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The combinatorial formula for open gravitational descendents

RAN J TESSLER

Pandharipande, Solomon and Tessler (2014) defined descendent integrals on the
moduli space of Riemann surfaces with boundary, and conjectured that the generating
function of these integrals satisfies the open KdV equations. We prove a formula for
these integrals in terms of sums of Feynman diagrams. This formula is a generalization
of the combinatorial formula of Kontsevich (1992) to the open setting. In order to
overcome the main challenges of the open setting, which are orientation questions and
the existence of boundary and boundary conditions, new techniques are developed.
These techniques, which are interesting in their own right, include a characterization
of graded spin structure in terms of open and nodal Kasteleyn orientations, and a new
formula for the angular form of S2"~!—bundles.

Buryak and Tessler (2017) proved the conjecture of Pandharipande, Solomon and
Tessler based on the work presented here.
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1 Introduction

The study of the intersection theory on the moduli space of open Riemann surfaces
was initiated by Pandharipande, Solomon and Tessler in [31]. The authors constructed
a descendent theory in genus 0 and obtained a complete description of it. In all genera,
they conjectured that the generating series of the descendent integrals satisfies the
open KdV equations. This conjecture can be considered as an open analog of Witten’s
famous conjecture in [38].

The construction of the positive-genus analog will be carried out in joint work with
Solomon [35], and is reviewed here. A physical interpretation of these constructions
can be found in Dijkgraaf and Witten [15].

In this paper, after recalling the constructions of [31; 35], we prove a formula for all the
descendent integrals as sums over amplitudes of special Feynman diagrams, which we
call odd critical nodal ribbon graphs. With this formula one can effectively calculate
all the open descendents.

Based on this formula, the conjecture of [31] is proved in Buryak and Tessler [10], and
a calculation of finer invariants is performed in Alexandrov, Buryak and Tessler [2].

Geometry & Topology, Volume 27 (2023)



The combinatorial formula for open gravitational descendents 2499

1.1 Witten’s conjecture

1.1.1 Intersection numbers Denote by M, ; the moduli space of compact connected
Riemann surfaces with / distinct marked points. P Deligne and D Mumford [13] defined
a natural compactification of it via stable curves. Given g and /, a stable curve is a
compact connected complex curve with / distinct marked points and finitely many
singularities, all of which are simple nodes. We require the automorphism group of the
surface to be finite, and the marked points and nodes are all distinct. The moduli space
of stable curves of fixed g and [ is denoted by M g¢,1- It is known that this space is a
nonsingular complex orbifold of complex dimension 3g — 3 + /. For the basic theory
the reader is referred to Deligne and Mumford [13] and Harris and Morrison [17].

In his seminal paper [38], E Witten, motivated by theories of 2—dimensional quantum
gravity, initiated new directions in the study of M ¢,1- For each marking index i he
considered the tautological line bundles

Li — Mg,l
whose fiber over a point
[2,z1,...,2] € Mg

is the complex cotangent space T;l‘, Y of ¥ at z;. Let

Vi € H* (Mg, Q)

denote the first Chern class of IL;, and write

. a a a
(1) (Tal"-'ag"'fal)zr = f_ Ihl 22---%l~
Mgy

The integral on the right-hand side of (1) is well defined when the stability condition
2¢—-2+41>0
is satisfied, all the a; are nonnegative integers, and the dimension constraint

3g—3+l:Za,~

1

holds. In all other cases, ( ]—[ll-:1 Tq; ); is defined to be zero. The intersection products (1)
are often called descendent integrals or intersection numbers.

Let #; (for i > 0) and u be formal variables, and put
o0
y = Z 1 7.
i=0

Geometry € Topology, Volume 27 (2023)
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Let
(r"e
n!

00
Fgc(l‘o,l‘l, L) = Z
n=0

be the generating function of the genus g descendent integrals (1). The bracket (y” )%
is defined by the monomial expansion and the multilinearity in the variables ¢;. The

generating series
o0
Cc .__ 2¢—2 e
) F€:=> u?$72F¢
g=0

is called the (closed) free energy. The exponent 7€ := exp(F€) is called the (closed)
partition function.

1.1.2 KdV equations Set
' Fe
TayTay T )= ————.
(( a17az al >> atal ataz M a[al
Witten’s conjecture [38] says that the closed partition function t¢ becomes a tau
function of the KdV hierarchy after the change of variables #,, = 2n 4+ 1)!! To,4+1. In
particular, it implies that the closed free energy F¢ satisfies the following system of

partial differential equations for n > 1:
@n A+ Du (g ) = (tn-170) () +2(tn-179N (7o) + g {t—175)°.

These equations are known in mathematical physics as the KdV equations. Witten [38]
proved that the intersection numbers (1) satisfy the string equation

l 1
<ro l_[ Ta; >C = Z<raj_1 1_[ rai>c for 2g—2+4+1>0.

i=1 '8 =1 i#j '8
Witten has shown that the KdV equations, together with the string equation, determine
the closed free energy F¢ completely. R Dijkgraaf, E Verlinde and H Verlinde [14]
reformulated an alternative description to Witten’s conjecture in terms of the Virasoro
algebra, and they have shown that the two descriptions are equivalent.

1.2 Kontsevich’s proof

Witten’s conjecture was proved by M Kontsevich [25]. The proof of [25] consisted
of two parts. The first part was to prove a combinatorial formula for the gravitational
descendents. Let Rg , be the set of isomorphism classes of trivalent ribbon graphs of

Geometry & Topology, Volume 27 (2023)



The combinatorial formula for open gravitational descendents 2501

genus g with n marked faces. Denote by V' (G) the set of vertices of a graph G € Rg 5.
Introduce formal variables A;, with i € [n]. For an edge e € E(G), let

Ale) i= ———,

where i and j are the numbers of faces adjacent to e. The following formula holds:
n 2EG)-IV(G)]

(2a; — ! _
) Z <1_[ a,> 1_[ fza,+1 - Z W l_[ Ae).

atse...an>0"i=1 gi=1 GeRg
The second step of Kontsevich’s proof was to translate the combinatorial formula into
a matrix integral. Then, by using nontrivial analytical tools and the theory of the KdV
hierarchy, he was able to prove that F¢ satisfies the KdV equations of Section 1.1.2.
Other proofs for Witten’s conjecture were given, for example, in Mirzakhani [29] and
Okounkov and Pandharipande [30].

1.3 Open intersection numbers and the open KdV equations

1.3.1 Open intersection numbers In [31], R Pandharipande, J Solomon and the
author constructed an intersection theory on the moduli space of stable marked disks.
Let ./\70,/(,1 be the moduli space of stable marked disks with k boundary marked points
and / internal marked points. This space carries a natural structure of a compact smooth
oriented manifold with corners. One can easily define the tautological line bundles IL;
for an internal marking i, as in the closed case.

In order to define gravitational descendents, we must specify boundary conditions. The
main construction in [31] is a construction of boundary conditions for I.; — Mo,k,l-
In [31], vector spaces S; = S, .k,1 of multisections of IL; — 8/\70,;(,1, which satisfy
the following requirements, were defined. Suppose a1, ..., a; are nonnegative integers
with 23", a; = dimg Mg x; = k + 21 —3. Then:
(a) For any generic choice of multisections s;; € S; for 1 < j < a;, the multisection
D i
iell]
1<j=a;
vanishes nowhere on dMg 4 ;.

(b) For any two such choices s and s’ we have

/ e(E,s)z/ e(E,s"),
Mo k.1 Mo k.1

where E = @, L’ and e(E, s) is the relative Euler class.

Geometry € Topology, Volume 27 (2023)



2502 Ran J Tessler

The multisections s;;, as above, are called canonical. With this construction the open
gravitational descendents in genus 0 are defined by

_Lh—
4 (‘L’al‘taz-‘-‘[alak)8:=2 2k 1)/ e(E,s),
Mo, k.1

where E is as above and s is canonical.

In a forthcoming paper [35], J Solomon and the author define a generalization for all
genera. Suppose g, k and / are such that

(5) 2¢—2+k+20>0 with 2|g+k—1.

In [35] a moduli space M ¢.k,1» which classifies stable surfaces with boundaries and
some extra structure, is constructed; see Section 2.3 for a precise definition. The moduli
space M ¢.k,1 18 a smooth oriented compact orbifold with corners, of real dimension

(6) 3g—3+k+2l.

Note that naively, without adding an extra structure, the moduli of real stable curves of
positive genus is nonorientable.

Again, on Mg,k,l one defines vector spaces S; = S; ¢ k7 for i € [I], for which the
genus g analogs of requirements (a) and (b) from above hold. Write

_1 _
@) (ralraz---ralak)g:zz 5(g+k 1)/ e(E,s)

Mg k.1

for the corresponding higher-genus descendents. Introduce one more formal variable s.
The open free energy is the generating function

l k
(8) FO(s, to, 1 -uy—§: glfi &)
9 0’ 1""’ . n'k' b

g=0 =0

where y := ), 7; and § := so, and again we use the monomial expansion and the
multilinearity in the variables #; and s.

The descriptions of M g¢.k,1 and its construction, and of the boundary conditions and
their construction, are given in Section 2. Throughout this article we shall write (- - -)
for (---)g. as closed descendents will not be considered, and the genus can be read
from the numbers k,/,aq,...,a;.

Geometry & Topology, Volume 27 (2023)



The combinatorial formula for open gravitational descendents 2503

1.3.2 Open KdV The initial condition

3
Ry
) Fl,_ o :u_1€+u_1t0s
follows easily from the definitions [31]. In [31] the authors conjectured the equations
oF° oF°
10 t s,
(10) e g g Ul

dF° i 2i+1, aFO 2 8F"+

1

They were called the open string and the open dilaton equation, correspondingly. These
equations were geometrically proved in [31] for g = 0, and for all genera in [35].
Put

8l+kF0
k»o .

Oty gy - Otg, Ok

(ta1Tay -+ Ta,0

The main conjecture in [31] was:

Conjecture 1 (open KdV conjecture) The system of equations

(12) 2n+ Du~ " (z,))°
= u{{ta—170)° (T0)° — U {Ta—173 ) + 2{Tn—1)° (0 )° + 2{(Ta—10))°,

with n > 1, is satisfied.

In [31], the equations (12) were called the open KdV equations. It is easy to see that F°
is fully determined by the open KdV equations (12), the initial condition (9) and the
closed free energy F°. They also made a Virasoro-type conjecture, which also fully
describes the open descendents. Both conjectures were proved in [31] for g = 0. In [5],
Buryak proved the equivalence of the two conjectures. Based on the work presented
here, the conjecture was proven for all genus in [10]; see Section 1.5 below for more
details.

1.4 The open combinatorial formula

Here and below the genus of a Riemann surface with boundary ¥, smooth or nodal,
is defined as the usual genus of the doubled surface obtained from gluing two copies
of ¥ along the common boundary dX.

Geometry € Topology, Volume 27 (2023)



2504 Ran J Tessler

Definition 1.1 Let g, k,/ be nonnegative integers which satisfy conditions (5), and
let B, 7 be sets with |B| =k, |Z| = 1. Let (X, {x;}ieB, {Zi}iez) be a genus g surface
with boundary, whose set of boundary markings is B3, and set of internal markings is 7.
A (g, B, Z)—smooth trivalent ribbon graph is an embedding ¢: G — X of a connected
graph G into (X, {x;};en, {Zi }iez), such that:

(@) {xi}ies € t(V(G)), where V(G) is the set of vertices of G. We henceforth
consider {x;} as vertices.

(b) The degree of every x; is 2.
(¢c) The degree of any vertex v € V(G) \ {x;}iep is 3.
(d) 9% C(G).
(e) If/ > 1, then
=\u(G) =[] i,

i€T
where each D; is a topological open disk, with z; € D;. We call the disk D; the
face marked i.

(f) Ifl =0, then ((G) = 3% and k = 3. Such a component is called trivalent ghost.

The genus g(G) of the graph G is the genus of X. The number of the boundary
components of G or X is denoted by 5(G), and V! (G) stands for the set of internal
vertices. Denote by B(G) the set of boundary marked points {x; };eg, and by I(G) ~T
the set of faces.

Definition 1.2 An odd critical nodal ribbon graph is G = (]|; G;)/N, where:

(a) The (;: G; — X; are smooth trivalent ribbon graphs.

() N c (U; V(Gi)) x (U; V(Gy)) is a set of ordered pairs of boundary marked
points (vq, vp) of the G;, which we identify. After the identification of the
vertices v and v;, the corresponding point in the graph is called a node. The
vertex vy is called the legal side of the node and the vertex v is called the illegal
side of the node.

(c) Ghost components do not contain the illegal sides of nodes.

(d) For any component G;, any boundary component of it contains an odd number
of points which are either marked points or legal sides of nodes.

Geometry & Topology, Volume 27 (2023)



The combinatorial formula for open gravitational descendents 2505

Figure 1: A nodal ribbon graph.

We require that elements of N be disjoint as sets (without ordering).

The set of edges E(G) is composed of the internal edges of the G; and of the boundary
edges. The boundary edges are the boundary segments between successive vertices
which are not the illegal sides of nodes. For any boundary edge e, we denote by m(e)
the number of the illegal sides of nodes lying on it. The boundary marked points of G
are the boundary marked points of the G; which are not nodes. The set of boundary
marked points of G will be denoted by B(G), the set of faces by 1(G).

An odd critical nodal ribbon graph is naturally embedded into the nodal surface ¥ =
(Hi Ei)/N. The genus of the graph is defined as the genus of . A (g, k,[/)—odd
critical nodal ribbon graph is a connected odd critical nodal ribbon graph, together
with a pair of bijections, m®: B(G) — [k] and m’ : I(G) — [[], called markings.

Two marked odd critical nodal ribbon graphs (: G — X and ¢’ : G’ — X/ are isomorphic if
there is an orientation-preserving homeomorphism ®: (X, {z; }, {x; }) = (X', {z]}. {x]})
of marked surfaces, and an isomorphism of graphs ¢: G — G’, such that

(a) ‘o¢p=>>o¢r and

(b) the maps preserve the markings.
Figure 1 depicts a nodal graph of genus 0, with 5 boundary marked points, 6 internal
marked points, three components, one of which is a ghost, and two nodes, where a plus

sign indicates the legal side of a node and a minus sign indicates the illegal side.

Notation 1.3 Denote by OR’g” . the set of isomorphism classes of odd (g, k, 1)~
critical nodal ribbon graphs with m legal nodes.

Remark 1.4 In Section 4 we have to consider more general ribbon graphs, and the
notions of this subsection are defined in a different but equivalent way.

Geometry € Topology, Volume 27 (2023)
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The goal of this paper is to prove the following theorem.

Theorem 1.5 Fix g, k,[ > 0 which satisfy conditions (5). Let A1, ..., A; be formal
variables. Then we have

1 _ 2% (2a; — H!
(13) 22@EH=D N g g, 10 gH Za’,ﬂ

ays,..., a;>0 i=1
1—[1, 2|V[(Gi)|+g(Gi)+b(Gi)_1

= A’ 9
2 Au(O) ©
m=>0 G= (]_[1 G; )/NGO’Rg o ecE(G)
where
ﬁ if e is an internal edge between faces i and j,
Ale) := L (2my\, 5y o . : —
: —_— A; if e is a boundary edge of face i and m(e) =
m+1\m l
1 if e is a boundary edge of a ghost.

Remark 1.6 The invariants of [31; 35] are defined as integrals of relative Euler classes,
relative to canonical boundary conditions, over the moduli of graded surfaces, which
are oriented orbifolds with corners. Theorem 1.5 is proven based on these definitions;
more precisely, it assumes that the moduli spaces of graded surfaces are oriented
orbifolds with corners, that the orientations satisfy some compatibility properties along
nodal strata, and that (special) canonical multisections can be found. Since [35], which
proves these assumptions in the positive genus case, has not appeared yet, in addition
to defining everything we use, we also review the arguments.

First, the fact that the moduli of graded surfaces are smooth orbifolds with corners
is a technical result, whose proof imitates of the proof of Theorem 2 of [41], and is
provided in Section 2.3.6. Second, the construction of special canonical boundary
conditions is similar to the proof of Lemma 3.53(a) in [31], and appears in Section 2.5.

On the other hand, proving that the high genus moduli is orientable, constructing the
orientations and showing their properties is more involved, and is based on the discovery
of the open Arf invariant in Solomon and Tessler [34]. However, in Sections 5 and 6.2,
we provide completely different proofs for the orientability and the orientation properties
we need, using the stratification of the moduli and properties of Kasteleyn orientations.

It is also worth mentioning that one of the main results of [31; 35] is the independence
of the open intersection numbers on choices. This fact is also a byproduct of the

Geometry & Topology, Volume 27 (2023)
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" @
1

Figure 2: Examples of contributing graphs.

proof of Theorem 1.5, which uses just the defining properties of canonical boundary
conditions and not a specific canonical multisection.

1.4.1 Examples (ti790)9 = 1. Thus, for g =0, k =1 and [ = 2 the left-hand side
of equation (13) with A1 = A and A, = p is

2 2

FERER
The right-hand side receives contributions from several graphs; see Figure 2(a). The
two nonnodal contributions in the first line are
1 1
KOt w2 Gy iz

Geometry € Topology, Volume 27 (2023)
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The two nonnodal contributions in the second line are
2 4 2
23+ 1) 2u3(A+p)

The nodal ones sum to . .
Au3 + uA3’

And the two sides agree.

The second example is of (71); = % Consider case (b) in Figure 2. The left-hand side
is 1/A3. Nonnodal terms do not contribute, as the single relevant graph — the leftmost
graph of (b)—is not odd. The nodal contribution is exactly 1/A3.

The last example, Figure 2(c), is of (120°) = 8. The left-hand side gives 384/A°.
Then 24 nonnodal diagrams —one for each cyclic order of the boundary points —
contribute 24 /1°. There are 120 diagrams with a single node, one for each order;
each contributes 1/A°. There are 120 diagrams with two nodes; each contributes 2 /1>,
where 2 comes from the Catalan term.

1.5 Proof of the conjecture and related works

Some recent developments, related works and open questions are summarized below.

(1) Proof of the open KdV conjecture Based on the combinatorial formula presented
here, the conjecture of [31] has been proven in [10]: first, the combinatorial formula
was transformed to a formula of matrix integrals, and then, by analytical tools and ideas
from the theory of integrable hierarchies, the integral was shown to satisfy the open
Virasoro constraints, which are equivalent to the open KdV equations by Buryak [5].

(ii)) Boundary descendents Buryak [6] showed that the string solution of the open
KdV equation is closely related to the wave function of the KdV hierarchy. In [5] a
more general generating function, which is a tau function of the Burgers—KdV system,
was introduced. It was conjectured that this function should correspond to an open
intersection theory which includes descendents of boundary marked points. Such
a theory can be constructed, extending the construction of [35], and, based on the
combinatorial construction in this paper and on Buryak and Tessler [10], this theory
can be shown to satisfy the Burgers—KdV hierarchy. The definition of the extended
theory, its calculation and the proof of its relation with the Burgers—KdV hierarchy will
appear soon.
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(iii) Kontsevich—-Penner matrix model, Refined open intersection numbers An
alternative description of the solution of the Burgers—KdV equations in terms of
matrix integrals was found algebraically by A Alexandrov [1] in terms of the N =1
specification of the Kontsevich—Penner tau function.

Open problem 1 Is there a direct geometric way to derive Alexandrov’s solution of
the open KdV equations from the geometric construction of [31; 35]?

The combinatorial construction presented here was used in Alexandrov, Buryak and
Tessler [2] to write a formula for more refined open intersection numbers. The main
conjecture of [2], which is a strengthening of a conjecture of Safnuk [33], is that
the generating series of the refined open numbers equals the Kontsevich—Penner tau
function.

(iv) Open r—spin In recent work of Buryak, Clader and Tessler [8; 7], a far-reaching
generalization of [31] to an intersection theory over the moduli of r—spin disks has
appeared. The potential of the genus 0 open r—spin integrals was shown to be closely
related to the wave function of the rKdV hierarchy, and an all-genus generalization
was conjectured. Work in progress with Gross and Kelly generalizes this construction
to open FJRW theory, and the genus 0 intersection numbers are explained using mirror
symmetry.

Open problem 2 Generalize the formula presented in this work to the case of open
r—spin intersection numbers.

(v) Other interpretations of the theory There were several related works in the
physics literature; we mention two. In [15], Dijkgraaf and Witten provide a physical in-
terpretation to the open intersection theory of [31; 35]. In [3], Bawane, Muraki and Rim
describe a solution for the open KdV equations in terms of minimal gravity on the disk.

In [32], Safnuk gives an interpretation of the N = 1 specification of the Kontsevich—
Penner tau function — which is, as explained above, a solution of the Burgers—KdV
hierarchy — in terms of combinatorially defined volumes of moduli spaces.

(vi) Similar formulas for other OGW invariants There are two newer works
which present formulas for open GW invariants in terms of summation over graphs
with boundary nodes and are of the same flavor as the formula given here, and the
refined formula of [2]. Zernik [40] presents an equivariant localization calculation of
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OGW disk invariants for the pair (CPP2", RP?"). Buryak, Zernik, Pandharipande and
Tessler [11] construct the stationary OGW theory of (CPP!, RIP1), derive a localization
formula for all intersection numbers, including descendents, and in [9] use it to prove a
correspondence with open Hurwitz theory. Both formulas contain corner contributions,
in addition to the naive contributions, in resemblance to (13). To the best knowledge of
the author, such formulas have not appeared in literature before. Formulas for open GW
invariants have appeared in the past, usually in the context of equivariant localization;
see the calculations of Katz and Liu [24] as a prototypical example. In the older
formulas which involved graph summation, the graphs were dual to topological stable
marked surfaces with boundaries (which parametrized fixed-point loci). These surfaces
included disk components which were connected by internal nodes to the closed part.
There were no boundary nodes. The amplitudes of such graphs were usually similar
to the analogous amplitudes in the closed case (and the disk contribution was usually
more or less the square root of the sphere contribution). In the formulas of this work
and of [2; 11; 40], the boundary nodes contribute an additional factor to the amplitudes.
It would be interesting to gain a general understanding of this new type of expression,
to understand when are they expected to appear, and to analyze them.

1.6 Plan of the paper

In Section 2 the constructions of [31] and [35] are reviewed. In particular, graded spin
surfaces are defined, as well as their moduli space M ¢,k 1> tautological line bundles
and special canonical boundary conditions. With these in hand, the open intersection
numbers are then defined.

In Section 3 the notions of sphere bundles and angular forms are recalled. We explain
how to calculate the integral of the relative Euler class, relative to nowhere-vanishing
boundary conditions. The main result of this section is an explicit formula for a
representative of the angular form of a sphere bundle. This formula is the starting point
of the paper.

Section 4 is devoted to constructing an open analog of Strebel’s stratification. Symmetric
stable Jenkins—Strebel differentials are defined, and used to stratify the moduli space
of open surfaces and then the moduli of graded surfaces. In addition, combinatorial
sphere bundles are constructed. It is then shown that special canonical multisections are
pulled back from the combinatorial moduli. The main result of this section is that the
open descendent integrals can be calculated as integrals over the combinatorial moduli.
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Section 5 describes in more detail the cells in the stratification which will eventually
contribute to the open descendents. Extended Kasteleyn orientations are defined, and
their equivalence classes are shown to be equivalent to the data of a graded spin
structure. The Kasteleyn orientations are used to provide a more explicit description of
the contributing cells, of the boundary conditions and of the orientation of the moduli.
As a byproduct, an alternative proof that the moduli M .k, 18 canonically oriented is
given. The analysis of orientations is an important ingredient in the proof.

The last section, Section 6, proves the combinatorial formula, Theorem 1.5. With the
aid of the explicit angular form constructed in Section 3, an integral representation
of the open gravitational descendent is given. The integral depends explicitly on the
boundary conditions. The properties of special canonical multisections are then used
to iteratively integrate by parts, until an integrated form of the combinatorial formula,
Theorem 6.10, is obtained. Finally, by performing a detailed study of the Kasteleyn
orientations and the multiplicative constants they contribute,! we are able to apply the
Laplace transform to the integrated formula and obtain the main theorem, Theorem 1.5.
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2 The moduli, bundles and intersection numbers

This section briefly summarizes the required definitions and results from [31; 35].

IThis study also applies to the closed case, and gives a conceptual calculation in terms of discrete spin
structures of a constant appearing in Kontsevich’s work [25, Appendix C], which was the subject of several
other works.

Geometry € Topology, Volume 27 (2023)



2512 Ran J Tessler

2.1 General conventions and notation

For [ € N we write [[] = {1,2,...,[}. The set [0] will denote the empty set.

Throughout this article, a map m: A — Z from an arbitrary set A, which is injective
away from m~!(0), will be called a marking or a marking of A. Given a marking, we
shall identify elements of m~!(Z \ {0}) with their images.

In what follows, the markings will be used to mark points in surfaces, half-edges in
dual graphs and vertices in ribbon graphs. The reason we allow noninjective marking
functions is that we will have to perform many graph or surface operations that will
create new marked points. There will be no natural way to mark these new points, and
therefore we will mark them all by 0.

We will encounter many types of graphs in the next sections. Dual graphs, to be defined
in Section 2, will be denoted by capital Greek letters. Ribbon graphs, to be defined in
Sections 4 and 5, will be denoted by capital Roman letters.

Many of the objects in this paper, such as surfaces or graphs, will have natural notions
of genus, boundary labels and internal labels. A (g, B, I )—object is an object whose
genus is g, set of boundary labels is B, and set of internal labels is /. Similarly, in the
closed setting, a (g, I )—object is an object whose genus is g and set of internal labels
is 1.

Given a permutation 7 on a set .S, we write s /7 for the m—cycle of s € S. Fora € S/,
we write 77! (a) for the elements which belong to the cycle a.

We shall sometimes use the shorthand notation y to denote a sequence {y; }; [}, if the

sequence we are referring to is understood from context.

2.2 Open surfaces and their moduli space
2.2.1 Stable open surfaces We recall the notion of a stable marked open surface.

Definition 2.1 We define a smooth pointed surface to be a triple
(2,x,2) = (2, {xi}ies: {Zi }ier),
consisting of
(a) a Riemann surface X, possibly with boundary;
(b) an injection B — 9%, with i — x;, where B is a finite set;

o
(c) an injection Z — X, with i — z;, where 7 is a finite set.
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In the case 0% # &, we say that X is an open surface. Otherwise it is closed. We
sometimes omit the marked points from our notation. Given a smooth pointed surface 3,
we write B(X) for the set B, and sometimes also for the set {z;};cp. We similarly
define 1(X).

A smooth closed pointed surface 3 is called stable if
2¢(2) + |1(2)] > 2.
A smooth open pointed surface X is called stable if
2g(2) + |B(D)[ +2/1(2)] > 2.

Remark 2.2 X is canonically oriented, as a Riemann surface. In the case that 03 # &,
it is endowed with a canonical induced orientation.

Definition 2.3 For a pointed Riemann surface (X, {x; }ies, {Zi }iez), where in the case
that ¥ is closed B = @, we denote by (X, {x;}ies, {Zi }iez) the same surface with
opposite complex structure. The doubling of an open X is

Sc =3z =,

the surface obtained by the Schwarz reflection principle along the boundary 0%. For
an open connected X we define the genus g(X) to be the genus of X¢. For X closed
and connected the genus is just the usual genus. In the case that 3 is disconnected, its
genus is defined as the sum of the genera of its connected components.

Remark 2.4 For open surfaces the topological type is determined by two numbers,
the doubled genus g and the number of boundary components /, and not only by the
genus. The number / is constrained by

h=g+4+1(mod2), with0<h<g+1,

and for any (g, /) satisfying these constraints there is a topological type of open surface.

Definition 2.5 A prestable surface is a tuple

¥ = ({Za}acouc, ~,CB),
where:

(a) O and C are finite sets. For o € O, X, is an open smooth pointed surface; for
o €8, Xy is a closed smooth pointed surface.
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(b) ~=~pU~p, where ~p is an equivalence relation on Ua B(Xy) with equiva-
lence classes of size at most 2, and ~ is an equivalence relation on | J,, (Zq)
with equivalence classes of size at most 2. We write B(X) and I(X) for the
equivalence classes of size 1 of ~p and ~, respectively.

(¢) CB(X) is a subset of 1(X).

Elements of B(X) are called boundary marked points. Elements of 1(X) \ CB(X) are
called internal marked points. The ~p (resp. ~y) equivalence classes of size 2 are
called boundary (resp. interior) nodes, and elements which belong to these equivalence
classes are called half-nodes. Elements of CB are called contracted boundaries. The
equivalence classes of ~ (resp. ~pg, ~y) are collectively called special (resp. special
boundary, special internal) points of X.

We also write ¥ = [[,coue Za/~. If O is empty and CB is empty, X is called a
prestable closed surface. Otherwise it is called a prestable open surface.

A prestable surface is marked, if it is also endowed with markings nB: B(Z) — Z and
m!: I(2)\ CB — Z. Write m = m’ Un®. Recall that a marking is injective outside of
the preimage of 0.

A prestable marked surface is called a stable marked surface if each of its constituent
smooth surfaces X is stable.

The doubled surface X¢ of a stable open surface is defined as

Tc= ( [[Coc]] Eauia)/’\‘Ca
where a€e0 aeC

~c= (~pU~yU~7U~cp)
is defined as follows: ~7 identifies internal marked points of {Zq acc if and only
if ~; identifies the corresponding marked points in {34 }yec, and ~cp identifies

zi € Iy and Z; € 34 whenever i € CB(X). Z¢ is endowed with an involution o, with
zZ; = 0(z;), whose fixed-point set is X U CB(X), and is such that ¥ >~ X /0. Write

D(X) = (Xc.0).

¥ is connected if the underlying space | [, cpus Za/~ is. X is smooth if CB(X) = &
and ~ has only equivalence classes of size 1.

The normalization Norm(X) of the stable marked surface X is defined to be the surface
({Zq}acouc, ~',CB’,m’) where ~' has only size 1 equivalence classes, CB’ is empty,
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and the marking m’ agrees with m whenever is defined, and otherwise m’/ = 0, m'8 = 0.
For a marked point marked i # 0, write ¥; for the component of Norm(X) which
contains marked point z;.

A topological stable marked surface, open or closed, is defined in the same way, only
with the X, being topological surfaces rather than Riemann surfaces.

In what follows, our default choice of marking function m is a bijection nl: I[(Z) — [n]
if 3 is closed, and if ¥ is open we usually take bijections m’ : 1(X) \ CB(X) — [I]
and m®: B(X) — [k]. Therefore whenever a surface is written as (2,21, ...,2,) or
(X, x1,..., Xk, 21,...,21), we implicitly mean that it is marked, and that the indices
of the marked points represent the markings.

See Figure 3 for examples of prestable surfaces and their normalizations.

We sometimes identify D(X) and Xc.

Definition 2.6 An isomorphism between two prestable marked surfaces
Y= ({Z(X}OLEOUCa ~, CB’ m) and E/ = ({E&}OLGO'UC/y Nl? CB,’ m,)
isatuple f = (f9, ¢, {f* acouc) such that:

(@) The maps f©:O — O and f€:C — C’ are bijections between the sets which
index the components of the surfaces.

(b) Fora €O, f*: 3y — E/f@ @) is a biholomorphism, which induces a bijection
on the sets of special points. Forax €C, f%: X, — E}c(a) is a biholomorphism,
which induces a bijection on the sets of special points.

(c) ForxeXyandyeXg, x ~yif and only if f%(x) ~/ B@).
(d) For any special point x € g, m'( f*(x)) = m(x).
() U, f*(CB)=CB".

We denote by Aut(X) the group of automorphisms of X.

An isomorphism between stable topological surfaces is similarly defined, only with the
maps f% required to be homeomorphisms rather than biholomorphisms.

2.2.2 Stable graphs It is useful to encode some of the combinatorial data of stable
marked surfaces in graphs.
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Figure 3: In this diagram in every row the leftmost picture is a prestable
surface, and on the right side of the same row is the normalization. In the top
row there is a prestable marked surface with boundary, and its normalization
into two stable marked disks and a prestable marked sphere. In the second
row there is a stable sphere with an (unmarked) contracted boundary. Its
normalization is a stable sphere with three markings. In the third row there is
a stable surface with boundary which is normalized into a disk and a torus.

The last row contains a stable surface whose normalization is the union of a
cylinder and a genus 3 surface with boundary.

0

Definition 2.7 A (not necessarily connected) prestable dual graph I is a tuple
(V=vouve H=HPUH" 0p,~=~pU~s g H® m=n® Un’),
where:

(@) VO and VC are finite sets, called the open and closed vertices, respectively.
(b) H®B and H! are finite sets of boundary and internal half-edges.

(c) o0o: H — V associates any half-edge to its vertex.
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(d) ~p is an equivalence relation on H B with equivalence classes of sizes 1 or 2,
and ~7 is an equivalence relation on H! with equivalence classes of sizes 1
or 2. Denote by T8 the equivalence classes of size 1 of ~g, and by T/ the
equivalence classes of size 1 of ~j.

() H®B Tl

(f) g:V — Z>o is a genus assignment.

(g mB: T8 - Zandm!:T7\ H®® — Z are markings.
We call T8 boundary tails, H CB contracted boundaries, and T! \H CB internal tails.
Set T =TTUTB. Now, ~p induces a fixed-point-free involution on H B\ T B. Similarly,
~7 induces a fixed-point-free involution on H! \ T1. We denote this involution on

H\T by o;. Weset EB = (HB\ T8)/~p, the set of boundary edges. We define

El = (HI\TT)/~; UHCB. We put E = ET U EB, the set of edges. We denote by

053 the restriction of g to H B. in a similar fashion we define o/ .

We require that for all i € H8, o¢(h) € V©.
We say that I" is connected if its underlying graph (V, E') is connected.

For a vertex v we set k(v) = |(063)_1 (v)]. It is defined to be O if v is closed. We set
[(v) = |(oé )~1(v)|. Write CB(v) for the number of contracted boundaries of v. A
dual graph is closed if VO = H®® = &, and otherwise it is open.

The genus of a stable connected closed dual graph T is defined by

g =Y g +|EN-VE|+1.

veV €

The genus of a stable connected open dual graph T is defined by

g =Y g +2 > g@)+I|EP|+20E = |H®| VO 2|V +1.

veV O IS%4%

A closed vertex v € VC is stable if
2g(v) +[(v) > 2.
An open vertex v € V © is stable if
2g(v) + k(v) +2l(v) > 2.

A dual graph I' is stable if all its vertices are.
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The normalization Norm(I") of the graph I' is defined to be the unique stable graph
(V'.H' 0y,~' ¢, HB.w) with V' =V, H = H, 04 =00, g = g. H® = 2,
and ~' has only classes of size 1. The map m’ agrees with m whenever m is defined.
Otherwise m’ = 0.

For i € Image(m’) \ {0}, we denote by v; (I') the connected component of Norm(I")
which contains the tail marked i.

It is easy to see that the genus is always nonnegative. Figure 4 illustrates several dual
graphs and their normalizations. Note that open vertices without boundary half-edges
are allowed.

Definition 2.8 An isomorphism between graphs
I'=(V.H,00,~ ¢ H® m) and "=V H o)~ g HSn)

is a pair £ = (fY, fH) such that

(@ fY:V >V and f¥:H — H’ are bijections,

(b) g'of=g,

(¢) hy~ hyifand only if f(hy) ~" f(h2),

(d) 0o = f oo,

(e) mo f =m,

() fHP) = H'P,

We denote by Aut(I") the group of automorphisms of I".

To each stable marked surface 3 we associate an isomorphism class of connected stable
graphs as follows. We set

vo=0, ve=c. HP=(]JB(E,. H'=]JI(Za). H®=CB(Z).
o o

The definitions of g, ~, og and m are straightforward. In particular, a tail marked a is
associated to a marked point labeled a. An edge between two vertices corresponds
to a node between their corresponding components. See Figure 4 for the dual graphs
which correspond to the surfaces of Figure 3. Note that this correspondence is at the
level of isomorphism classes of topological stable surfaces, and that a surface is closed
precisely if its corresponding graph is closed.
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7 7
0

e -0 0 -
O==0 0 -0
1 g=3 g=1

Figure 4: This diagram presents the dual graphs which correspond to the
surfaces from Figure 3, under the correspondence of Definition 2.9. Again
the right-hand side of each row is the normalization of the left-hand side.
Black vertices correspond to closed components, and empty vertices to open.
The genus of the vertex is written next to it. Boundary edges or half-edges
are drawn as dashed lines, and the other edges or half-edges are internal (the
case of contracted boundary is included). The label of a tail is written next to
it. The genus of the dual graphs in the left-hand side are, going from top to
bottom, 0,0, 2, 5.

Definition 2.9 The graph associated to a stable surface X is denoted by I'(X). The
genus of a stable surface ¥ is defined as the genus of ['(X).

Observe that the genus of a stable closed surface agrees with the standard definition,
while the genus of a stable open surface equals the standard genus of its doubled
surface. The genus of a stable surface equals the genus of the surface obtained by
smoothing its nodes, including the contracted boundaries which are smoothed to
boundary components. Observe also that Norm(I"(X)) = I'(Norm(X)), and that for
any internal marked point which is marked i # 0, we have v; (I'(X)) = I'(¥;), where
%, is the component of 3 which contains marked point z;.

Throughout this paper we will sometimes write “graph” instead of “dual graph” when
the meaning is clear from the context. Dual graphs will be denoted by capital Greek
letters, to help us distinguish them from another kind of graphs we shall meet below,
ribbon graphs, which will be denoted by capital Roman letters.
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We denote by ggj k.l the set of isomorphism classes of all stable graphs of genus g with
k boundary tails, / internal tails, and for which

Image(m®) = [k] and Image(m!) = [].

We write GR for the set of isomorphism classes of all stable graphs. Note that the
cases k = 0 or [ = 0 are not excluded, as surfaces without boundary or internal marked
points will be considered in what follows.

Notation 2.10 Given nonnegative integers k, / with 2g + k + 2/ > 2, denote by F}k ]
the stable graph with VO = {x} and V¢ = &, with

gx)=g, TB=HB~[k), T!=H'~]],

where the equivalences with [k] and [/] are obtained using m? and m, respectively.
We similarly define Iy, as the closed graph with a single vertex of genus g, and
T = AT ~[n].

Definition 2.11 A stable dual graph is effective if

(a) any internal half-edge is a tail or a contracted boundary,

(b) any vertex without internal tails has exactly three boundary half-edges and
genus 0, and

(c) different vertices without internal half-edges are not adjacent.

A surface is called effective if it is associated to an effective graph.

The notion of effectiveness will be important later on, when we construct the com-
binatorial moduli space using Jenkins—Strebel differentials. On moduli strata which
correspond to effective dual graphs, the map to the combinatorial moduli is a homeo-
morphism. This fact will turn out to be useful when we come to translate the geometric
intersection numbers to combinatorial expressions.

In the leftmost column of Figure 3, only the sphere from the second row is effective:
the surface from the first row has an internal node, and in addition it is not stable;
the surface from the third row also has an internal node as well; the surface from the
lowest row has a component without internal markings, which is not a disk with three
boundary markings. Equivalently, in the leftmost column of Figure 4 only the second
graph is effective. Additional examples of effective and noneffective surfaces and
graphs are illustrated in Figure 5.
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Figure 5: Every row in this diagram illustrates a dual graph and the corre-
sponding surface. Only the first row represent an effective graph/surface.
Note that the cyclic order of boundary markings on boundaries cannot be read
from the dual graph data.

2.2.3 Some graph operations For the purpose of the next definition, for a vertex v
in a dual graph I, write ¢(v) = 1 if v is open, and e(v) = 2 otherwise. For an edge e
set £(e) = 0 unless e is an internal edge connecting two open vertices, in which case
put e(e) = 1.

Definition 2.12 Consider a stable graph I". The smoothing of I at f € E is the stable
graph
AT =T"= V' H ~ 5.8 m),

defined as follows. Suppose f ¢ HCB(I") is the ~—equivalence class {h1, ho}. Write
oo(h1) = v1 and o¢(h2) = va. The vertex set is given by
V=V \{v1,v2}) U {v}.
The new vertex v is closed if and only if both vy and v, are closed. We have that
H' = H\{hy.hs},
and ~/ is the restriction of ~ to H'. For h € oy ! ({v1, v2}), we define o{(h) = v;
otherwise, oy (h) = oo(h). For any tail #, (1) = m(r). We set

g +1+e(f) if v1 = vy,
g W)= 1g1)+gwa)+e(f)  ifvi#v2ande(vr) = e(va),
e(v1)g(vy) +e(v2)g(vy) otherwise.
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When f € H CB a contracted boundary of vertex v, then
V=V, H'=H\{f}, H®=HP\{f}.

We update ~’, o) and m’ as above. We put g’'(w) = g(w) for w # v, and we put
g’ (v) = g(v)+1if v is open, otherwise we set g’(v) = 2g(v) and declare v to be open.

Observe that there is a natural proper injection H’ < H, so we may identify H’ with a
subset of H. This identification induces identifications of tails and of edges. Using the
identifications, we extend the definition of smoothing in the following manner. Given
aset S ={f1,..., fa} C E(I'), define the smoothing at S as

dsT' =dy,(---dg,(dp,T)---).

Observe that dsI" does not depend on the order of smoothings performed.

Definition 2.13 A stable topological surface ¥’ is a smoothing of a topological stable
marked surface X at an internal node z, ~ z, if there exists a simple closed path
y <> X/, and a map ¢: X’ — X which takes y to the node and restricts to an orientation-
preserving homeomorphism ¢: X"\ y ~ ¥\ {z,,.z,}. In this case we say that y is
contracted to the node. We say that y degenerates to z,, when this time y is an oriented
simple closed path in X', if y is contracted to the node, and the p—preimage of a small
enough neighborhood of z, lies to the left of y. The definitions of smoothing in a
boundary node or degeneration to a boundary half-node are analogous, only with a
simple arc that connects two boundary points.

A topological stable surface ¥’ is the smoothing of a topological stable surface &
at a contracted boundary z, if there exists a boundary component 9%/, and a map
@: X' — X such that (X)) =z and ¢: X'\ 0%, >~ X\ z,.

If e is the edge of I'(X) which corresponds to the node z, ~ z,, in X, then I'(X') =
d.T'(X), where X’ is the smoothing of ¥ in that node; similarly for smoothing in
contracted boundaries.

If T = dgT’, then H' is canonically a subset of H, and we have a natural identification
between E(T") and E(T')\ S.

We can now define boundary maps

9. gR — 29" and 9:GR — 29"
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by putting
3T ={I'"|T =dgI"’ for some S € E(I')} and 9T =9'T"\ {T'}.

These maps naturally extend to maps 29" — 29"

2.2.4 Moduli of open surfaces In this paper we consider orbifolds with corners; we
follow the definitions of [41, Section 3], which build on the works [22; 21].

Notation 2.14 For I' € GR, denote by ./\/l]llﬂg the set of isomorphism classes of stable
marked genus g surfaces with associated graph I'.

Define
R R
MF - ]_[ Mr/.
I7ed'T
We abbreviate
R _ R
Mg g1 =M

R
1i%'.k.l

R _ R
and Mg,k,l —M

R .
1—‘g,k,[

We similarly define Mg , and Mg ,, which are just the usual Deligne-Mumford
moduli spaces of stable and smooth curves respectively.

For i € Image(m’) \ {0}, write My, ) for the moduli of the graph v; (I"), and denote
by v; : Mr — M, (1) the natural map which on the level of objects sends ¥ — ;.

The space /\_/l§ .7 1s a compact smooth orbifold with corners of real dimension
dimg My, =k +20 +3g 3.

We attribute this result to Amitai Netser Zernik [41, Section 2]. His setting is slightly
different. He considers open stable genus 0 maps to homogeneous varieties, and he
proves that the moduli space of these maps is an orbifold with corners. In our case
the target space is a point, but the genus is arbitrary. This change does not affect his
results or techniques, since they only rely on convexity of the corresponding closed
moduli problem, that is, on the fact that the moduli space of (complex) stable maps is
a smooth orbifold, which clearly holds for M g.n- We review the argument. Consider

the sequence
= 4y~ 3) 5% 2) Ty D
(14) M,;R,k,l &> M]s,k,Zl Q) RMg k.21 Q) RMg k.21 Q) Mg k421.

We define the moduli spaces and maps appearing in (14) as follows.
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Step 1 First, RMg x 5; is the fixed locus of the involution on M g.k+21 defined by

(Ciz1oe i Zkq2) P (CiZ1 oo 2k 2Rl 1s -3 Zh4 20 Zhg 1o - - - » 2k 1)

where C is the same smooth curve C, but with the conjugate complex structure. This is
a compact smooth real orbifold, as it is the fixed locus of an antiholomorphic involution
over a smooth complex orbifold. More details on the fixed-point functor on stacks can
be found in [41, Section 2.5]. This orbifold parametrizes isomorphism types of stable
marked curves with a conjugation.

Step 2 The next step is to cut Mg’ k,21 along strata which parametrize surfaces with
at least one real node. These strata form a real normal crossing divisor, as they are the
fixed-point loci of the previous involution, applied to the normal crossing divisor of
nodal strata in M ¢.k+21- The cutting procedure is via the real hyperplane blowup of
[41, Section 3.3], and it is proven there that the result of this blowup is an orbifold with
corners which we denote by RM g.k,20

Step 3 RM ¢,k,21 18 made of several connected component. Consider those compo-
nents whose generic point is a real curve C with a conjugation @ such that C \ C?
is disconnected. Then /\75’ k.2l is the disconnected two-to-one cover of the union of
those connected components, given, at the level of objects (C, o), by the choice of
a distinguished half, a connected component of C \ C2. Thanks to the real blowup
procedure, this choice extends naturally to the boundary strata. The resulting space is
still a compact orbifold with corners, as a degree 2 cover of such a space.

Step 4 /\75 k.l is the submoduli of ./WE’ k.2l made of connected components such that
the marked points wg 41, - .., Wg4; lie in the distinguished half. This final space is a
compact orbifold with corners, as it is the union of connected components of a compact
orbifold with corners.

Set-theoretically /\7]5, kil is naturally identified with the moduli space of stable marked
open (g, k, [)—surfaces, and therefore we identify this moduli with /\7? k- The con-
struction endows the moduli space ./\7? kil with topology and an orbifold with corners
structure. For the dimension, see, for example, [27, Theorem 1.2].

In general the space ./\7155 k.l is nonorientable and disconnected. A stable marked surface
with » boundary nodes or contracted boundaries belongs to a corner of the moduli
space /WE k.l of codimension b. For further reading about the nodal strata of the real
and open moduli spaces we refer the reader to [27, Section 3].
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Notation 2.15 Denote by D: /Vl]if‘! % e M g¢.k+21 the moduli-level doubling map
Y — ¥, which is the composition of the maps of (14).

2.3 Graded surfaces and their moduli space

We present here the extra structure needed for the definition of intersection theory for
open Riemann surfaces, following [35; 34].

2.3.1 Smooth graded surfaces Let 3 be a smooth closed genus g surface. A spin
structure twisted in {z; };ez,, where Z; C Z, is a complex line bundle £ — X together

b:£®2 Za)z(—z Z,'),

i€T

with an isomorphism

where wx(—Y_; ¢z, zi) is the canonical bundle twisted in {z; }; ez, .

Let X be a smooth genus g open surface. A real spin structure twisted in {x; };ep,
and {z;};ez,, where By C B and Z; C Z, is a triple (L, b, 0), where (L, b) is a spin
structure on the doubled surface D(X) = (Xc. o) twisted in {x; };ep, and {z;, Z; }ie1,,
ie L — X is a line bundle and

b: L% ~ wy,. (—Z Xi— Z(Zi +2i))
ieB i€l

is an isomorphism, where wyx (—Zie By Xi — ZieIl (zi + Zi)) is the canonical bundle
twisted in {x; };ep, and {z;, Z; }iez,. The map ¢: L — L, is an involution which lifts do,
the induced involution on wy ..

The maps ¢ and dp restrict to conjugations on the fibers of
L— 3% ~0%, ws. (—Z x,-) — 28 ~ 9%,
ieBy
These conjugations give rise to a g—invariant real subbundle. The real line bundle
e
0 (—Z xi) — T¢
i€eB)
is oriented: take any nowhere-vanishing section & € I'(T E% — E%) which points

in the direction of the orientation on E%, induced from its identification with 9.
The orientation of w%c |Z% \ies, is defined by a section § which satisfies £(§) > 0.
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Such a section is said to be positive. Thus, using b, it is seen that for any connected
component of E% \ {x; }ien, . either g? or —g? has a root in £2. In the case that for each
connected component of Z% \ A, where A D {x;}iep, is a finite set of points, the
positive sections have roots in £9, we say that (£, 0) is compatible away from A. In
the case A = {x; }ieB,, we say that the structure is compatible.

Proposition 2.16 If B; # & then there are no compatible real twisted spin structures.

Proof Supposei € B;. Let U be a contractible p—invariant neighborhood of x; which
contains no other marked points. One can find a p—invariant section s € I'(£ — U)
which vanishes nowhere in U, possibly after replacing U by a smaller neighborhood. In
o—anti-invariant local coordinates around x;, the real section z dz generates wx.(U).
Write f(z) = z dz/b(s®?); this is a nowhere-vanishing holomorphic function in U.
Moreover, f is conjugation invariant, and hence real on U€ In particular, it does
not change sign there. But this is impossible for a compatible structure since z dz is
positive on exactly one component of U2 \ {x;}. |

Given a compatible real spin structure, a lifting of the spin structure is a choice of a
section in
L(S°(£%) — ¢ \ {xilien).

where S° stands for the rank O sphere bundle. We say that the lifting alternates
in x;, and that x; is a legal point, if this choice cannot be extended to I'(S 0(£5) —
E% \ {x; }ien\({;})- Otherwise the lifting does not alternate in x;, and x; is an illegal
point.

Definition 2.17 A twisted closed smooth spin surface is a closed smooth surface
(2,{zi}iez), together with a twisted spin structure twisted in {z; };ez,. In the case
71 = &, we call it a closed smooth spin surface.

A twisted open smooth spin surface is a smooth open surface (X, {x; }ien, {zi }iez),
together with a compatible twisted real spin structure twisted in {z; }; ez, . In the case that
71 = 9, we call it an open smooth spin surface. A (twisted) smooth spin surface with a
lifting is a (twisted) open spin surface, together with a lifting. A lifting with all boundary
points legal is called a grading. A surface with a nontwisted spin structure (that is,
71 = B; = ©) and a grading is called a graded surface. An isomorphism of twisted
spin surfaces is an isomorphism of the underlying surfaces and of the line bundles
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which respects the twists, commutes with the maps between the canonical lines in the
expected sense and, in the open case, also with the involutions. An isomorphism of
twisted spin surfaces with a lifting is an isomorphism of the twisted spin surfaces which
takes the lifting to the lifting in the target, and respects the alternations.

We will see below in Proposition 2.32 that the only obstruction to the existence of a
graded spin structure is the parity of g + k: in a graded spin structure, g + k must be
odd.

2.3.2 Stable graded surfaces We follow the terminology of [19]. Let ¥ = {X, }qec
be a stable closed surface. A spin structure twisted in {z; }; e, , where Z; C Z, is a rank
1 torsion-free sheaf £ over X together with a map

bh: £%% CU):(—Z zi),
i€

where wx; (_Ziezl Z,’) is the dualizing sheaf, twisted in {z; }; ez, .
We require that

(a) deg(£) = 3(deg(ws) — 1)),

(b) b is an isomorphism on the locus where L is locally free, and

(c) for any point p where L is not free, the length of coker(bp) is 1.
In particular, b is an isomorphism away from nodes. Nodes where b is not an isomor-

phism are called Neveu—Schwarz (NS); at these nodes the last requirement says exactly
that b vanishes in order 2. The other nodes are called Ramond.

Let ¥ = {X¥4}accuo be a stable open (g, k, [ )—surface. A real spin structure twisted in
{xi}ien, and {z;}ier,, with Z; €7 and By C B, is a triple (£, b, 0), where (L, b) is a
spin structure over the doubled surface D(X) = (Z¢, 0), and ¢: L — L is an involution
which lifts do, the induced involution on wy.. Thus, in particular, b is a map

b: L8 - vy, (—Z Xi— Y (@ +Zi)),
i€B i1€T

where oy (_ZieBl Xj — Ziezl (zi + Zi)) is the dualizing sheaf, twisted in {x;};ep,
and {z;, Z; }iez, , and

deg(L) = % (deg(ws) —2|Z1| — |Bi).
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Remark 2.18 Suppose that X is a nodal curve, open or closed, and z is a node with
preimages z,, z;, € Norm(X). Then there are natural residue maps

res, : (Norm*wy),, ~ C.
These induce an isomorphism a: (Norm*wy);, ~ (Norm*wy);, , by
res(v) +res(a(v)) = 0.
In the Ramond case, we also have an isomorphism @: (Norm* L), — (Norm*L), ,

and res(b(v®?)) + res(h(@(v)®?)) = 0. For more details see [19].

When z € ¥ C 3¢ is a contracted boundary which is Ramond, dg and g lift to complex
antilinear isomorphisms between the fibers of Norm*wy . and Norm* £ in z4, where
z4 is the preimage of z in Norm(X), and z_ is the preimage of z in Norm(X). By
composing with a and @ we get antilinear involutions on the fibers at z. This defines
real lines, which we denote by (w%) z4 and (£2), +» together with maps

res: (a))%)ZJr ~ x/—_lR,
where +/—1 is the root of —1 in the upper half-plane, and

b2: (£0):, — (@%)z,,
defined by 52(v) = b(v®?).

We say that the real spin structure is compatible in a contracted boundary z if z is
a Ramond node of ¥¢ and the image of b2 is in the positive imaginary half-line

res_l(\/—_leo).

The real spin structure is compatible if it is compatible in contracted boundaries and
away from special boundary points. Compatibility away from special points is defined
as in the smooth case.

A lifting of a compatible real spin structure is a choice of a section

s€ r(so(cﬁ) — 32\ ( U B(Ea))),

a€0
where S© stands for the rank 0 sphere bundle. The notions of alternations and of legal

marked point or a legal half-node are as in the smooth case.

The definition of the lifting includes, for any contracted boundary node z, a choice of
a lifting for the contracted boundary, ie with the above notation and identifications, a
choice of direction in (£9), + which is mapped by res o b? to the ray v/—1R>o.
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Proposition 2.19 (a) A real spin structure on a stable surface, twisted or not,
induces a real spin structure, possibly twisted, on any open component of the
normalization, and a possibly twisted spin structure on any closed component
of it. For any node of ¥, the induced structure is either twisted in both of its
preimages in the normalization, or not twisted in both. The former case is the
Ramond case, the latter is Neveu—Schwarz. If there are no Ramond nodes then
the spin structures on the closed components of the normalization, together with
the real spin structures on its open components, determine the real spin structure
onX.

(b) If the real spin structure is compatible, then so is the induced structure on any
open component of the normalization. In this case, in particular, there are no
twists in boundary marked points, and no boundary Ramond nodes. In the case
that there are no Ramond internal nodes but there may be contracted boundaries,
compatible spin structures on the normalization determine the compatible spin
structure on X.

(c) A lifting on ¥ induces a lifting on the normalization. A lifting on the normal-
ization, together with a choice of a direction in (res 0 b?) ™! (v/—1R ) for the
preimage z of any contracted boundary, induces a lifting on X.

Proof The fact that the twisted spin structure induces one on the normalization by
pullback, and is induced by one, when there are no Ramond nodes is already true in the
closed case; see for example [19]. Moreover, it is shown there that given the structures
on the normalization and the identifications of the stalks in preimages of nodes — see
Remark 2.18 — the twisted spin structure on the surface is determined. The involution
extends uniquely by continuity.

The second claim follows from the fact that one can examine compatibility away from
special points. Ramond boundary nodes cannot appear by Proposition 2.16. If z is a
contracted boundary, there is a single, up to sign, possible identification map @, as in
Remark 2.18. Now, if & makes the contracted boundary compatible, with respect to
the involution, —a will make it not compatible, and vice versa. The last statement is
evident. O

Definition 2.20 A closed stable surface (X, {z; };c7), together with a spin structure

twisted in {z;};ez,, is called a twisted closed stable spin surface. In the case that
71 = &, we call it a stable closed spin surface. A twisted open stable spin surface
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is a stable open surface (X, {x; }ieB, {Zi }iez), together with a compatible real spin
structure twisted in {z; };e7,. In the case that Z; = &, we call it a stable open spin
surface. A (twisted) stable spin surface with a lifting is a (twisted) open spin surface,
together with a lifting such that for any boundary node, exactly one half-node is legal.
If all the boundary marked points are legal, the lifting is called a grading. A (twisted)
stable spin surface with a grading is effective if the underlying surface is, and, for any
component of the normalization of genus zero with 3 special boundary points and
no special internal points, its special points are legal. A stable graded surface is a
(nontwisted) stable spin surface with a grading. The isomorphism notions are as in the
smooth case.

The legality condition on the nodes may seem peculiar at first glance. However this is
the condition which allows smoothing of the stable graded surface at a boundary node.
The closed analog of it is that the twists at the two half-nodes of the same node must
agree. In a nutshell, as we will see in the next subsection, in a twisted spin surface
any closed path which does not pass through special points has a well-defined notion
of parity. By pinching the surface in that path, a node is formed, and this node is NS
or Ramond according to the parity of the pinched path. Similarly, any oriented arc
between boundary points which avoids special points also has a well-defined notion
of parity. We will see in Proposition 2.31 that this parity changes if the orientation
of the arc changes. By pinching the arc one obtains a surface with a new boundary
node. The boundary node is NS, but the legality of its half-nodes is determined by
the parity of the corresponding oriented arcs. See Lemma 2.39 for an exact statement.
Interestingly, when the node is separating the legality can be determined from the parity
considerations of Proposition 2.32. Since in g = 0 all nodes are separating, the genus 0
theory could have been defined without referring to the graded spin structure. These
points will be discussed more in [34].

Notation 2.21 Denote by Spin(X) the set of isomorphism classes of graded spin
structures on a stable open surface 3.

The definition of graded surfaces, together with Proposition 2.19, yields a corollary.

Corollary 2.22 If ¥ has no internal nodes, there is a bijection between Spin(X) and

(a) isomorphism types of spin structures with a lifting on Norm(X), twisted precisely
at preimages of contracted boundaries, such that any boundary marked point
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- +

+ + I+ 1

Figure 6: In this figure we consider three stable graded spin surfaces. In
these cases the underlying surfaces are effective. The symbol + near a
boundary marking or a boundary half-node indicates a legal point, while —
indicates an illegal point. We omit the labels. The graded surface on the left is
noneffective, since in the normalization the middle component has one legal
boundary marking, two illegal boundary markings and no internal markings.
On the other hand, the remaining two graded surface are effective.

of X is legal as a point of Norm(X), and for any node of ¥ exactly one half-node
in Norm(X) is legal;

(b) a choice of a direction in (res o b2)~1(+/—1Rx¢) for the preimage z of any
contracted boundary.

2.3.3 An alternative definition for the smooth case In this subsection we provide
an alternative definition for smooth spin surfaces with a lifting. This definition will be
easier to work with. Let (X, {x; };es, {z; }jez) be a smooth, open or closed, pointed
Riemann surface. Choose any Riemannian metric on it.

Notation 2.23 Denote by 7! the S'-bundle of T X. For a simple smooth arc or a
simple smooth closed path y C X, we denote the S°—bundle of 7y by T''y.

When the arc or path y is oriented, 7'y will stand for the unit-length oriented tangent
vector field to y. In particular, we shall use the notation 719X for the branch of 719X
which covers the direction of the induced orientation on the boundary.

We consider TS as the S !—subbundle of unit-length vectors of T'%; similarly for 7'1y.
We also consider 71y as a S%—subbundle of 7'! X|y. In what follows we use these
identifications without mentioning a choice of metric. Different metrics will give rise
to equivalent structures, and in fact, one can make these definitions metric independent
by considering the S°— and S'-bundles as subquotients of the corresponding vector
bundles.

For a point p € X, a vector w € T, X and an angle 6 € R/27R, let rgw = rg(p)w be
the operator of rotation by 6 in the counterclockwise direction. We shall omit p from
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the notation when it is clear from context. The operator ry(p) is induced on Tp1 Y, and
we shall use the same notation.

If u and w are two tangent vectors at p, denote the counterclockwise angle from u
to w by £L(u, w).

For a smooth arc y: [0, 1] — X, there exists a canonical trivialization
c:[0,1]x S - T3,
defined by
g(t9 9) = (J/(t)9ei0vl)’ where Uy = (Tl)y(t)y

This trivialization defines a continuous family of maps

{P(V)§5 Tyl(s)Z - T,,l(t)E}OSS,tfl,

uniquely determined by the condition

P2(s 7 (y(s),v)) = p2 (s (¥ (@), p(y)iv)),

where p; is the projection on the second coordinate. One can extend the trivialization
to the piecewise smooth context by approximation. In the case that s =0 and t =1,
we omit them from the notation and write p(y). One can easily verify, in the piecewise
smooth case, that if y is composed of smooth subarcs y;: [a;,a;+1] — X, where
ap=0<ay <---<ap=1,and 01418 £Wily; ;@i 11)s Vilyi@i1))s then

() = pWn—1r6,_, P(Yn—2) -~ 14, P(Y0).

We shall denote such y by y; — y2 — -+ - — y5. For a closed piecewise smooth path y,
we slightly change the definition of p to be

p(y) =145 P (Yn-1)76,_, P(Yn—2) -~ 16, P(Y0).
and note that this is in fact the identity map. We shall denote such y by y; — y» —
D Yn o YL
Definition 2.24 A twisted spin structure S — X \ {z; } ;7 on a smooth marked X is

an S'-bundle on =\ {z;};e; together with a degree 2 cover bundle map

r=7%S—> T12|E\{Z_/}jel'
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For a point p € X, a vector w € S, and an angle 0 € R/4nZ, let Rgw = Ry (p)w be
the operator of rotation by 6 in the counterclockwise direction. We shall omit p from
the notation when it is clear from context.

The parallel transport along y : [0, 1] — X is the unique continuous family of maps
{P(V)§: Sy(s) - Sy(t)}OES,lfl
which covers {p(y)%}. We shall sometimes call P(y)(l)v the parallel transport of v

along y, and write it as P(y)v.

Remark 2.25 R covers r in the sense that if 7(s) = v fors € S, and v € Tp1 Y., then

m(Rg(p)s) =re(P)V = ro(mod 2) (P)V-
Observe that Ry Rg = Ry g. In addition, P and R commute:

Ro(y(0))P(y)sv = P(y)sRo(ys)v.
Definition 2.26 A (twisted) spin structure S is associated with a function
q =4 H\(Z\{zj}je1.22) —> L»

defined as follows. For x € Hy (X \ {z;};er.Z2), take a piecewise smooth connected
representative . Then p(y) is the identity. Hence P(y) is either the identity or minus
the identity. We define g(x) = ¢g(y) to be 1 in the former case, and 0 otherwise.

For any internal marked point z;, take a small disk D; which surrounds it and contains
no other marked points in its closure. We define the twist in z; to be (3D} ).

The following well-known theorem was proven by Johnson [20]. It states that g is a
quadratic enhancement of the Poincaré pairing (o, B).

Theorem 2.27 The function q is well defined on H1(X\{z;}jes,Z2). Fora,p €
Hi(Z\{z;}jer.Z>), we have

q(a+p) =q(@) +q(p) + (. B).

Proposition 2.28 If y: [0, 1] — X\ {z;},es is a piecewise smooth closed curve which
bounds a contractible domain, then P(y)(l) = Ry,. Moreover, suppose X is a disk with
a piecewise smooth boundary y. Let S — T'Z |, be a double cover by an S '_bundle S.
Then S can be extended to a nontwisted spin structure on X if and only if P()/)(l) =Roy.
In this case the extension is unique. In particular, the spin structure can be extended to
a marked point z; if and only if its twist is 0, in which case the extension is unique.
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The first part follows from Theorem 2.27 by taking « = 8 = [y]. The other parts are
also simple and will be omitted.

Definition 2.29 Let (X,S) be an open marked Riemann surface together with a
(twisted) spin structure. Suppose 0% # &. A lifting is a choice of a section

10X\ {xi}ien — S|3E\{xi}ie3
which covers the oriented T1 (0% \ {x; }ien).

For j € B, suppose i : (—% %) — 0X is a smooth orientation-preserving embedding
with i(0) = x; and xp, ¢ i(—%, %) for b # j. In the case that
lim s(x) # lim s(x),
x—>0" x—0t

we say that the structure alternates in x;, and that x; is a legal point. Otherwise x;
is illegal and the structure does not alternate. We extend the definition of s to the
boundary marked points by s(x) = lim,_, ¢+ s(x).

A smooth spin surface with a lifting (2, {x; }ies,{zi }iez. S, s) is a smooth open Rie-
mann surface together with a spin structure and a lifting. A smooth graded surface is a
smooth spin surface with a lifting, such that all boundary marked points are legal.

The notion of alternation can be generalized in the following manner.

Definition 2.30 A bridge is a piecewise smooth simple arc which meets the boundary
only at its two distinct endpoints x, y € 0¥ \ {x;}ies. Suppose we orient the bridge
and parametrize it as

y:[0,1] = X, with y(0) =x,y(l)=y.
Define Q(y) € Z, by the equation
(15) Ron—ay (V) P(¥)Ra, (X)5(X) = Rozg(y) (1) (¥),

where
ax = L(THxIZ, (T)xy) €0, 7],

ay = £((TY,0%, (TY),y) € [r, 27].

Q(y) depends on the orientation but not on the parametrization. An oriented bridge
with Q =1 is called a legal side of the bridge, otherwise it is called an illegal side.
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Proposition 2.31 Let ¥ be a smooth open spin surface with a lifting. Let y be a bridge
and denote by y the same bridge with opposite orientation. Then Q(y) + Q(y) = 1.
Thus, any bridge has exactly one legal side and exactly one illegal side.

Proof Work with the notation of Definition 2.30. For w € {x, y}, o, is defined by
al, = £((T1) 0%, (TY)wy). Observe that o), = oy + 7 and o, = ay — . Apply
Ry70(7)(y) to the left-hand side of (15). By Remark 2.25, the left-hand side becomes

Ron o) (V) R~y (V) P (V) Rar (x)5(X) = Ron—y () P (V) Rar, (X) Roz 0 (3) (X) 5 (X).

Using equation (15) for ¥, Remark 2.25 again, and the relations between pairs ox, o)
and oy, a;, the last expression simplifies to R, P(y¥) R P(y)s(y). By Proposition 2.28
applied to the piecewise smooth closed curve y — ¥ — y, this is just Raz (y)s(y).

Applying R, o(7)(») to the right-hand side of (15), we obtain Ry (0(y)+0@F) (V)s(¥)-
Thus,
Rox (3)5(¥) = Ran(o)+0@) (s (¥),

and the claim follows. O

Proposition 2.32  (a) Suppose (X,{z;}iez,S) is a genus g closed spin surface.
Suppose that exactly [y marked points have twist 1. Then [y is even. For any
closed Riemann surface (X, {z; }ie1), there exist 2?8 distinct nontwisted spin
structures on X.

(b) Suppose (X,{x;}ien, {zi}iez,S,s) is a genus g open spin surface with a lifting.
Suppose that exactly k4 of the boundary marked points are legal, and [ internal
marked points have twist 1. Then

li =g+ 1+ k4 (mod 2).
For any (2, {x;}ieB,{Zi}iez) € M]Ekl with 2 | g + k + 1, there exist exactly

28 graded structures on X.

Proof For the first claim, let {C;} be a family of nonintersecting circles around
each marked point. Then ) C; is homologous to 0. By Theorem 2.27, q(z C,') =
> q(C;) = 0. For the number of spin structures, see for example [19].

Regarding the second claim, let C; be as above, and for any boundary component 03,
let Cp, be a curve surrounding this boundary, disjoint from it, but isotopic to it in X \ z.
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By the definitions of g and Q one easily sees that ¢(Cp) is 1 plus the number of legal
marked points of 0¥;. Again

Y a(C)+Y q(Cp) =0 (mod 2),

but this sum equals /; + k4+ + b (mod 2), where b is the number of boundaries. It is
easy to see that b = g + 1 (mod 2). For the number of graded structures; see [34]. We
will also obtain it as a byproduct in Section 5.1; see the end of Example 5.18. O

Lemma 2.33 The definitions given in this subsection of smooth spin surfaces with a
lifting, twisted or not, and graded or not, are equivalent to the analogous ones given in
Section 2.3.1.

Starting with a real spin structure £ in the sense of Section 2.3.1, S is just the S!—
bundle of £*, and the lifting is the reduction of the lifting to that bundle. See [34] for
more details, and for the rather straightforward proof of equivalence.

2.3.4 A comment about the alternative definition in the stable case In the stable
case, by Proposition 2.19, the sheaf £ and the grading data determine the spin structures
and liftings on the normalization, hence by Lemma 2.33 determine the data of S and s
for each component. However, it is determined by it, again, using the same lemma and
proposition, only when there are no Ramond nodes. Even when there are such nodes,
the data of S and s for each component determine £ and the grading data up to a finite
choice of identification maps between stalks of half-nodes and liftings at the preimages
of the contracted boundaries, as explained in the proof of Proposition 2.19. Therefore,
since working with the S!-bundle and its lifting is more convenient, throughout this
paper we shall usually write (X2, S, s) to indicate a spin structure with a lifting, and
leave £ implicit. We shall sometimes even leave S and s implicit.

2.3.5 Spin graphs It is useful to encode some of the combinatorial data of spin

surfaces with a lifting in graphs.

Definition 2.34 A (pre)stable spin graph T" with a lifting is a (pre)stable graph
F=W,H,~=~pU~p),

together with a twist map tw: H! — Z and an alternation map alt: H® — 7Z,. We
require that

(@) tw(h) =tw(oy(h)) forany he HI\ T7,
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10 5’ tw = 1 g = 1 + R _
g=
g=0 + 3 © + =Q

tw=1

Figure 7: Three examples of graded dual graphs. The numbers stand for the
markings, and all twists are 0 unless “tw = 1” is written next to an element
of H!. In order to avoid confusion, legal half-edges, the elements h € H B
with alt(k) = 1, are decorated by + signs.

(b) alt(h) + alt(oy(h)) =1 forany h € HB\ T8,
(c) tw(h)=1forall h e HB,
(d) Zhe(a(f)—l(u) alt(h) + Zhe(a({)—l(u) tw(h) = g(v) + 1 (mod 2) forv e VO,
(e) Zhe%_l(v) tw(h) =0 for v € VC.
A boundary half-edge &, and in particular a tail with alt(h) = 0, is said to be illegal,
otherwise it is legal.

We say that the graph is stable if T is stable. We call I a graded graph if alt(t) = 1
forallt € T8 and tw(t) =0 forallt € T\ HCE

I is effective if its underlying graph is effective, alt(z) = 1 for all ¢ € T'B, and for any
v € V9 without internal half-edges, its three boundary half-edges have alt = 1.

The normalization Norm(I") is just the normalization of the underlying graph I', with
the maps tw and alt defined on the tails of Norm(I") by their values on the corresponding
half-edges of I'. As in the spinless case, whenever an internal tail of I' is marked
i # 0, the graph v; (I') is the component of Norm(I") which contains tails i, but with
the additional data of tw and alt.

When it is clear from the context that the dual graph under consideration is a spin graph

with a lifting, we sometimes omit the maps tw and alt from the notation.

Definition 2.35 An isomorphism between spin graphs with a lifting (T, tw, alt) and
(T, tw’, alt’) is a tuple
f=vrmh
such that
(a) f:T — I is an isomorphism of stable graphs,
() tw =two fH andalt’ = alto fH|y5.

We denote by Aut(I") the group of the automorphisms of I' = (T, tw, alt).
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We denote by G the set of isomorphism classes of all spin graphs with a lifting. We
have a natural forgetful map

E)}Spm: g— QR, where ﬁspm(l", tw, alt) =T
Write forgpin for its restriction to graded graphs. We denote by Gy i ; the set of isomor-
phism classes of graded graphs with Image(m®) = [k] and Image(n’) = [I]. Define
I’y k.1 as the unique connected graded dual graph with a single open vertex of genus g,

exactly k boundary tails marked by [k], exactly [ internal tails marked by [/], H® = &,
and no further half-edges.

To each graded stable marked surface X we associate a graded stable graph (T, tw, alt)
as follows. First, I' = I'(X). Let w € ¥4 be any special point of this component. It
corresponds to some half-edge 4. If 1 € HZ, then tw(h) is defined to be the twist in w.
If h € H5, then alt(h) = 1 if and only if % is legal. For brevity we denote the graded
stable graph corresponding to 3 by I'(X), omitting tw and alt from the notation. Note
that Norm(I' (X)) = I'(Norm(X)), and whenever an i # 0 marks an internal marked
point, then v; (I'(¥)) = ['(%;).

We can also extend the graph operations to the graded case. The smoothing of a stable
spin graph with a lifting (T, alt, tw), at f € E is the stable graph

deT = (I, alt’, tw')

such that dy(I") = I'". Recall that we may identify H' as a subset of H. We define
tw’ and alt’ as the restrictions of tw and alt with respect to this identification. Given a
set S ={f1,..., fu} € E(I'), define the smoothing at S as

dsT =dg (---dp,(dsT) ).

Note that again in the case I' = dgI'/, H’ is canonically identified as a subset of H,
and alt and tw respect this identification.

Again we define 9':G—2%and 9: G — 29 by
3T ={I'" | =dgI’ forsome S € E(I')} and 9T =9'T"\ {I'}.
And again these maps naturally extend to maps 29 — 29,

2.3.6 Mg,k,l

Notation 2.36 For I' € G, denote by Mr the set of isomorphism classes of marked
stable spin surfaces with a lifting, associated to graph I".
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Define
Mr = ]_[ M.
I’ed'T
Define M gkl = Mrg’ .- Similarly define Mg x; as the subspace parametrizing
smooth surfaces.

For a marking i, denote by v; : M — M, (r) the canonical map [X] — [%;]. Observe
that in order to define this map we have used Proposition 2.19. If X has a contracted
boundary, then ¥; has a marked Ramond point which corresponds to it. The passage
from X to X; forgets the lifting at contracted boundaries.

Theorem 2.37 [35] The space M ¢,k,1 18 a compact smooth orbifold with corners of
real dimension 3g — 3 + k 4 2/. It is endowed with a canonical orientation.

We note that Mg g ; is in general disconnected. Different connected components
correspond to different topologies with the same doubled genus, to different partitions
of the boundary points between boundary components, and sometimes also to different
connected components of graded spin structures.

The main difficulty in this theorem is the proof of orientability. The properties of
the canonical orientation will be detailed in Theorem 2.53 below. In Theorem 5.32,
Proposition 5.48 and Corollary 5.49 below we will provide a different proof for the
orientability and for the properties of the canonical orientations. We now briefly review
the proof that M ¢.k,1 18 a compact smooth orbifold with corners. As in the spinless
case, we rely on [41]. We also refer the reader to [8, Lemma 3.5], where a similar
procedure, also based on [41], is applied to the moduli of r—spin disks.

Our starting point is the fact that in the closed setting the moduli space M i,/ 7 of twisted

spin curves is a smooth orbifold; see, for example [18]. Consider the sequence
(16) Mgseq > Mg ses D> Mg s &> RMg 1y 2 RM;/;-}-ZI o, M2
As in the spinless case, we explain the notation throughout the steps below.

Step 1 First, M l/kz+21 is the suborbifold of M1/13+2l’

2-spin curves, given by the condition that all the markings have twist 0. Inside this

space, R/\/ll/z_i_2

the moduli of stable marked

; 1s the fixed locus of the involution defined by

(Cswi, oo W21, S) > (Ci Wi, oo, W, Whh [ 15 v o s W20 s W 15 - -+ s Wh15S),

where C and S are the same as C and S but with the conjugate complex structure. Here
k is required to satisfy 2 g + k. As the fixed locus of an antiholomorphic involution,
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RM g{ k421 18 @ smooth compact real orbifold. It parametrizes isomorphism types of
marked spin curves with an involution ¢ covering the conjugation o on C, and 0 twists.

