:. Geometry € Topology 24 (2020) 2547-2602
msp

The Gamma and Strominger-Yau-Zaslow conjectures:
a tropical approach to periods

MOHAMMED ABOUZAID
SHEEL GANATRA
HIROSHI IRITANI
NICK SHERIDAN

We propose a new method to compute asymptotics of periods using tropical geometry,
in which the Riemann zeta values appear naturally as error terms in tropicalization.
Our method suggests how the Gamma class should arise from the Strominger—Yau—
Zaslow conjecture. We use it to give a new proof of (a version of) the Gamma
conjecture for Batyrev pairs of mirror Calabi—Yau hypersurfaces.

53D37; 11G42, 14J33, 14T05, 32G20

1 Introduction

1.1 The “error term” in tropicalization

The relationship between tropical and algebraic geometry is based on the “Maslov
dequantization™:
logr (T¢ + Tb) ~ max(a,b) for T > 1.

Setting b = 0, we can use this to arrive at the following approximation:

A A
(log T)Z/A logr(1+7%) da =~ (log T)Z/A max(0,a) da = %Az(log T)2.

However, there is an error term in this approximation (see Figure 1): in the limit
T — oo it is given by

A
(log T)? / A(logT(l + T%) —max(0,a)) da

A 1 1 1
= 2(log T)2/ logr(1+ 77 % da = 2[ log(1 +x) dx
0 T

o0 (_1)k+1

=23 — o(TH=¢2)+ 0T 4.
k=1

—A X

In other words, ¢(2) = %nz arises as a subleading term in the Maslov dequantization.
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Figure 1: The graphs of logr(1+77*) and logr(1+T7*+T7) when T =e.
These images were produced using Maple 2018 and Maple 12, respectively.

Going one dimension up, we can calculate the error term in the analogous approximation
(log T)3 / logr(14+T% +T%)da; day ~ (log T)3/ max(0,ay,az) day das.
U U

We will assume that U C R? is a polygon containing the origin, and transverse to the
legs of the “tropical curve” Sing(max(0, s1, s2)) (ie the locus where at least two of 0,
s1 and sy are tied for largest). The error term is equal to

/ (log(1 + €°' + e*2) —max (0, 51, 52)) dsy ds».
logT-U

The integrand looks approximately like log(1-+ e*) —max(0, s) in the directions normal
to the legs of the tropical curve. Thus the leading piece of the error term is equal to
the total length of the tropical curve contained inside the region log 7" - U multiplied
by ¢(2), which will be linear in log T It turns out that there is also a constant term,
which is equal to ¢(3); see Proposition 4.5.

The main idea of this paper is to use such approximations to compute asymptotic
expansions for period integrals, and to relate them to the Gamma class of the mirror,
which we describe in the next section.

Remark 1.1 These error terms compute the volume of (parts of) amoebas; for the
study in 2 dimensions see Passare [40] and Passare and Rullgard [41].

1.2 The Gamma class and mirror periods

It has been long observed that products of the characteristic numbers of a Calabi—Yau
manifold by zeta values can be found in the asymptotics of periods of the mirror near

Geometry & Topology, Volume 24 (2020)



The Gamma and Strominger—Yau—Zaslow conjectures 2549

the large-complex structure limit. For example, {(3) multiplied by the Euler number
of a quintic threefold appears in the famous work of Candelas, de la Ossa, Green
and Parkes [7]. Later, Hosono, Klemm, Theisen and Yau [27] observed that certain
Chern numbers of Calabi—Yau complete intersection threefolds can be read off from
hypergeometric solutions to the mirror Picard—Fuchs equation. This observation led
Libgober [34] to introduce the (inverse) Gamma class, which makes sense for any
almost-complex (or stably complex-oriented) manifold. The Gamma class' of an
almost-complex manifold X is defined to be the cohomology class

o0
=[] r<1+8,~)=exp(—yc1(X)+Z(—1>"z(k><k—1)! chk<TX)) e H*(X.R).
i k=2
where §; are the Chern roots of the tangent bundle 7X (such that ¢(TX)=[];(1+6; ))
and y =limp— 00 (l + % 4.+ % —log n) is the Euler constant. In terms of the Gamma
class, a conjecture put forward by Hosono [26, Conjecture 2.2] (see also Horja [25],
Enckevort and van Straten [13], Borisov and Horja [6], Almkvist, van Straten and
Zudilin [3], Golyshev [19] and Iritani [29]) can be restated as follows:

Conjecture A (Gamma conjecture in the Calabi—Yau case) Let X be a Calabi—Yau
manifold equipped with a symplectic form w and let {Z;};ca+ be a family of Calabi—
Yau manifolds parametrized by t in a small punctured disc A* that corresponds to
(X, w) under mirror symmetry. For a suitable choice of a holomorphic volume form $2;
on Z; and of a coordinate t, if a Lagrangian cycle C; C Z; is mirror to a coherent
sheaf E on X, then

/ Q; :f t_“)-f‘X-(Zni)‘k’g/2 ch(E)+0(t*) ast—0
CiCZ; X
in a fixed angular sector for some € > 0, where 1 = ~/—1 is the imaginary unit.

Remarks 1.2 (a) The original conjecture of Hosono [26] is stated as an equality
between periods and explicit hypergeometric series in the case of complete intersection
Calabi—Yau manifolds. The version presented here can be obtained from the leading
asymptotics of the hypergeometric series.

(b) Both sides of the equality in the Gamma conjectures are multivalued functions
of 7: on the right-hand side, a choice of branch of logt is required to specify a value

IWhen X is an orbifold, the Gamma class has a component in the twisted sector. We nevertheless
ignore the twisted sector component since it does not intervene in the statement of the Gamma conjecture.
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for 1=, while on the left-hand side the monodromy of the family Z; in general acts
nontrivially on the homology classes of Lagrangian cycles. The family of Lagrangian
cycles C; mirror to E is identified over the universal cover of the punctured disc A*.

(c) This is not a mathematically precise conjecture since it depends on mirror symmetry.
In the case of Fano manifolds, there is a precise conjecture (the original Gamma
conjecture) which can be formulated purely in terms of quantum cohomology of a Fano
manifold X (see Galkin, Golyshev and Iritani [17], Galkin and Iritani [18] and Sanda
and Shamoto [44]) and is closely related to Dubrovin’s conjecture [12].

(d) In the above conjecture, we implicitly assume that ¢ = 0 is a point of maximal
degeneracy in the sense that the associated limit mixed Hodge structure is Hodge—Tate
(see Deligne [10]) and that the mirror map takes the form?> —w logt 4+ O(t) so that
t = 0 corresponds to the large-radius limit point of (X, w). We could further assume
that the volume form €2, is normalized by a Hodge-theoretic condition as discussed
in [7; 10] and Morrison [39].

(e) Using the Gamma class, Katzarkov, Kontsevich and Pantev [32] and Iritani [28]
introduced a rational/integral structure on the quantum cohomology, which conjecturally
corresponds to the natural rational/integral structure (given by Betti cohomology) on
the B-side.

Although Conjecture A is not mathematically precise, we can make it precise by
specifying what we mean by a “mirror pair” and by fixing the correspondence between
equivalence classes of cycles on the two sides: the Strominger—Yau—Zaslow (SYZ)
conjecture posits that mirror pairs should carry dual (possibly singular) torus fibrations,
and building on this, the Gross—Siebert program gives a geometric construction of
mirror pairs in some large generality; see Strominger, Yau and Zaslow [46] and Gross
and Siebert [22]. This determines the correspondence between Lagrangian cycles
and coherent sheaves appearing in the Gamma conjecture. The present paper aims to
understand/explain the Gamma conjecture from the viewpoint of the SYZ fibrations.

1.3 The Gamma conjecture for Batyrev mirrors

Let A C PR be a reflexive polytope, and V C Qg its polar dual, where P = Z"*!
and Q := PY. We write Px = P ®7 K and Qg = Q ®7z K for a Z-module K. Let

21f the mirror map is of the form —w log? + & + O(t) with h € H2(X), then we need to replace f‘X
with e Iy in the conjecture; the class & appears, for instance, when we replace ¢ with 2¢.
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V be a subset of 3V N Q containing all vertices of V and let A: V — R be a positive
real-valued function (R denotes the set of positive real numbers). We assume that
there exists a simplicial fan ¥, on Qg such that the set of one-dimensional cones
of £, is {R>9-¢q : g € V} and that A extends to a strictly convex piecewise-linear
function A: Or — R with respect to the fan 3, . We set

filz):=) tha. 1

qev
for t e Ry and z € Pc+, and

Z,:={1= fi(z)} C Pc-.

The positive real locus C;L C Z; is defined to be the intersection Z; N Pg_ ; this
is homeomorphic to a real n—dimensional sphere for a sufficiently small ¢ > 0; see
Section 3.1.

Let Yv denote the toric variety defined by the normal fan of V and take a partial crepant
resolution Yy of Yy which has at worst quotient singularities. The hypersurface Z t
compactifies to a quasismooth Calabi—Yau hypersurface Z; C Yv. The holomorphic

volume form
dlogzo Adlogzy A---Adlogz,

dfi(z) Z

also extends to Z,, where (29, z1, ..., z,) are C*—coordinates on Pc+ = (C*)"*1,

Qt =

On the B-side of mirror symmetry we will consider the period integral

Q.
/C,Jrcét

On the A-side of mirror symmetry, we consider the compact convex polytope
Ay:={pePr:{q.p)+A; >0 forallg e V}.

Our assumption on A ensures that the slopes of the edges at each vertex form a basis
of Pr. We have a corresponding toric orbifold Yz, equipped with a Kihler class
[wi] =D 4ev Aq - Dg, where Dy is the toric divisor corresponding to the g™ face
{peA,:{q, p)+As =0} of A,. The Batyrev mirror of Z; is given by a quasismooth
Calabi—Yau hypersurface X C Y, ; see Batyrev [5]. It is expected that the large-radius
limit of X corresponds to the large complex structure limit # — O for Z; and that the
Lagrangian sphere CtJr C Z; is mirror to the structure sheaf Oy of X. Thus it makes
sense to substitute C; = C t+ and £ = Oy in Conjecture A. Our first main result is a
proof of this special case of the Gamma conjecture:
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Theorem B (Gamma conjecture for the structure sheaf on Batyrev mirror pairs) We
have, for some € > 0,

f Q,:/t“"~fx+0(z€) as t — +0.
ctcz, X

Our second main result is a generalization of Theorem B, in which the structure
sheaf Oy is replaced with an arbitrary ambient line bundle on X, ie one restricted
from YA, . Any line bundle on YA, has the form O, = O(_quV Vg Dq) for some
veZV;let L, denote the restriction of O,, to X. We now describe the cycle C; Yz,
mirror to £,,. Consider the polynomial function f; 9(z) on Pc+ given by

Jro(z) =) eMartazd,

qev

which we obtain from f;(z) by multiplying the coefficients tha by ei% for some
8, € R, and the associated hypersurface

Z6:={fr0(z) =1} C Pc-.

Let C ,(v) cz ¢+ be the parallel transport of the positive real cycle C t+ cz ¢ as we
vary 6 continuously from 8 =0 to 0 =2mv.

