroup of G. We also say that Gv is QH.

The following proposition is crucial (see [7, Section 6, Theorem 6.5 and the paragraph
below Remark 9.29]).

Proposition 2.25 Let G be a one-ended finitely generated K–CSA group that does
not contain Z2 . The flexible vertex groups of its Z–JSJ splitting are QH.

2.6.4 Properties of the Z–JSJ decomposition Proposition 2.26 summarizes the
properties of the Z–JSJ decomposition that will be useful in the sequel.
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Proposition 2.26 Let G be a one-ended finitely generated K–CSA group that does
not contain Z2 as a subgroup. Let T be its Z–JSJ decomposition.

� The tree T is bipartite: every edge joins a vertex carrying a maximal virtually cyclic
group to a vertex carrying a group that is not virtually cyclic.

� The action of G on T is acylindrical in the following strong sense: if an element
g 2G of infinite order fixes a segment of length � 2 in T , then this segment has length
exactly 2 and its midpoint has virtually cyclic stabilizer.

� Let v be a vertex of T , and let e and e0 be two distinct edges incident to v . If Gv
is not virtually cyclic, then the group hGe; Ge0i is not virtually cyclic.

� There are two kinds of vertices of T carrying a group that is not virtually cyclic:
rigid ones and QH ones. If v is a QH vertex of T , every edge group Ge of an edge e
incident to v coincides with an extended boundary subgroup of Gv . Moreover, given
any extended boundary subgroup B of Gv , there exists a unique incident edge e such
that Ge D B .

The following result will be constantly used in the sequel.

Proposition 2.27 Let � be a hyperbolic group and � a subgroup of �. Let G
be a finitely generated group and H a one-ended finitely generated subgroup of G.
If Th89.�/ is contained in Th89.G/, then H is K–CSA for some constant K > 0

and does not contain Z2 as a subgroup. Consequently, H has a Z–JSJ splitting.

Proof By Proposition 2.15, the group G is K–CSA for some constant K . Moreover,
by Corollary 2.18, every abelian subgroup of G is virtually cyclic. Since H is a
subgroup of G, it is K–CSA and every abelian subgroup of H is virtually cyclic.
Hence, H has a Z–JSJ splitting.

2.6.5 The modular group

Definition 2.28 Let G be a one-ended finitely generated K–CSA group that does
not contain Z2 as a subgroup. The modular group Mod.G/ of G is the subgroup
of Aut.G/ composed of all automorphisms that act by conjugation on non-QH vertex
groups of the Z–JSJ splitting, and on finite subgroups of G, and that act trivially on
the underlying graph of the Z–JSJ splitting.

2.6.6 JSJ splittings over finite groups Let G be a finitely generated group. Under
the hypothesis that there exists a constant K such that every finite subgroup of G has
order less than K , Linnell proved in [11] that G splits as a finite graph of groups with
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finite edge groups and all of whose vertex groups are finite or one-ended. We call such
a splitting a F–JSJ splitting of G, where F stands for “finite” (in [7], such a splitting
is called a Stallings–Dunwoody splitting of G ).

Contrary to the Z–JSJ splitting, there is no canonical F–JSJ splitting, but the conjugacy
classes of one-ended vertex groups do not depend on the splitting. Moreover, the
conjugacy classes of finite vertex groups are the same in all reduced F–JSJ splittings
of G. A one-ended subgroup of G that appears as a vertex group of a F–JSJ splitting
is called a one-ended factor of G. Note that if G is virtually free, then there is no
one-ended factors; all vertex stabilizers are finite.

If G is a �–limit group, where � is hyperbolic, one can prove that there exists a
uniform bound on the order of finite subgroups of G (see [20, Lemma 1.18]). As a
consequence, G has a F–JSJ splitting.

Definition 2.29 Let G be a finitely generated group whose finite subgroups have
bounded order. Let G0 be a group. A homomorphism �W G ! G0 is said to be
factor-injective if � is injective in restriction to every one-ended factor of G that is not
finite-by-orbifold.

2.7 Preliminaries on orbifolds

In the sequel, all orbifolds are compact, connected, 2–dimensional, hyperbolic and
conical, ie without mirrors.

2.7.1 Cutting an orbifold into elliptic components

Definition 2.30 A set C of simple closed curves on a conical orbifold is said to be
essential if its elements are non-null-homotopic, two-sided, non-boundary-parallel,
pairwise nonparallel, and represent elements of infinite order (in other words, no curve
of C bounds a disk with a single singularity (or cone point)).

Proposition 2.31 Let O be a hyperbolic orbifold. Suppose that S D �1.O/ acts
minimally on a simplicial tree T in such a way that its boundary elements are elliptic.
Then there exists an essential set C of curves on O , and a surjective S–equivariant map
f W TC! T , where TC stands for the Bass–Serre tree associated with the splitting of S
dual to C . In other words:

� Every element of S corresponding to a loop of C fixes an edge of T .

� Every fundamental group of a connected component of O n C is elliptic.
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The proposition above is proved in [16] for surfaces (see Theorem 3.2.6), and the
generalization to compact hyperbolic 2–orbifolds of conical type is straightforward since
conical subgroups are elliptic in T . Then, Proposition 2.31 extends to finite-by-orbifold
groups through the following observation: if G is a finite extension F ,!G� �1.O/
acting minimally on a tree T , then the action factors through G=F '�1.O/, because F
acts as the identity on T . Indeed, since F is finite, it fixes a point x of T . Since F is
normal, the nonempty subtree of T pointwise-fixed by F is invariant under the action
of G. Since this action is minimal, F fixes T pointwise.

2.7.2 Nonpinching homomorphisms In this section, we establish conditions ensur-
ing that a homomorphism between two finite-by-orbifold groups is an isomorphism.

Definition 2.32 Let G and G0 be conical finite-by-orbifold groups (see Definition
2.23). A homomorphism from G to G0 is called a morphism of finite-by-orbifold
groups if it sends each extended boundary subgroup injectively into an extended
boundary subgroup and if it is injective on finite subgroups.

Definition 2.33 Let G be a conical finite-by-orbifold group F ,! G
q
�� �1.O/.

Let � be a homomorphism from G to a group G0. Let ˛ be an essential curve on O ,
let ˛ be a corresponding element of the fundamental orbifold group of O (for a given
choice of base point) and let C˛ D q�1.h˛i/ ' F ÌZ. The curve ˛ is said to be
pinched by � if �.C˛/ is finite. The homomorphism � is said to be nonpinching if it
does not pinch any two-sided simple loop. Otherwise, � is said to be pinching.

Lemma 2.34 Let O and O0 be conical hyperbolic orbifolds. Let G and G0 be their
orbifold fundamental groups. Let �W G!G0 be a nonpinching morphism of orbifold
groups. Suppose that �.G/ is not contained in a conical or boundary subgroup of G0.
Then �.G/ has infinite index in G0.

Proof Suppose towards a contradiction that �.G/ has infinite index in G0. Then
�.G/ is the fundamental group of an infinite-degree orbifold covering O0 of O0. This
covering is a geometrically finite hyperbolic conical orbifold of infinite volume. Let K
be its convex core. The inclusion K �O0 induces an isomorphism between the orbifold
fundamental groups of K and O0 . Since O0 is of infinite volume and has no cusp end,
it has at least one funnel end, so K has at least one boundary component that is not a
preimage in O0 of a boundary component of O0. Therefore, �.G/ can be written as a
free product

�.G/D hc1i � � � � � hcpi � hb1i � � � � � hbqi �Fr�1;

Geometry & Topology, Volume 24 (2020)



1094 Simon André

where c1; : : : ; cp are conical elements of �.G/, b1; : : : ; bq denote boundary elements
of �.G/ conjugate to boundary elements of G0, and r � 1 is the number of funnel
ends of O0 . Note that this splitting is nontrivial because, by assumption, �.G/ is
not contained in a boundary subgroup or in a conical subgroup of G0. Let T be the
Bass–Serre tree of this splitting. The group G acts on T via � . Moreover, by definition
of a morphism of orbifold groups, every boundary element of G is elliptic in T for
this action. Then it follows from Proposition 2.31 that there exists a simple loop on O
pinched by � . This is a contradiction.

An Euler characteristic on a class of groups G closed under taking subgroups of finite
index is a function �W G!R satisfying the following condition: if G 2 G and H is a
subgroup of finite index in G, then �.H/D ŒG WH��.G/. Euler characteristics have
been defined on various classes of groups, by many authors (see for instance [28]).

In the sequel, we consider the class G composed of groups G of the form

1! F !G! A1 � � � � �Am �Fn! 1

where F and A1; : : : ; Am are finite and Fn is the free group of rank n� 0. Note that
finite extensions of fundamental groups of conical hyperbolic orbifolds with nonempty
boundary belong to G . In [28, Corollary 3.6], Sykiotis proved that the function �
defined below (Definition 2.35) is an Euler characteristic on G .

Definition 2.35 Let G 2 G , and let � be a F–JSJ splitting of G. Denote by V.�/
the set of vertices of �, and by E.�/ its set of edges. We define �.�/ by

�.�/D
X

e2E.�/

1

jGej
�

X
v2V.�/

1

jGvj
:

This number does not depend on the choice of the F–JSJ splitting � of G. The Euler
characteristic of G is defined as �.G/D �.�/, for any F–JSJ splitting � of G.

Lemma 2.36 Let G;G0 2 G . Let � and �0 be F–JSJ splittings of G and G0 respec-
tively. Suppose that the edge groups of � and �0 are trivial. Let �W G� G0 be
an epimorphism that is injective on finite subgroups of G. Then �.G/� �.G0/, with
equality if and only if � is injective.

Proof If � is reduced to a point, then G is finite, so � is injective by assumption.
From now on, we will suppose that � has at least two vertices. Let T and T 0 be
Bass–Serre trees of � and �0 respectively. We build a �–equivariant map f W T ! T 0

Geometry & Topology, Volume 24 (2020)



Hyperbolicity and cubulability are preserved under elementary equivalence 1095

in the following way: for every vertex v of T , since �.Gv/ is finite (because Gv
is finite), it fixes a vertex v0 of T 0. Moreover, v0 is unique since � is injective on
finite subgroups, and edge groups of �0 are trivial. We let f .v/ D v0. Next, if e
is an edge of T , with endpoints v and w , there exists a unique path e0 from f .v/

to f .w/ in T 0. We let f .e/D e0. Let us denote by d 0 the natural distance function
on T 0. Up to subdividing the edges of T , we can assume that d 0.f .v/; f .w// 2 f0; 1g
for every pair of adjacent vertices v;w 2 T . We will prove that � can be written
as a composition i ı �n ı � � � ı �0 , with n � 0, �0 D id and i injective, such that
�.�` ı � � � ı �0.G// � �.�`C1 ı � � � ı �0.G// for every 0 � ` < n (if n > 0), with
equality if and only if �`C1 D id.

Step 1 Assume there are two adjacent vertices v and w such that d 0.f .v/; f .w//D 0.
Let e be the edge between v and w . We collapse e in T , as well as all its translates
under the action of G. Collapsing e gives rise to a new G–tree S with a new vertex x
labeled by Gx D hGv; Gwi if v and w are not in the same orbit, or Gx D hGv; gi
if w D g � v . Let N be the kernel of the restriction of � to Gx and let hhN ii denote
the subgroup of G normally generated by N. Let G1 D G=hhN ii, let us denote by
�1W G�G1 the associated epimorphism, and let �1W G1!G be the unique morphism
such that � D �1 ı�1 . The group G1 splits as a graph of groups �1 obtained from
the splitting S=G of G by replacing the vertex group Gx by Gx=N ' �.Gx/. Note
that Gx=N is finite since �.Gx/ fixes the vertex f .v/D f .w/ of T 0. Hence, �1 is a
F–JSJ splitting of G1 . Let us compare �.G1/ with �.G/. It is not hard to see that

�.G/��.G1/D

8̂̂<̂
:̂
1�

1

jGvj
�

1

jGw j
C

1

jGx=N j
if v and w are not in the same orbit;

1�
1

jGvj
C

1

jGx=N j
if v and w are in the same orbit:

Hence, if v and w are in the same orbit, it is clear that �.G/ > �.G1/. If v and w are
not in the same orbit, there are four distinct cases: if jGvj � 2 and jGw j � 2, it is clear
that �.G/ > �.G1/; if jGvj D 1 and jGw j � 2 (respectively jGw j D 1 and jGvj � 2),
then Gx DGw (respectively Gx DGv ) and �.G/� �.G1/ with equality if and only
if N D f1g, ie �1 D id; if jGvj D jGw j D 1, then Gx DN D f1g, ie �1 D id.

Let T1 be the Bass–Serre tree of the splitting �1 of G1 . We build a �1–equivariant map
f1W T1! T 0 as above. If f1 collapses some edge, we repeat the previous operation.
Since T has only finitely many orbits of edges under the action of G, the procedure
terminates after finitely many steps.
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Up to replacing G by the last group of the sequence of quotients of G built above,
we can assume without loss of generality that f sends adjacent vertices to adjacent
vertices.

Step 2 Assume that f folds some pair of edges, as pictured below:

w

w0

v

e

e0

f .w/D f .w0/

f .v/

Let us fold e and e0 together in T , as well as all their translates under the action of G.
Note that e and e0 are not in the same Gv–orbit since T 0 has trivial edge stabilizers
and � is injective on Gv . Folding e and e0 together gives rise to a new G–tree S with
a new vertex x labeled by Gx D hGw ; G0wi if w and w0 are not in the same orbit, or
Gx D hGw ; gi if w0 D g �w .

Let N be the kernel of the restriction of � to Gx and let hhN ii denote the subgroup
of G normally generated by N. Let G1 D G=hhN ii, let us denote by �1W G� G1

the associated epimorphism, and let �1W G1!G be the unique morphism such that
� D �1 ı�1 . The group G1 splits as a graph of groups �1 obtained from the splitting
S=G of G by replacing the vertex group Gx by Gx=N ' �.Gx/. Note that Gx=N is
finite since �.Gx/ fixes a vertex of T 0. Hence, �1 is a F–JSJ splitting of G1 . Let us
compare �.G1/ with �.G/. As in the first step, we can see that �.G/>�.G1/. Again,
we can repeat this operation only finitely many times since T has only finitely many
orbits of edges under the action of G. Let T1 denote the Bass–Serre tree of �1 . At the
end of the process, with obvious notation, we get a �n–equivariant map fnW Tn! T 0

that is locally injective, thus injective. It remains to prove that �n is injective: if
�n.g/ D 1, then for every vertex v of Tn , fn.gv/ D fn.v/, so gv D v . Since Gn
acts on Tn with trivial edge stabilizers, we get g D 1.

Proposition 2.37 follows easily from Lemmas 2.34 and 2.36.

Proposition 2.37 Let O and O0 be conical hyperbolic orbifolds, with nonempty
boundary. Denote by G and G0 their orbifold fundamental groups. If �W G!G0 is a
nonpinching morphism of orbifold groups such that �.G/ is not contained in a conical
or boundary subgroup of G0, then �.G/� �.G0/, with equality if and only if � is an
isomorphism.
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Proof By Lemma 2.34, d WD ŒG0 W �.G/� is finite. Since � is an Euler characteristic
(see [28]), �.�.G//D d�.G0/. By Lemma 2.36, �.G/ � �.�.G//, with equality if
and only if � is injective. It follows that �.G/� �.G0/, with equality if and only if �
is an isomorphism.

We conclude this section by generalizing Proposition 2.37 to finite extensions of conical
hyperbolic orbifold groups. First, we need the following lemma.

Lemma 2.38 Let O and O0 be conical hyperbolic orbifolds. Let G and G0 be two
finite extensions

F ,!G� �1.O/ and F 0 ,!G0� �1.O0/:

If �W G ! G0 is a homomorphism whose restriction to F is injective and whose
image is infinite, then �.F /� F 0. As a consequence, � induces a homomorphism �

from �1.O/ to �1.O0/:

F S �1.O/

F 0 S 0 �1.O0/

�

� �

� 0

Proof First, we make the following observation: if A is a finite subgroup of G0 which
is not contained in F 0, then the normalizer NG0.A/ of A in G0 is finite. Indeed, if A is
not contained in F 0, then �.A/ is a nontrivial finite subgroup of O0, so its normalizer
is a finite cyclic group (since we can see �.A/ as an elliptic subgroup of PSL.2;R/
acting on H2 ). Now, if �.F / is not contained in F 0, then �.G/�NG0.�.F //, which
is finite. This is a contradiction.

Proposition 2.39 Let O and O0 be conical hyperbolic orbifolds, with nonempty
boundary. Let G and G0 be two finite extensions

F ,!G� �1.O/ and F 0 ,!G0� �1.O0/:

Let �W G!G0 be a nonpinching morphism of finite-by-orbifold groups such that �.G/
is not contained in an extended conical or boundary subgroup of G0. Then �.G/ �
�.G0/, with equality if and only if � is an isomorphism.

Proof Note that �.�1.O//DjF j�.G/ and �.�1.O0//DjF 0j�.G0/. By Lemma 2.38,
� induces a nonpinching homomorphism of orbifolds � W �1.O/! �1.O0/ whose
image is not contained in a boundary or conical subgroup of �1.O0/. According
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to Proposition 2.37, �.�1.O// � �.�1.O0//. But �.F / � F 0, and � is injective in
restriction to F , so jF 0j� jF j. Thus, �.G/��.G0/. Moreover, if �.G/D�.G0/, then
�.�1.O//D�.�1.O0//, so � W �1.O/!�1.O0/ is an isomorphism by Proposition 2.37,
and jF j D jF 0j. Thus, �jF W F ! F 0 is an isomorphism, so � is an isomorphism.

