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We first show that a Kihler cone appears as the tangent cone of a complete expanding gradient Kéhler—
Ricci soliton with quadratic curvature decay with derivatives if and only if it has a smooth canonical
model (on which the soliton lives). This allows us to classify two-dimensional complete expanding
gradient Kidhler—Ricci solitons with quadratic curvature decay with derivatives. We then show that any
two-dimensional complete shrinking gradient K&hler—Ricci soliton whose scalar curvature tends to zero
at infinity is, up to pullback by an element of GL(2, C), either the flat Gaussian shrinking soliton on C?
or the U(2)—invariant shrinking gradient Kihler—Ricci soliton of Feldman, [lmanen and Knopf on the
blowup of C? at one point. Finally, we show that up to pullback by an element of GL(#, C), the only
complete shrinking gradient Kéhler—Ricci soliton with bounded Ricci curvature on C” is the flat Gaussian
shrinking soliton, and on the total space of O(—k) — P"~! for 0 < k < n is the U(n)-invariant example
of Feldman, Ilmanen and Knopf. In the course of the proof, we establish the uniqueness of the soliton
vector field of a complete shrinking gradient Kéhler—Ricci soliton with bounded Ricci curvature in the
Lie algebra of a torus. A key tool used to achieve this result is the Duistermaat—Heckman theorem from
symplectic geometry. This provides the first step towards understanding the relationship between complete
shrinking gradient Kéhler—Ricci solitons and algebraic geometry.
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268 Ronan J Conlon, Alix Deruelle and Song Sun
1 Introduction

1.1 Overview

A Ricci soliton is a triple (M, g, X'), where M is a Riemannian manifold with a complete Riemannian
metric g and a complete vector field X satisfying the equation

(1-1) Ric(g) + 5Lx g = 5Ag

for some A € {—1,0, 1}. If X = V& f for some real-valued smooth function f on M, then we say that
(M, g, X) is gradient. In this case, the soliton equation (1-1) reduces to

(1-2) Ric(g) + Hessg (f) = %kg.

If g is complete and Kéhler with Kdhler form w, then we say that (M, g, X) (or (M,w, X)) is a
Kdhler—Ricci soliton if the vector field X is complete and real holomorphic and the pair (g, X) satisfies

(1-3) Ric(g) + 3Lxg = Ag

for A as above. If g is a Kéhler—Ricci soliton and if X = V& f for some real-valued smooth function f
on M, then we say that (M, g, X) is gradient. In this case, one can rewrite the soliton equation (1-3) as

(1-4) Po +i00 f = Ao,
where p,, is the Ricci form of w.

For Ricci solitons and Kéhler—Ricci solitons (M, g, X), the vector field X is called the soliton vector
field. Its completeness is guaranteed by the completeness of g; see Zhang [69]. If the soliton is gradient,
then the smooth real-valued function f satisfying X = V& f is called the soliton potential. Tt is unique
up to a constant. Finally, a Ricci soliton and a Kédhler-Ricci soliton are called steady if A = 0, expanding
if A = —1, and shrinking if A = 1 in equations (1-1) and (1-3), respectively.

The study of Ricci solitons and their classification is important in the context of Riemannian geometry.
For example, they provide a natural generalisation of Einstein manifolds. Also, to each soliton, one
may associate a self-similar solution of the Ricci flow (see Chow and Knopf [14, Lemma 2.4]), which
are candidates for singularity models of the flow. The difference in normalisations between (1-1) and
(1-3) reflects the difference between the constants preceding the Ricci term in the Ricci flow and the
Kihler—Ricci flow when one takes this dynamic point of view.