Remark 1.3 Let us explain why the cycle C ,(v) is expected to be isotopic to a La-
grangian cycle mirror to £,. One expects a commutative diagram of categories as

follows:
D?Coh(Ya,) ¢ DFS(Pc~. f) N r— DFS(Pc~, fr)
restrictionl lL'_’aL
DPCoh(X) = DPFuk(Z;)

HMS

The top arrow labeled “HMS” is homological mirror symmetry for the toric variety Y,
and its Landau—Ginzburg mirror (Pc=, f;), where we fix ¢. The other arrow on the
top line identifies the Fukaya—Seidel category of this Landau—Ginzburg model with
that of its fiberwise compactification; see Seidel [45]. The objects of FS(Pcx, f3)
may be taken to be certain Lagrangian submanifolds of Pc+ with boundary on the
fiber f,71(1) = 7 ;, while the objects of FS(P ¢+, f;) are Lagrangians with boundary
on the compactified fiber ft_l (1) = Z;. The left vertical arrow denotes the derived

Geometry & Topology, Volume 24 (2020)



The Gamma and Strominger—Yau—Zaslow conjectures 2553

restriction functor, while the right one sends a Lagrangian to its boundary; the commu-
tativity of this diagram appears, for example, in Auroux [4, Conjecture 7.7]. Under
the (presumably removable) assumption that YA, is smooth, Abouzaid [1; 2] has
constructed certain objects L, of FS(Pc=*, f7), and proved that they are mirror to the
line bundles O, ; see also the work of Fang, Liu, Treumann and Zaslow [15], Fang [14],
Fang and Zhou [16], and Hanlon [24]. Therefore, by commutativity of the above
diagram, one expects £, to be mirror to dL, C Z;. One can identify dL, with C t(v)
up to an isotopy: this becomes transparent using the tropical construction of C t(v) given
in Section 5.

In light of Remark 1.3, it makes sense to substitute C; = Ct(v) and £ = £, in
Conjecture A. Our second main result is a proof of this special case of the Gamma
conjecture (generalizing Theorem B, which is the case v = 0):

Theorem C (Gamma conjecture for ambient line bundles on Batyrev mirror pairs)
We have, for some € > 0,

/ Q =/ 17Ty -e 2acv 27aDa  0(1€) a5 1 — 40.
cVcz, X

We remark that similar results have been obtained in [29, Theorem 1.1]; the novelty
in our work is the method of proof, which relates the Gamma conjecture to the SYZ
conjecture and the Gross—Siebert program. In fact, due to the local nature of the
computations, we expect that it should not be significantly harder to implement our
approach for general Gross—Siebert mirrors than for Batyrev mirrors. The Gamma
conjecture for general Gross—Siebert mirrors is open.

In a different direction, we expect that it should be possible to implement our approach
to prove the Gamma conjecture for certain Lagrangian cycles C; fibering over “tropical
cycles” in the base of the SYZ fibration; see Castafio and Bernard [8] and Ruddat
and Siebert [43] for the notion of “tropical cycle” in closely related contexts, and
Matessi [35] and Mikhalkin [37] for the construction of the corresponding Lagrangian
cycles. Indeed this is essentially done in Ruddat and Siebert [43], in the case that
the tropical cycle in the base of the SYZ fibration is 1-dimensional. In this case the
interesting part of the Gamma class (ie the part involving zeta values) does not appear
in the computation: the mirror coherent sheaf is the skyscraper sheaf of a curve, and in
particular its Chern character is concentrated in degrees > 2n — 2, whereas the zeta
values in the Gamma class of a Calabi—Yau only appear in degrees > 4. This reflects the
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fact that the 1—dimensional tropical cycle can be (topologically) deformed to avoid the
codimension-2 singular locus of the SYZ fibration, where the nontrivial contributions
to the Gamma class are concentrated. (We should mention that the aim of [43] is rather
different from that of the current paper: the authors show that the natural coordinate on
the base of the family constructed by Gross—Siebert is a canonical coordinate in the
Hodge-theoretic sense.)

1.4 Proofs of Theorems B and C

We compute the asymptotics of the period integrals appearing in Theorems B and C by
breaking them up into local pieces using tropical geometry. This procedure involves an
extra layer of combinatorial complexity in the case of Theorem C, so we give the proof
of Theorem B first in the name of transparency.

The “local period integrals” that will appear are
(1) Lomy,..mp 1=/ sy sk gg(eT L e TR dsy - dis

for £,m; € Z>o, where
L
ge(X1.... X =Y (—1)'K'-(log(1+ ZXJ)) :
k} jeK

The integral (1) converges because the integrand decays exponentially at infinity, due
to the bound

k
) ge(X1..... X)) <Ce-[] X; on [0.1]%.
j=1
This bound can be proved by observing that the function g¢(X1, ..., X) is analytic

in a neighborhood of [0, 1]¥, and vanishes along the coordinate hyperplanes {X 7 =0},
so is divisible by H5'€=1Xj- We note that go =0 for £ =0.

We define a class in H*(X) by

4 Lo ) |
G Gx=1+ 3 g (D) (o) [T Dy,
q.J L I jel

where 0 = ) jev D; is the first Chern class of Y4, , and the sumis overall g € V,
all nonempty subsets J C V' not containing g, all £ > 1 and 1 € (Zx¢)” .
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Theorem 1.4 Let (X, Z;) be a Batyrev mirror pair of Calabi—Yau hypersurfaces and
let C;t C Z, denote the positive real locus. Then for some € > 0, we have

/ Qt=/ 1. Gy + O(t€) as t — +0.
ctcz, X

Theorem 1.4 is proved in Section 3. The proof uses tropical geometry to decompose C ,+
into pieces so that the integrals of €2; over these pieces are in one-to-one correspondence
with the terms on the right-hand side.

Theorem 1.5 We have GX = f‘x.

Theorem 1.5 is proved in Section 4. Combining Theorems 1.4 and 1.5, we have proved
Theorem B.

In Section 5, we generalize Theorem 1.4 to give a computation of period integrals over
cycles C; g C Z ¢, obtained by parallel transport of C T see Theorem 5.1. These
include the cycles C,(v), in the special case that all 6, are integers. Theorem C is
proved by combining Theorems 5.1 and 1.5.

1.5 Plan

Theorems 1.4 and 1.5 are proved in Sections 3 and 4 respectively; together they prove
Theorem B. The additional ingredient needed to prove Theorem C, namely Theorem 5.1,
is proved in Section 5. However, the geometric idea underlying our approach may not
shine through the tropical combinatorics of the rigorous proofs. Therefore, in Section 2
we explain the idea behind the proofs informally, emphasizing the relationship with
the SYZ conjecture and the Gross—Siebert program. The reader who has no interest in
informal discussions can skip Section 2.
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2 Discussion and examples

In this section we sketch the proof of the Gamma conjecture for the structure sheaf
on Batyrev mirrors of dimension at most 3, emphasizing the relationship with the
SYZ conjecture and the Gross—Siebert program. The discussion is not intended to be
completely rigorous.

Observe that the conjecture can be rewritten as
n .
(—logz)"™* oA
“) / Q, + 0(€) = —/wn i £
o ;, -0 Sy
where I} is the degree-2i component of Ix.

Roughly speaking we will stratify C t+ in accordance with the singularities of the
SYZ fibration, and we will see that the codimension-i strata give rise to terms in the
asymptotic expansion of the period integral which precisely add up to the i term on
the right-hand side.

This is a compelling picture, but unfortunately it becomes more complicated in higher
dimensions (compare Remark 2.4) and we have not been able to cleanly generalize it.
The remainder of the paper explains a more pedestrian version of our period computation
which works in all dimensions, but which uses the embedding of Batyrev mirror pairs
in toric varieties corresponding to dual reflexive polytopes.

2.1 Leading term

We consider the map Log;: Pc+ — PR,

Log,(zo.,....zn) = (log; |zo].....log; |zx]).
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In the limit ¢+ — 0, the amoeba Logt(é ¢) converges to the tropical amoeba, which
is a codimension-1 weighted balanced polyhedral complex; see Mikhalkin [36]. The
unique compact component of the complement of the tropical amoeba is precisely the
polytope A, that appears on the A—side of our mirror statement.

The image of the cycle C t+ under Log, converges to dA) as t — 0, and the pullback
of the volume form 2; to C ,+ converges to the rescaling of the affine volume form on
each face by —log¢. Using this we obtain that the leading term of the period integral is

/C+ Qs = (—log?)" -vol(dA;) + O((logt)"™1).

t

The volume on the right-hand side coincides with the sum of symplectic volumes of
boundary divisors D; C YA, by Guillemin [23, Theorem 2.10]. This coincides with
the symplectic volume of X (since X is cohomologous to ) ; Dj), which gives us
the leading term in the Gamma conjecture:

/Cﬁ Q; = /Xt_“’* + O((log )" 1).

The subleading terms are related to the “bends” in C t+ where we interpolate between
adjacent faces of A}, as we will see in the next sections.

This is closely related to the SYZ conjecture, according to which there should exist
a special Lagrangian torus fibration with singularities Z; — B, where B =~ dA is
endowed with an affine structure.® The cycle C t+ should correspond to the zero-section
B C Z; of this fibration. The restriction of the holomorphic volume form €2; to the
cycle C ,+ is real, and should be approximately equal to the pullback of the affine
volume form on B; see eg Gross [21, Sections 1-2]. Thus the leading-order term of
the period integral should be

/C+ Q; = (—log?)" -vol(B) + O((log )" 1.

t

The mirror X should admit a dual special Lagrangian torus fibration X — B, and
its symplectic volume should coincide with the affine volume of B. Thus we obtain
an explanation of the leading term in the Gamma conjecture that is similar to the

3Proving the existence of such special Lagrangian torus fibrations remains a difficult question, present-
ing numerous challenges; see Joyce [31]. In practice, our approach only requires the existence of a weak
version of an SYZ fibration, similar to that appearing in the Gross—Siebert program. Nevertheless, for the
purposes of this informal discussion, we will refer freely to special Lagrangian torus fibrations.
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previous one. As promised, the codimension-0 locus of the base of the SYZ fibration
gave rise to the i = 0 term on the right-hand side of (4).

Remark 2.1 The relationship between the leading-order asymptotics of periods and
tropical geometry has been studied by several people. Mikhalkin and Zharkov [38] intro-
duced periods for tropical curves in terms of affine length; Iwao [30] compared tropical
periods for curves with the leading asymptotics of classical periods. Yamamoto [48]
studied periods (or, radiance obstruction) of tropical Calabi—Yau hypersurfaces and
compared them with classical ones.

2.2 K3 surfaces

Let us consider the two-dimensional case, so Z; and X are K3 surfaces. There should
be an SYZ fibration p : Z; — B where B = dA,; compare Gross [20; 21] and
Ruan [42]. We have one affine coordinate chart of B for each face of Aj, which has
the subspace affine structure; and we also have an affine coordinate chart for each
vertex, which is given by projection along the remaining “ray” emanating from the
vertex; see Figure 2.

The resulting affine structure on B is defined everywhere except near certain points
along the edges of A, which correspond to the intersections of Z; with codimension-2
toric strata of Yy. Generically, there are 24 of these, so we end up with an affine
structure on the 2—sphere with 24 singularities.

Away from a neighborhood of the singularities, the holomorphic volume form 2 is
approximately equal to the flat volume form to order O(z€), so

/ Q; = (—logt)?-vol(U) + O(t%).

plnc;

In a neighborhood of a singularity, if we throw out terms of order O(7€) then the local
model for (Z;,C;*,Q,) is

Z; :{(ylvyZ,x)Esz(C*:y1y2:1+x}’
Cm=ZiNRy)>,

_ dyi1 Ady;

Qy = dlog y1 Adlog x,

where {y;y, = 0} corresponds to the boundary divisor of Yy ; compare Kontsevich
and Soibelman [33].
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Example 2.2 Let X C CP3 be a quartic K3 surface equipped with a symplectic
form w in the class ¢;(CP?). The mirror is given by

Z = {iW1 +tWa + tWs + 1/ (Wi Wa W3) = 1},

The tropical amoeba of 7 ¢ 1s shown in Figure 2; the Log, —image of the positive real
cycle C ,+ converges to the boundary of the simplex

Apy={wi>-lLwy>—-1,w3>—-1,wi +wr+w3 <1} ast—+0,

where w; = log, |[W;|. We cover dA, by affine charts: on the interior of a facet
(yellow region), we consider the subspace affine structure, and around a lattice point v
on an edge (blue region), we consider the affine structure given by the projection
along the ray R4 v. The singularities of the affine structure occur somewhere between
adjacent lattice points on edges. For example, consider the red region in Figure 2,
which lies between the two affine charts (w, — wy, wy + w3 + 1) and (wy — wq, w3)
associated with the rays Ry (—1,—1,1) and R4 (—1,—1,0). Since tW3 = ¢1T¥3
and t /(Wi WaW3) = t17W1=W2=W3 are exponentially small near the red region, the
cycle C ,+ in this region is given by the equation

W +tWy 1 = ¢~ W2mw1) 4| n w2l — ymwa—ws—1 w3,

Setting x = r~W2=w1) |y — p—(W2tws+1) apd y, = W3 we find that the red region
of the cycle is approximated by the positive real locus of the local model 1+ x = y; y»
above. Note that (log; x,log, y1) and (log; x, log, y2) give affine charts of the adjacent
blue regions.