Step 2 The next step is to cut RM;{; 1o along the real simple normal crossings
divisor consisting of curves with at least one real node, via the real hyperplane blowup
of [41]. As in the spinless case, this yields an orbifold with corners R Mg x ;.

Step 3 Consider the subset of ]I@/\/t;/ £+2

real spin curve with nonempty real locus. Then Mg i ; is the disconnected 2-to-1 cover

; Whose generic point is a smooth marked

of this subset given, as in the spinless case, by the choice of a distinguished half ¥,
a connected component of C \ C@ Note that C = D(X).

Step 4 Inside M g.k,1» We denote by M g¢.k,1 the union of connected components
such that the marked points wg 41, ..., Wg4; lie in the distinguished half, and the spin
structure is compatible. The generic point in this orbifold has isotropy Z,, coming, at
the level of objects, from scaling the fibers of S by —1.

Step 5 Finally, M ¢,k,1 18 the degree 2 cover of M ¢.k,1 given by a choice of grading.
The choice of the grading cancels the global Z, isotropy, since the —1 map is no
longer an automorphism, as it does not preserve the grading. As a cover, M gkl 18
also endowed by an orbifold with corners structure.

For any I' € Gg r 1, MTr is a suborbifold with corners which is the closure of Mr.
The map Forgpi, is an orbifold branched cover. A graded surface with b boundary
nodes and contracted boundaries belongs to a corner of the moduli space M gk, of
codimension b. Thus dM, x; consists of graded stable surfaces with at least one
boundary node or contracted boundary. For details see [35]. We should note that the
same argument applies for the more general setting of the moduli space of twisted spin
surfaces with a lifting. These more general moduli spaces are also smooth orbifolds
with corners, but in general they are not orientable.

Remark 2.38 By Proposition 2.32, the degree of the map Forp, is 28. The automor-
phism group of the underlying surface acts on the set of spin structures. When the
surface is smooth this group is generically trivial, but when it is not, it may happen
that the fiber of Forgpi, is of cardinality smaller than 2. Still, even in this case its
weighted cardinality, which takes into account the isotropies, is 28, so that the orbifold
degree in the smooth case is constant. When the topology becomes nodal the number
of graded spin structures on a given underlying surface may change. But still, for any
graded dual graph I the degree of Forgpi, restricted to M is generically constant, and
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when isotropy groups are taken into account, it is always constant. This constant is a
power of 2 which can be calculated from the graph structure of I' using, for example,
Proposition 2.19 and the first paragraph in its proof, which relate spin structures on a
stable surface and twisted spin structures on its normalization.

The universal curve Cg x; — Mg x 1 is the space whose fiber over [£] € Mg ¢ s is Z.
Its topology can be defined as in the closed case.

The following simple lemma is useful for understanding the geometry of M g.k,l> S€€
[34; 35] for detalils.

Lemma 2.39 (a) The maps q and Q are isotopy invariants, in the sense that if
(25)o<s<1 is a path in Mg,k,l’ and (y:,s)o<s,r<1 IS a continuous family of
simple paths y. s € X5 — Eg,k,l which miss the special points and which are
either all bridges or all closed. If they are all bridges then Q(y. s) is fixed for
any continuous choice of orientations on y. g, and if they are all closed, then
q(y. ) is fixed.

(b) Suppose now that (X5)o<s<1 is a path in Mg,k,l and (yz,s)o<s,r<1 1S a con-
tinuous family of paths y. s C Xy < Eg,k,l which for s < 1 are simple and
miss the special points and are either all bridges or all closed. Assume y. 1 is a
constant path mapped to a node or a contracted boundary. If y. s are all closed,
then the node is internal or a contracted boundary and for any s < 1, its twist is
q(y.s). If y. s are all open, then the node is a boundary node. In this case, the
illegal sides of the bridges degenerate to the illegal half-node, in the sense of
Definition 2.13.

In particular, by Proposition 2.31, exactly one of the half-nodes of each boundary
node is legal.

(c) Two graded spin structures on % without a Ramond node which give rise to the
same pair (g, Q) are isomorphic.

Remark 2.40 A classification of all pairs (¢, Q) is given in [34].
Notation 2.41 We denote by lar)}spin the canonical map
F/%Jrspin: /\71‘ e Mgrspin(r)

defined by forgetting the twisted spin structure and the lifting. Write Foryy;, for the
restriction to graded moduli. The definitions of laz)}spin, Forgp,in, make sense also when
I' is closed (and then the lifting is trivial).
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We end this subsection with a brief illustration of the phenomenon underlying the
branched cover property of the map Foryy;,. The branching phenomenon occurs along
strata which parametrize surfaces with infernal nodes, and therefore happens, from the
same geometric reasoning, also in the setting of the closed 2—spin intersection theory.
We shall explain it in this setting, for simplicity of notation.

Let X be a curve with a single nonseparating node, and let X; be its smoothing,
so that ¥ is obtained from X; by pinching at some simple smooth closed path y.
Let (X¢);e[o0,1] be a path in the moduli of curves, interpolating between X and 2.
This path induces an identification of H;(X¢, Z>) for ¢t > 0, which in the limit ¢t — 0
corresponds to the surjection obtained by taking the quotient [y;] = 0, where [y;]
is the generator of Hj(X;, Z,) which corresponds to [y] € H1(X1, Z2) under this
isomorphism. Let @ be any element of H(X{,Z5) satisfying (&, y) = 1. Denote
by o’ the element in H (2, Z,) which corresponds to « after the pinching, via the
aforementioned surjection. Let By be an ordered basis of Hy (X1, Z,) whose first two
elements are [y] and [«], and whose remaining basis elements do not intersect [y].
For ¢ > 0, define B; as the image of By under the isomorphism, and extend to # =0
via the mentioned surjection. Now choose any spin structure of X which gives all
markings twist 0 and makes the node NS. Recall that spin structures on smooth curves
are determined by the map ¢ of Definition 2.26, using the rule of Theorem 2.27, and
any map which satisfies this rule gives rise to such a spin structure. Recall also that
spin structures on 3¢ which give all markings twist 0 and make the node NS are in
bijection with spin structures on the normalization of 3¢ giving all of its special points
twist 0. Assign a number ¢g(f) to any element 8 € By \ {y}, and put g(y) = 0. Recall
Lemma 2.39. The identifications between the different B; with ¢ > 0 define a spin
structure S; on X; for any ¢ > 0. It extends to a spin structure on Xy with an NS
node. We can also define spin structures S for ¢ > 0, whose restrictions to B; are the
same except for the elements which correspond to ¢, on which they are opposite. Both
(2¢,St)tefo,1] and (24, S})efo,1] are paths in the moduli of 2-spin curves which have
the same limit point (X, So) = (X0, Sg), and which cover the same path (2;);¢[0,1]
in the moduli of curves. The existence of the paths is due to the fact that ¢(c') is
undefined, and this data loss is the reason for the appearance of the branched cover
phenomenon.

In the case of a separating NS node, this argument no longer works, however in this
case the automorphism group of the spin structure becomes larger: scaling the fibers of
the spin bundle by —1 on each one of the two components is an automorphism. This
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growth of the automorphism group implies that the orbifold degree of the restriction of
Forgpin to such strata decreases.

2.4 The line bundles L;

Definition 2.42 Let I' be a stable graph with an internal tail marked i # 0. The
line bundle L; — /W]IFR is the line bundle whose fiber at (X, {x;}ep. {zj}je1) € Mﬂﬁ
is T;l‘, 3. This bundle can also be defined by pulling back the corresponding relative
cotangent line over the closed moduli space, via the doubling map.

Let " be a spin graph with a lifting and an internal tail marked i # 0. The line bundle
L; — Mr is the line bundle whose fiber at (X, {x;}jes,{zj}jer) € Mr is T;%.
Equi\izgently, this bundle can be defined as the pullback of L; — M%Spin @ by the
map Forgpy.

2.5 Boundary conditions and intersection numbers

We begin with a simple observation.

Observation 2.43 Let (X, S, s) be a smooth marked surface with a spin structure and
a lifting, ¥’ the marked surface obtained by forgetting points {xp}pcp’, Where B’ is
a subset of illegal boundary marked points. Then S is canonically a (twisted) spin
structure for X', and s canonically extends to a lifting on ¥'. In particular, a marked
point is legal for (X', S, s) if and only if it is legal for (X, S, s).

Definition 2.44 Consider I' € G,  ; and i € [[], and let v = i /0g be the vertex of I'
which contains the tail marked i. Define a graph v*(I") as follows; it will be called the
abstract vertex of i in T, or just the abstract vertex for short.

(@) V(v7(I')) = {*}, a singleton. It is open if and only if v is.

(b) TI(vlf" (M) = (0({)_1(1)). Any internal tail of v} (I") which corresponds to a
tail marked by j € [/] is marked j, otherwise it is marked 0. The twist of any
tail of v*(I") is the same as the twist of the corresponding half-edge of v. Also,
HB =g,

(c) TB(v;" () ={he (UOB)_1 (v) | alt(h) = 1}, and all of these boundary tails are
marked O.

() g/ (") =¢g()and E(v/(T)) = 2.
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1 5tw=1 1 5tw=1
g=0 g=0¥
tw =1 0,tw=1
7 7
g=1 0 g=1f
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g=00-T 3 gzoJD +.3
p—_ 0+
O — ) O 0_- O

Figure 8: In this figure, to the right side of each dual graded spin graph
its corresponding abstract vertices are shown. Again, half-edges & with
alt(h) = 1 are decorated with the symbol +.

Let forjjjegal : G — G be the map which forgets all tails 7 € T8 with alt(t) = 0. As a
consequence of Observation 2.43, it induces a map at the level of moduli spaces, which
will be denoted by Forjjjegar-

Write ®r; = Forjjiega1 0 : M — M, x(ry. This map extends to a map Mp — M, * (),
12 1
and we also denote the extension by ®r ;.

At the level of surfaces, ®r;(X) for X € M is the graded smooth surface obtained
from ¥ by normalizing the nodes which correspond to the edges of I', taking the
component of z;, forgetting all illegal half-nodes which were formed, renaming all
remaining special points by 0, and forgetting the lifting at preimages of contracted
boundaries; see Figure 9.

Observation 2.45 For I' as above, the two orbifold line bundles I.; — Myt and
@F’i L; — J\/lvi* (r)) are canonically isomorphic.

For a proof, see [31]; it is proven there for the g = 0 case, but the same argument
works in general.

In order to define the open intersection numbers we need to define special canonical
multisections, following [31; 35]. We first recall what multisections are, and refer the
reader to [7, Appendix A] for more details and references.

Definition 2.46 Let £ — M be an orbibundle over an orbifold with corners, and
identify E with its total space. A multisection is a function k : E — QQ>¢ which satisfies
the following properties. For any p € M, let (F — U)/G be a local model for £ — M
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1 2 1
0 (e
17+
| A
M_'_
+
) 1
Figure 9: In this figure, the graded surface on the right of each row is the

image (as a moduli point) of ®r (%), where X is the corresponding surface
to the left of the same row, and I" is the dual graph which corresponds to X.

in a neighborhood of p, where U >~ R™ x ]R’;_Om, p is identified with 0, F ~ U x R”,
the map 7 : F — U is the projection, and G is a finite group acting linearly on the pair,
commuting with 7. Denote by k the pullback of « to a G—invariant function on F.
Then:

(@) ForallyeU,

Y k=1

ver—1(y)
(b) We can find sections s1,...,s5: U — F, perhaps after replacing U with a
smaller neighborhood of 0, and nonnegative rational numbers (i1, ..., un, such

that forall y € U and v € =1 (),

k=)
ilsi ¥)=v
The sections s1,...,sy are called local branches and the numbers jt1,..., Uy are
their weights. The locus where k # 0, which is locally the union of its local branches,
is called the support of the multisection. The elements in the support of x which lie in
the fiber £, of E over p form the set of values of the multisection at p.

Although the support does not, in general, capture all the information of the multisection,
we usually refer to the multisection « by its support s, and write s(x) for the values
of the multisection at x. If N =1 for all p € M, then the multisection is just a usual
section. The multisection is smooth (piecewise smooth) if all its local branches are
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smooth (piecewise smooth). Many of the natural operations and properties of sections
of vector bundles generalize to multisections of orbibundles in a natural way. These
include addition of multisections, multiplication by functions f: M — R, and most
transversality statements. We say that the multisection is nowhere vanishing if none
of its branches vanishes, or equivalently «(x, 0) = O for all x € M. The multisection
is transverse to zero if all its branches are transverse to the zero section, and it has
isolated zeroes, if all its local branches have isolated zeroes. A point x is a zero of the
multisection if k(x, 0) # 0, that is, at least one of the local branches at x vanishes at x.
The zero locus of a multisection is the set of its zeroes.

Definition 2.47 Suppose 4 C G, i ; is a collection of graphs with at least one boundary
edge. A piecewise smooth multisection s of L; = | e 4 M is called special canonical
on | Jpey Mr if, forall A € 0'T,

s|/VlA — q)j\,isv;k(A)
for some piecewise smooth multisection sV ) of L; — Mv;k( A)-

In the case that A C G, i ; is the collection of all graphs with at least one boundary
edge, we say that s as above is special canonical.

o ®a; . . .
A multisection s = ®ie[l] iefar) 81y Of @, L; “/ is special canonical if each component
sij 1s special canonical.

Intuitively, being special canonical means that the multisection depends only on the
irreducible component of z; in the normalization, after forgetting the locations of the
illegal boundary half-nodes and the liftings at contracted boundaries.

Still following [7, Appendix A], let p € M be an internal point, and let s be a multisec-
tion with isolated zeroes. We assume that £ and M are oriented and rk(E) = dim(M ).
Take a local model (F — U)/G for the neighborhood of p as in Definition 2.46.
Choose a metric on U, a metric on the fibers R”, and let 7/: F — R” be the projection
on the R” component. Let B be a small ball around 0 (which is identified with p)
which contains no zero of s except possibly 0. Denote by S the unit sphere in R, We
use the orientations of M and E to endow S and 0B with the induced orientations as
the boundaries of oriented balls. We define deg, (s;), the local degree of s; at p, as the
degree of the map ¢: 0B — S, where

_ 7(si(x))

0= o
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This definition is independent of choices. The weight of p in the zero locus of s is
defined as

N
1
(17) €p = Gl E Wi deg,, (si).
i=1

If s has a finite zero locus {p1,..., ps}, then the weighted signed zero count of s is

Zzt'zl €p; (5) € Q.

Let s be a piecewise smooth multisection of £ — dM, where E — M is an oriented
orbibundle over a compact oriented orbifold with corners. Suppose s vanishes nowhere.
For any piecewise smooth multisection § extending s to the interior of M with isolated
zeroes, the weighted signed zero count of § is the same. This follows from standard
cobordism arguments — see for example [16, Section 3] for the case IM = &; the
addition of boundary does not complicate the argument? — and it is also a consequence
of Proposition 3.3, whose proof is sketched below. We denote this number by [,, e(E, )
and call it the integral of the relative Euler class of E relative to s.

Remark 2.48 The relative Euler class e(E,s) € H"(M, oM, Q), where E — M is
an oriented orbibundle over a compact oriented orbifold with corners with rk(E) =
dim(M) = n, is defined whenever s is a nowhere-vanishing boundary condition for
E — M. Integrating, or capping with the fundamental class, gives by Poincaré—
Lefschetz duality an element of Ho(M, Q) ~ Q. This element is precisely what we
defined as the integral of the relative Euler class. For our needs the definition of the
relative Euler class itself is not required. See the appendix in [7] for more details and
references.

The integral relative Euler class can be defined for orbifold sphere bundles rather than
orbifold vector bundles, for example by using an embedding of the sphere bundle into
the vector bundle using a choice of a metric for the vector bundle, and inducing the
boundary conditions by this embedding. The resulting integrals are the same when
working with a vector bundle E or with its associated sphere bundle. We shall use
these two notions interchangeably throughout the paper.

Observation 2.49 Suppose that E — M is an oriented orbibundle over a compact
oriented piecewise smooth orbifold with corners with rk(E) = dim(M) = n, and that

21n [16] the definition of multisections is slightly different, as a section to the symmetric product of the
orbifold vector bundle. However, a multisection in our terminology induces in a natural way a multisection
in the terminology of that paper, and the definitions of the zero counts agree.
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s is a nowhere-vanishing multisection of E — 0M . Let f: N — M be a surjection
between compact oriented piecewise smooth orbifolds with corners of dimension n,
which maps dN onto OM . Suppose that f is generically of degree one, meaning that
outside of a subspace K C M which is a union of finitely many compact suborbifolds
of M of real codimension one, f is injective. Then

/Ne(f*E,f*s)=/Ne(E,s).

Indeed, standard transversality arguments show that a generic piecewise extension of s
to M will have no zeroes in K. Using the pullback to N of such a generic extension
proves the claim.

The following theorem has appeared in [31] in the genus O case, and will appear in [35]
for all genera.
Theorem 2.50 Suppose ai,...,a; > 0 are integers which sum to %(k 421 +3g-3).

Then one can choose multisections {s;; }; 1], je[a;] Such that

(a) Foralli and j, s;; is a special canonical multisection of IL; — aﬂg,k,,.

(b) The multisection s = P, ; sij vanishes nowhere.
Moreover, for any two choices {s;; } and {s; j} which satisfy the above requirements,

®a; ®a;
e L j’s)=/ 6( L: j,S/),
‘/Mg,k.l (69 ! Mg ki @ :

1 4

we have

where s’ =€ ; si;.

For completeness, and since [35] is yet to appear, we will shortly review the proof of
first claim in the theorem. We will not review the “Moreover” part, since it will be a
consequence of our main theorem, Theorem 1.5, which calculates the integral of the
relative Euler class, and obtains an answer which does not involve the special canonical
multisection, without relying on the assumption that the integral is independent of the
multisection.

The proof that nowhere-vanishing special canonical boundary conditions exist has two
steps. The first step shows that for any boundary point p € dM .k, there exists a
special canonical multisection none of whose branches vanishes at p. This step is the
heart of the argument; it is similar but not identical to [31, Proposition 3.49(a)] and we
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will review it in the next paragraph. The second step uses the multisections constructed
in the first step to construct nowhere-vanishing boundary conditions: Using the first
step and compactness, one can find finitely many canonical multisections s1, ..., sy of
E = @ie[l],je[a,-] ]LfBa" such that for any boundary point p € Bﬂg,k,l and any choice
of local branches s/ of s; at p, the vectors (s;), for i € [N] span the fiber E. Then,
by a standard transversality argument, a generic linear combination of s1, ..., sy will
be a nowhere-vanishing canonical multisection. By generic we mean that the subset of
linear combinations of sy, ..., sy with this property is residual in the set of all possible
linear combinations. The proof of this step is identical to [31, Lemma 3.53(a)], and we
refer the interested reader there.

We turn to explain the first step. Fix p € aﬂg,k,l and i € [/]. Suppose p belongs
to the stratum My for some graded spin dual graph I' corresponding to the graded
surface X. Let u € (IL;), be an arbitrary nonzero vector. Finally, let [X'] be the image
of p = [X] under the map ®r;, and write G = Aut(X). The action of G lifts to an
action on the cotangent of the i marking, that is, on (L i)[=/], the fiber of I; at [X'].
By Observation 2.45, the fibers of IL; at [X’] and [X] are isomorphic, canonically up to
the action of G on (IL;)[z/]. Thus, the G—action lifts also to (IL; )[x]. Write

u={uy,....umy={g-ulgedGj.

We will construct a special canonical multisection of I; whose branches at p have
values u, with equal weights. Set

Vet = 0F (M) | A €d'Typil,

ie Vg 1 is the collection of abstract vertices v (A) for any graded spin graph A that
corresponds to a stratum of Mg x ;. We will construct for any v € Vy ; ; a special
canonical multisection sV for L; — M,. These multisections are required to be
compatible in the following sense. Let v € V, ¢ ;, and let A € dv be a graph which
corresponds to a boundary stratum of M,. Let v/ = v (A). It is easy to see that
v’ € Vg k1. We require, for all such v and A, that

(18) sV pa = @ s

These constraints for different A are compatible. See the explanation at the beginning of
the proof of [31, Proposition 3.49], which extends to our setting. This construction will
provide, in particular, a construction of a special canonical multisection for v (Ig £ 1),
which is the same graded dual graph as I, ; ; except that the boundary tails are marked 0.
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The pullback of this section by the canonical map
Mrg,k,l - Mv?(l“g.k,z)
which changes the boundary markings to 0 will be the required multisection.

Write v* = v/ (I") and a = dim(M,x), where I" is the dual graph which corresponds
to X. The construction of multisections s¥ for v € V, x; will be by induction on
d = dim M,. The basis is d = —1, which holds trivially since there are no such
vertices. Suppose we have constructed multisections with the required properties for
all v/ with dim M, <d. Consider v € Vg  ; with d = dim M. Note that v need not be
an open vertex, and may even have internal tails with tw = 1. Write Y = [ [ ¢5, Ma.
Define first s¥|y according to (18), where the right-hand side of the compatibility
equations is already defined by induction. We now extend sV to the whole moduli
space M,. Here we separate into cases. If v # v*, we extend arbitrarily. If v = v*
we extend arbitrarily, but under :he requirement that SE);,] = u, meaning that each u;
appears in some branches of sV, and with the same total weight. This can be done
for example in the following way. Let p: My+ — [0, 1] be a smooth function which
is 1 near [X'] and O near Y. Let s’ be an arbitrary extension of the already defined
sv" |t to My, and s” an arbitrary multisection of L; — M+ which has the required
values [X']. Then one can take

sV = ps” + (1= p)s’.
The induction follows,? and thus also the proof.

For the benefit of the reader we now explain the difference between this proof and the
proof of [31, Proposition 3.49(a)], and the intuitive reason for why canonical boundary
conditions should give rise to well-defined intersection numbers. In [31] there were
no contracted boundaries and all boundary nodes were separating. In this case the
definition of canonical boundary conditions can be given without spin structure, by
using only parity considerations: for each node, precisely one half-node is forgotten, and
the forgotten half-nodes are chosen in the unique way which leaves on each connected
component of genus s of the normalized surface a total number of unforgotten special
boundary points whose parity is s + 1 (mod 2). This numerical reasoning cannot work

3In the proof of the corresponding claim in [31], the multisections were also required to satisfy some
invariance under symmetry groups. In our case, since we work with orbifolds and orbibundles, this
invariance is part of the definition of being a multisection; see the appendix of [7]. In [31], the orbifoldness
was implicit, and was a result of forgetting the boundary markings. In higher genus, even the moduli with
injective markings is an orbifold.
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when there are nonseparating nodes. However, as it turns out, this parity notion neatly
generalizes to the notion of a graded spin structure, and the forgotten half-nodes are
precisely the illegal ones. The importance of this scheme is that it forces the boundary
conditions to be pulled back from a real codimension-two space rather than from a
codimension-one space (the codimension is with respect to the dimension of the whole
moduli space).

This idea cannot work in the case of moduli strata which parametrize surfaces with
a contracted boundary component. However, for such surfaces, for any contracted
boundary component there are two possible choices of liftings. Moreover, by the
“Moreover” part of Theorem 2.53 below, the boundary strata of the moduli which
correspond to the different choices of liftings come with opposite orientations. Since, in
the definition of the base, the lifting in such points is forgotten, the boundary conditions
should be the same for these two boundary strata.*

These two properties are strong enough to guarantee that the integrals are well defined:
The dimension reduction, together with a standard transversality argument, enables one
to construct a homotopy between any two choices of canonical boundary conditions s
and s’ which does not vanish on boundary strata which correspond to surfaces with
a boundary node. It may vanish on boundary strata which correspond to surfaces
with contracted boundaries, but these vanishings cancel in pairs, which differ in the
liftings of these contracted boundaries. This homotopy argument thus shows that s
and s’ determine the same integral. In the course of the proof of Theorem 1.5 this
independence will become manifest.

Based on Theorem 2.50 we can now define open intersection numbers.

Definition 2.51 With the notation of Theorem 2.50, define the open intersection

('L'al "'Ta/O'k>g = 2—%(g+k—1) / e(@]L?aj,S),
g.k.,l

M i

number

where s is a nowhere-vanishing special canonical multisection.

“#Essentially this discussion says that such codimension-one boundaries can be glued, and that the integrals
can be calculated with respect to the glued moduli space. In an earlier version of this manuscript we chose
this path, but we believe that this gluing is less elegant than the equivalent choice of unglued boundaries
we make here. The cost of this choice is that there are now additional boundary conditions to impose and
to analyze.

Geometry € Topology, Volume 27 (2023)



2552 Ran J Tessler

The power of 2 is a normalization factor chosen in [31], which makes some initial
conditions nicer but has no geometric or algebraic importance.

Since we define the intersection numbers to be 0 unless the numerical condition of
Theorem 2.50 holds, the genus is determined from knowing k, / and a1, ..., a;, and for
this reason we will usually omit it from the notation and simply write (74, -+ 74 ,Gk )
for (74, ---ta,crk)g.

2.6 The orientation of M, ;

As mentioned above, the spaces M ¢.k,1 were proved to be orientable, and moreover
were given canonical orientations. In order to state properties of these orientations that
will be required for later, we need the following definition.

Definition 2.52 Let M be an oriented orbifold with corners. Then dM is also ori-
entable. The induced orientation on M is defined by the exact sequence

0> N—>TM|gpy — TIM — 0,

where N, the dimension-one normal bundle of IM in M, is oriented by taking the
outward normal as a positive direction and the orientation on 7TM as the given one.

For the benefit of the reader, we recall the construction of the induced orientation also
in terms of local coordinates. Let p be a boundary point which is not a corner. A
local neighborhood of p is diffeomorphic to (R>¢ x R?~!)/G for some finite group G
which acts on R”, and under the diffeomorphism, p is mapped to the origin. By
the orientability assumption G acts in an orientation-preserving manner, and we may
assume that the orientation induced on R” by the diffeomorphism is the standard
one. Since p is a boundary point, {0} x R”~! is preserved by G, and since G acts
on Rx¢ x R"™!, by definition R x R”™1 is preserved. Take an oriented frame
(v1,v2,...,vy,) for R” which is in the class of the standard orientation, so that v; has
negative first coordinate and the remaining vectors of the frame have first coordinate 0.
Then (v, ..., v,) is a frame for {0} x R”~!. For g € G, (gv1,...,gVvy,) is in the
same orientation class as the original frame. Since R>o x R”~! is preserved under G,
gv1 has a negative first coordinate. Since {0} x R”~! is preserved under G, the first
coordinate of each gv; fori > 2 is 0, and we obtain that

(gva,...,gvy) and (v2,...,vy)
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are in the same orientation class. This class is defined as the orientation frame, which
defines the local orientation at p. We extend the orientation to the whole boundary by
continuity.

The next theorem, proven in [35], describes some useful properties of the canonical
orientations of M ¢.k,1» properties that characterize these orientations uniquely.

Theorem 2.53 There is a unique choice of orientations or for any graded graph I'
all of whose connected components contain a single vertex, satisfying the following
requirements:

(a) The zero-dimensional spaces Mr for I" € {To,1,1. I0,3,0} are oriented positively.

(b) If T ={I1,...,I}}, where the I are the connected components, then

,
or = g Or; -
i=1
(¢c) Let I" be a graded stable graph with a single boundary edge e, and put A = d,T".
Denote by T’ the graph obtained by detaching that edge into two tails ¢ and t’,
with alt(t) = 1 and alt(¢+") = 1, and forgetting the tail t. Note that we have a
fibration M1 — Mt whose fiber over the graded surface ¥ € My is naturally
identified with 0% \ {x;};cp(r+- Then the induced orientation on Mr as a
codimension-one boundary of M 5 agrees with the orientation on Mr induced
by the fibration M — M-, where the base is given the orientation oy and the
fiber over X gets the orientation of 0X.

Moreover, these orientations have the following additional property. For I" as above,
let C be a connected component of Mt which parametrizes surfaces with at least one
boundary component containing no boundary markings. Let C’ be another connected
component which parametrizes surfaces that differ from those of C only at the grading
in that boundary component, which is opposite. There is a natural map V: C — C’
which maps a stable graded marked surface to the same surface but with the opposite
grading at this boundary component. Let Cx and CJ, be the boundary strata of C
and C’, respectively, which parametrize surfaces in which this boundary component
is contracted, and let oc,, and oc; be the respective orientations induced on these
subspaces. Then W maps Cx bijectively onto C}, and

oc, = —V¥xoc,.
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The difficulty in this theorem lies in the existence and the “Moreover” parts, which will
be proven by other means below. Given the existence, the uniqueness follows easily
using induction on dimension. In [35] the behavior of the orientations with respect to
strata with internal nodes is also explained, but it is not needed here.

3 Sphere bundles and relative Euler class

Given a rank n complex vector bundle 7: £ — M and a metric on it, one can define
the sphere bundle 77: S = S(E) = S?"~1(E) — M whose fiber S, at p € M is the set
of unit-length vectors in £, the fiber of E at p, with the induced orientation. Given a
sphere bundle S — M, its linearization is the space

where (v,r) ~ (v',r’) if either r = ' = 0, or v = v’ and r = r’. This space can
be endowed with a natural linear structure, a metric and a projection to M. When
S = S(E), the linearization of S recovers E. The sphere bundle of E can be defined
also without referring to a metric, by removing the zero section and taking the quotient
by the R4 action. Different metrics give rise to isomorphic sphere bundles.

Definition 3.1 An angular form for E (or for §) is a (2n—1)—form ® on S which
satisfies the following two requirements:

(a) fSp d=1forall pe M.
(b) d®=—n*Q, where Q is some 2n—form on M.

The form €2 is a local representative of the top Chern form of £ — M, and will be
called the Euler form which corresponds to ®. Denote by ® also the form on E \ M,
where we identify E and its total space, defined by P*®, where P: E\ M — S(E) is
the map

(p,v) > (p,%) for pe M andv e E\ M.
It is straightforward that:

Observation 3.2 The form |v|® extends to a form on all the total space of E.

We will use the following claim.
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Proposition 3.3 Let E — M be a real oriented rank 2n vector bundle on a smooth
oriented manifold with boundary M of real dimension 2n. Let ©® be an angular
form, and let Q2 be its corresponding Euler form. Given a nowhere-vanishing section
s € I'(E — dM), one can define the integral of the relative Euler class, and it holds that

/M e(E, ) = /M o /8M e

Moreover, the statement also holds if E — M is an orbifold vector bundle over an
orbifold with corners and s is a nowhere-vanishing multisection over the boundary.

This claim is well known, in the case of manifolds, and the extension to orbifolds is
straightforward. We briefly recall the proof of the claim for manifolds, referring the
reader to [4, Chapter 11] for further details, then we explain the changes required for
handling the orbifold case. As usual we are interested in the integral of the relative
Euler class, rather than the class itself.

We wish to calculate [,, e(E, s), the weighted number of zeroes of an extension of s
to M to a section with isolated zeroes. Let s be such an extension, and let p1, ..., pm
be its zeroes. By choosing diffeomorphisms from neighborhood of py, ..., ps, to open
sets in R”, for small enough r we can define M, = M \ | J/_, B;(pi), where B;(p)
is the ball around p, and sections s, which are the restrictions of 5 to dM,. By taking
r to be even smaller we may assume that the balls are disjoint. By Stokes’ theorem,
s being a global section over M;, and the definition of the angular form, we get

Q = lim Q = lim SET*Q
M r—0 M, r—0 M,

= —lim 5%d® = —lim sy P
r—0 M, r—0 M,

m
= —/ s*® 4+ ) lim / sy P.
oM l'=1r_)0 0B, (p;)

Foreachi =1,...,m and small enough r, faBr(Pi) sy ® is the order of vanishing of
s at p;; see [4, Theorem 11.16]. Thus, the right-hand side of the previous equation
equals [;, e(E,s)— [y, s* @, as needed.

The argument works also in the orbifold case. One first shows that Stokes’ theorem
generalizes to the case of orbifolds with corners and multisections of the vector bundle
A*(T* M) instead of sections of this bundle (differential forms). For differential forms
over orbifolds with corners this is shown, for example, in [36]. The extension to
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multisections is proven similarly. Then the integral around p; becomes, in the local
model and notation of Definition 2.46,
N

Zui/ 55,

= JaB

with B C U a small ball around 0, and 5; and p; the local branches and weights. But
this is precisely the weight (17) in the definition of |, u €(E,s), so again the result
follows.

Suppose now that E = @?:1 L; is the sum of n complex line bundles L;. Choose a
metric for £ for which the line bundles L; are pairwise orthogonal. Write «; for an
angular form for S; = S(L;), and w; for the corresponding Euler form, ie the curvature
of L;. Define the functions
ri: E—->R

to be the length of the projection of (p,v) € E to L;. The sphere bundle can be
described as the set of vectors which satisfy ) rl.2 = 1. For convenience, denote by w;
and r;a; the pullbacks of w; and r;a; to the total space of E and of S(E), where for
the latter form we use Observation 3.2.

As far as we know, the following theorem has not appeared in the literature before.

Theorem 3.4 The form

(19) o= szkv Zr o A Z /\(rJ drjna)A N wp
k=0 i€[n] 1<y’ €t hETUGY
|1|=k

is an angular form for E, whose corresponding Euler form is N\ _, w;.

Proof We first need to show that the integration on a fiber gives 1. Since the w; are
pulled back from the base for all 7, the only term in ¢ that may have a nonzero integral
over a fiber is the term

QP = 2" —1)! Z ria; A A (rjdrj nay).
i€[n] J#

We wish to show that for an arbitrary p € M, we have [ S(E,) @P = 1. We first
integrate all the o; terms. By using that «; is an angular form for L; the integral of «;
is 1, and we are left with calculating

2" — 1) r/\/\rdr
/Eriz—l ( )Z J s

i€[n]
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By changing the variables to #; = rl.2 with dt; = 2r; dr;, the integral becomes

n—1
(n—1)! /Zt Zt,/\/\dt,_n /Z, 1tt<1( ;ti)/\ A di

<j<n—
I,.. 7tn>01_1 J¢l ..... th—1> 1_.]_” !

=n! N dtj,
/Zz 1t1<1 1<j<n /

yeees h>
where in the first equality we have used the symmetric role of the variables #; and then
eliminated #,, and in the second equality we have used that

1— ti = / ds.
z<§:1 l 0ss<1=Yicn1ti
The left-hand side is just n! times the Euclidean volume of the n—simplex
ittt =<1lln,....1n =0}

It is well known that this volume is 1/n!, and the first property of the angular form
follows.

For the second property, we will now show that when calculating d ®, one gets a
telescopic sum which turns out to be equal to A w;. Write

Sri=25k\r2a; A N\ (ridrj nap) A N\ oy
jel hET Ui}

for the contribution for given I with i ¢ I, where k = |I|. Taking the derivative, as w;
and r; dr; are closed, only rl-2 or oj may contribute. We obtain

dSp; =diSr;i +daSpi+ Y _ds;Si.

lel
where
d\Spi =2 et i dri Ao A /\ (ridrj naj)N N\ op,
hET Ui}

d2SI,i = —2kk!rl~ wj N /\(rj drj /\Olj)/\ /\ wp,

jel h¢TU{i}
d3 S5, = —2kk!rl~2al-/\rl drinogn N\ (ridrina;) N o forlel.

JEI\{l} h¢T UL}

The third contribution appears only when [ # &.

Now, fixing /, one has

(20) > diSp\gy. = k2K (k —1)! /\(r] drj Aaj) A /\ W,

iel
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2n Zszll :—ZZkk'r /\(r] drj ANoj) A /\ wp,
i¢l i¢l

—(I—Zrl-z)2kk! N (ridrinaj) A N\ oy
el jel he¢l
=—2kk!( N (rjdrinej) A N\ wp

jel he¢l

—erdr,-/\ai/\ A (rjdrj/\ozj)/\hé\lwh),

el JeI\{i}
where we have used ) ri2 = 1 in the second equality. And, fixing / andi ¢ I,

22) Y dsiSrogy
1¢TU{i}

— 3 M DrPa Ardr Aop A /\(rJ drina)n N oy
TETU{i} A
=2*k+ 1! Y rdrArfeia /\(r/ drynaj)n N\ op
lelU{i} rern

—2k+l(k+1)!ri3dr,~/\ozi/\ N @jdri naj)N N\ op,
jel h¢IU{i}

where the identity )  r; dr; = 0 was used for the second equality. The last passage
follows from noting that except for the / =i term, for all other / € I we will get a
monomial with two dr; terms.

Summing equations (20), (21) and (22) over all possibilities for 7, and in (22) also for
i ¢ 1, we see that:

e (20) vanishes if I = @. For I # &, the contribution of (20) cancels with the
first term on the right-hand side of (21) for the same 1.

e Fora given J # &, the sum of (22) over all pairs (/,i) withi € J and I = I\ {i}
cancels with the second term of (21) with I = J.

e For I = &, the second term of (21) vanishes.

Thus, the only term which is left uncanceled is /\ w;, coming from the first term of (21)
with I = @. Hence, as needed,

dq)=:j£:tiS}J :=—/\ay. O
1,i
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Remark 3.5 In what follows we will sometimes use forms on S(£) which are defined
similarly to ®, but depend a subset of its arguments. For this reason it will be useful to
extend & and similar expressions to multilinear functions in the variables r;, dr;, «;
and w; fori =1, ..., n, without imposing ) rl.2 =1land ) ridri =0.

Without these constraints the right-hand side of (21) gets a correction of

Zkk!(l— r2) A ridrina;)A N\ o;,
Zh(jelj ! ]) h¢I]

he(n]
while the right-hand side of (22) gets a correction of

2k+1(k+1)!(Zrld”l)/\”izai/\( /\rjdrj/\(xj)/\ A wy,.
1€[n] Jjel he[n\(1U{i})

Summing the first correction over all 7, and adding the sum of the second correction
over all I with i ¢ I, we obtain

Z:(l—Zr,f)/\ZT”m! Z(./\rjdrj/\aj)/\ N o)

heln] m=>0 [Hj=m /<! JelnN
I¢(n]
- ( > drh) Ay e A Y 20D 4 1)
he(n] i€[n]\{h} m=>0
7AN Z ( /\rjdrj/\aj)/\ /\ w;j.
I=m €I JelnNIUii})
Ic[n\{i,h}
Therefore, without imposing Y r? =1 and }_ r; dr; = 0 we have
n
ddb=7Z—- N\ v;.
i=1
Clearly Z vanishes if we do make these assumptions.
Construction-Notation 1 Suppose that Sy,...,S; — M are piecewise smooth S1—
bundles over a piecewise smooth orbifold with corners. Denote by S(S1,...,S;) > M

the (2/—1)-sphere bundle on M whose fibers are
St S)x = {1, Prora, P ori, PO | Pr€ (S i 20, r2 =1 /~,
where ~ is the equivalence relation generated by

(ri, P1,...,0, P ....r;, P) ~(r1, P1,...,0, P}, ... .11, P)),

equipped with the natural topology.
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4 Symmetric Jenkins—Strebel stratification

In the remainder of the article all open spin surfaces we will encounter, twisted or
not, will have a lifting. Similarly, we will encounter several types of graphs: the dual
graphs we have defined above, ribbon graphs and nodal graphs. These graphs will also
be classified as open or closed and will sometimes carry spin structures, twisted or
not. All the open spin graphs we shall meet will have a lifting. For this reason we
will sometimes slightly abuse notation and omit the suffix “with a lifting” from the
terminology. We will also usually omit the addition “twisted”. It will be clear from the
context if we mean a closed or open object, twisted or not, etc.

4.1 JS stratification for the closed moduli

4.1.1 JS differential and the induced graph In this subsection we briefly describe
the stratification of moduli of closed stable curves, following [25; 42; 28].

Let X be a nodal Riemann surface with 2g —2+n > 0. A meromorphic section y of the
tensor square of the cotangent bundle defined on each component of the normalization
of ¥ can be written in a local coordinate z as f(z) dz2. If y has a double pole at
w € X, the residue of y at w is the coefficient of dz2/(z — w)? in the expansion of y
around w. The residue is independent of the choice of the local coordinate. A quadratic
differential y is such a section which has at most double poles, all the poles are located
either at the marked points or at the nodes, and for any node, the residues of y at its
two branches are the same.

Let y be a quadratic differential, and w € X a point which is neither a zero nor a pole.
In a neighborhood U we can take its unique (up to sign) square root ,/y. This is a
1-form, hence can be integrated along a path. This defines a map

z
g:U—-C, g(z):/ JYs
w
where the integral is taken along any path in U.

A horizontal trajectory is the preimage of R C C, and it is a smooth path containing w
in its interior. It turns out that the notion of horizontal trajectories can be defined also
in the case where w is a zero of order d > —1, where as usual a zero of order —m is a
pole of order m. In this case there are exactly d 4 2 horizontal rays leaving w. When
w is a pole of order 2, if its residue is —(p/2m)? for some p € R, there is a family
of nonintersecting horizontal trajectories surrounding it whose union is a topological
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open disk, punctured at w. Moreover, with respect to the metric defined by |,/y|, the
perimeter of each of these trajectories is p.

Example 4.1 Let X be the Riemann sphere. For all p > 0,

(L) (£)

is a quadratic differential, whose only poles are at 0 and co and whose horizontal lines
are the sets |z| = r for r > 0, whose lengths are indeed p. Their union is an open
punctured disk. It should be noted that actually this is the only quadratic differential on
the sphere, up to scaling, which is invariant under the reflection in the equator whose
only poles are at 0 and oo.

Definition 4.2 Let (X,z1....,Zn,Zn+1,-- .. Zn+n,) be a marked genus g nodal Rie-
mann surface with 2g —2 4 n > 0, where the subscript of z; indicates its marking. Let
P1,-.., Pn be positive reals, and p; = 0 for i > n. A marked component is a smooth
component of the curve with at least one marked point z;, with i € [n]. The other
components are called unmarked. A Jenkins—Strebel differential, or a JS—differential
for short, is a quadratic differential y such that:

(a) vy is holomorphic outside of special points. At nodes it has at most simple poles,
and at the i™ marked point it has a double pole with residue —(p; /27)?. In
particular, if p; = 0 there is at most a simple pole at that point.

(b) y vanishes identically on unmarked components.

(c) Let X’ be any marked component of X. When p; # 0, if D; is the punctured
disk which is the union of horizontal trajectories surrounding z; € X/, then

| Di=%"

i€[n]

The following theorem was proved in [37] for the smooth case; the nodal case was
treated in [28; 42].

Theorem 4.3 Given a stable marked surface (X,z1,...,2Zn4n,) Withn > 0 and
P = (p1.....Pntngy) € R’_’i_ x (0,...,0) as above, the JS ditferential exists and is
unique.
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Given (X, z) and p as above, define the decorated surface S and the map Ky,: X — )
as follows. ¥ is obtained from ¥ by contracting any unmarked component to a point,
and decorating any such point by its genus defect and marking defect. The genus defect
is the genus of the preimage of the point in ¥, and if that preimage is a single point,
it is defined to be 0. The marking defect is the set of marked points in this preimage,
which is labeled by a subset of [n 4 ng] \ [#]. We should stress that y need not vanish
on a preimage of a node in the normalization, but it can have at most a simple pole
there. Thus, from the discussion about horizontal trajectories, each node or unmarked
component and in particular any point z; for i > n must be mapped to a point which
touches at least one horizontal trajectory. Note also that an unmarked component
always touches a node (unless n = 0 and then the whole surface is unmarked).

The JS differential y induces a metric graph on $ whose vertices are zeroes of order
d > —1° of y, including the images of unmarked components, and whose edges are
the horizontal trajectories, with their intrinsic length. These embedded graphs can be
fully described.

Definition 4.4 A graph G = (V, H, 59, 51, g, f), where

(a) V is the set of vertices, H is the set of half-edges,

(b) sg is a permutation of the half-edges emanating from each vertex,
(c) s is a fixed-point-free involution of H,

(d) gisamap g:V — Zsy, called the genus defect, and

(e) fisamap f:[n+nol\[n]—V,

is called a (g, (n, ng))—stable closed ribbon graph. The faces of the graph are sp—
equivalence class of half-edges, where 53 = s s1. We write F = H/s,. The edges
are E = H/s;. The genus of G can be defined as follows. Glue disks along the faces
to obtain a surface ¥. The genus of G is the (arithmetic) genus of by plus the sum of
genus defects in vertices. The marking defect of a vertex v is defined as f~!(v). We
require that:

(a) For a vertex v of degree 1 or of degree 2, but such that the assigned permutation
is a transposition,
g+ W= 1.

>We consider a simple pole as a zero of order —1, and a point which is neither a zero nor a pole to be a
zero of order 0.
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(b) The genus of the graph is g.
(c) The number of faces is n.
A stable metric ribbon graph is a stable ribbon graph together with a metric
L E—Ry.
We usually write £, instead of £(e).

A graph is smooth if all the vertices’ permutations sg are cyclic, all genus defects are 0,
and all marking defects are of size at most 1. The ribbon graph is connected if the
underlying graph is. We define isomorphisms and automorphisms in the expected way.
Write Aut(G) for the automorphism group of G.

Note that case (a) above occurs when v is either the image of a contracted unmarked
component, or the image of one of the points p; for some i > n.

Remark 4.5 To a stable metric ribbon graph one can associate in a natural way a
decorated metric space made of a disjoint union of closed intervals, one for each
e € E, modulo the identification of endpoints dictated by the graph structure. The
vertices, which are the equivalence classes of endpoints of intervals, are endowed
with genus and marking defects, and the closed interval which corresponds to the
edge e is associated to a metric structure which makes it isometric to the interval
[0,£.] C R. The associated decorated metric space is unique up to the expected notion
of isomorphism. Stable metric ribbon graphs which arise from a JS differential (we
will see in Theorem 4.8 below that all stable metric ribbon graphs arise this way) are
endowed with this additional structure of isometries between the embedded edges and
intervals of R. This will be used below, when we give coordinates to the combinatorial
S!-bundles. For more details we refer the reader to [42].

Notation 4.6 Throughout this article, given a ribbon graph, possibly with extra struc-
ture such as a graded ribbon graph, or a nodal graph, which will be defined later, we
shall write [/] for the class of the half-edge or the edge & under the action of the
automorphism group. We similarly write [A] for a subset of edges or half-edges.

Remark 4.7 If Norm: Norm(X) — X is the normalization of X, and y is the JS
differential on ¥ with prescribed perimeters, then Norm™*y is a JS differential, hence
the unique JS differential, on Norm(X), with the same perimeters, and such that marked
points which are preimages of nodes have O—perimeter.
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4.1.2 Combinatorial moduli For a closed stable ribbon graph G, write Mg for
the set of all metrics on G, write Mg (p) for the set of all such metrics where the
i™ face has perimeter p;. We have that Mg ~ RE(G) /Aut(G) canonically, and this
identification endows it with a smooth structure.

For e € E(G), the edge between vertices v; and v, define the graph .G, the edge
contraction, as follows. Write k1, hy for the two half-edges of e. Set V(0.G) =
V(G) \ {v1,v2} U{vivz} and H(0.G) = H(G) \ {h1,h2}. The maps s7, g’ and f’
are just 51, g and f when restricted to vertices and half-edges of G. For the new
vertex v = vyvy, set ' (v) = f(v1)U f(v2), and set g’(v) = g(v1) + g(v2) whenever
V1 # vp, otherwise it is g(vy) 4+ 6, where § = 1 if h; and h, belong to different
so—cycles, and otherwise § = 0. For any half-edge &, with 11/s1 # e, define s (h) to
be the first half-edge among s (%), s% (h), ... which is not a half-edge of e. We then
put sy = s (s5) L.

Edge contractions commute with each other, and allow us to define a cell complex
Mg = [lg Mg, where the union is over all graphs obtained from G by edge
contractions, and we glue the cell Mg of G’ = 0,,,....., G to the cell Mg along

le, =+ =4L,, =0. We similarly define Mg (p).
Write M;‘”(r;f no) = [ [ Mg, where the union is taken over smooth closed (g, (1, n9))
ribbon graphs. Write /\7;“(“,'13 o) = [[ Mg/~ =]] Mg, where the union is taken over

all closed stable (g, (n,n¢)) ribbon graphs, and ~ is induced by edge contractions.
Define ./ngor(“’fno)( p) and MZ"’(“: o) (p) by constraining the perimeters to be p;. In all
cases we define the cell attachment using edge contractions, and the resulting spaces

are piecewise smooth Hausdorff orbifolds; see [28; 42] for details.

Set comb = comby,, as the canonical maps

comb

. A n M
comb: Mg n4ny X R — Mg,(n,no)

v ijcomb
and combp: Mg ning = MGG no) (D)
which send a stable curve and a set of perimeters to the corresponding graph.

We have, from [25; 28; 42]:

Theorem 4.8 Suppose n > 0. The maps comb and comb, are continuous surjections
of topological orbifolds. The map comb, takes the fundamental class to a fundamental
class. Moreover, the cell complex topology described above is the finest topology with
respect to which comb is continuous. The maps are isomorphisms onto their images
when restricted to Mg y4-nq X R’_j_ and Mg -

Geometry & Topology, Volume 27 (2023)



The combinatorial formula for open gravitational descendents 2565

More generally, suppose I' is a closed dual graph with the property that any vertex
without a tail marked by [n] is of genus zero, and has exactly three half-edges, and
any two such vertices are not adjacent. Then, with the same proofs, comb and comb
restricted to Mp x R, and Mr are isomorphisms onto their image.

4.1.3 Tautological line bundles and associated forms

Definition 4.9 Suppose p; > 0. Define the space
Fi(p) = MP0(p)

as the collection of pairs (G, £, g), where (G,{) € M;‘:r;,‘b(p) and ¢ 1_s a boundary
point of the i" face. These spaces glue together to the bundle F; — MZ,O,I,‘;". Define
¢; to be the distance from ¢ to the j™ vertex, taken along the arc from ¢ in the
counterclockwise direction, so that 0 < ¢; < ¢ < --- < ¢pn < p;j, where N is the
number of edges in the i face, counted with multiplicities, and the distances are
measured using the identifications of the edges with subintervals of R; see Remark 4.5.
Write £; = ¢ 41 — ¢;. Orient the fibers with the clockwise orientation.

comb

Define the following one-form and two-form on each cell of /Wg . no)( p):

N

0 B2 s 5 () of2)

j=1 l1<a<b<N

Later we will integrate forms which are made out of «; and w;, and we will perform
Laplace transform over p. For this reason it will be convenient to define the scaled
versions of ¢; and w;, which do not contain p; in their denominators. We thus put

— 2 — 2 — —
o =p;di, W =pw, 0= E wj.
i

The bundles F; carry natural piecewise smooth structures. Moreover, [25] says the
following; see also [42, Theorem 5].

Theorem 4.10  (a) For i € [n], we have comb*F; ~ S!(IL;) canonically.

(b) The forms «; and w; are a piecewise smooth angular one-form and Euler two-
form for F;.

Remark 4.11 In [25], F; was given the opposite orientation and the equivalence
was hence with the bundle S (IL}), which is canonically § 1(IL;) with the opposite
orientation.
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Thus, combined with Theorem 4.8, we see that all descendents may be calculated

comb
g,n

the highest-dimensional cells of M

combinatorially on MS°™P. In fact, all descendents can be calculated as integrals over

comb

en - These are parametrized by trivalent ribbon

graphs.

4.2 JS stratification for the open moduli

4.2.1 Symmetric JS differentials The next definition is motivated by Definition 4.2
and Example 4.1.

Definition 4.12 Let (X, {z; }iezup,. {Xi }ieB) be a stable open marked Riemann sur-
face, and let p = (pi)iezup, € ]Rf_ x(0,...,0). A symmetric JS differential on X is
the restriction to X of the unique JS differential of D(X) whose residues at z; and z;
are —(p; /2m)?, which are 0 for i € Py. We extend the definition to the case g = 0,
Z = [1] and Py = B = @, where the differential is defined to be the restriction of the
section y,, of Example 4.1.

Existence and uniqueness follow from Theorem 4.3 and the discussion in Example 4.1.

As before, the symmetric JS differential defines a cell decomposition of D(X) in the
smooth case, and in general a metric graph embedded in 5(\2), the surface obtained
from D(X) by contracting components with no z; or z; with i € Z, whose complement
is a disjoint union of disks. Note that D(XZ) inherits the conjugation from D(X), which
we also denote by o. The uniqueness forces the decomposition to be gp—invariant.

Lemma 4.13 The po-fixed locus of DE) is a union of (possibly closed) horizontal
trajectories and isolated vertices. Any o—fixed point is a zero the differential of an even
order, possibly 0.

Proof The case g =0,Z =[1], Py = B = & follows from the discussion in Example 4.1.
In other cases, take an arbitrary point in D(\E)Q. It cannot belong to the disk cell of
any z;, since otherwise it would have belonged to the cell of Z; as well. Thus, Zﬁ)g
is contained in the one-skeleton of the decomposition. Consider p € D(XZ)Q LIfp
is an isolated vertex in the po—fixed locus, then by connectivity it must be incident to
some non-p—fixed horizontal trajectory which, without loss of generality, lies in the
image of X¢ in D(xE). Suppose it touches r such trajectories. Then it also touches their
o—conjugate trajectories, which lie in the image of X in D(\Z). Thus, 2r horizontal
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trajectories emanate from p, for » > 1, hence p is a zero of order 2r —2 > 0. The second
case is that p is not isolated, so it lies in the image of 0% in lﬁ), which, as explained,
is contained in the 1-skeleton. In this case, at least two horizontal trajectories which
are contained in the image of X emanate out of p, one to its left and one to its right.
In addition, there are also r > 0 such trajectories in the image of ¥?, and because
of symmetry there are also r such trajectories in the image of £°. In total, there are
2r + 2 horizontal trajectories emanating from p, which means that it is a zero of order
2r > 0. O

Lemma 4.13 has the following corollary.

Corollary 4.14 Suppose ¥ and p are as above, and y is the associated symmetric
JS differential. Assume that for somei € B, forgetting x; makes no component of X
unstable. Denote by ¥’ the resulting surface, and let 1: ¥’ — X be the natural map
between the surfaces. Then if y and y’ are the unique JS differentials for ¥ and ¥,
respectively, with the prescribed perimeters, then

y =10y

Indeed, both y and y’ are JS differentials on ¥’, since there is no pole in x;. Hence
they must be equal.

Remark 4.7 has the following consequence.

Corollary 4.15 If Norm: Norm(X) — X is the normalization of X, and y is the JS
differential on X with prescribed perimeters, then Norm™y is the unique JS differential
on Norm(X) with the same perimeters and such that marked points which are preimages
of nodes have perimeter zero.

Remark 4.16 Although throughout the article we will be mainly interested in internal
markings with positive perimeters, markings of perimeter zero occur naturally when
one considers normalizations; see Proposition 4.34. In the open intersection theory the
normalizations are crucial for the definition of intersection numbers, Definition 2.47, and
therefore considering markings with zero perimeters is unavoidable. In addition, since
boundary markings carry no descendents, we to not lose from fixing their perimeters to
be zero, and it simplifies calculations. For these reasons, throughout this section we
shall allow marked points to have perimeter zero, at the cost of making the notation
somehow more cumbersome.
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4.2.2 Open ribbon graphs

Notation 4.17 Let / and B be finite sets. Let Z7 (g, I, B) denote the set of isotopy
types of open connected genus g smooth oriented marked surfaces, with I being the
set of internal marked points and B being the set of boundary marked points. Write
ZT (g, 1) for the set of isotopy types of closed connected genus g smooth oriented
marked surfaces, which is just a singleton.

Definition 4.18 An open ribbon graph is a tuple
G=W=VIUVvB H=HTUHB 50,51, f=fTUfBU fPo g d),
where:

(a) V7! is the set of internal vertices, V & the set of boundary vertices.

(b) HBE is the set of boundary half-edges, H I s the set of internal half-edges; 51 is
a fixed-point-free involution on H whose equivalence classes are the edges, E.
EB is the set of edges which contain a boundary half-edge.

(c) sp is a permutation assigned to each vertex, and should be thought of as a cyclic
order of the half-edges issuing from each vertex. We write so also for the product
of all these permutations.

We denote by V the set of cycles of sg. Write VI for cycles which do not contain
boundary half-edges. Set VB =V \ V1. Denote by N: V — V the map which takes a
cycle to the vertex which contains its half-edges, and let N £0 and N & be the restrictions
to V! and VB, respectively.

(d) fB:B— V2 isamap from a finite set 5.

(e) fPO :Po — V is a map from a finite set Py.

(f) f1:Z <> H/s, is an injection, where s := 5o Vst

(g) g:V — Zx>o is a map called the genus defect.

(h) For any v € VB, we have an element
d(v) €IT(g). (f )@ U W)™ ). (fH T U W)™ ).
For any v € V!, the element d(v) is the unique element in
I7(g), (f ) ) U (N7 (v)).
This d is called the topological defect of v.
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Write deg(v) for the degree of the vertex v. A closed contracted component is a vertex
ve VI with
22() + (S ) @)+ N )] > 2.

Denote their collection by Cont® (G). An open contracted component is a vertex
v e VB with

2(2) + ()T O+ NPT @D+ DT O+ IV T ) > 2.
Denote their collection by Cont? (G).
We have the following requirements.

(a) Any half-edge appears in the permutation sg of exactly one vertex. We define
a graph whose vertices are the elements of V' and whose half-edges are the
elements of H. A half-edge is connected to a vertex if and only if it appears in
the vertex’s permutation sg.

®) N(E)CVE

(c) Ifhe HB thensh ¢ HE.

(d) s, preserves the partition H = H! U H 8. The image of f/ is exactly H' /s,.

(e) ForveV! ifdeg(v)=1,ordeg(v)=2but|N~"!(v)| =1, then |(fF0)~1(v)|+
g) = 1.

(f) For v € VB, if v has at least one boundary edge and deg(v) = 2 then

T I+ 1P ) +2w) = 1.
(g) Any vertex of degree 0 is a contracted component.

We call the elements of H B /s, boundary components, and the elements of F = H! /s,
faces. The number of boundary components is b(G) = |H 8 /s,|. The marking defect
of v € V is defined as (£ F°)~1(v) U (fB)~1(v). The sets Z, Py and B are called the
sets of internal markings, internal markings of perimeter zero, and boundary markings,
respectively. The set B is also denoted by B(G); define 1(G) and Py(G) similarly. An
internal node is either a contracted component with at least one edge and no boundary
edges, or an internal vertex whose assigned permutation is not transitive. A boundary
vertex v without boundary half-edges, with an empty marking defect and such that
g(v) =0and |N~1(v)| = 1is called a contracted boundary. We denote the collection
of those boundary vertices by CB(G). A boundary vertex v which is either a contracted
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component with at least one boundary edge, or whose assigned permutation is not
transitive, is called a boundary node. A boundary marked point is an image of f B
which is not a node. An internal marked point of perimeter zero is an image of f Po
which is not a node. A boundary half-node is an (N B )~ !—preimage of a node. Denote
their collection by HN(G). A vertex which is either a node or a contracted component,
or the f—image of a unique element in Py U B, is called a special point.

We write i(h) =h/s, and Hi ={he H |i(h) =i}.

An open metric ribbon graph is an open ribbon graph together with a positive metric
{: E — R4. We sometimes write £, with 7 € H, instead of £, s, .

Markings of an open ribbon graph are markings
mI:IUPo—>Z and n?:B—>72Z

such that m! (Py) = 0 and m’ (Z) C Zi4o. A graph together with a marking is called a
marked graph.

An isomorphism of marked graphs and an automorphism of a marked graph are the
expected notions. Aut(G) denotes the group of automorphisms of G. A metric is
generic if (G, £) has no automorphisms.

A ribbon graph is said to be closed if VB = 0, and it is said to be connected if the
underlying graph is connected.

The maps f 8 and f%° should be thought of as the respective associations of the
boundary marked points and the internal marked points of perimeter zero to the vertices
of the graph formed by the symmetric JS differential. Requirements (e) and (f) in this
definition are the open counterparts of requirement (a) of Definition 4.4. Note that a
half-edge 4 is canonically oriented away from its basepoint /1 /sg. Throughout the paper
we identify boundary marked points, which are vertices, with their (unique) preimages
in B(G) =B.

Remark 4.19 Here, unlike in the closed case, the genus defect is not enough to
classify surfaces with contracted components. In particular, there are several topologies
for a given genus, as mentioned in Remark 2.4, and the set of topologies grows as
we add boundary marked points, which may be divided between different boundary
components.

Figure 10 shows some examples of ribbon graphs.
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g) =3, |fPoa|=1, |fPu)|=2

4

gw) =2, [fPow)|=2

—_
—_—

v

gw) =0, fPu) =123}

Figure 10: Examples of ribbon graphs. Internal edges are drawn as strips.
Top left is a ribbon graph with one boundary marking and four internal
markings (the name of a half-edge appears next to the vertex from which it
emanates). Its underlying surface is a disk, and the boundary edges are s; f,
518, S1h, s1i, s1j. The cyclic orders in the internal vertices are s1a, 51D, e
and s1b, 51d, c. Face 1, for example, is the s,—cyclic order a, b, ¢, f. Bottom
right is a ribbon graph on a cylinder. It has one face, the s,—cycle a, ¢, s1a, b
and two boundary components, each made of a single boundary edge, 515
and sqc. The ribbon graph at top right has one boundary node u, which is
also an open contracted component, and an internal node v, which is also a
contracted component. The permutation of half-edges at u is (ab)(cd). The
contracted component is open, of genus defect 3, has an internal marking
of perimeter zero, and four special boundary points: the markings 1,2 and
the half-nodes (ab), (cd). The topological defect can be any topology which
corresponds to doubled genus 3, one internal marking and four boundary
markings. The node v has genus defect 2 and two perimeter-zero internal
markings. The center bottom picture has an open contracted component
at v, it is a contracted disk with two boundary markings 2, 3 and a boundary
half-node and no special internal points. Contracted components which are
disks with three boundary markings and no internal markings will play an
important role in what follows. We shall therefore draw such components as
disks cut by parallel lines, as in the bottom right picture.
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Notation 4.20 By gluing disks along the faces, any open ribbon graph gives rise to
a topological open oriented surface X . This surface is a union of smooth surfaces,
identified in a finite number of points. One can easily define its double, D(Xg) =
(X6)c, as in the nontopological case.

Definition 4.21 The genus of the open graph G is defined by
g(G):=g((Ze)o)+ Y gw)+2 Y g).

veVB veV!{

The graph is stable if 2g —2 + |B| + 2(|Z| + |Po|) > 0.

For a stable open surface (X, {z; };ezup,, {Xi }ien), define the marked components
to be components with at least one z;, for some i € Z. The other components are
unmarked. Define the decorated surface ¥ = Kp,p,(X), and the map Kpp,: T — )
to be the surface obtained by contracting unmarked components to points, and Kz p,
is the quotient map. We decorate any point p in by by its genus defect, marking defect
and the topological defect, which can be defined by the genus, boundary markings and
topological type of the surface obtained by smoothing the nodes in KE}DO (p).

Remark 4.22  This definition agrees with the one given for closed surfaces, in the sense
that one can also define the doubling D of ¥ in a natural way, and then D( f)) ~ D(X).

Definition 4.23 A ghost is a ribbon graph without half-edges. A smooth open ribbon
graph is a stable open ribbon graph such that none of its connected components contains
a node or a contracted boundary.

A stable ribbon graph, open or closed, is effective if

(a) any genus defect is 0,
(b) there are no internal nodes, and

(c) contracted components or ghost components v must have
NPT ) =2 and [N+ ) =3
The graph is trivalent if

(a) it is effective,
(b) Po=2,

(c) it has no contracted boundaries,
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(d) all vertices which are not special boundary points are trivalent, and

(e) for every special boundary point, all the so—cycles are of length 2.

A boundary marked point or a boundary half-node in a trivalent graph G which is not
a ghost is said to belong to a face i if its unique internal half-edge belongs to that face.

In Figure 10 the diagrams on the left represent smooth graphs, and all but the top right
are effective.

Remark 4.24 The only nonzero open intersection number which does not involve in-
ternal markings is the genus 0 intersection number with three boundary markings, (o3 )5

The graph which corresponds to this picture is precisely the trivalent ghost.

The following proposition is a consequence of Lemma 4.13, and the closed theory; the
proof is in the appendix.

Proposition 4.25 Let ¥ be a stable open marked Riemann surface. The unique
symmetric JS differential of ¥ defines a unique metric graph (G, {) embedded in
Kp,p,(X). This graph is an open ribbon graph, whose vertices are Kp p,—images of
zeroes of the differential, and whose edges are K p,—images of horizontal trajectories.
The boundary edges, if there are any, are embedded in the boundary and cover it, and
the defects of vertices agree with the defects of their image in K p,(X); in particular,
boundary nodes go to boundary nodes. Under this embedding the orientation of any
half-edge h € s1 HB agrees with the orientation induced on K B,P,(2). Topologically,
Kpp,(X) ~ Xg.

Moreover, any stable (g, B, Z U Py)—metric graph is the graph associated to some stable
open (g, B,7 U Py)—surface and a set of perimeters p. This surface is unique if the
graph is smooth or effective.

We sometimes identify the graph with its image under the embedding. In particular,
throughout this article we shall consider an edge as a trajectory in the surface, and a
half-edge & as a trajectory oriented outward from %/s¢.

Notation 4.26 With the notation of the above observation, denote by comb]§ the map

between surfaces and open metric ribbon graphs defined by (G, {) = combﬂlf(E). Write
also (G, £) = comb® (2, p).
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Definition 4.27 The normalization Norm(G) of a stable connected open ribbon
graph G is the unique smooth, not necessarily connected, open ribbon graph, defined
in the following way. If G is smooth, Norm(G) = G. Otherwise the vertex set is
VIUVEBUCont® (G)u Cont? (G), contracted components are isolated vertices in the
graph, and the half-edges are H! U H 8. The genus and topological defects of vertices
in VIUVE are 0.

For a contracted component v, the genus and topological defects are given by

gD @) =g@) and V™D () =d().

The marking defect and the maps f 7oV and f BV are derived from dNo™(@) (). In
particular, B(v) = (N8)~1(v)U(f2)~1(v). The permutations s¢ and s{ are the trivial
permutations, and /(v) = &.

For any connected component C of Norm(G) not in Cont® (G) U Cont? (G), define
S0 = sg, s1 = slc and f1 = f1-C as those induced from G. Let Py(C) be the union
of the set of elements of Py which map to vertices whose unique N —preimage is in C,
and the set of preimages of internal nodes of C, ie internal vertices v of C such that
[N~1(N(v))| > 1. In other words, we can write Po(C) = (Po(C)NPy)U(Po(C)\Po).
We define fPo = fPo.C. py(C) — VI(C) as follows. On Py(C) N Py we put
fPoC(p)=NT1(fPo(p;)), where fFo of the right-hand side is the function from
the definition of G, while on Po(C)\ Py, the preimages of nodes, we set f F0-C (v) = v.
Define B(C) and fB = fB:C. B(C) — VB(C) similarly.

The normalization Norm(G) of a marked graph is the marked graph whose underlying

graph is the normalization of the underlying graph of G, and new marked points are
marked 0.

Write Norm: Norm(G) — G for the evident normalization map.

Observe that the normalization of a trivalent graph is trivalent, and that if v is a contracted
component which touches at least one edge in G, then |[Norm™!(v)| = |[N~1(v)| + 1.

Figure 11 shows the normalizations of the graphs in the right column of Figure 10.

Notation 4.28 There is a canonical injection B(G) < B(Norm(G)). There is a
fixed-point-free involution on B(Norm(G))\ B(G), which we also denote by 51, which
on preimages of a node that is not a contracted component just interchanges its two
preimages. If v is a contracted component, its new boundary markings correspond
to elements u € (N 8)~1(v). Any such u corresponds also to a unique marking w in
another noncontracted component. Write s;u = w and s;w = u.
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Pyl
gw)y=2, |fPow)=3
ou
gy =3, [fPowl=1 |fBw|=4
e :
D, =Y

0

Figure 11: The normalizations of the graphs in the right column of Figure 10.
The upper normalization has four components; two are contracted compo-
nents. The one which corresponds to v has three internal points of perimeter 0:
the original two and the node. The one which corresponds to u has four
boundary markings: the original two and two that corresponds to half-nodes.
The lower normalization is made of two components. New special points in
both normalizations are labeled 0.

4.2.3 Moduli of open metric graphs For a stable open ribbon graph G, denote by
/\/l the set of all metrics on G, and write M® ¢ (p) for the set of all such metrics where
the zth face has perimeter p;. Note that MR = E(G) /Aut(G) canonically.

Construction—Notation 2 For ¢ € E(G) the edge between vertices v and v,, one can
define the graph d.G as the graph obtained by contracting e to a point, identifying its
vertices to give a new vertex v; vy and updating the permutations and marking defects
as in the closed case. When v and v are internal, then so is vjvy. The genus defect
is updated as in the closed case, and this determines the whole defect. Suppose v
is a boundary vertex. Then so is v1va. If v2 # vy, then g(vi1v2) = g(v1) + g(v2) if
v2 € VB and otherwise g(v1vz) = g(v1)+2g(v2). When vy = vy, let 1 and /5 be the
half-edges of e. Let l?,- e N~ (v;) be the so—cycle of i;. Then g(viv2) = g(v1) +6,
where ~ o~

0 ifhy=h,,

§=11 ifi’:l#i’;z, where 51,526173,

2 otherwise.

We have

d(vlv2) €eIT = IT(g(UIUZ), Ivlvzy Bvlvz)
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or
d(vlvz) eIT = IT(g(UN)z), Ivlvz),

where
Buyw, = (fB) Y (wiv2) U (NB) (w1 02),
Toyw, = (P L (w1v2) UNFO) (v 0,).

These two sets are already known from what we have constructed so far. In particular,
whenever Z7 is trivial — which is always the case for internal vertices, and for boundary
vertices it happens when 2g(v1v2) + 2|1y, v, | + | Bv,v,| < 2—we know d(viv2). For
brevity we will not describe the general update of the topological defect. We do describe
a special case of particular importance. Suppose that e € EB and that v{ # v, are
boundary vertices with d(v;) € ZT7 (0, @, B;), where | B;| = 2. This is the case when
each v; is a marked point or a boundary node which is not a contracted component.
Write B; = {E,-,al-}, where Ei is as above. Suppose h, € H 5, that is, its orientation
disagrees with the orientation of the boundary. Then d(viv,) € ZT (0, @,{a, a1, as}),
where a is the new cycle of 5o/, obtained from concatenating h1 and h- after erasing
h1 and hy, and d(v1v2) is the element which corresponds to cyclic order a — a; — as.

Suppose E' = {ey,...,er} C E. Then there is an identification between E(G)\ E’ and
¢, G). Throughout this paper we shall use this identification without further

.....

comment.

Figure 12 illustrates several examples of edge contractions.

For a stable open ribbon graph G, we define the orbifold cell complex Mﬂé as the cell
complex whose cells are Mﬂé/ for all graphs G’ obtained from G by edge contractions.
The cell Mﬂé which corresponds to contracting the empty subset of E£(G) is included.
If G’ and G” are two such cells, and G” is obtained from G’ by contracting the edges
{e1,...,er}, then the corresponding cell Mlg,, is the boundary of the cell Mﬂé, glued
to it along £, =--- = {,, = 0. In this case we say that M%,, is a face of Mlg,. Write
/WRZ,O?} =11 /WR/N = || MR, where the union is over all open (g, k,)-ribbon
graphs, and ~ is induced by the canonical injections MY, < MR over pairs (G, G’)
where G’ is obtained from G by edge contractions. Write ./\/l k l for the locus which
is the union over smooth graphs. Define MRS c(P)s .MRg k. l(p) and ./\/le k. l(p) by
restricting perimeters to be p;. In these cases we also define the cell attachments using
edge contractions.
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Figure 12: Examples of edge contractions. Contracting the internal edges b
and f of the smooth graph on the top left gives rise to the nodal graph on the
top right. The vertex v; v, corresponds to the permutation (ae)(cd). By further
contracting the boundary edge g between the boundary node and the marked
point 2, we obtain the graph on the left in the middle row. The boundary node
there corresponds to a contracted component which contains two nodes and the
marking 2. The graph on the right-hand side of the same row is equivalent to the
left one, only that the ghost is illustrated and there the cyclic order of half-nodes
is seen. At bottom left a genus 1 ribbon graph is drawn. After contracting the
edge a we obtain a nodal graph. Further contracting ¢, we obtain the graph on
its right, which contains an open contracted component. The genus defect of the
contracted component is 1 and its topological defect is that of a cylinder with
one special boundary point: the node.

The pointwise maps comb® induce moduli maps
R. TR l i Reomb R. R T Reomb
comb™: M™% g 1 xRy, — M gkl and combp MP gk —> M g,k,l(l’)’

which send a stable open surface and a set of perimeters to the corresponding graph.
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Lemma 4.29 /WRC;,II?S with the cell structure defined above is a piecewise smooth
Hausdorff orbifold with corners. This is the finest topology on the moduli of (g, k,[)—
graphs such that the map comb® is continuous. /WRZ,O’I,?FI (p) is compact for any p. We
have comb® : /\/l]if‘! ki X RIJF ~ MRcomb. Moreover, the analogous claims remain true
if we declare some, but not all, of the internal marked points to have zero perimeter.
In fact, for any effective dual graph I", the map comb® restricted to MHI§ X R{F is an

isomorphism onto its image.

The proof is similar to the closed case; see [42; 28] for a proof of the analogous
theorem.

4.3 JS stratification for the graded moduli

4.3.1 Graded ribbon graphs For a metric, open or closed ribbon graph, (G, £), write

Zg.4 = mo(Forgj,((comb®)™1(G,£)) and  Zg ¢ = mo(Fory},((comb®) ™! (G, £)),

spin spin
where the maps ﬁﬁrspin and Forygy;, are defined in Notation 2.41. For any two generic
metrics £ and ¢', the sets Zg ¢ and Zg ¢ are isomorphic; see Remark 2.38. When G

has nontrivial automorphisms the sets are noncanonically isomorphic. For any G, let
Z be the set Zg ¢ for a fixed generic £. Define Zg similarly.

Definition 4.30 A metric spin ribbon graph with a lifting (G, z, £) is a metric ribbon
graph together with an element z € 7 G,¢- The graph is called graded when z € Zg 4.
A graded graph is a pair (G, z), z € Zg. Similarly, in the closed setting, a metric spin
ribbon graph (G, z, £) is a metric ribbon graph together with z € Z Gl

The normalization Norm(G, z, £) of (G, z, £) is the smooth, not necessarily connected
graph [[(G;, ¥¢;, z;), where the (G;,{;) are the components of Norm(G, £), and the
zieZ G, ¢; are induced from z by Proposition 2.19. A half-node is legal if it is legal
as a marked point in the graded structure of Norm(G, z).

By Proposition 4.25, a graded surface, together with perimeters {p;};cz, defines a
unique graded metric graph (G, z, £), where (G, {) is embedded in Kz p, (Forgin (X)),
as in Proposition 4.25, and z is the class of graded spin structures which contains the
graded structure of X. When (G, ) is generic and effective, all possible automorphisms
of (G, ) leave all half-edges in place, and may only act nontrivially on isolated
contracted components, which are of genus 0. Thus, the action of this automorphism
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group on Zg = Zg ¢ is trivial, and hence, in this case, Z¢ is isomorphic to Spin(X),
and any element z of it corresponds to a unique graded structure.

Moreover, by Corollary 2.22, if in addition G has no contracted boundaries, then Zg is
in one-to-one correspondence with isomorphism classes of tuples (Sy,...,S;), where
each S; is a spin structure with a lifting on the i™ component of Norm(X) such that
all original boundary marked points are legal and for any boundary node of X exactly
one half is legal.

Definition 4.31 A spin ribbon graph with a lifting (G, z), with or without a metric £,
is called effective if G is effective, and z is a spin structure with a lifting in which
for every contracted component v € V(G), all boundary marked points of the isolated
component in Norm™!(v) are legal. In the case that v is not isolated, it is equivalent to
all half-nodes in (N Z)~1(v) being illegal. An effective graded graph (G, z) is trivalent
if G is trivalent. The graph is smooth if its underlying graph is. These definitions
extend to the closed case, without the assumptions on boundary nodes.

