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Geodesic stability, the space of rays and
uniform convexity in Mabuchi geometry
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We establish the essentially optimal form of Donaldson’s geodesic stability conjecture
regarding existence of constant scalar curvature Kihler metrics. We carry this out by
exploring in detail the metric geometry of Mabuchi geodesic rays, and the uniform
convexity properties of the space of Kihler metrics.
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1 Introduction

In this paper we prove the essentially optimal form of S Donaldson’s geodesic stability
conjecture [51]. The main result is obtained via a detailed analysis of the rays associated
to the space of Kihler metrics.

Suppose (X, w) is a compact Kdhler manifold with dim X = n. We consider #, the
space of Kidhler metrics cohomologous to w, with its L? —type Mabuchi metric struc-
tures (#, dp) for p > 1; see Darvas [32]. For simplicity, to describe our motivation, let
us momentarily assume that X has no nontrivial holomorphic vector fields. In the recent
breakthrough papers [25; 26; 27], Chen and Cheng provided the first existence theorems
of constant scalar curvature Kihler (csck) metrics inside the class . Such metrics
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are minimizers of Mabuchi’s K—energy functional X: H — R [67]. Together with
Berman, Darvas and Lu [9], the Chen—Cheng results provided a full characterization
of existence of csck metrics in terms of dj—properness of K. As dy—properness is
actually equivalent with properness in terms of Aubin’s J—functional [32], this also
verified an old conjecture of Tian [77; 79, Conjecture 7.12], with the precise statement
appearing in Darvas and Rubinstein [44, Conjecture 2.8].

Energy properness is the strongest form of stability. Contrasting this is uniform K-
stability, one of the weakest such conditions. When the Kéhler structure is induced by
an ample line bundle, this criterion was first considered by G Székelyhidi [74], and
was further studied by Dervan [47], Berman, Boucksom and Jonsson [7], Boucksom,
Hisamoto and Jonsson [18; 17] and many others. The ultimate hope is that (uniform)
K-stability is weak enough to be verified using computational techniques of algebraic
geometry, this being the main motivation behind the Yau-Tian—Donaldson (YTD)
conjecture, seeking to show that some form of K—stability is equivalent with existence
of csck metrics.

In this paper we focus on Donaldson’s geodesic stability conjecture [51, Conjecture 12],
lying between energy properness and uniform K-stability (see Conjecture 1.7 below).
This conjecture predicts that it is enough to check properness of the K—energy along
the geodesic rays of # to ensure existence of csck metrics. Initially, the predictions of
Donaldson advocated for the use of smooth geodesic rays [51]. As we know now, the
typical regularity of geodesics is merely C!*! — see Chen [24], Btocki [11], Darvas
and Lempert [42] and Chu, Tosatti and Weinkove [30] — even when connecting smooth
endpoints. Hence, the present expectation is that (in its optimal form) Donaldson’s
geodesic stability conjecture should hold for rays that have at most two bounded
derivatives. In Theorem 1.8 we essentially verify this form of the conjecture.

To carry out our plan, we first explore in depth the metric geometry of L? geodesic
rays (ie rays running inside the dj,—completions of 7{), a topic of independent interest.
To do this, perhaps surprisingly, we need to understand uniform convexity of the
L? Mabuchi geometry when p > 1, extending work of Calabi and Chen in the
particular case p = 2 [22]. After exploring the metric space of L? geodesic rays,
we show that such rays can always be approximated via rays of C'>! potentials,
with converging radial K-energy. With slightly different formulation, the uniform L'
geodesic stability conjecture was verified in [26; 27], pointing out that it is enough to
test energy properness along L! geodesic rays to guarantee existence of csck metrics.
This result, together with our approximation theorems just mentioned, will yield the
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geodesic stability theorem for rays of C!*! potentials, ie potentials with bounded
complex Hessian.

In addition to the above, our results resolve a number of related open questions in
Kihler geometry, specified in the paragraphs below. Also, in the particular case when
the Kéhler structure is induced by an ample line bundle, our theorems also make
connection with the variational program designed to attack the uniform YTD conjecture
(see Boucksom [13] and Chen and Cheng [27]). Roughly speaking, to verify the
uniform YTD conjecture using our results, it is now enough to show that specific
CU1 geodesic rays can be approximated by geodesic rays induced by the so-called
test configurations of algebraic geometry; see Tian [78] and Donaldson [52] (with
converging radial K-energy). On the surface this sounds simpler than approximating
L' metric geodesic rays [13, page 2], and time will tell what role our results will play
in the solution of this problem.

Uniform convexity and uniqueness of geodesic segments By 7#, we denote the
space of Kihler potentials associated to 7. The metric completions of (H, dp) are
(&5, dp), and the latter spaces are complete geodesic metric spaces for any p > 1 [32].
The distinguished dj,—geodesics running between the points of &L are called L? finite-
energy geodesics (or simply finite-energy geodesics, or L? geodesics, if no confusion
arises). These curves arise as limits of solutions to degenerate equations of complex
Monge—Ampere type. We recall the basic properties of these spaces in Section 2.1.

For any p €[1, co) it was shown in [27, Theorem 1.5] that the metrics d), are “convex”:
if [0,1]3¢ — uy, v, € EP are two finite-energy geodesic segments then

) dp(uy,vy) < (1 =A)dp(ug,vo) +Adp(uy,vy), Ae€l0,1].

This property is called Busemann convexity in the metric geometry literature; see
Jost [60, Section 2.2], going back to Busemann [21]. In the particular case p =1, (1)
was established in Berman, Darvas and Lu [8, Proposition 5.1], having applications
to the convergence of the weak Calabi flow. When p = 2, (1) follows from the fact
that (53), d;) is a complete CAT(0) metric space, as shown in Darvas [33, Theorem 1],
building on estimates of [22, Theorem 1.1].

The CAT(0) property consists of the following estimate: if u € £2 and [0,1]> ¢ —
vy € 53, is a finite-energy geodesic segment then

() dy(u,v3)? < (1=A)da(u, v9)* + Ada(u, v1)> =21 =N)dy (v, v1)%, L €]0,1].

Geometry & Topology, Volume 24 (2020)



1910 Tamds Darvas and Chinh H Lu

As is well known, (2) implies (1) [60, Proposition 2.3.2]. Unfortunately, there is very
strong evidence that (2) cannot hold for the d), metrics when p # 2. Indeed, when
restricting to a toric Kihler manifold and toric Kéhler metrics, the spaces (€2, d,)
are isometric to the flat L? metric spaces of convex functions defined on a convex
polytope of R”; see Di Nezza and Gued; [49, Section 6]. It is well known however that
CAT(0) Banach spaces are in fact Hilbert spaces — see Bridson and Haefliger [20] —
evidencing that only (£2,d,) can be CAT(0).

Despite this, in the first main result of this paper we show that adequate generalizations
of the CAT(0) inequality (2) do hold for the d, metrics, when p > 1. These can be
viewed as the Kéhler analogs of classical inequalities of Clarkson [31] and Ball, Carlen
and Lieb [3], regarding the uniform convexity of L? spaces. Consequently, the metric
spaces (€5, dp) are uniformly convex for p > 1, giving them extra structure that will
be explored in the latter parts of the paper:

Theorem 1.1 Let p € (1,00). Suppose that ueEL, 1 €[0,1] and [0,1]3t — v, €EL
is a finite-energy geodesic segment. Then the following hold:
(1) dp(u,vp)? < (1=A)dp(u, v9)? + Adp(u,v1)* — (p — DA(1 — A)dp (vg, v1)? if
l<p=<2.
(i) dp(u,v3)? < (1=A)dp(u, v0)? + Adp(u, v1)? —AP/2(1 = 1)P/2dp (vy, v1)? if
2<p.

In the particular case p =2 this result recovers the inequalities of Calabi and Chen [22],
however our proof of Theorem 1.1 is very different from the argument in [22], as the
differentiation of d, metrics is problematic for p # 2.

It was pointed out in the comments following [32, Theorem 4.17] that d; —geodesic
segments connecting the different points of (£),d;) are not unique. However, as a
consequence of the above result it follows that uniqueness of d,—geodesic segments
does hold when p > 1:

Theorem 1.2 Let p € (1,00), and suppose that [0,1] 3t — v, € £} is the L?
finite-energy geodesic connecting vqy, vy € E5. Then t — v; is the only dp—geodesic
connecting vy and vy, ie (£5, dp) is a uniquely geodesic metric space.

The metric geometry of geodesic rays Next we explore the metric geometry of RZ
the space of finite-energy L? geodesic rays emanating from a fixed potential u € 5.
As a convention, given p € [1, 00), a finite-energy geodesic ray [0,00) 3 — u; €
with 1o = u will be simply denoted by {u,}; € RE.
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In accordance with the metric space literature, two dj,—rays [0,00) 3¢ — u;, v; € &b
are parallel/asymptotic if dp(u,, v;) is uniformly bounded for ¢ > 0 [20, Chapter IL.8].
To start, we point out in Proposition 4.1 that for any v € £5 and {u,}; € RE itis possible
to find a unique {v;}; € R¥Y such that {u;}, and {v,}; are parallel. Consequently, the
dp—geometries verify Euclid’s 5t postulate for half-lines, answering an open question
of Chen and Cheng [27, Remark 1.6], who proved this for p = 1 under restrictive
conditions on the slope of the K—energy along {u,},. Thus, we can introduce a natural
parallelism operator Py,,: REY — RY for any u,v € £5. Moreover it is possible to
introduce natural metric structures on R% and R} making this map an isometry:

Theorem 1.3 Let p €[1,00). Forany u € 5, (R, dy ,) is a complete metric space.

For any v € £} the parallelism operator Pyy: (RY, dy p) = (RY, dy. ) is an isometry.

In this result, the d,f’ » metric is called the chordal L? metric between two rays, defined
by the expression

(3) dﬁ,p({ut}t,{vt}t) = tl_l)rfolo

That this limit exists and is finite follows from (1). Though not necessarily treated
as a metric in other works, Chen and Cheng [27, Corollary 5.6] and Boucksom
[13, Formula 1.2] also consider the expression on the right-hand side of (3), in the

d )
M, {Z/lt}tGRII;, {Ut}tERg.

slightly restrictive cases of unit-speed geodesic rays and non-Archimedean metrics,
respectively (see also [9, Lemma 3.1]). Moreover, one would think that the metrics
of the graded filtrations defined in Boucksom and Jonsson [19, Section 3] should be
related to the above concept as well.

It was pointed out recently that L' Mabuchi geometry can be defined for big classes
as well; see Darvas, Di Nezza and Lu [36]. Using this, it is possible to introduce the
metric space of weak L! rays in the big context (see Darvas, Di Nezza and Lu [40],
where we embed singularity types into the space of L! rays).

By the last part of the above theorem, there is no new information gained by considering
different starting points for rays, hence it makes sense to restrict attention to the space
(RE.d '>), representing the space of rays emanating from 0 € H,,. The above theorem
points out that d; thus defined gives a complete metric on the space of all L? rays
emanating from a fixed starting point, which includes the constant ray. In our next
main result we point out that the resulting metric spaces have rich geometry:

Theorem 1.4 (R2, dy) is a geodesic metric space for any p € [1, 00). Additionally,
the radial K—energy is convex along dj —geodesic segments.
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The radial K—energy is defined for any {u,}; € R%, and is given by the expression
K(ur)

Klud} = tlggo t

where K: £ — (—o0, o0] is the extended K—energy of Mabuchi from Berman, Bouck-
som, Eyssidieux, Guedj and Zeriahi [S] and Berman, Darvas and Lu [8]. The radial
K-energy is dj-lIsc, possibly equal to oo, and in the setting of unit-speed geodesics,
its definition agrees with the ¥ invariant of [27]. Also, there is a clear parallel with the
non-Archimedean K—energy (see [13]).

This theorem represents the radial version of [32, Theorem 2] and [8, Theorem 1.2]
(building on Berman and Berndtsson [4]). In slight contrast with previous speculations
in the literature (see for example [17] or [27, Definition 1.8]) it seems more natural to
consider the space of all d,-rays, not just the ones that have dp,—unit speed. Allowing
for a bigger class of rays makes possible the construction of d;—geodesic segments
running between any two points of R%, with good convexity properties. Moreover,
the convexity of the radial K—energy on R& could potentially be used to set up the
study of optimal degenerations as a convex optimization problem (see Dervan and
Székelyhidi [48]).

The dj—geodesic segments constructed in the proof of the above theorem are called
dy—chords, as they are reminiscent of the classical chords in the chordal geometry of
the unit sphere of R” (at least when restricting to dp—unit-speed rays). When p > 1,
due to uniform convexity (Theorem 1.1), we will construct the dlf —chords directly.
When p =1, in the absence of uniform convexity, the construction of d{—chords is
done using an approximation procedure, via our next main theorem.

We have RY C Rf,/ for any p’ < p. More importantly, by the proof of Theorem 1.4,
dj—chords are automatically d ;’, —chords as well, giving further evidence that it is more
advantageous to consider the space of all rays, not just the ones with d,—unit speed.
This latter fact again represents the radial version of a well-known phenomenon for
the family of metric spaces (€2, dp) for p > 1, according to which geodesics are
“shared” when comparing different classes. Though the space of dj,—unit-speed rays
seems to exhibit a metric structure reminiscent of the Tits geometry attached to CAT(0)
spaces [20], none of the above properties hold for these structures.

Next we turn to approximation. The collection of geodesic rays {u,}; € R} with
uy € L for t > 0 will be denoted by RS°, and will be referred to as the set of

w °
geodesic rays with bounded potentials. In addition to having bounded potentials, the
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rays of RS are actually ¢—Lipschitz, and they solve the geodesic equation of L?
Mabuchi geometry in the weak Bedford—Taylor sense, as opposed to the rays of RZ
for p €[1, 00), that are only limits of solutions to such equations (See Section 2.1).

By H(ll,’l we will denote the set of potentials in PSH(X, @) whose Laplacian (or whose

complex Hessian) is bounded. Analogously, the collection of geodesic rays {u;}; € R

with u; € 7-{,610’1 for # > 0 will be denoted by Ré;l , and will be referred to as the set of

geodesic rays with C'-1 potentials. The space of rays with bounded Hessian, denoted
1,1 . .

by R, is defined similarly.

The next result points out that Rg> is dj—dense in RE for any p €[1,00). Also, we
show that R;,’l dense among rays with finite radial K—energy. In both cases one can
approximate with converging radial K—energy:

Theorem 1.5 Let {u,}; € RE with p €[1, 00). The following hold:

(i) There exists a sequence {u{}, € RS such that u{ N\ uy fort >0,

dg (G b, {urye) > 0
and K{ul} — K{u,}.
(ii) If K{u;} < oo, then there exists a sequence {v{}, € Re;! such that v{ \ U; for
120, dg({vy }r. {ur}e) > 0 and K{v7} — Kfur}.

