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Knot Floer homology and the unknotting number

AKRAM ALISHAHI

EAMAN EFTEKHARY

Given a knot K � S3 , let u�.K/ (respectively, uC.K/) denote the minimum
number of negative (respectively, positive) crossing changes among all unknotting
sequences for K. We use knot Floer homology to construct the invariants l�.K/ ,
lC.K/ and l.K/ , which give lower bounds on u�.K/ , uC.K/ and the unknotting
number u.K/ , respectively. The invariant l.K/ only vanishes for the unknot, and
satisfies l.K/� �C.K/ , while the difference l.K/� �C.K/ can be arbitrarily large.
We also present several applications towards bounding the unknotting number, the
alteration number and the Gordian distance.

57M27

1 Introduction

Given a knot K � S3 , by an unknotting sequence for K we mean a sequence of
crossing changes for K which results in the unknot. The minimum length of an
unknotting sequence for K is called the unknotting number of K and is denoted
by u.K/. Let u�.K/ denote the minimum number of negative crossing changes (ie
changes of a negative crossing to a positive crossing) among all unknotting sequences
for K and uC.K/ denote the minimum number of positive crossing changes among
all such sequences. It is then clear that u.K/� uC.K/Cu�.K/, while the equality
is not necessarily satisfied. The unknotting number is one of the simplest, yet most
mysterious and intractable invariants of knots in S3 . The answer to several simple
questions about the unknotting number is still not known. In particular, the following
question is widely open:

Question 1.1 If K and L are knots in S3 , is it true that u.K # L/D u.K/Cu.L/?
How about the (weaker) inequality u.K # L/�maxfu.K/;u.L/g?

Scharlemann proved that composite knots have unknotting number at least 2 [32].
However, no matter how large u.K/ and u.L/ are, it is not known in general whether
u.K # L/� 3; see Lackenby [17].
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Another example is Milnor’s question about the unknotting number of the torus
knot Tp;q , which remained open for a long time, until Kronheimer and Mrowka
gave a positive answer to it using gauge theory [16]. Later, Ozsváth and Szabó
reproved it using their invariant �.K/ [23] and Rasmussen gave a purely combinatorial
proof by introducing his invariant s.K/ [31]. Both j�.K/j and 1

2
js.K/j, as well

as classical lower bounds for the unknotting number coming from Levine–Tristram
signatures [18; 33], are in fact lower bounds for the 4–ball genus g4.K/. Since
g4.K/� u.K/, they also give lower bounds for the unknotting number. Nevertheless,
lower bounds for u.K/ constructed by bounding the 4–ball genus fail to give effective
data for many classes of knots. In particular, if �K denotes the mirror image of the
knot K, the knot L D K # �K is always slice and �.L/ D s.L/ D 0. It is thus
interesting to construct lower bounds for u.K/, which do not come from bounds
on g4.K/. In this paper, we use knot Floer homology to construct the invariants
lC.K/, l�.K/ D lC.�K/ and l.K/ associated with a knot K � S3 and prove the
following theorem:

Theorem 1.1 For every knot K � S3 we have:

� lC.K/� uC.K/, l�.K/� u�.K/ and l.K/� u.K/.

� lC.K/� �C.K/� �.K/ and l�.K/� �C.�K/���.K/. Therefore , for every
0� t � 1 we have t l�.K/� ‡K .t/� �t lC.K/.

� l.K/�yt.K/, where yt.K/ is the maximum order of U –torsion in HFK�.K/.

Unlike most other lower bounds for the unknotting number, the torsion invariant yt
resists the connected sum operation; specifically:

Corollary 1.2 If K and K0 are knots in S3 then

u.K # K0/�yt.K # K0/Dmaxfyt.K/;yt.K0/g:

In particular, for the torus knot Tp;q with 0 < p < q , yt.Tp;q/D p� 1 and, for every
knot K � S3 ,

u.K # Tp;q/� p� 1:

Therefore, for every coprime 0 < p < q , l.�Tp;q # Tp;q/ � p � 1, while the lower
bounds �C , j� j and 1

2
jsj vanish, because �Tp;q # Tp;q is slice.

Theorem 1.1 naturally reproves the following corollary:
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Corollary 1.3 For every knot K � S3 , �C.K/ is a lower bound for uC.K/, while
�C.�K/ is a lower bound for u�.K/. In particular, uC.Tp;q/D

1
2
.p� 1/.q� 1/.

Associated with a knot K � S3 , one can construct a Heegaard Floer chain complex
CF.K/, which is freely generated over ADF Œu;w� by the intersection points associated
with a Heegaard diagram for K. CF.K/ is equipped with differential d , which is an A–
homomorphism defined by counting holomorphic disks; see Alishahi and Eftekhary [3].
Let H.K/ denote the homology of .CF.K/; d/, which is again a module over A. Let
T .K/ denote the torsion submodule of H.K/, ie T .K/ consists of x2H.K/ such that
there exists a nonzero a 2A with a �xD 0. Then, H.K/ sits in a short exact sequence

0! T .K/!H.K/!A.K/! 0;

where the torsion-free part A.K/ of the homology is isomorphic to an ideal in A.
Specifically, for every knot K, there is an ideal sequence

{.K/D .i0 D 0< i1 < � � �< in D �
C.K//

of some length nD n.K/ and a canonical identification

A.K/D huikwin�k j k D 0; 1; : : : ; niA �A:

We define t.K/ as the smallest integer m such that wm acts trivially on T .K/ (ie
maps T .K/ to zero). For the unknot U, we have T .U /D 0 and A.U /DA.

If K0 is obtained from K by a sequence of m positive crossing changes and n negative
crossing changes, we use the cobordism maps we constructed in [4] to show that
wnA.K/ � A.K0/ and wmA.K0/ � A.K/, while wmCnT .K/ may be embedded
in T .K0/. This observation implies, in particular, that �C.K/ is a lower bound for
uC.K/ and that t.K/ is lower bound for u.K/.

The above construction also gives lower bounds on the Gordian distance u.K;K0/

from a knot K to another knot K0, ie the minimum number of crossing changes required
to get from K to K0. In particular, we give the following three lower bounds on the
alternation number alt.K/, defined as the least Gordian distance of an alternating knot
from K:

Proposition 1.4 The alternation number alt.K/ of a knot K � S3 satisfies the in-
equalities

alt.K/��C.K/�a.K/; alt.K/�yt.K/�1 and alt.K/�minftC.K/�1; �C.K/g;

where a.K/ is the minimum degree of a monomial in A.K/.
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In particular, as a corollary of this proposition we show that

alt.Tp;pnC1/� n
�

1
4
.p� 1/2

˘
;

which improves Theorem 1.3 of Jin, Lowrance, Polston and Zheng [14]. Specifically,
in [14] the authors give the same lower bound for the dealternating number, which is
bounded below by the alternation number.

A similar strategy is used by the first author in [1] to construct lower bounds for the
unknotting number from Khovanov homology. The resulting invariants are used by
Alishahi and Dowlin [2] to prove the knight move conjecture for knots with unknotting
number at most 2.

In Section 2 we study the cobordism maps induced on knot chain complexes associated
with a crossing change. These cobordism maps are used in Section 3 to construct lower
bounds on the Gordian distance of knots, while simpler obstructions to the unknotting
are extracted from these lower bounds in Section 4. We discuss several examples and
applications in Section 5.

Acknowledgements The authors would like to thank Jennifer Hom, Robert Lipshitz
and Iman Setayesh for helpful discussions and suggestions. Alishahi was supported by
NSF Grants DMS-1505798 and DMS-1811210.

2 Changing the crossings in knot diagrams

By a crossing change for an oriented knot (or link) K � S3 we mean replacing a ball
in S3 in which K looks like a positive crossing to the ball in which K looks like a
negative crossing (a positive crossing change), or the reverse of the above operation (a
negative crossing change). Figure 1 illustrates how a band surgery on K can be used
to do either of the following two changes (or their reverse):

� A positive crossing change and adding a positively oriented meridian for K as a
new link component.

� A negative crossing change and adding a negatively oriented meridian for K as
a new link component.

Let us assume that K0 is obtained from K by a positive crossing change and that L is
obtained from K0 by adding a positively oriented meridian. As illustrated in Figure 1,
one may then place a pair of markings p1 and p2 on K, and distinguish a band I with

Geometry & Topology, Volume 24 (2020)



Knot Floer homology and the unknotting number 2439
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Figure 1: We may change a crossing in the expense of adding a meridian.
The meridian can be positively or negatively oriented depending on whether
the initial crossing is positive or negative, respectively.

endpoints on K n fp1;p2g, such that the band surgery on I gives L, while p1 lands
on K0 and p2 lands on the positively oriented meridian.

Associated with the pointed knot .K;p1;p2/, we may construct a tangle (equivalently,
a sutured manifold) as follows. Fix an orientation on K and consider two disjoint
small arcs on K which contain p1 and p2 , respectively. Remove a small ball around
each one of the four ends of these arcs to obtain a 3–manifold M with four sphere
boundary components. Using the orientation on K we may orient these spheres so that
two of them form @CM and the other two form @�M, as in Figure 1. Let T1 and T2

denote the remaining part of the two arcs around p1 and p2 , respectively, which are
now strands in M connecting @CM to @�M. The complement of the two arcs in K

gives two other strands T3 and T4 which connect @�M to @CM. The 3–manifold M

and the strands T1 , T2 , T3 and T4 then form a tangle associated with .K;p1;p2/

(see [4]). Correspondingly, we also obtain a sutured manifold, which is constructed by
removing a solid cylinder around each one of the strands and considering the boundary
of these four solid cylinders as the set of sutures on the resulting 3–manifold. The
construction of authors in [3], as well as the special case considered in [3, Section 8.2],
may be used to associate a chain complex CF.K;p1;p2/ with this tangle (or sutured
manifold), which is a module over A0DF Œu; v;w�. The variables u and v are associated
with the strands T1 and T2 (equivalently, with p1 and p2 ), while the variable w

is associated with T3 and T4 (equivalently, with K n fp1;p2g). Similarly, we can
associate a chain complex CF.L;p1;p2/ with the pointed link .L;p1;p2/, which is
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ˇ 


band

surgery

Figure 2: On the right are the two special ˇ and 
 curves corresponding to
the band surgery on the Heegaard diagram subordinate to the band.

again a module over A0. The generators of the two complexes all correspond to the
unique Spinc structure s0 on S3 , which will be dropped from the notation.