Denote by SR the set of isomorphism classes of graded smooth trivalent ribbon
graphs, and write R for the set of their underlying open ribbon graphs. Denote by
SRg’ kit S SR the subset whose faces are marked [/] and whose boundary points are
marked by [k]. Define Rg,k,l similarly.

Let OS Rg «; be the collection of all graphs in S Rg .7 With an odd number of boundary
marked points on each boundary component. Define ORg i Similarly.

Note that in a trivalent graph, by definition if v is a contracted component, the unique
ghost component in Norm™!(v) has all marked points legal.

Recall that smooth graded surfaces have no internal markings of twist 1 or illegal
boundary markings. Therefore an immediate corollary of Proposition 2.32, which can
be taken as an alternative definition of Rg k1 18t

Corollary 4.32 Rg’ k.l # & precisely when 2| g + k — 1. Every trivalent smooth graph
satistying this constraint belongs to Rg Kl

Notation 4.33 We define the map comb between graded surfaces and graded metric
ribbon graphs by
comb(X, S, s, p) = (G, z,{),

where (G, £) = comb® (T, p) and z € Z 4 is the corresponding class. Write comb, =
comb(—, —, —, p). Write For®®™(G, z, £) = (G, £).

spin
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Proposition 4.34 Suppose comb(X, p) = (G, z, {).

(a) Then comb(Norm(X), p) = Norm(G, z, £), where preimages of nodes in ¥ will
be internal markings of perimeter zero.

(b) Suppose X' is obtained from X by forgetting an illegal marked point x,, whose
removal makes no component unstable. Suppose that x,, is mapped to vertex v
of G. Write (G',z',£") = comb(X’, p). Then (G’,{’) is obtained from (G, z, {)
by the following procedure. If deg(v) = 2, and v has a zero genus defect and
marking defect {v}, remove v from the graph, unite its two edges e and ep
to one edge e, define {'(e) = £(eq1) + £(e2) and for the other edges put ' = £.
Otherwise the graph and metric do not change, but the marking v is removed
from the marking defect of v. The point z’ is the image of z under the natural
map Zg ¢ — Zg g obtained from Observation 2.43 with B’ = {v}.

Proof The first item is a consequence of Corollary 4.15. The second follows from
Corollary 4.14 and Observation 2.43. a

4.3.2 Combinatorial moduli for graded surfaces, bundles and forms Denote by
M?‘;bl the set of metric graded (g, k,/)-ribbon graphs. Write M?‘,?bl (p) for the
subspace of graphs with fixed perimeters p. Define M?"]‘clbl as the subspace of smooth
graphs. Define similarly M;Ofbl (p). The pointwise maps comb induce moduli maps

N l i7comb v i7comb
comb: Mg s xRy — M and  comb = comby: Mg k1 — M;‘zr,;”l(p),

which send a stable graded surface and a set of perimeters to the corresponding graph.
Endow these spaces with the finest topology such that comb is continuous.

We now study the cell structure of /Wz,orlgbl. Recall that a metric £ is generic if the metric
graph has no automorphisms. In particular, in the open and connected setting, metrics
which give all edges different lengths are generic. For a generic £ € MR, choose z €
ZG = Zg 4, and define Mg ) to be the connected component of (Forggi‘;lb)_l (Mﬂé)
which contains (G, z, £).

comb
spin

natorial case (see the discussion in the end of Section 2.3.6), it is an orbifold branched

The map For is continuous. Moreover, by the same reasoning as in the noncombi-

cover, and over any Mﬂé it is an orbifold cover.
Thus, (Forcomb)—1 (Mﬂé) is an orbibundle over MR, with a generic fiber Zg. Since

spin

MB =RE®/Au(G),

Geometry & Topology, Volume 27 (2023)



The combinatorial formula for open gravitational descendents 2581

such a bundle must be of the form

(Form) =1 (ME) ~ RED x Z)/Auy(G)

spin
for some action of Aut(G) which we now explain.

Let C C M% be the locus of generic metrics, and C € RE(®) its preimage under
the quotient by Aut(G). Except from some borderline cases, which can be treated
separately, its complement is of real codimension at least 3. Over C the fiber of the
bundle is always of size |Zg|. Denote this fiber bundle by E, and let E — C be its
pullback to C. Now 71 (C) is trivial, as RE(@)\ C is of codimension at least 3. Thus
E must be trivial, and is hence isomorphic to C x Zg.

Let £ € C be any point, and let £ be its image in C. Recall that, as an orbispace,
Aut(G) ~ 1 (C/Aut(G), £), and this isomorphism can be made explicit as follows:
for g € Aut(G), choose any path ¥&: [0, 1] — C with )7§ ={e RE(G) and )7‘1g =gl

and set y, to be its y& to C.

Parallel transport z = zo along Y% to get zy. This can be done as the fiber is zero-
dimensional. Define g - (Z, z)=(g- l, z1). This action is independent of choices, and
can be defined continuously over all E. This gives us the orbibundle structure over C.
Again by continuity, it can be uniquely extended to an action on RE(G) X ZgG.

In particular, we have defined an action of Aut(G) on Zg. Define the group Aut(G, z)
as the subgroup of Aut(G) which leaves z invariant. Then Mg ;) ~ RE(G) /Aut(G, z).
Define M(g,,)(p) as the subspace where the perimeters are p.

For e € E(G), define the edge contraction to be 0,(G, z) = (0.G, 0¢z), where 0.z €
Zj,G using the cell structure of M% and the topology of M;"z‘bl Explicitly, fix p and
take an arbitrary continuous path ([2¢]);e[0,1] C Mg k1 0 that comb([Z;]) € M (g ,z)
for ¢ > 0 and Forg,in(comb([Zo])) € M]}iG. Suppose that comb([Z¢]) € M(5,6,2/)-
Then z’ = 0.z, and this definition is easily seen to be independent of choices.

An explicit combinatorial description for the special case of trivalent graphs appears in
Section 5.1.2.

As in the spinless case M(G,z)’ the closure of Mg ;) in /Vlz,or]‘(ml, is the union of

cells Mg ;) where (G’, z’) is obtained from (G, z) by edge contractions, and the
attachment of the cells is also defined via the edge contractions, ie Mg ;) is glued
to M(g,z) along £, = --- = £, = 0, where ey,...,e, are the edges of G which
are contracted to obtain G’. In this case we say that Mg ) is a face of Mg, z).
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We similarly define M (G,z)(P). Again as in the spinless case we can now define the
orbifold cell complex structure on M e k. 33

?}?bl = ]_[M(G 2/~ = ]_[M(G )

where the union is over all connected components which correspond to graded (g, k,[)—
ribbon graphs, and ~ is induced by edge contractions. We similarly define the orbifold
cell complex structure on M“’ 1(P). In both cases the cell structure agrees with the
topology. Denote the quotlent by-~ map by E

A graph (G, z) corresponds to a boundary stratum of Mcok p» that is Mg z) C
comb(dM gkl XR +) if and only if it has at least one boundary node or contracted
boundary. In this case we call it a boundary graph. All of the above constructions
extend to the setting of spin ribbon graphs with a lifting, and to (closed) spin ribbon
graphs.

Lemma 4.35 Suppose 2| g + k — 1. Then /\720‘,1;1’1 and /\7?‘;{“’1 (p) are piecewise

smooth Hausdorff orbifolds with corners, and the latter is compact.

The maps comb and comb, are isomorphisms onto their images when restricted to the
open dense subsets Mg i | X R{F and Mg 1.

The map comb, induces an orientation on M°° AL and deg(combp) = 1 with this
orientation.

Analogous claims are true if we declare some, but not all, of the internal marked points
to have perimeter zero. Analogous claims are also true if we allow some internal
markings to be Ramond or if we consider the case of closed (twisted) spin surfaces. In
addition, for an effective dual spin graph with a lifting I", the maps comb and comb,
restricted to Mt X Rﬂr and M are isomorphisms onto their images.

The proof is similar to the closed case and will be omitted. The orientation on /\71‘;,0‘]‘(1"1

will be constructed explicitly later.

The combinatorial S!-bundles F; for i € [/] are defined as in Definition 4.9. Again
these carry a natural piecewise smooth structure, compatible with the natural piecewise
smooth structures on Mcorlz‘bl The forms «;, w;, ;, w; and w are defined as in

Definition 4.9 and equation (23).
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Definition 4.36 Let S € N be a finite set. An (S, /)—set L is a function L: S — [[].
We write S = Dom(L). In the case that S = [d], we simply write it as (d, [)-set. We
say that L is an [—set if the set S is understood from the context.

Given two [—sets L and L’, we write
L'CL,
and say that L’ is a subset of L, writing L’ C L, if
Dom(L") CDom(L) and Ll|pemsy =L
In this case we define the /-set L \ L’ by
L\ L":Dom(L)\Dom(L") = [I], (L\L")(s)= L(s).
In the case that j € Dom(L), we write j € L. For i € [/] we put

Li = L7Y).
The (S, [)—sets will be used to encode direct sums of tautological lines as follows.

Notation 4.37 Recall Construction—Notation 1. To any (S, /)—set L we associate a
vector bundle E7 and a sphere bundle S7, given by

EL= ZLL(i) — Mgy and S, = S((FLi)ies)-
ieS

We will also consider the sphere bundle S(E7) associated to E .

Define an angular form &7, for Sy, by formula (19), and using Kontsevich’s forms for
the copy Fp(;) of the L(i)"™ S'-bundle. Explicitly,

Or({ri}ies {0ities, {Di}ies)

|S|—1
=Y Ry e 3 AGjdrag)a N d
k=0 ieS 1S\ € hgT Ui}

|I|=k

where @; is Kontsevich’s two-form wy ;) and &; is a copy of Kontsevich’s one-form
ay ;). We refer to it as a copy since, for i1,i2 € L;, both @;, and &;, are given by the
same formula of the angular 1-form of F;, but with different ¢ variables. Write

wp =—d®p = /§ oL@y Pr=[]rie @L=p"toL. PL=p*rPL.
'€ ieS
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When S # [d] we will sometimes omit the assumption that ) ;¢ rl.2 = 1, and then
—d®p, gets a correction; see Remark 3.5.

When it is not clear from context, we write osz to indicate the specific graph G. The
same remark goes for the other forms.

Exactly as in the closed case, we have:

Lemma 4.38 (a) Fori € [l], there is a canonical isomorphism comb* F; ~ S1(IL;).
As a result, comb*Sy ~ S(Ey) canonically.

(b) The forms «; and w; are a piecewise smooth angular one-form and Euler two-
form for SY(IL;). &y, is an angular form of Sy, and wy, is its Euler form.

(¢) For(G,z) e SRg x> there is a canonical identification
(Fi = Mg.2)) = EX(Fi = MR,

Similarly for the bundles Sy, .

Notation 4.39 Recall Proposition 4.34. Let (G, z, £) be a metric spin ribbon graph with
a lifting. Define the graph B(G, z, £) = (BG, Bz, B) by first taking the normalization
of (G, z,£), and then forgetting isolated components, the lifting data in contracted
boundaries, and the new illegal marked points. Let B: M(G,z) = MBe B2 be the
induced map on the moduli.

Observation 4.40 For any spin ribbon graph with a lifting (G, z), and face marked i,
we have Fi — MG, z) = B* (Fi — ME’(G,z)) canonically, and a similar claim holds
for Sy..

The observation follows from the natural identification of the boundary of the i faces
in G and BG.

Proposition 4.41 A special canonical multisection s of S(Er) is a pullback of a
multisection s’ of Sp..

Proof Take Mr C M gk, and letiy, ... i, be labels of internal tails, one for each
vertex of I". Now
comb(Mr X R{i-) = ]_[ MG,z)
(G.2)
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where the union is taken over some graded graphs (G, z). Consider one of them; denote
it by (G, z). Write

,
or =[] or..
j=1

The diagram

®
comb ' MGz — comb_lM(gG’gz)

(24) J{comb J{comb

B
M@G,z)y = MB6 B2)

commutes, by Proposition 4.34. Now (BG, Bz) is smooth, hence the right vertical arrow
is an isomorphism, by Lemma 4.35. A special canonical multisection over Mr x Rﬂr is
pulled back via &, from S(Er) — ]_[Jr-zl lefk(l") X R{F. Let s be special canonical;
we now construct s’ with s = comb™s’. Write §|comb=" Mg - = 7. (comb™(s”)), where
s is a multisection of S;, — M5 7). Define s'| s ., = B*s”. These multisections
for different strata evidently glue. O

Definition 4.42 A special canonical multisection of S;, — /W‘;"r]?bl is a multisection s

with comb*s special canonical. A special canonical multisection of S; — M(G,Z)
is a E—pullback of a special canonical multisection on /ng"’,‘;bl. Write s(%2) for the
restriction of s to M (G,z)-

The proof of the proposition yields the following immediate corollary.

Corollary 4.43 Suppose (G, z) is a boundary (g, k, [ )—graded ribbon graph, and s is a
special canonical multisection of Sy, where L is a (d, [)—set, restricted to the boundary
cell M(G,zy. Thens = B*s’, where s’ is a multisection of S — MzG.z)-

The main result of this section is that the descendents can be calculated over the
combinatorial moduli.

Lemma 4.44 Let s be a special canonical multisection for S(Er). Denote by s’ the
multisection on Sy, with s = comb™s’. Then

25) [ esEnn=[ e,
Mg,k,l M?n/zbl(l-’)
The orientations are those induced on the combinatorial moduli by comby.

The proof is an immediate consequence of Lemmas 4.35 and 4.38 and Observation 2.49.
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-4 340

Figure 13: Bridges and their contractions. On the left, three compatible
bridges are drawn, a, b and c. In the center, b and ¢ are contracted, and
on the right, the normalization is presented. If 4 is the boundary half-edge
which corresponds to b, then 0/ corresponds to the half-node in the ghost
component of the normalization. If 4 and /, are the half-edges of c, then
dc.hq and d.hy are the two half-nodes in the normalization of the node which
corresponds to c.

4.3.3 Intersection numbers as integrals over the combinatorial moduli We can

comb

gkl and the associated bundles to

now use the natural piecewise linear structure on M
write an explicit integral formula for them.

Definition 4.45 A boundary loop in a graded graph (G, z) is a boundary edge which
is a loop. We denote the collection of these elements by Loop(G). A bridge in a graded
graph (G, z) is either a boundary edge between two distinct special legal boundary
points or an internal edge between two boundary vertices; see Figure 13 and the left-
hand sides of Figure 14 rows four and five. Denote by Br(G, z) the set of bridges
of (G, z). Usually we shall omit z from the notation and write Br(G) instead. A
compatible sequence of bridges {e1, ..., ey} is a sequence of bridges such that e; 11 is
a bridge in de, ... ¢; G for all i.

Suppose e is a bridge and h € H! satisfies 1i/s; = e. Set i’ = s,h. We define
deh € HN(d,G) (recall HN was defined in Definition 4.18) to be the unique vertex
v € V(Norm(d.G)) with h’/sg = v, where we consider 4’ as an edge of Norm(d,G),
using the canonical identification; see Figure 13 and the right-hand sides of the fourth
and fifth rows of Figure 14. When there is 1 € H 8 with /1/s; = e, contracting e creates
a contracted component v, which is identified with a ghost component of Norm(G); see
Figure 13 and row four of Figure 14 again. We denote by d./ € B(v) the marking which
is the so—cycle of s5(s1 /) in (N B)~1(v). This is equivalent to writing d./ = s519¢ (s14),
recalling Notation 4.28.
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Figure 14: Edge contractions and Feynman moves. In rows four and five,
bridge contractions are presented. In the bottom row, a boundary contraction
is shown. In the first three rows it is shown how the other types of contracted
edges can be obtained as the result of two different contractions.

The following observation is immediate.

Observation 4.46  (a) We have that dim Mg ;) (p) = dim My 4 ; if and only if
(G,z) € SRg Kl

(b) In addition, (G, z) is a boundary graph if and only if it can be represented as
dey....e, (G, 2"), where (G',z) € SRg,k,l and at least one e; is a bridge or
a loop. The only boundary graphs (G, z) whose moduli is of full dimension
dim M x ;—1 are those which can be written as 3. (G', z') for (G', z') € ‘SRg,k,l
and e € Br(G’) U Loop(G’).

(¢c) If{eq,...,er} is a compatible sequence of bridges in a trivalent graph (G, z),
then 0, ,....e, (G, z) is trivalent. Any trivalent graph can be written in the form
Oey,....e, (G, z), where (G, z) is smooth trivalent and {ey, ..., e,} is a compatible

sequence of bridges. This representation is unique up to reordering the bridges
in the sequence.

See rows four and five of Figure 14 for examples.
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Recall Definition 2.51. Using Observation 4.46, Lemma 4.44 and Proposition 3.3, we
immediately get:

Lemma 4.47 Let L be a (d,l)—set, where d = %(3g —3+4k+2l),and let s be a
special canonical multisection for Sy,. Then

2%(g+k—1) (ta, - Talﬂk
[ L+ Z / S*CDL.
(G, Z)GSRO M, z)(P) G 2)eSRO o Mje(G.2)(P)
> g.k.
[e]l€[Br(G)ULoop(G)]
Equivalently,
p2L22(g+k 1)< Tay0

or, + / S*EJL.
/M(G 2)(p) Z Mae(G.2)(P)

(G.2)esRY 4,

(G, z)esn‘g K k.
[e]€[Br(G)ULoop(G)]

The orientations are those induced on the combinatorial moduli by comb,.

Remark 4.48 The formalism of piecewise linear forms and their integration is treated,
for instance, in [42].

Construction—Notation 3 For later purposes we now define Feynman moves in edges.
Suppose that G is a trivalent graph, and let e € E \ Br(G). If e is a boundary edge,
we require that least one of its vertices is not a special point. If e is a boundary loop,
define the graph G, := G. Otherwise, define G, as the graph obtained from G by first
contracting e and then reopening it in the unique different possible way; see the first
three rows of Figure 14.

Let (G, z) be a graded trivalent graph. For a boundary loop e define the graded structure
Ze € Zg as the graded structure which is identical to z except that the lifting on the
boundary component e is opposite. For an edge e ¢ Br(G) ULoop(G), write z, € Zg,
for the graded structure on G, defined by the following proposition.

Proposition 4.49 For (G, z) and e as above, there is a unique graded structure z, such
that if G is smooth, Mg, ;) is the unique codimension-zero cell of /WZ,‘”,?"I adjacent
to M(g,z) along My, (G,z). For nonsmooth G, write (G,z) = 0e, ..., (H, w), where

e1,...,er € E(H), with (H, w) trivalent and smooth. Then

(Ge,ze) = ael ..... e (He, we).

.....
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Proof For a smooth trivalent G and an edge e, 8eM(G,Z) is a codimension-one face;
hence, since MM gkl is an orbifold with corners, this face must be adjacent to at most
one additional codlmension—zero cell. Since e is neither a boundary loop nor a bridge,

this face is not contained in the boundary of the moduli; hence it is adjacent to two

comb
spin

MG, z,) for some graded structure z, € Z¢ \ z, or of the form Mg, ;) for z, € Z(G,).
The map M;"}?bl ~ Mgy —> ME ekl = ./\/lf o ® when restricted to the open dense

codimension-zero cells. Since For is continuous, this cell must be of the form

set of generic metrics, is a (nonbranched) covering map, as there are no automorphisms
to the objects, and since the neighboring cell in .MR Comb to MY along 9, MR is MR(),
the neighboring cell of Mg, ;) along the boundary 8 M(G, z) must be Mg, z,)- The
rest of the claim follows from the cell structure and Observation 4.46(c). O

The operations G — G, and (G, z) — (Ge, z¢) are called Feynman moves.

S 'Trivalent and critical nodal graphs

It follows from Lemma 4.47 that all intersection numbers can be calculated as integrals
over the highest-dimensional cells of MC‘“,? 7> and of 8./\72‘)",?}’1. In the next section we
will describe an iterative integration formula for the integrals. We will see that the
cells that contribute to this iterative process are those which correspond to trivalent
graded ribbon graphs. Analyzing their contribution is done by using a new type of
graph, which we define below and name critical nodal graphs. It turns out that both for
trivalent graded graphs, and for critical nodal graphs, the extra data of the graded spin
structure can be described in an explicit combinatorial manner. In this section we shall
provide this combinatorial interpretation, use it to describe the boundary conditions
and to write an explicit expression for the canonical orientations.

5.1 Kasteleyn orientations

From here until the end of this subsection fix a graph G € R? 2 k.l where R kg Was
defined in Definition 4.31.

Definition 5.1 Consider the set A of all assignments H! — Z,. A vertex flip is the
involution f,: A — A defined as follows. For A € A, f, A is the assignment which
satisfies the following condition: f,A(h) # A(h) if and only if exactly one of the
vertices of i, h/sg and s1(h)/sg is v.
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A Kasteleyn orientation on G is an assignment K € .4 which satisfies the following
conditions:

(a) If h belongs to a boundary edge, that is, s;/ € H 5, then
K(h)=1.
(b) For other half-edges £,
K(h) + K(s1(h)) = 1.

(c) For every face i,

> Khy=1.

hGH,’

For convenience extend K to H B by 0, so that property (b) holds for any half-edge.
K(G) will stand for the set of all Kasteleyn orientations of G. Vertex flips act on
the set K(G). Two Kasteleyn orientations are equivalent if they differ by vertex flips.
Write [K(G)] for the set of equivalence classes of Kasteleyn orientations, and [K] for
the equivalence class of K.

Observation 5.2 Equivalent assignments give the same value to any half-edge of a
bridge.

Definition 5.3 The legal side of a bridge e is the half-edge & € sl_1 (e) with K(h) =0.
The other side is illegal.

The main goal of this subsection is to show that there is a natural bijection between
SRY ., and {(G,[K]) | G € R . [K] € [K(G)]/Aut(G)}.

We first show how a graded structure induces an element in [K(G)]. Take a graded
surface (X, S, s) whose corresponding embedded ribbon graph, defined by the JS
differential, is G.

Definition 5.4 Let v e V!, and let {hi}i=1,,3 be its three half-edges, ordered so that
sohi = hi+1. A choice of lifting for v is a choice of lifts [}, € Sy for the oriented Tvlh,-
(see Notation 2.23) such that

(26) Inyy = Royvanly, for i =12,

where 0; = L(Tyhi, Tyhi+1).
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Let 33, be a boundary component. Write Hy, = {h; ™ ., where the h; € H' are the

i=1
half-edges which are embedded in 9%, ordered so that s1; 11 = s1(s5 Y(s1(h;))). Put
v; = h;/so. A lifting for 9% is the unique choice of lifts [, € S, of Tvlih, for any i
and any h € Hy,, satisfying the following requirements:

(a) For h = h; € s1 Hy, we have [}, = s(v;).

(b) If v; is not a marked point, let f = soh; and put 6 = £L(h;, f). Then
lf = R0+2ﬂlh,j and lsglhi = Rﬂlhi-
(c) If v; is a marked point, lsalhi = Razly,.

A choice of lifting is a choice of lifting for any vertex, and a lifting for any boundary
component of the graph.

Note that given a choice of lifting in a vertex v, (26) holds also for i = 3, since
composing (26) fori =1, 2, 3 yields

R67T+Z?=] Oilhl = RSﬂlhl = lh]?

where the first equality follows from ) 6; = 2, and the last equality uses that R4, is
the identity map. This also shows that a choice of a lifting for an internal vertex does
not depend on the choice of which half-edge is taken to be /1. In addition, note that a
lifting of a boundary does not depend on choices.

Figure 15 illustrates the three types of liftings described above.

A consequence of the definition of the graded boundary conditions is the following.

Observation 5.5 Consider a lifting for the boundary 0%;. With the above notation, if
v; is a marked point, then I, = Ry P(hi—1)lp, . If v; is a boundary vertex which
is not a marked point, then I, = P(hj—1)lp,_,. In both cases, Ry P(hi—1)ly; | =

Lsyhiy) = Ly -

Remark 5.6 Iterating Observation 5.5 over all boundary vertices, we are led to the
single constraint [, = Ry, !p,, where kj, is the number of boundary marked points
of the boundary component dXj;. By unwinding the alternations in boundary marked
points, we see that ¢(y) = kp + 1 for y a simple closed path isotopic to 0Xy,.
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hy Iny lhz
v hl l}/ll Zhl
& b, I,
f Lso)=1h
(m)*h#h 7 Iy
ly
(s0) 'h—@——nh — In
v
Lisgy=1h

Figure 15: In this figure the three types of liftings from Definition 5.4 are
illustrated. The left column represents the local picture at the surface, while the
right column represents the corresponding picture at the level of the spin fiber.
Each vector on the left-hand side has two preimages on the right-hand side
(where the angles between consecutive vectors on the right are half of those
from the left). In the top row an internal trivalent vertex v is drawn. For v there
are two possible lifts: {l5, ., ln,.lp,} and {l},z, , l,’lz, 1;13}. In the middle row, v
is a trivalent boundary vertex and in the bottom row v is a boundary marked
point. In both of these cases the horizontal line in the left column represents
the boundary, and in both cases [}, is determined from the data of the grading,
so there is no choice in the liftings, and they are as in the figure.

A choice of a lifting induces an assignment K € A as follows. K(h) = 1if s;h € H5.
For an internal half-edge /, considered as an arc from u to v, we have lifts /5 and g, (z
of T)}h and T,!s1h, respectively. Now, R, P(h)l} also covers T} s1h, hence it equals
either [g, (n) or Razlg, (ny. In the first case we define K(h) = 1, otherwise K(h) = 0.
Write K(X, S, s) for the set of all assignments of G induced by choices of liftings.

Definition 5.7 A vertex lift flip in a vertex v € V! is the involution of the set of choices
of lifts which takes one choice to the choice that differs exactly in the lift at v.

Lemma 5.8 If C and C’ are two choices of lift which differ by a vertex lift flip in v,
the corresponding assignments K and K’ differ by a vertex flip f,. The vertex flips act
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commutatively freely transitively on K(X, S, s). The correspondence between choices
of lift and K (X, S, s) is a bijection. As a conclusion, |K(X,S,s)| = V16,

Proof The first assertion as well as the commutativity and transitivity of the action are
straightforward. The rest will follow from proving that the action is free. In order to
show this, note that we can think of K(X, S, 5) as subset of ZH This is a vector space,
and a vertex flip f, is just an addition of an element fv € Zf which is s;—invariant
and zero everywhere except for edges with exactly one of their ends being v. Thus,
we can also think of ];; as a function from E to Z, which vanishes identically on
boundary edges. In other words, ﬁ, is canonically a 1-cochain with coefficients in Z,
relative to boundary. In fact, if § is the coboundary operator on the relative cochain
complex defined on X by the 1-skeleton G, then ﬁ, = Jey, where ey, is the O—cochain
which is 1 only at v. If the action of vertex flips were not free, there would be a subset

A € VI such that
va :03

vEA
or equivalently
1 Z ey =0,
vEA
S0 Y ,c4 ey would be §—closed in HY(Z,9%) ~ H,(X)*, by Poincaré—Lefschetz
duality. But H,(X) = 0, which means 4 = &. m]

We now study K(X, S, s) more carefully.

Proposition 5.9 Fix K € K(X, S, s).

Forh e HY putv=h/sg, u = (s1h)/so, f = so_lslh and, if u is not a marked point,
' = sos1h. Write 0 = L(P(h)T} h, T} f) € (—m,w) anda = £L(f', f) € (0,2n) if
u is not a marked point. Let I, and [y denote the lifts of T, h and T,} f, respectively,
induced by K, and when u is not a marked point, let ls/ be the lift of T} f'. Finally,
let ¢ = K(h). Then we have the following equalities:

(@) Iy = RogeygP(M)}.
(b) If u is not a marked point, l/ = Ry (14¢)+6—a P(h)lp and 0 —a € (-7, ).

Forh € HB from v tou, write f = syh. If u is a marked point, then Ry P (h)l), = ly.
If u is not a marked point, write f’ = sos1h and 0 = L(P(h)T} h, T} f') € (-, 0).
Then P(h)lp =1y and Rg 251y = Iy
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Proof We prove it for i € H; the proof for boundary half-edges is similar and follows
from Observation 5.5. We have

K(h) =¢ <= Rz P(W)lp = Ra+e)2nls ()
— Ry P(W)lp = Rate)2n(Ron+rx—0lf)
< RyPW) = R£27rlf,

where the equivalence in the second line follows from the definition of a choice of lift
in a vertex, while the equivalence in the last line is a consequence of Remark 2.25. The
second claim follows from [s» = R_37 4l and the cyclic order of the half-edges. O

We now prove:
Lemma 5.10 If K € K(XZ,S,s), then K is a Kasteleyn orientation.
Proof Property (a) of Kasteleyn orientations is just Observation 5.5. Property (b) is
reduced, thanks to Remark 2.25 and the construction of K, to
Ry P(s1(h)) Rz P(h) = Rax,

but this follows from Proposition 2.28 applied to the piecewise smooth closed curve
h — h — h, where h is h with the opposite orientation.

To show property (c), let hy, ..., be an ordering of H; such that sx(h;) = hj41.
Set vj = hj/so. Let I, be the lift of Tvlj hj determined by K, using Lemma 5.8.
Proposition 2.28 applied to the piecewise smooth curve y; =hy —hy — -+ hy, — hy is
equivalent to P(y;)lp, = Raxlp,. Put ;41 = A(P(hj)Tvljhj, Tvleth) € (—m, ).
Now, by Proposition 5.9,

Rg_}.+1P(hj)lhj = R8j27Tlh_j+1’ with &j € Ly,
where ¢; = K(h;). Iterating this equation for j =1,...,m, we get

lhl = R2”3m+91P(hm)RZﬂEmfl-l-@mP(hm—l)"'R2ns1+92P(h1)lh1
= R27r Zlmzls,-R&P(hm)RGmP(hm—l)"'Rgzp(hl)lhl.

On the other hand, Rg, P(hm)Rg,, P(hm—1) -+ Ro, P(h1) = Raz(144(y;)) by the def-
inition of ¢. But ¢(y;) = 0, since y; is trivial in the homology of X. So the sum
Yot ei =y it K(h;) must be odd. O

Theorem 5.11 Let G and X be as above. There is a bijection between Spin(X), the
set of isomorphism classes of graded spin structures on ¥, and [K(G)].
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Proof Given a graded spin structure (S,s) on X, we have constructed an equiva-
lence class of Kasteleyn orientations, and this equivalence class depends only on the
isomorphism type of (S, s), so that we get a map

[K]: Spin(X) — [K(G)].
We shall construct a map Spin in the other direction.

Fix K € K(G). We first construct the restriction of the spin bundle to G, the 1-skeleton
of X. For any vertex v, write

Ny = U{h;},

where h; are the open half-edges emanating from v, after removing their second
endpoint. We define Spin(K)|y, as the trivial spin cover of T!X|y,. On any fiber of
Spin(K) there is an action of R /47 Z; denote it by Ry.

For a vertex v, choose sections /p; : h; — Spin(K)] % which cover T/} h; so that for any
hi ¢ H,

Rog+6, (0)p, (V) = L5y (V).
where 6; = L(T}h;, Tl so(hi)).

The transition map g,/ s, ey : Spin(K)|er — Spin(K)|s, ey is given by identifying
Rok(eyn—n!n and [g, p, and extending using the R /47 Z—-action.

It follows from construction and from property (c) of Kasteleyn orientations that for
each i € [/], the spin structure on the boundary of face i of G, which is a topological
disk, satisfies Proposition 2.28, and hence can be extended uniquely to the face. Thus,
we have constructed a spin structure on X. The section {/;}¢s, & is evidently a
grading. Call this graded spin structure Spin(K). It can be verified easily that equivalent
Kasteleyn orientations give rise to isomorphic graded spin structure, and that the maps
[K] and Spin are inverse to each other. O

Knowing now that the data of an equivalence class of Kasteleyn orientations is equivalent
to the data of a graded spin structure, we may try to calculate ¢ and Q using K.

Definition 5.12 Let y = (hy — -+ — h;u(— k1)) be an open (closed) directed path
inG e Rg «.; Without backtracking; that is, the directed edge s1/ cannot follow / in
the path. Put v; = h; /so. We say that y makes a bad turn at v; if either

(@) hj_1 € H! and h; # sphi_1, or

(b) hi—i € HB and h; = sos1hi—1,
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/a 7

I

Figure 16: Good and bad turns. In this figure a line with an arrow represents
a half-edge in a directed path, and the orientation is always counterclockwise.
In the top row an internal vertex is drawn; the left shows a good turn, the
right a bad turn. In the middle row the horizontal line is the boundary, and
the surface lies above it. The oriented half-edges in the boundary belong to
s1HB. Only the leftmost image represents a bad turn. In the bottom row the
oriented half-edges in the boundary component are boundary half-edges. The
image on the left is a good turn, while the other two are bad.

where i — 1 is taken modulo m in the closed case. Otherwise it makes a good turn.
BT(y) is the number of bad turns.

See Figure 16 for illustrations of good and bad turns.

Proposition 5.13 Fix [K]. With the conventions of the previous definition:

(a) Fory closed, q(y) =qk(y) :=1+4+)_; K(h;) +BT(y) forany K € [K].
(b) For y open, with hy,hy,, € s1H B let 7 be the subarc obtained from y after

removing small neighborhoods of its endpoints. Then Q(y) = Qk(y) :=
1+ ; K(h;) +BT(y) for any K € [K].

We defined ¥ in order to avoid marked points as endpoints.

Proof Fix K €[K]. Recall the correspondence between Kasteleyn orientations and lifts
(Lemma 5.8), and take the corresponding lift /. Put 6; 11 = A(P(hj)Tlhj, T'hji1) e
(—m, ), write ¢; = K(h;), and define bt; 11 € Z> to be 1 if and only if y makes a bad
turn in v; 41, and otherwise 0. Proposition 5.9 is equivalent, in this notation, to

@27) Ro;  P(hj)ln; = R+ 4 1)2nlhy g -
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When y is closed, iterating (27) for j = 1,...,m we get that

Ihy= Ran (e +bt1)+6, P (m) Rom (e +bt) +0,n P (m—1) =+ * Rag(eq +b1p)+6, P (1)1,

=R, (BT +X7L 1 &) Ra+q()2n In,

= Ron (g +14B10)+ 372, &)

where the final equality uses the definition of ¢, Definition 2.26.

Similarly, when y is open, iterating (27) over j = 1,...,m —1 and applying the same
reasoning, this time using Definition 2.30, we obtain, as needed,

I = Ry BT+ s,~+Q(V))lh1 = Ron(14B10)+20L, i+ 0 () hi

where we used &, = K(hy,) = 1. O

Remark 5.14 The first case of the proposition appeared before in [12]. Although the
formula depends on the orientation of y, the result is orientation-independent in the
closed case. Indeed, flipping the orientation changes each K(%) to K(s1h) = K(h) + 1
and interchanges the sets of good turns and of bad turns. Thus, the total change is
the number of edges plus the number of vertices of y, that is, a change by 2m = 0.
A similar argument shows that in the open case the result changes by 1 when the
orientation is flipped.

Definition 5.15 An automorphism ¢: G — G defines an action ¢, on K(G) and
[K(G)] by

(¢«K)(h) = K@~ (h).
An automorphism ¢ of (G, [K]) is an automorphism ¢ of G for which ¢«[K] = [K].
We write Aut(G, [K]) for the group of these automorphisms.

Proposition 5.16 For any G € SRg k1> the map
EG
I Men— LI RED/AuG.K)
zeZg /Aut(G) [K]1e[K(G)]/Aut(G)

which takes a metric graded graph (G, z,{) to ([K],{), where [K] is the Kasteleyn
orientation associated to the graded spin structure of comb ™! (G, z,4), is a homeomor-
phism.
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Proof It is enough to show that along a path (X;)p<s<1 in comb_l(M(G’Z)), the
equivalence classes [K;] = [K:(Z¢, Sy, s¢)] € [K(G)] are the same. Take Ky €
[K(Z0, S0, 50)]. This determines the maps Q¢ and qg, by Proposition 5.13 and the
fact that any piecewise smooth path may be isotoped to a nonbacktracking one on the
1-skeleton G < Xo. Now, varying (X;, Sy, s¢) is equivalent to varying the metric £,
on G in the component Mg, ;) continuously. But then it is evident that the maps @
and ¢, determined by K¢ on the paths in the resulting embedded graph do not change.
By Lemma 2.39 we see that [K;] = [Kj]. |

In light of Proposition 5.16, we can redefine SR and the related combinatorial moduli
spaces.

Notation 5.17 From now on we write
SR ., ={(G.[K]) | G € R® . [K] € [K(G)]/Aut(G)}.

Define Mg, [k]) = RE(G) /Aut(G, [K]), the moduli of metrics on G together with a
fixed equivalence class of Kasteleyn orientations. We have that Mg [k]) = M(G,z)
for a unique z € Zg, as in Proposition 5.16. We therefore set /\7(0,[1{]) = M(G,Z).
Define analogously Mg [k7)(p) and M(G,[K])(p).

Example 5.18 Fix a connected component C of ./\_/15, Kl Suppose that smooth surfaces
in C have b boundary components and write g = %(g—b—l— 1). Letkj for j=1,....,b
be the number of boundary marked points on boundary component j, for some locally
defined numbering of the boundary components. One ribbon graph which corresponds
to surfaces in C is the graph G € Rg’ k.l with

V=

. — . . . . . +
See also Figure 17. Only the v;” are internal vertices, while the vertices pj i, v 41

and v’ belong to the j™ boundary component. The other boundary vertices belong

J -1 7j
to the first boundary. So

1
H" = U Hbdry,i U Hbridges U ngnus U Hintemal marked
i€[b]
where:

(@) Hbary,j = {€j,i fo<i<k;+(1-8,,) for j # 1 are the boundary edges of boundary
component j and of face 1, and e;;/so = pj; for 1 <i < k;. In addition,
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€h—1,kp_1+1

€p,1

€p,2

Figure 17

ej,0/s0 = vj?,Lj_‘_l and (s1€j,0)/s0 = pj,1. For j # b, 1, the edge ¢} x, connects
Pjk; tov;_ ;, and we have €ik;+1/50 = v;_,,; and s1(€jk;+1)/50 = U‘/—",_j+1'
For j = b, we have €k, /S0 = v;_l,b. They are ordered so that e; ; +1 = s’zej,,-,
where s/ (e) := sl(sz_1 (s1(e))) fore € s{ HB.

(b) Hbdry,l =ai,by,c1,dy,as, .. .,dgs,hz,. .. ,hl,elo,el,l,. - €1k is the set of
boundary edges of the first boundary, which all belong to face 1, ordered by s/

order. The boundary vertices, in counterclockwise order starting from v;r 5> the
vertex of the bridge, are

+ ot ot =t + +
1o Up WY U Wy Uy ey We o Vg s U PLLs - DLk -

v
The adjacency relation is thus a1 /s = vfrz. Fori > 1, we have

/ — b/ — T / I d / 0

ai/So = W;_q1, ,so—ui, C1 S()—wi, 1/80 =U; .

Next, hz/so = wy, and h;/so = vl.+_1 for i > 1. Finally, e 9/s0 = vl+, and
e1,i/so = pi1,i fori > 0.
(¢) Hyridges = {b}, j+1,5j, j+1}je[b—1] 1s the set of bridges between consecutive
boundaries. We have
—pt h. oo, — . b . —
bjj+1/s0=v; ;1. bjjr1=s1bjjt1. bjj+1/50 =1} ;1.

(d) Hgenus = { /i ﬁ . 8i» 8i}ieg, is a set of internal half-edges of face 1 such that f;
goes from ul+ to u; and satisfies ﬁ =51 fi, and g; goes from wl.Jr to w;” and
satisfies g; = 51g;-
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(€) Hinternal marked = {xi s Xis Vi Vi }i=2,...,l is the following set: y; is the unique edge
of face i satisfying y; /so = v;, and y; = s1y;. The third half-edge of v;™ is x;,
+

and X; = s1x;, while X; /so = v;".
We now describe K(G). First of all, K(h) = 1 if s1h € HB or h = y;. There is no
constraint on K(x;), but different values are equivalent by flips in v;". Since there are
no more internal vertices, for all other edges there are no constraints and no relations.
Thus there is a total of 228sTb=1 = 28 different graded spin structures in this case.
Since this is a topological invariant, for any generic open genus g surface in C there
are 28 graded structures. Thus, for any generic open genus g surface which satisfies

condition (5) there are 28 graded structures.

Remark 5.19 In [34] a notion of parity is defined for smooth graded surfaces with
an odd number of boundary points for each component. It is defined as follows.
Given such a graded surface (X, S, s), choose a symplectic basis {@;, B;}ic[q,] tO
H(X,7Z,)/Ho(0%, Z>). The quadratic form g factors through this quotient. Define
Arf(2) =) q(ai)q(Bi) (mod 2). This is an isotopy invariant. A spin structure is said
to be even if the Arf is 0, otherwise it is odd. This notion is generalized, also in [34],
to give the open Arf invariant, which is defined for any graded surface, and specializes
to the parity if there is an odd number of markings on each boundary.

For example, with the notation of Example 5.18, suppose that each k; is odd. A possible
choice for the symplectic basis is

o =b; — ¢ —>f,-—>b,-, Bi=ci —>di > gi —ci.
Now, by Proposition 5.13,
qler) = 1+ K(bi) + K(c) + K(f;) +BT(@) = K(f7).
since there is one bad turn. Similarly, g(8;) = K(g;). Therefore,
Arf(S) = Y K(f)K(E).

i€[gs]

A simple calculation now shows that the difference between even and odd spin gradings
o . 1 _
in this case is 28sT6—1 = 23(&+b-1),

Remark 5.20 Kasteleyn orientations are named after W Kasteleyn, who used them

to analyze dimer statistics; see for example [23]. The connection between Kasteleyn
orientations and spin structures on closed surfaces is established in [26; 12].
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>V<>A<)A

Figure 18: G, d.G and G,. The middle graph is d.G. We draw an half-edge
inside the face which contains it.

d

5.1.1 Adjacent Kasteleyn orientations Recall Construction—Notation 3. In the
cell structure of MCO e the cell (G, [K]) is adjacent to cells of the form (Ge, [K¢])
for edges e ¢ Br(G) U Loop(G) with [K,] € [K(G,)], by Proposition 4.49. We now
describe [K,] explicitly in terms of [K].

Fix a Kasteleyn orientation K € [K]. Write & for the unique half-edge such that
K(h)=1and h/sy = e. Write

a=so(h), b=s3h), c=s1(s0(s1(h))), d=s1(s5(s1(h)));

see Figure 18. For brevity write x for s1(x). Apart from some borderline cases, which
may be treated separately, we may assume all these vertices and half-edges are distinct,
and then, using vertex flips if needed, we may also restrict ourselves to the case where
K(d) = 1. Note that E(G)\ e = E(Ge) \ ¢ canonically for some ¢’ € E(G,). We
therefore identify these sets, and also identify H(G) \ {h, s1h} and H(G,) \s_1 ‘.
In G, let v1 be the vertex from which a and d issue, and let v2 be the vertex from
which b and ¢ issue. We may take the half-edge /' to be the third half-edge from v].
Define the assignment K': H! (G) — Z by

K'(W)y=1, K'(#)=0, K'(d)=Kd)+1=1, K'(d)=K(d)+1=0,
and K'(f) = K(f) for any other half-edge f.

For later purposes, define, for a boundary loop e and a Kasteleyn orientation K € [K],
an assignment K’ by K'(h) = K(h) for any h with h/sy # f, where f is the unique
edge which shares a vertex with e, and otherwise K’'(h) = K(h) + 1.

Lemma 5.21 In both cases, K’ € [K(G,)], and moreover, K’ € [K,].

Geometry € Topology, Volume 27 (2023)



2602 Ran J Tessler

Proof The claim is straightforward when e is a boundary loop. Suppose that e ¢
Br(G) ULoop(G). The first assertion is simple; we focus the second one. Write C(G)
and C(G’) for the set of closed paths without backtracking in G and G’, respectively.
Write O(G) and O(G’) for the set of open directed paths without backtracking in G
and G’, respectively, which connect boundary vertices which are not marked points.
We have bijections fc: C(G) — C(G’) and fo: O(G) — O(G’), defined as follows.
For a path (e — e3 — -+- — e;,) € C(G), the path fc(e1 — €3 — -+ —ep) € C(G')
is defined by erasing any appearance of ¢ in the sequence and adding ¢’ any time we
have a move f — f’ where the third edge of the vertex between f and f’ is e. The
inverse map is defined similarly, but changing the roles of e and e¢’. The map fo is
defined in the same way.

Using Proposition 5.13 it is straightforward to verify that gx (y) = gk ( fc (y)) for any
y € C(G), and Ok (y) = Q' (fc(y)) forany y € O(G).

Now, let (X, S¢.5¢)e[0,1] be a continuous path in /\71270']?3, with

G ifr<i,
(Z4,Sy,5¢) € comb_l(M(Gt,Z[)), where G; = 10.G ift = %,
G ift>1

and where the graded structure zg € Z g corresponds to the Kasteleyn orientation [K]. In
light of Lemma 2.39, Proposition 5.16 and isotopy arguments, the Kasteleyn orientation
on G’ defined by (2, S;.s/), e(L.1) is the unique class of Kasteleyn orientations for
which ¢ (y¢) or Q(y;) is constant for any continuous family (y; € ;) of closed paths
or bridges. By performing an isotopy, we may assume that y; is in fact a path in
the graph G;. It is easy to see that for ¢ small enough, fc (yl—e) = y14e if the y;
are closed, or fo (y%_g) = Vite if they are open. In the first case, g (y%_g) =
q1x(y Iy ¢)» While in the second the same equation holds for Q. By Lemma 2.39(c)
and Theorem 5.11, the graded structure z; for ¢ > % must correspond to [K']. O

5.1.2 Trivalent graphs

Definition 5.22 Recall Definition 4.23. Let G be a trivalent graph. Recall that a
half-node is an (N B)~!—preimage of a node, and that their collection is denoted by
HN(G). An extended Kasteleyn orientation on G is amap K: H(G) UHN(G) — Z,
such that:

(a) Forany he HB K(h)=0.
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(b) Forany he€ H, K(h)+ K(s1h) = 1.
(c) For any node v, if |[N~1(v)| = 3, then K|n-10) = 1. Otherwise K(vi,1) +
K(vi2) =1, where N1 (v) = {v; 1, vi2}.
(d) For any face f, > K(x) = 1, where the variable x is taken from the set of
half-edges with x/s, = f, together with the set of half-nodes which belong
to f.
Two extended Kasteleyn orientations are equivalent if they differ by the action of
internal vertex flips. Write [K] for the equivalence class of K. Define K(G) and
[K(G)] as the sets of extended Kasteleyn orientations and the set of equivalence classes
of extended Kasteleyn orientations. Write Aut(G, [K]) for the automorphism subgroup
of G which preserves [K].

Item (c) above deals with the case that v is a contracted component whose normalization
contains at least three half-nodes. In the trivalent case, this can only happen if the
unique contracted component in Norm ™! (v) is a ghost, and its three marked points are
legal. Therefore there are exactly three corresponding half-nodes in the noncontracted
parts, and they are illegal.

With the exact same techniques as for Section 5.1, together with Corollary 2.22, we
obtain:

Lemma 5.23 For a trivalent G and a metric £, there is a natural bijection between
[K(G)] and Spin((comb®)~1(G, £)). The induced map
[] Moo~ 11 RE@ /Aut(G, [K])
zeZg/Aut(G) [K]€[K(G)]/Aut(G)
is a homeomorphism. In particular, Zg >~ [K(G)] canonically. A half-node v in (G, z)
is illegal if and only if K(v) = 1 for any K € [K] which corresponds to z.

From now on we denote trivalent graphs (G, z) by (G, [K]), for the corresponding
[K] € [K(G)].

Definition 5.24 Define Mg k] = RE(G)/Aut(G, [K]), the moduli of metrics
on Mg, together with a fixed equivalence class of Kasteleyn orientations. Define
M (G,[K]) ‘= M (G,z)» for the unique z which corresponds to [K] by the above lemma.
For fi,..., fs € E(G), set 3f1,...,f5/\7(G,[K]) to be the face of M(G,[K]) defined by
setting the coordinates {¢,,...,{z, to 0. For p1,..., p; > 0, define Mg [g7)(p) and
M (G,[K])(P) by setting the perimeters to these values.
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Suppose G is a trivalent graph K € K(G), and let e € Br(G). In the case that e is a
boundary edge, let &7 be its internal half-edge, h1/s; = e, with hy € H I 1In the case
that e is an internal edge, write sl_l (e) ={h1,hy}, where K(h;) =i (mod 2). Define
de K to be the unique map 0. K : H(d,G) UHN(d.G) — Z, which agrees with K on
any half-edge i’ ¢ 57 'e, and such that 9, K(dch;) =i (mod 2). In a similar way, one

can define 0., .. ¢, K for a compatible sequence of bridges.

.....

Observation 5.25 For any trivalent (G, [K]), and bridge e, the graph (d.G, [0, K])
is a well-defined trivalent graph, in particular 9, K € [K(d.G)]. Moreover, the map
de: [K(G)] — [K(0.G)] is a bijection.

In addition, for any trivalent connected graph (G, [K]), there is a unique smooth trivalent
graph (G’, [K']) and a unique (up to order) compatible sequence of bridges ey, . .., ey
with (G, [K]) = 0e,.....e, (G, [K']).

With the same techniques as in the proof of Lemma 5.21, one obtains:

Lemma 5.26 Let G be a trivalent graph, and let e1, . . ., e, be a compatible sequence
of bridges. Under the identification of Lemma 5.23 between Zyg and [K(H)], for
H=G,0.,G,...,0,,..e G, we have that

e GIKD) = Oeres Mo, | o (GLIKD

canonically.

In what follows we shall identify M(G,z) and the corresponding M(G’[ K1) Without
further notice.

5.2 Orientation

In this subsection we construct an orientation to /\7;‘”]?1’1. We do it by writing an

explicit formula for the orientation of each highest-dimensional cell of /\7‘;0‘,?[’1 (p)—
that is, for cells Mg, [k7)(p) Where G € RY, [K] € [K(G)] —and then showing that on
codimension-one faces between two such cells, the induced orientations disagree. We
also discuss the induced orientation on the boundary, and prove that these orientations
are the ones induced from M g,k,1 by comby.

For G € ngl’ we have a map

(28) Ag:RE©@ L RFO R,
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which takes as input a collection of edge lengths and outputs the face perimeters, and

M6, 1k1)(P) = Ag' (p)/Aut(G, [K]).

In particular, orienting Mg [k7) is equivalent to orienting ker(Ag)/Aut(G, [K]). Us-
ing the exact sequence

(29) 0 — ker(Adg) — RE@  RF(O =Rl _, g,

we see that orienting REZ(G) and RV, or equivalently, ordering E(G) and [I], up to even
permutations, gives an orientation to Mg, k1) (P). as long as the action of Aut(G, [K])
preserves the orientation.

Fix any order for [/], forexample 1,2, ..., [. Choose any Kasteleyn orientation K € [K].
Define 0; = 0(g,k,i) by
N dey,
Kh)=1
h/S2 =i

that is, we take the wedge of d{; over half-edges & of face i with K(h) = 1. The
wedge is taken counterclockwise. Because there is an odd number of half-edges of the
i face with K = 1, the element o; is well defined, and independent of which half-edge
appears first. In addition, o; is an odd-degree form.

Definition 5.27 Choose any Kasteleyn orientation K. Put

!
0(G,K) = ./\1 0;.
1=

Define 0(g, k) as the orientation on ker(A4¢) induced from the exact sequence (29)
when RZ(G) is oriented by 0(G,k) and R by /\f=1 dp;.

Remark 5.28 Since both dp; and o; are odd variables, choosing another order on [/]
does not change o¢.

Lemma 5.29 The orientation 0(g, k) depends only on [K].
Before we get to the proof, we add a few auxiliary definitions.

Definition 5.30 Let G be any open ribbon graph. A good ordering is a bijection
n: H! — |H'| which satisfies the following properties. First, if i (k) < i (h’), that is,
h belongs to face marked i and /&’ to face marked i’ > i, then n(h) < n(h’). Thus,
half-edges of the same face are clustered together. Second, the ordering n, when
restricted to half-edges of a single face, agrees with the counterclockwise ordering.
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Figure 19: A good ordering of internal half-edges: the bold numbers in the
middles of the faces are the labels of the faces, the smaller ones next to
the half-edges are the half-edges numbers in the ordering. The numbers of
half-edges in face i are smaller than those of face j if i < j. In each face the
numbers of half-edges agree with the cyclic order induced by the face’s
orientation.

Let n be a good ordering, as in Definition 5.30, and K € K(G) a Kasteleyn orientation.
Define Hx = {h € H' | K(h) = 1}. We also define ng: |[H!| — Z by

ng(i)=|the Hg | n(h) <ij|.

Figure 19 illustrates a good ordering. Note that the restriction of a good ordering to a
subset of H' induces an order on its elements.

Proof of Lemma 5.29 Take any K € [K]. We recall from Lemma 5.8 that any other
element of [K] can be obtained from K by successive flips in vertices. It will thus
suffice to prove that the orientations induced by K and K’ are the same when K and
K’ differ by a single flip in vertex v. It will be enough to prove that 0(g, k) = 0(G,k7)-

Fix a good ordering n. By definition,

oGx)= /N dle,

ecHgk

where the order of the wedging is the order n restricted to Hg. The sign difference
between oG, k) and 0(g, k) can be found geometrically by the following procedure,
also illustrated in Figure 20. Define

Lx ={(n(h),0)|he Hx} and Lg ={(n(h),1)|he Hg'} CR?

For any e € E draw the chord c(e) between (n(hg),0) € Lg and (n(hy),1) € Lk,
where hgo/s1 = hi/s1. By definition the change of signs between oG, g and oG g’ is
just the parity of the number of intersections of these chords (slightly perturbed, if
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Hgr=1,5,6,7,9,10,12,13,14,15
Hg=1,2,3,6,7,8,10,13, 14, 15

Ly ' s
Lk /

123456 7 8 9101112131415

Figure 20: In this diagram Hg and Hg- are listed for two Kasteleyn orienta-
tions K and K’ for the graph G in the picture, whose half-edges are identified
with their n—value for some good order n. The Kasteleyn orientations K and
K’ can be read from Hg and Hg, and they differ by a flip in the left internal
vertex. Below the chord diagram of L g and L g~ is drawn, and the number
of intersections is indeed even.

necessary). We shall prove that this number is always even. Note that for all edges
except for those issuing from v, the chords are parallel and vertical.

Let /1 be a half-edge of v. Put hy = s0(h1), h3 = s%(hl) and ﬁj = 51(h;). Apart from
some borderline cases which can be treated separately, we may assume that we are in
the scenario

n(hy) = i1, n(hy) =i +1, n(s) = s,
n(hy) =iz +1, n(n)=1is, n(hs) =iz + 1.
Thus, the chord ¢y, is either the chord between (i; + 1,0) and (ij—1, 1), or the chord

between (i; +1,1) and (i1, 0). It is easy to see that the number of vertical chords it
intersects is the size of

Ii=1{he HK\{hi,ll_i}i=1,2,3 | n(h) € (a;. b))},

where a; = min(ng(i; + 1),nkx(ij—1)) and b; = max(ng(i; + 1),nk(ij—1)). For
exactly one j € {1,2,3} we have [; = I; 1 U I; 1, where addition is modulo 3, and
the union is disjoint. Thus, any vertical chord either misses the chords ¢, or meets
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exactly two of them. In addition, it can be checked directly that the chords ¢; intersect
each other an even number of times. The lemma follows. |

Corollary 5.31 Forany G € RO k.l and [K] € [K(G)], the group Aut(G, [K]) acts in
an orientation-preserving manner In particular, the orientation o(g, k) induces, for
any p, an orientation on Mg [K])-

Denote this orientation by 0, [k]). The main theorem of this subsection is:

Theorem 5.32 The orientations 0 [k]) induce a canonical orientation on the space
Mcok I(P)

Proof We shall show that the orientations og for G € SRg, kg are compatible on
codimension-one faces. This will show that a suborbifold of Mcombl which differs from
MCOII? ; in codimension-two cells is oriented, hence also MC‘”,? ; is. Since MCOII? 7 itself
differs from M?I/?bl by codimension-two strata in the interior, and in codimension-
one boundary, this argument will show that /WZ,‘”,‘;'JI is also endowed with a canonical
orientation.

We therefore have to show that for any (G, [K]) € SRg . and e € Br(G) U Loop(G)
with (G',[K']) = (Ge. [Ke]), the orientations induced on d. Mg, [k]) bY MG, [k])
and by Mg/ (k) disagree.

Put H! = H!(G) and H'! = H!(G’). Note that we have a natural identification
of E(G)\ e and E(G’)\ ¢/, for some edge ¢’, so from now on we treat them as the
same set. Choose a good ordering n for H. There exists a good ordering n’ of H 1
which, when restricted to H'/ \sl_1 (¢), defines the same order as the restriction of
nto H'! \s_l(e’) ~ H! \sl_l(e). Fix a Kasteleyn orientation K € K(G) and set
hesy L(e) with K(h) = 1. Write

a=so(h), b=sg5(h), c=s1(so(s1(h)), d=s1(s5(s1()));

see Figure 21. For brevity write X for s1(x). Apart from some borderline cases which
may be treated separately, we may assume all these vertices and half-edges are distinct,
and then, using vertex flips if needed, we may also restrict ourselves to the case where
K(d) = 1. In this case we can assume 7 was chosen in such a way that

n@=i, nh)y=i+1, n(c?):i—i-Z, n(d)=m, n()=m+1,
n@)=p. n(hy=p+1, nb)y=p+2, nb)=j. n@=j+1,

for some i, m, p and j, as in Figure 21.
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G

l+1
+2
i+2
I+1
]+1 m/ 1
p+1 m+1/\
P+2 p /\
p+1

Figure 21: The restrictions of the good orderings n and n’ to the half-edges
of G and G,.

A canonical outward normal for My, — Mg is just —d{,. We see that the induced
orientation on My, ¢ is just

(30) (_1)n1<(n(h))+1 /\ dﬁf — (_l)nK(i+1)+1 /\ dff,
feHg\{h} feHg\{h}

where as usual the wedge is taken in the order n g induced by n.
In G', let v} be the vertex from which a and d issue, and let v, be the vertex from

which b and ¢ issue. We may take the half-edge /' to be the third half-edge from v].
Then, for some i’, m’, p’ and j’, we have

W@=i', n'd)y=i'"+1, n'd)=m', ”"W)=m'+1, n'@ =m+2,

ney=p., nb)y=p +1, n'b)y=j, 'W)=j"+1, n'(a)=j +2.
By Lemma 5.21 we have a representative K’ of [K,], described by

K'(hWy=1, K'(#')=0, K(@{d)=K@d)+1=1, K'(d)=K(d)+1=0,

and K'(f) = K(f) for any other half-edge f. As above, a canonical outward normal
for My, ' — Mg is just —d £.,. We see that the induced orientation on My, 6 is
(31) (_1)nK/(n/(h/))+1 /\ def — (_1)n’K,(m/+1)+l /\ dzf
feHg\{h'} SeHg\{h'}

The choice of 1, n’ and K’ makes the terms Nregp\(ny dr and N\rep \py d s
differ only in the relative location of d£;. By our assumptions on K (d) and K'(d),
the difference is just the difference between n k(d)—1=ng(i+2)—1and N, (d) =
n'e,(m’). We subtracted 1 from n k(d) because we did not want to count # which
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occurs before d in the order n. Now, ng (i +2)—1=ng (i +1),asn(h) =i, K(h) = 1.
Similarly, n',(m') = nl,(m’ + 1) — 1, since n’(d) = m’ and K'(d) = 1.

The total difference between the two orientations is thus

(_l)n’K,(m’+1)+1+n’K,(m’+1)—1+nK(i+1)+1+nK(i+1) =1

as claimed. O

Remark 5.33 The spaces Mg ; and M;‘”};bl (_p) are homeomorphic, therefore the
last theorem gives, in fact, another proof that M, ;. ; is oriented. Later we shall see
that the orientation constructed here agrees with the orientation of [35].

Corollary 5.34 For G € SRg,k’l and e an internal edge which is not a bridge, the
two orientations on 9. Mg [k])(P) =~ deM (G, [k,.])(P), induced as boundaries of

Mg,k (p) and Mg, k,])(P). are opposite.
5.3 Critical nodal graphs and their moduli

5.3.1 Ciritical nodal ribbon graphs In this subsection we describe effective and
critical nodal graphs. They will parametrize strata which will participate in the analysis
of the intersection numbers and will contribute to the combinatorial formula. For
completeness we first describe slightly more general graphs.

Definition 5.35 A nodal spin ribbon graph with a lifting (graded nodal ribbon graph),
or a nodal graph for short, is a spin ribbon graph with a lifting (graded ribbon graph)
(G, z), together with a subset V of legal points in B(Norm(G)) \ B(G). We call V the
set of legal nodes of the nodal graph and s1V the illegal nodes, where 51 was defined
in Notation 4.28. The vertices and edges of the nodal graph are the vertices and edges
of Norm(G, z) after forgetting the illegal nodes s;)V. A metric is a metric on these
edges. If e is an edge in the nodal graph (G, z, V), contracting the edge e yields the
nodal graph 9. (G, z, V) whose underlying graph is d.(G, z), and whose legal nodes
are those legal nodes in d. (G, z) which remain special points in Norm(d. (G, z)) after
the contraction, where we use the natural correspondence between special points in
Norm(G, z) and in Norm(d. (G, 2)).

The components of the nodal graph are the connected components created after re-
moving s1). More precisely, define an equivalence relation ~» on the components of
Norm(G, z) as follows. Components Cy, C € mo(Norm(G, z)) are neighbors if one
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of them contains a legal point u ¢ V such that s;u belong to the other component. For
C1, Cy € mp(Norm(G, z)), we write C; ~n C» if they can be connected in a path of
neighboring components. The components of the nodal graph are defined to be the
Norm-image of ~ y—equivalence classes.

In the case that the underlying graph is effective we have a more convenient definition.

Definition 5.36 An effective nodal spin ribbon graph with a lifting (effective graded
nodal ribbon graph), or an effective nodal graph, is a tuple (G;, zj,m,V = {V,}), or
(G, z) for short, where

(a) (G, z;) is an effective spin ribbon graph with a lifting (effective graded ribbon
graph),
(b)y m:J; s1HB(G;) — Z >y, and
(c) the maps V,: [m(e)] = |UJ; B(G;) for e € | J; s1HB(G}) are injections.
We require the sets V, = V,([m(e)]) to be disjoint. Denote by C(G;, z;, m, {V,}) the
different graded components of the graph, that is, the collection of (Gj, z;).

Let G be the graph obtained by choosing m(e) points pe.1.. .., Pe,m(e) On €, ordered
according to the orientation of the boundary and identifying p.; with V,(i). The
effective nodal graph is said to be connected if G is connected.

Write E(G) = |J; E(G;); similarly define H!(G), HB(G), V(G) and F(G). For a
boundary edge e = h /s, where h € s; HB, we sometimes write m (e) = m(h). Vertices
in the image of V. are called legal nodes and their set is denoted by V(G ). The boundary
marked points of G are boundary marked points of the G; which are not legal nodes.
Denote them by B(G). Define 1(G) = J; 1(G;).

An effective nodal ribbon graph is naturally embedded into the (topological) nodal
surface ¥ = (]_[l 3 ) /~, defined as follows. ¥; is the topological open marked surface
into which G; embeds, and in the case that G; is a ghost it is a point. We identify
G; with its image in X;. We add m(e) points pe 1, ..., Pe,m(e) along the edge e, and
quotient by pe ;i ~ Ve(i). The genus of the graph is defined to be the (doubled) genus
of X.

A marked effective nodal graph is an effective nodal graph together with markings
n8: B(G) - Z andn! : I(G) — Z.

A graded critical nodal ribbon graph is an effective nodal graph such that each
(Gi,z;) € SRY. In this case we use the Kasteleyn notation for components, (G;, [K;])
rather than (Gj, z;), and we denote the whole graph by (G, [K]) for short.
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A graded critical nodal graph G is odd if each G; € OSRP.

The notion of an isomorphism is the expected one. Write S RZf’ k.l for the collection of
isomorphism classes of marked critical nodal graded ribbon graphs G with m nodes
and genus g such thatm?: B(G) ~ [k] and m’ : I(G) ~ [I]. Let (’)SR;”’kJ be the subset
of such graphs which are odd. Write Aut(G, [K]) for the group of automorphisms of
(G,[K)) € SR?,k,l'

Define nongraded critical nodal ribbon graphs G = (G, m, V) in the same way, only
without the data of Kasteleyn orientations, so that each G; belongs to R rather than
to SR?. Denote by R’; k.l the collection of isomorphism classes of nongraded critical
nodal ribbon graphs G with m nodes and genus g such that m®: B(G) ~ [k] and
m! : I(G) ~[I]. Let OR’; k1 be the subset of such graphs which are odd. Write Aut(G)
for the group of automorphisms of G € RZ” Kl

A metric on a nodal ribbon graph is an assignment of positive lengths to its edges.

A bridge e € E(G) is an edge which is a bridge in one component G; of G. An effective
bridge is a bridge with m(e) = 0, if m is defined. Let Br(G, [K]) be the collection of
bridges, and Br*'(G, [K]) the collection of effective bridges. As in the nonnodal case,

for brevity we shall usually omit [K] from the notation for Br and Bref

. We similarly
define boundary loops as boundary loops in one component G; of G, and effective
loops are boundary loops e with m(e) = 0. Write Loop(G) and Loop®(G) for the

collection of boundary loops and effective loops, respectively.

When it is understood from context whether or not the critical nodal graph is graded or
nongraded, we omit the words graded/nongraded, and just say critical nodal.

Remark 5.37 1t is simple to verify that when (G, z, m, V) is effective, Definitions 5.35
and 5.36 are equivalent. We shall therefore use Definition 5.36, which is more explicit,
whenever possible. It is also straightforward to verify that the definition of ORZ’! k.l
agrees with the one given in Notation 1.3.

In a metric effective nodal ribbon graph, the data of distances between illegal nodes to
other vertices is absent. On the other hand, the discrete data of which illegal node lies
on which edge, and the relative order of illegal nodes on a given edge, are included.
See the example at the bottom of Figure 22.

Observation 5.38 Under the forgetful map forg,i,: S R;” el R;” «.;» Which forgets
the Kasteleyn orientation, odd graphs go to odd graphs and the preimage of G is
canonically [K(G)]/Aut(G).
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5.3.2 Trivalent graphs versus graded critical nodal graphs In the analysis required
for proving Theorem 1.5, we will mainly need to analyze critical graded nodal graphs
and effective graphs which are obtained from them by contracting a single edge and
possibly forgetting some data. We will now describe operations between nodal and
nonnodal ribbon graphs. Although these operations can be defined in full generality,
we are interested only in cases where their output is trivalent or effective. We will
therefore restrict our definitions to this setting, leaving the relatively straightforward
details of the more general setting to the interested reader.

Given a connected effective spin ribbon graph with a lifting (G, z), we define an effective
nodal graph X (G, z) as follows. Its components are the components of Norm(G, z),
after erasing every illegal boundary point and concatenating its two edges to one
edge. Note that under this map a contracted boundary becomes a Ramond marking of
perimeter zero. Suppose e is an edge obtained by concatenating e, ..., e, +1 in the
described process, and in this order. Define m(e) = m. Suppose v; is the vertex between
ej and e;4+1. Then V, (i) = s1v;, where we use Notation 4.28. When (G, z) = (G, [K])
is critical trivalent, we denote X (G, z) by X (G, [K]). It is easy to verify that:

Observation 5.39 The map X is a surjection from the collection of connected effective
spin ribbon graphs to the collection of nodal connected effective spin ribbon graphs
all of whose components are smooth. It restricts to a bijection between connected
trivalent graphs and connected graded critical nodal ribbon graphs. For any connected
effective spin ribbon graph (G, z), there is a bijection between bridges (boundary loops)
in (G, z) and effective bridges (effective loops) in X (G, z).

We now extend the definition of X to metric effective spin ribbon graphs. For such
a graph (G, z, £), define the effective nodal metric graph X (G, z,{) = (X (G, z), X¥)
by X{l, = £, if the edge e is an edge of Norm(G, z); otherwise, if e is the union of
e1,...,em+1, define X, = Zl’-";ll {e,. Note that the perimeters are left unchanged.

We also define a map from effective nodal graphs to effective spin ribbon graphs: given
an effective nodal graph (G, z, m, V), define the spin ribbon graph B(G, z) as the graph
obtained by forgetting the data of m and V, and applying B to each component (G;, z;).
The analogous definition holds for metric effective nodal graphs.

If (G, z,m, V) is an effective nodal graph and e is either an internal edge or a boundary
edge with m(e) = 0, then d.(G, z, m, V) is the nodal graph whose underlying ribbon
graph is the graph obtained by contracting e, and the data of m and V is induced from G
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by the usual identification of edges of d,G as a subset of edges of G. Similarly, when
(G, [K],m, V) is critical trivalent and e is either an internal edge or an effective loop,
we define (G, [K,], m’, V') as the critical trivalent graph whose underlying graph is
(Ge, [Ke]), putting m’ = m and V' =V, where we again use the identification between
edges of G and G,.

Notation 5.40 Suppose that (G, [K]) € SR’;,k,l(p) and thate = {hy,hy, = s1h,} €
Brff(G) U Loop®(G), with K(h1) = 0. Define the nodal ribbon graph B (G, [K]) as
follows. Suppose G is made of the components Gy, ..., G,. Without loss of generality
assume e is an edge of component G,. Write v; = d,(h;) for the vertex obtained by
contracting h; in d,G,. Write x = sphp and y = sl(sz_lhl) € HI(BeGn).

The first n — 1 components of the graph B (G, [K]) are G] = G; fori <n—1, and for
these components we have K| = K;, m" = m and {V}} ={Vr}.

When e is a boundary loop, (G}, z,) = Bde(Gy. [Ky]), and also in this component
m’ = m and {V}} = {Vr}, where we use the natural identifications between edges
of G, other than e and edges of Gj,.

If e is an effective bridge, then in the case that the normalization Norm(d.Gy) is
disconnected, let G,, be the component which does not contain v, and let K', m’
and V'’ be the induced maps. Note that G, may be a ghost. Define the component
G, . as the graph obtained by the component of v5 in Norm(d.Gy) after gluing the
half-edges x/s; and y/s; to a new edge xy, and removing the vertex v,. The updated
Kasteleyn orientation is the unique Kasteleyn orientation which gives any internal
half-edge its value under K,,. For any half-edge ¢’ # xy, we have m’(e’) = m(e’) and
m(xy) = m(x) +m(y)+ 1. Similarly, V'(e’) = V(e’) for ¢’ # xy, while
Vy(a) ifa <m(y),
(32) Viy(@) = v ifa=m(y)+1,
Vil@a—m(y)—1) ifa>m(y)+1.
If 0,Gy, \ {ve} is connected, set G, to be the component of v; in the normalization,
where again edges x and y are glued and v, is removed, and K’, m’ and V' are defined
in the same way as above.

There is a canonical surjection, which we shall also denote by B,
EG)UV(G) = E(B.G)UV(B.G).

It takes e to v1, and all other edges to the corresponding edges, so that it is one-to-one
except on the edges x and y, which go to xy.
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Given a metric £ on the graph, with £, = 0, the graph B, (G, [K], £) is the graded nodal
ribbon graph with underlying graph B, (G, [K]), and the metric is induced from £ if
e is a boundary loop, while if e is a bridge, then with the same notation as above,
(Bel)er = Lo for e’ # x, y, and Belxy = £y + £, For convenience we usually denote
B.l by £ as well.

A compatible sequence of effective bridges eq, ..., e, is a sequence of bridges such
that e; 11 is an effective bridge in B, - -+ Be, G for all i. For such a sequence define
Bey....er (G, [K],£) = Be, -+ Be, (G, [K], £), and the map Be,,...e, = Be, 00 Be,.

The next observation follows easily from Observations 5.39 and 5.25.

Observation 541 If (G,[K]) € SR’g" kg dnde € Loop®(G), then B.G is an effective
nodal ribbon graph.

If (G, [K]) € SR, , and e € Br''(G), then B,G € SR} [ }.

Moreover, for any (G, [K]) € SRZ’;:%, and any legal node v, there exists a unique
graph (H,[K']) € S’R;”k ; and an edge e € Br'(H) with B.(H,[K']) = (G, [K]) and
Bee = v. In addition, if (G, [K]) is connected trivalent and e € Br(G, [K]), then

X (9e(G, [K]) = Be(X(G. [K])),

where we use the identification of bridges of Observation 5.39.

Notation 5.42 Recall Notation 4.6. For (G, [K]) € SR;"Z}, denote by B;la (G,[K]) =

B[_hia(G, [K]) the isomorphism class of triples (H,[K'],e) where H € SR?,k,l’

Be(H,[K']) = (G, [K]), and Bee = Vj,(a) for h € s;(HB(G)) and a € [m(h)]. Let
B7'G =By} ,(G.[K] | [M] € [s1(HP (G))),a € [m(D)]},

In other words, (H,[K'],e) = B; | (G, [K]) should be thought as the graph (H, [K'])

obtained by canceling the B operation, ie by returning the a" forgotten illegal node

of h, gluing it with its legal side, and then uncontracting the resulting node to obtain
the bridge e.

5.3.3 The moduli space of critical nodal graphs, the line bundles and the boundary
conditions

Definition 5.43 For an effective nodal ribbon graph (G, z, m, V) define MGz m,v) =
RE(G)/Aut(G, z,m, V) to be the moduli of positive metrics on G, and MG,z m,v)
as the subspace in which the i™" perimeter equals p; > 0, i € [[]. In particular, given
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Figure 22: This diagram presents trivalent graphs, their effective bridge
contractions and the operation B. The + sign represents a legal side of node
and, after performing B, the wiggly lines contain the data of V, namely, which
edges contain which legal nodes, and in what order. At top left an effective
trivalent smooth graph (G, [K]) on a disk is shown, at top center its bridge e
is contracted, then at top right B, (G, [K]) is drawn. The second row describes
a similar scenario, but for a graph on a cylinder. The third row presents a
graph on a disk. First the bridge between boundary markings 2 and 3 is
contracted, and then the bridge between 4 and 5 is contracted. These bridges
are compatible. The bridges between 2 and 3 and 3 and 4, on the other hand,
are not compatible with each other.

(G,[K)) e SRZ',k,l’ we have M(q,[k7) = RE(G)/Aut(G, [K]). Define M(G,z,m,v) and
M(G,z,m,v)(P) as the cell complexes whose cells correspond to nodal ribbon graphs
obtained from (G, z,m, V) by edge contractions, and the gluing maps are induced by
these edge contractions.

For e € E(G), write aeM(G,Z,m,V) for the face of M(G,z,m,v) where e is contracted,
ie the length of the edge e is set to be 0. The boundary of M (G,z,m,v) can be written as

8-/l\7l(G,z,m,V) = U aeJW(G,Z,m,V)’
[e]l€[E(G)]
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where [E(G)] = E(G)/Aut(G,z,m,V), as in Notation 4.6. We similarly define
8e1,...,erM(G,z,m,V)-

The maps 5’, X and Be, ... ., on metric graphs induce moduli level maps. We denote
these maps by the same letters. When ey, ..., e, are understood from the context, we
denote the former map by B.

Note that Mae(G,z,m,V) ~ 88/\71(G,Z,mﬁv), and that B, . ., factors B. The maps B, B
and X are easily seen to be piecewise linear submersions.

Definition 5.44 For an effective nodal (G, z,m,V) and i € [[], the S 1_orbibundle
Fi — M(G,z,m,v) is defined to be the set of pairs (£, x) where £ € M(G,z,m,v) and
x is a point on the i face, with the natural topology. For a (d, [)-set L, write S —
M(G.z.m.v) for the sphere bundle associated to {Sz;) | i € [d]}, as in Construction—
Notation 1. We define the forms «;, w;, &; and w; as the pullbacks of the corresponding
forms defined on the component which contains face i.

If (G',z',m’,V’) is obtained from (G, z,m,V) by edge contractions, we have the
usual natural identification between F; — MG/ 2/ . )7y and the restriction of F; —
M (G,z,m,v) to the corresponding cell.