In this article, we are concerned with complete expanding and shrinking gradient Kéhler—Ricci solitons.
We consider primarily complete shrinking (resp. expanding) gradient Kéhler—Ricci solitons with quadratic
curvature decay (resp. with derivatives) as this assumption greatly simplifies the situation and already
imposes some constraints on the solitons in question. Indeed, it is known that any complete shrinking
(resp. expanding) gradient Ricci soliton whose curvature decays quadratically (resp. with derivatives)
along an end must be asymptotic to a cone with a smooth link along that end; see Chen and Deruelle [12],
Chow and Lu [15], Kotschwar and Wang [43] and Siepmann [62]. Furthermore, any complete shrinking
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(resp. expanding) Ricci soliton whose Ricci curvature decays to zero (resp. quadratically with derivatives)
at infinity must have quadratic curvature decay (resp. with derivatives) at infinity (see Deruelle [27]
and Munteanu and Wang [53]) and consequently must be asymptotically conical along each of its ends.
Kotschwar and Wang [44] have then shown that any two complete shrinking gradient Ricci solitons
asymptotic along some end of each to the same cone with a smooth link, must in fact be isometric. Thus, at
least for shrinking gradient Ricci solitons, classifying those that are complete with Ricci curvature decaying
to zero at infinity reduces to classifying their possible asymptotic cone models. Here we are principally
concerned with the classification of complete shrinking (resp. expanding) gradient Kdhler—Ricci solitons
whose curvature tensor has quadratic decay (resp. with derivatives). Such examples of expanding type have
been constructed in Conlon and Deruelle [19] on certain equivariant resolutions of Kihler cones, whereas
such examples of shrinking type include the flat Gaussian shrinking soliton on C” and those constructed
by Feldman, Ilmanen and Knopf [30] on the total space of the holomorphic line bundles O(—k) over P!
for 0 < k < n. These shrinking solitons are U(n)—invariant and in complex dimension two, they yield two
known examples of complete shrinking gradient Kédhler—Ricci solitons with scalar curvature tending to
zero at infinity: the flat Gaussian shrinking soliton on C? and the aforementioned U (2)-invariant example
of Feldman, Ilmanen and Knopf on the blowup of C? at the origin. One of our main results is that in fact,
up to pullback by an element of GL(2, C), these are the only two examples of complete shrinking gradient
Kihler—Ricci solitons with scalar curvature tending to zero at infinity in two complex dimensions. Other
examples of complete (and indeed incomplete) shrinking gradient Kidhler—Ricci solitons with quadratic
curvature decay have been constructed on the total space of certain holomorphic vector bundles; see for
example Dancer and Wang [23], Futaki and Wang [34], Li [47] and Yang [68].

1.2 Main results

1.2.1 General structure theorem Our first result concerns the structure of complete shrinking (respec-
tively expanding) gradient Kdhler—Ricci solitons (M, g, X)) with quadratic curvature decay (resp. with
derivatives). By “quadratic curvature decay with derivatives”, we mean that the curvature Rm(g) of the
Kihler—Ricci soliton g satisfies
Ap(g) := sup |(Vg)k Rm(g)|g(x)dg(p, x)2+k < oo forall k € Ny,
xXEM

where dg (p,-) denotes the distance to a fixed point p € M with respect to g.

Theorem A (general structure theorem) Let (M, g, X) be a complete expanding (resp. shrinking)
gradient Kidhler—Ricci soliton of complex dimension n > 2 with complex structure J whose curvature
Rm(g) satisfies

Ar(g) := sup |(Vg)k Rm(g)|q(x) dg(p, x)2+k < oo forallk € Ng (resp. for k = 0),
xXeEM

where dg(p, -) denotes the distance to a fixed point p € M with respect to g. Then:

(a) (M, g) has a unique tangent cone at infinity (Cy, o).
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270 Ronan J Conlon, Alix Deruelle and Song Sun

(b) There exists a Kahler resolution w: M — Cy of Cyy with exceptional set E with go Kéhler with
respect to Jo := m«J such that
(i) the Kahler form w of g and the curvature form ® of the hermitian metric on Ky (resp. —Kpr)
induced by w satisfy

(1-5) / (i ©)F A @imcV=k 5 ¢
Vv

for all positive-dimensional irreducible analytic subvarieties V C E and for all integers k such
that1 <k <dim¢ V;

(ii) the real torus action on Cy generated by Jyrd, extends to a holomorphic isometric torus action
of (M, g,J), where r denotes the radial coordinate of g;

(iii)) dr(X)=r0,.

(c) With respect to , we have
|(VE)YK (g — g0 —Ric(g0))|go < Ckr 7% forall k € N,
(resp. |(Vg°)k(7r*g — g0 +Ric(go))|gy = Ckr_4_k for all k € Ny).

In the expanding case, this theorem provides a converse to [19, Theorem A]. Also notice that this theorem
rules out the existence of shrinking (resp. expanding) gradient Kéhler—Ricci solitons with quadratic
curvature decay (resp. with derivatives) on smoothings of Kihler cones in contrast to the behaviour in
the Calabi—Yau case [20]. This degree of flexibility for expanding and shrinking gradient Kdhler—Ricci
solitons is essentially ruled out due to the requirement of having a conical holomorphic soliton vector
field. Finally, it has recently been shown by Kotschwar and Wang [44, Corollary 1.3] that the isometry
group of the link of the asymptotic cone of a complete shrinking gradient K#éhler—Ricci soliton with
quadratic curvature decay embeds into the isometry group of the soliton itself; compare with statement
(b)(ii) of the theorem above.