Associated with the band I , the construction of [4] gives the A0–cobordism maps

g�W CF.K;p1;p2/! CF.L;p1;p2/ and gCW CF.L;p1;p2/! CF.K;p1;p2/:

Moreover, gC ı g� (resp. g� ı gC ) corresponds to the decorated cobordism from
.K;p1;p2/ (resp. .L;p1;p2/) to itself obtained from the product cobordism by adding
a tube with feet on T3 � Œ0; 1� and T4 � Œ0; 1�.

Lemma 2.1 With the above notation fixed, the maps

gC ı g�W CF.K;p1;p2/! CF.K;p1;p2/

and
g� ı gCW CF.L;p1;p2/! CF.L;p1;p2/

are both multiplication by w , up to chain homotopy.

Proof For defining gC we may use a Heegaard triple

.†;˛;ˇ;
; zD fz1; z2; z3; z4g/

subordinate to the band I , where zi corresponds to the strand Ti . See Figure 2 for the
special ˇ and 
 curves corresponding to a band I in a Heegaard triple subordinate
to it. The corresponding A0–coloring maps z1 to u and z2 to v , while z3 and z4 are
mapped to w . If ı is obtained by a small Hamiltonian isotopy from ˇ which does not
cross z , then .†;˛;
; ı; z/ is subordinate to I , the reverse band surgery. Associated
with the Heegaard quadruple H D .†;˛;ˇ;
; ı; z/ we obtain

� the top generators ‚ˇ
 ; ‚
ı and ‚ˇı in Tˇ \ T
 , T
 \ Tı and Tˇ \ Tı ,
respectively;
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ˇ
ı

A

B

C

Figure 3: If ı is obtained from ˇ by a Hamiltonian isotopy supported away
from the marked points, the domain of the distinguished triangle class in
.†;ˇ;
; ı; z/ connecting ‚ˇ
 ; ‚
ı and ‚ˇı will contain one of the marked
points corresponding to the strands connected by I . The intersection of the
domain of the triangle with the surface is the small triangle connecting A;B

and C.

� the triangle maps f˛ˇ
 , f˛
ı , f˛ˇı and fˇ
ı , which are associated with the triples
.˛;ˇ;
/, .˛;
; ı/, .˛;ˇ; ı/ and .ˇ;
; ı/, respectively, and the induced maps
g� D f˛ˇ
 .�˝‚ˇ
 / and gC D f˛
ı.�˝‚
ı/; and

� the holomorphic square map S which satisfies

d ıSCS ı d D gC ı g�C f˛ˇı.�˝ fˇ
ı.‚ˇ
 ˝‚
ı//:

The position of the curves in ˇ [ 
 [ ı , which is basically illustrated in Figure 3,
implies that

fˇ
ı.‚ˇ
 ˝‚
ı/D w‚ˇı:

y2

y3

y1

y4

z1

z2

w1

w2

Figure 4: Heegaard diagram for the Hopf link, where the Heegaard surface
is S2 , the red curve is an ˛ curve and the blue curve is a ˇ curve.
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Since f˛ˇı.�˝‚ˇı/ gives a map chain homotopic to the identity on CF.L;p1;p2/,
the above observation completes the proof for the composition gC ı g� . A similar
argument implies that g� ı gC is chain homotopic to multiplication by w .

Removing p2 from K, we obtain a knot with a single marked point on it. Correspond-
ingly, we find a tangle with two strands and the standard knot chain complex CF.K/
for K, which is a module over AD F Œu;w�. Similarly, there is a single marked point
on K0, and associated with it we obtain the chain complex CF.K0/, which is again an
A–module.

Lemma 2.2 The chain homotopy types of CF.K;p1;p2/ and CF.L;p1;p2/ can be
described in terms of CF.K/ and CF.K0/ as the mapping cones

CF.K;p1;p2/' .CF.K/˝A A0
uCv
��! CF.K/˝A A0/

and

CF.L;p1;p2/'
�
.CF.K0/˚CF.K0//˝A A0

�
0

uCv
w
u

�
�����! .CF.K0/˚CF.K0//˝A A0

�
:

Proof The former is a direct corollary of [27, Lemma 6.1]. The latter is deduced
from the identification L D K0 # H, where H denotes the right-handed Hopf link.
More precisely, H is equipped with two marked points p0

1
and p2 , located on distinct

components, such that L is obtained by taking the connected sum on the component
containing p0

1
. Then, the connected sum formula implies

CF.L;p1;p2/' CF.K0/˝A CF.H;p01;p2/:

Here, CF.H;p0
1
;p2/ is the chain complex of A0–modules that is defined similarly to

CF.L;p1;p2/. A Heegaard diagram for H is given in Figure 4.

This diagram is equipped with the A0–coloring which maps z1 and z2 to u and v ,
respectively, while mapping w1 and w2 to w . Therefore,

(1) CF.H;p01;p2/'
�
hy1Cy2;y2iA0

�
0

uCv
w
u

�
�����! hy3;y4iA0

�
;

and so the claim follows from the connected sum formula.

Corresponding to the above chain homotopy equivalences, we may present g� and gC

as 4� 2 and 2� 4 matrices .g�ij /ij and .gCji/ji , where

g�ij W CF.K/˝A A0! CF.K0/˝A A0 and gCji W CF.K0/˝A A0! CF.K/˝A A0:
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Let us denote uCv by � and regard A0 as AŒ� �. For each 1� i; j � 2, we decompose

g�ij D g�ij ;0C �h
�
ij and gCji D gC

ji;0
C �hCji ;

where the maps g˙
ij ;0

do not use the variable � . We will find chain homotopies such
that

(2) g� '

26664
g�

11;0
0

g�
21;0

0

g�
31;0

0

g�
41;0

g�
11;0

37775 and gC '

"
gC

24;0
0 0 0

gC
21;0

gC
22;0

gC
23;0

gC
24;0

#
:

First, we deduce from g� and gC being chain maps that

�:g�12 D g�11ıdCd ıg�11;

�:g�22 D g�21ıdCd ıg�21;

�:g�32 D w:g�21Cg�31ıdCd ıg�31;

�:g�42 D �:g
�
11Cu:g�21Cg�41ıdCd ıg�41;

�:gC
11
D �:gC

24
CgC

21
ıdCd ıgC

21
;

�:gC
12
D w:gC

23
Cu:gC

24
CgC

22
ıdCd ıgC

22
;

�:gC
13
D gC

23
ıdCd ıgC

23
;

�:gC
14
D gC

24
ıdCd ıgC

24
:

The differentials d of the complexes do not use the variable v , hence are not in the
image of � D uC v and the above equations imply

g�12 D h�11 ı d C d ı h�11;

g�22 D h�21 ı d C d ı h�21;

g�32 D w:h�21C h�31 ı d C d ı h�31;

g�42 D g�11C u:h�21C h�41 ı d C d ı h�41;

gC
11
D gC

24
C hC

21
ı d C d ı hC

21
;

gC
12
D w:hC

23
C u:hC

24
C hC

22
ı d C d ı hC

22
;

gC
13
D hC

23
ı d C d ı hC

23
;

gC
14
D hC

24
ı d C d ı hC

24
:

Then, it is easy to check that

H� D

2664
0 h�

11

0 h�
21

0 h�
31

0 h�
41

3775 and HC D

�
hC

21
hC

22
hC

23
hC

24

0 0 0 0

�

are the chain homotopies for g� and gC which result in (2), respectively. Abusing the
notation we keep denoting the new matrices by g� D .g�ij / and gC D .gCij /.

We now set � D 0, or equivalently vD u. Then, g�
11

and gC
11

induce chain maps

g�11W CF.K/! CF.K0/ and gC
11
W CF.K0/! CF.K/;
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and we define f� D g�
11

and fC D gC
11

. Note that .gC ı g�/11 D gC
11
ı g�

11
and

.g� ı gC/11 D g�
11
ı gC

11
. So, both fC ı f� and f� ı fC are chain homotopic to

multiplication by w .

If K0 is obtained from K by a negative crossing change, a similar argument may be
used to arrive at the same conclusion. The above discussion implies the following
theorem:

Theorem 2.3 If K0 � S3 is obtained from K � S3 by a crossing change, there exist
chain maps

f�W CF.K/! CF.K0/ and fCW CF.K0/! CF.K/

such that fC ı f� and f� ı fC are chain homotopic to multiplication by w .

