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Floer theory and reduced cohomology on open manifolds

YOEL GROMAN

We construct Hamiltonian Floer complexes associated to continuous, and even lower
semicontinuous, time-dependent exhaustion functions on geometrically bounded
symplectic manifolds. We further construct functorial continuation maps associated to
monotone homotopies between them, and operations which give rise to a product and
unit. The work rests on novel techniques for energy confinement of Floer solutions
as well as on methods of non-Archimedean analysis. The definition for general
Hamiltonians utilizes the notion of reduced cohomology familiar from Riemannian
geometry, and the continuity properties of Floer cohomology. This gives rise, in
particular, to local Floer theory. We discuss various functorial properties as well as
some applications to existence of periodic orbits and to displaceability.

53D40; 32P05

1. Introduction 1274
2. Symplectic cohomology 1281
3. Overview 1289
4. TI-bounded almost complex structures 1296
5. Floer solutions and the Gromov metric 1305
6. Loopwise dissipativity 1318
7. Proof of Theorem 1.1 1336
8. Hamiltonian Floer cohomology by approximation 1348
9. The product structure 1361
10. Computations and applications 1375
References 1386

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/gt.2023.27.1273
http://www.ams.org/mathscinet/search/mscdoc.html?code=53D40, 32P05
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1274 Yoel Groman

1 Introduction

Floer theory is a machine that associates algebraic structures to objects of symplectic
geometry. Over the years, it has come to play central role in all aspects of the field,
from mirror symmetry to quantitative symplectic topology. In this paper we extend the
range of applicability of Floer theory, focusing on Hamiltonian Floer theory, to open
symplectic manifolds which are geometrically bounded.

There are a number of reasons why one would be interested in studying Floer theory on
open manifolds. First and foremost, many symplectic manifolds which arise naturally
are open. Among these we count the cotangent bundle, the magnetic cotangent bundle,
affine varieties, coadjoint orbits of noncompact groups, Hitchin moduli spaces, and
many more. More specifically related to Floer theory, there are phenomena which only
become apparent on open manifolds. For example, on a closed manifold the Hamiltonian
Floer cohomology reduces as an abelian group to the singular cohomology, and is thus
often too coarse to see much of the symplectic topology. On open manifolds, new
invariants, such as symplectic cohomology, make their appearance and encode purely
symplectic phenomena; see for instance Cieliebak, Floer and Hofer [15], Oancea [41],
Seidel [56] and Viterbo [63].

There is a vast literature studying these invariants and their structural properties. For
example, symplectic cohomology of a Liouville domain has been shown to play a
key role in homological mirror symmetry by encoding the Hochschild homology of
the Fukaya category; see for instance Abouzaid [1], Ganatra [24; 25] and Seidel [55].
In another related direction, there are numerous results relating Floer theory of a
symplectic manifold with the Floer theory of embedded local models; see eg Cieliebak
and Oancea [18], Ganatra, Pardon and Shende [26], Seidel [55] and Varolgunes [61].
But the existing literature focuses mostly on examples which are convex at infinity, a
condition which does not cover, for instance, most of the examples mentioned in the
previous paragraph. As another example, in the study of the Fukaya category by the
method of localization away from a divisor as in [55], one does not necessarily wish
to restrict attention to ample divisors; see eg Auroux [8; 7], Daemi and Fukaya [19]
and Groman [29]. Studying Floer theory in more general settings would contribute to
our understanding of mirror symmetry, the geometric Langlands program, and many
branches of symplectic topology.

The class of geometrically bounded manifolds contains those that are convex at infinity,
but is much larger. Geometric boundedness has appeared as a relevant condition already
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Floer theory and reduced cohomology on open manifolds 1275

in Gromov’s seminal paper [31], and in numerous works since. A couple of early
ones are Audin, Lalonde and Polterovich [6] and Sikorav [57]. Geometrically bounded
symplectic manifolds are the most general setting in which holomorphic curve theory
is known to work without resorting to the methods of symplectic field theory.

The novelty in the present paper is twofold. One is showing how to apply geometric
boundedness of the underlying manifold to carry out Floer-theoretic constructions
beyond J—holomorphic curves. Such constructions are central, for instance, to the
notion of wrapped Floer theory. The other is showing that the invariants constructed by
choosing a geometrically bounded metric at infinity are independent of the choice. The
results here provide a unified and flexible framework which incorporates the various
constructions in the literature (see eg Cieliebak, Floer and Hofer [15], Oancea [42],
Ritter [47] and Viterbo [63]), works in full generality, and has transparent symplectic
invariance properties.

It should be emphasized that while we do not mention the Fukaya category elsewhere
in this paper, the difficulties posed by noncompactness are virtually the same for the
Hamiltonian version of Floer theory as for its Lagrangian intersection version. Thus,
this paper sets the stage for the study of the (wrapped) Fukaya category on open
manifolds such as those mentioned above, insofar as one can overcome the usual
difficulties already present in the closed case.

We shall assume familiarity with the basic machinery of Hamiltonian Floer theory
and symplectic cohomology such as can be acquired from the first three lectures in
Salamon [52] together with Oancea [41]. For the discussion of the product structure we
shall assume also some familiarity with treatments such as Abouzaid [4] or Ritter [48].
The latter is not necessary for most of the novel ideas in this paper.

1.1 The main result

A symplectic manifold (M, w) is said to be geometrically bounded if there is an w—
compatible almost complex structure J, a constant C > 1, and a complete Riemannian
metric g with sectional curvature bounded from above and injectivity radius bounded
away from 0, such that

1
Eg(v, v) <w(,Jv) <Cg(v,v)
for all tangent vectors v. Note that the almost complex structure J is not part of the data.

Examples include closed symplectic manifolds, cotangent bundles of arbitrary smooth
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1276 Yoel Groman

manifolds, manifolds whose end is modeled after the convex half of the symplectization
of a compact contact manifold (as in Sikorav [57]), twisted cotangent bundles (as
in Cieliebak, Ginzburg and Kerman [17]), and there are many more. The class of
geometrically bounded symplectic manifolds is closed under products and coverings.

It should be emphasized at the outset that an open symplectic manifold of finite volume,
such as the unit ball in C”, cannot be endowed with a metric that is at once complete
and satisfies the above bounds on sectional curvature and radius of injectivity and
thus is not geometrically bounded. Floer theory for open finite-volume symplectic
manifolds, such as Liouville domains, will be discussed, in the context of local Floer
theory, when they are embedded in a geometrically bounded symplectic manifold.

Recall that (M, w) is said to be semimonotone if there exists a constant T > 0 such
that for any A € m,(M) we have w(A4) = t¢1(A4), where ¢; is the first Chern class.
(M, w) is said to be Calabi-Yau if c¢;(A) = 0 for every A € ny(M). Henceforth,
(M, w) is a geometrically bounded symplectic manifold which is either semimonotone
or Calabi—Yau. In particular, for any class A € m,(M ) we have

c1(4) <0 = w(A4) <0.

We hasten to emphasize that this assumption is made for definiteness only. The methods
introduced herein are orthogonal to the usual questions of transversality and can be
adapted to any regularization scheme.

Fix a field R and denote by A g the universal Novikov field and by A g ,, the Novikov
field associated with w; see Section 7.3. We shall use the notation K to denote either
Ag or Ag . Note that K is a graded field. That is, a commutative even graded
field in which every nonzero homogeneous element is invertible. In the entire text,
AR coefficients should be assumed by default whenever the coefficient field is not
indicated in the notation.

Denote by J the space of smooth R/Z parametrized families of almost complex
structures which are compatible with . Denote by gy, the space of smooth functions
on R/Z x M which are proper and bounded from below. Consider the category F
of Floer data whose objects are elements (H, J) € Hyy X J and in which there is a
single morphism (Hy, J;) — (H3, J,) between objects whenever the order relation
defined by

(H],J])S(Hz,.]z) <~ Hlyt(x)sz’t(x) for all (Z,X)GR/ZXM

is satisfied.
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The main contribution of this paper is summarized in the following theorem.

Theorem 1.1 There exists a full subcategory Fq s C F, referred to as the regular
dissipative Floer data, for which the Floer cohomology

(H,J)w— HF*(H, J;K)

is well defined as a tunctor to Z—graded non-Archimedean (semi)normed K—modules.
Namely, there is a functorial norm-preserving continuation map

HF*(Hy, J1;K) — HF*(H,, J5;K)
whenever Hy < Hj € Fyreo. The subcategory Fq g satisfies the following:
(a) It is invariant under the action of the symplectomorphism group
V- (H.J) > (Hoy, y*J).
(b) Itis final and cofinal in F.

(¢) It contains all pairs (H, J) for which J is geometrically bounded and H has suf-
ficiently small Lipschitz constant and is (nearly) time independent near infinity.

(d) The continuation map HF*(Hy, J1;K) — HF*(H,, J»;K) is an isomorphism
if Hy — H; is bounded on M.

Theorem 1.1 relies on the dissipative method introduced herein for controlling compact-
ness of various Floer moduli spaces. This is done by systematically replacing the more
conventional reliance on maximum principles by a combination of the monotonicity
inequality for J—holomorphic curves and a certain quantitative nondegeneracy condition
to control the ends. A more detailed discussion of this method is given in Section 3.1.
This method should be of independent interest for researchers wishing to apply Floer
theory methods in any way to open symplectic manifolds. We emphasize that the Floer
data which are typically used in the literature on symplectic cohomology mostly fit
into the dissipative framework. For a discussion of the case of Liouville domains, see
Example 6.14 below.

The true power of the dissipative method is revealed when considering the functoriality
statement in Theorem 1.1, which is one of the main contributions of this paper. To
demonstrate this we first remark that a particular consequence of the functoriality is
the independence of Floer cohomology of a dissipative (H, J) on the choice of J.
This is new even for the case H = 0, ie for J—holomorphic curves. We use this in
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1278 Yoel Groman

Theorem 4.15 below to show that in a number of contexts where invariants on open
manifolds are defined using a geometrically bounded almost complex structures J, the
resulting invariants do not depend on the choice of such a J. The difficulty in proving
this is that given two geometrically bounded compatible almost complex structures
which are not metrically equivalent, it is not likely they can be homotoped to one
another through geometrically bounded almost complex structures. Our solution is to
introduce the notion of intermittent boundedness, or, i—-boundedness, which requires
boundedness only on an appropriate infinite sequence of hypersurfaces. We then show
that any two such almost complex structures can be homotoped to one another through
intermittently bounded almost complex structures. For the rest of the introduction we
thus drop J from the notation and consider dissipativity as a property of a Hamiltonian
function.

As an illustration of the use of functoriality we indicate an easy proof of the Kiinneth
formula in symplectic cohomology of Liouville domains; cf [42]. This requires com-
paring the direct limit of Floer cohomologies over a sequence of linear Hamiltonians
on the smoothing of a product of Liouville domains to the direct limit over a sequence
of linear split Hamiltonians on the product itself, all with slope going to infinity. Since
one can squeeze a sequence of linear Hamiltonians between a sequence of split linear
ones, the Kiinneth formula follows from Theorem 1.1 as soon as one establishes that
both linear and split linear Hamiltonians are dissipative. The latter is immediately
implied by Examples 5.24 and 6.20. The line of argument can be shown to extend to
Liouville domains with arbitrary corners.

1.2 Reduced Floer cohomology for general Hamiltonians

Our next theorem combines the result of Theorem 1.1 with certain continuity properties
of Floer cohomology, to extend the definition of Floer cohomology to more arbitrary
Floer data. Namely, we extend a certain version of Floer cohomology as a functor on
the category (Hd,reg, <) of regular dissipative Hamiltonians to the category (Hsc, <) of
all generalized lower semicontinuous functions R/Z x M — R U oo which are proper
and bounded from below.

Before proceeding we introduce the concept of reduced Floer cohomology HF* (H) of a
nondegenerate dissipative Hamiltonian H. The ordinary Floer cohomology HF*(H) is
the homology of a chain complex which is complete with respect to a non-Archimedean
norm. Thus the group HF*(H; K) is naturally seminormed. However, in general, the
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Floer theory and reduced cohomology on open manifolds 1279

differential needn’t have closed image. In such a case HF*(H; K) contains nontrivial
elements of norm 0. The reduced Floer cohomology HF*(H) is the quotient of HF*(H )
by the elements of norm 0. A similar construction is familiar from Riemannian geometry
in the context of L2—cohomology; see Cheeger, Goresky and MacPherson [11], Dai [20]
and Liick [36]. The precise statement of the following result requires some further
preparation. We therefore present first an informal statement. Theorem 3.3 below is a
more precise restatement.

Theorem 1.2 The reduced Floer cohomology functor H + HF*(H;K) extends in
a natural way from a functor on the category H, of dissipative Hamiltonians to a
functor on the category Hg. of all lower semicontinuous exhaustion functions. More-
over, HF*(H;K) arises as the reduced cohomology of a certain non-Archimedean
Banach chain complex, which is associated to H up to an appropriate notion of
quasi-isomorphism, and which specializes to the Floer chain complex for dissipative
Hamiltonians.

Theorem 1.2 employs the method of Floer theory by approximation. This is explained in
more detail in section Section 3.2. Among other things, Theorem 1.2 can be interpreted
as saying that, at least if one is concerned with reduced cohomology, one needn’t
worry about the question of whether a given Floer datum is dissipative or not. In a
forthcoming note, joint with U Varolgunes, we show that Theorem 1.2 actually holds
for the unreduced version of Floer cohomology. For a more extensive discussion of
this, see comment (d) right after the statement of Theorem 3.3.

1.3 The product structure

To state the final main theorem we introduce the notion of symplectic cohomology
on an arbitrary geometrically bounded symplectic manifold. Let H C Hg. be a subset
consisting of time-independent Hamiltonians such that for any H;, H, € ‘H we have
that 2max{H, Hy} € H. We call H a monoidal indexing set. For each monoidal
indexing set H we define a group
SH*(M;H) := lim HF*(M).
HeH
The set of monoidal indexing sets is partially ordered by the relation H; < #,, which
is defined to hold if and only if for any H € #, there is a constant C and an Hy € H,
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1280 Yoel Groman

such that H; < H, 4+ C. Before proceeding to the statement of the following theorem,
we note that there is a decomposition

SH*(M:H)= (D SH"*(M:#).
ac[S1,M]

where for a free homotopy class «, the group SH*“ (M ; H) arises from the periodic
orbits in the homotopy class «. In particular, in the following theorem we refer to
the subgroups SH*:%(M ; ) which arise from considering only contractible periodic
orbits.

Theorem 1.3 The groups SH*° (M ; H) have the following properties:
(a) For any monoidal indexing set H, there is a product structure
sx: SH*O (M H) @ SH* (M ; 1) — SH* (M ;: H),

which is associative, and supercommutative.

(b) The small quantum product on QH* (M ;K) := H*(M ;K) is well defined and
for any monoidal indexing set H there is a natural PSS homomorphism

OH* (M ;K) — SH*° (M ; 1)
such that the image of 1 € QH* (M ; K) acts as the unit in SH*° (M ; H).

(c) Given monoidal indexing sets H1 X H,, the natural continuation map
SH*®(M ;1) — SH™®(M: ;)

is a unital algebra homomorphism.

The proof of Theorem 1.3 is carried out in Section 9.4. The restriction to contractible
periodic orbits is done for the sake of brevity in the proof. See Remark 9.6 below
for an extended discussion. Theorem 1.3 allows the construction of various flavors of
symplectic cohomology as a unital algebra. Essentially the same proof can be used
to construct operations associated with any family of nodal Riemann surfaces and
parametrized Floer data. Moreover, it is possible to carry out a Lagrangian intersection
variant of the results of this paper. Thus, the TQFT structure presented for the case of
Liouville domains in [48] can be transferred in its entirety to the present setting.
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Organization of the paper

The paper is organized as follows. Section 2 discusses various notions of symplectic
cohomology and gives some applications of the main theorems. Section 3.1 provides
an overview of the techniques going into the proof of Theorem 1.1 while Section 3.2 is
devoted to explaining Theorem 1.2. Sections 4 through 6 are devoted to constructing
the dissipative Floer data featuring in Theorem 1.1. The proof of the latter is carried
out in Section 7. In Section 8 we prove Theorem 1.2 (restated as Theorem 3.3). In
Section 9 we prove Theorem 1.3. In Section 10 we carry out the proofs of the properties
and applications mentioned in Section 2.

Acknowledgements This work subsumes part of the author’s PhD thesis carried out
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2 Symplectic cohomology

In the following subsections we use Theorems 1.2 and 1.3 to construct symplectic
cohomology rings and discuss some of their functorial properties and applications. One
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of the main lessons is that there are two different notions of symplectic cohomology
associated with two different topologies that one can consider on the colimit of a
sequence of Banach chain complexes. The first of these involves completing at the
chain level so as to obtain a Banach space. The details at the chain level are described
in Section 8.3, or, at the cohomology level, in equation (64). The Banach topology
gives rise to local invariants and corresponds under mirror symmetry to locally defined
analytic polyvector fields. Similar constructions have been carried independently in
[62; 61], but the construction has roots back in [15]. We refer to this as local symplectic

cohomology.

A second topology one may consider is one in which no completion is applied to
the direct limit. As a topological space we consider the direct limit with the final
topology described in Section 9.5. We refer to this as global symplectic cohomology.
Global symplectic cohomology is a generalization of the construction in [63]; see also
[56, Section 3e], which is more explicit in this regard. It gives rise to global invariants
and can be thought to correspond under mirror symmetry to the ring of algebraic
polyvector fields. While this distinction, referred to in [56] as quantitative vs qualitative
symplectic cohomology, has been previously known, its significance appears to have
been masked to a large extent in the literature so far due to the emphasis on Liouville
domains with trivially valued coefficient fields, where various different invariants
coincide. In general, different topologies may give rise to completely different vector
spaces. For an example of this phenomenon see [62].

2.1 Local symplectic cohomology

Let K C M be a compact set. Let

0 ifxeK,
HK(x):={

oo ifxeM\K.
The local symplectic cohomology at K is defined by
SH*(M |K:K) := HF*(Hg; K).

The following theorem lists the basic properties of SH* (M | K; K), which can be almost
readily read off Theorems 1.2 and 1.3. As before, there is a decomposition

SH*(M:H)= P SH**(M:H).
ac[S1,M]

and we denote by 0 the class of contractible loops.
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Theorem 2.1  (a) The map K — SH* (M |K; K) is contravariantly functorial with
respect to inclusions.

(b) Any symplectomorphism ¥ : M — M induces an isometry
Vs SH* (M |K: K) — SH*(M |y (K):; K).

(c) The group SH*°(M|K:K) is a unital K-algebra with respect to the operation *
induced from the identification SH**(M | K;K) = SH**(M ; {Hg}).

(d) We have a commutative triangle of K—algebras
H*(M:;K)
) l \
SH*® (M |K»; K) —— SH*° (M |K;;K)
(e) Forany H € H which is bounded on K we have a continuous and functorial map
HF*(H:K) — SH*(M | K;K),

which increases the valuation' by at most ¢ = supg H.
The proof of Theorem 2.1 appears at the end of Section 9.

Remark 2.2 Suppose M is symplectically aspherical and for a pair of compact sets
K = K, K;, we have that Hg can be approximated by Hamiltonians whose nontrivial
periodic orbits have action positive and bounded away from 0. Then the commutative
triangle (1) can be refined to a commutative square

H*(Kz,K) _— H*(Kl,K)
SH*(M |K4;K) —— SH*(M |K1;K)
Combined with (3) below, this reproduces Viterbo’s commutative square for Liouville

domains [63].

Remark 2.3 We comment on the name local symplectic cohomology. Assume M
is symplectically aspherical and the boundary of K is stable Hamiltonian. Then it
can be shown that elements of SH* (M | K) are represented by linear combinations of

By definition, the valuation is val := log || - ||.
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constant periodic orbits inside K and the Reeb orbits of dK. If the boundary is not
stable Hamiltonian, these can be represented by, in addition to constant orbits inside,
periodic orbits lying arbitrarily close to dK. Thus, at least when M is aspherical,
SH* (M |K) can be thought of as symplectic cohomology relative to the complement
of K that is, as localized at K. When M is not aspherical, this type of locality is far
from clear. This question is taken up in forthcoming work. Theorem 2.4 below can be
seen as a particular manifestation of locality in the general case.

Theorem 2.4 Let H be a smooth Hamiltonian such that H~1(0) = dK.

(a) Suppose « is a nontrivial free homotopy class of loops. Suppose also that
SH**(M|K;K) # 0. Then there is a sequence a,, > 0 converging to 0 such that
H~'(ay) has a periodic orbit representing .

(b) If SH*°(M|K:;K) # H*(K;K), then there is a sequence a, > 0 converging
to 0 such that H~'(a,) has a contractible periodic orbit.

Theorem 2.4 is proven in Section 10.6. Some applications of local Floer cohomology
to embedding and displaceability problems are given in Section 2.3 below.

We conclude with some comments on the relation of these groups with similar work of
others.

(a) When M is symplectically aspherical and K is the closure of an open set U, the
groups SH| E'; b) (M | K) coincide with the corresponding symplectic cohomology groups
of U as defined in [15] using Hamiltonians which are constant at infinity.

(b) In [62] the notion of completed symplectic cohomology is introduced and studied
for Liouville cobordisms )V inside monotone symplectic manifolds. The computations
in [62] show that the local symplectic cohomology groups depend nontrivially on K.
The choice of Floer data in [62] is such that the Floer chain complexes have finite
boundary depth; see Remark 3.2. In particular, ordinary and reduced Floer cohomology
coincide for these Floer data. A consequence of Theorem 3.3 is that the invariant
of [62] is the local Floer cohomology as defined here.

(¢) In [61] an invariant which is closely related to local symplectic cohomology as
defined here is studied and is shown to fit into a local-to-global spectral sequence when
the compact sets involved are invariant sets of an involutive system of Hamiltonians.
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2.2 Global symplectic cohomology

Consider the set Hyniv C Hse of smooth time-independent exhaustion functions on M.
Then Hyniy is @ monoidal indexing set. By Theorem 1.3 we thus obtain for any
geometrically bounded symplectic manifold a k—algebra which is a symplectic invariant.

Definition 2.5 The universal symplectic cohomology is defined by

SH:niV(M) = SH* (M’ ,Huniv)-
For any choice of # the algebra SH(M ; H) carries a topology, called the final topology,
as a direct limit of topological vector spaces. This topology is not guaranteed a priori

to be Hausdorff, and its Hausdorff completion is not guaranteed to be metrizable.

*

However, in the few cases where something is known about it, SH_ . turns out to be a
reasonably well-behaved object. Example 9.20 below should give some sense of what

universal symplectic cohomology is like in nice cases.

Note that for a compact set K we have Hyniy < Hg. Thus there is a natural unital
map SH, .. (M) — SH*(M |K) for any compact set. One way to utilize it is if one
finds a monoidal indexing set H C Huniy for which SH* (M ; H) = 0, it then follows
that SH* (M | K) = 0 for all compact K C M. Observe that since we do not complete
after taking the direct limit, the algebra SH* (M ; #) is not sensitive to behavior on
compact sets. Indeed, if we define an equivalence relation H{ ~ H, by H; < H, and
‘H, < 1, then the associated symplectic cohomologies are canonically isomorphic. On
the other hand, if H consists of continuous functions, the ~—equivalence class of H
is unaffected by any alterations on any compact set. Thus, for H C Hnjy the algebra
SH*(M ;H) is only sensitive to the growth at infinity. For this reason we refer to this

type of symplectic cohomology as global SH.

*
univ

Before applying S (M) we discuss some settings where something can be said

about it.

Let (M, w) be a compact symplectic manifold and let v : M — M be a symplecto-
morphism. Denote by Mw the associated symplectic mapping torus; see Section 10.2
for the definition. Denote by HF*(M, ) the fixed-point Floer homology of ¥ as
introduced in [21]. The following theorem allows us to distinguish mapping tori by
fixed-point Floer homology. MW carries a distinguished closed 1-form d¢ pulled back
Vi iy since
(]\Z/,) the k" graded piece.

from the natural map My, — S 1. The I-form dt induces a grading on SH
*,k

continuation maps are homotopies. We denote by SH .
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Theorem 2.6 (cf [22]) There is a map

P HF* (M. y*) — SHE, (M),
keZ
which is injective and dense. Moreover, for each k € 7 there is a natural isomorphism

HF*(M, %) = SH*X (M).

univ
In particular, let yr;: M — M be a symplectomorphism fori = 0, 1. Suppose there
exists a symplectomorphism
¢: My, — My,
which preserves the class of dt. Then ¢ induces an isomorphism HF*(M, 1) =
HF*(M, ).

Theorem 2.6 is proven in Section 10.2.

Theorem 2.7 (Kiinneth formula) Let M and M, be geometrically bounded sym-
plectic manifolds. Then there is a natural map

2 SH (M) — SH*

univ

(M) ® SH; (M1 x M),

univ univ

which is injective with dense image. A similar claim holds if one restricts to SHunlv

Theorem 2.7 is proven in Section 10.4.

The following theorem refers to the additional grading on SH, . (M) by free homotopy
classes of loops as discussed in the paragraph preceding Theorem 1.3.

Theorem 2.8 (nearby existence)

(a) Suppose SH:ng,(M ) = 0. Then for any Hamiltonian H: M — R which is
proper and bounded from below, the subset of levels containing a contractible
periodic orbit is dense in H(M) C R. The claim holds a]so if we merely assume
SH*? (M) = {0} where {0} is the closure of 0 € SH™’ 0 with respect to the final

univ univ

topology on SH'>

univ*

(b) Suppose « is a nontrivial free homotopy class of loops. Suppose also that
SH*“(M) # {0}. Then there is a compact K C M such that for any smooth
proper and bounded below H: M — R and any a € R for which H(K) C
(—00, a), the set of x € [a, oo) for which H~'(x) has a periodic orbit represent-

ing « is dense in [a, o).

Theorem 2.8 is proven in Section 10.6.
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Remark 2.9 Examples satisfying the hypotheses of the first part of Theorem 2.8 are
complete toric varieties M such that ¢; (M) = 0. This follows from the vanishing
criterion of Theorem 10.9. See Example 10.12. There are manifolds in this class of
examples which, unlike C, contain nondisplaceable sets. Examples are the canonical
bundles over P2 and over P! x P!, By the Kiinneth formula, the product of such a
manifold with any geometrically bounded symplectic manifold of vanishing Chern
class will again satisfy the hypothesis.

An example of an M and « satisfying the hypotheses of the second part of Theorem 2.8
is given by the cotangent bundle of the torus and any nontrivial homotopy class «. This
can be deduced from Theorems 2.6 and 2.7. From this we obtain many examples by
taking the product with an arbitrary compact manifold or with a geometrically bounded
one for which symplectic cohomology does not vanish, and considering homotopy
classes pulled from the cotangent factor.

We can also use the methods of this paper to produce periodic orbits with prescribed

action. Namely, for a dissipative Hamiltonian H, call a class a € HF*(H) essential if
:niv
H, < H, are dissipative then for any essential class a in HF*(H) there is a periodic

it maps to a nonzero class in SH . (M). Suppose M is symplectically aspherical. If
orbit of H; in the same homotopy class with action bounded by val(a). Indeed, the
map HF*(H;) — SH ., (M) factors through HF*(H,) by the continuation map which
is action decreasing.

Example 2.10 On a Liouville domain, for any function H which is convex at infinity,
all nonzero classes in HF*(H) are essential. This follows from Theorem 2.11 below.
The same holds for the product of a Liouville domain with a compact aspherical
manifold. These claims require working over R instead of over A g, but this is not
problematic in this restricted setting since the action spectrum is bounded below and
so the topology is discrete.

2.3 Liouville domains and displaceability

Let M be the completion of a Liouville domain U. Denote by SH<;.,(U: K) the
symplectic cohomology as defined in [63] by taking a direct limit of the Floer coho-
mology groups HF*(H, J) over all (H, J) where H is linear at infinity and J is of
contact type. See Section 10.1 for notation and definitions. Denote by £ C H the set of

Hamiltonians which are linear at infinity. Then £ is a monoidal indexing set. We have
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and therefore a natural map

I SHYiero (U K) — SH: 1 (M5 K).

univ

We prove in Theorem 10.2 below:
Theorem 2.11 The map f is an isomorphism for K = R coefficients.

Corollary 2.12 For a Liouville manifold M of finite type, SHY, (M; R) is inde-

Viterbo
pendent of the choice of primitive of w.

Remark 2.13 Theorem 2.11 can generally not be expected to be true over a nontrivially
valued field. See Remark 10.3 for an explanation on this point.

It is also not hard to show that for any Liouville subdomain V' C M we have a natural
isomorphism of vector spaces

3 SH*(M|V; R) = SHjerno(V: R).

Note however that the left-hand side of (3) is naturally a normed vector space while
the right-hand side is not. The equation will thus cease to be true over a nontrivially
valued field. The generalization of (3) for the nontrivially valued case is the excision
principle

(4) SH*(M|V;Ag) =SH*(V|V;AR)

whenever M is a Liouville manifold and V is a Liouville subdomain with V its
completion. This follows by the no-escape lemma near the concave boundary of M \ V.
See [48]. We now formulate a theorem showing that this independence of the ambient
manifold holds under more general conditions for skeleta of Liouville domains. In the
following, we denote by SH*:*(M | V) the subgroup consisting of periodic orbits that
are contractible in M. The proofs of the following theorems as well as some pertinent
definitions are given in Section 10.1.

Theorem 2.14 Let M be symplectically aspherical and let U be a Liouville domain
with Liouville field Z. Leti: U — M be an embedding with the property that
ix: HH(U;R) - H{(M;R) is injective. Then, denoting by Skel(U, Z) the skeleton
of U with respect to Z,

SH* (M| Skel(U, Z);K) = SH**(U | Skel(U, Z); K).
Remark 2.15 The restriction to contractible periodic orbits in Theorem 2.14 can be

removed by adding the assumption that M is symplectically atoroidal.
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Theorem 2.14 implies:

Theorem 2.16 Let U, Z and M be as in Theorem 2.14 and suppose that

(&) SH:‘/iterbo(U) 7é 0.
Then Skel(U, Z) is not displaceable.

Taking U the cotangent disc bundle, this is a well known theorem by Gromov. Namely,
C" contains no simply connected Lagrangians. The particular case M = U, the
completion of U, is a theorem of [33]. We remark that Theorem 2.16 follows from
Theorem 2.14 by a general vanishing principle for the localized Floer cohomology
of a displaceable set. We prove this for M aspherical. In [61] this is proven without
the asphericity assumption. Note however that the asphericity assumption in the
last two theorems cannot be removed. Indeed, there are examples of displaceable
Lagrangian spheres [2; 44]. However, there are quantitative counterparts which should
hold assuming essentially only geometric boundedness.

Theorem 2.17 Suppose that M is monotone or Calabi—Yau, and let U — M be
a Liouville domain. Then there is a § > 0 for which SH:‘,;grbO(U ; R) embeds into
SHFé()S)(M| Skel(U, Z); K) with valuation 0 as an R—subspace.

Theorem 2.18 Let M be aspherical and let U — M be a Liouville domain satisfying
SH oo (U) # 0. Then Skel(U, Z) has positive displacement energy.

Remark 2.19 It should not be hard to remove the asphericity assumption. Once this
is done, and taking U to be the cotangent disk bundle, we recover a classical theorem
by Chekanov [13] stating that Lagrangian submanifolds have positive displacement
energy.

3 Overview

3.1 Diameter control of Floer trajectories

In the next couple of sections we wish to investigate the conditions under which a
Floer datum F € F gives rise to Floer homology groups. What it comes down to are
conditions under which Gromov compactness holds. To sketch an outline of what is
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) )

Figure 1: Two types of divergence: type 1, left; type 2, right.

to come, let us first discuss how compactness might fail. Fix the coordinates (s,#) on
R xR/Z. Let uy: R x R/Z be a sequence of solutions to Floer’s equation

(6) dsu + J(0ru — Xpgr) =0

which satisfies, for some positive number E and some compact set K C M,
E(u):= %/||8su||2 <E, uRxR/Z)NK +#0.

In general there are two ways in which such a sequence may diverge. First there might
be (after possibly reparametrizing) a fixed value s and a compact set K’ such that
un(s,-) intersects K’ but the diameter of u, (s, - ) is not bounded uniformly in n. We
refer to this as a divergence of type 1; see Figure 1, left. Second, there might be a
sequence s, — oo such that u, (s, - ) converges to infinity. This is referred to as type 2
divergence; see Figure 1, right.

In the text below we introduce two conditions, one for ruling out each type of divergence.
For the first type of divergence we introduce the condition of intermittent boundedness,
or i-boundedness. It involves bounds on the geometry of an associated metric on the
Hamiltonian mapping torus which are required to hold on a sufficiently large subset
of M. This condition is introduced first for the case where H = 0 in Section 4, where
we show that it provides diameter control for pseudoholomorphic curves. The condition
of i-boundedness is framed so as to allow homotopies between any two elements, as
well as higher homotopies, for which the diameter estimate continues to hold. This is
the content of Theorem 4.7. Note that it is not reasonable to expect that any two almost
complex structures which induce a geometrically bounded metric are connected by a
path of the same kind of almost complex structures. Figure 2 illustrates the kind of
homotopy that intermittent boundedness allows.

Geometry & Topology, Volume 27 (2023)



Floer theory and reduced cohomology on open manifolds 1291

So far, the discussion only pertains to pseudoholomorphic curves. In Section 5 we
discuss a trick which allows us to obtain the same diameter control for H nonzero,
provided we restrict attention to fixed compact sets of the domain. When H is nonzero,
we are considering a geometry which is determined not just by J but also by H. Most
of Section 5 is devoted to studying the geometry of this metric.

To rule out the divergence of type 2 we introduce a condition called loopwise dis-
sipativity. It is a variant of the Palais—Smale condition, which has played a role in
early variational arguments for existence of symplectic capacities [38, Chapter 12].
This condition is not contractible, but this is not a problem since it only needs to be
satisfied on the ends. In this it is similar to the nondegeneracy condition which is
usually required in Floer theory. Note that unlike the property of i-boundedness, the
property of loopwise dissipativity is not readily verifiable on nonexact submanifolds
for Hamiltonians that do not have a small Lipschitz constant. In those cases it requires
some understanding of the Hamiltonian flow.

Floer data satisfying these conditions are called dissipative. Theorem 6.3 states that
dissipative Floer data satisfy a priori C° estimates. A variant which works under a
slightly weaker condition on exact symplectic manifolds is given in Theorem 6.12.

We discuss three classes of examples of dissipative (H, J).

(a) H is Lipschitz with respect to gy with sufficiently small Lipschitz constant
outside of a compact set. More generally, mainly to allow a cofinal set, we
require the Lipschitz condition only on a sufficiently large subset of M. This
class of examples is sufficient for all the theoretical constructions of this paper.

(b) M is exact and the action functional satisfies the Palais—Smale condition. For the
details see Section 6.4. Strictly speaking, as noted in the beginning of Section 6.4,
the Palais—Smale condition is slightly weaker than the dissipativity condition.
Nevertheless it fits into the general dissipative framework.

(c) The Hamiltonian flow of H is sufficiently close to being invariant with respect
to a radial parameter. See Section 6.5.

3.2 Floer theory by approximation

This subsection is devoted to clarifying the statement of Theorem 1.2 and its underlying
philosophy. We first discuss the notion of reduced Floer cohomology. The Floer
cohomology associated by Theorem 1.1 to a dissipative Floer datum (H, J) is the
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homology of the Floer complex CF*(H, J) constructed in Section 7.3. The complexes
CF*(H, J) can be considered as non-Archimedean Banach spaces over A g, as we
explain momentarily. The chain complex CF*(H, J) is generated by an appropriate
Novikov covering of the space of 1—periodic orbits of H. Thus Floer cohomology can
be considered as the Morse cohomology of a single-valued action functional Ag. Our
conventions are set up so that action decreases along gradient lines. See Section 5.1
for precise definitions. Thus our chain complexes carry a decreasing filtration by Ag.
Moreover, the continuation maps of Theorem 1.2 are induced by certain chain maps
which preserve this filtration.

CF*(H, J) is thus normed with norm given by (54). The fact that the differential
and continuation maps are action decreasing means they are bounded with respect
to this norm, and, in particular, continuous. On an open manifold, CF*(H, J) will
typically not be finitely generated over the Novikov ring. For the differential and
continuation maps to be well defined we need to consider the completed complex
CF* (H, J). Moreover, the differential can generally not be expected to have a closed
image.

Definition 3.1 Let (C*, d) be a normed complex. The reduced cohomology of C* is
H*(C*,d) :=kerd*/imd*~1,

with the hat denoting completion with respect to the norm, and the bar denoting the
closure inside the completion. For a dissipative H, we denote the reduced Floer
cohomology by HF*(H).?

Remark 3.2 When the Floer complex is finitely generated over a field, the differential
has closed image. So, in that case, reduced Floer cohomology coincides with ordinary
Floer cohomology. The same is true whenever the Floer complex has finite boundary
depth, meaning that the differential has a bounded right inverse [60]. For Liouville
domains, the Floer differential for a strictly convex Hamiltonian has a closed image if
one is working over R, but not necessarily when working over A g.

Denote by Hd = the set of sequences { H; } of regular dissipative Hamlltomans satisfying
H;(x) < Hj4+4 (x) for all i and for all x € R/Z x M. The set Hd re— carries a natural
order relation. Namely, {Hl 1< {le} is defined to hold if and only if for any 7 there is

2We suppress J in the notation since the homology is independent of J as a consequence of part (c) of
Theorem 1.1.
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a j such that H; I < H 2 General nonsense about filtered complexes leads to a certain
extension of the functor HF* to the category ’Hd ;6:_g as follows. For a dissipative Floer
datum (H, J) and an interval [a, b) C R we can consider the action-truncated Floer
cohomology HF} (a b)(H ). See (55) for its definition. Given intervals [a, b) and [a’, ")
such that @’ < a and b’ < b, there is a natural map HF b)(H) — HF* b )(H) which

behaves functorially with respect to continuation maps We then deﬁne

) HF*({Hy}) := limlim HFY, , (H;).

a p,i
The motivation behind this definition will be clarified in Theorem 3.3 and the comments
following it.

On the other hand, by Dini’s theorem from basic calculus, there exists a functor, that is,
an ordered map

sup: (Hy oz, <) = (e, ).

which takes { H;} to the function x +— sup; H;(x).

Theorem 3.3 The map sup is surjective. Moreover, if sup({Hi1 = sup({Hi2 }), there
is a natural isomorphism

(8) HF*({H}'}) = HF*({H?)).

In particular, there is an induced Floer cohomology functor HF* from the category H.
to the category of Z—graded non-Archimedean Banach spaces over K. This definition
of HF* coincides on the subcategory Hd,reg C Hsc with the previous definition which
is implied by Theorem 1.1.

Theorem 3.3 is proved towards the end of Section 8.2 right before Lemma 8.14.
Let us unpack the meaning of Theorem 3.3.

(a) Theorem 3.3 allows one to talk about reduced Floer cohomology of a smooth
proper exhaustion Hamiltonian H without first establishing that H is dissipative. The
further extension to lower semicontinuous functions is of interest since the characteristic
function of an open set is lower semicontinuous. This is used in the discussion of local
Floer cohomology of compact sets (defined as Floer cohomology of the characteristic
function of the complement).
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(b) The heart of the proof of the isomorphism (8) is Theorem 8.9, which can be
interpreted as saying that the truncated Floer cohomology is continuous with respect
to convergence on compact sets. This continuity is a consequence of the quantitative
nature of our main C° estimate Theorem 6.3. Namely, Floer trajectories connecting
regions that are far apart must have high energy. Thus, for fixed action truncation,
regions that are sufficiently far apart don’t interact Floer-theoretically.

This continuity statement is not true for the reduced Floer cohomology HF* (H). Indeed,
it is easy to construct examples of a monotone sequence H; of regular dissipative Hamil-
tonians converging on compact sets to a regular dissipative Hamiltonian A for which

lim HF*(H;) # HF*(H) = HF({H}}).

The discrepancy between the leftmost side and rightmost side in the last equation arises
because of the interchange of direct and inverse limits. For example, on a Liouville
domain, H can be taken to be a quadratic Hamiltonian, while the sequence H; can be
taken to consist of Hamiltonians whose slope near infinity is constant and less than
the smallest period of a Reeb orbit. This can be done so that for each compact set
the sequence still converges uniformly to H. Then it can be shown that for each i
we have HF*(H;) = H*(M). This is the case since, up to isomorphism, the Floer
cohomology HF*(H;) = H*(M) depends only on the slope at infinity. Thus the
left-hand side is isomorphic to singular cohomology, whereas the right-hand side is not
generally isomorphic to singular cohomology. The reason for the discrepancy is that
the Hamiltonians H; will have many periodic orbits whose action is arbitrarily close to
—o0. These cancel the contribution to HF*(H;) coming from the high-action nontrivial
periodic orbits. However, when truncating below at any fixed value as in the procedure
described by (7), the contribution of the high-action periodic orbits remains uncanceled.

(c) Continuity of truncated Floer cohomology with respect to uniform convergence, and
hence an extension of the definition of truncated Floer homology to C°® Hamiltonians,
has to the author’s knowledge first been observed in [63].

(d) In the text, a much stronger statement than the isomorphism of (8) is proven.
Namely, it is shown that to each of j = 1, 2 one can associate a complete filtered chain
complex CF* (Hl.j ), after making some additional choices, such that HF* ({Hij }) is the
reduced cohomology of CF* (Hl.j ). It is then shown that these complexes are filtered
quasi-isomorphic. See Definition 8.15. Filtered quasi-isomorphism is an equivalence
relation which implies isomorphism of the reduced Floer cohomology. In a forthcom-
ing note, joint with U Varolgunes, we show that filtered quasi-isomorphism in fact

Geometry & Topology, Volume 27 (2023)



Floer theory and reduced cohomology on open manifolds 1295

implies quasi-isomorphism in the usual sense. Thus Theorem 3.3 can be strengthened to
a statement concerning unreduced Floer cohomology. This will be a great advantage as
it will allow the application of tools from homological algebra. The notion of reduced co-
homology is still central however to our construction of the product in symplectic coho-
mology, as it is purely cohomological. Chain level constructions involving colimits are
generally extremely involved, as one needs to keep track of higher homotopical data. The
construction at the chain level is carried out in Theorem 8.16 by taking an appropriate
kind of chain level limit, which takes the Banach topology of the complexes CF* (Hl.j )
into account. This builds on a construction from [5] and has also been utilized in [62; 61].

(e) Theorem 3.3 relies on the possibility of approximating any element in Hy. from
below by a sequence of functions which have small Lipschitz constant and are thus
dissipative by Theorem 1.1. Proper functions which are not bounded below would
require considering, in addition, inverse limits. We do not pursue this here.

(f) The comment (a) allows one to adapt Floer-theoretic constructions to the geometry
of the specific setting one is interested in without having to worry about complicated
compactness questions. For an example of this, see the derivation of the Kiinneth
formula in Hamiltonian Floer cohomology in Section 10.3. Two cautionary remarks
are in order, however:

(i) For there to be a relation between the reduced Floer cohomology and periodic
orbits of the Hamiltonian we are investigating, we must at least rule out divergence
of the second type, described in Section 3.1 below. Namely, we need to establish
loopwise dissipativity, or some related property. In the geometrically interesting
settings that the author is aware of, this is straightforward, but it would be
interesting to have a better understanding of this property.

(i) It is theoretically possible for there to exist Floer data (H, J) which are not
dissipative, but for which, due to some accident, all the Floer moduli spaces are
compact and, moreover, give rise to reduced Floer homologies differing from
HF*(H, J) as stipulated by Theorem 3.3. This cannot happen for (H, J) which
satisfy the following robustness property enjoyed by dissipative Floer data:

The set of Floer solutions intersecting a given compact set K and having
energy at most E does not change if the Floer datum is changed outside
of a sufficiently large ball around K.

Note that the usually employed maximum principles are global in nature and
so do not imply this property.
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Sections 4 through 6 are devoted to the construction of dissipative Floer data. They are
organized as follows. Sections 4 and 5 are concerned with ruling out type 1 divergence.
In Section 4 we introduce the notion of i—boundedness, establish its contractibility
and derive various versions of diameter estimate it implies. In Section 5 we introduce
the Floer equation and the Gromov metric. We introduce the notions of i—-bounded
and geometrically dissipative almost Floer data. Finally, we study the geometry of
the Gromov metric for translation-invariant Floer data. Section 6 is concerned with
ruling out type 2 divergence. In it we introduce and study the property of loopwise
dissipativity, and establish a diameter estimate as well as some effective criteria.

4 I-bounded almost complex structures

For a Riemannian metric g on a manifold M and a point p € M we denote by inj, (p)
the radius of injectivity, and by Secg (p) the maximal sectional curvature at p. We drop
g from the notation when it is clear from the context.

Definition 4.1 Let (M, g) be a complete Riemannian manifold. For a > 0, the metric g
is said to be a—bounded at a point p € M if inj(x) > 1/a and | Sec(x)| < a? for all
X€B 1/a (p).

We say that g is intermittently bounded, abbreviated i—bounded, if there is an exhaustion

K; C Ky C--- of M by precompact sets and a sequence {a; };>1 of positive numbers
such that:

(a) Wehaved(Ki,aKi+1)>l+ I .
a;  di+i

(b) The metric g is a;—bounded on 0K;.
(c) We have

9) Za7=oo.

The data set {K;, a;};> is called taming data for (M, g).

More generally we allow a slight weakening in the definition and say that a Riemannian
metric g is i-bounded if there exists a metric g’ that is i-bounded as above, with taming
data (Kj;,a;) and a sequence of constants C; such that:
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(a) We have
=1

" 2 Gyt =

i=1

(b) The metric g is Cj—quasi-isometric to g’ on B(dK;, 1/a;). Namely,
1
=Xl = Xllg =Gl X|g
1

on B(0K;, 1/a;).
In this case we will refer to the sequence (K;, a;, C;) as the taming data of g.

For a symplectic manifold (M, ), an w—compatible almost complex structure J is
called i—bounded if g j is i-bounded. The symplectic form w is said to be i—bounded
if it admits an i—-bounded almost complex structure. For an i-bounded (M, w), denote
by Jin(M, w) the space of i—-bounded almost complex structures.

A k—parameter family (g);¢[o,1}+ Of i-bounded Riemannian metrics on M is said to
be uniformly i-bounded, or u.i.b., if there is an € > 0 such that for each #y € [0, 1]¥ the
taming data { K;, a;, C;} can be chosen fixed on the € neighborhood of 7. A family {J;}
of almost complex structures is called w.i.b. if the corresponding family {g;,} of
Riemannian metrics is uniformly i—bounded.

Example 4.2 If J is geometrically bounded, meaning that g y is a—bounded every-
where for some a, it is i-bounded. In this case, we can take the taming data to be
{Ki = B3jjq(p).a; = a}, for some arbitrary point p € M.

Example 4.3 Suppose now that f: M — R is the distance from some point p € M
and that at each point x € M the metric gy is f(p)-bounded. Then g is still i—
bounded. For this case consider the sequence of real numbers b; obtained from the
set g2 y{n +k/n |0 <k <n} CR with its standard order. Then the sequence
(K; = 710, bs;),a; = [b3;]) constitutes taming data for g 7. Indeed, by assumption,
the metric is @; bounded on K; and the series > 1/ ai2 is readily seen to diverge.

Remark 4.4 The condition of uniform i—boundedness is framed so that it simultane-
ously guarantees the conclusions of Theorems 4.7 and 4.11 below. Namely, on the one
hand, the condition is contractible in the sense that any two homotopies satisfying the
condition are connected by a homotopy satisfying the same condition. On the other
hand, it still allows a priori control of the diameters of J—holomorphic curves. If we
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were to require boundedness everywhere, not just near dK;, it appears unlikely that we
would get a contractible condition as required in invariance proofs.?

Remark 4.5 Theorem 4.7 below will remain true if we impose more stringent require-
ments on the numbers a;, say, that they be bounded by a given constant. The reason we
allow the numbers a; to diverge (subject to (10)) is that in the context of Floer theory,
sometimes there naturally arise almost complex structures with associated metrics that
do not have uniformly bounded sectional curvature. Examples are the Sasaki metric
on the cotangent bundle and the induced metric on the mapping torus of a quadratic
Hamiltonian on the completion of a Liouville domain.

Remark 4.6 If J is i-bounded and J' is such that ||/ — J'||, is bounded, then J’ is
i—bounded.

Theorem 4.7 The space Jin,(M, w) is connected. Moreover, any two elements can
be connected by a u.i.b. family. Similarly, any two u.i.b. k—parameter families can be
connected by a u.i.b. (k+1)—parameter family.

Remark 4.8 The idea of the proof is very similar to the that of [14, Proposition 11.22].

Proof Let Jo, J; € Jip. Suppose we are given taming data {K!,a’, Ci},> for J;,
i =0, 1. For the rest of the proof we assume C,’; = 1, the adjustment to the general case
being trivial. Let (c,’;, d,’;),,zl be sequences of positive integers constructed inductively
such that:

(a) I<_go+co CK)and K1, ,CKS, foralln.

dn+en iy
(b) déi_l(i)z > fori=o0,1
k=d}+1 a}'{ 7 -
Write
V)= d’+c’\K for i =0,1.

The sets Vni are all disjoint by (a). Let {Js})se[0,1] be a smooth homotopy connecting
Jo and Jq which is fixed and equal to J; on the subsets Vn0 for all s € [0, %] and to J;

3 As evidence for this, consider that one can show, using the result of [40), that the space of complete

Riemannian metrics inducing a given volume form and having bounded geometry is disconnected. In fact,
it has infinitely many connected components.
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J

Figure 2: A zigzag homotopy from Jy (light) to J; (dark).

on the subsets an forall s € [%, 1]. We refer to such a homotopy as a zigzag homotopy;
see Figure 2. Set
A' = Jdy +1.d} + ¢, —1]NN

n

fori =0, 1. By (a) and (b), the data
K i ei 1= 0.1,

constitute taming data for Js on the intervals [0, %] and [% 1], respectively. Moreover,
for each s € [0, 1] the metric g, is complete. Indeed, the distance of dK;, from any
fixed point goes to oo fori =0 and s € [0, %], and fori =1ands € [% 1]. We have
thus connected Jy and Ji in a uniformly i—bounded way.

We now generalize to the k—parameter case. Let {Ji};co,1jx for i = 0,1 be two
smooth k—parameter families. Let C be an open cover of the cube [0, l]k by open cubes
of side length € for € so small that the taming data for both families can be chosen
fixed on each such cube. For each ¢ € C and i € {0, 1}, we construct precompact open
subsets {Vni *“Yin such a way that:

(@) Vu*! is disjoint from V,;2°® whenever (i1, ¢1,n1) # (i2, ¢2,n2).

(b) There is taming data supported in U,fozl V,,i’c for {Ji}rec, where we say that
the taming data {K;, a;};>1 is supported in an open set V C M if V contains
all the balls By, (0K;).
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Such sets can be constructed inductively along the same lines as in the O—parameter
case. We can then take any smooth homotopy

{s,t Y (5,)€[0,1]x[0,1]%
which is fixed on all the subsets {Vno’c} for s € [0, %], and on all the subsets {V,,l’c}

for s € [%1] O

For a J—holomorphic curve u: S — M, denote by E (u; S) the energy

/ u*w
S

of u on §. We drop S from the notation when it is clear from the context.

The following theorem is taken from [57].

Theorem 4.9 (monotonicity) Let gy be a—bounded* at p € M. Let . be a compact
Riemann surface with boundary and let u: 3> — M be J—holomorphic such that p is in
the image of u and such that

u(d5) N By /4(p) = 2.
Then there is a universal constant ¢ such that
_ c
E(u;u™" (By/a(p))) = PR

If g y is quasi-isometric to an a—bounded metric with quasi-isometry constant A, the
same inequality holds but with ¢ replaced by ¢/ A?.

Proof This is just a reformulation of the monotonicity inequality in [57]; see Proposi-
tion 4.3.1(ii) and the comment right after Definition 4.1.1 there. For completeness, we
add a statement and proof of that comment in Lemma 4.10, as we didn’t find a proof
of it in the literature. |

Lemma 4.10 Let g be Riemannian metric which is a—bounded at p € M. Then any
loop y: S — B1/(24)(p) bounds a disk of area less than %82()/).

Our proof is taken from [37], the only addition being the precise dependence on the
curvature.

4As the proof shows, we only need an estimate from above on the sectional curvature. The stronger
requirement is needed later in Section 5.5.
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Proof Sety(0)=gq. Lety:S' — T, M be the unique path such that exp, ¥ (0) =y (0).
Consider the disk u(z, 0) = exp, 1y (6). Using the triangle inequality one shows that u
maps into the ball By, (p). Since the geodesics emanating from ¢ minimize distance
within Bj/,(g), we have

(1D) 19:ull = 17(O)]| = d(g.y(8)) < 3L(y).

We need to estimate the Jacobi field J(z, 0) := dgu(z, 6). More precisely, we need
to estimate the component J- which is perpendicular to 7(6). For this we use the
generalized Rauch estimate [34, 1.8.2], according to which the function

_ 7o)
sin ¢

S@)
is nondecreasing on the interval (0, 7r).5 Observe that y'(6) = J(1, 0). So,
int
17 0) < Sy @) for £ < 1.
sin 1

Applying the last estimate and equation (11) we get

1 27
Area(u) =/ / |0gull||0;ul|| sin(Z£(dgu, d;u)) dO dt
0 0
1 27
- / / 102 1110,ul sin(L@gu. d,u)) d6 dt
0 0

1 2
"0)I11 — 12
5/0 /0 Iy () I3L(y) db dt = 5£°(y). m

The following theorem is fundamental for all that follows. It gives a priori control over
the diameter of a J—holomorphic curve u: ¥ — M with free boundary in terms of its
energy.

Theorem 4.11 Let J € Jip.

(a) For any compact set K C M and E € R there exists an R > 0 such that for any
connected compact Riemann surface ¥ with boundary, and any J—holomorphic

map
u: (,9%) — (M, K)

satisfying E(u; X) < E, we have u(X) C Br(K). Moreover, if the geometry is
uniformly bounded, R can be taken to be independent of K. In fact, it can be
taken to be proportional to E.

3 Observe the coordinate ¢ is related to the coordinate r of [34, 1.8.2] by r = ||7||z, and that |7| < a,
where a? plays the role of A in [34, 1.8.2].
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(b) Let X be a connected compact Riemann surface with boundary. For any compact
set K C M, any compact subset S of the interior of X, and any E € R, there
exists an R such that for any J—holomorphic map

u:—>M
satisfying E(u; X) < E and u(S) N K # &, we have u(S) C Bgr(K).

In both cases, besides the dependence on E and on S, R depends only on taming data
of J inside Bg(K). That is, given J' which has the same taming data as J on Bg(K),
the claim will hold with the same R for J'—holomorphic curves with energy at most E .

Remark 4.12 The reader is cautioned that in case (b), where there is no control over
the image of the boundary, to control the diameter of u(S) we need control of the
energy in the larger surface X.

Remark 4.13 Concerning the dependence of R on the geometry in case (b), in addition
to the dependence on the taming data and on E, we have that R depends on an estimate
from below of the distance d(S, 0X), and from above on the area and curvature of X,
all with respect to an arbitrarily chosen conformal metric.

Proof Let {K;,a;, C;} be taming data for J. The argument will be given for the case
Ci=1foralli € N. Let N € Z be such that K C K. Letip > 0 and x;, € X be
such that u(x;,) € 0K;,+n. If no such iy and x;, exist, we take R = d(K, Ky 41)
and we are done. Otherwise, there is a sequence x; € X such that u(x;) € 0Ky
for 0 < i < iy. In case (a) we argue as follows. For each 1 < i < ij, we have
Bijan,; (u(xi)) Nu(dX) = 2. Also,

d(u(xi), u(xj)) >

1 n 1
AN+i AN+j

whenever i # j. By Theorem 4.9 we obtain

4

B D)2 Y Ewu (Buay i) 23

i=1 i=1 4i+N
By (10) this implies an a priori upper bound on iy. Let iy be the largest possible such.
The claim then holds with R = d(K, Kntiy+1)-

In case (b) we argue as follows. Pick an area form wy on X which together with
Jx determines a metric whose sectional curvature is bounded in absolute value by 1.
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Let A = [y wx and let € := d(S,0X). Let
H:=Idxu: X —>XxM

be the graph of u, and let J be the product almost complex structure on 3 x M. Then
u is J-holomorphic and E(u#) = E(u)+ A. Forany x € ¥, any p € M and any a > 1
such that (M, g y) is a-bounded at p, we have that (£ x M, g 7) is a-bounded at (x, p).
Moreover, defining x; as before for points x; € S, the ball of radius min{l/a; 4+, €}
around #(x;) = (x;, u(x;)) does not meet #(dX). Thus, arguing as before, we have

io
1
Eu;X)+A=FEu; %) > Zcmin{ 5 ,62}.
i=1 ditN
The claim follows as before. O

The final ingredient we shall need is the following elementary observation, whose proof
we leave for the reader.

Theorem 4.14 The pullback of a u.i.b. family by a uniformly continuous map is u.i.b.

Theorems 4.7 and 4.11 have consequences for symplectic invariants on open manifolds,
which we state as the following theorem.

Theorem 4.15 The following invariants, whose definition requires fixing a geometri-
cally bounded almost complex structure J, are independent of the choice of such J.

(a) The Gromov—Witten theory on geometrically bounded manifolds studied in [35].
(b) Symplectic homology of relatively compact open sets studied in [17].

(¢) Rabinowitz Floer homology of tame stable Hamiltonian hypersurfaces in geo-
metrically bounded manifolds [16].6

Proof By Theorem 4.7 we can connect any two such almost complex structures Jy
and J; via a uniformly i—bounded path J5 of compatible almost complex structures.
We outline how to prove invariance in each case separately.

(a) As a particular consequence of Theorem 4.11, the Js—holomorphic curves repre-
senting a given homology class and nontrivially intersecting a compactly supported
cohomology class are all contained in a fixed compact set K. Thus the moduli space of
such spheres with s varying from 0 to 1 generically gives rise to a cobordism between
the moduli spaces associated with Jy and J;.

6See Remark 3.3 in [17] and likewise the beginning of Section 4.5 in [16], where this question is raised.
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(b) The symplectic homology is defined by considering compactly supported Hamil-
tonians. In that setting, geometric boundedness gives rise to C° estimates as follows.
Suppose u is a Floer trajectory connecting periodic orbits inside some open set U
where some Hamiltonian H is supported. Then the intersection of the image of u with
M \ U is J-holomorphic. Moreover, the symplectic energy is bounded a priori in
terms of the action difference across u. It is clear by Theorem 4.11 that i-boundedness
is sufficient to obtain the same type of C° estimate. We show that the continuation
map associated with the 1—parameter family J; fixing H also satisfies a C® estimate.
Note that we cannot directly appeal to Theorem 4.11, since we are now considering a
domain-dependent J. To overcome this difficulty we apply the Gromov trick. Namely,
we consider the graph
U RxR/Z —-RxR/ZxM

for a continuation map u. Let J = j x J, where j is the standard complex structure
on the cylinder. Then # is J- —holomorphic outside of U. Consider the area form on the
cylinder obtained by identifying it with the twice punctured sphere. Then the associated
metric g 7 is i-bounded. Moreover, the energy of the part of # mapping outside of U
is still bounded a priori in terms of the periodic orbits connected by u.” Appealing to
Theorem 4.11, the path J; gives rise to a chain homotopy between the Floer homologies
of any fixed Hamiltonian with respect to the two choices of J. In the same way, given
H > K, and a homotopy Hy of Hamiltonians, the concatenations (K, J) # (Hy, Jg)
and (Hy, J1)#(H, Jg) can be interpolated by a homotopy (Hj,z, Js,¢) such that Hy ; is
compactly supported and J; ; is uniformly i-bounded. A C° estimate for the homotopy
is immediate from Theorem 4.11. Thus the continuation maps in the directed system
defining symplectic homology also coincide generically for different choices of J. It
follows that the two invariants coincide.

(c) Rabinowitz Floer homology for a stable Hamiltonian hypersurface ¥ in a geo-
metrically bounded manifold is considered with Hamiltonian vector fields that are
supported on some compact set K containing . A gradient trajectory in Rabinowitz
Floer homology consists of a pair (v, ), where v: R XxR/Z — M and n: R - R
satisfy a certain equation. The part of V' which maps out of K is J—holomorphic with
a priori bounded energy for a gradient connecting critical points. Compactness of the
space of gradient trajectories consists in first establishing a C° estimate on V' and once

7Later, when considering a nonzero Hamiltonian, we will generally have i—boundedness only if we

consider the cylindrical metric, which has infinite area. For this reason we will need to complement
i—boundedness with the additional requirement of loopwise dissipativity.
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V' is confined to a compact region, deriving an estimate on 7 and appealing to Gromov
compactness. As in the previous part, i—boundedness is sufficient for the C© estimates
on V. This holds as well for s dependent J. The argument for invariance now follows
as before. |

Remark 4.16 The question of what kind of deformation of the symplectic structure
preserves which of these invariants appears to be more subtle and is not studied here.
In [30], the question is taken up for a particular type of deformation on Liouville
domains.

Remark 4.17 It is not known to the author whether the class of i-bounded symplectic
manifolds is strictly larger than the class of geometrically bounded symplectic manifolds.
It appears likely that it might be easier to characterize the class of i—-bounded symplectic
manifolds in terms of the topology of w. It is easy to see that a punctured Riemann
surface cannot be assigned an i—bounded compatible metric, even though there is
a compatible complete metric of bounded curvature. This motivates the following
question. Suppose M is such that for any disconnecting compact hypersurfaces 3,
a component of M \ ¥ which has finite volume is precompact in M. Are there any
obstructions to finding a compatible i—bounded J?

It is also an interesting question whether finiteness of the total volume is an obstruction
to weak boundedness, as it is to boundedness. In dimension 2 the answer is positive, as
remarked above, but in higher dimension this is not clear to the author. If the answer is
negative, it is possible that there are contact manifolds whose symplectizations admit
i—bounded almost complex structures, allowing one to define Floer-theoretic invariants
on them without recourse to symplectic field theory. This remark is due to A Oancea.

5 Floer solutions and the Gromov metric

5.1 Floer’s equation

Let (M, w) be a symplectic manifold. Let LM := C®°(R/Z, M) denote the free
loop space. For a smooth function H € C*°(R/Z x M) and for any t € R/Z, de-
note by Xp, its Hamiltonian vector field. This is the unique vector field satisfying
dH(-) =w(XH,,-). For each component LM, of LM pick a base loop y, and define
a (multivalued) functional Ag: LM — R by

2w

A (y) = — / o= [ HEO)
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where the integral of w is taken over a path in loop space from y, to y. Later, in
Section 7.3, we will consider Ag as a single-valued functional on an appropriate cover
of the loop space.

Denote by P(H) C LM the set of 1-periodic orbits of Xz. This is the same as
the critical point set of Ag. Given an R/Z—parametrized family of almost complex
structures J; on M, the gradient of Ag (y) at y is the vector field

VAR ()(@0) := Je(y () — Xu, (v (1))

along y. Note that the gradient field is independent of the choice of base paths and
is single-valued. A gradient trajectory is a path in (a covering of) loop space, whose
tangent vector at each point is the negative gradient at that point. Explicitly a gradient
trajectory is a map

u:RxR/Z - M

satisfying Floer’s equation
(12) Osu + J;(0su— Xpg, ou) =0.

We refer to such solutions as Floer trajectories. A Floer trajectory is nontrivial if there
is a point such that d,u # Xp.

More generally, let X be a finite type Riemann surface with cylindrical ends. This means
that X is obtained from a compact Riemann surface X by removing a finite number
of punctures. Moreover, near each puncture we fix a conformal coordinate system
(s,2):(a,b)xR/Z — ¥ such that either (a, b) = (—o0, 0) or (a, b) = (0, 00). In the first
case we call the puncture negative, and in the second, positive. Let $ € Q1 (2, C*®(M))
be a 1-form with values in smooth Hamiltonians such that near each puncture there
isan H € C*®(R/Z x M) for which $) = H dt in the cylindrical coordinates. We
denote by X the corresponding 1-form with values in Hamiltonian vector fields. Let
J € C®(X, J(w)) and suppose J is independent of the coordinate s on the cylindrical
ends. The datum (%), J) is called a domain-dependent Floer datum.

Let u: X — M be smooth. For a 1-form y on X with values in u* T M, write
y"li=3(v+Joyo ).
A Floer solution on X is a map u: X — M satisfying Floer’s equation

(13) (du— Xg(u)>! =0.
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Note that equation (12) is equivalent to a special case of equation (13). We refer to J
and $) as the Floer data of u. The geometric energy of u on a subset S C X is defined as

1
(14) Eﬁs'](l/l;S)::§[g||du—Xﬁ||3dVOIE.

We omit any one of ), J or S from the notation when they are clear from the context.
We define the topological energy Eip(u) of a Floer solution u as follows. Consider £
asa l-formon ¥ x M andlet %: ¥ — ¥ x M be the product map # = Id xu. Then

(15) Eop(u) := / u*w +du*$.

Floer’s equation reduces to the nonlinear Cauchy—Riemann equation when $)(v) =
y ® const for y a 1-form on X. In this case the two definitions of the energy coincide.
Namely, we have the identity

1 1
(16) 5/ ||du—X5||2=5/ ||du||2=/u*w.
S S S

5.2 The Gromov metric

Let u: ¥ — M be a Floer solution for the Floer data F' = (£), J). Define an almost
complex structure Jr on X x M by

Jp(z,x):z( Jz(?) 0 )

Xg(z,x)o jx(z)—J(z,x) 0 Xg(z,x) J(x)

Let
u=~Od,u): X — X x M.

Then # is Jg—holomorphic. This construction is known as Gromov’s trick; see for
instance [37, Chapter 8.1].

Henceforth, given a Riemann surface X with cylindrical ends, we shall
assume that it comes equipped with an area form which is compatible with
the complex structure and coincides with the standard one, ds A dt, on
the ends.

Note that JF is not generally tamed by the product symplectic structure
Wi =T 0y + T 0M.

However, we have the following lemma.
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Lemma 5.1 Suppose {9, $H} = 0, ie for any z € ¥ and any pair vy, v, € T, X, we have
a7) {H(v1), H(v2)} = 0.

Now consider $) as a 1-form on ¥ x M which is trivial in the directions tangent to M.
Assume that for each (z, x) € ¥ x M we have

(18) d$H(z.x)|r.x 2 0.

That is, it is positive with respect to the orientation determined by jy, the complex
structure. Then the 2—form

wg =10y + 750N +dS
is a symplectic form on ¥ x M, which is compatible with JF.
Proof We only show that wg is a symplectic form. Closedness is clear, so we only
need to show nondegeneracy. In local coordinates on ¥ write

H=Hdt+Gds.
Then
dH=dHANdt+dG Ads+ (0sH —0,G)ds Ndt.

Suppose there is a vector v = (vq,v3) € T(X x M) for which ,wg = 0. Then, in
particular, the restrictions of ¢,® to the fibers of 7, vanish, giving

—ty,wpr =dt(vy)dH +ds(vy) dG.

So, v = aXpg + bX¢ for appropriate constants a, b € R. Since { H, G} = 0 it follows
that ¢, (dH Adt +dG A ds) = 0. Thus,

by, (wx + (0sH —09:G)ds Adt) = 0.
Our assumption is that the coefficient of ds A dt is nonnegative. It follows that v{ = 0,
which in turn implies v, = 0. |
Remark 5.2 More generally, if we replace the estimate (18) by
(19) dH(z,x)|r,x = —ads ndt
for some constant a, we have that the form wg 4 := wg + a ds A dt is symplectic.

The Poisson bracket condition (17) may also be weakened to the requirement that for
any point z € ¢ and vectors vy, v, € 7,3, we have

(20) {HW1). Hw2)Hx)| < alvrlllv2]| forall x € M.

In that case, the form wg, , Will again be a symplectic form.

Geometry & Topology, Volume 27 (2023)



Floer theory and reduced cohomology on open manifolds 1309

Lemma 5.3 Let ¥ be a Riemann surface with cylindrical ends and let ($), J) be
a domain-dependent Floer datum on X. For any (%), J)—Floer solution u: ¥ — M
satisfying (17) and (18), and for any Borel subset A C ¥, we have

(21) E(u; A) :=[ ldu — X5|* dvols < Eop(u; A).
A

Proof Write in local coordinates $) = H dt + G ds. Then using the Floer equation
and denoting by d’ the exterior derivative in the M direction,

ldu— Xg||* ds Adt = w(@u— Xgr, Xg — dsu) ds A dt
=u*w + (d'H(05u) + d'G(3,u)) ds A dt
=urw+dH— 0OsHou—0,Gou)ds Adt
<u*w+d$H.

We have used the conformal invariance of energy,

ldu — Xg|* dvols = ||du — X | ds A dt. o

Henceforth, we shall denote by g ;.. the Riemannian metric determined by wg and Jg
and refer to it as the Gromov metric. When $) = H dt we will also use the notation

Ju anngH.

Example 5.4 ILet $ = H dt, where H: M — R is smooth. Then one finds by a
straightforward computation that

(22) 8Ju =7Tikgj +7T;gJ + Zmixed>
where m; are the natural projections and

(23) Gmixed = —g7 (Xg, ) dt —dt gy (Xg,-) + | Xg|*dt>.

In order to define the notion of i-boundedness for Floer data we need a relative notion
of intermittent boundedness.

Definition 5.5 Let X be a Riemann surface with cylindrical ends. A Riemannian metric
on ¥ x M is said to be intermittently bounded relative to the projection w: X x M — M
if there is an exhaustion of ¥ x M by a sequence of open sets K; such that for any
precompact open U C %, the sets 7! (U N K;) are precompact, and such that the
rest of Definition 4.1 holds for these K;. Let @ be a symplectic form on ¥ x M.
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An w—compatible almost complex structure J on X x M is said to be intermittently
bounded relative to r if the associated metric gy is. We denote the set of all these
by Jin(X X M,®, ). For an open set U C ¥ we denote by Ji,(U x M, ®) the
set of w—compatible almost complex structures on U x M that are restrictions of a
JeTp(ZxM,w, ).

The following lemma is an obvious variant of Theorem 4.11(b), the only difference
being the need to restrict to J—holomorphic sections.

Lemma 5.6 Let U C X be an open precompact subset. Let J € Jin(U x M, ®, 7).
Suppose ||d || is uniformly bounded from above with respect to some fixed conformal
metric on 3. For any compact set K C M, any compact subset S C U, and any E e R,
there exists an R such that for any J—holomorphic section

u:U —-UxM
satistying E(u; U) < E andu(S) N K # &, we have u(S) C Bgr(S x K).

Proof The assumption on ||d || guarantees that for any z € 3 we have B¢ (u(z)) C
u(Be(z)). The argument is then word for word that of Theorem 4.11(b) . |

Remark 5.7 The dependence of R on U and S is spelled out in Remark 4.13.

Lemma 5.8 For the Gromov metric g j,. associated with F any Floer datum satisfying
(17) and (18), we have |dx| < 1.

Proof For any vector v tangent to X x M we have ||v|| = 7*wxs (v, Jpv)+wp (v, Jpv).
The second term is nonnegative by Lemma 5.1 since Lemma 5.1 holds for any choice
of wy. The first term equals wy (74V, jx7«v) by holomorphicity of . |

Definition 5.9 Let ¥ be a Riemann surface with cylindrical ends. A domain-dependent
Floer datum (%), J) on X is called i-bounded if:

(a) % satisfies (17) and (18) (or, more generally, inequalities (20) and (19)).

(b) There exists a finite open cover C of X such that for each U € C we have

Jaluxm € TJin(U x M, wg) (or, more generally, Jg € Jin(U x M, wg 4)).

Definition 5.10 Let S be a compact manifold with corners. A smooth family ¢
of (broken) Riemann surfaces with cylindrical ends together with a smooth choice of
domain-dependent i—bounded Floer data ()5, J5) is called admissible if the following
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holds. Denote by 7 : S— Sthe tautological bundle. Then we assume there is a smooth
choice o of area forms on Xy and a finite cover of S by connected opens consisting
of elements of two types: Thicks and Thins. The elements of Thicks are assumed to
be subsets of S which are trivializable to the form U = V x W, where W C S and
V is a bordered Riemann surface whose area is uniformly bounded on W. The fibers
of m restricted to elements of Thing are generically cylinders (of finite, half-infinite
or infinite length), which may degenerate to nodes at the corners. Moreover, for the
thin elements we require that the Floer data be translation invariant on the fibers of =
and that the area forms coincide with ds A df. We say that the family S is uniformly
i—bounded if for any thick element U = V x W there exist taming data on V x M
which are constant on W, and for any thin element U there exist taming data on
[—1,1]xR/Z x M which are constant on 7 (U).

For the rest of the section we wish to establish criteria for i-boundedness of Jg.
This is not strictly necessary for the proof of the main theorems in the introduction.
Lemma 5.11, to be stated presently, is all we shall need for that purpose. The proof is
left to the reader.

Lemma 5.11 Let (H;, J) be a Floer datum, and H, a time-dependent Hamiltonian
such that | X, || < C for some constant C. Then gg, + g, is C?—quasi-isometric
to g, - In particular, when J is i-bounded and H is such that || Xy || is bounded, we
have that Jg is i—-bounded.

However, for applications in practice we need effective criteria. For example, we
need to show that Floer data that has been hitherto used in the literature fits into the
dissipative framework. To do this we need, first of all, a criterion for completeness of
the metric gs,.. Then we need to discuss how to compute the curvature of g, and
control its radius of injectivity in terms of the Floer data J and $3. We do this in the
case where §) = H dt for a time-independent Hamiltonian H as in Example 5.4. Since
intermittent boundedness is preserved under quasi-isometry, this is quite sufficient for
applications insofar as Floer trajectories are concerned. The consideration of more
general Floer solutions will be reduced to that of Floer trajectories.

5.3 Completeness

Definition 5.12 Let J be an almost complex structure. We say that an exhaustion
function H: M — R is J—proper if H factors as H = f o h for some proper smooth
function /: M — R satisfying || V/A|| < 1 with respect to the metric gy on M.
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Lemma 5.13 Let H be a smooth time-independent J—proper Hamiltonian, ie H =
foh with ||Vh| < 1. For any function g: [a,b] — R and any y : [a,b] = M, we have

b
24) |h(y (b)) = h(y(@)|* = (b—a)/ lg @) Xp —y' ()| dr.

Remark 5.14 More generally, if H is time-dependent, and factors as H; = f o i
where /; is a smooth proper time-dependent function satisfying |V/;| < 1, we have

(25)  |hp(y (b)) = ha(y (@)

b
s(b—a)( [ e0xu—y@ra+ s athzoy@)).

t€la,b]
Proof We have
|h(y (b)) — h(y(a)|* =

2

b
/ (Vh. /() di

2

b
[ (Vh. () — g(t) Xir) di

b
<(b-a) / lg() Xe — (O] dt.

We used Cauchy—Schwarz, | VA| < 1, and the fact that Xg L Vh. |

Lemma 5.15 Suppose H is smooth time-independent and J —proper. Then the metric
gJy on M :=Rx R/Z x M is complete.

Proof Let H = f oh, where i: M — R is proper and satisfies | V| < 1. We show
that the pullback % of /4 to M is Lipschitz with respect to g s,, . It suffices to show that
for any path y: [a, b] — M lifting a path y: [a, b] — M, we have

TS TS 2 =2
BFe)-FGF@P < b-a [ 1712,
For each x € [a, b] we can gg,—orthogonally decompose
7'(x) = v(x) + g(x)(Xg + ;) + 05,
where v(x) € TM. We have
IIV/(X)IIE,HJ > [lv)? = lly'(x) —g() X |13, -

Since / is independent of s, the claim follows by Lemma 5.13.
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To see that gz, is complete note first that by translation invariance it suffices to prove
completeness of the restriction of gz, to the mapping torus s = const. For this, note
that the restriction of / to the set s = const is still Lipschitz and, moreover, it is proper
since H is. Thus for any x we have that the ball of radius R around x in R/Z x M is
contained in the compact subset

BV ([h(x) = R, h(x) + R)).
Completeness now follows by Hopf-Rinow. |

We conclude with a criterion for J—properness. Call a function f: R — [1, co) tame if
the primitive of 1/ is unbounded from above.

Lemma 5.16 Suppose there is a tame function such that

IVH|lg, = f(H).
Then H is J—proper.

Proof Let g be a primitive of 1/f. We have
1
\Y =g = —_— < 1.
IV(go H)|| =g o H|VH]| fOHIIVHII_l

By assumption, 4 := g o H is proper. Moreover, g is monotone (primitive of a positive
function). So H = g~ o h. O

5.4 Curvature

We introduce some notation and recall some basic formulae in Riemannian geometry.
We refer to [45] for details. Let (M, g) be a Riemannian manifold and let r: M — R be
a distance function; that is, a function satisfying ||Vr| = 1. Write d, := Vr and denote
by S the tensor Vd,. Denote by U, the level sets of r. Denote by R the curvature
tensor of M, by R’ the tangential component of R restricted to 7'U, and by R” the
curvature tensor of U,. Also, write Ry, = R(-,0,)0,.

The following formulae, together with the symmetries of the curvature tensor, show
that the full curvature tensor on M is determined by the curvature of the level sets of 7,
by the tensor S and by its first derivative:

(26) —Ry, =S*+V,,S,
27) RI(X,Y)Z=R(X,Y)Z-S(X)AS(Y)Z,
(28) R(X.Y)dr = (VxS)(Y) — (Vy S)(X).
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The vectors X, Y and Z in the above formulae are all tangent to U,. In what follows,
given a vector V' € TM we will use the notation 6 - for the dual to V' with respect
to g and will drop g from the notation when there is no ambiguity. We utilize the
following formula for the covariant derivative of a vector field X:

29) 29g,VX =d9g,X+,CXg.

This formula presents the decomposition of g v x into a symmetric and an antisym-
metric bilinear form. For a proof see [45, page 26].

Let $ = H dt, where H: M — R is smooth. Since g, is translation invariant with
respect to s, we restrict attention to submanifolds of R x R/Z x M with fixed values
of s, or, in other words, to R /Z x M with the metric g s,, as computed in Example 5.4.
The function ¢ (which is locally single-valued) is a distance function on R /Z x M with
respect to this metric. To see this, note that by (22) we have dt = g, (Xg +09/0¢,-).
That is, Vi = Xg + d/0¢. One verifies that || Xz + 8t||§,JH =1.

Theorem 5.17 We have VVt = %(VgJ Xy + V87 X};) o, where the superscript
denotes conjugation with respect to the metric gy and w: T(R/Z x M) — TM is the
gJ;, orthogonal projection.
Proof Write N = Vt. By equation (29) we have

20yny =dON +LNGJS-

Since O = dt, we have df = 0. We claim that L g, = n*Lx,, g . To see this,
denote by y; the time 7 flow of Xz and let

¢:(—€,6) XM CR/ZxM - R/ZxM
be the map (¢, p) — (¢, ¥+ (p)). Then
Px|T(ttoyx M) = Vi« and  ¢pxdr = 0: + X = N.
In particular, ¢* g s |R/zxMm = TV gy + dt?. Thus,

(30) O LNgr =Ly, 0 g
=0,(r* Y, gy +di?)
=7y Lxy, 87

=¢*n*Lx, g7
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By (29) we have
Lxu &1 =[0vxy.g,]

where [ (-, -)] denotes the symmetrization. Thus,

S = 1(V& Xy + V& X}p)om. o

We say that a Hamiltonian H: M — R is Killing (with respect to some compatible
almost complex structure J) if the flow of X preserves g.

Corollary 5.18 Suppose H is Killing. Then VVt = 0.

5.5 Injectivity radius

We turn to discussing the control of the radius of injectivity of g s,,. In the following
lemmas fix a point xo = (¢, f9, po) € RxR/Z x M.

Lemma 5.19 Foranyr < % we have

Volg, . (Br(x0)) > g1* Volg, (By/3(po)).

Proof Denote by 1, the Hamiltonian flow of H. Since Xg + 9; is perpendicular,
with respect to g s, , to hypersurfaces of constant #, we have that B, (x() contains the
cylinder

C= U [so—3rso+ 3] x4t xve(Bry3(po))-
tefto—r/3,to+r/3]

Since v, preserves the g j—volume we have

Volg, (C) = 1r?Volg,(B,3(po)). O
H

Lemma 5.20 Let (M, g) be an n—dimensional Riemannian manifold. Let a > 0 and
let p € M be such that

Volg (Bi/4(p)) = vo(é)n,

and such that |Secg(x)| < a* on Bi/4(p). Then there is a constant f = f(vg,n),
independent of a, such that inj,(p) = f(vo,n).

Proof For a = 1, this is an immediate consequence of [12, Theorem 4.3]. The claim
follows by scaling. |
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Lemma 5.21 Suppose (M, g) satisfies, for some p € M, that
injg(p) =a and |[Secg(x)| = a?

on By 4(p). Then there is a constant C = C(n) > 0 such that

n
Vb@(BUauﬂ)zC(é).
Proof By scaling, the claim is equivalent to the claim that there is a constant C(n) > 0
such that a geodesic ball of radius 1 with sectional curvature bounded by 1 has volume
at least C(n). By the Jacobi equation, sectional curvature controls the derivatives of
the metric in geodesic coordinates [10, Chapter 5]. In particular there is an a priori
estimate from below on the determinant of the metric in these coordinates for a small

enough ball around the origin. The claim follows. |

Theorem 5.22 There is a constanti = i (n) such that if g y is a—bounded at py € M,
then inngH (x)=i(n)/a.

Proof Combining Lemmas 5.19 and 5.21 we have that there is a constant such that

1 1\#+2
Volg,, (Bija() = 5oz C(5)

The claim follows by Lemma 5.20. O

5.6 Some criteria for boundedness

Lemma 5.23 Suppose g is a—bounded at p € M and H is a time-independent
Hamiltonian such that

(3D max{[[V Xz (P)I*, IV Xe ||, |V (VX5 + VX)) < @

Then for a constant ¢ = c¢(n) independent of a, we have that g j,, is ca—bounded at p.

Proof We need to estimate the sectional curvature and radius of injectivity of gz, .
Up to multiplication by a constant dependent on #, estimating sectional curvature is
the same as estimating the coefficients of the curvature tensor in an orthonormal basis.
Since J is a—bounded, it remains to estimate only coefficients involving the direction
d; + X at least once. In light of formulae (26)—(28) we need to estimate V.S and S2,
where S = V¢. Theorem 5.17 provides us with an estimate on S2 and the tangential
restriction of V.S in terms of VXg and V2 Xg. It remains to estimate the right-hand
side of (26). For this it is preferable to use the formula

—Ry =LyNS -S>

Geometry & Topology, Volume 27 (2023)



Floer theory and reduced cohomology on open manifolds 1317

See [45]. Each summand vanishes on N. So it remains to estimate LS applied to a
tangential vector. Let V' be a tangential vector field which commutes with N. Then

Lxp+5,(SV) = Lxy (SV) = VE (SV) =V, (Xm)
= (V§, )V + SV Xp) =V, (Xn).
This shows that estimate (31) implies Secg Th (p) < c2a? for an appropriate ¢ = c(n).

Theorem 5.22 provides us with the estimate on inj, g in terms of inj, , (p). The claim
follows. |

Example 5.24 Let (X, o) be a contact manifold and let

(M =Ry xX,w=e"(da+drna))
be the convex end of its symplectization. Let R be the Reeb vector field on . Fix an w—
compatible translation-invariant almost complex structure J satisfying JR = dr. Then
(32) gy =¢"(dr’ +gx)

for some metric gx on X. Since the metric gy scales up, the radius of injectivity of g s
is bounded away from 0, and in fact goes to oo with r. Pick local coordinates on X and
use the function r as the coordinate on the R factor. Then the Christoffel symbols
of the metric (32) are O(1) in these coordinates. Therefore

(V;0j,0) ~ e’.
Since ||9;]|?> ~ e, for some constant C we have ||V9;| < C. Similarly,
IVE k1> ~ e,
allowing us to deduce that

V205 || ~e™"/2.

Suppose H is a function on the symplectization which is given outside of a compact
set by H = h(e”). Then there are some constants @; such that

Xy =h(")) aid;.
First suppose /4’(e”) is constant. Then by the reasoning above, we conclude that rhe

induced metric g y,, is uniformly bounded for Hamiltonians which are linear at infinity

with a bound that is proportional to the slope h'(e").

Example 5.25 Continuing with the previous example, assume now that /’(e”) is at
most linear in the distance from . Caution: this means it is at most linear in e"/2.

Then there is a bound on the geometry of gj,,, which is also linear in the distance.
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To see this note that for a point p which is a distance d from X, the metric g, is
uniformly equivalent on a neighborhood of size 1 to the metric associated with the
slope /(" (P)). Tt follows by Example 4.3 that the metric associated to H is i—bounded.
Note that while this allows superlinear Hamiltonians, it does not include quadratic
Hamiltonians 4’ ~ e”.

Example 5.26 Consider the cotangent bundle 7* M of a compact manifold M, let
g be a Riemannian metric on M and let J be the Sasaki almost complex structure on
T* M. 1t is defined as follows: the Levi-Civita connection on 7* M induces a splitting
TT*M =V & H into horizontal and vertical vectors. Moreover, we take J: V ~ H
to be the natural isomorphism identifying an element of V' with an element of 7* M,
then via w with an element of 7M and finally with an element of H via horizontal
lifting. Identifying 7M = T™* M, in standard local Darboux coordinates {g;, p; = dq;},
where ¢; are geodesic coordinates centered at a point ¢, J is given in the fiber over g by

9 _ 9

pi g’
Then it is easy to show that the metric g is || p||-bounded at the point (p,¢). In
particular, J is i-bounded (but not bounded). Consider a Hamiltonian of the form
H=\/a|p|* +V om,where w:T*M — M is the standard projectionand V: M — R
is smooth. Then Jg is i-bounded. Indeed, denoting by M the maximum of \/m
over M, we have in local coordinates as above,

1 ad
Xl =aM —— o —

So, the claim follows from Lemma 5.11. Note that mechanical Hamiltonians of the

<aM.

form | p|> + V o x are not i—bounded with respect to the Sasaki metric.

6 Loopwise dissipativity
6.1 Diameter control of Floer trajectories

Suppose (H, J) is i-bounded, let u be a Floer trajectory, and let # be its graph. Suppose
that for some precompact U C R x R/Z, we have control over #(dU). Theorem 4.11
above then provides control over #(U) in terms of

EW;U)=Ew;U)+ Area(U).
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This indicates that the only source of noncompactness in the moduli space of finite-
energy Floer trajectories comes from the potential existence of finite-energy solutions
with one end converging to infinity. This motivates the following definition.

We refer henceforth to a Floer solution on a possibly finite cylinder [a, 5] x R/Z as a
partial Floer trajectory. For H:R /7 x M — R proper and an w—compatible almost
complex structure, define a function I'gy y (r1, 72) as the infimum over all £ for which
there is a partial Floer trajectory u of energy E with one end of u x ¢ contained in
H~Y([~r1,r1]) and the other end in H~ (R \ (—r3,r2)). Note that [y (r1, r2) may
take the value of infinity.

Definition 6.1 We say that (H, J) is loopwise dissipative (LD) if for any fixed r; we
have 'y j(r;,r) — 00 as r — oo. If this holds for some function I': Ry xR —
R4 U{oo} satisfying 'y sy > I', we say that (H, J) is '-LD. We say that (H, J) is
robustly loopwise dissipative (RLD) if there is a function I': R x R — R and an open
neighborhood?® of (H, J) in C! x C?, all elements of which are I'-LD.

Definition 6.2 Denote by ]-"(50) (M) the set of i-bounded Floer data (H, J) which are
RLD. Elements of ]—'(SO)(M ) are referred to as dissipative Floer data.

Our next theorem shows that dissipativity is all we need for diameter control. In
the ensuing sections we show both that on a geometrically bounded manifold there
is always a sufficient supply of dissipative Floer data, and that this property can be
verified directly in various settings.

In the following theorem, recall Definitions 5.9 and 5.10 of an i-bounded Floer datum
and family of Floer data.

Theorem 6.3 Let (S, Fses = (s, J5)) be a uniformly i-bounded family of connected
(broken) Riemann surfaces decorated with Floer data and equipped with a thick—thin
decomposition as in Definition 5.10. Let (H;, J;) € ]_.Lgo) be Floer data such that on the
ith component of Thing, we have that F coincides with (Hj, J;) for all s € S. Then
for any compact K C M and any real number E, there is an R = R(E, K) such that
for any s € S, any Fs—Floer solution (X, u) with E(u) < E and intersecting 0K is
contained in Bg(K). Moreover, it K is a level set of H with no degenerate periodic
orbits in a neighborhood of 0K, we can take R(E, K) — 0 as E — 0.

8Here and hereafter the topology can be taken to be the uniform topology with respect to g 7. However
what is truly necessary is that open sets are sufficiently thick to allow perturbations for achieving regularity.
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Definition 6.4 We refer to families (Fses = (s, J5)) satisfying the hypotheses of
Theorem 6.3 as dissipative families. When S consists of a single element, we refer to
it as a dissipative Floer datum.

Proof of Theorem 6.3 By assumption, we can decompose X into a thick part
consisting of components A; with area bounded by a constant Cgs, independently of
s €8, and a thin part consisting of components B; on which the Floer data are translation
invariant and given by (H;, J;). Moreover, there is a number Ns which bounds the
number of components independently of s € S. For each A;, the graph &7 =1Id xu: A; —
A; x M is Jg-holomorphic and satisfies E () < E 4 Area(A;). Furthermore we may
assume for some € > 0 that we have Jr|p_(4,)xm € Jib(Be(4i) X M, wg).

We construct an Ry = Ro(E, K) such that if u(A4;) N K # & for some component A4;,
then u(A;) C Bg,(K) and moreover for all components B; which share a boundary
with A4;, we have u(Bj) C Bg,(K). A similar Ry can be constructed starting with
a component B;. Since the total number of components is bounded by Ng this will
inductively give rise to an R as in the statement of the present theorem.

To construct Ry, suppose u(A4;) intersects some compact set K. Then, since # extends
to a neighborhood of A4;, by Lemma 5.6 we have that #(A4;) is contained in a ball
Bz(K x A;) for some R=R(K.E + 2Cs) depending additionally on the taming
data associated with Fg and thus on S. From this we deduce the same for u(A4;),
with perhaps a different radius R. It follows that each of the components B; whose
closure intersects 4; has a boundary component contained in Bg(K). Let a; be such
that BRr(K) C Hj_1 ([—aj,aj]). By loopwise dissipativity there is a b; > a; such that
Ty, ,s;(aj,bj) > E. Writing Bj = I xR /Z for some interval I, we have, by definition
of I'y; s, that u({s} x R/Z) intersects H~1(=bj,bj) for each s € I. Restricting u to
(s—1,s+ 1) xR/Z and invoking Lemma 5.6 again, we obtain an R’ such that for any
sel,wehave u((s—1,s+1)xR/Z) C Br/(H '(=bj, bj)). It follows that the same
holds for u(B;). Now take R such that Br(H™! (=bj,bj)) C Bg,(K) for each j.

For the last statement of the theorem we rely on the following property of Floer
trajectories, which is stated in [52]. There are constants ¢ and % such that

8
/ 0sul|* <k = ||0su|*(s.t) < —2f |9su]|® + cr?.
B (s,t) TTFr= JBy(s,t)

Once we know that a solution is contained in an a priori compact set, we can take all
the constants to be fixed by that compact set. By taking r = E (u)'/* we deduce that
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for an appropriate constant,
l0:u = Xpr|1* = 195u|* < CE@)'/?
once E(u) is small enough. It follows that making E(u) arbitrarily small, # will be

contained in an arbitrarily small neighborhood of some periodic orbit. a

We conclude this subsection with a counterexample showing that geometric bounded-
ness alone does not guarantee loopwise dissipativity.

