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We provide general upper and lower bounds for the Gromov—Hausdorff distance
dcu(S™,S™) between spheres S” and S” (endowed with the round metric) for
0 <m < n < co. Some of these lower bounds are based on certain topological
ideas related to the Borsuk—Ulam theorem. Via explicit constructions of (optimal)
correspondences, we prove that our lower bounds are tight in the cases of dgy(S°, S”),
dgu(S™,S®), dgu(S', S?), dgu(S',S?) and dgu(S?,S?). We also formulate a
number of open questions.
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3734 Sunhyuk Lim, Facundo Mémoli and Zane Smith

1 Introduction

Despite being widely used in Riemannian geometry — see, for example, Burago, Burago
and Ivanov [4] and Petersen [30] — very little is known in terms of the exact value of
the Gromov-Hausdorff distance between two given spaces. In a closely related vein,
Gromov [16, page 141] poses the question of computing/estimating the value of the
box distance O (S™,S™) (a close relative of dgy) between spheres (viewed as metric
measure spaces). In [14], Funano provides asymptotic bounds for this distance via an
idea due to Colding (see the discussion preceding Proposition 1.2).

The Gromov-Hausdorff distance is also a natural choice for expressing the stability of
invariants in applied algebraic topology — see Carlsson and Mémoli [5; 6; 7] — and has
also been invoked in applications related to shape matching — see Bronstein, Bronstein
and Kimmel [3] and Mémoli and Sapiro [25; 27] — as a notion of dissimilarity between
shapes.

We consider the problem of estimating the Gromov—Hausdorff distance dgy(S™, S™)
between spheres (endowed with their round/geodesic distance). In particular we show
that in some cases, topological ideas related to the Borsuk—Ulam theorem yield lower
bounds which turn out to be tight.

1.1 Basic definitions

The Gromov—Hausdorff distance — see Edwards [12] and Gromov [16] — between
two bounded metric spaces (X, dx) and (Y, dy) is defined as

dou(X,Y) :=infdy(f(X),g(Y)).

where dy denotes the Hausdorff distance between subsets of the ambient space Z and
the infimum is taken over all isometric embeddings f and g of X and Y, respectively,
into Z, and over all metric spaces Z. We will henceforth denote by My the collection
of all bounded metric spaces.

It is known that dgy defines a metric on compact metric spaces up to isometry [16].
A standard reference is [4]. A useful property is that whenever (X, dy) is a com-
pact metric space and, for some § > 0, a subset 4 € X is a d—net for X, then

dGH((X’ dX)’ (A’ dX |AXA)) < 8

Given two sets X and Y, a correspondence between them is any relation R € X x Y
such that tx (R) = X and ny(R) =Y where ny: X xY > X and ny: X XY — Y
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are the canonical projections. Given two bounded metric spaces (X, dx) and (Y, dy),
and any nonempty relation R € X x Y, its distortion is defined as

dis(R) := sup |dx (x, x")—dy (y, y)|.
(x,»),(x",y)ER

Remark 1.1 In particular, the graph of any map : X — Y is a relation graph(y)
between X and Y and this relation is a correspondence whenever v is surjective. The
distortion of the relation induced by ¥ will be denoted by dis(y).

A theorem of Kalton and Ostrovskii [18] proves that the Gromov—Hausdorff distance
between any two bounded metric spaces (X, dy) and (Y, dy) is equal to

(1) deu(X,Y) 1= %illqefdis(R),

where R ranges over all correspondences between X and Y. It was also observed
in [18] that

2 dou(X,Y) = % ini max{dis(¢), dis(y¥), codis(¢, ¥)},
@,
where ¢: X — Y and ¥: ¥ — X are any (not necessarily continuous) maps, and

codis(p,¥) 1= sup |dx(x.¥(y)) —dy(@(x).y)|

xeX,yeY

is the codistortion of the pair (¢, V).

Known results on dgg(S™,S") We will find it useful to refer to the infinite matrix g
such that for m,n € N := N U {oo},

Gm,n = dgu(S™.S");
see Figure 2.

The following lower bound for g, ,, obtained via simple estimates for covering and
packing numbers based on volumes of balls, is in the same spirit as a result by Colding
[10, Lemma 5.10].! By v,(p) we denote the normalized volume of an open ball of
radius p € (0, 7] on S” (so that the entire sphere has volume 1). Colding’s approach
yields:

Proposition 1.2 For all integers 0 <m < n,

deu(S™.S™) = ptmm =35 sup (v;' ovm(%p)—p).
0€(0,7]

IFunano used a similar idea in [14] to estimate Gromov’s box distance between metric measure space
representations of spheres.
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We relegate the proof of this proposition to Section 3.

Example 1.3 (lower bound for g; ; via Colding’s idea) In this case, m=1andn =2,
the lower bound provided by Proposition 1.2 above is sup ,¢ (o, ](arccos(1—p/m) — p),
which is approximately equal to and bounded below by 0.1605. Thus, gq,, > 0.0802.
See Remark 1.9 for a comparison with a new lower bound which also arises from
covering/packing arguments via the Lyusternik—Schnirelmann theorem.

In contrast, in this paper, via techniques which include both certain topological ideas
leading to lower bounds and the precise construction of correspondences with matching
(and hence optimal) distortion, we prove results which imply (see Proposition 1.16
below) that, in particular, g; » = % ~ 1.0472, which is about 13 times larger than the
value obtained by the method above. In [26, Example 5.3] the lower bound g1, > {5
was obtained via a calculation involving Gromov’s curvature sets K3(S') and K3(S?).
Finally, via considerations based on Katz’s precise calculation [19] of the filling radius
of spheres — see Lim, Mémoli and Okutan [21, Corollary 9.3] —yields that g, , > %
for all n > 2 as well as other lower bounds for g, , for general m < n which are not tight.
In a related vein, in [17] Ji and Tuzhilin determine the precise value of dgy ([0, A], S!)

between an interval of length A > 0 and the circle (with geodesic distance).

1.2 Overview of our results

The diameter of a bounded metric space (X, dx) is the number

diam(X) := sup dy(x,x").

x,x'eX
For m € N we view the m—dimensional sphere,
m._ m+1 .2 2 _
S™i={(x1,...,xm+1) €R |x1+-~-—|—xm+1_l},

as a metric space by endowing it with the geodesic distance: for any two points
/ m
x,x" € S™,

dsm (x, x") := arccos((x, x")) = 2 arcsin(3dg(x, x')),
where dg denotes the canonical Euclidean metric inherited from R”+1.

Note that for m = 0 this definition yields that S® consists of two points at distance 7,
and that S is the unit sphere in £? with distance given in the expression above.

Geometry & Topology, Volume 27 (2023)



The Gromov—Hausdorf(f distance between spheres 3737

Figure 1: Propositions 1.5 and 1.6 encode the peculiar fact that all triangles
in (M, dgy) with vertices S°, S, and S” (for 0 < n < oco) are equilateral.

Remark 1.4 First recall [4, Chapter 7] that, for any two bounded metric spaces X
and Y, one always has dgu(X,Y) < %max{diam(X), diam(Y')}. This means that

3) deu(S™,S") <% forall 0 <m <n <oc.

We first prove the following two propositions, which establish that the above upper
bound is tight in certain extremal cases:

Proposition 1.5 (distance to S; Chowdhury and Mémoli [9, Proposition 1.2]) For
any integern > 1,
deu(S°, ") = Z.

Proposition 1.6 (distance to S°°) For any integer m > 0,

dgu(S™,S*) = 7.
Proposition 1.5 can be proved as follows: any correspondence between S° and S”
induces a closed cover of S” by two sets; then, by the Lyusternik—Schnirelmann

theorem, one of these blocks must contain two antipodal points. Proposition 1.6 can be
proved in a similar manner; see Figure 1.

Remark 1.7 When taken together, Remark 1.4 and Propositions 1.5 and 1.6 above
might suggest that the Gromov—Hausdorff distance between any two spheres of different
dimension is % In fact, this is true for the following continuous version of dgy:

A& (X, Y) =3 inf max{dis(¢"), dis(¥"), codis(¢’, ¥")},
(p/, 7

where ¢': X — Y and ¥': Y — X are continuous maps.
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Indeed, suppose that n > m > 1. Then, by the Borsuk—Ulam theorem — see Munkholm
[28, Theorem 1] or Matousek [24, page 29] —for any continuous ¢’: S" — S™,
there must be two antipodal points with the same image under ¢’; that is, there is an
x € S" such that ¢’(x) = ¢’(—x). This implies that dis(¢’) = 7, and consequently
d&it(S™, S™) > Z. The reverse inequality can be obtained by choosing constant maps
¢" and ¥’ in the above definition; thus implying that

dén'(s™,s") = %.
In contrast, we prove the following result for the standard Gromov—Hausdorff distance:
Theorem A dgu(S™,S") < % forall 0 <m <n < o0.

The Borsuk—Ulam theorem implies that, for any positive integers n > m and for any
given continuous function ¢: S” — S™ there exist two antipodal points in the higher
dimensional sphere which are mapped to the same point in the lower dimensional
sphere. This forces the distortion of any such continuous map to be . In contrast,
in order to prove Theorem A, we exhibit, for every pair of positive numbers m and n
with m < n, a continuous antipode-preserving surjection from S to S” with distortion
strictly bounded above by m, which implies the claim since the graph of any such
surjection is a correspondence between S™ and S”; see Remark 1.1. The proof relies
on ideas related to space-filling curves and spherical suspensions.

The standard Borsuk—Ulam theorem is however still useful for obtaining additional
information about the Gromov—Hausdorff distance between spheres. Indeed, via
Lemma 3.2 and the triangle inequality for dgy, one can prove the following general
lower bound:

Proposition 1.8 Forany 1l <m <n < oo,

dgu(S™.S") = v := 5 —covgm(n 4 1).

Above, for any integer kK > 1, and any compact metric space X, covy (k) denotes the
k™ covering radius of X,

(€)) covy (k) ;= inf{dy(X, P) | P C X such that | P| < k}.

Remark 1.9 Both of the lower bounds, (., and vy, ,, from Propositions 1.2 and 1.8,

respectively, implement covering/packing ideas and as such it is interesting to compare
them:

Geometry & Topology, Volume 27 (2023)
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(1) Note that, since covg1(3) = 5, we have vy , = %, which is about 6.5 times larger
than (11 2 ~ 0.0802 (see Example 1.3).

(2) Computing v, , in general requires knowledge of the covering radius covgm (k)
of spheres which is currently only known for k£ < m + 2; see Cho [8, Theorem 3.2]. In
contrast, computing [ , can be done (in principle) for any m < n given that we have
the explicit formula v,,(p) = (Vol(S™~1)/Vol(S™)) fop(sin 6)™=1 d@, which is valid
for every positive integer m and p € [0, 7]; see Gray [15].

(3) The lower bound pt,,, is more widely applicable than v,, ,, which originates
from the Lyusternik—Schnirelman theorem (see below) and the underlying ideas are in
principle only applicable when one of the two metric spaces is a sphere.? Indeed, see
Colding [10] and Furano [14] for estimates of the Gromov—Hausdorff distance between
Riemannian manifolds satisfying upper and lower bounds on curvature obtained by
combining volume comparison theorems with techniques similar to those used in
proving Proposition 1.2.

(4) Through [8, Theorem 3.2] it is known that covgm (m+2) = w—arccos(—1/(m—+1))
for m > 1. Therefore, when n =m+-1, the lower bound vy, 41 given by Proposition 1.8
becomes arccos(—1/(m + 1)) —  for m > 1, which tends to zero as m goes to infinity.
It is not known whether or not (4, ,+1 has the same behavior.

As an immediate corollary, we obtain the following result, which complements both
Proposition 1.6 and Theorem A:

Corollary 1.10 Given any positive integer m and ¢ > 0, there exists an integer
n = n(m, &) > m such that

du(S™,S") = Z —¢.

Remark 1.11 For small € > 0 one can estimate the value of # above as

n=n(m,e)=0(E").
The results above motivate the following two questions:

Question I Is it true that, for fixed m > 1, dgu(S™,S") is nondecreasing for all
n=m?

2This can be ascertained by inspecting the proof of Proposition 1.8 in Section 3.2.
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SO Sl SZ S3 Sm-i—l K Sk
SO
s' 5%
S? Leo
S3

- I:‘ known = 7
B < [3m: 3m]
B < [9ma- 5)

SOC

Figure 2: The matrix g such that g,,, := dou(S™,S"). According to
Remark 1.4 and Corollary 1.12, all nonzero entries of the matrix g are
in the range [Z,Z]. In the figure, { = arccos(—1/(m + 1)) is the
edge length of the regular geodesic simplex inscribed in S™, 7, is the
diameter of a face of the regular geodesic simplex in S —see (5) —and
Gmn = max{1m, Z —covgm (n + 1)}.

Question I Fixm > 1 and ¢ > 0. Find (optimal) estimates for

km(e) == inf{k > 1| dgu(S™,S"TF) > T —¢}.

Via the Lyusternik—Schnirelmann theorem, Proposition 1.8 above depends on the
classical Borsuk—Ulam theorem which, in one of its guises [24, Theorem 2.1.1], states
that there is no continuous antipode-preserving map g: S — S”~!. As a consequence,
if g: S” — S"7! is any antipode-preserving map, then g cannot be continuous. A
natural question is how discontinuous is any such g forced to be. This question was
actually tackled in 1981 by Dubins and Schwarz [11], who proved that the modulus of
discontinuity §(g) of any such g needs to be suitably bounded below. These results are
instrumental for proving Theorem B below; see Section 5 and Appendix A for details
and for a concise proof of the main theorem from [11] (following a strategy outlined
by Matousek in [24]).

Geometry & Topology, Volume 27 (2023)
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For each m € N let ¢, denote the edge length (with respect to the geodesic distance)
of a regular m + 1 simplex inscribed in S™,

Em ::arccos( -1 )
m—+1

which is monotonically decreasing in m. For example,

lo=m, &= ZT”, (= arccos(—%) ~ 0.6087, lim ¢, =
m—00

SIE]

Then we have the following lower bound which will turn out to be optimal in some
cases:

Theorem B (lower bound via geodesic simplices) For all integers 0 <m < n,
den(S™.S") = $im.

Moreover, for any map ¢: S™ — S™, we have that dis(¢) > {p,.
From the above, we have the following general lower bound:
Corollary 1.12  For all integers 0 < m < n, dgu(S™,S") > %.

This corollary of course implies that the sequence of compact metric spaces (S"),, 5
is not Cauchy.

Remark 1.13 The lower bound for dgy(S™, S”) given by Theorem B coincides with
the filling radius of S™; see Katz [19, Theorem 2]. This lower bound is twice the one
obtained via the stability of Vietoris—Rips persistent homology [21, Corollary 9.3].

Note that covgi (k) < 7/ k, which can be seen by considering the vertices of a regular
polygon inscribed in S! with k sides. Combining this fact with Proposition 1.8,
Theorem B, and the fact that {; = ZT”, one obtains the following special claim for the
entries in the first row of the matrix g:

Corollary 1.14 Forall n > 1, dgu(S',S") > 7 -max{3., 5 (n — 1)/ (n + 1)}.
Remark 1.15 This implies that, whereas dgu(S!, S”) > % forn €{2,3,4,5}, one

has the larger lower bound dgu(S', S¢) > 51—’1 > %. Propositions 1.16 and 1.18 below
establish that actually dgu(S', S?) = dgu(S!,S?) = z

Geometry & Topology, Volume 27 (2023)
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Finally, in order to prove that dgu(S',S?) = %> we combine Theorem B with an
explicit construction of a correspondence between S! and S? as follows. Let H>((S?)
denote the closed upper hemisphere of S2. Then the following proposition shows that
there exists a correspondence between S! and H>((S?) with distortion at most ZT”
A correspondence between S! and S? (see Figure 7) with the same distortion is then
obtained via a certain odd (ie antipode-preserving) extension of the aforementioned

correspondence (see Lemma 5.7):

Proposition 1.16 There exists

(1) a correspondence between S! and H>y(S?), and

(2) a correspondence between S! and S?,

both of which have distortion at most ZT” In particular, together with Theorem B, this
implies dgu(S', S?) = 3.