Given a knot K � S3 , the knot Floer chain complex CF.K/ (which is generated over
AD F Œu;w�) is Z–bigraded. It has a Maslov grading � and an Alexander grading A,
as defined in [24]. Multiplication by u and w changes these gradings by

�.uawbx/D �.x/� 2a and A.uawbx/DA.x/� aC b:

Subsequently, we may write

CF.K/D
M

d;s2Z

CFd .K; s/;

where d and s denote the Maslov and Alexander grading, respectively. For instance,
for the unknot we obtain

CF.Unknot/D F Œu;w�D
M
s2Z

A0.s/; where A0.s/D hu
awb
j b� aD si:

Proposition 2.4 Both fC and f� are homogeneous maps. If K0 is obtained from K

by a positive crossing change then f� and fC have bidegree .�;A/D .0; 0/ and .0; 1/,
respectively. Similarly, if K0 is obtained from K by a negative crossing change then
f� and fC have bidegree .0; 1/ and .0; 0/, respectively.

Proof Suppose K0 is obtained from K by a positive crossing change. In the situation
of Lemma 2.1, the chain maps g� and gC are homogeneous [4, Lemma 7.8], and it
follows from [34, Lemma 7.2] that g� and gC are homogeneous of bidegree

�
0; 1

2

�
.

Furthermore, considering the bigradings,

CF.K;p1;p2/˝A0 AD CF.K/˝A V;

Geometry & Topology, Volume 24 (2020)
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where V is a free A–module with two generators in bigradings
�

1
2
; 1

2

�
and

�
�

1
2
;�1

2

�
.

In addition,

CF.L;p1;p2/˝A0 AD CF.K0/˝A W;

where W DCF.H;p1;p2/ and H is the right-handed Hopf link. Specifically, it is the
chain complex given in (1) with bigradings

.�.y3/;A.y3//D
�
�

3
2
;�1

�
; .�.y4/;A.y4//D

�
1
2
; 1
�
;

.�.y1/;A.y1//D .�.y2/;A.y2//D
�
�

1
2
; 0
�
:

Then, for every a 2 CF.K/ we have�
�.g� ı i1.a//;A.g

�
ı i1.a//

�
D
�
�.a/� 1

2
;A.a/

�
;

where i1W CF.K/! CF.K;p1;p2/ denotes the inclusion in the first summand. Since
.�.yi/;A.yi//D

�
�

1
2
; 0
�

for i D 1; 2, this implies that f� preserves the Maslov and
Alexander grading. On the other hand, if a 2 CF.K0/, the above bigradings imply that�

�.gC ı i 04.a//;A.g
C
ı i 04.a//

�
D
�
�.a/C 1

2
;A.a/C 3

2

�
and so fC has bidegree .0; 1/. Here, i 0

4
W CF.K0/! CF.L;p1; 2/ is the inclusion in

the fourth summand. The proof for a negative crossing change is analogous.

Since the crossing change chain maps fC and f� do not change the Maslov index,
we will drop it from the notation in the rest of the paper. Moreover, by degree of
a homogeneous chain map f , denoted by deg.f /, we mean the Alexander grading
degree of f .

3 The depth of a knot and bounding the unknotting number

Let K and K0 be knots in S3 and I denote a sequence of crossing changes which
modifies K to K0. We denote the length of I by jIj, and the number of positive
(resp. negative) crossing changes in I by mC.I/ (resp. m�.I/). For � 2 fC;�g,
let u�.K;K0/ denote the minimum of m�.I/ over all such sequences I of crossing
changes. Further, the Gordian distance u.K;K0/ between K and K0 is defined as the
minimum number of crossing changes required for modifying K to K0. Therefore,

u.K;K0/� u�.K;K0/CuC.K;K0/:

Geometry & Topology, Volume 24 (2020)
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Define u�.K/ D u�.K;U /, where U denotes the unknot. Note that in principle it
is possible that uC.K/ and/or u�.K/ are realized in an unknotting sequence which
does not have minimal length. The knot K0 is called Gordian adjacent to K if there
exists a minimal unknotting sequence for K containing K0. Equivalently, the Gordian
distance u.K;K0/ from K to K0 is u.K/�u.K0/. Based on Theorem 2.3 we make
the following definition:

Definition 3.1 Given knots K;K0 � S3 , consider all pairs of homogeneous chain
maps

f�W CF.K/! CF.K0/ and fCW CF.K0/! CF.K/

of degrees m� D deg.f�/ and mC D deg.fC/ such that f� ı fC and fC ı f� are
chain homotopic to multiplication by wm , where m�CmC Dm. Define l�.K;K0/,
lC.K;K0/ and l.K;K0/ as the least values for the integers deg.f�/, deg.fC/ and
m D deg.f�/ C deg.fC/, respectively, among all such pairs. In particular, define
l˙.K/D l˙.K;U / and l.K/D l.K;U /, where U denotes the unknot.

When K0 D U, the chain complex CF.U / is chain homotopic to A (with trivial
differentials). For defining l˙.K/ and l.K/, we are thus lead to consider all pairs of
homogeneous chain maps

f�W CF.K/!A and fCW A! CF.K/

of degrees m� D deg.f�/ and mC D deg.fC/ such that f� ı fC is multiplication
by wm and fC ı f� is chain homotopic to multiplication by wm . The discussion of
the previous section, and in particular Theorem 2.3 and Proposition 2.4, imply the
following theorem:

Theorem 3.1 Given a pair of knots K;K0 � S3 , u�.K;K0/ is bounded below by
l�.K;K0/ for � 2 f�;Cg, while u.K;K0/ is bounded below by l.K;K0/.

Remark 3.2 Let K and K0 be knots in S3 . Given chain maps f� and fC satisfying
the assumptions of Definition 3.1, their adjoints are chain maps

xf�W CF.�K0/! CF.�K/ and xfCW CF.�K/! CF.�K0/

of degrees m� and mC , respectively, satisfying

xf� ıxfC ' wm and xfC ıxf� ' wm:

Thus,

l�.�K;�K0/D lC.K;K0/; lC.�K;�K0/D l�.K;K0/; l.K;K0/D l.�K;�K0/:
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Let us denote the homology of CF.K; s/ by H.K; s/ for every s 2Z, and set H.K/DL
s H.K; s/. Then H.K/ is a module over ADF Œu;w�. Let T .K/ denote the torsion

submodule of H.K/, ie

T .K/D fx 2H.K/ j ax D 0 for some a 2A�f0gg:

It is clear that T .K/ is a submodule of H.K/, and there is a short exact sequence

0! T .K/
{K
�!H.K/

�K
�!A.K/! 0;

where A.K/, defined by the above exact sequence, is the torsion-free part of H.K/.
Fix a sequence I of crossing changes which modify K to the unknot. Correspondingly,
we obtain the A–homomorphisms f�I W H.K/!A and fCI W A!H.K/. The map f�I
induces a map f�I;T W T .K/!A, while fCI induces the map fCW A!A.K/.

Lemma 3.3 The map fCW A ! A.K/ induced by fCI is injective, while the map
f�I;T W T .K/!A is trivial. We thus have a map f�W A.K/!A induced by f�I , which
is injective. The induced maps are homogeneous with respect to the Alexander grading.

Proof Let m�Ddeg.f�I / and mCDdeg.fCI /. If x 2T .K/ and axD0 for 0¤a2A,
it follows that af�I .x/D 0 in A, implying that f�I .x/D 0. Since the restriction f�I;T
of f�I to T .K/ is trivial, a map f�W A.K/!A is induced by f�I . Let us now assume
that x 2 H.K/ is in the kernel of f�I . Then wmx D fCI ı f

�
I .x/ D 0, implying that

x 2 T .K/. In particular, f�W A.K/! A is injective. On the other hand, if a 2 A

and x D fCI .a/ 2 T .K/, it follows that 0D f�I .x/D wma, implying that aD 0. Thus
fCW A!A.K/ is injective. This completes the proof of the lemma, as the statement
about the Alexander grading follows immediately from our previous discussions.

Proposition 3.4 There is a sequence 0 D i0.K/ < i1.K/ < � � � < in.K/ D �
C.K/

associated with every knot K � S3 , and an identification

(3) A.K/D huik.K /win�k.K / j k 2 f0; 1; : : : ; ngiA:

Moreover, the identification of (3) preserves the Alexander grading.

Proof For each s , CF.K; s/ is a chain complex of F ŒU �–modules for U D uw and
multiplication by w and u induce chain maps

wW CF.K; s/! CF.K; sC 1/ and uW CF.K; sC 1/! CF.K; s/;
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respectively. Moreover, for s sufficiently large (resp. small), CF.K; s/ is isomorphic
to CF�.S3/ and multiplication by w (resp. u) is an isomorphism. Let sC� 0 (resp.
s�� 0) denote such a sufficiently large (resp. small) s .

For any s < sC , let vs denote the homomorphism induced by wsC�s from H.K; s/ to
H.K; sC/Š F ŒU �. The kernel of vs is equal to T .K; s/ and so the restriction of vs

to A.K; s/Š F ŒU � is injective.

The smallest s� sC such that vs is a surjective homomorphism, equivalently vsjA.K ;s/

is an isomorphism, is the invariant �CD�C.K/D��.K/ defined by Hom and Wu [13],
based on Rasmussen’s work [29], and also Ozsváth and Szabó [22]. Note that this
invariant is a lower bound for the slice genus. For all s � �C , multiplication by w is
an isomorphism from A.K; s/ to A.K; sC 1/. Suppose s < �C , and let b 2A.K; s/

be the generator. Then, w�
C�sb 2 A.K; �C/ and so w�

C�sb D p.U /a, where a is
the generator of A.K; �C/ and p.U / 2 F ŒU �. Thus,

U �C�sb D p.U /u�
C�saD p.U /p0.U /b;

and consequently p.U /D U js for some 0� js � �
C� s . By definition, js is equal

to the invariants Vs defined by Ni and Wu [21] and hs defined by Rasmussen [28].
See Remark 3.5 for more details.