1.2.2 Application to expanding gradient Kihler—Ricci solitons As an application of Theorem A,
we exploit the uniqueness [38, Proposition 8.2.5] of canonical models of normal varieties to obtain a
classification theorem for complete expanding gradient Kidhler—Ricci solitons whose curvature decays
quadratically with derivatives. This provides a partial answer to question 7 of [30, Section 10].

Corollary B (strong uniqueness for expanders) Let (Cy, go) be a Kéhler cone of complex dimension
n > 2 with radial function r. Then there exists a unique (up to pullback by biholomorphisms) complete
expanding gradient Kihler—Ricci soliton (M, g, X'), whose curvature Rm(g) satisfies
(1-6) Ar(g) := sup [(VEKRm(g)|g(x)dg (p. x)>T* <00 forall k € Ny,

xeM
where dg(p,-) denotes the distance to a fixed point p € M with respect to g, with tangent cone (Co, o)
if and only if Cy has a smooth canonical model. When this is the case,

(a) M is the smooth canonical model of Cy, and
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(b) there exists a resolution map 7w : M — Cy such that dw(X) = rd, and

(V8K (mrag — g0 — Ric(g0))|go < Cir—*7%  forall k € N,

This corollary yields an algebraic description of those Kihler cones appearing as the tangent cone of
a complete expanding gradient Kéhler—Ricci soliton with quadratic curvature decay with derivatives —
such cones are precisely those admitting a smooth canonical model. In general, the canonical model will
be singular and in particular, for a two-dimensional cone, it is obtained by contracting all exceptional
curves with self-intersection (—2) in the minimal resolution. Applying Corollary B to this case yields
a classification of two-dimensional complete expanding gradient Kidhler—Ricci solitons with quadratic
curvature decay with derivatives.

Corollary C (classification of two-dimensional expanders) Let (Cy, g¢) be a two-dimensional Kahler
cone with radial function r. Then there exists a unique (up to pullback by biholomorphisms) two-
dimensional complete expanding gradient Kéhler—Ricci soliton (M, g, X) whose curvature Rm(g)
satisfies

Ay (g) := sup [(VE)F Rm(g)|¢(x)dg (p.x)?TK <00 forall k € Ny,

xeM

where dg(p,-) denotes the distance to a fixed point p € M with respect to g, with tangent cone (Co, o)
if and only if Cy is biholomorphic to one of:

(I) C2/T, where I is a finite subgroup of U(2) acting freely on C2 \ {0} that is generated by the

matrix
ezni/p 0
0 e2miq/p |

where p and q coprime integers with p > g > 0, and after writing

we have thatrj > 2 for j =1,... k.

(I) L*, the blowdown of the zero section of a negative line bundle L. — C over a proper curve C of
genus g > 0.

(II) L*/G, where G is a nontrivial finite group of automorphisms of a proper curve C of genus g > 0
and L™ is the blowdown of the zero section of a G—invariant negative line bundle L — C over C
with G acting freely on L™ except at the apex, such that the (unique) minimal good resolution
7: M — L*/G contains no (—1)- or (—2)—curves.
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272 Ronan J Conlon, Alix Deruelle and Song Sun

When this is the case,
(a) there exists a resolution map w: M — Cy such that dn(X) = rd, and
|(VE0) (g — g0 —Ric(g0))|go < Cor™**  forall k € N,
and
(b) 7m: M — Cy is
(i) the minimal resolution w: M — (Cz/ I" when Cj is as in (I);

(ii) the blowdown map 7: L — L™ when Cy is as in (II);

(iii) the minimal good resolution w: M — L* /G when Cj is as in (III).

Note that the Kihler cones of item (III) here are (up to analytic isomorphism) in one-to-one correspondence
with the following data, which encodes the exceptional set of the minimal good resolution 7: M — L*/G:

¢ A weighted dual graph which is a star comprising a central vertex with n branches, with n > 1,
each of finite length, with the j™ vertex of the i branch labelled with an integer b; 7 = 3 and
the central curve labelled with an integer » > 1. The central vertex represents the curve C of
genus g > 0 with self-intersection —b and the j™ vertex of the i™ branch represents a P! with
self-intersection —b;;. The intersection matrix given by this graph must be negative-definite. There
is a numerical criterion to determine when this is the case.