Even though we do not state it explicitly, in a manner similar to Proposition 1.16, all
correspondences constructed in Propositions 1.18, 1.19 and 1.20 below also arise from
odd extensions of correspondences between the lower dimensional sphere and the upper
hemisphere of the larger dimensional sphere (see their respective proofs).

Remark 1.17 Also, by combining the first claim of Proposition 1.16 and Example
1.24(4) below (which is analogous to the claim of Theorem B but tailored to the case
of S™ versus H>o(S™)), one concludes that dgu(S', Hzo(S?)) = 3¢ = Z.

Via a construction somewhat reminiscent of the Hopf fibration, we prove that there
exists a correspondence between the 3—dimensional sphere and the 1-dimensional
sphere with distortion at most ZT” By applying suitable rotations in R*, the proof of
the following proposition extends the (a posteriori) optimal correspondence between
ST and S? constructed in the proof of Proposition 1.16 (see Figure 10):

Proposition 1.18 There exists a correspondence between S! and S3 with distortion
at most 27” In particular, together with Theorem B, this implies dgu(S', S?) = 3

Finally, we were able to compute the exact value of the distance between S? and
S? by producing a correspondence whose distortion matches the one implied by the
lower bound in Theorem B. This correspondence is structurally different from the
ones constructed in Propositions 1.16 and 1.18 and arises by partitioning S3 into 32
regions whose diameter is (necessarily) bounded above by ¢, and which satisfy suitable
pairwise constraints (see Section 2.2):

Geometry & Topology, Volume 27 (2023)
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Proposition 1.19 There exists a correspondence between S* and S3 with distortion
at most 5. In particular, together with Theorem B, this implies dgu(S?,S?) = %CZ-

Keeping in mind Remark 1.15 and Propositions 1.16 and 1.18, we pose the following:
Question III s it true that dgy(S!, S™) = % forn € {4,5}?

Theorem B and Propositions 1.16 and 1.19 lead to formulating the following conjecture:
Conjecture 1 Forall m € N, dgu(S™. S™ 1) = 1¢p.

Note that when m = 1 and m = 2, Conjecture 1 reduces to Propositions 1.16 and 1.19,
respectively. Moreover, the conjecture would imply that limy,;, oo dgu(S™, S™+1) = 7.

While trying to prove Conjecture 1, we were able to prove the following weaker result
via an explicit construction of a certain correspondence generalizing the one constructed
in the proof of Proposition 1.16:

Proposition 1.20 For any positive integer m > 0, there exists a correspondence
between S™ and S™*! with distortion at most 1,,, where
{arccos(—(m +1)/(m+3)) if misodd,

arccos(—+/m/(m + 4)) if m is even.

Here, n,, is the diameter of a face of the regular geodesic m—simplex in S™; see

5 NMm =

Figure 8 and the discussion in Section 6.2.

This correspondence arises from a partition of S”*! into 2(m + 2) regions which
are induced by two antipodal regular simplices inscribed in S™, the equator of S”**!
(see Figure 7 for the case m = 1, a case in which this correspondence turns out to be
optimal).

Corollary 1.21 For any positive integer m > 0, dgy(S™,S™*1) < %nm.

Remark 1.22 Note that 1, > {,, for any m > 0 and n; = {1, so Proposition 1.20 gener-
alizes Proposition 1.16. However, since 1.9106 ~ {, <1, ~2.1863, by Proposition 1.19
we see that Corollary 1.21 is not tight when m = 2. Also, since n,, < m, Corollary 1.21
gives a quantitative version of the claim in Theorem A whenn =m + 1.

Remark 1.23 Combining Theorem B and Proposition 1.8, we obtain a generalization
of the bound given in Corollary 1.14: for all 1 <m < n,

(6) dgu(S™.S") = max{3¢m. & —covem(n+ 1)} = gmn.
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Question IV Formula (6) and Remark 1.15 motivate the following question: form > 1
large, find the rate at which the number’

— 1 1
Ndiag (M) 1= max{n >m ! covgm(n+1) = 5 arccos(m+1)}

grows with m. The reason for the notation ngi,e(m) is that this number provides an
estimate for a band around the principal diagonal of the matrix g (see Figure 2) inside
of which one would hope to prove that

dgu(S™,S") = %é‘m forall n € {m+1,..., ngiag(m)}.
1.3 Additional results and questions

Besides what we have described so far, this paper includes a number of other results
about Gromov—Hausdorff distances between spaces closely related to spheres.

1.3.1 Spheres with Euclidean distance Some of the ideas described above (for
spheres with geodesic distance) can be easily adapted to provide bounds for the distance
between half spheres with geodesic distance, and between spheres with Euclidean
distance. However, there is evidence that this phenomenon is subtle and to the best of
our knowledge, there is no complete translation between the geodesic and Euclidean
cases. This is exemplified by the following.

Let S? denote the unit sphere with the Euclidean metric d inherited from R”*!. Then,
via Remark 1.17 and Corollary 9.8(2) (which provides a bridge between geodesic
distortion and Euclidean distortion via the sine function), we have that

don(Sk Hz0(S) < sin(don(S'. Hzo(SY) = 4.

Despite this, in Proposition 9.10 we were able to construct a correspondence between
these two spaces with distortion strictly smaller than +/3. This suggests that Euclidean
analogues of Theorem B may not be direct consequences; see Section 9 for other related
results.

This motivates posing the following question:
Question V Determine g],?,,n :=dgu(S{', SE) for all integers 1 <m <n.

It should however be noted that by Corollary 9.8 we have gfn’n < sin(gm,n), which
renders Proposition 1.20 immediately applicable, yielding g, .| < sin(37).

3Note that &, = 7 —arccos(1/(m + 1)).
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1.3.2 A stronger version of Theorem B By inspecting the proof of Theorem B, we
actually have Theorem C which subsumes these results in a much greater degree of
generality. Indeed, via this theorem one can obtain the following estimates:

Example 1.24 The following lower bounds hold:

(1) dgu([0, 7], S™) > 5 for any n > 2.

(2) dgu(S',S? x---xS?) > % for any number of S? factors.

(3) dgu(S™, H>¢(S")) > %Cm whenever 0 < m < n < oo.

4) deu(H=o(S™), H>¢(S")) > %{m whenever 0 < m < n < oo.

(5) dgu(P,S?) > % for any finite P C S!. Compare to the 7 lower bound given in
Lemma 3.2.

(6) dgu(P3, H>((S?)) = %. where Pj is the three-point metric space with all
interpoint distances equal to 27” Also dgy(Ps, S?) = %, where Pg is the six-
point metric space corresponding to a regular hexagon inscribed in S!. These are
consequences of (5) and small modifications of the correspondences constructed
in Proposition 1.16.

Theorem C Let bounded metric spaces X and Y be such that, for some positive
integer m,

(1) X can be isometrically embedded into S™, and

(i) Hso(S™*!) can be isometrically embedded into Y .
Then:

(1) don(X.Y) = 3¢m.

(2) Moreover, dis(¢) > ¢y, forany map¢:Y — X.

Remark 1.25 Example 1.24(1) also holds for n = 1, albeit this is not implied by
Theorem C. The fact that dgy ([0, 7], S1) > % follows from [17, Theorem 4.10] and it
also follows from the proof of [20, Lemma 2.3]; see Appendix B.

Organization

In Section 2 we review some preliminaries.

The proof of Proposition 1.2 on a lower bound for g, , involving the normalized volume
of open balls is given in Section 3.1, whereas those of Propositions 1.5 (establishing
the precise value of gg ), 1.6 (establishing the precise value of gy o0), and 1.8 (on a
lower bound for g, , involving the covering radius) are given in Section 3.2.

Geometry & Topology, Volume 27 (2023)
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The proof of Theorem A, establishing that g,,,, < 5 (for any 0 <m <n < 00), is given
in Section 4, whereas those of Theorem B, on a lower bound for g, , deduced from a
discontinuous version of the Borsuk—Ulam theorem, and Theorem C (a generalization
of Theorem B) are given in Section 5.

The proofs of Propositions 1.16, establishing the precise value of g; >, and 1.20, on
an upper bound involving the diameter of a face of a geodesic simplex, are given in
Section 6.

Proposition 1.18, establishing the precise value of g 3, is proved in Section 7, and
Proposition 1.19, establishing the precise value of g 3, is proved in Section 8.

The case of spheres with Euclidean distance is discussed in Section 9.

Finally, this paper has three appendices. Appendix A provides a succinct and self con-
tained proof of the version of Borsuk—Ulam’s theorem due to Dubins and Schwarz [11]
which is instrumental for proving Theorem B and related results. Appendix B establishes
that the Gromov—Hausdorff distance between the n—dimensional sphere and an interval
is always bounded below by 7, and Appendix C provides some results about the
Gromov—Hausdorff distance between regular polygons.

Additional aspects of this project (such as computational experiments and further
constructions of correspondences) are described in [22; 23].
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2 Preliminaries

Given a metric space (X, dy) and 6§ > 0, a §—net for X is any A C X such that for
all x € X there exists a € A with dy(x,a) < 6. The diameter of X is diam(X) :=

supy xrex dx (x,x").
Recall [4, Chapter 2] that complete metric space (X, dy) is a geodesic space if and
only if it admits midpoints: for all x, x’ € X there exists z € X such that

dy(x.2) = dy (x'.2) = Ly (x.x").
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We henceforth use the symbol * to denote the one point metric space. It is easy to
check that dgu(*, X) = % diam(X) for any bounded metric space X . From this, and
the triangle inequality for the Gromov—Hausdorff distance, it then follows that for all
bounded metric spaces X and Y,

(7) don(X.,Y) > %|diam(X) — diam(Y)|.
2.1 Notation and conventions about spheres

Finally, let us collect and introduce important notation and conventions which will be
used throughout this paper (except for Section 7). For each nonnegative integer m € N,

we define
o S™:i={(X1.....Xmp1) ER™ | x] 4. 4 x2 | =1} (m-sphere);
o H->o(S™):={(x1,...,Xm+1) €S| Xp+1 = 0} (closed upper hemisphere);
o H_o(S™):={(x1,...,Xm+1) € S™| Xp+1 > 0} (open upper hemisphere);
o H_o(S™):={(x1,...,Xm+1) € S™| Xp+1 < 0} (closed lower hemisphere);
o H_o(S™):={(x1,...,Xm+1) € S™| X;+1 < 0} (open lower hemisphere);

e E(S™):={(x1,...,Xm+1) € S™ | x;y+1 = 0} (equator of sphere);

o BTl i={(x1,....Xm41) eR™T!| 57 —|—--~+x,2n+1 <1} (unit closed ball);
o B = {(x1,....Xm41) € R™T1 | |xq| + -+ + |Xpma1| < 1} (unit cross-
polytope).

Also, S™, H>o(S™), H~o(S™), H<o(S™), H-o(S™) and E (S™) are all equipped
with the geodesic metric dgm. Observe that S” and E (S™ 1) are isometric. We will
denote by

(8 bt S™ — S"HL (xy, L X)) P (X1 X1, 0),

the canonical isometric embedding from S into S™+1,

2.2 A general construction of correspondences

Assume X and Y are compact metric spaces such that X <y isometrically, eg
S™ < S" for m < n.

As mentioned in Remark 1.1, any surjection i : ¥ — X gives rise to a correspondence
between X and Y. The following simple construction of such a ¥ will be used
throughout this paper. Given k € N, assume Py, = {By,..., Bj,..., By} is any
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partition of Y \ ¢(X) and X = {x1,...,X;i,..., X} are any k points in X. Then
define ¥: Y — X by ¥|g(x) := ¢! and ¥|p, := x; for each 1 <i < k. It then
follows that the distortion of this correspondence is
dis(y) = max{4, B, C},

where

¢ A := max; diam(B;),

* B:=max;x; maxyep,,yeB; |dx (xi,x;) —dy(y, "], and

e C:=max; maxxex,yep; |[dx (x,x;) —dy (¢(x), y)|.

This pattern will be used several times in this paper.

3 Some general lower bounds

3.1 The proof of Proposition 1.2

For a metric space X and p > 0, let Ny (p) denote the minimal number of open balls of
radius p needed to cover X. Also, let Cx (p) denote the maximal number of pairwise
disjoint open balls of radius % p that can be placed in X. Ny and Cy are usually
referred to as the covering number and the packing number, respectively.

Note that the covering radius covy —see (4)—and the covering number Ny are

related by
covy (k) =inf{p > 0: Nx(p) < k}.

The following stability property of Ny (-) and Cy(-) is classical and can be used to
obtain estimates for the Gromov—Hausdorff distance between spheres:
Proposition 3.1 [30, page 299] If X and Y are metric spaces and dgu(X,Y) <n
for some n > 0, then for all p > 0,

(1) Nx(p) = Ny(p+2n), and

(2) Cx(p) =z Cy(p+2n).
Recall that v, (p) is the normalized volume of an open ball or radius p on S”.

Proof of Proposition 1.2 The proof that

dou(S™,S") = ptmn =5 sup (v;' o vm(30)—p)
0€(0,7]
for any 0 < m < n < oo is by contradiction. We first state two claims that we prove at
the end.
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Claim 1 Forany p > 0 and n > 1, the packing number satisfies Csn (p) < (vn (%/o))_1 .

Claim 2 For any p > 0 and n > 1, the covering number Ngn (p) satisfies
1 < Nsn(p) - va(p).

Assuming the claims above, suppose that n > m > 1 and n := dgu(S™,S") < m.n.
Pick & > 0 small enough such that n + %8 < Um.n-
Since dgu(S™,S") <n+ %8, from Proposition 3.1, the fact that for Ny (p) < Cx (p)
for any compact metric space X and any p > 0, and Claim 1, we have that
-1

Ngn(p+2n+¢) < Ngm(p) < Csm(p) < (vm(50))" -

Now, from Claim 2 we obtain that, for all p € [0, ],
vp(p+2n+e¢
1= Nsn(p+2n+e)-va(p+2n+e) < "(p—ln).
vm(2p)

Then, for all p € [0, ], we must have

Loum(3p) = p).

Then, in particular, n + %8 > Wm,n, a contradiction. O

n+ie>1(v,

Proof of Claim 1 Let k = Csn(p) and let xq,..., x; € S” be such that
B(xi, 3p) N B(xj, 30) =2
for all i # j. Thus, Uf-;l B(x;, %p) C S", and

k
Vol(S") > VOlgn( U B(xi, %p)) =k- Un(%,o) -Vol(S"). O

i=1

Proof of Claim 2 Fix N = Ngn(p) and x1, ..., xn €S” such that Uf\;l B(x;, p)=S".
Then

N
Vol(S") < volgn ( U B(x;, ,0)) < N -vu(p) - Vol(S™). |

i=1
3.2 Other lower bounds and the proofs of Propositions 1.5 and 1.6
Recall the following corollary to the Borsuk—Ulam theorem [24]:

Theorem D (Lyusternik—Schnirelmann) Let n € N and {Uy, ..., Uy} be a closed
cover of S". Then there is an iy € {1, ...,n + 1} such that U;, contains two antipodal
points.
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The lemma below will be useful in what follows:

Lemma 3.2 For any integer m > 1 and any finite metric space P with cardinality at
most m + 1, we have dgu(S™, P) > .

