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Homological invariants of codimension 2 contact submanifolds

LAURENT COTE
FRANCOIS-SIMON FAUTEUX-CHAPLEAU

Codimension 2 contact submanifolds are the natural generalization of transverse knots to contact manifolds
of arbitrary dimension. We construct new invariants of codimension 2 contact submanifolds. Our main
invariant can be viewed as a deformation of the contact homology algebra of the ambient manifold. We
describe various applications of these invariants to contact topology. In particular, we exhibit examples
of codimension 2 contact embeddings into overtwisted and tight contact manifolds which are formally
isotopic but fail to be isotopic through contact embeddings. We also give new obstructions to certain
relative symplectic and Lagrangian cobordisms.
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2 Laurent Coté and Frangois-Simon Fauteux-Chapleau
1 Introduction

1.1 Overview

The purpose of this paper is to introduce new invariants of codimension 2 contact submanifolds. Given
a closed, co-oriented contact manifold (Y, £) and a codimension 2 contact submanifold V' with trivial
normal bundle, our main construction produces a unital, Z/2-graded Q[U]-algebra

(1-1) CH,(Y,£,V;v).
Here v = (ay, 7, r) is a triple consisting of
(1) anondegenerate contact form oy on V inducing &y =&y N TV,
(i) a trivialization T of Ny,y, and
(iii) a real number r > 0.
This triple is required to satisfy certain conditions (stated in Definition 3.3), and should be viewed as

encoding a choice of Reeb dynamics in an infinitesimally small neighborhood of V. The (nonempty) set
of all such triples is denoted by R(Y, &, V).

The invariant (1-1) can be viewed as a deformation of the contact homology algebra CH,(Y, ), as
explained in Remark 1.1 below. In particular, U is a formal variable and there is a natural map

(1-2) evy=1:CH,(Y,£,V;v) > CH,(Y,§)
obtained by setting U = 1.

The algebra CH,(Y, &, V;t) is generated by (good) Reeb orbits for an auxiliary nondegenerate contact
form A on (Y, £). See Pardon [61, Definition 2.59] for the notion of a good Reeb orbit; all nondegenerate
Reeb orbits are good except for certain even-degree covers of simple Reeb orbits with odd Conley—Zehnder
index. The form A is required to be adapted to v € R(Y, &, V), which means in particular that V' is
preserved by the Reeb flow of A; see Definition 3.4.

The differential is defined as in ordinary contact homology by counting pseudoholomorphic curves
in the symplectization Y, where the additional U variable keeps track of the intersection number of
curves with the symplectization V c Y. More precisely, we fix an almost complex structure J: & — &
which is compatible with the symplectic form dA and preserves &|y N TV C TY |y. We then consider
J- —holomorphic curves in Y, where J = —9; ® A+ R 2 ®dt + J. The differential is defined on generators
by (roughly)! the formula

(1-3) d(y) = > #HMBYUPTT BNy, Ly,
Bema (Y yuyU-Ly;)

IStrictly speaking, (1-3) should be refined as follows: (i) one should indicate that the virtual moduli counts depend on a choice
of “virtual perturbation data”; (ii) one should indicate that the counts depend on the order of a certain group of automorphisms of
the triple (y, y1 U---Uy;, B) which acts on y by the identity; (iii) one must specify signs (or, more invariantly and following
Pardon [61], orientations lines). See (6-7) for the precise formula.

Geometry & Topology, Volume 28 (2024)



Homological invariants of codimension 2 contact submanifolds 3

where y is a positive orbit (ie associated to the convex end of the symplectization) and yy, ..., y; are
negative orbits (ie associated to the concave end). We define I'™ (8, V') = #{y; C V'} to be the number of
negative orbits of 8 which are contained in V.

We denote by M(B) the compactification of the moduli space M () of J- —holomorphic curves in the
class B. Such moduli spaces are in general nontransversally cut out, so the moduli counts #M ()
appearing in (1-3) are defined as in Pardon’s construction [60; 61] of contact homology, via his theory of
virtual fundamental cycles. In particular, #M(B) is nonzero only for moduli spaces of virtual dimension
zero. Finally, the pairing (— * —) is a count of intersections between V and B, which was introduced by
Siefring [64; 54].

We also construct a closely related invariant
(1-4) CH.(Y,E, V;v),

which we call reduced. This is a unital, Z /2—graded Q-algebra which is generated by Reeb orbits in
the complement of V. The differential counts pseudoholomorphic curves which do not intersect V. For
appropriately chosen pairs t,v’ € R(Y, £, V'), we have a morphism of Q-algebras

(1-5) CH.(Y.£,V;Y)— CH. (Y, £, V;v).

The invariant CH, (—; —) is called reduced because it carries less information (in particular, it does not
involve taking the kernel of an augmentation as in, for instance, reduced singular homology). However, it
is easier to compute.

Remark 1.1 The Q[U]-algebra CH,(Y, &, V'; t) can be viewed as a deformation of the contact homology
Q-algebra CH,(Y, §) in the following way. First, recall that for a ring R and a differential graded R—
algebra (A, d), a (formal) deformation of (A, d) is the data of a differential d; :=d + tdy + t?dp + - -

on the R[t]l-algebra A[[t] satisfying the graded Leibnitz rule, where each d; is an endomorphism of 4;
see Gerstenhaber and Wilkerson [30]. Now, let us set U = e’ in (1-3) and expand in . We then get

(V*B+T(B,V)K
X Y1 VI

(1-6) diy)=)_> 1 -#M(@p))-

B k=0

Thus CH,(Y, &, V;t) is indeed a deformation of ordinary contact homology, which can be recovered by
sending ¢ — 0. In the case where I' (8, V') = 0, the coefficient

(V*B+T(B,V)K (V x p)F
k! k!

could be interpreted as a count of rigid pseudoholomorphic curves which send £ marked points in the

#M(B) - =#M(B)-

source to the pseudoholomorphic divisor V.

Geometry & Topology, Volume 28 (2024)



4 Laurent Coté and Frangois-Simon Fauteux-Chapleau

1.2 Energy and positivity of intersection

In order to ensure that (1-3) defines a differential over Q[U], we need to ensure that V x B+T=(B,V)=0
whenever #M(B) # 0. If M(B) is nonempty? and at least one of the asymptotic orbits of B is disjoint
from V, then this is a consequence of the familiar phenomenon of positivity of intersection. Indeed, in this
case, § admits a J —holomorphic representative u which is not contained in V. Positivity of intersection
then implies that V x B = Vxu>0.

The situation is more complicated when all of the asymptotic orbits of § are contained in V. Indeed, in
this case, the J- —holomorphic representatives of 8 may be contained in V and positivity of intersection
fails in general. However, one can show that there is a universal lower bound on the intersection number,

(1-7) ViBz=-T"(B.V).
This explains the appearance of the correction term I' (8, V') in (1-3).

In order to construct CH,(Y, &, V; v), it is not enough to define a differential: one also needs to define
continuation maps, composition homotopies, etc. These maps are defined by counting curves in more
complicated setups. For example, the continuation map is obtained by counting curves in a suitably
marked exact relative symplectic cobordism ()? , X, H).3 More precisely, one obtains an algebra map
similar to (1-3) by counting J. —holomorphic curves in ()? , )AL) weighted by their intersection number
with H, for a compatible almost complex structure J which agrees with J % near the ends.

Unfortunately, for an arbitrary relative symplectic cobordism, a lower bound of the type (1-7) fails to hold.
A key step in constructing the invariants (1-1) is to identify a sufficiently large class of relative symplectic
cobordisms for which such a lower bound does hold. This leads us to introduce notions of energy for
exact symplectic cobordisms and almost complex structures on exact relative symplectic cobordisms.
These energy notions are developed in Section 6 and are of central importance in this paper.

We prove that a lower bound as in (1-7) holds under a certain condition which relates the behavior of AT
near VT to the energy of J. We also prove analogous statements for other related setups. This allows
us to prove that CH,(Y, &, V'; v) is well-defined, ie it does not depend on the auxiliary contact form and
almost complex structure. We also prove that an exact relative symplectic cobordism ()? , 1, H) induces a
map

(1-8) CH. (YT, e",VtitT) > CH, (Y £,V ;t7)

provided that a certain inequality is satisfied, where the inequality involves t* and the energy of the
(sub)cobordism H C ()? ,A).

2Since [61] uses virtual techniques to define contact homology without making any transversality assumptions, it is possible for
the compactification M () to be nonempty even if M () is empty. Positivity of intersection still holds when this happens, but
the proof requires a bit more work. Details can be found in Sections 5.3 and 7.2.

3 An exact relative symplectic cobordism is the data of an exact symplectic cobordism ()? , )AL) which looks like (?i, )A&i) near
the ends, together with a codimension 2 symplectic submanifold H C X which looks like V¥ near the ends; see Definition 2.17
for the details.

Geometry & Topology, Volume 28 (2024)



Homological invariants of codimension 2 contact submanifolds 5

Energy considerations play a similarly central role in our construction of the reduced invariant CH. (= —).
Although the continuation map for the reduced invariant does not count curves contained in H, one needs
to ensure that sequences of curves disjoint from H does not degenerate into H . This requires hypotheses
on the energy of the relevant cobordism. In general, the arguments involved in constructing CH,(—; —)
and CH, (—; =) turn out to be very similar.

Energy is not in general well-behaved under gluing symplectic cobordisms, unless one of them happens
to be a symplectization. As a result, cobordism maps cannot be composed arbitrarily. This lack of
functoriality of the invariants (1-1) and (1-4) can be remedied by considering variants of these invariants
which are obtained by taking certain (co)limits over v € R(Y, &, V); see Section 8.3. These variants are
fully functorial but also seem harder to compute.

Remark 1.2 The apparent failure of positivity of intersection in the absence of energy bounds is not a
deficiency of our method: if one could define maps (1-8) without additional hypotheses involving energy
and the v, then this would imply that (1-1) and (1-4) are independent of t. To see that this cannot hold in
general, consider an “irrational ellipsoid” E(ry,r2) = {z € C? | 7|z1|?/r1 +7|22|?/r2 <1} C R*, where
r1/ry is irrational. Following Hutchings [41, Section 4.2], there are exactly two families of Reeb orbits
{y{‘}keN+ and {yé‘}keNJr, where )/il C{zi =0}NJIE(r1,r2) and yl.k denotes the k—fold cover of yl.l.
These orbits generate the (ordinary) contact homology of the 3—sphere, but the Conley—Zehnder indices
of the )/l-k are highly sensitive to r; and r5. If we could define the contact homology of the complement of
(say) )/11, then it would be generated by the yé‘ . One can verify that this is not an invariant, since changing
the r; does not change the contactomorphism type of S3— )/11, but drastically changes the indices of the )/é‘.

1.3 Legendrian invariants and the surgery formula

Contact homology is one of many invariants which can be constructed using the framework of Symplectic
Field Theory (SFT). SFT was first introduced by Eliashberg, Givental and Hofer [24] and provides (among
other things) a conjectural mechanism for constructing invariants in symplectic and contact topology by
counting punctured pseudoholomorphic curves in symplectic manifolds with cylindrical ends.

In some of the later sections of this paper, we discuss how the invariants (1-1) and (1-4) are related to
other SFT-type invariants. For computational purposes, it is particularly useful to explore the behavior
of the invariants (1-1) and (1-4) under Weinstein handle attachment, following the work of Bourgeois,
Ekholm and Eliashberg [7].

To this end, we introduce analogs of (1-1) and (1-4) for Legendrian submanifolds. With (Y, &, V) as
above, suppose that A C (Y —V, §) is a Legendrian submanifold. We then define (under mild topological
assumptions) invariants

(1-9) L(Y,E,V,A;v) and L(Y,&V,A:v).

The first invariant can be thought of as a deformation of the Chekanov—Eliashberg dg algebra of A C (Y, &),
while the second invariant is a reduced version.

Geometry & Topology, Volume 28 (2024)



6 Laurent Coté and Frangois-Simon Fauteux-Chapleau

We describe a conjectural surgery exact sequence which relates (linearized versions of) the invariants
(1-1), (1-4) and (1-9) under Weinstein handle attachments. This surgery exact sequence is an analog
of the conjectural surgery exact sequence for linearized contact homology of Bourgeois, Ekholm and
Eliashberg [7, Theorem 5.2].

Remark 1.3 The main invariants of this paper, (1-1) and (1-4), are constructed fully rigorously using
Pardon’s virtual perturbation framework [61]. However, our discussion of the surgery formula (and of the
Legendrian invariants therein) requires certain transversality assumptions which are essentially the same
as in [7]. We fully expect that if [7] can be made rigorous using Pardon’s techniques [61], then extending
this to our context should pose no substantial additional difficulties.

For the reader’s convenience, all statements in this paper which depend on unproved assumptions are
labeled by a star. The proofs of starred statements depend only on a limited set of assumptions, which are
clearly identified in the text.

One could also attempt to define the invariants in this paper using other perturbation frameworks such as
the polyfolds of Hofer, Wysocki and Zehnder [36; 37; 38] or the techniques of Ekholm [20], but we do
not pursue this here.

1.4 Applications to contact and Legendrian embeddings

Transverse knots are important objects of study in three-dimensional contact topology. The notion of a
codimension 2 contact embedding generalizes transverse knots to contact manifolds of arbitrary dimension.
However, until recently, it was not understood whether the high-dimensional theory of codimension 2
contact embeddings is interesting from the perspective of contact topology, or whether it reduces entirely
to differential topology.

Definition 1.4 Given a pair of contact manifolds (V2”1 ¢) and (Y 2"~ &), a contact embedding is a

smooth embedding
(1-10) i:(V.0) = (X.§)

such that i *(&;yy N di(TV)) = ¢. Such a map is also referred to as an isocontact embedding in the
literature (see eg Casals and Etnyre [10], Eliashberg and Mishachev [25] and Pancholi and Pandit [59]),
but we will not use this terminology. A contact submanifold V C (Y, £) is a submanifold with the property
that £|y N TV is a contact structure.

Observe that if 2n —1 = 3 and 2m — 1 =1 in the above definition, then we recover the familiar notion of
a (parametrized) transverse knot. The following basic examples of codimension 2 contact embeddings
will play an important role in this paper.

Example 1.5 (cf Definition 3.11 and [31]) Let7:Y — B — S be an open book decomposition which
supports the contact structure £ on Y. Then the binding B C (Y, £) is a codimension 2 contact submanifold.

Geometry & Topology, Volume 28 (2024)



Homological invariants of codimension 2 contact submanifolds 7

Example 1.6 (see Definition 10.1 and Definition 3.1 in [10]) Let (Y, &) be a contact manifold and let
A < Y be a Legendrian embedding. Then the Weinstein neighborhood theorem furnishes an embedding

(1-11) T(A): (A(D*A), Eqa) — (Y. 6),

which is canonical up to isotopy through codimension 2 contact embeddings. We refer to t(A) as the
contact pushoff of A — Y. By abuse of notation, we will routinely identify t(A) with its image.

As is customary in contact and symplectic topology, there is a notion of a formal contact embedding. This
notion encodes certain necessary bundle-theoretic conditions which must be satisfied by any (genuine)
contact embedding. It is then natural to seek to understand to what extent the space of genuine contact
embeddings of (V, ) into (Y, &) differs from the space of formal contact embeddings.

In the case that V' is a closed manifold of codimension at least 4 with respect to Y, or open and of
codimension at least 2, then an h-principle due to Gromov (see Theorem 12.3.1 and Remark 12.3 of
Eliashberg and Mishachev [25]) implies that the space of contact embeddings is essentially equivalent
to the space of formal contact embeddings. Thus, in these settings, the theory of contact embeddings
reduces to differential topology.

In contrast, a breakthrough result due to Casals and Etnyre [10] shows that this h-principle fails in general
for codimension 2 contact embeddings of closed manifolds. More precisely, for n > 3, Casals and Etnyre
[10, Theorem 1] exhibited a pair of contact embeddings of (D*S™ 1, £) = 0oo(T*S™ !, Acan) into the
standard contact sphere (S2"~!, £&;4) which are formally isotopic but are not isotopic through contact
embeddings (here and throughout the paper, doo(—) denotes the ideal contact boundary). Building on
these methods, Zhou [70] recently proved that there are in fact infinitely many formally isotopic contact
embeddings of oo (T * S, Acan) into the standard contact sphere which are not isotopic through contact
embeddings, provided n > 4.

There has also been recent work to establish existence results for codimension 2 contact embeddings under
certain conditions; see Lazarev [48] and Pancholi and Pandit [59]. This culminates in a full existence
h-principle for codimension 2 contact embeddings due to Casals, Pancholi and Presas [13], which states
that any formal codimension 2 contact embedding is formally isotopic to a genuine contact embedding.

The invariants constructed in this paper can be used to distinguish pairs of formally isotopic contact
embeddings which are not isotopic through contact embeddings. We illustrate two types of applications,
applying, respectively, to contact embeddings into overtwisted contact manifolds, and into the standard
contact sphere.

Let us begin with the overtwisted case. In Construction 12.6, we describe a procedure for constructing pairs
of formally isotopic contact embeddings into certain overtwisted contact manifolds which are not isotopic
through contact embeddings. Here is a special case of this construction: let (Y, £) be an overtwisted
contact manifold and fix an open book decomposition for (Y, B, ) which supports £; see Section 3.3.

Geometry & Topology, Volume 28 (2024)



8 Laurent Coté and Frangois-Simon Fauteux-Chapleau

Leti: B — Y be the tautological inclusion of the binding. Using the relative h—principle for contact
structures of Borman, Eliashberg and Murphy [5, Theorem 1.2], it can be shown that there exists a
codimension 2 contact embedding j: B — Y which is formally isotopic to i, and such that (Y — j(B), &)
is overtwisted. (Construction 12.6 is more general, but this is the most important example.)

Theorem 1.7 (see Theorem 12.7) Let i, j and (Y, §) be constructed according to Construction 12.6,
where (Y, £) is an overtwisted contact manifold and i and j are (formally isotopic) contact embeddings.
Theni and j are not isotopic through contact embeddings. In fact, i is not isotopic to any reparametrization
of j in the source, meaning that i (V') and j(V') are not isotopic as codimension 2 contact submanifolds
of (Y,§).

Theorem 1.7 can be proved using either of the invariants (1-1) or (1-4). To the best of our knowledge,
it cannot be proved in general using invariants already in the literature. However, in the special case
where i (B) is the binding of an open book decomposition (ie the example sketched above), then the
conclusion of Theorem 1.7 follows from the fact that the complement of the binding of an open book
decomposition is tight. This later fact is due to Etnyre and Vela-Vick [28, Theorem 1.2] in dimension 3; in
higher dimensions, it follows from work of Klukas [45, Corollary 3], who proved (following an outline of
Wendl [67, Remark 4.1]) the stronger statement that any local filling obstruction (such as an overtwisted
disk) in a closed contact manifold must intersect the binding of any supporting open book.

In some cases (see Corollary 12.10), the embeddings i and j in fact coincide with the contact pushoffs of
Legendrian embeddings. It is not hard to show that an isotopy of Legendrian embeddings induces an
isotopy of their contact pushoffs. Thus the invariants (1-1) and (1-4) also distinguish certain Legendrian
embeddings in overtwisted contact manifolds. To our knowledge, these embeddings cannot in general be
distinguished using invariants already in the literature; see Remark 1.11.

Our second application concerns codimension 2 contact embeddings into the standard contact spheres
(S*"~1, £44). More precisely, we use the reduced invariant (1-4) to distinguish formally isotopic contact
embeddings of (S*S?" 71, £) = 000 (T*S2" ™1, dean) into (S*"~1, £,q), thus reproving the main result
of Casals and Etnyre [10, Theorem 1] in dimensions 4n — 1 for n > 1.

Theorem* 1.8 (see Theorem* 12.18) Let (V, £) be the ideal boundary of (T*S?"~!, Acan). Then for
n > 1, there exists a pair of formally isotopic contact embeddings

(1-12) io.iv: (V. ) > (ST £qa)

which are not isotopic through contact embeddings.

The embeddings we exhibit turn out to coincide with those exhibited by Casals and Etnyre in their proof
of [10, Theorem 1.1], although this fact is not entirely obvious; see Remark 12.21. However, the methods
for distinguishing them are completely different. Casals and Etnyre consider double branched covers
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along the contact submanifolds ig(V) and i1 (V). Using symplectic homology, they prove that these
branched covers do not admit the same fillings. This implies that io(}') and i; (V') cannot be isotopic,
since otherwise they would have contactomorphic branched covers.

In contrast, our proof of Theorem* 1.8 uses the invariant CH. (—; —) introduced in this paper. Roughly
speaking, we prove Theorem* 1.8 by partially computing (linearizations of) CH. «(—; —) associated to
the two embeddings under consideration, and observing that they do not match. Our computations rely
crucially on our version of the surgery formula discussed in Section 1.3 as well as the well-definedness
of the invariants therein. This explains why this theorem statement is starred, following the convention
stated in Remark 1.3. We also remark that although Theorem* 1.8 only applies to spheres of dimension
4n —1, we expect that the same invariant also distinguishes embeddings into spheres of dimension 471 — 3.

However, proving this would likely require more involved computations than those carried out in this paper.

1.5 Applications to symplectic and Lagrangian cobordisms

Consider a pair of contact manifolds (¥ *, £*) and codimension 2 contact submanifolds (V' *, £ | y+) C
(Y%, &%), An exact relative symplectic cobordism from (YT, £+, V1) to (Y 7,7, V™) is a triple
()?, A, H), where ()?, X) is an exact symplectic cobordism from (Y, %) to (Y ~,§7) and H C Xisa
codimension 2 symplectic submanifold which coincides near the ends with the symplectization of V*;
see Definition 2.17.4 In the special case where X is the symplectization of Y * and H is diffeomorphic
to R x V*, we speak of a symplectic concordance from VT to V. These notions were first considered
by Bowden in his PhD thesis [9]. Using gauge theory, he exhibited certain restrictions on symplectic
cobordisms between transverse links in contact 3—manifolds [9, Section 7].

The following theorem gives a constraint on exact symplectic cobordisms between certain pairs of
codimension 2 contact submanifolds of an ambient overtwisted manifold. To the best of our knowledge,
this is the first negative result in the literature on relative symplectic cobordisms in dimensions greater
than three.

Theorem 1.9 Let V =i(B) and V' = j(B) be the codimension 2 contact submanifolds of the over-
twisted contact manifold (Y, &) as described in Construction 12.6. Then there does not exist an exact
relative symplectic cobordism ()?, 1, H) from (Y&, V') to (Y,£,V) with H'(H, (—00,0] x V;Z) =
H?(H,(—00,0] x V;Z) = 0. In particular, there is no symplectic concordance from V' to V.

One can similarly consider Lagrangian cobordisms and concordances between Legendrian submanifolds.
An exact Lagrangian cobordism from (Y ¥, £, A*) to (Y ~,£~, V™) is atriple ()?, A, L), where ()’(\, A)is
an exact symplectic cobordism from (Y, 1) to (Y, ) and L C Xisa Lagrangian submanifold which

4Note that our convention of regarding a cobordism as going from the convex end fo the concave end is consistent with [61], but
differs from most of the contact topology literature.
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coincides near the ends with the Lagrangian cone of A*; see Definition 2.20. If X is the symplectization
of Y~ and L = R x A™, one speaks of a Lagrangian concordance from AT to A™.

The theory of Lagrangian cobordisms has been extensively developed in the literature from various
perspectives; see eg Chantraine, Dimitroglou Rizell, Ghiggini and Golovko [15], Ekholm [19], Ekholm,
Honda and Kédlman [23] and Sabloff and Traynor [63]. While much is known in (R27+1 &) and certain
other tight contact manifolds, we are not aware of any results constraining cobordisms and concordances in
overtwisted contact manifolds; see Remark 1.11. The next theorem provides a first result in this direction.

Theorem 1.10 Let A and A’ be the Legendrian submanifolds of the overtwisted contact manifold (Y, §)
as constructed in Construction 12.9. Then A’ is not concordant to A.

In contrast, a result of Eliashberg and Murphy [26, Theorem 2.2] implies that A is concordant to A’.

Remark 1.11 Itis a basic fact that exact Lagrangian cobordisms induce morphisms on Legendrian contact
homology which behave well under composition of cobordisms; see Etnyre and Ng [27, Section 5.1]. This
leads to a myriad of interesting obstructions to the existence of Lagrangian cobordisms and concordances.
One can also obtain many interesting obstructions using finite-dimensional invariants (which are closely
related to Legendrian contact homology) coming from generating functions or sheaf theory; see eg Li [49]
and Sabloff and Traynor [63].

One drawback of these approaches is that they are necessarily blind on overtwisted contact manifolds.
Indeed, even if Legendrian contact homology could be rigorously defined in full generality following
the framework of Eliashberg, Givental and Hofer [24, Section 2.8], it would provide no information for
Legendrians in overtwisted contact manifolds: being a module over the contact homology algebra, it
would vanish. In contrast, the invariants developed in this paper do give information about Legendrians
even in the overtwisted case.

Our final application states that certain Lagrangian concordances cannot be displaced from a codimension 2
symplectic submanifold. More precisely, let (Y, £) = obd(T*S”~!,id) and let VV C Y be the binding of
the open book. Let A C Y be the zero section of a page and let A’ be obtained by stabilizing A in the
complement of V. It can be shown (see Casals and Murphy [11, Proposition 2.9]) that A C (¥, §) is a
loose Legendrian; hence A and A’ are Legendrian isotopic in (Y, §) and, in particular, concordant.

Theorem* 1.12 Any Lagrangian concordance from A’ to A must intersect the symplectization of V.

In contrast, work of Eliashberg and Murphy [26, Theorem 2.2] implies that there exists a Lagrangian
concordance from A to A’ which is disjoint from the symplectization of V. Our proof of Theorem* 1.12
uses the deformed versions of the Chekanov—Eliashberg dg algebra in (1-9). Hence the statement is
starred according to the convention stated in Section 1.3.
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1.6 Context and related invariants

The invariants constructed in this paper, when specialized to contact 3—manifolds, are related to other
invariants in the literature. The most closely related invariant is due to Momin [53]. Given a contact
3—manifold (Y3, £), Momin considers the set of pairs (A, L) where A is a contact form and L C Y is
a link of Reeb orbits of A. Two such pairs (A, L) and (A’, L’) are said to be equivalent if L = L’ and
each component orbit (and all its multiple covers) has the same Conley—Zehnder index. Under certain
assumptions on (Y, A, L), Momin defines an invariant which we denote by CH™ (Y, [(A, L)]). This is a
Z—graded Q-vector space which depends only on Y and the equivalence class of (A, L).

The invariant constructed by Momin is in general distinct from the invariants described in this paper. In
particular, he considers cylindrical contact homology, whereas we work with ordinary contact homology.
However, in the special case where (Y 3, £) is the standard contact sphere — or more generally a subcritical
Stein manifold with ¢;(§) = 0—and L C (Y, £) is a collection of Reeb orbits which bound a symplectic
submanifold H C B*, then we expect that

(1-13) CHM™(Y,[A,L]) = CHE(Y, &, L;v)

for suitable v which depends on the equivalence class of (A, L). Here the right-hand side of (1-13) denotes
the linearization of 67-1/.(Y, &, L;t) with respect to an augmentation € induced by the relative filling
(B*, Aga, H); recall that an augmentation of a dg algebra is a morphism to the ground ring, viewed as a
dg algebra concentrated in degree zero. See Section 9.3 for details.

Momin’s work has led to beautiful applications to Reeb dynamics on contact 3—manifolds; see eg Alves
and Pirnapasov [3] and Hryniewicz, Momin and Salomao [40]. It would be interesting to explore whether
the invariants developed in this paper can be used in studying Reeb dynamics in higher dimensions.

Another related invariant is Hutchings’ “knot-filtered” embedded contact homology [41]. The setting for
this invariant is a contact 3—manifold (Y, &) with Hy(Y; Z) = 0. Given a transverse knot L C (Y, £) and
an irrational parameter 6 € R — Q, Hutchings defines a filtration on embedded contact homology with
values in Z + Z6 which is an invariant of (L, 8). The basic idea is to choose a contact form § = ker A
so that L is a Reeb orbit, and to filter the generators of embedded contact homology by their linking
number with L. Positivity of intersection considerations imply that the differential decreases the linking
number for orbits which are disjoint from L. However, the situation is more complex when the differential
involves L, which explains why the filtration is only valued in Z + Z6.

One could presumably carry over Hutchings’ construction to the context of (cylindrical) contact homology
in dimension 3. We expect that the resulting invariant would carry related information to the one defined
by Momin or to the invariants constructed in this paper. However, we do not have a precise formulation
of what this relationship should be.

We remark that the invariants introduced by Momin and Hutchings are built using techniques from
4—dimensional symplectic topology which cannot be generalized to higher dimensions. In contrast, the
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invariants introduced in this paper are constructed by a different approach, which ultimately relies on
Pardon’s robust virtual fundamental cycles package [60].

In a slightly different direction, we also wish to highlight work of Ekholm, Etnyre, Ng and Sullivan [21],
which is similar in spirit to the present work. Recall that the knot contact homology of a framed link
K C R3 is an invariant which can be defined as the Legendrian dg algebra of the conormal lift of K; see
Ekholm, Etnyre, Ng and Sullivan [22] and Ng [56]. If K is a transverse knot with respect to the standard
contact structure, the authors define in [21] a two-parameter deformation of knot contact homology by
weighting holomorphic curve counts by their intersection number with a pair of canonically defined
complex submanifolds in the symplectization. The resulting deformed dg algebra is an invariant of the
transverse knot type of K. Unfortunately, we do not know a precise relationship between this invariant
and the ones introduced in this paper.

Notation and conventions All manifolds in this paper are assumed to be smooth. If M is a manifold, a
ball B C M is an open subset diffeomorphic to the open unit disk and whose closure is embedded and
diffeomorphic to the closed unit disk. If (M, w) is symplectic, a Darboux ball B C M is a ball which is
symplectomorphic to the open unit disk equipped with (some rescaling of) the standard symplectic form.

Unless otherwise specified, all contact manifolds considered in this paper are compact without boundary
and co-oriented. Given such a contact manifold (Y, £ = ker 1), the Reeb vector field associated to the
contact form A will be denoted by R;. We will let £y := &|yy N TV denote the contact structure induced
by & on a contact submanifold V C (Y, §).

Acknowledgements We thank Yasha Eliashberg for suggesting this project, and for many helpful
discussions. We also benefited from discussions and correspondence with Cédric De Groote, Georgios
Dimitroglou Rizell, Sheel Ganatra, Oleg Lazarev, Josh Sabloff and Kyler Siegel. We are grateful to John
Etnyre for pointing us to multiple useful references. Finally, we wish to thank the referee for many helpful
comments and suggestions.

Coté was partially supported by a Stanford University Benchmark Graduate Fellowship and by the
National Science Foundation under grant DMS-1926686.

2 Geometric preliminaries

2.1 Symplectic cobordisms

Let (Y, &) be a closed co-oriented contact manifold. The symplectization of (Y, £) is the exact symplectic
manifold (SY, Ay) where SY C T*Y is the total space of the bundle of positive contact forms on Y (ie a
point (p, o) e T*Y isin SY if and only if o: T, Y — R vanishes on &, and the induced map 7,,Y /&, — R
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is an orientation-preserving isomorphism) and Ay is the restriction of the tautological Liouville form on
T*Y. Given a choice of positive contact form « for (Y, §), there is a canonical identification

2-1) 0q: (RxY,e*a) > (SY,Ay)
given by oy (s, p) = (p, e’ap). We will refer to (17, ®@) ;= (R x Y, eSw) as the symplectization of (Y, ).

A subset U C SY will be called a neighborhood of +o0 (resp. of —o0) if it contains oy ([N, 00) X Y)
(resp. o ((—oo0, —N] x R) for N > 0 sufficiently large — note that this notion doesn’t depend on the
choice of «.

Definition 2.1 Given a contactomorphism f: (Y, §) — (Y, &), we define its symplectic lift

(2-2) Fi(SY, Ay) = (SY,Ay), (p.a)r> (f(p).ao(dfy)™h).

One can verify that f *Ay = Ay, so f is in particular a symplectomorphism. There is a canonical bijection
between

(i) contact vector fields on (Y, &),
(i) sections of TY /€,

(iii) linear Hamiltonians on the symplectization (recall that H is linear it ZH = H, where Z denotes
the Liouville vector field).

The correspondence between (i) and (ii) is clear; the correspondence between (ii) and (iii) takes
a section ¢ to the Hamiltonian H(p,«) = a(o(p)). In particular, the symplectic lift of a (time-
dependent) family of contactomorphisms is induced by a (time-dependent) family of linear Hamiltonians;
cf [14, Proposition 2.2].

Definition 2.2 Let (Y *,£71) and (Y, £7) be closed co-oriented contact manifolds. An exact symplectic
cobordism from (Y ¥, £1) to (Y —, £7) is an exact symplectic manifold ()? , ) equipped with embeddings

(2-3) et:SYT - X,
(2-4) eT:SYT = X,
satisfying the properties

. (ei)*i = Ay+,and

e there exists a neighborhood Ut C SY T of +0c0 and a neighborhood U~ C SY ™ of —oo such
that the restriction of e® to U® is proper, the images e (U 1) and e~ (U ™) are disjoint and the
complement X \ (e (U1)Ue™(U™)) is compact.
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Definition 2.3 (cf [61, Section 1.3]) Let (Y, A %) and (Y —, A7) be closed manifolds equipped with
contact forms. A (strict) exact symplectic cobordism from (Y +, A7) to (Y=, A7) is an exact symplectic
manifold ()? , A) equipped with embeddings

(2-5) e RxYT - X,
(2-6) e :RxY™ > X,
satisfying the properties
o (e%)*A =A% and
o there exists an N € R such that the restrictions of e to [N, 00) x Y T and of e~ to (—o0, —N]x Y~

are proper and that the images e ™ ([N, 0co) xY T) and e~ ((—oo, —N]x Y ™) are disjoint and together
cover a neighborhood of infinity (ie the complement of their union is compact).

Notation 2.4 Let ()? , /A\) be an exact symplectic cobordism from (Y *,£%) to (Y —, £7) in the sense of
Definition 2.2. Given any choice of contact forms A¥ on (Y *, £¥), one can obtain from X a cobordism
from (Y 7, A7) to (Y, A7) in the sense of Definition 2.3 by precomposing the embeddings (2-3)—(2-4)
with the canonical identifications R x Y * — SY* induced by A*. We will denote this cobordism by
(X, i)ﬁf , or simply by X /%j when this creates no ambiguity.

Similarly, any cobordism ()? , )AL) in the sense of Definition 2.3 can be viewed as a cobordism in the sense
of Definition 2.2 as well.

Remark 2.5 In light of the above discussion, Definitions 2.2 and 2.3 are essentially equivalent. However,
it will be convenient for us to be able to discuss symplectic cobordisms without fixing a particular choice
of contact forms on the ends, so we adopt Definition 2.2 as our main definition moving forward.

Example 2.6 (symplectizations) The symplectization (SY, Ay) of a contact manifold (Y, £) is canoni-
cally endowed with the structure of an exact symplectic cobordism in the sense of Definition 2.2 by letting
eT = ¢~ = id. The additional data of a pair of contact forms A* and A~ for (Y, £) endows (SY, Ay)

with the structure of a strict exact symplectic cobordism in the sense of Definition 2.3, and we write
At
(SY, Ay)j--

Definition 2.7 Let ()/(\01 , 101) and ()?12, 112) be exact symplectic cobordisms from (Y, £9) to (Y 1, £1)
and from (Y 1, &) to (Y2, £2), respectively. Fix a real number r > 0 and let u;: SY! — SY! denote
multiplication by e’. The t—gluing of X9 and X2, denoted by X014, X12 is the smooth manifold
obtained by gluing X0 and X12 along the maps
syl &, xor
ll/«t

syl @3, 12

Geometry & Topology, Volume 28 (2024)



Homological invariants of codimension 2 contact submanifolds 15

Since ufAy1 = e’ Ay1, there is, for any s € R, a Liouville form on Xo1 #; X 12 which agrees with el +5)01
on X°! and with eSA12 on X 2. We will denote it by 201 #es 212, Note that ()?01 #; )?12, 201 #es 112)
is canonically equipped with the structure of an exact symplectic cobordism from (Y °, £9) to (Y2, £2)
via the embeddings

Sy0 Hot=s, gy0 (2-3) xo1 _, yo1 #, )?12’

SY2 H—s SY2 (2-4) )’(‘02_>)?01#t)’(‘12‘

The precise choice of s doesn’t really matter since the forms 201 #1.5 212 for s € R are all constant
multiples of each other. When ¢ = 0, it is natural to choose s = 0, and we will denote the resulting
cobordism simply by ()? 01 4 12 201 g 112). There is no obvious choice for ¢ > 0, but for the sake
of definiteness we set 101 #; A1z.= )01 #t,—1/2 212 and will refer to ()?01 #, X 12, 201 #; 212) as “the”
t—gluing of ()?01,101) and (X2, )Atlz).

Remark 2.8 When ¢t = s = 0, it follows directly from the definition that the gluing operation is
associative: ((XO1# X12)# X23, (A01 #112) #223) and (XO! # (X2 # X23), 201 # (A12 #22%)) are
canonically isomorphic.

Remark 2.9 Multiplication by e’ on SY corresponds to translation by 7 in the R coordinate under the
identification SY =~ R x Y induced by a choice of contact form on Y. Definition 2.7 is therefore consistent
with the notion of “z—gluing” in [61, Section 1.5].

Definition 2.10 Let ()/(\1,11) and ()?2, 12) be cobordisms from (Y T, 1) to (Y, £7). An isomorphism
of exact symplectic cobordisms ¢ : ()? Il — ()/(\ 2. A?) consists of a diffeomorphism ¢ : X! — X2 such
that *A2 = A! and which is compatible with the ends in the sense that the diagram

)’(‘1

Sy+ ¢ SY~
)?2

Example 2.11 Let ()? , i) be an exact symplectic cobordism from (Y *, &%) to (Y ~,£7). Then for
any ¢ > 0 and s € R, the glued cobordisms (SY T #; )’(\,MH #s 1) and ()? #; SY‘,X#,,S Ay-) are
canonically isomorphic to ()? JA).

commutes.

Definition 2.12 A one-parameter family of exact symplectic cobordisms from (Y T, ET)to (Y7, ) isa
manifold X equipped with a family of Liouville forms {A’};c; (where I C R is an interval), together
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with embeddings
(2-7) ef:SYt > X,
(2-8) e :SY" > X,

as in Definition 2.2. We will always assume that the family is fixed at infinity, meaning that for every

compact subinterval [a,b] C I,

. {3\\’ }te[a,b] 18 constant outside of a compact subset of X, and
. {e;L Viela,b] (resp. {€; }sea,b]) is independent of ¢ on some neighborhood of +o0 in SY T (resp. of
—ooin SY 7).

Two cobordisms ()? 0, XO) and ()? 1,11) are said to be deformation equivalent if there exists a one-
parameter family (W, ") ¢efo,1] such that ()?0, A9) is isomorphic to (W, %) and ()?1 , A1) is isomorphic
to (W, fi1). The deformation class of a cobordism ()? , A) will be denoted by [)? AL

Lemma 2.13 Given a pair of cobordisms ()?01,101) and ()?12, 112) as in Definition 2.7, the glued
cobordisms ()?01 #; X12 )01 #; Xlz)te[o,oo) form a one-parameter family.> Similarly, there is a one-
parameter family (X0 #, X12, 101 #, ( 112) g for any fixed t > 0. In particular, we have that the
deformation class [)?01 #; X1z, 201 #es 112] is independent of both t and s.

Proof We will construct a two-parameter family ¢, s : XO0lgx12 5 xO0ly, X12 of diffeomorphisms, with
$0,0 = id, such that the forms ¢ (101 #1.s 212) agree with A01#312 outside of a compact set (depending
on ¢, s) and form a smooth family.

In order to simplify the notation, we fix contact forms Al on Y i & i ) fori =0, 1, 2, so that we can view
the symplectization of Y’ as a product R x Y?. For C > 0 sufficiently large, we can decompose the
cobordisms X°! and X12 as

(2-9) X = (00, 1]x YU X' U[C,00) x Y,
(2-10) X2 = (—00,—C]xY?UX2U[-1,00) x Y !,

where X°! c X°! is a compact submanifold with boundary {1} x Y1 U {C} x Y°, and similarly for X 12,
This induces a decomposition of X1 #, X12 of the form

(2-11) XM, X12 = (—00, —C]x Y2 U X2 U[-Lt+ 1] x Y ' UX° U[C, 00) x Y°
for any ¢ > 0. Hence, in order to define ¢y s, it suffices to make a choice of

e a smooth family of diffeomorphisms f;:[—1, 1] — [—1,7 4 1] which coincide with the identity
near —1 and with translation by ¢ near 1,

5Strictly speaking, the underlying manifold of X0l #; X12 depends on ¢, so in order to obtain a family in the sense of
Definition 2.12 one needs to choose suitable diffeomorphisms X1 #; X12 =~ x01 4 x'12,
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e asmooth family of diffeomorphisms g; s: [C, 00) — [C, 00) which coincide with the identity near
C and with translation by —f — s at infinity, and

e a smooth family of diffeomorphisms /A;s: (—oo, —C] — (—o0, —C] which coincide with the
identity near —C and with translation by —s at infinity.

We of course also require that fo, go,0 and /¢,o be the identity on their respective domains. O

Proposition 2.14 The deformation class of ()? 014 x12 301 #112) only depends on the deformation
classes of (fOI, )A&Ol) and ()?12, 112).

Proof Let (WOI, aoLs) sefo,1] and (I/f/lz, fi12:%) se[0,1] be one-parameter families of exact symplectic
cobordisms from (Y°, £%) to (Y1, &) and from (Y1, £1) to (Y2, £2), respectively. The negative end (2-8)
of (WO, 915) will be denoted bye;:SY! — WOl and the positive end (2-7) of w2, %5 will
be denoted by e;: SY! — W2, By definition, we can find a neighborhood Ut C SY ! of +00 and
a neighborhood U~ C SY! such that the restriction of esi to U¥ is independent of s. This common
restriction will be denoted by e*.

Fix a large ¢ > 0 so that the intersection V := u;1(UT) N U~ is nonempty. Let wol #y W12 be the
space obtained by gluing wol \e " (U\V)and w2 \ e (U™ \ u*(V)) along the maps

Vv — 5 WO\~ (U \ V)

l//«t
et

Ut S W2\ et U™\ p' (V)

As a smooth manifold, W°! #,, W12 is canonically identified with WO #, W12, Thus we can view
A0Ls#, 1125 as a Liouville form on WO #y W12 for each s, making (W0 #y, W12, 0154, A% se0.1]
into a one-parameter family of cobordisms. In particular, it follows that (WOI #; w2, aoL0#, 112.0)
and (WOl #, W12 0014, 0121y are deformation equivalent. |

Corollary 2.15 There is a well-defined gluing operation on deformation classes of exact symplectic
cobordisms given by

(2_12) [)’(\01’ 101] # [)’(\12’ 112] — [)’(\01 #, A’/\IZ’ 101 #t,s ;\\12]

foranyt >0 and s € R.
Proposition 2.16 The gluing operation (2-12) is associative.

Proof This follows from Remark 2.8. O
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We now discuss submanifolds in exact symplectic cobordisms. Let V' C (Y, £) be a contact submanifold.
There is a canonical embedding

(2-13) (SV,Ay) = (SY, Ay)

which takes a pair (p,«p) € SV to the unique pair (p,@p) € SY such that &, (w) = o (w) for some
(and hence any) w € T,V \ (§, N T, V).

Definition 2.17 Let VT C (YT,£%) and V™~ C (Y ,£7) be contact submanifolds of the same co-
dimension, and let ()? , )At) be an exact symplectic cobordism from (Y T, &%) to (Y, 7). We say that
a smooth submanifold H C X is cylindrical with ends V* if it is closed (as a subset) and there exist
neighborhoods U* C SY* of 400 such that

(2-14) DV H)NUT=8SVvEnU*,
where e : SY* — X are the ends (2-3)—-(2-4) of ()?, X).

If H is a symplectic cylindrical submanifold of ()? , ;\\), then we say that ()? L H ) is an exact relative
symplectic cobordism from (Y 1,1, VF) to (Y ~,&~, V7). Note that in this case, the restrictions of e*
to SVENU* endow (H, X| #) with the structure of an exact symplectic cobordism from (V T, E;,r 4)to

V&)

Example 2.18 If V is a contact submanifold of (Y, &), then, as noted above, SV can be viewed as a
symplectic submanifold of (SY,Ay), and (SY, Ay, SV) is canonically endowed with the structure of an
exact relative symplectic cobordism in the sense of Definition 2.17 by letting e™ = ¢~ = id.

Notation 2.19 Let X , A and H be as in Definition 2.17. As explained in Notation 2.4, a choice of
contact forms ker AT = £+ endows ()? , 1) with the structure of a strict relative symplectic cobordism.
We analogously speak of a strict relative exact symplectic cobordism and write ()? A H )ﬁf when we
wish to emphasize that we are fixing contact forms A* on the ends.

Let A C (Y, &) be a Legendrian submanifold. The Lagrangian cone of A is the Lagrangian submanifold

(2-15) L={(p,a)eSY CT*Y|peA}C(SY, Ay).

Definition 2.20 Let AT C (Y*,£7) and A~ C (Y, £7) be Legendrian submanifolds and let ()? , i)
be an exact symplectic cobordism from (¥ T, £7) to (Y —, £7). We say that a Lagrangian submanifold

L C ()? ,1) is cylindrical with ends A¥ if it is closed (as a subset) and there exist neighborhoods
U* C SY® of 400 such that

(2-16) eH W LynUut=L*nU",
where e*: SY* — X are the ends (2-3)—(2-4) of ()? , X) and L™ are the Lagrangian cones of AE.
A triple (X, A, L) is called an (exact) Lagrangian cobordism from (Y T, €7, AT) to (Y —, =, A7).
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Definition 2.21 The set of equivalence classes of cylindrical codimension 2 submanifolds of X with
ends VV*, where two submanifolds are equivalent if they are isotopic via a compactly supported (smooth)
isotopy, will be denoted by Qz,,_z()?, Vtuvo).

Definition 2.22 A contact submanifold V' C (Y, A) is said to be a strong contact submanifold if it is
(setwise) invariant under the Reeb flow of A on Y. We will also say that ()? , X, H )%f is a strong relative
exact symplectic cobordism if both V' C (Y T, A") and V™~ C (Y ~, A7) are strong contact submanifolds.

Definition 2.23 Let ()? or, )ALOI, H) and ()? 12, 112, H '?) be exact relative symplectic cobordisms from
Y29 V% to (YL EL, V1) and from (Y1, £, V1) to (Y2, £2, V), respectively. For any sufficiently
large real number ¢ > 0, HO! #, H 2 sits naturally inside ()? 0 4 Xx12 a0t #; 112) as a symplectic
submanifold, and ()?01 #; )?12, 201 #; 112, HO'#, H1?) is a relative cobordism from (Y °, EO, 19 to
(Y2,€2,1V2). We will refer to it as the —gluing of (X°1, 101, HOl) and (X 12,112, H!2).

Definition 2.24 Let (X!, A1, H!) and (X2, 12, H?) be relative cobordisms from (Y ,£T, V) to
(Y™, &7, V7). Anisomorphism of exact relative symplectic cobordisms ¢ : ()?1 , 2! JHY — ()’(\2, 12, H?)
is an isomorphism ¢ : ()? L 11) — ()’(\ 2, 12) in the sense of Definition 2.10 which maps H ! diffeomor-

phically onto H?2.

Example 2.25 Suppose that ()? A H ) is an exact relative symplectic cobordism from (Y +, &1, V1)
to (Y,€7,V7). Then for any ¢t > 0, the glued cobordisms (SY+,)Ly+, SV # ()?,X, H) and
()?, A, H)#; (SY ™, Ay—, SV7) are defined and canonically isomorphic to ()?, A H).

Definition 2.26 A one-parameter family of exact relative symplectic cobordisms from (Y T, €T, V1) to
(Y~,€, V™) is a manifold X equipped with a family of Liouville forms {A’};c, a family of symplectic
submanifolds H' C (X, A’), and embeddings
(2-17) el SYt X,
(2-18) e :SY™ > X,
as in Definition 2.17. We will always assume that the family is fixed at infinity, meaning that for every
compact subinterval [a, b] C I,

. {X’ Ytela,p) and {H " te[a,b] are constant outside of a compact subset of X, and

. {ef},e[a,b] (resp. {e; }se[a,p]) is independent of ¢ on some neighborhood of +o0 in SY™T (resp. of

—ooin SY 7).

Two relative cobordisms ()? 020 H 0) and ()? LoV H 1) are said to be deformation equivalent if there
exists a one-parameter family (W, al, Kt),e[o,l] such that ()?0, XO, H?9) is isomorphic to (W, il K%
and ()?1,11, H') is isomorphic to (W, fi', K1). The deformation class of a cobordism ()/(\, 2, H) will
be denoted by [)?, . H].
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Example 2.27 Given ()? 01 301 01) and ()? 12 312 g 12y as in Definition 2.23, the glued cobordisms
()?01 #, X12, 201 #; A12, fo1 #; H 12)t€[N,oo) form a one-parameter family for N > O sufficiently large.
Similarly, for any fixed ¢ > 0, ()?01 #; )?12, 201 #1.5 112, HO #, H'?) g is a one-parameter family. As
in Lemma 2.13, it follows that the deformation class

(2-19) [XOl#, X12 X004, (212 HO'#, H'?)

is independent of £ > 0 and s € R.

Proposition 2.28 The deformation class of ()/(\ 01y, x12, 201 #; 112, HO%' #, H'2) only depends on the
deformation classes of ()?OI,XOI, H°') and ()?12, A2, H1?).

Proof The proof of Proposition 2.14 also works in the relative case as long as ¢ > 0 is chosen large
enough. a

Corollary 2.29 There is a well-defined gluing operation on deformation classes of exact relative sym-
plectic cobordisms given by

(2-20) [)’(‘01,101’1101]#[)’(‘12’112’le] _ [)?01 4, X12 301 #t’sj\lz, HO'#, H'2]

foranyt > 0 ands € R.

Proposition 2.30 The gluing operation (2-20) is associative.

Proof Let ()?i’i+1,ii’i+1, H*1) be a relative cobordism from (Y', £/, Vi) to (Yi+1, g+l yith
for i € {0, 1,2}, and fix 71,72 > 0. Note that (X! #;, X'2)#,, X3, (H' #;, H'?) #,, H**) and
()?01 #, (X12 #s, X23) HO! #:, (H'2 #;, H*?)) can be canonically identified as pairs of smooth
manifolds. Hence, it suffices to show that there exist 51, 52 € R such that

(2-21) (A%t 5y A1) #1150 422 = D00ty (W12 0,5, A7),

One can easily see from Definition 2.7 that taking s; = 0 and s, = —f, works. O
2.2 Homotopy classes of asymptotically cylindrical maps

Definition 2.31 [68, Section 6.1] Suppose that ()? , )AL) is an exact symplectic cobordism from (Y, A1)
to (Y ~, A7). Given a closed surface ¥ and finite subsets p*, p~ C X (corresponding respectively to posi-
tive and negative punctures), a smoothmapu: X —(pTUp~) — X is said to be asymptotically cylindrical
if it converges exponentially near each puncture z € p™ LI p~ to a trivial cylinder over a Reeb orbit.

More precisely, given any choice of translation invariant metric on R x Y *, we require that there exist
a choice of holomorphic cylindrical coordinates near each z € p* such that u takes the form

(2-22) u(s,t) = expps,y. 1)) h(s,1)

for |s| large, where y; is a Reeb orbit of period P and %(s, ) is a vector field which decays to zero with
all its derivatives as |s| — oo (ie these properties hold for s 3> 0 if z € pT and for s K 0if z € p™).
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Remark 2.32 There is also a notion of an asymptotically cylindrical submanifold which will not be
needed in this paper.

Definition 2.33 (cf [61, Section 1.2(I)]) Let ()? , X) be an exact symplectic cobordism from (¥ T, A1)
to (Y ~, A7) and let IT'* be a finite set of Reeb orbits in (¥ *, 1F).

By truncating the ends of X, we obtain a compact submanifold Xo C X with boundary 0Xo =Y T LY.
We define the set of homotopy classes 75 ()? ,ITUur™) by

(2-23) (X, THUT ™) :=[(S.8S), (Xo, TH LT 7)]/Diff(S, 35),

where S is a compact connected oriented surface of genus 0 equipped with a homeomorphism 9.5 —
't U™, and Diff(S, 85) is the group of diffeomorphisms of S which fix 3S pointwise. (The notation
[—, —] here stands for homotopy classes of maps of pairs.)

Remark 2.34 The right-hand side of (2-23) is independent of the choice of truncation X¢ up to canonical
bijection. In the case where ()? ,A) = (R x Y, e’1) is the symplectization of a contact manifold (Y, 1),
we can take X¢ = {0} x Y and (2-23) becomes identical to [61, equation (1.2)].

For any choice of truncation X¢ C X, there is a canonical retraction 7 : X — X induced by quotienting
by the Liouville flow (more precisely, one should quotient by the backwards Liouville flow at the positive
end and by the forwards Liouville flow at the negative end). If u: X —(pTLUp~) — X isan asymptotically
cylindrical map, then the composition 7 o u can be extended to a map

(2-24) i: (2,05) > (Xo. TP L),

where X is a compactification of X —(p ™+ U p™) obtained by adding one boundary circle for each puncture.
The homotopy class [u] € (X, Tt L1 I'™) of u is defined to be the equivalence class of (2-24).

Definition 2.35 Let ()’(\ , X L) be an exact Lagrangian cobordism from (Y"‘, AT, A"') to(Y ,A7,A");
see Definition 2.20.

Given a surface with boundary ¥ and finite subsets p*, p~ Cint(¥) and ¢, ¢~ € 9%, a smooth map
u: X — (pT Uc®) is said to be cylindrical if it converges asymptotically near each interior puncture to a
trivial cylinder over a Reeb orbit, and it converges exponentially near each boundary puncture to a trivial
strip over a Reeb chord.

Let I'* be a finite set of Reeb orbits in (Y *, A%) and let I'y+ be a finite ordered set of Reeb chords
of A* C (Y*,1%). We let p* be a finite set equipped with bijections y*: p* — I't and we let
¢ = c¢T LU ¢~ be a finite ordered set equipped with order-preserving bijections a*: ¢+ — . We let

(2-25) 72(X:Tps . Ta-, T, T7)

be the set of equivalence classes of maps from £ —(p* UecT) to X which are asymptotic to )/lfE at pe pt
(resp. agc at ¢ € ¢t), where two such maps u, v are equivalent if there exists a compactly supported
diffeomorphism ¢ of ¥ — (p* U ¢¥) such that u and v o ¢ are homotopic (through cylindrical maps).

Geometry & Topology, Volume 28 (2024)



22 Laurent Coté and Frangois-Simon Fauteux-Chapleau

3 Reeb dynamics near a codimension 2 contact submanifold

3.1 The Conley—Zehnder index

A hermitian vector bundle (£, J, w) is a vector bundle E together with an almost complex structure J
and a symplectic structure w such that J is compatible with w. An asymptotic operator on a hermitian
vector bundle (E, J,w) over S! is a real-linear differential operator A : I'(E) — I'(E) which, in some
(and hence any) unitary trivialization, takes the form

(3-1) A:C®(STR?™) — C®(SY,R?™), > —Jdm—S)n,

where t € S! and S: S — End(R?") is a loop of symmetric matrices. The asymptotic operator A is
said to be nondegenerate if 0 is not an eigenvalue.

Fix a hermitian vector bundle (E, J,w) over S' and a unitary trivialization r. Given a nondegenerate
asymptotic operator A, we can obtain a nondegenerate path of symplectic matrices by solving the ordinary
differential equation

(3-2) (—J3; —S@E)W() =0, W(0)=id.

Conversely, given a nondegenerate path of symplectic matrices, we can recover a nondegenerate asymptotic
operator by solving (3-2) for S().

The Conley—Zehnder index CZ(A) = CZ(V) € Z is an integer-valued invariant which can be associated
equivalently to a nondegenerate asymptotic operator equipped with a unitary trivialization 7 or to a
nondegenerate path of symplectic matrices. It only depends on t up to homotopy through unitary
trivializations. We refer the reader to [68, Section 3.4] or [33] for a detailed overview of the Conley—
Zehnder index.

Definition 3.1 Let (Y,& = ker 1) be a contact manifold and let y be a Reeb orbit of period P > 0,
parametrized so that A(y’) = P. Given a choice of d A-compatible almost complex structure J on &, we
can define the asymptotic operator A, : I'(y*§) — I'(y*§) by A, = —J(V; — PVR},), where V is some
symmetric connection on Y.

The Conley—Zehnder index of a Reeb orbit y relative to a trivialization 7 of y*& will be denoted by
CZ*(y) :=CZ'(Ay).

Let us now consider a contact manifold (¥ 2”1, £ =ker 1) and a strong contact submanifold (V2*~3, 1|y).
Observe that the contact distribution splits naturally along V' as

(3-3) Ely =&ly @&y,

where & |—"; =&|lyNTV and € |# is the symplectic orthogonal complement of & |—"; C &|y with respectto d A.
Suppose that J is a d A—compatible almost complex structure on £ which respects the splitting (3-3).
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Lety:S! — V be aReeb orbit. Since J respects the above splitting, then so does the associated asymptotic
operator, which we can therefore write as A, = A;— @ AJJ;. If we choose a unitary trivialization 7 of §[,
which is also compatible with the splitting, we can define CZ%.(y) :=CZ* (A ; )and CZ}, (y) :=CZ" (A)J;).
We call these respectively the tangential and normal Conley—Zehnder indices of y with respect to t.

We define the integers
(3-4) ay (v):=[CZy (»)/2].
(3-5) ay T (y) = [CZ ()/2].

Let py(y) = cva;"' (y)— af\}_ (v) €40, 1} be the (normal) parity of y, and observe that it is independent
of the choice of trivialization. We have

(3-6) CZ(y) = 2ay () + pN(y) =2y (1) = PN (Y),
from which it also follows that py (y) = CZ}, (y) mod 2.

There is a canonical isomorphism

(3-7) §ly = Nyyv,

where Ny, denotes the normal bundle of V' C Y. If (V, &y ) C (Y, §) are co-oriented and hence oriented,
then Ny, is also oriented and (3-7) is orientation-preserving. If we assume that Ny, y is trivial, then it
follows that (3-7) induces a bijection between homotopy classes of trivializations of Ny, compatible
with the orientation and homotopy classes of unitary trivializations on & |‘L, Since the Conley—Zehnder
index only depends on the homotopy class of unitary trivializations, we may define CZ}; (y) with respect
to any homotopy class of trivializations T of Ny, compatible with the orientation.

3.2 Normal dynamics and adapted contact forms
We now state some important definitions, which will be used throughout this paper.

Definition 3.2 A trivial-normal contact pair (or just TN contact pair) is a datum (Y, £, V') consisting
of a closed co-oriented contact manifold (Y, £) and a co-oriented codimension 2 contact submanifold
V C (Y, &) with trivial normal bundle Ny, .

An important example of a TN contact pair is the binding of a contact open book decomposition; see
Definition 3.10. A choice of (homotopy class of) trivialization T on Ny, is called a framing and we say
that (V, t) C Y is a framed codimension 2 submanifold. Note that we do not assume in Definition 3.2
that V and Y are nonempty. For future reference, we let £ denote the unique contact structure on the
empty set.

Definition 3.3 Given a TN contact pair (Y, £, V) with V nonempty, let 53(Y, &, V') be the set of triples
t= (uy, t,r) where

o ay € Q1 (V) is a nondegenerate contact form for (V, £y),
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e 7 is a homotopy class of trivializations of Ny, (ie a framing) which is compatible with the
orientation, and

e r > 0is a strictly positive real number, and we have (1/r)Z N S(ay) = &, where S(ay ) is the
action spectrum of oy .

If V = @ (with Y possibly also empty), we define R(Y, &, @) = {(ag, 75, 0)}, where oz and 15 are
understood as a contact form and normal trivialization on the empty set.

Definition 3.4 Given a TN contact pair (Y, &, V) and v = (ay, 7,r) € R(Y, &, V), we say that a contact
form ker A = £ is adapted to v if

e ) is nondegenerate,

Ay =ay,

e V is a strong contact submanifold of (Y, 1) (see Definition 2.22), and

o we have CZ};(y) = 1 +2[rP, ] for all Reeb orbits y C V, where P, is the period of y.

In the case that V' = &, any contact form A is considered to be adapted to the unique element (g, Tz, 0) €
R(Y, &, ). Given a contactomorphism f: (Y, &, V) — (Y, &, V'), we write fut = (feqy, fxT.7) €
RY',E, V). If ¢;: V — Y is an isotopy of contact embeddings where ¢y is the tautological embedding
V24 vV Y and ¢1(V) = V', then ¢; extends to a family of contactomorphisms f;. We then write
(¢1)«t := (f1)«t; this is independent of the choice of extension.

We say that A is positive elliptic near V # & if it is adapted to some v = (ay, t,7) € R(Y, &, V); we refer
to r > 0 as the rotation parameter.

Remark 3.5 Our insistence on allowing the case where ¥ = & in the above definitions is explained
by the need to treat Liouville manifolds as special cases of Liouville cobordisms in the arguments of
Section 7.

We will prove in Proposition 3.9 that adapted contact forms always exist, ie for any TN contact pair
(Y,€,V)and v = (ay, 1,r) € R(Y, &, V) there exists a contact form adapted to v. The first step is to
construct a suitable local model.

Construction 3.6 For 0 <€ < 1, let D? C R? be the standard disk of radius € (in the sequel, we will
often denote this disk by D2). Let (V,ay) be a contact manifold and let ¢: D? — R~ be a smooth
positive function which has a nondegenerate critical point at 0 and satisfies ¢ (0) = 1. We define

1

(3-8) of = 5@V +2p2).

where Ap2 = %(x dy — y dx) is the usual Liouville form on D?. This is a contact form on V x D? whose
restriction to V' =V x {0} coincides with oy . Its Reeb vector field is given by

(3-9) Ry = (¢ —Zp29) Ry + X,
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where Zp2 = %(xax + ydy) is the Liouville vector field of Ap> and Xy = —(0,¢)dx + (3x¢)0, is the
Hamiltonian vector field of ¢ with respect to the symplectic form wp2 = dAp2. Our assumptions on ¢
imply that Ry = Ry on V x {0}, so that (V, &) is a strong contact submanifold of (V x D2, a{’i). We
will let

(3-10) S¢=(?”¢w)a”¢“?)eR“2

dxy#(0) dyy(0)

denote the Hessian of ¢ at the origin. Since Sg is symmetric and nondegenerate, its eigenvalues are real
and nonzero, so its signature Sign(Sy) is one of 0, £2. We will say that ¢ is hyperbolic if Sign(Sg) = 0,
positive elliptic if Sign(Sg) = 2 and negative elliptic if Sign(Sg) = —2. In the elliptic case, we define
Cop = \/m /(2m); this is a positive real number since det(Sg) > 0. Finally, we note that the splitting
Ep)lv = ($¢)|—IE &) (§¢)|JI; — see equation (3-3) —is given by (§¢)|T =&y and (E¢)|J- = ToD?. We will
let 74 denote the trivialization of (§¢)|# by {0x, dy}.

¢

We say that oy, is nondegenerate on V' if every Reeb orbit of oy is nondegenerate when viewed as a
Reeb orbit of a{’i.

Proposition 3.7 Carrying over the notation of Construction 3.6, suppose that ay is nondegenerate. If ¢
is elliptic, then a{’i is nondegenerate on V' if and only if (1/cg)Z N S(ay) = &, where S(ay ) denotes
the action spectrum of ay .

Proof Let y be a Reeb orbit of period P contained in V. Recall that y is nondegenerate if and only if its
asymptotic operator is nondegenerate. Choose a trivialization t and an almost complex structure J on
(€4)|, which preserve the splitting (£5)|, = (§1)|y ® ToD? and coincide with 74 and Jo respectively
on Ty D?, where Jy denotes the standard almost complex structure on R? = ToD?2. The asymptotic
operator A, is compatible with this splitting and can therefore be written as A4, = A; @ Af;. The
tangential part A;r is nondegenerate since it coincides with the asymptotic operator of y as a Reeb orbit
in V. The normal part A)J; is given explicitly by

(3-11) Ay =—Jod; — P Sy

(this follows from a short computation using the formula for the Reeb vector field Ry in Construction 3.6).
Define a path W of symplectic matrices by W(¢) =exp(tP-JoSg). Then Af; is nondegenerate if and only if
W (1) doesn’t have 1 as an eigenvalue. If ¢ is elliptic, then the eigenvalues of W(1) are exp(zi P \/W).
Hence, y is nondegenerate if and only if P \/W is not an integer multiple of 27, ie P ¢ (1/cy)Z. It
follows that A is nondegenerate if and only if (1/c¢)Z N S(ay) = &, as claimed. a

The important feature of Construction 3.6 is that the normal Conley—Zehnder indices of the Reeb orbits
in V can be computed explicitly.
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Proposition 3.8 Assume a{’i is nondegenerate on V. If ¢ is elliptic, then

(3-12) CZy (v) = £(142[cp Py))

for every Reeb orbit y contained in V, where P, > 0 denotes the period of y and the sign is + or —
depending on whether ¢ is positive elliptic or negative elliptic.

Proof We have CZR‘? (y) = CZ(¥), where W(t) = exp(tP - JoSy) is the path of symplectic matrices
defined in the proof of Proposition 3.7; see [68, Section 3.4]. Proposition 41 of [33] implies that

(3-13) CZ(¥) = £(1+2[cg P))

if Sign(Sy) = £2. O

Proposition 3.9 Fix a TN contact pair (Y, &, V) and an element vt = (ay, t,r) € R(Y, &, V). Then there
exists a contact form A on (Y, ) which is adapted to t.

Proof Let ¢ be as in Construction 3.6. The standard neighborhood theorem for contact submanifolds
(see [29, Theorem 2.5.15]) implies that the inclusion map V' — Y extends to a contact embedding
t:(V x Dez, ker(a{’i)) — (Y, §) such that * 7 is homotopic to 74, for some € > 0 sufficiently small. Hence
there exists a contact form A for & such that (*A = a{’i near V. In addition to choosing ¢ so that A
is adapted to t, we also need to make sure that A can be modified away from V' so that it becomes
nondegenerate. By [2, Theorem 13], this can be achieved by choosing a ¢ such that the following two

conditions are satisfied:

. cx{’i is nondegenerate on V.

¢ All the Reeb orbits of a{’i inV x DE2 are contained in V.

Let us set ¢ = 1 + 7 (x? + y?2). Proposition 3.7 implies that a{’i is nondegenerate on V' since

Vv Q2rr)?

cd,:T:r.

Since Ry = Ry + X, every Reeb orbit y of oc?j is of the form y = (yy, y4), where yy is an orbit of Ry
and yg is an orbit of X with the same period P > 0. From the formula Xy = —27rydy 4+ 2nrx0,, we
see that if y4 were not constant, we would have P € (1/r)Z, contradicting our assumption on r; see
Definition 3.3. Thus y is contained in V. a

3.3 Open book decompositions

In this section, we consider normal Reeb dynamics for bindings of open book decompositions. We begin
by recalling the definition of an open book decomposition; we refer to [62, Section A.1; 29, Section 4.4.2]
for a historically informed survey of this theory.
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Definition 3.10 An open book decomposition (Y, B, ) of a closed, oriented n—manifold Y consists of
the following data:

(i) An oriented, closed, codimension 2 submanifold B C Y with trivial normal bundle.

(i) A fibration 7: Y — B — S which coincides with the angular coordinate in some neighborhood

Bx{0}CBxD?=Bx{(x,y)|x>+y%2 <1}

The submanifold B C Y is called the binding and the fibers of & are called pages.

Observe that the data of an open book decomposition induces a natural trivialization of the normal bundle
to the binding. We also recall what it means for an open book decomposition to support a contact structure.

Definition 3.11 [31] Given an odd-dimensional manifold ¥ 2”1, an open book decomposition (Y, B, 1)
is said to support a contact structure & if there exists a contact form § = ker o such that the following
properties hold:

(i) The restriction of & to B is a contact form.
(ii) The restriction of do to any page 7~ !(6) is a symplectic form.
(iii)) The orientation of B induced by « coincides with the orientation of B as the boundary of the

symplectic manifold (P, dor), where Pg = 7~1(0) is any page.

Such a contact form is called a Giroux form (and is also said in the literature to be adapted to the open
book decomposition).

Remark 3.12 Condition (ii) in the above definition is equivalent to the Reeb vector field of @ being
transverse to the pages.

For future convenience, we state the following definition.

Definition 3.13 Let G be the set of TN contact pairs (Y, &, V') having the property that £ is supported by
an open book decomposition 7: Y —V — S with binding V.

Lemma 3.14 Let (Y, B, ) be an open book decomposition supporting the contact structure €. Let ap
be a contact form for (B, £g) and let f: [0, 1) — R be a positive smooth function such that f(0) = 1 and
f'(r) <0 forr > 0. Then there exists a Giroux form « and an embedding ¢: B x DE2 — Y (for some
small € > 0) with the following properties:

(1) a|p=ap.

(2) The projection 1t o ¢ is given by (r,0) + 6 on B x D? — B x {0}.
(3) ¢*a= f(r)(alp+Ap2).
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Proof The proof is in two steps. First, we will show that there exists a Giroux form & such that &|p = ap.
Second, we will construct & by modifying & so that (1)—(3) are satisfied.

Step 1 Let o’ be an arbitrary Giroux form for (Y, B, 7). Since «’|p and ap define the same contact
structure, we can write ag = (1+ h)(c’| p) for some smooth function /2: B — R. We may assume without
loss of generality that 4 > 0 everywhere, since any positive constant multiple of &’ is also a Giroux form.

It is shown in the proof of [18, Proposition 2] that there exists a tubular neighborhood B x D? of the
binding on which 7 = 0 and &’ = g(c/|g + Ap2), where g: B x D2 — R is a positive smooth function
1

satisfying g = 1 on B x {0}, Ap2 = 5(xdy — y dx) and € > 0 is a suitably small constant. Note that

g(a’|p + Ap2) is a Giroux form on (B x D2, B x {0}, 7 = ) if and only if dg/dr < 0 for r > 0.

Let 0: [0, €] = R be a nonincreasing smooth function such that o (r) = 1 for  near 0 and o (r) = 0 for r
neare€. Set g := (14+o(r)h)g. Then 9,2 = d,0-hg+ (1+0ch)-9,g <0. Now we define & by replacing
g with g.

Step 2 By the previous step, we may fix a Giroux form & so that &|p = ap. Appealing again to the
proof of [18, Proposition 2], there exists a tubular neighborhood B x Dez/ of the binding on which 7 = 6
and @ = y(&|p + Ap2), where y: B x Dez, — R is a positive smooth function satisfying y = 1 on B x {0},
Ap2 = %(x dy — y dx) and €’ > 0 is a suitably small constant. Again, we have that y(&|p + Ap2) is a
Giroux form on (B x D2, B x {0}, = = 0) if and only if dy/dr < 0 for r > 0.

E/’
Letd: B x DEZ/ — R be a positive smooth function such that § = f near B x {0}, § = y near B x 8D€2/,

and 0,6 < O for r > 0. Let o be the unique contact form on Y which coincides with & outside the image
of ¢ and satisfies ¢*o = §(&|p + Ap2). Then « is a Giroux form and satisfies conditions (1)—(3). O

Corollary 3.15 Consider an open book decomposition (Y, B, ) which supports a contact structure & and
let T denote the induced trivialization of the normal bundle of B C Y. Choose an element t = («p, T,F) €
R(Y, &, B). Then there exists a Giroux form « which is adapted to t; see Definition 3.4.

Proof Let kx = mr and define f(s) = (1 +ks?)~! for s € [0,1). Since f(0) =1 and f'(s) <0, it
follows that there exists a Giroux form & satisfying the conditions stated in Lemma 3.14. As we observed
in the proof of Proposition 3.9, there exists a neighborhood ¢/ of B with the properties that

e @ is nondegenerate on I/, and

e all the Reeb orbits in U/ are contained in B.

According to [2, Theorem 13], we can obtain a nondegenerate contact form by multiplying & by a smooth
function g: ¥ — R with g = 1 near B. Moreover, we can assume that g — 1 is arbitrarily C '—small
and hence that g is still a Giroux form.

Since g& = « near B, it follows that (g&)|p = «p and that B is a strong contact submanifold with respect
to ga. Finally, the last point in Definition 3.4 can be verified just as in the proof of Proposition 3.8. 0O
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4 Standard setups and tree categories.

Contact homology is defined in [61] by counting pseudoholomorphic curves (and, more generally,
pseudoholomorphic buildings) in four setups. To keep track of the combinatorics of these curves, Pardon
introduces certain categories of decorated trees. We briefly review this formalism here, referring the
reader to [61, Section 2.1] for details.

4.1 Standard setups

Setup I A datum D for Setup I consists of a triple (¥, A, J), where Y is a closed manifold, A is a
nondegenerate contact form on Y and J is a d A—compatible almost complex structure on £ = ker A.

Setup II A datum D = (DT, D™, X , i, J ) for Setup II consists of
o data DT = (Y*, A%, J*) as in Setup I,
e an exact symplectic cobordism ()? , 1) with positive end (Y, A™) and negative end (Y ~, A7), and

« ad)—tame almost complex structure J on X which agrees with J* at infinity.

Setup Il A datum D = (D, D™, (X, A, ft)ze[o,u) for this setting consists of
o data DT = (Y*, A%, J¥) asin Setup I,

¢ a family of exact symplectic cobordisms ()? AL )zef0,1] With positive end (Y*,1") and negative
end (Y ,A7), and

e adA'—tame almost complex structure J* on X which agrees with J* at infinity.

Note that for every 7 € [0, 1], there is a datum D'=% = (DT, D~, X, A0, j10) as in Setup II.

Setup IV A datum D = (D!, D12, (X021 )02 foz”),e[oﬁoo)) for this setting consists of

e data
po1 :(DO pl got jo1 fOl) and DIZZ(DI p2 }l12 312 flz)

as in Setup II, where Dl = (Yi,)&i, Ji) fori =0,1,2,

e a family of exact symplectic cobordisms ()? 02,2, 202t )te[0,00) With positive end (Y%, A% and
negative end (Y 2, A2), which for ¢ large coincides with the —gluing of ()? o1 101) and ()? 12, 212),
and

e adA%2_tame almost complex structure J°2 on X°2+ which agrees with J° and J2

and is induced by JOU and J°2 for ¢ large.

at infinity,
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4.2 Trees

For each setup, Pardon [61, Section 2.1] defines a category Sx for « = I, II, III, IV, which depends
on some datum D. Each object T € § is a decorated tree (or forest) representing a certain class of
pseudoholomorphic curves (or more generally of buildings). Geometrically, the vertices correspond to
curves, edges correspond to asymptotic orbits, and the decorations keep track of additional information
(such as the homology classes of the components, and their “level” in the SFT compactification).

A morphism of trees in S« consists of two pieces of data. First, a contraction of some edges, with the
important caveat that only certain contractions are allowed, which depend on the decorations on the tree.
Second, one specifies some additional data on external edges, which depends on the decorations of the
external edges. Geometrically, a morphism of trees correspond to gluing holomorphic curves, and the
data which one specifies on the external edges encodes different ways of moving asymptotic markers.
For T € S, we let Aut(T") denote the group of automorphisms of 7'. Given a morphism 7’/ — T, we let
Aut(T’/T) C Aut(T’) be the subgroup of automorphisms of 7’ which are compatible with 7/ — T.

In each category Sk, there is an operation called concatenation whose input is a collection of trees
(satisfying certain conditions, and with additional matching data), and whose output is a single tree.
Geometrically, concatenations of trees correspond to “stacking” holomorphic buildings. The precise rules
for concatenations are rather involved and depend on the individual setups.

Remark 4.1 A datum D for Setups II, III, IV determines multiple categories of trees: this is because
such a datum itself contains (by definition) data for multiple setups. We always follow the notation of
[61, Section 2.1] to denote the resulting tree categories. So, for example, if D = (DT, D™, X, i J )is a
datum for Setup II, we write Sy := Sii(D), 81+ = S(D) and Sy := &(D7). Similarly, a datum for
Setup III determines categories Sy, SI’I=O, SI’I=1, Sli, and a datum for Setup IV determines categories
Sy, Sﬁl, 81112, SIO, SII, SIZ.

4.3 Virtual moduli counts

To an object T € S«, we can associate a moduli space M(T") [61, Section 2.3] which carries an action of
Aut(T) — this action corresponds geometrically to changing asymptotic markers. Note that T € Sy has a
well-defined notion of index and virtual dimension [61, Definition 2.42]. The compactified moduli space
M(T) is defined by (see [61, Definition 2.13])
4-1) M(T):= | | MT")/Aw(T'/T).

T'—T
Theorem 1.1 in [61] provides a perturbation datum 6 € ®4(D) and associated virtual moduli counts
#M (T)gir € Q (which are zero for vdim(7T") # 0) satisfying the master equations

1 _ .
(4—2) 0= Z —,#M(T’)gr
codim(7T’/T)=1 |AUt(T /T)l
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and

— vir 1
4-3) M = o T

LM

By standard arguments, this can be used to define the various maps involved in the definition of contact
homology (such as the differential ¢) and show that they satisfy the expected relations (such as d? = 0);
see [61, Section 1.7].

S Intersection theory for punctured holomorphic curves

5.1 Definition of the Siefring intersection number

We will make use in this paper of an intersection theory for asymptotically cylindrical maps and sub-
manifolds. The four-dimensional theory was constructed by Siefring [64] and assigns an integer to a
pair of asymptotically cylindrical maps in a 4—dimensional symplectic cobordism; see also the book by
Wendl [69]. The higher-dimensional theory, also due to Siefring, assigns an integer to the pairing of
a codimension 2 (asymptotically) cylindrical hypersurface with a (asymptotically) cylindrical map. A
detailed overview can be found in [54].

Consider a strong exact symplectic cobordism ()?, )AL) from (Y, A1) to (Y, 17). Let (VE,A%|y) C
(Y%, A%) be strong contact submanifolds and let H C X be a codimension 2 submanifold with cylindrical
ends VtuVy—.

We let 7 denote a choice of trivialization of £+ |$ 4 along every Reeb orbit in V*. We require that
the trivialization along a multiply covered orbit be pulled back from the chosen trivialization along the
underlying simple orbit. Let u: ¥ — (p;F U p;)) — X bea map which is positively/negatively asymptotic
atz € p,f to the Reeb orbit y,. Now set

(5-D ue, H:=u"-H,

where u? is a perturbation of u which is transverse to H and constant with respect to t at infinity, and
(—-—) is the usual algebraic intersection number for transversely intersecting smooth maps. While (5-1)
depends on the choice of trivialization t, Siefring showed that this count can be corrected so as to become
independent of t. This leads to the following definition.

Definition 5.1 [54, Section 2] The generalized (or Siefring) intersection number u « H € 7, of u and
H is defined by

(5-2) uxH =ue  H—+ Z af\}_(yz)— Z af\fr()/z).

zepk Z€pu

Proposition 5.2 The intersection number u * H only depends on the equivalence classes of u in
7o(X, T UT7), and H in Qu—2(X, VT U V7); see Definition 2.21.
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Proof The intersection number u® - H is clearly invariant under compactly supported isotopies of H.

Given a truncation X C X, we can proceed as in Section 2.2 to associate to ¥ a map #7: & — X. Let
Hy = H N Xp. If we choose Xy sufficiently large (so that H is cylindrical in its complement), then Hy
will be a submanifold with boundary dHg = Ho N 9Xo = V™ LU V™. Note that #® - Hy only depends on
[u] € nz()? , [T LT ™). Moreover, we have u? - Hy = u® - H; indeed, if X is sufficiently large, then the
intersections of u* with Hy are exactly the same as those of u* with H. |

5.2 Positivity of intersection

We now discuss positivity of intersection for the Siefring intersection number. Given a contact manifold
(Y,& = kerA) and an almost complex structure J on &, we adopt the usual convention of letting J
denote the induced almost complex structure on the symplectization. An almost complex structure on a
cobordism ()? , i) between two contact manifolds (Y ¥, A%) is called cylindrical if it agrees at infinity
with J* for some choice of d A*_compatible almost complex structures J* on ker(A%).

Proposition 5.3 [54, Corollary 2.3 and Theorem 2.5] Let ()? , X) be an exact symplectic cobordism
from (YT, A") to (Y™,A7). Let u and H denote an asymptotically cylindrical map and a cylindrical
submanifold of codimension 2 in X, respectively.

Suppose that u and H are J. —holomorphic for some cylindrical almost complex structure J on X which
is compatible with d A. If the image of u is not contained in H, then Im(u) N H is a finite set and

(5-3) uxH>u-H.

(Note that, by ordinary positivity of intersection for two pseudoholomorphic submanifolds, this implies
that u « H > 0, and that Im(u) and H are disjoint if u x H = 0.)

When the image of u is contained in H, positivity of intersection does not hold. The following computation,
which will be useful to us later, is one example of this. The notation y refers to the trivial cylinder
R x S! — Y over the Reeb orbit y; similarly, V=RxVCY is the cylinder over the strong contact
submanifold V.

Corollary 5.4 Let y be a Reeb orbitin Y. If y is contained in V, then
(5-4) PV =—pn().

Proof By definition,

(5-5) PRV =77V oy () —ay" ().

We can choose the perturbation y* so that its image is disjoint from V. The result follows since
ozjrv;Jr ) —af\;_()/) = pn(y) by definition. |

Remark 5.5 1If y is disjoint from V, then 7 % V = 0.
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Corollary 5.4 shows that positivity of intersection fails for curves contained in V. However, we still have
a lower bound on the intersection number u * I/ when u = Y is a trivial cylinder, namely, y * V>-1
since py (y) € {0, 1}. In the remainder of this section, we show that if (¥, &, V') is a TN contact pair and
A is positive elliptic near V, then the intersection number u * V is bounded below for all asymptotically
cylindrical curves u contained in V. We also give an analogous result for cylindrical submanifolds of
symplectic cobordisms H C ()/(\ , ) with trivial normal bundle.

Proposition 5.6 Fix a TN contact pair (Y,&,V) and a datum v = (ay, t,7) € R(Y, &, V). Consider
a contact form A on (Y, &) which is adapted to t, and an almost complex structure J on & which is
compatible with d A and which preserves £y . Suppose that u is a J —holomorphic curve whose image is
entirely contained in V.If Ais positive elliptic near V, then u * V>1- Pu, Where p,, denotes the number
of punctures (positive and negative) of u.

Proof We have by definition that

(5-6) ay (vz) = |CZY (yz)/2] = |rP;] for z € p;f,
(5-7) oy (v2) = [CZY (y:)/2] =1+ |rP;] for z € py,

where P, denotes the period of the Reeb orbit y,. Using the trivial bounds x — 1 < | x| < x and the fact

~

that u® -V = 0, we obtain

(5-8) uxV > Z(rPZ—l)—Z(1+rPZ)Z—pu+r(ZPZ—ZPZ).
ZEPJ ZEPy ZGp,jr ZEPy

~

The fact that u is J-holomorphic implies that ZZ ept
Thus u * V > 1— py, as desired. O

P,—> . i P is nonnegative; see [68, page 60].

We will need an analog of Proposition 5.6 for cobordisms. Note that if V' C Y is a codimension 2 contact
submanifold, then the normal bundle of ¥ = R x V' C Rx Y =¥ can be identified with the pullback of
& |# under the projection V — V. Hence, any trivialization t of & |JI; induces a trivialization of the normal
bundle of ¥, which we will denote by 7.

Proposition 5.7 Fix TN contact pairs (Y =, £+, V*) and elements t* = (alj,t, tH rf)eR(y T £, V).
Let A* be contact forms on (Y *, §%) which are adapted to v*, and let ()?, A, H)&ir be a strong rela-
tive symplectic cobordism from (Y T, €T, V1) to (Y ~,£~, V™). We assume that there exists a global
trivialization t of the normal bundle of H which coincides with T¥ near +oc.

Let J be an almost complex structure on X which is cylindrical and compatible with dA* outside a
compact set, and such that H is J —holomorphic. Let u be an asymptotically cylindrical map in X which
is J —holomorphic and whose image is entirely contained in H . Following the notation of Proposition 5.6,
if AT is positive elliptic near VT, thenu x H > —p,, +r+ Y
u * H > 0 if u has no negative puncture.

zep P,—r" Zzep; P;. In particular,
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Proof We have

(5-9) uxH=u""H+ Y oy (y2)— Y ag (1)

zep;h Z€Pu
We can choose the perturbation u® so that it is disjoint from H, so u® - H = 0. We now argue as in
Proposition 5.6 to find that

(5-10) uxH> > (rFP,—1)= > (I4+r P)=—py+rT Y P,—r~ Y P, o

zep;"' ZEPy Zep,}" ZEPy
5.3 The intersection number for buildings

In this section, we use Siefring’s intersection theory to define an intersection number for buildings of
asymptotically cylindrical maps and buildings of asymptotically cylindrical codimension 2 submanifolds.
Since the differences between Sy, Sy, Syr and Spy don’t matter for this purpose, we start by defining a
category S of labeled trees which only keeps track of the information needed for intersection theory; in
particular, there are obvious “forgetful” functors Sy — S.

The category S = & (X ) depends on the following data:

(i) An integer m > 0 and a collection of m + 1 co-oriented contact manifolds (Y, £'), each equipped
with a choice of contact form A! for 0 <i < m.

(i) For each pair of integers 0 <i < j < m, an exact symplectic cobordism ()? i, Al ) with positive
end (Y, &) and negative end (Y7, £/). We require that X1l = SY' be the symplectization of Y
and that X'¥ = XU #X /¥ for i < j < k; this makes sense in light of Remark 2.8.

An object T € S is a finite directed forest, ie a finite collection of finite directed trees. We require that
every vertex has a unique incoming edge. Edges which are adjacent to only one vertex are allowed; we
will refer to them as input or output edges depending on whether they are missing a source or a sink. The
other edges will be called interior edges. We also have the following decorations:

e For each edge e € E(T), a symbol x(e) € {0, ...,m} such that x(e) = 0 for input edges and
s(e) = m for output edges, together with a Reeb orbit y, in (¥ *(€), 1*©)),

e For each vertex v € V(T), a pair *(v) = (xT(v), *x~(v)) € {0, ..., m}? such that x T (v) < *~(v),
and a homotopy class 8, € 7> ()?*(”), Ye+(w) U Ve~ te—cE—(v))> Where et (v) denotes the unique
incoming edge of v and £~ (v) denotes its set of outgoing edges. We require that x(e* (v)) = * T (v)
and x(e”) = %~ (v) for every e~ € E~ (v).

Remark 5.8 Geometrically, these decorations specify how different curves and orbits fit together to
form a holomorphic building. For example, suppose m = 1 and 7 is a tree with one vertex v and one
input edge e. If *(e) = 0 and *(v) = 00, then T describes a curve in SY° with one positive puncture
and no negative punctures. If x(e) = 0 and *(v) = 01, then T describes a curve in X°1 with one positive
puncture and no negative punctures. This labeling scheme of course follows [61, Section 2.1].
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We will let 1"TJr and I'; denote the collections of Reeb orbits associated to the input and output edges of
an object T' € S. In the case where T is a tree, the unique element of F;r will be denoted by y;f .

A morphism 7r: T — T’ consists of a contraction of the underlying forests (meaning that 7" is identified
with the forest obtained by contracting a certain subset of the interior edges of T") subject to the following
conditions:

* For every noncontracted edge e € E(T'), we require that x(m(e)) = *(e) and Y (o) = Ye.

e For every vertex v € V(T), we have * T (7(v)) < **(v) and *~((v)) > *~ (v).

o For every vertex v" € V(T"), we require that B,/ = #5(y)=y Bo-
Note that for any morphism 7" — T”, we have F; = I'T+, and I'y' =T,
Remark 5.9 Forevery T € S , we get a morphism 7" — T« by contacting all of the interior edges of T'.
Each component of T, is a tree with a unique vertex. In the case where T is connected, we will write

Br :=#,6y €12 ()? Om y;: U ;) for the homotopy class labeling the unique vertex of Tiax. Note that
for every morphism 7' — T, we have Tiax = T, In particular, if 7 and 7" are trees, then B = B1-.

Definition 5.10 Let 7 € S and let {T;}; denote its connected components. The intersection number
T « H of T with a codimension 2 cylindrical submanifold H C X0 is defined to be

(5-11) T+H=Y Pr,H.

By Proposition 5.2, this intersection number only depends on the class of H in Q5,—» ()? Om YO pym),
By Remark 5.9, it is “invariant under gluing”:

Proposition 5.11 LetT, T’ € S. If there exists a morphism T — T/, then T x H =T’ x H.

Suppose now that m = 0, so that objects T € S represent buildings of curves in the symplectization Y of
a single contact manifold (Y, 1) := (Y%, A?), and that H = V=R x V is the trivial cylinder over some
strong contact submanifold V' C Y of codimension 2. In that case, the intersection number 7" % H can be
expressed more explicitly as follows.

Proposition 5.12 Forany T € S, we have
(5-12) TxV= Y BpxV— > JexV.
veV(T) ecEin(T)

Proof The proof will be by induction on the number of interior edges. If this number is zero, then (5-12)
is true by definition. Otherwise, pick an edge e € E™™(T') and contract it to obtain a morphism 7: T — T’
where T’ has one less interior edge than 7. We can assume inductively that 7" satisfies (5-12). Since
T «V = T’ % V, it suffices to show that

(5-13) ,Bv+*l7+ﬁv—*l7—)7e*l7=ﬂv/*l7,

where v and v~ are the source and sink of e, respectively, and v/ = 7(vt) = 7 (v™).
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To do this, start by picking curves u4: X+ — Y representing the classes B, +. Fix a choice of cylindrical
coordinates near the positive puncture of ™~ and near the negative puncture of u™ corresponding to e.
We can assume that 4 is cylindrical at infinity, so that there exists a constant C > 0 such that

(5-14) UL(s,t) = (Pe-5,ve(t)) for Fs=>C,

where P, is the period of the orbit corresponding to e. Now let

(5-15) Tt =37\ ((—00,-3C) x 1),

(5-16) T =37\ ((3C,00) x ST,

and let ¥ = T # X~ be obtained by identifying [-3C, —C]x S! ¢ =F with [C,3C] x S! C =~ via

translation by 4C. The curve uy #u_: ¥ — Y which is given by tocp, ocu4 on >F and 7_5¢ P, OU_
on =~ (where 75: ¥ — Y denotes translation by s) then represents the homotopy class f,+ # By— = Bu.

Choose a trivialization t of §|# along the relevant Reeb orbits and use it to produce perturbations u?_ and
(u4 #u_)" as in Section 5.1. We can do this in such a way that (u4 #u_)* is obtained by gluing u7,
and u* . Then

(5-17) (g #u )" -V=u®-V+u® -V,

)
s #u_)xV=u®-V+ut-V +ay (yH- Z Ol;\fr()/z)
Zep;_;’_#u—
=ul VHul - Vtoay 0D +ay ()= Y oy ()= Y ay (v2)
zep;+ ZEPy_
—up sk Vtu_xV 4+t (re) —ak (ve)
=us* Vu_xV+pn(re).
We have p(y,) = —Ve * 1% by Corollary 5.4, so this implies that
(5-18) ﬂv,*17:(u+#u_)*17:u+*l7+u_*l7—)7e*l7:ﬂv+ *f/\v‘i‘ﬂv* *17—)23*17,

as desired. O

Definition 5.13 Given T € S, we say that T' is representable by a holomorphic building if there exists
a d A—compatible almost complex structure J on & such that, for every vertex v € V(T'), the homotopy
class By € nz(?, Ye+(w) U Ve~ }e—cE—(v)) admits a J- —holomorphic representative. We say that T is
representable by a J—holomorphic building if we wish to specify J.

Corollary 5.14 Let T € S. Suppose that there exists a morphism T’ — T and a d \—compatible almost
complex structure J on £ such that T’ is representable by a J —holomorphic building. Suppose also that
Vis f—holomorphic. If A is positive elliptic near V, then T * V> —I'=(T,V), where I' (T, V) denotes
the number of output edges e of T such that y, is contained in V.
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Proof By Proposition 5.11, T % V=T xV. By Proposition 5.12,
(5-19) T's«V= > BuxV— > PexV.
veV(T") ec Ein(T")
According to Proposition 5.3, we have 8, * V >0, unless the holomorphic representative of 8, is entirely
contained in V, in which case Proposition 5.6 tells us that 8, * V > —#E ~(v). By Corollary 5.4, we have
(5-20) —HE"(0)= Y JexV.
ecE—(v)

Given v € V(T"), let us denote by I'" (v, V) the number of output edges e € E~(v) such that y, C V.
Appealing again to Proposition 5.12, we have

(5-21) TV = 3" BuxV— > JexV
veV(T") ecEM(T")
- (ﬁv*?— 3 ye*ﬁ)+ S ki
veV(T”) ecE—(v) ecE—(T)
= Y BuxV+IT (V)T (T.V)
veV(T)
>-T7(T,V),

where we have used the fact that 7 and T’ have the same exterior edges in the last line. This completes
the proof. a

More generally, suppose we are given the following data, where m is now allowed to be any nonnegative
integer:
e For each 0 <i < m, a strong contact submanifold Vi c Yl of codimension 2.
e Foreach 0 <i < j <m, ahomotopy class n;; € Qz,,_z()?ij, ViLUV/). We require that n;; := [17,]
be the homotopy class of Vi =R x V!, and that Nik = nij #njx forany i < j <k.

Let 1):= Nom € Qan—a(XO", VOLIV™).

Proposition 5.15 Let T € S. Then

(5-22) Txn= Z Bu * Nx(w) — Z Ve * I//\*(f?)'
veV(T) ecE(T)

Proof We will say a vertex v € V(T') is a symplectization vertex if *(v) =ii for some i, and we will call
it a cobordism vertex otherwise. This induces a partition E"(T) = ES(T) U E*(T) U E°(T) of the set
of interior edges according to the types of the vertices they are adjacent to— here the superscripts s and ¢
stand for “symplectization” and “cobordism”, respectively. Similarly, the set of exterior edges admits a
partition E*Y(T') = ES(T)u ES(T).

Geometry & Topology, Volume 28 (2024)



38 Laurent Coté and Frangois-Simon Fauteux-Chapleau

We can (and will) assume without loss of generality that E%(T') is empty. Indeed, let T — T" be the
morphism obtained by contracting all the edges in E*(T). Replacing T with T’ doesn’t change the
left-hand side of (5-22) by Proposition 5.11 and doesn’t change the right-hand side by Proposition 5.12.

Let I = V(T)u ES(T) U E(T) and choose a family of curves {u; };c; with the following properties:

e For each v € V(T), uy is a curve in the homotopy class 8, which is cylindrical at infinity.
e Foreache € ES(T)U E“(T), ue = Ve is the trivial cylinder over the Reeb orbit y,.
For ¢ > 0 sufficiently large, we can glue the u; to obtain a curve u in X 00#, XOl#, X 11#,.. .#, XM ~ x0m

representing 7'. We can also choose representatives H;; of n;; so that H;; = 171 and H := Hy,, coincides
with Hoo #: Ho1 #¢ - #; Hyum.
As in the proof of Proposition 5.12, we can choose perturbations u* and {u} } so that
(5-23) u'-H =Y uf-H,
iel
where H; := Hy,) fori =v € V(T) and H; := A*(e) fori =e e ES(T)U E(T). The difference
> ;ui* Hi —ux H is therefore equal to
(5-24) Yo e e e T +2 D ey () —ak T ()
ecEx<(T)LE(T) ecEc(T)
= Z )78 * I’Zk(e) +2 Z J7e * I’/:k(e)

ecEsc(TYUE(T) ecE«<(T)
= Z ?e * f/\*(e) —+ Z i/\e * I7*(e)-
ec Eny(T) ecEC(T)UE«<(T)

Since u; * H; = P¢ * 17*(@) fori =e e ES(T)U E(T), we conclude that

(5-25) uxH = Z Uy * Ha() = Z Pe * Vo),
veV(T) ec Ein(T)

which implies (5-22). O
Definition 5.16 Given T € S, we say that T is representable by a holomorphic building if for every
vertex v € V(T'), there exists an adapted almost complex structure J? on X*® such that
~ ~ + -
IBU € ”Z(X*(v)7 Yet(v) U {Ve_}e—eE—(v)) and Nx(v) € QZn—Z(X*(U)a v* @) v (U))

admit J° Y_holomorphic representatives.

Proposition 5.17 LetT € S. Suppose that there exists a morphism T' — T where T’ is representable
by a holomorphic building. Suppose that A’ is positive elliptic near V' for all 0 <i < m, and letr; > 0
be the rotation parameter; see Definition 3.4. If By * Nyy) = —#{E~(v)}, then T xn > I~ (T, V™).
(Recall that n := nom.)
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Proof By Proposition 5.11, we have T s = T’ % 5. Given v € V(T"), let us denote by I'~(v, V*~ )
the number of output edges e € E~(v) such that y, C V* @),

Arguing as in the proof of Corollary 5.14, we obtain from Proposition 5.15 that

(5-26) T'sV= 3" Poxmw— ). FexVue
veV(T") ecEn(T")
= Z (,Bv * Nx(v) — Z Ve * I7>s<(e)) + Z Ve * f/\*(e)
veV(T) ecE—(v) ecE—(T")
= Y (BoxVAH# (. V* D) —T(T".V)
veV(T")
>-—-T7(T,V),

where we have used the fact that 7 and T’ have the same exterior edges in the last line. This completes
the proof. a

5.4 The intersection number for cycles

For future reference, we collect some basic facts about intersection numbers for cycles in oriented
manifolds. This subsection takes places entirely in the smooth category and does not involve any contact

topology.

Definition 5.18 Let M be an oriented, compact manifold of dimension n, possibly with boundary. Let
S1, 82 C M be disjoint closed embedded submanifolds of M. (We allow the S; to intersect M, in which
case the S; are required to be embedded submanifolds after enlarging M by a collar). Then we can define
a pairing

(5-27) —— 1 Hy(M,S1;2)x Hy— (M, S2;2) > 7Z, (A, B)—~ A-B,

where A - B is a signed count of intersections between cycles representing A and B. More precisely, we
represent cycles by C*° chains; by general position, these chains may be assumed to intersect transversally
after an arbitrarily small perturbation which does not affect their homology class. It is a folklore result,
which is beyond the scope of this paper, that the resulting count is well-defined and graded-symmetric;
see eg [32, Section 2.3].

We note that the intersection number in Definition 5.18 could be defined under much milder hypotheses,
but this is not necessary for our purposes. If A and B are (the pushforward of the fundamental class of)
oriented manifolds, then 4 - B coincides with the usual intersection number for submanifolds. By abuse
of notation, we will view the intersection pairing as being defined on both homology classes and oriented
submanifolds.
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Definition 5.19 Fix a closed manifold Y of dimension m > 3 and a closed codimension 2 submanifold
V C Y. Suppose that Hy(Y;7Z) = H(Y;Z) = 0.

Let y: S! — Y — V be a loop with embedded image. The linking number of y with respect to V' is
denoted by linky (y) and defined by

(5-28) linky (y) := V- Cy,

where C, is a cycle bounding y (which exists since H1(Y;Z) = 0). This is well-defined due to our
assumption that H>(Y;Z) = 0.

Suppose now that A C Y — V is a submanifold with mo(A) = 71 (A) =0. Letc:[0,1] = Y —V be a
path with embedded image having the property that ¢(0), c(1) € A. Let¢: S! — Y — V be a loop with
embedded image obtained by connecting c¢(1) to ¢(0) by a path in A. The (path) linking number of ¢
with respect to V' is denoted by linky (c; A) and is defined by setting

(5-29) linky (c; A) ;= V - Cg,

where C7 is a cycle bounding ¢. This is independent of ¢ since 71 (A) = 0, and independent of Cz since
Hy(Y;Z)=0.

Remark 5.20 Fix an open book decomposition (Y, B, ) and let y: S — Y — B be a loop. Then it is
not hard to show that we have linkg (y) = deg(r o y).

Similarly, suppose A C Y is a submanifold which is contained in a page of (¥, B, ). Letc:[0,1] - Y —B
be a path with the property that ¢(0), (1) € A. Then the composition 7 oc: [0, 1] — S! induces a map
¢:[0,1]/{0,1} — S'. We then have linkg(c; A) = deg¢c.

Lemma 5.21 Let Y+ be oriented manifolds with Y+ # & and let B¥ C Y* be oriented submanifolds.
Let W be an oriented, smooth cobordism from Y+ to Y~ and let H C W be an oriented subcobordism
from B to B™, ie H is an embedded submanifold which admits a collar neighborhood near the boundary
of W. Suppose that Hi(Y*;7Z) = Hy(Y*;Z) = Hy(W,YT;7Z) = 0.

Let ¥ be a Riemann surface with k + 1 boundary components labeled y ™, Y1 -+ Vg - Suppose that
u: (X,9%) — (W, W) is a smooth map sending y* into Y+ — B and y intoY ~ — B~.

Then

k
(5-30) linkg+ (y*) =) linkg- (7)) = H -u(),
i=1

where we have identified the boundary components of ¥ with the restriction of u to these components.
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Proof Choose a 2—chain B~ € Co(Y ; Z) with 0B~ =y U---Uy, . Glue B~ to u(X) along the y;”
and call the resulting chain C € C,(W;Z). We now have H -C = H -u(X) + Zf;l linkg—(y;").

By the long exact sequence of the triple (W,Y ™,y ™) and our assumption that H,(W,Y *;Z) = 0,
the natural map Hy(Y,yV;Z) — Ho(W,y™T:;Z) is surjective. Let C e Hy(Y™T,y™;7Z) be a lift of
C e Hy(W,y*:;Z). Then H-C = H-C = BT -C =linkg+(y1). O

Lemma 5.22 We carry over the setup and notation from Lemma 5.21. In addition to the data considered
there, let A* C Y *— B* be an oriented, smooth submanifold and let A C W be an oriented subcobordism
from At to A~ which is disjoint from H. We suppose in addition that o(AT) = 71 (A*) = 0.

Let X be a closed, oriented surface of genus zero with s + 1 boundary components labeled y™*,y1, ..., Vn.
For o € N, we place 20 disjoint marked points on y*, thus partitioning y* into 20 subintervals. Let us
label these subintervals by the symbols ¢, bo1, ¢y b12,¢5,....bg—1)0:C5 , bso, in the order induced
by the orientation.

Suppose now that u: (X,9%) — (W, dW U A) is a smooth map sending (c™, dc™) into (Y + — BT, A™T),
sending (c¢;”, dc;") into (Y~ — B™, A7), sending b;(; 1) into A, and sending the y;” intoY ~ — B™.

Then

g S
(5-31) linkg+(ct: A%) = linkp-(c; s A7) = Y linkp—(y;) = H -u«[Z],

where we have again identified the boundary components of 3 with the restriction of u to these compo-
nents. |

6 Energy and twisting maps

6.1 Twisting maps

In order to define invariants of codimension 2 contact submanifolds, we will proceed as follows. First, we
will use Siefring’s intersection theory to define maps ¥ : S — R. Here R could be any Q-algebra, though
we will only use R = Q[U] and R = Q. We will then use these maps to define “twisted” moduli counts

(6-1) #y M(T)'" := #M(T)" - y(T) € R.
The maps ¥ will have the property that
(6-2) V(T')y =y (T) for every morphism 7’ — T, and
(6-3) YT =[[v@),
i

which implies that the master equations (4-2) and (4-3) still hold if #M"'" is replaced by #y M.
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The properties which must be satisfied by the maps i in order to obtain twisted counts which are suitable
for defining our invariants can be conveniently axiomatized in the notion of a twisting map. We now
define precisely this notion in each of the four setups.

Setup I Fix a datum D for Setup I. Let Sfé “ denote the full subcategory of Sy spanned by objects 7" for
which the moduli space M(T) is nonempty.

Definition 6.1 Let R be a Q-algebra. The set W1(D; R) of R—valued twisting maps consists of all maps
(/R Sfé Q(D) — R satisfying the following two properties:

e For any morphism 7/ — T, ¥(T") = ¥(T).

e For any concatenation {T;};, v (#: T;) = [ [; ¥ (T}).

Fix a twisting map ¥ € Wi(D; R). Let
(6-4) CC.(Y.£.9), =P Sym%( . Uy)
n>0 yepgood

be the free supercommutative Z/2—graded unital R—algebra generated by the good Reeb orbits. The
grading of a Reeb orbit is given by its parity, which is defined as

(6-5) ly| =signdet(/ — Ay,) e {£1} =7Z/2,

where A, is the linearized Poincaré return map of & along y; see [61, Section 2.13]. Recall that a Reeb
orbit is good if and only if it is not bad; a Reeb orbit y is bad if it is an even multiple of some simple
Reeb orbit y, such that y and y, have different parity [61, Definition 2.49].

Theorem 1.1 of [61] provides a set of perturbation data ®1(D) and associated virtual moduli counts
#M(T gr € Q satisfying (4-2) and (4-3). We define the twisted moduli counts

(6-6) #y MU(T) )" = #MU(T)}" - y(T) € R.

It follows easily from Definition 6.1 that the twisted moduli counts also satisfy (4-2) and (4-3). We may
therefore endow CC,(Y, &, ¥), with a differential dy, j ¢ which is given by

1 _ .
(6-7) dyg6(0y+)= Y Ty Mi(T) g or-,
W 1Au(T)]

where the sum is over all trees T € S; (D) representing curves with positive orbit y+ and negative orbits
r~— Pgood-

The homology of (CC,(Y, &, V)4, dy,1,6) is a supercommutative Z /2-graded unital R—algebra, which is
denoted by

(6-8) CH,(Y.§,Y)x,7.6-

Geometry & Topology, Volume 28 (2024)



Homological invariants of codimension 2 contact submanifolds 43

Setup I Fix a datum D for Setup II. Suppose now we are given a map of Q—algebras m: Rt — R~
and twisting maps Y+ € Wy (DT; RT).

Definition 6.2 The set Wy (D; ¢+, ¥ ™) consists of all maps v : Sﬁé 2(D) — R~ satisfying the following
two properties:

e For any morphism 7/ — T, y(T") = y(T).

e For any concatenation {7;};,

69) w(#l-Tz-)=( I1 m(w(T,-)))( I w(n))( I W(Tf))-

Ties T; €Sy T; €S
Fix a twisting map ¥ € Wy (D; ¥+, ¢ ™). Theorem 1.1 of [61] provides a set of perturbation data Oy;(D)
together with a forgetful map
(6-10) On(P) — O(DF) x O1(D")
and associated virtual moduli counts # My (T gr € Q. We define the twisted moduli counts
(6-11) #y Mu(T)y" := #Mu(T)} -y (T) € R™.

For any 6 € O (D) mapping to (7,07) € ©1(D1) x ©1(D ™), we obtain a unital R ™—algebra map

(6-12) (X, 4, 9) 550 CCY T 65 Y0 g gt = CCY 69 )i s
which maps o,,+ to
1 _ .
6-13 —_.# )M op-,
(6-13) Z Aut(T)| yMu(T)y or
w(T)=0

with the sum over all trees T € Sii(D) representing curves with positive orbit ¥y and negative orbits
'™ — Pgooa(Y 7). This is a chain map, since it follows from Definition 6.2 that the twisted moduli counts
satisfy (4-2) and (4-3).

Setup III Fix a datum D for Setup III. There are three types of concatenations {7;}; in Syy = Si(D):
(D) {Ti} C S uUSTOUSy, in which case s(#; T;) = {0}.
(2) {Ti} C S uUSITIUST, in which case s(# T;) = {1}.
3) {T;} C SI+ USm US; and T; € Sy for a unique i = ig, in which case s(#; T;) = s(T;,).

(Here S = SItIG{O’l}, S are tree categories determined by D, following the notation of [61, Section 2.1].)
Suppose now we are given a map of Q-algebras m: Rt — R~ and twisting maps ¥+ € ¥ (D*; RT),
YO e Un(@=%y* y7)and Yl € In(D Tyt Y.
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Definition 6.3 The set Wy (D; ¥°, 1) consists of all maps v : Sflélg (D) — R~ satisfying the following
properties:
e For any morphism 7/ — T, ¥(T") = ¥(T).
e For any concatenation {7;}; of the first type,
(6-14) w(#l-T,-)=( I m(w(m))( I vf"(n))( I w—(n)).
Tyes T;es5=0 Tiesy
e For any concatenation {7;}; of the second type,
(6-15) w(#iTi)=( I1 m(w(m))( I1 Wn))( I1 w—(m).
Tiest T;esh=! Ties;
e For any concatenation {7;}; of the third type,

(6-16) w(#im:( [1 m(w(ﬂ)))wmo)( I1 w‘m)).

T;es" Tiesy

Fix a twisting map ¥ € Wy (D; ¥, ¥1). Theorem 1.1 of [61] provides a set of perturbation data (D)
together with a forgetful map O (D) — Oy (D) X @,(p+)x0,(0-) 1 (D) and associated virtual moduli
counts #/\_/IIH(T)‘éir € Q; note that the fiber product is defined with respect to (6-10). We define the twisted
moduli counts

(6-17) #y Mm(T)y" := #Mu(T)y" - y(T) € R
If ()? , 1’) is a family of exact cobordisms, then for any 6 € ®y(D), we obtain an R —linear map
(6-18) KX A9 51 o1 CCY 6 9 )4 g4 g4 = CCt (Y 7679 ) s 0
which sends the monomial ]_[l-e I oyi+ to

1 — .
o vdim({T,Z};e,)=o AT e e Mm@ Tien E T
with the sum over trees 7; € Sy(D) with positive orbit )/l.+ and negative orbits I;™ — Pgooa(¥ 7).

Equations (4-2) and (4-3) applied to the twisted moduli counts imply that this is a chain homotopy between
D(X, A0, ¥?) 70 g0 and O(X, AL, Y1) 71 g1 and hence that the induced maps on homology

¢>()?,10,1ﬁ0)j0_30

(6-20) CH.(Y1T T v+ s+ .0+

~N- -

CH.(Y_, E_v ‘/f_)k—,J—,e—

CP()’(\,XI,VII)JAI’QI
are equal.
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Setup IV Fix a datum D for Setup IV. There are three types of concatenations {7;}; in Sty = Siv(D):
(1) {T;} C 8P USP? US?, in which case s(#; T;) = {0}.
(2) {T;} cSPusSY us! usji?uS?2. in which case s(#; ;) = {oo};

3) {T;} C SIO U Sy u 812 and 7; € Syv for a unique i = ip, in which case s(#; T;) = s(T;,).

(We again follow the notation of [61, Section 2.1] for tree categories determined by D.) Suppose now we
are given maps of Q-algebras m°!: RO — R! and m'2: R! — R2, and twisting maps

Yl e U(DHRY) for i =0,1,2,
(6-21) . S
v e WDVl /) for ij =01,12,02.
Set m92 = m12om®: RO — R2.
Definition 6.4 The set Wy (D; {y/"/}) consists of all maps v : Sff,z (D) — R? satisfying the following
properties:
e For any morphism 7/ — T, ¥(T") = ¥(T).
e For any concatenation {7;}; of the first type,
(6-22) YT = ( I m"z(w"(n)))( I w"zm))( I wz(n)).
T; ESIO T; 6582 T; 6512

e For any concatenation {7; }; of the second type,

62 wiwm=( TT w20 an)( TT w2 a)( T »20t @)

T;es? T;es)! T;eS!
( 1 w”(m)( I1 wz(m).
Tl‘ESIII2 T,'GSIz

e For any concatenation {7;}; of the third type,

(6-24) vty =( T mwoa)vay( T v2an),

T; ESIO T; 6812

Fix a twisting map v € Wiy (D; {¢/"/}). Theorem 1.1 of [61] provides a set of perturbation data Oy (D)
together with a forgetful map O (D) — Oy (D%?) X @,(D0)x©,(D2) (O (DO X @, (D) On(DP'?)) and
associated virtual moduli counts #/WIV(T)(V9ir € Q — here again, the fiber product is defined using (6-10).
We define the twisted moduli counts

(6-25) #y Miv(T)y" = #Mv(T))" -y (T) € R?.
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As in the previous section, we obtain an R°—linear map
(6-26) CC.(Y 2 €% 90) 10, 70,0 = CCoy1 (Y2, E2,92) 2 12 92,
which is a chain homotopy between the maps
d(X02, 202, Woz)fmﬁm and (X2, a2, wlz)flz,glz ° @()?01’101’ wm)jm,em’
so that we get the commuting diagram

g~ CH, Yl, 1’ 1
(6_27) ¢(X011}101:1/f01)f01.01)1/ ( g 1/f )AI,JI,OI

CH.(Y?,£%,¥°) 50,50 90

q>()?12,112ﬂ/f12)j12.912

> CHJ(Y2,6%,92);2. 72 92

¢(2023102»W02)j02.902
6.2 The energy of a (strict) symplectic cobordism

In this section, we introduce a notion of energy for (families of strict) exact symplectic cobordisms, and
for certain classes of almost complex structures.

Notation 6.5 Recall that a strict exact symplectic cobordism from (Y, A1) to (Y, A7) is the data of
an exact symplectic cobordism (X, A) and embeddings

(6-28) eTRxYE 1) - (X, N),

which preserve the Liouville forms and satisfy certain additional properties stated in Definition 2.3.
When we consider strict exact symplectic cobordisms in this section, we will routinely abuse notation by

identifying subsets of R x ¥ ¥ with their image under e®. We hope that this abuse will make this section
easier to read without introducing any substantial ambiguities.

We begin with the following definition.

Definition 6.6 Let ()? , X) be a strict exact symplectic cobordism from (Y +, A1) to (Y, 17). A Type A
cobordism decomposition is the data of a pair of hypersurfaces

(6-29) H_o={-C_}xY™ and Hy={CyiixYT

for C+ € R, such that

(6-30) (00, —C)XxY )N ((Cy,00)x Y1) = 2.

The intersection in (6-30) takes place inside X if Y™ =9, weset H- = &, C— = 0 and we consider
that (6-30) is tautologically satisfied. We let T(X, 1) =X, AT, A7) be the set of all such Type A
cobordism decompositions.