3 How to extract information from the JSJ using first-order
logic

3.1 A particular case

In the introduction, we proved a particular case of Theorems 1.2 and 1.3 under the
hypotheses that G and � are one-ended and have finitely many outer automorphisms,
namely Claim 1.7. We shall now consider another particular case of these theorems,
which is little more general, and much more instructive. First of all, note that we cannot
express the full statement of the shortening argument Corollary 2.4 in first-order logic,
since precomposition by a modular automorphism is not expressible by a first-order
formula in general. To deal with this problem, let us consider the following corollary
of Corollary 2.4, which follows immediately from the definition of the modular group.

Corollary 3.1 Let � be a group that embeds into a hyperbolic group, and let G be
a one-ended finitely generated group. There exists a finite set F � G n f1g with the
following property: for every noninjective homomorphism �W G! �, there exists a
homomorphism �0W G! � such that :

� ker.�0/\F ¤¿.

� For every non-QH vertex group Gv of the Z–JSJ splitting of G, there exists an
element 
 2 � such that �0 D ad.
/ ı� in restriction to Gv .

� For every finite group F of G, there exists an element 
 2 � such that �0 D
ad.
/ ı� in restriction to F .

We say that � and �0 are JSJ–related (see Definition 3.4).

Here is a particular case of Theorems 1.2 and 1.3.

Proposition 3.2 Let � be a hyperbolic group, and let G be a finitely generated group
such that Th89.�/D Th89.G/. Suppose that G is one-ended, and that there is no QH
vertex in the Z–JSJ decomposition of G. Then G embeds into �. Suppose moreover
that � is one-ended and that there is no QH vertex in the Z–JSJ decomposition of �.
Then � and G are isomorphic.
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Remark 3.3 This result generalizes Claim 1.7, because the existence of a QH vertex
group in the Z–JSJ decomposition of G (or � ) gives rise to infinitely many outer
automorphisms.

Proof First, we prove that G embeds into �. Argue by contradiction and suppose
that every homomorphism from G to � is noninjective. By Corollary 3.1, there exists
a finite set F � G n f1g such that for every homomorphism �W G! �, there exists
�0W G ! � that kills an element of F and that coincides with � up to conjugacy
on every vertex group of the canonical Z–JSJ splitting � of G. One easily sees
that this fact can be expressed by a 89–sentence satisfied by � (see Lemma 3.7 for
details). Since Th89.�/ � Th89.G/, this sentence is also satisfied by G, and its
interpretation in G yields the following: for every endomorphism �W G! G, there
exists an endomorphism �0W G ! G that kills an element of F and that coincides
with � up to conjugacy on every vertex group of the canonical Z–JSJ splitting �
of G. Taking � D idG , we get an endomorphism of G that kills an element of F and
that is inner in restriction to every vertex group. But we will prove later that such an
endomorphism is necessarily injective (see Proposition 7.1). This contradicts the fact
that �0 kills an element of F. Hence, we have shown that G embeds into �. Now,
using Corollary 3.1, we prove in the same way that � embeds into G. As a one-ended
hyperbolic group, � is co-Hopfian, so G ' �.

New difficulties arise when � and G are not supposed to be one-ended, or when the Z–
JSJ splittings of � and G contain QH vertices. However, the example above highlights
the crucial role played by endomorphisms of G that coincide up to conjugacy with the
identity of G on non-QH vertex groups. This example also brings out the key idea to
obtain these special homomorphisms, due to Sela–Perin, that consists in expressing a
consequence of the shortening argument Theorem 2.2 by a 89–sentence that � satisfies
(assuming G is one-ended). Since � and G have the same 89–theory, G satisfies this
sentence as well, and its interpretation in G endows us with a special endomorphism
of G. This example leads us to the definition of related homomorphisms.

3.2 Related homomorphisms and preretractions

The next definition is similar (but slightly different) to [19, Definitions 5.9 and 5.15].

Definition 3.4 (related homomorphisms) Let G be a one-ended finitely generated
K–CSA group that does not contain Z2 , and let G0 be a group. Let � be the Z–JSJ
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splitting of G. Let � and �0 be two homomorphisms from G to G0. We say � and �0

are JSJ–related or �–related if the following two conditions hold:

� For every non-QH vertex v of �, there exists an element gv 2G0 such that

�0jGv
D ad.gv/ ı�jGv

:

� For every finite subgroup F of G, there exists an element g 2G0 such that

�0jF D ad.g/ ı�jF :

Note that being JSJ–related is an equivalence relation on Hom.G;G0/.

Remark 3.5 The second condition above can be reformulated as follows: for every
QH vertex v , and for every finite subgroup F of Gv , there exists an element g 2G0

such that �jF D ad.g/ ı�0jF . Indeed, every finite group has Serre’s property (FA), so
every finite subgroup F of G is contained in a conjugate of some vertex group Gw
of �. Furthermore, if w is a non-QH vertex, it follows from the first condition that
there exists an element g 2G0 such that �jF D ad.g/ ı�0jF .

Definition 3.6 (preretraction) Let G be a finitely generated K–CSA group that
does not contain Z2 , and let H be a one-ended subgroup of G. Let � be the Z–JSJ
decomposition of H. A �–preretraction or JSJ–preretraction from H to G is a
homomorphism H !G that is JSJ–related to the inclusion of H into G in the sense
of Definition 3.4. A JSJ–preretraction is said to be nondegenerate if it sends each QH
subgroup of H isomorphically to a conjugate of itself.

The following lemma shows that being JSJ–related can be expressed in first-order logic.

Lemma 3.7 (compare with [19, Lemma 5.18]) Let G be a finitely generated one-
ended K–CSA group that does not contain Z2 . Let fg1; : : : ; gng be a generating set
of G. Let G0 be a group. There exists an existential formula  .x1; : : : ; x2n/ with 2n
free variables such that for every �; �0 2 Hom.G;G0/, � and �0 are JSJ–related if and
only if G0 satisfies  .�.g1/; : : : ; �.gn/; �0.g1/; : : : ; �0.gn//.

Proof Let � be the Z–JSJ splitting of G. First, note that there exist finitely many
(say p � 1) conjugacy classes of finite subgroups of QH vertex groups of � (indeed,
a QH vertex group possesses finitely many conjugacy classes of finite subgroups,
and � has finitely many vertices). Denote by F1; : : : ; Fp a system of representatives
of those conjugacy classes. Denote by R1; : : : ; Rm the non-QH vertex groups of �.
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Note that these groups are finitely generated since G and the edge groups of � are
finitely generated. Denote by fAig1�i�pCm the union of fFig1�i�p and fRig1�i�m .
For every i 2 ŒŒ1;mC p��, let fai;1; : : : ; ai;ki

g be a finite generating set of Ai . For
every i 2 ŒŒ1;mCp�� and j 2 ŒŒ1; ki ��, there exists a word wi;j in n letters such that
ai;j D wi;j .g1; : : : ; gn/. Let  .x1; : : : ; x2n/ be the sentence

9u1 : : : 9umCp
VmCp
iD1

Vki

jD1wi;j .x1; : : : ; xn/D uiwi;j .xnC1; : : : ; x2n/ui
�1:

Since �.ai;j /Dwi;j .�.g1/; : : : ; �.gn// and �0.ai;j /Dwi;j .�0.g1/; : : : ; �0.gn// for
every i 2 ŒŒ1;mCp�� and j 2 ŒŒ1; ki ��, the homomorphisms � and �0 are JSJ–related if
and only if the sentence  .�.g1/; : : : ; �.gn/; �0.g1/; : : : ; �0.gn// is satisfied by G0.

3.3 Centered graph of groups

We need to define relatedness in a more general context. To deal with groups that are not
assumed to be one-ended, we define the notion of a centered graph of groups. We denote
by Z the class of groups that are either finite or virtually cyclic with infinite center.

Definition 3.8 (centered graph of groups) A graph of groups over Z , with at least
two vertices, is said to be centered if the following conditions hold:

� The underlying graph is bipartite, with a QH vertex v such that every vertex
different from v is adjacent to v ; moreover, the finite-by-orbifold group Gv is
conical.

� For every edge e incident to v , the edge group Ge coincides with an ex-
tended boundary subgroup or with an extended conical subgroup of Gv (see
Definition 2.23).

� Given any extended boundary subgroup B , there exists a unique edge e incident
to v such that Ge is conjugate to B in Gv .

� If an element of infinite order fixes a segment of length � 2 in the Bass–Serre
tree of the splitting, then this segment has length exactly 2 and its endpoints are
translates of v .

The vertex v is called the central vertex. See Figure 1.

Recall that a subgroup H of a group G is called almost malnormal if H \gHg�1 is
finite for every g in G nH. In particular, every finite subgroup of G is malnormal.

Lemma 3.9 Edge groups in a centered graph of groups are almost malnormal in the
central vertex group.
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Figure 1: A centered graph of groups. Edges with infinite stabilizer are thickened.

Proof Let G be a group with a centered splitting �G . Let v be the central vertex
and let e be an edge of �G incident to v . By the second condition of Definition 3.8,
Ge is an extended conical subgroup or an extended boundary subgroup of the finite-
by-orbifold group Gv . In the first case, Ge is finite, so it is clearly malnormal. In
the second case, Ge is virtually cyclic infinite maximal in Gv , so its fixed-point set
P � @1Gv is a pair of points, and we have StabGv

.P /D Ge . Hence, if g 2 Gv is
such that Ge \gGeg�1 is infinite, then gGeg�1 fixes P. It follows that g fixes P, ie
that g belongs to Ge .

We will need the following two classical results.

Proposition 3.10 [4, pages 99 and 100] Let GDA�C B be an amalgamated product
such that A and B are hyperbolic and C is virtually cyclic (possibly finite) and almost
malnormal in A or B . Then G is hyperbolic.

Let G D A�C be an HNN extension such that A is hyperbolic, C is virtually cyclic
(possibly finite), and the two copies C1 and C2 of C form an almost malnormal family
of subgroups, ie at least one of them is almost malnormal in A, and C1\gC2g�1 is
finite for every g 2G. Then G is hyperbolic.

Proposition 3.11 [5, Proposition 1.2] If a hyperbolic group splits over quasiconvex
subgroups, then every vertex group is quasiconvex (hence hyperbolic).

The following result is an immediate consequence of the previous two propositions.

Proposition 3.12 Let G be a group that splits as a centered graph of groups, with
central vertex v . Then the following assertions are equivalent :

(1) G is hyperbolic.

(2) For every vertex w ¤ v , Gw is hyperbolic.
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Proof The implication .2/) .1/ is an immediate consequence of the combination
theorem of Bestvina and Feighn (see Proposition 3.10 above) together with Lemma 3.9.
The implication .1/) .2/ follows from Proposition 3.11.

We define relatedness for centered splittings (compare JSJ–relatedness, Definition 3.4),
and preretractions (compare JSJ–preretractions, Definition 3.6).

Definition 3.13 (related homomorphisms) Let G and G0 be two groups. Let � be
a centered splitting of G, with central vertex v . Let � and �0 be two homomorphisms
from G to G0. We say � and �0 are �–related if the following two conditions hold:

� For every vertex w ¤ v , there exists an element gw 2G0 such that

�0jGw
D ad.gw/ ı�jGw

:

� For every finite subgroup F of G, there exists an element g 2G0 such that

�0jF D ad.g/ ı�jF :

Note that being �–related is an equivalence relation on Hom.G;G0/.

Definition 3.14 Let G be a group, and let � be a centered splitting of G. Let v be
the central vertex of �. An endomorphism � of G is called a �–preretraction if it is
�–related to the identity of G in the sense of Definition 3.13. A preretraction is said
to be nondegenerate if it sends Gv isomorphically to a conjugate of itself.

4 Torsion-saturated groups

To deal with certain pathologies arising from torsion (see Example 1.9), we prove in the
current section that every hyperbolic group G embeds into a hyperbolic group G such
that the class of G–limit groups is closed under HNN extensions and amalgamated
free products over finite groups.

Definition 4.1 We say that a hyperbolic group G is torsion-saturated if the following
two conditions hold:

(1) For every isomorphism ˛W F1! F2 between finite subgroups F1 and F2 of G,
there exists an element g 2G such that gxg�1 D ˛.x/ for every x 2 F1 .

(2) For every finite subgroup F of G, there exists an infinite subset fg1; g2; : : : g
of G such that gn has infinite order, M.gn/D hgni �F for every n, and the
intersection M.gn/\M.gm/ is equal to F whenever n¤m.
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Lemma 4.2 Let G be a hyperbolic group, and let F be a finite subgroup of G.
Suppose that there exist two elements a; b 2 G generating a free group of rank two
and such that M.a/ D hai � F and M.b/ D hbi � F. Then there exists an infinite
subset fg1; g2; : : : g of G such that gn has infinite order, M.gn/ D hgni � F for
every n, and M.gn/\M.gm/D F whenever n¤m.

Proof Note H DNG.F / is nonelementary since it contains the free group ha; bi'F2 .
By [17, Proposition 1], there is a unique maximal finite subgroup of G normalized
by H, denoted by EG.H/. By [17, Lemma 3.8], there is an infinite subset fg1; g2; : : : g
of H such that gn has infinite order, M.gn/ D hgni � EG.H/ for every n, and
M.gn/\M.gm/ D EG.H/ whenever n ¤ m. To conclude, we just have to show
EG.H/DF . First, note that F is obviously contained in EG.H/. Then, note EG.H/
is normalized by a . Because EG.H/ is finite, ar centralizes EG.H/ for some
integer r � 1. Then EG.H/ preserves the pair of points faC; a�g fixed by a in the
boundary of G. But the stabilizer of this pair of points is equal to M.a/ (by maximality
of M.a/), which equals hai�F by hypothesis. Thus, EG.H/�F , so EG.H/DF .

We shall see that every hyperbolic group G embeds into a torsion-saturated hyperbolic
group G obtained from G by performing finitely many HNN extensions over finite
groups (see Theorem 4.8). The main interest of torsion-saturated groups resides in the
following result.

Theorem 4.3 Let G be a torsion-saturated hyperbolic group. Then the class of G–
limit groups is closed under HNN extensions and amalgamated free products over finite
groups.

Before proving Theorem 4.3, we need some preliminary results.

Lemma 4.4 Let G be a hyperbolic group and H a G–limit group. Let ˛W F1! F2

be an isomorphism between finite subgroups F1 and F2 of H. Then there exists an
isomorphism ˇW F 01! F 02 between finite subgroups F 01 and F 02 of G such that H�˛
is a G�ˇ–limit group.

Lemma 4.5 Let G be a hyperbolic group. Suppose the first condition of Definition 4.1
holds. Let A and B be G–limit groups. Let F be a finite group that embeds into
A and B . Then there exists a finite subgroup F 0 of G and an HNN extension

G0 D hG; t j Œt; x�D 1 for all x 2 F i

of G such that A�F B is a G0–limit group.
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Lemma 4.6 Let G be a hyperbolic group, and let ˛W F1! F2 be an isomorphism
between finite subgroups F1 and F2 of G. Suppose that the following conditions hold :

(1) There exists an element g 2G such that gxg�1 D ˛.x/ for every x 2 F1 .

(2) There exists an infinite subset E D fg1; g2; : : :g �G such that gn has infinite
order, M.gn/D hgni�F1 for every n, and M.gn/¤M.gm/ whenever n¤m.

Then G�˛ is a G–limit group.

Proof of Lemma 4.4 Let .�n/n2N be a discriminating sequence of homomorphisms
from H to G. Without loss of generality, we can suppose that �n is injective in restric-
tion to F1 and F2 . We will construct a discriminating sequence .�n/n2N of homomor-
phisms from H�˛ to G�ˇ , for some ˇ that will be defined below. Since G has finitely
many conjugacy classes of finite subgroups, there exist two finite subgroups F 01 and F 02
of G such that, up to extracting a subsequence, �n.F1/ is conjugate to F 01 and �n.F2/
is conjugate to F 02 for every n. Up to composing �n with an inner automorphism of G,
one can assume that �n.F1/DF 01 and ad.gn/ı�n.F2/DF 02 for some gn 2G. Denote
by ˇn the isomorphism from F 01 to F 02 making the following diagram commute:

F1 F 01

F2 F 02

�njF1

˛ ˇn

ad.gn/ı�njF2

Since Isom.F 01; F
0
2/ is finite, there exists an isomorphism ˇ between F 01 and F 02 such

that (up to extracting a subsequence) ˇn D ˇ for every n. Let t and u be the stable
letters of H�˛ and G�ˇ ; that is, txt�1 D ˛.x/ for all x 2 F1 and uyu�1 D ˇ.y/
for all y 2 F 01 . For every n, we define a map �n from H�˛ to G�ˇ by

�n.x/D

�
�n.x/ if x 2H;
g�1n u if x D t:

The map �n clearly extends to a homomorphism since the diagram commutes, and
we claim that the sequence .�n/n2N is discriminating. Let x be a nontrivial element
of H�˛ . If x lies in H, it is obvious that �n.x/ is nontrivial for every n large enough
since .�n/n2N is discriminating. Assume now that x … H. Then x can be written
in reduced form as x D h0t

"1h1t
"2h2 � � � t

"phpC1 with p > 0, hi 2 H, "i D ˙1,
hi … F1 if "i D�"iC1 D 1 and hi … F2 if "i D�"iC1 D�1. One has

�n.x/D �n.h0/.gnu/
"1�n.h1/.gnu/

"2�n.h2/ � � � .gnu/
"p�n.hpC1/:
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One has to prove that �n.x/¤ 1 for every n large enough. To apply Britton’s lemma,
one verifies that, for every subword of �n.x/ (written as above) of the form uvu�1

with v not involving u, the element v does not lie in F 01 , and that for every subword
of �n.x/ of the form u�1vu with v not involving u, the element v does not lie in F 02 :

� If uvu�1 is a subword of w with v not involving u, then v is of the form �n.hi /

with hi … F1 , and �n.hi / … F 01 for every n large enough because .�n/n2N is
discriminating.