¢ The analytic type of C.
¢ A negative line bundle on C of degree —b (which is the normal bundle of C in M).

¢ n marked points on C.

The algebraic equations of Cy can be reconstructed from this data by the ansatz in [59, Section 5].

1.2.3 Application to shrinking gradient Kihler-Ricci solitons Tian and Zhu [64] showed that the
soliton vector field of a compact shrinking gradient Kdhler—Ricci soliton is unique up to holomorphic
automorphisms of the underlying complex manifold. The method of proof there involved defining a
weighted volume functional F which was strictly convex and was shown to be in fact independent of the
metric structure of the soliton. The soliton vector field was then characterised as the unique critical point
of this functional.

Tian and Zhu’s proof breaks down in the noncompact case due to the fact that, in general, one cannot a
priori guarantee that the weighted volume functional (defined analytically in terms of a certain integral) is
well-defined on a noncompact Kihler manifold, let alone investigate its convexity properties. Our key
observation to circumvent this difficulty is to apply the Duistermaat—Heckman theorem from symplectic
geometry, which provides a localisation formula to express the weighted volume functional in terms of an
algebraic formula involving only the fixed point set of a torus action. This latter algebraic formula is
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much more amenable. Combined with a version of Matsushima’s theorem [50] for complete noncompact
shrinking gradient Ké&hler—Ricci solitons (cf Theorem 5.1) and Iwasawa’s theorem [39], we are able to
implement Tian and Zhu’s strategy of proof for the compact case to obtain the following noncompact
analogue of their uniqueness result.

Theorem D (uniqueness of the soliton vector field for shrinkers) Let M be a noncompact complex
manifold with complex structure J endowed with the effective holomorphic action of a real torus T.
Denote by t the Lie algebra of T. Then there exists at most one element £ € t that admits a complete
shrinking gradient Kédhler-Ricci soliton (M, g, X)) with bounded Ricci curvature with X = V8 f = —J§&
for a smooth real-valued function f on M.

We expect that the assumption of bounded Ricci curvature is superfluous in the statement of this theorem
and that, given the uniqueness of the soliton vector field in the Lie algebra of the torus here, the
corresponding shrinking gradient Kihler—Ricci soliton is also unique up to automorphisms of the complex
structure commuting with the flow of the soliton vector field.

Not only does the Duistermaat—Heckman theorem imply the uniqueness of the soliton vector field in our
case, it also provides a formula to compute the unique critical point of the weighted volume functional, the
point at which the soliton vector field is achieved. Using this formula, we compute explicitly the soliton
vector field of a shrinking gradient Kdhler—Ricci soliton with bounded Ricci curvature on C” and on the
total space of O(—k) over P"~! for 0 < k < n; see Examples A.6 and A.8, respectively. This recovers
the polynomials of Feldman, I[lmanen and Knopf [30, equation (36)]. Having identified the soliton vector
field on these manifolds, we then use our noncompact version of Matsushima’s theorem (Theorem 5.1)
together with an application of Iwasawa’s theorem [39] to deduce that, up to pullback by an element of
GL(n, C), the corresponding soliton metrics have to be invariant under the action of U(n). Consequently,
thanks to a uniqueness theorem of Feldman, Ilmanen and Knopf [30, Proposition 9.3], up to pullback by
an element of GL(n, C), the shrinking gradient Kéhler—Ricci soliton must be the flat Gaussian shrinking
soliton if on C”, or the unique U (n)—invariant shrinking gradient Kihler—Ricci soliton constructed by
Feldman, Ilmanen and Knopf [30] if on the total space of O(—k) over P"~! for 0 < k < n.

In the complex two-dimensional case, we are actually able to identify the underlying complex manifold
of a shrinking gradient Kihler—Ricci soliton whose scalar curvature tends to zero at infinity as either C?2
or C2 blown up at the origin using the fact that the soliton, if nontrivial, has an asymptotic cone with
strictly positive scalar curvature. Using a classification theorem for Sasaki manifolds in real dimension
three (see Belgun [4]) and the fact that a shrinking Kahler—Ricci soliton can only contain (—1)—curves in
complex dimension two, this is enough to identify the asymptotic cone at infinity as C2, from which the
identification of the underlying complex manifold easily follows. Combined with the above discussion,
this yields a complete classification of such solitons in two complex dimensions.