Remark 6.7 Since we are working with strict cobordisms, the real numbers C+ € R are uniquely
determined by the hypersurfaces H.. The data of the pair (H—, ) is therefore equivalent to the data
of the pair (C—, Cy).
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Definition 6.8 Let ()? , X) be as in Definition 6.6 and let 0 € X ()? , 1) be a Type A cobordism decompo-
sition. We let £(0) := C_ + C+ be the energy of the decomposition o. We define
(6-31) EX, M) =EX, AT, 07):=  inf _ £(0) e RU{—o0}

oeX(X,A)
to be the energy of ()? , i); this is well-defined since a cobordism decomposition clearly always exists.
We note that the energy may in general be negative.

Given C e R, let & ()/(\ , i)<c C E()? , i) (resp. < C) denote the subset of cobordism decompositions of
energy strictly less than C (resp. at most C).

Lemma 6.9 (energy of a symplectization) Suppose that ()’(\ , X) = (SY, Ay) is a symplectization which
is endowed with the canonical structure of a (strict) exact symplectic cobordism from (Y, A1) to (Y, 17);
see Example 2.6. Fix f:Y — R such that A\t = e/ A~. Then £(SY, Ay) < —min f.

Proof Lete®:(RxY, ii) — (SY, Ay) be the canonical identifications induced by A*. Let H4 = {0}x Y
in the coordinates induced by e™. This means that H4+ = {(f(y),y) |y € Y} CR x Y in the coordinates
induced by e~. Now given any C_ > —min f, we can let H_ = {—C_} x Y in the coordinates induced
by e~. It follows that £(SY, Xy) < C_. Since C_ > —min f was arbitrary, the claim follows. |

Remark 6.10 If we assume in addition that AT = A, then it is easy to verify that in fact £(SY, Ay) = 0.
Lemma 6.11 We have £(X, ) = —oo ifand only if Y~ = @.

Proof Suppose that Y~ is nonempty and choose a cobordism decomposition o for ()? , X) given by
a pair of hypersurfaces H_, H4 C X. Let (X, A) be the truncated Liouville cobordism with negative
boundary #_ and positive boundary 4. Observe that the image of the negative boundary under the
Liouville flow must touch the positive boundary in some finite time 7 < oo — indeed, this follows
from the fact that (X, A) has finite volume. Given any other cobordism decomposition ¢’, we now have
E(@)=E@0)-T.

Suppose now that Y~ is empty. Then (6-30) is a vacuous condition. Since the backwards Liouville flow
of any slice {C4} x Y is defined for all time, it follows that we can find a cobordism decomposition of
arbitrarily negative energy. a

LemmAa 6.12 Fix aAstrict exact symplectic cobordism ()? ,)AL) from (YT,17) to (Y",A7). Then
(X, M)<c CE(X,A) s

(a) nonempty for C > 5()?, /A\),

(b) path-connected for all C € R. (Note that the empty set is path-connected.)
If moreover ()?, X) = (SY, Ay) is a symplectization and AT = 1™, then E()?, 1)50 is nonempty and

path-connected.
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Proof Note first that (a) is tautologically true. Next, note that (b) is obvious when ¥~ = &. It therefore
remains to prove (b) under the assumption that Y~ # &.

Let us consider a pair of cobordism decompositions o, 0’ € E()? , )A\)<c. By definition, o and o’ are
entirely determined by the constants —C—, C+ € R (resp. —C_, C), where we are following the notation
of Definition 6.6.

Suppose first that —C_ = —C’. Up to relabeling o and 0, we can assume that C < C’_. Now just translate
C!_ in the negative direction until C’, = C... This translation defines a one-parameter family of cobordism
decompositions taking ¢’ to o, whose energy is clearly bounded by max(£(0),£(0”)) = £(0’) < C. An
analogous argument works if we now suppose C+ = C _’F and —C_ # —C_.

Suppose finally that —C_ # —C” and C+ # C/_. Up to relabeling o and o, we can assume that C1 < C,..
If —C’ <—C_, then we translate —C”_ in the positive direction until —C’ = —C_. If instead —C_ < —C_’,
then we simultaneously translate —C_ and C4 in the positive direction until either —C_— = —C’_ or

C4 = C.. This takes us back to the case treated in the previous paragraph.

Finally, if ()? , X) = (SY, Ay) is a symplectization with A = 1™, then any Type A cobordism decompo-
sition o € E()? , X) <o has vanishing energy (Remark 6.10) and is equivalent to a choice of hypersurface
H=H_=Hy={CxY} The space of such choices is in natural bijection with R, so it is in particular
nonempty and connected. |

Definition 6.13 Let ()? , X;),e[o,l] be a one-parameter family of (strict) exact symplectic cobordisms;
cf Definition 2.12. A one-parameter family of Type A cobordism decompositions is just the data of a
family of hypersurfaces

(6-32) H_(t) ={—C_(t)}xY~ and Hy(t)={Ci(t)}xYT
such that
(6-33) (=00, —C_(1)) x Y )N ((Cy(t),00) x Y T) = 2.

If Y™ = @, we again set H_(t) = &, C_(¢t) = 0 and we consider that (6-33) is tautologically satisfied.)
We let & ()? , Xt)te[o,l] be the set of all such families of cobordism decompositions. (Note that X ()? A %)
is a Type A cobordism decomposition for each fixed choice of #¢.)

Definition 6.14 With the notation as above, with define the energy of a family of Type A cobordism
decompositions o € Z()?, At)zefo,1] to be £(0) := sup, (C_(t) + C+(2)).

Let ()?01,101) (resp. ()’(‘12’ 212)) be a strict exact symplectic cobordism from (Y°,1%) to (Y1, A1)
(resp. from (Y1, A1) to (Y2, 1?)). Let ()? . At)e[0,00) be a one-parameter family of strict exact symplectic

Geometry & Topology, Volume 28 (2024)



Homological invariants of codimension 2 contact submanifolds 49

cobordisms which agrees for # > a large enough with the 7—gluing ()? 0y Xx12 201 #; on)te[a’oo); see
Definition 2.7. For t > a, note that there are canonical Liouville embeddings

Lo ()’(\01,;\\01) Hi/2 (X\Ol’et/Z;\\Ol) — ()’(\01 #, )’(\12,;\\01 #, 102)’

oy ()’(\12’;\\12) H—t/2 (}’(\12’6—1‘/2112) — (}’(\01 #, )’(\12’201 #, 102)'

Definition 6.15 A Type B cobordism decomposition of ()? A t)1€[0,00) 18 the data of a family of hyper-
surfaces

(6-34) Ha(t) ={—Ca(1)} xY? and Ho(t) ={Co(t)} x Y°,
and a Liouville embedding ([—C1(¢), Ci O] xYeSh) — ()?, )Att) such that
(6-35) (=00, —C2(t))x Y2, (=Ci(t),C1(1))xY"' and (Co(t),00)x Y°

are pairwise disjoint. (In the case that Y~ = &, we set H»(¢t) = @ and C(¢) = 0, and replace (6-35) by
the condition that (—C; (¢), C1 (1)) x Y and (Co(7), o0) x Y © are pairwise disjoint.)

We let
(6-36) Hi(t) ={—C1()}x Y and H(t) ={Ci(t)}x Y.
This data is required to satisfy the following hypotheses:

(1) C1(0) = —C1(0).

(2) For ¢ large enough, Ho and Hi(r) (resp. H1(t) and H3(¢)) are in the image of the canonical
embedding o (resp. t2 ). Moreover, their preimages define a Type A decomposition on ()? 01 101)
(resp. on ()? 12 X12)) which is independent of t.

We let X B(()? , A t)1€[0,00)) denote the set of all such cobordism decompositions. We will write X (—)
instead of ¥ g(—) when the subscript is understood from the context. As in Remark 6.7, note that the
data of the hypersurfaces H»(t), Hi(t), 771’1 (¢) and Ho(?) is equivalent to the data of the constants Cy (%),
Ci(t), C1(¢) and Co(2).

Definition 6.16 It follows from property (1) of Definition 6.15 that a Type B cobordism decomposi-
tion 092 € Xp (()?, X;)te[o,oo)) induces a Type A cobordism decomposition o € ¥4 ()?, 10) by taking
H_ = H,(0) and H4 = Ho(0). We say that o is induced at zero by °2.

Similarly, it follows from property (2) of Definition 6.15 that a Type B cobordism decomposition
%% e EB(()/(\, ;\\t)te[O,oo)) induces a pair of Type A decompositions 0°! € ZA()?OI,XOI) and 012 €
T4(X02,192) We say that the pair (6°1, 0'2) is induced at infinity by 2.
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Definition 6.17 With the notation as above, we define the energy of a Type B cobordism decomposition
o€ EB()?, X,) to be £(0) :=sup,(Ca(t) + Co(t) — C1(t) — Ci(1)). We let
(6-37) X, d):= inf _ &(0) € RU{—o0}.

GGEB (Xakt)

Given C € R, let E()/(\ , A t)<c C E()’(\ , A ¢) (resp. < C) denote the subset of Type B cobordism decom-
positions of energy strictly less than C (resp. at most C).

The following lemma asserts that our notions of energy for Type A and Type B decompositions are
compatible with the map which associates to a Type B decomposition the Type A decomposition induced
at zero or infinity. It will be used implicitly in the sequel.

Lemma 6.18 Let 6°? be a Type B cobordism decomposition. Suppose that o is induced at zero by o'°2
and that (6%, 01?) is induced at infinity. Then £(o) < £(6°%) and £(0°1) + £(01?) < £(69?).

Proof The first claim follows from (1) in Definition 6.15 and the definition of energy for Type A and
Type B cobordism decomposition. The second claim follows similarly from (2) in Definition 6.15. O

Corollary 6.19 We have £(X,A;) = —oc ifand only if Y2 = @.

Proof One direction follows from Lemmas 6.11 and 6.18. The other one can be checked by inspection,
using the backwards Liouville flow as in the proof of the corresponding statement in Lemma 6.11. O

Definition 6.20 Suppose that ()/(\ , i) and ()? Y ) are exact symplectic cobordisms. For C € R, let
SA((X.2), (X)) <c CEAX, M) xZ4 (X, 2) (resp. (—)<c) be the subspace of pairs (o, 0”) of Type A
cobordism decompositions such that £(o) + £(c”) < C (resp. < C).

Lemma 6.21 Given C € R such that (X, 202 )<c is nonempty, the map which associates to a
decomposition 0°? € £ (X927, 202”)<C the pair (6°1,012) € EA(()?OI,XOI), ()?12, 112))<C induced
by 092 at infinity is surjective. If 20 = A1 = A2 and (X°!, A°1), (X2, 112) are symplectizations, the
same statement holds with < in place of <.

Proof Choose a Type B decomposition 3°2. Let (5°1, 512) be the Type A decompositions induced by
92 at infinity. According to Definition 6.15, this means that there exists a 7 > 0 so that for t > T', we
have that 7 (¢) and 7, (¢) are independent of 7 after pulling back via the canonical embedding to; (and
similarly 71 (¢) and H2(¢) are independent of ¢ after pulling back by ¢12). By a routine modification of
the arguments of Lemma 6.12(b), one can now construct a Type B decomposition 692 so that 00? = 592
for t € [0, T], £(c9?) < £(5°2) and ¢°? induces the pair (6°1, 012). O
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Lemma 6.22 Suppose that ()? 02,1 302, ) is the (t + T)—gluing of two exact symplectic cobordisms
(XO1 201y and (X12,212), for T > 0 an arbitrary fixed constant and t € [0, 00) a parameter; see
Definition 2.7 for the definition of this gluing and Lemma 2.13 for the parametric version. Suppose
that either (X1, A°1) or (X12,A12) is a symplectization; see Example 2.6. Then £(X 92, 102:) =
S(fm’;m) +5(f127112)_

Proof By Lemma 6.11 and Corollary 6.19, we may assume that X2 hasa nonempty negative end.

We only treat the case where ()? 01 2191y is a symplectization and T = 0, since the other cases are
analogous.

Choose 0% so that £(c°!) < 8()?01,101) + €, and choose 012 so that £(01?) < 5()?12, 112) + €. Let
X0 X0 and X2 ¢ X2 be the Liouville subdomains which determine the Type A decompositions
o%1 and 012, respectively.

Note that X 2 comes equipped with tautological embeddings tg ; : X015 X021 gpd los: X112, xo2.r,
see Definition 2.7. For T” large enough and 7 > T”, note that to,; (H2) is in the image of t2,;(H% ) under
the Liouville flow. These hypersurfaces therefore bound Liouville domains ([—C1 (2), Ci O] x Y1, e5y).

Let f:[0,00) — R be a function which equals —(C1(T") + C(T”)) on [0, T'], is nondecreasing on
[T', T’ + 1] and is zero on [T + 1,00). Let 77: X°! x [0,00) — X°! be defined by 77 (x,7) =
¢f0(1t)+T/+1—t (xx), where ¢?! is the time-¢ Liouville flow on X0, Now define a map (o : X015 x02.1
by letting 79, (x) = to,r © T (X, 7).

We now define the data of a Type B cobordism decomposition by letting
(6-38) Ho(t) = 120 (H2), Hi(t) =0, (HE), Hi=To(H2()., Ho=To(H(2)).

One can check that this data indeed defines a Type B cobordism decomposition, which has energy precisely
equal to £(0%) + £(012) < £(X O, A1) + £(X 12, 112) 4 2e. Since € was arbitrary, we conclude that
g()’(\OZ,t’AOZ,t) < E()?Ol,)tm) +£()?12,A12). O

We now discuss almost complex structures for Setups II-IV.

Setup I Fix a datum D = (D, D™, X, A, J) for Setup II, with DT = (Y £, 1%, J%). Let (VE, t%)
(Y £, &%) be framed codimension 2 contact submanifolds; let o* := A% |+ and assume that VEisa

strong contact submanifold with respect to A*. Let J ¥ be d AT —compatible almost complex structures
on £* C TY* which preserve §E N TV *.

Let H C X be a codimension 2 symplectic submanifold such that ()? , X, H) is an exact relative symplectic
cobordism from (Y1, £, V1) to (Y—,€, V™). We will also consider (see Notation 2.4) the strict
symplectic cobordisms ()? , /\)f_r and (H, A| H)gir .
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Definition 6.23 Fix a Type A cobordism decomposition o € X (H, 1| H), which is specified by a pair of
hypersurfaces H_ = {—C_} x V™ and H4 = {C+} x V. We say that an almost complex structure J
on X is adapted to o if the following properties hold:

o Jis compatible with d )Ak,

e J coincides with J* near the ends (where J* is the canonical cylindrical almost complex structure

induced on (?, Xi) by J %),
e HC XisalJ —complex hypersurface,
o Jpreserveskera™ C TV on[Ca, 00)x VT (tesp. preserves kera™ C TV ™ on (—oo, —C1]x V™)

and the induced almost complex structure is do.™—compatible (resp. da~—compatible).

In the case that V'~ = &, the conditions involving V'~ are considered to be vacuously satisfied.

Definition 6.24 Given an almost complex structure J on ()? , i) we define its energy
(6-39) E(J):=inf{€(0) |0 € X(H, A|g), J is adapted to o'} € R U {200},

We define £ (f ) =00 if J is not adapted to any cobordism decomposition.

Let 7 ()? , X, H)c (resp. < C) be the set of almost complex structures of energy less than C (resp. at
most C). Let J ()? A H)Y =T ()? , A, H) <00 be the set of almost complex structures adapted to some
decomposition o € Z(ﬁ JAlE).

Lemma 6.25 The set j()?, i H)_c is

(a) nonempty for C > E(H, 1|H), and
(b) path-connected for all C € R. (Note that the empty set is path-connected.)

If moreover (H, )AL|H) = (SV, Ay) is a symplectization and «™ = o™, then J()?, 1, H) <o is nonempty
and path-connected.

Proof To prove (a), it is enough to show that given any cobordism decomposition ¢, there exists an
almost complex structure adapted to it, ie meeting the conditions of Definition 6.23. To prove (b), it
follows from Lemma 6.12 that it is enough to prove a similar statement in families: namely, if {07 };¢[q,5]
is a family of cobordism decompositions and J, and Jj are almost complex structures adapted to o,
and oy, respectively, then there is a family {J¢};c[q,5] adapted to o;. All of these statements can be
proved by standard arguments, using the fact that the space of almost complex structures compatible with
a given symplectic structure can be viewed as the space of sections of a bundle with contractible fibers;
see eg [52, Proposition 2.6.4].

Ifa™ =a~ and (H, i| H) is a symplectization, then Lemma 6.12 implies that X (H, X| H)<0 1s nonempty
and path-connected. Hence the same arguments involving extensions of almost complex structures imply
that 7 ()? , A, H) <o is nonempty and path-connected. |
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Setup IV Fix a datum D for Setup IV. We write D = (D!, D12, (X021 202. foz’t),e[o,oo)), where
POl — (p°, D!, o1 301 Jou),
pl2 — (DI’DZ’X‘IZ’;\‘IZ, 712y,
D' =Y AL T fori=0,1,2.
Let (Vi, 7)) C (Y, ) be framed codimension 2 contact submanifolds; set ayi = Al |y-i and assume that
V' are strong contact submanifolds with respect to A*. Let
HOUc X0 H2c X2 and (H"% C X\OZ’t)te[O,oo)

be cylindrical symplectic submanifolds such that ()? 022, 202.1 , H0%1) te[0,00) 18 a family of relative
symplectic cobordisms that agrees for ¢ large with the ¢—gluing of the relative symplectic cobordisms

()?01, 201 H°!) and ()?12, 212, H'2). Note that {H°2} forms a family of Liouville manifolds with

respect to (the restriction of) 192

Definition 6.26 Fix a Type B cobordism decomposition 62 € Xp (ﬁ 02,2 )AL(I;Z(;;,). Recall that ¢92
consists of the data of hypersurfaces
Ha(1) ={=CoO)}x V2, Hi(0) ={=C1()}x V', Hi() ={C1()}x V"', Ho(t) ={Co(t)}x V°.
We say that an almost complex structure JO02:1 g adapted to 092 if the following properties hold:

o J92 ig compatible with d 1927

e J92 coincides with J© (resp. J 2) near the positive (resp. negative) end.

o HO21 gy JO21 —complex hypersurface. JO02:1 jg compatible with the restriction of d 192 to H 92,
and

o JO2:1 preserves kerag on [Co(t), 00) x VO, and preserves kera; on [—C(¢), Ci (t)] x V1, and

preserves kerap on (—oo, —C5(t)] x V). Moreover, the induced almost complex structure is
doog—compatible, doj—compatible, and das—compatible.

In the case that V2 = @, all conditions involving V2 are considered to be vacuously satisfied.

Definition 6.27 Given a family of almost complex structures J;, we define its energy by
(6-40) E(Jy) :=inf{&(0) | o € (X2, 2921) J, is adapted to o} € R U {z£o0}.

If J; is not adapted to any cobordism decomposition, we set £ (JA,) = 00.

LetJ ()? 02,2, 202”, H92:) be the set of almost complex structures adapted to some Type B decomposition
o € Sg(H%! 192! 4oz). For C € R, let J(X 21,2021 H02:1)_( (resp. < ¢) be the set of all such
decompositions having energy less than C (resp. at most C).
Let ;7(()?017101), ()?12, 112))<c C \7()’(\01, 101) X ._7()?12, 112) (resp. < C) be the subspace of pairs
(J, J') with the property that £(J) + E(J') < C (resp. < C).
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The following lemma is an analog of Lemma 6.25 and can be proved by similar arguments.

Lemma 6.28 The set J(X 21,192 [92:1) _« is nonempty for C > £(X°2:¢ 102 F02:) If more-
overag = ay = ao and (H®', A°Y| zo1), (H'2,A12|y12) and (H %, 192 | 02.1) are symplectizations,
then 7 (X021 2024 HO2.t)_o is nonempty. O

We will also need the following lemma, which follows from Lemma 6.21 and standard arguments for
extending compatible almost complex structures.

Lemma 6.29 Suppose that 7 ()? 02,2 202 , H%2:") _¢ is nonempty. The map that associates to an almost
complex structure J; € J(X 02!, 1921 H02:1) - the pair (J°!, J12) € J((X°!,A%1), (X12,112)) ¢
is surjective for all C > 0.

If moreover ag = a1 = ap, and (HOY, A% | o), (H 2, M2|712) and (H 9%, 1921 | 102.1) are symplecti-
H H H ymp
zations, then the same statement holds for C = 0 with < in place of <. O

7 Enriched setups and twisted moduli counts

7.1 Enriched setups

The construction of invariants of codimension 2 contact submanifolds in this paper follows the same
general scheme as Pardon’s construction of contact homology. However, we work with a class of “enriched”
Setups [*~IV*, which contain more information than the standard Setups I-IV considered by Pardon and
reviewed in Section 4.1.

We will show in Section 7.2 that the data associated to our enriched setups give rise to twisting maps.
These twisting maps are constructed using Siefring’s intersection theory, and will be used to define
“twisted” moduli counts, following the construction of Section 6.1.

Given a datum D for any of Setups [*-IV*, there is a “forgetful functor” which allows one to view D as a
datum of Setups I-IV. However, it is not the case that every datum of Setups [-IV admits an enrichment.
Nevertheless, we will show in Section 8.1 that the class of enriched data is large enough for the purpose

of defining invariants in the spirit of contact homology.

Setup I* A datum D = ((Y,£&,V), ¢, A, J) for Setup I* consists of
e a TN contact pair (Y, £,V),
e anelement v = (ay,t,7) € R(Y,E, V),
e a contact form ker A = £ which is adapted to v, and

e an almost complex structure J which is compatible with d A and preserves £y .

Observe that there is a “forgetful functor” from Setup I* to Setup I which remembers (Y, A, J) but forgets
V' and v. One has analogous forgetful functors for the other setups.
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Setup II* A datum D = (D"', D, )?, i, H, f) for Setup II* consists of
e data DT = ((Yi, Ei, Vi), E AT, Ji) for Setup I*, where we write ot = (a‘%, rE, ri),

e an exact relative symplectic cobordism ()? A H ) with positive end (Y ¥, A1, V1) and negative
end (Y~,A7, V%), and

e an d A-tame almost complex structure J on X which agrees with J* at infinity.
This datum is moreover subject to the conditions that

o there exists a trivialization of the normal bundle of H which restricts to t+ (resp. 77) on the
positive (resp. negative) end, and
e £(J)<ooandrt > €)=,
Setup IIT* A datum D = (D, D, X, AL, H', JA’),G[O’I] for Setup III* consists of
o data DT = ((Y*, &%, VE) o A%, JF) for Setup I*,

e a family of exact relative symplectic cobordisms ()? AL H? ) for t € [0, 1], with positive end
(YT,AT, V™) and negative end (Y ~, A7, V™), and

e a family d A’—tame almost complex structures J* on X, which agree with JE at infinity.
This datum is moreover subject to the conditions that

o there exists a trivialization of the normal bundle of H which restricts to T* (resp. 77) on the
positive (resp. negative) end, and
e £(J')<ooandrt > eEU =,
Setup IV* A datum D = (D!, D12, (X021 02 fj02.:1 JAOZ”)tE[O,OO)) for Setup IV* consists of
o data D' = (Y, E,V);¢l, A%, J') for Setup I* fori =0, 1,2,
e adatum D! = (D0, D!, X0 101 FOl JOly for Setup II*,
e adatum D'? = (D!, D?, X122 gz, flz) for Setup II*, and
e a family of cylindrical symplectic submanifolds H %% C X921 forr e [0, 00), such that
(foz,t’ioz,t’ Hoz’t)te[o,oo)

is a family of exact relative symplectic cobordisms that agrees for ¢ large with the t—gluing of the
relative symplectic cobordisms ()?01 A0 HOy and ()?12, A2 H12),
This datum is moreover subject to the conditions that

e there exists a trivialization of the normal bundle of H %%/ which restricts to t° (resp. 72) on the
positive (resp. negative) end,
e there exists a trivialization of the normal bundle of H°! which restricts to 7° (resp. 1) on the

positive (resp. negative) end,
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e there exists a trivialization of the normal bundle of H'? which restricts to 7! (resp. 72) on the
positive (resp. negative) end,

o £(J21) < 00,E(J°) < 00 and E£(J12) < o0, and

702.1 701 712
o 10 > eg(J )rz; ro > eS(J )rl; and r! > eg(J )r2.

We note that the requirement in Setups II*—IV* that the almost complex structures have finite energy is
of course vacuous if —, r; and r; are nonzero (or equivalently, V', V1 and V> are nonempty).

7.2 Twisting maps associated to enriched setups

In this section, we construct twisting maps on the contact homology algebra. These maps depend on
geometric data involving codimension 2 contact submanifolds and relative symplectic cobordisms.

Setup I* Let D= ((Y,&,V),t, A, J) be a datum for Setup I*, where vt = (ay, 7, ). There is an obvious
functor from S;(D) to the category S (}A’) defined in Section 5.3. We therefore have a well-defined
intersection number 7 % V for T € Sy (D). We now introduce twisting maps associated to the above setup.
Definition 7.1 We define a map ¢y (T): Sfé@ (D) — Q[U] by

(1) Yy (1) = TV @),

where ' (7, V') denotes the number of output edges e of T such that the corresponding Reeb orbit y, is

contained in V. Corollary 5.14 ensures that the exponents appearing in these definitions are nonnegative.

Remark 7.2 Corollary 5.14 only applies to trees T such that M(T) # @. This is why the definition of
twisting maps only requires them to be defined on S and not on the whole category S.

Definition 7.3 We define a map @V : Sfég(D) — Q by

1 if T«V =0and|y.|NV = & forevery e € E(T),
0 otherwise.

(7-2) Iv(T) =
We must now check that the maps in Definitions 7.1 and 7.3 satisfy the axioms of Definition 6.1.
Proposition 7.4 The map vy introduced in Definition 7.1 is a twisting map.

Proof It follows from Proposition 5.11 that ¥y (T) = ¥y (T”) for any morphism 7' — T".
Let {7T;}; be a concatenation in Sfég. We need to show that Yy (#,T;) =[], yv(T;), ie

(7-3) #HT)*V+T- @ T, V) =) TixV+T (T3, V).
i
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We assume V' # & (otherwise there is nothing to say). Since the contact form A is positive-elliptic
near V, we have py(y) = 1 for every Reeb orbit y contained in V' by Proposition 3.8. Remark 5.5
and Corollary 5.4 therefore imply that y V is equal to —1 if y is contained in V' and O otherwise. By
Proposition 5.12, this means that

(7-4) T«V= Y BuxV+I"™T.V)

veV(T)
for all T € S;, where I'™(T, V) denotes the number of edges e € E™™(T) such that y, is contained in V.
Equation (7-3) is therefore equivalent to

(7-5) TG TL, V) + T~ T, V) = ) (T, V) + T (T, V),

The result now follows from the observation that there is a (canonical) label-preserving bijection between
E™#T;)UE~#T;) and | J; (E™(T;) U E~(T;)) — this is an immediate consequence of the definition:
every interior edge of T; corresponds to an interior edge of #; T;, and every output edge of 7} corresponds
either to an interior or an output edge of #; T; depending on whether it is identified with another edge in
the concatenation or not. |

It will be convenient to introduce the following definition.

Definition 7.5 Given a tree T € S, a vertex v € V(T') is mean if it is an interior vertex and |ye| C V for
all e € et (v) U E~(v). All other vertices are said to be nice. These sets are denoted by V;,,(T) C V(T)
and V,,(T) C V(T), respectively.

Remark 7.6 This notion of nice/mean vertices is purely auxiliary (and has nothing to do with good/bad
Reeb orbits!). Geometrically, mean vertices correspond to holomorphic buildings which have intermediate
orbits intersecting V. Nice orbits do not affect the intersection number of the building, but mean orbits do
affect it and must therefore be treated carefully (hence the adjective).

Proposition 7.7 The map Yy introduced in Definition 7.3 is a twisting map.

Proof Fix atree T € Sfég. We first show that (ﬁV(T/) = JV(T) for any tree T’ € Sfég admitting a
morphism 7/ — T'. Observe that we may assume without loss of generality that 7"’ is representable by a
J-holomorphic building; see Definition 5.13. Indeed, since 7, T’ € Sfé@, there exists 7" — T’ — T such
that T" is representable by a J—holomorphic building. So we may as well prove that Yy (T”) = ¥y (T")
and Yy (T") = Yy (T).

Let us therefore fix T’ € Sfé@ such that 7" is representable by a J —holomorphic building, and a morphism
T’ — T. Tt follows from Proposition 5.11 that T" V =T V. Note that T’ and T have the same exterior
edges. If one of these edges is contained in V, then ¥y (T”) = ¥y (T) = 0. So we can assume that the
exterior edges of 7" and T are not contained in V.
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Suppose now that 7’ has an interior edge contained in V. Fori =0, 1,2, let X; > 0 be the number of
edges e € E(T') such that |y.| C V and e is adjacent to exactly i mean vertices. By assumption, we have
X5 4+ X1+ Xo > 1. According to Proposition 5.12, we have

(7-6) T's«V= Y BuxV+ > BuxV+Xo+X1+Xo
veV, (T veV(T")

According to Proposition 5.3, we also have that >y 7r) By * V > 0—here we use the fact that
T’ is representable by a J—holomorphic building. If there are no mean vertices, then we have that
ZveVm(T’) By * V= 0,X1=X,=0and Xo>1.So T'x* V > 0. If there exists at least one mean vertex,
observe that we have X, <#V,,(T’)—1. Moreover, given v € V;,, (T"), Proposition 5.6 together with the fact
that 77 is representable by a J- —holomorphic building imply that 8, * V>1- Pv, Where py is the number
of edges adjacent to v. It follows that ZveV T ,BU *V+Xo+ X > (#Vm(T/) X1 —2X2) +Xo4+ X =
#V,(T") — X» > 1. It thus follows again that T’ % VV > 0. We conclude that Vg (T") = ¥ (T) = 0 if T’
has an interior edge contained in V.

We are left with the case where T’ and hence T have no edges contained in V. It is then immediate that
Iy (1) =gy (T).

We now show that any concatenation {7} }; satisfies Yy (#; T} ) = [ Vv (T;). If one of the 7; has an edge
contained in V, then #; T; also has an edge contained in V' and we have JV #T) =11; @V(Ti) =0.
If none of the T; have an edge contained in V, then the same is true for #; 7;. Hence Proposition 5.12
implies that #; T; * V= VIR V. By positivity of intersection (Proposition 5.3), ) ; T; * V =0if and
only if 7; % V = 0 for all i. It then follows that ¥y (# T;) = [, ¥y (T}). O

Setup IT* Fix a datum D = (D1, D™, X, H, AT ) for Setup II*, where we write
+ = ((Yi,fi, VE),E AT, JE) and oF = (oF, o, ).

We now introduce the following twisting maps.

Definition 7.8 We define a map ¥y : 87% (D) — Q[U] by
(7-7) Yu(T) = UTHFTEYD),

Definition 7.9 We define a map 1PH Sy 72 (D) —> Q by

if T+ H =0and |y.| N VT = & for every e € E(T),
0 otherwise.

(7-8) Vu(T) =

We need to verify that the above definitions satisfy the axioms of twisting maps. The first step is to prove
that the Y5 (T') are nonnegative powers of U. This is the content of Corollary 7.12, whose proof requires
some preparatory lemmas. (In the next two lemmas, ) always denotes an arbitrary punctured Riemann
surface.)
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Lemma 7.10 Forn > 1, suppose that 8 € 5 ()?, ytu (U?:l yl_)) is represented by a f—holomozphic
curve u: > — X which is contained in H. Then P+ — e=€()) (>X7—1 P7) =0, where P (resp. P[") is
the period of y* C (Y, A7) (resp. the period of y; C (Y ~,A7)).

Proof The claim is trivial if S(f) = 00, 50 let us assume that J € j()’(\, 2, H). We may therefore fix a
Type A decomposition o of (H, A ), which is specified by a pair of hypersurfaces H— = {—C1} x V™~
and Hy ={Cyx VT,

It will be convenient to define the regions R~ := (—o0,—C;] x V™, Rt := [C, x 00) x VT and
H=H- (int(R™) Uint(R™)). Let us first assume that u is transverse to the boundary of H. Consider
now the sum

(7-9) [ e_clu*doz_—i-/ _ u*di-l—eCZ/ u*da™.
u—1(R™) u—l(H) u—l(RT)

Each summand is nonnegative due to the fact that u is J- —holomorphic and that J is adapted to o.
By Stokes’ theorem, the sum of the integrals is ¢“2P T —e~C1(3F_; P7) > 0. This implies that
Pt > eSO P7).

=17

If u is not transverse to the boundary of H, observe by Sard’s theorem that transversality can be achieved
for a sequence of domains H" := H U [-C",—C;1] U [Ca. CZ], where {C/"}72, is monotonically
decreasing and C/" — C;. It is easy to verify that J is still adapted to the Type A decompositions
induced by the boundary of H™, so the above argument goes through and passing to the limit gives
P* > e @ (X P)).

The lemma now follows from the definition of £ (f ). |

Lemma 7.11 Forn > 0, suppose that p € ()?, yTu Ul Y; )) is represented by a f—holomorphic
curveu: ¥ — X. (Note that unlike in Lemma 7.10, we allow n = 0 in which case the union is interpreted
as being empty.) Then § x H > —n,,, where n,, is the total number of negative punctures of u contained
inV-CY™.

Proof According to Proposition 5.3, we only need to consider the case where the image of u is contained
in H. By definition of a datum for Setup II*, the trivializations ¥ extend to a global trivialization t of
the normal bundle of H, which implies that u* - H = 0. Using the fact that u® - H = 0, we have (see
Definition 5.1 and the proof of Proposition 5.6)

(7-10) ux H=ay (yN) =) ay (i) =1CZy(y")/2] =) [CZy(y)/2]

i=1 i=1

n
=[rTPT|=) "|r Pl
i=1
where the sum is interpreted as zero if ¥ has no negative punctures.
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We may assume that n > 1 and r~ > 0 (otherwise the lemma is automatic). Let p,, = n, + 1 be the
total number of punctures (positive and negative) of u contained in V* C Y *. Using the trivial bounds
x —1< [x] <x, we obtain

n n
(7-11) ux H>@ P —1)=> (1+r P)=—py+rTPt—r" ) P .
i=1 i=1

Using now Lemma 7.10 and the fact that r + > e‘f(f )r—, we have

n n n
(7-12) —pu TPt =Y P> —py+rte DN P Y P> —py.
i=1 i=1 i=1

The claim follows. O
Corollary 7.12 Wehave T * H > —T'~(T,V ™) forany T € SﬁéQ(D). Hence v (T) € Q[U].

Proof Since T € Sﬁé g(D), there exists 7/ — T such that 7" is representable by a holomorphic building.
Since the Siefring number is invariant under gluing (Proposition 5.11), we may assume that T is repre-
sentable by a holomorphic building. We now apply Proposition 5.17: it therefore suffices to check that
for each v € T, the intersection number By * 74 (y) is bounded below by —#{ E~(v)}. In the case that
*(v) = 01, this follows from Lemma 7.11. In the case that *(v) = 00 or *(v) = 11, this follows either
from Lemma 7.11 or (more directly) from Proposition 5.6. O

Proposition 7.13 Let {T;}; be a concatenation in Sy;. Then we have
(#HT)*H+T- T, V™)

= Y (V4T (V) + Y (GxHAT (V) + Y (Tix VT +T7 (T V7).
T; ESI+ T; €S T, €S

Proof As in the proof of Proposition 7.4, our assumptions imply that 7 * V* = —1 if y is contained

in V* and 0 otherwise. By Proposition 5.15, we have

T-13) TxH= > BpxVT+ D ByxH+ Y Byx VT +T™T V) +T™T, V)

veV(T) veV(T) veV(T)
*(v)=00 *(v)=01 *(v)=11

for all T € Sp. By applying this formula to 7' = #; 7; (and also using (7-4)), we see that it suffices to
prove that

(7-14) T T, V) + T T V) + T T, V)

= ) TTL,VH4T (1, Vv + Y T™TL, V) + T, V) +T7(T, V)
Test Ties |
+ Y DT, V) + T (T, V).
T;eS;
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As in the proof of Proposition 7.4, this is just a matter of understanding how the edges of #; 7; are obtained
from the edges of the T;, following the discussion in [61, Section 2.2]. More precisely, let us check that
every edge counted on the right-hand side of (7-14) is also counted on the left-hand side. Note that under
concatenation, interior edges remain interior edges. Output edges either remain output edges, or they
become interior edges. The output edges corresponding to ' (T}, V1) for T; € 31+ must all become
interior edges of #; T;: indeed, any such output edge has label x(e) = 0, but the output edges of #; 7; have
label *(e) = 1. These output edges are thus counted in T'"™(#; T;, V T).

The output edges corresponding to I'(7;, V™) for T; € Sy may either become interior edges of #; T; (in
which case they are counted in T''™(#; T;, V7)), or remain output edges (in which case they are counted in
[~ (#;T;, V™)). Similarly, the output edges corresponding to I'"(7;, V™) for T; € S;” may either become
interior edges of #; T; (counted in int@#; T;, V7)) or remain output edges (counted in '™ (#; T;, V7)). O

Corollary 7.14 Under the assumptions of Proposition 7.13, g € Y1 (D; Yy +., Yy-).

Proof Proposition 5.11 implies that Vg (T) = ¥ (T’) for any morphism 7" — T’. Proposition 7.13
implies that ¥ g acts correctly on concatenations. |

We now want to show that JH is a twisting map. We will need the following definition.

Definition 7.15 Given a tree T € Sy, a vertex v € V(T') is mean if it is an interior vertex and |y.| C V*
forall e € et (v) L E~(v). All other vertices are said to be nice. These sets are denoted by V;,(T) C V(T)
and V,,(T) C V(T), respectively.

Proposition 7.16 Under the assumptions of Definition 7.9, {/}11 € V(D; JVJ“ Jvf).

Proof Consider atree T’ € Sffz with a morphism 7/ — T'. We wish to show that V(T =vu(T). As
in the proof of Proposition 7.7, we may assume that 7" is representable by a building; see Definition 5.16.

It follows from Proposition 5.11 that 7/« H = T % H. Note that 7’ and T have the same exterior edges.
If one of these edges is contained in V¥, then Y5 (T") = ¥ (T) = 0. So we can assume that the exterior
edges of 77 and T are not contained in V' *.

Suppose now that 7" has an interior edge contained in V*. Arguing as in the proof of Proposition 7.7,
let X; >0 fori =0, 1,2 denote the number of edges ¢ € E(T") such that |y.| C V¥ and e is adjacent to
exactly i mean vertices. By assumption X¢o + X; + X» > 1. By Proposition 5.15, we have

(7-15) T x H = Z Bo * Hy + Z Bo * Hy + X2 + X1 + Xo,

veV, (T7) veV, (T”)
where we write Hy, = VT if *(v) =00, Hy = H if *x(v) =01 and H, = V=it x(v) = 11. According to
Proposition 5.6 and the fact that 7" is representable by a building, we have that ZveVn(T/) B *x Hy > 0.
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If there are no mean vertices, then ZveVm(T/) Bv* Hy=X1=X,=0and Xo> 1. Hence T’ x H > 1.
If there exists at least one mean vertex, observe that X, < #V},(T’) — 1. According to Lemma 7.11
and the fact that 7" is representable by a building, we have that ZveVm (T) Bv* Hy + Xo + X1 >
#Vn(T')—X1—-2X2+ Xo+ X1 =#V,,,(T")— X5 > 1. It thus follows again that 7"V > 1. We conclude
that ¥y (T') = ¥y (T) = 0 if T’ has an interior edge contained in V=+.

We are left with the case where T’ and hence T have no edges contained in V *. It’s then immediate that
Ve (T") = yu(T).
If {T;}; is a concatenation, then the argument is the same as in the proof of Proposition 7.7 (using
Proposition 5.15 instead of Proposition 5.12). |
Setup IIT* Fix a datum D = (D, D~, X, A!, H', ft)te[o,l] for Setup III*, where

D:I: — ((Y:t, S:i:’ V:t),ti, Ai, J:t)‘

We now introduce the following twisting maps.

Definition 7.17 We define a map Y g+ : Sfﬁg (D) - Q[U] by

(7-16) Y (T) =y =A@V,

Definition 7.18 We define a map Vi Sfﬁ@ (D) - Q by

1 if T«H'=0and |y.|NV* =& forevery e € E(T),

7-17 Jrige (T) =
( ) Va (1) 0 otherwise.

There is no difference between Sy and Sy from the point of view of the intersection theory defined in
Section 5.3. It can therefore be shown by essentially the same arguments as in the previous section that
the above definitions do indeed satisfy the axioms for twisting maps.

Corollary 7.19 We have ¢ € Wi(D; Yo, Y1) and Yo € (D Yo, Ypg1).

Setup IV* Fix datum D = (DO1, D12, (X021 1021 021 JAOZJ),E[O’OO)) for Setup IV*. Here,
o DOl = (PO Dl X0l 201 [0l 701y s 4 datum for Setup IT*,
o DI2=(p!, D2, X2 212 H12 j12is a datum for Setup II*, and
o DI =((Y', &, V)¢, A, J')is a datum for Setup I* fori =0, 1,2.

We introduce the following twisting maps.
Definition 7.20 We define 02 : S,° (D) — Q[U] by
(7-18) Ygors (T) = UT*1H T (LY
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Definition 7.21 We define §/702. : S%,° (D) — Q by

~ 1 if T =0and NV =g forall E(T di 0,1,2
(7'19) 1//H02,t (T) = ! * n an |Ve| ora e e ( ) an 1 E { ’ k) }9
0 otherwise.

We need to show that the powers of U appearing in Definition 7.20 are nonnegative. This will be the
content of Corollary 7.24, which requires some preparatory lemmas.

Lemma 7.22 Forn > 1, suppose thatu: ¥ — X %2 js J92:! _holomorphic with positive orbit y ™ and
negative orbits | J;'_, y; - Then we have Pt —e €U > P >0, where P (resp. P;7) is the period
of yT c VO (resp. i C V?2).

Proof The proof is analogous to that of Lemma 7.10. If £ (f 02,1y = o0, the result is trivial. Hence
we may assume that J 92 € J(X02:f 102 [02.) and fix a Type B cobordism decomposition %2+
of (H%2: 2921|155, to which J°2 is adapted. The decomposition o92+ is specified by a family of

hypersurfaces
Ha (1) ={=Ca()}x V2, H1(0) ={=C1()}x V', Fu@)={Ci()}x V", Ho(t) ={Co(t)} x V°.

It will be convenient to define the regions Ry (1) = (—00, —Ca ()] x V2, Ro(t) = [Co(t), 00) x V' and
Ri(1) =[-C1(1), Cy ()] x V1.

Suppose first that Rq(7) is empty. Then Cy(7) + Ci(f) = 0, and hence £(6°2%) = Co(r) + Ca(2).

Hence £(0%%") coincides with the energy of 92+

if it is viewed as a Type A cobordism decomposition
(Definition 6.8) by forgetting C; and C1. Hence, when R; () is empty, the claim reduces to Lemma 7.10.

We now assume that Ry (¢) is nonempty. We suppose that H {)22 U FI(?IZ ' are the connected components
of X9 —int(R,(1) U R1(t) U Ro(r)). Let us first assume that the image of u intersects the boundaries
of ﬁg 12 ' and H 1022 g transversally. We then have the following computations:

n
. u¥oa, = / u¥oar— Y P >0,
/ul<Rz(t)) ) 2.

i=1

. / u*d(eSay) = e_cl(’)/ u*oy —e_CZ(’)/ u*ay >0,
u=1(HJE) u=1(H1 (1)) u=! (Ha(1))

/ u*o :/ ~ u*o —/ u*oq >0,
u=l(R1 (1)) u=l(H1(t)) u=l (11 (1))

u*dEe®ay) :eCO(t)/ u*ao—eél(t)/ ~ u*ay >0,
u=!(Ho(2)) u=l(H1(t))

—1 (ﬁ(())lzt)

u*oay = Pl.+ —/ u*ag > 0.
~1(Ro()) u=1(Ho(t))
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After appropriate rescalings, these terms form a telescoping sum. We find that

Pt _ oC2)+Co)—C1(1)—Ci (1) S pr=pt- o—E@%21) Y P =0

1 =7
i i

Suppose now that the image of u does not intersect the boundaries of ITI&2 ' and H 1022 d transversally. For

€n 0, set

R := (=00, —Ca(t)—€n]x V2, RM =[Co(t)+en,00)xV°, R =[~Cy(t)+en. C1(1)—en]x V"

By Sard’s theorem, we may assume by choosing €, appropriately that u intersects the boundary of the
an) transversally. Now repeat the above argument with Rl(n) in place of R;(¢). This yields the inequality

P+ — eC20+CoO=Ci()—Ci (D) +4en >_; P >0. The claim now follows by passing to the limit. O

Lemma 7.23 Forn > 0, suppose that u : T X020 s ] 02.f_holomorphic curve in the homotopy class
B e 712()?02”, ytu (U;’=1 Vi_)) fort < oo. Then B x [H°%'] > —n,,, where n,, is the total number of
negative punctures. (Note that unlike in Lemma 7.22, we allow n = 0 here, in which case the union is
interpreted as being empty.)

Proof We argue as in the proof of Lemma 7.11. It is enough to consider the case where the image of u
is contained in H 92+, The trivialization t extends to a global trivialization along H %%/, implying that
B H*! =0.

We thus have

n

wx HOM = o5 (p+) — Za]fv?Jr(yi—) =|CZ%(y")/2] - ZfCZfV(Vi_)/z]

i=1 i=1
n
=roPT| = +|rPi],
i=1
where the sum is interpreted as zero if ¥ has no negative punctures. Thus the lemma is verified if n =0
or r, = 0. It remains only to consider the case where n > 1 and r, > 0.

Using the trivial bounds x — 1 < | x| < x, we obtain

wxk V>3 (roP—1)— Yy (1+r2Pz)z—pu+e5("°2)r2( 3 Pz)—rz 3 P

zepl Z€pu zepF Z€pu

It follows from Lemma 7.22 that ef Oz’trz(z + PZ) -1 . p7 Pz = 0. The claim follows. m]

zepy

Corollary 7.24 We have that T xn+ T~ (T, V?) > 0.

Proof We need to consider two cases. If s(7) € [0,00), then the claim follows by combining
Proposition 5.17 and Lemma 7.23. If s(T) = {oco}, then the argument is the same as in the proof
of Corollary 7.12. |
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Proposition 7.25 Let {T;}; be a concatenation in Spy of type (2) in Setup IV on page 45. Then we have
(# Ti) xn+ T~ (T.V?)
= Y (GxVO+T (VO + Y (GxHO AT (T VYY) + Y (i« VI +T7 (T, V1)

T; ESIO T; GSI(I)I T; ESII
+ ) G HP T (V) + Y (T P2+ (T V).
T; €Sk T;€8?
Proof As in the proof of Proposition 7.4, our assumptions imply that y * V/ = —1 if y is contained

in V/ and 0 otherwise. Proposition 5.15 implies that

(#T;)*n

= Z B VO + Z Box HO! + Z Bux V14 Z Box H'? + Z ByxV?
veV#T;) veV# T;) veV#; T;) veV#; T;) veV#; T;)
*(v)=00 *(v)=01 *x(v)=11 *(v)=12 *(v)=22

+T™ME# T, VO + DT, V) + TN T V).

As in the proof of Proposition 7.13, it follows that the result is equivalent to

Fint(#l_T'i’ VO) + Fint(#iT'i’ Vl) + Fim(#iTi» V2) + F_(T, V2)
= > TG VO+T(T VO + Y TG VO +T(TL VY + T (T v
T; GSIO T; GSI(%I
+ ) TG VDT ([T v+ Y TN V) +T™T V) + T (T V)
T; ESII T; ESIIIZ

+ Y DT, V24T (T, V),

T;eS?

which is a consequence of the way the edges of #; T; are obtained from the edges of the 7;. a

Corollary 7.26 We have Yoz € Wiv(D; Ygor, Y12, Ygo2,0) and we have that

IZHoz,z e Uy (D; JHm , Jle, JHoz,o).

Proof Proposition 7.25 shows that o2 acts correctly on concatenations of type (2); the proof
that ¥ go2.r behaves well with respect to the other two types of concatenation is virtually identical.
Proposition 5.11 implies that ¥ g02.:(T) = Y¥go2..(T') for any morphism 7 — T’. The argument that
1;[.102,: (T) = JHoz,z (T’) is essentially the same as the proof of Proposition 7.16, except that we appeal
to Lemma 7.23 instead of Lemma 7.11. d

The results from the previous sections can be conveniently packaged into the following theorem.
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Theorem 7.27 (cf [61, Theorem 1.1]) Let D be a datum for any one of Setups I*~IV*. Then there
exists a set of perturbation data ®(D) and twisted moduli counts

#y, M(T)y" € QU] and #g M(T)§"eQ
for0 € ©(D) and T € S« (D) for x =1, 11, 111, TV, satistying the obvious analogs of (i)—(v) in Theorem 1.1
in [61].

Proof There is a forgetful functor taking a datum for the enriched setups I*-IV* (Section 7.1) to
a datum for the standard Setups I-IV (Section 4.1). So the set of perturbation data is furnished by
[61, Theorem 1.1]. We showed in Section 7.2 a datum for Setups I*-IV* gives rise to twisting maps, from
which we may define our twisted moduli counts as in Section 6.1. The properties (i)—(iv) are tautological
and (v) is a consequence of the axioms of twisting maps, as explained in Section 6.1. O

8 Construction of the main invariants

In this section, we construct the invariants which are the central objects of this paper. To the data of a TN
contact pair (Y, &, V') and an element v € R(Y, &, V'), we associate a unital, Z/2—graded Q[U]-algebra
(8-1) CH,(Y,£,V;v).

There is a natural map to ordinary contact homology CH,.(Y, &,V ;t) — CH,(Y, §) given by setting
U=1.

A contactomorphism f: (Y, £, V) — (Y',&,V’) induces an identification
CH,(Y,£E,V:vt)=CH,(Y' &,V fur).

An exact relative symplectic cobordism (X, A H ) from (YT, 61, V1) to (Y ,£7, V™) satisfying an
energy condition induces a map CH,(Y *, £+, V*t:vt) = CH,(Y ~, £, V~;t7). Unfortunately, our
notions of energy are not well behaved under compositions of arbitrary relative symplectic cobordisms,
so the composition of maps is not always defined.

We also define a reduced version of (8-1), which only counts Reeb orbits in the complement of a

codimension 2 submanifold, and certain “asymptotic invariants” which have good functoriality properties.

8.1 Construction and basic properties of the invariants

The following subsection is entirely parallel to [61, Section 1.7]. More precisely, Pardon constructs
(ordinary) contact homology by applying [61, Theorem 1.1.] to data from Setups I-IV. We construct our
new invariants by applying Theorem 7.27 to data from Setups [*-IV*.
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Setup I* Fix a TN contact pair (Y, &, V') and an element v € R(Y, &, V). According to Proposition 3.9,
we may choose a contact form & = ker A which is adapted to t. Let J : £ — £ be a d A-compatible almost
complex structure which preserves £y,. We therefore obtain a datum D for Setup I*. Theorem 7.27 applied
to D furnishes a Z /2-graded, unital Q[U]-algebra

(8-2) CH,(Y.§.V:v)5.7.0

for any choice of perturbation datum 6 € @(D); cf (6-7) and (6-8).

Setup II* Fix pairs DT = (Y *, &%, VE),vF, 1%, J*) of data for Setup I*, where we write t* =
(aF, 7%, r¥). Let ()? , A, H) be an exact relative symplectic cobordism with positive end (Y T, AT, V1)
and negative end (Y —, A™, V™), and suppose that there exists a trivialization of the normal bundle of H
which restricts to ¥ on the positive/negative end.

Proposition 8.1 Suppose that r ™ > ¢ Al )r—. Then there is an induced map on homology

(8-3) O(X, A, H); i CH (YT ET VT T) 4 j4gv > CHU(Y 6,V 0 )a- g0

Ifa™ =« and (H, X|H) is a symplectization, then the same conclusion holds provided that r* > r~.
Proof According to Lemma 6.25, we can choose an almost complex structure J on X which is dA—

compatible and agrees with JE at infinity, and is such that r* > e’s(j )r~. We thus obtain a datum
D= (DY,D", )?, H, A, f) for Setup IT*.

Given (97,07) € ©1(D1) x ©(D™), Theorem 7.27 thus provides a perturbation datum 6 € @y (D) with
0+ (61,67), and twisted moduli counts which give rise to the map (8-3); cf (6-12). |
Setup III* We have the following proposition.

Proposition 8.2 Under the assumptions of Proposition 8.1, the map (8-3) is independent of the pair (f ,0).

Proof Let (fo, fp) and (f 1, 61) be two possible choices of such pairs. Let us first treat the case where
(H, i| H) is not a symplectization. For any € > 0, Lemma 6.25 provides an interpolating family of almost
complex structures {f,},e[ogl] such that 5(JAt) < max(é’(fo), 5(f1)) + €. Choosing € small enough so
that r + > eg(j’)r_, we thus get a datum D for Setup IIT*.

Theorem 7.27 now provides perturbation data 6 € Oy (D) mapping to (6o, 81), and a chain homotopy
between the maps @()?, A, H)f0 % and CI>()?, A, H)JA1 6,5 cf (6-18) and (6-20).

Ifa™ =o and (H, X| H) is a symplectization, then Lemma 6.25 implies that we may repeat the above
argument for a family of almost complex structures ft which have vanishing energy. Tracing through the
proof, it is straightforward to check that the desired conclusion goes through provided that ¥+ > r~. O
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Setup IV* Let us consider data D = (D01, D12, (X021, on’t)te[o,oo))’ where
oL _ (DO,Dl,)?Ol,Xm, HOY,
D12 — (p!, p2, X12.312, H?),
D' = (Y, &, V), AL JY) fori=0,1,2.
Here D!, D2 and D are “partial data” for Setups II* and IV*, since they do not contain any information

about almost complex structures. These “partial data” are assumed to obey all the axioms stated in
Section 7.1 which do not involve complex structures.

The D' are (ordinary) data for Setup I'*.

Proposition 8.3 Suppose that the following conditions hold:

02,t 302.¢
. ro> eEH1,A |H02,z)r2’

01 701
o r0>eg(H A |H°‘)r1,

E(H2A12|, 1)

* rr>e r.

Then the following diagram commutes:
CH. (Y1 EL Vel 1 g

d(X0! W d(X12,212 H12)

P(X02.202 02
CH.(YO, £, V°:9),0 70 g0 XATHT) s CHu(Y2 82, V2% 32 2 g0

If g = o = o and if (H®V, 2% |501), (H'2, A12|512) and (H%2, 192 | 1y02.1) are symplectizations,

then the conclusion still holds if we only assume thatr; > r; fori > j.

Proof According to Lemma 6.28, one can choose a family of almost complex structures J02:1 5o that

ro > eg(foz't)rz. Moreover, by Lemma 6.29, one may also assume that rq > eg(jm)rl and rq > eg(flz)rz,
where JO1 and J!2 are the almost complex structures induced at infinity by J%2/. We therefore
obtain a datum for Setup IV* by considering P°! = (D1, fOl), D12 = (D12, flz) and D = (D, foz,t).

Theorem 7.27 applied to D now implies the commutativity of the above diagram; cf (6-27).
Under the additional hypotheses that g = vy = ap and that the relevant cobordisms are symplectizations,
Lemmas 6.28 and 6.29 allow us to work with (families of) almost complex structures with vanishing

energy. Retracing through the above argument, we find that the desired conclusion follows if r; > r; for
i>]. m|

Proposition 8.4 Let ()/(\, i, H) be a relative symplectic cobordism from (Y *, Y V) to (Y ~,£7,V 7).
Let (Vi, 1;) be the Liouville structure induced on V* from the canonical Liouville structure of the
symplectization (Yi,kyi). Fori € {1, 2}, consider elements tl.jE e R(Y*, &%, V*) and let Afc be a
contact form on Y * which is adapted to tl-i. Suppose finally that we have:
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(1) rl.+ > eg(H’ilH)ri_.

5(17+,1J5) + VA% —

+ —
(2) r >e ry and ri >e viry.

Then the following diagram commutes:

YT,V
CH-(Y+’ §+’ V+;tii_))ﬁf',_]+,9+ CH.(Y+, é§_+7 V+;t;_);@',.]+,9+

l@()?,i,m lfb()?,X,H)

el (Y, V) e o
CH. (Y .§7, Vit aru-- —— CH.(Y ", 6. V7iv))as.0-0-

As usual, if ai" =a; = cx;‘ =a, and (H, )At|H) is a symplectization, then it is enough to assume that

+o o st - =
r=rsLr =, andri >r,.

Proof Observe first that the conditions (1) and (2) along with Proposition 8.1 ensure that the maps
appearing in the commutatlve diagram are well defined. Let us now consider the strict exact symplectic
cobordisms (X, . H))r and (Y JAS, V- ),r For t € [0, 00) and Ty > 0 large enough, we can con-
sider their (¢ 4+ Tp)— glumg (X7, X!, A, H! ); cf Deﬁnltlon 2.23. According to Lemma 6.22, we have that
(cf Notation 2.19)

~ Ol+ ~ a+ S o ~_ay
(8-4) E(H" Aot ) = E(H . Alm)gt) +E(V T, A5)0).

+
H! Ot “1
It then follows from (1) and (2) that rlJr > eg(( Alrt)e; )”2_-

We can now appeal to Proposition 8.3, which 1mphes that the composition CI>(Y V- )o CD(X )t H)
agrees with the map induced by (X°, X0 20 H 0) = (X A H ) a5 see Example 2.11. The same argument
shows that g_omposmon along the upper right-hand side of the diagram agrees with the map induced by
(X, 2, H)t_ This proves the claim. O

We obtain the following corollary by putting together the results of the previous section.

Corollary 8.5 Consider a TN contact pair (Y, £, V) and fix an element v € R(Y,£,V). Let DT =
(Y, £, V), v, A%, J%) be a pair of data for Setup I*, and fix 6% € Op(Y £, A%, J*).

The map
(8-5) O, A, V) CHUY.E, Vit 4 s+ o+ — CHUY.E Vi0)5- j- -

defined in Proposition 8.1 is an isomorphism.

Proof In light of Proposition 8.4 and Lemma 6.9, it’s enough to consider the case A\t =1~ =1 a
Jt =J" =17 Let6 € Ou(Y,A,J) be a lift of (8+,67) under the forgetful map Oy (¥, A, f)
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O1(Y, A, J)xO(Y, A, J). The proof of [61, Lemma 1.2] can be adapted to show that the map

(8-6) O, A, V)79 CCuY.£. V1), yg+ — CCuY.£. V000 1.6

is an isomorphism of chain complexes: one simply needs to observe that the twisted counts of trivial
cylinders coincide with the usual counts. |
We now arrive at the definition of our main invariants.

Definition 8.6 (full invariant) Consider a TN contact pair (Y, £, V') and choose an element t e R(Y, £, V).
Let

(8-7) CH,.(Y,E,V;v)

be the limit (or equivalently the colimit) of {CH (Y, £,V :v), s 9}a,7.0 along the maps (8-5). Proposition
8.4 and Corollary 8.5 imply that CH ,(Y, £, V; t) is canonically isomorphic to CH (Y, &,V ;t); ;¢ for
any admissible choice of (A, J, 0).

Given s € Q, define

(8-8) CHY=S(Y.£,V:v) := CH.(Y.£V:7) ®giu] Q.

where the map Q[U] — Q sends U + s. There is a natural evaluation morphism of Q[U]-algebras
(8-9) evy—s: CH (Y, £, V:t) > CHU=S (Y, £,V v).

It follows tautologically from the construction that CHY=1(Y,£,V;t) = CH,(Y,£). The invariant
CH,(Y,&,V;t) therefore admits a Q[U] algebra morphism to ordinary contact homology (which is
viewed as a Q[U]-algebra by letting U act by the identity).

We can also define a “reduced” variant of the invariants (8-7), which are based on the twisting map 1;
These invariants are naturally Q—algebras (as opposed to Q[U]-algebras) and only take into account
Reeb orbits in the complement of the codimension 2 submanifold.

More precisely, given a datum ((Y, &, V), v, A, J) for Setup I*, we may proceed as in Setup I* in Section 8.1
and let

(8-10) (CCu(Y.£,V:v)1.dy ;o)

be the complex generated by the (good) Reeb orbits not contained in V C Y, for some perturbation
datum 6 € O1(D). By repeating the above arguments with the twisting maps J_ in place of the twisting
maps ¥—, one can establish the obvious analogs of Proposition 8.4 and Corollary 8.5. In particular, given
choices of data (AT, J*,07) and (A=, J~,07) as in Corollary 8.5, there is an isomorphism

(8-11) Y, A, V): CH.(Y,&, Vita+ g+.6+ — CH,(Y.£, Vit)+.g+.6+
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Definition 8.7 (reduced invariant) Consider a TN contact pair (Y, &, V') and fix an element t € R(Y, &, V).
Let

(8-12) CH.(Y.£, V1)
be the limit (or equivalently the colimit) of the algebras {éﬁ.(Y, £, Viv)a,7.6}4.7,0 along the maps
(8-11).

For future reference, we record the following corollary of the above discussion.

Corollary 8.8 Let (Y*,£% V*) be TN contact pairs, and choose elements v+ = (a*, v+, r¥) €
R(YE, e, VE). Let (X, A, H) be an exact relative symplectic cobordism with positive end (Y £,V 1)
and negative end (Y —,&7, Vi), and suppose that T+ and t~ extend to a global trivialization of the normal
bundle of H. If r+ > eg((H’M”)g‘)r_, then there is an induced map

(8-13) OX, A H):CH. (YT, et Vet > CH.(Y 67,V 00).

Similarly, suppose that ()? , )AL’, H");e[0.1] is a family of exact relative symplectic cobordisms with
ends (VE, &%, V) and such that t* extends to a global trivialization of the normal bundle of H'. If

rt > eg(Ht’@t”H’)r_, then
(8-14) O(X, A% HO = d(X, AL, HY).

The analogous statement holds for the reduced invariants 67—1/. (—).
8.2 (Bi)gradings

The Z/2-grading by parity on the deformed invariants CH,(—), CH. (—) shall be referred to as the
homological grading. As in the case of (ordinary) contact homology, the homological grading can be
lifted to a Z—grading under certain topological assumptions. We will also to refer to this Z—grading as
the homological grading when it exists.

Definition 8.9 [61, Section 1.8] Let (Y2"~1 £ V) be a TN contact pair and choose t € R(Y, £, V).
Suppose that H1(Y;Z) = 0 and ¢;(¢§) = 0. Then the homological Z/2—grading lifts to a canonical
Z—grading defined on generators by

(8-15) lyl =CZ*(y) +n -3,
where 7 is any trivialization of the contact distribution along y — this is independent of 7 due to our

assumption that ¢ (§) = 0.

Remark 8.10 In Definition 8.9, our assumption that ¢ (§) = 0 is equivalent to the statement that the
canonical bundle A%_IE is trivial. The grading in general depends on a trivialization of the canonical
bundle; however, our assumption that H1(Y; Z) = 0 along with the universal coefficients theorem implies
that H'(Y;Z) = 0. Hence the canonical bundle admits a unique trivialization.
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Lemma 8.11 (see [61, equation (2.50)]) With the notation of Corollary 8.8, suppose that Hy (Y +, 7Z)=0
and that c1(§%) = ¢;(TX) = 0. Then the cobordism maps described in Corollary 8.8 preserve the
homological Z—grading. |

Under certain topological assumptions, the reduced invariant CH. (—; —) admits an additional Z—grading,
which we will refer to as the linking number grading.

Definition 8.12 Let (Y, &, V') be a TN contact pair and choose v € R(Y, &, V). Suppose that H, (Y ; Z) =
H>(Y;Z) = 0. Then the linking number grading | - |jinxk on CH. (Y, &, V;¢) is given on generators by
(8-16) ¥ liink = linky ().

(See Definition 5.19.) The linking number grading of a word of generators is then defined to be the
sum of the linking number grading of each letter. One can verify using Lemma 5.21 that this grading is
well-defined.

We let
(8-17) CH..(Y,£,V;7)
be the (super)commutative bigraded Q-algebra, where

e the first bullet refers to the homological Z—grading (which exists in view of our topological
assumption and the universal coefficients theorem, see Definition 8.9);

» the second bullet refers to the linking number Z—-grading.

We sometimes drop the second grading in our notation, so the reader should keep in mind that the notation
CH,(—; —) always refers to the homological grading.

We have the following lemma as a consequence of Lemmas 5.21 and 8.11.

Lemma 8.13 With the notation of Corollary 8.8, suppose that H; (Y *;Z) = H»(X,Yt;Z) = 0. Then
the cobordism maps described in Corollary 8.8 preserve the linking number Z—grading. If we also have
that c1 (%) = ¢1(TX) = 0, then the cobordism maps preserve the (ZxZ)—bigrading (8-17). a

8.3 Asymptotic invariants

Given a TN contact pair (Y, &, V') and a trivialization 7 of the normal bundle Ny ,y, let
(8-18) REY,EV)={r=(a, 7/, 1) e RY,E, V) | T/=1} CR(Y.E V).

We equip R* (Y, £, V) with a preorder® < defined by setting (o}, 7,77) < (i, 7, 7 F) if 1+ > 7m0/~
where a;,r =ef oy, We let <°P denote the opposite preorder.

A preorder on a set is a binary relation which is reflexive and transitive. Equivalently, a preordered set is a category with at most
one morphism from any object x to any other object y.
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We now define a functor F(Y, &, V') from the preordered set (R*(Y, &, V'), <) to the category of Q[U]-
algebras. On objects, the functor takes t to CH (Y, &, V'; ). It remains to define the functor on morphisms.

Given elements t* = (cx%, T, r¥) e RT(Y, £, V), let AT be a contact form on Y which is adapted to t*.
Consider the symplectization ()7, A, ?)f_r . If t~ < ¢, then Lemma 6.9 and Propositions 8.1 and 8.4
imply that there is a map

(8-19) O, A, V): CH (Y, E,VirT) > CH.(Y,E,V:v7).

This defines F(Y, &, V) on morphisms. One can check using Proposition 8.4 that 7(Y, &, V) is indeed a
functor.

We can similarly define a functor F4 (Y, &, V) from (R*(Y, &, V), <°P) to the category of Q—algebras
using CH. (—).

Definition 8.14 (asymptotic invariants) Noting that the category of Q[U]—algebras is complete and
cocomplete, we denote by

(8-20) (Cﬂ.(Y,%’,V;T) and %.(Y,?V;T)
the limit (resp. colimit) of the Q[U]—algebras {CH,(Y, &, V; v)} over the preordered set (R* (Y, &, V'), <°P).
We let @ LY, E, V1) and @ (Y, &,V ;1) be defined similarly over the category of Q—algebras.

It’s easy to check that (R*(Y, &, V), <°P) is a filtered preordered set. In particular, (co)limits can be
computed by restricting to (co)final subsets. In contrast to the invariants defined in Section 8.1, the
asymptotic invariants are fully functorial under compositions of arbitrary relative symplectic cobordisms
which respect normal trivializations. (A verification of this is tedious and essentially consists of repeating
the arguments of Section 8.1 — the key is that the energy conditions can always be satisfied by sending
the rotation parameter to zero or infinity.)

8.4 Mixed morphisms

Consider a TN contact pair (Y, &, V) and elements v+ = («®, v, r¥) € R(Y, &, V). In this section, we
exhibit a Q—algebra map

(8-21) CHU=(v,£,VitT) - CH.(Y,£,Vit)
under certain assumptions on 7 and . Precomposing with (8-9) gives a Q—algebra map
(8-22) CH.(Y.€,Vitt) > CH.(Y.£ V:it7).

Let us begin by considering a datum D = (D1, D™, X, H, X, f) for Setup II*, where we let DT =
(Y, E, V), v A%, J%).
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Definition 8.15 We define a map Ypix : SﬁéZ(D) — Q by

1 if TV =0and lyel NV~ = & for every e € E(T),

8-23 ix(T) = .
( ) Ymin(T) 0 otherwise.

Proposition 8.16 The map Yrmix(—) is a twisting map provided that the following properties hold:
i rt> 2e‘9(f)r_, and

(i) r* >2/RT" where RM™ denotes the smallest action of all Reeb orbits of a.
We need the following lemma for proving Proposition 8.16.

Lemma 8.17 Suppose that 8 € mo (Y, y* U (U'Z, y7)) is represented by a J—holomorphic curve
u: ¥ — X contained in V. Suppose also that r* and r~ satisfy assumptions (i) and (ii) in Definition 8.15.
Then B V=2- Ppu, Where py, is the total number of punctures (positive and negative) of u contained
inVE,

Proof By Lemma 7.10, we have rt Pt —r~ Zz"l=1 P~ = r+P+—r_P+eg(j) >Pt(rt —r_eg(f)) >
RUn((r+ /2 — r=efD)y 4 rt/2) > RMiny+ /2 > 1. The lemma now follows from Proposition 5.7. O

Definition 8.18 Given a tree 7' € Sﬁé ? we say that a vertex v € V(T) is mean if all adjacent edges are
contained in VV*. Otherwise, we say that v € V(T) is nice. We denote by Vj,(T') (resp. V,(T)) the set of
mean (resp. nice) vertices of 7.

Proof of Proposition 8.16 Choose a tree T’ € Sff Z LetT' > Thbea morphism. It follows from
Proposition 5.11 that 77 x V =T % V. If T’ has no edges contained in V' ~, then neither does 7’ and we

see that Yix(T") = Ymix(T).

Let us now suppose that 77 has an edge contained in V. Note that 7’ and T have the same exterior
edges. If one of these edges is contained in V —, then Y¥mix(T’) = Y¥mix(T) = 0. Let us therefore assume
that the exterior edges of 77 and T are not contained in V™.

We are left with the case where T’ has at least one interior edge contained in V. If 7’ had no mean
vertices, then it would follow from Proposition 5.15 that there are no interior edges contained in V%,
which is a contradiction. It follows that 7’ has at least one mean vertex. Let Elijm(T/ ) C EM(T’) be the
set of interior edges which occur as an outgoing edge of some mean vertex. According to Proposition 5.15,
we have
T's«V= " BuxV+ Y BuxV+[ET)—EMT)|+|EPNT)
VeV, (T") VeV (T')
> Y BuxVHIEPT)
VeV, (T7)
= Y (BoxV+py),
veVu(T7)
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where p,~ denotes the number of outgoing edges of v. (Here, we have used the fact that the outgoing
edges of a mean vertex are all interior edges, which follows from our assumption that the exterior edges
of T" and T are not contained in ¥ ~.) It now follows from Lemma 8.17 and the fact that 7’ has at least

one mean vertex that 3, ¢y, (77)(Bv * V+ py) > > veV, @) (2= DPv+Py) =D ey, () 1 = 1. Hence
VYmix (T") = Ymix(T) = 0. This completes the proof that Yix(T") = Ymix(T).

If {T;}; is a concatenation, then the argument is the same as in the proof of Proposition 7.13 since every
edge in #; T; appears in at least one of the 7;. O

Proposition 8.19 Consider a TN contact pair (Y, §, V') and elements oF = (aF, tF, r ) e R(YLE V).
If ' > 2V A1) = and rt > 2/R™M0 then there is a map of Q-algebras

o

(8-24) CHU=O(Y,£,V:rT) > CH.(Y.£,V:t).

Proof The argument is essentially the same as the proof of Proposition 8.1. Choose data of Type I*
DE = ((Y,&,V),v=, A%, J¥). Now consider the symplectization ()7, 1, 17). Lemma 6.25 furnishes an
almost complex structure J on Y which is d i—compatible and agrees with J* at infinity, and such that
rt>ef o ). It now follows as in Setup II of Section 6.1 that we have a Q—algebra chain map

(8-25) O, A, Ymix) 7.0: CCY=2 Y. E.V:¥) 4 g > CCUY.E. Vi)~ o~

for perturbation data ® - (6, 67). m|

Remark 8.20 The proof of Proposition 8.19 does not show that (8-24) is independent of auxiliary
choices (ie J ,J i, O, Gi). To show this, one needs to extend the definition of the twisting map Vnix to
Setups IIT* and IV*. One can then prove analogs of Theorem 7.27 and Corollary 8.8 for ¥rix. All of the
ingredients for this are already in place, but we omit the details since Proposition 8.19 is sufficient for our
applications.

Corollary 8.21 Suppose that &-I/.(Y, £, Vi) #0 for somer = (ay,t,r) € R(Y,&, V). Letting v =
(ay,, 7', 1"), we have CH, (Y, £, V;¢') # 0 if r’ is large enough. In particular, C(_H.(Y, E,V;1)#0. O

9 Augmentations and linearized invariants

9.1 Differential graded algebras

Let R be a commutative ring containing Q. The following two categories occur naturally in contact
topology: the category cdga of unital Z—graded (super)commutative dg R—algebras; the category dga of
unital Z-graded associative dg R—algebras. When we speak of a dg algebra, we mean an object of either
one of these categories.
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Let us say that a dg algebra is action-filtered if the underlying graded algebra is the free algebra on a free
graded module U having the following property: U admits a basis {xq | @ € A} for some well-ordered
set A such that dxy is a sum of words in the letters xg for B < . Note that the dg algebras which arise
in Symplectic Field Theory are naturally action-filtered by Reeb length.

The categories cdga and dga each carry a model structure described by Hinich [34] (see also Section 1.11
of [66]) with the following properties:

(i) the weak equivalences are the quasi-isomorphisms, and

(i) all objects are fibrant and the set of cofibrant objects includes all objects which are action-filtered.”

Note that in any model category, there is a notion of two maps being left (resp. right) homotopic, defined
in terms of cylinder (resp. path) objects [35, Section 7.3.1]. These notions coincide on objects which are
fibrant and cofibrant.

We let hedga and hdga be the associated homotopy categories: the objects are those objects of cdga
(resp. dga) which are fibrant and cofibrant, and the morphisms are the homotopy classes of morphisms in
cdga (resp. dga). In particular, hedga and hdga contain all action-filtered dg algebras.

An augmentation of a dg R—algebra A is a morphism of dg algebras €: A — R, where R is viewed
as a dg algebra concentrated in degree 0. A dg algebra equipped with an augmentation is said to be
augmented. We let cdga, r and dga, g be the overcategory of augmented objects, which naturally inherit
model structures. We let hedga, g (resp. hdga, g) be the associated homotopy categories.

Definition 9.1 Given an augmented dg algebra €: (A,d) — R, we consider the graded R—module
Ae 1= kere/(ker €)?. The differential d descends to a differential d. on A¢. The resulting differential
graded module (A, de) is called the linearization® of (A, d) at the augmentation €.

It follows from the definition that linearization defines a functor from cdga, g (resp. dga,g) to the
category of chain complexes of R—modules. It is an important fact that this functor is left Quillen
[51, Proposition 12.1.7], and therefore induces a functor of homotopy categories. We state this as a
corollary:

Corollary 9.2 Linearization defines a functor from hedga, g (resp. hdga, r) to the homotopy category
of chain complexes of R—modules. O

7Both [34] and [51] work in the setting of dg algebras over operads. The categories cdga and dga are, respectively, the category
of dg algebras over the operads uComm and uAss (u stands for unital), so they can be treated on equal footing. A good reference
for the material in this section, which mostly avoids operadic language (but only treats the case of cdga), is [47].

8The linearization is sometimes also called the “indecomposable quotient” in the rational homotopy theory literature. In the
contact topology literature, one also often encounters an equivalent construction of the linearization in which one twists the
differential by the augmentation; see [57, Remark 2.8].
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In particular, Corollary 9.2 implies that homotopic augmentations of action-filtered dg algebras induce
isomorphic linearizations. Special cases of this statement have already appeared in the Legendrian contact
homology literature; see eg [58, Section 5.3.2].

Remark 9.3 Let (A4, d) be a dg algebra, where A is the free R—algebra generated by the set {xy | @ € A}.
Let €: A — R be the unique R—algebra map sending the generators x4 to zero. Then € is an augmentation
if and only if dx4 is contained in the ideal (xg | B € A) for all o € A (or equivalently, if and only if the
differential has no constant term). If € is an augmentation, it is called the zero augmentation.

Suppose now that (A, d) is the (possibly deformed) contact algebra of some contact manifold, ie (A4, d)
is the commutative R—algebra generated by good Reeb orbits (for R = Q or Q[U]) and the differential
is defined as in Section 6.1. Suppose that €: A — R is the zero augmentation. Then ker € is the free
R-module generated by (good) Reeb orbits, and d counts curves with one input and one output (ie de is
defined as in (6-7), where the sum is restricted to curves with |[['~| = 1). It follows that the homology
of the complex (A¢, d¢) can be interpreted as the (possibly deformed) cylindrical contact homology.
This latter invariant admits a rigorous definition for contact structures under certain assumptions, such
as the existence of a contact form with no contractible Reeb orbits; see [4; 42] in dimension 3 and
[61, Section 1.8] in general.

9.2 Cyclic homology

Definition 9.4 (cf [17]) Let S be a countable, well-ordered set equipped with a map |-|: S — Z. Let
A = R(S) be the free Z—graded R-algebra generated by S, where the Z—grading is induced by extending
| - | multiplicatively.

Let d: A — A be a differential of degree —1. Let A := A/R, and consider the cyclic permutation map
v: A — A which is defined on monomials by 7(y; ---y;) = (=1)V1l(v2l+=+viDy, .. 9,91 and extended
R-linearly. Let AT := A/(1 — 1) be the Z—graded R—module of coinvariants. Observe that d passes to
the quotient. We denote the induced differential by d 7.

We now define

(9-1) HC.(A) := H,(A",d"),

and refer to this invariant as the reduced cyclic homology of the dg algebra (4, d).

Remark 9.5 Definition 9.4 agrees with other definitions of reduced cyclic homology of dg algebras

(such as [50, Section 5.3]) which may be more familiar to the reader, when both are defined. We adopt
the present definition for consistency with [7].

In the special case where A is the Chekanov—Eliashberg dg algebra of a Legendrian knot in a contact mani-
fold satisfying the assumptions of [7, Section 4.1], the algebraic invariants considered in [7, Section 4] can
be translated as follows: LH®%(A4) = HC,(A), LH" *(A) = HH,(A) and LH"(A) = HH,(A). Here
HH,(—) and HH,(—) denote, respectively, Hochschild homology and reduced Hochschild homology.
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We record the following computation which will be useful to us later on.

Lemma 9.6 Under the assumptions of Definition 9.4, if (A, d) is acyclic, then

9-2) HCL(A) = R ifkis (.)dd and positive,
0  otherwise.

Proof Let us first prove the lemma under the assumption that S is a finite set. Note first that the

Hochschild homology of an acyclic finitely generated dg algebra vanishes identically. Moreover, we have

an exact triangle
(9-3) R[0) — HH.(A) — HH,(4) 5
which implies that HH,(A) is just a copy of R concentrated in degree 1.

We now consider the following Gysin-type exact triangle (see [7, Proposition 4.9]):

©0-4) ac.) 22 ge. ) B gE, )

The desired result now follows immediately by induction, using (9-4) and the fact that HC,(A) vanishes
in sufficiently large positive and negative degrees due to our finiteness hypotheses. We remark that
(9-4) is constructed from a spectral sequence, whose convergence can only be verified under finiteness
assumptions.

Let us now drop our assumption that S is a finite set. We instead consider an exhaustion of S by finite
subsets S c §@ ... S. Let (4%), d) C (A, d) be the dg subalgebra generated by S®). One can
readily verify that

(9-5) lim AC,(A®) = HC,(lim A®)) = HC,(A).

Observe that (A% d) is acyclic for k large enough and satisfies the assumption of Definition 9.4. Since
we have already proved the lemma under the assumption that S is finite, it is enough to prove that the
natural maps HC,(A®)) — HC,(A%*D) are isomorphisms for k large enough.

To this end, note that the exact triangles (9-3) and (9-4) can be shown to be functorial under morphisms
of bounded dg algebras. Since quasi-isomorphisms induce isomorphisms on Hochschild homology,
it follows from (9-3) that the natural map HH,(A®) — HH,(A%*D) is an isomorphism. Since
HH,(A®) = HH,(A%*D) is concentrated in degree 1, and since HC; (A®)) and HC; (A% 1) vanish
for |i| sufficiently large, the desired claim can be checked by inductively applying the five lemma; cf [50,
Section 2.2.3]. O

9.3 Augmentations from relative fillings

According to the philosophy of [24], contact homology is supposed to be well-defined as a differential
graded QQ—algebra up to strict isomorphism. However, [61] only proves that contact homology is well-
defined as a graded QQ—algebra, ie after passing to homology. Similarly, the invariants introduced in
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Section 8 are merely graded R-algebras for R = Q or Q[U]. For the purpose of linearizing the invariants
of Section 8, we saw in Section 9.1 that the following intermediate assumption — weaker than what is
conjectured in [24] but stronger than what is proved in [61] —is sufficient:

Assumption 9.7 The constructions of Section 8 can be lifted to the category hedga. (That is, cobordisms
induce a unique morphism of commutative dg algebras up to homotopy, and composition of cobordism is
functorial up to homotopy.)

The rest of this section depends on the unproved Assumption 9.7; all statements which depend on this
assumption are therefore starred, in accordance with the convention stated in the introduction.

Definition* 9.8 Fix a TN contact pair (Y, &, V') and an element v € R(Y, &, V). Let
(9-6) A(Y,E,V; ) € Q[U]-hcdga

be the limit (or equivalently the colimit) of the dg algebras {(CC.(Y, £, V:t);.dy, 19)}4,7,0 under the
lifts of the maps (8-5) which are furnished by Assumption 9.7. We also analogously define

(9-7) A(Y, £, V;t) € Q-hedga.

Remark 9.9 (bigradings) With the notation of Definition* 9.8, suppose that H,(Y; Z) = H>(Y;Z) = 0.
Combining Assumption 9.7 with the discussion of Section 8.2, it then follows that A(Y, &, V:t) is a
(Zx7.)-bigraded differential algebra, where the differential has bidegree (—1, 0).

Definition* 9.10 Given an augmentation € : A(Y, &, V;tv) = Q[U], we let A€(Y, &, V; ¢) be the linearized
chain complex (in the sense of Definition 9.1) with respect to € and let CHS (Y, &, V'; t) be the resulting
homology.

We have analogous invariants in the reduced case, which are denoted by A< (Y, £, V; t) and CH, f Y, &, V;v)
for an augmentation €: A(Y, &, V;t) —» Q.

Definition 9.11 Given a contact manifold (Y, £) and a codimension 2 contact submanifold V, a relative
filling ()? , A, H) is a relative symplectic cobordism from (Y, &, V) to the empty set.

Let ()? , i, H) be arelative filling of (Y, £, V') and fix t € R(Y, &, V). Suppose t extends to a normal trivial-
ization of H. Then Lemma 8.11 and Assumption 9.7 furnish an augmentation e()?, 2, H): AY,E,Viv)—
Q[U]. Similarly, we have an augmentation E()?, A H):AYEV:iv) = Q.

If we suppose that H1(Y;Z) = Hx(Y;Z) = H2(X,Y;Z) =0 and ¢1(TX) = 0, then Lemma 8.13 and
Assumption 9.7 imply that (XA H) preserves the (ZxZ)-bigrading defined in Remark 9.9. It follows
that the linearized complex

(9-8) AE(Y,E, V)

Geometry & Topology, Volume 28 (2024)



80 Laurent Coté and Frangois-Simon Fauteux-Chapleau

inherits a (ZxZ)-bigrading with differential of bidegree (—1, 0). Hence
(9-9) CHL(Y.£V:v)
is a (ZxZ)-bigraded Q-vector space.

We end this section by collecting some lemmas which will be useful later. The reader is referred to
Section 3.3 for a review of open book decompositions.

Lemma* 9.12 Suppose that (W, 2, H) is a relative filling of (Y, &, V). Suppose that V is the binding
of an open book decomposition (Y, V, =) which supports £. Fix an element vt = (ay, t,r) € R(Y,E, V),
where 7 is the canonical trivialization induced by the open book.

Suppose that H admits a normal trivialization which restricts to t. Suppose also that Hi(Y ;Z) =
Hy(Y;Z)= Hy(W,Y;Z) =0 and that c; (T W) = 0. Then the augmentation

(9-10) CAYE V) —>Q

is the zero augmentation. In particular, it depends only on (W, i) and noton H.

Proof It is shown in Corollary 3.15 that there exists a nondegenerate contact form « for (Y, £) which is
adapted to v and has the property that all Reeb orbits are transverse to the pages of the open book decom-
position. Given auxiliary choices of almost complex structures and perturbation data, the augmentation €
counts (possibly broken) holomorphic planes ¥ which are asymptotic to a Reeb orbit y disjoint from H,
and such that [u] * H = 0. However, our topological assumptions and Lemma 5.21 implies that [u] x H
is precisely the linking number of y with the binding V, which is strictly positive by assumption; see
Remark 5.20. |

Lemma*9.13 Let (X, A, H) and (X', \’, H') be relative symplectic fillings of (Y, £, V) and (Y', £, V").
Let f:(Y,E,V)— (Y',&, V') be a contactomorphism. Suppose that there exists a symplectomorphism
¢: (X, %) — (X', 1) which coincides near infinity with the induced map f: SY — SY'.

Given any v € R(Y, £, V), the following diagram commutes:

CH.(Y.£.Vit) — X2 o

(9-11) CH.(Y/, Sl, V/, f*t) DX/, px A, (H)) y Q[U]

CH.(Y/’%'/’V/;f*t) SX', A, p(H)) y Q[U]

The analogous statement holds for éﬁ.(—), with Q in place of Q[U]. In addition, if H\(Y;Z) =
H>(Y;Z)=0andc;(TX) =0, then all arrows can be assumed to preserve the bigrading in Definition 8.12.
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Proof The commutativity of the top square is essentially tautological; more precisely, it follows from
the functoriality of the moduli counts in Theorem 7.27. The commutativity of the bottom square follows
from the observation that ¢ preserves the Liouville form outside a compact set. Hence ()? ! ¢*1\) and
()? ’, A ) are deformation equivalent. It follows by Corollary 8.8 that they induce the same morphism on
homology. The fact that the maps preserve the bigradings on CH (—; —) (under the above topological
assumptions) is a consequence on Lemma 8.13. O

Corollary* 9.14 Let (X, A, H) (resp. (X, A, H')) be relative fillings for (Y,£,V) (resp. (Y,£,V")).
Suppose that V' is the binding of an open book decomposition of (Y, &) and fixt = (a, t,7) € R(Y, &, V),
where 7 is induced by the open book. Let f: (Y,&,V) — (Y, &, V') be a contactomorphism.

Suppose that H1(Y;Z) = H>(Y;Z) = Hy(X,Y;7Z) = 0 and that ¢, (TX) = 0. Then
(9-12) CHE (Y€, Vi) = CHE(Y.£,V'; fuv),
where both augmentations are induced by the relative fillings and the (Z xZ)-bigrading is defined in

Definition 8.12.

Proof Indeed, since the lift of a contactomorphism to the symplectization is a Hamiltonian symplec-
tomorphism, it is easy to construct a symplectic automorphism of (X, d 1) satisfying the conditions of
Lemma* 9.13; see eg [14, Section 3.2]. The claim now follows from Lemma* 9.12. O

10 Invariants of Legendrian submanifolds

10.1 Invariants of contact pushoffs

Definition 10.1 (see Definition 3.1 in [10]) Let (Y, £) be a contact manifold and let A < Y be a
Legendrian embedding. By the Weinstein neighborhood theorem, the map extends to an embedding
Op(A) C (JIA, £E4q) — (Y, &), where Op(A) C (J'A, £gq) denotes an open neighborhood of the zero
section.

Let t(A) be the induced codimension 2 contact embedding
(10-1) T(A):d(DFgA) = (DF,A)XxO0CT*AXR =J'A = (Y, §).

Here D¢ ¢\ 1s the sphere bundle of covectors of length € with respect to some metric g, which is a
contact manifold with respect to the restriction of the canonical 1-form on T*A. We refer to t(A) as the
contact pushoff of A — Y.

Standard arguments establish that the contact pushoff is canonical up to isotopy through codimension 2
contact embeddings. By abuse of notation, we will routinely identify 7(A) with its image. Observe that it
follows that CH,(Y, &, 7(A);t) and @/.(Y, &, t(A); t) can be viewed as invariants of A.
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10.2 Deformations of the Chekanov-Eliashberg dg algebra

In the spirit of the previous sections, we now consider deformations of the Chekanov-Eliashberg dg algebra
of a Legendrian induced by a codimension 2 contact submanifold. We begin with some preliminary
definitions.

Definition 10.2 Let A C (Y, £) be a Legendrian submanifold. Given a contact form kero = &, con-
sider a Reeb chord c: [0, R] — Y. The linearized Reeb flow defines a path of symplectomorphisms
Pr:&lco) = &lc(r)- We say that the Reeb chord ¢ is nondegenerate if Pr(T,o)A) N Te(ryA = {0}.

Definition 10.3 (cf Section 2.1 in [7]) With the notation of Definition 10.2, let /\%_1(5 ,da) be the
canonical bundle of £ and suppose that it admits a trivialization o. Let A1, ..., Ax be an enumeration of
the components of A. Suppose that each A; has vanishing Maslov class.

Suppose first of all that kK = 1 (ie A is connected). Given a nondegenerate Reeb chord ¢, pick a path c_
in A connecting ¢(R) to ¢(0). Observe that /\"_1 T._A; C /\fé‘l(g, da) is a path of Lagrangian
subspaces along c—. We call this path L._. The map P, also defines a path of Lagrangian subspaces
N1 Pr(Teo)Ai) C /\Z:_l(é, da) along c. We call this path L.

Let ¢ = c_ * ¢ be obtained by concatenating c— and ¢ (the concatenation is from left to right). Now
consider the path of Lagrangian subspaces Lz = L.— * L. * PT, where P is a positive rotation from
Pr(T¢0)A) to Te(ryA (this is well-defined by our assumption that ¢ is nondegenerate).

The Conley—Zehnder index for chords of ¢ with respect to o is denoted by CZ*>? (¢) and defined by
(10-2) CZ 9 (c) = u?(La).

where ;% (—) is the Maslov index with respect to o; see [52, Theorem 2.3.7]. This definition is independent
of the choice of c_ due to our assumption that A has vanishing Maslov class. Note also that the resulting
index depends on o, but its parity does not.

In the case that k > 1, the definition of the Conley—Zehnder index for chords is more complicated, and
depends on additional choices. We refer the reader to [7, Section 2.1]— we warn the reader that there is
a typo in the formula stated there: the correct formula for the Conley—Zehnder index for chords should
read CZ™9(c) = |e| =1 = (¢p— —pa(x1)) /7 + (1 —1)/2.

Remark 10.4 It may happen that a Reeb orbit can also be viewed as a Reeb chord with same starting
and end point. In this case, we have in general that CZT (¢) # CZ(c).

Let us now consider a TN contact pair (Y, &, V) and a Legendrian submanifold A C (Y —V, ). We let
A1,...,Ar be an enumeration of the connected components of A. As in Definition 10.3, we assume that
the A; have vanishing Maslov class.
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Definition/Assumption* 10.5 (cf Proposition 2.8.2 in [24]) Fix vt € SR(Y, &, V). Let us also choose the
following additional data:

e A contact form A € Q!(Y) which is adapted to t and has the property that all Reeb orbits and
A-Reeb chords are nondegenerate.

e A dA-compatible almost complex structure J on & which preserves TV .
Given a class 8 € 712()7; ct, L. T7), welet
(10-3) Mt Ty . T B)s
be the moduli space of connected J. —holomorphic curves, modulo R-translation representing the class .
(Here we follow the notation of Section 2.2, where ¢t is a Reeb chord of A C (Y, 1), Ly={ci.....c5}
is an ordered collections of (not necessarily distinct) Reeb chords, and I' ™ is a collection of Reeb orbits.)

Since V' C (Y —A, 1) is a strong contact submanifold, a straightforward extension of Siefring’s intersection
theory defines an intersection number V% B e’Z.

Let us now consider the semisimple ring

k
(10-4) R=EQUl.
i=1

and let eq, . .., e be the idempotents corresponding to the unit in each summand.

Let CL.(Y,&,V, A;t), be the free R algebra generated by (good) Reeb orbits of (Y, o) and Reeb chords
of A, subject to the following relations:

* yi1yr = (—1)'7’l ””2|y2y1 for Reeb orbits a and b.
 If ¢;; is a Reeb chord from A; to A, then excije; = 8k cijbiy.

We assume that there exists a suitable virtual perturbation framework compatible with [61], so that we
can define a differential d; (squaring to zero) on generators as follows:

e For a Reeb chord ¢, we let

| E— o kB — -
(10-5) D)= ) M TR T B aU e ey s

where the sum is over choices of 8 € 712(17; ct, I, I'") for all possible choices of I'y” and I'".

e For a Reeb orbit y, we let d y (y) be the usual deformed contact homology differential, as described
in Section 8.1.

We assume that (CL.(Y,&,V, A;t)y,dy) is independent of A and J up to canonical isomorphism in
Q[U]-hdga. We denote the resulting object by

(10-6) L(Y,E,V,A;v)

and we let CH,(Y,£,V, A;t) be its homology. We assume that £(Y, &, V, A;t) satisfies the limited
functoriality described in Proposition* 10.7.
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Definition/Assumption™ 10.6 (cf Proposition 2.8.2 in [24]) Carrying over the hypotheses and notation
from Definition/Assumption* 10.5, let us consider the semisimple ring

k
(10-7) R=EPQ
i=1
where we again let eq, ..., e; be the idempotents corresponding to the unit in each summand.

We let 6]:.(Y, £,V,A;t), be the free R algebra generated by (good) Reeb orbits of (Y, &) which are not
contained in V and A Reeb chords, subject to the following relations:

o y1y2 = (=1)"1ll72ly, 9, for Reeb orbits a and b.
 If ¢;; is a Reeb chord from A; to A, then excije; = 8;xcijb;y.
This algebra is again Z /2—graded in general, and Z—graded when the canonical bundle is trivialized.

We assume again that there exists a suitable virtual perturbation framework so that one can define a
differential dy, (squaring to zero) on generators as follows:

e For a Reeb chord ¢, we let
1 'wi b — > —_ —
(10‘8) dJ(C+):Zm#M(C+,FA,F ’IB)JS(V*,B)cl CCo V1 Vs,

where §: R — {0, 1} satisfies 6(0) = 1 and §(s) = 0 for s # 0 and the sum is over all possible
choices of homotopy classes as in Definition/Assumption* 10.5.

e For a Reeb orbit y, we let d 7 () be the reduced contact homology differential associated to the

twisted moduli counts #{/;M, which only counts curves disjoint from V.

We assume that (&.(Y, EV, A1)y, d 7) is independent of A, J up to canonical isomorphism in Q-hdga.
We denote the resulting object by

(10-9) L(Y.E V. A;v)

and we let CH,(Y, &, V, A; ) be its homology. We also assume that £(Y, £, V, A; t) satisfies the limited
functoriality described in Proposition* 10.7.

Proposition* 10.7 (cf Corollary 8.8) Let (Y*,&%, VE) be TN contact pairs and choose elements
ot = (aF, %, rF) e R(Y T, £F, V). Consider an exact relative symplectic cobordism ()?, 2, H) with
positive end (Y T, ET, V1) and negative end (Y ~,£~, V™), and suppose that t* and t~ extend to a
global trivialization of the normal bundle of H .

Suppose that L C ()? , A , H) is a cylindrical Lagrangian submanifold which is disjoint from H , with ends
AT Cc(YE—VE g,
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~ Ct+
If rt >ef ((H.Am)o— )r_, then there is an induced map
(10-10) X, A HL): LYT T, vt 5oy e, v ).

The analogous statement holds for the reduced invariants £(—).

Definition* 10.8 Let e: A(Y, &, V;t) — Q[U] be an augmentation. Then we let
(10-11) LEYEV,Av) =LY, EV,Av) @uy.e.ve QU

with differential d; ® 1. The structure maps implicit in forming the tensor product (10-11) are, respectively,
furnished by the inclusion A(Y, &, V;t) C L(Y, &, V, A;¢) and the augmentation €: A(Y, £, V;v) — Q[U].
The resulting tensor product is naturally also a differential graded Q[U] algebra.

We similarly define

(10-12) CE(Y.E V. A = L(Y.E V. AD) ® gy Q.

using the maps A(Y, £, V;v) C L(Y,£,V,A;v) and €: A(Y, £, V;t) — Q, which is naturally a differential
graded (Q—algebra.

Remark 10.9 The algebra £¢(Y, &, V, A; ) is the twisted analog of the Legendrian homology dg algebra
(or Chekanov—Eliashberg dg algebra) described in [7, Section 4.1].

We now discuss gradings on the above Legendrian invariants.

Definition* 10.10 Let (Y, &, V) be a TN contact pair and choose t € R(Y, &, V). Let A C (Y =V, §)
be a Legendrian submanifold. Suppose that H;(Y;7Z) = 0 and that ¢;(§) = 0. Then the Legendrian
homological Z /2-grading of L(Y, &, V, A;t) (resp. L(Y, £, V, A;t)) lifts to a canonical Z—grading given
on orbits by (8-15) and given on chords by

(10-13) le| =CZT%(c) -1,
which is well-defined due to our topological assumptions.
The invariants £€(Y, £, V, A;v), HC(LE(Y, €, V, A;v)), LE(Y, &V, A;v) and HC(LE(Y, €, V, A;v)) in-

herit a Z—grading, which we also refer to as the homological grading.

Lemma* 10.11 With the notation of Proposition* 10.7, suppose that Hy(Y *;Z) = 0 and that w,(L) =
c1(6%) = ¢1(TX) = 0. Then the cobordism maps described in Proposition* 10.7 preserve the Legendrian
homological Z—grading. |

As in Section 8.2, there is also a linking number Z-grading on the reduced Legendrian invariants under
certain topological assumptions.
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Definition* 10.12 Let (Y,£, V) be a TN contact pair and choose t € R(Y, &, V). Let A C (Y,€) be a
Legendrian submanifold. Suppose that H,(Y;Z) = Hy(Y;7Z) = mo(A) = w1 (A) = 0. Then the linking
number grading |- |inx on £(Y, €, V, A; ) is given on Reeb chords by

(10-14) |¢ liink = linky (c; A).

It is given on Reeb orbits by (8-16). The grading is extended to arbitrary words by defining the grading

of a word to be the sum of the gradings of its letters. One can verify using Lemma 5.22 that this grading
is well-defined.

We let
(10-15) Loo(Y €V, Asv)
be the bigraded differential Q—algebra of bidegree (—1, 0), where

e the first bullet refers to the (Legendrian) homological Z-grading (which is well-defined in view of
our topological assumptions and the universal coefficients theorem, see Definition* 10.10), and

e the second bullet refers to the (Legendrian) linking number grading.
We also have the following lemma, which follows from Lemma* 10.11 and Lemma 5.22.

Lemma* 10.13 With the notation of Proposition* 10.7, suppose that Hi(Y *:72) = H,(Y*;7Z) =
H>(X,Y1:Z)=0and mo(AT) = 1 (A*) = 0. Then the cobordism maps described in Proposition* 10.7
preserve the linking number Z—grading. In the case that we also have wy(AT) = ¢ (%) = ¢1(TX) =0,
then the cobordism maps preserve the (ZxZ)-bigrading (10-15). m|

Corollary* 10.14 Consider a TN contact pair (Y, &, V') and an element v € R(Y, &, V). Let A C (Y, §) be
a Legendrian submanifold. Let (W, A, H) be a relative filling for (Y, £, V) and let €: A(Y, &, V) - Q
be the induced augmentation. Suppose that H1(Y ;Z) = H>(Y;Z) = H,(W,Y;Z) = 0, that my(A) =
1 (A) =0 and that wa(A) = c1(§) = c2(TW) =0.

Then

(10-16) LE(Y.EV:v)

inherits the structure of a (7 x7.)-bigraded Q—algebra with differential of bidegree (—1,0). Moreover,
(10-17) HC.o(LE(Y.£,V:0))

inherits the structures of a (Zx7.)-bigraded Q—vector space.

Proof According to Lemma 5.21 and our topological hypotheses, the augmentation € preserves the
linking number. The first claim follows. For the second claim, note that both the homological grading and
linking number grading are preserved by the cyclic permutation operator t, and hence pass to reduced
cyclic homology; see Definition 9.4. |
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10.3 The effect of Legendrian surgery

The familiar procedure of attaching a handle in differential topology can be performed in the symplectic
category. There are various essentially equivalent approaches to doing this in the literature. For concrete-
ness, we exclusively follow in this paper the construction described in [46, Section 3.1], which we now
summarize.

Construction 10.15 (attaching a handle) Let (X g” , 20) be a Liouville cobordism with positive boundary
(YOZ”_I, £o = ker(Aoly,)). Let A C (Yo — V,&p) be an isotropic sphere with trivialized conformal
symplectic normal bundle (the latter condition is vacuous if A is a Legendrian). Choose an arbitrary open
neighborhood U of A, which we refer to as the attaching region.

We may now glue a model handle H along Yy inside U, following the detailed construction given in
[46, Section 3.1]. The gluing is carried out by identifying the Liouville flow near A with the flow on H.
We note that this gluing procedure involves some auxiliary choices, which we do not state here.

The outcome of the procedure (for any of the above auxiliary choices) is a Liouville cobordism (X, A)
with positive boundary (Y, § =ker(A|y)). We say that this domain is obtained from (Xg, Ag) by attaching
a handle along A, or Legendrian surgery on A. As is well-known from differential topology, Y differs
from Yy by surgery along A.

In [7], Bourgeois, Ekholm and Eliashberg study the effect of handle attachment on various flavors of
symplectic and contact homology. In particular, they describe conjectural exact sequences which govern
the change in these invariants and describe the moduli spaces of holomorphic curves which should underlie
the existence of these exact sequences. In Theorem/Assumption* 10.16 below (see also Remark 10.17),
we state an analog of the surgery exact sequence for linearized contact homology in [7, Theorem 5.1].
The proofs sketched in [7, Section 6] also apply mutatis mutandis in the present setting, so will not be
repeated. As discussed in Section 1.3, we expect that if [7, Theorem 5.1] can be made rigorous in the
setting of Pardon’s VFC package, it should pose no substantial additional difficulties to also establish
Theorem/Assumption* 10.16.

To set the stage for Theorem/Assumption* 10.16, let (Y3" !, &) be a contact manifold and let V C (Yo, &o)
be a codimension 2 contact submanifold with trivial normal bundle. Let (Xg, Ag) be a Liouville domain
with positive boundary (Yo, & = kerAg) and let Hy C (X, Ag) be a symplectic submanifold which is
preserved setwise by the Liouville flow near dXo = Yy and such that 0H = V.

Let A C (Yo—V, &p) be an isotropic sphere with trivialized conformal symplectic normal bundle (the latter
condition is vacuous if A is a Legendrian). Let (X, A) be the Liouville domain obtained by attaching a
Weinstein handle along A according to Construction 10.15 and let (Y, £ = ker A) be the positive boundary.
We may assume that the attaching region is disjoint from V' C Y. By abuse of notation, we therefore
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view V as a codimension 2 contact submanifold of (Yp, &p) and (Y, £) and view Hy as a submanifold
of Xo and X. We also identify R(Yp, &0, V) = R(Y,E, V).

We let ()/(\0, io, H) be the completion of (Xg, Ag, Hp), and let (}/(\, X, H) be the completion of (X, A, Hy).
There are natural (strict) markings eg: R x Yo — Xo taking (¢, yo) = ¥2(yo) and e: R x ¥ — X taking
(t, ) = ¥ (yo), where ¥ (resp. ¥) is the Liouville flow in Xo (resp. in X).

Finally, in order to have well-defined homological Z—gradings, we assume that H(Yo; Z) = H;(Y;Z) =0
and that ¢1(TXo) = c1(TX) =0.

Theorem/Assumption* 10.16 (cf Theorem 5.1 in [7]) With the above setup and t € R(Y,&,V),
consider the augmentations E(()?o, XO, H),eo): A(Y,£,V) — Q and E(()?, A H),e): A(Y.£,V) — Q.
If A is a Legendrian sphere, we have the following exact triangle, where the top horizontal arrow is the
natural map induced by an exact relative symplectic cobordism:

CHE (,_3(Y.£V:7) s CHZ,, 3 (Yo.60.V:0)

(10-18)
(-1]

HC. (L0 (Yy, £0. V. A1)

If A is an isotropic sphere of dimension k < n — 2, then we have that
Q if*=n-—k+2N,

~I7€ . ~T7 €0 . _
(10-19) H*(Cone(CH._(n_3)(Y,§,V,t)—>CH._(n_3)(Y0,Eo,V,t)))—{O otherwise.

Remark 10.17 There is a natural analog of Theorem/Assumption* 10.16 involving the invariants
CHfﬂ(n_”(Yo, £0.V;0), CHf_(n_3)(Y, £,V:v) and HC,(L (Yo, o, V, A;t)) which we also expect to
hold. We do not state it here since we do not use it in this paper.

Remark 10.18 With the setup of Theorem/Assumption* 10.16, let us in addition assume that H,(Yy; Z) =
H>(Xo,Y0) = Hy(Y;Z) = Hy(X,Y;Z) = 0. Then Lemma 8.13 and Corollary* 10.14 provide an
additional linking number Z-grading on the invariants appearing in the surgery exact sequences.

The resulting (ZxZ)-bigrading is preserved by the maps in the surgery exact sequence. Indeed,
Lemma 8.13 ensures the top horizontal map preserves the linking number Z-grading. The bottom
right map counts holomorphic disks with one positive interior puncture, k negative boundary punctures,
and with boundary mapping to SA (the relevant moduli space is described in [7, Section 2.6]). Hence
one can readily verify (cf Lemma 5.22) that this map also preserves the linking number grading. Finally,
the bottom left map is defined algebraically as the connecting map in the long exact sequence. Since the
internal differentials of the relevant chain complexes preserve the linking number grading, this connecting
map does too.
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11 Some computations

11.1 Vanishing results

Recall that a contact manifold (Y2771, §) is said to be overtwisted if it contains an overtwisted disk; see
[5, Section 1]. In general, if (Y, £) is overtwisted and C C Y is a closed subset, then (Y — C, £) may not
be overtwisted.

Theorem 11.1 Suppose that (Y, &, V) is a TN contact pair such that (Y —V, §) is overtwisted. Given
any element v € R(Y, &, V'), we have

(11-1) CH.(Y,£,V;v)=CH,(Y,£,V:t) =0.

We collect some definitions which will be useful in proving Theorem 11.1. Let almy,—1)(S 2n=1) be the
set of almost-contact structures on S2”~1; see Definition 12.1. It follows by the main theorem of [5] that
almy—1)(S 2n=1) 5 in canonical correspondence with the set of overtwisted contact structures on the
sphere, a fact which will be used implicitly in the proof of Theorem 11.1.

A folklore result in contact topology (see eg [12, Section 6]) states that for any fixed element § €
almy(,—1)(S2"~1), the operation of connected sum endows almy(,—1)(S?"~1) with a group structure
with identity element 8. The isomorphism class of the resulting group is moreover independent of §.
Since these facts are not to our knowledge available in the literature, we have provided careful proofs in
the appendix.

For the remainder of this section, we fix B € almy,;—1)(S 2n=1y to be the almost-contact structure induced
by the standard contact structure on the sphere. Given a pair of contact manifolds (M1, @) and (M3, a3),
one can also consider their connected sum (M7 # M>, o # o»), which is obtained by gluing-in a neck
along Darboux balls in M1, M>. This operation is discussed in Remark A.10. As noted there, the two
a priori different notions of a connected sum of (almost-)contact manifolds commute with the forgetful
map from contact manifolds to almost-contact manifolds.

Proof of Theorem 11.1 It is enough to prove that the invariants vanish for a particular choice of
nondegenerate contact form & on Y which is adapted to t. To construct such a form, we follow arguments
of Bourgeois and Van Koert in [8, Section 6.2].

Using Construction 3.6, we define an auxiliary contact form « in a small neighborhood N of V' with the
property that V' is a strong contact submanifold and that « is adapted to t. After possibly shrinking A/, we
can assume that (Y —A/, £) is overtwisted. We now extend « arbitrarily to a globally defined, nondegenerate
contact form on (Y, £). (Since ay is nondegenerate, Construction 3.6 produces a nondegenerate contact
form on N, so it extends unproblematically to a global nondegenerate contact form.)
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Choose a Darboux ball B C Y whose closure is disjoint from N. Let B’ C B be a smaller Darboux
ball and let A = B — B’. Let By denote the almost-contact structure on B obtained by restricting £. Let
almy,—1)(B, A; Bo) be the set of almost-contact structures on B agreeing with B¢ near A. The group
almyp-1) (S 2n=1y acts on almy(—1)(B, A: Bo) by connect-summing with an almost-contact sphere
along a disk whose closure is disjoint from A.

We now appeal to work of Bourgeois and van Koert: in [8, Section 2.2], they construct a special contact
form ay, on the sphere S2”~! (this form turns out to be overtwisted by [12], although we won’t need
this). They prove [8, Sections 2—-5] that oy, admits a Reeb orbit y which bounds a single, transversally
cut-out J—holomorphic plane, for some suitable J on the symplectization.

We now form the connected sum of (S2"~1, ay ) with (Y, @), where we assume that the gluing happens
entirely inside of B’. Bourgeois and van Koert (following earlier work of Ustilovsky [65]) explain how to
perform this connected sum so that the orbit y survives, and still has the property that it bounds a single
transversally cut-out plane (basically, one can suitably adjust the neck to ensure that the plane cannot
cross the neck; see [8, Section 6.2]).

Finally, we connect sum with another overtwisted contact sphere (S2"1, oy ) so that (B,a#ay #aj |B)
is formally contact isotopic to (B, «|p), through a contact isotopy fixed near A. Note that we may freely
assume that the two connected sums happen in disjoint regions of B’, so they do not interfere with each
other. Unwinding the definitions, this means that there exists a diffeomorphism v : B — B#S2"~1452n~1
fixed near the boundary and a formal contact isotopy from ker ¥ *(a # oz, #a} )| p to g = ker | g, which
is fixed near A.

If we extend ¥ to a diffeomorphism ¥ — Y # 52"~ 1 # §27~1 by Jetting it be the identity outside of B,
we observe that ker ¥ *(a # o, #a} ) is formally isotopic to £ = ker . Moreover, these contact structures
agree on ¥ — B D N. Since (Y — N, £) is overtwisted, it follows from the relative h-principle for
overtwisted contact structures (see [5, Theorem 1.2]) that there is a smooth isotopy ¢; fixed on N so that
0= ¢y (a#ap #aj ) is a contact form for (Y, £). By construction, & = « on N, so & is adapted to .
Finally, it follows from the above discussion that CH,(Y, &, V; t) vanishes when we compute it using the
form & (since y bounds a rigid plane). An analogous argument shows that CH. (Y, &, V; ) vanishes as
well. |

We also state a vanishing result for the deformed Chekanov—Eliashberg dg algebra of certain loose
Legendrians. To set the notation, let us now assume that (Y, £, V) is an arbitrary TN contact pair and fix
teR(Y,E V).

Proposition* 11.2  Suppose that A C (Y —V, §) is a loose Legendrian submanifold. Then L(Y,&,V, A;¢)
and L(Y, &, V, A;v) are acyclic. Given augmentations €: A(Y, £,V :t) — Q[U] and €: A(Y,£,V;t) — Q,
the invariants L€ (Y, €, V, A;t) and LE(Y, €, V, A; ) are also acyclic.
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Proof The argument is the same as that which shows that the (undeformed) Chekanov—Eliashberg
dg algebra of a loose Legendrian is acyclic (see eg [55, Section 5]): up to Legendrian isotopy in ¥ — V', we
can find a chord c¢ of arbitrarily small action which bounds a single half-disk. This disk can be assumed
to stay in a small ball disjoint from V for action reasons. Hence we have d(c) = 1. |

11.2 Nonvanishing results: bindings of open books

The following theorem is the main result of this section.

Theorem 11.3 Consider a TN contact pair (Y, &, V). Suppose that Y admits an open book decomposition
(Y, B, m) which supports the contact structure £ and realizes V = B as its binding. Viewing (B, t) as
a framed contact submanifold, where t denote the trivialization of B C Y induced by the open book
decomposition, we have

(11-2) CH.(Y,& B;v) #0
for any v = (g, 7,7) € R(Y, &, B).

By combining Theorem 11.3 with Corollary 8.21, we obtain the following result.

Corollary 11.4 Under the hypotheses of Theorem 11.3, if r’ is large enough and we write v = (ap, T, '),
then

(11-3) CH.(Y,£, B;v') £0.

Proof of Theorem 11.3 According to Corollary 3.15, the open book decomposition (Y, B, 7) supports a
nondegenerate Giroux form « which is adapted to ¢ for any vt = («p, 7,7) € R(Y, &, B).

Consider the algebra Zf.(Y, &, B;t) generated by (good) Reeb orbits of « not contained in B. After
fixing an almost complex structure J : § — & which is compatible with do and preserves &|p, and a choice
of perturbation data 6 € O1((Y, &, B), «, J), we get a differential dj = d (¥g, J.0) and the homology of
the resulting chain complex is (canonically isomorphic to) éﬁ.(Y, & B;v).

Let us suppose for contradiction that @.(Y ,€, B;t) = 0. This means that 1 is in the image of the
differential. By the Leibnitz rule, this implies that there exists some good Reeb orbit y: S! — Y and a
relative homotopy class B € w2 (Y, y) such that the twisted moduli count of planes positively asymptotic
to y in the homotopy class B is nonzero. To state this more formally in the language of Section 5.3, let
T € Si((Y, &, B),a, J) be the tree with a single input edge e and a single vertex v, where e is decorated
with the Reeb orbit y and v is decorated with the B € 7, (Y, y). Then we have that JB(T) # 0.

In particular, this implies that M(T') # @. Hence there exists 7/ — T such that 7" is representable by a
J-holomorphic building. The proof of Proposition 7.7 shows that we may assume that 7’ does not have
any edges contained in B (since otherwise we would have 1}3 (T = JB (T)=0).