� Similarly, if u�1vu is a subword of w with v not involving u, then v is of the
form gn�n.hi /g

�1
n with hi … F2 , and gn�n.hi /g�1n … F

0
2 D gn�n.F2/g

�1
n for

every n large enough because the sequence .ad.gn/ ı�n/n2N is discriminating.

Hence, it follows from Britton’s lemma that �n.x/¤ 1 for every n large enough.

Remark 4.7 In the previous proof, the hypothesis that G is hyperbolic is only used
in order to ensure that G has finitely many classes of finite subgroups.

Proof of Lemma 4.5 Let .�n/n2N be a discriminating sequence from A to G, and
let . n/n2N be a discriminating sequence from B to G. Up to extracting a subsequence,
we can assume that �n and  n are injective on F. Hence, �n.F / and  n.F / are
isomorphic to F , for every n.

Since G has only finitely many conjugacy classes of finite subgroups, we can assume
there exists a finite subgroup F 0 of G such that �n.F /DF 0 for every n, up to extracting
a subsequence of .�n/n2N and precomposing �n with an inner automorphism.

By hypothesis, there exists an element gn 2G making the following diagram commute:

�n.F /

F

 n.F /

ad.gn/

�n

 n

Let �n D ad.g�1n / ı n . Then �n and �n coincide on F .

Let G�F 0DhG; t j Œt; x�D1 for all x2F 0i be the HNN extension of G over the identity
of F 0. For every n, since �n and �n coincide on F , we define a homomorphism �n

from A�F B to G�F 0 by

�n.x/D

�
�n.x/ if x 2 A;

ad.t/ ı�n.x/ if x 2 B:
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We claim that the sequence .�n/n2N is discriminating, ie that for every nontrivial
element x 2 A �F B , we have �n.x/¤ 1 for every n large enough. If x 2 F n f1g,
then �n.x/D �n.x/, so �n.x/ is nontrivial for every n large enough since .�n/n2N

is discriminating. Assume now that x … F . Then x can be written in a reduced form
a1b1a2b2 � � � akbk with ai 2 A nF and bi 2 B nF (except maybe a1 and bk ). Then

�n.x/D �n.a1/t�n.b1/t
�1�n.a2/t�n.b2/t

�1
� � ��n.ak/t�n.bk/t

�1:

Since .�n/n2N and .�n/n2N are discriminating, �n.ai / … F 0 and �n.bi / … F 0 for
every n large enough (except maybe �n.a1/ and �n.bk/). Hence, it follows from
Britton’s lemma that �n.x/¤ 1 for every n large enough.

Proof of Lemma 4.6 Let G D hS jRi be a presentation of G, and let

G�˛ D hS; t jR; txt
�1
D ˛.x/ for all x 2 F1i

be a presentation of G�˛ . By hypothesis, there exists an element g 2 G such that
gxg�1 D ˛.x/ for every x 2 F1 . Up to replacing t by g�1t , we can assume that
F1 D F2 and that ˛ is the identity of F1 . The presentation of G�˛ becomes

hS; t jR; Œt; x�D 1 for all x 2 F1i:

For every n 2N , and for every integer p , we define a map �p;n from G�˛ to G by

�p;nW

�
z 7! z if z 2G;
t 7! g

p
n :

The map �p;n clearly extends to a homomorphism since ad.t/ and ad.gpn / coincide
on F1 for every p , because M.gn/D hgni �F1 by hypothesis.

Denote by Bm the ball of radius m in G�˛ (for a given generating set). We shall
prove the existence of two sequences .nm/n2N 2NN and .pnm

/n2N 2NN such that
�pnm ;nm

.x/¤ 1 for every x 2Bm nf1g, for every m. Let x 2Bm nf1g. If x lies in G,
�p;n.x/D x ¤ 1 for all p and n. Assume now that x does not belong to G. Then x
can be written in a reduced form as

x D y0t
"1y1t

"2 � � � t"kyk

with k >0, "i D˙1 and yi …F1 if "i D�"iC1 . We claim that for p and n sufficiently
large, the homomorphism �p;n satisfies �p;n.x/¤ 1. In order to prove this, we will
use Baumslag’s lemma (see Corollary 2.20) with c D gn . We have

�p;n.x/D y0g
"1p
n y1g

"2p
n � � �g"kp

n yk :
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First, let us rewrite �p;n.x/ under a more convenient form. Let i 2 ŒŒ1; k � 1��, and
suppose that "i D "iC1 D 1, and that yi lies in F1 . Then, since Œgn; F1� D 1, we
replace the subword g

p
nyig

p
nyiC1 by g

2p
n yiyiC1 . In the case where "iC2 D �1,

note that yiyiC1 does not belong to F1 , since yi 2 F1 and yiC1 … F1 . In the case
where "iC2 D 1 and yiC1 belongs to F1 , we repeat the previous operation, and so on.
Similarly, if "iD"iC1D�1 and yi lies in F1 , we replace the subword g�pn yig

�p
n yiC1

of �p;n by g�2pn yiyiC1 , and so on. At the end of this process, we have

�p;n.x/D z0g
"1n1p
n z1g

"2n2p
n � � �g"`n`p

n z`;

with n1; : : : ; n` 2N�, and zi … F1 for every i 2 ŒŒ1; `� 1��.

We can now use Baumslag’s lemma (see Corollary 2.20) with c D gn . We claim that
there exists n.x/ such that zi does not belong to M.gn/ for every n� n.x/ and for
every i 2 ŒŒ1; `� 1��. Indeed, suppose that zi lies in M.gn/D hgni �F1 , for some n.
Since zi does not belong to F1 , it has infinite order, so M.zi / is well defined and
M.zi /DM.gn/. Then the claim follows from the facts that M.gm/\M.gn/D F1
if n¤m, and zi … F1 .

Let nm WDmaxfn.x/ j x 2 Bmg. By Corollary 2.20, there exists an integer pnm
such

that ker.�pnm ;nm
/\Bm D f1g. This concludes the proof.

Proof of Theorem 4.3 Let H be a G–limit group. Let ˛W F1! F2 be an isomor-
phism between two finite subgroups F1 and F2 of H. We shall prove that the HNN
extension H�˛ is a G–limit group. By Lemma 4.4, there exists an isomorphism
ˇW F 01!F 02 between finite subgroups F 01 and F 02 of G such that H�˛ is a G�ˇ–limit
group. But G�ˇ is a G–limit group thanks to Lemma 4.6, so H�˛ is a G–limit group.
It remains to consider the case of an amalgamated free product. Let A and B be G–limit
groups. Let F be a finite group that embeds into A and B . According to Lemma 4.5,
there exists a finite subgroup F 0 of G such that A �F B is a G�F 0–limit group,
and G�F 0 is a G–limit group by Lemma 4.6, so A�F B is a G–limit group as well.

Theorem 4.8 Every hyperbolic group embeds into a torsion-saturated hyperbolic
group.

Proof Let G be a hyperbolic group. Denote by F1; : : : ; Fm a system of representa-
tives of the conjugacy classes of finite subgroups of G. Define � W ŒŒ1;m��2! f0; 1g
by �.i; j / D 1 if and only if Fi and Fj are isomorphic. For every .i; j / 2 ��1.1/,
let ni;j D jIsom.Fi ; Fj /j and Isom.Fi ; Fj /Df˛i;j;1; : : : ; ˛i;j;ni;j

g. If i D j , one can
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assume that ˛i;i;1 is the identity of Fi . Let us define G by adding new generators and
relations to G, as follows:

G D
˝
G; fsi;j;k; ti;j;kg

1�k�ni;j

.i;j /2��1.1/

ˇ̌
ad.si;j;k/jFi

D ad.ti;j;k/jFi
D ˛i;j;k

˛
:

This group is hyperbolic by the combination theorem of Bestvina and Feighn (see
[4, pages 99 and 100] or Proposition 3.10 above); indeed, G is obtained iteratively
from the hyperbolic group G by performing HNN extensions over finite groups,
and two finite subgroups always form an almost malnormal family. Let us prove
that G is torsion-saturated. Let F1 and F2 be two finite subgroups of G . Since
finite groups have property (FA), there exist two elements g1 and g2 of G such that
g1F1g

�1
1 and g2F2g�12 are contained in G. Without loss of generality, we now assume

that F1; F2�G. By definition of G , for every isomorphism ˛W F1!F2 between finite
subgroups of G , there exists an element g of G such that gxg�1D˛.x/ for all x 2F1 .
Hence the first condition of Definition 4.1 is satisfied by G . It remains to verify that the
second condition holds. Let F be a finite subgroup of G . We can assume that F D Fi
for some 1 � i � m. Let a and b be the two generators of G corresponding to the
identity of Fi , ie a WD si;i;1 and b WD ti;i;1 . The group ha; bi is free, M.a/D hai�F ,
and M.b/D hbi �F . This concludes the proof, thanks to Lemma 4.2.

5 Quasifloors and quasitowers

5.1 Definitions

Hyperbolic towers were introduced by Sela [25] under the name of nonelementary
hyperbolic !–residually free towers (see the paragraph before Proposition 6 in [26],
and [25, Definition 6.1]). We also refer the reader to the NTQ groups of Kharlampovich
and Myasnikov [10].

Sela used hyperbolic towers in [26] to solve Tarski’s problem about the elementary
equivalence of free groups, and in [27] to classify all finitely generated groups with
the same first-order theory as a given torsion-free hyperbolic group. A hyperbolic
tower is a group obtained by successive addition of hyperbolic floors. We refer the
reader to [19]. Here is a slightly different.

Definition 5.1 Let G be a torsion-free finitely generated group, �G a centered
splitting of G with exactly one vertex w other than the central vertex v , and r a
retraction from G onto H D Gw . We say that .G;H;�G ; r/ is a weak hyperbolic
floor or, more simply, that the group G is a weak hyperbolic floor over H. We
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say that G is a hyperbolic floor over H if, in addition, r.Gv/ is nonabelian and
the underlying surface of Gv has topological Euler characteristic at most �2 or is a
punctured torus (ie is not a punctured Klein bottle, a twice punctured projective plane
or a pair of pants).

This definition is suitable for dealing with hyperbolic groups without torsion. In order
to handle torsion, we need new definitions.

Definition 5.2 Let G and H be two finitely generated groups, �G a centered splitting
of G, �H a splitting of H with finite edge groups, r a homomorphism from G to H
and j a homomorphism from H to G. Let VG be the set of vertices of �G , and v the
central vertex. Let VH be the set of vertices of �H . Let VH D V 1H tV

2
H be a partition

of VH and let sW VG nfvg! V 1H be a bijection such that the following conditions hold:

� j ı r is a �G–preretraction, ie j ı r coincides up to conjugacy with idG on
every vertex group Gw with w ¤ v , and on every finite subgroup of G .

� For every w in VG n fvg, the homomorphism r maps Gw isomorphically to
hwHs.w/h

�1
w for some hw 2H .

� For every u 2 V 2H , the vertex group Hu is finite and j is injective on Hu .

We say that .G;H;�G ; �H ; r; j / is a quasifloor. If, moreover, there exists a one-ended
subgroup A of G such that A\ ker.r/¤ f1g, the quasifloor is said to be strict.

For reasons of brevity, one sometimes wants to avoid the notation .G;H;�G ; �H ; r; j /.
More simply, one writes .G;H; r; j /, and one says that G is a (strict) quasifloor over H
(with respect to r and j ).

Lemma 5.3 (notation as in Definition 5.2) (1) The homomorphism r ı j is inner
on every vertex group Hu with u 2 V 1H (in particular on every one-ended
subgroup of H ).

(2) The homomorphism j is injective on one-ended subgroups of H.

Proof Let u 2 V 1H . By definition, there exists a vertex w D s�1.u/ of �G such that
r.Gw/D xHux

�1 for some x 2H. Moreover, there exists an element g 2 G such
that j ı r D ad.g/ on Gw . Let h be an element of Hu , and set h0 D xhx�1 . Note
that h0 belongs to r.Gw/. Since r induces an isomorphism from Gw to r.Gw/, we
can write .r ı j /.h0/ D .r ı j /

�
r.r�1.h0//

�
. But .j ı r/.r�1.h0// D gr�1.h0/g�1 ,

and therefore .r ı j /.h0/ D r.g/h0r.g/�1 . It follows that .r ı j /.h/ D yhy�1 with
y D ..r ıj /.x//�1r.g/x . Thus .r ıj /D ad.y/ on Hu . This proves the first assertion.
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H

G

r↓

Figure 2: The group G is a (weak) hyperbolic floor over H.

Let T be the Bass–Serre tree of the splitting �H of H, and let A be a one-ended
subgroup of H. Since edge groups of T are finite, the subgroup A fixes a vertex
of T . Hence, A is contained in a conjugate of Hu for some u 2 VH . According to the
previous paragraph, the homomorphism r ı j coincides with an inner automorphism
on Hu . In particular, it is injective on A. Hence, j is injective on A. This proves the
second point.

Remark 5.4 In Definition 5.2, no assumption is made about the image of the QH sub-
group Gv , nor about the orbifold Euler characteristic of the underlying conical orbifold
of Gv , whereas in the definition of a hyperbolic floor, Definition 5.1, r.Gv/ is assumed
to be nonabelian and the underlying topological surface of Gv has Euler characteristic
at most �2, or is a punctured torus. In fact, these technical hypotheses are not necessary
in order to prove that hyperbolicity is preserved under elementary equivalence.

Sometimes it is convenient to think of G and H as subgroups of a bigger group G0

obtained from G by performing amalgamated products and HNN extensions over finite
groups, with the property that there exists an epimorphism �W G0� H satisfying
�jG D r and �jH D idH . This group G0 can be built as follows. Let w1; : : : ; wd

w1

v

w2

w3

G

r
�!

j
 �

s.w1/
s.w2/

s.w3/

u

H

Figure 3: The group G is a quasifloor over H. Here V 2H D fug and
V 1H D fs.w1/; s.w2/; s.w3/g . The vertex u is labeled by a finite group.
Edges with infinite stabilizer are thickened.
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denote the vertices of �G different from the central vertex v . First, let

yG D hG;H j g D r.g/ for all g 2Gw1
i;

which is an amalgamated product G �Gw1
H, and let yr W yG� H be the retraction

defined by yr jG D r and yr jH D idH . Then, let us define an overgroup G0 of yG and a
retraction �W G0�H as follows:

G0 D h yG; t2; : : : ; td j tkgt
�1
k D r.g/ for all g 2Gwk

and all k 2 ŒŒ1; d ��i;

�j yG D yr and �.tk/ D 1 for every 2 � k � d . The group G0 can be viewed in an
equivalent way as the fundamental group of the graph of groups ƒ obtained from
�G and �H by identifying, for every vertex w 2 VG n fvg, the vertex group Gw
with Hs.w/ via the isomorphism ad.h�1w /ır jGw

W Gw!Hs.w/ , with the same notation
as in Definition 5.2. Figure 4 illustrates this construction (to be compared with Figure 3).

In the case where G is torsion-free, the group G0 defined above is a free product
of G with a free group of rank n depending on jVG n fvgj and rk.�1.G//, where G
stands for the underlying graph of �H . It follows from this observation that, in the
torsion-free case, the definition of a weak hyperbolic floor, Definition 5.1, and the
definition of a quasifloor, Definition 5.2, are equivalent, up to replacing G by G �Fn .
This equivalence is explained in detail in the following statement.

Proposition 5.5 Let G be a torsion-free group. If .G;H;�G ; r/ is a weak hyperbolic
floor, then .G;H;�G ; �H ; r; i/ is a quasifloor, where i stands for the inclusion of H
into G, and �H stands for the splitting of H reduced to a point. Conversely, if
.G;H;�G ; �H ; r; j / is a quasifloor, then there exist a free group Fn and a retraction
�W G0�H, where G0 D G �Fn , such that �jG D r and .G0;H;�G0 ; �/ is a weak
hyperbolic floor, where �G0 is the splitting of G0 obtained from the graph ƒ defined
above by collapsing to a point the graph �H , viewed as a subgraph of ƒ.

Remark 5.6 Let � be a torsion-free hyperbolic group and let G be a �–limit group.
It is worth noting that G �Fn is a �–limit group as well, since � and � �Fn have the
same existential theory by Proposition 2.21, and even the same theory, by [26]. Hence,
replacing G by G �Fn does not affect the first-order theory, in the torsion-free case.

It is important to emphasize that, maybe, our construction of a quasifloor in Section 7
might be modified to ensure that r is an epimorphism, and that j is a monomorphism.
However, it seemed to us that this could give rise to a number of new technical difficulties.
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G

w1

u

w2

H

w3

G0
v

� #

Figure 4: We construct a group G0 by identifying w with s.w/ for every
w 2 VG n fvg . Edges with infinite stabilizer are thickened.

These complications will be avoided by using Theorem 4.8 stating that every hyperbolic
group embeds into a torsion-saturated hyperbolic group (see Definition 4.1).

Example 5.7 shows a quasifloor in the presence of torsion.