By the constructions we immediately get:

Observation 5.45 For any effective spin ribbon graph (G’,z’) and i € [I], we have a
natural identification

(Fi = Mgr.21y) =~ X*(Fi = Muy(cr.21))-

while for an effective nodal spin ribbon graph (G, z) and i € [l], we have a natural

identification . B o
(Fi — M(G,z)) ~ B*(Fi — ME(G’,Z’))'

Asa consequence:

(a) For(G,[K]) € SR?J(,] and e ¢ Br(G) U Loop(G), there is a canonical identifi-
cation

(Fi = My, 6.k]) = (Fi = 0. MG, [k]) = (Fi = 0. MG, [K.])-

and similarly for the bundles Sy, .
(b) For (G,[K]) € SR?k ;ande € Bref(G), there is a canonical identification

(Fi = My, 6.1k7) = (Fi > 0. Mg,1k7) = Bi (Fi = Mg, @6,[k)):

and similarly for the bundles Sy, .
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(¢c) For(G,[K]) € SRZ’k ; and e € Loop(G), there is a canonical identification
(Fi = Ma,.1k1) = (Fi = 0e Mg 1k7) = (™) (F; > 8. Mg, [k.])-

and similarly for the bundles Sy .

Proposition 5.46 Let s be a special canonical multisection of S, — M;‘”,?bl. Let
A be the collection of effective graded (g, k,[)—boundary ribbon graphs, so that s

restricts, in particular, to multisections s(G2) for all (G,z) € A. Then s induces

multisections s(@™Y) of S| — M., m.y) for all effective nodal ribbon graphs

(G,z,m,V) € X(A), which satisfy the following relations:
e For any effective graded (G', z’),
S(G’,z’) — X*SX(G/’Z/).

e For any effective nodal (G,z,m,V),

S(G,z,m,v) — E*S/,

where s’ is a multisection of Sy, — /\773(6’2).
In particular:
(a) Forany (G, [K]) € SR?,k,l and e ¢ Br(G) ULoop(G),

S(G’[K])L‘Je - s(G’[K])|3

M.ky — e M(Ge [KeD)

(b) For any (G, [K]) € SRka ;ande € Bref(G),

S(@IKD| _ BB (GIKD,

M.k
(c) Forany (G, [K]) € SR;”k ;ande € Loop®(G),

S(GIKD| eomby * o (Ge.[Ke)).

Mok = (

Here we compare multisections using the identifications of Observation 5.45.

Proof Let s be a special canonical multisection as above. Consider an effective nodal
(G,z,m,V) € X(A). Then (G, z,m, V) can be written as X' (G’, z") for some effective
boundary graph. Now s* (G".2) — B*sBX(G"2) We have a factorization

X
MG zny —— M(G,z,m,v)
K r
B
MZ?(G’,Z/)

Geometry & Topology, Volume 27 (2023)



The combinatorial formula for open gravitational descendents 2619

The identifications of bundles Sz, see Observations 4.40 and 5.45, are also compatible
with this diagram. Since s is canonical, by Corollary 4.43,

S(G’,z’) — Zg*sg(G’,z/) — X*E’*SE(G/’Z/).

Define 5(G-2™Y) as the pullback of sB(G".2") along the vertical map B. Clearly
SX(G’,Z’) — X*S(G’Z).

By Observation 5.39, SR’; ©1 & X (A). The “In particular” cases are now immediate
from the definition and Observation 5.45. In the first and third item we use that
B(G, [K]) = B(Ge,[Ke]), while in the second that B, = B in that case. O

The cells M (G,[k)) for graded nodal graphs also carry canonical orientations.

Definition 5.47 We define orientations for M G.1kn(P). (G,[K]) € SRZ” k. by

seikp= |l dc,
CeC(G,[K)])
0G.1k) = N\ dpinoGkp= N\ N dly,
GIKD = [0 PINOGIKY = T i
h/s>=i

with the wedge product over half-edges of face i taken counterclockwise.

Proposition 5.48 Let (G, [K]) € SRZ,’k ;ande € Brf'(G). Suppose that (G',[K']) =
B.(G,[K]) € SR;";;II, and let ' be the unique edge in G’ with two B,—preimages.
There are canonical identifications
0eMG k)~ Ma.aixy = Fer,
de MG,k (P) = My, (G.1k)) (P) = Fer (D),

where the space For — M(G/,[K/]) is the set of pairs (£, x) with { € M(G/,[K/]) and x a
point on e’, with the natural topology. Moreover, the orientation on 86/\7(&[1(])(1))
induced from M(G,[K])(p), as in Definition 2.52, coincides with the orientation
dx Ao k') on Fer, where dx is the orientation on the segment e’ considered as a
segment in the boundary.

Proof The only part which requires an explanation is the statement regarding orienta-
tions. Recall that K satisfies K(h) = K'(Bh) for any 1/s; # e. It is enough to compare
orientations of BeM(G,[ K]) = FerG'. Suppose £ is the legal side of e, that is, the half-
edge which satisfies i/s1 =e and K(h) =1. Writee_; = (sz_lh)/sl and e1 = (s2h)/s1.
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Then, by recalling the definition of the canonical orientation (Section 5.2), we see
that the orientation for M (G,[K]) can be written as dle_, Adle Ndle; A O, and the
orientation on Mg is d{es A O, where O is the wedge of other edge lengths, in
some order. Note that d{,» = d{,_, + d{.,. Now, the induced orientation on the
boundary .M g (k) is given by dl._, Adle, A O. By considering Fo'G’ as the
moduli of metrics on the graph obtained from G’ by adding a new marked point on ¢/,
and with the definition of its orientation, we see that this orientation can be written as
dle_, Ndle N O, where dl,_, comes from the location of the new point on f. And
indeed,

dle  Ndle, NO =dle_ Ndler NO. O

Corollary 5.49 The map comb: M P /\7;‘)‘]@"’] preserves orientation.

Proof Indeed, by Proposition 5.48, we see that the orientations on M;"‘};bl satisfy
the same requirements of Theorem 2.53. The dimension-zero case can be checked by
hand. 0

We also have the following corollary of Corollary 5.34.

Corollary 5.50 For (G, [K]) € SR;”k ; and an internal edge e which is not a bridge,
the orientations on aeﬂ(g’[K])(p) ~ 8eM(Ge,[K(,])(P), induced as boundaries of

M,k (p) and Mg, [k,])(P). are opposite.

Corollary 5.50 has an analog for the case that e is a boundary loop. For (G, [K]) €
SR'g”’kJ and e € Loop(G), write \Ilfgf‘[bKD’e for the map 88./\7(G’[K]) — 36M(Ge,[1@])
defined at the level of objects by leaving all the metric graph structure —in particular
the edge lengths — invariant, and flipping the lifting in the contracted boundary which
corresponds to e. When we write W°™ we mean the union of the maps \ngm[bK]) .
over all possible pairs (G, [K]) € SR?,k,l’ for m > 0 and e € Loop(G). The following
is an immediate corollary of the “Moreover” part of Theorem 2.53, and Corollary 5.49.

We will also provide a direct self-contained proof of this corollary in Section 6.2 below.

Corollary 5.51 For (G, [K]) € SR’;kJ and e € Loop(G), the induced orientation
on 0. Mg, [k,.))(P) as a boundary of Mg, k,])(P) is opposite to the orientation
on it obtained by taking the W°™®_pushforward of the orientation on 9, M G,k (P)
induced as a boundary of Mg [k1)(P)-
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6 The combinatorial formula

Throughout this section we fix g, k, ! and set
d = 3 dimp(Mg k1) = 5(3g =3+ k +21I).
We also write, for G € SR?’k,l,
dim(G) = 1 dimgr (Mg) = 3(3g —3 +k + 21 —2m).
In what follows we shall work with the orientations constructed in Section 5.2. These

are the same orientations as the ones constructed in [35], by Corollary 5.49.

Definition 6.1 For (G, [K]) € SR;" r.; define

Wg, ng M, k) — R

by
me© . ("
we)= [] e M Wel® = [ m(e)! (m(e) + DI’

ecs1HB(G) ecs1 HB(G)

6.1 Iterative integration and the integral form of the combinatorial
formula

Our approach for producing the explicit formula for intersection numbers will be by
an iterative process of integration by parts. Recall Definition 4.36 and Notation 4.37.
Given an (S,/)-set L: S — [I] for S C [d], the " component of E is Lz (). Each
step of the iterative integration process below will involve integrating out (the form
corresponding to) one component IL; ;) for some ¢ € §, using integration by parts.
The integration by parts will produce new boundary terms for the moduli on which we
integrate. Only boundary terms that correspond to contracting an effective bridge e
may have a nonzero contribution which does not cancel. Moreover, in order for such an

edge to contribute a nonzero contribution, when we integrate out the ™

component the
illegal side of the half-node obtained by contracting e will have to lie in the face L(t).
This is the content of first key lemma, Lemma 6.6. In order to be able to state it, we need
to add notation: specifically, notation that will allow us to keep track of which illegal

half-node corresponds to the ¢

component of the vector bundle which we integrate out.
For this we present the auxiliary notion of decorations. After performing an iteration

of integration by parts, the second key lemma, Lemma 6.7, transforms integrals over
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the boundaries of the moduli to integrals over the moduli spaces obtained by further
forgetting the illegal half-node. Theorem 6.10 essentially iterates these lemmas, and
uses some other cancellations to obtain a formula for the open intersection numbers as
sums of integrals. It is remarkable that this iterative integration process is performed
without appealing to a specific canonical multisection, and in some sense this is the key
point of the proof. In addition, it gives an alternative proof of the claim that canonical
boundary conditions give rise to well-defined intersection numbers, proven in [31] for
genus 0 and in [35] for g > 0.

Definition 6.2 A decoration D of a graph (G, [K]) € SR’(;1 . is a choice of sets
Dj, C [d], for any h € s; H B, which are pairwise disjoint and such that
|Dp| = m(h).

When e = h/s; we also write D, = Dy. For an (S,/)-set L, an L—decoration is a
decoration for which
Dy, C Li(h)-

In the next series of claims we shall omit [K] from the notation of graded graphs, to
lighten notation.

Denote the collection of all decorations of G by Dec(G), and the collection of all
L—decorations of G by Dec(G, L).

Let L (D) be the [—subset of L given by L|Uh€S1HB D, S0 that L(D); = Ul-(h):l- Dy,.
For (G, [K]) € SR;";S and a (G, L)—decoration D, define the set
B~YG,D)C{(G',¢,D")| (G ¢)e B 'G,D' €Dec(G’, L)}

by setting (G, e’, D’) € B~1(G, D) exactly when (G’,¢’) € B~'G, D’ € Dec(G’, L)
and D, C Dp, for any e € E(G’) \ {¢’}. Note that in this case L(D’) C L(D), and
the difference is exactly one element.

In the language of the paragraph preceding this definition, L(D) \ L(D’) is precisely
the element ¢ € [d] which corresponds to the effective bridge ¢’ in the iterative process.

In order to be able to calculate intersection numbers, we must understand the restriction
of the forms «; and w; to the boundary.

Suppose that (G, [K]) € SR?k ;€€ Breff(G) with £ its illegal side, K(h) = 1 and

i €[l/]. On Mj,g(p) we have two natural representatives for the angular 1-form,
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0.G
i
two-forms, w

= O‘iG |9, M and B*aiB G, Similarly, we have two natural choices for the induced
.G G

i

o
_ .G *  Be
= w; |3eMG and B w;

Notation 6.3 Write ; = ¢ = —5*a and B; = B*® = ¢ —*wPC.

Observation 6.4 With the above notation, if i # i(e), then B; = B; = 0. Otherwise
we have
pizﬂi = eszhdzsz—lh and pizB,' = dfs2—1h /\dﬁszh.

Unlike the forms ¢;, the form B; is pulled back from the combinatorial moduli, since
it has no angular variables.

Proof Fori #i(h), the forms restricted from Mg and those pulled back from Mg, G
are canonically identified. Suppose i = i(h); we handle B;. The proof for §; is similar.
We have £, = 0, hence also d{, = 0 on doMg. Thus the only difference between
%G and B*wiB ¢G s that the former may contain terms with d{y,; or d{ -1, while
the latter depends only on their sum, by the definition of .. Choose a good érdering n
in the sense of Definition 5.30, so that half-edges of the i face appear first, and some
half-edge h’ # h, syh is the first edge in the ordering. One can always find such a
half-edge. Otherwise, the i" face is bounded by exactly two edges, / and s/, which
therefore must be a boundary half-edge, and in particular K(s2/4) = 1. But then the
sum of K on the i" face is even, which is impossible for a Kasteleyn orientation.

In B,G we choose a good ordering n’ for which 4’, identified as an edge of B, G, is
the first half-edge. Suppose s, 17 is the j" half-edge in 1, so that & and s,/ are the
j 4+ 1" and j 4 2" edges. Write {4 for £,-1(4). Then

PR loog = ) dta ndly
a<b

= > dlgndly+ Y dla AL +dey)

a<b a<j
ab#j,j+1,j+2

+ Y @l +dl) Adlg+dl Adlys

Jj+2<a
= p?B* 0P % £ dt; Ao
. B.G _ .
In the last equality we used the fact that n-10) = Cp—1(jy +¥y—1(j42), and fora # j,
0 ifa<j
Y ,  where w(a) = ’
n'=l(a) — Tlatw@ (@) {2 otherwise. O
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Notation 6.5 Recall Notation 4.37 and Remark 3.5. For G and e as above, given a
(S,l)-set L andi € S, we define the form CIJiL on the sphere bundle Sy — d. Mg by

) = d({rj}jes. {@}jes. {0}}jes) = %G ({r;}/es, {@}jes. {0}}jes),

where aj is a copy of B*aL(  for j #i,and ] = ;). Similarly, a) = B*wL(JG),
unless j =i, and then ®] = By (;). As usual, ol = pZLCID’ As in Remark 3.5, when

S C [d] we will also extend the domain of QJ’L by allowing ) ;g rl. to vary.

From now until the end of this subsection, we fix a (d,/)-set L, and let £ be the
corresponding bundle.

Lemma 6.6 Let s be a special canonical multisection of Er. Take G € SR;” Kl
arbitrary and e an effective bridge of G, with h its illegal side. Letting D’ be an
L—decoration of G, write L' = L(D’). Then

/ s*(WePr\L) = Z / Wes™ (‘DL\L/)
deMa (P) Je(L\L"); ) eMa (P)

It should be noted that different decorations D’ and D" which determine the same set
L(D’) = L(D") will give rise to the same integral. The decorations, as mentioned
above, are introduced only in order to keep track of the combinatorics of integrals that
will appear in the iterative integration process below.

Proof Write S = J},¢;, g5 Dy, s0 that L': S — [I] is a restriction of L: [d] — [/].
We first use (19) and Notation 4.37 to write @7\ 7+ explicitly:

(33) Pp\p(ritiese, {@itiese. {Di}iese)

[S€]—-1
= Y 2> rRain Y A@idriragna N ay
k=0 ieS¢ resaiy/ <! h¢ Ui}

|71=k|

where @; is Kontsevich’s two-form wy (;y, and @; is a copy of Kontsevich’s one-
form ay ;). This is a form of degree dimg My, = dimg Mp,c + 1. We obtain
<I>iL\ 1, by the same formula, after replacing &; and @; by B ;) and By (;), respectively.

Now, the function W does not depend on variables of the fiber of the sphere bundle,
hence it can be taken out of the pullback. By the definitions of the forms we can write

~ ~B.G P oG
@ =B +pr) and @ =B o) + Br)):
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where &Jl.s <G isa copy of (x]lj?jG). We now substitute this in CTDL\ L/» and expand (33)
multilinearly.

Write i = i(h) € [[]. Any term containing 8, or B, for a # i will vanish, by
Observation 6.4.

Similarly, any term in the expansion that contains either 8, twice, or B, twice, or f3;
and B; once, will vanish, as a consequence of a multiple appearance of d ¢ s5\he

By Proposition 5.46, 5[y, v is pulled back from Mp,g. Now, a term in s*®p\ 7/
with no B; or f; is pulled back from Mp, . But its degree is dimr Mp,G + 1. Thus,
it vanishes for dimensional reasons.

We are left with terms containing a single 8; or B;. These B; or B; are in fact B,
or By ;) for some j € S¢ which is mapped by L to i, meaning j € (L \ L');. The
lemma follows. O

The second main lemma we need is the following.

Lemma 6.7 Fixm>0,G € SR’;k ; and D € Dec(G, L), and write L' = L(D). Then

%9,,G'\L'\L(D’
. 2 / Wers™ (@% )L D)
(G',e', D)1 (G, D) * Mo 6" (P)

= / Weop\r + / Was*(@9)\L-
Mg (p) MG (p)

Importantly, f Ma (p) Wgwp\ 1 does not depend on the multisection s, so this lemma
pushes the dependence on s to lower-dimensional moduli. After iterating, it will allow
us to completely remove the dependence of the integrals on s. This phenomenon is
expected, from the geometric point of view, since it was proven in [35; 31] that the
intersection numbers should be independent of the specific canonical multisection. And
indeed, the lemma is enabled by the properties of canonical multisections, and will not
be true for arbitrary, noncanonical, boundary conditions.

Proof For convenience we treat the case |Aut(G)| = 1; the general case is handled
similarly, but notation becomes more complicated. Put

E' ={e c E(G)|m(e) > 0}.

Recall Notation 5.42. Suppose (G’,e’) € B™1G is B;’}I_HG for some e € E’ and
a+ 1€ [m(e)]. Fix h € D, and let

D(G',h):={D"|(G',D") e B~Y(G, D), h ¢ L(D')}.
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In words, D(G’, h) is the set of decorations of G’ in B~1(G, D) such that the only
element of L’ that they miss is /. Such decorations are determined by how we split the
elements in D, \ {h} into sets of sizes a and m(e) — 1 — a that will decorate the two
edges in Be_/le — the edges which, after contracting e’ and forgetting its illegal side,
form e. Thus,

m(e)—1
p("mi= ("),
Letey =55 e’ and e5 = spe’ be the two half-edges of G’ mapped under B’ to e. As

explained, m(e;) = a and m(ez) = m(e) —a—1. Put £, = {,,. For fixed G’ and h we
have the equality

WG/S*CTDL/\L(D,,) _ / WG/S*CBZ LD
/Mae/c/(P) LALDY Ma, 67 (P) \LD)
hence the left-hand side of this equation is independent of D’. We will now show that

(35) Z / WG’S*E)Z\L(D/)
My, 67 (P)

D’eD(G’,h)
2m(f)
:/ (m(e)—l)( I & )
Me ¢ repnge MH+D!
Le (pr\2a __pr\2(m(e)—a—1)
(Le)?(Le —1Ly)
: A B C.),
/(; (a+1)'(m(€)—a)' ( e,h+ E,h+ 6)
where
App =12(Ue—L)dE A " 20! A ridringGi )N N\ B,
e,h h( e e) e ’g |1|2=:n (jel J J J) JeI\(uL) L(j)
ICL\L’
Bejy =radran(le—L)dl,n > rla;
ieL\L’
AN 20D (1)1 N rjdrina; ) A BL(7)s
; |1|2::n (161 14704 jennaorugy
ISL\(L'U{i})
Co=dUAdln Y 1P
ieL\L’
AN 2nn' /\ r'dr'/\ét\' AN a_)L(‘),
rgo |1|2=:n (161 1708 jen@orugy

TSL\(L'U{i})
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where &; is a copy of &, (;). Before proving this equation, observe that 4, j, B, , and
C. depend on the multisection s through the sphere bundle fiber variables r; = r; (s) and
o; = a;(s), but we omit s from the notation. However, because s is special canonical,
it follows from the second item of Proposition 5.46 that s(x,£,) for x € Mg and
), € [0, £] depends only on x and not on £/, where we have used the identification of
Proposition 5.48. Thus, the same is true for the variable r; and the form &;. Therefore,
importantly, A, j,, B j, and C, are independent of a, and their only dependence on £,
and d ¢/, is through the terms which explicitly involve them.

The last equation follows from the following facts. First, the multiplicity

m(e)—1
(")

comes from summing over the different decorations D', which all give the same
contribution. Second, the term in Wg- for the edge f € E’\ {e} is

2m(f)
A
(m(f)+ D!
The corresponding terms for e; and e; are, respectively,
(2/ )2(1 (Ke .y )Z(m(e)—a—l)
e an e ’
(a+1)! (m(e)—a)!

Third, Proposition 5.48 reduces the integration over My ,g/(p) to the repeated integral
obtained by first integrating over Mg (p) and then over the location of the node on the
edge e, which is encoded by ¢,,. This inner integration is precisely the integration foe ¢
(with respect to d£,,). Next, recall that, with S = | ¢ siH8 D,

&)z\L/({ri}ieSC» {8i}iesc. {Ditiesc)

[S€]—1
= Y 2> r2ain Y A@idrirana A ay,
k=0 ieS¢ rcsa\iy/ € SETUL}

|I|=k

where for j # h, ®; = @p ;) and @; is a copy of @y (), while @, = PiBL(h) and
ap = p,% Br. Using Observation 6.4, the sum of terms which have i = 4 in the second
summation is precisely A, . The sum of terms with i # & in which I contains A
is B, p, while the remaining terms sum to Ce.
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We shall use the following proposition.

Proposition 6.8 We have

m—1
m—1 y x2a(y_x)2(m—a)—1 B y2m
@ a;( a )/0 @rDlm—a F T
m—1 —a— —
m—1 y x2a(y_x)2(m a—1) B 2y2m 1
(®) ;)( a )fo @rDlm—al T mr

Still fixing e and h € D, we now apply Proposition 6.8, the fact that A, 5, B, ; and
C, are independent of @, and that r; and &; are independent of £/, to sum equation (35)
over (G, e)) := Be_’}l_'_lG, where a =0,...,m(e) — 1.

‘We obtain

m(e)—1

h
(36) Z Z /Ma () WG’S*‘I’L\L(D/)

a=0 D’eD(Gl.h)

[ g { e i B )+2€2’"(e) late
= | | e,h eh T AL s
MG (P) iy oy M TDEL(m (@) +1)! (m(e)+1)!
where
don=r 2"m! Arpdry AGI)A N\ Brg),
e hn; |I|2=:m (felj ’ ]) jervauzy
ICL\L'
=—rpdry A Z ri 24,
i€eL\L’
A 2(m+1)(m+1)1 A ridri A& ) A A @
sz:o |I|Z=:m (,e,f ! ]) jen@orugy
ICL\(L'U{i})
and

oAy 2"ml Y (_/\ rjdrj A&,-) AJGL\(L/,EW{Z,}) OL(j)-

ieL\L’ m=0 I=m /€I
ICL\(L'U{i})
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The next step is to eliminate rj, terms, for & € L’. For this, put

(o2 A) T T (i,

heL\L' ’ m>0 Il=m /€I JEL\(IUL)

ICL\L'
+( Z L drh)/\ Z rl.zézl-
heL\L’ ieL\(L'U{h})
A 20D (1 4-1)1 ( N rj drj/\&j)/\ A OL(j)-
mZZO |I|2=:m Jjel JEL\(L'UTU{i}) /
TCSL\(L'U{i,h})
Then since

Zrﬁzl— Z r7 and Z”hd”hz— Z rpdry,

hel’ heL\L’ hel’ heL\L’

we obtain
Z (A~e,h + Ee,h) = X.
ecE’
heD,
Therefore, summing equation (36) over e € E’ and h € D, gives

HL(DI\L(D")
o7 2 / Wers™ L\ L)
(G',¢',D")eB~1 (G, D) " MoG'(P)

:/Mc(p)( 1_[

f€EE’

Ezm(f)

i
)+ 1)!)X
2m(h)

% 2m(e)z§’”(e)‘1dze) y
+/Ms<p>(e§(f€ﬂ{e}(m(f)+1)!) meornr )"

where the factor m(e) in the last term comes from the cardinality of D, and the
summation over /. Observe that Y = @\ 7, where we stress that we do not require
> heL\L’ r}% =1, as in Remark 3.5. X here is the same as Z there, after substituting
L\ L' for [n], &@; for o; and @p,(;) for w;. Thus, Remark 3.5 immediately gives that
the right-hand side of (37) is

Egm(E) ng(e) B
— AN op +d( — L/)}.
/Mc(p){el;[y (m(e) + D! jer\rr ® ele_[E, (m(e)+ 1)1 E
The claim now follows from Stokes’ theorem. O
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Proof of Proposition 6.8 We first prove part (b). Write

2m

o X
YOEDD ml(m+ 1)

m=0

The identity we need to prove is equivalent to

(f * )x) = f(x),

where x* is the convolution
X
(f 20 = [ 0=y
Using the Laplace transform, the last equation is equivalent to

F?A)=AF(A)—1,

where

F(A) = /0 i F(x)dx

is the Laplace transform of f. Expanding F' we obtain

(38) F i : f e amg i Gmt_; —am-1
= _ e X X = _
m=0m!(m+1)! 0 m=0m!(m+1)!
_/\_11—\/1—4x—2 _Al—«/1—4x—2
B 202 B 2 '

The third equality is a consequence of the general binomial formula. Thus, we are left
with verifying that

F2(Q) = 3A*(1-V1—41"2)— 1 =AF(A) — 1,
which is straightforward.

The first identity is a consequence of the second. Indeed, Write

m—1 m—1 yx2a(y_x)2(m—a)—1
Im:;)( a )/0 @+ Dlm—ay "
" m—1y [ x24(y — x)2m—a=1)
J’"ZZ( a )/0 @i

Q
o

It suffices to show that
I, = % yJm.
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Indeed,
m—1 —a)—
m—1 y x2a(y_x)2(m a)—1
39 M_gxcz)é i &
m—1 . Y y2a(y, _ \2(m—a—1)
=J’§:(m 1)/’x (y —x) i
A o (@+DIm—a)
m—1 m—1 y x2a+1(y_x)2(m—a—1)
— Z( )/ dx
A 0 (a+ D! (m—a)!
m—1 —_g—
B m—1 y (y_t)2a+1t2(m a—1)
_me_;)< a )/0 (@a+1)!(m—a) dx

= me —Im,

where the second equality follows from opening one (y — x) term, and the third follows

from the substitution t = y — x. O

In order to be able to write an expression for the open intersection numbers we need
the following observation.

Observation 6.9 Suppose G € SR;" «.1> and let e be an edge with m(e) > 0. Then for
any decoration D,

/ WGS*EDL\L(D) =0.
de Mg (P)
Proof It follows from the definition of Wg that Wg|q,, ¢ (p) = 0 identically. O

We can now state and prove the integral form of the combinatorial formula. We recall
thatd = 3(3g—3+k +21).

Theorem 6.10 Let L: [d] — [I] be a (d,[)—set, witha; = |L;| fori € [l]. Then

(o tk— _
40) p?L22ETh=D (g, ...q, 0F) = E E / Weor\L(D)
GeOSR® ., DeDec(G,L) M (P)

where the collection (’)SRZ’ k. for m > 0 is defined in Definition 5.36.

Proof Define

Ay = > > /M W61\ L(D)-

(G,IKDeSR™, , DeDec(G,L) * MG KD (P)

Ly Z Z /a Wes*®p\1.(D)>

(G.[K])eSRY', , DeDec(G, L) M.k (P)
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where s is a nowhere-vanishing special canonical multisection. We will begin by
showing that

(41) Sm = Am+1+ Sm+1,
and that
(42) p2L2%(g+k—1)(fa1 e 1q,0%) = Ag + So.

For the first claim, consider Sy,. Recall that for any G,
Meikn= U dMeuxy= U Mk
[e]€[E(G)] [e]l€[E(G)]

Since for different edges the boundary cells intersect in positive codimension, the
integral over the union is just the sum over the edges e of the integrals over 9, M (G,[K])-

For an edge e which is not a bridge or a boundary loop, by Corollary 5.50 we know
that 9, MG [k7)(P) = —9¢ MG, [k.])(P), considered as oriented orbifolds, with the
orientation induced as a boundary.

Now, Dec(G, L) and Dec(G,, L) are the same sets, and it is easy to see that

Wala, fg.ixy = Weeloe Mg, ixen-
Thus, given a decoration D, and using the first item of Proposition 5.46,

WGS*CT)L\L(D) = —/ WGeS*&)L\L(D)'

/f;eM(G,[K])(p) e M(Ge .1k (P)

For an effective loop e, the same argument, only using Corollary 5.51 instead of
Corollary 5.50, and item (c) of Proposition 5.46 instead of item (a), shows that given a
decoration D,

WGS*E)L\L(D) = —/ WGeS*E’L\L(D)-

/3eM(G,[1<])(p) e M(Ge.[KDe (P)

We should note that this is the second place that we use s being special canonical.

If e is a bridge or a boundary loop which is not effective, from Observation 6.9, for
any decoration D,

/ WGS*&)L\L(D) =0.
de M(G.1KD) (P)
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Thus, we can write

Sm = Z Z Z /M Wgs*CT)L\L(D).

(GIKDESR! ., DeDec(G,L) [e]e[Br(G)] * 19 (G-KD (P)
Applying Lemma 6.6, we obtain
Sm ==

Z Z Z Z WGS*&)i\L(D)'

(G.[K])eSR™, , DeDec(G,L) [e]e[Br(G)] j€(L\L(D))i(e) Mae (6.1 (P)

When e is an effective bridge, then G’ = B, (G, [K]) € SRZ’ZII We should note
that this operation is also responsible for the appearance of ghost components, which
result from contracting a boundary edge between two legal boundary tails. In ad-
dition, j € (L \ L(D));() induces a single decoration D’ of G’, which is defined
by (G, D) e B"Y(G’, D’) and j € L(D’). Moreover, any (G, [K']) € SR;”};} with
D’ € Dec(G’, L) is obtained in this way; see Observation 5.41. Hence, we can apply
Lemma 6.7 and get

S = Z Z /M WG\ L(D)

+1 6.1kn(P)
(G,[KDeSRY [, DeDec(G,L)

+ Z Z /3 WGS*(T)L\L(D)

K))e L DeD I (G.[K)])
(G:[ ) SRm.k,l CC(G’ )
Am+1 Sm+] ,

as claimed.

For the second claim, using Lemma 4.47, we can write

1 _
p2L22(g+k 1)(_L,a k)

1...‘Ealo‘

= Z / oL

MG,k (P)
(G.IKDESRY

+ Z Z / s¥Py.

(GIKDESRY , ; [e]€[Br(G)ULoop(G)] 7 Mo (G.1KD (P)

Note that this is the nonnodal case, so all bridges and boundary loops are effective
and the decorations are empty. The cancellation-in-pairs argument used above for the
contribution of the integrals over edges which are neither boundary loops nor bridges
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shows, in particular, that

*®
Z Z /Mae(c.[K])(p) P

(G.[KDeSRY ;. , [e]l€[Br(G)ULoop(G)]
- Z Z / s*®p, = So,
(G.[K])eSRY , , [el€[E(G)] Mo .1k (P)
which, combined with the previous equation, gives (42).

Iterating (41) for m > 0 and using (42), we see that the left-hand side of equation (40)
is Zmzo Am.

‘We now claim:

Proposition 6.11 If G is a nodal graph such that on at least one boundary component
there is an even total number of boundary marked points and legal nodes, then

/ WGCBL\L(D) =0.
Ma.1kn(P)

The proof is given in Section 6.2; see Lemma 6.19. Thus,
Y=Y Y Y [ Wemwm,
m=0 m>0 (G,[K)eOSR™ , , DeDec(G,L) * MG (KD (P)

as claimed. O

Observation 6.12 We have

L;
|Dec(G, L)| = ({m(e) le€ E,i(e) = i})

L;!
iell] (H{eeEli(e)=i} m(@))(Li = YieeE|i(e)=i} m(e))!

Thus, with the above notation, we have

1 _ .
25 (g+k—1) l_[ Piza'<fa1 '-'Ta,Uk)
iell]

a; _
i Z Z ( l_[ ({m(e)|eeE, i(e):i})) /M(G.[K]>(p) WeorL\L o)

m=0 (G,[K])eOSRY ;. ;" i€ll]

— Z Z ( 1_[ ai! )/ W6 @1\ L(D)»
MG.1kn(P)

m>0 (G,[K)OSRY,, " i€ll] (ai_z{eeEli(e)=i} m(e))!
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where Wg is defined in Definition 6.1, and D € D(G, L) are arbitrary decorations.
Summing over all possible L and dividing by d! we get

aij

43) 22E+k-H 3 npi.'(

Sa=diel] Y

Ta, ...Talgk>

=2 Wa

m>0 (G,[K)eosr™ ., *MG.KD(P) (d —m)!

ad—m

Dimensional reasons give:

Observation 6.13 Let L’ be an [—set, and let (G, [K]) € (’)SRZ &1 Suppose that for
some component C € C(G, [K]),

dim(C)< > L}

iel(C)

Then fMG fwr, = 0 for any function f .

Now, © = ZCGC(G) &€, where @€ = Ziel(c) @; . Thus, together with the observa-
tion, we get the following:

Corollary 6.14 We have

_ Cz_)d_m l_[ _ ( C)dim(C)
Wg—— = We—>r——.
) ]
(d —m)! Cec(G) dim(C)!
Thus,
P
@) > T 2% Dy, g 0%)
Sa;=di€[l] ai!

—C)dim(C)

~ (a)
= > / we ] =
!
m=0 (G,[K)eOSRY \ , MG.1k1)(P) CeC(G.IK]) dim(C)!
~ (a)C)dlm(C)
=Y X [ e

m>0 (G,[K])€OSRY ., CeC(G [K])

In the above formula there may appear components C with dim(C) = 0. These are
precisely the ghost components and the genus 0 components with one internal tail and
one legal boundary tail.
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6.2 Power of 2

We aim now to gain a better understanding of the forms Adp; A (@¢/d!) and 0(G,[K])
and their ratio.
Definition 6.15 For (G, [K]) € SR;,k,l’ define s(G, [K]) to be the sign of

—d

w
/\dpi VAN m . U(G,[K])-

For G e R*

2 kI’ define

Cspin(G) = Z 5(G, [K]).

[K]e[K(G)]
Lemma 6.16 For G € SRy, ;.
@? Vi)
Ndpi A W 10(G,[K]) — s(G, [K])cspin(G)2 :

In particular, cgin(G) > 0.

Proof Both the left-hand side and the right-hand side are multiplicative with re-
spect to taking nonnodal components, by the first statement in Corollary 6.14 and the
construction of o(g (k7). Thus, it is enough to prove the lemma for graphs in SRg’ kil

Recall that any class [K] of Kasteleyn orientations is of size 2|VI(G)‘, by Lemma 5.8.
In addition, by Lemma 5.29, the o(g, k) for different K € [K] are equal. Thus, the
lemma is equivalent to the equality

w
(45) Adpi A = Z 0(G,[K])-
) KeK(G)

Recall that w = le.=1 ;. Fix a good ordering n. To prove equation (45), it will be
more comfortable to work with new variables £, h € H I instead of £,, e € E. Set

Hgi|—1
’ S2 ’ 2
PK,i = Z Lh, WK, = Z dlp, /\d%.
heHg ; hi,hoeHg ;
n(h1)<n(hz)

Remark 6.17 Only wg ; depends on the ordering n. For different orders the change
in wg; is of the form dpg ; A dx, where x is a linear combination of {d ¢}, € Hk ;.
Thus, for any a, the form dpg ; A @% ; is independent of 7.
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Express each dp; by ZheHl- d{y, and express also each @; in the {d{}},c 1 basis as
above. Our next aim is to show that

—dg.i

w w
(46) Ndpin—m=3 N dpkin-
© Kkek(c)'€M Kt

(mod 1),

where [ is the ideal (d €, —d{s,p)pc - In order to show equation (46) we expand
Adp; A (@ /d") multilinearly, in terms of {d{},},c g1, without cancellations. Any
monomial which appears in this expression and contains exactly one of d{,d{s,
for any h € H'! defines a unique Kasteleyn orientation K, defined by K(h) = 1 if and
only if d £} appears in the monomial. This is indeed a Kasteleyn orientation since any
hesyH® has K(h) =1, and for any i € [{], an odd number of variables of half-edges
appear: one comes from dp;, and the others come in pairs via powers of ;.

It is transparent that any Kasteleyn orientation K € K(G), is generated this way.
Moreover, regrouping all terms which correspond to the same Kasteleyn orientation,
and using the identity

2m+1 . A\
(Zi<j Xi /\XJ)
E Xi | A =XIAX2AN . A X2m+1,

m!
i=1

we get equation (46).
The “In particular” follows from the fact that Adp; A (&% /d!) and s(G, [K Do, k)

have the same sign. O

Proposition 6.18 For G € SRg ¢ @nd e ¢ Br(G) U Loop(G),

Cspin(G) = Cspin(Ge)-
Proof It follows from Lemma 6.16 that
cpn(G) =% ) 0@GIKD I 0G,KD
[K'1e[K(G)]
for any fixed [K] € [K(G)]. If K, K’ € K(G), then by the orientability of the moduli,
Theorem 5.32, we see that
0(G.[K]) - 9(G,[K"]) = 9(Ge.[Ke]) - O(Ge,[KL]):

as (G, [K])), (Ge, [K¢]) and (G, [K']). (Ge, [K]]) parametrize adjacent cells. Thus,
Cspin(G) = Fcgpin(Ge). But cgpin > 0, hence the equality. m]
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Lemma 6.19 If G ¢ Rl;,k,l \OR?,k,l’ then cgpin = 0.

Proof Again, as cgpi, is multiplicative in nonnodal components, it is enough to consider
the case of nonnodal graphs. Let 3, be a boundary with an even number of boundary
marked points. Note that given a surface ¥ and a boundary component 03, graded
spin structures on X can be partitioned into pairs which differ exactly in the lifting
of 0Xj. Thus, we can partition [K(G)] into pairs which differ exactly in the boundary
conditions at dX;. In combinatorial terms, for any pair {(G, [K1]) and (G, [K2])} in
the partition we can find K; € [K;] and K, € [K3] which agree everywhere, except
on edges with exactly one vertex in dX, where they disagree. We shall show that
$(G, [K1]) = —5(G. [Ka2)).

As a consequence of Proposition 6.18, cgin(G, [K]) = cspin(Ge, [Ke]) for G € Rg,k,l
and e ¢ Br(G) U Loop(G). By performing enough such Feynman moves at boundary
edges of G, see Figure 14 moves (b) and (c), we may assume only one nonboundary
edge emanates from 0Xj. Let 2a denote the number of the boundary marked points
on 0X;. Note that 0% is part of the boundary of a single face, say face 1. Let & and
s1(h) be the internal half-edges which touch d3;. Choose a good ordering n on G,
sothat n(h) =1, n(hy) = 2,...,n(h2q+1) = 2a + 2 and n(s1h) = 2a + 3, where
h; € H! are the other half-edges on 9%,. This can always be done, possibly after
interchanging & and s1/4. Choose any K; € [K1] and K, € [K>], which differ only in
their values at  and s1/. Thus, the sign difference between oG k1) and 0(G,[k>])
is just (—1)24*! = —1, since we change only the location of the variable d ¢}, /51> DY
2a + 1 spots. As claimed. |

We can now prove Proposition 6.11.

Proof By Lemma 6.16, the proposition is equivalent to cgpin(G) = 0. But ¢opin(G) =
[lcec(o) Cspin(c)» Which is 0 by Lemma 6.19. O

We can now also prove Corollary 5.51.

Proof As above, it is enough to prove it for smooth G. The case where e is a
boundary loop is a special case of the graph considered in the proof of Lemma 6.19,
and in particular we see that the orientation expressions for (G, [K]) and (Ge, [K,])
are opposite. Recall that the map W™ preserves the edge-lengths of all edges, but
changes the Kasteleyn orientation to [K,]. By contracting these orientation expressions
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with the vector —d/d{,, we see that the induced orientation on d,.M (G..,[K.]) and the
(Weomby*_pushforward of the induced orientation on 9,M (G,[K]) are opposite. O

Lemma 6.20 For G € ORg k1’

Copin(G) = 238 Fb=D),

we have

where g is the genus of G, and b is the number of boundaries. For G € ORZ’ Kl

Cspin(G) = l_[ cspin(Gi),

where G; are the smooth components of G.

Proof Again it is enough to consider nonnodal graphs. By Lemma 6.16, ¢pin(G) > 0.
By Proposition 6.18 cgin(G, [K]) = ¢spin(Ge. [Ke]), whenever G € (’)SRg ¢ and
e ¢ Br(G) ULoop(G). Thus, it is enough to calculate cgpi, for the graph G, where G is
the graph constructed in Example 5.18; see Figure 17. We shall work with the notation
of that example. We shall order the faces according to their labels, and we choose an
ordering n of the edges of face 1 such that a; is the first edge. Choose a Kasteleyn
orientation and write
0 =WiAWr A AWg ANdlpy Ndlxy Ao+ ANdly, Ndlx, Ndle, /\---/\awel’k1
ARNdALy, N---NdLy,,
where W; is the wedge of d{g;,d{p,,dlc;,dlg,,dly,,dlg,, according to the order

induced by K, and R is the wedge of the remaining variables, according to the ordering.
The ordering n, restricted to the half-edges which are involved in W}, is

ai. fi.di. gi.ci. fi bi. gi.
There are four possibilities for K( f;) and K(g;). Let KZ.O denote the set of possibilities
with K( f;)K(g;) = 0. Let Kl.1 be the singleton made of the remaining possibility. One

can check by hand that the form W; is constant in K l_o’ and minus that constant in the
fourth possibility.

The ordering restricted to the remaining edges is

b1,2» e2,k2+17 b2,3’ e3,k3+1’ R} bb—l,b» eb,O’ eb,l’ DR eb,kb ’ bb—l,bv
€h—1,00€b—1,1+- -+ €b—1,kp_1+Pb—2,b—1-€b—2,0+ - - -+ €2 kyP1,2.

The only freedom in K is in the values of K(b;,j+1). The relative order of these edges is

b12,023,....bp—1p,bp—1p,---,D1,2.
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Observe that between b; ;11 and b 7,j+1 1n the ordering, there is an even number of
half-edges. Thus, different assignments of K(b;,j+1) do not change the orientation 0.
There are 26~ such assignments, where b is the number of boundary components.

To summarize, s(G, [K]) depends only on ) ; K( fi)K(g;), which is just the parity of
the graded spin structure (see Remark 5.19), and different parities give rise to different
signs. By the calculation in Remark 5.19 we see that cpin (G) = :i:Z%(g_b"’lH'b_l,

. . . 1 _
but as it cannot be negative we end with cpin (G) = 23(&+b-1) O

Remark 6.21 An analogous power of 2 appears in [25] when one wants to calculate
the Laplace transform of the integral combinatorial formula. The method developed
in this paper is also applicable to that calculation. It shows exactly where this power
of 2 comes from, and how is it connected to spin structures. In fact, our ¢y, can be
thought as an open analog of the push down of the r = 2—spin Witten’s class to the
spinless moduli; see [39].

0
Corollary 6.22 For G € SR AL

d
1
Adpi A m Lo6.1x) = 5(G, [K])2|V (G)]+3(g(G)+b(G)~1)
6.3 Laplace transform and the combinatorial formula
As in the closed case, a more compact formula may be obtained after performing a
Laplace transform to Corollary 6.14.

Let A; be the variable dual to p; and write, for e = {hy, hy = s1h1},

A-Jlr,\- if i(hy) =i andi(h2) = J,
)\(e) = ! J

1 2m(e)\,—2m(e)-1 . 5

m(e)+1(m(e) )*i ifi(hy)=iand ho € HB.

We also define X(e) = 1/A(e) for an internal edge and X(e) = Aj(e) for a boundary
edge of face i.

Applying the transform to the left-hand side of Corollary 6.14 gives

2a;
_ . D; 1 _
/ OAdpie L Aipi § | | 1_422(g+k 1)<Ta1"'fa10k)
D1,y pr>

Sa=die]

Leon @a =Dt
Ya;j=die€[l] l'

where d = 3(k + 21 +3g —3).
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Transforming the right-hand side leaves us with

_ @C)dim(C)
L 2 / paer T TS
m=0 GeOSRY | Pl pi>0 CeC(G,[K]) *Mc ‘
_ —C dim(C)
2T e T e e
m=0 GEOSR P15 P1>0 CeC(G,[K]) " Mc im(C)!

where we have used the fact that the perimeter of a face is the sum of its edges’ lengths.

Recall that
Egm(e)

[T we=TI (m(e)! (m(e) + 1)1’

CeC(G,[K)]) ecEB(G)

By Corollary 6.22, applied to (G, [K]) € OSRE 1> We have

d
(Nien dpi) % i
/\eeE(G) dle

where the variables in the denominator are ordered by o0, [k7]), and |V1|, g and b are

= 5(G, [K])2/V @+32@E(@+b(G)-1)

the number of internal vertices of G, its genus and the number of boundary components,
respectively. In addition,

Z s(G, [K]) = Cspin = 2%(g+b—1)’
[K1e[K(G)]
by Lemma 6.20. Moreover, since Aut(G) acts on [K(G)], and is sign-preserving, we
Z (G, [K]) _ Z (G, [K])
|Aut(G)| |Aut(G, [K])|

A
[K]€[K(G)] [K]€[K(G)]/Au(G)

see that

Thus, for a fixed G € ORY ;. ;, summing over forspm(G) using Observation 5.38, and
recalling that Mg [k]) =~ RE©) /|Aut(G, [K])|, we get

| _Zk(e)e ~ (wC)dim(C)
Zm /\dpl ‘ l_[ E(C) C(hm—(C)'
(K] ) P15--,01>0 CeC(G,[K)]) R '
2
_Heec@ ¢©) I1 / O g, T] / e L0
|Aut(G)| ecE\EB ecEB me)!(m(e)+1)t

_lcec@ ¢(©)
= aw@) LA
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where ¢(C) = 2V (O)lH8(C)+b(C)~1 . Summing over all G € OR* 2 k.l

2a; — !
ptttenion 5212 o)

Yai=di=1 Aj HCeC(G)C(C)
‘ |Aut(G)|
GeOngl ecE

This proves Theorem 1.5.

Open problem 3 The moduli space M ¢.k,1 1s disconnected, and is composed of
components which parametrize different topologies, partitions of boundary markings
along boundary components and graded structures. The boundary conditions of [35; 31]
define in fact an intersection number on each such component, and their sum is what we
denote in this work by (74, --- 74 lak) g~ Using the techniques presented in this section
one can actually calculate all these refined intersection numbers; see [2]. The inter-
section numbers (74, * - Ty ,ak )¢ are related to the KAV wave function, and therefore
satisfy many recursion relations. A natural question is whether the refined numbers
also satisfy interesting recursion relations, and whether they are related to an integrable
hierarchy. The paper [2] proposes a conjecture in this direction.

Appendix Properties of the stratification

A.0.1 Proof of Proposition 4.25 Fix sets Z, B and Py. For a stable open ribbon
graph G, write Mg = RE(G) /Aut(G). Let G4 p (z,p,) be the set of all such graphs with
boundary markings B, internal markings Z and internal markings of perimeter zero Py.
We will show that comb® maps /W?B,IUPO to ]_[Gg’& 7o) Mg (p) surjectively, and
that it is one-to-one on smooth or effective loci.

Step 1 An antiholomorphic involution g of a connected stable curve X is separating
if X /o is a connected orientable stable surface with boundary. X € is called the real
locus. A half of X is a stable connected subsurface with boundary ¥ € X such that
the composition ¥ < X — X /o is a homeomorphism.

A doubled (g, B,Z U Py)—surface is a closed stable marked surface X with markings
{xi}ie and {z;, Z; };ezup,. together with a separating antiholomorphic involution o
and a preferred half ¥, satisfying

(a) x; € X@foralli, and

(b) z; €int(X) for all i.
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Observation A.1 There is a natural one-to-one correspondence between open stable
(g,B,T U Py—surfaces ¥ and doubled (g, B,Z U Py)-surtaces (X, 0, X), given by
Y — (D(X), X), where X is taken as a subset of D(X).

Note that all components of X @ which are not isolated points are canonically oriented
as boundaries of the distinguished half.

Step 2 Fix positive {p; }iez. For convenience we denote by Z and Py the markings of
z; for i € Z,Po. We now analyze the image of doubled surfaces (X, o, £) under the
(closed) map comb, defined on M g.k+21> Where the perimeters ¢ are defined so that
the faces of z; and z; for i € Z have perimeter p;, and the other points are boundary
marked points or internal marked with perimeter 0. By the construction for closed
surfaces, the image is a stable ribbon graph G in the sense of Definition 4.2, embedded
inX =K BUPLUP, (X)- Moreover, ¢ induces an involution on X and G, which we also
denote by g, and by Lemma 4.13 X©@ C G. Faces and vertices marked by ZU Py are in
one distinguished half ¥ of X, where a half is defined analogously to the above.

Write EB for p—invariant edges. Let H 5 be their halves which do not agree with
the orientation induced by $. Write V8 for o—invariant vertices. Let V! be vertices
in int(f]), let H' be either half-edges in s; H 8 or half-edges which intersect int(i),
and let EX = (HT \ s HB)/s,.

Observation A.2 H! U H?2 is invariant under s, and so takes H! to H U HE.

Indeed, if there were h € H! and ' ¢ H! U H® with soh = I’, then there was a
common face which contained 4 and s14’. But then this face would intersect both
int(i‘) and Q(int(z‘)), which is impossible.

Let v be a vertex, and consider its half-edges. The permutation s¢ acts on them, and
also p. Write By, for the set of so—cycles which contain an element of H B and write
I, for those cycles in H'. It is easy to see that no so—cycle contains more than two
boundary edges. It follows from the observation that inside a cycle in B, the half-edges
are so—ordered as hy, ..., har4o so that

hl €951 H B s

hi e HI\siHB ifie[r+1]\{1},

hi =o(hi—y—1) ifie2r+2]\[r+1].
In particular, h,4» € HB and h; ¢ (HT U HB) fori € [2r + 2]\ [r + 2]. Define a
permutation 5o of H 'y HB which is so on H I and otherwise, we are in the scenario
just described, Sohy4+2 = hy.
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Define new marking assignments £, 2 and %0 as follows: f mapsi €7 to the
face containing z;, f2 maps i € B to the vertex x; is mapped to, and f 0 is defined
similarly.

Recall Notation 4.17. Let 77 (g, 1, B) be the set of isotopy types of smooth doubled
(g, 1, B)—surfaces. Write T (g, 1) =Z7(g,I). Clearly there exists a canonical
identification «: Z7 (g, I, B) ~I7(g. 1. B).

We can enrich the graph (G, ) with a defect function d on V! U VB, defined as
follows. Let v € VI UV B be a vertex, and consider its preimage X, in X. If X, is not
a point, then it is a pointed nodal surface, doubled in case v € VB, and otherwise just a
usual closed one, without z;, z; for i € Z. Some of the special points of X, correspond
to nodes whose two halves belong to X;,. Smooth X, along these nodes. There is
a unique topological way to perform the smoothing process on a doubled surface,
which is consistent with the choice of a half, and is such that the resulting surface is
doubled. Define d(v) € IT(g(v)Iv U (ffo)~tw), By U (fB)_l(v)) to be the class
of the smoothed X, in the doubled case. Otherwise, d(v) is the unique element in
IT(g(v). Iy U (£ ) ).

The ribbon graph G, together with the involution g, and the doubled data, which consists
of thesets HY, HB VI VB and the maps d, f1, fB, fF0 is called a doubled ribbon
graph. We see that any doubled surface, together with perimeters as above, is associated
with a doubled graph. Call this association Dcomb. It now follows from definitions that:

Observation A.3 There is a canonical bijection Half between doubled (g, B, (Z, Po))—
metric ribbon graphs and open (g, BB, (Z, Py))—metric ribbon graphs. Half(G) is the
graph spanned by HY, HB V1 VB with permutations 5y and s1, maps f1, fB, f¥o,
the same genus defect as G and topological defect a(d).

Half(G) is embedded in S, which, after defining the corresponding defects, is exactly
Kpp, 2.

Thus, by Observations A.1 and A.3, for any X € /WE «.; and perimeters p, the symmetric
JS differential indeed defines a stable open ribbon graph with perimeters p embedded
in K B,Po 2.

Step 3 We now show that:

Proposition A.4 The map
comb® : Mg g 7p, x RT — ]_[ Mg

Ge.5.z.79)
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is a surjection, and in the smooth case, or more generally when unmarked components
are not adjacent and form a moduli of dimension zero, it is in fact a bijection onto its
image.

This proposition is true in the closed case. By the above construction, it will be enough
to show these properties for Dcomb. By the closed theory, from the doubled metric
graph (G, £) one can reconstruct the unique surface with extra structure X into which
it embeds, including the complex structure on its marked components. Write ¢ for the
set of perimeters of faces of G. It is evident that the perimeters of faces i and 1 are
the same. The involution on (G, £) lifts to an involution on X. For any singular point
v € X which corresponds to the vertex v of the graph, any so—cycle v of half-edges
corresponds a new marked point labeled ¥ in the normalization of $. We define a
surface X as follows. For a singular v with v € V5, replace v by a doubled surface X,
in the isotopy class d(v). For a singular v € V!, replace v and o(v) by two conjugate
closed surfaces ¥, and ¥,, where ¥, is in the class of d (v). Note that X, is not
necessarily stable. Let X1, ..., %, be the marked components of . Define

x =sub(([[ X u][%)/~).

where the ~ identifies a marked point in some X, which corresponds to a so—cycle v
with the corresponding point in some 3J;. Stab is the stabilization map which contracts
an unstable component to a point.

One can easily extend g and the choice of a half to X, and Dcomb(X, ¢) = (G, {),
where ¢ is the set of perimeters.

In the smooth or the more general case described in the statement, we have no freedom
in the reconstruction of X.
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Derived equivalences of hyperkihler varieties

LENNY TAELMAN

We show that the Looijenga—Lunts—Verbitsky Lie algebra acting on the cohomology
of a hyperkihler variety is a derived invariant, and obtain from this a number of conse-
quences for the action on cohomology of derived equivalences between hyperkéhler
varieties.

This includes a proof that derived equivalent hyperkéhler varieties have isomorphic
Q-Hodge structures, the construction of a rational “Mukai lattice” functorial for
derived equivalences, and the computation (up to index 2) of the image of the group
of auto-equivalences on the cohomology of certain Hilbert squares of K3 surfaces.

14F05, 14J32

1 Introduction

1.1 Background

We briefly recall the background to our results. We refer to Huybrechts [24] for
more details. For a smooth projective complex variety X, we denote by DX the
bounded derived category of coherent sheaves on X. By a theorem of Orlov [37] any
(exact, C-linear) equivalence ®: DX; = DX, comes from a Fourier—-Mukai kernel
P € D(X1 x X2), and convolution with the Mukai vector v(P) € H(X1 x X2, Q) defines

an isomorphism
®": H(X;, Q) => H(X2,Q)

between the total cohomology of X; and X5. This isomorphism is not graded, and
respects the Hodge structures only up to Tate twists. Nonetheless, Orlov has conjectured
[38] that if X; and X, are derived equivalent, then for every i there exist (noncanonical)
isomorphisms H' (X1, Q) = H (X», Q) of Q—-Hodge structures.

For every X we have a representation
ox : Aut(DX) - GL(H(X,Q)), &+ o

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Its image is known for varieties with ample or antiample canonical class (in which
case Aut(DX) is small and well understood; see Bondal and Orlov [9]), for abelian
varieties — see Golyshev, Lunts and Orlov [18] — and for K3 surfaces. To place our
results in context, we recall the description of the image for K3 surfaces.

Let X be a K3 surface. Consider the Mukai lattice
H(X,Z):=H%X,Z)®H2(X,Z(1)) @ H*(X. Z(2)).

This is a Hodge structure of weight 0, and it comes equipped with a perfect bilinear form
b of signature (4, 20). For convenience, we denote by « and § the natural generators of
HO(X, Z) and H*(X, Z(2)) respectively, so that H(X, Z) = Za & H2(X, Z(1)) & Zp.
The pairing b is the orthogonal sum of the intersection pairing on H?(X, Z(1)) and the
pairing on Za @ Zf given by b(a,«) = b(B, ) =0 and b(«, ) = —1.

It was observed by Mukai [35] that if ®: DX, => DX5 is a derived equivalence
between K3 surfaces, then ®! restricts to an isomorphism of: H(X:1,Z) > H(X».,Z)
respecting the pairing and Hodge structures. Denote by Aut(H(X, Z)) the group of
isometries of H(X, Z) respecting the Hodge structure, and by Aut™ (H(X,Z)) the
subgroup (of index 2) consisting of those isometries that respect the orientation on a
four-dimensional positive definite subspace of ﬁ(X ,R).

Theorem 1.1 [22; 26; 35; 36; 39] Let X be a K3 surface. Then the image of py is
Autt(H(X, Z)). o

In this paper, we prove Orlov’s conjecture on Q—Hodge structures for hyperkahler
varieties, construct a rational version of the Mukai lattice for hyperkihler varieties, and
compute (up to index 2) the image of px for certain Hilbert squares of K3 surfaces.
The main tool in these results is the Looijenga—Lunts—Verbitsky Lie algebra.

1.2 The LLV Lie algebra and derived equivalences

Let X be a smooth projective complex variety. By the hard Lefschetz theorem, every
ample class A € NS(X) determines a Lie algebra g; C End(H(X, QQ)) isomorphic to sl,.
More generally, this holds for every cohomology class A € H2(X, Q) (algebraic or not)
satisfying the conclusion of the hard Lefschetz theorem. Looijenga and Lunts [33] and
Verbitsky [46] have studied the Lie algebra g(X) C End(H(X, Q)) generated by the
collection of the Lie algebras g,. We will refer to this as the LLV Lie algebra. See
Section 2.1 for more details.
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Derived equivalences of hyperkdhler varieties 2651

We say that X is holomorphic symplectic if it admits a nowhere degenerate holomorphic
symplectic form o € HO(X, Qg()

Theorem A (Section 2.4) Let X1 and X» be holomorphic symplectic varieties. Then
for every equivalence ®: D X1 = D X, there exists a canonical isomorphism of rational
Lie algebras

D9 g(X1) = 9(X2)

with the property that the map ®%: H(X1, Q) = H(X», Q) is equivariant with respect
to ®9.

Note that g(X) is defined in terms of the grading and the cup product on H(X, Q),
neither of which are preserved under derived equivalences.

To prove Theorem A we introduce a complex Lie algebra g’(X) whose definition is
similar to the rational Lie algebra g(X), but where the action of H2(X, Q) on H(X, Q)
is replaced with a natural action of the Hochschild cohomology group HH?(X) on
Hochschild homology HH.(X). Since Hochschild cohomology and its action on
Hochschild homology is known to be invariant under derived equivalences, it follows
that g’(X) is a derived invariant. We show that if X is holomorphic symplectic, then the
isomorphism HH,(X) — H(X, C) (coming from the Hochschild—Kostant—-Rosenberg
isomorphism) maps g’(X) to g(X) ®g C. This is closely related to Verbitsky’s “mirror
symmetry” for hyperkéhler varieties [46; 47]. From this we deduce that the rational

Lie algebra g(X) is a derived invariant.

1.3 A rational Mukai lattice for hyperkihler varieties

A hyperkidihler (or irreducible holomorphic symplectic) variety is a simply connected
smooth projective variety X for which H°(X, Q)Z() is spanned by a nowhere degenerate
form.

Let X be a hyperkéhler variety. Consider the QQ—vector space

H(X.Q):=Qu®H*(X.Q)® Qp

equipped with the bilinear form » which is the orthogonal sum of the Beauville—
Bogomolov form on H2(X, Q) and a hyperbolic plane Qo @ Qp with  and B isotropic
and b(«, B) = —1. By analogy with the case of a K3 surface, we will call H(X. Q)
the (rational) Mukai lattice of X. Looijenga and Lunts [33] and Verbitsky [46] have
shown that the Lie algebra g(X) can be canonically identified with 50(ﬁ(X ,Q));
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see Section 3.1 for a precise statement. Moreover, Verbitsky [46] has shown that
the subalgebra SH(X, Q) of H(X, Q) generated by H?(X, Q) forms an irreducible
sub-g(X)-module. Using this, we show that Theorem A implies:

Theorem B (Section 4.2) Let X and X5 be hyperkéhler varieties and
d: DXy = DX,
an equivalence. Then the induced isomorphism ®! restricts to an isomorphism
®SH: SH(X1, Q) => SH(X2, Q).
Taking X; = X» = X in Theorem B we obtain a homomorphism
P31 Aut(DX) — GL(SH(X, Q).

The complex structure on a hyperkéhler variety X induces a Hodge structure of weight O
on H(X, Q) given by

H(X.Q) = Qe ® H*(X.Q(1)) ® QB
Denote by Aut H(X, Q) the group of Hodge isometries of H(X, Q).

Theorem C (Section 4.2) Let X be a hyperkihler variety of dimension 2d and
second Betti number b,. Assume that b, is odd or d is odd. Then p)S(H factors over a
map p)}} : Aut(D(X)) — Aut(H(X, Q)).

See Sections 3.2 and 4.2 for an explicit description of the implicit map

Aut(H(X, Q)) — GL(SH(X, Q)).

Note that all known hyperkihler varieties satisfy the parity conditions in the theorem:
there are two infinite series of deformation classes with odd b, (generalized Kummers
and Hilbert schemes of points), and three exceptional deformation classes with odd d
(K3, 0G6, OG10).

1.4 Hodge structures of derived equivalent hyperkéihler varieties
Another application of Theorem A is the following:

Theorem D (Section 5) Let X; and X, be derived equivalent hyperkahler varieties.
Then for every i the Q—Hodge structures H (X1, Q) and H! (X5, Q) are isomorphic.

This confirms Orlov’s conjecture for hyperkihler varieties. The proof is inspired by
Soldatenkov [43].
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1.5 Auto-equivalences of the Hilbert square of a K3 surface

In the second half of the paper we consider the problem of determining the image
of px for certain hyperkihler varieties. An important difference with the first half of
the paper is that integral structures (lattices, arithmetic subgroups, ...) will play an
important role here.

As a first approximation to determining the image of py, we consider a variation of
this problem which is deformation invariant. Let X be a smooth projective complex
variety. If X’ and X" are smooth deformations of X (parametrized by paths in the
base), and if ®: DX’ => DX" is an equivalence, then we obtain an isomorphism as
the composition

H(X,Q) — H(X’, Q) 5 H(X”, Q) — H(X, Q).

We define the derived monodromy group of X to be the subgroup DMon(X) of
GL(H(X,Q)) generated by all these isomorphisms. This group contains both the
usual monodromy group of X and the image of px : Aut(DX) — GL(H(X, Q)).

If S is a K3 surface, then the result of Huybrechts, Macri and Stellari [26] implies
DMon(S) = OT(H(S, Z)), and that the image of pg consists of those elements of
DMon(S) that respect the Hodge structure on ﬁ(S ,Z). Similarly, for an abelian
variety A, the results of [18] imply DMon(A4) = Spin(H!(4,Z) @ H'(4V, Z)), and
that the image of p4 consists of those elements of DMon(A) that respect the Hodge
structure on H' (4, Z) @ H (4V, Z).

Now let X be a hyperkihler variety of type K312, We have H(X, Q) = SH(X, Q)
and hence by Theorem C the action of Aut(DX) on H(X, Q) factors over a subgroup
O(H(X,Q)) of GL(H(X, Q)).

For an integral lattice A C H(X, Q) we denote by OT(A) C O(A) the subgroup
consisting of those Hodge isometries that respect the orientation of a positive 4—plane
in Ag.

Theorem E (Section 9.4) Let X be a hyperkihler variety deformation equivalent to
the Hilbert square of a K3 surface. There is an integral lattice A C ﬁ(X , Q) such that
O1(A) c DMon(X) C O(A)

inside O(H(X, Q)).

See Section 9.4 for a precise description of A. As an abstract lattice, A is isomorphic
to H2(X,Z) ® U, but its image in H(X, Q) is not Za & H2(X,Z) & Zp.
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Crucial in the proof of Theorem E is the derived McKay correspondence due to
Bridgeland, King and Reid [11] and Haiman [21]. It provides an ample supply of
elements of DMon(X): every deformation of X to the Hilbert square S [2] of a K3
surface S induces an inclusion DMon(S) — DMon(X). As part of the proof, we
explicitly compute this inclusion.

We denote by Aut(A) the group of isometries of A C H(X, Q) that respect the Hodge
structure on H(X, Q). It follows from Theorem E that im(py ) is contained in Aut(A)
for every X which is deformation equivalent to the Hilbert square of a K3 surface. For
some X we can show that the upper bound in the above corollary is close to being sharp.
Denote by Aut™(A) C Aut(A) the subgroup consisting of those Hodge isometries that
respect the orientation of a positive 4—plane in AR.

Theorem F (Section 10.2) Let S be a complex K3 surface and X = S (2] Assume
that NS(X) contains a hyperbolic plane. Then Aut™ (A) C im(px) C Aut(A).

Remark 1.2 To determine im py up to index 2 for a general hyperkihler of type K3 (2]
new constructions of derived equivalences will be needed.

Remark 1.3 Theorems E and F leave an ambiguity of index 2, related to orientations on
a maximal positive subspace of ﬁ(X ,R). In the case of K3 surfaces, it was conjectured
by Szendrdi [44] that derived equivalences must respect such orientation, and this was
proven by Huybrechts, Macri, and Stellari [26]. Their method is based on deformation
to generic (formal or analytic) K3 surfaces of Picard rank 0, and on a complete
understanding of the space of stability conditions on those [25]. It is far from clear if
such a strategy can be used to remove the index 2 ambiguity for hyperkéhler varieties
of type K321,

Remark 1.4 That a lattice of signature (4, b, —2) should play a role in describing the
image of py for hyperkihler varieties X was expected from the physics literature —
see Dijkgraaf [16] — but it is not clear where the lattice should come from, nor what
its precise description should be for general hyperkéhler varieties. In the above results,
the lattice A arises in a rather implicit way, and one may hope for a more concrete
interpretation of its elements.

Remark 1.5 It is tempting to try to conjecture a description of the group Aut(DX) in
terms of an action on a space of stability conditions on X, generalizing Bridgeland’s
work on K3 surfaces [10]. However, there is a representation-theoretic obstruction
against doing this naively. The central charge of a hypothetical stability condition on X
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takes values in H(X, C), yet Theorems E and F suggest the central charge should take
values in H(X, C). If X is of type K3[2), then H(X, C) and H(X,C) are nonisomorphic
irreducible DMon(X )-modules, so this would require a modification of the notion of
stability condition.
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2 The LLV Lie algebra of a smooth projective variety

In this section we recall the construction of Looijenga and Lunts [33] and Verbitsky
[46] of a Lie algebra acting naturally on the cohomology of algebraic varieties. For
holomorphic symplectic varieties we show that this Lie algebra is a derived invariant.

2.1 The LLV Lie algebra
Let F be a field of characteristic zero and M be a Z—graded F—vector space of finite
F—dimension. Denote by % the endomorphism of M that is multiplication by n on M.

Let e be an endomorphism of M of degree 2. We say that e has the hard Lefschetz
property if for every n > 0 the map e¢": M_, — M, is an isomorphism. This is
equivalent to the existence of an f € End(M) such that the relations

(1) [h,e]=2e, [h, fl==-2f e, fl=h
hold in End(M). Thus, (e, h, f) forms an sl,—triple and defines a Lie homomorphism
slp — End(M).

Proposition 2.1 Assume that e has the hard Letschetz property. Then the element f
satisfying (1) is unique, and if e and h lie in a semisimple sub-Lie algebra g C End(M ),
then so does f .

Proof The action of ad e on End(M) has the hard Lefschetz property for the grading
defined by ad /. In particular,

(ad e)?: End(M)_, => End(M),

is an isomorphism. It sends f to —2e, so f is indeed uniquely determined.
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If e and & lie in g, then g C End(M) is graded and the above map restricts to an
injective map
(ade)®: g2 = go.

Since 4 is diagonalizable, it is contained in a Cartan subalgebra of g. The symmetry
of the resulting root system implies that dim g—, = dim g, for all n. In particular, the
map (ad e)? defines an isomorphism between g_, and g5; thus f lies in g. O

Let a be an abelian Lie algebra and e: a — gl(M), defined by a + ¢,, a Lie homo-
morphism. We say that e has the hard Lefschetz property if e(a) C gl(M ), and if there
exists some a € a such that e, has the hard Lefschetz property. Note that this is a
Zariski open condition on a € a.

If e: a — gl(M) has the hard Lefschetz property, then we denote by g(a, M) the Lie
algebra generated by the sl—triples (eq4, &, fy) for a € a such that e, has the hard
Lefschetz property. We say that (a, M) is a Lefschetz module it g(a, M) is semisimple.

Now let X be a smooth projective complex variety of dimension d. Denote by M :=
H(X, Q)[d] the shifted total cohomology of X (with middle cohomology in degree 0).
For a class A € H?(X, Q), consider the endomorphism e; € End(M) given by cup
product with A. If A is ample, then e, has the hard Lefschetz property, so the map
e:H?(X,Q) — gl(M) has the hard Lefschetz property. We denote the corresponding
Lie algebra by g(X) := g(H?>(X, Q), M).

Proposition 2.2 [33, 1.6, 1.9] (H?(X,Q), M) is a Lefschetz module. |
In other words, g(X) is a semisimple Lie algebra over Q.

2.2 Hochschild homology and cohomology

Let X be a smooth projective variety of dimension d with canonical bundle wy := Q2 31(.
Its Hochschild cohomology is defined as

HH"(X) := Exty, x (A«Ox, AxOx)
and its Hochschild homology is defined as
HH, (X) := Ext4 % (A+Ox, Awy).
Composition of extensions defines maps
HH" ® HH” — HH"™™, HH" ® HH,, — HH,—p,

making HH,(X) into a graded module over the graded ring HH®(X).
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The Hochschild—Kostant—Rosenberg isomorphism (twisted by the square root of the
Todd class as in [30; 15]) defines isomorphisms

I":HH"(X) = @ H (XN Tx). LiHH.(X) = @ H(X,Q%).
i+j=n Jj—i=n
Under these isomorphisms, multiplication in HH®*(X) corresponds to the operation

induced by the product in /\" T, and the action of HH®*(X) on HH,(X) corresponds
to the action induced by the contraction action of /\* Tx on Q% ; see [12; 13].

Together with the degeneration of the Hodge—de Rham spectral sequence, the isomor-
phism /, defines an isomorphism

HH.(X) = H(X, C).

This map does not respect the grading; rather it maps HH; to the i™ column of the
Hodge diamond (normalized so that the 0" column is the central column D, H?"?).
Combining with the action of HH® on HH,, we obtain an action of the ring HH*(X)
on H(X, C).

Theorem 2.3 Let ®: DX; = DX, be a derived equivalence between smooth projec-
tive complex varieties. Then we have natural graded isomorphisms

OHH HH*(X;) => HH*(X»), ®"He: HH,(X;) => HH.(X>),

compatible with the ring structure on HH® and the module structure on HH,, and such
that the square

HH.(X;) —— H(X;,C)

lcpHH. l@H
HH.(X2) —— H(Xa,C)
commutes.

Proof See [13; 34]. O

2.3 The Hochschild Lie algebra of a holomorphic symplectic variety

Now assume that X is holomorphic symplectic of dimension 2d. That is, we assume
that there exists a symplectic form o € HO(X, Q)zf). Note that this implies that a
Zariski-dense collection of o € HO(X, 9)2() will be nowhere degenerate.

Through the isomorphism /7 : HH,(X) — H(X, C), the vector space H(X, C) becomes
a module under the ring HH®*(X).
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Lemma 2.4 HH*(X) = H*(X, C) as graded rings, and H(X, C) is free of rank one
as an HH®* (X )—module.

Proof A symplectic form o defines an isomorphism Q)l( — Ty, and hence an

~

isomorphism of algebras /\" Q )1( ~> A" Tx. Combining this with the Hochschild—
Kostant—Rosenberg isomorphism I and the degeneration of the Hodge—de Rham spectral
sequence, we obtain a chain of isomorphisms of graded rings

HH®(X) => H*(X, \" Tx) => H*(X, Q%) => H*(X, C).
This proves the first assertion. For the second it suffices to observe that the module
HH., (X, C) is generated by ¢ € HH, ;7 (X) = HO(X, Q)Z(d). |
Consider the endomorphisms /1, h; € End(H(X, C)) given by
hp=p—d, hy=q—d on HP.

These define the Hodge bigrading on H(X, C), normalized to be symmetric along the
central part HY4. Note that h = hp + hg. The action of HH" (X)) on H(X, C) has
degree n for the grading defined by h’' = hy — hp.

Lemma 2.4 and hard Lefschetz imply:

Corollary 2.5 For a Zariski-dense collection of i € HH?(X), the action by p,

e, H(X,C) - H(X, C),
has the hard Lefschetz property with respect to the grading defined by h'. a
In particular, for every such u we have a complex subalgebra g,, C End(H(X, C))

isomorphic to sl,, and the collection of such algebras generates a Lie algebra which
we denote by g'(X) C End(H(X, C)). From Lemma 2.4 we also obtain:

Corollary 2.6 The complex Lie algebras g/(X) and g(X) ®q C are isomorphic. |

In the next section, we will show something stronger: that g/(X) and g(X) ®¢g C
coincide as sub-Lie algebras of End(H(X, C)). Theorem A then follows by combining
this with the following proposition:

Proposition 2.7 Assume that X1 and X, are holomorphic symplectic varieties. Then
for every equivalence ®: DX = DX, there exists a canonical isomorphism of

complex Lie algebras
1 g'(X1) = g (X2).
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It has the property that the map ®%: H(X, C) = H(X>, C) is equivariant with respect
to ®Y

Proof This follows immediately from Theorem 2.3. O

2.4 Comparison of the two Lie algebras and proof of Theorem A

The remainder of this section is devoted to the proof of the following:

Proposition 2.8 If X is holomorphic symplectic, then g(X) ® C = g'(X) as sub-Lie
algebras of End(H(X, C)).

Let X be holomorphic symplectic. If F is a coherent Ox—module then we will simply
write H! (F) for H' (X, F). We have decompositions

H?*(X,C) = H*(Ox) ® H' (Qy) @ H*(Q%)
and
HH2(X) = H3(Ox) @ H' (Tx) @ H*(A\? Tx ).

We will use the same symbol A to denote an element A € H2(X, C) and the endo-
morphism of End(H(X, C)) given by cup product with A. Note that A € g(X) ®q C
by construction. Similarly, we will use the same symbol for u € HH?(X) and the
resulting u € End(H(X, C)), given by contraction with ;. We have u € g'(X).

For a symplectic form o € H°(Q2%), we denote by 6 € H° (/\? Ty ) the image of the
form o € H%(Q%) under the isomorphism Q% — A2 Ty defined by . In suitable local
coordinates, we have

o =dug Advy +---+dug Aduy
and

0 0 0 0

Lemma 2.9 If o is a nowhere degenerate symplectic form then (o, hp, 5) is an sl,—
triple in End(H(X, C)).

Proof Clearly o has degree 2 and ¢ has degree —2 for the grading given by £, so
[hp,o] =20 and [hp, 6] = —26.

We need to show that [0, 6] = hj,. This follows immediately from a local computation:
in the above local coordinates, one verifies that on the standard basis of Q7 the
commutator [0, d] acts as p —d. O
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Note that the existence of one nowhere degenerate o implies that a Zariski-dense
collection of o € H° (Q}z() is nowhere degenerate.

Lemma 2.10 For a Zariski-dense collection e H?(X, Ox), there is @ € End(H(X, C))
such that (o, hy, ) is an sly—triple.

Proof This follows from Lemma 2.9 and Hodge symmetry. O
Lemma 2.11 For all t € H*(X, \* Tx) the endomorphism t lies in g(X) ®g C.