Additionally, H.K/ is symmetric under exchanging the variables u and w , which gives
an isomorphism between H.K; s/ and H.K;�s/. Thus, for all s���C multiplication
by u is an isomorphism from A.K; s/ to A.K; s � 1/. Moreover, if b 2 A.K; s/ is
the generator for some s >��C , then usC�Cb DU j 0s a0 where j 0s D j�s and a0 is the
generator of A.K;��C/. By [12, Lemma 2.5],

j 0s DHs D VsC s D jsC s:

Consequently, j�C D j 0
��C
D 0 implies j��C D j 0

�C
D �C , ie

u2�CaD U �Ca0 and w2�Ca0 D U �Ca:

Then, we define a grading-preserving A–module homomorphism

{W A.K/D
M

s

A.K; s/!A

by setting {.b/D ujswj 0s for the generator b 2A.K; s/. For instance, if s � �C then
{.b/ D ws , while if s � ��C then {.b/ D u�s . It is clear that { is injective and it
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identifies A.K/ with an ideal generated by at most 2�CC 1 monomials of the form
uiwj with 0� i; j � �C in A. This set of generators contains a unique minimal subset

fuikwjk j 0D i0 < i1 < � � �< in D �
C and �C D j0 > j1 > � � �> jn D 0g

that generates the image of { . The symmetry of H.K/ implies that jk D in�k for all
k D 0; : : : ; n.

Definition 3.2 Under the identification of (3), for every knot K � S3 the sequence

{.K/D .0D i0.K/ < i1.K/ < � � �< in.K /.K/D �
C.K//

is called the ideal sequence associated with the knot K. The ideal A.{/ associated
with a sequence { D .0D i0 < i1 < � � �< in/ is defined as

A.{/D huikwin�k j k 2 f0; 1; : : : ; ngiA;

and we identify A.K/DA.{.K//.

Remark 3.5 For every knot K in S3 , if we set wD 1 and consider CF.K/ as a chain
complex filtered by the Alexander filtration, we obtain an identification of CF.K; s/ and
C fmax.i; j � s/� 0g as chain complexes of F ŒU �–modules. Under this identification,
the inclusion

C fmax.i; j � s/� 0g ! C fmax.i; j � s� 1/� 0g

corresponds to the multiplication by w . Moreover, CF.K; sC/ is identified with
C fi � 0g. Consequently, �C is the smallest s such that the map

vsW H?

�
C fmax.i; j � s/� 0g

�
!H?.C fi � 0g/D F ŒU �

induced by inclusion is surjective, which by definition is ��.K/D �C.K/. Similarly,
considering the definitions of Vs and Hs using HF� , we have js D Vs and j 0s DHs .

Consequently, the ideal sequence

{.K/D .i0 < i1 < � � �< in/� fVs j ��
C
� s � �Cg

is determined as follows. First, let f��C D k0 < k1 < � � � < km D �
Cg indicate the

places of jumps in the sequence fVsg
�C

sD��� , ie

fVki
j 0� i �mg D fVs j ��

C
� s � �Cg

and Vki
< Vki�1 for all i . Then, {.K/ is the subset of fVsg consisting of every Vki

such that V�ki
< V�kiC1

.
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For finite increasing sequences { and {0 of nonnegative integers as above define the
distance `.{; {0/ from { to {0 as the smallest value for p such that wpA.{0/ � A.{/.
Given knots K;K0 � S3 , define the positive distance `C.K;K0/ as `.{.K/; {.K0//.
Define the negative distance by `�.K;K0/D `C.�K;�K0/, where �K denotes the
mirror image of K. Define the positive/negative depth of a knot K by `˙.K/ D
`˙.K;U /, where U denotes the unknot.

Note that under the identification of (3), the positive depth of K is equal to �C.K/.

Proposition 3.6 Let K and K0 be knots in S3 . Then

lC.K;K0/�maxf`C.K;K0/; `�.K0;K/g

and
l�.K;K0/�maxf`�.K;K0/; `C.K0;K/g:

Before proving this proposition, we need to make an algebraic observation.

Lemma 3.7 Given integer sequences { D .0 D i0 < i1 < � � � < in/ and {0 D

.0D i 0
0
< i 0

1
< � � � < i 0m/, every A–homomorphism f W A.{/! A.{0/ is equal to the

restriction of an A–homomorphism from A to A and so it is defined by multiplication
with some polynomial p 2A.

Proof Let i W A.{0/!A be the inclusion map, and F D i ıf . First,

F.uinwin/D uinF.win/D winF.uin/

implies F.uin/D puin and F.win/D pwin for some p 2A. Consequently,

uikwinp D F.uikwin/D win�in�k F.uikwin�k /:

Therefore, F.uikwin�k /D uikwin�k p and we are done.

Proof of Proposition 3.6 It is a straightforward corollary of the definition that
l�.K;K0/D lC.K0;K/. So, Remark 3.2 implies that it suffices to show that lC.K;K0/�
`C.K;K0/. By definition, there exist A–homomorphisms

f W A.K/!A.K0/ and gW A.K0/!A.K/

such that f ıg and g ıf are equal to multiplication by wm , and deg.g/D lC.K;K0/.
Under the identification of (3), Lemma 3.7 implies that f and g are the restriction
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of A–homomorphisms from A to A defined by multiplication with polynomials p

and q in A. Since, pq D wm and deg.g/D lC.K;K0/, we have g D wlC.K ;K 0/ and
so lC.K;K0/� `C.K;K0/.

Theorem 3.1 and the above proposition imply that `˙.K;K0/� u˙.K;K0/.

Corollary 3.8 For any knot K � S3 , we have

uC.K/� lC.K/� �C.K/� �.K/ and u�.K/� l�.K/� �C.�K/� ��.K/:

Therefore, for 0� t � 1, we have �t lC.K/� ‡K .t/� t l�.K/.

Proof The first two claims follow from Proposition 3.6 and the inequality �C.K/�
�.K/ from [13, Proposition 2.3]. The last claim follows from the inequality �t�C.K/�

‡K .t/ from [22, Proposition 4.7].

4 The torsion obstruction

Let us assume that a sequence I of crossing changes is used to unknot K � S3 . Let us
further assume that mCDmC.I/ and m�Dm�.I/, while mDmCCm�D jIj. The
argument of Lemma 3.3 then implies that multiplication by wm trivializes all of T .K/.
This observation gives a weaker obstruction to the unknotting number.

Definition 4.1 Define the positive torsion depth tC.K/ of a knot K � S3 to be the
smallest integer m such that multiplication by wm is trivial on T .K/. Let t�.K/D
tC.�K/. Then t.K/Dmaxft�.K/; tC.K/g is called the torsion depth of K.

Consider the homomorphism y�W A! F Œw� defined by y�.u/D 0 and y�.w/D w . This
homomorphism makes F Œw� into an A–module. We definecCF.K/D CF.K/˝y� F Œw� and yH.K/DH?.cCF.K//:

Note that after replacing w with U, cCF.K/ and yH.K/ are isomorphic to CFK�.K/
and HFK�.K/, respectively. Thus, yH.K/ is a F Œw�–module, with a free summand
isomorphic to F Œw� and a torsion summand denoted by yT .K/. Define yt.K/ as the
smallest m such that multiplication by wm is trivial on yT .K/. The following proposi-
tion is a straightforward corollary of previous definitions and discussions:

Proposition 4.1 For any knot K � S3 , the torsion classes yt.K/, yt.�K/ and t.K/

are lower bounds for l.K/, and thus for the unknotting number u.K/.
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Proposition 4.2 If the genus g.K/ of a knot K � S3 is strictly bigger than �.K/
then T .K/¤ 0, and, in particular, tC.K/� 1.

Proof The differential d of the chain complex CF.K/ may be written as d DP
i;j�0 u

iwj d i;j. Using a spectral sequence determined by .CF.K/; d/, we can
replace CF.K/ with page 1 of the aforementioned spectral sequence and assume
that d0;0 D 0. Let x denote a generator of bHFK.K;g.K//. If a generator y appears
in d i;0.x/ (where i > 0), it follows that

g.K/DA.x/DA.uiy/DA.y/� i <A.y/:

Since bHFK.K; s/D 0 for s > g.K/, the above observation implies that d i;0.x/D 0.
In particular, d.x/Dwpz for some p> 0 and some z representing a class Œz�2H.K/.
Clearly, wp Œz�D0 in H.K/. If zDd.x0/ for some x02CF.K/, then d.xCwpx0/D0.
Since �.K/ < g.K/, the image of xCwpx0 under the chain map CF.K/! cCF.K/
represents a trivial homology class. Thus, x appears in d0;i.y/ (where i > 0) for
some generator y 2 bHFK.K/. So,

A.y/DA.wix/DA.x/C i > g.K/;

which is a contradiction. In particular, Œz� is nonzero in T .K/.

Corollary 4.3 If K is a nontrivial knot then both yt.K/ and t.K/ are strictly bigger
than zero.

Proof First yt.K/ > 0 is a trivial consequence of the definition and genus and unknot
detection of knot Floer homology. Second, either �.K/<g.K/ or �.�K/D�g.K/<

g.�K/. Thus, t.K/ > 0 follows from Proposition 4.2.

Proposition 4.4 Suppose K and K0 are knots in S3 . Then,

yt.K # K0/Dmaxfyt.K/;yt.K0/g:

Proof By the Künneth theorem for homology, there is a split exact sequence

0! yH.K/˝ yH.K0/! yH.K # K0/! TorF Œw�. yH.K/; yH.K
0//! 0:

Thus, yt.K # K0/ is equal to the maximum order of w–torsions in yH.K/˝ yH.K0/ and
TorF Œw�. yH.K/; yH.K

0//, which is equal to maxfyt.K/;yt.K0/g.