Example 5.7 Let AD
�
hxi�F.x1; x2/

�
�
�
hyi�F.x3; x4/

�
, with x of order 6 and

with y of order 10, where F.xi ; xj / stands for the free group on two generators
xi and xj . The group A admits the presentation

AD hx; y; x1; x2; x3; x4 j Œx; x1�D Œx; x2�D Œy; x3�D Œy; x4�D x
6
D y10 D 1i:

Let † be the orientable surface of genus two with two boundary components, and
let S D �1.†/. Call its two boundary subgroups (up to conjugation) hb1i and hb2i.
Let B D hzi �S with z of order 2. The group B admits the presentation

B D hz; s1; s2; s3; s4; b1; b2 j Œs3; s4�Œs1; s2�b1b2 D Œz; bi �D Œz; sj �D z
2
D 1i:

Let us define a graph of groups �G with two vertices labeled by A and B , and two
edges linking these vertices, identifying the extended boundary subgroup hzi � hb1i
of B with the subgroup hx3i � hŒx1; x2�i of A by z 7! x3 and b1 7! Œx2; x1� and the
extended boundary subgroup hzi�hb2i of B with the subgroup hy5i�hŒx3; x4�i of A
by z 7! y5 and b2 7! Œx4; x3�. Denote by G the fundamental group of this graph of
groups �G .

First, note that G cannot be a quasifloor over A. To see this, note that each element
of G of order 2 commutes with an element of order 3 and with an element of order 5,
whereas there are two conjugacy classes of elements of order 2 in A: those commuting
with an element of order 3, and those commuting with an element of order 5. Hence,
there cannot exist any homomorphism G! A that is injective on finite subgroups.
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G

�Z=2Z

A r
��
j
 �-

hx3i ' hy5i

H

A

Figure 5: G is a quasifloor over H, but not over A .

Let H D hA; t j tx3t�1D y5i, let j W H !G denote the monomorphism which is the
identity on A and on t , and let �H be the splitting of H with exactly one vertex v
such that Hv D A and exactly one edge identifying hx3i with hy5i.

Here are two finite presentations of G and H :

GDhA;B; t jzDx3; b1D Œx2; x1�; tb2t
�1
D Œx4; x3�; tzt

�1
Dy5i

D

*
x; y; x1; x2; x3; x4; s1; s2; s3; s4; t

ˇ̌̌̌
tx3t�1Dy5; x6Dy10D1;

Œs3; s4�Œs1; s2�Œx2; x1�t
�1Œx4; x3�tD1;

Œx; x1�D Œx; x2�D Œy; x3�D Œy; x4�D1

+
;

H D

*
x; y; x1; x2; x3; x4; t

ˇ̌̌̌
tx3t�1Dy5; x6Dy10D1;

Œx; x1�D Œx; x2�D Œy; x3�D Œy; x4�D1

+
DhA; t j tx3t�1Dy5i:

The group G retracts onto H via the epimorphism r W G!H defined by

r W

8<:
a 7! a if a 2 fx; y; x1; x2; x3; x4; tg;
si 7! xi if 1� i � 2;
si 7! t�1xi t

1 if 3� i � 4:

Hence, .G;H;�G ; �H ; r; j / is a quasifloor. Indeed, j ı r coincides with the identity
on A, and r maps A�G isomorphically to A�H.

See Figure 5.

We now define quasitowers, which are obtained by successive addition of quasifloors.

Definition 5.8 A quasitower is a finite sequence of quasifloors

.Gk;Hk; �Gk
; �Hk

; rk; jk/1�k�n

such that GkC1 DHk for every 1 � k � n� 1. Note that �GkC1
and �Hk

are two
distinct splittings of GkC1 DHk .
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If, moreover, every quasifloor is strict, then the quasitower is said to be strict. The
integer n is called the height of the quasitower. The homomorphisms rk ı � � � ı r1
and j1 ı � � � ı jk are denoted by xrk and xjk respectively.

Let G WDG1 , H WDHn , r WD xrn and j WD xjn . For reasons of brevity, one sometimes
writes .G;H; r; j / instead of .Gk;Hk; �Gk

; �Hk
; rk; jk/1�k�n .

We end this subsection with two definitions that are comparable to Sela’s elementary
prototype [27, Definition 7.3] and Sela’s elementary core [27, Definition 7.5].

Definition 5.9 A quasiprototype is a finitely generated group G that is not a strict
quasifloor over any group H.

Example 5.10 A one-ended hyperbolic group whose Z–JSJ splitting does not contain
any QH vertex is a quasiprototype.

Definition 5.11 Let G be a finitely generated group. If G is not a quasiprototype, a
quasicore of G is a group C satisfying the following two conditions:

� G is a strict quasitower over C.

� C is a quasiprototype.

If G is a quasiprototype, we define G as the only quasicore of G.

Remark 5.12 If a quasicore exists, it is not unique a priori.

5.2 Inheritance of hyperbolicity

Here is an easy but crucial proposition.

Proposition 5.13 Let G and H be two groups. Suppose that G is a quasitower
over H. The following hold :

� G is hyperbolic if and only if H is hyperbolic.

� G embeds into a hyperbolic group if and only if H embeds into a hyperbolic
group.

� G is hyperbolic and cubulable if and only if H is hyperbolic and cubulable.

The proof of the third claim is postponed to Section 6.4 (see Proposition 6.19).

Proof We shall prove the proposition in the case where G is a quasifloor over H, and
the general case follows immediately by induction. Let �G and �H be the splittings
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G

H

A B

F

,�!
� �

F

Figure 6: Second point of Proposition 5.13: The group G is a quasifloor
over H; if H embeds into a hyperbolic group �, then G embeds into the
hyperbolic group obtained by replacing A and B by �. Edges with infinite
stabilizer are thickened.

of G and H associated with the quasifloor structure. By definition, �G is a centered
graph of groups. Let VG be its set of vertices, and let v be the central vertex. Let
VH D V

1
H t V

2
H be a partition of the set of vertices VH of �H as in Definition 5.2.

By definition, there exists a bijection sW VG n fvg ! V 1H such that Gw 'Hs.w/ for
every w 2 VG n fvg.

We prove the first claim. Suppose that H is hyperbolic. Then, by Proposition 3.11, Hu
is hyperbolic for every vertex u of �H . As a consequence, the vertex groups of �G
are hyperbolic. It follows from Proposition 3.12 that G is hyperbolic. Conversely,
if G is hyperbolic, then the vertex groups of �G are hyperbolic by Proposition 3.12.
Thus, the vertex groups of �H are hyperbolic. Since �H has finite edge groups, the
combination theorem of Bestvina and Feighn (see Proposition 3.10) applies and shows
that H is hyperbolic.

Now, let us prove the second claim (see Figure 6). Suppose that H embeds into
a hyperbolic group �. In particular, each Hu embeds into �. As a consequence,
each Gw embeds into �, for w 2 VG n fvg. We construct a graph of groups ��G
from �G by replacing each vertex group Gw by �. Denote by � the fundamental
group of ��G , and let us observe that ��G is a centered splitting of �. Since � is
hyperbolic, Proposition 3.12 tells us that � is hyperbolic. In addition, it is clear that G
embeds into �. Conversely, if G embeds into a hyperbolic group, we prove in the
same way that H embeds into a hyperbolic group.

5.3 Every �–limit group has a quasicore

This subsection is devoted to a proof of the following result.
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Proposition 5.14 Let � be a hyperbolic group and G a �–limit group. Then G has
a quasicore C. Moreover, G is hyperbolic if and only if C is hyperbolic.

The second part is an immediate consequence of Proposition 5.13. It remains to prove
the first part, which is the following proposition.

Proposition 5.15 If � is a hyperbolic group, then every �–limit group has a quasi-
core.

In other words, the previous proposition claims that a �–limit group is either a
quasiprototype or a strict quasitower over a quasiprototype. Proposition 5.15 is an easy
consequence of the following lemma, which will be proved below.

Lemma 5.16 There does not exist any infinite sequence .Gn/n2N of finitely generated
groups such that G0 is a �–limit group and for every integer n, the group Gn is a strict
quasifloor over GnC1 .

Before proving this lemma, let us make some observations. First, note that if � is
a torsion-free hyperbolic group, it follows from the descending chain condition (see
Theorem 2.8) that there does not exist any infinite sequence .Gn/n2N such that G0 is
a �–limit group and each Gn is a hyperbolic floor over GnC1 (in the sense of Sela).

In the presence of torsion, however, Definition 5.2 has two drawbacks that seem to be
obstacles to the use of the descending chain condition: if G is a �–limit group, and
if G is a quasifloor over H, then, in general,

(1) H is not a �–limit group,

(2) H is not a quotient of G.

We remedy the first issue (see Propositions 5.17 and 5.18) by using the fact that every
hyperbolic group embeds into a torsion-saturated hyperbolic group (see Theorem 4.8).

Proposition 5.17 Let � be a hyperbolic group, and G a �–limit group. Let � be a
torsion-saturated hyperbolic group containing �. Suppose that G is a quasifloor over a
finitely generated group H. Then H is a �–limit group.

Proof Let �H be the splitting of H over finite groups associated to the structure of a
quasifloor. It follows from the definition of a quasifloor that every vertex group of �H
embeds into G, so is a �–limit group. By Theorem 4.3, the class of �–limit groups is
closed under HNN extensions and amalgamated free products over finite groups, so H
is a �–limit group.
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The following corollary is immediate.

Corollary 5.18 Let � be a hyperbolic group. Let � be a torsion-saturated hyperbolic
group containing �. Let .Gn/n�0 be a sequence of finitely generated groups such
that G0 is a �–limit group and Gn is a quasifloor over GnC1 for every n. Then
every Gn is a �–limit group.

Next, the following proposition remedies the lack of surjectivity in the definition of a
quasifloor (see the second issue listed above), under the assumption that each quasifloor
is a �–limit group.

Proposition 5.19 Let � be a hyperbolic group. There does not exist any infinite
sequence .Gn/n2N of �–limit groups such that for every integer n, the group Gn is a
strict quasifloor over GnC1 .

Proof Let .Gn/n2N be a sequence of �–limit groups. Suppose that Gn is a quasi-
floor over GnC1 , and let rnW Gn ! GnC1 and jnW GnC1 ! Gn be the associated
homomorphisms, for every integer n. We shall prove that there exists an integer n0
such that for every n� n0 , the quasifloor .Gn; GnC1; rn; jn/ is not strict.

Since the homomorphisms rn are not assumed to be surjective, one cannot apply the
descending chain condition (see Theorem 2.8) to the sequence .rnW Gn!GnC1/n2N .
Let G00DG0 and G0nC1D rn.G

0
n/ for every integer n. The descending chain condition,

applied to the sequence of epimorphisms .rnjG0n W G
0
n�G0nC1/n2N , ensures that rnjG0n

is injective for every n large enough.

In order to conclude the proof, we shall verify that the restriction of rn to G0n is not
injective if Gn is a strict quasifloor over GnC1 .

If Gn is a strict quasifloor over GnC1 , there is by definition a one-ended subgroup An
of Gn such that An\ker.rn/¤f1g. Set A0nD .rn�1 ı� � �ır0 ıj0 ı� � �ıjn/.An/. This
is a subgroup of G0n D .rn�1 ı � � � ı r0/.G0/. In order to prove that rn is noninjective
in restriction to G0n , it is enough to prove that rn is noninjective in restriction to A0n .
Indeed, let us prove that A0n D gAng

�1 for some element g 2Gn . This is enough to
conclude because we know that there is a nontrivial element x in An\ ker.rn/, and
hence gxg�1 is a nontrivial element of A0n\ ker.rn/.

Let us prove that A0n and An are conjugate in Gn . Set Bn D .j0 ı � � � ı jn�1/.An/.
Since .j1 ı � � � ıjn�1/.An/ is a one-ended subgroup of G1 , it follows from Lemma 5.3
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that .r0 ı j0/..j1 ı � � � ı jn�1/.An// D r0.Bn/ is conjugate to .j1 ı � � � ı jn�1/.An/.
Therefore, .r1 ı r0/.Bn/ is conjugate to .r1 ı j1 � � � ı jn�1/.An/, which is conjugate
to .j2 ı � � � ı jn�1/.An/ by Lemma 5.3, since .j2 ı � � � ı jn�1/.An/ is a one-ended
subgroup of G2 . An immediate induction shows that .rn�1 ı � � � ı r0/.Bn/D gAng�1

for some g 2Gn . Thus, A0n D gAng
�1 .

We can now prove Lemma 5.16, which implies Proposition 5.15.

Proof Let .Gn/n2N be a sequence of finitely generated groups such that G0 is a
�–limit group and for every integer n, the group Gn is a strict quasifloor over GnC1 .
We aim to prove that this sequence is finite. By Corollary 5.18, every Gn is a �–limit
group, where � stands for a torsion-saturated hyperbolic group containing �. Then it
follows from Proposition 5.19 that the sequence .Gn/n2N is finite.

5.4 Quasitowers and relatedness

In this section, we collect some lemmas that will be useful in the proofs of our main
theorems.

Lemma 5.20 Let .G;H;�G ; �H ; r; j / be a quasifloor. Let A be a one-ended finitely
generated K–CSA group that does not contain Z2 , and let �A be its Z–JSJ splitting.
Then:

(1) For every monomorphism �W A ,!G, j ı r ı� and � are �A–related.

(2) For every monomorphism �W A ,!H, r ı j ı� and � are �A–related.

Proof We shall prove the first assertion. We have to prove that � and j ı r ı �

coincide, up to conjugacy by an element of G, on every non-QH vertex group of �A ,
as well as on every finite subgroup of A. The condition concerning finite subgroups
is obvious, since j ı r is inner on each finite subgroup of G. Now, let R be an
infinite non-QH vertex group of �A . We shall prove that �.R/ fixes a non-QH vertex
of the centered splitting �G . Since R is non-QH, it is rigid (see Proposition 2.25).
Hence, R acts elliptically on every tree on which A acts with finite edge stabilizers
or with edge stabilizers in Z . Therefore, �.R/ is elliptic in the Bass–Serre tree T
of �G (indeed, the preimage under � of every Z–subgroup (resp. finite subgroup)
of G is a Z–subgroup (resp. finite subgroup) of A, because � is injective). We make
the following observation: let S be a finite-by-orbifold group, and let B be a subgroup
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of S. If B is elliptic in every splitting of S over Z , then B is finite or lies in an
extended boundary subgroup (see [7, Corollary 5.24(5)]). As a consequence, if R
is rigid, �.R/ lies in a conjugate of a noncentral vertex group of �G . In the case
where R is virtually cyclic, then �.R/ may possibly lie in a boundary subgroup of the
central QH vertex group of �G . In any case, �.R/ lies in a conjugate of a noncentral
vertex group of �G . Hence, since j ır is �G–related to the identity of G, there exists
an element g in G such that

j ı r ı�jR D ad.g/ ı�jR:

This finishes the proof of the first assertion.

We now prove the second assertion. By Lemma 5.3, r ı j is inner on every one-ended
vertex group of �H . Since �.A/ ' A is one-ended, it is contained in a one-ended
vertex group of �H . Thus, r ı j is inner on �.A/.

Lemma 5.21 follows from Lemma 5.20 by induction.

Lemma 5.21 Let .Gk;Hk; �Gk
; �Hk

; rk; jk/1�k�n be a quasitower of height n�1.
Let G D G1 and H D Gn . Let A be a one-ended finitely generated K–CSA group
that does not contain Z2 , and let �A be its Z–JSJ splitting. Then:

(1) For every monomorphism �W A ,! G, if xrn�1 ı � is injective, then j ı r ı �
and � are �A–related.

(2) For every monomorphism �W A ,!H, r ı j ı� and � are �A–related.

Proof Set xr0 D idG . Let us prove the first point by induction on the integer n. By
Lemma 5.20, the claim is true if nD 1. Now, suppose that the claim is true for a given
integer n, and let us prove that it is true for nC1. Let �W A ,!G be a monomorphism
such that xrn ı� is injective, where xrn D rn ı � � � ı r1 . We claim that j ı r ı� and �
are �A–related, where j D xjnC1 D j1 ı � � � ı jnC1 and r D xrnC1 D rnC1 ı xrn . By
the induction hypothesis, the morphisms j1 ı � � � ı jn ı rn ı � � � ı r1 ı � and � are
�A–related. Let R be a rigid vertex group of �A . Since xrn ı � D rn ı � � � ı r1 ı �
is injective, the group .xrn ı �/.R/ is a rigid subgroup of Gn . As a consequence, it
is contained in a noncentral vertex group of the centered splitting �Gn

of Gn . By
definition of a quasifloor, the restriction of the morphism jnC1 ırnC1 to .xrn ı�/.R/ is
a conjugacy. Hence, .jnC1 ı rnC1 ı xrn ı�/.R/ is conjugate to .xrn ı�/.R/. It follows
that . xjn ı jnC1 ı rnC1 ı xrn ı�/.R/D .j ı r ı�/.R/ is conjugate to . xjn ı xrn ı�/.R/,
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which is conjugate to �.R/ by induction hypothesis. This proves that j ı r ı� and �
are �A–related and concludes the proof of the first point. The proof of the second
point is similar and is left to the reader.

By combining Lemma 5.21 with the shortening argument Corollary 3.1, we get the
following result.

Lemma 5.22 Let .�; � 0; r; j / be a quasitower. Suppose that � embeds into a hyper-
bolic group. Let H be a one-ended finitely generated K–CSA group that does not
contain Z2 . Let �H be its Z–JSJ splitting. Assume that H is not a finite-by-orbifold
group. There exists a finite set F � H n f1g such that for every homomorphism
�W H ! �, either

� r ı�W H ! � 0 is injective, or

� � is �H–related to a homomorphism �0W H ! � that kills an element of F .

Proof Let F �H nf1g be the finite set given by Corollary 3.1 applied to Hom.H; �/.
Let � be a homomorphism from H to �. Suppose the homomorphism r ı�W H ! � 0

is noninjective, and let n� 1 be the smallest integer such that xrn ı� is noninjective.
Since xrn�1 ı� is injective, xjn ı xrn ı� and � are �H–related, by the first assertion of
Lemma 5.21. Thanks to Corollary 3.1, there exists a homomorphism �0 that kills an
element of F and that is �–related to xjnıxrnı� , which is a noninjective homomorphism
from H to �. By transitivity of the �–relatedness, the morphism �0 is �–related
to � .