It remains to be seen if the condition K{u;} < co can be omitted in (ii). This theorem
can be seen as a radial analog of [8, Theorem 1.3], perhaps also making progress on
the variational program designed to attack the uniform YTD conjecture (see step (4)
in [13, page 2]; compare [19, Conjecture 2.5]). Time will tell exactly how our results
will fit into this program, but now it is enough to show that some C! rays can be
approximated by rays induced by test configurations (with converging K—energy) to
prove the uniform YTD conjecture.

As a first step in obtaining Theorem 1.5(i), in Theorem 4.5 we show that one can
approximate by bounded geodesic rays with possibly diverging radial K—energy. The
argument uses Ross and Witt Nystrom [71], and this will suffice in the case K{u;} = oo,
since KC{ - } is dj;—Isc. However, to obtain (i) when K{u,} is finite, a much more delicate
construction will be needed, building on the relative Kotodziej-type estimate of Darvas,
Di Nezza and Lu [39]. The proof of (ii) builds on (i), and novel a priori C!*! estimates
along geodesic segments that are “scalable” along rays. These will be obtained using
the framework of He [58] and Guedj and Zeriahi [57].
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Applications to geodesic stability We point out applications to existence of constant
scalar curvature Kéhler (csck) metrics in terms of geodesic stability, going back to
Donaldson’s early conjectures in [51].

To start, we say that (X, w) is geodesically L?—or C L1 _semistable if for any {u;}; €
RE/ R(lu’l we have that K{u;} > 0 for p €[l, oo]. Regarding the relevance of semi-
stability for the csck continuity method, we refer to [27]. As an immediate consequence
of Theorem 1.5 we obtain the following:

Theorem 1.6 (X, w) is geodesically L' —semistable if and only if it is geodesically
C U1 _semistable.

Let G := Auty(X) be the identity component of the group of holomorphic auto-
morphisms of X. By I: EJ) — R we denote the Monge—Ampere energy functional
(sometimes called Aubin—Yau or Aubin—Mabuchi energy). Then, as explained in [44],
G induces an isometry on 5& = SC}, N 171(0), and one can introduce the following
pseudometric on the orbits 55 /G:

dl’G(GU(), Gul) := inf dl(uo,g.ul).
geqG

Moreover, one can analogously define the space of normalized rays R? / R /R
for p €[1, oo], where we restrict to rays {u;}; € RZ/R;,’I/Ré,’I with I(u;) = 0 for
t>0.

By showing that minimizers of the K-energy on EC}) are actually smooth csck potentials
[26, Theorem 1.5], Chen and Cheng have verified the last remaining condition of the
existence/properness principle of [44], applied to the case of csck metrics. Together
with the necessity result [9, Theorem 1.5], their theorem showed that existence of csck
metrics is equivalent with properness of K in the following sense: there exists 6,y > 0
such that

4) K(u) > 8dy (GO, Gu)—y, ueck).

Clearly, di,g(Gvo, Gvy) < d;(vo,vy) for vy, v; € 55), and we say that {u,}, e R! is
G —calibrated if the curve t — Gu, is a d; g—geodesic with the same speed as {u;},
ie

dlig(Guo,Gut)=d1(u(),ut), t>0.
Geometrically, {u;}; is G—calibrated if it cuts each G —orbit inside SC}) “perpendicu-
larly”. When G = {Id}, every ray is G —calibrated.
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Building on these concepts, it is natural to state the C*! uniform analog to Donaldson’s
geodesic stability conjecture, with the original formulation of [51, Conjecture 12] more
closely related to the language of “polystability”:

Conjecture 1.7 (C!! uniform geodesic stability) Let (X, ) be a compact Kihler
manifold. Then the following are equivalent:

(1) There exists a csck metric in H.
(ii) There exists § > 0 such that K{u,}> 6 lim sup, %dl,G(GO, Guy) for all geodesic
rays {us}; e RV,
(iii) K is G —invariant and there exists 6 > 0 such that for all G —calibrated geodesic
rays {u;}; € Rb! we have that K{u;} > 8d,(0,u1).

The statement of (ii) clearly points out that uniform geodesic stability is simply the
condition that tests energy properness (expressed in (4)) along a class of geodesic rays.

As the notion of G —calibrated rays has an obvious analog in the case of the space of
finite-dimensional rays as well (within the context of Kéhler quantization), we included
this condition here to perhaps facilitate in the future an alternative definition for uniform
K-stability in the presence of vector fields.

As explained in [44, Proposition 5.5], in the above conjecture the ¢; distance is
interchangeable with Aubin’s J—functional. Lastly, given that rays induced by 1-—
parameter actions of G are never G —calibrated, the condition that K is G—invariant
(equivalent to vanishing Futaki invariant [54]) is necessary in the statement of (iii).

Using our above theorems, we prove in Theorems 6.2 and 6.3 that the C L1 and
L' versions of the uniform geodesic stability conjecture are equivalent. As alluded
to previously, the breakthrough of Chen and Cheng [26; 27] together with Darvas
[35, Theorem 4.7] essentially yielded the L' version of this conjecture (see Theorem 6.1
below). Putting things together, we arrive at our most important main result, essentially
settling Conjecture 1.7:

Theorem 1.8 (C L1 uniform geodesic stability) Let (X, ) be a compact Kéahler
manifold. Then the following are equivalent:

(i) There exists a csck metric in H.
(ii) There exists § > 0 such that K{u;} > § lim sup, %dl,g(GO, Guy) forall {u;}; €
R
(iii) K is G—invariant and there exists § > 0 such that K{u;} > 8d;(0,uy) for all
G —calibrated geodesic rays {u;}; € R1"1.
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Clearly, given the obvious inclusions among classes or geodesic rays, the L? versions
of Conjecture 1.7 follow as well (with R? replacing R!>! in the statement). Though
slightly different in formulation, the L version of this result essentially confirms the
equivalences between the conditions (3), (4) and (5) in [27, Question 1.12] (see also
the closely related questions of [26, Remark 1.3]). When G = {Id}, the statement of
the theorem can be made especially simple:

Theorem 1.9 Let (X, w) be a compact Kihler manifold without nontrivial holomor-
phic vector fields. Then the following are equivalent:

(1) There exists a csck metric in H.

(ii) There exists § > 0 such that K{u;} > 6d;(0,uy) for all {u;}; € RUL,

It remains to be seen if in the above stability results one can use rays that have potentials
with fully bounded Hessian, not just bounded complex Hessian. Even if possible,
this small improvement seems to require substantial amount of new work. Further
optimizations are extremely unlikely, given that the typical regularity of geodesics
breaks down beyond C? estimates. One would think that generalizations to the context
of extremal and conical-type csck metrics should be possible, using our results together
with He [59] and Zheng [82].

Connections with the literature Uniform convexity of metric spaces is an active
area of research (see Ohta [69], Kell [61], Kuwae [65] and Naor and Silberman [68]).
In particular, by [65, Proposition 2.5] the inequalities of Theorem 1.1 are essentially
optimal.

The notion of K—stability goes back to work of Tian [78], with generalizations and
refinements made along the way by Donaldson [52], Li and Xu [66], Székelyhidi [74]
and many others. Though the precise form of K—stability is still not fully clarified for
general Kihler manifolds — see Apostolov, Calderbank, Gauduchon and Tgnnesen-
Friedman [1] —at least in the absence of nontrivial holomorphic vector fields, it is
widely expected that uniform K-stability will be equivalent with existence of csck
metrics (see [27, Question 1.12; 13, Conjecture 4.9]). Informally, uniform K-stability
simply says that Conjecture 1.7 holds for C!-! rays that are induced by the so-called
test configurations of (X, w).

Closing the gap between L! uniform geodesic stability and uniform K—stability is the
last remaining step in the variational program designed to attack the uniform YTD
conjecture (see [13, page 2]), with our Theorem 1.8 representing an intermediate step. To
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facilitate further progress in this direction, based on the findings of Theorem 1.4, one pos-
sible approach would be to develop the radial analog of the Kihler quantization scheme,
recently extended to the dj, metric completions in Darvas, Lu and Rubinstein [43]
(building on prior work by Berndtsson [10], Chen and Sun [29], Donaldson [52; 53],
Phong and Sturm [70], Song and Zelditch [73], Tian [76] and others). Indeed, when
the Kihler structure (X, w) is induced by an ample Hermitian line bundle (L, /), it is
pointed out by Boucksom, Eriksson and Jonsson [14; 19; 13] that Rfo, the space of
finite-dimensional geodesic rays associated to the space of Hermitian metrics ’Hfo on
HO(X, L¥), admits a natural metric d;’ «» likely representing the finite-dimensional
analog of our d ; metrics. If one could show in the spirit of [43, Theorem 1.1] that
the metric spaces (Rﬁ,, d;, ) approximate (RP, dy) (or relevant parts of it) in the
large k—limit, then that would open the door for a version of Theorem 1.5, where
the rays from RCI(,’I are replaced by rays induced by test configurations. Even if
successful, it is not clear how convergence of the radial K-energy can be achieved (see
[19, Conjecture 2.5]), and for the difficulties that need to be overcome in this approach
we refer to the comments following [13, Conjecture 4.9].

Further connections with geodesic rays are explored in [40], related to the metric
geometry of the space of singularity types, and complex Monge—Ampere equations
with prescribed singularity.

Organization of the paper In Section 2 we recall basic facts about the L? Mabuchi
geometry of the space of Kihler metrics, the relative Kotodziej-type estimate of [39],
and we prove weighted versions of the classical inequalities of Clarkson and Ball,
Carlen and Lieb that will be needed later. In Section 3 we prove Theorems 1.1 and 1.2
regarding uniform convexity, and uniqueness of geodesics in L? Mabuchi geometry
when p > 1. In Section 4 we study the chordal L? metric structures on the space of
geodesic rays and prove Theorem 1.4. In Section 5 we prove Theorem 1.5, our main
approximation result, and in Section 6 we show that the C!>! version of the uniform
geodesic stability conjecture holds.
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2 Preliminaries

2.1 The L? Finsler geometry of the space of Kiihler potentials

In this short section we recall the basics of finite-energy pluripotential theory, as
introduced by Gued;j and Zeriahi [56], and the Finsler geometry of the space of Kihler
potentials, as introduced by the first author [32]. For a detailed account on these matters
we refer to the recent textbook [57] and lecture notes [35].

As a matter of convention for the duration of the paper we denote by V' the total volume
of the Kéhler class [w]:
V= / o".
X

By PSH(X, w) we denote the space of w—plurisubharmonic (w—psh) functions. Ex-
tending the ideas of Bedford and Taylor, Guedj and Zeriahi introduced the nonpluripolar
Monge—Ampere mass for a general potential u € PSH(X, ) as the following limit [56]:

w)y = kli)rréo Los—iy(0 + V—199 max(u, —k))".

For such measures one has an estimate on the total mass [y o]} < [, ®" =V, and
Ew:={u€PSH(X,w)| [y o' = [y ®" =V} is the set of potentials with full/maximum
mass. Furthermore, potentials u € &, that satisfy an L? —type integral condition are
members of the so-called finite-energy spaces of [56],

EP = {u €&y ’/ [ul?w,; <—|—oo}.
b'e

Now we recall some of the main points on the L? Finsler geometry of the space of
Kihler potentials. By definition, the space of Kéhler potentials H,, is an open convex
subset of C°°(X), hence one can think of it as a trivial Fréchet manifold. As a result,
one can introduce on H, a collection of L?—type Finsler metrics. If u € H, and
§eTyHy >~ C®(X), then the L? norm of £ is given by the expression

1/p
et = (5 [ te170t)

When p = 2, this construction reduces to the Riemannian geometry of Mabuchi [67]
(independently discovered by Semmes [72] and Donaldson [51]).

Using these Finsler metrics, one can introduce path length metric structures (M, dp).
In [32, Theorem 2], the first author identified the completion of these spaces with
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EP C PSH(X, w) from above, and it turns out that (2, dp) is a complete geodesic
metric space.

The distinguished ¢, —geodesic segments of the completion (2, d,) are constructed as
upper envelopes of quasi-psh functions, as we now elaborate. Let S ={0 <Res<1}CC
be the unit strip, and wgx x: S X X — X denotes projection to the second component.

We consider ug,u; € £5. We say that the curve [0,1] 3t — v; € £ is a weak
subgeodesic connecting ug and u; if dp(vs,ug,1) — 0 as t — 0, 1, and the extension
v(s,X) = Ures(X) is 7*w—pshon S x X, ie

T*w + i85xX55><Xv >0, ascurrentson S x X.

As shown in [33; 32], a distinguished d),—geodesic [0, 1] 5> 1 — u; € £ connecting
ug and u; can be obtained as the supremum of all weak subgeodesics:

(5)  us:=sup{vs |t — vy is a subgeodesic connecting ug and u;}, ¢ €][0,1].

Given ug, u; € 5, we call (5) the L? finite-energy geodesic (or simply finite-energy
geodesic) connecting u#¢ and u;.

When the endpoints uo and u are from #,,, the finite-energy geodesic connecting them
is actually C1! on 5_ x X, as shown by Chu, Tosatti and Weinkove [30]. In this paper
we only need the C' 1! regularity of geodesics connecting smooth endpoints which had
been previously proved by Chen [24] (for a survey see Btocki [11]). His proof relies on
the so-called e—geodesic that we now recall (for a survey see [35, Section 3.1]). Given
Ug, U1 € Hey, by uf € C°°([0, 1] x X)) we denote the smooth e—geodesic connecting
ug,uy,ie [0,1]> ¢t — u§ € H, solving the elliptic PDE, on [0, 1] x X,
n

. ) uf . .
6) (”f_|vut|wu§)w_,::8» ug =ug, u§ :=uj.

Note that 7 — u$ is a subgeodesic connecting #( and u;. Given that the complex
Hessian of u® is bounded on [0, 1] x X [24], one can take the limit £ — 0, to obtain

ue CI’I([O, 1]x X), the C!!—geodesic connecting ¢ and u:
@) [0.1]5 ¢ — u; € HLT.

As shown in [58, Theorem 1.1], if one merely has ug, 1| € ’Hclo’l , the curve in (7) still
exists, Uy € Hal,’1 for all ¢ € [0, 1], however it is not known if the total Laplacian of u
on [0, 1] X X is bounded.
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Due to the “Perron-type” definition of geodesics (5), finite-energy geodesic segments
satisfy a comparison principle. In particular, we note the following simple consequence
of the comparison principle for geodesics:

Lemma 2.1 Let u® be the smooth ¢—geodesic connecting ugy,u; € He and u; be
the C!-1 geodesic connecting uqy and uy. Then u® < u.