Remark 4.5 One can construct a similar lower bound tp=q by sending u and w to vp

and vq in F Œv�, respectively, which satisfy a statement similar to Proposition 4.4.
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5 Examples and applications

Example 5.1 Let KDTp;q be the .p; q/ torus knot with 0<p< q . The chain homo-
topy type of CF.K/ is specified by the Alexander polynomial of K [26]. Specifically,
the symmetrized Alexander polynomial of K is equal to

�K .t/D t�.p�1/.q�1/=2 .t
pq � 1/.t � 1/

.tp � 1/.tq � 1/
D .�1/nC

nX
iD1

.�1/n�i.tai C t�ai /;

where 0< a1 < a2 < � � �< an D
1
2
.p� 1/.q� 1/. The chain complex CF.K/ which

is determined by the Alexander polynomial is a staircase, freely generated over A with
generators fxig

n
iD�n and differential

dxi D

�
wai�ai�1xi�1C uaiC1�ai xiC1 if n� i is odd;
0 if n� i is even;

where a0 D 0 and a�i D�ai ; see Figure 5. Consequently, T .K/D 0 and A.K/D

H.K/ is generated by Œxn�2i � for i D 0; : : : ; n. Moreover, for each j D n� 2i ,

uajC2�ajC1 ŒxjC2�D wajC1�aj Œxj �:

Let ij denote the first coordinate of xn�2j , so

(4) ij D

2j�1X
kD0

.�1/kan�k :

It is easy to check that the second coordinate of xn�2j is equal to in�j . Moreover,
mapping Œxn�2j � to uij win�j gives an isomorphism between H.Tp;q/DA.Tp;q/ and
A.i0 D 0< i1 < i2 < � � �< in D g/.

Additionally, we may describe {.K/ in terms of the Ni–Wu invariants Vs.K/ [21] (or
Rasmussen’s local h–invariants [28]). Using Remark 3.5, we will show that ij DVan�2j

and so

{.K/D .0D i0 < i1 < � � �< inD g/D .0D Van
< Van�2

< Van�4
< � � �< Va�n

D g/:

First, it follows from the computations in [25] that Vs D 0 for s � an and

Vs�1�Vs D

�
0 if an�2i < s � an�2iC1 for 1� i � n;

1 otherwise:

In particular, if Vs�1 � Vs D 1 then V�s � V�sC1 D 0. Suppose Vs 2 {.K/ and
Vs < Vs�1 . If s¤ an�2i for any i , then VsC1 < Vs and thus V�s D V�s�1 . Note that
by Remark 3.5, this contradicts Vs 2 {.K/.
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xn�3xn�2

xn xn�1

xn�4

x�n

x�nC1x�nC2

x�nC3x�nC4

Figure 5: Each horizontal arrow from xi to xiC1 has length aiC1�ai , while
each vertical arrow from xi to xi�1 has length ai � ai�1 .

Consider cCF.K/ D CF.K/˝y� F Œw�, where as before y�W A ! F Œw� is the homo-
morphism defined by y�.u/ D 0 and y�.w/ D w . Recall that yH.K/ is isomorphic to
HFK�.K/ after switching w with U. By the above discussion, yH.K/ has a free
summand generated by Œxn�. Moreover, for each j D n� 2i , Œxj � is a torsion class of
order ajC1� aj . It is easy to check that

an�1�an�2D p�1 and ajC1�aj � p�1 for every j D n�2i and 2� i � n:

Therefore, yt.Tp;q/D p� 1.

To calculate t.Tp;q/ we need to find tC.�Tp;q/. For any knot K, CF.�K/'CF.K/? .
So, for �Tp;q D Tp;�q , the above discussion implies that CF.�Tp;q/ is chain ho-
motopic to the chain complex freely generated over A with generators fxig

2n
iD0

and
differential

dxi D

�
0 if i is odd,
uai�1�ai xi�1Cwai�aiC1xiC1 if i is even:

Thus, A.�Tp;q/Š A is generated by
Pn

kD0 u
in�kwik x2k , while Œx2kC1� is torsion

of order ikC1 for k D 0; : : : ; n� 1. Therefore,

t.Tp;q/D tC.Tp;q/D in D �
C.Tp;q/D

1
2
.p� 1/.q� 1/:
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Special case p D 2, q D 2nC 1 For the torus knot T2;2nC1 we have

�T2;2nC1
.t/D .�1/nC

nX
iD1

.�1/n�i.t i
C t�i/:

So, ai D i for �n� i � n, and thus Vn�2i D Vn�2iC1 D i for 0� i � n. Therefore,

{.T2;2nC1/D .0< 1< 2< � � �< n/ and A.T2;2nC1/D hu
iwj
j i C j � niA:

Special case p D 3, q D 3k˙ 1 Suppose q D 3k C 1. First, we compute the
symmetrized Alexander polynomial of T3;3kC1 :

�T3;3kC1
.t/D t�3k .t

3.3kC1/� 1/.t � 1/

.t3kC1� 1/.t3� 1/
D t�3k t2.3kC1/C t3kC1C 1

t2C t C 1

D t�3k t3kC2.t3k � 1/C t3k.t2C t C 1/C 1� t3k

t2C t C 1

D

kX
iD1

.t3i
� t3i�1/C 1C

�1X
iD�k

.t3i
� t3iC1/:

Therefore, {.K/D .0D V3k < V3k�3 < � � �< V�3k D 3k/. Furthermore,

V3k�3i D

�
i for 0� i � k;

2i � k for k < i � 2k:

Consequently,

A.T3;3kC1/D hu
iwj
j 2i C j � 3k and i C 2j � 3kiA:

For q D 3k � 1, an analogous argument implies that

A.T3;3k�1/D hu
iwj
j 2i C j � 3k � 2 and i C 2j � 3k � 2iA:

More generally, the ideal sequence for the torus knot Tp;pnC1 takes the explicit form

{.Tp;pnC1/D
�
0< 1< � � �< n< nC 2< � � �< 3n< 3nC 3< � � �<

�p

2

�
n
�

or, equivalently,

ik D
�
k �

n

2

j
k

n

k��j
k

n

k
C 1

�
for k D 0; 1; : : : ; n.p� 1/:
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Let a.K/ denote the minimum degree of a monomial in A.K/. Then, for Tp;pnC1

we have

(5) a.Tp;pnC1/D ibn.p�1/=2cC idn.p�1/=2e

D

��
1
2
n.p�1/

˘
�

1
2
n

�
1

n

�
1
2
n.p�1/

˘����1

n

�
1
2
n.p�1/

˘�
C1

�
C

�˙
1
2
n.p�1/

�
�

1
2
n

�
1

n

˙
1
2
n.p�1/

�����1

n

˙
1
2
n.p�1/

��
C1

�
D n

�
1
4
p2
˘
:

In general, a.K/ is determined by the concordance homomorphism upsilon [22], and
one can derive this invariant for the torus knot Tp;q from the ideal A.Tp;q/ as follows:

Lemma 5.1 For every torus knot Tp;q with 0< p < q we have

‡Tp;q
.t/D ‡p;q.t/D�2 min

˚
1
2
t i C

�
1� 1

2
t
�
j j uiwj

2A.Tp;q/
	
:

Proof Note that

min
˚

1
2
t i C

�
1� 1

2
t
�
j j uiwj

2A.Tp;q/
	
Dmin

˚
1
2
t ij C

�
1� 1

2
t
�
in�j j 0� j � n

	
:

The claim follows from the description of ‡p;q.t/ in [19] and the fact that .ij ; in�j /

are the coordinates of xn�2j in Figure 5.

Corollary 5.2 For any pair of coprime integers 0 < p < q , we have a.Tp;q/ D

�‡p;q.1/ and so
a.Tp;q/�

q�1

p

�
1
4
p2
˘
:

Proof The first part follows from Lemma 5.1 by setting t D 1. For proving the
inequality we use induction with the inductive formula

‡p;q.t/D ‡p;q�p.t/C‡p;pC1.t/

from [7]. First, it follows from (5) that �‡p;pC1.1/D
�

1
4
p2
˘

for all p . Assume the
inequality holds for Tp;q�p . If p < q�p , then

�‡p;q.1/D�‡p;q�p.1/�‡p;pC1.1/�
q�p�1

p

�
1
4
p2
˘
C
�

1
4
p2
˘
D

q�1

p

�
1
4
p2
˘
:

Otherwise, p > q�p and

�‡p;q.1/�
p�1

q�p

�
1
4
.q�p/2

˘
C
�

1
4
p2
˘
�

q�p�1

p

�
1
4
p2
˘
C
�

1
4
p2
˘
D

q�1

p

�
1
4
p2
˘
;
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where the second inequality follows from

p�1

q�p
�
�

1
4
.q�p/2� 1

�
�

q�p�1

p
�
�

1
4
p2
�
:

This will finish the proof.

Proposition 5.3 If a torus knot K D Tp;p0 with 0< p < p0 is Gordian adjacent to a
torus knot K0 D Tq;q0 with 0< q < q0, then

A.Tq;q0/�A.Tp;p0/ and wuA.Tp;p0/�A.Tq;q0/;

where u D u.K0/ � u.K/ D 1
2
.q � 1/.q0 � 1/ � 1

2
.p � 1/.p0 � 1/. In particular,

a.Tq;q0/� a.Tp;p0/.