We need a variant of Lemma 5.22 in the case where H is not one-ended. Recall that
a homomorphism is said to be factor-injective if it is injective in restriction to every
one-ended factor that is not finite-by-orbifold (see Definition 2.29). The proof of the
following result is similar to that of Lemma 5.22 above.

Lemma 5.23 Let .�; � 0; r; j / be a quasitower. Suppose that � embeds into a hyper-
bolic group. Let H be a finitely generated K–CSA group that does not contain Z2 .
Let H1; : : : ;Hn be its one-ended factors (for a fixed F–JSJ splitting of H ) that are not
finite-by-orbifold. Let �k be the Z–JSJ splitting of Hk for 1� k � n. There exists a
finite set F �H n f1g such that for every homomorphism �W H ! �, either

� r ı�W H ! � 0 is factor-injective, or

� there exists an integer 1� k � n such that �jHk
is �k–related to a homomor-

phism �0W Hk! � that kills an element of F .
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6 Proofs of Theorems 1.2–1.5

In the current section, we prove our main theorems by admitting a technical result,
namely Proposition 6.3, whose proof is postponed to Section 7 for the sake of clarity.

6.1 How to build a quasifloor using first-order logic

Proposition 6.1 Let .�; � 0; r; j / and .G;G0; �; �/ be two quasitowers. Suppose
that � embeds into a hyperbolic group and that Th89.�/ � Th89.G/. Let H be a
one-ended factor of G0. Suppose that H is not a finite-by-orbifold group. Then either

� there exists a morphism �W H ! � such that r ı� is injective, or

� there exists a noninjective preretraction H !G0.

Before proving this result, let us justify why H and its canonical Z–JSJ splitting are
well defined. Let � denote a hyperbolic group in which � embeds. There exists
a constant K such that all finite subgroups of � have order less than K . Since
� � � and Th9.G/ � Th9.�/, and since the morphism �W G0 ! G is injective on
finite subgroups of G0, every finite subgroup of G0 has order less than K . As a
consequence, G0 has a F–JSJ decomposition (see [11] and Section 2.6.6). Hence,
one-ended factors of G0 and in particular H are well defined. Then, by the second
assertion of Lemma 5.3, the morphism � is injective on H, because H is one-ended.
Proposition 2.27 therefore guarantees that the canonical Z–JSJ splitting of H exists.
We now prove Proposition 6.1.

Proof Let �H denote the Z–JSJ splitting of H. Suppose that for every homomor-
phism �W H ! �, the homomorphism r ı �W H ! � 0 is not injective in restriction
to H. We will prove that there exists a noninjective �H–preretraction from H to G0.

Step 1 By Lemma 5.22, there exists a finite set F �H n f1g such that every homo-
morphism �W H ! � is �H–related to a homomorphism �0W H ! � that kills an
element of F . Set F D fh1; : : : ; h`g.

Step 2 We claim that there exists a noninjective homomorphism pW H ! G that
is �H–related to �jH . The proof of this claim consists in expressing by a 89–
sentence the statement of Step 1, and by interpreting this sentence in G. Note
that H is finitely generated, because G0 is finitely generated by definition of a
quasitower. Let H D hs1; : : : ; sn j w1; w2; : : : i be a (possibly infinite) presentation

Geometry & Topology, Volume 24 (2020)



Hyperbolicity and cubulability are preserved under elementary equivalence 1123

of H. Let Wi D fw1; : : : ; wig for every i � 0. Denote by Hi the finitely presented
group hs1; : : : ; sn j Wi i. By hypothesis, � embeds into a hyperbolic group �. As
a hyperbolic group, � is equationally noetherian (see [20, Corollary 6.13]). Note
that � and G are �–limit groups, because Th9.G/� Th9.�/� Th9.�/. This implies
that � and G are equationally noetherian (see [18, Corollary 2.10]). As a consequence,
the sets Hom.H; �/ and Hom.H;G/ are respectively in bijection with Hom.Hi ; �/
and Hom.Hi ; G/ for i large enough (see [20, Lemma 5.2]). Hence, there exists an
integer i such that Hom.H; �/ (resp. Hom.H;G/) is in bijection with the n–tuples
in �n (resp. Gn ) that are solutions of the following system of equations, denoted
by †i .x1; : : : ; xn/: 8̂<̂

:
w1.x1; : : : ; xn/D 1;

:::

wi .x1; : : : ; xn/D 1:

Let � and �0 be homomorphisms from H to �. Recall that there exists an existential
formula  .x1; : : : ; x2n/ with 2n free variables such that

� ˆ �.�.s1/; : : : ; �.sn/; �
0.s1/; : : : ; �

0.sn//

if and only if � and �0 are �H–related (see Lemma 3.7).

We can write a 89–first-order sentence �, satisfied by �, whose interpretation in � is
the statement of Step 1: for every homomorphism �W H ! �, there exists a homomor-
phism �0W H ! � that is �H–related to � and that kills some h` . The sentence � is
the following:

8x1 : : :8xn 9y1 : : :9yn
�
†i .x1; : : : ;xn/D 1

)
�
†i .y1; : : : ;yn/D 1^ .x1; : : : ;xn;y1; : : : ;yn/^

W
`2ŒŒ1;k��h`.y1; : : : ;yn/D 1

��
:

In this form, it is not totally clear that � is a 89–sentence. Recall that  .x;y/ is
of the form 9u �.x;y/, where � is a quantifier-free formula, and x and y are two
n–tuples of variables. Hence, � can be rewritten in the following manner:

8x 9y 9u †i .x/¤ 1_†i .y/D 1^ �.x;y/^
W
`2ŒŒ1;k�� h`.y/D 1:

Since �2Th89.�/�Th89.G/, the sentence � is true in G as well. The interpretation
of � in G is the following: for every homomorphism �W H ! G, there exists a
homomorphism �0W H!G that is �H–related to � and that kills some h` . By taking
�D �jH , we get a noninjective homomorphism pW H!G that is �H–related to �jH .
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Conclusion Because the homomorphism pW H ! G is �H–related to �jH , the
homomorphism � ı pW H ! G0 is �H–related to � ı �jH . Indeed, the fact that p
and �jH coincide up to conjugacy on finite subgroups of H and on vertex groups of �H
remains true for � ıp and � ı �jH . Moreover, � ı �jH is �H–related to the inclusion
of H into G0 by the second assertion of Lemma 5.21. This concludes the proof.

In the same way, one can prove the following result, which generalizes Proposition 6.1.

Proposition 6.2 Let .�; � 0; r; j / and .G;G0; �; �/ be two quasitowers. Suppose �
embeds into a hyperbolic group and Th89.�/ � Th89.G/. Let G01; : : : ; G

0
n be the

one-ended factors of G0 that are not finite-by-orbifold groups. Then either

� there exists a morphism �W G0!� such that r ı� is factor-injective (ie injective
on each G0i ), or

� there exists an integer 1� k � n and a noninjective preretraction G0
k
!G0.

In Section 7, we shall prove the following proposition, whose proof is quite technical.

Proposition 6.3 Let G be a finitely generated K–CSA group that does not contain Z2 .
Let A be a one-ended factor of G. Suppose that A is not a finite-by-orbifold group. If
there exists a noninjective preretraction pW A!G, then there exist a finitely generated
group H and two morphisms r W G!H and j W H ! G such that .G;H; r; j / is a
strict quasifloor.

Together, Propositions 6.1 and 6.3 endow us with a machinery to build quasifloors.

Proposition 6.4 Let .�; � 0; r; j / be a quasitower. Suppose that � embeds into a
hyperbolic group. Let G be a finitely generated group. Suppose Th89.�/� Th89.G/.
In particular, G has a quasicore G0. If H is a one-ended factor of G0, then H embeds
into � 0.

Similarly, by putting together Propositions 6.2 and 6.3, one gets the following more
general statement.

Proposition 6.5 Let .�; � 0; r; j / be a quasitower. Suppose that � embeds into a
hyperbolic group. Let G be a finitely generated group. Suppose Th89.�/� Th89.G/.
In particular, G has a quasicore G0. Then there exists a factor-injective homomorphism
from G0 to � 0.
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6.2 Proofs of Theorems 1.3 and 1.4

Theorem 6.6 Let � be a group that embeds into a hyperbolic group �, and let G be
a finitely generated group. If Th89.�/� Th89.G/, then G embeds into a hyperbolic
group.

Proof Since G is a �–limit group, it possesses a quasicore G0 (by Proposition 5.15).
There exists an integer K such that all finite subgroups of � have order �K . As a
consequence, all finite subgroups of G0 have order �K . Therefore, by [11], G0 has
a F–JSJ splitting. We claim that all one-ended factors of G0 are hyperbolic. Let H
be such a one-ended factor. If H is a finite-by-orbifold group, then it is hyperbolic
by definition. If H is not a finite-by-orbifold group, it follows from Proposition 6.4
that H embeds into �, and hence into �. Now, let H1; : : : ;Hp be the one-ended
factors of G0 (well-defined up to conjugation) that are not finite-by-orbifold groups,
and let ƒ be the graph of groups obtained by replacing each Hk in a F–JSJ splitting
of G0 by �. Let �0 be the fundamental group of ƒ. It is clear that G0 embeds into �0.
In addition, vertex groups of ƒ being hyperbolic and edge groups of ƒ being finite, the
group �0 is hyperbolic thanks to the combination theorem of Bestvina and Feighn (see
Proposition 3.10). Thus, by Proposition 5.13, G embeds into a hyperbolic group �00.

If � is locally hyperbolic then, with the same notation as in the previous proof, the
groups �0 and �00 are locally hyperbolic as well. As a consequence, the following
theorem holds.

Theorem 6.7 Let � be a locally hyperbolic group, let � be a subgroup of �, and
let G be a finitely generated group. If Th89.�/ � Th89.G/, then G is a locally
hyperbolic group.

Remark 6.8 We stress that the theorem above can be derived more directly from Sela’s
shortening argument, without using quasitowers. Sela [25, Corollary 4.4] proved that
a limit group is hyperbolic if and only if it does not contain Z2 . Kharlampovich and
Myasnikov [9, Corollary 4] also proved this result. It follows that a finitely generated
group G satisfying Th89.F2/� Th89.G/ is hyperbolic, thanks to Corollary 2.18. In
fact, Sela’s proof shows that G is locally hyperbolic, and his proof remains valid if we
replace F2 by any locally hyperbolic group.

6.3 Proof of Theorem 1.2

We will prove Theorem 1.2 using the following result, whose proof is postponed.
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Proposition 6.9 Let � be a hyperbolic group and G a finitely generated group such
that Th89.�/D Th89.G/. Let G0 be a quasicore of G and � 0 a quasicore of �. Then
every one-ended factor of G0 that is not a finite-by-orbifold group is isomorphic to a
one-ended factor of � 0. Therefore, G0 is hyperbolic.

More precisely, we prove the following result, which immediately implies Theorem 1.2.

Theorem 6.10 Let � be a hyperbolic group and G a finitely generated group such
that Th89.�/D Th89.G/. Then G is hyperbolic.

Proof Let � 0 be a quasicore of �, and let G0 be a quasicore of G. By Proposition 5.13
about inheritance of hyperbolicity, the group � 0 is hyperbolic. Thus, by Proposition 3.11,
all one-ended factors of � 0 are hyperbolic. Then Proposition 6.9 shows that all one-
ended factors of G0 are hyperbolic, which implies that G is hyperbolic according
to the combination theorem of Bestvina and Feighn (see Proposition 3.10). Finally,
Proposition 5.13 proves that G is hyperbolic, as a quasitower over a hyperbolic group.

The rest of this subsection is devoted to a proof of Proposition 6.9. Let G01; : : : ; G
0
n

be the one-ended factors (well-defined up to conjugacy) of G0 that are not finite-by-
orbifold groups. Let � 01; : : : ; �

0
m be the one-ended factors of � 0 that are not finite-by-

orbifold groups. By Proposition 6.5, there exist a factor-injective homomorphism �

from G0 to � 0, and a factor-injective homomorphism  from � 0 to G0. For every
integer 1 � i � n, the group �.G0i / is contained in a conjugate of � 0j for some
1 � j � m. Therefore, one can associate to � a map �.�/W ŒŒ1; n��! ŒŒ1;m�� such
that for every 1 � i � n, the group �.G0i / is contained in a conjugate of � 0

�.�/.i/
.

Likewise, one can associate to  a map �. /W ŒŒ1;m��! ŒŒ1; n�� such that for every
1 � j � m, the group  .� 0j / is contained in a conjugate of G0

�. /.j /
. In order to

prove Proposition 6.9, it suffices to show that we can choose �.�/ and �. / so
that �. / ı �.�/ is a permutation of ŒŒ1; n��, since one-ended hyperbolic groups are
co-Hopfian (see [24] for torsion-free hyperbolic groups and [15], based on [6], for
hyperbolic groups with torsion).

Lemma 6.11 Let � be a hyperbolic group and G a finitely generated group such that
Th89.�/D Th89.G/. Let G0 be a quasicore of G and � 0 a quasicore of �. We keep
the same notation as above. There exists a factor-injective homomorphism � from G0

to � 0 such that �.�/ satisfies the following condition: for every i 2 ŒŒ1; n��, if �.G0i /
is equal to � 0

�.�/.i/
up to conjugacy by an element of � 0 and if � 0

�.�/.i/
is hyperbolic,

then i is the unique preimage of �.�/.i/ by �.�/.
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Proof Assume towards a contradiction that the lemma is false.

Step 1 We claim that there exist some finite subsets X1�G01; : : : ; Xn�G
0
n containing

only elements of infinite order, and a finite set F � G0 n f1g such that for every
homomorphism � from G0 to �, either

� there exists an integer k 2 ŒŒ1; n�� such that �jG0
k

is �k–related to a homomor-
phism �0W G0

k
! � that kills an element of F , where �k stands for the Z–JSJ

splitting of G0
k

, or

� there exist an element 
 2 � and two elements xk 2 Xk and x` 2 X` (with
k ¤ `) such that �.xk/D 
�.x`/
�1 .

Proof of Step 1 Let F be the set given by Lemma 5.23. We shall define the sets
X1; : : : ; Xn . Let I be the subset of ŒŒ1; n�� consisting of the integers i such that G0i
is hyperbolic. In the case where I is empty, let X1 D � � � D Xn D ¿. Now, assume
that I is nonempty. For each k 2 ŒŒ1; n��, since G0

k
is one-ended and is not a finite-

by-orbifold group, there exists at least one infinite non-QH vertex group Ak in the
Z–JSJ splitting �k of G0

k
. Fix an element of infinite order xk 2 Ak . For each

` 2 ŒŒ1; n�� n fkg, if G0
`

is not hyperbolic, let Xk;` WD ¿; if G0
`

is hyperbolic, let
Yk;` WD ff .xk/ j f 2Mono.G0

k
; G0

`
/g and let Xk;` be a set of representatives for the

orbits of Yk;` under the action of G0
`

by conjugation. We claim that the set Xk;` is
finite (possibly empty). Indeed, thanks to Sela’s shortening argument, Theorem 2.5,
there exist finitely many monomorphisms f1; : : : ; fr W G0k ,!G0

`
such that for every

monomorphism f W G0
k
,!G0

`
, there exist an integer 1�p� r and a modular automor-

phism � of G0
k

such that f and fp ı � coincide up to conjugacy. Since � coincides
with a conjugacy on each rigid subgroup of G0

k
, the elements f .xk/ and fp.xk/ are

in the same orbit under the action of G0
`

by conjugation, which proves that Xk;` is
finite. Finally, we define

Xk WD fxkg[
[

1�`¤k�n

Xk;`:

Now, we will prove that these sets have the expected property. Since � 0 is a quasicore
of �, there exists a quasitower .�; � 0; r; j /. By Lemma 5.23, for every homomorphism
�W G0! �, either

� there exists an integer 1� k � n such that the restriction �jG0
k

is �k–related to
a homomorphism �0W G0

k
! � that kills an element of F , or

� � WD r ı� is factor-injective.
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As explained in the paragraph before Lemma 6.11, one can associate to � a map
�.�/W ŒŒ1; n��! ŒŒ1;m�� such that for every 1 � i � n, the group �.G0i / is contained
in a conjugate of � 0

�.�/.i/
. In the event that the second alternative above holds, since

we have assumed that Lemma 6.11 is false (towards a contradiction), there exist two
integers k¤ ` such that �.�/.k/D �.�/.`/ and �.G0

`
/D � 0

�.�/.`/
up to conjugacy and

such that � 0
�.�/.`/

is hyperbolic. Thus, �.G0
k
/� ad.
/.�.G0

`
//D ad.
 0/.� 0

�.�/.`/
/ for

some 
; 
 0 2 � 0, and G0
`

is hyperbolic. We have

.� jG0
`
/�1 ı ad.
�1/ ı .� jG0

k
/ 2Mono.G0k; G

0
`/:

Therefore, by definition of Xk and X` , there exist xk 2 Xk and x` 2 X` such that
�.xk/D ad.
/.�.x`//. So .j ı �/.xk/D ad.
 00/..j ı �/.x`// for some 
 00 2 �. But
j ı � D j ı r ı � is �k–related to � thanks to Lemma 5.20. Therefore, �.xk/ D
ad.
 000/ ı�.x`/ for some 
 000 2 �. This concludes the proof of the first step.