Proof It suffices to show that this holds for a Zariski-dense collection of t; hence we
may assume without loss of generality that T = ¢ with ¢ and ¢ as in Lemma 2.9. Let
a and o be as in Lemma 2.10. Because o and &, commute with both « and 44, we
have that every element of the sl,—triple (o, &, 0) commutes with every element of
the slo—triple («, hg, ). From this, it follows that

(¢+o,h,a+6) and (x—o0,h,a—0)

are sly—triples. Since the elements o & o lie in H?(X, C), and apparently have the hard
Lefschetz property, we conclude that the endomorphisms & =+ ¢ lie in g(X) ®qg C;
hence also 7 = ¢ lies in g(X) ®¢g C. ad

Corollary 2.12 h, and hy lie in g(X) ®¢g C.

Proof By Lemma 2.9 we have ), = [0, 6], which by Lemma 2.11 lies in g(X) ®q C.
Since hg = h — h, we also have that A lies in g(X) ®q C. |

Fix a t e H? (X N\ TX) that is nowhere degenerate as an alternating form on €2 )1( This
defines isomorphisms ¢ : Q3 — Tx and ¢ : H'(Q}) — H!(Tx) given by contracting
sections of €2 }1( with t.

Lemma 2.13 Foralln € Hl(Q)l(), we have [z, n] = cz(n) in End(H(X, C)).

Proof This is again a local computation. If 7 is a local section of Q}, then a compu-
tation on a local basis shows [z, n] = ¢;(n) as maps Q)‘? — Q)lé_l. |

Corollary 2.14 Every element i’ of H' (X, Tx) lies in g(X) ®¢ C.

Proof (See also [19, 4.5] for the case of a hyperkihler variety.) Every such 7’ is
of the form c.(n) for a unique n € H'(Q }(), and hence the corollary follows from
Lemmas 2.13 and 2.11 and the fact that 7 lies in g(X) ®¢ C. |
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We can now finish the comparison of the two Lie algebras.

Proof of Proposition 2.8 By Corollary 2.6 it suffices to show that g’(X) is contained
in g(X)®q C. By Proposition 2.1 it suffices to show that A’ is contained in g(X) ®q C,
and that for almost every a € HH2(X) we have that the action of ¢ on H(X, C) is
contained in g(X) ®g C. This follows from Lemma 2.11, Corollaries 2.12 and 2.14,
and the fact that the action of any o € H?(Oy) lies in g(X) ®q C. O

Together with Proposition 2.7, this proves Theorem A.

3 Rational cohomology of hyperkiihler varieties

3.1 The BBF form and the LLV Lie algebra

Let X be a complex hyperkihler variety of dimension 2d. We denote by
b=by:H*(X,Q)xH*(X.Q) > Q

its Beauville-Bogomolov-Fujiki, and by cy its Fujiki constant. These are related by

(2) /X 224 = fd—‘gcxb(x,x)d

for A € H2(X, Q); see eg [41].

We extend b to a bilinear form on

H(X. Q)= QuoH (X.Q) ® QB
by declaring « and B to be orthogonal to H%(X,Q), and setting b(a, B) = —1,
b(a, ) =0 and b(B, B) = 0. We equip H(X, Q) with a grading satisfying deg o = —2
and deg B = 2, and for which H?(X, Q) sits in degree 0. This induces a grading on the
Lie algebra 50(ﬁ(X, Q)).
For A e H2(X, Q) we consider the endomorphism e, € so(ﬁ(X, Q)) givenby e, (@) = A,
e, () =b(A, pn)p for all u € H2(X,Q), and e, (B) = 0.

Theorem 3.1 (Looijenga—Lunts, Verbitsky) There is a unique isomorphism of graded

Lie algebras B
so(H(X, Q)) = g(X)

that maps e, to e, for every A € H2(X, Q).

Proof See [33, Proposition 4.5] or [46, Theorem 1.4] for the theorem over the real
numbers. This readily descends to Q; see [43, Proposition 2.9] for more details. O
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The representation of so(ﬁ(X ,Q)) on H(X, Q) integrates to a representation of the
group Spin(ﬁ(X ,Q)) on H(X, Q). Let A € H2(X, Q). Then e}, is nilpotent, and hence
B), :=expe;, is an element of Spin(H(X, Q)). It acts on H(X, Q) by

(3) Bi(ra+pu+sp)=ra+ (u+rd)+ (s +b(u, X)) +rib(d, 1))

for all r,s € Q and u € H2(X, Q). The action on the total cohomology of X is given
by:

Proposition 3.2 B acts as multiplication by ch(1) on H(X, Q). m]

In particular, if £ is a line bundle on X and ®: DX — DX is the equivalence that
maps F to F ® L, then ®H = B¢ (o)-

3.2 The Verbitsky component of cohomology

Let X be a complex hyperkahler variety of dimension 2d. We define the even co-
homology of X as the graded Q-algebra

HY(X,Q) := PH" (X, Q),
n
and the Verbitsky component of the cohomology of X as the sub-Q-algebra SH(X, Q)
of H(X, Q) generated by H?>(X,Q). Clearly, SH(X, Q)[2d] is a sub-Lefschetz
module of H®(X, Q)[2d] for H2(X, Q).

Lemma 3.3 (Verbitsky [8; 45]) The kernel of the Q—algebra homomorphism
Sym* H?(X, Q) — SH(X, Q)

is generated by the elements A%+ with A € H2(X, Q) satisfying b(A, 1) = 0. m|
Lemma 3.4 (Verbitsky) SH(X, Q)[2d] is an irreducible Lefschetz module.

Proof It is the smallest sub-Lefschetz module of H® (X, Q)[2d] having a nontrivial
component of degree —2d. |

Verbitsky also describes the space SH(X, Q) explicitly. Below we normalize this
description, and use it to compute the Mukai pairing on SH(X, Q).
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Proposition 3.5 There is a unique map
W: SH(X, Q)[2d] — Sym? H(X, Q)
satistying
(i) WV is morphism of Lefschetz modules,
(i) w(l)=a?/d!.

Note that the Lefschetz module structure on Symd ﬁ(X ,Q) is given by the Leibniz
rule

en(xr - xd)—le ep(xi) - xgq.

Proof Uniqueness is clear. For existence, consider the map

¥: Sym* H?(X, Q) — Sym? H(X, Q).
given by
Ao Aps e, ey, (@d/d)).

This map is well defined since the ej; commute. Moreover, the map is graded and
satisfies W(Ax) = e, U(x) forall A € H2(X, Q) and x € Sym® H?(X, Q). To show that
U induces a morphism of Lefschetz modules with the desired properties it now suffices
to verify that it vanishes on the ideal generated by the A2+! for A € H2(X, Q) satisfying
b(A, L) = 0. Equivalently, it suffices to show that for every x € Symd P~I(X ,Q) and
for every A € H?(X, Q) with h(A, 1) = 0 we have edJrl (x) =

Without loss of generality, we may assume that x is a monomial of the form
x=a'B/A1-Am, i+j+m=d, A €H*X, Q).

For degree reasons, we have e 1 (,Bj A1+ Am) = 0 for k > m. Moreover, it follows
from b(A, 1) = 0O that e’/{ (a') = 0 for k > i. Combining these, one concludes that
d’H (x) = 0, which is what we had to prove. O

Lemma 3.6 Y(pty) = ,Bd/cX.

Proof Choose A € H2(X, Q) with (1, 1) # 0. Then we have
d 2d

(4) \-I’()kZd)— Zd(d') ( ) b(k )k)dﬁd

2441
Dividing by (2) gives the claimed identity. O
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Consider the contraction (or Laplacian) operator

A Symd H(X,Q) —> Symd_2 H(X,Q),
given by

X1...Xg »—>Zb(x,-,xj)x1---)%,----fcj---xd.
i<j

This is a morphism of Lefschetz modules, or equivalently of 50(I:i(X , Q))-modules.
Lemma 3.7 The sequence of Lefschetz modules
0 — SH(X, Q)[2d] & Sym? H(X, Q) 2> Sym? 2 (X, Q) — 0
is exact.
Proof Since AW(1) =0, we have A o W = 0. The map A is well known to be a

surjective map of so(H(X, Q))-modules with irreducible kernel. Since ¥ is nonzero
and SH(X, Q) is irreducible, it follows that the sequence is exact. a

The Mukai pairing [14] on H® (X, Q) restricts to a pairing bsg on SH(X, Q). It pairs
elements of degree m with elements of degree 2d — m, according to the formula

bsu(A1-++Am, 1+ Pog—m) = (=)™ /X Al AmM s od—m-

Note that bsy(e; x, y) + bsu(x,e;y) =0 for all x, y € SH(X, Q) and A € H2(X, Q),
s0 bgy is so(H(X, Q))-invariant.
The pairing on H(X, Q) induces a pairing on Symd H(X, Q) defined by

bay(x1 - Xg. y1---ya) == (=D? > []bCxi.voi).

0€Cy 1

By construction, b4 is so(H(X, Q))—invariant. The map W is almost an isometry, in
the following sense:

Proposition 3.8 For all x,y € SH(X, Q),
cxbra)(Wx, Wy) = bsu(x. y).

Proof Both the Mukai form on SH(X, Q)[2d] and the pairing on Symd H(X,Q)
are 5o(ﬁ(X , Q))—invariant. Since SH(X, Q) is an irreducible 5o(ﬁ(X , Q))-module, it
suffices to verify the identity for some x, y € SH(X, Q) with bsy(x, y) # 0.
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Let A € H2(X, Q) with b(A, 1) # 0. We have

2d
bsi(1,A%%) = f A2 = (d Rexb 1 £0.

b 2441 ¢

By (4), d)!
w(A2?) = Saa P Ay,

and hence

cx (2d)! cx (2d)!

exbiay(¥(1), W) = =7 ( d!)zb[d]md,ﬂd) =i PO

which agrees with the above expression for bsy(1, A2d), O

Remark 3.9 If X is of type K3[4! then cy = 1 and W is an isometry.

4 Action of derived equivalences on the Verbitsky component
In this section we prove Theorems B and C from the introduction.

4.1 A representation-theoretical construction

Let K be a field of characteristic different from 2, and let V' = (V, b) be a nondegenerate
quadratic space over K. Let d be a positive integer and consider the space

SV = ker(Symd VA, Sym"l_2 V).
The Lie algebra so(V') acts faithfully on Sp4;V, inducing an inclusion
s50(V) CEnd(SgzV).
Consider the normalizer of s0(V') in GL(S[41V), that is, the group
N(V,d):={g € GL(S[z]V) | gso(V)g ' =s0(V)}.

Proposition 4.1 Assume that K is separably closed. Then there is an exact sequence
1> {*1} > 0(V)xK* - NV,d) -1,
where the inclusion maps € to (e, €?) and the surjection maps (¢, 1) to AS[z1(¢).
Proof The only nontrivial part is surjectivity of O(V) x K* — N(V, d). Denote by
o O(V) —> N(V, d), (VM e S[d]((p),

the restriction of this map to the first component.
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The representation Syz1V of s0(V) is irreducible, so by Schur’s lemma the centralizer
of s0(V') in GL(S[41V) is K™, and we have an exact sequence

1= KX — N(V,d) L Aut(so(V)).
It therefore suffices to show that the image of ¥ equals the image of ¥ oo
The adjoint group of so(1') is PSO(V'), and we have a short exact sequence
5) 1 — PSO(V) — Aut(so(V)) — Out(so(V)) — 1,
where Out(so(V)) coincides with the group of symmetries of the Dynkin diagram.

If dim V' =2n + 1, then we have PSO(V') = SO(V'). The Dynkin diagram (of type B;,)
has no nontrivial automorphisms, so Aut(so(V, b)) = SO(V). The composition ¥ o &
maps SO(V) identically to SO(V), and we conclude that the image of v is the image
of yoo.

Now assume dim V' = 2n. Since K is algebraically closed, PSO(V) = SO(V)/{*1}.
The larger group O(V)/{£1} embeds in Autso(}'), with elements of determinant —1
in O(V) inducing the reflection in the horizontal axis in the Dynkin diagram (of
type Dy). For n # 4, this inclusion is an equality, while for n = 4 “triality” gives
extra automorphisms. However, expressed on simple roots the highest weight of the
representation SpgjV of so(V) is

d/2

d d d d
o0 d/2

such that for n = 4 the extra automorphisms of so(V') do not lift to automorphisms
of Spz1V. We conclude that the image of v is contained in O(V')/{%1} and that the
composition ¥ o ¢ is the natural map O(V) — O(V)/{=£1}, so also in this case the
image of ¥ coincides with the image of Y o 0. O

Remark 4.2 The condition that K is algebraically closed is needed in the case of even
dim V. If K is not algebraically closed, then one still has the exact sequence (5), but one
should be careful to define PSO(V') as the group of K—points of the algebraic group
PSO(V) over K. In general, this group is bigger than SO(V')/{£1}). In particular, not
every element of N(V, d) can be lifted to O(V) x K*.

Proposition 4.3 Let V1 and V, be nondegenerate quadratic spaces over K. Assume
that there is a linear isomorphism f : S;41V1 — S41V2 such that f so(V1) f L =s0(V2)
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as subspaces of End(V3). Then there exists a 1 € K> and a similitude ¢: Vi — V;
such that f = uSpq1(e).

Proof Let K be a separable closure of K. Consider the Gal(K / K)-sets

S :={e: Vl,I? — Vz,I? | ¢ is a similitude}
and
N :={g:S1V, & = StV | € 50(V) g)g ™! = s0(V, )}

and the Galois-equivariant map

E:K*xS =N, (i.¢) > uSiay(e).

The map £ is surjective. Indeed, since over a separably closed field the quadratic
spaces are isometric, we may assume without loss of generality that V; = V5. Then
N=N (Vl’ z» d) and the surjectivity follows from Proposition 4.1 (it suffices even to
consider isometries instead of similitudes).

The group K* acts on KX x S by A(i, @) := (A", Ap) and the fibers of & are
principal homogenous spaces under this action.

The map f defines a Galois-invariant element f € N, so its fiber £~!( f) carries a
natural Galois action. By Hilbert 90, we have H! (Gal(K /K, K*) = {1}, which implies
that £~ ( f) contains a Galois-invariant element (i, ¢). O

The bilinear form b on V' induces a bilinear form bz on Sz;V defined as

bpay(xi -+ xg, yi---ya) == (=% > [ oG, yoi),

o€eS, i
Consider the group
GWV,d)y:=NV,d)n O(S[d], b[d])

of isometries of SyzV that preserve the subspace so(V') of End SizV.

Proposition 4.4  If d is odd, then the map
OV)—G(V.d), ¢ S(e).
is an isomorphism. If d is even and dim V is odd, then the map

o) —G(V.,d), ¢ det(p)S(p),

is an isomorphism.
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Proof Assume first that K is separably closed. The short exact sequence of Proposition
4.1 restricts to a short exact sequence

1 > {+1} > 0V)x{+l} > G(V,d)—1,
from which one verifies directly that the given maps are isomorphisms. If K is not
separably closed, then the result follows from taking Galois invariants. |
Remark 4.5 If both d and dim V' are even, one obtains

G(Vg,d) =O0(Vg)/{£1} x {£1}.

Note, however, that in general there are more Galois-invariant elements than just those
in O(V)/{£1}. See also Remark 4.2.
4.2 The Verbitsky component

Theorem 4.6 Let X; and X, be hyperkahler varieties and ®: DX, — DX, an
equivalence. Then the induced isomorphism ®1: H(X, Q) — H(X>, Q) restricts to
an isomorphism ®H: SH(X1, Q) — SH(X,, Q). Moreover:

(i) ®SH is an isometry with respect to the Mukai pairings.

(i) ®%Mg(X1)(@) ™! = g(X2) in End(SH(X2, Q).

Proof Note that SH(X, Q) can be characterized as the minimal sub-g(X )-module of
H(X, Q) whose Hodge structure attains the maximal possible level (width). It then
follows from Theorem A and from Lemma 3.4 that ®! restricts to an isomorphism

®SH: SH(X, Q) => SH(X», Q)

respecting the Lie algebras g(X;) and g(X,). By [14], the map ®M respects the Mukai
pairings, and the theorem follows. |

Definition 4.7 For a complex hyperkihler variety we equip SH(X, Q) and H(X, Q)
with Hodge structures of weight 0, given by

SH(X,Q) CH(X, Q) = HH> (X, Q(n))

n

H(X,Q) = Qu @ H*(X,Q(1)) ® Q8.
Lemma 4.8 Let X be a hyperkihler variety of dimension 2d. Then the map
W: SH(X, Q) — Sym“ H(X, Q)

and

of Proposition 3.5 is a morphism of Hodge structures of weight 0.
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Proof One verifies directly that the “action map”
H2(X.Q(1) ® H(X. Q) —~ H(X. Q).

which maps (A, x) to ey (x) is a map of Hodge structures. From this it follows that the
action map
H? (X, Q(1) ® Sym? H(X, Q) - Sym? H(X. Q)

is a map of Hodge structures, and that the map
U: Sym* H(X, Q(1)) — Sym? H(X, Q)
from the proof of Proposition 3.5 is a morphism of Hodge structures.

Since multiplication in the cohomology of X preserves the Hodge structure, the quotient
map Sym*® H(X, Q(1)) — SH(X, Q) is also a morphism of Hodge structures, and hence
so is the map W constructed in the proof of Proposition 3.5. O

Proposition 4.9 Let X; and X, be derived equivalent hyperkihler varieties. Then
there exists a Hodge similitude ¢ : ﬁ(Xl, Q) = ﬁ(Xz, Q) and a scalar A € Q* such

that the square
@SH

SH(X1,Q) > SH(X>2, Q)

lv I
~ A d ~
sym? Fi(X;, Q) 229 gymd fi(X,. Q)

comimutes.

Proof Recall from Lemma 3.7 that the image of W is precisely S [d]ﬁ C Symd H It
then follows from Theorem 4.6 and Proposition 4.3 that there exists a similitude ¢ and
a scalar A that make the square commute.

It remains to check that ¢ respects the Hodge structures. The Hodge structure on
H(X;,Q) is given by a morphism /;: C* — O(H(X;,R)), and the preceding lemma
implies that the Hodge structure on SH(X;, Q) is given by composing h; with the
injective map O(ﬁ(X i»R)) — GL(SH(X;,R)). Since ¢ maps the Hodge structure
on SH(X1, Q) to the Hodge structure on SH(X5, Q), we conclude that ¢ maps /i
to hy. O

Theorem 4.10 (d odd) Assume that d is odd, and that X and X, are deformation-
equivalent hyperkihler varieties of dimension 2d. Let ®: DX; = DX, be an

Geometry € Topology, Volume 27 (2023)



2670 Lenny Taelman

equivalence. Then there is a unique Hodge isometry oH making the square

SH(X;, Q) s SH(X,.Q)

15 &
~ Sym (@M ~
sym? (X, Q) 2205 sym? (X, Q)
commute. The formation of CDﬁ is functorial in ®.

Proof Since X; and X, are deformation equivalent, we can choose an isometry
Q: ﬁ(X 1.Q) = ﬁ(X 2, Q). Moreover, X and X, have the same Fujiki constant, so
Symd @ restricts to an isometry between the images of W. Then by Theorem 4.6 and
Proposition 4.4, there is a unique isometry ¥ € O(H(X2, Q)) such that o = Yo
makes the square commute. Uniqueness forces its formation to be functorial.

That ®H respects the Hodge structures follows from the same argument as in the proof
of Proposition 4.9. o

If d is even, then both existence and uniqueness of ®H in the statement of Theorem 4.10
fail. However, if we moreover assume that b, (X)) is odd, then one can use the description
of G(V,d) from Proposition 4.4 to salvage this, at the cost of keeping track of a
determinant character.

Define an orientation on X to be the choice of a generator of det H>(X, R), up to RZ,-
Equivalently, an orientation is the choice of generator of det ﬁ(X ,R) up to RZ ;. Define
the sign €(¢) of a Hodge isometry ¢ H(X1,Q)=>H(X5, Q) ase(p) =1if g respects
the orientations and €(¢) = —1 otherwise. A derived equivalence between oriented
hyperkihler varieties is a derived equivalence between the underlying unoriented
hyperkéhler varieties.

Theorem 4.11 (d even) Assume that d is even, and that ®: DX, => DX, is a
derived equivalence between oriented hyperkahler varieties of dimension 2d. Assume
that X1 and X, have odd by, and that the quadratic spaces H>(X1, Q) and H?(X>, Q)
are isometric. Then there exists a unique Hodge isometry of making the square

(q:,ﬁ)q)SH
SH(X;, Q) — > SH(X2,Q)

v v

~ Symd (dH .
sym? fi(x;. Q) "2 symd fi(x,. Q)
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commute. Moreover, the formation of ®Y is functorial for composition of derived
equivalences between hyperkéhler varieties equipped with orientations.

Proof The argument is quite similar to the proof of Theorem 4.10. Choose an isometry
©: ﬁ(Xl, Q) = ﬁ(Xz, Q). Because the dimension of ﬁ(Xi,Q) is odd, we may
replace ¢ with —¢ if necessary to ensure that ¢ respects the orientations, and hence we
may assume €(¢) = 1. The map ¢ induces an isometry Symd ¢, which restricts to an
isometry ¢SH: SH(X1, Q) — SH(X>2, Q).

By Theorem 4.6, there is a ¥ € G(H(X2,Q),d) such that ®H = y 0 ¢S, and by
Proposition 4.4, we have that ¥ = det(0)S[4](¥0) for a unique ¢ € O(ﬁ(Xz, Q)).
Now take ®F := Yo o ¢. Then e(cbﬁ) = det(y¢) and Symd (CDﬁ) lifts to the map
det(Wo) 1y 0 oM = ¢(@F)SH as claimed.

Proposition 4.4 forces @M to be unique, and this implies the functoriality for composition.
Compatibility with Hodge structures follows from the same argument as in the proof
of Proposition 4.9. O

Remark 4.12 If X; and X, are hyperkéhler varieties belonging to one of the known
families, and if ®: DX; = DX, is an equivalence, then the hypotheses of either
Theorem 4.10 or Theorem 4.11 are satisfied. Indeed, X; and X, will have the same
dimension 2d and because they have isomorphic LLV Lie algebra, they have the
same second Betti number b,. Going through the list of known families, one sees
that this implies that X; and X5 are deformation equivalent. In particular, they have
isometric H2. Finally, all known hyperkihler varieties of dimension 2d with d even
have odd b5.

Taking X1 = X» in Theorems 4.10 and 4.11 yields Theorem C from the introduction:

Theorem 4.13 Let X be a hyperkihler variety of dimension 2d . Assume that either d
is odd or that d is even and b, (X) is odd. Then the representation

pSH: Aut D(X) — GL(SH(X, Q))
factors over a map pﬁ: AutD(X) — O(H(X, Q)).

Remark 4.14 For d odd, the implicit map O(ﬁ(X, Q)) — GL(SH(X,Q)) is the
natural map coming from the isomorphism SH(X, Q) =~ S[d]ﬁ(X ,Q)). For d even
(and b5 odd), it is the twist of the natural map with the determinant character

O(H(X,Q)) — {+1}.

Geometry € Topology, Volume 27 (2023)



2672 Lenny Taelman

5 Hodge structures

In this section we prove Theorem D from the introduction.

For a nondegenerate quadratic space V' over Q we will make use of the algebraic
groups SO(V), Spin(V), and GSpin(V') (sometimes denoted CSpin(}')) over Q.
These groups sit in a commutative diagram with exact rows

1 > U2 > Spin(V) —— SO(V) —— 1

© | | |

1 > G > GSpin(V) —— SO(V) —— 1

from which one deduces an exact sequence
@) 1 = us = Gy, x Spin(V) — GSpin(V) — 1,

where the first map is the diagonal embedding € + (e, €). Alternatively, one can use (7)
as the definition of GSpin, and deduce the existence of the above commutative diagram.

We will write SO(V'), Spin(V'), and GSpin(V') for the groups of Q—points of these
algebraic groups. Note that the above exact sequences of algebraic groups need not
induce exact sequences of groups of Q—points, and the obstruction can be described in
terms of Galois cohomology. The sequence for the Spin—cover of SO(V) induces an
exact sequence

I — {1} - Spin(V) - SO(V) — H' (Gal(Q/Q), {£1}) = Q*/(Q*)?,

where the connecting homomorphism SO(V) — Q> /(Q*)? is the spinor norm. By
Hilbert 90, we have H' (Gal(Q/Q), Q*) = {1} and the analogous sequence for the
GSpin—cover does induce a short exact sequence

(8) 1 - Q* — GSpin(V) — SO(V) — 1.

This will be used crucially in the proof of Theorem D.

Lemma 5.1 Let X be a hyperkahler variety of dimension 2d . There exists a unique
action of GSpin(H(X, Q)) on H(X, Q) such that

(i) the action of Spin(H(X, Q)) C GSpin(H(X, Q)) integrates the action of g(X ) =
so(H(X, Q));
(i) asection A € Gy, C GSpin(H(X, Q)) acts as A1 =24 on H (X, Q).
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Proof The action of 50(ﬁ(X ,Q)) integrates to an action of the simply connected
algebraic group Spin(ﬁ(X ,Q)). This commutes with the action of G, for which
X acts as A'724 on H! (X, Q), and we obtain an action of G, x Spin(ﬁ(X ,Q)) on
H(X, Q). The lemma claims that this descends to an action of the quotient group
GSpin(H(X, Q)).

By (7) it suffices to verify that the kernel u, acts trivially, ie that —1 € Spin(ﬁ(X ,Q))
acts as (—1)’ on H (X, Q). Any slp—triple (ey, h, f3) in g(X) induces an algebraic
subgroup SL, C Spin(H(X, Q)) with the property that diag(i, u~!) € SL»(Q) acts
as ' on H24+1 (X, Q). It follows that diag(—1, —1) must be mapped to the nontrivial
central element —1 € Spin(H(X, Q)), and that —1 acts as (—1)’ on H (X, Q). O

Recall from Definition 4.7 that we have equipped ﬁ(X ,Q) and H* (X, Q) with Hodge
structures of weight 0. Similarly, we equip the odd cohomology of X with a Hodge
structure of weight 1,

H(X, Q) = PH* (X, Q).

Lemma 5.2 letg € GSpin(ﬁ(X ,Q)). If the action of g on ﬁ(X , Q) respects the
Hodge structure, then so does its action on H' (X, Q) and on H°%(X, Q).

Proof This follows immediately from the fact that the Hodge structure is determined
by the action of &’ € g(X) ®q C (see Section 2.3), and from the faithfulness of the
g(X)-module H(X, Q). O

Theorem 5.3 Let X and X, be hyperkihler varieties, and let ®: DX; = DX, be
an equivalence. Then for every i the Q—Hodge structures H' (X1, Q) and H! (X», Q)
are isomorphic.

Proof Consider the Lie algebra isomorphism ®%: g(X;) = g(X2) from Theorem A.
By Proposition 4.9, there exists a Hodge similitude ¢: ﬁ(X 1,.Q) = ﬁ(X 2, Q) such

that the square

so(F(X1. Q) 229 so(fi(Xs. Q))

| |

g(X1) — T g(X2)

commutes. Here the vertical maps are the isomorphisms from Theorem 3.1.
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The K3-type Hodge structure H(X»,Q) decomposes as N @ 7', with N and T its
algebraic and transcendental parts, respectively. The Hodge similitude ¢ maps the
distinguished elements o and 8; of H(X;,Q) to N. By Witt cancellation, there exists
ayy € SO(N) and A, u € Q such that yy¢(a1) = Az and Yy (B1) = upa.
Extending by the identity, we find a Hodge isometry ¥ € SO(H(X», Q)) such that
Ve H(X1, Q) => H(X», Q) is a graded Hodge similitude. In particular, the induced
map ¥¢: g(X1) => g(X>) is graded, and ¢ maps the grading element /1 € g(X1)
to the grading element /s, € g(X>).

By (8) the element  lifts to an element ¥ € GSpin(H(X>, Q)), which by Lemma 5.1
and Lemma 5.2 induces automorphisms of the Hodge structures H® (X5, Q) and
H°4(X,, Q). Now, by construction, the composition 1/~f o ®H defines isomorphisms

¥ o @1 HY(X1,Q) =5 HY (X2, Q), ¢ o @ H*(X, Q) = HY(X,,Q),

which respect both the grading and the Hodge structure, so they induce isomorphisms
of Hodge structures H (X1, Q) = H' (X», Q), for all i. O

6 Topological K—theory

6.1 Topological K-theory and the Mukai vector

We now briefly recall some basic properties of topological K—theory of projective
algebraic varieties. See [1; 3; 4] for more details.

For every smooth and projective X over C we have a Z/27Z—graded abelian group

Kiop(X) := K (X) & Ky, (X).

top

This is functorial for pullback and proper pushforward, and carries a product structure.

0
top

The group K (X) is the Grothendieck group of topological vector bundles on the

differentiable manifold X?". Pullback agrees with pullback of vector bundles, and the
product structure agrees with the tensor product of vector bundles.

By [3, Section 1.10], the Chern character can be extended to odd degree, inducing a
7./27—~graded map
vy": Kiop(X) = H(X, Q),

given by v;?p(]-') = /Tdx - ch(F). The image of v;?p is a Z-lattice of full rank.

Geometry & Topology, Volume 27 (2023)



Derived equivalences of hyperkdhler varieties 2675

There is a “forgetful” map K®(X) — Kiop(X) from the Grothendieck group of algebraic
vector bundles (or equivalently of the triangulated category DX). This is compatible
with pullback, multiplication, and proper pushforward. The Mukai vector

vy : K°(X) > H(X, Q)

t
factors over v)?p.

If P is an object in D(X x Y) then convolution with its class in ngp (X xY) defines a
map CD%: Kiop(X) = Kiop(Y), in such a way that the diagram

top

KO(X) — Kp(X) —— H(X, Q)
Je- los o Je
KO(Y) —— Kip(¥) —2 H(Y, Q).
commutes.

6.2 Equivariant topological K -theory

The above formalism largely generalizes to an equivariant setting. Again, we briefly
recall the most important properties; see [5; 6; 28; 42] for more details.

If X is a smooth projective complex variety equipped with an action of a finite group G,
we denote by K% (X) the Grothendieck group of G—equivariant algebraic vector bundles
on X, or equivalently the Grothendieck group of the bounded derived category Dg X
of G—equivariant coherent Oxy—modules. This is functorial for pullback along G-
equivariant maps and pushforward along G—-equivariant proper maps.

Similarly, we have the G—equivariant topological K-theory

Ktop,G(X) = Kg)p,G(X) 2 Ktlop,G(X)’

where Kg)p’ ¢ (X) is the Grothendieck group of topological G—equivariant vector bun-
dles.

There is a natural map K% (X) — Kg)p G
product. If f: X — Y is proper and G—equivariant, then we have a pushforward map
S Kiop,6 (X) = Kigp, (Y). There is a Riemann—Roch theorem [5; 28], stating that

the square

(X) compatible with pullback and tensor

K% (X) — Ktop,G (X)

|~ |
K%(Y) — Ktop,G(Y)
commutes.
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Now assume that we have a finite group G acting on X, and a finite group H acting
on Y. If P is an object in Dgx g (X X Y), then convolution with P induces a functor
®p: DgX — DgY, see [40] for more details. Similarly, convolution with the class
of P in K?OP,GxH(X x Y') induces a map @7%: Kiop,G (X) = Kiop, i (Y). These satisfy
the usual Fourier—-Mukai calculus, and moreover they are compatible in the sense that

the square
K% (X) E— Ktop,G (X)
lepp lcpg
KOH(Y) — Ktop,H(Y)
commutes.

7 Cohomology of the Hilbert square of a K3 surface

Let S be a K3 surface and X = S[?! its Hilbert square. In the coming few paragraphs
we recall the structure of the cohomology of X in terms of the cohomology of S. See
[7; 17; 23] for more details.

7.1 Line bundles on the Hilbert square

Let G = {1, 0} be the group of order two, acting on S x S by permuting the factors.
The Hilbert square X sits in a diagram

2 N
SxS X

where p: Z — S x S is the blow-up along the diagonal, and where ¢: Z — X is the
quotient map for the natural action of G on Z. Denote by R C Z the exceptional
divisor of p. Then R equals the ramification locus of ¢g. We have ¢.Oz = Ox & £ for
some line bundle &, and ¢*€ =~ Oz (—R).

If £ is a line bundle on S then
L2:= (g+p* (LR L))°
is a line bundle on X. The map
Pic(S) @ Z — Pic(X), (L.n) > L, ® E®",

is an isomorphism.
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7.2 Cohomology of the Hilbert square

There is an isomorphism
H2(S,Z)® 78 => H2(X, Z)

with the property that c¢1 (£) is mapped to c1 (£2), and § is mapped to ¢ (€). We will use
this isomorphism to identify H(S, Z) @ Z§ with H?(X, Z). The Beauville—-Bogomolov
form on H?(X, Z) satisfies

bx(A,A) =bs(A, L), bx(A,8)=0, bx(5, 8 =-2
for all A € H2(S, Z).

The cup product defines an isomorphism Sym? H?(X, Q) = H*(X, Q). By Poincaré
duality, there is a unique gx € H*(X, Q) representing the Beauville-Bogomolov form,
in the sense that

9 /XCIXMM:[JX(M,M)

for all A1, A, € H?(X, Z). Multiplication by ¢gx defines an isomorphism H?(X, Q) —
H®(X,Q), and, for all 1,15, A3 € H>(X,Q),

(10)  A1A2d3 = bx (A1, A2)gx A3 + bx (A2, A3)gx A1 + bx (A3, A1)gx A2
in H®(X, Q). Finally, for all A € H?(X, Q) the Fujiki relation
(1) [ 3 =327

X

holds.
7.3 Todd class of the Hilbert square
Proposition 7.1 Tdy =1+ %qx + 3[pt].

Proof See also [23, Section 23.4]. Since the Todd class is invariant under the mon-
odromy group of X, we necessarily have
Tdy =1+ sqx +1[pt]

for some s, ¢ € Q. By Hirzebruch-Riemann—Roch, for every line bundle L on S with
ci(L) =4,

¥(X,Ly) = / ch(M)Tdy = / RIS / A2qx +1t.
b'e 24 Jx 2 Jx
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By the relations (11) and (9), the right-hand side reduces to
b A2+ Asb(A,2) +1.
By [23, Section 23.4] or [17, 5.1], the left-hand side computes to
X(X,Ly) = 1b(A, 1)* + $h(A, 1) + 3.

Comparing the two expressions yields the result. |

8 Derived McKay correspondence

8.1 The derived McKay correspondence

As in Section 7.1, we consider a K3 surface S, its Hilbert square X = S (2] the maps
p:Z—SxSandg:Z — X, and the group G = {1,0} actingon S x S and Z.

The derived McKay correspondence [11] is the triangulated functor

BKR: D?(X) - DL (S x S)

given as the composition
BKR: DX 455 Dg(Z) 2% D (S x ),

where the first functor maps F to ¢*F equipped with the trivial G-linearization. By
[11, Theorem 1.1; 21, Theorem 5.1], the functor BKR is an equivalence of categories.

Its inverse has been described in [31, Section 4]. Denote by j: Z — § x § x X the
G—equivariant closed immersion induced by p and g. The exceptional divisor R C Z
is G-invariant and hence defines a G—equivariant sheaf O(R), and a G—equivariant
sheaf Q := j,.Oz(R) in Dg(S x S x X).

Proposition 8.1 The inverse equivalence of BKR is given by the equivariant Fourier—

Mukai transform with respect to Q. It maps F € Dg (S x S) to the object
(gxp*F)° @™t

of D(X).

Proof The first statementis [31, 4.1]. By the adjunction formula for j : Z — S xS — X,
this implies that F is mapped to (q* (P*FR 0Oz (R)))G € D(X). If we upgrade the
line bundle £ on X to a G—equivariant (for the trivial action on X) line bundle £_
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by making o act as —1, then ¢*é_ =~ Oz (—R) as G—equivariant line bundles on Z.
Applying the projection formula once more for the equivariant map ¢, we find

(@x(P*F®Oz(R))® = (g p*FREZHC = (qup*F)°= '@ O

Now let S; and S be K3 surfaces with Hilbert squares X; and X,. As was observed
by Ploog [39], any equivalence ®: DS; — DS induces an equivalence

DG (S1 % S2) = Dg(S2 x S2),

and hence, via the derived McKay correspondence, an equivalence ol px; = DX>.

8.2 Topological K —theory of the Hilbert square

Theorem 8.2 The composition
BKRtop: Ktop(X) q_> Ktop,G(Z) p_*) Ktop,G(S X S)

is an isomorphism.

Proof (See also [11, Section 10].) This is a purely formal consequence of the calculus
of equivariant Fourier—Mukai transforms sketched in Section 6.2. The functor BKR
and its inverse are given by kernels P € Dg(X xS x §) and Q € Dg(S x S x X).
The map BKRyo,, is given by convolution with the class of P in Kg)p’G(X x S x S).
The identities in K®(X x X) and K%x (8 X8 x 8§ x§) witnessing that P and Q are
mutually inverse equivalences induce analogous identities in Kg)p. These show that
convolution with the class of Q defines a two-sided inverse to BKRqp. O

Consider the map
vE K (X) > K° (S x8)°

top top

obtained as the composition of BKR,, and the forgetful map from K?op g(SxS8)to
Kg,p(S x §). Also, consider the map

K. 0
6% KO,

(S) > K, (X),  [Fl—BKR I ([FRF. 1] - [FRF, 1)),

where [F X F, £1] denotes the class of the topological vector bundle F X F equipped
with £ the natural G-linearization.

By construction, these maps are “functorial” in DS, in the following sense:
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Proposition 8.3 If ®: DS; = DS, is a derived equivalence between K3 surfaces,
and ®2: DX| =5 DX, is the induced equivalence between their Hilbert squares,
then the squares

t@&%—»%ﬁﬂ&ﬁ KO, (S1) 2 KO, (X1)
l/q,[2] K l¢K®q>K l/q;K l(b[Z],K
A
top(XZ) — KtOP(SZ X SZ)G top(SZ) —> Ktop(XZ)
commute. O

Proposition 8.4 The sequence

0K (S)®zQ LN Kp,(X)®zQ AN KD, (Sx8)° ®zQ—0

is exact.

Proof In the proof, we will implicitly identify Kiop G (S x §) and Kop(X).

Note that the map 0% is additive. Indeed, let F; and J> be (topological) vector bundles
on S. Then the cross term OX[F; @ F»] — 6X[F;] — OX[F>] computes to

[]:1 X Fr b Fr X F, ((1) 1)] [.7:1 X F b Fr X Fy, (_1 01)],

which vanishes because the matrices (¢ §) and (%, =!) are conjugated over Z.

Next we observe that K : top(X )®7z Q — Ktop (S x 85)% ®z Q is surjective. Indeed,
by the Kiinneth formula [2], the group tOp(S x S) ®z Q is generated by classes of
the form [F; X F, @ F, K F1], and these lie in the image of ¥,

Also, the composition XX vanishes. Computing the Q—dimensions one sees that it
suffices to show that 6¥ is injective to conclude that the sequence is exact.

Pulling back to the diagonal and taking invariants defines a map
top(S) AN Ktop G (S x S) A% Ktop c(S) —> Ktop(S).
This composition computes to
[F] = [Sym® F] — [\ F].

This coincides with the second Adams operation, which is injective on top(S ) ®z Q,
since it has eigenvalues 1, 2, and 4. We conclude that #¥ is injective, and the proposition
follows. o
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8.3 A computation in the cohomology of the Hilbert square

We now come to the technical heart of our computation of the derived monodromy of
the Hilbert square of a K3 surface.

Consider the map 0%: H(S, Q) — H(X, Q) given by

(12) 0% (s + A + tptg) = (58 + A8 + 1gx8) -5/,

forall 5,7 € Q and A € H2(S, Q). See Section 7.2 for the definition of § € H?(X, Q)
and gy € H*(X, Q).

Proposition 8.5 The square

9K
Kip(S) —— Kg,(X)

IS o
oH
H(S,Q) — H(X, Q)
comimutes.

Proof Since Kg)p

(13) VP (0%(L)) = (8 + A8+ (3b(A, 1) + 1)gx8) -e7%/2

(S) ®z Q is additively generated by line bundles, it suffices to show

for a topological line bundle £ with A = ¢1(£). Deforming S if necessary, we may
assume that £ is algebraic.

Using Proposition 8.1 and the fact that the natural map
L ®q+O0z = q+p* (LR L)
is an isomorphism of Ox—modules, we find
BKRLK L, 1]=Ly, BKRTILKR L, —1]=E"'® Ls.
We conclude that 8% maps £ to [£5](1 —[£71]) in KO(X).

We compute its image under vy. Using the formula for the Todd class from Proposition
7.1, we find
vx (0%(£) = (1+ 3qx +---) exp)(1 —€7P).

Since 1 —e~% has no term in degree 0, the degree 8 part of the square root of the Todd
class is irrelevant, so we have

vx (0%(L)) = (1 + 3gqx) exp(A) (1 —e 7).

Geometry & Topology, Volume 27 (2023)



2682 Lenny Taelman

By the Fujiki relation (11) from Section 7.2, we have A38 = 0, so the above can be
rewritten as
-8

o (65(0)) = (1+ 34x) - (5+ 25 + 32%5) - 1=¢
Since gxdA = b(6, A) = 0, we can rewrite this further as

1—ed
)
Comparing this with the right-hand side of (13), we see that it suffices to show

(1+1gx)-(1—e™%) =§e79/2
in H(X, Q). This boils down to the identities

vx (05(0)) = (14 %gx) - (8 + A8 + (36(A. 1) + 1)gx5) -

1¢3 1 1¢3 1¢4  1¢2 1 ¢4
in H®(X, Q) and H3(X, Q), respectively. These follow easily from the relations (9),
(10), and (11) in Section 7.2. O

9 Derived monodromy group of the Hilbert square of a K3
surface

9.1 Derived monodromy groups

Let X be a smooth projective complex variety. We call a deformation of X the data of
a smooth projective variety X', a proper smooth family X — B, a path y: [0, 1] — X,
and isomorphisms X == X, (o) and X’ = X, ;). We will informally say that X’
is a deformation of X, the other data being implicitly understood. Parallel transport
along y defines an isomorphism H(X, Q) = H(X’, Q).

If X’ and X" are deformations of X, and if ¢: X’ — X" is an isomorphism of projective
varieties, then we obtain a composite isomorphism

H(X,Q) — H(X',Q) L5 H(X", Q) — H(X, Q).

We call such an isomorphism a monodromy operator for X, and denote by Mon(X)
the subgroup of GL(H(X, Q)) generated by all monodromy operators.

If X" and X" are deformations of X, and if ®: DX’ = DX" is an equivalence, then

we obtain an isomorphism

H(X, Q) — H(X',Q) &5 H(X", Q) — H(X, Q).
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We call such an isomorphism a derived monodromy operator for X, and denote
by DMon(X) the subgroup of GL(H(X, Q)) generated by all derived monodromy
operators.

By construction, the derived monodromy group is deformation invariant. It contains
the usual monodromy group, and the image of py, and we have a commutative square
of groups

Aut(X) —— Aut(DX)

l >

Mon(X) «—— DMon(X)

Remark 9.1 The above definition is somewhat ad hoc, and should be considered a
poor man’s derived monodromy group. This is sufficient for our purposes. A more
mature definition should involve all noncommutative deformations of X.

Proposition 9.2 If S is a K3 surface, then DMon(S) = O™ (ﬁ(S ,Z2.)).

Proof Indeed, if ®: DS; — DS, is an equivalence, then
oM H(S1.Z) — H(S2. 2)

preserves the Mukai form, as well as a natural orientation on four-dimensional positive
subspaces; see [26, Section 4.5]. Also any deformation preserves the Mukai form and
the natural orientation, so any derived monodromy operator will land in O (H(S, Z)).

The converse inclusion can be easily obtained from the Torelli theorem, together with
the results of [22; 39] on derived auto-equivalences of K3 surfaces. Alternatively, one
can use that the group O™ (H(S,Z)) is generated by reflections in —2—vectors §. By the
Torelli theorem, any such —2—vector will become algebraic on a suitable deformation
S’ of S, and by [32] there exists a spherical object £ on S’ with Mukai vector v(£) = 6.
The spherical twist in £ then shows that reflection in § is indeed a derived monodromy
operator. O

9.2 Action of DMon(S) on H(X, Q)

By the derived McKay correspondence, any derived equivalence ®5:DS; — DS,
between K3 surfaces induces a derived equivalence ®x : DX; —> DX, between the
corresponding Hilbert squares. By Propositions 8.3 and 8.4, the induced map @g only
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depends on CDSH . Since any deformation of a K3 surface S induces a deformation of
X = S we conclude that we have a natural homomorphism

DMon(S) — DMon(X),

and hence an action of DMon(S) on H(X, Q). In this subsection, we will explicitly
compute this action. As a first approximation, we determine the DMon(S)-module
structure of H(X, Q), up to isomorphism.

Proposition 9.3 We have H(X, Q) = H(S, Q) & Sym? H(S, Q) as representations of
DMon(S) = O (H(S, Z)).

Proof This follows from Propositions 8.3 and 8.4. a

Since g(X) is a purely topological invariant, it is preserved under deformations. In
particular, Theorem 4.13 implies that we have an inclusion DMon(X) C O(ﬁ(X ,Q)).
We conclude there exists a unique map of algebraic groups 7 making the square

DMon(S§) ——— DMon(X)

| |
o(fi(s, Q) —— of(X,Q))

comimute.

Recall that in (3) we defined an isometry B of H(X, Q) for every A € H?(X, Q).

Theorem 9.4 The map h in the square (14) is given by

g > det(g) - (B_g/20t(g) 0 Bs/a),
with .- O(H(S, Q)) — O(H(X, Q)) the natural inclusion.

The proof of this theorem will occupy the remainder of this section.

Consider the unique homomorphism of Lie algebras ¢: g(S) — g(X) that respects the
grading and maps e;, to e for all A € H2(S, Q) € H2(X, Q). Under the isomorphism
of Theorem 3.1 this corresponds to the map so(H(S, Q)) — so(H(X, Q)) induced by
the inclusion of quadratic spaces H(S,Q) c H(X, Q).

Recall from Section 8.3 the map 0": H(S, Q) — H(X, Q).
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Lemma 9.5 The map 0": H(S, Q) — H(X, Q) is equivariant with respect to

09:9(S) = g(X), x+ B_gjp01(x)oBg)s.

Proof We have OH = ¢=9/2. 65!, with
O3 (s + A+ tptg) = 58 + A8 +tqx .

The map 9(1){ respects the grading, and we claim that for every € H2(S, Q) the diagram

H(S. Q) —% H(X.Q) <5 H(X. Q)

leu leu le*‘s/zeue’s/z
s §/2

H(S.Q) —= H(X.Q) 5 H(X.Q)
commutes. Indeed, we have
e (05 (s + A +1pts)) = s + A8 + tqx Sju.,
06 (e (s + A+ 1ptg)) = sSp + b(A, pn)qx§.

One verifies easily that these agree, using the identities (10) and (9) from Section 7.2
and the fact that b(A, 8) = b(u, 6) = 0. This shows that the left-hand square commutes.
The right-hand square commutes trivially, so the outer rectangle commutes, which
shows that 8% = e~8/2. 9}l is indeed equivariant with respect to 69. O

Lemma 9.6 There is an isomorphism
det(H(X, Q)) ® Sym?(H(X, Q)) = H(X, Q) & det(H(X, Q))
of representations of G = O(H(X, Q)).

Proof This follows from Lemma 3.7, Theorem 4.13 and Remark 4.14. O
We are now ready to prove the main result of this subsection.

Proof of Theorem 9.4 By Proposition 8.5, the map 6" is equivariant for the action of
DMon(S). Lemma 9.5 then implies that

h(g) = B_sj20t(g) o Bs)»
forall g € SO(ﬁ(S ,Q)). We have an orthogonal decomposition

H(X,Q) = B_s/»(H(S,Q)) & C
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with C of rank 1. Since SO(ﬁ(S, Q)) is normal in O(ﬁ(S, Q)), the action of O(ﬁ(S, Q)
(via h) must preserve this decomposition. With respect to this decomposition 7 must
then be given by

h(g) = (B—sj20ge1(g) o Bsja) ® €2(g),
where the €;(g): O(ﬁ(S, Q)) — {£1} are quadratic characters. This leaves four

possibilities for /. One verifies that €; = €, = det g is the only possibility compatible
with Proposition 9.3 and Lemma 9.6, and the theorem follows. O

9.3 A transitivity lemma

In this section we prove a lattice-theoretical lemma that will play an important role in
the proofs of Theorems E and F.

Let b: L x L — Z be an even nondegenerate lattice. Let U be a hyperbolic plane with
basis consisting of isotropic vectors « and f satisfying b(«, 8) = —1.

As before, to a A € L we associate the isometry B) € O(U & L) defined as
Bi(ra+p+sp)=ra+ (u+rd)+ (s+b(u. A) +rzb(d, 1))

forallr,s € Z and u € L. Let y be the isometry of U & L given by y(«x) = 8, y(B) =«,
and y(A) = —Aforall A € L.

Lemma 9.7 Let L be an even lattice containing a hyperbolic plane. Let G CO(U ® L)
be the subgroup generated by y and by B), forall A € L. Then, forall § € U & L with
§2 = —2and forall g € O(U @ L), there exists a g’ € G such that g'g fixes §.

Proof This follows from classical results of Eichler. A convenient modern source is
[20, Section 3], whose notation we adopt. The isometry B coincides with the Eichler

-1

transvection 7 (8, —A). The conjugate yB,y~" is the Eicher transvection # (a, A). Hence

G contains the subgroup Eg (L) C O(U & L) of unimodular transvections with respect
to U. By [20, Proposition 3.3], there exists a g’ € Ey (L) mapping g§ to 6. m|

9.4 Proof of Theorem E

Let X be a hyperkihler variety of type K321, Let § € H2(X, Z) be any class satisfying
§2 = —2 and b(8, 1) € 2Z for all A € H2(X, Z). For example, if X = S2], we may
take 6 = ¢1(€) as in Section 7.2. Consider the integral lattice

A := Bs/»(Za ®H*(X, Z) ® Zp) C H(X, Q).
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The subgroup A C H(X, Q) does not depend on the choice of §. In this section, we
will prove Theorem E. More precisely, we will show:

Theorem 9.8 O™ (A) c DMon(X) C O(A).
We start with the lower bound.
Proposition 9.9 O (A) C DMon(X) as subgroups of O(I:i(X, Q)).

Proof Since the derived monodromy group is invariant under deformation, we may
assume without loss of generality that X = S (2] for a K3 surface S and § = ¢ (€) as
in Section 7.2.

The shift functor [1] on DX acts as —1 on H(X, Q), which coincides with the action of
—1 € O(H(X, Q)). In particular, —1 € OT (A) lies in DMon(X), so it suffices to show
that SO (A) is contained in DMon(X).

Consider the isometry y € O1(H(S,Q)) given by y(a) = —8, y(8) = —a, and
y(A) = A for all A € H?(S, Q). Then det(y) = —1 and by Theorem 9.4 its image
h(y) interchanges Bs > and Bj/,8 and acts by —1 on B3/2H2 (X, Z). Since y lies in
DMon(S) € O(H(S, Q)), we have that /(y) lies in DMon(X) C O(H(X, Q)).

Let G C O(H(X, Q)) be the subgroup generated by 4(y) and the isometries B) for
A €H?(X,Z). Clearly G is contained in DMon(X).

Let g be an element of SO1(A), and consider the image gBj /20 of Bs/»8. By
Lemma 9.7 there exists a g’ € G C DMon(X) such that g’g fixes Bs/,8. But then g’g
acts on

(Bs/28)" = Bs2(Za @ H(S. Z) & Zp)

with determinant 1 and preserving the orientation of a maximal positive subspace. In
particular, g’g lies in the image of DMon(S) — DMon(X), and we conclude that g
lies in DMon(X). O

The proof of the upper bound is now almost purely group-theoretical. Denote by
SO (A) the intersection O (A) NSO(A). This group coincides with the kernel of the
spinor norm on SO(A).

Proposition 9.10 SO(A) is the unique maximal arithmetic subgroup of SO(A ®7z Q)
containing SOT(A).
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Proof More generally, this holds for any even lattice A with the property that the
quadratic form ¢(x) = b(x, x)/2 on the Z-module A is semiregular [29, Section IV.3].

For such A, the group schemes Spin(A) and SO(A) are smooth over Spec Z; see
eg [27]. In particular, for every prime p the subgroups Spin(A ® Z,) and SO(A ® Z)
of Spin(A ® Q) and SO(A ® Qp), respectively, are maximal compact subgroups. It
follows that the groups

Spin(A) = Spin(A ® Q) N 1_[ Spin(A ® Zp)

D
and

SO(A) =SO(A®Q)N] [SO(A®Z))
V4

are maximal arithmetic subgroups of Spin(A ® Q) and SO(A ® Q), respectively.

The subgroup SOT(A) C SO(A) is the kernel of the spinor norm, and the short exact
sequence 1 — pp — Spin — SO — 1 of fppf sheaves on Spec Z induces an exact
sequence of groups

1 — {£1} — Spin(A) = SOT(A) — 1.

Let I' € SO(A ® Q) be a maximal arithmetic subgroup containing SO1 (A). Let T be
its inverse image in Spin(A ® @Q), so that we have an exact sequence

1> {+1}>T >T —>Q*/2.

Since the group T is arithmetic and contains Spin(A), we have = Spin(A). Moreover,
I" normalizes SOT(A) = ker(I' — Q*/2), and, as the normalizer of an arithmetic
subgroup of SO(A ® Q) is again arithmetic, I must equal the normalizer of SO™ (A).
But then I" contains SO(A), and we conclude I = SO(A). |

Corollary 9.11 DMon(X) C O(A).

Proof DMon(X) preserves the integral lattice Ky, (X) in the representation H(X, Q)
of O(ﬁ(X ,@Q)), and hence is contained in an arithmetic subgroup of

O(H(X,Q)) = SO(H(X, Q)) x {*1}.

By Proposition 9.9 it contains SO1(A) x {£1}, so we conclude from the preceding
proposition that DMon(X') must be contained in O(A). a

Together with Proposition 9.9 this proves Theorem 9.8.
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10 The image of Aut(DX) on H(X, Q)

10.1 Upper bound for the image of px

We continue with the notation of the previous section. In particular, we denote by X a
hyperkihler variety of type K32, and by A C H(X, Q) the lattice defined in Section 9.4.
We equip H(X, Q) with the weight 0 Hodge structure

H(X,Q) = Qe @ H*(X, Q(1)) & Q.

We denote by Aut(A) C O(A) the group of isometries of A that preserve this Hodge
structure.

Proposition 10.1 im(px) C Aut(A).

Proof By Theorem 9.8 we have im(pyx) C O(A). The Hodge structure on

4
H(X, Q) = P H(X. Q(n))

n=0
induces a Hodge structure on g(X) C End(H(X, Q)), which agrees with the Hodge
structure on 50(ﬁ(X ,Q)) induced by the Hodge structure on ﬁ(X , Q). If

o: DX = DX

is an equivalence, then ®": H(X, Q) = H(X,Q) and ®%: g(X) = g(X) are
isomorphisms of Q-Hodge structures, from which it follows that ®" must land in
Aut(A) C O(A). O

10.2 Lower bound for the image of px
We write Aut™ (A) for the index 2 subgroup Aut(A) N O™ (A) of Aut(A).

Theorem 10.2 Let S be a K3 surface and let X be the Hilbert square of S. Assume
that NS(X) contains a hyperbolic plane. Then Aut™ (A) C im py C Aut(A).

Proof In view of Proposition 10.1 we only need to show the lower bound. The
argument for this is entirely parallel to the proof of Proposition 9.9. Recall that

A = Bs2(Za @ H*(S, Z(1)) ® Z5 ® ZP).

The shift functor [1] € Aut(DX) maps to —1 € Autt(A), so it suffices to show that
Autt(A) N SO(A) is contained in im py.
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Let ys € Aut(DS) be the composition of the spherical twist in Og with the shift [1]. On
the Mukai lattice H(S, Z) = Za & H2(X, Z(1)) ® Zp this equivalence maps « to —f8
and f to —a and is the identity on H?(S, Z). Under the derived McKay correspondence
this induces an autoequivalence yx € AutDX. By Theorem 9.4, the automorphism
px (vx) € Aut(A) interchanges Bs/,a and Bg/, 8 and acts by —1 on BS/ZHZ(X, 7).

Denote by G C Aut(A) the subgroup generated by py (yx) and the isometries B) =
px (— ® L) with £ a line bundle of class A € NS(X). Clearly G is contained in the
image of py. Note that G acts on the lattice

Aqg := Bsj2(Zo @ NS(X) © Z)
and that by our assumption NS(X) contains a hyperbolic plane.

Let g € Aut™ (A). By Lemma 9.7 applied to L = NS(X), there exists a g’ € G such
that g’g fixes Bgs/>8. But then g’g acts on

(Bs/28) = Bs/2(Za @ H* (S, Z) ® ZB)

with determinant 1 and preserving the Hodge structure and the orientation of a maximal
positive subspace. In particular, g’g lies in the image of Aut(DS), and we conclude
that g lies in im py . |
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A new cohomology class on the moduli space of curves

PAUL NORBURY

We define a collection O , € H* 412" (M, ,, Q) for 2g —2+n > 0 of cohomology
classes that restrict naturally to boundary divisors. We prove that the intersection
numbers | Mg.n Ogon [T/=, ¥ can be recursively calculated. We conjecture that
a generating function for these intersection numbers is a tau function of the KdV
hierarchy. This is analogous to the conjecture of Witten proven by Kontsevich that a
generating function for the intersection numbers | Me.n M=, w;ﬂ ! is a tau function
of the KdV hierarchy.
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1 Introduction

Let Mg , be the moduli space of genus g stable curves— curves with only nodal
singularities and finite automorphism group — with »n labelled points disjoint from
nodes. Define ¢; = c¢1(L;) € H 2 (M ¢.n» Q) to be the first Chern class of the line
bundle L; — Mg , with fibre above [(C, py,..., pn)] given by Tp*i C. Consider the
natural maps given by the forgetful map which forgets the last point,

(D Mg nt1 7> Mg.n,
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2696 Paul Norbury

and the gluing maps which glue the last two points,

2) Mg 1n42 R Meg.n.
Migr41 % Mgop g1 225 Mg, TUJ ={1.....n}.
In this paper we construct cohomology classes Qg , € H*(Mg 4, Q) for g > 0,n>0
and 2g —2 4+ n > 0 such that
(i) Ogn € H*(Mgn, Q) is of pure degree,

(i) ¢5Ogn=Og—1nt2and @y [ Ogn =7 Op 11117 Og_p |y 41,

(i) Ognt1=VYnt+1 7" Ogn,

(iv) ©1,1 #0,
where 7; is projection onto the i™ factor of M BT |+1 X M g—h,|J|+1- We prove below
that properties (i)—(iv) uniquely define intersection numbers of the classes O , with

the classes v; and more generally with classes in the tautological ring RH*(M gn) C
HZ*(/Wg,n, Q).

Remark 1.1 One can replace (ii) by the equivalent property
¢1f ®g,n = ®I‘
for any stable graph I', defined in Section 3, of genus g with n external edges. Here

griMr= ] Mgwnw = Men. Or= [] 770g0)nw) € H*(Mr. Q).
veV () vel(I')

where m, is projection onto the factor M 2(v),n(v)- This generalises (ii) from 1-edge
stable graphs given by ¢, = ¢y and ¢, ; = P 1.

Remark 1.2 The sequence of classes Oy ; satisfies many properties of a cohomologi-
cal field theory (CohFT). It is essentially a 1-dimensional CohFT with vanishing genus
zero classes, not to be confused with Hodge classes which are trivial in genus zero but
do not vanish there. The trivial cohomology class 1 € H®(Mg », Q), which is a trivial
example of a CohFT known as a topological field theory, satisfies conditions (i)—(ii),
while the forgetful map property (iii) is replaced by Og 41 = 7*Og 5.

Theorem 1.3 There exists a class ©g , satisfying (i)—(iv) and, furthermore, any such
class satisfies the following properties:

(1) Ogne€ H¥420(M, 4, Q).

Geometry & Topology, Volume 27 (2023)



A new cohomology class on the moduli space of curves 2697

(II) ®y,, =0 forall n and (,bl”i Og,n = 0 for any I" with a genus O vertex.
(Il) O, € H* (Mg, Q)5 ie it is symmetric under the Sy action.
(IV) ©1,1 =3y.

(V) For any n € RH8 (M), the intersection number fﬂgn Ognn € Q is
uniquely determined by (i)—(iii) and (IV).

The main content of Theorem 1.3 is the existence of ® ,, the rigidity property (IV) and
the uniqueness property (V). The existence of O , is constructed via the pushforward
of a class over the moduli space of spin curves in Section 2. The rigidity property (IV)
is proven in Section 3 by starting with ® ; = Ay; and determining constraints on A
to arrive at A = 3, which does occur due to the construction of ®, ,,. The uniqueness
result (V) involving classes in the tautological ring RH* (M g,n) 18 nonconstructive
since it relies on the existence of nonexplicit tautological relations. The proofs of
properties (I)—(III) are straightforward and presented in Section 3. Section 4 describes
how the classes ® , naturally combine with any cohomological field theory.

Remark 1.4 Properties (i)—(iv) uniquely define the classes O , for g <4 and all n,
but it is not known if they uniquely define the classes Og , in general. Uniqueness
would follow from injectivity of the pullback map to the boundary

RH?*¢72(Mg) — RH*$72(0My),

which holds for g = 2, 3 and 4. It would show that ©, € RH?672(Mp) is uniquely
determined from its restriction, and consequently ® , would coincide with the classes
constructed in Section 2 for all n > 0.

The following conjecture allows one to recursively calculate all intersection numbers
/ M. Ogn [1i—, v;" viarelations coming out of the KdV hierarchy. Such a recursive
calculation would strengthen property (V) since intersections of ®g , with ¥ classes
determine all tautological intersections with Oy ;, algorithmically.

Conjecture 1.5 The function

he~! 5k
ZO(Mh ot ) =exp ) Ty /M Ocn- [ [0 Tt
T g.n j=1

g.nk

is the Brézin—Gross—Witten tau function of the KdV hierarchy.
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2698 Paul Norbury

The Brézin—Gross—Witten KdV tau function ZBSY was defined in [6; 30]. Conjecture
1.5 has been verified up to g = 7, ie the coefficients of the expansion of the logarithm
of the Brézin—Gross—Witten tau function are given by intersection numbers of the
classes ®g , for g <7 and all n. Progress towards Conjecture 1.5, including a purely
combinatorial formulation that can be stated without reference to the moduli space of
stable curves or the KdV hierarchy, is discussed in Section 6.

Acknowledgements [ would like to thank Dimitri Zvonkine for his ongoing interest
in this work, which benefited immensely from many conversations together. I would
also like to thank Vincent Bouchard, Alessandro Chiodo, Alessandro Giacchetto, Oliver
Leigh, Danilo Lewanksi, Rahul Pandharipande, Johannes Schmitt, Mehdi Tavakol,
Ran Tessler, Ravi Vakil and Edward Witten for useful conversations, the referee for
comments which improved the paper, and the Institut Henri Poincaré, where part of
this work was carried out.

2 Existence

The existence of a cohomology class Og , € H* (Mg n, Q) satisfying (i)—(iv) is proven
here using the moduli space of stable twisted spin curves /\7221,?, which consists of
pairs (X, 6) given by a twisted stable curve X equipped with an orbifold line bundle 6
together with an isomorphism %®? =~ a)lzog. See precise definitions below. We first
construct a cohomology class on ./\72221 and then push it forward to a cohomology class
on Mg p.

A stable twisted curve, with group Z,, is a 1-dimensional orbifold, or stack, C such
that generic points of C have trivial isotropy group and nontrivial orbifold points have
isotropy group Z,. A stable twisted curve is equipped with a map which forgets the
orbifold structure p: C — C, where C is a stable curve known as the coarse curve
of C. We say that C is smooth if its coarse curve C is smooth. Each nodal point of C
(corresponding to a nodal point of C) has nontrivial isotropy group, the local picture at
each node is {xy = 0}/Z, with Z, action given by (—1)-(x, y) = (—x, —y), and all
other points of C with nontrivial isotropy group are labelled points of C.

A line bundle L over C is a locally equivariant bundle over the local charts such
that, at each nodal point, there is an equivariant isomorphism of fibres. Hence, each
orbifold point p associates a representation of Z, on L|, acting by multiplication
by exp(2miAp) for A, =0 or % One says L is banded at p by A,. The equivariant

Geometry & Topology, Volume 27 (2023)
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isomorphism at nodes guarantees that the representations agree on each local irreducible
component at the node.

The canonical bundle we of C is generated by dz for any local coordinate z. At
an orbifold point x = z2, the canonical bundle w¢ is generated by dz; hence, it is
banded by %, ie dz — —dz under z — —z. Over the coarse curve, wc is generated
by dx = 2zdz. In other words, p*wc % wc; however, wc = pxwc. Moreover,
degwc =2g—2and

degwe =2g -2+ %n

log

For a)co =wc(p1,..., pn), locally dx/x =2dz/z, so ,()”‘a)lcog ~ a)(ljog and dega)lcog =

2¢—2+n= dega)(ljog.

Following [1], define the moduli space of stable twisted spin curves by

Here wlcog and 0 are line bundles over the stable twisted curve C with labelled orbifold
points pj anddegt =g —1+ %n. The pair (6, ¢) is a spin structure on C. The relation
02 =5 % is possible because the representation associated to wy at p; is trivial:
dz/z — dz/z, z+ —z. The equivariant isomorphism of fibres over nodal points forces
the balanced condition A,, = A,_ for p+ corresponding to p on each irreducible
component.

We can now define a vector bundle over M Z,p,i,;l using the dual bundle 6V on each stable
twisted curve. Denote by £ the universal spin structure on the universal stable twisted
spin curve over /Wz,p,i,?. Given a map S — M}pl,r,l £ pulls back to 6, giving a family
(C,0, p1,..., pn.P), where :C — S has stable twisted curve fibres, p;: S — C are
sections with orbifold isotropy Z,, and ¢: 62 = w(ljo/gs =wc/s(p1..- -, pn). Consider

the pushforward sheaf 7.£Y over M. We have

degfV =1—g—In<0.

Furthermore, for any irreducible component C’ L5 ¢, the pole structure on sections of

. . . log _  log . 2 =~ log
the log canonical bundle at nodes yields 7 *a)C/S =Wo// - Hence, ¢": (0|c/)* => Der) o
where ¢’ = i* o ¢|¢r. Since the irreducible component C’ is stable, its log canonical

bundle has negative degree and
deg 0V |e < 0.

The negative degree of 8" restricted to any irreducible component implies R7,EY =0
and the following definition makes sense:

Geometry € Topology, Volume 27 (2023)
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Definition 2.1 Define a bundle Eg , = —RmEY over ﬂgifll with fibre H'(C, 8V).

Represent the band of 6 at the labelled points by 6 = (071, ...,0,) € {0, 1}" so that,
at each labelled point p;, the representation of Zj on 6|, is given by multiplication
by exp(2miAp,) for Ap, = %0,- € {0, %} The number of p; with A, = 0 is even due
to evenness of the degree of the pushforward sheaf |0 := p«O¢(6) on the coarse
curve C [33]. In the smooth case, the boundary type of a spin structure is determined
by an associated quadratic form, applied to each of the n boundary classes, which
vanishes since it is a homological invariant, again implying that the number of p; with
Ap; = 0 is even. The moduli space of stable twisted spin curves decomposes into
components determined by the band &,

g = LI

o

where /ngp’i,‘;’& consists of those spin curves with 6 banded by &, and the union is
over the 2"~! functions G satisfying 6| +7n = 7_,(0; + 1) € 2Z. Each component
M5 5 is connected except when |6| = n, in which case there are two connected
components determined by their Arf invariant, known as even and odd spin structures.
This follows from the case of smooth spin curves proven in [42].

Restricted to /WSpin -, the bundle Eg , has rank
g.,n,0 >
(3) rank Eg, =2¢ —2+ 1(n+5])

by the following Riemann—Roch calculation. Orbifold Riemann—Roch takes into
account the representation information

n
ho(c,QV)—hl(c,QV)=1—g+deg9V—ZAp,. =l-g+1—g—in—3lo|
i=1

=2-2g—1(n+[5]).

Alternatively, one can use the usual Riemann—Roch calculation on the pushforward
of 6 to the underlying coarse curve C as follows. The sheaf of local sections O¢(L)
of any line bundle L on C pushes forward to a sheaf |L| := p«O¢(L) on C, which
can be identified with the local sections of L invariant under the Z, action. Away
from nodal points, | L] is locally free, and hence a line bundle. At nodal points, the
pushforward | L| is locally free when L is banded by the trivial representation, and
|L| is a torsion-free sheaf that is not locally free when L is banded by the nontrivial
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representation; see [25]. The pullback bundle is given by

p*(16V]) = 6" & Q) O(—0i pi)
iel
since locally invariant sections must vanish when the representation is nontrivial. Hence,
deg|60Y| =degh — %|5|. Hence, Riemann—Roch on the coarse curve yields the same
result as above: h%(C, |0V |)—h'(C,|0V]) =2—-2g — %(n + |a ). It is proven in [25]
that H(C,0Y) = H'(C,|6"|), so the calculations agree.

We have 4°(C, 6Y) = 0 since deg§Y =1 —g — %n < 0, and the restriction of 8 to any
irreducible component C’, say of type (g’,n’), also has negative degree, deg 0V |cr =
1—g' — %n’ < 0. Hence, h'(C,0Y) =2g -2+ %(n + |6]). Thus, H'(C,8V) gives
fibres of a rank 2g — 2 + %(n + |0|) vector bundle.

The analogue of the boundary maps ¢, and ¢y, ; defined in (2) are multivalued maps
defined as follows. Consider a node p € C for (C, 0, p1,..., pn, @) € /WZTPI,I,I Denote
the normalisation by v: C — C with points p+ € C that map to the node, p = v(p+).
When C is not connected, the spin structure v*# decomposes into two spin structures
01 and 8,. Any two spin structures 81 and 6, with bands at p4+ and p_ that agree can
glue, but not uniquely, to give a spin structure on C. This gives rise to a multivalued
map, as described in [26, page 27], which uses the fibre product

v v 7Spin 7Spin
(M, 11+1 X Mg—p|71+1) X gn Mg — Mgon

l |

Mp 1141 X Mgp,|J |41 ———— Mgn
and is given by

v — - —Spin
(M, 1141 X Mg—p,|71+1) X j1,,, Me.n

1 Spin igp0 T spin
Mo+ X Meh 7141 + Mg

where I U J = {l, cies n}. The map ¥ is given by the pullback of the spin structure
obtained from /\—4;21';1 to the normalisation defined by the points of /\_/lh,| 7]+1 and
M g—h,|J|+1- The broken arrow --> represents the multiply defined map ¢y j o p—L

The multivalued map ¢, 1 o p~! naturally restricts to components

T spin T spin . i4Spin
Miiniro X Me-nirisre, = Meng:

Geometry € Topology, Volume 27 (2023)
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where ¢ and I uniquely determine oy and 05, since 6 must be banded by A, = 0 at an
even number of orbifold points, which uniquely determines the band A, = A,_ at the
separating node.

When C is connected, a spin structure 6 on C pulls back to a spin structure 6 =v*6 onC.
As above, any spin structure 6 with bands at p+ and p_ that agree glues nonuniquely,
to give a spin structure on C, and defines a multiply defined map which uses the fibre
product

vl 1 Spin T spin
Mg—l,n+2 X_/\i/lg'n Mg n E— Mg,n

J |

and is given by

. A—1 . T spin T spin
Again, ¢ o V' naturally restricts to components /\/lg_l’n 425 T /\/lg’n,a, but,

unlike the case of ¢y 1 o p~! above, & does not uniquely determine 6. The map ¥

now depends on 6 and there are two cases, corresponding to the decomposition of

the fibre product M g—1n+2 X i, , /ngm; 5 Into two components which depend on the
M & 1

behaviour of ¢ at the nodal point p. Either 6 is banded by A,, = 3,
by A,, =0, corresponding to 6’ = (6,1, 1) and 6" = (7, 0, 0), respectively.

or it is banded

The bundle Eg , behaves naturally with respect to the boundary divisors.

Lemma 2.2 On components where 0 is banded by A, = %, at the node,
* ~ Ok * ~ KK *
PiEgn =V Eg1nt2. @ Egn=V (1 En114+1 © 75 Egp | g1+1).

where 1; is projection from MZPT}H] X M?flh 7|41 onto the i factor fori =1, 2.

Proof A spin structure 6 on a connected normalisation C has
degfV =1—(g-1)—L1(n+2)<0

and also negative degree on all irreducible components; hence, H°(C, év) = 0. By
Riemann—Roch,

"€, 0%)~h'(C.0Y)=1—(g—1)+degh” —1(n+2)=2-2¢—n.
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Hence, dim H'(C,0Y) = dim H'(C, ") and the natural map
0> H'C,0Y)—> H'(C,0Y)
is an isomorphism. In other words, ¢ Eg » = v*Eg_j 44.

The argument is analogous when C is not connected and A Py = % Again deg 6, <0,
and it has negative degree on all irreducible components; hence, H°(C, 6,Y) =0 for
i = 1,2. By Riemann-Roch,

dim H'(C,0)) +dim H'(C,0y) = dim H'(C, 0"),

so the natural map
0> H'(C.0%)—> H'(C1,6))® H' (C2.65)

is an isomorphism. In other words, ¢ ; Eg.n = V* (7 Ep 1141 ©® 75 Eg_p,s|+1)- O
The pullback of Eyg , to boundary divisors with trivial isotropy at the node is described
in the following lemma:
Lemma 2.3 On components where 6 is banded by A, = 0, at the node,
@ 0Oy, > 0f Een — 0"l Enjr101 @73 Egpisi1) =0
for Xp 1 = (Mp 1141 X Mg_p | 7]+1) X Mg Mgy and

(5) 0— Ox

irr

= ¢inLgn >V Eg_1n12 >0
for Xvirr = Mg—l,n—l—z X./Wg,n ./WZRI,?
Proof When the bundle 6 is banded by A,, = 0, the map between sheaves of local

holomorphic sections
LU, 6)— T U v*0)

is not surjective whenever U > p. The image consists of local sections that agree, under
an identification of fibres, at p4 and p_. Hence we have an exact sequence

(6) 0— 0" > v*0Y > ¥V, >0,

where the quotient sends a local section s € T'(v™1U, v*6V) to s(p+) —s(p—). Note
that this difference of sections over different points makes sense since X3 j and Xj
come with a choice of isomorphism between the fibres over p4 and p_. The exact
sequence (6) splits as follows. We can choose a representative ¢ upstairs of any element
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from the quotient space so that ¢(p4) = 0, ie I'(U, 6") corresponds to elements of
I'(v=1U,v*6V) that vanish at p. This is achieved by adding the appropriate multiple
of s(py)—s(p—) toagiven ¢ € T(v~1U,v*0V). (Note that ¢(p—) is arbitrary. One
could instead arrange ¢ (p—) = 0 with ¢ (p4+) arbitrary.) In other words, we can identify
6V with v*6Y(—p4) in the complex

0—>v*0Y(—ps) > v*0Y > v*0Y|,. — 0.

Inafamily 7: C — S, RO, (v¥0V) = 0= ROmy (v*0V (—p4)) since degv*6Y <0,
and it has negative degree on all irreducible components. Also R!m,(v*6V| ps) =0
since p4 has relative dimension 0. Thus,

(7 0— RO (v*0Y|p,) > R'm(v*0Y (= p4)) = R'm(v*0Y) — 0.

We can identify the sequence (7) with the sequences (4) and (5) as follows. For the first
term of (7), v*0Y|,, = C canonically, since a)lcog |p. = C canonically by the residue
map; hence, RO, (v*6Y |, +)=:s. The second and third terms of (7) are identified with
the corresponding terms of (4) by D* (7} Ep 1141 ® 75 Eg_p,|7|+1) = Rlme(v*0Y)
and d’;;,l Egn=R'm(v*0V(—p4)), and similarly with those of (5) by D* Eg—1 42 =
Rlz,(v*0V) and ¢* Eg n = Rlm(v*6Y (—py)). O
Remark 2.4 In Lemma 2.2, the nodal band is )‘Pi = % and so kp+ +Ap_=1. Wesee
from Lemma 2.3 that A, =0 really wants one of A, tobe 1 to preserve A, +A,_=1.