Regarding the metric d), the following double estimate holds for some dimensional
constant C > 1 and all p > 1 [32, Theorem 3]:

1 1 1
6%(“0,%1)1) 57/)(|u0—ul|pwffo+7/;(|uo—u1 Pay,
dep(uo,ul)p, Ug, Uq Gga‘l))

We recall that for any u € PSH(X, w) there exists u; € H, such that u; decreases
to u. This is a result due to Demailly [45] with a simpler proof due to Btocki and
Kotodziej [12]. It is well known that the Monge—Ampere energy /: Sal) — R defined
by

n
1 . .
I e — n—j J
@ = o 2 f we ™ nol
Jj=0

is affine along finite-energy geodesics [32]. Moreover, the same is true for supy u;
when uy = 0:

Lemma 2.2 Let [0,1]>¢— u, € £] be a finite-energy geodesic with ug = 0. Then
t — supy u; is affine.
As &) C 53) forall p > 1, Lemma 2.2 is true in &5 for p > 1, as well.

This is essentially [34, Theorem 1(ii)], which is stated for bounded geodesics. Since
finite-energy geodesic segments can be approximated decreasingly by bounded ge-
odesic segments, the above result follows as a consequence of Hartogs’ lemma [57,
Proposition 8.4]. For more on L? Mabuchi geometry we refer to [35, Chapter 3].

2.2 The K—energy and constant scalar curvature metrics

Given a smooth closed (1, 1)—form x the x—contracted version of the Monge—Ampere
energy is defined as
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It was shown in [32, Lemma 4.15; 8, Section 4] that the energy functionals I, can be
extended to (£}, dy) as d;-Lipschitz functionals.

We recall the definition of the Z—functional introduced by Aubin [2] (and extended
to EJ) in [5]):
1
T, ur) = /X(uo U@l ol ), uguuy € EL.
From the definition it is clear that Z is symmetric and invariant under adding constants.
By an integration by parts we see that 7 is nonnegative.

The (extended) K—energy K: £ — (—o0, o0] is defined as
®) K(u) = Ent(0", o) + ST(u) — nlgic@w) (), u €&,

where Ent(w”, w]}) is the entropy of the measure ], with respect to w”,
Ent(0", w}) = V_I/ log(wy, /0™ )wy,,
X

and S = % /: v Sww" is the average scalar curvature, which can be seen to be indepen-
dent of the choice of background metric. When restricted to #,,, the above formula for
the K—energy was originally introduced by Chen and Tian [23], with a similar formula
already appearing in [77].

The first-order variation of K is given by
(DK (u), 8v) = V_I/ §v(S — Su, )0,
X

where S =nV ! Jx Ric(w) A "1, Hence, the critical points of K are the constant
scalar curvature potentials, as these satisfy S — Sw, = 0. It was proved in [4] that the
K-energy K is convex along C!:! geodesics. As a consequence, csck potentials are
minimizers of K.

2.3 The relative Kolodziej-type estimate

In this short subsection we recall the basics of relative pluripotential theory that are
needed to state the relative Kotodziej-type estimates of [39]. For more details we refer
to the sequence of papers [38; 37; 36; 39].

Let E be a Borel subset of X. Given y € PSH(X, w), we define the y-relative capacity
of E as

9) Cap,(E) := sup{/ wy
E

u € PSH(X,w), x—1 Suf)(}.
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When y = 0, we recover the classical Monge—Ampere capacity Cap,, (see eg [55]).
For more on this concept we refer to [39, Section 4].

Given u € PSH(X, w), we recall the definition of envelopes with respect to singularity
type, introduced by Ross and Witt Nystrom [71]:

Plu]:= usc(CEToo P(0,u+ C)) € PSH(X, w),

where P (¢, V) :=sup{v € PSH(X,w) | v < ¢ and v < ¢}. In addition to appearing
in the statement of the relative Kotodziej-type estimate below, this concept also plays a
role in Theorem 4.5, where it is used to approximate geodesic rays, via [71].

Finally we recall the following L°° estimate from [39]:
Theorem 2.3 [39, Theorem 3.3] Let a<€[0,1),4A>0, x €ePSH(X,0) and 0 < f €

L?(X,™") for some p > 1. Assume that u € PSH(X, 0), normalized by supy u = 0,
satisfies

(10) Oy < fo" +ab}.
Assume also that
(11) / fo" < AlCap ()
E
for every Borel subset E C X. If Pu] is less singular than x then

x—s;px—C(llflan,p,(l —a)h A) <u.

Here, given two potentials u, v € PSH(X, ), we say that u is less singular than v if
u > v — C for some constant C.

This theorem generalizes the classical estimates of Kotodziej from [64], and it is used
in [39] to solve complex Monge—Ampere equations with prescribed singularity type,
and to resolve the log-concavity conjecture of the volume in pluripotential theory. Here
we will use it in Section 5 to show that it is possible to approximate L? geodesic rays
with bounded ones that have converging radial K—energy.

2.4 Weighted Clarkson and Ball-Carlen-Lieb-type inequalities

In this short preliminary section we point out relevant extensions of well-known inequal-
ities due to Clarkson [31] and Ball, Carlen and Lieb [3] for L? spaces, introducing a
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weight A € [0, 1] into these results. These theorems are almost certainly well known to
experts in analysis, but we could not find the versions below in the literature.

Theorem 2.4 Suppose that p>2, A€[0,1] and f, g € L?(v), where v is a measure
on the set X. Then

(12 AAIE+A=Wlglf = IS + (1 =0gllf + AP =0)P2| f — g}
Proof Since ¢ — |t|?/2 is a convex function, we can write the estimates
MG+ =Mlgly = /)((ku +(1=1)g*)P/* dv
= [ (G + =002+ 20 =20 =) v
= [ (s + (=gl + 2720 =27/ £ = gl?) v
where in the last step we have used that (¢2 +52)"/2 > (a? +bP)'/? for a,b > 0. O

Theorem 2.5 Suppose that 1 < p <2, A€[0,1] and f,g € L?(v), where v is a
measure on the set X. Then

(13)  ASI5+ A =Dligly = 1A + A =2gl; + (p = DA =M/ —gl;.

Proof The proof will be given using dyadic approximation. Indeed, it is enough
to prove (13) for A = k /2™, where k,m € N with 1 <k < 2™ We will argue by
induction on m. For m =1 and k =0, 1, 2, the statement of (13) is either a triviality
or reduces to [3, Proposition 3]. Let us assume that m > 1 and the statement holds
for m — 1. We can assume that k is odd, as otherwise the inequality reduces to the
case m — 1. Using [3, Proposition 3] we start with the estimate

o YA (L ()

2m
k
2—mf + (1 - 2—m)g
Since both £ + 1 and k — 1 are even, by the inductive step we also have that
k+1 k+1
as) s+ (1= el

k k
+1f (_Ll)

2

p

2 2

p p

2 k k
+(p —1>i(1—i)||f I,
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k—1 k
as) o+ (1- 55 el

+ 1_E
) g

Adding (15) and (16) and then using (14), we arrive at

k k kY |2
il o+ (13 Ut 2 | (155 )2 | #0035 (135 )17l
what we desired to prove. a

2
k—1 k—1
0 (1 1 el

Remark 2.6 As alluded to at the beginning of the subsection, when A = %, Theorems
2.4 and 2.5 recover the well-known inequalities of Clarkson [31] and Ball, Carlen and
Lieb [3, Proposition 3], respectively.

3 Uniform convexity and uniqueness of geodesics

Before proving the main result of this section, we first point out the following result
about the “spread” of geodesic segments in £5 sharing a common smooth endpoint:

Theorem 3.1 Suppose that p > 1, u € He, and [0,1] > t — us, v, € ES are two
finite-energy geodesic segments with u = ug = vo, and [ € RY. Then

1/p
(17) U Iito—t)0|1’w,’}} SM, el
X

Proof We first assume that u#; > v;. Then we note that (thanks to convexity) u; > v;
for all z €[0, /]. Furthermore, using dp—approximation of the endpoints u;, v; € &P by
decreasing sequences of potentials in 7, , it is enough to prove (17) for C I*! —geodesics
t — ug, vy with uy, v; € He (see [8, Proposition 4.3]).

Using the convexity condition (1) and [32, Lemma 5.1] for 0 <s <t </ we have

dp(us,ve)? < dp(ug, vg)? > (us _US)pwn '
tp - sP ~Jx 5P s

As s — 0T, using the fact that the geodesics are CI’I, we get that (ug — vs)?/s?
uniformly converges to (9 — U9)?, which is a continuous function on X. Since
a)l’fs — o]} weakly (see [32, Theorem 5(i)]) it follows that

dp(us,ve)? ) )
p( tp 1) 2/(%_1}0)1)0}3
t X
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We now treat the general case, when u; and v; may not be comparable. By the previous
step, for ¢ € [0, /] we have

dp(us, P(ug,vp))? . . dp(ve, P(ug,ve))? . .
>/ P >/ g — 1t Pl
X X

tp o tp

where [0,7] 5 s > w! € £} is the finite-energy geodesic connecting wy := uo and
wy = P(ug, vy).

Due to the comparison principle for geodesics, we note that u')f) <1, Vg. Using the
Pythagorean formula [32, Corollary 4.14] and the inequality a? +b? > max(a?, b?) >
|a —b|? for a,b > 0, we can sum up the above inequalities to arrive at the conclusion

dp(“t’vt)p _ dp(ut’P(utsvt))p dp(vtvp(ut’ vl))P
= +
tP tp tP

= [ Jio—tol7ef <o) 0

Before proceeding we note that Theorem 3.1 implies the following Lidskii-type in-
equality, proved in the case of Hodge-type Kéhler metrics in [43]:

Corollary 3.2 If a,B.y € ) with p>1 and o > B >y, then
dp(B,y)P =dp(a.y)? —dp(a, B)”.

Proof By density it is enough to show this estimate for o, 8,y € Hy . Let [0, 1] 27 —
uz,v; € EL be the increasing/decreasing C "1 —geodesics joining u¢ := f and u; :=«,
and vy := B and v; := Y, respectively. Then, due to —monotonicity, vy < 0 < ug.
Then, by Theorem 3.1 and [32, Theorem 1],

() = dyr, ) = [ o =017}

= [ Giol? +1i0l?)af = dpfa B)” + dy(y. ). 0
X

Next we prove the main result of this section about the uniform convexity of the spaces
(&P, dp) for p > 1. This will follow after an adequate combination of Theorem 3.1
and the extension of the inequalities of Clarkson and Ball, Carlen and Lieb, obtained
in the previous section.

Theorem 3.3 Suppose that u € 5 for A € [0,1] and [0,1] 3¢ — v, € ) is a
finite-energy geodesic segment. Then the following hold:
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(1) dp(uv v)»)z = (1 _)‘)dp(”v UO)Z + )‘dp(u’ vl)z - (P - 1))‘(1 _)‘)dp(UOa vl)z if
1<p=<2.

(i) dp(u,v3)? < (1=N)dy(u, v9)? + Ady(u, v1)? —AP/2(1 = 1)P/2d, (v, v1)P if
2=<p.

Proof To begin, let p > 1 and A € [0, 1]. By density (and [8, Proposition 4.3]) we
can assume that u, vg, v; € He and hence ¢ — vy is C L1,

Fixing ¢ > 0 momentarily, let [0,1] > — v € H, be Chen’s smooth e—geodesic
connecting vg, V1 € He, see Section 2.1. Moreover, let [0,1] > ¢ — at ®e 5w be the
C!! geodesic connecting u and vy . Let [0,A] o1 — hj € &L bethe C ! geodesic
connecting vo and vj. Similarly, let [A,1] 57 — kf € &L be the CV 1 geodesic
connecting v; and vy .

We now assume that 2 < p to address (ii). Using Theorem 3.1 twice, for pairs of
geodesics emanating from v§ , we conclude that

/X|oekg—)\h8|pa) e <dp(u,vo)?, /X|o't?’8+(1—)\)ki|pw e <dp(u,vy)”?.

In the first inequality, we have applied Theorem 3.1 for uo = vo = vy (hence the
geodesic segments /5 and octk’s are both parametrized in the opposite directions). In the
second inequality we have applied Theorem 3.1 for 1o = vo = vj (hence the geodesic
segment k7 is parametrized in the positive direction while oetk’g is parametrized in the
opposite direction; that’s why we have plus signs).

By the comparison principle for geodesics, we have that v§ < hf < v; for ¢ € [0, ]
and v§ < k7 < v, for t € [A, 1] (see Lemma 2.1). Again, by the comparison principle,
the concatenation of ¢ — /1§ and ¢ — k7 is f—convex and we obtain that 45 — v, and

ki — v, uniformly on X. Using this and the above two estimates we can write
(18) (1 =A)dp(u,vo)? + Adp(u,v1)?
A, : A, :
> /X(l — Mo} S—AhiV’ + Alar; ‘4 —A)kil”wﬁi

z(l—k)/ |a1k’8—xa>k|1’wga+k/ € (1= 1)y | Pl — O(e)
X » X >

A& 1p n p/2¢1 _3\P/2 e |2yt
z/X|al [Peops +1P/2(1-2) /X|vk| ol — 0(e)

:dp(u,vi)p-i-)\p/z(l—)\)”/z/ |i')k|1’a)ﬁi—0(8),
X
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where in the third line we have used Theorem 2.4, and in the last line we have used

[32, Theorem 1]. Letting ¢ — 0, since wy. — wy, and O(e) — 0, another application
A

of [32, Theorem 1] gives (ii).

Now we assume that 1 < p < 2 and we address the inequality of (i). The proof is
exactly the same, except for (18), where we use the estimate of Theorem 2.5 instead of
Theorem 2.4. a

Remark 3.4 Suppose that w is the curvature of a Hermitian line bundle (L, ). By
exactly the same arguments, one can show that the inequalities of Theorem 3.3 also hold
for the finite-dimensional L —type metric spaces (Hc’f), dp k), as considered in [43].
Using the quantization scheme of this paper [43, Theorem 1.2], an alternative proof of
Theorem 3.3 can be thus given when [w] is integral.

Finally we point out that using the above result one can show that the finite-energy
geodesic segments of £ are the only metric geodesics when p > 1:

Theorem 3.5 Let p e (1, 00), and suppose that [0,1]>¢ — v, € £} is the finite-energy
geodesic connecting vg, vy € E5. Then t — v, is the only d ', —geodesic connecting Vg
and v;.

Proof Suppose that [0,1]> ¢ — u, € £5 is a dp—geodesic connecting vy and vy,
and let /i; € 5 be the dp—midpoint of the finite-energy geodesic connecting u;
and v, for ¢ €0, 1]. Assuming that u, # v,, Theorem 3.3 implies that d,(vo, h;) <
max{dp(vo, ), dp(vo, vs)} = tdp(vo, vy). Similarly,

dp(vy. he) <max{dp(vi.us), dp(vi,ve)} = (1 —1)dp(vo. v1).