Example 6.5 Consider (M,w) = (R xR/Z,ds Adt). Let H be a smoothing of the
function
(s,t) > s—In(|s| + 1),

and let J be multiplication by i. Then || Xg| is bounded, so (H, J) is i-bounded
by Lemma 5.11. But it is not LD. Indeed, the map u: R4y x R/Z — M defined by
u(s,t) =(n(s+1),2) is an (H, J)—partial Floer trajectory of finite energy and infinite
diameter.

6.2 Hamiltonians with small Lipschitz constant

Theorem 6.6 Let J be a geometrically bounded almost complex structure compatible
with w. There is an € > 0 such that for any Hamiltonian H: M — R which is
proper and satisfies, with respect to gy, that || Xgr || < € outside of some compact set,
the datum (H, J) is dissipative. The claim remains true when H is C%—close to a
time-independent Hamiltonian.

The proof of Theorem 6.6 is carried out at the end of this section.
Lemma 6.7 Letu:[a,b]xR/Z — M be a ditferentiable map. Then we have

/ d2(u(a. 1), u(b.1))
teR/Z .

/ 19su 2
[a,b]xR/Z

Proof By the Cauchy—Schwarz inequality we have

(b—a) [ERT Z/ O (u(t x [a, b)) dt
[a,b]xR/Z teR/Z

(b—a)>

z/ d*(u(a,t), u(b,1)). O
teR/Z
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Lemma 6.8 Let H: R/Z x M — R be a proper smooth function. Suppose J is
a compatible almost complex structure. Suppose H factors as H = f ok, where
k:R/Z x M — R is proper and has uniformly bounded gradient with respect to g s,
and f: R — R is monotone. Then (H, J) is LD if and only if there exists a sequence
h; — oo and a constant § > 0 such that

(33) Ch s (hais haiyr) > 4.
If h; and § can be fixed for an open neighborhood of (H, J), it is RLD.

Proof The forward implication is obvious from the definition. For the other direction
we use the following characterization of loopwise dissipativity:

Let K; :== H™'[=hy;, hy;] CR/Z x M. For any E > 0 and for any natural i there is
ani'(i, E) such that if u is a partial solution with one end of t X u contained in K; and
satisfying E(u) < E, then the other end intersects K; ;.

For ease of exposition we assume for the rest of the proof that H is time-independent,
the general case being similar. We prove loopwise dissipativity by induction on the
smallest integer # bounding E(u)/$6.

When n = 1, this is just reformulating the assumption. Suppose we have proven the
statement for all solutions u satisfying E (1) < né. Let u be a solution with one end
in K; and E(u) < (n+ 1)6. Without loss of generality we assume u, C K;. Here and
henceforth u, := u(a,-). Let

sy =inf{s €[a,b] :us C M \ Kj+1}.
If this set is empty there is nothing to prove. Otherwise, let
s, = inf ({s € [s1,b] : ||0su|| < 1} U {b}).
Finally, take
so =sup ({s € [a.51]: [|dsul < 13 U{a}).

We have 53 53
E(u)Z/ ||83u||2ds>[ ds =57 — 5.
N S0

0
So, by Lemma 6.7, there is a t € R/Z such that

(34) d(usy (1), us, (1)) < E.

We find an io(7) such that ug, C Kj,. Indeed, if a = s there is nothing to prove.
Otherwise, we have |V Ag (ug,)| < 1. Since 5o < s, we have that u, intersects K; .
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Factor H as H = f ok, as in the formulation of the present lemma. Since f is
monotone,

(35) mtinkt(uso(z))< F M hyi4r)) and mtaxk,(uso(l))>f_1(—h2(,-+1)).

From Lemma 5.13 we get an a priori estimate ¢ on the oscillation of k on ug, for
the time-independent case. Here ¢ depends only on the bound on |Vk]|. In the time-
dependent case we appeal to (25) for this a priori estimate. Let i satisfy

hig = [max{ f (/™ (ha+1) + ). —f (f " (~hag41) — O)}].
Combined with (35), this gives the a priori estimate
uSO C KlO

By (34) we get from this an i; = i;(i, E) such that u;, meets K;,. If s, = b,
this concludes the proof. Otherwise, as for sy, we find an i, such that us, C Kj,.
We have E(u|[s, pxR/z) < nd since s, > s; and by the hypothesis of the lemma
E(u|[q,5,xr/Z]) > 0. So, by the inductive hypothesis, there is an i3 depending on i
and 7 such that u, meets K;;. The first part of the claim now follows. The second part
is clear since i’ (i, E) is constructed using only the data of {K;} and §. |

Lemma 6.9 Let J be a geometrically bounded almost complex structure compatible
with w. There are constants R, € and §, depending on the bounds on the geometry
of gy, such that the following holds. Let H: M — R be a proper Hamiltonian
satistying, for some h € R,

(36) | Xz <€ forall xe H '([h,h+ R)).

Then Ty y (h, h+ R) > 8. This remains true if H is merely assumed to be C°—close to
a time-independent Hamiltonian. Moreover, the estimate is unaffected if H is arbitrarily
time-dependent away from H~'([h, h + R]).

Proof We first prove the claim when the left-hand side of (36) is taken to hold for
all x € M. We consider the strictly time-independent case, leaving adjustments for
the slightly more general case to the reader. For some R > 0 letu:[a,b]xR/Z — M
be a solution to Floer’s equation with one end in H~1(—#/, /) and the other end in
H™ 'R\ [~h—R,h+ R]). Write A = [a,b] x R/Z. Then by positivity of energy,

/ u*w / u*Hdt‘
A 04

37 E(u;A)=/ u*w+/ u*Hdt >
A 0A4
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We will show that if we take € small enough, there are constants §; and §, such that

(38) E(u;A) <68 = ‘fu*w < 6.

/ u*H dt
04

it will then follow from (37) that if R > 2§,, then E(u; A) > min{§;, 8, }. This will
prove the claim.

Since
Z R b

Let § > 0 be so small that any loop of length 2§ has diameter less than a tenth of
the radius of injectivity of M with respect to gy. The isoperimetric inequality of
Lemma 4.10 guarantees that any loop of length < 24 is fillable by a disk v: D — M
such that

Area(v) < 282.

We take € = §. Given u as above, and denoting by £(u(s, -)) the length of the loop
t—u(s,t),let
I ={sela,b]|l(u(s,-)) > 268}

For any interval (¢, d) C I we have the estimate

/ u*w
(c,d)xR/Z

The first of these is Wirtinger’s inequality, which says that for a compatible metric the

(39) < Area(u|(c,q)xr/z) < 3E(u; (c,d) xR /Z).

symplectic area is dominated by the Riemannian area. Note that the Riemannian area
is not sensitive to orientation, while the symplectic area is. For the second, note that

1
Amwos/ MMM&WSEf (3sull® + [3eull?).
(c.d)xR/Z. (c,d)xR/Z
But
(40) 4#5] MMWs/ WW<&W+/ Tk
R/Z R/Z R/Z
<[ Wolae= [ ol + 82
R/Z R/Z
1
<[ oty [ toal
R/Z R/Z
SO

/ nmmﬁszf 1asull2,
R/Z R/Z

which implies the desired inequality.
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Suppose now that

/ u*a)‘ > 20E(u; (a,b) xR/7Z),
(a,b)xR/Z

and that for some constant ¢, to be determined shortly, E(u) < c,€2. Denote by 1 the
Lebesgue measure on R. Then by these hypotheses and by equations (39) and (40) we
have u(l) < min{%(a —b), cz}. Let

a' =inf[a,b]\I and b’ =supla,b]\I.

We will show that if ¢, is assumed small enough, then

/ u*w
(@' ,b")XR/Z

fu*w
I

41) < 482,

‘We then have

‘/ u*o| < 48 +
(@.b)xR/Z

<48 + %E(u)

<48% + i‘/ u*w).
60|/ (a.b)xR/Z

By picking §; = c€? and §, = min{582,208;}, we get that with these values (38)

holds in any case.

It remains to prove (41). Let [so, s1] C [a, b] be any interval such that sg, sy & {a, b}
and s1 —so < 2u(I). Call such an interval admissible. Denote by u[g, s, the restriction
Ul[s,5,]xR/z- Each component of the boundary of u[, s, is contained in a geodesic
ball Bg(x;) C M. We claim that if ¢, is taken small enough, then

(42) Ulso,51] C B2s(x0) U Bys(xy).

Indeed, otherwise there is a point (s,7) € [sg, 51] X R/Z such that writing x, = u(s, )
we have d(x,, {xg,x1}) > 26, that is, the ball Bg(x,) C M does not meet the boundary
of u[g,,s,]- As in Lemma 5.11, the metric g, is quasi-isometric to the product metric
of gy on M with the flat metric on the cylinder, where we can take the quasi-isometry
constant to equal 2 if € < 2. Thus we can apply the monotonicity inequality of
Theorem 4.9 to obtain, for an appropriate constant ¢/ which is independent of e,

E(@:[so0. 1] x R/Z) = 51 =50 + E(u:[s0, 511 x R/Z) = ¢'8?,
where u is the graph of u. This implies
Ew)>c'8,—cy.

Thus, if we take ¢, < %c’ 87, equation (42) follows.

Geometry & Topology, Volume 27 (2023)



1326 Yoel Groman

Denote by u* a filling of u[y, 4,1 by discs contained in Bs(x;). Then u* C Bss(xo)
and so is contractible. In particular, the integral of @ over u[, 5,1 can be replaced
by the integral of w over these filling discs. Since [d’, b’] can be subdivided into
admissible intervals, and the integrals over the filling discs cancel in pairs for all but
two, (41) follows.

This proves the theorem for the case when the left-hand side of (36) is taken to hold
for all x € M.

For the more general case we argue as follows. Write K := H~!([—x, x]). For some
R>0letu:[a,b]xR/Z — M be a solution to Floer’s equation with one end in Kj and
the other in M \ Ky g. Let [@/, b'] C [a, b] be such that u([a’, b'] x R /Z) has one end
in Ky g/4 and the other in M \ K 3g/4. In each case assume the relevant boundary
of u([a’, b'] x R/Z) meets the boundary of the region K. We separate into two cases.
If u(la’, '] xR/Z) C Kg, we have the estimate || Xgr || < € for u|jy p]xr/z, and the
entire argument goes through with no change. By taking R big enough, the claim
follows since T'(h,h+ R) > T'(h+ R/4,h+ 3R /4). Otherwise, for some ¢ € {a’, b’}
we have that the oscillation of H along u. is at least R /4. Moreover, by the bound
on VH inside Kpg, a similar estimate applies to the diameter of u, with respect to
the metric gs,,. By the argument of Theorem 4.11 this implies a lower bound on the
energy E(u;[a, b]x R/Z). We spell out the details, since the present case doesn’t fit
precisely into the stipulations of Theorem 4.11.

As above, denote by
:la,b]xR/Z - RXxR/Z x M

the graph of u. Since H has Lipschitz constant € on K, Lemma 5.16 implies the
metric gy, is equivalent on K to the product metric with quasi-isometry constant
depending only on €. Thus, by Theorem 4.9 there are constants dy and ro, depending
only on J and €, such that for any point x in the domain of u for which

(%) Ay =0 Y(Byy(x,u(x)) C (a,h) xR/ Z,

we have
E(u; Ax) + Area(Ax) = 4.

Here we consider the ball B, (x,u(x) C M with respect to the metric gj,,. Call a
point for which the hypothesis (x) holds a good point. Since the ends of the u map
entirely outside of Ky g it follows that for any x for which u(x) € Kj 4 r—(1+¢)ry>
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we have that A is a good point and moreover, Ax C By, (x). Indeed, for any x, x” in
the domain we have

dg sy ((x.u(x)), (" u(x))) = (1 = €)dg,, (u(x), u(x")).

For any N, by assuming R is large enough, we can find N good points x; € {c} xR/Z
such that dg , (#(x;), u(x;) > 2rp; thatis, Ax; N Ax; = @ whenever i # j. We then
have

E(u)+42rg > E(u; UAy;) + Area(UAx;) = Ndo.

By taking N large enough so that N§y — 2rg > § for some chosen § > 0, the claim
follows. a

Proof of Theorem 6.6 Lemmas 6.9 and 6.8 imply that (H, J) is RLD if || X || < € for
€ small enough. To establish dissipativity, we need to prove, in addition, i-boundedness.
This follows immediately from Lemma 5.11. |

6.3 Bidirectedness

Theorem 6.10 For any smooth exhaustion function H: M x /R/7Z — R and any
geometrically bounded w—compatible almost complex structure J, there are exhaustion
functions Hy, H_ such that (H, J) are dissipative Floer dataand H- < H < H
pointwise. In other words, the set of Hamiltonians which taken together with J are
dissipative Floer data is both final and cofinal in the set of all exhaustion functions.

Proof According to [27] there exists an exhaustion function f: M — R such that
IV /1l = || Xrll <e€o with respect to the metric g y. Moreover, we may find a constant Ry
such that d(f~1(x), f~'(x + Ry)) is bounded away from 0 for x € R. Indeed, f can
be taken to be C%—close to a multiple of the distance function to some point. So,
(f, J) is dissipative by Theorem 6.6. Let 1: R — R be any monotone function such
that 4'(x) = 1 on any of the intervals [2nR, (2n + 1) R) and is arbitrary otherwise.
Here R is a constant as in Lemma 6.9, and without loss of generality R > Ry. Then
the set of functions of the form /4 o f is cofinal in the set of all exhaustion functions.
On the other hand, (ko f, J) is dissipative. Indeed, /i o f is clearly J—proper, since
S is. The metric gx,,,, is uniformly bounded on each of the regions f ~(h,h+ R)
by Lemma 5.11. So this metric is i-bounded. Lemmas 6.9 and 6.8 imply that 4o f
is RLD. This completes the proof of cofinality.
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By Theorem 6.6, to prove finality it suffices to exhibit an exhaustion function H— < H
which has sufficiently small gradient. Fix a point p € M and let R; be a monotone
increasing sequence such that Bg, contains H ~1((—00,i]). Denote by h: M — R the
distance function A(x) = d(x, p). Define a; inductively by ag = 0 and

aij =min{i —1,a;—1 + R; — R;j—1} fori>1.

Let /: R4 — R be the piecewise linear function which is smooth at noninteger points
and satisfies f; = a; for i > 1. Note that f is monotone increasing, proper and has
slope at most 1 wherever the slope is defined. So the function g = f o/ is Lipschitz
with Lipschitz constant 1. Moreover, g < H everywhere. The function g can be
C—approximated by a smooth function k with | Vk|| < 2; see [27]. Then k is an
exhaustion function, so taking H_ := k/C for C sufficiently large gives a function as
required. a

6.4 Dissipativity on exact symplectic manifolds

Let (M, = dua) be an exact symplectic manifold. In this subsection we prove
Theorem 6.12, which is variant of Theorem 6.3 that works on exact symplectic manifolds
under slightly weaker hypotheses. Fix an w—compatible almost complex structure and
let H:R/Z x M — R. The pair (H, J) is said to be Palais—Smale if any sequence of
loops y, with A (v,) <c¢ <ooand ||[VAg (yx)||12 — 0 has a subsequence converging
to a periodic orbit of H. If Jy, J; are almost complex structures which are quasi-
isometric, and Hy, H; are Hamiltonians such that |V (Hy — Hj)| converges to 0 with
respect to either, then (Hy, Jo) is Palais—Smale if and only if (Hy, Jy) is.

Lemma 6.11 Suppose (H, J) is i-bounded and Palais—Smale. Then for any ¢ and d
there is a real number £ and a compact set K with the following significance. For
any segment [a, b] of length at least £, and any solutionu:[a—1,b + 1]xR/Z — M
to Floer’s equation such that Ag(u(s,-)) € [c,d] for s € [a — 1,b + 1], we have
u(la,b]xR/Z) C K.

Proof First, by the Palais—Smale condition, there are an € > 0 and a compact K’ C M
such that any loop « with |VAg(a)|lz2 < € and Ag(«) < d is contained in K'.
Indeed the negation of this statement would allow us to produce a sequence of loops vy,
satisfying the hypotheses of the Palais—Smale condition which nevertheless has no
convergent subsequence. Suppose b —a > (d —c)/e. Then for all but a subset I C [a, b]
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of total measure (d — ¢)/e we have that u(s, -) is contained in K’. This follows by the
energy estimate

b+1
d—cZAH(u(b+1))—AH(u(a—1))=/ IVAR (@) L2

a—1
Indeed, taking I to be the set of s for which u(s, - ) is not contained in K’, the right-hand
side of the last equation dominates:

[ IV Ag @)z = € / ar.
1 I

It remains to control u(s, -) for s € I. Each connected component I’ of I has at least
one boundary point s for which u(s,-) C K. Moreover, I’ C I has a priori bounded
measure. Thus applying part (b) of Theorem 4.11 to the graph i|;/xr /7, we deduce
the image of I’ N[a, b] x R/Z is contained in some larger compact set K depending
only on K" and d —c. O

Note that the Palais—Smale condition produces, by Lemma 6.11, an estimate which
is slightly weaker than loopwise dissipativity because it depends not only on energy
but also on action. Nevertheless, this is sufficient for proving the following variant of
Theorem 6.3.

Theorem 6.12 Suppose that (M, w = da) is an exact symplectic manifold and that
(S, Fses = (95, Js)) is a uniformly i—bounded family of connected (broken) Riemann
surfaces with a thick—thin decomposition as in Definition 5.10. Let (H;, J;) be Palais—
Smale Floer data such that on the i ™ component of Thing, we have that F coincides
with (H;, J;) for all s € S. Then for any interval [c, d], there is a compact set K C M
such that for any s € S and any solution (X, u) associated with F for which the actions
of the periodic orbits on the ends all occur in the interval [c, d], the image of u is
contained in K.

Proof First observe that without loss of generality we may assume the all the compo-
nents of Thing are of the form 7 x R/Z for I an interval of length at least £, where
£ is as in Lemma 6.11. Namely, with this assumption, the areas of the elements of
Thicks are bounded a priori in terms of ¢ and d. Under such identification it is a
consequence of Lemma 5.3 that for any s € I we have Ay, (u5) € [c, d]. It thus follows
from Lemma 6.11 that there is a compact set K, depending only on ¢ and d, such that
the images of the components of Thing are all contained in K. As a consequence, the
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image of each component 4 of Thicks meets K. Since the energy of A is at most
d — ¢, we can as in the proof of Theorem 6.3 apply Theorem 4.11(b) to the graph of
u|4 to obtain an R = R(d —¢) such that u(A) C Br(K). |

Example 6.13 Let o be a primitive of w and let Z be the w—dual of «. For any

time-independent Hamiltonian H, define the function f/: M — R by

(43) J(x) =w(Z(x), X (x)) — H(x).

Suppose [ is proper and bounded below and J is such that for some constant C,
1Z))? < Cfx)

outside a compact set. Then H is Palais—Smale.

Proof We have

@) Ag() = /R s [ o(Z (). y' (1) — X (1)) di

R/Z

> / S @) di— [V Az Q)] \/ c / £ 0 dr.
R/Z R/Z

Suppose Ag(y) < c and |VAg(y)| < 1. Since f is proper, estimate (44) implies
that there is a compact set K depending only on ¢ such that y intersects K. Given a
sequence ), of loops intersecting K such that

VAR = [ X =0 -0,
R/Z

it is a standard fact that the sequence converges to an integral loop of Xg. a
In particular, consider the convex end of a symplectization R4 x 3 as in Example 5.24.
Denote by r the coordinate on R4 and by o the coordinate on X. If H satisfies

lim ¢" (0, H)(e",0)— H(e",0) — 00,

¥ —>00
and J is any almost complex structure satisfying

e"a(Jor)<C(e"0,H(e",0)— H(e",0))

for some C, then H is Palais—Smale. This holds in particular for contact-type J,
ie satisfying Jd, = R, where R is the Reeb flow of o on X. After a C2—small
perturbation, (H, J) will satisfy the same estimates, so it will remain Palais—Smale. In
addition, it will be nondegenerate.
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Example 6.14 Continuing with the convex end of a symplectization, any function
which is of the form /(e”) such that "' (e”) — h(e”) > Ce” for some constant C

is Palais—Smale. This holds, for instance, for #(x) = x* with « > 1. If we have
3

E’
which unfortunately excludes quadratic Hamiltonians, which are central in classical

' (e") < e"/? then by Example 5.25 H is dissipative. The cutoff appears to be oz =

mechanics. See also the discussion in Example 5.26. Nevertheless, as we shall see below,
Floer cohomology can be defined by approximation by slow Hamiltonians. Moreover,
similarly to the proof of Remark 10.3, it can be shown that for an arbitrary convex
Hamiltonian the resulting Floer cohomology coincides with the Floer cohomology
defined using contact-type J and relying on maximum principles.

When e” 1/ (e") —h(e”) — ¢ < oo for some ¢ which is not in the period spectrum, H is
still Palais—Smale even though this is not covered by the previous example, and in
particular, it is dissipative. A proof of this fact is given below in Example 6.20.

6.5 Some not necessarily exact examples

Let (M, g) be a Riemannian manifold and V' a time-dependent vector field on M. For
p in M define

f(p.V.,g) =

1
inf / ") =V, op(t 2alt}.
{y:[o,1]—>M|y(o>=y(1)=p}{ o 1O =Veoy@l

Clearly, f is continuous with respect to all variables in the C° norm. We drop g from
the notation when there is no ambiguity.

Lemma 6.15 Let (H, J) be such that g y,, has uniformly bounded geometry. Suppose
that there is a compact K C M and a § > 0 such that for all p € M \ K we have
f(p,Xg,gy)>=4. Then (H,J) is RLD.

Proof Letu:[a,b]xR/Z be a partial solution with one boundary in a compact set
Ky D K and with energy E(u) < E for some E. Without loss of generality u, C K.
Suppose up, C M \ Bg,(Ky) for some Ry. Then considering the graph of u as a Jg—
holomorphic map, it has energy E + (b —a). Theorem 4.11(a) applied to the compact
set d(BR,(Ko) \ Ko) then implies that for some constant C depending on the bound
on the geometry, we have Ry < C(E + (b —a)). The assumption on f(p, Xg,g7)
implies b —a < E/§. Taken together we obtain the estimate Ro < CE(1+1/§). O
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The quantity f(p,V, g) can sometimes be estimated from below by the following
procedure. We say that the pair (V, g) is of Lyapunov type if there exists a constant
A > 0 such that for any x, y € M and any ¢ > 0 we have

(45) dg (e (x), 91 () < eMdg(x, ),

where ¢; denotes the time ¢ flow of V. We refer to A as a Lyapunov constant for V.

Lemma 6.16 If V is time-independent and |[VV || < A, then A is a Lyapunov constant
forV.

Proof For x # y close enough and for sufficiently short times, the function A(¢) =
d(¢:(x), p¢(»)) is differentiable. Moreover, for each ¢ there is a unique geodesic
s — oy (s) realizing the distance between d(¢;(x), ¢¢(»)). Denote by I7¢,(x) the
parallel transport of Vi () along a;. Considering that the gradient of the distance
function d(x, y) for, say, x fixed is the tangent vector to the unit-speed geodesic from
X to p, it follows that

dh
(46) i (i (1), Vg, () = (@7(0), Vi, (x))-
From this we obtain the differential inequality
dh —
47 77 SV = Vool =4h.

The claim for x, y sufficiently close and for sufficiently short times now follows by
Gronwall’s inequality. The claim for arbitrary x, y and sufficiently short times follows
by the triangle inequality. The claim for arbitrary long time follows since the flow ¢;
is autonomous. |

Lemma 6.17 Suppose that V is a time-independent vector field of Lyapunov type with
Lyapunov constant A > 0. Then®
2)

—1

2\

(48) de(p.d1(p)2 < °

f(p, V., g).

Remark 6.18 For V = Xpy with H time-independent and uniformly Lipschitz we
can replace the global requirement that (45) hold everywhere with the requirement that
it hold for points x, y € U := H™'(([H(p) —e, H(p) + €] for some € > 0. We then get
an estimate from below on f(p, V, g) by combining the present lemma, to estimate

9When A = 0 the coefficient on the right-hand side tends to 1.
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the energy of loops which map into U, with Lemma 5.13, to estimate the energy of
the loops at p which do not remain within U. Moreover, this estimate depends only
on the Lipschitz constant of the restriction H |y and remains valid if H is arbitrarily
time-dependent outside of U.

Proof of Lemma 6.17 Fix some € > 0, which will be later taken to be arbitrarily small.
Let y:[0,1]— M be aloop based at p. Let r € R be small enough so that for each point
g € y([0, 1]) there is a chart (U; C M, V¥4 B»,(0) — U,) with coordinate map v,
which is bi-Lipschitz with Lipschitz constant 1 + €. By compactness of y ([0, 1]), there
is a constant K such that for any ¢ the vector field dy/, 1y, considered as a map
B,,(0) — R?"  is Lipschitz with constant K.

Write P

g@):=y'®)—Vyul and f(l)=/0 g(s)ds.
B
r min{ —, , , .

K sup[ly ()] sup [|[Vy @l maxg(z)

Without loss of generality suppose N := 1/At is an integer. Suppose At¢ is made
smaller still so that f'(¢) has an approximation by a piecewise linear function /4(¢) such
that

(49) (1= (t)<g@t)<Hh ()

and such that / is linear of slope ¢; on the intervals [i /N, (i +1)/N]. Let¢; =i/N. Let
Vi(t) ;= ¢s—, (y(#;)) and let x; = y;(1). Writing Ax; :=d(x;,x;—1) fori =1,... N
we have, by the Lyapunov condition,

Ax; <D dy (yi (1), vie1 (1),
On the other hand we have an estimate
€
(50) g (yi (i), Yim1 () = (1 +€) ("2 1),

To see this note that both the path y and the path y;_; map the interval [¢;_, #;] into
the coordinate chart U, _,). Let

(51) k(1) =do(y (1), vi-1(1)). 1 €[tizy. 1],

be the Euclidean distance. Then k (¢) satisfies the differential inequality

dk
m <Y @O=Vool +1Vywy— Vi ool < g() + Kk(2),
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with initial condition k(z;—) = 0. By Gronwall’s inequality we get, for ¢ € [t;_1, t;],
t
dg (v (1) yi—1(0) < (1 + k(1) < (1 + €)X ~ti-1) / e Kig(s)ds
ti—1
€ K@—ti_1)
< (1 — i-1) _1),
<(+9%( )
implying (50). The right-hand side of (50) is < (1 + e)zeiAt since At € 1/K.

We have ¢1(y(0)) = x¢ and y(1) = y(0) = x. Thus,

N
d(xo.xN) <Y Ax; <Y (1462 DAL

i=1

The last expression approximates the integral

1 1 A
(1+e)2/0 W (0)e* D gr < \//0 (W (1))? dz\/"zzk L

Combining the last two inequalities gives the estimate

2 20 _
de(p,¢1(p))* = dg(x0,xN)* < (I+€)”e 1

/_V 2‘
= iTor Wi

Since € is arbitrary this proves the claim. O

We say that a Floer datum (H, J) is of Lyapunov type if (Xg, g5) is of Lyapunov
type.

Corollary 6.19 Suppose J is geometrically bounded, (H, J) is of Lyapunov type,
and that outside of a compact set the quantity d(p, ¥1(p)) is bounded away from 0.
Then (H, J) is RLD.

Proof This is an immediate consequence of Lemmas 6.17 and 6.15. |

Example 6.20 Using the notation of Example 5.24, let M have an end modeled on
¥ x R4 and let Hy be a function which is linear at infinity, with slope a not in the
period spectrum. Then H is of Lyapunov type. Indeed the flow on any level set of H
is of Lyapunov type by Lemma 6.16 and compactness. Since the flows on different
level sets are conjugate, the existence of a Lyapunov estimate follows also for x and y
not on the same level set. Let X = Xpg, |sx¢1). Let J be a translation-invariant almost
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complex structure. Then from (48) it follows that f(p, Xp,) is bounded away from 0,
and so Hy is LD.

Let § be the distance of ¢ to the period spectrum of X, and let H; be any Hamiltonian

such that
”XH1 - XH() ”

X o I
For example, this inequality will hold for our choice of J whenever || Xg, _g, || is
bounded. Then f(p, Xg,) is bounded away from 0 at infinity. So, H; is also LD.

< 38.

Example 6.21 Let M be as in the previous example and let M, be a compact
symplectic manifold. Let a be a real number not in the period spectrum of M and
let f:R/Z x M; x M, be any function which tends to 1 at infinity with derivatives
dominated by o(e™" / 2). Then, reasoning as in the previous example, the function
H:=afe" is LD.

Lemma 6.22 Let the end of M be diffeomorphic to ¥ x Ry, with ¥ a compact
hypersurface. Suppose the projection w: ¥ X Ry — X satisfies ||« v| < ||v| for any
tangent vectorv € T (X xR4). Let X be vector field on X with no 1-periodic orbits
and let H be such that .« X g converges uniformly to X. Then for some § > 0 we have
f(p, Xg) >8>0 and, in particular, Xg is LD.

Proof Let e be such that f(p, X) > €. For r large enough, the convergence assumption
implies
f(p. 7 Xp) > €.

The nonincreasing assumption implies f(p, Xg) > f(p, m« Xg). a

Example 6.23 Let M, 3, o, Hy and H; be as in Example 6.20. Let o be a closed
two-form on X. Suppose o extends to a closed form on M which is invariant under
the Liouville flow near X. Then o can be extended in a translation-invariant way to
a closed two-form on the completion of M, still denoted by o. For ¢ small enough,
the form w;e = —do + to defines a symplectic form on the completion of M. By
rescaling o, assume this holds for t = 1. Then Hy and H;p are LD for the symplectic
form wy. Indeed, write X 1/‘10 for the Hamiltonian vector field with respect to wy,. Let X
be as in Example 6.20. Then all the requirements of Lemma 6.22 are satisfied for the
pair X o’ X . The claim for H; now follows by comparison to Hjy.
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Example 6.24 In Example 6.20 assume the pair X, « is not necessarily contact, but
stable Hamiltonian for the restriction wy := w|xx1, With stabilizing form «. Namely, o
satisfies ker w C ker do and @ Aw™ ! > 0. Assume o is of the form wy 1= w +d(e” )
on ¥ X R>¢ and is symplectic for all » > 1. Assume further that there exists a
translation-invariant wy—compatible almost complex structure J on ¥ X R>q. Then the
forms w(-, J) and da( -, J) are separately nonnegative. So the projection 7, is norm
nonincreasing. So if Hy is linear at infinity with slope not in the period spectrum, then
f(p. XH,) is bounded away from 0 and H, is dissipative. The same will hold under a
sufficiently small deformation of w or a sufficiently small Hamiltonian perturbation
of X Hy-

In all the examples of this section we have considered Hamiltonians which are roughly
linear at infinity. It is easy to use these examples to construct superlinear Hamiltonians
which are LD. It is an interesting question as to what Hamiltonians can be perturbed
to become LD. The property of being LD is clearly related to the behavior of the
function f(p, Xg, gs). Namely, if one can find an exhaustion for which this function
is appropriately bounded away from 0 near the boundaries, the Floer datum will be LD.

7 Proof of Theorem 1.1

7.1 Floer systems
For a symplectic manifold (M, ), denote by J (M, w) the set of w—compatible almost
complex structures on M. Let

FCC®R/ZxM)x C®[R/Z,T(M,w))

denote the set of Floer data (H, J) such that H is proper and bounded from below,
the Hamiltonian flow of H is defined for all time, and the metric g5, := (-, J;-) is
complete for any ¢ € R/Z. Denoting by A’ the standard simplex, let

FlcC®(ALF)

be the subset consisting of elements which are constant in a neighborhood of the
vertices. Furthermore, we require that for any F' € F M 5, F > 0. Denote by A"° the
interior of the simplex. Fix once and for all diffeomorphisms

o:R— AL, y:Rx(0,1) —> A%>°,
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| ‘ t = const

Figure 3: The source and target of the map .

s — p(t) = const

s+ p(t) = const

and an increasing diffeomorphism
0:(0,1) = (0,00)

for which
lim (s + p(t). 1) = [ 0(s),
t—1
lim ¥ (s — p(t).1) = f2o0(s).
t—>1
lim ¥ (s + p(1).1) = f1oo(s),
t—0

uniformly on compact subsets of R. Here f7: Al — 9A? is the standard embedding
of the face missing the i™ vertex. We extend the maps ¥+ := ¥ (- % p(-),-) to the
closure R x [—1, 1] in the obvious way. See Figure 3.

Definition 7.1 A Floer datum (H, J) € F© is called well-behaved if for any E > 0
and any compact K C M there is an R = R(E, K) > 0 such that any solution u to
Floer’s equation

osu~+ J(Oiu—Xg)=0
satisfying
E(u) = %/ ldsull> < E, uRxSYHYNK#2

is contained in the ball Bg(K).

A homotopy F = (Hy, Jg) € F is called well-behaved if the corresponding condition
holds for the solutions to

dsu + Ja(s)(t)(atu — XH,, (& u(s, t))) =0.
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Finally, an element {F},cp2 € F @) is called well-behaved if the corresponding
condition holds for the set of solutions to

osu + Jv,i(s,r)(t)(atu — XHy* 0 uls, t))) =0, te€l0,1],

with R(E, K) independent of 7. Denote by ]-"‘gg C F the subset consisting of well-
behaved elements.

Definition 7.2 A Floer system D on M consists of the data of subsets DO J-"‘Efg for
i =0, 1,2 such that the following hold:

(a) For any element F € DY there is an open neighborhood F € V ¢ C! x C°
such that V ¢ DY,

(b) A face of an element of D@ is an element of DD,

(¢) For any pair F; = (H;, J;) € DO i = 0,1, such that H, > H, there is a
homotopy { F}sefo,1] € DM with endpoints Fy and Fj.

(d) Given a pair F', F” € DM gsuch that F| = F{, there is a G € D? whose
restriction to the {0, 1} and {1, 2} faces coincides with F’ and F”, respectively.

(e) Given homotopies Fyy, Fi2, Fos € DM such that the endpoints of F;; are F;

and Fj, thereisa G € D? whose face i J coincides with Fj;.

A Floer system D is said to be invariant if it is invariant under the action of the
symplectomorphism group given by

Elements of D° will be referred to as D—admissible. A function H € C® (M) is said
to be D—admissible if there is an almost complex structure J such that (H, J) € D.
A bi-directed Floer system is one in which for any admissible H; and H, there are
admissible H; and Hj such that

H3 Zmax{Hl,Hz} and HO Emin{Hl,Hz}.

In Theorem 7.5 below we show that on any geometrically bounded manifold there is a
canonically defined invariant bidirected Floer system.

Definition 7.3 Define the dissipative Floer system F; to consist of the following data.
Let F;O)(M ) be the set of i—bounded Floer data (H, J) which are RLD. Let fa(,l) be
the set of monotone paths (Hs, Js)ge[o,17 in F (0) with endpoints in }';0) such that the
domain-dependent Floer datum (s,7) = (H(Z, - )5(s) dt, J(Z, ) g (s)) is i-bounded as in
Definition 5.9. Finally, 73" is defined as follows. Let Fyep2 = (Hp. Jp)pep2 € F?
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with edges in D). Associate to A2 and the map ¥: R x (0,1) — A2 a family
Crefo,1] of cylinders over the unit interval degenerating to a broken cylinder in the
obvious way. Let the domain-dependent Floer datum on C; be defined by F;(s,?) =
(Hy (s.0)(1, ) dt, Jy(s.0)(t,-)). Then F € F if and only if the family C with this
choice of domain-dependent Floer data is uniformly i—bounded as in Definition 5.10.

Remark 7.4 The set of all well-behaved Floer data is not necessarily connected. Thus
it is possible that there exist other Floer systems perhaps giving rise to inequivalent
theories. However, any Floer system for which the well-behavedness property of
Definition 7.1 holds in a sufficiently domain-local manner is equivalent to the dissipative
system by an argument similar to the proof of Theorem 4.7.

Theorem 7.5 Let (M, ®) be a monotone or Calabi—Yau geometrically bounded sym-
plectic manifold. Then F,;(M) is an invariant bi-directed Floer system on M.

Before proving Theorem 7.5 we need the following lemma.

Lemma 7.6 Let (H;, J;) € }";,0) (M) be such that Hy < H,. There exists an i-bounded
monotone Floer datum on R x S which coincides with (Hy, Jo) on {s < 0} and with
(Hy, J1) on {s > 0}. Moreover, the set of such Floer data is contractible in the same
sense as in Theorem 4.7.

Proof To conform with Definition 5.9, it suffices to produce an almost complex
structure on [0, 1] x R/Z x M of the form Jg, for some (Hjy, J;), such that the
following are satisfied:

e 0yJg, vanishes identically near the boundary of [0, 1] x R/Z x M, and thus
extends to an almost complex structure on R x R/Z x M interpolating between
JH, and Jg,. We continue to denote this extended almost complex structure
by Ju,.

e Denoting by 7: R x R/Z x M the projection to R x R/Z, we have that the
restriction of Jp, to each of 77! ((%,00) xR/Z) and to 7! ((—o0, 2) xR/ Z)
is intermittently bounded relative to .

e d;,H; > 0.

Other than the last condition, the construction would be the same as in the proof of
Theorem 4.7. We show that the monotonicity requirement does not affect the proof
of Theorem 4.7. For simplicity, assume H; is time-independent. As in the proof of
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Theorem 4.7 fix two disjoint open sets V1, V, C M such that there is taming data for
Ju; supported in [0, 1] x R/Z x V; for i = 0, 1. We may assume that each of the V; is
a disjoint union of precompact sets. Let x: M — [0, 1] be a function which equals 0 on
Vo and 1 on V;. Let f:]0, 1] — [0, 1] be a monotone function which is identically 0
near 0 and identically 1 on [% 1]. Let g: M x [0, 1] — [0, 1] be defined by

gx.s) = fI=s5)f()x(x) + 1= f(1—ys).

Then g is monotone increasing in s, identically O for all x when s is near 0, and
identically 1 for all x when s is near 1. Take Hy = g(x,s)H; + (1 — g(x, s)) Hy.
Then Hj is also monotone increasing in s. Moreover, H is fixed and equal to Hy on
[0, %] x Vp and to Hj on [%, 1] x V7. Let Jg be any homotopy which is fixed and equal
to Jo on [0, %] and to J; on [% 1]. Then Jg, is i-bounded since it coincides with
Jh, on [0, %] x Vo and with Jg, on [% 1] x V;. Contractibility of the set of all such
homotopies is similar. a

Proof of Theorem 7.5 Let F;(M) be as in Definition 7.3. We verify that F; (M)
has all the required properties. Namely, that it is a Floer system and that it satisfies the
properties guaranteed in Theorem 7.5.

Well-behavedness This follows from the definition and Theorem 6.3.

Condition (a) We need to show that if (H, J) is dissipative, so is a nearby (H', J').
The most involved case is when i = 2 which we treat. Near each vertex, we have
fixed Floer data so by definition we can pick an open neighborhood which maintains
RLD-ness for all three of these. The property of being u.i.b. depends on the metric
only up to quasi-isometry which is preserved for any uniform open neighborhood.

Condition (b) This follows by definition.
Condition (¢) This is just Lemma 7.6.

Condition (d) Pick an Ry > 0 for which o~ ! (supp d5 F’) C [~ Ro, Ro], and similarly
for F”. For any R > 0 define the homotopy Ig = F'#g F” by

Fl o if s <—R— R,
Flip if s € [~R— Ro, —R],

Ipsi= 9 FL =Flo ifs€[-R Rl
Fl_p if s € [R, R+ Ro),
Fg(l) lszR—f—R()

Define G by Gy (s,r) := Ip(r),s- It is immediate that G € ]-';2).
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Condition (e) First merge Fyy; with F;, as in the previous part. Then homotope to
Fy; relying on contractibility in Lemma 7.6.

Invariance Evident from the definition.

Bi-directedness This follows by Theorem 6.10. a

7.2 Transversality and control of bubbling

Definition 7.7 Denote by Jr; the set of almost complex structures for which all
moduli spaces

M*(A:T)
of non-multiply-covered J—holomorphic spheres representing any class A € H?(M ; Z)
are smooth manifolds of expected dimension. For J € Jieg, let Hyeo(J) denote that set
of all nondegenerate Hamiltonians satisfying the following conditions:

(a) The linearization D, of Floer’s equation at a Floer trajectory u is surjective for
all (H, J)-Floer trajectories.

(b) No Floer trajectory with index difference < 2 intersects a J—holomorphic sphere
of Chern number 0.

(c) No periodic orbit of H intersects a J—holomorphic sphere of Chern number < 1.

Write
FO = Hegl)x{J}.
J €Treg

Recall that M is said to be semipositive if for any class A € 7w, (M) we have
3—n<c;(4) <0 = w(4)<0.

Observe that if M is monotone or Calabi—Yau, then it is semipositive.

Theorem 7.8 Suppose M is semipositive. Let (H, J) € D©® and let V C ]-"V(V?)) be an
open neighborhood of (H, J) in C® N Fyy. Shrinking V, write V =V xV, CH X J.
The set Jreg is of second category in V, and for each J € Jieg N V2, the set Hieg(J) is
of second category in V.

Remark 7.9 Theorem 7.8 is formulated for time-independent almost complex struc-
tures following [32]. The same claim holds for time-dependent Hamiltonians after
appropriately modifying the regularity requirement. However, if we wish to construct
homotopies of such, we need to restrict to the case where M is monotone or Calabi—Yau.
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See Remark 7.12 below. One reason why one would wish to work with time-dependent
J is that once H has nondegenerate periodic orbits, for generic Floer data of the
form (H, J) with J time-dependent the moduli space of smooth Floer trajectories is a
smooth manifold of the expected dimension. See Theorem 5.1 in [23]. It then follows
easily that generic such (H, J) are regular.

Proof Since all the moduli spaces for all the Floer data in V' intersecting a compact set
K and possessing energy E are contained, for some R < o0, in Br(K), this follows
from the compact case. For the compact case see eg [32]. |

Suppose that for i = 0, 1, we have well-behaved elements F; € fr(eog), and let
Fo1 :={Fy = (H;, Js)}seAl

be a well-behaved homotopy between them.

Definition 7.10 Call such a homotopy regular if the following hold:
(a) Forany A € H*(M;Z) write
M (A4 Ts}) = {(s,u) | u € M*(4; Js0)}
Then M™*(A;{Js}) is smooth and of the expected dimension.
(b) For any y; and }, the moduli spaces
MG, V2. F = {Hy, Js})
of nontrivial continuation trajectories are smooth and of the expected dimension.

(c) There is no continuation trajectory u of index 0 or 1 for which there is a point
(s,t) such that u(s, ) is in the image of a Js—holomorphic sphere of Chern
number 0.

Similarly, let F € F @) with edges corresponding to regular homotopies. For such an F,
A® parametrizes a family of time-dependent Floer data (H, J). Write (Hj 3, J;5) :=
F

Y(s,h):

We say that F is regular if:

(a) The moduli space M*(A;{Js}) is smooth of the expected dimension.

(b) The corresponding family {u) } of Floer solutions is smooth of the expected
dimension.
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(c) There is no A for which there is a point (s, #) and a continuation trajectory u) of
index —1 or 0 such that u; (s, 7) intersects a J; ; —holomorphic sphere of Chern
number 0.

Denote by ]-}(gg) for i =1, 2, respectively, the regular 1- and 2—simplices of Floer data.

Fori = 1,2 let F' ¢ ]'-\E;B and let V(F') C ]:\8;3) be an open neighborhood. Let
Vo (F') C V(F") be the set of elements whose H component coincides with that of F.

To achieve transversality in the definition of continuation maps, we wish to avoid
perturbing Hy; since it is required to satisfy a monotonicity condition. Thus we will
perturb Jp; in an s—dependent manner.

Theorem 7.11 Suppose M is monotone or Calabi—Yau. Then fr(eig) N Va(F?) is of
second category in V,(F*) fori = 1,2.

Remark 7.12 The strengthening of the assumption relative to Theorem 7.8 is required
in the case i = 2. Indeed, in this case, the assumption of semipositivity does not rule
out the possibility that for an isolated (s, A) there is a J; 3 —holomorphic sphere with
negative Chern number. Once such a sphere is present, its multiple covers interact
with Floer trajectories in a nontransverse way. Invariance of Floer cohomology under
homotopies of J can still be established for the semipositive case by constructing chain
homotopies for truncated Floer homologies, since regularity for that case is easily seen
to be an open condition. We do not pursue this here.

Proof We need to verify that we can achieve regularity even though we avoid perturb-
ing H. For the generic smoothness of the moduli spaces see Section 16 in [48]. The
nonintersection property is a variation of the corresponding claim in [32]. Namely, for
i =1, to show this is to show that the universal moduli space

NZ: {(S’Z’ F = (HS’JS)7u19u2 | F € Vz’ul(z) = uZ(S’l)}

is a smooth separable Banach space of the expected codimension. Here u; € M*(J ;)
and u, is an F continuation trajectory. For this it suffices that the evaluation map

RxS!x82x{ueM*(Js)|JseVot >RxS' x M

defined as
(s,t,z,u) > (s,t,u(z))

is a submersion. For this, apply Lemma 3.4.3 from [37]. For i = 2 the argument is
similar. |
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7.3 Floer’s theorem

In this section we assume throughout that M is monotone or Calabi—Yau. Moreover,
we assume M is connected.

Denote by LM the free loop space C*°(R/Z, M). Let 1, I.: w1 (LM) — R be given
by integrating @ and the Chern class, respectively. Denote by LM the Floer-Novikov
covering of LM, that is, the abelian covering space of LM for which i,y ([17\? ) =
ker I, Nker I, where i: 74 (274 ) < m1(LM) is the natural inclusion. Explicitly,
the space LM is constructed as follows. For each component LM, of LM choose
a base loop y,. Then Z]\Z consists of equivalence classes of pairs (y, A) such that
y € LM,, A is a homotopy class of paths in LM, starting at y, and ending at y,
and the equivalence relation is (y, A1) ~ (y, 4;) if and only if w(A4;) = w(A4,) and
c1(A4y) = c1(42).

For a smooth function H € C*°(R/Z x M) and for any ¢ € R/Z, denote by X, its
Hamiltonian vector field. This is the unique vector field satisfying dH;(-) = w(Xg,,-).
Define a functional Ag: LM — R by

2w

A ([y. 4]) == —o(4) - ; H(y@))dt.

Note that this functional depends on the choice of base loop y, for the connected
component a € wo(LM).

Denote by P(H) C LM the set of 1—periodic orbits of Xg. Denoting by
w LM — LM

the covering map, set
P(H)=n"" (P(H)).

This is the same as the critical point set of Az .

We define an index
iRsi P(H) — 7

as follows. For each homotopy class a € 7o (LM ) fix a trivialization of y; T M. Then if
y = (y, A), trivialize y*TM along A by extending the existing trivialization from y,,.
With respect to this trivialization, the linearization ¢ — D, ,,;) of the flow along y is
a path of symplectic matrices, to which is associated its Robbin—Salamon index [51].
We take irs(}’) to be the Robbin—Salamon index in this trivialization. Note that igg is
independent of choices up to an integer shift n, for each a € wo(LM).
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For each homotopy class a € (M) let I'; C R x 2Z be the image of 71 (L M) under
1, x I.. We identify elements of I', with equivalence classes in 7{(£M,) modulo
ker I, Nker I.. For any ring R, define the Novikov ring A g r, by the set of formal
sums

Z )\.ATI“’(A)EZIC(A), with A4 € R,
AeT’,

which satisfy for each constant ¢ that
#HAeT,|Ag#0, w(A) <c} < oo.
We have an action of I'; on LM a by
A-[x, B]:=[x, A#B].
This is a covering action, so it restricts to an action on PH.

Fix a Floer system D. Write Dyeg := Freg ND and let F = (H, J) € Dr(eog . We define
the Floer chain complex CF*(H, J; R) as the set of formal sums

D Ax(%). with Az € R,
xeP(H)
satisfying for each constant ¢ that
(52) MI e P(H) | Az #0, Ag () > ¢} < 0.
CF*(H, J; R) is a graded vector space over R with grading given by
(53) i(X):=igs(X) +n.

Here n = % dim M. CF*(H, J; R) can be considered as a non-Archimedean Banach
space over R with its trivial valuation. The norm on CF*(H, J; R) for a linear
combination of generators is given by

> aiyi
i

For each homotopy class a, the vector space CF**%(H, J; R) generated by 7/3:,(\1-13 is a

‘= max eAHW),

(54) =
{i|a;#0}

graded Banach module over the Novikov ring A g r, via the action of I'y on P, (H).
The set P,(H ) noncanonically defines a basis of CF*“(H, J) over A g r, by choosing
a lift to P,(H).
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Let I' C R x Z be a subgroup. Denote by A g r the ring

AR,I‘ = {Z aiT)"'eZ”"
i

Let I'y C R x Z be the subgroup generated by Uaem(M) [q. Write Ag o := AR,

()"iv ni) el a; € R, hm )\i = OO}
1—>00

and Ag := AR rxz. Assume R is a field. A g is referred to as the universal Novikov
field over R. Strictly speaking A g rxz is only a graded field; that is, only homogeneous
elements with respect to the grading induced by projection R x Z — Z are invertible.
Henceforth let K be either A g or Ag ,,. Note that K carries a non-Archimedean norm
induced from ||7*| := ¢~ That is,'® val(T*) = —A.

Let

CF*(H.J:K):= @5 CF*(H.J:Agr,) ®agr, K.
acm (M)

where the hat denotes completion with respect to the induced valuation.

Remark 7.13 The approach we follow here to Floer theory over the Novikov ring is
the one originally introduced by [32]. In the literature (compare [47; 50; 61]) there is
a slightly different construction of the Floer chain complexes over the Novikov ring,
where one tensors the space generated by P(H) with A g, instead of passing to a
covering space. In that version, the chain complexes do not have an action filtration
nor a grading, but they do have a Novikov filtration over A g. We do not pursue the
latter approach here.

We define a linear operator d on CF*(H, J; R) by counting Floer trajectories in the
usual way. Namely, for any two elements

%1 s 552 € P(H)
of index difference 1, denote by M(X1, X»; J) the moduli space of Floer trajectories
which at —oo are asymptotic to X and at +o00 to X5, divided by the action of R. By

the inclusion D° C fvg%) and Gromov-Floer compactness, M (X1, X»; J) is compact.

Since F € fr(e(fo,) we get that when the virtual dimension is 0,

#M(fl,)?2; J) < OQ.
We thus define

%, = > #M(X1. 521 J)(%2).

X2 |irs(X2)=irs(X1)+1

10Caution: in many texts the convention is | - || = e val(),
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Theorem 7.14 The Floer boundary map d is well defined and satisfies d> = 0.

Proof We need to show that for any X; € 7% we have that d X, satisfies the finiteness
condition (52). For any c, let

Aci={% € P(H) | M(%1.%2:J) # @, A (%) > ¢}

For any X € A, there is a Floer trajectory of energy at most Ag (X1) — ¢ connecting
X1 and X,. Well-behavedness of F thus implies that there is a compact set K C M
such that any X € A, is contained in K. The claim now follows by Gromov—Floer
compactness. Thus d is well defined. That d2 = 0 follows from the compact case
[52; 37] since all Floer trajectories under a given energy level are contained in an
a priori compact set. |

By its definition, ¢ commutes with the action of A g r, and thus induces a well-defined
operator on CF*(H, J; K).

Theorem 7.15 (Floer’s theorem) Let M be a monotone or Calabi—Yau symplectic
manifold. Let D be a Floer system. Then there exists a dense subsystem D;e, such that:

(a) Forany F =(H,J) e Dr(%) , the graded filtered complex

(CF*(H. J;K).d)
is well defined.

(b) For any pair of elements F; < F; € Dr(eog) we have that

DY) (Fi, Fy) # @.

reg
Associated with any homotopy F'? € Dr(gg) (Fy, F») is a chain map

fri2: CF*(F')y — CF*(F?),
defined by counting the corresponding rigid Floer solutions. If Fy — F, = ¢ and
F'2 js of the form F)?> = (H + f(s), J), then f1 is the identity.
(¢c) For any triple Fo < F| < F, € DESg and elements Fjj € Dr(ég)(F,-, Fj), the set
Dr(é;)(Fm , F12, Fo) is nonempty. Any element

F € D@ (Fo1, Fi2. Fo2)

reg

defines a chain homotopy between the map fF,, and the composition fF,,° fF,,
by counting the corresponding rigid Floer solutions.

Geometry & Topology, Volume 27 (2023)



1348 Yoel Groman

Proof We take as above Dyeg := D N Free. By the theorems in the previous subsection,
Dyeg 1s dense in D.

(a) This is just Theorem 7.14.

(b) Given X; € P(H;) fori = 1,2, let M(X1,X»;{Hs, Js}) be the moduli space of
Floer solutions for the Floer data { H, J;} with X; and X, as asymptotes. For any

element
u e M(X1,X2;{Hs, Js}),

we have the a priori estimate
E(u) = Ap (%)) — An (%)

by Lemma 5.3 with F = Hj dt. By the assumption that D consists of Floer data that
are well-behaved as in Definition 7.1, it follows that

M(fl,fz; {Hs, Js})

is compact. We define the continuation map by counting the 0—dimensional moduli
space. Since action decreases along continuation maps, the finiteness condition is the
same as the case of the differential. The fact that f712 is a chain map is the same as in
the compact case [52; 37].

(c) It follows again from well-behavedness that all Floer solutions under a given energy
level for all the elements of the family are contained in an a priori compact set. The
claim thus follows again from the compact case. O

Proof of Theorem 1.1 This follows by Definition 7.3 from Theorems 7.5, 6.6 and 7.15,
by passing to homology. O

8 Hamiltonian Floer cohomology by approximation

8.1 Reduced cohomology

Definition 8.1 We refer to a chain complex which is a topological vector space with
continuous differential as a topological complex. For a topological complex (C, d), the
differential is in general not closed. To stay within the realm of complete Hausdorff
topological vector spaces we define the reduced cohomology of complete Hausdorff
topological complexes (C, d) by

H(C.d) = 2.

m
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where the bar denotes the closure. For general C* we first take the Hausdorff completion
and then take its reduced cohomology. Note that if C* is a Banach space then H(C, d)
is itself a Banach space with the induced quotient norm, which is defined by

= inf ||b]|.
i == inf 1]

€

For the ensuing discussion, we consider the vector space CF*(H, J;K) as a vector
space over R, forgetting the action of the Novikov parameter. For a > 0 define
CF ’("_ oo.a) (H. J:K) to be the R-subcomplex of CF *(H, J;K) generated by periodic
orbits of action less than a. Define by CF E; b)(H ; K) the quotient complex

(55) CF}, py (H. J:K) := CF{_ o (H.J:K)/CF}_, o (H. J:K).

Denote by HF' Fa, b)(H , J; K) the corresponding cohomology groups. These are vector
spaces over R.

Theorem 8.2 We have that:
(a) A continuous chain map between topological complexes induces a well-defined
map on the reduced cohomologies.

(b) A nullhomotopic map induces the zero map on reduced cohomology.

Proof For the first assertion, continuity implies that im d is mapped into im d. For
the second assertion, note that f maps all cycles into imd C imd. m|

Remark 8.3 A short exact sequence of topological complexes with continuous maps
induces a long sequence of reduced cohomologies. However, exactness of this sequence
only holds under special assumptions. A reference in the case of Hilbert complexes
is [36].

Let C* be a topological complex whose topology is induced by a filtration by sub-
complexes {C;"};cr such that C* C C;; whenever ¢ < ¢’. For any element a € C* let
val(a) := inf{t | @ € C}*}. Then val naturally induces a filtration on H*(C*) defined by
val([a]) = inf,¢[4) val c. Define a filtration on the vector space lim, H *(C*/CF) by

val(x) = inf{zo | x € ker(lim H*(C*/C}") — H*(C*/Cy))}
t
for x €lim, H*(C*/C}). Observe that the spaces lim, H*(C*/C/") and H*(C*/Cy)

are both complete with respect to the norm ||a|| := ¢**(® and are thus Banach spaces.
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Theorem 8.4 As Banach spaces,

H*(C*) =lim H*(C*/C}).
t

Proof Any two cycles in the Hausdorff completion of C* representing the same
element in H*(C*) represent the same element of H*(C*/C}) for each . We thus
get a well-defined morphism

fiH*(C*) - lim H*(C*/C}).
t

If ce C*isacycle and f(c) =0, then c is a boundary mod C;* for each ¢. In particular
it is in the closure of the space of boundaries of C*, so [¢] = 0 in the reduced homology.
Thus f is injective. We now show that [ is surjective. Let a € lim, H*(C*/C}").
We can compute the inverse limit by taking a subset {¢;} of the index set R which is
discrete, bounded above and unbounded below. In this presentation, a is a sequence

(' CER) [ai]’ [ai-i-l]v R [Cl()]), with [ai] € H*(C*/Ctt)’

where [a;] maps to [@;+1] under the natural map induced on homology. We consider
the representatives @; as living in C* and claim that they can be chosen so that, already
at the chain level, a; maps to a;+; mod C,’; . Inductively, suppose this holds for all
ip <i <0. We have that there is a b;, € C* such that a;, 11 —a;, = db;, mod th0+1.
Replace a;, by ai, + db;, to get the claim for iy. The sequence {a;} converges as
i — —00 to an element @ in the completion of C*. By construction, dd = 0 and
f([a]) = a. Unwinding definitions one verifies that /" preserves the valuations and is

thus a Banach space isometry. |

Example 8.5 In this example we illustrate how reduced and unreduced cohomology
may differ from one another. Fix a field R and consider the vector space

[e.e]
C* =P Rix'. y)gl/4*

i=1
where the x* and y* are formal symbols of degree 0 and 1, respectively, for all i, and
q is a formal symbol of degree —1. Define a non-Archimedean valuation on C* by
taking val(x’) = 0 = val(g) and val(y') = —i. Define a differential by

dXiII yi’ dyl =0, d(qxi):qyi+xi+l_xi’ d(qyi):yi_yi-i—l'

Suppose y € C* is a finite sum of generators satisfying dy = 0. Then y is a linear

combination of the ' and elements of the form ¢y’ — x! 4+ x?*!; that is, a linear

Geometry & Topology, Volume 27 (2023)



Floer theory and reduced cohomology on open manifolds 1351

combination of dx? and d(gx"). Thus the homology of C* vanishes. Consider now
the complex C* obtained by completing C* with respect to the valuation, and let

o
yi=x"+> (=Digy’.

i=1

Then y is well defined in C* and dy = 0. We show that y is not a coboundary and
is not even approximated by a sequence of coboundaries. For this, consider its image
in C*/C/. Tt is straightforward to verify that the class of y is equivalent mod C;* to
the class of x’ for any i > —¢, and that val([x?]) = 0. In this case one verifies that
the image of the differential is closed. It follows that the reduced homology of the
completion C* (which in this case equals the ordinary homology) is nonzero.

Consider now the subcomplex m ) of C* Let

y=>Y ».

Then y is again a convergent sum. Moreover, for any ¢ we have that y is a boundary
mod C/. Indeed, for any N > ¢ we have

N
y=d in mod C;.
i=1
But the sum on the right-hand side does ‘ot converge as i — 00. One verifies in this
case that the reduced cohomology H*(R(x?, yi)) vanishes while the unreduced one
does not.

8.2 Floer cohomology of lower semicontinuous exhaustion functions

Theorem 8.6 Let (Hy, Jy) and (H;, J1) be dissipative. Suppose
(56) H—c< Hy<H,.

Then the canonical continuation map HF*(Hy, Jo) — HF*(H,, J1) is an isomorphism
which decreases norms by a factor of at most e~ €. In particular, when Hy = H, the
continuation map is an isometry.

Proof Recall that for a monotone homotopy, the induced continuation map is valuation
decreasing. Consider the composition of continuation maps

HF*(H(), Jo) —>HF*(H1, J1) —>HF*(H() + ¢, Jp).
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It coincides with the continuation map
HF*(H(), J()) — HF*(H() +c, Jo)

The latter stems from a naive identification of the underlying complexes with the
norm scaled by e~¢. This shows that the map HF*(Hy, Jo) — HF*(H,, Jy) is right-
invertible and decreases norm by at most e~ €. Left-invertibility is shown similarly. O

Henceforth we drop J from the notation and talk about HF* ( H). Abusing notation we
will also drop J from the chain level notation. Accordingly, we refer to a Hamiltonian H
as dissipative if there exists a compatible almost complex structure J such that (H, J)
is dissipative.

As a consequence of Theorem 8.6 we may extend the definition of Floer cohomology
to some Hamiltonians which are degenerate or even nonsmooth.

Lemma 8.7 Suppose that H; and F; are pointwise monotone increasing sequences of
nondegenerate dissipative Hamiltonians, both converging uniformly in C° to the same
continuous function H. Then there is an isomorphism

lim HF*(H;) — lim HF*(F;),

- -

1 1

which is natural in that it commutes with all continuation maps involving dissipative
and nondegenerate Hamiltonians. We may thus define

(57) HF*(H) := lim HF* (Hy).

n

Define a seminorm on HF* (H) by
(58) la] := inf fla: ],

where a; € HF* (H;) maps to a under the natural map. Then || || is a non-Archimedean
seminorm on HF*(H) which is independent of the choice of H;. Moreover, when
H is smooth, dissipative and nondegenerate, the two definitions of HF*(H) as a
seminormed space coincide.

Proof Call a sequence H, as in the hypothesis admissible if for each n there is a
constant ¢, > 0 for which H — H, > ¢,. Given any two admissible sequences we
can squeeze a subsequence of one into a subsequence of the other. The first part
of the statement then follows by the universal property of the direct limit. Given a
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not necessarily admissible monotone sequence H, converging to H, the sequence
H,; .= H, —1/k is admissible, monotone and converges uniformly to H,. We thus
have a natural isomorphism
lim HF* (H,) = lim lim HF* (Hyy).
n n k
But the sequence H, is admissible and cofinal in the doubly indexed sequence H,,
and so we have a natural isomorphism
h_I,nh_r>nHF*(an) = li_IQHF*(Hnn)-
n Kk n

We have a similar relation for Fy,; := F,, — 1/k and Fy,. The sequences Hy;, and
Fy,, are admissible, monotone and converge uniformly to . Combined with the
isomorphisms we just deduced, we obtain the isomorphism

limy HF* (Hy) = lim HF* (Hyyy) = lim HF* (Fy) = lim HF* (F),
n n n

where all the isomorphisms are natural.

To see that || - || defines a non-Archimedean seminorm, note that by Theorem 8.6, the
sequence ||a;|| is bounded below. Since it is monotone decreasing, it is convergent. So

lla + b = lim fla; + b; || < limmax {{la; ||, ||6: I} = max{[lall. [|b]}}.

The homogeneity of || - || is obvious. In light of Theorem 8.6, the argument for the
independence of val on the choice of sequence is similar to the claim concerning the
natural isomorphism. Finally, for the last part of the claim, take F), to be the constant
sequence F, = H. |

The definition of action-truncated Floer homology groups also extends.

Lemma 8.8 Let H and H, be smooth nondegenerate and dissipative, and suppose the
sequence Hj, is monotone and converges uniformly to H. Then the natural map

(59) lim HFY, , (Hy) — HFF,  (H)
n

is an isomorphism. If we drop the assumption that H is dissipative and define

HFFa,b) (H) by (59), the right-hand side is independent of the choice of Hy.

Caution: the claim does not necessarily hold if we consider other segments such as

(a,b].

Geometry & Topology, Volume 27 (2023)



1354 Yoel Groman

Proof As in the proof of Lemma 8.7, the first part is proven by squeezing a sequence
of the form H, — ¢, into a sequence H — ¢,. The second part is proven by a similar
squeezing. The argument is spelled out in the proof of Lemma 8.7. |

The next theorem is key for what follows. It shows that truncated Floer homology is
continuous with respect to convergence on compact sets.

Theorem 8.9 Let{ H,} be a monotone increasing sequence of dissipative Hamiltonians
converging pointwise to a dissipative Hamiltonian H. Then for any real a < b, we have
that the natural map
I @HFE;,I;)(H") — HFE;,b)(H)
l

is an isomorphism.

Proof Fix an almost complex structure J for which (H, J) and (H;, J) are dissipative.
Without loss of generality we may assume that all the involved Floer data are regular
and nondegenerate. As in Lemma 8.8 we reduce to the case where H — H, > ¢, >0
for some ¢, > 0. By Dini’s theorem, the H; converge to H uniformly on compact sets.
By squeezing in an appropriate sequence we may assume that there is an exhaustion
of M by compact sets K, such that H, = H — ¢, on K,. For such a sequence we
have that for a fixed real number £ > 0 and compact set K, the numbers R(E, K)
of Theorem 6.3, defined for each of the Hj, stabilize as n — oo. So, given an i
and a cocycle y € CF E‘ a,b)(Hi)’ there is a compact set K and an iy > i such that
any continuation trajectory f;;/(y) or fi(y) is contained mod CF 2‘_ 0.a) in K. Here
fi: CFEka,b)(Hi’ J)— CFE;,b)(H’ J)and f;: CFE;;,b)(Hi’ J)— CFE;,b)(Hi” J) are
the natural continuation maps. Indeed, since we are considering only trajectories of
energy less than b — a, Theorem 6.3 provides an estimate on the diameter as required.
The same claim holds for composite trajectories of the form d o f; ;» and d o f;, etc.

Since H;|k; = H|k; —c;, we may identify those periodic orbits of H; which are inside
K; with the periodic orbits of H in the same region. For each periodic orbit y of H,
the corresponding periodic orbit of H; is mapped mod a by the continuation map to y.
Indeed, for i large enough, any continuation trajectory emanating from y and having
energy at most b — a is contained in K; and so satisfies a translation-invariant equation.
To be rigid it must be trivial. Moreover, taking i still larger, the same claim is true
for the periodic orbits appearing in the expansion of dy mod i. This shows that f is
surjective. Injectivity follows in the same way. Namely, suppose there is an i and a
se CFEka,b](H) such that f;(y) =d8§ mod a in CF*(H). For i large enough, the same
relation will hold in CF*(H;). O
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We use the notation HF*(H) for the reduced cohomology of CF*(H, J).

Corollary 8.10 For any dissipative Hamiltonian H and any sequence H; of dissipative
Hamiltonians converging to H uniformly on compact sets, the natural map

(60) lim lim HF,, ) (H;) — HF*(H)

a b,
is an isomorphism. Moreover, we have for any o € HF*(H) that
(61) val(a) = igf{oz € ker(HF*(H) —>11i)_r?HFE"a,b)(Pb))},
upgrading the isomorphism (60) to an isometry of Banach spaces.
Proof We have by Theorem 8.9 and by exactness of the direct limit,
(62) h_r)r.lHFE‘a,b)(Hi) :li%)nHFE‘a’b)(H) :HFE';’OO)(H).

b,i

So by Theorem 8.4 we obtain the isomorphism of Banach spaces. O

The last corollary will allow us to extend the definition of reduced Floer homology to
arbitrary lower semicontinuous exhaustion functions; that is, a lower semicontinuous
function H: R/Z x M — R which is proper and bounded from below. But first we
need to formulate an approximation lemma for such functions.

Lemma8.11 Let H:R/Z x M — RU{oco} be a lower semicontinuous function which
is proper and bounded below. Let F:R/Z x M — R be a smooth proper exhaustion
function such that F < H — € pointwise for some € > 0. Then there is a pointwise
monotone sequence of smooth exhaustion functions H,: R/Z x M — R such that
H,, converges pointwise to H everywhere and such that for each n there is a compact
set Ky such that Hy|p\ k, = Flam\k,,-

Proof It is a standard fact that H is the supremum of a monotone increasing sequence
H, of smooth functions. For each n take Hj to coincide with H,, on H ~1((—o0,n)),

to equal n on the set
{(t,x): H/(x) > n > Fy(x)},

and to equal F on F~!(n, 00). Then H, is well defined and continuous. After a slight
perturbation it is smooth and satisfies all the requirements. |

By Theorem 6.6 we can take F in the previous lemma to be a function with sufficiently
small Lipschitz constant outside of a compact set so as to be dissipative. Then all the

Geometry & Topology, Volume 27 (2023)



1356 Yoel Groman

functions in the sequence Hj, are also dissipative, as they coincide with F outside of a
compact set. Thus, any lower semicontinuous exhaustion function is the pointwise limit
of a monotone sequence of dissipative Hamiltonians.

Lemma 8.12 Let H be a lower semicontinuous exhaustion function. Let H, < F,, < H
be a pair of monotone sequences of dissipative Hamiltonians each converging pointwise
to H. Then for any a < b € R, the natural continuation map

(63) li_'n}HFFa,b)(l"[i) - li_.n}HFE;,b)(Fi)
1 1
is an isomorphism.

Proof For each n choose monotone sequences Hy, and F}, such that the following
properties hold. First, for fixed n, they converge on compact sets to H, and Fj,
respectively, as k — oo. Secondly, there is an exhaustion of M by precompact sets
Uy such that Hy, and Fy, coincide with H; — 1/k on the complement of Uj. Such
sequences exist by Lemma 8.11. By Theorem 8.9 we have natural isomorphisms

Jim HFp, g (Hicn) = HFp, ) (Hy).

and a similar isomorphism relating the Floer cohomologies of Fy, and F. The map
appearing in equation (63) corresponds under this isomorphism to the natural map

k,n—00

For each k we have that H — Hj, and H — F}., are bounded away from 0. Moreover,
for each compact set K we can make Hj, and F}, arbitrarily close to H on K by
adjusting k£ and n. It follows that for each k and n, we can find numbers &/, n’, k"
and n” such that Fy,» > Hyr, > Fj,. Thus we can squeeze a cofinal subsequence
of Hy, into a cofinal subsequence of Fy,. The claim follows by the same argument as
in Lemma 8.7. O

Lemma 8.13 Let H be a lower semicontinuous exhaustion function. Let F,, and G,
be a pair of monotone sequences of dissipative Hamiltonians each converging pointwise
to H. Then there exists a monotone sequence of dissipative Hamiltonian H,, such that
H, <min{F},, G,} and H, converges pointwise to H.

Proof The function H,, = min{F},, G,} is continuous. As in Lemma 8.11, let H,' be
a continuous function which coincides with H,’, on H,;_l (—o00, n), and with some fixed
smooth dissipative function F < H; everywhere else. Then H, is continuous, the
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sequence H, ' is monotone, and it still converges to H. Finally, replace H, by a smooth
H, satisfying H)) —1/n < H, < H, and which equals F outside some compact set.
Then all the requirements are satisfied. |

Proof of Theorem 3.3 The surjectivity statement follows from Lemma 8.11 as stated
in the paragraph right after the proof of Lemma 8.11.

For a pointwise monotone sequence { H;} of regular dissipative Hamiltonians, define
(64) HF* ({Hy}) 1= lim lim HFY, ) (H),
a b,

with the norm given by the right-hand side of (61).
Let sup({Hl.1 H= sup({Hl.2}) = H for some H € Hy.. By Lemma 8.13 we can find a

third sequence { H;} of regular dissipative Hamiltonians such that H; < min{Hil, Hl.z}.

By Lemma 8.12 and equation (64) it follows that we have natural isomorphisms
HF*(H}') = HF*(H;) = HF* (H}).

For an arbitrary H € H. we define HF*(H) as the pushout over all approximating

sequences {H;} of HF*({H;}) under the natural isomorphisms just described. By

naturality we get an induced functorial continuation map for H; < H,. This defines

the functor HF* on (Hse, =<). To see that the restriction to (Hg,reg, <) agrees with the

previous definition, note that any element H € Hg,e; can be considered as a constant
sequence {H;} with H; = H. a

In fact we have proven the following stronger lemma, which is used below.

Lemma 8.14 Let H be a lower semicontinuous exhaustion function. Let H, and F},
be a pair of monotone sequences of dissipative Hamiltonians each converging pointwise
to H. Such sequences are guaranteed to exist by Lemma 8.11. Then for any segment
[a, b) there exists an isomorphism

li_FQHFFa,b)(Hi) — @HFFa’b)(Fi)-
1 1

This isomorphism is natural in the sense that it commutes with all induced continuation
maps. We thus define

(65) HF}, ) (H) := lim HFY, 4 (H)).
1

In other words, we have

(66) HF*(H) = lim h%)n HFj ) (H).
a
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In the next section we will see that it is actually possible to define HF* as the reduced
cohomology of an appropriate chain complex which is well defined up to filtered
quasi-isomorphism.

8.3 The chain level construction

We apply the telescope construction appearing in [5] to define HF*(H), for general
lower semicontinuous H, as the cohomology of a certain complex. Namely, let (H;, J;)
be a sequence of dissipative Floer data. Let ¢ be a formal variable of degree —1 satisfying
g% =0. Write!! ~
SC*({Hi}) = €D CF* (Hy)lg),
i=1
and equip it with the differential

8(a + qb) := (—1)*€%q + (—1)%€b (gdb + K (b) — b),

where « denotes the continuation map CF*(H;) — CF*(H;11) for each i. Let
SC* ({H;}) denote the completion with respect to the action filtration. It is shown
in [5] that, ignoring topology, there is a natural isomorphism
(67) lim HF™ (H;) = H"(SC" ({Hy}). 6).
i
This isomorphism arises as follows. Consider the underlying complexes CF* (Hj)
with differential §(a) := (—1)%€%d(a). This change does not affect anything at the
cohomology level, and continuation maps remain chain maps. The obvious embeddings
(CF*(Hj),8) < SC*({H;}) commute up to homotopy with the continuation maps,
thus giving rise to the map in (67). For more details see [5].

Definition 8.15 Let (C/*, d) for i = 1,2 be complexes filtered by a valuation. We say
that a valuation-decreasing chain map f: C* — C; is a filtered quasi-isomorphism
if it induces an isomorphism on filtered homologies H[Z,b) for a > —oco. We say
that (C*, d) is filtered quasi-isomorphic to (CJ,d) if there is a zigzag of filtered
quasi-isomorphisms starting at one and ending at the other.

Theorem 8.16 Let H be a lower semicontinuous exhaustion function and let (Hl.1 ,J l.l)
and (Hl.z, Jl.z) be monotone increasing sequences of dissipative Floer data such that Hl.]
converges to H pointwise for j = 1,2. Then SC* (¢ Hl.1 }) is filtered quasi-isomorphic

11 A5 usual we abuse notation, omitting mention of the almost complex structures.
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to SC* ({Hl.z}). If H is itself dissipative, they are both filtered quasi-isomorphic to
CF*(H).

The proof of Theorem 8.16 is carried out after establishing the following few lemmas,
which are of interest in their own right.
Lemma 8.17 We have for any interval —oo < a < b < 00,

Hp, 3 (SC*({Hi}).8) = limy HF, ) (H).
1
Further, we have an isometry of Banach spaces
H*(SC*({H:}).8) = limlim HF, ) ().
a i

where on the right-hand side we define the norm by equation (61), and on the left-hand
side we take the norm induced from the CF*(Hj).

Proof The first half of the claim is what is shown in [5], since no topology is involved.
For the second half, the isomorphism of topological vector spaces follows from the
first half and Theorem 8.4. The fact that this is an isometry also follows from the first
half by unwinding definitions. |

Lemma8.18 Let F*= {(Hio, Jl.o)} and F' = {(Hil, Jl.l)} be two monotone sequences
of dissipative Floer data such that Hi0 < Hl.l. Let $; s be a monotone dissipative
interpolating family. Then there is a filtration-decreasing continuation map

¢5: SC*({H}) — SC*({H]'),
inducing, for each interval [a, b), the canonical continuation map
lim HF, y) (H;') — lim HFY, 4 (H,).
1 l

If $H! and $? are two homotopies interpolating between F° and F!, there exists a
filtration-decreasing chain homotopy operator

R: SC*({HP}) — SC*H ({H]'})
such that
¢f)1 _¢f)2 =80ﬁ+ﬁ08

Proof Let j;: CF* (Hl.o) — CF*T! (Hil 1) be the chain homotopy operator satisfying

fﬁi+1 ok —ko fg, =doji+ jiod.
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Define

¢:SC*(F°) — SC*(F")
by ¢(a + gb) := f(a)+ qf(b) + j(b). One verifies that this is indeed a chain map.
Inspecting isomorphism (67) one finds that the homology-level square

. 0 - 1
lim HEFY, ) (H}) ——— lim HEFp, ) (H;')

| l

H ) (SC*({HPY) —— HE: , (SCH({H]')

commutes. This proves the first half of the claim. To define the chain homotopy operator
R, letl;: CF* (Hl.l) — CF*t! (Hl.z) be the chain homotopy operator associated to a
family of homotopies interpolating between $)! and $2. Let Ji' be the homotopies
between fl'fH ok and k o fl." forn=1,2. Let

m;: CF*(H') — CF*T2(H2, )
be a degree 2 operator satisfying
dom+mod=j'+ol—(okx+j?).

We show that such an m exists before proceeding. To see this note that each term on the
right-hand side is a chain homotopy operator from ko f; to f, ox coming from appropri-
ate one-dimensional families of interpolating homotopies. By standard Floer theoretic
machinery, a generic two-dimensional family interpolating these one-dimensional
homotopies gives rise to an operator m as required. By energy considerations, m is
action decreasing.

Having established the existence of m2, we define the chain homotopy
f(a+gb) := () V(@) + ()" D (gl () +m(b)).
A straightforward but somewhat tedious calculation shows that £ is indeed a chain

homotopy operator, as required. a

Proof of Theorem 8.16 Use Lemma 8.13 to find a monotone sequence of dissipative
Hamiltonians {Hl.o} dominated by {Hij } for j = 1,2 and still converging pointwise
to H. By Lemmas 8.12 and 8.18, the continuation map induces a quasi-isomorphism
for each finite truncation. O

Geometry & Topology, Volume 27 (2023)



Floer theory and reduced cohomology on open manifolds 1361

9 The product structure

9.1 Floer data for the pair-of-pants product

For time-dependent Hamiltonians Hy, H,, let H; x Hy: R/7Z x M — R be the time-
dependent function
2H; (1) if 1 €[0, 1)

(Hy % Hy); = {2H2(2t— 1) ifre [%, 1)

Note that H; x H, depends discontinuously on ¢ with jump discontinuities att = % 0~1.

The operation is introduced for notational convenience. A triple (Hy, Hy, H;) is called
a (strict) product triple if Hy > Hy x Hy (H, > H; x Hy).

Denote by X the pair of pants S2 \ {0, 1, co}. For our convenience we pick cylindrical
ends which extend globally as follows. Consider the holomorphic map ¥ : ¥ — R xR /Z
given by

1
Z > ELogz(z— 1).

This defines cylindrical coordinates

1 1
s = Elog|z(z— D, t= Earg(z(z— 1))

in punctured neighborhoods of 0 and 1, coordinatized as inputs. For the cylindrical
end at co we take

1 1
S=5- loglz(z=1)|, t= in arg(z(z —1)).
Thus oo is coordinatized as an output. Henceforth we write
1 _
oy = 2ndargz(z 1)
and take /15 : X — R to be the function

1
I 5= Elog|z(z— 1)].

Then dhy A ax > 0, and Ay has a single critical point at z = % Note also that at the

output we have ay; = 2 dt, while at each input we have oy, = dt. We consider the

1

coordinate ¢ to be well- defined on the complement of s = /1y = 3.

Definition 9.1 A Floer datum (H, J) is called superdissipative if for any /:R/Z — R
we have that ( fH, J) is dissipative.
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Lemma 9.2 If H is a Lipschitz exhaustion function and h: R — R is a monotone
function satisfying lim; oo 1’ (t) — 0, then h o H is superdissipative.

Proof The Lipschitz constant of f -/&o H is arbitrarily small outside of a sufficiently
large compact set. The claim follows by Theorem 6.6. |

For a superdissipative (H, J), let F(H, J) be the set of all pairs in C®°(R/Zx M)xJ
which coincide outside of some compact set with ( fH, J) for some f:R/Z — R.
Drop J from the notation when there is no ambiguity. A 1-form $ € Q1(Z, C®(M))
is called H—admissible if there is a function G: X x M — R such that ) = G Q ax
and such that for each x € M we have d$(x) > 0, and for each z € ¥ we have
G(z,-) € F(H). A Floer datum ($), J') is called H—admissible if, in addition, J' is
quasi-isometric to J. For an H—admissible product triple we denote by P(Hy, H;, H»)
the set of H—admissible data on the pair of pants which fori =0, 1, 2 equals H; dt at the
i™ end. We refer to the set P(Hy, Hy, H) as product data for the triple (Hy, Hy, H>).
Included in the set P(Hy, Hy, H) are broken Floer data, which are concatenations of
monotone continuation data in F(H) with H—admissible pairs of pants.

Lemma 9.3 (a) H-admissible one-forms satisty the hypotheses of Lemma 5.3.
(b) H-admissible product data are dissipative.
(c) If (H®, H', H*) € F(H)?3 is a strict product triple, then
P(H®, H', H?) # @.

(d) P(H®, H', H?) is connected, and the path connecting any two elements is
dissipative.

Proof (a) Equations (17) and (18) hold by construction.

(b) Loopwise dissipativity follows by the assumption of superdissipativity of H. As for
i-boundedness, observe that the metric g s, is uniformly equivalent to the metric g, .
In fact, if H is Lipschitz, g s, is uniformly equivalent to the product metric on X x M.

(c) Let F € F(H) be a time-independent Hamiltonian satisfying for all x € M
2max{Hg (x), Hy (x)} < F(x) < min{ H§ (x), H{ 5 (x)}.
Such a Hamiltonian exists by assumption. Let

Gy(x):= {max{szot(x)’ F(x)} ifte [

0.1
’2
max{2H] (x), F(x)} ifre[i.1

B
]
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Then G’ satisfies
() (H° H' G')is aproduct triple,

(i) for each x € M there is a neighborhood U C M and I C R/Z of {0, %} such
that G, (y) = F(x) for (t, y) € I x U, and

(i) G’ < H,.

The function G’ has nonsmooth points away from ¢ € {0, %} but it can be smoothed
to a function G so that the properties (i), (ii) and (iii) still hold. Let G} be a family
such that for s > % we have G* = H, and for s < % we have G* = G, and such that
dsG® > 0. This can again be pieced together by an appropriate Urysohn function.

We define H] to equal G, (z),; for z such that hx(z) > % By property (ii), H, extends
smoothly beyond the branchpoint at z = % On each input end we can smoothly
interpolate between the input H; and %G s in a monotone way by employing an Urysohn

function. The result ) := H’ ® ay is an H—-admissible product datum.

(d) If H'a and H?« are two (unbroken) H—admissible product data with the same
inputs and output, so is any convex combination. If H !« is a broken product datum,
it can connected by a path to an unbroken one by gluing. Thus P(Hy, Hy, H,) is
connected. Dissipativity is immediate as in part (b). |

9.2 Construction of the pair-of-pants product

Lemma 9.4 Fix a superdissipative H. Suppose that (Hy, H,, H,) € F(H)? consists
of nondegenerate Hamiltonians. Then for generic choice of element in P(Hy, Hy, H>)
and for a generic path in P(Hy, Hy, H;), the associated 0— and 1-dimensional moduli
spaces of Floer solutions are compact, smooth and of the expected dimension.

Proof By construction, an admissible product datum satisfies the hypotheses of
Lemma 5.3. Therefore, given generators y; € CF*(Hj), the pairs of pants of a fixed
dissipative Floer datum with i end asymptotic to 3; have energy estimated, according to
Lemma 5.3, by E'P(U), equal to the action difference Ag, (73) — Am, (V1) — Am, (72).
The first part of Lemma 9.3 and Theorem 6.3 thus imply that they are all contained
in an a priori compact set K depending on the differences b; — a;. The story is now
the same as the closed case, which is dealt with in the aspherical case in [54]. Sphere
bubbling is treated in the exact same way as for the differential, continuation maps
and chain homotopy operators, which was done in detail in Section 7.2. The upshot is
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that in the monotone or Calabi—Yau case, whether one is working with a single Floer
datum or with a family of parametrized ones, spheres occur in codimension 4. All
the arguments involve at most 1-dimensional families of Floer solutions. Generically,
there is no sphere bubbling for such families. a

Theorem 9.5 Fix a superdissipative H. For any Floer datum (H, J), denote by
CF*°(H, J) the subcomplex generated by contractible periodic orbits. A generic
choice of admissible product datum for a generic product triple (Hy, Hy, H,) € F(H)3
determines a bilinear map

x: CF*(Hy, Jo) ® CF*°(H,, J,) — CF*°(H,, J5)
satisfying

(68) val(xy * xp) < val(xy) + val(x,).

Moreover, we have d(x1 % x3) = dxq * xa + (—=1)%€*D x, % dx,. The induced map
on homology satisfies the following properties:

(a) Itis independent of the choice of admissible product datum.
(b) If, in addition, Hy > H; * Hy, it is supercommutative.

(¢) It commutes with all continuation maps in F(H).

For the remainder of this section, unless indicated otherwise, all the Floer
cohomology groups are those arising from contractible orbits. We do not
indicate this further in the notation.

Remark 9.6 The reason we restrict our discussion of the pair-of-pants product to
contractible periodic orbits is in the formulation of the Floer complex we chose in
Section 7.3. In that formulation the Floer complex is generated over R by appropriate
equivalence classes [y, 4], where y is a periodic orbit and A a path from a base loop
in the component of y. Concatenating two such data (yy, Ao), (y1, A1) with a pair
of pants having output on some periodic orbit y, does not give rise to an appropriate
path A, unless all the involved periodic orbits y; are contractible. To obtain a well-
defined product involving noncontractible orbits, additional choices need to be made.
This should not be hard, but we do not pursue the details. An alternative approach
which avoids this issue altogether is indicated in Remark 7.13. Note also that if the
symplectic form is exact or even merely aspherical and atoroidal, there is no issue.
Moreover, if one of the inputs is contractible, the pair-of-pants product is well defined
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without additional choices. Thus, as a result of the present subsection, we do get the
module structure of the full symplectic cohomology over the contractible part without
any additional work.

Proof of Theorem 9.5 Fix a regular pair-of-pants datum P € P(Hy, Hy, H;). Let
7; € CF*(Hj) fori =0, 1,2 be such that

irs(¥2) = irs(Yo) + irs(¥1).

The product * is defined by counting the Floer solutions associated with p. The Leibnitz
rule is obtained by analyzing the boundary of the 1-dimensional moduli spaces. For
details see [4, Section 2.3.5]. Note that while [4] concerns the cotangent bundle, once
we fix a regular product datum, the analysis of the moduli spaces is exactly the same.

Behavior of the valuation under * follows by Lemma 5.3. Namely, by monotonicity of
the product data, any solution must have nonnegative energy.

Given two choices of admissible product data, Lemma 9.3 allows us to construct a
dissipative homotopy. We can perturb while maintaining dissipativity to get a sufficiently
generic homotopy inducing a chain homotopy between the appropriate complexes.
Commutation with continuation maps follows in the same way from Lemma 9.3 and a
standard gluing argument.

The claim about supercommutativity follows by pulling back the product datum P
by a biholomorphism of S? which fixes oo and commutes 0 and 1. For details see
[4, Lemma 2.3.24]. O

Lemma 9.7 The pair-of-pants product induces a map

e HFE:H ,bl)(Hl) ® HFE:lz,bz) (Hy) — HFFmaX{al +bz,a2+b1},b1+b2) (H3)

for all F(H) admissible triples. Moreover, the product * fits into a commutative
diagram

HER oy (HO) @ HFp, 4 (Ha) —— HF a4 by.as b1 b1 +52) (F13)

o |

* S *
HE yry (H) @ HF g (Ho) —— HE o oy a4 (F13)

whenever a; > a; and b} > b;.
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Proof Recall the identity for any R—modules 4, B, C, D,
A/BC/D=ARC/(B®C+ AR D).

The first part of the claim follows by definition of CF E; b) and the estimate (68). The
second part is clear if one works with representatives. |

Lemma 9.8 Suppose Hy, H,, H3 are a triple of lower semicontinuous exhaustion
functions satistying

(70) H3 > H1 * H2

and H; > H. Then there is a monotone sequence of admissible product triples H;j, €
F(H),i = 1,2, 3 such that H;}, converges pointwise as k — oo to Hj.

Proof Pick constants a;,a;, a3 <1 such that ay +a, <aj. According to Lemma 8.11,
we can find sequences H;i,i = 1,2, 3, which are monotone in k& converging pointwise
to H; and coinciding with a; H outside of a compact set. From (70) it follows that
for each k there exists an index ix such that H3; > Hjj; * H, . The sequence
Hi i, Hy j, Hs , is as required. O

Lemma 9.9 The pair-of-pants product for Hamiltonians in F(H) induces a map

*H HF g ) (H) @ HF [, 0y (H2) = HFa by s 451y, +b2) (F3)

for all triples (Hy, H,, H3) € ’HSC that satisty H; > H. Moreover, the product x g fits
into a commutative diagram as in (69).

Proof Pick a monotone sequence (Hyy, Hi, Hyy) of H—admissible triples converg-
ing to (Hy, Hy, Hy). As in (65),

HFEZ’b)(Hi) = li_]iQHF[z’b)(Hik)-

Since tensor product commutes with direct limits, we get an induced product as in
the statement of the lemma. Moreover, since the pair-of-pants product commutes
with all continuation maps in F(H), the product * g is independent of the choice of
approximating sequence. |

Lemma 9.10 Fix a superdissipative H. The pair-of-pants product on F(H) induces a
canonical product

g HF*(Ho) ® HF*(Hy) — HF* (H,)
for all product triples (Hy, Hy, H,) € HS’C. The operation x g commutes with all
continuation maps and is supercommutative.
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Proof Fori = 0,1, let y; € HF*(H;). By Lemma 8.17, HF*(H;) is the reduced
cohomology of an appropriate chain complex CF* (H;) well defined up to filtered quasi-
isomorphism. Pick such chain complexes for Hy and H;. Let ¥, 1 be representatives
of o, y1 respectively. We construct an element y» = [ ]* g [/2] € HF* (H,) as follows.
By (66), to give an element in HF*(H,) it suffices to fix some ¢ and give for each
a < ¢ < b an element ygb € HF Fa, b)(H2) so that the ygb agree under the natural maps

(71) HF},  (Hp) — HF o (Hy),

defined whenever a < a’ and b < b’. For some € > 0 write b; = val(y;) +¢€ fori =0, 1.
Fix some b > by + by and for any a < b let a9 = a — by and ay = a — by. Then
by applying the operation * g of Lemma 9.9 to the classes of §; in HF Fai, bi)(H,-) we
obtain an element yﬁ’b € HF E';, p)- Moreover, yé’b agrees with )/2"/1’/ under the natural
maps (71). We thus obtain an element y, € HF*(H,) which is well defined after
fixing representatives y;. We need to verify that y, is independent of the choice of
representatives. For this it suffices to show that if }; is in the closure of the image of
the boundary for either i = 0 or i = 1, then y, = 0. This amounts to showing that for
each a there exists a b such that ygb = 0. For definiteness assume [¥o] = 0 € HF*(Hy).
By (66) we need to show that for each a there is a b such that

v5? =0 € HF (g5 (H>).