Figure 2: The tropical amoeba of a mirror quartic

Zo= Wi +(Wa +tWs +1 /(W WaW3) = 11.
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The base of the SYZ fibration at such a point is a “focus—focus singularity”. An
approximation to the SYZ fibration p: Z; — B can be written down away from
the region where both y; are small. The approximation is defined using coordinates
b = —log; |x|, c1 = —log; |y1| and ¢ = —log, |y2|; we have p ~ (b, c1) away from
y1 =0 and p = (b, c3) away from y, = 0. We observe that

c1+c2 = —log; |y1y2] = —log; |1 + x| ~ max(0, b)

when b > 0 or b <« 0, so the transition maps for the approximate SYZ fibration are
approximately affine-linear in these regions. The fact that these transition maps are
different for large and small b accounts for the nontrivial monodromy of the affine
structure around the focus—focus singularity.

Figure 3 shows the hypersurface
C,Jr ={c1 +c2 =—log,(1+ t_b)} C R3,

with the horizontal coordinates corresponding to ¢; and c¢3, and the vertical coordinate
to b. On it we draw the level sets of the coordinates of the SYZ fibration, where each
is defined. We cut out a region p~1(U) N Ct"' where U is a neighborhood of the
singularity in the base of the SYZ fibration. It will have boundaries —B <b < B for
some large B; c; < C; for some large Cq, so that ¢; is a coordinate of the approximate
SYZ fibration along that boundary; and ¢, < C, for some large C,, for the same
reason. We assume B < C1 + C; so that the boundaries ¢; = C; and ¢, = C, do not
intersect. We integrate Q; = (—log?)?db A dcy over p~ 1 (U) N Ct+, which means
we calculate the area of its projection to the bcq—plane. This is the area of the region
{(b,c1):—B <b < B, —log,(1 + 172y — Cy < ¢; < Cy1}, which is clearly

B
(—log1)? / B(C1 +Cy +log, (1 +172)) db.

In contrast, the affine volume of U will be

B
(—logt)? /_B(Cl + C, —max(0, b)) db.

The difference between these two is the contribution of this region to the subleading
terms of our period integral. It is equal to

B
(—log t)? /_ ; (max (0, b) + log, (1 + 7)) db = —¢(2) + 0(1®)
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C1
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. Cy
¢1 = const
X
—B

Ccp = const /

=G,

Figure 3: The left picture: the surface ¢1 +c; = —log, (1+¢~?) with t =1/e.
The red and blue coordinate lines show how the approximately affine charts
(b, c1) and (b, c3) are glued. (This image was produced using the Wolfram
Cloud [47].) The right picture: the affine manifold with singularity drawn
on the (b, c1)—plane (which corresponds to the red region in Figure 2); this

arises from the left picture in the limit ¢ — 0.

as we observed in the introduction; see Section 1.1. Thus we have established that each

of the 24 singular points in the SYZ base (ie the codimension-2 strata) gives rise to a

contribution of —¢(2) to the subleading term in the period integral. These terms sum to

-2u0)= [ B

using the fact that I = —c2(TX) = —24[pt] for a K3 surface, which is the i =2
term in the right-hand side of (4) as promised. This completes the sketch proof of

Theorem 1.5 in dimension 2.

The complete proof of Theorem 1.5 that we give in Section 4 applies even in situations

where X is not smooth but only quasismooth, which means (in this two-dimensional

case) that some of the singular points in the SYZ base have collided. There is a new

phenomenon here, which we briefly indicate without going into full details.

We consider the tropical polynomial

fa(b) := max(—b,a,b),

Geometry & Topology, Volume 24 (2020)



2562 Mohammed Abouzaid, Sheel Ganatra, Hiroshi Iritani and Nick Sheridan

and the leading behavior of the corresponding “error in tropicalization” integral

B
I(a, B, t):= (—logt)? / B(fa(b) +logt(tb +17%4+17P)) db

as t —> +0, with ¢ and B held fixed and satisfying |a| < B. When a > 0, f,(b) has
two bends and is “tropically smooth” at both (ie the slope changes by 1). However
when a <0, we have f,(b) = max(—b, b) and the two bends have collided into a
single bend which is not tropically smooth (the slope changes by 2).

This is reflected in the behavior of the integral: when a > 0, the two bends in f,
each contribute —(2) to the leading term of the integral, by the computation of
Section 1.1, so I(a, B,t) = =2¢(2) 4+ O(t€) for some € > 0. When a < 0 the
terms involving a contribute negligibly to the integral; after dropping these terms, a
straightforward manipulation reduces the computation to that of Section 1.1, giving
the answer —%{ (2) + O(t€). This reflects the fact that, although two separate focus—
focus singularities each contribute —{(2) to the period integral, after they collide the
contribution is only —%{ (2).

The corresponding local model for Z; is given by y1y> = x +1 % 4+ x~1. The
discontinuity of the constant term in the asymptotics of periods can be understood from
the fact that the large-complex structure limit of Z; is different between @ >0 and a < 0.

This collision of two focus—focus singularities in the SYZ base of Z; is mirror to a
degeneration of X so that it acquires an A; singularity. Indeed, a local picture for the
development of this A; singularity is given by the family of toric varieties with moment
polytopes {(b,c) :c > f,(b)} as a passes from positive to negative. We consider the
effect of this degeneration on the i = 2 term in the right-hand side of (4), which is

/ fy = —¢(2)- 4 (X).
X

For a > 0, the local contribution to the Euler characteristic is 2, from the two toric
fixed points; for a < 0 the local contribution is %, from the single toric fixed point
which is an orbifold point of order 2.

Thus the effect of the collision of two focus—focus singularities on the period integral,
and on the mirror integral (4), is the same: —2¢(2) gets replaced by —%é’ 2). A
similar phenomenon can be observed with the collision of k focus—focus singularities,
replacing —k¢(2) with —¢(2)/k.
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Remark 2.3 The asymptotics becomes subtle when a = 0. More generally, we can
consider the local model Z, defined by y;y> = x +ct~% + x~!. For nonzero a, the
corresponding “error in tropicalization” integral does not depend on the coefficient c.
For a = 0, however, it depends analytically on ¢ as follows:

(—log1)? [ (max(=b, b) +log, (1” + ¢ +1t7?)) db
—00

1
= —2/ log(x% +cx + l)d—x
0 X

= arcsinz(%c) -7 arcsin(%c) — 1—12712.

It is interesting to note that this gives —2¢(2) for ¢ = 2. The point (a,c) = (0, 2)
is the so-called conifold point in the complex moduli space, and should be mirror to

a smoothing T*S? of the A; singularity. The value —2¢(2) can be interpreted as
—x(T*S%)£(2).

2.3 Threefolds

Now we consider the case where Z; is 3—dimensional. In this case there is again an
SYZ fibration p : Z; — B with B = dA, but the singular locus is more complicated:
it generically consists of a trivalent graph lying inside the codimension-1 locus of
dAj [20; 21; 42], and there are two types of vertices: those lying in the interior of a
codimension-1 face, with the three incident edges all lying in the same face (which we
will call type I); and those lying at the intersection of three codimension-1 faces, with
the three incident edges all lying in different faces (which we will call type II).

2.3.1 Theedges Along an edge of the singular locus, the SYZ fibration is a product of
the two-dimensional case previously considered with an S!—fibration over an interval.
Thus the integral along the edges should contribute

—C(2) - (—logt) - (total length of edges),
which comes out equal to
4@ (togn)- [ on-exr) = [ 1700 B,
X X

as required (c2(7TX) is represented by the singular locus of the fibration; see Gross
[20, Theorem 2.17]).
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2.3.2 Typelvertex: yiy2y3 =1+ x The local model near a type I vertex is

Zi={(31,92,73,X) €C3*xC*: y1yay3 =1 +x}, C;F =Z,NnRy)*,
_ dyi1 ANdys Adys
X

Qy

= dlogx Adlogy; Adlog y,,

where the boundary divisor of Yy corresponds to {y;y»>y3 = 0}.

The SYZ fibration is approximated using coordinates b = —log, |x| and ¢; = —log, |y;|
as before. We set p & (b, ¢, c3) away from y; =0, p ~ (b, c1, c3) away from y, =0,
and p &~ (b, c1,cz) away from y3 = 0. Observe that ¢; + ¢ + ¢3 ~ max(0, b) away
from b ~ 0 as before, so once again the transition maps are affine-linear away from
this area. The region p~1(U)NC t+ will be cut out by inequalities —B < b < B and
¢i < C; as before, and we must calculate its projection to the (b, c¢1, ¢2)—plane. The
projection to the (b, c1, c2)—plane is cut out by inequalities

—B<b<B, ¢1<Ci, ¢2<Cy c1+c2>—log,(1+170)—Cs.

We assume B < C; + C3 + Cs3 to ensure that the fiber of this region over b € [-B, B]
is nonempty. The fiber of this region over b € [— B, B] is a right-angle isosceles triangle
whose sidelengths are easily calculated, which gives the total volume of the region as

B —b\\2

Ci1+Cy+C3z+log,(1+¢

(—logt)3/ (C1 Gt G Flog, A FT)7 )
_B 2

As before, we need to subtract off the affine volume of the region, which is

/B (C1 + C2 + C3 —max(0, b))? b
_B 2 '

However, even after subtracting off this volume, we will still get a divergent integral as

(—log1)*

t goes to +0. That is because of the contributions from the edges of the discriminant
locus: the three edges each contribute a term

B
—(—log?)-C;-£(2) ~ (—log1)3- C; -/_B(max(O, b) +1log,(1 +t_b)) db

to the integral. When we subtract off these contributions from the legs, we end up with
the contribution which arises solely from the vertex of the discriminant locus, which is
given by the integral
(—log 1)’ /B (—log, (14 ¢7?))% —max(0, b)?
—B 2
We shall prove this later; see (22).

db =(3) + 0(t°).
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2.3.3 TypelIl vertex: y;y =14 x1+ x2 The local model near a type II vertex is

Zi ={(y1,y2,%1,%2) € C*x (CH % y1ya =1+ x1 +x2}, C;F =Z,N(R4)*,

Q, = dy1 /\dyz/\ dxy

= dlog x1 Adlogx; Adlog y1,
X1X2

where the boundary divisor of Yy corresponds to {yjy, = 0}.