Definition 2.5 For 2g — 2 + n > 0, define the Chern class

Qg,n = Cg—24n (Eg,n) € H4g_4+2n(-/\72'1),i1]11’ Q)
On the component M;pi: 5 of /ng]ii,? for |G| = n, this defines the top Chern class, or
Euler class. The Chern class vanishes on all other components because, by (3), the rank
of Egn=2g—-2+ %(|8| +n) <2g —2+n when |6| < n. Note that 2, = 0 for

n > 3 because rank(Ey ,) = n — 2 is greater than dim /WZPI: = n — 3, so its top Chern
class vanishes.

The cohomology classes €24, behave well with respect to inclusion of strata.

Lemma 2.6 We have

* Ak * Ak %k *
¢ian,n =V Qg—l,n+2, ¢h,IQg,n =V (771 Qh,lII—}-l *TTy Qg—h,lJl—}-l)-
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Proof When |6| = n and 6 is banded by % at the nodal point, this is an immediate
application of Lemma 2.2 and the naturality of ¢yg_24, = ¢ip: We have

‘bi);rctop(Eg,n) = ffkctop(Eg—l,n+2),
* ~k k *
¢h’]Ctop(Eg,n) =V (771 Ctop(Eh,III—I—l) L) Ctop(Eg—h,\JHl))-
When |6| = n and 6 is banded by 0 at the nodal point, the nodal point is neces-
sarily nonseparating and we must consider the restriction of g , to the component
M of M with |6’| = n. On this component, we have the exact

g—1,n+2,6" g—1,n42
sequence of Lemma 2.3,

0_>Eg 1n+2_)¢lrrEgn—)OMspm _>0,
g—1.n+2.6’
which implies ¢ c2g—24n(Eg.n) = C2g-34n(Eg_1nt2,5) - 1O, ) =0.
This vanishing result is a special case of the pullback by ¢ since Qg1 p42 vanishes
1Spin Sy
on/\/lg Lni2.3 , for || =n.

Finally, when |G| < n, this is simply because the pullback of the trivial class is trivial,
since in each case the restriction to an irreducible component has at least one labelled
point with band equal to 0, so that the right-hand side vanishes. O

The cohomology classes €24 , also behave well with respect to the forgetful map

T spin sprn
T M . — Mg

which is defined on components with 6 banded by % at py+1 as follows. Define

n(cvevplv"'vpn+lv¢) = (lo(c)v/o*97p1v"'vpnvlo*¢)a

where p(C) forgets the orbifold structure at p, 1. The pushforward sheaf p..6 consists
of local sections invariant under the Z, action. Since the representation at pj; is
given by multiplication by —1, any invariant local section must vanish at p,4;. In
terms of a local orbifold coordinate x = z2, an invariant section is of the form zf (x)s

for s a generator of 6 and its square

(f (99) = 22 £ (0?5 = x/ (1) X = () dx

has no pole. In other words its square is a section of wéog with no pole at p,4
and hence a section of a)p(c) wpe)(p1 + pa + -+ pn). Furthermore we have
0 = px{0(=ppt1)}, p*px6 = 0(—pp+1) and degp*Q deg 8 — 5. The forgetful

map 7 is used to denote any family 7 :C — S since /\/l SPn essentrally the universal
ipm

n+1
curve of Mg
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Tautological line bundles L, — /WZP},I; fori =1, ..., n are defined analogously to those
defined over /Wg,,, as follows. Consider a family 7 : C — S with sections p;: S — C
fori =1,...,n, and define

Ly, = p;k(a)C/S)7 Vi =ci1(Lp) € H*(M;plf?’(@)
Lemma 2.7 Qgn+1=~Yp,i Qg
spin

g,n+1
structure (also denoted by &), tensor the exact sequence of sheaves

Proof Over a family 7: C — S, where S — M and 6 — C is the universal spin

0 — Oc(=pn+1) = Oc = Oclp,,.; — 0
with 8 (pu+1) to get
060" — 0" (put1) = 0V (Put1)lpnss — 0.
This induces a long exact sequence, which simplifies to the short exact sequence
0= R%74(0Y (Pnt1)lpnsy) = R' 760 — R'74(8Y (pps1)) > 0

due to the vanishing R7«(0Y (pn+1)) = 0 = R'74(0Y (pn+1)pns,)- The first of
these vanishing results uses the identification 6 (p,4+1) = 7*60" described below
together with the vanishing R%7,0V = 0 due to the negative degree on each irreducible
component described earlier. The second of these vanishing results uses the simple
dimension argument that R, vanishes on the image of p,,, which has relative
dimension 0.

Recall that the forgetful map (C, 0, p1,..., pur1,¢) = ((C), w40, p1, ..., Pn, TxP)
pushes forward 6 via & which forgets the orbifold structure at p,4;. As described
earlier, 7 * 7m0 = 0(— pp+1) since the pushforward gives the sheaf of locally invariant
sections, which necessarily vanish as the isotropy group acts by multiplication by —1.
Hence, 0V (pn41) = 7*0Y, which is used to calculate R® above, and also to give
R'74(8Y (pns1)) = R'me(n*0Y) = 7* R4 (6V). Thus, the last two terms of the
short exact sequence become Eg 11 — 7% Eg p.

For the first term of the short exact sequence, the residue map produces a canonical
isomorphism

log —
”*a)c/S|Pn+1 = Og.

Thus, 74(0|p,,) and (0" |p, ) define line bundles over S with square Og and
hence trivial Chern class ¢(«(6]p,,,)) =1 = c(7«(0"]p,,,)). The first term of the
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short exact sequence R4 (6Y (pn+1)|p, ) defines a line bundle £ — S with Chern
class

c(€) = ¢(R'7:(Oc(Pnt1)lpas1))

that fits into the short exact sequence
0>&— Egpy1 > Egn— 0.

The triviality of 7. (W g |p,,) implies

Lpn+1 = ROT[*(C‘)C/S|P”+1) = _Ron*(OC(Pn+1)|pn+1);
hence,

c§) = m = 1—‘Ppn+1-

The short exact sequence then gives 224 n4+1(Egnt1)=—Yp,4 1 T C26—24n(Eg.n),
as required. O
Definition 2.8 For p: /W;pl,;l — Mg, define
Ogn = (_l)nzg_1+np*9g,n € H4g_4+2n(ﬂg,n, Q).
Lemma 2.7 and the relation
Vat1 = 30 Unt1
proven in [26, Proposition 2.4.1], together with the factor of 2" in the definition of Qg ,
immediately gives property (iii) of Og ,,
®g,n+1 = VYnt1 '7T*®g,n-

Property (iv) of ® 5 is given by the following calculation:
Proposition 2.9 Q1,1 =3y € H*(M1,1,Q).

Proof A one-pointed twisted elliptic curve (€, p) is a one-pointed elliptic curve (E, p)
such that p has isotropy Z,. The degree of the divisor p in £ is % and the degree of
every other point in £ is 1. If dz is a holomorphic differential on E (where £ = C/A
and z is the identity function on the universal cover C), then, locally near p, we have
z =12, 50 dz = 2t dt vanishes at p. In particular, the canonical divisor (wg) = p has
degree % and (a)lgog) = (weg(p)) = 2 p has degree 1.

A spin structure on £ is a degree % line bundle £ satisfying £* = a)?g. Line bundles
on &£ correspond to divisors on £ up to linear equivalence. Note that meromorphic
functions on & are exactly the meromorphic functions on E. The four spin structures
on & are given by the divisors 6y = p and 6§; = ¢; — p fori = 1,2, 3, where g; is a
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nontrivial order 2 element in the group E with identity p. Clearly, 93 =2p= a),lgog. For
i=1,2,3, 01.2 = 2q; —2p ~ 2 p since there is a meromorphic function p(z) — g(g;)
on E with a double pole at p and a double zero at ¢;. Its divisor on £ is 2¢q; —4p,
since p has isotropy Z,; hence, 2q; —2p ~ 2p.

Since Hz(/ﬁl,l,Q) is generated by vy, it is enough to calculate f/\711 . ©1,1. The
Chern character of the pushforward bundle E ; is calculated via the Grothendieck—
Riemann—Roch theorem:

ch(Rr«EY) = mx(ch(EY) Td(w,))).

In fact we need to use the orbifold Grothendieck—Riemann—Roch theorem [53]. The
calculation we need is a variant of the calculation in [26, Theorem 6.3.3] which applies
to £ such that £2 = w(lzog instead of £Y. Importantly, this means that the Todd class has
been worked out, and it remains to adjust the ch(£Y) term. We get

f paci(Ery) = —ch(Ra€Y)
Mi. 1

=-2 /Ml 1[%’“ + 2—14‘/’1 + %(—ﬁ + ﬁ)(ir)*(l)]

— (1L 4 1 1 1 1y_ _ 1
- 2(242_{—2424_2 24 2)_ 16°

/Ml.l

Hence, pxci(Eq,1) = —%wl and ® 1 =—2psc1(E1,1) = 3¥1. One can also calculate

which agrees with

L =_1

24 16°

N w
N w

Y=

this using Chiodo’s formula [10], given by (41) in Section 5. |
Proposition 2.10 The classes O, € H*™4T2"(M, ,, Q) satisfy property (ii).

Proof The two properties (ii) of ®g , follow from the analogous properties for Qg 5.
This uses the relationship between compositions of pullbacks and pushforwards in the

diagrams
/\—/lspin 7¢i1°‘3:; Mspin Mspin ><./ﬁspin ‘l’hgoi_; Tspin
e—1,n+2 g.n h\T+1 g—h,|J|+1 g.n
| | d g
Pirc n.1

Mg_int2 ———>Mgn  Mp 141 X Mg_pjgj+1 —— Mgn

where the broken arrows signify multiply defined maps which are defined above using
fibre products.
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On cohomology, we have ¢ px = 2psDx¢py. and @) ; px = 2psDsgpy ,, where the
factor of 2 is due to the degree of ¥ ramification of p and the isotropy of the orbifold
divisor; see [33, (39)]. Hence,
$inOgn = Pire D (_l)nzg_1+n9g,n = 2P*9*¢itr(_1)n2g_l+n9g,n
= P*(_l)n+22g+an—l,n+2 = ®g—1,n+2
and, similarly, d)l"l"I@g,n =1 Op | 1]+1 75 Og_p,|s|+1, Which uses

2. (_l)nzg—l-l-n — (_1)n2g+n — (_1)|I|+12h—1+|1|+1(_1)|J|+12g—h—1+|J|+1' O

Remark 2.11 The construction of 24 , should also follow from the cosection con-
struction in [7] using the moduli space of spin curves with fields

Mg n(Z2)? = {(C.8,p) | (C,8) € M., pe HO(C,6)}.

A cosection of the pullback of Eg , to Mg »(Z,)? is given by p~3 since it pairs well

with H'(C,0): we have p=3 € H°(C, (6Y)?) while H'(C,0) = H*(C,w ® Y)Y =
H(C,(9#V)3)V. Using the cosection p~3, a virtual fundamental class is constructed
in [7] that likely gives rise to Qg € H*¢~4+20(AP" Q). The virtual fundamental
class is constructed away from the zero set of p.

3 Uniqueness

The degree property (I) of Theorem 1.3, O , € H*¢~4+2" (M, ,, Q), proven below,
implies the initial value

O1,1 =2y, 1€Q.

It leads to uniqueness of intersection numbers | Me.n Ogn [ wim i ]_[]N=1 Kg; viaa
reduction argument, and consequently property (V) of Theorem 1.3. The proofs in this
section of properties (II), (IIT) and (V) apply for any A # 0. We finish the section with
a rigidity result given by Theorem 3.6, proving that necessarily A = 3.

We first prove the following lemma, which will be needed later:
Lemma 3.1 Properties (i)—(iv) imply that ©g , # 0 for g > 0 and all n.

Proof We have ©;; = a or ©®; = ay for a # 0 by (i) and (iv). Using the
pullback property (iii) together with the equality ¥, v; = ¥, w*y; for i <n, we have
Orn=ay--Ynor O, =ay VY- Yy; hence, (1+¢1)O1, =ay ¥, Yy and
fﬂg,n(l +Y1)O1 0= 2—14a(n — 1)!, proving ®; , # 0.
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Now we proceed by induction on g. For the base case of g = 1, we have ©; , # 0 for
all n > 0. Assume Oy , # 0 for 0 < h < g and all n. For g > 1, let I' be the stable
graph consisting of a genus g — 1 vertex attached by a single edge to a genus 1 vertex
with n labelled leaves (called ordinary leaves in Section 5.0.1). Then, by (ii),

$rOgn = Og—1,1 ® O 41,
which is nonzero since ®,_1,; # 0 by the inductive hypothesis and ©; , 1 # 0 by

the calculation above. O

Proof of (I) Write
d(g,n) = degree(Og ),

which exists by (i). Note that the degree here is half the cohomological degree, so
Ogn € H2EM (Mg, Q). Using (i), ¢ Og n = Og—1 nt2 implies that

d(g,n)=d(g—1,n+2)

since Og_1 42 # 0 by Lemma 3.1. Hence, d(g,n) = f(2g —2 + n) is a function
of 2g — 2 4 n. Similarly, using (ii), ¢Z 1Ogn =Op 11+1 ® Og_p | s|+1 implies that

fla+b)= fla)+ f(b) = (a+D)f(1) since Oprj+1 # 0 and Og_p j|4+1 # 0,
again by Lemma 3.1. Hence,

d(g,n)=Q2g—-2+n)k
for an integer k. But d(g,n) <3g —3 4+ n implies k < 1. When k = 0, this gives
deg ®g , = 0, which contradicts (iii) together with Lemma 3.1; hence, k = 1 and
degOg , =2g—2+n. |
Proof of (IT) This is an immediate consequence of (I) since
deg®pp =n—2>n—-3=dimM,,

and hence ® , = 0. For any stable graph I" with a genus 0 vertex, Remark 1.1 gives
1 Ogn = Or = [[,ep(r) Ty Og(v).n(v) = 0 since the genus 0 vertex contributes a
factor of O to the product. |

Proof of (III) Property (iii) implies that

n
@g,n = l_[ wl‘ . 7[*®g,

i=1
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where 7 : /Wg,n — /Wg is the forgetful map. Since n*w € H* (/\_/lg,n, Q)S» for any
class w € H*(Mg, Q) and clearly [[/_, ¥i € H*(Mgn, Q)5", we have Qg , €
H*(Mg n, Q)S", as required. O

The proof of (V) follows from the special case of the intersection of ®g , with a
polynomial in x and y classes.

Proposition 3.2 For any ®g , satisfying properties (i)—(iii), the intersection numbers

n N
) f Ocn [ T¥" 1
Mg,n ]:1

i=1

are uniquely determined from the initial condition ®; | = Ay for A € Q.

Proof For n >0, we will push forward the integral (8) via the forgetful map 7 : M an—>
M g.n—1 as follows. Consider first the case when there are no « classes. The presence
of Y in Og y = Yy - T*Og 1 gives

OgnVk =Ogur™ Vi, k <n,

since Y, ¥ = Y ™Yy for k < n. Hence,

n n—1
m; __ * m; myu+1
/ @g,n 1_[ wi "= / T (@g,n—l 1_[ W,‘ l) n "
Mg.n i=1 Mg.n

i=1

n—1
= / T[*{T[*(®g,n—l l_[ W,m') ;’”n‘f‘l}
Mg,nfl

i=1
n—1

= / Og.n—1 1_[ wf"ikm,,,

Meg.n—1 i=1

so we have reduced an intersection number over Mg , to an intersection number
over Mg »—1. In the presence of k classes, replace «y; by kg, = ¥k ;T Y, and
repeat the pushforward as above on all summands. By induction, we see that, for g > 1,

n N
.
/ Ogn [ [ []xe =/ Og - plk1.k2, ... K3g-3),
Me.n i=1 j=1 Mg

ie the intersection number (8) reduces to an intersection number over M g of Oy times
a polynomial in the k classes. When g = 1, the right-hand side is instead | M Or1-p
for p € Q a constant.
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For g > 1, by (I), deg ®y = 2g — 2, so we may assume the polynomial p consists only
of terms of homogeneous degree g — 1 (where deg k, = r). But, by a result of Faber
and Pandharipande [24, Proposition 2], which strengthens Looijenga’s theorem [38],
a homogeneous degree g — 1 monomial in the « classes is equal in the tautological
ring to the sum of boundary terms, ie the sum of pushforwards of polynomials in ¥
and « classes by the maps (¢r)«. Such relations arise from Pixton’s relations and are
described algorithmically in [11]. Now, property (ii) of ®, shows that the pullback
of O to these boundary terms is @ ,» for g’ < g, so we have expressed (8) as a sum
of integrals of ®g ,» against ¥ and « classes. By induction, one can reduce to the
integral [ M O = 21—4k and the proposition is proven. a

A consequence of Proposition 3.2 is property (V) of Theorem 1.3, stated as Corollary 3.3
below. Let us first recall the definition of tautological classes in H* (M g.n» Q). Dual to
any point (C, p1, ..., pn) € Mg n is its stable graph I" with vertices V(") representing
irreducible components of C, internal edges representing nodal singularities and a
(labelled) external edge for each p;. Each vertex is labelled by a genus g(v) and has
valency n(v). The genus of a stable graph is g(I') = b1 (") + ZUGV(F) g(v).

The strata algebra Sg 5 is a finite-dimensional vector space over Q with basis given
by isomorphism classes of pairs (I', w) for I" a stable graph of genus g with n external
edges and w € H*(Mr, Q) a product of k and v classes in each M ¢(v),n(v) for each
vertex v € V(I'). There is a natural map

q:Sgn— H* (Mg,n’ Q)

defined by the pushforward ¢(I", w) = ¢f(w) € H *(Mg.n, Q). The map ¢ allows one
to define a multiplication on Sy 5, essentially coming from intersection theory in M,
which can be described purely graphically. The image ¢(Sg.n) C H*(Mg, Q) is
the tautological ring RH* (M, ) and an element of the kernel of ¢ is a tautological
relation. See [47, Section 0.3] for a detailed description of Sy 5.

Corollary 3.3 Forallne RH* (/Wg,n), f/ﬁg . Og.nn € Q is uniquely determined by
properties (i)—(iii) and (IV).

Proof The tautological ring RH*(My ) consists of polynomials in the classes ;,
Y; and boundary classes, which are pushforwards under (¢r ). of polynomials in x;
and v;. By the natural restriction property (ii) satisfied by ® ,, given a monomial

Geometry & Topology, Volume 27 (2023)



A new cohomology class on the moduli space of curves 2713

in k and ¥ classes w € H*(Mr,Q),

. B o
/Mg_n Ogn-(Pr)s(w) = [Mr o (Ogn) 0= /Mr Or-o= |AutT| E w(v).

The final term is a product over the vertices of I" of intersections ® classes with

monomials in k and V¥ classes w(v) = fﬂg(v),n(v) ®g(v),n(v)'1_[?iv1) Py({¥i, kj}), which,
by Proposition 3.2, are uniquely determined by (i)—(iii) and (IV). O

Remark 3.4 The intersection numbers | Mgn Ogon [Ti—, v/ ]_[jN_1 k¢, can be cal-
culated algorithmically from the intersection numbers [ Mg.n Ogn [1iz1 ¥ m’ with no
Kk classes. This essentially reverses the reduction shown in the proof of Proposition 3.2.

Explicitly, for 7 : ./Wg’n_l’_N — /Wg,n and m = (mq,...,mp), define a polynomial in
k classes by
1 1
Run (k1. 2, .. ) = mu (i ooy INED),

so, for example, R(u, m,) = KmyKm; + Kmy+m,- Then

+1 +1
) ®g,n'Rm=®g,n'”*(‘/’Zlﬁ1 " rT—i—NN )
mi+1 m +1
=a(T Ogn Yty VN )
m
=T (Ognt N Vpyy n+N)

The polynomials R, (k1, k3, ... ) generate all polynomials in the «;, so (9) can be used
to remove any « class.

The following example demonstrates Proposition 3.2 with an explicit genus 2 relation:

Example 3.5 A genus two relation proven by Mumford [41, (8.5)], relating k; and
the divisors defined by the double covers M 1,1 X M 1,1 = M, and M 1,2 —~> Mrp,
in M, labelled by stable graphs I}, is given by

— IMp]- 3Mp,] =0,
which induces the relation
© k1 — 205 [Mp]— 302 - [Mp,] =
Property (ii) of ® , yields

1
o [Mr]—/ o ®2—f ®1,1-/ Oy ———,
/M2 > ! I /\7111 /W]J b |AUt(F1)|

1
®,-[M —/ ® / O ———;
/Mz > [ FZ] ¢F2 2T Mi2 b2 |AUt(F2)|
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hence, the relation on the level of intersection numbers is given by

1 1
®, -k _Z./ ® / 0, .—_l./ (O PP ——
Mo 2 5 /\711,1 b /\711,1 |AUt(Fl)| > ./\711,2 b2 |AUt(F2)|

We have [ ©11 = k= [, , ©1,2 from (iii), and |Aut(I)| = 2 = |Aut(T)|.
Hence,

7
/ @2./(1 :g
Mo

7.
5

3‘\;

1 1
1,1+ / ®1,1'—+l'/ O12 =
1.1 |AUt(FI)| 5 /\711,2 |Aut(1"2)|

+ 100 L = (70 +240).

i\

.1
Until now, ®; ; = Ay for any nonzero A € Q. The following theorem proves the
rigidity condition (IV) that A = 3. The proof of the theorem relies on the fact that, for

—_~
Al"‘
NI'—
u-l»—-

low genus and small 7, the cohomology is tautological. This allows us to work in the
tautological ring in order to construct ®g , from properties (i)—(iv).

Theorem 3.6 Let O, , € H* (Mg », Q) satisty (i)—(iv) and set the initial condition to
be @1’1 = )‘WI 75 0. Then A = 3.

Proof The existence proof in Section 2 shows that A = 3 is possible but it does not
exclude other values. The strategy of proof of this theorem is to attempt to construct
classes, beginning with the initial condition ®;,; = Av;. Importantly, condition (iii)
determines ®g , for all n > 0 uniquely from ®, so the main calculation occurs
over M ¢- We consider classes in RH 28=2(M ¢) since, for small values of g, it is
known that H**(Mg, Q) = RH*(My). The essential idea is as follows. A class
B¢ € Hzg_z(./\_/lg, Q) pulls back under boundary maps to ®g_1 > and @411 ® O 1.
The relationship
Og_12 =V Of_1

constrains the class ®¢. We find that ®, exists (and hence also O, , exists for all n)
for all A € Q, but that ®3 (and O3 ;) exists only for A =3 or A = —%. The existence
of ®4 constrains A further, allowing only A = 3.

g =1 From ©;; = Ay, condition (iii) yields
®1,n = )ﬂﬁllﬂz T Wn

since Y, ¥ = Y, *y; for any j <n.
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g =2 The cohomology group H*(M,, Q) has basis {/(12, Ka}. Set ®) =a; 1K12 +ajky
and deduce aq; and a, from restriction to M, C M, for i = 1,2, defined in
Example 3.5. Since k5 - M, = 0, we deduce that a1 = %Az and restriction to Mr,
then uniquely determines

®, = %kzklz + (k — %)\Z)Kz.

Commutativity of the boundary maps with the forgetful map shown in the diagrams

— [T — — — on1  —
Meg—tnt2 ——= Mgn  Mp 1141 X Mg_p|gj4+1 —— Mgn
— ¢irr —_— _— _— ¢h —_—
Meg—12 ——— Mg Mpi1 X Mg_p1 ———— Mg

implies that the classes ®; , = V1 - -+ ¥, 7 *®; restrict consistently to the boundary to
give the correct genus 1 classes ®; , for all A € Q.

g =3 Ingenus 3, H**(M;3,Q) = RH*(M3) due to the calculation of the cohomol-
ogy H* (M3, Q), for example by using the calculation of H* (M3, 1, Q) in [28] together
with the calculation of the tautological ring RH*(M3) via Pixton’s relations [47]
implemented using the Sage package admcycles [12]. We have dim RH*(M3) =7
and we write ®3 as a general linear combination of basis vectors in RH*(M3),

4 2 2
@3 =d1i111ky +61112K1K2 +ai3K1k3 +a22/<2 + auky +b131 +b2B2,

where B; € RH*(M3) are given by
K1 K2 K3

RH4(./\73) — RH4(./\72’2) (&) RH3(./W2,1) ® RHI(./\_/ll,l)

The pullback map

is injective (which implies that the map from RH*(M3) to the boundary is injective).
The restriction map

RH*(M3) — RH*(M,,)

has 2—-dimensional kernel and is surjective onto the S,—invariant part of RH*(M 2,2)-
Hence, the condition

$i®3 =025 = Y1 Y7 O,
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determines ®3 up to parameters s, t € Q:
ainn =5,
ajiy = A+ HA%—18s + 41,
ays = —12% — 1222 + 104s — 13¢,
axy =—3% —23)2 4275 — 51,
ag =300 +1233)2 — 4265 + 2304,
by =1,
by =321(3-1).
The pullback map
RH*(M3) > RH?(M3,1) ® RH' (M)
has 3—dimensional image, and the condition
PrO3 =021 ®0;,; = (Y17702) ® (A1)

is a linear system which cannot be satisfied for a general choice of the two parameters
s and ¢ defining ®3 for general A, forcing A to satisfy a polynomial relation. We find
that 5493 _ 1942 _ 11
an = 52 — 1300 — 100
ayip =317 — L2324,

_ 40393 20992 _ 2397 _ _ 3108
ays =35k A A =a13— 53 by,

ayy = —3B87)3 4 241132 4 221435 — 45, + 120y,
ag =—1333 + 122152 4 618,
by = 75A(h —=3)(151 + 11),
by =21(3—1).

The expressions for a3 and a,; are consistent only when b; = 0; hence,
AA=3)(151L+11) =0.

g =4 Ingenus 4, H**(My, Q) = RH*(My,) is due to the calculation by Bergstrom
and Tommasi [4] of the Hodge polynomial of M together with the calculation of the
tautological ring RH*(My,) via Pixton’s relations using admcycles [12]. We choose
a general element ®4 € RH%(M,) which is a linear combination of basis vectors
for the 32—dimensional space RH®(M,). The pullback map of RH®(My,) to the
boundary can be shown to be injective using admcycles.
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11

The main purpose of the g = 4 calculation is to prove that A = — {3

is impossible, so
we substitute A = —% into ®3 above to get

_ 2783 4 11011,2 59939 16093 2 474287, _ 1232
©3 = 5700041 — T3500X1%2 T T0125X1K3 + 5000 K2 — 13300 ¥4 — 1125 B2-

As in the g = 3 case above, we consider the pullback map
RH®(My) - RH®(Ms,),

which has a 6-dimensional kernel. The S,—invariant part of H'2(M 3,2, Q) is proven
in [3] to be 31-dimensional, and using admcycles it can be shown to be tautological.
The condition ¢y ©4 = O3 5, = Y1 Y7 * O3 produces a system of 31 equations in 32
unknowns. Using admcycles, we find that ®3 5 lies in the image of the pullback map,
and constrains ®4 to depend linearly on six parameters. The pullback map composed
with projection

RH®(Mys) > RH’(M3,1) ® RH' (My,1)

uniquely determines the six parameters, and finally the resulting class ®4 is shown
under the pullback map composed with projection

RHS(My) — RH*(My,1) ® RH*(Ma,1)

to disagree with ®, | ® ®5 1. We conclude that A = —% is impossible, leaving A =3. O

4 Cohomological field theories

The class ®g , combines with known enumerative invariants, such as Gromov-Witten
invariants, to give rise to new invariants. More generally, ®; , pairs with any co-
homological field theory, which is fundamentally related to the moduli space of
curves /Wg,n, retaining many of the properties of the cohomological field theory,
and is in particular often calculable.

A cohomological field theory is a pair (H, n) composed of a finite-dimensional complex
vector space H equipped with a symmetric, bilinear, nondegenerate form, or metric, 7,
and a sequence of S,—equivariant maps. Many CohFTs are naturally defined on H
defined over QQ; nevertheless, we use C in order to relate them to Frobenius manifolds,
and to use normalised canonical coordinates, defined later,

Qgn: H®" — H* (Mg, C)
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that satisfy compatibility conditions, from the inclusions of strata
Pirr: Mg—1,n+2 = Mg,
Gn1: Mir141 X Mg_ps141 = Mg, TUJ ={1,....n},
given by
(10) ¢ Qen(V1 ®+ ®Vn) = Qg—10+2(11 @ RV ® A),

(1) ¢ 1 Ren(V1 @ ®vn) = Qp 141 ® Lg—p, || +1 (® Vi®A® ® vj),
iel jeJ

where A€ H® H isdualton € H*® H*. Whenn =0, Qg := Qg € H* (Mg, C).
There exists a unit vector 1 € H which satisfies

Q0,3(1®v; ®v2) = n(vy,v2).
The CohFT has flat unit if 1 € H is compatible with the forgetful map 7 : M gnt1 =
Mg,n by
(12) Qent1(1®VI ®-®vp) =7 Qg (V1 Q-+ ® vy)
for2g—2+4+n>0.

For a 1-dimensional CohFT, ie dim H = 1, identify Qg , with the image Qg ,(1%"),
so we write Qg , € H*(/Wg,n, C). A trivial example of a CohFT is Qg , =1 €
Ho(M ¢.n» C), which is a topological field theory, as we now describe.

A 2—dimensional topological field theory (TFT) is a vector space H and a sequence of

symmetric linear maps
0 .
Qp, H®" —C
for integers g > 0 and n > 0 satisfying the following conditions. The map Qg , =1

defines a symmetric, bilinear, nondegenerate form 7, and together with 528 5 it defines
a product e on H via

(13) N(vy *v2,v3) = Q4 5(v1, v, v3)
with identity element 1 given by the dual of Qg L= 1* = n(1,-). It satisfies
Qg,n+1(1 QU R - Quy) = Qg,n(vl - Qvy)

and the gluing conditions

Qg’n(vl ® - Quy) = 92_1,n+2(vl Q- QU ®A),

0 0 0
Q01890 =25, 10 890, 1 @uwae @)
iel jeJ

forg=gi+grand ILUJ ={1,...,n}.
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Consider the natural isomorphism H°(M g.n» C) = C. The degree zero part of a CohFT
Qg nisaTFT

Q0 H®" 2en ¥ (Mg 4, C) — HO (Mg, C).
We often write Q¢ 3 = Qg ; interchangeably. Associated to g, is the product (13)

built from 7 and €2 3.

Remark 4.1 The classes O , satisfy properties (10) and (11) of a I-dimensional
CohFT. In place of property (12), they satisfy

Ogn+1(1QVI ® - ® V) = Ypt1 T Og n(v1 @+~ Q )
and @0’3 =0.
The product defined in (13) is semisimple if it is diagonal H = C dC @ --- p C, ie
there is a canonical basis {u1,...,ux} C H such that u; -u; = §;ju;. The metric is
then necessarily diagonal with respect to the same basis, n(u;, uj) = 6;jn; for some

n; € C\ {0} fori =1,..., N. The Givental-Teleman theorem described in Section 5
gives a construction of semisimple CohFTs.

4.1 Cohomological field theories coupled to O, ,

Definition 4.2 For any CohFT Q defined on (H, 1), define Q© = {an} to be the
sequence of S,—equivariant maps an: H®" — H*(Mg.n, C) given by

Q?,n(vl ® - Quy) = ®g,n : Qg,n(vl ® - vp).
This is essentially the tensor product of CohFTs, albeit involving ®¢ ,,. The tensor
products of CohFTs is obtained as above by cup product on H*(Mg ,, C), generalising

Gromov—Witten invariants of target products and the Kiinneth formula H™* (X x X;) =
H*X, ® H*X;.

Generalising Remark 4.1, an satisfies properties (10) and (11) of a CohFT on (H, ).
In place of property (12), it satisfies

Q?,n+1(1<8>v1 ® - ®uvy) :Wn+1'77*9?,n(vl ®-®vp)

e _
and 90’3 =0.
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Given a CohFT Q = {Q .}, or amore general collection of classes such as Q2 = {an},

and a basis {ey,...,en} of H, the partition function of Q2 is defined by
P hs~! ok aj
(4 Zabutgh=ew ), “ | Qenlen @0 [] 077 [T4]
gnk e J=1

fora; € {l,...,N}and kj € N. For dim H = 1 and Qg , = 1 € H*(Mgp, C), its
partition function is Zq (%, {tx}) = Z¥V (#, {t;}), which is defined in Section 5.1.
For Qgn = Ogn € H*(Mgn, C), Za(h, {tx}) = ZO(h, {t}) gives its partition
function. Property (iii) is realised by the homogeneity property

o0
J 50 . [ 1,0
15) —Z :E 2i4+)ti— 272 )+ Z
( 5) at() (hvl()’tlv ) . 0( l+ )tl 8[1 (hat()»[l’ )+8 (hat()»[l’ )’
1=
proven in the following proposition:

Proposition 4.3 The function Z® (h, 19,1, ...) is homogeneous of degree —% with

respect to {q = 1 —tg,t1,t5,...} withdegqg = 1 and degt; = 2i + 1 fori > 0.
Equivalently, it satisfies the dilaton equation (15).

Proof We have

n n
kj * kj
/ ®g,n+1'l_[‘pj :/ T ®g,n'Wn+1'l_[Wj
Mg,nJrl j=1 Mg,nJrl 1

j:

“ k

* * j

=/ T OgnYns1- | [ 7*Y,
Mg,n—i—l j=1

n
k.
N / Ogn [ [ )" 7x¥nts
Mg,n J=1

n
k.
—Cg=24m [ 0 []v).
Mg,n _/:1

which uses V41V =Vp41-w*yjfor j=1,... ,nand s (T*0-Yp41) =0 T4 VYpt1.
In terms of the partition function Z ®(h, to, 1, ... ), this is realised by (15). O

4.1.1 Gromov-Witten invariants Let X be a projective algebraic variety and con-
sider (C, x1,...,X,) a connected smooth curve of genus g with n distinct marked
points. For B € Hy(X,Z), the moduli space of stable maps Mg (X, B) is defined by

Mg,n(Xv,B) = {(C,xl,...,xn) I X | JT*[C] :ﬂ}/'\’»
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where 7 is a morphism from a connected nodal curve C containing distinct points
{x1,...,Xxn} that avoid the nodes. Any genus zero irreducible component of C with
fewer than three distinguished points (nodal or marked), or genus one irreducible
component of C with no distinguished point, must not be collapsed to a point. We
quotient by isomorphisms of the domain C that fix each x;. The moduli space of stable
maps has irreducible components of different dimensions but it has a virtual class of

dimension

(16) dim[Mg » (X, B)]'™ = (dim X —3)(1 —g) + {c1(X), B) +n.
Fori =1,...,n, there exist evaluation maps

17 evj: /Wg,n(X, B)— X, evi(m) =m(x;),

and classes y € H*(X, Z) pull back to classes in H*(Mg »(X, B),C) via
(18) evi: H*(X,Z) > H*(Mg (X, B),C).

The forgetful map p: M en(X,B) — M g,n Maps a stable map to its domain curve
followed by contraction of unstable components. The pushforward map p. on coho-
mology defines a CohFT Qx on the even part of the cohomology H = H®*"(X, C)
(and a generalisation of a CohFT on H*(X, C)) equipped with the symmetric, bilinear,
nondegenerate form

n(a,ﬁ)=/xmﬂ.

We have (Qx)g.n: HY(X,C)®" — H*(M, n, C) defined by

(QX)g,n(al, ce,Op) = Z D= ( 1_[ eV;'k(Oli) N [Mg,n(Xv ﬁ)]vm) € H*(Mg,na C).

B i=1
Note that it is the dependence of p = p(g, n, B) on B (which is suppressed) that allows
(Rx)gn(ay, ... o) to be composed of different-degree terms. The partition function

of the CohFT Qx with respect to a chosen basis ¢, of H*"(X;C) is
Zay (h{t})

K&l
= eXp Z n! /M p*(
- g.n

g,n.k

a.p
It stores ancestor invariants. These are different from descendant invariants, which
use, in place of ¥ = ¢1(L;), ¥j = ¢1(L;) for line bundles £; — Mg ,(X, B) defined
similarly as the cotangent bundle over the i marked point on the domain curve.

[ Jevi () N[Mg n(X, ﬂ)]““) [T/ T1%
j=1

i=1
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Following Definition 4.2, we define Q)(? by

[Tevt@) € " (M)

i=1

(Q?)g,n(‘xh ceOp) = ®g,n : ZP*(
B

and
70 B o) — he~1 o) - * - kj aj
QX( ,{tk})—exp Z ! o g.n " Dx l_[eVi (ea,-) ij l_[tkj'
g.n.k &n i=1 j=1
a.p

Let ©F5, C Ag—1(Mgn. C) be the (g—1)—dimensional Chow class given by the
pushforward of the top Chern class of the bundle Eg ; defined in Definition 2.1. The
virtual dimension of the pullback of ®§131 is

(19)  dim{[Mgn(X,d)]"" N p~H(OF)} = [dim X — 1)(1 —g) + (c1(X), B).

Comparing the dimension formulas (16) and (19), we see that elliptic curves now
take the place of Calabi—Yau 3—folds to give virtual dimension zero moduli spaces,
independent of genus and degree. The invariants of a target curve X are trivial when
the genus of X is greater than 1 and computable when X = P! [44], producing
results analogous to the usual Gromov—Witten invariants in [46]. For ¢; (X)) = 0 and
dim X > 1, the invariants vanish for g > 1, while for g = 1 it seems to predict an
invariant associated to maps of elliptic curves to X.

4.1.2 Weil-Petersson volumes A fundamental example of a 1-dimensional CohFT
is given by
Qgn= exp(2n’ky) € H* (Mg, R).
Its partition function stores Weil-Petersson volumes
(2”2)3g—3+n / 3g—3+n
=" K
g,n (3g 34 n)' /Wg!n 1
and deformed Weil-Petersson volumes studied by Mirzakhani [39]. Weil-Petersson

volumes of the subvariety of M, , dual to © , make sense even before we find such
a subvariety. They are given by

Ve _ (2”2)g_1/
o=l

which are calculable since they are given by a translation of ZBSW_ If we include

g—1
@g,n'Kl 5

Y classes, we get polynomials Vg(?n (L1,...,Ly) which give the deformed volumes
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analogous to Mirzakhani’s volumes. In [43; 51], the polynomials Vg@’)n (L1,....Lyp)
are related to the volume of the moduli space of super-Riemann surfaces.

4.1.3 ELSYV formula Another example of a 1-dimensional CohFT is given by
Qg,n == C(EV) == 1 _)\.1 + M + (_l)g)\.g S H*(.A_/lg,n, C),

where A; = ¢;(E) is the i" Chern class of the Hodge bundle E — M g¢,n defined to
have fibres H°(C, wc) over a nodal curve C.

Hurwitz [31] studied the problem of connected curves ¥ of genus g covering P!,
branched over r + 1 fixed points {py, p2,..., pr, pr+1} With arbitrary profile u =
(1, .., Mun) over p,41. Over the other r branch points, one specifies simple rami-
fication, ie the partition (2,1, 1,...). The Riemann—Hurwitz formula determines the
number r of simple branch points via 2 —2g —n = |u| —r.

Definition 4.4 Define the simple Hurwitz number Hyg , to be the weighted count
of genus g connected covers of P! with ramification & = (i1, ..., itn) over oo and
simple ramification elsewhere. Each cover 7 is counted with weight 1/|Aut(s)|.

Coefficients of the partition function of the CohFT Qg , = ¢(E") appear naturally in
the ELSV formula [20], which relates the Hurwitz numbers Hy , to the Hodge classes.
The ELSV formula is

r(g, p)! l—lu, 1—A1+--+(=1D%A,

© 7 TAutpl | Wgn L—p1y) - (1= pn¥n)’

where = (p1.....pn) and r(g, p) =2g =2 +n+ |ul.

Using Q?’n = ®-¢(EY), we can define an analogue of the ELSV formula,

HO, (2g - 2+n+lul)'l—lu,/ I—A 4+ (=DF Ay
&1

|Aut | Me.n O (L= 1) - (1= pn¥n)

It may be that H g 1, has an interpretation of enumerating a new type of Hurwitz covers.
Note that it makes sense to set all ;; = 0, and, in particular, there are nontrivial primary
invariants over M ¢ unlike for simple Hurwitz numbers. An example calculation:

/ Ohi=55 5 2+10 5 2= 15 <= M =152001+n).
Mz
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4.1.4 The versal deformation space of the A4, singularity The A, singularity has a
2-dimensional versal deformation space M = C? = {(t,1,)} parametrising the family

Wiiz) =z -tz 41

that admits a semisimple Frobenius manifold structure. Dubrovin [15] associated a
family of linear systems, defined in (20) below, depending on the canonical coordinates
(uy,...,un) of any semisimple Frobenius manifold M. This produces a CohFT 42
defined on C? from the A, singularity using Definition 5.2. More generally, to any
point of a Frobenius manifold one can associate a cohomological field theory and,
conversely, the genus zero part of a cohomological field theory defines a Frobenius
manifold [15].

Recall that a Frobenius manifold is a complex manifold M equipped with an associative
product on its tangent bundle compatible with a flat metric — a nondegenerate symmetric
bilinear form — on the manifold. It is encoded by a single function F(ty,...,tN),
known as the prepotential, which satisfies a nonlinear partial differential equation,
known as the Witten—Dijkgraaf—Verlinde—Verlinde equation,

Fijmn™" Frn = Figmn™" Fjkns  Mij = Fuij
where niknkj = §;j, Iy = 0/0t; F, 9/0t; = 1 corresponds to the flat unit vector
field for the product, and {#1, ..., 7y} are (flat) local coordinates on M. The Frobenius

manifold is conformal if it comes equipped with an Euler vector field £ which describes
symmetries of the Frobenius manifold, neatly encoded by

E-F(ty,...,ty)=c- F(t,...,tN) + quadratic polynomial, c € C.

For a semisimple conformal Frobenius manifold, multiplication by the Euler vector
field E produces an endomorphism U with eigenvalues {u1, ..., uy} known as canon-
ical coordinates on M. They give rise to vector fields d/du; with respect to which the
metric 7, product ¢ and Euler vector field £ are diagonal:
0 0 0 Jd 0 d

O S 2 T ) =8 A E = 2

du; Ouj 3ij du;’ "(au,-’au,-) 8ij Ai Z”’au,-
At any point of the Frobenius manifold, the endomorphism U, defined by multi-
plication by the Euler vector field E, and the endomorphism V = [, U], where
Iij = 04;Aj/2/AiAj fori # j are the so-called rotation coefficients of the metric n
in the normalised canonical basis, produce the differential equation
( d V

——U——)Y=O.

(20) dz z
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Choose a solution of (20) of the form ¥ = R(z™")e?V and substitute z > z~! to get

0= (di . g)m)ewz _ (%R(z) 5[0 RG) + §VR(z>)eU/Z-

This associates an element R(z) =) Ry zk to each point of the Frobenius manifold.
Teleman [52] defined the endomorphisms Ry of H = T, M recursively from Ry = I
by

1) [Rks1.Ul=(k+V)Ry, k=01,....

It is useful to consider three natural bases of the tangent space H = T, M = CN at
any point p of a semisimple Frobenius manifold: the flat basis {d/0¢; }, which gives a
constant metric 7; the canonical basis {d/du; }, which gives a trivial product e; and the
normalised canonical basis {v;} for v; = Ai_l/ 29 /du;, which gives a trivial metric . (A
different choice of square root of A; would simply give a different choice of normalised
canonical basis.) The transition matrix W from flat coordinates to normalised canonical
coordinates sends the metric 7 to the dot product, ie W7 & = 7. The topological field
theory structure on H induced from 1 and e is diagonal in the normalised canonical
basis. It is given by
Qe (vl@n) _ Ail—g—l/2n

and vanishes on mixed products of v; and v; for i # j. In the normalised canonical
basis, the unit vector is given by
_Al/2 1/2,.
1=(A" ..., Ay

hence, it uniquely determines the topological field theory. We find the normalised canon-
ical basis most useful for comparisons with topological recursion; see Section 5.2.1.

The Frobenius manifold structure on the versal deformation space M of the 4, sin-
gularity was constructed in [15; 48]. The product on tangent spaces of the family
W;(z) = z3 —t,z + t; is induced from the isomorphism

T:M = C[z]/ W/(2)

given by 8/9t; — W, /3t = (—z)*~!, producing
d 0 d d 0 0 Jd 0 1

_ 90 9,0 _9 9,9 1, 0
E E_atl’ dt 812_812’ aty 822_3t2811'

The metric is given by

1(p(2).4(2)) = —3 Reso LEME 42

Wt/ (2)
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With respect to the basis {d/d¢;, d/0dt,}, it is constant and hence flat:

= (Vo)

The Frobenius manifold structure on M is conformal. The unit and Euler vector fields
are 1 = 9/dt; and E = t; d/0dt; + %tz d/0dt,, which correspond respectively to the
images of 1 and W;(z) in C[z]/ W/(z).

The prepotential is produced via n;; = Fy;; and 1(d/dt; #3/0t;,0/0ty) = Fjj,
F(ty. ) = 51112+ 7515

and satisfies £ - F(t1,1,) = %F (t1, t2). The canonical coordinates are

2 .3/2 2 .3/2
u =4+ ——=t , Uy =1 ——=t .
1 1 373 2 2 1 3\/§ 2
In the normalised canonical basis, the rotation coefficients I'j, = —i %Zz_ 32 I

giverise to V =[I, U] =i ‘/Tgtz_ 3/ (0 =0 )- In canonical coordinates we have

(uy 0 i 01
(22 U_(O “2)’ V_3(u1—u2)(—10)'

The metric 1 applied to the vector fields d/du; = %(B/Btl —(=1)i(3/1)"/23/01,) is
n(0/0u;, d/0u;) = 8;j A;, where Ay = ¢T§[2—1/2 = —A,. Restrict to the point of M
with coordinates (11, u;) = (2,—2) or, equivalently, (¢1,%,) = (0,3). Then A; =
1 —A, determines the TFT and

2
(2 0 1 0
U_(o —2)’ V_E(—i 0)
determines R(z) € LOGL(2,C) and T(z) € z2C2[z] via (21) to get
_ (6m)! -1 (=1)™m6mi 1 _\m
R@) _; (6m—1)(3m)!(2m)!(—6mi (—1m—1 )(Wz) ’

T(z) = z(1— R™'(2)(1)), where 1= L( ! )

J2\ i

The triple (R(z), T'(z),1) € LOGL(N, C) x z2CV[z] x C¥ in (23) produces the
cohomological field theory 242 associated to the A, singularity at the point (¢1,t,) =
(0, 3) via Definition 5.2 in the next section.
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Remark 4.5 The matrix R(z) defined in (23) — which uses the normalised canonical
basis for H, so that 7 is the dot product—is related to the matrix R(z) in [47] by
conjugation by the transition matrix ¥ from flat coordinates to normalised canonical
coordinates

(6m)! (14+6m)/(1—6m) 0\[0 1\" m
Rz = Z(3m)|(2m)!( m(/) ; 1)(1 0) (77252)" ™"

for .
=L
qj_ﬁ(i —i)‘

5 Givental construction of cohomological field theories

Givental produced a construction of partition functions of cohomological field theories
in [29]. He defined an action of the twisted loop group, and elements of z2CV[z]
known as translations, on partition functions of cohomological field theories and used
this to build partition functions of semisimple cohomological field theories out of
the basic building block Z Kw (A, 19,11,...) combined with the vector 1 € CN which
represents the topological field theory. This action was interpreted as an action on the
actual cohomology classes in H*(Mg ,, C), independently, by Katzarkov, Kontsevich
and Pantev, and Kazarian and Teleman; see [47; 49].

The Givental action is defined on more general sequences of cohomology classes in
H*(Mg p, C) such as the collection of classes ®g , or an defined from any CohFT
Qg » in Definition 4.2. If Qg , is semisimple, the classes Q?’n can be obtained by
applying Givental’s action to the collection O ;.

5.0.1 The twisted loop group action The loop group LGL(N, C) is the group of
formal series

o
R(z) = Z szk,
where Ry are N x N matrices and Ry € GL(N, C). Define the twisted loop group
L®GL(N,C) c LGL(N, C) to be the subgroup of elements satisfying Ry = I and
RE)R(-2)T =1.
Elements of L()GL(N, C) naturally arise out of solutions to the linear system (20)

given by (d/dz —U —V/z)Y =0, where Y (z) e CV, U = diag(u;, ..., uy) for u;
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distinct, and V' is skew-symmetric. One can choose a solution of (20) which behaves
asymptotically for z — oo as

Y(z)=R(z"YHe?Y, RGE)=I+Riz+Ryz>+---.
This defines a power series R(z) with coefficients given by N x N matrices, which is
easily shown to satisfy R(z)RT (—z) = I; hence, R(z) € LAGL(N, C).
Givental [29] constructed an action on CohFTs using a triple
(R(2).T(z),1) € LDGL(N, C) x z2CN ] x CN

as follows. For a given stable graph I" of genus g and with n external edges, we have

¢r:Mr =[] Mewynw) = Mgn-
vel(I')
Given (R(z), T(z),1) e LAGL(N, C) x z2CN[z] x CV, Givental’s action is defined
via weighted sums over stable graphs. For R(z) € L®GL(N, C), define
I—R 'R '(w)T

E(z,w) = = Eijw'z,
(z, w) " i;() i

which has the power series expansion on the right since R™!(z) is also an element of
the twisted loop group, so the numerator / — R~ (z) R"!(w)T vanishes at w = —z.

Definition 5.1 For a stable graph I" denote by
v(r), ET), H(), L(T)=L*T)uL*T)

its sets of vertices, edges, half-edges and leaves. The disjoint splitting of L(I") into
ordinary leaves L* and dilaton leaves L*® is part of the structure on I'. The set of half-
edges consists of leaves and oriented edges, so there is an injective map L(I") — H(I")
and a multiply defined map E(I') — H(T") denoted by E(I') > e+ {e™, e~} c H(T).
The map sending a half-edge to its vertex is given by v: H(I') — V(I"). Decorate "
by functions

g:VI)—-N, oa:V(T)—>{l,...,N},

k:HT)—>N p:L*(T)=>{1,2,...,n},

such that k|ge) > 1 and n = |L*(I")|. We write g, = g(v), ay = a(v), ag = a(v({)),
pe = p) and ky = k(€). The genus of T is g(T") = b (") + ZUEV(F) g(v). We say
T is stable if any vertex labelled by g = 0 is of valency > 3 and there are no isolated
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vertices labelled by g = 1. We write n, for the valency of the vertex v. Define Gg
to be the finite set of all stable, connected, genus g, decorated graphs with »n ordinary
leaves and at most 3g — 3 4+ n dilaton leaves.

Definition 5.2 [47; 49] Given a CohFT Q' = {Q}, ,} and
(R(z), T(z)) € LAGL(N, C) x 22CN[z].

define R-T - Q' = Q = {Qg } by a weighted sum over stable graphs,

1
@) Qeni= ) gy @ [ we) [T we [T wo

T'eGg.n vel(I') ecE() LeL(T)
€ H* (Mg, C),

where 7 is the map that forgets dilaton leaves. Weights are defined as follows:

(i) Vertex weight w(v) = Q; )y & each vertex v.

(i) Edge weight w(e) = E(Y,, ¥]) at each edge e.

R1 (¥p@)) ateach ordinary leaf £ € L*,

iii) Leaf weight {) =
(iii) Leaf weight w(() {T(wp(g)) at each dilaton leaf £ € L°.

We consider only the even part of H*(M g.n> C), so (24) is independent of the order
in which we take the product of cohomology classes. If {Qg ,} is a CohFT defined
on (C,n) for H = CV, then the classes {2 g.ny in (24) satisfy the same restriction
conditions and hence define a CohFT on (C, ) with the same degree zero, or topological
field theory, terms as those of Q. If we choose T'(z) = 0, then the sum in (24), which
is over stable graphs without dilaton leaves, defines the action of the twisted loop
group on CohFTs. If we choose R(z) = I, then (24) is a graphical realisation of the
translation action of T'(z) € z2 H[z] on a CohFT Q/g,n defined by

(T- Q) gn(v1 @@ vn)
1
=Y i1 @ @ @ T 1) @+ @ T(Ynm)).

m=0
where m: Mg’n+m — Mg,n is the forgetful map. The sum over m € N defining
(T - Q') g,n is finite since T(z) € z2 H[z], so dim Mg y+m = 3g —3 +n + m grows
more slowly in m than the degree 2m coming from 7, resulting in at most 3g —3 +n

terms. We can relax this condition and allow T'(z) € zH[z] if we control the growth

/
g.n

particular, ®, ,, and more generally Qfg(?n for any CohFT

of the degrees of all terms of @/, , in n to ensure 7'(z) produces a finite sum. In

!/

a.n is annihilated by terms
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of degree > g — 1; hence, the sum defining (7°2’)4 , consists of at most g — 1 terms
when T'(z) € zH|Zz].

The tensor product Q — Q® given in Definition 4.2 commutes with the action of
R and commutes with the action of 7" up to rescaling. For a CohFT €2, and R(z) €
L®GL(N,C) and T(z) € zCN[z],

(25) (R-®°=R-Q° (z1)-Q°=7-Q°.

The first relation in (25) uses the restriction properties (ii) of ®g , and the second of
these uses the forgetful property (iii) of @4 , to see

n*Q?,n+m(® Vi ® ® T(wn—l—i))

i=1 i=1
n m
= H*Qg,n—{—m(@ v ® ® T(Wn-i—i)@g,”'f‘m)

i=1 i=1

= @g,nﬂ*Qg,n—i-m ( ® v; ® ® T(Wn-i—i) 1_[ Wn—i-i)

n m
= ®g,n7T*Qg,n+m ( ® Vi ® ® Yn+i T(l/fn—H))

i=1 i=1
and sum over m to get T-Q® = (zT) - Q°.

The Givental-Teleman theorem [29; 52] proves that the action defined in Definition 5.2
is transitive on semisimple CohFTs. In particular, a semisimple CohFT defined on a
vector space of dimension N can be constructed via the Givental action on N copies
of the trivial CohFT. Given a semisimple CohFT €2, there exists

(R(2),T(z),1) € LDGL(N, C) x z2CN[z]x CN

such that Qg 5 is defined by the weighted sum over graphs (24) using R(z), T(z)
and Q’g,n given by the topological field theory underlying 2 ,,. Note that a semisimple
topological field theory of dimension N is equivalent to 1 € CV which gives the unit
vector in terms of a basis in which the product is diagonal and the metric 7 is the dot
product, known as a normalised canonical basis.

On the level of partition functions, the construction of a semisimple CohFT from the
trivial CohFT is realised via an action of quantised differential operators R and 7" on
products of ZXW(#,14,11,...), a KdV tau function defined in the next section.
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Definition 5.3 Define, for R(z) = exp(}_;-,702%) € LAOGL(N,C) and T(z) =
Y k>0 T"‘Zk € zCN[z],

_exP{ZZ(Z(Vk)ﬂtkaa + hZ( 1)m+1(re)138 8t )}
{—m—1

{=1a,f " k=0

Pmesn( 3 X 1)

a=1k>0
The partition function of (24) is given in [19; 29; 49] by

(26) Zq(h.{t§})
=R-T-1-Z% ) 2V, 1))
_ 1 1 . N .
= exp{ an: he FEXG:&" —|Aut(F)| vel;!m w(v) eegr) w(e) eel:!m w(f)}

The operator 1 rescales the variables A-Z KW, =2 KW ((1%)2p, { 1%17}). Vertex
weights @(v) store products of ZXW corresponding to the partition function of a
topological field theory, edge weights w(e) store coefficients of the series £(w, z), and
leaf weights w () store the variables 1y in a series weighted by coefficients of the series
R™1(—z). We do not give explicit formulas for the weights — see [19; 29; 49] —and
instead use an equivalent elegant formulation given by topological recursion, defined
in Section 5.2.

A consequence of the relations (25) is the following proposition, which modifies the
construction of a semisimple CohFT  to produce Q©:
Proposition 5.4 Given a semisimple CohFT 2 defined via (24) using
(R(2),T(z),1) e LDGL(N, C) x z2CN[z] x CV,
the collection of classes € is defined via (24) using
(R, éT(z), 1) € LOGL(N, C) x 2CV ] x Y

and
Q/ = ®g,n ® Q((BZ H®n N H4g_4+2n(-/ﬁg,n, C)

for Qg, n the degree 0 part of Qg , determined by the vector 1 € C N Its partition
function Zge (h,{1'}) is obtained by replacing each copy of Z KW, {t}) in (26) by
a copy of Z® (. {t;}) and shifting the operator T.
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5.1 KdV tau functions

The KdV hierarchy is a sequence of partial differential equations beginning with the
KdV equation,

(27) U, = UUsy + 5hUnsory. - Ult0,0,0,...) = f(to).

A tau function Z(#g, t1, ... ) of the KdV hierarchy (equivalently the KP hierarchy in
odd times papmi1 = tm/(2m + 1)!1) gives rise to a solution U = % 92 (log Z)/8tg of
the KdV hierarchy. The first equation in the hierarchy is the KdV equation (27), and
later equations Uy, = Py (U, Uy, Usysy, - - ) for k > 1 determine U uniquely from
Ul(tp,0,0,...). See [40] for the full definition.

The Kontsevich-Witten tau function ZXW is defined by the initial condition
UV (15,0,0,...) =1
for UXW = %02 (log ZKW)/E)Z&. The low-genus terms of log ZXW are

log Z*V (h tg. t1....) =0 (3t + 3o ts + grlgfa + ) + 5501+ .

Theorem 5.5 (Witten and Kontsevich [36; 54])

n
-11 .
2N (oo tr ) =exp ) RETL D fM [Tvi"om
8»n

kenn " TEMi=1

is a tau function of the KdV hierarchy.

The Brézin—Gross—Witten solution UBSW = 492 (log ZBW)/ Btg of the KdV hierarchy
arises out of a unitary matrix model studied in [6; 30]. It is defined by the initial
condition

h

UBVY(t,,0,0,...) = ——.
(to ) (1192

The low-genus g terms (= coefficient of #8~1) of log ZBSW are

t t
BGW _ 1 3 1 2 15 2
(28) logZ _—glog(l—to)+h-—128—(1_,0)3+h' 1024 (1 _40)3

12
2. 63 1 3
1 1.2 3 9
= glo + 7glo + -+ (35t + m3toti + )

20 15 63 .2
+1* (10332 + 703at1 7))
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It satisfies the homogeneity property

%ZBGW(h, to, 11, ... )
o0
=Y i+ l)tia%ZBGw(h,zo,tl, L LAZEY (g,
i=0
which coincides with (15), satisfied by Z® (4, 1.1, ...). A proof of this homogeneity
property for ZBSW can be found in [2; 14].

The tau function ZBSW (%, 4y, 1,, . ..) shares many properties of the famous Kontsevich-
Witten tau function ZXW (%, 19, ¢, ...) introduced in [54]. An analogue of Theorem 5.5
is given by Conjecture 1.5, which postulates that the function

he1 ok
ZO(Mh.to.0n...)=exp Y /M Ocn- [T v [Tt
g g.n ]:1

g.nk

coincides with ZBSW (%, 19,1, ...). The tau function ZBSW appears in a generalisation
of Givental’s decomposition of CohFTs in [9].

Definition 5.6 Given a semisimple CohFT 2 with partition function Zg (%, {17'})
constructed as a graphical sum, via (26),

ZahAg) = R-T-1- 2V, (1)) - 2V, ('),
define
zeVhAif) = R-To-1- 2PN () - ZPN (A,

where Ty = T/z(z).

The same shift 7o = 17'(z) is used by ZBSW (%, {t;}) and Z® (%, {tx}) due to their
common homogeneity property (15). One can also replace only some copies of
ZXW(#, {tx}) in (26) by copies of ZBSW(#, {#;}) and shift components of 7. For
example, in [13], the enumeration of bipartite dessins d’enfant is shown to have
partition function

(29) Zh 412y =R-T- ZBGW(—%h,i{%t,i})ZKW(32h, (4/212})

for R and T determined by the curve xy? + xy + 1 = 0 as described in Section 5.2.
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R(Z) c L(Z)GL(N, C) Givental construction s Zg (h, {t;: })
T(z) e 22CN[z].1eCN

topological recursion

S = (C,x, y, B) > ZS(h, {12}

Figure 1: Constructions of CohFT partition functions.
5.2 Topological recursion

Figure 1 summarises the contents of this section. The upper horizontal arrow in the
figure represents Givental’s construction of a partition function defined in (26) and
Definition 5.2. Topological recursion is defined in Section 5.2 — it produces a partition
function from a spectral curve S = (C, x, y, B) consisting of a Riemann surface C
equipped with meromorphic functions x and y and a bidifferential B. We begin with a
description of the left vertical arrow, which represents the construction of an element
R(z) € LAGL(N, C) from (C, x, B) in (30) and T'(z) and 1 from (C, x, ) in (36)
and (35). We then define topological recursion in Section 5.2.1 and state the result
of [18], that topological recursion encodes the graphical construction in (26) and gives
equality of partition functions, represented by the right vertical arrow.

An element of the twisted loop group R(z) € L@ GL(N, C) can be naturally con-
structed from a Riemann surface ¥ equipped with a bidifferential B(p1, p;) on £ x X
and a meromorphic function x: ¥ — C for N the number of zeros of dx. A basic
example is the function x = z? on ¥ = C, which gives rise to the constant element
R(z) =1 € GL(1,C). More generally, any function x that looks like this example
locally, ie x = s2 + ¢ for s a local coordinate around a zero of dx and ¢ € C, gives
R(z)=14+Riz+--- € L®GL(N, C), which is in some sense a deformation of
I € GL(N, C), or N copies of the basic example.

Definition 5.7 On any compact Riemann surface (X, {A;};=1,...¢) With a choice of
A-cycles, define a fundamental normalised bidifferential of the second kind B(p, p’)
to be a symmetric tensor product of differentials on X x ¥, uniquely defined by the
properties that it has a double pole on the diagonal of zero residue, double residue equal
to 1, no further singularities and normalised by prAi B(p,p))=0fori=1,...,g[27].
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On a rational curve, which is sufficient for the examples in this paper, B is the Cauchy

kernel dzy dz,
Bziz) =
(z1 —22)

The bidifferential B(p, p’) acts as a kernel for producing meromorphic differentials on
the Riemann surface ¥ via w(p) = [, A(p') B(p, p'), where A is a function defined
along the contour A C X. Depending on the choice of (A, 1), @ can be a differential
of the 1% kind (holomorphic), 2™ kind (zero residues) or 3" kind (simple poles).

Definition 5.8 For (X, x) a Riemann surface equipped with a meromorphic function,
define evaluation of any meromorphic differential @ at a simple zero P of dx by

w(p)
V2(x(p) —x(P))’

where we choose a branch of /x(p) — x(P) once and for all at P to remove the £1
ambiguity.

w(P) :=Resp=p

A fundamental example of Definition 5.8 required here is B(P, p), which is a nor-
malised (trivial .A-periods) differential of the second kind holomorphic on ¥\P with a
double pole at the simple zero P of dx.

In order to produce an element of the twisted loop group, Shramchenko [50] constructed
asolution Y (z) of the linear system (20) using V =B, U] for Byg = B(Pq, Pg) (defined
for o # B) given by

J2 _
YO == [ BPap)- O
A 21 I's

The proof in [50] is indirect, showing that Y(z)§ satisfies an associated set of PDEs
in u; and using the Rauch variational formula to calculate d,, B(Py. p). Instead, here
we work directly with the associated element R(z) of the twisted loop group.

Definition 5.9 Define the asymptotic series in the limit z — 0 by

(30) R_l(z)% = —ﬁ B(P,, p).e(x(PB)_x(P))/Z’

\/27( FB

where Ig is a path of steepest descent for —x(p)/z containing x (Pg).

Note that the asymptotic expansion of the contour integral (30) for z — 0 depends only
the intersection of I'g with a neighbourhood of p = Pg. When a = f, the integrand has
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zero residue at p = Pg, so we deform I'g to go around Pg to get a well-defined integral.
Locally, this is the same as defining fR s~2 exp(—s?) ds = —2./7 by integrating the
analytic function z~2 exp(—z2) along the real line in C deformed to avoid 0.

Lemma 5.10 [50] The asymptotic series R(z) defined in (30) satisfies the twisted
loop group condition

(31) R(z)RT (-2) =1d.

Proof The proof here is taken from [16]. We have

B(p.q)B(p'.q)
dx(q)

N
(32) > Resy=p,
a=1

B(p.9)B(w'.9) .. Bp.a)Bp.q)
dx(q) TP dx(g)

__ (B _ . (Bp.p)
- d"( dx(p)) d”(dx(p’))’

where the first equality uses the fact that the only poles of the integrand occur at
{p.p'.Py|a=1,..., N}, and the second equality uses the Cauchy formula satisfied
by the Bergman kernel. Define the Laplace transform of the Bergman kernel by

= —Resy=)p

. eX(Pa)/z1+x(Pg)/ 22 ,
Ba’ﬂ(zl,zz) — / / B(p, p/)e—x(P)/21—X(P )/ 22
2 /7122 Ty JTg

The Laplace transform of the left-hand side of (32) is

N
X (Pa)/z1+x(Pp)/ 22 / / < (D) z1—x ()22 ZRes . B(p,q)B(p'.q)
27T4/2122 w /s = dx(Q)

y=1
eXPa)/z1+x(Pp)/ 22

e_x(p)/le(p,Py)/ e_X(p/)/ZzB(p/,Py)
Tg

N

1/2::1 27‘[./2122 Ty

N R )RR (22
N );1 Z122 '

Since the Laplace transform satisfies

/r d(%)e—x(m/z: ! /F o(p)e— XDz
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for any differential w(p) by integration by parts, the Laplace transform of the right-hand
side of (32) is

_ex(Pa)/zl-i-x(Pﬁ)/Zz/ / e~ XD/ z21=x(P)/22) 4 B(p—’p/) +d, B(p—’p/))
2 JFizs o I PUaxp) 77 Udx(p)

= —(L + i) é“’ﬂ(zl,zz).

Z] )

Putting the two sides together yields the result, due to Eynard [21],

Z;V:l[R—l(zn]z[R—l(z»]’,g‘

(33) B%B(zy,2) = —
Z1 + 23

Equation (31) is an immediate consequence of (33) and the finiteness of BB (z1,22)
at zp = —z7. O

5.2.1 Topological recursion Topological recursion is a procedure which takes as
input a spectral curve, defined below, and produces a collection of symmetric tensor
products of meromorphic 1-forms wg , on C". The correlators store enumerative
information in different ways. Periods of the correlators store top intersection numbers
of tautological classes in the moduli space of stable curves Mg , and local expansions
of the correlators can serve as generating functions for enumerative problems.

A spectral curve S = (C, x, y, B) is a Riemann surface C equipped with two mero-
morphic functions x, y: C — C and a bidifferential B(p1, p,) defined in Definition 5.7,
which is the Cauchy kernel in this paper. Topological recursion, as developed by
Chekhov, Eynard and Orantin [8; 22], is a procedure that produces from a spectral
curve S = (C,x, y, B) a symmetric tensor product of meromorphic 1-forms wg
on C" for integers g > 0 and n > 1, which we refer to as correlation differentials or
correlators. The correlation differentials wg 5, are defined by

wo,1(p1) =—y(p1)dx(p1) and wo2(p1.p2) = B(p1.p2)

and, for 2g — 2 4+ n > 0, they are defined recursively via

wg,n(Pl,PL)
= Z ReSp=aK(P1’P)
dx(a)=0 o
'|:wg—1,n+1(Pvﬁ’pL)+ > wgl,|1|+1(p,pz)wg2,|f|+1(ﬁ,p1)]~
g1+82=¢
IuJ=L
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Here, we use the notation L = {2,3,...,n} and p;y = {pi,, Pir...., Di,} for I =
{i1,iz,...,ix}. The outer summation is over the zeroes « of dx and p — p is the
involution defined locally near « satisfying x(p) = x(p) and p # p. The symbol o
over the inner summation means that we exclude any term that involves wq ;. Finally,
the recursion kernel is given by

Y f;wo,z(Plv‘)
KD == ) =y @ldx ()

which is well defined in the vicinity of each zero of dx. It acts on differentials in p and

produces differentials in p; since the quotient of a differential in p by the differential
dx(p) is a meromorphic function. For 2g —2 + n > 0, each wg , is a symmetric
tensor product of meromorphic 1-forms on C” with residueless poles at the zeros
of dx and holomorphic elsewhere. A zero « of dx is regular if y is regular at «,
and irregular if y has a simple pole at «. A spectral curve is irregular if it contains
an irregular zero of dx. The order of the pole in each variable of wg , at a regular
(resp. irregular) zero of dx is 6g —4 4 2n (resp. 2g). Define ®(p) up to an additive
constant by d®(p) = y(p) dx(p). For 2g —2+n > 0, the invariants satisfy the dilaton
equation [22]

Y “Resp=a P(P)0gnt1(P. P1s-- - Pn) = (28 =2+ Mwgn(pi.- .. Pa).
o

where the sum is over the zeros « of dx. This enables the definition of the so-called

symplectic invariants

Fg = ZResp=a cb(p)wg,l(p)-
a

The correlators wg , are normalised differentials of the second kind in each variable
since they have zero .A—periods, and poles only at the zeros P, of dx of zero residue.
Their principal parts are skew-invariant under the local involution p + p. A basis of
such normalised differentials of the second kind is constructed from x and B in the
following definition:

Definition 5.11 For a Riemann surface C equipped with a meromorphic function
x: C — C and bidifferential B(p;, p,) define the auxiliary differentials on C as
follows. For each zero P, of dx, define

Va
(34) VE(D) = BParp). V&, (p) =—d( % ))

dx(p)

fora =1,...,Nand k =0,1,2,..., where evaluation B(P,, p) at Py is given in
Definition 5.8.
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The correlators wg,, are polynomials in the auxiliary differentials V*(p). To any
spectral curve S, one can define a partition function Z by assembling the polynomials
built out of the correlators wg , [18; 21; 45].

Definition 5.12 ZS(h,{uz} =

g.n :
Vi (pi)=uy;

As usual, define Fy to be the contribution from wg 5,

log Z° (. {uf}) = ) h¥™ Fg ({u)).
g£=0

5.2.2 From topological recursion to Givental’s construction The input data for
Givental’s construction is a triple (R(z), T(z),1) € L®GL(N, C) x Z2CN[z] x CN.
Its output is a CohFT €2, and its partition function Zg (%, {¢}'}). The input data for topo-
logical recursion is a spectral curve S = (C, x, y, B). Its output is the correlators wg ,
which can be assembled into a partition function Z5 (#, ).

From a compact spectral curve define a triple

=(C.x,y,B) = (R(2).T(z),1) € LAGL(N,C) x zCN[] xCN

by
(C,x, B) = R(z) e LAGL(N, C)
via (30),
(35) 1 — {dy(Pa) if Py is regular,
(ydx)(Py) if Py is irregular,

which is the unit in normalised canonical coordinates, and

z( 1% — m/ dy(p) -e(x(p“)_x(l’))/z> if Py is regular,
(36) T(2)*= “
: 1% — - (p) dx(p)- e Ped)=x)/z i P s irregular
e Fay p p o gular.
Note that
lim _/ dy(p).e(X(Pa)—X(p))/z _ {dJ’(Pa) %f Pa %S .regular,
70 &/ (ydx)(Py) if Py is irregular,

which defines 1; hence, the right-hand side of (36) lives in z2C™[z] (resp. zCN[z])
when P, is regular (resp. irregular). If € is a CohFT with flat unit—see (12)
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in Section 4—given by 1 € C¥, then 1 determines the translation via 7T'(z) =
z(1—= R71(2)1) € z2CN[z]. In this special case, y satisfies

N
() (R'@D*=) R0 = L[ ap(p)-eGP—xoN/z
=1

V2rz Jr,

which uniquely determines y from its first-order data {dy(Py)} at each P,,.

The map (C, x, y, B) = (R(z), T(z), 1) produces the left vertical arrow in Figure 1
and its generalisation to irregular spectral curves, ie a correspondence between the
input data, and via the graphical construction (26) this produces the same output
Zo(h g} = Z5(h, {7 }), which is the main result of [18], stated in the following
theorem:

Theorem 5.13 [18] Given a CohFT 2 built from
R(z) e LDGL(N,C), T(z)ez*CN[z], 1ecCVN
via Definition 5.2, there exists a local spectral curve
S=(,x,y,B)—(R(2),T(2),1)

on which x and B correspond to R(z) via Definition 5.9 and y corresponds to T'(z)
and 1 via (36) and (35), giving the partition function of the CohFT

Zo(h tf}) = Z5 (h, {tf)).

In general, the spectral curve S in Theorem 5.13 is a local spectral curve which is a
collection of disk neighbourhoods of zeros of dx on which B and y are defined locally,
although we only consider compact spectral curves .S in this paper. Theorem 5.13 was
proven only in the case 7'(z) = z(1— R™!(z)1) in [18] but it has been generalised to
allow any 7'(z) € z2CN|z]; see [9; 37]. We will use the converse of Theorem 5.13,
proven in [16], beginning instead from S. Theorem 5.13 was also generalised in [9]
to show that the operators U, Rand T acting on copies of ZBSW analogous to (26)
arises by applying topological recursion to an irregular spectral curve. Equivalently,
periods of the correlators of an irregular spectral curve store linear combinations of
coefficients of log ZBSW. The appearance of ZBSY is due to its relationship with
topological recursion applied to the curve x = %22, y=1/z[14].

5.2.3 Spectral curve examples We demonstrate Theorem 5.13 with four key exam-
ples of rational spectral curves equipped with the bidifferential B(p, p,) given by
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the Cauchy kernel. The spectral curves in Examples 5.14 and 5.15, denoted by Sajry
and Sges, have partition functions ZXW and ZBSVY, respectively. Any spectral curve
at regular (resp. irregular) zeros of dx is locally isomorphic to Sajry (resp. Sges). A

ZKW ZBGW are fundamental to the correlators

consequence is that the tau functions and
produced from topological recursion. Moreover, the topological recursion partition
function Z9 is constructed via (26), using a product of copies of ZXW and copies
of ZBSW as in (29), where R and T are obtained from the spectral curve as described
in Section 5.2.2. The third example, given by Theorem 5.16, brings together ZXW and
Z© and conjecturally ZBSW in the limit. Proposition 5.4, which gives the relationship

between the Givental construction of a semisimple CohFT  and its associated QBOW

’

has an elegant consequence for spectral curves. This is demonstrated explicitly in
the fourth example, which shows the relationship between the spectral curves of a
CohFT Q42 associated to the A, singularity and (Q242)BOW,

Examples 5.14 and 5.15 below use the differentials
Em(z) = Qm + DN z=@m+2) g7
defined by (34) for x = %zz with respect to a global rational parameter z for the curve

C =C.

Example 5.14 Topological recursion applied to the Airy curve

dzdz'
Sairy = (C,x = %22’ y=z,B= m)

produces correlators which are proven in [23] to store intersection numbers
A
cED N | AT
mezn *Men i=1
and the coefficient is nonzero only for Y ;_; m; = 3g — 3 + n. Hence,

Z8(hto,t1,...) = Z50 (B, 10,14, . .. wp

Em(zi)=tm

=exp Z Gl 1/ H(wm’tm,

g.n,m Men j=1

Example 5.15 Topological recursion applied to the Bessel curve

1 dzdz’
Sbes = (C’“%Zz»y:;’hm)
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produces correlators
a)?ﬁjz Z be(my,... mn)l_[(Zm,—i—l) +2,
EeZ’_’i_ i=1
where bg(my,...,my) # 0 only for > ;_, m; = g — 1. It is proven in [14] that

ZBGW(h’IO’tls-")=ZSBes(h9[0’t1,- BCb

Sm(zi):tm

For the next example, define differentials &5, (z, ?), using x = %22 —t-logz, by

£, (z,0) =172z 4z,

(38) £ (z,0) = dz,

o ,t
Em(Z ))’ c=01,m=-1,0,1,2,....