For this it suffices to show that there is a b such that we can find numbers «;, b; for
i =0, 1 such that

max{a0+b1,a1 +b()}§a<b()+b1 fb, b,’ >Val()7,~),

and such that [yy] =0 € HFFaO,bo)(HO)' We choose by = val(y1) + € and ag = a — by.
Since } vanishes in reduced cohomology, there exists a by = bg(ag) > val(y;) such
that it vanishes in HF E;O’ bo)(HO)' Pick a; = a — bg. Then all the requirements are
satisfied. It is clear that changing the underlying complexes for HF*(H;) up to filtered
quasi-isomorphism does not affect the definition of . a

9.2.1 Independence of the choice of H at infinity
Lemma 9.11 Let Fo < F; be superdissipative. Fori =0, 1 let (H}, H!, H}) € F(F),
and suppose ij < I-Ij1 for j = 0,1,2. Then the operation * commutes with the

continuation maps HJp — Hjl. In particular, the definition of the pair of products is
independent at the homology level of the choice of H in the approximating scheme.
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Proof Fix dissipative homotopies H; — H'. Gluing either the first two homotopies to
the input of the pair of pants in F(Fy) or the last one to the pair of pants in F(F) gives
rise to two pairs of pants from H?, Hlo to H21 with 1-forms of the form $; = G;ux
such that d$; Adhy > 0. We need a family (Gy, J5) such that ()5 := Gsax, Jg) form
a dissipative interpolating family still satisfying

d$9s Ndhy > 0.

The proof of existence of such a (G, Hy) is exactly as in Lemma 7.6. |
9.2.2 Associativity

Lemma 9.12 Let H' fori = 1,2,3 and H'2, H*3 be elements of H.. Suppose
(H', H*, H"?) and (H?, H3, H*?3) are product triples. Let H* be such that

H*>2 max {H}?, H>,
- teR/Z{ d )

Then the maps
HF*(H") ® HF*(H?) @ HF*(H?) — HF*(H*)

coming from the two compositions in Figure 4 coincide.

Proof It suffices to prove the claim under the assumption that H', H*/ € F(H)
for some superdissipative H, since we can replace all the involved Hamiltonians by
approximating sequences in F(H). Moreover, we may assume all inequalities are
strict. The assumption implies there is a time-independent H such that H* > H >
2max{H 2, H?>3}. Thus if we prove associativity for the case where all the functions
are positive multiples of a single function, the general claim will follow by naturality
of the pair-of-pants product with respect to continuation maps. For this case the proof
is standard in the literature (see eg [5; 4]) but we spell out the details.

Consider H! = H? = H® = H, H'"?> = H>? = 2H and H* = 4H. Now let
f12, £21: % - R be functions such that d( £’/ ) >0, df*/ is compactly supported,
and f%/ is equal to i at the input zo, to j at the input z;, and to 4 at the output.
We consider the 1-forms $!'1'2 := Hay and $"/** := fi/ Ha. The two possible
compositions correspond to the gluing of $:1+2 to either $%'1+# at the first input, or to
$1:2:4 at the second input. We must show that there exists a homotopy between the two
compositions. We write these glued 1-forms as Hay and Hag; here «; are 1-forms
on S?2 \ {0, 1, z’, oo}, where z’ is a point zy near 0 for the first composition and z; near
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Figure 4: Homotopy for associativity.

1 for the second composition. Note that do;; > 0. We pick a smooth path z,¢[o,1] in
the Riemann sphere. We show that we can lift this to a path o, of 1—forms satisfying
dogy > 0 and connecting aq to @;. Smooth four-punctured spheres are diffeomorphic
by a diffeomorphism which preserves the cylindrical ends. Thus the claim reduces
to finding such a homotopy on a fixed surface. But the condition do > 0 is convex.
Thus we can find a path o, as required. The family $, := Ha, gives the required
homotopy. |

9.3 The PSS map

Theorem 9.13 Let M be geometrically bounded. Then the small quantum product on
H*(M ;K) is well defined.

Proof We take as our model of H*(M) the homology of the Morse complex CM*
arising from considering the positive gradient flow of some proper exhaustion function
f: M — R with nondegenerate critical points, together with a geometrically bounded J
such that the pair (f, gs) is Morse—Smale. For this to compute cohomology (and,
indeed, for the Morse differential to be well defined) we take CM™* := Kerit(), Indeed,
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CM* thus defined is the dual of CM ., which consists of finite formal sums of critical
points with the differential defined by counting negative gradient lines. Since g is proper
and bounded below, the subcomplexes CM}; C CM™ generated by critical points in the
sublevel set M, := f~!(—o0, @) compute the singular homology of M, by standard
Morse theory [39]. By taking colimits it follows that CM « computes singular homology
of M, and therefore, CM* computes singular cohomology. The small quantum product
is defined by counting the J—-holomorphic spheres with three marked points intersecting
the unstable manifolds of some input critical points p, ¢ and the stable manifold of an
output critical point r. Since f is proper and bounded below, the stable manifold of
any critical point is precompact. Thus by Theorem 4.11 all the spheres are contained in
a priori compact sets. The fact that the operation thus defined is indeed an associative
product is now standard; see eg [37, Section 12.2] and [46]. O

Remark 9.14 An alternative way to think of the construction of the small quantum
product is to observe that cohomology of a noncompact manifold is Poincaré dual to
Borel-Moore homology. That is, a homology where one allows locally finite sums
of singular chains. Given a triple y1, y», 3 of Borel-Moore homology classes, the
coefficient of )3 in the quantum product y; *gg y» is the three-pointed Gromov—-Witten
associated with the triple y1, y2, y;, where y;* € Hyx(M) is the Poincaré dual of y3.
Now )/3* is a cycle in ordinary homology and thus a finite chain. Therefore, by geometric
boundedness, the number of J-holomorphic spheres intersecting y;* and representing
a given homology class is finite.

Theorem 9.15 For any H € H there is a natural map
fi5: H*(M;K) — HF*(H).

Denote by * the product in Floer cohomology and by oy the small quantum product.
Then fPSS satisfies for any product triple Hy, Hy, H, and for any pair of classes
a,b e H*(M;K),

TESS(a) % [ESS (D) = fESS(axoub).

In addition, for any x € HF (H)),

T W) % x = fu, m, (%),
where
SH,,Hy: HF* (Hy) — HF* (H,)

is the natural continuation map.
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Proof In the compact case for smooth nondegenerate Hamiltonians this is [46]. In
the noncompact case, we achieve C° estimates for smooth dissipative nondegenerate
Hamiltonians by considering appropriate dissipative data on the plane. Namely, we
pick a geometrically bounded J and monotone homotopy H; going from 0 for z in a
neighborhood of the origin and to H for z near oo, and such that the associated Gromov
metric gy, is i-bounded. This is done as in Lemma 7.6. Alternatively, we can restrict
the direct definition to the superdissipative case, and just take H, = f(|z|) H for some
monotone increasing function. The definition for arbitrary H is by an approximation
scheme as in the definition of the pair-of-pants product. Write dt := darg z. Then the
Floer datum (J, H; dt) on the complex plane is dissipative. Moreover, it is monotone,
so by Lemma 5.3 and Theorem 6.3 the solutions emanating from any critical point
of f to any critical point of Ag are confined to an a priori compact set. This reduces
the claims to the compact case. a

9.4 Proof of Theorems 1.3 and 2.1

Let H C Hs be a subset consisting of time-independent Hamiltonians such that for
any Hy, H, € H we have that 2 max{H;, H,} € H. We call H a monoidal indexing set.
For each monoidal indexing set #, we define a group
SH*(M ;) := lim HF*(M).

—

Hen
We denote by Hs, the monoidal indexing set consisting of all smooth functions which
are proper and bounded from below, and define

SHY . (M) := SH*(M ; Hm).

univ

We now prove Theorem 1.3 from the introduction, which states that SH* (M ; H) is a
unital algebra over QH* (M ; K).

Proof of Theorem 1.3 (a) Given yq,y; € SH*(M ;H), we can find Hy, H; € H
such that y; lifts to an element still denoted by y; € HF*(H;) for i = 0,1. Since
‘H is a monoidal indexing set we can find an H, € H such that (Hy, Hy, H,) form
a product triple. Pick a superdissipative Hamiltonian H < H;, i = 0,1,2, and let
Y2 = Yo *g Y1 € HF*(H,), using the induced product *z from Lemma 9.10. By
Lemma 9.11, y» is independent of the choice of H. We define yq * y; € SH* (M ; H)
to be the image of y, under the natural map HF*(H,) — SH*(M;#). Since g
commutes with all continuation maps, y; * ), is independent of the choice of product
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triple (Ho, Hy, H,) € H3. Associativity and supercommutativity hold up to contin-
uation maps in H by Lemmas 9.12 and 9.10. Indeed, if Hy, H,, H3 € H, then so is
4max{H1, Hz, H3}

(b) This is an immediate consequence of Theorem 9.15.

(c) This is an immediate consequence of the naturality of the pair-of-pants product
with respect to the continuation maps. |

We next turn to the proof of Theorem 2.1 concerning local symplectic cohomology,
but first we recall some definitions. Let K C M be a compact set. Let

0 ifxeKk,
oo ifxeM\K.

The local symplectic cohomology at K is defined by

HK(X) = {

SH*(M |K;K) := HF*(Hg; K).

Proof of Theorem 2.1 (a) We have
K, C K, < Hkg, < Hg,.
Thus there is a continuation map

SH*(M |K,) = HF*(Hg,) — SH*(M |K) = HF*(Hg,).

(b) This is the symplectic invariance of the construction of HF*.

(c) We have that Hg := {Hg} forms a monoidal indexing set. So SH*(Hg) =
HF*(Hg), and the claim follows from Theorem 1.3.

(d) This is an immediate consequence of Theorem 1.3 and the functoriality of the
continuation maps.

() We have H —supg H < Hg. On the other hand the map corresponding to

H — H + c is a conformal isomorphism decreasing valuation by c. a

9.5 Symplectic cohomology as a topological vector space

There is more than one natural way to put a topology on SH* () depending on the
purpose one has in mind. In the rest of the paper we shall consider the final topology
on SH*(M ;H). That is, the strongest topology for which all the continuation maps
HF*(H) — SH*(M ;H) for H € H are continuous. Note that this topology is not
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necessarily Hausdorff. We also do not address the continuity of the pair-of-pants
product. For applications later in this paper we will only need the following lemma.

Lemma 9.16 Let H be a monoidal indexing set consisting of continuous Hamiltonians.
Let K C M be a compact set. Then the natural map

SH*(H) — SH*(M |K)

1S continuous.

Proof By Theorem 2.1(e), for any continuous Hamiltonian H, the continuation map
HF*(H) — SH*(M | K) = HF*(Hg) is continuous. Continuity of the induced map
follows by definition of the final topology. a

Remark 9.17 Since the spaces SH*(M | K) are all Banach spaces, Lemma 9.16 will
still hold if one considers topologies on SH*(H) which are weaker than the final
topology. We do not pursue this further, however.

We illustrate the various notions of symplectic cohomology by considering the case
M =R xR/Z. We will compare symplectic cohomologies for three different monoidal
indexing systems. Since M is a Liouville domain we no longer restrict the discussion

of the pair-of-pants product to contractible orbits.
Example 9.18 Consider the monoidal indexing set £ consisting of Hamiltonians
which, outside of a compact set, are of the form

H(s,t) =als|+b.

According to a theorem by Viterbo [64] equating symplectic cohomology of a cotangent
with loopspace homology of the underlying manifold, for any coefficient field R we
have that

(72) SH*(M; L) = R[x,x"",8x]/92.
Thus, SH*(M ; L) is the exterior algebra of polyvector fields on R\{0}. By the Kiinneth

formula [42], or by Viterbo’s theorem again, the same holds for M = T*T".

Example 9.19 Now let K C M =[—a,a] x R/Z. To keep track of actions choose
the primitive s dt of the standard symplectic form. With this choice, one shows that
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SH*(M |K) is obtained from SH* (M ; £) by completing with respect to the valuation
val(x?) := |i|a and val(dy) := 0. When the underlying ring R is trivially valued, this
completion is of no effect. However, when working over the universal Novikov ring
we obtain for example that SH?(M | K) consists of all infinite Laurent series

o0
> bix' with b € Ag oy
i=—00

satisfying
limval(b;) + |i|la — —oo.

This is the same as the set of analytic functions on the rigid analytic torus A* which
converge on the subtorus {z € A* | val(z) € [—a, a]}. A reference for rigid analytic
geometry is [9]. Closer to home, [58] and [3] provide a closely related point of view
from the vantage point of Lagrangian Floer homology of the R/Z fibers.

Example 9.20 Finally we study SH, . (R x S 1). We claim that over the universal
Novikov ring, SHSniv (R x S') consists of formal Laurent series y_ b; x' that are rapidly

decreasing in the sense that there exists a superlinear convex function g such that
val(by) = —g(n).
To see this, observe that SH* . (M) is computable by direct limit of HF*(H) over

univ
functions H which outside of a compact set are of the form H(s,t) = h(|s|) for
h:R4 — R4 a convex function such that /’(¢) is unbounded as t — 0o.'? For any

such H there is a natural map
SH*(M ;L) - HF*(H),

by the universal property of the direct limit and the fact that for any H' € £ we have
H’' < H outside of a compact set. Each monomial x maps to a class associated
with a unique periodic orbit y* of H. It is not hard to show that HF*(H) is in fact
the completion of the algebra SH*(M ; £) = R[x,x ™!, d,] with respect to the norm
val(x;) = Ag (y;). This is computed as follows. Let s; € R be the unique real number
such that dg H(s,t) =i. Then

val(x') = sih(s;) — h(Isi|) = isi = h(lsi)-
Writing ' = &’ we have s; = £~ 1(i) and the right-hand side of the last equation is

exactly g(i) := f(; f~1(t)dt. Since f~! is monotone and unbounded this means g;
is convex and superlinear. From this it is not hard to deduce the claim.

128uch a function is not necessarily dissipative. However, we may still talk about its Floer cohomology by
approximating by linear Hamiltonians.
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10 Computations and applications

10.1 Liouville domains

Let (2, o) be a contact manifold with contact form «. Let (U, w = dX) be a compact
exact symplectic manifold with ¥ as boundary such that « = A|3y—x and such that the
Liouville field Z, which is defined by ¢t z@ = A, points outward at the boundary. Let
U be the completion of U by attaching the cone X x R with the symplectic form
wy = e" (da + dr Aa). The vector field Z extends to U and is given by Z = d/dr.

Denoting by ¢; the time ¢ flow of Z, the skeleton of U relative to A is defined by

Skel(U. Z) = () ¢:(U).
t>0

The map ¥ x R — U defined by (x,r) — ¢,(x) is a symplectic embedding of the
symplectization of ¥, whose image is U \ Skel(U, A). A reference for these basic
definitions and claims is [14]. In particular, the function ¢, (x) — e” is defined and
smooth on U \ Skel(U, Z). Moreover, it extends to a continuous function of ﬁ, still
denoted by e’, by defining e” (p) = 0 for p € Skel(U, Z). Denote by L the set of
Hamiltonians that outside of a compact set containing the skeleton are of the form
ae” + b for a > 0 and b € R. We refer to these Hamiltonians as being linear at infinity.
Similarly, Hamiltonians which outside of a compact set are of the form /(e”) for
h convex are referred to as convex at infinity. Let J be of contact type; that is, J is an
w—compatible translation-invariant almost complex structure J satisfying JR = dr for
R the Reeb flow. As in [63], define SHY), .., (U) = lim, . HF*(H,J).

Lemma 10.1 SHY, ... (U) = SH*(U: L).

Proof By Example 5.25, when paired with a contact type J, the elements of £ are
i-bounded. Any H € £ with slope at infinity not in the period spectrum of ¥ is
dissipative by Example 6.14. It follows that HF*(H) = HF*(H). So the directed
systems computing each side coincide. a

In particular, we have a natural map
[ SHYero (U R) = SH* (U L, R) — SH (U R).

univ

Theorem 10.2 The map f is an isomorphism.
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Remark 10.3 The proof below of Theorem 10.2 relies crucially on the fact that for
Hamiltonians which are convex at infinity, the action spectrum is bounded from below,
rendering the topology of HF*(H) discrete. This fails when working over a nontrivially
valued field. To see what sets trivially valued fields apart, consider the following. Given
two Hamiltonians H; < H, such that H; = h;(e"), the continuation map

Si2: HF*(Hy; R) — HF*(Ha; R)

can be shown two be an isomorphism of vector spaces, and thus, since the topology
is discrete, of topological vector spaces. However the inverse of f1, will generally
not be bounded. Thus when working over A g, the map f1, will no longer be a
homeomorphism.

Proof of Theorem 10.2 We consider the set C of smooth Hamiltonians H for which
there is a compact K = {e” < €} for some € > 0 such that H is C2-small and negative
on K, and of the form H = h(e”) outside of K. The action of any 1-periodic orbit
of such a Hamiltonian is positive. The set of Hamiltonians C is cofinal in the set of
all smooth Hamiltonians with respect to the order relation <, defined by

(73) H <H, <= Hyx)—H{(x)>C>—o0 forall xe M.

Pick a sequence F; € C given outside of a compact set by F; = h;(e”) so that the
sequence F; converges to H on compact subsets of M and such that near infinity 4; is
linear of slope not in the period spectrum of «. The action of a periodic orbit is given
by the right-hand side of (43), which in this case specializes, for a nontrivial periodic
orbit y of F; occurring at some level set e” =1, to

Ap; (v) = thi(t) = hi (1),

which is positive for /s; convex. Positivity also holds for the trivial periodic orbits,
since they occur inside U where F; < 0. We thus have that HFE}( ooy (Fi) = HF*(F;)
for all kK < 0. A similar statement holds for H. From this we deduce, first, that
HF*(H) = HF*(H), and, second, that HF*(H) = lim, HF* (F).

The set F; is cofinal in £ with respect the order relation <. Therefore, we obtain an
isomorphism of R-modules

HF*(H) = H_.H)IHF*(F,') — SH*(Lreg; R).
1

Moreover, given two convex functions H; < H,, the continuation maps from H; to H,
will commute with the above isomorphisms since they are all defined via continuation
maps between functions which are linear near infinity. The claim follows. |
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We similarly prove:

Theorem 10.4 SH*(U| Skel(U, Z); R) = SH*(U|U; R)
=SH ;k/iterbo(U; R)
=SH* (U:R).

univ
Proof Consider a monotone sequence H; belonging to the set of convex Hamiltonians C
defined in the proof of Theorem 10.2, so that

0 ifxel,
oo ifxeU\U.

Then, by positivity of the action spectrum,

lim Hj(x)= {
X—>00

SH*(U|U; R) = lim1 m HFj ooy (Hi) = lim HF* (Hy).
l l

i
—
k

The right-hand side equals SHY;,.,, (U R) by the same argument as Theorem 10.2. In
a similar way, SH*(U | Skel(U, Z): R) = SH o0 (U R) by considering a sequence
H; € C such that
0 if Skel(U, Z),
lim H;(x)= %XEAG( )
X—00 oo if x e U\ Skel(U, Z).

Finally, the equality SHY,..,(U: R) = SH, (U; R) is Theorem 10.2. O

univ
Proof of Theorem 2.14 We consider the radial coordinate = e” on U, which we may
assume surjects onto (0, 1), with Skel(U) corresponding to ¢ = 0. We use the notation
U(ty) :={p € U | t(p) < ty}. We will consider a family of dissipative S—shaped
Hamiltonians H. ¢, which are defined as follows. H is equal to 0 on U(¢), to ct — ce
onU (%) \U(¢), and has small gradient and Hessian outside U (%) Here it is understood
that we perturb slightly to get a smooth Hamiltonian which is transversely nondegenerate
on U (%) By Theorem 1.1(c), the Hamiltonians H, ¢ are dissipative. We construct a
monotone increasing sequence ¢; going to oo and a monotone decreasing sequence €;
going to 0, so that the distance of ¢; to the period spectrum of AU is more than 2¢;. We
take ¢; even smaller so that the energy required according to Theorem 6.3 for a Floer
trajectory to meet both sides of U(1) \ U (%) is more than €;¢;. Observe now that by our
assumption, the action functional on M restricted to loops in U which are contractible
in M coincides up to a constant with the action functional defined using the Liouville
form. Moreover, the periodic orbits outside of U (%) are constants with large value of H.
Thus, the set of periodic orbits of H,, ¢; having nonnegative action are the constants
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inside U (¢;) as well as the periodic orbits appearing as the slope goes from 0 to ¢;. Their
actions are all at most ¢;6;. Thus, the Floer trajectories connecting orbits of nonnegative
action all remain inside U(1). So SHFO’OOO)(M| Skel(U); R) = SHE? (U; R).

Viterbo

It remains to show that the negative-action periodic orbits form an acyclic complex.
Consider an increasing 1-parameter family of Hamiltonians H; = H, () ¢) With
c(t) = oo as t — 00, and fix an action window [a, 0). We cannot show that for an
arbitrary a there is a fixed ¢ such that HF E‘ a,o)(H +) = 0 since as we increase the slope,
new negative periodic orbits keep appearing with action not far from 0. However, we
claim that for each #( there is a #; > ¢y such that, denoting by f;, s, the continuation
map from ¢y to ¢;, we have

fto,tl (HFE;,O)(H[)) = {0}.

Indeed, let y be a periodic orbit of U with period T < ¢(0). It will appear as a
periodic orbit of He () ¢(r) of action %(T —c(t)) —e(t). Consider the cohomology class
a(t) = fo(a). By functoriality of the continuation maps, its action is a monotone
decreasing function of #. Moreover, since for any ¢ the complex CF E‘ a,o)(Hf) is finitely
generated, there is a discrete set of points {#; € [0, c0)} such that on the interval (¢, ;4 1),
the cocycle « is represented by the action minimizing cycle ) y]? . Let T]’ be the period
of y; as a Reeb orbit of dU and let 7" be the maximal of these. Along the interval
(i, ti+1), the action of «(¢) will be given by %(Ti —c¢(t)) — €(¢). Since the action
of «(¢) is nonincreasing, we must have that 7" is nonincreasing. Since c(¢) — oo
it follows that the negative periodic orbits in U(1) eventually fall out of any action
window under the continuation maps. The periodic orbits outside of U(1) are constants
with action going to negative infinity. This means all the periodic orbits which lie
outside U(1) are in the closure of the boundary operator in SC*({ H;}). Upon tensoring
SC*({H;}) with A g, the same remains true. O

Proof of Theorem 2.16 Let K be a compactly supported displacing Hamiltonian for
Skel(U). Then K displaces an open neighborhood of Skel(U ), which we may take to
be U itself. Let F' be a Hamiltonian which vanishes on a neighborhood of U U supp K
and has small enough gradient and Hessian to be dissipative and have only critical
points as periodic orbits. Let H; be a sequence of Hamiltonians which vanishes on
Skel(U), increases on U(e;) for some €; — 0, and becomes a constant C; outside
the u(¢;), with C; — oo. The sequence H; + F is monotone and converges to Hgye|(v/).
and so computes SH* (M | Skel(U); K).
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Recall the notation Hy # H, := Hy + H, o Yy, , where ¥ g is the time 1 Hamiltonian
flow of H. We have ¥, 41, = VH, © VH, . Observe that the sequence (H; + F)# K
computes SH* (M | Skel(U); K) as a topological vector space. To see this, note that
there is a constant C such that | H; # K — H;| < C, so we can factor

SC*({Hi+ F—C}) - SC*({(H; + F)#K} — SC*({H; + F + C}),
and vice versa.

F + K = F#K is also a displacing Hamiltonian which, after slightly perturbing, we
can take to be nondegenerate. Moreover, all the fixed points of (H; + F)# K coincide
with those of F'# K. By a standard argument [59], adding H; has the effect of shifting
the action spectrum by —C;. The action spectrum of F# K is bounded from above since
all the positive action orbits lie in the compact set defined by F = 0. Thus the whole
action spectrum of (H; + F)# K moves to negative infinity. So SH* (M | Skel(U)) = 0.
By Theorem 2.14, this implies SHY .., (U) = 0. O

iterbo

Proof of Theorem 2.17 We consider the family of Hamiltonians H, ¢ as in the proof
of Theorem 2.14. The periodic orbits of U that are contractible in U embed in an
action-preserving manner in £LM. We take 6 > 0 such that any Floer trajectory of
energy at most § which meets U () is contained in U(1). The classes [x, ] with x a
contractible periodic orbit in U (%) and A a path in LU (1) C L(M) thus form a direct
summand of SC FO, 5)({H0i .€01)- Moreover, the proof of Theorem 2.14 shows that the
differential applied to contractible periodic orbits in U (%) coincides mod § with the
differential computing SH*(U|U). This proves the claim. |

Proof of Theorem 2.18 Consider Hamiltonians as in the proof of Theorem 2.16, and
denote by
f:SC*({H; + F}) - SC*({(H; + F)#K})

a continuation map induced by an appropriate homotopy, by g the continuation map
in the other direction, and let $) be the chain homotopy operator between the identity
and g o f. Fix an action value a. By taking iy large enough we have, as in the
proof of Theorem 2.16, that f; vanishes mod « for all i > iy. Therefore, starting our
sequences at iy, we have Id = $)od + d o ) mod ¢ for all ¢ > a. But $ can increase
the valuation by at most the Hofer norm of K. It follows that if vala = ¢ > a and
do = 0 mod ¢, the largest possible window [c, d) for which « # 0 € HF[*c,d)(HU)
has d — ¢ < d(U) =< || H||lgofer- So taking @ < 0 and § as in Theorem 2.17, we get
d(e) > 4. d
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10.2 Mapping tori

Let (M, w) be a compact symplectic manifold and let : M — M be a symplecto-
morphism. Denote by My, the mapping torus

My =10, 1]xM/(0, p) ~ (1, ¥(p)).
Let @ be the 2—form on M, obtained by pulling back  via projection to M, and let
Mw =R x Ml/fv

with the symplectic structure @ + ds A dt. Denote by HF* (M, ) the fixed-point Floer
homology of i as introduced in [21]. The closed 1-form dt induces a grading of the
Floer homologies by integrating over periodic orbits.

Denote by S': ]l71d, — R the natural coordinate (s, ¢, p) — s. Let f: R — R be a proper
convex function which is linear at infinity of slope at greater than & for some integer k.
Let J be an almost complex structure for which the map 7 : M v — Rx S defined by
(s, t, p) — (s,t) is J-holomorphic. Let H = f o S. The following theorem is due to
M Abouzaid.

Theorem 10.5 Denoting conformal isomorphism by ~, we have

(74) HF*K(H; Ag) = HF**(H: Ag) ~ HF* (M, ¥*; A g).

Proof The Hamiltonian vector field of S is d;. So the periodic orbits of H = fo.S are
contained in fibers of H for which f” is an integer. The periodic orbits corresponding
to an integer k are the fixed points of ¥*. The periodic orbits corresponding to different
values of k& have different homotopy classes. Thus the Floer differential only connects
orbits within a fiber. The (H, J)-Floer trajectories in Ml/, project under m to maps
satisfying the inhomogeneous Cauchy—Riemann equation

83S=atT—1, 83T=8,S

Thus the function s +i¢ + S + i (T —t) is holomorphic. By the maximum principle,
S must be constant. In particular, Floer trajectories connecting orbits within a fiber
of H must stay within that fiber. Also, we have T =t.

Recall the definition of the differential in fixed-point Floer homology. Namely, for
fixed points x and y of 1/fk, it counts J—holomorphic strips asymptotic to x and y
satisfying the boundary condition u(s, 1) = ¥ (u(s, 0)). Given such a u we obtain a
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Floer cylinder # in the mapping torus by #%(s, t) := (¢, u(s, t)). This sets up a bijection
between the Floer trajectories connecting periodic orbits in a fiber and fixed-point
holomorphic strips. The rightmost equality in (74) follows. For the other equality note
that since ¥* has a finite number of fixed points, CF *:k (H; A R) is finite-dimensional
and thus the differential has closed image. a

Proof of Theorem 2.6 Let f be any proper convex function and let H = f o S.
Consider a monotone sequence of convex functions f;, which are linear of slope larger
than k near infinity, and which converge to f. Write H, := f 0 S.

Since Floer trajectories remain in fibers of S, we have by the isomorphism (74) that
HF*K(H) = HF** (H,) = HF*(M, y*).

By the same reasoning, given convex functions f; < f> and writing H; = f; o S for
i = 1,2, we get that the natural map HF*K (H,) — HF**(H,) is just the identity
under the above identification.
It follows that
sk \ /
SHS (My) = HF** (M, y%).

Observe that SH*

iniv @mounts to completing the direct sum

:k \ 7
@ S :niv (Ml/f)
keZ
by allowing certain infinite sums. The claim follows. |

10.3 The Kiinneth formula for split Hamiltonians

Fori =1, 2, let M; be symplectic manifolds and let (H;, J;) be dissipative Floer data
on M;. Unless (H;, J;) are strictly bounded, the data (Hyom; + Hyoms, wf Ji + 75 J3)
will not be i-bounded. In that case we replace CF*(H) via the telescope construction
by a sequence of Hamiltonians which are strictly bounded, and continue to denote this
by CF*(H). We have

(75)  CF*(Hyom + Hyoma, n}Jy + 7} Jy) = CF*(Hy, J1) & CF*(H,, J,),

where the hat denotes here and later the complete tensor product. This is defined by
taking the Banach norm || - || on the tensor product X ® Y to be defined by

lIz|| := inf{ml.jalx{||x,-||||y,-||} 1z = in ®yi} forze X ®Y.

It is straightforward to verify using (54) that this is indeed the norm induced by (75).
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Theorem 10.6 We have a natural isometry of Banach spaces over A g,

ﬁ*([—[l +H2;AR) =ﬁ*(H1,AR)®ﬁ*(H2,AR)

Proof We follow the proof of the finite-dimensional case from [28]. Isomorphism (75)
induces a norm-preserving map

HF*(Hy) ® HF*(H,) — H*(CF*(H) ® CF*(H,)) = HF*(H, + H,).

We show that this map is surjective. All spaces considered here are countably generated.
In particular, every closed subspace has a closed complement [53, Proposition 10.5].
We thus decompose the chain complexes CF*(M;; H;) into a direct sum C; & Z; of
chains and cycles, and then further decompose Z; = K; & B;, where B; = 8_C,

Any cycle y € CF*(H;)® CF*(H>) is, up to the closure of the boundary, an element of
BIRGOK I RCOCI 8K, &K1 ® K, C1 &Cs.
Now note that the images of the spaces under d are contained, respectively, in
Bi®By, Ki®By, Bi®K,, 0, BI®C,®B,®C,

which are pairwise disjoint. So each component of the boundary must vanish separately.
Thus if y is a cycle it must actually be an element of K; ® K>, up to the closure of the
boundary. In particular, the map is indeed surjective. |

10.4 The Kiinneth formula for universal symplectic cohomology

We shall need the following lemma. The author is grateful to Lev Buhovski for its
proof.

Lemma 10.7 Let M and N be smooth manifolds, and let P = M x N. The set of
functions of the form f oy + g o 7, is cofinal in C*°(P).

Proof Take an exhaustion Ky C K, C--- C M of M and an exhaustion L; C L, C
-+« C N of N by compact sets, and define positive locally bounded functions g, : M — R
and g>: N — R by g(x) = maxg,xrz, f and g>(y) = maxg,xr, f, where i is the
minimal positive integer such that x € K;, and r is the minimal positive integer such
that y € L,. Then we have f(x, y) < g1(x) + g2(y) for any (x, y) € M x N. Now,
since g1 and g, are locally bounded, one can find smooth functions f;: M — R and
f2: N — R suchthat g;(x) < fi(x) forany x € M, and g,(y) < f>(y) forany ye N,
so then we have f(x, y) < fi(x) f2(y) forany (x,y) e M x N. ad
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Proof of Theorem 2.7 By the discussion preceding Theorem 10.6, we have a natural
map
lim HF*(Hy: AR) ® HF*(Ha; AR) — SHyy (M7 x My: AR).
(Hy, H2)eH(M1)xH(M>)

By Lemma 10.7 we can consider the right-hand side as a direct limit over the same
indexing set of split Hamiltonians. So an element of the right-hand side lifts, for some
pair (Hy, H,), to an element of y € HF*(Hy o 1 + H, o ). By Theorem 10.6 the
image of the natural map

HF*(HI) ®HF*(H2) —)HF*(HI O JTq +H207T2)

is sequentially dense. The density part of the claim follows. Now suppose some
element x of the left-hand side maps to 0 in the right-hand side. Then there is an
(H,, H,) such that the lift X of x to HF* (H,)® HF*(H,) maps to 0 in HF* (H; + H>).
It follows from Theorem 10.6 that X = 0. O

Corollary 10.8 Suppose that SH* . (M) = {0}. Then SH* . (M x M) = {0}.

10.5 Vanishing results

Theorem 10.9 Let M be a geometrically bounded manifold such that c{(M) = 0.
Suppose there exists a proper dissipative nondegenerate Hamiltonian on M carrying no
periodic orbits of index 0. Then SH, . (M ;K) = 0.

Proof By definition, the natural map H*(M;K) — SH*(M ;K) factors through
HF*(M:K). Since HF*(H;K) = 0, we get from Theorem 1.3 that SH} . (M ;K) is
a unital algebra in which 1 = 0. |

Lemma 10.10 Let M be a geometrically bounded manifold such that ¢1(M) = 0.
The hypotheses of Theorem 10.9 are satisfied if M carries a circle action Ygc g1 With
the following properties:

(a) It is generated by a Hamiltonian H which is proper and bounded from below.

(b) There is an equivariant compatible geometrically bounded almost complex
structure J such that the distance d(p,v¥1/2(p)) under gy is bounded away
from 0 outside of a compact set, and |VHl| g, < f(H) for some function
f R —[1, 00) for which the primitive of 1/ f is unbounded from above.
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Proof Assume that the flow of H has minimal period 1. Our assumptions imply that
for any integer k, the function (k + %)H is dissipative. Indeed, invariance of J under
the flow implies the flow of H is Killing. Thus, by Corollary 5.18 and Lemma 5.16
the metric g, is geometrically bounded. The estimate on d(p, ¥1/2(p)) implies
loopwise dissipativity by Lemma 6.17 and Corollary 6.19. Indeed, in this case, the
Lyapunov constant vanishes. Let P C M be a connected component of the set of
critical points of H. Then P is compact and Morse-Bott. Since the flow of H is
I—periodic, the Robbin—Salamon index irs(p) for any p € P is related to the Morse
index of H by 2iMorse(p) + dim P = irs(p) 4+ 2n. Suppose first that igs(p) # 0.
The Robbin—Salamon index is additive with respect to concatenation, and invariant
under reparametrization. Thus, the absolute value of the Robbin—Salamon index of
the critical points p € P can be made arbitrarily large by multiplying H by a large
enough constant. Suppose now that irs(p) = 0. Then 0 < irorse (p) =1 —% dim P. We
have dim P < 2n since the action is nontrivial. So we can perturb P and obtain fixed
points with Robbin—Salamon indices lying in [—% dim P, % dim P] C (—n,n). Since
the grading defined in equation (53) (for which the unit has degree 0) is by irs(p) + 7,
we get that in either case, for k large enough, there are no periodic orbits of index 0. O

Remark 10.11 Lemma 10.10 has the curious implication that on a closed symplectic
manifold M with ¢ (M) = 0 there are no Hamiltonian circle actions. This is in fact
proven in [43].

Example 10.12 Let M be a toric Calabi—Yau manifold obtained as the symplectic
reduction of CV by a torus preserving the holomorphic volume. Then M has an
induced almost complex structure which preserves the action of the residual torus. With
the induced Kahler metric, M can be shown to have bounded geometry, and the circle
action given by the diagonal action

0

0-[z1,....2n] = [’ LT

ZN]

can be shown to satisfy the conditions of Lemma 10.10. Thus SH} . (M) = 0. This
generalizes the vanishing of the symplectic cohomology of C” as well as the more
general result of [49] concerning the case where M is total space of a negative line

bundle over projective space and ¢; (M) = 0.

10.6 Existence of periodic orbits

Proof of Theorem 2.4 Let H: M — R be a proper smooth function such that
H~!(—00,0) = K. Suppose there is a § > 0 such that the flow of H on H~1(0, §) has
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no periodic orbits representing « in the first part or contractible in the second. We may
assume without loss of generality that H has sufficiently small Hessian everywhere so
that the only periodic orbits are critical points. Let /,,: R — R be a monotone function
constructed inductively so that —1/n < h,(x) < 0 for x € (—o0,a], hp(x) =x+n
on (a+4d/n,00) and hy(x) > h,—1(x) everywhere. Let H, = h,, o H. Note that by
our assumption the only periodic orbits of H,, are critical points, or, in the first part,
periodic orbits not representing «. We have that H, converges in a monotone way
to Hg. So, by Lemma 8.17,

SH* (MK K) = SC*({ Hy}) = lim lim HFf, o) (Hyi K).

The first part of the theorem now follows, since the complex SC*e ({Hp}) computing
SH*“(M |K) is the zero complex. We prove the second part. We claim that for any n,
any —oo < a < b, and any x € HF [tz,b)(H”;K) supported on critical points lying
outside of K, there is an n’ such that x — 0 in HFFa,b)(H"’; K). Indeed, if we choose
sufficiently generic time-independent almost complex structures we may assume that
for any triple of integers m,n1,n;, any simple Floer trajectory in the differential of
CF*((1/m)Hy,;) or in the continuation map CF*((1/m)Hy,,) — CF*((1/m)H,,)
is of the expected dimension. By a standard argument in Floer theory [32], all the
solutions are time-independent. Namely, since the Floer data and the asymptotic data
are all time-independent, a solution # is either time-independent as well, or part of a
nontrivial S family of solutions. In the latter case, # is an m—fold cover of a simple
time-dependent solution u associated to Hamiltonians %Hni , which also appears in
an S! family and is thus not of the expected dimension, contradicting the assumption.
Any time-independent trajectory is gradient-like for H. So if it emanates from a critical
point outside of K, it remains outside of K. Moreover, the action difference for a
continuation trajectory going from a critical point x; of Hy, to a critical point x;
of Hy,, both lying outside of K, is just

—Hy, (x2) + Hy, (x1) < —(n2—ny).
Thus, if ny —ny > val(x) + a, then x will map to 0 in HFE; b)(an; K). By similar

reasoning, if x is supported in K, it will map to itself under the obvious identification

of critical points of Hy, with those of H. The claim follows. O
Proof of Theorem 2.8(a) For any compact set K, the map SH ., — SH*(M|K)
is unital. Moreover, the map SH, . — SH*(M|K) is continuous by Lemma 9.16.

Therefore, {0} maps to 0 under this map. So the hypothesis implies SH* (M |K) = 0
for all K C M. The claim follows from Theorem 2.4. O
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The proof of part (b) of Theorem 2.8 relies on the following lemma.

Lemma 10.13 Under the assumptions of Theorem 2.8(b), we have that for any smooth
J —proper Hamiltonian H: M — R, there is an a € R such that the set of x € [a, 00)
for which H~!(x) has a periodic orbit representing o is dense in [a, 00).

Proof Suppose otherwise. Then there is a monotone increasing unbounded sequence
{a;} such that for x € (ay;, az;+1) the flow of H has no periodic orbits representing .
Fix a geometrically bounded almost complex structure J. For any R > 0 we may
assume without loss of generality that Bg(H ~!(as;_1)) C H™(a»;). Fix a constant €
and consider the set £ of functions #: Ry — R4 such that |[Vi o H|| < € outside
of the segments (a3;,d2;+1). Then the set {ho H | h € £} is <—cofinal in H, where
=< is as defined in (73). Taking R large enough and epsilon small enough, the Floer
data (h o H, J) will be dissipative by the proof of Theorem 6.10. Moreover, these
compositions have no periodic orbits representing . Thus SH*** (M) = 0, contradicting
the assumption. a

Proof of Theorem 2.8(b) Suppose otherwise. Then for any K there is a proper
Hamiltonian H and real numbers 0 < a < b such that K ¢ H~'([0, a]) and there are
no periodic orbits in the interval (a, b). Inductively choose an exhaustion by compact
sets K;, and exhaustion Hamiltonians H; with gaps (a;, b;) so that for all i we have

KiC H'([0.a;) C H™'([0.5;])) C Kipy and  a; <b;i <ajy1.
Let H be any proper Hamiltonian coinciding with H; on Hi_l ([ai, bi]) and satistying

bi < H(x) <aj+1
on the region
{Hi(x) >bi} N{Hj1 <ait1}.

By taking a subsequence, we can assume further that H is J—proper. There is no a > 0
for which H satisfies nearby existence on [a, 00), in contradiction to Lemma 10.13. O
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Geodesic coordinates for the pressure metric
at the Fuchsian locus

XIAN DAI

We prove that the Hitchin parametrization provides geodesic coordinates at the
Fuchsian locus for the pressure metric in the Hitchin component #3(S) of surface
group representations into PSL(3, R).

The proof consists of the following elements: We compute first derivatives of the
pressure metric using the thermodynamic formalism. We invoke a gauge-theoretic
formula to compute the first and second variations of the reparametrization functions
by studying flat connections from Hitchin’s equations and their parallel transports.
We then extend these expressions of integrals over closed geodesics to integrals over
the two-dimensional surface. Symmetries of the Liouville measure then provide
cancellations, which show that the first derivatives of the pressure metric tensors
vanish at the Fuchsian locus.

53B20; 37D35

1. Introduction 1391
2. Background and notation 1396
3. More thermodynamic formalism 1411
4. Proof of the main theorem: initial steps 1422
5. Computation of the variations for a model case 1429
6. Evaluation on the Poincaré disk for the model case 1445
7. The remaining cases 1454
References 1476

1 Introduction

The Weil-Petersson metric on Teichmiiller space is a central object in classical Teich-
miiller theory. Quite a bit is known about it: it is a negatively curved real analytic
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Kéhler metric with isometry group induced from the extended mapping class group
(see Ahlfors [1], Tromba [36] and Masur and Wolf [25]). Although it is not complete
(see Wolpert [38] and Chu [11]), it resembles a complete negative curved metric and
shares many similar nice properties (see Wolpert [38; 39]).

In recent years, considerable attention has focused on higher-rank Teichmiiller spaces;
see Goldman [13], Hitchin [15] and Labourie [19]. It is natural to seek metric structures
on these spaces with the hope that such structure will reflect important properties
of the spaces. To that end, Bridgeman, Canary, Labourie and Sambarino [8] have
extended the Weil-Petersson metric from Teichmiiller space to an analytic Riemannian
metric by techniques from thermodynamic formalism, called the pressure metric on
Hitchin components. The Hitchin component H,, (), defined by Hitchin in [15], is a
special component of the representation space of the fundamental group of a closed
surface S of genus g > 2 into PSL(%, R). In particular, the Teichmiiller space 7 (.S),
identified as representations into PSL(2, R), embeds in this component and is called
the Fuchsian locus. To define the pressure metric, we associate a geodesic flow to each
Hitchin representation and describe these reparametrized geodesic flows by some Holder
functions, called reparametrization functions. Our pressure metric is defined on the
tangent space of a Hitchin component by taking the variance of the first variations of the
reparametrization functions that record the infinitesimal change of the representations.

Bridgeman, Canary, Labourie and Sambarino have proved that the pressure metric in
fact restricts to a multiple of the Weil-Petersson metric on the Fuchsian locus and is
invariant under the action of the mapping class group. Despite this nice coincidence,
very little is presently known about the pressure metric. Some C° properties of the
pressure metric have recently been identified by Labourie and Wentworth [20]. In
particular, they show that, when restricted to the Fuchsian locus, the pressure metric is
proportional to a Petersson-type pairing for variation given by holomorphic differentials.
Building upon their work, our goal in this paper is to investigate some variational C'!
properties of the pressure metric using tools from thermodynamic formalism.

One may be curious to what extent the pressure metric in Hitchin components resembles
Weil-Petersson geometry. Inspired by Ahlfors’ work [1] showing the Bers coordinates
are geodesic for Weil-Petersson metric, we will show that, for one particular case of
the Hitchin component, similar coordinates are geodesic for the pressure metric near
the Fuchsian locus. The Hitchin component we consider is #3(.S), which coincides
with the space of convex real projective structures; see Choi and Goldman [10]. It is a
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prototypical example of higher-rank Teichmiiller spaces. We expect similar results will
hold for general cases of Hitchin components H,(S).

Inspired by the methods of Labourie and Wentworth [20] for the C 0 properties of the
pressure metric, we will find and evaluate expressions for the derivatives of the pressure
metric at the Fuchsian locus for the case of PSL(3, R) and its Hitchin component 3 (S).

The coordinates we choose are very natural in the setting of Hitchin components from
a Higgs bundle perspective. Picking (¢1,...,q¢g—¢) to be a basis for H°(X, K?)
over R and (geg—5....,¢16g—16) to be a basis for H°(X, K3) over R, every element
of H3(S) corresponds to some

m)=&q1+---+&q
with & = (§1,...,&) € Rl and / = 16g — 16.

The &; are coordinate functions and the coordinate system is realized by the Hitchin
parametrization H3(S) = H°(X, K?)® H°(X, K?). The Hitchin parametrization is
given by the Hitchin section of the Hitchin fibration, which was defined by Hitchin in
[15] and will be explained in the next section.

We will show:

Theorem 1.1 Let S be a closed oriented surface with genus g > 2. For any point
o € T(S) C H3(S), let X be the Riemann surface corresponding to . Then the
Hitchin parametrization H°(X, K?) @ H°(X, K?) provides geodesic coordinates for
the pressure metric at o.

More explicitly, if we denote components of the pressure metric at o by g;; (o) with
respect to the coordinates given by Hitchin parametrization, then dx g;; (o) = 0 for all
possible i, j and k ranging from 1 to 16g — 16.

The proof will be a combination of techniques from the theory of thermodynamic
formalism and the theory of Higgs bundles. On the one hand, we will use thermo-
dynamic formalism to study the pressure metric and investigate its C! properties. On
the other hand, reparametrization functions and their variations need to be understood
via their Higgs bundle invariants. We now outline some important ingredients of our
computations and proofs.

Since there are two types of tangential directions in #3(S)—directions given by
quadratic differentials and directions given by cubic differentials (corresponding to
directions along the Fuchsian locus and transverse to it, respectively) — the derivatives
of the metric tensor will be divided into different cases according to this distinction:
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¢ The vanishing of a few types of first derivative of the metric tensor follows easily
from the geometric facts that the Fuchsian locus is a totally geodesic embedding into
the Hitchin component and that the Bers coordinates on Teichmiiller space are geodesic.

¢ On the other hand, to compute the bulk of the components, we need to invoke ther-
modynamic formalism to obtain an explicit formula for first derivatives of the pressure
metric. We find a formula for the first variations of the pressure metric by computing
third derivatives of pressure functions using the theory of the Ruelle operator. This
expression involves the first and second variations of the reparametrization functions.

e We start from studying the first and second variations of the reparametrization
functions on closed geodesics. Because vectors tangent to periodic geodesics are dense
in tangent bundles of hyperbolic surfaces, the computation of the first and second
variations of the reparametrization functions on closed geodesics can be extended to the
unit tangent bundle after an argument that the natural extensions are Holder functions.

¢ To study the first variations of the reparametrization functions on closed geodesics,
we recall a gauge-theoretic formula from [20]. We then interpret the resulting formula
as defining a system of homogeneous ordinary differential equations, which we proceed
to solve.

¢ Finding the second variations of the reparametrization functions is equivalent to
understanding the first variations of our gauge-theoretic formula from the previous
paragraph. The difficulty here is in describing how projections onto the eigenvectors
for the holonomy map vary when we have a family of representations in the Hitchin
component. Indeed, it turns out that we need to understand the variations of all of
the eigenvectors of our holonomy map. We interpret this problem in terms of solving
a system of nonhomogeneous ordinary differential equations with suitable boundary
conditions, which we then proceed to solve.

¢ For some types of metric tensors that involve both the tangential directions and
transverse directions to the Fuchsian locus, analyzing flat connections associated to
these directions require understanding the corresponding harmonic metrics that are
solutions of Hitchin’s equations. The harmonic metrics are no longer diagonalizable
when leaving the Fuchsian locus along these mixed directions. We break up the
infinitesimal version of Hitchin’s equation system and obtain nine scalar equations. We
analyze them by maximum principles and Bochner techniques to compute the second
variations of the reparametrization functions.
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¢ The evaluation of first derivatives of the pressure metric can be lifted to the Poincaré
disk following an idea from [20]. Here is where it becomes important that we are
taking first derivatives of the pressure metric rather than zero derivatives of the pressure
metric. In particular, we find formulas involving iterated integrals of these holomorphic
differentials. Specifying a point on the unit tangent bundle, we can identify the Poincaré
disk as our coordinate chart and write down the analytic expansions of our holomorphic
differentials on this chart. Using geodesic flow invariance and rotational invariance of
the Liouville measure, we find that no nonzero coefficients of our analytic expansions
remain after integration.

There are more cases of tangential directions along Fuchsian locus in H,(S) for n > 4,
where the harmonic metrics are not known to be diagonalizable. Despite the fact that
this makes the analysis difficult, the n» = 3 case suggests the following conjecture:

Conjecture 1.2 Let S be a closed oriented surface with genus g > 2 and n > 4. For
any point 0 € T(S) C Hn(S), let X be the Riemann surface corresponding to o;
the Hitchin parametrization @;3 HC(X, K%) provides geodesic coordinates for the
pressure metric at o.

Recently, a Riemannian metric in #,(S) associated to periods given by the first simple
root length, Ly, (p(y)) = log(kl (p(y))/kz(p(y))), has been defined by Bridgeman,
Canary, Labourie and Sambarino [9], where A (o(y)) and A, (p(y)) are the largest and
second largest moduli of eigenvalues of p(y). This Riemannian metric is called the
Liouville pressure quadratic form in [9]. Our methods of computing first derivatives
of metric tensors can be applied to the Liouville pressure quadratic form. We expect
similar geodesic coordinate results to hold in that setting as well.

Structure of the article In Section 2, we recall some fundamental results from the
theory of thermodynamic formalism and reparametrizations of geodesic flows. We
define the pressure metric. We also introduce Higgs bundles and Hitchin deformation
for defining our coordinates in Hitchin components. Section 3 is devoted to preliminary
proofs by thermodynamic formalism machinery. We compute the formula for third
derivatives of the pressure function. In Section 4, we start the proof of the main theorem
and divide the components of first derivatives of metric tensors into several types. We
also include a gauge-theoretic formula given by Labourie and Wentworth [20] here.
Then, in Section 5, we derive the second variations of the reparametrization functions
by studying infinitesimal variation of parallel transport equations. In Section 6, we
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evaluate the first derivatives of the pressure metric and show they are zero following
the steps explained above. We finally generalize the arguments to all types of metric
tensors in Section 7.
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2 Background and notation

In this section, we develop the notation and background material that we will need. We
begin in Section 2.1 with a discussion of reparametrization of geodesic flows. Then,
in Section 2.2, we recall the elements of thermodynamic formalism that we will need,
and finally, in Section 2.3, we conclude with some notation from the theory of Higgs
bundles which arises in our arguments.

Let S be a closed oriented surface with genus g > 2. We will define all the concepts
for introducing the pressure metric in the context of Hitchin components #,(.S). The
reader can find a more general version in [8]. The Hitchin components H,(S) will be
briefly introduced in Section 2.3.

Equip S with a complex structure J such that X = (S, J) is a Riemann surface and
thus a point in Teichmiiller space. Let o be the hyperbolic metric in the conformal
class of X. We denote the unit tangent bundle of X with respect to 0 by UX and the
geodesic flow on (X, 0) by ©.

2.1 Reparametrization function

We now introduce how we reparametrize the geodesic flow ® by reparametrization
functions. In particular, we introduce LivSic’s theorem and geodesic flows for Hitchin
representations.
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Suppose f: UX — R is a positive Holder function and a a closed orbit. We will
reparametrize the flow ® by the function f so that, for the new flow ®/, the flow’s
direction remains the same everywhere but the speed of the flow changes. In particular,
for a d—periodic orbit a, denoting its period with respect to ® by /(a), we want the
period of a for the new flow ®/ to be

I(a)
ly(a) = ; S (®s(x)) ds,

where x is any point on a.

This leads to the following definition of reparametrization:

Definition 2.1 Let f: UX — R be a positive Holder continuous function. We
define the reparametrization of ® by f to be the flow ®/ on UX such that, for any

(x,t) e UX xR,
O] (x) = g ) (%),

where k7 (x,1) = fé S(@s(x))ds and ap: UX x R — R satisfies
ar(x,kp(x,1)) =t.

Remark 2.2 Suppose O is the set of periodic orbits of ®. If @ € O, then its period as
a (th —periodic orbit is /¢ (a) because

q’f;(a)(x) = Py (x,1(a)) (X) = Py(a) (X) = x.
We introduce LivSic cohomology classes [22]. Liv§ic-cohomologous Holder functions
turn out to reparametrize a flow in “equivalent” ways.
Let C" (UX) denote the set of real-valued Holder functions on UX.
Definition 2.3 For f,g e C h(U X), we say they are LivSic cohomologous if there

exists a Holder continuous function V: UX — R that is differentiable in the flow’s

direction such that
V(7 (x))

ot =0

fx)—glx)=
If f is LivSic cohomologous to g, then we will denote it by f ~ g.

We have the following important properties of LivSic-cohomologous functions:

(1) (Livsic’s theorem [23]) Two Holder continuous function f* and g are LivSic
cohomologous if and only if /¢ (a) = l¢(a) for every a € O.
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(2) If f and g are LivSic cohomologous, then they have the same integral over
any ®—invariant measure. This is because || ux V(®¢(x)) dm = const for any
d—invariant measure m and any ¢ € R.

(3) [17, Proposition.19.2.8] If f and g are positive and LivSic cohomologous, then
the reparametrized flows ®/ and ®¢ are Holder conjugate, ie there exists a
Holder homeomorphism /: UX — UX such that, forall x e UX and t € R,

h(®] (x)) = % (h(x)).

The procedure of reparametrizing geodesic flows can be applied to Hitchin components
H,(S) and provides reparametrization functions as codings for representations. This
idea was first introduced by Sambarino to study counting problems associated to Anosov
representations [33]. It has also been elaborated later in [34; 31] and other work of
Sambarino. In the setting we are working in, similar ideas lead to a construction of
a geodesic flow ®” associated to each (conjugacy class of a) Hitchin representation
0 € Hu(S). We refer the reader to [8] for the explicit construction. In particular, this
flow relates H, (S) to thermodynamic formalism. We will describe here some of the
important properties of ®~:

e ®” is an Anosov flow.

* There exists a Holder function f,: UX — R, called the reparametrization
function of p, such that the reparametrized flow &/ of @ is Holder conjugate
to ®° [33].

e The period of the orbit associated to [y] € 71 (S) is log Ay (p), where A, (p) is
the spectral radius of p(y), ie the largest modulus of the eigenvalues of p(y).

Remark 2.4 One can also reparametrize the geodesic flow by a Holder function
with periods given by simple root lengths Ly, (p(y)) = log(kl(p(y))/kz(p(y))),
where A1 (p(y)) and A, (p(y)) are the largest and second largest moduli of eigenvalues
of p(y). This will lead to the Liouville pressure quadratic form, which also gives rise to
a Riemannian metric in H,(S) (see [9, Theorem 1.6]). However we will mainly focus
on the spectrum radius length A, (p) and its associated pressure metric in this paper.

2.2 Thermodynamic formalism

Next we will introduce some concepts arising from the thermodynamic formalism
needed for our proofs. The introduction of most of the material here can also be found
in [8]. After the introduction, we will define the pressure metric on Hitchin components.
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As usual, we let ® denote the geodesic flow on a hyperbolic surface (X, o). We denote
by M? the set of ®—invariant probability measures on UX. Recall /(a) denotes the
period of the periodic point a with respect to ®. Let

Ry = {a closed orbit of ® | [(a) < T'}.

Definition 2.5 The topological entropy of & is defined as

log#R
h(®) = lim sup M.

T—o00

Recall, for a Holder function f: UX — R, we write

I(a) ‘
Iy(a) = ; S (@s(x)) ds.

Definition 2.6 The topological pressure (or simply pressure) of a continuous function
f:UX — R with respect to ® is defined by

P(Q, f) =1imsup%log( Z elf(a)).

T —o0 acRy

Remark 2.7 From this definition, we see the pressure of a function f only depends
on the periods of f, ie the collection of numbers {/(a)} for any a € O. From Livsic’s
theorem, we conclude the pressure of a function only depends on its LivSic cohomology
class.

In statistical mechanics, suppose we are given a physical system with different possible
states i = 1, ..., n and the energies of these states are Eq, E>, ..., E, with probability
pi that state i occurs. When energy is fixed, the principle “nature maximizes entropy /”
says that the entropy A(pi, ..., pn) = > ;—; —pilog p; of the distribution will be
maximized with right choices of p;. However, when the physical system is put in
contact with a much larger “heat source” which is at a fixed temperature 7" and energy
is allowed to pass between the original system and the heat source, “nature minimizes
the free energy” will instead apply by reaching the “Gibbs distribution”. The free
energy is E —k T h, where k is a physical constant and E =Y/ p; E; is the average
energy. In the thermodynamic formalism, energy potentials E; of different states are
encoded by continuous functions and “Gibbs distributions” for discrete probability
spaces are generalized to equilibrium states. The principle “nature minimizes free
energy” motivates the following:
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Proposition 2.8 (variational principle) Denoting the measure-theoretic entropy of
® with respect to a measure m € M® as h(®,m), the (topological) pressure of a
continuous function f: UX — R satisfies

P(®, f)= sup (h(@,m)—F fdm).

mem® Ux

In particular, the topological entropy is the supremum of all measure-theoretic entropies,

P(D,0)= sup (h(D,m)) = h(D).

mem®

Remark 2.9 One can also take Proposition 2.8 as definitions of pressure and topologi-
cal entropies.

We shall omit the background geodesic flow @ in the notation of pressure and simply

write
P(-)=P(D,-).

Definition 2.10 A measure m € M® on UX such that

P(f)=h(d>,m)+/Udem

is called an equilibrium state of f.

Proposition 2.11 (Bowen and Ruelle [6]) For any Holder function f: UX — R, with
respect to the geodesic flow ®, there exists a unique equilibrium state for f, denoted
by my. Moreover, my is ergodic.

Remark 2.12 By the definition of equilibrium states, if f — g is LivSic cohomologous
to a constant, then f and g have the same equilibrium states.

Definition 2.13 The equilibrium state ¢ for f = 0 is called a probability measure of
maximal entropy. It is also called the Bowen—Margulis measure of ®. We also denote
it by me. It satisfies

P0)=P(D,0)=h(P,mg)=h(D).
Remark 2.14 The Liouville measure my,, the normalized Riemannian measure on U X,
is a probability measure of maximal entropy for geodesic flows of closed hyperbolic

manifolds (see [16, Section 2]). Thus, when considering the geodesic flow & of a
hyperbolic surface (X, o), we have mp = mg.
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Given f a positive Holder continuous function on UX, denoting 4( ) = h(®/) to be
the topological entropy of the reparametrized flow @/, we have the following lemma,
which allows us to “normalize” a Holder function to have pressure zero:

Lemma 2.15 (Sambarino [33]; Bowen and Ruelle [6]) The pressure satisfies
P(—hf)=0

if and only if h = h(f) = h(®7).

Potrie and Sambarino show, in the Hitchin component H,(.S), the topological entropy

is maximized only along the Fuchsian locus. In particular, it is a constant on the
Fuchsian locus.

Theorem 2.16 (Potrie and Sambarino [31]) If p € H,(S), then h(p) < 2/(n —1).
Moreover, if h(p) = 2/(n — 1), then p lies in the Fuchsian locus.

We start to define variance and covariance which will be important. The convergence
of them for mean zero functions is classical.

Definition 2.17 For g a Holder continuous function on UX with mean zero with
respect to my (ie /; ux &dmys = 0), the variance of g with respect to f is defined as

.1
2-1 Var(g, = lim —
(2-1) ar(g,my) Am /U y

T 2
( | @i ds) dmy(x).

Definition 2.18 For g; and g, Holder continuous functions on UX with mean zero
with respect to my (ie [,y &1 dmy = [, g2 dmy = 0), the covariance of g1, g»
with respect to f is defined as

(2_2) COV(gth’mf)
1 T T
—jin 2 [ ([C e as)( [ ea@was)am .
T—oo T Jux \Jo 0
Note these expressions are finite:

Proposition 2.19 For g{ and g, Holder continuous function on UX with mean zero
with respect to my, the covariance of g1 and g, is finite:

Cov(g1.g2.myp) < 0.

The convergence is guaranteed by decay of correlations (see [26]).
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Definition 2.20 We define an operator P,,: C"(UX) — C*(UX) associated to a
probability measure 7 on UX to be

Pin(g)(x) = g(x) —m(g),

where we use the notation m(g) = f ux & dm for a probability measure .
The following corollary will be useful:

Corollary 2.21 It suffices to have my(g1) = 0 and my(g2) < oo to guarantee the
convergence of covariance and

(2-3) Cov(gi,g2,my) = Cov(gy, Pry; (g2),myg) < oo.
The same applies to the case my(gz) = 0 and my(g1) < oo.

Proof We have

T T
% /UX (/(; 21(P5(x)) ds) (/0 22(P5(x)) — Py (2(Ps(x))) ds) dmy(x)
1

T T
— 1 [ ([ ar@onds)( [ msteards) amy o

T
=mys(g2) / / g1(Ps(x))ds dmy(x) (as my(g2) is a constant)
Ux Jo
T
=myg(g2) / / 21(®5(x)) dmy(x)ds (by Fubini’s theorem)
0 JUX
T
= Mf(gz)/ / gi1(x)dmy(x)ds (as my is d—invariant)
0 JUX
= 0.
Letting 7" — oo, we obtain the desired result. a

We will also need the following characterization of covariance for later use:

Proposition 2.22 (Pollicott [29]) For g1 and g, Hoélder continuous functions with
mean zero with respect to my (ie [, g1 dmy = [,y g2 dmy = 0), the covariance of
g1 and g, may also be written as

T/2
covtergamp = tim [ e[ e@00)ds ) dmso.
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Proof We have

Cov(g1. g2.my)

T
(] gl(cbs(x))ds)( [ e ds ) dmy

T
T/2 T/2
mg [ ([ e @eas) ([ e ) ane
(as my is ®—invariant)
T/2 T/2
= im [ [ s@eng ([ e ds)dmcod

Because m € M, the following does not vary with s:

T/2
const = Tlim / g1(P1(x))g2(Ps(x)) dmy(x) dt (for all s € R)
—o0 J_T/2
T/2 S/2
—tim [ si@ig ( e ds) dmy(x) di
T—ooJ_T/2JUX S/2
(average over s € [-3S, 15])
T/2 1 S/2
= lim lim / g1(®t(x))—(/ g2(Ps(x)) ds) dmg(x)dt
S—ocoT—oo J_T/2 JUX S —-S/2
T/2 1 T/2
=i [ @y ([ ex@tonds)dmo
T—ooJ-1/2JUX =T/2

= COV(gl,gz,WIf).

In particular, setting s = 0 gives

T/2
Cov(gr, g2, mp) = lim / ¢1(®,(x))g2((x)) dmy () d1.

T—o0

Rearranging the integrals gives the desued result. O

Higher correlation and higher covariance are introduced for Anosov diffeomorphism
in [18]. For geodesic flows, we define:

Definition 2.23 For g1, g» and g3 Holder continuous functions with mean zero with
respect to my, we define the higher covariance by

Cov(g1.g2.83.my)

— lim % / / 21(®,(x)) di /0 22(®,(x)) di /0 ¢3(®,(x)) dt dm(x).

T —o00 T
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Equivalently,

Cov(g1.82.83.my)

T/2 T/2
~ lim g1<x)( / 22(@5(x)) ds) ( / g3(¢s<x>)ds) dmy ().
UX

T—o0 -T/2 -T/2

This equivalence is clear from the proof of Proposition 2.22. The convergence of
Cov(hy, ha, h3, m) is guaranteed by “exponential multiple mixing” for geodesic flow
on negatively curved compact surfaces (see Pollicott’s note [30]). These definitions
will be used later when we introduce first derivatives of the pressure metric.

We use the general notation in the sequel

df (s) d 2f (S)
(2-4) 05/ (0) = = . 0=
S ls=o0 s=0
If there is more than one parameter, for example f(sq,s2,...,5;) and k > 2, then we

specify the indexes that we are taking derivatives of, such as

37 f(s1.52,....5k)
sy + - 055

(2-5) sy .os, S (0) =

S1 232:...:0

Theorem 2.24 (Parry and Pollicott [27]; McMullen [26]) Let fs be a smooth family
of functions in C"(UX). Then:

(1) The first derivative of P ( f5) ats = 0 is given by

dpP
(2-6) d(fs . / 05 fo dmy,.
s s=0 UXx
(2) If the first derivative is zero, then
d’P
(2-7) % = Var(ds fo,my,) + f 32 fodmy,.
s s=0 Ux

(3) If the first derivative is zero, then Var(ds fo,my,) = 0 if and only if 05 fo is
Livsic cohomologous to zero.

Remark 2.25 If f(s,?) is a smooth two-parameter family in C*(UX), then

IP(f(s.7))

2-8
(2-8) at ds

s=t=0

= CoV(Pany g, (5 S (0)). Ponyo (81 £ (0)). 1m0y + /U o
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Define P(UX) to be the set of pressure zero Holder functions on UX, ie
PUX)={feChUX): P(f)=0).

The tangent space of P(UX) at f is the set
T/P(UX) =kerd, P = {h e Chux) | / hdmy = o}.
Ux

We define a pressure seminorm on the tangent space of P(UX) at f, by letting:

Definition 2.26 The pressure seminorm of g € TrP(UX) is defined as

Var(g, my)

(g’g)P=—fUXf—dmf-

One notices, for g € Ty P(UX), the variance Var(g,my) = 0 if and only if g is LivSic
cohomologous to 0, ie g ~ 0.

2.3 Higgs bundles and Hitchin deformation

We next introduce all the notation from the theory of Higgs bundles that will arise in
our arguments. We also introduce a coordinate system on the Hitchin component at the
end of the section.

Recall S is a closed oriented surface with genus g > 2 and X = (S, J) is a Riemann
surface.

Definition 2.27 A rank n Higgs bundle over X is a pair (E, ®), where E is a holomor-
phic vector bundle of rank 7 and ® € H%(X,End(E) ® K) is called a Higgs field. An
SL(n, C)-Higgs bundle is a Higgs bundle (£, ®) satisfying det E = O and Tr ® = 0.

Definition 2.28 (1) A Higgsbundle (£, @) is semistable if every proper ®—invariant
holomorphic subbundle F of E satisfies
deg(F) - deg(E)
rank(F) ~ rank(F)

and stable if this inequality is strict.

(2) A semistable Higgs bundle (E, @) is polystable if it decomposes as a direct sum
of stable Higgs bundles.
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Theorem 2.29 It is classical that, for a holomorphic vector bundle E with holomorphic
structure d g and a Hermitian metric H, there exists a unique connection V5E > called
the Chern connection, such that:
0,1 _ 37
(1) V5E,H =0E.

2) V5E, g 1S unitary.
We will from now on restrict our interest to degree zero Higgs bundles.

Theorem 2.30 (Hitchin [14]; Simpson [35]) Let (E, ®) be a rank n, degree zero
Higgs bundle on X. Then E admits a Hermitian metric H satisfying Hitchin’s equation
if and only if (E, ®) is polystable. Here Hitchin’s equation is

(2-9) I3

5o (0.0 =0,

where Fg’ g 18 the curvature of the Chern connection ng, g and ®*H s the Hermitian
adjoint of ®.

Remark 2.31 Define a connection Dy on (E, ®, H) as

(2-10) Dy =V;,_y+o+0*7.

Dy is flat if and only if Hitchin’s equation is satisfied.

We define the Higgs bundles moduli space and de Rham moduli space as:

Definition 2.32 e The space of gauge equivalence classes of polystable SL(n, C)—
Higgs bundles is called the moduli space of SL(n, C)-Higgs bundles and is
denoted by Mpjges (SL(12, C)).

¢ The space of gauge equivalence classes of reductive flat SL(n, C) connections
is called the de Rham moduli space and is denoted by M ge Rham (SL(72, C)).

Remark 2.33 The Hitchin—Simpson theorem gives a one-to-one correspondence
between Mpjggs (SL(72, C)) and Mge Rham (SL(12, C)) from the above remark. It is also
called the Hitchin—Kobayashi correspondence.

We will introduce the Hitchin fibration and Hitchin section following Baraglia’s work [2].
We refer the reader to [2, Section 2] for a more comprehensive exposition.

Given a principal 3—dimensional subalgebra s = span{x, e, ¢} of sl(n, C) consisting
of a semisimple element x and regular nilpotent elements e and € with commutation

relations
[x,e]ze’ [x’é]z—é, [e,é]:x,
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the Lie algebra sl(n, C) decomposes into a direct sum of irreducible subspaces under
the adjoint representation of s,

n—1
si(n.C) =P vi.
i=1
We take ey, ..., e,—1 as highest-weight elements of V71,..., V,—1, where e; = e. With
these defined, there exists a basis of SL(n, C)—invariant homogeneous polynomials p;

of degree i on sl(n, C), where 2 <i < n, such that, for all elements f € sl(n,C) of
the form

S =e+omer+ - tanep1,
we have p;(f) = a;.

Definition 2.34 The Hitchin fibration is a map from the moduli space of SL(#n, C)-
Higgs bundles over X to the direct sum of holomorphic differentials given by

i=n

P Muiiggs(SL(n, ©)) > @D HO(X, K'),  (E,®) > (p2(®), ... pa(®)),
i=2

where p; are the homogeneous invariant polynomials defined above.

Definition 2.35 A Hitchin section s of the Hitchin fibration is a map back from
P;=5 H°(X, K') to Mpiges(SL(12, C)). For g = (g2, ¢3. ..., qn) €Pi—5 H*(X, K'),
we define s(¢) to be a Higgs bundle E = K~D/2 g K®=3)/2 g... g K(1-1/2 yith
its Higgs field given by

P(q) =e+qre1 +qzes+---+qnep—1.

More explicitly, we have

[0 r1g2 1172q3 11rar3qa - 102t rign—1 [1721 rign ]
10 raqa rarags -+ 7;21 Tiqn—1
0 1 0 r3qa  r3r4q3 '
d(g)=|: : - E—-EQK,
0 0 0 1 0 Fn—192
0o 0 ... 0 1 0

where r; = %i (n—i)and K 1/2iga holomorphic line bundle with its square to be the
canonical line bundle K. The notation for e; we use here can be found in [2; 21].
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Remark 2.36 There exists an involutive automorphism o on sl(n, C) such that
o(ej) =—ej, o(e)=—e.

Composing with the compact real form p on sl(n, C) given by p(X) = —X™*, we can
obtain the split real involution given by A = p o o. The fixed-point set of A is the real
split form sl(n, R). A detailed exposition for this can be found in [2].

From the fact that A(®(g)) = ®(g)*, one can see the flat connection (2-10) has holo-
nomy in the split real form of sl(n, C). Hitchin therefore shows that the Higgs bundles
in the image of the Hitchin section have holonomy in SL(7, R) (see [15]). The repre-
sentation space of these Higgs bundles up to conjugacy equivalence forms a connected
component of the representation variety Rep(sr1(S), SL(n, R)), called the Hitchin com-
ponent H,(.S). Here we recall that the representation variety Rep(;(S), SL(n, R)) is
the space of conjugacy classes of reductive representations from 1 (S) to SL(n, R).

Remark 2.37 The isomorphism between H,(S) and @iig H°(X, K") yields a
parametrization of the Hitchin component H,(S). We call @izg H°(X, K") the
Hitchin base. In particular, the tangent space at the Fuchsian point X is identified with
the Hitchin base.

Fixing E = K®=D/2 g g@=3/2... ¢ K(1=m/2 e consider the following map as
an infinitesimal change of a family of Higgs fields ®, associated to ¢:

i=n

n
x@PH (X K) - QX sl R), x(@) =) qi®eii.
=2 i=2
In particular, the infinitesimal change of a family of flat connections (2-10) in the space
M deRnam (SL(7, C)) associated to ¢ defines an isomorphism of @iig HO(X, KY)
with the tangent space of the Hitchin component Ty H,(S). Associated to x(g), the
deformation of flat connections which is the infinitesimal version of (2-10) is:

Definition 2.38 At the Fuchsian point X, we define our Hitchin deformation associated
to g to be
9(q) == x(q) + A(x(q)).

where A is the antilinear involution for the split real form of sl(n, C) defined above.

This type of deformation will be the tangential objects we consider for the pressure
metric.

Geometry & Topology, Volume 27 (2023)



Geodesic coordinates for the pressure metric at the Fuchsian locus 1409

Remark 2.39 The Hitchin parametrization in Remark 2.37 gives a coordinate system
for #,(S) based at X. More explicitly, given a basis {¢;}:=! of @5 H°(X, K?)

i=1
with / = 2(n? — 1)(g — 1), the coordinate system is given by

mE)=&q+---+&q.

where £ = (&1,...,&) € R!. Because of the isomorphism between #,(S) and
iZ% HO(X, K'), the vector & = (&1,...,&) provides local parameters on H,(S)
and &;: H,(S) — R is a coordinate function for 1 <i </.

2.4 The pressure metric on Hitchin components

We define the pressure metric for Hitchin components #,(.S) in this subsection and
state some known results about it.

Recall H(UX) is the space of pressure zero Holder functions modulo LivSic cobound-
aries. We relate H(U X) to the Hitchin component #,(.S) by the following thermo-
dynamic mapping:

Definition 2.40 The thermodynamic mapping W: H,(S) — H(UX) from a Hitchin
component H,(.S) to the space H(UX) of LivSic cohomology classes of pressure zero
Holder functions on U X is defined as

Y(p) = [—h(p) /5],

where h(p) = h(f,) = h(®/7) is the topological entropy of the reparametrized
flow /o,

The mapping W admits local analytic lifts to the space P(UX) of pressure zero Holder
functions. In particular, the map U, (S) > P(UX) given by fﬂ(,o) =—h(p) fp is
an analytic local lift of W. This enables us to pull back the pressure form on P(UX)
to obtain a pressure form on H,(S).

We will from now on write pr = —h(p) f, for the normalized reparametrization
function.

Given an analytic family {ps}se(—1,1) of (conjugacy classes of) representations in the
Hitchin component H,(S), we define pg = d500 = d5p5(0). Let { fp, }se(—1,1) be
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associated reparametrization functions, we pull back the pressure form on P(UX) to

s=0>P

obtain 5 5
(00, po) p = (dW(po), dW(po)) p

_ <3(—h(0s)fps)
N as

= (3s(/IN)(0), 35 (V) (0)) p
Var(@s (/¥ )(0).m )

Jux 1oy d’”f%

(= (ps) fp,)

s=0 ds

It is proved in [8] that the pullback pressure form is nondegenerate and thus defines a
Riemannian metric on H,(S):

Definition 2.41 If {ps}se(—1,1) and {1;};e(~1,1) are two analytic families of (conju-
gacy classes of) representations in the Hitchin component H,(S) such that py = 7y,
the pressure metric for pg, o € T, Hn(S) is defined as

Cov(3s (/0. 8 (f) )(0). m )

Jux 13y dmprO

(Po.Mo)p =—

For simplicity, later we will also write d( ]’Z?’ )(0) = 05 fg(\)’ and 9 ( j,,]?’ )(0) = 9 fn](\)’ .
The principle is that we always first normalize a family of reparametrization functions
to be pressure zero and then take derivatives.

Because of the identification of @i:g HC(X, K') with the tangent space of the Hitchin
component 7Ty H,(S), our Hitchin deformation ¢(g) introduced in Definition 2.38 can
be thought of as tangent vectors in Ty H,(S). With this understood, we introduce the
following important results of Labourie and Wentworth [20]:

Let ¢; be a holomorphic differential of degree & on X and let ¢(g;) be the associated
Hitchin deformation. Labourie and Wentworth [20] show the pressure metric satisfies

(p(gi), 9(gi))p = C(n,k){qi.qi)x.

where C(n, k) > 0 is a constant that does not depend on ¢ and {(g;, ¢;} x is the Petersson
pairing
(qi,qi)x = /X qigio ™ (z) dA,

with dAs = 0(z) dx A dy denoting the area form for the hyperbolic metric 0.
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If g; and ¢; are holomorphic differentials of the same degree, then

(0(gi). 0(g)) p = $[@(qi +qj). 0(qi + 7)) p — (9(qi —q;). ©(qi — ;) P]

= 1Cn. k)i +qj.qi +4j) x — $C. k) gi —qj.qi —q;) x

= C(n,k){qi.qj) x -

If g; and ¢q; are holomorphic differentials of different degrees on X, Labourie and
Wentworth [20] show that

(2-11) (p(qi), 9(qj))p = 0.

We denote the pressure metric components with respect to the coordinates introduced
in Remark 2.39 by g;;. Equivalently, the metric tensor g;; (§) means that the pressure
metric (-,-)p is evaluated at £ with tangential vectors parallel to the ¢g;—axis and
gj—axis. In particular, at the point X, we have g;; (0) = g;j(0) = (¢(g:), ¢(g;)) p. It
is always possible to choose an orthonormal basis {¢;} with respect to our pressure
metric from the vector space @izg H°(X, K') so that gij(8) = 6ij.

3 More thermodynamic formalism

Bowen and Ruelle’s work [3; 4; 6] guarantees that many of the results in the thermo-
dynamic formalism proved for subshifts of finite type by the Ruelle operator still hold
for Axiom A diffeomorphisms and Axiom A flows. We adopt this idea of simplifying
the rather complicated object “flow” by discretizing it and studying a relative simple
object “shift” given by symbolic coding. We will compute the formula for the third
derivatives of pressure functions using subshifts of finite type. The reader can find an
introduction for modeling hyperbolic diffeomorphisms by subshifts of finite type and
modeling hyperbolic flows by suspension flows through Markov partition and symbolic
dynamics in [5, Sections 3 and 4; 27, Appendix III].

Section 3.1 is devoted to the Ruelle operator and Ruelle—Perron—Frobenius theorem.
These are important tools for studying subshifts of finite types. Then, in Section 3.2,
we will compute the third derivatives of pressure functions in Lemma 3.8. These will
be important for the proof of the main theorem in the next section.

3.1 Ruelle operator and others

We start with a cursory introduction to the elements of thermodynamic formalism for
subshifts of finite types. A complete description is in [26; 27].
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Definition 3.1 Let A be a k x k matrix of zeros and ones; we define the associated
two-sided shift of finite type (X, 04), where X is the set of sequences

Y={x=npe—o:Xn€{l,....k},n €L, A(Xp, Xp41) =1}

and 04: X — X is defined by 04(x) = y, where y, = X,41.

If instead we consider x = (x,)52 , with the same restriction given by the matrix 4
and o(x) = y, ie y, = X, 41 for n > 0, then we obtain a one-sided shift of finite type.

The set {1, ..., k} is equipped with the discrete topology and the two-sided (or one-
sided) shift space X 4 is equipped with the associated product topology.

Given « € (0, 1), we can metrize the topology on the two-sided shift space X by
defining a metric dy(x, y) = oY, where N is the largest nonnegative integer such that
x; = y; for |i| < N. Similarly, we have a metric d, defined for one-sided shift space.

We let C(X) be the space of real-valued continuous functions on X and C*(X) be the
space of real-valued Holder functions on ¥ with Holder exponent o with respect to d.

The two-sided (one-sided) shift of finite type (X, 04) is called a subshift of finite type

if 04 is topologically transitive.

We define the pullback operator on C*(X) by (0 f)(¥) = f(04(y)). Similarly to
Definition 2.3, we define:

Definition 3.2 f; and f; in C*(X) are (Livsic) cohomologous if

fi—fh=/fi—04f3
for some f3 € C*(X).

From now on, we assume our subshift of finite type (X, 04) to be one-sided unless
otherwise specified.

Definition 3.3 Given w € C*(X), the Ruelle operator (or transfer operator) on f €
C*(X) is defined by
Ly(NHEx) = Y "D 1),

o4(y)=x

Theorem 3.4 (Ruelle, Perron and Frobenius) Suppose (X, 04) is topologically mix-
ing (ie AIMJ. > 0 for all i and j for some M > 0, also called irreducible and aperiodic)
and w € C*(X). Then:
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(1) There is a simple maximal positive eigenvalue p(Ly) of Ly : C*(X) —> C*(X)
with a corresponding strictly positive eigenfunction e¥:
Ly(e?) = p(Ly)e?.

(2) The remainder of the spectrum of Ly, (excluding p(Ly,)) is contained in a disk
of radius strictly smaller than p(w).

(3) There is a unique probability measure |1y, on X such that
ﬁw*ﬂwzzewﬂw-

The pressure P (w) of w, which can be defined in an analogous way as the pressure of
functions on UX by the variational principle Proposition 2.8, turns out to be related to
the spectral radius of the Ruelle operator: P (w) = log p(Ly) (see [5, Theorem 1.22]).

Associated to iy, is another measure niy, = eV Uw. Itis called the equilibrium measure
of w. It is a 0 4—invariant and ergodic probability measure and satisfies Ly, *n1yy = my,.

We will from now on assume P(w) = 0. As pressure functions and equilibrium
measures depend only on cohomology class, we can modify w by a coboundary so that
Ly(1) =1 and pty = my. One notices this implies Ly, (0} /) = f.

Fixing my,, we define an inner product (fi, f2) := [5 fi /> dmy on the Banach
space C¥(X).

For convenience, we also write S, (f, x) = Z?;é (Ujlx).

The following two lemmas are applications of Ruelle operators and will be useful in
the next subsection:

Lemma 3.5 (McMullen [26, Theorems 3.2 and 3.3]) Forany g € C(X) and f €
C*(X) with [5, f dmy =0,

2
lim <g, Sn(nf) > = Var(f,mw)/ gdmy =0,
n—>o0 b))

where Var( f, my) = limy o0 (1/1)(Sn(f), Su(f)).

Lemma 3.6 Forany f € C%(X) with [ f dmy =0,

lim l/(sn(f))3dmw<oo.
)

n—>oo n

Proof This proof is similar to Theorem.3.3 of [26]. We have

n—1n—1n—1

L [sunam =235 S feah-foa. fook)

i=0;7=0k=0
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When k > j > i,

(fool-foa). fook)=(o}(f fool ™o} (foak™)
=(f- foaA ,fooA_l) (by o 4—invariance of m1y,)
=(f.foc} " f ook
= (f.o3V(f foakT))
= (LLTf). f - food )
(as Ly (0q f) = f and Ly my = my)
= (fLLS). foos ).

We define a projection operator on C*(X) by Py, (1) (x) =h(x)— [5, h dmy,. Because
Py, (h) has mean zero with respect to m1,, the spectrum of the operator Ty, = L0 Ppy,,,
lies in a disk of radius » < 1 by the Ruelle-Perron—Frobenius theorem.

One has
(3-1) (hi,hyo0) = (Tw(h1), h2)
whenever /1 or /1, has mean zero.

Because f is mean zero with respect to my,, Ty (f) = Ly (f). Moreover,
(L) oo ™) = (f-TI(). foad )
= (T (/=TI /) by B-1)
< |7
< Crk= (for some C > 0),

where the norm for 7" is the operator norm.

Thus,

1 i j k
p, Z (fooy-foay, fooy)
0<i<j<k=<n—1 X
n—1

= Z Z(k — l)rk i (by the estimate above)
k=0i=0
n—1 k

== D s

k=0s5=0

EQ

a
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n
_ Cr 1 k
(-2 )

<00 (when n — 00).

This shows limy—oo(1/1) [5(Sn(f))? dmy, < oo, O

3.2 Third derivatives of pressure functions

Our goal in this subsection is to compute the third derivatives of pressure functions in
Lemma 3.8. For this, we first need to compute the third derivatives of pressure functions
for subshifts of finite type by the method of the Ruelle operator and generalize it to our
setting of suspension flows.

We start from introducing suspension flows. We will also recall Bowen’s celebrated
results, applied to our setting, that suspension flows efficiently model the geodesic flow
on UX.

Definition 3.7 Suppose (X,0,4) is a two-sided shift of finite type. Given a roof
function r: ¥ — R, the suspension flow of (£, 04) under r is the quotient space

5,={(x,) eExR:0=rt<r(x),x € Z}/(x,r(x)) ~ (04(x),0)

equipped with the natural flow 0y ((x,7) = (x,7 + )

Any o 4—invariant probability measure . on ¥ induces a natural 07, —invariant proba-
bility measure on X,

_ dmdt
(3-2) dm, = —fg "

This correspondence gives a bijection between o 4—invariant probability measures and
;oo . o
0,y s—invariant probability measures.

Bowen [3] shows the construction of Markov partitions for Axiom A diffeomorphisms.
He then shows how to model Axiom A flows via the Markov partition and symbolic
dynamics in [4]. We illustrate the version of this celebrated result in our context (see
also [32]): the geodesic flow ® admits a Markov coding (X 4, 7, 1), where (X 4,04) is
a topologically mixing two-sided shift of finite type, the roof function r: ¥4 — R
is Holder continuous, and the map n: ¥4 — UX is also Holder continuous. The
suspension flow U};J models ®; effectively in the following sense:
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e 7 is surjective.

e 7 is one-to-one on a set of full measure (for any ergodic measure of full support)
and on a residual set.

e 77 is finite-to-one.

o ﬂogyt = ®,7 forall t € R.

Now we are able to state and prove the major result in this subsection:

Lemma 3.8 Let Fy; be a smooth family in ChMUX) such that P(Fy) = 0 and
ds P (F5)(0). Then

d3 P (Fs)

(3-3) e

s=0

[ 32 Fo(x) dm g, (x)
Ux

+ lim 1(3 /UX/O 05 Fo(P;(x)) dt/O 33 Fo(®4(x)) dt dmp,(x)

r—>oor
’ 3
+ /U . ( /0 05 Fo(®/(x)) dr) drnFo(x))-

In particular, it F(u,v,w) is a smooth three-parameter family of Holder functions
on UX such that P (F(0,0,0)) = 0 and all of the first variations of P (F(u, v, w)) are
zero, then

B3P (F(u,v,w))

(3-4) du dv dw

u=v=w=0

/ 04,0y 0y F(0)(x) dm p(o)(x)
Ux

. 1 r r
+ lim ;( /U X( /0 auF<0)(q>,(x)>dz) ( /0 9, F(0)(®:(x)) dr)

( /0 00 F(0) (1 (x) dr) dm o) (x)

; /U X( /0 auF(oxcbt(x))dr) ( /0 Do F(0) (P, (x) dr) dm o) (x)

+ /U X( /0 avF(oxcbt(x))dt)( /0 B F(O)(®,(x)) i ) dm o) ()

([ owrox@na)( [ owrox@ ) dneo (x)).
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Proof The proof proceeds in two steps. In the first step, we find a formula for the third
derivatives of pressure functions for topologically mixing shifts of finite type. In the
second step, we show how the computation can be carried to geodesic flows through
symbolic coding and suspension flows.

Step 1 The computation of the first and second derivatives of pressure functions for
aperiodic shifts of finite type is shown by Parry and Pollicott [27] using the Ruelle
operator. We will give a computation of the third derivative by the same method and
then generalize it to our flow case.

Let (X4,04) be a (one-sided or two-sided) shift of finite type that is topologically
mixing. We assume f; is a smooth family of functions on C* (X 4) such that P ( fo) =0
and dg P (f5)(0). We will prove

(3-5) 3P(f)(0) = lim 1 / (Su(Ds fo))? dmy,
n—-oo n X

3
+ lim 2 fX Sn(s f0) S (32 fo) dmy, + /X 82 fodmy,.

n—oo n

Any Hoélder function on a two-sided shift space is cohomologous to a Holder function
depending only on the corresponding one-sided shift space (see [27, Proposition 1.2]).
It suffices to prove (3-5) for one-sided shifts of finite type. We assume (X 4, 0y4) is
one-sided and f; is a smooth family of Holder functions (with possibly a different
Holder exponent from o) on X 4.

We change fy in its cohomology class so that Lz, (1) = 1.

Following the method in [27], let Q(s) be a projection-valued function which is analytic
in s and satisfies

Lr, O(s) = Q(s)Ly,.
Let w(s): =4 — R be w(s)(x) := O(s)- 1. So
(3-6) Lrw(s) = ePPw(s)
and w(0)(x) = 0(0)-1 = 1.

Iterate (3-6) n times and take third s—derivatives of both sides at s = 0:

(3-7) 83( > e5"<fs><y>w(s>(y)) (0) = 03" P (5))(0).

o y=Xx

Geometry & Topology, Volume 27 (2023)



1418 Xian Dai

Notice P (fo) =0, ds P (f5)(0) =0 and [y, 95 fo dm g, = 0. Integrating both sides
of (3-7) with respect to my, yields

2P (F)O) [ dcw(0)dmg, + 33 P ()0)
X
- / Su (82 fo) dmpy +3 / (Su(@sfo)* + Su(® f0))yw(0) dmy,
X X
43 /X Su(@s fo)02w (0) dmy, +3 /X Su(@s fo) Su(@2 fo) dmy,

+ /X Su(@s f0)? dmy,.

Divide by n and take n — oo. From ergodicity of my,, we may evaluate two of the
resulting terms:

.1
lim — XSn(asfo)(')?w(O)dWlfo=/Xasf0dmjr0/x3§w(0)dmjr0=0,

n—>oo n

o1
lim —/;(Sn(ang)asw(O)dmfo =/X 95 fo dmy, /X dsw(0) dmy,.

n—>oon

We also notice that, by applying Lemma 3.5 and the formula for second derivatives of
pressure functions,

2P (£;)(0) /X dsw(0) dmyg,

.1 .1
= lim —/ Sn(0s f0)*dsw(0) dmy, + lim —/ Sn(03 f0)dsw(0) dmy; .
X n—>oo n X

n—>oo n

Therefore, we obtain a formal expression

PO = tim L [ (8,00 fo))* dimgy+ lim 2 5,001 £0)50 @3 fo)

+/ 33 fodmy,.
X

We observe each term of the right-hand side converges: finiteness of the first limit has
been shown in Lemma 3.6 and that of the second is guaranteed by Corollary 2.21.

Step 2 We now explain how we obtain the flow version of the above formula.

Suppose Fy is a smooth family of functions in C*(UX) such that P (F) = 0. We have
a topologically mixing Markov coding (X 4, r, r) for U X. Because of the conjugacy
7102’ ; = ®; 7 between geodesic flow and the suspension flow of (¥4, 7, r), it suffices
to prove (3-3) for Fyom: X4, — R on suspension space with pullback measure
m*mE,. For simplicity, we still write Fy o as Fy and n*mp, as mp,.
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We then want to reduce the problem of proving (3-3) for suspension flows to proving it
for subshifts of finite type. We construct a function Fs: ¥4 — R from the function Fj
on the suspension space as

- r(x)
(3-8) Fs(x) =/ Fs(x,t)dt.
0

As Fg and r are Holder on X4, and X4, respectively, the function ﬁs is clearly
Holder. Denoting the set of o —invariant probability measures by M4 and the set of
o 4—invariant probability measures by M%4, we have

P(erl,tst): sup (h(Uil,mr)—l-/; F dm,)
A, r

mreMoztl
h(crA,m)+fZ Fsdm
= sup
meMO'A fz Vdm

Let ¢s = P (0, A Fy), we have the relation between the pressure function of Fy and
the pressure function of F (also see [6])

(3-9) P (o4, Fs—csr) =0,
Let BSCO - as(Cs)(O) and 8SSC() == a?(CS)(O)

We have the assumption dgcg = 0. Without loss of generality, we can also assume
8§c0 = (. Otherwise, we consider the family of functions F = Fy— 55 82c0 Clearly
05 P (F5)(0) = 03 P (Fy)(0) = 0 and 93 P (F;)(0) = 33 P (F)(0).