Remark 3.3 Lemma 3.2 and Remark 1.4 imply that for each integer n > 1, we have
dgu(S", P) = % for any finite metric space P with |P| <n + 1 and diam(P) < 7.

Proof Suppose m > 1 is given. We prove that dgu(S™, P) > 5 for any finite set
P of size at most m + 1. Assume that R is an arbitrary correspondence between S
and P. We claim that dis(R) > s, from which the proof will follow. For each p € P,
let R(p) :={z€S™|(z, p) € R}. Then {R(p) S S™ | p € P} is aclosed cover of S™.
Since | P| <m + 1, Theorem D yields that diam(R(pg)) = 7 for some py € P. Finally,
the claim follows since dis(R) > max,e p diam(R(p)). |

By a refinement of the proof of Lemma 3.2 above one obtains:

Corollary 3.4 Let R be any correspondence between a finite metric space P and S°°.
Then dis(R) > m. In particular, dgu(P,S*) > 7.

Proof As in the proof of Lemma 3.2, the correspondence R induces a closed cover
of S®. Thus, it induces a closed cover of any finite dimensional sphere SIPI=1 c §%°.
The claim follows from Theorem D. O

Notice that if P has diameter at most 7, then dgu(P,S*°) = 7 (see Remarks 1.4
and 3.3). In Appendix C we consider a scenario which is thematically connected with
Remark 3.3 and Corollary 3.4, namely the determination of the Gromov—Hausdorff
distance between a finite metric space and a sphere. Appendix C fully resolves this
question for the case of S! and (the vertex set of) inscribed regular polygons.

By a small modification of the proof of Corollary 3.4, we obtain the following stronger
claim:

Proposition 3.5 Let X be any totally bounded metric space. Then dgu(X,S*) > 7.

Proof Fix any ¢ > 0 and let P, C X be a finite e—net for X'. Then, by the triangle
inequality for dgy and Corollary 3.4,

don(X,S%) = du(S%, Pe) —dau(X, Pe) = 5 —e,

which implies the claim since ¢ > 0 was arbitrary. |
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Proof of Proposition 1.5 That dgy(S°, S*) = 7 for any integer n > 1 follows from
Lemma 3.2 and Remark 1.4. |

Proof of Proposition 1.6 That dgu(S™, S°°) = 7 for any nonnegative integer m < 00
follows from Proposition 3.5 and Remark 1.4. a

Proof of Proposition 1.8 We prove that dgu(S™,S") > vy n := 5 —covem(n+ 1)

forany 1 <m <n < oo.

Let P be any subset S” with cardinality not exceeding n + 1. Since the Hausdorff
distance satisfies dy(P,S™) > dgu(P,S™), and by the triangle inequality for the
Gromov-Hausdorff distance, we have

du(P,S™) 4 dgu(S™,S") > dgu(P,S") + deu(S™,S") = deu(P.S").

Since diam(P) < &, by Remark 3.3 we have that dgu(P,S") = 7. Hence, from the
above,

du(P,S™) +deu(S™,S") = 5
for any P C S™ with | P| <n + 1. By the definition of the covering radius (see (4)),
we obtain the claim by taking the infimum over all possible such choices of P. a

4 The proof of Theorem A

The Borsuk—Ulam theorem implies that, for any positive integers n > m and for any
given continuous map ¢: S” — S™, there exists two antipodal points in the higher
dimensional sphere which are mapped to the same point in the lower dimensional
sphere.

We now prove that, in contrast, there always exists a surjective, antipode-preserving,
and continuous map Y, from the lower dimensional sphere to the higher dimensional
sphere.

Theorem E For all integers 0 < m < n < oo, there exists an antipode-preserving

continuous surjection
.Qm n
Wm,n . S > S )

ie Y n(—x) = —Ym,n(x) for every x € S™.
With this theorem, the proof of Theorem A, stating that dgu(S™,S") < Z for all

0 <m < n < oo, now follows:
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Proof of Theorem A Let v, ,: S™ — S” be the map given in Theorem E. Recall
that the graph of a surjective map can be seen as a correspondence and let Ry, , :=
graph(¥,,, »). In order to prove the claim, it is enough to verify that

dis(Rpm,n) = dis(¥m,n) < 7.

Since Y, is continuous and S is compact, the supremum in the definition of
distortion is a maximum,

dis(Ymn) = | max |dsm (x, x") — dsn (Vm.n(X), Ymn(x))].

Let xo, x(/) € S™ attain the maximum above. Note that we may assume that xo # x6,
for otherwise we would have dgy(S™,S") < %dis(Rm,n) = %dis(l//m,n) = 0, which
would imply that dgy(S™,S") = 0, ie that S and S” are isometric, which is a
contradiction since m # n.

Assume first that x; 7# —xo. In this case,

0 < dsm(xo, x()) <m and 0 =dsn(Ymnu(x0) Ym,n (xé))) =
Thus,
|dsm (x0. x4) — dsn (Ymn(x0), Ym,n(xg))| < 7.

Assume now that x, = —x¢. In this case, dsm (xo, X)) = dsn (Ym,n(X0), Ym,n(xy)) =7
since Yy, , is antipode-preserving. Thus, in this case we also have

0 = [dsm (xo, xg) = dsn (Ymu(x0), Ymn(x())| < 7. 0

Remark 4.1 The antipode-preserving property of ¥, given in Theorem E is stronger
than what we need for the purpose of proving Theorem A. Indeed, all one needs is that
Ymn(X) # Ymn(—x) for every x € S™.

The goal for the rest of this section is to prove Theorem E.

Spherical suspensions and space-filling curves are key technical tools, which we now
review.

Space-filling curves
The existence of the space-filling curves is well known [29]:
Theorem F (space-filling curve) There exists a continuous and surjective map

H:[0,1] — [0, 1]%.
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Figure 3: The continuous surjection ¢ : [0, %] —> Conv(ey, €2, €3).
In the sequel, we will use the notation Conv(vy, va, ..., vyg) to denote the convex hull
of vectors vy, vy, ..., V4.
By resorting to space-filling curves, one can prove the following proposition, which
will be crucial in the sequel:
Proposition 4.2 There exists an antipode-preserving continuous surjection

1,01’21 Sl —> Sz.

Proof Recall the definition of the 3—dimensional cross-polytope,
@3 = COnV(el , —€1,€2,—€2,€3, _63) - R39

where ¢; = (1,0,0), e; = (0,1,0), and e3 = (0, 0, 1). Then its boundary 8@3, which
consists of eight triangles

Conv(er,ep,e3), Conv(ep,ep,—e3), ...,Conv(—eq,—ep,—e3),
is homeomorphic to S2.
Now, divide S! into eight closed circular arcs with equal length 7. In other words, let
0.5) (53] (53] [Fal =) (53] (3 5 (F2)

be those eight regions. Of course, we are identifying 0 and 27 here.
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Note that we are able to build a continuous and surjective map
¢1:[0. Z] — Conv(ey, ey, e3) such that ¢;(0) =e; and ¢1(5) = e,

as follows: since Conv(ey, es, e3) is homeomorphic to [0, 112, by Theorem F there
T 11
1206
extend its domain by using linear interpolation between e¢; and d)i (1”—2), and e, and

exists a continuous and surjective map ¢i from [ ] to Conv(eq, 3, €3); then, we

¢ (%) to give rise to ¢ — see Figure 3.

By using an analogous procedure, we construct continuous and surjective maps

¢2:[%. 5] = Conv(—ey, ez, e3) such that ¢, (%) = e, and ¢ (%) = es,
ZHES 3Tﬂ] — Conv(ey, —ep,e3)  such that ¢3(%) = ez and ¢3(3Tﬂ) —
¢a: [2E. ] - Conv(—e;, —es.e3) such that ¢4(2F) = —e, and ¢q(7) = —e;.

Next, we construct the remaining continuous and surjective maps by suitably reflecting
the ones already constructed,

¢5 : [T[’ STH] - COHV(—el , €2, _63) such that ¢5 (x) = —¢1 (_x)’
Ps: [STn’ 37”] —» Conv(ey, —ez,—e3) such that ¢g(x) := —¢2(—x),
¢7: [377[’ 777[] - COIIV(@], €, _63) such that ¢7(X) = —¢3(_x)’
Ps: [7771 2”] —> Conv(—ej, ez, —e3) such that ¢g(x) := —¢4(—x).

Finally, by gluing all the eight maps ¢;, we build an antipode-preserving continuous
and surjective map 1}1,2: St — 9B3. Using the canonical (closest point projection)
homeomorphism between B3 and S2, we finally have the announced 1 5 : St — 2.
It is clear from its construction that the map v/ 5 is continuous, surjective, and antipode-
preserving. Figure 4 depicts the overall structure of the map ¥ ». O

Spherical suspensions

Suppose m,n € N and a map f: S™ — S” are given. Then one can lift this map f
to a map from S”*1! to S”*! in the following way: observe that an arbitrary point in
S™*1 can be expressed as (p sin 6, cos 6) for some p € S™ and 0 € [0, 7]; then the
spherical suspension of f is the map

Sf:Smtl 5 8"t (psinh, cos6) — (f(p)sin b, cos 6).

Lemma 4.3 Ifthe map f:S™ — S" is continuous, surjective and antipode-preserving,
then Sf: S™+1 — S"*1 s also continuous, surjective and antipode-preserving.
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¢3

—eq

b6

_€3

Figure 4: Structure of the map v » constructed in Proposition 4.2. Inside
each arc, the map is defined via a space-filling curve. For simplicity, S? is
“cartographically” depicted.

Proof Continuity and surjectivity are clear from the construction. Since f is antipode-
preserving, we know that f(—p) = — f(p) for every p € S™. Hence,

Sf(=psinf,—cos0) = Sf(—psin(mw —0),cos(r —0))
= (f(=p) sin(zr — ), cos(w — 0))
= (—f(p)sinb, —cos )
=—(f(p)sinf,cosb)
=—Sf(psinf,cosH)
for any p € S and 6 € [0, 7r]. Thus, S/ is also antipode-preserving. m|

‘We now use induction to obtain:

Corollary 4.4 For any integer m > 0, there exists a continuous, surjective, and
antipode-preserving map
Wm,(m—i-l): S™ — smHL

Proof Proposition 4.2 guarantees the existence of ¥y ,. For general m, it suffices to
apply Lemma 4.3 inductively. |

The following lemma is obvious:

Lemma 4.5 Suppose that [,m,n € N, and maps f: S! — S™ and g: S™ —» S"
are given such that both f and g are continuous, surjective, and antipode-preserving.
Then their composition g o f: S! — S is also continuous, surjective, and antipode-
preserving.
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The proof of Theorem E

We are now ready to prove Theorem E, which states that there exists an antipode-
preserving continuous surjection ¥, ,: S™ — S” for any 0 < m <n < oo.

Proof of Theorem E By Corollary 4.4, there are continuous, surjective, and antipode-

preserving maps Y, m+1)» Y(m+1),(m+2)s - - - » Y(m—1),n- Then, by Lemma 4.5, the
map

Ymn = Yn—1)n° O V(m+1),m+2) © ¥Ym,(m+1)

is also continuous, surjective, and antipode-preserving. a

5 A Borsuk-Ulam theorem for discontinuous functions and
the proof of Theorem B

Definition 5.1 (modulus of discontinuity) Let X be a topological space, Y be a
metric space, and f: X — Y be any function. Then we define §( /'), the modulus of
discontinuity of f, by

8(f):=inf{§ >0|each x € X has an open neighborhood U, with diam( /' (Uy)) <§}.
Remark 5.2 Of course, §( /) = 0 if and only if f is continuous.
It turns out that the modulus of discontinuity is a lower bound for distortion:

Proposition 5.3 Let ¢: (X, dx) — (Y, dy) be a map between two metric spaces. Then
§(¢) = dis(¢).

Proof If dis(¢) = oo, then the proof is trivial, so suppose dis(¢) < co. Now, fix
arbitrary x € X and ¢ > 0. Consider the open ball Uy := B(x, %8) Then, for any
x', x" e Uy,

dy (p(x'). ¢(x")) = dx (x", x") +|dx (x", x") —dy (p(x), p(x"))| < dis(®) +e,

so diam(¢(Uy)) < dis(¢p) + ¢. Since x is arbitrary, this implies §(¢) < dis(¢) + &.
Since ¢ is arbitrary, we have the required inequality. a

The following variant of the Borsuk—Ulam theorem, due to Dubins and Schwarz, is the
main tool used in the proof of Theorem B.

Geometry & Topology, Volume 27 (2023)



The Gromov—Hausdorf(f distance between spheres 3757

Theorem G [11, Theorem 1] For each integer n > 0, the modulus of discontinuity of
any function f:B" — S™~! that maps every pair of antipodal points on the boundary
of B" onto antipodal points on S™~! is not less than {,,_;.

In Appendix A we provide a concise self-contained proof of this result based on ideas
by Arnold WaBmer; see MatousSek [24, page 41].

We immediately have:

Corollary 5.4 [11, Corollary 3] For each integer n > 0, the modulus of discontinuity
of any function g: S" — S"~! which maps every pair of antipodal points on S" onto
antipodal points on S™~! is not less than ,_;.

We provide a detailed proof of this result for completeness.

Proof Consider the map

o:B" - S”, (xl,...,xn)|—>(x1,...,xn,\/1—(xf+---+x,f)).

Obviously, ® is continuous and its image is H>((S"). Now, fix an arbitrary § > 0 such
that for every x € S”, there exists an open neighborhood Uy of x with diam(g(Uy)) <$.

Now, fix an arbitrary x” € B”. Then ®~! (Us(x7y) is an open neighborhood of x’, and
diam(g 0 ®(® ! (Up(x1)))) < diam(g(Ugp(x1))) < .

Since x’ is arbitrary, this means that § > §(g o ®). Moreover, since g o ® is antipode-
preserving, §(g o ®) > ¢,,_; by Theorem G. Hence, we conclude that § > ¢, . Finally,
since § was arbitrary, by taking the infimum we conclude that

8(2) = Ln—1. O

Corollary 5.5 For each integer n > 0, any function g: S" — S"~! which maps every
pair of antipodal points on S™ onto antipodal points on S"~! satisfies dis(g) > {,_1.

Proof Apply Corollary 5.4 and Proposition 5.3. |

5.1 The proof of Theorem B

We are almost ready to prove Theorem B, which establishes dgy(S™, S”) > %E 'm for
any 0 <m <n < oo.
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Figure 5: From left to right, the blue sets represent 4(S°), A(S') and 4 (S?).
The figure also shows their antipodes in dark gray. See Definition 5.6.

For each integer n > 1, recall the natural isometric embedding of S"~! to the equator
E(S") of S”,

b1 STV e S" (X1, ... xn) > (X1, ... X0, 0).

Also, let us define the sets 4 (S") C S” (which we will sometimes refer to as “helmets”)
for n € N:

Definition 5.6 (definition of 4(S™)) Let
AS%) :={1} and A(S'):={(cosb,sin@) S |00, n)}.
Moreover, for general n > 1, define, inductively,

A(S™) := H>o(S") Uty (A(S"1)).

See Figure 5 for an illustration. Observe that, for any n > 0,
AS"HN(—AS") =2 and AS")U(—AS")) =S".
The following lemma is simple but critical. Given any map ¢: S" — S"~1 it will
permit constructing an antipode-preserving map ¢* with at most the same distortion.
Lemma 5.7 For any m,n > 0, let @ # C C S" satisfy C N (—C) = @ and let
¢: C — S™ be any map. Then the extension ¢* of ¢ to the set C U (—C) defined by
¢p*:CU(-C)—S™, X ¢(x), —x+——¢(x) forxeC,

is antipode-preserving and satisfies dis(¢*) = dis(¢).
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Proof By definition, ¢* is antipode-preserving. Now, fix arbitrary x, x” € C. Then
|dsn (x, =x")=dsm (¢* (x), ¢* (=x"))| = |(m—dsn (x, X)) = (w—dsm (¢ (x). ¢ (x")))]|
= |dsn (x, X")=dsm (¢ (x), p(x"))]

<dis(¢)
and
|dsn (—x, =x")—dsm (™ (—=x), ¢™ (=x"))| = |dsn (x, X")~dsm (¢ (x), p(x")| =dis(¢).
This implies dis(¢*) = dis(¢). O

Corollary 5.8 Foreachn € Z~( and any map ¢: S™ — S"~!| there exists an antipode-
preserving map ¢*: S™ — S"~1 such that dis(¢p*) < dis(¢).