The triangle inequality now gives a contradiction, implying that u; = v, for ¢t €[0, 1]. O
A more careful analysis of the above proof yields the following:

Proposition 3.6 Suppose that p > 1 and [0,1] 3 ] — u; € 5 is a finite-energy
geodesic. Let v € £} be such that dp(v,ug) < (t +e)dp(uo,uy) and dp(v,u;y) <
(I =t+e¢)dp(up,uy) for some ¢ >0 and ¢ € [0, 1]. Then there exists C(p) > 0 such
that

dp(v,ug) < V7 Cdy(ug, uy),

where r := max(2, p).
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Proof Let /1 be the d,-midpoint of the finite-energy geodesic connecting v and u;.
Then Theorem 3.3 implies that

dp(uo, h) = [3dp (1o, v)" + 3dp(uo, us)" = cdp(v, u)']"
dpurh) = [Sdp(ur, 0)" + 3dp(ur,un)” —cdp(v,un)]"”

for r := max(p,2), and ¢ := c(p) € (0,1). Adding these estimates and using the
triangle inequality we arrive at

dp(ug, uy) <[(t + &) dp(uo, uy)" —cdy(v,u) 1"
+[(1—t+ S)rdp(uo, Ll])r —Cdp(v7 ut)r]l/r~
After dividing by d (1o, u1), basic calculus yields that
dp(v,ur)” ((t +&)y —t" (1—-t+e) —(1 —t)’)
———— < max R ,

dp(ug,uy)" — c ¢

implying that dp (v, u;) < 81/’Cdp(u0, u1), as desired. O

4 The metric geometry of weak L? geodesic rays

For u € £5 let RE denote the space of finite-energy L” geodesic rays emanating
from u. Note that we don’t assume that the rays are unit-speed, or even nonconstant.

Following terminology from metric space theory [20], two rays {u;}; and {v;}; are
parallel if dp(u;,v;) is uniformly bounded. Given the characteristics of the finite-
energy spaces, any ray admits a unique parallel ray emanating from an outside point,
thus the d,—geometries verify Euclid’s 5t postulate for half-lines, answering an open
question raised in [27, Remark 1.6]:

Proposition 4.1 Let u, v € EL; then for any {u;}; € RE there exists a unique {v;}; €
RY such that {u,}; is parallel to {v;};, giving a bijection Pyy: RE — RE . Moreover,
dp(us,ve) <dp(u,v) fort >0.

Proof We first observe that the inequality dj, (u,, v;) < dp(u, v) holds for two parallel
rays {u;}; and {v;};. Indeed, if {u;}; is parallel to {v;};, then by (1) we have, for
0<t<s,

dp(uz,ve) < (1 - é)dp(um vo) + édp(us’ Vs),
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with the last term converging to 0 as s — +-o0. Hence dp (u;, v;) < dp(u,v) for t > 0.
If {w;}; € RE is another ray which is parallel to {u,},, then it is also parallel to {v;},,
hence dp(w¢, vs) < dp(wo, vo) = 0, giving the uniqueness.

We first argue the existence part of the proposition for ¥ > v, using the maximum
principle. Consider the finite-energy geodesic segments [0,¢] >/ — vf € &F, with
v(’) =v and v} = u,. Then by the comparison principle for geodesics, for 0 </ <z <¢’
we get that v!' <u, = v/, hence v/’ < v/. Also, (1) implies

dp(v], up) _dp(v.u)
N

Putting the last two sentences together, Proposition 4.3 of [8] implies that / — v; :=
lim;— o v; € &5 is a finite-energy geodesic ray such that dp(u;, v;) < dp(u,v) for
[>0.

If u < v, the proposition holds by the same argument (the inequality v; < v;/ being
the only difference).

To treat the general case, we simply notice that /1 := max(supy u, supy v) € He C ESH
and & > u,v. By the above arguments, we can introduce a ray {h;}; € R,’; such
that d,(us, hy) < dp(u,h). Since h > v, it is now possible to introduce another ray
{v;}; € RY with dp(ve, hy) <dp(v, h). The estimate dy (1, v;) <dp(u, h)+dp(v, h)
now follows from the triangle inequality, hence {v;}; is parallel to {u,}. a

Next we introduce the chordal metric on RZ,

dp(us,vy)
(19) df ,((ucde vy == lim 2 fu {v € RE.
’ t—>00 t
That the above increasing limit exists and is finite follows again from (1) and the
triangle inequality. As we now clarify, (R5, dy) is in fact a complete geodesic metric

space.

Theorem 4.2 For any u € £5 with p > 1, (RZ, dy p) is a complete metric space.

Moreover, for any v € £5 the map Pyy: (RZ, dy p) = (RY, dy, p) is an isometry.

Some aspects of the proof below can be traced back to [9, Lemma 3.1].

Proof That dj , satisfies the triangle inequality follows from the triangle inequality

of dp. To argue nondegeneracy, suppose that dj ,({u¢}+, {vs}¢) = 0. This implies that
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the increasing function f(t) = dp(us,v,)/t satisfies f(0) =0 and lim; o f(¢) =0.
Consequently f(¢) =0 for ¢ > 0, implying that u; = v; for ¢t > 0.

Now suppose that {u{ CRE isa d,; ,—Cauchy sequence. Fixing / > 0 we have that
dp(uj uk)
[
Consequently {u{ }i C &his a dp—Cauchy sequence with limit u; € &Y. By the

(20) <dS ,(Gul b uky).

endpoint stability of geodesic segments in £ [8, Proposition 4.3] it follows that
t — u; is a geodesic ray. More importantly, letting & — oo in (20) it follows that
%d b (ulj ,up) is arbitrarily small for high enough j and any { > 0. This in turn implies
that dﬁ,p({u{},, {us}:) — 0, giving completeness.

Let {ut}t»{ht}t € Rf and let {vt}t = Pm,({ut}t) and {kt}t = Puv({ht} By the
triangle inequality and Proposition 4.1 we have

. dy(us, h . dp(us,v))+dy(ve, k) +dy(ke, h
dupurte. iy = tim O gy Ay 2ot dp e e+ dp e )
. dp(u,v)+dy(ve, ky)+dy(v,u
< fim PO ThOk)TdOW ).
t——+o00 t

The reverse inequality also holds, due to symmetry, showing that P, is an isometry. O

By this theorem, no extra information is gained by choice of initial metric; hence, going
forward, we will only consider the space (R5, dy), the collection of rays emanating
from 0 € H, C E.

Approximation of finite-energy rays We now point out that bounded geodesic rays
(running inside PSH(X, w) N L>) are dense among the rays of R2. Later, in the
presence of finite radial K—energy we will sharpen this result further.

First we start with an auxiliary result, which is a consequence of Corollary 3.2, and it

is the radial analog of [32, Lemma 4.16]:

Lemma 4.3 Let {u;};, {u{ } € RY be such that u{ is decreasing (increasing a.e.)
touy as j — oo forall t > 0. Then dlf({u{}t, {us}s) — 0.

Proof We start by noticing that t — supy u; and ¢t — supy u{ are linear (Lemma 2.2).

By our assumption we have that supy u{ — supy u; [57, Proposition 8.4]; hence,
after possibly subtracting the same 7—linear term from all our rays, without loss of
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generality we can assume that supy u;, Supy u, < 0. By convexity we will obtain

that 0 > u{ >ur (0>u; > u{) for all j and ¢ > 0. Consequently, Corollary 3.2 is

applicable to yield that

dp(uf up)? _|dp(0.ur)? —dp(0, uj)?|
tP - tP

1) = |dp(0,u1)? —dp(0,ul)?|, 120,

where we have used that t — d,(0, uj ) and ¢ - dp(0,u,) are linear. This is be-
cause u’ = ug = 0 and hence d (u, ,0) =1td, (u ,0) as u{ is a geodesic ray. Now

0
Lemma 4.16 of [32] gives that d (u ,u1) — 0, in particular dp (0, u{) —dp(0,uy),
finishing the proof. |

Remark 4.4 Analyzing the above argument we see that in Lemma 4.3 the conditions
can be signiﬁcantly weakened in some cases. For example, it is enough to assume that
ur < ut for t = 0 and j > 0, there exists C > 0 such that u{ <C for j =0, and
that u converges to u; pointwise on X, with the exceptlon of a pluripolar set. Using
[32, Lemma 5.1] we obtain that dp (uy,u 1)1’ < Jy luy—u |1’a)u1 , and the dominated
convergence theorem allows to conclude that the right-hand side of (21) still converges
to zero.

Theorem 4.5 Let {u;}; € R%. Then there exists a sequence {u{}t e RY such
that u{ € PSH(X,w) N L™ and ul \ uy as j — oo for all t > 0. In particular,
dlf({u{},, {us}s) — 0, and we can choose {u’}; such that

(22) max(u,,(supul—j)t)fu{ <tsupuj.
X X
Proof It follows from Lemma 2.2 that ¢t — supy u,/t for ¢t > 0 is constant, hence

we can assume (by adding Ct to u,) that supy u; = 0 for t > 0. By convexity of
t— us(x), for x € X fixed, we have

ur(x) < 57— [=

/- /-

Letting / — +o00, we see that t — u, is t—decreasing. For 7 € R and x € X, we

us( )+ ul(x)_ us(x) 0<s<t<l.

introduce
(23) Ye(x) ;= inf (us(x) —17).
>0
From Kiselman’s minimum principle [62] we have that ¢, = —o0 or ¥, € PSH(X, w).

More precisely, since supy u; = 0 we have that ¥, € PSH(X,w) for t < 0, and
Y = —oo for all ¢ > 0. Observe also that t — ¥, is T—decreasing and t—concave.
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For all x € X with ¥¢(x) > —o0, the curve ¢t — u,(x) is continuous in (0, +00).
Hence, by the involution property of the Legendre transform, for such x we have

24) ur(x) =sup(Y(x) +17) = sup(Y-(x) +¢t), t>0.

<0 teR

For ¢ > 0,7 <0, set
PE(x) = max(0, 1 +e7)yr and @ = Ply]
We define ¢g :=lim;—o- ¢5.

Since T — ¢ is T—concave and t—decreasing with ¥, <0, it is elementary to see that
T — ¢ is also T—concave and t—decreasing. By elementary properties of P[-] we get
that 7 — ¢£ is also T—concave and r—decreasing (see the proof of [36, Proposition 4.6]).
As a consequence of a result due to Ross and Witt Nystrom [71] (further elaborated in
[36, Corollary 1.3]) the curve

(25) [0,00) 3¢ — uf(x) :=sup(¢s(x) + 1) € PSH(X,w) N L™

<0

is a (bounded) geodesic ray emanating from 0.

We now prove that u§ \  u,; as € \( 0 for any ¢ > 0. For ¢ = 0 there is nothing to
prove since uy =ug =0 on X. Fixnow 7 > 0 and x € X" with ¥o(x) > —oo. Then,
using 7—concavity, there exists C > 0 depending on {¢(x) and ¢ (but not on &) such
that
uj(x)= sup (p3(x)+12r) and wu;(x)= sup (Y¢(x)+17).
—C<1<0 —C=t=0

By Lemma 4.6 below, the family of functions t > ¢Z(x) decreases pointwise to the
function T — ¥(x) as ¢ — 07 for T < 0. Using tT—concavity and the fact that
Yo(x) > —o0, one can extend this convergence to T = 0 as well. Hence, by Dini’s
theorem the convergence is uniform on [—C, 0]. It thus follows that u%(x) N\ u;(x)
as ¢ — 0. We conclude that u¢ decreases to u; a.e. on X. But these are w—psh
functions, so the convergence holds everywhere on X.

That dj({uz}e, {us}e) >0 as e > 0% simply follows from Lemma 4.3.

Since ¢f = 0 for t < —1/¢ and ¥, < ¢¢, basic properties of Legendre transforms
imply that u;, < u% <0 and —% <uf <0, since Y < ¢¢ forall r and ¢ =0 for

1 .. . . . _ 1
7 < —. This immediately yields (22) with ¢ = 7 a
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Lemma 4.6 Assume that {u;}; € Rclo satisfies supy u; = 0 for all t > 0. Then, for
V¢ as defined in (23), we have that | Y a)l’/’,r > 0 for all = < 0. Additionally, for any
7<0,

(26) lim g2 = lim P[(1 +ev)ye] = .

Proof By the involution property, application of the Legendre transform twice gives
back the original convex function. In particular, sup, ¥ (x) =lim;— oo V¢ (x) =uo(x)
for all x € X such that lim;_,¢ u;(x) = 0. In particular, we get that 1, increases a.e.
to 0 as t — —oo. According to [37, Remark 2.5] we obtain that lim;—_ fX w:;h— =
[y @">0.

Fixing 7 < 0, this last identity implies the existence of 79 < T such that [’ Y a)l’/’, > 0.
70
By t—concavity of T — v, we get that

Ve > ;—wao +(1- ;—O)Wo-

Finally, by monotonicity [80, Theorem 1.2] and the multilinearity of the nonpluripolar

. " )
mass we obtain that f x @y, > 0, as desired.

To argue (26), we start by noting that lim,_.o P[(1 4+ e7)¥;] > ¥, and according to
[80, Theorem 1.2; 37, Theorem 2.3 and Remark 2.5] we get that

/Av,wlnyr = ngma P[(1+et)v] = hgn/AXa);g[(l'f‘gf)Wr] = lim X 6()?1_'_81)1#_[.

e—>0

By multilinearity of the nonpluripolar Monge—Ampere product [15, Proposition 1.4]
the last limit is | Y a)]”pr . Hence we have equality everywhere, and all the integrals
are positive. Consequently, lim;_,o P[(1 + £7)V¥¢] € Fy_ with the notation of [37,
Theorem 3.12].

It follows from [34, Proposition 5.1] (or [38, Lemma 3.17]) that P[y;] = ¥, for
all T < 0 (the result in these works is only stated for rays of bounded potentials,
however the proof only uses the comparison principle that holds for finite-energy rays
as well, implying the result for these more general rays). Putting everything together,
Theorem 3.12 of [37] implies that limg_,.¢ P[(1+e7)Y] < P[Y¢] = ¥y, as desired. O

The construction of geodesic segmentsin R?  Next we show that points of (R%, d )
can be connected by geodesic segments. We first treat the case p > 1, where, due to
uniform convexity, the construction can be carried out directly. The case p =1 will be
treated using approximation, via Theorem 4.5.

Theorem 4.7 If p > 1, then (R, dy) is a complete geodesic metric space.
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The proof below shares similarities with the angle bisection techniques of [63].

Proof By Theorem 4.2, we only have to show that any two rays {u;};, {v:}; € RE
can be joined by a distinguished d;—geodesic when p > 1.

For any ¢ >0, we denote by [0, 1]12a — h; o € £} the finite-energy geodesic connecting
us and vy. Then dp(us, hig) = dp(hso,hee) = dp(heo, he1) = ady(ug,ve). To
avoid introducing further variables, by [0,] > s — J/h; o € &L we denote the finite-
energy geodesic connecting 0 and /4. Finally, we can assume that u,; # v, for ¢
large enough. Indeed, if this does not hold, then (1) would give that {u,}; = {v;}; and
the geodesic connecting the two rays is the constant one.