Geometry & Topology, Volume 28 (2024)



92 Laurent Coté and Frangois-Simon Fauteux-Chapleau

It follows by Proposition 5.12 that T’ % B = > vev(rr Bv * B, and Corollary 5.14 implies that all the
terms on the right-hand side are nonnegative. Since 1}3 (T = 1/73(T) # 0, it follows by definition of the
reduced twisting maps that T’ % V = 0. Hence By * B = 0 for all v € V(T").

For topological reasons, there exists ¥ € V(T’) such that ¥ has a single incoming edge and no outgoing
edges. Hence v is represented by a J—-holomorphic plane u which is asymptotic to some Reeb orbit . By
positivity of intersection (see Proposition 5.3) and the fact that Bz * B =0, the image of u is contained in
R x (Y \ B). Thus ¥ is contractible in ¥ \ B, which implies that the composition 7 o: S — Y \ B — S!
has degree 0. This is a contradiction: since « is a Giroux form, 77 o) must be an immersion by Remark 3.12,
and hence have nonzero degree. O

We also state a vanishing result for the (reduced) Chekanov—Eliashberg dg algebra introduced in
Section 10.2.

Theorem* 11.5 Let (Y,&, V) be a TN contact pair and let A C (Y — V, §) be a Legendrian submanifold.
Suppose that £ supports an open book decomposition w with binding B = V such that A is contained in a
single page. Let T be the trivialization of Ny,y induced by the open book. Then we have

(11-4) LY, E,V,A;t) #0.

Proof The proof is identical to that of Theorem 11.3; namely, one argues that the image of any Reeb
orbit or chord under the differential cannot contain a term of degree zero, which immediately implies the
claim. d

We note that is was proved by Honda and Huang [39, Corollary 1.3.3] that any Legendrian A in a contact
manifold (Y, &) is contained in the page of some compatible open book decomposition. Hence it follows
from Theorem™ 11.5 that every Legendrian is tight in the complement of some codimension 2 contact
submanifold.

11.3 Explicit computations in open books

We now perform certain explicit computations in open book decompositions which will be used in
applications in the next sections. We assume throughout this section that n > 4. This assumption is needed
for the purpose of obtaining a (ZxZ)-bigrading on CH (—); see Lemma 11.6 and Corollary 12.17.

Let us endow S”~! with a Riemannian metric /2 having the property that all geodesics are nondegenerate.
Such metrics, which are typically referred to as “bumpy” in the literature, are generic in the space of
Riemannian metrics; see [1] or [44, 3.3.9]. It can be shown [1] that any manifold endowed with a bumpy
metric admits a closed geodesic of minimal length. We let p > 0 be the length of the shortest geodesic of
(S™ 1 h).
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To set the stage for this section, it will be useful to recall some general facts about coordinate systems.
Given a system of local coordinates (g1, . . . , ¢m ) on some manifold M, the dual coordinates (p1, ..., pm)
in the fibers of the 7* M are characterized by the property that

m
(11-5) T*M>(q,p)=(q1,---GmsDP1s---+ Pm) = ZPidCIi-

i=1
Unless otherwise indicated, a pair (¢, p) refers to a system of local coordinates in the cotangent bundle
of a manifold, where p is dual to q.

It will sometimes also be useful to work with Riemannian normal coordinates. Recall that on a Riemannian
manifold (M, g), a system of normal coordinates (x1, .. ., X5, ) has the property that for any vector a € Tx M,
the path 6 — at is a geodesic. If (q1,...,¢n) is a system of Riemannian normal coordinates, then the
path ¢t — (y(¢), )'/") can be written in coordinates (¢q, p) as

(11-6) t— (at,a) e T*M.

We now introduce a Liouville manifold which will be studied throughout the remainder of this section.
For a > 0, define

(11-7) (Wo. 29 = (D2 W TS 54— ész d6 + Astd),

where we have chosen local coordinates (s, 6, ¢, p). We emphasize that the Liouville structure depends
on the parameter a > 0.

Let ¢: Wo — R be the function

(11-8) $(s.0.9.p) =5+ pl>.
We consider the Liouville domain

(11-9) (Wo. %) = (¢ < 1. 4% := 2w,

and its contact-type boundary

(11-10) (Yo, &) = =1}, E=ker Ag),
where ¢ = (X“)|Y0 is the induced contact form. Consider also the codimension 2 contact submanifold
(11-11) V={¢=1,5=0} C (Yo, %0)

and the Legendrian

(11-12) A :={¢p=1,0= constant,s=1, || p|| =0}.

We define o := (49)|y and let 7 be the trivialization of Ny, 1, which is unique by Lemma 11.6. We set
(11-13) t=(a,1,a) € R(Yy, &, V).

Finally, we let H = {0} x T*S™"~ C Wj.
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Observe that t depends on our choice of a > 0. More generally, the contact form A¢ = (i“)| Y, on (Yo, &o)
obviously depends on a > 0. The plan is now to study the Reeb dynamics on (Y, £o) with respect to this
contact form. By taking @ >> 0 large enough, we will be able to obtain a sufficiently good understanding
of the Reeb dynamics to compute the invariant CH (Yo, &0, V; v) in low degrees; see Proposition* 11.17.

Lemma 11.6 The manifolds Wy and Yy have vanishing first and second homology and cohomology with
Z—coefficients. In addition, we have H'(V;7Z) = 0 and w(A) = 0.

Proof The first claim is proved in Corollary 12.17. To compute H ' (V; Z), note that V is the sphere
bundle associated to 7*S”~!. Hence, we have a fibration $"2 < V — §"~! giving rise to a Gysin
sequence

(11-14) > HYS" L 2) > HY(V:2) > H 0D (571 7y .

Taking k = 1 immediately gives the desired result since n > 4. Finally, note that A = S”~!, which has
vanishing homology (with any coefficients) in degrees 1 <i <n —2. Hence wa(A) =0forn>4. O
Observe that there is a natural marking

(11-15) eo: Rx Yo — (Wo, 2% H), (1,y) v:(y),

where ¥/(_) is the Liouville flow associated to A,

This endows (Wg, 1“, H) with the structure of a (strict) relative exact symplectic cobordism. We thus
obtain an augmentation

(11-16) €o: A(Yo. &0, Viv) > Q.

It follows from Lemma 11.6 and the discussion following Definition* 9.10 that A(Yq, £, V;t) and
A€ (Yy, £, V; t) admit a (ZxZ)-bigrading.

We now analyze the structure of (Yo, Ag) in more detail. First, observe that (Yo — V, Ag|y,—v) is strictly
contactomorphic to

(11-17) (Sl x D*S"L gy = %(1—||p||2) d@—i—kstd)
via the map
(11-18) S'xD*S" ' 5 Yy-V, (0.q.p)— (V1-|pl*06.q9.p).

where D*S" 1 ={(q, p) e T*S" || pll <1}. Welet N C Y, denote the image of S x S”~! under this
map; equivalently, V' = {|| p||=0}. The complement (Yo — N, Ag|y,—n) is strictly contactomorphic to

(BxU,ozN:: al(xdy—ydx)+ vl—xz—yzer),

Geometry & Topology, Volume 28 (2024)



Homological invariants of codimension 2 contact submanifolds 95

where B C R? denotes the open unit disk and (U, agy) denotes the unit cotangent bundle of (S"~1, k),
equipped with the contact form oy := Agq induced by the canonical Liouville form on 7*S"~1. A
contactomorphism is given by

(11-19) BxU—Yo—N, (x,y.q4,p)+ (x,y.q4,V1—x*>—y?p).
Observe that the size of the tubular neighborhood B x U depends on our choice of a > 0.
Our first task is to study the Reeb orbits of Ao which are in the complement of V. In particular, we wish
to show that they are nondegenerate for a generic choice of a, and moreover that their Conley—Zehnder
indices depend linearly on a. This is the content of Proposition 11.7 and Corollary 11.8 below.
Proposition 11.7 Let yy: R/Z — U be a Reeb orbit of ayy of period Py . Then:

(A) The map
(11-20) y1:R/Z —- BxU, t~(0,0,yy(t)),

is a Reeb orbit of a s of period P1 := Py .
(B) Given any rg € (0, 1) and integers m,n > 0 such that

aPy m
(11-21) _— =,
4xvV1—-r3 "
the map
(11-22) v2:R/Z — BxU, t+>(rocosQRQmmt),rgsin(Qumt),yy(nt)),

is a Reeb orbit of o of period

S L

nPy
Wi-n
Every Reeb orbit of o, is of the form (A) or (B) for some choice of yy, ro, m and n.
If ay is nondegenerate and a satisfies

(11-23) a'¢ | —S(au)

q€Q>o0
where S(ay) C R is the action spectrum of oy, then oy is nondegenerate. Moreover, given any
trivialization to of yJ; ker(ay ), there exist trivializations t; of y;* ker(anr) fori = 1,2 such that

(11-24) czH (y))=1+ 2LPﬂ J + CZIO()/U)
E . Pra o[ 1

If 7o extends to a disk spanning Yy, then t; extends to a disk spanning ;.

Geometry & Topology, Volume 28 (2024)



96 Laurent Coté and Frangois-Simon Fauteux-Chapleau

Proof The Reeb vector field of o, is given by

1 /
(11-26) Rasz(a(xay—yax)+2 l—xz—yzRU),

where Ry denotes the Reeb vector field of gy (recall that a > 0 is a constant fixed above). A simple
computation shows that y; and y, are Reeb orbits with periods as claimed, and that there are no other
orbits.

Note that the contact structure & = ker(ar) splits as

(11-27) & =(e1,er) Pker(ay),
where e; and e, are the vector fields on B x U defined by
y
(11-28) e1 =0y + ——————Ry,
a2 y?
(11-29) 02 =0y — al Ry.

ay/1—x%2—y2
In particular, given a trivialization 7o of y;; ker(ay ), we get trivializations 71 = (y{e1, y{ e2) ® 7o and
2 = (yye1.y;,e2) ® 7 of ' and y;&, where 7§ denotes the trivialization of (y;)* ker(ay) induced

by 1p.
We have
ay ax
11-30 L. R =_a %y 3 _ax
( ) e1 Koy x(z_xz_y2)€1+ x(Z—xz—y2)ez
a
Gy Bt 24 yhe),
ay ax
11-31 Lo Ry —o. % g _ax
( ) ex Ray y(2—x2_y2)e1 y(2—x2—y2)e2
a
- m(—@—xz + y?er +2xyes).

Moreover, for any vector field X on U such that X € ker(xy ), we have
2/ 1—x2—y2
2—x2—y?
Hence, if W;(t): &), (0) — &y, ) denotes the linearized Reeb flow along y; (viewed as a matrix via the

trivialization 7;) for i = 1,2, then W/ (1) = S; (1)¥; (¢) with

(11-32) LxRq, = LxRy.

aPy (0 —1
(11-33) Si1(6) =2 ® Py Sy (1),
2 1 0
_ 2mm ((—rZsin(4mwmt) =2+ rg cos(dmmi)
(11-34) $20) = 2-”3 (Z—I—rg cos(4mmt) rg sin(4wmt) ®nbySu (),

where Sy () is the matrix such that the linearized Reeb flow Wy : (§v)y,, (0) = (§U)yy (1) Of Ry along yy
satisfies Wy, (1) = Py Sy (1) ¥y ().
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It follows that CZ™ (y1) = CZ(y1) + CZ™ (yy) and CZ™ (y2) = CZ(2) + CZ™ (y{;), where 1 and V>
are paths of 2 x 2 matrices given by v; () = exp(P; (¢)) with

aPy (0 —1
(11-35) Pl(l)—IT (1 0),
P 2rm (—r2sin(dmms)  —2+r cos(4mms)
. — = 0 0
(11-36) (1) /0 2— i’g (2 + rg cos(4mms) rg sin(4wms) ) ds,
¢ g
_ 2nm2 4]Tm(cozs(47'[mt)—1) —2t2+ - sin(4mwmt)
2—-rp "y o __To —_
2t + - sin(4mwmt) 4nm(cos(47rmt) 1)

Note that P;(z) and P,(¢) are diagonalizable with eigenvalues £27iA1(¢) and £27iA,(¢), respectively,
where

P
(11-37) @) =129,
4
(11-38) Aat) = — \/4 22_ "o (1 —cos(4mmt))
- = m —_ — CoStamrm .
2 2—r} 82

It follows that ker(v; ()—Id) is either R? or 0, depending on whether A; (¢) is an integer or not. Assumption
(11-23) implies that A; (1) is not an integer and hence that ¥; (1) doesn’t have 1 as an eigenvalue, ie ¥; is
nondegenerate. This is clear for A1(1); to check this for A, (1), note that it follows from (11-21) that

(11-39) Az(1) = 2 = 2,2p2 = 477)2m?2 242p2°
_ro 1+ n-a U ( JT) m=+n=a U
(4m)2m?

If this expression were integral, then the reciprocal would be rational; hence n2a2P(2] /(2m?3(47)?) would
be rational, contradicting Assumption (11-23).

Since —Jo P/(t) is positive-definite for all ¢, it follows from [33, Proposition 52] that
(11-40) CZ(Wi) =14+2#{t €(0,1) | A;(t) € Z}.

Since A; is strictly increasing with A; (0) = 0 and A; (1) ¢ Z, the right-hand side is equal to 1 + 2| A; (1)].
Thus

a Py aPq
(11-41) CZ(y1)=1+2 =142 —|,
4 4
2m aPz
11-42 (074 =142 =142 ————|,
= V) Lz—rgj Lr(z—r&)ZJ
as desired. O
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Corollary 11.8 Suppose that y is a closed Reeb orbits of (Yy, & = ker Ag) which is contained in the
complement of N C Yy. Then

(11-43) CZ*(y) > L‘;—’OJ

where 7 is a trivialization which extends to a spanning disk and p > 0 is as on page 92.

Proof It is well-known that the Reeb orbits on U correspond bijectively to geodesics on (S*~!, h);
with our normalization, the action of a closed Reeb orbit equals twice the length of the corresponding
unit-speed geodesic; see eg [29, Section 1.5]. Moreover, according to [24, Proposition 1.7.3], given a
Reeb orbit ¥ which corresponds to a geodesic y, we have

(11-44) mm (y) = CZ*(¥).

where pps is the Morse index of the geodesic and 7 extends to a spanning disk; see Remark 11.9. Since
the Morse index of a geodesic is nonnegative by definition, the corollary follows from Proposition 11.7. O

Remark 11.9 The trivialization considered in [24, Proposition 1.7.3] is in fact constructed as follows.
Choose a spanning disk 7: D2 — U C T*S"~! for  and let v := 7 o ¥, where 7: T*S"*~1 — §7~1
is the projection. Let {o!,...,0" !} be a trivialization of v*7S"~!. For points 7: X > x, let
Oxx: 7~ 1(x) = Tz(7r~1(x)) be the canonical identification. Now define 51’; = Qu(p):5(p)0p for p € D2,
Then {G!,...,5""!} defines a Lagrangian subbundle of the symplectic vector bundle (7*(£),d o).
Hence it induces a unique trivialization of v*&, which restricts on the boundary to a trivialization of y*£.

We now turn to the Reeb dynamics near N. Recall from page 94 that N is contained in (Yo — V, A9),
which is strictly contactomorphic to (S x D*S"~! ay), where ay = (1/a)(1 — || p||?) d0 + Agq.

Lemma 11.10 Let ¢ = (q1,...,gn—1) be Riemannian normal coordinates in some open set U C
(S™ 1, h) and let p = (p1,. .., pn) be the dual coordinates. The Reeb vector field of oy is given by

1 g .
11-45 Ry, = ———adg+2) h"pidg, — i pjorh' o )
( ) ay e ( 0 Z Pidg; Z PiPj ok Dk
i,J i,j:k
on S' x D*U. (Here we follow the convention of using superscripts (h/) = (h; j)_l to denote the

coefficients of the metric induced by 4 on T*S"~1))

Proof A direct computation using the formulas

1 .
(11-46) (xV=E(1—Zpipjhl])d9+Zpi dqi,
L] 1
2 i i 1 i i
(11-47) dOtV = _E Zh”pi dpj Adf — E Z p,'pjakhlj qu AndO -+ dei /\dq,'
i,j i,],k i
shows that ay (Ry,, ) = 1 and day (Ry, . —) = 0. |
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Lemma 11.11 Consider the map : Yo — V — S! given by 7(s,0,q, p) = 6. Then the pair (V, )
defines an open book decomposition of Y. Moreover, Ag is a Giroux form for the contact structure
50 = ker )ko.

Proof It is clear that (V, ) defines an open book decomposition of Y. To verify that A¢ is a Giroux
form, observe by Lemma 11.10 that the Reeb vector field is transverse to the pages of 7. The claim then
follows by combining Definition 3.11 and Remark 3.12. |

By Lemma 11.10, the map yo: R/Z — S! x D*U{ given by the formula yo(¢) = (27t,0,0) defines a
simple Reeb orbit in Yy. Let y(])‘ denote its k—fold cover. There is an obvious trivialization 7o of & |y(/)(
given by

(11-48) 70 ={0p;,---.0p,_1+0gys---s0g,_,}-
Let t be the trivialization of & |y(;; defined as
(11-49) v ={sin(2wkt)dg4, +cos(2mkt)dp,,0p,,...0p,,cos(2wkt)dy, —sin(2wkt)0p,,dg,, ..., 0q,}

Observe that 7 extends to a disk spanning yg in Y.

Lemma 11.12 With respect to the trivialization ty, the linearized Reeb flow along y(])‘ is given by the
matrix

10
(11-50) (2t 1),

where each entry of this matrix should be viewed as an (n—1) x (n—1) diagonal matrix.

Proof Note that 7y can be extended to a trivialization Ty of ker(ay’) over S! x D*U, where

api apn—1

(11-51) To=10p,1.. 0y 0g — — g, g, — — LGt
pr S S T v T T p|2

Using the formula for Ry, given in Lemma 11.10, one can easily compute
(11-52) Ly, Ray |p=0,g=0 = 20g; .
(11-53) La4,~@pi/ (1-1p12)) 9 Ry [p=0.4=0 = 0.

Hence, the matrix A(¢) representing the linearized Reeb flow Sy(;)c o~ Eyg () With respect to the trivial-
ization 7¢ is given by

avsh so=eos(22) = (1Y)

where each entry should be interpreted as a multiple of the (n—1) x (n—1) identity matrix. O
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Corollary 11.13 The Robbin—Salamon index satisfies

(11-55) s (v5) = 3(n—1).
Hence,
(11-56) JRs(V6) = 31— 1) + 2k

Proof The first computation follows from [33, Proposition 54]; there is a sign change due to the fact that
the matrix we are considering is the transpose of that considered in [33, Proposition 54], but the proof is
entirely analogous. The second computation follows from the fact (see the proof of Lemma 57 in [33])
that the Robbin—Salamon index satisfies the so-called “loop property”, ie given a path of symplectic
matrices ¢: [0, 1] = Sp(2n, R) with ¢(0) = ¢ (1) = id, and given a path v : [0, 1] — Sp(2n, R), we have

(11-57) urs(@V) = purs(¥) + 21 (e),

where ¢ is the Maslov index of the path. O

By Lemma 11.10, " = {|| p|| =0} is preserved by the Reeb flow and is foliated by Reeb orbits in a
Morse—Bott family.

Given € > 0 which will be fixed later, let Ue = {|| p|| < €} N Y. This is a neighborhood of A, which
we identify with S x D*S"~! via the contactomorphism defined on page 94. Let f: U — R be the
function corresponding under this identification to

(11-58) S'xDIS" ' >R, (0.q.p) p(lpIg(q).
where g is a perfect Morse function on $”~1 and p: R — [0, 1] is a smooth bump function with p(x) = 1

for x near 0 and p(x) = 0 for x > ¢/2; cf [6, Section 2.2].

Lemma 11.14 Fix P > 0. If € is small enough, all closed Reeb orbits of (Yo, Ag) which are contained
in U, — N have action at least P. m]

We now consider a perturbed contact form Ag := (1 + §f)A¢. Since f is compactly supported in U, the
form Ag can be viewed as a contact form both on I/ and on Yj.

Lemma 11.15 Fix P > 0. If € and § are small enough, then there are exactly two simple Reeb orbits
in Ue with action < P. We label them y, and yp, and they correspond respectively to the minimum and
maximum of f.

Proof Combine Lemma 11.14 with the argument of [6, Lemma 2.3]. O
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Lemma 11.16 Let P > 0 be as in Lemma 11.15. After possibly further shrinking € and §, we may
assume that any Reeb orbit of (Y, Ag) contained in U and having Conley—Zehnder index (measured
with respect to a trivialization which extends to a spanning disk) less than P /a is a multiple of y, or yp.
In addition, we have

(11-59) CZ(v4) = uks(r6) — 5(n — 1) +inda (8f) = 2k,
(11-60) CZ*(yF) = uis (&) — L(n — 1) +indp (8f) = (n — 1) + 2k.
Proof First of all, observe by Lemma 11.10 that the boundary of U/ is preserved by the Reeb flow of Ag.

It follows that the Reeb flow of A¢ has “bounded return time”, in the terminology of [6, Definition 2.5].

Next, it follows from (11-56) that the Robbin—Salamon index of any Reeb orbit y contained in the
Morse-Bott submanifold N' = {|| p||=0} C Yy satisfies

(11-61) prs(Y) = 2(n — 1) +2wind(y) = 2(n — 1) + 2Ty a,

where Py is the length of y. It follows that these orbits satisfy “index positivity” (with constant 2/a), in
the terminology of [6, Definition 2.6].

The first claim now follows from [6, Lemma 2.7]. The index computations follow by combining (11-56)
with [6, Lemma 2.4]. O

We now put together the above results. For any integer N > 0, let us define

(11-62) YN ={keZ|0<k <N,k even},
and let
(11-63) ¥% =tkeZ|k<Nk=n—1+2jfor j >1}.

Proposition* 11.17 Given any N > 0, there exists A > 0 such that

(11-64) CHIEJ_Z(,?_3)(Y0, £, Vi) = a‘l/k_(n_@(Yo, £0,V5v)
; 1 2
QeQ ifkeXy Ny,
=1Q ifke Ty USE — (S NZ3).
0 ifk ¢ £) UX% and k < N,

whenever a > A. (Recall from (11-13) that v depends on @ > 0 and hence on N > 0.)

Proof According to Corollary 11.8, we may fix A > 0 large enough so that all Reeb orbits for (Yo, Ag)
in the complement of N' C Yj have index at least N. We now choose € and § small enough so that the
conclusions of Lemma 11.16 hold with P = N. Since fg is compactly supported in U, we find that the
only Reeb orbits of (Yp, Ag) having index less than N are multiples of y, and yp.
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According to (11-59) and (11-60), it is now enough to check that the differential vanishes on the set
QN = {vi. v," | CZ7(rg*) < N.CZ" (") < N}.

To see this, observe that for y € Q2 we have

(11-65) CZ*(y) =2wind(y) mod (n—1).

Suppose that there exists a homotopy class B of curves of index 1 with V x B = 0. Then the linking
number of the positive puncture equals the sum of the linking numbers of the negative punctures. Hence,
by (11-65), the index of the positive puncture equals the sum of the indices of the negative punctures

mod (n—1). Since § has index 1, this means that 1 =0 mod (n—1). This is a contradiction since n > 2. O

Corollary* 11.18 Let N > 0 be as in Proposition* 11.17. Then for all integers k < N we have

(11-66) CH® (3 (Yo.50.Viv) = CHi—(n—3)(Yo. §0. V),

where the right-hand side was computed in Proposition* 11.17. |

We now turn out attention to computing certain Legendrian invariants. Let A C (Yy, &) be defined
as above; see (11-12). Recall that the relative symplectic filling (Wo, Ao, H) gives an augmentation
Eoi .A(Y(), E(), V; t) — Q

It follows from Corollary* 10.14 and Lemma 11.6 that L5 (Y, €0, V, A;v) is a (ZxZ)-bigraded algebra
with differential of bidegree (—1, 0), and that If.,.(Eg (Y, &€, V;v))is a (ZxZ)-bigraded Q-vector space.

We now have the following computation.

Proposition* 11.19 Given a positive integer N > 1, let
(11-67) D L2 (Yo, 0, V. Asv) C L (Yo, b0, V. A1)
J=N
be the bigraded submodule of elements of winding number at most N. Then this submodule can be

generated by products of total winding number < N of Reeb chords {ay }ren, and {by}ren, , where
lag| = 2k — 1 and |by| = n —2 + 2k. (Note that we do not say anything about the differential.)

Proof Since (Yo —V, Ag) is strictly contactomorphic to (S x D*S"~1 ay), we have that (Yo — V, Ag)
is strictly contactomorphic to (S x D*S" 1 as:=(1 +§f)ay).

Recall that f depends on a positive real parameter € > 0, which can be taken to be arbitrarily small.
Moreover, the restriction of f to the Legendrian A = {0} x §”~! is equal to g, a Morse function with
exactly two critical points: one minimum a and one maximum b.
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Let ¢ denote either a or b. As in Lemma 11.16, we let y. denote the simple Reeb chord (which is also
a Reeb orbit) passing through ¢, and let ycl,‘ denote its k—fold cover. Observe first of all that all Reeb
chords for A are contained in U/ — this follows from the fact that f is compactly supported in U; see
page 100. Hence, as in Lemma 11.14, if we assume that € > 0 is small enough, then there exists P > 0
large enough so that all Reeb chords of action greater than P have winding number greater than N. By a
routine adaptation of Lemma 11.15 (or rather the proof of [6, Lemma 2.3]), one concludes that the only
Reeb chords of winding number less than or equal to N are the )/ZZc and yllf .

We can assume without loss of generality that there are normal coordinates ¢ = (¢1,...,¢gn—1) defined
in a neighborhood U, C A of ¢ in which g is given by

(11-68) g=g()+e) df,
i=1

where € = 1 if ¢ = a, and € = —1 if ¢ = b. The Reeb vector field of oy is given by

1 2¢6 2pi ”
11-6 Rys = R ~ h’
A Ry = e e 2 s S o

on S' x D*U, for || p|| sufficiently small, ie satisfying p(|| p||) = 1. We will now show that for every
k > 1, the indices of yéc and )/,ﬁc as Reeb chords are given by

(11-70) CZt(y¥y=2k and CZT(f)=2k+n-1
Hence, setting a; = )/,ftc and by = Vb’ we have
lag| =CZV (ag)—1 =2k —1,

|br| =CZ  (bg)—1=2k +n—2,
as desired.

To compute CZ+ ()/Ck ), we start by computing the linearized Reeb flow along yclf with respect to the
trivialization top; see (11-48). We proceed as in Lemma 11.12: we have

2

(11-71) Loy Rasl p=0.4=0 = T3 50 0
2
1-72) Loy —api/ =191 30 Res| p—0.0—0 = € T 5002 O

Hence, the matrix A(¢) representing the linearized Reeb flow & vk @) = §y§ @ with respect to the trivial-
ization t¢ satisfies A’(t) = SA(t) with
. 26
(11-73) S = (1+38g(c))?
1+68g(c)

where each entry should be interpreted as a multiple of the (n—1) x (n—1) identity matrix.
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Setting ;1 = 28/(1 4+ 8g(c))? and v = 2/(1 4+ 8g(c)) for ease of notation, it follows that
cosh(t../pv) v/ /v sinh(z . /;v) el
v/ v/ sinh(t  /pv) cosh(z../itv) -

cos(t/mwv)  —p/vsin(t/av) ife=—1
v/psin(t /uv)  cos(t Jiv) -

(Note that p, v > 0 if § is sufficiently small.)

(11-74) A(t) =exp(tS) = (

Let L(t) C Sytzg (1) be the path of Lagrangian subspaces obtained by applying the linearized Reeb flow to
the tangent space T, A C &, and let L(t) be the loop obtained by closing up L(#) by a positive rotation.

( O_ )
jn 1
in the trivialization 70, L(Z) is represented by

A1) (Ino_l) :

In the two-dimensional case (ie # — 1 = 1), one can easily deduce (eg using the standard properties of the
Maslov index stated in [52, Theorem 2.3.7]) that

Since T, A is represented by

~ 0 ife=1,
(11-75) po@ay =17 "¢
1 ife=-1.

In general, L(¢) splits as a direct sum of n — 1 copies of the two-dimensional case, so the additivity
property of the Maslov index [52, Theorem 2.3.7] implies that

ife=1,
-1 ife=-1.
According to Definition 10.3 and the definition of the Maslov index [52, Theorem 2.3.7], we have
cz* ()/5c )= MI(A'ZC_IK) =ut (L(t)), where 7 is a trivialization of the contact structure along )/f which

(11-76) 1o (L(t)) = {2

extends to a spanning disk. For example, we can take 7 to be the trivialization defined in equation (11-49).
The difference u* (L (1)) —u™ (L(7)) is equal to twice the Maslov index of the loop of symplectic matrices
relating 7 and 7o, ie

i T Tl T _ cos(2mkt) —sin(2mkt)\

(11-77) wAL@) = p (L) = 2 (sin(2nkl) cos@rkr)) = 2

It follows that

(11-78) CZt(yFy=2k and CZT(yf)=2k+n-1,

as desired. O

It will be useful to record the following consequence of the above computation.
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Corollary* 11.20 Suppose thatn > 4 is even. Then we have

(11-79) tk HCop 2(L% (Yo, £0, V, A1) = 1.

Proof Indeed, note that the generators described in Proposition* 11.19 satisfy link(ay) = link(bg) = k.
It thus follows that

(11-80) CCan—1.2(L¢(Yo.80. V1)) = CCany1,2(L (Yo, €0, Viv)) = 0.

On the other hand, C_CZn,z(Ze(Yo, &0, V;v)) is generated by the word b1 b . |

12 Applications to contact topology

12.1 Contact and Legendrian embeddings

We begin by introducing some standard definitions in the theory of contact and Legendrian embeddings.

Definition 12.1 Given a smooth manifold Y 2", a formal contact structure (or almost-contact structure)
is the data of a pair (1, @), where n C T'Y is a codimension 1 distribution and w € Q2(Y) is a 2—form
whose restriction to 7 is nondegenerate. A formal contact structure is said to be genuine if it is induced
by a contact structure.

If Y271 is orientable, then a formal contact structure is the same thing as a lift of the classifying map

Y - BSO(2n + 1)toamap Y — B(U(n) xid) = BU(n).

Definition 12.2 (see Definition 2.2 in [10]) Let (Y"1 ,& = kera) be a contact manifold. Given a
formal contact manifold (Vzm_l, n, ) where 1 <m <n — 1, a formal (iso)contact embedding is a pair
(f, Fs) where

e Fj is a fiberwise injective bundle map TV — T'Y defined for s € [0, 1],
e f:V —Y isasmooth map and df = Fyp, and

e F] defines a fiberwise conformally symplectic map (n, w) — (€, d).
Observe that the above properties are independent of the choice of contact form «.
Two formal contact embeddings ig,i1: (V, ¢, w) — (Y, &) are said to be formally isotopic if they can be
connected by a family {it};¢[o,1] of formal contact embeddings.

A (genuine) contact embedding (V, ) — (Y, £) is simply a smooth embedding ¢: V' — Y such that
¢x(8) = &4 (v)- In particular, every contact embedding induces a formal contact embedding by taking
Fs = Fy=df.
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Definition 12.3 (see Definition 2.1 in [10]) Let (Y2"~! &) be a contact manifold. Given a smooth
n—dimensional manifold A, a formal Legendrian embedding is a pair ( f, F) where

e Fj is a fiberwise injective bundle map TV — T'Y defined for s € [0, 1],
e df =Fp,and
e im(Fy) CE.

Two formal Legendrian embeddings are said to be formally isotopic if they can be connected by a family
of Legendrian embeddings. A (genuine) Legendrian embedding A — (¥, &) is a smooth embedding
¢: A — Y such that d¢p(TA) C £ C TY. In particular, a Legendrian embedding canonically induces a
formal Legendrian embedding.

We now review some foundational facts about loose Legendrians. Recall that a Legendrian A in a (possibly
noncompact) contact manifold (Y, &) of dimension at least five is defined to be loose if it admits a loose
chart. For concreteness, we adopt as our definition of a loose chart the one given in [16, Section 7.7].

Loose Legendrians satisfy the following h-principle due to Murphy [55, Theorem 1.2]: given a pair
of loose Legendrian embeddings fy, f1: A — (Y, &) which are formally isotopic, then fy and f; are
genuinely isotopic, ie isotopic through Legendrian embeddings.

Given an arbitrary Legendrian submanifold A in a contact manifold (Yo, o) of dimension at least five,
one can perform a local modification, called stabilization, which makes A¢ loose without changing the
formal isotopy class of the tautological embedding Ag RN Ap. This modification can be realized in
multiple essentially equivalent ways. In this paper, we will take as our definition of stabilization any
construction which satisfies the properties stated in the following lemma.

Lemma 12.4 Given a Legendrian submanifold A C (Yy, &) and an open set U C Y such that U N Ay
is nonempty, there exists a Lagrangian embedding fi: Ao — Y which is formally isotopic to the
tautological embedding A d, Ao via a family of formal Legendrian embeddings {( 7, F})}:e[0,1]
which are independent of t on Ag N (Y —U). We put A := f1(Ao) and say that A is the stabilization
of A inside U.

Proof To construct A, we follow the procedure described in [16, Section 7.4]. As the reader may verify,
this construction can be assumed to happen entirely inside a suitably chosen Darboux chart &/ C U. In
addition, the construction depends on the choice of a function f'; using that ¥ has dimension at least
five, we may (and do) assume that y({ f > 1}) = 0. To construct the formal isotopy, we simply follow
the proof of [16, Proposition 7.23] (using the assumption that y({f > 1}) = 0). The argument there
is entirely local, so that the isotopy can be assumed to be fixed outside of ¢/ (and in particular, outside
of U). O
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12.2 Embeddings into overtwisted contact manifolds

We begin with the following proposition.

Proposition 12.5 Suppose that (Y, £) is an overtwisted contact manifold and let
(12-1) i:(V.5) > (¥.§)

be a formal contact embedding. Then there exists an open subset Q C Y such that Y — Q is overtwisted,
and a genuine contact embedding

(12-2) j:(V,o)—>QC(Y,§)

such that i and j are formally contact isotopic in (Y, £).

Proof We will assume for simplicity that V' is connected, but the proof can easily be generalized. Let
Do C (Y, €) be an overtwisted disk. Let f; be a family of formal contact embeddings such that fj is the
underlying smooth map induced by i, and Im( f1) N Doy = @. Let 2 C Y be a connected open subset
such that Im( f1) C Q C  C Y — Dy. According to [5, Proposition 3.8], we can assume by choosing £
large enough that (€2, &) is overtwisted.

For purely algebrotopological reasons, there exists a family &; of formal contact structures on Y with the
following properties:

* &0 =6§,
o £ is constant in the complement of Q, and

e £ is a genuine contact structure in a neighborhood V C Q2 of Im( f1), and f; is a genuine contact
embedding with respect to &;.

Since £ is genuine on V U (Y — Q), it follows from the relative h-principle for overtwisted contact
structures [5, Theorem 1.2] that &; is homotopic to a genuine overtwisted contact structure through a
homotopy fixed on V U (Y — Q). Thus we may as well assume in the third property above that &; is
genuine everywhere.

Since (€2, £) is overtwisted, it follows from [5, Theorem 1.2] that there exists a homotopy 5, of genuine
contact structures such that 50 =& =¢, 51 = &) and §t is independent of f on ¥ — Q.

By Gray’s theorem, there is an ambient isotopy ¥;: Y — Y which is fixed on ¥ —  and has the property
that ¥/ &, = & = &o. The composition v/ Lo £} is in the same class of formal contact embeddings as f7,
and gives the desired genuine embedding. a

We now describe a procedure for constructing pairs of codimension 2 contact embeddings in overtwisted
manifolds which are formally isotopic but fail to be isotopic as contact embeddings.
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Construction 12.6 Let (YOZ”_I, o) be a closed, overtwisted contact manifold and let (Y, B, ) be an
open book decomposition which supports &y. Let ip: (B, (§9)B) — (Yo, £o) be the tautological embedding
of the binding and let jo: (B, (§0)B) — (Yo, &0) be a contact embedding with overtwisted complement
which is formally isotopic to ig (the existence of such an embedding follows from Proposition 12.5). Let
Dot C Yo be an overtwisted disk which is disjoint from jo(B).

Choose an open subset U/ C Yy whose closure is disjoint from ig(B) U jo(B) U Dy, and such that iy
and jo are formally isotopic in the complement of Z/. Now let (Y, £) be obtained by attaching handles of
arbitrary index along isotropic submanifolds contained inside ¢/; see Construction 10.15. We let ()? , i)
denote the resulting Weinstein cobordism with positive end (Y, ) and negative end (Y, £).

Observe that (Y, ) is still overtwisted and that igp and jo can also be viewed as codimension 2 contact
embeddings into (Y, £). We denote these latter embeddings by i, j : (B, (§0)B) — (¥, £). By construction,
the embeddings i and j are formally isotopic.

Theorem 12.7 The embeddingsi and j which arise from Construction 12.6 are not genuinely isotopic. In
fact, i is not genuinely isotopic to any reparametrization of j in the source, meaning that the codimension 2
submanifolds (i (B).&;(p)). (j(B).&;(B)) are not contact isotopic.

Proof According to Corollary 8.8, the cobordism ()? , i) induces a map of unital Q—algebras
CH.(Y.£, B;x) > CH.(Yo. &, B; 1)

for any element v € R(Yy, &, B) =R(Y, £,B). Moreover, Theorem 11.3 implies that C"\PT.(YO, £0,B;t)#0
for appropriate v € SR(Y, &, B). It follows that Cf’il/.(Y, & B;r) #0.

If we assume that (i(B), &;(B)). (j(B).&;(B)) are isotopic as codimension 2 contact submanifolds, then
CH.(Y,£, B;v) =CH,(Y, £, j(B):v) for some datum v’ € R(Y, &, j(B)). On the other hand, observe that
(Y — j(B), &) is overtwisted by construction. Hence Theorem 11.1 implies &-I/.(Y, £,j(B);Y)=0. O

Example 12.8 By a well-known theorem of Giroux and Mohsen [29, Theorem 7.3.5], any contact
manifold (Y, £) admits an open book decomposition (Y, B, &) which supports £. Hence Construction 12.6
and Theorem 12.7 can be applied to any overtwisted contact manifold.

We also consider the following modification of Construction 12.6.

Construction 12.9 Let (Yoz”_l, o) be a closed, overtwisted contact manifold and let (Y, B, ) be an
open book decomposition which supports £y. Suppose that there exists a Legendrian submanifold A C Yy
such that B = t(A) is a contact pushoff of A. Let Dy C Yo be an overtwisted disk.

Let Uy C Yo — B — Dy be an open ball which intersects A. Let A’ C (Yo, £9) be obtained by stabiliz-
ing A inside U;; see Lemma 12.4. Let U/, be the union of U; with a tubular neighborhood of A. Let
V' = 1(A) C U, be a choice of contact pushoff for A’.
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Letio: (B, (§0)B) — (Yo, o) be the tautological embedding. By [10, Lemma 3.4], iy is formally isotopic
to some codimension 2 contact embedding jo: (B, (§9)B) — (Yo, &0), where jo(B) = B’. Choose such a
formal isotopy and let 7 C Yy be its trace.

Let U C Yy be an open set whose closure is disjoint from 7 Ul U Dy. As in Construction 12.6, let
(Y, ) be obtained by attaching handles of arbitrary index along some collection of isotropics inside U/.
Let ()? , ) denote the resulting Weinstein cobordism with positive end (Y, &) and negative end (Yp, £).

It follows from our choice of I/ that (Y, §) is overtwisted and that A, A’, V and V' can be viewed as
submanifolds of (Y, §). It also follows that A’ is the stabilization of A as submanifolds of (Y, ), and that
V (resp. V) is the contact pushoff of A (resp. A).

Corollary 12.10 The submanifolds (V, &y ) and (V', Ey/) are not isotopic through codimension 2 contact
submanifolds. Hence the Legendrian submanifolds A, A C (Y, ) are not isotopic through Legendrian
submanifolds.

Proof The proof of the first statement is identical to that of Theorem 12.7. The second statement follows
from the fact that V and V"’ are, respectively, the contact pushoff of A and A'. a

Example 12.11 Let (Y, £9) = obd(7T*S"~1, r~1), where t~! is a left-handed Dehn twist. Note by
[12, Theorem 1.1] that (Y, &) is overtwisted —in fact, (Y, £) is contactomorphic to (S2"~ 1 &). Let
P =T*S"~1 C Y, be a page of the open book and let A C (Yo, &) be the Legendrian which corresponds
to the zero section of P. Then the binding of the open book decomposition is also a contact pushoff of A.
We may therefore apply Construction 12.9 to this data.

Remark 12.12 Consider the special case of Constructions 12.6 and 12.9 where U/ is empty, ie one does
not attach any handles. In this case, Theorem 12.7 and Corollary 12.10 are essentially equivalent to the
statement that the binding of an open book decomposition is tight, ie must intersect any overtwisted
disk. This statement was proved in dimension 3 by Etnyre and Vela-Vick [28, Theorem 1.2]; the higher-
dimensional case follows from work of Klukas [45, Corollary 3], who proved (following an outline of
Wendl [67, Remark 4.1]) the stronger fact that a local filling obstruction (such as an overtwisted disk) in
a closed contact manifold must intersect the binding of any supporting open book.

12.3 Contact embeddings into the standard contact sphere

In this section, we exhibit examples of pairs of codimension 2 contact embeddings into tight contact
manifolds which are formally isotopic but are not isotopic through genuine contact embeddings. We
begin with the following construction.

Construction 12.13 Let (Y, 02”_1 , €0) be a contact manifold forn > 3. Let V C (Yo, &o) be a codimension 2
contact submanifold and let A C (Yp, &o) be a loose Legendrian such that ANV = &,
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Choose an open ball &/ C Yy such that (U/,U/ N A) is a loose chart for A. Next, choose an open ball
O CYo—V —U. (By definition of a loose chart, Z/ N A is a proper subset of A, so it is clear that such
choices exist.)

Let A’ be obtained by stabilizing A inside O. It follows from Lemma 12.4 that A and A’ are formally
isotopic via a formal isotopy fixed outside of O.

According to Lemma 12.14 below, we can (and do) fix a contactomorphism f : (Yo, o) — (Yo, &o) with
the following properties:

(1) f is isotopic to the identity,
(2) f(A)=A, and

(3) the tautological contact embedding ij: (V, (§0)y) — (Yo — A, o) is formally isotopic to the
embedding i| 1= foi): (V,(§)v) = (Yo— A, ). (We emphasize here that the formal isotopy
is contained in the open contact manifold (Yo — A, &).)

Finally, let (Y, £) be obtained by attaching a Weinstein n—handle along A’ C (Yo, &) as described in
Construction 10.15. We assume without loss of generality that the attaching region A’ C V disjoint from V'
and f(V), and that i} and i are formally isotopic in Yo — V. We let t: Yo —V < Y be the canonical
inclusion.

Let

(12-3) io=1toi}: (V,&y) — (¥, §)

be the tautological contact embedding and define

(12-4) i1:=to0iy: (V,y) — (Y, §).

It is an immediate consequence of (3) and our choice of V that i and i; are formally isotopic.

Lemma 12.14 With the notation of Construction 12.13, there exists a contactomorphism f : (Yo, &p) —
(Yo, &o) satisfying the properties (1)—(3) stated in Construction 12.13.

Proof Recall that / is disjoint from O. Recall also that (4,24 N A) is a loose chart for A, which means in
particular that ¢/ deformation retracts onto &/ N A. Using these two facts, it is not hard to verify that there
exists a family of formal contact embeddings j;: (V, (§0)v) — (Yo. &) for ¢ € [0, 1], with the following
properties:

e Jjo=1igs

e j:(V) is disjoint from O U A for all ¢ € [0, 1], and

e j1(V) is disjoint from &/ UO U A.
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By the h—principle for loose Legendrian embeddings [55, Theorem 1.2], there exists a global contact
isotopy ¢; for ¢ € [0, 1] such that ¢9 = Id and ¢ (A) = A’. By the Legendrian isotopy extension
theorem [29, Theorem 2.6.2], this isotopy can be assumed to be compactly supported and constant in a
neighborhood W of ji(V'), where W is disjoint from &/ U O U A.

Let f := ¢ and observe that f satisfies (1)—(2). Observe that f o j; defines a formal contact isotopy from
foil=i]to ji in the complement of A" = f(A). Since i is formally isotopic to j in the complement
of N C AUQ, we find that f satisfies (3). |

It will be useful to record the following basic observation, which is a consequence of the fact stated in
Definition 2.1 that an isotopy of contactomorphisms induces a Hamiltonian isotopy of symplectizations.

Lemma 12.15 (cf Definition 2.1) Let (X, 1) be a relative cobordism from (Y +,A%) to (Y, A7).
Given contactomorphisms f*: (Y *, A%) — (Y *, A*) which are contact isotopic to the identity, there is
a symplectomorphism F : ()?, X) — ()?, i) which agrees near infinity with the lifts fi: (SY®, Ay+) =
(SYE, Ays). o

Let us now return to the geometric setup considered in Section 11.3. In particular, we let
(12-5) (Wo, A9) := (szT*S"_l,érszJrkstd),
where a > 0 is a constant which will be fixed later; see (11-7).

We let (Wo, A%), (Yo, £9 =kerAg), V C Yo, A CYpand H = {0} x T*S"~! be defined as in Section 11.3.
Note that A is a loose Legendrian according to [11, Proposition 2.9].

Construction 12.13 applied to the above data produces a contactomorphism f: (Yo, &) — (Yo, &), a
Liouville domain (X, A) with positive contact boundary (Y, § = ker A1), and a pair of formally isotopic
contact embeddings ig,i1: (V, &y) — (Y, €).

Lett=(a, 7,a) € R(Yy, &, V), where « := (1¢) |y and the trivialization 7 is unique since H'(V;Z) = 0;
see Corollary 12.17. We let v = ((i{) 0, 7, a) € R(Yo, §o, V'), where i] is defined as in Construction 12.13
and 7 is again unique. Since the surgery resulting from Construction 12.13 is away from V and i{(V),
we may identify 3(Y, &, V) = R(Yo, &0, V) and R(Y, &,i1(V)) = R(Yo, &o, i{(V)).

As in Section 11.3, let ¢g: R x Yy — (WO, )Ako, H) be the canonical marking furnished by the Liouville

flow and let €y : ﬂ(Y 0, &0, V;t) = Q be the associated augmentation.

By Lemma 12.15, there is a symplectomorphism  : (V%, ia) — (WO, )Aka) which coincides near infinity
with the lift ]7 :SYy— SYy. Let H C Wy bea symplectic submanifold which is cylindrical at infinity and
coincides with the symplectization of f (V') =i{(V) on [0, c0) x Yy. Such a surface can be constructed
by taking the backwards Liouville flow of ¥ (H).

Let €,: A(Yo, £o. 1(V);v') — Q be the augmentation induced by the relative symplectic cobordism
((W07 A'(17 H/)’ EO)‘
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Observe that (Yo, £, V') € G and hence also (Yo, fx&o., f(V)) = (Yo.&0.i1(V)) € G; see Definition 3.13.
The following lemma shows that we also have (Y, &,i1(V)) € G.

Lemma 12.16 Up to contactomorphism, (Y, £) = ob(T*S" 1, 1g) = (§?"~1, £4), where ts denotes
a right-handed Dehn twist. Moreover, the first contactomorphism can be assumed to take i1 (V) to the
binding of the open book decomposition ob(T*S"*~ !, 1g).

Proof By construction, there is an open book decomposition of (Y, &) agreeing (up to contactomor-
phism) with ob(7*S”~1,id), such that i; (V) is the binding and A’ is the zero section of a page. Note
now that attaching a handle to the zero section of a page of (Yo, £9) = ob(T*S"~1,id) simply changes
the monodromy of the open book by a positive Dehn twist [46, Theorem 4.6]. Hence, i1 (V') is the binding
of ob(T*S"~ 1 15) = (82" 1 £gq). o

Corollary 12.17 The manifolds Yo, Wy, Y and W have vanishing first and second homology and
cohomology with Z—coefficients. Hence the same is also true for the pairs (Wy, Yo) and (W, Y). Finally,
we have HY\(V;Z) = 0.

Proof By construction, W is obtained by attaching a handle of index n to Wy. The union of the core and
co-core of this handle has codimension n. Hence, for i <n —2, we have H; (Wy:Z) = H; (W ;Z) and
H;(Yo:Z) = H; (Y ; Z). Now, W, is homotopy equivalent to S”~! by definition, while Y is homeomorphic
to 21 by Lemma 12.16. Since n > 4, it follows that Yy, Wy, Y and W have vanishing first and
second homology. The vanishing of cohomology in the same degrees follows by the universal coefficients
theorem for cohomology. The vanishing of H!(V;Z) was proved in Lemma 11.6. O

As a result of Corollary 12.17, Definition 8.12, Lemma 8.13 and Definition* 10.12, the invariants
considered in the proof of Theorem* 12.18 below, as well as the maps between these invariants, are all
canonically (ZxZ)-bigraded.

Theorem* 12.18 Forn > 4 even and a >> 0 large enough, the contact embeddings ig,i1: (V,&y) —
(Y. §) = (821, £4q) are not isotopic through contact embeddings.

Proof We suppose for contradiction that iy and iy are isotopic through contact embeddings. This means
that there exists a contactomorphism g: (Y, &,V) — (Y, £&,i1(V)). It follows by Lemma 12.16 that
(Y€, V) eg.

According to Corollary* 11.18 (and the description of the generators in Proposition* 11.17), we may
(and do) fix a > 0 large enough that
— 7 ifk=4,44m-1)
12-6 CH° Yo.£0.Viv) = ’ ’
( ) k_(”_3)’2( 0-5o0 ) 0 otherwise.

In particular, since n > 4, we have

(Yo, o, V:it) = CHS

17 €
(12-7) CH,) 2n+1—(n—3),2

2n—(n—3),2 (Yo.&0,V;v)=0.
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Since (Yo, &0, V) € G, it follows by Corollary* 9.14 that

(12:8) CHZ (Yo, £, Viv) = CHLL (Yo, Eo. i1 (V)i ).
Similarly, it follows by Definition/Assumption* 10.6 that

(12:9) E30(Yo, £0, V. Aiv) = EE8(Y. Eo. i (V). N3 t).

Lete: Rx Y — W be the canonical marking and consider the resulting relative filling (( W, A, H ),e). Let
gAY, &, V;t) — Q be the induced augmentation. Let ¢: (W, X, H)— (W, X, H) be a symplectomor-
phism which agrees with the lift of g near infinity. Let &: A(Y, £,i1(V); ") — Q be the augmentation
induced by ((W, A H' ), e). Then according to Lemma* 9.13 and Corollary* 9.14, we have

(12-10) CHS(Y.£. Vi) = CHE(Y.5.01(V):Y).

It then follows by Lemma* 12.19 that 67-1/2%;1_(”_3) ,(Y,€,V;r) # 0. Hence Lemma* 12.20 implies that
(12-11) CHyo_(s_3)2(Yo. 60, V;¥) #0.

This contradicts (12-7). O

Lemma®* 12.19 We have

(12-12) CHS,_ (132 (YV.E.1(V):¥) #0.

Proof On the one hand, Corollary* 11.20 and (12-9) imply that
(12-13) tk HCp 2(L%0 (Yo, £0,i1(V), N;t)) = 1.
On the other hand, by (12-7) and (12-8), we have that

(12-14) CH0

o200, (Vi) = CHyR () (Yo, Eo, 11(V):¥) = 0.

It then follows by Theorem/Assumption* 10.16 and Remark 10.18 that

(12-15) CHS,\_ 132V £ (V):¥) = HCon 2 (L% (Yo, £0.i1(V), N3 7).

This proves the claim. |
Lemma* 12.20 The natural map

(12-16) CHyy o3y (Y. EViv) = CHyY (o (Yo, 60, Vi)

is injective.

Proof Since A’ is loose in Yo — V, it follows by Proposition* 11.2 and Lemma 9.6 that

(12-17) HCoy (L% (Yo, §o. V. A'31)) = 0

for all k € Z. The lemma thus follows from Theorem/Assumption* 10.16 and Remark 10.18. |
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Remark 12.21 One can slightly tweak Construction 12.13 so that A and A’ are disjoint and A U A’ is a
loose Legendrian link. One can then upgrade Lemma 12.14 to require that f(A) = A’ and f(A) = A
in (2) of Construction 12.13. In particular, this means that A’ is a stabilization of A, and A is a stabilization
of A.

Let us apply this tweaked construction to the setup considered in Construction 12.13, where (Yo, &) =
ob(T*S"1,id) forn > 4, V C (Yo, &) is the binding and A C (Yp, o) is the zero section of a page. It is
well known that the zero section of a page in ob(7*S”~!,id) is the standard Legendrian unknot. Hence
Lemma 12.16 implies that i1 (V) is the pushoff of the standard unknot. By construction, it now also
follows that ig(1/) is the contact pushoff of a stabilization of the unknot. Theorem* 12.18 thus provides
an alternative way to distinguish (for n > 4 even) the basic example considered by Casals and Etnyre in
[10, Section 5].

12.4 Relative symplectic and Lagrangian cobordisms

In this final section, we exhibit some constraints on relative symplectic and Lagrangian cobordisms. In
particular, we prove the results which were advertised in Section 1.5 of the introduction.

Proof of Theorem 1.9 Suppose for contradiction that such a relative symplectic cobordism exists.
According to Theorem 11.3, we have 6’7—1/.(Y, £, V;t) #£0 for some v = (o, 7,7) € R(Y, &, V), which we
now view as fixed. According to Theorem 11.1, we also have CH, (Y, &, V/;v/) =0forallt’ = (o, 7/, r') €
R(Y,&,V'). Choose t" depending on our previous choice of t so that r’ > eg((H’AH)g/)r. Then
Corollary 8.8 along with our topological assumptions on H furnishes a unital QQ—algebra map

(12-18) CH.(Y.£,V';¥) > CH.(Y,£,V;v).
This gives the desired contradiction. |
In contrast to Theorem 1.9, we expect that one could prove that V' is concordant to V' by adapting work

of Eliashberg and Murphy [26], but we do not pursue this here. Note that we could also have proved
Theorem 1.9 using the full invariant CH,(—; —) instead of its reduced counterpart.

For Lagrangian cobordisms, we have the following result.
Proposition 12.22 Let (Y,&) be a contact manifold. Let A and A’ be Legendrian knots such that

HY(t(N);Z) = H?*(t(N); Z) = 0. Suppose that (SY, Ay, L) is a Lagrangian concordance from A to A.
Givent = («, t,1r) € R(Y, &, t(A)), there is a map of Q—algebras

(12-19) CH.(Y.£,T(N):v) — CH.(Y, £, t(A):v)

for some v = (¢/, 7/, r") € R, &, t(A)). (A similar statement holds for the nonreduced invariants
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Proof Observe that the trivial Lagrangian cobordism L = R x A C R x Y admits a “symplectic push-off”
(L) :=R x 7(A) C R x Y. It follows by the Lagrangian neighborhood theorem that any Lagrangian
concordance (SY, Ay, L) also admits a symplectic push-off (SY, Ay, H), which is a relative symplectic
cobordism from (Y, &, t(A')) to (Y, &, T(A)). Fix o arbitrarily and choose ' so that r’ > EWH A )
(note that ¢’ is unique since H!(7(A’); Z) = 0). The claim now follows from Corollary 8.8. |

Proof of Theorem 1.10 Suppose for contradiction that A’ is concordant to A. As in the proof of
Corollary 12.10, we have

(12-20) CH.(Y,£,T(A);v) #0

for a suitable choice t € SR(Y, &, t(A)). On the other hand, we have &-I/.(Y, £,7(N);t") = 0 for all
v € R(Y, &, t(AN)). This gives a contradiction in view of Proposition 12.22. |

We end by exhibiting examples of Lagrangian cobordisms which cannot be displaced from a codimension 2
symplectic submanifold.

Construction 12.23 Let (Y, £9) = obd(T*S"~1,id) for n > 3. Let V C (Yo, &) be the binding and let
A C (Yo, &0) be the zero section of a page, which is a loose Legendrian by [11, Proposition 2.9]. Let
Uy C Yo —V be a small ball which intersects A in an (n—1)-ball and let A’ be obtained by stabilizing A
inside ;.

Let Uy, C Yo — (V U A UU;) be an open subdomain. Let (Y, &) be obtained by attaching a sequence
of handles along isotropics contained in U,. Observe that V', A and A’ can be viewed as submanifolds
of both Yy and Y; we will not distinguish these embeddings in our notation. We let ()? , 1\ 17) be the
associated relative symplectic cobordism from (Y, &, V') to (Yo, &0, V).

Proof of Theorem* 1.12 We can identify R(Yy, &0, V) = R(Y, &, V). According to Theorem* 11.5,
L(Yy, &, V, A;t) # 0 for suitable v € R(Yy, £, V). In contrast, L(Y, &, V, A’; t) = 0 by Proposition* 11.2,
since A’ is loose in Y — V' by construction. By Proposition* 10.7, the existence of a concordance from A’
to A which doesn’t intersect ¥ would imply that there is a unital map of Q[U |-algebras

(12-21) LY. E V. Niv) — LYo, €0, V. Az ).
This gives a contradiction. |

We remark that Construction 12.23 could be generalized in various directions without affecting the validity
of Theorem* 1.12, but we do not pursue this here.
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Appendix Connected sums of almost-contact manifolds

Let G be a connected® subgroup of SO(n). An almost G—structure on a smooth oriented manifold M is
a homotopy class of maps M — BG lifting the classifying map of the tangent bundle of M :

BG

]

An almost G—manifold is a manifold equipped with an almost G—structure.

Example A.1 Taking G = U(n) C SO(2n) yields the usual notion of an almost complex manifold.
Almost-contact manifolds correspond to G = U(n) C SO(2n + 1).

If the n—dimensional sphere S” admits an almost G—structure, a result of Kahn [43, Theorem 2] implies
that for any two n—dimensional almost G-manifolds M and N, there exists an almost G—structure on
M # N which is compatible with the given ones on M and N in the complement of the disks used to
form the connected sum. In general, this structure is not unique, so the connected sum M # N is not
well-defined as an almost G—manifold. However, we will show in Section A.1 that a choice of almost
G—structure § on S” induces a canonical almost G-structure on the connected sum of any two almost
G-manifolds. Hence, any such B gives rise to a connected sum operation (M, N) — M #g N for almost
G-manifolds. Moreover, the set of almost G—structures on S” forms a group under this operation (with
identity f). In Section A.2, we will show that this group acts on the set of almost G—structures of any
n—dimensional almost G—manifold.

A.1 Connected sums of almost G-manifolds

Let S™ be the unit sphere in R* 1, equipped with its standard orientation as the boundary of the unit
disk D1, We will write its points as pairs (x, z) € R” x R. Define

D_={(x.)es"|z<}}. Di={(x.2)eS"|z>-3}. A=D_NDy. Ci=Dy\A.

Note that D_ and D4 are open disks, C— and C4 are closed disks, A4 is an open annulus, and S” =
D_UDy=C_UAUC.

Let M and N be smooth connected oriented n—dimensional manifolds. Choose orientation-preserving
embeddings iy: Dy — M and i_: D_ — N. We define the connected sum M # N = M #;,_;_ N by

M#N =(M\it(Cy)UN\i (C))/~.
where i (x) ~i_(x) for every x € A.

9This assumption is used in the proof of Proposition A.6.
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We will now explain how to construct a classifying map for the tangent bundle of M # N. The following
elementary fact from topology will be useful.

Proposition A.2 Leti: A — X be a cofibration. Assume A is contractible. Then for any connected
space Y and continuous maps F: X — Y and f: A — Y, there exists amap F’: X — Y homotopic to F
such that F' oi = f.

Let ts5: S" — BSO(n) be a classifying map for 7S". Let 7ps and ty be classifying maps for TM and
TN such that tpg oiy = TS|5+ and Ty oi— = tg|5  (such maps always exist by Proposition A.2).
Define tp74n to be the unique map M # N — BSO(n) which coincides with 37 on M \ i+ (C4) and
with Ty on N \ i_(C-).

Proposition A.3 The map tps4n is a classifying map for T(M # N).
We start with an easy topological lemma.

Lemma A.4 Let E be an oriented vector bundle over a manifold M™ and let i: D" — M" be an
embedding. Then any automorphism of i * E can be extended to an automorphism of E.

Proof Let ¢ be an automorphism of i*E. Since D" is contractible, we can trivialize i * E and think
of ¢ as a map D" — GL*(n). Clearly ¢|sp~ is nullhomotopic, and since GL™ (1) is connected, we
can extend ¢ to a map é: D} — GL™ (n) which is constant with value Id € GL™ (1) near dDZ. Using a
tubular neighborhood of i (dD™) C M, we can also extend i to an embedding 7 : D} — M". Then é gives
us an automorphism of 7*E which is equal to the identity over a neighborhood of dD C D7 and hence
extends trivially to an automorphism of E. |

Proof of Proposition A.3 Let ¥, — BSO(n) be the universal bundle over BSO(n). We want to show
that the tangent bundle 7'(M # N) of the connected sum is isomorphic to ‘17;(4# N Vn.

T(M # N) is obtained by gluing T(M \ i+(C4)) and T(N \ i—(C-)) along the maps diy: TA —
T(M\iy(Cy))anddi_:TA — T(N \i_(C-)). Because of our assumption that 137 oi4 = g |5+ and
Ty oi— = 15| _, we have that Ty, is obtained by gluing (zas |p\i ()" Vn and (Tn [ N\i_(c_))*Vn
along bundle maps (ts]4)*Vn — (tM|m\ip(cy))* Vn and (ts]4)*Vn — (tn|N\i_(Cc_))*Vn covering
it:A—> M\it(Cy)andi—: A— N \i_(C-), respectively. Hence, in order to show that T(M # N) is
isomorphic to 7y, ¥n, it suffices to construct a commutative diagram

TM\it+(Cy)) - (tm|m\iy(c) Pn

] i

TA —---mmmmmmo e > (ts14)*Vn
N |
T(N\i-(C-)) ----- > (N Ini_(c ) Vn

where the horizontal arrows are bundle isomorphisms.
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Start by fixing an isomorphism ¢: 7'S" — 75 ¥y, and let the middle arrow of the diagram be the restriction
of ¢ to TA. To get the top and bottom arrows, it suffices to find bundle isomorphisms completing the
following commutative squares:

TM ------ > Ty TD- —* (sl )"
ol T el
= ¢ ~ ~
TDy — (TS|5+)*)/n TN ————---3 > T Tn
This is possible by Lemma A 4. a

We are now ready to define the connected sum of two almost G—manifolds.

Definition A.5 Suppose that S” admits an almost G—structure, and fix a choice B of one such structure.
Let Bpr and By be almost G—structures on M and N respectively. We define an almost G—structure
Bm #g Bn on M #N as follows.

Pick maps 7s: S" — BG, Tyr: M — BG and Ty : N — BG representing 8, s and By, respectively.
By Proposition A.2, we can assume that Tys oi4 = Tg| D, and Ty oi— = Tg|5 . Hence, there is a unique
map

TMsN =M #z, IN: M #N — BG
which coincides with Tpy on M \i4 (C4+) and with Ty on N \i_(C_). By Proposition A.3, the composition
M#NM BG — BSO(n)
is a classifying map for T(M # N). Hence, we can (and do) define B3 #g B to be the homotopy class

of ?M#N~

Proposition A.6 The almost G—structure By #g B is well-defined, ie independent of the choice of Tg,
TL:M and ?N-

Proof Let 'fé, ?1{4 and ?]J\, represent B, ,3 M and S N, respectively, where j € {0, 1}. As in Definition A.5,
N~ N = o —=_
we assume that Ty, 0i4 = ‘ES|D+ and Ty oi_ =Tg|p5 .

Fix a homotopy 7§ between ?g and ?é. We will show that there exist homotopies 7}, and 74 such that
Ty oiy =Tg| p, and T oi_ =Tg| . This implies that Ty, is homotopic to T}, and hence that
Bm #p BN is well-defined.

Pick an arbitrary homotopy h: M x I — BG between Ty, and 7, and define a map
g: Dy xdI*> - BG
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by g(x,7,0) = h(i+(x),1), g(x,0,5) = ?g(x), gx,1,5) = ?é(x) and g(x,t,1) = ?fq(x). We can
extend g to amap g: Dy x I?> — BG since the obstruction to doing so lies in

H?>(Dy xI?, D4 x 3% 71(BG)) = m1(BG) = 9(G),
which is trivial by our assumption that G is connected.
Let
Fi(Mx(Ix{0yU{0}x I U{l}x 1)U (i+(D4)xI1*)— BG
be defined by
e f(x,1,0)=h(x,1), f(x,0,5) = %'1(\)4()6) and f(x,1,s) = ?j{l(x) for x e M,
o fi(x,t,5)= gf(i;l(x), t,s) forx €iy(Dy).

Since i1 : D4 — M is a cofibration, the domain of f is a retract of M x I2. We can therefore extend f
toamap f: M x I? — BG. Restricting f to M x I x {1} then provides us with a homotopy 7}, such
that 7j, 0y = ?§|5+.

The same argument gives us a homotopy 'f]’\, such that 'f]’\, oi_ = 'fg |5, so this completes the proof. O

Definition A.7 If M = (M, Bpr) and N = (N, By) are almost G—manifolds, their connected sum (with
respect to ) is the almost G-manifold M #g N := (M # N, By #g BN ).

As usual, there is an ambiguity in the notation M #g N since the construction of the connected sum
involves a choice of embeddings iy: Dy — M, i_: D_ — N. However, the result is independent of
these choices up to the appropriate notion of equivalence, as one would expect.

Definition A.8 A diffeomorphism of almost G-manifolds f: (M, Byr) — (N, By) consists of a smooth
diffeomorphism f: M — N such that f*By = Bu.

Proposition A.9 The connected sum M #g N is well-defined up to diffeomorphism of almost G—
manifolds. More precisely, given any orientation-preserving embeddings iy, j+: Dy — M and
i_, j_: D_— N, there exists an orientation-preserving diffeomorphism ¢: M #; i N—>M#; i N
such that

¢ (Bu#i i pBN)=Bm#i i pgBn

for any almost G —structures Bps and By on M and N .

Proof This follows from the isotopy extension theorem as in the smooth case. |
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Remark A.10 (connected sums of contact manifolds) Suppose that (M7, «1) and (M3, «») are contact
manifolds. Then one can form the connected sum (M; # M», a1 #a5), which is also a contact manifold.
The connected sum is obtained by choosing Darboux balls in M7, M> and connecting them by a “neck”.
This operation can also be understood as a contact surgery along a O—sphere. We refer to [8, Section 6.2]
and [46, Section 3] for more details.

Let B € almy,)(S 2n=1y pe the almost-contact structure induced by the standard contact structure on the
sphere. Then the operation of connected sum (with respect to ) of almost U(n—1)—-manifolds defined in
Definition A.7, and the operation of connected sum of contact manifolds described above, commute with
the forgetful map from contact manifolds to almost-contact manifolds. This can be shown as in the proof
of Proposition A.3, replacing BSO(n) with BU(n —1).

The main properties of the connected sum in the smooth case have analogs for almost G—manifolds:

Proposition A.11 Let M, N and P be connected almost G—manifolds of dimension n, and let § and 8’
be almost G —structures on S™. Then:

(1) M#g(S",B)= M.
(2) (M #g N)#g P = M#g (N #z P).

Proof If one takes i_: D_ — S™ to be the inclusion map, then the connected sum M # S” is canon-
ically identified with M as a smooth manifold. If one further takes T = Tg in Definition A.5, then
this identification is compatible with the almost G—structures on M # S” and M. This proves that
M #g (S",B) = M.

To prove that (M #g N)#g P = M #g (N #g P), choose embeddings i : Dy —->M,i_.:D_— N,
jir:Dy — Nand j_:D_— P.If we assume that i_ and j have disjoint images, then i_ induces an
embedding D_ — N #;, ;_
identification of smooth manifolds

P, j+ induces an embedding Dy — M # N, and there is a canonical

i,

(M#i+,,'_N)#j Px=M# (N#jJr’j_P).

e i

Moreover, this identification is compatible with the almost G—structures in the sense that for any choice
of maps Ts, Ty, Ty, Ty and Tp, the following diagram commutes:

(M #iy i N)#j, ;P

GmttzgTn )#gi9 Tp
lz / BG
:EM#?S (?N#%-g Tp)
M#i i (N#, ; P)
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A.2 The group of almost G —structures on the sphere

We will denote the set of almost G—structures on a manifold M by almg (M ). More generally, if A C M is
a closed subset and B¢ is an almost G—structure on some open neighborhood of A, then almg (M, A; Bo)
will denote the set of almost G—structures on M which agree with Bo near A.

In this section, we will show that #g is a group operation on almg (S"), with B as identity element. The
resulting group will be denoted by a[mg (S™). We will then show that a[mg(S ™) acts on almg (M), and
more generally on almg (M, A; Bo) if M \ A is connected.

Proposition A.12 Given any B, € almg(S™), there exists a B2 € almg (S™) such that B1 #g f2 = B.

Proof Recall the decomposition S” = C_ U AU C introduced at the beginning of Section A.1. We will
use the notation (t—, 74, ) to denote the unique (assuming it exists) map S” — BG which coincides
with the given maps t~: C_ — BG, t4: A — BG and t+:C. — BG on C_, A and C, respectively.

Let Tg = (75, r§1, rgf ) be a representative for 8. Given ;1 and B, in almg(S™), we can choose repre-
sentatives of the form (7, r_‘é, r;,") and (zg, rg‘l, r2+ ) by Proposition A.2. Then B #g B> is represented
by (77, r§1, ‘172+). Hence, all we need to show is that for any 7, : C— — BG, there exists r2+: Cy — BG
such that (7, rg‘l, r2+ ) is homotopic to Tg. This again follows from Proposition A.2. |

Corollary A.13 We have that (almg (S™), #g) is a group with identity f3.
Proof This follows from Propositions A.11 and A.12. o

Remark A.14 The group (almg (S”),#g) is independent of B up to isomorphism. Indeed, given any
x,y,B,B" €almg(S"), it follows from Proposition A.11 that

(x#g ) #p (v#p B') = (x#g (B'#p y) g B/ = (x#g y) #p B,
which implies that the map
(almg (S™). #g) — (almg (S™).#g/), x> x#gfp’,

is a group isomorphism.

Given orientation-preserving embeddings i+: Dy — M andi_: D_ — S, the results of Section A.1
give us a well-defined map

almg (M) x almb,(S") — almg (M #;, ;_ S™).

Sn

For the remainder of this section, we will take i_ to be the inclusion map D_ <> S". Then M #; i

is canonically identified with M (regardless of what i} is) and we get a map
(A-1) almg (M) x alm? (S™) — almg (M).
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By Proposition A.11, this is a group action. Note that the diffeomorphism ¢: M — M appearing in the

statement of Proposition A.9 (applied to N = S™) can be chosen to be isotopic to the identity, which

implies that the map (A-1) is independent of 7.

If we assume that the image of the embedding iy : Dy — M is disjoint from A, then it follows directly
from Definition A.5 that the subset almg (M, A4; Bo) C almg (M) is invariant under the map (A-1). If
M \ A is connected, then the resulting action on almg (M, A; Bo) doesn’t depend on the choice of .
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We show that the moduli space M x (v) of Gieseker stable sheaves on a smooth cubic threefold X with
Chern character v = (3, —H, —%H 2 %H 3) is smooth and of dimension four. Moreover, the Abel-Jacobi
map to the intermediate Jacobian of X maps it birationally onto the theta divisor ®, contracting only a
copy of X C M (v) to the singular point 0 € ©.

We use this result to give a new proof of a categorical version of the Torelli theorem for cubic threefolds,
which says that X can be recovered from its Kuznetsov component Ku(X) C DP(X). Similarly, this leads
to a new proof of the description of the singularity of the theta divisor, and thus of the classical Torelli
theorem for cubic threefolds, ie that X" can be recovered from its intermediate Jacobian.
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1 Introduction

Moduli spaces of sheaves provide examples of algebraic varieties with an interesting and rich geometry
and they have been widely studied in the past few decades. In particular, there are many strong results
regarding moduli spaces on surfaces, while the situation on threefolds is less understood. We refer to
Huybrechts and Lehn [23] for a more detailed account of the theory, which has been revolutionized by
the introduction of stability conditions on triangulated categories by Bridgeland [12].

Perhaps the main player of the seminal paper by Clemens and Griffiths [14] on the geometry of cubic
threefolds is the theta divisor ® of its intermediate Jacobian J(X). Various authors have studied
parametrizations of the theta divisor by moduli spaces of sheaves; see Artebani, Kloosterman and
Pacini [3], Beauville [9] and Iliev [24].

In this paper, we find a new, and in a sense most efficient, parametrization of this type: a smooth
four-dimensional moduli space of stable sheaves isomorphic to the desingularization of the theta divisor.

Let X C P# be a smooth cubic threefold over C and H the hyperplane section. Let My (v) be the moduli
space of Gieseker-semistable sheaves on X with Chern character v := (3, —H, —%H 2 %H 3).

Theorem 7.1 The moduli space My (v) is smooth and irreducible of dimension 4. More precisely,
it is the blowup of © in its unique singular point. The exceptional divisor is isomorphic to the cubic

threefold X itself, and parametrizes non-locally-free sheaves in M (v).

Moduli space in the Kuznetsov component

The original motivation for our analysis of the moduli space My (v) comes from the study of moduli
spaces of stable objects in a full triangulated subcategory Ku(X') C D?(X) called the Kuznetsov component.
It is defined through the semiorthogonal decomposition

D*(X) = (Ku(X). O, Ox (H)).
See Kuznetsov [25] for details on the decomposition and on the Kuznetsov component.

Stability conditions on Ku(X') have been constructed in Bernardara, Macri, Mehrotra and Stellari [11]
and Bayer, Lahoz, Macri and Stellari [5]. These stability conditions are Serre-invariant, which roughly
means that stability of an object is preserved by the action of the Serre functor of Ku(X); see Section 8
for the precise definition. This property allows us to study stability of objects irrespective of the specific
construction of stability conditions.

The class v in Theorem 7.1 is chosen as the class of the projection Kp of a skyscraper sheaf Op for a
point P € X, which is defined by the short exact sequence

0— Kp— 0% Ip(1) - 0.
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These are the non-locally-free torsion-free slope-stable sheaves appearing in Theorem 7.1, and we show
that they are also stable as objects of Ku(X') with respect to any Serre-invariant stability condition. Hence,
the moduli space M (v) of o-stable objects in Ku(X) of Chern character v contains X, yet its expected
dimension is four. This was our first clue that this moduli space is of interest. Indeed, our next result says
that the moduli spaces M, (v) and My (v) agree entirely.

Theorem 1.1 (Theorem 8.7 and Proposition 8.10) Let o be an arbitrary Serre-invariant stability
condition on Ku(X). Then the moduli space My (v) is isomorphic to the moduli space My (v).

To summarize, we project the structure sheaf of a point into the Kuznetsov component and take its moduli
space. It obviously contains X but is bigger. It is the resolution of the theta divisor, with X as the
exceptional divisor. Thus, we recover X from Ku(X) or from the intermediate Jacobian, ie we obtain
new proofs of both the categorical and classical Torelli theorem for cubic threefolds:

Theorem 1.2 (Corollary 7.6 and Theorem 8.1) Let X7 and X, be smooth cubic threefolds. The
following are equivalent:

(i) X and X, are isomorphic.
(i) Ku(X7) and Ku(X>) are equivalent as triangulated categories.

(iii) J(X1) and J(X;) are isomorphic as principally polarized abelian varieties.
Proof ideas

The proof of Theorem 7.1 relies on two classical ingredients. Firstly, we use the fact that any irreducible
theta divisor is normal, due to Ein and Lazarsfeld [16]. Secondly, we use a characterization of the theta
divisor of the intermediate Jacobian in terms of twisted cubics; see Proposition 2.2. This was proved by
Beauville in [9], but it can also be deduced from the description of ® as differences of lines in Clemens
and Griffiths [14]; see Remark 2.3.

The strategy to prove Theorem 7.1 is to vary the notion of stability and reach a detailed description of
the objects that belong to the moduli space My (v) through wall-crossing. Since X has Picard rank one,
Gieseker stability cannot be varied. This is where the derived category comes into play in the form of
tilt-stability introduced in Bridgeland [13] for K3 surfaces, and then further generalized to other surfaces
and threefolds in Arcara and Bertram [2] and Bayer, Macri and Toda [7]. In fact, we give a complete
description of the wall and chamber structure; see Section 6. Once a set-theoretic description of My (v)
has been reached, we use standard deformation theory arguments in Corollary 6.9 to deduce that it is
smooth and of dimension four.

To prove Theorem 8.7, we first show the claim for the specific stability condition constructed in Bayer,
Lahoz, Macri and Stellari [5] which are Serre-invariant by Pertusi and Yang [35]. We then prove in
a completely separate argument that our moduli space is independent of the choice of Serre-invariant
stability conditions 0. The essential ingredient in this last argument is the weak Mukai lemma from [35].
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Related work

In the recent paper [1], Altavilla, Petkovi¢ and Rota studied moduli spaces of some torsion sheaves in
the Kuznetsov components of Fano threefolds with Picard rank one and index two. In the case of cubic
threefolds they study M, ([S%(Kp)]) (S is the Serre functor on Ku(X)), but do not obtain our detailed
geometric description. A key difference is that in their case the moduli space in the Kuznetsov component
is different from the moduli space of Gieseker-semistable sheaves.

Classical Torelli is the implication (iii) => (i) in Theorem 1.2, which was first proved in Clemens and
Griffiths [14]. The implication (ii) = (iii) was first established in Bernardara, Macri, Mehrotra and
Stellari [11, Theorem 1.1], where it was shown that the Fano variety of lines F(X) can be recovered
from Ku(X') as a moduli space of stable objects. Thus, one obtains the intermediate Jacobian J(X) as
the Albanese variety of F(X). A more recent argument for (ii) = (iii) can be deduced from Perry’s
categorical construction of intermediate Jacobians [34, Section 5.3], when the equivalence is given by
a Fourier—Mukai kernel on X7 x X;. Instead, our paper gives a very direct geometric argument for
(i) = (i), as well as a variant of the proof of classical Torelli via the description of the singularity of
theta divisor implied by Theorem 7.1.

Since this article originally appeared on the arXiv, Feyzbakhsh and Pertusi [17] and Zhang [40] proved
uniqueness of Serre-invariant stability conditions on Ku(X'). Proposition 8.10 in the last section could
now be obtained as an immediate corollary.
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2 Cubic threefolds and intermediate Jacobians

Let X C P* be a smooth cubic threefold. In their celebrated article [14], Clemens and Griffiths introduced
the intermediate Jacobian of X . It is the complex torus defined as

J(X):=H>'(X)"/Hy(X.Z) = H'(Q%)" /H3(X. Z).
It turns out that J(X) is a principally polarized abelian variety of dimension five.

Let {Zp}pep be a family of 1-cycles over a variety B. The choice of a basepoint by € B leads to an
Abel-Jacobi map W5: B — J(X) as follows. For any b € B the cycle Zj, — Z,, has degree 0, ie it is
homologically trivial, and can be written as the boundary dT" for a 3—chain I". The integral fr is an
element in H'>2(X)Y whose class in J(X) is the image of the Abel-Jacobi map. By [19, Theorem 2.20]
the map Wp is algebraic along the smooth locus of B.

If Zp = C is a smooth curve, then the induced morphism on tangent spaces has been described by
Welters; see [39, Section 2]. Recall that the tangent space of the Hilbert scheme at C is naturally given
by H°(N¢ /X ), Where N¢, x is the normal bundle. The tangent space of J(X) at any point is given by
H'“2(X)V = H'(Q%)". By definition, the infinitesimal Abel-Jacobi map

Ve H'(Neyx) — H' Q%)Y
is the map of tangent spaces induced by Wz. We get a dual morphism
e HY(QY) — HOWe x)Y.
Lemma 2.1 The following diagram is commutative and has exact rows and columns:

0
H°(Zc (H))
H(Ox(H)) —— H'(Q%)

|v

HO(N¢ps(—2H)) —— H*(Oc (H)) —— H°(Nc/x)¥

Proof This is mostly [39, Lemma 2.8] and the preceding construction of the morphisms. The map
H°(Ox(H)) - H (Q }) is the connecting morphism in a long exact sequence

H°(Q34 ® Ox 3H)) — H*(Ox (H)) > H' (Q%) = H' (3, ® Ox 3H)).

The wedge product induces a perfect pairing Q]%, 4 ® Qpa — Opa(—5). Therefore, QE» 4+ = I'pa(=5). For
i =0,1 we have .
H'(Tps ® Ox(—2H)) = 0. O
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Recall that the Lefschetz hyperplane theorem says that the hyperplane section H € Pic(X) generates
the Picard group. One can use twisted cubics to characterize the theta divisor of J(X'). A proof of the
following result can be found in [9, Proposition 5.2]. Let 7 be the open locus of smooth twisted cubics in
the Hilbert scheme of X, and let T be its closure.

Proposition 2.2 The Abel-Jacobi map ¢: T — J(X) with basepoint of class H? is algebraic. Its image
is a theta divisor ©® C J(X) and its generic fiber is isomorphic to IP2.

Remark 2.3 Proposition 2.2 can be deduced from the description of ® as differences of lines as well.
We give a rough sketch of the argument here.

Let F be the Fano variety of lines on X. According to [14] the morphism F x F — J(X) that maps
(L, L")+~ [L]—[L']is generically a 6-to-1 cover of ©.

Since a twisted cubic C C X lies in a unique cubic surface ¥ C X, the morphism 7 — J(X) factors via
the moduli space F of pairs (D, Y), where Y is a cubic surface and D is the divisor class of a twisted
cubic. The generic fiber of the morphism 7 — F is given by P(H%(Oy (D)) = P2. Indeed, Oy (D) is
the pullback of Op2(1) if Y is written as the blowup of six general points in P2

If D is the class of a twisted cubic on a smooth cubic surface, then D — H? can be written as the
difference of two lines on a cubic surface. Therefore, the Abel-Jacobi morphism maps onto ®. Moreover,
there are precisely six ways to write D — H? as the difference of two lines. Together with the fact that
F x F — J(X) is generically a 6-to-1 cover of ®, we get that 7 — ® has degree 1.

Lemma24 Let P! ~ C C X C P* be a twisted cubic. Then
Nepa =0p1(5)®2 @ 0p1(3), h°(Ng/x) =6 and h' (N x) =0.
In particular, the Hilbert scheme T is smooth of dimension six.
Proof We have a short exact sequence
0 — Ngps = Op1(5)®? = Ng/ps = Npajpa ® Oc = Op1(3) — 0.

Since Ext! (Op1(3), Op1(5)) = 0, we get Neps = Opr (5)%2 @ Op1(3). Next, we have a short exact
sequence

0= Ngyx = Neyps = Op1(5)%% @ Op1(3) > Ny /pa ® Oc = Op1(9) > 0.

Thus, N¢, x has degree 4 and can only be Op1(m) ® Op1(4 —m) for some —1 <m < 5. The claim
about the cohomology of N, x holds for each of them. a

Lemma 2.5 Along the locus of smooth curves T C T, the Abel-Jacobi morphism ¢ has differential of
rank four.

Proof Let C C X be a smooth twisted cubic. Clearly, restriction maps H°(Ox (H)) = C3 surjectively
onto H°(O¢ (H)) = C*. By Lemma 2.4, we have h°(N¢ jpa(—2H)) = h°(Op1 (=1)®2 @ Op1 (—3)) =0.
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By Lemma 2.1, we get a commutative diagram

C’ —=— HY(Q%)

[
Ci— HO(NC/X)V
Therefore, 1% has rank four. O

The singularities of the theta divisor were computed in [33, page 348]. Another proof was given in
[8, Main Theorem and Proposition 2]. We will not need this full description and instead rely only on
normality.

Theorem 2.6 [16, Theorem 1] Any irreducible theta divisor of an abelian variety is normal.

Lemma 2.7 Up to numerical equivalence, the Todd class of X is td(X) = (1, H, %Hz, %H3). In
particular, for any E € DP(X),

X(E) =ch3(E) + H -chy(E) + 3 H*-ch{(E) + S H? - cho(E).
Proof By Kodaira vanishing H*(Ox) = 0 for i # 0, and therefore, x(Ox) = 1. By the Hirzebruch—

Riemann—-Roch Theorem we get td3(X) = x(Oyx) = %H 3. Similarly, Kodaira vanishing implies
H (Ox(—H)) =0 for i # 0. Again by Hirzebruch-Riemann—Roch,

0=x(Ox(-H)=-1H*+H-1H*—td,(X)-H+ 1 H*.

Since X has Picard rank one, this is only possible if td;(X) = %H 2, m|

Lemma 2.8 The numerical Chow ring CH} (X) has a basis given by 1, H, %H 2 and %H 3. In particular,
if E € D°(X), then chy(E) € 1H?-Z, and chy(E) € tH3 - Z.

Proof Since Pic(X) is generated by H, the group CHI% (X) is generated by a rational multiple of H?2.
A general hyperplane section of X is a smooth cubic surface, which contains lines. The class of such a
line is %H 2. Since H3 = 3, the class has to be indivisible. Since %H 3 is the class of a point, the group
CH?1 (X) must be generated by it.

The claim about second Chern characters follows directly from ch, (E) = %clz (E) —c2(E). The claim
about ch3 (E) follows from Lemma 2.7 and the fact that y(F) € Z. |

3 Divisors on hyperplane sections

We need to understand the singularities that can occur on hyperplane sections of X.

Proposition 3.1 Any cubic hyperplane section Y = V N X C P* is normal and integral.
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Proof Since hypersurfaces satisfy condition S2, by Serre’s condition [10, Section 031S], it is enough to
show that Y has isolated singularities. Assume for contradiction that ¥ contains a curve C of singular
points. Let F' and x be the defining equations of X and V, respectively. Then dF/dx is a homogeneous
degree 2 polynomial and hence vanishes somewhere along C. At such a point, all partial derivatives of F
vanish, hence it is a singular point of X, a contradiction. a

In order to deal with singular hyperplane sections, we need to recall the relation between Weil divisors
and rank-one reflexive sheaves on integral normal varieties. This is very similar to the standard relation
between line bundles and Cartier divisors. We refer to [10, Tag OEBK] or [36] for proofs of the following
facts. They can also be found in [22] in more generality.

Let Y be a normal integral projective variety. By C1(Y) we denote the group of Weil divisors modulo
rational equivalence. For two rank-one reflexive sheaves L, L, € Coh(Y') we can define a new rank-one
reflexive sheaf by (L; ® L,)vV. This defines a group law for rank-one reflexive sheaves on Y, where
inverses are given by L — L". For any effective prime divisor D one can define a rank-one reflexive
sheaf Oy (D) := 7). This can be linearly extended to any divisor.

Proposition 3.2 (i) The group of isomorphism classes of rank-one reflexive sheaves is isomorphic to
CI(Y) under the homomorphism D + Oy (D).

(i) To every nonzero section s € H°(L) of a rank-one reflexive sheaf L, one can associate an effective
divisor D onY.

(iii) For any effective Weil divisor D on Y, there is a section s € H®(Oy (D)) such that the associated
divisor is given by D.

(iv) Two sections sy, s, € H°(L) define the same divisor if they satisfy s; = As, for some A € C*.

4 Notions of stability

In this section, we recall a number of notions of stability for sheaves. Let X be a smooth projective

threefold, and let H be an ample divisor on X.

Definition 4.1 [32;38] (i) Forany E € Coh(X), the Mumford—Takemoto slope is defined as

H?.ch|(E)

—— 17 forchy(E) #0,
W(E) = | BT ahg(E) OrCho(E)#

~+o00 for chy(E) = 0.

(i) A sheaf E € Coh(X) is slope-(semi)stable if for any nontrivial proper subsheaf F — FE the
inequality w(F) < (2)u(E/ F) holds.
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From the definition it follows immediately that if Pic(X) = Z - H and E is slope-semistable with
gcd(chO(E), H? ch (E)/H3) = 1, then FE is slope-stable.

While slope-stability suffices to construct moduli spaces of vector bundles on curves, a refinement is
necessary in higher dimensions.

Definition 4.2 We define a preorder on the polynomial ring R[] as follows.

(1) For all nonzero f € R[m], we have f < 0.
(i) If deg( /) > deg(g) for nonzero f, g € R[m], then f < g.
(iii) Let deg(/f) = deg(g) for nonzero f, g € R[m], and let ay and agz be the leading coefficients of f
and g, respectively. Then f < g if and only if f(m)/as < g(m)/ag for all m >> 0.
@v) If f,g e R[m]with f < gand g < f, we write f =< g.

For any E € Coh(X), we denote its Hilbert polynomial and the terms «; (E) by

3

P(E.m):= x(E(mH)) =) _a;(E)m'.
i=0

Moreover, let P>(E,m) = Zf=1 o (E)m'.

Definition4.3 (i) The sheaf E is Gieseker-(semi)stable if for all nontrivial proper subsheaves F C E,
the inequality P(F,m) < (X) P(E,m) holds.
(i) The sheaf E is 2-Gieseker-(semi)stable if for all nontrivial proper subsheaves F' C E, the inequality
Py(F,m) < (X)P,(E/F,m) holds.

Note that for 2—-Gieseker-semistability we could have equivalently asked P,(F, m) <X P,(E,m), but for
2-Gieseker-stability, P,(F,m) < P,(E,m) is a stronger condition that is almost never fulfilled for all
such subsheaves. These notions imply each other as follows:

slope-stable === 2-Gieseker-stable =————=> Gieseker-stable
slope-semistable <= 2—-Gieseker-semistable <—= Gieseker-semistable

The intermediate notion of 2—Gieseker stability is not classical and will just appear in the technical parts
of our arguments.

Due to [18; 30; 31; 37] there exists a projective moduli space My (v) parametrizing S—equivalence
classes of Gieseker-semistable sheaves with Chern character v. Here two semistable sheaves are called
S—equivalent if they have the same stable factors, up to order and isomorphism, in their Jordan—-Holder
filtrations:
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Proposition 4.4 [23, Proposition 1.5.2] Any Gieseker-semistable sheaf E € Coh(X') has a filtration
0=E0‘—>E1‘—>'--(—>En=E
such that the factors A; := E;/ E;_; are Gieseker-stable with P(A;, m) < P(E,m) fori =1,...,n. The

sheaf .
D 4i

i=1

is uniquely determined (up to isomorphism) by E.
Moreover, any sheaf E has a Harder—Narasimhan filtration into Gieseker-semistable factors.

Proposition 4.5 [23, Theorem 1.3.4] Let E € Coh(X). There is a unique filtration
0=Ey—>E{—>---—>E,=F
such that the factors A; := E;/ E;_ are Gieseker-semistable with
P(Ay,m)> P(Ay,m) > --- > P(A,, m).
Based on Bridgeland stability on surfaces, the notion of tilt stability was introduced in [7]. It is not quite
a Bridgeland stability condition, but it turns out to suffice for our purposes. The basic idea is to change

the category in which subobjects are taken when defining stability. This is done via the theory of tilting
introduced in [20]. As before, let X be a smooth projective threefold with an ample divisor H.

Definition 4.6 For any 8 € R, we define two full additive subcategories of Coh(X):
Fg(X) :={E € Coh(X) : any slope-semistable factor F of E satisfies u(F) < B},
Tg(X) :={E € Coh(X) : any slope-semistable factor F of E satisfies uw(F) > B}.

The category
CohP (X) := (T5(X), Fg(X)[1])

is the full additive subcategory of those E € DP(X) for which H°(E) € Tg(X), H™'(E) € Fg(X) and
HI(E)=0foralli #—1,0.
Note that Hom(7', F') = 0 for all T € Tg(X) and F € Fg(X), by semistability. It is well known that the
category Coh? (X) is abelian. A sequence of morphisms

0>A4A—-B—>C—0
in Coh® (X) is a short exact sequence if and only if the induced sequence

A— B— C — Al[l]

is a distinguished triangle in D?(X).
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To simplify notation, we define for any E € DP(X) its twisted Chern character chf (E):=ch(E)-ePH
Note that when 8 € Z, this is nothing but ch(£ ® Ox (—8H)).

Definition 4.7 Fora >0, 8 € R and E € Coh? (X), we define a slope function
H-chb(E)—La?H3 - chf (E)
H2-chP(E)
where again division by zero needs to be interpreted as +00. Analogously to slope-stability, an object

E € CohP (X) is called vy, g—(semi)stable if for all nontrivial proper subobjects ' — E in Coh? (X) the
inequality vy g(F) < (=) vg,g(£/F) holds.

va’ﬂ(E) =

If it is clear from context, we will sometimes abuse notation and write tilt-(semi)stable instead of
vy, g—(semi)stable. Note that by definition, any E € Coh? (X) satisfies H? -chllg (E) = 0. Therefore, this
function plays the same role in Coh? (X)) as the rank does in Coh(X).

As previously, Harder—Narasimhan filtrations exist. However, note that a version of Jordan—Holder
filtrations exists, but the stable factors are not unique up to order.

The notion of 2—Gieseker stability occurs as a limit of tilt stability as follows.

Proposition 4.8 [13, Proposition 14.2] Let E € D*’(X) and B < u(E). Then E € Coh? (X) and E is
vy, g—(semi)stable for o >> 0 if and only if E € Coh(X) and E is 2—Gieseker-(semi)stable.

The statement in [13] is for K3 surfaces, but the same proof works in our setting. If f > pu(FE) the
situation is slightly more complicated. The following proposition is a combination of [6, Lemma 2.7] and
[27, Proposition 3.1].

Proposition 4.9 Take a v, g—semistable object E' € Coh? (X). If B # u(E), then H~ 1 (E) is a reflexive
sheaf, and if B > j1(E) and o > 0, then H~'(E) is a torsion-free slope-semistable sheaf and H°(E) is
supported in dimension less than or equal to one.

Semistable sheaves satisfy the Bogomolov inequality; see [23, Theorem 3.4.1]. A version for tilt stability
was proved in [7, Corollary 7.3.2].
Theorem 4.10 (Bogomolov inequality) Let E € Coh? (X) be vy g—semistable. Then

Ap(E):= (H?-chy(E))* —2(H?-cho(E))(H -chy(E)) = 0.
Most applications of tilt stability come from varying («, §) and determining what that means for the
stability of a given set of objects. We visualize the parameter space of tilt stability, (, 8) € R? with

« > 0, as the upper half-plane via i + 8. For a given class v € Ky(X), it turns out that there is a locally
finite wall and chamber structure such that stability only changes as we cross a wall. These walls are
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va,ﬂ(v) =0

Figure 1: Walls are nested semicircles or a unique vertical wall (Theorem 4.12(i1)).

either semicircles with center on the f—axis or vertical lines; see Figures 1 and 2. In the following, we
recall what this means formally.

For v € Ko(X) we write ch(v), u(v), ve,g(v) and A(v) to mean the appropriate versions where E is
replaced by v.

Definition 4.11 For v, w € K¢(X), we define

W(v.w) = {(@. B) € Rog x R: v (0) = v p(w)}.

The set W (v, w) is a numerical wall if W(v, w) # @ and W(v, w) # R~ xR, ie if it is a proper nontrivial
subset of the upper half-plane.

Numerical walls in tilt stability have a rather simple structure, as shown in [28]:

Theorem 4.12 (nested wall theorem) Let v € Ko(X) with A(v) > 0.
(1) A numerical wall for v is either a semicircle centered along the B—axis, or a vertical line parallel to

the a—axis in the upper half-plane.

o p = H -chy(v)
HZ'Chl(U)

=\ y

Figure 2: Walls are nested semicircles (Theorem 4.12(iii)).
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(ii) If chg(v) # 0, then there is a unique numerical vertical wall for v given by B = j(v). The remaining
numerical walls for v are split into two sets of nested semicircles, whose apexes lie on the hyperbola
Ve,g(v) = 0. In particular, no two distinct walls intersect.

(iii) If cho(v) = 0 and H? -ch;(v) # 0, then every numerical wall for v is a semicircle, whose apex
lies on the ray B = (H - ch,(v))/(H? - ch; (v)).

The following is a well-known consequence of the fact that walls do not intersect.

Corollary 4.13 Let
0 F—-FE—->G—>0

be a short exact sequence of v, g—semistable objects in CohPo (X) for some (g, Bo) € W(F, E). Then
this is a short exact sequence of v, g—semistable objects in Coh? (X) for any («, B) € W(E, F).

Definition 4.14 Let v € Ko(X). A numerical wall W for v is called an actual wall for v if there is a
short exact sequence
0 F—-FE—->G—0

of vy, g—semistable objects in Cohﬂ(X) for one («, B) € W(F, E) suchthat W = W(F, E) and ch(E) = v.
The above corollary implies that this is a short exact sequence in Coh? (X) for all («, B) € W(F, E).
Determining walls is the key technique in this paper. It will allow us to classify sheaves with certain Chern

characters in terms of short exact sequences; see Theorem 6.1. Note that the condition W(F, E) #R- xR
implies vy g(F) > vy g(E) on one side of such a wall. We say that the short exact sequence

0O—-F—-F—>G—0,

or sometimes the wall W(F, E), destabilizes E.
Proposition 4.15 [6, Appendix A] If an actual wall is induced by a short exact sequence of tilt-semistable
objects0 - F — E — G — 0, then

Ag(F)+Ap(G) = Ag(E),
and equality can only occur if either F or G is a sheaf supported in dimension zero.
It turns out that walls of large radius can only be induced by subobjects of small rank. The following
precise statement is close to [15, Proposition 8.3]. A proof of this version can be found in [29, Lemma 2.4]

for the case of nonnegative ranks. The case of nonpositive ranks has the exact same proof, with reversed
signs.
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Proposition 4.16 Assume that an object E is destabilized by a semicircular wall induced by a subobject
F — FE or quotient E — F with cho(F) > chg(E) > 0 or chg(F) < chg(E) <0. Then the radius p of
W(F, E) satisties

(55 A (E)

p* < :
4(H? - cho(F))(H? -cho(F) — H? -cho(E))

Tilt stability interacts nicely with the derived dual D(-) := RHom( -, Ox)[1].

Proposition 4.17 [7, Proposition 5.1.3] Suppose that E € Coh? (X) is a vy g—semistable object with
Vg, g(E) # oo. Then there is a v, _g—semistable object E € Coh™# (X), a torsion sheat T supported in
dimension zero, and a distinguished triangle

E > D(E)— T[-1]— E[1].
The following proposition seems to be well known to experts, but we could find no proof in the literature.

Proposition 4.18 Let E € Coh(X) be torsion-free. Then E[1] is tilt-stable along the vertical wall
B = w(E) if and only if E is slope-stable and reflexive. In particular, slope-stable reflexive sheaves do
not get destabilized along the vertical wall.

Proof If E is slope-unstable, then E & Coh”(E)(X ). Assume that E is strictly slope-semistable. Then
there is a short exact sequence of slope-semistable sheaves

0>F—-FE—->G—0
such that u(F) = u(G). Taking a shift by one, this becomes a short exact sequence in Coh*(E )(X ) with
Vo, u(E) (FI1]) = ve,u(E) (G[1]).

Assume that E is not reflexive, but slope-stable. Then we have a short exact sequence in Coh*B) (x )
given by
0—T— E[1]— EYV[1] =0,

where 7' is a nontrivial sheaf supported in dimension less than or equal to one. However, this sequence
makes E[1] strictly tilt-semistable along 8 = u(FE).

Assume conversely that E is a slope-semistable reflexive sheaf. Then it is an object in Coh* (E) (X) of
maximal phase, and in particular tilt-semistable. If it is strictly semistable, then it admits a short exact

sequence
0— F— E[l] > G[1] >0,

where F, G[1], H~1(F)[1] and H°(F) are also of maximal phase. In particular, #~!(F) and G are
torsion-free and slope-semistable of slope p(E), and #°(F) has support of dimension at most one.

Consider the long exact sequence
0—>H Y (F)—> E—G—H(F)—0.
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Since we assume that E is strictly stable, this is a contradiction unless H ! (F) = 0. Taking duals we get
an exact sequence
0—>GY — EY — &xt' (F,Oy).

Since F is supported in dimension less than or equal to one, this implies Ext! (F, Oy) =0and GV = EV.
Hence, E C G = GYY = EVVY, a contradiction to E being reflexive. ]

From now on, we assume X C P4 is a smooth cubic threefold. In the later sections, we need the following
result of [26, Proposition 3.2], which improves the Bogomolov inequality in the case of a Fano threefold
of Picard rank one. Be aware that our notation differs from Li’s.

Theorem 4.19 Let E be a tilt-stable with chy(E) # 0 for some o > 0, B € R. If = < pyy (E) < 1, then

H-chy(E) _
H3 . cho(E) ~

In the case of cubic threefolds, direct sums of line bundles can be detected among semistable sheaves or
objects by their Chern characters, as follows.

Proposition 4.20 (i) If E is slope-semistable, or vy g—semistable for some a > 0 and < 0, with
ch(E) = (r,0,0,eH?) where r > 0, then e < 0. If, additionally, e = 0, then E = Oj"?r.

(i) If E is vy g—semistable for some o > 0 and B > 0, with ch(E) = (-, 0,0, eH?) where r > 0, then
e=0and E =~ (’);?r[l].

Proof In either case, Proposition 4.15 and A(E) = 0 imply that E has no semicircular walls.

We first claim that the only slope-stable reflexive sheaf of class (r, 0,0, eH?) is Ox. Assume otherwise.
By Proposition 4.18, such an E is also stable at the vertical wall 8 = 0, and thus, it is Vg, —Stable for
all @ > 0 and B € R. Since vy g(E) = —%,3 > —%ﬂ — 1 = v g(Ox (=2H)[1]) and both objects are
stable for o < 1 and B € (=2, 0), we have Ext*(Oy, E) = Hom(E, Oy (—=2H)[1]) = 0. Similarly, from
Vg, g—stability for o < 1 and B € (0, 2) we obtain Ext?(E, Ox) = Hom(Ox (2H), E[1]) = 0. However, at
least one of x(Oyx, E) =r +3e or x(E, Ox) = r —3e is positive, and so E admits a morphism from Oy
or a morphism to Oy . As both are reflexive and slope-stable of slope 0, this shows E =~ Oy.

Now consider an object E as in case (i). Then E[1] is vy ¢—semistable. By Proposition 4.18, its
Jordan—Holder factors are either of the form F[1] for a slope-stable reflexive sheaf F' with ch(F) =
(rF,0,dp H?, ep H?), or a torsion sheaf supported in dimension < 1. In fact, Proposition 4.15 shows
dfr = 0 in the former case, and thus, F = Ox by the previous case, and that the torsion sheaves are
supported in dimension zero. As —3e is the total length of the torsion sheaves, we get e < 0. If e = 0, all
factors are isomorphic to Ox[1] and the claim follows from Ext! (Ox,0x) =0.
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In case (ii), we again consider a Jordan—Holder filtration with respect to vy o—stability. Let £; < E; 1 be
the first filtration step where the quotient E; 4/ E; is a zero-dimensional torsion sheaf 7', should one exist.
Then E; = @X[l]éBk for some k > 0. Since Ext! (T, Ox[1]) = H'(T)" =0, wehave E; 1 = E; ® T,
and so T is a subobject of E. This contradicts stability of E for 8 > 0. Thus, E = Ox[1]®”, as claimed. O

5 Construction of sheaves

In this section, we introduce the sheaves that make up our moduli space My (v). It turns out that all of
them are at least reflexive, and the generic one is a vector bundle. From now on X C P4 is an arbitrary
smooth cubic threefold.

Let Y C X be an arbitrary hyperplane section, D be an effective Weil divisor on Y, and V c H°(Oy (D))
be a nontrivial subspace. Then we define p p € DP(X) to be the cone of the induced morphism
Ox ® V. — Oy (D). Moreover, let Ep y := H! (€p,v). Hence, we have a long exact sequence

0— Epy—Ox®V — Oy(D)—H(Epy) — 0.

If V= H%(Oy (D)), we will drop V, and just write £Ep and Ep.

Lemma 5.1 The sheaf Ep y is slope-stable and reflexive. If, additionally, HO(SD,V) =0, then Ep y is
a vector bundle.

Proof The quotient (Ox ® V')/ Ep,y embeds into Oy (D). Since Y is integral by Proposition 3.1, the
sheaf (Ox ® V')/ Ep,py must be supported on Y. Therefore, ch<;(Ep,y) = (dim V, —H) is primitive and
it is enough to show that E'p p is slope-semistable. If not, let F C Ep - be the slope-semistable subsheaf
in the Harder-Narasimhan filtration of Ep j-. Then u(F) > i(Ep,y) and the quotient Ep -/ F is torsion-
free. Since F is also a subsheaf of Oy ® V, we must have u(F) = 0. Let ch(F) = (r,0, dH?,eH?). The
quotient (Ox ® V)/ F satisfies ch((Oxy ® V)/F) = (dim V —r,0, —dH?, —eH?). By the snake lemma
this quotient is either torsion-free or has a torsion subsheaf purely supported on Y. However, if it is not
torsion-free, then its torsion-free quotient would destabilize Ox ® V, a contradiction. As a torsion-free
quotient of Ox ® V with slope zero, (Ox ® V)/F has to be slope-semistable as well.

The classical Bogomolov inequalities A (F) > 0and Ay ((Ox ® V)/F) > 0 imply d = 0. Applying
Proposition 4.20 to both F and (Ox ® V)/F implies e = 0, and finally, F = (’);‘?' . However, by
construction, E'p p has no global sections, a contradiction.

To see that Ep y is reflexive it suffices to show that Ext9(Ep y, Ox) =0 for ¢ > 2 and Ext! (Ep,v,Ox)
is supported in dimension zero. If additionally Ext! (E p,v,Ox) =0, then Ep y is a vector bundle.

Clearly, Ext7(Ox ® V,0Ox) = 0 for ¢ # 0. Because Oy (D) is a rank-one reflexive sheaf on the
codimension one subvariety Y, the quotient (Ox ® V')/Ep y C Oy (D) is purely supported on Y. We
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can use [23, Proposition 1.1.10] to see that Ext?((Ox ® V)/Ep,y.Ox) = 0 for all ¢ # 1,2, and
Ext?(Ox ® V)/E p,v, Ox) is supported in dimension zero. The long exact sequence obtained from
dualizing the short exact sequence

(1) 0= Epy—-0xQV —>(Ox®V)/Epy—0
implies the required vanishings.

If additionally H°(Ep,y) = 0, then (Ox ® V)/ Ep yy = Oy (D) is a reflexive sheaf on the codimension-
one subvariety Y, and we can use [23, Proposition 1.1.10] again to see that Ext?(Oy (D), Ox) = 0. The
same long exact sequence as above now implies Ext! (E p,v.0x)=0. |

Note that we will use this lemma for the case ch(Oy (D)) = (O, H, %H 2, —%H 3). It will turn out that
in this case 71°(Oy (D)) = 3 for any such D (see Theorem 6.1) and we will choose V = H®(Oy (D)).
Moreover, we will show that in that case H°(Ep) = 0, ie Oy (D) is globally generated; see Theorem 6.1.
A straightforward computation shows that in this example ch(Ep) = (3, —H, —%H 2, %H 3).
Corollary 5.2 Let P € X. Then h°(Zp(H)) = 4 and the sheaf K p defined through the exact sequence
) 0—>Kp— 09" - Ip(H)—0
satisfies ch(Kp) = (3, —H, —%Hz, %H3). Moreover, Kp is reflexive and slope-stable, and locally free
except at P.
Proof By choosing an embedding Kp — 05‘?3 we get a short exact sequence

0—>Kp— 0P > Ip/y(H)—0

for some hyperplane section Y. The statement then follows from Lemma 5.1 by choosing D = H and
V = HZp;y(H)) C H(Oy(H)).

From the defining short exact sequence (2) one immediately sees that K p is locally free away from P
(as it is the kernel of a surjective map of vector bundles), and not locally free at P (as Ext? (Op,Kp) =
Ext!(Op, Ip(H)) #0). o

6 Variation of stability

In this section, we investigate semistable sheaves with Chern character
— 1772 1473
vi=3,—H,—3H* ¢H°).

The main goal is to use wall-crossing to prove the following theorem, which gives a set-theoretic
description of the moduli space My (v).
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Theorem 6.1 (i) Suppose that D is a Weil divisor on a (possibly singular) hyperplane section Y with
ch(Oy (D)) = (0, H, 3 H?,—; H®). Then Oy (D) is globally generated, and h°(Oy (D)) = 3.
In particular, there exists a smooth twisted cubic C in Y of class D.

(i) A sheaf E with Chern character v is Gieseker-semistable if and only if it is either equal to the
reflexive sheaf K p for a point P € X as in (2), or the vector bundle Ep for a Weil divisor D on a
hyperplane section Y C X as in (1) with ch(Oy (D)) = (0, H, %Hz, —%H3).

Note that since ch; (E) = —H, any Gieseker-semistable sheaf of class v is slope-stable. The argument
will essentially boil down to a detailed analysis of the numerical wall W defined by

3) WX+ (B-1)? =1L

At this wall, the short exact sequences (2) and (1) become destabilizing short exact sequences in Coh? (X)
in the form

0— Oy (D) — Ep[l]— 0x[1]®* -0 and 0— Ip(H)— Kp[l] > Ox[1]®* > 0.
Moreover, we can show that every object gets destabilized, and the destabilizing short exact sequence

must be of one of these types; see Lemma 6.8.

6.1 Classification of some torsion sheaves

In this section, we prove the following proposition.

Proposition 6.2 The wall W of equation (3) is the unique actual wall in tilt stability for objects G with
Chern character ch(G) = (0, H, %Hz, —%H3).

(1) Above W the moduli space of tilt-semistable objects is the moduli space of Gieseker-semistable
sheaves, and contains precisely the following two types of sheaves G'.

(@ G=Ip/y(H)forY € |H|and P €Y, and
(b) G = Oy (D), where D is a Weil divisor on some Y € |H|.

(i1)) Below W the moduli space of tilt-semistable objects contains precisely the following two types of
objects G':

(a) the unique nontrivial extensions
@) 0—Ox[l]>Gp—>Ip(H)—0
for points P € X, and
(b) G = Oy (D), where D is a Weil divisor on some Y € |H|.
We start by dealing with slightly more general objects without fixing chj.
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Lemma 6.3 The wall W of equation (3) is the unique actual wall in tilt stability for objects G with
Chern character ch<;(G) = (O, H, %H 2). If G is strictly semistable along W, then any Jordan—Holder
filtration of G is given by either

0>Z7(H)—>G—>0Ox[1]>0 or 0—0x[l]>G—>ZIz(H)—D0,
where Z C X is a zero-dimensional subscheme of length %H 3 _ch3(G).

Proof All walls for (0, H, %H 2) intersect the vertical ray f = % If G is strictly semistable along some

numerical wall intersecting 8 = 5, then there is a short exact sequence in Coh!/ 2(X) of tilt-semistable

1
2’
objects

0-4—-G—>B—0

with equal tilt-slope. Let ch<,(A4) = (r, cH,dH?). By definition of Coh!/ 2(X) and the fact that neither
A nor B can have infinite tilt-slope, we get

0< H?.ch}/*(4) = H*(c—1r) < H?-ch{/*(G) = H.
Therefore, ¢ = %r + %, and in particular, r is odd. We will deal with the case r < 0. If r > 0, then B has
negative rank and one simply has to exchange the roles of A and B in the following argument.
For (a, 1) € W(4, G) we have
—o?r +2d — %r —% =Vg,1/2(A) = vg,1/2(G) = 0.
Since a2 > 0, this implies d < %r + %. The fact

_Ar(4)
T (H3)?

implies d > %r +(1/8r) + %. Since d € %Z, these restrictions on d are only possible for r € {—1, —3}.

:—2dr+%r2+%r+%

If r = =3, then ch<y(A4) = (—3,—H,—¢ H?). This case is immediately ruled out by Theorem 4.19.
If r = —1, then ch<,;(A4) = (-1, 0,0), and by Proposition 4.20, we know A = Ox[1]. Then ch(B) =
(1, H, 3 H?,ch3(G)). By Proposition 4.15, there is no semicircular wall for B, and by Proposition 4.8,
the object B has to be a 2—Gieseker-stable sheaf. Since ch(B(—H)) = (1, 0,0,ch3(G) — %H3), the
remaining statement follows by applying Proposition 4.20 to B(—H). |

The next step is to gain further control over the third Chern character.

Lemma 6.4 Let G be a vy g—semistable object with ch<>(G) = (0, H,  H?). Then ch3(G) < § H>.
If ch3(G) = %H3 and (a, B) is above W, then G =~ Oy (H) for some Y € |H|.

Proof We may assume ch3(G) > %H 3. By Lemma 6.3, the only possible wall is given by W. Therefore,
G has to be tilt-semistable along W. Since W lies below the numerical wall W(G, Ox (—H)[1]), we get
ext?(Oyx (H), G) = hom(G, Ox (—H)[1]) = 0. Thus,

hom(Ox (H). G) = x(Ox (H), G) = ch3(G) + 1 H* > 0.
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Therefore, W is a wall for G and by Lemma 6.3, the destabilizing sequence is
0—Ox(H)—> G— Ox[l]—0.

This implies G = Oy (H) for some Y € | H| and ch3(G) = %H3. O

Proof of Proposition 6.2 Assume that G is strictly tilt-semistable along W. Then Lemma 6.3 splits our
problem into two cases.

Firstly, assume that G fits into a nonsplitting short exact sequence
0—>Zp(H)—> G — Ox[1]—>0

for a point P € X. Then clearly G = Zp,y (H) for some Y € |H|. This object is tilt-stable above W,
and tilt-unstable below W by precisely this sequence.

Secondly, assume that G fits into a nonsplitting short exact sequence
) 0—Ox[l]>G—>Zp(H)—0

for some P € X. By Serre duality, Ext! (Zp(H), Ox[1]) = 1" (Zp(—H)) = 1 and hence, there is a
unique G for each P € X. Clearly, this object is tilt-unstable above W. Assume it is also tilt-unstable
below W. Then there is a short exact sequence 0 - A — G — B — 0 destabilizing G below the wall.
However, G is strictly semistable at W, and by Lemma 6.3, this implies B = Ox[1]. However, that means
the short exact sequence (5) splits, a contradiction.