Proof Since Tp;p0 is Gordian adjacent to Tq;q0 , there exist A–homomorphisms

f W H.Tq;q0/!H.Tp;p0/ and gW H.Tp;p0/!H.Tq;q0/

such that f ıgDgıf Dwu . Note that H.Tp;p0/DA.Tp;p0/ and H.Tq;q0/DA.Tq;q0/.
So, f and g are defined by multiplication with polynomials p; q 2AD F Œu;w�. Thus,
f ıgD gıf Dwu implies that f Dwm� and gDwmC such that mCCm�D u. On
the other hand, by Corollary 3.8, a minimal unknotting sequence for a torus knot only
consists of positive crossing changes. Thus, degf Dm� D 0 and deg g DmC D u.
Therefore, f is multiplication by 1, g is multiplication by wu and A.Tq;q0/�A.Tp;p0/

and wuA.Tp;p0/�A.Tq;q0/.

The computations in Example 5.1 and Proposition 5.3 have a number of quick con-
sequences. One outcome is the following corollary, which was suggested to us by
Jennifer Hom. This result was first proved by Borodzik and Livingston in [5].

Corollary 5.4 If a torus knot Tp;p0 with 0 < p < p0 is Gordian adjacent to a torus
knot Tq;q0 with 0< q < q0, then p � q .

Proof Assume that

{.Tp;p0/D .i0 < � � �< in/ and {.Tq;q0/D .j0 < � � �< jm/:

Proposition 5.3 implies that wjm�inA.Tp;p0/�A.Tq;q0/. Thus,

wjm�inCin�1ui1 D wu.K 0/�u.K /win�1ui1 2A.Tq;q0/:
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Note that i1 D j1 D 1 and

in�in�1D

2n�1X
kD0

.�1/kan�k�

2n�3X
kD0

.�1/kan�kDa�nC2�a�nC1Dan�1�an�2Dp�1:

Thus, jm� jm�1 D q� 1, and

jm�inCin�1�jm�1 ()
1
2
.q�1/.q0�1/�pC1� 1

2
.q�1/.q0�1/�qC1() q�p;

completing the proof.

We also obtain a proof of the following corollary. The second statement of the corollary
was first proved by Peter Feller in [6].

Corollary 5.5 If the torus knot Tp;pnC1 is Gordian adjacent to the torus knot Tq;qmC1,
then

n
�

1
4
p2
˘
�m

�
1
4
q2
˘
:

If T2;n is Gordian adjacent to T3;m , where n is odd and m is not a multiple of 3, then
n� 4

3
mC 1

3
.

Proof Proposition 5.3 implies that a.Tp;pnC1/ � a.Tq;qmC1/. So, following the
computations of Example 5.1 we have

n
�

1
4
p2
˘
�m

�
1
4
q2
˘
:

Moreover, from the same example we know that A.T3;m/�A.T2;n/ if and only if, for
any pair .i; j / such that iC2j �m�1 and jC2i �m�1, we have iCj � 1

2
.n�1/.

It is clear that

minfi C j j i C 2j �m� 1 and 2i C j �m� 1g D
˙

2
3
.m� 1/

�
D
�

2
3
m� 1

3

˘
:

Thus, 1
2
.n� 1/� 2

3
m� 1

3
and n� 4

3
mC 1

3
.

Example 5.2 An interesting example is the case of the figure 8 knot, where the chain
complex is generated by five generators X, Y , Z, W and B, where d.B/D d.X /D 0

while d.W /D uZCwY , d.Y /D uX and d.Z/D wX. Thus, T .K/ is generated by
x D ŒX � and ux and wx are both zero. Moreover, A.K/ is generated by ŒB� and is
isomorphic with A. In particular, �C.K/D �C.�K/D 0, while t.K/Dyt.K/D 1.
The subcomplex generated by X, Y , Z and W will be referred to as a square.
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Example 5.3 Alternating knots are known to have simple knot Floer chain complexes.
The restriction on the Alexander and Maslov grading of generators (that their difference
is a constant number) implies that the chain complex decomposes as the (shifted)
direct sum of a copy of CF.˙T2;2nC1/ and several squares. In particular, if K is an
alternating knot with �.K/ > 0 then

{.K/D {.T2;2nC1/D .0< 1< 2< � � �< �.K//;

while tC.K/� 1. Moreover, t�.K/D tC.�K/D tC.�T2;2nC1/D n. So t.K/D n.

On the other hand, Since l.T2;2nC1/ D lC.T2;2nC1/ D uC.T2;2nC1/ D n, there are
chain maps

f�W CF.T2;2nC1/!A and fCW A! CF.T2;2nC1/

such that both fCıf� and f�ıfC are chain homotopic to multiplication by wn . Further,
for each square summand, it is easy to check that multiplication by w is nullhomotopic.
Thus, we can extend f� to a map from CF.K/ by defining it to be zero on all square
summands, and compose fC with the inclusion of CF.T2;2nC1/ in CF.K/ and both
fC ı f� and f� ı fC remain chain homotopic to multiplication by wn . Therefore,

n� l.K/� lC.K/� �C.K/D n

and so l.K/D lC.K/D �C.K/D n.

Example 5.3 gives interesting bounds on the alternation number alt.K/ of a knot K,
defined as the minimum Gordian distance between K and an alternating knot. The first
bound is very similar to, yet different from, the bound constructed in [8, Corollary 2.2].

Proposition 5.6 The alternation number alt.K/ of a knot K � S3 satisfies

alt.K/��C.K/�a.K/; alt.K/�yt.K/�1 and alt.K/�minftC.K/�1; �C.K/g:

Proof Let us assume that K is modified to an alternating knot K0 using a sequence
of mC positive crossing changes and m� negative crossing changes and that alt.K/D
mC Cm� . It follows that �C.K0/ � �C.K/ �mC . Since wm�A.K/ is a subset
of A.K0/, it follows that A.K0/ includes a monomial of degree m�Ca.K/. However,
every monomial in A.K0/ has degree at least �C.K0/. This means that

a.K/Cm� � �C.K0/� �C.K/�mC D) mCCm� � �C.K/� a.K/;
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and completes the proof of the first inequality. The second and third inequalities are
easier. For the second equality, note that in the above situation,

u.K;K0/�yt.K/�yt.K0/Dyt.K/� 1:

For the third inequality, we have

�C.K/� �C.K0/CmC and tC.K/� tC.K0/CmCCm�:

If �C.K0/ D 0 then �C.K/ � mC � alt.K/. Otherwise, �.K0/ D �C.K0/ > 0 and
T .K0/ can only include torsion elements trivialized by w . In particular, tC.K0/� 1

and alt.K/DmCCm� � tC.K/� 1.

For torus knots, we obtain the following corollary from our computations in Example 5.1.
Similar bounds may also be obtained using upsilon invariants; see [8] for the case p< 5.

Corollary 5.7 The alternation number of the torus knot Tp;pnC1 is � n
�

1
4
.p� 1/2

˘
.

Proof Using the first inequality in Proposition 5.6, we have

alt.Tp;pnC1/� �
C.Tp;pnC1/� a.Tp;pnC1/D n

�p

2

�
� n

�
1
4
p2
˘
D n

�
1
4
.p� 1/2

˘
:

This completes the proof.

Example 5.4 The knot 12n404 , which is a .1; 1/ knot, is illustrated in Figure 6. Using
Rasmussen’s notation [30, page 14], it is given by the quadruple Œ29; 7; 14; 1�. The
corresponding chain complex CF.12n404/ may be computed combinatorially, eg using
Krcatovich’s computer program [15]. After a straightforward change of basis, we arrive
at the chain complex illustrated in Figure 7.

Figure 6: The knot 12n404 .
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Figure 7: The chain complex associated with the knot 12n404 .

Each dot represents a generator of CF.12n404/. An arrow which connects a dot
corresponding to a generator x to a dot representing a generator y and cuts i vertical
lines and j horizontal lines corresponds to the contribution of uiwj y to d.x/. The
blue dots and the black dots in the diagram generate subcomplexes C and C 0 of the
knot chain complex, respectively, and we obtain a decomposition CF.12n404/DC˚C 0.
We may then identify

C D hX;Y0;Y1;Y2;Z0;Z1iA; d.Yi/D uiw2�iX and d.Zi/D uYi CwYiC1:

The homology of C is generated by x D ŒX �, with w2x D wux D u2x D 0.

For C 0, the same argument as in Example 5.3 implies that there are chain maps

f �W C 0!A and f CW A! C 0

such that degf �D0, degf CD1 and both f �ıf C and f Cıf � are chain homotopic
to multiplication by w . Thus, tC.12n404/D 2. In fact, it is straightforward from the
above presentation of chain complex to conclude that t.12n404/Dyt.12n404/D 2.

On the other hand, the map hW C ! C defined as

h.X /D Y0; h.Y1/DwZ0; h.Y2/D uZ0CwZ1; h.Y0/D h.Z0/D h.Z1/D 0

gives a homotopy between multiplication with w2 and 0. So we can extend wf �

trivially to a map from CF.12n404/ and compose f C with the inclusion map to get
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X1

X2

Y2Z3

Y1

Z1

T1

T2 Z2

Figure 8: The chain complex associated with the knot T2;3I2;�1 .

chain maps

f�W CF.12n404/!A and fCW A! CF.12n404/

such that fC ı f� and f� ı fC are chain homotopic to multiplication by w2 . Therefore,

lC.12n404/D �
C.12n404/D 1 and l.12n404/D t.12n404/D 2:

Similarly, we may use f � and wf C to construct another pair f� and fC . This implies

l�.12n404/D 0:

The knot 12n404 may be unknotted by changing three crossings. It is not known, how-
ever, whether u.12n404/ is equal to 3 or not [20]. The alternation number alt.12n404/

is 1, which matches the lower bound given by the last two inequalities in Proposition 5.6.