First we show that for any o € [0,1] and / > 0 there exists w; 4 € &L such that
lims— 00 %h,,a = wy; o - By endpoint stability of geodesic segments [8, Proposition 4.3],
this will automatically imply that {w; 4}, € RE. As we will see, @ — {wy o}, will
represent the dj;—geodesic connecting {u;}; and {v;};.

Again, from (1) it follows that for any o € [0, 1] and 0 < s <t we have

dy(ug, Shy, dy(us hrg)  ady(uy,vy)
b Sst “)5 p tt o) 7P [t ! <ad,({ur}e, {vi}e),

dy(vs, 2h dy(ve, h 1 —a)dy(uy,
(s %! & ) _ p(vtt ra) _ (1=0) t,,(ut %) (1~ a)dS (G forho).
where the identities in the middle follow from the fact that # — h; 4 is a geodesic.
We fix ¢ > 0. Since %dp(us, vs) /1 dy(uete, {vee), (27) and (28) imply existence of

Sa,¢ > 0 such that for any s4 ¢ < s <7 we have

N N
dp(u37 ;//lt,a) E (a+8)dp(us,vs) and dp(vs, ;h[,a)
N N S

27

<(l—-a+ 8)—dp(u;‘, US).

Now Proposition 3.6 implies that d, (hs,a, %h,,a) < 81/’Cdp(us, vy) for any sq.e <
s < t. In particular, using (1), for any fixed / > 0 such that max(/, sq,¢) <5 <t we
have

dp(éhs,aa %ht,ot) < dp(hs,ot, }Sht,a) <elre. dp(us, vs)
/ - s - s
= 81/er;({ut}t,{Ut}t)-

By shrinking ¢, the expression on the right can be chosen to be as small as we want,

(29)

implying that the sequence {%h ,,a} . € &l is dp—Cauchy. This is the crucial step! By
[32, Theorem 2], (€5, dp) is complete, hence lim, éh ta = Wiy € &L, as proposed.
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Moreover, letting ¢ — 0o on the left-hand side of (27) and (28), we obtain that

dp(us, ws’a) dp(vs,ws’a)

<ady({ur}r, {vete), <(I—o)dy({ur}e, {ve}e), s>0.
Letting s — oo, together with the triangle inequality we obtain

d;({ut}t’ {vede) = d;({“t}t» {wratr) + d;({wt,a}ta {vede)
<ad,({ure, ve}e) + (1 —a)ad, (ur}e, {ve}e)
= d;({ut}t’ {ve}e).
Thus everything is equal. In particular, we have dy ({u}r, {ws,a}) = ody ({uste, {ve}e)
and d;({wt,a}ta {ve})=(1 —a)dlf({ut}n {ve}e).
Suppose now that 0 <o < 8 < 1. These last two identities together with the triangle

inequality give that

(30) (B—a)dS (e {ve}e) < dS({wp ghe. (wralde).

To finish the proof we show that equality holds in this estimate. Indeed, another
application of (1) gives that

dp(5hsa 5hs,p) _ dp(hsa hsp) _ (B—a)dp(us, vy)

> 0.
/ - K S

Letting s — oo in this estimate, and after that / — oo, the reverse inequality in (30)
follows, finishing the proof. a

The dj—geodesic segment [0, 1]> o — {w,a}s € RY constructed in the above theorem
will be called the dj—chord joining {w;0} and {w,,1}, as this curve is reminiscent of
the chords joining the different points in the unit sphere of R”.

Finally, using approximation, we point out that the same result holds for p =1 as
well. First we remark that d;—chords are automatically dlf/ —chords for any p’ < p.
This observation is of independent interest, and is the “radial version” of a well-known
phenomenon for the family of metric spaces (£5,d,) for p > 1:

Proposition 4.8 Let 1 < p’ < p and {u;};,{v:}; € RE. Trivially {u;}s, {vs}s € Ré’,/,
and the dlf —chord [0,1] 5> a — {ws o} € RY connecting {u;};,{v;} is also a dlf,—
chord.

Proof To start, we trace the steps in the proof of Theorem 4.7 and notice that the
curves « — /o, introduced in the argument, did not depend on the particular choice
of p.
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Fixing / > 0 and « € [0, 1], the crux of the proof is the fact that d ( hs o, Lp ,a) —0

N
as s,t — oo, which follows from uniform convexity (when p > 1), as elaborated

in (29). Since 1 < p’ < p, we have that dp/(-,-) <dp(-.-) and &b c 55,’/, hence the
same conclusion holds for p’ as well:

dp/(éhs,a,éht,a) d (lhm,’ht,a) 50 as 5.0 0.

The rest of the proof does not use uniform convexity, and goes through without any
difficulties for p’ in place of p, arriving at the conclusion that the chord [0, 1] 2 o —
{wratr € RE cRE isa d;,—chord as well. |

Theorem 4.9 (R], df) is a complete geodesic metric space. Moreover, the df -
chords of this space can be constructed by the method of Theorem 4.7.

Proof Given {w;o}s,{ws1}: € R, we will show that there exists a d{ —chord
[0,1]2 o > {w; ¢} € R joining {w; o}, and {w; 1};.

Fix any p > 1. Usmg Theorem 4.5 we can find {wt ot {wt Jt € RE c R such that
zo\wto and wt1 \w} for all £ > 0. Let [0, 1]9a—>{w,a}, GRP C R be
the d{ —geodesic joining {w o}t’ {w 1}2‘, which exists by Proposition 4.8.

We look at the construction of the curves oo — {w t’a} in the proof of Theorem 4.7 and
attempt to construct o« — {W; o} using the same method.

Using the fact that d; (u, v) = I(u)—I(v) for u > v, and affinity of I along finite-energy
geodesics, one deduces that for any o € [0, 1] and 0 < s < we have

31) dl( Bk, h,,a):l(?h’,"a)—l(iht,a)
= 1t y) ~ T 1(hia)

= S0 (ko) — 1(we0)) + X (1 wk ) = Twy, 1))
:5(1_O‘)(I(who)_[(wl,o))+Sa(l(w1,1)_l(wl,l)),

with the last expression converging to zero regardless of the values of ¢ > 0. From here
we get that dl( hk foot Shy a) — 0 as k — oo, uniformly with respect to 7.

On the other hand, by Proposition 4.8 (and its proof) we get that df (2 h’t‘ o Wy a) —0
as t — oo for any fixed k > 0.

By construction, each sequence {w satk €€y ! is decreasing and d; —bounded; hence, by

[32, Lemma 4.16], there exists {ws,q} € 51 such that d; (w Ws.q) = 0 as k — oo.

s,
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Lastly, the triangle inequality gives

di(Phiawsa) < di (S g Shi) +df (S g wky ) + di (kg wyg).

Putting everything together, for s > 0 fixed the first and last terms on the right-hand
side can be made arbitrarily small for big k. Next, with k fixed, the same is true for
the middle term for big ¢, ie d (%h,,a, ws,a) —0ast— oco.

As pointed out in the proof of Proposition 4.8, with this last fact in hand the rest of the
proof of Theorem 4.7 goes through without any issues for p = 1. a

Convexity of the radial K—energy Let p > 1. The radial K—energy is defined for

any {u;}; € R, and is given by the expression
K
K{us}:= lim (u,),
t—>00 t

where K: €5 — (—o00, o0] is the extended K—energy of Mabuchi from [5; 8]. In the
setting of unit-speed geodesics, this definition agrees with the ¥ invariant of [27]. Also,
there is clear parallel with the non-Archimedean K—energy of [13].

Lemma 4.10 Let {u,}, € RE and {v,}; € RY be parallel, with u, v € £? satisfying
K(u) < 400 and K(v) < +o0o. Then K{u,} = K{v;}.

Proof By the proof of Proposition 4.1 we can assume that either # < v or v < u.

For each ¢t > 0 let [0,¢] 5 / — v; € &) be the finite-energy geodesic connect-
ing vf) := v and v} := u,. It follows from Proposition 4.1 (and its proof) that
limy—s + 00 dp(v;,vl) = 0 for each / fixed. By convexity of K [8, Theorem 1.2],
for any 0 </ <t we have that

K = (1- é)lC(v) + élC(u,).

Thus, letting # — +o00 and using lower semicontinuity of K with respect to dj [8,

Theorem 4.7], we obtain
K(vr) iC(v)

/ )
Letting / — 400 yields K{v;} < K{u,}. The reverse inequality is obtained by reversing

+ K{ue}.

the roles of u and v. O

By the above lemma it makes sense to restrict to R2 when considering the radial K—
energy. Since d,—convergence implies d{ —convergence it follows from Proposition 5.9
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of [27] that the resulting functional
K{-}: RE — (—00, 00]

is dj—Isc. In the last result of this section we point out that K{ - } is also convex along
the chords of RE for any p > 1:

Theorem 4.11 Suppose that p > 1 and [0,1] > & — {ws o} € RE isa dp—chord
joining {u;}s, {ve}s € REY. Then a — K{w; o} is convex.

Proof We use the notation and terminology of the proof of Theorems 4.7 and 4.9, and
normalize K such that /C(0) = 0. Using convexity of X along finite-energy geodesics
[8, Theorem 1.2] we know that for any 0 < s <7 and « € [0, 1] we have
s
K(5ht.0) _Khia) = —a)}C(ut) —|—aK(vt).

N - t t t

Since dp(fh,,a, ws,a) — 0, given that KC is dj,—Isc [8, Theorem 1.2] it follows that

K K(2h
( Sa) 1nf(t—t’a) < (I —a)K{us} + ak{vs}.
Ky t—>oo Ky
The result now follows after taking the limit s — oo. a

Remark 4.12 Many theorems that hold for the finite-energy metric spaces (€5, d,,) ad-
mit a radial version for (Rf,, dp). As we already pointed out, Theorem 1.4, Lemma 4.3
and also Theorem 5.1 below are examples of this phenomenon. This does not seem to
be limited to only these results either. Indeed, though we will not pursue this further
here, one can introduce radial analogs of the operators max(-,-) and P(-,-), and
similar identities/inequalities/results hold for these as the ones described in [32; 33].

5 Approximation with converging radial K-energy

Approximation with rays of bounded potentials

The goal of this subsection is to strengthen the conclusion of Theorem 4.5 and obtain
Theorem 1.5(i) in the process:

Theorem 5.1 Let {us}; € RE with p > 1. Then there exists a sequence {uj}t ERY
such that u, decreases to uy, for each t > 0 fixed and IC{u] } — K{u;}. In particular,
limj 4 dc({uj} {u;}) = 0. In addition, supy u} = supy u, forall j,t> 0.
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When K{u;} = +o00, by the fact that K£{-} is d;-lIsc [27, Proposition 5.9], we will
simply invoke Theorem 4.5 for the existence of the sequence of {u? };. If K{u,} is finite,
we will need a much more delicate argument, resting on the relative Kotodziej-type
estimate of [39, Theorem 3.3], as detailed in the argument below.

At places, the argument below shares some similarities with the proof of Theorem 3.2
of [41], with the relative Kolodziej-type estimate of [39] taking the place of Perelman’s
estimates along the Kéhler—Ricci flow on Fano manifolds. Before engaging in the proof
of Theorem 5.1, we prove an auxiliary lemma:

Lemma 5.2 Let {u;}; € R} with supy u; =0 fort > 0. Then

32) lim lim sup/ (_ut)a)gt =0.
{ur=—jt}

J—00 t5 400 !

Proof It follows from Theorem 4. 5 that we can choose {u } t € Rl such that u; <
max(u;, —jt) < u{ <0 and dc({u h{us) =0. As u{ > u,, by [32, Corollary 4.14]
we have that d (u],u;) = I(uj) I(uy). Hence lim;— 400 7 (I(uj) I(u;))=0.

From monotonicity and elementary properties of /(-) we conclude that

I(max(uzs, —jt)) — I(uz)

lim =0,
t—00 t
ultimately implying
—J)— | ,—jt)—1
0<Ilim lim /max(u, J1) uth <(n+1)lim lim (max(us, —j1)) (u’)=0.
J t=oo Jx ! ! j t—oo t

Consequently both limits are equal to zero, and, on the set {u; < —2jt}, we have
0 > max(uys, —jt) —us > —%u,. This and the above together yield (32). a

Proof of Theorem 5.1 Using Theorem 4.5 and the fact that K{-} is dj-Isc, we can
assume that {u;} < +o00. Also, via Lemma 2.2, by possibly adding Ct to u; we
can additionally assume that supy u; = 0, ie # — u, is t—decreasing with U, :=
lim; o0 t; € PSH(X, w).

Foreach j > 1 and [ > 1, we let golj € £(X, w) be the unique w—psh function, whose
existence is guaranteed by [56, Theorem A], such that

1

n. _ N
(33) W = (1 5

)1{u1> jl}wu, +aj, jo", s;pgol’ =0,

where 0 <a; ; <1 is a constant arranged so that the measure on the right-hand side
has total mass equal to |’ Yo"
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Next we note that the conditions of Theorem 2.3 are satisfied with appropriate choice of
data. Let a:= (1—1/2/)1/2€(0,1), u ::<pl], x:=(1—1/2)Y2" max(u;, —jI) and
f := 1. Then, using locality of the nonpluripolar complex Monge—Ampere measure

(see eg [56, Corollary 1.7]) we have that wr’l’lax(w i > 1{u,>_,-1}w;}l ; hence,
wy, < awy + fo'.

Moreover, due to [15, Proposition 4.3; 39, Lemma 4.2], there exists A(X, ®) > 0 such
that for any Borel set £ C X we have

) . ) 1 1/2n\—2n 5
Efw =/ o < ACap, (E)* = A(1-(1-; Cap, (E)”,

where Cap,, is the usual Monge—Ampere capacity and Cap, is its relative version
from [39, Section 3]. Lastly, we note that y <0 = P[golj], due to [34, Theorem 3],
hence all the conditions of Theorem 2.3 are satisfied, to imply that

(34) ol =u=x—C; = max(u;,—jl) - C;,
where C; > 0 is a constant depending on j, but not / > 1! In particular, golj is bounded.

Moreover, for 1 < j <k and [/ > 1 we have

n.<1_2_j n n
Wel = 1_2—kw<ﬂ1’" +ow”.

Similarly to (33), this allows for another application of Theorem 2.3, with the choice of
data a:= ((1-277)/(1-27%)12€ (0, 1), u:=¢] , x:=((1-277)/(1-27F))1/2npk
and f :=1. Similarly to the above, the conditions of Theorem 2.3 are satisfied to yield
that

(35) ol =uzx—Cjx=of —Cjx.
where C; x> 0 depends on j and k, but not on / > 1!