;.:H-l(z’t) = _d( d.X(Z)

For m > 0, these are linear combinations of the V,i, (p) defined in (34). The following
theorem uses the Chern polynomial

C(Egn,t) =1 +t-cl(E§,n) + 12 -cZ(E;;’,,,) +.v€ H*(M:i;’a,@), o e€{0, 1}".

Theorem 5.16 [37] Topological recursion applied to the spectral curve

dzdz’'
1.2 -1
(39) XZEZ —Z'IOgZ, y=z -, B:m

produces correlators wg , satisfying

40) wgn(t,z1,...,2n)

_Z( 1)r2g=24n) 1= g/M p*c( gn’_)l—[wm, % (21.1).

G,m &n i=1

Proof Theorem 5.16 is a specialisation of a theorem in [37] which applies to a
generalisation of the moduli space of spin curves to the moduli space of »—spin curves

MYr=4(C.0.p1.....pn @) | 9107 =5 0%

For any s € Z, there is a line bundle £ on the universal r—spin curve over M g/ !

with fibres given by the universal " root of (a)c 78)S . Tts derived pushforward R* &

defines a virtual bundle over M i,/ » - For example, when s = 1 and r = 1, —R*m,.&
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is the Hodge bundle, and, when s = —1 and r = 2, —R*m.€ = Eg » coincides
with Definition 2.1 (where £Y has now become £ due to s = —1.) Note that [37]
considers r' roots of (a)lgg § (—ZLI o p,-) for C the underlying coarse curve of C
with forgetful map p: C — C. The r' roots in [37] coincide with the pushforward
|6| = p«B, which is the locally free sheaf of Z,—invariant sections of the pushforward
sheaf of 0, and the isotropy representation at p; determines o; as described in Section 2.
For r =2, ie §% = a)lcog, at any point p; banded by % the pushforward locally satisfies
101> = wc(2pi) = wlgg(pi); hence, (|60]V)? = (a)lcog)_l(—p,-), which corresponds to
o; = 1. At any point p; banded by 0, the pushforward does not change local degree
and corresponds to g; = 0.

The Chern character of the virtual bundle —R* 7€ is given by Chiodo’s general-
isation of Mumford’s formula for the Chern character of the Hodge bundle. For
oe{0,1,...,r—1}, let j,:Sing, — /\7;/,: be the map from the singular set of the
universal spin curve banded by o/r, where now the local isotropy is Z. Let By, (x)
be the m™ Bernoulli polynomial. Chiodo [10] proved

n

(A1) ch(R*m&) =Y (Mkm Ly B/ )
i=1

=0 (m+1)! m+1)0 !
r-1 m m—1,.m
1 Bmyi1(o/r) . V¥ +(=1) E/f_)
+5r 02:;) m+ 1) (Jo)x Vet .

The total Chern class of a virtual bundle ¢(E — F) := ¢(E)/c(F) can be calculated
from its Chern character and in this case is given by

c(—R*m, &) = exp( Z (=D)"™(m—1)! chm(R*Jr*E)).

m=1
The components of M ;/ » are given by /\7;/ 7~ for G € Z}}. The pushforward of the
restriction of ¢(—R*m«€) to a component is known as the Chiodo class
Con(r,5:6) := pxc(—=R* €| ur ) € H* (Mg,n, Q).

&g.n,o

The sum of this pushforward over all components of M i,/ » is expressed as a weighted

sum over stable graphs in [32] which encodes a twisted loop group action as described
in Section 5, with edge and vertex weights proven in [37, Theorem 4.5] to exactly
match the edge and vertex weights arising from the spectral curve

pls/r s _ dzd?
s (z=2)*

x=z"—logz, J=
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In particular, the term exp(—zm(BmH (s/r)/m(m+ 1))/(,,,) which arises from the
Y -m(Bm+1(s/r)/(m + 1))kp, terms in Chiodo’s formula exactly matches the local
expansion of dy. More precisely, by [37, Lemma 4.1],

1 P —x (PN /B __ N BmaG/r)
42) mfr dy(p)-e P dy(%)exp( ; i ")

where ~ means the asymptotic expansion in the limit A — 0.

Hence, topological recursion applied to this spectral curve produces correlators with

V4

B . . —xX: —x(z: 7
expansion in terms of the local coordinate ¢ ™%i = ¢™*() = z;¢7% around z; = 0,

(43) C’!)ggn(Z],...,Zn)

- - k)i e /T g okiki Cem(r.s: (—k)r) ’
Z l_[C( )r (e ) Meg.n n?:l(l_(kl/r)wl)

I;eZ’i i=1
where ~ means expansion in a local coordinate, (—l;), €{0,...,r —1}" the residue
class of —k modulo 7, and k77
c(k) = W
We have used & = z” —logz and y = (r'+5/7 /)25 here, rather than X = —z” +log z

and y = z°% as used in [37], because the convention for the kernel K(p;, p) used here
differs by sign from [37], and also to remove a factor of (r!+5/7 /§)27287" from the
correlators. Chiodo’s formula and the asymptotic expansion (42) are true for any s € Z;
hence, (43) holds for any s € Z, although it is stated only for s > 0 in [37].

In [37], (—12), e{l,...,r}"; however, replacing k; = r by k; = 0 leaves the Chiodo
class invariant since it does not change the component, but rather it twists the universal
bundle £ over the component, resulting in adding a direct summand of a trivial bundle to
the virtual bundle — R* 7. & which does not affect the total Chern class. The invariance
of the total Chern class, or equivalently the positive-degree terms of the Chern character,
can also be seen in Chiodo’s formula via properties of the Bernoulli polynomials.

We will use (43) in the case r = 2. Define
£9-1(2)
dx(z)

which have local expansion at z = 0 given by
@~ Y kMe(ydEe ™),

k€Z+
k=0 (mod 2)

£ =2zdz, E! =dz, ég,(z):—d( ) 0€{0,1}, mef0,1,2,...},
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Each v; in the denominator of the right-hand side of (43) produces monomials
(%ki w,-)mi ; hence, (43) with r = 2 becomes

Ogn(Z1,....20) = Z/ Cen(2,s; o) l_[ wml ii (Zi)20/2i—mi.
i=1
Change (X, 7) = (x.y) by
.z z _ 1. .s/25( Z .8
x-tx(—) tlo 2t) = z —t-logz, = 55t (—)—z.
NGT, g(2t) = gz, y=asry
The differentials defined in (38) using x are given by

e =R (),

Hence,
wg,n(ta Zlyeees Zn)
1 241\2—2g—H ~ Z1 Zn
:(ESZS/ + ) O)g,n(\/__,---, «/_)
( SZS/Z‘H 228 nZ/ Cen(2,s; O)Hlﬂm’ (—)2”/2’ —mi
i=1 \/_
= (Lss/2+1) 2-2g— nz/ Con(2.s: O)HZmlH/zl/’ml % (z)2m
i=1
( SZS/2+1)2 28=1.n/2 Z[ Con(2.5:5) l_[ mzwmz ii (zi)
i=1
_ Zt(l—s)(2g—2+n)/221—gs2—2g—n/ an(z 53, ) l—[ wm, % (23, 1),
— Me.n "
o,m
where the last equality uses (%I)Zmi = (%t)3g_3+n_deg for the degree operator
degcr(EZ ,) =k then (%l)_deg is absorbed into the Chern polynomial. Set s = —1 to
get the desired result. O

The classes ®g 5 arise in the limit
hmwgn(l Zlsen- Zn)—Z/ ®gnl_[wmlém,(z)
i=1

for &, (z) = Cm + DNz=@m+D) gz We explain the relationship of this limit with
Conjecture 1.5 in Proposition 6.1.
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5.2.4 A, singularity In this section we calculate the spectral curves of the CohFT
Q42 and (242)®. We begin with a general result relating the spectral curve of any
semisimple CohFT Q with the spectral curve of QBOW,

Proposition 5.17 Given a semisimple CohFT Q with partition function Zg (h, {17'})
encoded by the spectral curve

S=(C,x,y,B)

via Theorem 5.13, Z gGW(h, {t7'}) is encoded by the spectral curve

~ N dy )
= = —,B).
Proof Note that the spectral curves S and S share the same (C, x, B) and hence

produce the same operator R\(Z) used in the construction of both Zg and Z ?ZGW.

Proposition 5.4 shows that a shift in the translation operator 7'(z) — T'(z)/z combined
with replacing each copy of ZXV (&, {t}) in (26) by a copy of Z® (&, {t;}) produces
the partition function of Q®. It relied upon the homogeneity property (15) satisfied
by Z®(#, {t;}). But ZBSV (%, {#;}) also satisfies (15); hence, an identical argument to
that in Proposition 4.3 proves that, for a semisimple CohFT €2, the partition function
Z gGW(h, {t7'}) is obtained by replacing each copy of Z KW(#, {t}) in (26) by a copy
of ZBSY(#, {t;}) and replacing the translation operator by 7'(z) — T(z)/z.

Given an irregular spectral curve, it is proven in [9] that its partition function is
obtained from (26) with translation operator given by (36). Given a semisimple CohFT
Q encoded by the regular spectral curve S = (C, x, y, B), define y = dy/dx. Then,
since dy = p dx, the translation operator shifts by 7'(z)* — T'(z)%*/z, which proves
that 2BSGW is encoded by the spectral curve S = (C, x, § = dy/dx, B). m|

Define the spectral curves

dzdz
SAZZ((C,x:z3—3z,y:z«/—3,B:L),

(z—2)2
“4) V=3 dzdz’
SE’GW: (C,x=z3—32,f/= , B = .
2 3223 (z—z2')?

The partition functions associated to § = Sy4, definedin4.1.4 and S = SIE?Z are built
out of correlators a)g‘,g, . by

h8~1
Z5(h A =exp) g,
g.n

& (z)=t}
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using the differentials £ (z) defined on C by

4s) go— 42D g;g(p))’ we{l.2) keN.

(=27 (427 S"“(f”):d(dx(p)

These are linear combinations of the V,é' (p) defined in (34) with x = z3 — 3z. The
V,f (p) correspond to normalised canonical coordinates while the £ (p) correspond to
flat coordinates. We have
©®
Zoay, =250, Zgaye =Z 4.
(€]

The equality Z4, = Z Sz was proven in [17]; hence, Z(g4,y0 = Z S, by Proposition
5.17. We verify this by giving the local expansions of B and J for S4,, which helps to
deal with different normalisations in the references. Choose a local coordinate ¢ around
z=—1="P;sothat x(¢) = %12 + 2. Then

—i dz _
B(Pl’”=%m=dt(r >~ 1 )
d
B(Py.1) = f( _Zl)z = dt(—5 + o2%t> + -+ odd terms).

Around z = 1 = P,, the local expansions of B(Py, z) are the same as those above, up
to sign. The odd terms are annihilated by the Laplace transform, and we get

_ z 2
R 1(2)32—% - B(Py.1)- /D2 =1 — (—1) oz — 2252+
. Jz —12/2 35i 2
R (Z)g—az_«/zn I B(Py—q.1)- /D= ] 237 T (D% 35562+

Hence, R (z) =1 = Riz+ (R} —Ry)z>+---=1—RTz+ RTz2 + ... gives

1 -1 —6i 35 —1 121
Rl_m(—w 1)’ R2_41472(—12i ~1 )

which determines all other Ry via (21) and agrees with (23) for QA2

The topological field theory is defined by {dy(Py)} for i = 1,2. The translation
operator 7'(z) is determined by the (Laplace transform of the) local expansion of y
given by (36). Moreover, 242 has flat unit, so in this case the odd expansions of dy is
determined by R™!(z)1 via (37), and hence uniquely determined by the terms dy(Py)
for « = 1, 2. This is visible on the spectral curve by the fact that the poles of dy are
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dominated by the poles of dx, ie dy/dx has poles only at the zeros Py and P, of dx,
and hence, by the Cauchy formula, dy satisfies

N
(46) d(2() ==Y Respep, LB p).
a=1

which is proven in [17] to imply (37). Thus, it remains to show that y defines the correct
topological field theory, representing 1 in normalised canonical coordinates. The local
expansion of dy = ~/—3 dz around P; = —1 in the local coordinate x () = %12 +2is

1 5 2 385 4
d :\/—3d2=(—— 24 ¢ +---+oddterms)dz
4 V2 1442 124416 /2

and around P, = 1 replace ¢ by i¢. Hence, the Laplace transform is

1 ((x(Pr)—x(p)))/z
- d .e ke
{m/p v(p)
=R '(2)1

1 (1 5 -1 385 1)
=—\ . )J+—= . )z+———=. )"+ .
ﬁ(l) 144ﬁ( z)z 41472«/5(1)2

Note that dy(P;) = \sz =1l and dy(P;) = :—Fz = /12 gives the unit 1, and hence
the TFT. Thus, S4, = (R(z), T(z), 1) for Q42 a5 required.

6 Progress towards a proof of Conjecture 1.5

A consequence of the homogeneity property (15) satisfied by both partition functions
Z®(h, to.t1,...)and ZBSV(#h, 19,1, ...) is that, for g > 1, the coefficient of #8~1 of
the logarithm of the partition function, ie its genus g part, is a finite sum of rational
functions. They are both of the form

o0
—_1 _ g—1 . Cwln
log Z(h,19,11,...) = —g log(l t0)+2h Z (0 —10)26—2F1"
g=2 ukg—1

where t, := []t,, for a partition s = (i1, ..., n). Hence, for each g, one needs
only match the finite set of coefficients c,,, parametrised by partitions p of g — 1, of
log Z® (h, 19,11, . ..) with those of log ZBSW (A, 19,1, ...), to determine equality.

The initial value of | Mg O = % together with (15) produces all genus 1 terms

of log Z®, and the calculation / Moy Oy = 1378 from Example 3.5 together
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with (15) produces all genus 2 terms, giving

fH
log Z® = —Llog(1—to) + - 5 - A= —— + 0(h?).

Further calculations, such as the genus 3 calculation in the appendix and calculations
up to g = 7 and n = 6 using admcycles [12], prove

(47) log Z® (h, 19,11, ...) =1og ZBWV(h, 19,11, ...) + O(R®).

Conjecture 1.5 is reduced to a purely combinatorial or analytic problem in the following
proposition. Recall the spectral curve (39) given by

dzdz'
1.2 —1
X=5z"—t-logz, =z, B=—"_
2 g y (Z _ Z/)z
with correlators wg (2, 21, . . ., Zn).
Proposition 6.1 Conjecture 1.5 is equivalent to
(48) lim wg n(t,21,....22) = a)Beg(zl, ey Zn).
t—0

Proof By Theorem 5.16,
wgn(t.21, ... .zn) =y _(=1)"1*47 2*"21‘g/ p*c( o —) H Y e (20 1),
Me.n _ i
c,m i=1
which is regular in ¢ since
rank Eg , =2g—2+ %(n + o),
so the Chern polynomial has degree at most 2g —2 + 7 in t~!. Hence, for |G| = n,

lim (_l)nZZg—2+n21—gp*c<Ea 2) = (_l)nzg_1+np*c2g—2+n(Eg,n) = Og.n.

t—0 &.n’

while, for |6| < n, rank Eg’n <2g—2+n,s0

lim (—1)"12g—2+”21—gp*c(Egn, 3) —0.
t—0 t

Thus, the ¢t — 0 limit exists to give

,II_IE})Z/ (—1)ns28=2+n)1 gp*c( gna—)l_[lﬂm'

Me.n i=1

—Z/ ®gn1_[1p Sm,(z)

i=1
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for
Em(z) = lim £} (2, 1) = @m + DN z=Cm D) 47,
t—0

Also, lim;—0 &2 (z,7) = 0 for m > 0. The ¢ — 0 limit of the spectral curve (39) gives
the Bessel spectral curve of Example 5.15 with correlators proven in [14] to be given

by
o 8”FBGW(h,{t ) n
Bz = Y D e, ).
r;l atml "'almn i=1

Hence, the conjectured limit (48) yields

" o« PRV ()
;f/\/fg,n Og,n 1_[ Vi Em; (2) = Z s, - Ut 11:[1 Em; (2),

i=1 m

which is equivalent to Conjecture 1.5. |

The subtlety of the limit (48), which is known up to g = 7 for all n by the verification
of Conjecture 1.5 in these cases, can be seen as follows. The correlators are regular
in ¢; for example,

wo3(t,21,22,23) = O(t) = 111%0)0,3(1,21,22,23):0-
11—

However, the coefficients in the recursion can be irregular in 7, ie blow up as t — 0.
For example, we next introduce the parameter a to keep track of the contribution of
wo,3(t, 21,22, z3) and can set ¢ = 1 at the end in this calculation of w; »(¢, z1, z2):

w1,2(t, 21, 22)

= Y Res;=q K(z1.2)[a-w0,3(1.2.04(2). 22) + 00,2 (2. 22)w1,1 (1, 04 (2))

dx(a)=0 +0)0’2(0’05(2),Zz)a)l,l(f,Z)],
dzy dz
. 1 1 2
}1_1;1})(01’2([,21,22)— 1080(74Cl+61) lezg :

This gives the expected limit of a)lfezS (z1,22) when a = 1, and shows the dependence of

lim; 0 w1 2(7, 21, 22) on wg 3(t, 21, 22, z3) due to coefficients in the recursion which
are irregular in 7.

6.1 Pixton relations

A collection of relations in the tautological ring RH* (Mg ,) was conjectured by Pixton
and proven in [47] using the CohFT 42, Such tautological relations can be used to
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produce topological recursion relations for CohFTs such as Gromov—Witten invariants.
Similarly, the intersections of ® , with Pixton’s relations produce topological recursion
relations satisfied by the intersection numbers [ Me.n Oen [17=4 wl.m i.

The key idea behind the proof of Pixton’s relations in [47] is a degree bound on the
cohomology classes

degQ"12 < 3(g—1+n)<3g—3—|—n

combined with Givental’s construction of Q;ﬁ, in Definition 5.2 from the triple
(R(z), T(z),1) € LAGL(N, C) x z2CN[z] x CN obtained from the Frobenius man-
ifold structure on the versal deformation space of the A, singularity; see Section 4.1.4.
Givental’s construction produces Qg},, although it does not know about the degree
bound and produces classes in the degrees where Q?j, vanishes. This leads to sums
of tautological classes representing the zero class, ie relations given by the degree
d> %( g — 1 4 n) part of the sum over stable graphs in (24) of the form

Ar _ R.T,1
W= 3 g el ™

I'eGg .,

Since 242 has flat unit, the pushforward classes in (24) produce k polynomials; hence,
only graphs without dilaton leaves in the sum are required and the classes wllf T0l
consist of products of ¢ and « classes associated to each vertex of I'. The main
result of [47] is the construction of elements RY 7.4 € Sgn for A= (ay,..., ap) with
aq € {0, 1} satisfying q(Rd A) = 0 which push forward to tautologlcal relations in
HZd(Mg n, Q). They are deﬁned by R4 g4 the degree d part of Qg 2(vy4) for a basis

{vg, v1}. The element R1 € H*(M,, Q) is given in Example 3.5.

Whenn <g—1landg > I, wehaved =g —1 > 3(g— 1 + n); hence, there exist
nontrivial relations Rg . This produces the sum over graphs

g—1 _
@g’n'Rg,A — 0,

which defines a relation for each 4 between intersection numbers of ¥ classes with ®4 5,
ie coefficients of Z® (%, {t;}). This uses Og.n - (¢r)x = (¢r)«Or together with
Remark 3.4 to replace k classes by y classes. We saw this in Example 3.5, arising
from the genus two Pixton relation

(49) / ©2,1-V1 —1—70'/ O1,1 / ®1,1—11—0'/ ©12=0,
M2 1 Mia Mi Mi2
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which determines fﬂqu ©; - ¥? from f/\71.1 ®, and f/\71,2 1. Similarly, the
appendix uses genus three relations to deduce [ s, ©32 Y and [ My, 032 V12
from lower-genus coefficients of Z ®(h, to 1, ... ).

The following theorem proves that the coefficients of Z BGW(h 19,11, ...) also sat-
isfy (49), and more generally an infinite set of relations satisfied by coefficients of
Z ®(h, to,11,...) arising from Pixton relations:

Theorem 6.2 Pixton relations produce infinitely many nontrivial relations satisfied by
the coefficients of both Z®(h, to.t1,...) and ZBSV (h 1, t1,...).

Proof Foreach g > 1,7 and | 5(n+ 1) possible 4 € {0, 1}" (due to symmetry and
vanishing of half for parity reasons), R;_Al = 0 defines a nontrivial Pixton relation.
For each of these choices of g, n and A4, due to the restriction and pullback properties
of ®g » as explained above, Og ; - R;_Al = 0 defines a relation between coefficients of
Z®(h, {t}), such as (49).

The main goal is to prove that the corresponding coefficients of ZBSW(#, {#;}) also
satisfy this infinite set of relations. To do this, we study the partition function Z gﬁvj,
defined in Definition 5.6 via the spectral curve SESW defined in (44). The relations
between coefficients of ZBSW (A, {#;}) will be stored in the spectral curve. This
will produce identical relations satisfied by both the coefficients of ZBSW and Z©.
To summarise, we have vanishing of certain coefficients of Z/(?z (h,{1}'}) due to the

cohomological viewpoint shown in the upper row in Figure 1, and vanishing of corre-
BGW
Q42
by topological recursion shown in the lower row in Figure 1.

sponding coefficients of Z (7, {t'}) due to Givental’s construction neatly encoded

Pixton relations induce relations between intersection numbers of ¥ and x classes
or ¥ classes alone, ie coefficients of ZXW (%, {#;}). These relations are realised by
unexpected vanishing of coefficients of the partition function Z 4, (%, {¢7'}). Similarly,
unexpected vanishing of coefficients of the partition function Z ESW (,{t}'}) correspond
to relations between coefficients of ZBSWY (%, {1 }).

The coefficients of log Z ifw(h, {t7}) are obtained from the correlators wg,(,},w’AZ

of S ESW by

n

0
(50) W(Fﬁf’w)g({t}é‘ )
ki %k ;=0
n
=Res;; =00 - *ReSz, =00 1_[ Da; ki (zi)wggW’Az(zl, ceesZn)
i=1
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for polynomials p, 4 (2) = V=3((=1)% /o) 2%+ 4 Jower-order terms for o € {1,2}
and k € N chosen so that the residues are dual to the differentials SI‘: defined in (45).
The lower-order terms (and the top coefficient) will not be important here because
we will only consider vanishing of (50) arising from high-enough-order vanishing of
wﬁ 2(z1,...,2p) at z; = 00, so that the integrand in (50) is holomorphic at z; = oo.
Equation (50) is a special case of the more general phenomena, proven in [16], that
periods of wg , are dual to insertions of vectors in a CohFT. Thus, we have shown
that relations between coefficients of ZBSY (h, {t;}) induced from Pixton relations are

detected by high-order vamshmg of wg, ,,W Az (z1....,zn) at zi = 00. The same is true
for high-order vanishing a)g,n 7(z1,...,zp) at z; = 0o, which is shown by
11z4 + 1422 +2
(Z)=23_SZ( "+ Z+)dZ
(22 _ 1)10

=  ReS;=n0 2" coz 2(z) =0, me{0,1,...,12}.

Hence, (50) vanishes for k; =0, 1,2, 3 and oy = k; mod 2, which gives the relations
between intersection numbers, or coefficients of ZXV (#, {1 }),

(51) / Ryt =0, d=1,2,34,
Mot 2,d

where R? _ is a nontrivial Pixton relation, for d = d mod 2, between cohomology
classes in ’sz(/WL] , Q) proven in [47], such as R% 0= wlz + boundary terms = 0.

Lemma 6.3 We have

Z ord;; —co a)BGW AZ(Z], e Zpn) = 2g -2,
i=1
where ord,; = 1(2) is the order of vanishing of the differential at z = co.

Proof We can make the rational differential
Pen(Z1, ..., 2n)
1_[1_1 (Z - 1)2g
homogeneous by applying topological recursion to x(z) = z3> — 30%z and y =
v/=3/x’(z) which are homogeneous in z and Q. Then a);’?,(Q,zl, ..., Zn) is ho-
mogeneous in z and Q of degree 2 —2g —n:

0012 = KT (M0 Rz ),

A
wgn(Z1,. . zn) = dzy---dzy

The degree of homogeneity uses the fact that
(z,0) > (Az,AQ) = ydx>Aydx = wgnt> A" ", ,
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because y dx appears in the kernel K(p, p) with homogeneous degree —1, which
easily leads to degree 2 —2g —n for wg,,. The degree 2 —2g —n homogeneity of

Pgn(Q, 21, ..., 2n)
[Tici (7 - %)%
implies that deg pg n(Q,z1,...,2n) = 4gn —n + 2 —2g —n. But we also know
that w;},(Q, Z1,...,zp) is well defined as QO — 0—the limit becomes wg , of the

dzy---dzy

A
a)g},(Q,Zl,...,Z,,) =

spectral curve x(z) = z3 and y = +/—3/x’(z) using the topological recursion defined
by Bouchard and Eynard [5] —so deg pg.n(z1,...,24) <4gn—n+2—2g —n. Note
that dz; is homogeneous of degree 1 but has a pole of order 2 at z; = co; hence,

n
Zordz,.=c>o wngw’Az(zl, coozn) =4gn—deg pgu(z1,...,z2p) —2n>2g—-2. O

i=1

Primary invariants of a partition function are those coefficients of []7_, t;:i" with all
ki = 0. They correspond to intersections in My , with no ¥ classes. The primary
invariants of Z® (R, {t,‘é‘ }) vanish for n < 2g — 2. This uses deg Q <3 Lg—1+n),
SO degQg,, ®g,, < 3(g—1+n)—|—2g 24+n<3g— 3+n whenn < 2g —2. These
vanishing coefficients correspond to the relations g 5 -R% A = 0, which, as discussed
above, give relations between coefficients of Z© (%, {lk})

The primary coefficients of Zf‘lgw (h,{tf'}) correspond to

n
i A
ReSz, =00 - - ReSz, =00 H z;! wg2(21,. ... 2n)
i=1
for ¢; = 1 or 2. Different choices of ¢; give different relations (except half which vanish

for parity reasons). By Lemma 6.3, >/, ord;, =00 a)g(,},w A2 (z . Zp) =28 —2, 50,

for n < 2g — 2, there exists an i such that ord;; —oo a)gB(,;,W A2 (z ., Zn) = 2. Hence,
a)g n(zl, ..., Zpn) is holomorphic at z; = 00, so
€ A
Reszi:oo Zila)g”z,l(Zl, ey Zn) =0

and we have

n
(52) n<2g—2 = Resz;=co---Resz,=0 l_[ Zf"w;f,(zl, ..., zn) =0.
i=1
Hence, the primary coefficients of ZA];D’SW(h, {17}) vanish for n < 2g —2, yielding a
common set of relations satisfied by both the coefficients of Z ®(h, to,t1,...) and
ZBGW(h,Z(),ll,...). O
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An example of a genus 2 relation produced by Theorem 6.2 is

BGW,AZ( )= —5z2—1
1687/=3(z —1)*(z + 1)4

It immediately follows that Res;—= @Z -wy,1(z) = 0, which signifies a relation
between coefficients of ZBSW (#, 19,11, ...). We will write the relations using Og 43
however, the relations are between coefficients of ZB6W (A, 19,11, ...) and what we are
showing here is that these coefficients satisfy the same relations as intersection num-
bers involving ®g ,, or, equivalently, coefficients of Z ®(h, t9,11,...). The graphical

expansion encoded by both Givental’s construction and topological recursion is given by

® @ 00 @ )

(plus graphs containing genus O vertices on which ®, ; vanishes), which contributes

2 60 2 =60
2% 1733 '/M O21Y1+2" 1755 | O210k
2,1

Ma

2 84 2, 84 60
+2°- 1728 / ®1,2'/ ®1 1 + 28 / ®1,3a
Mi2 Mi.1 M3

which agrees with the expansion in weighted graphs of Res;—qo */TTSZ cwy,1(2) =0

given by
5 1 _
1536 ~ 1536 1 2308 T+ 288 = 0

Appendix Calculations

Here we show explicitly the equality ZBSY = Z® up to genus 3. The coefficients of the
Brézin—Gross—Witten tau function are calculated recursively since it is a tau function
of the KdV hierarchy. It has low genus g (= coefficient of #8~!) terms given by

t t
BGW _ _ 1 1 2 15 2
IOgZ log(l—to)-l-h 28 m+h mm
Z2
+h2-%( )6+0(h)

1 1,2 3 9 2
_§10+ﬁt0+"'+h(mtl+m1011+'”)+h (1024t2+1024 1+ )

The intersection numbers of O , stored in

log Z0hto.11...)= 3 1o 1/ O’ Hwkfl‘[zk]

gnk
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are calculated recursively via relations among tautological classes in H*(M e Q).
The calculation of these intersection numbers up to genus 2 can be found throughout the
text. We assemble them here for convenience, then present the genus 3 calculations.

g =0 Theorem 1.3(I) gives ®¢ , = 0, which agrees with the vanishing of all genus 0

terms in ZBGV,

g =1 Proposition 2.9 gives © ; = 3v; hence, fﬂl . O1,1= %. We use this together
with the dilaton equation to get | M O = %(n —1)!. This agrees with —% log(1—1¢p)
in log ZBSV,

g =2 Using Mumford’s relation [41], «; is the sum of boundary terms in M, which
coincides with a genus 2 Pixton relation; Example 3.5 produced the genus 2 intersection
numbers from the genus 1 intersection numbers:

1 1
@2.K1=Z./ @1’1./ @1,1.—+l./ O ————
/M 5 Mi 1 Mi 1 |AUt(F1)| 5 Mi2 |Aut(F2)|

Note that f/\712 O Y = f/\7lz ) T*Oy Yl = f/\712 ©,-k1. Using the dilaton equation,
we then get -[./\712 ., Orpn-Y1 = %(n + 1)!, which agrees with the 7 - %11/(1 —1p)3
term in log ZBGW,

g =3 There are two independent genus 3 Pixton relations expressing «, and K12 as
sums of boundary terms in M3. The relations correspond to sums over stable graphs
in M3; hence, they contain many terms. In place of these, we use the equivalent
relations discovered earlier in [34; 35], which push forward to relations in Msj. In
M 3,1, We can write w13 as a sum of boundary terms, which yields

41 5
—1'/ @2,1'W1'/ O1,1 +ﬁ'/ OV
Mz 1 Mi1 Mo
1 1
S ® - O - — + 1L, O ,- Oy ——
105 / 1,1 / 1,3 +75 / 1,2 / 1,2
Mi 1 Mi.3 |Aut| Mi.a Mi.2 |Aut|
1
4 1
—ﬁ'/ ®1,1'/ 91,2'/ 91,1—m'[ ®1,1'/ O1,3- A
Mi 1 Mi.2 M1 Mi 1 Mi.3 |Aut|
1 / ® 1
T 1260 [ _ |
Mi 4 |Aut|

Geometry & Topology, Volume 27 (2023)



A new cohomology class on the moduli space of curves 2757

—41._.__|_ 2121 11111 4 1,111 1,21 _1_ 61
21° 128 42°728 7 705°8°8° 27 70°8°8°235°8°8°8 105 8§ 8 2 1260 8 4
_ 15
= To24

In M 3,2, We can write wlzwz — Y wzz as a sum of boundary terms, which yields
7| esawioviv
M32

=7 / 7*O3,1 - (Y2 —Y1¥3)

=—IT6'/ ®2,2'W2'/ @1,1—5/ ®2,2'1/f1'/ O1,1
Mz Mii M2 > Mia
1

O Y| Oia—% | Oasyi— | Oy3-yy-
|Aut|
M g Mi M2 3 M2z 3
1
—%/ ®1,1'/ @1,4'——%'/ @1,3'/ O1,2
M Mia |Aut] M s M
/.

1 1
®1,1'/ ®1,4'—+i'/ @1,2'/ O3 ———
1.1 /\71,4 |Aut| 1 MI,Z /\71.3 |Aut|

5 ® ® ® : L
+5 | L1t 1,2 1,2—1z0" | _ 1,5
|Aut|
Mi .1 M2 Mi2 My s
—_16 9 1 59 1 40 3 1 1 36 _ 36 1
— 7 73°128°8 128°8° 3 '128°8 6 128 128 2
~1.161 9 .21 1.161,4 121 41271,161.11 1 241
15°8°8°2 10'8'8 15882715882 5888 " 5 888 180 8 4
_ 357
= T 1024"
Hence,

_ 1357 _ -3
/ O3, Y1V = / O32-¥] + 175 = 1033 + Tomd = 3
M3z M3z

where [, NRCERE Y2 = ;52 is obtained from f/vt 12 = 1532 via the dilaton
equation. The dilaton equation then yields

/ O3 Vi = 1533 51(n +3)! and / O3 Y12 =55 - 31(n+3),
M3.n M3,
which agree with the terms 72 - 35215 /(1 —19)° + h* - 133242 /(1 — 19)® in log ZBOW.
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The 2—-primary Hurewicz image of tmf
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We determine the image of the 2—primary tmf Hurewicz homomorphism, where tmf is
the spectrum of topological modular forms. We do this by lifting elements of tmf to
the homotopy groups of the generalized Moore spectrum M (8, vf) using a modified
form of the Adams spectral sequence and the tmf resolution, and then proving the
existence of a vgz—self-map on M (8, vf) to generate 192—periodic families in the
stable homotopy groups of spheres.
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1 Introduction

The Hurewicz theorem implies that the Hurewicz homomorphism
h: s (S™) > Ho(S™ 7Z)
is an isomorphism for * = n, implying the well-known result that the 0 stable stem is

given by
ny = 7.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/gt.2023.27.2763
http://www.ams.org/mathscinet/search/mscdoc.html?code=55Q45, 55Q51, 55T15
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

2764 Mark Behrens, Mark Mahowald and J D Quigley

Adams [1] studied the Hurewicz homomorphism for real K—theory
hxo: w3 — mKO = KO™*(pt).

The computation of the real K—theory of a point (the homotopy groups of the spectrum
KO representing real K—theory) is a consequence of the Bott periodicity theorem [11]:
these groups are given by the following 8—fold periodic pattern:

nmod8 | 0O 1 2 3 4 5 6 7
7,KO Z 7J2 7Z/2 0 Z 0 0 0

The map /igo is an isomorphism in degree 0, and Adams showed that /igo is surjective
in degrees * = 1,2 mod 8. He did this by constructing what is now known as a
v1—self-map

vl Z¥M(Q2) - M(2),
where M (2) denotes the mod 2 Moore spectrum, and considering the projections

H8j+1+e € n§j+1+6
of the elements
1.1) n® v} € w424 M(2)
to the top cell of M(2). Here 7 denotes a lift of 1 € 77 to the top cell of M (2) and
€ € {0, 1}. Because we have
7, Q=0
for * > 0, the homomorphism /iko is necessarily trivial in positive degrees * = 0 mod 4.

Goerss, Hopkins and Miller constructed the spectrum tmf of topological modular
forms [16] as a higher analog of the real K—theory spectrum.! The homotopy groups
of tmf are 576—periodic. The goal of this paper is to determine the image of the 2—local
tmf-Hurewicz homomorphism

Nt : ni — n*tmf(z).

The 3—primary Hurewicz image has recently been determined by Belmont and Shi-
momura [9]. Since mxtmf(,) has no torsion for p > 5, the p—primary tmf—Hurewicz
image is trivial in positive degrees for these primes. Henceforth, everything in this
paper is implicitly 2—local.

2-Locally, the homotopy groups of tmf are merely 192—periodic. These homotopy
groups were originally computed by Hopkins and Mahowald [19] (see also Bauer [3])

Here, tmf denotes connective topological modular forms.
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170

165

160

Figure 1: The homotopy groups of tmf.

using the descent spectral sequence

Extpg (4", 4) = 7, (tmf),

where (4!, ") is the elliptic curve Hopf algebroid. These homotopy groups are
displayed in Figure 1. In this figure:
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2766 Mark Behrens, Mark Mahowald and J D Quigley

o A series of i black dots joined by vertical lines corresponds to a factor of Z /2!
which is annihilated by some power of c4.

¢ An open circle corresponds to a factor of Z/2 which is not annihilated by a
power of c4.

* A box indicates a factor of Z ) which is not annihilated by a power of c4.
¢ The nonvertical lines indicate multiplication by 1 and v.

¢ A pattern with a dotted box around it and an arrow emanating from the right
face indicates this pattern continues indefinitely to the right by c4—multiplication
(ie tensor the pattern with Z ,)[c4]).

e The vertical arrangement of the chart is arbitrary.

The homotopy groups m«tmf are given by tensoring the pattern depicted in Figure 1
with Z (5)[A%], where A® € 7y 9,tmf. Our choice of names for generators in Figure 1 is
motivated by the fact that the elements

n v, € kK, kK, ¢, U, w

in the stable stems map to the corresponding elements in tmf under the tmf—Hurewicz
homomorphism. The other indecomposable multiplicative generators are named based
on the names of elements which detect them in the E,—term of the descent spectral
sequence. There is thus some ambiguity in the naming of some of these elements
coming from the filtration associated to the descent spectral sequence.

For definiteness we fix ¢4 € mgtmf to be the unique element detected by c4 in the
descent spectral sequence of Adams filtration 4. Note that the c4—torsion in 7.tmf does
not have c4—exponent 1. Indeed, on c4—torsion classes, multiplication by ¢4 is equal
to multiplication by € —see Bruner and Rognes [14, Section 9.5] — so, for example,
cak = €k # 0. However, all c4—torsion has c4—exponent 2; see loc. cit. and Behrens,
Hill, Hopkins and Mahowald [7, Proposition 6.1].

The main theorem of this paper is the following:

Theorem 1.2 The tmf—Hurewicz image is the subgroup of mw.tmf generated by

(1) all the elements of <3 (tmf),
(2) the elements cin and cinz,

(3) all the elements of m«tmf annihilated by a power of c4 except those in 754 +3tmf.

Geometry & Topology, Volume 27 (2023)
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Remark 1.3 The reader will note from Figure 1 that the subgroup of 74 (tmf) generated
by the elements of type (3) above form a self-dual pattern centered in dimension 85.
This is discussed in [14, Chapter 10].

Besides representing an advance in our understanding of v,—periodic homotopy at
the prime 2, Theorem 1.2 also has applications to smooth structures on spheres, as
explained in [7]. Specifically, Hill, Hopkins and the first two authors consider the
following question:

Question 1.4 In which dimensions n do there exist exotic smooth structures on the
n—sphere?

Such spheres with exotic smooth structures are called exotic spheres. The work of
Kervaire and Milnor [26] relates the existence of exotic spheres to the triviality of the
Kervaire homomorphism

Thg 12— ZL)2
and the nontriviality of the cokernel of the J—homomorphism

J:1,SO — ;.
Specifically, they prove that exotic spheres exist in dimensions 7 for which:

n=4k n > 8 and there exists a nontrivial element of coker J.

n =4k +1 There exists a nontrivial element of coker J, or there does not exist an
element of Kervaire invariant 1 in dimension n + 1.

n =4k 4+ 2 There exists a nontrivial element of coker J with Kervaire invariant 0.
n=4k+3 n>1.
Combining this with the work of Moise [35], Browder [12], Barratt, Jones and Ma-

howald [2], Hill, Hopkins and Ravenel [18], and Wang and Xu [36], Question 1.4 has
been answered completely for n odd:

The only odd dimensions n for which there do not exist exotic spheres are
n=1,3,5and 61.

For n even, the case of n = 4 is unresolved. For other even n, by the previous discussion,
the question boils down to the existence of nontrivial elements of coker J (with Kervaire
invariant 0). It is shown in [7]:

The only even dimensions 4 # n < 140 for which there do not exist exotic
spheres aren = 2, 6, 12 and 56.

Geometry € Topology, Volume 27 (2023)
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In the case of n = 8k +2 > 10, Adams’ elements jtg 4, With nontrivial KO-Hurewicz
image are not in the image of J and have trivial Kervaire invariant. It thus follows that:

There exist exotic spheres in all dimensions n = 8k + 2 > 10.

As is explained in [7], many of the 192—periodic families of elements of Theorem 1.2
also are not in the image of J and have trivial Kervaire invariant. Theorem 1.2 therefore
has the following corollary:?

Corollary 1.5 There exist exotic spheres in the following congruence classes of even
dimensions n > 8 modulo 192:

2,6,8,10, 14,18, 20,22, 26, 28,32, 34,40, 42, 46, 50, 52, 54, 58, 60, 66, 68,
70,74, 80, 82,90, 98,100, 102,104, 106,110, 114,116,118, 122,124, 128,
130,136, 138,142,146, 148,150, 154, 156, 162, 164,170, 178, 186.

(This accounts for over half of the even dimensions.)

We will prove Theorem 1.2 by first showing (Theorem 6.1) that the subgroup of 74 tmf
described by Theorem 1.2 is contained in the Hurewicz image. This will be a relatively
straightforward consequence of some v{—periodic computations. The elements of
Theorem 1.2(1) are already established to be in the Hurewicz image by the preceding
discussion, and the elements of (2) are in the Hurewicz image because they are the
images of the elements pg; 4 ;. We are left to show that the elements of type (3) lift
to 3. This is the main task of this paper.

In [14], Bruner and Rognes give a systematic and careful study of the Adams spectral
sequence for tmf, and in particular they have independently established the Hurewicz
image in many low-dimensional cases. Specifically, they prove Theorem 1.2 for degrees
% < 101 and also show that wi?, w2k, wik?, 2A%k and 4A%v? (in dimensions 105,
110, 125, 130 and 150) are in the Hurewicz image. Also, they use a different technique
(Anderson duality) to prove that the Hurewicz image is contained in the subgroup
of tmf, described in Theorem 1.2.

Our strategy to lift elements from m«tmf to 7} is to use the methods of [7]. We
summarize that strategy here. We recall the following from [7, Proposition 6.1]:

2In fact, the vgz—self—map of Theorem 1.8 which is used to construct the periodic families of Theorem 1.2
also immediately implies the existence of some elements not in the image of the J-homomorphism which
are in the kernel of the tmf-Hurewicz homomorphism, such as the beta elements 83,4 /5. However, we
will not concern ourselves here with the few additional dimensions such considerations add to the list of
Corollary 1.5.
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Proposition 1.6 [7] Every c4—torsion element x € mytmf is 8—torsion and ci —torsion.

Let M (2%) denote the cofiber of 2/, and let M (2¢, v{ ) denote the cofiber of a v;—self-
map (see Davis and Mahowald [15, Proposition 2.3])

vl 22 M2 - M@,
Corollary 1.7 Every c4—torsion element x € 4 (tmf) lifts to an element
¥ € tmfyq g M(8,0})

so that the projection to the top cell maps X to x.

Given a c4—torsion element x € w19, (tmf), Proposition 1.6 implies it lifts to an
element

¥ € tmf M(8,v})
so that the projection to the top cell maps X to x. We will then show that X lifts to an
element

7w M(8,0}).
Then the image

y€m,

given by projecting y to the top cell is an element whose image under the tmf—Hurewicz
homomorphism is x.

Every c4—torsion element x” € > 19otmf is of the form vg 2k for x € T<192tmf. We

will prove the following theorem:
Theorem 1.8 There exists a vgz—self—map
v32: 212 M8, v} — M(8,vd).
If X € tmf M (8, vf) is a lift of x, and y € w4 M (8, vf) is a lift of X, as in the discussion
above, then the resulting element
v§2k)7 € M8, vf),

obtained by composing with the k—fold iterate of the vgz—self—map, projects to an
element " € 3 which maps to x’ under the tmf-Hurewicz homomorphism.

As in [7], the analysis above rests on a systematic analysis of the homotopy groups
M (8, vf). This will be based on computations using the modified Adams spectral
sequence (MASS). The E,—term of the modified Adams spectral sequence will be
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analyzed in a region near its vanishing line by means of another spectral sequence, the

algebraic tmf resolution.

The work of [7] was hampered by the fact that all of the algebraic tmf resolution
computations were performed on the level of the E{—term of the algebraic tmf resolution.
In this paper, we will show that the weight spectral sequence, used in the context of
bo resolutions by Lellmann and Mahowald [28] and Beaudry, Behrens, Bhattacharya,
Culver and Xu [4], can be used to analyze the E,—term of the algebraic tmf resolution,
greatly simplifying the computations.

Conventions
¢ Homology will be implicitly taken with mod 2 coefficients.

e We let A, denote the dual Steenrod algebra, 4/ A(2)« denote the dual of the
Hopf algebra quotient 4 // A(2), and, for an Ax—comodule M (or more generally
an object of the stable homotopy category of A4—comodules; see Hovey [21]),
we let

Ext} (M)
denote the group Extiit* (Fy, M).
* Given a Hopf algebroid (B, T") and a comodule M, we will let Cj*(M) denote

the associated normalized cobar complex.

e For a spectrum E, we let E denote its homotopy groups w4 E.

Outline of the paper

In Section 2, we recall the modified Adams spectral sequence (MASS), which takes
the form

MASESY = Bxty, (He X ® H(8,v7)) = mu(X A M(8.0}))

for a certain object H (8, vf) in the stable homotopy category of Ax—comodules. We
recall how the E,—term of the MASS can be studied using the algebraic tmf resolution,
which is a spectral sequence that takes the form

SME(M)*** = Ext’y* (M)

for any M in the stable category of Ay«—comodules. We then recall how the E{—term
of the algebraic tmf resolution decomposes as a sum of Ext groups involving tensor

Geometry & Topology, Volume 27 (2023)
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powers of bo Brown-Gitler comodules, and also summarize an inductive method to
compute these Ext groups.

In Section 3, we study the d;—differential in the algebraic tmf resolution for IF,, and
introduce a tool, the weight spectral sequence (WSS)

tmf __ WSS tmf
algt1l — Eo = a]gEZa

which serves as an analog of the May spectral sequence and converges to the E,—term of

the algebraic tmf resolution. The Ey—page of the vy—localized weight spectral sequence

is identified with the cobar complex of a primitively generated Hopf algebra, and this

allows us to give “names” to the vo—torsion-free classes of g{gE 1- We include many
f

charts of summands of ™ F (IF,) corresponding to tensor powers of bo Brown-Gitler

al
comodules which illustragte this naming convention, and provide the essential data for
the rest of the computations in this paper. Finally, we study the g—local WSS? using
recent work of Bhattacharya, Bobkova and Thomas [10], and show that many classes
are killed in the g—local WSS by d;—differentials. This is the key fact we will use to

systematically remove obstructions for lifting classes from tmfy X to 4 X.

In Section 4 we study the structure of the MASS for M (8, vf). We recall the structure
of the MASS for tmf, M (8, vf), and we explain how to adapt the Ext charts of Section 3
to give the corresponding computations of ;‘l‘}ng 1(H(8, vf)). We then explain how to
translate the computations of the g—localized algebraic tmf resolution of Section 3 to

the case of H (8, v?).

Section 5 is dedicated to the proof of Theorem 1.8. We recall the work of Davis,
Mahowald and Rezk, who discovered topological attaching maps between the first two
bo Brown-Gitler spectra which constitute tmf A tmf, which give extra differentials in
the Adams spectral sequence of tmf A tmf that kill some g—torsion-free classes. We
then prove a technical lemma (Lemma 5.5) which lifts differentials from the MASS
for tmf* A M (8, vf) to the MASS for M (8, vf). We prove Theorem 1.8 by listing all
elements in ;Tng 1(H (8, vf)) which could detect a nontrivial differential d, (vgz) in the
MASS for M (8, vf), and then we systematically eliminate these possibilities. Most of
these classes are g—torsion-free, and are eliminated in the WSS or by using Lemma 5.5.

In Section 6, we explain how v{—periodic computations give an upper bound on the
Hurewicz image.

3Here, g € Exti{f“(ﬂﬁ) is the element corresponding to the element h‘z‘ | in the May spectral sequence
which detects k in the Adams spectral sequence for the sphere.
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Section 7 is devoted to showing this upper bound is sharp, by producing lifts of the
remaining elements of m4tmf to the sphere. We begin by identifying multiplicative
generators of the Hurewicz image in dimensions less than 192, so that it suffices for us to
lift these. We then lift these elements by producing elements in the MASS for M (8, vf)
which we show are permanent cycles, and detect elements of . M (8, vf) which
project to the desired elements on the top cell. These elements are then propagated to
vg 2_periodic families using the self-map, thus proving Theorem 1.2 in all dimensions.
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2 Preliminaries

The techniques and methods of this paper closely follow those of [7]. In this section
we recall some spectral sequences used in that paper.

The modified Adams spectral sequence

Our computations of 4 M (8, vf) and tmf, M (8, vf) will be performed using the
modified Adams spectral sequence (MASS). We refer the reader to [7, Section 6] for a
complete account of the construction of the MASS and summarize the form it takes here.
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Let St 4, denote Hovey’s stable homotopy category of A«—comodules [21]. For objects
M and N of Sty4,, we define the group

Ext (M, N) = St,, (Z' M, Ns))

as a group of maps in the stable homotopy category. Here X/ M denotes the —fold shift
with respect to the internal grading of M, and N [s] denotes the s—fold shift with respect
to the triangulated structure of St4,. This reduces to the usual definition of Ext 4,
when M and N are A.—comodules.

Define H (8) to be the cofiber of the map

3
@.1) S3F,[-3] 205 F,
in the stable homotopy category of As—comodules. Define H (8, vf) € Sty4, to be the
cofiber
8
(2.2) %24 H(8)[—8] 2> H(8) — H(8,vY).

For a spectrum X, the MASS takes the form
MSESN(M(8,v§) A X) =Ext’] (H(8,v}) ® HeX) = m—sM(8,v}) A X.
Recall the following from [7, Proposition 7.1]:

Proposition 2.3 M (8, vf) is a weak homotopy ring spectrum.*

It follows that, if X is a ring spectrum, the MASS above is a spectral sequence of
(nonassociative) algebras.

We recall the following key theorem of Mathew:

Theorem 2.4 (Mathew [34]) We have
Hitmf >~ A/ AQ2)«
as an algebra in Ax—comodules.
Taking X = tmf A Y for some Y and applying a change-of-rings theorem, the MASS
takes the form

maspl tmfA M (8, 08)AY) = Extiit(z)* (H(8,v})® H,Y) = tmf,_ (M (8, v])AY).

4By this, we mean a spectrum with a possibly nonassociative product and a two-sided unit in the stable
homotopy category.
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The algebraic tmf resolution

The E,-page of the MASS for M (8, vf) will be analyzed using an algebraic analog of
the tmf resolution (as in [7, Section 6]).

The (topological) tmf resolution of a space X is the Adams spectral sequence based on
the spectrum tmf:
WEN = mtmf Atmf A X = o X

Here, tmf is the cofiber of the unit
S — tmf — tmf
and tmf* = tmf’ denotes its s—fold smash power.

The algebraic tmf resolution is an algebraic analog. Namely, let M be an object of the
stable homotopy category of As—comodules and let 4 //A(2)x denote the cokernel of
the unit

0—>F, > AJAQR)x — AJ/A(2)x — 0

(note that Hytmf = A//A(2)+). The algebraic tmf resolution of M is a spectral
sequence of the form

SMETT (M) = Ext’y

i i), AJADE" ® M) = Bxt’, ™ (M).

bo Brown-Gitler comodules

We recall some material on bo Brown—Gitler comodules. These are As—comodules
which are the homology of the bo Brown—Gitler spectra constructed by [17]. Mahowald
used integral Brown—Gitler spectra to analyze the bo resolution [30]. The bo Brown—
Gitler comodules play a similar role in the algebraic tmf resolution [6; 31; 15; 8; 7].

Endow the mod 2 homology of the connective real K—theory spectrum
Hy(bo) 2 AfJA(1)s = Fal¢}. 2,85, ]

with a multiplicative grading by declaring the weight of {; to be

(2.5) wt(g) =271

The i bo Brown—Gitler comodule is the subcomodule

bo; = Fy;i A/ A(1)x C AJJ A(1)«

Geometry & Topology, Volume 27 (2023)
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spanned by monomials of weight less than or equal to 4i. It is isomorphic as an
Ax—comodule to the homology of the i bo Brown—Gitler spectrum bo; .

The analysis of the E{—page of the algebraic tmf resolution is simplified via the
decomposition of A(2)4«—comodules

AJJAQ)x = P =¥ bo;
i>0
of [6, Corollary 5.5]. We therefore have a decomposition of the E{—page of the

algebraic tmf resolution for M given by

(2.6) ;Iilngi;t,n (M) ~ @ Extiiz)* (Es(il—{—-"-i-in)@il R X @in X M)

i1y0e0sin>0

For any M, the computation of

Ext*’

AQ). (z8OH+ibo; @ -+ @ boi, ® M)

can be inductively determined from Ext 4(,), (@?k ® M) by means of a set of exact
sequences of A(2)«—comodules, which relate the bo; [6, Section 7] (see also [8]),

27 00— E¥boj —boy; > AQ2) /A« @ tmf; 1 — =¥ bo; 1 —0,
(2.8) 0— Z¥bo; ®bo; — boyjt1 — A(2)//A(1)x @ tmf;_; — 0.

Here tmf; is the j® tmf-Brown—Gitler comodule — it is the subcomodule of

Hy(tmf) = A/ A2)x = F2[7.5. 83, 84 ]
spanned by monomials of weight less than or equal to 8.3

The exact sequences (2.7) and (2.8) can be reexpressed as resolutions in the stable
homotopy category of A(2)s«—comodules

8j+9 8j
boyj — A(2)//A(1)x ® tmf;_; — £+ bo;_; — =¥ bo;[2],
bosj+1 = A4(2)/A(1)x @ tmf;_; — I bo; @ boy [1],
STechnically speaking, as is addressed in [6, Section 7], the comodules A (2) /A(1)« ®tmf;_1 in the above
exact sequences have to be given a slightly different A (2)«—comodule structure from the standard one

arising from the tensor product. However, this different comodule structure ends up being Ext—isomorphic
to the standard one. As we are only interested in Ext groups, the reader can safely ignore this subtlety.
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2776 Mark Behrens, Mark Mahowald and J D Quigley

which give rise to spectral sequences

Extiit(l)*(tgfj_l ® M), n=0,
Ethst Z8j+9b0._ ®M —1 , n= 1,
s = B P SN 1= 00,
Ext},), (3% boj ® M), n=2,
(2.9) 0, n>2
Extiit(l)* (tmf; _; ® M), n=0,
ET™ = {Extlji,) (Z%boj ®boy ® M), n =1, = Ext’j,) (b0zj+1® M).
0, n>1

These spectral sequences have been observed to collapse in low degrees (see [8]) but it
is not known if they collapse in general. They inductively build Ext 4(,), (bo; ® M)
out of Ext 4(2), (@?k ® M) and Ext 4(1), (tmf; ® M ).

3 Analysis of the algebraic tmf resolution

In this section we will compute the d;—differential in the algebraic tmf resolution, and
will introduce a tool, the weight spectral sequence (WSS), which is a variant of the May
spectral sequence that converges to the E,—page of the algebraic tmf resolution.

The d—differential in the algebraic tmf resolution

Our approach to understanding the d;—differential in the algebraic tmf resolution will
be to compute it on vg—torsion-free classes, and then infer its effect on vg—torsion
classes by means of linearity over Ext 4, (F,).

Consider the algebraic BP(2) and algebraic BP resolutions

BP(2 , A7 ] >
MBS = Extyl, (AJERIR") = Ext ™ (Fy),

WES" = Exty (AJE®") = Ext ™ (Fy).

Here E[2] = E[Qo, Q1, 03z] and E = E[Qy, O1, Q2,...] denote subalgebras of the
Steenrod algebra, where Q; are the Milnor generators dual to &; 1 € Ax.

The d;—differential in the algebraic tmf resolution may be studied by means of the
zigzag

tmf g%, %,% _ BP(2) ok %, % BP [, %%
3.1 algE1 — algE1 —aeEy-
Note that
BP *,*,n
algEl :Fz[vo,1)1,1)2,...]®]F2[§12,§§,...]®n,
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where W denotes the cokernel of the unit
Fy — Fa[¢7.83, ... ]
The Adams spectral sequences
ag BV = YE2 (BP ABP") = Cip pp(BPy)
collapse, where CgP*BP is the normalized cobar complex for BP4BP, and
Elz € AJ/E+ detects t; € BP4BP.

We conclude:

Lemma 3.2 The d—differential in the algebraic BP resolution is the associated graded
of the differential in the cobar complex for BP«BP with respect to Adams filtration.

The weight spectral sequence

Endow the normalized cobar complex
C*(Ax, Ax, )
with a decreasing filtration by weight by defining
wt(aglay |-+ |as]) = wt(ay) + - - - + wt(as).

Applying Ext 4, (F5, —) to the resulting filtered Ax—comodule produces a variant of
the May spectral sequence, which we will call the modified May spectral sequence
(MMSS),®

(3.3) R T PRUES Ext’}’ (IF).
Since E® A, is primitively generated, we have
MOSEFT = Folhij i = 1, j = 0].
The map tmf — H induces an inclusion
®: H,(tmf Atmf") — Hy(H A H") = C"(Ay, A, F>).
Under this inclusion, the weight filtration restricts to a decreasing filtration on
Hy(tmf Atmf") = A/ A(2)x ® AJJAQ)E"

5The authors of [29] construct a similar modified May spectral sequence, but with a slightly different
filtration.
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by As«—subcomodules. Because the weights of all of the generators of 4// A(2)4 are
divisible by 8, we actually work with weights divided by 8. Applying Ext 4(2), (IF2, —)
and taking cohomology, we get the weight spectral sequence (WSS)
YSEST = ) Bxtljy,, (boi, ® - ®boj,) = WE,.
i1+-+ip=w
The WSS serves as an analog of the May spectral sequence for the algebraic tmf

resolution.

The map ® above induces a map of spectral sequences

wss W,n,0,¢ :tmf n,0,t
EO algEO

34) @l lcb*

mmssngﬂ,t EXtZi: (F,)

The vo-localized algebraic tmf resolution

Observe that we have

3.5) val Exty(2), (F2) = Fz[vgc, v‘l‘, v2].

Note that c4,cs € (tmfy)g are detected in the vo—localized ASS by vf and vg v%,
respectively.

We recall from [8] that

(3.6) vy Bxtlyly) (4//A(2)x) = Falvg, vi, v3]I¢}, £3]

and that there is an isomorphism

3.7 vg ! Exty(a), (bor) = Favg, v 3T 637 Yimiryin.

We will now compute the localized E'1—page v, IwssE' . The following is immediate
from the computation of the cobar differential (modulo terms of higher Adams filtration)
on the elements Zf and {;, using (3.6), (3.7) and (3.1):

Proposition 3.8 There is an isomorphism of differential graded algebras
vg "EG™ T 2 afug, v v ® C s
where IF,[¢ f, ¢ g | is regarded as a primitively generated Hopf algebra.

Corollary 3.9 There is an isomorphism

—1 wss +
v lwssEl :Fz[vo ’U?’U§]®F2[h1,3,h1,4,...,h2,2,h2,3,...].
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Charts

For the convenience of the reader we include some charts of Ext 4(2), (kl)ll‘ )for0<k <3
as well as Ext 4(2), (boy).

Ext 4 (2), (F2) (see Figure 2) All the elements are ¢4 = vf—periodic and vg—periodic.
Exactly one vf—multiple of each element is displayed with the e replaced by a o.
Observe the wedge pattern beginning in ¢t — s = 35. This pattern is infinite, propagated
horizontally by /1, ;—multiplication and vertically by v;—multiplication. Here £, ; is
the name of the generator in the May spectral sequence of bidegree (¢ —s,s) = (5, 1),
and hg’l =g.

Ext4(2). ([L)‘?k) fork=1,2,3 (Figure 3) Every element is vg—periodic. However,
unlike Ext 4(2), (IF2), not every element of these Ext groups is v;‘—periodic. Rather, it is
the case that an element x € Ext 4(2), (b_o?k ) either satisfies v;‘x =0oris vf—periodic.
The vf—periodic elements fit into families which look like shifted and truncated copies
of Ext4(1), (F2) and are labeled with a o. We have only included the beginning of
these v‘lt—periodic patterns in the chart. The other generators are labeled with a e.
A Dindicates a polynomial algebra F5[/15 1].

Ext 4(2), (boz) (Figure 4) Via the spectral sequence (2.9), this Ext chart is assembled
out of Ext 4(), (F2), Ext4(2), (£¥bo1) and Ext 4(), (Z17F,[-1]).

h; 1-towers

Our computations of the MASS for M (8, vf) will rely on a detailed understanding of
this spectral sequence near its vanishing line. Since M (8, vf) is a type 2 complex, the
Hopkins—Smith periodicity theorem [20] implies that the E,—page of this MASS has a
vanishing line of slope 1/|v;| = %. However, g = hg,l is not nilpotent in the modified
Ext groups Ext 4, (H (8, vf)), and /1, ;—multiplication has slope % The goal of this
subsection is to show that many of the /1, ;—towers in the £;—page of the algebraic tmf
resolution actually kill each other off by the E,—page of the algebraic tmf resolution.
We will then identify specific /1, ;—periodic elements of Ext 4, (IF2) that some of these
remaining /1, j—towers detect.

Consider the quotient Hopf algebra Cy := F5[{5]/(¢ g ) of A(2)4, with

Extg" (F2) = Fa[vy, h2,1].
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Lemma 3.10 Let C(vg) be the cofiber of the map
vy B3R, [—8] — T,
in the stable homotopy category St 4(), . For any M € St 4(2), there is an isomorphism
g7 Exty(), (M ® C(v3)) = h3 | Extc, (M).

Proof Since the element vg € Ext4(2), (IF2) maps to zero in Extc, (IF5), it follows that

there is a factorization
Fy —— A4(2)// C«
R

Cwd)
in St 4(2),. . Explicit computation reveals
g Exty(), (F2) =Fa[v3. vi. b3 4]
and it follows that the map
g 1C)) - g 14/ G

induces an isomorphism on Ext 4(,), , and is hence an equivalence. The result follows. O

Corollary 3.11 For any M € St 4(3), , there is a vg—Bockstein spectral sequence

h3 ) Exte, (M) @ Fa[vl] = g7 Ext ), (M).

Bhattacharya, Bobkova and Thomas [10] computed the P21 —Margolis homology of
the tmf resolution, and in the process computed the structure of A//A(2) O as Cy—
comodules. From this one can read off the Ext groups

hy ) Exte, (A A@2)2").
which in turn determines the g—local algebraic tmf resolution by Corollary 3.11 (the

spectral sequence in this corollary will collapse in the cases we consider it).

To state the results of [10], we will need to introduce some notation. The coaction
of IFZ[@Z]/C; is encoded in the dual action of the algebra E[Q1, le] on AJ/A(2)%".
Define elements

Xij=1®®18® {13 ®1®---®1, 4;=19--018 {,, ®1®---®1

—— ——
J J

in A//A(2)®". The weight filtration on A//A(2)x induces a multiweight filtration
on A//A(2)®" indexed by n—tuples of weights. The generators x;,j and f; j have
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multiweight
0,...,0, 272 0,...,0).
~——
J
For sets of multi-indices
I = {(ilvjl)’ ERRR (ik7 jk)}7 I'= {(li’jll)’ EREX (l],(/’.]]é/)}
with I NI’ =@, let
xrty € A AQ2)«

denote the corresponding monomial. The action of the algebra E[Q1, P21] on the
IF,—submodule of A //A(2)®" spanned by such monomials is given by

Q1(¥111) = ) XI—{(G0. O} I UGienjo)}
L

1
Py (xptp) = Z XI—{(ig,jo) (igr e )T U{(ie,je) (s rder)}-
<t

For an ordered set

J =1 J1)s s (ks Ji))
of multi-indices, let
|J]|:=k

denote the number of pairs of indices it contains. Define linearly independent sets of
elements

T CAJAQRL"
inductively as follows. Define
T, j) = {xij -
For J as above with |J| odd, define
T7,G,5) =2 Xi,jzeTs

T7.G.)).G",j") = 101(z-Xi,j)xir,jr yzemy ULQ1(2 - Xir jr) Xi, j }zeT -
Let

Ny C AfAQ)T"
denote the F,—subspace with basis

0177 :=1Q1(2)}ze7;-
While the set 77 depends on the ordering of J, the subspace N; does not.

Finally, for a set of pairs of indices

S =170 (e Ji)y

Geometry & Topology, Volume 27 (2023)
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as before, define
XJUy = Xiy,jitiv, gy Xigsjclic i -

The following is the main theorem of [10]:’

Theorem 3.12 (Bhattacharya, Bobkova and Thomas) As modules over Fz[héc 1 V1 ],
we have

hy L ExCE (A4S

E[Q1,P;]
=Falhy,]® (F2[v1]{xwt1/}1/ ® P Nitxstrtinr=o
|J| odd
& P Fl/ie NJ{XJ’IJ/}JHJEQ),
|J |#0 even

where J and J' range over the subsets of
G, ):1=i,1=j=n}
and v, acts trivially on Ny for |J| odd. The summand

h2_,11 EXt;Ethle](@il ® T ®@in)

is spanned by those monomials of multiweight (8i1, ..., 8iy,).

In light of Lemma 3.10 and Corollary 3.11, we may refer to elements of the g—local

87

algebraic tmf resolution as v, z, where z is an element of the /15 1-localized Ext groups

described in the theorem above.
Lemma 3.13 The WSS dy—differential on the element

X1, €8" EXtZ’(*z)*(mz)

is given by
dy*S(x1,1t1,1) = Q1(x1,1x1,2) € Ext4(2), (00®?).

Proof We use the map of spectral sequences
wssEO — g—lwssEO'
"The main theorem of [10] is a computation of le —Margolis homology, but the actual content of the paper

is a decomposition of 4 // A(2)« in the stable module category of E[Q1, le I
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By explicit computation of g~! Ext 4(2), (boz), under the map

Ext4(2), (b02) = ¢ ™' Exty(z), (boy)
we have
vo tu3gied s ha Xt
In the WSS, we have

(3.14) dy™ (g 13885 = vg tu3leY. 3.
Again, by explicit computation of g—local Ext groups, under the map

Ext4(2), (00%%) — g7 Ext4(2), (b0%?)
we have
vg I[e, 310 ha 1 O1(x1,1X1,2)- O

Proposition 3.15 In g~ !“E,, all of the h; —towers coming from Ext AQ2)x (@?k )
for k > 2 either support nontrivial dy—differentials or are the target of dy—differentials.

Proof By Lemma 3.10 and Theorem 3.12, the /15 ;—towers coming from
Ext4(2), (@?k)

are supported by the elements Ty(; 1),...,(1,k)}- By Lemma 3.13, the WSS dj induces a
surjection for k = 2,

dy™: Falhy . v v3lxr 01,13 = Falhy L v, v31/0F ® N,z

For k > 2, observe that

Ta, 0,6 = Q1(x1,1xX1,2)T(1,3),....(1,k) Y Q1(X1,2X1,3) T((1,1),(1,4),....(1,k)}

For k > 2 even, the WSS dj gives isomorphisms

.....

.....

=5 Falhy ;. v1.051/0] ® Q1(x1,2X1,3) Ni(1,1),(1,4),...(1,0)}-

and, for k > 2 odd, the WSS d gives isomorphisms

dy™ : Falhy 1. 03] ® x1,111,1 N{(1,2),....(1k=1)}

.....

.....
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We shall denote the elements of the Mahowald-Tangora wedge [32] in Ext 4, (IF;) by®
vih) g% i=0.j>0.
Recall that the Mahowald operator
M = <g2’ h(S)’ _)
leads to an infinite collection of wedges
M*@Wih) | g%) € Exty, (F2)
with nonzero image in
Extp, (F2) = Ext4(2), (F2)[v3].
where B, is the quotient algebra
(3.16) By :=T[01.82.83. )/ (81, 85.83.83)
of A4 [33;23]. The existence of the element A?g? € Exty, (IF,) gives elements
j 1 J+8
N MK i) e?) € Exty, ().
These elements are all linearly independent, since they project to linearly independent
elements of Extp, (IF).
The following proposition gives the elements of Ext A(2)4 that some of the remaining

hy,1—towers in Ext 4(2), detect in the algebraic tmf resolution:

Proposition 3.17 The following table lists, fori > 0, m > 0 and j > 4, an A(2)4«—
comodule M, an h, j—tower in g~ ! Ext4(2), (M), the corresponding hj j—tower in
Ext4(2), (M), and an h, 1—tower in Exty, (IFy) that it detects in the algebraic tmf
resolution (assuming the latter is nonzero):

M g Exty(), (M) Ext4(2), (M) Exty, (F2)
2m, i J+8m+38 2m,,ipJ+t8m 2 2m,.ipj+8m 2
F, A U1h2,1 A vlhz,l g A vlhz,l g
j+8m+4 j+8m+4 j+38
ll’l Athé’l m Ql(xl,l) Azmhé,l m ;g Athé’l mn
i+8m—+6 i+8m+1 _ i+38
bo, Azmhil "T01(x2,1) Azmhé,l " g (ha vy ?v3tlo) Azmhé,l "0,
- 2m, i+27j+8m+11 om.i+25J+8m+2 2, 1 2484 2m. i jit8m 2
A hz,l Xt A hz’1 g% (vy'v387¢3) A’”v’lhz,l Mg

8This notation is slightly misleading, as there are a few wedge elements for which the P operator does not
take the element we are denoting by v’lx to the element we are denoting by v’1+4x, but we justify this

notation by the fact that the wedge elements map to elements with such names in Ext 4(2), (F2).
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(Note that the notation Q5 in the above table refers to the name of the generator of

Ex t;57+7(F »2), and not the Milnor generator Q, € A.)

Proof The classes corresponding to A2y ’h2 , are clear, because they are in the
image of the map
EXtA (Fz) — EXtA(2)* (Fz)

In the case of the classes corresponding to Az”’hk 11 and Athk 2.1 @2, we consider
the hj ,—multiples of n and Q5 € Exty, (F,) for j > 4:

gn, gt, rn, mn, g°n, ..., g0z, gCo, 1Q2, mQy, g°0,,

It suffices to show that
n, t, Qi G

are detected in the algebraic tmf resolution by
(3.18) hg’lg +ay, h;}g; + oy, 2 Vo v%é‘ + a3, 2 Vo v%é‘ + ay,
where go; = ra; = ma; = 0.

Examination of a computer calculation of Ext 4, (4// A(2)2?) reveals that none of the
elements n, ¢, O, and Cy are in the image of the map

(3.19) Ext’;* (A A(2)$?) — Bxt’ 2" (Fy).

Since the elements 7, ¢, O, and Cy map to zero in Ext 4(2), (IF2), they must therefore
be detected on the 1-line of the algebraic tmf resolution. Examination of the relevant
Ext charts reveals the only possibility is for the elements to be detected by classes of
the form (3.18).

If we consider the class M g € Ext4, (IF,), one can check both that it is not in the image
of (3.19), and that the only class in Ext 4(2), (4// A(2)«) which can detect it is the class

ef (vg '03E783) € Exty(a), (boy).
It follows from the multiplicative structure of the wedge and the fact that
geg =vihy 8%,

that the elements v’1 hé M g% € Exty, (F,) are detected by

vit2h) 2% (05 ' 0368 E3) € Exta), (boo)

fori >0and j > 4. |
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4 The MASS for M(8, v%)

In this and the following sections, we shall use the notation
x[k]
to denote an element of Ext 4(2), (M ® H(8, vf)) detected by an element
X € Exty(2), (M)
on the k—cell of H (8, vf) for k € {0,1,17, 18}.

The MASS for tmf, M (8, v$)

The computation of Ext 4(2), (H (8, vf)) is depicted in Figure 5. In this figure, solid dots
correspond to classes carried by the “O—cell” of H (8, vf), and open circles correspond
to classes carried by the “1—cell” of H (8, vf). The large solid circles correspond to
ho—torsion-free classes of Ext 4(,), (IF2) on the O—cell of H (8, vf). The classes with
solid boxes around them support /1, j—towers. Everything is vg—periodic.

Figure 6 depicts the differentials in the MASS for tmf A M (8, vf) through the same
range; the complete computation of this MASS can be similarly accomplished. An
explanation of how to determine these differentials can be found in [7].

The algebraic tmf resolution for H (8, vf)

The following lemma explains that, in our H (8, vf) computations, we may disregard
terms coming from Ext 4(1), in the sequence of spectral sequences (2.9):

Lemma 4.1 [7, Lemma 8.8] In the algebraic tmf resolution for M = H (8, vf), the
terms
Ext 4(1),, (something)

in (2.9) do not contribute to Ext’}’ (H(8,v%)) if
s > %(Z —5)+ 5—71
Forn>0andiq,...,i, > 0, the terms
Ext’j(5)_ (boi, ® - ® boi, ® H(8.v}))

that are the terms in the algebraic tmf resolution for H (8, vf) are in some sense less
complicated than Ext 4(5), (H(8, vf)).
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Figure 5: The groups Ext4(2), (H(8,v})).
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30

Figure 6: The MASS for tmf A M (8, v}).
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Figure 7: Ext4(2), (bo1 ® H(8, vf)).
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Most of the features of these computations can already be seen in the computation
of Ext4(2), (bo; ® H (8, vf)), which is displayed in Figure 7. This computation was
performed by taking the computation of Ext (), (boy) (see for example [6]) and
running the long exact sequences in Ext associated to the cofiber sequences

3
5bo1[-3] 2 bo; — bo; ® H(8).
8
=**bo; ® H(8)[—8] ~1> boy ® H(8) — bo; ® H(8,v}).
In Figure 7, as before, solid dots represent generators carried by the O—cell of H (8, vf)
and open circles are carried by the 1—cell. Unlike the case of Ext 4(2), (H(8)), there is
vf—torsion in Ext 4(2), (bo; ® H (8)). This results in classes in Ext 4(2), (bo; ® H (8, vf))
carried by the 17—cell and the 18—cell of H(S, vf), which are represented by solid

triangles and open triangles, respectively. A box around a generator indicates that it
actually carries a copy of [F5[h15 1]. As before, everything is vg—periodic.

One can similarly compute
Extq(y), (bof ® H(8.0}))

for larger values of & by applying the same method to the corresponding computations
of
Ext(2), (bo®¥)

in [6]. We do not bother to record the complete results of these computations for small
values of k, but will freely use them in what follows. The spectral sequences (2.9)
imply these computations control Ext 4(3), (boy).

h; 1—towers in the algebraic tmf resolution for H (8, vf)

Theorem 3.12 has the following implication for the g—local algebraic tmf resolution of
H(8, vf):

hy Exto (AN AQ)Z" ® HB. 1)

= Fz[hzi,l]@)(Fz[vl]/Uf QH®)xyty}y® @ Ny@HE, v){xstytins =z
|J | odd

o P Fz[vl]/vf®NJ®H(8,v§){xj/z,,}mj/:@),
|J |#0 even

where J and J' range over the subsets of

{(G,j):1<i,1=j=<n}

Geometry € Topology, Volume 27 (2023)



2794 Mark Behrens, Mark Mahowald and J D Quigley

This leads to the following twist in the analog of Proposition 3.15:

Proposition 4.2 In g~ 'WSE((H (S, vf)), all of the h, j—towers coming from
Extq(2), (bof* ® H(8. 1))

for k > 3 are either the source of a nontrivial dy—differential or the target of a dy—
differential. For k = 2, the h, ;—towers

v§hy | 01 (x1,1x12)[n]

are killed for € € {0, 1} and n € {0, 1} (but the corresponding towers with n € {17, 18}
are not killed).

Proof Everything is identical to the proof of Proposition 3.15, except that the differ-
entials

dy™ : Falvy, hy (1/v {1101, ® H(®) = Fafvr, hy (1/vT{01(x1,1x1,2)} ® H(8, v})

now have nontrivial kernel and cokernel. O

We now give elements of Ext 4, (H (8, vf)) which these remaining /4, j—towers detect
in the algebraic tmf resolution. Note that, as pointed out in [33], the Mahowald operator

satisfies
hyM(x) =0,

which implies that, for any x € Ext 4, (IF»), there exists a lift
M(x)[1] € Exty, (H(8))

and thus an element M (x)[1] € Ext 4, (H(8, vf)). Furthermore, the element A? = vg
exists in Ext 4, (H(8, vf)) (see Lemma 5.1 below). We conclude that, for 0 <i <7,
j,k,I>0and e € {0, 1}, the wedge elements

v’ihil AZlegz[e] € Exty, (H(8, vf))

exist, and we see they are linearly independent by mapping to Extp,_ (H (8, vf)) (where
By is as defined in (3.16)).