Lastly, assume that G is v, g—stable for all («, ). By Proposition 4.17, D(G) lies in a distinguished
triangle

(6) G — D(G) - T[-1] = G[1],

where 7' is a torsion sheaf supported in dimension zero and G € Coh™ (X) is vy, g—semistable. If
ch3(T) =1t, then ch(é) = (O, H, —%Hz, —%H3 + t). Thus, G is a pure sheaf supported on a hyperplane
section Y € |H|. We can compute

ch(G® Ox (H)) = (0, H. A H? L H3 +1).

Thus, Lemma 6.4 givest =0 or ¢t = 1, and if t = 1, then G® Ox(H)=Oy(H), ie G =~ Oy (H). Hence
there is a nontrivial morphism Oy — G. Since hom(Oy, T[—i]) = 0 for i > 0, The triangle (6) shows
that there is a nontrivial morphism Oy — D(G). Dualizing this morphism leads to a nontrivial morphism
G — Ox/[1]. However, this is in contradiction to the assumption that G is stable along W.

Ift =0, then D(G) = Gisa sheaf, so Ext?(G, Ox) = 0 for ¢ > 1. Thus, [23, Proposition 1.1.10] implies
that G is reflexive and supported on a hyperplane section Y € | H|. This means G = Oy (D) for some
Weil divisor D on Y. |
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6.2 Set-theoretic description of the moduli space

We now prepare the proof of Theorem 6.1.

Lemma 6.5 There are no walls along B = —1 for tilt-semistable objects E with Chern character
ch<,(E) = (3., —H.—-1H?).

Proof Assume there is such a wall induced by a short exact sequence
0>A—FE—>B—0
with chZ}(A) = (r, xH, yH?). Then
0<H-chi'(4) =xH> < H-ch{'(E) =2H’
implies x = 1. By exchanging the roles of 4 and B if necessary, we may assume r > 2.

Using Ag(A4) > 0 we get y < 1/2r. A straightforward computation shows that there exists o« > 0
with vy _1(A) = vg,—1(E) if and only if y > 0. Since y € %Z, this is only possible if y = % and
r € {2, 3}. Both cases ch;;(A) = (3, H, %Hz) and ch;;(A) = (2, H, %Hz) are directly ruled out by
Theorem 4.19. |

Proposition 6.6 Take a slope-stable sheaf E of Chern character (3, —H, ch,, ch3). Then H-chy < —%H 3
and if chy -H = —3 H?, then chy < § H>. In particular, this implies that any slope-stable sheaf of Chern
character v is a reflexive sheaf.

Proof Since FE is slope-stable, the classical Bogomolov inequality gives
Ap(E) = (H*)* =23 H?)(H -chy(E)) > 0,

which implies H-chy(E) < %H 3. The case H-chy(E) = %H 3 is immediately ruled out by Theorem 4.19.
Since ¢, (E) = %Hz —chy(E) has to be an integral class, we are left to rule out H -chy(E) = —%H3.
Assume H -chy(E) = —%H 3. We may assume that E is a reflexive sheaf. If not, we replace it by
the double dual EVY, which satisfies H -chy(E) < H -chy(EVY). By the first part of the argument
H -chy(EVY) = —¢ H? holds as well.

We first show that ext?>(E, E) = 0. Since H? -chl_l/ 2(E )= %H , any destabilizing subobject F C E
along f = —% must satisfy A3 'chl_l/z(F) = %H or H3 -chl_l/z(F) = 0. Thus, either F or the quotient
E / F have infinite tilt-slope, a contradiction. This means E is vy _;/,—stable for all o > 0.

By Proposition 4.18, the object E[1] is tilt-stable for 8 = 0 and « >> 0. Since H?-ch;(E[1]) = H?3, the
same type of argument as above shows that there cannot be any wall along § = 0. Hence, E(—2H)[1] is
Vg, g—stable for B = —2 and any « > 0.
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A straightforward computation shows that W(E, E(—2H)[1]) intersects both the vertical lines f = —2
and 8 = —%. Therefore, E and E(—2H)[1] are tilt-stable for any (o, 8) € W(E, E(—=2H)[1]) and
have the same phase, and thus, ext>(E, E) = hom(E, E(—2H)[1]) = 0. Since E is stable, we know
hom(E, E) =1 and hence, 3 = x(E, E) =1 —ext! (E, E) —ext*(E, E) < 1, a contradiction.

Now assume H -chy = —%H3. We know E € Cohﬂ(X) is vy g—stable for o > 0 and B < —%. By
Lemma 6.5, we have that E is v, _—stable for any o > 0. One can easily compute

vo,—1(Ox (=2H)[1]) < vo,—1(E),

which implies #2(E) = hom(E, Ox(—2H)[1]) = 0. Moreover, since u(E) = —% < u(Oyx), we get
hom(QOy, E) = 0. Therefore, y(E) = ch3(E) — %H3 <0, as claimed.

Lastly, assume that a slope-stable sheaf E of Chern character v is not reflexive. We have a short exact

sequence
0> E—>EYY >T-=0.

Since EVV is also slope-stable, and both H -ch,(E) and H - chs(E) are maximal, one gets ch(E) =
ch(EYY). This is only possible if 7 = 0. O

To prove Theorem 6.1, we start in the large volume limit.

Lemma 6.7 Take 8 > —%. An object E € Coh? (X) of Chern character —v is vy g—semistable for o >> 0
if and only if E~E [1] for a slope-stable reflexive sheaf E .

Proof Take a vy g—semistable object E of class —v. Proposition 4.9 implies that H ! (E ) is a slope-stable
reflexive sheaf and H°(E) is a torsion sheaf supported in dimension < 1. Therefore,

ch(H™N(E)) = (3, —H, -1 H? + chy(H*(E)). L H? + ch;(H°(E))).
By Proposition 6.6, this is only possible if chy (H°(E)) = ch3(H(E)) = 0, ie HO(E) = 0.

Conversely, any slope-stable reflexive sheaf E of class v is vy g—stable for @ > 0 and < u(E) = —
Proposition 4.18 implies that E[1] is v, g—stable for o >> 0 and B > u(E) = —%.

O wi-

Next, we move down from the large volume limit and investigate walls for objects of class —v. Note that

all walls to the right of the vertical wall must intersect 8 = —%.

Lemma 6.8 The wall W of equation (3) is the unique actual wall for objects with Chern character —v to
the right of the vertical wall. There are no tilt-semistable objects below W. Any tilt-semistable E with
Chern character —v fits into one of the following two cases:

@) E fits into a short exact sequence
0— Oy(D)— E— (’);‘(53[1] — 0,
where D is a Weil divisor on hyperplane section Y € |H|.
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(i) E fits into a short exact sequence

0—Zp(H) — E — 02%[1] -0,
where P € X.

Proof Let E be a tilt-semistable object with Chern character —v. Let W' be a wall strictly above W
induced by a short exact sequence 0 — F — E — G — 0. Then the wall W’ contains points (¢, 0) with
o > 0. In particular, 0 < H -ch;(F) < H -ch; (E) = H3, a contradiction.

Since the wall W(Ox (2H), E) is larger than W, we get hom(E, Ox|[3]) = hom(Ox (2H), E) =0 and
hom(E, Ox[1]) = hom(E, Ox) +ext?(E, Ox) — x(E, Ox) = —x(E, Ox) = 3.
Clearly, any morphism E— Ox/|[1] destabilizes E below W.
Letr:= hom(E , Ox[1]) = 3. We get a short exact sequence of tilt-semistable objects along W given by
0—G— E—0%]—0.

If r > 4, then Proposition 4.16 says
1 1

<

4= r(r=3)
ie r < 4. Forr =4, we get ch(G(—H)) = (1,0,0,—%H3) and so G =Zp(H) for some P € X.

If r = 3, then ch(G) = (0, H, $H?,—1 H3). Assume G is not of the form Oy (D) for some Weil
divisor D on a hyperplane section Y € |H|. Then Proposition 6.2 implies that G has to be strictly
semistable along our wall W. Since E is tilt-semistable above the wall, we know Hom(Oxl[1], E) = 0.
Therefore, Lemma 6.3 shows that there is a short exact sequence

0—>Zp(H)—>G— Ox[1]—0

for a point P € X. But then there is an inclusion Zp(H) — E and we are in the second case. |

Proof of Theorem 6.1 Let D be a Weil divisor on a hyperplane section Y € |H| with ch(Oy (D)) =
(0. H, 1 H? —LH?3). By Proposition 6.2, the sheaf Oy (D) is tilt-stable for all @ > 0 and B € R.
A straightforward computation shows that the numerical wall W(Oy (D), Ox (-2 H)[1]) is nonempty,
and therefore, 12(Oy (D)) = hom(Qy (D), Ox(=2H)[1]) = 0. We conclude

h°(Oy (D)) = x(Oy (D)) + h' (Oy (D)) + h*(Oy (D)) = x(Oy (D)) = 3.

We pick a three-dimensional subspace V C h%(Oy (D)) to get an object £p,jr € DP(X) as in Section 5.
By Lemma 5.1, the sheaf Ep p = H! (€p,y) is slope-stable and reflexive. If 7—[0(€D,V) #0, then Ep
has a Chern character in contradiction to Proposition 6.6. This shows that Oy (D) is globally generated.

Since Ep y is slope-stable, we know ho(ED,V) =0and /3 (Ep,y)=hom(Ep,y,Ox(=2H))=0. More-
over, as in the proof of Proposition 6.6 we get h2(Ep ) = 0. This implies 4! (Ep y) = —x(Ep,y) = 0.
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The long exact sequence obtained from taking sheaf cohomology of

0—Epy—->0xQ®V —0y(D)—0
implies H! (Oy (D)) = 0 for i > 0 and 1°(Oy (D)) = 3. Therefore, V = H°(Oy (D)) and for each D
there is a unique slope-stable sheaf Ep = Ep p.

Let U C Y be the smooth locus of Y. By Proposition 3.1, we know that Y is normal, and therefore,
Y\ U has dimension zero. In particular, a general section of Oy (D) leads to a curve completely contained
in U. Since we work in characteristic 0, we can use a version of Bertini’s theorem [21, Corollary I11.10.9,
Remark I11.10.9.1, Remark II1.10.9.2] on the open subset U to see that a general section cuts out a smooth
curve C. By adjunction,

ch(K¢) = ch(Oy(—H + D)|p) = ch(Oy (—H + D)) —ch(Oy (—H))
12 _1gg3 3772 7 gy3 2 _4qy3
= (O’H’_EH ’_EH )_(O’H’_EH ’EH ) = (O’O’H ’_§H )’
which shows that C is of degree 3 with x(K¢) = —1, ie a twisted cubic. This completes the proof of
part (i).
For part (ii), we already showed in Corollary 5.2 that K p is slope-stable for any P € X. Conversely, if E
is slope-stable, we can immediately conclude by Lemma 6.8. |

As a consequence we can already infer that our moduli space My (v) is smooth.

Corollary 6.9 Every Gieseker-semistable sheaf E with ch(E) = (3, —H, —%H 2, %H 3) satisfies
C ifti=0,
Ext'(E,E)={C* ifi=1,
0 otherwise.
In particular, the moduli space My (v) is smooth and 4—dimensional.
Proof Since (3, — H) is primitive, we know that E is slope-stable. Therefore, hom(E, E) = 1. Moreover,
we must have Ext*(E, E) = Hom(E, E(—2H))Y = 0. By Lemma 6.5, the sheaf E is Vg,—1—stable for

any « > 0. Proposition 6.6 shows that E(—2H) is reflexive, so its shift £(—2H)[1] lies in the heart
Coh#="1 (X) and it is vy, _—stable for any o > 0 by Lemma 6.8. Since

vo,—1(E) =0>—3 =vo_1(E(=2H)[1)),
we get Ext>(E, E) = Hom(E, E(—2H)[1]) = 0. We can conclude that
ext! (E, E) =hom(E, E) — x(E, E) = 4. O

7 Proof of the main theorem

Recall that My (v) is the moduli space of Gieseker-semistable sheaves with Chern character
vi=(3,-H,-1H? 1 1)
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and My (v) C My (v) is the open locus of Gieseker-semistable vector bundles. The aim of this section is
to prove the following theorem.

Theorem 7.1 The moduli space My (v) is smooth and irreducible of dimension 4. Moreover, there
is an Abel-Jacobi morphism ¥: My (v) — J(X) sending E + C»(E) — H?, whose image is a theta
divisor © in the intermediate Jacobian J(X). The theta divisor has a unique singular point, and My (v)
is the blowup of ® in this point. The exceptional divisor is isomorphic to the cubic threefold X itself.

We have already shown that My (v) is smooth of dimension 4 in Corollary 6.9. By Proposition 2.2, the
image of ¢: 7 — J(X) is ® C J(X), where T is the open locus of smooth twisted cubics in the Hilbert
scheme of X, and T is its closure. By Theorem 2.6, we know that ® is normal.

Proposition 7.2 There is a surjective map ¢": T — My (v) that sends a twisted cubic C to the vector
bundle Ec. The map ¢|r: T — J(X) factors through ¢':

T

i
Ylas y (v

My @) ———— J(X)
Therefore, the image of W: My (v) — J(X) is © C J(X).
Proof Let C be a twisted cubic in X. Then it lies in a unique hyperplane section Y. There is a short

exact sequence
00y -0y(C)—T —0,

where 7" is a sheaf supported on C with rank one. Therefore, alfz(OY(C ) = (0, H,C — %H 2)
and we get éBsz(Ec) = (3, —H, %Hz — C). It follows that ¢>(E¢) = C. Thus, the composition
Ulpry )o@t T — My (v) — J(X) is the Abel-Jacobi map ¢: T — J(X) restricted to 7. Surjectivity
of ¢’ is a direct consequence of Theorem 6.1. |

Lemma 7.3 The morphismi: X — My (v) that maps P — Kp is an embedding with normal bundle
Ox(—H).

Proof We interpret X as the moduli spaces of twisted ideal sheaves Zp(H) for all P € X. By definition
of K p, we have a canonical short exact sequence
(7 0— Kp— 0P > Zp(H) — 0.

The appropriate version in families, considered below, induces the morphism . It is injective, as P is the
unique point where K p is not locally free by Corollary 5.2.
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Applying Hom(-, Kp) to (7), we get an isomorphism Ext!(Kp, Kp) = Ext>(Zp(H), Kp). Next,
we apply the functor Hom(Zp(H),-) to (7) to show that the induced morphism on tangent spaces
Ext'(Zp(H),Zp(H)) — Ext*(Zp(H), Kp) = Ext!(Kp, Kp) is an embedding. Since both X and
My (v) are smooth, the morphism is an embedding.

To determine the normal bundle, we need a relative version of the previous arguments to determine the
cokernel of this embedding as a line bundle on X. The universal family inducing i is given by the sheaf K
on X x X fitting into the short exact sequence

0—>K— p*Qpalx(H) - Ia(0, H) — 0,

where p: X x X — X is the projection to the first factor. The pullback of the tangent bundle via i is
i*TMX(v) = H'(psx Hom(K, K)). Since px Hom(p*Qpas|x (H),K) = 0, we have an isomorphism

H (px Hom(K, K)) = H* (px Hom(ZA(0, H), K).
The differential d; of i fits into the four-term long exact sequence
0 — Ty = H" (ps Hom(Za(0, H), A (0, H))) 2> H?(ps Hom(Za (0, H), K))
— H*(psx Hom(Za(0, H), p*Qpal|x (H))) — H*(ps Hom(Za (0, H),ZA(0, H))) — 0.
Using Grothendieck duality and the projection formula, the third term becomes
Qpslx (H) @ H' (pxTa (0.~ H))" = Qpalx (H) ® HO(psOp (0.~ H))" = Qpalx (2H).
A similar computation using the short exact sequence Ipo < Ox X Oy —> Op gives
12 (p« Hom(Zp, Ip) = Qx (2H)

for the fourth term. Thus, the cokernel of d; is isomorphic to N, )\(/ /P +(2H) =0Ox(—H), as claimed. O

Lemma 7.4 The morphism WV induces an isomorphism Mx (v) — © \ {0}. Moreover, ¥ contracts the
irreducible divisor Mx (v) \ My (v) to the zero point. In particular, ® is smooth away from 0.

Proof By Lemma 5.1 and Corollary 5.2, the locus My (v) \ My (v) coincides with vector bundles E¢
associated to a twisted cubic C. By Lemma 2.5, the map ¢|7 has full rank four on tangent spaces. Thus,
the commutative diagram in Proposition 7.2 implies that W|pz, () has full rank four on tangent spaces.
Since My (v) is smooth of dimension four, W[/, () must be injective on tangent spaces. In particular, the
morphism W/, () must have finite fibers. Since ¢|7 has generically connected fibers by Proposition 2.2,
the same holds for Wz, (). Since © is normal, Zariski’s main theorem implies that W[y, (,) is an open
embedding. Since © is singular at the origin, we must have ¥(My (v)) C ® — {0}.

By definition, ¢, (K p) = H? and we get W(Kp) = 0. Thus ¥~ (0) = My (v) \ My (v), and the image
of My (v) is indeed ® \ {0} by Proposition 2.2. O
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We can finish the proof of Theorem 7.1 with the following lemma.

Lemma 7.5 The formal neighborhood of 0 € ® is isomorphic to the vertex of the affine cone over
X c P*. Moreover, we have an isomorphism My (v) = Bly(®). Thus, X is the union of all rational
curves on My (v), and the unique divisor contracted by any morphism to a complex abelian variety.

Proof The first two claims are scheme-theoretic enhancements of the set-theoretic statements in the
previous lemma, which hold for any contraction of a divisor with ample conormal bundle to a point. We
will only sketch the arguments.

Since the normal bundle of X C My (v) is antiample, by Artin’s contractibility criterion [4, Corollary 6.12]
there is a contraction U': My (v) — N to an algebraic space N of finite type over C that is an isomorphism
away from X, and contracts X to a point 0 € N. Moreover, by Artin’s construction in [4, Theorem 6.2],
the formal neighborhood of 0 € N is given by the affinization of the formal neighborhood of X C My (v).
More precisely, if Z is the ideal of X, then it is given by
Speclim H(X, Oz y/T""") = Speclim € HO(X, Ox (k).
" " 0<k=n

ie the completion of the vertex of the affine cone over X. Since the image of every infinitesimal
neighborhood of X under W is affine, it factors via its affinization. Taking the limit, we see that W factors
via W’ both in the formal neighborhood of X, and in its complement. Hence (eg by [4, Theorem 3.1])
we get an induced morphism j: N — © factoring W. As j is bijective on points and has normal target,
it is an isomorphism.

For the last claim, note that X is uniruled, hence the union U of all rational curves in My (v) contains X .
If there was any other rational curve C not contained in X, then W: C — © is a nonconstant map from a
rational to an abelian variety, a contradiction. |

Corollary 7.6 If X and X, are smooth projective threefolds with J(X;) = J(X3,) as principally
polarized abelian varieties, then X1 = X>.

Proof As in the classical argument, this is an immediate consequence of the description of the singularity
of the theta divisor in Lemma 7.5. |

8 Kuznetsov component

The bounded derived category of a cubic threefold X admits a semiorthogonal decomposition
D*(X) = (Ku(X), Ox, Ox (1)),

whose nontrivial part Ku(X) is called the Kuznetsov component. The goal of this section is to give a new
proof of the following theorem.
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Theorem 8.1 Let X and X, be smooth cubic threefolds. Then Ku(X7) and Ku(X,) are equivalent as
triangulated categories if and only if X; and X, are isomorphic.

Let .S be the Serre functor of Ku(X). By [25, Lemmas 4.1 and 4.2], for any object ' € Ku(X), we have
®) S(F) = Loy (F®Ox(H))[1],

where L, is the left mutation functor with respect to Oy. By [11, Proposition 2.7], the numerical
Grothendieck group NV (Ku(X)) is a two-dimensional lattice

N(Ku(X)) = Z* = Z[T| & Z[S ()],

where 7y is the ideal sheaf of a line £ in X". With respect to this basis, the Euler characteristic x(—, —) on
N (Ku(X)) has the form
-1 -1
0 -1/

For any line £ in X, we know ch(Zy) = (1, 0, —%H 2, 0). The Chern character of our second basis vector
of ch(Ku(X)), and the action of the Serre functor S on our chosen basis are given as follows.

Lemma 8.2 We have ch(S(Iy)) = (2.—H,—%tH?, $ H®) and ch(S2(Iy)) = (1.—H, tH? {H?).
Thus, the class [S?(Zy)] in N'(Ku(X)) is equal to [S(Z;)] — [Z¢].

Proof By (8) we have [S(E)] = —[E(H)] + x(E(H))[Ox] for E € Ku(X). Hence ch({;(H)) =
(1, H, $ H?,—%+ H3) and x(I;(H)) = 3 imply the formula for ch(S(/;)). The formula for ch(S2(;))
follows from the last claim, which in turn follows from the Euler characteristic form above with

x(Ig. S*(1p)) = x(S*(1p). S(y)) = x(SUy). I¢) = 0 = (). [S(Zy)] - [Zc)),
x(SUg), S*(Ip)) = x(Ig. SUy)) = —1 = x(SU]. [S(Ze)] — [Z¢)). |

For a point P € X, the sheaf Kp, which is defined through the sequence (2), lies in the Kuznetsov
component Ku(X).

Lemma 8.3 Let [A] be a class in N'(Ku(X)) such that x([A],[A]) = —3. Then, up to a sign, [A] is either
[Kp] = [Ze] +[S(Zy)], or [S(Kp)] = —[Ze] + 2[S(Zy)), or [S*(K )] = —2[Ze] + [S (Ze)]-

Let 08’_1 = (Cohg,_1 /2(X ), Z((x)’_1 /2) be the weak stability condition on D(X) constructed in

[5, Proposition 2.14]. Here Cohg _1 /2(X ) is the usual double tilt and
) Z8 12 (Ey=H?-ch [V (E) +i(H-chy*(E) - Lo H -cho(E)).

As proven in [5, Theorem 6.8], for 0 < o < 1 it induces the stability condition o («) = (A(x), Z(x))
on Ku(X'), where

A(er) :=Cohg, _, ,(X)NKu(X) and Z(a):=Zy _ jplku(x)-
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Lemma 8.4 There is an embedding My (v) < M) ([Z¢] + [S(Zy)]) from the moduli space My (v)
for v = ch(Zy) + ch(S(Zy)) = (3, —H, —%HZ, %H3) to My (o) ([Z¢] + [S(Zy)]), which parametrizes
o («)—semistable objects in Ku(X) of class [Zy] + [S(Z¢)] € N (Ku(X)).

Proof According to Lemma 6.5 there is no wall for objects of Chern character v to the left of the vertical
wall. Thus, E is vy _1/,—stable for any @ > 0. Since (73’_1/2
that E is 63,—1 /z—stable. By Theorem 6.1(ii), the sheaf £ € Ku(X) lies in the Kuznetsov component.
Thus, E is o(«)—stable. Note that the object £ could be destabilized by objects with ZOlO’_1 2= 0 after
rotation. But we know that these are all sheaves supported in dimension zero and would not be in Ku(X)

and therefore, E is stable after restriction to Ku(X). |

is just a rotation of vy _1/5, We obtain

Corollary 5.6 of [35] implies that the stability condition o («) is S—invariant, ie S -0 («) = o («) - g for
ge GL* (2, R). Thus, there is an isomorphism

(10) S M) = [S(Zo)]) > Mooy ([Ze] +[S(Ze)]),  E— S(E).

The following proposition is a slight strengthening of [1, Theorem 1.2], which describes all elements of
the moduli space. The idea of the proof is the same as [1, Lemma 2.2].

Proposition 8.5 Any o («)—semistable object in Ku(X') of class 2[Z;] — [S(Zy)] is of the form G[2k] for
k € 7, where G is either equal to Gp(—H) described in (4) for a point P € X, or Oy (D — H), where
D is a Weil divisor on some Y € |H|.

Proof Lemma 8.2 implies ch(G) = (0, H,—3H? —1H?). Since G is o(a)-semistable, its shift
G[2k] lies in the heart A(«) for some k € Z. We know its image under the stability function Z ()
is equal to —H?, so it has maximum phase in the heart A(c), which immediately implies G[2k] is
ag’_l /2—semistable. We claim that G[2k] has no subobject Q € Cohg,_1 /o With Zg,—1 /2(Q) =0,
SO it is vy _1/p—semistable. Assume for a contradiction that there is such a subobject Q. By the
definition of Cohf;’_1 /2(X ), it is a sheaf supported in dimension zero. Thus, hom(Oy, Q) # 0. Since
Oy € Cohg’_l/z(X), we have hom(Oy, (G[2k]/ Q)[—1]) = 0. Therefore, hom(QOy, G[2k]) # 0, which
is not possible because G[2k] € Ku(X). Finally, since G[2k] is vy, _1/,—semistable for 0 < o < 1, the
claim follows by Proposition 6.2(ii). O

Remark 8.6 Since the class 2[Z;] — [S(Z;)] is primitive in A/ (Ku(X)), any o («)—semistable object of
this class is o («)-stable if we choose « sufficiently small.

We now describe the image of the semistable objects G € M (q)(2[Z¢]—[S(Z¢)]) under the Serre functor S
If G = Gp(—H), then by (4), we know there is a distinguished triangle

Ox[1] = Gp — Zp(H) — Ox[2],
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which gives Lo, (Gp) = Loy (Zp(H)) = Kp[1], so
(an S(Gp) = Kp[2].
If G = Oy(D — H), then G(H) = Oy (D) is of class (0, H,  H?, —L H?), and lies in a distinguished
triangle
0% - 0y(D) — Ep[1] —» 0P[1].
Thus,
(12) S(G) = Loy (Oy(D))[1] = Loy (Ep[1)[1] = Ep[2].
Combining (11) and (12) with Lemma 8.4 implies the next result.

Theorem 8.7 The moduli space Mg ) ([Z¢] + [S(Z¢)]) is isomorphic to the moduli space Mx (v)
parametrizing Gieseker-stable sheaves of class v.

The next step is to show that we can replace o () by any S—invariant stability condition on Ku(X).

Lemma 8.8 [35, Lemmas 5.8 and 5.10] Let o be an S—invariant stability condition on Ku(X) and
F € Ku(X) be o—semistable of phase ¢(F). Then

1) ¢(F) <e(S(F)) <e(F)+2,
(i) dimExt!(F, F) > 2.

For cubic threefolds, we also have a weak version of the Mukai lemma for K3 surfaces.

Lemma 8.9 (weak Mukai lemma [35, Lemma 5.11]) Let o be an S —invariant stability condition. Let
A — E — B be a triangle in Ku(X) such that hom(A, B) = 0 and the o —semistable factors of A have
phase greater than or equal to the phase of the o —semistable factors of B. Then

dimg Ext' (4, A) + dimc Ext! (B, B) < dimc Ext!(E, E).

Proposition 8.10 Let o1 and o, be two S—invariant stability conditions on Ku(X). An object E € Ku(X)
of class [Zy] 4+ [S(Zy)] is o1 —stable if and only if it is o—stale.

Proof By [35, Proposition 4.6], Z, and S(Z;) are o—stable with respect to any S—invariant stability
condition. Thus, Lemma 8.8 implies that

(13) 0o (Zy) < 95 (S(Zy)) < 9o (Zy) + 2.

Take a o1—stable object E € Ku(X) of class [Zy] + [S(Z;)]. Since o is S—invariant, Lemma 8.8 gives
P01 (E) < 95, (S(E)) < ¢o,(E) +2.
Thus, fori <0ori > 2, we get
hom(E, E[i]) = hom(E[i], S(E)) = 0.
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Since E is oj-stable, we get hom(E, E) = 1, which gives
hom(E, E[1])) = —x(E, E)+1=4.

Suppose now for a contradiction that E is o,—unstable. There is a distinguished triangle of destabilizing
objects F; — E — F, — F1[1] with respect to 0,. We may assume F; is o,—semistable. Thus, Lemma 8.8
implies that

(14) hom(Fy, Fi[1]) > 2.
Since the phase of F is bigger than the phase of o,—semistable factors of F,, we have
(15) hom(Fy, F5) =0.
Thus, the weak Mukai lemma (Lemma 8.9) implies
hom(Fy, Fi[1]) + hom(F,, F,[1]) <hom(E, E[1]) = 4.

By (14), we get hom(F,, F>[1]) <2. If hom(F;, F;[1]) =0 or 1, then all its o,—semistable factors would
satisfy the same property by the weak Mukai lemma (Lemma 8.9), which is not possible by Lemma 8.8.

Therefore,
hom(F, F1[2]) = hom(F,, F[1]) = 2,

and [35, Lemma 5.12] implies that F; and F, are o,—stable. This gives x(F;, F;) = —1 fori = 1,2,
so [Fj] is either £[Zy], or £[S(Z¢)], or £([S(Z¢)] — [Z¢]). Since there are only 2 stable factors and the
object E is of class [Zy] + [S(Z¢)], the destabilizing objects must be of class [Zy] and [S(Z)]. Thus,
[35, Proposition 4.6] implies that the destabilizing objects are Z;[2k] and S(Z;/)[2k’] for two lines £, ¢’
and integers k, k' € Z.

Let Fi; = Zy[2k] and F, = S(Zy/)[2k']. Since E is o1—stable, we have ¢, (F1) < ¢g, (F2), thus (13)
gives k < k’. But F and F, are the destabilizing objects with respect to 07, hence ¢o, (F1) > @0, (F>)
and (13) gives k’ + 1 < k, which is not possible. By a similar argument, we reach a contradiction if
Fi1 = S(Zy)[2k’] and F, = Zy[2k]. Finally, note that E cannot be strictly o,—semistable because the
phases of Z;[2k] and S(Z;)[2k'] cannot be equal, by (13). |

Proof of Theorem 8.1 As a cubic threefold has free Picard group of rank one, the first implication is
obvious. As for the second implication, assume there is an exact equivalence ©: Ku(X;) — Ku(X3).
Lemma 8.3 implies that, up to composing with a power of the Serre functor of Ku(X7;) and shift functor,
we may assume [®,(Kp)] = [K p/] for points P and P’ in X; and X, respectively. Take an S—invariant
stability condition ¢ on Ku(X7). Theorem 8.7 and Proposition 8.10 imply that

(16) My, (v) = My (Ku(X)),[Kp]) = My.o (Ku(X2), [Kp]).

Since the Serre functor commutes with autoequivalences, ¢ - o is an S—invariant stability condition
on Ku(X3). Thus, Theorem 8.7 gives

Mw-a(Ku(X2)7 [Kpr]) = MXZ (v).
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Combining this with (16) gives My, (v) = My, (v). By Lemma 7.5, we know X; and X are the unique
exceptional divisors of My, (v) and My, (v) which get contracted by any map to a complex abelian
variety. Thus, X = X;. O

List of symbols

X  smooth cubic threefold in P* over C
H the ample generator of Pic(X)

Y ahyperplane section of X

DP(X) bounded derived category of coherent sheaves on X
Ku(X) the Kuznetsov component inside DP(X)
CH*(X) the Chow ring of X
CH}(X) the numerical Chow ring of X, obtained as CH* (X)) modulo numerical equivalence
HI(E) the i™ cohomology sheaf of a complex E € D°(X)
H'(E) the i sheaf cohomology group of a complex E € D°(X)
ch(E) total Chern character of an object E € D?(X) up to numerical equivalence

¢(E) total Chern class of an object £ € DP(X) up to numerical equivalence

gfl(E ) total Chern character of an object £ € D®(X) up to rational equivalence

C(E) total Chern class of an object E € DP(X) up to rational equivalence
ch</(E) (cho(E),...,ch(E))
ch</(E) (cho(E), ... ch(E))
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Coarse-median preserving automorphisms

ELIA FIORAVANTI

This paper has three main goals.

First, we study fixed subgroups of automorphisms of right-angled Artin and Coxeter groups. If ¢ is an
untwisted automorphism of a RAAG, or an arbitrary automorphism of a RACG, we prove that Fix ¢ is
finitely generated and undistorted. Up to replacing ¢ with a power, we show that Fix ¢ is quasiconvex
with respect to the standard word metric. This implies that Fix ¢ is a virtual retract and a special group in
the sense of Haglund and Wise.

By contrast, there exist “twisted”” automorphisms of RAAGs for which Fix ¢ is undistorted but not of
type F (hence not special), of type F but distorted, or even infinitely generated.

Secondly, we introduce the notion of “coarse-median preserving” automorphism of a coarse median group,
which plays a key role in the above results. We show that automorphisms of RAAGs are coarse-median
preserving if and only if they are untwisted. On the other hand, all automorphisms of Gromov-hyperbolic
groups and right-angled Coxeter groups are coarse-median preserving. These facts also yield new or more
elementary proofs of Nielsen realisation for RAAGs and RACGs.

Finally, we show that, for every special group G (in the sense of Haglund and Wise), every infinite-order,
coarse-median preserving outer automorphism of G can be realised as a homothety of a finite-rank median
space X equipped with a “moderate” isometric G—action. This generalises the classical result, due to
Paulin, that every infinite-order outer automorphism of a hyperbolic group H projectively stabilises a
small H-tree.
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1 Introduction

This paper is inspired by the following, at first sight unrelated, questions.

Question 1 Given a finitely generated group G and ¢ € Aut G, what is the structure of the subgroup of
fixed points Fix ¢ < G?

Question 2 Given a finitely generated group G and ¢ € Aut G, when can we realise ¢ as a homothety
of a nonpositively curved metric space X equipped with a “nice” G—action by isometries?

Our motivation comes from the theory of automorphisms of free groups. When G = F},, a complete
answer to Question 1 was first conjectured by Peter Scott in 1978, and later proved — after work by
Dyer and Scott [46], Jaco and Shalen [72], Gersten [56; 57], Culler [36], Goldstein and Turner [58],
Cooper [33] and Cohen and Lustig [32], among others — by Bestvina and Handel [12]:

For every ¢ € Aut Fy,, the fixed subgroup Fix ¢ < F}, is generated by at most n elements.
In particular, Fix ¢ is finitely generated, free, and quasiconvex in Fj.

Bestvina and Handel’s proof is based on the extension of several ideas of Nielsen—Thurston theory from
surfaces to graphs. Specifically, every homotopy equivalence between finite graphs is homotopic to a
(relative) train track map [12; 11]. This result is also a key ingredient in providing the following answer
to Question 2, by Gaboriau, Jaeger, Levitt and Lustig [53]:

For every ¢ € Aut Fy, there exists an action by homotheties Fy, Xy Z ~, T', where T is an
R—tree and the restriction F,, ~, T is isometric, minimal, and has trivial arc-stabilisers.

If ¢ is exponentially growing, then F;,, ~ T has dense orbits and Fix ¢ is elliptic.

We are interested in Question 2 because of its connections to Question 1. Indeed, if one admits the
existence of an Fy—tree as above, it is possible to give more elementary proofs of the Scott conjecture,
which are completely independent of the complicated machinery of train tracks and instead rely on an
“index theory” for F,—trees; see Gaboriau, Levitt and Lustig [55] and Gaboriau and Levitt [54].

More generally, a satisfactory answer to Question 2 was obtained by Paulin [88] for all Gromov-hyperbolic
groups G. If ¢ € Out G has infinite order, then it can be similarly realised as a homothety of a small
G-tree, ie an R—tree with a minimal isometric G—action such that no G-stabiliser of an arc contains a
copy of the free group F5.

Paulin’s proof is abstract in nature, but his result can be pictured quite concretely in the case when
G = m1(S) for a closed surface S: Thurston [97] showed that ¢ is induced by a homeomorphism of S
that preserves a projective measured singular foliation on §; the R—tree 7' can then be constructed by
lifting this singular foliation to the universal cover S and considering its leaf space.
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It is natural to wonder if the above discussion is specific to hyperbolic groups. This might be suggested by
the fact that automorphism groups of one-ended hyperbolic groups can essentially be understood in terms
of mapping class groups of finite-type surfaces (see Levitt [78] and Sela [93]), for which Nielsen—Thurston
theory is available.

In recent years, the study of outer automorphisms of groups other than 7r1 (S) and F;, has gained significant
traction. The groups Out Ar — where Ar is a right-angled Artin group (RAAG)— are particularly
appealing in this context, as they can exhibit a variety of interesting behaviours ranging between the
extremal cases of Out F;, and OutZ" = GL, Z.

One may look at the large body of work on Out F;, hoping to extract a blueprint that will direct the
study of the groups Out Ar. This has proved a successful approach in some cases, remarkably with
the definition of analogues of Outer Space (see Bregman, Charney and Vogtmann [20] and Charney,
Stambaugh and Vogtmann [25]) and its consequences for the study of homological properties. However,
there are limits to such analogies: in practice, techniques that are tailored to general RAAGs and based
on induction on the complexity of the graph I seem to provide the most effective approach to many
problems; see for instance Charney and Vogtmann [27; 28], Day and Wade [43], Day, Sale and Wade [42]
and Guirardel and Sale [61].

Our aim is to investigate Questions 1 and 2 when G is a RAAG or, more generally, a cocompactly
cubulated group. These are just two of the many basic questions that have been fully solved for Out F;,
but have so far remained out of the limelight for the groups Out Ar.

One quickly realises that it is necessary to impose some restrictions on ¢ € Aut Ar if the two questions
are to be fruitfully addressed. To begin with, it is not hard to construct automorphisms of F» x Z whose
fixed subgroup is infinitely generated (Example 4.13), which would prevent us from relying on the tools
of geometric group theory in relation to Question 1. In addition, when G = Z", it should heuristically
always be possible to equivariantly collapse the space X in Question 2 to a copy of R, which forces
¢ € GL,Z to have a positive eigenvalue.

We choose to consider the subgroup of untwisted automorphisms U(Ar) < Aut Ar, which was introduced
by Day in [41] (with the name of “long-range automorphisms”) and further studied by Charney, Stambaugh
and Vogtmann [25] and Hensel and Kielak [69]. This can be defined as the subgroup generated by a
certain subset of the Laurence—Servatius generators for Aut Ar (see Laurence [75] and Servatius [94]),
excluding generators that “resemble” too closely elements of GL, Z.

The subgroup U(Ar) < Aut Ar displays stronger similarities to Aut F,, and often makes up a large
portion of the entire group Aut Ar. For instance, U(F;) = Aut F,, and U(Ar) always contains the kernel
of the homomorphism Aut Ar — GL,Z induced by the (Aut Ar)-action on the abelianisation of Ar.

Our first result is a novel, coarse geometric characterisation of untwisted automorphisms. This will play
a fundamental role in addressing both Questions 1 and 2 in the rest of the paper.
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Recall that every right-angled Artin group Ar is equipped with a median operator u: A% — Ar coming
from the fact that Ar is naturally identified with the O—skeleton of a CAT(0) cube complex (the universal
cover of its Salvetti complex); see Chepoi [31]. Thus, one can consider those automorphisms of Ar with
respect to which p is coarsely equivariant.

More generally, it makes sense to study such automorphisms for any coarse median group (G, jt). This
remarkably broad class of groups was introduced by Bowditch in [15] and contains all Gromov-hyperbolic
groups, as well as all groups admitting a geometric action on a CAT(0) cube complex, and all hierarchically
hyperbolic groups in the sense of Behrstock, Hagen and Sisto [6, Definition 1.21].

Definition An automorphism ¢ of a coarse median group (G, j1) is coarse-median preserving! (CMP)
if there exists a constant C > 0 such that

p(r(g1,82,83)) ~c m(p(g1),¢(g2), ¢(g3)) forall g1,g2,83€G,

where x ~¢ y means d(x, y) < C with respect to some fixed word metric d on G.

It is easy to see that CMP automorphisms form a subgroup of Aut G containing all inner automorphisms.?
Thus, it makes sense to speak of CMP outer automorphisms, as this property does not depend on the
specific lift to Aut G.

It turns out that, in the setting of right-angled Artin groups, CMP automorphisms coincide with untwisted
automorphisms, perhaps explaining the closer analogy between U(Ar) and Aut Fy,. In particular, every
element of Aut F;, is CMP, while only a finite subgroup of Aut Z” is CMP.

More precisely, we have the following. We endow right-angled Artin/Coxeter groups with the coarse
median structure induced by the action on the universal cover of the Salvetti/Davis complex.

Proposition A (1) All automorphisms of hyperbolic groups are CMP.
(2) All automorphisms of right-angled Coxeter groups are CMP.
(3) Automorphisms of right-angled Artin groups are CMP if and only if they are untwisted.

Part (1) is due to the fact that hyperbolic groups admit a unique coarse median structure, which was
shown in [83]; see Example 2.28 below. That CMP automorphisms of RAAGs are untwisted can be easily
deduced from the proof, due to Laurence [75], that elementary automorphisms generate the automorphism
group. We prove the rest of Proposition A in Section 3.4.

IThis terminology is motivated in Section 2.6; see Remark 2.25.

2Here it is important that our definition of coarse median group (Definition 2.24) is slightly stronger than Bowditch’s original
definition [15], in that we require u to be coarsely G—equivariant. The difference between the two notions is analogous to the
distinction between hierarchically hyperbolic groups and groups that are just a hierarchically hyperbolic space.

Geometry & Topology, Volume 28 (2024)



Coarse-median preserving automorphisms 165

Our first result on Question 1 applies to all CMP automorphisms of cocompactly cubulated groups,
ie those groups that admit a proper cocompact action on a CAT(0) cube complex.

We remark that, in addition to Proposition A, examples of CMP automorphisms of cubulated groups are
provided by [52, Theorem E], which characterises when a generalised Dehn twist preserves the coarse
median structure induced by the cubulation.

Theorem B Let G be a cocompactly cubulated group, with the induced coarse median structure. If
@ € Aut G is coarse-median preserving, then:

(1) Fix ¢ is finitely generated and undistorted in G .
(2) Fix ¢ is itself cocompactly cubulated.

Both parts of this result fail badly for “twisted” automorphisms of right-angled Artin groups. For every
finite graph T, there exist automorphisms i € Aut(Ar x Z) with Fix ¥ = BBr x Z, where BBr < Ar
denotes the Bestvina—Brady subgroup [8]; see Example 4.13. When finitely generated, BBr is quadratically
distorted in Ar as soon as Ar is directly irreducible and noncyclic; see Tran [98]. Even when Fix v is
finitely generated and undistorted, one can ensure that Fix ¥ not be of type F, which implies that Fix v
is not cocompactly cubulated. These examples can be easily extended to RAAGs that do not split as

products.

We emphasise that the cubulation of Fix ¢ provided by Theorem B does not arise from a convex subcomplex
of the cubulation of G in general, but just from a median subalgebra of it; see Section 2.2 for a definition.
In fact, the subgroup Fix ¢ need not be guasiconvex in G, as can be observed for the automorphism
@ € Aut Z? that swaps the standard generators, where Fix ¢ is the diagonal subgroup of Z2.

Nevertheless, in many situations, Fix ¢ does turn out to be quasiconvex in the ambient group. We prove this
fact in the context of right-angled Artin and Coxeter groups, where it has the remarkable consequence that
Fix ¢ is a retract of a finite-index subgroup of the ambient group; see Haglund and Wise [68, Section 6].

Theorem C Consider the right-angled Artin group Ar or the right-angled Coxeter group Wr. There
are finite-index subgroups Uy(Ar) < U(Ar) and Autg Wr < Aut Wr such that, for any automorphism ¢
lying in either of these subgroups:

(1) Fix ¢ is quasiconvex in Ar or Wr with respect to their standard word metric, ie geodesics in their
standard Cayley graph with endpoints in Fix ¢ stay uniformly close to Fix ¢.

(2) In particular, Fix ¢ is a virtual retract and it is a special group in the Haglund—Wise sense.

For the experts, the finite-index subgroups in Theorem C are generated by the elementary automorphisms
known as inversions, folds and partial conjugations; see Section 3.4 and Remark 3.27. Quasiconvexity
of Fix ¢ can alternatively be characterised saying that Fix ¢ acts properly and cocompactly on a convex
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subcomplex of the universal cover of the Salvetti/Davis complex, or, again, in coarse median terms; see
Definition 2.30, Remark 2.31 and Lemma 3.2.

In light of Theorem C, it is only natural to wonder what isomorphism types of special groups can arise as
Fix ¢, and whether their complexity can be bounded in any way in terms of the ambient group, in the
spirit of Scott’s conjecture. We only provide a very partial result on these questions (Corollary E), leaving
a more detailed treatment for later work. The main proof ingredient, which we believe is of independent
interest, is the following construction of Uy (Ar)—invariant Bass—Serre trees for most right-angled Artin
groups.

Proposition D Let Ar be directly irreducible, freely irreducible and noncyclic. Then there exists an
amalgamated product splitting Ar = A4 * 4, A—, with A4+ and Ao parabolic subgroups of Ar, such that
the corresponding Bass—Serre tree Ar ~, T is Uy (Ar)—invariant. That is: for every ¢ € Uy(Ar), there
exists an isometry f: T — T satisfying f og = ¢(g)o f forall g € Ar.

Corollary E Consider a right-angled Artin group Ar and ¢ € Up(Ar).

(1) If Ar splits as a direct product Ay x Ay, then ¢(A;) = A; and Fix ¢ = Fix ¢| 4, X Fix ¢| 4,.

(2) If Ar is directly irreducible, then the subgroup Fix ¢ < Ar splits as a (possibly trivial) finite graph
of groups with vertex and edge groups of the form Fix ¢|p, for proper parabolic subgroups P < Ar
with ¢(P) = P and ¢|p € Uy(P).

The same two results hold for right-angled Coxeter groups Wr and automorphisms ¢ € Autg Wr.

We now turn to Question 2, which is the second main focus of the paper. Recall that Paulin [88] showed
that, for every Gromov-hyperbolic group G, every infinite-order element of Out G can be realised as a
homothety of a small, isometric G—tree.

Our main result on Question 2, generalises Paulin’s theorem to CMP automorphisms of special groups G,
in the Haglund—Wise sense [68; 90]. This is a broad class of groups including right-angled Artin groups,
finite-index subgroups of right-angled Coxeter groups, as well as free and surface groups and a number
of other hyperbolic examples.

Note that small G—actions on R—trees are not the right notion to consider in this context. Indeed, if
a special group G has a small action on an R—tree 7', then every arc stabiliser is free abelian and the
work of Rips and Bestvina—Feighn implies that G splits over an abelian subgroup; see Bestvina and
Feighn [10, Theorem 9.5]. However, there exist special groups that admit an infinite-order CMP outer
automorphism, but do not split over any abelian subgroup (eg the RAAG Ar with I' as in Figure 1, by
Groves and Hull [59]).

In fact, due to the lack of hyperbolicity, it is reasonable to expect that R—trees will need to be replaced by
higher-dimensional analogues.
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Figure 1

The correct setting seems to be provided by the simultaneous generalisation of R—trees and CAT(0) cube
complexes known as median spaces. These are those metric spaces (X, d) such that, for all xq, x», x3 € X,
there exists a unique point m(x1, x2, x3) (known as their median) satisfying

d(xi,xj) =d(x;,m(x1, x2,x3)) +d(m(x1,x2,x3),x;) forall 1 <i < j<3.
A connected median space X is said to have rank < r if all its locally compact subsets have topological

dimension < r. Rank-1 connected median spaces are precisely R—trees.

The following is our main result on Question 2 (a more general statement for infinite abelian subgroups of
Out G is Theorem 7.25). Note that, although higher-rank median spaces are never nonpositively curved,
they always admit a canonical, bi-Lipschitz equivalent CAT(0) metric;> see Bowditch [17].

Theorem F Let G be the fundamental group of a compact special cube complex. Suppose G has trivial
centre. Let ¢ € Out G be infinite-order and coarse-median preserving. Then:

(1) There is a geodesic, finite-rank median space X and an action by homotheties G ¢ Z ~ X.
(2) The restriction G ~, X is isometric, minimal, with unbounded orbits, and “moderate”.

(3) If ¢ € Aut G represents ¢, then the subgroup Fix ¢ < G fixes a point of X .

(4) If ¢ and ¢! are subexponentially growing, then the action G Xp L ~ X is isometric.

As for actions on R—trees, we say that G ~, X is minimal if X does not contain any proper, G—invariant
convex subsets. We propose the notion of “moderate” action on a median space as a higher-rank
generalisation of the notion of small action on an R—tree.

Definition (moderate actions) Let G be a group and X be a median space.

(1) A k—cube in X is a median subalgebra C C X isomorphic to the product {0, 1}%.

(2) Anisometric action G ~, X is moderate if, for every k > 1 and every k—cube C C X, the subgroup
of G fixing C pointwise contains a copy of Z¥ in its centraliser.

Any 2—-element subset of X is a 1-cube. Thus, if G is hyperbolic and G ~, X is moderate, the intersection
of any two point-stabilisers must be virtually cyclic. In particular, if G is torsionfree hyperbolic and T
is an R—tree, then the action G ~, T is moderate if and only if it is small. We remark that, when G is
hyperbolic, the space X provided by Theorem F is indeed an R—tree.

3The reader should keep in mind the case of R”, where the £! metric is median and the Euclidean metric is CAT(0).
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We would like to emphasise that Theorem F does not provide any lower bounds to the rank of the median
space X. In particular, we still do not have an answer to the following:

Question3 (1) Can we always take the median space X in Theorem F to be an R—tree?

(2) If G is a directly and freely irreducible RAAG, can we even take X to be a simplicial tree?

We have seen that, when Ar is directly and freely irreducible, Proposition D yields a Up(Ar)—invariant
simplicial Ar—tree. However, it remains unclear if such a simplicial tree can always be taken to be
moderate and, more importantly, if it can be constructed so that Fix ¢ is elliptic.

We conclude this overview by highlighting two more results. These fall outside the main purpose of this
text, but they are almost immediate consequences of the techniques used in this paper and we find them
of independent interest. We prove them at the end of Section 4.2.

Recall that the property of being cocompactly cubulated does not, in general, pass to finite-index overgroups.
Many examples of this are provided by crystallographic groups (see Hagen [62]): for instance, the (3, 3, 3)
triangle group has Z? as a finite-index subgroup, but it is not itself cocompactly cubulated.

The following is a criterion for cubulating finite-index overgroups. Its proof is loosely inspired by the idea
of Guirardel cores (see Guirardel [60] and Hagen and Wilton [65]), but it requires none of the technical
machinery. Instead, it is a simple consequence of Proposition 4.1 (or the earlier result of Bowditch
[18, Proposition 4.1]).

Corollary G Let G be a group with a cocompactly cubulated finite-index subgroup H. Suppose that
the coarse median structure on G induced by the cubulation of H is G-invariant (it is automatically
H —invariant). Then G is cocompactly cubulated.

Along with Proposition A, the previous corollary implies the following version of Nielsen realisation for
automorphisms of right-angled Artin and Coxeter groups.

Corollary H (Nielsen realisation for RA*Gs) Consider one of the following two settings:
(1) A centreless right-angled Artin group G = Ar and a finite subgroup F' < Out Ar contained in the
projection to outer automorphisms of the untwisted subgroup U(Ar) < Aut Ar.
(2) A centreless right-angled Coxeter group G = Wr and any finite subgroup F' < Out Wr.

In either case, F can be realised as a group of automorphisms of a compact, nonpositively curved, cube
(orbi)complex Q withG = w1 Q.

Part (2) is new, while part (1) is originally due to Hensel and Kielak [69]. When F < Uy(Ar), they
constructed Q quite explicitly via a glueing construction, ensuring that dim Q = dim A. By comparison,
our approach does not offer much control on dimension (except dim Q < #F -dim AT), but it provides a
much more elementary proof of the existence of some Q.
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We expect our complex Q to be special, but this would require additional arguments in the proof (the only
delicate point being lack of interosculations). We also think it should be possible to “trim” Q into having
the optimal dimension dim AT by relying on the “panel collapse” procedure of Hagen and Touikan [64]
(or small variations thereof), but the details seem too technical to be discussed here.

1.1 On the proof of Theorems B and C

The two theorems are proved in Section 4 under the aliases of Theorem 4.10 and Corollaries 4.34 and 4.35.

Regarding Theorem B, the starting observation is that Fix ¢ is an approximate median subalgebra of
the group G; see Definition 2.33 and Lemma 2.35. Fixing a proper cocompact action on a CAT(0) cube
complex G ~, Z, the proof then takes place in three steps.

(1) Ifasubgroup H < G is an approximate median subalgebra, H is finitely generated (Proposition 4.11).
We prove this by relying on a straightforward adaptation of an argument due to Paulin [86] in the context
of hyperbolic groups. Paulin’s argument is itself a generalisation of Cooper’s proof [33] in the case when
the group G is free (a result originally due to Gersten [57] from the early 80s).

(2) Approximate median subalgebras of CAT(0) cube complexes are always at finite Hausdorff distance
from actual median subalgebras (Proposition 4.1 or [18, Proposition 4.1]).

(3) Applying the previous step to H—orbits in Z, we obtain an H—invariant median subalgebra M C Z ©)
such that H ~, M is cofinite. Along with the fact that H is finitely generated, this yields a cocompact
cubulation that quasi-isometrically embeds into Z (Lemma 4.12), though not necessarily as a convex

subcomplex.

A similar strategy gives a new proof of W Neumann’s result [82] that fixed subgroups of automorphisms of
hyperbolic groups are quasiconvex; see also Minasyan and Osin [81]. Indeed, recall that, although not all
hyperbolic groups are cocompactly cubulated, they are all coarse median, and all their automorphisms ¢
are CMP by Proposition A. It is easy to see that all coarsely connected, approximate median subalgebras
of hyperbolic spaces are quasiconvex. As above, this implies that Fix ¢ is quasiconvex.

When dealing with nonhyperbolic groups, quasiconvexity is significantly harder to ensure and the proof
of Theorem C requires additional work. Namely, assuming that ¢ € Uy (Ar) or ¢ € Autg Wr, we need to
show that (Fix ¢)—orbits in the Salvetti complex AT or Davis complex Vr are quasiconvex (in the coarse
median sense; see Definition 2.30, Remark 2.31 and Lemma 3.2).

The proof of this is based on a quasiconvexity criterion for median subalgebras of CAT(0) cube com-
plexes (Proposition 4.25). The most important ingredients are the fact that AT and Yr do not contain
“infinite staircases” (Section 4.3), and certain properties that distinguish elements of Uy (Ar) and Autg Wr
from more general CMP automorphisms in U(Ar) and Aut Wr (Lemmas 4.30 and 4.32).
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We conclude by mentioning that other important tools for the study of undistortion and quasiconvex-
ity of subgroups of cubulated groups were recently developed by Beeker and Lazarovich in [2] and
[3, Theorem 1.2(2)], and Dani and Levcovitz [38, Theorem A], based on extensions of the classical
machinery of Stallings folds [95; 96] from graphs to higher-dimensional cube complexes. These techniques
play no role in our arguments, but it is possible that they can be used to give alternative proofs of certain
special cases of Theorems B and C.

1.2 On the proof of Theorem F

Keeping the case of Out F}, in mind, as described eg in Gaboriau, Jaeger, Levitt and Lustig [53, Section 2],
there are two main obstacles to overcome:

(a) No good analogue of (relative) train track maps is available to represent homotopy equivalences
between nonpositively curved cube complexes.

(b) It is not known if (isometric) actions on finite-rank median spaces are completely determined
by their length function. There are results of this type for actions on R-trees (see Culler and
Morgan [37]) and cube complexes (see Beyrer and Fioravanti [13; 14]), but their extension to a
general median setting would require some significantly new ideas.

The proof of Theorem F is made up of two main steps, which we now describe. In this sketch, we restrict
our attention to the construction of the homothetic action G x4 Z ~ X (parts (1) and (2) of the theorem).
Parts (3) and (4) follow, respectively, from parts (1) and (2) of Remark 7.27.

Let G be a special group, let Z be a CAT(0) cube complex, and let p: G — Aut Z be the homomorphism
corresponding to a proper, cocompact, cospecial action G ~, Z. Equip G with the coarse median structure
arising from Z. Let ¢ € Aut G be a coarse-median preserving automorphism projecting to an infinite-order
element of Out G.

Step 1 There exist a finite-rank median space X , an isometric action G ~, X with unbounded orbits, and
a homeomorphism H : X — X satistying H og = ¢(g)o H forallg € G.

In order to prove this, we consider the sequence of homomorphisms p, := p o ¢" and the sequence of
G—actions on cube complexes G ~, Z, that they induce. We then fix a nonprincipal ultrafilter w, choose
basepoints p, € Z, and scaling factors €, > 0, and consider the ultralimit

(Xy p) = har)n(EnZn, Pn)

This is easily seen to be a finite-rank median space and, for a suitable choice of p;, and A, the actions
G ~ Z, converge to an isometric action G ~, X with unbounded orbits.

So far this is just a classical Bestvina—Paulin construction; see Bestvina [7] and Paulin [85]. The actual
subtleties lie in the definition of the map H: X — X. By the Milnor—Schwarz lemma, there exists a
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quasi-isometry h: Z — Z satisfying ho g = ¢(g) o h for all g € G. We would like to define H as
the ultralimit of the corresponding sequence of quasi-isometries Z, — 2Z,, but this might displace the
basepoint p € X by an infinite amount.

In order to rule out this eventuality, we rely on an argument similar to the one used in Paulin [88] for
hyperbolic groups. On closer inspection, Paulin’s argument only requires the following property, which is
satisfied by nonelementary hyperbolic groups.

Definition Let G be a infinite group with a (fixed) Cayley graph (G, d). We say that G is uniformly
nonelementary (UNE) if there exists a constant ¢ > 0 with the following property. For every finite
generating set S C G and for all x, y € G, we have

d(x,y)<c -maéc[d(x, sx)+d(y,sy)].

The important part of this definition is that the constant ¢ does not depend on the generating set S. Note
that the UNE property is independent of the specific choice of G; cf Definition 2.36.

Our main contribution to Step 1 is the proof of the following fact (Corollary 7.23), which is potentially of
independent interest.

Theorem I Let G be the fundamental group of a compact special cube complex. If G has trivial centre,
then G is uniformly nonelementary.

Now, let m: X3 — X denote the median operator of the median space X. The fact that ¢ € AutG is
coarse-median preserving easily implies that the homeomorphism H : X — X arising from the above
construction satisfies H(m(x, y,z)) = m(H(x), H(y), H(z)) for all x, y,z € X. However, H need not
be a homothety at this stage.

Step 2 There exists a G—invariant (pseudo)metric n: X x X — [0, +00) such that (X, n) is a median
space with the same median operator m, and H is a homothety with respect to 1.

Since H : X — X preserves the median operator m, there is an action of H on the space of all G—invariant
median pseudometrics on X that induce m. More precisely, we show that H gives a homeomorphism of
a certain space of (projectivised) median pseudometrics on X, and that the latter is a compact absolute
retract (AR). The existence of the required pseudometric 7 then follows from the Lefschetz fixed point
theorem for homeomorphisms of compact ANRs. This is discussed mainly in Sections 6.2 and 7.4; see
especially Corollaries 6.23 and 7.24.

Once the pseudometric 7 is obtained, we can pass to the quotient metric space to obtain a genuine median
space.
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1.3 Further questions

We would like to highlight four questions raised by our results.

As mentioned earlier, every hyperbolic group admits a unique coarse median structure (Definition 2.22).
At the opposite end of the spectrum, any RAAG for which U(Ar) has infinite index in Aut Ar will admit
infinitely many Ar—invariant coarse median structures.

Right-angled Coxeter groups Wr seem to place themselves in between these two extremal situations: they
can admit infinitely many distinct coarse median structures — eg because every RAAG is a finite-index
subgroup of a RACG; see Davis and Januszkiewicz [40] — but it is not clear which of these structures are
Wr—invariant. For instance, Proposition A(2) implies that all Coxeter generating sets of WWr give rise to
the same coarse median structure (which fails for Artin generating sets of Ar).

Question 4 Does each RACG Wr have only finitely many YWr—invariant coarse median structures?

As an example of why one might expect this kind of rigidity, we suggest looking at the difference between
the RAAG Z" and the RACG (Do)", where D is the infinite dihedral group. The space of Z"—invariant
coarse median structures on Z" (equivalently, on R") is uncountable, simply because it is endowed with a
natural GL,R-action and we can consider the orbit of the standard structure. However, of the structures
in this orbit, only finitely many are (Do)"—invariant.

The second question naturally arises from Theorem C and was already mentioned above:

Question 5 Consider ¢ € Uy(Ar) or ¢ € Auto Wr.
(1) What isomorphism types of special groups can arise as Fix ¢ for some choice of ¢ and I'? When
¢ € Up(Ar), is Fix ¢ itself a right-angled Artin group?

(2) Can we bound the “complexity” of Fix ¢ in terms of #I'(© in the spirit of Scott’s conjecture?

Regarding part (1) of Question 5, note that every RAAG can arise as the fixed subgroup of some element
of Up(Ar), simply because we can always take ¢ = id. One can easily construct more elaborate examples

using this observation as a starting point.

One can also wonder about fixed subgroups of automorphisms of general coarse median groups G.
By Lemma 2.35, this reduces to understanding subgroups that are approximate median subalgebras
(Definition 2.33). We study these subgroups when G is cocompactly cubulated (Theorem 4.10), but some
of our arguments should work more generally (especially the proof of Proposition 4.11).

Question 6 Let (G, ) be a finite-rank coarse median group. Let a subgroup H < G be an approximate
median subalgebra.

(1) Is H finitely generated?
(2) Is H undistorted? Which properties of G does H retain?
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For instance, when G is hierarchically hyperbolic, I do not know if H must be finitely generated. However,
assuming that it is, the second part of the question has a positive answer: H is undistorted and hierarchically
hyperbolic. This is evident from Bowditch’s axioms (B1)—(B10) for (weak) hierarchically hyperbolic
spaces [18, Section 7] and the coarse median characterisation of hierarchy paths [18, Theorem 1.1].

We emphasise that our definition of coarse median group (Definition 2.24) is slightly stronger than
Bowditch’s original definition [15], in that we require u to be coarsely G—equivariant.

Our last question regards UNE groups. It is clear that UNE groups have finite centre, and it is not hard to
show that nonelementary hyperbolic groups are UNE. All other examples of UNE groups that we are

aware of are provided by Theorem 1.

Are there other interesting examples or nonexamples of UNE groups? Given the proof of Theorem I, a
positive answer to the following seems likely:

Question 7 Are hierarchically hyperbolic groups with finite centre UNE?

Outline of the paper

Section 2 mostly contains background material on median algebras, cube complexes and coarse median
groups. An exception is Section 2.4, which reviews some of the results of [S1]. The latter will be helpful,
mostly in Sections 6 and 7, for some of the more technical arguments in the proof of Theorem F.

In Section 3, we consider cocompactly cubulated groups G and study a notion of convex-cocompactness
for subgroups of G, which is a special instance of quasiconvexity in coarse median spaces (Definition 2.30).
Section 3.2 studies cyclic, convex-cocompact subgroups of RAAGs (whose generators we call label-
irreducible). Section 3.4 contains the proof of Proposition A.

Section 4 is concerned with fixed subgroups of CMP automorphisms. First, Sections 4.1 and 4.2 are
devoted to the proof of Theorem B. Then Section 4.3 studies staircases in cube complexes, allowing us to
formulate a quasiconvexity criterion for median subalgebras in Section 4.4. Finally, Section 4.5 restricts
to Salvetti and Davis complexes, proving Theorem C.

Section 5 is completely independent from the subsequent part of the paper and can be safely skipped. It
only contains the proof of Proposition D and Corollary E.

Finally, Sections 6 and 7 are the most technical parts of the paper and they contain the bulk of the proof
of Theorem F. In Section 6, we consider group actions on finite-rank median algebras and develop a
criterion for the existence of a (projectively) invariant metric (as required for Step 2 of the proof sketch
for Theorem F). In Section 7, we study ultralimits of actions on Salvetti complexes, in order to obtain the
properties needed to apply the results of Section 6. Theorems F and I are proved in Section 7.4.
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2 Preliminaries

2.1 Frequent notation and identities

Throughout the paper, all groups will be equipped with the discrete topology. Thus, we will refer to
properly discontinuous actions on topological spaces simply as proper actions.

If G is a group and F C G is a subset, we denote by (F) the subgroup of G generated by F. We denote
by Zg(F) the centraliser of the subset F, ie the subgroup of elements of G commuting with all elements
of F.

If (X, d) is a metric space, A C X is a subset, and R > 0 is a real number, we denote by Ng(A) the
closed R—neighbourhood of A. If x, y € X, we write x &~ g y with the meaning of d(x, y) < R.

Consider a group action on a set G ~, X. If n is a G-invariant pseudometric on X, we write, for every
xeX,geG,and F C G,

t(g,m) = inf n(x. gx), rZ(X)=JIp€a}<n(x,fX), ?Z=Xig§(rZ(X)-

When X is a metric space and we do not name its metric explicitly, we also write £(g, X), r}{f and ?}f CIf

X is equipped with several G—actions originating from homomorphisms p,: G — Isom X, we will write

£(g, pn), r?" , ?;;” in order to avoid confusion.

If S C G is a finite generating set, we denote by |- |s and || - || s the associated word length and conjugacy
length, respectively:

|g|S:1nf{k|g:sl ..... Sk s SjES:t} and ”g”S:hlIelg |hgh_1|S.

The following useful identities will be repeatedly used in this text. We consider a G—action on a set X, a
G-invariant pseudometric 7, a point x € X, and finite generating sets S, S1, S» € G. We have

n(x,gx) < [gls (), Lgm<lgls-Tg, T4 (x)<|Sils, T (¥),
where we have defined |S1|s, := maxsegs, |§]s,.
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2.2 Median algebras

In this and the next section, we only fix notation and prove a few simple facts that do not appear elsewhere
in the literature. For a comprehensive introduction to median algebras and median spaces, the reader can
consult [29, Sections (2)—(4)], [15, Sections (4)—(6)] and [50, Section 2].

A median algebra is a pair (M, m), where M is a set and m: M3 — M is a map satisfying, for all
a,b,c,xeM,

m(a,a,b)=a, m(a,b,c)=m(b,c,a)=m(b,a,c), m(m(a,x,b), x,c)=m(a,x,mb,x,c)).

The third identity, usually known as the 4—point condition, is sometimes replaced by a different identity
involving 5 points (for instance, in [89; 29; 15; 50]). The equivalence of the two conditions [74; 1] is
quite nontrivial, but not required in the rest of the paper.

A map ¢: M — N between median algebras is a median morphism if, for all x,y,z € M, we have
o(m(x,y,z)) =m(p(x),p(y),d(z)). We denote by Aut M the group of median automorphisms of M.
Throughout the paper, all group actions on median algebras will be by (median) automorphisms, unless
stated otherwise.

A subset S € M is amedian subalgebra if m(SxSxS)C S. Asubset C C M is convexif m(CxCxM)C
C. Helly’s lemma states that any finite family of pairwise-intersecting convex subsets of M has nonempty
intersection [89, Theorem 2.2]. We say that C is gate-convex if it admits a gate-projection, ie a map
wc: M — C with the property that m(z, ¢ (z), x) = nc(z) for all x € C and z € M. Gate-convex
subsets are convex, and convex subsets are median subalgebras. Each gate-convex subset admits a unique
gate-projection, and gate-projections are median morphisms.

The interval I1(x, y) between points x, y € M is defined as the set {z € M | m(x, y,z) = z}. Note that
I(x, y) is gate-convex with projection given by the map z — m(x, y, z). Intervals can be used to give an
alternative description of convexity: a subset C C M is convex if and only if /(x, y) C C forall x,y € C.

A halfspace is a subset h € M such that both h and h* := M \ b are convex and nonempty. A wall is a
set of the form to = {h, h*}, where h and h* are halfspaces. We say that tv is the wall bounding b, and
that h and h* are the halfspaces associated to to.

Two halfspaces 1 and b, are transverse if all four intersections b1 N b2, b N b2, by Nh3 and hT N h3
are nonempty. If to; and v, are the walls bounding h; and h,, we also say that tv; is transverse to 1,
and bhy. If U and V are sets of walls or halfspaces, we say that i/ and V are transverse if every element
of U is transverse to every element of V. If H is a set of halfspaces, we write H* := {h* | h € H}.

We denote by # (M) and 7 (M), respectively, the set of all walls and all halfspaces of M. Given subsets
A, B C M, we write

H(AIB)={hen(M)|AChH™ BCh}, #(AIB)={weW(M)|wnN(AlB)+# 2}
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If tv; and o, are walls bounding disjoint halfspaces b; and b5, we set

W (w1|w2) ;=7 (b1]|h2) \ {ro1, 102},

If A, B € M are nonempty, then .77 (A|B) admits minimal elements under inclusion. This follows from
Zorn’s lemma since, for every totally ordered subset ¥ C .#°(A|B), the intersection of all halfspaces in ¢
is again a halfspace in 77 (A|B). Note that any two minimal elements b, hp € 5#(A|B) are transverse,
since 1 N b2 and hT N b3 are nonempty and there is no inclusion relation between by and b».

If o € # (A|B), we say that the wall v separates A and B. Any two disjoint convex subsets of M are
separated by at least one wall [89, Theorem 2.8]; in particular, distinct points of M are always separated
by a wall.

Given a subset A € M, we also introduce
H(M) = {he #(M) | 9NA# D0 NA£ D} #a(M):= {0 e W (M) |0 S A(M)).

Equivalently, a wall 1o lies in #4 (M) if and only if it separates two points of A.

Remark 2.1 Ifi/ C 5#(M) and V € 57 (N) are subsets, we say that a map ¢: U — V is a morphism of
pocsets if, for all b, € € U with h C £, we have ¢ (h) C ¢ (€) and ¢(h*) = ¢(h)*.

Every median morphism ¢: M — N induces a morphism of pocsets ¢*: #gpr)(N) — (M) defined
by ¢*(h) = ¢~ '(h). When ¢: M — N is surjective, we obtain a map ¢*: #(N) — (M) that is
injective and preserves transversality.

Remark 2.2 (1) If S € M is a subalgebra, we have a map resc: #¢c (M) — #(C) given by
resc (h) = h N C. This is a morphism of pocsets and, by [15, Lemma 6.5], it is a surjection.

(2) If C € M is convex, then the map resc is also injective and it preserves transversality. In particular,
the sets 77 (C) and s (M) are naturally identified in this case.
Indeed, if b, ¢ € ¢ (M) are intersecting halfspaces, Helly’s lemma guarantees that h N C and
€N C intersect too. Moreover, we have hh = € if and only if h N €* and b™ N € are empty.

(3) If C is gate-convex with projection 7c, then resc o /s = id y(c) and 7 oresc = id . (ar)-

If C1, C; € M are gate-convex subsets with gate-projections 71, 2, then 57 (x|C;) = 5 (x|m; (x)) for
all x € M. We say that x; € Cy and xp € C; are a pair of gates if m3(x1) = x2 and 71 (x2) = x7. Pairs
of gates always exist and satisfy 27 (x1|x2) = #2(C1|C>).

The standard k—cube is the finite set {0, 1}* equipped with the median operator m determined by a
majority vote on each coordinate. A subset S € M is a k—cube if it is a median subalgebra isomorphic to
the standard k—cube. In particular, any subset of M with cardinality 2 is a 1-cube.
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Remark 2.3 An important example of median algebra is provided by the O—skeleton of any CAT(0) cube
complex X; see [31]. The vertex set of any k—cell of X is a k—cube in the above sense, but the converse
does not hold. For instance, in the standard tiling of R”, every set of the form {a1,b1} X --- X {a,, bn}
with a; < b; is a k—cube according to the above notion. To avoid confusion, when dealing with cube
complexes we will refer to k—cubes in X ©) as generalised k—cubes.

The rank of M, denoted by rk M, is the largest cardinality of a set of pairwise-transverse walls of M.
Equivalently, tk M is the supremum of the integers k such that M contains a k—cube (assuming rk M is
at most countable); see [15, Proposition 6.2]. We will be exclusively interested in median algebras of
finite rank.

We will need the following criterion, which summarises Lemmas 2.9 and 2.11 in [51]. If H C sZ#(M),
we denote by (| H € M the intersection of all halfspaces in H.

Lemma 2.4 Let M be a finite-rank median algebra. Partially order 7# (M) by inclusion.
(1) Let H C s (M) be a set of pairwise intersecting haltspaces. Suppose that every chain in H admits
a lower bound in H. Then (| H is a nonempty convex subset of M .

(2) A convex subset C € M is gate-convex if and only if there does not exist a chain ¢ C ¢ (M)
such that (¢ is nonempty and disjoint from C'.

If A C M is a subset, we denote by (A) the median subalgebra generated by A, ie the smallest subalgebra
of M containing A. We also denote by Hull A the smallest convex subset of M that contains A; this
coincides with the intersection of all halfspaces of M that contain A.

The sets {A) and Hull A are best understood in terms of the following operators:
M(A) = MY A):=m(Ax Ax A), ML A) i = M(M™(A)),
J(A)=T"(A) =mAxAxM)= ] I(x.y), J"HA) == T(T"(A)).
x,y€A
It is clear that Hull 4 =  J,,».; J"(4) and (4) = |, »; M"(A4).

Remark 2.5 When rk M = r is finite, [15, Lemma 6.4] shows that already 7" (A4) = Hull A. A similar
result holds for (A4) and the operator M (see Proposition 4.2 below), but its proof will require considerable

work.

If M; and M, are median algebras, we denote by M1 x M> their product. This is the median algebra
with underlying set M1 x M5 and the only median operator for which both coordinate projections are

median morphisms.

The set % (M x M>) is naturally partitioned into two transverse subsets #] and #5. A wall lies in #] if
and only if it separates two points in one (equivalently, every) fibre M1 x {x}; halfspaces associated to
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walls in %] are unions of fibres {*} x M>. The set #5 is defined similarly, swapping the roles played by
the two indices. Since all fibres are gate-convex in M1 x M, Remark 2.2 gives natural identifications
between #; and # (M;).

In finite rank, product splittings can be completely characterised in terms of walls. The following is
[51, Lemma 2.12]; also see [23, Lemma 2.5] in the special case of cube complexes.
Lemma 2.6 For a finite-rank median algebra M , the following are equivalent:

(1) M splits as a product of median algebras M x M, where neither M; is a singleton.

(2) There exists a partition # (M) = #1 U %>, where the #; are nonempty and transverse.

When this happens, the set #; is identified with % (M;) as described above.

2.3 Compatible metrics on median algebras

A metric space (X, d) is a median space if, for all x1, x2, x3 € X, there exists a unique point m(x1, X3, X3)
in X such that

d(x;,x;) =d(x;,m(x1, x2,x3)) +d(m(xq, x2, x3), X;)
forall 1 <i < j < 3. In this case, the map m: X3 — X gives a median algebra (X, m).
Remark 2.7 (rank of median spaces) We define the rank of X as the rank of the underlying median
algebra (X, m). If X is a connected median space, then this notion of rank coincides with the supremum
of the topological dimensions of the locally compact subsets of X. The latter is the definition of rank that

we used in the introduction. One inequality follows from Theorem 2.2 and Lemma 7.6 in [15], while the
other from [17, Proposition 5.6].

For the purposes of this paper, it is convenient to think of median spaces in terms of the following notion.
Let M be a median algebra.

Definition 2.8 A pseudometric n: M x M — [0, 400) is compatible if, for every x,y,z € M,

n(x,y) =n(x,m(x,y,z)) +n(m(x,y,z) + y).

Thus, we can equivalently define median spaces as pairs (M, d), where M is a median algebra and d is a
compatible metric on M.

We write D(M) and PD(M ), respectively, for the sets of all compatible metrics and all compatible
pseudometrics on M. In the presence of a group action G ~, M, we write DY (M) and PDY (M) for the
subsets of G—invariant (pseudo)metrics (or just D8 (M) and PDE (M) if G = (g)).
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To avoid confusion, we will normally denote compatible metrics by the letter §, and general compatible

pseudometrics by the letter 7.

Consider a gate-convex subset C € M and its gate-projection w¢c: M — C. For every pseudometric
n € PD(M), the maps mc: M — C and m: M3 — M are 1-Lipschitz, in the sense that

n(e(x),mc(y) <n(x.y), nim(x,y.z).mx",y", 2") < nlx,x")+n(y. y") +n(z, 2.

This can be proved as in Lemma 2.13 and Corollary 2.15 of [29]. In addition, gate-projections are
nearest-point projections, in the sense that n(x, 7¢ (x)) = n(x,C) forall x € M.

If § € D(M) and (M, §) is complete, then a subset C € M is gate-convex if and only if it is convex and
closed in the topology induced by §; see [29, Lemma 2.13].

If M is the O—skeleton of a CAT(0) cube complex X, then a natural compatible metric on M is given by
the restriction of the combinatorial metric on X : this is just the intrinsic path metric of the 1-skeleton
of X. All cube complexes in this paper will be implicitly endowed with their combinatorial metric, rather
than the CAT(0) metric. All geodesics will be assumed to be combinatorial geodesics.

Remark 2.9 A halfspace-interval is a set of the form 7 (x|y) C (M) for x,y € M. Let (M) C
27(M) denote the o—algebra generated by halfspace-intervals. We say that a subset H € s# (M) is
P-measurable if it lies in B(M).

Every n € PD(M) induces a measure v, on Z(M) such that v, (s (x|y)) = n(x,y) forall x,y € M;
see eg [29, Theorem 5.1]. If n € PDY (M), then vy is G—invariant.

Lemma 2.10 Let (X, d) be a median space. Let A C X be a subset such that 7 (A) C Ngr(A) for some
R > 0. Then, for every D > 0, we have

JNDp(A)) € Nap+R(A).
In addition, if rk X = r, we have Hull A C N5rg(A).
Proof If z € 7(Np(A)), there exist x,y € Np(A) and z € I(x, y). Consider points x’, y’ € A with
d(x,x"),d(y,y)<D.Setz =m(x’,y’,z). Since z’ € J(A), we have d(z’, A) < R. Furthermore,
d(z,z') =d(m(x,y,z),m(x",y',2)) <d(x,x") +d(y,y") <2D.
In conclusion, d(z, A) <d(z,z') +d(z’, A) < 2D + R, as required.

Proceeding by induction, it is straightforward to obtain 7% (A4) C A, i—1)Rr(A) forevery i > 0. If tk X =r,
we have Hull 4 = 7" (A) by Remark 2.5, hence Hull A C Npr_1)r(A) C Narg(A). |

Geometry & Topology, Volume 28 (2024)



180 Elia Fioravanti

2.4 Convex cores in median algebras

B

In this subsection, we collect a few facts proved in [51] extending the notion of “essential core’
[23, Section 3] from actions on cube complexes to general actions on finite-rank median algebras (even
with no invariant metric or topology). These results will only play a role in the proofs of Theorems F
and I (especially in Sections 6 and 7). The reader only interested in the other results mentioned in the
introduction can safely read this subsection with CAT(0) cube complexes in mind, just to familiarise
themselves with our notation.

Let M be a median algebra of finite rank r.

Definition 2.11 We say that g € Aut M acts
(1) nontransversely if there does not exist a wall to € # (X ) such that tv and gtv are transverse;
(2") stably without inversions if there do not exist n € Z and h € 52 (X) with g"h = bh*.

An action G ~, M by automorphisms is
(1) nontransverse if every g € G acts nontransversely;

(2) without wall inversions if every g € G acts stably without inversions;

(3) essential if, for every h € 72 (M), there exists g € G with gh C b.

Remark 2.12 If there exists § € D¢ (M) such that (M, §) is connected, then G ~, M is without wall
inversions. This follows from [50, Proposition B] when (M, §) is complete, and from [51, Remark 4.3] in
general.

Keeping the notation of [51], each action G ~, M determines sets of halfspaces
H1(G) :={he#(M)|3g € G such that gh < b},
Hi1/2(G) :={h € #(M)\H1(G) | Ig € G such that gh* Nh* = & and gh # h*}.
Ho(G):={he#(M)|Vg e G either gh € {b,h*} or gh and b are transverse}.
As observed in [51, Section 3.1], we have a G—invariant partition
A (M) =Ho(G)UH1(G)UH1/2(G)UH/2(G)* .
We write W1 (G) and Wy(G) for the sets of walls bounding the halfspaces in #1(G) and Ho(G).

Definition 2.13 The reduced core C(G) is the intersection of all halfspaces lying in H; 12(G).

We adopt the convention that C(G) = M when /2(G) is empty. We will write C(G,M) (and H,(G, M),
WL(G, M)) if it is necessary to specify the ambient median algebra. We just write C(g) (and H.(g),
We(g) if G = (g).
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Theorem 2.14 [51] Let G be finitely generated and let G ~ M be without wall inversions.
(1) The reduced core C(G) is nonempty, G—invariant and convex.

Suppose in addition that D¢ (M) # @.
(2) There is a G—fixed point in M if and only if H1(G) = @.

(3) The sets W1(G) and Wo(G) are transverse and #z gy (M) = Wo(G) LU W1 (G).

(4) The resulting partition of # (C(G)) gives a product splitting C(G) = Co(G) x C1(G). The nor-
maliser of the image of G in Aut M leaves C(G) invariant, preserving the two factors. The action
G ~ C1(G) is essential, while G ~, Co(G) fixes a point.

Proof We just refer the reader to the relevant statements in [51]. Part (1) follows from Theorem 3.17(2).
The two implications in part (2) are obtained from Proposition 3.23(2) and Lemma 4.5(1), respectively.
Part (3) is a consequence of Lemma 4.5 and Lemma 3.22(2). Finally, part (4) follows from Remark 3.16
and the previous parts. |

Remark 2.15 1If G acts on a CAT(0) cube complex X and M = X ©) then the action G ~, C1(G) in
Theorem 2.14(4) is easily identified as the G—essential core of Caprace and Sageev; cf [23, Section 3.3].
In particular, note that Theorem 2.14 strengthens [23, Proposition 3.5], showing that the G—essential core
always embeds G—equivariantly as a convex subcomplex of X.

Theorem 2.16 If g € Aut M acts nontransversely and stably without inversions, then

(1) the reduced core C(g) is gate-convex, and

(2) forevery x € M and every n € PDE(M), we have n(x, gx) = £(g.n) + 2n(x.C(g)).
Proof Part (1) is [51, Proposition 3.36] and part (2) is [51, Proposition 4.9(3)]. O

Note that C(G) is not gate-convex in general, even when G ~, M is an isometric action of a finitely
generated free group on a complete R—tree. See [51, Example 3.37].

Remark 2.17 Part (2) of Theorem 2.16 implies that, if § € D8 (M) and (M, §) is a geodesic space, then
g is semisimple: either g fixes a point of M or g translates along a {g)—invariant geodesic.

The next two remarks will only be needed in Section 7.

Remark 2.18 Let g € Aut M act nontransversely and stably without inversions, with D8 (M) # &.
(1) Each b € H1(g) satisfies ),z g"h = @; see [51, Lemma 4.5(1)].
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(2) A halfspace h lies in b € Ho(g) if and only if gh = b, and it lies in #(g) if and only if either
gh € hor gh 2 h. This follows from Remarks 3.33 and 3.34 in [51], after observing that
Hi(g) € Hz(q)(M) (eg by part (1) of this remark).

(3) Let N € M be a (g)—invariant median subalgebra. By Remark 2.2, intersecting the halfspaces
of M with N, we obtain a surjective restriction map resy : 7y (M) — 5 (N). Parts (1) and (2)
show that:

o IfheHo(g, M)N (M), then g-resy () =resy(h) and resy (h) € Ho(g, N).
e Ifhe 7?[1/2(g, M) N sy (M), then either resy (h) € ﬂl/z(g, N)or g-resy(h) =resy(h)™*.
e Wehave Hi(g, M) C sy (M) and resy (H1(g, M)) = Hi1(g, N).

Remark 2.19 Let g € Aut M act nontransversely and stably without inversions. Let v; be the measure
introduced in Remark 2.9. Part (2) of Theorem 2.16 shows that £(g, ) = vy (#(x|gx)) for any x € C(g).
In view of parts (1) and (2) of Remark 2.18, the set 27 (x|gx) U7 (gx|x) is a Z—measurable fundamental
domain for the action (g) ~ H1(g). It follows that, for any fundamental domain Q € B(M) for the
action (g) ~ H1(g), we have £(g,n) = %v,, ().

2.5 Two constructions involving cube complexes

2.5.1 Restriction quotients Restriction quotients of CAT(0) cube complexes were originally introduced
in [23, page 860]. Our interest is due to the fact that the Salvetti blowups and collapses from [25] are a
particular instance of this construction, which can actually be phrased purely in median-algebra terms.
This is mainly needed in the proof of Proposition A(3) in Section 3.4, though it will also be useful in
Sections 3.1 and 7.3.

A map f: X — Y between cube complexes is said to be cubical if, on every cube ¢ C X, it factors as a
projection of ¢ onto one of its faces, followed by an isomorphism onto a cube of Y.

Let X be a CAT(0) cube complex. The carrier of a hyperplane tv € #(X) is the smallest convex
subcomplex of X that contains all edges crossing tv. It naturally splits as a product C x [0, 1], where
C x {0} and C x {1} are convex subcomplexes of X on the two sides of tv.

Given a hyperplane tv € #'(X), we can construct a new CAT(0) cube complex Y by collapsing to: we
remove from X the interior of the carrier C x (0, 1) and we identify the isomorphic subcomplexes C x {0}
and C x {1}. The natural collapse map X — Y is a cubical map.

Now, consider a set of hyperplanes U/ € # (X ). The restriction quotient of X determined by U is the
CAT(0) cube complex X (U/) obtained by collapsing all hyperplanes in # (X ) \ ¢ (which usually involves
infinitely many collapses). It has one vertex for every connected component of the complement in X of
the union of the hyperplanes in I/, with two vertices joined by an edge exactly when the corresponding
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components are separated by a single element of /. Let 77,: X — X(U) be the natural collapse, which is

again a cubical map.

If G ~, X is an action and the subset &/ € #/(X) is G—invariant, then the restriction quotient X (/) is
also equipped with a natural G—action and the collapse map 7y, is G—equivariant.

Proposition 2.20 Consider CAT(0) cube complexes X, Y and a surjective cubical map w: X — Y. Then
the following are equivalent:

(1) There exists a subset U C % (X)) and an isomorphism Y = X (U/) with respect to which t corresponds
to the natural collapse m;;: X — X (U).

(2) For every vertex v € Y, the preimage =~ (v) is a convex subcomplex of X .

(3) The restriction : X @ — ¥ (© js a median morphism.

If X and Y are equipped with G-actions and m is G—equivariant, then the set U is G—invariant.

Proof The equivalence of (1) and (2) was shown in [71, Theorem 4.4]. Fibres of median morphisms
between median algebras are always convex, so (3) implies (2). Finally, (1) = (3) can be shown by

observing that single hyperplane-collapses are median morphisms. O

2.5.2 Roller boundaries In two proofs (Proposition 4.11 and, briefly, Lemma 3.13), we will need the
notion of Roller boundary of a CAT(0) cube complex X, denoted by X . We list here the (well-known)
properties that we will use.

The 0—skeleton of any CAT(0) cube complex X has a natural structure of median algebra; see for instance
[31, Theorem 6.1] and [89, Theorem 10.3]. The £! metric on X, denoted by d, is a compatible metric in
the sense of Definition 2.8. Thus, the pair (X ©) d) is a median space. The notions of “halfspace” and
“wall” coincide with the usual notion of halfspace and hyperplane in CAT(0) cube complexes. Thus, we
write #(X) and s (X) with the meaning of 7 (X ) and s2(X ©).

We can embed X (@ s 27(X) by mapping each vertex v to the subset o, € .#°(X) of halfspaces that
contain it. This is a median morphism if we endow 2% (X) with the structure of median algebra given by

m(o1,02,03) = (01 Noz) U (o2 No3)U (03 Noy).

The space 277 X) is compact with the product topology, and we can consider the closure X of X (©
inside it. We define the Roller boundary 3X as the set X \ X ©.

For us, the only important facts will be:

(1) The subset X = X L19X C 277X) is a median subalgebra and X © is convex in X.

(2) The median m: X3 — X is continuous with respect to the topology that X inherits from 27 X,

With this topology, X is compact and totally disconnected. If X is locally finite, the subset X (¥ € X
is discrete.
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(3) Ifh e #(X), its closure h inside X is gate-convex. In fact, h and h* are complementary halfspaces
of the median algebra X . The gate-projection Ty - X — b takes X @ to §.

(4) Two halfspaces h, £ € 7 (X) are said to be strongly separated if h Nt = & and no halfspace of X
is transverse to both b and €; see [4]. If h and ¢ are strongly separated, then the gate-projection
Ty : X — b maps ¢ to a single point.

The reader can consult [47, Sections 2.3-2.4] and [50, Theorem 4.14] for more details on facts (1)—(3).
Fact (4) follows, for example, from Corollary 2.22 and Lemma 2.23 in [49].

2.6 Coarse median structures

Coarse median spaces were introduced by Bowditch in [15]. We present the following equivalent definition
from [83].

Definition 2.21 Let X be a metric space. A coarse median on X is amap p: X3 — X for which there
exists a constant C > 0 such that, for all a, b, c, x € X, we have

(1) w(a,a,b)=aand u(a,b,c) = u(b,c,a) = ub,a,c),

(2) m(ula,x,b),x,c) ~c pla, x, ub, x,c)),

(3) d(ula,b,c), u(x,b,c)) <Cd(a,x)+C.

Note that part (2) of the definition is an approximate version of the 4—point condition, from our definition
of median algebras at the beginning of Section 2.2.

There is an appropriate notion of rank also for coarse median spaces. Since this notion will play no
significant role in our paper (except when we briefly mention it at the end of Section 7.1), we simply
refer the reader to [15; 83; 84] for more details.

The following notion of coarse median structure is different from the one in [84, Definition 2.8], but it is
hard to imagine this being cause for confusion.

Definition 2.22 Two coarse medians (i1, i2: X3 — X are at bounded distance if there exists a constant
C > 0 such that 1 (x, y,z) ~c pu2(x,y,z) forall x, y,z € X. A coarse median structure on X is an
equivalence class [u] of coarse medians pairwise at bounded distance. A coarse median space is a pair
(X, [u]) where X is a metric space and [p] is a coarse median structure on it.

Remark 2.23 Let f: X — Y be a quasi-isometry with a coarse inverse denoted by f~1:Y — X. If
w: X3 — X is a coarse median on X, then

(fai)(x,,2) := [ (n(f 71 @), 710, f7H2))
is a coarse median on Y. If [1] = [2], then [ fupt1] = [ fept2].
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If QI(X) is the group of quasi-isometries X — X up to bounded distance (as defined for example
in [44, Definition 8.22]), the above defines a natural left action of QI(X) on the set of coarse median
structures on X.

Definition 2.24 A coarse median group is a pair (G, [1]) where G is a finitely generated group equipped
with a word metric and [u] is a G—invariant coarse median structure on G.

The requirement that [1] be G—invariant can be equivalently stated as follows: for each g € G, there
exists a constant C(g) > 0 such that gu(g1, g2, 23) XC(g) n(gg1,882.8g3) forall g1, 82,83 €G.

Note that Definition 2.24 is stronger than Bowditch’s original definition from [15], which did not ask for
[p] to be G—invariant. Definition 2.24 is better suited to our needs in this paper, but it is not QI-invariant
or even commensurability-invariant (unlike Bowditch’s).

These two definitions of coarse median group parallel the notions of HHS and HHG from [5; 6]. Namely,
every hierarchically hyperbolic group is a coarse median group in the sense of Definition 2.24, while
any group that admits a structure of hierarchically hyperbolic space is coarse median in the sense of
Bowditch [19] (we will simply refer to these as “groups with a coarse median structure”).

Remark 2.25 If G is finitely generated, any group automorphism ¢ : G — G is bi-Lipschitz with respect
to any word metric on G. The resulting homomorphism Aut G — QI(G) defines an (Aut G)—action on
the set of coarse median structures on G that takes G—invariant structures to G—invariant structures. If
(G, [u]) is a coarse median group, then every inner automorphism of G fixes [u], and we obtain an action
of Out G on the (Aut G)—orbit of [u].

Definition 2.26 Let (G, [u]) be a coarse median group. We say that ¢ € OutG (or ¢ € AutG) is
coarse-median preserving if it fixes []. We denote by Out(G, [i]) < Out G and Aut(G, [u]) < AutG
the subgroups of coarse-median preserving automorphisms.

Thus ¢ € Aut G is coarse-median preserving exactly when, fixing a word metric on G, there exists a
constant C > 0 such that, for all g; € G,

p(1(g1, 82, 83)) ~c 1(p(g1),v(g2), ¥(g3)).

Remark 2.27 Let G ~, X be a proper cocompact action on a CAT(0) cube complex. Any orbit map
0: G — X is a quasi-isometry that can be used to pull back the median operator m: X3 — X to a coarse
median structure [ux] := oy ![m] on G. It is straightforward to check that [uy] is independent of all
choices involved (though the notation is slightly improper, as [y ] does depend on the specific G—action
on X). We refer to [jux] as the coarse median structure induced by G ~ X .
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Let us write gx for the action of g € G on x € X according to G ~, X. Then, every ¢ € Aut G gives rise
to a twisted G—action on X, which we denote by G ~, X%, and is defined as g - x = ¢~ (g)x. Note that

@« [x] = [pxe] and thus ¢ Out(G, [ux]))e~" = Out(G, [uxe]).

Each of the structures [px«] is G—invariant. In particular, (G, [;tx]) is a coarse median group.

Example 2.28 Every geodesic Gromov-hyperbolic space X is equipped with a natural coarse median
structure [u] represented by the operators p that map each triple (x, y, z) to an approximate incentre
for a geodesic triangle with vertices x, y, z; cf [15, Section 3]. In fact, by [83, Theorem 4.2], this is
the only coarse median structure that X can be endowed with. It follows that [u] is preserved by every
quasi-isometry of X.

In particular, all automorphisms of Gromov-hyperbolic groups are coarse-median preserving. Alternatively,
it is not hard to prove this last fact directly, relying on the Morse lemma and the observation that group
automorphisms are quasi-isometries with respect to any word metric.

Example 2.29 Equipping Z" with the median operator y associated to its £! metric, we obtain a coarse
median group (Z", [i]). An automorphism ¢ € Aut Z" = GL, Z is coarse-median preserving if and only
if it lies in the signed permutation group O(n, Z) < GL,Z, ie if it can be realised as an automorphism
of the standard tiling of R” by unit cubes. This will follow from Proposition A(3) once we prove it in
Section 3.4 (though it also is easily shown by hand).

We end this subsection with the definitions of quasiconvex subsets and approximate median subalgebras,
which will play an important role in Sections 3 and 4.

Definition 2.30 Let (X, [t]) be a coarse median space. A subset A C X is quasiconvex if there exists
R > 0 such that (A4 x A x X) C Ngr(A).

This notion is clearly independent of the chosen representative w of the structure [p]. Moreover, by
Definition 2.21(3), if subsets A and B have finite Hausdorff distance, then A is quasiconvex if and only if
B is.

By Example 2.28, Definition 2.30 extends the usual notion of quasiconvexity in hyperbolic spaces.
The next remark shows that this is also the notion of quasiconvexity appearing in the statement of
Theorem C. We will discuss in Section 3.1 other equivalent notions of quasiconvexity in (nonhyperbolic)
cube complexes.

Remark 2.31 Let G be a right-angled Artin/Coxeter group. Let G ~, X be the action on the universal
cover of the Salvetti/Davis complex and let [iy] be the induced coarse median structure on G, as in
Remark 2.27. Recall that, for a subset A € X © | the set J(4) = pux (4 x A x X) is the union of all
geodesics joining points of A.
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Since the standard Cayley graph of G is precisely the 1-skeleton of X, a subgroup H < G is quasiconvex
as defined in the statement of Theorem C if and only if we have 7 (H -x) C Ngr(H -x) for some x € X and
R > 0. This is clearly equivalent to quasiconvexity of H with respect to the coarse median structure [uy].

Remark 2.32 If X is a finite-rank median space, then a subset A € X is quasiconvex if and only if
dyaus(A, Hull A) < +o00. This follows from Lemma 2.10.

A similar, weaker notion is that of approximate median subalgebra.

Definition 2.33 Let (X, [u]) be a coarse median space. A subset A C X is an approximate median
subalgebra if there exists R > 0 such that (A4 x A x A) C Ng(A).

Again, the definition only depends on the structure [] and passes on to all subsets of X at finite Hausdorff
distance from A. An analogue of Remark 2.32 also holds, but it is more complicated and will be discussed
in Section 4.1.

If ¢ is a coarse-median preserving automorphism of a coarse median group (G, [1]), the fixed subgroup
Fix ¢ < G is in general not quasiconvex (for instance, consider the automorphism of Z? that swaps the
standard generators). However, it is always an approximate median subalgebra, as the next two lemmas
show. This will be important in the proof of Theorem B.

Lemma 2.34 Let G be a finitely generated group and let d be a word metric on G. For every ¢ € AutG,
there exist functions {1, {3 : N — R, with {; linear, such that, for every g € G,

¢1(d(g.¢(g))) < d(g.Fixe) < 2(d(g. ¢(g)))-

Proof For the first inequality, note that ¢ : G — G is C-bi-Lipschitz with respect to d, for some constant
C > 0. If g’ € Fix ¢ is an element closest to g, we have

d(g.¢(g)) <d(g.g)+d(p(g).¢(g) <(1+C)-d(g.g") = (1+C)-d(g Fixg).
Thus, we can take ¢;(¢) :=t/(1+ C).

Regarding the second inequality, suppose for the sake of contradiction that there does not exist a function {»
so that it is satisfied. Then, there exist elements g, € G with d(g,, Fix ¢) — 400, but d(gn, ¢(gn)) < D
for some D > 0. Passing to a subsequence, we can assume that ¢(g,) = g»x for some x € G and all n.
Thus gng,;1 € Fix ¢, hence d (g, Fix ¢) = d(gm, Fix ¢) for all n, m > 0, contradicting the fact that the
distances d(gn, Fix ¢) diverge. |

Lemma 2.35 Let (G, [i]) be a coarse median group. If ¢ € Aut(G, []), then Fix ¢ < G is an approxi-
mate median subalgebra.
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Proof Since ¢ € Aut(G, []), there is a constant C such that

p(u(x,y,2)) =c ple(x), ¢(y), ¢(z)) forall x,y,z€G.

Thus, if x, y, z € Fix ¢, we have ¢o(u(x, y, z)) ~¢ n(x, y, z). Lemma 2.34 gives a constant C’ such that
d(u(x,y,z),Fixg) < C’ for all x, y, z € Fix ¢, as required. O

2.7 UNE actions and groups

The following (seemingly novel) notion will play an important role in the proof of Theorem F, especially
in Sections 6.2, 7.1 and 7.4.

Definition 2.36 Let G be a finitely generated group and let (X, d) be a (pseudo)metric space.

(1) An isometric action G ~, X is uniformly nonelementary (UNE) if there exists a constant ¢ > 0
with the following property. For every finite generating set S € G and for all x,y € X,

d(x,y) <c-[t§ (x) + g ().
We say that G ~, X is c—uniformly nonelementary (c—UNE) when we need to specify c.

(2) An infinite group G is UNE if it admits a UNE, proper, cocompact action on a geodesic metric
space.

The previous definition differs slightly from the one given in the introduction, but it is easily seen to be
equivalent.

Remark 2.37 If G is infinite and an action G ~, X is proper and cocompact, then there exists € > 0
such that, for every generating set S C G and every x € X, we have rgl (x)>e.

Along with the Milnor—Schwarz lemma, this can be used to show that a group is UNE if and only if every
proper, cocompact action on a geodesic space is UNE. Equivalently, if the action of G on its locally finite
Cayley graphs is UNE.

Example 2.38 (1) Nonelementary hyperbolic groups are UNE (for instance, this is implicitly shown
in the last two paragraphs of the proof of [88, Lemme 3.1]).

(2) Fundamental groups of compact special cube complexes with finite centre are UNE. We will obtain
this in Corollary 7.23.

(3) UNE groups have finite centre.
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3 Cubical convex-cocompactness

This section is devoted to convex-cocompact subgroups of cocompactly cubulated groups (Definition 3.1).
First, in Section 3.1, we discuss the relationship between convex-cocompactness and coarse median
quasiconvexity. Then, Section 3.2 discusses basic properties of cyclic, convex-cocompact subgroups of
RAAGs. Finally, Proposition A is proved in Section 3.4.

The reader who is not interested in the proofs of Theorems F and I can safely skip Section 3.3, which is
devoted to some of the finer properties of convex-cocompact subgroups of RAAGs and is more technical.
Its results will only be needed in Section 7.

3.1 Cubical convex-cocompactness in general

Let G ~ X be a proper cocompact action on a CAT(0) cube complex. In particular, X is finite-dimensional
and locally finite.

Definition 3.1 A subgroup H < G is convex-cocompact in G ~, X if there exists an H—invariant, convex
subcomplex C C X that is acted upon cocompactly by H.

Despite the similarity in terminology, we emphasise that the above is much weaker than the notion of
“boundary convex-cocompactness’” due to Cordes and Durham [34]. For instance, all convex-cocompact
subgroups of RAAGs are free if we consider the Cordes—Durham notion [73], whereas every special
group is a convex-cocompact subgroup of some RAAG acting on its Salvetti complex according to
Definition 3.1; see [68].

Let [;x] be the coarse median structure on G induced by G ~, X as in Remark 2.27. Recall that
quasiconvex subsets of coarse median spaces were introduced in Definition 2.30. For the notion of
H —essential core, see Remark 2.15 or [23, Section 3.3].

The following is just a restating of some well-known facts. The equivalence of the first two parts is due
to Haglund; see [66, Theorem H] and [91].
Lemma 3.2 The following are equivalent for a subgroup H < G:
(1) H is convex-cocompactin G ~, X.
(2) H is quasiconvex in (G, [ux]).
(3) H is finitely generated and acts cocompactly on the H —essential core of H ~, X.
Proof Let us begin with the equivalence of (1) and (2). Picking a vertex v € X, condition (2) holds if and

only if there exists a constant R’ such that m(H -v, H -v, G -v) C Ng/(H -v). Since G acts cocompactly
and m is 1-Lipschitz in each component, this is equivalent to the existence of R” with

J(H-v)y=m(H-v,H-v,X) S Ngrr(H -v).
It is clear that this holds when (1) is satisfied, so (1) = (2).
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Conversely, if (2) holds, then H - v is quasiconvex in X and Remark 2.32 implies that Hull(H - v) is at
finite Hausdorff distance from H -v. Since X is locally finite, this means that H acts cocompactly on
Hull(H - v), hence H is convex-cocompact.

We now show the equivalence of (1) and (3). First, if C € X is convex and H —invariant, the H—essential
core of H ~, X is a restriction quotient of C (as defined in Section 2.5). Thus, if H acts cocompactly
on C, it also acts cocompactly on the H—essential core. Moreover, the action H ~, C is proper and
cocompact, which implies that H is finitely generated. This proves (1) = (3).

Conversely, let X’ be the cubical subdivision. Since H is finitely generated and H ~, X’ has no inversions,
the essential core of H ~, X’ embeds H—equivariantly as a convex subcomplex of X’; see Remark 2.15.
This shows that (3) = (1). O

Recalling that automorphisms of G are bi-Lipschitz with respect to word metrics on G, the equivalence
of (1) and (2) in Lemma 3.2 has the following straightforward consequence.

Corollary 3.3 If ¢ € Aut(G, [ix]), then a subgroup H < G is convex-cocompact in G ~, X if and only
if p(H) is.

Example 3.4 If G is Gromov-hyperbolic, then a subgroup H < G is convex-cocompact in G ~, X if
and only if H is quasiconvex in G (again since (1) <= (2) in Lemma 3.2). In particular, the notion of
convex-cocompactness is independent of the chosen cubulation of G in this case. A quick look at the
standard cubulation of Z? immediately shows that the latter does not hold in general.

3.2 Label-irreducible elements in RAAGs

This subsection studies convex-cocompact cyclic subgroups of right-angled Artin groups. Let I" be a
finite simplicial graph. Let A = Ar be a RAAG and X = AT the universal cover of its Salvetti complex.
Set r = dim X'.

The Cayley graph of A corresponding to the standard generating set ') is naturally identified with the
1-skeleton of the CAT(0) cube complex X'. Thus, every edge of X is labelled by a vertex of I". Observing
that edges crossing the same hyperplane have the same label, we obtain a map y: #/(X) — '@,

We can apply the discussion in Section 2.4 to the standard action A ~, X (or, to be precise, the action on
the O—skeleton of &’). Every element of A acts nontransversely and stably without inversions. For every
g € A\ {1}, the reduced core C(g) is the union of all axes of g.

A hyperplane of X lies in W (g) if and only if it is crossed by one (equivalently, all) axis of g. Hyperplanes
lie in Wy (g) when they are preserved by g; equivalently, when they are transverse to all elements of Wy (g),
or, again, when they separate two axes of g.
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The factor C;(g) is (g)—equivariantly isomorphic to the convex hull in X’ of any axis of g. The factor
Co(g) is fixed pointwise by g and it is isomorphic to X, where A C T is the maximal subgraph all of
whose vertices are joined by an edge to all vertices in y(W1(g)).

For a simplicial graph A, we denote by A° the opposite of A. This the graph that has the same vertex set
as A and an edge between two vertices exactly when they are not connected by an edge in A.

Definition 3.5 Consider g € A\ {1}.

(1) We define T'(g) := y(Wi1(g)) € T'©. These are precisely the standard generators of A that appear
in the cyclically reduced words representing elements conjugate to g.

(2) We say that g is label-irreducible if the full subgraph of I" spanned by I'(g) does not split as a
nontrivial join (ie its opposite graph is connected). Equivalently, g is contracting [26] within a
parabolic subgroup of A.

Two label-irreducible elements g, h € A are independent if (g, h) % Z. If g, h are independent and
commute, then (g, 1) ~ Z?. We will also use the following result of Servatius; see eg [94, Proposition I11.1].

Lemma 3.6 If g,h € A are commuting, independent, label-irreducible elements, then every vertex
of T'(g) is joined to every vertex of I'(h) by an edge of T'.

To each element g € A, we can associate a canonical collection of label-irreducible elements g1, ..., gk,
called the label-irreducible components of g, as shown in the next result.

Lemma 3.7 (label-irreducible components) For every element g € A, the following hold.

(1) Wecan write g = g1-+--- g for pairwise-commuting, pairwise-independent label-irreducibles
gi € A. In addition, 0 < k < r and the g; are unique up to permutation.

(2) The sets Wi(gi) are transverse to each other and W1 (g;) € Wo(g;) fori # j. In addition,
Wi(g) =Wi(g)U---UWi(gk), (g, X) =4(g1, X))+ +L(gk, X),
C1(g) = Ci(g1) x--xC1(gx), C(g) =C(g1) N---NC(g)-

(3) Centralisers satisfy Z 4(g) = Z4(g1)N---NZ 4(gk). Moreover, Z 4(g) splits as the direct product
of a parabolic subgroup of A and a copy of Z¥ freely generated by roots of g1, ..., g.

Proof Since label-irreducibility is invariant under taking conjugates, we assume throughout the proof
that g is cyclically reduced. If g is the identity, we can simply take k¥ = 0 and the entire lemma holds
trivially. Suppose instead that g 7 1.

We begin with part (1). Let Ay, ..., Ag be the connected components of the subgraph of I'’ spanned
by I'(g). In T, every vertex of A; is joined by an edge to every vertex of A ; with j #i. Thus, permuting
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the letters in a word representing g, we can write g = g -+ -+ gk, where each g; is cyclically reduced
and I'(g;) = A(I.O). The elements g; commute pairwise and, since each A; is connected, they are all
label-irreducible. It is clear that g; and g; are independent for i # j.

Uniqueness of the g; up to permutations follows from the fact that, by Lemma 3.6, T'(g1),..., '(gr)
must coincide with the vertex sets of A, ..., Ag in any such decomposition of g. Furthermore, choosing
a vertex from each A;, we obtain a k—clique in T", so k < r. This proves part (1).

We now prove part (2). Since g; is cyclically reduced, there exists a (combinatorial) axis &; € X (g,)
through the identity. Note that the product A (g,) X --+ X AT(4,) € X is preserved by all g; and that
each g; leaves invariant every hyperplane of A (g ) for all j = i. Thus, the sets W (g;) are transverse to
each other and W (g;) € Wo(g;) fori # j. The equality W1 (g) = Wi(g1) U - LUWi(gx) now follows
by observing that oy X - - - X ot contains an axis of g. The product splitting of C1(g) can be deduced from
the transverse partition of Wj(g) using Lemma 2.6.

If Q; is a fundamental domain for the (g;)—action on Wj(g;), the previous paragraph implies that
QU---U Qg is a fundamental domain for the (g)—action on W, (g). Taking cardinalities, this shows
that £(g, X) = £(g1, X) +--- + £(gk, X). Finally, the characterisation of C(g) can be deduced from the
fact that this is the set of points of X’ that realise the translation length £(g, X).

We conclude with part (3). The inclusion Z4(g1) N --- N Za(gr) < Z4(g) is clear. Conversely,
if h € A commutes with g, uniqueness in part (1) implies that the elements hg;h2~! coincide with
the g; up to permutation. Since I'(hg;h~!) = I'(g;), it follows that hg;h~—! = g; for each i. Hence
heZa(g1)N---N Z4(gk), as required. The last statement is Servatius’ centraliser theorem from
[94, Section III]. O

Remark 3.8 For every H < A, there exists a finite subset F' C H such that Z4(H) = Z 4(F).

Indeed, we have observed in Lemma 3.7(3) that the centraliser of every element of A splits as a product of
a free abelian group and a parabolic subgroup of A. It follows that every descending chain of centralisers
of subsets of A eventually stabilises, since this is true of chains of parabolics.

We conclude this subsection by showing that label-irreducibles are precisely those elements g € A such
that the subgroup (g) is convex-cocompact in A ~, X'. After a couple of preliminary results, this is shown
below in Lemma 3.11.

Lemma 3.9 Every connected tull subgraph A € I'° has diameter < 2r — 1.

Proof Suppose towards a contradiction that there exist vertices x, y € A and a shortest path 0 C A
joining them, with 0 made up of 2r edges. Let o; be the i vertex of I'° met by o, with 09 = x and
o2y = y. Since o is shortest and A is full, no two of the » + 1 vertices 0¢, 02, ..., 02, are joined by an
edge of T'°. Thus, they form an (r + 1)—clique in I', contradicting the fact that r = dim X O
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Lemma 3.10 Let g € A be label-irreducible. Then, for every u € Wy (g), there exists a point x € C(g)
such that # (x|gx) € # (u|g* ~2u). In particular, y(# (u|g*" 2u)) = I'(g).

2r=1y, and consider a hyperplane

Proof Pick a point y on an axis of g so thatu e #(y|gy). Setx =g
€ # (x|gx). Since g is label-irreducible, the full subgraph of I'? spanned by I'(g) is connected. By
Lemma 3.9, there exists a sequence g = y(u), 01, ..., 0 = y(tv) of vertices in I'(g) such that k <2r—1

and consecutive o; are not joined by an edge of I'. Set 0; = oy fork < j <2r — 1.

For 0 <i <2r — 1, pick a hyperplane w; € # (g’ y|g' T'y) with y(v;) = 0;, making sure that vy = u
and 15,1 = tv. Since 0; and 0;41 are not joined by an edge, the hyperplanes tv; and tv; 4 are not
transverse. Since these hyperplanes are all crossed by an axis of g, we conclude that each tv; separates
the w; with j <i from those with j > i. In particular, u and tv are not transverse.

4r—2 4r—2

The same argument shows that tv and g u are not transverse, hence v € # (u|g u). Since

o € # (x|gx) was arbitrary, we have shown that # (x|gx) C # (u|g*" ~2u). ad

Lemma3.11 (1) If g islabel-irreducible and o C X is an axis, then dyays (o, Hull ) < (8r—4)L(g, X).
(2) Anelement g € A\ {1} is label-irreducible if and only if {g) is convex-cocompactin A ~, X.

Proof Assuming part (1), we first prove part (2). Using the third characterisation of convex-cocompactness
in Lemma 3.2 and the fact that C;(g) is equivariantly isomorphic to Hull o, part (1) shows that label-
irreducible elements are convex-cocompact. Conversely, if g is not label-irreducible, the nontrivial
splitting of C1(g) provided by Lemma 3.7(2) implies that (g) cannot act cocompactly on C1(g).

Let us now prove part (1). Considering a point p € Hull , it is enough to obtain the inequality d(p, o) <
8r—4)l(g, X).

Every element of 4 (X) intersects « in a subray. Let 7+ be the subset of halfspaces intersecting o
in a positive subray (ie containing all points g”z with n > 0, for a suitable choice of z € «). Any two
maximal halfspaces lying in H+ and not containing p are transverse. It follows that there are only finitely
many such maximal halfspaces, which we denote by hy, ..., bg.

A negative subray of « is contained in hT N ---N by, so we can pick a point x €« NhT N---N by In
particular, x does not lie in any halfspaces of H 4 that do not contain p; hence J#(x|p) C Hy. Let y e
be the point with d(x, p) = d(x, y) and 7 (x|y) C H+. Setting m = m(x, p, y), we note that every
j € A (m|p) is transverse to every € € 2 (m|y). Indeed, m € i* N¢*, p €jNE* and y €j* N ¢, while
j N ¢ is nonempty because j and € both lie in H .

Now, suppose for the sake of contradiction that d(p, y) > (8 — 4){(g, X). Since we chose y with
d(x,p)=d(x,y),wehaved(p,m)=d(m, y)> (4r—=2)£(g, X). Now # (p|m) C M« (X) = W1(g),
a set on which (g4 ~2) acts with exactly (4r —2){(g, X') orbits. Thus, there exists a hyperplane u €
# (p|m) such that g4"=2u € # (p|m). Lemma 3.10 implies that y(# (p|m)) = I'(g). Similarly, we
obtain y(# (m|y)) = I'(g). This contradicts the fact that # (p|m) is transverse to # (m|y). O

Geometry & Topology, Volume 28 (2024)



194 Elia Fioravanti
3.3 More on convex-cocompactness in RAAGs

The results in this subsection will only be used in Section 7 and can be skipped by the reader uninterested
in the proof of Theorems F and I.

First, we discuss additional properties of label-irreducible elements of RAAGs. Our aim is obtaining
uniform control on the extent to which axes of distinct label-irreducibles can track each other. The
main result here is Lemma 3.13, along with its direct consequence Corollary 3.14. Both results will be
fundamental building blocks in the proof that centreless special groups are UNE.