Proof Consider the restriction of ¢ to A(S") and apply Lemma 5.7. m|
Finally, we are ready to prove Theorem B.

Proof of Theorem B Let 0 < m < n < oo. We first prove the second claim of
Theorem B that dis(¢) > ¢, for any map ¢: S” — S™. Suppose to the contrary, so that
there is a map g: S"” — S with dis(g) < ;. By restriction, this map induces a map
g: S™F1 — S™ such that dis(g) < &m. By applying Corollary 5.8, one can modify g
into an antipode-preserving map g: S” 1 — S with dis(g) < ¢, which contradicts
Corollary 5.5. This yields the proof of the second claim of Theorem B.

Now, in order to prove the first claim of Theorem B that dgy(S™, S") > %é‘m, suppose
that I" is a correspondence between S and S” with dis(I") < ¢,,. Pick any function
g:S" — S™ such that (g(x),x) € " for every x € S”. This implies that

dis(g) < dis(T") < &,

which contradicts the second claim. This proves the first claim. a

5.2 The proof of Theorem C

By carefully inspecting the proof of Theorem B, one can extract the much stronger
Theorem C.
Proof of Theorem C We will actually prove slightly stronger result. Suppose

(i) X can be isometrically embedded into S™, and

(i) A(S™T1) (note that A(S™+!) C H>((S™T1)) can be isometrically embedded
into Y.
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o femn

Figure 6: The cone C(U) for a subset U of S!.

Now, we prove that dgu (X, Y) > %é‘m Moreover, dis(¢) > ¢y, forany map ¢: Y — X.

We first prove the second claim. Suppose to the contrary, so that there is a map
g:Y — X with dis(g) < &. Then, since 4(S™11) is isometrically embedded in Y
and X is isometrically embedded in S” by the assumption, one can construct a map
g: A(S™F1) — S™ with dis(g) < ¢». Hence, with the aid of Lemma 5.7, one can
modify this g into an antipode-preserving map g: S” ! — S™ with dis(g) < &,
which contradicts Corollary 5.5. This yields the proof of the second claim.

Now, in order to prove the first claim, use the same argument used in the proof of
Theorem B. o

6 The proofs of Propositions 1.16 and 1.20
To prove Propositions 1.16 and 1.20, we need to define a few notions.

Definition 6.1 For any nonempty U C S~ !, we define the cone of U, as the following
subset of S” C R"*1:

C(U) :={cos 0 -epq1 +sinb-1,—1(u) € H>o(S") |u € U and 6 € [0, Z]},

where e, = (0,0,---,0,1) € R"*! is the north pole of S”. See Figure 6.

Lemma 6.2 For any nonempty U € S"!,

. Nt if diam(U)
diam(C(U)) = {jiam(U) if diam(U)

< Z
_2’
> T
_2'
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Proof Recall that
C(U) :={cos 0 -epqq1 +sinb-1,_1(u) € Hxo(S") |u € U and 6 € [0, 5 ]}.

Now, foru,v e U and 6, 8’ [0, %], consider the inner product
(cosO-eyqq+sinb-1,_1(u),cos0 -e,irq1+sinbd -1,_1(v))
=cosfcos O + (u,v)-sinfsin@’.

Hence, if (u,v) > 0,
(cosO-eyyq+sinf -1, 1(u),cos@ -e,iq+sinbd -1, 1(v)) >0,
50 dsn(cos 0 -epqq +sinf-u,cos 0’ -e, g +sind’-v) < 7.

If (u,v) <0, cosfcos® + (u, v)-sin b sin 6 becomes decreasing in 6 and 6’. Hence,
it is minimized for § = 6" = Z.. Therefore,

(cosO-eyyq+sinb-1,_1(u),cos0 ey +sind -1,_1(v)) > (u,v),

0 dgn(cos @ - epyy +sinb - 1,1 (u),cos 0" - epyy +sinb - 1,1 (v)) < dgn—1(u,v),
which completes the proof. a

Definition 6.3 (geodesic convex hull) Given a nonempty subset A C S”, its geodesic
convex hull convgn (A) is defined to be the smallest subset of S” containing A such that
for any two points in the set, all minimizing geodesics between them are also contained
in the set. It is clear that when A is contained in an open hemisphere,

convgn (A) = {Ilsn(c) | ¢ € conv(A4)},

where Ign (p) := p/| p|l for p # 0 and I1gn(p) := 0 otherwise.

In what follows we will prove Proposition 1.20 after proving Proposition 1.16. The
proof of the former proposition generalizes the construction used in the proof of the latter
one, and as a consequence Proposition 1.16 (which exhibits a correspondence between
S? and S1) is a special case of Proposition 1.20 (which constructs a correspondence
between ST ! and S™).

With the goal of making the construction more understandable, we have however
decided to first present a detailed proof of Proposition 1.16 since the optimal R ;
correspondence constructed therein is used in the proof of Proposition 1.18 in order to
construct an optimal correspondence R3 ;. After this we provide a streamlined proof
of Proposition 1.20.
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6.1 The proof of Proposition 1.16

We will find an upper bound for dgu(S', H>((S?)) (resp. dgu(S', S?)) by construct-
ing a specific correspondence between S! and Hs>((S?) (resp. S! and S?). This
correspondence is inspired by the case m = 1 of certain surjective maps from S”**1
to S™ [11, Scholium 1] developed in the course of the authors’ study of the modulus
of discontinuity of antipode-preserving maps between spheres. In spite of the fact that
these maps will in general fail to yield tight upper bounds for distortion, they still permit
giving nontrivial upper bounds for g, s+ 1. This will be explained in Section 6.2.

Proof of Proposition 1.16 We will prove both claims: that there exists

(1) a correspondence between S! and H>((S?), and

(2) a correspondence between S! and S2,
both of which have distortion at most 27” in an intertwined way.

In order to prove the first claim, it is enough to find a surjective map (]32,1 :H>o(S?)—S!
(resp. ¢2.1: S? — S1) such that dis(qu,l) <& = ZT” (resp. dis(¢2,1) <& = ZT”) since
this map gives rise to a correspondence ﬁz,l = graph(qu,l) (resp. Ry 1 :=graph(¢2 1))
with dis(Rj,1) = dis(¢2,1) < ¢ (resp. dis(Ry,1) = dis(¢2,1) < &1).
Let

wy = (1,0,0), wuy:=(—1,42,0), usz:=(-1,—230).

Note that {u1,u,,u3} are the vertices of a regular triangle inscribed in E (S?). We
divide the open upper hemisphere H-((S?) into three regions by using the Voronoi

V1

2\

us Uz

(f

U2 U3

= :

Figure 7: The surjection ¢, 1 : S — S! constructed in Proposition 1.16. In
the figure, S; := —N; and v; := —u; fori = 1,2, 3. The equator of S2? is
mapped to itself under the map (via the identity map).
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partitions induced by these three points. Precisely, for each i =1, 2, 3 we define the set
Ni:={x e H-o(S?) | dga(x,u;) <dga(x,uj) if j #i and dga (x,u;) <dg2(x,uj)if j <i}.
See Figure 7 for an illustration of the construction.

Observe that N; = C(COHVSl({LI_l(—Mj) eS| j# i})) for each i = 1,2, 3. Since
Convg: ({Ll_l (—uj) € S| j #1i}) is just the shortest geodesic between the two points
{t1(—u;) € ST | j # i} with length {; = ZT”, diam(N;) < ¢; by Lemma 6.2 for any
i=1,2,3.

We now construct a map ¢~>2,1 : H>(S?) — S1,
Ll_l(u,-) if p € N;,
Ll_l(p) if p € E(S?).

Let us prove that the distortion of q;z,l is less than or equal to {;. We break the study

¢~52,1(P) = {

of the value of

lds2(p.q) = dg1 ($2,1(p). $2,1(9)|
for p,q € H>((S?) into several cases:

(1) Suppose p € N; and g € Nj. If i = j, then 0 < dg2(p.q) < {; and qu,l(p) =
$2,1(9) = 13" (ui), 50 dg1 (¢2,1(p). $2.,1(9)) = 0. Hence,

|ds2(p.q) — dg1 ($2,1(p). 2.1(@)| < 1.

Ifi # j, then 0 < dg>(p,q) < 7 and dg1(¢h2,1(p). $2,1(4)) = &1, 50
|dsz2(p. q) — ds1 ($2.1(p). 2.1(@))] < &1

(2) Suppose p € N; and g € E (S?). Then

|ds>(p. q) — dg1 (2,1(p). $2,1(@))| = |ds2(p. q) — dg1 (i (i), (7' (@)
=|ds2(p,q) —ds2(ui,q)|
<ds2(p,u;i) <.

(3) Suppose p.q € E(S?). Then ¢, 1(p) = 7' (p) and ¢5,1(q) = 17" (¢). Hence,
|ds2(p, q) — dg1 ($2.1(p), $2.1(9)| =0 < ;.

This implies that dis(quyl) < {;. Observe that ¢~)2,1 is the identity on E (S?), so ¢~>2,1 is
surjective.
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For the second claim, by applying Lemma 5.7 to 452,1 | 4(s2)» We construct a map
P21 S? — S! such that dis(¢2,1) = dis(¢2,1) < {1. Moreover, by construction, ¢, |
is obviously surjective and antipode-preserving. O

Remark 6.4 The antipode-preserving property of ¢, 1 will be useful for the proof of
Proposition 1.18.

6.2 The proof of Proposition 1.20

One can prove Proposition 1.20 using a generalization of the approach used in the
proof of Proposition 1.16.

Remark 6.5 (diameter of faces of geodesic simplices) Let {u1,..., U, 12} be the
vertices of a regular (m+1)—simplex inscribed in S™. Let

Fpy :=Convgm ({uy, ..., Um+1}).

In other words, Fy, is just a face of the geodesic regular simplex inscribed in S™, where
the length of each edge is ¢, = arccos(—1/(m + 1)).

The diameter of F;, can be determined by applying a result by Santal6 [31, Lemma 1]:

diam(Fyy) = 1y = {arccos(—(m +1)/(m+3)) ifmisodd,
arccos(—+/m/(m +4)) if m is even.
As proved by Santald, this diameter is realized either by the distance between the circum-
center of the geodesic convex hull of Af,‘fd :={u1,...,U@p+1)/2} and the circumcenter
of the geodesic convex hull of B3¢ := {Unt3)/2s -+ Um+1} if mis odd, or by the dis-
tance between the circumcenter of the geodesic convex hull of AZ" :={uy, ..., up/>}
and the circumcenter of the geodesic convex hull of By/*" := {u(p42)/2. ..  Um+1}
if m is even. See Figure 8.

Observe that, in general,
Cm S 0m = 2(m — Gm).

Note that as m goes to infinity, {,, goes to 7, n, goes to 7, and 2( — &) also goes

to .
Remark 6.6 Let {u1,...,u;,4+2} CS™ be the vertices of a regular (m+1)—simplex
inscribed in S™. Let V1, ..., Vj,;42 be the Voronoi partition of S induced by these

vertices. Then V; = Convgm ({—uj:j #i}) (so V; is congruent to F, in Remark 6.5)
foreachi =1,...,m 4+ 2. Here is a proof:
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us

Figure 8: The diameter of a face F}, of a geodesic simplex; the cases m = 1
andm =2. Whenm =1, A% = {u; } and BS* = {u,}. When m =2 (on the
right), A5 = {u}, BS**" = {us,u3} and the circumcenter of the geodesic
convex hull of BS" is the point p; 3, ie diam(F>) = 0y = dg2 (41, p2,3).

Without loss of generality, one can assume i/ = 1. Observe that
Vi ={xe€S™|dsm(x,uy) <dgm(x,uj) forall j #1}.

Now fix arbitrary x € Convgm ({—u;j | j # 1}). Then x = v/||v|| where

m—+2

v=>"Aj(-u))
j=2

and the A; are nonnegative coefficients such that 271:22 Aj =1. Then

m—+2 1

X, U = R
(e un) = |v|| m+1 Z 7= |v|| Tmt 1

and, for any k # 1,

1 1
(X’uk)=m‘(—1+m—+1' Z )Lj).

2<j<m+2
j#k
Hence, this implies (x,u1) > {x,ug), so dsm(x,uy) < dsm(x,uy) for any k # 1.
Therefore, x € V; and Convgm {—uj:j#1}) < V.

For the other direction, fix an arbitrary x € V;. Since {—u, ..., —l,42} is a basis
of R™*1 there is a unique set of coefficients {c; }m+2 such that x = Z;"';Z ci(—uj).
Then one can check ¢; = (m+ 1)/(m + 2))({x,uq) — {x,u;)) fori =2,...,m+2
by using the fact Z;"_Jrlz (x,u;) = (x Z;"_ﬁz u,) (x,0) =0, and [13, Theorem 5.27]
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(the fact that Z;”:Jrlz u; = 0 can be easily checked by the induction on m2). Note that
¢i > 0since (x,u1) > (x,u;). Hence, if we define

e Ci _ 1 _(X,Ml')
o= g ()

j=2 €j

foreachi =2,...,m+2and v := Z;";;z Ai(—u;), then x = v/|v|. Therefore,
x € Convgm({—uj | j # 1}) and Vi € Convgm ({—uj | j # 1}). Hence, Vi =
Convsm ({—u; : j # 1}), as we claimed.

Proof of Proposition 1.20 We construct a surjective and antipode-preserving map
Dm+1),m* s™H - s™
with
dis(@om+1),m) = Nm-

Let {uy,...,Unuyo} be the vertices of a regular (m+1)-simplex inscribed in E (S 11).
We divide open upper hemisphere H-¢(S™*!) into m + 2 regions by using the Voronoi
partitions induced by these m + 2 vertices. Precisely, foreachi =1,...,m + 2 we
define the set
Ni:={pe H-o(S™ Y | dgms1(p,ui) < dsm+1(p,u;) forall j #i

and dgm+1(p. ui) < dgm+1(p,uj) forall j <i}.
Observe that N; = C(V;), where {V}, ..., Vju1,} is the Voronoi partition of S induced
by

(o ). (um2)}-

Hence, by Lemma 6.2 and Remarks 6.5 and 6.6, one concludes that diam(N;) < 1,
foranyi =1,...,m+2.
We now construct a map <l~5(m+1),m : A(S™FT1) — S™ by
Ly (ui) if p € Ny,
0l (p)  if p €t (A(S™)).

In order to prove that the distortion of qg(mﬂ),m is less than or equal to 1, we break

‘i;(m-i-l),m (p):= {

the study of the value of

|ldsm+1(p, @) — dsm (Pim+1).m(P)s Pim+1).m(@))]

for p,q € A(S™*1) into several cases:
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(1) Suppose p € N, andg € N;. Ifi = j, then dSn1+l (p,q) <nm and ¢(m+1) m(p)=
¢(m+1),m(q) =iy Yui), so dsm (¢(m+1) m(D). ¢(m+1) m(q)) = 0. Hence,

|dgm+1(p, 4) = dsm (@ont1).m(P): Bimt1).m(@)] = -
If i # j, then dgm+1(p.q) < and dgm ($m+1),m(P). Bm-+1).m(@)) = &m. s0 that

\dgm+1(p.q) — dsm (Somat1).m (D). Somt 1).m @) < Em < Nim.
(2) Suppose p € N; and g € t,,(A(S™)). Then

|dsm+1(p.q) — dsm (Somt 1) m (D). Bomt 1).m(@))]
= |dgm+1(p.q) — dsm (1, (i), 17" ()]
= |dgm+1(p,q) —dsm+1(u;,q)|
< dgm+1(p,ui) < m.