Example 5.5 Consider the .2;�1/ cable of the torus knot T2;3 , which is denoted
by T2;3I2;�1 . The chain complex associated with this knot is computed in [9] and is
illustrated in Figure 8.

The chain complex is generated over F Œu;w� by the nine generators X1 , X2 , Y1 , Y2 ,
Z1 , Z2 , Z3 , T1 and T2 . The differential is given by d.Ti/D 0, d.Yi/D uwTi for
i D 1; 2 and

d.Z1/D wT1;

d.Z3/D uT1CwT2;

d.Z2/D uT2;

d.X1/D uY1C uwZ3Cw2Z2;

d.X2/D u2Z1C uwZ3CwY2:
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The generators of homology may then be specified as t1 D ŒT1�; t2 D ŒT2�;y1 D

ŒY1C uZ1� and y2 D ŒY2CwZ2�, where we have

ut1 D wt2; wt1 D ut2 D 0 and uy1 D wy2:

It thus follows that

H.T2;3I2;�1/DA.T2;3I2;�1/˚T .T2;3I2;�1/D hu;wiA˚
hu;wiA

hu2;w2iA
:

In particular, tC.T2;3I2;�1/ Dyt.T2;3I2;�1/ D 2, and �C.T2;3I2;�1/ D 1. Therefore,
l.T2;3I2;�1/� 2. Let

f�W CF.T2;3I2;�1/! F Œu;w� and fCW F Œu;w�! CF.T2;3I2;�1/

be the chain maps defined by

f�.Y1/D w2; f�.Z3/D w; f�.Y2/D uw;

f�.X1/D f�.X2/D f�.Z1/D f�.Z2/D f�.T1/D f�.T2/D 0

and fC.1/ D Y1 C uZ1 . Then, f� ı fC D w2 and fC ı f� ' w2 where the chain
homotopy is given by

h.T1/D wZ1; h.T2/D Y1CwZ3; h.Z2/DX1; h.Y2/D wX2;

h.X1/D h.X2/D h.Y1/D h.Z1/D h.Z3/D 0:

Thus, l.T2;3I2;�1/D 2. Since the torsion invariant tC.T2;3/ is zero, it follows that the
Gordian distance between T2;3I2;�1 and the trefoil T2;3 is at least 2.

Example 5.6 Let us now consider the .2;�3/ cable of the torus knot T2;3 , which
is denoted by T2;3I2;�3 . We focus on the mirror image K D �T2;3I2;�3 of the
aforementioned knot. The chain complex associated with K is illustrated in Figure 9
(see [11]).

The chain complex is generated over F Œu;w� by 11 generators T1 , T2 , X1 , X2 , X3 ,
Y1 , Y2 , Z1 , Z2 , Z3 and Z4 . The differential is given by d.T1/D d.T2/D 0 and

d.Y1/D uT1;

d.Y2/D wT2;

d.Z1/D w2T1;

d.Z2/D u2T2;

d.Z3/D uwT1;

d.Z4/D uwT2;

d.X1/D uZ1CwZ3;

d.X2/D wZ2C uZ4;

d.X3/D uZ3CwZ4C uw.Y1CY2/:

Geometry & Topology, Volume 24 (2020)



2464 Akram Alishahi and Eaman Eftekhary

Z3

Z1 X1

X3

Y2

Y1T1

T2 Z2

X2Z4

Figure 9: The chain complex associated with the knot �T2;3I2;�3 .

The homology of the above chain complex is generated by t1 D ŒT1�, t2 D ŒT2�,
y1 D ŒZ3CwY1� and y2 D ŒZ4C uY2�, while we also have

ut1 D w2t1 D wt2 D u2t2 D 0 and uy1 D wy2:

It thus follows that

H.�T2;3I2;�3/DA.�T2;3I2;�3/˚T .�T2;3I2;�3/

D hu;wiA˚

�
A

hu;w2iA
˚

A

hu2;wiA

�
:

By considering the dual complex, one can show that

H.T2;3I2;�3/DA˚
hu;wiA

hu2;w2iA
:

In particular, we have �C.�T2;3I2;�3/D 1 and �C.T2;3I2;�3/D 0, while the torsion
invariants are nontrivial:

tC.T2;3I2;�3/D t�.T2;3I2;�3/Dyt.T2;3I2;�3/Dyt.�T2;3I2;�3/D 2:

Example 5.7 This example illustrates that H.K/ is not necessarily the direct sum of
A.K/ and T .K/. Let KDT4;5 #�T2;3I2;5 #T2;3 . The chain complex CF.T2;3I2;5/ is
given in [10], and using that one could show CF.K/DC˚C 0, where C is as illustrated
in Figure 10 and C 0 is a direct sum of acyclic pieces. Moreover, the homology of C 0

is freely generated by torsion elements ti such that uti D wti D 0.
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Z2

Z1 X1

X2

Y2

Y1 T

Z4

Z3

Figure 10: The chain complex C associated with the knot T4;5 #�T2;3I2;5 # T2;3 .

The chain complex C is generated over F Œu;w� by the nine generators X1 , X2 , Y1 ,
Y2 , Z1 , Z2 , Z3 , Z4 and T . The differential is given by d.Zi/D 0 for i D 1; 2; 3; 4

and
d.Y1/D uZ1CwZ2;

d.Y2/D uZ3CwZ4;

d.T /D uX1CwX2;

d.X1/D uwZ2Cw2Z3;

d.X2/D u2Z2C uwZ3:

The homology of C is then generated by the classes zi D ŒZi � for i D 1; 2; 3; 4, while
we have

uz1 D wz2; uz3 D wz4; uwz2 D w2z3 and u2z2 D uwz3:

In particular, t D uz2�wz3 is a torsion element, and ut D wt D 0. We then have a
short exact sequence

0!
A

hu;wiA
!H�.C /!A.K/D hu3; u2w; uw2;w3

iA! 0;

which does not split. The chain complex C is an illustration of pieces which may
appear in a knot chain complex and make the homology and the unknotting invariants
interesting. The next virtual example gives another instance of this phenomenon.

Example 5.8 Let C D Ci;j denote the chain complex generated over A by the
generators X1 , X2 , Y1 , Y2 and Z with

A.X1/D�A.X2/D i; A.Y1/D�A.Y2/D j and A.Z/D 0:
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ZY1

X1

Y2

X2

Figure 11: The chain complex Ci;j .

The differential d D di;j of C is defined by setting d.X1/D d.X2/D 0 and

d.Y1/D uiwj X1CwiCj X2; d.Y2/D uiCj X1CujwiX2; d.Z/D uj Y1Cwj Y2:

Figure 11 illustrates this chain complex. We treat Ci;j as a direct summand in a knot
chain complex, or a virtual knot chain complex.

It is then not hard to check that the homology group HDHi;j of C is generated by
the homology classes x1 D ŒX1� and x2 D ŒX2�. Furthermore, t D uix1Cwix2 is a
torsion element in H . In fact,

wj t D ŒdY1�D 0 and uj t D ŒdY2�D 0:

Thus, tC.C / D j. Assume f�W H ! A and fCW A ! H are homogeneous maps
of degrees m� and mC , respectively, so that f� ı fC and fC ı f� are multiplication
by wmCCm� . Let mDmCCm� , and

fC.1/D f C
1

x1Cf
C

2
x2; f�.x1/D f

�
1 and f�.x2/D f

�
2 ;

where f Ci ; f
�

i 2A for i D 1; 2. Then, f �
1
f C

1
Cf �

2
f C

2
D wm and so

fC ı f�.x1/D wmx1Cf
C

2
.f �2 x1Cf

�
1 x2/

and

fC ı f�.x2/D wmx2Cf
C

1
.f �2 x1Cf

�
1 x2/:

Consequently, f �
2

x1Cf
�

1
x2 is a multiple of t , which implies that f �

2
Dwm�uig and

f �
1
D wm�Cig for some g 2A. On the other hand, since f �

1
f C

1
Cf �

2
f C

2
D wm we
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have g.0; 0/D 1 and f C
1
DwmC�ih for some h2A such that h.0; 0/D 1. Therefore,

f C
1
.f �2 x1Cf

�
1 x2/D wmC�ih.wm�g � t/D .wm�ihg/t D 0;

which implies that m� i � j and so m� i C j. In other words, l.C /� i C j.

Moreover, we show that l.C /D i C j by finding explicit chain maps. Let f�W C !A

and fCW A! C be chain maps defined as

f�.X1/D wi ; f�.X2/D ui ; f�.Y1/D f�.Y2/D f�.Z/D 0; fC.1/DX1:

It is easy to check that wj .fC ı f�/ is chain homotopic to multiplication by wiCj . In
fact, chain homotopy is given by

h.X2/D Y1; h.Y2/D wiZ and h.X1/D h.Y1/D h.Z/D 0:

Further, wj .f� ı fC/ is equal to multiplication by wiCj . Therefore, l.C / D i C j,
while, considering the pairs .wj f�; fC/ and .f�;wj fC/, we have lC.C /D �C.C /D i

and l�.C /D 0, respectively. Moreover, t.C /D j. Thus, C gives an example with
l.C /D �C.C /C t.C /. It is interesting to note that in this example, yt.C /D i C j.