Then, in the second part of the subsection, we study general convex-cocompact subgroups of RAAGs,
proving only a couple of simple properties related to label-irreducible components.

3.3.1 Additional properties of label-irreducible elements We maintain the notation introduced at the
beginning of Section 3.2. Recall that r = dim X’.

Recall that the carrier of a hyperplane 1 € #/(X) is the smallest convex subcomplex of X* that contains
all edges crossing tv. A hyperplane of X separates two points in the carrier of tv if and only if it is either
equal or transverse to tv. If two hyperplanes u and tv have intersecting carriers, then they are transverse if
and only if y(u) and y(tv) are joined by an edge of I".

Lemma 3.12 Ifg.h € Aand T'(g) S y(#5(4)(X) N #53 (X)), then C(g) NC(h) # 2.

Proof Suppose for the sake of contradiction that C(g) and C(h) are disjoint. Then there exists a
hyperplane v separating them, which we pick so that the carrier of v intersects C(g). This guarantees that
g admits an axis « that intersects the carrier of v.

Since v separates C(g) and C(h), it is transverse to Wa(g)(X) N H ey (X), so the vertex y () is connected
by an edge of I" to all elements of I'(g). Observing that all hyperplanes crossed by « are labelled by
elements of I"(g) and recalling that « intersects the carrier of v, we deduce that all hyperplanes crossed
by « are transverse to v. In other words, v is transverse to Wi (g), hence v € Wo(g) S #5(g)(X). This is
the required contradiction. a

Lemma 3.13 Let g,h € A be label-irreducible. If there exist hyperplanes u,w € % (X) such that
{u, g% u, w, h* o} € Wi (g) N Wy (h), then (g, h) ~ Z.

Proof The proof will consist of three steps.

Step1 We can assume that 1 € A= X© lies in C(g) N C(h), and that T'(g) = T'(h) = T'©®,

Since W1 (g) N Wi (h) contains any hyperplane separating two of its elements, we have # (u|g* ~2u) C
Wi(g) N Wi (h). Lemma 3.10 yields

T(g) = y(# (ulg* "2u)) S yWi(g) N Wi(h) S T(h).
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One the one hand, this allows us to apply Lemma 3.12 and deduce that C(g) N C(h) # @. On the other,
this shows that I'(g) C I'(h) and the inclusion I'(h) € I'(g) is obtained similarly, so I'(g) = (k).

Conjugating g and / by any x € C(g) NC(h), we can assume that 1 € C(g) N C(h). Equivalently, g and &
are cyclically reduced, so they lie in the parabolic subgroup Ar(g) = Arx) < A. Replacing A with Ar(g)
does not alter the properties in the statement of the lemma, so we can assume that ['(g) = I'(h) = r©,

Step 2 Assume without loss of generality that £(g, X) < £(h, X). Possibly replacing g and h with their
inverses and conjugating them, there exists a geodesic 0 C X' from 1 to g such that

e the union p := Uizo gia is a ray and contains h and h? (viewing 1, g, h, h? as vertices of X), and

e if T C p is the arc joining 1 to h, then h - T is the arc of p joining h to h?.

Let £ € 27 (X) be a halfspace bounded by 2*" =21 € Wy (g) N W (h). Possibly replacing g and/or i with
their inverses, we have g¢ C ¢ and k¢  £. Since I'(®) = ' (%), Lemma 3.10 shows that 1 and 7*" 21
are strongly separated in X.

The subray contained in £* of any (combinatorial) axis of g defines a point £ in the Roller boundary 0X
such that g§ = £ and £ € h=#"T2¢* (recall that this halfspace is bounded by tv). Similarly, there exists
n € X with hn = n and n € h=#"T2¢*_ Since the halfspaces h~# +2¢* and ¢ are strongly separated, the
gate-projections of £ and 7 to £ coincide and they are a vertex x € C(g) NC(h). Conjugating g and &
by x, we can assume that x = 1.

Label £ 2 €5 2 --- 2 £, the elements of .#°(1|h?) bounded by hyperplanes with label y(tv). Set £ := £
and observe that £,, = h2€, which is bounded by 2* 1o € Wy (g) N Wi (h). In conclusion,

Engh VT2 e=2028 2 Dty =ht

Note that the hyperplanes bounding the & all lie in Wi (g) N Wy (h). Since 1 € C(g) N C(h), there exist
an axis of 4 and an axis of g each crossing all hyperplanes bounding the ¢;. Hence there exist 1 <t <
such that g¢; =€, 4, forall 0 < j <m —t,and ht; =¥¢; ;s forall 0 <i <m —s.

Let x; be the gate-projection of x = 1 to £;. Note that this is also the gate-projection to €; of & and 1. Since
gé =& and hn =n, we must have gx; = x4 and hx; = x4 forall 1 <j <m—tand 1 <i <m—s.
In particular, since xo = 1, we have 1 = xy, h?> = x25 = X, and g = x;.

Observe that each x; is also the gate-projection to ¢; of each x; with j <i. Thus, we can construct a
(combinatorial) geodesic o from 1 to g by concatenating arbitrary geodesics o; from x; to x;41 for
0<j <t. Theunion p=|J;-, g'oisaraysince 1 €C(g). Let k,[ > 1 be the integers with 0 <s—kt <t
and 0 <25 —1[t <t. Since o contains the points g Kh = x,_4, and g7'h? = x,4_y,, it is clear that h
and A2 lie on the ray p.

Finally, note that we can choose the geodesics o; so that the following compatibility condition is satisfied:
whenever there exist f € Aand0 <i, j <t with fx; = x; and fx; 11 = x; 1, we have fo; = o;. This
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is possible because the action A ~, X is free and so the element f is uniquely determined by i and j
(when it exists). Now, given 0 < j <'s, the arc of the ray p joining x5 ; to xg4 j41 is precisely g%/ Op;»
where s + j = ajt +bj and 0 < b; <. The element g% h maps x; and X;41 t0 xp, and Xp, 1, SO
it takes 0 to 0p; by our construction. Thus ho; = g% 0}, is contained in p for every 0 < j <. This
proves the second condition in the statement of Step 2.

Step3 We have (g, h) ~ 7.

Let S 2 I'® be the standard generating set of A. Let F(S) be the free group freely generated by S, and
let 7: F(S) — A be the surjective homomorphism that takes each generator of F(.S) to the corresponding
standard generator of A. Let wg € F(S) be the word spelled by the labels of the edges met moving
from 1 to g along the geodesic 0. Let wy, € F(S) be the word spelled moving from 1 to / along the ray
p=Uiso g'o. Ttis clear that m(wg) = g and 7 (wy,) = h.

From Step 2, we have wy, = wga for some p > 1 and an initial subword a of wg, and w% = w5+1ab
for some word b such that wﬁ“ab is reduced in F(S). It follows that w}awfa = wﬁ“ab in F(S),
where both sides of the equality are reduced words. Looking at the first (p 4 1)|wg| + |a| letters on the
left, we deduce that awg = wga. Hence (wg, wy) = (wg, a) is a cyclic subgroup of F(.S). We conclude

that (g, h) = 7 ((wg. wp)) ~ Z. a

Corollary 3.14 Consider two elements g, h € A. Suppose that g is label-irreducible. Assume in addition
that one of the following conditions is satisfied:

(1) There exists tv € W (g) such that h preserves v and g*" 1.
(2) There exist hyperplanes u, w € # (X) with {u, 1o, h*"u, g* v} C Wi (g) N Wi (h).

Then g and h commute in A.

Proof Assume first that there exists to € W (g) such that v and g% 1o are preserved by 4. Then
{ro, g%} = {1, (hgh H* w} € Wi(g) N Wi(hgh™!). Since g and hgh™! are label-irreducible,
Lemma 3.13 implies that (g, hgh™!) ~ Z. Observing that £(g, X) = £(hgh™!, X), we deduce that
hgh~! must coincide with either g or g~1. The second option cannot occur in a right-angled Artin group,
hence hgh~! = g, as required.

Suppose now that there exist hyperplanes u, to with {u, v, 2* u, g4} € Wy (g) N Wy (k). In light of
Lemma 3.7(2), there exist (possibly equal) irreducible components /1, o of ki, such that {u, g*"u} C
Wi(g) N Wi (h1) and {ro, h*"w} = {, k5 w0} € Wi (g) N Wi (h2).

Since g is label-irreducible and y(# (u|g*"u)) = I'(g) by Lemma 3.10, no element of W (g) can be
transverse to both u and g*"u. Hence i1 = h,, otherwise W (h1) and W (h2) would be transverse.
Thus {u, g% u, 1o, hé’m} C Wi(g) N Wy (hy) and Lemma 3.13 yields (g, h2) >~ Z. Now, a power of g
coincides with a power of /5, hence it commutes with 4. It follows that g and & commute. O
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We conclude with the following lemma, which is actually independent from the notion of label-irreducibility
and from the discussion in the rest of this subsection, albeit in a similar spirit.

Lemma 3.15 Consider elements g1, g2 € A and vertices x1, xp € X such that the two sets % (x;|gi Xi)
are transverse. Then g1 and g> commute and we have Wi(g;) S Wo(g;) fori # j.

Proof We begin with the following observation:

Claim Forw € #(X) and x, y € X, the hyperplane o is transverse to % (x|y) if and only if every vertex
in the set y(# (x|y)) is joined by an edge of T" to every vertex in the set {y(10)} U y(# (x|0)).

Proof Suppose first that to is transverse to # (x|y). Then, since every hyperplane in # (tv|x) is disjoint
from tv, we have # (to|x) C # (v|x, y). Since # (x|y) is transverse to # (iv|x, y), it is also transverse
to {r} U # (1o|x). It follows that every vertex in y(# (x|y)) is joined by an edge to every vertex in
{y(to)} U y(# (x|m)), as required.

Suppose now instead that v is disjoint from a hyperplane u € #(x|y). Choosing u so that it is closest to tv,
we can assume that no hyperplane of # (x|y) separates to and u. If the carriers of tv and u intersect, then
y(t0) and y (1) cannot be joined by an edge, as u and o are disjoint. Otherwise, there exists a hyperplane
v € ¥ (u|w) such that its carrier intersects the carrier of u; in particular, y(u) and y(v) are not joined by
an edge. Since v does not separate x and y, we must have v € # (v|x, y), hence y(v) € y(# (x|t0)), as
required. <

Consider for a moment g € A, x € X and n > 1. Since # (x|g"x) is contained in the union % (x|gx) U
< U (g" x|g"x), we have y (# (x|g"x)) € y(# (x|gx)). Thus, the claim implies that a hyperplane 1o
is transverse to % (x|gx) if and only if it is transverse to | J,cz # (x|g" x).

Now, consider the situation in the statement of the lemma. If x; is the gate-projection of x; to C(gi),
we have 7/ (x!|g;x!) € # (xi|gixi) and W1 (gi) = U,ez # (x;|g"x). It follows that the sets Wi (g1)
and Wi (g2) are transverse, or, equivalently, Wi(g;) € Wo(g;) for i # j. This implies that g; and
g»> commute (for instance, by decomposing g; into label-irreducible components as in Lemma 3.7 and
applying Corollary 3.14). |

3.3.2 Convex-cocompact subgroups of RAAGs Again, we keep the notation from Section 3.2. We
will simply say that a subgroup G < A is convex-cocompact when G is convex-cocompact for the action
A ~ X (in the sense of Definition 3.1).

Lemma 3.16 Let G < A be convex-cocompact. If g€ G and g =ay-+--- ay, is its decomposition into
label-irreducible components a; € A, then there exists m > 1 such that all alf" lieinG.
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Proof Let A < G be a free abelian subgroup containing a power of g, such that no finite-index subgroup
of A is contained in a free abelian subgroup of G of higher rank. Since G is convex-cocompact,
Theorem 3.6 in [100] shows that there exists a convex, A—invariant, A—cocompact subcomplex ¥ € X
that splits as a product Ly x---x Lj,, where A >~ 7Z? and each L; is a quasiline. Replacing each L; with
a subcomplex, we can assume that all quasilines are A—essential.

Note that ¥ must contain an axis of g in X, hence its convex hull, which is isomorphic to:
C1(g) =Ci(ar) x---xCy(ag).

Since each a; is label-irreducible, Lemma 3.11 shows that C1(a;) is an irreducible quasiline. Up to
permuting the factors of Y, we can thus assume that L; ~ Cy (a;) for 1 <i <k, where k < p.

Since the L; are locally finite, none of the groups Aut L; contains subgroups isomorphic to Z?2. It follows
that every projection of Z# >~ A <[], Aut L; to a product of (p — 1) factors must have nontrivial kernel.
Equivalently, there exist elements /; € A such that &; acts loxodromically on L;, and fixes pointwise
each L; with j # i. For each 1 <i <k, the elements /; and a; stabilise a common copy of L; =~ Cy(a;)
inside Y, and act freely and cocompactly on it. It follows that /; and a; are commensurable, hence a
power of g; lies in A < G. This concludes the proof. |

The exponent m in Lemma 3.16 can be chosen independently of g € G due to the following.

Remark 3.17 Suppose that G < A is convex-cocompact and, more precisely, that there exists a G—
invariant, convex subcomplex ¥ C X such that the action G ~, ¥ ©) has ¢ orbits. Then, for every g € A
such that (g) NG # {1}, there exists 1 < k < ¢ such that g¥ € G.

Indeed, consider N > 1 such that gN € G. Since Y is G-invariant and acted upon without inversions, it
contains an axis « for g/V; see [67]. Every axis of a power of g is, in fact, also an axis of g (this property
is specific to the action A ~, X). Thus, picking any x € o, we have g'x € Y for all i € Z. Hence there
exist 0 <i < j <q such that g'x and g/ x are in the same G—orbit. Since A acts freely on X', we have
g/7"eGand0< j—i<gq.

3.4 CMP automorphisms of right-angled groups

This subsection is devoted to the proof of Proposition A. Automorphisms of hyperbolic groups were
already discussed in Example 2.28, so we are only concerned with right-angled Artin/Coxeter groups.

Let I' be a finite simplicial graph. Let A = Ar and W = Wr be, respectively, the right-angled Artin
group and the right-angled Coxeter group defined by I.

We identify with I'©® the standard generating sets of .4 and W. The standard Cayley graphs of A
and W are 1-skeleta of CAT(0) cube complexes: the universal covers of the Salvetti and Davis complex,
respectively. Thus, A and W are each endowed with a natural median operator pr.
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Remark 3.18 We have g - ur(x,y,z) = ur(gx, gy, gz) for all elements g, x, y,z in A or W. This
implies that (A, [ur]) and (W, [ur]) are coarse median groups, in the sense of Definition 2.24.

Unlike hyperbolic groups, .A and W can admit infinitely many different coarse median structures. For
this reason, we will never omit the subscript in ur, in order to emphasise that this is the coarse median
structure provided by the standard generating set of A or W. Other Artin/Coxeter generating sets can
a priori give different coarse median structures; it will be a consequence of Proposition A(2) that this
does not actually happen in the Coxeter case.

It was shown by Laurence [75], Servatius [94] and Corredor and Gutierrez [35] that Aut.4 and Aut W
are generated by finitely many elementary automorphisms. These take the same form in both cases.

e Graph automorphisms Every automorphism of the graph I gives a permutation of the standard
generating sets that defines an automorphism of A and W.

o Inversions ¢, for each v € T'®. We have ¢, (v) = v~! and 1, () = u for all u € T\ {v}.

« Partial conjugations «,, ¢ for w € T® and a connected component C of '\ stw. We have
Kkw.cW)=w uwifue C® and ky c(u) =uifue MO\ C.

e Transvections t, , for v, w € r'® with kv C stw. They are defined by 1,4 (v) = vw and
Ty,w(u) =u forallu e O\ (v}
We refer to 1y 4 as a fold if v and w are not joined by an edge (equivalently, Ik v € Ik w), and as a
twist if v and w are joined by an edge (equivalently, stv C stw).

Remark 3.19 Graph automorphisms and inversions can be realised as automorphisms of the Sal-
vetti/Davis complex, so they preserve the operator ur (hence the coarse median structure [pr]).

In the case of right-angled Artin groups, the following class of automorphisms was introduced by Day [41]
and Charney, Stambaugh and Vogtmann [25].

Definition 3.20 An automorphism ¢ € Aut.A is untwisted if it lies in the subgroup U(A) < Aut.A
generated by graph automorphisms, inversions, partial conjugations and folds.

We now proceed to prove parts (2) and (3) of Proposition A. We will treat separately the Coxeter and
Artin cases, as the simplest arguments appear to be quite different in spirit. Still, in both situations, the
following basic observation is important.

Remark 3.21 Let a group G act properly and cocompactly on two CAT(0) cube complexes X and Y.
Let [;x] and [py] be the induced coarse median structures on G. If there exists an equivariant restriction-
quotient map 7 : X — Y, then [y ] = [y ]. This is immediate from the third characterisation of restriction
quotients in Proposition 2.20.
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3.4.1 The Coxeter case Here our aim is to prove that all elements of Aut )}V preserve the coarse median
structure [pur]. We will achieve this by showing that all elementary automorphisms of W restrict to
graph automorphisms on certain finite-index Coxeter subgroups of W. This guarantees that they are all
coarse-median preserving.

Given a vertex w € I', we denote by A(I", w) the double of T" \ {w} along 1k w. More precisely, A(I", w)
is obtained from two disjoint copies of the graph I" \ {w} by identifying the two subgraphs corresponding
to 1k w. We continue to denote by 1k w the resulting subgraph of A(I", w), even though w does not appear
in A(T", w) and so this is not the link of any vertex of A(L", w).

Let ayy : W — Z /27 be the homomorphism that maps w to the generator of Z /27, and all other standard
generators of W to the identity.

Lemma 3.22 Consider a vertex w € I'. Then:

(1) keray, is generated by {x | x e T\ {w}}U{w lyw|y e \stw}.
(2) This is a Coxeter generating set giving an isomorphism between ker oy, and W (r,w)-

(3) The coarse median structure [(a(r,)] induced on ker oy, by this isomorphism with Wa ()
coincides with the restriction of the coarse median structure ] on W.

Proof The first two parts are a straightforward application of the normal form for words in Coxeter
groups; see eg [39, Chapter 3.4]. We instead focus on part (3).

Let Yr and YA (r,w) be the universal covers of the Davis complexes of W and W (). We aim to show
that, under the above identification between ker oy and W (1), the standard action Wa (r,w) v YA(T,w)
is a restriction quotient of the action ker aty, ~ Yr. This proves the lemma, since, by Remark 3.21, the
two actions then induce the same coarse median structure on ker oy, .

First, if 2 C Yr is a fundamental domain for the YW-action, note that Q2 U w2 is a fundamental domain for
ker oy, ~ Yr. In addition, observe that ker aty, contains the entire VW—stabiliser of a hyperplane u e % ()'r)
precisely when y (1) ¢ st w. Thus, the orbit WW-u is made up of two (ker oy, )—orbits of hyperplanes when
y(u) ¢ stw, while it is a single (ker oy, )—orbit when y (1) € st w. Combining these two observations, the
reader should convince themselves that, starting with the action ker oy, ~ Vr and collapsing the single
orbit of hyperplanes u with y (1) = w, we obtain precisely the action Wa (o,w) ¥ VA(a,w)- as required. O

Proposition 3.23 All automorphisms of W preserve the coarse median structure [ur].

Proof Recall that Aut W is generated by graph automorphisms, partial conjugations and transvections,
as defined above. We have already noticed in Remark 3.19 that graph automorphisms are coarse-median
preserving. We make two additional observations.
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» Every partial conjugation k, ¢ preserves the subgroup ker ay, < W. The restriction of Ky, ¢ to Ker ay,
is a graph automorphism with respect to the identification ker atyy > Wa(r,) constructed in Lemma 3.22.

Indeed, the connected component C € I"\ st w gets doubled to two connected components C’, C” of the
graph A(T, w) \ Ik w. These two subgraphs correspond to the sets of generators C © and w=1Cc Oy
for ker oy, . The automorphism k¢ swaps these two sets of generators, while fixing all generators of
ker oy, corresponding to vertices of A(T, w) \ (C’ U C”). This is realised by an automorphism of the
graph A(T", w).

e Every transvection 1y, preserves ker o, < W. The restriction of ty 4, to ker ay is a product of partial
conjugations with respect to the identification Ker oy 2 WA(T,v)-

Indeed, if x € '\ {v}, we have 7y, y (x) =x and 7y 4, (V" xv) =w ™! (v xv)w. Setting 4 := '\ stv C T,
we have A(T',v) =1kv U A’ U A”, where the subgraphs A", A” correspond, respectively, to the subsets
A© =140y cW. Let w’ € A’ be the vertex originating from w € I'. The set A” is a union of
connected components of A(T", v)\1kv. Since Ikv Cstw in I, we have Ik v C stw’ in A(T, v), hence A”
is also a union of connected components of A(T", v) \ stw’. The composition of the partial conjugations
Ky’,c € Aut WA(T,v), as C ranges through these connected components, is precisely the restriction of 7y
to ker ay.

Now, in view of Lemma 3.22 and Remark 3.19, partial conjugations and transvections each preserve
the restriction of the coarse median structure [ur] to a finite-index subgroup of W. Since finite-index
subgroups are coarsely dense in W, this implies that these automorphisms actually preserve [ur] itself,
proving the proposition. O

3.4.2 The Artin case We begin by showing that untwisted automorphisms of A preserve the coarse
median structure [ur]. I present a proof that was suggested to me by Ric Wade, as it is much simpler
than my original brute-force argument.

The main ingredient is the construction of Salvetti blowups from the work of Charney, Stambaugh
and Vogtmann [25], which we record in the following lemma. Restriction quotients were discussed in
Section 2.5.

Lemma 3.24 Let ¢ € U(Ar) be a fold or partial conjugation. Then there exists a proper cocompact
action on a CAT(0) cube complex Ar ~, Z and two restriction-quotient maps 11, w5 : Z — Xr such that,
forall g € Ar, we have mj o g = gomy and mp 0 g = ¢(g) o 72.

Proof This holds more generally when ¢ is a '~Whitehead automorphism, as defined at the beginning of
[25, Section 2.3]. Our statement is a straightforward rephrasing of [25, Lemma 3.2] in terms of universal
covers. O

Corollary 3.25 Automorphisms in U(A) preserve the coarse median structure [pr].
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Proof Let @ € U(Ar) be a fold or partial conjugation. Let the action Ar ~, Z and maps w1, 72: Z — AT
be as provided by Lemma 3.24, and let [ z] be the coarse median structure on Ar induced by Z. Since
1 is Ar—equivariant, Remark 3.21 guarantees that [ur] = [uz].

On the other hand, 75 becomes .Ar—equivariant if we endow AT with the g—twisted action: using the
notation from Remark 2.27, this corresponds to replacing AT with Xl‘f - , which induces the coarse median
structure (¢~ 1)« [ir] on Ar. Thus, another application of Remark 3.21 yields (¢~ ")« [ur] = [ z]. We
conclude that @« [ur] = [ur].

This shows that all folds and partial conjugations preserve [ur]. Graph automorphisms and inversions
are also coarse-median preserving, by Remark 3.19. Since these four types of elementary automorphisms
generate U(A), this proves the corollary. m|

In order to complete the proof of Proposition A(3), we are left to show that all coarse-median preserving
automorphisms of A are untwisted. This can be easily deduced from the work of Laurence [75], as we
now describe.

Proposition 3.26 If ¢ € Aut A preserves the coarse median structure [jur], then ¢ € U(A).

Proof In the terminology of [75, Section 2], an automorphism ¢ € Aut A is conjugating if it preserves
the conjugacy class of each standard generator v € I'. More generally, ¢ is simple if, for every v € T, the
image ¢(v) is label-irreducible and v € I'(¢(v)); compare [75, Definition 5.3] and Definition 3.5 in our

paper.

Consider a coarse-median preserving automorphism ¢ = ¢g. By [75, Corollary to Lemma 4.5], there
exists a graph automorphism 1 such that, setting ¢ := V¢, we have v € I'(¢1(v)) for every generator
v € I''. Since graph automorphisms are coarse-median preserving, ¢ is again coarse-median preserving.
By Corollary 3.3 and Lemma 3.11(2), the element ¢ (v) is label-irreducible for every v € I". Thus, ¢ is
simple.

By the proofs of [75, Lemma 6.8] and [75, Corollary to Lemma 6.6], there exists a product of inversions,
folds and partial conjugations v, such that ¢ := @1 is conjugating. Finally, by [75, Theorem 2.2], the
automorphism ¢, is a product of partial conjugations. This shows that ¢ € U(A), as required. O

3.4.3 Pure automorphisms We end this subsection by introducing the subgroups Up(A) < U(A) and
Autg W < Aut W generated by inversions, folds and partial conjugations (no graph automorphisms or
twists, in both cases). These are the subgroups appearing in the statements of Theorem C and Proposition D,
and we will study them further in Sections 4.5 and 5. For the time being, we limit ourselves to a few
quick observations.
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Remark 3.27 The subgroups Up(A) < U(A) and Autg W < Aut W have finite index. In the Coxeter
case, see eg [92, Proposition 1.2]. In the Artin case, it suffices to observe that Uy(.A) is normalised by all
graph automorphisms, and that the latter generate a finite subgroup of U(A).

Remark 3.28 Although they do not appear in our chosen generating set for Uy(.A), graph automorphisms
of A can still lie in Uy (A). Indeed, confusing o € Aut I with the induced o € Aut A, we have o € Up(A)
if and only if Iko (v) = lk v for every v € I.

The “only if”” part follows from Lemma 4.30. For the “if” part, it suffices to show that o € Uy(.A) whenever
o swaps two vertices of I' with the same link and fixes the rest of I". In this case, o is a product of 3 folds
and 3 inversions, as described at the end of the proof of [43, Proposition 3.3].

Lemma 3.29 If ¢(Ap) = A for a full subgraph A C T and ¢ € Ug(A), then ¢| 4, € Up(Ap).

Proof We begin with a general observation. As in the proof of Proposition 3.26, we can write ¢ = o ¢y,
where o is a graph automorphism and ¢; is a simple automorphism of .A. Moreover, simple automorphisms
are products of inversions, folds and partial conjugations, so @1 € Up(A). We conclude that o € Up(A),
and Remark 3.28 shows that Ik o (v) = lk v for every v € I'.

If v € A, then v € T'(¢1(v)) because ¢; is simple. Thus
o(v) €a(T(p1(v)) =T (o@1(v)) =T(p()) S A.

We deduce that 0 (A) = A, and Remark 3.28 shows that 0| 4, € Up(Aa). Since o and ¢ preserve Ax,
so does ¢1, and it suffices to show that ¢1|4, € Up(Ap).

It is clear that ¢ |4, is a simple automorphism of A, so the fact that ¢1| 4, € Up(Aa) follows again
from [75] as in the proof of Proposition 3.26. a

4 Fixed subgroups of CMP automorphisms

This section is devoted to fixed subgroups of coarse-median preserving automorphisms of cocompactly
cubulated groups. Theorem B is proved in Sections 4.1 and 4.2, where we study the properties of those
subgroups of cocompactly cubulated groups that are approximate median subalgebras; see Theorem 4.10.
At the end of Section 4.2, we also prove Corollaries G and H.

Then in Sections 4.3 and 4.4, we develop a quasiconvexity criterion for approximate median subalgebras
of cube complexes (Proposition 4.25). This is used to prove Theorem C in Section 4.5; see Corollaries 4.34
and 4.35.

The reader interested only in Theorems F and I can just read the proof that Fix ¢ is finitely generated
(Proposition 4.11) and skip the rest of this section in its entirety.

Geometry & Topology, Volume 28 (2024)



204 Elia Fioravanti
4.1 Approximate median subalgebras

The goal of this subsection is to show that approximate median subalgebras (Definition 2.33) of median
spaces stay close to actual subalgebras. This is an important ingredient in the proofs of Theorem B and
Corollaries G and H, which will be discussed in the next subsection.

Shortly after the first draft of this paper appeared on arXiv, it was pointed out to me by Mark Hagen that a
similar result appears in the work of Bowditch [18, Proposition 4.1], which I was not aware of. Although
Propositions 4.1 and 4.2 below are more general and our proofs seem different, I want to emphasise that
Bowditch’s result would suffice for all applications in this paper.

Proposition 4.1 If X is a finite-rank median space and A C X is an approximate median subalgebra,
then dyaus(A, (A)) < +o0.

The only focus of this subsection will actually be the next result, which provides an analogue of Remark 2.5.
From it, it is straightforward to deduce Proposition 4.1 proceeding as in Lemma 2.10, which we leave to
the reader.

Proposition 4.2 There exists a function h: N — N with the following property. It M is a median algebra
of rank r and A C M is a subset, then (A) = M) (A).
We now obtain a sequence of lemmas leading up to Proposition 4.8, which proves Proposition 4.2.

Let M be a median algebra. We denote by .# (M) the collection of subsets of M of one of these three
forms:

e D, where b is a halfspace;
e hUE, where b and € are transverse halfspaces;

e hUE where b and ¢ are disjoint halfspaces.

Elements of .# (M) are to median subalgebras what halfspaces of M are to convex subsets. More
precisely, the following is a straightforward characterisation of the median subalgebra generated by a
subset A € M ; see for instance [99, 11.4.25.7].

Lemma 4.3 For every subset A C M, the median subalgebra (A) C M is the intersection of all elements
of .# (M) containing A.

We will make repeated use of the following observation, without explicit mention:

Lemma 4.4 Given pointsa,b,c,d € M, the three sets # (a,b|c,d), # (a,c|b,d) and # (a,d|b, ¢) are
transverse to each other.
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X2

X3
X1
X4
X5

Figure 2: A pentagonal configuration in the O—skeleton of a CAT(0) square complex.

It is also convenient to give a name to the situation in Figure 2.

Definition 4.5 An ordered 5-tuple (x1, X2, X3, X4, X5) € M? is a pentagonal configuration if the five
sets ¥ (xj—1, Xi, Xi+1]|Xi+2, Xi+3) are all nonempty (indices are taken mod 5).

This requirement is invariant under cyclic permutations of the 5 points. Also note that, setting W; :=
W (Xi—1,Xi, Xi+1|Xi+2, Xi+3), the sets W; and W; 11 are transverse for all i mod 5.

Lemma 4.6 Suppose that tk M < 2. Consider x € M with x = m(m(ay,a»,as),b,c) for points
ai,b,c € M. Then one of the following happens:

e There exists 1 <i <3 such that x =m(a;,b,c).
o There exist 1 <i < j <3 such that either x =m(a;,a;,b) orx =m(a;,a;,c).
e We have x = m(ai,az,as).

e The points a1, az,as, b, ¢ can be ordered to form a pentagonal configuration.

Proof Setn = m(ay,as,as). Consider the projections a; = m(a;, b, ¢) to the interval 1(b, ¢). Since
gate-projections are median morphisms, we have x = m(ay, as, asz).

Claim 1 If we are not in the 1% or 3™ case, we can assume that the four sets # (x|ay), # (x|az),
W (x|as) and # (a1, az|b, ¢) are all nonempty, and that % (a1, cl|az, b) = &.

Proof If one of the sets # (x|a;) is empty, then x = @; and we are in the 1% case. On the other
hand, if the sets #'(a;,a;|b,c) are all empty for i # j, then we are in the 31 case. Indeed, since
W (n|b,c) C Ul-<j #(aj,a;|b,c), wehave n € I(b,c), hence x =m(n,b,c) =n =m(ay,az,az).

Thus, up to permuting the a;, we can assume that # (a1, az|b, c) # @. Since this is transverse to the
transverse sets ¥ (a1, b|az, c) and # (a1, claz, b), one of the latter must be empty. Swapping » and c if
necessary, we can assume that it is # (a1, claz, b). <

Claim 2 If we are not in the 4™ case either, we can further assume that # (a1, az,blaz,c) = @.

Geometry & Topology, Volume 28 (2024)



206 Elia Fioravanti

Proof Note that the assumptions in Claim 1 are left unchanged if we simultaneously swap b <> ¢ and
ay <> ay. Thus, it suffices to show that we can suppose that at least one of the two sets # (b, a1, az|c, as)
and # (a1, a», clas, b) is empty.

In order to do so, we assume that # (b, a1, as|c,as) and # (a1, az, clas, b) are both nonempty and show
that (b, ay,az, c,a3) is a pentagonal configuration. This places us in the 41 case.

Since # (a1, claz,b) = @ and x = m(ay,az,as), where a; is the projection of a; to I(b, ¢), we have

V/(az,c,a3|b,a1) D) V/(C_lz,c_wlc_ll) = W(X|C_11) 75 g,
W (as,b,ailaz,c) D W (as,ai|az) = ¥ (x|az) # 2.

Moreover, since # (a1, as|b, c¢) is transverse to the nonempty transverse subsets # (b, a1, az|c,as) and
# (a1, as,clas,b), we have # (a1,as|b,c) = @. Hence # (c,as,blay,az) = # (c,blar,az) # 3. <

Claim 3 Under these assumptions, we have # (x|m(ay, as,c)) = # (b, clay, as).

Proof By the properties of gate-projections, the set # (b|c) does not intersect any of the sets # (a;|a;).
Thus, since x = m(ay,d», as), we must have

W (x|m(ay,as,c)) N # (blc) =# (m(ay,az,a3)|m(ay,as,c)) N#(b|c)
= W (a1laz) N ¥ (azlc) N # (b|c)
=W (ai,as,blasz,c)U¥# (az,a3,blay,c) =2,
where we have used Claims 1 and 2 at the very end. Since x € I(b, ¢), we have # (x|b,c) = @. Thus,
# (x|m(ay,as,c)) =#(x,b,clm(ay,as,c)) =#(b,clay,as). <
In order to conclude the proof of the lemma, suppose for the sake of contradiction that we are not in the
2"d case, in addition to the assumptions of the claims. Then, Claim 3 implies
@ # W (x|m(ay,as,c)) =#(b,clay,as).
On the other hand, since # (a1, c|az,b) and # (a1, a», blas, c¢) are empty by Claims 1 and 2,
%) 75 W(xlﬁl) = W(52,6_13|51) = W(c,az,a3|b,a1) - W(c,a3|b,a1),
@ # W (x|az) = W (ar, azlaz) = ¥ (a1, az,claz,b) S ¥ (a1, claz, b).
Since the three sets % (b, c|a1,as), # (c,as|b,ay1), # (a1, clas, b) are pairwise transverse, this violates
the assumption that rk M < 2. This proves the lemma. a
Corollary 4.7 If Ty and T, are rank-1 median algebras, then (A) = M(A) forall A C Ty x T».
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Proof The product 77 x T, does not contain any pentagonal configurations. Otherwise, there would be
walls 1oy, 102, 03, tug, 05 with each tv; transverse to tv; 1. If to; originates from the factor 77, say, then
v, must originate from 75 and, continuing like this, tvs5 again originates from 7;. Since tvs and to; are
transverse, this would contradict the fact that tk 77 = 1.

Thus, the 4" case of Lemma 4.6 never occurs, hence M?(A) = M(A) for all A C Ty x T». ad

For the next result, let us consider the functions f, g,h: N — N given by
fm)y=2%", gm)=1+f(Enm—1), h®n)=ngm) +n.

Proposition 4.8 Given a median algebra M and a subset A C M, the following hold:

(1) If #4 <n, then (A) = M/ (4).

(2) If M can be embedded in a product of d rank-1 median algebras, then (A) = M&@)(A).

(3) Iftk M <r, then (A) = M"()(4).
Proof Part (1) is immediate from most constructions of the free median algebra on the set A; for instance,
see [15, Lemma 4.2] and the subsequent paragraph.

Regarding part (2), let us fix an injective median morphism M < Tj x---x T4, where the T; have rank 1.
Let 7r;; : M — T; x T; denote the composition with the projection to 7; x T;. Given x € M, Lemma 4.3
implies that x € (A) if and only if 7;; (x) € (m;;(A)) forall 1 <i < j <d.

Since each 7;; is a median morphism, Corollary 4.7 shows that
(mij (A)) = M(7ij (4)) = 7ij (M(A)).
Thus, given x € (A), there exist points m;; € M(A) such that 7r;; (x) = m;; (m;;). It follows that
xe{{mij|1<i<j<dy}).
Since there are at most %d (d — 1) distinct points m;;, part (1) yields
(fmij | 1<i < j=dy) =MD (fmy |1 i < j <dy) € MEDTHM(A) = MED(4).
Hence (A) € M&@(4).

Finally, let us prove part (3). Since rk(A4) <rk M, we can safely assume that M = (A4). Consider two
points a, b € M and recall that the gate-projection ,;: M — I(a, b) is given by 7,5 (x) = m(a, b, x).
By Dilworth’s lemma, the interval /(a,b) € M can be embedded in a product of r rank-1 median algebras
for all a,b € M; cf [16, Proposition 1.4].

If B C M is asubset with (B) = M and a, b € B, then part (2) yields
1(a,b) = 745 (M) = 7045((B)) = (745 (B)) = MED (51,4 (B)) = 15 (MET(B)) € MEOT(B).
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It follows that 7 (B) € M&+1(B) for every subset B € M with (B) = M. Observing that
THN(B) = 7(T*(B)) € MEDFH(TH(B)).
we inductively obtain 7™ (B) € M™&™+D(B) for all m > 1. In particular, by Remark 2.5,
(A) CHull 4 = J"(4) € M™ €D+ (4) = MM (4).
This concludes the proof of the proposition. |
Remark 4.9 The bounds provided by Proposition 4.8 are highly nonsharp. For instance, if tk M <2,
a slightly more careful use of Lemma 4.6 would show that (A4) = M?(A) for every A C M, while the

proposition only gives (4) = M?**(A). For the purposes of this paper, we only care that such bounds
exist and only depend on the rank of M.

4.2 Approximate subalgebras of cubulated groups

This subsection is devoted to the proof of Theorem B and to a few examples of how this result can fail
for automorphisms that do not preserve the coarse median structure (Example 4.13). Towards the end, we
use similar techniques to prove Corollaries G and H.

Our main focus will be the following result. Recall that, if ¢ is a coarse-median preserving automorphism
of a cocompactly cubulated group, Lemma 2.35 guarantees that the subgroup Fix ¢ is an approximate
median subalgebra. Thus, Theorem B immediately follows from:

Theorem 4.10 Let G ~, X be a proper cocompact action on a CAT(0) cube complex. Let [ux] be the
induced coarse median structure on G. If a subgroup H < G is an approximate median subalgebra of

(G’ [/’LX])’ then:

(1) H is finitely generated and undistorted in G .

(2) H admits a proper cocompact action on a CAT(0) cube complex.

As a first step, we need to show that the subgroup H in Theorem 4.10 is finitely generated. The proof of
this is a straightforward adaptation of an argument due to Cooper and Paulin [33; 86] for fixed subgroups
of automorphisms of hyperbolic groups.

Proposition 4.11 Let G ~, X be a proper cocompact action on a CAT(0) cube complex. If a subgroup
H < G is an approximate median subalgebra of (G, [ux]), then H is finitely generated.

Proof Fix a base vertex p € X. The main observation is the following:

Claim If x,, € H - p is a diverging sequence, then there exists an element h € H such that d(p, hx,) <
d(p, xn) holds for infinitely many values of n.
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Proof Since H is an approximate median subalgebra of (G, [ux]), there exists L. > 0 such that all
medians of points in H - p lie in the L—neighbourhood of H - p in X.

Passing to a subsequence, we can assume that the vertices x; converge to a point in the Roller boundary
& € 0X. Recalling that X ) s discrete in the Roller compactification and that the median map is
continuous, there exist integers M (n) > 0 such that, for every m > M (n), we have

m(pvxn’ E) = m(P,xn,xm)-

In particular, there exist elements /i, € H such that h, p is L—close to m(p, xy, £).

Now, since x; — &, the medians m(p, x,, §) diverge, and so do the points /i, p. In particular, there exist
indices i < j such that
d(p,hip)+2L <d(p,hjp).

Since, for m > M(j), the point 4 p is L—close to the median m(p, x;, Xn), we also have
d(p,hjp)+d(hjp,xm) <d(p,xm)+2L.
In conclusion, setting /& := hihj_l, we obtain, for all m > M(j),
d(p, hxm) = d(p, hih " xm) < d(p, hi p) + d(hi p, hih} ' xm) = d(p, hi p) + d(hj p, Xm)

<d(p.hip)+d(p,xm)—d(p,hjp)+2L
<d(p,xm). <

Now, suppose for the sake of contradiction that H is not finitely generated. Write H as the union of an
infinite ascending chain of subgroups Hy < Hy < ---, where H,+1 = (Hp, hyp+1) for some h,4+1 € H.
Possibly replacing /41, we can assume that the point x,4+1 := h,+1p minimises the distance to p
within the set Hyhy,41 - p.

The claim provides an element 4 € H such that d(p, hx,) < d(p, xn) occurs infinitely often. Since
h € H, there exists N > 0 such that & € Hy, for all n > N. This contradicts the fact that x,; minimises
the distance to p within Hy - x,4+1 forn > N. a

Along with Propositions 4.1 and 4.11, the following is the only missing ingredient in the proof of
Theorem 4.10. We refer the reader to the proof sketched in the introduction.

Lemma 4.12 Let G ~, X be a proper cocompact action on a CAT(0) cube complex. Consider a subgroup
H < G. Suppose that there exists an H—invariant median subalgebra M C X © such that the action
H ~ M is cofinite. Then:

(1) H is finitely generated and undistorted in G.

(2) H admits a proper cocompact action on a CAT(0) cube complex.
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Proof Halfspaces and hyperplanes of the cube complex X, as usually defined, correspond exactly to
halfspaces and hyperplanes of the median algebra X ©) As customary, we write (X ) and #/(X) to
mean (X @) and 7 (X ©). By Remark 2.2(1), we have a natural surjection respy : ¢ (X) — (M).

Since H acts cofinitely on the subalgebra M, it is an approximate median subalgebra of (G, [ux]) and
Proposition 4.11 implies that H is finitely generated. Thus, every H—orbit in X is coarsely connected
and, since H ~, M is cofinite, M is coarsely connected as well. It follows that there exists a uniform
upper bound m to the cardinality of the fibres of the map resyy.

As in [89, Section 10; 31, Theorem 6.1], we can construct a CAT(0) cube complex X (M) such that M
is naturally isomorphic to the median algebra X(M)©®. Given x, y € M, let us denote by d(x, y) and
dp (x, y) their distance in the 1-skeleta of X and X (M), respectively.

By construction, dps (x, y) coincides with the number of walls of M separating x and y. It follows from
the above discussion on resys that

dM(x,y)fd(x,y)SmdM(x,y)

for all x, y € M. Thus, the identification between X (M )(0) and M < X© gives a quasi-isometric
embedding X (M) — X that is equivariant with respect to the inclusion H — G.

The action H ~, (M, dys) is cofinite by assumption, and it follows from the above inequalities that it is
also proper. This shows that the induced action H ~ X (M) is proper and cocompact, proving part (2).
The Milnor-Schwarz Lemma now implies that the inclusion H < G is a quasi-isometric embedding,
which proves part (1). O

Proof of Theorem 4.10 For any vertex p € X, the orbit H - p is an approximate median subalgebra
of X. By Proposition 4.1, the subalgebra M := (H - p) is at finite Hausdorff distance from H - p. Since
X 1is locally finite, it follows that the action H ~ M is cofinite, hence Lemma 4.12 shows that H is
finitely generated, undistorted and cocompactly cubulated. |

As discussed above, this completes the proof of Theorem B. The next example shows that, even for
automorphisms of RAAGs, all of the claims in the statement of Theorem B can fail if the automorphism
does not preserve the coarse median structure.

Example 4.13 Here is a recipe to construct automorphisms with unpleasant fixed subgroups. Consider a
group G and a homomorphism «: G — Z. These data define an automorphism i € Aut(G x Z) by the
formula

Y(g.n):=(g.n+a(g)).
It is clear that Fix ¢ = kera x Z.

Now, consider the situation where G is a right-angled Artin group Ar and o: Ar — Z takes all standard
generators to + 1. The resulting automorphism ¥ € Aut(Ar x Z) is a product of finitely many twists (as
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defined in Section 3.4) and we have Fix = BBr x Z, where BBt denotes the Bestvina—Brady subgroup
of Ar; see [8].

We apply this construction to obtain examples where Fix ¢ fails to have the three properties provided by
Theorem B.

(1) The subgroup BBr is finitely generated if and only if I" is connected [80]. For instance, there exists
Y € Aut(F, x Z) such that Fix ¢ is not finitely generated.

(2) If Ar is freely irreducible, directly irreducible and noncyclic, then BBr is finitely generated and
quadratically distorted [98, Theorem 1.1]. This gives examples where Fix ¢ is finitely generated,
but distorted.

(3) As shown in [8, Main Theorem], the finiteness properties and homological finiteness properties
of BBr are governed by the homology and homotopy groups of the flag simplicial complex Lt
determined by I'. The same is true of Fix = BBr X Z; see [79; 22]. In particular, if Lt is not
contractible, then Fix ¢ is not of type F (hence not cocompactly cubulated, since there is no torsion).
This can even be achieved while ensuring that Fix ¢ is undistorted: by [98, Theorem 1.1], it suffices
to make sure that Ar splits as a product.

We emphasise that, by embedding Ar x Z as a parabolic subgroup of a larger RAAG and suitably
extending the automorphism v, we can ensure that all these bad behaviours also occur for automorphisms
of irreducible RAAGs.

We conclude this subsection by proving Corollaries G and H. All that is required is Proposition A,
Proposition 4.1 and (part of) Lemma 4.12.

Proof of Corollary G Let H < G be a finite-index subgroup with a proper cocompact action on a
CAT(0) cube complex H ~, X. Replacing H with a finite-index subgroup, it is not restrictive to suppose
that H <1 G. By our assumption, the conjugation action G ~, H preserves the coarse median structure []
induced on H by H ~ X.

It is well-known that the concept of induced representation can be generalised to actions on metric spaces;
see eg [21, Section 2.1] or [9, Section 2.2]. In our context, this yields a proper action G ~, X1 X -+ X X,
where # is the index of H in G and each X; is isomorphic to X. Since H is normal, each factor is
preserved by H and each action H ~, X; can be made equivariantly isomorphic to H ~, X by twisting it
by an automorphism of H corresponding to a conjugation by an element of G.

Since [u] is preserved by the conjugation action G ~, H, it is the coarse median structure induced by
all the cubulations H ~, X;. This implies that, for every finite subset A C X (0), the orbit H - A is an
approximate median subalgebra. Since H is normal, we can choose a finite subset 4 € X © so that H - 4
is G—invariant. Proposition 4.1 guarantees that the G—invariant median subalgebra M := (H - A) is at
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finite Hausdorff distance from H - A. Since each X; is locally finite, this implies that the action G ~ M
is cofinite.

Since M is a discrete median algebra, the natural CAT(0) cube complex X (M) with M as its O—skeleton
(as in [89, Section 10] or [31, Theorem 6.1]) gives the required cocompact cubulation of G. Here
properness of the G—action on X(M) can be checked as in the proof of Lemma 4.12, using the fact
that M is coarsely connected to conclude that X(M) and [ | X; induce bi-Lipschitz equivalent metrics
on M. |

Proof of Corollary H Let G = Ar or G = Wr. Consider a finite subgroup F' < OutG as in the
statement. Let 77 : Aut G — Out G be the quotient projection. Our goal is to construct a proper, cocompact
action on a CAT(0) cube complex 71 (F) ~, Y. We can then take Q to be the quotient of Y by the
finite-index normal subgroup G ~ ker <1 w1 (F).

Let G ~, X be the standard action on the universal cover of the Salvetti/Davis complex. In both cases,
Proposition A shows that F preserves the coarse median structure on G induced by this action. Thus,
Corollary G provides the required proper cocompact action 7~ '(F) ~, Y. |

4.3 Staircases in cube complexes

In the rest of Section 4, our goal is to obtain a quasiconvexity criterion for median subalgebras of cube
complexes, which will lead to the proof of Theorem C. Ultimately, we will restrict to universal covers of
Davis/Salvetti complexes for right-angled groups and an important point will be that they do not admit

infinite staircases.

In this subsection, we study staircases in general CAT(0) cube complexes.

Definition 4.14 Let M be a median algebra.

(1) A length-n staircase in M is the data of two chains of halfspaces h; 2 --- 2 h, and & 2 --- 2 &,

=

such that b; is transverse to €; for j <i, while €1 C b;.

(2) The staircase length of M is the supremum of n € N such that M has a length-n staircase.

Figure 3 depicts part of a staircase of length > 5.

When speaking of staircases in relation to a CAT(0) cube complex X, we always refer to the median
algebra M = X (. Note that the above notion of staircase seems to be a bit more general than the one in
[63, page 51]: given hyperplanes bounding halfspaces as in Definition 4.14, there might not be a convex
subcomplex of X with exactly these hyperplanes.

In view of the following discussion, it is convenient to introduce a notation for gate-projections to
intervals. Given a median algebra M and points x, y € M, we denote by 7y, : M — I(x, y) the map

Txy(z) =m(x,y,z).

Geometry & Topology, Volume 28 (2024)



Coarse-median preserving automorphisms 213

barpr B

LEES

bop |

hig

-

Figure 3

Lemma 4.15 Let M be a median algebra of rank r and staircase length d. If there exist halfspaces
€ 2.2 ¢, and points x, y € €] such that 7,y (€1) 2 -+ 2 mxy (£,), thenn < 2rd.

Proof The sets C; := mxy(¥;) are convex, for instance by [50, Lemma 2.2(1)]. Since C; 41 & C;, there
exist halfspaces h; € s (M) such that b; € ¢, (M) and C; 11 C b;.

Since both b; and b7 intersect C; € I(x, y), we have b; € #(x|y)U.# (y|x) for all i. Possibly swapping
x and y, we can assume that at least n/2 of the h; lie in 5 (x|y). By Dilworth’s lemma, there exist
k >n/2r and indices i1 <--- <iy such that b;,...,b; liein #(x|y) and no two of them are transverse.
Up to reindexing, we can assume that these are by, ..., bg.

Since C; is contained in b; if and only if j > i, we must have b1 2 --- 2 bg. Note that y € h; N EJ*.‘ and
xehrn E;'.‘ foralli, j. If j <i, we have b; € #¢,(X), hence h; N¢; and h] N¢; are both nonempty.
This shows that ; and ¢; are transverse for j < i, while the fact that C; 11 C b; implies that €11 C b;.
In conclusion, the b; and €; form a length-k staircase with k > n/2r. Since M has staircase length d,
we have n <2rk <2rd. |

Lemma 4.16 Let X be a CAT(0) cube complex of dimension r and staircase length d . Consider vertices
x,y€Xandz € I(x,y). Let « C I(x, z) be a (combinatorial) geodesic from x to z. Then the median
subalgebra M = X© N I(x, y)N 7} () has staircase length < d(1 + 2r?).

Proof Since 7,;(y) =z and x, z € «, the three points x, y, z all lie in M. Since M C I(x, y), every
wall of M separates x and y. Recall that we use the notation #(X) and #'(X) with the meaning of
(X @) and 7 (X ©).

Claim 1 Ifu,v € # (M) separate x and z, then u and v are not transverse.

Proof Pick halfspaces 6@ € A (X) N (x|z) such that h := Gﬂ M € (M) is bounded by u and
£:=EN M is bounded by v; this is possible by Remark 2.2(1). The intersections 6 No and €N o are
subsegments of « containing z. Without loss of generality, we have 6 Na C €Na. Then 6 NE*Na=o,
hence @ = h NE* N M = b N &*, proving the claim. <
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Claim 2 If G,E € s (z|y) are halfspaces of X, then G and ¥ are transverse if and only if 6 N M and
€N M are transverse haltspaces of M .

Proof Since my;(I/(z,y)) = {z}, the vertex set of the interval /(z, y) C X is entirely contained in M.
Thus, /(z, y) is a convex subset of both X and M. Remark 2.2(2) then shows that E and E are transverse
if and only if 6 N1(z,y) and eI (z, y) are transverse, if and only if 6 N M and €N M are transverse. <

Now, suppose that M contains a length-n staircase. Thus M has halfspaces h1 2---2 b, and €1 2--- 2 &,

>

such that each b; is transverse to all £¢; with j <1i, while &1 C b;.

Since ¢, C h,—1 C b, we have either {h1,¥,} C 52(x|y) or {h1,¢,} C 2(y|x). If we replace all bh;

and €; with £ _ 4 and b J+1 respectively, we obtain another length-n staircase. Thus, we can assume

that {h1,8,} € 2 (x|y). It follows that all h; and ¢; lie in 2 (x|y).

Let 0 < a,b < n be the largest indices such that z € h; and z € ¢; hold for 1 <i <aand 1 < j <b.
Since h; and £; are transverse, Claim 1 shows that they cannot both lie in 57 (x|z). Thus min{a, b} = 0.
Since €542 € ha41, we have z ¢ £, 5, hence b < a + 1. In conclusion, either b =0, or (a,b) = (0, 1).

The halfspaces b;, €; with i, j > max{a, b} all lie in .#(z|y) and form a staircase of length n —max{a, b}.
By Remark 2.2(1) and Claim 2, this determines a staircase of halfspaces of X. Since X has staircase
length d, we deduce that n —max{a, b} <d.

Ifb=1anda =0, we getn <d + 1 and we are done. If instead » = 0, then n < a + d and the proof is
completed with the following claim:

Claim3 Ifb =0, then a <2r3d.

Proof Asarecap, M has halfspaces h; 2 --- 2 b, in #(x|z,y) and € 2 --- D &, in J#(x, z|y) forming
a length-a staircase. By Remark 2.2(1), there exist halfspaces E,’ @j € A (X) such that h; = 6,’ N M and
¢ = %\i NnM.

By Dilworth’s lemma, there exist @’ > a/r and indices 1 < j; <--- < jar < a such that no two among
E SR E j, are transverse. Thus, up to reindexing, we can assume that El Dy

Now, since the h; and £; form a staircase in M and hi € s (x|z), we have, forevery 1 < j <d’,
. @:h}‘ﬂkﬂ_l:6}'.‘0/{?]-4_1ﬂM,hencenxz(/E\j_H)ﬂE;‘ﬂa:@
. @;éh;.‘ﬂkj=6}‘ﬂgjﬂM,hencenxz(Ej)ﬂa;‘ﬂa;éQ

Note moreover that x, z € %}‘ If we had a’ > 2rd, Lemma 4.15 would imply that there exists j with
Txz (%j) = Ty (’E\H_l). However, 5 (Ej) intersects 6}" N« while 7y, (Ej+1) does not.

We conclude that a < ra’ < 2r2d, as required. <

As discussed before Claim 3, this proves the lemma. |
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Recall that, if I" is a finite simplicial graph, AT and Jr denote the universal covers, respectively, of the
Salvetti complex for Ar and the Davis complex for Wr.

Lemma 4.17 The staircase length of XT and Yr is at most #(0)

Proof We only run the proof for AT, since the argument for YVr is identical. The important property,
shared by both complexes, is that there is a map y : # (Xr) — '© such that, if u, v are hyperplanes with
intersecting carriers, then u and v are transverse if and only if y(ut) and y(v) are joined by an edge of
I". For simplicity, let us extend the map y to . (AT), simply by composing it with the two-to-one map
A (Xr) — # (Xr) pairing each halfspace with its hyperplane.

Consider halfspaces b1 2 --- 2 b, and €1 2 --- 2 £, such that b; is transverse to all £€; with j <17, while
€ +1 S b;. We define the following subsets of r©.

Lj ==y (€D Uy (7 (E71¢) Uiy (E)}.

It is clear that I'; C T'; ¢ for all j > 1. The lemma is immediate from the following claim:
Claim Wehavel'; C I'j 41 forall j > 1.

Suppose for the sake of contradiction that, for some j > 1, we have I'; 1 =I7;.

Given j € jf(hﬂEjH), we have jN€; D €41 # &. Moreover, j* N¢; # @ and j* N €] # @, since j*
contains h%, which is transverse to £;. Thus, for each j € 7 (b;‘ |€;+1), there are only two possibilities:
either

(@ jNE =@, hence j C & and j € #(Ef|€j11); or
(b) j is transverse to ;.

Note that no halfspace of type (a) can contain a halfspace of type (b). Moreover, each j of type (b)
is also transverse to €;: we have jN¥; D €11 # T, N E}“ 2iNET #2,i*NE 2 [];'.‘ Nt # < and
i*N {’,;'.‘ Dj*NET # @. Thus, every j of type (b) is transverse to the set J#(¢7[€;) U {€],€;}.

Now, consider a maximal chain of halfspaces j; 2 -+ 2 j;; in S (h;‘ |€;+1) with m > 0. We can enlarge
this chain by adding jo := b; and j;»+1 = €;+1, which are, respectively, of type (b) and (a). Thus, there
exists an index 0 < k < m such that jo, ..., jx are of type (b) and jx 1, .. .,jm+1 are of type (a). Since
the chain is maximal, the set # 0,’: lix+1) is empty. Thus, since jx and jx4; are not transverse, the labels
v() and y(jx+1) are not joined by an edge of I'.

However, since I'j +1 = I'j, we have
yGkt1) € y(7 (€718 4.1)) ULy (€]). y (€41} = y (7 (£718) U {y (¢7). v (£) },
while ji is transverse to JZ (£7€;) U {€], €}, a contradiction. This proves the claim and lemma. O
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4.4 A quasiconvexity criterion for median subalgebras

In this subsection, we provide a criterion (Proposition 4.25) for when a median subalgebra M of a
CAT(0) cube complex X is quasiconvex. The subalgebra M will be required to satisfy two conditions,
edge-connectedness and weak quasiconvexity, which we study separately in the next two subsections.

4.4.1 Edge-connected median subalgebras Let X be a CAT(0) cube complex.

Definition 4.18 A subset A C X © g edge-connected if, for all x,y € A, there exists a sequence of
points x1,...,Xx, € A such that x; = x, x, = y and, for all i, the points x; and x;+ are joined by an
edge of X.

Remark 4.19 If A < X© js edge-connected, then there do not exist distinct halfspaces b, t € 724 (X)
with h N A = €N A. Indeed, the intersections h N € and h* N €* would both be nonempty, so, possibly
swapping h and €, we would either have h < € or h and £ would be transverse. However, since A is
edge connected and intersects both h N € and h* N £*, we must have AN h* N € # & if h € ¢, and either
ANB*NE#£Tor ANHNE" # & if h and € are transverse. This contradicts the fact that hN A = €N A.

Lemma 4.20 For a median subalgebra M C X O the following are equivalent:

(1) M is edge-connected.
(2) Forall x,y € M, there exists a geodesic @ C X joining x and y such that « N X© c M.
(3) The restriction map resyy : 534 (X) — (M) is injective.

Proof The implication (2) = (1) is clear and the implication (1) = (3) follows from Remark 4.19.
Let us show that (3) = (2).

Since M is a discrete median algebra, it is isomorphic to the O—skeleton of a CAT(0) cube complex X (M );
see [31, Theorem 6.1] or [89, Section 10]. Given x,y € M, let B € X(M) be a geodesic joining x
and y, and let x; = x, x2,...,x, = y be the elements of 8 N M as they appear along B. Since the
restriction map resyy : #y (X) — 2 (M) is injective, there is only one hyperplane t; € # (X) separating
x; and x; 11, that is, these two points are joined by an edge of X. If i # j, then w; # w;, or B
would cross the corresponding wall of M twice. We conclude that there exists a geodesic @« C X with
aNM ={x1,...,xn}. O

By the 3™ characterisation in Lemma 4.20, edge-connected subalgebras can be viewed as a middle ground
between general median subalgebras and convex subcomplexes; cf part (2) of Remark 2.2.

Lemmad4.21 IfAC X© jsan edge-connected subset, then (A) is an edge-connected subalgebra.

Proof Suppose for the sake of contradiction that (A4) is not edge-connected. Then there exist distinct
halfspaces b, t € 7 4)(X) with h N (4) = €N (A4) by Lemma 4.20. Note that b, ¢ € 773(X), and
hb*NetNA=oand hNe* N A = . In particular, h N 4 = €N A, which violates Remark 4.19. |
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Lemma 4.22 Let M € X© bpe an edge-connected median subalgebra. Let C C X be a convex
subcomplex with gate-projection w: X — C. Then:

(1) 7 (M) is an edge-connected subalgebra of C .

(2) If N C (M) is an edge-connected subalgebra, then M N~ (N) is edge-connected as well.

Proof If vertices x, y € X are joined by an edge, then either 7 (x) and 7 (y) are joined by an edge or
they are equal. Thus, part (1) is immediate from definitions.

Let us address part (2). Consider two points x, y € M Nz~ 1(N). Since N is edge-connected, there
exists a geodesic @ C C joining 7(x) and 7 (y) witha N C (0) ¢ N; see Lemma 4.20. It suffices to show
that M N7~ (a) is edge-connected.

In fact, since 71 (v) N M # @ for every vertex v € «, it suffices to show that M N 7~ 1(e) is edge-
connected for every edge e C «. In other words, we can suppose that 7(x) and 7 (y) are joined by an edge
e C C. Since M is edge-connected, there exists a geodesic f € X joining x and y with 8 N X O cm.
Since 7 is a median morphism, the projection 7 (f) is the image of a geodesic from m(x) to 7 (y),
ie 7(B) = e. Thus B N X© < M Nx~1(e), concluding the proof. a

4.4.2 Weakly quasiconvex median subalgebras Let X be a CAT(0) cube complex.
Definition 4.23 A subset A € X ©) is weakly quasiconvex if there exists a function 7: N — N such that,
for all a, b, p € X© with % (p|a) transverse to # (p|b), we have
d(p. A) < n(max{d(a. A).d(b. 4)}).
Remark 424 (1) If AC X ©) s quasiconvex in the sense of Definition 2.30, then A is weakly
quasiconvex. Indeed, suppose that 7(4) C Nr(A) and set D = max{d(a, A),d(b, A). If # (p|a)

and # (p|b) are transverse, then p € I(a,b). Thus, p € J(Np(A)) and Lemma 2.10 yields
d(p,A) <2D + R =:n(D).

(2) If A, B € X© have finite Hausdorff distance, then A is weakly quasiconvex if and only if B is.
This is straightforward, observing that  can always taken to be weakly increasing.

The following is the main result of this subsection.

Proposition 4.25 If X has finite dimension and finite staircase length, then every edge-connected,
weakly quasiconvex median subalgebra M C X ©) jg quasiconvex.

Proposition 4.25 fails for cube complexes of infinite staircase length, as the next example shows.
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Example 4.26 Consider the standard structure of cube complex on R2. Let o be the geodesic line
through all points (1, 7) and (n 4 1,n) with n € Z. Let X C R? be the subcomplex that lies above a,
including « itself. Note that X is a 2—dimensional CAT(0) cube complex of infinite staircase length, and
o € X is an edge-connected median subalgebra that is not quasiconvex. It is not hard to see that « is
weakly quasiconvex with n(t) = 2¢.

The next lemma essentially proves the 2—dimensional case of Proposition 4.25.

Lemma 4.27 Suppose that dim X = 2 and that X has staircase lengthd. Let M C X ©) pe an edge-
connected median subalgebra. Consider x, y € M and z € X© N I(x, y). Then there exist 0 <k < d
and vertices zg, 21, Z2, ..., Z € I(x,y) and wy, ..., wy € I(x, y) such that

e zo=2z,whilezy € M and wy,...,w; € M;

e the sets W (zi|wi+1) € #(X) and # (zi|zi +1) € # (X) are transverse for all 0 <i <k — 1.
Proof If z € M, we can simply take k = 0. If z ¢ M, we begin with the following observation:

Claim We can assume that there exist transverse hyperplanes u € # (x, z|y) and v € # (y, z|x) such
that x, z lie in the carrier of u and y, z lie in the carrier of v.

Proof Up to replacing x and y with other points in the interval /(x, y), we can assume that there do not
exist points x’, y’ € I(x, y) with z € I(x', y’), except for {x’, y'} = {x, y}.

Since M is edge-connected, there exists a point x” € M N I(x, y) such that x and x’ are separated by a
single hyperplane u € #/(X). By the above assumption on x and y, we must have z ¢ I(x’, y), hence
G EW(z|x',y) =W (z,x|x', y) C {u}. It follows that # (z, x|x’, y) = {u}.

Observing that # (z|u) € # (z|x', y) = # (z, x|x, y) = {u}, we conclude that # (z|u) is empty. This
shows that the carrier of u contains z, while it is clear that it also contains x. The existence of v is
obtained similarly. Finally, since v € #(y, z|x) and v # u, we must have v € # (y, z|x, x’). Recalling
that u € #(z, x|x’, y), this shows that u and v are transverse. N

Now, the sets 27 (z|x) and s#(z|y) are transverse, respectively, to 1 and v. Since dim X = 2, the set
J(z]x) is a descending chain b; 2 --- 2 b,,, and s#(z|y) is a descending chain £¢; 2 --- 2 £,. Note that
£, and b are bounded, respectively, by u and v, as depicted in Figure 4.

Since b1 and £; are transverse, there exists a function t: {1,...,m} —{1,...,n} such that b; is transverse
to & if and only if 1 < j < 7(7). Note that (1) = n and that t is weakly decreasing.

Letl <ij<---<ir_1 <mbeallindices i with (i +1) < t(i). Also define iy := m and set 75 := T(iy)
for simplicity. Since the halfspaces hl’."k, AU h; and &, ..., €, form a length-k staircase, while X has
staircase length d, we must have k < d.
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Set zo =z and wy = y. For 1 <s <k, let zy € I(x, y) be the point with J#(z|z5) = {h1,...,b;,}. In
particular, z; = x € M. Since M is edge-connected, there exist points

Ws+1 € MnN bi; N b?;+1 ﬂéty.l,_]-i-l'

Observing that 77 (zs|ws+1) € {€1...., 8} is transverse to 7(zZs|zs+1) = {big+1, ..., iy, ), this
completes the proof of the lemma. |

The next lemma allows us to reduce the proof of Proposition 4.25 to the 2—dimensional case.

Lemma 4.28 Let X have dimension r and staircase length d. Let M € X© be an edge-connected
median subalgebra. For all points x,y € M and z € X N I(x, y), there exists a median subalgebra
N € X© N [(x, y) with the following properties:

e x,y,z€ Nandrk N <2.

e N has staircase length < d(1 + 2r?)?.
e N and N N M are edge-connected.

Proof Let w,;: X — I(x,z) be the gate-projection and note that 77, (y) = z. By Lemma 4.22(1), the
projection 7y, (M) is an edge-connected median subalgebra containing x and z. Thus there exists a
(combinatorial) geodesic & € I(x, z) joining x and z with @ N X ©) € 7, (M).

By Lemma 4.22(2), the median subalgebras N':= 7} (@)N1(x, y)NX ) and M NN’ are edge-connected.
Lemma 4.16 shows that N’ has staircase length < d(1 4 2r2), while it is clear that tk N’ <dim X =r.

Note that x, y,z € N'. Since 7y, (I(z, y)) = {z}, the entire interval I(z, y) N X © is contained in N'.
Consider the projection 7z, : X — I(z,y). Since M N N’ is edge-connected, Lemma 4.22 again shows
that the projection 7, (M N N') is edge-connected, and we can join y and z by a geodesic B with
BNXxO c 7zy(M N N’). Repeating the above argument, we see that N := N'N Ty, 1(B) has staircase
length < d(1 +2r?)2, that N and N N M are edge-connected, and that x, y, z € N (recall that N’ is a
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finite median algebra, so it is naturally identified with the O—skeleton of a CAT(0) cube complex and we
can run the above argument in this cube complex).

We are left to show that tk N < 2. Since x,y € N C I(x, y), every wall of N either separates x from y, z,
or it separates x, z from y. If two walls of N separate x and z, then they are not transverse; cf Claim 1
during the proof of Lemma 4.16. The same is true of walls separating z and y. This implies that tk N <2,
concluding the proof. a

Proof of Proposition 4.25 Let X have dimension r and staircase length d. Let M be an edge-connected,
weakly quasiconvex subalgebra. We will show that dy..s(/(x,y), M N I(x,y)) remains uniformly
bounded as x and y vary in M, which implies that M is quasiconvex.

Consider x,ye M andz € X Ony (x, y). By Lemma 4.28, the points x, y, z lie in a median subalgebra
N € X© N I(x,y) such that N and N N M are edge-connected, rk N <2, and N has staircase length
<d(1+2r?)>

Viewing N as the vertex set of a finite CAT(0) cube complex and applying Lemma 4.27 to M N N, there
exist points zg = z,21,...,Zx—1 € N and zx, wy, ..., wx € N N M with k < d(1 + 2r?)?, such that
each wall of N separating z; and z; 4 is transverse to every wall of N separating z; and w; 1. The same
is true of hyperplanes of X separating these points.

Since M is weakly quasiconvex, it admits a function 5 as in Definition 4.23. Without loss of generality,
we can take 7 to be weakly increasing. Then, since d(w;, M) = 0, we have

d(z, M) < max{n(d(z1, M)),n(0)} < max{n*(d(z2. M)), n*(0), n(0)}
< -+ <max{r*(0),...,7%(0), n(0)}.

The last constant only depends on d, r and 7, so this proves that M is quasiconvex. a

4.5 Fixed subgroups in right-angled groups

In this subsection, we combine the results of the previous two subsections to prove Theorem C.

Let I" be a finite simplicial graph. Our focus will be on the right-angled Artin group A = Ar and the
universal cover of its Salvetti complex X = Xr. Throughout, we will identify A =~ x(©,

However, all results and proofs in this subsection (except for Remark 4.29) immediately extend to right-
angled Coxeter groups YW = Wr and Davis complexes Jr, without requiring any adaptations. We suggest
that the reader keep track of this as they make their way through the results, in view of Corollary 4.35
below. The relevant properties shared by RAAGs and RACGs are:

e The Cayley graph of A/W associated to the standard generators (vertices of I') is the 1—skeleton
of a CAT(0) cube complex (the universal cover of the Salvetti/Davis complex) of finite staircase
length (Lemma 4.17).
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e Hyperplanes are labelled by vertices of I' and labels of transverse hyperplanes are joined by an
edge of I.

e Elementary automorphisms of .4 and W (as defined in Section 3.4) have the same form with respect
to standard generators.

We are interested in the subgroups Up(A) < U(A) and Autyg W < Aut W generated by inversions, folds
and partial conjugations, as defined at the end of Section 3.4.

Given a subset A C F(O), it is convenient to introduce the notation

Aszjmu

vEA

Remark 4.29 It is not hard to observe that a subgroup of A4 is an intersection of stabilisers of hyperplanes
of X if and only if it is conjugate to a subgroup of the form A5 for some A CT'.

Although we will not be using this remark in the present paper, we find it interesting in relation to

Lemma 4.30 below: elements of Up(.A) permute hyperplane-stabilisers while preserving labels.

Statements similar to the next lemma have been widely used in the literature, eg in [24, Proposition 3.2;
27, Proposition 3.2; 28, Section 3]). Compared to these references, we get a slightly stronger result
because here we are only concerned with untwisted automorphisms.

Lemma 4.30 Forevery ¢ € Up(A) and A C T, the subgroups A1 and ¢(Ax 1) are conjugate.
Proof It suffices to prove the lemma for elementary generators. It is clear that it holds for inversions, so

we are left to consider folds and partial conjugations.

If 7y, is a fold, then ty 4 (Ap L) = A 1. This is immediate if v ¢ AL, If instead v € AL, we have
A Clkv Clkw, hence w € A+,

If Ky, is a partial conjugation, then iy, ¢ (AaL) is either ApL or w™ L ApLw. This is clear if AL
intersects at most one connected component of I' \ stw. Suppose instead that A~ intersects two distinct
components of I' \ stw. Then, for every a € A, the fact that A+ C lka implies that a € Ik w. Thus,
w € At and kyy ¢ (ApL) = ApL in this case. |

Corollary 4.31 For every ¢ € Uy(A) and g € A, we have I'(¢(g))+ = I'(g)~.

Proof It suffices to show that I'(¢(g))~ 2 I'(g)~* for all ¢ € Up(A) and g € A. Note that g has a
conjugate in Ar(g) < Ap(g)LL. Thus, Lemma 4.30 implies that a conjugate of ¢(g) lies in Ap(gy1L.
This shows that I'(¢(g)) € T'(g)*+, hence T'(p(g))* 2 I'(g)*++ = T'(g)+, as required. a

For the next results, recall that we are identifying elements of .4 and vertices of X'.
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Lemma 4.32 For every ¢ € Uy(A), there exists a constant K(¢) with the following property. For all

x,y € A, at most K(p) among the hyperplanes in # (¢(x)|¢(y)) have label outside y(# (x|y))*.

Proof It suffices to show that, for every g € A, at most K(¢) among the hyperplanes in % (1|¢(g)) have
label outside y(# (1]|g))1+.

Since I' has only finitely many subsets, Lemma 4.30 shows that there exists a constant K’(¢) with the
following property. For every A C I" there exists xp € A with (A1) = XAAAJ_)CZ1 and |xa| < K'(9).
Here | - | denotes word length with respect to the standard generators.

Now, consider g € A and set A(g) := y(#(1|g))*. Then g € A A(g)~ and the above observation shows
that all but 2|xa )| hyperplanes in #/(1|¢(g)) have label in A(g)*. Taking K(p) := 2K'(¢), this
concludes the proof. |

Proposition 4.33 If ¢ € Uy(A), the subgroup Fix ¢ is a weakly quasiconvex subset of X© ~ A.

Proof Consider vertices a, b, p € X with # (p|a) transverse to # (p|b). Set
D := max{d(a, Fix ¢), d (b, Fix ¢)}.
Let K = K(¢) be as in Lemma 4.32, let {1, {» be the functions provided by Lemma 2.34 (without loss of
generality, strictly increasing), and let C be a constant such that
p(m(x,y,z)) ~c m(p(x),p(y). ¢(z)) forall x,y,zeX.

Letus write a’, b’, p’ for p(a), ¢(b), p(p). Since # (p|a) and # (p|b) are transverse, we have p € I(a, b),
so # (pla,b) = @. Observing that m(a’, b’, p') ~¢c ¢(m(a, b, p)) = p’, we also have ##/ (p'|a’,b") < C.
Finally, by the first inequality in Lemma 2.34, we have a’ ~p a and b’ ~p, b, where D" := {7 1(D).

Putting together these inequalities, we obtain
## (plp) =#w (pla". b, p") +## (p.a'|b', p) +#7 (p.bla’, p') +## (p.a’, b'|p")
<## (pla,b)+2D" +## (p,d'|b, p')+ D' +## (p,b'|a, p') + D' +#w (', b'|p)
<#W (p.d'|b,p')+#» (p.b'la,p’)+ C +4D’.

By Lemma 4.32, at most K elements of # (a’| p’) have label in y (# (a|p))*. Since # (p|a) and # (p|b)
are transverse, we deduce that ## (p,a’|b, p’) < K and, similarly, ## (p,b’|a, p’) < K. We conclude
that

d(p.¢(p)) =#7(p|lp’) <2K +C +4D".

Lemma 2.34 gives d(p, Fix¢) < Q2K+ C +4- ;‘1_1 (D)), as required by Definition 4.23. a

Corollary 4.34 For every ¢ € Uy(A), the subgroup Fix ¢ is convex-cocompact in A ~, X.
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Proof Set H := Fix ¢. By Theorem B, H is finitely generated, so there exists R > 0 such that Ngr(H)
is edge-connected, viewed as a subset of X'. By Lemma 4.21, the median subalgebra M := (Ng(H)) is
edge-connected. Since H is an approximate median subalgebra by Lemma 2.35, Proposition 4.1 shows
that M is at finite Hausdorff distance from H. Since H is weakly quasiconvex by Proposition 4.33,
sois M.

Finally, X' has finite staircase length by Lemma 4.17. We have shown that M € X(©® is edge-connected
and weakly quasiconvex, so Proposition 4.25 implies that M is quasiconvex. By Lemma 2.10, Hull M is
at finite Hausdorff distance from M, which is at finite Hausdorff distance from H. This implies that H
acts cocompactly on the convex subcomplex Hull M C X. |

The discussion in this subsection immediately extends to right-angled Coxeter groups W and the finite-
index subgroup Autg W < Aut W generated by folds and partial conjugations.

Corollary 4.35 For every ¢ € Autg W, the subgroup Fix ¢ is convex-cocompact in W ~, ), where Y is
the universal cover of the Davis complex.

Recalling Lemma 3.2 and Remark 2.31, the previous two corollaries prove Theorem C.

S Invariant splittings of RAAGs

This section only contains the proofs of Proposition D and Corollary E, which are independent from all
other results mentioned in the introduction.

Let I be a finite simplicial graph and let A = Ar be the corresponding right-angled Artin group. All results
and proofs in this section immediately extend to the right-angled Coxeter group Wr and automorphisms
in Autg Wr. We encourage the reader to verify this as they go through the material, emphasising that
only Lemmas 5.3 and 5.4 and Corollary 5.10 require any kind of attention, as all other results in this
section are purely about the finite graph I.

The following is Proposition D from the introduction.
Proposition 5.1 Let A be directly irreducible, freely irreducible and noncyclic. Then there exists an
amalgamated product splitting A = Ay * 4, A—, with A4 and Aq parabolic subgroups of A, such that the

corresponding Bass—Serre tree A ~, T is Ug(A)—invariant. That is, for every ¢ € Up(A), there exists an
isometry f: T — T satistying f og = ¢(g)o f forall g € A.

Proposition 5.1 follows from Corollary 5.4 and Proposition 5.5 below. The latter will be proved right
after Lemma 5.9.
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Given a partition T'(® = AT LA LA™, we write A4 := A Aua+ and A_ = A - for simplicity. If AT
are nonempty and d (AT, A7) > 2 (where d denotes the graph metric on I'), then the partition corresponds
to a splitting as amalgamated product,

A=Ay s, A

We denote by A ~, Ta the Bass—Serre tree of this splitting. This will not cause any ambiguity related to
possible different choices of the sets AT in the following discussion.

We are interested in partitions of ' that satisfy a certain list of properties.

Definition 5.2 A partition I'© = A* U A LI A~ into three nonempty subsets is good if:
(i) d(AT,A™)>2, where d is the graph metric on .
(i) Forevery € € {£} and w € A€, there does not exist v € A LU A™€ with lkv C lk w U A€.

(iii) For every € € {4} and w € A€, the subgraph of " spanned by (A LI A™¢) \ st w is connected.

We will simply write I' = AT U A U A, rather than T'© = AT UA LA™,

The motivation for Definition 5.2 comes from the next lemma and the subsequent corollary. Definition 5.2
actually contains slightly stronger requirements than what is strictly necessary to the two results: this will
facilitate the inductive construction of good partitions of graphs I'.

Lemma 5.3 Let I' = AT LA U A~ be a good partition. For every ¥ € Uy (A), there exists ¢ € Up(A)
representing the same outer automorphism and simultaneously satistfying ¢(Ay) = A+ and p(A-) = A_
(hence also p(Ap) = Ap).

Proof Inversions preserve AT and A™. Given vertices v, w € I" with Ik v C 1k w, condition (ii) implies
that either w € A, or {v,w} € AT, or {v, w} € A™. Thus, folds also preserve A™ and A~.

We are left to prove the lemma in the case when y is a partial conjugation «y, c. If w € A, it is clear that
kw,c preserves AT and A~. Thus, let us assume without loss of generality that w € AT. By condition (iii),
the set A U A~ intersects a unique connected component K C T"\ stw.

If K # C, then ky, ¢ is the identity on A™, so AT are both preserved. If K = C, then Kw,C Tepresents
the same outer automorphism as k,,—1 g, - ky—1 g, , Where K1, ..., K are the connected components
of T\ stw other than K. Again, the latter is the identity on A~, so A¥ are preserved. |

This shows that 7’5 is invariant under twisting by elements of Uy (A):

Corollary 5.4 LetT' = AT U A U A~ be a good partition. For every ¢ € Uy(A), there exists an
automorphism f: Tp — Tp satisfying f og = ¢(g)o f forall g € A.
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Proof If ¢ is inner, we can take f to coincide with an element of A. If p(A+) = A+ and p(A-) = A_,
the statement is also clear, since the Bass—Serre tree can be defined in terms of cosets of A*. By
Lemma 5.3, every element of Ug(.A) is a product of two automorphisms of these two types. a

Our next goal is to show that good partitions (almost) always exist. We say that I is irreducible if it does
not split as a nontrivial join (equivalently, the opposite graph I'? is connected).

Proposition 5.5 If T is connected, irreducible and not a singleton, then I" admits a good partition.

Proposition 5.5 and Corollary 5.4 immediately imply Proposition 5.1, as well as the analogous result for
right-angled Coxeter groups.

Before proving Proposition 5.5, we need to obtain a few lemmas.
Lemma 5.6 If T is connected and diam T'(©) > 3, there exists a good partition of T

Proof Letx,y €I be arbitrary vertices with d(x, y) > 3. Let Cy, be the connected component of I"\ st x
that contains y. Similarly, let Cy be the connected component of ' \ st y that contains x.

Since d(x, y) > 3, we have stx Nsty = &, hence sty € Cy, and st x C Cy. Since I' is connected, I" \ Cx
is also connected. Note that stx and I" \ Cy are disjoint and y € I" \ Cy. This implies that '\ Cy € C,.
In conclusion, I' = Cx U Cy,.

Note that, if z € T'© and Ik z N Cy, = @, we cannot have z € C). Indeed, this would imply that C, = {z}
and lk z C stx. Since y € C), we would then have y = z and lk y C st x, contradicting the fact that I' is
connected and d(x, y) > 3.

Thus, we can define
AT ={zeTO|stznC,=2}={zeT @ |kznC, =2},
A ={zeTO|stznCr=0}={zeT? |IkzNCr =0},
A:=TO\ (AtLuA).
Note that x € At and y € A™. If z € AT and w € A, we have stz Nstw = &, since I' = C, U C,.. This

shows that (A", A7) > 3. Since I is connected, we also conclude that A # &. We are left to verify
conditions (ii) and (iii) of Definition 5.2.
If v € A, then lk v intersects both C and Cy. Since Cy, is disjoint from Ik w U A for every w € A"

(and similarly with C, and A7), this implies condition (ii) when v € A. On the other hand, the case with
v € A~€ is immediate from the fact that d(A™, A7) > 3 and I' is connected.

Finally, let us check condition (iii). Without loss of generality, we can suppose that w € AT. Note that
C, is connected, contained in (A U A7) \ stw, and it intersects the link of every point of A. Moreover,
since AT NCy =@ and I' = C, U Cy, we have A~ C Cy,. This shows that (A LI A7) \ stw is connected,
concluding the proof. O
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When the previous lemma cannot be applied, we will construct a good partition of I" inductively, extending
good partitions on subgraphs. We now prove a sequence of three lemmas aimed precisely at this, after
which we will give the argument for Proposition 5.5.

Forx € T Jet T \ x be the graph obtained by removing x and all open edges incident to x.

Lemma 5.7 Let I'\x = AT LA LA~ be a good partition. Then one of the following happens:
(1) There exist w € A" and z € A~ withlkx Clkz NIk w.
(2) The partition of ' with At = AT LU {x}, A = A, A~ = A~ is good.
(3) The partition of T with AT = AT, A = AU{x}, A~ = A~ is good.
(4) The partition of T' with At = AT, A = A, A~ = A~ L {x} is good.

Proof We begin with the following observation:
Claim If there exists w € AT such that Ik x C lkw U AT, we are either in case (1) or in case (2).

Proof We assume that we are not in case (1) and show that the partition of I" in case (2) is good. We
need to verify conditions (i)—(iii) from Definition 5.2.

Since d(AT, A7) > 2 (both in T'\ x and in I'), the set A~ is disjoint from Ikw U A™*. Since Ik x C
Ikw U AT, it follows that A~ N'stx = &, hence d(A™, A™) > 2. This proves condition (i).

If condition (ii) fails, there exist u € A€ and v € A U A™€ with kv C lku U A€. Since the partition of
I' \ x is good, we must have either v = x or u = x. If v = x, then u € A~ and

lkx C(kuUA)N(IkwUAT) =1kunNlkw,
which lands us in case (1). If instead ¥ = x, we have v € A LI A~ with
lkvClkxUAT ClkwUAT U{x}.
This violates condition (ii) for the partition of "\ x.

Finally, suppose that condition (iii) fails. Thus, there exists u € A€ such that (AL A™¢)\stu is disconnected.
Since the partition of I" \ x is good, this can happen only in two ways: either ¥ = x, or u € A~ and x is
isolated in (A LI AT) \ stu. In the latter case, we have Ik x € lku U A~, which again leads to case (1).

Suppose instead that u = x and let us show that (A LI A7) \ stx = (AU A7)\ lkx is connected. Since
lkx ClkwUAT, the set (ALA™)\Ik x contains (AL A™)\lk w. The latter is connected, as the partition
of '\ x satisfies condition (iii). Since condition (ii) is satisfied, every point of (ALAT)Nlkw = ANlkw
is joined by an edge to a point of I' \ (Ikw U A") = (AU A7)\ lkw. Thus, the star of every point of
(A U A7)\ Ik x intersects the connected set (A LI A7) \ Ik w, proving that (A LI A7) \ Ik x is connected.
This completes the proof of the claim. <
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By the claim, if there exist either w € At withlkx ClkwUAT orz € A~ with lkx ClkzU A~, then
we are in cases (1), (2) or (4). In order to conclude the proof of the lemma, let us suppose that neither of
the two inclusions is satisfied. We will show that the partition in case (3) is good.

Condition (i) is clear. Condition (ii) is immediate from the corresponding condition for " \ x and our
assumption that lk x be not contained in any subsets as in the previous paragraph.

Suppose that condition (iii) fails. Then there exists u € A€ such that (A U A™€) \ stu is disconnected.
Without loss of generality, we have u € AT. Since the partition of I" \ x satisfies condition (iii), the
point x must be isolated in (A U A7) \ stu. Hence Ik x € Iku U AT, again violating our assumption. 0

Lemma 5.8 Let I' be an irreducible graph, and let x € I" be a vertex such that there does not exist
y € T\ {x} with Ik x C 1k y. Suppose that T"\ x is reducible. Then the partition of T given by AT = {x},
A =1lkx, A= =T \stx is good.

Proof Write I' \ x as a join of nonempty subgraphs I'7 and I5. Since I is irreducible, there exist points
ay1 € 1\ 1lkx and a, € I3 \ Ik x. Condition (i) is clear.

In order to verify condition (ii), we need to exclude the existence of w € A€ and v € A LU A™¢ with
kv ClkwUAS. Ife=—and v € A, then x liesin Ik v, but notin lkw U A™. If ¢ = — and v = x, then
Ik x is disjoint from A™, and it cannot be contained in the link of any point of I" \ x by our hypotheses. If
€ =+, then Ik w U A€ = st x, which cannot contain the link of any point of I"\ x, as it does not contain a
and as.

Finally, let us show that, for every w € A€, the set (A U A™€) \ st w is connected. If € = +, this amounts
to showing that I \ st x is connected. This is immediate, since every point of I" \ x is joined by an edge to
either a1 or a;, and these two points are themselves joined by an edge. If instead € = —, we need to show
that st x \ stw is connected for every w € I' \ st x. This is also clear since this set is a cone over x. 0O

Consider the equivalence relation on I'® where v ~ w if and only if Ik v = Ik w. We define a graph T
with a vertex for every ~—equivalence class [v] € I" and an edge joining [v] and [w] exactly when v and
w are joined by an edge (this is independent of the chosen representatives).

It is clear that T is again a simplicial graph, with at most as many vertices as I'. We denote by r: ' — T

the natural morphism of graphs.

Lemma 5.9 (1) T isirreducible if and only if T is irreducible.
(2) If T has at least one edge, then I is connected if and only if T is connected.
(3) IfT = At UA LA™ isagood partition, then sois T = r "L (AY) Ur~1(A)Ur~1(A7).
Proof Parts (1) and (2) are straightforward, so we only prove part (3).
Consider a good partition I' = AT LU A L A™. It is clear that the partition of I" satisfies condition (i), while

condition (ii) follows from the observation that Ik 7 (x) = r(lk x) for every x € I'.
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Finally, we verify condition (iii). Given w € r 1 (A€), observe that r maps the subgraph
rTHA)YUrTHATE)) \ stw

onto the connected graph (A LI A=)\ str(w). As in part (2), this shows that (r "1 (A) L r~1(A7€)) \ stw
is connected, possibly except the case when (A LU A™€) \ str(w) is a singleton. The latter is ruled out by
the fact that the partition of T satisfies condition (ii). O

Proof of Proposition 5.5 We proceed by induction on the number of vertices of I". Since no graph with
at most 3 vertices satisfies the hypotheses of the proposition, the base step is trivially satisfied. For the
inductive step, we consider a connected irreducible graph I with at least 4 vertices, and assume that the
proposition is satisfied by all graphs with fewer vertices than T'.

If diam T'(®) > 3, we can simply appeal to Lemma 5.6. If the graph T" defined above has fewer vertices
than T, then we can use the inductive hypothesis and Lemma 5.9. Thus, we can assume that I' = " and
diam '@ =2.

Pick a vertex x € I" whose link is maximal under inclusion. Since I = T, there does not exist y € 'O\ {x}
with lkx =1k y. If I \ x is reducible, Lemma 5.8 then shows that I admits a good partition. If T" \ x
were disconnected, then the fact that diam I'®) = 2 would imply that 1k x = I"\ x, contradicting the
assumption that I' is irreducible.

In conclusion, I" \ x is connected, irreducible, not a singleton, and it has fewer vertices than I'. We
conclude by applying the inductive hypothesis and Lemma 5.7 (case (1) of the latter is ruled out by our
choice of x). O

The previous results prove Proposition 5.1. The following is Corollary E from the introduction:

Corollary 5.10 Consider ¢ € Uy(A).

(1) If A splits as a direct product A; x A3, then ¢(A;) = A; and Fix ¢ = Fix ¢| 4, X Fix ¢| 4,.

(2) If Aisdirectly irreducible, then the subgroup Fix ¢ < A splits as a (possibly trivial) finite graph of
groups with vertex and edge groups of the form Fix ¢|p, for proper parabolic subgroups P < A
with ¢(P) = P and ¢|p € Uy(P).

Proof For simplicity, set H := Fix ¢. We distinguish three cases.

Case 1 (A is not directly irreducible) Let us write 4 = A x A X --- X A;,, where A is a free abelian
group and 4; are directly irreducible (noncyclic) right-angled Artin groups. This corresponds to a splitting
of I' as a join of a complete subgraph and irreducible subgraphs I7, ..., [};.

Since ¢ € Up(A), we have ¢(Ay) = A and ¢| 4, € Up(Ag) for every 1 <k <m, and ¢|4 is a product
of inversions. Indeed, this is clear for inversions, folds and partial conjugations.

Thus H = A’ x Hy X---x H,,, where H; =Fix(¢| 4,) and A’ is a standard direct factor of A. This proves
part (1) of the corollary.
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Case 2 (A is not freely irreducible) Write A = F * Aj *---*x Ay, where F is a free group and A; are
freely irreducible (noncyclic) right-angled Artin groups of lower complexity. Since H is finitely generated
by Theorem B, Kurosh’s theorem guarantees that H decomposes as a free product H = L« Hy *---x H,,
where L is a finitely generated free group and each H; is a finitely generated subgroup of some g; Ag; gl-_1
with gi €e Aand 1 <k; <m.

By Grushko’s theorem, the subgroup ¢(.Ag) is conjugate to some Ay for every 1 < k < m. Since ¢
fixes the nontrivial subgroup H; < g; Ay, g; 1 pointwise, we must have ¢(g; Ak, &7 =g Ak, & ! for

1<i<n.

Consider the automorphism ¥; € Ug(A) defined by ¥; (x) = g; Lo(gi xg; 1)g;. Note that v; (Ag,) = Ay,
and Fix y; |Ak,- = gi_lHi gi. By Lemma 3.29, we have ; |Ak,~ € Uo(Ag;). This proves part (2) of the
corollary in the freely reducible case.

Case 3 (A is freely and directly irreducible) We can assume that A 2¢ Z. By Proposition 5.5, I admits
a good partition I' = AT LUA LIA™. By Corollary 5.4, there exists f € Aut T satisfying f og = ¢(g)o f
for all g € A.

If H is elliptic in T, we have H <V, where V is the .4—stabiliser of some vertex of T4. The existence
of the automorphism f € Aut T guarantees that all subgroups ¢” (V) with n € Z are A-stabilisers
of vertices of T ; in particular, they are all conjugate to either A4+ or A—. We conclude that H is
contained in the (¢)—invariant parabolic subgroup P := ("), <z ¢" (V). Thus, we have H = Fix ¢|p and,
by Lemma 3.29, ¢|p € Up(P). This proves the corollary in this case, with H splitting as a trivial graph
of groups.

Suppose instead that H is not elliptic in 75 and denote by Ty € TA the H-minimal subtree. Since H is
finitely generated, the action H ~, Ty is cocompact and gives a splitting of H as a (nontrivial) finite
graph of groups. We are left to understand vertex-stabilisers of the action H ~, Tg.

As f normalises H in Aut T, we have f(Tgy) = Tg. It is convenient to distinguish two subcases.

Case3a (f isellipticin7,) Since f commutes with every element of H, the tree T is fixed pointwise
by f. For every v € Ty, its A-stabiliser A, satisfies ¢(Ay,) = Ay and is conjugate to either A4 or A_.
By Lemma 3.29, we have ¢| 4, € Up(Ay), proving the corollary in this case.

Case 3b (f isloxodromic in 7)) Leta C Tp be the axis of f. Since f commutes with every element
of H, the geodesic « must be H—invariant and every nonloxodromic element of H fixes o pointwise.
Note that Ty cannot be a singleton, or f would be elliptic. Thus, Ty = « and H contains a shortest
loxodromic element 4 € H. Moreover, H = Hgy x (h), where Hj is the kernel of the action H ~, «.

Let O < A be the intersection of the .4—stabilisers of the vertices of «. Being an intersection of parabolic
subgroups, Q is itself a (possibly trivial) parabolic subgroup of A. Since f(«) = o, we have p(Q) = Q
and Ho = Fix ¢|p. Lemma 3.29 guarantees that ¢|p € Up(Q). Thus, the HNN splitting H = Hq x (h)
is as required by the corollary. |
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Remark 5.11 In Case 3b of the proof of Corollary 5.10, we can actually say more on the structure of
H = Fix ¢. Specifically, H = Hy x (h) and & can be taken to be label-irreducible.

Indeed, since ha = «, the element 4 lies in the normaliser of Q in A, which is a subgroup of the form
0 x Q' (since Q is parabolic in A). If h = hy --- hy is the decomposition of % into label-irreducible
components, every h; lies in either Q or Q’. Since ¢ is coarse-median preserving and fixes /, it must
permute the /;; Corollary 4.31 then shows that ¢(h;) = h; for every i. Thus, all the label-irreducible
components of 4 that lie in Q actually lie in Hy. Up to replacing &, we can assume that all /; lie in Q’;
in particular, 4 lies in Q’, hence it commutes with Hy. Since H = Fix ¢ is generated by Hg and h, we
must then have k = 1, ie / is label-irreducible.

In relation to Theorem C, it is natural to wonder if the proof of Corollary 5.10 can be used to give an
alternative, inductive argument showing that Fix ¢ is convex-cocompact in A for every ¢ € Up(A). In
light of Remark 5.11, the only problematic situation is the one in Case 3a.

Unfortunately, cubical convex-cocompactness does not seem to be well-behaved with respect to graph-of-
groups constructions, as the next example shows.

Example 5.12 Let " be the graph in Figure 5. Consider the subgroup H = {ayx~',xby) < Ar.
We have an amalgamated product splitting Ar = (a, x, y) *(x,y) (b, x,y), which induces a splitting
H = (ayx~1') % (xby) >~ F,. The subgroups (ayx~—') and (xby) are convex-cocompact, as they are each
generated by a single label-irreducible element.

However, H is not convex-cocompact in .A: the element aby? lies in H, but no power of its label-
irreducible components ab and y? does (which, for instance, violates Lemma 3.16).

6 Projectively invariant metrics on finite-rank median algebras

In this section, we initiate the lengthy proof of Theorem F, which will be completed in Section 7. Our
main goal here is to formulate a criterion, for a group U and a subgroup G < U, guaranteeing that a
U—action on a finite-rank median algebra admits a G—invariant compatible pseudometric for which U
acts by homotheties (Corollary 6.23). An important tool will be the Lefschetz fixed point theorem for
compact ANRs.

Throughout the section, M denotes a fixed median algebra of finite rank r.
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6.1 Multibridges

The bridge of two gate-convex sets was first studied in [4; 30] for CAT(0) cube complexes and in
[49, Section 2.2] for general median algebras. We will need an extension of this concept to arbitrary finite
collections of gate-convex subsets: multibridges.

We briefly motivate why. As a recurring setup in the rest of the paper (especially in Sections 6.2.3 and 7.4),
we will often find ourselves studying a group G < Aut M with a finite generating subset S € G and a
G-invariant compatible pseudometric n on M. It will be important to understand which points of M are
moved as little as possible by all elements of S, ie which points realise the quantity ?g from Section 2.1. It
turns out that the set of such points does not depend much on the specific pseudometric 7, and can instead
be characterised purely in terms of the median-algebra structure on M, using the notion of multibridge
(Propositions 6.9 and 6.11).

Let Cq,...,Cr € M be gate-convex subsets, with gate-projections 7; : M — C;. Let H C 57 (M) be the
set of halfspaces that contain at least one C; and intersect each C;. Then we have a partition

aMy=muryu( N Aaon)u( U #@lc).

1<i<k 1<i,j<k

Ifi # j, the sets ¢, (M) N Hc; (M) and 2 (C;|C;) are transverse. Thus, every halfspace in the second
set of the above partition of s# (M) is transverse to every halfspace in the third set.

Lemma 6.1 The intersection of all halfspaces in H is a nonempty convex subset of M .
Proof We will prove this by appealing to Lemma 2.4(1). It is clear that the elements of # intersect

pairwise. Let us show that, for every chain ¢’ C H, the set £ := (| % is again an element of H.

Note that there exist 1 <ip < k and a cofinal subset 4" C ¢ consisting of halfspaces containing Cj,,.
Thus, C;, C ¢ and £ is nonempty. Since £ is the intersection of a chain of halfspaces, both ¢ and £* are
convex. It follows that € is a halfspace of M.

For every h € ¥ C H, the fact that b intersects each C; implies that 7; (h) = h N C;; see for instance
[50, Lemma 2.2(1)]. Recalling that ¢ = ()%, we deduce that 7;(¢) C €N C; for 1 <i <k, hence ¢
intersects all C;. Since we have already seen that C;, C €, we conclude that € € H, as required. a

Definition 6.2 The intersection B = B(Cy,...,Cr) € M of all halfspaces in H is the multibridge of the
gate-convex sets Cq, ..., C.

For every ¢ € (M) \ H*, the set H LI {£} is again pairwise-intersecting. Hence, Lemma 2.4(1) yields
As(M) = 2 M)\ HuH) = (e, ) u (| 7#(CilCy).
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We have already observed that the two sets in this partition are transverse. By Remark 2.2(2) and
Lemma 2.6, we obtain a natural product splitting

B=ByxBy, where H,(M)=()c,(M) and 5, (M)=|_]#(C]|C)).

We can view By and B as subsets of M by identifying them with any fibre of the splitting of 3.
Lemma 6.3 The sets B, By and B are gate-convex in M.

Proof Since each C; is gate-convex, Lemma 2.4(2) shows that, for every chain ¢ C () ¢, (M), either
(€ is empty in M, or (€ € (), (M). Hence By is gate-convex in M.

If ¢ € |J.#(C;i|Cj) is a chain, a cofinal subset of ¢ is contained in a single .#(C;|C;). Hence
(¢ € #(C;|C;). Invoking again Lemma 2.4(2), this shows that B is gate-convex.

Every chain in s#3(M) has a cofinal subset contained in either (1) ¢, (M) or | ##(C;|C;). One last
application of Lemma 2.4(2) shows that B is gate-convex. a

Corollary 6.4 If Cy,...,C, € M are gate-convex subsets, their multibridge B = B(Cq,...,Cy) is a
gate-convex subset of M enjoying the following properties:

(1) B splits as a product By x By with #3,(M) = (¢, (M) and 5, (M) =) #(C;|C;).
(2) Each fibre {x} x B} intersects all of the C;.

Proof The only statement that has not already been proved is part (2). If it were false, there would exist
an index i and b € (M) such that C; C b and {*} x By C b*. Since C; C b, we have b ¢ 775, (M), so
B C h*. Hence h* € H, contradicting the fact that C; C §. O

Recall the notation PD(M) and D(M) for compatible (pseudo)metrics, as in Section 2.3.

Remark 6.5 If n € PD(M) and x, y € B lie in the same fibre B x {*}, then n(x, C;) = n(y, C;) for
all 1 <i <k. Indeed, since 27 (x|y) C 5, (M) = (¢, (M), we have # (x|C;) = # (y|C;) and it
follows (eg by Remark 2.9) that n(x, ; (x)) = n(y, ;i (y)) for every n € PD(M).

Remark 6.6 If n € PD(M), then n(x, B) <r-max; n(x, C;) forevery x e M.

In order to see this, let by, ..., hr be the minimal elements of J#(x|B). Since the ; are pairwise
transverse and rk M = r, we have k < r. Each h; must lie in H, hence there exists an index j; such that
Cj; € b;. It follows that:

#(x|B) < | ) #(x0i) < #(x|Cj,).
Hence 7n(x, B) <k -max; n(x, C;) <r-max; n(x, C;).
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Remark 6.7 If § e D(M) and (M, §) is complete, then B, is compact in (M, §).

In order to prove this, let x; ; € C; and x;; € C; be a pair of gates for all distinct 1 <7, j <k. Let K be
the convex hull of the finite set F = {x; ; | 1 <i, j <k}. Recall that K = J" (F) by Remark 2.5, so it
follows from [50, Corollary 2.20] that K is compact.

We have K N B # @. Otherwise, the set 77 (K|B) would be nonempty and contained in . However,
each element of # contains some C;, so it cannot be disjoint from K.

Finally, observing that ¢k (M) contains the set
|2 j1xi0) = #(CilCj) = o5, (M),

we deduce that K N 3 must contain a fibre {*} x 5, . Since B is gate-convex, it must be a closed subset
of K, hence it is compact too.

Now, let S C Aut M be a finite set of automorphisms acting nontransversely and stably without inversions.
By Theorem 2.16(1), the reduced cores C(s) of s € S are all gate-convex. Let B(S) be their multibridge.

Definition 6.8 We refer to B(S) as the multibridge of the finite set S C Aut M.
Recalling the notation introduced in Section 2.1, we have:

Proposition 6.9 Let S € Aut M be a finite set of automorphisms acting nontransversely and stably
without inversions. The multibridge B(S) is gate-convex and, for all n € PD(M){S):

(1) We have rg (mp(x)) < rg (x) forall x € M, where wg: M — B(S) is the gate-projection.
2) rg( +) is constant on each fibre B (S) x {*}.
(3) If § e D(M)'S) and (M, §) is complete, then there exists z € B(S) with rg (x)= ?g.

Proof Since the multibridge B(S) intersects each C(s), we have 7 (75(x)|C(s)) € 2 (x|C(s)) for all
x € M. Hence n(mp(x),C(s)) < n(x,C(s)). Theorem 2.16(2) now implies that T (75(x)) < 74 (x),
proving part (1). By Remark 6.5, if x, y € B(S) lie in the same fibre B (S) x {*}, then n(x,C(s)) =
n(y,C(s)). This proves part (2). Finally, part (3) follows from the previous two parts and Remark 6.7. O

Example 6.10 Let G = (a, b) be the free group over two generators. Let T be the standard Cayley
graph of G, with all edges of length 1. Let (X, §) be the (incomplete) median space obtained by removing
from T all midpoints of edges. Then, taking S = {a,bab™!} € G C Isom X, there is no point x € X
with ‘L'g (x) = ?g =2.

Our interest in multibridges is due to the following result, which helps us understand the behaviour on M
of the functions rg( -) for n € PD(M)S),
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Proposition 6.11 Let S € Aut M be a finite set of automorphisms acting nontransversely and stably
without inversions. Recall that r = rk M. Then, the following hold for every n € PD(M )(S ).

(1) If s1.52 €S, then n(C(s1).C(s2)) < Tg.

(2) Ifs €S and x € B(S), then n(x,C(s)) < rTg.

(3) If x € B(S), then T (x) < (2r + 1)T¢.

(4) The n—diameter of each fibre {x} x B (S) is at most rz?g.

(5) If x € M, then n(x,B(S)) < %rfg(x).

(6) Forany x € M and any fibre P = B;(S) x {*}, we have n(x, P) < 2r2tg(x).

Proof We begin with part (1). For every x € M, we have
7 (C(s1)IC(s2)) = #(x,C(s1)IC(s2)) U # (C(s1)IC(52). x) S #/(x]C(51)) U # (x[C(s2))-
Along with Theorem 2.16(2), this implies that
21(C(s1),C(s2)) < max{n(x, C(s1)), 1(x,C(s2))} < 3 max{n(x, 51x), 7(x, $2%)} < 574 (x).
Part (1) follows by taking an infimum over x € M.

Let us prove part (2). If x € B(S) and s € S, Corollary 6.4(2) implies that .2#(x|C(s)) is contained
in the union of the sets 7 (C(¢)|C(s)) with t € S\ {s}. The maximal halfspaces in #(x|C(s)) are
pairwise transverse, so there are at most » of them. Hence, there exist #1,...,f € S such that Q :=
\UJ; #(C(1)|C(s)) contains every maximal element of s#(x|C(s)). In particular, 7#(x|C(s)) C 2 and
part (1) yields n(x,C(s)) < r?g.

Part (3) of the proposition now follows from Theorem 2.16(2):
‘L'g (x) = ma;;[ﬁ(s, n) +2n(x,C(s))] < magi[?g + 2;’?3] =(2r+ l)fg.
s€ se€

Regarding part (4), consider two points x, y lying in the same fibre {*} x B (S). Let by,..., hi be the
minimal elements of #(x|y). Since tk M = r, we have k < r. By definition of 5 (S), there exist
elements s; € S with C(s;) € b;. Thus,

#(xly) €| J#lhn) €| #(xI8).

2=N

Using part (2) of the proposition, it follows that (x, y) < k - maxy n(x,C(s)) < kr?g <r<zg.

Finally, part (5) is a consequence of Remark 6.6 and the fact, due to Theorem 2.16(2), that ‘L'g (x) >
2n(x,C(s)) for every s € S. Part (6) is obtained by combining parts (4) and (5):

n(x, P) <n(x,B(S)) + rz?g <Zti(x)+ rzfg < 2r21g(x). O
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6.2 Promoting median automorphisms to homotheties

Recall that M is a median algebra of finite rank r. In this subsection, we consider subgroups G <t U <
Aut M, with the goal of constructing G—invariant compatible pseudometrics 71 € PDC (M) with respect
to which U acts by homotheties and G is nonelliptic. In general, this will only be possible after passing
to a subalgebra of M. The final result in this direction is Corollary 6.23.

Our main technical tools are the notion of multibridge (exploited in Lemma 6.22) and the Lefschetz fixed
point theorem applied to projectivisations of certain cones C in the topological vector space PDY (M)
(Proposition 6.17). Some extra work is required in order to ensure that our cones C have compact
projectivisation and that they only contain pseudometrics 1 for which G acts nonelliptically (ie ?g >0

for some/any generating set S C G).
6.2.1 Preliminaries on normed spaces and ARs

Definition 6.12 Let V be a real vector space.

(1) A cone is a convex subset C C V that is closed under multiplication by scalars in [0, +00).
(2) A positive cone is a cone C C V for which C \ {0} is convex. Equivalently, C N (—C) = {0}.

(3) The projectivisation P(C) of a cone C is the quotient of C \ {0} obtained by identifying points that
differ by multiplication by a scalar.

Given a countable probability space (2, ¢) and a function f: Q — R, recall that
Ifli=)" |f@lo@) and | flleo= sup |f(@)].
wel weR
We denote by £1(2, o) and £°°(R2) the spaces of functions where || - ||1 and || - ||oo are finite, respectively.
The next result collects a few simple observations that will be useful later in this subsection. In particular,
part (3) will be our compactness criterion for projectivised cones: we only need to ensure that | - ||; and

| - lloo are bi-Lipschitz equivalent on the cone. This is one of the reasons we are forced to work with both
norms |- |1 and | - [loo-

Lemma 6.13 Let (2, 0) be a countable set with a tully supported probability measure.
(1) We have £ (Q) €LY (Q,0) and |- |1 < | llco-

(2) The topology of (£1(2,0), || -||1) is finer than the topology of pointwise convergence on . The
converse holds on those subsets of £1(Q,0) where || - || 0o is bounded.

(3) Let C C €' (2, 0) be a positive cone that is closed in the topology of || - ||1. Suppose that there
exists ¢ > 0 such that || f|lco < c-|| f||1 forall f € C. Then IP(C) is compact with respect to the
quotient topology induced by || - ||1.
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Proof Part (1) is clear. The two halves of part (2) follow respectively from the inequalities

|f@loGeh) <[ £l and [If]1 <D /@l + 11, oo 0(R\ F),

xeF

which hold for all f € £1(2,0), all ® € Q and every finite subset F C Q.

Finally, let us prove part (3). If S is the unit sphere in £! (2, ), then P(C) is homeomorphic to CN.S. Since
the latter is metrisable, it suffices to show that every sequence ( fz)r € CN.S has a converging subsequence.
Since || fxlloo < ¢l fxll1 = ¢, the sequence ( fr(w))x takes values in the compact interval [—c, c] for all
w € Q. Since 2 is countable, a diagonal argument allows us to replace ( fx)i with a subsequence that
converges pointwise to a function f: Q — [—c, ¢]. Thus, part (2) shows that || f — f|l1 — 0. Since C is
closed in £1(,0), we have f € CN S, as required. |

Definition 6.14 A metrisable topological space X is an absolute retract (AR) if it enjoys the following
property. For every metrisable topological space Y and every closed subset A C ¥ homeomorphic to X,
there exists a continuous retraction ¥ — A.

The following summarises the key properties of ARs that we will need.

Theorem 6.15 (1) Let X be a compact AR. Then every continuous map f: X — X has a fixed point.

(2) Let (E,||-|) be a normed space. If C C E is any positive cone, then P(C) is an AR (with the
quotient of the norm topology of E).

Proof Part (1) is a consequence of the Lefschetz fixed point theorem for compact ANRs [76; 77]. See
for instance Theorem III1.7.4 and Section 1.6 in [70] for a clear statement.

If S is the unit sphere in the normed space E, then P(C) is homeomorphic to C N S. Recall that every
convex subset of a normed space is an AR; see for example [45, Corollary 4.2] or Corollary 11.14.2 and
Theorem III.3.1 in [70]. Every retract of an AR is again an AR; see [70, Proposition 7.7]. Thus, part (2)
is immediate from the observation that C N S is a retract of the convex set C \ {0}. |

6.2.2 Finding a projectively invariant metric Let M be a countable, finite-rank median algebra.
Consider a finite set S € Aut M and let G < Aut M be the subgroup that it generates. Let « € Aut M be
an element that normalises G.

Consider the locally convex real vector space £(M) = RM*M endowed with the topology of pointwise

convergence on M x M. We have a continuous linear action Aut M ~, £(M) given by

W-)x,y)=f@W  (x), vy~ (y)) forall y € AutM, all f € E(M) andall x,y € M.
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Remark 6.16 The sets PD(M) and PDC (M) (introduced in Section 2.3) are closed positive cones
in £(M). In addition, PD(M) is (Aut M )—invariant and PDC (M) is (a)—invariant.

Although D(M) U {0} also is a positive cone, it is only closed when M is a single point.

Given a function ¢: M x M — (0, +00), consider the (not necessarily convex) subset
PD?(M) ={ne PDG(M) | n(x,y) <c(x,y) ‘?g forall x,y e M}.

As we shall see, this serves two purposes: on the one hand all closed cones in PDCG (M) have compact
projectivisation; on the other, they only contain pseudometrics with ?g > 0 (except for n = 0).

Our main aim in this subsection is to prove the following result:
Proposition 6.17 Suppose that, for some ¢c: M x M — (0, 4+00), there exists a nontrivial (o« )—invariant

cone C C PDCG (M) that is closed in £(M ) with respect to the topology of pointwise convergence. Then
there exists n € C \ {0} such that ?g >0 and a -n = An for some A > 0.

In order to prove the proposition, let us fix a probability measure o on M with full support. Given a
function ¢: M x M — (0, +00), for f € E(M) we define

= Y LN o0) and sl = sup L2

o ) M €ry)
Note that || /|| is a norm on the subspace £ (M) C £(M) where it is finite. (The same is true of || ||,

but this will not be relevant to us.)

Remark 6.18 Rescaling functions f € £(M) by ¢, we map Ecl (M) onto £1(M x M,0 ® o) linearly
isometrically, while taking || f||$, to || f ||co. Thus, we can apply Lemma 6.13 in this context.
Lemma 6.19 Consider a tunction ¢: M x M — (0, +00).

(1) The subset PDCG (M) C £(M) is closed under pointwise convergence.

(2) There exists a constant ¢ > 0 (depending on ¢ and o) such that, for every n € PDCG (M),

Inlly < Inlls < Tg <c-lnll-

Proof We begin with part (1). First, observe that the function 7 +— ?g is upper-semicontinuous. Indeed,
if n, € PDY (M) converge pointwise to some 1 € PDY (M), then, for every x € M,

max 7n(x,sx) = lim maxn,(x,sx) > limsup7g".
SES n—>+00 s€S n——+00

Hence ?g > lim sup ?g”, which proves upper-semicontinuity. Now, if n, € PDCG (M), then

n(x.y)= lim n,(x,y) <limsupe(x,y)-T¢" <c(x,y) Tg
n—+oo n—>+o00

for all x, y € M. Along with Remark 6.16, this yields n € PDCG (M), proving part (1).
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Regarding part (2), the first inequality is in Lemma 6.13(1) and the second is immediate from the fact
that n € PDCG (M). In order to prove the third one, choose any point xo € M. Then

_ . ¢(x0, Sx0)

n c

T¢ = inf max n(x, sx) < max n(xg, sxp) < - max .
S xeM seS ( ) seS (x0. 5%0) = [lnlly seS o({xo})o({sxo})

The constant appearing on the rightmost side is positive and well-defined, since ¢ takes positive values
and o has full support. This concludes the proof. O

Proof of Proposition 6.17 We want to apply the Lefschetz fixed point theorem to «: P(C) — P(C).