Foreach / > 1 let [0,/]>t—u t"l be the bounded geodesic segment joining 0 and
golj + Cj. Then (34) and (35) together with the comparison principle for finite-energy
geodesics imply that

Cit ;
(36) %Eu{’limax(u,,—jt), t0,1],
and
Cit i D; ,t
37 TZu{’lzulf’[—JT’k, 0<j<k, tel0,]

where Dj ;. depends on j and k butnoton / > 1.
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To show that the above geodesic sequences subconverge to appropriate geodesic rays,
we first prove a number of estimates in the claims below.

Claim 1 For any j > 1 we have

Ent(w™, w”tf )

“ Ent(w", a)gt )

lim sup < lim sup
t—>—+00 t t—>400 t

n
(2

fr,jo" and wj;, = frw™. Observe first that for any g; > 0 with fX gro" = fX o™ we
have that

1 B)1 B
lim sup/ %gﬂgt)wn = lim Sup/ (gt + ) Og(gt + )wn for all B Z 1
X X

t—>+00 t—>+o00 t

Since Ent(w", w;, ) < +00 (because K(u,) < +00), for any # > 0, we can write o =

This follows after splitting up both integrals using the partition {0 < g; < C} and
{C < g} for C > 0 big and noticing that the lim sup of integrals on {0 < g; < C} is
always zero.

By construction, see (33), 1 < f; j +1 < f; + 2 and hence, since s > s log(s) for
s > 1 isincreasing, (f;,;j +1)log(fr,j +1) =< (fr +2)log( f; +2). Using the above
we then conclude

/1 - + 1)1 + 1
Jim sup / J13180/6) n _ i sup / (Juj + Dlog(fej +1) ,
t——+o0 JX t t—+oo JX t
<ty [ St Dot +2)
< lim sup W
t—>4o00 JX t
T / Jelog fr
=limsup | ——w".
t—>+oo JX 4
Claim 2 We have T(o)
lim lim sup M =0.
J t—>+o0

Before we start with the argument, we recall that Z(v, w) = [y (v—w)(w}}, — w}) for
v, W E Sé). By (33) we have

i 1
j t
Z((p,,ut)fzj/ % “t|60,'f,+/{

R
ur=—jt} X
and the claim follows from the following three estimates. First, the estimate of (34)
and basic properties of /() give that
1 [ loj—uil e 1|7
(38) limlimsup —— | —.——w]; <limlimsup — — +lim lim sup — ol _
J t—>+oo 27 Jx t J t—>+oo t J t—+4o0 2J !
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Second, by the dominated convergence theorem we have that

J_ C; —
(39) lim / lot —ued w o [ 16 Tl
t—>+oo Jy t t—>+oo Jy t

" =0.

Third, by Lemma 5.2 and (34),

j_ c

(40) lim lim sup / Mw,’:[ < lim lim sup / Mwl}, —0.
J t—>+oo J{u,=—jt} t J t—>+oo J{u,<—jt} t

Claim 3 We have

(o)) -1
lim lim sup M =0.

J t—>+o00 t

This claim follows from Claim 2 and Lemma 5.3 below, with ¢; = gotj , 2 = uy and
¥ = 0. Indeed, given (34), we have that max(—I(¢}), —I(u;)) ~ Ct + C; for a
uniform constant C. Lemma 5.3 then gives

LL@J—uowa < (Ct+CN S (T} un/(C+ ).

f(%_ (@,

Again, due to (34) and elementary properties of /(-) we have that

I@)H—1 /-
Oflimsupwflimsup/ L4 uta);’t.
X

t—>+00 ! t—>+o0 !

Hence,

11m lim sup =0.

t—>—+00

Putting these last two estimates together with (39), the claim follows.

Claim 4 For any closed smooth real (1, 1)—form « we have

T |Iot(§0t])_loe(ut)|
lim lim sup
J t—>+o00 t

=0.

Recall that Iy (v) := Z 0 Y VoA a)v Since o can be written as the difference of
two Kihler forms, and I (-) is monotone when o > 0, notice that the claim follows if
we can argue that

(el + ) =T Lo (9] +G) = T ()
lim lim sup = lim lim sup
J t—4o0 t J t—4o0 t

=0.
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Using (34) we observe that this last identity is a consequence of

lim i Iw(§0t1+cj)_lw(“t) T Iw(‘ﬂ{)_lw(ut)
im lim sup = lim lim sup
J t—>+o0 t J >+ t

=0.

However we have that

. ; J .
Io(9) = To(ur) _ (n+DU(p]) = Tw)  Jx 01 95] = [y ey,
t t t '
So, by Claim 3, it is enough to show that

o |[x ‘th ] — [y urwy,|
lim lim sup =0.
J t—>+o00 t

Again, due to (34) and elementary properties of /(-) we have that

(<pj —up)wi I — T
lim lim sup UX ! e ‘ < lim lim sup M
J t—>+o0 t J iotoo ‘

=0,

where the last identity follows from Claim 3. Due to (33) and (39) we also have

g o) el |
lim lim sup ! <lim lim sup (21 —wy, +/{ —a),’}t) =0,

J t—+too t J t—>+4o00 w<—jt} 1

where the last equality follows from Lemma 5.2 and the fact that [, luslowy, =
di1(0,u;) =tdi(0,uq) [32, Theorem 3].

Conclusion There exists a sequence /;, /" +o0o such that

lim 1 Ent(0", v, ) = lim sup — ! Ent(0", 0]} ).
k—>—+o0 lg t—>+o00 !

It then follows that

lim sup li(Ent(a)", a)(’;,lzk ) —Ent(w", wsz )

k—+oo tk .
< limsu Ent(0", ®"i ) —lim — Ent(0", "
k—>+o§l (@ o] ) =1 Ik (@7 O,
= lim sup — ! Ent(w”, a) 1 ) —limsup — ! Ent(0", o, )
k—+o00 Ik t—+oo !

<limsup - ! Ent(0", w 1)—11m sup — I Ent(o", wy;, ).
t—>+00 —>400 t

It thus follows from Claim 1 that

1) lim limsup —

J=+00 ks 0o Ik

(Ent(a)”, (U(Z[JI\) — Ent(0”, a){flk ) <0.
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‘We continue with

K(g]) K¢} ) = Kluy,) K
limsup—lk < lim sup L *~ + limsup (ul").
k—4o00 k k—-+o00 lk k—4o00 k

Thus, using the Chen-Tian formula (8) together with (41) and the estimates of Claims 3
and 4, we can continue to write

K(ef)
lim limsup
Jo+op si00 i

=< IC{M;}.

As a result, there exists an increasing sequence { j,; }» C N such that

Jm

lim sup SIC{ut}—i-%.

k—+o00 k

Hence, returning to the geodesic segments constructed at the beginning of the argument,
by convexity of the K—energy we have, for all ¢ € [0, [;],

Jm

K Jmslic ()
(42) lim sup L < limsup — e ” S K{uy + i.
k—+o0 4 k—+oo Ik n

Letus fix m > 1 and € Q" momentarily. We use the compactness property of 5(}, (see
[8, Corollary 4.8]) to extract a subsequence (again denoted by /; = [ (m, t)) such that
dy (ut.’”’lk ,u™) — 0 as k — oo for some u™ € £L. Using a diagonal Cantor process it
is actually possible to pick the same subsequence of {/; }; foreach m>1and r € Qt.
Moreover, due to the endpoint stability of geodesic segments [8, Proposition 4.3],
we get that the convergence extends for all 7 > 0: there exists /" € £L such that
dq (u{””l",u;”) — 0 as k — oo forany ¢t > 0 and {u}'}; e RS].

Now we prove additional properties for our sequence {u/'};. By (36), we notice that
{ui'}r e RY:
(43) max(us, — jmt) <uft <0.

Moreover, by (37) we also have that {u7"}; is m—decreasing!
Fixing ¢ > 0, since d; (ujm’l
of IC, from (42) we obtain that

K@i
t

u") = 0 as k — oo, due to d;—lower semicontinuity

(44) < Ki{u t}—i—— for all 7 > 0;

hence, C{u"} < K{u,;} + %, as desired.
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Next, we argue that dy (u}’, u;) — 0 for any ¢ > 0, as m — oo. But this is simply a
consequence of Claim 3. Indeed, due to (43), we only need to argue that

(45) R LG LT T (C o et (CTO

m—+00 t m—+00 t

0.

But, from [/ -linearity, for any ¢ € [0, /] we have that

I(uf') — 1(u;) _
t

[y = 1wy ") = TGuy,)
p p = lim sup

lim su
k—00 Iy

k—o0

’

and the right-hand side converges to zero as m — +o0, by Claim 3.

Since d; (u', u;) — 0 implies that u7"  u; [32, Theorem 5], hence we can invoke
Lemma 4.3 to conclude that dy({u}"};,{us}¢) — 0 as m — oco.

Lastly, (43) together with u, < u/* implies the normalization supy u’' = supy u; =0
for ¢ €0, 1], as desired. a

In the above argument we have used the following lemma, whose proof goes along the
same lines as [6, Theorem 5.8]:

Lemma 5.3 There exists a continuous nondecreasing function f: RT™ — R™ with
£(0) = 0 such that, for all 0> @1, ¢,,% € EL, we have

'/X(% —@2)(wp, — )| < Af (Z(p1.¢2)/ A),
where A = max(—I(¢1), —1(p2),—1(¥), 1).

In the proof below we use C,, > 0 to denote various numerical constants (only dependent
on dim X =n)and f: RT — R to denote a continuous nondecreasing function such
that f(0) = 0. They may be different from place to place.

Proof By approximation of finite-energy potentials from above by smooth ones, we
can assume that ¢, ¢, and ¥ are smooth (the convergence of the integrals is assured
by the results of [56]; see for example [35, Proposition 2.11]). We set u = ¢ — ¢»
and v = J(¢1 +¢2). For p=0,...,n, let

ap:= | uwl Ao’ F and b :=/ i0uAduAoP AP
p /X ©2 v p . B v
It follows from [56, Proposition 2.5] that

(46) IW1.¥2) < Ca(IW )|+ [I(W2)]) forall 0> vy, €&,
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In particular, Z(y, ¢j) < Cy A for j =1,2.

For p=0,1,...,n—1, we have, using integration by parts and the Cauchy—Schwarz
inequality,

|ap_ap+1|

= iU NI — ) AwP. Ao P!
'/X (¥ =) nool, Aot

=< i0undunwl /\a)”_”_l) (/ 1 0(W—02) NIV —02) AP /\wn—p—l)
([X 02 N Dy, y (V=) NIV —p2) Nwg, Aoy,
< Cuby > (g2, ¥)'/? = Cuby? A2,

In the last line above we have used @y, < 2w, and the inequality

| 10w =) A8 =g n gm0y < | =g, —ap).

It thus follows, by summing up the estimates of |a, —a,4 1| above for p=0,...,n—1,
that

n—1
(47) lao —an| < CnA'? Y " b)/2.

p=0

We claim that there is a nondecreasing continuous function f: RT —R™ with £(0)=0
such that

bp < Af(T(e1.92)/A), 0<p=<n-—1.

We proceed by (backwards) induction. For p =n —1 we can simply take f(s) = Cys
for s > 0. By the same argument as above, using integration by parts and the Cauchy—
Schwarz inequality we have, for 0 < p <n -2,

bp_bp—i-l
=/ §9u A Tu A 10D —v) Af AP
X
< fiau/\g(w—v)/\iagu/\wé’/\a):;_p_z
X
< / P9 A DY — ) A (g, —0g,) A0l Aoy
X

< 2
- v

+‘/X iau/\a(l//—v)/\a)(pz/\wf,’/\w:;_p_

[ iE)Lt/\g(t/f—v)/\a)«,l/\a){j’/\a)n_p_2
X
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B 1/2
< Cn(/ iau/\c‘iu/\a){)’Jrl /\wzf_p_z)
X

B » \2
. n—p—
><(/Xza(w—v)/\a(w—v)/\a)lfJ e )

< GZ(y,v)' 212,

where we used several times that wy; < 2wy . Using (46), we thus have
bp < bpt1 + ACu(bp11/A)"? < Af (T(p1,92)/ A) + ACu [ (T(p1, 92)/ D'V,

Consequently, by possibly increasing f, we have that b, < Af(Z(¢1,¢1)/A), proving
the claim. Comparing with (47), we thus have

lag —an| = Af (Z(@1,92)/ A),

what we wanted to prove. a

Approximation with rays of C1-! potentials

The goal of this subsection is to prove Theorem 1.5(ii):

Theorem 5.4 Let p > 1. Suppose that {u,}; € R is such that K{u;} < co. Then
there exists {vf}t C Rclu’l such that vf N\ u; fort >0, dlf({vf},, {us}s) — 0 and
K{vf} — K{u,;}. Additionally, supy vi‘ =supy u; forall k,t > 0.

To argue this result, we need two auxiliary theorems, whose proof will be given at the
end of the section. First we will need the following theorem, which will allow us to
obtain “scaled” C!-! estimates along geodesic rays, via convexity:

Theorem 5.5 Let [0,1]5¢ — u; € 7—[610’1 be the C'1>1 —geodesic connecting g, u; €
’Hélu’l. Then there exists B > 0, only depending on (X, w), such that
[0,1] ¢ — esssup(log(n + Apus) — Bus) € R
X
is a convex function.
The proof of this theorem is obtained using the estimates developed in [S8]. We will
also need the following smoothing argument along bounded geodesic rays, relying

on the regularizing property of the weak Monge—Ampere flows, closely following the
arguments of [57]:
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Theorem 5.6 Let B > 0 be from Theorem 5.5, and {u;}; € Ry with K{u,;} < oo
and supy u; = 0 for t > 0. Then there exists o > 0, depending on {u;},, such that for
all s >0 and j € N one can find u} € H,, satisfying the following conditions:

6))] {uf}j is decreasing and ug < u; <aj27/.

(i) supy(log(n + Aul) — Bul) < a2/ (1+5).

(i) d; (us Jug) <2 s+ aj27l.

(iv) Ent(w", wZ’f) < Ent(0", wy,).

Proof of Theorem 5.4 First we assume that {u,}, € RS and supy u; =0 for ¢t > 0.
If {u;}; is the constant ray then we are done; hence, after rescaling, we can also
assume that d4(0,u;) =t for t > 0. Let {uf }s>0,jeN be the potentials constructed as
in Theorem 5.6.

Letus fix j eN momentarlly Given s > 0 by [0 s]at—ul’ e Hw we denote the

cll geodesic connecting ”0’ :=0and u]"’ :=u] . Using condition (i) in Theorem 5.6
and the comparison principle for weak geodesics we get that
j 1271
(48) wesul* <=L peqos)
s

Since {u§ }j is decreasing, by the comparison principle for weak geodesics, {u{ Y s
decreasing as well, for any ¢ € [0, s].

Given ¢ € (0, 5], by Theorems 5.6(ii) and 5.5 we have that

ess supX(log(l + %Awu{’s) — Bu{’s) - supX(log(l + %Awug) — Buﬁ)

(49) ; P

<a2/(14 l).
s
Finally, (1) and Theorem 5.6(iii) imply that

di (uy” ur)

t §a2—1’+9, 1 €0, s].