(3) Suppose p.,q € tm(A(S™)). Then Gt 1),m(p) = p and G-+ 1),m(p) = 4. Hence,

|dsm+1(p. q) — dsm (Pm+1).m(P)s Bon+1).m(@))] = 0 < 1im.

This implies that dis(g?)(m_}_l),m) < 1. Finally, by applying Lemma 5.7 to d;(m+1),m,
we construct the map ¢(,41),m: Sm+1 5 S™ such that

dis(Bon+1).m) = dis(Pimr1).m) =< Nim-

Moreover, by construction, @, 4+ 1),, is obviously surjective and antipode-preserving.

Therefore,
den(S™. 8™t < Lnm. ]

Remark 6.7 Even though during the proof of Proposition 1.20 we only established
the fact that dis(@(n4-1),m) < 7m» one can check that dis(¢(41),m) 18 exactly equal
to 1, since one can choose two points p, g € N; such that dgm+1(p, q) is arbitrarily
close to ny.

7 The proof of Proposition 1.18

In this section, we will prove Proposition 1.18 by constructing a specific correspondence
between S! and S3 with distortion less than or equal to {; = 2” . The construction of this
correspondence is based on the optimal correspondence R2,1 = graph(¢,,1) between
S! and S? identified in the proof of Proposition 1.16 given in Section 6.1 and some
ideas reminiscent of the Hopf fibration. We will define a surjective map ¢3 1 : S? - S!
by suitably “rotating” the (optimal) surjection ¢, ;: S? — S!; see Figure 9.
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3,1

@
S? 1 ¢2.1(pq) T"‘q¢2,1(pq)

Figure 9: The definition of ¢3 1: given ¢ € S>\'S? there exists a unique angle
g € (0,7) and unique point p; € S*\ S! such that ¢ = Ty, p,; then we
consider the point ¢» 1(pg) € S! and define ¢31(¢) := T, 92,1(pg). That
#3.1(q) € S! follows from Lemma 7.2(2).

Overview of the construction of ¢3 1 The diagram below describes the construction
of the map ¢3 1 at a high level:

83 ............ ¢31» Sl

al &
S2 x [0, ) M» St x[0, )

To an arbitrary g € S*, we will be able to assign both a corresponding point Pq € S? and
an angle a4 € [0, ) giving rise to amap h: S* — S? x[0, ) such that /1(q) := (pg, oq).
Also, T,:S! x [0,7) > S! will be a map such that for each « € [0, i), T}, is a rotation
of S! by an angle «. Then, as described in the diagram, for ¢ € S*, ¢3,1(¢) will be
defined as Ty, (¢2,1(pq)). Figures 9 and 10 illustrate the construction.

Note that there is a certain degree of similarity between the map ;o h: S3 — S?
(where 7, is the canonical projection from S? x [0, 77) to S?) and the “Hopf fibration”,
in the sense that the set (771 oh) ™1 ({ p, —p}) is isometric to S! for p € S\ S! (whereas

(m1oh)~'({p}) = {p} for p € Sh).

Details The following coordinate representations will be used throughout this section:*

o Sli={(x,5.0,0) eR*: x2 4+ p2 =1},
4In comparison to the coordinate representation specified in Section 2, here we are embedding S, S2,

and S? into R* in such a way that the embeddings S! < S? <> S3 are also specific.
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o S?2:i={(x,y,z,0) eR*: x2+ p2 + 22 =1},
e S3 :={(x,y,z,w)6R4:x2+y2+zz+w2:1},

Also, we will use the map ¢, 1 : S2 — S! and the regions N, N», N3 C S? constructed
in the proof of Proposition 1.16; see Section 6.1.

Remark 7.1 The following simple observations will be useful later. See Figure 7.
(1) diam(N;) <& = 27” for any i = 1, 2, 3. (This fact has been already mentioned
during the proof of Proposition 1.20.)

(2) If p=(x,y,2z,0) € N;and ¢ = (a,b,c,0) € N; for (i, j) = (1,2), (2,3) or
(3,1) (resp. (i, j) = (2,1), (3,2) or (1, 3)), then bx —ay > 0 (resp. < 0) and
¢2.1(p) and ¢5 1(q) are in clockwise (resp. counterclockwise) order.

Now, for any o € R, consider the rotation matrix

coso —sino 0 0
sina  cosa O 0
Ty := .
0 0 cosa —sina
0 0 sina cosa

For any p € S3, T, p denotes the result of matrix multiplication by viewing p as a
4 by 1 column vector according to the coordinate system described at the beginning of
this section.

The following basic properties of these rotation matrices will be useful soon.

Lemma 7.2 Leta, B € R. Then:
(1) For any q € S®\'S!, there is a unique pg; € S*> \'S! and a unique o € [0, 7)
such that ¢ = Ty, pq. In particular, ag = 0 if and only if q € S2\Ss!.
(2) S! and S? are invariant with respect to the action of the rotation matrices Ty.
B3) TaTp=Tyyip.
) ds3(Ty p. Tu q) = ds3(p, q) forany p,q € S*.
(5) dg3(Ty p, p) =« forany p € S? and a €0, 7).
(6) dgs(Ty(—p), p) =7 —a forany p € S* and « € [0, 7].
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Proof (1) Letg = (x/,)',z,w’) € S*\ S!. Since ¢ is not in S!, we know that
(z')? + (w’)? > 0. Then there exists a unique o, € [0, 7) and z € R \ {0} such that

z'\ _ (cosag —sinag ) (2
w’ sinag  cosag) \0)’
ie z2 = (2/)® + (w’)?. Then this ag is the required angle and we choose the unique

point pg = (x, y,z,0) € S*\ S! such that

/

X cosag —sinoyg 0 0 X
v sinag  cosag 0 0 y
L 0 0 cosag —sinay z
w’ 0 0 sineg cosay 0

Since Ty, is the identity matrix when «; = 0, it is clear that oy = 0 if and only if
geS?\sh

(2) Obvious.
(3) Obvious.

(4) This item is equivalent to the condition (T p, Ty,q) = (p, q), and it can be easily
checked by direct computation.

(5) This item is equivalent to the condition (T, p, p) = cosa, and it can be easily
checked by direct computation.

(6) This item is equivalent to the condition (7 (—p), p) = —cos «, and it can be easily

checked by direct computation. O

Additional details and the proof of Proposition 1.18 We need a few more definitions
and technical lemmas for the proof of Proposition 1.18. We in particular make the
following definitions for notational convenience:

e Forany p,q €S2,

Epg:[0,7] = [-11], ar(Tup.q).
e Forany p,q €S2,

Fpg:[0,7] >R, o dss(Typ.q)—c.
e Forany p,q € S?,

Gpg: [0, 7] >R, amdss(Ty p.q)+a.
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Lemma 7.3 Forany p = (x, y,2z,0) € S2\S! and ¢ = (a,b,c,0) € S?:
(1) Epg(a)e(—1,1) foranya € (0, ).
() (EI/,’q(oz))2 + (Ep4(@))? <1 forany a €0, 7).

(3) Fp,q is a nonincreasing function. Thus, —dg2(p, q) < Fp 4(a) < ds2(p, q) for
any o € [0, ].

(4) Gp 4 is a nondecreasing function. Thus, ds2(p,q) < Gp 4(a) <27 —dg2(p.q)
for any a € [0, r].

Proof (1) Suppose not, so that £, 4(a) = %1. This implies that 7, p =g or —q € S2.
This cannot be true because « € (0, 7) and, by Lemma 7.2(1), T, p € S* \ S2. So this
is a contradiction; hence, £, 4(a) € (—1,1).

(2) As aresult of direct computation, we know that
E,4(a) =(p,q)cosa + (bx —ay)sina.

Here, observe that bx —ay is the 3" coordinate of the cross product (x, y, z) X (a, b, ¢).
In particular, this implies |bx—ay| <||(x, v, z)x(a, b, ¢)|| = sin B where (p, g) = cos B.
Therefore,

(Epg(@)® + (Epq(@)? = (p.q)> + (bx —ay)* < cos’ B +sin’ B = 1.
(3) Note that F 4(a) = arccos(Ep 4(a)) —a. Hence, for any € (0, ),
E, (@)

vVi1-— (Ep,q(‘)‘))2

Observe that this expression is well defined by (1). Also, by (2),

-1

/ _
Fpql@) =~

(Ell”q (@)* + (Epg @)?=1 < _E;J,q (@) =VI—=(Epgq (@)*
Era® 1o

VI—(Epq@)?

Hence, F) 4 is a nonincreasing function. Also, since F 4(0) = dg2(p, g) and

! —
S Fp’q(a) =—

Fpqg(m)=dgs(Tnp.q)—n =ds2(—p.q)—7n = (1 —ds2(p,q)) — 7 = —dg2(p. q).

we have that
—ds2(p,q) < Fpq(a) < ds2(p,q).

SHere E »q denotes the derivative of Ep 4.
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(4) Note that G 4(a) = arccos(Ep 4(cr)) + . Hence, for any o € (0, ),
Epq(@)
vV1-— (Ep,q(‘x))2

Observe that this expression is well defined by (1). Also, by (2),
(E (@) + (Epqg(@)? <1 < E} (@) < V1—(Epg(@))?
E («
r.a(@ +1>0.

V1—(Epg@)®

Hence, G, 4 is nondecreasing function. Also, since G 4(0) = dg2(p, q) and

/
Gpq(a) =— + 1.

= G, () =—

Gpq(m)=dss(Tr p. Q) +7 =dg2(—p. Q) +7 = (7 —dg2(p. ) +7 =271 —dg2(p. ).
we have that
ds2(p.q) = Gpg(@) =2m —ds2(p.q). O
Lemma 7.4 Forany p = (x,y,2,0),q = (a,b,c,0) € S? \ St
(1) If pe N; and q € Nj for (i, j) = (1,2), (2,3) or (3, 1), then
dg3(Tan/3p.q) < 2
(2) If pe Njand g € Nj for (i, j) =(2,1),(3,2) or (1,3), then
dss(Try3p.q) = 5
Proof (1) First, observe that bx —ay > 0 by Remark 7.1(2). Hence,

Lbx—ay)=—L(p.q) =

NI»—'

Epq(3E) =(Tanj3p.q) = —2(p.q) +

Therefore,

ds3(Tar/3p.q) = arccos(Ep 4 (3F)) < arccos(—3) = 2E.

(2) The proof of this case is similar to the proof of (1), so we omit it. O
Proof of Proposition 1.18 Itisenough to find a surjective map ¢3 1 : S? —S! such that

dis(¢3,1) < {1 = 5, since this map gives rise to a correspondence R3 | := graph(¢s, 1)
with dis(R3,1) = dlS(¢3’1) <.

We construct the required surjective map ¢3 i : S3 — Sl as

$2,1(q) if g € S2,
Taqqﬁz 1(pg) ifqeS3\S? and g = Ty, py for the unique such
ag € (0, ) and py € S2\ s
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TypeS?

=

#3,1(Tap) := Tag2,1(P)
Figure 10: The definition of the map ¢3 ; via the map ¢, ;. The point Ty p
on S3 is mapped to the point Ty¢, 1 (p) on S!. The antipode-preserving map
¢2,1 maps the whole region N; to the point u;.
Note that ¢ ; is surjective, since @3 1|g2 = ¢2,1 and ¢ 1 is surjective.

See Figures 9 and 10 for an explanation of the construction of the map ¢3 ;.

Let us now verify that

lds3(q.9") —ds1(#3,1(q). $3,1(¢")| < &

for every ¢,q’ € S*. Without loss of generality, we can assume that ¢ = T, p and
q' = Tgp' for some p, p’ € S? and 0 < B < & < 7. Then

|ds3(q.q") — ds1(¢3,1(q). $3,1(¢))]
= |ds3(Tap. Tgp") — ds1 (Tatp2,1(p). Tph2,1(P))]
= |ds3 (T(a-py . P") — dg1 (Tia—p)$2,1(P). $2,1(P)).
Hence, it is enough to prove
©) |dss (T p. q) — dg1 (Tad2,1(p). $2,1(0)| < &
for any p,q € S? and « € [0, 7).
If p € S!, then ¢ 1(p) = p. Hence,

lds3 (T p, q) — ds1 (Tu92,1(p), $2,1(q@)| = lds3 (Ta p. q) —ds1 (Ta p. $2,1(9))|
<dgs3(q,92,1(q)) <1,
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where the last inequality holds by Remark 7.1(1). One can carry out a similar computa-
tion if ¢ € S!. So let’s assume p = (x, y,z,0),q = (a,b,c,0) € S\ S!. Since ¢ ;
is antipode-preserving, it is enough to check inequality (9) only for p,q € H-((S?).
We do this by following the same idea as in the proof of Lemma 5.7.
We do a case-by-case analysis:
(1) Suppose p € N; and g € N; for (i, j) = (1,2), (2,3) or (3, 1). By Remark 7.1(2),
the two points ¢, 1(p) and ¢, 1(q) are in clockwise order. Hence,
2n : 2
2 —a iface [0 —]
d T ’ — 3 s 73 |»
st (Tat2,1(p). $2,1(9)) {a _2 it e[ZE 7).

Consider first the case when « € [0, ZT”] We have to prove that

—% <dgs(Tup.q)— (5 —o) < 5.

Equivalently, we have to prove

The left-hand side inequality is obvious since Gp 4 (o) > dg2(p, q) > 0 by Lemma 7.3(4).
The right-hand side inequality is true by Lemmas 7.3(4) and 7.4(1).

Next, consider the case when o € [ZT” n). We have to prove
2 2 2
—2 <dgs (Typ.q) — (0 — 3F) < .
Equivalently, we have to prove

—4 < Fpq(@) <0.

The left inequality is obvious since Fp 4(a) > —dg2(p.q) > —47” by Lemma 7.3(3).
The right-hand side inequality is true by Lemmas 7.3(3) and 7.4(1).

(2) Suppose p € N; and g € Nj for (i, j) = (2, 1), (3,2) or (1, 3). This is almost the
same as case (1) except we use Lemma 7.4(2).

(3) Suppose p,q € N; for i = 1,2,3. In this case, dgi1 (Tu$2,1(p). ¢2,1(q)) = «,
which follows from ¢, 1(p) = ¢2.,1(¢) and Lemma 7.2(5). Hence, we have to show

—27” <dsi(Typ.q)—a = Fpq(a) < ZT”
But this is obvious by Remark 7.1(1) and Lemma 7.3(3).

Thus, indeed dis(¢3,1) < {;. |
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8 The proof of Proposition 1.19

In this section we provide a construction of an optimal correspondence, R3 >, between
S3 and S?. The structure of this correspondence is different from those described in the
proofs of Propositions 1.16 and 1.20. As a matter of fact, as Remark 6.7 mentions, the
distortion of the surjection ¢y 41),m: Sm+1 s §™ constructed in Proposition 1.20 is
exactly equal to ny,. Since ¢, < 1,, this means that a different construction is required
for the case m = 2.