Since C € PDY (M), the cone C is actually a positive cone. By Lemma 6.19(2), the set C is contained in
EY(M). Thus, Theorem 6.15(2) shows that the projectivisation IP(C), endowed with the quotient topology
induced by || - ||S, is an AR.

Since C C £1(M) is closed in the topology of pointwise convergence, the first half of Lemma 6.13(2)
guarantees that C is also closed in the topology of || - ||{. Thus, by Lemmas 6.19(2) and 6.13(3), the
projectivisation P(C) is compact.

We are left to show that the action () ~ C is continuous with respect to the topology of || - ||{. Note that,
by Lemma 6.19(2), « takes || - ||{—bounded subsets of C PDCG (M) to || - [|{—bounded subsets of C:

loc- )l <77 = inf max ne'x.a7lsx) =T <la”'Sals-T§ <cla” Sals - |0l

Since the topology given by || - ||{ is metrisable, it suffices to show that o : C — C is sequentially continuous.
Let n, € C be a sequence that || - [|{—converges to n € C. By Lemma 6.13(2), 1, converges to 1 pointwise.
Since the action Aut M ~, £(M)) is continuous, the sequence « - i, converges to « - 1 pointwise. Note
that the set {1, }n>0 U {n} is | - [|{—bounded and, by the above observation, so must be {& -, }»>0 U {an}.
By Lemma 6.19(2), this set is also | - | —bounded, so Lemma 6.13(2) shows that « - 1,, || - [|{—converges
to « - 7, as required.

In conclusion, « induces a homeomorphism of the compact AR P(C). Theorem 6.15(1) yields an (o)—
fixed point [n] € P(C). The fact that ?g > () is clear since 1 € PDCG(M) \ {0}. |

In fact, Proposition 6.17 can be easily generalised to extensions of G by abelian groups.

Corollary 6.20 Let U < Aut M be a countable subgroup such that G <1 U, with abelian quotient U/ G,
let p: U — A be the quotient projection. Suppose that, for some ¢, there exists a nontrivial, U —invariant,
closed cone C C PDCG (M). Then there exists n € C \ {0} with ?g > 0 and a homomorphism A: A —
(R~g, *) such thatu -n = A(p(u))n forall u € U.

Proof Let {a;};>0 be a generating set for A. Consider the subgroups A, := (a; | i <n) and U, :=
p~1(Ap); in particular, A9 = {1} and Uy = G. We will show by induction on n > 0 that there exist
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nontrivial, U—invariant, closed cones C,, C PDCG (M) and homomorphisms A, : A, — (R~g, *) such that
u-n=Ay(p(u))n for all n € C, and u € U,. As base step, set Cop :=C.

Regarding the inductive step, suppose that we have constructed C, and A,. By Proposition 6.17, there
exists a point [,+1] € P(Cy) fixed by p~'(an+1). In fact, since U, acts trivially on P(C,), the
entire group U, fixes [1,+1] and there exists a homomorphism A,4+1: 4,41 — (R, *) such that
U-Nn+1 = An+1(p(U))Nn+1 for all u € Uy 1. We can then define C, 1 as the closed cone
neCnlu-n=A~Ant1(pu))nforallu € Upy1}.

Since U ~, C factors through the abelian group A, this cone is U—invariant, as required.

Finally, when A is not finitely generated, note that the intersection of the descending chain C, is not
just {0}. This is because, as we observed in the proof of Proposition 6.17, the sets P(C,) are compact.
This concludes the proof. a

6.2.3 Universal uniform nonelementarity Let G ~ M be an action by automorphisms on a median
algebra of finite rank r. Consider the following strengthening of Definition 2.36 in the context of
compatible metrics on median algebras.

Definition 6.21 The action G ~, M is universally uniformly nonelementary (WNE) if there exists a
constant ¢ > 0 such that, for every € PDY (M), the action G ~, (M, 1) is c—UNE.

This may seem an impossibly strong requirement to impose on G ~, M, but we will see in Corollary 7.24
that many actions arising from ultralimits of Salvetti complexes are WNE.

Lemma 6.22 Let G < Aut M be generated by a finite set S of automorphisms acting nontransversely
and stably without inversions. Let G << U < Aut M. Pick a point q in the multibridge B(S) C M and let
9N € M be the median subalgebra generated by the orbit U - q. Then:

(1) There exists ¢y : 9t — (0, +00) such that ‘L’g (x) < (x) -?g for all n € PDY (M) and x € M.
(2) IfG ~ M is WNE, there exists ¢ : 9t x 9 — (0, +00) such that n(x, y) < ca(x, y) -?g for all
nePDC(M) and x,y € M.
Proof We only prove part (1), since part (2) then follows by setting ¢ (x, y) :=c¢-(c1(x) + ¢1(»)), for a
constant ¢ as in Definition 6.21.

If part (1) holds for points x, y, z € 9, then it holds for their median m(x, y, z). Indeed, we can take
ci(m(x,y,z)) =c1(x) + ¢1(¥) + ¢1(z) and we have

fg(m(x, y,2)) = Iglea; n(m(x,y,z),m(sx,sy,sz))
=< max([n(x, sx) +n(y, sy) +n(z.52)]
<2d(x) + 10() + 1a(2) < [c1(x) + 1 (») + 1 (2)] - Te
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Thus, it suffices to prove part (1) for x € U -¢. Since g € B(S), we have ug € BuSu~!) forallu € U.
Moreover, since U normalises G, the set uSu~! is just another generating set of G. By Proposition 6.11(3),

we have . . .
":S(uQ) = |S|uSu*1 "TSu—! (uq) < |S|uSu*1 “(2r + l)fusu—l
<|S|ysu-1-@r+1)-[uSu='|s 72
So we can take ¢1(uq) = (2r +1)-|S|, 5,1 - [luSu~1|s. This concludes the proof. |

Corollary 6.23 Let G < Aut M be generated by a finite set S of automorphisms acting nontransversely
and stably without inversions. Suppose that G ~ M is WNE and that D% (M) # @. Consider a countable
subgroup U < Aut M such that G <1 U and U/ G is abelian. Then there exist a nonempty, countable,
U —invariant, median subalgebra M C M, a pseudometric n € PDC (9) \ {0} with ?g > 0, and a
homomorphism A: U — (R, *) (trivial on G) withu -n = A(u)n forall u € U.

Proof Define the median subalgebra 9t € M as in the statement of Lemma 6.22. Since 901 is generated
by a countable set, it is itself countable. The restriction map

resgn: PD(M) — PD(ON)

takes PDC (M) into PDC (9N) without decreasing the value of Tg. Thus, in the notation of Section 6.2.2,
Lemma 6.22(2) yields
res;(PDY (M)) € PDZ ().

Choose § € DY (M) and let C € DS (M) be the smallest cone containing the U—orbit of . In other words,
C is the convex hull of U - §, saturated under multiplication by nonnegative scalars. Then resgy(C) is a

nontrivial U—-invariant cone contained in PDg on).

Its closure resgn(C) € £(M) in the topology of pointwise convergence is also a U—invariant cone. By
Lemma 6.19(1), this is still contained in the set PDg (97%). We can thus apply Corollary 6.20, obtaining
n € resor(C) \ {0} with ?g > 0, and a homomorphism A: U — (R~g, *) such that u - n = A(u)n for all
uel. |

7 Ultralimits and coarse-median preserving automorphisms

In this section we prove Theorem I (Corollary 7.23) and complete the proof of Theorem F (Theorem 7.25).
Both results will follow quickly once we prove Theorem 7.21 in Section 7.4, which can be viewed as the
main goal of this entire section.

This theorem claims that, in many cases, if G ~ M is an action of a special group on a median algebra, 7
is a G—invariant compatible pseudometric and C is a large k—cube in M, then any subset of G that moves
all points in C by a lot less than the “size” of C must commute with a copy of zk sitting inside G. This
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result holds, for instance, for co-special cubulations of G, ultralimits of these, and subalgebras thereof,
with uniform constants that are independent of the specific choice of 7.

The case k = 1 thus implies that all these actions are WNE (Definition 6.21) and that centreless special
groups are UNE (Definition 2.36). The cases with k > 1 ensure that the actions on median spaces that we
will construct for Theorem F are moderate, as defined in the introduction.

7.1 The Bestvina—Paulin construction

As sketched in the introduction, the first step in the proof of Theorem F will involve a standard Bestvina—
Paulin construction, with some additional issues caused by the lack of hyperbolicity. In this subsection,
we discuss the role played by UNE groups (Definition 2.36) in addressing these issues.

Consider a group G, a geodesic metric space (X, d), and a homomorphism p: G — Isom X inducing a

proper cocompact action G ~, X (we simply write gx rather than p(g) - x).

7.1.1 The classical Bestvina—Paulin construction Fix a finite generating set S € G and let |- |g be
the induced word length on G. Denote by 7: Aut G — Out G the quotient projection. Given g,h € G,
we write ¢[g](h) := ghg™'.

Every group automorphism ¢: G — G is bi-Lipschitz with respect to |- |s. By the Milnor—Schwarz
lemma, ¢ induces a quasi-isometry @: X — X satisfying @ o p(g) = p(¢(g))o @ forall g € G.

Consider a sequence ¢, € Aut G and set p, := p o ¢y, for all n > 0. Pick basepoints p, € X with
rg” (pn) —?g” <1.

We introduce the quantities €, := 1/ ?g” to simplify the notation.

Assumption 7.1 In the rest of Section 7.1, we assume that no two elements of the sequence 7 (¢, ) € Out G
coincide. A classical argument due to Bestvina and Paulin (see eg [7] and [87, page 338]) then guarantees
that ¢, — 0 for n — +o0.

Fix a nonprincipal ultrafilter @ and consider the ultralimit (X4, dw, p») = limy, (X, €,d, p,). We have a
homomorphism p,, : G — Isom X, obtained as ultralimit of the actions p,, namely

P (&) - (xn) = (Pn(g) - Xn) = (¢n(g)xn)
for all g € G and (x,) € Xy. This is well-defined since
lim €,d(¢n(g)Xn, pn) = lim €, [d (¢n(8)Xn, 9n(8) Pn) + d(¢n(8) Pn- Pn)]
<limey[d(xn. pn) +I8ls - 75" (Pn)]
= do((xXn), po) +18ls < +00.

One easily checks that rg‘” (Pw) =Tg” =1, so the action G ~ X, induced by p,, does not have a global
fixed point.
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7.1.2 Automorphisms of UNE groups Suppose for a moment that we are in the special case where
there exists ¢ € Aut G such that ¢, = ¢" for all n > 0 (thus p, = po ¢"). We want to show that ¢
induces a map ®: X, — X, with the property that ® o p,,(g) = pw(¢(g)) o ® for all g € G. A natural
attempt is setting ®((x5,)) = (¢(xp)) for all (x,) € X,. However, for this to be well-defined we need
limy €,d(@(pn), pn) < +o00.

We are actually interested in the following more general setting.

Assumption 7.2 Let N <Out G be a subgroup with infinite centre Z(N). Let ¢, € Aut G be a sequence
that is mapped by the projection 7 : Aut G — Out G to a sequence of pairwise distinct elements in Z(N).
Consider again p, = p o ¢, as above.

If ¥ € 7~ 1(N), then () commutes with each (¢ ). For every n € Z, choose g,y € G with

Ynoy = C[gn,wlowown.

We are about to prove that, if G is UNE, i induces a well-defined map ¢ () : X, — X, given by

EW)((xn)) = (&n,y ¥ (xn)).

(Recall that IZ: X — X is the quasi-isometry induced by 1.) We essentially use the same argument as
[88, pages 154—156], replacing hyperbolicity with the UNE condition.

The proof of this result is quite technical. On a first read, we suggest restricting to the situation where
N ~ 7 and the automorphisms ¥ and ¢, are all powers of a given automorphism, in which case the
elements g, 4 can all be taken to be the identity and our strategy boils down to what is described
right before Assumption 7.2. This case is sufficient for Theorem F, though not for the more general
Theorem 7.25 below.

Proposition 7.3 Suppose that G is UNE. Let N < Out G and ¢, € Aut G be as in Assumption 7.2. Then
there exists a homomorphism ¢ : 7w~ (N ) — Homeo X,, that extends p,, in the sense that ¢ (c[g]) = pw(g)
for every g € G. Every homeomorphism in the image of { is bi-Lipschitz.

Proof Consider an element ¥ € 7~!(N). Let L > 1 be a constant such that 1;: X —>Xisan (L, L)-
quasi-isometry and such that ¥ : G — G is L-bi-Lipschitz with respect to | -|s.
Step 1 The map ¢ () described above is a well-defined bi-Lipschitz homeomorphism of X,,.

Since @ is a quasi-isometry and €, — 0, it suffices to show that ¢(y) is a well-defined map, ie that
limg, €,d(gn, ¥ (pn). pn) is finite.
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We begin by observing that, since ¢ o ¥ = clgn,y] o ¥ 0 @n and 7 0 p(g) = p(y (8)) o ¥,
75" (&n,y ¥ (Pn)) = maxd(gn(5)gn,y ¥ (Pn), &n,y ¥ (Pn) = max d(clgn,y] ™" @n) ()P (Pn). ¥ (Pn)
= max d( (" clgn.y] ™ ) (8)Pn). ¥ (pn)) = max d(F (gn¥ ™" (5)Pa). ¥ (Pn))
< L-maxd(gay™ (5)pn, pn) + L = L -maxd(pa (¥~ (s)) - Pn. pa) + L
< Lemax [y ()]s 78" (pa) + L < L2-75" (p) + L.

Now, since G is UNE, there exists a constant ¢ > 0 such that, for every generating set 7 C G and all
x,y€X,wehaved(x,y) <c- (I;(x) + t;i(y)). For T = ¢,(S), we obtain

lim end (gn,y ¥ (Pn). pn) < ¢ -limen(z) s (gny ¥ (pn)) + T (5)(Pn))
= c-limey (25" (gn.y ¥ (Pn)) + 78" (Pn)
<c(L*+1) -lic})nenrg" (pn) < 4o00.
Step 2 The map ¢ is a homomorphism.
Since G is UNE, Example 2.38(3) shows that the centre Z(G) < G is finite. Then, since G acts

cocompactly on X, there exists a constant M such that d(x,zx) < M forall x € X and z € Z(G). Given
V1, ¥ € N, we can take Y1 Y» = Y1 ¥». Moreover,
c[gny1 v IV 1V20n = @nV1V2 = ¢[gn .y ]V 10n Y2
= c[gn,y [V1¢[8n, v, 1V20n
= c[gn.yJc[Y1(8ny) V12000

Hence gn,y v, and gn v, V1(8n,y,) differ by multiplication by an element of Z(G). It follows that, for
every x € X, we have d(gn,yv»X, &n, v ¥1(&n,v,)X) < M. Thus, for every (x,) € X,

EW1Y2) ((xn) = (@10 V192 (x¥0) = (n,y V1 (€n,90) V1 (F2(3X0)))
= (gn.91 V1(8n,u V2 (X)) = CW1) (8,95 V2 (X))

= (Y 1)E(W2)((xn)).
Step 3 We have {(c[g]) = pw(g) forall g € G.

—_—~

Since ¢[g]: G — G is at bounded distance from left multiplication by g, the quasi-isometry c[g] is at
bounded distance from p(g). Moreover, observing that

clgn(g)] 0 9n = @n o c[g] = c[gn c[g1] © c[g] © @n.
we deduce that c[p,(g)g™ '] = c[gn,c[g]]> hence g, ([¢] € Z(G)pn (g)g~!. Thus, for every (x,) € Xe,
E(elgD((6n) = (n.clg1€[8](¥n)) = (8nc[e18%n) = (¥n(2)8 ™" gXn) = (Pn(8)Xn) = Puo(8)((xn)).

This concludes the proof of the proposition. |
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In the special case where there exists ¢ € Aut G such that g, = ¢” and N = (n(p)), we have 71 (N) ~
(G/Z(G)) %y Z and we obtain:

Corollary 7.4 Suppose that G is UNE and that 7 (¢) € Out G has infinite order. Take ¢, = ¢". Then the
map ®: X, - X, given by ®((x5,)) = (¢(xy)) is a well-defined bi-Lipschitz homeomorphism of X,
satisfying ® o p,,(g) = pw(@(g))o ® forallg € G.

7.1.3 Coarse-median preserving automorphisms of UNE groups Suppose now that X admits a
coarse median p of finite rank ». We can define a map iy : Xa3) — Xy by setting (o, ((x5), (Vn), (zn)) =
(u(xn, ¥n,zn)). It was shown in [15, Section 9] that 4, is well-defined and the pair (X, i) is a median
algebra of rank <r.

If the coarse median structure [u] is fixed by G ~ X, then the action G ~, X, is by automorphisms
of the median algebra (X, ite). Moreover, if an automorphism ¥ € 7 ~1(N) < Aut G is such that ¥
fixes [u], then ¢ (V) € Aut(X,, (o). Note that, although the metric d,, on X,, is G—invariant, it needs
not be preserved by ¢ ().

Remark 7.5 If the space X is coarse median but not median, the metric d, may not be compatible
with pe (in the sense of Definition 2.8). However, it was shown by Zeidler [101, Proposition 3.3] that
there always exists a metric § € D% (X, ite) such that (X, 8) is complete, geodesic, and bi-Lipschitz
equivalent to (X, dy). Theorem 2.14(2) and the fact that G does not fix a point in X, then imply that G
acts on (X, §) with unbounded orbits (alternatively, one can appeal to [17]).

This is only tangentially relevant to us as we will only be interested in ultralimits of CAT(0) cube
complexes in the forthcoming subsections.

Summing up the above discussion:

Corollary 7.6 Let G be a UNE group. Let N < Out G be a subgroup with infinite centre. Let (X, [u])
be a geodesic coarse median space of finite rank r. Let G ~, X be a proper cocompact action fixing the
coarse median structure [1]. Suppose that the quasi-isometries of X induced by the elements of 7~ '(N)
also preserve [1].

Then there exists a complete, geodesic median space X, of rank < r, and an action 1~ '(N) ~, X, by
bi-Lipschitz homeomorphisms that preserve the underlying median-algebra structure. The composition
G — G/Z(G) — n~Y(N) ~ X, is an isometric G —action with unbounded orbits.

7.2 Equivariant embeddings in products of R-trees

Let M be a median algebra and G ~, M an action by median automorphisms. In the rest of Section 7,
we will be interested in situations where M can be embedded G—equivariantly into a finite product of
R-trees. We reserve this subsection for a few general remarks on this setting.
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Definition 7.7 An R-tree is a geodesic, rank-1 median space.

This is equivalent to the usual definition of R—trees as geodesic metric spaces where every geodesic
triangle is a tripod. We stress that R—trees are not required to be complete.

The next remark collects various simple observations for later use.

Remark 7.8 Consider isometric G—actions on R-trees 71, ..., Ty. Equip 77 X - - - x T} with the diagonal
G-action. Let f = (f;): M — [] T; be a G—equivariant, injective median morphism.

(1) The image f(M) is a median subalgebra of [[; 7;. The set of halfspaces of the median algebra
[1; T; is naturally identified with the disjoint union | |; 7(T;).

Every halfspace of T; is either open or closed. Open halfspaces are precisely the single connected
components of the sets 7; \ {p}, as p varies through all points of 7; (including when 7; \ {p} is
connected). Closed halfspaces are precisely the complements of open halfspaces.

If we let 24 C 7 (M) be the set of halfspaces of the form fi_1 (h) with h € 5#(T;), then the 5% cover
(M) by Remark 2.2(1). However, the 2% are usually not pairwise disjoint.

(2) Since the sets % are G—invariant and no two halfspaces in the same 7 are transverse, we see that
each g € G must act nontransversely on M.

(3) Suppose that, for all i, all x € T; and all g € G, we have g?x = x if and only if gx = x. Then the
action G ~, M has no wall inversions.

Indeed, suppose instead that there exists b € 5#(M) such that gh = h*. Pick i such that h € 5%, and
choose ¢ € 57 (T;) with fl._1 (¢) = h. Then gtN € and g&* NE* are disjoint from the (g)-invariant median
subalgebra f;(M). Note that we cannot have g€ C £ or gt D ¢, so, without loss of generality, g¢ Nt = .
It follows that f; (M) C £ U gt, hence g is elliptic and fixes a unique point p in the convex hull of £ U g¢.
We conclude that g2 = €, hence the points on the arc connecting p to £ are fixed by g2, but not by g.
This is a contradiction.

(4) Suppose that g acts on M stably without wall inversions. By Remark 2.18(2) and Theorem 2.14(3),
a halfspace h € (M) lies in the set 75,y (M) if and only if either h S gh, or h & g 'h,orh=gh.

It follows that, for every i, either g is loxodromic in 7; and f;(C(g, M)) is contained in its axis, or g is

elliptic in 7; and fixes f;(C(g, M)) pointwise.

Now, let us fix a nonprincipal ultrafilter w. Let the group G be generated by a finite subset S. Consider a
sequence of actions by automorphism on median algebras G ~, M, along with metrics 8, € D% (M,,)
and basepoints p, € M. Suppose moreover that

max sup 8, ($pn, pn) < +00.
seS n
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Define (Mg, 84, Po) :=limy,(My, 85, pn). The set M, becomes a median algebra if we endow it with the
operator m((xn), (¥n), (zn)) = (m(xn, Yn, zn)). We have an action by median automorphisms G ~ My,
given by g(x,) = (gx,,). Finally, note that 8, € D (M,,), and that (M, §,,) is a complete median space
(every ultralimit of metric spaces is complete).

Given a sequence of subsets A, C M, we will employ the notation
lim Ay, ;= {(xn) € My | xn € Ay for w=all n} = {(yn) € My, | lim 8, (yy, Ayn) = 0}.
w @

Note that lim,, A, is a (possibly empty) closed subset of (M, 84) for any sequence of subsets A, € M,,.
It is also clear that lim,, A, € M, is convex as soon as 4,, C M, is convex for w—all n.

Fix an integer k > 1. Suppose that each action G ~, M,, is equipped with a G—equivariant, §,—isometric
embedding f, = (f): M, — I T}, where [ T} is a product of k R—trees endowed with an isometric,
diagonal G—action as in Remark 7.8. (We have switched the index i from subscript to superscript to avoid
confusion.)

It is straightforward to check that the ultralimits limg, (T,i, fn’ (pn)) yield isometric G—actions on R—trees
T! and a G—equivariant, §,—isometric embedding f,, = (f)): My < [1; T
Lemma 7.9 Consider the above setting. For every g € G, we have
(1) €(g.T))=limg, €(g, T}) and C(g, T)) = lim, C(g, T}}) forall 1 <i <k.
If, in addition, (M, 8,) is a geodesic space for w—all n, then (M, 84) is geodesic and

(2) £(g.00) =limy, £(g, 6,) and é(g, My) = lim,, E(g, My).

Proof We only prove part (2), since part (1) is a special case of it.

By Remarks 2.12 and 7.8(2), each g € G acts on M, stably without inversions and nontransversely; the
same is true of the action on w—all M,,. Theorem 2.16(2) shows that, for every x = (x,) € M,,, we have

8 (x, gx) = 1im 8y (xn, gxn) = Hm([C(g, 8n) + 26y (xXn,C(g, Mp))] > lim £(g, 85).

Hence £(g, 84,) > lim,, £(g, §,). By Theorem 2.16(1), the sets C(g, M) are gate-convex. If y, is the
gate-projection of the basepoint p, € M, to C(g, M,), we have

li(})n 8n(Yn> Pn) = liar)nSn(pn, E(g, My)) < liar)n %Sn(Pna gpn) < +o0.

It follows that we have a well-defined point y = (y,) € M,, and that §,(y, gy) = limg, £(g, 8,). This
shows that £(g, §,) = limy, £(g, 6,).

Finally, since C(g, M,,) is gate-convex, it is a closed subset of the complete median space (M,,, 8, ).
Thus a point x = (x,) € M,, lies in C(g, M,,) if and only if 8, (x,C(g, M,)) = 0, which happens if and
only if 8, (x, gx) = £(g, 8,) (again by Theorem 2.16). Equivalently, x lies in C(g, M,,) if and only if
limg, 8, (xn.C(g. My)) = 0, ie if and only if x € lim,, C(g, M},). This concludes the proof. ]
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Lemma 7.10 Consider again the above setting, with (My,§,) geodesic for w—all n. Consider two
elements g,h € G and s > 1.
(1) Suppose that, for some 1 € # (M), we have {w, gt} C W (g, My,) N Wy (h, M,,). Then, for
w—all n, there exists t, € ¥ (My) such that {1, g°t0,} CWi(g, M,) "N W1 (h, My).
(2) Ifthere exist walls u, b € Wy (g, M) such that {u, g°u} is transverse to {v, g5v}, then, for w-alln,
there exist uy,, v, € W1(g, My,) such that {u,, g°u,} is transverse to {v,, g50,}.

Proof We begin with some general observations. We have already noted in Lemma 7.9 that (M, §y) is
connected, hence g and A act stably without inversions. By parts (1) and (4) of Remark 7.8, each wall
of M, arises from a wall of (at least) one of the trees T(f). Moreover, each projection fal) (C(g, Mp)) is
either fixed pointwise by g or it is a (g)—invariant geodesic (and similarly for %).

We now prove part (1). By the above discussion, there exist an index i and v € # (ch)) such that
{0, g0} SWi(g, TL) N Wy (h, T!). Thus, g and h are both loxodromic in 7}, which implies that they
are loxodromic in w-all T,i . Let @y, @, and By, B be the axes in Tzf), T,i of g and h, respectively. By
Lemma 7.9, we have a, = limy, «,, and 8, = limy, B,. Since «, and B, both cross v and g°v, they
must share a segment of length € + s - £(g, TCf)) for some € > 0.

If y and z are the endpoints of this segment, we can write y = (y,) = (y;,) and z = (z,,) = (z},) with
Yn»Zn € @y and y),, z) € B,. Denoting by 8, the metric of T}, we have
lim 8. (v, yh) =1imé. (zy,2,) =0 and  1mé (yn.z,) = lim 8! (), z)) = € + 5 -lim £(g, T}}).
w w w w w
Hence o, and B, share a segment o, of length > s - (g, T,;') for w—all n. It follows that there exists a

wall v, € #(T}) such that o, crosses v, and g¥v,. Hence {v,, g5v,} € Wi (g, T)) "Wy (h, T}), and it
is clear that v,, determines a wall o, of M with {r,, g°t0,} C Wi (g, M) N Wi (h, My).

We now prove part (2). By Remark 7.8(4), u and v determine halfspaces b, € € 77 (M,,) satisfying gh C b
and gt C £. Since {u, g*u} and {v, g°v} are transverse, Helly’s lemma implies that there exist points

xe€g'hng'etnC(g, My), yeg’hne* NC(g, My),
zebh*Ng'tNC(g. My), web*NE*NC(g. My).

Suppose that u and v arise from trees th, and Ta{ , where g has axes o’ and o/, respectively. Then the

points fa’) (x), fa’) (), fa’;(z), fa’;(w) lie on &', and {fa’;(x), fa’) (y)} is separated from {fa’) (2), fa’) (w)} by
a segment of length > s - £(g, T)). Similarly, { ;J (x), fJ (z)} and { f;J (), f.] (w)} are separated by a
subsegment of o/ of length > s-£(g, T,)).

Writing x = (x,), y = (), z = (z) and w = (wy), it follows that, for w—all n, there exist walls
w, € Wi(g, T}) and v}, € Wi (g, T,/ ) such that

{u,, &5w, SH (L en) £ fEn)s [ (wn)),
{0,850, SH (S (xn), £ Gl £ n). [ (wn)).

Thus u),, v, induce u,, v, € Wi(g, M) with {u,, g°u,} transverse to {v,, g*v,}; cf Lemma 4.4. O
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7.3 Ultralimits of convex-cocompact actions on Salvettis

Let I' be a finite simplicial graph, A = Ar the associated right-angled Artin group, and X = AT the
universal cover of its Salvetti complex. Denote by d the £! metric on X and set r = dim X. Fix a
nonprincipal ultrafilter w.

When we speak convex-cocompactness in A from now on (Definition 3.1), this is always meant with
respect to the standard action A ~, X. Note that a group G is isomorphic to a convex-cocompact subgroup
of a right-angled Artin group if and only if G is the fundamental group of a compact special cube
complex [68]. In particular, G must be torsionfree and finitely generated.

In the rest of Section 7 we make the following assumption.

Assumption 7.11 Let G < A be a convex-cocompact subgroup. Let ¥ C X’ be a G—invariant, convex
subcomplex on which G acts with exactly g orbits of vertices. Let [¢] be the induced coarse median
structure on G. Consider a sequence ¢, € Aut(G, []). Denote by p: G — A the standard inclusion and

set pp = PO @y.
We say for simplicity that g € G is label-irreducible if p(g) is a label-irreducible element of A.

Remark 7.12 1If g € G is label-irreducible, then Corollary 3.3 and Lemma 3.11(2) show that p,(g) € A
is label-irreducible for all n > 0.

Let S € G be a finite generating set. Choose basepoints p, € Y, with rg” (pn) = ?g” and define
On:=d/ ?g’" e D¢ (X). For ease of notation, let us write G ~, X, and G ~, Y, for the actions of G on X
and Y induced by the homomorphism py,.

Recall that y: #(X) — r'©® js the map pairing each hyperplane with its label. For every v € ro,
the hyperplanes in y~1(v) are pairwise disjoint. Hence there is a natural simplicial tree 7% (usually
locally infinite) that is dual to the collection y~!(v). In the terminology of Section 2.5, the tree 77 is the
restriction quotient of X associated to y 1 (v) € #(X).

In particular, we have an A-equivariant, surjective median morphism 7V: X — T taking cubes to edges
or vertices, and an A—equivariant, isometric median morphism (77): X < [, 7.

Let 7,7 denote the tree 77 equipped with the twisted G—action induced by p, and with its graph metric
rescaled by ?g)”. We obtain a G—equivariant, §,—isometric embedding (7)) X, — [[,er 7,7 -

Thus, our setting is a special case of the one in the second part of Section 7.2 (after Remark 7.8). If the
automorphisms ¢, are pairwise distinct in Out G, then we are also in a special case of Section 7.1, but
we do not make this assumption for the moment.
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As in Section 7.2, the sequence of actions G ~, &), with metrics 8, and basepoints p,, yields a limit action
G ~ Xy, along with a metric §, € DY (X,), a basepoint p,, € Xy, and a G—equivariant, §,—isometric
embedding (7)): X» = [[,er 7o The pair (X, §,) is a complete, geodesic median space of rank < r.

We now prove a sequence of fairly straightforward lemmas regarding the action of G on X, and its
median subalgebras. After that comes the most important part of this subsection, which is concerned with
the notion of cubical configurations (Definition 7.17).

Lemma 7.13 Consider label-irreducible elements g, h € G.

(1) If there exist walls u and o with {u, 10, h* u, g% 0} € Wi (g, Xp) N Wi (h, Xy), then (g, h) ~ Z.

(2) There do not exist walls u, w € Wi (g, Xy) such that {u, g*"u} is transverse to {to, g* 1o}.

Proof We begin with part (1). By Lemma 7.10(1), there exist hyperplanes u,, to, € # (X},) for some n,
such that {u,, w,, h* u,, g* 1, S Wi (g, X,) "Wy (h, X,). Since p,(g) and p, () are label-irreducible
by Remark 7.12, Lemma 3.13 guarantees that (g, h) >~ Z.

Regarding part (2), if there existed such walls, Lemma 7.10(2) would yield hyperplanes uy, v, € #(X;)
for some n, such that the sets {u,, g* u,} and {w,, g* 1, } were transverse and both contained in
Wi (g, Xp). This would violate Lemma 3.10, since p,(g) is label-irreducible. a

Lemma 7.14 For every G—invariant median subalgebra M C X,,, we have:

(1) The action G ~ M has no wall inversions.

(2) Each element g € G is elliptic (resp. loxodromic) in M if and only if it is in Xj,.

Proof Part (2) follows from part (1). Indeed, note that (g, M) = @ if and only if H;(g, Xp) = @,
for instance by Remark 2.18(3). Since the action G ~, M has no inversions, Theorem 2.14(2) then shows
that g is elliptic/loxodromic in M if and only if it is A,,.

Regarding part (1), we will need the following observation:
Claim Let an action G ~, (T, d) be the ultralimit of a sequence of actions on R—trees G ~, (Ty,, dy,).
Suppose in addition that g € G is loxodromic in w—all Ty,. Then, for all k € Z \ {0} and all x € T, the
point x is fixed by g& if and only if it is fixed by g.
Proof Let «;, be the axis of g in T, and consider a point y = (y,) € Ty. Then

dn(yn, gkYn) = g(gk’ Tn) +2dn(yn,on) = £(g, Tn) + 2dn(yn, an) = dn(yn, gyn)-
It follows that d,,(y, g y) > d,(y, gy) for all k € Z \ {0}, which proves the claim. <
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Now, we will deduce that the action G ~, M has no wall inversions from Remark 7.8(3). We need to
show that, for every v € T, every x € 7.V and every g € G, we have g2x = x if and only if gx = x. If
pn(g) is loxodromic in 7,” for w—-all n, this follows from the claim. If instead p,(g) is elliptic in 7,’ for
w—all n, then it follows from the observation that edge-stabilisers for the action G ~, 7, are closed under
taking roots in G (since they are hyperplane-stabilisers for G ~, X},). a

Lemma 7.15 Consider g € G such that its label-irreducible components g1, ..., gy also lie in G
(in general, they only lie in A). Then, for every G—invariant median subalgebra M C X,:

(1) We have a partition Wy (g, M) = Wi (g1, M)U---UW;(gr, M).

(2) Each wall in Wy (gi, M) is preserved by each g; with j #i.

(3) The sets W1(g1, M), ... , Wi(gr, M) are transverse to each other.

(4) We have C(g, M) =C(g1,M)N---NC(gx, M) and C(g™, M) = C(g, M) forall m > 1.
(5) Forevery n € PDC (M), we have £(g,n) = £(g1. 1) +--- + L(gk. 0).

Proof Let us prove parts (1) and (2) first, except for disjointness of the sets W;(g;, M), which will
follow from part (3). Note that it suffices to consider the case when M = A,,. Indeed, by Remark 2.2,
we have a surjection resys : #a7(Xp) — # (M) and, by Remark 2.18(3), a wall to € #)(X,,) lies in
Wi (g, X,) if and only if resys (to) lies in Wy (g, M).

In fact, Remark 7.8(1) shows that it suffices to prove parts (1) and (2) “for the trees 7, ”, ie prove that,
for every v € I', we have Wi(g, 7)) = Wi(g1.7,) U ---UWi(gk.T,), and that g; fixes the set
Wi(gi, T;)) pointwise for j #i.

Note that distinct components g; cannot be loxodromic in the same tree 7, . Otherwise they would have
the same axis, since they commute, and Lemma 7.13(1) would give a contradiction. Thus, at most one of
the sets Wi(g1, 7). ..., Wi(gk.7,)) can be nonempty, for each v.

Recalling that g = g1 --- gx and that the g; commute pairwise, we conclude that either W (g, 7))
is empty, or it coincides with Wy (g;,. 7. ), where g;, is the only label-irreducible component that is
loxodromic in 7, . If j # iy, then g; is elliptic in 7, and, since it commutes with g;, , it must fix pointwise
its entire axis. In particular, g; preserves every wall in the set Wi (g;,, 7). This proves parts (1) and (2),
except for disjointness of the sets Wy (gi, M).

In order to prove part (3), note that part (2) shows that Wy(g;, M) € Wy(g;j, M) for i # j. By
Lemma 7.14(1), the action G ~ M has no wall inversions. Thus Wj(g;, M) and Wi(g;, M) are
transverse by Theorem 2.14(3). In particular, Wy (g;, M) and W1 (g;, M) are disjoint, which completes
the proof of part (1).

Regarding part (4), it suffices to prove the statements for M = X,,. Indeed, G acts nontransversely on X,
and without inversions on M, so we have C(g, M) = M NC(g, X,,), for instance by [51, Proposition 3.40].
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The same holds for the g;. Now, Lemma 7.9(2) implies that C(g, X,,) coincides with (7); C(gi, Xw) and
C (g™, X,), since this is true for convex cores in all X, (recall Lemma 3.7(2) and Remark 7.12).

Finally, we prove part (5). Parts (1) and (2) imply that a Z—measurable fundamental domain for the
action (g) ~ H1(g, M) can be constructed as the disjoint union of %—measurable fundamental domains
for the actions (g;) ~ H1(gi, M). Since G ~, M has no wall inversions, translation lengths coincide
with a measure of these fundamental domains (Remark 2.19) and part (5) follows. O

Lemma 7.16 Let M C X,, be a G—invariant median subalgebra with a pseudometric n € PDS (M).
Consider an element g € G and a point x € M .
(1) Foreverym > 1, we have n(x, gx) < n(x, g™x).

(2) If h € G is a label-irreducible component of g, then n(x, hx) < n(x, gx).

Proof Recall that the action G ~, M is nontransverse by Remark 7.8(2), and without inversions by
Lemma 7.14(1). Thus, Theorem 2.16(2) guarantees that n(x, gx) = £(g, n) +2n(x,C(g, M)).

Now, part (1) is obtained by observing that £(g™,n) = m - £(g,n) and C(g"™, M) = C(g, M), which
follow from Remark 2.19 and Lemma 7.15(4), respectively. For part (2), it suffices to recall that
C(g. M) CC(h, M) and £(h,n) < £(g,n), as shown in parts (4) and (5) of Lemma 7.15. O

We now introduce cubical configurations, which will be important in the proof of Theorem 7.21, hence
in those of Theorems F and I. The idea is that large cubes in X, that are moved very little by a subset
F C G will give rise to cubical configurations in X, (Lemma 7.22).

After the definition, we will see how to transfer cubical configurations from X, to X (Lemma 7.18) and
how to use them to construct large abelian subgroups in the centraliser Z¢ (F') (Lemma 7.19).

Definition 7.17 Consider an action on a median algebra G ~, M and a finite subset ' € G. An (s,¢, F)-
cubical configuration of width m > 1 in M is the datum of nonempty subsets Uy, ..., Us € ¥ (M), walls
01,...,0; € # (M) and a partition F = Fo U {g1,..., g} such that

(1) the sets Uy, ..., Us, {01, g'01},....{vs, g7'0,} are transverse to each other and their union is
contained in Wy( f, M) for every f € Fy,

(2) foreach 1 <j <t, we have {v;, g}"n,-} CWi(gj. M), while Wy(g;, M) contains Uy, . ..,Us and
all sets {v;7, g/70;/} with j’ # j.

We refer to U1, ..., Us as the static sets and to g1, ..., g; as the skewering elements.
The proof of the next result is quite similar in spirit to that of Lemma 7.9, but we repeat it for the reader’s
convenience, since it is a bit more technical.

We denote by Y, C X, the convex subset obtained as lim, Y;,. A subset € C #'(Y) is a chain if it is the
set of hyperplanes associated to a set of halfspaces that is totally ordered by inclusion.
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Lemma 7.18 Suppose that the sequence ¢, is not w—constant. Let F € G be a finite subset of label-
irreducible elements such that no two of them generate a cyclic subgroup. Suppose that Y,, admits an
(s, t, F)—cubical configuration of width > 4r with skewering elements g1,. .., g;s.

Then, for w-all n, there exists a (o, T, ¢, (F))—cubical configuration of width > 4r in Y such that
0+t =s+1 and the ¢, (g;) are skewering elements (hence T >t and ¢ < s). In addition, the static sets
of this configuration can be taken to be arbitrarily long chains of hyperplanes.

Proof Let the cubical configuration in Y, consist of static sets Uy, ...,Us, walls v,...,0; and the
partition F = Fo L {g1,...,g:}. It suffices to assume that each f; is a singleton {u; }. Recall that the
action G ~y Y, is nontransverse by Remark 7.8(2), and without inversions by Remark 2.12.

By Remark 7.8(1), there exist vertices u1, ..., Uz, V1,...,v; € I' such that the walls u; and v; arise from
walls 1l; € #/(T,') and v; € ¥ (7o), respectively. Note that each 1I; is preserved by all elements of F,
while b; and gj‘.” b, are preserved by F \ {g;} and cross the axis of g; in 77

Claim There exist nontrivial arcs a; € T, and B; C T’ , with endpoints al.i and ,B;E, such that:

(a) Eacha; is fixed by F and each B; is fixed by F \ {g;}.
(b) B; is contained in the axis of g; in T’ and it has length > 4r L(gj, o).

(c) These arcs induce transverse sets of walls of Y,,. More precisely, for every (e, ) € {£}5 x {£}!,

there exists a point x€° € Y,, such that, for all i and j, the nearest-point projection of wly (x€%)
to o; is af", and the nearest-point projection of 7,/ (x€%) to Bj is ,65’.

Proof The walls u;,v; € #/(Y,) correspond to halfspaces ul.i, nij € s (Yy), which we label so that, for

each j, the halfspaces v;" and gj‘.” U;.r are disjoint. Since the sets {u; } and {v;, gj‘." v;} are all transverse

to each other, Helly’s lemma allows us to find points x€*¢ € Y,, so that x€ £ lies in uff for all i and so

that, for all j, it lies in v} if {j =—andin gj‘.”n;.r if ¢ =+.

For each i, there exists a point g; € T’ such that one of the two halfspaces associated to 1i; is a connected

component «; of 7o' \ {g;}; in particular, k; is open. Since G acts on Y,, without inversions, F fixes g;

and leaves «; invariant. Since F is finite, it fixes nontrivial arc of 75’ with one endpoint equal to ¢; and

the other lying in ;. We let o; be this arc, possibly shrinking it a bit to ensure that the finitely many

points g’ (x€%) have the correct projections to ¢; .

Finally, consider an index 1 < j <. The set of points x€% with ¢ ; = — is contained in b, whereas

the set of points x€ with ¢ 7 = + is contained in g;." nJJ-“. Note that either 7, (nj_) or 7y (gJ‘.” t);-r

) is
an open halfspace of T, . It follows that the set of points ¢/ (x€%) with ¢ ; = — is separated by the
set of points 774 (x€%) with ¢ i = + by an arc f; that is contained in the axis of g; in 7.’ and has
length > 4r - £(g;, To’). Since F \ {g;} preserves the halfspaces v, and gj‘.” n;.r, we can shrink f; a bit
to ensure that it is fixed by F \ {g;}, while retaining length > 4r - £(g;, 7.2/ ). This concludes the proof

of the claim. <
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Now, it is straightforward to approximate, for w—all n, the data provided by the claim by arcs o; (n) € 7,7,
Bj(n) < 7,7 and points x;’g € Y, satisfying analogous conditions.

Here we need to account for the fact that some elements of F' that are elliptic in one of the trees 7, might
be loxodromic in the trees 7,;, with translation lengths converging to zero. In any case, we can ensure
that the following are satisfied:

(@) Forall f € Fand1 <i <s,either f fixes o; pointwise, or ¢; is contained in the axis of f in
T,'" and has length > 4r - £(f, T,'"); the same holds for f € F \ {g;} and ;.

(b') Bj(n) is contained in the axis of g; in 7,7 and it has length > 4r-£(g;, Th7).

(" Th6‘: nearest-point proje(;:t‘ion of ! (x,i’c) to oj (n) is afi (n), and the nearest-point projection of
700’ (x) 10 B (n) is B}’ (n).

Fix a value of n such that the above are satisfied. Condition (c¢’) implies that the subsets of # (Y)
corresponding to the arcs «; (n) and B (n) are all transverse to each other. Hence:

e Each f € F fixes all arcs a;(n), B (n) except at most one. Otherwise, conditions (a’) and (b’)
would yield 1o, to’ € Wy ( f, Yy,) such that {ro, f#"ro} and {ro’, f*"w’} are transverse. Along with
Lemma 3.10, this would contradict label-irreducibility of p,( /) (Remark 7.12).

» Each of the arcs a;(n), Bj(n) is fixed by all elements of F except at most one. Indeed, if
neither of f1, f € F fixed a given arc, then the same conditions would yield 11, tv, such

that {toq, £ w1, w2, 57102} S Wi(f1. Ye) N Wi(f2. Yn). Since p,(f1) and p,( f2) are label-
irreducible, Lemma 3.13 would then imply that { f1, f2) >~ Z, contradicting our assumptions.

In conclusion, up to reordering, there exists 0 < o < such that, for 1 <i < g, the arcs «; (n) are fixed by
the whole F, while, for ¢ <i <, there exists f; € F such that f; contains ¢; (n) in its axis and «; (n)
is fixed by F \ { f;}. We obtain a (o, 7, F')—cubical configuration of width > 4r in Y, where the static
sets are given by the hyperplanes of Y, originating from the arcs «; (n) with i < ¢, while the skewering
elements are fo41,..., fyand g1,..., 8¢ (thus, T =5 +1—0).

This immediately translates into a (o, 7, ¢, (F'))—cubical configuration of width > 4r in Y. The fact that
the static sets can be taken with arbitrarily large cardinality is also immediate, recalling that, since ¢, is
not w—constant, the scaling factors ?g” diverge; cf Assumption 7.1 above. |

The next result only requires the material in Section 3.3 for its proof. However, it is best stated in terms
of cubical configurations, as defined above.

Recall that ¢ is the number of orbits of vertices for the action G ~ Y.

Lemma 7.19 Let F C G be a finite set of label-irreducible elements. Suppose that there is an (s, t, F')—

cubical configuration of width > 4r in Y, where all the static sets are chains, each containing > ¢q
hyperplanes. Then the centraliser Z (F) contains a copy of Z* withk = s +1.
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Proof Let the cubical configuration consist of static sets Uy, ..., Us, hyperplanes vy, ..., 0; and the
partition F' = Fo LU {g1,..., 8¢}

Form a set U] by adding to %4; all hyperplanes of Y that separate hyperplanes of Z/;. This guarantees
that there exist vertices x;, y; € ¥ such that % (x;|y;) = U!. The sets ] and {Uj,gj‘.”nj} are still all
transverse to each other and the elements of F still fix each /] pointwise.

Since ##/(x;|y;) = #U; > q, any geodesic joining x; to y; must contain two points in the same G—orbit.
Thus, there exist z; € Y and h; € G \ {1} with #/(z;|h;z;) CU; forall 1 <i <s.

Lemma 3.15 shows that the #; commute pairwise. In addition, for every f € F, we have # (z;|h;z;) C
Ul S Wo(f), which is transverse to Wi (f). Since Wy (f') contains #/(z| fz) for any z € C(f), another
application of Lemma 3.15 guarantees that #; and f commute. Finally, for 1 < j <¢, the hyperplanes
v; and g]‘.” v; are preserved by all elements of F \ {g;}. Since g; is label-irreducible, Corollary 3.14(1)
implies that g; commutes with every element of F'.

In conclusion, we have shown that the subgroup generated by 4 :={hy,...,hs, g1,...,g¢} is abelian
and contained in Zg (F). We are left to show that A is a basis for (A).

Observe that v; is preserved by all elements of A \ {g;}, but lies in W (g;). Similarly, there exist
hyperplanes u; € #(z;|h;z;) that are preserved by A \ {h;}, but lie in Wy (h;). If a product A7"" -+ - g™ -
g;“ -+~ g7" represents the identity, then it must preserve all hyperplanes u; and v;, which implies that
m; =0 and n; =0 for all 7, j. This concludes the proof. |

7.4 Ultralimits of Salvettis and the WNE property

This subsection is devoted to the proof of Theorems F and 1. We keep the exact same setting as the
previous subsection:

Assumption 7.20 Let G < A be a convex-cocompact subgroup. Let ¥ C X be a G-invariant, convex
subcomplex on which G acts with g orbits of vertices. Set r = dim X. Denote by d the £! metric on X
and Y. Let [u] be the induced coarse median structure on G.

Consider a sequence ¢, € Aut(G, [1]). Denote by p: G — A the standard inclusion and set p, = p o @y.

Fixing a nonprincipal ultrafilter w, define X, X;, ¥, and Y, = lim,, Y} as in Section 7.3.

The following result is the coronation of our efforts from Section 3.3 and the previous portion of Section 7.
Its second part (with k = 1) proves Theorem I, while its first part is the last remaining ingredient in the
proof of Theorem F (together with Corollary 6.23).

Theorem 7.21 Let FF C G be a finite subset and suppose that one of the following holds.

(1) Let ¢, not be w—constant. Let M C Y, be a G—invariant median subalgebra and consider n €
PDC (M). There exists a k—cube C C M such that, for any two distinct points x,y € C,

n(x,y) > 4r?q-[tp(x) + T (0)]:
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(2) There exists a (generalised) k—cube C C Y O such that, for any two distinct points x, y € C,

d(x,y) > (2r2q + %rq -max{4r,q}) - [rg (x) + r?; )]

Then the centraliser Zg (F) contains a copy of ZX.

The theorem will follow quickly from Lemma 7.22 below, which constructs a cubical configuration in Y,
(in case (1)) or directly in Y (in case (2)). Indeed, we can then use Lemma 7.18 to always obtain a cubical
configuration in Y, and this yields the required copy of Z¥ in Zg (F) by Lemma 7.19.

Lemma 7.22 Consider the setting of Theorem 7.21. There exists an (s, t, F')—cubical configuration
of width > 4r in Yy, (in case (1)) orin Y (in case (2)), where s +t = k and F’ C G is a finite subset
with Zg(F') = Zg(F). All elements of F’ are label-irreducible and no two of them generate a cyclic
subgroup.

In addition, in case (2), the static sets are chains of hyperplanes of cardinality > q.

Proof We prove the lemma simultaneously in the two cases of the theorem. In fact, in this proof it is
irrelevant whether the ¢, are w—constant or not, so we can view case (2) as a special instance of case (1)
by taking ¢, =idg, Yo =Y, M =Y @ and p=d.

Recall that, by Remark 7.8(2) and Lemma 7.14(1), the action G ~ M is nontransverse and without
inversions. We begin by constructing the finite subset F/ C G.

Claim 1 There exists F' C G such that Zg(F') = Zg(F), all elements of F’ are label-irreducible and
no two of them generate a cyclic subgroup. In addition, rZ,(x) <q- ‘[Z- (x) forall x e M.

Proof Letaj,...,ay € .Abe achoice of generator for each maximal cyclic subgroup of .4 that contains
m;
i
lies in G; by Lemma 3.16, m; is well-defined and, by Remark 3.17, we have 1 < m; < g. Define
F':={a]"|1<i <N}

a label-irreducible component of an element of F. Let m; > 1 be the smallest integer such that a

It is clear that every element of F is label-irreducible and that any two elements of F’ generate a noncyclic
subgroup. Since all nontrivial powers of any given element of .4 have the same centraliser, Lemma 3.7(3)
implies that Zg(F') = Zg(F).

For every a;, there exist 7 > 1 and f € F such that ¢} is a label-irreducible component of f". Thus a?mi
is a label-irreducible component of f"i. Applying Lemma 7.16, it follows that

n(x,a;" x) <n(x,a;™ x) <n(x, fMx) <mg-n(x, fx) <q-n(x, fx) <q-tp(x).
Hence r;,(x) <q- wa (x) for all x € M, as required. <
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Now, consider the multibridge B(F') € M introduced in Definition 6.8. Pick any fibre P = B (F') x {x}.
Let mp: M — P be the gate-projection.

Claim 2 The set C' := np(C) is again a k—cube and, for all distinct points x',y’" € C’, we have
n(x’,y") > 4r?-T},. Under the assumptions of case (2), we further have n(x', y') > rq -T}.,.

Proof If x, y € C are distinct, note that we have n(x, y) > 4r2q- [‘L’Z (x)+ ‘L’Z (y)] under the assumptions
of both case (1) and case (2). Also recall that, by Proposition 6.11(6), we have n(x, p(x)) <2r2- r?;,(x)
for all x € M. Combining these inequalities with Claim 1, we obtain
(e (x), p (¥) = n(x, y) =212 [t (x) + 1, (9)]
> 4r2q - [ep (x) + tp ()] =202 [, (X) + 1 (9)]
>2r2. [th (x)+ 10 ()] > 472 Tp.
In particular, distinct points of C project to distinct points of C’, which guarantees that C’ is again a

k—cube. Moreover, n(x’, ') > 4r% - T}, whenever x’, y’ are distinct points of C'.

Under the assumptions of case (2), we also have n(x, y) > (2r2q + rq?/2) - [‘L';I; (x)+ ‘L’Z- ()] for all
x,y € C. Using this instead of n(x, y) > 4r2q - [IIZ (x)+ 1;7, (y)] in the above chain of inequalities, we

obtain n(wp(x), mp(y)) >rq -?Z,, as required. <
Let {C/_,C/ .} be the k pairs of opposite codimension-1 faces of C’. Setting #; := #(C/ _|C/ ), we
obtain sets of halfspaces Hi, ..., Hy € (M) that are transverse to each other. If v, is the measure

introduced in Remark 2.9, we have v, (H;) > 4r2 -?;1, by Claim 2.

The set H; can be partitioned into at most r measurable subsets such that no two halfspaces in the same
subset are transverse; this follows from Corollary A.3, proved in the appendix (note that D(M) # @
since D(X,,) # @, even though 7 is just a pseudometric). Define 7{; C H; as the subset with the largest
measure among those in this partition. No two halfspaces in 7{; are transverse, and
up(H)) = L ovy () > 4r - T
n\iti) = o V7t F'
Let U C % (M) be the set of walls associated to 7{;. Recall that
U SHe(M)SHp(M) S (| Yery(M) = () Wi(f: M)UWo(f. M)).

feF’ feF’
Since the sets Wi (f, M) and Wy( f, M) are transverse, while no two walls in /] are transverse, we must
have either U] € Wi (f, M) or U] € Wy(f. M) for every index i and element f € F’. Consider the
partitions F’ = F; U F/- such that U/ C Wy (f, M) if f € F; and U] € Wo(f. M) if f € F/*.
Claim3 We have #F; <1 forall1 <i <k, and F; N F; = & for i % J.
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Proof Forevery f € F’, we have

vp(H}) > 4r-Th, > 4r - L(fin) = L(f¥ . ).
If U] € Wi (f. M), it follows that there exists a wall to € ¢/ such that f g C u.

Thus, if f, g € F;, there exist walls tv and tv’ such that {to, f* 1o, w’, g4 '} C Wi (f. M) N Wy (g, M).
By Remarks 2.2(1) and 2.18(3), there is an analogous inclusion involving walls of X}, so Lemma 7.13(1)
yields ( f, g) >~ Z. Since f, g € F’, this means that f = g. Hence #F; < 1.

Suppose towards a contradiction that there exists f € F; N F;. Then there are walls tv;, tv; such that
{ro;, f*w;} CU/ and {1, f*w;} C Z/{J’.. In particular, the subsets {tv;, f*"t;} and {ro;, f* v} are
transverse to each other and contained in Wi ( f, M'). Again, Remarks 2.2(1) and 2.18(3) give walls of X,
with the same properties, which contradicts Lemma 7.13(2). <

Up to permuting the sets 4/, we can assume that there exists an index 0 < s < k such that F; = & for
1 <i <s, while F; = {f;} for s <i <k and pairwise-distinct elements f; € F’. This all follows from
Claim 3. Each f € F' preserves every wall in U{; except if i > s and f = f;. In addition, the proof of
Claim 3 gives walls v; for i > s, such that {v;, f;*"v;} SU C Wi (fi, M). Also recall that the sets U!
are all transverse to each other.

This gives an (s, k —s, F')—cubical configuration of width > 4r in M, where Uy, ..., U} are the static sets
and fs+1,..., fr are the skewering elements. Since M C Y,,, it is straightforward to transfer this to a
cubical configuration in Y, with the same parameters using Remarks 2.2(1) and 2.18(3). This completes
the proof of the lemma in Case (1).

In Case (2), we are left to show that the static sets U], ..., U, contain at least ¢ hyperplanes each. Recall
that M = Y© and n = d, so vy is just the counting measure. By Claim 2, we have ##{ = v, (H}) >
(1/r)vy(Hi) = q-T}, > g, which concludes the proof since #H] = #U/. O

Combining Lemmas 7.18, 7.19 and 7.22, we can finally prove Theorem 7.21.

Proof of Theorem 7.21 Our goal is to construct an (s, , F"")—cubical configuration of width > 4r in Y,
where s +1 = k, the centraliser Zg (F") is isomorphic to Zg (F), all elements of F” are label-irreducible,
and all static sets are chains of hyperplanes of cardinality > ¢. If we manage to do this, then Lemma 7.19
guarantees that Zg (F) ~ Zg (F") contains the required copy of Z.

In case (2) of the theorem, a cubical configuration with these properties is provided by Lemma 7.22. In
case (1), we first apply Lemma 7.22 to obtain an (s, ¢, F")—cubical configuration of width > 4r in Y,
where Zg(F') = Zg(F). Then we obtain the required cubical configuration in Y from Lemma 7.18,
with F” = ¢, (F’) for some n; this is the only place where it is important that ¢, is not w—constant.
Since ZG(F") = ¢n(Zg(F')) ~ Zg(F), this proves the theorem. O
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The following two corollaries collect the key takeaways from Theorem 7.21 that we will need in the rest
of the paper.

Corollary 7.23 Every special group with trivial centre is UNE (Definition 2.36).

Proof Let G be a special group with trivial centre. Embed G as a convex-cocompact subgroup of a
RAAG and apply Theorem 7.21(2), taking k = 1 and letting F be an arbitrary generating set for G. This
shows that the proper cocompact action G ~ Y is UNE, hence G is a UNE group. m|

Corollary 7.24 Consider the setting of Assumption 7.20. Suppose that the ¢, are pairwise distinct.
(1) IfC CY, isak—cube and H < G fixes C pointwise, then Zg (H) contains a copy of Z¥.

(2) Let G have trivial centre. Then, for every G—invariant median subalgebra M C Y,,, the action
G ~ M is WNE (in the sense of Definition 6.21).

Proof By Remark 3.8, it suffices to prove part (1) under the additional assumption that H is finitely
generated. So let us suppose that H is generated by a finite set F' that fixes the k—cube C. We have
observed in Section 7.3 that D(X,,)C # @. Applying Theorem 7.21(1) to any choice of n € D(Y,,), we
obtain the required copy of Z¥ inside Zg(F) = Zg(H).

Part (2) also follows from Theorem 7.21(1), setting k = 1 and letting F generate G. |

The following implies parts (1) and (2) of Theorem F as a special case; parts (3) and (4) are obtained
below in Remark 7.27. Note that the essentiality requirement in Theorem 7.25(3) is equivalent to the
minimality requirement in Theorem F(2), because of [51, Theorem C].

Recall that we denote by 7 : Aut G — Out G the quotient projection. If G has trivial centre and 4 < Out G
is a subgroup, we have G <t 7 1(A4) and 77 1(4)/G ~ A.

Theorem 7.25 Let G < A be a convex-cocompact subgroup with trivial centre. Let [j1] be the induced
coarse median structure on G. Let A < Out(G, []) be an infinite abelian subgroup. Then there exists an
action 11 (A) ~, X with the following properties:

(1) X is a geodesic median space X withrtk X <r.

(2) 7~ Y(A) ~ X is an action by homotheties.

(3) The restriction G ~, X is isometric, essential and with unbounded orbits.

(4) If C € X isa k—cube and H < G fixes C pointwise, then Zg(H) contains a copy of Z*.
Proof Consider a sequence of pairwise distinct automorphisms ¢, € A and set p, = p o ¢,. Choose a
finite generating set S € G and consider the action G ~, Y, as in Section 7.3.

Corollary 7.23 shows that G is UNE. Thus, denoting by AutY,, the group of automorphisms of the
underlying median algebra, Proposition 7.3 yields a homomorphism ¢: 771(A4) — Aut Y,, that extends
the isometric action G ~, Y.

Geometry & Topology, Volume 28 (2024)



Coarse-median preserving automorphisms 259

By Corollary 7.24(2), the action G ~, Y, is WNE. Thus, Corollary 6.23 yields a nonempty, countable,
71 (A)—invariant, median subalgebra 9t C Y,,, and a pseudometric € PDY (91) \ {0} for which ?g >0
and 77 1(A) ~ (M, ) is homothetic.

Let (9., §) be the quotient median space obtained by identifying points x, y € 9t with n(x, y) = 0. By
Remark 2.1, we have rk 0, < k9 <rk X, < r. Since ?‘; = ?g > 0, the action G ~, M, does not
have a global fixed point. Moreover, since the action G ~, 91 has no wall inversions by Lemma 7.14(1),
the action G ~, 9, also has no inversions. Theorem 2.14(2) then guarantees that G acts on 91, with
unbounded orbits.

Theorem 7.21(1) (applied to the pseudometric n on 1) shows that G ~, 9, satisfies part (4). Thus, we
are only left to ensure that the median space is geodesic and the action essential.

In order to make our space geodesic, note that the homothetic 7! (A)-action extends to the metric
completion M, of M. This is a median space of rank < r by [29, Proposition 2.21] and [50, Lemma 2.5].
Note that G ~, M, still satisfies part (4) because of Theorem 7.21(1). Now, “filling in cubes” as in
[48, Corollary 2.16], the space 9, embeds into a complete, connected median space Z of the same rank.
By [17, Lemma 4.6], the space Z is geodesic. The isometric G—action extends to Z and one can similarly
check that so does the homothetic 77~ (A)—action.

Summing up, we have constructed an action 7~ 1(4) ~, Z that satisfies conditions (1)—(4), possibly
except essentiality of the G—action (in addition, Z is complete). By Theorem 2.14(4), there exists a
7~ 1 (A)—invariant, nonempty, convex subset K € Z and a 7! (A4)—invariant splitting K = K¢ x K such
that the action G ~, K is essential. We conclude by taking X = K. (Note that K is not closed in Z in
general, so we may have lost completeness along the way.) |

Remark 7.26 In Theorem 7.25, we cannot both require the space X to be complete and the action
G ~ X to be essential. There is a very good reason for this.

Consider the special case where G is hyperbolic. Then Y, is an R—tree, which forces X to also be an
R-tree. Note that an isometric action on an R—tree is essential if and only if it is minimal.

Let us show that, if G is a finitely generated group and G ~, T is a minimal action on a complete R—tree
not isometric to R, then no homothety ®: 7" — T with factor A # 1 can normalise G.

If G is generated by s1, ..., and x € T is any point, the union of all segments g[x, s;x] with g € G
is a G—invariant subtree. Since G ~, T is minimal, 7" must be covered by the segments g[x, s; x]. In
particular, the action G ~, T is cocompact. If ® normalised G, then every orbit of G ~, T would be dense;
see eg [88, Proposition 3.10]. Since T 2 R, this implies that each segment g[x, s; x| is nowhere-dense.
This violates Baire’s theorem, since a complete metric space cannot be covered by countably many
nowhere-dense subsets.

I learned this argument from [54, Example I1.6].
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The following proves parts (3) and (4) of Theorem F.

Remark 7.27 Consider the special case of Theorem 7.25 with A = Z, generated by an outer automorphism
¢ € Out(G, [u]). Picking a representative ¢ € Aut(G, [u]), we have 7 1(4) = G x, Z. The theorem
gives an isometric action G ~, X and a homothety H : X — X of factor A such that H og = ¢(g)o H
for all g € G. We keep the notation of the proof of Theorem 7.25.

(1) Each g € Fix ¢ is elliptic in X. Indeed, Lemma 7.9 shows that g is elliptic in X,,, since £(¢"(g), X)
does not diverge. Lemma 7.14(2) then implies that g is elliptic in 90, and it is clear that a fixed point
in 97 will translate into a fixed point in X .

Recalling that Fix ¢ is finitely generated by Theorem B, Theorem 2.14(2) actually implies that Fix ¢ has
a global fixed point x¢g € X. This proves Theorem F(3).

(2) Fix a finite generating set S € G. Recall from Section 2.1, that we denote conjugacy length by | - || 5.
1/n
S

B

Let A(¢p) be the maximal exponential growth rate of the quantity ||¢” (g)||
. 1
A(p) := sup limsup [l¢" (g)I|".

g€G n—>—+o0
Note that A(gp) is independent of the generating set S. For every g € G, we have
Mg X) = L(H"gH ™" X) = (" (8). X) = llo"(9)lls 75
where the last inequality follows from the identities in Section 2.1. Since there exist elements g € G with
{(g, X) > 0, we deduce that A < A(¢) and, similarly, A=1 < A(¢™1).

If ¢ has subexponential growth (in the sense that A(¢) = A(¢p~') = 1), then these inequalities force
A = 1. Hence the homothetic action G Xy, Z ~ X provided by Theorem 7.25 is actually isometric, which
proves Theorem F(4).

Appendix Measurable partitions of halfspace-intervals

This appendix is devoted to the proof of Corollary A.3 below. This is needed in the proof of Theorem 7.21
in order to get the exact constant 4r2q, and could be avoided if we contented ourselves with the worse
bound 4rg -#I'(©) However, Corollary A.3 is important in the general theory of median spaces and we
think it is likely to prove useful elsewhere.

Let M be a median algebra. Given a subset P € M x M, let us write Hp := U(x,y)ep H(x|y).
Lemma A.1 Every subset P C [0, 1] x [0, 1]" contains a countable subset A C P with HA = Hp.

Proof First, we prove the case n = 1. We can assume that x < y for every (x, y) € P.

Let Q(P) C [0, 1] be the union of the closed arcs /(x, y) with (x, y) € P. Let D(P) be the set of points
that lie in the interior of ©2(P), but not in the interior of any arc /(x, y) with (x, y) € P. Thus each
point of Q(P) lies either in the frontier of 2(P), or in the interior of some /(x, y), or in the set D(P),
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and these three possibilities are disjoint. There is a unique partition of () into maximal segments J;
(closed, open, or half-open) such that
e the interior of J; does not intersect D(P), and

e if J; intersects the interior of /(x, y) for some (x, y) € P, then I(x, y) C J;.
Observe that Hp = | |; 77, ([0, 1]) N . (0[1).

It is classical to see that there exists a countable subset A C P with Q(A) = Q(P). Note that D(A)
is countable and it contains D(P). Adding to A countably many pairs in P, we can thus ensure that
D(A) = D(P). Hence, P and A determine the same the segments J;, and Hp = HA.

Now consider a general n > 1. Let I; C [0, 1]* be the segment where all coordinates but the i ™ vanish.
Let 7r; : [0, 1]" — I; be the coordinate projections. Setting P; := (7; X ;) (P) C [0, 1] x [0, 1]", we have
Hp = J; Hp,. By the case n = 1, there exist countable subsets A; C P; with Ha, = Hp,. Choosing
countable sets A} C P with (7; x7;)(A}) = A;, we have Ha, € Har € Hp. Hence, taking A :=J; A],
we obtain Hp = HA. l O

Recall that (M) is the o—algebra generated by halfspace-intervals, as in Remark 2.9.

Lemma A.2 Suppose that M C [0, 1]" is a median subalgebra containing the points 0 = (0,...,0)
and 1 = (1,...,1). Let rj: M — [0, 1] denote the coordinate projections. Then the induced maps
n: ([0, 1]) — (M) (as in Remark 2.1) map %—measurable sets to %—measurable sets.

Proof Since ;" is injective, we have
m; (A0, 1D\ E) = 7/ (2£(0]1) U (2 (1]0)) \ /" (E)

for every E C ([0, 1]). Thus, it suffices to show that, for all 0 < a < b < 1, the set 7.7 (a|b) is
Z-measurable.

Let a’ and b’ be, respectively, the infimum and the maximum of 7; (M) N [a, b]. Pick sequences of
elements a’ < ay+1 < ap < by < byy1 < b’ so that a,, b, € n;(M) and a, — da’, b, — b’. These
sequences can be empty if 7; (M) N [a, b] = &, or consist of single elements if a’, b’ € 7; (M ). Then

A alb) =\ 7 A an|b) UL ((a, 1)} U (b, 1))}
Observing that singletons are #—measurable, it suffices to show that, for every x,y € M, the set
n} A (i (x)|m;i (y)) is #-measurable.
This means that it actually suffices to prove that the sets 77*.#'(0|1) are ##—measurable. We will achieve

this by showing that each set (M) \ 7r* 2 (0|1) is a countable union of halfspace-intervals.

Note that b € s#(M) lies in 7r* ([0, 1]) if and only if the projections 7; (h) and 7; (h*) are disjoint. Thus,
b lies in 7#(M)\ 7w} 2 (0]1) if and only if there exist x, y € M such that h € 7 (x|y) and 7; (x) > 7; (y).
This gives a subset P € M x M with s#(M)\ n;* 2 (0[1) = Hp.
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In view of Lemma A.1 and Remark 2.2(1), there exists a countable subset A C P with Hao = Hp. This
concludes the proof. |

The following would be an immediate consequence of Dilworth’s lemma, were it not for the measurability
requirement.

Corollary A.3 Let X be a median space of finite rank r. For all x, y € X, there exists a #—measurable
partition 7#(x|y) = H U---UH, such that no two halfspaces in the same H; are transverse.

Proof Taking the metric completion of X and applying [50, Proposition 2.19], we obtain an isometric
embedding ¢: /(x, y) < R”. The image of ¢ is contained in a product J; X --- x J, of compact intervals
Ji € R, which is isomorphic to the median algebra [0, 1]". Let r; : M — J; be the composition of ¢ with
the projection to J;, and set 7} := J#(x|y) N n} (A (J;)). We have 7(x|y) = H} U---UH;, no two
halfspaces in the same 7{; are transverse, and each #{} is Z-measurable by Lemma A.2. We conclude by
taking H; :=H; \ (Hj U---UH]_)). ]
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We first show that a Kéhler cone appears as the tangent cone of a complete expanding gradient Kéhler—
Ricci soliton with quadratic curvature decay with derivatives if and only if it has a smooth canonical
model (on which the soliton lives). This allows us to classify two-dimensional complete expanding
gradient Kihler—Ricci solitons with quadratic curvature decay with derivatives. We then show that any
two-dimensional complete shrinking gradient Kihler—Ricci soliton whose scalar curvature tends to zero
at infinity is, up to pullback by an element of GL(2, C), either the flat Gaussian shrinking soliton on C?
or the U(2)—invariant shrinking gradient Kdhler—Ricci soliton of Feldman, Ilmanen and Knopf on the
blowup of C? at one point. Finally, we show that up to pullback by an element of GL(n, C), the only
complete shrinking gradient Kéhler—Ricci soliton with bounded Ricci curvature on C” is the flat Gaussian
shrinking soliton, and on the total space of O(—k) — P"~! for 0 < k < n is the U(n)-invariant example
of Feldman, Ilmanen and Knopf. In the course of the proof, we establish the uniqueness of the soliton
vector field of a complete shrinking gradient Kéhler—Ricci soliton with bounded Ricci curvature in the
Lie algebra of a torus. A key tool used to achieve this result is the Duistermaat—-Heckman theorem from
symplectic geometry. This provides the first step towards understanding the relationship between complete
shrinking gradient Kéhler—Ricci solitons and algebraic geometry.
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268 Ronan J Conlon, Alix Deruelle and Song Sun
1 Introduction

1.1 Overview

A Ricci soliton is a triple (M, g, X'), where M is a Riemannian manifold with a complete Riemannian
metric g and a complete vector field X satisfying the equation

(1-1) Ric(g) + 1Lxg = 1Ag

for some A € {—1,0, 1}. If X = V& f for some real-valued smooth function f on M, then we say that
(M, g, X) is gradient. In this case, the soliton equation (1-1) reduces to

(1-2) Ric(g) + Hessg(f) = %kg.

If g is complete and Kéhler with Kihler form w, then we say that (M, g, X) (or (M,w, X)) is a
Kdhler—Ricci soliton if the vector field X is complete and real holomorphic and the pair (g, X) satisfies

(1-3) Ric(g) + 3Lxg = Ag

for A as above. If g is a Kdhler—Ricci soliton and if X = V& f for some real-valued smooth function f
on M, then we say that (M, g, X) is gradient. In this case, one can rewrite the soliton equation (1-3) as

(1-4) Po +100f = Aw,
where p,, is the Ricci form of w.

For Ricci solitons and Kéhler—Ricci solitons (M, g, X), the vector field X is called the soliton vector
field. Its completeness is guaranteed by the completeness of g; see Zhang [69]. If the soliton is gradient,
then the smooth real-valued function f satisfying X = V& f is called the soliton potential. It is unique
up to a constant. Finally, a Ricci soliton and a Kédhler—Ricci soliton are called steady if A = 0, expanding
if A = —1, and shrinking if A = 1 in equations (1-1) and (1-3), respectively.

The study of Ricci solitons and their classification is important in the context of Riemannian geometry.
For example, they provide a natural generalisation of Einstein manifolds. Also, to each soliton, one
may associate a self-similar solution of the Ricci flow (see Chow and Knopf [14, Lemma 2.4]), which
are candidates for singularity models of the flow. The difference in normalisations between (1-1) and
(1-3) reflects the difference between the constants preceding the Ricci term in the Ricci flow and the
Kihler—Ricci flow when one takes this dynamic point of view.

In this article, we are concerned with complete expanding and shrinking gradient Kéhler—Ricci solitons.
We consider primarily complete shrinking (resp. expanding) gradient Kihler—Ricci solitons with quadratic
curvature decay (resp. with derivatives) as this assumption greatly simplifies the situation and already
imposes some constraints on the solitons in question. Indeed, it is known that any complete shrinking
(resp. expanding) gradient Ricci soliton whose curvature decays quadratically (resp. with derivatives)
along an end must be asymptotic to a cone with a smooth link along that end; see Chen and Deruelle [12],
Chow and Lu [15], Kotschwar and Wang [43] and Siepmann [62]. Furthermore, any complete shrinking
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(resp. expanding) Ricci soliton whose Ricci curvature decays to zero (resp. quadratically with derivatives)
at infinity must have quadratic curvature decay (resp. with derivatives) at infinity (see Deruelle [27]
and Munteanu and Wang [53]) and consequently must be asymptotically conical along each of its ends.
Kotschwar and Wang [44] have then shown that any two complete shrinking gradient Ricci solitons
asymptotic along some end of each to the same cone with a smooth link, must in fact be isometric. Thus, at
least for shrinking gradient Ricci solitons, classifying those that are complete with Ricci curvature decaying
to zero at infinity reduces to classifying their possible asymptotic cone models. Here we are principally
concerned with the classification of complete shrinking (resp. expanding) gradient Kéhler—Ricci solitons
whose curvature tensor has quadratic decay (resp. with derivatives). Such examples of expanding type have
been constructed in Conlon and Deruelle [19] on certain equivariant resolutions of Kéihler cones, whereas
such examples of shrinking type include the flat Gaussian shrinking soliton on C” and those constructed
by Feldman, Ilmanen and Knopf [30] on the total space of the holomorphic line bundles O(—k) over P”~!
for 0 < k < n. These shrinking solitons are U (n)—invariant and in complex dimension two, they yield two
known examples of complete shrinking gradient Kihler—Ricci solitons with scalar curvature tending to
zero at infinity: the flat Gaussian shrinking soliton on C? and the aforementioned U (2)—invariant example
of Feldman, Ilmanen and Knopf on the blowup of C? at the origin. One of our main results is that in fact,
up to pullback by an element of GL(2, C), these are the only two examples of complete shrinking gradient
Kihler—Ricci solitons with scalar curvature tending to zero at infinity in two complex dimensions. Other
examples of complete (and indeed incomplete) shrinking gradient Kihler—Ricci solitons with quadratic
curvature decay have been constructed on the total space of certain holomorphic vector bundles; see for
example Dancer and Wang [23], Futaki and Wang [34], Li [47] and Yang [68].

1.2 Main results

1.2.1 General structure theorem Our first result concerns the structure of complete shrinking (respec-
tively expanding) gradient Kéhler—Ricci solitons (M, g, X)) with quadratic curvature decay (resp. with
derivatives). By “quadratic curvature decay with derivatives”, we mean that the curvature Rm(g) of the
Kéhler—Ricci soliton g satisfies
Ap(g) := sup |(Vg)k Rm(g)|g(x)dg(p, x)2+k < oo forall k € Ny,
xXeEM

where dg (p,-) denotes the distance to a fixed point p € M with respect to g.

Theorem A (general structure theorem) Let (M, g, X) be a complete expanding (resp. shrinking)
gradient Kdhler—Ricci soliton of complex dimension n > 2 with complex structure J whose curvature
Rm(g) satisfies

Ap(g) := sup |(Vg)k Rm(g)|g(x) dg(p,x)2+k < oo forall k € Ny (resp. for k = 0),

xXeM

where dg(p, ) denotes the distance to a fixed point p € M with respect to g. Then:

(a) (M, g) has a unique tangent cone at infinity (Cy, o).
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(b) There exists a Kéhler resolution w: M — Cy of Cy with exceptional set E with go Kéhler with
respect to Jo := 1« J such that
(i) the Kahler form w of g and the curvature form ® of the hermitian metric on Ky (resp. —Kpr)
induced by w satisfy

(1-5) / (i ©)F A @limcV=k 5 ¢
Vv

for all positive-dimensional irreducible analytic subvarieties V C E and for all integers k such
that 1 <k <dim¢ V;

(ii) the real torus action on Cy generated by Jord, extends to a holomorphic isometric torus action
of (M, g, J), where r denotes the radial coordinate of g;

(i) drn(X)=ro,.

(c) With respect to mr, we have
(V)" (g — g0~ Ric(g0))lgy < Cr ™% forall k € No,
(resp. |(Vg°)k(n*g —go +Ric(go))|gy = Ckr_4_k for all k € Ny).

In the expanding case, this theorem provides a converse to [19, Theorem A]. Also notice that this theorem
rules out the existence of shrinking (resp. expanding) gradient Kéhler—Ricci solitons with quadratic
curvature decay (resp. with derivatives) on smoothings of Kéhler cones in contrast to the behaviour in
the Calabi—Yau case [20]. This degree of flexibility for expanding and shrinking gradient Kéhler—Ricci
solitons is essentially ruled out due to the requirement of having a conical holomorphic soliton vector
field. Finally, it has recently been shown by Kotschwar and Wang [44, Corollary 1.3] that the isometry
group of the link of the asymptotic cone of a complete shrinking gradient Kéhler—Ricci soliton with
quadratic curvature decay embeds into the isometry group of the soliton itself; compare with statement
(b)(i1) of the theorem above.

1.2.2 Application to expanding gradient Kihler—Ricci solitons As an application of Theorem A,
we exploit the uniqueness [38, Proposition 8.2.5] of canonical models of normal varieties to obtain a
classification theorem for complete expanding gradient Kihler—Ricci solitons whose curvature decays
quadratically with derivatives. This provides a partial answer to question 7 of [30, Section 10].

Corollary B (strong uniqueness for expanders) Let (Cy, gg) be a Kéhler cone of complex dimension
n > 2 with radial function r. Then there exists a unique (up to pullback by biholomorphisms) complete
expanding gradient Kahler—Ricci soliton (M, g, X'), whose curvature Rm(g) satisfies

(1-6) A (g) := sup |(VE)F Rm(g)|¢(x)dg (p,x)?T* <00 forall k € Ny,
xeM

where dg(p, ) denotes the distance to a fixed point p € M with respect to g, with tangent cone (Co, o)
if and only if Cy has a smooth canonical model. When this is the case,

(a) M is the smooth canonical model of Cy, and
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(b) there exists a resolution map w: M — Cy such that dw(X) = rd, and

(V&)X (reg — g0 —Ric(go))lg, = Cpr~*%  forall k € Ny.

This corollary yields an algebraic description of those Kihler cones appearing as the tangent cone of
a complete expanding gradient Kédhler—Ricci soliton with quadratic curvature decay with derivatives —
such cones are precisely those admitting a smooth canonical model. In general, the canonical model will
be singular and in particular, for a two-dimensional cone, it is obtained by contracting all exceptional
curves with self-intersection (—2) in the minimal resolution. Applying Corollary B to this case yields
a classification of two-dimensional complete expanding gradient Kidhler—Ricci solitons with quadratic
curvature decay with derivatives.

Corollary C (classification of two-dimensional expanders) Let (Cy, g¢) be a two-dimensional Kéhler
cone with radial function r. Then there exists a unique (up to pullback by biholomorphisms) two-
dimensional complete expanding gradient Kéhler—Ricci soliton (M, g, X) whose curvature Rm(g)
satisfies

Ap(g) := sup |(Vg)k Rm(g)|g(x)dg(p,x)2+k < oo forall k € Ny,

xeM

where dg(p, -) denotes the distance to a fixed point p € M with respect to g, with tangent cone (Cy, go)
if and only if Cy is biholomorphic to one of:

(I) C2/T, where T is a finite subgroup of U(2) acting freely on C2 \ {0} that is generated by the

matrix
eZm'/p 0
0 e2wig/p )

where p and q coprime integers with p > g > 0, and after writing

q 1
_:rl_
p 1
ryp — 1
Tk
we have thatrj > 2 for j =1,... k.

(I1) L*, the blowdown of the zero section of a negative line bundle L — C over a proper curve C of
genus g > 0.

(IlT) L*/G, where G is a nontrivial finite group of automorphisms of a proper curve C of genus g > 0
and L™ is the blowdown of the zero section of a G —invariant negative line bundle L — C over C
with G acting freely on L™ except at the apex, such that the (unique) minimal good resolution
7: M — L*/G contains no (—1)— or (—2)—curves.
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When this is the case,
(a) there exists a resolution map 7w : M — Cy such that dn(X) = r0d, and
|(VE)* (g — g0 — Ric(g0))lgy < Cr ™% forall k € No,
and
b)) n: M — Cyis
(i) the minimal resolution w: M — C?/ T when C is as in (I);

(ii) the blowdown map r: L — L™ when Cy is as in (II);

(iii) the minimal good resolution w: M — L* /G when Cy is as in (IIT).

Note that the Kihler cones of item (III) here are (up to analytic isomorphism) in one-to-one correspondence
with the following data, which encodes the exceptional set of the minimal good resolution 7: M — L*/G:

* A weighted dual graph which is a star comprising a central vertex with »n branches, with n > 1,
each of finite length, with the j vertex of the i branch labelled with an integer b; 7 = 3 and
the central curve labelled with an integer b > 1. The central vertex represents the curve C of
genus g > 0 with self-intersection —b and the j™ vertex of the i™ branch represents a P! with
self-intersection —b;;. The intersection matrix given by this graph must be negative-definite. There
is a numerical criterion to determine when this is the case.

e The analytic type of C.
¢ A negative line bundle on C of degree —b (which is the normal bundle of C in M).

e 1 marked points on C.

The algebraic equations of Cy can be reconstructed from this data by the ansatz in [59, Section 5].

1.2.3 Application to shrinking gradient Kihler—Ricci solitons Tian and Zhu [64] showed that the
soliton vector field of a compact shrinking gradient Kéhler—Ricci soliton is unique up to holomorphic
automorphisms of the underlying complex manifold. The method of proof there involved defining a
weighted volume functional F which was strictly convex and was shown to be in fact independent of the
metric structure of the soliton. The soliton vector field was then characterised as the unique critical point
of this functional.

Tian and Zhu’s proof breaks down in the noncompact case due to the fact that, in general, one cannot a
priori guarantee that the weighted volume functional (defined analytically in terms of a certain integral) is
well-defined on a noncompact Kihler manifold, let alone investigate its convexity properties. Our key
observation to circumvent this difficulty is to apply the Duistermaat—Heckman theorem from symplectic
geometry, which provides a localisation formula to express the weighted volume functional in terms of an
algebraic formula involving only the fixed point set of a torus action. This latter algebraic formula is
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much more amenable. Combined with a version of Matsushima’s theorem [50] for complete noncompact
shrinking gradient Kéhler—Ricci solitons (cf Theorem 5.1) and Iwasawa’s theorem [39], we are able to
implement Tian and Zhu’s strategy of proof for the compact case to obtain the following noncompact
analogue of their uniqueness result.

Theorem D (uniqueness of the soliton vector field for shrinkers) Let M be a noncompact complex
manifold with complex structure J endowed with the effective holomorphic action of a real torus T.
Denote by t the Lie algebra of T. Then there exists at most one element & € t that admits a complete
shrinking gradient Kdhler-Ricci soliton (M, g, X') with bounded Ricci curvature with X = V8 f = —J§&
for a smooth real-valued function f on M.

We expect that the assumption of bounded Ricci curvature is superfluous in the statement of this theorem
and that, given the uniqueness of the soliton vector field in the Lie algebra of the torus here, the
corresponding shrinking gradient Kédhler—Ricci soliton is also unique up to automorphisms of the complex

structure commuting with the flow of the soliton vector field.

Not only does the Duistermaat—Heckman theorem imply the uniqueness of the soliton vector field in our
case, it also provides a formula to compute the unique critical point of the weighted volume functional, the
point at which the soliton vector field is achieved. Using this formula, we compute explicitly the soliton
vector field of a shrinking gradient Kdhler—Ricci soliton with bounded Ricci curvature on C” and on the
total space of O(—k) over P"~! for 0 < k < n; see Examples A.6 and A.8, respectively. This recovers
the polynomials of Feldman, Ilmanen and Knopf [30, equation (36)]. Having identified the soliton vector
field on these manifolds, we then use our noncompact version of Matsushima’s theorem (Theorem 5.1)
together with an application of Iwasawa’s theorem [39] to deduce that, up to pullback by an element of
GL(n, C), the corresponding soliton metrics have to be invariant under the action of U(n). Consequently,
thanks to a uniqueness theorem of Feldman, Ilmanen and Knopf [30, Proposition 9.3], up to pullback by
an element of GL(7, C), the shrinking gradient Kihler—Ricci soliton must be the flat Gaussian shrinking
soliton if on C”, or the unique U(n)-invariant shrinking gradient Kdhler—Ricci soliton constructed by
Feldman, Ilmanen and Knopf [30] if on the total space of O(—k) over P"~! for 0 < k < n.

In the complex two-dimensional case, we are actually able to identify the underlying complex manifold
of a shrinking gradient Kihler—Ricci soliton whose scalar curvature tends to zero at infinity as either C2
or C? blown up at the origin using the fact that the soliton, if nontrivial, has an asymptotic cone with
strictly positive scalar curvature. Using a classification theorem for Sasaki manifolds in real dimension
three (see Belgun [4]) and the fact that a shrinking Kédhler—Ricci soliton can only contain (—1)—curves in
complex dimension two, this is enough to identify the asymptotic cone at infinity as C2, from which the
identification of the underlying complex manifold easily follows. Combined with the above discussion,
this yields a complete classification of such solitons in two complex dimensions.

These conclusions are summarised in the following theorem.
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Theorem E (classification of shrinkers) Let (M, g, X') be a complete shrinking gradient Kédhler—Ricci
soliton.

(1) If M = C™ and g has bounded Ricci curvature, then up to pullback by an element of GL(n, C),
(M, g, X) is the flat Gaussian shrinking soliton.

(2) If M is the total space of O(—k) over P"~! for 0 < k < n and g has bounded Ricci curvature,
then up to pullback by an element of GL(n, C), (M, g, X) is the unique U (n)—invariant shrinking
gradient Kidhler—Ricci soliton constructed by Feldman, Ilmanen and Knopf [30].

(3) Ifdimc M = 2 and the scalar curvature of g tends to zero at infinity, then up to pullback by
an element of GL(2,C), (M, g, X) is the flat Gaussian shrinking soliton on C? or the unique
U(2)—invariant shrinking gradient Kihler—Ricci soliton constructed by Feldman, Ilmanen and
Knopf [30] on the total space of O(—1) over P'.

As exemplified in complex dimension two, in contrast to the expanding case, not many Ké&hler cones
appear as tangent cones of complete shrinking gradient Kéhler—Ricci solitons.

Outline of paper We begin in Section 2 by recalling the basics of Kihler cones, Ricci and Kéhler—Ricci
solitons, metric measure spaces, and the relevant algebraic geometry that we require. We also mention
some important properties of the soliton vector field and of real vector fields that commute with the soliton
vector field. In Section 3, we prove Theorem A for expanding gradient Kihler—Ricci solitons. The proof
for shrinking Kihler—Ricci solitons is verbatim. By a theorem of Siepmann [62, Theorem 4.3.1], under
our curvature assumption, a complete expanding gradient Ricci soliton flows out of a Riemannian cone.
Our starting point is to prove some preliminary lemmas before providing a refinement of Siepmann’s
theorem, namely Theorem 3.8, where, in the course of its proof, we construct a diffeomorphism between
the cone and the end of the Ricci soliton using the flow of the soliton vector field that encapsulates the
asymptotics of the soliton along the end. We then show in Proposition 3.10 that if the soliton is Kéhler,
then the cone is Kéhler with respect to a complex structure that makes the aforementioned diffeomorphism
a biholomorphism. In Theorem 3.11, this biholomorphism is then shown to extend to an equivariant
resolution with the properties as stated in Theorem A.

In the first part of Section 4, we use Theorem A to prove Corollary B. This also requires an application
of previous work from [19]. In the latter part of Section 4, we apply Corollary B to two-dimensional
expanding gradient Kédhler—Ricci solitons to conclude the statement of Corollary C, making use of the
classification of two-dimensional Kéhler cones, namely Theorem 2.5.

From Section 5 onwards, we turn our attention exclusively to complete shrinking gradient Kdhler—Ricci
solitons. We begin in Section 5.1 by proving a Matsushima-type theorem stating that the Lie algebra of
real holomorphic vector fields commuting with the soliton vector field may be written as a direct sum.
This is the statement of Theorem 5.1. Our proof of this theorem follows a manner similar to the proof of
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Matsushima’s theorem on Kéhler—Einstein Fano manifolds as presented in [40, Proof of Theorem 5.1,
page 95]. After deriving some properties of the automorphism groups of a complete shrinking gradient
Kahler—Ricci soliton (M, g, X'), we then apply Theorem 5.1 to prove the maximality of a certain compact
Lie group acting on M. This is the content of Corollary 5.11.

We continue in Section 5.2 by showing in Proposition 5.12 that every real holomorphic Killing vector
field on M admits a Hamiltonian potential satisfying a certain linear equation. This allows us to define
a moment map in Definition 5.13, which is used in the definition of the weighted volume functional
in Definition 5.14. The weighted volume functional is vital in proving the uniqueness statement of
Theorem D, namely that the soliton vector field of a complete shrinking gradient K&hler—Ricci soliton
with bounded Ricci curvature in the Lie algebra of a torus is unique. The weighted volume functional is
the same as that defined by Tian and Zhu [64], although in our situation it is defined as an integral over the
noncompact manifold M. This is compensated for by the fact that the domain of definition of the weighted
volume functional is restricted to an open cone in the Lie algebra of the torus. Several important properties
of the weighted volume functional are then derived in Lemma 5.16, including the crucial fact that it has a
unique critical point in its open cone of definition given by the complex structure applied to the soliton
vector field X. We conclude this subsection by taking note of the fact that the Duistermaat—Heckman
formula may be used to compute the weighted volume functional. In particular, it follows that the weighted
volume functional is independent of the complete shrinking gradient Kéhler—Ricci soliton.

In Section 5.3, we prove the uniqueness statement of Theorem D, which has been recalled in the statement
of Theorem 5.18. The proof of this theorem follows as in [64, page 322] using Iwasawa’s theorem [39]
and the corollary of Matsushima’s theorem, namely Corollary 5.11 discussed above. Section 5.4 then
comprises an application of Theorems A and D to classify complete shrinking gradient Kédhler—Ricci
solitons with bounded Ricci curvature on C” and on the total space of O(—k) — P"~! for 0 < k < n.
This completes the proof of items (1) and (2) of Theorem E.

In Section 6, we show that the underlying complex manifold M of a two-dimensional shrinking gradient
Kihler-Ricci soliton with scalar curvature decaying to zero at infinity is either C? or C? blown up at the
origin. This is the statement of Theorem 6.1. Combined with items (1) and (2) of Theorem E, Theorem 6.1
suffices to prove item (3) of Theorem E. The proof of Theorem 6.1 relies on first identifying the underlying
complex space of the tangent cone. The fact that any nonflat shrinking gradient Ricci soliton has positive
scalar curvature implies that the same property holds true on the tangent cone. From this we can identify
the cone as a quotient of C2. Theorem A then tells us that M is a resolution of this cone which, by virtue
of the shrinking K#hler—Ricci soliton equation, can only contain (—1)—curves. It turns out that the only
possibility is that the cone is biholomorphic to C2? and M is as stated in Theorem 6.1.

We conclude the paper in Section 7 with some closing remarks and open problems. In Section A.1 in the
appendix, we recall the statement of the Duistermaat—Heckmann theorem on a noncompact symplectic
manifold in Theorem A.3 as presented in [60]. We also provide an outline of its proof in Section A.3
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after introducing some preliminaries in Section A.2. We then use it to compute the weighted volume
functional and its unique critical point on C", on the total space of O(—k) over P"~! for 0 < k < n, and
on certain holomorphic line bundles over Fano manifolds in Section A.4. In Section A.5, we characterise
algebraically, in the setting of asymptotically conical Kédhler manifolds, those elements in the Lie algebra
of a torus that admit a Hamiltonian potential that is proper and bounded below. A precise statement
is given in Theorem A.10. For such elements of the Lie algebra of the torus, the weighted volume
functional is defined. Finally, in Section A.6, we show directly that the weighted volume functional is
defined on a complete shrinking gradient Kidhler—Ricci soliton with bounded Ricci curvature without
appealing to the Duistermaat—Heckman theorem. This conclusion follows from the estimates we derive
in Proposition A.13 on the growth of those Hamiltonian potentials that are proper and bounded below.
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2 Preliminaries

2.1 Riemannian cones

For us, the definition of a Riemannian cone will take the following form.

Definition 2.1 Let (S, g5) be a closed Riemannian manifold. The Riemannian cone Cy with link S
is defined to be R~ x S with metric go = dr? @ r?gg up to isometry. The radius function r is then
characterised intrinsically as the distance from the apex in the metric completion.

The following is a simple computation.

Lemma 2.2 Let (S, gs) be a closed Riemannian manifold of real dimension m and let (Cy, g¢) be the
Riemannian cone with link S and radial function r. Then the Ricci curvature Ric(gg) of g and the Ricci
curvature Ric(gg) of the cone metric gy over (S, gg) are related by

Ric(go) = Ric(gs) —(m—1)gs.
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In particular, the scalar curvatures Rg, and Rg¢ of g and g respectively are related by

1

2.2 Kaihler cones

We may further impose that a Riemannian cone is Kihler, as the next definition demonstrates.

Definition 2.3 A Kdhler cone is a Riemannian cone (Cy, gg) such that g¢ is Kihler, together with a
choice of gg—parallel complex structure Jy. This will in fact often be unique up to sign. We then have a
Kihler form wg(X,Y) = go(JoX,Y), and wg = %iaﬁﬂ with respect to Jg.

The vector field r d, is real holomorphic and & := Jyrd, is real holomorphic and Killing [49, Appendix A].
This latter vector field is known as the Reeb vector field. The closure of its flow in the isometry group of
the link of the cone generates the holomorphic isometric action of a real torus on Cj that fixes the apex of
the cone. We call a Kihler cone “quasiregular” if this action is an S !—action (and, in particular, “regular”
if this S!—action is free), and “irregular” if the action generated is that of a real torus of rank > 1.

Every Kihler cone is affine algebraic.

Theorem 2.4 For every Kihler cone (Cy, g9, Jo), the complex manitold (Cy, Jo) is isomorphic to the
smooth part of a normal algebraic variety V. C C™ with one singular point. In addition, V can be taken to
be invariant under a C*-action (¢, z1,...,zx) + (t%'zy,...,t"Nzy) such that all of the w; are positive
integers.

This can be deduced from arguments written down by van Coevering in [17, Section 3.1].

Kihler cones of complex dimension two have been classified.

Theorem 2.5 [4, Theorem 8; 59, Theorem 1.1] Let Cy be a Kédhler cone of complex dimension two.
Then Cy is biholomorphic to either

(i) C?/T, where T is a finite subset of U(2) acting freely on C?\ {0},

(ii) the blowdown L* of the zero section of a negative line bundle L. — C over a smooth proper
curve C of genus g with g > 0, or

(iii) L*/G, where G is a nontrivial finite group of automorphisms of a proper curve C of genus g > 0
and L™ is the blowdown of the zero section of a G—invariant negative line bundle L — C over C
with G acting freely on L™ except at the apex.

In cases (ii) and (iii), the corresponding Reeb vector field is quasiregular and is generated by a scaling of
the standard S'—-action on the fibres of L.
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Any automorphism of a resolution of a Kihler cone preserves the exceptional set of the resolution.

Lemma 2.6 Letw: M — Cy be a resolution of a Kihler cone Cy with exceptional set E. Denote by J
the complex structure on M. Then for any automorphism o of (M, J), it holds that 6 (E) C E. In
particular, real holomorphic vector fields on M are tangent to E.

Such an automorphism of (M, J) therefore descends to an automorphism of the cone fixing the apex.

Proof If o is an automorphism of (M, J), then moo : M — Cj is also a resolution of Cy. The exceptional
set of this resolution is then a compact analytic subset of M. Since E is the maximal compact analytic
subset of M, we must have that (7 oo) ™! (0) C E, where o denotes the apex of Cy, ie 01 (E) C E. O

The holomorphic torus action on a Kéhler cone leads to the notion of an equivariant resolution.

Definition 2.7 Let Cy be a Kihler cone with complex structure Jy, let w: M — Cy be a resolution of
Co, and let G be a Lie subgroup of the automorphism group of (Cy, Jo) fixing the apex of Cy. We say
that w: M — Cy is an equivariant resolution with respect to G if the action of G on C extends to a
holomorphic action on M in such a way that 7(g-x) = g-m(x) forall x € M and g € G.

Such a resolution of a Kéhler cone always exists; see [41, Proposition 3.9.1].

A closed Riemannian manifold (S, gg) is Sasaki if and only if its Riemannian cone is a K#hler cone [8],
in which case we identify (S, gg) with the level set {r = 1} of its corresponding Kihler cone, r here
denoting the radial function of the cone. The restriction of the Reeb vector field to this level set induces
a nonzero vector field £ = Jord,|(,—1y on S. Let 1 denote the g g—dual one-form of £. Then we get a
gs—orthogonal decomposition 'S = D @ (&), where D is the kernel of 1 and (£) is the R—span of &
in TS, and correspondingly a decomposition of the metric gg as g = n®n+ g”, where g7 = gg/|p.
The metric g7 is invariant under the flow of & and induces a Riemannian metric on the local leaf space of
the foliation of S induced by the flow of £. We call g7 the transverse metric. We can then define the
transverse scalar curvature RT and the transverse Ricci curvature Ric” as the corresponding curvatures
of gT. We also get an induced transverse complex structure JT on the local leaf space of the foliation
with respect to which g7 is Kihler given by the restriction of the complex structure of the cone to D. In
particular, Ric” will be JT—invariant. We have the following relationships between the various curvatures.

Lemma 2.8 [8, Theorem 7.3.12] Let (S, gs) be a real (2n+1)—dimensional Sasaki manifold. Then the
following identities hold:

(1) Ric(gs)(X, &) = 2nn(X) for any vector field X.
(i) Ric(gs)(X.Y)=Ricl (X,Y)—2g5(X.Y) for any vector fields X,Y € D.
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In particular, we deduce:

Corollary 2.9 Let (S, gs) be a real (2n+1)—dimensional Sasaki manifold with scalar curvature Rg.
Then
RT = Ry +2n.

2.3 Canonical models

Resolutions of Kihler cones that are consistent with admitting an expanding Kéhler—Ricci soliton are of
the following type.

Definition 2.10 [38, Definition 8.2.4] A partial resolution 7: M — Cy of a normal isolated singularity
x € Cy is called a canonical model if

(i) M has at worst canonical singularities, and

(i) Kps is w—ample.

Note that the choice of partial resolution 7 is part of the data here. The existence of a canonical model
w: M — Cy is guaranteed by [7] and it is unique up to isomorphisms over Cy [38, Proposition 8.2.5].
We have the following criterion to determine when Kjs is w—ample.

Theorem 2.11 (Nakai’s criterion for a mapping [46, Corollary 1.7.9]) Letw: M — Cy be a proper
morphism of schemes. A Q—divisor D on M is w—ample if and only if (D™ V . V) > 0 for every
irreducible subvariety V C M of positive dimension that maps to a point in Cy.

In particular, in complex dimension two, item (ii) of Definition 2.10 implies that the exceptional set of
the canonical model cannot contain any (—1)— or (—2)—curves.

In our case, Cy will be a Kihler cone, hence is affine algebraic, and x will be the apex of the cone. As
the next lemma shows, the canonical model of C, is quasiprojective.

Lemma 2.12 Letw: M — Cy be the canonical model of a Kédhler cone Cy. Then M is quasiprojective.

Proof From Theorem 2.4, we see that Cy admits an affine embedding that is invariant under a C*—action
with positive integer weights. Taking the weighted projective closure of Cy with respect to this action,
we obtain a projective compactification Cy of Cyy by adding an ample divisor D at infinity. In particular,
Co will have at worst orbifold singularities along D. Let o: N — Cy denote the canonical model of Cy.
By construction, N is projective and the restricted map o|n: N — Co, where N := N \ o~ 1(D), is a
canonical model of Cyy. By uniqueness of canonical models, M must be biholomorphic to N, hence N
provides a projective compactification of M obtained by adjoining the set c~1(D) to M at infinity. M is
therefore quasiprojective, as claimed. |
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In addition, uniqueness of the canonical model implies that when smooth, the canonical model of a Kéhler
cone is equivariant with respect to the torus action on Cy generated by the flow of Jyrd,.

Lemma 2.13 Let Cy be a Kédhler cone with complex structure Jy and radial function r and let w: M — C
denote the canonical model of Cy. If M is smooth, then the resolution w: M — Cy is equivariant with
respect to the holomorphic isometric torus action on Cy generated by Jyrd,. In particular, there exists a
holomorphic vector field X on M such thatdnw(X) =rd,.

Proof Let T denote the torus generated by the flow of Jord, and let T denote its complexification.
We will show that the holomorphic action of T¢ on Cj lifts to a holomorphic action on M.

For h € Tc, let ¥y, : Cy — Cy denote the corresponding automorphism. Since Y o 7: M — Cy is again
a canonical model and since w: M — Cj is unique up to isomorphisms over Cy [38, Proposition 8.2.5],
there exists a unique biholomorphism lzh: M — M such that o ‘;h = Y, o . This is the desired lift
of Y. Thus, we have a well-defined map ¢: Tc x M — M defined by ¢(h, x) = {/7;2 (x). Since !Zh
coincides with v, off of the exceptional set £ of the resolution 7 : M — Cy, the map ¢|7..x(m\E) is
holomorphic. We wish to show that ¢ is holomorphic globally.

To thisend, let h € T, let x € E, let y = 1;;, (x) € E, let By be an open ball in a chart containing x
with x in its interior and let By, be an open ball in a chart containing y with y in its interior. Since 1;;, is
continuous, by shrinking B, if necessary we may assume that Jh(Bx) C By. Let U be a neighbourhood
of h in T such that {/;;,/(Bx \ E) C B, for all i’ € U. Again, this is possible because ¢|7.xm\E)
is continuous. Then since 1;;[/: M — M is itself continuous and preserves E for each fixed i’ € U
and since By N E lies in the closure of By \ E, we have, after shrinking B, further if necessary, that
Y (By) C By forall i € U.

Next, let Ny := {x € Cy | r(x) < &} for ¢ > 0. Then N, \ {0} is foliated by disjoint punctured discs,
obtained as the orbits in N, \ {0} of a C*-action from within T¢. The open set Ne:=n"1 (Ng) will then
be a neighbourhood of E in M with ]Vg \ E foliated by disjoint punctured discs. Let B}, C By be an open
ball containing x strictly contained in By such that dBx N 0B’ = &, and let ¢ > 0 be sufficiently small
that each point of (ﬁg N B)) \ E is contained in a punctured holomorphic disk of radius & which itself is
contained in (]Vs NBx)\E.LetV := ]Vs N B;C. Then this is an open neighbourhood of x in M and each
point z € V '\ E will lie on a unique punctured holomorphic disk, which we shall denote by D,. We have
that D, C (ﬁg N Bx) \ E and that 0D, € B, N aﬁg CM\E. Let D, denote the closure of D, in M.
Since 1;;1/ : M — M is holomorphic for each fixed 4’ € U, after localising, we see from the maximum
principle that for allz € V' \ E and all /' € U,
W@ = sup [P = sup [Pp@)l s sup g w) =C
weD. {wedD;} {weBNIN,}

for some constant C > 0, where the last inequality follows from the fact that ¢ |7 x(ar\ £) is holomorphic,
hence continuous. Thus, ¢|yx 7\ E) is a bounded holomorphic function. Since £ N V' is an analytic
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subset of V, it follows from the Riemann extension theorem that ¢ |7 (37\ £) has a unique extension to a
holomorphic function (E :U xV — By. Due to the fact that ¢(/’,-): M — M is holomorphic for each
fixed 4’ € Tc, we have from uniqueness of holomorphic extensions that ¢(h',-) = ¢(h',-): V — B, for
all A’ € U so that in fact q; = ¢|uxy- Thus, we see that ¢ |y« is holomorphic. Since being holomorphic
is a local property, this suffices to show that ¢: Tc x M — M is holomorphic, as desired. |

2.4 Minimal models

We consider two types of resolution of a normal isolated singularity of complex dimension two, the first
being the minimal resolution.

Definition 2.14 [38, Definition 7.1.14] A resolution 7: M — Cy of a normal isolated singularity x € Cy
is called a minimal resolution if for every resolution 7’: M’ — Cy of Cy there exists a unique morphism
@: M’ — M such that 7’ factors as 7’ = 7 o0 @.

By definition, if there exists a minimal resolution, then it is unique up to isomorphisms over Cy. The
following shows that there exists a minimal resolution for two-dimensional isolated normal singularities.

Theorem 2.15 [38, Theorem 7.1.15] Assume that dim¢c Cy = 2. A resolution 7: M — Cy of an
isolated normal singularity x € Cy is the minimal resolution if and only if 7~ ({x}) does not contain a
(—1)—curve. In particular, there exists a minimal resolution.

We also consider “good” resolutions. We henceforth follow [56; 59].

Definition 2.16 A resolution 7: M — Cj of a normal isolated surface singularity x € Cj is called
good if

(i) all of the components of the exceptional divisor of 7w : M — Cy are smooth and intersect transversely;
(i) not more than two components pass through any given point;

(iii) two different components intersect at most once.

It is known that there is a unique resolution which is minimal among all good resolutions for two-
dimensional isolated normal singularities [45, Theorem 5.12], which we henceforth refer to as the
“minimal good resolution” (not to be confused with the “minimal resolution”). In general, the minimal
resolution of a two-dimensional isolated normal singularity will not be the minimal good resolution of
the singularity; by Theorem 2.15, the two coincide precisely when the minimal good resolution does not

contain any (—1)—curves.

For the Kéhler cones of Theorem 2.5(ii), the minimal good resolution is given by : L — L*, that is,
by contracting the zero section of L. By adjunction, this resolution will be the canonical model of the

singularity.
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As for the Kéhler cones of Theorem 2.5(iii), the situation is slightly more complicated. The minimal
good resolution of L*/G is obtained as follows. A partial resolution is given by the induced map
w: L/G — L*/G between the quotient spaces. The variety L/G will only have isolated cyclic quotient
singularities along the exceptional set of & [59, Lemma 3.5], which comprises a single curve C of genus
g > 0. Each of these cyclic quotient singularities has a minimal resolution with exceptional set a string
of P1’s. Resolving them with this resolution then yields the minimal good resolution of L*/G, the
exceptional set of which will then comprise the curve C (of genus g > 0) with branches of P!’s stemming
from finitely many points of C. The original singularity is determined up to analytic isomorphism by this
data which can be succinctly stored in a “weighted dual graph”. This we now explain.

The weighted dual graph of a good resolution is a graph each vertex of which represents a component of
the exceptional divisor, weighted by self-intersection. Two vertices are connected if the corresponding
components intersect.

In our case, the weighted dual graph of the minimal good resolution of L* /G is represented by a star,
that is, a connected tree where at most one vertex is connected to no more than two other vertices. C itself
is contained in the exceptional set of the minimal good resolution, hence one of the vertices of the star
will represent C. We call C the central curve. The connected components of the graph minus the central
curve are called the branches of the graph and are indexed by i, where 1 <i < n. The curves of the
i™ branch are denoted by Cjj for 1 < j <r;, where C;; intersects C and Cj; intersects C; j 1. Let
b =—C.C and b;j = —C;;.C;;. Then b;; > 2 and b > 1. Finally, set
G
biz — O
. bi ri

with e; < d; and ¢; and d; relatively prime. Then one has:

Theorem 2.17 [59, Theorem 2.1] The singularity L* /G with G nontrivial is determined up to analytic
isomorphism by the following data:
(i) The weighted dual graph of the minimal good resolution.
(i) The analytic type of the central curve C (of genus g > 0).
(iii) The conormal bundle of C in the resolution.
(iv) The n points P; = C N C;; on C withn > 1.
Conversely, given any data as above, there exists a unique singularity of the form L> /G having this data,

provided that the intersection matrix given by the graph in (i) is negative-definite; this condition can be
written as
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Indeed, the algorithm that recovers the algebraic equations cutting out L /G is laid out in [59, Section 5].
However, it does not identify the group G.

For the Kihler cones of Theorem 2.5(iii), the minimal good resolution does not contain any (—1)—curves,
hence it coincides with the minimal model of the singularity. Moreover, since the central curve has
trivial or negative anticanonical bundle, adjunction tells us that the canonical model is obtained from the
minimal good resolution by further contracting all of its (—2)—curves. However, the result of this will
be singular unless the minimal good resolution does not contain any (—2)—curves. Thus, the canonical
model will be smooth and coincide with the minimal good resolution if the minimal good resolution
does not contain any (—2)—curves. Conversely, if the canonical model of the singularity is smooth, then,
since it cannot contain any (—1)—curves, it coincides with the minimal model, which itself coincides
with the minimal good resolution for the cones in question, so that the minimal good resolution does not
contain any (—2)—curves since the canonical model cannot contain any (—2)—curves. Combining this
observation with Theorem 2.17, we are able to characterise those cones of Theorem 2.5(iii) that admit a
smooth canonical model.

Proposition 2.18 A Kihler cone of Theorem 2.5(iii) admits a smooth canonical model if and only if the
minimal good resolution does not contain any (—2)—curves. These cones are in one-to-one correspondence
with the data (1)—(iv) listed in Theorem 2.17 with the intersection matrix of the graph in (i) being negative-
definite and with the labels b;; of this graph being > 3. Moreover, the canonical model and the minimal
resolution of such a cone are given by the minimal good resolution.

2.5 Ricci solitons

Recall the definitions given at the beginning of Section 1.1. For a gradient Kihler—Ricci soliton (M, g, X)
with complex structure J, the vector field J X is Killing by [32, Lemma 2.3.8]. We also have the following
asymptotics on the soliton potential of a complete expanding gradient Ricci soliton with quadratic Ricci
curvature decay.

Proposition 2.19 Let (M", g, V& f) be a complete expanding gradient Ricci soliton of real dimension n,
ie 2Ric(g) — Lve r(g) = —g. If |Ric(g)|g = O(dg(p, -)~2), where dg(p,-) denotes the distance to a
fixed point p € M, then the function (— f') is equivalent to %dg(p, )? asdg(p,-) tends to +oo.

Proof See [12] or [62, Lemma 4.2.1]. O

Because of Proposition 2.19, we prefer to deal with an asymptotically positive soliton potential. Henceforth,
an expanding gradient Ricci soliton will be a triple (M, g, X'), where X = V& f for some real-valued
smooth function f on M, such that the equation

(2-1) 2Ric(g)—Lxg =—¢
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is satisfied. When the Ricci curvature of g decays quadratically, the bound of Proposition 2.19 on f" may
then be given as

(2-2) L2 (p.x) —crdg(p.X) =2 < f(x) < 2d2(p.X) + c1dg(p. x) + ¢,

where p € M is fixed and ¢q and ¢, are positive constants depending on p. In particular, f is proper
under the assumption of quadratic Ricci curvature decay on the expanding soliton metric.

In the case of a shrinking gradient Ricci soliton, the quadratic growth of the soliton potential is always
satisfied without further conditions on the decay of the Ricci tensor at infinity. More precisely, one has
the following.

Theorem 2.20 Let (M, g, X') be a complete noncompact shrinking gradient Ricci soliton satisfying (1-1)
with A = 1, with soliton vector field X = V& f for a smooth real-valued function f: M — R. Then the
following properties hold true.

(i) Growth of the soliton potential [11, Theorem 1.1] For x € M, f satisfies the estimates

Hdg(p.x)—c1)? = C < f(x) < 2(dg(p.x) +2)*

for some C > 0, where dg(p,-) denotes the distance to a fixed point p € M with respect to g.
Here, c¢; and ¢, are positive constants depending only on the real dimension of M and the geometry
of g on the unit ball B, (1) based at p.

(ii) Polynomial volume growth [11, Theorem 1.2] For each x € M, there exists a positive constant
C > 0 such that
volg(B((x)) < Cr" for r > 0 sufficiently large,

where n = dimg M .

(iii) Regularity at infinity If the curvature tensor decays quadratically, ie if Ay(g) < 400, then the
soliton metric has quadratic curvature decay with derivatives, ie Ay (g) < 4oo for all k € N.

Proof References for items (i) and (ii) have been provided above. Item (iii) concerning the covariant
derivatives of the curvature tensor follows from Shi’s estimates for ancient solutions of the Ricci flow;
see [43, Section 2.2.3] for a proof. O

Remark 2.21 The regularity at infinity stated in Theorem 2.20(iii) does not hold for expanding gradient
Ricci solitons; see [26] for examples of expanding gradient Ricci solitons coming out of metric cones
with a finite amount of regularity at infinity.