Now let’s take the third s—derivative of (3-9) with the assumptions dsco = 8360 =0.
By (3-5),

0= 9P (Fy—csr)(0)
= lim - / (Sn(asFo))3dm , T lim % / S (35 Fo)Sn(82 Fo) dmpg
24

n—>oo n
+/ (BSFO—Bgcor)dml; .
4 0

This yields

—1
d;c0 =3} P(0ly,. F5)(0) = (/)S r dmﬁo) 32 P (04, F5)(0).
A
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Therefore, proving (3-3) for F; is equivalent to proving

3
lim — (/ 0 Fodt) dmp, + lim = / / d Fodt/ dss Fo dt dmp,
r—>oo r EA} r—>oo r EA}

+/ 83F0 deO
ZAr
-1
= rdmg
(L)

(hm 1 f (Sn (s F0))* dmp, + lim 3 / S (D5 Fo) S (82 Fo) dm )
n—->oon E

-1
~ 3/\ ~
+(/2Arde") /EAasFOdeO

Each term on the left is actually equal to the corresponding term on the right. We show
here how to obtain

r—>o00 r

3
(3-10) lim ! /E ( / 95 Fo(o! (y))dt) dmy(7)

n—>oo n

-1
_ ( / rdm ﬁo) lim L (50 Fo)(x))* dm g (x).
X4
The other two terms follow a similar analysis.

To see (3-10), we begin by noting the identity [28], where y = (x, u),

r(o’x)
ds Fo(oy ,(x,u)) = Z (/0 ds Fo(olfx, v)8(u+1t—v—r"(x)) dv),

nez

where r'*(x) =r(x)+r(oqx)+-- o+r(az_1x) forn>0and r®(x) =0and r 7"(x) =
—(r(oga ')+ + r(o,"x)) forn > 1.

One has from Proposition 2.22, the measure correspondence (3-2) and (3-8) that

r—>oo r

lim 1 ( / s Fol( () dr) dm g, ()
EA)

:/_ /_ /z: 3sF0(y)3sFo(Gz’t(y))asFo(ag,v(y)) dmp,(y)dt dv

([ ) (LI o

-05 Fo(oy ,(x,u)) du dmﬁo(x) dt dv
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=(/Z rdeO)_l Z[ dm - (x)/rma Fo(x. u) du

m,nel
r(of'x)

r(c%x)
/ ! ds Fo(oyx, v) dv/ ds Fo(olf' x,v) dv
0 0

/ s Fo(x)a Fo(an)a FQ(GA x)dmg (x)

= / rdmA)
F
(EA 0 m,n€Z

-1
=( / rdeO) lim L (a0, Fo)(x))? dm p, ().
X4

n—>oo n
We therefore obtain a suspensmn flow version of (3-5) for Fj.

The arguments for three-parameter families are the same as the one-parameter case.
In fact, since the operator 9,0, 0,, is a symmetric multilinear map in «, v and w that
is completely characterized by its values on the diagonal, one can deduce (3-4) for
multivariable cases directly from (3-3) for one-parameter families. a

Next we introduce a formula for taking derivatives of integrals over varying measures
by tools of thermodynamic formalism. This formula will be very useful in later proofs.

Lemma 3.9 Suppose{ fs}se(—1,1) i a smooth family of pressure zero Holder functions
over UX and suppose {m f, }se(~1,1) is the associated family of equilibrium states.
Suppose furthermore that {w;}se(—1,1) is another smooth family of Hélder functions
over UX. Then

(3-11) as(/ wsdmfs)(O)=C0V(w0,8sf0,mf0)+/ dswo dm g, .
UXx UXx

Proof We have

dg (/UX Wy dmfs)(O)

(2Pt rwy)
Y ot
B 02 P (fy + twy)
B ds ot

)(0) (by (2-6))
t=0

s=t=0

— COV( P (o), Py (B fo), 1) + /U dewodm by (28)
= Cov(meO (wo), s fo.m f,) + /UX dswo dm g,

= Cov(wo, ds fo.m f)) + / dswo dm g, (by Corollary 2.21). O
Ux
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4 Proof of the main theorem: initial steps

We first restate our main theorem:

Theorem 1.1 Let S be a closed oriented surface with genus g > 2. For any point
o € T(S) C H3(S), let X be the Riemann surface corresponding to o. Then the
Hitchin parametrization H°(X, K?) & H°(X, K?) provides geodesic coordinates for
the pressure metric at o.

We want to show 0z g;j (o) = 0 for the pressure metric components g;; with respect to
the coordinates introduced in Remark 2.39 for all possible i, j and k.

4.1 Some geometrical observation

In this subsection, we conclude some derivatives of metric tensors vanish by a geometric
observation. Starting from the next section, we will develop a general method to
compute first derivatives of the pressure metric via the thermodynamic formalism.

From now on, we restrict ourselves to the Hitchin component #3(.S). Suppose {g;} is a
basis of holomorphic differentials in H°(X, K?)@® H°(X, K3) and suppose {¢(g;)} is
the associated Hitchin deformation given in Definition 2.38. Recall we use the notation
gij(0) = (¢(gi). ¢(g;)) p to emphasize the metric tensor is evaluated at o € 7(S). We
also assume g;; (§) = §;;.

Furthermore, instead of using the Latin letters i, j and k to denote arbitrary holomorphic
differentials of degree 2 and 3, we let the Latin letters 7, j and k only refer to quadratic
differentials ¢;,q;,qx € H O(X, K?) from now on. Therefore, the corresponding
Hitchin deformations ¢(q;), ¢(g;) and ¢(gy) are tangential directions to the Fuchsian
locus in Ty H3(S). We use the Greek letters ¢, § and y to refer to cubic differentials
doa-q8.9y € H O(X, K3). Then the corresponding Hitchin deformations ¢(gq), v(qp)
and ¢(q, ) are normal directions to the Fuchsian locus in Ty #3(S) with respect to the
pressure metric.

With the above notation understood, we have in total six types of first derivative of metric
tensors that need to be considered: 0y gij, 0j gia» 0agij»> 0igap> 088ia and 0y gqp. Our
goal is to prove they all vanish.

We first notice the following facts:

(1) Odkgij(o) =0.
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To see this, note that the pressure metric is a constant multiple of the Weil-Petersson
metric on Teichmiiller space 7 (.S). Because the coordinates system in terms of quadratic
differentials from the Hitchin reparametrization agrees with Bers coordinates through
second order in the case of 7(.S) [37, Corollaries 5.2 and 5.4]. That the Bers coordinates
are geodesic [1] for the Weil-Petersson metric implies that, for the pressure metric,

0k gij(0) =0.

(2) 0jgqi(0) =0 implies dygij(0) = 0.

The contragredient involution «: PSL(3,R) — PSL(3,R) given by «(g) = (g~ ')’
induces an involution £ on H3(S) by £(p)(y) = k(p(y)). Because k is an isometry
of H3(S) with respect to the pressure metric and the fixed-point set of & is 7(S), the

Fuchsian locus is in fact totally geodesic in H3(S) (see [7]). So, for V the Levi-Civita
connection of the pressure metric and any X, Y € T57(S), we have

(4-1) (X, Y) = (VxyY): =0.
Thus, the Christoffel symbols for the connection v satisfy l"l‘}‘ (0) = 0 and, because

L = 387%(9jgip +0igjp— pgji) ~ (since go(0) = 0 and g"*(0) = 0)
= 1¢%%(0jgia + 0igja — 0agji) (since gup = 0up).
it suffices to know 0; giq(0) = 0 and 9;gj«(0) = 0 to conclude d g;j(0) = 0.
(3) 0ggaa(c) =0 implies 3y gug(0) = 0, and 0; gge (o) = 0 implies d;gqp(0) = 0.
This is because
Oy 8ap = 5y Satpa+p — 0y 8aa — v pp).
0i8up = 3(9i8a+B.atp — i8aa — 0igpp)-
The remaining four cases left to prove are as follows:
(1) 9pgaal0) =0.
(i) 0igaa(o) =0.
(iii) 0jgqi(0) =0.
(iv) 0ggai(o) =0.

We will have a general method to prove them. We first give a general formula for
first derivatives of the pressure metric in the next subsection. The computation for the
model case dggaa (o) Will be shown in Sections 5 and 6. The other three cases will be
discussed in Section 7.
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4.2 First derivatives of the pressure metric

This subsection is devoted to a formula for first derivatives of the pressure metric. We
also prove we have some freedom to choose representatives for the variations of the
reparametrization functions from the LivSic cohomology classes.

Suppose {p(u, v, W)}, v,w)ef(—1,1)}3 1s an analytic three-parameter family of represen-
tations in the Hitchin component #, (.S') with basepoint p(0, 0, 0) € 7 (.S) corresponding
to X. Suppose { fp(u,v,w) } (u,v,w)ef(~1,1)}? are associated reparametrization functions.
For simplicity of notation, we denote the renormalized reparametrization functions by

F(u’ v, w) = fplgu,v’w) = _h(lo(u? v, w))fp(u,v,w)
We also write F(0) = F(0,0,0) and p(0) = p(0, 0, 0).

In the case of the Fuchsian representation, the topological entropy and the reparametriza-
tion function are simple. We have /1(p(0)) = 1 (see Theorem 2.16). Since ®,() = P,
the reparametrization function f},o) can be chosen to be 1 in the Liv§ic cohomology
class. Therefore, one can choose F(0) = —1.

The following characterization of the equilibrium measure for £(0) is important:
Lemma 4.1 The equilibrium state m gy for F(0) is the Liouville measure myp,.

Proof Since the Liouville measure my, coincides with the Bowen—Margulis measure
(Remark 2.14), this follows easily from the variational principle (Proposition 2.8). O

The Liouville measure miy, is both ®;—invariant and rotationally invariant on U X, ie

()*my = my, where ¢'% acts on UX by usual multiplication. We will repeatedly

use these important properties of the Liouville measure for our proofs later.

Proposition 4.2 The first derivatives of the pressure metric at p(0) satisfy

9w ((9up(0,0,w), 3yp(0, 0, w)) p) (0)

r r r
= lim 1( / / 0, F(0) di / 9, F(0) di / 9, F(0) dt dmy
r—-oo ' \Jux Jo 0 0

+ / / 3. F(0) dt / dwo F(0) dt dmy
UX JO 0
+ / f 9, F(0) dt / 8qu(O)dtdm0),
Ux Jo 0

where the flow ®,(x) is omitted for simplicity.
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Proof Starting from the Fuchsian point p(0), along the ray with parametrization
10,0, w)}e(—1,1)» the pressure metric (-, - ) p: T(0,0,w) Hn(S) X T(0,0,w) Hn(S) — R
satisfies

(au,O(O, 07 w)’ avp(o’ 0’ w))P
Cov(0, F(0,0,w), 3y F(0,0,w), mp(0,0,w))
fUX F(O’ O’ w) de(0,0,w)
0004 P (F(0,0,w)) = [y Quv F(0,0, w) dmp0,0,w)

= (by (2-8)).
fUX F(0,0,w) de(0,0,w)

We first notice [,y F(0) dmo = —1 and, from (3-11),

o ( / F(0,0,w) dm F(O,O,w))(O) = Cov(F(0), 3 F(0), mg) + [ 3w F(0) dmy
UXx UXx

=0.
Therefore,

aw(@uﬂ(o’ 0’ LU), aU/O(O’ 0’ LU)>P)(0)

= awavauP(F(O)) — Oy (/UX aqu(O) de(O,O,w))(O)

— 33 P (F(0))—Cov(duy F(0), u F(0), mo)— / Buvw F(O)dmg  (by (-11))
UX
= 1im 1(/ /rauF(O)dt/r8UF(O)dt/r8wF(O) dt dmy
r—-oor \Jux Jo 0 0

r r
+ [ f 3. F(0) dt / ow F(0) dt dmg
UX Jo 0

+ / / ravF(O)dz / raqu(O)dtdmo) (by 3-4)). O
UX Jo 0

Proposition 4.3 The formula in Proposition 4.2 for the first derivatives of the pressure
metric only depends on the LivSic class of each component function d, F(0), d, F(0),
0w F(0), 0wy F(0) and 0y, F(0).

Proof We know from the proof of Proposition 4.2 that

9w ({3up(0,0, w), dyp(0,0,w)) p)(0)

— 93 P (F(0)) fU B F0) dito = Cov(d F(0). B F(O). o).
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By (2-8), in general, if we take two mean-zero Holder functions /27 and /1, with respect
to myg, then
Cov(hy,hy,mgy) = 0,0, P(F(0) + uhq + vhy)(0).

As the value of the pressure function P only depends on the LivSic class, we see
changing /1 and /i, in its cohomology class does not change Cov(/y, hy,mp). In
particular, this holds for Cov(d,y F(0), 0y F(0), my).

Similarly, from (3-3), it is clear that

31303 P (F(0)) — /U B F(O) dmg

= D3y P (F(0) + udy F(0) + vdy F(0) + wiy F(0)
+ uvdyy F(0) + uwdyy F(0) + vwdyy F(0))(0).

Again the above pressure function P does not change value if we change each com-
ponent function. So, altogether, we know the first derivatives of the pressure metric
only depend on the LivSic class of each component function 9, F(0), 0, F(0), 0y, F(0),
0wy F(0) and 0y, F(0). |

4.3 A gauge-theoretical formula

In [20], Labourie and Wentworth show the variations of the reparametrization functions
can be expressed by a gauge-theoretical formula. This formula will be crucial for
our computation in the next section. We include the formula and its proof here for
completeness. We add some assumptions which are natural for our case of Hitchin
components H(.S).

We consider (£, H) a rank n Hermitian bundle over the surface S equipped with a
Riemannian metric g. We let y be a closed curve on S with arc-length parametriza-
tion y(¢). Suppose D 4o is a flat connection on E whose holonomy has distinct
eigenvalues along y. Suppose A, is one eigenvalue with a corresponding eigenline £,
and H,, is the complementary hyperplane stabilized by the holonomy. We denote by
L, (¢) the line generated by the parallel transports of £,, along y at time 7, by H,, (¢)
the hyperplane generated by complementary eigenvectors, and by 7 (¢) the projection
on Ly (¢) along #H,(¢). Then we have:

Proposition 4.4 (Labourie and Wentworth [20]) For D 4s a smooth one-parameter
family of flat connections, we have a unique smooth function A, (s) such that, for

Geometry & Topology, Volume 27 (2023)



Geodesic coordinates for the pressure metric at the Fuchsian locus 1427

s small enough, Ay (s) is the eigenvalue of the holonomy of Dys with A, (0) = A,,.
Moreover,
M :_/IV Tr(ds D 40(t) - (2)) dt.

dS §=0 0
Here the notation is dg D 40(t) := 03D 4s(y(t) /0¢)(0), where 05D 40 is an End(E)—
valued 1-form and y(t) d/0¢ is the tangent vector field along y (t).

(4-2)

Proof We prove (4-2) here.

Let {gs} be a family of gauge transformations acting on {D 4s} with g¢ = id. Define
the new connection 1-forms A := g5 A®. We first prove

l

lV v
[ Tr(0sD 40(t) -7 (t)) dt = / Tr(ds D 4 (t)-m())dt.
0 0

Note here ds D 40(¢) is a 0—form since we have contracted the 1-form d5 D 45 (0) with
the tangential vector field. Therefore, Tr(ds D 40(¢) - 7(¢)) is a function in # or in p ().

Taking the derivative of A = gy A% ats = 0 yields

asD/'l"O = 8sDA(J + DAUg’
where ¢, denoting dgs/ds|s=0, is a section of End(E) and the connection D 4o acts
ongas D¢ =dg+[A°, g].
We want to show P

v
/ Tr((Dgog)m)dt = 0.
0

To simplify the notation, we will always omit the variable # when writing our formulas.
For example, here (D 408)m := (D 40(2)g(t))7(2).

We start by proving that & is a D jo—parallel section in End(E). Given any section
v € I'(E), we can write it as a linear combination of eigenvectors of holonomy. Set
v(t) = Y7 ai(t)ei(t), where e; () satisfies the parallel transport equation D 4,e; =0
with boundary conditions e; (/) = k;,ei (0) and ||e; (0)|| = 1. In particular, we assume
kjl, = Ay and L, (¢) is generated by e;(¢). Then

(Dyom)(v) =[Dyo, w|v = D 4o(wv) — (D 400)

n

= D@ @) (L dae) + a0 D)

i=1
=day(t)e;(t) —day(t)e; (1)
=0.
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Thus,

IV
/O %(Tr(g 7)) dt

bod
= /(; Tr(g(gzr)) dt
Ly
= / Tr(D40(gm)) dt (since Tr([4°, gn]) = 0)
0
Ly
= / Tr([D 40, 7)) dt (notice gz € T'(End(FE)))
0

Ly
= / Tr([D 40, gl + &[D 40, ]) dt
0
Ly
= / Tr((D4o8)mw + g(Dyom))dt  (action of a connection on I'(End(E)))
0

l
= / ’ Tr((D4o08)m) dt (since D 4o = 0).
0

So
by : ba o
/0 Tr((D408) ) dt :/(; E(Tr(g-rr)) dt
= Te(3 ()7 (1)) — Tr(¢(0)7(0))
=0.

As s varies, the eigenline £}, (7) corresponding to Ay (s) varies according to s and so
does the complementary hyperplane 3, (z). By picking suitable gauges {g}, we can
assumeLfor AS = gy AS, thf eigenlines Zf, (z) and complementary hyperplanes 771; ®)
satisfy L3, (1) = Ly, (1) and H},(1) = H,, (7).

Without loss of generality, we assume D 4s is itself the connection for a suitable gauge
and {e]} are eigenvectors for A° with e] corresponding to £J,. Thus,

Dysef(t) =0, ef(ly) = Al (s)ef (0).
In particular, we can assume
Dgsei(t) =0, ef(t) =cs(0)ed(t). e(ly) = A, (s)e}(0), e}(0) =e(0).
So

el (ly) = es(h)ed(ly) = & (L)AL 0)ed(0) = A (5)e} (0) = AL ()3 (0)
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and thus ¢s(/y) = k,l,(s)/k)l,(O) and co(/) = 1. Notice

H@@), Dased(0) _ H{eY(0), Das (e 0)/es ) _ 8,(1/es(t)) _ dlloges(1)
HEe (), ¢3(0) HE (0. ¢}(0)/es(0) 1/es(®) o

So
L b (), 5 D g0e%(1))
/o Tr(ds D 40m) dt = /0 H(e?(t), e?(t)) dt

_ /’v k) (a(logcs(z»)
o 0 as Jt

dlog )»)1, (s)
B ds

dt

s=0

s=0

5 Computation of the variations of the reparametrization
functions for a model case

In this section and the next, we consider the model case dggqaa (o). Note the treatment
of this case will involve all the steps needed for the other cases. This justifies the
expositional decision that we consider it here first and in isolation.

In this case, we are given parameters (1, v) € {(—1, 1)}? with (conjugacies classes of)
representations {p(u, v)} in H3(.S) corresponding to

{(0,ugq +vgp)} C H'(X,K*) @ H*(X, K?)

by Hitchin parametrization (see Remark 2.37). In particular, at the Fuchsian point
p(0) = X, we identify d,0(0,0) with ¢(¢¢) and dy (0, 0) with ¢(gg), where ¢ is the
Hitchin deformation given in Definition 2.38. We suppose { f5(.,y)} is an associated
two-parameter family of reparametrization functions. By Proposition 4.2, the formula
for dggaq(0) is

p&aa(0) = 3y ({3up(0, v), dup(0,v)) p) (0)

T | " N 2 N

r r
¥ N
+2/UX/O aufp(o) dl/() duv (0) dtdm0i|.

Because 9,1 (p(u,0)) = dyh(p(0, v)) = 0 on Fuchsian locus 7(S). By Theorem 2.16,
the variations of the reparametrization functions that need to be computed are the
following:
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@) 3uffoy = —0uSo().
(i) 3y [ = —0v./p(0)-
(i) duv /o) = —0uvh(0(0) = duv fo(o0)-

Before proceeding to compute (i), (ii) and (iii), we explain our general strategy to
compute the variations of the reparametrization functions. Our computation will be
based on Proposition 4.4 and tools from Higgs bundles theory. Let us first set up our
Higgs bundles.

In the component H3(S) we are considering, the rank-3 holomorphic vector bundle
is fixed as £E = K @ O @ K~!. Associated to a representation p in H3(S) is a
Hermitian metric H on E that solves Hitchin’s equation (2-9) and a flat connection
Dy = VgE! gt@+ &*H where VgE’ g is the Chern connection (see Theorem 2.29).

Given a parameter s € (—1, 1), suppose we are considering a family of conjugacy
classes of representations {ps} in H3(S). On the one hand, there is a family of flat
connections { D (5)} given by (2-10) associated to {ps}. On the other hand, there
is a family of reparametrization functions { fy, }se(~1,1) associated to {pos} from the
thermodynamical point of view. Recall our notation (2-4)—(2-5). For a family of flat
connections { D ()}, We write

BDH(S)
as

dsDp (o) =

s=0

and, for a family of reparametrization functions { fj, },

0fpy
9s oo = ag

s=0
By Proposition 4.4 and LivSic’s theorem, the Holder function —Tr(ds D g (0y7)(x)

and dy fp,(x) are in the same LivSic cohomology class. Recalling our notation in
Definition 2.3,

(5-1 s fpo (X) ~ _Tr(asDH(o)n)(x)-

Here we define Tr(ds Dy 0y ) (P (x)) := Tr(ds D (0)(¢)7(2)), following Proposition
4.4. The curve y(¢) in Proposition 4.4 from now on will be a unit-speed geodesic
starting from x. Therefore, x = y(0) d/dt and ®,(x) = y(¢z) 9/0t.

Proposition 4.3 allows us to consider the first and second variations of the reparametriza-
tion functions in terms of LivSic cohomology classes instead of individual functions.
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From now on, for the first and second variations of the reparametrization functions, we
will no longer distinguish cohomologous elements.

Because X is a hyperbolic surface and the geodesic flow is Anosov, the vectors tangent
to periodic geodesics are dense in 7'X. To recover the information of d; f,, it suffices
to compute Tr(ds Dr(9)7) on each closed geodesic. Similarly, to compute the second
variations of the reparametrization functions, it suffices to compute them on each closed
geodesic.

Now we start to give a complete computation of the first and second variations of the
reparametrization functions for the case dggyq(0). The steps of our argument are
divided into different subsections:

(1) We set up coordinates adapted to the closed geodesics we study and conclude
special properties of affine metrics with respect to chosen coordinates on these
geodesics.

(2) We first construct a homogeneous ODE arising from the parallel transport equa-
tion for the base flat connection at p(0) = o € T(.S). This leads to formulas for
the first variations of the reparametrization functions proved in [20].

(3) We consider a family of parallel transport equations associated to a family of
flat connections by solving Hitchin’s equations based at p(0) = o € T7(S). The
variation of this family of parallel transport equations at o gives rise to some
nonhomogeneous ODEs and yields solutions for the second variations of the
reparametrization functions on the closed geodesics we consider.

(4) We extend our computation from the closed geodesics to the surface.

5.1 Setting up coordinates on surfaces

In this subsection, we set up coordinates adapted to the closed geodesics we study.
We will obtain some important properties for the affine metric after setting up the
coordinates. They can be used in the computation of the first and second variations
of the reparametrization functions in the following sections. The first variations have
been computed in [20] by advanced Lie-theoretic methods.

The convention we use for a Hermitian metric H on E is it is C—linear in the second
variable and conjugate-linear in the first variable. Suppose on a coordinate chart (U, z),
the bundle £ = K @ O @ K~! is trivialized as E|y = U x C3. Locally we have a
holomorphic frame (s, 52, 53) on U. With respect to the local holomorphic frame and
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our convention of the Hermitian metric, the (1, 0)—part of the Chern connection V5E H
is H~' 9H. The Hermitian conjugate is ®*# = H~1®! H. The connection 1-form A
of the flat connection Dy is thus

A=H '0H + &+ d*H

Associated to representations {p(u, v)} are a two-parameter family of flat connections
{DH(u,v)}- We will study their connection 1-forms in holomorphic frames with respect
to some carefully chosen coordinates on the surface X.

When the Higgs field is

0 0 uga +vqp
d(u,v)=|(10 0 ,
01 0

Baraglia proves the Hermitian metric H (u, v) that solves Hitchin’s equation (2-9) is
diagonal (see [2]). Following Baraglia’s notation [2], we denote the Hermitian metric
by H(u,v) = ¢22®V) We have

h(u,v)™1 0 0

H(u,v) = 0 1 0 ,
0 0 h(u,v)
where 4 = h(u, v) is a section of K ® K and
—o(u,v) 0 0
Qu,v) = 0 0 0
0 0 w(u,v)

with w(u, v) = %logh(u, v).
We denote the corresponding flat connection by

DH@.v) = Vg, Huw T PW.v) + P, p)*H@v)
The connection 1-form A(u,v) € T(T*X ® End E) is thus

—2dw(u,v) h(u,v) uge +vqp
(5-2) A(u,v) = 1 0 h(u,v)
h=2(uge + vgg) 1 20w (u, v)

In fact, 2/ (u, v) is an affine metric for some hyperbolic affine sphere in the conformal
class of o (see [2]).

We let ¢ =log(2h/0). Note ¢ = ¢ (u, v, z) is actually a globally well-defined function
on X that does not depend on coordinate systems. Hitchin’s equation (2-9), using the
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integrability condition for affine sphere (see [24]), can be written as an equation of ¢
as

(5-3) Ao +16]lugy +vggl2e ™ —2¢ +2 =0,

where || - |5 is the induced norm on cubic differentials. It satisfies ||¢[|2 = |¢|*/03.
The notation we adopt for Laplacian is Ay = 4050, /0.

For simplicity of notation, we sometimes omit variables and write ¢ as ¢ (u, v) or ¢(z)
depending on our needs.

We have the following observation from (5-3):

e When (u,v) = (0, 0), the only solution of (5-3) is ¢ = ¢(0,0) = 0. The affine
metric 24 = ¢ is indeed the hyperbolic metric of constant curvature —1.

¢ Taking the u—derivative or v—derivative of (5-3) at (1, v) = (0, 0) yields
(5-4) Aoy —2e%¢, =0,
(5-5) Aoty —2e%$y = 0.

Therefore, the fact that ¢ = ¢ (0, 0) = 0 implies ¢, = ¢,(0,0) = 0 and ¢, =
¢$v(0,0) = 0.

We now choose a special coordinate system that facilitates the study of holonomy
problems on a closed geodesic. Let z be a local holomorphic coordinate on X. Suppose
the affine metric in this coordinate is e¥ #¥2)|dz|2 and the hyperbolic metric in this
coordinate is o = %@ |dz|2. Suppose y(¢) is any closed geodesic with respect to the
hyperbolic metric o on the Riemann surface X. Then, written in the z—coordinate, it is

y(@) =z() =Rey(?) +iImy(?)
and

PO 0 = Re 7 (1) +1 Tmp(1)) 2= + (Re p(1) i Tm (1) 1.

In particular, we can model y(¢) on a strip S = {x +iy:|y| < %} with the hyperbolic
metric ds = |dz|/cos y and y(¢) = (¢, 0). This coordinate around y is called a Fermi
coordinate and satisfies Re p(¢) = 1 and Im p(¢) = 0. Thus, it’s easy to check that,
on y, one has y* ds = |dz| and §(z) = 0.

The variable ¢ is then the arc-length parameter for our choice of coordinates. Therefore,
if one writes y(0) d/dt = x € UX, then y(t) d/dt = ®,(x). We will always assume
y(0) 0/0t = x in our discussion.
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With the Fermi coordinate understood, from the fact that the only solution of (5-3) is
¢ = 0, we conclude

V(z) =¢(2) +8(z) =8(z) = 0.
From (5-4) together with (5-5) and their solutions ¢, = ¢, = 0, we obtain

Vu(z) =du(z) =0, Yy(z) = ¢y(z) =0.
Also ¥ (z) = 0 implies
Vz(z) = 62(2) = 0.

All this information about the affine metric 1 with respect to the Fermi coordinate will
be important in computation in later sections.

5.2 Homogeneous ODEs for holonomy and first variations of the
reparametrization functions

In this subsection, we show a formula for the first variations of the reparametrization
functions from [20]. We also construct homogeneous ODEs arising from the parallel
transport equations for the base flat connection at 0 € 7(.S). These serve as the first
step for the computation of the second variations in later subsections.

We first explain our notation. For g; = g;(z) dz? any quadratic differential and g, =
ga(z) dz3 any cubic differential, we also use g; and ¢, to denote Holder functions on
the unit tangent bundle U X as follows. We let ¢;: UX — C and go: UX — C be

(5-6) qi(x) 1= qi(2) dz*(x, x) = i (2)(dz(x))?,
(5-7) qa(X) 1= ga(2) d2* (x, X, X) = qa(2)(dz(x))’.
The first variations of the reparametrization functions for our cases have been computed

in [20] as follows:

Proposition 5.1 [20, Theorem 4.0.2] The first variations of the reparametrization
functions 9y fp0): UX — R and 0y f,0): UX — R for our model case dggqq(0)
satisty

—0u fp0)(X) ~Rega(x), —dyfp0)(x) ~Reqgg(x),

where the notation ~ is LivS§ic equivalence (Definition 2.3).

Proposition 5.1 is proved in [20] as a consequence of (5-1).

We then study parallel transport equations for the connection Dg (o) arising from
holonomy problems based at p(0) € 7(S). With the coordinates introduced in the
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last section, they become homogenous ODE systems that are easy to solve. We list
some important computations involved here. These will be important for the second
variations of the reparametrization functions.

The parallel transport equation for the connection Dy (o) on the closed geodesic y is
(5-3) Do),y V =0,
where V € I'(E) is a parallel section with boundary conditions

V(ly) = %i(y. p(0) V(0).

Here A;(y, p(0)) is one of the eigenvalues for holonomy of Dy gy on y fori =1,2,3.
We want to write (5-8) on a specific holomorphic frame, which can be constructed as
follows.

We cover y by m charts {(U;, z;) }7L | such that z; : U; — z; (U;) C C is a diffeomorphism
for 1 <i < m. We assume our holomorphic bundle E is trivialized on each Uj.
Furthermore, we assume the transition map on every overlap is either the identity
or a hyperbolic translation viewed on the universal cover D. Since dz; is a local
holomorphic section of K on U; and 9/dz; is a local holomorphic section of K~!
on U;, we can define a local holomorphic frame s = (s’i , sé, sg) for E=K®OdK™!
on U;, where s| = dz; and s, = 1 and 5§ = 9/0z;. Setting (Up+1, Zm+1) = (U1, 21)
and s]’.”"'l = ]1 this yields a well-defined holomorphic frame for y because, on each
overlap and for j = 1,2, 3, we have sJ’: = sz:+1 ony|y, Nyly,+1 with 1 <i <m.
We will simply write the holomorphic frame on y as s; for j = 1,2, 3. With respect to
this frame, the parallel transport equation for V(¢) = Z? —1 Vi(?)si(t) becomes

Vi) 01 0] [V
[ VE) |+|10 1| Vi) |=0.
V3(t) 01 0]f[V3

There are three eigenvalues for this ODE system: A{(y, p(0)) = e/, A2 (y, p(0)) = 1
and A3(y, p(0)) = e~ ’». The solutions for V (assuming norm 1 at the starting point
with respect to the Hermitian metric H(0)), denoted by e; corresponding to A;(y) for
i=1,2,3, are

% - :
e = 46” —11], e= % 0, e3= ‘/Tie_’ 1
1 2 1
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We note at the Fuchsian point p(0) € 7 (.S), the eigenvectors e1, e, and e3 are orthogonal.
In our holomorphic frame, the projection 7 (0) = 7 (p(0)) can be computed as

1
2
1

[T SR N

1
2
m(0)=1|-1
1 —1
The eigenvectors e; and projection 7 will play important roles in later sections.

5.3 Inhomogeneous ODEs and the second variations of the
reparametrization functions

We will compute the second variation of the reparametrization functions dyy f,(0) in
this and the next subsection. With our formula (5-1), we have

(5-9) duv f(0) ~ —0u (Tr(du DH (0,0)7 (0, )))(0)
92D
— Tr ( o (0)) Tr(3u D (0) dv77(0))
=:—I-1L

In this subsection, we compute 0,y /(o) along a closed geodesic by computing I
and II. We study variation of holonomy problems along a closed geodesic and construct
associated inhomogeneous ODEs. In the next subsection, we extend the computation
of duy fp(0) to the whole surface.

Compute I With the holomorphic frames and Fermi coordinates setup as before, one
obtains, on y,
—(¥2)uv(2) %Wuv(z) 0
v DH(O) (x) = 0 0 %Wuv(z)
0 0 (V2)uv(2)
Thus,

0“D
Tr(a—g(o)() (0)) — ().

More explicitly, Tr((9> D (0)/0u dv)m(0)): UX — R satisfies

02D
Tr( L, (0))( ) = =1 (2(p(x))) = —Luu(p(x)).

where p: UX — X is the projection from the unit tangent bundle to our surface and z
is the Fermi coordinate we choose evaluating at the point p(x) € X. Note that the affine
metric v is always real and ¢ = i — o does not depend on the coordinates we choose.
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Compute IT To study d,7(0) takes some effort. We set u = 0 and take a family of
flat connections { D g (y)} with connection 1-forms A4(0, v) (recall (5-2)). Associated
to each of them is a parallel transport equation along the closed geodesic y on (S, o),

(5-10) Dy V(. 1) =0,
with the assumption ||V (v, 0)|| g0y = 1.

In [19], Labourie proves the images of every Hitchin representation are purely loxo-
dromic. For p(0, v) in H5(S), we know p(0, v)(y) has distinct eigenvalues A (y, v) >
A2(y,v) > Az(y, v). The holonomy problem for p(0, v) has three distinct eigenvectors
which are parallel sections {e; (v, t)}qu’=1 along y(¢). Each section V(v,t) = ¢; (v, t) sat-
isfies (5-10). In addition to the norm 1 condition at the starting point, ||V (v, 0)|| g0y = 1,
we also impose another boundary condition in order to guarantee these are eigenvectors.
The boundary conditions are, fori = 1,2, 3,

@ llei(, 0@ =1

(i) ei(v,ly) =iy, v)ei(v,0).
The reader may notice that, up to now, there are two frames for £ along y mentioned,
the holomorphic frame (s1, 52, 53) and the frame spanned by eigenvectors (eq, €3, €3).
On the one hand, we can write our holomorphic frames as linear combinations of
eigenvectors s; (1) = Z;:l aij(v,t)ej(v,t) fori = 1,2, 3. On the other hand, we can
write the eigenvectors as linear combinations of our holomorphic frames e; (v, ) =
Zi:l ejr(v,t)sg(t) for j =1,2,3. We have the following observation:

With respect to the holomorphic frame (s, 55, 53), the projection onto e; along the
hyperplane spanned by (e3, e3) in matrix form is

w(v,t) = [n(v,t)sl(t) (v, 1)s2(¢) JT(U,[)S3(Z)]
= [a11(v.0)e1 (v, 1) a1 (v,0)e1(v,2) azi(v,0)e1(v,1)]

arp(v,0)er1(v,1) azi(v,t)er1(v, 1) azi(v.t)eri(v, 1)
= (a1 (v.t)er2(v, 1) a1 (v,t)er(v, 1) azi(v,t)eg(v,1)
arp(v,t)e13(v,t) azi(v,t)er3(v,t) azi(v,t)erz(v, 1)

To understand d,7(0), we need to know dyeq(0) and d,0;1(0) fori =1, 2, 3. One can
check, in the holomorphic frame,

(5-11) Tr(auDA(O)avn(O)) = qa(dva11(0)e13(0) +a11(0)dver3(0))
+4qa(3vasz1(0)e11(0) +az1(0)dyer1(0)),
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where e11(0) and e;3(0) are known. Thus, we need to compute dyeq(0) and dyaq1(0)
and dyasq(0).

We first show how to obtain dyeq(0,¢) as the solution of an inhomogeneous ODE

system arising from taking the v—derivative for a family of parallel transport equations
(5-10) at v =0,

dver1(0,17) 0 3 07 [dver1(0.2) qp(P:(x))
3 | 0ver2(0.0) [+ |1 0 1| |0per2(0,7) | =5 0 ,
dveq3(0,7) 0 1 0] [0ye13(0,1) 2g8(P¢(x))

with boundary conditions

H(avel (0’ O)’ €1 (Ov O)) = Oa
Ly
dve1(0,1,) = —elv (/ Re gg(Ps(x)) ds)el(O, 0) + el d,e (0,0).
0

The boundary conditions arise from taking the v—derivative for boundary conditions
(1) and (ii) of the parallel transport equation (5-10) that the maximum eigenvector e
satisfies.

With these boundary conditions, we solve

dyer1(7) —4 [y €°(cosh(t—s) Re gg+i Imgp) ds
dyera(t) | = «/Efot e* sinh(r—s)Re gg ds
dyers (1) ~/2 [y €* (cosh(t—s) Re gg—i Im q) d's
—4(@211’ ! fol” e’ " Reqg ds—%i(ell’ —1)! foly e* Imgg ds
+ —4(5)21]’ -7t fOIV e’ ' Reqpds

—“/75(62[1’ ! foly e¥ " Reqp ds++/2i (e —1)7! fol” e’ Imqgds
Here ¢g refers to qg(Ps(x)) defined in (5-7).

We continue to compute dyerq1(0) and d, 31 (0). Combining

3 3
ej(v,t) = Z ejx(v.t)sk () and s;(1) = Za,-j(v, t)ej(v,t)

k=1 j=1
gives
j=3
(5-12) > aij(v.0)eji(v.1) = oy
j=1
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Recall the e (0,7) are known:

[€11(0,7)] 3
e1(0,0) = | e12(0,1) | = %2 | =1 |,
| €13(0,7) ] 1
[€21(0,1)] —1]
€2(O,Z)= e22(0,t) =% of,
| €23(0,7) ] 2]
[€31(0,1)] B
e3(0,7) = | e32(0,7) =§€_t 1
| 33(0,7) | | 1
Then one obtains
2 — 2
ay apz ar ée r -l %et
a(0,1) = | az azy a3z | = —“/Tze_’ 0 ge’
asp dasp ass N2,-t 1 N2,
) 2 4

Taking the v—derivative of (5-12) at v =0,

Jj=3 j=3

Z 8va,~j(0, l)ejk(o, t)+ Z aij (0, l‘)avejk(o, t)=0.

j=1 j=1
Solutions of dya;;(0,¢) can be expressed in terms of dye1(0,7), dye2(0,7) and dyes(0,7).
We have just solved dyeq. Similarly,dye;(0) and dye3(0) are solutions of another two
systems of nonhomogeneous ODEs deduced from (5-10). We now proceed to solve
dyez(0,¢) and dye3(0, ¢).

(1) For dye;(0, ), we have

dvea1(0,7) 0 3 07 [dve21(0,1) —q8(P:(x))
d¢ | 0yexn(0,8) [+ 1]1 0 % dpesn(0,7) | = 0
dver3(0,17) 0 1 0] [3ve23(0,7) 2qp(P:+(x))

with boundary conditions
H(dye5(0,0),e,(0,0)) =0,

Ly
dve2(0,1) = 2(/(; Re gg(Ps(x)) ds)ez(O, 0) + dyez(0,0).

(2) For dye3(0,1), we get

dve31(0,7) 0 7 07 [dves1(0.1) qp(®¢(x))
3 | 0vesn(0.0) [+ |1 0 1] |0pe32(0,7) | =™ 0
dve33(0,7) 0 1 0] [0ye33(0,7) 2q5(Ps(x))
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with boundary conditions
H(dye3(0,0),e3(0,0)) =0,
Ly
dves3(0,1) = —e b (/ Re gg(Ps(x)) ds)e3 (0,0) + el dye3(0,0).
0

We obtain respective solutions from

Ipear (t) — 3 Reqp +i cosh(t —s) Imgp ds
dpern(t) | = 2 f(; i sinh(t —s)Imgqgds
dyea3(?) 2 fo Reqg —i cosh(t —s) Imgpg ds

_% f(fy Iqu((l _ ely)_lely+t_s +(1 _e_ly)_le_ly_t"l‘s) ds
+ i /‘é}/ Imqﬁ((l _ el,,)—lely—i-t—s —(1 _e_ly)_le_ly_t+s) ds
—i fOIV ImQ5((l _ely)—lely—l—t—s +(1- e_[y)_le_ly_t+s) ds

and
N2t s _ i
dyes1 (1) 22 [y e*(cosh(t—s) Regg+i Imgp) ds
dyesa(t) | = \/Efot e~ sinh(t—s)Regp ds
dvess(?) —ﬁfot e *(cosh(t—s)Regg—i Imqp) ds

_4@—211,_1)—1/011/ "2 Regp ds—“/TEi(e_lV—l)_lf(fy e*Imggds
+ %(3*211/_1)*1%]” e!725Re qpds )
—‘/Ti(e_ZIV—l)_lfol” ol—2s Regp ds+~/2i (e—ly_l)—lf(f” e *Imgqgds

where ¢g in the solutions again refers to gg(®s(x)) defined in (5-7).

We are therefore able to solve dy4a;;(0,¢) from dye;(0,7), dye2(0,¢) and dyes(0,1).
For a closed geodesic y of length /,, starting from y (0) = x, we compute, from (5-11),

(5-13)  Tr(du D 4(0) 9v7(0)) (P (x))

= Re ¢o(P(x)) /0 t(ez“—“ —e2D) Re g(Py(x)) ds

t
2 Im g (7 () /O (€5 — ") Imgp(®, (x)) ds

1, ez(t—s) ez(s—t)
Requ(@i0) [ (S - Sy ) Reant@atn ds
1y PLa s—t
#2mgo(@ ) [ (5 = ) map@ ds
0 e v —1 elv—1
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In particular, at ¢t = 0,

(5-14) Tr(0,Dy4 0) dy(0))(x)

Ly, e—28 o2
:Reqa(x)/(; (e_2 _ezl,,_l)Reqﬂ(CDS(x))ds

L 1

I, —s s
+2Imqa(X)/ ( 2 ‘ )ImQﬂ(d>s(X))dS-
0

e~lv—1 elv—1

Remark 5.2 Every point on the closed geodesic y plays an equivalent role. We can
always let y = ®;(x) be the initial point of our y and set up boundary conditions for
our ODEs based at y instead of x. The solution of this new ODE system is (5-14),
treating y = ®;(x) as the initial point. It is in fact the same as starting from x and
obtaining Tr(dy D 4(0)0v7(0))(®(x)) from (5-13).

5.4 Holder extension to the surface

The holonomy problems only yield solutions on closed geodesics as they can be
simplified as linear ODEs with boundary conditions. However, it is still possible to
extend the computation for the second variations of the reparametrization functions
from closed geodesics to the Riemann surface X. This will be our goal in this subsection.
In particular, We will prove in the end of this subsection the main proposition about
second variations of the reparametrization functions.

Proposition 5.3 The second variation of the reparametrization functions
for our model case dggqq (0) satisfies

8uvfp(o)(x) ~ %‘ﬁuv(ﬁ(x)) —n(x),

where we recall that ¢ is defined in (5-3) and p: UX — X is the projection from the
unit tangent bundle UX to our Riemann surface X, and n: UX — R is given by

() 0
1(%) = —Re ga () /0 ¢ Re g(®,(x)) ds — Re g (v) /_ ¢ Re g(®; (x)) ds

00 0
-2 Imqm(x)/0 e " Imqg(Ps(x)) ds—2 Imqa(x)/; e’ Imgg(Py(x)) ds.
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We will prove that n(x) coincides with Tr(d, D 4(0)d»7(0))(x) on periodic orbits and
that n(x) is a Holder function. Denoting the subset of UX that consists of all unit
tangent vectors to closed geodesics by W, we first show:

Proposition 5.4 For any x € W, n(x) = Tr(9, D 4(0)dv7(0))(x).

To prove Proposition 5.4, from the computation of Tr(dy D 4(0)dv7(0))(x) in (5-14),
we introduce an intermediate function ¥ : W x R™ — R, given by
2s

r —2s
V(x.r) = Reqa(x)/o (e_ez, — - e; — 1) Re q5(®d4(x)) ds

r e—S eS
+ ZImqa(x)/o (e" b 1) Im gg(Ps(x)) ds.

Given x € W, if we denote the closed geodesic that x is tangential to by yy, with
length /,,, then clearly Tr(dy D 4(0)dv7(0))(x) = ¥ (x, /). To prove Proposition 5.4
for the set W, we need the following lemma, which states that i (x, ) attains the same
value when r is any positive integer multiple of /. :

Lemma 5.5 ¥ (x,kl,)=1v(x,l,. ) forall x€ W and k € Z.

Proof For any k € Z*, we have

klyy e~ 28 025
/0 (e—2k1yx 1 o2kl _ 1) Re gg(Ps(x)) ds

k

il)/x e—Zs €2s
N - Re qg(Ds(x)) ds
; /;i_l)lyx (e—Zklyx —1 €2kll/x _ 1) qﬂ( S( ))

1 k ily, 5
— 2 [ e Regp@ ) ds
= Ji-n,, .

1 ily, )
ST / e~ Reqp(Ps(x)) ds
e2klvx —1 = Ji-ny,,

Lyx €_2s €2s
/0 (6_21Vx —1 el — 1) e qp(Ps(x)) ds

Similar arguments hold for fé”x (e= /(e e —1)— e /(ePx — 1)) Im qp(®s(x)) ds.
Thus, we obtain ¥ (x, kl,,.) = ¥ (x,1y,). |

Remark 5.6 This equality is clear if one understands that ¥ (x, k/,/) is the solution of
the holonomy problem that goes around our closed geodesic y k times with the same
boundary conditions.
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Proof of Proposition 5.4 Instead of flowing from x to ®;, (x), we view x as our
midpoint and consider our flow from ®_; _/>(x) to x and then from x to ®;, /5(x).
From this point of view, we can write ¥ (x,/,,) as

Ly /2 e~ 28 e2s
V0xud) = Regu() [ ( S ) Reap(@i) s

eZs e—2s

+ Regq(x — Re gg(Ps(x)) ds

o [ W/z(e_z,yx o ) Reap(®: ()
lyy/2 oS e’

+2Imqa(x)/ ( — - )Imqlg(Cbs(x))ds

vx — 1 elvx — 1

es

)
+ 2Im gy (x) / ( — le ) Im gg(Ps(x)) ds.
Vx/2 Vx —_ 1 e'vx — 1

The above also holds if we replace /,,. by k/,,.. We will now conclude by taking

k — oo in the above formula.

Suppose maxxeyx {|Re ga (x)], [Im ge (x)], [Re gg(x)|, [Im gg(x)|} = M. Then notice

o0 o0
W (x, kly,) —n(x)| < 2M2/ e ds + 4M2/ e S ds
ki, /2 klyy /2
kly,. /2 e 2s 28
2M2 _ —2s
+ /0 o2kl ] o2kl 1 "¢ ds
5 kly./2 oS ¢S
4M — $
+ /(; okl 1 okl 1 +e s
— 0 when k — oo.
Thus, by Lemma 5.5, we obtain, for any x € W,
Tr(Du Dadu 0)(x) = Y (x. b)) = lim (x.kly,) = n(x). D

We also need the following proposition about regularity of the function 1:
Proposition 5.7 n(x): UX — R is a Holder function.
Proof We start by showing f(fo e *Imqg(Ps(x)) ds is Holder. Let x and y be close,

with d(x, y) = € < 1. It is classical for a hyperbolic surface (S, o) that we have
standard ODE estimates on the geodesic flow

d(®s(x), @s(y)) = Ne*d(x,y) = eNe’,
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where N > 0 is some constant and the distance function d on UX is induced from the
canonical (Sasaki) metric (-,-) on UX.

Consider T = —log(¢). Then, dividing the integral into two parts, from 0 to 7" and
from T to oo, yields

] | e map@cds— [ e gy, ds
0 0

T
/0 ¢~ (Imgp(®, (x)) — Img(®5(1)) ds

‘ [ e map@. )~ mgp @) ds

T
< / e SNiNee®* ds +2Nye T
0
< —N;Nelog(e) +2Nye
< (NN +2N2)d(x, »)'/?,

Here we use the fact that Im g is smooth, so we can assume its Lipschitz constant to
be Ni. We also use that UX is compact and we assume sup,.cyy Imgg(x) = N.

It then follows easily that Tm g4 (x) fooo e 25 Im qp(®s(x)) ds is also a Holder function.
The arguments to show that the other three terms in n(x) are Holder are the same. We
therefore conclude that n(x) is a Holder function. a

Finally, with Propositions 5.4 and 5.7, we are able to prove Proposition 5.3 about the
second variations of the reparametrization functions on the Riemann surface X.

Proof of Proposition 5.3 We have most of the necessary elements for this proof in
previous estimates. We assemble everything here. Because Tr(dy D 4(0)0v7(0))(Pz(x))
is a Holder function and it equals the Holder function n(x) on a dense subset of U X,
we conclude it coincides with 7(x) everywhere on UX. We obtain

duv fp(0) ~ —0u(Tr(dy D (0)7(0)))

9?D
:—T( o n (0)) Tr(3y D (0) 0 (0))

= %‘ﬁuv(ﬁ(x)) —n(x),
where we recall here ¢ =log(2/4/0) is a globally well-defined function defined in (5-3)

evaluating at the point p(x) € X and p: UX — X is the projection from the unit
tangent bundle to our surface. |
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6 Evaluation on the Poincaré disk for the model case

After the computation of the first and second variations of the reparametrization func-
tions on UX in the last two sections, we are able to evaluate dggyq(0). Our goal in
this section is to show the following:

Proposition 6.1 For o € T(S), dggaa(o) = 0.

Let’s first write down the expression for dggaa (o),

988aa(0)
= 8v(<au/0(07 v), aup(()’ U))P)(O)

— Tim L TN TN
r r
N N
r

, 2
—tim [ ([ Reau(@itondr) [ Reap(@iondr dmo

.1 ! "
wtim L[ 2 [ Requ(@ (o) dt [ =0 (p(0) B Sy (@) e dmg
r—-ocor Jux Jo 0
=:14+1II

The formula for d,y f,(0) is given in Proposition 5.3.

We aim to prove both I and II are zero. The following lemma will be crucial:

Lemma 6.2 Foranyt,s € R, we have
(6-1) /U  Redi () Re o (@ () Re (@4 () o) =0

(6-2) /;]X Re g (x) Im g (P4 (x)) Im g g(Ps(x)) dmo(x) = 0.

We use the methods in [20] to show the integrals are zero. Similarly to the proof
of Theorem 6.3.1 in [20], the key is to use the symmetry properties of the Liouville
measure my = my, and homogeneity of holomorphic differentials viewed as functions
on UX. We transfer the problem of evaluating the integrals in (6-1) and (6-2) to
analyzing the Fourier coefficients of holomorphic differentials.
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Before we start our proof, we first explain the coordinates we will use to do the
computation following [20]. We take the Poincaré disk as our charts. Pick a point
x € UX. We identify the universal cover of (X, o) with D by the unique isometry that
takes (x) € X to 0 € D and identify the vector x € UX with the vector (1, 0) € ToD.

We express our holomorphic differentials in these coordinates. The holomorphic cubic
differential g, has the analytic expansion in the coordinate based on x,

0o
Ga,x(z) = Z an(x)z" dz3.
n=1

Recall the hyperbolic distance dg in the Poincaré disk model satisfies

: 1+R
dg (0, Re®) = r(R) = %log(li——R).

Thus, 3/9r = (1 — R?)3/0R and
0 _(1_ p2\,i0
058 ="
Denoting Gy, x(z) := Re(qq,x(2)(d/0r,0/0r,d/0r)), one has

(6-3)  Reqa(®r(e"x)) = Gax(Re?) = Re( Z an(x)R"(1 — R2)3ei(n+3)9)‘

n=0
In particular, when r = 0,

€i9.

Jim d=(57)

Reit
Therefore,

(6-4) Re Qa(eiex) = ‘;a,x(o'eie)
— i i0y(9 0 i))
- 1%1310 Re(qa’x(Re )(ar’ ar’ or
= Re(ao(x)ei39).

Suppose the coefficients of the analytic expansion for gg are by; then

(6-5) Regqp(®,(e'x)) = Gpx(Re') = Re( > ba(x)R"(1 - R2)3e"("+3>9).

n=0

For the convenience of computation later for other cases, we also write down here two
analytic expansions for holomorphic quadratic differentials ¢; and ¢g;, with coefficients

Geometry & Topology, Volume 27 (2023)



Geodesic coordinates for the pressure metric at the Fuchsian locus 1447

¢p and d,, respectively,

(6-6)  Reqi(®,(e’x)) =Gix(Re'”) = Re( > en(x)R (1~ Rz)zeﬂn“)e).

n=0

(6-7)  Req;(@r(e"x)) =G x(Re'?) = Re( 3" du(x) R (1~ R2)2e"<"+2)9),

n=0
Proof of Lemma 6.2 We begin with showing (6-1).
The proof of it will be divided into two cases:

(1) t>=0ands >0.
2) t<0ors<0.

In the first case, we work with the analytic expansions (6-3) and (6-5). We choose
two special situations: s =¢ and s = %t. We observe some symmetries in these two
situations and argue from these symmetries that (6-1) holds for the first case. We then
apply the results for the first case to the second case by flow-invariance properties
of my . Equation (6-2) then follows easily from (6-1) once we find the relation between
them.

Since mg = my, is rotationally invariant, ie (¢’?)*my = mr, we have

/U Requ () Reda (@) Re g(@:(5)) dmo()
2w
== f Re ga(¢'?x) Re ga (P (¢ x)) Re gp(Ds (¢ x)) dmo (x) db.
27 Jo Jux

(1) We restrict ourselves to the case ¢,s > 0 of (6-1) so that we can work with the
analytic expansions (6-3) and (6-5).

We let t(T) = %log((l +T)/(1—=T)) and s(S) = %log((l +8)/(1—=S5)). We first
consider ¢ > 0 and s > 0. Then, if we first integrate over the f—variable, in terms of
the analytic expansion, we get

(6-8) /UX Re g (x) Re go (D¢ (x)) Re gg(Ps(x)) dmo(x)
= %,12:(:)(/UX Re(aoangn_H) dmyT"(1— T2)3S”+3(1 _ S2)3

+/ Re(aoiny3bn) dmo T"3(1—-T2)35"(1 —52)3).
UXx
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We let A, = [y Re(aganbpts) dmg and B, = Jux Re(aodny3by) dm. To show
(6-1) holds for ¢, s > 0, it suffices to prove, for n > 0,

(6-9) A, =B,=0.

If t =0 or s = 0, equation (6-1) is equivalent to

which are included in (6-9). To prove (6-9), we consider two special cases of (6-1):
flow times s = ¢ and s = %l.

By the ®;—invariance of mg, flow time s = ¢ satisfies
[ Reqa() Re ga(®:6) Regp @4 () o )
Ux

- / Re g (®_; (x)) Re g (x) Re g3 (x) dmo (x).
UX

A convenient observation is that flowing from x backwards for time ¢ is the opposite of
flowing forwards for time ¢ from —x, ie ®_;(x) = —d;(—x). Let y = —x and notice
(€'™)*mg = my, so we have

/ Re ga(@_ (x)) Re g (x) Re g5 (x) dmio(x)
UX

i / Re g (®,()) Re g () Re q5(») dmo ().
UX

Therefore,
/U R qu(x) Re (@1 () Re g (@1 () o ()

_ /U  Re () Re ga (@) Re gg(x) dmo(x).
This implies

o0
> (An+ BT (1 =TS =-BoT?(1-T?)°.

n=0
The coefficient of 70 yields
(6-10) Aop+2By =0.

Similarly, for flow time s = %t, we let y = —x and again use the fact (e!™)*mq = myg:
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/U Requ () Re (@4 (1) Re ga(®1/2() dino(x)
- /U R (@ () Re () Re (B2 () )
- [U Requ((=)) Re () Re g5(@y/3(—) o (x)

= —/(.]X Re g (®:(y))Requ(y) Reqﬂ(q)t/z(y)) dmg(y).

Thus, fUX Re go (x) Re go (P (x)) Regg(Dy/2(x)) dmo(x) = 0.

Recall 1(T) = %log((l +T)/(1—-T))and s = %log((l +8)/(1—219)). In the case
s = %t, we have T = 25/(S? + 1). The analytic expansion for

/U R () Re (@1 (6) Re p(@1/3(5)) do(x) =0

with condition 7' = 25/(S? + 1) simplifies to

o0 2 n
> n(s 410 4385 ) =0

2
n=0 S +
Let W = Sz/(S2 + 1) with0< W < % Then the above is equivalent to
[e.°] o0
Z(An Z T+ Dk + Wk 4 83,,)2”W" =0.
n=0 k=0

This give relations

n
23 By + Y (n—k+Dn—k+2)2 4 =0, n=o.
k=0
When n = 0, combining with (6-10), we obtain A9 = By = 0. Then (6-10) yields
Ay + B, = 0 for all n € N. This fact, combined with the above formula, gives
Ap = B, =0 and (6-1) holds for z,s > 0.

(2) Fort <0 ors < 0, there are three cases we need to discuss.

e Ifr <sand? <0, then, as mg is ®;—invariant,

/U Reu(3) Re o (@ () Re g (@4 (x) dmo()

= fUX Re go(®—¢(x)) Re ga(x) Re qg(Ps—s (x)) dmo(x).

This is the same as the s, ¢ > 0 case.
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o Ifs<t=<0,then

/U  Re () Re o () Reqp(®4(x)) drio(v)
_ /U Reqa(®-1(x)) Rega () Re g @y (x) dmo ()
= /U N Re o (P—;(x)) Re go (x) Re gg(P;—s(—x)) dmg(x)

=0.

This is from the observation that the analytic expansion of Re gg(®, (—e'?x)) based
at x forr > 0 is

Re q(®,(—e'x)) =Reqp(®, (' T x)) = g  (Re' 1))
o0
— RC( Z bn(X)Rn(l _ R2)3ei(n+3)(9+71))
n=0
and that, forn > 0,

e_i(”+6)”/ Re(aotnbp3) dmo =0, €i("+3)”/ Re(aodn+3bn) dmg = 0.
Ux Ux

o If s <0 <t¢, then we consider
/U Reqa () Reda (@) Re g(@:(5)) dmo )

— | Redu(®:(~) Rega(x) Re gg (@ (~x)) dmo(x)
Ux
=0.
The argument is essentially the same as the other cases. This finishes the proof of (6-1).

Equation (6-2) follows easily from (6-1) since, for all ¢, s € R,
Re( [ Requ)au(®:(0)ap(@:(0) dmo()
— [ Reu()Re ga (@4 (1) Re gp @) dmo(x)

- /U R () 1m (94 () Im (B5(5)) dma ()

and

6-11) /U  Rea ()40 (1 (1)g5(B: () dmo(x) = 0.
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This is easy to see from the fact that fozn Re(ag(x)e?30)eln+3)0,im+3)0 g9 — ( for
all n,m > 0 and thus, for z, s > 0,

/U R () (@4 () (@:(5)) do(x)
27
= / Re g (¢70)qa (P (¢78:))q (@5 (¢0)) dmo (x) d

2n
—5 X [ [ Ret@oe® ) @01 -7
m,n=0

X (bm(x)Sm+3(1 _ 2)3 l(m+3)9) o dmo(x)
=0.
The argument for # < 0 or s < 0 can be transferred back t0 the t>0and s > 0 cases. One
needs the observation that —®_; (—x) = ®;(x) and —e’?x = ¢!+ x We conclude
(6-11) holds for all ¢, s € R and thus (6-2) holds. O
Proof of Proposition 6.1 We start to show [ =11 = 0.

I = 0 reduces to (6-1) of Lemma 6.2 if we take r — o0 in

1 r 2
;/UX(/O ReCIa(CDt(X))dZ) /0 Re gg(®/(x)) dt dmy

1 r r r
=_[ / f / Re g (01 (x)) Re g (B (x)) Re q5( @y () dmo dyu dt dis
rJo Jo Jo Jux
(by Fubini’s theorem)
1 r r r
:—///f Re go (Pr—s(x)) Reqq(x) Re qg(Pp—s(x)) dmo du dt ds
rJo Jo Jo Jux
(since mg is ®;—invariant)
=0.

‘We next look into II:

M= lim 1 /U i / Re g(®; (x)) dr / Buuh(p(0)) — o fo(oy (@1 (x)) di dmg

r—>oo r

~ lim - /U y / Re go (P4 (x)) dt / duvh(p(0)) dt dmy

F—>00 I

r—>oor

~ lim - /U . / Re go (D, (x)) dt / Tr(8 au‘;“’) (0))(<I>t(x)) dt dm

s tim L[ 2 [ Requ(@:00) T Do (0)(@1 ) dr i,

r—>oor
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There are three terms here. Since d,,/1(0(0)) is a constant, the first term is

lim L fU 2 /0 Re go (P (x)) dt /0 unh(p(0)) dt dmyg

r—oo r

= lim_ 20,h(o(0)) [U i /0 " Re a(®:(x)) dt dm.

Recall our expressions given by (6-3) and (6-6). Then

[ [ Requ(@iconaram,
Ux Jo
_ / / Re g (P (x)) dmy di
0JUX

,
- / / Re ga(x) dmo dt (since mg is P;~invariant)
o Jux
L[ . .
o / [ / Re ‘]a(elex) df dmgdt (since my is rotationally invariant)
2r Jo Jux Jo

2w .
=L/ / Re(ao(x)e>?) do dmyg
27 Jux Jo
=0.

The second term in II is

r r 82D
— lim l/UXz/o Re go (P4 (x)) dt/o Tr(ﬂn(O))(dDI(x)) dt dmg

r—o0 r du dv

. 1
= lim -
r—>oo r

r r
[ 2 [ Requ@iondr [ (@it dmo
ux Jo 0
recalling that ¢ is a globally well-defined function on X (see formula (5-3)), and

Lun (P(®1(x))) = Lpun (p(@4 (e x))).
So

%/Uij(; Reqa(qDZ(x)) dt/o %(,buv(q)[(X)) dt dmo
2w r ) p .
:%/(;X/(; 2/(; Reqa(q)t(elex)) dt/(; %‘ﬁuv(P(q)t(eleX))) dt dof dmy
2w r ) p
:%/(;X/(; 2/(; Ref]a(q)t(elex)) dt/(; %‘puv(P(q)t(X))) dt do dmy

_1 "rr 2w 0
_;/0 /0 /UX¢uv(P(q)t—s(X)))/0 Regq(e'”x)dO dmg ds dt.
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Again by the fact fozn Re o (e'?x) do = fozn Re(ag(x)e'3?) df = 0, we conclude

lim = Req dt Tr > DA(O) w(0)) dt dmgy = 0.
r—>oor UX ¢ 0 8 8

It remains to show

lim —/ / Re gy dt/ Tr(0y D 4(0)0u7(0)) dt dmg = 0.
Ux 0

r—>oor

This is

lim _/UX / Re ¢o (P (x)) dt/ n(P;(x)) dt dmy

r—>oor

—lim ;(/U i / Re ga (P (x)) dt

: /0 Re o (@ () /0 ¢ Re q(®yut5 (x)) ds i dmg

+/UX2/0rReqa(d>,(x))dt

r 0
| Reau(@u) [ ¢ Reqp(@pes() ds dpdimg

+/;]X2/0r Re go (P (x)) dt

[ 2maa(@u ) [ map(@urs ) ds du ding
0 0

r
[ 2 [ Requ(@ioa
UXx 0
r 0
/ 2Imq0,(<l>u(x))/ e’ Imgg(Pp+s(x)) ds d,udmo).
0 —00
We have estimates for these tail terms
r r o0
%/ 2[ Reqa(d),(x))dtf Reqa(CD,L(x))/ e_zsReqﬂ(dD,LH(x))dsdpLdmo
Ux 0 0 r
1 r r —r s
1 [ 2 [ Requ(@)dr [ Requ@,ux) [ e Reap(@uss)) ds dudmg
rJux Jo 0 —o0

3 00
< aM r2/ e 2 ds
r

r

5, F—00
=2M3re”? —50.
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The other two tail terms with integrals involving Im g and Im gg also go to zero for
the same reason. So, in fact,

.1
lim —
r—-oor

o "
__’lggo;(/uxzfo Re g (®; (x)) dr

r r
| Reau(@,u6) [ € Reqp(@urs ) ds dp o
0 0

+/UX2/0rReqa(<I>t(x))dl
0

| Reau(@,6) [ ¢ Reqp(@,4s(x)) ds dudmg
0

+/UX2/0r Re go (Ds(x)) dt )

r r
[ 2m (@) [ (@) d
0 0

+/UX2[0r Re go (D (x)) dt

r 0
/ 2Im qqo (P (x)) e’ Imgg(Ppus(x)) dsdp dmo).
0 —r

r r
/ 2/ Re g, dt / Tr(dy D 4(0)0u7(0)) dt dmyg
Ux 0 0

Similar to I, the above equaling 0 reduces to (6-2). This finishes our proof of Proposition
6.1 and so concludes the discussion of the model case dggqq (o). O

7 The remaining cases

We will show in this section the proofs of the remaining three cases, ie d;gqq(0) = 0,
0jgqi(0) =0 and dggqi(0) = 0. They provide a complete proof of Theorem 1.1.

7.1 The case of 3; g4 (0)

In this case, given parameters (u,v) € {(—1,1)}?, we obtain a family of (conju-
gacy classes of) representations {p(u, v)} in H3(S) corresponding to {(vg;, ugy)} C
H°(X, K?)® H°(X, K?) by the Hitchin parametrization. In particular, d,,0(0, 0) is
identified with ¢(gy) and 0, (0, 0) is identified with ¢(g;). The formula for 9; gy (o)
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is

digaa(0) = 3y ({0up(0, v), 3up(0, v)) p)(0)

,
— N N
_rll)r&;[/[])((/ Ou f, p(o)dz) / dv f p(0y d1 dmg

w2 [ [ sl e [ oo dmo |

where the first and second variations are

(@) 0 fyo) = —0uSp(0):
(i) 0y foio) = —0vfp(0);
(D) duv [ o) = —0uvh(0(0)) = uu fp(0)-

7.1.1 First and second variations of the reparametrization functions We compute
the first and second variations for the case of 0; g4q(0) in this subsection.

We have Higgs field
0 vgi uqa
Pu,v)=|(1 0 vg;
01 0

Following the steps and methods for our model case dggqaa (o) in Section 5, we show
in this subsection:

Proposition 7.1 The first variations of the reparametrization functions 9, fp(0y: UX —
R and 9y f(0): UX — R for the case 0; gua (0) satisfy

Au fp(0)(X) ~ —Requ(x), 3y fp0)(X) ~2Req;(x)

and the second variation of the reparametrization functions dy, fp(0): UX — R for the
case 0; 8o (0) satisfies

auvfp(O)(x) ~ %Re V21(x)

—2Imgg(x) (/000 Im gq; (®s(x))e ™ ds —I—/

—00

0
Img; (®s(x))e’ dS)7

where p: UX — X is the projection from the unit tangent bundle UX to our Riemann
surface X. Understanding a section of End(E) as a linear map on each fiber of
E =K ®O® K~ ! over a point of X, the element y,; is the component of the
section Y = H~19,, H that takes K to O. As a function on UX, y,, transforms as

y21(€%x) = 719y, (x).
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Proof The first variations are found in [20]. The computation of the second variation
of the reparametrization functions dyy f5(0) of (5-9) is again divided into computations
of I and II.

Compute I The major difference between the case 0;gqq(0) and dggaq (o) is the
computation of this term. As before, our flat connection is

D = Vi m + P v) + @) T,

For the computation of 9y f,(0) and 9y f5(0), When u = 0 or v = 0, the harmonic metric
H(u, v) is diagonal and one obtains

0 0 gq 0 ¢ O
0wDgoy=1] 0 0 0 |, 0wDgoy=|2¢ 0 g
434 0 0 0 2§ 0

However, when u # 0 and v # 0 both hold, the harmonic metric H (u«, v) corresponding
to our Higgs field ®(u, v) is not diagonal. The computation of 3% D g (g)/du dv requires
an analysis of Hitchin’s equations.

We start from the family of Hitchin’s equations

(7-1) FDyuy + @, v), @, v)* @] =0

We take u— and v—derivatives of Hitchin’s equations (7-1) at u, v = 0:
(7-2) 34y (Fpyy oy + [P, v), @, v)* @) (0,0)(0) = 0.
We consider taking H —19,, H as a variable. We define

Y11 Y12 )13
Y=H'9,H=|yy y22 y23
Y31 V32 V33

Y = H'9,, H is a section of End(E).

We now work with local coordinates and local trivialization. When varying the real
parameters u# and v, the holomorphic structure of our bundle £ does not change. Thus,
fixing a local holomorphic frame for all # and v, the Chern connection 1-form under this
frame compatible with the Hermitian metric H (u, v) is A(u,v) = H(u,v)~' 0H (u, v).
The curvature term in our holomorphic frame is

Foyue = dA(u,v) + A(u,v) A A(u,v) = g(H(u, v)_1 dH (u,v)).

The section Y € I'(End(FE)) in a local holomorphic frame has the following properties:
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i Tr(Y)=0.
(i) H(u,v)* = H(u,v). Also, because u and v are real parameters, we have
v H = 0yp(H*) = (0o H)* and Y* = HYH L.

We can express 92D H(0)/0u dv in terms of ¥ on y. With respect to the local holo-
morphic frame introduced in the model case adapted to the Fermi coordinate, we have
dH =0ony. So

(7-3)  Ouv(DH(0))ly
= Dy (H(u, v) " 0H (1, v) + ®(u, v) + ®(u, v)*H @Y (0, 0)(0)
=-YH '90H+H 'OHY +93Y + o*Hy —yo*H
=9y +o*y —yorf,

We want to simplify (7-2) as an equation about Y and then solve Y from (7-2).

Before we continue, we first fix some notation. We will write

9 H — dH (u, v)
H=H(00), " u |, p=0 o g @)
®=0(0.0). 5 g OH (u,v) e dudv |,y
dv u,v=0

As a generalization of the classic result of Ahlfors, the first variations of the harmonic
metric vanish at the Fuchsian point (see [20, Theorem 3.5.1]). In particular,

duH =3, H = 0.
Taking H~'9,, H as a variable, one can verify from (7-2) that
(7-4) 0=00(H '0ypH)— H "OH NO(H ' 0yp H) —0(H '3y H) N H ' 0H
+d(H Y OH)H '3,y H— H '0,, Hd(H ' 0H)
+ (04D, (3y®)* ]+ [0, ®, (9, ®)* 7] + [, [-H "y H, ©*].
Equation (7-4) can be simplified by the observation
AH"OHYH 9y H — H ' 9,0 HI(H ' 0H) + [®, [~ H 0,0 H, ®*1]]
= [H 0,0 H,[®, ®* || —[®,[H 9,0 H, ®*]] (Hitchin’s equation)
= [[H "0 H, @], &*¥] (Jacobi identity).
AsY = H™'9,, H, this yields
(7-5)  99Y +[®*H [V, ®]|— H"' 9H A3Y —3Y A H™' 0H
= [0, ®, (3,®)* ] - [3,®, (3, ®)*].
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The PDE system (7-5) in local holomorphic frames is equivalent to the following nine
scalar equations about y;;:
(1) 99y11 +h(y2z2 — y11) =0.
(2) 99y22 +h(y33 —2y22 + y11) = 0.
(3) 99y33 + h(y22 — y33) =0.
@) 99y21 +h(y32 — y21) + h1 0h9ya = h2qiGa.
(5) 90y32 +h(y21 — y32) +h™' 0h 0y3s = —h™2qiGa.
(6) 99y12 +h(y23 —2y12) —h™ ' 0hdy12 = h™' qudi.
(7) 00y23 +h(y12 —2¥23) —h™' 0h 923 = —h 71 qa .
(8) 9dys31 +2h~10hdys =0.
(9) 99y13 +2hy13—2h~ 1 dhdy13 = 0.
From property (ii) of Y, one can thus verify (4) is equivalent to (6), (5) is equivalent to
(7), and (8) is equivalent to (9). Thus, it suffices to consider the following six equations:
 99y11 +h(y22 — y11) =0.
o 99y22 +h(y33 —2y22 + y11) =0.
o 99y33 +h(y22 — y33) =0.
o 99y21 +h(y32— y21) +h 0h0yy = h2qiga.
o 30y32+h(y21 — y32) +h 7 0hdyss = —h2qiGa.
o 3dy31 +2h7 1 dhdy; = 0.
We first take a look at the first three equations. We deduce from them
00(y11 + y22 + ¥33) =0,
39(y11 — y33) —h(y11 — y33) =0,
90(y11 + ¥33) + h(2y22 — (11 + »33)) = 0.

AsY = H719,,H is a section of End(E), the components y;; € I'(©0) are actually
just functions on the surface X for i = 1,2, 3. Recall our notation A, = 40,05/
and the fact 4 = h(0,0) = %0, so the above equations can be written independent of

coordinate charts on our surface as
As(y11+y22+y33) =0,

As(y11—133) —2(y11 —y33) =0,
As(y11+y33) +22y20 — (¥11 +¥33)) = 0.

We have the following observations:
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¢ From the first equation, we obtain y;1 + Y22 + y33 = C, where C is a constant.

¢ Since all eigenvalues of A, should be nonpositive, the second equation can hold
only when Vi1 — V33 = 0.

e The third equation is Ay (y11 + ¥33) — 6(y11 + y33) = —4C. By a maximum
principle argument, one gets y11 + Y33 = %C.

Thus, property (i) of Y gives y11 = Y22 = y33 = 0.
We then continue on the other three equations. From them, we deduce
00(y21 + y32) +h~" 0h 0(y21 + y32) =0,
30(y21 — y32) = 2h(y21 — y32) + h ™ 0h 0(y21 — ¥32) = 2h™*qiGa.
0y31 +2h~ 1 0k dysy = 0.

Let w = y31 + y32. We want to compute A;,||w||,21, where the i—norm || - ||, is defined
as
Isl|7 = h~"ss

for a section s € IT'(K’) and i € Z.

Because & = /(0,0) = %O‘ and o = @ |dz|? is a hyperbolic metric with curvature
K(o) = —As(logo) = —1, we have that & satisfies

(7-6) don = 00 1 12,

Note w € T'(K~'). The metric / induces a Chern connection V# on K~! and, in our
local holomorphic frames, one has

vy = duw + h ™ dhw.
One recognizes V#:(1:0y) ig a section of Q-9 (K~1) = I'(O). Therefore,
(7-7) V0002 = (dw + ™" 8h w) (9w + A= dh w).
Combining (7-6) and (7-7) gives

499 (hww)
h
This is an inequality independent of coordinates valid on the Riemann surface. By

Apllw]} = =2[|wl} + 4195 + 41 V=Ow]} = 0.

a maximum principle argument, ||w]|| i must be a constant M. If M # 0, then 0 =
Ap(M)>2M > 0, leading to a contradiction. Thus, M =0 and y,; + y32 = 0.
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We have similar arguments for 39y3; + 2h~ 9h dy3; = 0. We begin with computing
Apllysil-

Since y31 is a section of I'(K ~2), in local holomorphic frames, the Chern connection \
induced from 4 in this case acts as V(0 p31 = 9ys; 4+ h2 3(h2) y3;.

We obtain

400(h*y31731)
h

Similar to the argument for w, this leads to y3; = 0.

Anllrsilly = = 1l + 41851l + 41003y 7 = 0.

We conclude up to this point that ¥ = H~19,, H € I'(End(E)) in our local frame is
of the form

0  hyx 0
Y =H "9,,H= |y 0 —hya
0 —yu 0

with 3021 — 2hya1 +h~ 1 0h 3ya1 = h™2qiGa.

With respect to the Fermi coordinate, we have /(z) = 5 and d;h =0on y. Also, we
know Y* = HY H™!, so we finally obtain on y, from (7 3),

9 02D
Tr( 8’)1;"‘” (o))( )_Tr( — ’;’(‘”(x)n(O)) —3 Reya (x).

Remark 7.2 We have y,1(x) = y»1(z), where x = y(0) is the starting point of y.
Recall y;,; is the component of Y € I'(End(FE)) taking K to O and y,1(z) is y2i
evaluating at p(x) in the trivialization given by the holomorphic frame adapted to the
Fermi coordinate z for y.

In particular, if we consider another closed geodesic y, starting from )/é (0) = e'fx

with its Fermi coordinate around y, to be w, then y,;(¢’?x) = y,;(w). We have
y21(w) = y21(2) dw/dz = ya1 (z)e’.

Because the vectors tangent to periodic orbits are dense in 7'X, we can extend y;,; to
be everywhere defined on UX. We conclude that, as a function on U X, y, transfers as

—if

y21(€¥0x) = ey, (x).

This finishes the computation of I on UX. We now move to II; together, these provide
an expression for the second variations of the reparametrization functions.
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Compute II We have
Tr(auDH(O)avn(O))
= qa(0va11(0)e13(0) +a11(0)0ye13(0)) + 4G (9vaz1(0)e11(0) +az1(0)dyeq1(0)).

Similar to the model case dggua, here dyeq(0) = y is the solution of a nonhomogeneous
ODE system which arises from taking a v—derivative on the system of the parallel
transport equation (5-10) at v = 0,

n] [0 L0 41 (P (%))
8 [ 720) |+ 10 L[| 920) | = Le" | —2Reqi(@1(x) |
0] o1 0] Lo 25 (P4 (x)

with boundary conditions

Iy
H(y(0),e1(0,0) =0, y(ly) =el ( /O 2 Re g; (D5 (x)) ds)e1<0, 0) + e y(0).

The boundary conditions are set up based on the same consideration as the case of
0gaa(0). The solution is

dver1 ()
dyer2(?)
dyers(?)
“/TE fé(et Reg; +iefImg;)ds 4(611’ — 1! f(f” ieSImgq; ds
= —«/Efé e'Req; ds + 0
ﬁfé(et Reg; —ie®Img;)ds —V2(ely —1)7! fol” ie’Img; ds

Similarly, one can compute dye;(0) and d,e3(0) by this method. It turns out that

Tr(9u D p (0) 9v7(0)) (P2 (x))

t
= 2 Im e (@ (x)) /O (€ — &%) Img; (B (x)) dis

es—t t—s

elv—1 e lv—1

1y
2 Im ga (4 () [0 ( )Im 4i(®5()) ds.

We therefore obtain, for a closed geodesic y of length /,, starting from )/(O) =X,

eS

L, —s
o0, D (00, 70)() = 21mga() [ - 1) Im i (@, (x) ds.

Similar to our model case of gy g(0), one can define a function n: W — R,
0

elv—1 e

1) = 21m g (x) ( /0 e Imgr (B () ds + [ ema@.w) ds),

and we verify that n(x) is Holder, so that Tr(d, D g (0)dv7(0))(x) = n(x) on UX.
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‘We conclude

Ouv fp(O) (x)
~ =y (Tr(au DH(o)JT(O))) (x)

= %Reyn(x)—zlmqam(/o ¢ Tm g (5 (x)) ds+/

—00

0
e’ Im q; (®g(x)) ds).

This finishes the proof of Proposition 7.1. |

Remark 7.3 Instead of starting from the first variation of the reparametrization
functions 9y f,(0)(x) ~ —Tr(dy D 0y (0))(x), we can take the first variation of the
reparametrization functions to be dy f,(0)(x) ~ —Tr(dy Dgr(0)7(0))(x) by (5-1) and
consider

dvu f(0) (X) ~ =3 (Tr(dy Dr(0)7(0))) (x)

2
= —Tr(%n(o)) (x) = Tr(dy D pr(0) 07w (0)) ().
vou

By the same method, we get
Tr(9y D p (0)0u7(0)) (D1 (X))

= 2Img;(P+(x)) /Ot(es_’ — ') Im o (P5(x)) ds

es—t t—s

elv—1 e lr—1

Ly
+2Imq,~(d>,(x))/0 ( )Imqa(cbs(x)) ds.

One can verify, by Fubini’s theorem,
L, Ly
|| @Dy dum O @1 dt = [T Dia 0O (@4 ) .
0 0

This agrees with the fact that 9, (Tr(au D H(O)n(O))) (x) and 0, (Tr(avD H(O)n(O))) (x)
should be in the same LivSic class by LivSic’s theorem.

7.1.2 Evaluation on the Poincaré disk With the computation in the last section, we
have

digaa(0) = 3y ({0up(0. v), 3up(0, v)) p)(0)

1 r 2 or
lim —[/ (/ Reqadt) / —2Regq; dt dmg
r—>oo r Ux 0

0
r r
) / Reqadt/ v p%)dzdmo],
Uux Jo 0
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where 8”“’];)]?’0) = —uvh(p(0)) — dyu fp(0) and
auvfp(O) (x)

~ %Reym(x)—zlmqa(x)( /0 tm g (@ (x)e™ ds +

—00

0
Im g; (Ps(x))e’ ds).

We show in this subsection:
Proposition 7.4 Foro € T(S), digaa(0) = 0.
The argument for this proposition boils down to the following lemma:

Lemma 7.5 Foranyt,s € R,

(7-8) /U Reqi () Redia (@ () Re (@3 () dmo(x) =0,
(7-9) /U  Reqa() Re o0 () Re g1 (@) dimo(x) =0,
(7-10) /U | Requ () In g (@ (6) Im gy () o (x) =0

Proof The proof of this lemma is basically the same as the proof of Lemma 6.2 except
that flow time s = %l tells us nothing in this case. We instead choose the flow times to
be the three special cases s = ¢, s = 2t and s = 3¢. We recall our analytic expansions
for g; and ¢, are

7i(®,(e%x)) = (Z cn(x)R™(1 — RZ)Zei(n-H)G),
n=0

G (r(e9x)) = (Z an(x)R™"(1— R2)3ei("+3)9).

n=0

We have, when ¢, s > 0,

/U R () Re (@1 (5)) Re (@) o)
=L znf Re gi(¢"?x) Re go (@4 (¢ X)) Re go (@5 (e X)) dmg (x) d
2z Jo Jux

o0
N ‘l‘ Z/ Re(Cotndnt2) dmoT"S"(1—T?)*(1—-S%)*(S* + T?).
Ux
n=0
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Consider ¢t = s > 0. Then
/U R 1 () Re (@1 (5)) Re (94 () o)
- f Re gi(®_ (x)) Re g (x) Re g () dmo (x)
Ux
- / Re gi (— @7 (—x)) Re o (—) Re o () dmo (x)
UX

_ /UX Re qi(®+(y)) Reqq(y) Reqa(y) dmo(y) (with y = —x).

The analytic expansions of the left- and right-hand sides of the above equation give

o0
(7-11) %Z/ Re(codnlnta) dmoT?*" (1 — T?)5T?
UXx
n=0

= l / Re(a0a054) di’}’l()(l - T2)2T4.
4 Jux

We let G, = [,y Re(coandn2) dmg and Dy = [ 5 Re(aoantny4) dmg for n > 0.
We proceed to prove C, = 0 for n > 0.

The coefficients of 7° and T2 yield
Co=0, 2C;—8Co=Dq.

On the other hand, if we consider s = 2¢ and s = 3¢, they lead to
[ Reqix) Rea(@, (1) Re gu (21 (6) dmo(x)
UXx

__ /U  Reqi(®:()) Rega(x) Re (@ () dmo ()

and
/UX Re gi(x) Re o (P (X)) Re o (P3(x)) dmo(x)
= _/UX Re ¢i (P (x)) Re go (x) Re go (P2 (—x)) dmo(p).

When s = 2¢, we have S = 27/(T? 4+ 1) and S = 2T + O(T?). When s = 3t, we
have S = 3T + T3)/(3T* + 1) and S = 3T + O(T?).

Compare coefficients of 74 of the analytic expansions of the above two equations and
use the relations S =27 + O(T?) and S = 3T + O(T?) to obtain Dy = 0. Therefore,
from (7-11), we conclude C, = 0 for n > 0 and (7-8) holds for ¢, s > 0. For s <0 or
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t <0, the argument for (7-8) to hold is an analogy of the dggyq (o) case. We omit it
here.

Equation (7-9) then follows from (7-8) by a ®;—invariance argument for m1¢. To prove
(7-10), we just need

/ Re ¢o (x)qi (P4 (x))qi (Ps(x)) dmo(x) =0 forall 7,5 € R.
UX

The argument is the same as the argument for Lemma 6.2. This finishes the proof of
Lemma 7.5. |

Proof of Proposition 7.4 We begin by showing

lim = 8 Tr %n(O) dtdmg=0
r—>oo r UX P(O) du v 0

by evaluating the 1ntegra1 on the Poincaré dlSk.

Recall from the last subsection that y, is the solution of 30 Va1—2hyy +h~1 0k F] Vo1 =
h™2g;Ge. Because ¢; and g are real analytic and because & = A(0,0) = %a is also
real analytic, we know 5 is real analytic by analytic elliptic regularity theory [12].

71001 (x).
Similarly to the model case of g4, g, we write the real analytic expansion for y;1 in

As discussed before, the function y,; on UX transfers as y;; (eiex) =e

the coordinates given by the Poincaré disk model based on x,
-m 0
V2x(@) = Y bam(0)Z"F"
n,m=0
Define j5; x(z) := Re(y21,x(2)(dr)). Recall r(R) = %log((l — R)/(1 4+ R)). One

has

y21(@r(€"x)) = o1« (Re'®) =Re( > bum(x)R™T™(1 —Rz)—le“”—'"—“").

n,m=>0

Thus,

3’D
1 N H(0)
rh—g}or /UX / 0uf, p(O) dl/ Tr( 5 Ou 71(0)) dt dmg

= lim —[ [ Re gy (O (x))dz[ Re y1(®s(x)) dt dmy

r—>oor

r—>o00 r

= lim = /// Re ¢o (D (x)) Re y21(Ps(x)) dmg dt ds
Uux

= lim - /// Re go (P;—s(x)) Re yo1(x) dmg dt ds.

r—>oo r
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When u=t—s5 >0,
|| Reu(®, () Re ya1 () o
Ux
1 2w 0 0
—/ / Re qo (P (e’ x)) Re ya1(e'”x) db dmy.
Uux Jo

However, fOZﬂ Re(e_iebo’o) Re(ane!™+39) g9 = 0 for all n > 0, which implies the
above is zero.

It also holds for u < 0 by simply observing that Re ¢4 (®—,(—x)) = —Re go (P (x)).
Therefore, we conclude

r 82DH(0)
rll)nc}o ; LX / p(0) / TI'(WJT(O)) dt dWl() =0.

Arguments for the other terms in 0; gy (0) to be equal to zero are analogous to the
model case of dggqyq(0). They all reduce to Lemma 7.5. We thus finish the proof of
Proposition 7.4. |

7.2 The case of 9; g4 (0)

The proofs for the case of d;gq;(0) in this subsection and the case of dggqi(0) in
the next subsection are basically the same as the cases for dggaq(0) and 9; gua (o).
Although there are no new ingredients in the proofs, we include them here for com-
pleteness.

For ; g4i(0), we have three parameters {(u, v, w)} € {(—1, 1)}3. The representations
{p(u, v, w)} in H3(S) correspond to {(vq; +wq;j,uqa)} C H*(X, K*)® H*(X, K?)
by Hitchin parametrization. In particular, we have d, (0, 0, 0) is identified with ¢(q4)
and 0, (0,0, 0) is identified with ¢(g;). Also 94, 0(0,0,0) is identified with ¢(g;).
The formula for d; g4i(0) is

0j gui(0) = 0w ({0 u,0(0 0, w) d»0(0,0, w)) )(0)
— N
N N

where the first and second variations are:
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D S No) = —0ufp()-
(i) v /o) = —0u fp(0)-
(i) Buw /gy = —uwh(p(0)) = Buw /o(0)-
(V) dvw /) = —Bvwh(p(0) = duw fp(0)-
7.2.1 First and second variations of the reparametrization functions Our Higgs
field in this case is
0 vgi +wq;  uqa

O(u,v,w)=|1 0 vgi + wq;
0 1 0

Following the steps and methods from the cases dggqqa(0) and dggaa(0), we have:

Proposition 7.6  The first variations of the reparametrization functions dy f,(0): UX —
R, 3y fp0): UX — R and 0y f,0): UX — R for the case 0 gqi(0) satisfy

Ou fp(0)(X) ~ —Reqqu(x), 3y fp)(X) ~2Reqi(x), 0w fp0)(x) ~2Req;(x),

and the second variations of the reparametrization functions dyy f,0): UX — R and
dvw fp0): UX — R satisty

auwfp(O) ~ %RGJ/ZI(X)
—21Im gy (x) (/ Im g; (®(x))e™ ds+/
0

—00

0
Img; (®s(x))e’ dS),

8vwfp(O)(x) ~ %¢vw(p(x))
00 0
+2Img;(x) ([ Imq; (Ps(x))e* ds +/ Im g (Ps(x))e’ ds),
0 —00
where p: UX — X and y, are defined as before.

Proof For the second variations of the reparametrization functions, we have computed
duw fp(0) in the 0;gaa (0) case:
auwf,o(o) ~ % Re y21(x)

2 Imgy () ( /0 " i (@5 (x)e ds + /

—00

0
Im g; (Ps(x))e’ ds).
The computation of

0 #Dao 3y D (0)? =
vw fp(0) ~ —Tr Wﬂ(o) —Tr(dy D (0) 0w (0)) =: —1—1I

is divided into computations of I and II.
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Compute I We set u = 0; the Higgs field is

0 vg; +wgq; 0
Pv,w)=|1 0 vgqi + wqj
0 1 0

The harmonic metric H (v, w) is diagonalizable and the computation of 9y D g (o) is
the same as in the model case of dgguq(0).

With respect to the notation defined in the model case of dggqq(0), one obtains

92D
Tr(ﬁn(o)) () = =3V (2(p(x)) = —3hvu (P(x)).

where p: UX — X is the projection from the unit tangent bundle to our surface and z
is the Fermi coordinate we choose evaluating at the point p(x) € X.

Compute II Both 9, D (o) and 04, 7(0) have been computed in the d; goq (o) case.
One can check

Tr(dy D (0) 0w (0)) (D (x))
= qi(Qwa11(0)e12(0) +ar1(0)0we12(0) + dwaz1(0)e13(0) +az1(0)dwer3(0))
+2qi (waz21(0)e11(0) + a21(0)dwer1(0) + dwasz1(0)e12(0) + a31(0)dwer2(0))

t
= 21mgi (P () fo Im g, (®s(x))(¢'* — ") ds

t—s

l)/ e eS—t
+2Tm q; (P4 (x)) f ImCIj(q’s(x))( = Y )ds'
0 e bv—1 elr—1

In particular,

Ly oS o
T8, Do O) () = 2Imau(x) [ mgy (@u(0) (= 5 ) s
0 e"'v—1 elv—1
Similarly to the cases of dggaq(0) and 0;gna(0), one can then define a function
n:UX - R,

o] 0
n(X)=—2Imqi(X)( /0 Im g; (Bs(x))e ™ ds + [ Imqj@s(x»ews),

and verify that (x) is Holder and such that Tr(dy D g1 (0)0w 7 (0))(x) = n(x) on UX.
We finally obtain

dvw fp(0) (X)

2
~ =T L0 1(0)) ) = o3 Dag P 0
Vow
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= v (p(x))
+2Img;(x) (/ Im g (®s(x))e™" ds + /
0

—00

’ Imqj(<l>s(x))esds). O

7.2.2 Evaluation on the Poincaré disk We show in this subsection:
Proposition 7.7 Foro € T(S),0jgqi(0) =0.

For the same reasoning as before, the proof of the above proposition reduces to the
following lemma:

Lemma 7.8 Foranyt,s € R,

12 [ Regi(x)Reg (@) Rega(@(x) dmo(x) = 0,
313 [ Regi() Img (@) Inga (@ () dno(2) = 0,
19 [ Regal) Reg (@06 Reg; (@(x) dmo(x) =0,
319 [ Rega) Img (@) Imay (@() dmo(x) =0,

Proof We just need to show (7-12). Equations (7-13), (7-14) and (7-15) follow easily
using the methods we developed in the former cases.