Step 2 The statement of Step 1 is expressible by a 89–sentence, denoted by �, which
is true in � ; more precisely, the first point of Step 1 is expressible as in the second step
of the proof of Proposition 6.1 (see Step 2), and the second point is easily expressible
using the fact that Xk and X` are finite. Since Th89.�/� Th89.G/, � is true in G
as well. Thus, for every � 2 Hom.G0; G/, either

� there exist a vertex group G0
k

together with a homomorphism �0W G0
k
! G

which is �k–related to �jG0
k

and kills an element of F , or

� there exist an element g 2 G and two elements xk 2 Xk and x` 2 X` (with
k ¤ `) such that �.xk/D g�.x`/g�1 , with xk of infinite order.

By definition, G is a quasitower over G0. Let �W G ! G0 and �W G0 ! G be the
two homomorphisms associated with this structure of a quasitower. Taking � WD �,
the second claim above is false. Otherwise, �.G0

k
/\g�.G0

`
/g�1 is infinite, and thus

.� ı �/.G0
k
/ \ �.g/.� ı �/.G0

`
/�.g/�1 is infinite, since � is injective in restriction

to �.G0
k
/. But � ı� is inner on G0

k
and on G0

`
. Hence, there exists an element h 2G0

such that G0
k
\ hG0

`
h�1 is infinite. This is a contradiction, since G0

k
and G0

`
are two

different vertex groups of a F–JSJ splitting of G0.

As a consequence, the first claim is necessarily true (for � WD�). There exist a one-ended
factor G0

k
together with a homomorphism �0W G0

k
!G that is �k–related to �jG0

k
and

kills an element of F . Thus � ı�0 is �k–related to � ı�jG0
k

and kills an element of F .
Let i denote the inclusion of G0

k
into G0. By Lemma 5.20, � ı �jG0

k
D � ı �jG0

k
ı i is

�k–related to i . Hence, �ı�0W G0
k
!G0 is �k–related to i and kills an element of F .
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In other words, � ı�0 is a noninjective preretraction. It follows from Proposition 6.3
that G0 is a strict quasifloor. This is a contradiction, since G0 is a quasicore by
hypothesis.

Before proving Proposition 6.9, we need the following definition.

Definition 6.12 Let X be a set and let f W X !X be a map. An element x 2X is
said to be periodic if there exists an integer k � 1 such that f k.x/D x .

Proof of Proposition 6.9 We keep the same notation as above. Since � is hyperbolic,
� 0 is hyperbolic by Proposition 5.13, so � 01; : : : ; �

0
m are hyperbolic by Proposition 3.11.

Let �W G0 ! � 0 and  W � 0 ! G0 be the factor-injective homomorphisms given by
Lemma 6.11. If i 2 ŒŒ1; n�� is periodic under �. / ı �.�/, then i is the unique
preimage of �.�/.i/ by the map �.�/. Indeed, if i is periodic, then � induces an
isomorphism between G0i and �.G0i /D �

0
�.�/.i/

, because one-ended hyperbolic groups
are co-Hopfian. It follows from Lemma 6.11 that i is the unique preimage of �.�/.i/
by the map �.�/. Similarly, if j 2 ŒŒ1;m�� is periodic under �.�/ı�. /, then j is the
unique preimage of �. /.j / by the map �. /. The conclusion follows immediately
from Lemma 6.13.

Lemma 6.13 Suppose that n;m � 1 are two integers. Let � W ŒŒ1; n��! ŒŒ1;m�� and
� W ŒŒ1;m��! ŒŒ1; n�� be two maps. Suppose that the following two conditions hold :

(1) For every i 2 ŒŒ1; n��, if i is periodic under � ı � , then i is the unique preimage
of �.i/ by � .

(2) For every j 2 ŒŒ1;m��, if j is periodic under � ı� , then j is the unique preimage
of �.j / by � .

Then nDm, and � and � are bijective.

Proof We claim that every i 2 ŒŒ1; n�� is periodic under � ı � . Assume towards a
contradiction that i is not periodic under � ı � . Let k � 1 be the smallest integer such
that .� ı �/k.i/ is periodic under � ı � . Let j D � ı .� ı �/k�1.i/. If j is periodic
under � ı� , there exists an integer p 2 ŒŒ1; n�� periodic under � ı� such that �.p/D j .
But qD .� ı�/k�1.i/ is not periodic under � ı� by definition of k , so q¤p (since p
is periodic and q is not periodic), and �.q/D j D �.p/. This contradicts the second
condition. If j is not periodic under � ı � , we find a contradiction with the first
condition, in the same way. Hence, every element i 2 ŒŒ1; n�� is periodic. It follows
from condition (1) that � is injective. Likewise, � is injective. Therefore, n D m
and � and � are bijective.
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6.4 Proof of Theorem 1.5

In this subsection, we prove the following results.

Theorem 6.14 Let � be a hyperbolic group and let G be a finitely generated group.
Suppose that Th89.�/D Th89.G/. Then � is cubulable if and only if G is cubulable.

Corollary 6.15 Let � and G be finitely generated groups. Suppose that Th89.�/D
Th89.G/. Then � is hyperbolic and cubulable if and only if G is hyperbolic and
cubulable.

Note that Corollary 6.15 follows immediately from Theorem 6.14 and from the fact
that hyperbolicity is preserved under 89–equivalence among finitely generated groups
(see Proposition 6.9).

We refer the reader to [22] for a definition of CAT.0/ and special cube complexes. A
group G is said to be cubulable (resp. special) if it acts properly and cocompactly
by isometries on a locally finite CAT.0/ (resp. special) cube complex, and virtually
special if it has a finite-index subgroup which is special.

Let us recall Wise’s quasiconvex hierarchy theorem for hyperbolic cubulable groups.

Theorem 6.16 [30, Theorems 13.1 and 13.3] Let G be a hyperbolic group. Suppose
that G splits as a graph of groups all of whose vertex groups are virtually special
cubulable and quasiconvex in G. Then G is virtually special cubulable.

Using results of Haglund and Wise, Agol proved the following celebrated theorem.

Theorem 6.17 [1, Theorem 1.1] Every hyperbolic and cubulable group is virtually
special.

We will also need the following proposition, claiming that cubulability is inherited by
quasiconvex subgroups.

Proposition 6.18 [8, Corollary 2.29] Let G be a hyperbolic and cubulable group.
If H is a quasiconvex subgroup of G, then H is cubulable.

Before proving Theorem 6.14, we establish the following preliminary result.

Proposition 6.19 Let .G;H;�G ; �H / be a quasitower. Suppose that G is hyperbolic.
Then G is cubulable if and only if H is cubulable.
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Proof We prove the proposition in the case where G is a quasifloor over H, and the
general case follows immediately by induction on the height of the quasitower.

Let VG and VH denote the sets of vertices of �G and �H . Let v be the central vertex
of �G . By definition of a quasifloor, there exists a subset V 1H � VH and a bijection
sW VG n fvg ! V 1H such that Gw 'Hs.w/ for every w 2 VG n fvg.

Suppose that G is cubulable. Then, by Propositions 3.11 and 6.18, all vertex groups
of �G are hyperbolic and cubulable. By the theorem of Agol, Theorem 6.17, all vertex
groups of �G are therefore virtually special. As a consequence, every vertex group Hu
with u 2 V 1H is virtually special cubulable (see the bijection s above). Moreover,
recall that VH D V 1H t V

2
H , with Hu finite for every u 2 V 2H . Hence, all vertex

groups of �H are virtually special cubulable. The group H being hyperbolic thanks
to Proposition 5.13 (since G is hyperbolic), one can now apply Wise’s quasiconvex
hierarchy Theorem 6.16 to conclude that H is virtually special cubulable, using the
fact that vertex groups of �H are quasiconvex in H, by Proposition 3.11.

Conversely, if H is cubulable, we prove in exactly the same way that G is cubulable.

We now prove Theorem 6.14.

Proof Let � be a hyperbolic group and let G be a finitely generated group such that
Th89.�/D Th89.G/. Suppose that � is cubulable. We will prove that G is cubulable.
Let us denote by G0 a quasicore of G and by � 0 a quasicore of �. According to
Proposition 6.19, � 0 is cubulable, so each vertex group of a F–JSJ splitting of � 0

is cubulable, by Proposition 6.18 (and the trivial case of finite groups). Moreover,
according to Proposition 6.9, every vertex group of a F–JSJ splitting of G0 that is not
a finite-by-orbifold group is isomorphic to a vertex group of a F–JSJ splitting of � 0.
Consequently, by Theorem 6.16, the group G0 is cubulable. Then, it follows from
Proposition 6.19 that G is cubulable. Symmetrically, if G is cubulable, then so is �
(because G is hyperbolic, by Theorem 6.10).

7 From a preretraction to a quasifloor: proof of
Proposition 6.3

In the previous section, we proved our main theorems by admitting Proposition 6.3,
which claims that one can build a strict quasifloor from a noninjective preretraction.
This section is devoted to a proof of Proposition 6.3.
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7.1 A preliminary proposition

Proposition 7.1 Let G be a one-ended finitely generated K–CSA group that does
not contain Z2 . Let � denote the Z–JSJ splitting of G, and let pW G ! G be a
nondegenerate �–preretraction. Then p is injective.

Recall that a �–preretraction p is said to be nondegenerate if it sends each QH subgroup
of G isomorphically to a conjugate of itself (see Definition 3.6).

Proof Let T be the Bass–Serre tree of �. We denote by V the set of vertices of T .
First of all, let us recall some properties of � that will be useful in the sequel (see
Section 2.6.4):

(1) The graph � is bipartite, with every edge joining a vertex carrying a virtually
cyclic group to a vertex carrying a group that is not virtually cyclic.

(2) Let v be a vertex of T , and let e and e0 be two distinct edges incident to v . If
Gv is not virtually cyclic, then the group hGe; Ge0i is not virtually cyclic.

(3) The action of G on T is 2–acylindrical: if an element g 2G fixes a segment of
length > 2 in T , then g has finite order.

If � is reduced to a point, then p is obviously injective. From now on, we will suppose
that � has at least two vertices.

As a first step, we build a p–equivariant map f W T ! T . Let v1; : : : ; vn be some
representatives of the orbits of vertices. For every 1� k � n, there exists gk 2G such
that p.Gvk

/ D gkGvk
g�1
k

. We let f .vk/ D gkvk , so that p.Gvk
/ D Gf .vk/ . Then

we define f on each vertex of T by p–equivariance. Next, we define f on the edges
of T in the following way: if e is an edge of T , with endpoints v and w , there exists
a unique injective path e0 from f .v/ to f .w/ in T . We let f .e/D e0.

Now we will prove that f is injective, which allows to conclude that p is injective.
Indeed, if p.g/ D 1 for some g 2 G, then for every vertex v 2 V one has that
p.g/ �f .v/D f .g � v/D f .v/, and thus g � v D v for every v . Since the action of G
on � is 2–acylindrical, g has finite order. Moreover the restriction of p to every
element of finite order is injective (by definition of �–relatedness), so g D 1, which
proves that p is injective.

We now prove that f is injective. The proof will proceed in two steps: first, one shows
that f sends adjacent vertices to adjacent vertices, then one proves that there are no
foldings.
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The map f sends adjacent vertices to adjacent vertices Let’s consider two adja-
cent vertices v and w of T . One has d.f .v/; f .w// � 2, because the action of G
on T is 2–acylindrical and p is injective on edge groups, which are virtually cyclic
and infinite. Since the tree is bipartite and since f sends a vertex of T to a vertex
of the same type, the integers d.f .v/; f .w// and d.v;w/D 1 have the same parity.
Hence d.f .v/; f .w//D 1.

There are no foldings Let v be a vertex of T , and let w and w0 be two distinct
vertices adjacent to v . Denote by e and e0 the edges between v and w and between
v and w0 respectively. Argue by contradiction and suppose that f .w/D f .w0/. Then
f .e/D f .e0/ since there are no circuits in a tree:

w

w0

v

e

e0
f .e/D f .e0/

f .w/D f .w0/f .v/

If Gv is not virtually cyclic, then hGe; Ge0i is not virtually cyclic (see the second
property of � recalled above), so p.hGe; Ge0i/ is not virtually cyclic since hGe; Ge0i
is contained in Gv , and p is injective on Gv . But p.hGe; Ge0i/ is contained in the
stabilizer of f .e/, which is virtually cyclic. This is a contradiction. Hence Gv is
virtually cyclic. There exists an element g 2 G such that w0 D g �w . Since f is
p–equivariant, p.g/ � f .w/D f .w/, ie p.g/ 2 Gf .w/ D p.Gw/. As a consequence,
there exists an element h 2 Gw such that p.g/ D p.h/. Up to multiplying g by
the inverse of h, one can assume that p.g/ D 1. Then g does not fix a point of T ,
because p is injective on vertex groups and g ¤ 1. It follows that g is hyperbolic,
with translation length equal to 2:

w

w0

v

gv

e

e0

ge

The group hGe0 ; Ggei is not virtually cyclic since Gw 0 is not virtually cyclic. It
follows that p.hGe0 ; Ggei/ is not virtually cyclic (indeed, p is injective on Gw 0 ).
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On the other hand, p.hGe0 ; Ggei/ is equal to p.hGe0 ; Gei/ because p.g/D 1. Thus
p.hGe0 ; Gei/, which is contained in the stabilizer of f .e/, is not virtually cyclic. This
is a contradiction.

7.2 Building a quasifloor from a noninjective preretraction

Definition 7.2 (maximal pinched set, pinched quotient, pinched decomposition)
Let G be a group that splits as a centered splitting �G , with central vertex v . The
stabilizer Gv of v is a conical finite-by-orbifold group F ,!Gv� �1.O/. Denote
by q the epimorphism from Gv onto �1.O/. Let G0 be a group, and let pW G!G0

be a homomorphism. Let S be an essential set of curves on O (see Definition 2.30).
Suppose that each element of S is pinched by p — meaning that p.q�1.˛// is finite
for every ˛ 2 S, with q�1.˛/ well-defined up to conjugacy — and that S is maximal
for this property. The set S is called a maximal pinched set for p . Note that S may
be empty.

For every ˛ 2 S, the group q�1.˛/ (well-defined up to conjugacy) is a virtually cyclic
subgroup of Gv , isomorphic to F ÌZ. Let N˛ D ker.pjq�1.˛//, and let N be the
subgroup of G normally generated by fN˛g˛2S . The quotient group Q D G=N is
called the pinched quotient of G associated with S. Let � W G�Q be the quotient
epimorphism. Since each N˛ has finite index in q�1.˛/, and since p is injective on
finite subgroups, killing N gives rise to new QH vertices with new conical points, and
new edges whose stabilizers coincide with the new conical groups (see Figure 7). The
group Q splits naturally as a graph of groups �Q obtained by replacing the vertex v
in �G by the splitting of �.Gv/ over finite groups obtained by killing N (see Figure 7).
�Q is called the pinched decomposition of Q .

G S

v

�
��

Q

v1 v2 v3

Figure 7: For convenience, in this figure, F is trivial. For each ˛ 2 S, there
exists a smallest integer n� 1 such that p.˛n/D 1 . Killing h˛ni gives rise
to a conical point of order n , and a new edge group equal to the conical group.
The new QH vertices coming from v are denoted by v1 , v2 and v3 .
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We keep the same notation. Suppose that there exists an endomorphism p of G that
is �G–related to the identity of G. Let S be a maximal pinched set for p , let Q be
the pinched quotient and let �Q be its pinched decomposition. Denote by v1; : : : ; vn
the new vertices coming from v (see Figure 7). Let � W G � Q be the quotient
epimorphism. There exists a unique homomorphism �W Q!G such that p D � ı� .
This homomorphism is nonpinching in restriction to Qvi

for 1 � i � n, since S is
assumed to be maximal. We will need a lemma.

Lemma 7.3 We keep the same notation. Assume that p does not send Gv iso-
morphically to a conjugate of itself, and denote by F the set of edges of �Q with
finite stabilizer (note that F contains all the new edges arising from the pinching).
Let V D fv1; : : : ; vng be the set of vertices of �Q coming from v , and let W be
the set of vertices of �Q that do not belong to V . Let Y be a connected component
of �Q nF , and let QY be the fundamental group of Y . Then:

� �.QY / is elliptic in the Bass–Serre tree of �G .

� Y contains at most one vertex w of W , and if it does, then �.QY /D �.Qw/.

Proof Step 1 First, we will prove that �.Qvk
/ is elliptic in the Bass–Serre tree T

of �G , for every k 2 ŒŒ1; n��.

Denote by Ok the underlying orbifold of Qvk
. We will use Proposition 2.31 in order to

split Qvk
as a graph of groups all of whose vertex groups are elliptic in T via � . If C

is an extended boundary subgroup of Qvk
, then C is of the form �.C 0/, where C 0

stands for an extended boundary subgroup of Gv , so �.C /D p.C 0/ is elliptic in T
by definition of �G–relatedness. Consequently, by Proposition 2.31, there exists an
essential set Ck of simple loops on Ok such that if X is a connected component
of Ok n Ck and H is the preimage of the orbifold fundamental group �1.X/ in Qvk

,
then �.H/ is elliptic in the Bass–Serre tree T .

Let �Q.Ck/ be the splitting of Q obtained by replacing vk in �Q by the splitting
of Qvk

dual to Ck . First, note that if Ck is empty, then �.Qvk
/ is obviously elliptic

in T . Assume now that Ck is nonempty and denote by vk;1; : : : ; vk;m the new vertices
coming from vk . Let T 0 be the Bass–Serre tree of �Q.Ck/. Let wk;i ; wk;j 2 T 0 be
two representatives of vk;i ; vk;j 2�Q.Ck/ that are adjacent in T 0 and linked by an
edge with infinite stabilizer. By the previous paragraph, there exists a nonempty subset
I � T pointwise-fixed by �.Qwk;i

/, and a nonempty subset J � T pointwise-fixed
by �.Qwk;j

/. Let x 2 I and y 2 J be such that d.x; y/ D d.I; J /, where d is
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the natural metric on T . By definition of a centered splitting, if an element of G
of infinite order fixes a segment of length � 2 in T , then this segment has length
exactly 2 and its endpoints are translates of the central vertex v . Therefore, since �
is nonpinching on Qvk

, the distance d.x; y/ between x and y belongs to f0; 1; 2g,
because otherwise � would pinch a common boundary element of Qwk;i

and Qwk;j
.