References
[1] A Alishahi, Unknotting number and Khovanov homology, Pacific J. Math. 301 (2019)

15–29 MR

[2] A Alishahi, N Dowlin, The Lee spectral sequence, unknotting number, and the knight
move conjecture, Topology Appl. 254 (2019) 29–38 MR

[3] A S Alishahi, E Eftekhary, A refinement of sutured Floer homology, J. Symplectic
Geom. 13 (2015) 609–743 MR

[4] A Alishahi, E Eftekhary, Tangle Floer homology and cobordisms between tangles, J.
Topol. 13 (2020) 1582–1657

[5] M Borodzik, C Livingston, Semigroups, d –invariants and deformations of cuspidal
singular points of plane curves, J. Lond. Math. Soc. 93 (2016) 439–463 MR

[6] P Feller, Gordian adjacency for torus knots, Algebr. Geom. Topol. 14 (2014) 769–793
MR

[7] P Feller, D Krcatovich, On cobordisms between knots, braid index, and the upsilon-
invariant, Math. Ann. 369 (2017) 301–329 MR

[8] P Feller, S Pohlmann, R Zentner, Alternation numbers of torus knots with small braid
index, Indiana Univ. Math. J. 67 (2018) 645–655 MR

[9] J Hanselman, L Watson, Cabling in terms of immersed curves, preprint (2019) arXiv

Geometry & Topology, Volume 24 (2020)

http://dx.doi.org/10.2140/pjm.2019.301.15
http://msp.org/idx/mr/4007369
http://dx.doi.org/10.1016/j.topol.2018.11.020
http://dx.doi.org/10.1016/j.topol.2018.11.020
http://msp.org/idx/mr/3894208
http://dx.doi.org/10.4310/JSG.2015.v13.n3.a3
http://msp.org/idx/mr/3412088
http://dx.doi.org/10.1112/topo.12168
http://dx.doi.org/10.1112/jlms/jdv068
http://dx.doi.org/10.1112/jlms/jdv068
http://msp.org/idx/mr/3483122
http://dx.doi.org/10.2140/agt.2014.14.769
http://msp.org/idx/mr/3159969
http://dx.doi.org/10.1007/s00208-017-1519-1
http://dx.doi.org/10.1007/s00208-017-1519-1
http://msp.org/idx/mr/3694648
http://dx.doi.org/10.1512/iumj.2018.67.7302
http://dx.doi.org/10.1512/iumj.2018.67.7302
http://msp.org/idx/mr/3798852
http://msp.org/idx/arx/1908.04397


2468 Akram Alishahi and Eaman Eftekhary

[10] J Hom, A note on the concordance invariants epsilon and upsilon, Proc. Amer. Math.
Soc. 144 (2016) 897–902 MR

[11] J Hom, A S Levine, T Lidman, Knot concordance in homology cobordisms, preprint
(2018) arXiv

[12] J Hom, T Lidman, N Zufelt, Reducible surgeries and Heegaard Floer homology,
Math. Res. Lett. 22 (2015) 763–788 MR

[13] J Hom, Z Wu, Four-ball genus bounds and a refinement of the Ozváth–Szabó tau
invariant, J. Symplectic Geom. 14 (2016) 305–323 MR

[14] K Jin, A M Lowrance, E Polston, Y Zheng, The Turaev genus of torus knots, J. Knot
Theory Ramifications 26 (2017) art. id. 1750095 MR

[15] D Krcatovich, Software for CFK1 of 1–1 knots

[16] P B Kronheimer, T S Mrowka, Gauge theory for embedded surfaces, I, Topology 32
(1993) 773–826 MR

[17] M Lackenby, Elementary knot theory, from “Lectures on geometry” (N M J Wood-
house, editor), Oxford Univ. Press (2017) 29–64 MR

[18] J Levine, Knot cobordism groups in codimension two, Comment. Math. Helv. 44 (1969)
229–244 MR

[19] C Livingston, Notes on the knot concordance invariant upsilon, Algebr. Geom. Topol.
17 (2017) 111–130 MR

[20] C Livingston, A H Moore, KnotInfo: table of knot invariants, electronic reference
(2004) Available at http://www.indiana.edu/~knotinfo

[21] Y Ni, Z Wu, Cosmetic surgeries on knots in S3 , J. Reine Angew. Math. 706 (2015)
1–17 MR

[22] P S Ozsváth, A I Stipsicz, Z Szabó, Concordance homomorphisms from knot Floer
homology, Adv. Math. 315 (2017) 366–426 MR

[23] P Ozsváth, Z Szabó, Knot Floer homology and the four-ball genus, Geom. Topol. 7
(2003) 615–639 MR

[24] P Ozsváth, Z Szabó, Holomorphic disks and knot invariants, Adv. Math. 186 (2004)
58–116 MR

[25] P Ozsváth, Z Szabó, Holomorphic disks and three-manifold invariants: properties and
applications, Ann. of Math. 159 (2004) 1159–1245 MR

[26] P Ozsváth, Z Szabó, On knot Floer homology and lens space surgeries, Topology 44
(2005) 1281–1300 MR

[27] P Ozsváth, Z Szabó, Holomorphic disks, link invariants and the multi-variable Alexan-
der polynomial, Algebr. Geom. Topol. 8 (2008) 615–692 MR

[28] J A Rasmussen, Floer homology and knot complements, PhD thesis, Harvard University
(2003) MR arXiv

Geometry & Topology, Volume 24 (2020)

http://dx.doi.org/10.1090/proc/12706
http://msp.org/idx/mr/3430863
http://msp.org/idx/arx/1801.07770
http://dx.doi.org/10.4310/MRL.2015.v22.n3.a8
http://msp.org/idx/mr/3350104
http://dx.doi.org/10.4310/JSG.2016.v14.n1.a12
http://dx.doi.org/10.4310/JSG.2016.v14.n1.a12
http://msp.org/idx/mr/3523259
http://dx.doi.org/10.1142/S021821651750095X
http://msp.org/idx/mr/3735396
http://dx.doi.org/10.1016/0040-9383(93)90051-V
http://msp.org/idx/mr/1241873
http://dx.doi.org/10.1093/oso/9780198784913.003.0002
http://msp.org/idx/mr/3676592
http://dx.doi.org/10.1007/BF02564525
http://msp.org/idx/mr/246314
http://dx.doi.org/10.2140/agt.2017.17.111
http://msp.org/idx/mr/3604374
http://www.indiana.edu/~knotinfo
http://dx.doi.org/10.1515/crelle-2013-0067
http://msp.org/idx/mr/3393360
http://dx.doi.org/10.1016/j.aim.2017.05.017
http://dx.doi.org/10.1016/j.aim.2017.05.017
http://msp.org/idx/mr/3667589
http://dx.doi.org/10.2140/gt.2003.7.615
http://msp.org/idx/mr/2026543
http://dx.doi.org/10.1016/j.aim.2003.05.001
http://msp.org/idx/mr/2065507
http://dx.doi.org/10.4007/annals.2004.159.1159
http://dx.doi.org/10.4007/annals.2004.159.1159
http://msp.org/idx/mr/2113020
http://dx.doi.org/10.1016/j.top.2005.05.001
http://msp.org/idx/mr/2168576
http://dx.doi.org/10.2140/agt.2008.8.615
http://dx.doi.org/10.2140/agt.2008.8.615
http://msp.org/idx/mr/2443092
http://msp.org/idx/mr/2704683
http://msp.org/idx/arx/math/0306378


Knot Floer homology and the unknotting number 2469

[29] J Rasmussen, Lens space surgeries and a conjecture of Goda and Teragaito, Geom.
Topol. 8 (2004) 1013–1031 MR

[30] J Rasmussen, Knot polynomials and knot homologies, from “Geometry and topology
of manifolds” (H U Boden, I Hambleton, A J Nicas, B D Park, editors), Fields Inst.
Commun. 47, Amer. Math. Soc., Providence, RI (2005) 261–280 MR

[31] J Rasmussen, Khovanov homology and the slice genus, Invent. Math. 182 (2010)
419–447 MR

[32] M G Scharlemann, Unknotting number one knots are prime, Invent. Math. 82 (1985)
37–55 MR

[33] A G Tristram, Some cobordism invariants for links, Proc. Cambridge Philos. Soc. 66
(1969) 251–264 MR

[34] I Zemke, Link cobordisms and absolute gradings on link Floer homology, Quantum
Topol. 10 (2019) 207–323 MR

Department of Mathematics, University of Georgia
Athens, GA, United States

School of Mathematics, Institute for Research in Fundamental Sciences (IPM)
Tehran, Iran

akram.alishahi@uga.edu, eaman@ipm.ir

Proposed: Ciprian Manolescu Received: 10 November 2018
Seconded: András I Stipsicz, Ian Agol Revised: 19 December 2019

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

http://dx.doi.org/10.2140/gt.2004.8.1013
http://msp.org/idx/mr/2087076
http://dx.doi.org/10.1007/bf01579132
http://msp.org/idx/mr/2189938
http://dx.doi.org/10.1007/s00222-010-0275-6
http://msp.org/idx/mr/2729272
http://dx.doi.org/10.1007/BF01394778
http://msp.org/idx/mr/808108
http://dx.doi.org/10.1017/s0305004100044947
http://msp.org/idx/mr/248854
http://dx.doi.org/10.4171/QT/124
http://msp.org/idx/mr/3950650
mailto:akram.alishahi@uga.edu
mailto:eaman@ipm.ir
http://msp.org
http://msp.org



	1. Introduction
	2. Changing the crossings in knot diagrams
	3. The depth of a knot and bounding the unknotting number
	4. The torsion obstruction
	5. Examples and applications
	References