We start from a special case of (7-12), with ¢; = ¢;:
(7-16) / Regi(x)Re qi(®s(x))Regq (Ds(x)) dmo(x) =0 forall z,s5 € R.
Ux

The proof of this case is an analogy of the case dggqyq(0) since, for flow times s = ¢
and s = %t,

/U Ry () Re s (B1(5)) Re (@4 () o)

_ /U | Requ () Re g (94(6) Re () dmo()
and
/U Res () Re (1 (5)) Re i (By/3(0)) dmo () =0
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For ¢, s > 0, recall our analytic expansions given in (6-3) and (6-6) lead to

., o) Re (1 (5) Re (@5 5)) o)

= f Re gi(¢'?x) Re ¢ (@1 (¢"%x)) Re ga (s (€' x)) dmio(x) db
T Jo JUX

o0
_1 Z(/ Re(coCnlint1) dmoT" (1 — TS T1(1 - 5%)3
4n—0 Ux
+[ Re(colpysan) dmoT" T3 (1—T2)28™(1 —52)3).
Ux

Let E; = [y Re(cocnlns1) dmg and Fy = [,y Re(coCpy3an) dmg. We argue, for
n=>0,

(7-17) E,=F,=0.
The case t = 0 or s = 0 of (7-16) is included in the n = 0 case of (7-17).

For flow time s = ¢, we have

o0
(7-18) D> (E,T* T (1=T?)° + F, T (1-T?)°) = —F,T*(1-T?)".

n=0
This implies
Ey=0, E{=-2F,.

For flow time s = %l, we obtain

o0
Z(EnTn(l _ T2)2Sn+1(1 _ S2)3 + FnTn+3(1 _ T2)2Sn(1 _ S2)3) =0,

n=0

where T = 2S/(1 + S?).

It simplifies to

s S2 282 \"
E, +8F, =0
Z( nt ”(S2+1)3)(S2+1)

n=0

Let W = §2/(1 + S?); we have

oo

E, 3 (k+ D)Wk +8F, W W) =o.
Y (53 )

n=0 k=0
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This gives relations

n
(7-19) Eo=0, Y K-k +DEg+2"F, =0, nx1l
k=0
Combining with (7-18), we get E; = Fy = 0. Therefore, the right-hand side of (7-18)
is zero and we obtain from it £, + F;, = 0 for n > 0. Combining this with (7-19)
and by an induction argument, one concludes E, = F;, = 0. This proves (7-17) for
s,t > 0. The case s, ¢t < 0 is similar to before.

Now we proceed to prove (7-12). The above case implies, for ¢; # gq;,
. Reqi(x) Rei(@ () Re gu(®56) dino =0,
[ Rea;(0)Req; (400 Re (@) g =0
ux

/UX Re(gi +q;)(x) Re(gi + ¢;) (P:(x)) Re go (Ps(x)) dmg = 0.

Therefore, for all ¢, s € R,

(7-20) fU Reqi() Req (®1(4) Reda(@4(x)) o

+ / Re g7 (x) Re i (@7 (x)) Re o (®5(x)) dmg = 0.
Uux

Recall the analytic expansion for ¢; is given in (6-7). Consider ¢, s > 0:

/UXReqi(x)Reqj(Cbt(x))Reqa(q)s(x)) dmg(x)
_ [T / Re gi (" x) Re gj (D1 (¢'x)) Re o (D5 (¢ x)) dmo (x) db
2 Jo Jux

o0
- 41; > (/ Re(codndns1) dmoT" (1 —T?)2S"H(1-8?%)°
n=0 vx
" / Re(codn3an) dmoT"+3(1—T?)28"(1 — 52)3).
Uux

Let Gy = [y Re(codndny1) dmg and Hy = [;5 Re(codpy3an) dmg. We want to
show G, = H, =0 forn > 0.

Let m be an integer and m > 2. Consider the flow time s = m¢. Observe

/U Re i () Re gy (@ () Re g (@ (5)) do(x)

- /U  Reu(®= () Red () Re (@1 () dmo()
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=-—ﬁ;yReqmy)Rem<®too)Reqa«h4m_n,oo>dmooo
(let y = —x and ®;(—y) = —D—(y))
- /U Reqi () Re gy (@ (1) Re gl r-e (1) ) (by (7-20))

=— /UX Regj(x)Reqi(P;(x)) Re go (Pms (x)) dmo(x)

(exchange the roles of ¢; and ¢;)
= _/UX Re gi (x) Re g (@;(x)) Re go (P m—1)¢ (—X)) dmo(x)

When s =mt, wehave S =S(m)=((1+T)"—(1-T)")/(1+T)"+(1-T)")=
mT + O(T3). From the analytic expansion

D (GaT"S(m)" 1 (1= S(m)*)? + Gpe™™ T"S(m — )" 1 (1 = S(m — 1)%)°)
n=0

==Y (—Hp" T3S (m—1)"(1-S(m—1)*)* + H,T" 3 S(m)" (1- S(m)*)*),

n=0
the coefficients of 7! and 7' and T yield, respectively,
Gy =0,
(m?* = (m=1*G =0.
(m* + (m—1>)G, = —2m —1)Hy + (6m — 3) Hy.

The cases m = 2, m = 3 and m = 4 together give Hy = H; = G, = 0. By induction,
assuming Gy = Hj_, = 0 for 1 <k < n, the coefficient of 72" gives

(mn+1 + einrr(m _ 1)n+1)Gn — (ei(n—l)ﬂ(m _ 1)11—1 _mn_l)Hn—l-

We conclude G, = H, = 0 for n > 0 by choosing two different m. This finishes the
proof of (7-12) for ¢, s > 0. Equation (7-12) for t < 0 and s < 0 can be proved similarly
to the former cases. O

7.3 The case of g g,i(0)

This is the last case. In this case, the representations {o(u, v, w)} in H3(.S) correspond
to {(vgi. uqe +wqg)} C H°(X, K?)@® H°(X, K3) by Hitchin parametrization. Our
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metric tensor is

aﬂgai(a)
= 8w(<au/0(0’ 07 U)), aUIO(O’ Ov LU)>P)(0)

— e A TN "o N ’ N
= lim ;( [U . /0 Bu /oy di /0 DSy 1 [ oy it dmo
r r
N N
+ /U . /0 8u /o) di /0 Buw /) di dmo

" N " N
+/(;X/(; avfp(()) dl/(; auwfp(()) dldm0)7

where the first and second variations are

@ S0 = —ulpo):

(ii) 3vfp]2’0) = —0y fp(0)}
(i) Buw /gy = —Buwh(p(0)) = duw fp(0):
(V) dvw ) = ~Bvwh(p(0) = duw fp(0)-

7.3.1 First and second variations of the reparametrization functions Our Higgs
field in this case is

0 vgi uga +wqg
d(u,v,w)=|(1 0 vq;
0 1 0

Proposition 7.9  The first variations of the reparametrization functions dy f0): UX —
R and 0y fp(0): UX — R for the case 0ggqi(0) satisty

Au fp(0)(X) ~ —Reqqu(x), 9y fp)(X) ~2Reqi(x), 0w fp)(x) ~—Regg(x),

and the second variations of the reparametrization functions dyy f,(0): UX — R and
dvw fp0): UX — R satisty

Ouw fp(o) (x)

~ (PO +Requ(x) [ ¢ Reqp(@i()) ds
0 00
+ Re gy (x) / e?* Re q8(®s(x)) ds +2Im gg(x) / e " Imqg(Ps(x)) ds
oo 0

0
—I-ZImqa(x)/ e* Imqg(Py(x)) ds
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and

Ovw fp(O)(x)
= Jwv fp0)(X)

~ ARy = 2mgp(( [ ma@uone ds + [

—00

0
Im g; (®;(x))e’ ds),

where p: UX — X and y, are defined as before.

Proof All of the computations have been done in the former cases. O
7.3.2 Evaluation on the Poincaré disk We show in this subsection:

Proposition 7.10 Foro € T(S), 0ggai(0) = 0.

For the same reasoning as before, the proof of the above proposition reduces to the
following lemma:

Lemma 7.11 Foranyt,s € R,

(7-21) /U  Reda () Re g (@ (x)) Reqi (@) dma(x) =0,
2 [ Inga(e) Ings(@(0) Regi (@56 dmo(x) = 0.
(7-23) /UX Re g (x) Imgg(P(x)) Im g; (Ps(x)) dmo(x) = 0.

Proof We just need to show (7-21). Equations (7-22) and (7-23) follow easily, similar
to the former cases.

From the computation of 9; gy (0), we know

/ Re g (x) Re g (P (x)) Re 43 (®; (x)) dimg = 0,
UX
/U  Reqp() Regg(@(x) Re i (®5(x) dino = 0

/U R +5)(5) Re(d + ) (P2 () Re i (@5 (x) g = 0.
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‘We deduce
f Re g (x) Re g(®; (x)) Re 41 (s (x)) dmno
UX

+ / Re g5(x) Re ga (®;(x)) Re g: (s (x)) drmg = 0.
Ux

Similar to dj gqi(0), we consider s = mt for m € N and m > 2. We observe
[ Reda()Re gp(®:(6) Reqi (@ () dim
Uux

- [U Requ () Re 5(®1(3) Re g (@ 1y (=) o

We recall the Poincaré disk model and our analytic expansion for gq, ¢g and g; in (6-3),
(6-5) and (6-7). For ¢, s > 0, the analytic expansion

/U Requ () Re p(@4(1) Re gr(®:(5)) dmo ()
2w
= = / Re ga (¢'/x) Re qp(®1 (€'’ x)) Re i (Ps(¢'x)) dmo(x) db
2n Jo Jux
= %E(/UX Re(aobntnys) dmoT" (1 —T?)3S"H4(1 - §2)2

+f Re(aobpyacn) dmoS™ (1 —S%)2T"2(1 —T2)3).
Uux

Denoting I, = [,y Re(aobnCpys) dmg and Jy, = [;5 Re(aobutacn) dmg for n >0,
we argue
In == Jn = 0.

When s =mt, wehave S =S(m)=((1+T)"—(1-T7)")/(1+T)"+(1-T)") =
mT + O(T3). The analytic expansions give

Z(I,,T"S(m)"+4(1 —S(m)?)? — L™ T"S(m — 1)" (1 — S(m — 1)»)?)

n=0

=Y (=T T"P2Sm)" (1 = S(m)*)? + Jne " T 28 (m — 1)" (1 — S(m — 1)*)?).
n=0

The coefficients of T# yield

(m*—(m—1D"Iy=—-Cm—1J; + (dm —2)J,.
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The cases m =2, m = 3 and m = 4 give Iy = Jy = J; = 0. By induction, assuming
I = Jg+1 =0 for 1 <k < n, the coefficient of T2"+4 gives

(mn+4 _einn(m _ 1)n+4)]n = (ei("+1)”(m — 1)n+1 —mn+1)Jn+1-

We conclude I, = J,, = 0 for n > 0 by choosing two different . This finishes the
proof of (7-21) for ¢, s > 0. Equation (7-21) for # < 0 and s < 0 can be proved similarly
to the former cases. Lemma 7.11 and also Proposition 7.6 therefore hold. O

We have shown

(i) 9ggaalo) =0,
(i) 9igaa(0) =0,
(i) 0jgqi(0) =0, and
(V) pgai(0) = 0.

This finishes the proof of our Theorem 1.1.
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Birational geometry of the intermediate Jacobian fibration
of a cubic fourfold

GIULIA SACCA
APPENDIX BY CLAIRE VOISIN

We show that the intermediate Jacobian fibration associated to any smooth cubic
fourfold X admits a hyper-Kahler compactification J(X') with a regular Lagrangian
fibration r: J — P>. This builds upon work of Laza, Sacca and Voisin (2017),
where the result is proved for general X, as well as on the degeneration techniques
introduced in the work of Kollar, LLaza, Sacca and Voisin, and the minimal model
program. We then study some aspects of the birational geometry of J(X): for very
general X we compute the movable and nef cones of J(X'), showing that J(X) is
not birational to the twisted version of the intermediate Jacobian fibration, nor to
an OG10-type moduli space of objects in the Kuznetsov component of X; for any
smooth X we show, using normal functions, that the Mordell-Weil group MW (rr) of
the fibration is isomorphic to the integral degree-4 primitive algebraic cohomology
of X, ie MW () = H?>?(X,Z)o.
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1480 Giulia Sacca

Introduction

The geometry of smooth cubic fourfolds has ties to that of K3 surfaces and, more
generally, to that of higher-dimensional hyper-K#hler manifolds. For example, with
certain special cubic fourfolds one can associate a K3 surface via Hodge-theoretic
(Hassett [34]) or derived categorical (Kuznetsov [43]) methods. From a more geometric
perspective, given a smooth cubic fourfold X, hyper-Kihler manifolds of K3["]—type
are constructed geometrically, via parameter spaces of rational curves of certain degrees
on X (Beauville and Donagi [12] and Lehn, Lehn, Sorger and van Straten [49]), or as
moduli spaces of objects in the Kuznetsov component of X (Bayer, Lahoz, Macri, Nuer,
Perry and Stellari [6] and Lahoz, Lehn, Macri and Stellari [44]). These constructions
give rise to 20—dimensional families of polarized hyper-Kéhler manifolds, the maximal
possible dimension of families of polarized hyper-Kihler manifolds of K3["—type.
As the cubic fourfold becomes special, for example when it acquires more algebraic
classes, the geometry of these hyper-Kihler manifolds also becomes more interesting.
For example, when X has an associated K3 surface in the sense of Addington and
Thomas [2], Hassett [34], Huybrechts [37] and Kuznetsov [43], these hyper-Kéhler
manifolds become isomorphic, or birational, to moduli spaces of objects in the derived
category of the corresponding K3 surface; see Addington [1] and Bayer, Lahoz, Macri,
Nuer, Perry and Stellari [6].

Laza, Sacca and Voisin [47] constructed a Lagrangian fibered hyper-Kéhler manifold
starting from a general cubic fourfold. This hyper-Kéhler manifold is a deformation
of O’Grady’s 10—dimensional exceptional example. More precisely, let X C P> be a
smooth cubic fourfold and let wy7: Jy — U C (P°)V be the family of intermediate
Jacobians of the smooth hyperplane sections of X. This fibration was considered by
Donagi and Markman in [25], where they showed that the total space has a holomorphic
symplectic form. The main result of [47] was to construct, for general X, a smooth
projective hyper-Kihler compactification J of Jy, with a flat morphism J — (P3)V
extending 7y, and to show that this hyper-Kéhler 10—fold is deformation equivalent
to O’Grady’s 10—dimensional example. In [80], Voisin constructed a hyper-Kéhler
compactification J T of a natural Jyy—torsor J (7; , which is nontrivial for very general X .
The two hyper-Kihler manifolds J and J7 are birational over countably many hy-
persurfaces in the moduli space of cubic fourfolds. These two constructions give rise
to two 20—dimensional families of hyper-Kéhler manifolds of OG10—type, each of
which forms an open subset of a codimension-two locus inside the moduli space of
hyper-K#hler manifolds in this deformation class.
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If one wishes to study the geometry of these hyper-Kihler manifolds as the cubic
fourfold becomes special, a first step is to check if a hyper-Kihler compactification of
the fibration Jiy — U can be constructed for an arbitrary smooth cubic fourfold. The
starting result of this paper is that this can indeed be done.

Theorem 1 (Theorem 1.6) Let X C P> be a smooth cubic fourfold, and let
ny:Jy — U C (P)Y

be the Donagi—Markman fibration. There exists a smooth projective hyper-Kéhler
compactification J of Jy with a morphism : J — (P>)Y extending my.

The same techniques also give the existence of a Lagrangian fibered hyper-Kéhler
compactification for the nontrivial Jy—torsor Jg — U of [80] for any smooth X’; see
Remark 1.14. Moreover, with little extra work, the theorem is proved also for mildly
singular cubic fourfolds such as, for example, cubic fourfolds with a simple node; see
Proposition 1.17. For a general cubic fourfolds with one node, the existence of such a
Lagrangian fibered hyper-Kihler manifold provides a positive answer to a question of
Beauville [11]; see Remark 1.18.

We should point out that as a consequence of the “finite monodromy implies smooth
filling” results of Kollar, Laza, Sacca and Voisin [41], we prove in Proposition 1.5 that
Jy admits projective birational model that is hyper-Kéhler. Theorem 1 shows that
there exists a hyper-Kédhler model with a Lagrangian fibration extending 7ys.

There are several ingredients in the construction of the hyper-Kéhler compactification
of [47]: a cycle-theoretic construction of the holomorphic symplectic form, the problem
of the existence of so-called very good lines for any hyperplane section of X, a
smoothness criterion for relative compactified Prym varieties, the independence of the
compactification from the choice of a very good line. Here we have pursued a different
direction, and instead rely on the existence of a hyper-K#hler compactification for
general X, use the degeneration techniques introduced in [41], and implement some
results from birational geometry and the minimal model program, following Kollar [40]
and Lai [45]. One advantage of our method is that it opens the door to using birational
geometry to compactify Lagrangian fibrations.

The second result of this paper is concerned with the hyper-Kéihler birational geometry
of J. We show that the relative theta divisor ® of the fibration is a prime exceptional
divisor and that for general X it can be contracted after a Mukai flop.
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Theorem 2 (Theorem 4.1) Let g be the Beauville—-Bogomolov form on H 2(] 7).
The relative theta divisor ® C J is a prime exceptional divisor with q(®) = —2. For
very general X, there is a unique other hyper-Kéhler birational model of J, denoted
by N, which is the Mukai flop p: J --> N of J along the image of the zero section. N
admits a divisorial contraction h: N — N, which contracts the proper transform of ©
onto an 8—dimensional variety which is birational to the LLSv 8—fold Z(X).

Thus, for very general X, J is the unique hyper-Kihler birational model with a
Lagrangian fibration, it is not birational to J T (Corollary 3.10), and its movable cone is
the union of its nef cone and the nef cone of N. This answers a question by Voisin [80].
As a consequence of this theorem we show that for very general X', J is not birational to
a moduli spaces of objects in the Kuznetsov component Ku(X') of X'; see Corollary 4.2.
In the opposite direction, it was recently proved by Li, Pertusi and Zhao [51] that
the twisted hyper-Kihler manifold J7 is birational to a moduli space of objects of
OG10-type in Ku(X'). By objects of OG10-type, we mean objects whose Mukai vector
is of the form 2w, with w? = 2. As a consequence, the family of intermediate Jacobian
fibrations is the only known family of hyper-Kéhler manifolds associated with cubic
fourfolds whose very general point cannot be described as a moduli space of objects in
the Kuznetsov component of X.

Given J = J(X), ahyper-Kéhler compactification of the intermediate Jacobian fibration
for any smooth cubic fourfold X, a natural question to ask is how the geometry of J
changes as X becomes less general. One way to answer this question is the following
theorem, describing the Mordell-Weil group of 7 in terms of the primitive algebraic
cohomology of X. In Section 5 we prove:

Theorem 3 (Theorem 5.1) Let MW (ir) be the Mordell-Weil group of w: J — P>,
ie the group of rational sections of i, and let H***(X,7Z), be the primitive degree-4
integral cohomology of X . The natural group homomorphism

¢x: H>*(X. 7)o > MW(x)
induced by the Abel-Jacobi map is an isomorphism.
The proof of this result uses the theory of normal functions, as developed by Griffiths
and Zucker, as well as the techniques used by Voisin to prove the integral Hodge

conjecture for cubic fourfolds. A consequence of this is a geometric description of the
Lagrangian fibered hyper-Kéhler manifolds with maximal Mordell-Weil rank, whose
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existence was proved by Oguiso in [64]: indeed, Oguiso’s examples are (birationally)
given by J = J(X) — P>, where X is a smooth cubic fourfold with H?2(X, Z) of
maximal rank.

Plan of the paper

In Section 1 we prove the existence of a hyper-Kéhler compactification for Jyy and
for J 5, in the case of any smooth, or mildly singular, X. This uses some results
from the minimal model program, which are briefly recalled. In Section 2 we review
some basic results about moduli spaces of OG10-type and we compute, using the
Bayer—Macri techniques adapted to these singular moduli spaces by Meachan and
Zhang [58], the nef and movable cones of certain moduli spaces of OG10—type that
appear as limits of the intermediate Jacobian fibration. The main result of Section 3
is the computation that ¢g(®) = —2. Section 4 is devoted to the proof of Theorem 2
and its preparation: Given a family of cubic fourfolds degenerating to the chordal
cubic, we construct a certain degeneration of the intermediate Jacobian fibration and
identify the limit of the corresponding degeneration of the relative Theta divisor. By
the results of Section 2, the limiting theta divisor can be contracted after a Mukai flop
of the zero section and we deduce the analogous result for ®. The computation of the
Mordell-Weil group occupies Section 5.

Finally, in the appendix by C Voisin, some applications to the Beauville conjecture on
the polynomial relations in the Chow group of a projective hyper-Kihler manifold are
given for J = J(X), in the case of very general J of Picard number 2 or 3. This is
obtained as an application of the computation of ¢(®) = —2 from Theorem 2.
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1 A hyper-Kihler compactification of the intermediate
Jacobian fibration for any smooth cubic fourfold

We denote by X C P> a smooth cubic fourfold, by (P3)V the dual projective space
parametrizing hyperplane sections Y = X N H C X, and by U C (P3)V the open subset
parametrizing smooth hyperplane sections. The dual hypersurface of X, parametrizing
singular hyperplane sections, is denoted by XV C (IP>)V. Its smooth locus

Uy := (P?)¥\ Sing(XY) C (P°)"

parametrizes hyperplane sections of X that are smooth or have one simple node and
no other singularities. In what follows, we freely drop the ¥ from (P°)V and write
simply 3. From the context it will be clear if we are referring to the projective space
parametrizing hyperplane sections of X or the projective space containing X . For a
smooth cubic threefold Y, the Griffiths intermediate Jacobian of Y will be denoted by

Jac(Y) = H'(Y, Q%)Y /H3(Y, Z).

It is a principally polarized abelian fivefold which parametrizes rational equivalence
classes of homologically trivial 1—cycles on Y [79, Theorem 6.24].

Over U consider the Donagi—-Markman fibration
(1-1) ny:Ju =Ju(X)—U,

whose fiber over a smooth hyperplane section Y = X N H is the intermediate Jacobian
Jac(Y'). By [25], Jy is quasiprojective and admits a holomorphic symplectic form o,
with respect to which 7y is Lagrangian. The main result of [47] is the following
theorem.

Theorem 1.1 [47] Let X be a general cubic fourfold. Then there exists a smooth
projective compactification J = J(X) of Jy, with a flat morphism : J — (P3)V
extending wy, which has irreducible fibers and which admits a rational zero section
s: (P3)Y --» J. Moreover, J is an irreducible holomorphic symplectic manifold,
deformation equivalent to O’Grady’s 10—dimensional exceptional example.

We will say that X is general in the sense of LSV if the construction of [47] works for
Jy(X), and we refer to J = J(X) as in Theorem 1.1 as the LSV fibration. A necessary
condition for this to happen is that the hyperplane sections of X are palindromic;
see [17]. For example, a cubic fourfold containing a plane is not general in the sense
of LSV.
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To extend the theorem above for any X', we use the existence of a hyper-Kéhler compact-
ification for general X, the cycle-theoretic description of the holomorphic symplectic
form that was given in [47], the degeneration results from [41], and techniques from
the minimal model program, following [40; 45]. We start by recalling the construction
of a natural partial compactification of Jy;, which already appeared in [25; 47].

Lemma 1.2 [25; 47] For any smooth X, there is a canonical partial compactification
Ju, = Ju,(X) of Jy, with a projective morphism ny, : Jy, — U; with irreducible
fibers extending myy. This Jy, is smooth and has a holomorphic symplectic form o Ju,
extending oy, .

Proof This is already proved in [25, Section 8.5.2 and Theorem 8.18]. Alternatively,
one can use [23, Corollary 2.38], and [47, Definitions 2.2 and 2.9, Proposition 1.4 and
Lemma 5.2]. O

Before giving an application of the cycle-theoretic construction of the holomorphic
symplectic form [47, Section 1], we recall the definition of symplectic variety.

Definition 1.3 A normal projective variety M is called symplectic if its smooth locus
carries a holomorphic symplectic form which extends to a regular (ie holomorphic)
form on any resolution of singularities of M.

Lemma 1.4 Let J be a normal projective compactification of Jy;. Then:

(1) The smooth locus of J admits a holomorphic two-form extending oj,,. In
particular, the canonical class K y of J is effective and is trivial if and only if
J is a symplectic variety.

2) J is not uniruled.
Proof (1) The first statement is [47, Theorem 1.2(iii)], while the second follows

from the fact that the canonical class of J is the (closure of the) codimension-one locus
where the generically nondegenerate holomorphic two-form is degenerate.

(2) Let J — J be a resolution of singularities. By (1), J has effective canonical class
and thus by [59] it is not uniruled. O

The following is an application of the degeneration techniques of [41].
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Proposition 1.5 Let X be a smooth cubic fourfold and let Jy = Jy(X) be as above.
Then there exists a smooth projective hyper-Kédhler manifold M birational to Jy and
of OG10-type.

Proof Let X — A be a family of smooth cubic fourfolds with Xy = X. Here A is
an open affine subset of a smooth projective curve, or a small disk. We will use the
notation ¢ = 0 to denote a chosen special point in A, and ¢ # 0 to denote any other
point. Up to restricting A if necessary, assume that for ¢ # 0, X is general in the sense
of LSV. By [47, Proposition 2.10], we can assume that for any ¢ # 0 all the hyperplane
sections of X; admit a very good line; see [47, Definition 2.9]. Consider the open set
V= (P°)¥ x A\ Sing(Xy) x {0}, so that V; = (P°)V for 1 # 0 and Vo = Uy x {0}
parametrizes the hyperplane sections of Xy = X that have at most one nodal point and
no other singularities. The construction of [47, Section 5] can be carried out in families,
yielding a projective morphism
Ty =V,

which is fibered in compactified Prym varieties and is such that, denoting by J; the
fiber of the induced smooth quasiprojective morphism 7, — A for ¢ # 0, J; is the
LSV fibration J(X;), and Jy = Jy,(X). Let J — A be a projective morphism
extending 7,y — A. The central fiber J has a multiplicity-one component which
contains Jy, as dense open subset. By Lemma 1.4, this component is not uniruled.
By [41, Corollary 5.2] there is a birational model M of Jy, (X) that is a hyper-Kihler
manifold, deformation equivalent to the smooth fibers J; = J(X}), for t # 0. |

By [57], given a hyper-Kéhler manifold M with a Lagrangian fibration v: M — P”,
the locus inside Def(M) where the Lagrangian fibration deforms is an open subset of
the hypersurface where the class 7*O(1) stays of type (1, 1). However, this fact alone
is not enough to imply the existence of a hyper-Kiahler compactification of Jy, for any
smooth X.

This is what we prove in the following theorem, whose proof uses the mmp following
Kollar [40, Section 8] and Lai [45]. In Section 1.1 we will recall some basic facts about
the mmp that are needed in the proof of Theorems 1.6 and 1.19. We refer to [42] and
to [32] for the basic definitions and fundamental results.

Theorem 1.6 For any smooth cubic fourfold X, there exists a smooth projective
hyper-Kéhler compactification J = J(X) of Jy(X), with a projective flat morphism
w:J — P3 extending 7y .
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Proof Let J — P be any normal projective compactification of J u, with a regular
morphism 7: J — P°. By Lemma 1.4, there is a holomorphic two-form & on the
smooth locus of J extending o Ju, > the canonical class K 5 > 0 is effective, and K 7 =0
if and only if J is a symplectic variety. Since K 7 is supported on the complement
of Jy,, codim 7 (Supp(K 7)) > 2. By definition [40, Definition 7], this means that K 7
is m—exceptional, if it is nontrivial. If this is the case, then by [61, III 5.1] (see also
[45, Lemma 2.10]), K 5 is not 7—nef. More precisely, there is a component of Ky that
is covered by curves that are contracted by 7 and that intersect K y negatively.

Let J — P be a smooth projective compactification of Jy, admitting a regular
morphism 7 : J — PS5, and let K 7 be its canonical class. If the effective divisor K 5
is not trivial, we use the mmp to contract Supp(K ) relatively to P5. Let H be a
m—ample Q—divisor such that the pair (J, H) is kIt and K 7 + H is relatively big and
nef. The mmp with scaling over P> (see Section 1.1 below) produces a sequence of
birational maps

(1—2) f: JO _1/£O> Jl lp_l)...__) Jl _1/,_[)...

over P3 —ie there are projective morphisms 7;: J — P° such that 7y = 7 and
T =T 0 W,-_l —and a nonincreasing sequence of nonnegative rational numbers
to=1>t;>...t; =--- >0, with the following properties:

(1) Foreveryi >0, Ky, +1; H; is m;—big and m;—nef.

(2) Foreveryi >0, J; is a Q—factorial terminal compactification of Jy, . The fact
that the birational morphisms v/; are isomorphisms away from Jy, follows from
the fact that the K j,—negative rays of the mmp correspond to rational curves
that are contained in the support of K ;.. Thus, by Lemma 1.4, the smooth locus
of J; carries a holomorphic two-form o; extending o Ju, -

(3) Ky, is effective and, if not trivial, it has a component covered by K ;. —negative
curves which are contracted by ;.

(4) The process stops if and only if there exists an i such that Ky, is ;—nef. This
holds if and only if K, = 0.

The number of irreducible components of the support of K, is nonincreasing, since
the birational maps of the mmp extract no divisors. In fact, we claim that this number
is eventually strictly decreasing. By (4) above, this happens if and only if the process
eventually stops. Suppose that this is not the case. Then by Lemma 1.13, lim#; = 0.
Recall, as already observed, that if K, = 0, then there exists a component that is
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covered by K —negative curves that are contracted by ;. Since we are assuming
that lim#; = 0, this implies that for i > 0, #; is small enough that this component is
contained in the relative stable base locus B((K s, +; Hy)/P?). Since by Lemma 1.12,
the divisorial components of B((K j, + #; Hy) /P3) are contracted by J; —-> J;, it
follows that for i >> 0, the number of irreducible components of the effective divisor K j,
is strictly less than the number of components of K j, . Thus, the claim is proved and
for some i >> 0, the process gives a model with K7, = 0. By Lemma 1.4, J:=Jjisa
Q-—factorial terminal symplectic compactification of Jy, . Finally, by Proposition 1.7
below, J is smooth and the theorem is proved. O

Proposition 1.7 (Greb-Lehn—Rollenske) Let M be a Q—factorial terminal symplec-
tic variety. Suppose that M is birational to a smooth hyper-Khler manifold M . Then
M is smooth.

Proof This is [29, Proposition 6.5]. O

Remark 1.8 The techniques used to prove the theorem above can be applied to
similar contexts to give Q—factorial terminal symplectic compactifications of other
quasiprojective Lagrangian fibrations. We plan to come back to this in upcoming work.

As a consequence of Theorem 1.19 below, we will give a slightly stronger version of the
theorem just proved (see Remark 1.20) showing that, given a family of smooth cubic
fourfolds whose general fiber is general in the sense of [47], then up to a base change
and birational transformations, the corresponding family of LSV intermediate Jacobian
fibrations can be filled with a Lagrangian fibered smooth projective hyper-Kéhler
compactification of the Donagi—-Markman fibration of the limiting cubic fourfold.

Another approach to Theorem 1 would be to show that the rational map M --> P>
induced by the birational map ¢: M --> Jy, of Proposition 1.5 is almost holomorphic
[56, Definition 1]. By [56] this would imply the existence of a birational hyper-Kihler
model of M with a regular morphism to 3. It seems, however, that controlling the
mmp of Proposition 1.5 to ensure that M --> P> is almost holomorphic is not too far
from running the relative mmp as in the proof of Theorem 1.6.

Given a smooth cubic fourfold X, we will refer to both the Donagi—Markman fibration
Jy and to any hyper-Kihler compactification J of Jy as in Theorem 1.6, as the
intermediate Jacobian fibration. Hopefully, it will be clear from the context which one
we are referring to.
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Remark 1.9 Unlike the compactification of [47], the proof of Theorem 1.6 is not
constructive and, for a given X, the hyper-Kihler compactification that we show to
exist may not be unique. We will return to this question in Section 4.

1.1 The mmp with scaling

In this subsection we recall some basic tools and known results from the minimal model
program (mmp) that are used to prove Theorems 1.6 and 1.19. For the basic notions
and the fundamental results we refer to [42] and [32]. In this section, by divisor we
will mean a Q—divisor.

Let M be a normal Q—factorial variety with a projective morphism 7: M — B to
a normal quasiprojective variety B. Let A be an effective divisor on M and let H
be a general divisor on M that is ample (or big) over B. We assume that the pair
(M, A+ H) is kIt and that K3y + A + H is nef over B.

The mmp with scaling of H [32, Section 5.E] produces a sequence of birational maps
Vit M; --> M;q over B, such that My = M, Aj+1 = (Vi) «Ai, Hip1 = (Wi)« Hi
and ; is the flip or the divisorial contraction for a (Kps, + A;)-negative relative
extremal ray R; over B. We let r; be the induced regular morphism M; — B. The
sequence is defined inductively in the following way. Let

ti =inf{t > 0| Kps, + A; + tH; is nef over Bj}.

If t; = 0, then Ky, + A; is nef over B and the process stops. Otherwise, there is a
0 < ¢’ <t; such that Ky, + A + t' H; is not nef over B. By the cone theorem (see
[42, Chapter 3] or [32, Theorem 5.4]) Kps, + A; + £; H; is nef over B and there exists
a (Kpr; + Aj)—negative extremal ray R; over B such that (Kpy, + A; +1; H;) - R; = 0.

Let ¢;: M; — Z; be the extremal contraction over B associated to R;, which exists by
the “contraction” part of the cone theorem [32, (5.4.3)—(5.4.4)]. If dim Z; < dim M;,
then ¢; is a Mori fiber space and we stop. If ¢; is not a Mori fiber space then it is either
a divisorial or flipping contraction. In the first case, we let M;; = Z; and ¥; = ¢;.
In second case, we let v/; : M; --> M, be the (Kpg, + A; + ¢ H;)—flip (which exists
by [32, Corollary 5.73]). By construction, v; extracts no divisors, meaning that y;~ !
contracts no divisors.

By the contraction part of the cone theorem, the divisor Kps;  , + Ajy1 + i Hitq is
nef over B. The pair (M;, A;j4+1 + ¢ Hi+1) is kit (see [42, Corollaries 3.42-3.44]) and
M; is Q—factorial (see [42, Corollary 3.18]). If A = 0 and M is terminal, then so
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is M;. As long as Kpy, + A; is not w;—nef, 7; 11 is nonzero and A; 11 +#; H; 11 is big
over B. Thus we can keep going, producing a nonincreasing sequence #; > t; 41 > +--
of nonnegative rational numbers and a sequence of birational maps v;: M; --> M4
over B. The process stops if there exists an N such that cy: My — Zy is a Mori
fiber space over B or such that Kps,, + Ay is nef over B. Otherwise, the sequence is
infinite.

The pair (M;, A; + t; H;) is a log terminal model (Itm) for (M, A +t; H) over B; see
Definition 5.29 and Lemma 5.31 of [32]. We will need the following lemmas:

Lemma 1.10 Foranyi > j, let y;j: M; --> M; be the induced birational morphism
over B. Then y;; is not an isomorphism.

Proof This is [32, Lemma 5.62]. O

Lemma 1.11 [32, Exercise 5.10] Let (M, A) be a kit pair as above and suppose that
A is big over B and that Kjr + A is nef over B. Then Kps + A is semiample over B,
ie there exists a projective morphism f: M — Z over B and an ample divisor L on B
such that Kpr + A ~qQ,B f*L.

Proof Since A is big over B, we can write A ~g g A+ C, where 4 is ample over B
and C > 0. Choose an 0 < € < 1 such that (M, A’) is klt, where A’ = (1 —€)A +€C.
Then

(Kp+A)—(Kpy +A)=€4

is ample over B. By the basepoint-free theorem (see eg [32, Theorem 5.1]), Kps + A
is semiample over B. a

Lemma 1.12 Let the notation be as above and for any i > 0, let ¢;: M --> M;
be the induced birational map over B. Then the divisors contracted by ¢; are the
divisorial components of B((Kps, + A; + t; H;)/ B), the stable base locus over B;
cf [32, Section 2.E]. Similarly, ¥;; : Mj --> M; contracts the divisorial components of
B((Kp; +Aj + 14 Hj)/B).

Proof Since (M;, A; +1t; H;) is klt, A; + 1; H; is big over B, and Kps, + A; +1; H;
is nef over B, by the lemma above, Ky, + A; +1; H; is semiample over B.

Let W be a smooth birational model resolving ¢;, and let p and ¢ be the induced
birational morphisms to M and M;. By [32, Lemma 5.31] the pair (M;, A; +¢t; H;) is
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a log terminal model for (M, A + ¢; H) over B; see [32, Definition 5.29]. Thus,
(1-3) p*(KM+A+tiH)=q*(KMi+Ai+ZiHj)+E,
where
E=) (a(F:M.A+t;H)—a(F: M;, A; + 1; H))F
F

is an effective g—exceptional divisor whose support contains the divisors contracted
by ¢;. Since

p~'B((Knp + A+ H)/B) =B(p*(Ky + A +1;H)/B)
=B(¢"(Km; +Ai +1: H) + E/B)
= Supp(E),
the first statement follows. The second statement is proved in the same way, since by

[32, Lemma 5.31], the pair (M;, A;+t; H;) is alog terminal model for (M;, A; +t; Hj)
over B and hence the equivalent of (1-3) holds. O

Lemma 1.13 Let the notation be as above. If the mmp with scaling does not terminate,
then

lim # =0.

1—>00
Proof This is [26, Proposition 3.2]. The only difference is the relative setting, but the
proof is the same: Suppose the mmp does not terminate and that lim#; = 7, > 0. By
[13, Theorem E] there are finitely many log terminal models of (M, A + (to0c +¢) H),
with ¢ € [0, 1 — t5]. We have already observed that (M;, A; + ¢; H;) is an ltm for
(M, A+t; H)y= (M, A+too H+ (ti —to0) H)) over B. Thus, if the sequence is infinite
there are integers i > j such that the birational map M; --> M; is an isomorphism.
This gives a contradiction with Lemma 1.10 above. |

1.2 Variants

In this section we give some variants of the results of the previous section. First we notice
that the compactification result of Theorem 1.6 holds also for the twisted intermediate
Jacobian fibration; see Remark 1.14. Then we consider the case of the intermediate
Jacobian fibration associated to a mildly singular cubic fourfold; see Proposition 1.15
and Remark 1.16. We then give a slightly stronger version of Theorem 1.6, in that we
show that the Lagrangian fibered hyper-Kéhler compactification works in families; see
Proposition 1.17 and Theorem 1.19. As an application, we give a positive answer to a
question of Beauville; see Remark 1.18.
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Remark 1.14 (the twisted case) In [80], Voisin constructed a nontrivial Jg—torsor
J 5 — U defined from a class in H!(U, Jy[3]), where J is the sheaf of holomorphic
sections of Jy — U and where Jy[3] C Jy is the sheaf of 3—torsion points. The
nontriviality (for very general X) of this class corresponds to the nonexistence, for the
universal family of hyperplanes sections of X, of a relative one-cycle of degree one. The
main result of the paper is to produce, for general X, a hyper-Kéhler compactification
JT = JT(X) with Lagrangian fibration to P> extending J 5 — U. This builds on the
compactification of [47]. We will refer to this hyper-Kihler manifold as the twisted
intermediate Jacobian fibration. This hyper-Kéhler manifold is deformation equivalent
to the nontwisted version J(X), as they agree as soon as X has a two-cycle which
restricts to a one-cycle of degree one or two on its hyperplane sections. Lemma 1.4,
Proposition 1.5 and Theorem 1.6 work the same for the nontrivial torsor J 5 — U, giving
a Lagrangian fibered hyper-Kihler JT = JT (X) for every smooth X . In Section 4.1
we will return to the twisted intermediate Jacobian fibration and in Corollary 3.10 we
prove that for very general X these two fibrations are not birational and that on J
there is a unique isotropic class in the movable cone of J. This fact will be used in the
appendix.

Finally, we show that the Lagrangian fibered hyper-Kihler compactification exists
generically also over Cg, the divisor in the moduli space of cubic fourfolds whose
general point parametrizes cubics with one 4 singularity. The following proposition is
an adaptation of [47, Section 2] to the case of a cubic fourfold with mild singularities.

Proposition 1.15 Let X, C P> be a cubic fourfold with one simple node o € X, and
no other singularities. Let U C P> be the open locus parametrizing smooth hyperplane
sections, and let ny : Jy = Jy(Xo) — U be the Donagi—Markman fibration. Then
there exists a holomorphic symplectic form oy on Jy7, which extends to a holomorphic
two-form on any smooth projective compactification. As a consequence, Lemma 1.4
holds for Jy, namely any projective compactification of Jy has smooth locus admitting
a generically nondegenerate holomorphic two-form extending oys, and is not uniruled.
Similarly, for the twisted intermediate Jacobian, J. 5 =J 5 (Xo).

Proof Let X, (resp. P3) be the blowup of X (resp. P>) at the point 0. Let E C P3 be
the exceptional divisor. Projection from o determines an isomorphism Xo =~ BL sP4,
where S is the (2, 3) complete intersection in P3 parametrizing lines in X; by o. The
surface S is a smooth K3 surface and thus H l(f 0s Q}O) is one-dimensional; let n
be a generator. The same argument as in [47, Theorem 1.2 ] shows that 7 induces
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a holomorphic two-form o on Jy, with respect to which the fibers of Jyy — U are
isotropic. To show that o is nondegenerate, it suffices to show that for any smooth
hyperplane section Y (which in particular does not pass by the point 0), the map

(1-4) Tiy)U = H(Y, 0y (1)) > H'(Y.Q}) = H'(Jy. Q)

induced by o, via the fact that the fibers of Jyy — U are isotropic, is an isomorphism.
By [47, Theorem 1.2(ii)], this map is given by the cup product with a class ny €
H'(Y, 92( 1)) defined in the following way: let ny € H'(Y, (93 )|Y) be the
restriction of 7 to Y. Since H' (Y, Q3 y) = 0, the exact sequence

0—>92(—1)—>(Q~)|Y—>Q;—>0

implies that ny lifts to a class ny € H 1(SZ (—1)). By Griffiths residue theory
[47, Lemma 1.7], H'(Q%}(—1)) is one-dimensional and cup product with any nonzero
element induces an isomorphism H°(Y, Oy (1)) — H (Y, Q2 3); more precisely, using
the canonical isomorphism 2 y(=1) = Ty (3), this space is spanned by the class
of the nontrivial extension 0 — Ty — (Tp4)jy — Oy(—3) — 0. It follows that
to show that (1-4) is an isomorphism, we only need to show that ny # 0, which
amounts to showing that 1y # 0. Under the isomorphism 93 %= Ty ( 3)(2E),
the class of a generator of H! (Xo, 93 ) corresponds to the class of the extension
0— Ty — (T; 5)|X - 0503)(— 2E) — 0. Restricting to Y and considering the
tangent bundle sequence for Y in P4, we get the diagram of short exact sequences

0 —— Tg)y — (Tps))y — O0y(3) —— 0

I

0 Ty (T]P’4)|Y — 0y(3)—— 0

where the first two vertical arrows are injective. The extension class of the first row is
1y and the second row is nonsplit, as we already observed. Since coker(a) = Oy (1),
we have Hom(Oy (3), coker(«)) = 0. Thus any splitting of the first row would induce
a splitting of the second row, giving a contraction. O

Remark 1.16 Proposition 1.15 holds, more generally, for any cubic fourfold with
isolated singularities, as long as a general one-parameter smoothing of it has finite
monodromy. This corresponds to the K3 surface S of lines through one of the singular
points having canonical singularities. The case of the degeneration to the chordal
cubic [34], which has finite monodromy but central fiber with 2—dimensional singular
locus, will be discussed at length in Section 4.2.
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Proposition 1.17 Let X, C P> be as in Proposition 1.15 (or as in Remark 1.16) and let
ny . Juy — U be the corresponding intermediate Jacobian fibration. Then there exists a
hyper-Kiihler compactification J = J(Xy) of Jy, with a regular flat morphism to (P>)V
extending wy. Moreover, if X — A is a general family of smooth cubic fourfolds
degenerating to Xy, then up to a base change, there exists a family of Lagrangian
fibered hyper-Kéhler manifolds

j—>P2—>A

such that fort # 0, J; = J(X}) is the LSV compactification and, fort =0, Jy is a
hyper-Kahler compactification of Jy = Jy(Xy). Similarly, the analogous statement
holds for the twisted intermediate Jacobian.

Proof By Proposition 1.15 above, Jyy has a holomorphic symplectic form that extends
to a regular form on any smooth projective compactification. As in Lemma 1.4, it
follows that Jy is not uniruled. Let X — A be a family of smooth cubic fourfolds
degenerating to Xy = X with the property that for ¢ # 0, X is general in the sense of
LSV. As in the beginning of Theorem 1.6, let 7,y — V be such that the fiber over ¢ # 0
of 7,y — A is the LSV compactification J(X;) and, over t =0, is Jy — U. We are
thus in the position of applying Theorem 1.19 below, which proves the proposition. O

A consequence of this proposition is a positive answer to a question of Beauville [11],
as explained in the following remark.

Remark 1.18 Given a smooth cubic threefold Y, let £ C Y be a line. In [9; 26] it is
shown that the moduli space of Ulrich bundles on Y with rank 2, ¢c; = 0 and ¢, = 2£ is
birational to the intermediate Jacobian of Y'; more precisely, it can be identified with the
blowup of the intermediate Jacobian fibration along the Fano surface. Now let X be
cubic fourfold with one simple node and let S C P* be the (2, 3) complete intersection
K3 surface parametrizing lines through the singular point of Xy. Consider the Mukai
vector v =2v9 =2(1,0,—1) € H*(S, Z) and let ]\221,0 (S) be the symplectic resolution
of the singular moduli space of OG10-type; cf Section 2.

By considering the relative moduli spaces of Ulrich bundles supported on the five-
dimensional family of cubic threefolds containing S and by restricting the bundles
to S, Beauville [11, Section 5, Example d = 3] shows that there is a birational map
Ju --> My(S). This induces a rational map My, (S) --> P, and Beauville asks
whether there exists a hyper-Kéhler manifold birational to M, (S) which admits a
regular morphism to P°. Proposition 1.17 thus gives a positive answer to this question.
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The proof of the proposition above relies on the following theorem, which is the
Lagrangian fibration analogue of results from [41, Theorem 2.1 and Corollary 5.2].
Theorem 1.19 will be used also in Section 4 for the proof of Proposition 4.5 (and thus
also of Theorem 4.1). As usual, A is an open affine subset of a smooth curve, or a
small analytic disk. In both cases, we keep the notation ¢ = 0 to denote a chosen special
point in A, and ¢ # 0 to denote any other point.

Theorem 1.19 Let f~ : J — A be a projective degeneration of hyper-Kihler manifolds
of dimension 2n. Suppose that there is a commutative diagram

~
J —— P}

N

A

where 7 — IPX is a projective fibration such that fort # 0, J; — P}’ is a Lagrangian
fibration. Assume that the central fiber 7o = Yo+ ;< m;Y; has a reduced component
Yo which is not uniruled. Suppose, furthermore, that there is an open subset of
Yo \ Ui>1(Yi N'Yp) such that the morphism to P{ is a fibration Jy, — Uy C P in
abelian varieties. Then:

(1) There exists a projective degeneration f_ : J — A of hyper-Kihler manifolds
such that

(a) J is Q—factorial, terminal and isomorphic to J over A*,

(b) the central fiber J  is a reduced, irreducible, and a normal symplectic variety
with canonical singularities and admitting a symplectic resolution, and

(c) there is a relative Lagrangian fibration 7: J — PR compatible, via the
birational map J --> J, with & and such that, up to restricting the open set
Uy C P%, the morphism J o — P’ extends the abelian fibration Jy, — Uy.

(2) Up to a base change A’ — A, there exists a (not necessarily projective) family
J — A of hyper-Kihler manifolds, with a birational morphism J — J ! =
J xas A over A, which is an isomorphism away from the central fiber and in
the central fiber is a symplectic resolution of 7. Moreover, J has a family of
Lagrangian fibrations 7" 7 — P}, compatible with the base change of 7.

Proof The proof follows ideas from [75; 40; 41]. Up to passing to a log resolution
of the pair (j (70), we can assume that jo =Yy+ Zf;l m;Y; is a normal crossing
divisor. By [41, Theorem 2.1 and Corollary 5.2], running the mmp over A contracts the
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components Y; for i > 1, and yields a birational model of J with an irreducible central
fiber which is a symplectic variety. In particular, Y} is the unique component of Jo
that is not uniruled; cf [41, Remark 2.2]. To prove the theorem we only need to show
that the birational maps required to contract the other components can be preformed
relatively to PX and, furthermore, that they induce isomorphism away from ( J;>, ¥;.
This is to ensure that the central fiber has a Lagrangian fibration extending Jy, — Uy
(maybe up to restricting the open subset Uy C P).

The canonical class K 7 is trivial over A*, so it is f —equivalent to a divisor of the form
Zf:o a}Y;. Following [75, Section 2.3, point (1)] we set r = mina;/m;, so!

k
Kz =q.a ZaiYi,
i=0

where a; = a;- —rm; > 0 are nonnegative rational numbers and a; = 0 for at least
onei. Let J ¢ {0,1,...,k} be the set of indices such that a; > 0 and let J€ be its
complement. By [75, Proposition 5.1]:

(1) For every j € J, the irreducible component Y; is uniruled.

(2) If |J€| = 2, then for every j € J¢, the irreducible component Y is uniruled.

Since Y is not uniruled, it follows that J = {1, ..., k} and thus
k
K>=qz Y _a;Y;. with a; >0.
i=1

By assumption, for every i > 1, the closed subset Yo N ¥; is in the complement of Jy,
and, since the fibers of j 0 — IP’Z are connected, it follows that the induced map
Y; — P is not dominant. Thus, the codimension of 77 (Y;) in P} is greater or equal
to two. In other words, Y; is T—exceptional.

We are in the same setting of Theorem 1.6, namely a projective morphism from a
smooth quasiprojective variety with a canonical class that is relatively Q-linearly
equivalent to an effective divisor all of whose components are relatively exceptional.
We can thus argue as in the proof of Theorem 1.6, running the mmp over PX with
scaling of an ample divisor in order to contract each of the Y;, for i > 1. This yields a
birational map j --» J over P”  where J — A has irreducible fibers and the fibration

For a projective morphism f: A — B and two Q—Cartier divisors D and D’ on A, we write D =q.p D’

orD~q, r D' if and only if D and D’ are Q-linearly equivalent up to the pullback of a Q—Cartier divisor
from B.
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T — PX has Q—factorial terminal total space and is such that K 7 = 7* B for some
Q-—divisor B on P}. Since at each step the K—negative rays of the mmp are contained
in uniruled components of the central fiber, it follows that the birational map T-->T
is an isomorphism away from | J;>; ¥;. In particular, the central fiber Jo, which
is irreducible, has an open subset which is isomorphic to Jy,. Since (K7)|7, =0
fort # 0, we get that Bjpn =0fort zé 0. In particular, B is p—trivial, where p: Py — A
is the projection, and thus K 7 is f—trivial. We can now argue as in the last part of
the proof of [47, Theorem 1.1] to show that 7 is normal with canonical singularities.
As in [47, Corollary 4.2] it follows that 7 is a symplectic variety and that, up to a
base change A’ — A, there exists a smooth family 7 — A’ with a birational morphism
J — T =7 xas A with the desired properties. m|

Remark 1.20 Theorem 1.19 gives another proof of Theorem 1.6, as well as the
stronger statement of the existence of a relative intermediate Jacobian fibration 7 — P g
associated to any family X — A of smooth cubic fourfolds for which the general fiber
is general in the sense of LSV.

2 Moduli spaces of OG10-type

By [47, Corollary 6.3] (see also [41, Section 6.3]) any hyper-Kéhler compactification J
of Jy is deformation equivalent to O’Grady’s 10—dimensional example. We start this
section by recalling the basic definitions and first properties of those singular moduli
spaces of sheaves on a K3 surface whose symplectic resolutions are hyper-Kéhler
manifolds in this deformation class. Then we use the methods of Bayer and Macri, as
adapted by Meachan and Zhang to this class of singular moduli spaces, to study the
movable cone of certain moduli spaces that appear naturally as limits of the intermediate
Jacobian fibration, when the underlying cubic fourfold degenerates to the chordal cubic;
see Section 4.2.

We start by recalling the following fundamental theorem.

Theorem 2.1 [60; 82; 63; 50; 38; 66] Let (S, H) be a general polarized K3 surface
and let vy € H;g(S, 7)) be a primitive Mukai vector which we suppose to be positive in
the sense of [8, Definition 5.1], see also [18, Remark 3.1.1]. Let m > 2 be an integer.
The moduli space My, g (S) of H—semistable sheaves on S with Mukai vector mvg
is an irreducible normal projective symplectic variety of dimension mzvé + 2, which
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admits a symplectic resolution if and only if m = 2 and vé = 2. When this is the case,
the symplectic resolution M5y, g (S) — Myy, g (S) is the blow up of the singular
locus Sym? My, 51 (S) C My, q(S), with its reduced induced structure. Moreover,
]\2721,0’ g (S) is an irreducible holomorphic symplectic manifold and its deformation
class is independent of (S, H) and of vy, in particular, ]\22,,0, H(S) is deformation
equivalent to O’Grady’s original 10—dimensional exceptional example.

We will refer to a Mukai vector of the form 2vqy with vg = 2 as a Mukai vector of
OG10-type and to a hyper-Kéhler manifold in this deformation class as a hyper-Kéhler
of OG10-type.

2.1 Contracting the relative theta divisor on the relative Jacobian of curves

It is known [4; 7; 8; 5] that the birational geometry of moduli spaces of pure dimension
one sheaves on a K3 surface is related to Brill-Noether loci. For example, on the degree
g — 1 Beauville-Mukai system of a genus g linear system on a K3 surface, the relative
theta divisor can be contracted, possibly after performing a finite sequence of birational
transformations. This is the content of the following example.

Example 2.2 [4; 5] Let (S, C) be a general polarized K3 surface of genus g, with
NS(S) = ZC. Setv = (0,C,0) € H*(S,Z) and let M, be the moduli space of
C-stable sheaves on S with Mukai vector? v. Since we are assuming (S, C) to be
general in moduli, we are suppressing the polarization from the notation — thus M,
will denote the moduli space of C—semistable sheaves on .S with Mukai vector v;
when we consider instead a Bridgeland stability condition o, the corresponding moduli
space will be denoted by M, . This moduli space is smooth and M, — P& = |C|
is the degree g — 1 relative compactified Jacobian of the genus g linear system |C|
on S. There is a naturally defined effective, irreducible, relatively ample theta divisor
6 C M, which parametrizes sheaves with a nontrivial global section and which can
be realized as the zero locus of a canonical section of the determinant line bundle;
see [48, Section 2.3] or [3, Theorem 5.3]. Recall that there is a Hodge isometry
NS(My) = vt ={((0,0,1),(1,0,0)); see for example [7, Theorem 3.6].

2This Mukai vector is not positive in the sense defined above, since both the first and last entry are
zero. However, since for general (S, C), tensoring by C induces an isomorphism with M/, where
v/ = (0, C, g — 1), the results of [7] still hold. See also [66] for other considerations about the last entry of
the Mukai vector.
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The class £ := (0, 0, 1) is the class of the isotropic line bundle inducing the Lagrangian
fibration M, — P& while the theta divisor 6 corresponds to the class —(1,0,1) =
—v(Oy); see [48, page 643] or also [7, Proposition 7.1 and Theorem 12.3].3 Since
62 = —2, the irreducible effective divisor 6 is prime exceptional. By [27], it can be
contracted on a hyper-Kihler birational model of M,,. Since the rays corresponding
to divisorial contractions and to Lagrangian fibrations must be in the boundary of the
movable cone [36], it follows that

Mov(My) = R>ol + Rxoh,

where 1 = (—1,0,1) € 0Lt nvlisa big line which is nef on some birational model
of My; this also follows from [7, Theorem 12.3]. Using [7], the walls of the nef cones
of the various birational models can be computed. Since we don’t need this, we omit
the computation.

2.2 Movable cones of certain moduli spaces of OG10-type

If we consider a nonprimitive genus g linear system |mC|, with m > 2, then the
relative compactified Jacobian of degree g — 1 is singular. For singular moduli spaces
of OG10-type, ie when v = 2w with w? = 2, Meachan and Zhang [58] adapted the
techniques of Bayer and Macri [8; 7] to compute the nef and movable cones of these
moduli spaces. We refer to [16; 4; 8; 7] for the relevant definitions and main results on
Bridgeland stability conditions on K3 surfaces, and to [58] for the results on moduli
spaces of OG10 type.

By [58, Theorem 7.6(3)], all birational models of M5, = M>,, ¢ which are isomorphic
to M>,, in codimension one are isomorphic to a Bridgeland moduli space M3y, , for
some Bridgeland stability condition o on S. Moreover, by [58, Corollary 2.8],

(2-1) NS(May o) = wt.

We now apply the results of [58] to describe the nef and movable cones of certain
singular models of OG10 appearing as limits of the intermediate Jacobian fibration.
By [67], the factoriality properties of a singular moduli space M, of OG10-type
depend on the divisibility of the primitive Mukai vector w € Ha"fg(S , Z)). More precisely,
by [67, Theorem 1.1], M>,, is factorial if and only if w-u € 27Z for every u € Ha"{g(S, 7).
Otherwise, M»,, is 2—factorial. Since there can be different birational models with

3Compared to [7], there is a difference in a choice of sign in the isomorphism NS (M) == vt
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different factoriality properties (cf Remark 2.3), it is important to choose the correct
model to work with.

Now let (S, C) be a general K3 surface of degree 2 and set
(2-2) v :=(0,C, k—2).

The Le Potier morphism 7 : M3, — P> realizes the singular moduli space M»,, as
a compactification of the degree 2k relative Jacobian of the genus-five hyperelliptic
linear system |2C|. Composing 7 with the symplectic resolution m: Mka — My, ,
we get a natural Lagrangian fibration

(2-3) 71 My, — P>,

By the result of Perego and Rapagnetta mentioned above, M5y, is factorial if and only
if k is even. It turns out that the birational class of these moduli spaces is independent
of k, but the isomorphism class depends on the parity of k [18, Proposition 3.2.7]:
indeed, tensoring a pure dimension one sheaf by Og(C) determines an isomorphism

(2_4) Mka e Mka_A,_z-

Remark 2.3 Tensoring a line bundle supported on a smooth hyperelliptic curve of
genus 5 by the unique g on the curve defines a birational morphism My, --> Moy, . .
(I thank A Rapagnetta for pointing out this to me.) As a side remark, notice that the
map thus defined is not an isomorphism in codimension one. Indeed, it can be checked
that when passing to the birational morphism Mka -—> szk 4, between the two
resolutions, which is an isomorphism in codimension two, the exceptional divisor of
one model is exchanged with the proper transform of the locus parametrizing sheaves
on reducible curves on the other model.

In view of Lemma 4.4 below and the isomorphism (2-4), we will focus on the case
k=0.

Remark 2.4 For general (S, C) it is not hard to check that the structure sheaf of
every curve in |2C| satisfies the numerical criterion for C—stability and hence that the
fibration M, — P35 admits a regular zero section. Notice also that the image of this
section is not contained in the singular locus of Mj,,.

By [58, Corollary 2.8], NS(M3,,) = voL =U ={((0,0,1), (-1, C,0)), where, as above,
(2-5) £ =(0,0,1)
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is the line bundle inducing the Lagrangian fibration 7 : M»,, — P35 = |2C|. Under
the isomorphism M»,, = M»,,, induced by tensoring with Og(—C), the relative theta
divisor is mapped isomorphically to the prime exceptional divisor

(2-6) 0:=—(,-C,2)

parametrizing sheaves which receive a nontrivial morphism from the spherical object
Os(—C); see also Lemma 2.6. Indeed, the relative theta divisor in M>,, parametrizes
sheaves with a nontrivial morphism from Og and thus its image in M»,,, is exactly the
divisor 6. Notice that

(2-7) 6% = —2.

For later use we highlight the following remark.

Remark 2.5 The effective divisor 6 C My, with cohomology class (2-6) does not
contain the singular locus of M»,,,: using the description of 6 as the zero locus of
a section of the determinant line bundle [3, Theorem 5.3], which is compatible with
S—equivalence classes, it is enough to show that the section defining 6 is not identically
zero on the singular locus of M»,,,. It is therefore sufficient to show that there are
S—equivalence classes of polystable sheaves all of whose members have a zero space of
global sections. This is clear, since the generic semistable sheaf with Mukai vector 2v
is an extension of two degree-one line bundles each supported on two distinct curves
of genus two.

The following lemma is an application of [58, Theorems 5.1-5.3] to M»>,,,. (Note that
Example 8.6 of loc. cit. is for odd &, so in view of Remark 2.3 it is concerned with a
birational model of M»,,, which is not isomorphic in codimension one, and hence we
cannot immediately apply it here.)

Lemma 2.6 Let the notation be as above. Then

Nef(M3y,) = R>0l +Rx>0ho, Mov(M3y,,c) = R0l +Rxoh,
where

£=(0,0,1), ho=(-1,C,1), h=(-1,C,0).

Moreover, the wall spanned by ho = (—1, C, 1) contracts the zero section of My, — P>
and the class corresponding to h = (—1, C, 0) is big and nef on the Mukai flop of M3y,
along the zero section and contracts the proper transform of 6.
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Proof Since { = 7*Ops(1) is nef and isotropic, it is one of the two rays of both the Nef
and the movable cones of M,,. By [58, Theorem 5.3] there is a divisorial contraction
of BNU-type (notation as in loc. cit.), determined by the spherical class s = (1, —C, 2),
which is orthogonal to vy. The second ray of the movable cone is thus determined by
st N v(J)-. We pick &7 = (-1, C,0) as a generator of this ray, since /- £ > 0. By the
same theorem in [58], the flopping walls are determined by wtn v(J)- for w spherical
and such that w - vo = 2. There is a unique ray in Mov(M3,,) that is of this form. It is
determined by w = (1, 0, 1) = v(Oy) or, equivalently, by w’' = (—1,2C, —5) = 2vg—w.
We can choose g = (—1, C, 1) as generator of this ray. As in [58, Remark 8.5], we
can see that this wall corresponds to the flop of the P> corresponding to the sheaves
with a morphism from Og, ie of the image of the zero section. |

Remark 2.7 It can be shown that the birational model on the other side of the wall
can be identified with the Gieseker moduli space M>y,,, where wo = (2, C, 0). Since
we don’t need this in the rest of the paper, we omit the proof.

Remark 2.8 The theta divisor 6 is Cartier, since by [66] M»,,, is factorial; see also
Section 2.2. Moreover, it is relatively ample over P>, since by the description of the
Nef cone of Lemma 2.6 we can write 8 as a sum of an ample line bundle and a multiple
of £ = *Ops(1).

3 The relative theta divisor on the intermediate Jacobian
fibration

For any smooth cubic threefold Y, there is a canonically defined theta divisor in
Jac(Y') which is (—1)—invariant and whose unique singular point lies at the origin. For
the hyper-Kihler compactification J = J(X) — (P?)V of the intermediate Jacobian
fibration associated to a smooth cubic 4-fold X, there is an effective relative theta
divisor ® C J, which is defined as the closure of the union of the canonical theta
divisor in the smooth fibers. More precisely, by [20; 21], see also [47, Lemma 5.4],
® can be defined as the closure of the image of the Abel-Jacobi difference mapping

(3-1) ‘FX(IP’S)V F -—> J, (Z,El, Y) d ¢Y(£ —2/)

The relative theta divisor ® played an important role in [47], where it was shown that
for general X the divisor ® is w—ample and J is identified with the relative Proj of the
sheaf of Ops—algebras associated with this divisor. Another useful way of realizing the
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theta divisor is using twisted cubics [21]. Let Z = Z(X) be the Lehn-Lehn-Sorger—
van Straten 8—fold [49]. Then Z is the blowdown g: Z’ — Z of a smooth 10—fold Z’
whose points parametrize nets of (generalized) twisted cubics. The exceptional locus
of g parametrizes non-ACM cubics and its image in Z is isomorphic to the cubic itself.
Let

r:P yAdd A

be the P! —bundle over Z’ whose fiber over a twisted cubic [C] € Z is the pencil IP’CI, of
hyperplane sections of X containing ¢ := X N(C). Here (C) = P3 is the linear span
of the curve. By [47, Sublemma 5.5], see also [21, Section 4] or [41, Proposition 6.10],
the Abel-Jacobi map

(3-2) 0: Py ——>J, (C.Y) ¢y(C—h?),

is birational onto its image, which is precisely ®. Here 4?2 is the class of the intersection
of two hyperplanes in Y.

Remark 3.1 For later use, we note the following two facts. First of all, the restriction
of Pz to the locus of nonCM cubics is mapped to the zero section of J — P> (which
lies in ®). Second, using the Gauss map, see [20, Section 12] or also [33, Section 3],
one can see that if C is a twisted cubic in a smooth cubic threefold Y with the property
that ¢y (C —h?) = 0 in Jac(Y), then the cubic surface ¢ = Y N (C) is singular.

For every X, the Néron—Severi group of J = J(X) has at least rank two, since
NS(J(X)) D (L, ®).
Here L = 7*Ops(1) and O is, as above, the relative theta divisor obtained as the

closure of the image of (3-1).

Lemma 3.2 For any smooth X, there is an isomorphism of rational Hodge structures
H*(J,Q)y = H*(X, Q). In particular, p(J) =rk H>?(X,Q) + 1.

Proof The first statement was already noted in [47], while the second follows from
the first and the fact that b,(J) = 24 and b4(X) = 23. |

Remark 3.3 The locus, inside Def(J), parametrizing intermediate Jacobian fibrations

is of codimension two and corresponds to the locus where the classes L and © stay
of type (1, 1). By [74, Theorem 6], a Lagrangian fibration with a section deforms,
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as Lagrangian fibration with a section, over a smooth codimension-two locus of the
deformation space of the underlying hyper-Kéhler manifold. Since by Theorem 1.1 for
general X the LSV compactification J(X) has a section, it follows that the codimension-
two locus where L and ©® stay algebraic is exactly the locus where the section deforms.

We highlight the following corollary for future reference.

Corollary 3.4 For very general X, we have that p(J) = 2. Thus:

(1) J is the only projective hyper-Kéhler birational model of Jyy where L is nef. In
particular, any hyper-Kéhler compactification of Jyy with a Lagrangian fibration
extending Jy — U is isomorphic to the compactification of [47].

(2) There is at most one prime exceptional divisor on J .

Proof (1) Since p(J) = 2, the boundary of the movable cone of J has two rays, of
which L is one.

(2) If there is a prime exceptional divisor, its class has to be orthogonal to the second
extremal ray of the movable cone [52, Theorem 1.5]. Since two prime exceptional
divisors with proportional classes have to be isomorphic [53, Corollary 3.6(3)], there is
at most one prime exceptional divisor. |

The following lemma was communicated to me by K Hulek and R Laza. I thank them
for sharing this observation with me and for raising the question of computing ¢(®).

Lemma 3.5 We have that g(L, ®) = 1. In particular, (L, ®) is a primitive sublattice
of NS(J), isomorphic to the standard hyperbolic lattice U of rank two. For very
general X,NS(J)=U.

Proof The computation of ¢(L, ®) goes as in [73, Lemma 1]: one expands in ¢ the
Fujiki equality ¢(L +t©)> = c¢(L +t©)!°, where ¢ = 945 is the Fujiki constant [71],
and uses the fact that ®°L> = (©),,,)> = 5. The final statement follows from
Lemma 3.2. O

I thank C Onorati for many discussions around ® and for his interest in the following
computation.

Proposition 3.6 The irreducible divisor ® C J is prime exceptional. In particular, it
can be contracted on some projective birational hyper-Kéhler model of J. Moreover,
q(®)=-2.
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Proof Let ¢: Pz --> ® be the Abel-Jacobi map as in (3-2) and let V C Z’ be a
nonempty open subset such that the restriction of ¢ to r ! (V) =: Py is regular. By
restricting V' if necessary, we can assume that all twisted cubics parametrized by V are
such that 3¢ is smooth and, in particular, that C is ACM.

Recall that for any twisted cubic [C] € V, we have set IP’CI. = r~1(C). The rational
curve <p(1P’é) C J is smooth because it maps to n(q)(IP’(lj)) C IP3, which is the pencil of
hyperplane sections of X that contain the curve C. Moreover, (7 o ¢)(IP}/) intersects
the dual variety X' in a dense open subset and, similarly, ¢(Py) intersects © xv, the
restriction of © to X'V, in a dense open subset. (This statement follows from [21] and
the fact, proven there, that for a cubic threefold with one A singularity the Abel-Jacobi
mapping is birational onto its image.)

We start by showing that for a general [C] € V, the smooth rational curve (p(IP’é) is
contained in the smooth locus of ®. The singular locus Og;ye of © has an irreducible
component that is equal to the closure of the zero section of Jy — U, while any
other irreducible component of the singular locus is properly contained in ®yv, the
restriction of ® to X'V. Since V parametrizes ACM curves, by Remark 3.1 it follows
that the intersection of ¢(Py) with the image of the zero section of J — P? is
contained in Jyv, the restriction of J to XV C P3. Let B := (p_1(®sing Ne(Py))
be the locus in [Py, parametrizing points mapped to the singular locus of ® and let
Wy = (mo@) (XY N (7 0 9)(Py)) be the locus in Py of pairs (C, Y) such that
Y is singular. By what we have observed, it follows that B € Wy . Notice that Wy
is irreducible of dimension 8, because it maps to an open subset of XV, with fibers
parametrizing equivalence classes of twisted cubics contained in a cubic threefold
with one A4; singularity; these form an irreducible subset of Z(X), as follows from
[21, Section 3]. We have already observed that the general point of ®xv is contained
in the image ¢(Py). Thus, if Y, corresponds to a general point in XV, there is a twisted
cubic C C Yy, with [C] € V and such that ¢(C, Yy) = ¢y, (C) lies in the smooth locus
of ®. It follows that B is strictly contained in W} . Since Wy is irreducible, dim B = 7.
Thus B does not dominate V' and hence the image of the open subset Py := r~1(V’),
where V' := V \ r(B) is contained in the smooth locus of ©.

For the general pointin (C, Y) € Py, let R:= (p(Pé) C O be the corresponding element
of the ruling. By generic smoothness, the differential of ¢ is of maximal rank at a
general point x € R, so by [39, Chapter II, Proposition 3.4], the vector bundle (7g)|r
is globally generated at x € R. It follows that (Tg) g = @ Or(a;), with a; > 0. By
Lemma 3.8 below, the restriction of the tangent bundle of J to the smooth rational
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curve R is of the form (’);‘?8 @D Or(2) & Or(—2). Using this and the fact that R is
contained in the smooth locus of ®, we find that (Te)|g = Or(2) ® 0%8 and hence
that Ngje = EBO%S. In particular, ® - R = —2.

Consider the lattice embedding H?(J,Z) C H*(J,Z)" = H,(J,Z) induced by the
Beauville-Bogomolov form. We claim that under this embedding, the classes of R
and of ® are equal, ie that R -x = ¢(©, x) for every x € H?(J, Z). This immediately
proves the proposition, as it implies that ¢(®) = ® - R = —2. By [53, Corollary 3.6(1)]
and [27, Proposition 4.5], the class of the ruling of a prime exceptional divisor is
proportional, via a positive constant, to the class of the exceptional divisor. Thus, to
prove the claim it suffices to show that ® is prime exceptional, since the constant would
have to be equal to 1, as both R- L and ¢(®, L) are equal to 1.

To prove that ® is prime exceptional we use standard techniques on deformations of
maps from rational curves to hyper-Kzhler manifolds, following [53, Section 5.1] or
also [19, Section 3]. We include a proof because the setting of Markman is different and
because the proof in [19, Section 3] is for projective families of hyper-Kéhler manifolds.
Choose R C © a general element in the ruling and let Def(J) g C Def(J) be the smooth
hypersurface in the deformation space of J where the class of R stays of Hodge type.
Let Hilb — Def(J) g be the component of the relative Douady space containing the
point [R]. Since Ng|j = Or(-2) ® O%S, then by [70, Theorem 1] it follows that
the morphism p: Hilb — Def(J) g is smooth at R and of relative dimension 8. Let
T C Def(J)g be a general curve containing 0 (in particular we can assume that for
very general ¢ € T, the Néron—Severi of the corresponding deformation J; of J is
one-dimensional and spanned by a line bundle whose class is proportional to Ry, the
parallel transport of the class of R to J;) and let pr: Hilby — T be the component of
the base change to 7' of Hilb — Def(J) g that contains [R]. Since p is smooth at [R],
o1 1s dominant of relative dimension 8. Up to a base change and to restricting 7', we
can assume that Hilby — T has irreducible fibers for ¢ £ 0. Let 77 — T be the base
change of the universal family to 7' — Def(J) and let D C J7 be the image of the
universal family over Hilbr under the evaluation map. Then D is irreducible of relative
codimension one. Moreover, Dy is irreducible for # # 0, and D := Dy is a union of
effective uniruled divisors containing ® as an irreducible component (with a given
multiplicity m > 1). By the choice of 7', for very general ¢, p(J;) = 1. It follows that
the class of D; is proportional to the class of R; and hence that the class of D = Dy is
proportional to that of R. Moreover, the proportionality constant is positive, as both
D and R intersect positively with a Kéhler class. Hence, since ® - R is negative, so
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is ¢(®, D). Moreover, since the product of two distinct irreducible uniruled divisors is
nonnegative, it follows that g(®, D) > m ¢(®, 0). Thus ¢(®, ®) <0, ie O is prime
exceptional. Thus, as already observed, the classes of ® and of R have to be the same
and hence ¢(0,0) = —2. |

Remark 3.7 A posteriori, once we know that ® is prime exceptional, we can use
[53, Lemma 5.1] to show that Dy = ©.

Lemma 3.8 Let M be a hyper-Kéihler manifold of dimension 2n and R C M be a
smooth rational curve. Suppose R is a general ruling of a uniruled divisor. Then

(Ta) R = 08" 2 B Or(2) ® Or(-2),
and thus
Nrim = Or(=2) @ O,

Proof Since Ty is self dual, (Tas) g = B; Or(ai) ® B, Or(—a;), where a; > 0.
Since R is general and its deformations sweep out a divisor, by [39, Chapter II,
Proposition 3.4], the rank of the evaluation map rk[ H°(R, (Tm)|R) ® Or — (Tar) ]
at a general point of R is equal to 2n — 1. Hence ay = --- = a, = 0 and a; > 2;
cf [27, Proposition 4.5]. Since the normal sheaf of R in M is torsion-free and contains
the quotient Og(a1)/Tr = Or(ay)/Or(2), it follows that a; = 2. |

Notice that the same argument as the last part of the proof of Proposition 3.6 shows
the following.

Proposition 3.9 Let M be a hyper-Kéahler manifold of dimension 2n and let E C M
be an irreducible uniruled divisor. Suppose that a general curve R in the ruling is
smooth and that E - R < 0, eg if R is contained in the smooth locus of E. Then E is
prime exceptional and hence, under the lattice embedding H>*(M,7Z) C H>*(M, 7)Y =
H,(M, Z) induced by the Beauville-Bogomolov form, the classes of E and R are
proportional by a positive constant.

Corollary 3.10 For very general X, the movable cone of J(X) is spanned by L
and H, where H is a generator of ®+ C NS(J) withq(H, L) > 0 and g(H) > 0; ie

Mov(J) =R>oL +R>oH.

In particular, there is a unique hyper-Kéhler model of J with a Lagrangian fibration,
and J is not birational to the twisted intermediate Jacobian fibration J T .
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Proof We already know that one of the rays of the movable cone of J is spanned
by L. By [53, Theorem 1.5] the closure of the movable cone is spanned by classes that
intersect nonnegatively with all prime exceptional divisors. Since by Proposition 3.6,
© is prime exceptional, the second ray of the movable cone is determined by ©+,
which is spanned by a class H which is big and nef on some birational hyper-Kéhler
model of J. Thus, g(H) > 0 and ¢(H, L) > 0. In particular, the movable cone is
strictly contained in the positive cone, implying that the only isotropic class that is
movable is L. |

In terms of the other projective hyper-Kéhler birational models of J, we can actually
prove something more precise. The main result of Section 4 describes, for general X,
which birational model of J the proper transform of ® can be contracted on.

3.1 Induced automorphisms

For hyper-Kihler manifolds of K3 [”]—type, a considerable amount of literature has been
devoted to the study and classification of automorphism groups. This includes studying
the automorphisms induced from a K3 surface to the moduli spaces of sheaves on it.
In view of Theorem 1.6, a natural question is to study the induced action on J of the
automorphism group of X in relation to the Lagrangian fibration structures. I thank
G Pearlstein for asking questions that led me to the following observations.

Let X be a smooth cubic fourfold and let ¢ be an automorphism of X. Then 7 acts on
the universal family of hyperplane sections of X and thus also on the Donagi—-Markman
fibration Jy — U, which is identified with the relative Pic? of the family of Fano
surfaces of the hyperplane sections of X'. By abuse of notation we denote by

- J
the induced birational morphism. Notice that t preserves ® and L, so the induced
action of t* is the identity on U = (L, ®) C NS(J).
Proposition 3.11 Let X be a smooth cubic fourfold and suppose that the fibers of

m:J — P are irreducible. (By [47] this happens for general X.) Then:

(1) ® is m—ample and so is any B € NS(J) withgq(L, B) > 0.

(2) Any birational automorphism t: J --» J which fixes L = n*O(1) extends to a
regular automorphism.
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(3) L is nef on a unique hyper-Kihler birational model of J. In other words, if J' is
a birational hyper-Kéhler model of J, with birational map f: J' --> J, and the
induced map n’: J' —-> J — P is regular, then f is an isomorphism.

Proof (1) Let H be an ample line bundle on J and let J; be a smooth fiber of
J — P>. Then [H,7,] = m[©);,] for a positive integer m, so the restrictions of H
and m® are topologically equivalent for any smooth fiber. Since the fibers of & are
irreducible, it follows that the restrictions of H and m® to any fiber are numerically
equivalent; see [80, Lemma 4.4]. By Nakai—-Moishezon, m® is m—ample. Similarly,
if ¢(B, L) > 0, then there exists positive integers a and b such that ¢ B and b©® are
numerically equivalent on every fiber.

(2) By assumption, t*L = L so ¢(t*©,L) = ¢(®, L) = 1. As a consequence,
70 and O are topologically equivalent on the smooth fibers and hence, as above,
numerically equivalent on every fiber. Thus, t*© is 7—ample. It follows that 7 is a
regular morphism.

(3) Let H’' be any ample line bundle on J’ and let L' = f*L = 7/*O(1). Then
0<q(L',HY=¢q(L, f*H'),soby (1) f*H'is ample and f is an isomorphism. O

In addition to birational automorphisms induced by the automorphisms of X, some
examples of birational automorphisms which preserve L are:

(1) The map ¢: J — J induced by the action of (—1) on the smooth fibers of J — P,

(2) The map t,: J — J induced by the translation of a rational section of oz : P> ——> J;
cf Section 5.

(3) More generally, any birational automorphism induced by an element of the
automorphism group of Jg, the generic fiber of J — P>,

Remark 3.12 As already mentioned just below Theorem 1.1, a necessary condition
for the irreducibility of the fibers of J — P3 is given in [17]. This condition is satisfied
if and only if the hyperplane sections Y of X satisfy

d(Y) :=by(Y) = bs(Y) =0,
where b;(Y) denotes the i Betti number of ¥ and where d(Y) is called the defect

of Y. It is easy to see that if ¥ contains a plane then d(Y) > 0.
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4 Birational geometry of J(X) for general X

To describe the birational geometry of the intermediate Jacobian fibration we degenerate
the underlying cubic to the chordal cubic, following an idea already contained in [41].
There, it was observed that the central fiber of the corresponding family of intermediate
Jacobian fibrations can be chosen to be birational to a moduli space of sheaves of OG10—
type on a K3 surface of genus two. As in Section 2, by moduli space of OG10-type we
mean a moduli space of sheaves on a K3 surface with Mukai vector 2w, with w? = 2.
We first refine the construction of this degeneration in order to have a central fiber that
is actually isomorphic to a certain singular moduli space of sheaves on the associated
K3 surface. In this way, we can keep track of the limits of the relative theta divisor
and of the line bundle inducing the Lagrangian fibration. This is done in Section 4.2.
The results of Meachan and Zhang [58], which were recalled in Lemma 2.6, imply
that the central fiber of the relative theta divisor can be contracted after a Mukai flop
of the zero section. For X general, we then deduce the same result for J(X) and, for
very general X, we compute the nef and movable cone of J(X'). This is the content of
Theorem 4.1.

Theorem 4.1 Let X be a smooth cubic fourfold and let J = J(X) — P> be a
hyper-Kahler compactification of the intermediate Jacobian fibration as in Section 1.

For very general X:
(1) There is a unique other hyper-Kéhler birational model of J, denoted by N, which
is the Mukai flop p: J --> N of J along the image of the zero section.

(2) There is a divisorial contraction h: N — N which contracts the proper transform
of ® onto an §—dimensional variety which is birational to the LLSvS 8—fold
Z(X).

In other words, we have Mov(J) = (L, H) = Nef(J)U p* Nef(N), Nef(J) = (L, Hy)
and p* Nef(N) = (Hy, H), where Hy is a big and nef line bundle on J which contracts
the zero section of J — P> and H is as in Corollary 3.10.

For general X, the relative theta divisor ® can be contracted after the Mukai flop of the

zero section of J — P2,

Before the proof of the theorem, which will be given in Section 4.2, we mention, as
a consequence of the theorem above, the relation between the intermediate Jacobian
fibration and moduli spaces of objects in the Kuznetsov component of X.
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4.1 Comparison with moduli spaces of objects in the Kuznetsov component
of X

The recent paper [6] establishes the existence and the fundamental properties of moduli
spaces of objects in the Kuznetsov component u(X) of a smooth cubic fourfold X.
We refer the reader to Section 29 of loc. cit. for the relevant definitions and the precise
statements of the results.

Given a smooth cubic fourfold X, the extended Mukai lattice H (Ku(X),Z) is a lattice
whose underlying group is the topological K—theory of Ku(X) and whose Mukai
pairing and weight-two Hodge structure are induced from those on X. The only classes
in H (Ku(X), Z) that are of type (1, 1) for very general X are contained in a rank-two
lattice A,, which is spanned by two classes A; and A, that satisfy A% = k% =2 and
A1-Ay =—1; see [6, equation (29.1)]. A description of a full connected component of the
space of Bridgeland stability conditions on Ku(X) is also produced; see Theorem 29.1
of loc. cit. It is shown that, for a primitive Mukai vector with v> > —2 and for a
v—generic stability condition ¢ in this component, the moduli space My (Ku(X), v)
of Bridgeland stable objects in Ku(X) with Mukai vector v is a nonempty smooth
projective hyper-Kihler manifold of dimension v? + 2, deformation equivalent to a
Hilbert scheme of points on a K3 surface; moreover, the formation of these moduli
spaces works in families; see Theorem 29.4 of loc. cit. for the precise statement.

For a Mukai vector of OG10-type in the A4, lattice, ie of the form v = 2A with
A% =2,1in [51] it is shown that, for a A—generic stability condition o, the moduli space
My (Ku(X), v) is an irreducible normal projective symplectic variety of dimension 10
admitting a symplectic resolution which is deformation equivalent to a manifold of
OG10-type. The genericity condition here means that the polystable objects with
Mukai vector v are the direct sum of two stable objects with Mukai vector A. More
precisely, the singular locus of My (Ku(X), v) is isomorphic Sym? My (Ku(X), A).

Moreover, in [51] it is shown that for general X the twisted intermediate Jacobian
fibration J T (X) is birational to My (Ku(X),21), for A2 = 2. For the nontwisted case
we have the following corollary of Theorem 4.1 that goes in the opposite direction.

Corollary 4.2 For very general X, J(X) is not birational to a moduli space of the
form My (Ku(X),v).

Proof First of all, by [6, Remark 29.3], if nonempty, the dimension of a moduli
space My (Ku(X),v) is v2 4+ 2. This dimension is equal to 10 if and only if either
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v is primitive (hence My (Ku(X),v) is of K35]—type and thus cannot be birational
to J(X)) or else v = 2A with A2 = 2. By the results of [51] cited in the remark
above, for v = 2\ with A € A, and A?> = 2 and o a A—generic stability condition,
the singular locus of M (Ku(X), v) is isomorphic to the second symmetric product
of a hyper-Kéhler manifold of K3[2]—type. By dimension reasons, the symplectic
resolution ]\ZG(ICu(X ),v) = Myz(Ku(X),v) is not a small contraction. Suppose
by contradiction that J(X') is birational to M, (Ku(X),v). Then by Theorem 4.1,
the symplectic resolution has to coincide with N — N, and My (Ku(X),v) = N.
This implies that the singular locus of My, (Ku(X),v) has to be birational to the
Lehn—-Lehn—Sorger—van Straten 8—fold Z(X), which gives a contradiction. Indeed,
Z(X) cannot be birational to Sym? M, (Ku(X), A) since, by Proposition 1.7, this
would imply that the latter has a symplectic resolution. This, however, is not true
because Sym? M (Ku(X), 1) is a Q—factorial symplectic variety with singular locus of
codimension strictly greater than two and hence does not admit a symplectic resolution
(since it does not admit a semismall resolution). O

Remark 4.3 We expect the more general statement to hold: for very general X,
J(X) is not birational to a Bridgeland moduli space of objects on a 2-CY category
that is deformation equivalent to the derived category of a K3 surface. We present
a rough sketch of the argument. Assume there is a family of Bridgeland stability
conditions on the family of derived categories realizing the deformation. Then, as
in [6, Theorem 21.24], a relative moduli space exists as an algebraic space; by a
generalization of a theorem of Mukai [68, Theorem 1.4], the stable locus of each fiber
is smooth and has a holomorphic symplectic form; the singular locus parametrizing
strictly semistable objects of codimension > 2. One then expects such moduli spaces
to be normal and irreducible. As in the proof of the projectivity in [6, Theorem 29.4] it
follows that these moduli spaces are projective. Finally, a similar argument to the one
above shows that the contraction N — N cannot be the symplectic resolution of one
of these moduli spaces.

In the next subsection we construct the degeneration of the intermediate Jacobian
fibration that will allow us to prove Theorem 4.1. The proof of the theorem will be
given at the end of the section.

4.2 Degeneration to the chordal cubic

The secant variety to the Veronese embedding of P2 in P is a cubic hypersurface
isomorphic to Sym? P2, called the chordal cubic. Such a singular cubic fourfold is
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unique up to the action of the projective linear group. Given a one-parameter family
of cubic fourfolds degenerating to the chordal cubic, it was proved in [41] that, up to
a base change, one can fill the corresponding degeneration of intermediate Jacobian
fibrations with a smooth central fiber that is birational to ]\221,0 = 1\221,0 (S), where
(S, C) is the degree-two K3 surface associated to the degeneration of cubic fourfolds as
in [22; 34; 46], and where vg = (0, C, —2) is as in (2-2). We will use this degeneration
to study the birational properties of the intermediate Jacobian fibration, at least for
general X. For this purpose, we need to control what happens to the line bundles L
and ©® under the corresponding degeneration of intermediate Jacobian fibrations. We
achieve this by constructing a particular degeneration whose central fiber is precisely
the singular moduli space M, and is such that the Lagrangian fibrations of the
members of this degeneration fit in a relative Lagrangian fibration. This is done in
Proposition 4.5. With this degeneration, we are not only able to identify precisely the
limits of L and ® (see Lemma 4.7), but we are also able to deform the results about
the birational geometry of M,,, away from the central fiber (see Proposition 4.9),
eventually proving Theorem 4.1.

Let X — A be a one-parameter family of cubic fourfolds degenerating to the chordal
cubic. By this we will mean that A is a small disk or an open affine subset in the base
of a pencil of cubic fourfolds with the property that the general fiber is smooth and
the central fiber is isomorphic to the chordal cubic. The following facts were proved
in [34], see also [46] and [41]:

(a) The monodromy of this family has order two.

(b) To such a degeneration one can associate a degree-two polarized K3 surface
(S, 0).

(c) For a general pencil, the polarized K3 surface (S, C) is general in moduli.

Suppose that for ¢ # 0 the cubic fourfold X; is general in the sense of LSV —ie in
the sense that the construction of the hyper-Kéhler compactification of [47] works for
Ju(X;)—and let 7* — A* be the family of intermediate Jacobians associated to
the smooth locus X* — A* of the pencil, with corresponding family of Lagrangian
fibrations wax: J* — Pg*.

Lemmad4.4 [22;41] Up to adegree-two base change, we can extend wp=: J* — P g*

to a projective morphism my: Jy — V, where V C P x A is an open subset such that
V; =P3 fort # 0 and Vy C P is nonempty fort = 0, and where Jy — Vo C P is
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identified with the restriction of My, (S) — [2C| = P> (cf (2-3)) to an open subset
V C |2C|. Moreover, Jy, — V has a zero section and is polarized by a relative principal
polarization.

Proof Let H CP° be a general hyperplane. For the degeneration ) := X N (H xP3) of
a single smooth cubic threefold the statement is due to Collino [22]. In Proposition 1.16
of loc. cit., it is also shown that the class of the limit polarization is the theta divisor
of the Jacobian of the genus-five hyperelliptic curve, which is the limiting abelian
variety. For the statement about the limit of the intermediate Jacobian fibration, this is
[41, Section 6.3]. O

We now compactify the projective family 7, of the lemma above to construct a family
of Lagrangian fibered holomorphic symplectic varieties in such a way that the central
fiber is exactly Moy, = May,(S) (or May, = Moy, (S)); cf (2-3).

Proposition 4.5 Let X — A be as above a general family of smooth cubic fourfolds de-
generating to the chordal cubic. Suppose that for very generalt € A, X is very general.
Let (S, C) be the corresponding K3 surface of degree two as above. Then, possibly
up to a base change, there are two degenerations of the corresponding intermediate
Jacobian fibration, fitting in the commutative diagram

MM
1) \ lf
f

A
where:

(1) ]7 : M — A is a family of smooth hyper-Kihler manifolds, with M; = J(X;)
fort # 0 and Mg = M vo(S). The family is equipped with a relative Lagrangian
fibration M — P g, where for each t the corresponding Lagrangian fibration is
the obvious one.