Let uq, uy, us and u4 be the vertices of a regular tetrahedron inscribed in S? (ie

(i uj) = —% = cos {, for any i # j). We consider
1/!1:(1,0,0) “22(—%, Z\TE’())’
_(_1 _N2 N2 _(_1 N2 _ 2
Us = (_5’_7’73)’ Ua = (—3’—7’—3)-

Now, let Vy, Va, V3, V4 C S? be the Voronoi partition of S? induced by u;, us, u3,
and u4. Then, for each i, V; is the spherical convex hull of the set

{—u; €S?|jef{l1,2,3,4}\{i}}.
Let
(2.

r = arccos

For i # j €{1,2,3,4}, let u; ; be the point on the shortest geodesic between u; and
—u;j such that dg>(u;, u; j) = r. See Figure 11 for an illustration of V;.

_uz

Figure 11: V;. All the sides of the spherical triangle V; (determined by the
three points —u,, —u3, and —u4) have the same length 5.
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Remark 8.1 One can directly compute the coordinates
242 1 242 1 1 _ (242 1 _1
upp = (22.-3.0), ui3= (32 L. --"%). u1,4—(T,g,ﬁ),

4f 0)’ _(_ 2 17

Uz —( 5

Lemma 8.2 Foranyi # j €{l,2, 3,4}, the following hold:
(D
(2

(Wig,uig) = foranyk;élel 2,3,4\{i}.
(

() (ujk.ujp) = —ﬁ foranyk #1€1,2,3,4\{i, j}.
(
(

UjjoUj k) = 54 forany k € 1,2,3,4\{i, j}.

@) (ujp,uji)= —g—i forany k € 1,2,3,4\{i, j}.
&)
6) (uiuji)=— [foranykel 2,3,4\{i, j}.
) (wioug) = -2,

Proof By symmetry, without loss of generality one can assume i =1 and j = 2. Then
use the coordinate values given in Remark 8.1. |

Next, for each i, let {V; ; C V; | j €{1,2,3,4}\ {i}} be the Voronoi partition of V;
induced by {u; ; € Vi | j €{1,2,3,4} \ {i}}.

From now on, in this section, we will identify S? with E (S3) C S3. Then obviously
H>o(S?) =C(Vi) UC(V2) UC(V3) UC(Va).
Moreover, for any i € {1,2,3,4} and « € [0, 5 |, we divide C(V;) into
© G"(Vi)i={p €C(Vi) | dgu+1(es. p) < at},
o C'(Vi):=1{p eC(Vi) | dgn+i(ea, p) >},

o COUV; ) = {p € C(V;) | dsnti(eq, p) > o and Q(p) € V; ;} for any j in
{1.2,3,4}\ {i},

where

Q: H=o(S*) \{es} > E(S?) =82, (x.y,z,w) (x,y,z,0),

1
V1 —w?
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Co” (V1)
COY(V1,3)

CoM (V1)

—Uy4 & e

CyP (Vi) and C2' (V). C(V}.2), C2(V; 3), and CR(V7 4).

Figure 12: The regions into which C(V7) is split.

is the orthogonal projection onto the equator. Then obviously
cvy=c"vmu ) vy
J€{1,2,3,41\{i}

for eachi € {1, 2, 3, 4}. See Figure 12 for illustrations of cP(Vy), CooY V), UV o),
Ce*'(V1,3), and C2 (V1 4).

Lemma 8.3 For p,q € H>((S?), the following inequalities hold:

(1) If p.q € Ca¥(V;) for some i € {1,2,3,4}, then

2 2 1

2 1 _ 1
o ﬁsmcx (l—l—ﬁ)cosa 7

In particular, this is equivalent to

(p,q) = cos

1 2 1
dss(p. q) < arccos((1 + %) cos® o — 7§)
(@ Ifpe Cg)p(Vi) and g € CBO‘(I/J-,,') for somei # j € {1,2,3,4}, then
(p.q) < \/Fcos?a+ 3.
In particular, this is equivalent to
dss(p.q) = arccos(W),

(3) If p € CE°(V; k) and q € C5°'(V} ;) for distinct i, j, k € {1,2,3,4}, then

(p,q) < (1—\%)cos2a+«/¢§.
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In particular, this is equivalent to the condition
1 2 1
dss(p.q) = arccos((l — 75) cos” o + 75)
(4) If p € CE(V;,j) and q € C2°U(V; ;) for some i # j € {1,2,3,4}, then
(p,q) <cos?a.
In particular, this is equivalent to

dss(p.q) = arccos(cos? ).

Proof We express p and g as
p=cosO-e4+sinf-15(x), g=cost -e4+sinb -15(p),
where ¢4 = (0,0, 0, 1) for some 6, 6’ € [0, %] and x, y € S2. Then
(p,q) =cosBcosf + (x,y)sinfsind’.

(1) If p,q € CP(V;) for some i € {1,2,3,4}, then we can assume x, y € V; and
0,60 € [0, «]. Hence,

> r_ 1 ing > 2,1 02, 1 2,1
(p.q) > cosfcosb ﬁmn@sm@ > cos” o — = sin” (14+ =) cos”

V3 V3’

where the first inequality holds because (x, y) > —%, by Remark 6.5, and the second
holds since cos 6 cos 8’ + (x, y) sin 6 sin 6’ is decreasing in both 6 and 6’.

(2) If peCy® (Vi) and g € C2U(V; ;) for some i # j €{1,2, 3,4}, then we can assume
xeVi,yeV;i,0e€l0,a],and 0’ € [a, %] Now, consider two cases separately.

If (x, y) <0, then cos 8 cos 8’ + (x, y) sin 0 sin #’ is decreasing with respect to both 6
and 6’. Hence,

(p,q) <cosOcosa + (x, y)sin0sina = cos .
If (x, y) > 0, observe that
(p.q) = (1—{(x,y))cosOcost + (x,y)cos(8' —0).
If we view 0’ as a variable on [a, %],

%((1 — (x, p))cos B cos O’ + (x, p) cos(6’ — 0))
=—(1—{(x,y))cosOsinf’ — (x, y)sin(§’ — ) < 0.
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Hence, (p, ¢) is maximized when 6’ = «. So (p,¢) < cosf cosa + (x, y) sinf sina.
Now, if we view 6 as a variable and take a derivative,

%(cos B cosa + (x, y)sinf sinaw) = —sin 6 cosa + (x, y) cos 6 sin .

One can easily check that
>0 if 8 €0, 6],

—sinf cosa + (x, y) cos 0 sina {5 0 if 6 €[y, a],

where 6 is the unique critical point satisfying tan 6y = (x, y) tan . Hence,
cos 6 cosa + (x, y) sin 6 sin«

is maximized when 6 = 6,. Hence,

(p,q) <cosBcosa+ (x,y)sinfsina < Veos? a + (x, y)?sin? a.

Note that {x, y) < % since x € V; and y € Vj; (this value - can be achieved when
x is the midpoint of —uy and —u; for k #/ € {1,2,3,4}\ {7, j} and y = u;). Hence,
one can conclude

(p.q) = \/coszoz—i-%sinzoz: \/%coszo{—i—%.

Since obviously cosa < /cos?a + % sina = \/% cosZa + %, this completes the
proof of this case.

(3) If p e CY' (Vi 1) and g € C5*(V; ;) for distinct i, j, k € {1,2, 3,4}, then one can
assume x € V; ¢, y € Vj ;, and 8,6 € [a, %] Now, consider two cases separately.

If (x, y) <0, then cos 6 cos 8’ + (x, y) sin 0 sin 6 is decreasing with respect to both 6

and 6’. Hence,

2a Scosza.

(p.q) <cos®a+ (x,y)sin
If (x, y) > 0, without loss of generality, one can assume 6 > 6’. Also, observe that
(p,q) = (1—(x,y))cos@cost + (x,y)cos(d —0").
If we view 6 as a variable on [9’, %],
%((1 —(x,y))cos @ cos B + (x,y)cos(f — 0/))
=—(1—{(x,p))sinfcos 8’ — (x, y)sin(6 — 6")

<0.
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Hence, (p. ¢) is maximized when 8 = 6’. So (p, ¢) < cos? 6’ + (x, y)sin® §’. Now,
if we view 0’ as a variable and take a derivative,

89/(C0S 0" + (x,y)sin?0') = —2(1 — (x, y)) cos 0’ sin §’ < 0.

Therefore, cos? 8’ 4 (x, y) sin? §’ is maximized when 6’ = . Hence,
(p.q) <cos®a+ (x, y)sin’a.

Note that (x, y) < as in the proof of the previous case. Hence, finally we get

2 BRAN B 2 1 o 2
(hp,q)fzcos ozl—l-fzsm ozl (11 ﬁ)ios a+¢§llSlnce<:10s ! sl
than cos a—l-ﬁsm a=( —Tg)cos o+ f’t is completes the proof of this case.
(4) If p € C2(V;,j) and g € C5°'(V} ;) for some i # j € {1,2,3,4}, then one can
assume x € V; j, y € Vj;, and 6,0’ € [a, %] Since (x, y) < 0 always in this case,

w
—_
‘W

« is obviously smaller

cos B cos B’ + (x, y)sinfsin 6’ is decreasing with respect to both # and 6’. Hence,
(p,q) is maximized when 6 = 6’ = «. Therefore,
(p.q) <cos*a + (x, y)sin®a < cos?a. m|

Finally, we are ready to construct the map
s {u,- if p e CyP(V;) for some i € {1,2,3,4},

»% H-o(S*)—S?,
9321 H>0(57) wij if p e CtoY(Vi ) for some i # j €{1,2,3,4}.

] such that cos® o € [“/5_1 %],

Proposition 8.4 For a € [0 3173
dis(¢%,) < &a.

> 2

Proof We need to check
|dss (p.q) = ds2 (95 ,(p). 95, (@)] < &2
for any p,q € H~y(S?). We carry out a case-by-case analysis.

(1) Suppose p,q € C(V;) for some i € {1, 2, 3,4}. Without loss of generality, one can
assume i = 1. Then

ds> (95 5(p). 952(@)) = diam({u1, w1 2,11 3.u1,4}) = arceos § < &
by Lemma 8.2(1). Therefore,
ds2(95,(p). $5,(9)) = ds3(p.q) < arccos § <&,
So it is enough to prove dgs3(p, ) — dg> (d;g‘,z(p), ¢Z§"2(q)) < ¢&,. But, for this direction,

we need more subtle case-by-case analysis.

Geometry & Topology, Volume 27 (2023)



The Gromov—Hausdorf(f distance between spheres 3781

(a) Suppose p,q € CP(V1). Then <l;§¥2(l?) = q~5‘3"2(q) =u;. Also, by Lemma 8.3(1)
and the choice of «,

dss(p.q) < arccos((1 + \/Lg) cos?a — %) <.

Hence,
dgs(p.q) — dg2 ($5 ,(P). $5,(0)) = ds3 (p.q) < L.

b) If pe CP(Vy) and q € C2%(Vy), then ¢~>‘3"2(p) =uq and @g‘z(q) = uy,; for some
j €12, 3,4}. Therefore,

B

ds3(p.q) = dg2 (95, (P). $5,(9)) < arccos(——=) —arccos(352) < &2,
(c) Suppose p,q € CBO‘(VI).

(1) Ifp,qe CgOt(Vl,j) for some j € {2, 3,4}, then q;g‘,z(p) = gz;‘;’z(q) =uy,;. Also,
it is easy to check the diameter of Cg"t(Vl’ j) is Z. Hence,

ds3(p.q) —ds2 (95 5(P), $5,(9)) = ds3(p.9) < % < &
(i) If p € C2UV; ) and p € C2°U(Vy ;) for some k # [ € {2, 3,4}, then
ds2 (65 ,(p). 95 (@) = dg2 (uy k. 1y 1) = arccos(3)
by Lemma 8.2(1). Therefore,
dss(p.q) — dg2 (% ,(p). $5,(q)) < arccos(—%) —arccos(2) < &s.

(2) Suppose p € C(V;) and g € C(V}) for some i # j € {1, 2,3, 4}. Without loss of
generality, one can assume i/ = 1 and j = 2. Then, by Lemma 8.2,

dg2 (433“,2(1)), <13‘§‘,2(q)) > arccos(2y) > arccos(3).

Therefore,

dss(p.q) — dg2 ($% ,(p). $5,(q)) < w —arccos(}) = &.

So, it is enough to prove dgz (%, (p). $%,(9)) —dg3(p.q) < . Again we need more
subtle case-by-case analysis.

(a) If p € CP(Vy) and q € CP(Vs,), then (]3‘3)‘,2(19) = u; and ng‘z(q) = Uy, SO
ds2 (95 ,(p), 95 ,(9)) = ds2 (u1,u2) = §5. Thus,

ds2 (0%, (p). %,(@)) —ds3 (p.q) < 2.
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(b) Suppose p € CyP(V;) and g € C2U(V3).
(i) If g € C5°(V3,;) for some j € {3,4}, then, by Lemma 8.2(6),
ds2 (B2 5(p). $%5(q)) = dis (uy. 12, ;) = arccos(—2).
Hence,
ds2 (335 (). B%5(9)) — ds3 (p. q) < arccos(—%2) < L.

(i) If ¢ € C5™(V2,1) then dg2 (45 ,(p). 9% ,(9)) = dg2(u1, uz,1) = arccos(—
by Lemma 8.2(7). Moreover, by Lemma 8.3(2) and the choice of «,

2f)

A
\OS

[N}
N—

ds3(p. q) > arccos( %cos2 o+ %) > arccos

which implies
dg2 (qgg"z(p), ¢~)‘3",2((])) dss(p.q) < arccos(— 4f) arccos(zf) 2.

(c) Suppose p € C2(V7) and g € C2%(V,). Considering symmetry, there are basically
four subcases:

(i) If p € C2°(V13) and g € CZ (V3 3), then, by Lemma 8.2(2),
ds2 (85 ,(p), 95 5(9)) = ds2(u1 3, u3,3) = arccos ().
Hence,
dga ((;(3)(,2(17)’ ¢~>§¥,2(61)) —dg3(p.q) < arccos(Z) < {.
(i) If p € C2°(V; 3) and g € CE°' (V3 4), then, by Lemma 8.2(3),
ds> (Qf;g‘,z(P),&g,z(CI)) dg2(u1,3,u2,4) = arccos(—% ).
Hence,
ds2 (d3§‘,2(p), ¢~>§‘,2(61)) —dgs(p. q) < arccos(—2) < &
(iii) If p € C&°(Vy 3) and ¢ € C5°(V,,1), then, by Lemma 8.2(4),
ds2 (Qf;g,z(P), ¢3§’,2(q)) = dg2(uy,3,uz,1) = arccos(—33).

Moreover, by Lemma 8.3(3) and the choice of «,

dss(p,q) = arccos((l — %) cos®a + f) > arccos(—g—S) — (5.

Geometry & Topology, Volume 27 (2023)



The Gromov-Hausdorff distance between spheres 3783

Hence, ~ ~
ds2(95 5(p), 5 ,(9)) — ds3(p,q) < Ca.
(iv) If p € C&(Vy,,) and ¢ € C2%(V3,1), then, by Lemma 8.2(5),
ds2 (85 2(P). 95,(9)) = ds2(uy 2. u2,1) = arccos(~33).
Moreover, by Lemma 8.3(4) and the choice of «,

dss(p,q) = arccos(cos? or) > arccos(%),
Hence,

dg> (q;g"z(p), ¢~>§"2(q)) —dg3(p,q) < arccos(—%) - arccos(%) =¢(. O
Lemma 8.5 Forany p € H>(S?), dss (p. ¢%,(p)) < Z.

Proof Without loss of generality, one can assume p € C(V7). Then one can express p
as p =cosf-eq4+sinf-15(x), where e4 = (0,0, 0, 1) for some 6 € [0, %] and x € V.
Moreover, since %, (p) € {uy. u1p. 1 3. 14},

(p.0%5(p)) = (x. 9% ,(p))-sin 6.
1

Also, it is easy to check that (x,qgg‘z(p)) > 0 (more precisely, (u1,x) = 3 and

(ug,j, x)= % for any x € N; with j # 1). This implies (p,q;g‘z(p)) > 0; hence we
have the required inequality. O

We are now ready to prove Proposition 1.19.