In addition, if the equality d.x; y/D 2 holds, then x and y are translates of v .

Claim d.x; y/D 0.

First, suppose that d.x; y/D 2. Then we can assume without loss of generality that
x D v , ie �.Qwk;i

/ � Gv . Since � is nonpinching on Qwk;i
, the group �.Qwk;i

/

is infinite, so it is not contained in an extended conical subgroup of Gv . Let us
suppose towards a contradiction that �.Qwk;i

/ is not contained in an extended boundary
subgroup of Gv . Then, it follows from Proposition 2.39 that �.Qwk;i

/ � �.Gv/

with equality if and only if f induces an isomorphism from Qwk;i
to Gv . But

�.Qwk;i
/ < �.Gv/ since the complexity decreases as soon as we cut along a loop

or pinch a loop and since Qwk;i
is not isomorphic to Gv . This is a contradiction.

Therefore, �.Qwk;i
/ is necessarily contained in an extended boundary subgroup of Gv .

Then �.Qwk;i
/ fixes a point z in T such that d.x; z/ D 1. As a consequence,

d.z; y/ D 1 or d.z; y/ D 3. This last case is impossible since an element of G of
infinite order fixes a segment of length � 2 in T . Thus d.z; y/D 1, and this contradicts
the definition of x , since x , which is at distance 2 from y , is the closest point to y
fixed by �.Qwk;i

/.

Now, suppose that d.x; y/D 1. Since �G is bipartite, one can assume, up to compos-
ing � with an inner automorphism and permuting x and y , that xD v . If �.Qwk;i

/ is
not contained in an extended boundary subgroup of Gv , we get a contradiction thanks
to Proposition 2.39, as above. Thus �.Qwk;i

/ is contained in an extended boundary
subgroup of Gv . So �.Qwk;i

/ has a fixed point z in T such that d.x; z/ D 1, so
d.z; y/D 0 or d.z; y/D 2. This last case is impossible since z and y are not translates
of v and, by definition of a centered splitting, if an element of G of infinite order fixes
a segment of length 2 in T , then its endpoints are translates of the central vertex v . As
a consequence, d.z; y/D 0, and this contradicts the definition of x .

Hence, we have proved that d.x; y/D 0. This concludes the proof of the claim.

We are now ready to complete the proof of the first step. Thanks to the previous claim,
we know that �.Qwk;i

/ and �.Qwk;j
/ have a common fixed point in the Bass–Serre

tree T of �G . We will now deduce that �.Qvk
/ is elliptic in T . Let T 00 be the tree
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obtained from T 0 by collapsing the adjacent vertices wk;i and wk;j to a point, and
let u be the new vertex. The group �.Qu/ is elliptic in T . One can repeat the previous
proof with the set S 0 D fug[ fvk;` j `¤ i; j g instead of S D fvk;1; : : : ; vk;mg. Since
jS 0j D jS j � 1 < jS j, a straightforward iteration proves that �.Qvk

/ is elliptic in T .
This concludes the proof of the first step.

Step 2 Let Y be a connected component of �Q nF , and let QY be the fundamental
group of Y . Note that Y contains at least one vertex vk coming from the central
vertex v . We distinguish two cases:

(1) Y does not contain a vertex w different from the vertices vi coming from the
central vertex v . Then Y is reduced to vk , and we have proved above that
�.Qvk

/ is elliptic in the Bass–Serre tree T of �G .

(2) Y contains a vertex w different from the vertices vi . We will prove that w is the
only vertex of Y different from the vi and that �.Qvk

/ is contained in �.Qw/.
This will prove that �.QY /D �.Qw/.

Suppose we are in the situation described in case (2). The vertices w and vk are
linked by an edge with infinite stabilizer. Let T 00 be the Bass–Serre tree of �Q . For
convenience, we still denote by w and vk two adjacent representatives of w and vk
in T 00 linked by an edge with infinite stabilizer. We shall prove that �.Qvk

/ is contained
in �.Qw/.

We have already proved the existence of a subset I � T pointwise-fixed by �.Qvk
/.

Since pjGw
is inner, �.Qw/ D p.Gw/ fixes a vertex y D gw of T , and we have

�.Qw/DGy D gGwg
�1 . Let x be a point of I such that d.x; y/D d.I; y/. Recall

that, by definition of a centered splitting, if an element of G of infinite order fixes a
segment of length � 2 in T , then this segment has length exactly 2 and its endpoints
are translates of the central vertex v . Therefore, since y is not a translate of v , we
have d.x; y/� 1.

Suppose towards a contradiction that d.x; y/D 1. Then we can assume without loss
of generality that x D v . Hence, � induces a nonpinching morphism of finite-by-
orbifold groups from Qvk

to Gv . We claim that �.Qvk
/ is contained in an extended

boundary subgroup of Gv . First, observe that the group �.Qvk
/ is infinite, since � is

nonpinching. Thus �.Qvk
/ is not contained in an extended conical subgroup of Gv .

Assume towards a contradiction that �.Qvk
/ is not contained in an extended boundary

subgroup of Gv . Then, it follows from Proposition 2.39 that �.Qvk
/� �.Gv/, with

equality if and only if � is an isomorphism. But the complexity decreases as soon as we
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cut along a loop or pinch a loop, so �.Gv/D �.Qvk
/ and p sends Gv isomorphically

to a conjugate of itself. This contradicts the hypothesis of the lemma, and proves
that �.Qvk

/ is contained in an extended boundary subgroup of Gv . Thus, �.Qvk
/

fixes a point z in T such that d.x; z/D 1. As a consequence, z D y or d.z; y/D 2.
This last case is impossible since y and z are not translates of v , so z D y and this
contradicts the definition of x . Hence, we have proved that �.Qvk

/ fixes the vertex y ,
whose stabilizer is �.Qw/. Therefore, �.Qvk

/� �.Qw/.

In order to prove that �.QY /D �.Qw/, it is enough to prove that w is the only vertex
of Y different from the vertices vi . Assume towards a contradiction that there is
another vertex w2 2 Y with this property. One can suppose without loss of generality
that d.w;w2/D 2 and that w and w2 are both linked to vk by an edge with infinite
stabilizer (up to replacing vk by another vertex vi 2 Y ), because Y is bipartite: the
vertices arising from v on the one hand, and the vertices not arising from v on the
other hand. We have already shown that �.Qvk

/� �.Qw1
/ and �.Qvk

/� �.Qw2
/.

Note, in addition, that Qvk
has an extended boundary subgroup C such that �.C / is

infinite. Hence, �.Qw1
/\ �.Qw2

/ is infinite. By definition of a centered splitting,
if an element of G of infinite order fixes a segment of length � 2 in T , then this
segment has length exactly 2 and its endpoints are translates of the central vertex v .
But w and w2 are not translates of v . This proves that w1 D w2 and completes the
proof of the lemma.

Proposition 7.4 Let G be a finitely generated group. Suppose that G is not a finite-
by-orbifold group. Let �G be a centered splitting of G, with central vertex v . Suppose
that there exists a noninjective degenerate �G–preretraction pW G ! G. Suppose
moreover that G has a one-ended subgroup A such that pjA is noninjective. Then there
exist a group H, a splitting �H of H and two morphisms r W G!H and j W H !G

such that .G;H;�G ; �H ; r; j / is a strict quasifloor.

Recall that a �G–preretraction p is said to be degenerate if it does not send the central
vertex group Gv isomorphically to a conjugate of itself (see Definition 3.14).

Proof Case A (nonpinching) Suppose that p is nonpinching on Gv . By hypoth-
esis, p does not send Gv isomorphically to a conjugate of itself, so it follows from
Lemma 7.3 that �G has only one vertex w different from v , and that p.Gv/�p.Gw/.
Since p is inner on H WDGw , there exists an element g 2G such that r WD ad.g/ıp
is a retraction from G onto H. Let �H be the splitting of H reduced to a point,
and let j denote the inclusion of H into G. The tuple .G;H;�G ; �H ; r; j / is a
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�
��

Q

v1 v2 v3 v4

Figure 8: Step 1 of Case B of the proof of Proposition 7.4: Edges with infinite
stabilizer are thickened.

quasifloor. Moreover, this quasifloor is strict since, by hypothesis, there exists a
one-ended subgroup A of G such that pjA , and therefore r jA , is noninjective.

Case B (pinching) Step 1 (pinching a maximal set of simple loops) Let S be
a maximal pinched set for .p;�G/, let Q be the pinched quotient and let �Q be
its pinched decomposition. Denote by v1; : : : ; vn the new vertices coming from v

(see Figure 8). Let � W G�Q be the quotient epimorphism. There exists a unique
homomorphism �W Q!G such that p D � ı� . This homomorphism is nonpinching
since S is assumed to be maximal.

Let F be the set of edges of �Q with finite stabilizer. For every k 2 ŒŒ1; n��, we denote
by Yk the connected component of �Q nF containing vk , and we denote by QYk

its fundamental group. By Lemma 7.3, �.QYk
/ is elliptic in the Bass–Serre tree of

the splitting �G (in particular, �.Qvk
/ is elliptic). Hence, there exists a vertex w

of �G such that �.QYk
/ is contained in a conjugate of Gw . If w is unique, we define

wk WDw . If w is not unique, then we can assume that w¤ v , and we define wk WDw .

We will construct the group H together with its splitting �H by eliminating the new
vertices v1; : : : ; vn coming from the central vertex v . We will illustrate each step of
the construction in the case of the example shown in Figure 8.

Step 2 (eliminating orbifolds with nonempty boundary) Let vk be a vertex such
that the underlying orbifold of Qvk

has nonempty boundary. Then Yk contains a
vertex w different from the vertices v1; : : : ; vn . By Lemma 7.3, w is the only vertex
of Yk with this property, and we have �.QYk

/D �.Qw/D gGwg
�1 for some g 2G.

Since w is unique, we have w D wk (when viewed as a vertex of �G ).

Therefore, the quotient Q0 DQ=N of Q by the subgroup N normally generated by

fker.�jQYk
/ j the underlying orbifold of Qvk

has nonempty boundaryg
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w1
v1

Y1

v2 v3 v4

Y4

w4

Q

� 0
�� w1

v2 v3

w4

Q0

Figure 9: Step 2: Edges with infinite stabilizer are thickened. Note that, by
construction, �Q0 has finite edge groups.

splits naturally as a graph of groups �Q0 obtained by replacing in �Q each subgraph Yk
as above by a new vertex labeled by �.QYk

/D �.Qwk
/D .� ı�/.Gwk

/Dp.Gwk
/D

gGwk
g�1 for some g 2 G. With a little abuse of notation, this new vertex is still

denoted by wk (see Figure 9). Note that the graph of groups �Q0 has finite edge groups.
Let � 0W Q�Q0 be the quotient epimorphism. There exists a unique homomorphism
�0W Q0!G such that � D �0 ı� 0, so p D �0 ı� 0 ı� .

Step 3 (eliminating vertices vk such that wk D v) Let k 2 ŒŒ1; n�� be such that
wk D v . Note that, by definition of wk , �0.Q0vk

/ D �.Qvk
/ is not contained in an

extended boundary subgroup of Gv . Since �0 is nonpinching on Q0vk
(by maximality

of S ), and since the complexity of Q0vk
is strictly less than the complexity of Gv ,

it follows from Proposition 2.39 that �0.Q0vk
/ is contained in an extended conical

subgroup of gGvg�1 ; in particular, �0.Q0vk
/ is a finite group. As in the previous step,

we replace the vertex vk by a new vertex labeled by �0.Q0vk
/. This new vertex is

called xk (see Figure 10). We perform the previous operation for each k 2 ŒŒ1; n�� such
that wk D v . Let ƒ be the resulting graph of groups. Call its fundamental group Q00 ,
and let �Q00 WDƒ. Let � 00W Q0�Q00 be the quotient epimorphism. There exists a
unique homomorphism �00W Q00!G such that �0D �00ı� 00, so pD �00ı.� 00ı� 0ı�/.

Step 4 (eliminating the remaining QH vertices) Denote by V the set of vertices
of �Q00 coming from the initial pinching of Gv and that have not been treated yet. For
each vk 2 V , recall that wk stands for a vertex of �G such that �.Qvk

/ is contained
in a conjugate of Gwk

. Note that wk is not the central vertex v of �G (see Step 3).

To complete the proof of Proposition 7.4, it is convenient to adopt a topological point
of view. Let XG be a K.G; 1/ obtained as a graph of spaces using, for each vertex
or edge w of �G , a K.Gw ; 1/ denoted by XwG (see [23]). Let XQ00 be a K.Q00; 1/
obtained in the same way. There exists a morphism of CW–complexes f W XQ00!XG
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w1 v2 v3

w4

Q0

� 0
��

w1 x2
v3

w4

Q00

Figure 10: Step 3: In this example, w2 D v . The vertex v2 is replaced by a
vertex x2 labeled by the finite group �0.Q0v2

/ .

inducing �00W Q00!G at the level of fundamental groups such that f .Xvk

Q00/�f .X
wk

Q00 /

for each remaining vertex vk coming from v , and f induces a homeomorphism
between XwQ00 and XwG for each vertex w that does not come from v . We define an
equivalence relation � on XQ00 by x � y if x D y , or if x 2 Xvk

Q00 , y 2 X
wk

Q00 and
f .x/D f .y/. Let gW XQ00� .XQ00=�/ be the quotient map. There exists a unique
continuous function hW .XQ00=�/!XG such that f Dhıg . Hence �00Dh�ıg� . Note
that the homomorphism g� is not surjective in general. Denote by H the fundamental
group of XQ00= �, let j D h� and r D g� ı � 00 ı � 0 ı � , so that p D j ı r . Note
that XQ00=� naturally has the structure of a graph of spaces, and denote by �H the
corresponding splitting of H. We claim that G is a strict quasifloor over H (see below).

Let us explain the topological construction above from an algebraic point of view in
the case of our example. The only remaining vertex coming from the central vertex v
is v3 (see Figure 10). Up to replacing Q00 by Q00=hhker.'/ii, where ' stands for the
restriction of �00 to the stabilizer Q00v3

of v3 in Q00, we can assume �00 is injective
on Q00v3

. We know �00.Q00v3
/ is contained in gGw3

g�1 for some g2G, where w3 is the
vertex associated with v3 defined in Step 1. Moreover, �00 sends Q00w3

isomorphically
onto Ghw3

for some h 2G. Therefore, i WD .�00/�1 ıad.hg�1/ı�00W Q00v3
!Q00w3

is
a monomorphism. We add an edge e to the graph of groups �Q00 between v3 and w3

w1 x2
v3

w4

Q00

�!
w3 D w1 x2

v3

w4

H
e

Figure 11: In this example, w3 D w1 . We define H as the fundamental
group of the graph of groups obtained by adding an edge e to the graph �Q00 ,
identifying Q00v3

with i.Q00v3
/�Q00w3

. The natural homomorphism from Q00

to H is not surjective in general.
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identifying Q00v3
with its image i.Q00v3

/ in Q00w3
(see Figure 11). Denote by H the

fundamental group of this graph of groups. In other words, we obtain H by adding
a new generator t to Q00, as well as the relation ad.t/.x/D i.x/ for every x 2Q00v3

.
Last, we collapse the edge e , and we denote by �H the resulting splitting of H (see
Figure 12). We define r W G!H as the composition of � 00 ı� 0 ı� W G!Q00 with
the natural homomorphism from Q00 to H. Note that r is not surjective in general.
Then, we define a morphism j from H to G that extends �00W Q00!G by sending t
to hg�1 . Since p D �00 ı .� 00 ı� 0 ı�/, we have p D j ı r .

It remains to verify that .G;H;�G ; �H ; r; j / is a strict quasifloor:

� j ı r D p is �G–related to the identity of G by definition of p .

� Let VG be the set of vertices of �G , and let VH be the set of vertices of �H .
Recall that v stands for the central vertex of �G . By construction of H and �H ,
the homomorphism r W G!H induces a bijection s between VG n fvg and a
subset V1 � VH such that r.Gw/DHs.w/ , for every w 2 VG n fvg.

� Let V2 D VH nV1 . By construction (see Step 3 above), for every w 2 V2 , the
vertex group Hw is finite and j is injective on Hw .

� By hypothesis, there exists a one-ended subgroup A of G such that pjA is
noninjective, with p D j ı r . We claim that r is not injective on A. Assume
towards a contradiction that r is injective on A. Then r.A/ is a one-ended
subgroup of H. Because j is injective on one-ended subgroups of H, it is
injective on r.A/. Therefore, pD j ır is injective on A. This is a contradiction.
Hence, we have A\ ker.r/¤ f1g, which proves that the quasifloor is strict.

Before proving Proposition 6.3, we need an easy lemma.

Lemma 7.5 Let G be a group with a splitting over finite groups. Let T denote
the Bass–Serre tree associated with this splitting. Let H be a group with a splitting
over infinite groups, and let S be the associated Bass–Serre tree. If pW H ! G is a
homomorphism injective on edge groups of S and such that p.Hv/ is elliptic in T for
every vertex v of S, then p.H/ is elliptic in T .

Proof Consider two adjacent vertices v and w in S. Let Hv and Hw be their
stabilizers. The group Hv \Hw is infinite by hypothesis. Moreover, p is injective on
edge groups, so p.Hv\Hw/ is infinite. Hence p.Hv/\p.Hw/ is infinite. Since edge
groups of T are finite, p.Hv/ and p.Hw/ fix necessarily the same unique vertex x
of T . As a consequence, for each vertex v of S, the group p.Hv/ fixes x .
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w1

v

w4

G

j
 �

r
�!

x2

w1 w4

H

Figure 12: After collapsing the edge e , we get the desired splitting �H of H.