The next lemma collects together some well-known Ricci soliton identities concerning expanding gradient
Ricci solitons and shrinking gradient Kihler—Ricci solitons that we require. Their proofs are standard.
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Lemma 2.22 (Ricci soliton identities) Let (M, g, X) be a shrinking gradient Kahler—Ricci soliton
of complex dimension n satistying (1-4) with A = 1 (resp. an expanding gradient Ricci soliton of real
dimension n satisfying (2-1)) with soliton vector field X = V& f for a smooth real-valued function
f: M — R. Then the trace and first-order soliton identities are:

Awf—i—%Rg:n (resp. —Agf-l—Rg:—%n),
V&R, —2Ric(g)(X)=0 (resp. VE Rg + 2Ric(g)(X) = 0),
|V f|?> + Rg —2f =const. (resp. |V& f|*> + Rg — f = const.),

where R, denotes the scalar curvature of g and |V8 f|? := g73; 10 i f.

Remark 2.23 We henceforth normalise the soliton potential f of a shrinking gradient K&hler—Ricci
soliton of complex dimension 7 satisfying (1-4) with A = 1 so that |[V& f|* + R, —2f = 2n. The choice
of constant 2 is dictated by the following equation satisfied by f":

Awf_%X'f:_f'

This choice of constant also implies that f* + n is nonnegative on M, since the scalar curvature Rg of g
is necessarily nonnegative.

Kihler cones are quasiprojective. This property is inherited by complete expanding and shrinking gradient
Kihler—Ricci solitons on resolutions of Kihler cones.

Proposition 2.24 Let (M, g, X) be a complete expanding or shrinking gradient Kihler—Ricci soliton on
aresolution w: M — Cy of a Kéhler cone Cy. Then M is quasiprojective.

Proof We prove this proposition in the case that (M, g, X) is an expanding gradient Kéhler—Ricci soliton.
The proof for the shrinking case is similar.

As explained in the proof of Lemma 2.12, by adding an appropriate ample divisor D to Cy at infinity,
we obtain a projective compactification Cy of Cy so that C will have at worst orbifold singularities
along D. Using D, we then compactify M at infinity to obtain a compact complex orbifold M such that
M = M \ D. We claim that M admits an ample line bundle, hence is projective.

Indeed, since the normal orbibundle of D in 60 is positive, the normal orbibundle of D in M will also
be positive, hence by the proof of [21, Lemma 2.3], we may endow the line orbibundle [D] on M with a
nonnegatively curved hermitian metric with strictly positive curvature on some tubular neighbourhood U
of D in M. Next note that the curvature of the hermitian metric / induced on K7 by the expanding
gradient Kédhler—Ricci soliton metric g is —p,,, where p,, is the Ricci form of the Kéhler form w associated
to g. Let f denote the soliton potential so that X = V& . Then by virtue of the expanding soliton equation,
the curvature of the hermitian metric e/ & on Ky is precisely the Kihler form  of g. In particular, the
curvature of e/ on Ky is a positive form. Extend the hermitian metric e/ h on Kjy to a hermitian
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metric on K 37 by amalgamating e/ h with an arbitrary hermitian metric on K 37|y using an appropriate
bump function supported on U. Then the line orbibundle K 37 + p[D] will be ample for p sufficiently
large. A high tensor power of the resulting line orbibundle will then be an ample line bundle on M so
that M is projective and M is quasiprojective, as claimed. |

Finally, note that to each complete gradient Ricci soliton, one can associate a Ricci flow that evolves via
diffeomorphisms and scaling. We describe this picture for an expanding gradient Ricci soliton next.
For a complete expanding gradient Ricci soliton (M, g, X') with soliton potential f, set

g(t):=tp;g fort>0,
where @; is a family of diffeomorphisms generated by the gradient vector field —%X with ¢; =1id, ie

%(x) _ VES (e ()
ot - t

Then d,g(t) = —2Ric(g(t)) fort > 0, g(1) = g, and if we define f(¢) = ¢/ f so that f(1) = f, then
g (1) satisfies

(2-3) with ¢; =1id.

t
(2-4) Ric(g(z)) —Hessg () f(2) + % =0 forall > 0.
Taking the divergence of this equation and using the Bianchi identity yields
S G
() Rey + V¥ Olgiy ==~ =7

for some constant Cy, where Rg () denotes the scalar curvature of g (7).

Similarly, for a complete expanding gradient Kihler—Ricci soliton with Kihler form w, one obtains a
solution of the Kéhler-Ricci flow 0;w(f) = —p4(r), Where p,(;) denotes the Ricci form of w(7). The
difference in normalisations between (1-2) and (1-4) is accounted for by the fact that the constant preceding
the Ricci term in the Ricci flow is —2 and that preceding the Ricci term in the Kidhler—Ricci flow is —1.
In the same way that a Kéhler—Ricci flow yields a solution of the Ricci flow and, vice versa, a solution of
the Ricci flow which is Kéhler yields a solution of the Kéhler—Ricci flow, the same holds true for gradient
Ricci solitons and gradient Kéhler—Ricci solitons. Indeed, a solution (M, g, X) of (1-4) yields a solution
of (1-2) by replacing g with 2g and composing (1-4) with the complex structure in the first arguments.
Conversely, a solution (M, g, X) of (1-2) for which g is Kéhler and X is real holomorphic defines a
solution of (1-4) after replacing g with % g and composing (1-2) with the complex structure in the first
arguments.

2.6 Properties of the soliton vector field

In this subsection, we provide sufficient conditions for which the zero set of the soliton vector field of
a complete shrinking gradient Kéhler—Ricci soliton is compact. We begin with the following simple
observation.
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Lemma 2.25 Let (M, g, X) be a complete shrinking gradient Kahler—Ricci soliton with bounded scalar
curvature. Then the zero set of X is compact.

Proof With f denoting the soliton potential, the boundedness of the scalar curvature Rg of g together
with the properness of f as a consequence of Theorem 2.20(i) imply that 2 /' — R, is proper. From the
soliton identity |V& f|> + Rg =2 f (see Lemma 2.22), we then see that the function |V f'|? is proper.
The compactness of the zero set of X is now immediate. |

In the case that M is in addition “l—convex”, meaning that M carries a plurisubharmonic exhaustion
function which is strictly plurisubharmonic outside of a compact set, we can be more precise. Since a
1-convex space is in particular holomorphically convex, M in this case will admit a “Remmert reduction”
p: M — M’ [36], ie a proper holomorphic map p: M — M’ onto a normal Stein space M’ with finitely
many isolated singularities obtained by contracting the maximal compact analytic subset £ of M. As a
Stein space with only finitely many isolated singularities, [3, Theorem 3.1] asserts that M’ admits an
embedding 4: M’ — C¥ into C® for some P € N. We have:

Proposition 2.26 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton of complex
dimension n with bounded scalar curvature. Assume that M is 1-convex with maximal compact analytic
subset E. Then the zero set of X is compact and

(i) if E = @, then the zero set of X comprises a single point and M is biholomorphic to C";
(ii) if E # @, then the zero set of X is contained in E.

Before we prove this proposition, an auxiliary result is required, which will be used several times
throughout.

Proposition 2.27 Let (N, g) be a complete Riemannian manifold and let u: N — R be a C? function
that is proper and bounded below. Assume that the flow ¢ (t) of VEu with ¢ (0) = x € N exists for
allt € (—o0,0]. Then, for any x € N, the orbit (¢ (t));<o accumulates in the critical set of u, ie for all
sequences (1;); diverging to —oo, there exists a subsequence (t/); such that (¢,/(x)); converges to a point
Xoo € N satistying (VEu)(xs0) = 0. I

Proof Letx e N andlet (¢x(2))s<o denote the flow of V&u which passes through x at # =0 and is defined
for all nonpositive times. Since ;¢ (2) = (VEu)(¢px(¢)), the function ¢ € (—o0, 0] — u(¢px(t)) e Risa
nondecreasing function and for all nonpositive times #,

0
-6 ) @) = [ VR Gs o) dr =0

In particular, the orbit (¢ (¢))<o lies in the sublevel set {y € M | u(y) < u(x)} of u, which is compact
since u is proper and bounded below. Moreover, since u (¢« (¢)) is bounded from below, the estimate
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(2-6) implies that the function 7 € (—00, 0] — |VE&u|?(¢x (7)) € R is integrable on (—oo, 0]; that is,

0
2-7 / IVEu|?(¢x (1)) dT < +00.

—00
Now, since u is C? and the orbit (¢ (¢));<o lies in a compact subset of M, the function t € (—o0, 0] —
|V&u|?(¢x (7)) € R is Lipschitz, ie there is a positive constant C such that

}|Vgu|2(¢x(z)) - |Vgu|2(¢x(s))| <Clt—s| forall s,t € (—o0,0].

This fact, together with (2-7), implies that lim;—,_oo | V8u|(¢px (7)) = 0. This allows us to conclude that
any accumulation point of (¢ (¢));<o lies in the critical set of u. a

Proof of Proposition 2.26 TLet f denote the soliton potential and let My(X') denote the zero set of X, a
set which is compact by Lemma 2.25. Our first claim encapsulates the structure of My(X).

Claim 2.28 Each connected component of My(X) is a smooth compact complex submanifold of M
contained in a level set of f.

Proof Let J denote the complex structure of M and let F be a connected component of My(X). Then
since F is locally the zero set of the holomorphic vector field X -0 = %(X —iJX), itis a complex-analytic
subvariety of M. Furthermore, as a connected component of the zero set of the Killing vector field J X,
it is a totally geodesic submanifold by [40, Theorem 5.3, page 60]. Hence F is a smooth complex
submanifold of M.

Next observe that along any geodesic y (¢) in F, we have for the soliton potential f,

L F @) =df (/1) = g (X' @®) =0,

so that f is constant on F. Consequently, F' is contained in a level set of f. From Theorem 2.20(i), we
know that f" is proper so that the level sets of f" are compact. Thus, as a closed subset of a compact set,
F is compact. <

Now note that, by [31, Proof of Lemma 1], f is a Morse-Bott function on M. The critical submanifolds
of f are precisely the connected components of My(X). Since M is Kihler, the Morse indices — ie the
number of negative eigenvalues of Hess( /) — of the critical submanifolds are all even [31]. Write

n
Moy(X)=MO U | | MCP,
k=1
where M /) denotes the disjoint union of the critical submanifolds of Mo (X) of index j. As a consequence
of Claim 2.28, we see that each connected component of My (X), being a compact complex submanifold
of M, is either contained in the maximal compact analytic subset £ of M or is an isolated point contained
in M \ E. Suppose that there exists an isolated point x € M DN \ E) for some j > 2.
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Using ideas from [13, page 3332] in this paragraph, we see from [10] that the holomorphic vector field
X 19 is linearisable at each of its critical points, meaning in particular that there exist local holomorphic
coordinates (z, ..., zy) centred at x such that X -0 = 27:1 ajzjoz; witha; e Rforall j =1,...,n.
Since Hess( /) has at least one negative eigenvalue at x, we have that a; < 0 for some i. Without loss of
generality, we may assume that i = » so that a, < 0. Now, clearly the orbits of JX on the z,—axis are all
periodic. Fix one such orbit #: S' — M. Then we can construct a map R: S!(~R/TZ) xR — M by
defining R(s, ) to be ¢;(6(s)), where ¢; is the integral curve of the negative gradient flow of f and T is
the period of the orbit of 8. Since [X, JX] = 0, R is holomorphic and after reparametrising, extends to a
nontrivial holomorphic map R: C — M with R(0) = x by the Riemann removable singularity theorem.

Since f is decreasing along its negative gradient flow and is bounded from below, we see that f(R(z))
is bounded for all z € C. Hence, by properness of £, the set {R(z) | z € C} is contained in a compact
subset of M. Letting p: M — M’ denote the Remmert reduction of M and recalling that M’ admits an
embedding /: M’ — C¥ into CF for some P € N, we therefore obtain a bounded nontrivial holomorphic
map o po R: C — CP. By Liouville’s theorem, such a map is constant. This is a contradiction. Thus
My(X)N (M \ E), if nonempty, is contained in M ),

The next claim concerns the structure of M (©.

Claim 2.29 M© jsa nonempty, connected, compact complex submanifold of M that comprises the
global minima of f.

Proof M (© is clearly nonempty since f attains a global minimum and, as a closed subset of the compact
set Mo(X), comprises finitely many connected, compact, complex submanifolds of M by Claim 2.28.
To see that M (9 comprises one connected component only, recall that the soliton vector field X is
complete. Then by Proposition 2.27, for any point x € M, the forward orbit of the negative gradient
flow of f beginning at x converges to a point of My(X). This gives rise to a stratification of M, namely
M =|1;— WS (M @Ky where

WS(MPR) = {xe M | Jim_gy(0) € ML
—>—00

¢x: R — M here denoting the gradient flow of f beginning at x. Note that

n
WMy =m\ | | wem©@R).
k=1
Now, since Mo (X) is compact, for each k, WS (M %)) comprises finitely many connected components,
each of which is an open submanifold of M of real dimension 2n — 2k; see [1, Proposition 3.2].
The complement of finitely many submanifolds of real codimension at least two in a connected manifold
is still connected. Hence W*(M ), and consequently M ©)is connected. Finally, since M ©) contains
all of the local minima of f and, comprising only one connected component, is contained in a level set
of f by Claim 2.28, it must be the set of global minima of f. <
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Now, we have already established the fact that My(X) N (M \ E), if nonempty, is contained in M ©).
Thus, if E = &, then, since My(X) is nonempty as f attains a global minimum, we must have that
My(X) = MO, so that My(X) is a nonempty, connected, compact complex submanifold of M by
Claim 2.29. Since M is affine if £ = &, we deduce that My(X') must comprise a single point if £ = &.
It then follows from [10] that M is biholomorphic to C” if E = @. This is case (i) of the proposition.

Next consider the case when £ # @&. If My(X)N(M \ E) = &, then My(X) € E and we are in case (ii)
of the proposition. So, to derive a contradiction, suppose that £ 7% @ and My(X)N(M \ E) # . In light
of the above, we must have that M © N E = & and that My(X) N (M \E)y=M (0), which comprises
a single point x, say. Moreover, (U7=1 M@ )) N E # & since otherwise M would be biholomorphic
to C" by [10], thereby yielding a contradiction. Thus, noting that /(M (0)) is the global minimum value
of f by Claim 2.29, let A be the smallest critical value of f with A > f(M ) andlet y € f~1({4}).
Then we must have that y € M &) C E for some k > 2 by what we have just said. As before, we can
construct a holomorphic map R: C — M with R(0) = y. Since f is decreasing along its negative
gradient flow and since there are no critical values of / in the open interval ( f(M (), A), we see from
Proposition 2.27 that necessarily lim;_, 1 oo R(z) = x. The Riemann removable singularity theorem then
applies and allows us to extend R to a holomorphic map R’: P! — M. Since x # y and x ¢ E, what
we have constructed is a nontrivial holomorphic curve in M that is not contained in E. This contradicts
the maximality of E. Thus, cases (i) and (ii) of the proposition are the only two possibilities that can
occur. This completes the proof. |

2.7 Properties of real vector fields commuting with the soliton vector field

In this subsection, we mention some properties of real vector fields that commute with the soliton vector
field on a complete shrinking gradient Kéhler—Ricci soliton. As the next proposition demonstrates, a
bound on the Ricci curvature yields control on the growth of the norm of these vector fields.

Proposition 2.30 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton with bounded
Ricci curvature, and let dg(p, -) denote the distance to a fixed point p € M with respect to g. Then there
exists a > 0 such that |Y|§,(x) = O(dg(p.x)?) for every real vector field Y on M with [X,Y]=0.

Remark 2.31 The growth rate obtained in Proposition 2.30 will be sharpened in Claim A.14 for
real holomorphic vector fields commuting with X, as exemplified by shrinking cylinders of the form
C"=k x N2k where C"~¥ is endowed with its Gaussian soliton metric and where N 2% supports a closed
Kéhler—FEinstein metric of positive scalar curvature.

Proof Let |-| denote the norm with respect to g and let Ric denote the Ricci curvature of g. Since |Ric|
is bounded so that the scalar curvature of g is bounded, it follows from Lemma 2.25 that the zero set of X
is contained in a compact subset of M. For A > 0, let K := f~1([24,4A4]) and N = f~!((—o0, 34]).
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Since f is proper and bounded below as a consequence of Theorem 2.20(i), K and N are compact subsets
of M. Choose A sufficiently large so that all of the critical points of f are contained in f~!((—o0, A])
and so that 4 > supy, |Rg|. Let yx(?) denote the integral curve of X with yx(0) = x € M. We begin
with the following claim.

Claim 2.32 Let y € M \ N. Then there exists x € K and ty > 0 such that y = yx(%y).
That is to say, every point of M \ N lies on an integral curve of X passing through K.

Proof For y € M \ K, we see from the soliton identity |V f|? + Ry = 2f that

%f()’y(t)) = |VE [15(ry () = 2/ (1y(1)) = Rg(y (1)).

Using the upper bound on |Rg|, we deduce that

< FOp) -2/ (5 0)| = 24.

Integrating this differential inequality for ¢ < 0 then yields the inequalities

(2-8) (S +)e* =A< fyy(0) < (f(y)—A)e* + A4 for t <0.

o=—tu( 240
0 = ——1n _—
2 \f»+4
Then from (2-8) we see that

<7 caqy( S =4 _ 24 -
2A_f(Vy(—fo))_3A(f(y)+A)+A—3A(1 f(y)+A)+A_4A.

Thus, y = yx(fo) where x = y,(—to) € K. This proves the claim. <

Next observe that
Lx (Y]} = (Lxg)(Y.Y) = g(Y.Y) —Ric(Y,Y) = |Y|* ~Ric(Y. Y).
For x € M a point where X # 0, let /1(¢) := | Y |*(yx(¢)). Then we can rewrite the previous equation as
h'(t) = h(t) = Ric(Y, Y)(yx (1)),
so that
W) _ | Rie@. V) (yx()
h(1) h(r)
Analysing the error term here, we have that

Ric(Y, Y)(yx(1)) _ Ric(Y,Y)

(2-9)

h(r) Y2
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Since |Ric| is bounded by assumption, we then have that
Ric(Y,Y)
Y|?
for a constant C > 0, so that (2-9) gives us the bound
(1)
h(z)

<C

<2a

for some @ > 0. Solving this for ¢ > 0 yields

—2at <In(h(t)) —In(h(0)) < 2at,
so that, in particular,

h(t) < |Y|*(x)e?*  forall ¢ > 0.
Hence,

(2-10) 1Y 2 (v (2)) < |V |*(x)e?%  forall ¢ > 0.

Let y € M \ N. Then by Claim 2.32, there is an x € K and ¢y > 0 such that y = y(¢y). Applying the
above inequality to this choice of x and 7y, we deduce that

Y I2(0) = 1Y P (x)e20.
Now, as in the proof of Claim 2.32, we have that
& F ) =2/ (e = 24.
Integrating this for # > 0 yields the fact that
(f(x)—A)e* + A< f(yx(t) < (f(x)+ A)e* —A forall > 0.

Since x € K so that ' (x) > 2A, we see from the left-hand side of this inequality that /' (yx (1)) > A(1+e?"),
so that

a2 @)
- A
Plugging this into (2-10) and setting ¢ = 7 results in the bound

Y2() < Y P(x)e20 < |Y|2(x>(@— 1)a < (sup|Y|2>(@— 1)a.
A . A

Since K is compact and f grows quadratically with respect to the distance to a fixed point p € M by

2-11) 1 forall ¢ > 0.

Theorem 2.20(i), we arrive at the estimate
|Y|(z) <c1dg(p,z)* + ¢, forall ze M

for some positive constants cq, ¢, > 0. This leads to the desired conclusion. O

Remark 2.33 In the case that the Ricci curvature decays quadratically at infinity, the constant @ may be
taken to be equal to 2 in Proposition 2.30.
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We can also show that such vector fields are complete when the zero set of the soliton vector field is

compact.

Lemma 2.34 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton. Assume that the
zero set of X is compact (which, by Lemma 2.25, is the case when the scalar curvature of g is bounded).
Then every real vector field Y on M with [X, Y] = 0 is complete.

Proof Let Y be as in the statement of the lemma and let K be any compact subset of M containing the
zero set of X in its interior. Then note the following:

e Since K is compact, there exists g > 0 such that the flow of ¥ beginning at any point of K exists
on the open interval (—e&g, &g).
e By Proposition 2.27, for any p € M, there exists T(p) > 0 such that the image of p under the

forward flow of —X for time 7 will be contained in K.

Consequently, for any point p € M, by flowing first along —X into K for time 7'(p), then flowing along Y,
then flowing along X for time 7, one sees from the fact that [ X, Y] = 0 that the flow of ¥ beginning at any
point of M exists on the interval (—e&g, &¢). This observation suffices to prove the completeness of Y. O

2.8 Basics of metric measure spaces

We take the following from [33]; the notions introduced in this section will be used in Section 5.1.
A smooth metric measure space is a Riemannian manifold endowed with a weighted volume.
Definition 2.35 A smooth metric measure space is a triple (M, g, e=fd Vg), where (M, g) is a complete

Riemannian manifold with Riemannian metric g, d Vy is the volume form associated to g, and f: M — R
is a smooth real-valued function.

A shrinking gradient Ricci soliton (M, g, X') with X = V& f naturally defines a smooth metric measure
space (M, g, e=fd Vg). On such a space, we define the weighted Laplacian Ay by
Apu:= Au—g(V& f,Vu)

on smooth real-valued functions u € C*°(M, R). There is a natural L?—inner product (-, -) L} on the

space LJ% of square-integrable smooth real-valued functions on M with respect to the measure e=fd Ve,

defined by
(u,v)r2 :=f Uuv e_deg for u,v e L}.
f M

As one can easily verify, the operator Ay is self-adjoint with respect to (-, - ) L}

In the Kihler case, we have:

Definition 2.36 If (M, g, e fd Vg) is a smooth metric measure space and (M, g) is Kéhler, we say that
M, g, e_deg) is a Kdhler metric measure space.
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A shrinking gradient Kihler—Ricci soliton naturally defines such a space.

Unlike the real case, on a Kiihler metric measure space we have the weighted d—Laplacian A 7 defined on
smooth complex-valued functions u € C*°(M, C) by

Afu = Azu — (VIO f = gij_aizj—u —gi/_(aif)(aj—u).
This may be a complex-valued function even if u is real-valued. We define a hermitian inner product on
the space C5° (M, C) by
(u,v)L% ::[ uie_deg for u,v e Cg°(M,C).
M

Then Ay is symmetric with respect to this inner product. In fact, we have that

/ (Afu)ﬁe_deg =/ uA_fve_deg = —/ 2(du, 9v) e_deg = —(5u,5v)Lz,
M M M f

where ~
g(u, dv) = g'’ (I7u)(9;v).
See [33] for further details.

3 Proof of Theorem A

We first consider Theorem A in the expanding case.

3.1 Construction of a map to the tangent cone

By a result of Siepmann [62, Theorem 4.3.1], a complete expanding gradient Ricci soliton (M, g, X)
with quadratic curvature decay with derivatives has a unique tangent cone along each end. We first prove
a series of lemmas before providing a refinement of Siepmann’s result in Theorem 3.8 by using the flow
of the soliton vector field X to construct a diffeomorphism between each end of the expanding Ricci
soliton and its tangent cone (Cy, go) along that end, with respect to which rd, pushes forward to 2X
(here r denotes the radial coordinate of gg), and with respect to which g — go — Ric(go) = O(r~*) with
derivatives.

Our set-up in this section is as follows:

(M, g, X) is a complete expanding gradient Ricci soliton with soliton vector field X = V& f
for a smooth real-valued function f: M — R such that for some point p € M and all k € N,

Ak(g) = sup [(VE)* Rm(g)lg (x)dg (p, )+ < o0,

XEM

where Rm(g) denotes the curvature of g and dg (p, x) denotes the distance between p and x
with respect to g.

The diffeomorphisms (¢7);e(o,1] Will be as in (2-3). We begin with:
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Lemma 3.1 The one-parameter family of functions (tf o ¢;);~o converges to a nonnegative continuous
real-valued function g(x) := lim,_ o+ tf(¢:(x)) on M ast — 0T,

Proof Since V5 2001 (0)
2 Foiy) = -
so that 5
3, @) =(f=IVES 2)(91(x) = Re (1 (x)),
by the soliton identities for expanding gradient Ricci solitons (see Lemma 2.22), where Rg denotes the
scalar curvature of g, we see after integrating that

t
(3-1) @) =35/ @) = [ Relpelo)dr for 0<s <t
Since Rg is bounded on M, it follows that for all x € M,

(3-2) 1/ (pr(x)) —sf(ps(x))| =C(t—s) for O<s =1t

for some positive constant C. Thus, {#(f o ¢¢)}se(0,1] is a Cauchy sequence in C O(M) and hence
converges uniformly as t — 07 to a continuous real-valued function ¢ on M as in the statement of the
lemma.

To see that g(x) > 0 for all x € M, note from the soliton identities that
tf (@e(x)) = 1|1 X P (@2 (x)) + tRg (91 (x)) = tRg (1 (x)) = tinf Re

since ¢ € (0, 1] and Rg is bounded from below. Letting ¢ — 07 in this inequality yields the desired
conclusion. 0O

For a > 0, set
M, := {x eM | lim tf(ps(x)) > a}, My := {x eM | lim f(gs(x)) > O}.
t—0t t—0t
In view of (3-2) and the consequences discussed thereafter, the sets My and M, are well-defined for
a > 0. Furthermore, note that

e M, and M, are preserved by ¢, for all ¢ € (0, 1] and a > 0, since ¢;s = @; o @5 for all positive
times s and ¢.

Hence for any a > 0, t( f o ¢;) defines a family of smooth functions #( f o ¢;): M, — R for ¢t € (0, 1].
Lemma 3.2 Ast— 07, ¢(f o¢;) converges to q in Co2(My). In particular, g is smooth on M.

Proof For each a > 0, [62, Lemma 4.3.3] ensures that along the Ricci flow g(¢) defined by g, the
norm of the curvature tensor Rmy ) of g(7) is bounded with respect to g(7) when restricted to M. In
particular, there exists a positive constant C (depending on a) such that for all ¢ € (0, 1],

sup [Ric(g(1))]g(0)(x) < C.
xeM,
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By definition of a Ricci flow, this implies that the metrics (g(7))se(o,1] are uniformly equivalent, ie there

exists a positive constant C (that may vary from line to line) such that

(3-3) Clg(x) < g(t)(x) <Cg(x) forall e (0,1], x € M.

An induction argument (see [62, Lemma 4.3.6]) then shows that for all x € M, t € (0, 1] and k > 0,
(V) (g0)|g(x) < C (k. a).

Similarly, one obtains that

(3-4) (V&) Rmg 1)) [g (x) = C(k. a)

for all x € My, t € (0,1] and k£ > 0. As a consequence,

(3-5) [(VOK(f (pi ()¢ < Clk.a)

forall x € M,, t € (0, 1] and k > 0. Indeed, by (3-1) with¢ = 1 and s =1,

F(x)—tf(p:(x)) = /tl Rg(ps(x))ds = /tl SRg(sy(x)ds forall 1€(0,1], x € M.

In particular, by deriving k times at a point x € M, we see that

1
(VK (1gF f) = (VO f — / S(VEW Ry(yyds forall 1 € (0, 1],
t

which implies the desired inequality (3-5) after invoking (3-4). As a result, #(f o ¢;) converges in
CE(My) ast — 07, so that ¢ is smooth on M, as claimed. |

Since ¢, preserves M, for every a > 0, we also have that for any a > 0, the Ricci flow g(¢) determined
by g, namely g(¢) := t¢/ g, defines a family of smooth metrics on M, for all # € (0, 1]. This family
converges in C,50(My) as t — 0T as well.

Lemma 3.3 The family of metrics g(t) converges to a Riemannian metric go in C53(My) ast — 0.
Moreover, go = 2Hessgz, q.

Proof From the definition of the Ricci flow, one deduces from the curvature bounds (3-4) that g(¢) is a
Cauchy sequence in C k(M) for every k > 0 and a > 0, hence converges uniformly locally as t — 0T in
Ck(My) for every k > 0 to a Riemannian metric §o on My. To see that o = 2 Hessz, ¢, multiply (2-4)
across by ¢ and take the limit as # — 07, recalling that lim,_, o+ £/ (t) = ¢ in Co2(Myp) by Lemma 3.2. O

We have the following properties of g.
Lemma 3.4 The function q is proper and bounded below.

Proof Lemma 3.1 already implies that g is nonnegative. In particular, it is bounded from below. Now,
one sees from the quadratic growth of the soliton potential f given by (2-2) that for p in the critical set
of the soliton potential f,

Ld2 (. x) — e V1dgy (p. X) — ea1 < 1 (1 (x)) < 32 (p. ) + €1 Vidg(n)(p. X) + Cat
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for all # > 0 and x € M, for some constants ¢y, c; > 0, where dg(;) denotes the distance with respect
to g(¢). Using this inequality and taking the limit as s — 0% in (3-2), one finds that

(3-6) %dé(t)(lk x) —c1Vtdg(y(p.x) —cat <q(x) < %dé(,)(P’ x) + c1v/tdg ) (p, X) + cat
for all t > 0 and x € M, for some constants ¢y, c; > 0 that may now vary from line to line. Thus,
q(x) = +o00 as x — oo and the result follows. a

Moreover, we have:

Lemma 3.5 On M,
1) |V§OQ|§O = g, so that the integral curves of V&0 (2 J/q) on My are geodesics, and
(i) V&g =X.
In particular, X is nowhere vanishing on M.
Proof To prove the first part of (i), namely that |V§ 0q|§0 = ¢, we multiply equation (2-5) across by ¢2

and take the limit as 7 — 0. Next, let y, (7) denote the integral curve of V&0 (2 Jq) with yx (0) = x € M.
Then yy (¢) remains in My for ¢ > 0. Indeed, so long as ¢ > 0 is such that y(¢) lies in M, we have that

0 2V (vx (1) = Bo(VE 21/ VE 2/0)) (rx (1) = [VE 2/ 2, (v (1)) = 1.
After integrating, we deduce that (2,/¢)(yx (7)) > 0 for > 0, as desired. To see that these integral curves

are in fact geodesics with respect to the metric gy, we compute: for any # > 0 and for any tangent vector v
to My at yx(t), we have that

BT Bo(Vy 2y i 0:0) = 20V, oy VO VD). )l ) = Hessg, V) (VO /). V),

Since go = 2 Hessg, g on M{ by Lemma 3.3, we also have the identity
%go = Hessz, g = Hess§0(\/@2 = (24/q) Hessg, (Vq) +2d(/q) ® d(/q).
Plugging this into (3-7) then leads to the following sequence of equalities on Mj:
VD) (1) Zo(VE 7 (0). V)
= 20(V2 V). V)|, () — 4(d (VD) @ d(JD) (VE 2 /2). V)1, )
= 20(VE VD). V), ) — IVE VDI, (rx () - o (VO 2/9). ), ) = O,
where we have used in the last line the already established fact that |V&0(2 N z;o =1 on M.

As for part (ii), let ¢; be as in (2-3). Then on compact subsets of My, we have that
V&g = lim VEO /(1) = lim V9 E(te¥ 1)
t—0t t—0+
N . . *

= lim -V%&(t¢f f)= lim V% & (pf
Jim, 2 (to, f) = lim (or /)

= lim ¢ (VEf)= lim ¢/ X = lim X = X,
t—0t i V2/) t—0t ¢ t—0+
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where the penultimate equality follows from the fact that ¢; is generated by the flow of —(1/¢) X and
LxX =0. m|

The above observations then imply:
Lemma 3.6 M has only finitely many ends.

Proof For any a > 0, g is a smooth function on M, by Lemma 3.2. Furthermore, by Lemma 3.5, ¢ has
no critical points in M,. Consequently, using the Morse flow (W?),ZO associated to ¢, one sees that all
the level sets of ¢ of the form ¢~ ({b}) with b > by for some by € R large enough are diffeomorphic.
Since ¢ is proper by Lemma 3.1, such level sets are compact and the map

¥7:(0,+00) x ¢~ ({ho}) = ¢~ ((bo, +00)), (1, x) = Y (x),

is a diffeomorphism of a neighbourhood of M at infinity. Again, since g is proper, the level set ¢! ({bg})
is compact hence has a finite number of connected components. Thus, M has a finite number of ends. O

Our final lemma is then:

Lemma 3.7 There exists A > 0 such that for all ¢ > A, the intersection of each end of M with ¢~ ({c})
is compact, connected, and nonempty.

Proof By Lemma 3.6, M has only a finite number of ends. Thus, since g is proper and bounded below
by Lemma 3.4, there exists 4 > 0 such that all of the ends of M are contained in M \ ¢! ((—o0, A]).
For any ¢ > A, the intersection of ¢~ ({c}) with each end of M is then compact and nonempty and
comprises one connected component only since, as a consequence of Lemma 3.5, ¢ is strictly increasing
along the flow lines of the (nowhere vanishing) vector field X on M. a

Using the above lemmas, we can now construct our map to the tangent cone at infinity.

Theorem 3.8 (map to the tangent cone for expanding Ricci solitons) Let A > 0 be as in Lemma 3.7,
let p: My — R4 be defined by p := 2,/q, and let S := p~1({c}) for any ¢ > 0 with %cz > A (so that
the intersection of each end of M with S is compact, connected, and nonempty). Then there exists
a diffeomorphism ¢: (¢, 00) X S — M2, such that g¢ := 1* g = dr? +r2gg/c? and di(rd,) = 2X,
where r is the coordinate on the (¢, oo)—factor and g is the restriction of go to S. Moreover, along
M2 4, we have that

(3-8) |(VE)k (1* g — go — 2Ric(g0))|go = O(r—*7%)  forall k e N,.
In particular, (M, g) has a unique tangent cone along each end.
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Proof To prove the first part of this statement, we follow the proof of [22, Theorem 1.7.2].

We have that Hessg, (p2) = 280 from Lemma 3.3 and we know from Lemma 3.5(i) that | V&0 ,02|é270 =4p?

is constant along the level sets of p and that the integral curves of v&o p are geodesics. Then we have that

VEO,OZ = 2,0V§°,o and Hessg, (0?) =2dp* +2p Hessz, (),
so that
2o = Hessg, (0?) =2dp* +2p Hessz, (p).

Hence, -

Hessg, (p) = &0 on the gp—orthogonal complement of v&o p.
P

On the other hand, g = dp? + g, with g, the restriction of Z to the level set of p, and

- . 2%, (2
Lyzo,8p = Ly (80— dp?) = 2Hessg, (p) — 16pdp® = 7” + (; — 16p)dp2,

so that 0

Lyzo, 8o = % on the gp—orthogonal complement of % Op.
Thus,
(3-9) L vz p§p =2g, on the gp—orthogonal complement of V& 9p.

Next define a map ¢: (¢,00) X S — M 2,4 by
(rvx) = ®x(r _C)7

where @ (-) denotes the flow of V&0 with ®,(0) = x. By choice of ¢, this map is well-defined.
Moreover, di(d,) = VEO,O by construction, and since p(®(¢)) =t + ¢, we have that (*p = r so that
di(rd,) = pV& p = 2X. In this new frame, we thus have that

*Zo =dr? +1%%,,
where we find from (3-9) that
Lr9,0%8p =21"g, on the (*go—orthogonal complement of 9.
Hence, (*3, = r?gs/c? so that (*go = dr? +r2gg/c?, as claimed.
As for the fact that (3-8) holds true along M2 4, we have from Young’s inequality applied to (3-6) that
(3-10) C gy (p, x) — C Vi < p(x) < Cdyry(p, x) + Ct forall t €(0,1], x € M.

Using this, we can now prove an estimate less sharp than (3-8).
Claim 3.9 Forall x € M,2,4 and k € Ny,

(3-11) (V&) (g — o)l g(x) < Crp(x)~> 7K.
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Proof Let us prove the claim first for £ = 0. Since the curvature tensor of g (and hence that of g(s))
decays quadratically with derivatives, we have that for any p in the critical set of / and for any x € M2 4,

1 1 1
= ole() = [ Iong@le()ds =€ [ Rie(elg(0)ds =C [ dyo(pox) 2 ds = Cot
where we have used (3-3) and (3-10) after increasing C if necessary.

As for the case k = 1, we must work slightly harder. Recall that if 7" is a tensor on M, then V& O7 =
VET +g(t)~! % VE(g(t)— g) * T, since at the level of Christoffel symbols, one has that

T(g)f; =T(@)F + 2@ ™ (VE (@) = 9)jm + V5 (2(1) = ©im — V() — 2)ij)-

Thus, for all x € Mc2/4 and ¢ € (0, 1], we have that

3/|VE(g(1)—2)I%(x) = —4| V& Ric(g(1))|¢ (x)| V¥ (g(1)—g) ¢ (x)
> —4(|VED Ric(g(1) | () + (| (VE=VEDO) Ric(g(1))] g (x))) [V (g(1) )] g (x)
> —C(dg(ry(p. %) +](VE=VED) Ric(g(1)) g (x)) [VE (g(1) — ) | (x)
> —C(p(x) 7 +|VE(2(1)— )l (x)Ric(g(1))|¢ (x)) V& (g (1)—g) ¢ (x)
> —C(p(x) 7 +|VE(g(1) )¢ (X)) VE(g(1) )¢ (x)
> —C|V&(g(1)—g)I*(x)—Cp(x)~°,

where C denotes a positive constant that may vary from line to line, and where we used Young’s inequality
in the last line. Recalling that |[VE&(g(¢) — g) |§, = (0 when ¢ = 1, one can integrate the previous differential
inequality between a time ¢ € (0, 1) and ¢ = 1 to obtain

[VE(g(1) = @)l (x) = Cp(x)™°  for x € My2y4, 1 € (0,1],

for some positive constant C uniform in time. This fact implies the desired estimate (3-11) for £k = 1 by
letting t — 0.

The cases k > 2 are proved by induction on k. <

It follows from Claim 3.9 that
|(V8)* (g —Zo)lg, = Ckp™> 7 forall k € No,
so that, after pulling back by ¢, we have that
|(Vg0)k(¢*g —80)lgo = Ckr_z_k for all k € Ny.
We now prove (3-8). To this end, recall that ¢, (x) satisfies

dpr . VES(pix))
t

ot () =
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Since 4V& f = V80 p? = 2pV&0 p by Lemma 3.5(ii), we have that

ad \VZ4
%p(wz (x)) = dpl,, (x) (%(X)) =dply, (——f(;pt(x)))
Plpr(x) pler(x)
==l o (VEPlg () = =5,
so that
G129 o) =25
Let ¢, (x) satisfy
0Q; roy

L) = —3- 3 @) and §y=id.

Then since di(rd,) = 2.X, we have that t o ¢; = ¢; o, and in light of (3-12), we see that ¢;r = r/t1/2,
so that 19} g0 = go. Recall that the Ricci flow g(¢) defined by g is given by g(¢) = t¢; g for t € (0, 1].
Together with the scaling properties of the norm induced on tensors by go and the invariance of the
Levi-Civita connection under rescalings, these observations imply that

(VP80 (1) = 80) g0 () = (V£ (7 (1) = 80) -1, ()
= 1T ED | (VENR (* g (1) — g0) g0 (x).

so that
[(VEYE(* (1) — go) gy (x) = T TF/2|(VOF 80K (% g (1) — g0) |5 ()
= (IR | (VOO (Gt g — 97 80) g g (X)
=17 17R2 ) (VEOYR (1* g — g0)lgo (P (x))
< Crt -t R (@0 (x))) 2K
= Cpt T 1kI2 -tl+k/2(r(x))_2_k for all k € Ny;
that is,

|(VEO)K (g (1) — g0)|go (x) < Cktr 2% forall k € Ny.
In particular,
|(VEO) (Ric(t* g(1)) — Ric(g0))|gy < Crtr—**  forall k € Ny,

which is clear from the expression of the components of the Ricci curvature in local coordinates. Conse-
quently, we have the improved estimate

1
|(VE)¥(* g — go— 2 Ric(g0)) gy (x) < Ci /0 | (V&)X (Ric(* g (5)) —Ric(g0)) | 5, (¥) ds < Cer (x) ™+ 7%,
This is precisely (3-8). ]

Thus, an expanding gradient Ricci soliton M with quadratic curvature decay with derivatives has a unique
tangent cone Cy along each of its ends V. Moreover, there is a diffeomorphism

LIC()\K-)V,
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where K C Cy is a compact subset containing the apex of Cy, induced by the flow of the vector field
2X/p. The statement of Theorem 3.8 is verbatim the same for expanding gradient Kihler—Ricci solitons,
except that di(rd,) = X rather than 2.X" and 2 Ric(gg) is replaced by Ric(gg) in (3-8), accounting for
the difference in normalisation between Ricci solitons and Kéhler—Ricci solitons.

3.2 Existence of a resolution map to the tangent cone

In the case that (M, g, X) is a complete expanding gradient Kéhler—Ricci soliton with quadratic curvature
decay with derivatives, the soliton potential is proper [12], hence M has only one end V' [52] with tangent
cone Cj along the end. (Also note from [52] that any complete shrinking gradient Kidhler—Ricci soliton
has only one end without any curvature assumption on the metric.) Along V, we have from Theorem 3.8
the diffeomorphism ¢: Cy \ K — V for K C Cy a compact subset containing the apex of Cy. As we
will now see, the inverse of this map actually extends to define a resolution 7 : M — Cy with respect to
which d7(X) = rd,. We first show that ¢ is a biholomorphism with respect to a complex structure on Cy
that makes the cone metric go Kihler. As the next proposition demonstrates, the Kihlerity of the soliton
implies this fact.

Proposition 3.10 Let (M, g, X') be a complete expanding gradient Kdhler—Ricci soliton with complex
structure J such that for some point p € M and all k € Ny,
Ar(g) = sup |(VE)* Rm(g)lg(x)dg (p.x)* < o0,
xXeEM

where Rm(g) denotes the curvature of g and dg(p,x) denotes the distance between p and x with
respect to g. For the unique end V of M, let gy = lim,_, o+ g(¢) be the limit of the Kihler—Ricci
flow g(t) defined by (M, g, X), let (Cy, go) be the unique tangent cone along V with radial function r
and let 1: (Co \ K, go) — (V, 2o), for K C Cy compact containing the apex of Cy, be the isometry of
Theorem 3.8. Then (Cy, go) is a Kéhler cone with respect to t* J. In particular, 1: (Co \ K,1*J) — (V, J)
is a biholomorphism.

Proof Since lim;_,y+ g(¢#) = go smoothly on compact subsets of V' and g(¢) is Kdhler with respect
to J, we have that on V,

v& = lim V8O =0,
t—0+

so that g is Kihler with respect to J. The metric g¢ is therefore Kihler with respect to (*J away from a
compact subset of Cy. Recall that the radial vector field on a Kihler cone is holomorphic with respect to
its complex structure. Thus, rd, is holomorphic on the subset of Cy for which (*J is defined. Flowing
along —rd, then extends ¢*J to a global complex structure on Cy, with respect to which g is Kihler. O

In fact the converse of Proposition 3.10 holds true for shrinking gradient Kidhler—Ricci solitons; see [42]
for details.
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The previous proposition implies that M is 1-convex. This property is what allows us to extend the
biholomorphism ¢ ™! to a resolution 77 : M — C, that is equivariant with respect to the torus action on Cy
generated by the flow of Jyrd,. The details are contained in the next theorem.

Theorem 3.11 Let (M, g, X) be a complete expanding gradient Kdhler—Ricci soliton with complex
structure J such that for some point p € M and all k € Ny,
Ak(g) = sup [(V¥)* Rm(g)|g (x)dg(p.x)** < o0,
xXeEM

and let (Cy, go) be its unique tangent cone with radial function r and complex structure Jy. Then there
exists a holomorphic map m: M — C that is a resolution of Cy with the property that dn(X) = rd,.
Furthermore, the holomorphic isometric real torus action on (Cy, go, Jo) generated by Jord, extends to a
holomorphic isometric torus action of (M, g, J).

Proof The proof of Theorem 3.11 comprises several steps. From Proposition 3.10, we know that
along the unique end V of M, there is a biholomorphism ¢: Cy \ K — V for K C Cy a compact subset
containing the apex of Cy. Thus, by [20, Lemma 2.15], this in particular implies that M is 1-convex,
hence holomorphically convex, so that there is a Remmert reduction p: M — M’ of M. Recall that
this is a proper holomorphic map p: M — M’ from M onto a normal Stein space M’ with finitely
many isolated singularities obtained by contracting the maximal compact analytic subset of M. By
construction, M’ is biholomorphic to M outside compact sets, therefore we have a biholomorphism
givenby F := pow:{x € Cy|r(x) > R} - M'\ K’ for some compact subset K’ C M’ and for some
R > 0. We claim that this biholomorphism extends globally.

Claim 3.12 The biholomorphism F: {x € Cy | r(x) > R} — M'\ K’ extends to a biholomorphism

FI C() — M.

Proof Since M’ as a Stein space with finitely many isolated singularities, admits an embedding

h: M’ — CP for some P by [3, Theorem 3.1], we have a holomorphic function
hoF:{xeCy|r(x)>R}—>CPF,

Since Cj is in particular an example of a Stein space, this holomorphic function extends to a unique

holomorphic function F: Cy — C P by Hartogs’ theorem for Stein spaces [61, Theorem 6.6]. The fact that

F(Cy) € M’ follows from Hartogs’ theorem. To show that F is in fact a biholomorphism, we construct
an inverse map F~': M’ — C, as an extension of the map

F7ULM'\K'— {xeCy|r(x) > R}
by applying the previous argument beginning with the fact that Cy is affine algebraic. <

Thus, the Remmert reduction of M is actually C, ie the composition 7 := F~lo p: M — Cy is a
proper holomorphic map contracting the maximal compact analytic subset £ of M to obtain the cone Cj.
Denote the connected components of E by Eq, ..., Ej. Then & contracts each E; to a point p; € Cy and
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restricts to a biholomorphism 7: M \ E — Cy \ {p1, ..., pr}. We next show that 7 defines a resolution
of Cy for which d(X) = rd,. Note that at infinity, 7 = (pot) o p =171,

Claim 3.13 The map w := F~'o p: M — Cj is a resolution of Cyy with respect to which dw(X) = rd,.

Proof Consider the biholomorphism 7: M \ E — Co \ {p1, ..., px}. This map allows us to lift the
holomorphic vector field rd, to a holomorphic vector field Y := (d7)~'(rd,) on M \ E. Since at infinity
7 ="', and so identifies the vector field 73, on Cy with the vector field X on M outside compact
subsets of each, Y will agree with X outside of a compact subset of M. Thus, analyticity implies that
X =Y on M\ E. The next observation is that since the flow lines of ¥ (and hence X) foliate M \ E,
the flow of X must preserve E. Via m therefore, the flow of X induces a flow on Cj that fixes the
points py,..., pr, where as before each p; denotes the image of a connected component E; of £ C M
under 7. The result of this induced flow on Cj is a holomorphic vector field X that coincides with P
on Cy \ {p1,..., pr} and which is equal to zero at each p;. By analyticity again, X = rd,, so that
E comprises one connected component only, which is mapped to the apex of the cone by m. Thus,
w: M — Cy is a resolution of the singularity of the cone, and the vector field X on M is an extension of
(dm)~1(rd,) from M \ E to M so that d(X) = rd,, as claimed. <

The resolution 7 : M — Cy is clearly equivariant with respect to the flow of Jyrd, on Cy and the flow
of JX on M. We wish to show next that 7 : M — Cj is in fact equivariant with respect to the holomorphic
isometric torus action on Cy induced by the flow of Jyrd, and that the lift of this torus action to M acts
isometrically on g. This will conclude the proof of Theorem 3.11.

Claim 3.14 The holomorphic isometric torus action on (Cy, g¢) generated by Jord, extends to a
holomorphic isometric action of (M, g, J) so that, in particular, w: M — Cy is equivariant with respect
to this torus action.

Proof Consider the isometry group of (M, g) that fixes E endowed with the topology induced by
uniform convergence on compact subsets of M. By the Arzela—Ascoli theorem, this is a compact Lie
group. Taking the closure of the flow of JX in this group therefore yields the holomorphic isometric
action of a torus 7" on (M, J, g). Since the action of T preserves FE, this action pushes down via 7 to a
holomorphic action of 7" on C fixing the apex o of Cy. Now, by Theorem 3.8, after noting again that
7 = ! at infinity, we see that the soliton metric g and the cone metric g¢ are asymptotic at infinity.
Therefore these metrics are quasi-isometric on Cy \ K, where K C Cj is any compact subset of Cy
containing the apex o of Cy, so that uniform convergence on compact subsets of Cy \ {0} measured with
respect to g and gq are equivalent. Recall that d 7 (X) = rd,, so that the flow of Jyrd, is dense in 7" and
the flow of Jord, is isometric with respect to go. Consequently, every automorphism of (Cy, Jo) induced
by T is obtained as a limit of automorphisms of (Cy \ {0}, g9, Jo) with respect to uniform convergence
on compact subsets measured using go. Since a uniform limit of isometries is itself an isometry, it follows
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that 7" acts isometrically with respect to gg on Cy \ {0}, so that the action of 7" on Cy preserves the slices
of Cy and defines a torus in the isometry group of the link of Cy in which the flow of Jyrd, is dense.
This final observation concludes the proof of the claim and Theorem 3.11. a

3.3 Conclusion of the proof of Theorem A

We now conclude the proof of Theorem A for complete expanding gradient Kéhler—Ricci solitons. Con-
clusion (a) follows from [62, Theorem 4.3.1], whereas the Kéhlerity of (Cy, g¢) as stated in conclusion (b)
follows from Proposition 3.10. The remainder of conclusion (b), apart from (b)(i), then follows from
Theorem 3.11. Conclusion (c) follows from Theorem 3.8 after noting that 7 = (! at infinity as above.

As for conclusion (b)(i), the Kéhler form w of the expanding gradient Kéhler—Ricci soliton satisfies the
expanding soliton equation p,, +i99 f = —w on M, where p,, is the Ricci form of @ and f is the soliton
potential. In H? (M), this equation yields [—p,] = [@]. Since ip,, is the curvature form © resulting from
the hermitian metric on K7 induced by w, we have that [i @] = [—p,]| = [w], so that (1-5) is seen to hold
true for the expanding soliton Kéhler form w and the curvature form i ® it induces on Kjy.

For a complete shrinking gradient Ricci soliton (M, g, X') with soliton potential /', we define a Kéhler—
Ricci flow via
g(t)y=—tp;g for <0,

where ¢; is a family of diffeomorphisms generated by the gradient vector field —(1/¢) X with ¢_; =1d, ie

GIon V& f(p:(x))
t

Then (dg/d¢)(t) = —2Ric(g(z)) for t < 0 and g(—1) = g. Such a soliton with quadratic curvature
decay has quadratic curvature decay with derivatives by Theorem 2.20(iii), and hence, as proved in
[43, Sections 2.2-2.3], has a unique tangent cone at infinity. These observations provide the starting
point for the proof of Theorem A for complete shrinking gradient Kihler—Ricci solitons with quadratic
curvature decay. The proof then follows the proof for the expanding case, verbatim.

4 Classification results for expanding gradient Kihler—Ricci solitons with
quadratic curvature decay with derivatives

4.1 Proof of Corollary B

Let (M, g, X) be a complete expanding gradient Kihler—Ricci soliton satisfying (1-6) with tangent cone
(Co, g0), as in Corollary B. Let @ denote the Kéhler form of g.

To see that M is the canonical model of Cj, note first that Theorem A asserts that there is a Kihler
resolution w: M — Cy with exceptional set E such that

(4-1) / (i©)F A piimcV=k 5 g
Vv
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for all positive-dimensional irreducible analytic subvarieties V' C E of w: M — Cy and for all integers k
such that 1 <k < dimg¢ V, where ® denotes the curvature form of the hermitian metric on Kjs induced
by w. In particular, (4-1) implies that

/ (©)F Aplime =k > ¢
4

for all positive-dimensional irreducible algebraic subvarieties V' C E and for all integers k such that
1 <k <dimc V. Setting k = dim¢ V, we then see that

/ (©®)4mcV 5 0 for every irreducible algebraic subvariety V' C E of positive dimension.
V

But since M is quasiprojective by Proposition 2.24, this is the same as saying that
(DYMcV .Yy > 0 for every irreducible algebraic subvariety V C E of positive dimension,

where D is now a canonical divisor of M. Nakai’s criterion for a mapping (Theorem 2.11) now tells us
that Ky is w—ample, so that by definition, 7: M — Cj is the canonical model of Cy. Hence Cy has a
smooth canonical model, namely M.

Conversely, suppose that (Cy, g¢) is a Kéhler cone with radial function r and with a smooth canonical
model 7 : M — Cy. We begin by explaining that [19, Theorem A] holds true without hypothesis (b) of that
theorem. This hypothesis was required in the proof of [19, Proposition 3.2] to show that Ly w =i 3060y,
where w is the Kéhler form of [19, Proposition 3.1], X is the lift of the radial vector field on the cone,
and Oy is a smooth real-valued function. The following claim asserts that this in fact always holds true.

Claim 4.1 Let (Cy, go) be a Kéhler cone with complex structure Jy and radial function r and let
. M — Cy be an equivariant resolution with respect to the real torus action on Cy generated by Jordy.
Let X be the unique holomorphic vector field on M with d(X) = rd, and let w be the Kéhler form of
[19, Proposition 3.1]. Then Ly w = 1990y for a smooth real-valued function Oy : M — R.

Proof Denote the complex structure of M by J and let X 10 = %(X —iJX). Thensince Lyxw =0
by construction, we have that

(4-2) 1Lxw = 3d(w.X) = d(wX"0).

Now by construction, w takes the form w =i @h +1i Bgu, where ©#: M — R is a smooth real-valued
function and ®y, is the average over the action of the torus on M of the curvature form ®j of a hermitian
metric i1 on Kjps. Thus,

(4-3) w X 10 =i@h4X1’0+i§(X1’O.u)_

Studying the term i @h X 10 Jet n = dimc M, let Q be a local holomorphic volume form on M, ie a
nowhere vanishing locally defined holomorphic (7, 0)—form (defined in some local holomorphic coordinate

chart, for example), and set Ly1.08

= X0 10g(]Q?) — ,
v og(lI€23) o
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where || - || denotes the norm with respect to 4. We claim that v is independent of the choice of € and
hence is globally defined. Indeed, any other local holomorphic volume form takes the form g2 for some
holomorphic function g. Then

Lx1.0(g2) (X0 9)Q +qLy10Q
X0 Jog(llgl7) — == = X0 logg|* + X log(I2]7) — -
g% 7%
Lot Q Xl,()'
= X0 log(I2}) = X"+ X log g~ ==
Ly1.082 =0
= X" log(IQ}) - ~F 5.

as required. Next observe that

. = = Ly1.082 =
104X 10 = —19(X 1 log(2]}) = —za(X“’ Jog(12117) — =5 ) = —idv,

since (Ly1.0€2)/ 2 is a holomorphic function. Averaging this equation over the action of 7" then yields
the fact that i @, X 1% = i 97 for a smooth function 7 on M. Plugging this into (4-2), we thus see from
(4-3) that

Lxow=2dGd@+ X" u)) =i0dQ2@ + X0 -u)).

Hence Ly = i 300y, where Oy := 2 Re(¥ + X 10 u), because Lyw is a real (1, 1)—form and 99 is a
real operator. <

Remark 4.2 The existence of the function v satisfying i @, X 10 = —idv is essentially due to the fact
that X has a canonical lift to the total space of K3s and ®y, is the curvature form of a hermitian metric
on Kjy.

Returning now to our smooth canonical model 7: M — Cy of Cy, we will verify the hypotheses of
[19, Theorem A] (apart from the redundant hypothesis (b) of this theorem) for this resolution to show
that M admits a complete expanding gradient Kidhler—Ricci soliton g with the desired asymptotics.
By Lemma 2.13, the radial vector field rd, on Cy lifts to a holomorphic vector field X on M with
dn(X)=rd,, and by Lemma 2.12, M is quasiprojective, hence Kéhler. Moreover, there exists a Kahler
form 0 on M and a hermitian metric on K with curvature form ® such that

(4-4) | @) ngtner=t s
4

for all positive-dimensional irreducible analytic subvarieties V' contained in the exceptional set £ of
7. M — Cy and for all integers & such that 1 <k < dimc V. Indeed, proceeding as in [25], let o be the
curvature form of a very ample line bundle L on the projective variety which contains M as an open
subset and let ® be the curvature form of the hermitian metric induced on Kjs by o. Then observe that
for any analytic subvariety V' C E of dimension k,

(4-5) f (@)F Agtime VK = / (i©)F
4 VmHlm"'deimC V—k
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for generic members Hy, ..., Hgimc -k of the linear system |L|, so that V N HyN---N Hyi p—g C E is
an irreducible subvariety of dimension k. Since E is projective (as M is quasiprojective), this intersection
is a projective algebraic variety by Chow’s theorem. The right-hand side of (4-5) may therefore be written
as Dk (VN H{N---N Hygmpy—k), where D is a canonical divisor of M. By definition of the canonical
model, Kz is w—ample, which by Nakai’s criterion for a mapping (see Theorem 2.11) implies that this
intersection is strictly positive. Thus, we have that (4-4) holds true for the Kahler form o and the curvature
form ® that it induces on Kjs. The hypotheses required for the application of [19, Theorem A] are
therefore satisfied and so M admits a complete expanding gradient Kéhler—Ricci soliton (M, g, X') with

(V&K (rr0g — g0 — Ric(g0))lgy = Crr~*%  forall k € Ny,

as required.

As for the uniqueness of (M, g, X), let (M;, g;, X;) fori = 1,2 be two complete expanding gradient
Kihler—Ricci solitons satisfying (1-6) with tangent cone (Cy, go). As initially proved, both M and
M, are equal to the unique (smooth) canonical model M of Cy. Moreover, Theorem A asserts that for
i = 1,2 there exists a resolution map 7;: M — Cy with dm;(X;) = rd, such that

(4-6) |(VE)Y, (1) 481 — g0 — Ric(g0)) gy < Car ™% forall k € No.

The composition H := my o, 1. Cy — Cp induces an automorphism of Cy fixing the vertex. As
in the proof of Lemma 2.13, uniqueness of the canonical model implies that there exists a unique
biholomorphism F': M — M such that wy o F' = H o ;. Unravelling the definition of H, this yields the
fact that 77, o F = m,. Consequently, dm,(dF)~1(X1)) = dn;(X,) = rd, so that (dF)~1 (X)) = X>.
Furthermore, in light of (4-6), we have that

(4-7) [(VE)X ((2)«(F*g1) — g0 — Ric(g0))|go < Cxr™*7%  for all k € Ny.

Thus, (M, F*gy, X;) and (M, g,, X,) are two expanding gradient Kéhler—Ricci solitons with the
same soliton vector field which from (4-6) for i = 2 and (4-7) in addition satisfy |F*g; — g»| =
O(r~*). The uniqueness theorem [19, Theorem C(ii)] therefore applies (where, in studying the proof
of [19, Theorem C(ii)], one sees that finite fundamental group is not actually required) and asserts that
F*gy = g,. Thus, (M, g, X) is unique up to pullback by biholomorphisms of M, as claimed.

As for the remainder of Corollary B, item (a) is now clear and item (b) follows from Theorem A.

4.2 Proof of Corollary C

Corollary C follows from Corollary B once we identify the two-dimensional Kdhler cones that admit
smooth canonical models as those stated in Corollary C(I)—(III) and realise their respective smooth
canonical models as those stated in Corollary C(b)(i)—(iii).

To this end, let Cy be a two-dimensional Kéhler cone with a smooth canonical model M. By adjunction,
M cannot contain any (—1)— or (—2)—curves. In particular, by Theorem 2.15, M coincides with the
minimal model of Cy. Using this information, we can identify Cy and M as follows.
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Since C is a two-dimensional Kéhler cone, it must be prescribed as in Theorem 2.5. We henceforth work
on a case-by-case basis. If Cy is as in Theorem 2.5(i), then I" must be as prescribed in Corollary C(I)
since M cannot contain any (—2)—curves; indeed, see [48, Figure 2.1 and Theorem 4.1] for details. In
this case, M will be the minimal model of Cy as stated in Corollary C(b)(i). Otherwise, Cy may be as in
Theorem 2.5(ii) which is precisely the statement of Corollary C(II). In this case, the minimal model M is
given as in the statement of Corollary C(b)(ii). Finally, Cy may be as in Theorem 2.5(iii). Those cones of
Theorem 2.5(iii) that admit a smooth canonical model have been identified in Proposition 2.18, which
yields the statement of Corollary C(III). For these cones, the minimal resolution is the minimal good
resolution which identifies M as in the statement of Corollary C(b)(iii).

5 A volume-minimising principle for complete shrinking gradient
Kahler—Ricci solitons

We now focus our attention solely on shrinking gradient Kéhler—Ricci solitons for the remainder of
the article. The set-up of this section is as follows. Let (M, g, X)) be a complete shrinking gradient
Kihler—Ricci soliton of complex dimension # with complex structure J, Kédhler form w, and with soliton
vector field X' = V& f for a smooth real-valued function f: M — R. We assume that a real torus 7' with
Lie algebra t acts holomorphically, effectively and isometrically on (M, g, J). Then t can be identified
with real holomorphic Killing vector fields on M. We furthermore assume that J X € t.

The goal of this section is to prove the uniqueness of the soliton vector field JX in t by characterising
J X as the unique critical point of a soon-to-be-defined weighted volume functional.

5.1 A Matsushima-type theorem

Let autX (M) denote the Lie algebra of real holomorphic vector fields on M that commute with X and
hence JX, and let g¥ denote the Lie algebra of real holomorphic g—Killing vector fields on M that
commute with X and hence JX. Clearly g¥ is a Lie subalgebra of aut¥ (M). In order to prove the
uniqueness of the soliton vector field X, we need to show that the connected component of the identity of
the Lie group of holomorphic isometries of (M, g, J) commuting with the flow of X is maximal compact
in the connected component of the identity of the Lie group of automorphisms of (M, J) commuting with
the flow of X. This fact will follow from the next theorem, an analogue of Matsushima’s theorem [50]
for shrinking gradient Kihler—Ricci solitons stating that the Lie algebra autX (M) is reducible, after we
prove that the aforementioned groups are indeed Lie groups.

Theorem 5.1 (a Matsushima theorem for shrinking Kihler—Ricci solitons) Let (M, g, X) be a com-
plete shrinking gradient Kdhler—Ricci soliton with complex structure J endowed with the holomorphic,
effective, isometric action of a real torus T with Lie algebra t with JX € t. If |Ric(g)|g is bounded, then

we have that
autX(M) ngEBJgX.
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We expect this theorem to hold true without the assumption of bounded Ricci curvature.

The proof of Theorem 5.1 consists of several steps. Beginning with any real holomorphic vector field
Y € autX (M), Hormander’s L2—estimates allow for a complex-valued potential, that is, a smooth
complex-valued function uy such that Y- = V-9 where ¥ 1 is the (1, 0)—part of Y. Thanks to the
defining equation of a shrinking gradient Kéhler—Ricci soliton, we can then modify #y by a holomorphic
function if necessary so that A,uy +uy —Y 1"0. £ =0, where f is the soliton potential with X = V& /'
We further average uy over the action of 7" so that £y yuy = 0, which results in the commutator relation
(uy)i Jx = (uy)r [ Using this, we then apply a Bochner formula followed by an integration by parts
argument to deduce that V%25 = 0 so that VI-%%y is a holomorphic vector field. The bound on the
norm of the Ricci curvature is required to control the boundary term in the integration by parts argument.
The gradient of the real and imaginary parts of uy will therefore be real holomorphic vector fields so
that, once one applies the complex structure to these vector fields, they become real holomorphic and
Killing. From this, the stated decomposition follows. To conclude that the sum is direct, we make use of
a splitting theorem for shrinking gradient Ricci solitons.

Proof Write (-,-), |-| and V, respectively, for the inner product, norm and Levi-Civita connection
determined by g, and let Y € autX (M). Then Y defines a real holomorphic vector field on M with
[X,Y]=0. Take the (1,0)-part Y10 of ¥, ie let Y10 = 1 (Y —iJY). Then Y ' = 0, so that w ¥ !-°
is a d—closed (0, 1)—form, where @ denotes the Kihler form of g. We first claim that w_Y -0 admits a
smooth complex potential.

Claim 5.2 There exists a smooth complex-valued function uy on M such that —iw_ Y '*° = duy, or
equivalently, such that Y -0 = V1:0yy

Note that u#y is unique up to the addition of a holomorphic function.

Proof Let /& denote the metric on — Kz induced by w. Then the curvature of the metric e fhon—K M
is precisely @ by virtue of the defining equation of a shrinking gradient Kidhler—Ricci soliton. Treat
w1Y 10 as a —Kps—valued (1, 1)—form. Then since the norm of Ric(g) is bounded so that |Y 10| grows
at most polynomially by Proposition 2.30, we see from the growth on f dictated by Theorem 2.20(i)
that the L2—norm of w_Y 1:* measured with respect to e~/ /1 is finite. An application of Hormander’s
L?—estimates [24, Theorem 6.1, page 376] now yields the desired conclusion. <

Next, contracting (1-4) with A = 1 with Y10 and using the Bochner formula, we see that

—idAouy +id(YP0- f) =iduy,
so that B
A Apuy +uy —Y10. fy=0.

By adding a holomorphic function to uy if necessary, we may therefore assume that

(5-1) Apuy +uy —Y10. f=0.
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Furthermore, by averaging uy over the action of 7, we may assume that £y yuy = 0. These two
operations normalise #y. Notice that
wy)ipfi=Y"0 f=VYuy. f=XVuy —iJVuy, X) = 1(Vuy. X).

by virtue of the fact that £y xyuy = 0. For the same reason, we also have that

)i fe=Y"" =" uy)- f = 3(Vuy, X).
Hence,

(uy)gfx = (uy)k f5-

In particular, from (5-1) we deduce that
(5-2) Apuy +uy — (uy)i ff =0.

Before continuing, we need to establish some estimates on uy together with its covariant derivatives. We
will divide these estimates up into three claims.

Claim 5.3 There exists a positive constant A such that uy (x) = O(dg(p, x)4) as dg(p, x) tends to +-00.

Proof By Proposition 2.30, Y % grows polynomially, ie |Y 10| (x) = O(d,g (p, x)?) for some a > 0, where
dg(p,-) denotes the distance with respect to g to a fixed point p € M, so that |duy|(x) = O(dg(p,x)%).
Then B
duy (X) = 2(duy (X) +iduy(JX)) = 31X -uy.
~——————
Thus, =0
(5-3) X - uy| = 2[duy (X)| = O(dg(p. )" ).

Let yx(¢) be an integral curve of X with y,(0) = x € M. Then

t t
y ) =y OO+ [y (x50 ds =y Qx| (Cy)(15(5) ds =€ + 0+
0 0
so that, by (2-11) and Theorem 2.20(i),
juy (0] = Oy (p, x)"*). a

The next claim concerns the weighted L?—integrability of the total gradient and second covariant derivatives
of u.

Claim 5.4 The gradient Vuy and the second covariant derivatives V2uy ofuy belong to Lz(e_fa)”).

Proof Since A,uy =Y '0. f —uy, the estimate established in Claim 5.3 together with the polynomial
growth of X and Y at infinity show that A, uy is growing at most polynomially at infinity as well. By (5-3),
the same holds true for the drift term X - uy. Therefore the drift Laplacian A, uy — %X -uy is growing at
most polynomially at infinity ensuring its weighted L?—integrability, ie Ap xuy :=Apuy — %X ‘uy €
L%*(e=fw"). This implies in turn that VRe(uy) and V Im(uy) belong to L%(e=fw"). Indeed, by
the previous arguments, it suffices to show that if a smooth real-valued function v: M — R satisfies
veL%(e ' w") and Ay xV € L%(e=/ w"), then Vv € L2(e=/ ™).
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To this end, let R be a positive real number and let ¢pg: M — [0, 1] be a cut-off function with compact
support in the geodesic ball Bg(p, 2R) such that ¢ =1 on Bg(p, R) and |Ve¢pr|g < ¢/R. Then since
(A, x)v? =2|Vv|? +2(A, xv, v), integration by parts leads to the inequality

2/ Vo2 9% e~ S = / Aw’szqﬁfee_fa)" —2/ (Aw xv,v)0% Ak
M M M
= —/ (Vv?, Vq&%e)e_fa)” —2/ (Ap xv, V)95 el w"
M M

< / |Vu|?¢% e o+ %/ vZe o ~|—/ (|Ap.x v+ [v[P)e T 0",
M R* Jm M
which yields
c
/ IR et < —2/ vZe S o +/ (|Ap xv|* + lv|)e ™ o™
M R* Jm M
One then obtains the expected result for the gradient by letting R tend to +o0.

Similarly, for the second covariant derivatives, it suffices to show that if a smooth real-valued function
v: M — R satisfies Vv € L2(e~f @") and Ay, xv e L%(e~fw"), then V2v € L2(e~/ w™). To this end,
we apply the Bochner formula and use the soliton equation as follows:

(5-4) Ao, x|Vo[* = |V20]* + (Ric(g) + 1Lx g)(Vv, Vv) + (V(Ay, xv), VU)
= |V20|* +|Vv|* + (V(Aw, x V), Vv)
> [V20|? + (V(Ap, xv), Vv).

Next, let ¢g: M — [0, 1] be the cut-off function defined as above. Then using integration by parts, the
identity (5-4) leads to the inequalities

2/ |V2v|2¢%ee_fa)” < 2[ Aw,X|Vv|2¢%ee_fw”—2[ (V(Aw,Xv),Vv)qb%ee_fw"
M M M
=_/ (V|Vv|2,v¢§)e—fw"+2/ 2|Aw,xV|*p2+Ap xv(VU,VpZ) e 0"
M M
sf |V2v|2¢§e—fw"+iz/ |Vv|2e_fa)”+c/ (|Aw x V) +|VV[})e ™/ 0"
M R*Jm M
for some positive constant ¢ independent of R. Thus,

/ V2opR e " <
M

—2/ |Vv|2e_fa)”—|—/ (IAw,Xv|2+|Vv|2)e_fa)”.
R* Jm M

The desired result for VZv now follows by letting R tend to +oo. <
Finally, we show that some components of the Hessian of #7y vanish identically.
Claim 5.5 The (0, 2)—part V%2#iy of the Hessian of ily vanishes identically on M.

Proof For clarity, we suppress the dependence of the potential #y on the vector field ¥ in what follows.
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Let R > 0 and let ¢ g be a cut-off function as in the proof of Claim 5.4. Reminiscent of [63, equation (2.7)],
from (5-2) we then find, in normal holomorphic coordinates at a point where the Ricci form pg of @ has
components p;7, that

0= [ (Aptt +u— frug)itr¢pne ™ o"
M
= /M (s + i — figun — fuip)iir gg e o”
= /M (uy5 — Pisis +ui — fipug — frui)iir g e/ o since ujiz = ujji + pisits,

= [M(uik;; + (—pistis +ui — figug) = feui)ir pp e’ "

=0
= /M(“ﬂd? — fruir)ir pg e " = /M (Ay, xup)itr e "

:—/ ﬁ,—]—uijq&%ee_fa)”—%/ (9%, 3|0u|?) e~/ .
M M

Therefore, by the Cauchy—Schwarz inequality,

/ V2l gge /" <c f (10¢x[32)) - (p&|V*1|0) e~ "
M M

1

2 2

Sc(/ |V¢R|2|W|2e—fw") (/ |vza|;¢;e—fwn)
M M

for some positive constant ¢ independent of R that may vary from line to line. By Claim 5.4, the previous
inequality leads to the bound

0,2—12 42 — ¢
/ IV>2uly, ¢ge S < R
M
for some positive constant ¢ independent of R. Letting R tend to 400, this shows that

/ V%2712 e~/ " =0,
M

as desired. <

Consequently, V%2iiy = 0, from which it follows that V1:%zy is a holomorphic vector field.

Thus, V1% y and V!-%%y are holomorphic vector fields. Write uy = vy + iwy, where vy and
wy are smooth real-valued functions on M. Then we deduce that V!:-0vy = %(Vvy —iJVuvy) and
Viopy = %(wa — iJVwy) are holomorphic. In particular, Vvy and Vwy are real holomorphic
vector fields on M so that by [32, Lemma 2.3.8], JVvy and JVwy are real holomorphic g—Killing

vector fields. Therefore we have the decomposition
1Y —iJY)=Y"0 =0y =V 00y +iwy) = 1 (Vuy + JVwy) — 1i (JVoy — Vuy),
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so that
(5-5) Y =Vvy + JVwy = JVwy + J(—J Vvy).

Moreover, since £y xyuy = 0, we have that £y yvy = Lyxwy = 0so that [J X, Vvy]|=[JX, Vwy]=0,
and consequently [X, JVvy] = [X, JVwy] = 0. Hence JVvy and JVwy lie in g¥, leaving (5-5) as
the desired decomposition.

To show that this decomposition is direct, suppose that Z € g¥ N Jg¥. Then Z = J W, where W and J W
are real holomorphic and Killing. Since W is holomorphic and J W is Killing, VW is symmetric. Since
W is Killing, VW is skew-symmetric. Thus, W is parallel. If W is nontrivial, then by [29, Corollary 3.2],
(M, g) splits off a line, with W the generator of this line. In particular, we may write M = N xR
for a manifold N with g = gy @® dt? and W = 9;, where ¢ is the coordinate on the R—direction and
gn ashrinking Ricci soliton on N. Now the soliton vector field X must split as a direct sum with the
summand in the R—direction necessarily 7d,. Since [W, X] =0 as Z € g%, this yields a contradiction, so
that W = 0. Hence the stated decomposition of autX (M) is direct. |

Since M is noncompact, we need to verify that the various automorphism groups in question are indeed
Lie groups. This is necessary for the applications of Theorem 5.1 that we have in mind. We begin with:

Proposition 5.6 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton with bounded
Ricci curvature. Then there exists a unique connected Lie group AutOX (M) (endowed with the compact—
open topology) of diffeomorphisms acting effectively on M with Lie algebra autX (M).

Aut())( (M) is of course the connected component of the identity of the holomorphic automorphisms of M
that commute with the flow of X.

The fact that there is a unique Lie group Aut())( (M) with the stated properties follows from Palais’
integrability theorem [57] (see also [40, Theorem 3.1, page 13]), once we establish the completeness and
finite-dimensionality of autX (M ). However, this theorem only asserts that AutOX (M) is a Lie group with
respect to the “modified” compact—open topology. In order to see that it is a Lie group with respect to the
compact—open topology, we must appeal to [35, Theorem 5.14], using the fact that Autg( (M) is closed
with respect to the compact—open topology. Now, the completeness of the vector fields in autX (M) is
clear from Lemma 2.34. As for their finite-dimensionality, we have the following.

Proposition 5.7 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton with bounded
Ricci curvature and let autX (M) denote the space of all real holomorphic vector fields Y on M with
[X,Y]=0. Then autX (M) is finite-dimensional.

Proof We provide an analytic proof of this fact. Letting |-| denote the norm with respect to g and
writing f for the soliton potential, we have a natural norm || - || 22 on aut¥X (M) defined by
7

||Y||i% = /M|Y|2e—fw".

Geometry & Topology, Volume 28 (2024)



Classification results for expanding and shrinking gradient Kdhler—Ricci solitons 315

It suffices to show that the unit ball is compact with respect to this norm. To this end, suppose that we
have a sequence (Y;);>o with || Y;]| L} = 1. Then by elliptic estimates, we get uniform C*¥—bounds on
|Y;| over a fixed ball Bg(p, R) C M once a C%—estimate is established. Now, by a Nash-Moser iteration
applied to the norm of Y;, one obtains the estimate
sup  |Yi| = C(n, B YillL2(B, (p,R))-
Bg(p,R/2)
Since ||Y,'||sz < 1, then, a fortiori,
2
o Il =Con R NYill 125, (p,r)) = C' (1. R).

Finally, according to (the proof) of Proposition 2.30, there is some large radius Ry > 0 such that
(5-6) [Yi|(x) < C(n, sup|Ric(g)|, sup |Y,|) (dg(p,x)+1)% forall x € M,

M B¢ (p,Ro)
for some uniform positive constant a, where dg(p, x) denotes the distance between p and x with respect
to g. Since supp,(, R,) |Y;] < C(n, Ryp), passing to a subsequence if necessary we may assume that
(Yi)i>o0 converges to some Yoo on the whole of M in the C22 (M )—topology. The question is whether
this convergence is strong in the above norm. Thanks to (5-6), given ¢ > 0, there exists some positive
radius R such that for all indices i > 0,

Wil L2a\ B (.Y = &
since the soliton potential grows quadratically by Theorem 2.20(i), and the volume growth of geodesic
balls is at most polynomial by Theorem 2.20(ii). This shows that if R is chosen sufficiently large,
then the remainder of the norm outside Bg(p, R) is uniformly small; hence we do indeed have strong
convergence. d

Remark 5.8 Munteanu and Wang [51, Theorem 1.4] proved that the space of polynomial growth
holomorphic functions of a fixed degree on a shrinking gradient Kéhler—Ricci soliton is finite-dimensional
without assuming a Ricci curvature bound. We therefore expect that the above proposition holds true in
more generality. We also expect that the ring of holomorphic functions of polynomial growth on M is
finitely generated and that M is algebraic, at least under a Ricci bound assumption.

Recall that g¥ denotes the Lie algebra comprising real holomorphic g—Killing vector fields that commute
with X and hence with JX. We next consider the existence of a Lie group with Lie algebra g¥.

Proposition 5.9 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton with bounded
Ricci curvature. Then there exists a unique connected Lie group G(;Y (endowed with the compact—open
topology) of diffeomorphisms acting effectively on M with Lie algebra g¥ .

Proof Since g¥ is a Lie subalgebra of the Lie algebra of g—Killing vector fields on M, g¥ is a finite-
dimensional Lie algebra. Furthermore, vector fields induced by g% on M are complete by Lemma 2.34.
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By Palais’ integrability theorem [57] therefore, there exists a unique connected Lie group Gg( of diffeo-
morphisms acting effectively on M with Lie algebra g¥. Gg( is precisely the connected component of
the identity of the Lie group of holomorphic isometries on M that commute with the flow of X. Since
Gg( is closed with respect to the compact—open topology, [35, Theorem 5.14] guarantees that G(‘)Y isa
Lie group with respect to this topology, as stated. a

We next prove that G(;Y is a compact Lie subgroup of AutOX (M).

Lemma 5.10 Let (M, g, X) be a complete shrinking gradient Kdhler—Ricci soliton with complex
structure J and with soliton vector field X = V& f for a smooth real-valued function f: M — R. Then
elements of g% are tangent to the level sets of f. Moreover, if g has bounded Ricci curvature, then G(;Y
is a compact Lie subgroup of AutOX (M) (with respect to the compact—open topology).

Proof LetY e g¥. For the first part of the lemma, we will show that Ly /= 0, so that the flow of ¥
preserves the level sets of f, thereby forcing Y to be tangent to the level sets of f.

Applying Ly to the shrinking Kihler—Ricci soliton equation, we find that i 9d(Ly f) = 0. Notice that
since [JX, Y] =0, we have that Ly x (Ly f) = Ly (Lyx f) = 0. The function X - (Ly /) is therefore
holomorphic. It is also real-valued, hence must be equal to a constant, say X - (Ly f) = ¢o. Since
X = V& f and f has a minimum, we deduce that in fact co = 0, so that X - (Ly f) = 0.

Next, deriving with respect to the Killing vector field Y the soliton identity from Lemma 2.22, namely
Lxf+Rg=X-f+Re=|VEf|"+ Rg =2,
making use of the fact that X and Y commute, we obtain
2Ly f=Ly(Lx )+ LyRg =Lx(Ly f)=X-(Ly [).
——

=0

where we have just seen that this last term vanishes. Hence Ly f = 0, as desired.

As for the second part of the lemma, note that under the assumption of bounded Ricci curvature of g, both
Gg( and Aut())( (M) are Lie groups endowed with the compact—open topology, by Propositions 5.6 and 5.9,
respectively. In addition, Gg( is a subgroup of AutOX (M) since g¥ is a Lie subalgebra of autX (M).
Compactness of G(‘)Y with respect to the compact—open topology follows from the Arzela—Ascoli theorem
because the level sets of f are compact by properness of f and, as we have just seen, are preserved
by G(;Y . Being compact, G(;Y is then a closed subgroup of Aut())( (M), hence is a compact Lie subgroup
of Autg{ (M), with everything being relative to the compact—open topology. |

Finally, we can now deduce from Theorem 5.1 that Gg( is a maximal compact Lie subgroup of AutOX (M).

Corollary 5.11 Let (M, g, X)) be a complete shrinking gradient Kihler-Ricci soliton with bounded Ricci
curvature. Then Gg( is a maximal compact Lie subgroup of AutOX (M).

Geometry & Topology, Volume 28 (2024)



Classification results for expanding and shrinking gradient Kdhler—Ricci solitons 317

Proof First note that Gg( is a compact Lie subgroup of Autg( (M) by Lemma 5.10. Now suppose that
G(;Y is not maximal in Autg( (M). Then there exists a compact Lie subgroup K of AutOX (M) strictly
containing Gg. In particular, the real dimension of K must be strictly greater than G()Y . On the Lie algebra
level, since the decomposition of Theorem 5.1 is direct, there exists a nonzero real holomorphic vector Z
in the Lie algebra of K which is not contained in g%, yet is contained in Jg¥ . Since K is compact, the
closure of the flow of Z in K will define a real torus T¥ of real dimension k in K in which the flow
of Z is dense.

Consider the vector field Z. This is a real holomorphic vector field with JZ Killing. Since a shrinking
soliton has finite fundamental group [67], we have that H'(M ) = 0. Hence J Z admits a Hamiltonian
potential #: M — R so that Z = V8u. If the real dimension k of T is equal to one, then the orbits of Z
are all closed, but a gradient flow has no nontrivial closed integral curves since

i — V&2
@) = VEul? =0,

where Yy (¢) denotes the integral curve of Z with y5(0) = x € M. Hence k is strictly greater than one.
But this is impossible as well. Indeed, let x be any point of M where Z(x) % 0. Then u(yx(¢)) is an
increasing function of ¢, so that u(yx(¢)) — u(x) > ¢ for some constant ¢ > 0 say, for all # > 1. On the
other hand, since the flow of Z is dense in 7, yx(¢) intersects any neighbourhood of x in M for some
t > 1. This yields another contradiction. Thus, Gg( is maximal in Autg( (M), as claimed. a

5.2 The weighted volume functional

Recall that (M, g, X) is a complete shrinking gradient Kdhler—Ricci soliton of complex dimension n
with complex structure J, Kihler form w and soliton vector field X = V& f for f: M — R smooth, and
that by assumption, we have a real torus 7" with Lie algebra t acting holomorphically, effectively and
isometrically on (M, g, J) with JX €.

In order to make sense of the weighted volume functional of a shrinking gradient Kéhler—Ricci soliton,
we need to define a moment map for the action of 7" on M. This comes down to showing that every
element of t admits a real Hamiltonian potential, as demonstrated in the next proposition. Such a potential
exists essentially because 7" acts by isometries and H'!(M) = 0. However, a Hamiltonian potential is
only defined up to a constant. Therefore a normalisation is required to determine the potential uniquely.
We normalise so that the potential lies in the kernel of a certain linear operator, precisely the condition
required to show that J X is the unique critical point of the weighted volume functional.

Proposition 5.12 In the above situation, let Y € t so that Y defines a real holomorphic g—Killing vector
field on M with[X, Y] = 0. Then there exists a unique smooth real-valued function uy : M — R with
Lyxuy = 0 such that Ayuy +uy + %(JY) - f=0and duy = —w_Y.

Proof Let Z := —JY. Then Z is real holomorphic and JZ is g—Killing. Since a shrinking soliton
has finite fundamental group [67], we have that H'(M) = 0. This implies that there exists a smooth
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real-valued function y : M — R such that Z = V8uy. Then duyoJ = —w_Z. Let Z10 = %(Z—iJZ).
Then we have that
wiZ10 = %(I)_IZ — %Z.C!)JJZ = —%duy oJ + %iduy: %i(duy +iduyolJ)=iduy,

ie d(—iuy) = —w_Z"0. After noting from the proof of Lemma 5.10 that ¥ € t implies that Y - f = 0,
we automatically have that £;xyuy = 0. Using the Bochner formula, contracting (1-4) with A = 1 with
Z 10 then results in

—idAQuy +id(Z"° 1) =iduy.
In other words,
A Apuy +uy —2Z40. f)=0.
Now, the fact that £y yuy = 0 implies that
0=duy(JX)=gNV8uy,JX)=g(Z,JX)=—-g(JZ,.X)=—df(JZ)=—(JZ)- |.

In particular, Apuy + uy — Z1%. £ is a real-valued holomorphic function, hence is equal to a constant.
By subtracting this constant from uy and plugging in the definition of Z, we arrive at our desired
normalisation of #y, namely

Apuy +uy +3(JY)- f=0.

Since uy is defined up to a constant, this condition determines vy uniquely. |
With this proposition, we can now define our moment map for the action of 7" on M.
Definition 5.13 Let (-, -) denote the natural pairing between t and t*. Then we define the moment map
w: M — t* for the action of T on M as follows: for x € M, ;t(x) is defined by the equation

uy(x) ={(u(x),Y) forall Y et,

where uy is such that V8uy = —JY, Lyxyuy =0and Ayuy +uy + %(JY) - f=0.
We next define the weighted volume functional for complete shrinking gradient Kihler—Ricci solitons.

Definition 5.14 (weighted volume functional, see [64, equation (2.3)]) Let (M, g, X)) be a complete
shrinking gradient Kéhler—Ricci soliton of complex dimension n with complex structure J, Kdhler form w,
and with soliton vector field X = V& f for a smooth real-valued function f: M — R, endowed with the
holomorphic, effective, isometric action of a real torus 7" with Lie algebra t and with a compact fixed
point set. Let ;o denote the moment map of the action as prescribed in Definition 5.13 and assume that
JX et. LetY etandlet uy := {(u, Y) be the Hamiltonian potential of Y, so that £y yuy = 0 and

(5-7) Apuy +uy +3(JY)- f =0.

Finally, let
A :={Y € t|uy is proper and bounded below} C t.
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Then the weighted volume functional F: A — R ¢ is defined by

F(Y):/ e (mY))n :/ e Y,
M M

The set A is an open cone in t which is determined by the image of M under u; see Proposition A.4
for details. Since f grows quadratically at infinity by Theorem 2.20(i), we know that it is also proper.
Hence J X, which by assumption lies in t, lies in A, so that A is nonempty. Thus, by the Duistermaat—
Heckman theorem (Theorem A.3), F is seen to be well-defined. (Proposition A.13 provides an alternative
argument, without using the Duistermaat—Heckman theorem, for why F is well-defined.) As the next
lemma shows, the value of F is also independent of the choice of shrinking gradient Kihler—Ricci soliton.
This relies on the normalisation (5-7) of the Hamiltonian potentials.

Lemma 5.15 Let(M, g;, X;) fori =1, 2 be two shrinking gradient Kahler—Ricci solitons, both satistying
the hypotheses of Definition 5.14 with respect to a fixed real torus T. Let F; denote the weighted volume
functional of (M, g;, X;) and let A; denote the domain of F;. Then F; = F, on A; N A,.

Proof Let w; denote the Kihler form of g; andlet Y € A; N A,. Write ugf) for the Hamiltonian potential
of Y with respect to w;. Then analysing the expression given in Theorem A.3 for each F;, namely (A-1),
one sees that the right-hand side depends only on the value of ug) on the (compact) zero set My(Y)
of Y and integrals over this set with respect to w;. Now, the normalisation condition (5-7) infers that
on My(Y), ug) = —Awiug) = —div(Y), a quantity that, on My(Y'), is independent of the choice of

metric. Moreover, d ugﬁ) = —w; 1Y so ugl,) is evidently constant on each connected component of My (Y).

Thus, we deduce that ug) = ug/z) on My(Y), both being equal to a fixed constant on each connected
component of My(Y). As for the integrals on the right-hand side of (A-1), these involve integrating a
closed form w; over the compact boundary-less set My (Y'). Both being shrinking Kdhler—Ricci solitons,
w1 and w, lie in the same cohomology class, hence integrating over M (Y) with respect to either w; or

w, does not change the value of the integral. This brings us to the desired conclusion. |

We next list some more elementary properties of F', in particular the desired property that characterises
JX as the unique critical point of /. Here our normalisation of the Hamiltonian potentials also comes
into play.

Lemma 5.16 (volume-minimising principle) Let (M, g, X) be a complete shrinking gradient Kédhler—
Ricci soliton of complex dimension n with Kahler form w and with soliton vector field X = V& f for a
smooth real-valued function f: M — R, endowed with the holomorphic, effective, isometric action of a
real torus T with Lie algebra t. Assume that JX €t and that the Ricci curvature of g is bounded. Then

(1) F is strictly convex on A, and

(i) JX is the unique critical point of F in A.
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Remark 5.17 The boundedness of the scalar curvature of g guarantees here that F' is well-defined on A.
Indeed, this is clear from the Duistermaat—-Heckman theorem (Theorem A.3) after noting that the zero set
of X, which contains the fixed point set of 7" as a closed subset, is compact by Lemma 2.25.

Proof of Lemma 5.16 (i) Let Yy, Y, € A. Then the line segment tY; + (1 —2)Y;, ¢ €0, 1], is contained
in A because A is convex, as one sees from its definition. Moreover, by the linearity of the moment map,
we have that

Ury,+(1-n)Y, = tuy, + (1 =t)uy, forall ¢ €]0,1].

Thus, since the function x € R + ¢™* € R is strictly convex, we find that
Fit-Y1+(0—-t)-Yr)<t-F(Y1)+ (1 —1t)-F(Y,) forall t €(0,1), unless Y; = Y>.

(i1) As a strictly convex function on the convex set A, F has at most one critical point. The claim is that
this critical point is obtained at J X. Indeed, let Y € t and let uy denote the Hamiltonian potential of Y,
normalised so that A,uy + uy + %(J Y)- f =0. Recall that —J(JX) = V8 f, so that

dyxF(Y) = —/ uye o™
M

Let R be a positive real number and let ¢pg: M — [0, 1] be a cut-off function with compact support in the
geodesic ball Bg(p,2R) such that g =1 on Bg(p, R) and |Vog|g < c/R for some ¢ > 0. Then, using
integration by parts, we have that

‘/ urdie e =' f (Aouy +3(JY)- f)dpge "
M M

1 _
‘5 /M(Ag —VEf Juyppe ! "

= %‘/M g(Vuy,V(gk))e ™ "

l 2 —f n % 2 —f n %
=< 2(/M |Vuyl|“e ™ w ) (/M IV(pp)|e™ o )
B (/M Vuy[2e™/ w) (Vorllgr>e  0")2

2 3 3
< %(/M |Vuy|2e_fw”) (/M e_fa)”) ,

where the fact that Vuy € L2(e™/ ™) follows as in the proof of Claim 5.4. Letting R — 400, we see
that dy y F(Y) = 0, as required. |

The main tool we use to compute the weighted volume functional is the Duistermaat—Heckman theorem.
The statement of this theorem and a discussion have been relegated to the appendix. It expresses the
weighted volume functional in terms of data determined by the induced action on M of the element ¥ € A.
In particular, this data is independent of the metric w. Consequently, F is independent of the particular
shrinking gradient Kihler—Ricci soliton. It is this observation that will allow us to ascertain the uniqueness
of the soliton vector field X under certain assumptions. This is the content of the next subsection.
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5.3 A general uniqueness theorem

As an application of Corollary 5.11, we prove the uniqueness statement of Theorem D for the soliton
vector field X of a shrinking gradient Kédhler—Ricci soliton, the precise statement of which we now recall
below.

Theorem 5.18 (Theorem D) Let M be a noncompact complex manifold with complex structure J,
endowed with the effective holomorphic action of a real torus T. Denote by t the Lie algebra of T. Then
there exists at most one element £ € t that admits a complete shrinking gradient Kahler—Ricci soliton
(M, g, X) with bounded Ricci curvature, with X = V8 f = —J§& for a smooth real-valued function f
on M.

The outline of the proof of this theorem is as follows. Suppose that M admitted two soliton vector fields
X1 and X>. Then the maximal tori in the Lie groups Aut(‘)Y" (M) for i = 1,2 will be conjugate to T" by
Iwasawa’s theorem [39]. After choosing an appropriate gauge, J X; and J X, will then be contained in
the Lie algebra t of 7" and both vector fields will be critical points of their respective weighted volume
functional. But since the weighted volume functional is independent of the shrinking K&hler—Ricci
soliton by the Duistermaat—Heckman theorem, both weighted volume functionals must coincide, so that
J X1 = JX, by uniqueness of the critical point.

Proof Suppose that M admitted two complete shrinking gradient Kéhler—Ricci solitons, (M, g;, X;) for
i =1, 2, with bounded Ricci curvature and with X; = V& f; for f;: M — R smooth such that X; = —J§&;
for&; et Let G(;Xi denote the connected component of the identity of the group of holomorphic isometries
of (M, g;, J) that commute with the flow of X;. Corollary 5.11 then asserts that Gg(i is a maximal
compact Lie subgroup of the Lie group Autg(i (M), the connected component of the identity of the group of
automorphisms of (M, J) that commute with the flow of X;. Denote by 7; the maximal real torus in G6Xi,
Then T7; is maximal in Aut())(i (M). For each v € t, we have that [v, &] = 0, so that [v, X;] = 0. Hence each
element of 7" commutes with the flow of X; and so T itself is a Lie subgroup of Autg(" (M). Without
loss of generality, we may assume that 7" is maximal in Aut())(i (M). Then, by Iwasawa’s theorem [39],
there exists an element o; € Autg(i (M) such that o; T;or;” I = 7. Since «; commutes with the flow of Xj,
necessarily do; 1(X;) = X;. Moreover, o g; is invariant under T. Thus, (M, g;, X;) with §; = o gi
and X; = da; '(X;) is a T—invariant shrinking gradient Kihler—Ricci soliton with soliton vector field
Xi=X;=-J &; as before. Hence, by considering this pullback, we may assume that each (M, g;, X;)
is invariant under 7.

Now, by assumption we have that £, &, € t. Since the corresponding Hamiltonian potentials are the
soliton potentials, which themselves are proper and bounded below, we have that &£ € A; C t, where
A; denotes the open cone of elements of t admitting Hamiltonian potentials with respect to the Kéhler
form w; of g; that are proper and bounded below. We wish to show that &;,&, € A; N A, # &. The
result will then follow from an application of the Duistermaat—Heckman theorem. So let u#; denote the
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Hamiltonian potential of £, = J X with respect to g», that is, V82u; = X, and for x € M, let y;(¢)
denote the integral curve of X through x at # = 0. Then we have that

t
us (1 (0)) = 4y (71 0)) + /0 diur (4 (5)) ds
t
=u1(x>+/ 22(X1. X)) (1 (5)) ds
0

t
— () + /0 X112, (1 (5)) ds.

Since g has bounded Ricci curvature, so that the zero set of X; is compact by Lemma 2.25, and since
each forward orbit of the negative gradient flow of f; converges to a point in the zero set of X7 by
Proposition 2.27, it is clear that every point of M lies on an integral curve of X; passing through a
fixed compact set. Thus, we see that ©1 is bounded from below. For ¢ € [0, 1], consider the vector field
Y; :=1t& + (1 —1)&,. The Hamiltonian potential of Y, with respect to g, is f>, whereas that of Y7 is u;.
By linearity of the moment map, the Hamiltonian potential of Y; with respect to g, is i :=tu+(1—¢) f>.
Since u; is bounded from below and f; is proper, /; is proper and bounded below for 7 € [0, 1), so that
Y; € A, fort €0, 1). In a similar manner, one can show that Y; € A for ¢ € (0, 1]. The upshot is that
Y;e AfNAy#@forte(0,1)with&, & € A NA,.

Define a real-valued function F on [0, 1] as follows: F(t) := F,(Y;) ift €[0,1) and F(¢) := F(Y;) if
t € (0, 1], where Fj is the weighted volume functional with respect to w;. Then F is well-defined as both
F1 and F, are well-defined because of the Ricci curvature bound (see Remark 5.17) and by Lemma 5.15
they are equal on A1 N A,. Moreover, F is convex and continuous on [0, 1] and strictly convex on (0, 1).

Finally, observe that
F(0) = F»(&) = E})lilfi Fr, = F,(Yy) = Fi(Yy)

for every ¢ € (0, 1). By letting ¢ tend to 1, one sees that F'(0) < F(1). By symmetry, one also sees that
F(1) < F(0), which implies that F(1) = F(0) = minfg ;j F. Since F' is convex, F must be constant
on [0, 1], which contradicts the fact that F is strictly convex on (0, 1) unless (¥;);¢(o,1) is reduced to a
single point, ie unless &; = &;. This concludes the proof. |

5.4 Shrinking gradient Kihler—Ricci solitons on C” and O(—=k) — P" ! for 0 <k <n

Using Theorem D, we are now able to classify shrinking gradient Kéhler—Ricci solitons with bounded
Ricci curvature on C” and on the total space of the line bundle O(—k) — P"~! for 0 < k < n, and in
doing so, prove items (1) and (2) of Theorem E.

Theorem 5.19 (items (1) and (2) of Theorem E) Let (M, g, X) be a complete shrinking gradient
Kiéhler—Ricci soliton with bounded Ricci curvature.

(1) If M = C", then up to pullback by an element of GL(n,C), (M, g, X) is the flat Gaussian
shrinking soliton.

Geometry & Topology, Volume 28 (2024)



Classification results for expanding and shrinking gradient Kdhler—Ricci solitons 323

(2) If M is the total space of the line bundle O(—k) — P"~! for 0 < k < n, then up to pullback by
an element of GL(n, C), (M, g, X) is the unique U(n)—invariant shrinking gradient Kihler—Ricci
soliton constructed by Feldman, Ilmanen and Knopf [30] on this complex manifold.

Proof Let f denote the soliton potential of X, so that /: M — R is a smooth real-valued function
with X = V& f, and let M be as in item (1) or (2) of the theorem. We make no distinction as of yet.
Denote the complex structure of M by J and let G(;X denote the connected component of the identity of
the holomorphic isometries of (M, J, g) that commute with the flow of X. Since g has bounded Ricci
curvature, Gg( is a compact Lie group by Lemma 5.10, hence the closure of the flow of J X in Gg( yields
the holomorphic isometric action of a real torus T on (M, J, g) with Lie algebra t containing J X. Since
M is 1-convex by [20, Lemma 2.15] and the Ricci curvature of g is bounded, Proposition 2.26 tells us
that the zero set of X, and correspondingly the fixed-point set of 7T, comprises a single point in item (1)
and is contained in the zero section of the line bundle in item (2). Furthermore, Proposition 2.27 implies
that each forward orbit of the negative gradient flow of f converges to a point in this fixed-point set. By
contracting the zero section of the line bundle in item (2), we see that the action of 7" on M induces an
action of 7 on C"/Zj for k = 1,...,n— 1, as appropriate with fixed-point set the apex, and that this
action further lifts to an action of 7" on C” with an isolated fixed point. The lift of X to C” then defines
a holomorphic vector field on C" with Jy X € t, where Jy denotes the standard complex structure on C”,
and with each forward orbit of —X converging to this isolated fixed point.

By [17, Section 3.1], we may choose global holomorphic coordinates (z1, ..., z;) on C" with respect to
which the action of 7" on C” is linear, that is, lies in GL(n, C). These coordinates descend to coordinates
on C" /7, then lift to coordinates on M with respect to which the action of 7 on M lies in GL(n, C).
Without loss of generality, we may assume that 7" is maximal in GL(n, C). Then we still have that
JX € t. Since any two maximal tori in GL(#n, C) are conjugate by Iwasawa’s theorem [39], there exists

o € GL(n, C) such that « Ta ™! is equal to {diag(e’™, ..., e!™) | n; € R}. By considering «*w, we can
therefore assume that J X lies in the Lie algebra t of a torus of the form T = {diag(e™", ..., e!™)|n; € R}
acting on M. We will then have induced coordinates (71, ..., ) on t, where (1,0, ..., 0) € t will generate

the vector field Im(z;0;,) on M, and so on.

Since the fixed-point set of 7" is compact, we can now apply Theorem D, which tells us that there is at
most one element of t that admits a complete shrinking gradient Kéhler—Ricci soliton with bounded Ricci
curvature. On C”, we have the flat Gaussian shrinking soliton and Feldman, Ilmanen and Knopf [30] have
constructed a complete shrinking gradient K&hler—Ricci soliton with bounded Ricci curvature on M for
M as in item (2) of the theorem. In all cases, the soliton vector field X of these solitons satisfies JX € {,
and each is proportional to (1,..., 1) in our coordinates on t. Therefore we deduce that JX = A(1,...,1)
for some A > 0, so that on M, we have %(X —iJX) = Az;0;. The automorphism group of (M, J)
commuting with the flow of this vector field is precisely the Lie group GL(n, C). Thus, Corollary 5.11
asserts that G(;Y is maximal compact in GL(n, C) and so, by Iwasawa’s theorem [39] again, there exists
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B € GL(n, C) such that ,BG(;Y,B_1 = U(n). The (1, 1)-form B*w will then be U(n)—invariant and by
[30, Proposition 9.3], the only such complete shrinking gradient Kihler—Ricci soliton on M is the flat
Gaussian shrinking soliton if A = C”", and that constructed by Feldman, Ilmanen and Knopf if M is as
in item (2) of the theorem. O

6 The underlying manifold of a two-dimensional shrinking gradient
Kihler-Ricci soliton

Item (3) of Theorem E will result from items (1) and (2) of Theorem E once we establish the following
theorem.

Theorem 6.1 Let (M, g, X) be a two-dimensional complete shrinking gradient Kihler—Ricci soliton
whose scalar curvature decays to zero at infinity. Then Cy is biholomorphic to C2, and M is biholomorphic
to either C2 or C? blown up at one point.

The key observation in proving this theorem is that the scalar curvature of the asymptotic cone is strictly
positive if the shrinking soliton is not flat. Since we are working in complex dimension two, this allows
us to identify the tangent cone at infinity as a quotient singularity using a classification theorem of Belgun
[4, Theorem 8] for 3—dimensional Sasaki manifolds. The fact that M is a resolution of Cy by Theorem A,
combined with the fact that the exceptional set of this resolution must contain only (—1)—curves as
imposed by the shrinking Kihler—Ricci soliton equation, then allows us to identify M and Cj.

6.1 Properties of shrinking Ricci solitons

We begin by noting some important features of shrinking Ricci solitons that we require in this section.
We have the following condition on the scalar curvature of a shrinking gradient Ricci soliton.

Theorem 6.2 [16] Let (M, g, X) be a complete noncompact nonflat shrinking gradient Ricci soliton
with scalar curvature Rg. Then for any given point o € M, there exists a constant C > 0 such that
Rg(x)dg(x,0)* > C~! wherever dg(x,0) > C, where dg denotes the distance function with respect
tog.

This yields the following condition on the scalar curvature of an asymptotic cone of a shrinking Ricci
soliton.

Corollary 6.3 Let (M, g, X) be a complete noncompact nonflat shrinking gradient Ricci soliton with
tangent cone (Cy, go) along an end. Then the scalar curvature Rg, of the cone metric g is strictly
positive.

Proof The tangent cone at infinity is obtained as a Gromov—Hausdorff limit of a pointed sequence
(M, gr,0):=(M, k;zg, 0) for o € M fixed, where A — 0o as k — oo. By our asymptotic assumption,
the tangent cone is unique and this process recovers the asymptotic cone (Cy, g¢). Indeed, an arbitrary
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point p € Cy with r(p) = ro > 0 is associated with a sequence py — p, where dg (0, pr) = Agro — 00 as
k — oo, where r denotes the radial coordinate of go and d, denotes the distance measured with respect
to g. In particular, we see that

Rgo(p) = lim R, 2 (pr) = lim A Rg(py),
k—o00 k k—o00

where Rj;-2¢ denotes the scalar curvature of the rescaled metric )\;2 g. Using the lower bound of
Theorem 6.2, we then have that
A lzc Cc! . ki c! 1

Rgo(p) = lim AfRg(px) > lim —*—— = lim
k—o0 k

i =—>0
—00 a’g(o, pk)2 k—o0 ()\kl’o)z Crg

for some positive constant C. Since p is arbitrary, it follows that Rg, > 0 away from the apex of Co, as
claimed. o

6.2 Proof of Theorem 6.1

Let (M, g, X) be a complete noncompact shrinking gradient Kéhler—Ricci soliton of complex dimension
n + 1 with quadratic curvature decay and with tangent cone along its end the Kéahler cone (Cy, go) given
by Theorem A. Let r denote the radial function of the cone. Then the link of the cone {r = 1}, which we
denote by (S, gs), is a Sasaki manifold of real dimension 27 + 1 foliated by the orbits of the flow of &,
the restriction of the Reeb vector field of the cone to its link.

We know from [58, Theorem 3] that if the scalar curvature Ry of g is zero at a point, then (M, g) is
isometric to Euclidean space. So we henceforth assume that Rg # 0 everywhere, so that (M, g) is nonflat.
Then Corollary 6.3 tells us that the scalar curvature of the cone Rg, is strictly positive. Next we see from
Lemma 2.2 that Rg¢ > 2n(2n + 1) and so it follows from Corollary 2.9 that

RT >2n@2n+1)+2n=4nmn+1).

Identification of Cy In our case, (M, g, X) is of complex dimension two and the scalar curvature of g
decays to zero at infinity. By [54], the scalar curvature decay implies that the norm of the curvature tensor
of g decays quadratically. Thus, the above applies with n = 1 and we have the lower bound RT > 8.
From the classification of 3—dimensional Sasaki manifolds by Belgun [4, Theorem 8], it then follows that
Co is biholomorphic to C2/ T, with T" a finite subgroup of U(2) acting freely on C2\ {0}. We next wish
to show that I = {id}.

Recall from Theorem A that there is a resolution 7w : M — Cy of the singularity of Cy with d7w(X) =r0,.
Since Cy is biholomorphic to C2/ T for I' C U(2) a finite subgroup acting freely on C?2 \ {0}, it is
in particular a rational singularity. It is well-known that the exceptional set of a resolution of such a
singularity contains a string of P!’s [9, Lemma 1.3]. Since g is a shrinking Kihler—Ricci soliton, each of
these P!’s must have self-intersection (—1) by adjunction. Moreover, since Cj is obtained from M by
blowing down all of these (—1)—curves, Cy must in fact be smooth at the apex, so that I' = {id} and Cy
is biholomorphic to C?2.
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Identification of M Tt follows that M is then an iterated blowup of C? at the origin containing only
(—=1)—curves. The only iterated blowups of C? at the origin containing complex curves of this type are
C? and C? blown up at one point, since any further iterated blowup would introduce at least one P! with
self-intersection (—k) for some k& > 2. The conclusion is then that M must be biholomorphic to either
C?2 or C? blown up at one point.

7 Concluding remarks

We conclude with a discussion of future directions of research emanating from the results within this
paper.

7.1 The conjectural picture

The results on shrinking gradient Kihler—Ricci solitons presented here allow us to speculate on possible
deeper connections between such metrics and algebraic geometry. In the compact case, Berman, Witt
and Nystrom [6] gave an algebraic formula for the weighted volume functional and its derivative. We
generalise this result to the noncompact case under suitable assumptions, making use of the results of
Wu [66]. We begin with the definition of an anticanonically polarised Kdhler manifold, the underlying
complex manifold of a shrinking Kihler—Ricci soliton.

Definition 7.1 An anticanonically polarised Kdhler manifold is a Kihler manifold M admitting a Kéhler
form w together with a hermitian metric on —Kp,s with curvature form ® such that

/ (i @)k /\a)dim(c V—k >0
4

for all positive-dimensional irreducible compact analytic subvarieties V of M and for all integers k£ such
that 1 <k <dim¢ V.

By [25, Theorem 4.2], a compact anticanonically polarised Kéhler manifold is a Fano manifold. Moreover,
any shrinking Kihler—Ricci soliton naturally lives on an anticanonically polarised Kihler manifold.
Under certain criteria, we can write an algebraic formula for the weighted volume functional.
Proposition 7.2 Let (M, w) be a (possibly noncompact) Kihler manifold of complex dimension n with

Kihler form @ on which there is a Hamiltonian action of a real torus T with moment map ju: M — t*,
where t is the Lie algebra of T and t* its dual. Assume that the fixed-point set of T is compact and that

(i) HP(M,O(—kKpr)) =0 for all p > 0 and for all k sufficiently large, and

(i) w is the curvature form of a hermitian metric on — K.
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If there exists an element {o € t such that the component of the moment map u¢, = (i, §o) is proper and
bounded below, then

T LA 0 _ ¢
7-1) /Me o —kli)ncl)o T char H" (M, O( kKM))(k

for all ¢ in an open cone A C t.

In this situation, the character char H®(M, O(—kKjy)) is well-defined by [66]. Moreover, it follows
from [55, Theorem 4.5] that the vanishing condition (i) holds true for any I—convex anticanonically
polarised Kéhler manifold and condition (ii) holds true for any shrinking gradient K&hler—Ricci soliton.
In particular, if (M, ®, X) is a complete shrinking gradient Kéhler—Ricci soliton with Ricci curvature
decaying to zero at infinity, endowed with the holomorphic, effective, isometric action of a real torus 7’
with Lie algebra t containing J X, then the above theorem applies. The volume minimising principle
(Lemma 5.16) then tells us that for such a soliton, the unique minimum of the weighted volume functional
is obtained at J X.

Before we present the proof of equation (7-1), it is necessary to introduce some notation. Our notation
will mostly follow [66]. We denote by M T the fixed-point set of 7 in M. By assumption, this is
compact. If nonempty, it is a complex submanifold of M. Let F be the set of connected components
of MT. Then MT =, M, where M is the component labelled by « € F. Let ny = dimc M,S
and let Ny, — MaT be the holomorphic normal bundle of MaT in M. T acts on Ny preserving the
base MaT pointwise. The weights of the isotropy representation on the normal fibre remain constant
within any connected component. Let £ be the integral lattice in the Lie algebra t of T, let £* C t*
denote the dual lattice, and let A ; € £* \ {0} for 1 <i < n — ngy be the isotropy weights on Ny. The
hyperplanes ()\a,i)J- C t cut t into open polyhedral cones called action chambers [60]. Choose an action
chamber C. We define v$ as the number of weights Ay ; € C* where C* is the dual cone in t* defined
by C*={£et*| (£ C)>0}. Let Nac be the direct sum of the subbundles corresponding to the weights
Mg € C*. Then Ny = N @ N, €. The rank of the holomorphic vector bundle NS is v<'; that of N ¢

e y—C — C
ISV, " =n—ng—vy.

Proof of Proposition 7.2 For k € N sufficiently large, the vanishing assumption (i) together with
[66, equation (3.41)] implies that

—k Kt |pgr ® det(Ng©)
det(1 — (NS)*) @ det(1 — N;€)

char HO(M, O(—kKpp)) = Z(—l)”‘”“‘”g / chT( )td(Mf ),
My

aeF

where, if R is a finite-dimensional representation of 7,

1 o0
—_— = Sym™(R),
det(1— R) 5?0 ym™(R)
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and where ch” denotes the equivariant Chern character. For a fixed « € F, we therefore have that

—kKprlyr ® det(Ng ©)

T o T

(det(l —(NS)*) @ det(1 — Na—C)) (M)
_ T, rf 1 N.r(f 1 \.r —C T
=ch” ( kKM|MaT)ch (det(l—(NaC)*))Ch (det(l—Na_C))Ch (det(N, ) td(M,, ).

Now,
(Mg ) =14 3e1(=Kpr) +--- .

Analysing the term ch? (—k K /| MaT), we have by adjunction that

KM|MaT = Kyr —det(Ng),
so that
_kKMlMaT = (_kKMaT) + k det(Ny).

Now, M is fixed under the action of 7 and so the action of 7 on —kK M7 is trivial. The torus T’
n—n
therefore acts on —k K 7| MT as multiplication by ek Xi=1" heui where ny, is the dimension of MaT . Thus,

we have that n—ny,

el (=kKnrlpgz) = ke (=Karlpgr) +5 D i,

i=1

where clT is the equivariant first Chern class, so that

ChT(—kKM|MaT)(%) _ eCIT(—kKMlMaT)(C/k) _ ekcl(_KM|M§)eZ?;?°‘ Ao i (©)

Next analysing the second term, we may write N = {ilhg ;€C*} La,i, Where Lg ; is the line subbundle
of Ny with isotropy weight A4 ;. Then we have that

1 Pay 1
———— =PI (V)= QR ——
_ C @ o Tk
det(1—(Ng)*)  ~2) (e det(1—Lg ;)
so that
chT(—l ):chT( Q ): 1l chT(—l )
det(1— (N£)*) e U =L5 ) ) e det(1— L% )

Now observe that, for each i,

ch? (—det(l iL_* .)) = chT( EB Symm(L:’;,l.)) — chT( @(L;,i m)
@l m=0

m=0

o0 o0
—Aa.i L* .
=Y (e (@y )" =Y (e reitaadym
m=0

m=0
1
1— e_)\a,i+cl (L:t,i) )
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Hence,

1 1
ch? (—) = .
_ CHy* —kag,’-i- L;i
det(1— (NS)*) {”A}JIGC*} P VRSV 2%

Consequently,

T
h (det(l = (NC)*))( )
1

o 1_[ 1 — e~ (1/0)ha,i(@)—c1(La.i)
{i|Ae.i€C*}

= I

{ilAg.i€C*} 1 — (1 + (_k)\oz l(é‘) Cl(Loc,i)) g ll(_%)hoc,i(é‘) —C1 (La,i))l)
1
= 1_[ ® 1 1 /
{ilher.i €C*} —ka,i(§)+01(La,i) ; T(—Eka,i(f)—cl(La,i))
k
G010 i () + Kt (L) =k 3 71(=ghas(®©) = r(Lai)
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l
(Frai® +er(Lan) =crllan) + e (Lo hai@) + 002,
so that

k(%xa,,-(z) +oi (La,i))’ = ket (Lai)' +1e1(Lai)' ™ hai(Q) + O(™).
Since [ > 2, we have that
k ( 1)l+1

hai(®) = 1!

where P; and P, are polynomials in ¢j(Lg,;). Therefore, we see that

(e ) 1)

{ilAg.i€C*} Aa,i@)(l +

(£ras@ +e1(Lap)) = Ok)er(Lan® Py + i (Lan) Pa+ O,

k

kei(L)
)\a,i (;)
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1

_ s
=k kCl(L)
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) + O(k)c1(La,i)* Pt + ¢1(Lai) Pa + O(k_l).
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A similar argument also shows that

(e =veer) (1)

c 1
— (_k)n—na—va 1_[ :
(s e—C) xa,i@)(l + M) + 001 (L) 01 + 1 (Lai) 0 + O(—1)

)\a,i (é‘)
for polynomials Q1 and Q; in ¢j(Lg,;).-

Finally,
chT(det(Na_C)) _ eclT(det(Na—C)) _ 601(det(Na_c))+Z{i|xa',-efc*})»a.i’

so that
;€ i ER) i
chT(det(Na_C))(é) — L WNTDFA ) iy jecry hai §)

Putting all of the above observations together, we find that
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where, in taking the limit, we use the fact that any integrand involving terms not of the form k/ oj for o;
areal (j, j)—form vanishes. The result now follows from an application of Theorem A.3, making use of
assumption (ii) of the proposition. |

Given this proposition, it is tempting to define a notion of K—stability that characterises algebraically the
existence of a shrinking gradient Kihler—Ricci soliton on a complete anticanonically polarised Kéhler
manifold M endowed with a complete holomorphic vector field following the strategy as implemented in
the Fano case. For this purpose, we make the following definition.