(2) f: M — A is a degeneration of hyper-Kihler manifolds, with M; = J(Xy)
fort # 0 and Moy = My,(S). The morphism m: M — M is proper and
birational, fort # 0 it is an isomorphism and fort = 0 it is the natural symplectic
resolution my: MZUO (S) = M3, (S) of Theorem 2.1. Moreover, there is a
relative Lagrangian fibration M — IP’z where for each t the corresponding
Lagrangian fibration is the obvious one.
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Proof Start from the projective morphism my: Jy — V of Lemma 4.4. There is an
isomorphism [Jy,, = (MZUO)V, where (szO)V is the restriction of the Lagrangian
fibration 7 : My, — P (cf (2-3)) to an open subset V C P3. Let 7 — PP} be any
projective morphism extending my,. Applying Theorem 1.19(2) to /) — P g yields,
possibly up to the base change, a family g: 7 — A of smooth hyper-Kéhler manifolds
(projective over (A)*), with a relative Lagrangian fibration T — ]P’z. Let £ be the line
bundle on J inducing it on every fiber. Let

4-2) bo: To > szo

be the birational morphism induced by the isomorphism of open subsets 7y, = (M 200) V-
Then ((f)o)*ﬁo ={:= 7~T*OP5 (1)

We now use an argument very similar to that in the proof of [41, Theorems 1.3 and 1.7],
to construct a family which is isomorphic to 7 over A and whose central fiber is actually
isomorphic to M 20 (S). Let A be the OG10 lattice. Fixing a marking of the central
fiber and trivializing the local system R2g4Z induces a marking n;: H*(J;,Z) — A
of every fiber. Let D C P(A ®z C) be the period domain and let P: A — D be the
period mapping induced by these markings. Let pg = 1o(¢o)*: H? (MZUO, Z)— A
be the induced marking on M 2vo- Let pr i H 2(M,,Z) — A be markings induced by
0o = 1o (o)™ on fibers of the universal family over Def(]\} ) and let Py : Def(M )—>D
be the induced period mapping. Since P; is a local isomorphism, we can lift P to a
map £: A — Def(M 2v,)- Pulling back the universal family gives a family f ‘M- A
with central fiber Mo = MZv(y As in [41] the two families §: 7 — A and f~ ‘M= A
are relatively birational over A, since for every ¢ € A, the marked pairs (7, 7s)
and (M, p;) are nonseparated points. To show that the two families 7 and M are
isomorphic away from the central fiber, first recall that by [35, Theorem 4.3] (cf also
[52, Theorem 3.2]), for every ¢ there exists an effective cycle

Ft:Zt-i-ZVVi,t

of pure dimension 10 in M; x T such that Z; is the graph of a birational map, the
codimension of the images of the W; ; in M ¢ and in T ¢ are equal and positive, and
[[';]« is a Hodge isometry and is equal to p; ' on,: H* (T, Z) — H*(M;,Z). Let £
be the line bundle on M such that £; = 07 'n: (L) =[T']«(L;). Since Lo= T*Ops(1)
induces a Lagrangian fibration on M = M 200> DY [57] £ induces a Lagrangian fibration
on M; for every ¢ (maybe up to restricting A). For very general 1, £; = [Z;]+(L;),
since the isotropic class [Z;]«(L;) lies in the movable cone of M, and hence by

Geometry & Topology, Volume 27 (2023)



1516 Giulia Sacca

Corollary 3.10 it has to be equal to Z;. Corollary 3.4 implies that for very general 7, Z;
is the graph of an isomorphism between J+ and M;. The same countability argument
as in the proof of [41, Theorems 1.3 and 1.7] shows that there exists a component of the
Hilbert scheme parametrizing graphs of such cycles Z; C J; x M, that dominates A.
It follows that there is a cycle Z in the fiber product J x o M which, maybe up to
restricting A, induces an isomorphism for # # 0. The conclusion is that the family
M — A is such that central fiber is Mg = ]\221,0 while for ¢ # 0, we have M, = J(X;).

Now we construct the second family. By [62, Theorem 2.2] there is a finite morphism
& : Def(Myy,) — Def(May,)

induced by the symplectic resolution mg: M 2v9 —> M2y, and compatible with the
universal families on the two deformation spaces; for more details see Section 2
of loc. cit. Set v = B 0&: A — Def(M>,,) and let

M- A

be the pullback via v of the universal family on Def(M5,,). Then the birational map
m: M — M over A induced by [62, Theorem 2.2] has the desired properties.

Finally, the statement about the Lagrangian fibrations follows from the fact that, since
the Lagrangian fibration M5,, — IP3 in the central fiber factors via My, — May,,
the morphism M — P} factors via a morphism M — P3. m|

As a consequence of the last part of the proof, notice that there is a line bundle £ on
M with
m*E M= Z

and whose restriction to the central fiber satisfies £, = £, where £ is as in (2-5).
For any ¢ # 0, let ®; be the relative theta divisor in M; = J(X;).
Lemmad.6 For x = M or M, let ®, be the divisor defined as the closure of |_J 10 O

in x. Then, ® », is a Cartier divisor and hence the following compatibility conditions
hold (notation as in diagram (4-1)):

(4-3) ®/\710 = (m*®M)|/\710 = mS@MO,

where O, := (O.))o is the fiber of O, over t = 0.
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Proof LetZg,, C Oy be the ideal sheaf of © 5 in M. Since the morphism © » — A
is flat, it follows that the restriction (Zg,,)|r, is the ideal sheaf of ® ¢, in M.
By [66] (cf Section 2.2), Mg = My, is factorial so (Zg,, )|, is locally free. Hence,
50 is Zg . It follows that the divisors ® ¢; and m*® »( agree and so do their central
fibers. a

The next lemma identifies the limit of ®; in M>,,, = M and shows that all line bundles
on M,, deform over M — A. Recall first that by (2-1), NS(M3,,) = U = ({,0),

and for every ¢,
NS(Mt) 2 Ut = (Eh ®t>,

with equality holding for very general . Here ®9 = ©®3,. In particular, inside
NS (]\221,0) we have the following rank-two sublattices both of which are isomorphic
to the hyperbolic lattice U: the limit lattice Uy spanned by the limits £y = ¢ and O,
and the pullback lattice mg NS(May,) = (myl, mgy0).

Lemma 4.7 Let the notation be as above. Then:
(1) The two sublattices Uy = (£, O o) and (mgl, mg6) of NS(MZUO) are the same.

(2) The limit of the relative theta divisor in M is precisely 0, the relative theta
divisor on My, (S) of (2-6).

Proof By Lemmas 4.4 and 4.6, the limit theta divisor (® )¢ is an effective line bundle
on Mo = Mjy,, which restricts to a theta divisor on the smooth fibers of M»,, — P3.
Thus © , is linearly equivalent to an effective line bundle of the form 6 + a{ for
some integer . We show that a = 0. By (4-3), © i = mg®p, = mg (0 + al) and
Lo = mgL. This is enough to conclude that the two sublattices

U=(03,.Lo) and U =my(6.£) =m§NS(May,)

of NS(]\szO) are the same. This proves the first part of the lemma. By Remark 2.5
above, 6 does not contain the singular locus of M, thus mS@ coincides with its
proper transform and is irreducible. Since it has negative Beauville-Bogomolov square
(cf (2-7)), it is a prime exceptional divisor. By [53, Section 5.1], a prime exceptional
divisor deforms where its first Chern class remains algebraic. Thus m;6 deforms
to a relative effective prime exceptional divisor 6; on M. By Corollary 3.4 and
Proposition 3.6, for very general ¢ # 0, the fiber over ¢ of the two irreducible effective
divisors 6 ¢; and © g have to agree since there is only one prime exceptional divisor
on M;. Thus 6 and © ;; have to be equal for every 7. In particular, so are their
restrictions to the central fiber. |
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Corollary 4.8 Let X be a general cubic fourfold and let w: J(X) — P> be the
intermediate Jacobian fibration of [47]. The natural rational zero section of 7 is regular.

Proof Consider a degeneration of cubic fourfolds to the chordal cubic as in Proposition
4.5 and let M — A be the corresponding family. By Lemma 4.6 the divisor ® x4 is
Cartier and by Remark 2.8 it is relatively ample (up to restricting A). Since ® 4 is
—l—invariant, it follows that the birational involution —1 is biregular. One component
of the fixed locus of this involution has the property that its restriction to every fiber is
precisely the closure of the corresponding rational zero section. Since by Remark 2.4, in
the central fiber the section is regular, it follows that for general € A the corresponding
rational section is also regular. a

Consider the family M — A of Proposition 4.5, with its relative theta divisor ® . By
Druel [26] we know that for every ¢, the prime exceptional divisor ®; can be contracted
on a hyper-Kihler projective birational model of M. In the central fiber M; = My,
we have, by Lemma 4.7, that ® »(, = 6. By Lemma 2.6 this divisor can be contracted
after a Mukai flop. We now show that the same is true for any ¢ # 0, namely, that after
a Mukai flop the relative theta divisor can be contracted, possibly up to restricting A.

Proposition 4.9 For general X, the relative theta divisor ® on J = J(X) can be
contracted after the Mukai flop of the zero section.

Proof Let M — IP’g be as in Proposition 4.5. By Corollary 4.8, there is a relative
zero section s: P 2 — M. Let T be its image. Then T is contained in the smooth locus
of the fibers of M — A. Let

P M-->N

be the relative Mukai flop of 7" in M. By Lemma 2.6, the Mukai flop of the zero section
in the central fiber M»,, can be performed in the projective category. Thus, the central
fiber of NV is projective and so are all the fibers of g: N'— A (since by Lemma 4.7
there is an ample class on the central fiber that deforms over A). For ¢ # 0, N} is
smooth while the central fiber N has the same singularities as Mo = M»,,,, since they
are isomorphic away from the flopped locus, which does not meet the singular locus.
Via the birational morphism P, which is a relative isomorphism in codimension one,
we can identify the second integral cohomology group of the fibers of the two families.
In particular, for every t € A we have P,U; C NS(N;), with equality holding for very
general ¢ and for = 0. In what follows we freely restrict A, if necessary, without any
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mention. As in Lemma 2.6, let H be the big and nef line bundle on N that contracts 6,
ie H is a generator of the ray 6+. Since H € PyUy, by Lemma 4.7, H deforms
to a line bundle H on A. For very general ¢, its restriction H; is a generator of the
one-dimensional space (P,)*@,L C NS(NVg). By [27], (P;)«®; can be contracted on a
birational model of N;. We now show that it can be contracted on N} itself. For very
general ¢, the line bundle inducing the divisorial contraction has to be #;, or rather
its proper transform on an appropriate birational model of N;. It follows that for very
general 7 (and thus for all #) H, is big. Moreover, since H is big and nef and Ny has
rational singularities, H* (N, ng ) =0 fori > 0 and any k > 0. It follows that the
locally free sheaf g+« H¥ satisfies base change. Since H is semiample, so is H; for
all 7 in A. For k > 0, the regular morphism W: A" — P (g*g+#¥), relative over A,
is birational onto its image and contracts ®;, for very general ¢ and for t = 0. Up to
further restricting ¢, we can assume that the locus contracted on N is irreducible, and
hence that W, contracts precisely (P;)«®; for every ¢. |

The proof of Theorem 4.1 is now complete:

Proof of Theorem 4.1 Let X be general. By Proposition 4.9 the Mukai flop p:J--> N
of J along the zero section is projective and on J there exists a big and nef line
bundle that contracts the zero section. For very general X, Hjy is unique, up to a
positive rational multiple, and Nef(J) = (L, Hy). Moreover, we have shown that
for general X there is a divisorial contraction N — N, contracting p«©. Since the
divisorial contraction N — N contracts the ruling of ® (cf Proposition 3.6), by (3-2)
it follows that the image of ® in N is birational to the LLSvS 8—fold Z(X). For
very general X, Nef(N) = (p«Hy, p« H), where p* H is the unique (up to a positive
multiple) big and nef line bundle inducing the contraction. By [36, Proposition 4.2],
H is the second ray of the movable cone of J, ie Mov(J) = (L, H). |

5 The Mordell-Weil group of J(X)

Leta: A— B be a projective family of abelian varieties over an irreducible basis B and
suppose that ¢ admits a zero section. The Mordell-Weil group MW (@) of a: A — B is
the group of rational sections of a: A — B. Equivalently, if K denotes the function
field of B, MW(a) is the group of K-rational points of the generic fiber Ag. For
Lagrangian hyper-K#hler manifolds, the study of the Mordell-Weil group of abelian
fibered hyper-Kéhler manifolds was started by Oguiso in [65; 64]. The aim of this
section is to prove the following theorem.
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Theorem 5.1 Let X be a smooth cubic fourfold and let w: J = J(X) — P> be
as in Theorem 1.6, a smooth projective hyper-Kéhler compactification of Jyy. Let
MW(x) be the Mordell-Weil group of r, ie the group of rational sections of 7, and
let H*2(X,7Z), be the primitive degree-four integral cohomology of X . The natural
group homomorphism

¢x: H**(X,Z)o — MW(n)
induced by the Abel-Jacobi map (5-1) is an isomorphism.
Corollary 5.2 The group MW () is torsion-free.

Remark 5.3 In [64] Oguiso proved the existence of Lagrangian fibered hyper-Kéhler
manifolds whose Mordell-Weil group has rank 20. This is the maximal possible rank
among all the known examples of hyper-Kihler manifolds, as follows from the Shioda—
Tate formula of [65]; see also Proposition 5.4 below. Oguiso considers deformations of
the abelian fibration ]\221,0 — P (cf (2-3)) preserving both the Lagrangian fibration
structure and the zero section; among these deformations, Oguiso shows the existence
of Lagrangian fibration with rank 20 Mordell-Weil group [65, Theorem 1.4(2)]. The
general deformation of M 209 —> IP3 for which both the Lagrangian fibration structure
and the zero section are preserved (this is a codimension-two condition) is, up to
birational isomorphism, J(X); see Remark 3.3. By the theorem above, Lagrangian
fibrations of the form J(X), for X with rk H??(X, Z) = 22, satisfy rk MW (xr) = 20.
Thus, they provide an explicit description of Oguiso’s examples.

The following proposition is essentially a reformulation of results from [65; 64].

Proposition 5.4 Let w: M — PP" be a projective hyper-Kéhler manifold with a fixed
(rational) section. Let K = C(IP") be the function field of the base and let M g be the
base change of M to the generic point of P". There is a commutative diagram

0 0

0—— ZL® P, ZD; L+ Pic®(Mg) —— 0

0—— ZL @@, ZD; — NS(M) —= Pic(Mg) —— 0

b

7, ——— NS(Mx)
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where L = n*Opn (1) and where the Dy, ..., Dy are the irreducible components of
the complement of the regular locus of & that do not meet the section. In particular,
k(MW (r)) =1tk(NS(M)) -tk ZL & ZD; — 1 =rk(NS(M)) — k.

Proof The column on the left is exact by definition. By [76], for b in the locus
U C P" parametrizing smooth fibers of 7, Im[r, : NS(M ) — H?(M})] = Z. The same
argument as in Lemma 3.5 shows that a line bundle D on M lies in L= if and only if
D"-L" = (Dypr,)" = 0. Since rk rp, = 1, this holds if and only if D-L" = Dps, =0,
which is equivalent to D € ker rp. This shows that the central column is exact. The same
argument of [64, Theorem 1.1], which was used to show that rk NS(Mg) = 1, shows
that any element in ker(r;) = L goes to zero in NS(M). Thus there are induced
horizontal morphisms L+ — Pic® (Mg ) and Z —NS(M[). Since NS(M ) — Pic(Mk)
is surjective, the bottom horizontal morphism is an isomorphism. The natural morphism
ZL & Z D; — NS(M) is injective, since by [65, Lemma 2.4] it has maximal rank
over Q and NS(M) is torsion-free. Clearly, ZL &; Z D; C ker(rg). To show the
reverse inclusion, let D be any line bundle on M that goes to zero in Pic(Mg). Then,
by what we have already proved, for any smooth fiber we have r, (D) = [D|as,] = 0.
It follows that D is a linear combination of L = 7*Opn (1) and boundary divisors,
ie D e ZL®;ZD;. As k(MW (rr)) = rk Pic® (M), the last statement also follows. O

Remark 5.5 The study of the Mordell-Weil group for the Beauville-Mukai system is
being carried out in joint work in progress with Chiara Camere.

Corollary 5.6 LetJ = J(X) — P? be a hyper-Kihler compactification of the inter-
mediate Jacobian fibration. Then

tk MW () = kNS(J) —2 =tk H>*(X, Z),.

Proof The discriminant locus of 7 is irreducible and the fibers of 7 over the general
point of the discriminant are also irreducible; cf Lemma 1.2. Thus, in the notation
of the proposition above, kerrg = Z L and the equality rk MW () =tk NS(J) —2
follows. The remaining equality follows from Lemma 3.2. a

Remark 5.7 The corollary just proven, which relies on Oguiso’s Shioda—Tate formula
above, is the only part of this section where we use that Jyy admits a hyper-Kéhler
compactification with a regular Lagrangian fibration extending Jyy — U. Indeed, to
define the Abel-Jacobi map ¢y and to prove that it is injective (Section 5.3), we don’t
need to assume the existence of a hyper-Kihler compactification. However, we will
use this corollary in the proof of the surjectivity (Section 5.4).
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Remark 5.8 An interesting problem is to study the action on J of the birational
automorphisms induced by translation by a nontrivial element of MW (xr), as well
as to study the automorphism group of the generic fiber Jg. A consequence of the
observations of Section 3.1 is that if J — P> has irreducible fibers, then the birational
automorphisms induced by translation are regular morphisms.

5.1 The Abel-Jacobi mapping

This sections uses some ingredients from the theory of normal functions (certain
holomorphic sections of intermediate Jacobian fibrations), as developed and used by
Griffiths [30; 31], Zucker [83; 84] and Voisin [78]. We refer to these papers, as well as
to [77, Sections 7.2.1 and 8.2.2], for the relevant theory.

The first task is to define the morphism ¢y : H*2(X,Z)y — MW(x). One way to
do this is to use relative Deligne cohomology, which allows us to define an algebraic
section of the fibration Jyy — U. See, for example, [78; 28].

A more geometric way to define the morphism ¢y is in terms of algebraic cycles and
Abel-Jacobi maps, which is what we use here. This is possible because the integral
Hodge conjecture holds for degree-four Hodge classes on X [78; 84]. It allows us
to avoid, in the current presentation, defining the normal function associated with a
cohomology class. The reader should keep in mind, however, that constructing an
algebraic section of the intermediate Jacobian fibrations with a Hodge class on X is a
key ingredient in the proof of the Hodge conjecture of [78; 84], so the shortcut is only
at the level of our presentation.

As already mentioned, the integral Hodge conjecture holds for degree-four Hodge
classes on X. In particular, for every class « € H?2(X,Z), there is an algebraic
cycle Z such that [Z] = a. Let V C IP3 be the open subset parametrizing smooth
hyperplane sections of X that do not contain any of the components of Z. If « is a
primitive cohomology class, then for b = [Y3] € V, the one-cycle Z, satisfies

[Zy,]=0 in H*(Y;.Z) =Z,

and hence determines a point ¢y, (Zp) € Jac(Y}) in the intermediate Jacobian of Y.
By Griffiths [31] (see also [77, Section 7.2.1]) the assignment

oz:V—=>Jy, b oy, (Zp),

defines a holomorphic section of the restriction of J to V C IP>. By [83], this section
is, in fact, algebraic: indeed, consider a Lefschetz pencil )’ — P! of hyperplanes of X
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with P! C V' and with the property that none of the singular points of the members
of the pencil are contained in Z. By [83, Proposition (4.58)] the restriction of oz to
the nonempty open subset V N P! of the pencil extends to a holomorphic function
on all of P! and is thus algebraic; see also [28]. Since a holomorphic function that is
algebraic in each variable is algebraic (see for example [14, Chapter IX, Theorem 5]),
it follows that oz actually defines a rational function on P, ie

oz € MW(mr).

The holomorphic section gz does not depend on the algebraic cycle representing «.
Indeed, since CHy(X) = Z, by [79, Theorem 6.24] it follows that the cycle map
CH?(X) — H*2(X,Z) is injective. It follows that if Z and Z’ are homologous, then
they are rationally equivalent in X and hence so are their restrictions to a general
smooth hyperplane section. The conclusion of this discussion is that the Abel-Jacobi
map induces a well-defined group homomorphism

(5-1) dx: H**(X,Z)o > MW(r), a=[Z]—o04:=0y.

We prove injectivity of ¢x in Section 5.3 and surjectivity in Section 5.4. Since we
will restrict to general pencils in IP3, we start by recalling a few standard facts about
Lefschetz pencils of cubic threefolds.

5.2 Preliminaries on Lefschetz pencils

We start by setting up the notation. Let P! C (P°)V be a Lefschetz pencil with base
locus a smooth cubic surface ¥ C X. We have the diagram

ZXPIQV
Y>e——— X

where ) = Bly X, ¢: ) — P! is the fibration of threefolds, and i: ¥ x P! — )/
is the inclusion of the exceptional divisor in ). Let j: U’ C P! be the open subset
parametrizing smooth fibers.

The following lemma is standard. We include a proof for lack of reference.

Lemma 5.9 The homology and cohomology groups of a cubic threefold which is
smooth or has one A, singularity have no torsion. Moreover, using notation as above,

R'g«Z =0, R*>qsZ =17, R3¢q:Z=jxj*R3q+Z, R*q:Z7Z =1.
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Proof The statement about the homology groups of a cubic threefold with at most an
A1 singularity follow from [24, Example 5.3 and Theorem 2.1]; using the universal
coefficient theorem, the statements on the cohomology groups then follow. From loc. cit.
it also follows that H*(Y,Z) = H4(Y,Z)V = Z, and hence R*q+7Z = Z follows by
proper base change. The first two statements on the higher direct images follow from
the Lefschetz hyperplane section theorem. The third equality, which is also known as
the “local invariant cycle” property, is well known to hold with Q—coefficients, and we
now show it with Z—coefficients, as follows. By adjunction, there is a natural morphism

e R3guZ — ju J¥*R3q4Z,

which is an isomorphism over U. To show ¢ is an isomorphism over any point of
B :=P!\ U’ we restrict, for every by € B, to a small disk A centered at by. Then ¢ is
an isomorphism around b if and only if the specialization morphism

H3(Ypy, Z) = H* (Y, Z) — H>(Yp, Z)™ = (ju j*R*qxZ)p,

is an isomorphism (cf [69, pages 439-440]), where b € ANU’ and H?(Y}, Z)™ C
H?3(Y}, Z) are the local monodromy invariants. Let § € H3(Y}, Z) be the vanishing
cycle of Y'aA. By the Picard-Lefschetz formula, H 3(Yy, Z)™ = 7.8+, where L is
taken with respect to the intersection product, which is nondegenerate since H3 (Y}, Z)
is torsion-free. By [77, Corollary 2.17], there is a short exact sequence

0—>7Z6—~ H3(Yb,Z) — H3(y,A,Z) = H3(Yb0,Z) — 0,

where 0 # § € H3(Yp, Z) is the class of the vanishing cycle. Dualizing, we get a short
exact sequence

0— H?(Yp,, Z) - H*>(Yp,Z) — (Z8)¥ — 0.

(Recall the absence of torsion in the homology groups of ¥, and Yj,.) Using the
isomorphism Hj3(Yy,Z) = H?3(Y},Z) induced by Poincaré duality, we make the
identification Z§1 = ker[H> (Y}, Z) — Z§V] =Im[H3 (Yp,, Z) — H3(Y},Z)]. O

It is well known that for a Lefschetz pencil the Leray spectral sequence with coefficients
in Q degenerates at E,. For a Lefschetz pencil of cubic threefolds, this is true also for
Z coefficients. Again, we include a proof for lack of reference. For the whole family of
smooth hyperplane sections of X the Leray spectral sequence with integers coefficients
does not degenerate at E5; this is the starting point of the construction of the nontrivial
Jy—torsor of [80], cf Remark 1.14.
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Lemma 5.10 Letq:)’ — P! be as above. The Leray spectral sequence with 7. coef-
ficients degenerates at E,. In particular, the Leray filtration on H*()', Z) is given by
Z=H*P',R*f,Z)Cc Ly c H*(Y',Z) - H°(P',R* ,72) = Z,

(5-2)
0— H*(P',R*f,7) > L %> H'(P', R} f,7Z) — 0.

Proof Because of the many vanishings in the E,—page of the spectral sequence, the
only map we need to show is trivial is H*(P!, R*¢q4«Z) — H?*(P', R3¢.7Z). For this,
it is enough to show that H* (Y}, Z) — H°(P!, R*q«7Z) is surjective, which is clearly
true since both groups are generated by the class of a line. |

Consider the decomposition
(5-3) H*(Y'.Z)= H*(X.2) ® H*(3.Z) ® H*(Z.Z)

given by the blowup formula. The inclusion of the first summand is given by the
pullback p*; we freely omit the symbol p* when viewing H*(X, Z) as a subspace of
H*()',Z). The inclusion of the second factor is via the map H*(X,Z) — H*()',Z)
given by C > i,(C x P1). Finally, the inclusion of the last summand is through the
map H%(2,2) = H'(Z,2) @ H*(P',Z) — H*()', Z) that sends [Z] = [ x p] —
i«([Z x p]), where p € P! is a point. We highlight the following results for later use.

Lemma 5.11 There is a natural isomorphism H°(Z,7) =~ H*(P', R?>q4Z) which
allows the identification of the inclusion

HY(£.2) = H(S.2)® HX(P'.2) 1> H*(Y'. Z)
of (5-3) with the inclusion H*(P', R?>q4«Z) — H*()', Z) induced by the Leray filtra-

tion of Lemma 5.10.

Proof The closed embedding i: ¥ x P! < ) determines an isomorphism p,,7Z =
R?q47 of constant local systems. Here, p,: ¥ x P! — P! is the projection onto the
section factor. Since H?(P!, p,,7Z) = H*(X,Z)® H?*(P', Z) the lemma follows. O

Via p*, we identify H*(X,Z)o = L, N H*(X,Z) and set L}> = L; N H>2(V, 7).
Here L1 C H 4 (', Z) denotes the second piece of the Leray filtration; see (5-2).

Corollary 5.12 The surjective morphism y: Ly — H'(P!, R3q.Z) of (5-2) restricts
to an injection

y:LiN(H>*(X,Z)® H*(2,2)) = L7?/ ker(y) — H' (P!, R3¢, Z).
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Proof From Lemmas 5.10 and 5.11 above, it follows that ker(y) = H?(P!, R?>q4Z) =
H°(%,Z). Thus, by (5-3), it follows that H*(X,Z) @ H*(X,Z)) Nker(y) = {0}.
Since H%(X,7Z) C L; and
(5-4) LiN(H**(X,Z)® H*(Z,Z)® H°(X,Z))

=L N(H**(X,Z)® H*(Z.,Z)) ® H*(Z, Z),
the corollary follows. O

Lemma 5.13 The restriction morphism H'(P!, R3¢q.Z) — H'(U', R3qu,7) is
injective.

Proof The Leray spectral sequence for the open immersion j: U’ — P!, applied to
the sheaf j*R3¢«Z = R3qy' .7, gives a five-term exact sequence starting with
0—> H' (P!, juj*R3qsZ) - H'(U', R3qu:,Z) — --- .

This concludes the proof, since by Lemma 5.9, R} ¢+Z = j« j* R3¢+ Z. a

5.3 Injectivity of ¢ x
The proof of injectivity uses the Hodge class of a normal function; see [83] and
[77, Section 8.2.2].
For a pencil ) — P! as above, set
H*2(V L) := L} =kerlH**(V', Z) - H*(P', R*q.Z)] = L1 N H*?(V', Z),
and let

7=J ->P' and Jy —>U’

be the restriction of the intermediate Jacobian fibration to P! and to U’. Choosing a
set of generators for H?2(X,Z), let )’ — P! be a general enough pencil that the
restriction morphism

(5-5) ¢y H**(X, 7)o — MW(rr')

is well-defined. Here, MW (7r’) is the group of rational sections of 7. Similarly, we get
a group homomorphism ¢/, : H*2(Y', Z)o — MW (). Moreover, if « € H*>2(X, Z)o,
then

¢y (p*e) = (@) € MW ().

Recall the Hodge class of a normal function; see for instance [77, Section 8.2.2] and
[83, Proposition (3.9)]. Let H3 = R3qU/*Z ®z Oy be the Hodge bundle associated
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to the weight-three variation of Hodge structure of the pencil and let F*#> be the
Hodge filtration. The sheaf Jy+ of holomorphic sections of the intermediate Jacobian
fibration fits into the exact sequence

0= R [y 7 —H ) F*H — Jyr — 0,
and the coboundary morphism
HOU', Ju) L HY(U', R} £, Z), v cl(v),

associates to every holomorphic section v of Jy» — U’ aclass cl(v) in H'(U’, R3q+7Z),
called the Hodge class of v —in the present context, this class is of Hodge type with
respect to the Hodge structure on H'(U’, R3¢+7) induced from that on H*()',7Z)
via the degeneracy of the Leray spectral sequence; see [83, Section 3].

Lemma 5.14 Let)’ — P! be a general pencil. The homomorphism

O H(X. Z)o L> MW (')

of (5-5) is injective.
Proof By [83, Proposition (3.9)] —see also [77, Lemma 8.20] — the diagram

H2>2(X, 7)o —2— H?2(V'. 7)o —— H' (P!, R? p,Z)

(5-6) k ¢g,¢ ls

HO(U/v \-7U’) T) Hl(Ulv R3f/*Z)

is commutative. The map ¢ is injective by Lemma 5.13, and p* o y is injective by
Corollary 5.12. Hence, clo ¢} is injective and thus so is ¢ . O

5.4 Surjectivity of ¢ x

There are three ingredients in the proof of surjectivity:

o the fact that tk MW (rr) = tk H>2(X, Z)y, as proved in Corollary 5.6;
¢ the restriction, once again, to Lefschetz pencils;

¢ the techniques used in [78; 84] for the proof of the integral Hodge conjecture
for cubic fourfolds.
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We remark that we use their argument in a slightly different way. To prove the Hodge
conjecture one starts with a cohomology class, uses it to define a normal function,
and then uses the normal function to construct an algebraic cycle representing the
cohomology class (possibly up to a multiple of a complete intersection surface). See [78]
for more details. Here we start with a rational section of the intermediate Jacobian
fibration, we restrict to a general pencil, and use the same method of Voisin to construct
an algebraic cycle inducing the section via the Abel-Jacobi map. Then we have to check
that the cohomology class representing this cycle is primitive, that it is independent of
the pencil, and that it induces, via ¢x, the section we started from.

Since by Corollary 5.6 the cokernel of the injection ¢y : H>*(X,Z)o — MW(r)
is finite, for any 0 € MW () there is an integer N and a cohomology class o €
H?*2(X,Z) such that

(5-7) Oy = ¢x (o) = No.

We will show, again using Lefschetz pencils, that given o and o as above, there exists a
B’ € H*?(X,Z), such that o = N B’. This will give the desired surjectivity. Before
we do so, let us introduce some results that we will need.

For a general pencil ) — P!, let
Ty > P!

be the restriction of the intermediate Jacobian fibration JIT — P35 of [80] (compare with
Remark 1.14) to the pencil. For a conic C C X, consider the relative one-cycle of degree
two in ) — P! —any other degree-two relative one-cycle that comes from X will do.
This defines a section of (JT) — P!, which trivializes the torsor (J7)y inducing
an isomorphism J/,, = (J 7). It is easily seen that this extends to an isomorphism
tc:J = (JT) over P'. For any o’ € H*(U’, Jy), we may consider the induced
section

(0TY :=tcoo’ e HOU', JL)).
The following result is proved in Voisin [78]; see also [84, Theorem (3.2)], where the
result is proved over Q.

Proposition 5.15 [78, Section 2.3] For any section 6’ € MW (x), there is a relative
one-cycle Z on')’ of degree two such that the cohomology class

p'=12]-[CxP'le H**(V.Z)o
satisfies ¢\, (B") = o’ in MW (xr').
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Proof For the reader’s convenience, we give a brief sketch of the argument. By a
result of Markushevich and Tikhomirov [54] and Druel [26] there is a relative birational
morphism ¢3: My, — J, 5,, where M, — U’ is the relative moduli space of sheaves
on )'y — U’ with ¢; = 0 and ¢, = 2{. The morphism associates to every sheaf
corresponding to a point in M/, the Abel-Jacobi invariant of its second Chern class.
Given a section (67)" € HO(U’, (]5,) as above, Voisin uses M7;, — U’ to construct a
family Cy of degree-two curves in the fibers of )’y — U’ with the property that for
every b € U’, the curve Cp, represents the ¢, of a sheaf over (o7 )’(b). By construction,
letting Z be the closure of Cy- in )’ and setting ' :=[Z]—[C x P! e H>2()', 7).,
we have ¢1, (') =0’ in HU', Ju). |

Let 0 € MW (). For a general pencil P! C P3, let o’ = ojp: be the restriction of o
to P!, and let B’ be as in the proposition above so that ¢}, (B") = o’. It is tempting to
say that, via ¢y, the class B’ induces o globally and not just on that pencil. This is
indeed the case, though we first need to check that B’ lies in the primitive cohomology
of X and that 8’ is independent of the pencil as well as of the chosen isomorphism
tc:J' = (JT)'. More precisely, we need to check that 8’ induces o over an open
subset of P> and not just on the chosen pencil. Before checking this, we have the
following proposition.

Recall that we have set H>2()',Z)o = L1 N H*2(Y', 7).

Proposition 5.16 [83, Theorem (4.17)] The Abel-Jacobi morphism
¢yt H**(V', Z)o —MW(x') c H'(U'. Ju)
is surjective and defines an isomorphism
¢y LiN(H*2(X,Z)® HX(Z,Z)) - MW(x)).
Proof By diagram (5-6) and the fact that ¢ is injective, ker(¢yr) = ker y, which by
Lemma 5.10 is equal to H°(X, Z). Since ¢y is surjective by the proposition above,

the induced morphism ¢y : H22(Y', Z)o/ H(X, Z) — MW () is an isomorphism.
Finally, by (5-4), H>2()',Z)o/H*(2,Z) = L N (H**(X,Z)® H*(X,Z)). O

We can now end the proof of surjectivity. For 0 € MW(x), let o € H*2(X,Z),

be as in (5-7). Restricting to a pencil )’ — P!, set o/ = opp1 and let B’ be as in
Proposition 5.15 such that ¢y (8’) = o’. Finally, let 8’ be the projection of 8’ onto
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LN (H*2(X,Z)® H*(X,Z)). In an abuse of notation, we are omitting p* from
the inclusion of H*(X,Z) in H*()’, Z) and we will write « instead of p*o. We have

¢y (@) = (¢x (@) p1 = No' = Ny (B") = ¢y (NB).
By Proposition 5.16, 0 = N’ € L1 N (H*2(X,Z) ® H*(Z,Z)). Since
ae€ H**(X,Z)g C L1 N (H**(X,Z) ® H*(Z, 7)),

it follows that B, too, has to lie in H22(X, Z)o C H*2()', Z). Moreover, the class 8/,
which a priori depends on the chosen Lefschetz pencil, is independent of the pencil.
Set 0g = ¢x (B'). Then, for any sufficiently general Lefschetz pencil P! C P3, we
have an equality of sections

(OB,)|P1 =op!,

and hence the two rational sections 0g and o coincide. This proves surjectivity.

Appendix On the Beauville conjecture for LSV varieties
by Claire Voisin

In this appendix we explain a consequence of Corollary 3.10 on the following conjecture
made by Beauville in [10].

Conjecture A.1 Let M be a projective hyper-Kéhler manifold. Any polynomial
cohomological relation P(dy,...,d;) =0in H*(M,Q), where d; are divisor classes
on M, already holds in CH(M).

Here CH(M) denotes the Chow groups of M with rational coefficients. Let now
M — B be a projective hyper-Kéhler manifold of dimension 2n equipped with a
Lagrangian fibration, and let L € Pic M = NS(M) be the Lagrangian class pulled
back from Bj; see [55]. We have ¢(L) = 0 by the Beauville-Fujiki relations, since
L*" = 0. Let also & € Pic M = NS(M) be the class of an ample divisor on M, so
that the intersection pairing ¢ restricted to (L, &) is nondegenerate by the Hodge index
theorem. The same argument as in [15] shows that the polynomial cohomological
relations between L and / are generated by the relations

(A-1) "1 =0 in H*""2(M,Q) when g(a) =0 for o € (L, h).

Here we can restrict to rational cohomology classes because we know that there is
an isotropic class in (L, #). We consider now, more specifically, an LSV variety J
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(which is of dimension 10, so n = 5) constructed in [47] as a Lagrangian fibration
over P>, The Picard group of a very general such variety is a rank-two lattice which
contains as above the Lagrangian class L and an ample class, but we take as a basis the
classes L and ©, where ® was introduced in [47] and is studied in the present paper.
Riess proved in [72] that a hyper-Kéhler manifold M which has a Lagrangian fibration
and satisfies the “RLF conjecture” characterizing classes associated to Lagrangian
fibrations, satisfies Beauville’s conjecture. However we do not know that the LSV
varieties satisfy the RLF conjecture. We prove here the following result.

Theorem A.2 The relations (A-1) hold in CH(J) for the lattice (L, ®) of an LSV
variety J. Conjecture A.1 is thus satisfied by an LSV variety with Picard number two.

Proof There are, up to multiples, exactly two classes L and L’ in (L, ®) satisfying
q(L)=0,g(L") =0. Obviously L® =0 in CH(J) since L comes from the base which
is of dimension 5, so we only have to prove that L'®*=0in CH(J). We use Riess’
argument in [72], however, in a different way. As a consequence of fundamental results
of Huybrechts in [36], Riess proved the following:

Theorem A.3 [72, Theorem 3.3] Let K be an isotropic class on a projective hyper-
Kahler manifold M of dimension 2n. Then there exists a cycle I" € CH?"(M x M)
such that T'* acts as an automorphism of CH(M) preserving the intersection product,
the action of I'* on H*(M ) preserves the Beauville-Bogomolov form gz, and T'* K
belongs to the boundary of the birational Kéhler cone of M .

Here the birational Kihler cone of M is defined as the union of the Kihler cones of
hyper-Kihler manifolds M’ bimeromorphic to M (the bimeromorphic map M’ --> M
inducing an isomorphism on H?). We apply this theorem to our class L’ on J and
thus get a correspondence I" as above. The class I'* L’ is an isotropic class, hence it
must be proportional to either L’ or L. Furthermore, it belongs to the boundary of the
birational K#hler cone. We now have:

Lemma A.4 The class L’ does not belong to the boundary of the birational Kéhler
cone.

Proof This is proved in Corollary 3.10 of the present paper. a

By Lemma A.4, we conclude that T'* L’ is proportional to L. As L% = 0 in CH®(J)
and I'* is an automorphism of CH(J) preserving the intersection product, we conclude
that L'® = 0 in CHS(J). 0
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If we consider the case of Picard rank three, where the Picard lattice N of J is
generated by three classes L, ® and D with g(L, D) =0 and ¢(®, D) = 0, there are
now, according to [15], 13 degree-six cohomological relations between L, ® and D,
generated by the classes a® € S°N C S®H?(J,Q), where « belongs to the conic
¢(a) = 0. Among these relations, two of them, namely those involving only L and ©®,
are established in CH(J) by Theorem A.2. We also have the relations

(A-2) L°D=0 and L’D=0 in H'*(J,Q),

which are obtained by differentiating the relation (A-1) at « = L or « = L’ in the
direction given by D, which is tangent to the conic at these points since g(D, L) =0
and ¢(D, L") = 0. We prove the following:

Theorem A.5 The relations (A-2) are satisfied in CH®(J).

Proof The first relation is proved by applying the following result from [81], which
works in a more general context and needs a mild assumption on the infinitesimal
variation of Hodge structure of a family of abelian varieties at the generic point of the
base. More generally, let M — B be a fibration into abelian varieties and let A € Pic M
be a line bundle whose restriction to the general fiber M}, is topologically trivial.

Proposition A.6 Assume that at the generic pointt € B, there exists a class o €
H'O(Myp) such that V(«): Tgp — H%1(My) is surjective. Then there exists a point
b € B such that M}, is smooth and Ay, is a torsion line bundle.

If all fibers M}, have the same class F in CH(M), it thus follows that F.A = 0 in
CH(M).

Coming back to our situation, we have to check that the assumption on the infinitesimal
variation of Hodge structures is satisfied in our situation. Let J be the LSV variety
of a cubic fourfold X. The infinitesimal variation of Hodge structure for the fibers of
the Lagrangian fibration J — (IP3)V is thus canonically isomorphic to the variation
of Hodge structure on the H? of the hyperplane section Xz C X. If Y is a smooth
cubic threefold in P# defined by an equation f = 0, Griffiths’ theory of IVHS of
hypersurfaces says that there are isomorphisms

H>'(Y)=R; and H"“(Y)= R}

such that the infinitesimal variation of Hodge structure on H3(Y, C) is given (using
the identification R} ~ H!(Y, Ty)) by the multiplication map R} — Hom(R!, R}).
Now consider the case where Y is a hyperplane section Xpg, defined by a linear
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equation H, of the cubic fourfold X. It is immediate to see that the inclusions
Xy € X C P? determine a quadratic polynomial Q X,H € R}% such that the nat-
ural map p: HO(X H,Oxy, (1) — R3, defined as the first-order classifying map
for the deformations of Xy in X, is given by multiplication by Qx, g. Combin-
ing these facts, we conclude that the desired infinitesimal criterion for the fibration
J — (P3)V holds if there exist a smooth hyperplane section Xz C X and a linear
form x € H%(Xp, Ox, (1)) = R} such that, with the above notation, the product map

xXOx,H: R} — R;}
by xQx, g is an isomorphism. It is quite easy to show that the existence of such a
hyperplane section is satisfied by X in codimension one in the moduli space of cubic
fourfolds, hence at the generic point of any Hodge locus in this moduli space, or
equivalently any Noether—Lefschetz locus for the corresponding LSV variety J. The

relation L3 D = 0 in CH®(J) is thus satisfied at the generic point of the deformation
locus of J preserving the Hodge class D, hence everywhere by specialization.

To conclude the proof of Theorem A.5, we have to prove the relation L’ D =0in
CH®(J). This follows however from the relation L°>D = 0 in CH®(J) by the same
argument as in the proof of Theorem A.2, using the specialization of the cycle I" and
observing that T'* acts by £1 on H2(J, Q)1{£-©) hence on D. |

References

[11 N Addington, On two rationality conjectures for cubic fourfolds, Math. Res. Lett. 23
(2016) 1-13 MR Zbl

[2] N Addington, R Thomas, Hodge theory and derived categories of cubic fourfolds,
Duke Math. J. 163 (2014) 1885-1927 MR Zbl

[3] V Alexeev, Compactified Jacobians and Torelli map, Publ. Res. Inst. Math. Sci. 40
(2004) 1241-1265 MR Zbl

[4] D Arcara, A Bertram, Bridgeland-stable moduli spaces for K—trivial surfaces, J. Eur.
Math. Soc. 15 (2013) 1-38 MR Zbl

[5] A Bayer, Wall-crossing implies Brill-Noether: applications of stability conditions on
surfaces, from “Algebraic geometry: Salt Lake City 2015” (T de Fernex, B Hassett, M
Mustatd, M Olsson, M Popa, R Thomas, editors), Proc. Sympos. Pure Math. 97, Amer.
Math. Soc., Providence, RI (2018) 3-27 MR Zbl

[6] A Bayer, M Lahoz, E Macri, H Nuer, A Perry, P Stellari, Stability conditions in
families, Publ. Math. Inst. Hautes Etudes Sci. 133 (2021) 157-325 MR Zbl

Geometry & Topology, Volume 27 (2023)


http://dx.doi.org/10.4310/MRL.2016.v23.n1.a1
http://msp.org/idx/mr/3512874
http://msp.org/idx/zbl/1375.14134
http://dx.doi.org/10.1215/00127094-2738639
http://msp.org/idx/mr/3229044
http://msp.org/idx/zbl/1309.14014
http://dx.doi.org/10.2977/prims/1145475446
http://msp.org/idx/mr/2105707
http://msp.org/idx/zbl/1079.14019
http://dx.doi.org/10.4171/JEMS/354
http://msp.org/idx/mr/2998828
http://msp.org/idx/zbl/1259.14014
http://dx.doi.org/10.1090/pspum/097.1/01668
http://dx.doi.org/10.1090/pspum/097.1/01668
http://msp.org/idx/mr/3821144
http://msp.org/idx/zbl/1451.14048
http://dx.doi.org/10.1007/s10240-021-00124-6
http://dx.doi.org/10.1007/s10240-021-00124-6
http://msp.org/idx/mr/4292740
http://msp.org/idx/zbl/1481.14033

1534

(7]

(8]

[9]

(10]

(11]

[12]

[13]

(14]

(15]

[16]

(17]

(18]

[19]

(20]

(21]

(22]

Giulia Sacca

A Bayer, E Macri, MMP for moduli of sheaves on K3s via wall-crossing: nef and
movable cones, Lagrangian fibrations, Invent. Math. 198 (2014) 505-590 MR Zbl

A Bayer, E Macri, Projectivity and birational geometry of Bridgeland moduli spaces,
J. Amer. Math. Soc. 27 (2014) 707-752 MR Zbl

A Beauville, Vector bundles on the cubic threefold, from “Symposium in honor of CH
Clemens” (A Bertram, J A Carlson, H Kley, editors), Contemp. Math. 312, Amer. Math.
Soc., Providence, RI (2002) 71-86 MR Zbl

A Beauville, On the splitting of the Bloch—Beilinson filtration, from “Algebraic cycles
and motives, I (J Nagel, C Peters, editors), London Math. Soc. Lecture Note Ser. 344,
Cambridge Univ. Press (2007) 38-53 MR Zbl

A Beauville, Vector bundles on Fano threefolds and K3 surfaces, Boll. Unione Mat.
Ital. 15 (2022) 43-55 MR Zbl

A Beauville, R Donagi, La variété des droites d’une hypersurface cubique de dimen-
sion 4, C. R. Acad. Sci. Paris Sér. I Math. 301 (1985) 703-706 MR Zbl

C Birkar, P Cascini, CD Hacon, J McKernan, Existence of minimal models for
varieties of log general type, J. Amer. Math. Soc. 23 (2010) 405-468 MR Zbl

S Bochner, W T Martin, Several complex variables, Princeton Mathematical Series
10, Princeton Univ. Press (1948) MR Zbl

F A Bogomolov, On the cohomology ring of a simple hyper-Kdihler manifold (on the
results of Verbitsky), Geom. Funct. Anal. 6 (1996) 612-618 MR Zbl

T Bridgeland, Stability conditions on K3 surfaces, Duke Math. J. 141 (2008) 241-291
MR Zbl

P Brosnan, Perverse obstructions to flat regular compactifications, Math. Z. 290 (2018)
103-110 MR Zbl

M A A de Cataldo, A Rapagnetta, G Sacca, The Hodge numbers of O’Grady 10 via
Ngo strings, J. Math. Pures Appl. 156 (2021) 125-178 MR Zbl

F Charles, G Mongardi, G Pacienza, Families of rational curves on holomorphic
symplectic varieties and applications to zero-cycles, preprint (2019) arXiv 1907.10970

CH Clemens, P A Griffiths, The intermediate Jacobian of the cubic threefold, Ann. of
Math. 95 (1972) 281-356 MR Zbl

H Clemens, The infinitesimal Abel-Jacobi mapping for hypersurfaces, from “The
Lefschetz centennial conference, I” (D Sundararaman, editor), Contemp. Math. 58,
Amer. Math. Soc., Providence, RI (1986) 81-89 MR Zbl

A Collino, The fundamental group of the Fano surface, 1, I1, from “Algebraic threefolds”
(A Conte, editor), Lecture Notes in Math. 947, Springer (1982) 209-220 MR Zbl

Geometry & Topology, Volume 27 (2023)


http://dx.doi.org/10.1007/s00222-014-0501-8
http://dx.doi.org/10.1007/s00222-014-0501-8
http://msp.org/idx/mr/3279532
http://msp.org/idx/zbl/1308.14011
http://dx.doi.org/10.1090/S0894-0347-2014-00790-6
http://msp.org/idx/mr/3194493
http://msp.org/idx/zbl/1314.14020
http://dx.doi.org/10.1090/conm/312/04987
http://msp.org/idx/mr/1941574
http://msp.org/idx/zbl/1056.14059
http://msp.org/idx/mr/2187148
http://msp.org/idx/zbl/1130.14006
http://dx.doi.org/10.1007/s40574-020-00266-1
http://msp.org/idx/mr/4390542
http://msp.org/idx/zbl/1498.14113
https://gallica.bnf.fr/ark:/12148/bpt6k5496893q/f23.item.zoom
https://gallica.bnf.fr/ark:/12148/bpt6k5496893q/f23.item.zoom
http://msp.org/idx/mr/818549
http://msp.org/idx/zbl/0602.14041
http://dx.doi.org/10.1090/S0894-0347-09-00649-3
http://dx.doi.org/10.1090/S0894-0347-09-00649-3
http://msp.org/idx/mr/2601039
http://msp.org/idx/zbl/1210.14019
http://msp.org/idx/mr/0027863
http://msp.org/idx/zbl/0041.05205
http://dx.doi.org/10.1007/BF02247113
http://dx.doi.org/10.1007/BF02247113
http://msp.org/idx/mr/1406665
http://msp.org/idx/zbl/0862.53050
http://dx.doi.org/10.1215/S0012-7094-08-14122-5
http://msp.org/idx/mr/2376815
http://msp.org/idx/zbl/1138.14022
http://dx.doi.org/10.1007/s00209-017-2010-0
http://msp.org/idx/mr/3848425
http://msp.org/idx/zbl/1422.14015
http://dx.doi.org/10.1016/j.matpur.2021.10.004
http://dx.doi.org/10.1016/j.matpur.2021.10.004
http://msp.org/idx/mr/4338453
http://msp.org/idx/zbl/1483.14071
http://msp.org/idx/arx/1907.10970
http://dx.doi.org/10.2307/1970801
http://msp.org/idx/mr/302652
http://msp.org/idx/zbl/0245.14010
http://dx.doi.org/10.1090/conm/058.1/860405
http://msp.org/idx/mr/860405
http://msp.org/idx/zbl/0602.14040
http://dx.doi.org/10.1007/BFb0093589
http://msp.org/idx/mr/672618
http://msp.org/idx/zbl/0492.14032

Birational geometry of the intermediate Jacobian fibration 1535

(23]

(24]

[25]

(26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

[34]
(35]

(36]

(37]

(38]

A Collino, J P Murre, The intermediate Jacobian of a cubic threefold with one ordinary
double point; an algebraic-geometric approach, I, Nederl. Akad. Wetensch. Proc. Ser.
A 81 (= Indag. Math. 40) (1978) 43-55 MR Zbl

A Dimca, On the homology and cohomology of complete intersections with isolated
singularities, Compositio Math. 58 (1986) 321-339 MR Zbl

R Donagi, E Markman, Spectral covers, algebraically completely integrable, Hamil-
tonian systems, and moduli of bundles, from “Integrable systems and quantum groups”
(M Francaviglia, S Greco, editors), Lecture Notes in Math. 1620, Springer (1996) 1-119
MR Zbl

S Druel, Espace des modules des faisceaux de rang 2 semi-stables de classes de Chern
c1 =0, ¢a =2etc3 =0 surla cubique de P4, Int. Math. Res. Not. (2000) 985-1004
MR Zbl

S Druel, Quelques remarques sur la décomposition de Zariski divisorielle sur les
variétés dont la premiere classe de Chern est nulle, Math. Z. 267 (2011) 413-423 MR
Zbl

F El Zein, S Zucker, Extendability of normal functions associated to algebraic cycles,
from “Topics in transcendental algebraic geometry” (P Griffiths, editor), Ann. of Math.
Stud. 106, Princeton Univ. Press (1984) 269-288 MR Zbl

D Greb, C Lehn, S Rollenske, Lagrangian fibrations on hyperkéihler manifolds—on a
question of Beauville, Ann. Sci. Ec. Norm. Supér. 46 (2013) 375-403 MR Zbl

P A Griffiths, On the periods of certain rational integrals, I, II, Ann. of Math. 90
(1969) 460-541 MR Zbl

P A Griffiths, Periods of integrals on algebraic manifolds, III: Some global differential-
geometric properties of the period mapping, Inst. Hautes Etudes Sci. Publ. Math. 38
(1970) 125-180 MR Zbl

CD Hacon, SJ Kovacs, Classification of higher dimensional algebraic varieties,
Oberwolfach Seminars 41, Birkhduser, Basel (2010) MR Zbl

J Harris, M Roth, J Starr, Curves of small degree on cubic threefolds, Rocky Mountain
J. Math. 35 (2005) 761-817 MR Zbl

B Hassett, Special cubic fourfolds, Compositio Math. 120 (2000) 1-23 MR Zbl

D Huybrechts, Compact hyper-Kdhler manifolds: basic results, Invent. Math. 135
(1999) 63-113 MR Zbl

D Huybrechts, The Kdhler cone of a compact hyperkdhler manifold, Math. Ann. 326
(2003) 499-513 MR Zbl

D Huybrechts, The K3 category of a cubic fourfold, Compos. Math. 153 (2017) 586—
620 MR Zbl

D Kaledin, M Lehn, C Sorger, Singular symplectic moduli spaces, Invent. Math. 164
(2006) 591-614 MR Zbl

Geometry & Topology, Volume 27 (2023)


http://dx.doi.org/10.1016/S1385-7258(78)80003-1
http://dx.doi.org/10.1016/S1385-7258(78)80003-1
http://msp.org/idx/mr/0498604
http://msp.org/idx/zbl/0381.14009
http://www.numdam.org/item?id=CM_1986__58_3_321_0
http://www.numdam.org/item?id=CM_1986__58_3_321_0
http://msp.org/idx/mr/846909
http://msp.org/idx/zbl/0598.14017
http://dx.doi.org/10.1007/BFb0094792
http://dx.doi.org/10.1007/BFb0094792
http://msp.org/idx/mr/1397273
http://msp.org/idx/zbl/0853.35100
http://dx.doi.org/10.1155/S1073792800000519
http://dx.doi.org/10.1155/S1073792800000519
http://msp.org/idx/mr/1792346
http://msp.org/idx/zbl/1024.14004
http://dx.doi.org/10.1007/s00209-009-0626-4
http://dx.doi.org/10.1007/s00209-009-0626-4
http://msp.org/idx/mr/2772258
http://msp.org/idx/zbl/1216.14007
http://dx.doi.org/10.1515/9781400881659-016
http://msp.org/idx/mr/756857
http://msp.org/idx/zbl/0545.14017
https://doi.org/10.24033/asens.2191
https://doi.org/10.24033/asens.2191
http://msp.org/idx/mr/3099980
http://msp.org/idx/zbl/1281.32016
http://dx.doi.org/10.2307/1970746
http://msp.org/idx/mr/0260733
http://msp.org/idx/zbl/0215.08103
http://dx.doi.org/10.1007/BF02684654
http://dx.doi.org/10.1007/BF02684654
http://msp.org/idx/mr/282990
http://msp.org/idx/zbl/0212.53503
http://dx.doi.org/10.1007/978-3-0346-0290-7
http://msp.org/idx/mr/2675555
http://msp.org/idx/zbl/1204.14001
http://dx.doi.org/10.1216/rmjm/1181069707
http://msp.org/idx/mr/2150309
http://msp.org/idx/zbl/1080.14008
http://dx.doi.org/10.1023/A:1001706324425
http://msp.org/idx/mr/1738215
http://msp.org/idx/zbl/0956.14031
http://dx.doi.org/10.1007/s002220050280
http://msp.org/idx/mr/1664696
http://msp.org/idx/zbl/0953.53031
http://dx.doi.org/10.1007/s00208-003-0433-x
http://msp.org/idx/mr/1992275
http://msp.org/idx/zbl/1023.14015
http://dx.doi.org/10.1112/S0010437X16008137
http://msp.org/idx/mr/3705236
http://msp.org/idx/zbl/1440.14180
http://dx.doi.org/10.1007/s00222-005-0484-6
http://msp.org/idx/mr/2221132
http://msp.org/idx/zbl/1096.14037

1536

(39]

[40]

[41]

[42]

[43]

[44]

[45]

[40]

[47]

(48]

[49]

(50]

(51]

(52]

(53]

[54]

Giulia Sacca

J Kollar, Rational curves on algebraic varieties, Ergebnesse der Math. (3) 32, Springer
(1996) MR Zbl

J Kollar, Deformations of elliptic Calabi—Yau manifolds, from “Recent advances in
algebraic geometry” (C D Hacon, M Mustatd, M Popa, editors), London Math. Soc.
Lecture Note Ser. 417, Cambridge Univ. Press (2015) 254-290 MR Zbl

J Kollar, R Laza, G Sacca, C Voisin, Remarks on degenerations of hyper-Kdhler
manifolds, Ann. Inst. Fourier (Grenoble) 68 (2018) 2837-2882 MR Zbl

J Kollar, S Mori, Birational geometry of algebraic varieties, Cambridge Tracts in
Mathematics 134, Cambridge Univ. Press (1998) MR Zbl

A Kuznetsov, Derived categories of cubic fourfolds, from “Cohomological and geo-
metric approaches to rationality problems” (F Bogomolov, Y Tschinkel, editors), Progr.
Math. 282, Birkhduser, Boston, MA (2010) 219-243 MR Zbl

M Lahoz, M Lehn, E Macri, P Stellari, Generalized twisted cubics on a cubic fourfold
as a moduli space of stable objects, J. Math. Pures Appl. 114 (2018) 85-117 MR Zbl

C-J Lai, Varieties fibered by good minimal models, Math. Ann. 350 (2011) 533-547
MR Zbl

R Laza, The moduli space of cubic fourfolds via the period map, Ann. of Math. 172
(2010) 673-711 MR Zbl

R Laza, G Sacca, C Voisin, A hyper-Kdiihler compactification of the intermediate
Jacobian fibration associated with a cubic 4—fold, Acta Math. 218 (2017) 55-135 MR
Zbl

J Le Potier, Faisceaux semi-stables de dimension 1 sur le plan projectif, Rev. Roumaine
Math. Pures Appl. 38 (1993) 635-678 MR Zbl

C Lehn, M Lehn, C Sorger, D van Straten, Twisted cubics on cubic fourfolds, J.
Reine Angew. Math. 731 (2017) 87-128 MR Zbl

M Lehn, C Sorger, La singularité de O’Grady, J. Algebraic Geom. 15 (2006) 753-770
MR Zbl

C Li, L Pertusi, X Zhao, Elliptic quintics on cubic fourfolds, O’Grady 10, and
Lagrangian fibrations, Adv. Math. 408 (2022) art. id. 108584 MR Zbl

E Markman, A survey of Torelli and monodromy results for holomorphic-symplectic
varieties, from “Complex and differential geometry” (W Ebeling, K Hulek, K Smoczyk,
editors), Springer Proc. Math. 8, Springer (2011) 257-322 MR Zbl

E Markman, Prime exceptional divisors on holomorphic symplectic varieties and
monodromy reflections, Kyoto J. Math. 53 (2013) 345-403 MR Zbl

D Markushevich, A S Tikhomirov, The Abel-Jacobi map of a moduli component of
vector bundles on the cubic threefold, J. Algebraic Geom. 10 (2001) 37-62 MR Zbl

Geometry & Topology, Volume 27 (2023)


http://dx.doi.org/10.1007/978-3-662-03276-3
http://msp.org/idx/mr/1440180
http://msp.org/idx/zbl/0877.14012
http://dx.doi.org/10.1017/CBO9781107416000
http://msp.org/idx/mr/3380453
http://msp.org/idx/zbl/1326.14081
http://dx.doi.org/10.5802/aif.3228
http://dx.doi.org/10.5802/aif.3228
http://msp.org/idx/mr/3959097
http://msp.org/idx/zbl/1435.14038
http://dx.doi.org/10.1017/CBO9780511662560
http://msp.org/idx/mr/1658959
http://msp.org/idx/zbl/0926.14003
http://dx.doi.org/10.1007/978-0-8176-4934-0_9
http://msp.org/idx/mr/2605171
http://msp.org/idx/zbl/1202.14012
http://dx.doi.org/10.1016/j.matpur.2017.09.004
http://dx.doi.org/10.1016/j.matpur.2017.09.004
http://msp.org/idx/mr/3801751
http://msp.org/idx/zbl/1401.18034
http://dx.doi.org/10.1007/s00208-010-0574-7
http://msp.org/idx/mr/2805635
http://msp.org/idx/zbl/1221.14018
http://dx.doi.org/10.4007/annals.2010.172.673
http://msp.org/idx/mr/2680429
http://msp.org/idx/zbl/1201.14026
http://dx.doi.org/10.4310/ACTA.2017.v218.n1.a2
http://dx.doi.org/10.4310/ACTA.2017.v218.n1.a2
http://msp.org/idx/mr/3710794
http://msp.org/idx/zbl/1409.14053
http://msp.org/idx/mr/1263210
http://msp.org/idx/zbl/0815.14029
http://dx.doi.org/10.1515/crelle-2014-0144
http://msp.org/idx/mr/3709061
http://msp.org/idx/zbl/1376.53096
http://dx.doi.org/10.1090/S1056-3911-06-00437-1
http://msp.org/idx/mr/2237269
http://msp.org/idx/zbl/1156.14030
http://dx.doi.org/10.1016/j.aim.2022.108584
http://dx.doi.org/10.1016/j.aim.2022.108584
http://msp.org/idx/mr/4456791
http://msp.org/idx/zbl/1505.14083
http://dx.doi.org/10.1007/978-3-642-20300-8_15
http://dx.doi.org/10.1007/978-3-642-20300-8_15
http://msp.org/idx/mr/2964480
http://msp.org/idx/zbl/1229.14009
http://dx.doi.org/10.1215/21562261-2081243
http://dx.doi.org/10.1215/21562261-2081243
http://msp.org/idx/mr/3079308
http://msp.org/idx/zbl/1271.14016
http://msp.org/idx/mr/1795549
http://msp.org/idx/zbl/0987.14028

Birational geometry of the intermediate Jacobian fibration 1537

[55]

[56]

[57]

(58]

[59]

(60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

D Matsushita, On fibre space structures of a projective irreducible symplectic manifold,
Topology 38 (1999) 79-83 MR Zbl

D Matsushita, On almost holomorphic Lagrangian fibrations, Math. Ann. 358 (2014)
565-572 MR Zbl

D Matsushita, On deformations of Lagrangian fibrations, from “K3 surfaces and their
moduli” (C Faber, G Farkas, G van der Geer, editors), Progr. Math. 315, Birkhauser,
Cham (2016) 237-243 MR Zbl

C Meachan, Z Zhang, Birational geometry of singular moduli spaces of O’Grady type,
Adv. Math. 296 (2016) 210-267 MR Zbl

Y Miyaoka, S Mori, A numerical criterion for uniruledness, Ann. of Math. 124 (1986)
65-69 MR Zbl

S Mukai, Symplectic structure of the moduli space of sheaves on an abelian or K3
surface, Invent. Math. 77 (1984) 101-116 MR Zbl

N Nakayama, Zariski-decomposition and abundance, MSJ Memoirs 14, Math. Soc.
Japan, Tokyo (2004) MR Zbl

Y Namikawa, Deformation theory of singular symplectic n—folds, Math. Ann. 319
(2001) 597-623 MR Zbl

K G O’Grady, Desingularized moduli spaces of sheaves on a K3, J. Reine Angew.
Math. 512 (1999) 49-117 MR Zbl

K Oguiso, Picard number of the generic fiber of an abelian fibered hyperkdhler mani-
fold, Math. Ann. 344 (2009) 929-937 MR Zbl

K Oguiso, Shioda—Tate formula for an abelian fibered variety and applications, J.
Korean Math. Soc. 46 (2009) 237-248 MR Zbl

A Perego, A Rapagnetta, Deformation of the O’Grady moduli spaces, J. Reine Angew.
Math. 678 (2013) 1-34 MR Zbl

A Perego, A Rapagnetta, Factoriality properties of moduli spaces of sheaves on
abelian and K3 surfaces, Int. Math. Res. Not. 2014 (2014) 643-680 MR Zbl

A Perry, The integral Hodge conjecture for two-dimensional Calabi—-Yau categories,
Compos. Math. 158 (2022) 287-333 MR Zbl

C AM Peters, J HM Steenbrink, Mixed Hodge structures, Ergebnesse der Math. (3)
52, Springer (2008) MR Zbl

Z Ran, Hodge theory and the Hilbert scheme, J. Differential Geom. 37 (1993) 191-198
MR Zbl

A Rapagnetta, On the Beauville form of the known irreducible symplectic varieties,
Math. Ann. 340 (2008) 77-95 MR Zbl

U RieB, On Beauville’s conjectural weak splitting property, Int. Math. Res. Not. 2016
(2016) 6133-6150 MR Zbl

Geometry & Topology, Volume 27 (2023)


http://dx.doi.org/10.1016/S0040-9383(98)00003-2
http://msp.org/idx/mr/1644091
http://msp.org/idx/zbl/0932.32027
http://dx.doi.org/10.1007/s00208-013-0964-8
http://msp.org/idx/mr/3175134
http://msp.org/idx/zbl/1295.32033
http://dx.doi.org/10.1007/978-3-319-29959-4_9
http://msp.org/idx/mr/3524170
http://msp.org/idx/zbl/1350.53104
http://dx.doi.org/10.1016/j.aim.2016.02.036
http://msp.org/idx/mr/3490768
http://msp.org/idx/zbl/1344.14012
http://dx.doi.org/10.2307/1971387
http://msp.org/idx/mr/847952
http://msp.org/idx/zbl/0606.14030
http://dx.doi.org/10.1007/BF01389137
http://dx.doi.org/10.1007/BF01389137
http://msp.org/idx/mr/751133
http://msp.org/idx/zbl/0565.14002
http://dx.doi.org/10.2969/msjmemoirs/014010000
http://msp.org/idx/mr/2104208
http://msp.org/idx/zbl/1061.14018
http://dx.doi.org/10.1007/PL00004451
http://msp.org/idx/mr/1819886
http://msp.org/idx/zbl/0989.53055
http://dx.doi.org/10.1515/crll.1999.056
http://msp.org/idx/mr/1703077
http://msp.org/idx/zbl/0928.14029
http://dx.doi.org/10.1007/s00208-009-0335-7
http://dx.doi.org/10.1007/s00208-009-0335-7
http://msp.org/idx/mr/2507632
http://msp.org/idx/zbl/1222.14019
http://dx.doi.org/10.4134/JKMS.2009.46.2.237
http://msp.org/idx/mr/2494474
http://msp.org/idx/zbl/1183.14015
http://dx.doi.org/10.1515/CRELLE.2011.191
http://msp.org/idx/mr/3056101
http://msp.org/idx/zbl/1275.14029
http://dx.doi.org/10.1093/imrn/rns233
http://dx.doi.org/10.1093/imrn/rns233
http://msp.org/idx/mr/3163562
http://msp.org/idx/zbl/1466.14015
http://dx.doi.org/10.1112/s0010437x22007266
http://msp.org/idx/mr/4406785
http://msp.org/idx/zbl/1492.14029
http://dx.doi.org/10.1007/978-3-540-77017-6
http://msp.org/idx/mr/2393625
http://msp.org/idx/zbl/1138.14002
http://projecteuclid.org/euclid.jdg/1214453428
http://msp.org/idx/mr/1198605
http://msp.org/idx/zbl/0804.14004
http://dx.doi.org/10.1007/s00208-007-0139-6
http://msp.org/idx/mr/2349768
http://msp.org/idx/zbl/1156.14008
http://dx.doi.org/10.1093/imrn/rnv315
http://msp.org/idx/mr/3579961
http://msp.org/idx/zbl/1404.14010

1538

(73]

[74]

[75]

[76]

[77]

(78]

[79]

[80]

[81]

[82]

[83]

[84]

Giulia Sacca

J Sawon, On the discriminant locus of a Lagrangian fibration, Math. Ann. 341 (2008)
201-221 MR Zbl

J Sawon, Deformations of holomorphic Lagrangian fibrations, Proc. Amer. Math. Soc.
137 (2009) 279-285 MR Zbl

S Takayama, On uniruled degenerations of algebraic varieties with trivial canonical
divisor, Math. Z. 259 (2008) 487-501 MR Zbl

C Voisin, Sur la stabilité des sous-variétés lagrangiennes des variétés symplectiques
holomorphes, from “Complex projective geometry” (G Ellingsrud, C Peskine, G Sac-
chiero, S A Strgmme, editors), London Math. Soc. Lecture Note Ser. 179, Cambridge
Univ. Press (1992) 294-303 MR Zbl

C Voisin, Hodge theory and complex algebraic geometry, 11, Cambridge Studies in
Advanced Mathematics 77, Cambridge Univ. Press (2003) MR Zbl

C Voisin, Some aspects of the Hodge conjecture, Jpn. J. Math. 2 (2007) 261-296 MR
Zbl

C Voisin, Chow rings, decomposition of the diagonal, and the topology of families,
Annals of Mathematics Studies 187, Princeton Univ. Press (2014) MR Zbl

C Voisin, Hyper-Kdhler compactification of the intermediate Jacobian fibration of a
cubic fourfold: the twisted case, from “Local and global methods in algebraic geometry”
(N Budur, T de Fernex, R Docampo, K Tucker, editors), Contemp. Math. 712, Amer.
Math. Soc., Providence, RI (2018) 341-355 MR Zbl

C Voisin, Torsion points of sections of Lagrangian torus fibrations and the Chow ring of
hyper-Kdhler manifolds, from “Geometry of moduli” (J A Christophersen, K Ranestad,
editors), Abel Symp. 14, Springer (2018) 295-326 MR Zbl

K Yoshioka, Moduli spaces of stable sheaves on abelian surfaces, Math. Ann. 321
(2001) 817-884 MR Zbl

S Zucker, Generalized intermediate Jacobians and the theorem on normal functions,

Invent. Math. 33 (1976) 185-222 MR Zbl

S Zucker, The Hodge conjecture for cubic fourfolds, Compositio Math. 34 (1977)
199-209 MR Zbl

Department of Mathematics, Columbia University
New York, NY, United States

Institut de mathématiques de Jussieu

Paris, France

gs3032Q@columbia.edu, claire.voisin@imj-prg.fr

Proposed: Richard P Thomas Received: 5 January 2021
Seconded: Mark Gross, Dan Abramovich Revised: 8 November 2021

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1007/s00208-007-0189-9
http://msp.org/idx/mr/2377475
http://msp.org/idx/zbl/1141.53079
http://dx.doi.org/10.1090/S0002-9939-08-09473-2
http://msp.org/idx/mr/2439451
http://msp.org/idx/zbl/1171.53036
http://dx.doi.org/10.1007/s00209-007-0235-z
http://dx.doi.org/10.1007/s00209-007-0235-z
http://msp.org/idx/mr/2395124
http://msp.org/idx/zbl/1138.14008
http://dx.doi.org/10.1017/CBO9780511662652.022
http://dx.doi.org/10.1017/CBO9780511662652.022
http://msp.org/idx/mr/1201391
http://msp.org/idx/zbl/0765.32012
http://dx.doi.org/10.1017/CBO9780511615177
http://msp.org/idx/mr/1997577
http://msp.org/idx/zbl/1032.14002
http://dx.doi.org/10.1007/s11537-007-0639-x
http://msp.org/idx/mr/2342587
http://msp.org/idx/zbl/1159.14005
http://dx.doi.org/10.1515/9781400850532
http://msp.org/idx/mr/3186044
http://msp.org/idx/zbl/1288.14001
http://dx.doi.org/10.1090/conm/712/14354
http://dx.doi.org/10.1090/conm/712/14354
http://msp.org/idx/mr/3832411
http://msp.org/idx/zbl/1398.14050
http://dx.doi.org/10.1007/978-3-319-94881-2_10
http://dx.doi.org/10.1007/978-3-319-94881-2_10
http://msp.org/idx/mr/3968050
http://msp.org/idx/zbl/1420.14082
http://dx.doi.org/10.1007/s002080100255
http://msp.org/idx/mr/1872531
http://msp.org/idx/zbl/1066.14013
http://dx.doi.org/10.1007/BF01404203
http://msp.org/idx/mr/412186
http://msp.org/idx/zbl/0329.14008
http://www.numdam.org/item?id=CM_1977__34_2_199_0
http://msp.org/idx/mr/453741
http://msp.org/idx/zbl/0347.14005
mailto:gs3032@columbia.edu
mailto:claire.voisin@imj-prg.fr
http://msp.org
http://msp.org

:. Geometry & Topology 27:4 (2023) 1539-1586
msp pol: 10.2140/gt.2023.27.1539
Published: 15 June 2023

Cohomological x—independence for
moduli of one-dimensional sheaves
and moduli of Higgs bundles

DAVESH MAULIK
JUNLIANG SHEN

We prove that the intersection cohomology (together with the perverse and the Hodge
filtrations) for the moduli space of one-dimensional semistable sheaves supported
in an ample curve class on a toric del Pezzo surface is independent of the Euler
characteristic of the sheaves. We also prove an analogous result for the moduli
space of semistable Higgs bundles with respect to an effective divisor D of degree
deg(D) > 2g —2. Our results confirm the cohomological x—independence conjecture
by Bousseau for P2, and verify Toda’s conjecture for Gopakumar—Vafa invariants for
certain local curves and local surfaces.

For the proof, we combine a generalized version of Ng6’s support theorem, a dimen-
sion estimate for the stacky Hilbert—Chow morphism, and a splitting theorem for the
morphism from the moduli stack to the good GIT quotient.
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1540 Davesh Maulik and Junliang Shen

0.1 Cohomological x—independence

Let C be a nonsingular irreducible projective curve of genus g > 2. The moduli space
Ny, y of (slope-)semistable vector bundles £ with

rank(§) =n and x(&) =y

is an irreducible projective variety, whose topology has been studied intensively for
decades. When we fix the rank », tensor product and duality induce natural iso-
morphisms between the moduli spaces indexed by different Euler characteristics (or
degrees):

(1) Nn,)( = Nn,x-i—n, Nn,x = Nn,(2—2g)n—)(-

Under the assumption ged(n, x) = 1, so that the moduli spaces N, , are nonsingular,
Harder and Narasimhan proved in [20, Theorem 3.3.2] that the Poincaré polynomials
of Ny, y are distinct unless the moduli spaces are related via (1).

In this paper, we are interested in moduli spaces where the cohomological information
does not depend on the Euler characteristic . More precisely, we consider the following
two types of moduli spaces M ﬁL X and My :

(A M é‘x is the moduli space of 1-dimensional semistable sheaves F with

[supp(F)]=pB and x(F)=x

on a nonsingular toric del Pezzo surface S. Here the semistability is with respect
to a polarization L on S, supp(—) denotes the Fitting support, and 8 is an ample
curve class.

(B) My, is the moduli space of semistable Higgs bundles (£, ) with respect to an
effective divisor D of degree deg(D) > 2g —2 on C with

rank(§) =n and x(&) = x.

We refer to Section 2 for more details on these moduli spaces. When y is chosen so
that there are no strictly semistable objects, the moduli spaces M Lx and Mn, x are
nonsingular, and we consider their singular cohomology. However, for arbitrary values
of x, these moduli spaces can be singular, due to the presence of strictly semistable
objects. In this case, it is more natural for us to study their intersection cohomology.
Our main result states that, unlike the case of curves, the intersection cohomology of
these spaces is independent of the choice of x:
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Theorem 0.1 For any yx, ' € Z, there are isomorphisms of graded vector spaces
H*(My ) ~ TH (Mg.,.)),  TH*(My,x) ~ TH* (M, ),

where IH* (—) denotes the intersection cohomology. Moreover, these isomorphisms
respect perverse and Hodge filtrations carried by these vector spaces.

This phenomenon is surprising, since there is no direct geometric relationship other than
those parallel to (1) between these moduli spaces with different Euler characteristics,
and the result applies to both smooth and singular moduli spaces. For example in the
case (B), the moduli space is nonsingular if and only if ged(n, x) = 1. Nevertheless,
the result on intersection cohomology holds uniformly. Regarding the second part of
the theorem and compatibility with filtrations, see Theorem 0.4 for further refinements.

Theorem 0.1 proves the cohomological y—independence conjecture (see Bousseau
[3, Conjecture 0.4.3]) of the moduli space of 1-dimensional semistable sheaves on P2,
which further proves [2, Conjecture 0.4.2] on the BPS numbers of the log K3 surface
(IP’z, E); see Bousseau [2, Theorem 0.4.5]. Its refinement (Theorem 0.4) proves Toda’s
conjecture [48, Conjecture 1.2] on the Gopakumar—Vafa invariants in the cases of
certain local curves and local toric del Pezzo surfaces with ample curve classes; see
Theorem 0.6. In case (A), when S = P2, it was proven by Bousseau [2, Theorem
0.5.2] that the dependence of the (intersection) Betti numbers on x only relies on
ged(deg(B), x), using connections with Gromov—Witten theory for the log K3 surface
(P2, E) and scattering diagrams. In case (B), when gcd(n, x) = 1, the equality of
Poincaré polynomials was proved by a direct calculation in work of Mozgovoy and
Schiffmann [39] and Mellit [36], as well as in Groechenig, Wyss and Ziegler [19] by
p—adic integration. We discuss connections between our theorems and enumerative
geometry in Section 0.3 in more detail.

Remark 0.2 By Demazure [15], a nonsingular del Pezzo surface belongs to one of
the following types:

(a) P2

(b) P!xPL

(c) The blow-up of P2 at 1 very general points with 1 <n < 8.

Hence Theorem 0.1 recovers the case when a del Pezzo surface belongs to (a), (b),
or (c) with n < 3. We note that the Fano condition is essential (see Section 0.4), but the
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toric condition is due to a technical result (Proposition 2.6), which we expect to hold
for all del Pezzo surfaces. In other words, if the inequality (40) of Proposition 2.6 is
proven for any del Pezzo surface .S, then Theorem 0.1 (as well as Theorem 0.4 below)
also holds for any del Pezzo surface.

Remark 0.3 Although we will not require it further, our proof of Theorem 0.1 actually
provides a natural isomorphism between these spaces, well-defined up to a scalar, which
is compatible with the perverse and Hodge filtrations.

0.2 A support theorem

Comparing to Ny, a key feature of a moduli space M of type (A) or (B) is that it
admits a morphism /2: M — B that behaves like a completely integrable system. Here
h is the Hilbert-Chow morphism

() h: Mg, — B:=PH"(S,0s(B)), F > supp(F),

in the case (A), and the Hitchin fibration

n
(3) h: My, — B :=EP H(C.0(iD)). (£.6) > char(§),
i=1
in the case (B). In either case, there is a maximal Zariski open subset U C B parametriz-
ing nonsingular curves in the linear system || or nonsingular spectral curves over C.
We denote by : C — U the smooth map given by the universal curve over U.

Theorem 0.4 Let M be a moduli space of (A) or (B), and let h: M — B be the
morphism given by (2) or (3), respectively. Let w: C — U C B be the universal curve
of genus d. Then there is an isomorphism

2d
) Rhy ICy = P IC(N R 74Qc)[—i + d]

i=0
in the bounded derived category Db MHM(B) of mixed Hodge modules on B.
Since the righthand side of (4) clearly does not depend on L or y, Theorem 0.4
implies Theorem 0.1 immediately by taking global cohomology. The sheaf-theoretic

nature of (4) further yields refinements of Theorem 0.1 involving perverse and Hodge
filtrations.
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Although Theorem 0.4 concerns mixed Hodge modules, it suffices to work with perverse
sheaves for the proof. In fact, it is not difficult to check (4) over U:

2d
(5) RhaQp-1yy ~ P N R'mQ[—i],

i=0
an isomorphism which only concerns the variation of Hodge structures of abelian
varieties; see Proposition 2.2. In view of the decomposition theorem of Saito [42] for
Hodge modules, to prove (4) from (5), we only need to verify that every semisimple
component of Rhy ICys has full support B. This can be checked completely via the
decomposition theorem due to Beilinson, Bernstein and Deligne [1] of R/, ICps in
terms of (shifts of) semisimple perverse sheaves. In particular, Theorem 0.4 can be
viewed as a support theorem for the moduli spaces (A) and (B).

Ngo6 [40] introduced a support theorem, which determines the supports of the direct
image complex R f,Q for certain morphisms f: M — B called weak abelian fibrations.
It played a crucial role in his proof of the fundamental lemma of the Langlands program.
After that, support theorems become powerful tools in various branches of mathematics;
see for example Maulik and Shen [31], Maulik and Yun [33], Migliorini and Shende [37],
Yun [49], Yun and Zhang [50], de Cataldo, Hausel and Migliorini [5] and de Cataldo,
Rapagnetta and Sacca [7].

In our proof of Theorem 0.4, we systematically develop techniques for applying Ngd’s
support theorem to a more general setup. More precisely, we do not assume that the
total space M is nonsingular, and we work with more general objects K € Dé’ (M)
than the trivial local system Q on M . Theorem 1.1 reduces a support inequality of Ng6
type to a relative dimension bound (see the condition (c)) for the complex R fix/C. Then
we introduce techniques to check this bound when M is a moduli space of type (A)
or (B), and K is the intersection cohomology complex ICpy.

0.3 Enumerative geometry

The cohomological y—independence phenomenon is expected to be part of a much more
general phenomenon in the context of enumerative geometry of curves on Calabi—Yau
3—folds, specifically the proposal for Gopakumar-Vafa invariants developed in Maulik
and Toda [32] and Toda [48].

Let X be a Calabi—Yau 3—fold with 8 € H,(X, Z) a curve class, and let o € Pic(X )¢ be
an element in the complexified ample cone of X'. Following Davison and Meinhardt [14],
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and conditional on the conjectural existence of a certain orientation, Toda introduced
in [48] the BPS sheaf
¢nps € Perv(Mg ),

which is a perverse sheaf on the moduli space M g X of o—semistable sheaves on X.
Consider the Hilbert—Chow map

h: MEX — Chowg(X), F > supp(F).

For any y € Chowg(X), the Gopakumar-Vafa (GV) invariant (see [48, Definition 1.1])
is defined by the identity

6) Do (y. 20 ==Y x("H (Rhutsps)ly)y* € Z[y. y~'].
i€Z

If x is chosen so there are no strictly semistables, this definition specializes to the
definition of Gopakumar—Vafa invariants in Maulik and Toda [32]. For any choice
of x and o, these invariants are conjectured to encode the same information as the
Gromov—Witten invariants of X in the curve class 8 and arbitrary genus. Since the
latter invariants are independent of x and o, in order for this conjecture to be well-posed,
the Gopakumar—Vafa invariants should be independent of this extra data as well. More
precisely, in [48, Conjecture 1.2] Toda made the following conjecture concerning the
structure of GV invariants, extending [32, Conjecture 3.3].

Conjecture 0.5 (Toda) The invariant (6) is independent of o and ¥.

The invariants (6) specialize to a certain case of the Joyce—Song generalized Donaldson—
Thomas (DT) invariants [24], and Conjecture 0.5 is expected to refine the Joyce—Song
conjecture [24, Conjecture 6.20] on the generalized DT invariants, which in turn
implies the strong rationality conjecture for Pandharipande—-Thomas invariants, in
Pandharipande and Thomas [41] and Toda [47].

Although currently the existence of the BPS sheaf is conjectural for most cases, it is
known to exist for local curve and surface geometries; Meinhardt [34, Theorem 1.1]
proved that when X is a local curve Totc (Oc (D) & K¢ (—D)) with deg(D) > 2g —2
or a local del Pezzo surface Tot(Kg), the BPS sheaf coincides with the intersection
cohomology complex of the moduli space.

Theorem 0.6 Conjecture 0.5 holds when X is a local curve Totc (Oc (D) ® K¢ (—D))
with D effective of deg(D) > 2g —2 and B = n[C], or a local toric del Pezzo surface
Tot(Ks) and B is an ample curve class on S.
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In fact, Toda showed in [48, Theorem 7.3] that (6) is independent of the stability
parameter o under certain conditions which hold for local curves and local surfaces.
Hence we may assume that o is given by a rational polarization, and the y—independence
of (6) follows from the y—independence of the complex R fi ICps for a moduli space
of type (A) or (B) with the Hilbert—-Chow map (2) or (3), respectively. The latter is
given by Theorem 0.4.

Cohomological x—independence for Higgs bundles has also been studied systematically
with connections to Kac polynomials and quivers. See Schiffmann [44] for more details.
For contractible curves on Calabi—Yau threefolds, cohomological y—independence has
been studied by Davison [12], who has proposed a representation-theoretic approach
in that case via the cohomological Hall algebra. For other places where GV invariants
arise geometrically, see Shen and Yin [45] and Chuang, Diaconescu and Pan [9] for
connections with hyper-Kéhler geometries (de Cataldo, Hausel and Migliorini [5]) and
the P = W conjecture (de Cataldo, Maulik and Shen [6]), respectively.

0.4 K3 surfaces and O’Grady 10

As illustrated in the following example of K3 surfaces, the “Fano” condition for the
surface S in (A) and the condition deg(D) > 2g — 2 for Higgs bundles in (B) are
essential for the y—independence to hold for intersection cohomology groups.

Let
(S,L) with L =0g(8), B> =2,

be a general polarized K3 surface of degree 2. The linear system || is 2-dimensional
whose general member is a genus 2 nonsingular curve. The linear system |28] is
S5—dimensional. We consider the moduli space of semistable sheaves on .S supported
in the curve class 2.

If x = 1, the moduli space M2L13,1 is nonsingular and deformation equivalent to the
Hilbert scheme of 5 points on a K3 surface. When x = 0, the moduli space MzLﬁ’0 is
singular which admits a symplectic resolution. The resolved variety provides O’ Grady’s
10—dimensional “sporadic” example of compact hyper-Kéhler manifolds. As a key step
in their analysis of the topology of the O’Grady 10 variety, de Cataldo, Rapagnetta and
Sacca [7] study the fibrations (2):

ML

L
M 28,1

28,0

W

28]

Geometry & Topology, Volume 27 (2023)



1546 Davesh Maulik and Junliang Shen

where h;(F) = supp(F). Combining Corollary 3.6.5 and Proposition 4.7.2 of [7],
we observe that

7 Rh14 IC = Rhoy IC &.7[3].

where . is a semisimple object supported on the divisor Sym?(|8|) C |28|. Further-
more, by [7, Proposition 4.6.1], the object . (which is denoted by ., in [7]) has
nontrivial global cohomology. Hence we see from (7) that the y—independence fails
for the K3 surface S both sheaf theoretically (Theorem 0.4) and cohomologically
(Theorem 0.1).

A similar phenomenon as above is expected to hold for the Higgs bundles with D = K.

Failure of the y—independence for the “Calabi—Yau” case is due to the fact that the
BPS sheaf is different from the intersection cohomology complex on the moduli space.

Plan of the paper

In Section 1, we formulate and prove a generalized version of Ngo6’s support theorem,
which applies to singular varieties and more general complexes. In order to apply this
support theorem to intersection cohomology complexes, we need to prove a bound for
IC-complexes (which holds automatically in the smooth case). This is accomplished in
Sections 2 and 3, where we combine techniques from algebraic stacks, nilpotent Higgs
bundles, moduli of framed objects, and unbounded complexes. Then in Section 4, we
follow a strategy of Chaudouard and Laumon to show that the support inequalities
are sufficient to deduce our theorems for moduli of 1-dimensional sheaves and Higgs
bundles.

Acknowledgements We are grateful to Bhargav Bhatt, Pierrick Bousseau and Johan
de Jong for helpful discussions, and Pinka and Peter Pinkerton for further assistance. We
would like to thank Pierrick Bousseau and Tudor Padurariu for their careful reading of
an early draft of the paper and pointing out several typos. We also thank the anonymous
referee for careful reading and numerous useful suggestions. Shen was supported by
the NSF grant DMS-2134315.

1 A support theorem for self-dual complexes

1.1 Overview

The purpose of this section is to formulate and prove a generalized version of Ng&’s
support theorem for self-dual complexes. Throughout Section 1, until Section 1.7, we
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assume that the base field k is a finite field with k its algebraic closure. We assume
that / is a prime number coprime to the characteristic of X when we work with /-adic
sheaves. For notational convenience, we omit Tate twists when it does not cause
confusion.

Let B be a scheme over k. Let g: P — B be a smooth B—group scheme with
geometrically connected fibers, and let /: M — B be a proper morphism with M
quasi-projective. Assume that the group scheme P acts on M via

3) a:PxgM — M.

We say that the triple (M, P, B) is a weak abelian fibration of relative dimension d if
(i) every fiber of the map g is pure of dimension d, and M has pure dimension

&) dim M =d + dim B,

(i) the action (8) of P on M has affine stabilizers, and

(iii) the Tate module Tg, (P) associated with the group scheme P is polarizable.

The notion of weak abelian fibration was introduced by Ngo [40] modeled on Hitchin’s
integrable systems [21; 22]. We refer to Section 1.3 for a brief review of Tate modules
and their polarizations.

For a closed point s € B, we denote by §(s) the dimension of the affine part of the
algebraic group Ps. This defines an upper-semicontinuous function

5: B—> N, s68(s).

For a closed subvariety Z C B, we define §(Z£) to be the minimal value of the function §
on Z.

The following is our main theorem.
Theorem 1.1 Let (M, P, B) be a weak abelian fibration of relative dimension d.

Let K € Dé’ (M, Q) be a P—equivariant bounded complex satistying the following
properties:

(a) Decomposition theorem The direct image complex admits a (noncanonical)
decomposition

(10) RfK =~ @PPH (RfK)[i].
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Moreover, after a base change to By = B xy k, the perverse sheaves LEY (Rf<K)
are semisimple of the form

"1 (RK) = PICz,, (L),

where Zy ;i is a closed irreducible subvariety of By and each Ly ; is a pure
simple local system of weight i on an open dense subset of Z, ;. We call these
Z,i the supports of the decomposition (10).

(b) Duality We have an isomorphism
D(K) ~ K[2dim M]
with D (—) the dualizing functor on M.

(c) Relative dimension bound For the standard truncation functor t-(—), we
have

=24 (Rf4K) = 0.
Then for any support Z of the decomposition (10), we have the inequality

(11) codimZ <§z.

In [40], Ngb worked with the trivial local system Q; on M, where he assumed that
the conditions (a) and (b) hold. Furthermore, he assumed that every fiber of f is pure
of dimension d, where the condition (c) follows automatically by the base change.
Therefore, Theorem 1.1 is a generalization of Ngo’s support theorem [40, Theorem 7.2.1
and Proposition 7.2.2]. We note that (c) is a crucial condition for the support theorem
to hold for general K as in Theorem 1.1. We first illustrate this in the following special
case of Theorem 1.1 — the Goresky—MacPherson inequality.

1.2 The Goresky—-MacPherson inequality

If the group scheme P is affine and its action on M is trivial, Theorem 1.1 then
specializes to the following theorem, which is known as the Goresky—MacPherson
inequality when M is nonsingular and K = Q.

Theorem 1.2 Let f: M — B be a proper map with dim M = dim B 4+ d. Assume
K e Db (M, Qy) satisfies (a), (b) and (c) of Theorem 1.1. Then any support Z of (10)
satisfies the inequality

codim Z <d.

Geometry & Topology, Volume 27 (2023)



Cohomological y—independence for moduli of 1D sheaves and moduli of Higgs bundles 1549

We first provide a proof of Theorem 1.2 since it contains the main ingredients in the
proof of Theorem 1.1, and in particular demonstrates the role played by the conditions
(a), (b) and (c).

Proof Let Z be a support. We write

occ(Z):={iel: "’Hi(R f+/KC) contains a simple factor with support Z},
amp(Z) := max(occ(Z)) — min(occ(Z)).

By (b), the set occ(Z) is symmetric with respect to the integer dim M. This allows us
to pick m € occ(Z) with m > dim M . In particular, we have PH"" (R fxK) # 0. Hence
by (a) there exists an open subset U C Z and a local system £ on U such that the
shifted perverse sheaf

(L[dim Z])[-m] = L[dim Z — m]

is a direct-sum component of the complex (R f«K)|y. We obtain that
(12) H"IMZ(RfK) # 0 € DZ(B. Q).
By (12) and the condition (c), we conclude that

dmM —dimZ <m—dim Z <2d,
where the first inequality follows from the choice of m. This completes the proof of
Theorem 1.2 thanks to (9). O
As observed by Ngb [40, Proposition 7.3.2], for a weak abelian fibration (M, P, B)
and an object K as in Theorem 1.1, if we have
(13) amp(Z) > 2(d —3dz),
then the integer m in the proof of Theorem 1.2 can be chosen so that

m>dimM + (d —87).