(50)

Fixing ¢ > 0, (48) and (49) glve that {u y }{s>,} is compact in the C1* topology,
implying existence of v{ € 15! such that v —ul”|cre — 0 as s — oo (after
passing to an s—subsequence). Moreover, letting s — oo in (48), (49) and (50), using
Lemma A.1, we arrive at, for ¢ € (0, 00),

d (U{ ,Ut) <

Sl us = vj =<0, %(log(l + %va{) —Bv{) <a2/, . <a27/.
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Using an Arzela—Ascoli-type argument exactly the same way as in the proof of Theorem
5.1, after passing to another s—subsequence, we can assume that ||v, —ul | cta — 0
for all 7 > 0 at the same time, implying existence of {v,j} eRV! forany j € N. By (51)
we get that dlc({v{}, {ur}) —0as j —oo. Remark 4.4 implies that d;; ({v,j}, {u;})—0,
as desired.

Finally, since {u{ **1; is decreasing for any ¢ € [0, 5], a diagonal Cantor process now
implies that {v]} j can be chosen to be decreasing for any 7 > 0.

To show that IC{v, } — K{u;}, we first note that by [27, Proposition 5.9] we have
K{u;} <liminf; IC{vt }. Hence it is enough to show that K{v/} < K{u,} + f(a277)
forany j € N, where f: Rt — R™ is some continuous function with f(0) = 0.

Using conditions (iii) and (iv) in Theorem 5.6 we can start writing

sy KD e did ) | i 045 = et (45
N N N

IRic(a)) (”i ) - IRic(w) (us)
g .
We can suppose that —Cw < Ric(w) < Cw, and for the rest of the proof C > 0 will

§%+0t2_j|§|+n

denote a constant only dependent on (X, ). Using condition (i) in Theorem 5.6
multiple times, we can estimate

i 1
IRic(w) 1) — IRic(w) (Us) <CZj fx(“s ”S)“)/\“’J”\wn /-

N S
C > Jx (uy — Us)Oy) Jatu, /4
a S
< o Zix s R g~ | 1)~ I

< F@@W],us)/s)+Ca2 + €2,
where f/: Rt — R™ is a continuous function with f(0) = 0, and in the last line we
used Lemma 5.3. Together with (52), this inequality implies that

Kwl®) _ K@)

(53) = 0 S K+ Ca2 ™ 4 f(z(ug,us)/m%

Letting s — o0, since K is convex and d;—Isc, we obtain that
Ky < K{usy + Ca2™7 + f(@277),

as desired, finishing the proof when {u,}; € R’ .
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Now let {u;}; € RE with K{u,} < 0o. We can still assume supy u; = 0. By Theorem
5.1, there exists {uX} € RS such that u¥ \  u, for t > 0, dlﬁ({u’t‘},{ut}) < 1/2k,
\K{u,} — K{u®}| < 1/2% and supy u¥ = 0.

Let {uf’j }j be the potentials of Theorem 5.6 associated to the rays {u’,‘} +. By the
construction of these potentials (as elaborated in the proof of Theorem 5.6) and
[57, Corollary 2.2], it follows that {uf’j }k,j 1s decreasing both in j and k for any
fixed s > 0! For each k fixed we choose j; € N large enough such that, in view of
Theorem 5.6 and (53), d; (u];’j" k) <27k5 4 ¢y and

K@ukiiy < s(Kfu®y +27%) + ¢, s> 0.

Moreover, we can choose the sequence {jx}x such that jizy; > jx. Using this,
a diagonal Cantor process applied to {uf’j k14 yields rays {vf}t € Rélu’l such that
u’t‘ < vﬁ‘ <0, dg({vf}, {u’t‘}) <1/2% and IC{vf}—lC{u]t‘} < 1/2%; moreover(!) {vf}k
is decreasing for any fixed 7 > 0.

As (RS, dy) is complete, we obtain that dg({vf}t, {us}s) — 0 and lim supy, IC{vf} <
K{u;}. Using again [27, Proposition 5.9] we have that C{u;} <liminf; IC{U{c }, hence
we have equality as desired. a

Remark 5.7 It follows from (51), that the approximating rays {v{ b € R in the
previous theorem additionally satisfy the estimate

%esssup(log(l +%vatj)—Bv,j) <a2/, t>0,jeN.
X

The proof of Theorem 5.5 Let us denote the log of the left-hand side of (6) by
F(u?). Given a smooth function & € C%°(]0, 1] x X), if & attains its maximum at
(t,x) € (0, 1) x X, then ellipticity of (6) gives that

(54) DFus)(h) (1, x) = % PG+ skt x) <0,

Proof of Theorem 5.5 Let us first assume that 1o, u; € H, and let [0, 1] 5 ¢ — u§ be
the smooth e—geodesic connecting ¢ and u; (see Section 2.1). Fix (¢,x) €[0,1]x X
and & > 0 momentarily. In [58, page 339] (after equation (2.19)) it is shown that for
some constants B, C > 1, dependent only on (X, ®), we have that

n

& &y — g ;_
(55) DF@u)(og(n + Awtty) = Bup) (1, x) Z,; L+ (ut)jz

’
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where we have used normal coordinates of @ at x and 7 9du? is assumed to be diagonal.
Additionally, fix § > 0 and gg(¢) := %Stz. We also have

)

(56) DF(u®)(gs(1))(1,x) = TV

Assume that /i 5(¢, x) := log(n + Apuf) — Bui + gs(t) is maximized at (z,x) €
(0,1) x X. Then, by (54), (55) and (56), we obtain at (¢, x) that

n

1 )

57 0> DF(u®)(hes) > + - -C
e ;l—l-(uf)j]— ut—|Vu§§)i
>(n+ l)|: — i| -C
(T ) 1) (U W) ) — Vet )
§11/(n+1)
=[]

In the second line we have used the inequality of arithmetic and geometric means
while for the last identity we have used (6). Thus, for & < §(n + 1)"T1/C"T! we get
a contradiction in the above inequality, implying that the maximum of /, s cannot be
attained at (¢, x), an interior point of [0, 1] x X. In particular, we have that

sup hg (¢, x) <max(sup /1; 5(0, x), sup b 5(1,x)), 1€[0, 1], <8+t cntl,
X X X

Letting ¢ \( 0 and § N\ O thereafter, via Lemma A.l we arrive at

esssup /19,0(t, x) < max(sup /19,0(0, x), sup 1g,0(1,x)), ¢ €[0,1],
X X X

motivating the introduction of My, (1) :=ess supy (log(n+ Ay (1)) — Bu,). Indeed,
we can simply write

(58) My, ul(t) = maX(Muo,ul(O) Muo,ul(l)) t €10, 1].

Next we observe that (58) also holds when we merely have ug,u; € ’Hw Indeed, we
pick sequences u \{ 4o and u \\ 41, as in Proposition A.2. Then we apply (58)
to M}/ and the comparison pr1n01ple [11, Theorem 21] together with Lemma A.1
gives (58) for ug,u; € 7—[(1;1.

To finish, we show that My, 4, (¢) is actually convex. Let a,b € [0,1]. Then ¢ —
Vt = Ugtt(b—a) + %(Muo,u1 (@) +t(Myg,u, (D) — Myy u, (a))) is the C1!1 geodesic
connecting vg 1= ug + My, u,(a)/B and vy 1= up + My, 4, (b)/B. Applying (58) to
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vo and vy, we arrive at

Myyu,(a+tb—a))—Myyu, (@) —t(Myyu, (b) — Myy,u,(a))
- Vo,V1 (t) S maX(MU(),vl (0)’Mv0,v1(1)) = 0’

hence t — My, 4, (¢) is convex, as desired. O

The proof of Theorem 5.6 In the proof of Theorem 5.6 we will use the formalism
of [57] adapted to our context. Fixing ¢g € EJ) with supy ¢o = 0, we consider the
parabolic PDE on [0, co) x X, with initial data given by ¢y,

; n
(59) L = 1og[(‘°+;¢].
To avoid cumbersome notation, we will denote 7—derivatives by dots in what follows.
As shown in [57], (¢, x) — ¢¢(x) is smooth on (0,00) x X. The initial condition
simply means that d; (¢;, ¢g) — 0, as t — 0 [57, Section 5.2.2]. When ¢g € H,,, we
actually have that ||¢; — @g||coe — 0 as t — 0. Moreover, it is shown in [50, Theorem
B] that if ¢g € 8;) and gog € M converges in LY(X, ") to g, then for any 7 > 0
we have that ||} —¢;| coc — 0, where {g} j are the smooth solutions to (59) with
initial data wé . All this implies that the a priori estimates and maximum principles
developed in [57, Section 2] for smooth initial data, also apply for initial data in Eal), as
above (for our applications ¢ will be actually bounded).

For the remainder of this section we pick a small constant A > 0 depending only on
(X, ) such that [ 5% e~y g uniformly bounded for all ¢ € PSH(X, @) normalized
by supy ¢ = 0 (see [75, Proposition 2.1; 81]).

Let v be the unique continuous w—psh function such that

(60) 0)1’,1 — ekv—k(po—n log Awn.

By our choice of A, it follows from [64; 6] (or much more generally [39, Theorem 5.3])
that v is uniformly bounded by a constant depending only on (X, w).

Lemma 5.8 With A € (0,1) and v as above, we have that

(61) (1=At)po +Atv+n(tlogt—t) <¢; <0, te€]0,1].

Proof Let ¢; := (1 —At)@po + Atv+n(tlogt —1t) for t € [0, 1]. Then

n

: o)
Yy =A(v—g¢o) +nlogt = log()»”t” . w—’;l) < log( i )
a)

w”
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This implies that / — ; is a subsolution to (59), and an application of the maximum
principle [57, Corollary 2.2] yields the first inequality in (61).

The second inequality follows from [57, Corollary 2.2], after comparing ¢ — ¢; with
the constant solution ¢ — x, :=supy ¢o = 0 of (59). a

Simplifying (61), we actually obtain that
(62) 0o <¢@r+Ct—Ctlogt, tel0,1],

for some constant C > 0 dependent on (X, w). This can be taken one step further, as
we now describe:

Corollary 5.9 There exists a constant C > 1 depending on (X, @) such that w; > w;/,
for any t € [0, 1], where

(63) ws =@ +Ct—Ctlogt.

Proof Fixing s € (0, 1), we apply (62) to the flow 7 = ¢g/2 4, starting from ¢g/,. By
(61) and (62) we have that ||e=*#s/2]|, » is controlled by ||e~*#0]|, > which is uniformly
bounded by a constant depending on (X, ®). Hence, for ¢ := 5§ € [0, 1] in (62), we
have

95 = 9572 — Cs/2+ C(s/2) log(s/2),

where C only depends on (X, w). Thus, after possibly increasing C > 0, the function
wy =@ + Ct — Ctlogt satisfies w; > wy/, for ¢ €0, 1]. O

We also point out the following simple monotonicity result:
Lemma 5.10 The map [0, 00) > — Ent(0”, wg,) € R is decreasing.
Proof First let us assume that ¢y € Hg in (59). For ¢ > 0, we can start by computing
d nony_d [ . SN
" o) = 5 [ o+ g
= / G1(w +i90¢,)" —/ |V¢t|§)wt (w +100¢;)"
X X
— [ oy, 0@+ 5800 = [ 196l @+ i0Bp0)
X X

= [ V0L, @+ idBp)" <o
X t
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In the second line above we have used ¢; = Aww, ¢, which follows from the equation
of the flow (59). Consequently, # — Ent(w", wg, ) is decreasing on [0,00), when
Yo € Ho-

For general ¢g € £}, let go({ € H, be such that d, (gog,%) — 0 and Ent(w", a)g(f)') —
Ent(w", w(’zo) (such a sequence exists by [8, Theorem 1.3]). Fixing ¢ > 0, by Theorem B
of [50] we have that (pt’ — oo @y, hence we can conclude that

Ent(w", oy, ) = lijm Ent(w", wﬁ,") < li]m Ent(w”, a)g(z)') = Ent(0”, 0g,),
finishing the proof. a
For the remainder of this section, let {u,}; € R> with supy u; = 0 for > 0 and

KC{u:} < 400, as in the statement of Theorem 5.6. Since supy us = 0 for s > 0, by
the weak L!-compactness of PSH(X, w) we have that ug \ ts € PSH(X, ).

We fix s > 0 for the remainder of this section, and we construct the sequence u] as

follows. For each j we define

J._ .
Uy 1= W,

where wg ; € H,, is constructed in (63) with respect to the flow ¢ — ¢y, starting from
¢s,0 := us. The estimate of Corollary 5.9, together with (62) yields the condition (i) in
Theorem 5.6 for o := 3C. Condition (iv) follows automatically from Lemma 5.10.

Next we address condition (ii) in Theorem 5.6, which is closely related to Corollary 4.5
of [57]:

Lemma 5.11 We have that

(64) sup(log(n + Awu{) — Bug) <a2/(14s), jeN,s>0.
X

Proof From [57, Corollary 4.5] we obtain that for any j € N and s > 0 we have
1 ; 1
(65) > log(n + Apul) = 2 log(n + Ap@g i) < Closcy ¢ ,—j—1 + 1),
where C > 0 only depends on (X, w). Using (62) we have that
0SCY Qg p—i—1 = —i)r}fgos,o +oa= —i)r}fus + «.

By [34, Theorem 1] we have that infy us = my,, s for some constant m,,; < 0. Con-
sequently (64) follows after putting the above together with condition (i) in Theorem 5.6
(and possibly increasing the value of o > 0). a
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Next we address condition (iii) in Theorem 5.6:
Lemma 5.12 We have that d; (ug, us) <a2 s+ aj27/ forany j €N and s > 0.

Proof For the flow 7 — @5, using (59), we can write

t t
I((/)s,t) - [((Ps,o) = iI((ps,l) dl = Ent(wn’ wzs ) dl
0 dl 0 !
< Ent(0". wg, )t = Ent(0", wy )1,

where we have used Lemma 5.10. Recall that for u} := wg o » due to property (i) we
can continue:

dy(u], ug) = 1(u])=1(us) < 1(py 1-))—1(95,0)+ej 27 <Ent(0", 0} )27/ +aj27/
After invoking Lemma 5.13 below, and possibly adjusting o > 0 again, the proof is
finished. =

As promised above, we argue that along {u;}; the entropy has sublinear growth:

Lemma 5.13 There exists C > 0 depending on d;(0,u;) and K{u;} such that
Ent(0", wy,) < Ct fort > 0.