Definition 7.3 Let M be a quasiprojective manifold endowed with the effective holomorphic action of a
real torus 7" whose fixed-point set is compact. Denote by t the Lie algebra of 7, let Ops (M) denote the
global algebraic sections of the structure sheaf of M, and write

OM(M):@Ha

aE*
for the weight decomposition under the action of 7. Then we say that a vector field Y € t on M is positive
if @(Y) > 0 for all « € t* such that Hy # & and o # 0.

Remark 7.4 If 7: M — Cj is a quasiprojective equivariant resolution of a Kihler cone (Cy, go) with
respect to the holomorphic isometric torus action on (Cy, go) generated by the flow of the Reeb vector
field of g¢, and g is a Kihler metric on M that is asymptotic to g¢ and with respect to which the induced
torus action on (M, g) is isometric and Hamiltonian, then in the terminology just introduced, the weighted
volume functional F for (M, g) is defined on the open cone of positive vector fields in the Lie algebra of
the torus if this open cone is nonempty. This fact follows from Theorem A.3 after noting Theorem A.10.

Roughly speaking, one considers equivariant degenerations (or test configurations) of the pair (M, X),
where M is a quasiprojective anticanonically polarised Kihler manifold with complex structure J endowed
with the holomorphic effective action of a real torus 7" whose fixed-point set is compact, and where X is
a vector field on M with JX a positive vector field lying in the Lie algebra of 7. Then one defines a
Futaki invariant in the usual manner as the derivative of the algebraic realisation of the weighted volume
functional which is given by the right-hand side of (7-1). Of course, one must verify that this formula
is well-defined in general. One subsequently defines (M, X) as above to be K—stable if and only if the
Futaki invariant is nonnegative on all test configurations, and positive if and only if the test configuration
is nontrivial. This then allows one to make the following conjecture generalising the Yau-Tian—Donaldson
conjecture for Fano manifolds.

Conjecture 7.5 Let M be a quasiprojective anticanonically polarised Kihler manifold endowed with the
holomorphic effective action of a real torus T whose fixed-point set is compact. Denote by t the Lie algebra
of T and let X be a vector field on M such that JX € tis a positive vector field. Then M admits a com-
plete shrinking gradient Kéhler—Ricci soliton with soliton vector field X if and only if (M, X') is K—stable.
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Thus, in light of this conjecture, one may view an anticanonically polarised Kéhler manifold as a
“noncompact Fano manifold”. (In a similar manner, one may also define a noncompact manifold of
general type, etc.) We expect that the well-developed machinery in the study of Kéhler—Einstein metrics
may be suitably adapted to study this conjecture. We leave this for future work.

7.2 Open problems

There are also various other interesting open problems that we raise here.

(1) Is a complete expanding or shrinking gradient Kéhler—Ricci soliton necessarily algebraic (or quasi-
projective)? In particular, is the canonical ring of an expanding gradient Kdhler—Ricci soliton finitely
generated? Is the anticanonical ring of a shrinking gradient Kihler—Ricci soliton finitely generated?
What we can say here is that if the curvature tensor of a shrinking gradient Kihler—Ricci soliton decays
quadratically, or if that of an expanding gradient Kidhler—Ricci soliton decays quadratically with derivatives,
then the soliton lives on a resolution of a K&hler cone by Theorem A, hence is quasiprojective by
Proposition 2.24.

(2) Is there at most one complete shrinking Kédhler—Ricci soliton for a given holomorphic vector field on
an anticanonically polarised Kihler manifold up to automorphisms of the complex structure commuting
with the flow of the vector field? More speculatively, is a complete shrinking Kéhler—Ricci soliton on such
a manifold unique up to automorphisms of the complex structure? A noncompact Kéhler manifold may
admit many nonisometric complete expanding gradient Kdhler—Ricci solitons even for a fixed holomorphic
soliton vector field, as demonstrated by [19, Theorem A].

(3) What are the constraints on a Kihler cone to appear as the tangent cone of a complete shrinking
gradient Kéhler—Ricci soliton with quadratic curvature decay? Is the underlying complex manifold of
the shrinking soliton then determined uniquely by its tangent cone? By Theorem A, we know that the
shrinking soliton must live on a resolution of its tangent cone that is, moreover, an anticanonically polarised
Kihler manifold. For complete expanding gradient Kihler—Ricci solitons with quadratic curvature decay
with derivatives, we know from Corollary B that a Kihler cone appears as the tangent cone if and only if
the Kédhler cone has a smooth canonical model (on which the soliton lives).

(4) Related to the previous question, modulo automorphisms of the complex structure, how many
shrinking gradient K&hler—Ricci solitons with quadratic curvature decay have a given affine cone appearing
as the underlying complex space of the tangent cone? For C2 we have shown in Theorem E that the
answer is two; C?2 only appears as the underlying complex space of the tangent cone of the flat Gaussian
shrinking soliton on C? and of the U(2)-invariant shrinking gradient Kihler—Ricci soliton of Feldman,
Ilmanen and Knopf on €2 blown up at a point [30]. In general, we expect the answer to be finitely many
for any given affine cone. By Corollary B, the answer to this question for complete expanding gradient
Kéhler—Ricci solitons with quadratic curvature decay with derivatives is infinitely many for any given
affine cone admitting a smooth canonical model.
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(5) In Corollary B, we have seen that when the canonical model of a Kéhler cone is smooth, it admits a
complete expanding gradient Kéihler—Ricci soliton. Is this also true when the canonical model is singular?
(We thank John Lott for raising this question.)

(6) Let M be a complete quasiprojective Kéhler manifold endowed with the holomorphic Hamiltonian
action of a real torus 7" with Lie algebra t whose fixed-point set is compact. Are the elements of t admitting
Hamiltonian potentials that are proper and bounded below precisely those elements in t that are positive
in the sense of Definition 7.3? Equivalently, does the open cone of positive vector fields in t coincide
with the open cone int(C(u(M))’) C t of Proposition A.4? These questions have an affirmative answer in
the setting of asymptotically conical Kédhler manifolds; see Theorem A.10 for a precise statement.

(7) Does Theorem D still hold true without the assumption of bounded Ricci curvature?

(8) Given a complete shrinking gradient Kihler—Ricci soliton (M, g, X), is the zero set of X always
compact? As demonstrated in Lemma 2.25, this is the case if g has bounded scalar curvature.

(9) Let M be a complete Kédhler manifold endowed with the holomorphic Hamiltonian action of a real
torus 7' with Lie algebra t whose fixed-point set is compact. By the Duistermaat—Heckman theorem
(Theorem A.3), the weighted volume functional F is defined on the open cone A of elements of t admitting
Hamiltonian potentials that are proper and bounded below. Is F necessarily proper on A? If so, then it
would have a unique minimiser on A. Properness of the volume functional on the set of normalised Reeb
vector fields of a Sasaki manifold was shown in [37, Proposition 3.3].

Appendix The Duistermaat—-Heckman theorem

A.1 Statement of the theorem

The material in this section has been taken verbatim from various sources in the literature, including
[5; 28; 49; 60]. We begin with the definition of a moment map, which is required for the statement of the
Duistermaat—-Heckman theorem.

Definition A.1 Let (M, w) be a symplectic manifold and let T be a real torus acting on (M, w) by
symplectomorphisms. Denote by t the Lie algebra of T and by t* its dual. Then we say that the action
of T is Hamiltonian if there exists a smooth map p: M — t* such that forall { € t, —w.{ =d ug, where
ug(x) = (u(x),¢) for all § € t and x € M. We call pu the moment map of the T—action and we call u¢
the Hamiltonian (potential) of .

Notice that u is invariant under the flow of {. Indeed, we have that
Leug = duga =—w((, ) =0.
Consequently, each integral curve of { must be contained in a level set of ug.
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Now consider the Hamiltonian action of a real torus 7" of rank s on a symplectic manifold (M, w) of real
dimension 27. Identify 7 with (S1)* € (C*)* and introduce complex coordinates (@1, ..., ¢s) on T via
this identification. This induces coordinates (71, . . ., s) € R* on the Lie algebra t of T, where (11, ..., 1)
corresponds to the vector Y ;_; 1 (3/3¢;), each 3/d¢; the vector field on M induced by the coordinate
¢; on T. For ¢ € t with coordinates (by, ..., bs), say, the flow on M generated by ¢ will have a fixed-point
set My (¢) corresponding to the zero set of the vector field ¢. This set has the following properties.

Proposition A.2 [5, Proposition 7.12] The connected components { F;} of My({) are smooth submani-
folds of M. The dimensions of different connected components do not have to be the same. The normal
bundles &; of the F; in M are orientable vector bundles with even-dimensional fibres.

For a disconnected component F of My({) of real codimension 2k in M, let :: F — M denote the
inclusion. Then (*w is a symplectic form on F so that F is a symplectic submanifold of M. The normal
bundle £ of F in M has the structure of a symplectic vector bundle and will have real dimension 2k. We
denote this induced symplectic form on £ by . The flow of { will generate a fibre-preserving linear action
L{: & — &€ on &, which is an automorphism of £ leaving 7 invariant in the infinitesimal sense. We introduce
an almost complex structure [ : £ — £, ie an automorphism of £ such that /2 = —id, commuting with L
and compatible with 7 in the sense that ([ -, -) defines an inner product on €. This gives £ the structure
of a complex vector bundle over F with L an automorphism of £ preserving the complex structure.

Next, denote by uy,...,ug € Z5 C t* the weights of the induced representation of t on £. Then we have
a direct sum decomposition of vector bundles

R
- @e
A=1
where

Eo={ve&| (@, .. ..em)yv=u3(n.....n5) v forall (n1,....n.) €t}

Each &, is a vector bundle of rank 2#n,, say. Clearly we must have k = 2)15:1 n;. Consider now
the complex vector bundle £!-° of complex dimension k, endowed with the action of L¢ extended by
C-linearity. Then we have an induced decomposition

R
1,0 _ 1,0
£ = @)
A=1
where L¢ acts on the A™ factor by iu; (by, ..., by), and so the action of L¢ on £!+0 will take the form

L¢ =idiag(ly,u1(D),.... ly,ugr(d)).
where 1,, denotes the n) x n; identity matrix and b = (by, ..., by) are the coordinates of {. Thus,
R

Lt
det( == ) =[] .,
e ( ; ) uy (b)
A=1
Note that this is homogeneous of degree k in b.
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We next choose any L{—invariant connection on £!0 with curvature matrix Q. Finally, for a polyhedral
set U of a vector space V, we define the asymptotic cone

C(U):={v eV |thereis a vy €V such that vg + tv € U for ¢ > 0 sufficiently large},

and for a subset W of V, we define the dual cone W' :={a € V* |a(W) C R>o}. Now we can state the
Duistermaat—Heckman theorem.

Theorem A.3 (the Duistermaat—Heckman theorem [60, Theorem 2.2]) Let (M, w) be a (possibly
noncompact) symplectic manifold of real dimension 2n with symplectic form w on which there is a
Hamiltonian action of a real torus T with moment map p: M — t*, where t is the Lie algebra of T and
t* its dual. Assume that the fixed-point set of T is compact. If there exists an element y € t such that the
component of the moment map u¢, = (1, o) is proper and bounded below, then

M n F L—Q
FeMy(?) det{ ———
2mi

for all ¢ in the open cone int(C(i(M))’") C t, where the sum on the right-hand side is taken over the
connected components F of the zero set My({) of .

Under the assumptions on the moment map x as in the theorem, (M) is a proper polyhedral set in t*
and the elements of int(C((M))") C t are characterised as follows.

Proposition A.4 [60, Proposition 1.4] Under the assumptions on T and p as in Theorem A.3,
ug = (., ¢) is proper if and only if ¢ € £int(C((M))") C t. Moreover, if § € int(C(u(M))’) C t,
then ug (M) = [mg¢, +00) for a suitable m; € R.

That is, elements of int(C(u(M))") are precisely those elements of t whose Hamiltonian is proper
and bounded below. Notice that this cone is nonempty because it contains (o by assumption. Then
for each ¢ € int(C(u(M))’), each connected component of the zero set My({) of ¢ must be compact
because u; = (u, ) is proper, and moreover, it must contain a fixed point of the torus action by
[60, Proposition 1.2]. Hence, since the fixed-point set of 7" is assumed to be compact in Theorem A.3,
the sum on the right-hand side of (A-1) is over a finite set and so is itself finite for all such ¢.

Now, the sum on the right-hand side of (A-1) is over each connected component F of the zero set M ()
of {. The determinant is a k x k determinant and should be expanded formally into a differential form of
mixed degree. Moreover, the inverse is understood to mean one should expand this formally in a Taylor
series, as is standard in index theory. We next study the right-hand side of (A-1) in more detail.

Under the decomposition
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let €2 be the component of the curvature matrix of $2¢ corresponding to &. Then we have that

dt( = Q)—dt(m)det(l (LO)™') = det(L )Hdt(l‘(”) )
2

2mi

Fix one of the bundles &, . Then

det(l — (L) 7'Qy) = det(1 + wiQy) = Y _ ca(Ey)w® € H*(F.R),

a=0

where w = 1/u; (b) and ¢4 (&y) are the Chern classes of &) for 0 < a < n, with ¢g = 1. Thus,

(22 - IIme(E}uam)

a=0

In particular, if F is an isolated fixed point, in which case k = n and £ is the trivial bundle, then we

may write the n (possibly indistinct) weights as w1, ..., u,. The Chern classes and the measure ¢* @

contribute nontrivially, and we arrive at the contribution

L
—*{u,8)
‘ JIMA@VA

of an isolated fixed point to the Duistermaat—-Heckman formula.

We next wish to sketch the proof of Theorem A.3. Before we do so, however, we must first discuss
invariant forms on a symplectic manifold.

A.2 Invariant forms

Consider a symplectic manifold (M, w) of real dimension 2n endowed with the Hamiltonian action of
areal torus 7. For ¢ in the Lie algebra t of T, denote by Qk (M) the space of smooth k—forms on M
which are invariant under the flow of ¢, ie @ € Qk (M) if and only if Lsa = 0. The wedge product of
two invariant forms is also invariant, therefore we have an algebra Q7 (M ) of invariant forms on M. We
define the equivariant derivative d¢ on QZ‘(M ) by

dea = da —ag.
This derivative has the properties that d 2 =0 and
de(@nB)=dra AP+ (=1)Pandp
for o a p—form and B another differential form.

For a € Q7. (M), we can write

a=0ap topp+ -+ R
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with ay;) a differential form of degree i in Q7. (M). Then integration of invariant forms is defined by
integrating over the highest-degree part of the form, ie

/:Q*T(M)—>R, /oe:z /Moz[z,,].

This leads to a version of Stokes’ theorem for invariant forms: if an invariant form « is d;—exact, ie if
a = d¢ 8 for another form B, then a[,,) = dB[2,—1], since contracting with { decreases the degree of a
form. We then have that

/ (x:=/ Ot[zn]=/ dﬁ[zn—l]:/ :3[2n—1]'

Recall that M (¢) denotes the zero locus on M of { € t.
Lemma A.5 Leta € QZ‘(M) be d¢—closed. Then a[y,) is exact on M \ My({).

Proof Let 6 be a one-form on M \ My(¢) such that
(A-2) L:0=0 and 6.5 #0.

Such a one-form can be constructed explicitly. Indeed, let g be a T—invariant Riemannian metric on M,
let ¢ be any nonzero positive smooth function times ¢, and define

0(v) = g(E, v) for any vector field v on M.

This is well-defined on M \ My(¢) as ¢, and hence Z are nonzero on this set, and is easily seen to satisfy
(A-2). We can then invert d¢t) on M \ Mo ({) using a geometric series:

1 . 1
(d0—6.8)  (020)((0:0)~1do —1)

Note that this geometric series is finite because the (d@)k vanish if 2k > 2n = dim M, and we have that

(de0)~" = = —(026)7 = (026)72dO — (0.8) 3 (dO)2 —---

deO A (de0)™! = 1.
Applying d; to this yields
deO Ade((dg0)~") = 0.

Further taking the wedge product with (a’;@)_1 on the left then leaves us with

del(dg0)~']=0.
Define v by
vi=0A (d;@)_l Ad.

Then, since dea = 0 by assumption, we have that
dev =de0 A (de0) N =a.
Taking the highest-degree part of each side of this equality, we obtain the result. |
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A.3 Sketch of the proof of Theorem A.3

Since the left-hand side of (A-1) is analytic on int(C(u(M))’) C t, it suffices to prove (A-1) for rational
elements in this open cone. So let ¢ € int(C(u(M))’) be rational and recall that the zero set My ({)
of ¢ is compact because the fixed-point set of T is compact by assumption; see the discussion after
Proposition A.4. Write { = ¢n for some integral point € int(C(u(M))") and some ¢ > 0, and let
H := (u, n) denote the Hamiltonian of 7, which serves as a moment map of the induced S '—action of
{e'™} on M. Recall that H is a proper function bounded from below and so must tend to infinity as
X —ooin M.

Next, observe that
n
o@—tH =e_’H(1 +w+...+w—') € Q?(M),
n!

dee® ™ = " H (g (0 — tH)) = e*" " (~d(tH) — 010) = te® ™™ (—dH — w_m) = 0,

w—tH jq d¢—closed. An immediate consequence of Lemma A.5 is therefore that e —tH oy is

so that e
exact off of the zero set M (¢) of ¢. Indeed, fix a T—invariant metric g on M. Then tracing through the

proof of Lemma A.5, we see that
n ~
tHE dvjap—1], where v =0 A (a’;@)_l Ae® ™ and 0 = g(Z,),

with Edenoting any nonzero positive function times {. We take E: n/g(n, n) in what follows.

Let F denote each of the connected components of M(({) and recall that each is a smooth submanifold
of M. Using the exponential map of the 7T—invariant metric g on M, we obtain a diffeomorphism
from a neighbourhood U of the zero section of the normal bundle £ of F in E onto a neighbourhood
Y (U) of Fin M. For € > 0, denote by B, the e-ball bundle in £ and by S, its boundary. Since My ({)
is compact and H(x) — +o00 as x — oo in M, we have by Stokes’ theorem that

" "

(A-3) / e = lim lim e
M nl a—>+ooe—0 H=1((—00,a)\UFenmy) ¥ (Be) n!

= lim lim dvpp—1]

a=>+00e=>0 JH1((—00,a)\UFenmy) ¥ (Be)

= lim / 1)2_1+ lim VI2n—11»
8_)0Fe§o(§) wisy et Jymie Y

where we recall the fact that H is proper and that a is a regular value of H for all a sufficiently large
by [60, Proposition 1.2] because the fixed-point set of the torus action is compact, so that H~!(a) is a
smooth compact submanifold of M for all such values of a.

Now, we have that

n—1—j

V2n—1] =

—tH (dB)’ w177 _ _iH (do)’ 0
o Z(GK)JJrl m—1—j) on Zﬂ“ (n—1—j)
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where again 6 = g(n,-)/g(n, n). For one connected component F' € M((¢) of codimension k, say, as in
the proof of the Duistermaat—Heckman formula in the compact case [28], the only summand contributing
to fl[f(Sg) V[2,—1] in the limit as € — 0 is the one with j = k — 1. Therefore, computing as in [28], one

sees that
d@)k_l C()n—k
A-4 li i =—li _tHQ/\(
(A9 0 Jyesy P T TR0 Jp € Nk
tHpy Mk—1 wn—k
=—1 THOANMO)Y TN ——
0 Jp € (@) n—k)!

e—t*(tH)eL*a)
= 1 N

where § = g(&,-)/g(¢, &) on the second line.

We finally deal with the term limg— 400 | H~1(a) V2n—1]- Since every a sufficiently large is a regular value
of H, the moment map of the S !—action {¢/"}, the set H ™' (a) is a connected compact submanifold of M
on which the S !-action is locally free. Let M, = H~'(a)/S" be the symplectic quotient with canonical
symplectic form w,. The preimage H~'(a) — M, then has the structure of a orbibundle over M.
Moreover, since a is a regular value of H, there exists a number § > 0 such that H~!((a —§,a + §))
is diffeomorphic to H~!(a) x (=8, §). With respect to this diffeomorphism, the symplectic form @ on
H~'(a) x (-8, 8) is, up to an exact form, equal to

a/\dH—(H—a)Fa+wa

for one (and hence any) connection one-form o on the orbibundle H~!(a) — M, with curvature F,. Now,
when restricted to H~!(a), one can verify that |z 1(q) = @a> that 0] -1, =: & defines a connection
1-form, and that d0| g1,y =: Fg is the curvature form of e, so that d¢ | -1 () = Fa—1. So we have that

f V2n—1] =f O A(de0) ne® ™ H =/ aA(Fg—1) 1 Ae®ata
H-1(a) H-1(a) H=1(a)

—ta £
= ¢ / (1 ——a) A e®a
t M, t

n

> e
i+ Jap, (n—1—=j)1 4

—1
j=1

As a — +o00, the cohomology class of w, depends linearly on a [28; 65], whereas that of F, remains fixed
since the topology of the bundle H~!(a) — M, does not change as a runs through a set of regular values.
So the integral over M, here is a polynomial in a. Consequently, |, H-1(q) V2n—1] =~ 0 exponentially as
a — +o0. Thus, combining this fact with (A-3) and (A-4), and noting that tH = (u, {), we arrive at the
desired conclusion.
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A.4 Examples

We next consider some simple examples and see what formula (A-1) yields for the weighted volume
functional F'.

Example A.6 Let M = C" and consider the action of the maximal torus
T = {diag(e'™,...,e" ™) | n; e R}

in GL(n, C) acting on M with induced coordinates (71, ...,n,) on the Lie algebra t of 7, where
(1,0,...,0) € t generates the vector field Im(z; 0, ) on M, etc. The fixed-point set of 7 is clearly compact.

Forany Y € {(n1,...,ns) €t|n; > 0} and for any T —invariant complete shrinking gradient Kéhler—Ricci
soliton (M, w, X)) with X = V8 f for f: M — R smooth, let uy be the Hamiltonian potential of Y’
normalised as in Definition 5.13, so that, in particular, A,uy + uy + %(] Y)- f =0. Then

—uy (0) = (Auuy)(0) + 5((JY) - ))(0) =div(Y) = Y 1,

=0
and so the Duistermaat—Heckman theorem yields

F(nlv""nn) / Y 1_[7’] er"j‘

Since this function is symmetric in its components, its unique critical point must be of the form A(1, ..., 1)
for some A > 0. It is then easy to show that A = 1. The corresponding shrinking gradient Kidhler-Ricci
soliton is the flat Gaussian shrinking soliton on C”.

Example A.7 Let M be C? blown up at the origin and again consider the action of the maximal torus
T = {diag(e'™, e'"2) | ny,n, € R} in GL(2, C) acting on M, with induced coordinates (1, 77;) on the
Lie algebra t of 7, where (1,0) € t generates the vector field Im(z;0;,) on M, etc. In this case, the
weighted volume functional is given by

enl en2 .
+ if 1 # 12,
F:A{(.m) €t|ni.na >0y > Reg., F(pi.mp) =14 Mi—n2)n2  (n2—n1)m
e (! 4+ 17?) if 1 = 1.

Again by symmetry, the unique critical point of /" here must have n; = 7n,, and a computation shows
that 17; = 1, = +/2 in this case. The corresponding shrinking gradient Kiihler—Ricci soliton is that of
Feldman, Ilmanen and Knopf [30] on this space.

Example A.8 More generally, let M be the total space of the line bundle O(—k) over P"~! for
0 < k < n and consider the induced action of the maximal torus 7 = {diag(e’",...,e!™) | n; € R}
in GL(n, C) acting on M, with induced coordinates (1y,...,%,) on the Lie algebra t of 7, where
(1,0,...,0) € t generates the vector field Im(z;0d;,) on M, etc. In this case, the weighted volume
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functional F:{(nq,...,n,) €t|n; >0} > R is given by

n ok 1—mni+3 i mj

F(i,-ooimn) =
Ve ke T] (nj—mi)
J#i

n

SEDF T T1 O —npe®rmmmiryzin

=1 j £l kJlFEi k>1 .

= I fl - if ng #ny fork #1.
k T1 mi TT(i—nj)
i=1 i<j

Again, by symmetry, the unique critical point of F here must satisfy n; = --- = n,. By taking limits,

one can write down an expression for F' when this is the case. Differentiating the resulting expression
and setting it equal to zero, one obtains the polynomials of [30, equation (36)]. For example, in low
dimensions, when n; = --- = 1, =: n, we obtain the formulae for F in Table 1. The corresponding
shrinking gradient Kéhler—Ricci solitons are those of Feldman, Ilmanen and Knopf [30] on these spaces.

Example A.9 Let L be the total space of a negative holomorphic line bundle over a Fano manifold D of
complex dimension #n. By adjunction, in order for L to admit a shrinking gradient Kihler—Ricci soliton,
we must have ¢ (—Kp ® L) > 0. Assuming that this is the case, consider the action of the torus 7" given by
rotating the fibres of L. We have an induced coordinate w on the Lie algebra t of T, where 1 € t will generate
the vector field Im(z;d;; ) in a local trivialising chart of L. The zero set of every element of t will be D, the
zero section of L, and in this case the weighted volume functional F on the domain {n € t|n> 0} is given by

Ve » =1 . *3\ —1
(A-5) F(n):/ L:i/ et*w(l_i_Cl(L)) _e et*w(l_cl(L ))
D" 77(1+CI(L)) n Jpn n n Jpn n

n
e’ w? ci(L* c1(L*)?
== (1+a)+—+---)(1+ L7 | 1(2) +)
n Jpn 2! ] n
n n i L*yr—i n N 1 . .
=€_/ ZCU_/\ Cl( ) :e_z _ C()l/\Cl(L*)n_l
n Jpn i i! ntt n = "l Jpn

e 1t i . i
= T,n—l—l Zl—‘\/l‘)n CI(KD ®L)l /\C](L*)n l.
i=0

This formula in particular applies to the total space of the line bundle O(—k) over P*~! for 0 < k < n.
Its relationship to the formulae of Example A.8 is as follows. On the total space of O(—k), we have two
torus actions, one given by the standard action of a torus 7 rotating the fibres of O(—k), and another
given by the action of a torus 75 induced from the standard torus action on O(—1) that rotates the fibres.
The formulae of Example A.8 with n; = --- = n, are given with respect to the action of 7,, whereas
formula (A-5) is with respect to 7. Consequently, the formulae of Example A.8 with ny =--- =5, are
given by F(kn), where F is as in (A-5).
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line bundle F(n)
O(-1) - P! (’74:]#
O(-1) - P? (2772+37—737+1)e"
O(-2) > P? %
o(-1) - P? On’ +9772n-i- 61+ 2)e"
0(=2) > P3 (4n* + 67727-;6,7 1 3)e2n
O3y > p3 | I ot 6)e?

n
Table 1

A.5 The domain of definition of the weighted volume functional

By Theorem A.3 and Proposition A.4, we see that the weighted volume functional F is defined on the
open cone A of elements of the Lie algebra of the torus admitting Hamiltonian potentials that are proper
and bounded below if A is nonempty. In this subsection, we characterise A algebraically in the setting of
asymptotically conical Kidhler manifolds.

Our precise set-up is as follows. Let (Cy, g¢) be a Kihler cone with apex o, complex structure Jy, and
radial function r such that go = dr? + r?gg for a Riemannian metric gg on the link S = {r = 1} of C,.
Let m: M — Cj be a quasiprojective resolution of Cy that is equivariant with respect to the holomorphic
isometric action on Cy of the torus 7" with Lie algebra t generated by & := Jord,, and let g be a Kihler
metric on M with

(A-6) 748 — golgo = O(r ),

with respect to which T acts isometrically in a Hamiltonian fashion with moment map p: M — t*. Write
uy(x):=(u(x),Y) for x € M for the Hamiltonian potential of Y € t, so that duy = —w_.Y, where w
is the Kéhler form of g, and set

A :={Y e t|uy is proper and bounded below}.

Next, let Opr (M) (resp. Oc,(Cp)) denote the global algebraic sections of the structure sheaf of M
(resp. of Cp), and write

OM(M):GaHa

aEt*

for the weight decomposition under the action of 7. Then we have:
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Theorem A.10 In the above situation,

A={Y et|a(Y) >0 forall a € t* such that H, # & and o # 0}.

Proof Let E denote the exceptional set of the resolution 7: M — Cj. In what follows, we will identify
M \ E with Cy \ {0} via 7. Let us begin by making some useful observations. Let X be the unique
vector field on M such that d(X) =rd,. Then dn(JX) = &, where J denotes the complex structure
on M, sothat JX € tand [X, Y] =0 for every Y € t. Then we have:

Lemma A.11 Let Y € t, so that Y defines a real holomorphic g—Killing vector field on M with
[X,Y]=0. Then Y is tangent to the level sets of r on Cy \ {0}.

Proof Since T acts isometrically on g and go, Y will define a holomorphic g¢—Killing vector field
on Cp. We claim that such a vector field is tangent to the level sets of r. Indeed, simply note that

0=Lygo=d¥ -r)Qdr+drd(Y -r)+2rdr(Y)gs + r’Lygs.
Then, plugging £ into both arguments on the right-hand side and observing that
[Y.¢]=[Y,Jro,]=[Y,JX]=J[Y,X]=0
along the end of Cj since Y is holomorphic, we arrive at the fact that

—dr(Y) = 3r(Lygs)(E.§) = 37 (Ly(gs(€.8) —2¢5([Y.§].§)) =0,
as required. a

We now demonstrate that
A C{Y €t|a(Y) >0 forall « € t* such that H, # & and a # 0}.

To this end, let Y € A, so that the Hamiltonian potential uy of Y is proper and bounded below, let f be
a nonconstant holomorphic function on M on which Y acts with weight A so that JY(f) = —Af, let
x € M \ E be a point where f(x) # 0, and denote by yx(¢) the flow line of —J Y with yx(0) = x. Then

L F (@) =1 f (@),

so that

(A-7) Fyx(0) = f(x)e™  forall £ <0.

Now, by definition, we have that —J Y = V8uy and so from Proposition 2.27 we deduce that there is a
sequence t; — —o0 as I — 400 such that (v (#;)); converges to a point X € M satisfying V&u(xe0) = 0.
Since the fixed-point set of T is contained in E, we must have that xo, € E. Let x; := yx(#;). Then
plugging ¢#; into (A-7) yields the fact that
At +oo if A <0,
| — i
=1 fwle s {Foe =

Since X;j = Xoo € E as i — 0o, we conclude from the maximum principle that A > 0, as required.
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Next we show that
(A-8) {Y et|aY)>0forall @ € t* such that Hy # @ and a # 0} C A.

By [20, Lemma 2.15], M is 1-convex. By construction, then, = : M — Cy will be the Remmert reduction
of M. In particular, we have that 7*O¢,(Cy) = Opr(M) by the properties of the Remmert reduction.
Since w: M — C is equivariant with respect to the action of 7, we thus see that Y € t acts with weight A
on f € O¢,(Cp) if and only if it acts with weight A on the unique lift 7* f of f to Opr(M). Applying
[18, Proposition 2.7], we therefore deduce that

{(Yet|gs(Y,6) >0 ={Y et|a(Y)>0forall « € t* such that Hy # & and a # 0}.
Consequently, in order to prove the inclusion (A-8), it suffices to show that
Y et{gs(Y.§) >0} CA.
This inclusion is established by the following proposition.

Proposition A.12 LetY € {Z €t| gs(Z,&)(x) > 0 for all x € S} with Hamiltonian potential uy . Then
uy > cr? along the end of Cy for some ¢ > 0. In particular, uy is proper and bounded below.

Proof Let x € {r = 1} and let yx(¢) denote the integral curve of X, the vector field on M satisfying
dn(X) =rd,, with y5(0) = x. Then we have that
t
(A-9) uy () =y (1O + [ duy (790 s
0

t

—uy )+ /0 g(=J Y. X)(yx(s)) ds

t
—uy () + /O (Y. TX)(yx(5)) ds.

Next observe that since Y € t, Y is tangent to the level sets of » by Lemma A.11. Hence, the asymptotics

(A-6) give us that —oa)

g IX)(rx(s)) = g0 (Y. JX) + O )Y |gy| T X g

= 0(1) +r(yx(5))’gs (Y, )

= 0(1) +r(x)*e*gs(Y,§),
where the final equality follows from the fact that r (yx(s)) = r(x)e® because

D)) =r(e(s) and y(0) =x.
Plugging this into (A-9) yields
uy (yx(1) = uy (x) + 3r(x)’gs (Y, £)(e* = 1) + 0()
= uy (x) = 3gs (Y, E)r(x)* + 325 (Y. E)r(yx(1))* + O(Inr (yx (1))

> er(yx(1))?
along the end of Cy for some ¢ > 0, since gg (Y, &) > 0. From this, the assertion follows. O
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A.6 Coercive estimates on Hamiltonian potentials

The goal of this subsection is to prove sharp positive bounds on the growth of the Hamiltonian potential of
a real holomorphic Killing vector field on a complete shrinking gradient Kihler—Ricci soliton (M, g, X)
that commutes with the soliton vector field X under certain conditions. Since H!(M) = 0 by [67], such
a vector field always admits a Hamiltonian potential. Let @ denote the Kéhler form of g and recall that
for each real holomorphic Killing vector field ¥ on M commuting with X, the Hamiltonian uy of Y is
normalised so that Ayuy + uy + %JY - f =0. Since duy = —w_1Y by definition, one sees that

(A-10) Apuy +uy =—3g(JY, X) = g(Vuy, X) = 3 X -uy,

an identity that shall prove useful in what follows. We will prove:

Proposition A.13 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton with bounded
Ricci curvature with soliton vector field X = V& f for a smooth real-valued function f: M — R. Let Y
be a real holomorphic Killing vector field on M commuting with X and assume that the Hamiltonian
potential uy of Y is proper and bounded below. Then there exist positive constants ¢1 and ¢, such that
c1f <uy <c,f outside of a compact set.

As a consequence of this proposition, we see, without appealing to the Duistermaat—-Heckman theorem,
that the weighted volume functional is defined on a complete shrinking gradient Kéhler—Ricci soliton
(M, g, X) with bounded Ricci curvature on those elements admitting a Hamiltonian potential that is
proper and bounded below in the Lie algebra of any torus that acts in a holomorphic Hamiltonian fashion
on M and contains the flow of J X, where J denotes the complex structure of M.

Proof Let | - |g denote the norm with respect to g. The following claim provides a sharp growth rate on
|Y'|¢ which improves Proposition 2.30 for real holomorphic vector fields commuting with X.

Claim A.14 There exists a positive constant ¢ such that |Y | &2, < c¢f outside a compact set.
Proof We start by taking note of the following crucial equation that holds pointwise on M and is
independent of the soliton structure. For a real holomorphic vector field Y, it holds that

AgY +Ric(Y) =0.

This observation is due to Lichnerowicz and its proof can be found for instance in [2, Proposition 4.79].
Since we allow Y to commute with X, Y satisfies the elliptic equation

AgY = VxY +Y =AgY —VyY +Ric(Y)+ Vy X =0,
where we have used the soliton equation (1-4) with A = 1. Recall also that Ag /' — X - f = =21
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Using these facts, we compute

2 2
(A-11) (Ag—X-)(¥)=2f_1|VY|§—2¥+|Y|§,(Ag—X~)f_l—|—2g(Vg|Y|§,,ng_1)
_ YR |Y|§(_(Ag—vgf-)f |ng|2)
S A /AT

2 2
—2g(vg (%) VE€1n f) —2|V# lnf|2¥

2qfos () w0 ).

a computation valid on the set where f is strictly positive. For ¢ > 0 a given constant and ¢ > 0 a constant
such that |Y|§, = O(f?) (see Proposition 2.30), we consider the function |Y |Z, - f~1 —¢f defined on
the complement of a compact set of the form { f < C(n)} such that f is strictly positive on { /' > C(n)}.
By Proposition 2.30, we know that

Jlim (Y- =) = oo,

so that this function attains a maximum on the set { f > C(n)}. Now, if f > 2(a + 1), then using (A-11),
we compute that

2 2
(Ag—X- )(&—sf“) 2—2g(Vg(&—sf"),Vglnf) +eaf"(2—(a+1)|vgf|2)

/ / o
. _2g(vg(¥—8fa),vglnf) +gaf”(2—(a+ 1)%)

> —2g(Vg(%—8fa) Vglnf)
7 , ,

where we used the first-order soliton identity from Lemma 2.22 in the penultimate inequality. As
already noted, |Y|§, . f=1 — & attains a maximum on {f > C(n)} and so the maximum principle
applied to this function implies that it must attain its maximum at a point on the boundary of the set
{f = max{2(a+ 1), C(n)}}. In particular, we find that

A-12) Y2 7l —ef?< max ([Y|2-f'—ef%< max ([Y|3-f"H)=C(a,n) max |Y|?,
A1) (YRS mef" s max (VE-/ 7o)< max (YESTD=Clan) max |V}

where C(a, n) is a positive constant that may vary from line to line. As the right-hand side of (A-12) is
independent of ¢, by letting ¢ tend to 0 on the left-hand side, we reach the desired conclusion. <

Since |Vuyl|g = |JY|g = |Y|g, one obtains the expected growth on uy by integrating the estimate
on |Y|g established in the previous claim.

We next prove the lower bound on uy. First notice that since uy is proper and bounded below, uy is
strictly positive outside a sufficiently large compact set of the form { f* < ¢¢}. Recall from Remark 2.23 that
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the normalisation of f is determined by the soliton identities, which in this case yield Ay f —X - f = -2 1.
Using f as a barrier function together with (A-10), we compute the weighted Laplacian of the difference
of the inverses of uy and f on the region where this difference makes sense. We have

1 C 1 C _|Vuyl? |V 72
A-13 Ap =X )N —-=)=—-=+2 -2C ,
(A1 (8o = )(uy f) w 7R I

where C is a positive constant to be specified later. Assume that the function u;l — Cf71 attains its

maximum at an interior point xo of a domain of the form {r; < f <r,} with ry sufficiently large so that
both uy and f are strictly positive. At such a point xg, one sees that V(u;l —Cf 1 (x9) =0, and from

the maximum principle that
1 1 C
02 (A0 3X) (o= o

Uy

This information, together with (A-13), implies that at xy,

1 C  _|Vuy|? V/f?P _ 1 C —1,2 —12
uy f uy /3 uy f Viiy'| SV
1 C ) 1 C
= — —— +2uy C}V TP =20/ IV TP = (— ——)(1 —2Cuy fIVS7'?)
uy f uy

(- 5)-pnn)

Next, using the fact that |V f|> grows quadratically by the soliton identities, we see from the upper bound

on uy that on M,
2C—=|Vf]" < —

/3 f
for some positive constant d uniform in r; and r. In particular, the term (1—2Cuy f 3|V f|?) is positive
on {r; < f <r,}aslong as 2Cf~'d is strictly less than 1, or equivalently, as long as C < (2d)~'r;.

In summary, for any heights r; < r, and any constant C such that C < (2d)~!r;, we have that

A
max | — —— ) <max{0, max| — — — |}, max|{ — — = |}.
n<fsrm\uy f f=ri\uy f) f=r\uy [

Since uy (and f) tend to +o00 as f approaches +oo, one sees, by letting r, tend to +oo, that

(=) =mslo (7))
(A-14) max | — — — | <max4q0, max| —— — ;.
n<f\uy f f=ri\uy f

We choose C and r so that the right-hand side of (A-14) is nonpositive and so that C < (2d)~'r;. This
is possible because by properness of uy, there exists some positive height 7y such that ming—, uy >4d.
Then for C := (4d)~'ry, we have that C < (2d)~'r; and

(& 7)

max| ———) <0,

f=ri\uy f

as desired. This completes the proof of the proposition. O
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Embedding calculus and smooth structures

BEN KNUDSEN
ALEXANDER KUPERS

We study the dependence of the embedding calculus Taylor tower on the smooth structures of the source
and target. We prove that embedding calculus does not distinguish exotic smooth structures in dimension 4,
implying a negative answer to a question of Viro. In contrast, we show that embedding calculus does
distinguish certain exotic spheres in higher dimensions. As a technical tool of independent interest, we
prove an isotopy extension theorem for the limit of the embedding calculus tower, which we use to
investigate several further examples.
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1 Introduction

We investigate the scope of a certain tool used to study the space Emb® (N, M) of smooth embeddings
from an n—manifold N into an m—manifold M. This investigation has consequences for spaces of
embeddings themselves, as shown by the following result on knots and links, which answers a question
of Viro [42, Section 6] in the negative and improves on a result of Arone and Szymik [3].

Theorem A Let M and M’ be smooth simply connected compact 4—manifolds. If M and M’ are
homeomorphic, then, for any k > 0,

Embs(l_l SI,M) ~ Embs(l_l SI,M/).
k k
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The tool in question is the embedding calculus of Goodwillie and Weiss [16; 46], which, at the coarsest
level, provides a functorial comparison map

Emb®(N, M) — ToocEmb* (N, M) = ho}l{im T Emb* (N, M),

whose target is assembled from the configuration spaces of N and M and maps among them (details are
reviewed in Section 2). According to one of the main results of the subject (see Goodwillie and Klein [14]
and [16]), this map is a weak equivalence in codimension at least 3; one says that the Taylor tower converges
to the embedding space. In particular, the theorem applies to links in 4—manifolds as in Theorem A.

Little is known about convergence in low codimension. We begin to address this gap by proving that
codimension-0 convergence largely fails in dimension 4.

Theorem B Let M and N be smooth simply connected compact 4—manifolds. If M and N are
homeomorphic, then TooEmb®* (N, M) # @&. In particular, if M and N are not also diffeomorphic, then
the map

Emb* (N, M) — TooEmb*(N, M)

is not a weak equivalence.

In fact, we prove that there are homotopy invertible elements in T Emb® (N, M), which one should think
of as saying that N and M are diffeomorphic (or at least isotopy equivalent) in the eyes of embedding
calculus.

Theorems A and B arise from a common source. Specifically, the data involved in the constructions of
embedding calculus is a pair of presheaves, one for N and one for M. We show in Theorem 3.18 that these
presheaves are largely insensitive to smooth structure in dimension 4, and the results follow; see Section 4.

The results above might lead one to suspect that embedding calculus is insensitive to smooth structure. The
following contrasting result shows that the situation is not so simple (see Section 5.2 for further examples).

Theorem C For any n = 2/ with j > 3, there is an exotic n—sphere ¥ such that TooEmb* (X, S™) = @.

In particular, the map
Emb® (X, ") — TooEmb* (X, S™)

is a weak equivalence (both sides are empty).
Thus, embedding calculus distinguishes certain exotic spheres. Alternatively, one can interpret this as a

convergence result in codimension 0. The crucial property distinguishing the exotic spheres of Theorem C
from S” is that they do not embed in R” 3.

To facilitate the further study of embedding calculus in the potential absence of convergence, we prove an
isotopy extension theorem for TooEmb®(—, —); see Theorem 6.1. We close by demonstrating its utility
with several applications.
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2 Preliminaries

In this section, we gather what facts we need from the theory of embedding calculus, as well as some
standard foundational material on topological manifolds. In our discussion of calculus, we adopt the
perspective of [5], but see [6; 15; 41; 46] for other foundations.

2.1 Embedding calculus

Write Mfld® for the simplicial category whose objects are smooth manifolds without boundary, of finite type
and arbitrary dimension. The morphism space Mapypqs (N, M) has as n—simplices commuting diagrams

A" x N s A" x M

>~

An

in which the top map is a neat smooth embedding of manifolds with corners. This category is symmetric
monoidal under disjoint union.

Manifold calculus approximates simplicial presheaves on this category by extrapolating from their values
on disjoint unions of disks of a fixed dimension. More formally, let Disk; C Mfld® be the full subcategory
on those objects that are diffeomorphic to a disjoint union of finitely many copies of R” with its standard
smooth structure. Manifold calculus is the approximation of simplicial presheaves on Mfld® by simplicial
presheaves on Disky. Embedding calculus is the application of manifold calculus to the presheaf of
embeddings into a smooth manifold M. Fixing n, we write E}, for the presheaf on Disk;, obtained by
restriction of the representable presheaf on Mfld® determined by M ; explicitly,

E3, (|?| R”) := Emb* (|?| R”, M).

The reader is warned that our notation does not reflect the choice of n, which should always be clear
from context.
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Remark 2.1 Equivalently, writing EJ for the endomorphism operad of R” with its standard smooth
structure — equivalent to the framed little n—disks operad allowing translation, scaling, rotation and
reflection of the little disks — the simplicial category Psh(Disk; ) of simplicial presheaves on Disk;, is
equivalent to the simplicial category of right E; —modules [5, Section 6].

An embedding N < M determines a map E3, — [E}, of presheaves. Since the category Disk;, has a
filtration by cardinality of path components, there results a canonical functorial cofiltration on mapping
spaces between presheaves and localizing at the objectwise weak equivalences also on the derived mapping
spaces. In the situation at hand, this cofiltration is called the embedding calculus Taylor tower.

Definition 2.2 (Boavida and Weiss) Let N and M be smooth manifolds of dimension n and m,
respectively. The embedding calculus Taylor tower for smooth embeddings of N into M is the cofiltered
derived mapping space of presheaves on truncations of the simplicial category Disk :

T.Emb® (N, M) := Maply ) (Efy, E3).

The cofiltered derived mapping space gives rise to a tower of comparison maps

T 1Emb® (N, M)
Nk+1

v

Emb*(N, M) —% 5 TREmb*(N, M)

We write TooEmb® (N, M) for the homotopy limit of the tower, which is to say the derived mapping
space of presheaves on the untruncated simplicial category Disk;. One can choose a model for the
derived mapping space such that these constructions are functorial in M, N € Mfld®, there are associative
and unital composition maps, and both functoriality and composition are compatible with the above
comparison maps. See [29, Section 3.3.1] for further discussion of this point.

The following is [16, Theorem 2.3], relying on excision estimates from Goodwillie and Klein [14].

Theorem 2.3 (Goodwillie, Klein and Weiss) The map ny, is (3—m+(k+1)(m—n—2))—connected for
k > 0. In particular, if m —n > 3, then 1 is a weak equivalence.

In fact, we may replace n in the above result by the handle dimension hdim(N) of N. Recall that
hdim(N) < h if N is the interior of a manifold which admits a handle decomposition with handles of
index < & only. For example, hdim(R") = 0.
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If M = N, we write T,Diff(M) C T,Emb* (M, M) for the simplicial subset of homotopy invertible maps.
This distinction may very well be unnecessary; however, even in cases where every self-embedding of M
is a diffeomorphism, we do not know whether every path component of the limit of the Taylor tower is
invertible.

Question 2.4 When are all elements of ¢ Mapgsh(gisk% )(Efw, [E3,) invertible?

2.2 Calculus for manifolds with boundary

We close with a brief description of the modifications necessary to use embedding calculus in the setting of
manifolds with boundary [5, Section 9]. Fixing a smooth manifold Z, we write Mfld, for the simplicial
category of smooth manifolds with boundary identified with Z by a diffeomorphism, and morphism
spaces given by smooth embeddings that are the identity on Z. In particular, Mfld® = Mfld},. Let
Diskfl, 7 C Mfld%, be the full subcategory on those objects that are diffeomorphic relative to Z to a
disjoint union of a collar Z x [0, 1) and finitely many copies of R”.

An object P € Mfld;, determines a representable presheaf on Mfld;, and we denote its restriction to
Disk; , by E% 5. As before, for an object N € Mfld3, of dimension 7, we obtain an approximation

h
Embj(N, P) — T,Emb}(N, P) = Map?sh@iskzz)(IEfv’a, Ef,,a)

as a cofiltered derived mapping space of presheaves on @iskfl, 7- The conclusion of Theorem 2.3 holds
for this approximation, though handle dimension needs to be replaced by handle dimension relative to Z.

2.3 A simplicial category of topological manifolds

Recall that a topological embedding e: N — M is locally flat if, for every p € N, there exist open
neighborhoods p € U and e(U) C V and homeomorphisms U =~ R” and V =~ R™ fitting into the

commuting diagram

N;Ue'—UH/QM

|l

where j: R” — R™ is the standard inclusion (x1,...,X,) — (x1,...,X,,0,...,0).

The simplicial category Mfld’ has objects topological manifolds of finite type and arbitrary dimension,
with the n—simplices of the mapping space Mapy4 (N, M) given by commuting diagrams

A" x N s A" x M

>~

Al’l

Geometry & Topology, Volume 28 (2024)



358 Ben Knudsen and Alexander Kupers

with the top map a locally flat embedding admitting charts as in (1) that commute with the projection
to A”. This definition is chosen so that the isotopy extension theorem holds.

As every smooth embedding is locally flat as a consequence of the tubular neighborhood theorem,

forgetting the smooth structure defines a simplicial functor from Mfld* to Mfld’.

2.4 Microbundles

Microbundles were defined by Milnor in [37] and play the role of vector bundles for topological manifolds.

Definition 2.5 A retractive space is a map w: E — B of topological spaces together with a section
1:B—E.

The spaces E and B are referred to as the fotal space and base space, and the maps 7 and ¢ as projection
and zero section. Via the zero section, we identify B with its image in £, and we abusively refer to this
image also as the zero section. We abusively refer to a retractive space simply by the letter E.

Definition 2.6 A map F: E1 — E; of retractive spaces is a continuous map F': E1 — E5 such that the
dashed filler exists in the commuting diagram

T

Bi 1 s Eq > Bi
I I
7! | ¥
B> 2 s Eo 2 > B>

Note that the map F determines the map f = 7, o F ot;. When we wish to emphasize the latter, we
say that F is a map of retractive spaces over f, or over B in the case f = idp. Retractive spaces and
morphisms between them form a category, Retr.

Definition 2.7 A microbundle is a retractive space E such that, for every b € B, there is an open
neighborhood b € U C E and a homeomorphism U 2 7 (U) x R" such that the diagram
P
7(U) = n(U)
w(U) xR"
commutes, where the bottom left map is induced by the inclusion of the origin and the bottom right is

projection onto the first factor.

Example 2.8 The prototypical example of a microbundle is the tangent microbundle of a topological
manifold — see Definition 2.13 below or [37, Example (3)].
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The homeomorphisms which appear in the previous definition are called microbundle charts. Note that,
by invariance of domain, the parameter » in Definition 2.7 is locally constant.

If E is a retractive space, so is any open neighborhood W of the zero section. The set of germs of maps
E1 — E; of retractive spaces is the colimit

colim  Homgey (U, E3),
B, CUCE;

over the poset of open subsets U of E; containing B, which may be composed as follows:

colim Homgey (U, E2) X colim  Homgew(V, E3) (Fy, F»)
BCUCE, B>,CVCE, -
|
colim Homge (U, E2) x Homgey (V. E3)
B1CUCE,B>CVCE>
colim  Homgey, (W, E3) F20F1|F1—1(V)

B\CWCE,

This composition is easily checked to be associative and unital.

Definition 2.9 A map F: E1 — E» of microbundles is a germ of a map of retractive spaces such that,
for every b € By, there are microbundle charts around b and F(b) fitting into the commuting diagram

F
U, l > Up
_l SlawyxJ l_
7 (Up) x R™ 7 (Up) x R"2

where j:R"™ — R”"2 is the standard inclusion and f: By — B> the map on base spaces induced by F.
Note that maps of microbundles are fiberwise embeddings.

Remark 2.10 When E; and E, are microbundles of the same fixed dimension, this definition reduces
to [37, Definition 6.3].

Example 2.11 The prototypical example of a map of microbundles is the topological derivative of a
locally flat embedding — see Definition 2.14 below.

It is easy to check that maps of microbundles are closed under composition of germs of maps of retractive
spaces, so we obtain a category Mic of numerable microbundles as a subcategory of the category Retr of
retractive spaces.
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A retractive space E with base B can be pulled back along a continuous map f: A — B to give a
retractive space f* E with base A; in the commutative diagram
A—— ffE —— A

fll; | l n\ﬁf

> E

the right-hand square is a pullback square, and the section A — f*E is induced by the maps id: A — A
and to f: A — E. This exhibits a canonical map of retractive spaces f*E — E. If E is a microbundle,
then f*FE is so as well, and the canonical map is a map of microbundles [37, Section 3]. Given a
microbundle E with base B and a topological space X, we let X x E — X x B denote the pullback of £
along the projection X x B — B.

Microbundles form a simplicial category Mic via the declaration
Mapy;(E1, E2)n := Homyic (A" x Eq, E3).

Concretely, an n—simplex F: A" x E; — E, can be described as a germ near the zero section A” x By

of a commutative diagram
(7[ 1 sF )

A" x Eq s A" x Ey
A" x B, . f) Amx B,
\ A" ‘/

with the additional properties that
(1) (s, F) preserves the zero section, and
(i1) with respect to suitable microbundle charts, (71, F) is given by the germ of
(d, /)y, x j: U xR" — Up x R"?
with j the standard inclusion.

Using that every topological horn is a retract of the corresponding topological simplex, it is easy to see
that these mapping objects are Kan complexes.

Microbundles adhere to a covering homotopy theorem analogous to the classical result for vector bundles
and fiber bundles, which has the following consequence. In it, Jop denotes the simplicial category with
objects topological spaces and morphism spaces the singular simplicial sets of mapping spaces.

Lemma 2.12  The natural map Mapy;.(E1, E2) — Mapg,,(B1, B2) is a Kan fibration with fiber over
f: B1 — B canonically isomorphic to the simplicial subset of Mapy;.(E1, f* E2) with underlying
map idp, .
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Proof We check that the map Map;.(E1, E2) —Mapg,,(B1, B2) is a Kan fibration, as the identification
of the fiber is straightforward. To check the lifting property in a commutative diagram

Az E—d MapMiC(El, E2)

| |

A" —— Map%p(Bl, Bz)

we first, by gluing, represent the top map by a map of microbundles F': A7 x E1 — E (here, and throughout,
we employ the same notation for a simplicial set and its geometric realization). We similarly represent
the bottom map by an extension of the map f underlying F to a continuous map g: A" x B; — B».

Let us denote by F, f and g the maps obtained from F, f and g using the homeomorphism of pairs
(A", AR) = (A" x [0, 1], A" x {0}).

Under this identification, the lifting problem at hand is equivalent to extending a map of microbundles
F: A 1x E;— f*Ez over A" 1x Byto A1 x[0,1]x E; — §*E5 over A"~ 1x[0,1] x By. By the
microbundle homotopy covering theorem [37, Theorem 3.1], there is an isomorphism of microbundles
0:8YE, = f* E, x[0,1] over A"1 x [0, 1] x By. It is now evident that the desired extension exists, as
we may form the product of F with [0, 1] and apply ¢~ 1. ]

2.5 Topological tangency

We come now to the motivating example of a microbundle, the “tangent bundle” of a topological manifold
[37, Lemma 2.1].

Definition 2.13 Let M be a topological manifold. The topological tangent bundle of M, denoted
by T* M, is the retractive space
MA MxMZ M,

where 7 is the projection onto the first factor

To verify that 77 M is a microbundle, it suffices, by locality, to assume M = R™, in which case we may
appeal to the commuting diagram

/R’” x R™ (x,)
A b4
R™ = \ R™ l
\ /
R™ x R™ (x,y—x)

A smooth embedding has a derivative, and likewise a locally flat embedding ¢ : N — M has a topological
derivative.
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Definition 2.14 If ¢: N — M is a locally flat embedding, the topological derivative T'¢: T*N — T' M
of ¢ is the map of microbundles

N 23 NxN -Z3 N
wl l«»«p ltp
M -2 MxM -5 M
To verify that 7% ¢ is a map of microbundles, we may, by locality, assume that ¢ is the standard inclusion

R” < R™, in which case the bundle chart constructed above implies the claim. Thus, we obtain a
simplicial functor T : Mfld" — Mic

2.6 Comparing tangent bundles

We write Vec for the simplicial category of numerable vector bundles and maps of vector bundles, which
for us are always fiberwise linear injections. Specifically, given vector bundles £; — B; and E» — Bs,
an n—simplex of Mapy,..(E1, E2) is a commuting diagram

Elen )EzXAn
B x A" s By x A"

in which the top map is a fiberwise linear injection. As before, these mapping spaces are Kan complexes.
We record the following standard consequence of the covering homotopy theorem for vector bundles

[19, Theorem 4.3], whose proof proceeds along the lines of Lemma 2.12.

Lemma 2.15 The natural map Mapy,.(E1, E2) — Mapg,,(B1, B2) is a Kan fibration with fiber over
f: B1 — By canonically isomorphic to the simplicial subset of Mapy,.(E1, f* E2) with underlying
map idp, .

Vector bundles are in particular microbundles, and assigning to a vector bundle its underlying microbundle
extends to a simplicial functor Mic — Vec.

We now have two ways of extracting a microbundle from a smooth manifold M : first, by considering its
tangent bundle TM as a microbundle; second, by forgetting the smooth structure and considering T* M .
To compare these, we use the following construction:

Construction 2.16 Fix a Riemannian metric on the smooth manifold M. The r = 1 exponential map is
defined on a neighborhood U of the zero section, and the assignment

expM:TMQU%TtM, (P,U)'_)(P’CXP(P»U))

defines a map of retractive spaces.

Geometry & Topology, Volume 28 (2024)



Embedding calculus and smooth structures 363

Proposition 2.17 (Milnor [37, Theorem 2.2]) The map of Construction 2.16 defines an isomorphism of
microbundles TM = T' M.

3 Formally smooth manifolds

The first goal of this section is to factor the forgetful functor from smooth to topological manifolds as in
the commuting diagram
Mfd® —— Mfd’

| !

Mfd" —— MAdS

The simplicial category Mfld" is a category of Riemannian manifolds under embeddings respecting the
metric up to specified homotopy. It is introduced because Construction 2.16 requires a Riemannian metric.
As a result of the homotopy equivalence between O(n) and GL(n), the leftmost functor is an equivalence,
and the role of Mfld" is as a convenient proxy for Mfld®. The simplicial category Mfd” isa category of
Sformally smooth manifolds, which is to say manifolds equipped with vector bundle refinements of their
topological tangent bundles.

The second goal of this section is to prove Theorem 3.18, which asserts that all information detectable by

embedding calculus is contained in Mfd” .

3.1 Simplicial categories of Riemannian and formally smooth manifolds

In this section, we have in mind the model of the homotopy pullback of simplicial categories explained in
Section 6.2.4, following [1].

We begin with the construction of Mfld". We write Met for the simplicial category whose objects are
vector bundles endowed with Riemannian metrics and whose morphisms are fiberwise linear isometries,
which are assembled into simplicial sets in the same manner as in Vec. As before, these mapping spaces
are Kan complexes and we have the following consequence of local triviality:

Lemma 3.1 The natural map Mapy(E1, E2) — Mapg,,(B1, B2) is a Kan fibration with fiber over
f: B1 = B canonically isomorphic to the simplicial subset of Mapy((E1, f*E2) with underlying
map idp, .

There is a canonical simplicial forgetful functor from Met to Vec.

Proposition 3.2 The forgetful functor Met — Vec is essentially surjective and induces weak equivalences

on mapping spaces.

Proof The first claim follows from the fact that every numerable vector bundle admits a Riemannian
metric. For the second claim, by Lemmas 2.15 and 3.1 it suffices to show that the maps induced on
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point—set fibers in the commuting diagram

MapMet(El’ E2) — MapVec(El’ EZ)

! !

Mapf]'op(Bh B2) _ Map‘J'op(Bla BZ)

are weak equivalences. By the same results, we may identify the left-hand (resp. right-hand) fiber over f
with the singular simplicial set of the space of sections of the associated bundle of noncompact (resp.
compact) Stiefel manifolds, whose fibers are general linear (resp. orthogonal) groups. The conclusion then
follows as the inclusion of the orthogonal group into the general linear group is a homotopy equivalence. O

We use this to define Mfld”, which is a homotopy pullback as in Section 6.2.4.

Definition 3.3 The simplicial category of Riemannian manifolds is the homotopy pullback in the diagram

MAd" —— Mfld®

| Ir

Met — Vec
of simplicial categories over Jop.

Notation 3.4 We denote the morphism spaces in Mfld” by Emb" (—, —).

Thus, an object of Mfld" is a smooth manifold with a choice of metric, and a morphism is a fiberwise
isometry covering a smooth embedding, together with a fiberwise homotopy through linear injections to
the derivative of the embedding.

As the following result illustrates, the forgetful functor exhibits Mfld" as a proxy for Mfld®. This proxy

is easier to map out of.

Proposition 3.5 The forgetful functor Mfld" — Mfld® is essentially surjective, and induces weak
equivalences on mapping spaces.

Proof The first claim follows from the statement that every smooth manifold admits a Riemannian
metric. The second claim follows from Propositions A.2 and 3.2 and Lemma 2.15. |

We continue with the construction of Mfld/, which is a homotopy pullback as in Section 6.2.4.

Definition 3.6 The simplicial category of formally smooth manifolds is the homotopy pullback in the
diagram
MfdS —— MAAd’
l Ir
Vec ——— Mic
of simplicial categories over Jop.
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Notation 3.7 We denote the morphism spaces in MAd/ by Emb/ (=, —).

Thus, an object of MAd” is a topological manifold with a vector bundle refinement of its topological
tangent bundle, and a morphism is a fiberwise linear injection covering a topological embedding, together
with a fiberwise homotopy through embeddings to the topological derivative of the embedding.

It remains to construct the functor MAd” — Mfid” .

Construction 3.8 We obtain Mfld” — Mfld” as an instance of Construction A.4. The requisite data are
the following:
(i) the simplicial functor Mfld" — Met — Vec associating to a Riemannian manifold its tangent bundle,

(i) the simplicial functor Mfld" — Mfld* — Mfld’ associating to a Riemannian manifold its underlying

topological manifold,

(iii) the natural isomorphism indicated by the thick arrow between bottom-left and top-right compositions

in the diagram
Mfld" —— Mfld’

| =1

Vec —— Mic
arising from Construction 2.16.

Remark 3.9 Upon restricting to the respective full subcategories of manifolds of dimension different
from 4, the functor of Construction 3.8 becomes an equivalence by smoothing theory [22, Essays IV and V].

3.2 Smooth embeddings of Euclidean spaces

In the next sections, we assemble results on various types of embeddings of Euclidean spaces, which will
be used below in the proof of Theorem 3.18. We begin in the smooth context, where these results are
standard, but we include proofs for the sake of completeness.

Fix a smooth m-manifold M and a natural number 0 < n < m, as well as a point p € M. We introduce
four simplicial sets, the first three defined as pullbacks of diagrams of the form

X

|

i} — M

(i) Taking X = Mapy, (TR", TM) mapping to M by evaluation at the origin followed by projection,
we obtain Mapy,. ,(TR", TM).
(ii) Taking X =Mapy,.(ToR", TM) mapping to M in the same way, we obtain Mapy,, ,(ToR", TM),

otherwise known as the (noncompact) Stiefel manifold of n—planes in T, M .
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(iii) Fixing an open subset 0 € U C R” and taking X = Emb* (U, M) mapping to M by evaluation at
the origin, we obtain Emby, (U, M).

(iv) Finally, we write G, (n, M) := colimpeycrr Emb;(U, M) for the simplicial set of germs of
smooth embeddings (here U ranges over open subsets containing the origin).

Lemma 3.10 All maps in the commuting diagram

Emb}(R", M) ————— G35(n. M)

| |

Map\?ec,p (TR", TM) —— Mapvec,p (ToR™, TM)

are weak equivalences.

Proof For the top map, the restriction Emb;, R*, M) — Emb;(U , M) is a weak equivalence whenever
U is an open ball centered at the origin, since the inclusion U C R” is isotopic to a diffeomorphism
relative to the origin. The claim now follows from the observation that the subposet of such open balls is
final in the poset of all open neighborhoods of the origin, and both are filtered. For the bottom map, the
claim is a consequence of the contractibility of R” and the homotopy covering theorem. For the right-hand
map, the claim may be tested on compact families of germs, so we may assume that M = R™. In this
case, the Stiefel manifold includes canonically into Emb; (R”,R™), and composing with the map to
G;) (n, R™) supplies a homotopy inverse. For the left-hand map, the claim follows by two-out-of-three. O

We will also have use for a mild generalization of the claim regarding the top map. Let N =| [;; R™
for some finite set /, and fix a collection p; € M of points for each i € I such that p; # p; if i # j. Let
Embf, , (N, M) € Emb*(N, M) be the simplicial subset of embeddings sending the origin in R" to p;.

Lemma 3.11 The canonical map Emby, (N, M) — [[;¢; G, (ni, M) is a weak equivalence.

Proof The map in question factors through G; (ny, M) := colimy cy Emby, (U, M), where U ranges
over open subsets containing the origin in R™ for every i € I. As in the previous argument, the subposet
consisting of the disjoint unions of open balls around the respective origins is final, and both are filtered.
Thus, since the inclusion of such an open set into N is isotopic to a diffeomorphism, the first map is a
weak equivalence. On the other hand, the map
G, (nj, M) — 1_[ Gy, (ni, M)
iel

is an isomorphism; indeed, injectivity is immediate, and surjectivity follows from the observation that any
family of I—tuples of germs parametrized over a compact space (such as a simplex) can be represented by
a family of /-tuples of embeddings whose images are pairwise disjoint at every point of the parameter
space. m
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We write Conf; (M) :={(pi)ier | pi #pj ifi #j} C M7 for the configuration space of particles in M
labeled by 1.

Proposition 3.12 Let M be a smooth manifold and N = |_|;.; R" . The diagram

Emb® (N, M) —— Mapy,.(TN, TM)

| !

Conf;(M) ——— M/

induced by evaluation at the respective origins is homotopy Cartesian.

Proof This square is the outer square in the commuting diagram

Embs(N, M) —_— l_[iEI Embs(Rnl,M) —_— l_[iEI Mapvec(TRni,TM)

| l |

Conff(M) ——— M/ Mm!

so it suffices to verify that each of the inner squares is homotopy Cartesian. The left two vertical maps are
fibrations by the isotopy extension theorem [44, Chapter 6], and the right-hand vertical map is a product
of fibrations, the i™ map being the composite of two fibrations

MapVec(TRni . TM) — Map‘Iop(Rni ’ M) - Map‘J’op({O}v M).
Thus, it suffices to establish that the induced maps on fibers are weak equivalences.

For the right-hand square, the map on fibers is a product of weak equivalences by Lemma 3.10. For the
left-hand square, the map on fibers is the top map in the commuting diagram

Emb’ (N, M) —— [];c; Emb,, (R", M)
[Tic; G5 (ni. M) =——= [],c; G5, (ni. M)

and the vertical maps are weak equivalences by Lemmas 3.10 and 3.11. |

3.3 Topological embeddings of Euclidean spaces

We turn now to the topological versions of these facts, our goal being a description of locally flat
embeddings of Euclidean spaces in terms of microbundle maps and configuration spaces.

Taking M instead to be merely a topological manifold, we define the simplicial sets Mapy . ,(TR", TM),
Mapy , (ToR", TM), Emb;,(U , M) and Glt7 (n, M) by replacing smooth embeddings with locally flat
embeddings and vector bundles with microbundles in the definitions of the previous section.
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Lemma 3.13 All maps in the commuting diagram

t
Emb},(R", M) ——— G'(n, M)

| |

are weak equivalences. In fact, the right-hand vertical map is an isomorphism.

Proof The claim regarding the right-hand map follows upon inspecting the definitions, and the same
argument as in Lemma 3.10 suffices for the remaining three. |

As in the smooth case, extending our notation in the obvious way, we have the following generalization:
Lemma 3.14 The canonical map Emb;[ (N.M) —[lier G;,i (n;, M) is a weak equivalence.

Given these inputs and isotopy extension for locally flat embeddings [11] (see [40, Theorem 6.17] for the
variant with parameters), the topological analog of Proposition 3.12 follows by the same argument.

Proposition 3.15 Let M be a topological manifold and N = | |;.; R"/. The diagram

Emb’ (N, M) —— Mapy;.(T*N,T'*M)

| !

Conf;(M) ——— M!

induced by evaluation at the respective origins is homotopy Cartesian.

3.4 Formally smooth embeddings of Euclidean spaces

The key calculation in the proof of Theorem 3.18 is a comparison between Riemannian embeddings and
formally smooth embeddings. We start with a lemma concerning Riemannian embeddings:

Lemma 3.16 Let M be a Riemannian manifold and N = | |;; R" . The diagram

Emb’ (N, M) —— Mapy (TN, TM)

| !

Conf; (M) ———— M
induced by evaluation at the respective origins is homotopy Cartesian.

Geometry & Topology, Volume 28 (2024)



Embedding calculus and smooth structures 369
Proof The upper square of the commuting diagram

Emb’ (N, M) — Mapy (TN, TM)

~N ~N

Emb® (N, M) —— Mapy,.(TN, TM)

~

Map‘]'op (N’ M)

~N

~N

Conf; (M) ——— M!
is homotopy Cartesian by Propositions 3.2 and 3.5 (they imply that right and left vertical maps, respectively,
are weak equivalences), and the bottom square is homotopy Cartesian by Proposition 3.12. |

We come now to the result of interest:

Proposition 3.17 Let M be a Riemannian manifold and N = | _|;.; R™. Then the canonical map

Emb’ (N, M) — Emb” (N, M)

is a weak equivalence.

Proof Consider the diagram

Emb’" (N, M) —— Emb/ (N, M) —— Emb*(N, M)

| | |

Mapy (TN, TM) —— Mapy..(TN,TM) —— Map,;.(TM,TN)
The right square commutes, but the left square commutes only up to specified homotopy.

The maps from Mapy, (TN, TM ) and Mapy;.(T'N, TM) to Mapg,, (N, M) are fibrations by Lemma 2.15,
so Proposition A.2 grants that the right-hand square is homotopy Cartesian. Therefore, since the lower
left-hand map is a weak equivalence by Proposition 3.2, it suffices to show that the outer diagram is also
homotopy Cartesian. By Proposition 3.15 and Lemma 3.16, the vertical homotopy fibers in the outer
diagram are compatibly identified with the homotopy fiber of the inclusion Conf; (M) € M !, and the
claim follows. |

3.5 Consequences for embedding calculus

In order to state the main result, we extend our notation in the obvious way by writing Disk,{ and Disk),
for the full subcategories on disjoint unions of finitely many copies of R” in the appropriate categories of
manifolds, and similarly for derived mapping spaces of simplicial presheaves on these categories.
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Theorem 3.18 Given Riemannian metrics on smooth manifolds M and N, there is a canonical weak
equivalence

s ~ h _ S wf
T,Emb’ (N, M) ~ Map?sh(@isk;{)(EN’ Ey,).

In particular, the embedding calculus Taylor tower depends only on M and N as formally smooth
manifolds.

Remark 3.19 The choice of Riemannian metric on M and N is irrelevant; the space of Riemannian
metrics on a smooth manifold is contractible, and our constructions are continuous in the Riemannian
metric in the sense that a path of Riemannian metrics gives rise to a homotopy of zigzags of maps between
the left- and right-hand sides.

Remark 3.20 Similar methods serve to establish a version of Theorem 3.18 for manifolds M and N
with common boundary Z.

The theorem is an immediate consequence of the following result, which will follow easily from
Proposition 3.17. Write f: Disk), — Disk} and g: Disk], — Disk,{ for the respective forgetful functors,
and write ® := 1L g, f* for the composite of the (automatically derived) restriction and derived induction
functors pertaining to these maps (a concrete model for the latter is available via a functorial cofibrant
replacement, for example).

Proposition 3.21 Fixn > 0.

(i) The functor ®: Psh(Disk; ) — fPsh(Disk,{ ) is essentially surjective up to weak equivalence, and
induces weak equivalences on derived mapping spaces.

(i) For any Riemannian manifold M, there is a canonical weak equivalence ®(IE3,) >~ E ]{4

Proof By Proposition 3.17, the functors f and g are Dwyer—Kan equivalences and hence so are the
induced maps on presheaf categories [25], implying the first claim. For the second, we observe the zigzag

D(ES,) = L1 f*ES, < LgiEh, = Lgig*EL, = E,,

where the first two weak equivalences follow from Proposition 3.17. |

4 Embedding calculus in dimension 4

The goal of this section is to prove Theorems A and B. At the heart of the matter is the question of
deciding when two 4—manifolds are formally diffeomorphic.
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4.1 Formal diffeomorphisms of 4-manifolds

A homeomorphism ¢: N — M between formally smooth 4-manifolds has an associated element ks(¢) €
H3(N;Z/?2), called the relative Kirby—-Siebenmann invariant (in higher dimensions it is sometimes called
the Casson—Sullivan invariant [39]). A definition for smooth 4—manifolds is given in [12, Corollary 8.3D],
and we define it now for formally smooth 4-manifolds.

By [23, Corollary 2], the topological tangent bundles of N and M have essentially unique lifts to R*—
bundles with structure group Top(4), where we recall that Top(4) is the space of self-homeomorphisms
of R*. Thus, we have the diagram

T/N

M
/ &
T'N

N > BTop(4)

in which the right-hand and bottom triangles may be taken to commute strictly and the outer triangle to
commute up to homotopy. The obstruction to the remaining 3—dimensional cell of the diagram commuting
up to homotopy is the homotopy class of a map from N to Top(4)/O(4), which is an Eilenberg—Mac Lane
space K(Z/2Z,3) through dimension 5 [12, Theorems 8.3B and 8.7A]. By definition, the resulting
obstruction class in H3(N;Z/27) is ks(p). The following is immediate:

Proposition 4.1 Suppose ¢: N — M is a homeomorphism between formally smooth 4—manifolds. Then
ks(¢) € H3(N;Z/2) vanishes if and only if ¢ lifts to an isomorphism between N and M in Mfld” .

Corollary 4.2 Let N and M be smooth simply connected compact 4—manifolds. If N and M are
homeomorphic, then N and M are isomorphic in Mifd/ .

Proof Choosing a homeomorphism ¢, we have ks(¢) € H3(N;Z/2Z) = 0 by Poincaré duality and the
assumption that N is simply connected. a

Remark 4.3 Supposing N and M to be smooth, the sum-stable smoothing theorem in [12, Section 8.6]
asserts that, if ¢ lifts to an isomorphism between N and M in Mfld/, then N and M are stably
diffeomorphic: there exists g > 0 and a diffeomorphism

@: N #g (S x 82) = M #, (S? x S?).

The converse is also true, as forming the connected sum with SZ x S does not affect the value of the
relative Kirby—Siebenmann invariant.

4.2 Proof of Theorems A and B
The proofs of these theorems are now a matter of stringing weak equivalences together.
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Proof of Theorem A Assuming that N and M are smooth simply connected compact 4—manifolds
which are homeomorphic, we have the equivalences

Emb* (|_| st N) ~ TooBmb® (|_| st N) (Theorem 2.3)

k k
~ Map” v /
~ Map?Sh(DiSk{)(Euk g1 Ey) (Theorem 3.18)
Mo f f
~Mapy iy B, s1-Eag) - (Corollary 4.2)
~ TooEmb’ (l_l st M) (Theorem 3.18)

k
~ Emb’ (|_| st.m ) (Theorem 2.3). O
k

Proof of Theorem B Once more assuming that N and M are smooth simply connected compact
4—-manifolds, we have

TooEmb® (N, M) ~ Map” (@isk{)(Ef JEJ,) (Theorem 3.18)
g f s
~ Map (Ey.E%) (Corollary 4.2),

Psh(Disk] )
and this last space is nonempty, as it contains the identity. On the other hand, any embedding of N
into M is a diffeomorphism by compactness, so Emb®(N, M) is nonempty if and only if N and M are
diffeomorphic. |

Remark 4.4 Our proof of Theorem A implies that, under the same hypotheses, the finite stages
T,Emb® (||, S'. N) and T,Emb*(|_|; S'. M) are also weakly equivalent. A related result appears
in [3, Theorem A], where a study of the second stage of the Taylor tower is leveraged to show that, if N
is n—dimensional, the (2n—7)-skeleton of Emb*(S!, N) does not depend on the smooth structure of N.

Remark 4.5 The element of TooEmb®(N, M) obtained in the course of the proof of Theorem B is
homotopy-invertible.

4.3 Remarks on the study of smooth 4-manifolds
In this section, we discuss some expected consequences of our results for the study of smooth 4-manifolds.

This discussion is informal and should be taken as motivation for further investigation.

One way to get invariants for smooth manifolds is from configuration space integrals. Pioneered by
Kontsevich [24] and developed subsequently by many authors, this type of invariant is given schematically
by a map of the form

H*@T) — H*(Emb*(N, M)),
where I' is a combinatorially defined cochain complex of graphs. We will remain vague about the
coefficients and the precise flavor of graph complex in question (there are many options); suffice it to
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say that an element of the graph complex is typically interpreted as a set of instructions for combining
differential forms on compactified configuration spaces.

Extrapolating from results in the literature, such as [38; 43], a positive answer to the following general
question is expected:

Question 4.6 Do configuration space integrals factor through the limit of the embedding calculus

Taylor tower?
H*(T) —— H*(Emb*(N, M))

2 7~ T
3? ~A

H*(T-oEmb* (N, M))

If Question 4.6 has a positive answer, Theorem 3.18 implies that these invariants cannot distinguish exotic
smooth structures on M by taking N to be homeomorphic but not diffeomorphic to M, unless they are
already not formally diffeomorphic. For example, it would follow that this use of configuration space
integrals can shed no light on the smooth Poincaré conjecture in dimension 4, or at least not directly.

A second use for configuration space integrals, accessed by setting M = N, is to study the classifying
spaces of diffeomorphism groups. Again assuming a positive answer to Question 4.6, Theorem 3.18
implies that this approach is limited to detecting the algebraic topology of formal diffeomorphism groups;
for example, the results of Watanabe [45] on the rational homotopy of BDiffy(D*) should be interpreted
as results about the automorphisms of D# as a formally smooth manifold. This change in perspective has
concrete consequences.

Proposition 4.7 If Question 4.6 has a positive answer, then the natural map
Top(4)/0(4) — Top/O
is not a weak equivalence, even after rationalizing.

Proof By [45, Theorem 1.1], configuration space integrals produce many nontrivial classes of positive de-
gree in H*(BDiffy(D*); R), which our assumption implies are pulled back from H * (B TeoDiffy(D4); R).
A version of Theorem 3.18 with boundary implies that the map Diffy(D*) — TsoDiffy(D4) factors over
the automorphisms of D* as a formally smooth manifold. By the Alexander trick, the latter are given
by Q>Top(4)/O(4), so Top(4)/O(4) is not rationally trivial. The claim then follows from the fact that
Top/ O is rationally trivial [22, Essay V]. m|

A third use for configuration space integrals lies in distinguishing embeddings. As many open problems
in the topology of smooth 4-manifolds are of this type, Theorem 3.18 likewise rules out the direct use
of configuration space integrals in their solutions. For example, using configuration space integrals to
distinguish isotopy classes of embeddings of S into S* cannot negatively resolve the 4—dimensional
smooth Schoenflies conjecture, as shown by the following result (here, the superscript + indicates
restriction to orientation-preserving embeddings):
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Proposition 4.8 The image of
Emb® T (83 x (=€, €), $*) = TooEmb* T (S3 x (=€, €), $%)
lies in a single path component.

Proof By Theorem 3.18, it suffices to show that Embf’+(S 3 x (—€, €), §*) is path connected. Since the
topological Schoenflies conjecture holds in dimension 4 [7], each locally flat embedding S3x (—e¢, €) — §4
extends to an orientation-preserving locally flat embedding R* < §#. This embedding can be lifted to
one of formally smooth manifolds, since m4(Top(4)/0(4)) = 0 [12, Theorems 8.3B and 8.7A]. Thus,
the restriction

Emb/ 1 (R*, §4) — Emb/(S3 x (—¢, €), $%)
is surjective on path components. Finally,
Emb/t (R*, §*) ~ Emb™+ (R*, S*) (Proposition 3.17)
~ Emb*> " (R*, S*) (Proposition 3.5)
~ SO(5) (Lemma 3.10),

and the last space is path connected. a

Remark 4.9 Theorem 3.18 and the previous discussion suggests that it may be fruitful to study smooth
4-manifolds by

(a) studying formally smooth 4—manifolds, and, separately,

(b) studying the difference between smooth and formally smooth 4—manifolds.
The study of formally smooth 4—manifolds should be much like that of smooth manifolds in higher
dimensions, since the Whitney trick is available under assumptions on fundamental groups [12]. In
particular, it may be possible to obtain versions of the homological stability and stable homology results of
Galatius and Randal-Williams in this setting (see [13] for a survey). If so, one can study the moduli space
M (M) of formally smooth manifolds isomorphic to M using the methods of homotopy theory, just as
one studies the moduli space M*® (M) of smooth manifolds diffeomorphic to M in higher dimensions.
Next, we wish to separate the “exotic smooth structures” from the “formally smooth structures” by
defining a moduli space of “exotic” smooth manifolds formally isomorphic to M. Fixing a formally
smooth manifold M, this moduli space is defined as the homotopy fiber

M™(M) := hofiber[M* (M) — M7 (M)]

over the specified structure. As we argued above, configuration space integrals are likely blind to the
topology of this moduli space.

S Embedding calculus and exotic spheres

In this section we prove Theorem C, which asserts the existence of exotic n—spheres ¥ for which
TooEmb* (X, §") = @.
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5.1 Proof of Theorem C

Our proof uses the following convergence criterion:

Proposition 5.1 Let N; and N, be nondiffeomorphic closed smooth n—manifolds and M a smooth m—
manifold into which Ny does not embed. If m—n >3 and N, embeds in M, then TooEmb®* (N1, N») = @.
In particular, the map Emb® (N1, N2) — ToocEmb® (N1, N») is a weak equivalence.

Proof By Theorem 2.3 and the assumption on Ny, the target of the composition map
ToocEmb® (N1, N») X TooEmb® (N, M) — TooEmb®* (N1, M) ~ Emb* (N, M)

is empty, so the source must be empty as well. The assumption on N, says that the domain of the map
Emb® (N3, M) — TooEmb® (N3, M) is nonempty, so the right factor of the source is also nonempty. Thus
the left factor is empty, as desired. a

The heavy lifting is handled by a collage of classical results; see also [35, page 408].

Theorem 5.2 (Hsiang, Levine, Szczarba and Mahowald) If n =2/ with j > 3, then there is an exotic
n—sphere ¥ that does not embed in R"+3.

Proof It suffices to show that there is an exotic n—sphere ¥ that embeds in R?”~3 with nontrivial normal
bundle. Indeed, our assumptions on #n imply that n < 2(n —3) — 1, so [18, Lemma 1.1] then guarantees
that every embedding of ¥ in R?”~3 has nontrivial normal bundle. Since every embedding of ¥ in R**3
has trivial normal bundle by [36, Corollary], there can be no such embedding, or else the composite

DI Rn+3 — R2n—3
has trivial normal bundle, a contradiction.

In order to find such a ¥, it suffices by [18, Theorem 1.2] to find a nonzero element « € 7, —1(SO(n —3))
annihilated by the maps i : 7,1 (SO(n—3)) = 7,1 (SO) = Z and J : 1,—1 (SO(n —3)) = m2n—_4(S"3).

When n = 0 (mod 8) we have 7,—1(SO(n —3)) = Z & Z/2 by [20, page 161], with the 2—torsion
generated by the image d(v) of a generator v € 7, (S™ ) = 7Z /247 under the connecting homomorphism

3: 1, (8" 3) > 7,1 SO(n — 3)
of the fibration sequence SO(n — 3) — SO(n —2) — §"3 [20, Theorem 3(i)].
We now prove that « = d(v) is in the kernel of both i and J. According to [18, page 176], the composite
7n(S"7%) B 7n—1(SO(1 = 3)) L 7204 (5" )

is the Whitehead product [t, —], where ¢ € m,—3(S""3) is a generator. Then i(a) € m,—1(SO) = Z
is torsion, hence zero, while J(&) = [t,v] = 0 by [34, page 249, (2)] because n = 2/ with j > 3
(Theorem 1.1.2(b) of [32] proved there are no other cases). O

Proof of Theorem C Set N; = X as in Theorem 5.2, N = S” and M = R*13 in Proposition 5.1. O
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Given this result, several questions naturally arise.

Question 5.3 Given exotic n—spheres X and ¥/, is TooEmb®* (2, ') empty whenever X and ¥’ are not
diffeomorphic?

The argument for Theorem C proves something stronger:

Corollary 5.4 For ¥ as in Theorem C, the map
Emb*(Z, $") — T,Emb*(Z, ™)
is a weak equivalence for any k > n — 4.
Proof By Theorem 2.3, the map Emb*(Z, R"*3) — T3 Emb*(X,R"*3) is a mp—surjection when

k > n —4, and similarly for S” in place of X, so TxEmb* (X, R”*3) = & in this range, and the argument
of Proposition 5.1 applies. |

Thus the (n—4)™ stage of the embedding calculus Taylor tower can distinguish these exotic smooth
structures. On the other hand, since the first stage is given by bundle maps between tangent bundles, the
fact that exotic spheres have isomorphic tangent bundles shows that the first stage does not depend on the
smooth structure of 3. Thus, in the following question, k lies in the range 2 <k <n —4.

Question 5.5 What is the smallest k such that Tz Emb*(Z, §") = &?

The embedding calculus Taylor tower can be modeled geometrically in terms of stratified maps of bundles
over compactified configuration spaces [6; 41]. Since the first stage of the tower is never empty in the case
at hand, it follows that, in examples where TooEmb® (X, S™) = @, such a stratified map exists between

compactified configuration spaces of k — 1 points that does not extend to configurations of k points.

Question 5.6 Does the classification of exotic spheres admit an interpretation in terms of stratified
obstruction theory applied to compactified configuration spaces?

5.2 Further examples
We indicate a few other exotic spheres for which the conclusion of Theorem C holds.

Example 5.7 The paper [2] studies the values of n and r for which the quotient of ®,,, the group of
oriented exotic spheres under connected sum, by the subgroup of oriented exotic spheres which embed
in R”*" with trivial normal bundle is nonzero. In particular, [2, Table 1] provides examples of exotic
n—spheres in dimensions n = 17, 18, 32, 33, 34, 37, 38 which do not embed in R”F3,

Example 5.8 According to [30], the generators of ®, for n = 8, 9, 10 do not embed in R”F3,

In general, the homotopy-theoretic problem indicated by the proof of Theorem 5.2, which we believe to
be of independent interest, remains open.
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Question 5.9 Which elements of 7,,—1 (SO(n — 3)) lie in the common kernel of

i 7p—1(SO(n —3)) = 71,—1(SO) and J:7,_1(SO(n —3)) = man_a(S"3)?
One can also vary the target in Theorem C.

Example 5.10 In [21, Theorem I] it is proven that an oriented exotic n—sphere %’ embeds in R” 12
if and only if it represents an element of the subgroup bP,4+; C ®, of oriented exotic n—spheres that
bound a stably parallelizable (n+1)-manifold. In the proof of Theorem C, all we used about S” is that it
embeds in R” 13, so the same argument gives us that

ToEmb* (2, 3) = @

whenever X’ represents an element of bP,1 and X is as in Examples 5.7 and 5.8. (It is also true for X
as in Theorem 5.2, but for even n the group bP, 4 is always trivial.)

6 Isotopy extension for embedding calculus

Fix manifolds M and N of equal dimension 7, a compact smooth submanifold P € N of codimension 0,
and an embedding e of P in M. Even though P is not an object of Mfld® we can still define the presheaf
Emb® (—, P), obtain a corresponding presheaf E, on Disk;,, and define ToocEmb® (P, M) to be the derived
mapping space Mapgsh(mskz )(E} ,E3,) of presheaves on Disk;,. The goal of this section is to prove the
following result:

Theorem 6.1 Let M, N and P be as above. If hdim(P) < dim(M)—3 or P = | |; D" for some finite
set I, then the diagram

TooEmb$(N \ P, M\ P) —— TooEmb*(N, M)

| |

s TooEmb® (P, M)

is homotopy Cartesian, where the bottom map is induced by the embedding e.

Removing the symbol T, from the statement, one obtains the conclusion of the usual isotopy extension
theorem [44, Chapter 6], an important tool in the study of spaces of embeddings and diffeomorphisms.
Thus, Theorem 6.1 asserts that isotopy extension holds for limits of Taylor towers.

Remark 6.2 (i) We will see that the top horizontal map is the extension-by-identity map, as in
Section 6.1.2.

(i) In this theorem, two different incarnations of embedding calculus occur; the top left-hand corner uses

the version for presheaves on Mfld;,, while the two right-hand corners use the version for presheaves
on Mfld’.

Geometry & Topology, Volume 28 (2024)



378 Ben Knudsen and Alexander Kupers

(iii) Since P and P are isotopy equivalent, the inclusion P — P induces a weak equivalence of presheaves
Emb’®(—, P) — Emb®(—, P), and thus a weak equivalence TooEmb® (P, M) — TooEmb® (P, M). Under
the hypotheses of the theorem, the latter has the weak homotopy type of Emb® (P, M) by Theorem 2.3.

(iv) A more technical hypothesis guaranteeing the conclusion of the theorem is that, for all k£ > 0,
Emb*(P U| [ D", M) — TooEmb* (P U| |, D™, M) is a weak equivalence.

(v) Isotopy extension for embedding calculus generalizes to spaces of neat embeddings of manifolds
with corners. Here the input is as follows: N and M are manifolds of equal dimension n with fixed
embedding 0N — dM, and P C N is a neatly embedded compact smooth submanifold of codimension 0
with corners whose boundary dP is the union of dg P = dP N dN and a submanifold d; P, which meets
at the subset of corners of P. Fixing a neat embedding e: P — N which is equal to the given embedding
near dg P, we have the homotopy Cartesian square

TooBmb, pugnrayp (N \ P, M \ P) —— TooEmbdy (N, M)

| !

* > TooEmbf,OP(P, M)

The argument is essentially the same as that given below, but with more involved notation.

6.1 Proof of Theorem 6.1

6.1.1 Complete Weiss covers We begin with a discussion of a well-known form of locality enjoyed by
embedding calculus.

Definition 6.3 Let X be a topological space and 1 < k < co. A collection of open subsets I/ of X is
a Weiss k—cover if every finite subset of X with cardinality < k is contained in some element of /. A
Weiss k—cover U is complete if it contains a Weiss k—cover of (7, U for every finite subset Uy C U.

The following result asserts that T}, has descent for complete Weiss k—covers. The intended application is
to k = oo and £}, 5.

Lemma 6.4 Let N be a smooth manifold and 1 < k < oco. If F is a presheaf on Mfldz and U is a
complete Weiss k—cover of N, each element of which contains ON , then the natural map
T F(N) = holim T F(U)
Ueu

is a weak equivalence.

Proof Since derived mapping spaces convert homotopy colimits in the source to homotopy limits, it
suffices to show that the natural map
. N S
hoggzl}m Epyo—ENs
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S
n,Z,<

to a disjoint union of Z x [0, 1) and finitely many but at most k copies of R”. Since homotopy colimits

is a weak equivalence of presheaves on the full subcategory Disk x Whose objects are diffeomorphic

of presheaves are computed pointwise, it suffices to check the corresponding claim for
Embg(z x [0, Hu] |R", _)
I

for every finite set / of cardinality < k.

Assume first that Z = &. Given a configuration {p; };c; € Conf7(/N) to serve as a basepoint, consider
the commuting diagram

HZGI Emb;;l (Rn, N) H HZGI Mapvec’pi (TR”, TN)

! |

Emb*(||; R". N) > E
Confy (N) Conf; (N)

where E = Mapy,.(TR", TN ) |cont; (). As in the proof of Lemma 3.16, the vertical columns are
fibration sequences and the top map is a weak equivalence, so the middle map is so. The same remarks
apply after replacing N by U. The claim follows upon observing that the natural map

hocolim E|y — E
Ueu
is a weak equivalence by [10, Proposition 4.6], since the collection {Conf; (U)}y ¢y is a complete cover

of Confy (N) in the sense of [10, Definition 4.5].

In the general case, consider the commuting diagram

hocolim Emb§(Z x [0, 1) U|_|; R”,U) —— Emb}(Z x [0, ) u|_|; R", N)

l |

hogongmbs(ul R”, l?) > Emb*(|_|; R", ]67)
€

where the vertical arrows are induced by restriction. Since the collection {ﬁ YU ey is a complete Weiss
k—cover of N , the bottom arrow is a weak equivalence by the previous case. Since Emb3(Z x [0, 1), N)
is contractible and N is isotopy equivalent to its interior, isotopy extension implies that the right-hand
map is an equivalence, and the same considerations applied to U show that the left-hand map is as well,
implying the claim. |

Remark 6.5 The map F — Tj F can be described as homotopy sheafification with respect to Weiss
k—covers [5, Theorem 1.2].
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6.1.2 Extension-by-identity maps Suppose M, N and P are manifolds with a common boundary Z.
Then we can form the manifolds M Uy P and N Uy P, and construct an extension-by-identity map

Emb(N, M) — Emb®(N Uy P, M Uy P).

Lemma 6.6 There is a dashed map making the following diagram commute up to preferred homotopy:

Emb§(N, M) ———— Emb*(N Uy P, M U P)

| |

TooEmb(N, M) ~---3 ToEmb®(N Uy P, M Uy P)

Proof Consider the map
Embj(—, M) — Emb*(— Uy P, M Uyp P)
of presheaves on Diskz’ ~ induced by extension-by-identity, postcomposed with
Emb®(— Uy P, M Uy P) — TocEmb® (— Uy P, M Uy P).

As the target satisfies descent for complete Weiss oo—covers by construction, and TooEmby(—, M) is the
homotopy sheafification of Emb3(—, M) with respect to Weiss oo—covers by Remark 6.5, this factors
essentially uniquely over ToocEmbj(—, M). Evaluating at N, we get the desired diagram. a

6.1.3 Proof of Theorem 6.1 We proceed by applying Lemma 6.4 with k = co and F = ]Efu,a to a
convenient cover. Write Dp -y for the collection of open subsets U of N that are disjoint unions of a
finite number of open balls in N \ P together with a collar neighborhood of P. In other words, U is
diffeomorphic, relative to P, to the manifold

(Puor. ) u| R
1
for some finite set /.
The reader is invited to check that Dpy is a complete Weiss cover of N. This cover also has the
following pleasant property:

Lemma 6.7 The poset Dpy is contractible.

Proof LetCp-n C Dpcn denote the full subposet spanned by the objects, so that the inclusion P <— U
is O—connected, ie an object of Cp v is simply a collar neighborhood of P. A retraction and right adjoint
to the inclusion of this subcategory is obtained by sending U to the component of U containing P. The
claim now follows upon noting that Cpn is contractible, being cofiltered. O

Remark 6.8 By adapting [31, Section 5.5.2], something much stronger can be shown, namely that
Dpcy is final in a sifted co—category.
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We now prove the isotopy extension theorem.

Proof of Theorem 6.1 Suppose first that hdim(P) < dim(M) — 3. Restricting to U € Dpn induces
the commuting diagram

0 holim T, WEmbS (U\ B, M\ P) &

UeDpcn

! | |

TooEmb* (N, M) —2 5 holim ToBmb® (U, M) +—>— holim Emb*(U, M)

UeDpcn UeDpcn

! | |

TooEmb® (P, M) — 2+ holim TeoEmb* (P, M) +— 2 holim Emb*(P, M)

UeDpcn UeDpcn

TooEmbS(N\ P, M\ P) =2 holim Emb(U\ P, M\ P)

where the top vertical maps are given by extension-by-identity and the bottom vertical maps by restriction
to P.

For each U € Dpp, the rightmost column is a fibration sequence by the usual isotopy extension theorem.
Since all have e: P < M as a basepoint, it remains a fibration sequence after taking homotopy limits.
The claim will follow upon verifying that each of the numbered arrows is a weak equivalence. For the
maps (1) and (2) this follows from Lemma 6.4 applied with k = oo and F = Efu\ B Of F =Ej,,
respectively; for (3) from Lemma 6.7; for (5) and (6) from Theorem 2.3 and our assumption on P; and
for (4) from the Yoneda lemma.

The only modification in the case P = | _|; R”" is for the sixth arrow, which is now an equivalence by the
Yoneda lemma. d

6.2 Applications of isotopy extension
We now give some applications of Theorem 6.1.

6.2.1 Rephrasing Question 5.3 Let X and ¥’ be exotic n—spheres. Fixing disks D" C X, ¥/, we write
Dy := X\ D" for the corresponding exotic disk with boundary identified with dD", and similarly for Dy.

Corollary 6.9 There is a fibration sequence
TooEmb (D%, DY) — TooEmb® (2, X') - O(n + 1)
with fiber taken over the identity.
Proof We apply Theorem 6.1 with N = X, M = X' and P = D". The tangent bundle of an exotic
sphere is isomorphic to that of the standard sphere (a well-known consequence of [9, Proposition 5.4(iv)]),

so Emb® (D", ¥’) is weakly equivalent to the orthogonal frame bundle of 7'S”, which is homeomorphic
to O(n +1). O
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To connect to results about the groups ®;, we consider a version of Question 5.3 for oriented exotic
n—spheres and orientation-preserving embeddings. This question is essentially equivalent: given two
oriented exotic n—spheres ¥ and X', then TooEmb®* (X, ') contains an element which reverses orientation
(this is well defined since T, maps to 77 via bundle maps) if and only if TooEmb®T (2, X') # @,
where X’ denotes ¥’ with opposite orientation. As before, we use a superscript + to denote orientation-
preserving embeddings.

Corollary 6.10 Let X and X' be oriented exotic n—spheres. Then TooEmb*t (X, X') is nonempty if
and only if TooEmb3 (D%, DY) is nonempty.

Proof This follows directly from the oriented version of the fibration sequence in Corollary 6.9:

TooEmbj (D%, D%/) — ToEmb* (2, £') — SO(n + 1). o

Let us define a relation on ®, by saying

[Z]~7o [E] < ToEmb™ (2, 5) # 2.
Lemma 6.11 This is an equivalence relation, and is compatible with addition on ®,.

Proof It is easy to see it is reflexive and transitive, so we prove it is symmetric. To do so, we claim that
TooEmb* T (2, ) # @ if and only if TooEmb®+ (T # X/, §") # @. Using the previous corollary, the
statement is equivalent to

TooEmb§ (D%, DY) # @ <= TooEmbj(D2,o.,. D") # 2.

This follows from the fact that the operation of boundary connected sum with D%/, which is an instance
of extension-by-identity, induces a map

TooEmbjy (D5, Dy) — TooEmby(DY, 5, D”)

with homotopy inverse given by the boundary connected sum with D%,. For symmetry we use that,
by reversing orientations on both the domain and target, TooEmb® ™ (X # X', §") # @ if and only if
TooEmb®> 1 (S # %/, §7) £ @, and that S” has an orientation-reversing self-diffeomorphism.

We now prove ~r__ is compatible with the addition in ®,. By taking the boundary connected sum with

D%, or D%U, we obtain that Too Emb3 (D5, DY) # @ if and only if ToocEmby (D5, DE/use) # B, 50

[Z] ~1 2] &= [B]+ [~ [Z]+[Z7]. O
Example 6.12 For X as in Theorem C, ToocEmb®*(S”, ¥) = @.

Example 6.13 The subset {[X] € ®, | [X] ~7 [S"]} is a subgroup.
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The results of [6] shed some light on the space TooEmbf,(D” , D'E’,). Their statement involves the operad
E,, of little n—disks and its derived automorphisms.

Proposition 6.14 There is a fibration sequence
TooEmb§ (D%, DY) - X — X'

with X an Q" O(n)—torsor and X' an Q" Aut” (E,,)—torsor with preterred basepoint.

Proof According to [6, Theorem 1.1] (with modifications for manifolds with boundary as in [6, Section 6]),
there is a homotopy Cartesian square

ToEmb} (D%, DY) —— ¥

| |

Mapy,. o(TD%,, TDy,) —— Y’

where Y is contractible [6, Theorem 1.4] and Y’ is a mapping space between certain “local configuration
categories.” We require only two pieces of information about Y': it is the space of compactly supported
sections of a bundle over D, and the fibers are weakly equivalent to Aut” (E,) by [6, Theorem 1.2].
These facts give the identification of the right-hand term, and the identification of the middle term follows
from the aforementioned fact about tangent bundles of exotic spheres. |

The action of O(n) on the little n—disks operad by rotation gives a map O(n) — Aut”(E,). We do not
know much about its effect on homotopy groups. Nevertheless, using our results on exotic spheres, we
can say the following:

Corollary 6.15 The map O(n) — Aut” (E,) is not surjective on m, whenn =2/ with j > 3.

Proof Let X be an exotic n—sphere as in Theorem 5.2. Looping the map O(n) — Aut”(E,), we obtain
a map Q"0(n) — Q"Aut"(E,), and the torsor structures on the domain and target of X — X’ are
compatible with this. If the map O(n) — Aut"(E,,) were surjective on 7,, Proposition 6.14 would imply
that X — X’ is surjective on path components, and hence TooEmbj(D%,, D") # @. Corollary 6.10 then
implies a contradiction of Theorem 5.2. |

Remark 6.16 The map in question is injective on 75, at least when # is sufficiently large. Restricting to
the (n—1)-sphere of binary operations in E, and suspending produces the right-hand map in O(n) —
Aut” (Ep) — Autﬁ (S™) whose composite is the unstable J—homomorphism, which is injective on 7, for
n > 40 [33].

6.2.2 Morlet’s theorem for To, Setting ¥ = ¥’ = S§” we draw the following conclusion, with
Aut” (E,)/O(n) notation for the homotopy fiber of BO(n) — BAut” (En).
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Corollary 6.17 There are weak equivalences

TooDiffy(D") ~ Q"1 Aut"(E,)/O(n) and TaoDiff(S™) ~ O(n + 1) x Q"1 Aut*(E,,)/O(n).

Proof When ¥ = X' = §”, we have D, = DY, = D". In the fibration sequence
TooEmb (D", D) — Q" O (n) — Q" Aut(E,,)

from Proposition 6.14, the basepoint is provided by the constant map at the identity. So TooEmb3 (D", D™)
is the fiber of a map of n—fold loop spaces over the unit, and hence it is grouplike. This implies that
TooDiffy(D") = TooEmb3 (D™, D™), and the first claim follows. The second claim then follows from
Corollary 6.9, using the splitting provided by the natural action of O(n + 1) on S”. a

This result is to be compared to the classical theorem of Morlet, which asserts the same conclusion with
T removed and Aut”(E,,) replaced by Top(n); see eg [8, Theorem 4.4(b); 22, Essay V]. Unlike Morlet’s
theorem, our results are valid even for n = 4.

Example 6.18 Since Aut(E;) ~ O(2) [17, Theorem 8.5], we conclude that Diff(S?) — TsoDiff(S?) is
a weak equivalence, furnishing another example of convergence in codimension 0. In fact, embedding
calculus always converges for diffeomorphisms of surfaces, by [26, Theorem A].

6.2.3 Rephrasing the Weiss fibration sequence Consider a manifold M with M = S”~! and disc
D" C M such that M N D" = D"~ C 3D™; that is, the disk meets the boundary of M in half its
boundary. Then there is a fibration sequence which — informally speaking — describes Diffy(M ) as built
from Diffy(D™) and a certain space of self-embeddings of M [28, Section 4; 47, Remark 2.1.2]. We will
use Theorem 6.1 to reformulate this result.

Let TooDiffag (M) C TxoDiffy(M) denote the union of the path components lying in the image of
Diffy(M). The following result asserts that, with suitable assumptions on M, the homotopy fiber

M > hofiber[ BDiffy(M) — BTooDiff5 (M)],

which we think of as the “error term” involved in applying embedding calculus to diffeomorphisms, is
independent of M.

Corollary 6.19 Let M be a 2—connected compact smooth manifold of dimensionn > 6 with IM = S"~1.
The diagram
BDiffy(D") ——— BDiffy(M)

| |

BTooDiff5* (D") —— BTooDiff5* (M)

is homotopy Cartesian.
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Proof Fix an embedded closed disk D"~! € dM, and let Emb /2(M ) denote the simplicial monoid
of self-embeddings of M fixing D"~! pointwise. There is the grouplike submonoid Emb%’i (M) C
Emb /2(M ) given by the union of the path components lying in the image of Diffy(M ). By naturality

properties of embedding calculus (see [27, Sections 3 and 4] for a detailed proof of these), the diagram

BDiffy(D") ——— BDiffy(M) ——— BEmbgﬁ(M)

l | !

BTooDiff5(D") —— BTooDiff5(M) —— BToEmby5 (M)

commutes. In [28, Lemma 3.14] it is verified that M has handle dimension at most n — 3 relative to D" ~1,
so the right-hand vertical map is a weak equivalence (strictly speaking, to apply embedding calculus as
discussed above we must remove the complement of D"~ ! in $”~!, which gives homotopy equivalent
spaces). By isotopy extension (see [28, Theorem 4.17; 47, Remark 2.1.2]) the top row is a fibration
sequence, and the bottom row is a fibration sequence by Theorem 6.1 (using the extension explained in
Remark 6.2(v)). O

6.2.4 An example of convergence in handle codimension 2 We finish with an example of the conver-
gence of the embedding calculus Taylor tower in handle codimension 2. For the sake of readability, we
omit some details regarding boundary conditions; for example, strictly speaking, to apply embedding

calculus as discussed above, one must remove parts of S% = 9D?3 not in dg D_lh c
Let D3 C R3 be the closed unit disk, which contains the interval

D' ={(x1,0,0) | x; € [-1,1]}
as a submanifold with boundary. We let

R :={(x1,x2,x3) | x1 > 0}

denote the half-plane and set D_li_ =D'nN Ri. This is a manifold with boundary given by the union of
the two points gD} = {(0,0,0)} = D% and 9, D} :={(1,0,0)} = DL N 2.

The situation we will be interested in is obtained by “thickening” to codimension 0 the following simpler
situation. By isotopy extension, there is a fibration sequence

Embj(D}, D) — Emb} (D}, D) — Emb*(D°, D?),

where the fiber is taken over the inclusion. As the middle term is contractible, we obtain the weak
equivalence Emb§ (D, D?) = QEmb* (D, D?) ~ x, a space-level version of the light bulb trick.

We now “thicken” all the submanifolds involved to codimension 0. Fixing a small € > 0, we replace
D° by D? and D_lIr by the union of D3 with a closed %e—neighborhood of D-li-,é in D3. We let C
denote the closure of D_li_’ e\ D2 in D_li_, <> essentially a cylinder. Its boundary intersects the larger sphere
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D3

Figure 1: Left: the subspaces of D3 involved in the earlier part of Section 6.2.4. Right: the
subspaces of D3 involved in the latter part of Section 6.2.4. The shaded region is DLE.

in BOD_li_,E = D_li_,E N S2 and the smaller sphere in 81D_1|_,E = D_li_,E Nns2n Ri_. As before, isotopy
extension produces a fibration sequence with contractible middle term, whence the weak equivalence

Emb, 5, (C. D*\ D3) = QEmb* (D3, D?) ~ Q0(3).

We now show that embedding calculus captures this homotopy type; specifically, the left-hand vertical
map is a weak equivalence in the commuting diagram

Embgoual (C, D3 \ D°€3) e Embsl(D_l'_,e, D3) _ EmbS(DS’ D3)

! l |

TocEmbS, | (C. D3\ D) —— ToEmb (DL . D?) —— TooEmb*(D2, D?)

giving an example of convergence in codimension 2. Since D3 has handle dimension 0, isotopy extension
for embedding calculus — or, rather, the extension to neat embeddings of manifolds with corners — implies
that the bottom row is also a fibration sequence, so it suffices to show that the middle and right-hand vertical
maps are weak equivalences, both of which follow from the Yoneda lemma. For the latter map, we use that
the inclusion of the interior D3 induces a weak equivalence TooEmb® (D2, D3) ~ To,oEmb® (153 , D3). For

the former, we may similarly replace the source in T Emb® (D_lh e D?3) with an open collar on 9, D}r’ .

Remark 6.20 These results generalize from dimension 3 to arbitrary dimension n > 3 by changing
notation; this says that embedding calculus converges in codimension 2 for embeddings of D"~ x C in
D"73 x (D3\ D?).

Appendix Homotopy pullbacks of simplicial categories

In this appendix, we discuss a simplicial variant of a construction introduced in [1, Section 9] for
topological categories.
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Suppose given the solid commuting diagram of simplicial categories

AXEB oo > B
| V
| e Py
\y
A Pa > Jop

where Jop denotes the simplicial category of topological spaces. Via the structure functors to Jop, objects
and morphisms in A, B and € have underlying spaces and maps.

Construction A.1 We define a simplicial category A xg B as follows:

(i) The objects of A xlg, B are triples (A, B, f), where A € A and B € B are objects with the same
underlying space, and f: F(A) — G(B) is an isomorphism with underlying map the identity.

(i) An n—simplex in the mapping space from (A1, By, f1) to (A2, B2, f2) is a triple (¢, ¥, y), where
¢ € Map (A1, A2)n and ¥ € Mapg (B, B2), have the same underlying simplex in Jop, and y is
apath f,0 F(¢) = G(¥)o f1 in Mape(F(A1), G(Bz))Al )n covering the constant path.

(iii) Composition is induced by composition in A, B and €, and the diagonal of Al

The notation A xg B is justified by the following result, whose proof we defer to the end of this subsection
and may be skipped on a first reading.
Proposition A.2 Suppose that

(i) the simplicial sets Mapg(B1., B2) and Mape(F (A1), G(B3)) are Kan complexes, and

(ii) the structure maps Mapg(B1, B2) — Mapg,,(Ps(B1), P3(B2)) and Mape(F(41). G(B2)) —
Mapy,,(Pa(A1), P5(B2)) are Kan fibrations.

The diagram

! |

Map, (A1, A2) > Mape(F(A1), G(B2))

is homotopy Cartesian.
Note that the diagram in question commutes only up to specified homotopy.

Remark A.3 Proposition A.2 implies that A xg B is often the homotopy pullback of A and B over € in
the Bergner model structure on simplicial categories [4]; specifically, we require the assumptions of the
proposition to hold for all objects, and we require that Ho( Pg) and Ho( Pe) be isofibrations. Therefore, we

Geometry & Topology, Volume 28 (2024)



388 Ben Knudsen and Alexander Kupers

think of A xg B as a (particularly convenient) model for the pullback of co—categories, whose homotopy
theory is captured by the Bergner model structure.

Construction A.4 Suppose A, B and C are as above. Let D be a simplicial category equipped with
simplicial functors H:D — A and K: D — B over Jop, together with the natural isomorphism y in

B
e
We obtain a functor D — A, xgz B, as follows:

(1) The object D € D is sent to the triple (H(D), K(D), xp).
(i) The n—simplex o € Mapq (D1, D>) is sent to the triple consisting of H (o), K(o) and the constant

the diagram
D

H

I\

pathat yp, o H(o) = K(0)o xp,.

To prove Proposition A.2, it will be convenient to put ourselves in a more general setting. Suppose we
have the commutative diagram of simplicial sets

e

oq
~<<—

Ix

\

Write P for the standard model of the homotopy pullback of X and Z over Y; explicitly, P is the limit
of the diagram

X YA z
Y Y

Finally, write Py for the pullback in the diagram

Py —— P

| b

W —— WA
where the bottom arrow is the inclusion of the constant maps and ¢ is the composition of the projection to
YA with ( py)Al . We think of Py as the subspace of the homotopy pullback lying over constant paths

in W. In the example of interest, X, Y and Z are mapping spaces in the relevant simplicial categories,
and W is the corresponding mapping space in Jop.
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The topological analog of the following result is asserted in [1, Section 9]. We include a proof for the
sake of completeness.

Lemma A.5 If py and pz are fibrations, then ¢ is a weak equivalence.

Proof Given the solid commuting diagram

A" —— Py

L]

7z - L

A" —— P
we will produce the dashed arrow making the top triangle commute and the bottom triangle commute up
to homotopy fixing d A”. First, using the assumption that pz is a fibration, we solve the lifting problem

A" x A° uaAnonaA”xAl > P ; Z
l /,,——”/’/ lpz
A" x Al T > W

where the bottom map is the adjunct of the composite A" — P — ya' WAI, and the left-hand map
is induced by the inclusion of the vertex 0. Composing with / and passing back through the adjunction,
we obtain the top map in the commuting diagram

A" s yA!

l levo

evy

P s yA My

There is an induced map A” x A% — Y, and we use the assumption that py is a fibration to solve the

lifting problem

A" 5 AT Ugany p2 OA" x A2 =
l /’,,——”/’/ lpy
A A2 A Al W
Restricting to the third face of A2, we obtain by adjunction the middle map in the commuting diagram
A}’l

l

X yA! z
Y Y
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where the left-hand map is the composite A” — P — X, and the right-hand map is the restriction of our
earlier lift A” x A! — Z to the vertex 1. The resulting map A" — P factors through Py and restricts
to the original map on dA” by construction. Also by construction, the right-hand square of the above
diagram comes equipped with a homotopy relative to dA”, which furnishes the desired homotopy. O

Proof of Proposition A.2 The first assumption guarantees that the standard model for the homotopy
pullback has the correct weak equivalence type. The second assumption permits the invocation of
Lemma A.5, which guarantees that the canonical map from Map At 5((A1, B1, f1), (A2, B2, f2)) to the
standard model for the homotopy pullback is a weak equivalence. O
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