An identical argument as above implies (11).
In conclusion, the following proposition implies Theorem 1.1.

Proposition 1.3 Under the assumption of Theorem 1.1, the inequality (13) holds for
any support Z of RfyIC.
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The rest of Section 1 is devoted to proving Proposition 1.3. We will further reduce
Proposition 1.3 to a fiberwise “freeness” statement as stated in Proposition 1.5. Essen-
tially, the arguments of [40, Section 7] can be modified to prove this more generalized
version of “freeness” under our assumptions. We point out the necessary modifications
(see Propositions 1.4 and 1.6) and sketch all major steps in the proof, which follows
[40, Section 7], for the reader’s convenience.

1.3 Actions of the group scheme

As part of the data of a weak abelian fibration (M, P, B), the group scheme g: P — B
is smooth over B with d—dimensional geometrically connected fibers, which defines a
complex

Ap = Rg\Q[2d]

on the base B. The stalk of each cohomology sheaf H /(A p) over a closed point
s € B computes the i homology of the group P,

H(Ap)s = HZ' 7 (Ps. Q) = Hi(Ps. Q).
The Tate module associated with g: P — B is defined to be
(14) T, (P):=H"'(Ap).

Note that the complex A(_) and the sheaf 7q, (—) are defined for any smooth group
scheme over B. In our setting, as shown in [40, Section 7.4.3], the group structure
w: Pxp P — P induces a convolution product

T:Ap@Ap—> Ap.
Furthermore, it is also shown there that equation (14) extends to a natural isomorphism
Ap=EPN T, (P)li],
compatible with the multiplication action on each side.
We consider the Chevalley decomposition of the nonsingular commutative group Py
(15) 1> Ry — Py — Ay —> 1

over any geometric point s € B where Rj is affine and Ay is an abelian variety. This
induces the short exact sequence of Tate modules

(16) 0— T@[(Rs) — T@l(Ps) — T@[(As) — 0.
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Following [40, Section 7.1.4], we say that the Tate module (14) is polarizable if étale
locally there exists a bilinear form

Tg,(P) x Tg,(P) — Q;

which induces a nondegenerate pairing on T@l (As) for any s € B via the quotient map
of (16).

The following proposition generalizes the cap product action constructed in Section 7.4.2

of [40].

Proposition 1.4 Let (M, P, B) be a weak abelian fibration of relative dimension d,
and let K € Dé’ (M, Q;) be a P—equivariant object. Then the P—action (8) on M
induces an action of Ap on RfK,

(17) c:Ap® Rf K — Rf:K.
Furthermore, the compositions ¢ o (7 ® id) and c o (id ®c) define the same morphism

Proof The trace map

RayQ[2d] — Q;
on M associated with (8) induces a morphism
(18) Ra\Q2d]® K — K.

We consider the Cartesian diagram

PxgM My M

(19) or| lf

p—=2 B

with pps and pp the projections. The lefthand side of (18) is equal to
Ra)(Q[2d]® a*K) = Ray(Qi[2d]® pj,K).

Here we used the projection formula and the isomorphism ¢: a*KC >~ p} K given by
the P—equivariance of IC. Hence we obtain the morphism

Ray(Q[2d]® pi,K) — K.
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Applying the functor R fi to the morphism above and noticing that Rfx = R f, we
have
RfiRay(Q[2d]® pj,K) — Rf:K,

where the lefthand side can be rewritten as
Rfi Ray(Q[2d]1® p3,K) = RfiRpp1(Q[2d]® pyK)
= Rfi(RpaQ[2d] ® K)
= Rfi(Rpami(p3pQi[2d]) ® K)
= RA(/*Rg1Q2d]® K)
= Rg1Q;[2d]® RfiK.
where the first equality follows from
foa=gxpf:PxpM — B,
the second equality is given by the projection formula, the third equality follows from
p;‘,@ ; = Qy, the fourth equality is the base change
Rpamipp = f*Rg

with respect to the diagram (19), and the last equality is again given by the projection
formula.

To show the second claim of the proposition, we apply the same construction from
above to the commutative diagram

idp Xa

PxpPxpM — PxgM

(20) wxid Ml la

PxgM ——4% s M
Again using the trace map, each path defines a morphism

The path via the lower-left corner gives the morphism ¢ o (r ® id) and the path via
the upper-right corner gives the morphism c o (id ®c). The equivariant structure on
implies a cocycle condition on the isomorphism ¢ after pullback to P xg P xp M ;
this cocycle condition implies that these two morphisms agree.

This completes the proof of Proposition 1.4. |
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1.4 Actions on each support and freeness

We denote by I the set of the supports Z C Bj; of Rf«K. In view of the condition (a)
of Theorem 1.1, we have a canonical decomposition of the perverse sheaf PH' (R fK)
in terms of the supports

PR (RfLK) = ED KL,

ael

where ICfx has support Z, indexed by o € I. We collect all the direct summands of
R K with support Zg,

(21) Ko :=EP K.

In the following four steps, we prove that Proposition 1.3 can be reduced to a freeness
property concerning stalks of (21).

Step 1 For any support Z, of RfixK, we may find an open dense subset V,, C Z,
such that

(i) the restriction of IC(’;( to Vy is of the form Cfx [dim V] with Eé a pure local system

of weight i,
(i1) the restriction Py of the group scheme P to the support Z, admits a Chevalley
decomposition
(22) 1> Ry —> Py —> Ay — 1,

whose induced short exact sequence of Tate modules
0— T@l(Ra) — T@l(Pa) — T@I(Aa) -0
satisfies that T@] (Rgy) is a pure local system of weight —2, and
(iii) for any other support Z,/, we have Z, NV, = D unless Zy C Zy.
Since (i) and (iii) are standard and (ii) only concerns the group scheme P, this follows

identically from [40, Section 7.4.8].

Step 2 1In [40, Section 7.4.6], we replace R Q; by RfiK, and we replace the cap
product action

Ap x RIQ — RAQ
of [40, Section 7.4.2] by the action (17) constructed in Proposition 1.4:

Ap® RHAK — RAK.
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As a consequence, for each o € I and i we obtain an morphism
(23) Ty, (Pa) ® Koy — K

The last statement follows from an identical argument as in Sections 7.4.6 and 7.4.7
of [40]. More precisely, perverse truncation functors yield

Tg,(Pa) ®PH (RAK) —PH' " (RfiK),

which can be further written as

D7, (P @K, ~ DL

ael ael

in terms of the supports Z,. This gives the canonical morphism (23).

Step 3 Now we combine Steps 1 and 2. Consider the restriction of Ky to V,, of Step 1,
Lo =D Li[-il.
i
Using the last part of Proposition 1.4, the morphisms (23) extend to an action of the
local system of graded algebras Ap, = P /N Tg, (Py)[i] on L.

As explained in [40, Section 7.4.9], the first paragraph of page 121, an argument using
weights shows that (23) passes through an action of the abelian variety part T@z (Ag)
of the Tate module T@[ (Py). As aresult, we have a graded module structure on Ly of
the graded algebra A 4, associated with the abelian scheme A4 in (22),

24) Ay, ® Loy — Ly

Note that we use the assumption that k is a finite field here.

Step 4 As commented in the paragraph after [40, Proposition 7.4.10], Proposition 1.3
can be deduced from the following proposition.

Proposition 1.5 We follow the same notation as in Steps 1-3 above. Let u, € Vy be
any geometric point. Then the stalk L, of Ly is a free graded module of the graded
algebra A 4,, ,,, under the action (24).

We complete the proof of Proposition 1.5 in the next two sections.
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1.5 Freeness

In this section we prove the following proposition, generalizing [40, Proposition 7.5.1].
Then in Section 1.6 we eventually reduce Proposition 1.5 to Proposition 1.6.

Proposition 1.6 Assume X is projective over k and admits an action of an abelian
variety A over k with finite stabilizers. Let £ € Dé’ (X, Qy) be an A—equivariant object.
Then the graded cohomology group

(25) P 7 (x.)[-i]

is naturally a free graded module of the graded algebra A 4 = @; H (A, Q;)[—i].

Proof Since the A—action preserves the connected components of X, we may assume
that X is connected. We consider the quotient map
g:-X—>Y:=X/A

with X /A an Artin stack with finite inertia. Thanks to the projectivity of A, the
morphism ¢ is smooth and proper. For the A—equivariant object £, there exists an
object £ on Y such that

q*e =¢,

and the projection formula yields
(26) Rq+€ = Rq:Q; ® €.

In particular, the complex Rq«€ admits a natural A 4—action through the first factor of
the righthand side of (26). This shows that (25) is a natural graded A 4—module.

Now since ¢ is smooth and proper, we have a decomposition!
27) Rq:Q; ~ P R'¢:Qu[-i].
i
Moreover, we consider the Cartesian diagram, with all the arrows smooth maps,

Axx L x

o
x 2y
1 As explained in the proof of [40, Proposition 7.5.1], the decomposition here is induced by the cup-product

with an relative ample class. We also refer to [46] as a general reference for the decomposition theorem
for Artin stacks with affine stabilizers.
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By the base change, we obtain the canonical A—equivariant isomorphism of local
systems

(28) 7*R'q:Q; = R'q' (¢ Q).

We have that ¢’*Q is a trivial local system of rank 1 and an A—equivariant structure on
it is trivial by the connectedness of A; cf [51, Lemma A.1.2]. In particular, ¢* R ¢+ Q;
is a trivial local system equipped with the trivial A—equivariant structure by (28).
Consequently, each R?¢+Q; is canonically isomorphic to the trivial local system taking

values in H'(A4, Q;). The filtration (1<« Rg+Q;) ® £ of Rq«E induces the spectral
sequence

H/(Y,R'¢.Q;®&)= H/(Y,&Y® H' (4,Q)) = H'T/ (X, &),

which degenerates thanks to (26) and the decomposition (27). Hence we obtain a
filtration stable under the A 4—action, whose graded pieces are the free graded A 4
modules

H/ (Y. (EB H' (4, @z))-
i
This proves the freeness of the entire module H*(X,&) =@, H (X, E)[-i]. |

1.6 Proof of Proposition 1.5

We deduce Proposition 1.5 from Proposition 1.6 by a descending induction on the
dimension of the support Z. This is parallel to [40, Section 7.7].

We complete the induction in the following three steps.
Step A The induction base follows from Proposition 1.6, which we explain as follows.

We assume Zy, = Bj; and Vy,, is an open dense subset of Zg,, as in Step 1 of Section 1.4.
All the other Z, with o # a do not intersect with V4, and

U (RS2, = Lh,[dim B].
Therefore, for any geometric point uy,, of Vg, with
lugy : Mug, — M
the corresponding fiber, we have the identification

(29) ay cfm,uao [~i +dim B] = @) H' (M, . %, K)[—i]

uao
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by the base change. Parallel to Step 3 of Section 1.4, (29) admits a natural A Awgucy ™
action induced by the action of Ap, u,, -

As explained in the last paragraph of [40, Section 7.7.1], we may assume that the
geometric point uy, is defined over a finite field. So there exists a quasi-lifting
Aaoug, — Pozo,uao (see [40, Proposition 7.5.3]) such that the A Ay lherg —action on (29)
is induced by the Aao,uao —action on M, oy By the axiom (ii) of weak abelian fibrations,

L)

the Agg,uq,—action on My, passing through Py, ., has finite stabilizers. Hence
Proposition 1.6 implies that (29) is free over A Aag ey This completes the proof of
the induction base.

Step B Since Proposition 1.5 is a local statement, we may work with a strictly
Henselian base. Assume that By, is the strict Henselization of a geometric point u
defined over a finite field lying in V,, C Z. By the choice of V; in Step 1 of Section 1.4,
the stalk ICfx,,ua is nonzero only if Z, is strictly contained in Z,/. In this case, the
induction assumption implies that, for any m € Z, the graded Q;—vector space

&P v, -i]

is equipped with a natural free A 4, ,,—action induced by (17). This is explained
in [40, Proposition 7.7.4], which essentially relies on the polarizability of P, ie the
axiom (iii) of weak abelian fibrations. (Since this part only concerns the group scheme P,
the proof of [40, Proposition 7.7.4] applies identically here.)

Step C We complete the induction argument.

The condition (a) of Theorem 1.1 — ie the decomposition theorem for R f, }C — implies
the degeneracy of the spectral sequence

(30) HY CH (RAK)ug) = H T (Myy, 5 K,

where vy, 1 My, <> M is the geometric fiber over uq. This induces a A 4, , —stable
filtration F*H on the total cohomology

H =D H' (My,. 1, O[],
i
whose m™ graded piece is

31) FMH/F™ T H = @) H™ CH (R fuK)uy)[—i —m).

1
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In addition, we have the following:

(a) By picking a quasi-lifting Ay, — Pa,u, as in the last paragraph of Step A,
it follows from Proposition 1.6 and the P—equivariance of X that H is a free
graded A 4, , —module.

(b) Since _
D H (RAK)|p, [-i]= @EB/CO,/ ual™

the graded piece (31), as a graded A 4, , —module, is a direct sum of the graded
A4, —modules

@ H™ (KL =i —m]

over all o’ with Zy, C Zy.

(c) By Step B, the induction assumption implies that each
P vl -]
i

is a free graded AAa,ua—module when Z, C Zy'.
(d) The graded A 4, ,,—module vanishes:
@ H™ (/Ca ua —i]= @ Jmdim Vy (‘Cot ua)[_i] =0
i
if m # —dim Vy, for degree reasons, since Lé’ua is a skyscraper sheaf supported

at ugy.

Recall the filtration F*H associated with the spectral sequence (30), whose graded
pieces are given by (31). We arrive at exactly the situation of the last paragraph
of [40, page 131]: the spectral sequence (30) induces a 3-layer filtration of A 4, ,,—
modules
0C F"M'HC F'"HCH, n=—dimV,=—dimZ,,

where

e H is free by (a), and

o F"T1H and H/F"H are free by (c) and (d). In fact, (d) ensures that

P v (Kl )]
i

vanishes when m # n, and therefore F™H /F™+t1H is free by (c).
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This implies the freeness for
F'H/F"'H = (@ Ll =i —n]) @ (
i

which completes the induction; see [40, pages 131-132]. |

P P H (K i - n]),

a’'Fa i

Remark 1.7 We fixed some minor typos in [40, Section 7.7.2]: the correct formula
for the m™ graded piece [40, page 131, line 9] of the Leray spectral sequence is

H" (@ *"H"(Rf*@;)so) [ —m],
which is not equal to !
H (GB pHn(Rf*@z[—n])so) =
n
as stated in [40]. As consequences, the following statements in the last paragraph of

[40, page 131] are incorrect:

e For o # a, we have that H™ (D, 7z K2, e [—n]) is a free A 4,,,—module.

e For o = o/, we have that H" (Kg,4, ) = 0 unless m = —dim Zj,.

Their corrected versions are given in (b), (c) and (d) of Step C above.

1.7 Spread out for C

As a corollary of Theorem 1.1, the following theorem concerns the intersection coho-
mology complex of a weak abelian fibration (M, P, B) over the complex numbers C.

Theorem 1.8 Suppose that (M, P, B) is a weak abelian fibration over C of relative

dimension d, ie the triple satisfies (i)—(iii) of Section 1.1. Assume that

(32) To24 (R f4 ICps[—dim M]) = 0.

Then any support Z of the decomposition for R fi ICys satisfies the inequality
codimZ <6 .

Proof By a standard spreading out argument (see for example [1, Section 6]), we

may reduce Theorem 1.8 to the same statement over finite fields. More precisely,

we spread out the weak abelian fibration (M, P, B) over Spec R where R is a DVR

of characteristic 0, such that the geometric fiber over a general prime p € Spec R
is a weak abelian fibration in characteristic p as in the beginning of Section 1.1.
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Moreover, the condition (32) holds over a general prime in Spec R. Therefore, if
a support Z of the decomposition theorem associated with (M, P, B) violates the
inequality codim Z < §z, then by spreading out, this inequality is violated by a
support over a general prime p € Spec R as well, which contradicts our assumption
that Theorem 1.8 holds over finite fields..

In our setting, note that the complex
K = ICps[—dim M

is P—equivariant, which satisfies (a)—(c) of Theorem 1.1 by the decomposition theorem,
Verdier duality, and the condition (32), respectively. Hence we conclude Theorem 1.8
from Theorem 1.1. O

In order to apply the support theorem to the intersection cohomology complex for a
weak abelian fibration with singular ambient space M, the crucial point is to verify the
“relative dimension bound” (32). We discuss systematically in the next two sections
how to obtain such a bound for the moduli of 1-dimensional sheaves and the moduli
of semistable Higgs bundles.

2 Moduli of 1-dimensional sheaves and Higgs bundles

2.1 Overview

Throughout the rest of the paper, we work over the complex numbers C. We show in this
section that the morphisms (2) and (3) admit the structures of weak abelian fibrations.

A crucial technical result is Proposition 2.6, concerning a dimension bound for certain
moduli of pure 1-dimensional sheaves. As a consequence, we verify in Theorem 2.3 the
irreducibility of the moduli spaces M BL . of (A), which may be of independent interest.

The dimension bound given by Proposition 2.6 will be used again in Section 3, which
plays an important role in the proof of our main theorems.

2.2 Curves in del Pezzo surfaces
Let S be a del Pezzo surface, ie a nonsingular projective surface with —K ¢ ample.

Lemma 2.1 Let E be an effective divisor on S. Then
dim H(S, Og(E)) = dim H*(S, Og(E)) = 0.
In particular, we have dim H°(S, Og(E)) = %E -(E—Kg)+1.
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Proof By Serre duality, we obtain
H*(S,05(E)) = H°(S.Os(Ks — E))¥ = 0.

Now we prove the vanishing of
(33) H'(S.05(E))” = H'(S.05(Ks — E)).
We consider the short exact sequence

0—>Os(Ks—E) - Os(Ks) > Op(Kg) =0,
which induces the long exact sequence
(34) -+~ H(S.OE(Ks)) > H'(S.05(Ks — E)) » H'(S.05(Ks)) = -+ .

The vanishing H°(S, Og(Kg)) = 0 follows from deg g (Ks) < 0, and Serre duality
yields the vanishing H!(S, Og(Ks)) = 0. Hence (34) implies the vanishing of (33).

The last statement follows from the Riemann—Roch formula. O

Let B be an ample and effective class on S. Then Lemma 2.1 implies that the base
B =PH(S,05(B)) of (2) is of dimension

dim B = 1B-(B—Ky).
We define 7: Cg — B to be the universal curve for the linear system |8|. Since S

is ample, it is basepoint free on the del Pezzo surface S. Hence the Bertini theorem
implies that a general member of | 8] is a nonsingular and integral curve of genus

gp=1B-(B+Ks)+1.

In particular, there exists a Zariski open dense subset U C S such that the restriction

of Cp to U is smooth,
n:C—>UCB.

We consider the relative degree-0 Picard variety
P :=Pic’(Cg/B)

parametrizing line bundles on the fibers of w: Cp — B whose restrictions to each
irreducible component are of degree 0. The projection morphism

np: P— B

has fibers of pure dimension gg. The restriction of P to U gives a smooth abelian

scheme
np: Py(:=Pic®(Cy/U)) — U.
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We also consider the relative degree e Picard variety over U
mpe: PG (:=Pic’(Cy/U)) - U

for any integer e. We recall the following well-known fact [5, Lemma 1.3.5] concerning
the variation of Hodge structures for Picard varieties of smooth curves.

Proposition 2.2 For any e € Z, we have an isomorphism of variations of Hodge
structures on U :

RiJTPe*QPIEJ ~ /\iRIJT*Qc.
2.3 Moduli spaces of 1-dimensional sheaves

Now assume that S is a toric del Pezzo surface with a polarization L. The moduli space
M /-‘{Jx parametrizes S—equivalence classes of pure 1-dimensional (Gieseker-)semistable
sheaves F on S with

supp(F) =B, x(F)=x.
Here the semistability is with respect to the slope function

_ X&)
TN

We recall the Hilbert—Chow morphism

h: Méx — B, Fr>supp(F),

defined by taking the Fitting support [29]. The open subvariety 4~ (U) C M /3Lx
parametrizes line bundles supported on the nonsingular curves in |8]. Hence every fiber
of /1 over a closed point b € U is an abelian variety of dimension gg, and we have

(35) h~Y(U) =Pic*(Cy/U), e=x—1+gp.

The moduli space M ﬂLx can be viewed as a compactification of the relative Picard
variety (35).

The following theorem is of independent interest, and we postpone its proof to
Section 2.6.

Theorem 2.3 The moduli space M ﬂLx is irreducible of dimension

dim Mz, = > +1=dim B + gg.
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The group scheme wp: P — B acts naturally and fiberwise on the moduli space M ﬂLx
via tensor product,

L-F=LRF for L& Py=mp'(b), Feh ' (b),

with b € B a closed point.

Proposition 2.4 The triple (M é‘x, P, B) with h and wp above form a weak abelian
fibration of relative dimension gg.

Proof We need to check (i)—(iii) of Section 1.1. Recall from Section 2.2 that the group
scheme wp: P — B is smooth and its fibers are of pure dimension gg. Hence the
condition (i) follows from Theorem 2.3. The affineness of the stabilizers (condition (ii))
is proven in [7, Lemma 3.5.4], and the polarizability of the Tate module (condition (iii))
associated with the group scheme P is given by [4, Theorem 3.3.1] as explained in
[7, Lemma 3.5.5]. O

2.4 Moduli stacks

For the polarized surface (S, L), the moduli of semistable sheaves can be constructed
as a GIT-quotient of the corresponding Quot-scheme (denoted by Quot),

Mﬁ{x = Quot* J/GLy,,

where the semistable part of the Quot scheme Quot* and m rely on the Hilbert poly-
nomial dim H°(S, F® L®") of a semistable sheaf F with supp(F) = B and x(F) = x.
We also consider the moduli stack of semistable sheaves

M5, = [Quot™/GLy]

such that the natural projection

q: M, — Mg
induces a good moduli space of the Artin stack ME e
Lemma 2.5 The stack Mllg“ X is nonsingular of dimension

: L _ p2

dim Mg, = B-.
Proof The obstruction space for a semistable sheaf F € Mé X is
(36) Ext§(F. F) = Homg(F, F ® ws)", ws=0g(Ks).

We prove in the following that (36) vanishes.
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By the semicontinuity of Homg (F, F ® wg), it suffices to show the vanishing
Homg(F, FQ® wg) =0
when F is a polystable sheaf on S. Hence we only need to prove the vanishing
(37) Homg (F1, F2, ® ws) =0
for two stable sheaves F; and F, on S with the same slope
p(F1) = w(F2).
Since — K g is effective for the del Pezzo surface S, we have a short exact sequence
0—>F®ws —> Fr = Falg —0,
where E is a curve in the linear system |— K g|. The induced long exact sequence gives
(38) 0 — Homg (F;, > ® ws) — Homg (Fy, F) — Homg (F1, F2|E)-

When F; # F,, by the stability we have Homg (F;, F>) = 0. When F; = F,, the
second map of (38) is injective:

Homs(]-"l,]:l) =C 'id‘—>H0ms(./_"1,f1|E).

In particular, (37) vanishes in either case. This implies the vanishing of the obstruction
(36) and proves that Mé X is nonsingular. Consequently, we have

dimM’E’X = dimExtg(}", F) —dimHomg (F, F) = —x(F, F) = B>. O

Combining with the Hilbert—-Chow morphism 4: M /3Lx — B, we obtain a morphism
(39) ha: Mg, — B.

Proposition 2.6 Let S be a toric del Pezzo surtace. For any closed point b € B, we
have the following dimension bound for the fiber of (39):

(40) dimhy( (b) < 3B+ (B + Ks).

When b represents an integral nonsingular curve, then h/_v(l (b) is exactly a connected

component of its Picard stack whose dimension gg — 1 matches the righthand side
of (40).

We prove Proposition 2.6 in Section 2.5. Then in Section 2.6 we use Proposition 2.6 to
complete the proof of Theorem 2.3.
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2.5 Proof of Proposition 2.6

We reduce Proposition 2.6 to a dimension bound for the nilpotent cone of Higgs bundles.

Let C be a nonsingular curve of genus g, and let D be a degree d effective divisor
on C with

(41) d>2g-2.
We denote by Mml the moduli stack of nilpotent Higgs bundles

(£,0) with 0:& > E®Oc (D), rank(€E) =n, x(€) =y,
where we do not impose any (semi)stability conditions.

The stack M““ is essentially the central fiber of the (stacky) Hitchin fibration. Al-
ternatively, by the spectral correspondence, /\/lm1 parametrizes pure 1-dimensional

sheaves F with
supp(F) =nC, x(F) =

on the total space Tot(O¢ (D)) of the line bundle O¢ (D). Here the spectral correspon-
dence is induced by the pushforward along the standard projection Tot(O¢ (D)) — C.

Proposition 2.7 (cf [8]) We have

(42) dim My, <n(g—1)+ gn(n—1)d.

Proof The dimension formula for the stack of the nilpotent cone and the comparison
to the righthand side of (42) are given in lines 2 and 6 of [8, page 725, Section 10].
Although it is assumed in the beginning of [8] that the curve C has genus g > 2, the
dimension calculation of [8, Section 10] does not require this constraint as long as (41)
holds.> O

Now we prove Proposition 2.6.

We consider the maximal open torus T C .S whose action on S induces T—actions
on both the moduli stack ML and the base B. By a semicontinuity argument
(cf [18, Proof of Corollary 1]), 1t suffices to show (40) for all T—fixed points b € B.
Since we are only concerned with dimension counts, we prove the following stronger
statement for toric divisors without imposing (semi)stability conditions.

2 An alternative proof of this dimension bound can be obtained using the method of [43, Proposition 3.1].
We note that the last equation of [8, Section 10] shows that (42) still holds if d = 2g — 2.
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Claim For an effective divisor

E = ZniEi, n; > 0,
i

with each E; a nonsingular irreducible toric divisor, we have

(43) dimMg y < 3E-(E + Kg).

Here Mg, stands for the moduli stack of pure 1-dimensional sheaves supported on
EcCS.

We prove (43) by induction on the number of the irreducible components { £;}.

For the induction base, we consider E = nE’ with E’ irreducible. Then E’ ~ P! and
the normal bundle Og/(d) of E’ in S satisfies

(44) d=E*=-2+E(-Kg) > —2.

Since the formal neighborhood of an irreducible toric divisor only depends on the
degree of the normal bundle, the thickened curve £ =nE’ C S is isomorphic to the
n™ thickening

nE’' C Tot(Og/(d))

of the O—section in the total space of Ofg(d). Hence by Proposition 2.7, where the
condition (41) is guaranteed by (44), we have

dim My gy < —n+3n(n—1)d =nE'- (nE' + Kg).

Here we used E’> = d and E’- Kg = —d — 2 in the last identity. This proves the
induction base.

To complete the induction, we assume that £ = E’ + E”. Here
E'=)"nE] and E"=Y mE],
i i
with E7, E j/f irreducible toric divisors satisfying E] # E ]’/ for any i, J.

Lemma 2.8 Let F be a pure 1-dimensional sheaf supported on E. Then there exists a
canonical short exact sequence

0>F —-F—>F =0,

where F' and F" are pure 1-dimensional sheaves supported on E’ and E”, respectively.
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Proof We take
F" .= (F|gr)/maximal 0—dimensional subsheaf of F|g~» € Coh(E"),
F':=Ker(F — F|gr — F") € Coh(E’).

Since F’ is a subsheaf of F, it is pure, supported on E’. O

Two sheaves 7' and F” (as in Lemma 2.8) with different supports satisfy
Homg (F’, F') = Hompg/ (i*F’, F') = 0,

where i : E’ < S is the embedding and i * F” is O—dimensional on E’. Serre duality
further implies
Ext%(}'//, F') =Homg(F',F" ® wg) = 0.

Hence by Lemma 2.8, after decomposing the stack Mg , into strata, we obtain a
morphism to

I_l ME/sX/ XME”:X”’
X' +x"=x

whose closed fiber over (F’, ') has dimension upper bound
dimExt"(F", F') = y(F",.F)=E'-E".
Combining with the induction assumption on the dimensions of M g » and M gr y»,
we conclude that
dimMpg y <31E'-(E'+Kgs)+ SE"-(E"+ Ks)+ E'-E"=1E-(E + Kg).

This completes the induction. a

2.6 Proof of Theorem 2.3

We first prove the irreducibility of M ﬂL e Equivalently, we prove the irreducibility of

L
the stack MB,X'

Recall the open subset U C B formed by nonsingular curves in the linear system |f|.
The open substack h;ll (U) parametrizes line bundles on these curves with Euler
characteristic x. In particular, h;tl (U) is Zariski open and dense in an irreducible
component of the relative Picard stack associated with the universal curve 7:C — U.
Assume M /%,x has another irreducible component M’ which does not contain hj/ll 0).
By Lemma 2.5 it has dimension

dim M’ = B2,
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and it maps to the complement B \ U under the morphism (39). This implies that a
general fiber of

hM|M/:M/—>B\U
has dimension at least
dim M’ — (dimB—1) > B> — 18- (B—Ks)+ 1> 38 (B + Ky).
which contradicts Proposition 2.6. This completes the proof of the irreducibility

L
OfMﬁX O

2.7 Higgs bundles
Most of the statements for M ﬂL discussed above hold identically for the moduli spaces
M, ,x of Higgs bundles in the case of (B). This is due to the fact that M, ,x can be
viewed as the moduli space of 1-dimensional semistable sheaves F on Tot(O¢ (D))
with

[supp(F)] = n[C],  x(F) = x

via the spectral correspondence. We summarize these results in the following, for the
reader’s convenience.

Recall the universal spectral curve
w:C B — B

with wp: P = Pic®(Cp/B) — B the relative degree 0 Picard variety. Similar to the
case of M é‘ the group scheme P acts on M, n,x Via tensor product

L-F=L®F, with £Lenp'(h)and Feh ' (b)forallbe B.

Here we view a Higgs bundle as a pure 1-dimensional coherent sheaf supported on the

spectral curve
n~1(b) C Tot(O¢ (D)).

The moduli stack of semistable Higgs bundles admits a morphism
q: Mn,x — Mn,x,
which induces
hypy=hoq: My y — B.
Proposition 2.9 Assume deg(D) = d > 2g — 2.The following statements hold:

(a) The fiber of h x4 over a closed point b € B satisfies

dim /Ay (b) <n(g—1) + tn(n—1)d.
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(b) The stack M n,x 18 irreducible and nonsingular of dimension
dim/\';l,,,x =n?d.
(c) The moduli space ]\2,, x 18 irreducible of dimension
dim M, y = n?d + 1.
(d) The triple (]\2,,, x» P, B) form a weak abelian fibration of relative dimension
gn=n(g—1)+gn(n—1)d + 1.

Proof These statements are parallel to Proposition 2.7, Lemma 2.5, Theorem 2.3,
and Proposition 2.4. Statement (a) follows from a semicontinuity argument and
Proposition 2.7. Statement (b) follows from Serre duality for semistable Higgs bundles
[39, Corollary 2.6]. Statement (c) follows from (a) and (b), as explained in Section 2.6.
Statement (d) is deduced by an identical proof as for Proposition 2.4. |

2.8 Assumptions on the curve class 8
In Section 2, the ampleness assumption of the curve class § is used for the following
properties:

(I) The linear system |B]| is basepoint free.

(II) A general curve in |B] is integral and nonsingular.
We may replace the ampleness assumption for 8 by the conditions (I) and (IT) above.

Proposition 2.10 Theorem 2.3 and Proposition 2.4 hold for any curve class B which
contains an integral curve in the linear system |f]|.

Proof Assume C, € || is integral. By the adjunction formula, either Cy ~ P! is an
exceptional divisor or CO2 > 0. In the first case, the moduli space is a reduced point. In
the second case, we obtain that the divisor C is integral and nef. Therefore (I) and (II)
follow from [16, Corollary 4.7] and the Bertini theorem. O

3 Intersection cohomology complexes

We prove in this section a support inequality for the moduli spaces M ,31:)( and A?,,, Xx-

Theorem 3.1 Leth: M — B be the morphism (2) or (3). We define the §—function
on B from the associated group scheme P as in Section 1. Then any support Z of

Rh ICys satisfies
codimZ <6 .
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By Theorem 1.8 and Propositions 2.4 and 2.9(d), it suffices to prove the following
proposition concerning the intersection cohomology complex.

Proposition 3.2 We have
(45) =2 R(Rh4 ICps[—dim M]) =0, R :=dim M —dim B.

3.1 Sketch of the proof of Proposition 3.2

Although Proposition 3.2 only concerns bounded complexes on schemes, our proof
relies on unbounded complexes on Artin stacks. From now on, we work with the derived
category D.(—, Q;) of constructible sheaves with Q;—coefficients for Artin stacks as
in [26; 27]. We denote by Dé’ (= Qy), D™ (—,Qy) and D" (—, Q) the subcategories
of complexes which are bounded, bounded from above, and bounded from below,
respectively. In this section, we assume that all Artin stacks are of finite type. We use
the six operations for Artin stacks following [26; 27; 28]. Furthermore, by [28], we
also have the perverse f—structure in the unbounded setting.

Recall the morphism from the moduli stack to the moduli space of 1-dimensional
semistable sheaves/Higgs bundles

g M— M.
The composition of ¢ and #: M — B induces a morphism
hp =hog: M — B.
We consider the (unbounded) complexes
RhyQ; € D™(B.Q)). Rg+Q; € DV (M. Q).

We first prove Proposition 3.2 assuming the following two propositions which concern
the stack M.

Proposition 3.3 We have

(46) T>2r—2(RhpQp) = 0.
Proposition 3.4 There exists a splitting

(47) Rq+Q; ~ ICp[—dim M]@® E € DT (M, Q).

Proof of Proposition 3.2 Applying the dualizing functor to the isomorphism (47), we

obtain
D(Rq+Q;) ~ICy[dim M| &', &£ € D™ (M,Q)).
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Since M is nonsingular, the lefthand side is isomorphic to
RqiD(Qp) = Rq1Q;[2dim M] = Rq)Q;[2dim M —2].
Combining the two equations above, we conclude that
Rq\Q; ~ICp[-dim M +2]@--- € D™ (M,Qy).

Hence, thanks to properness of #: M — B, we have Rh) = Rhy, and the lefthand side
of (45) (shifted by degree 2) is a direct sum component of the lefthand side of (46). In
particular, Proposition 3.2 follows from Proposition 3.3. |

In the rest of Section 3, we prove Propositions 3.3 and 3.4.

3.2 Proof of Proposition 3.3

Proposition 3.3 is a consequence of the following well-known vanishing and the
dimension bounds (Proposition 2.6 for (A) and Proposition 2.9(a) for (B)) obtained in
Section 2.

Lemma 3.5 Let Y be an irreducible Artin stack of dimension r. Then forn > 2r we
have the following vanishing for compactly supported cohomology:

(48) H!(Y.Qp) =0.

Proof In the special case when ) is nonsingular, (48) follows from the Verdier duality
H'DV, Q)Y =H"™"Y,Q)=0, 2r—n<0.
In general, since we are only concerned with the constructible sheaf Q;, we may assume
that ) is reduced. Then by stratifying ) into locally closed nonsingular substacks and
the excision sequences ([28, Example 2.1(iv)]), we reduce (48) for general ) to the
nonsingular ones. |
Let b € B be a closed point. We denote by My the substack
My = hy (b)) C M.
Propositions 2.6 and 2.9(a) yield

dimMp < R—1, where R =dim M —dim B.
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Combining with Lemma 3.5, we conclude that the complex

(RhpgQp)p = H (M, Qp)

is concentrated in degrees < 2(R — 1) for any closed point b € B. In particular,

(t52R—2(Rhp1Q1))p = T52r—2((RhpAnQp)p) =0 forall b € B.

This completes the proof of Proposition 3.3. |

3.3 Moduli of framed objects

The main difficulty for proving Proposition 3.4 is the nonproperness of the morphism
q: M — M. In order to apply the decomposition theorem [1] to ¢, we use the moduli of
framed objects [34] to “approximate” the stack M. See [10; 11; 13; 14; 35; 38; 30] for
applications of such techniques in the study of quivers representations and Donaldson—
Thomas theory.

Let M and M be the moduli space and the moduli stack of (A) or (B) in Section 0.1.
Since in either case M can be realized as a moduli space of semistable sheaves on an
algebraic surface, we obtain (see Section 2.4) that M can be realized as a GIT-quotient
of a Quot-scheme

M = Quot™ /GL,,,

where the semistable locus Quot®™ C Quot is with respect to a GL,,,—linearized polar-
ization Ly on Quot. The morphism ¢ is induced by the morphism from the stack to
the corresponding good GIT-quotient:

(49) M = [Quot** /GL,,] <> Quot* /GL,, = M.

Proposition 3.6 Forany N > 0, there exist a nonsingular scheme My and a nonsingular
Artin stack Xy with a commutative diagram

My < > Xr
e \ ./
M Dx
M

satisfying the following properties:

(a) px is an affine space bundle,

(b) j: My — Xy is an open immersion,
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(c) the composition My ML M s projective, and
(d) for the complement Zf := Xy \ My, we have
codimy, (Zf) > N.

Proof We complete the proof of Proposition 3.2 in the following three steps.

Step 1 (quiver moduli) For a fixed integer f > m, let Qr be a quiver of two vertices
Py and P, such that the dimension vector is (1,7) and there are f arrows from P
to P,. Following King [25], the representation space

A :=Hom(C,C™)/ ~c™f
of the quiver Qs admits a natural action of the group
Gy = GL xGL,,.
Moreover, for any 8 > 0, the character
x0: Gm — C*, (g1.gm) — det(g1) ™™ -det(gm)?, where g; € GL;,

yields a stability condition on A. Here the stability is given by GIT associated with the
trivial line bundle Og, equipped with the G,,—linearization induced by xg. We denote
by Aj C A the semistable locus with respect to 6.

Claim We have
codimy (A \ Ay) — oo when f — oc.

Proof If we view A as the parameter space of m x f matrices, the GIT-unstable loci
are contained in the determinantal variety D,,_; C A formed by matrices of rank < m.
Hence we have

dim(A \ Ay) <dim D,y = (m—1)(f + 1),
which implies that
codimpy (A\NAY) >mf —(m—-D)(f+1)=f+1-m— o0

when f — oo. a

Step 2 (moduli of framed objects) The moduli space of framed objects [34] combines
the quotients (49) and the quiver O, which provides the scheme My and the stack Xy
for Proposition 3.6. We recall the construction as follows.
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Consider the natural G,,—action on the product
Quot XA,

where the action on the first factor passes through the obvious GL,,—action and the
action on the second factor is given in Step 1. Since the diagonal torus

GL] — GLI X GLm = Gm

acts trivially on both Quot and A, the G,,—action on Quot xA further passes through a
PGy, (:= Gp, /GL)—action.

We choose a > 0 such that @ > m#6, and we consider the G z—linearization
(51) %9 = 3 x 04

on Quot xA. Let
(Quot xA)* C Quot xA

be the GIT-semistable locus associated with (51). By a calculation using the Hilbert—
Mumford criterion, it was proven in [34] (under a more general setup) that we have the
open immersions

(52) Quot™ xAy C (Quot xA)*™ C Quot™ xA.

Here the first inclusion is given in [34, Remark 3.40] and the second inclusion is given
in [34, Proposition 3.39].

We define
(53) Mjy := (Quot xA)* / Gp = (Quot xA)*/PGp,, Xy := (Quot™ xA)/PGy,.
Note that by [34, Proposition 3.39], the scheme M/ can be interpreted as the moduli

of framed objects, which is nonsingular by [34, Corollary 3.41].

Step 3 (properties) We show that My and X defined in (53) fit into the commutative
diagram (50) and satisfy the properties (a)—(c). Moreover, they also satisfy (d) when
f — oo.

The open immersion
J: Mg — Xr

is induced by the second inclusion of (52). The quotient stack X'r admits a natural map
to M via the natural projection

px: Xy = (Quot™ xA)/PG,;, — Quot™ /PGy, = M,
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which is an A-bundle. By setting pps = px o j, we obtain the commutative diagram
(50) and (a) and (b) immediately. The property (c) follows from [34, Theorem 3.42].

We note that the morphism from My to M has a natural geometric interpretation. In
fact, we have

M = (Quot® xA) /G,
by [34, last paragraph before Section 3.7]. Therefore the contraction
g o pm: My = (Quot xA)* /Gy — (Quot™ xA) ) Gpy = M

can be viewed as a variation of GIT from the G,,—linearization (49) to the Gy,—
linearization

L= L3 RO,
with the trivial G,,—action on the second factor.
It remains to prove (d). By (52) and the claim in Step 1, we have

codimy, (Z¢) > codimp (A \ Ay) = oo when f — oc. =]

3.4 Proof of Proposition 3.4

To construct the desired splitting, we follow the approach of [34]. Namely we use
the construction in the previous section to approximate M with My and apply the
decomposition theorem to the proper morphism g o pas: My — M.

Fix N > 0 and choose f as in Proposition 3.6. Let i: Zy < M denote the closed
immersion which has codimension larger than N. Consider the excision triangle on X,

(54) ini' Q= Q1 = Rjuj*Qr — ini* Q1]
Since Xy is nonsingular, we have
i'Q; = wz [~2dim X].

Also, from Section V.2 of [23], we have that the complex Wz, is concentrated in degrees
[-2dim Z¢, oo]. By combining these with the codimension bound for Z¢, we have
that the complex i'Q; is supported in degrees [2N, 00].
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If we push forward the excision triangle (54) to M along

qopx:Xr—> M,

we obtain the triangle

(55)  R(qo px)siti'Q; — R(qo px)«Q = R(qo px)sRjuj*Q

— R(q 0 pa)«iri' Q[1].
Since the derived pushforward functor preserves the subcategory D=° and its shifts,
the leftmost term of (55) is supported in degrees [2N, oo] as well. Furthermore, by

[28, Lemma 3.3], after changing N by a bounded amount, we have the same support
result for perverse cohomology sheaves. In other words, we have the vanishing

Proon R(q 0 pa)xiti'Qp =0

and, by (55), the quasi-isomorphism

(56) PToNR(g 0 px)«Q =>Pron R(g o pa)« Rjxj Q.

Finally, since pa: Xy — M is an affine space bundle, so that Rpx,Q; = Q;, we can
rewrite (56) as

(57) p77<2NRQ>|<QI L>pf<2NR(quM)*Ql-

By the decomposition theorem for the proper, surjective morphism g o py: My — M,
the righthand side of (57) can be noncanonically written as a direct sum of its (shifted)
perverse cohomology sheaves:
2N-1

(58) PTaNR(Go prm)«Qr > @ Pul—kl.

k=dim M
The lowest perverse cohomology sheaf Pyim, ar occurs in degree dim M, because of
surjectivity of the morphism. After restricting to an open subset V' C M over which
g o ppq is smooth, it is given by the shifted local system whose fiber over x € V
is HO(M £.x>Qy), with My, the closed fiber of My over x. In particular, Pyim pr
contains ICys as a direct summand.

If we combine the splitting (58) with (57), we see that the composition
ICps[—dim M] — Pgim pr[—dim M| — 1o n RgxQ;

admits a splitting
un:P1oanRq«Q; — ICps[—dim M].
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As Ext-groups between perverse sheaves vanish outside of bounded degree, for N
sufficiently large, we have the stabilization

Hom(P1-yn Rg«Q;, ICp[—dim M]) = Hom(Pt<on 41 Rg«Q;, ICps[—dim M ).
In other words, for the canonical morphism
v PToan R« Qp — Proov 1) Re«Qy,
the splittings u ; are compatible in the sense that uy = uy410ovy.

By [26, Lemma 4.3.2], we have that the unbounded complex Rgq+Q; is the homotopy
colimit of its truncations, ie

Rq+Q; = hocolim* -5 R+ Q;.
N—o00
So as a result, the splittings u v yield a splitting
u: Rq+Q; — ICps[—dim M|,

and consequently, a direct summand decomposition (47) as desired. |

4 Proof of the main theorem

4.1 Overview

We complete the proof of Theorem 0.4. For the approach, we combine the support
inequality of Theorem 3.1 and techniques of [8; 4].

4.2 {§—-inequalities for integral curves

As in Section 2.2, we consider the relative degree 0 Picard variety
Pic’(Cg/B) — B

associated with a family of curves wg: Cp — B. We obtain the §—invariants computing
the dimensions of the affine parts of the group schemes

§(b) := dim(Pic®(Cp)*), b€ B,

where Cy, is the fiber of wp over b. For a closed subvariety Z C B, we define § 7 to
be 6(b) for a general point in Z.
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In Section 4.2, we first focus on the case of a flat family of integral curves
ng:Cg — B
satisfying that the compactified Jacobian
Pic’(Cp/B) C JCp
(parametrizing degree 0 torsion-free sheaves on the curves Cp) is nonsingular.

The following lemma is the “Severi inequality”, which is parallel to [4, (41)] for Higgs
bundles. The proof of [4, (41)] works identically here since the only structure used for
the spectral curves Cg — B in [4] is the smoothness of 7Cp. We give a proof for the
reader’s convenience.

Lemma 4.1 For any subvariety Z C B, we have

codimZ > 6.

Proof Let Cypiy — Buniv be a semiuniversal family of curves such that the family

Cp — B is induced by a map
¢: B — Buniv.

Let BS

univ

C Buniv be the locus given by {h € B : §(b) = §}. Since JCp is nonsingular,
by the paragraph following [17, Theorem 2], the image ¢ (B) C Byny meets Bgniv
transversally. Hence for any irreducible subvariety Z C B whose general points lie

in BS

nive W€ have

dim Z < dim(¢(B) N BS ;) = dim ¢(B) + dim BS ,, — dim Bypy < dim B — 6,
where the equality follows from the transversality. We conclude that

codimZ =dimB—-dimZ >§=4,. O
Our major application of Lemma 4.1 is for curves in a linear system on a del Pezzo
surface.
Corollary 4.2 Let 8 be a curve class on a del Pezzo surface, let

(59) ng:Cg— B=PHS,05(8))

be the universal curve in the linear system, and let wp: C° — B® be the restriction
of (59) to the subset B® C B of integral curves. Then for any irreducible subvariety
Z C B whose generic point lies in B°, we have

codimZ >§,.
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Proof Since the compactified Jacobian 7Cco associated with 7wy C° — B°is an
open subvariety of the moduli of stable pure 1-dimensional sheaves supported in the
class B, we deduce the smoothness of [7Cco from the smoothness of the moduli stack
(cf Lemma 2.5). Hence Corollary 4.2 follows by applying Lemma 4.1 to the family
mg:C°— B°. ad

When the integral locus B° C B is nonempty, by Proposition 2.10 the moduli space
M ﬂL,x is irreducible for any polarization L and x € Z satisfying that
dimMﬂ{X =dimJCgo = B2+ 1.
We define the following invariant associated with the curve class §:
(60)  ®pg:=dimPic®(C°/B°)—2dim B =dim My, —2dim B =1+ B K,

where the last equality follows from Lemma 2.1.

4.3 §-Inequalities for linear systems

In Section 4.3, we assume that 8 is an ample curve class on a del Pezzo surface S. We
introduce a stratification of

B=PH’(S,05(8))

analogous to the stratification introduced in [8, Section 9] and [4, Section 5.2] for Higgs
bundles.

We consider the s—tuples

(61) B = ((my,B1).(m3,B2), ..., (mg, Bs)),

where s > 1, m; > 1, and B; are (not necessarily distinct) curve classes on S such that

(1) Z;v:1 m;B; = B, and

(ii) there exists an integral curve in |B;| for each 1 <i <.

The objects (61) are called types of the curves in the linear system B = |f|. Two such
objects

B = ((my, B1). (m2. B2). ... (ms, Bs)),

é/ = ((mll’ﬂll)’ (m,2’ﬁ,2)? R (m./v’ﬁ;’))a

are said to give the same type if s = 5" and there exists a bijection

o:{1,2,....s} > {1,2,...,5}
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such that §; = ,3; 0 and m; = m; i) We have a stratification according to the types
of the curves in |B],

B=||Bs.
il

where each Bg is a locally closed subset of B formed by curves in || of type B:

Bg = {E = Zm,-E,- € |B| ‘ E; €|Bi|, E; are distinct integral curves}.
i

Proposition 4.3 Let Z C B be an irreducible subvariety whose general points have
type
IB = ((m17 ﬁl)’ (mz, IBZ)a ] (mSa ,BS))

Then we have s
®p+codimZ > ) dp +357.

i=1
Proof We apply a similar argument as in [4, Corollary 5.4.4] for Higgs bundles.

For a curve class ;, we denote by |3;|° the open subvariety of |8;| = P H(S, Os(B))
consisting of integral curves. We define

(62) Cg, — |Bil°.  Picg, —|Bil°.

to be the universal curve and the corresponding relative degree 0 Picard variety over | 8;|°.
For a type B as in (61), we have a finite morphism

N N
)xﬁiB:gi Z=H|ﬂi|—>B, (E; f=ll—>ZmiEi,
=l i=1
whose image is
Im(Ag) = Eﬂi C B.

The morphism A g sends the open subvariety [ ], |8i|° C Bl’g_ to Bg, C B.

Now we assume that n € B is the generic point of Z. By the first two paragraphs of
[4, Proof of Corollary 5.4.4], there exists a point

n'=(n.n.....05) €hg () C By mi €1Bil°,
satisfying that
(i) dim{n} =dim {7’} = dim Z,
(i) dim(Picg )™ = Y j_; dim(Picg, ,,)*.
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Here for any connected commutative group scheme P, we use the notation P to
denote its abelian variety part in the Chevalley decomposition (15). Since by definition
(see (60)) we have

dim(Picg )" = ®g+dim B—6z. dim(Picg, ,,)™ = ®p, + dim [B;] — 855

we obtain from (ii) that

S N S
(63) Sz+) g —Pg=dimB—Yy dim|fi|+ Y 5.

i=1 i=1 i=1

Applying Corollary 4.2 to (62), we have

8y < dim|8;| — dim {n; },

which implies that the righthand side of (63) is

S
<dim B— ) dim {r;} = dim B —dim Z = codim Z. O

i=1
4.4 Higgs bundles

The analog of Proposition 4.3 for the moduli of Higgs bundles is exactly the inequality
(75) of [4, Corollary 5.4.4]. Although the paper [4] works with Higgs bundles with
gcd(n, x) = 1, Corollary 5.4.4 only concerns the group scheme — the degree 0 Picard
variety associated with the universal spectral curve, which is not constrained by the
coprime assumption.

We now rewrite the inequality (75) of [4, Corollary 5.4.4] in Proposition 4.4 parallel to
the form of Proposition 4.3.

Consider the Hitchin fibration
h: My y — B

associated with C, n, x and an effective divisor D with degree deg(D) > 2g —2. Recall
from [4, Section 5.2] that the Hitchin base

n
B= H(C.0(iD))
i=1
admits a stratification

(64) B= || Bum..

(ne,me)
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Here a type of spectral curve is given by (#,, 71,) with
N
s>1, ne=(ny,ny,....ng), me=(my,my ... ,my), Zmini =n,
i=1
and By, m, are formed by spectral curves E C Tot(Oc¢ (D)) of the form E =), m; E;,
with E; distinct integral spectral curves that are degree n; covers of the zero section C.
This actually coincides with the notion of (61) since the class of any spectral curve
in the surface Tot(O¢ (D)) is of the form B; = n;[C] with [C] the curve class of the

zero section C C Tot(O¢ (D)). We refer to [4, Section 5] for more details about the
stratification (64).

We define the invariant, similar to (60),
®, = dim M, y —2dim B = 1 + (2g —2 — deg(D))n,

where we use the dimension formulas of [4, (77)] in the last identity.

Proposition 4.4 Let Z C B be an irreducible subvariety whose general points have
type (n,, m,). Then we have

N
®, +codimZ > 3 " @y, +82.
i=1
Here 7 is defined via the relative degree O Picard variety associated with the spectral
curves.

4.5 Proof of Theorem 0.4

We complete the proof of Theorem 0.4 in this section. Let
L
h: M sy B

be the morphism (2). By Lemma 2.5, the open subvariety of stable sheaves

is nonsingular. So we have
— ; L
In particular, the restriction of the direct image complex Rh4IC,, L to the open subset
5 X

U C B of nonsingular curves in || satisfies

2d
(65) Rh*ICMﬁLx|U:@/\’Rln*Q[dimM[{jx—i].
' i=0
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Here 7:C — U C B, and (65) is an isomorphism of variations of Hodge structures
by Proposition 2.2. Hence, in order to prove Theorem 0.4, it suffices to show that the
lefthand side of (4), as a bounded complex of perverse sheaves, has full support B.

Assume that the irreducible subvariety Z C B is a support whose general point has
type . We combine the inequalities of Proposition 4.3 and Theorem 3.1 to obtain

S S
&g+ codim Z > Z‘bﬁt +87 > Zq)ﬂi + codim Z,

i=1 i=1

which implies &g > ZLI ®g. . Therefore,

(66) l—s> (/3 - Zﬁi) “(—=Ks).

Since —Kg is ample and B — ), B; > 0, the only possibility for (66) to hold is s = 1
and m; = 1. Equivalently, we have Z = B. This completes the proof of Theorem 0.4

L
for Mﬁ,x'

The proof for Mn x 1s identical, where we apply Theorem 3.1 and Proposition 4.4. a
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Coarse injectivity, hierarchical hyperbolicity
and semihyperbolicity
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We relate three classes of nonpositively curved metric spaces: hierarchically hy-
perbolic spaces, coarsely injective spaces and strongly shortcut spaces. We show
that every hierarchically hyperbolic space admits a new metric that is coarsely in-
jective. The new metric is quasi-isometric to the original metric and is preserved
under automorphisms of the hierarchically hyperbolic space. We show that every
coarsely injective metric space of uniformly bounded geometry is strongly shortcut.
Consequently, hierarchically hyperbolic groups — including mapping class groups of
surfaces — are coarsely injective and coarsely injective groups are strongly shortcut.

Using these results, we deduce several important properties of hierarchically hyper-
bolic groups, including that they are semihyperbolic, they have solvable conjugacy
problem and finitely many conjugacy classes of finite subgroups, and their finitely
generated abelian subgroups are undistorted. Along the way we show that hierar-
chically quasiconvex subgroups of hierarchically hyperbolic groups have bounded
packing.

20F65, 20F67, 51F30

1 Introduction

A principal theme of geometric group theory is the study of groups as metric spaces.
This includes studying groups via the types of metric spaces they act on. In this vein,
the study of groups acting on spaces satisfying various forms of nonpositive curvature
conditions has been especially fruitful. In this article, we are concerned with three
classes of spaces exhibiting nonpositive curvature: hierarchically hyperbolic spaces,
coarsely injective spaces and strongly shortcut spaces.
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1.1 The setting

The first of our three classes is that of hierarchically hyperbolic spaces, which exhibit
hyperbolic-like behaviour. Behrstock, Hagen and Sisto introduced these in [11] and,
with Martin [9], showed they include many quotients of mapping class groups, while
Hagen and Susse [48] added all known cubical groups to a growing body of interesting
examples. The theory has had a number of successes: Behrstock, Hagen and Sisto [12]
proved Farb’s quasiflats conjecture for mapping class groups, and Abbott, Ng, Spriano,
Gupta and Petyt [3] established uniform exponential growth for many cubical groups.
We postpone describing the hierarchy structure until Section 3.1.

The next class we consider is that of coarsely injective spaces. A metric space is said to
be coarsely injective if there is a constant § such that, for any family {B(x;,r;):i € I}
of balls with d(x;, x;) < r; +r; foralli, j € I, the S—neighbourhoods of those balls
have nonempty total intersection. This property was first considered by Chepoi and
Estellon in [30].

As the term suggests, this notion is closely related to that of injective metric spaces. A
metric space is injective (also called hyperconvex) if, for any family {B(x;,r;):i € I } of
balls with d(x;, x;) <r; +r; forall i, j € I, the balls have nonempty total intersection.
In other words, it amounts to taking § = 0 in the definition of coarse injectivity. (There
are multiple equivalent ways to define injectivity of a metric space, by a theorem
of Aronszajn and Panitchpakdi [6].) A construction of Isbell [57], which was later
rediscovered by Dress [36] and by Chrobak and Larmore [32], shows that every metric
space has an essentially unique injective hull. More precisely, the injective hull of a
metric space X is an injective metric space E (X ), together with an isometric embedding
e: X — E(X), such that no injective proper subspace of E(X) contains e(X). For
convenience, we will often identify X with its image e(X). A nice description of the
construction of the injective hull is given by Lang in [60, Section 3].

The classes of coarsely injective spaces and injective spaces are tied together by the
following useful fact, the proof of which is identical to that of Chalopin, Chepoi,
Genevois, Hirai and Osajda [26, Proposition 3.12]. A subset Y of a metric space X is
coarsely dense if there exists r such that every x € X is r—close to some y € Y.

Proposition 1.1 A metric space is coarsely injective if and only if it is coarsely dense
in its injective hull.

Geometry & Topology, Volume 27 (2023)
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Moreover, if a group acts properly and coboundedly on a coarsely injective space, then
it acts properly and coboundedly on the injective hull of that space (see Lemma 3.10).
Here and throughout the paper, a group G is said to act properly on a metric space X
if {g € G: gBN B # &} is finite for every metric ball B of X. This is sometimes
referred to as a metrically proper action.

Injective metric spaces satisfy a number of properties reminiscent of nonpositive
curvature and, in particular, of CAT(0) spaces. For instance, they admit a conical
geodesic bicombing [60], and proper injective spaces of finite combinatorial dimension
have a canonical convex such bicombing; see Descombes and Lang [34]. Also, every
bounded group action on an injective metric space has a fixed point, and the fixed-point
set is itself injective [60]. These properties are what allow us to draw our conclusions for
hierarchically hyperbolic groups. Although it will not be needed here, it is interesting
to note that injective spaces are also complete [6] and contractible [57].

The second author introduced the strong shortcut property for graphs [52] and then
generalised it to roughly geodesic metric spaces [S1]. A Riemannian circle S is the
circle S' endowed with a geodesic metric of some length |S|. A roughly geodesic
metric space (X, o) is strongly shortcut if there exists K > 1 such that, for any C > 0,
there is a bound on the lengths |S| of (K, C)—quasi-isometric embeddings S — X of
Riemannian circles S in (X, o). A group is strongly shortcut if it acts properly and
coboundedly on a strongly shortcut metric space. Many spaces and graphs of interest
in geometric group theory and metric graph theory are strongly shortcut, including
Gromov-hyperbolic spaces, 1-skeletons of finite-dimensional CAT(0) cube complexes,
Cayley graphs of Coxeter groups, and asymptotically CAT(0) spaces. Despite being
such a unifying notion, it remains possible to draw conclusions about strongly shortcut
groups, including that they are finitely presented and have polynomial isoperimetric
function, and so have decidable word problem.

1.2 Comparison of the classes

Our main result is the definition of a new metric on hierarchically hyperbolic spaces
and, more generally, on coarse median spaces satisfying a nice approximation property
of median intervals by CAT(0) cube complexes.

Our construction is directly inspired by work of Bowditch [20], in which he constructs
an injective metric on any finite-rank metric median space. Indeed, if one endows a
finite-dimensional CAT(0) cube complex with the piecewise £°° metric, it becomes an

Geometry & Topology, Volume 27 (2023)
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injective metric space. The new metric we construct is weakly roughly geodesic and
has the property that balls are coarsely median convex; see Theorem 2.13.

We then prove a hierarchical generalisation of a very nice result of Chepoi, Dragan and
Vaxes [29] about pairwise close subsets of hyperbolic spaces. Combining this with
work of Russell, Spriano and Tran [71] enables us to deduce a coarse Helly property
for balls.

Theorem A (Proposition 2.16 and Corollary 3.6) Let (X, &) be a hierarchically
hyperbolic space with metric d. There exists a metric o on X such that (X, o) is
coarsely injective and quasi-isometric to (X, d). Moreover, o is invariant with respect
to the automorphism group of (X, S).

Our second result relates the class of coarsely injective spaces to that of strongly
shortcut spaces. A metric space has uniformly bounded geometry if, for any r > 0,
there exists a uniform N(r) € N such that every ball of radius » contains at most N(r)
points.

Theorem B (Theorem 4.2) Every coarsely injective metric space of uniformly
bounded geometry is strongly shortcut.

Huang and Osajda [55] proved that weak Garside groups of finite type and Artin groups
of FC type are Helly, so we have the following corollary of Theorem B:

Corollary C Weak Garside groups of finite type and Artin groups of FC type are
strongly shortcut.

Combining Theorem A with Theorem B, we deduce the following:

Corollary D Every hierarchically hyperbolic space admits a roughly geodesic metric
in its quasi-isometry class that satisfies the strong shortcut property.

In fact, in the case of hierarchically hyperbolic groups, the metric we construct is equi-
variant, by the “moreover” statement of Theorem A (also see Remark 3.9). Therefore,
every hierarchically hyperbolic group acts properly cocompactly on a coarsely injective
space, and any group admitting such an action is a strongly shortcut group. Moreover,
these three classes can be distinguished. Indeed, the second author showed [50] that
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the (3, 3, 3) Coxeter triangle group is strongly shortcut but not coarsely injective, and
type-preserving uniform lattices in thick buildings of type C,, are coarsely injective [26],
but, by work of the first author [46], they cannot be hierarchically hyperbolic groups,
because they do not admit any nonelementary actions on hyperbolic spaces.

One can also ask how Helly groups, as defined in [26], fit into this framework. A
Helly graph is a locally finite graph in which any set of pairwise intersecting balls
in the vertex set have nonempty total intersection, and a group is Helly if it acts
properly cocompactly on a Helly graph. Helly groups have some strong properties,
including biautomaticity [26, Theorem 1.5]. Hughes and Valiunas [56] have constructed
a hierarchically hyperbolic group that is not biautomatic and hence not Helly, though it
is CAT(0) and acts properly cocompactly on an injective metric space.

It is clear that every Helly group is coarsely injective. Recall that, according to Bridson
(see [22]), mapping class groups are not CAT(0). Note that any Helly group acts
properly cocompactly on a space with a convex geodesic bicombing (see [34]). So we
suspect that mapping class groups are not Helly groups.

We can summarise the relations between these classes with the following diagram,
in which A = B denotes the statement “any group that is A4 is necessarily B”, and
A #> B denotes “there is an example of a group that is A but not B”:

HHG

—_— —
ﬂoﬂ coarsely injective __, ” strongly shortcut

Helly %/}%

1.3 Metric consequences

We now describe some of the consequences of Theorem A for hierarchically hyperbolic
spaces. Recall that a quasigeodesic bicombing on a metric space (X, ) is a map
y: X x X x[0, 1] = X such that, for each distinct pair a, b € X, the map [0, 0 (a, )] = X
given by 1 — y, p(t/0(a, b)) is a quasigeodesic from a to b with uniform constants.

There are various fellow-travelling conditions that a bicombing may enjoy. We say that
a bicombing is roughly conical if there is a C = 0 such that, for all a, b,a’, b’ € X and
t €[0,1],

0(Vap (1), Yarpr (1)) < (1=t)o(a.a’) +1o(b,b") + C;
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and it is roughly reversible if it satisfies the following coarse version of symmetry:
there is a C > 0 such that, for all a,b € X and ¢ € [0, 1],

0(Vap(t), Vp,a(1—1)) <C.

From the existence of conical, reversible, isometry-invariant geodesic bicombings on
injective metric spaces [60], we deduce the following:

Corollary E (Corollary 3.7) Let (X, ©) be a hierarchically hyperbolic space. Then
(X, 0) admits a roughly conical, roughly reversible, quasigeodesic bicombing that is
coarsely equivariant under the automorphism group of (X, S). More strongly, the
combing lines are rough geodesics for the metric .

In particular, this applies to Teichmiiller space with either of the standard metrics, with
equivariance under the action of the mapping class group. This particular application
was unknown to us until comparing results with Durham, Minsky and Sisto [38].

Corollary E gives a positive answer to Question 8.1 of Engel and Wulff [40], as any
roughly conical bicombing is coherent and expanding, in their terminology. Engel and
Waulff proved that the existence of such a bicombing has a large number of K—theoretic
consequences. This positive answer also allows one to apply work of Fukaya and Oguni
(see [42]) to deduce the coarse Baum—Connes conjecture for hierarchically hyperbolic
groups. The coarse Baum—Connes conjecture is also a consequence of finite asymptotic
dimension, which is a known property of uniformly proper hierarchically hyperbolic
spaces [10].

1.4 Consequences for groups

We now turn to the case of hierarchically hyperbolic groups, which, as we have seen,
act properly cocompactly on coarsely injective spaces. Here we describe some of the
consequences of such an action.

Following Alonso and Bridson [4], we say that a bicombing is bounded if it satisfies
the following weak two-sided fellow-traveller property: there is a C = 0 such that, for
alla,b,a’.b’ € X and t € [0, 1],

0 (Ya,b (1), Yar b (1)) < C max(o(a.a’).o (b, b)) + C.

Note that, if a bicombing is roughly conical, then it is bounded. A finitely generated
group is said to be semihyperbolic if it has a Cayley graph that admits an equivariant
bounded quasigeodesic bicombing.
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Among other results, Alonso and Bridson proved that semihyperbolicity implies the
existence of a quadratic isoperimetric function, that the group has soluble word and
conjugacy problems, and that an algebraic flat torus theorem holds [4]. For more
discussion of the consequences of semihyperbolicity, see Bridson and Haefliger [24].
Semihyperbolicity was introduced as a response to Gromov’s call for a weaker form of
hyperbolicity in his original essay on hyperbolic groups, and it fits into the framework
of algorithmic properties developed by Epstein, Cannon, Holt, Levy, Paterson and
Thurston [41]. For example, semihyperbolicity is implied by biautomaticity, but not by
automaticity. A survey can be found in [23].

For hierarchically hyperbolic groups G, the freeness of the regular action of G on (G, o)
allows the bicombing of Corollary E to be pulled back to the Cayley graph of G [4].

Corollary F (Corollary 3.11) Every hierarchically hyperbolic group is semihyper-
bolic. In particular, the mapping class group of a surface of finite type is semihyperbolic.

The mapping class group case also follows from unpublished work of Hamenstidt [49],
and is related to Mosher’s automaticity theorem [62].

We should emphasise that the same result for mapping class groups has been obtained
by rather different methods, simultaneously and independently, by Durham, Minsky
and Sisto (see [38]). This will be discussed more in Section 1.6.

It is well known that mapping class groups have finitely many conjugacy classes
of finite subgroups (see Bridson [21]), a property that they share with hyperbolic
groups. However, to the authors’ knowledge, all existing proofs of this fact rely on
deep results that do not generalise to other settings, such as Kerckhoff’s celebrated
solution of the Nielsen realisation problem [59]. It is interesting to ask whether there is
a proof that avoids such powerful machinery, and indeed a more general question about
hierarchically hyperbolic groups was asked by Hagen and Petyt [47]. The question of
whether all hierarchically hyperbolic groups have finitely many conjugacy classes of
finite subgroups has resisted a number of attempted resolutions.

The fact that hierarchically hyperbolic groups act properly cocompactly on coarsely
injective spaces makes the following a simple consequence of Lang’s result about
bounded actions on injective spaces [60, Proposition 1.2]:

Theorem G (Corollary 3.12) Hierarchically hyperbolic groups have finitely many
conjugacy classes of finite subgroups.
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It is interesting to note that this applies in particular to many quotients of mapping
class groups [10; 9]. It is also a simple consequence that residually finite hierarchically
hyperbolic groups are virtually torsionfree.

We now summarise the consequences for hierarchically hyperbolic groups of the results
described above (also see Remark 3.9 for a comment on their generality).

Corollary H Every hierarchically hyperbolic group G has the following properties:

e G acts properly cocompactly on a proper coarsely injective space.
¢ G has finitely many conjugacy classes of finite subgroups.

e G is semihyperbolic. In particular,

— the conjugacy problem in G is soluble, and it can be solved in doubly
exponential time;

— any polycyclic subgroup of G is virtually abelian;

— any finitely generated abelian subgroup of G is quasi-isometrically embed-
ded;

— the centraliser of any finite subset of G is finitely generated, quasi-isometri-
cally embedded and semihyperbolic.

e [40, Theorem C] For any ring R, if the cohomological dimension cdg(G) is
finite, then cdg(G) < asdim(G) + 1.

e G is a strongly shortcut group.

The result about polycyclic subgroups can also be deduced from the Tits alternative for
hierarchically hyperbolic groups established by Durham, Hagen and Sisto [37]. The
result about finitely generated abelian subgroups was proved by Plummer [67]. The
other consequences are new, however. The result about the conjugacy problem extends
work of Abbott and Behrstock [1], showing that it can be solved in exponential time
for Morse elements of hierarchically hyperbolic groups, and generalises the fact that,
in mapping class groups, it can always be solved in exponential time; see Masur and
Minsky [61] and Tao [74; 8]. In the case of cubical groups, a beautiful result of Niblo
and Reeves [63] states that every cubical group is biautomatic, and semihyperbolicity
is a direct consequence of this. We emphasise, though, that the class of hierarchically
hyperbolic groups is considerably larger than just cubical groups and mapping class
groups.
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1.5 Bounded packing

The bounded packing property for subgroups of finitely generated groups was in-
troduced as a metric abstraction of tools used to prove intersection properties of
subgroups of hyperbolic groups by Gitik, Mitra, Rips and Sageev [45] and Rubinstein
and Sageev [70], and in turn as a stepping stone towards ensuring cocompactness of
the cube complex associated with a finite collection of quasiconvex codimension-1
subgroups; see Sageev [72], Niblo and Reeves [64] and Hruska and Wise [54]. We
recall the definition in Section 3; see Hruska and Wise [53; 54] for more motivation and
background. The prototypical example is that of a quasiconvex subgroup of a hyperbolic
group. That such subgroups have bounded packing was first established by Gitik, Mitra,
Rips and Sageev, using compactness of the boundary [45], and another proof was given
by Hruska and Wise [53], using induction on the height of the subgroups.

More general examples have been provided by Antolin, Mj, Sisto and Taylor [5], who
use induction on height to show that finite collections of stable subgroups in any finitely
generated group have bounded packing. Stable subgroups were introduced by Durham
and Taylor [39], and they are always hyperbolic. More generally, Morse subgroups were
introduced independently by Tran [75] and Genevois [43], and the notion is implicit
in earlier work of Sisto [73]. Notably, Tran proved that any finite collection of Morse
subgroups has bounded packing [75, Theorem 1.2], again by using induction on height.

Theorem I (Corollary 3.13) Every finite collection of hierarchically quasiconvex
subgroups of a group that is a hierarchically hyperbolic space (in particular, of any
hierarchically hyperbolic group) has bounded packing.

For many groups that are HHSs (including all HHGs), every stable subgroup is hierar-
chically quasiconvex; see Abbott, Behrstock and Durham [2] and Russell, Spriano and
Tran [71]. Theorem B also applies to subsurface stabilisers in the mapping class group,
which are neither Morse nor stable. See Section 3.1 for the definition of hierarchical
quasiconvexity.

Our proof of this result is purely geometric. It relies on a very strong result for
quasiconvex subsets of hyperbolic spaces that was proved by Chepoi, Dragan and
Vaxes [29]; we state it as Theorem 3.4. Their theorem does not seem to have garnered
the notice it deserves in geometric group theory. For instance, it yields what appears to
be the simplest and most natural proof of bounded packing for quasiconvex subgroups
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of hyperbolic groups. One case of our hierarchical generalisation of their result can be
stated as follows:

Theorem J (Theorem 3.5) Let X be a hierarchically hyperbolic space, and let Q be
a finite collection of hierarchically quasiconvex subsets of X. If every pair of elements
of Q is r—close, then there is a point of X that is R—close to every element of Q, where
R does not depend on the cardinality of Q.

1.6 Comparison to the work of Durham, Minsky and Sisto [38]

Let us now say a few words about the difference between the present article and the
work of Durham, Minsky and Sisto [38]. As noted, both articles independently prove
that mapping class groups are semihyperbolic, but the approaches differ greatly. In
both cases, this fact is deduced from a stronger statement in a more general setting, but
those two statements are very different in flavour. Their results hold for hierarchically
hyperbolic spaces with the extra assumption of colorability, and they deduce interesting
corollaries about bicombings on the Teichmiiller space with the Teichmiiller metric,
and the existence of barycentres. These results are also consequences of Theorem A
and Corollary E.

Our construction is built on the fact that intervals in hierarchically hyperbolic spaces
can be approximated by finite CAT(0) cube complexes (proved in [12]). The main
result of Durham, Minsky and Sisto is that these approximations are furthermore stable,
meaning that a small change in the endpoints of the interval induces a small change in
the approximating CAT(0) cube complex. This stability result may prove extremely
useful for other purposes.

If we want to compare the bicombing we obtain to the one from [38] in the simplest case
of a CAT(0) cube complex, our bicombing looks like the geodesic CAT(0) bicombing,
whereas their bicombing is more similar to (but not the same as) Niblo—Reeves normal
cube paths [63]. One notable difference is that our bicombing is roughly conical and
their bicombing is merely bounded, which is not enough to deduce the consequences
of Section 1.3. On the other hand, their bicombing paths are known to be hierarchy
paths, whilst ours are not.

Structure of the article

In Section 2, we recall basic definitions of coarse median spaces, and we explain the
extra property we need, a stronger approximation of median intervals by CAT(0) cube
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complexes. We then define a new distance, and we prove that it is quasi-isometric to
the original one and is weakly roughly geodesic, and that its balls are coarsely median
convex.

In Section 3, we treat hierarchical hyperbolicity, and prove that hierarchically quasi-
convex subsets satisfy a coarse version of the Helly property. We use this to show that
the new distance makes hierarchically hyperbolic spaces coarsely injective, and deduce
semihyperbolicity of hierarchically hyperbolic groups. We also show that hierarchically
quasiconvex subgroups have bounded packing.

In Section 4, we recall the definition of a strongly shortcut group, and prove that coarse
injectivity implies the strong shortcut property.
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2 Coarse median spaces with quasicubical intervals

2.1 Background on coarse median spaces

Coarse median spaces, defined by Bowditch in [17], are a generalisation of CAT(0) cube
complexes and Gromov-hyperbolic spaces, and the class is rich enough to encompass
mapping class groups of finite-type surfaces. The general idea is to associate to every
triple of points in the space a point that satisfies the axioms of a usual median up to
controlled error. This point will be called the coarse median.

Let us recall here that a median j1: X3 — X on a set X is a map satisfying (where we
write equivalently p(x, y, z) or fy,y, - to increase readability)

e u(x,y,z)is symmetric in x, y and z;
o u(x,x,y)=xforall x,y € X;and
o w(a,b, pux,yz) = n(lapx> Hab,y z) foralla,b,x,y,z € X.

Geometry & Topology, Volume 27 (2023)



1598 Thomas Haettel, Nima Hoda and Harry Petyt

The pair (X, ) is called a median algebra. The rank of (X, ) is the supremum of
all v € N such that there exists an injective median homomorphism from the v—cube
{0, 1}" into X.

Every finite median algebra can be seen as the O—skeleton of a CAT(0) cube complex
(see [28; 69]).

Let (X, d) be a metric space. For any x, y € X, let
Ig(x.y)={ze€ X |d(x.z)+d(z.y) =d(x,y)}

denote the interval between x and y. The metric space (X, d) is called metric median
if I;(x,y)N1z(y,z)N 1 (x,z)is asingleton—say {u(x, y,z)}—forall x, y,z € X.
In this case, u defines a median on X. Examples of median metric spaces include trees,
1—skeletons of CAT(0) cube complexes with the combinatorial distance, and L spaces.

In a Gromov-hyperbolic space X, the three intervals joining three points may not
intersect precisely in a singleton, but by definition they do coarsely intersect with
uniformly bounded diameter. This suggests defining a map X3 — X that satisfies
the axioms of a median up to bounded error. This is made precise by the following
definition, due to Bowditch [17], generalising the centroid defined for mapping class
groups in [14]:

Definition 2.1 (coarse median space) Let (X,d) be a metric space. Amap j1: X3 — X
is called a coarse median if there exists h: N — (0, +00) such that:

e Foralla,b,c,a’,b’,c’ € X, we have
d(u(a,b,c), u(d’,b',c")) <h)(d(a,a’)+db,b")y+d(c,c)) + h(0).

¢ For each finite nonempty set A C X with |A| < n, there exists a finite median
algebra (Q, o) and maps 7: A — Q and A: Q — X such that, for every
a, B,y € Q, we have d(Aug(e, B, y), w(Aa, AB, Ay)) < h(n), and, for every
a € A, we have d(a, A(n(a))) < h(n).

We say that the triple (X, i, d) is a coarse median space. If Q can always be chosen
to have rank at most v, we say that i has rank at most v. As with median algebras, we
shall write pg4 p . = p(a, b, c) interchangeably. Note that we are also free to assume
that w(a, b, c) is symmetric in a, b and c, and that w(a,a,b) = a [17, page 73].

We now recall the definitions of intervals and coarse convexity in coarse median spaces.
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Definition 2.2 (median interval) For a pair of points a, b € X, the median interval
between a and b is defined as

[a,b] ={u(a,b,x)| x € X}.

Definition 2.3 (coarse median convexity) For a constant M > 0, a subset ¥ of X is
said to be M —coarsely median convex if

dlY,u(x,y,y) <M forall y,y €Y, x € X.
We finish by introducing some terminology.

Definition 2.4 (weakly roughly geodesic) Recall that a metric space (X, d) (or, more
briefly, the metric d) is called roughly geodesic if there exists a constant C; = 0 such
that, for any a, b € X, there exists a (1, C;)—quasi-isometric embedding of the interval
f:10,d(a,b)] - X such that f(0) =a and f(d(a,b)) =0b.

We say that a metric space (X, d) is called weakly roughly geodesic if there exists a
constant C :i = 0 such that, for any a, b € X and any nonnegative r < d(a, b), there is
apoint ¢ € X with |d(a,c) —r| < Cjand d(a,c) +d(c,b) <d(a,b)+C}.

Remark 2.5 Every roughly geodesic metric space is weakly roughly geodesic. More-
over, any metric space (X, d) that is weakly roughly geodesic with constant C (; is
necessarily (4C/,,4C él)—quasigeodesic. Indeed, given x, y € X, one can repeatedly
take r = 3C c,l in the definition of weak rough geodesicity to get a sequence x = wpo,
w1, ..., Wy =y such that d(w;, wi+1) € [2C/, 4C[’1] and d(w;, y) <d(w;j—1,y)—C/,
and the points of this sequence form a quasigeodesic from x to y.

2.2 Construction of a new metric

Let (X, u,d) be a coarse median space. Following Bowditch’s construction of an
injective metric on a median metric space [20], we shall define a new metric ¢ on X.

Definition 2.6 (contraction) For a constant K = 0, a map ®: X — R is called a
K—contraction if:
e ®is (1, K)—coarsely Lipschitz, ie |®(x) — ®(y)| < d(x,y)+ K forall a,b € X.
e & is a K—quasimedian homomorphism, ie

|®(ula, b, c)) — ur(®(a), ®(b), ©(c))|< K forall a,b,c € X,

where ur denotes the standard median on R.
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Definition 2.7 (new metric) For K > 0, we define a new metric 0 on X as follows.
Given a,b € X, let a(a, b) denote the supremum of all 7 = 0 such that there exists a
K—contraction ®: X — R such that ®(a) =0 and ®(b) =r.

The assumption that K is nonzero is needed to ensure that o separates points in the
setting of coarse median spaces. In the special case where X is a CAT(0) cube complex,
we may take K = 0. More precisely, if X is a CAT(0) cube complex endowed with the
piecewise £ length metric for p € {1, 2, oo}, for instance, then the new metric o for
K =0 is the piecewise £°° length metric on X.

Lemma 2.8 The function o is a metric on X.

Proof Leta,b € X be distinct. Consider the map ®: X — {0, K} that sends b to K
and everything else to 0. It is a K—contraction, and so o(a,b) = K > 0.

The proof of the triangle inequality is identical to [20, Lemma 3.1]. For the reader’s
convenience, we repeat it here. Let a,b,c € X. For each r < o(a, b), there exists
a K—contraction ®,: X — R such that |®,(a) — ®,(b)| = r. We certainly have
o(a.c) = [Pr(c)—Pr(a)| and o (b, c) = | Py (b) — Pr(c)], sO

o(a,c)+o(c,b) =sup{|Pr(c) — Dr(a)| + |Pr (D) — Pr(c)|:r <o(a,b)}
> sup{|®,(b) — P, (a)|: ¥ <o(a,b)} =0a(a,b). O

Remark 2.9 Although the construction of o depends on the choice of a positive
constant K, the actual choice of K will not matter to us here. If K; < K5, then any
K1—contraction is automatically a K>—contraction, so 0k, < 0k,. On the other hand, if
® is a Kp—contraction, then (K;/K>)® is a Kj—contraction, so o, > (K1/K2)ok,.
Thus, any two choices of K give bi-Lipschitz metrics.

We record the following simple consequence of the definition of o
Lemma 2.10 If a group G is acting isometrically on a coarse median space (X, jt, d)
by median isometries, in the sense that gu(x,y,z) = u(gx, gy, gz) forall g € G and

X, ¥,z € X, then the induced action of G on (X, t, o) is isometric.

Proof For any g € G and x,y € X, if ® is a K—contraction with ®(x) = 0 and
®(y) =r, then &’ = dg~! is a K—contraction with ®(gx) =0 and ®'(gy) =r. O
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In order to help understand the metric o, we shall work with coarse median spaces that
have the following property, which is a strengthening of the second axiom of coarse
median spaces for sets A = {a, b} with cardinality 2. We require an approximation of
the entire median interval [a, b] with uniform constants, and also that the comparison
map be a quasi-isometry and not just coarsely invertible.

Definition 2.11 (quasicubical intervals) Let (X, u,d) be a coarse median space.
We say that it has quasicubical intervals if it has finite rank v and there exists k > 1
such that the following holds: for every a, b € X, there exists a finite CAT(0) cube
complex Q of dimension at most v, endowed with the £! metric dp and the median
o, such that there exists amap A: Q — [a, b] satisfying:

e Aisa (k, k)—quasi-isometry, ie A is k—coarsely onto and
%dQ (a0, B) —k <d(Aa),A(B)) <kdg(a,B)+« forall a,p € Q.
e 1 is a k—quasimedian homomorphism, ie

d(A(o(e, B. ). k(A (), A(B). A(y))) <« forall o, B.y € Q.

Obviously this is satisfied by finite-dimensional CAT(0) cube complexes, or indeed by
any space with a global quasimedian quasi-isometry to a CAT(0) cube complex.

Proposition 2.12 Hierarchically hyperbolic spaces have quasicubical intervals, as do
coarse median spaces satisfying the axioms (B1)—(B10) in [18].

Proof In hierarchically hyperbolic spaces, the notion of median intervals used here
coincides coarsely with the hierarchically quasiconvex hull of a pair of points defined
in [13], by [71, Corollary 5.12; 19, Lemma 8.1]. The first statement is thus a special
case of [12, Theorem 2.1]. The second statement is exactly [18, Theorem 1.3]. O

As noted by Bowditch, every hierarchically hyperbolic space satisfies the axioms (B1)-
(B10) in [18]. It is not known whether all cocompact cube complexes can be given a
structure that satisfies these axioms.

We can now state the main result of this section. It sums up Lemma 2.10, Propositions
2.16 and 2.21, and Lemma 2.23, and the proof is split over the next three subsections.

Theorem 2.13 Assume that the coarse median space (X, i, d) has quasicubical inter-
vals and is roughly geodesic. The metrics o and d are quasi-isometric, o is weakly
roughly geodesic, and balls for o are uniformly coarsely median convex. Moreover,
o is invariant under the group of median isometries of (X, i, d).
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2.3 The metrics d and o are quasi-isometric

Here we shall prove that the new distance o is quasi-isometric to the original distance d .
We need the following technical result for coarse median spaces, which is a special
case of Lemmas 2.18 and 2.19 of [65]:

Lemma 2.14 In any coarse median space (X, d, i), there exists a constant Hs = 0
such that, forany a,b,x,y,z € X,
d(/"“(a’ bv le,y,Z)v M(Ma,b,xv Ma,b,y» Z)) < H59
d(“(av b» /Lx,y,Z)v M(Ma,b,)m Mab,y, /La,b,z)) < HS-

We will now prove that, up to multiplicative and additive constants, one can restrict to
contractions defined on the interval between two points for the definition of o.

Lemma 2.15 Foreacha,b € X, let o’ (a, b) denote the supremum of all r = 0 such
that there exists a K—contraction ®': [a, b] — R for which ®'(a) = 0 and ®'(b) =r.
There exists L > 1 such that, for eacha, b € X, we have o (a,b) <o’(a,b) < Lo(a,b).

Proof It is immediate that o (a, b) < o’(a,b). Consider r = 0 and a K—contraction
®’: [a,b] — R such that ®'(a) = 0 and ®'(b) = r. Define ®: X — R by ¢ —
@' (u(a,b,c)). Since the map ¢ > u(a, b, c) is (h(0), h(0))—coarsely Lipschitz and &’
is (1, K)—coarsely Lipschitz, we deduce that @ is (k(0), #(0)+ K)—coarsely Lipschitz.

Now let x, y, z € X. According to Lemma 2.14, we have
d(pu(a,b, px,y.z), 1t(lab,xs ab,ys Mab,z) < Hs.
Hence, since @’ is (1, K)—coarsely Lipschitz,
@' (1(a.b. pix,y,2)) — ¥ (1 (Ka,b,xs Kab,ys Hap,2)| < Hs + K.
But @’ is also a K—quasimedian homomorphism, and so
| (Kb x ab,ys Pab,z) — BR(P (Rapx). P (Kab,y). P (tap,))| < K.
Combining these and recalling the definition of ® enables us to conclude that
|P(x,y,z) — ur(P(x), P(y). P(2))| < Hs + 2K.

Thus, if we set L =max{h(0), 1+h(0)/K,2+ Hs/K}, then (1/L)® is a K—contraction,
and so 0’(a,b) < Lo(a,b). O
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We can now deduce that o is quasi-isometric to d in the setting of Theorem 2.13.

Proposition 2.16 If (X, u,d) has quasicubical intervals, then d and o are quasi-
isometric.

Proof Fix a,b € X. First of all, since any K—contraction is (1, K)—coarsely Lipschitz,
o(a,b) <d(a,b) + K.

According to the quasicubicality of intervals, there exists a finite CAT(0) cube complex
Q of dimension at most v and amap A: (Q,dg) — [a, b] that is a («, k)—quasi-isometry
and a k—quasimedian homomorphism. Then A has a quasi-inverse 7 : [a, b] — (Q,dg)
that is a (k’, k")—quasi-isometry and a x’—quasimedian homomorphism, where «”’ is a
constant depending only on « and /(0).

Note that we shall in fact use Q to denote the vertex set, d to denote the combinatorial
(piecewise £1) distance on Q, and i@ to denote the median on Q. Let us denote by o
the piecewise £*° distance on Q; we have g < dg <vog.

Since Q is a CAT(0) cube complex, there exists a O—contraction ®o: (Q,dg) — Z
such that ®g(r(a)) = 0 and P (7 (b)) = og(m(a), w (b)) (see [20, Section 7; 7,
Corollary 2.5]). Let us consider &’ = (min{1, K}/«k")®gm: [a,b] — R. Since 7 is a
(k' k")—quasi-isometry and ®¢ is 1-Lipschitz, we deduce that @’ is (1, K)—coarsely
Lipschitz. Furthermore, for every x, y, z € [a, b],

|Pom(hx,y,z) — UR(Po7(x), Pon(y), Pon(2))]
< | Por(ix,y,2) — Po (o (m(x), 7(y), 7(2)))|
+ |90 (1o (x(x). 7). 7(2))) — R (P (x), Do (y). Dow(2))|
<do(m(ix,y,2)s o (T (x), 7 (), 7(2)))
<«
so ® is K—quasimedian.

The map @’ is therefore a K—contraction on [a, b], and ®'(a) = 0 and ®'(b) =
(min{1, K}/«")og (7 (a), w(b)) = (min{l, K}/vk")dg (7 (a),w(b)). Using Lemma
2.15, we deduce that dg (7 (a), (b)) < (vk'L/min{l, K})o(a,b). But w is a (k’, k")
quasi-isometry, so we also have dg (7 (a), (b)) > (1/«")d(a,b) — K.

In conclusion,

min{lz, K}d(a,b)—min{l’K}
vK'“L v

foralla,b € X. O

<o(a,b)<d(a,b)+ K
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2.4 The metric o is weakly roughly geodesic

Recall that (X, i, d) is a coarse median space with corresponding function 4, that X
has quasicubical intervals (though this will only be used for Proposition 2.21 in this
section) and that the metric d is Cy—roughly geodesic. We shall prove that the new
metric o is weakly roughly geodesic (see Definition 2.4). This will be the most difficult
part of the proof of Theorem 2.13.

Leta,b € X, let E be a small positive constant and consider K—contractions ®;: X —
[0,r] and ®5: X — [r,r + 5] (for some r, s = E) such that ®;(a) < E and $5(b) >
r +s— E. We want to find a criterion to ensure that we can combine ®; and ®, into
a contraction @ such that ®(a) = 0 and (r 4+ 5) — ®(b) is bounded above by some
constant.

Lemma 2.17 Assume that a, b, ®;, ®,, r, s and E are as above. Let D =
h(0)(3K +4C;) + 4K + h(0). If t € [0,min{r,s} — D + K — E] is such that the
sets

Z1={zeX|DP1(z)<r—t—K} and Z,={zeX|P(z)=2r+1t+ K}
are disjoint, theno(a,b) =r +s—2t —2D —2F.

Proof Form € {0,1,2}, letus write Y{" ={x € X | ®1(x) <r—t—D +mK} and
YJ'={x € X |Da(x) =r+1t+ D—mK}. Note that, if my < my, then ¥;""' C Y2

Claim 1 d(Y2,Y})= D —4K.

Proof Let x; € le and x, € Y22. Since Y22 C Z5, we have x, ¢ Z1, so ®1(x2) >
r—t— K. We also have ®1(x1) <r—t—D + 2K, so |®1(x1) — P1(x2)| = D —3K.
As @ is (1, K)—coarsely Lipschitz, we have |®1(x1) — ®1(x2)| < d(x1,x2)+ K, and
hence d(x1,x2) = D —4K. <

Claim 2 d(YLY))=3K +4Cy.

Proof Let x; € Y11 and x, € V', and set y; = u(a,b,x1) € [a,b] and y, =
u(a,b, xy) €la, b]. We know that ®1(y1) < ur(®1(a), ®1(b), 1(x1))+ K. We also
have ®;(a) < E by assumption, and ®;(x1) <r—f—D + K. As this latter quantity is at
least E, ur(®1(a), ®1(b), ®1(x1)) <r—t—D+ K. Hence, ®1(y1) <r—t—D+2K,
SO y1 € Y12. A similar argument shows that y, € Yzz.
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According to Claim 1, d(y1, y2) = D —4K. Since pu is (h(0), h(0))—coarsely Lipschitz

with respect to each variable, d(y1, y2) < h(0)d(xy, x2) + h(0), so

d(y1,y2) —h(0) _ D —4K—h(0)
h(0) - h(0)

as desired. <

d(x1,x2) =

= 3K +4Cy,

Claim 3 The set {ux,y. | x,y € Y2, z € X} is disjoint from Y2, and the set
{ix,y,z | X,y € YL, z € X} is disjoint from Y.