The SYZ fibration is approximated using coordinates b; = —log; |x;|, ¢; = —log; |yi|.
The region p~1(U) N CtJr will be cut out by (b1, b3) € V for some region V C R?
enclosing the origin, together with ¢; < C;, and we must calculate its projection to the
(b1, b2, c1)—plane. We assume that max(0, b1, by) < C1 + C, for (b1,by) € V. We
find that this area is equal to

(-logt)® [ (C1+ Ca+log (141701 +17%)) by dba
|4
Once again we subtract off the affine volume of the region, leaving
(—logt)? / (max(0, by, by) +log, (1 + 172" +1722)) dby db,.
|4

Next we need to subtract off the sum of the contributions from the edges of the
discriminant locus, which is equal to {(2) multiplied by the total length L of the
standard tropical line Sing(max(0, b1, b)) contained in the region V. We shall show
in Proposition 4.5 that

(5) lim |:(—10gt)3 / (max(0, by, by) + log,(1 4170 +1702)) db, db,
t—>+0 14
+§(2)-(—logz)-L:|
=-{(3)

so the contribution of a type II vertex in the discriminant locus to the overall integral

is —¢(3).

Remark 2.4 There is an important issue which we have glossed over in this compu-
tation: in order for (5) to hold, the boundary of the region V should be smooth and
transverse to the edges of the discriminant locus (ie the legs of the tropical line) where it
crosses them. For example, if one takes the region V' shown in the left side of Figure 4,
the value of the integral (5) will be equal to %é‘ (3); see the proof of Proposition 4.5.
Some of the contribution of the vertex is “hiding in the kinks in the boundary of V' in
this case. It turns out that in higher dimensions, the local contribution is even more
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Figure 4: Regions V with kinks (left) and without kinks (right) along the
tropical line.

strongly dependent on the shape of the region V. For example it is not enough that V
have no “kinks” where it crosses the discriminant locus: in dimensions > 4 the integral
may in general depend on the angle at which V' intersects the singular locus. We have
not found a way to organize these choices efficiently. In Section 3 we take the more
pedestrian approach of decomposing the cycle into pieces in a completely canonical
way, at the cost of leaving certain “kinks” in the pieces which result in a formula which
is less visibly “local” in the base of the SYZ fibration.

2.3.4 Proof of Theorem 1.5 in dimension 3 We can piece together a sketch proof
of Theorem 1.5 in dimension 3 from the pieces we have assembled. In Section 2.1 we
have seen that the codimension-0 strata of the base of the SYZ fibration contribute the
i = 0 term on the right-hand side of (4); in Section 2.3.1 we have seen that the edges
(codimension-2 strata) contribute the i = 2 term; it remains to see how the type I and
type II vertices contribute the i = 3 term. It is clear that their contribution is

(#(type I vertices) — #(type II vertices)) - £(3),

which we must show is equal to

/f3=—2§(3)'/Cha(TX)=—§(3)~/ c3(TX) = —=¢(3) - x(X).
X X X

The answer now follows from the observation that in the stratification of X according to
singularities of the SYZ fibration, each stratum has an S factor and therefore vanishing
Euler characteristic except for those lying over the vertices of the discriminant locus. The
mirror to a type I SYZ fiber is a type Il SYZ fiber, which has Euler characteristic —1;
whereas the mirror to a type II SYZ fiber is a type I SYZ fiber, which has Euler
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characteristic +1. Therefore we have
x(X) = #(type II vertices) — #(type I vertices),
which completes the sketch of a proof.
Example 2.5 The SYZ fibration on the quintic threefold has (g) -5 = 50 vertices of

type I and (;) -52 = 250 vertices of type II. The Euler characteristic of the mirror
quintic is 250 — 50 = 200, as one clearly sees from its Hodge diamond [7].

3 Proof of Theorem 1.4

In this section we prove Theorem 1.4. We break up the mirror period integral into
pieces corresponding to a polyhedral decomposition of dA , which is the limit shape
of C t+. Then we express each piece in terms of integrals over the toric variety YA, by
applying the Duistermaat—Heckman theorem.

3.1 Tropical setup

Consider the affine functions

Ba: PR > R, Bq(p) =(q.p) +Aq.
as well as the map

ir: PR = Pcx, i1(po,...,pn)= (PO ... tP")

for t € Ry, which is right-inverse to Log, . If we define

Bt:=%1=2tﬂ"} C Pg,

qeVv

then it is clear that i;(B;) = Ct+. Therefore
Qt - / Z*Qt
/C,+ B !

log, [t*9 - 29| = B4 (Log,(2))

so By is the “tropical monomial” corresponding to the honest monomial t*a .79 As

We observe that

o
a result, in the limit  — 0, the amoeba Log,(Z;) converges to the tropical amoeba
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Sing(min(0, {B4}4ev)), the nonsmooth locus of the piecewise affine-linear function
min(0, {B,}4ev) on Pr [36]. We observe that the unique compact component of the
complement of the tropical amoeba is precisely the polytope A that appears on the
A-side of our mirror statement. In the limit ¢ — 0, B; converges to the boundary dA )
of the polytope.

3.2 Decomposing the domain

We now decompose the domain B; of our period integral into regions where the
different monomials dominate.

We cover Pr with the sets

U?:={pe Pr:Bi(p)=Pq(p)foralli eV}

for g € V. Thus we can cover B; with the sets th :=U9nN B;. In the limit t — O,
B} converges to the ¢ face of Aj.

The above cover is well-adapted to consider tropical limits, but our analysis of sublead-
ing terms requires a further decomposition. Fix € > 0, and for each {g} U K C V set

Br(p) —Bq(p) €[0.€]  fork e {q} UK,

vk .= : )
Bm(p) — Bq(p) €le,00) formeV\({g}UK)

=P ELR

In words, U?X is the region where the tropical monomial Bg is smallest (hence
“dominates”) and the tropical monomials {8 }rcx are not far behind.

We observe that U7 is covered by the sets U%X . Then we obtain a cover B?’K =
U4%X N B, ; see Figure 5. So our period integral is equal to

. %

iy,
Y I
q,K "7t

If we choose € > 0 small enough, then B?’K is nonempty for sufficiently small # > 0
if and only if the facets {8; = 0} N A, with i € {¢g} Ll K have nonempty intersection,
or equivalently, {¢} Ul K spans a cone of the fan X, . Starting in the next section, and
going through the end of Section 3.5, we will restrict to pairs (¢, K) such that the
facets corresponding to {g} Ll K intersect.
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Figure 5: Decomposition of the cycle B;. The cycle B; approaches to the
boundary of the polytope A, as t — +0. The light gray region is the limit
of B} %% and the dark gray region is the limit of B;I’{k’j }; these pieces B?’K
can be presented as graphs over the shaded regions.

3.3 Approximation in each region

Let us consider the integral over B?’K. Observe that

(6) fi(z) =1taz4 (1 + ) tteha ke +h,(z)),
keK
where

hi(z)y= Y MThe.ZIT

JE€VA({qIuK)

We observe that over i t(B;”K), we have

™) L
aZi

2569

because each contributing monomial is so. The idea for approximating the integral

over B?’K is to “throw away” these negligible terms.

In order to evaluate the integral over the region B;] ’K, we introduce an affine coordinate

system (a, by, c;) on PR:

a:ﬂq,
bk=,3k_/3q fork € K,

{c; } = a collection of integral linear functions completing a coordinate system.

The fact that it is possible to complete {a, by} to a coordinate system follows from our

assumption that the fan ¥ is simplicial and that the facets corresponding to {g} LI K
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intersect. We also write
rq.K -da l_[ dby 1_[ dcj = the standard affine volume form on Pr
kekK j
for some factor r4, g > 0 and set
(8) dvoly xk = rq,Kl_[de
J

for the residual volume form on the ¢ —plane. When a and by, already form a coordinate
system and there are no ¢ variables, we regard dvol, kg as a measure on the point
{0} =R?. Note that this is different from the affine volume form induced on a subspace
of the form {a = const, by = const} unless the covectors da = g and dby =k —q are
part of a Z-basis of PV.

We introduce the corresponding monomials on P :
w = t/lq . Zq,
xp =1Mha k0 fork e K,
yj =z9.

In these coordinates we have

fr(w,x,y) = w-(l + Z Xk +h,(x,y,w)).

keK
By the definition of ry g, the standard holomorphic volume form on Pc*ois given by
rg.k -dlogw A A ek dlogxx A /\ j dlog y;. Thus the volume form of Z; is
dlogw A Nkeg dlogxg A /\j dlog y;
dfi(w, x,y)
I Nkek dlogxi A /\j dlog y,)
’ w-(0fr(w,x,y)/dw)

in the region where the denominator does not vanish.

€)) Q=rgqk-

o

Z;

o

Z;

On C;t =i (B;) =1z ¢ Pr, : 1= fi(z)}, we have
d oh
w- a—ﬁ(w,X,y) = fr(w,x,y)+ wza—uj(W,X,y) =1+ 0(t°) over i,(B?’K),

where we used (7) and the fact that 0 < w < f;(x,y,w) =1 on Ct+. Therefore

Qi =1+0@))rgx- N\ dlogxi A/ dlogy;,
kekK J
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SO

(10) / 72 =(1+ 0(16))~rq,K-/
Bi-X B

A dlog(:P) A N dlog(:¢7)
K rek J

= (1+ 0(t9)) - (—log )" - vol(mp . (BIX)),

where 7, . denotes the projection to the (b, ¢)—plane and vol denotes the volume with
respect to the product of [ [, < x dby and the residual volume form dvol, g in (8). See
the remark below for the reason why (—log#)” instead of (log?)” appears in the last
expression.

Remark 3.1 We have been vague about how we choose an order of the coordinates
a, by, cj (or w, xi, y;) and an orientation of the cycle B;; strictly speaking we
need them to define €2; and the integral. For convenience, we shall always arrange
these choices so that i/S2; defines a positive measure (density) on B;. Note that the
factor (—log?)” appearing in the above formula is positive since (—logt) > 0 for a
sufficiently small 7.

3.4 Approximation in terms of volumes of polytopes

We now approximate the affine volume of 7y . (B?’K) in terms of the volumes of
certain polytopes.

On B! K the defining equation can be rewritten as

an 1= 1P 1=ta-(1+2tbk+ > tﬂm_a),

P kek meV\({g}uK)

0(t9)

which can be used to write a as a function a4 g (b, ¢) of the variables by and c;. We
observe that we have the approximation

(12)  agk(b,c) =ay g(b) + O(t%), where ay g(b):= —log,(l + Z tbk).
keK
Now B?’K is defined by the inequalities

by €[0,€] fork e K,
Bm(a,b,c)—acle,o0) formé¢{g}UK,
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which means the region nb’c(Bf’K) is defined by the inequalities

br €10, €] fork € K,
Bm(ag,x(b,c),b,c)—aq k(b.c)€le,00) form¢{qg}UK.

We will consider the fibers Fy g (b) of the projection

K
mp 7y (BE) = [0, €]
It is clear that

Vol ¢ (BYK)) = /

[0,€]

vol(F, x (b)) db.
K

where we use the volume form dvol, g (8) on the c—plane to define vol(Fy g (b)),
so our next project is to approximate the volume of the fibers F g (b). We claim that

vol(Fy k(b)) = vol(F} x (), x(b).b)) + O(t°).
where F é’ x (a,b) is the compact polytope in the ¢—plane defined by
Bm(a,b,c)—acle,o0) formé¢{g}UK

with fixed (a, b). Indeed, this follows because Fy g (b) can be sandwiched between
two perturbations of the compact polytope F é K(a; x (b), b) where the facets have
been shifted by quantities of order O(z€).