Proof of Proposition 1.19 It is enough to find a surjective map ¢35 : S? — S? such
that dis(¢3,2) < {» since this map gives rise to the correspondence R3 ; := graph(¢s 2)
with diS(R?,,z) = diS(¢3’2) <.

Let ~ .
© $%,(p) if p € Hoo(SY),

p if p € 12(A(S?)).
We claim that dis(qAS‘;,z) = dis(q;g"z). To check this, it is enough to show that
|dss(p.q) —ds2 (85 2(P). 65, @)] = &
for any p € H-((S?) and ¢ € 1,(A4(S?)). But, this is true since
|ds3(p. q) — dg2 (62 ,(P). $% (@) | = |ds3(p. 9) — d2 (6% ,(P). 9)|
<dgs(p.95,(p)).

$2,ASH >S% pe {
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and dg;3 (p,¢?§"2(p)) =dg3 (p,gz;g"z(p)) <Z <&, forany p € H-o(S?) by Lemma 8.5.
Hence, dis(¢$ ,) = dis(¢$ ,). Finally, apply Lemma 5.7 to construct a surjective map
h32: S — S2. Then

dis(¢3,2) = diS(‘iA’g,z) = dis(‘l;g,z) =&
by Proposition 8.4. O

9 The Gromov-Hausdorff distance between spheres with
Euclidean metric

For any nonempty subset X € S”, let Xg denote the metric space with the inherited
Euclidean metric. In particular, S{ will denote the unit sphere with the Euclidean
metric dg inherited from R”*!. A natural question is: what is the value of

g]ran,n = dGH(S}I:En9 Sg)

for 0 < m <n < o0o? We found that, interestingly, these values do not always directly
follow from those of gp .

Any correspondence R between S™ and S” can of course be regarded as a correspon-
dence between S and S{i. Throughout this section, let dis(R) denote the distortion
with respect to the geodesic metric (as usual), and let disg(R) denote the distortion
with respect to the Euclidean metric.

The following are direct extensions of parallel results for spheres with geodesic distance:

Remark 9.1 Asin Remark 1.4, forall0 <m <n < oo,

dou(Si, Sg) < 1.

Lemma 9.2 For any integer m > 1 and any finite metric space P with cardinality at
most m + 1, we have dgy(S¥%', P) > 1.

Proof Fix an arbitrary correspondence R between S and P. Then one can prove
that disg(R) > 2 as in the proof of Lemma 3.2 (via the aid of Lyusternik—Schnirelmann
theorem). Since R is arbitrary, one can conclude dgy(S%, P) > 1. |

Corollary 9.3 Let R be any correspondence between a finite metric space P and Sg°.
Then disg(R) > 2. In particular, dgu(P, Sg°) > 1.

Proof See the proof of Corollary 3.4. |
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Proposition 9.4 Let X be any totally bounded metric space. Then dgu(X, Sg°) > 1.
Proof Follow the idea of the proof of Proposition 3.5. O
Proposition 9.5 Foranyn > 1, dgu (S, SE) = 1.

Proof Apply Remark 9.1 and Lemma 9.2. O
Proposition 9.6 For any integer m > 0, dgu(S{!, Sg°) = 1.

Proof Apply Remark 9.1 and Proposition 9.4. |
The following lemma permits bounding disg(R) via dis(R):

Lemma 9.7 Let 0 <m <n < oo, and let R be an arbitrary nonempty relation between
S§' and S§. Then
disg(R) < 2sin(3 dis(R)).

Proof First of all, note that dis(R) :=supx ;) (x'.y)eRr ldsm (X, x")—dsn (y, y)| <,
since both diam(S™) and diam(S") are at most 7. Fix arbitrary (x, y), (x’,)’) € R.
Then

de(x,x’) =2 Sil’l(%dSm (x, x’))
= 2sin(gdgm (x, x') = 3dsn (y, ') + 3dsn (3, "))
= 2sin(Zdsm (x,x") — 1dsn (p, ")) cos(3dsn (1. "))
+ 2COS(%d§m (x,x") — %dSn (r, y’)) Sin(%dgn (v, y’))
< 2sin(gldgm (x, x") —dsn (y, y')[) + 2 sin(3dsn (, "))
= 2sin(z|dgm (x, x') —dsn (. y)|) + de(y. ¥).
where the inequality follows since cos(%dgm (x,x")— %dSn (., »)) €[0,1].

Hence,
dg(x,x")—dg(y,y) <2 Sin(%ldSm (x,x")—=dsn(p, ¥")]).

Similarly, one can also prove

di(y, y') = dp(x, x) < 2sin(3|dsm (x, x") — dgn (v, ¥)]).
Therefore,

|di(x, x') = di(y, )| < 2sin(gldsm (x, x') —dsn (y, 1)]).

Since (x, y), (x’, ¥') € R were arbitrary, this leads to the required conclusion. |
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Corollary 9.8 Forany 0 <m <n < oc:
(1) dou(SE, SE) < sin(dgu(S™,S™)).
(2) In more generality, forany X CS™ and Y € S", dgu(Xg, Y&) <sin(dgu(X,Y)).

Corollary 9.9 dgu(SE',Sf) <1 forall 0 <m # n < oo.
Proof Invoke Corollary 9.8 and Theorem A. O

Given the above, and that we proved g; » = F and g5 3 = %Z 2, one might expect that
gll”:,z = dou(SE, S§) =sin(%) = JTg and similarly that 95’3 = % However, rather
surprisingly, we were able to construct a correspondence Rg between S} and Hx(S2)
such that disg(Rg) < +/3 (see Proposition 9.10 and its proof in Section 9.1). This
correspondence then naturally induces a function ¢g: A (Sé) — Sé from the “helmet”
on Sé into Sé also with disg(¢g) < v/3.

Proposition 9.10 dGH(Sé, HZO(S]%:)) < @

This proposition was motivated by Ilya Bogdanov’s answer [2] to a MathOverflow
question regarding the Gromov—Hausdorff distance between Sé and the unit disk in R2.

We now discuss the possibility that the correspondence Rg described above permits

proving that, in fact, dgu(SL, Sg) < JT§ via extending Rg into a correspondence
between S2 and S} much in the same way that we did so in the case of spheres with

their geodesic distance (see Lemma 5.7).

By the same method of proof as that of Corollary 5.5 (giving the lower bound dis(g) > &,
for any antipode-preserving map g: S” — S”~1), one obtains the following Euclidean
analogue:

Corollary 9.11 For each integer n > 0, any function g: S} — Sl’:f_l which maps every
pair of antipodal points on S} onto antipodal points on S]’:f_l satisfies

disE(g) = H 2+ %

Remark 9.12 (extending Lemma 5.7 to the case of spheres with Euclidean metric)
Lemma 5.7 was instrumental in our quest for lower bounds for the Gromov-Hausdorff
distance between spheres with the geodesic distance. It is natural to attempt to obtain a
suitable version of that result to the case of the Euclidean metric. However, there is a
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caveat. Indeed, one should not expect to be able to prove a version in which disg(¢*)
is equal to dis(¢) where ¢: A(Sft) — S{! and ¢* is its antipode-preserving extension
obtained via the “helmet trick” (as described in the statement of Lemma 5.7). If this
was the case, then the antipode-preserving extension ¢ of the function ¢g mentioned
above would satisfy

(10) disg () < V/3.

However, note that Corollary 9.11 implies that, in the case of spheres with Euclidean
distance, any antipode-preserving map ¥ : Sg’“ — SE must satisfy

disg () = ,/2+mi+l.

In particular, it must be that disg (1) > +/3 for any antipode-preserving map  : Sé — Sé,
and this would contradict (10).

Still, as we describe next, there is a suitable generalization of Lemma 5.7 which yields
nontrivial lower bounds (see Proposition 9.16).

Lemma 9.13 If |a —b| =:§ €0, 2] for some a, b € [0, 2], then

Va—a? —va-b2| < J5(4—9),

and the inequality is tight.

Proof The claim is obvious if § = 0. Henceforth, we will assume that § > 0. Observe
that

2_p2
Vi—a—Va—p?|= 1“0
Va—a2 +V4-b2
b
—la—b|-——2"
Va4 —a?+4—b2
4-46
< —
V48— 452
= /46(4-9).
Finally, the equality holds ifa =2 and b =2—§,ora=2—4§ and b = 2. |

Lemma 9.14 For any m,n > 0, let @ # C C SE satisty C N (—C) = < and let
¢: C — S be any map. Then the extension ¢* of ¢ to the set C U (—C) defined by

¢p*:CU(-C)—S™, X ¢(x), —x+—¢(x) forxeC,

is antipode-preserving and satisfies disg(¢*) < /disg(¢)(4 — disg(¢)).
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Proof By definition, ¢* is antipode-preserving. Now, fix arbitrary x, x” € C. Then
|di(x, —x") — dp(¢™(x), 9™ (=x"))|
= V4= (dr(x.x)? = V4= (ds(9 (x), (")) |
< Vdi(x. x') — di($ (x). p (+')|(4 — |dr(x. x') — dr(p (x). $ (x'))])
< V/disg(¢) (4 — disg(¢))

and

|dg(=x, =x") — dg(¢™ (=x), ¢ (=x")| = |de(x, x") — dr(p(x), ¢ (x"))| < dis(4).

Hence,

disg(¢*) < max{disg(¢), v/disg(¢)(4 —disg(¢))} = /disg(¢)(4 —dise(¢)). O

Corollary 9.15 Foreachn € Z~ and any map ¢ : S, — Sg_l , there exists an antipode-
preserving map ¢*: S{ — S]’:j_l such that disg(¢*) < \/disg(¢)(4 — disg(9)).

Proof Consider the restriction of ¢ to the “helmet” 4 (S™) (see Section 5.1) and apply
Lemma 9.14. |

Proposition 9.16 For all integers 0 < m < n,
don(S2. 80 = 1(2—\2-2-) =

Proof Suppose to the contrary that dgu(SE', Sf) < %(2 —/2—=2/(m+1)). This
implies that there exist a correspondence I' between S and S{! such that disg(I") <

%(2 —+/2—=2/(m+1)). Moreover, since n > m + 1, SI'E"H can be isometrically
embedded in S¥, so we are able to construct a map g: ST — S in the following
way: for each x € Sg’""l C SE, choose g(x) € S{ such that (g(x),x) € I'. Then

disg(g) < (2—+/2—2/(m + 1)) as well. By applying Corollary 9.15, one can modify
this g into an antipode-preserving map & : Sg“ — SE with

dise(§) < /dise(g) (4—disn(g)) < |2+ .

which contradicts Corollary 9.11. O

Note that in contrast to the case of geodesic distances (where the upper bound given
by Proposition 1.16 and the lower bound given by Theorem B agree when m = 1 and
n = 2), Proposition 9.16 yields g}f 5 2 % which is strictly smaller than the upper bound

JTE provided by Corollary 9.8 and Proposition 1.16.
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9.1 The proof of Proposition 9.10

The proof will be based on a geometric construction which is illustrated in Figures 13
and 14.

Proof To prove the claim, note that it is enough to construct a correspondence Rg
between Sé and HZO(S]%:) such that disg(Rg) < +/3.

First, let uy, ..., u7 be the vertices of a regular heptagon inscribed in S Letv; :=—u;
fori =1,...,7. See Figure 13 for a description.
Second, divide HEO(S%) into seven regions Ay, ..., A7 as in Figure 14. The precise

“disjointification” (on the boundary) of the seven regions is not relevant to the analysis
that follows, as it is easy to check.

Now, choose a; € A; for each i = 1,...,7 in the following way, where o is some
number which is very close to JTE but still strictly smaller than JTi (for example, choose
o = 0.866):

ay = (\/1—(\/1—a2+2—\/§)2, Vi—a2+2-+/3, 0) ~ (0.640511,0.767949, 0),
ay = (0, Vi—a2+42-+/3, \/1—(\/1—a2+2—«/§)2) ~ (0,0.767949, 0.640511),

a3 =(0,V1—a? a)=(0,0.50.866),

Us

231

Figure 13: The points vy, ..., v7 and uy,...,u7. These arise from two
antipodal regular heptagons inscribed in S'.
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as

A6W7

Figure 14: View from above of the seven regions 4y,..., A7 of HZO(S%).
All lines shown in the figure (which are projections of circular arcs) are
aligned with the either the x or y axis. Also, p+ = (+a, V1 —0«2,0) and
g+ = (fa,—v1—a?2,0).

as=(0.0.1),

as = (0,—(@+p6—\/§), \/1—(@+p6—\/§)2)
~ (0, —0.717805, 0.696244),

a6 = (0,—(m+p6—x/§+p5—\/§), \/1—(m+p6—\/§+p5—«/§)2)
~ (0, —0.787692,0.616069),

ar = (\/1—(m+p5—ﬁ+p5—«/§)2,—(m+p6—\/§+p5—\/§),0)

~ (0.616069, —0.787692, 0),

where py := /2 —2cos(kw/7) fork € {1,...,7}.

One can directly check that the following seven conditions are satisfied:
(1) de(Ai, Aj) > ps—~/3forany i, j €{1,...,7} with |i — j| = 3.
(2) dg(ai,aj) > pe— V3foranyi,je{l,..., 7} with |i — j| = 2.
(3) de(a;,a;)>2—+/3foranyi,je{l,...,7} with |i — j| = 3.
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(4) dp(A;,a;) > ps—~/3foranyi, je{l,..., 7} with |i — j| = 2.
(5) de(A;j,a;)>2—+/3foranyi,je{l,...,7} with |i — j| = 3.
(6) diam(A4;) < /3 foranyi e{l,...,7}.

(7 dE(a,-,aj)<\/§f0ranyi,jE{l,...,7}with|i—j|:1.

In what follows, for two points v,w € S! with dg(v, w) < 2, vw will denote the
(unique) shortest circular arc determined by these two points.

Now we define a correspondence Rg by

7 7
Re = @i, ») 1y e AU Ji(x,a0) 1 x € visvial,

We now prove that disg(Rg) < v/3:

First, let us prove that

sup (de(x, XY —dg(p, ")) < V3.

(x,3),(x",y")E€Rg
For this we verify the inequality dg(x, x") — dg(y, ¥') < +/3 for all cases induced by
the structure of the correspondence Rg:
(1) If(x,p),(x",y)e{u;}xA; forsomeie{l,..., 7}, thendg(x,x")=dg(u;,u;)=0.
(2) If (x,y) € {u;} x A; and (x", ") € {u;} x Aj for some i, j € {1,...,7} with
i — j| =1, then dr(x,x) = dg(ui, u;) = py < +/3.
(3) If (x,y) € {u;} x A; and (x', ") € {u;} x Aj for some i, j € {1,...,7} with
i — j| =2, then dg(x,x") = dg(ui, uj) = ps < /3.
(4) If (x,y) € {ui} x A; and (x",y") € {u;} x Aj for some i, j € {1,...,7} with
li —j| =3, then dg(x,x’) = dg(u;, u;) = pe > V/3. However, since dg(A4;, Aj) >
06 — /3 by condition (1) above, we have dg(x, x") — dg(y, ') < V3.
(5) If (x,y),(x".y") € vj13vi14 X {a;} for some i € {1,...,7}, then dg(x,x’) <
diam(v;130i14) = p2 < /3.
(6) If(x,y)€vitsviyax{a;}and (x’, y') €vj13vj4axia;} forsomei, je{l,..., 7}
with [i — j| =1, then dg(x, x") < diam(V;{3Vi+4 U Vj30j14) = ps < V3.