Proof Fix x,y € Y and z € X. Since ®1(x), ®1(y) <r —t — D, we deduce that
UR(P1(x), P1(y), P1(2)) <r—t—D, and it follows that &1 (py,y,z) <r—t—D+K,
SO Ux,y,z € Yll. Because we showed in Claim 2 that d (Y7}, Y21) =>3K+4C; > 0, we
know that uy  , ¢ Yzl, and, in particular, pyx y ; ¢ Y2°. The other case is similar. <

Write Y = X ~ (Y2 UY}), and consider ®: X — [0, r + s —2¢ — 2 D] defined by

@y (x) if x € Y,
O(x) = {Pa(x)—2t—2D ifxe¥),
r—t—D ifxeY.

We have ®(a) < E and ®(b) > r + s — 2t — 2D — E, so, if we prove that ® is a
K—contraction, then we may deduce that o(a,b) = r + 5 —2t —2D — 2 E, the desired
conclusion.

Claim 4 & is (1, K)—coarsely Lipschitz.

Proof Notice that ® coincides on Y- 10 UY with the composition of ®;: X — [0, r]
with the 1-Lipschitz map m; = min(-,r —¢ — D): [0,r] — [0,r —t — D]. Hence,
if x,y € Yl0 UY, then |®(x) — ()| < |P1(x) — D1(y)| < d(x,y) + K. A similar
argument involving a maximum function applies if x, y € YZ0 uvY.

Now suppose that x € Y10 and y € Y20. Since d is Cyz-roughly geodesic, there
is a (1, Cg)—quasi-isometric embedding f: [0,d(x,y)] — X with f(0) = x and
f(d(x,y)) = y. For any & > 0, there exists t such that f(7) € Yl0 but f(t +48) ¢ Ylo
for any § > . (Were f continuous, we could take ¢ = 0 and use the maximal 7 with
f(x) € YQ) Write zy = f(r). We have d(x,z1) +d(z1,y) < d(x,y) + C4 and
®1(z1) <r —t— D. Moreover, for any § > ¢,

P1(z1) =2 P1(f(t +8) = (d(f(D). f@+8)) +K)>r—1t—=D—(+Cy +K),

andso ®;(zq1) >r—t—D—C,;—K—¢e. We can now similarly construct z, € Y20 such that
d(z1,22)+d(z2,y) <d(z1,y)+Cgandr+t+D < Py(z2) <r+t+D+Cyz+K +e.
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With these, we can compute

|P(x) —D(y)|
< |P(x) = @(z1)| + [P(z1) — P(22)| + | D(22) — D (¥)]
= [P1(x) = P1(z1)| + |P1(z1) — (P2(22) — 21 = 2D)[ + [P2(22) — P2(y)|
<(d(x,z1) + K) + (2C4 +2K +2¢) + (d(z2, y) + K)
<(dx,y)+Ci—d(z1,y)+K)+Q2Cy+2K+2e)+(d(z1,y)+Ci—d(z1,22)+ K)
=d(x,y)—d(z1,22) +4K +4C; + 2¢
<d(x,y)+ K+ 2e,

where the last line comes from Claim 2: d(zq,z2) = d(Y?, YZO) > d(Y], Yzl) >

3K +4C,. This is sufficient, because ¢ can be taken to be arbitrarily close to 0. <
Claim § & is K—quasimedian.

Proof As noted in the proof of Claim 4, on ¥ 10 UY we have ® =m;®P;. Asm;isa
median homomorphism with respect to ug, if x, y,z € Yl0 U Y, then

|D(1x,y,2) — R(DP(x), D(y), P(2))]
= |m;®P1(x,y,z) — R (M P1(x), m; P1(y), m;P1(2))|
<[P (x,y,z) — UR(P1(x), @1 (y), P1(2))]
<K,

and similarly if x, y,z € Y20 uY.

Assume now that x,y € Ylo and z € Y20. We have that both ®(x) and ®(y) are
at most r —t — D. Moreover, ®(z) = $y(z) — 2t —2D = r —t — D, and the
fact that z ¢ Y10 implies that ®(z) > r —t — D. Thus, ur(®(x), ®(y), ®(2)) =
UR(D1(x), D1(y), P1(2)) <r—t—D. As ®; is K—quasimedian, we deduce that
|ur (P(x), @(»), D(2)) — @1 (1tx,y.z)| < K. By Claim 3, we know that px - ¢ ¥,
and so ®(ux,y,z) = m;P1(ux,y,z). But ur(P(x), ®(y), P(z)) <r—t—D, so we
conclude that |ur (®(x), D(y), P(z)) — P(ix,y,z)| < K. A similar argument applies
when x, y € Y20 and z € Ylo.

Assume finally that x € Y, y € Y, and z € YZO. Since ®(x) = &;(x) <r—t— D,
d(y)=r—t—D and ®(z) = P5(z) —2¢t —2D = r —t — D, we have

HR(P(x), @(y), P(2)) =7 —1 = D.
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If i,y €Y, then ®(ux,y,;) =r—t —D = ur(®(x), P(y), ®(2)). If pix,y,7 € YIO,
then ®(jix,y,2) = ®1 (x,y.2) = ur(®1 (%), ®1(y), D1 ()= K = r—1 — D —K, from
which it follows that |ur (®(x), D(y), P(z)) — P(ix,y,z)| < K. A similar argument
applies if py, y , € YZO.

We have shown that [ug (®(x), ®(y), P(z)) — P(x,y,z)| < K in all cases. <

We have proved that ® is a K—contraction. As stated above, this shows that o (a, b) =
|®(a) — ®(b)| >r +s—2t —2D —2F. o

Recall that the convex hull Hull(A) of a subset A of a CAT(0) cube complex Q is
the smallest convex subcomplex of Q containing A. Equivalently, it is the smallest
subcomplex that contains A and which is median convex, in the sense that (g, a, b) €
Hull(A) whenever a, b € Hull(4). We regard a subset of Q(O) as convex if the full
subcomplex spanned by it is convex. We need the following iterative description convex
hulls in CAT(0) cube complexes:

Lemma 2.18 Let Q be a CAT(0) cube complex of dimension at most v, and let
Ko: 0©> . 0O denote the median. Given A € Q©, set Ag = A, and, for each
i eN, let

Aitq :MQ(Q(O),A,‘,A,') ={ng(x,a,b) lae Aj,be Aj, x € Q(O)}.

Then A,, = Hull(A), where v/ = max{l,v — 1}.

Note that the constant v’ is probably far from optimal. However, v’ does depend on A
and Q. For example, if A is the star of a vertex in a v—cube, then it can be seen that
the optimal value of v’ is [log, v] in this case.

Proof The result is trivial if 4 is convex. Otherwise, fix x € Hull(A) ~ 4, and let X
be the collection of hyperplanes of Hull(A) that are adjacent to x. For each H € H, let
0© = H+ 1 H~ denote the partition defined by H, where x € HT. Let {H, ..., H,}
be a maximal pairwise crossing family in 7. We have n < v. For each i, let #; denote
the set of elements of  that are disjoint from H;, together with H;. An important
observation is that H;” C H™ whenever H € H; ~{H;}.

If n = 1, then x is a cut-point or leaf of Hull(A4), so taking any a € A N H™T and
be AN H™ gives x = u(x,a,b), and we are done.
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So suppose that n > 2. If for every a € AN H; we have a € H, , then for every
beAﬂHz"' wehavebeHl"',so,ifwetakezl € ANHS and z € AN H;, then
w(x,z1,z2) € HY N H'Y forevery H € Hy and H' € H,. We can reason similarly if
every element of AN H; lies in H . Otherwise there exist z; € AN H; N H2+ and
zp €AN H1+ N H; , and we again have ju(x,z1,22) € HT N H' forevery H € H;
and H' € Hy. Let y; = u(x,z1,22) € Ay.

We proceed inductively. Suppose that we have y; € A; such that y; € H™ for all
H e Uj5i+1 H;. Let z; 1> be any point of A that is separated from y; by H; 4>, and
set yi+1 = p(x, yi,zi+2). Since x, y; € H™ forevery H € Uj§i+1 H;, the same is
true of y; 41, and, since y; and z; 4, lie on opposite sides of H;5, we also have that
yig1 € HY forall H € H; .

By this procedure, we obtain y,—1 € A,—1 N Hull(A) that is not separated from x by
any hyperplane of Hull(A4), so we must have y,_; = x. |

In order to apply Lemma 2.17, we focus on contractions on CAT(0) cube complexes.
Recall that a chain of hyperplanes is an ordered sequence (H1q, ..., H,) of pairwise
disjoint hyperplanes such that H; separates H; from Hy wheneveri < j <k.

Lemma 2.19 Let Q be a CAT(0) cube complex of dimension at most v, and let
®: 0© R be a K'—quasimedian, (K, K")—coarsely Lipschitz map (for the £! met-
ric) with bounded image. There exists an interval [u, v] of Z and a chain (Hp)y<n<v
of hyperplanes of Q satistying the following:

e For each vertex x in Q, there exists a unique n = W(x) € [u — 1, v] such that
— eitheru <n <v—1 and x is between H,, and Hy, 11,
— orn =u—1 and H, separates x from Hy+1,

— orn =v and H, separates x from Hy_;.

e For each vertex x in Q, we have |®(x) —4K'vW¥(x)| < 4K'v.

Proof Fix n € Z, and consider K, = ®~! ((2An — A, 2An]), where A = 2K'v. Since
0O is 1—connected, ®(Q®) is 2K’—connected. In particular, the set of integers n € Z
such that K, # & is an interval [u — 1, v]. Furthermore, for eachu <n <v—1, we
know that K, disconnects Q.

In the notation of Lemma 2.18, for all i > 0, if x € (K,);, then |®(x) — ®(K,)| < K'i.
Indeed, this is clear for i = 0 and, if x € (K;);+1, so that there exist a, b € (K,); with
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x = po(x,a,b), then the fact that ® is K'—quasimedian implies that
|D(x) — ur (P(x), D(a), (b)) < K',

yielding the claimed inequality by induction. In particular, Lemma 2.18 tells us that
every x € Hull(K},) satisfies |®(x) — ®(K,)| < K'v.

As a consequence, if n # m, then the convex subcomplexes Hull(K,) and Hull(K,)
are disjoint. Thus, for each u < n < v, there exists a hyperplane H, of Q that separates
Hull(K,,—1) from Hull(K}) [27, Corollary 1].

For each vertex x € Q@ let u — 1 < n < v be such that ®(x) € (24n — 24, 2An].
Then W(x) is equal either ton — 1 or to n. So |®(x) —2A¥(x)| <24 =4K'v. O

Before stating the next lemma, we remark that, given any chain H of hyperplanes
in a finite CAT(0) cube complex Q, there is an associated map Q©® — 7: the cube
complex dual to # is a finite interval of Z, and each vertex of Q determines a consistent
orientation of the hyperplanes in H. This is a special case of the restriction quotient
described in [25], and it is clearly a median map. Conversely, any O—contraction on Q
can be realised as restriction quotient in this manner. Moreover, after a translation of Z,
we may assume that the codomain is contained in N if it is bounded.

Lemma 2.20 Let Q be a finite CAT(0) cube complex of dimension at most v. Let C
be a (necessarily finite up to translations of 7Z) family of O—contractions on Q, ie each
W eCisamap Q© — N given by a chain (Hy,1,...,Hyp,) of hyperplanes of Q.
Let o¢ denote the pseudometric on Q©) defined by

oc(a, B) = Il}llaé( W () —W(B)| forall o, B € Q(O).

Then, for each ., € O© and for each integer 0 < r < o¢(a, B), there is a vertex
y € [, B] and contractions W1, W, € C such that the following hold:

(1) oele,y) =r.
(2) ocla,y) = [Wi(e) = Vi(y)| and oc(y. B) = [Va(y) — ¥2(B)I.
(3) If (Hi,1,...,H1pn,) is the maximal subchain of hyperplanes defining W, that

separate o fromy and (H» 1, ..., Ha ,) is the maximal subchain of hyperplanes
defining W, that separate y from B, then (H1,1,..., Hin,, H2,1, ..., Hy p,) is
a chain.
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Proof Fix o, B € Q@ and an integer 0 < r < o¢(a, B). Since o¢ is 1-Lipschitz with
respect to the combinatorial distance on Q(O), we know that there exists y € [«, f]
such that o¢(«, y) = r. Among all possible choices, choose such y as far away from o
as possible, in the sense that, for y’ € [, 8],

ocle,y)=r and yela,y] = y =y

Let W, € C be such that oc(y, B) = [Wa(y) — W2(B)|. Let (Ha,1, ..., H24,) be the
maximal subchain of hyperplanes defining W, that separate y from 8, numbered from

y to B.

Let H be a hyperplane of Q adjacent to y and either equal to H» j or separating
y from Hj 1, and let Y’ € [, B] be the vertex adjacent to y such that H crosses
the edge [y, y’]. First note that, since H»,; separates y and 8, we deduce that H
separates y and 8. Thus, H does not separate « and y, because y € [, 8]. In particular,
y € [, y']. Since y is chosen as far from « as possible among points at oc—distance
equal to r, and every hyperplane separating « and y separates « and y’, we deduce that
oc(a,y’) > oc(a,y) =r,s0oc(a,y’) = oc(a, y) + 1.

Let Wy € C be such that o¢ (o, y') = |Vi () — Y1 (y')|. Let (H1,1,..., Hin,+1) be
the maximal subchain of hyperplanes defining W that separate & from y’, numbered
from « to y’. Since o¢(w, ') = oc(a, y) + 1, we know that H = Hy ,,+1 and that
oc(a,y) = |Wi(o) — Wi(y)|. In particular, H is disjoint from Hy 1,..., H1 n,. We
deduce that H separates H1,1,..., H1,, from H> 1,..., H> »,, and the conclusion
follows. a

We can now use these lemmas to prove that, in the setting of Theorem 2.13, the metric o
is weakly roughly geodesic (Definition 2.4).

Proposition 2.21 If (X, i, d) has quasicubical intervals and is roughly geodesic, then
o is weakly roughly geodesic.

Proof Leta,b € X. Since X has quasicubical intervals, there exists a finite CAT(0)
cube complex Q (with the £! metric) of dimension at most v and amap A: Q — [a, b]
that is a («, k)—quasi-isometry and a k—quasimedian homomorphism. We can therefore
fixa, B € Q suchthat d(A(x),a) <k and d(A(B), b) <«k. According to Proposition 2.16,
there is a constant ¢ > 1 such that d and o are (g, ¢)—quasi-isometric. It follows that
o(Ma),a) =q(k+1) and 6(A(B),D) < q(k +1).
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For each K—contraction ®: X — R, the composition ®A: Q — R is a K'~quasimedian,
(K’, K")—coarsely Lipschitz map, where K’ = K + k. According to Lemma 2.19,
there exists a O—contraction W: Q — Z such that |®A(§) —4K'vW¥(§)| < 4K'v for all
g€ 0O, Let C denote the set of all 0—contractions W: Q — Z such that there is some
K—contraction ®: X — Z with |PA(§) — 4K/ vW(£)| <4K'v forall £ € 0©.

We shall prove that o is weakly roughly geodesic with constant
C,=64K'v+4q(k + 1)+ 4k +4K +2D,
where D is the constant from Lemma 2.17.

Let r € [0,0(a, b)]. If r < C/, then clearly we can take ¢ = a for the desired point.
Similarly, if r > o(a,b) — C/, then we can take ¢ = b. Otherwise, Lemma 2.20,
applied to «, B, the family C and r’ = |r/4K'v|, provides a vertex y € [a, B] and
O—contractions V1, W, € C. Let ¢ = A(y) € [a, b].

Let us start by computing o (a, ¢). By definition of the set C, for any K—contraction
®: X — R there is some ¥ € C (and, conversely, for any W € C there exists a K—
contraction ®) such that

@A) —DPA) 4K v[W(E)—W(Q)]| < [|PAE)—4K VW (§)[+]|PA)—4K v¥(0)]|
<8K'v
holds for all £, ¢ € Q. 1t follows that

(1) lo(A(§), A(0)) —4K'voc(§, §)| < 8K'v.
By the choice of y, we have o¢ (e, y) = r’. Thus, from (1) we obtain
lo(a,c)—r| <|o(A (@), A(y)) —4K'vr'| +q(k + 1)+ 4K'v
<I2K'v4+qk+1)<C..
The aim for the rest of the proof is to confirm the second restriction on ¢, namely that

o(a,c)+o(c,b) <o(a,b)+ C}. The strategy is to apply Lemma 2.17.

Recall that Wy, W, € C are the O—contractions provided by Lemma 2.20: they sat-
isfy oc(e, y) = [V1(e) — Vi(y)| = 1" and oc(y, B) = [Y2(y) — W2(B)| = 5" After
translations of Z, we may also assume that ¥y («) = 0, ¥(y) = ¥5(y) = r’ and
W, (B) = r’ + 5. By definition of C, there exist K—contractions ®; and ®, on X
such that |®1A(§) —4K'vW(§)] < 4K'v and | PrA(E) —4K'vW;,(€)| < 4K'v for all
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£ e 0O In particular, ®;(a) < ®1A(a) + k + K < 4K'v + k + K. Moreover, by
using (1) we see that
®y(b) > 4K'v(r' +5')—4K'v —k— K
=4K'v(oc(a,y) +oc(y, B)) —4K'v—k — K
>o(Ma), A(y) +o(A(y),A(B)) —16K'v —4K'v —k — K
>o(a,c)+o(c,b)—20K'v —2g(k +1)—k — K.
We are now in the setting of Lemma 2.17, with £ = 20K'v +2q(k + 1) + k + K

and with the image of ®, bounded above by o (a, c) + o(c, b). Let us show that the
assumptions of the lemma are met if we take t = 12K'v + k + K.

‘We must first note that r — D + K — E > C[, — D + K — FE >t, and secondly that
o(a,c)+o(c,b)—r—D+K—E>o(a,b)—-r—-D+K—E>C,—-D+K—E >1.

It remains to prove that the subspaces Z1 = {z € X | ®1(z) <r —t — K} and
Zry={ze€ X | Dy(z) =r+1t+ K} are disjoint. Fix z € X, let x = u(z, a, b) and pick
any & € 0 such that d(A(£), x) < k.

Ifze Z;,sothat ®;(x) < Dy(z) + K <r—t, then 1(A(§)) <r—t+«+ K, and

hence
r—t+k+K+4K'v - r—8K'v

4K'v T 4K
Similarly, if z € Z5, then W5 (§) = r' + 1.

/
<r —-1.

v (é) <

According to property (3) of Lemma 2.20, the halfspace of Hy, s containing « is
disjoint from the halfspace of Hy, ; containing 8. Thus, if £ € 0© then we cannot
simultaneously have both W1 (§) <r’—1 and W,(€) = r’ 4 1. As a consequence, we
cannot have both z € Z; and x € Z,. This implies that Z1 N Z, = &.

The conditions of Lemma 2.17 are therefore met, and, by applying it, we deduce that
o(a,b)y>o(a,c)+o(c,b)—2t—2D—2E =o(a,c)+o(c,b)—CJ. This completes
the proof that o is weakly roughly geodesic with constant C,. a

2.5 Coarse convexity of balls

To complete the proof of Theorem 2.13, it remains to show that balls in (X, o) are
uniformly coarsely median convex.
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Lemma 2.22 There is a constant € = 0 such that, for any x,y,z € X withx € [y, z],
we have d(x, u(x,y,z)) <e.

Proof According to [19, Lemma 8.1], there are constants rg and r(/) such that x lies
at distance at most r|), from a point x” with d(x’, u(x’, y, z)) < ro. Since the coarse
median p is coarsely Lipschitz, d(u(x, y,z), u(x’, y,z)) < h(0)d(x,x") + h(0) <
h(0)(ry+1). We deduce that d(x, u(x, y, z)) <€, where € = r{+ro+h(0)(rg+1). O

Lemma 2.23 Suppose that (X, u,d) has quasicubical intervals and is roughly ge-
odesic. There is a constant M such that each ball in (X, 0) is M —coarsely median
convex.

Proof Fix w € X and R = 0. Let y,z € Bs(w, R). Given any a € X, we want to
bound the distance from x = u(a, y, z) to Bs(w, R).

Letr <o(w,x) and let ®: X — [0, r] be a K—contraction such that ®(w) = 0 and
®(x) > r. Lemma 2.22 tells us that d(fx,y,z, x) <€, 50 |P(ux,y,z) —P(x)| <e+ K.
Since ® is a K—quasimedian homomorphism,

PR(P(X). B(y). B(2)) = By y.2) — K = D(x) —€ —2K > 1 —e —2K.

This means that one of ®(y) and ®(z) must be at least r —e — 2K, and so o(w, x) <
max{o(w, y),o(w, z)} + € + 2K.

This proves that x € By (w, R + € 4+ 2K). According to Proposition 2.21, ¢ is weakly
roughly geodesic with constant C/. Applying Definition 2.4 witha = w, b= x and r =
min{R—C/, o (w, x)} yields a point x” € Bs(w, R) with d(x’, x) <e+2K+3C} =M,
which shows that balls in (X, o) are M —coarsely median convex. O

3 Quasiconvexity and a coarse Helly property in HHSs

The goal of this section is to prove that hierarchically quasiconvex subsets of hier-
archically hyperbolic spaces satisfy a coarse version of the Helly property. Since
coarsely median convex subsets of a hierarchically hyperbolic space are hierarchically
quasiconvex [71, Proposition 5.11], this applies in particular to balls for the metric o
constructed in Section 2, by Theorem 2.13, allowing us to deduce Theorem A. We
also deduce the bounded packing property for hierarchically quasiconvex subgroups of
groups that are HHSs.
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3.1 Background on hierarchical hyperbolicity

Here we give a description of hierarchically hyperbolic spaces (HHSs) and hierarchically
hyperbolic groups (HHGs). For full definitions, see [13, Definitions 1.1 and 1.21].
Briefly, an HHS consists of a quasigeodesic space (X, d), a constant £ and a set G,
elements of which are called domains. Each domain U has an associated E-hyperbolic
space CU, and the various axioms give structure for extracting information about X
from these hyperbolic spaces. This includes:

¢ Each domain U has an associated E—coarsely onto, (E, E)—coarsely Lipschitz
projection map ny : X — CU.

e & has a partial order C, called nesting, and a symmetric relation L, called
orthogonality. If U — V and V LW, then U _LW. The relations =, L and = are
mutually exclusive, and their complement, denoted by , is called transversality.

e There is a bound on the size of Z=—chains and pairwise orthogonal sets.
e IfU = V or U th V, then there is a set pg C CV of diameter at most E.

e If U C V, then there is also a map pg :CV — CU. If y C CV is a geodesic and
dey (v, oY) > E, then diam p, (y) < E.

This last point is referred to as bounded geodesic image. For x, y € X, it is standard
to write dy (x, y) in place of dey (ny (x), my (¥)), and similarly for subsets of X.
Moreover, we can always assume that X and the associated hyperbolic spaces are
graphs (for example by [33, Lemma 3.B.6]). In particular, we can and shall assume
that X and the CU are geodesic.

We say that X admits an HHS structure if there is an HHS whose underlying metric
space is X, and we write (X, &) as shorthand for the entirety of a choice of HHS
structure. An HHG is a finitely generated group G whose Cayley graph admits an HHS
structure (G, &) such that G acts cofinitely on & and elements of G induce isometries
CU — CgU for all U € G. (There are a couple of other natural regulatory assumptions
that we shall not concern ourselves with here.)

The idea behind two domains being orthogonal is that one can see a direct product of

associated sub-HHSs inside X. This is made precise by the partial realisation axiom.

Axiom (partial realisation) If {U;} is a set of pairwise orthogonal domains, then, for
any choice of points p; € CU;, there is some x € X with dy, (x, p;) < E for all i, and
with dy (x, pgi) < E whenever U; =T V or U; M V.

Geometry & Topology, Volume 27 (2023)



Coarse injectivity, hierarchical hyperbolicity and semihyperbolicity 1615

In fact, one of the main tools for dealing with HHSs is the realisation theorem [13,
Theorem 3.1], which extends the partial realisation axiom. Roughly, it says that any
consistent tuple is well approximated by the projections of some point in X. In other
words, performing constructions in X can be reduced to performing constructions in
the associated hyperbolic spaces and checking that the points produced by this process
are consistent.

Definition 3.1 (consistent tuple) For a constant ¥ > E, a tuple (by) € [[yeg CU is
said to be k—consistent if

min{dy (by, py;), dv (by, p%)} <k  whenever U th V/
and
min{dy (by, p%,]), diam(by U pZ (by))} <k whenever U = V.

Axiom (consistency) For any x € X, the tuple (7 (x))yeg is E—consistent.

It will be useful to be able to talk about consistency for subsets of G. Given u € CU
and v € CV, we say that u and v satisfy the consistency inequalities for U and V if

e UMV and min{dy (u, pg), dy (v, pg)} < E, or
o (after relabelling) U & V and min{dV (v, p%,]), diam({u} U pg (v))} <E.

Let us now state the realisation theorem, which will be the mechanism for our proof of
Theorem 3.5. We shall only need the existence part.

Theorem 3.2 (realisation [13, Theorem 3.1]) For each k > E, there are numbers
0.(x) and 6, (k) such that, if (by)ues is a k—consistent tuple, then there is some
x € X with dy (x, by) < 0.(x) for all domains U. Moreover, the set of such x has
diameter at most 0, (k).

A key application of the realisation theorem is for the construction of a coarse median
operation for HHSs. Given three points x, y and z in an HHS (X, ©), let (imy)yes
be the tuple whose U—entry is the median of the triple (7y (x), 7y (¥), 7y (z)) in
the hyperbolic space CU. This tuple is consistent [13, Theorem 7.3], so we define
u(x, v, z) to be a point obtained by applying the realisation theorem to the tuple (my).
(One also needs Proposition 10.1 of Bowditch [17] to conclude that (X, u,d) is a
coarse median space.) When X is an HHG, one can arrange for u to be equivariant.
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The action on the index set is what distinguishes HHGs from groups that are HHSs,
and this turns out to be an important distinction. For example, the property of being an
HHS is invariant under quasi-isometries, but there are groups that are virtually HHGs
but not HHGs themselves. Indeed, the (3, 3, 3) triangle group is virtually abelian, but,
as mentioned in the introduction, it is not coarsely injective [50], and it therefore cannot
be an HHG by Corollary H. A more direct proof, not relying on the results of this paper,
is given in [66]. On the other hand, any group that is an HHS can be equipped with a
coarse median [13], but this may fail to be equivariant if the structure is only an HHS
structure.

A related notion that is closed under taking subgroups is that of a group that acts on an
HHS (X, &) by HHS automorphisms. In other words, it acts on X isometrically and
on & with the regulatory assumptions alluded to above, but the action on & need not
be cofinite. The median is still equivariant for such actions.

In the theory of hyperbolic spaces, an important class of subsets are the quasiconvex
subsets, because they inherit the structure of the ambient space. The natural analogue in
the setting of hierarchical hyperbolicity is that of a hierarchically quasiconvex subset.

Definition 3.3 (hierarchical quasiconvexity) A subset ¥ of an HHS (X, &) is said to
be hierarchically quasiconvex if there is a function k such that every 7y (Y') is k(0)-
quasiconvex and, if x € X has dy(x,Y) <r forall U € G, then dx(x,Y) < k(r).

We finish this section with some examples.

All hyperbolic groups are hierarchically hyperbolic, as are the (extended) mapping class
groups of finite-type surfaces [11]; Teichmiiller space with either of the standard met-
rics [11]; many graphs defined from curves on surfaces, including the pants graph [76];
quotients of mapping class groups by powers of pseudo-Anosovs [10] and Dehn-twist
subgroups [9]; extensions of Veech groups [35]; the genus-two handlebody group [31];
fundamental groups of closed 3—manifolds without Nil or Sol components [13]; right-
angled Artin groups [11]; and, in fact, all known cubical groups [48]. Aside from the
extensions of Veech groups and some 3—manifold groups, the groups listed here are all
known to be HHGs, not merely HHSs.

There are also various ways to combine HHSs and HHGs to produce new ones. For
example, both classes are closed under relative hyperbolicity [13], any graph product
of HHGs is an HHG [16], and many graphs of groups are HHGs [13; 15; 68].

Geometry & Topology, Volume 27 (2023)



Coarse injectivity, hierarchical hyperbolicity and semihyperbolicity 1617

3.2 Coarse injectivity

Here we prove our result on hierarchically quasiconvex subsets of an HHS and deduce
that HHSs are coarsely injective when equipped with the metric o from Section 2. We
then deduce that every HHG acts properly cocompactly by isometries on a coarsely
injective space.

We shall make use of the following powerful result for hyperbolic spaces. The version
stated here is a combination of [29, Lemma 5.1] and the proof of [29, Theorem 5.1].
It states in particular that quasiconvex subsets of a hyperbolic graph satisfy a coarse
version of the Helly property. Throughout this section, we say that subsets Z; and Z, of
a metric space (X, d) are r—close if there exist zy € Z and z, € Z5 with d(z1,z3) <r.

Theorem 3.4 [29] The following holds for any nonnegative constants E, r and kq:
Let Y be an E—hyperbolic graph and let y be a vertex of Y. Suppose that Q is a
collection of pairwise 2 Er—close kg—quasiconvex subsets of Y © with the property
that {d(y, Q) : Q € Q} is bounded. By discreteness, we can fix Q € Q withd(y, Q)
maximal. Let z € Q have d(y,z) = d(y, Q), and let ¢ be the point on a geodesic
[v,z] with d(c,z) = min{Er,d(y,z)}. Then d(c, Q') <r’ forall Q' € Q, where
r’ = max{2kg + 5E, Er + ko + 3E}.

The strength of this theorem is twofold. Firstly, the constant 7’ is independent of
the size of the set @ —a statement with this independence does not seem to appear
elsewhere in the geometric group theory literature. The second strength is that the
construction of the point ¢ is both completely explicit and allows for a lot of flexibility
in the choice of y. Observe that the condition that {d(y, Q) : Q € Q} is bounded is
satisfied automatically if any Q € Q is bounded.

We will now prove that hierarchically quasiconvex subsets of a hierarchically hyperbolic
space satisfy a coarse version of the Helly property.

Theorem 3.5 (coarse Helly property) Let (X, &) be an HHS with constant E, and
let Q be a collection of k—hierarchically quasiconvex subsets of X such that either Q is
finite or Q contains an element with bounded diameter. Suppose that there is a constant r
such that any two elements of Q are r—close. There is a constant R = R(E, k,r) such
that there is a point x € X withd(x, Q) < R forall Q € Q.
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Proof Let us say that a domain U begets a domain V if either U h V or U = V. If U
begets V, then there is a well-defined bounded set pg .

Letid = {Uy,...,U,} be a maximal collection of pairwise orthogonal, nest-minimal
domains. Note that we may choose U/ arbitrarily. For any domain V € G ~ U, there
is some i such that U; begets V. By [37, Lemma 1.5], for any domain V € G, we
have dy (pgi , ,og" ) < 2E whenever U; and U; both beget V. Moreover, recall that
diam pg" < E. At the cost of increasing the hierarchical hyperbolicity constant to at
most 10E, we can therefore perturb the HHS structure to assume that every pVi isa
singleton, and that pV = pV' whenever both U; and U; beget V. We write pz{{, for the

U Ui
= U e
{i:U; begets V'}

singleton

As mentioned, the construction of I/ ensures that the point pzf‘, exists forall Ve S~ U

We are free to assume that if » > 0 then r > 1. Thus, by definition of hierarchical
quasiconvexity and the fact that projection maps are (E, E)—coarsely Lipschitz, for
any domain V, the sets 7y (Q) for Q € Q are pairwise 2 Er—close and kg—quasiconvex,
where ko = k(0). We assumed that Q either is finite or it contains an element with
bounded diameter, so, for any point y € X and any domain V, the set {dy (y, O): Q € Q}
is bounded. Let 7" be as in the statement of Theorem 3.4. That theorem now allows
us to choose, for each U € U, a point by in CU with dy (by, Q) <r’ forall Q € Q.
For any other domain V, let by be the point of CV obtained by applying Theorem 3.4
in the hyperbolic graph CV, with quasiconvex subsets {7y (Q) : QO € Q} and starting
vertex pz‘”,.

Claim The tuple (by)yegs is (r’'+7E + Er)—consistent.

Proof Suppose that W begets V' and dy (p%’,V, p%) < 2E. Assume that dy (by, pg/) >
r’ +7E + Er. By the construction of by, there exists some Q € Q such that
dy (by, Q) < Er. As a consequence,

dy (0. pY) = dy by, p}f) — dy (by, ) — diam p}f > ' + 6E.

If W t V, then 7y (Q) is contained in the E—neighbourhood of pg, by consistency
for elements of Q. In particular, dy (pg,, bw) <r’' + E as by is r'—close to mw (Q).
If W © V, then, since my (Q) is ko—quasiconvex and r’ + 6 E > ko + 6 E, bounded
geodesic image and consistency show that the set pg,(zry( 0)) has diameter at most E,
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and its E-neighbourhood contains 7ty (Q). Moreover, its E—neighbourhood contains
p%,/V (by) by bounded geodesic image, as witnessed by the geodesic used to construct by .
Thus,

diam(bw Upyy, (by)) < dw (bw . Q)+diam 7w (Q)+dw (Q. pyy (by))+diam pyy, (by)
<r'+3E+43E+E
=r'+7E.

The above paragraph will be referred to as (x) for the rest of the proof of the claim.

We split the checking of the consistency inequalities for pairs (V, W) of domains into
three cases.

Casel (W €U begets V) In this case, pII’,V = pz‘”,, so we are done by ().

Case 2 (there is some U € U that begets both V and W) Proposition 1.8 of [13]
states that, if W begets V, then pg and pI(/JV satisfy the consistency inequalities for V
and W. Consequently, by (x), the only case we need to check here is when U M W,
W & V and diam(p§, U o), (pY)) < 2E. Assuming that dy (p}Y ,by) > r'+7TE + Er,
there are two possibilities, depending on the location of pg.

If there is a geodesic [pg,by] that is disjoint from the E-neighbourhood of pVVV,
then diam(,o‘[;, (pg) U p};, (by)) < E,sodw (pg,, pg, (by)) < 3E. Moreover, for each
QO € Q there is some g € Q such that any geodesic [by, my (q)] is disjoint from the
E-neighbourhood of ,og/ . In particular, p{’V (by) is 2 E—close to each y (g), and hence
p% is 5E—close to each i (Q). Since by lies on a shortest geodesic between pll,{,
and some 7wy (Q), we get that dw (by, p%) < 5E, and so by is 8 E—close to pg,(bv).

Otherwise, every geodesic [pg, by| meets the E-neighbourhood of ,og/. By construc-
tion of by, there exists Q € Q such that dy (pg/, 0)>'+7TE+Er)+ Er —2E =
r'+5E + 2Er. By the same argument as in (*), we now get that p},/V (by) is 3E—close
to 7w (Q), which has diameter at most 3E. Hence, diam(by U pg[, (by)) <r'+7E.

Case 3 (no U; begets both V' and W, and neither V nor W is in i/) After relabelling,
we can assume that U; begets V and U, begets W. Since U; does not beget W, we have
U, LW, and, similarly, U, L V. In particular, the only case that needs checking is when
V i W. The partial realisation axiom applied to any points p; € CU; and p, € CU,
provides a point z € X such that dy (z, pgl) < E and dw (z, p%,]Vz) < E. By consistency
for z, either dV(,oI{,V, pgl) <2FE or dW(,og,, p%,]Vz) < 2E. We are done by (x). <

In light of the claim, Theorem 3.2 provides a point x € X such that dy (x,by) <
Oe(r' +7E + Er) for all V € &. By construction of the points by, we have that
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dy(x,Q) <r' +0,(r' +7E + Er) for all Q € Q. Hierarchical quasiconvexity of Q
now tells us that x is k(r'+60.(r'+7E+Er))—close to Q forall Q € Q. O

It is worth noting that the proof of Theorem 3.5 gives flexibility of a similar kind to
that in Theorem 3.4. Indeed, we are free in our choice of ¢/ and, once this is chosen,
we apply the Chepoi—Dragan—Vaxes construction in each of the hyperbolic spaces
associated with U/, without restriction on the choice of starting point therein. We shall
not need to make use of this in the present paper.

Corollary 3.6 If X is an HHS, then (X, o) is coarsely injective, and hence roughly
geodesic.

Proof By Proposition 2.12, the geodesic coarse median space (X, i, d) has quasi-
cubical intervals, so Theorem 2.13 tells us that the metric o is weakly roughly geodesic
on X, that it is quasi-isometric to d and that o—balls are uniformly coarsely median
convex. Let {By(x;,r;):i € I} be a family of balls in (X, o) with the property that
o(xj,x;) <ri +r; forall i, j € I. Since o is weakly roughly geodesic, there is a
constant §, independent of the family of balls, such that the balls By (x;, r; +§) intersect
pairwise.

Let B; be the image of the ball Bs(x;,r; 4+ 6) under the identity quasi-isometry
(X,0) — (X,d). The B; are uniformly coarsely median convex, and so they are
uniformly hierarchically quasiconvex by [71, Proposition 5.11]. They also intersect
pairwise, and each is bounded, so Theorem 3.5 produces a point at uniformly bounded
d—distance from each B;. As d and o are quasi-isometric, this point is at uniformly
bounded o—distance from each By (x;,r; + ). Thus, (X, 0) is coarsely injective.

Since any injective space is geodesic, we deduce that the coarsely injective metric
space (X, o) is not merely weakly roughly geodesic, but actually roughly geodesic, as
it is coarsely dense in its injective hull. |

Usually it really is necessary to change the metric: Example 5.13 of [26] shows that
73 with the standard £! metric is not coarsely injective, though it is an HHG.
We now explain how to deduce the existence of a bicombing from work of Lang. See

Section 1.3 for the definitions of roughly conical and roughly reversible bicombings.

Corollary 3.7 If (X, S) is an HHS, then (X, o) admits a roughly conical, roughly
reversible bicombing by rough geodesics that is coarsely equivariant under the automor-
phism group of (X, ).
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Proof According to Corollary 3.6, the metric space (X, o) is coarsely injective, so it
is D—coarsely dense in its injective hull for some D. A construction of Lang shows that
every injective metric space E admits a conical, reversible, geodesic, Isom E—invariant
bicombing y’ [60]. Take E = E((X,0)). Foreacha,b e X andt €0, 1], define y, 5 ()
as any point of X at distance at most D from y;, p(£). Since y(¢) is at uniform distance D
from y’(¢), we deduce that y is a bicombing on (X, o) with the listed properties. O

Note that, if the action of the automorphism group of (X, &) on X is free, then the
bicombing may be chosen to be actually equivariant.

Let us now discuss the consequences of our construction for HHGs.

Corollary 3.8 If G is an HHG, then G admits a proper, cocompact, isometric action
on the coarsely injective space (G, o).

Proof (G, o) is coarsely injective by Corollary 3.6. Since the median is equivariant in
an HHG, Lemma 2.10 tells us that the action is isometric. Properness and cocompactness
follow from Proposition 2.16. |

Remark 3.9 In fact, we do not quite need to assume that we have a hierarchically
hyperbolic group in Corollary 3.8: we only need a proper cocompact action by median
isometries on an HHS. In fact, cocompactness can be relaxed to coboundedness for the
sake of the applications in this paper. For example, it would be sufficient to assume
that G is a group acting properly coboundedly by HHS automorphisms on an HHS.
The consequences for HHGs listed here and in the introduction therefore apply in this
generality.

The next lemma is a modified version of [26, Proposition 6.7], in which the assumption
that the hull is proper has been dropped.

Lemma 3.10 If a group G acts properly coboundedly on a coarsely injective space X,
then G acts properly coboundedly on the injective hull E(X). In particular, every HHG
admits a proper, cobounded action on an injective space.

Proof There is an induced action of G on E(X) and the isometric embedding e: X —
E(X) is equivariant with respect to this induced action [60, Proposition 3.7]. To
simplify notation, we identify the points of X with their images under e and thus
identify X with E(X). The Hausdorff distance between X and E(X) is bounded
by some constant D, so the action of G on E(X) is cobounded. For properness, let
Y C E(X)bebounded andlet Y ={x € X :d(Y, x) < D} # &. Since e is an isometric
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embedding, Y’ is bounded. If g € G has gY NY # &, then pick y € Y with gy € Y
and let x € X have d(y,x) < D. Then d(gy, gx) < D, so gx is D—close to Y. That is,
gY'NY’' # @, so, since Y’ is bounded and the action of G on X is proper, there are
only finitely many such g. The final sentence follows from Corollary 3.8. |

Next we strengthen Corollary 3.7 in the case of HHGs. In particular, this applies to
(extended) mapping class groups of finite-type surfaces.

Corollary 3.11 If G is an HHG, then G is semihyperbolic.

Proof By Lemma 3.10, G acts properly coboundedly on an injective space E. Every
orbit map G — E is a G—equivariant quasi-isometry. By [60, Proposition 3.8], E has
a G-invariant, bounded, geodesic bicombing in the sense of [4]. As the action of G on
itself is free, it is semihyperbolic by [4, Theorem 4.1]. |

Corollary 3.12 If G is an HHG, then G has finitely many conjugacy classes of finite
subgroups.

Proof By Lemma 3.10, G acts properly coboundedly on an injective space E. Let
x € E and let r be a constant such that G - x is r—coarsely dense in E. Let F be a finite
subgroup of G. By [60, Proposition 1.2], there is a point z € E that is fixed by F, and
hence F fixes the ball B(z,r) in E, which contains a point of G - x. It follows that a
conjugate of F fixes a point in B(x, r), and we are done by properness of the action. O

3.3 Packing subgroups

Here we describe the application to bounded packing mentioned in the introduction.
Following Hruska and Wise [53], we say that a finite collection # of subgroups of a
discrete group G has bounded packing in G if for each N there is a constant r such
that, for any collection of N distinct cosets of elements of #, at least two are separated
by a distance of at least r (with respect to some left-invariant, proper distance). If H
consists of a single subgroup H, then we say that H has bounded packing in G.

Corollary 3.13 If H is a finite collection of hierarchically quasiconvex subgroups of a
group G that is an HHS, then H has bounded packing in G.

Proof By Theorem 3.5, any finite collection of cosets of elements of # that are
pairwise r—close must all come R—close to a single point x € G. In other words, they
all intersect the R—ball about x. Since distinct cosets of a given subgroup are disjoint
and balls in G are finite, this bounds the size of the collection of cosets. O
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In the case of quasiconvex subgroups of hyperbolic groups, one can use Theorem 3.4
in place of Theorem 3.5 in this argument to provide a new, simpler proof of bounded
packing. This type of argument is also implicit in [47, Remark 4.4 and Corollary 4.5],
though the coarse Helly property for quasiconvex subgroups of hyperbolic groups is
established in a much less efficient way there.

Previous proofs of this result work by induction on the height of subgroups. However,
this line of reasoning does not generalise outside the setting of strict negative curvature;
indeed, no subgroup of a flat can ever have finite height. Moreover, Theorems 3.4
and 3.5 are purely geometric: there is no group action involved. It therefore seems
that the most natural way to establish bounded packing for quasiconvex subgroups of
hyperbolic groups is via the Chepoi—-Dragan—Vaxes theorem as described above.

If a group G has a codimension-1 subgroup H, then Sageev’s construction yields an
action of G on a CAT(0) cube complex, and, if the conjugates of H satisfy the coarse
Helly property, then it follows that the action of G on the CAT(0) cube complex is
cocompact [72]. This raises the following question:

Question Does the mapping class group have property FW o, ie does any action of
the mapping class group on a finite-dimensional CAT(0) cube complex have a fixed
point?

Note that property FW  is intermediate between having no virtual surjection onto Z and
Kazhdan’s property (T). There are known restrictions on what an action of the mapping
class group on a CAT(0) cube complex could look like. Indeed, the mapping class group
of a surface of genus at least three does not admit a properly discontinuous action by
semisimple isometries on a complete CAT(0) space [58; 24; 22], nor, more specifically,
does it act properly on a CAT(0) cube complex (even an infinite-dimensional one) [44].

More generally, in relationship with property (T) and the Haagerup property, the
existence of nontrivial actions of the mapping class group on various generalisations
of CAT(0) cube complexes remains mysterious, for example median spaces, Hilbert
spaces, CAT(0) spaces, and L? spaces. The coarse version of the Helly property
established here may prove useful in the study of such actions.

4 Strong shortcut property

In this section we will prove that coarsely injective spaces of uniformly bounded
geometry are strongly shortcut. Recall that a metric space has uniformly bounded
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geometry if, for any r > 0, there exists a uniform N(r) € N such that every ball of
radius r contains at most N(r) points.

A Riemannian circle S is S' endowed with a geodesic metric of some length |S|. A
roughly geodesic metric space (X, o) is strongly shortcut if there exists K > 1 such that
for any C > 0 there is a bound on the lengths | S| of (K, C)—quasi-isometric embeddings
S — X of Riemannian circles S in (X, ) [51]. A group G is strongly shortcut if it
acts properly and coboundedly on a strongly shortcut metric space [52; 51].

We will now give a brief description of the injective hull construction of Isbell [57],
which was later rediscovered by Dress [36] and Chrobak and Larmore [32]. For a nice
discussion on this construction, see Lang [60]. Let (X, o) be a metric space. A radius
function on X is a function f: X — R>¢ for which

o(x,y) = f(x)+ f(»)

for every x, y € X. A radius function f: A — Rx¢ on any subspace of A C X is called
a partial radius function on X. If f, g: X — Rx¢ are two radius functions, then f
dominates g if f(x) > g(x) for all x € X. A radius function f: X — R is minimal
if the only radius function it dominates is itself.

If f: A— Ry is a partial radius function on X, then there exists a minimal radius
function g: X — R such that g|4 is dominated by f. For any x € X, the function
o(-,x) is a minimal radius function. If f, g: X — Rs( are two minimal radius
functions, then

|f = &loo = sup | f(x) —g(x)]

is finite. The set of minimal radius functions on X, with metric given by dg(x)(f. g) =
| f — gloo, 18 the injective hull E(X) of X. The isometric embedding e: X — E(X)
sends x € X to the minimal radius function e(x): y + o (x, y) and, for any x € X and

f € E(X), we have dg(x)(e(x), f) = f(x).
Lemma 4.1 Let (X,0) be a metric space. Let g: X — Rx¢ be a minimal radius

function, let f_: X — Ry>¢ be a radius function and let f: X — R>¢ be any minimal
radius function dominated by f. Then |g — f|oo < |g — f|oo-

Proof LetyeX. Then f(y) </ (y)<g(y)+|g—flooandso f(y)—=g(y) <|g—floo:
It remains to prove that g(y) — f(¥) <|g — f|oo. By minimality of g, for any € > 0,
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there exists z € X for which g(y) + g(z) < o(y,z) 4+ €. Then, since f is a radius
function dominated by f,

f)=0(.2)~f(2)=0(y.2)—f(z) =0 (y,2)—g(2)~1g— floo > 8(¥)—€—|g— floo

and s0 g(y) — f(») < |g — f|oo + €, which completes the proof since we chose € > 0
arbitrarily. O

Theorem 4.2 Let (X, o) be a coarsely injective metric space. If (X, o) has uniformly
bounded geometry, then (X, o) is strongly shortcut.

Proof In order to prove this theorem, we will show that, for some uniform radius
r, a (K, C)—quasi-isometric embedding of a Riemannian circle S — X implies the
existence of a “centre” point x such that the cardinality of the ball B(x, r) is bounded
below by an expression that tends to infinity as K approaches 1 and | S| approaches
infinity. If X is not strongly shortcut, then, for any K > 1, it will admit (K, Cx)—quasi-
isometric embeddings of arbitrarily long Riemannian circles, so that we would then
contradict the uniformly bounded geometry assumption.

Let X — E(X) be the embedding of (X, o) into its injective hull and view this
embedding as an inclusion of a subspace. By Proposition 1.1, the subspace X is
d—coarsely dense in E(X) for some § > 0. So there is a retraction r: E(X) — X such
that r is a (1, 26)—quasi-isometry.

Let ¢: S — X be a (K, C)—quasi-isometric embedding of a Riemannian circle. Let
f":¢(S) = Rsg be the constant function taking the value K - %|S| + C. Then f”
is a radius function on ¢(S) C X. Let f: ¢(S) — R be a minimal radius function
on ¢(S) dominated by f”. Then, for each x € ¢(S) and each ¢ > 0, there exists a
y € ¢(S) for which f'(x)+ f'(y) <o(x,y)+e. Since f” is a partial radius function
on X, we can let f: X — R>¢ be a minimal radius function on X dominated by f".
Then f is a point of E(X), by definition of E(X). Moreover, if x € ¢(S), then
dpx)(fix)=fx) = f'(x) < f"(x)=K- %|S| + C, so, if 5 is the antipode in S of
any element of s € ¢~ !(x), then

S|

dex)(x,¢(5)) = dgx)(9(s), ¢(5)) = —dS(S 5)=C = Ve -C

and

dpx)(x,¢(5) <dpx)(x, ) +dex)(f.¢(3)) = f(x) + f($(©))
< f(x)+K-3IS|+C,
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so that f(x) > |S|/2K — K - 1|S| —2C = ((2— K?)/4K)|S| — 2C. Thus, we have

shown that
2—K?

4K

S| -2C < f(x) <K-4|S|+C
for any x € ¢(S).
Forx,y e X, let £y, = f(x)+ f(y)—o(x,y). Since f is dominated by f”, and f’

is a minimal radius function on ¢(S), for each x € ¢(5) and each € > 0 there exists
Y € ¢(S) such that £, , < e. Moreover, for a,b € S,

2— K?

Ve |S|—4C < f(¢(a)) + f(p(b))
=o0(p(a), p(b) +Ly@).00)
< Kds(a.b) + C +Lya).60)

and so 5 ¢ C
2—-K 5
ds(a.b) > 255 L@ £5C

2K? K

Claim Let x € ¢(S). There exists a sequence of minimal radius functions ( ka X -
R>0)k, where k ranges in {0, 1, ..., M}, such that M, = | f(x)/d] and the following
properties hold for all k, k' and y:

0 =1
Q) deooy(fE, fK) =81k —k).
3 f(y) +k8_€x,y = ka(Y) < f(y) + max{0, ké—zx,y}-

Proof We construct the ( ka) & by induction on k. By property (1), we must start with
9 = f. Assuming we have ka_l, we will begin by defining a radius function f;k.
Set f_xk (x) = ka_l (x) —é. By minimality of ka_l, there exists y € X for which the
inequality

2 RO+ T =8 <o)
holds. Indeed, if no such y existed then
S F A ®) if y # x,

FE ) - 38 ity =x,

would be a radius function that is dominated by but not equal to ka ~1 and this would
contradict minimality of ka_l. Set ka(x) = ka_l(x) — 6. Forall y € X \ {x}
satisfying (2), set ka(y) =o(x,y)— ka_l(x) + §. For all other y € X \ {x}, set
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f_xk(y) = ka_l(y). Then, except for at y = x, we have ka(y) > ka_l(y). Thus, to
check that f_xk is a radius function, we need only verify that ka (x)+ f_xk (y)=o(x,y)
for any y € X. When y = x, the inequality f_xk (x) + ka (y) = o(x,y) is equivalent
to ka_l(x) > §, which holds by the inductive application of property (2) and the
triangle inequality. When y satisfies (2), the inequality f_xk (x)+ f_xk (y)=o(x,y)is
equivalent to ka_l (x)=8+0a(x, y)—ka_1 (x)+6>0(x, y), which holds with equality.
Finally, when y does not satisfy (2), ka (x) + f_xk (y) = ka_l(x) -5+ ka_l(y) >
xk_l(x)—é’—}—a(x, y)—ka_l(x) +38=0(x,y). Thus, ka is a radius function. Define
ka as any minimal radius function that is dominated by f_xk .
Since ka(y) =o(x,y)— ka_l(x) +5=0(x,y)— f_xk(x) for some y € X, we must
have f¥(x) = fF(x) = fE7(x) = 8. Thus, | f57! = f¥|oo = 8 and

deooy (M, x) = fM(x) = f(x) = McS = f(x)— {%Js <38,

o) dE(X)(fox,x) < §. On the other hand, by Lemma 4.1, |ka_1 — ka|oo =<
|ka_1 - ka|oo = § and so dE(X)(ka_17 ka) = |ka_1 - ka|°° =4. Therefore,
dex)(f.x) = f(x)
- Mx8 + f(x) _Mx8
= M,6+ dE(X)(foX,X)

My
= Z decoy(FEN 18 + dpoo (M. x).
k=1

where f0 = f. Then, by the triangle inequality, property (2) is satisfied.
To verify property (3), let y € X. We have

FO)+h8—tyy =0(x,9) + k8= f(x) =0 (x,y) = fEx) < fF ),

so the lower bound holds. The upper bound on ka (y) given by property (3) is R =
S(y) +max{0,k8 — £y ,}. Suppose property (3) doesn’t hold and let k be the least
integer for which ka () > Rg. Then k > 0 and k& must satisfy ka (y)— ka_l(y) >
Ry — Ri—1 = 0. By the construction of ka, the fact that ka (y) > ka_l (y) implies
that £571(y) + fF71(x) =8 <o (x, y) and that f¥(y) = 0 (x.y) = £~ (x) +8 =
o(x,y)— f_xk (x). Then we must have

R = fEo) =0, )= fEx) =a(x,y) = fF ) = f(9) + k8 —Lx,y < Ry,

which contradicts ka () > Ry. Thus, we have verified property (3). <
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We will now use the sequence ( ka )i of minimal radius functions to prove the theorem.
Assume that a,a’ € S satistfy ds(a,a’) > (2(K?—1)/K?)|S| + (48§ +10C)/K. Such
a and a’ exist when K is close enough to 1. Take b € S for which £4(4),¢(») < 6. Then
ds(a,a’y+ds(a’,b) +ds(b,a) <|S]|, so

ds(a’.b) <|S|—ds(a,b) —ds(a.a’)

2-K2 o bs@ew) +5C :
§|S|—W|SI+T—ds(a,a)
2-K? 5C +38 ,
NNE TK2 IS+ X —ds(a,a’)
2—-K? 5C+68 2(K?*-1) 45 +10C
<|IS|=—=IS1+ - >— S| ————
2K K K K
2—K? 38 +5C
= |S|—
2K2 K
and so
2—K? Loay.om) +5C 2—K? 3§+ 5C
|8 = DT <A@ b) < SIS —

which implies 447y ¢) > 36. So

Fan@®)) < F@(B)) +max{0. 38 — by s iy}
= f(¢(D))
=< fi@ @ 1) =38 + L))
< f¢3(a)(¢(b)) —24,

where the inequalities are applications of property (3). Thus,

e Fptary: Joa) > 28

and so r(f(;(a,)) and r(f(;’(a)) are distinct elements of the metric ball B(r(f), 58) of
radius 58 centred at ¥ ( /) in X. So, if {a; }lN= 1 C S subdivide S into segments of length at
least (2(K%2—1)/K?)|S|+(48+10C)/K, then B(r(f),58) contains at least N points.
Subdividing S evenly, we can achieve N = [(2(K?—1)/K? + (48 +10C)/K|S|)7!].
So we have shown that, if X admits a (K, C)—quasi-isometric embedding of a Rie-
mannian circle S and K is close enough to 1, then, for some x € X, we have

1B(x,56)| > [(2(K2 —1)/K2 + (45 + 10C)/K|S|)"].

To complete the proof, suppose X is not strongly shortcut. Then, for each K > 1,
there exists Cx > 0 and a sequence (¢, : S, — X), of (K, Cg)—quasi-isometric
embeddings of Riemannian circles where |S,| > n. The argument above shows
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that, for each small enough K > 1 and each n € N, there exists xg , € X satis-
fying |B(xg n,58)| > [(2(K%? —1)/K? + (48 + 10Cx)/K|Sn|)~!]. The expression
(2(K?=1)/K?+(484+10Ck)/K|Sn|)~! tends to K%/2(K? — 1) as n tends to infinity,
so, if ng € N is large enough, then |B(xg nx,58)| > K?/2(K? —1) — 1. But this
contradicts the uniform bounded geometry assumption on X since K2/2(K? — 1) tends
to infinity as K tends to 1. |
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Classifying sufficiently connected PSC manifolds
in 4 and 5 dimensions

Ot1s CHODOSH
CHAO LI
YEVGENY LIOKUMOVICH

We show that if N is a closed manifold of dimension n = 4 (resp. n = 5) with
(N) = 0 (resp. m2(N) = w3(N) = 0) that admits a metric of positive scalar
curvature, then a finite cover N of N is homotopy equivalent to S” or connected
sums of S”~! x S!. Our approach combines recent advances in the study of positive
scalar curvature with a novel argument of Alpert, Balitskiy and Guth.

Additionally, we prove a more general mapping version of this result. In particular,
this implies that if N is a closed manifold of dimensions 4 or 5, and N admits a
map of nonzero degree to a closed aspherical manifold, then N does not admit any
Riemannian metric with positive scalar curvature.

53C21

Introduction

We are concerned here with the problem of classification of manifolds admitting positive
scalar curvature (PSC). For closed (compact, no boundary) 2— and 3—manifolds, this
problem is completely resolved; namely, the sphere and projective plane are the only
closed surfaces admitting positive scalar curvature and a 3—manifold admits positive
scalar curvature if and only if it has no aspherical factors in its prime decomposi-
tion. In particular, a 3-manifold admitting positive scalar curvature has a finite cover
diffeomorphic to S or to a connected sum of finitely many S2 x S

The main result of this paper is the following partial generalization of this statement to
dimensions n = 4, 5:

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Theorem 1 Suppose that N is a closed smooth n—manifold admitting a metric of
positive scalar curvature and

e n=4and n,(N) =0, or

e n=>5and ny(N)=mn3(N)=0.

Then a finite cover N of N is homotopy equivalent to S™ or connected sums of
Sl x st

Chodosh and Li [7] and Gromov [14] showed that, if a closed N” is aspherical (ie
7w (N) =0 for all k > 2) and n = 4, 5, then there is no Riemannian metric of positive
scalar curvature on N. Theorem 1 can thus be seen as a refinement of this into a positive
result.

Remark By Theorem 1.3 of Gadgil and Seshadri [12] (see also Freedman [11],
Milnor [26] and Kreck and Liick [22]), we have that if » = 4 and N is homotopy
equivalent to S* or S3 x S!, or if n = 5 (with no further restriction on the homotopy
type), then homotopy equivalence in the conclusion to Theorem 1 can be upgraded to
homeomorphism.

We also prove a more general “mapping” version of Theorem 1.

Theorem 2 Suppose that N is a closed smooth n—manifold with a metric of positive
scalar curvature and there exists a nonzero degree map f: N — X, to a manifold X
satisfying

e n=4and m,(X) =0, or

e n=>5and m(X) =m3(X)=0.
Then a finite cover X of X is homotopy equivalent to S™ or connected sums of
Sl St

We note that the following result immediately follows from Theorem 2:

Corollary 3 Letn € {4,5}, X and N be closed oriented manifolds of dimension n,
and X be aspherical. Suppose there exists amap f: N — X withdeg f # 0. Then N
does not admit any Riemannian metric of positive scalar curvature.

Recall that it was previously shown in [7; 14] that closed aspherical (ie 7z (N) =0
for all k£ > 2) n—manifolds do not admit PSC for n = 4, 5. In [14] a related statement
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was proven for manifolds admitting proper, distance-decreasing maps to uniformly
contractible manifolds. In fact, Corollary 3 seems to have been asserted by Gromov
[15, page 144-145], but the (relatively simple) lifting argument does not appear there.

0.1 Urysohn width bounds

Recall that a metric space (X, d) has Urysohn g—width < A if there is a g—dimensional
simplicial complex K and a continuous map X — K such that diam f~!(s) < A
for all s € K. As such, having finite Urysohn g—width implies that a manifold looks
=< g—dimensional in some macroscopic sense.

A well-known conjecture (see [15, page 63]) of Gromov posits that an n—manifold
with scalar curvature > 1 has finite Urysohn (n—2)-width. Various forms of this
conjecture are proven for n = 3 —see Gromov and Lawson [16], Katz [21], Marques
and Neves [24] and Liokumovich and Maximo [23] — while the conjecture is largely
open for n > 4 (some progress has been achieved by Bolotov and Dranishnikov [2; 3]).

A key component in the proof of Theorem 1 is the following result:

Theorem 4 For (N", g) satistying the hypothesis of Theorem I, the universal cover
(]V , &) has finite Urysohn 1-width.

This follows by combining Corollary 7 and Proposition 8 below. A simple example
where Theorem 1 applies is the product metric on S! x S3, whose universal cover is
R x §3, clearly of finite Urysohn 1-width. On the other hand, we note that the higher
connectivity hypothesis in Theorem 4 is necessary: compare with 72 x S2.

Remark Consider a metric g g on S3 formed by capping off a cylinder[- R, R]x.S2(1)
with hemispheres and smoothing out the resulting metric, so that the scalar curvature
is > 1. The product metric (S!(1), gs) x (S3, gr) has scalar curvature > 1 but the
universal cover has Urysohn 1-width ~ R. As such, the estimate in Theorem 4 cannot
be made quantitative (essentially, the issue is that the universal cover converges to
R2 x S2(1), which has nontrivial 7).

As we were finishing this paper, we discovered that, recently, Gromov has indicated a
proof of the classification of PSC 3—manifolds [15, page 135] by using finiteness of
the 1-Urysohn width of the universal cover. Our proof of Theorem 1 follows a similar
strategy once Theorem 4 is proven.
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0.2 Remarks on positive isotropic curvature

Theorem 1 has an interesting relationship to well-known conjectures of Gromov [13,
Section 3(b)] and Schoen [29] concerning the topology of closed n—manifolds admitting
a metric with positive isotropic curvature (PIC). Namely, they (respectively) conjecture
that if a closed manifold has a PIC metric then the fundamental group is virtually free
and a finite cover is diffeomorphic to either a sphere or connected sums of finitely
many S! x §"771,

There have been distinct approaches to such a question, relying on either minimal
surface theory or Ricci flow. Using minimal surface theory, Micallef and Moore have
shown that, if M" is a closed PIC manifold then (M) =0fork =2,..., [%n] [25].
In particular, if M is simply connected, then it is homeomorphic to a sphere. In related
work, Fraser has proven that an n—manifold (m > 5) with PIC does not contain a
subgroup isomorphic to Z & Z [10].

On the other hand, using Ricci flow, Hamilton has classified 4-manifolds admitting
PIC that do not contain nontrivial incompressible (n—1)—dimensional space forms [18].
This was extended to prove the Gromov—Schoen conjectures for n = 4 by Chen, Tang
and Zhu [6]. In higher dimensions, Brendle and Schoen [5] and Nguyen [27] proved
the PIC condition is preserved under the Ricci flow; this is an important ingredient in
Brendle and Schoen’s proof of the differentiable sphere theorem. Recently, Brendle
has achieved a breakthrough in the study of the Ricci flow of PIC manifolds and has
extended Hamilton’s result to dimensions n > 12 [4]; as above, this result has been
used to prove the Gromov—Schoen conjectures for n > 12 by Huang [20].

We note that, since PIC implies PSC, combining [25] with Theorem 1 yields an
alternative proof of Gromov’s conjecture (the fundamental group is virtually free) for
n = 4 and proves a weak version of Schoen’s conjecture for n = 4 (ie with homotopy
equivalence replacing diffeomorphism). Furthermore, Theorem 1 implies that a PIC
S—manifold with 73 (M) = 0 satisfies Gromov’s conjecture and the same weak version
of Schoen’s conjecture. It is an interesting question if a 5-manifold with PIC has
w3(M) = 0 (note that (M) = 0 by [25]).

Organization of the paper

In Section 1 we revisit the filling radius estimates from [7; 14]. In Section 2 we show
that such estimates imply Theorem 4. Then, we complete the proof of Theorem 1 in
Section 3. Finally, in Section 4 we prove Theorem 2.
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1 Filling estimates

In [7; 14], it was shown that a closed aspherical n—manifold does not admit positive
scalar curvature for n = 4, 5 by combining a linking argument with a filling radius
inequality in the presence of positive scalar curvature. In this section we observe that
this filling radius inequality carries over to the setting considered here.

We begin by summarizing the results contained in [7] that will be needed in this paper.

Theorem 5 Consider (N", g) a closed Riemannian n—manifold with scalar curvature
R > 1. Fix a Riemannian cover (N, g).

(1) Suppose that n = 4. There is a universal constant Ly > 0 with the following
property. Consider a closed embedded 2—dimensional submanifold iz C N with
[f]z] =0¢ Hz(ﬁ; 7). Then E{lere is a 3—chain 2'3 C BLO(EDZ) and a closed embedded
2—dimensional submanifold 2’2 with

SR S/
0¥5 =%, - %,
as chains such that, for every connected component S of !, the extrinsic diameter
of S satisfies diam(S) < L.

(2) Suppose that n = 5. There is a universal constant Ly > 0 with the following
property. Consider a closed embedded 3—dimensional submanifold s 3 C N with
[23] =0€ H; (ﬁ; 7). Then glere is a 4—chain f]; - BLO(§3) and a closed embedded
3—dimensional submanifold X', with

0T, = X3 — X}
as chains as well as 3—chains U Toenns ﬁm with diam((? i) < Lo and 2—cycles

~

Thij=1...mlI=1,.k())}
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with diam(f‘}) < L such that

m k(j)
§3=Zﬁj and Bﬁj=2f‘} foreach j=1,...,m,
j= =1

where both equalities hold as chains (not just in homology). Finally, there is an integer
q and a function

wA(,D:j=1,....m,I=1,....k(j)}—=>{1,...,q}
such that, forr € {1,...,q}, we have

diam( g f})gLo

(j.Deu1(r)

> =0

(.Deu1(r)

and, moreover,

as 2—chains forr € {1,...,q}.

Proof When n = 4, one can solve Plateau’s problem to find 23 minimizing area
with 323 = 22. Applying the “u—bubble technique” (see [7, Section 3]), we can find
f]/z C =5 with dg, (£, 5,) < L and such that i’z C S5 is a “stable u—bubble” in the
sense of [7, Lemma 14]. By [7, Lemma 16], the intrinsic diameter of each component
is < L (taking L¢ larger if necessary). This proves the assertion (since extrinsic
distances are bounded by the intrinsic distances).

Similarly, when n = 5, we can solve Plateau’s problem to find §]4 minimizing area with
934 = =5. As before, we can find a “stable u—bubble” E/ with dg (E’ ,23) < Lo.
Finally, the construction of the U; ; and Fk follows from the “slice- and dice” procedure
from [7, Sections 6.3-6.4].

Note that the last conclusion (ie that Z( j.heu— i(,) = () was stated slightly dif-
ferently in [7]. To be precise, it was proven that the cycles Z( j.heu—1(r) F are
disjoint for distinct r (see [7, Section 6.4]). Now, by using Z Z(] Deu—1(r) F =
d(2_7=1 Uj) = 0, we find that each term in the sum must vamsh i

Example 1 We illustrate the “slice-and-dice” procedure and its relevance to the
statements of Theorem 5 with Figure 1, where 2’3 is diffeomorphic to S% x S1. We
first cut (slice) 2’3 by an embedded S 2 and view the result as a 3—manifold with
boundary, which we further cut (dice) into seven 3—chains Uy, ..., U7 such that each
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)

(TR gg

J‘

Us

U,

Figure 1: Cutting the 3—cycle 2’3 into small pieces.

U /; satisfies diam U i < Lo (of course, the number of chains may vary in different
examples). We label the boundary components of U ', from left to right in the figure, by
Fl for/=1,...,k(j). Note that, in this case, there are four such boundary components
that are nonsmooth, namely 2, I‘31, f‘43 and f‘61. The function u groups different f‘Jl
that glue together into a 2—cycle. For example, we have

u2,2)=u3,1)=u(4,3) =u(6,1),
and
u(l,)=u,1), uB,2)=u4,1), u@2)=u(51), u(6,2)=u(,1l).

Moreover, the values of u on different groups of Fl are different (eg u(2,2) # u(1, 1)).
Note here that 3 (; yeu—1(r) F =0 for each r.

The following proposition will be used to replace [7, Proposition 10] in the more
general setting considered here:

Proposition 6 Consider 7 : (]\7 ,8) — (N, g) aregular' Riemannian covering map of
n—dimensional manifolds, with (N, g) compact. Assume that Hj (ﬁ ,Z) = 0. Then,
forr > 0, there is R = R(r) < oo such that H;(By(x),Z) — H;(Bgr(x),Z) is the
zero map for any x € N.

TRecall that a cover is regular if the group of deck transformations acts transitively on the fibers. In
particular, the universal cover is a regular cover.
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Proof We first fix x = x¢. For any r > 0, there is ry € [r, 2r] with B, (x¢) a compact
manifold (with boundary). By Corollaries A.8 and A.9 in [19], the homology groups

of lm are finitely generated. Assume that oy, ...,y generates Hj (B, (xo).Z).
By assumption, for each i, o; = df; for some (/+1)—chains B1,...,8y. Choose
R =R;(r)sothat B; € Bg, (xo) fori =1,..., J. Then we see that Hl(m, 7)—
Hj(BR,(x9),Z) is the zero map, so, in particular,

Hj(By(x0),Z) — Hj(BR,(x0),Z)

is the zero map.

Now, for any x € N, we can assume (using a deck transformation) that d(x, xg) <
diam N. Thus,

By(x) C BrtdgiamN(X0) and  BR, (r+diam N) (X0) C BR, (r+-diam N)+diam N (X)-

Thus, we find that the assertion holds for R(r) = Ry (r + diam N ) 4 diam N. a

Putting these facts together, we thus obtain the following generalization of the filling
estimate obtained in [7; 14]:

Corollary 7 Suppose that, for n € {4, 5}, (N", g) is a closed Riemannian n—manifold
with positive scalar curvature and 7wo(N) = --- = my_>(N) = 0. Then there is L =
L(N, g) > 0 with the following property. Consider %,_, an closed embedded (n—2)-
submanifold in N the universal cover. Then ,_5 is nullhomologous in By (X,_5).

Proof Observe that the universal cover N has 7, (ZV )y=---= nn_z(f\? ) = 0. By the
Hurewicz theorem, H,_ 3(N Z)= Hy,_ 2(N Z) = 0.

When n = 4, the assertion immediately follows from a combination of Theorem 5
with Proposition 6. Indeed, Theorem 5 implies that ¥, is homologous to X/ i
Br,(X;), where dlam(Z ) < L. Proposition 6 implies that Z/ can be filled in an
R(Lg)-neighborhood. Thus, X, can be filled in an (L0+R(L0))—nelghborhood.

When n = 5, the proof is more complicated due to the nature of the “slice-and-
dice” decomposition in Theorem 5. Fix fl’ C Br,(X3) homologous to X3 and {17 i}
and {Fl } with the properties described in Theorem 5. We can now fill E’ in a bounded
nelghborhood following [7, Section 6.4], which we explain here. Since dlam(I‘l )<Ly,
Proposition 6 1mphes that Fl = ar’ for a 3—chain with dlam(F ) < R(LO) Then,

because dlam(U]) < Lo, k()

-1
=1
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is a 3—cycle of diameter < Ly + 2R(L¢). Thus, by Proposition 6, there is a 4—chain
U; with diam(U;) < R(L¢ +2R(Lo)) and
_ kO
o; =0;-> T/
=1
On the other hand, as was proven in Theorem 35, there is

w{(j,h:j=1,....m,I=1,....,k(j)}—=>{l,...,q}

such that
diam( g rj) <Lg
(,Deu=1(r)
and
a1
> If=0
G.Deu=1(r)
as 2—chains.

As such, for r € {1,...,q}, Z(j,l)eu—l(Q f} is a 3—cycle of diameter bounded by
2R(Lgy) + L and thus there is a 4—chain E, with diam(&,) < R(Lo+2R(Ly)) and

08,= Y T/

G.Deu=1(r)
This yields
q m
B=] g+ )0
r=1 j=1
with
q m.
Z OF s Z Uj C BR(Lo+2R(Lo))(Z%)-
r=1 j=1

Thus, X3 is nullhomologous in an (R(L0+2R(L0))+R(LO))—neighborhood. a

Example 2 Continuing Example 1, we illustrate in Figure 2 how Corollary 7 works for
f]g in Figure 1. Consider all 2—cyclis f‘j’ with u(j,i) =r. Fillin f} with a 3—chain f‘jl .
By construction, the sum of these F} forms a 3—cycle, which can then be filled in by
a 4—chain E,. By Proposition 6 and Corollary 7, the diameter of all these fill-ins are
bounded by R(Lo + 2R(Ly)).
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Figure 2: To fill in {f'jl cu(j,l) =r}, we first fill in each f‘]l with f]l (center),
then fill in by E, to obtain a 3—cycle (right).

2 Filling versus Urysohn width

The next result is inspired by work of Hannah Alpert, Alexey Balitskiy and Larry
Guth [1], which we learnt about from a talk by Alpert. The strategy should be compared
with [16, Corollary 10.11].

Proposition 8 Assume that (N", g) has the property that any closed embedded (n—2)—
submanifold in the universal cover ¥,_, C N can be filled in By (X,-5). Then the
universal cover (]’\7 , &) satisfies:

(x) For any point p € N, each connected component of a level set of d(p,-) has
diameter < 20L.

Note that Corollary 7 implies a manifold (N, g) in Theorem 1 satisfies the assumptions
of Proposition 8. By the argument in [17, Corollary 10.11], this shows that the universal
cover (1§7 , &) has Urysohn 1-width < 20L. In particular, the macroscopic dimension
of N is 1.

Proof Let p € N be a point and consider level sets of the distance function f(x) =
d(p,x).

For the sake of contradiction, suppose that there is a curve y C f~!() connecting
points x and y with d(x, y) > 20L. Fix a minimizing geodesic nx from p to x (and
similarly for n,) and consider the triangle 7" = nx * y * —n,.. Fix 0 </ < L such that
0B41 +1(x) and 0By 4;(nx) are smooth hypersurfaces intersecting transversely. Set
Yp—2:=0B4r+1(x)NOBL4+;(nx). Note that we have not ruled out ¥,_, = &; in this
case we will take d (X, —,, ) = oo below.
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By construction,
d(zn—27 nX) > L

= X,—>. Observe that,
is a subset of dB47 47(xX),

Set X' | := 0B4r4(x) N Bry;(nx) and note that %7 _
since 7] is a minimizing geodesic between p and x and X7 _

1

1

it must hold that n, intersects E; exactly once and does so orthogonally (and thus

-1
transversally). We will return to this observation below.

Lemma 9 d(Zp_0,y)=dX _.,y)> L.

n—1’

Proof We first prove that d(X)_,.y) > L. Choose s € X, | with d(s,y) =
d(X; _,.v). There is e € 1y such that d(s,e) < L 4 /. We have

d(x,e)>d(x,s)—d(s,e) >4L +1—(L+1)=3L.
Since 1y is minimizing (and has length ¢), we have d(p,e) <t —3L. Thus,

d(p,s)<d(p,e)+d(e,s)<t—3L+L+1=t-2L+1.
Thus,
d(s,y)>d(p,y)—d(p,s)>t—(t—2L+1)=2L—1.
This completes the proof of d(X/ _.,y) > L. Since ¥,_, C X/ ., it clearly holds

n—1’ n—1’°

that d(2,—2,y) > d(Z)_,. 7). =
Lemma 10 X Nny=2a.

Proof Suppose the contrary. Consider s € X/ | Nny. Note that d(s,x) = 4L +/
and there is e € 1, with d(s,e) < L + /. We have

d(x,e) <d(x,s)+d(e,s) <5L+2l.

As such,
d(p,e)>t—5L—-2I,
SO
d(p,s)>d(p,e)—d(e,s)>t—5L—-2]—L—-1=t—6L-3l.
Thus,

d(s,y) <6L+3l.
However, this contradicts

20L <d(x,y)<d(x,s)+d(s,y) <4L+[1+6L+3/ =10L +4l. ad
Lemma 11 d(Zp—2,1ny) > L.

Proof The proof is similar to the previous argument. Suppose we have s € X,_»
and ey, € 1, with d(s,ey,) < L. There is ex € nx with d(s,ex) = L + . Note that
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d(s,x) =4L + . Thus,

d(p,ex)=t—d(x,ex)>t—d(x,s)—d(s,ex) =t —5L—2I.
Thus,

d(p,ey) =d(p,ex)—d(ex,ey) = d(p,ex)—d(ex,s)—d(s,ey) =t —TL=3l.

This implies that
d(y.ey) <7L+3l.

However, this contradicts

20L <d(x,y)<d(x,s)+d(s,ey)+d(ey,y) <12L +4l. |

We can now complete the proof of Proposition 8. Perturb the triangle 7" to be a smooth
embedded curve 7" still intersecting E;l_l transversely. As long as the perturbation is
small, 7/ N E:l_l will consist of a single point (thanks to Lemmas 9 and 10, along with
the observation that 7, intersects X/ _, transversely in exactly one point). Assume
first that 3, _, # @. By assumption, there is X,_; C Bp(X,—,) with 0%, = X, _,.
Using Lemmas 9 and 11 as well as d(Z,—»,nx) = L+, we find that £, NT' = &.
As such, T’ has nontrivial algebraic intersection with the cycle E;_l —%,—1. This is
a contradiction since N is simply connected.

/

n—1
is a cycle and, combining Lemmas 9 and 10 with the fact that X | intersects 7, trans-
/

If ¥,,_, = &, then the argument is similar but simpler. In this case, we note that 3

versely exactly once, we see that 3 is a cycle with nontrivial algebraic intersection

n—1
with 7" a contradiction as before. O

3 Fundamental group and homotopy type

In this section, we prove Theorem 1. We first prove (see Corollary 14 below) that a
manifold (N", g) whose universal cover satisfies the conclusion of Proposition 8 has
virtually free fundamental group. (Recall that a group is virtually free if it processes a
free subgroup of finite index.) This fact seems to be well known among certain experts
(in particular, see [15, page 135]). We give a proof here, roughly following the strategy
used in [28]. The argument is based on notion of the number of ends of a group.

Definition 12 Given a group G, its number of ends, ¢(G), is defined as the number
of topological ends of K, where K — K is a regular covering of finite simplicial
complexes K and K, and G is the group of deck transformations.
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It follows from [9] that a finitely generated group can have 0, 1, 2 or infinitely many
ends. Our main result here is as follows:

Proposition 13  Suppose (N, g) is a closed Riemannian manifold satisfying the con-
clusions of Proposition 8. Then any finitely generated subgroup G of w1 (N) cannot
have one end.

We will prove this below, but first we note that it yields the desired statement:

Corollary 14 Suppose (N, g) is a closed Riemannian manifold satisfying the conclu-
sions of Proposition 8. Then rr1(N) is virtually free.

Proof We follow the proof of [28, Theorem 2.5]. Indeed, by combining the main result
of [8] (see [30, Section 7]) with Proposition 13, 71 (V) is the fundamental group of a
finite graph of groups with finite edge and vertex groups. The assertion now follows
from Proposition 11 in Chapter II, Section 2.6 of [31] (or eg [30, Theorem 7.3]). O

Moreover, we observe that given these results, we can finish the proof of Theorem 1.

Proof of Theorem 1 By Corollary 7, Proposition 8, and Corollary 14, w1 (N) is
virtually free. Let G C 71(/N) be a finite-index subgroup which is a free group.
Consider the finite covering N -5 N such that the image of ps is G. Then m; (]V ) is
a finitely generated free group. Since 7, (]V )y=---=mp_2 (]V ) = 0, Sections 2 and 3
of [12] imply that N is homotopy equivalent to S” or connected sums of S*~! xS!. O

We now give the proof of Proposition 13:

Proof of Proposition 13 Suppose there is a finitely generated subgroup G of 71 (N)
with one end. We will show that this leads to a contradiction.

We divide the proof into several steps. Take a cover Nog 2> N such that py(1r1 (Ny)) =G.
Because pu: w1 (Ng) — 1 (N) is injective, this ensures that 71 (Ng) = G. If G is finite
then e(G) = 0, so we can assume G is infinite.

Since G is finitely generated, we can find K C Ny a compact submanifold with boundary
containing representatives of all of the generators of G. Write i: K — Ny for the
inclusion map and note that ix: 71 (K) — 71 (Ngy) = G is surjective. Let H = ker iy,
so G = m1(K)/H. Choose j: K — K the cover (with K path connected) of K so that

Geometry & Topology, Volume 27 (2023)



1648 Otis Chodosh, Chao Li and Yevgeny Liokumovich

Ju(my (12)) = H. Since H is a normal subgroup of 71 (K), the covering ;j : K— K is
regular, and the group of deck transformations of j is isomorphic to 71 (K)/H = G.
Thus, K is noncompact. Note that jy o iy: my (IZ) — 1 (Np) is the zero map, so we
can lift i to 7: K — N, where N is the universal cover of N. (We emphasize that K is
not necessarily the universal cover of K.)

As such, we have the diagram of spaces

7
—_

i
.

J

N ™

N

|7

No
l”
N

The maps i and 7 are inclusions of codimension zero submanifolds with boundary;
indeed:

Lemma 15 7 is a proper embedding.

Proof We first show that 7 is injective. Suppose that 7(a) = i(l;). Connect a and b by a
curve 7 in K. By assumption, 7(7) is a loop in N, so n=j(M) has[n]=ee€m(Ny)=G.
Thus, [n] € H C r1(K). This implies that 7 is a loop, ie a = b. It is straightforward to
check that 7 is a closed map, using the fact that K is compact and p is a covering map.
Therefore, 7 is proper. |

Note that N is equipped with a Riemannian metric g, so that, for any p € N, each
connected component of a level set of f,(x) = dz(x, p) has diameter < C, where
C = 20L as given in Proposition 8. The embeddings 7,7 induce metric structures on
K and K, respectively.

Lemma 16 For each r > 0, there exists R(r) > 0 such that, for any a,b € K with
dg(a,b) <r, wehavedg(a,b) < R(r).

Proof FixxeK. By applying a deck transformation, we can assume that d 5 (a, x) < co
(here ¢q only depends on K), so d5 (b, x) < r + co. Since K is connected (and 7 is
proper), there exists R = R(r + ¢o) so that dz(a, x),d g (b, x) < R. The assertion
follows from the triangle inequality. |
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In the following lemma, we will call a curve y: R — K a line if it minimizes length on
compact subintervals relative to competitors in K. Note that such a curve is a geodesic in
the sense of metric geometry, but not necessarily in the sense of Riemannian geometry,
since it could stick to 9K in places. Similarly, we will call 6”: [0, 00) — K a minimizing
ray if it minimizes length in the same sense.

Lemma 17 There exists a line y in K.

Proof Fix p € K, and choose pj € K diverging. Let 0 denote a curve that minimizes
length in K between p and p;j. We assume that o; is parametrized by unit speed. In
particular, o; is a 1-Lipschitz map from an interval to K. Consider an exhaustion
of K by nested compact sets containing p. Applying Arzela—Ascoli in each compact
set and taking a diagonal sequence, we obtain that, after passing to a subsequence,
0; converges to a minimizing ray o’: [0, 00) — K. Since G is the group of deck
transformations of K — K acting transitively on K and K is compact, we can choose
t; — oo and deck transformations ®; so that dg ( p. ®i(o’ (t,-))) is uniformly bounded.
Then o}(t) = ®;(o’(t + t;)) subsequentially converges to a geodesic line o (using
Arzela—Ascoli again). |

Parametrize the curve y so that d g (y(a), y (D)) = |a — b| (note that d (v (a), y (b))
might be smaller than |a — b|). Let ¥ =7 o y. Note that p is automatically proper in K,
and thus Lemma 15 implies that y is proper in N.

For each R > 0, consider the open geodesic ball Bg(y(0)) C N. Define parameters
- (R) = max{t : y(—o0,1) N Br(y(0)) = &},
t+(R) =min{z : y(¢,00) N BR(yo) = &}.

Note that 7+ (R) — 00 as R — oc.

Since e(f) =1, y(t+(R)) can be connected in K \ Br(y(0)). Because N is simply
connected, this implies that y (¢4 (R)) lie in the same component of dB(y(0)) C N
and thus

dg (v (=(R), y(t+(R))) = C.

On the other hand, we have

dg (v (—(R)), y (t+(R))) = |t—(R) = t4+(R)| — oo.

This contradicts Lemma 16. This completes the proof of Proposition 13. |
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4 Generalization to the mapping problem

In this section we prove Theorem 2. The proof here is partly motivated by [14, Section 5],
where nonexistence of PSC metrics on certain noncompact manifold admitting a proper,
distance-decreasing map to a uniformly contractible manifold is established. We first
observe that we may assume, without loss of generality, that r; (X)) is infinite. Indeed, if
71 (X) is finite, then the universal cover X is compact and satisfies that 4 (X )=---=
JTn_z(X) = (. By the Hurewicz theorem, we have that H; (X) =...= ,,_Z(X) =0.
Poincaré duality further implies that Hy(X) =--- = H,_;(X) = 0, and hence X is
homeomorphic to S”.

We begin with the following general lemma. Note that it is tempting to try to lift a map
of nonzero degree to the universal covers, but this map may not be proper (and hence
the degree will not be well defined). We note that the construction of the appropriate
cover is somewhat analogous to the construction of K in Section 3.

Lemma 18 Suppose that X and N are closed oriented manifolds and f: N — X has
nonzero degree. Letting X denote the universal cover of X, there exists a connected
cover N — N and a lift f: N — X such that [ is proper and deg f = deg f.

Proof Choose a regular value x € X and set f~'(x) = {z;,...,zx}. Consider
H = Kker fu: nl(N z1) = mw1(X, x). Choose a covering space p: N — N so that
1mage 23518 (N Z1) — w1 (N, z1) is H. Below we will show that the map f* lifts to
f N — X and that f satisfies the assertions made above.

Noncompactness of N We claim that N is noncompact. We first show that the
image of f3 is a subgroup of 1 (X, x) with finite index. Let G = fu(1 (N, z1)) and
7:(X,X)— (X, x) be a covering map such that image((77)s: 71 (X, ¥) = 71 (X, x))
is G. The map f lifts to amap f: (N, z;) — (X, X) such that f = 7 o f. Since N
is compact and f is surjective, we see that X is compact. Hence, we have deg /' =
deg i -deg f It follows that deg 7 is an integer factor of deg f, and thus G is a subgroup
of 71 (X, x) of finite index.

The number of sheets of the covering map p is the index of H = pyu(imy (]V ,Z1)) in
m1(N,zy). Since H is a normal subgroup, this is equal to the number of elements
of the group 71 (N, z1)/H, which is isomorphic to G and thus of infinite order. This
implies that N is noncompact, as claimed.
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Lifting the map f Consider f o p: N — X. Note that (fop)u:m (ﬁ) — m1(X)
is the zero map. Thus, we can lift f o p to the universal cover of X:

(N. %) AN (X, %)

”l l

(N, 21) —— (X, x)

Clearly, a loop in N lifts to a loop in N if and only if it is in H (recall that H is
normal).

Counting lifts of preimages We now claim that #( f (&) N pl(z))) = 1. To this
end, suppose that a, b € f ~1(%)N p~1(zj). Choose a path 7 in N connecting the two
points. Then y = poy isaloopin N based at z;. On the other hand, y := fo P is
a loop in X based at X. Since ¢ = wu[y] = fe[y], we thus see that [y] € H. This is a
contradiction since this would imply that y lifts to a loop (as remarked above).

Properness We now show that f is proper. Assume that 7; — oo in N but f (7)) —>q
in X. Since N is compact, we can pass to a subsequence such that p(#;) — r € N.

Then (q) = f(r).

Choose a contractible neighborhood U C N with r € U. By shrinking U, we can
assume that f(U) is contained in a contractible open set W C X. Then 7~ ' (W)
consists of disjoint copies of W. We can assume that f (7;) are all contained in the
copy containing ¢.

Assume that p(7;) € U for all i. Fix paths n; from p(#;) to r in U and paths p; from
71 to F; in N. Then

i = (i) * (p o yi) * (=)
is a loop from r to r. Lift o to &; a path in N that agrees with J; on that portion of &;.
Note that &; cannot be a loop for i large, since the 7; are diverging.

We now consider &; := f od; a path in X. By construction, ¢; is a loop in X. This is a
contradiction as before.

Degree Finally, we check that deg f = deg f. The lift X is a regular point for f
and we have seen that each element of /~!(x) lifts to a unique element of f —1(%).
But the local degree of f at each preimage Z; is the same as the degree of f at the
corresponding point p(Z;) (since p is a covering map). |
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Remark With some trivial modifications in the proof, a similar result holds for possibly
nonorientable X and N with amap f: N — X of nonzero mod 2 degree.

Using the lifted map f we can now follow [14, Section 5] to show that the conclusion
of Corollary 7 holds in the setting of Theorem 2.

Lemma 19 Let X and N be oriented Riemannian manifolds and f: (N, g) — (X, gx)
with f distance-decreasing and deg f* # 0. Assume that N admits a metric of positive
scalar curvature and that eithern =4 and w,(X) =0, orn=>5 and n,(X) =m3(X)=0.

Then there exists L > 0 with the following property: if ¥,_, is an (n—2)—dimensional
nullhomologous cycle in the universal cover X of X, then the cycle deg( f)X,—, can
be filled inside By (X;,—>).

Proof We consider n = 5 since the n = 4 case is similar (but simpler). By scaling, we
can assume that (N, g) has scalar curvature R > 1. As in Corollary 7, H»(X,Z) =
H3(X.,7)=0.

By assumption, 23 = 0X4 in X for some chain . Up to a small perturbation, we
can assume that f is transversal to X3 and 24 Set Sy = f 1(Z4) and similarly
23 = 824 Note that 23 is nullhomologous in N (by construction). Usmg Theorem 5,
we can find E C BLO(E ) homologous to 23 as well as 3—chains Uy, ..., Uy, with
diam(Uj) < Lo and 2—cycles {Fjl j=1,....mI=1,...,k(j)} with dlam(f‘}) <Ly
and such that

m k()

§I/3=Z(7j and 80j=2f‘} foreach j =1,...,m,

j =1
where both equalities hold as chains (not just in homology). Finally, there is an integer ¢
and a function

w{(G,D:j=1,....mI=1,....k(j))}—={1,...,q}
such that, for r € {1, ..., g}, we have

diam( g f})gLo

(.Deu=1(r)

> Tl=o0

(.Deu=1(r)

and

as 2—cycles forr € {1,...,¢}.
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Denote by 2/3 the 3—cycle in X obtained by pushing 2/3 forward by the map f and
similarly for U; and l"jl .

Since f is transversal to M3, it is easy to check that deg f |p;, = deg f Hence,

f#([Z4]) = (deg f)[Z3]. Moreover, since f (and thus f) was assumed to be distance-

decreasing, we see that d(f g~)(23, 2/3) < L. As such, it suffices to bound 2’3 ina
X

controlled neighborhood.

To do so, we follow the argument used in Corollary 7. Because dlam(F ) < Lo, we
can use Proposition 6 to find a 3—chain I‘J with dlam(l"l) < R(Ly) and BI‘J = I‘J

d th 4—chain U; with
and then a 4—chain U; wi k()

D
=1

and diam(U;) < R(Lo + 2R(Lo)). Thus,

zg_ZaU,+Z YR

r=1(j,eu1(r)

and
diam( 3 F}) <2R(Lo) + Lo.
(J.DHeu=1(r)
We can thus complete the proof as in Corollary 7. |

Granted Lemma 19, Theorem 2 follows. Indeed, in order to prove the Urysohn width
estimate of Proposition 8, it is enough to assume that the filling radius estimate holds
for a multiple deg( /)X, —, of every cycle X,_,. The rest of the proof of Theorem 2
proceeds exactly as the proof of Theorem 1.
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