Proposition 4.3 The following table lists, form > 0, 0 <i <7, 0 <i’ <5,
J=4,ke{0,1,17,18} and €, €’ € {0, 1}, an A(2)x—comodule M, an h, ;—tower in
g ! Exty(2), (M ®H (8, vf)), the corresponding hy 1 —tower in Ext4(2), (M ® H (8, vf))
and an h, ;—tower in Ext 4, (H (8, v?)) that it detects in the algebraic tmf resolution:
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M g 'Extyo),(M®H(8,v}))  Extym).(MQH(8,v})) Extg, (H(8,v}))

F, A2yt g ] NMvih] g2l APMyih] | g2fe]
bor  AMAINAO(x1, 1) [K] Ay S A e k] N nlk]

N0 0 (o )[K] AR g (haqogto2E k] AR Oak]

., . 2m i’ 427 j+2 L
box  pomyit2p iy e ATV M2 A2 ] M g?[e]
) 20,—1. 20804 >
‘g (Uo Uz §1 é'z)[é]
/ i+11 ’j42
p_————
“Q1(x1,1x1,2)[17+¢€] g2 (vy LS, D17 +€] ’

Proof The cases of

Nl (g%el, ARy nlel, AR Qole], ARy M g[e]
follow immediately from Proposition 3.17 since all of these elements are annihilated
by US.
The elements

3143 € Bxtyq), (bor).  h3 %1% € Bxtyy), (bos)

lift to elements ‘

W07 + €] € Extyqy. (bor ® H(8,v})),
4.4) 2,1 32 i
héjl—6§116[17 + €] € Ext4(2), (bo, ® H(8.v})).

One can explicitly check that the lifts (4.4) are permanent cycles in the algebraic tmf
resolution. Therefore they detect the desired elements

WS \n(17 + €l b} Qa[17 + €] € Exty, (H(8,v))).
Applying case (5) of the geometric boundary theorem [5, Lemma A.4.1] to the triangle
8 24 v} 8
H(8,v))[-1]— Z“"H(8)[-8] — H(8) — H(8,v7)
and the differential
dy (v by 2% (vg 03ESed)) = v h) e vy '3l ¢3))
in the algebraic tmf resolution for £2* H(8)[—8] (3.14), we find that the images of the

elements
vy TRy M (g%)[e] € Bxty, (H(8))
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under the map
Exty, (H(8)) — Exty, (H(8,v}))

are detected by the elements
) -
v 1772 (g ' 3LgT L G DI + €]

in the algebraic tmf resolution for H (8, vf). |

32 8
5 The v;°—self-map on M (8, v))
We now endeavor to prove Theorem 1.8. We first recall the following lemma:

Lemma 5.1 [7, Lemma 7.6] The element

8,488
vg € EXtA(z)j: (H(8, vf))

is a permanent cycle in the algebraic tmf resolution, and gives rise to an element

vg € Exti’:SJrS(H(S, vd)).

It follows from the Leibniz rule that ng persists to the E4—page of the MASS for
M (8, vf). Our task will then be reduced to showing that d, (vgz) =0forr >4. We
will do this by identifying the potential targets of such a differential, and show that they
are either the source or target of shorter differentials. This will necessitate lifting certain
differentials from the MASS for tmf A tmf” A M (8, v¥) to the MASS for M (8, v}).

As explained in [8, Section 7.4], work of the second author, Davis and Rezk [31; 15]
implies that the algebraic map

Ext4(2)(Z%bo; @ £'°b0s) — Ext4(2), (4/A(2)%)
realizes to a map
(5.2) tmf A tmf, — tmf A tmf,

where tmf A tmf, is a spectrum built out of tmf A >3bo; and tmf A £10bo,. They
furthermore show that there is a map

(5.3) 232 tmf — tmf A tmf,,
which geometrically realizes the inclusion of the direct summand (2.9),

Ext4(2), (S Fa[—1]) = Ext4(2), (£'°b02) C Ext (2, (2°bo; & ='®boy).
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The attaching map from tmf A bo, to tmf A bo; in the spectrum tmf A tmf, induces
ds—differentials from the 4, j—towers in bo, to the /5 ;—towers in bo; in the ASS for
tmf A tmf under the map (5.2). Furthermore, there are differentials in the ASSs for
tmf Aboj, tmf Abo, and tmf, which induce differentials in the ASS for tmf A tmf under
the maps (5.2) and (5.3). We wish to study when these differentials (and more generally
differentials in the ASS for tmf A tmf") lift via the tmf resolution to differentials in the
ASS for the sphere.

To this end we consider the partial totalizations
T" := Tot" (tmf**1)
of the cosimplicial tmf resolution of the sphere, so that we have
S ~1lim 7"

n
and fiber sequences

Y Mmf Atmf* — T" — 7",
The spectrum 7" is a ring spectrum, and in particular has a unit

S —> 71",
We let

(54 T" =Tot"(4)/A2)*)

denote the corresponding construction in the stable homotopy category of Ay—co-
modules. There is a MASS

Ext’;’:(l“" ® H(8,vd) = TP M (8, v¥)

and the algebraic tmf resolution for H (8, vf) truncates to give an algebraic tmf resolu-
tion

n
&y ExUy0y), (A AQR)YT @ H(8,v})) = Exty, (T" ® H(8,vY)).
i=0
The following lemma will be our key to lifting the desired differentials:

Lemma 5.5 Suppose x is an element of Ext 4, (H (8, vf)) which is detected in the
n-line of the algebraic tmf resolution for H (8, v?) by an element

x' € Ext4(2), (A AQ2)2" @ H(8,vY)).
Furthermore, suppose that, in the MASS for tmf Atmf" A M (8, v?), there is a differential

d;l’laSS(x/) — y/
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and that, for 2 <r’ <r, we have
dy**(x) =0
in the MASS for the M (8, vf). Then either

(1) the differential
d;nass (x)
in the ASS for M (8, vf) is detected by y’ in the algebraic tmf resolution; or

(2) the element y’ is the target of a differential in the algebraic tmf resolution for
H(8, vf), or, in the algebraic tmf resolution for T" ® H (8, vf), y' detects an
element of Ext 4, (T" ® H(8, vf)) which is zero in ™*E . (T" A M (8, vf)).

Proof Consider the maps of algebraic tmf resolutions and MASSs induced from the
zigzag
M(8.08) 2 T" A M(8,0%) <& S~"tmf Atmf" A M(8,v5).
Define
¥ 1= o (x) € Extyq, (T" ® H(8,v}))

Then X is detected by x’, regarded as an element of the algebraic tmf resolution for
T" A M(8,v}). In particular, this means that

X = Ba(x))
Therefore, the differential
dmaSS(x/) — yl
,
in the MASS for tmf A tmf” A M (8, vf) maps to a differential

d;(%) = 7= Ba())
in the MASS for T" A M (8, vf). In particular, either

(1) y is nonzero in ™E, (T" A M (8, vf)) and is detected by »’ in the algebraic
tmf resolution for 7" ® H (8, vf), or

(2) either y = 0 in ™SE,(T" A M (8, vf)) or y’ is killed in the algebraic tmf
resolution for 7" ® H (8, vf).

If the latter is true, then )’ is killed in the algebraic tmf resolution for H (8, vf), since
the algebraic tmf resolution for 7" ® H(8, vf) is a truncation of the algebraic tmf
resolution for H (8, vf).
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If we are in case (2), we are done. If we are in case (1), consider the differential
yi=dP ()
in the MASS for M (8, vf) (which is defined by hypothesis). We must have
ax(y) =y

Therefore, d"(x) is detected by y’ in the algebraic tmf resolution. O

Remark 5.6 We will primarily be applying Lemma 5.5 to the following two cases:

Casel (x = Azmhé"l 0O:[k]) Suppose that we can prove
d3S (1] | Os[k]) =0
in the MASS for M (8, vf). The element Azmhé’l 0,[k] is detected by
A" g (hy, 105 2v3¢1 ©)[k] € Ext (), (boy ® H(8,}))

in the algebraic tmf resolution, and it is proven in [8] that, in the ASS for tmf A tmf,
there is a differential

daSS(AzthHg(hz 100 Uz 16))
= 870 g (ha,183) + e(m) A7) 0 (ha 1 *03¢1).

where | ifm =2 mod4,

0 otherwise.

e(m) = {

Lifting this differential to tmf A tmf A M (8, v¥), Lemma 5.5 implies that either the
target of the differential d aSS(AZ’”h] 2.1 0,[k]) in the MASS for M (8, vg) is detected by

NS5 g (hy 183 k) + €(m) A2 * 0]+ 20 g (i yug P03 E ] ©)[k]
in the algebraic tmf resolution, or
NP5 g (hy 1 83) K] + €(m) A4 h )+ 20 g (hy yug 203 e ©)[K]

is the target of a differential in the algebraic tmf resolution or detects an element of
Exty, (T'® H(8, v8)) which is zero on the E3—page of the MASS for 71 A M (8, v8).

Case2 (x=MA*ih}* [e]foree{0,1}and0<i <4) Theelement M A2v} /] °[e]

is detected by
j 410,
A2vll+2hé,1 1 2;- ;2)[]
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in the algebraic tmf resolution for H (8, vf), and the map (5.3) implies there is a
differential
dmﬁ@ﬂ(Az l+2h]+10 —1 2 é—z)[e])_vl+3héj19 -1 2 ;2)[6]
in the MASS for tmf A tmf A M (8, v¥).
Then Lemma 5.5 implies that either @5 (M Ay ’lhé-’l's[e]) is detected by
j i+19, —
vy (g v 6 gl

in the algebraic tmf resolution, or v’i+3h£tl9( ~1 v%fl {2)[ €] is killed in the tmf reso-
lution for H (8, vf) or it detects an element which is zero in the E,—term of the MASS
for TV A M(8, vf). However, the element

MV ) €] € Bxty, (H(8.0}))

is nonzero, and is detected by v’+3h1+19( 31 2;‘1 §§)[e] in the algebraic tmf res-
olution for H (8, v8) We conclude that v’1+3h/+19(valv§§f§g)[e] is not killed in
the algebraic tmf resolution for H (8, vf). Since the algebraic tmf resolution for
T'® H(S, vf) is a truncation of the algebraic tmf resolution for H (8, v?), we conclude
that v’i+3 h{jlc"(va lvgf fé‘g)[e] detects a nontrivial element of the E,—page of the
MASS for ! A M (8, v¥). We conclude that

dmdSS(Mszl h] +8[E])
is nontrivial in the MASS for M (8, vf), and is detected in the algebraic tmf resolution
by v’+3h1+19(v61 v%@fgg)[e].
Proof of Theorem 1.8 By Proposition 2.3, it suffices to prove that
2 € Exty, (H(8,v}))

is a permanent cycle in the MASS. Furthermore, since vg € MasSE, (M (8, vf)), the
Leibniz rule implies that vgz eMmassp, (M (8, vf)). We therefore are left with eliminating
possible targets of d}mss(v;z) forr > 4.

Suppose that d, (v32) is nontrivial for » > 4. We successively consider terms in
the algebraic tmf resolution which could detect d, (v 2), and then eliminate these
possibilities one by one.
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The only terms in the algebraic tmf resolution £;—page which can contribute to
ExtiiglJrs(H(& vf)) for s > 36 are

o Extyq), (b_o?s) for 0 <s <6, and

o Exty(z), (0% ®bo,) for 0 <5 <2.
Furthermore, @?S only contributes /1, j—towers in this range for s = 5,6. We list
these contributions below, except we do not list elements in /1, j—towers coming from

@‘?s for s > 2 which are zero in the WSS E';—term (see Proposition 4.2). Also, since

ng is a permanent cycle in the MASS for tmf A M (8, vf), we can disregard any terms

coming from Ext 4(3), (IF2) (the O-line of the algebraic tmf resolution). Finally, we do
not include any terms which can be eliminated through the application of Case 2 of
Remark 5.6.

We now eliminate these possibilities one by one. We will consider the terms in order
of reverse algebraic tmf filtration.

@‘18’4 In the modified May spectral sequence (3.3), there is a differential

dg™ (b 2h3) = h3

which lifts under the map ®, of (3.4) to a nontrivial differential

Ay (EF 18T 185 163D) = (67 147167 147 147
in the WSS for F,, and this implies a nontrivial differential

dy (fARIET 167 1631 6310D) = vf AT 1 67 1¢7 167 1 67100)
in the WSS for H (8, v}).
@?2 ® bo, In the cobar complex for [F5[¢ f, ¢ g ], we find
d((57.63116763) and dQ} [1}i3 13+ 13 [1513 [ 1)

are linearly independent, and

d((¢}. 53118885 + £33 1165, ¢3]) = 0.
However,

d(£3E318363) =168, 03118883 + &85 1185, 31,

The elements are thus eliminated by multiplying the computations above with v}
and lifting them to the top cell of H(8, vf).

2,4722
v2h2,1

Geometry € Topology, Volume 27 (2023)



2802 Mark Behrens, Mark Mahowald and J D Quigley

ll)f’s Note that

Ext), "4 (Fy) = 0.
‘We conclude that the class
vicoht (vy 'v3E8E5) € Exty(a), (b02)

must either support or be the target of a differential in the algebraic tmf resolution,

for otherwise it would give a nonzero element of Extj‘l(l’10+48(IF2). However, by

examination, there are no classes in Ext 4(2), (IF2) which can kill v;‘cohl (vy ! v§§ fé‘ g )
in the algebraic tmf resolution, so there must be a nontrivial differential

dy (vicohy (v 'v3E823))

in the algebraic tmf resolution for ;. Since the target of this differential must be
hq—torsion, there is only one possibility:

da(vfcohy (v 'v3EYE)) = vinfuiet 167 165,
It follows that we have
dy(vico(vy 'v38763)) = vin w3t 167 185,
This differential lifts to a differential
dy (vico(vg '03¢F D] = vih3¢] 167 1¢5(1]
in the algebraic tmf resolution for H (8, vf). Multiplying by A%, we have
dy(A°vico(vg 0381 E)N]) = ASvhyv3e) |67 16511
bo; ® bo, There is a differential
dy™ (6, =53, 53]
in the WSS for F, which lifts to a differential
dy>(ih3' gy 'v383%) = vih3! g (vg w385, 83)).

We therefore only have to consider one of the two potential elements. In the modified
May spectral sequence (3.3), there is a differential

dg™(hy3) = hi3hy 4
which lifts to a differential
(63 = 6141
using the map @, of (3.3), and gives a differential

Ay =188 ¢k
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The elements
v1g(vg 385 | £3) € Exty(z), (bo; ® boy)
and
v1g(vg 383 [ ¢] 141°) € Exty(a), (bof? @ boy)

support /15 j—towers which are nontrivial in ¥*E . Therefore, we have a nontrivial
differential

dy>(vih3) gy 385 185)) = vih3 g (g ' v3gs 167 161°).
This differential lifts to the top cell of H (8, vls) to give
Ay (vih3! g (g 38 1 EDI18) = vih3 g (vg w365 (67 1¢{O)18]
in the WSS for H (8, v}).

@?2 The element

h3  Atvig(vg 3[gT, E3DI18]
detects the element
A*- MPAhGeo[18]

in the algebraic tmf resolution for H (8, vf). Regarding this element as an element in
the MASS for tmf A bof, there is a nontrivial differential

Ay (3, A (v v3IET, SDISD = A3 vig (vg w316, E5DIS

By applying (—)"™? to the map of tmf-modules (5.2), we may consider the composite

(5.7 tmf A bo? < (tmf A tmf,)"™? — tmf A tmf?.

The differential above maps to a nontrivial differential between elements of the same
name in the MASS for tmf A tmf2. We wish to apply Lemma 5.5. We must have

dSS(A*- MPAReo[18]) = 0

in the MASS for M (8, vf), since there are no elements in the algebraic tmf resolution
for H(8, vf) which could detect a target for this differential. Thus Lemma 5.5 implies
that either

dIS(A*- MPAhGeo[18])

is nontrivial and detected by h§41 vlg(va1 vg[ff, Cg])[lS], or

35 vig(vg gy, 63DI18]
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is killed in the algebraic tmf resolution for H (8, vf), or detects an element which is
killed in the MASS for T2 A M (8, vY). The only such possibility is for

MK (17]

to detect the source of a d,—differential in the MASS for T2 A M (8, vf) to do such a
killing. Projecting onto the top Moore space of M (8, vf), this would imply

2723 +4
A h2,1§2

detects an element in the algebraic tmf resolution for the sphere which supports a
nontrivial d,—differential in the ASS for the sphere. However, A2h§31 ¢ g detects

A2g’ . Ahyey
in the ASS for the sphere, and there is a differential
d;‘ss(Azg5 -Ahyey) = d;SS(Azgz)-g3 ~Ahyer = AzhggZeo g3 Ahyey.
However, Azhgeo «Ahycy = 0 in Ext4, (IF2) [13], so this d3* is zero.
We now turn our attention to the other potential target coming from @?2,

hy% N g(vg 3[ES . £3DIIs].
This element detects
N g*viha, 1 M g*[0]

in the algebraic tmf resolution for M (8, vf). However, in the ASS for the sphere,
vfh 2.1 g3 is a dy—cycle, and so there is a differential

A3 (A’ vihy18°) = A3 (N’ g?) - vihy 18 = A*h3gPeq - vihy 18 = v{h3% g7

Applying M (—) = (-, hg, g>) and mapping under the inclusion of the bottom cell
of M(8, vf), we get a nontrivial differential

Ay S (A g* v hy M gP[0]) = v] k3% M g?[0].

bo; The element
h3' g (h2183)
detects

g8n € Exty, (IFF»)

in the algebraic tmf resolution for [F, (Proposition 3.17). This element can be eliminated
by Case 1 of Remark 5.6, but we can also handle it manually using low-dimensional
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calculations in the ASS for the sphere. There is a differential

d3(mQ) = g’n
in the ASS for the sphere [24], from which it follows that g®n is zero on the E4—page

of the ASS of the sphere, and hence g8n[0] is zero on the E4—page of the MASS
for M (8, vf).

For the element
hy® N g(ha 1 &1,
we wish to employ Case 1 of Remark 5.6, using the differential
d3™ (hy’ A g (h2,1v5 2038 V1T = hyly A% g (ha 1 £5)(17]
in the MASS for tmf A tmf A M (8, v¥). Note that
hy% A% g (ha 105 20381 )[17]

detects the element

in the algebraic tmf resolution. Observe [25; 13] that we have
dy(C" - N*g?) = C"-dy(A*g?) = g*-C" Ahleg = g*-0 = 0.
It follows that d,(C” - A2g?[17)) is in the image of the map
Exty, (H(8)) — Extq, (H(8. 1)),

but a check of the algebraic tmf resolution for H(8, vf) reveals there are no possible
targets in this bidegree. We therefore have

d,(C"- A’g?[17]) = 0.
Therefore, the hypotheses of Lemma 5.5 are satisfied. It follows that
Iy A (2,1 E)(17)

either is killed in the algebraic tmf resolution for H (8, vf), or detects an element in
the MASS which is killed by d3(C” - A>g?[17]), or detects an element which killed by
a d,—differential in the MASS for 7! A M (8, vf). We just need to eliminate this last
possibility.

Any possible source for such a d,—differential would necessarily be detected on the
0-line of the algebraic tmf resolution and would not support a nontrivial d, in the
MASS for tmf A M (8, v$). The only such possibility is

A*h3I).
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However, we can express this element as the Hurewicz image of the element
gm- At g[1]
in the MASS for M (8, vf). This element is therefore necessarily a d,—cycle, since it
is a product of d,—cycles.
bo, We begin with the element
hy A g (ha 105?03 (18]
which detects the element
A*g 0118]

in the MASS for M (8, vf). We are in Case 1 of Remark 5.6. An elementary check
using the charts of [25] reveals that the element g O, in the ASS for the sphere lifts to
a d,—cycle

g0[18]

supported by the top cell of H(8, vf). Since A* is a d,—cycle in the MASS for M (8, vf),
we deduce that

A'g Q18]
is a dy—cycle. We therefore deduce that
dy™ (A*g 0,[18])
either is detected by
A*hS g (ha 1 ED18] + h3Y g (ha,1vg?v38(°)
in the algebraic tmf resolution for H (8, vf), or
NS g (ha EDIST+ h34 g (ha, v 203 10)

is killed in the algebraic tmf resolution for H (8, vf) or detects an element which is
killed in the MASS for 7! A M (8, vf). The only possible sources of such algebraic
tmf resolution differentials are wedge elements coming from Ext 4(2), (H (8, vf)), and
we know these all must be permanent cycles in the algebraic tmf resolution because
they detect the corresponding wedge elements of Ext 4, (H (8, vf)). The only elements
of the algebraic tmf resolution which can detect an element which could support a
d,—differential killing

A*hS g (ha, 1 EI8] + h3% g (ha 15?0381 °)
in the MASS for T'' A M (8, v}) are the elements
(5.8) A*vPh3%[0] and  APvih3H[1].
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However, using the map of spectral sequences
MISESN (T A M(8,v])) > ™SE> (tmf A M (8,0})),

we can eliminate these possibilities on the basis that the elements (5.8) support nontrivial
dy—differentials in the MASS for M (8, vf).

We are left with eliminating
vih3h (g 3 e

as possibly detecting dgna“(v;z) in the MASS for M (8, vf). This is the trickiest
obstruction to eliminate. In the MASS for tmf A tmf A M (8, v?), there is a differential

Ay (NP h3? (v RN = vihs) (vg 03 ETEDIN.
The problem is that, in the WSS for H (8, vf), there is a nontrivial differential

dy (A1 3% (0 "3 EDID = Avih3% (v '3, 3D,

Sublemma 5.9 The element v;z is a permanent cycle in the MASS for T' A M (8, vf).

bo; 3! g (ha,183)I[0]

3% A2 g (ha 1 E(17]

h3 (A g(hy, E1O)[18]

vins! (v o3efe(]

bo®? hy  Atvig(vg ' v3[gf, G3DI18]

hy3 A2 g (g 3(es, ¢aD18]

vih2! g vy v3lgs. CADI18]

vih3! g(vg '35, E3DI18]

boj i ASh; (0388 ¢8| ¢

vihi% g (g 2v3(ed. ¢31 | cS e8]

bo®? @boy vihld g(vy2vs(8 1¢3Eh 1 ¢F+¢F1E8ct i8]
vihy% g (g ?veies (165, EaDI8)

boj viASHIET |87 185 1 630

bo,

bo; ® bo,

Table 1: List of potential targets of d;"*(v3?) for r > 4.
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Proof The elements of the algebraic tmf resolution which could possibly detect the
target of a differential
d;nass(vgz , =>4,

in the MASS for 7! A M (8, Uf) consist of those terms in Table 1 coming from bo;
and bo,.

Using (5.3), there is a map
>3 tmf A M (8, v3) — =7 tmf A tmf — 7!
and we therefore have a differential
dy™ (A vih3? (v 'vaE NI = vih3 ) (v 03 eI

in the MASS for 71 A M (8, vf). Therefore, vfhg}l (va1 v%@fé‘;)[l] cannot be the target
of a differential d*(v3?) in the MASS for T'' A M (8, v}).

Our previous arguments eliminate all the other possibilities. O

Suppose now for the purpose of generating a contradiction that the differential
(0ass (v 3 2)
5 2

in the MASS for M (8, vf) is nontrivial and detected by vfhgll (va1 v%é‘fé‘;)[l] in the
algebraic tmf resolution for H (8, vf). Consider the fiber sequence

S22 A M(8,08) — M3, v8) — T' A M(8,08) L5 57 Tmf?.

We have proven that v;z exists in w9271 A M (8, vf), and, because our assumption
implies that vgz does not lift to 719, M (8, vf), we must have

0 # 0(v3?) € 191 2 2tmf2 A M (8, 0Y).

Sublemma 5.10 There exists a choice of vgz emiga T A M8, vf) such that a(v§2)
has modified Adams filtration 34.

Proof Let X denote the k™™ modified Adams cover of X —so that the MASS
for X k) is the truncation of the MASS for X obtained by only considering terms in
mass ;’I(X ) for s > k —and let X ) denote the cofiber

XD X Xy
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Then we have fiber sequences
M8, v) gy = (TP A MG, v))) )y = (S7mf* A M (8, 0})) (k—2).-
Define M, (k) to be the homotopy pullback
M(k) —T! /\M(8,vi‘)
M(S, vf)(k) —_— (Tl VAN M(S, vf))(k)

Then the algebraic tmf resolution for M(k) is the truncation of the algebraic tmf
resolution for M (8, vf) obtained by omitting, for n > 2, all terms of

Ext4(2), (bo;, ® - ® bo;, ® H(8,v}))

of cohomological degree greater than k — n. It follows from the map of algebraic tmf
resolutions and MASSs associated to the map

M8, %) — My,
that there is a differential
Ay (v3%) = vih3 ! (v V3T eI

in the MASS for 1\7 (ky- This differential is nontrivial in the MASS for M 36), because
it is nontrivial in the MASS for M (8, vf), and any intervening differentials killing
the target in the algebraic tmf resolution or MASS for M (36) would lift to M (8, vf)
because the spectral sequences are isomorphic in the relevant range. The same is not
true in the case of M(35), where

dWGS(A2 1h2 ) al 2 é—z [1]) =0
and therefore A2v1h221 (vo v%;“ Y 2)[1] persists to the E,—term of the MASS
™ (A vih3% (vg R DI = vihs ! (vg M v3 gD

Therefore, the proof of Sublemma 5.9 goes through with 7! A M (8, vf) replaced
by M35y to show that there exists an element

—_~

032
€ 77192M(35)
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which is detected by v;z in the MASS. Consider the diagram

= tmf?

/

Mzgy —— TP AM(8,08) — (= Tmf? A M (8, 08))(34)

l |

Mzsy —— T1 A M(8,0%) — (=~ 'tmf2 A M(8,v8)) (33

—_—~

where the rows are cofiber sequences. The element v;z € mgzﬂg 5) maps to an
element v;z eT!AMS, vf) with

3" (v3%) = 0.

However, since d?‘ass(vgz) is nontrivial in the MASS for M, (36), the element vgz €
mioa TV A M8, vf) cannot lift to M(3¢), and therefore

9 (v3%) #0.
It follows that 8(v§ 2) has modified Adams filtration 34. O

However, we have:

Sublemma 5.11 There are no elements of w93 X 2tmf> A M (8, vf) of modified
Adams filtration 34.

Proof The only possible elements in the algebraic tmf resolution for tmf? A M (8, vf)
which could contribute to modified Adams filtration 34 in this degree are

(5.12) NPvih3% (vg ' 3187, E5DI1] € Extaqay, (00 @ H (8, v}))

and the elements of Table 1 of algebraic tmf filtration greater than 1 in the appropriate
modified Adams filtration. However, the previous arguments eliminate all of the
candidates coming from Table 1, so we are left with eliminating (5.12). We wish to lift
the differential

dy (A1 h3 4 (vg 03T, DI = APuih? (v ' v3gY. 63D

in the MASS for tmfAtmf? A M (8, v¥) to a differential in the MASS for tmf2 A M (8, v}).
We therefore must argue that

A (A, 03 3 4D =0
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in the MASS for tmf? A M (8, vf). We will therefore argue there are no elements in the
algebraic tmf resolution for tmf2 A M (8, vf) which could detect the target of such a d,.
Ignoring any possibilities which are eliminated by Proposition 4.2, the only possibilities

are
Avthivg GG 5N AuhGET TIEY, 631167 1 ¢TI0l

ASvthyog'v3e]. G311E5 ). ASiRged 18] 1125, 63116801,
ASuthgle 311 ¢d 1 g0l ASutnged et | et 1ied. ¢alol.
However, these are killed by the respective WSS differentials
dys ASvhvg 3t | eSednl, aysaSutnded |eed 1 ¢8 ¢dlol,
dy s ASvthyvg'aESes i) dysASuthdes | ef 1283 1 ¢flol,
do AIRGEIE 1T 1T TIENI0],  dg™AiAGET 1671615001 o

Thus we have arrived at a contradiction, as we have produced an element of modified
Adams filtration 34, and subsequently showed no such elements exist. We conclude that
our supposition, that the differential d;“ass(vgz) in the MASS for M (8, v?) is nontrivial
and detected by vlzhg’ll (vo 1 v%{ ff g )[1] in the algebraic tmf resolution, is false. O

6 Determination of elements not in the tmf Hurewicz image

Theorem 6.1 The elements of tmf, not in the subgroup described in Theorem 1.2 are
not in the Hurewicz image.

We first recall some well-known K—theory computations. Recall that 7+ KO is given
by the vf—periodic pattern

2 2.4

2 6
1 2v] 2v;

Let
M(2%) :=lim M(2")

1

denote the Moore spectrum for Z /2°°.
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Consider the diagram of cofiber sequences

S1KO A M(2) —2— KO —2 KO — L KO A M(2)

62) 2| lz 12

SIKO A M(2%) —+ KO ——KOq ——= KO A M(2%)
)

The groups KOy M (2) are well known to be given by the v;‘—periodic pattern

0272 027°
s 1 s 1

4
1

/vf'ﬁz
vi"ﬁ

where we denote lifts of elements of KO, along the map p of diagram (6.2) with a

7/

n o
~2
7l @/@’7 noy
]
= —4

1 vy

tilde, and the images of the map (-) with a bar. It then follows easily from the map of
long exact sequences coming from the above diagram that KO« M (2°°) is given by the
v‘f—periodic pattern

51 2 271t 0N

where again we denote lifts over the map p with a tilde, and images under the map (-)
with a bar. The infinite sequences of dots going down represent the elements 27 in

Z]2%° = Q/Z(z).
Proof of Theorem 6.1 Recall [27, Corollary 3] that we have an equivalence
c; tmf ~ KO[j 7],

1

where j 7' = A/c j. Applying 7y to this equivalence, we have a commutative diagram

S — KO

[N

tmf —— ¢ 'tmf —— KO[j ']
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Consider the diagram

xS it M(2%®) —— KOy M(2%)

i
hl hJ{ \
tmfy «—— tmfyp M(2%°) —2 e tmfy gy M (2%°) == KO, 41 M (2%°)[j 7]
|
/
c4_1tmf*
Suppose that x € tmfs ¢ has nontrivial image in L(x) € c4_1tmf>,< and that x = A(y).
Since y is torsion, it lifts over p to an element
J € maq 1 M(27°).
The commutativity of the diagram implies that

0# L(x) eIm(p’oi)
and this implies that
L(x)e{ckn 1 k=0,1€1{1,2}}.

Now consider elements of the form
x =arky e tmfy

with @ # 0 mod 8. Suppose that x = /(y). Lift y to an element
P E Mur 1 M(2%).

Then we have

Lh(5) = Lankp? = Lap!2kF2 =k £
But the commutativity of the diagram implies that L/(7) is in the image of i, which

implies that kK = 0. O

7 Lifting the remaining elements of tmf, to x]

Multiplicative generators of the Hurewicz image below the 192-stem

In this section, we determine a set of elements which multiplicatively generate the tmf
Hurewicz image below the 192—stem. The results in this subsection drastically reduce
the number of classes which we must lift in the sequel.
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Lemma 7.1 The Hurewicz map S — tmf is a map of ring spectra. In particular, it
preserves multiplication.

Corollary 7.2 Suppose o = By is a product of elements 3,y € w4 (tmf) with lifts
B,V € m«(S). Then By € m«(S) must be a lift of .

With this in mind, it suffices to find a subset of the Hurewicz image which generates
the entire Hurewicz image up to the 192—stem under products. Our desired generating
subset is given in Corollary 7.16. We will obtain our generating set by listing generators
in lemmas and then recording their products in corollaries, until we have exhausted the
tmf Hurewicz image up to stem 192.

Lemma 7.3 The classes n € m(tmf), v € m3(tmf), € € mg(tmf), x € my4(tmf),
K € mpo(tmf), u € m39(tmf) and w € m45(tmf) are in the Hurewicz image.

Proof The elements 1, v, €, k, k, u and w are all well-known elements of 73, detected
in the Adams spectral sequence by h1, hy, co, do, g, Ah1dy and Ahyg [22, Table 8].
These elements have nontrivial images under the map of Adams spectral sequences
induced by the unit map S — tmf. The lemma is therefore somewhat tautological, as
the corresponding elements in tmf were defined in Section 1 to be the Hurewicz images
of these elements. a

Lemma 7.4 The class g € w3, (tmf) is in the Hurewicz image.
Proof See the proof of Lemma 7.18(1). O

Corollary 7.5 The classes > € m,(tmf), v? € mg(tmf), V3 = €n € wo(tmf), k7 €
m15(tmf), kv € my7(tmf), k1 € 7 (tmf), kn? = k€ € ma, (tmf), ke = k2 € myg(tmf),
qn € mws3(tmf), Kk € w34 (tmf), kkn € m3s(tmf), k2 € m4o(tmf), K2y € 74y (tmf),
202 = k3 € map (tmf), wn € w46 (tmf), Kq € 755 (tmf), Kgn € 753 (tmf), K2k € w54 (tmf),
kKu € mso(tmf), k3 € mgo(tmf), kw € mgs(tmf), kwn € mgg(tmf), ¥* € mwgo(tmf),
iK2w € wgs(tmf), w? € oo (tmf), ¥° € 7100 (tmf), K3 w € 7195 (tmf), kw? € 110 (tmf),
kK*w € w25 (tmf) and kK?>w? € 7,30 (tmf) are in the Hurewicz image.

Lemma 7.6 The classes {VA*}v € ms4(tmf), {vAZ}k € mgs(tmf) and {n> A2}k €
1w70(tmf) are in the Hurewicz image.

Proof See Lemma 7.21. O

Corollary 7.7 The classes {vA?}v? € 757 (tmf) and {VA?}kv € mgg(tmf) are in the
Hurewicz image.
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Lemma 7.8 The classes {vA*}v € 119, (tmf), {€ A*} € 194 (tmf), {k A*} € 71 (tmf),
2A*K € m116(tmf) and {nA*}k € m7(tmf) are in the Hurewicz image.

Proof See Lemmas 7.22 and 7.23. O

Corollary 7.9 The classes {¢ A*}n € mios(tmf), {kA*}n € w11 (tmf), {kA*}v €
w113 (tmf), {kA*}v? € 11 6(tmf), {nA*}cn € 115 (tmf), {kA*}ic € 7124 (tmf), {kA*}ic €
m130(tmf), {kA*}kn € 731 (tmf), {nA*}ic* € my37(tmf) and {nA*}ic*n € 35 (tmf)
are in the Hurewicz image.

Lemma 7.10 The class {gA*} € m1,5(tmf) is in the Hurewicz image.
Proof See Lemma 7.24. O

Corollary 7.11 The classes {gA*}n € miyo(tmf), {gA*}k = wnA* € 714 (tmf),
{gAYYk € miag(tmf), {gA* YK € mi40(tmf) and {gA*Yicn? € mys0(tmf) are in the
Hurewicz image.

Lemma 7.12 The class A*u € my35(tmf) is in the Hurewicz image.
Proof See Lemma 7.25. O

Corollary 7.13 The classes A*un € my36(tmf) and A*uk € my55(tmf) are in the
Hurewicz image.

Lemma 7.14 The classes {vA®}v € my5o(tmf) and {vA®}k € m1¢;(tmf) are in the
Hurewicz image.

Proof See Lemma 7.26. O

Corollary 7.15 The classes {vA®}v? € 7153, {VA®W3 € 7156, {VA®}k N € 7142 (tmf)
and {vA®}kv € 164 (tmf) are in the Hurewicz image.

Thus our calculation of the Hurewicz image up to dimension 192 has been reduced to
showing that the following list of elements is in the Hurewicz image:

Corollary 7.16 Up to dimension 192, the Hurewicz image is generated under multipli-

cation by

{r), Ve, kK, q, u, w, VA2, fuAZ Y, (2 A2, (v AM I, {e AYY, {kAYY, 2 A%k,
(nA*}E, {g A% Atu, (v ATy, (A i}
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Lifting generators

We will now describe our method for lifting generators. Given an element x € tmf,, we
want to lift it to an element y € 3. To this end, we consider the diagram of (M)ASSs

Ext(2),. (H(8, vf)) tmf, 15 M (8, vf)

] -

Exty, (H(8,v})) l w18 M (8, v})

Ext 4(2), (F2) tmfy

=}

Ext 4, (F5) F10
First, we identify an element
x e Ext 4(2, (F2)
which detects the element x in the ASS for tmf, and then we identify an element
%' € Exty(p), (H(8,v}))

which maps to it. This element X’ can be regarded as an element of the 0-line of the
algebraic tmf resolution for Ext 4, (H (8, v?)). We will show that the element X’ is a
permanent cycle in the algebraic tmf resolution, and thus lifts to an element

7' € Exty, (H(8,Y)).

We will then show that the element j’ is a permanent cycle in the MASS for M (8, vf),
and hence detects an element

JemeM(8,v¥).

Let y € mr$ be the projection of y to the top cell. It then follows that the image of y in
tmfy equals x, modulo terms of higher Adams filtration (AF). Furthermore, using the
vg’ 2_self-map on M (8, v?), we deduce that the element

vSij/ € M (8, vf)
32k

2
modulo terms of higher Adams filtration. Finally, Theorem 6.1 eliminates the potential

projects on the top cell to an element v;“*y € w5 whose image in tmfy is Ak
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ambiguity caused by elements of higher Adams filtration, since the elements of higher
Adams filtration are v‘l‘—periodic.

We will show all of the generators of Corollary 7.16 except for 1, v and € actually
come from the top cell of M (8, vf), and thus vgz—periodicity extends our work below
dimension 192 to all dimensions. It turns out that v? and € do not come from the top
cell of M (8, vf). In order to show that the elements

AS*)2 APk e € g tmf
are in the Hurewicz image for k > 0, we will instead show that A8v? and A%e come

from the top cell of M (8, v}) (Lemma 7.27).

Lemma 7.17 The following classes lift to the top cell of M (8, vf):

(1) « € mi4(tmf).
(2) k € my(tmf).

Proof We will check that each element lifts using the AHSS:

(1) Since « is 2—torsion (and thus 8—torsion), it lifts to k[1] € 15(M(8)). Inspection
of [25, page 3] in stems 31 and 32 and AF > 12 reveals that there are no classes which
could detect vf/c[l]. Therefore k[1] lifts to k[18] € w3, (M (8, vf)).

(2) Since k is 8—torsion, it lifts to k[1] € w1 (M (8)). Inspection of [25, page 3] in
stems 36 and 37 and AF > 12 reveals that there are no classes which could detect va[l].
Therefore k[1] lifts to k[18] € m35(M (8, vf)). O

Lemma 7.18 The following classes lift to the top cell of M (8, vf):
(1) g € w3z (tmf).
(2) u € m39(tmf).
3) w € mys5(tmf).

Proof We will check that each element lifts using the Atiyah—Hirzebruch spectral
sequence (AHSS).

(1) We begin with g € 3, (tmf), which we will define to be the unique nontrivial
c4—torsion class detected by the element

4 7,7+32
V5Co € ExtA(z)* (IF,)
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in the ASS for tmf. The element vg co does not lift to Ext 4, . Nevertheless, we claim
that there is an element® § € m3,detected by the element

Ahihs € EXtI64’5+32(]F2)

in the ASS for the sphere, which maps to ¢ under the tmf Hurewicz homomorphism.
Our strategy will be to argue that ¢ and ¢ lift to

Gl18] € msoM(8,v5) and g[18] € tmfso M (8, v}),

respectively, and that the element which detects ¢[18] in the MASS for M (8, vf) maps
to the element which detects ¢[18] in the MASS for tmf A M (8, vf) under the map

(7.19) Exty, (H(8,v})) — Ext4(), (H(8,v})).

Inspection of [25, page 3] in stem 32 and AF > 7 reveals that g is 2—torsion (and thus
8—torsion), so ¢ lifts to g[1] € w33 (M (8)). Inspection of [25, page 3] in stems 48 and 49
and AF > 14 reveals that there are no classes which could detect vfé[l]. Therefore g[1]
lifts to g[18] € 5o (M (8, vf)). A similar but easier analysis reveals that the lift ¢[18]
exists.

The elements Ahhs € Exty, (F,) and vgco € Ext4(z), (IF2) are ho—torsion, and hence
lift to elements

Ahyhs[1] € Exty, (H(8)), v3co[l] € Extya), (H(8))

which detect g[1] € 33 M (8) and ¢[1] € tmf33 M (8), respectively, in the MASS. To
identify the elements which detect g[18] and ¢[18] in the MASS, we make use of the
geometric boundary theorem [5, Appendix A].!° The differentials

d3(viha,1g°[1]) = v Ahshy[1],  da(viha1g%[1]) = viv5co[l]
in the MASSs for M (8) and tmf A M (8), respectively, imply that g[18] € w59 M (8, vf)
and ¢[18] € tmfs5g M (8, vf) are detected by
viha1g%[1] € Exty, (H(8,v7)), viha,1€°[1] € Exta), (H(8, v}))

in the MASSs for M (8, vf) and tmf A M (8, vf), respectively, and the former maps to
the latter under the map (7.19).

9The element we are calling § € Jt;z is traditionally called ¢, but we add the tilde to distinguish it from
the element we are calling ¢ in w3, tmf.

10We are specifically using case (5) of the geometric boundary theorem since the relevant class (denoted
by p«(») in the theorem statement) is a permanent cycle. We will be using this argument repeatedly in
subsequent proofs in this section, and for brevity will simply say “by the geometric boundary theorem ...”
in these subsequent instances.
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(2) Since u € m3gtmf is detected by an element of Ext 4(), in the image of the map
(7.20) EXtA* (IF2) — EXtA(z)* (Fz),

we immediately see that the element u € 739(S) maps to it. We are left with lifting
u € mj, to the top cell of M(8, vf). Inspection of [25, page 3] in stem 39 and
AF > 10 reveals that u is 2—torsion (and thus 8—torsion), so u lifts to u[1] € w49(M (8)).
Inspection of [25, page 3] in stems 55 and 56 and AF > 17 reveals that there are no
classes which could detect vfu[l]. Therefore u[1] lifts to u[18] € ws7(M (8, vf)).

(3) The element w € mystmf is detected by an element which is in the image of the
map (7.20), and thus we deduce that w € 745(S) maps to it. A similar argument to the
case above shows that w lifts to w[18] € w3 (M (8, vf)). O

Lemma 7.21 The following classes lift to the top cell of M (8, vf):

(1) A%v? € ms4(tmf).

(2) A%kv € mgs(tmf).

(3) A?n?k € mq(tmf).
Proof We follow the proof of [7, Theorem 11.1] (which builds on [7, Example 9.5
and Proposition 10.1]).
(1) We begin with A2v? € 754 (tmf). This class lifts to an element

A%v2[1] € tmfss (M (8))

which is detected by
vin21] e Extif(j)i*”(f[(s))
in the MASS for tmf A M (8). Let
A?v2[18] € tmf7, (M (8, vY))
be a lift of AZv2[1]. In the MASS for tmf A M (8), there is a differential

dy (v}°v}haho[1]) = v§ v A1),

Since véov‘l‘hzho[l] is a permanent cycle in the MASS for tmf A M (8, vf), it follows
from the geometric boundary theorem that A?12[18] is detected by v%ovfhzho[l] in
the MASS for tmf A M (8, vf). In particular, we see that A>v2[18] has modified Adams
filtration (MAF) 18 and stem 72.
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We now check that véovfhzho[l] is a permanent cycle in the algebraic tmf resolution
for H(8, v?). Its relative position!! is  —s = 65 and AF = 17, its relative position
in Ext4(2), (@?2 ® H(8, vf)) ist —s = 58 and AF = 16, and its relative position in
Ext4(2), (bo®3 ® H(8, vs)) is t —s = 51 and AF = 15, the last of which lies above
the vanishing line. Inspection of the relevant charts shows that vlo 4h 2ho[1] cannot
support a nontrivial dj—differential since the target bidegrees are zero. Therefore

10 4h2h0[1] is a permanent cycle in the algebraic tmf resolution for H (8, v?) and
therefore it detects an element {v10 4h2h0[1]} in Ext 4, (H(8, vf)).

Finally, inspection of the same algebraic tmf resolution charts reveals that there are
no possible targets for a nontrivial differential supported by {v2° 4hyho[1]} in the
MASS for M (8, vf). Therefore {véo fh 2ho[1]} is a permanent cycle which detects a
lift of A?v2.

(2) The class A?kv € mgs(tmf) lifts to an element

A*kcv[1] € tmfge (M (8))
which is detected by

v3hado[1] € Extyy" P (H(8))

in the MASS for tmf A M (8). Lift A%« v[1] to an element
A?kcv[18] € tmfgy (M (8, vY)).
In the MASS for tmf A M (8), there is a differential
dy (v, v doho[1]) = v3v{hady[1].

By the geometric boundary theorem, ngv[l 8] is detected by véovfdoho[l] in the MASS
for tmf A M (8, vf). In particular, we see that A%kv[18] has MAF 21 and stem 83.

We now check that véo v‘fdoho[l] is a permanent cycle in the algebraic tmf resolution for
H(S, vf). Its relative position in Ext 4(»), (bo; ® H (8, vf)) ist —s =76 and AF = 20,
its relative position in Ext 4(3), (@?2 ® H(8, vf)) ist —s =69 and AF = 19, and its
relative position in Ext 4(2), (@?3 ® H(8, vf)) ist —s = 62 and AF = 18, the last of
which has targets only above the vanishing line. Inspection of the relevant charts shows

1we will say that x € Ext4(2), (H(8, vg)) has relative position (t —s, s) in Ext 4(2),, (boy ® H (8, vg)) if
the image of a differential supported by x in the algebraic tmf resolution lies in Ext® Tl ! (boy ® H(8, US)),
and the image of a differential supported by x in the MASS could be detected in the algebraic tmf
resolution by an element in Exts"('r)t* r+l (bo; ® H(8, US)) In other words, if you were to pretend x is
an element in Extfj ) (boy ® H(8, vg)) then dr—dlfferentlals in the algebraic tmf resolution “look” like
Adams d;’s, and d, _differentials in the MASS “look” like Adams d,’s.
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that véov‘l‘doho[l] cannot support a nontrivial d;—differential since the target bidegrees
are zero. Therefore v%ov;‘doho[l] is a permanent cycle in the algebraic tmf resolution
for H(8, vf) and detects an element {v%ovfdoho[l]} in Ext 4, (H(8, vf)).

Finally, inspection of the same charts reveals that there are no possible targets for a non-
trivial differential supported by {véov‘fdoho[l]} in the MASS for M (8, vf). Therefore
{véovfdoho[l]} is a permanent cycle.

(3) The class A’n*k € m70(tmf) lifts to an element

A*n*x[1] € tmf; (M (8))
which is detected by
g?hs (1] e Extjf(g)f“(ﬂ(z;))

in the MASS for tmf A M (8). Lift A25?k[1] to an element
A?n*ic[18] € tmfgg (M (8, v})).
In the MASS for tmf A M (8), there is a differential
dy(v3vidoeo[l]) = g*vih3 [1].
By the geometric boundary theorem, A?n%k[18] is detected by vg v;‘do eo[1]in the MASS
for tmf A M (8, vf). In particular, we see that A2;?i[18] has MAF 24 and stem 88.

We now check that vg v;‘dOeO[l] is a permanent cycle in the algebraic tmf resolution for

H(8, vf). Its relative position in Ext 4(2), (bo; ® H (8, vf)) ist—s =81 and AF =23
and its relative position in Ext 4(7), (@?2 ® H(S, vf)) ist —s = 74 and AF = 22, the
latter of which lies above the vanishing line. Inspection of the relevant charts shows
that vg vfdo eo[1] cannot support a nontrivial differential in the algebraic tmf resolution
for H(8, v?) since the target bidegrees are zero. Therefore vgv;‘doeo[l] is a permanent
cycle in the algebraic tmf resolution for H (8, vf) and therefore lifts to an element
{v28 vfdoeo[l]} in Ext 4, (H(8, vf)).

Finally, inspection of the same charts reveals that there are no possible targets for a
nontrivial differential supported by {v§ v;‘do eo[1]} in the MASS for M (8, vf). Therefore
{vgv;‘doeo[l]} is a permanent cycle in the MASS for M (8, v?). O
Lemma 7.22 The following classes lift to the top cell of M (8, vf):

(D) A2 e 102 (tmf), A*e e 7104 (tmf), Ak € 7110 (tmf).

(2) A*2Kk € 7 16(tmf).

Geometry € Topology, Volume 27 (2023)



2822 Mark Behrens, Mark Mahowald and J D Quigley

Proof (1) These classes were lifted in [7, Theorem 11.1].
(2) The class A*2k € 711¢(tmf) lifts to an element

A*2K[1] € tmfy 17 (M (8))
which is detected by

vihog[l] € Extf(’;)f*”(H(S))

in the MASS for tmf A M (8). Lift A*2k[1] to an element
A*2kc[18] € tmfy34 (M (8, v})).
In the MASS for tmf A M (8), there is a differential
da(vy¥vtdoha[1]) = vy ®viheg[l].

By the geometric boundary theorem, A*2i[18] is detected by v; 8 v;‘dohz [1]in the MASS
for tmf A M (8, vf). In particular, we see that A*2i[18] has MAF 29 and stem 134.

We now check that vég v‘l‘dohz[l] is a permanent cycle in the algebraic tmf resolution for
H(S, vf). Its relative position in Ext 4(»), (bo; ® H (8, vf)) ist—s =127 and AF = 28,
its relative position in Ext 4(2), (@?2 ® H(8, vf)) is t —s = 120 and AF = 27, and
its relative position in EXt,q(z)*(ll)i@3 ® H(8,v})) is ¢ —s = 113 and AF = 26, the
last of which lies above the vanishing line. Inspection of the relevant charts shows
that v} 92k[18] cannot support a nontrivial d;—differential since the target bidegrees
are zero. Therefore v;62E[18] is a permanent cycle in the algebraic tmf resolution for
H(8, vf) and lifts to an element v%62E[18] in Ext 4, (H(8, vf)).

Finally, inspection of the same charts reveals that there are no possible targets for a
nontrivial differential supported by vi®2«[18] in the MASS for M (8, v¥). Therefore
v;62E[18] is a permanent cycle. |

Contrary to the previous cases, there are several potential obstructions to lifting A*kn €
7117 (tmf) to the top cell of M (8, vf) which are tricky to resolve. However, since this
element is 2—torsion and vf—torsion, we may instead attempt to lift it to the top cell of
the generalized Moore spectrum M (2, v‘I‘) of [6], where the potential obstructions are
much simpler to analyze. It then follows from the fact that the composite

And
S8M 2, v 2 M (8, 08) — S8

is projection onto the top cell of M (2, v;‘) that A*icn does lift to the top cell of M (8, vf).
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Lemma 7.23 The class A*in € ;7 (tmf) lifts to the top cell of M (2, v‘l‘).

Proof The class A*nk € my17(tmf) lifts to an element
A*ni[1] € tmfy (M (2)
which is detected by
U%6h1g[1] e EXt21’118+21 (H(2))
in the MASS for tmf A M (2). Lift A*ni[1] to an element
A*nic[10] € tmfy27(M (2, v7)).
In the MASS for tmf A M (2), there is a differential
d3(v3°h3[1]) = v %vihy (1]

It follows from the geometric boundary theorem that A*nk[10] is detected by v%ohé[l]
in the MASS for tmf A M (2, vf). In particular, we see that A*ni[10] has MAF 24 and
stem 127.

We now check that vgohg[l] is a permanent cycle in the algebraic tmf resolution for
H(2, vf). Its relative position in Ext 4(,), (bo; ® H (2, v‘l‘)) ist—s =120 and AF = 23,
its relative position in Ext 4(2), (@?2 ® H(2, v;‘)) ist—s =113 and AF =22, and its
relative position in Ext 4(2), (@?3 ® H(2, v;‘)) is t —s = 106 and AF = 21. Inspection
of the relevant charts [6, Figures 6.4—6.5] shows that there is potentially a nontrivial
differential
dy (v§°h§[1]) = X119,24,
in the algebraic tmf resolution, where

X119,24 € EXtif(’zl)L%M(@l ® H(2,v))),

but, since v%ohg[l] is vé 6_divisible and x; 19,24 is not, this differential cannot occur
(compare with the proof of [7, Proposition 10.1]). Therefore v%ohé[l] is a permanent
cycle in the algebraic tmf resolution for H(2, v;‘) and therefore lifts to an element
{v%ohg[l]} in Ext4, (H(2, v;‘)).

Finally, inspection of the same charts reveals that there are no possible nontrivial
differentials supported by {v%ohé[l]} in the MASS for M (2, v‘l‘). Therefore {vgohg[l]}
is a permanent cycle in the MASS for M (2, v;‘). O

Lemma 7.24 The class A*q € m,g(tmf) lifts to the top cell of M (8, vf).

Proof The class A*q € my,5(tmf) lifts to an element

A*g[1] € tmf29(M (8))
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which is detected by
U§0C0[1] c Ext23’129+23(H(8))

A2)«
in the MASS for tmf A M (8). Lift A*g[1] to an element
A*q[18] € tmf146(M (8, v})).
In the MASS for tmf A M (8), there is a differential

dy(v3°8% s 1v7[1]) = v3%v co[1].

By the geometric boundary theorem, A*g[18] is detected by v56 gzhzjlvf[l] in the
MASS for tmf A M (8, vf). In particular, we see that A*¢[18] has MAF 29 and stem 146.

We now check that véG g%h 2.1 vf[l] is a permanent cycle in the algebraic tmf resolution
for H (8, vf). Its relative position in Ext 4(3), (bo; ® H (8, vf)) ist —s = 139 and
AF =28, its relative position in Ext 4(2), (b0®* ® H (8, v$)) is 1 —s = 132 and AF =27,
and its relative position in Ext 4(,), (@?3 ® H(8, vf)) ist —s = 125 and AF = 26.

The proof of Lemma 7.18(1) implies that the element
g%ha vi[1] € Ext 42y, (H(8,v}))

is a permanent cycle in the algebraic tmf resolution for H (8, vf). It follows from
Lemma 5.1 that
v°8%hs 1 v[1]

is a permanent cycle in the algebraic tmf resolution for H (8, vf), and detects an element
0% {87210 (1]} € Exta, (H(8.v)
which persists to the E3—page of the MASS for M (8, vf).

The only possibility for this element to support a nontrivial MASS differential is for it
to support a dz—differential whose target to by detected by the element

vihy (v 'W3LEY. E3DI18] € Exty(a), (boP? @ H (8. vY))
in the algebraic tmf resolution for H (8, vf).

We wish to use Lemma 5.5 to argue that the element vlhégl (va1 v%[@f, é‘g])[lS] detects
an element in Ext4_ (H (8, Uf)) which is zero in the E3—page of the MASS. In the
MASS for bo% AM(8, vf), there is a differential

dy (W3h3% (vg '3 (63 E3DI8]) = vihy? (vg 'w3LEE. E3DI18).
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Using the map
> !8tmf A bo? A M (8, v¥) < tmf A tmf* A M (8, v})
we get the same differential in the MASS for tmf Atmf2 A M (8, vf). By Proposition 4.3,

10 (,—
2,1("0

tion for H (8, vf), detecting the element

A0S M (g?)[1] € Exty, (H(8,vY)).

the element vgh 1v§[§ f, ¢ g D[18] is a permanent cycle in the algebraic tmf resolu-

Therefore the hypotheses of Lemma 5.5 are satisfied, and we deduce that

vihy)y (vg  v3[¢T, E3DI18]
detects an element which is zero in the E3—page of the MASS, and hence cannot be
the target of a nontrivial d;—differential in the MASS. O

Lemma 7.25 The class A*u € mry35(tmf) lifts to the top cell of M (8, vf).

Proof The class A*u € 7135 (tmf) lifts to an element

A*u[1] € tmfy36(M (8))
which is detected by
véGfoﬁ[l] € Extis(’zl)iGJrzs (H())
in the MASS for tmf A M (8). Lift A*u[1] to an element
A*u[18] € tmfy 53 (M (8, v¥)).
There is a differential in the MASS for tmf A M (8),
daiSv3h3 1 g°(1]) = viSv!%xss(1],

s0, by the geometric boundary theorem, A*u[18] is detected by vé%f’h% | g?[1] in the
MASS for tmf A M (8, vf). In particular, A*4[18] has MAF 31 and stem 153.

We now check that v%%fh%,l g?[1] is a permanent cycle in the algebraic tmf resolution
for H(8, v?). Note that v%h%jlgz[l] detects u[18] in the MASS for tmf A M (8, vf). In
Lemma 7.18, we established that u[18] lifts to M (8, vf), and therefore vfh%ylgz[l] is
a permanent cycle in the algebraic tmf resolution and it detects a permanent cycle in
the MASS for M (8, vf). It follows from Lemma 5.1 that

16,32 2
v, v1h2,1g [1]
is a permanent cycle in the algebraic tmf resolution and detects an element

v;°-{vih3 &[]} € Bxty, (H(8,v))).
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Inspection of the relevant charts shows that the only possible nontrivial MASS differ-
entials supported by this element would be

dy(v,° - {v7h3 1 g*[11}) = {v3hy" E5 18]}
However, we have
dy(v3° - {vih3  g*[1]}) = 0.

since it is a product of dp—cycles. O

Lemma 7.26 The following classes lift to the top cell of M (8, vf):
(1) A®v? € 750 (tmf).
2) ASkv e 161 (tmf).

Proof (1) The class A%v? € m;50(tmf) lifts to an element

A®v[1] € tmfy 51 (M (8))
which is detected by
v3n2[) e Extis(’zl)i 128 (1 (8))

in the MASS for tmf A M (8). Lift A%v2[1] to an element
ASV2[18] € tmfy 65 (M (8, v})).
In the MASS for tmf A M (8), there is a differential
da (0380 haho[1]) = v3* R3],

By the geometric boundary theorem, ASv?2[18] is detected by v§6 v;‘hzho[l] in the MASS
for tmf A M (8, vf). In particular, we see that ASv2[18] has MAF 34 and stem 168.

In Lemma 7.21(1), we showed that v%ov;‘h 2ho[1] is a permanent cycle in the algebraic
tmf resolution, detecting an element

{v,°vThaho[1]} € Exty, (H(8,v}))
in the algebraic tmf resolution for H (8, vf). By Lemma 5.1, this is also true of
v§6vfh2h0[l].
Lemma 5.1 implies that d5(v)°) = 0 in the MASS for M (8, v}). By Lemma 7.21(1),
it follows that
d ()% - (v, v haho[1]}) = 0.
Inspection of the algebraic tmf resolution charts reveals that there are no possible targets

of a longer MASS differential supported by v1® - {vi%vi/2/0[1]}.
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(2) The class ASkv € 7141 (tmf) lifts to an element

Abkv[1] € tmfyga (M (8))
which is detected by
v4dohy[1] € Extill(’zl)iHM (H(8))
in the MASS for tmf A M (8). Lift AS«v[1] to an element
ASkv[18] € tmfy79(M (8, v})).
In the MASS for tmf A M (8), there is a differential
dy (V280 hodo[1]) = v3*v8hyd[1].

By the geometric boundary theorem, A®xv[18] is detected by v%%fhodo[l] in the
MASS for tmf A M (8, vf). In particular, we see that A°xv[18] has MAF 37 and
stem 179.

We showed in Lemma 7.21 that véovi‘hodo[l] is a permanent cycle in the algebraic
tmf resolution. By Lemma 5.1, it follows that v%%fhodo[l] is a permanent cycle in
the algebraic tmf resolution for H (8, vf) and lifts to an element {v%%fhodo[l]} in
Exty, (H(S, vf)).

Finally, inspection of the algebraic tmf resolution charts reveals that there are no pos-
sible nontrivial differentials on {v3%v}hodo[1]} in the MASS for M (8, v¥). Therefore
{v§6v‘1‘h0d0[1]} is a permanent cycle. O

Lemma 7.27 The classes A8v? € mj9gtmf and A8e € mygotmf lift to the top cell of
M (8, vf).
Proof The classes Av? € m9g(tmf) and Ae € mpgotmf lift to elements
APV?[1] € tmfy99(M(8)), A®e[l] € tmfag; (M (8))
which are detected by
v2h3l1] € ExCy " O H®)), v Peoll] € BxCp) T (H(®))

in the MASS for tmf A M (8). Lift A%v?[1] and A8¢[1] to elements

APV2[18] € tmfay (M (8, vY)),  APe[18] € tmfy 2 (M (8, v})).
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In the MASS for tmf A M (8), there are differentials
dy (V370 hohav3[1]) = v32v3R3[1],  d3(v3*vieo[l]) = v32vico[l].

By the geometric boundary theorem, A3v2[18] is detected by v34 4h0h »[1]and A8¢[18]
is detected by v3%v}eo[1] in the MASS for tmf A M (8, v}).

In [7, Theorem 11.1] the classes A*v2[18] € 129 M (8, v) and A*e[18] € 12, M (8, v})
were produced by showing that the elements

vidvthoh,[1] Extiﬁ(’zl)iOHG(H(S, v})),  vySvteoll] € Ext’py 2 TR0 (H(8,v}))
detect via the algebraic tmf resolution elements
{38 vt hoha[11} € ExX20F20(H (8, 0F)),  {v;%vteo[1]} e Bxt’ 122720 (H (8, 0})).
which are permanent cycles in the MASS for M (8, vls).

Since the element v%G € Exty, (H(8, vf)) is the square of the element vg, we have
ds (vé6) = 0. We deduce that the elements

28 WiSuthohy[1]} € Ext?> 1 20T20 (H (8. v])),
v26 vy bvieoll]} € Ext) 220 (H (8, v}))

persist to the E3—page of the MASS for M (8, vf). If we can show they are permanent
cycles, we are done.

We begin with {v34 4h0h2[1]}. Examination of the algebraic tmf resolution for
M (8, v8) reveals that the only possibility of a nontrivial differential in the MASS
supported by this element would be a d4({v; 34 4h0h »[1]}), which would be detected
by

3 v1vg 'w3[EF. E31118] € Ext (2, (boP? ® H(8.v})).

In the MASS for tmf A bo{\2 there is a differential
A3 (A h34 v M3 [6]. T8 = h3% vivg T3 [6]. 63 118]

Using the map (5.7) we deduce that there is a corresponding differential in the MASS
for tmf A tmf2. The elements

3% vivg 3leE EN8) AZAEY vivg tuales. £3111s)
respectively detect

vih3) Mg?[1] € Ext, (H(8.v})).  Avihy* Mg?[1] € Exty, (H(8,0}))
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in the algebraic tmf resolution for M (8, vf). We therefore deduce from Lemma 5.5
that v]h33 M g?[1] is killed by

A3 (N v hyt M g?[1])

in the MASS for M (8, vf). Therefore it cannot be the target of a nontrivial d,™*.

We now consider {vgzvfeo[l]}. Examination of the algebraic tmf resolution for

M8, vf) reveals that the only possibility of a nontrivial differential in the MASS

supported by this element would be a d4({ vgzv‘l‘eo[l]}), which would be detected by

A28 3118] € Bxt4(2), (bo; ® H(8,v}))

in the algebraic tmf resolution for M (8, vf). To eliminate this possibility we wish to
employ Case 1 of Remark 5.6, using the differential

dmss (AZ325 vy 22 LO18]) = A28 E411)

in the MASS for tmf A tmf A M (8, v?). The element A2h§51 vaz v§§}6[18] detects the
element

A’h3’ Q,[18] € Exty, (H(8.0}))

in the algebraic tmf resolution for M (8, vf). We just need to check that there is no
possibility for Azh;?l 0>[18] to support a nontrivial d;*** in the MASS for M (8, vf).
However, examination of the algebraic tmf resolution for M (8, vf) reveals there are
no classes which could detect the target of such a nontrivial d"**. O

References

[11 JF Adams, On the groups J(X), IV, Topology 5 (1966) 21-71 MR Zbl

[2] MG Barratt, JD S Jones, M E Mahowald, Relations amongst Toda brackets and the
Kervaire invariant in dimension 62, J. London Math. Soc. 30 (1984) 533-550 MR Zbl

[31 T Bauer, Computation of the homotopy of the spectrum tmf, from “Groups, homotopy
and configuration spaces” (N Iwase, T Kohno, R Levi, D Tamaki, J Wu, editors), Geom.
Topol. Monogr. 13, Geom. Topol. Publ., Coventry (2008) 11-40 MR Zbl

[4] A Beaudry, M Behrens, P Bhattacharya, D Culver, Z Xu, On the E,—term of the
bo—Adams spectral sequence, J. Topol. 13 (2020) 356415 MR Zbl

[5S] M Behrens, The Goodwillie tower and the EHP sequence, Mem. Amer. Math. Soc.
1026, Amer. Math. Soc., Providence, RI (2012) MR Zbl

[6] M Behrens, M Hill, M J Hopkins, M Mahowald, On the existence of a v3*-self map
on M(1,4) at the prime 2, Homology Homotopy Appl. 10 (2008) 45-84 MR Zbl

Geometry € Topology, Volume 27 (2023)


http://dx.doi.org/10.1016/0040-9383(66)90004-8
http://msp.org/idx/mr/198470
http://msp.org/idx/zbl/0145.19902
http://dx.doi.org/10.1112/jlms/s2-30.3.533
http://dx.doi.org/10.1112/jlms/s2-30.3.533
http://msp.org/idx/mr/810962
http://msp.org/idx/zbl/0606.55010
http://dx.doi.org/10.2140/gtm.2008.13.11
http://msp.org/idx/mr/2508200
http://msp.org/idx/zbl/1147.55005
http://dx.doi.org/10.1112/topo.12136
http://dx.doi.org/10.1112/topo.12136
http://msp.org/idx/mr/4138742
http://msp.org/idx/zbl/1469.55013
http://dx.doi.org/10.1090/S0065-9266-2011-00645-3
http://msp.org/idx/mr/2976788
http://msp.org/idx/zbl/1330.55012
http://dx.doi.org/10.4310/HHA.2008.v10.n3.a4
http://dx.doi.org/10.4310/HHA.2008.v10.n3.a4
http://msp.org/idx/mr/2475617
http://msp.org/idx/zbl/1162.55010

2830

(7]

(8]

[9]

(10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

(19]

[20]

(21]

(22]

Mark Behrens, Mark Mahowald and J D Quigley

M Behrens, M Hill, M J Hopkins, M Mahowald, Detecting exotic spheres in low
dimensions using coker J, J. Lond. Math. Soc. 101 (2020) 1173-1218 MR Zbl

M Behrens, K Ormsby, N Stapleton, V Stojanoska, On the ring of cooperations for
2—primary connective topological modular forms, J. Topol. 12 (2019) 577-657 MR
Zbl

E Belmont, K Shimomura, Beta families arising from a v3 self map on S/(3,v}),
preprint (2021) arXiv 2109.01059

P Bhattacharya, I Bobkova, B Thomas, The le Margolis homology of connective
topological modular forms, Homology Homotopy Appl. 23 (2021) 379-402 MR Zbl

R Bott, The stable homotopy of the classical groups, Ann. of Math. 70 (1959) 313-337
MR Zbl

W Browder, The Kervaire invariant of framed manifolds and its generalization, Ann.
of Math. 90 (1969) 157-186 MR Zbl

R R Bruner, The cohomology of the mod 2 Steenrod algebra: a computer computation,
preprint (2019) Available at http://www.rrb.wayne.edu/papers/cohom. pdf

R R Bruner, J Rognes, The Adams spectral sequence for topological modular forms,
Mathematical Surveys and Monographs 253, Amer. Math. Soc., Providence, RI (2021)
MR Zbl

D M Davis, M Mahowald, Connective versions of TMF(3), Int. J. Mod. Math. 5 (2010)
223-252 MR Zbl

CL Douglas, J Francis, A G Henriques, M A Hill (editors), Topological modular
forms, Mathematical Surveys and Monographs 201, Amer. Math. Soc., Providence, RI
(2014) MR Zbl

P G Goerss, JD S Jones, M E Mahowald, Some generalized Brown—Gitler spectra,
Trans. Amer. Math. Soc. 294 (1986) 113-132 MR Zbl

M A Hill, M J Hopkins, D C Ravenel, On the nonexistence of elements of Kervaire
invariant one, Ann. of Math. 184 (2016) 1-262 MR Zbl

M J Hopkins, M Mahowald, From elliptic curves to homotopy theory, from “Topo-
logical modular forms” (CL Douglas, J Francis, A G Henriques, M A Hill, editors),
Mathematical Surveys and Monographs 201, Amer. Math. Soc., Providence, RI (2014)
261-285 MR Zbl

M J Hopkins, J H Smith, Nilpotence and stable homotopy theory, II, Ann. of Math.
148 (1998) 1-49 MR Zbl

M Hovey, Homotopy theory of comodules over a Hopf algebroid, from “Homotopy
theory: relations with algebraic geometry, group cohomology, and algebraic K—-theory”
(P Goerss, S Priddy, editors), Contemp. Math. 346, Amer. Math. Soc., Providence, RI
(2004) 261-304 MR Zbl

D CIsaksen, Stable stems, Mem. Amer. Math. Soc. 1269, Amer. Math. Soc., Providence,
RI (2019) MR Zbl

Geometry & Topology, Volume 27 (2023)


http://dx.doi.org/10.1112/jlms.12301
http://dx.doi.org/10.1112/jlms.12301
http://msp.org/idx/mr/4111938
http://msp.org/idx/zbl/1460.55017
http://dx.doi.org/10.1112/topo.12094
http://dx.doi.org/10.1112/topo.12094
http://msp.org/idx/mr/4072175
http://msp.org/idx/zbl/1444.55004
http://msp.org/idx/arx/2109.01059
http://dx.doi.org/10.4310/hha.2021.v23.n2.a21
http://dx.doi.org/10.4310/hha.2021.v23.n2.a21
http://msp.org/idx/mr/4319993
http://msp.org/idx/zbl/07420260
http://dx.doi.org/10.2307/1970106
http://msp.org/idx/mr/110104
http://msp.org/idx/zbl/0129.15601
http://dx.doi.org/10.2307/1970686
http://msp.org/idx/mr/251736
http://msp.org/idx/zbl/0198.28501
http://www.rrb.wayne.edu/papers/cohom.pdf
http://dx.doi.org/10.1090/surv/253
http://msp.org/idx/mr/4284897
http://msp.org/idx/zbl/1486.55001
http://msp.org/idx/mr/2779050
http://msp.org/idx/zbl/1244.55005
http://dx.doi.org/10.1090/surv/201
http://dx.doi.org/10.1090/surv/201
http://msp.org/idx/mr/3223024
http://msp.org/idx/zbl/1304.55002
http://dx.doi.org/10.2307/2000121
http://msp.org/idx/mr/819938
http://msp.org/idx/zbl/0597.55006
http://dx.doi.org/10.4007/annals.2016.184.1.1
http://dx.doi.org/10.4007/annals.2016.184.1.1
http://msp.org/idx/mr/3505179
http://msp.org/idx/zbl/1366.55007
http://dx.doi.org/10.1090/surv/201/15
http://msp.org/idx/mr/3223024
http://msp.org/idx/zbl/1328.55013
http://dx.doi.org/10.2307/120991
http://msp.org/idx/mr/1652975
http://msp.org/idx/zbl/0924.55010
http://dx.doi.org/10.1090/conm/346/06291
http://msp.org/idx/mr/2066503
http://msp.org/idx/zbl/1067.18012
http://dx.doi.org/10.1090/memo/1269
http://msp.org/idx/mr/4046815
http://msp.org/idx/zbl/1454.55001

The 2—primary Hurewicz image of tmf 2831

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]
[31]

(32]

[33]

[34]

[35]

(36]

D C Isaksen, The Mahowald operator in the cohomology of the Steenrod algebra,
preprint (2020) arXiv 2001.01758

D C Isaksen, G Wang, Z Xu, Stable homotopy groups of spheres: from dimension 0 to
90, preprint (2020) arXiv 2001.04511

D C Isaksen, G Wang, Z Xu, Classical and C-motivic Adams charts, electronic
resource (2022) Available at https://dx.doi.org/10.5281/zenodo.6987157

M A Kervaire, J W Milnor, Groups of homotopy spheres, I, Ann. of Math. 77 (1963)
504-537 MR Zbl

G Laures, K(1)-local topological modular forms, Invent. Math. 157 (2004) 371-403
MR Zbl

W Lellmann, M Mahowald, The bo—Adams spectral sequence, Trans. Amer. Math.
Soc. 300 (1987) 593-623 MR Zbl

G Li, XD Shi, G Wang, Z Xu, Hurewicz images of real bordism theory and real
Johnson—Wilson theories, Adv. Math. 342 (2019) 67-115 MR Zbl

M Mahowald, bo-resolutions, Pacific J. Math. 92 (1981) 365-383 MR Zbl

M Mahowald, C Rezk, Topological modular forms of level 3, Pure Appl. Math. Q. 5
(2009) 853-872 MR Zbl

M Mahowald, M Tangora, An infinite subalgebra of Ext4 (Z,, Z;), Trans. Amer.
Math. Soc. 132 (1968) 263274 MR Zbl

H Margolis, S Priddy, M Tangora, Another systematic phenomenon in the cohomology
of the Steenrod algebra, Topology 10 (1970) 43-46 MR Zbl

A Mathew, The homology of tmf, Homology Homotopy Appl. 18 (2016) 1-29 MR
Zbl

EE Moise, Affine structures in 3—manifolds, V: The triangulation theorem and
Hauptvermutung, Ann. of Math. 56 (1952) 96-114 MR Zbl

G Wang, Z Xu, The triviality of the 61—stem in the stable homotopy groups of spheres,
Ann. of Math. 186 (2017) 501-580 MR Zbl

Department of Mathematics, University of Notre Dame
Notre Dame, IN, United States

Department of Mathematics, Northwestern University
Evanston, IL, United States

Department of Mathematics, University of Virginia
Charlottesville, VA, United States

mbehrenl@nd.edu, mbp6pj@virginia.edu

Proposed: Haynes R Miller Received: 17 February 2021
Seconded: Stefan Schwede, Jesper Grodal Revised: 18 November 2021

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://msp.org/idx/arx/2001.01758
http://msp.org/idx/arx/2001.04511
https://dx.doi.org/10.5281/zenodo.6987157
http://dx.doi.org/10.2307/1970128
http://msp.org/idx/mr/148075
http://msp.org/idx/zbl/0115.40505
http://dx.doi.org/10.1007/s00222-003-0355-y
http://msp.org/idx/mr/2076927
http://msp.org/idx/zbl/1078.55010
http://dx.doi.org/10.2307/2000359
http://msp.org/idx/mr/876468
http://msp.org/idx/zbl/0646.55013
http://dx.doi.org/10.1016/j.aim.2018.11.002
http://dx.doi.org/10.1016/j.aim.2018.11.002
http://msp.org/idx/mr/3877362
http://msp.org/idx/zbl/1417.55019
http://dx.doi.org/10.2140/pjm.1981.92.365
http://msp.org/idx/mr/618072
http://msp.org/idx/zbl/0476.55021
http://dx.doi.org/10.4310/PAMQ.2009.v5.n2.a9
http://msp.org/idx/mr/2508904
http://msp.org/idx/zbl/1192.55006
http://dx.doi.org/10.2307/1994893
http://msp.org/idx/mr/222887
http://msp.org/idx/zbl/0177.51401
http://dx.doi.org/10.1016/0040-9383(71)90015-2
http://dx.doi.org/10.1016/0040-9383(71)90015-2
http://msp.org/idx/mr/300272
http://msp.org/idx/zbl/0223.55030
http://dx.doi.org/10.4310/HHA.2016.v18.n2.a1
http://msp.org/idx/mr/3515195
http://msp.org/idx/zbl/1357.55002
http://dx.doi.org/10.2307/1969769
http://dx.doi.org/10.2307/1969769
http://msp.org/idx/mr/48805
http://msp.org/idx/zbl/0048.17102
http://dx.doi.org/10.4007/annals.2017.186.2.3
http://msp.org/idx/mr/3702672
http://msp.org/idx/zbl/1376.55013
mailto:mbehren1@nd.edu
mailto:mbp6pj@virginia.edu
http://msp.org
http://msp.org