(7) If (x,y) € Vit3Vigas x {a;} and (x',)) € Uj43vj44 x {a;} for some i, €
{1,...,7} with [i — j| =2, then dg(x, x") < diam(v; +-3V; 44 UV 130j44) = pe > V3.
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However, since dg(y, ') = dg(ai,a;) > pe — V/3 by condition (2) above, we have
di(x,x') = de(y. ) < /3.

(8) If(x,y)€viqrsvitax{a;}and (x, y’) €vjy3vjrax{a;}forsomei, j€{l,..., 7}
with |i — j| = 3, then, since dg(y, y') = dg(ai,a;) >2— V/3 by condition (3) above,
we have dg(x,x") —dg(y, y') <2—(2—+/3) = /3.

(9) If (x,y) € {u;} x A; and (x', ") € V;13vi14 X {a;} for some i € {1,...,7},
then u; € Vj430v;+4. Hence, dg(x,x’) = dg(ui, x’) < diam(v;13v;44) < /3. So
d(x, x") = de(y, y") < /3.

(10) If (x,y) €{u;} x A; and (x', y") € Uj13vj14 x {a;} for some i, j € {1,...,7}
with [i — j| = 1, then dg(x, x") = dp(u;, x') < diam({u;} U vj330;14) = p3 < V/3.
(11) If (x, y)e{ui}xA;and (x', y") € Uj13vj1ax{a;} forsome i, j €{1,..., 7} with
i —j| =2, then dr(x, X") = dg(u;, x') < diam({u; }Uv; 1 30;14) = ps > +/3. However,
since dg(A;,a;) > ps — +/3 by condition (4) above, dg(x, x") —dg(y, ') < /3.
(12) If (x,y) € {ui} x A; and (x', y") € Uj13vj14 % {a;} for some i, j € {1,...,7}
with |i — j| = 3, then, since dg(4;,a;) > 2 — /3 by condition (5) above, we have
de(x,x") —dg(y, y') < V/3.

Next, we prove

sup  (de(p,y)) —dp(x.x)) < /3,
(x,y),(x",y")ERE

for which we verify the inequality dg(x, x") — dg(y, ') < /3 in a number of cases.
(1) If (x, p), (x", y') € {u;} x A; for some i € {1,...,7}, then, since diam(4;) < /3
by condition (6) above, dg (v, y') < +/3, s0 dg(v, y') — dg(x,x') < /3.

(2) If (x,y) € {u;} x A; and (x",y") € {u;} x Aj for some i, j € {1,...,7} with
i —j| =1, then dg(x. x") = de(ui. uj) = pp and dg(p. y') —dg(x. x) <2—py < V/3.
(3) If (x,y) € {ui} x A; and (x',y") € {u;} x Aj for some i, j € {1,...,7} with
i — j| =2, then dg(x, x') = dg(ui, uj) = ps and dg(y, y') — d(x, x') < 2—ps < V/3.
(4) If (x,y) € {u;} x A; and (x', ") € {u;} x Aj for some i, j € {1,...,7} with
i — j| =3, then dg(x, x") = dg(ui. uj) = ps and dg(p, y') —dg(x,x') <2—pg < V/3.
(5) If (x, ), (x", ") € Vj13vi+4 X {a;} for some i € {1,...,7}, then dg(y, ') =
dg(ai,a;) = 0.

(6) If (x,y) €vitsvipaxiai}and (x', ') €vjy3vjyax{a;} forsomei, je{l,..., 7}
with [i — j| = 1, then, since dg(a;,a;) < V/3 by condition (7) above, we have
dE(y’ y,) _dE(xv-X/) = dE(al"aj) _dE(X’x,) < \/5
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(7) If(x,y)€vitsviyaxfa;}and (x’, y') €vj13vj4axia;} forsomei, je{l,..., 7}
with |i — j| = 2, then dg(x, x") > p,. Hence, dg(p, y') —de(x,x’) <2— py < /3.

(®) If(x,y)€vip3viyaxfa;}and (x’, y') €vj13vjaxia;} forsomei, je{l,..., 7}
with |i — j| = 3, then dg(x, x") > p4. Hence, dg(p, ') —de(x,x’) <2 — ps < +/3.

9) If (x,p) €{u;} x A;j and (x', y') € V;13v; 14 x {a;} for some i € {1,...,7}, then,
since a; € A; and diam(A;) < +/3 by condition (6), we have dg (v, y')—dg(x, x’) < +/3.

(10) If (x, y) € {u;} x A; and (x', y’) € Vj13vj44 x {a;} for some i, j € {1,...,7}
with |i — j| = 1, then dg(x, x") > p;. Hence, dg(y, y') —de(x,x’) <2—p; < /3.

(11) If (x,y) €{ui} x A; and (x', y") € Uj13vj14 x {a;} for some i, j € {1,...,7}
with |i — j| = 2, then dg(x, x") > ps. Hence, dg(y, y') —dg(x,x’) <2—p3 < /3.

(12) If (x,y)e{ui}xA; and (x', y') € vj13vjax{aj} forsomei, j €{l,..., 7} with
li — j| = 3: Observe that dg(x, x") > ps. Hence, dg(y, y') —dg(x, x') <2—ps < /3.

Hence, disg(Rg) < V3, as required. O

Appendix A A succinct proof of Theorem G

In this appendix we provide a proof of Theorem G following a strategy suggested by
Matousek in [24, page 41] and due to Arnold WaBmer.

Lemma A.1 If a simplex contains 0 € R” and all of its vertices lie on S"~!, then
there are vertices u and v of the simplex such that dgn—1(u,v) > {p—1.

Proof We give the proof here for completeness — the proof is basically the same as
that of [11, Lemma 1]. Let uy,...,u,+; be (not necessarily distinct) vertices of a
simplex such that their convex hull contains the origin 0 € R”. Therefore, there are
nonnegative numbers A1, ..., A,+1 such that Z;’:ll Apn=1land 0= Z?:ll Aiu;. Then
2 n+1

= Z)ui)xj (ui, Uj) + Z )»iz.

ij i=1

n+1

Z)\i“i

i=1

0=

i=1

Moreover, since 0 < 3, ; (A — 1) =2n Y01 A? =23 iz hikjs

n+1

PILEES DI IN

i=1 ij
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Hence, .
0>Zkk (u,,uj n)'
i#j
Thus, there must be some distinct i and j such that (u;,u;) < —1/n, so that
dgn—1(uj, uj) > arccos(—%) =Cp1. O

Below, the notation V(T') for a triangulation 7" of the cross-polytope B” will denote
its set of vertices.

Lemma A.2 Let T be a triangulation of the cross-polytope B” which is antipodally
symmetric at the boundary (ie if A C 9B" is a simplex in T, then —A C 3B" is also
inT), and let g: V(T) — S"~! be a mapping that satisfies g(—v) = —g(v) € S"~!
for all vertices v € V(T) lying on the boundary of B". Then there exist vertices
u,v € V(T) withdgn-1(g(u), g(v)) = {u—1.

Proof By Lemma A.1 it is enough to show that some simplex {vy,..., vy} of T
satisfies
0 € Conv(g(vy), g(v2).....g(Wm)).

Suppose not; then one can construct the continuous map ¢: B" > R”" \ {0} such that
dlarur+--+amum) i =a1guy)+---+amgum), where {uy, ..., un} is a simplex
of T,ay,...,an<]0,1],and Z;":l a; = 1. Next, one can construct the continuous map
qAS: B” — S"~1 such that dA)(x) =¢(x)/]|¢d(x)]| for each x € B”. Moreover, this map qAS
is antipode-preserving on the boundary since if x € IB" satisfies x = avi+---+amvm
where {vy,..., Uy} is a simplex of 9B", then o(x)=aig(vy)+---+ amg(vy) and
¢(—x) =a1g(—vy) 4+ -+ amg(—vm), so ¢(—x) = —¢(x). This is a contradiction
to the classical Borsuk—Ulam theorem since ¢? oa~!:B" — S"! is continuous and
antipode-preserving on the boundary, where (below, for a vector v we denote by |v];
its 1-norm)

w: B - B, '_){(O,...,O) if x=1(0,...,0),

x||x|l1/llx]| otherwise,

is the natural bi-Lipschitz homeomorphism between B” and B" from the unit cross-
polytope to the closed unit ball. a

Now we are ready to prove Theorem G.

Proof of Theorem G Let /:B” — S”"~! be a map that is antipode-preserving on
the boundary of B”. Now, fix an arbitrary § > 0 such that for any x € B” there exists
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an open neighborhood U, of x with diam( f(Uyx)) < §. Fix & > 0 smaller than the
Lebesgue number of the open covering {Uy }xeB-

Let a: B" — B" be the natural (fattening) homeomorphism used in the proof of
Lemma A.2. One can construct a triangulation 7" of B satisfying the following two
properties:

(1) T is antipodally symmetric on the boundary of B”.

(2) T is fine enough that ||a(u) — a(v)|| < e for any two adjacent vertices u and v.

Then, by Lemma A.2, there exist adjacent vertices # and v such that

dsn—1(f oa(u), foa(v)) = {p—i.

Choose x = «(u) and y = «(v). Because of the choice of ¢, both x and y are contained
in some Uy. Hence, § > diam( f(Uy)) > {,—1, which concludes as in the proof of
Corollary 5.4. m|

Appendix B The Gromov-Hausdorff distance between a
sphere and an interval

To make this paper self-contained, we include a proof of the following proposition.

Proposition B.1 Let n be any positive integer. Then dis(f) > 2Z for any function

3
f:S" > R.

As a consequence, dgy(S", I) > % for any interval I C R.

Proof Note that it is enough to prove the claim for n = 1. We adapt an argument from
the proof of [20, Lemma 2.3].

Fix an arbitrary ¢ > 0. Consider an antipodally symmetric triangulation of S! with
vertex set V' C S! such that dg1(p,q) < ¢ for any two adjacent vertices p,q € V.
Then let f : S' — I be the linear interpolation of f|y: V — I. Now, by the classical
Borsuk—Ulam theorem, there exists x € S! such that ]’~ (x) = f (—x). Let p,geV
be such that x € pq. Then I N J # & where I is the closed interval between f(p)
and f(q), and J is the closed interval between f(—p) and f(—q) (since I and J both
contain f (x) = f (—x)). Without loss of generality, we can assume that f(—p) € I.

Now.fet _ {p it | £(—p)— F(D) <1/ (=)= 1@
q if|f(=p)—f(PI>1/(=p)— @I

Geometry & Topology, Volume 27 (2023)



3796 Sunhyuk Lim, Facundo Mémoli and Zane Smith

Then | /(—p) — f(r)| < 3 length(/) < J(dis(f) + ). Hence,
nm—e=<dgi(—p.r)=dis(f)+|f(=p)— f(r)| = %dis(f)+ %8,

sodis(f)ZZT”—s. |

Appendix C Regular polygons and S!
In this appendix we compute the distance between regular polygons and also between
the circle and a regular polygon.

The following map from metric spaces to metric spaces will be useful. For a metric
space (X, dx), consider the pseudo-ultrametric space (X, uy) where uy: X x X - R
is defined by

6, x> uy(x,x) = inf{0 max ldX(x,',le) ‘ X =Xg,..., X%, = x’ for somen > 1}.
<i<n—
Now, define U (X) to be the quotient metric space induced by (X, ux) under the
equivalence x ~ x’ if and only if uyx (x, x’) = 0. One then has the following, whose
proof we omit:
Proposition C.1 For any path-connected metric space X it holds that U (X) = .

We also have the following result, establishing that U : My — My, is 1-Lipschitz:

Theorem H [7] For all bounded metric spaces X and Y,

deu(X,Y) = deu(U(X),U(Y)).
For each integer n > 3, let P, be the regular polygon with n vertices inscribed in S!.
We also let P, = S°. Furthermore, we endow P, with the restriction of the geodesic

distance on S'. We then have:

Proposition C.2 (dgy between S! and inscribed regular polygons) For all n > 2,

den(S', Pn) = .

Proof That dgy(S', P,) > 7/n can be obtained as follows: by Theorem H,
dau(S', Pp) = den(U (S"), U(Py)).
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but, since U (S!) = * by Proposition C.1, and U (P,) is isometric to the metric space
over n points with all nonzero pairwise distances equal to 27 /n, from the above
inequality and (7) we have dgu(S', P,) > %diam(U (Py)) = m/n. The inequality
dgu(S!, P,) < m/n follows from the fact that dgy(S!, P,) < du(S', Py) = n/n. O

Note that, if S! and P, are both endowed with the Euclidean distance (respectively
denoted by Sé and (Py)g), then, in analogy with Proposition C.2, we have the following
proposition which solves a question posed in [1]. The proof is slightly different from
that of Proposition C.2.

Proposition C.3 Forall n > 2, dgu(S;. (Py)g) = sin(rr/n).

Proof One can prove dGH(Sé, (Py)E) = sin(xr/n) by invoking U as in the proof
of Proposition C.2. In order to prove dgu(St, (P,)g) < sin(rr/n), let us construct a

specific correspondence R between S]l: and (Py)g. Let uq, ..., uy be the vertices of
(Py)g, and V1, ..., V, be the Voronoi regions of S! induced by uq,...,u,. Now let
n
R:= U Vi x {u;}.

i=1
Then we claim disg(R) < 2 sin(sr/n). To prove this, it is enough to check the following
two conditions via standard trigonometric identities:

(1) 2sin(kr/n)—2sin((k — D)x/n) <2sin(x/n) for 1 <k < L%nJ
(2) 2-2sin(|in]n/n) < 2sin(x/n).
Hence, dGH(Sé, (Py)E) <sin(w/n). |

We now pose the following question and provide partial information about it in
Proposition C.5:

Question VI Determine, for all m,n € N, the value of Py, := dou(Pm, Pn).

Remark C.4 By simple arguments, which we omit, one can prove that py 3 = 7%,
P24 = 7. P25 = 27” and py ¢ = 5. Also Proposition C.2 indicates that p; ,, tends
to % as n — oo. Then these calculations imply that 1 - p5 ,, is not monotonically

increasing towards 7; cf Question L.

Proposition C.5 For any integer 0 < m < 00, Py m+1 = /(M + 1).
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Proof First, let us prove that p,, 41 < 7/(m + 1). We construct a correspondence R
between Py, and Py, 1 such that dis(R) <2x/(m+1). Letuy, ..., u, be the vertices
of Py, and vy,..., Uy, U+ be the vertices of Py, 1. Consider the correspondence

R:= | J{@m, vm)} U{(ttm, vmt1)}-

i=1

Then, for any 7, j € {1,...,m},

|ds1 (ui, uj) —dgi (vi, vj)]

2T . .
= |2 mindli = jlm = | = 1} = 2 mingli = jlm+ 1=1i = I}

+1

‘2nk 2wk ‘2nk 2r(k+1)

m+1 m+1

_ 2wk or 2% (l—k)

T m(m+1) T m+1 m
2
“m+1

(for some 0 <k < I_%mJ)

(for some 0 < k < L%mJ)

Also, for any i € {1,...,m},

|ds1 (ui, um) — ds1 (i, Vm+1)]

-min{m + 1 —1i, l}‘

—‘2—n-min{m—i i}— 2
T im ’ m+1

:‘ , _mr-[i-l or‘ - nn§+1) (forsome05k§|_%mj)
2nk 2 k

:m(rZ+l) Orm—jlil( _n_q) (for some 0 <k < |1m])
2

=

Hence, one concludes that dis(R) < 2z /(m + 1).

Next, let us prove that p,, 41 > 7/(m + 1). Fix an arbitrary correspondence R
between Py, and Py,1. Then there must be a vertex u; of P, and two vertices v;
and v of Py, such that (4, vj), (4;, vr) € R. Hence,

. 2
dis(R) > |dg (ui. i) = dg1 (v vg)| = =
Since R is arbitrary, one concludes that ., 41 = 7/(m +1). |
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