We have succeeded in approximating the volume of 73, . (B?’K) in terms of the volumes
of the polytopes F é x(a.b), but we would prefer to work with the volumes of the
polytopes E4 k(a,b) defined by

Bm(a,b,c)—a>0 formé¢{qiuK

with fixed (a, b). We shall regard F é, g(a,b) and E4 k(a,b) either as polytopes in
the c—plane or as subsets of Pr with the values of (a, b) fixed. More generally, for
any subset K’ C V not containing ¢, we write E4 g’(a, {b }rek) for the polytope
in PR defined by

Bm—a>0 formé¢{qgiuK’

with the values of @ = B, and by = By — By (with k € K') fixed. We have

Fjxla.b)=Eqx@b)\ ) | Egqkuila.b.b)).
J#{qIUK bj€[0,€]
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This volume can be computed by the inclusion—exclusion principle: noting that
ﬂ( U Eq,Ku{j}(a,babj)) = U Eg4 kur(a,b,b’)
j€I “b;el0,€] b’€[0,¢]’
for I disjoint from {g} Ll K, we obtain
Vol(F) g(a.b))= > (=DI\KI / vol(Eg,j(a,b,b")) db’,
T:JoK,q¢] [0.e] 7N

where we write b = (bx)kek . b’ = (bj)jes\k > and use the volume form dvol, ; to
define vol(E,,j(a,b,b’)). This means our period integral becomes

(13) / L

—+0u N e’ (Y

/ vol F/ K(aq x (D), b)) db+0(t€))
a4, K,q¢K [0,
= (1+0(t%))(~logt)"

x( > (—1)|J\K|/ Jvol(Eq,J(a;,K(b),b,b’))dbdb/+0(t€)).

q,KCJ,q¢J [0.e]
3.5 Duistermaat—-Heckman

We apply the Duistermaat—-Heckman theorem to express the volumes of polytopes
in (13) as symplectic volumes.

Lemma 3.2 For positive, sufficiently small a and b; with j € J, we have

vol(Eq,J(a,b)):/ exp(a)x—ij-Dj—a-G)-Dq-l_[Dj,
YA, jeJ jeJ
where Dj C Y, is the toric divisor corresponding to the j facet 1B =0iNA, of Ay,
and o =Y jev Dj. The right-hand side vanishes when the facets corresponding to
the elements of {q} U J do not intersect.

Proof We use the Duistermaat-Heckman theorem to identify the volume of £, j (g, b)
with the symplectic volume of a toric subvariety of Yz, . The polytope E, j(a,b) is
defined by
IBq =a,
Bj—a=>b; forjel,
Bm—a>0 formeV\({qtulJ),
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which is equivalent to
Bg—a =0,
Bj—bj—a=0 forjel,
Bm—a>0 formeV\{q}ulJ).
This is precisely the face of the polytope A . corresponding to the set {g} U J, where
Ay =Aj—bj—a forjel,
Ay = Am —a formeV\J.
When a and {b;};cs are sufficiently small, the combinatorial type of Ay, is the same

as that of A, and the volume of the face corresponding to {g} Ll J is equal to the
symplectic volume of the stratum

DyN () D;
jeJ
with respect to a symplectic form in cohomology class
il =[] =) bj-Dj—a- ) Dy,
jeJ Jjev
by [23, Theorem 2.10]. This yields the result. The right-hand side vanishes if
D,N () Dj =2,
jeJ

and therefore if the facets of A, from {g} LU J do not intersect. |

Remark 3.3 We hid some technical details when applying the Duistermaat—Heckman
theorem. When the covectors da and db; are not part of a Z-basis of PV, the
corresponding toric substack Dg N(7);c; D; has a generic stabilizer. The order of
the generic stabilizer equals the ratio between the affine volume form of the face
corresponding to {g} LI J and the residual volume form dvol, s on the c—plane. Since,
by definition, the integral over Dy N(");c; D; is the integral over the coarse moduli
space divided by the order of the generic stabilizer, the volume of E, j(a,b) with
respect to dvoly y gives the correct answer.

We now substitute this into (13): we can ensure that b; in (13) is sufficiently small
by making € > 0 small, and also ensure that a’q’ x (b) in (13) is sufficiently small by
making 7 > 0 small because of the estimate

log(1+ Y ex 1) _ log|V|
—logt ~ —logt’

0<d) x(b) =
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‘We now obtain

/ Q2 =(+00%): ( / Pi(D)ns1 + 0((—logr>"z€>),
C Ya,

t

where
Py(D) =
(—logt)"- Z (_1)|J\K|/ ewl_ZjeJ bjoDj+0'~logt(1+ZkeKtbk)db.Dq 1_[ D]
q’I;S', [0.]7 jeJ
q

The subscript n + 1 denotes the part of P;(D) in degree 2(n + 1): that is the only
part that gets hit by the integral | Ya, - The summand for (J, ¢) automatically vanishes
unless the facets corresponding to {¢} LI J intersect, in particular, unless the facets
corresponding to {g} U K intersect. Therefore we can now withdraw the assumption
imposed at the end of Section 3.2 that the facets corresponding to {¢} Ll K intersect
and consider the sum over arbitrary K, J and ¢ with K C J and g ¢ J.

3.6 End of the proof

By replacing wy, D; and o in the definition of P;(D) with (=log?)w,, (—=log?)D;
and (—logt)o, respectively, we obtain

(—logr)” 3" (=pI\KI [ e(log)(@a= ey bj-D;j)=olog (14+Xkek %) gp,

J
0. KCJ,q¢] [0.¢]

X (—logt)”l'HDq 1_[ D;.
jel

The degree 2(n + 1) part of this quantity equals (—log?)**! P;(D),+1. Making the
substitution s; = —logt -b;, we find that P;(D),4+1 = Q¢(D)p+1 with

0:(D) =

Z (_l)lJ\Kl./ {~Or .o~ Xjes 8j-Dj—0olog (1+Xkek e_sk)ds.Dq l_[ Dj,
q,I;C,J, [0,—€logt]/ jeJ
q

where the factor (—log7)!’! is absorbed by db to become ds. By expanding the
exponential, we find that
o liw®) ‘ my+1
Qi(D)=1""*(0o + > . Dy (o) [[(=Dj)™ ),
OTTjesmj!

q,J L, mq¢],J#£D JjeJ
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where the sum is over £ € Zso, m € (Zx9)’, q, J with ¢ ¢ J and
s = [ [T -gette™ ies) ds
[0,—€ logt]fjeJ

is an e—truncated version of the “local integral” I, z in (1). We note that the first term

0 =) ,ey Dq arises from the case where J = K = &.

Lemma 3.4 We have I;;fﬁ(t) =Ip;+ 0((—10gt)|’7’|t€) as t — +0, where |m| =
> jegMj.

Proof We recall the bound (2), which was used to prove exponential decay of the
integrand at infinity. It gives

[1s7 -gele™ier) <Ce-[[e™s]” fors; =0.
jeJ jeJ
The order estimate then follows by

o0
/ sMe S ds = O((—logt)™t€). O

—elogt

Now observe that /; 7 = 0, and the anticanonical hypersurface X is homologous to
the toric boundary divisor 0 =} ¢y Dg, so we have proved

/Cﬁ Q= (1+0(%))- (fX 7. Gy + 0((—1ogz)”z€)),

where Gy is as given in (3). Because —logt = O(t~%) for any § > 0, we can absorb
the error terms depending on log? by reducing €, and thereby obtain

/ Q =/ 179 Gx + 0(1°)
cr X

for some (new, smaller) € > 0. This completes the proof of Theorem 1.4.

4 Proof of Theorem 1.5

4.1 Formula for the Gamma class

Since the Gamma class is multiplicative, the short exact sequence 0 - 7X - 7Y —
NX — 0 gives
(TY)

IN(TX) = FE)
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The Euler sequence on the toric variety Y gives the following expression for its Gamma
class:
L(ry)=[[ra+n)
Jjev
(compare Cox, Little and Schenck [9, Proposition 13.1.2]). Setting 0 :=} ;¢ D; as
before, we have
L(NX)=T(+0)

because X is anticanonical and Ky = —o . Thus we have the formula
~ v (1 + Dj
(14) FX:HJGV ( J)
I'l+o)

Substituting in the power series expansion of I'(1 + z), we obtain the more explicit

(15) f’X:exp(Z(—l)k-%-(ZD;-c—ak)).

k>2 jev

4.2 The identity G x = fX as formal power series

The expressions (3) and (15) for @X and f‘X respectively define symmetric formal
power series in the variables D;, j € V. Theorem 1.5 follows from the following
stronger statement:

Proposition 4.1 We have Gy = I'x as formal power series in {D; : j € V}.

In the rest of this section, we prove Proposition 4.1. By (3), we have

Gy =
I+ Y Dy [[=Dp
q,J.4.m JjeJ .
(—=0) " jes(=s; D)™ K| 1.t —sk ) god
xf , AT > (—1)Ellog (I—I-Ze k)ds,
[0,00) ljes ™ KcJ kek

where, as before, the sum is taken over all £ > 1, g € V, all nonempty subsets J C V
with ¢ ¢ J, and all vectors 7m: J — Zx, and we write ds’ = [ljes dsj. We now
regard the D; as positive real numbers and introduce the following function Gx (D)
of D=(Dj:jeV)eRy):
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Gx(D):=
14+Y (=Dy) [[(=D))
a.J jel 5 \—O
X e~ 2ies Disi Z (1)Kl (+ Deexe™) "1 ds”,

[0.00) KCJ -

where the sum is over all ¢ € V' and all nonempty subsets J C V' not containing ¢,
and 0 =) jev Dj. The convergence of the integral is ensured by the exponentially
decaying factor e~ 2iev Disj |

It is straightforward to compute that, if the Taylor expansion of the integrand could
be exchanged with the integral in the definition of Gx (D), the result would be the
formal power series Gy . In fact we prove in Lemma 4.3 below that, for a fixed
D=(Dj:jeV)e (R4)Y, we have the asymptotic expansion

(16) Gx(yD) ~ GX\D,._WDJ. as y — +0,

where GX| D, —yD; denotes the substitution of yD; for D; in the formal power
series Gy .

Similarly, we have the asymptotic expansion (actually the Taylor expansion)
Iy (yD) ~ FX\DﬁyDj as y — +0,
where 'y (D) is given by
[ JjeV I'(1+ Dj)

I'x(D):= ith o = D;.
x(D)i= = witho ; )

Therefore it suffices to show that Gy (D) = I'y (D) as functions of D.

Note that we can interchange the integral sign with the sum over K in the definition of
Gx (D) because of the factor e~ 2jes Djs; (this interchange was not possible for GX ).
Thus Gy (D) equals

1+Z(—Dq)]_[(—pj)/o y e~rer Disi 7 (I (1+Zke_1<e_s")_ ds?
q,J ,00

0}
jeJ KCJ

\k| Pa [ ek Dk —Seex D “sl) K
— 1+ Y (M \KIZelkek Tk e~ Tker Desic (143 e7k) - dsK,
o [OOO)K
KcJ, ; kek
J#2,q9¢]

In the first line we used the fact that ) g J(—l)K = 0, and in the second line we
interchanged the integration and summation, and then integrated s; out for j € J \ K.
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Fixing an element ¢ € V' and a subset K C V' not containing g, we sum over subsets
J containing K but not g. Using the fact that

-1 it K =0,
>, D= to ik <|v]-2.
KcJcV\{g}, J#o 1 if|K|=|V|—-1,
we obtain
l_[jeV D; D - K
(17) Gx(D)= """+~ Z e~ 2kek Disk (1 + Z e—Sk) dsX.
T kugg=y 000K keK
where the case K = @ cancels the leading term 1 and only the case |K| = |V|—1
remains.

In order to compute the sum of integrals in equation (17), we interpret the domains of
integration as subsets of the projective space over the tropical numbers: concretely, we
define the tropical projective space to be the quotient

TPV =1 = (Rx0)" \ {0})/R+,

where R acts on (Rzo)v diagonally by scalar multiplication. We write [u; : j € V]
for the homogeneous coordinates on TPV~ This projective space is equipped with
a natural volume form, which is given by the expression

(18) dvol= [] dlog=L
. Ug
j€V\iq}

for each choice of “inhomogeneous coordinates” which identify the complement of the
hypersurface {u, = 0} with tropical affine space via the map

TP\ {ug =0 S Rx0)V17Y [uj:j e Vie (5 =uj/ug:j € V\{g)).