Proof Let D > K{u;}. By the Chen-Tian formula for the extended K—energy (8) we
obtain that

Ent(0”, 0] ) < Dt —S1(us) +nilgicw) (ts) < Cit +Cady (0, u;) + C3dy (0, u;) < Ct,

where we have used [41, Proposition 2.5] in the second estimate. Here Cy, C;
and C; are uniform constants. Since u; < 0, we have d1(0,u;) = |I(u;)|, while
[41, Proposition 2.5] gives the bound 7n|Igic(w)(us)| < Cad(0,u;). Since u; is a
geodesic ray starting from 0, we have that d; (u;,0) = td; (0, u1). This gives the last
estimate above. The constants C;, C, and C; depend only on an upper bound for
K{us}, di(0,uq) and (X, w). a

6 Applications to geodesic stability

First we point out how the L! version of Conjecture 1.7 can be derived from [26;
27; 35, Theorem 4.7]. As alluded to in the introduction, the argument is implicitly
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contained in [26; 27], but we provide a short proof here as this result is not explicitly
stated in that paper. Recall that G = Auty (X, J), and for the definition of G —calibrated
rays we refer back to the introduction.

Theorem 6.1 (L! uniform geodesic stability) Let (X, ) be a compact Kihler
manifold. Then the following are equivalent:

(1) There exists a csck metric in H,, .

(ii) There exists § > 0 such that K{u;} > § lim sup, %dlyG(GO, Guy) forall {us}; €
R
(iii) K is G —invariant and there exists § > 0 such that K{u;} > 8d(0,u,) for all
G —calibrated geodesic rays {u;}; € R!.
We recall that RI’/RI’i for p €[1, 00] is the set of rays {u;}; € Rg/Rc{,’l normalized
by the condition /(u;) =0 for ¢ > 0.

Proof By [26, Theorem 1.5], the conditions of [35, Theorem 4.7] are satisfied. Indeed,
it was pointed out in [44, Theorem 10.1] that all the conditions (A1)—(A4) and (P1)-(P6)
hold with the exception of (P3), which is exactly the content of [26, Theorem 1.5].

After comparing with the conclusion of [35, Theorem 4.7], we only need to argue that
condition (ii) implies that K is G —invariant. However we notice that (ii) implies that
(X, w) is L' —geodesically semistable, in the sense that, K{u;} >0 for any {u,}, e RL.
Now Lemma 4.1 of [27] implies that K is G —invariant, as desired. O

To show that Theorem 1.8 holds, we argue in the next two results that conditions (ii)
and (iii) in the previous theorem are equivalent with their C 1! version:

Theorem 6.2 Let (X,w) be a compact Kihler manifold. Then the following are
equivalent:

(i) There exists § > 0 such that K{u;}> § limsup, %dl,G(GO, Guy) forall {u;}; €
RY.

(i) There exists § > 0 such that K{u,} > & lim sup, %dlyG(GO, Guy) forall {u;s}; €
RUL.
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Proof We only need to argue that (ii)=>(i). Let {u,}; € R!. We can assume that
K{u;} < 0o, otherwise there is nothing to prove.

We pick {ulf}t € R(L’l, as in Theorem 5.4. We notice that |1(u;) — I(u’t‘)| — 0 as
k — oo for fixed ¢ > 0 (because d;(u;, u’,‘) — 0); hence, by subtracting a linear
term from each {u]f}t, we can assume that {u’t‘}, e RLT with IC{u’t‘} — K{u;} and
dy ({u’,‘} ¢, {us}s) — 0 still holding. Moreover, we have the sequence of inequalities

. |d1,6(G0, Gu;) —dy (GO, Guf)| _ d1,6(Gu;. Gub)
lim sup — : < lim sup —
t t t t
dy (uy, u¥
< lim sup —l(ut ur)
t

= d¢({ugde, (k).

Since the last term converges to zero as k — oo, we obtain that lim sup, %d 1.6(GO, Gu®)
converges to lim sup; %dl .G(GO0, Guy), as desired. o

Theorem 6.3 Let (X,w) be a compact Kdhler manifold. Then the following are
equivalent:

(1) K is G —invariant and there exists 5 > 0 such that K{u;} > 6d(0,uy) for all
G —calibrated geodesic rays {u;}; € R'.

(i) K is G —invariant and there exists § > 0 such that K{u;} > 8d;(0,uy) for all
G —calibrated geodesic rays {u;}, € R""!.

Proof We only need to argue that (ii)=> (i). Let {u;}; € R! be G —calibrated and
nonconstant. We can assume that {u;} < oo, otherwise there is nothing to prove.

Using Theorem 5.4, we pick {u’f}t € R;;l such that d ({u’,‘}, {us}) — 0 and IC{L_;’,‘} —
K{u;}. By adjusting with small constants, we can assume that {u],c }, e RV and
neither of these rays is constant. Unfortunately {u/tc }+ may not be G —calibrated, and
the bulk of the proof consists of finding a new sequence {L'Z’f 1, € RV that satisfies
this property.

Forany k > 1 and ¢ > 1, let gk € G be such that

1
(66) di(0. gf uf) = di.6(0.uf) = di (0. gf uf) — .
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The following estimates will be used later:

(67) dy (0, gf uf) = di (0, g ur) —dy (gF uf, gf ur)

> d1,(G.0,G.up) —diy (ur, uf)

> dy(0.uf) —2dy (up. uf)

> dy (0, uf) = 20df (ue}e uf o),
where in the first line we have used the triangle inequality; in the second line we have
used the definition of d; ¢ and the fact that G acts on E& by dq—isometry (see [44,
Lemma 5.9]); in the third line we have used the triangle inequality and that {u,},

is G —calibrated; in the last line we have used that (0, +00) > ¢ — d; (u’t‘, uy)/t is
increasing (see [9]).

Let [0,¢]2/ — pf’t € &} be the finite-energy geodesic connecting 0 and gfult‘ From
(66) and [35, Lemma 4.9] it follows that

68)  di(0.pf") 2 d16(GO.Gpf") = di 0. pf) 1, 1€0.1]

Using G —invariance, convexity of K and that £(0) = 0, for any / € [0, ] we have that

ka
K(op") _ K(gkauf) _ Kwh)

(69) / - t t

< K{uky.

Due to [8, Corollary 4.8], after possibly selectlng a subsequence #; — o0, there exists
ul € &L for any / > 0 such that d; (”l 'Ol ’) — 0. After taking the limit in (68), due
to [8, Proposition 4.3] we find that {uk}t e R! is G —calibrated. Moreover, due to (67),
there exists ko such that {ut }¢ is not the constant ray for k > k.

Next we argue that {ﬁ]f}t € RI’I. To start, for ¢ > 1 using (66) and the fact that G
acts by d—isometries (see [44, Lemma 5.9]), we get that

(70) d1(0,%.0) = d, (0, (g¥)71.0) < dy (¥, (¢%)71.0) + dy (¥, 0)
_dl(gt ut’0)+d1(ut’0)<2d1(“t,0)+—<2d1(ut,0)—|—1

Next, let B > 0 as in the statement of Theorem 5.5. Using Lemma 6.4 below, we have
the estimates

max (sup |g%.0[, sup log | V¥, sup(log(n+ Ay (g%.0)— Bgk.0)) < Cd, (g¥0,0)+C.
X X X
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Recall that gi‘ult‘ = (gi‘)*u],€ + gi‘.O (see [44, Lemma 5.8]). In particular, Theorem 1
of [34], Remark 5.7 and (70) give that

sup|gf.ult‘|Ssuplulf|+sup|gf.0|5Ct+2Cd1(qu,0)t+C§Cl+C,
X X X
k . k k  k k
sup(log(n—i—Aw(g, u;))— Bg; .ut) <Ct+2Cd(uy,0)t +C =Ct+C,
X

where C depends on k but not on ¢ > 1! Using [34, Theorem 1] and Theorem 5.5,
we find that supy |,0;€’t| < CIl + C and supy (log(n + Aw,of’t) - B,o;"t) <Cl+C
for any / € [0,7]. Lastly, letting ¢; — oo, we arrive at supy |L75€| <Cl+C and
supy (log(n + Ay ii¥) — Biik) < C1+ C for any / > 0, what we wanted to argue.

Due to the fact that K is d;-lsc, G—invariant and convex, similarly to (69), we find
that for all / > 0 and k > ko we have

~ k.t
K(Tf) Ko, K(gf uf

(71) ———=— <liminf — <liminf ———————
di(0,f) T i g, (0, ,of’t’) ij=00 dy(0, gf uf,)
A k)
= liminf — < liminf k 2
tj—>0o0 dl(O,gtj -“t,-) tj—>o d, (O,Z/ltj)—2ljdf({ut}t,{1/lt}t)
N RO d1 (0.uf)
T o0 L dy 0.1k ) dy (0, uF) — 20;d¢ ({uF
J 1( ’u[j) 1( aut]-) [] 1({u[}t’{ul}1)
K{uky dy(0,u)

~ di(0,u%) dy(0,uF) = 2d5 (uk Yy uite)
where in the second line we have used (67), and all the denominators are nonzero since

{z'Zlf}z and {u’,‘}t are nonconstant for k > k.

Finally, we use that (ii) holds for {ii’t‘ }r € RUIL, Consequently, after letting /, ¢ — oo
in (71), we arrive at
Kiigy _ Kiufy dy (0, u*)
T di(0,@%) T dy(0,u) di(0,uk)—2d¢ (Quky {uete)

Letting k — oo, we now obtain that § < K{u;}/d;(0, u), finishing the proof. O

Lemma 6.4 Let (X, w) be acompact Kihler manifold. There exists C :=C(X,w)>0
such that for all g € G we have that

sup|g.0] <Cd(0,2.0)+C and suplog(n+ Ay(g.0)) <Cdy(0,g.0)+C.
X X
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The Laplacian estimate from this lemma is equivalent with the following estimate for
the gradient Vg, as a self-map of X :

(72) sup|Vg|§) SeCd1(0,g.0)+C’ 7¢G.
X

The desired Laplacian estimate of the lemma can be extracted from the arguments
of [28], as we now elaborate.

Proof Fix g € G. Using [44, Lemma 5.8], and the fact that (g~ 1)*(g*w) = w, we
obtain that 0 = g71.(g.0) = g7'.0 4 (g7 1)*(g.0). In particular, we have that

(73) —inf g.0 = sup g 1.0.
X X
Due to [32, Corollary 4; 35, Lemma 3.45] we have that

Ofsupg.OS/ g0w"+C <Cd(0,2.0)+C,
X X
and

Ofsupg_l.OS/ g 1ow" <Cd(0,g71.0)+C.
X X

Since d1(0,g71.0) = d;(g.0,0), putting the above together with (73), one of the
desired estimates follows:

(74) sup |g.0] < Cd4(0,g.0) + C.
X

Now we address the Laplacian estimate. To start, we note that there exists C :=
C(X,w) > 0 such that —Cw < Ric(w) < Cw. Pulling back by g we obtain that
Ric(wg.0) < Cwg.o. We introduce Fg := log(a)g.o/w”). We obtain that

iagFg = Ric(w) —Ric(wg.0) = —Cw — Cwg .
In particular, % g.0+ %F ¢ € PSH(X, w), implying that

1 1 1 1 1
sup| =g.04+ == F SC—l—/ g0+ = Fg)o" <5d1(0,2.0)+C.
. (2 2C g) X(z 2C g) 271

Here, we used Jensen’s inequality to obtain |’ v Fgo™ < 0. Using (74) we arrive at

(75) sup Fg < Cd;(0,g.0) +C.
X
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To obtain the Laplacian estimate, we start with Yau’s calculation (for a survey, see [16,
Proposition 4.1.2]):

Try[i 89 log(@? /™)

Try wg.o

Tro, ol 3510g Trywg.0] = = CTry, (o,

where C > 0 only depends on (X,w). Let B := 2C 4 1. Using the fact that
Ric(wg.0) < Cwg o, we can continue:

Trwg.o [l 85(10g Trwwg.o - BgO)]
> Trw[—cwg.o - Cw]
N Tre, wg.0
- nC
2 Ty wgg T BT O T 0 —nB-C

>(B-2C)Try, g0 —nB—-C

—C Try, @ — B Try, ,[i00g.0]

a)go —1/(n—1) . )
> Trp, o0 —C > ( : ) (Tre wg.0) /(=1) _ ¢

wn
— Fg—l/(n—l)(Trw wg_o)l/(n_l) —C.

Let xo € X be the point where log Try wg o — Bg.0 is maximized. Using the above
estimate and (75) we obtain that Try, wg o(xo) < Cd1(0.2.0) + C. Together with (74)
we arrive at supy log(n + A, (g.0)) < Cd;(0, g.0) + C. O

Appendix

Here we address two likely known facts about Kihler potentials with bounded Laplacian,
whose proof we could not find in the literature.

Lemma A.1 Let u,uj € Hclu’i and B € R. If u;  u then
(76) lirr}infessXsup(log(n + Apuj)— Buj) > ess;up(log(n + Apu) — Bu).
Proof After picking a subsequence, we can assume without loss of generality that the
lim inf on the left-hand side is actually a limit. Let § € R be such that

log(n + Apuj(x)) — Buj(x) <46
for a.e. x € X and j € N. To conclude, it is enough to show that

a7 log(n + Apu) — Bu <§ a.e.on X.
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By assumption, Ayuj +n < eB4i+3 in the weak sense of positive measures on X. By
Dini’s lemma we have that |[u; —u|[co — 0, hence passing to the weak limit we have
that Ayu +n < eB4+s, again in the weak sense of positive measures on X. Since all

our measures have bounded densities, (77) follows. a

Complementing the above lemma, in the next result we point out that the quantity on
the right-hand side of (76) can be realized with an appropriate decreasing sequence,
constructed via the method of [46]. Let us recall some elements of this work. We
denote by exph,: Tx X — X the “quasiholomorphic exponential map” of @ (see
[46, Section 2]). Let x: R — R be an even nonnegative smooth function supported
in [0, 1] such that |, x(1EI2)dA(E) = 1. Given u € PSH(X, w), one can introduce
U, € C*°(X) by

_ L g1
we) = o | uleph@x( ) 416,

X

where dA is the Lebesgue measure on 75 X with respect to .

Proposition A.2 Let u € Hy' and B € R. There exists u j € He such that u;
converges to u decreasingly (and uniformly by Dini’s lemma) and

(78) limsup(log(n + Aypuj) — Buj) = esssup(log(n + Aypu) — Bu).

i x X
Proof By possibly rescaling # with a small constant, we can assume that there exists
8 > 0 such that w, > dw. In particular, it follows from the estimate of [46, Theorem 4.1]

that for small enough & > 0 we actually have that u, € H,,. Moreover, ||ug—ul|co — 0.
Also, it follows from [46, Theorem 3.8] that

i99ue(8,) :/T Xiagu|exphx(s§)(§a Ox(E17) dAE+0(eD(@.¢), ¢eTuX, xeX.
Consequently, by an elementary local calculation, we have that

lin}) sup(log(n + Apug) — Bug) = esssup(log(n + Ayu) — Bu).

E—> X X

After possibly adding small constants to u., we can construct the decreasing sequence
desired. i
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