Now, let h be an element of H, and let v be any vertex of S. By the previous paragraph,
p.Hv/ and p.Hhv/ D p.h/p.Hv/p.h/�1 are both contained in Gx . Thus, p.Hv/
is contained in the intersection Gx \p.h/�1Gxp.h/. Since Hv is infinite and p is
injective on Hv , the intersection Gx \p.h/�1Gxp.h/ is infinite as well. Moreover,
edge groups of S are finite. It follows that the vertex groups Gx and p.h/�1Gxp.h/
are equal. Thus, p.h/ belongs to Gx . Therefore, p.H/ is contained in Gx .

We now prove the main result of this section, Proposition 6.3.

Proposition 7.6 Let G be a finitely generated K–CSA group that does not contain Z2 .
Let A be a one-ended factor of G. Suppose that A is not a finite-by-orbifold group. If
there exists a noninjective preretraction pW A!G, then there exist a finitely generated
group H and two morphisms r W G!H and j W H ! G such that .G;H; r; j / is a
strict quasifloor.

Proof Let � be the Z–JSJ splitting of A, which exists since A is K–CSA and
does not contain Z2 . Let ƒ be a F–JSJ splitting of G containing a vertex vA with
stabilizer A. Let T be the Bass–Serre tree of ƒ.

Step 1 We shall prove that there exists a QH vertex v of � such that Av is not sent
isomorphically to a conjugate of itself by p .

If w is a non-QH vertex of �, then p.Aw/ is conjugate to Aw by definition of a �–
preretraction. In particular, p.Aw/ is elliptic in T . Suppose for the sake of contradiction
that each stabilizer Av of a QH vertex v of � is sent isomorphically to a conjugate of
itself by p . Then p.Av/ is elliptic in T , for every QH vertex v . Therefore, it follows
from Lemma 7.5 that p.A/ is elliptic in T , because p is injective on edge groups
of � (indeed, each edge group of � is contained in a non-QH vertex group of �),
and T has finite edge groups. Moreover, since p is inner on non-QH vertices of �,
p.A/ is contained in gAg�1 for some g 2G (note that there exists at least one non-QH
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vertex since A is not finite-by-orbifold by hypothesis). Up to composing p with the
conjugation by g�1 , one can thus assume that p is an endomorphism of A. Now, by
Proposition 7.1, p is injective. This is a contradiction. Hence, we have proved that
there exists a QH vertex v of � such that Av is not sent isomorphically to a conjugate
of itself by p .

Step 2 We shall complete the proof using Proposition 7.4. For this purpose, we shall
construct a centered splitting of G, together with an endomorphism of G satisfying
the hypotheses of Proposition 7.4.

Note that every stabilizer Ge of an edge e of ƒ incident to vA is elliptic in the
splitting � of A, as a finite group. First, we refine ƒ by replacing the vertex vA by the
splitting � of A. The resulting splitting of A is denoted by ƒ2 . With a little abuse of
notation, we still denote by v the vertex of ƒ2 corresponding to the QH vertex v of �
defined in the previous step. Then, we collapse to a point every connected component
of the complement of star.v/ in ƒ2 (where star.v/ stands for the subgraph of ƒ2
composed of v and all its incident edges); the stabilizer of such a point in the new
graph of groups is the fundamental group of the corresponding connected component,
viewed as a graph of groups. This new graph of groups, denoted by ƒ3 , is nontrivial,
since A is not finite-by-orbifold (by hypothesis). Thus, ƒ3 is a centered splitting of G,
with central vertex v .

The homomorphism pW A!G is well defined on Gv because Gv D Av is contained
in A. Moreover, p restricts to a conjugation on the group of each edge e of ƒ3 incident
to v . Indeed, either e is an edge coming from � or Ge is a finite subgroup of A; in
both cases, pjGe

is a conjugation since p is �–related to the inclusion of A into G.

Now, we claim that there exists an endomorphism qW G! G that coincides with p
on Gv D Av and that coincides with a conjugation on every vertex group of ƒ3
different from Gv . We proceed by induction on the number of edges of the graph
of groups ƒ3 . It is enough to prove the claim in the case where ƒ3 has only one
edge. If G D Av �C B with pjC D ad.g/, one defines qW G! G by qjAv

D p and
qjB D ad.g/. If GDAv�C DhAv; t j tct�1D ˛.c/ for all c 2C i with pjC D ad.g1/
and pj˛.C/ D ad.g2/, one defines qW G!G by qjAv

D p and q.t/D g�12 tg1 .

The endomorphism q defined above is ƒ3–related to the identity of G (in the sense
of Definition 3.13), by construction. Moreover, q does not send Gv isomorphically
to a conjugate of itself, by Step 1. In other words, q is a degenerate ƒ3–preretraction
of G. In order to apply Proposition 7.4 to the group G with the splitting ƒ3 and the
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degenerate ƒ3–preretraction q , we will prove that the restriction of q to the one-ended
subgroup A of G is noninjective. In the case where q kills an element of Av � A,
this is obvious. Now, let us suppose that the restriction of q to Av is injective. Then q
is a fortiori nonpinching on Av , and we claim that q.Av/ is elliptic in T . First, let
us observe that the images by q of the extended boundary subgroups of the finite-by-
orbifold group Av are elliptic in T , since q restricts to a conjugacy on these subgroups.
Then, by Proposition 2.31 and the paragraph following it, one can cut the underlying
orbifold of Av into connected components that are elliptic in T via q ; but edge groups
of T are finite, and q is nonpinching on Av , so q.Av/ is elliptic in T by Lemma 7.5.
Again by Lemma 7.5, q.A/ is contained in A (up to conjugacy), so q induces an
endomorphism of A. Now, we are ready to find a nontrivial element in ker.q/\A.
Let �0 be the splitting of A obtained by collapsing every connected component of the
complement of star.v/ in the Z–JSJ splitting � of A. With an abuse of notation, we
still denote by v the vertex of �0 coming from the vertex v of �. The splitting �0

is centered, with central vertex v , and qjA is an endomorphism of A that does not
send Av isomorphically to a conjugate of itself, by Step 1 and since qjAv

D pjAv
.

Moreover, qjA is �0–related to the identity of A (in the sense of Definition 3.13); indeed,
if w is a vertex of �0 different from v , there exists a vertex zw 2 ƒ3 such that Aw
is contained in G zw , and q restricts to a conjugation on G zw since q is ƒ–related to
the identity of G, by construction. So it follows from Lemma 7.3 that �0 has only
one vertex w different from v , and that q.Av/ � q.Aw/. Since q is inner on Aw ,
there exists an element a 2 A such that ad.a/ ı q is a retraction from A onto Aw .
Let x be an element of Av that does not belong to Aw . Let y D ad.a/ ı q.x/; we
have seen that y lies in Aw , so ad.a/ ı q.y/D y . Hence, ad.a/ ı q.xy�1/D 1, with
xy�1 2 A n f1g. We have proved that the restriction of q to A is noninjective. Now,
it follows from Proposition 7.4 that there exist a finitely generated group H and two
morphisms r W G ! H and j W H ! G such that .G;H; r; j / is a strict quasifloor.
This concludes the proof of the proposition.

References
[1] I Agol, The virtual Haken conjecture, Doc. Math. 18 (2013) 1045–1087 MR

[2] B Baumslag, Residually free groups, Proc. London Math. Soc. 17 (1967) 402–418 MR

[3] G Baumslag, On generalised free products, Math. Z. 78 (1962) 423–438 MR

[4] M Bestvina, M Feighn, A combination theorem for negatively curved groups, J. Differ-
ential Geom. 35 (1992) 85–101 MR

Geometry & Topology, Volume 24 (2020)

http://dx.doi.org/10.1016/j.procs.2013.05.269
http://msp.org/idx/mr/3104553
http://dx.doi.org/10.1112/plms/s3-17.3.402
http://msp.org/idx/mr/0215903
http://dx.doi.org/10.1007/BF01195185
http://msp.org/idx/mr/140562
http://dx.doi.org/10.4310/jdg/1214447806
http://msp.org/idx/mr/1152226


1146 Simon André

[5] B H Bowditch, Cut points and canonical splittings of hyperbolic groups, Acta Math.
180 (1998) 145–186 MR

[6] T Delzant, L’image d’un groupe dans un groupe hyperbolique, Comment. Math. Helv.
70 (1995) 267–284 MR

[7] V Guirardel, G Levitt, JSJ decompositions of groups, Astérisque 395 (2017) MR

[8] F Haglund, Finite index subgroups of graph products, Geom. Dedicata 135 (2008)
167–209 MR

[9] O Kharlampovich, A Myasnikov, Irreducible affine varieties over a free group, I:
Irreducibility of quadratic equations and Nullstellensatz, J. Algebra 200 (1998) 472–
516 MR

[10] O Kharlampovich, A Myasnikov, Elementary theory of free non-abelian groups, J.
Algebra 302 (2006) 451–552 MR

[11] P A Linnell, On accessibility of groups, J. Pure Appl. Algebra 30 (1983) 39–46 MR

[12] D Marker, Model theory: an introduction, Graduate Texts in Mathematics 217,
Springer (2002) MR

[13] J P McCammond, D T Wise, Coherence, local quasiconvexity, and the perimeter of
2–complexes, Geom. Funct. Anal. 15 (2005) 859–927 MR

[14] J P McCammond, D T Wise, Locally quasiconvex small-cancellation groups, Trans.
Amer. Math. Soc. 360 (2008) 237–271 MR

[15] C Moioli, Graphes de groupes et groupes co-hopfiens, PhD thesis, Université Paul
Sabatier – Toulouse III (2013) Available at https://tel.archives-ouvertes.fr/
tel-00961301

[16] J W Morgan, P B Shalen, Valuations, trees, and degenerations of hyperbolic struc-
tures, I, Ann. of Math. 120 (1984) 401–476 MR

[17] A Y Ol’shanskiı̆, On residualing homomorphisms and G–subgroups of hyperbolic
groups, Internat. J. Algebra Comput. 3 (1993) 365–409 MR

[18] A Ould Houcine, Limit groups of equationally Noetherian groups, from “Geometric
group theory” (G N Arzhantseva, L Bartholdi, J Burillo, E Ventura, editors), Birkhäuser,
Basel (2007) 103–119 MR

[19] C Perin, Elementary embeddings in torsion-free hyperbolic groups, Ann. Sci. Éc. Norm.
Supér. 44 (2011) 631–681 MR Correction in 46 (2013) 851–856

[20] C Reinfeldt, R Weidmann, Makanin–Razborov diagrams for hyperbolic groups,
preprint (2014) Available at https://www.math.uni-kiel.de/algebra/de/
weidmann/research/material-research/mr2014-pdf

[21] V N Remeslennikov, 9–free groups, Sibirsk. Mat. Zh. 30 (1989) 193–197 MR In
Russian; translated in Sib. Math. J. 30 (1989) 998–1001

Geometry & Topology, Volume 24 (2020)

http://dx.doi.org/10.1007/BF02392898
http://msp.org/idx/mr/1638764
http://dx.doi.org/10.1007/BF02566008
http://msp.org/idx/mr/1324630
http://dx.doi.org/10.24033/ast.1039
http://msp.org/idx/mr/3758992
http://dx.doi.org/10.1007/s10711-008-9270-0
http://msp.org/idx/mr/2413337
http://dx.doi.org/10.1006/jabr.1997.7183
http://dx.doi.org/10.1006/jabr.1997.7183
http://msp.org/idx/mr/1610660
http://dx.doi.org/10.1016/j.jalgebra.2006.03.033
http://msp.org/idx/mr/2293770
http://dx.doi.org/10.1016/0022-4049(83)90037-3
http://msp.org/idx/mr/716233
http://dx.doi.org/10.1007/b98860
http://msp.org/idx/mr/1924282
http://dx.doi.org/10.1007/s00039-005-0525-8
http://dx.doi.org/10.1007/s00039-005-0525-8
http://msp.org/idx/mr/2221153
http://dx.doi.org/10.1090/S0002-9947-07-04206-7
http://msp.org/idx/mr/2342002
https://tel.archives-ouvertes.fr/tel-00961301
https://tel.archives-ouvertes.fr/tel-00961301
http://dx.doi.org/10.2307/1971082
http://dx.doi.org/10.2307/1971082
http://msp.org/idx/mr/769158
http://dx.doi.org/10.1142/S0218196793000251
http://dx.doi.org/10.1142/S0218196793000251
http://msp.org/idx/mr/1250244
http://dx.doi.org/10.1007/978-3-7643-8412-8_8
http://msp.org/idx/mr/2395792
https://smf.emath.fr/download/pdf/44165
http://msp.org/idx/mr/2919979
https://smf.emath.fr/download/pdf/44364
https://www.math.uni-kiel.de/algebra/de/weidmann/research/material-research/mr2014-pdf
https://www.math.uni-kiel.de/algebra/de/weidmann/research/material-research/mr2014-pdf
http://msp.org/idx/mr/1043446
http://doi.org/10.1007/BF00970922


Hyperbolicity and cubulability are preserved under elementary equivalence 1147

[22] M Sageev, CAT.0/ cube complexes and groups, from “Geometric group theory” (M
Bestvina, M Sageev, K Vogtmann, editors), IAS/Park City Math. Ser. 21, Amer. Math.
Soc., Providence, RI (2014) 7–54 MR

[23] P Scott, T Wall, Topological methods in group theory, from “Homological group
theory” (C T C Wall, editor), London Math. Soc. Lecture Note Ser. 36, Cambridge Univ.
Press (1979) 137–203 MR

[24] Z Sela, Structure and rigidity in (Gromov) hyperbolic groups and discrete groups in
rank 1 Lie groups, II, Geom. Funct. Anal. 7 (1997) 561–593 MR

[25] Z Sela, Diophantine geometry over groups, I: Makanin–Razborov diagrams, Publ.
Math. Inst. Hautes Études Sci. 93 (2001) 31–105 MR

[26] Z Sela, Diophantine geometry over groups, VI: The elementary theory of a free group,
Geom. Funct. Anal. 16 (2006) 707–730 MR

[27] Z Sela, Diophantine geometry over groups, VII: The elementary theory of a hyperbolic
group, Proc. Lond. Math. Soc. 99 (2009) 217–273 MR

[28] M Sykiotis, On subgroups of finite complexity in groups acting on trees, J. Pure Appl.
Algebra 200 (2005) 1–23 MR

[29] W Szmielew, Elementary properties of Abelian groups, Fund. Math. 41 (1955) 203–271
MR

[30] D T Wise, The structure of groups with a quasiconvex hierarchy, preprint (2012)
Available at http://www.math.mcgill.ca/wise/papers.html

Université de Rennes 1, CNRS, IRMAR-UMR 6625
Rennes, France

Current address: Department of Mathematics, Vanderbilt University
Nashville, TN, United States

simon.andre@vanderbilt.edu

Proposed: Martin Bridson Received: 14 February 2018
Seconded: Anna Wienhard, Walter Neumann Revised: 23 April 2019

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://bookstore.ams.org/pcms-21
http://msp.org/idx/mr/3329724
http://dx.doi.org/10.1017/CBO9781107325449.007
http://msp.org/idx/mr/564422
http://dx.doi.org/10.1007/s000390050019
http://dx.doi.org/10.1007/s000390050019
http://msp.org/idx/mr/1466338
http://dx.doi.org/10.1007/s10240-001-8188-y
http://msp.org/idx/mr/1863735
http://dx.doi.org/10.1007/s00039-006-0565-8
http://msp.org/idx/mr/2238945
http://dx.doi.org/10.1112/plms/pdn052
http://dx.doi.org/10.1112/plms/pdn052
http://msp.org/idx/mr/2520356
http://dx.doi.org/10.1016/j.jpaa.2004.11.005
http://msp.org/idx/mr/2142347
http://dx.doi.org/10.4064/fm-41-2-203-271
http://msp.org/idx/mr/72131
http://www.math.mcgill.ca/wise/papers.html
mailto:simon.andre@vanderbilt.edu
http://msp.org
http://msp.org



	1. Introduction
	2. Preliminaries
	2.1. Notation
	2.2. The elementary theory of groups
	2.3. Gamma–limit groups
	2.4. K–CSA groups
	2.5. Generalized Baumslag's lemma
	2.6. JSJ decompositions of finitely generated groups
	2.6.1. Existence of JSJ decompositions
	2.6.2. Uniqueness
	2.6.3. Description of the vertex groups
	2.6.4. Properties of the Z–JSJ decomposition
	2.6.5. The modular group
	2.6.6. JSJ splittings over finite groups

	2.7. Preliminaries on orbifolds
	2.7.1. Cutting an orbifold into elliptic components
	2.7.2. Nonpinching homomorphisms


	3. How to extract information from the JSJ using first-order logic
	3.1. A particular case
	3.2. Related homomorphisms and preretractions
	3.3. Centered graph of groups

	4. Torsion-saturated groups
	5. Quasifloors and quasitowers
	5.1. Definitions
	5.2. Inheritance of hyperbolicity
	5.3. Every Gamma–limit group has a quasicore
	5.4. Quasitowers and relatedness

	6. Proofs of Theorems 1.2–1.5
	6.1. How to build a quasifloor using first-order logic
	6.2. Proofs of Theorems 1.3 and 1.4
	6.3. Proof of Theorem 1.2
	6.4. Proof of Theorem 1.5

	7. From a preretraction to a quasifloor: proof of Proposition 6.3
	7.1. A preliminary proposition
	7.2. Building a quasifloor from a noninjective preretraction

	References