The key point is that the equality dlogt = —dlog 1/¢ implies that the right-hand sides
of equation (18) for two different affine charts agree on the overlap, yielding a volume
form on TP!VI71.

Lemma 4.2 With respect to the volume form in equation (18), we have

D.
- oud

Z / e~ 2kek Disk (H— Z e—sk) dsk :/ HJL]U dvol.
[0,00)K TPV (X v 4))

Ku{gt=V kek
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D; . .
Proof We begin by noting that [ jev U 7/ (Z jev Uj )a is a well-defined function
on TPV~ because the numerator and denominator are homogeneous functions
of equal degree, and the denominator is nonvanishing. Consider the subdivision
Vi—-1 .
TPV =,y Rg with

Ry={lu;:jeV]eTPVI=l:y, = max(u; : j € V)}.
Then we have

/ HJEV ] 1_2/ ]_[jeV ] dVOl
TPV (Z;ev “J) ZJGV “J

qev

_ / [Trek dne
quk=v ’10:11% (1+ Xex ) kek 'k

where, in the second line, we used the inhomogeneous coordinates (¢ : k € K) given
by t; = uy/ug. The conclusion follows by the change of variables 7 = e™%%. a

We apply the above lemma to (17). We rewrite the integral over TPV~ as an integral
over the simplex V = {}_ jevUj = 1}, which is a slice of the diagonal action on
Rgo \ {0}. Writing {Do, ..., Dy} for {D; : j € V}, we find that the restriction of

dvol to V is
duy---dup

uoul...um.

Thus we have

m o D; m ._
GX(D):%/VHMJ-DJ Yduy - dupm
j=0

_ =0 Dj T(Do):--T(Dm)
N o I'(o)
=TIx (D),

using a well-known integral due to Dirichlet [11],% together with the identity zI'(z) =
I'(1 + z) and the formula (14). This essentially completes the proof of Proposition 4.1
and hence of Theorem 1.5, with the only missing step being the computation of the
asymptotic expansion of Gy, which we now provide:

4This integral generalizes the Euler integral of the first kind which defines the Beta function (from
which it can be proved by induction), and expresses the fact that the Dirichlet distribution is normalized.
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Lemma 4.3 For a fixed D € (R1)Y, we have the asymptotic expansion

Gx(yD) ~ GX‘D,-—WD,- as y — +0.

Proof Fix D € (R4)" throughout the proof. For a nonempty subset J C V, set
o yD;
gr(X.y):=hyX,y)-T]X]™.
JjeJ
Y kes DE((1+ djek X;)77-1)
(—yU) : l_[jej X

hJ (X’ y) = ’
where X; for j € V and y are variables in (0,1]. Via the change of variables
X; =e™%, we have

Gx(D) =1+ 3 3Dy [T~ yD,)/ s (X, [ ax;.

q,J jeJ jeJ

where the summation range is the same as before. Note that the sum over ¢, J is finite.
It suffices to show that we can exchange the Taylor expansion of g (X, y) in y with
the integral over [0, 1] to get the asymptotic expansion. For this we use Taylor’s
theorem:

m—1

gr(X,y) = Z —(a gr)(X,0)-y +—(3’"g1)(X E(X)) - ™
a=0

for some £(X) € [0, y].

Note that each term (95g7)(X, 0) is a linear combination of products of the integrands
defining the local integrals /., and hence is integrable on [0, 1]/ for the same reason
that the local integrals are, namely the exponential decay arising from the bound (2).
It remains to show that [(97'gs)(X, y)| is bounded by an integrable function of X
(on [0, 1]7) which is independent of y € [0, 1]. As in the proof of the bound (2), we
can see that &7 (X, y) extends to a smooth (even analytic) function in a neighborhood
of [0,1]7 x [0, 1]; the numerator in the definition of 4 vanishes along X 7 =0 for
each j € J and thus /&y does not have poles along X; = 0. Thus there exist smooth
functions f,(X, y) in a neighborhood of [0, 1]/ x [0, 1] such that

e (X0 =Y fa(X,y): (ZD,- long) 1",
a=0

jeJ jeJ
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and therefore we find a constant C > 0 with

Z Djlog X; ’

JjeJ

m
g (X <C Y
a=0

for (X, y) € (0,1]7 x (0, 1]. The right-hand side is integrable on [0, 1]/ with respect
to X, and the lemma follows. i

4.3 Examples of the local integrals

Recall that Ty is expanded in the {—values ¢ (k) with k > 2; see (15). The identity
Gy = Iy determines some of the local integrals I.; of (1) in terms of {(k). In
general, however, the identity only shows that certain polynomial expressions in the
local integrals equal ¢ (k); it seems that individual local integrals cannot necessarily be
written as polynomials in (k).

A local integral of weight k is a real number belonging to the set
{Ip - L+ |m| +dim(m) =k, £>1, dim(m) > 1},

where we set dim(m) = p and |m| = Y_F_, m; for m = (my,...,mp) € (Z>o)?. We
can easily see that there are w(k — 1) + w(k —2) + --- + (1) many local integrals of
weight k, where () denotes the number of partitions of j € N. On the other hand,
we obtain (k) — 1 relations® in weight k from the identity Gy = I'x. Therefore, as
k grows, the number of local integrals becomes far greater than the number of relations
among them:

weight k 5 6 7 8 9 10 11 12 13

2 3 4
#of local integrals |1 3 6 11 18 29 44 66 96 138 194 271
# of relations 1 2 4 6 10 14 21 29 41 55 76 100

The local integral I;.,, of weight m 4 2 can be computed explicitly:

(19) Ii.m = —/oos log(1+e %) ds
m (D" 1)" oS (="
—z/ ds—m'znm+2

— _m! (1 _ 2m1+1 )g(m +2).

5Note that 77 (k) is the dimension of the space of symmetric functions of degree k . We have one relation
fewer since the coefficients in front of Dj.‘ of the degree-k parts of both log Gy and log I’y vanish.
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Remark 4.4 Viewing GX and T as functions of D = (D1, ..., Dy) and writing
GX = Gx,m(D1,...,Dp) and f'X =Ixm(D1,..., Dm), we have

Gx,m—1(D1,....,Dm—1) =Gxm(D1,...,Dm—1,0),
Ixm—1(D1,.... Dm—1) = Tx m(D1,..., Dpn—1,0).

Therefore we can regard Gy and Ty as symmetric functions in infinitely many variables
(D1, D3, D3,...), and we obtain the maximal number of relations by doing so.

In weight 2 We have only one local integral, /1,0 = —5 (2)

In weight 3 We have 3 local integrals, /.0, I1:0,0 and /1:1. The identity (A}X = f‘X
together with (19) shows

(20) Iy =—-2003), Ipo=-3103). I00=-23L0).

In weight 4 We have 6 local integrals, I3.0, I2:1, 12:0,0, 112, 1:1,0 and I1.0,0,0-
We obtain I1;» = —2¢(4) from (19) and the following four relations from Gy = Iy :
tho+iha+ 30+ =0,
41T +2112+(4) =0,
3Tz + 3121 — 21110 — 3 12:0,0 + £(4) =0,
2110 —811;1,0 +41150,00 +$(4) =0

2D

where the second equation reduces to the well-known identity {(4) = %{ (2)2.

Other examples Considering the case where {D; : ] eV}={D1, Dy} and comparing
the coefficient of D}~ 1D, of the identity Gy =Ty, we get a linear relation among
the local integrals,

(n—l)'z(n)+2( Do +2I0=0.

i=1

or, equivalently,

22) §(n) = /_ " (log(1 +¢*)y"1 — (max(0, )" ds.

1
(n—1)!

This generalizes the first equation of (21).
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There are other examples of the local integrals which can be expressed in terms of the
{—values:

D = 2£(5) —20(2)¢(3).
Da = B220(7) — 428(3)¢(4) — 24L(2)¢(5).

4.4 Proof of (5)

We use the above results for the local integrals to prove (5).

Proposition 4.5 Let V be a bounded domain in R? containing the origin such that 3V
is affine-linear in a neighborhood of Sing(max (0, by, b)) and intersects it transversally.
Let L be the total affine length of the intersection V N Sing(max(0, b1, by)). Then, as
t — 40, we have

(—logt)? / (—log, (1 + 721 +172) —max(0, by, by)) dby db,
|4

={(2)- (—logr)- L +£(3) + O(°)

for some € > 0 depending only on V.

Proof We decompose V' into small pieces V1, V2, Va,... and evaluate the integral
locally. The integrand —log, (1 + 1701 4 +7b2) —max (0, by, by) is exponentially close
to zero away from the tropical line Sing(max(0, b1, b2)); see Figure 1. Hence, for any
bounded domain V; with V3 N Sing(0, by, bp) = &, we have

(—log?)3 / (—log,(1+ b4 t_bz) —max (0, b1,b3)) dby dby = O(t€)
Vi

for some € > 0 depending on V. Consider a domain V, C R2 such that V5 intersects
the tropical line Sing(max(0, by, b)) only along the edge {1 = 0, by < 0}. We
again assume that dV> is affine-linear in a neighborhood of the edge and is transverse
to it. Since the contribution (to the integral) away from the edge {b; = 0, by < 0} is
exponentially small, we may assume that V5, is of the form

—B <by <B, f(b1)<by<g(hy)

for some negative affine-linear functions f and g. Because ¢ 72 is exponentially
small in this region, we have:
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(—log?)? / (—log, (1 + 721 +1722) —max(0, by, b2)) dby db,
Wi

B
— (“log1)® /_  (clog, (1 172) —max(0. b)) g(b1) ~ £(b0) db1 + O(r)

—Blogt

= (—logt)-L,- /Bl t (log(1 + €*) —max(0, x)) dx + O(t€)
og

= (—log?)-L2-£(2) + O(r°),

where L, = g(0)— f(0) is the affine length of V, N Sing(max(0, b1, b)) and we used
(22) in the last step. By the symmetry of the integrand under the affine transformation
(b1,b2) — (=by, b1 — by), the same is true for regions intersecting the other edges. It
now suffices to prove the statement for one particular V.

Let V be the rectangular region given by —B < b; < 2B and —B < by < B with
B > 0; see Figure 6. We decompose it into seven regions Wi, ..., W; as shown. We
have

(—10gt)3 / (—log, (1 + 1704 l_bz) —max(0, by, b)) db1 dby
Wi
= / log(14 e +e7*2)ds; dsa
[0,(—log?)-B]?

= / 2(log(l +e N +e7%2) —log(l +e°1) —log(l + e %2)) dsy ds;
[0,(—10gl)B]

+2(—logt)-B-/ log(1 + e %) ds
[0,(—log?)-B]
= 11;0,0 — 2(—10g l) -B- 11;() + 0(1‘6)
=—350(3) + (—logt)- B-(2) + O(°),
Ws We
W,
w3
W5
Wi
Wy

Figure 6: Decomposition of the domain V.
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where we used (19) and (20) in the last step. The integrals over the regions W, and
W3 are the same by the affine symmetry. The integral over Wy is given by

(—logt)? / (—log, (1 + 721 4+ 1722) —max (0, by, b2)) dby db,
Wy

— (-togn)* [ log, (1 + 14 + 122701 dby db,
0<b1<B,B<b;—b><B+b;

= / xlog(l+e *)dx + O(t%) (b, integrated out)
[0,(—log?)-B]

=—I1;1 + O(t) = 2£(3) + O(¢9),

where we used (19) in the last step. The integrals over W5 and W are the same by the
affine symmetry. The integral over W is of order O(¢€). The conclusion follows by
summing up these contributions. O

Remark 4.6 If we only assume that dV' is smooth (instead of linear) in a neighborhood
of the tropical line Sing(max(0, b1, b,)) and intersects it transversally, we get the same
result except that the error term O(z€) in the right-hand side must be replaced with
O((—logt)~1). This is because the 2—jet of g — f (in the above proof) contributes
to the term of order (—log#)~!. More precisely, we are able to show the identity of
distributions

—log, (141751 +17b2)
(2) (@ L
(log )25Smg(max(0 b1,b2)) — (—log1)3 8(0,0) +0 (—logr)* ’

where 34 means the delta measure supported on A (with A equipped with the affine
measure). We plan to explore such distributions on tropical spaces in a future paper.

=max(0, b1, b2) —

5 Periods of cycles that are mirror to line bundles

5.1 Varying the phases

Let > 0 be a small positive number and let 6 = (6;)4cy be a collection of real
numbers. Recall that we define

Sfro(2) = Z etarrazd and  Z,9:={f,4(z) =1} C Pc~.
qev
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Let C; 9 C Z 1,9 be the parallel transport of the positive real cycle C ,+ cZ ¢t as we
vary 6 continuously from 6 = 0. Let £, ¢ be the holomorphic volume form on Z; g4
defined by

dlogzo Adlogzy A---Adlogz,

dft.0 E,‘Q’

where (2o, ...,2z,) are coordinates on Pc+ 2 (C*)"*1. In this section, we prove the

Qt,@ =

following generalization of Theorem 1.4:

Theorem 5.1 Ast — +0, we have

/ Qo= / 170%™ 2qev 0aDa Gy ¢ O(t¢) for some € > 0.
C,,QCZI,Q X

We can formally obtain this from Theorem 1.4 by substituting A4 4 1(6,/log?) for A4.
Note however that this does not logically follow from Theorem 1.4 since in general
analytic continuation does not commute with asymptotic expansion. We will justify
this substitution via a tropical calculation similar to Section 3.

When 6, = 2mv,, we have C t(v) = (¢, . Therefore, Theorem C follows by combining
Theorems 5.1 and 1.5.

5.2 A tropical construction of the cycle C; g

We first construct a cycle approximately contained in Z ¢,0 by “sliding” the positive
real cycle B; = Log,(C ,+) in the purely imaginary direction. Then we modify it to an
actual cycle C; g in Z ¢,6- A similar construction for “semitropical” cycles appears in
the work of Abouzaid [1; 2], Fang, Liu, Treumann and Zaslow [15], and Hanlon [24].

Let x > 0 be a positive real number and let N, (A,) C Pr denote the k —neighborhood
of A
Ne(Ay) ={pe Pr:By(p) > —kforallqgeV}.

We choose « > 0 sufficiently small so that the following holds:

(i) For every subset K C V, if the regions N (Ay) N{By <k} with g € K intersect,
then the facets Ay N{B,; = 0} with ¢ € K intersect; in this case K is linearly
independent as a subset of OR.

(i) Forevery p e Pr, K ={k € V : Bx(p) < mingey(Byq(p)) + «} is linearly
independent as a subset of Q.
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We choose a smooth function ¢: N(A,) — Pgr such that for every g € V,

(23) (g.9(p)) =—04 whenever B4(p) <«.
Such a function exists because of condition (i). Define a map ®;: N.(A,) — Pc by
¢(p)
Q(p)=p+i —
ogt

We naturally extend the functions 8,: PR — R and i;: PR — Pc= to the functions
Bq: Pc — C and i;: Pc — Pc+ by the formulas

Ba(p) =(q.p) +Ag. ir(po.p1,....pn) = @FOtP1 . tP),

The following is immediate from the definition:
Lemma 5.2 For p € N,(A)), we have that |f,’9(i,(<I>,(p))) — f,(i,(p))’ <2|V|t“.

Proof We have
felir(p) = 3" PP and  f,(ir(e(p)) = Y &t Catl@d @) Bu@),

qev qev

By the condition (23), the summands with B,4(p) < k coincide. Since the summands
with B,(p) > k have norm bounded by *, the conclusion follows. o

The lemma implies that the cycle i;(®;(B;)) is appr0x1mately contained in the hyper-
surface Z ¢, - We shall make it an actual cycle in 4 o byaC 1 _small perturbation. In
the following, we will fix a Hermitian norm on P¢ = C"*1,

Proposition 5.3 Set R; = {p e Pr:% < fi(i:(p)) < 3}. For sufficiently small ¢ > 0,
there exists a smooth function §;: R; — P such that

(@) wehave fio(it(®:(p)+8:(p))) = fi(ir(p)) for p € Ry, and

() 8¢]lc1 = O(t*), where || - ||c1 denotes the C ! —norm over the region R;.

Using the function §; in this proposition, we define
Cro:=i1(D1(By)),
where ®;: R, — Pc is defined by ®;(p) = ®;(p) + 8;(p). This is a cycle contained

o
in Z; ¢ and is homeomorphic to a sphere.
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¢=(=0.6,+65) . |

\ s ¢ = (92 + 93, —92)

AN

¢ = (—01,—0>)

Figure 7. A phase-shifting function ¢ as a vector field (YA, = CP?).

Example 5.4 We give an example of the phase-shifting function ¢: N,(A,) — PR in
the case of Ya, = CP 2 In Figure 7, we present ¢ as a vector field near the boundary
of the moment polytope A} ; the boundary condition (23) says that p + ¢(p) with
p € A lies on the boundary of a shifted polytope (dotted line). Following the method
in [15], we can give such ¢ via a piecewise linear function f on the fan (drawn in
thin lines) dual to the polytope A, : ¢ can be given as the gradient of a smoothing of
the piecewise-linear function f that takes the values 01, 6> and 63, respectively, at
the primitive generators (—1,0), (0,—1) and (1, 1) of the 1-dimensional cones.

We end this subsection with the proof of Proposition 5.3. It is elementary and based on
a standard method in tropical geometry. The uninterested reader can safely skip the
proof since the details will not be used later.

Proof of Proposition 5.3 The region R; is contained in N, (A} ) for sufficiently small
t > 0 because f;(i;(p)) >=1t7* for p € Pr \ Ni¢(A}). In particular, ®;(p) is defined
for p € R;. Define a holomorphic function g;: Pc — C by g:(p) = f1.9(i:(p)) =
quV eifarBa(P) By Lemma 5.2, ®;(p) with p € R; is “close” to the fiber of the
map g at f;(i;(p)). We will flow ®;(p) to a nearby point ®;(p) + §;(p) lying in
the fiber g7 (f:(i1(p))) by the gradient vector field of g;. Let

9 g
a, ey aan)

be the gradient vector field of g; on Pc and define &: R; — C by
§:(p) = fi(i:(p)) — &:(P:(p)).
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Lemma 5.2 gives |&;(p)| < 2|V |t*. Consider the differential equation for an unknown
function ¢(p;s): Ry x[0,1] — Pc,

L e(pis) =&(p)- |2( ¢(p:9))

with the initial condition c¢(p;0) = @ ( p). Suppose we have a global solution c(p;s).
Then the differential equation shows that g;(c(p;s)) = g:(®:(p)) + s&(p) and
therefore ¢(p; 1) lies in the fiber gt_l(f,(i,(p))). Setting c(p; 1) = O (p) + 6:(p),
we have part (a) of the proposition. We will show that a solution exists and that the
C-norm of §; is of order 1.

For p € Ry, let s, be the supremum of 5 € [0, 1] such that the flow s — c(p;s)
exists on the interval [0,5). As discussed, g:(c(p;s)) with s € [0,s,) lies in the

interval connecting gt(q)t(p)) and f; (it(P))- Since | f;(i:(p))—g: (P (p))| <2|V[t¥

by Lemma 5.2 and > < fi(i;(p)) < 2, we may assume that |g;(c(p;s))| > % for

sufficiently small ¢ > 0. Thus by Lemma 5.6 below, we have

24 |(grad g¢)(c(p:s))| = (—logt)po >0
for some constant pg > 0 for a sufficiently small ¢ > 0. Therefore, the differential
equation implies

&) &)
|(grad g¢)(c(p:s))| ~ (—log?)po ~

for s € [0, sp). This implies that the limit limg—,—o c(p;s) exists. If s, < 1, the

d .. —1 1k
|e(pis)| = <205 |V |(~log)~

solution can be extended to a larger interval, contradicting the assumption. Therefore
we must have s, = 1 and the solution exists on the interval [0, 1].

By integrating the above estimate, we get the bound (for s € [0, 1])
(25) le(p:s)—c(p:0)] < pr(~logr) ™'t
with p; = 2p61|V|. This gives a C%—bound for §;(p) = c(p; 1) —c(p;0).

To obtain a C '—bound for §;, we use the differential equation

d dc(p:is) _ 9§ grad g _
@0 2 = ) B (i)
: de(p:
) (Fleton " 1 Ge(ion L)
api Di
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where F(c) and G(c) are square matrices of size n + 1 (viewed as endomorphisms
of Pc) whose (j, k)—entries are given by

1 3gt 3gt %8,
F .
©)j = |grad g;|* Bcj Z 8(:1 dc;ocy
1 P2g, 1 0g: dg: 02g:
G(c)jk = 8t o8t Z 8t 8t

|grad g;|? dc; dc " |grad g¢[* 8cj acl dcjocy

Given the function c¢(p;s), (26) can be viewed as a linear differential equation for
x(s) =0c(p;s)/da; as appears in Lemma 5.7 below. In view of Lemma 5.7, it suffices
to establish the following inequalities for sufficiently small ¢ > O:

max | () EER L (o) e () F i el 6 )G iy

pi " |grad g;|

27 < pat”,
de(p;0)
3—])1' = P2,

where p2 > 0 is a constant independent of p, s and ¢. The second inequality follows
from the initial condition ¢(p;0) = ®;(p) = p + i¢(p)/logt. Similarly to the proof
of Lemma 5.2, we have

‘ 081 S (1= i CrHa s o)

qev
Bq(p)>k

< p3(—log1)t*

(p)' = (—log?)

for some constant p3 > 0. Therefore, using the estimate (24), we get

(28) —L < o5 Lost”.
ap,( )|gr ad g, Po P3

'35’ 88t (o (p:s))

Since p € Ry, we have f;(i;(p)) < 2 and hence B4 (p) > log,(3). This together with
the estimate (25) gives

R(Bg(c(pis))) = NR(Bg(c(p;0))) —lglp1(—logt) ¥
> log,(3) — pa(—logt)~'e*

with pg4 := p1 maxgey (|¢]), where we used

R(Bg(c(p:0))) = R(Bg(D(p) = Bq(p).
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Therefore we have

P ctpisn)| = (logn)
€

Z e10aq;1Pa(c(pis)
qev

< (—log?) Z |qj|[9‘f(/3q(6(p;S)))
qev

< (—IOg [)pS . ZIOgt (3/2)_94(_10gt)_1tk
< (—log?)pe

for some constant ps > 0 and peg = % 05 exp(p4). Similarly we have

azgt 2
3 (c(p:s))| = (=log1)“p7
cjock
for some constant p7 > 0. These estimates together with (24) and |&;(p)| < 2|V |t*
imply
(29) max(|& (p) F(c(p: )k & ()G (e (p:))l) < pst®

for some constant pg > 0. The estimates (28)—(29) imply the first inequality of (27).
The proposition is proved. |

Remark 5.5 By a similar argument, we can prove that the function §; constructed
in the above proof is small in the C°°—topology, ie ||§¢]cm = O(t*) for all m > 0,
although we do not need this result.

We end this subsection with the two lemmas used in the above proof.

Lemma 5.6 Suppose 0 <t < 1 and let g;: Pc — C be the function defined by
g:(p) = quV ei%a1Ba(P) | There exist constants P1, p2 > 0 independent of p € P¢

such that
lgrad g (p)|

|g:(p)]
whenever g;(p) # 0. In particular, the hypersurface 7 ¢, is smooth for sufficiently
small t > 0.

> (—log1)(p1 — p2t”)

Proof Fix p € Pc. Set

Bao(p) = qeig Bg(p) and K ={q eV :Bir(p) < Bg(p)+«j}.
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By the condition (ii) above, K is linearly independent as a subset of Qr. We have

|grad g, (p)|

qeVv

> (—log?) - |tPao(P) |(

= (—log1)

)

geK geV\K
> (—log?) - |tﬂ"0(p)|(p1 Z |t5q(17)—ﬂq0(17)| —,O3IK)
gekK

for some constants pi, p3 > 0, where we used the fact that K is linearly independent
and that all norms on a finite-dimensional vector space are equivalent. Similarly we
have

) < PP (X BB )
geK

for some constant p4 > 0. Combining these inequalities, we get

p3t*
p1— =

|gradgt (p)| quK |tﬂq(P) ﬂqo(P)|

=27 > (—logt) 3
8:(p)] - pat
quK |tﬂq(p)—ﬂq0(p)|
tK
> (—log?) (,01 — (p1p4 + p3) > i 1P P Pao (@) )

Setting p2 = p1pa + p3, we obtain the conclusion since Y, ¢ g tPa(P)=Bao(P)| > 1. o

Lemma 5.7 Let x(s) be a vector-valued function satisfying the differential equation

X (5) = y(5) + AE)X(5),

where y(s) is a vector-valued smooth function and A(s) is a matrix-valued smooth
function. Then we have

[x(1) = x(0)] < (/01 |y(S)+A(S)x(O)|ds)efol A ds

where |A(s)| denotes the operator norm.
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Proof We have the integral inequality

|x(s) = x(0)] = ‘ /0 y() + A@)x(0) + Au)(x (u) — x(0)) du

1 K
5/ Iy(u)+A(u)X(0)|du+/ |AQ)||x (u) —x(0)| du.
0 0

The lemma follows by the Gronwall inequality. a

5.3 Complex volume of a polytope

We introduce a complex volume of an m—dimensional polytope “enclosed” by a
complex hyperplane arrangement in C™. The complex volume will appear in the
calculation of periods of C; g.

Let P C R™ be a compact convex polytope (with nonempty interior) equipped with an
orientation (as a manifold with corners). Let { F;};c; be the set of facets (ie faces of
codimension one) of P. We assume that if (), cx Fi # @ for K C I, then (;cx Fi
is a face of codimension |K|. Suppose that we have a collection of complex affine
hyperplanes {H;};cy in C™ labeled by the same index set /. We write

H; = (0 + i =0),

where o;: C™ — C is a linear function and u; € C is a constant. We require that the
hyperplane arrangement { H; }; <y satisfies the following (open) condition: for every
subset K C I such that ();cx F; # @, the hyperplanes in the collection {H,};ek
intersect transversally along a codimension | K| affine subspace.

Consider a smooth map
o P—>C™
satisfying

O(F;) C H,;

for all i € I. Note that this condition (along with the requirement on {H;};c; imposed
above) determines the image of a vertex in P under ®. Fix a holomorphic volume
form dvol =rdcy A-+-Adcy, on C™ for some r € C*. The complex volume of (P, ®)
is defined to be

(30) volg (P, ) = / ®*(dvol).
P
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Lemma 5.8 For a fixed volume form dvol, the complex volume volc (P, ®) depends
only on the hyperplane arrangement {H;};c; on C™ indexed by facets of P. Moreover,
it is a polynomial function of {it;}icy -

Proof This follows from a repeated application of Stokes’ theorem. More generally,
for a polynomial m—form @ on C™, we can see that the integral

/ d*w
P

does not depend on the choice of ® satisfying the above condition. Since any poly-
nomial m—form on C™ is exact, by Stokes’ theorem, we can write it as the sum of
integrals | F; (®|F,)*n; over i € I with n; being a polynomial (m—1)—form on H;.
The conclusion follows by induction on the dimension. |

5.4 Computing periods of C; 4 tropically

By construction, the cycle C; g is identified with the positive real cycle C [" via the
map Ef), = ®; 4+ §;. The tropical decomposition of Ct+ in Section 3.2 then induces a
decomposition of C; g. We can decompose and calculate the period of C; g in almost
the same way as before, with the only significant difference being that we use the
complex volume (instead of the real volume) of a polytope and apply a complexified
Duistermaat—-Heckman theorem. We use the notation in Section 3.

Let « > 0 be as in Section 5.2 and let € > 0 be a sufficiently small number satisfying
O<e< %K. Let B?’K C B; be the region introduced in Section 3.2 defined by this €.

We have
ok .k
/ Q= Z/q B,
C[’e q,K Bt’

where, as before, it suffices to consider the sum over all ¢ € V' and a subset K C V
not containing ¢ such that the facets of A, corresponding to K LI {¢g} have nonempty
intersection.

Let (a, by, c;j) be affine coordinates on Pg from Section 3.3 associated with the choice
of ¢ and K. We naturally extend these coordinates to complex coordinates on Pc.
Similarly to equations (6)—(7), we have

frooir(p) = e”qt“(l + ) e 0Tl b +ht<p>),

keK
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where h;(p) = ZmeV\({q}l_lK) e10i=04)Bm(P)=a gatisfies the uniform estimate
oh
hi(p) € 0(%). 35(p) € O((—log 1)
1

over 5t(Bf’K); this follows from the C°—estimate for §; in Proposition 5.3. Hence a
calculation similar to equations (9)—(10) shows
)n—l—lda /\/\keK dbk /\/\j de
d(frg0ir) (fra0i) =1 (1)
=1+ 0(@°)) - (—logt)" -rgx N\ dbp AN dcj
kekK J

i[9 =rgk(—logt

over 5t(Bf’K), where r4 g > 0 is the number in Section 3.3.

Consider the Riemannian metric g on B; induced from the Euclidean metric on the
ambient space Pr = R”*!. Then the volume of B; with respect to g is bounded as
t — +0; this follows from the leading asymptotics of periods [ Bl /Q; in Theorem 1.4
and the estimate

.. dpo---dpn P / .
dvol =/ d(f;oi " < i¥Q
/B, 8= Jy, 19V DGy = Clogny Js, 't

for some constants p > 0, where we used the estimate |d( f; oi;)| < p(—logt) over B;.

When we define the C!-norm of | B, using the metric g, we have the estimate
18¢1B,llct < |I8¢]|c1; hence by Proposition 5.3, [|6/|B, ||c1 = O(¢*). Moreover it is
easy to show that the C 1 _norm of ®; (and hence of ®; |B, ) is bounded. From these
facts, we obtain the approximation

FifQ
/th!,( thr S4r,0

= (1406 - (log " gk [ ®1( A dbin/dey)
r = J

— (14 0(t9)) - (~log 1)" - (rq,Kf <1>;"( A dby AN dc,-) n O(t")).
BIK kek J
This corresponds to (10) in Section 3.3.

Over BYX | we have 1 = S key PP < |Vt and thus 0 < a <log|V|/(~log?).
Therefore, by taking ¢ > 0 sufficiently small, we may assume that 0 < 8, =a <e <«
and that 8 = a + by <2e <« for k € K over B?’K. This implies

O — 0y
—logt?

(D:‘bk =br+1 over B;I’K
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for k € K by the condition (23). Therefore we have

31 - ,K/ A db /\/\ de / db ®¥(dvoly k)
1 BIK (keK k J) [0,e]K BYXn{b=b} ~

_ / db | (@085)* (dvolg ).
0.k JE, x®)

where Bf’K N{b = b} denotes the subset of B;I’K where the values of the coordinates
b = (by)rek equal be [0,€]X, F, 4, K(E) = nc(Bq’K N{b = 5}) is its projection to
the c¢—plane as appears in Section 3.4, and sz denotes the (unrque) section of the
projection 7,: Bq’ N{b = b} — Fy, K(b) we have s3(c) = (aq,K(b, ), b,c). Also
dvoly xk =14,k /\jdc; (see (8)) is now regarded as a holomorphic form on Pc.

Recall the function a’ K(b) from (12). It differs from a4 g (b, c) by a function of
order O(t€). Moreover we have the uniform estimate over the region mp, . (Bq ),

dag.k (b, c)

= 0(t9).
ac; (%)

In fact, by differentiating (11) with respect to ¢;, we get

da
8qK(b C)(1+ Z (0a 'Bm_l)[ﬂm(aq k (b, C)bc))

m¢{qiuK
Z (0c; ,Bm)fﬂ’" (aq.x (b,c),b,c)
j 9
mé{g}uK

where we regard B,, = Bm(a, b, c) as an affine-linear form in a, b and c; the above
estimate follows by

Bm(agx(b.c).b.c)>agx(b.c)+e>e over mpo(BIK).

By this estimate, we can replace the section s, in (31) with s (c) = (a’q x(b), b, c) with
error terms of order O(¢€). Furthermore, by the same argument as in Section 3.4, we can
replace Fy g (b) with the polytope F, é, K(a;’ x (b), b) with error terms of order O(¢€)
again. Namely, we have

/ (P;osp)" dvoly,x = / (@7 057)" (dvoly k) + O(t€)
Fq.x (D) Fq,x(b)

/F/ TN o s53)"(dvolg,x) + O)
a.k\3q.k\P)

= vol¢ (F(;’K(a;’K(b), b), ®;).
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In the last line, we identified the polytope F q/’ K(a;, x(b),b) with its image by s
(as we did in Section 3.4) and considered its complex volume (30) with respect to
dvoly, g . Note that ®;(F, é’ K(a;, x(b), b)) is contained in the affine subspace of Pc
where the values of the complex affine-linear functions a and by are fixed (again by
the condition (23)).

Applying the inclusion—exclusion principle for the complex volumes of polytopes as
we did in Section 3.4, we arrive at the formula®

/ Qt,e =
Cro

(14 0(t%))(—logt)"
X ( > (AKX / volg (Eq,J(a'q x(b),b, D), q>,) dbdb' + O(ze)),
[0,€]7 '

q,KCJ,
q¢J
where we write b = (bj);ex and b’ = (bj/- )jes\k and we have used the holomorphic
form dvol, j to define the complex volume for (Eq,J(a’q x(b),b,b"), ®;). This
generalizes (13).

Finally we apply a complex version of the Duistermaat—-Heckman theorem. Consider
the polytope E4 j(a,b) with 0 < a,b; < €. The image of E, j(a,b) under @, is
contained in the complex affine subspace of Pc defined by

bq
= dad s
Pa 1 —logt
Bi=a+bj+i . jeJ,

by (23). The facets of E; j(a,b) are givenby E4 j(a,b)N{Bm =a} form ¢ {q}LJ.
These facets map (under ®;) to the complex affine hyperplane given by

—¢q
—logt

Pm—Bq =

by (23). Therefore its complex volume volc (E4, k (a,b), ®;) is a polynomial function
of the constant terms of these complex affine-linear forms by Lemma 5.8. By analytic

SWe express the complex volume of F/ K(a b) as a signed sum of the complex volumes of
U efo,e)! Eq,xur(a,b,b’), then use the fact that ®F (b}) (with i € I') on Upelo,e)7 Eq.kura.b, b’
equals b} + i(¢; —pq)/(—log?) for a = a/ 2.k (b)) w© factor out db’.
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continuation of Lemma 3.2, we get

O D
volc (Eq, s (a,b), @)= exp(wk%—i%—z b,-Dj—aa).Dq-]_[ D;.
Ya, jeJ

log jeJ
We obtain this from Lemma 3.2 by substituting Ay + 1(6;/logt) for Ay forall k € V.

The rest of the argument works in exactly the same way as before, just by replacing
Ar with Ay + i(6/logt), and we arrive at Theorem 5.1.
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