These conclusions are summarised in the following theorem.
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Theorem E (classification of shrinkers) Let (M, g, X') be a complete shrinking gradient Kéhler—Ricci
soliton.

(1) If M = C" and g has bounded Ricci curvature, then up to pullback by an element of GL(n, C),
(M, g, X) is the flat Gaussian shrinking soliton.

(2) If M is the total space of O(—k) over P"~! for 0 < k < n and g has bounded Ricci curvature,
then up to pullback by an element of GL(n, C), (M, g, X) is the unique U (n)—invariant shrinking
gradient Kéhler—Ricci soliton constructed by Feldman, Ilmanen and Knopf [30].

(3) Ifdimc M = 2 and the scalar curvature of g tends to zero at infinity, then up to pullback by
an element of GL(2,C), (M, g, X) is the flat Gaussian shrinking soliton on C? or the unique
U(2)—invariant shrinking gradient Kédhler—Ricci soliton constructed by Feldman, Ilmanen and
Knopf [30] on the total space of O(—1) over P!,

As exemplified in complex dimension two, in contrast to the expanding case, not many Ké&hler cones
appear as tangent cones of complete shrinking gradient Kdhler—Ricci solitons.

Outline of paper We begin in Section 2 by recalling the basics of Kihler cones, Ricci and Kéhler—Ricci
solitons, metric measure spaces, and the relevant algebraic geometry that we require. We also mention
some important properties of the soliton vector field and of real vector fields that commute with the soliton
vector field. In Section 3, we prove Theorem A for expanding gradient Kidhler—Ricci solitons. The proof
for shrinking Kéhler—Ricci solitons is verbatim. By a theorem of Siepmann [62, Theorem 4.3.1], under
our curvature assumption, a complete expanding gradient Ricci soliton flows out of a Riemannian cone.
Our starting point is to prove some preliminary lemmas before providing a refinement of Siepmann’s
theorem, namely Theorem 3.8, where, in the course of its proof, we construct a diffeomorphism between
the cone and the end of the Ricci soliton using the flow of the soliton vector field that encapsulates the
asymptotics of the soliton along the end. We then show in Proposition 3.10 that if the soliton is Kéhler,
then the cone is Kéhler with respect to a complex structure that makes the aforementioned diffeomorphism
a biholomorphism. In Theorem 3.11, this biholomorphism is then shown to extend to an equivariant
resolution with the properties as stated in Theorem A.

In the first part of Section 4, we use Theorem A to prove Corollary B. This also requires an application
of previous work from [19]. In the latter part of Section 4, we apply Corollary B to two-dimensional
expanding gradient Kédhler—Ricci solitons to conclude the statement of Corollary C, making use of the
classification of two-dimensional Kéhler cones, namely Theorem 2.5.

From Section 5 onwards, we turn our attention exclusively to complete shrinking gradient Kdhler—Ricci
solitons. We begin in Section 5.1 by proving a Matsushima-type theorem stating that the Lie algebra of
real holomorphic vector fields commuting with the soliton vector field may be written as a direct sum.
This is the statement of Theorem 5.1. Our proof of this theorem follows a manner similar to the proof of
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Matsushima’s theorem on Kéhler-Einstein Fano manifolds as presented in [40, Proof of Theorem 5.1,
page 95]. After deriving some properties of the automorphism groups of a complete shrinking gradient
Kaihler—Ricci soliton (M, g, X'), we then apply Theorem 5.1 to prove the maximality of a certain compact
Lie group acting on M. This is the content of Corollary 5.11.

We continue in Section 5.2 by showing in Proposition 5.12 that every real holomorphic Killing vector
field on M admits a Hamiltonian potential satisfying a certain linear equation. This allows us to define
a moment map in Definition 5.13, which is used in the definition of the weighted volume functional
in Definition 5.14. The weighted volume functional is vital in proving the uniqueness statement of
Theorem D, namely that the soliton vector field of a complete shrinking gradient K&hler—Ricci soliton
with bounded Ricci curvature in the Lie algebra of a torus is unique. The weighted volume functional is
the same as that defined by Tian and Zhu [64], although in our situation it is defined as an integral over the
noncompact manifold M. This is compensated for by the fact that the domain of definition of the weighted
volume functional is restricted to an open cone in the Lie algebra of the torus. Several important properties
of the weighted volume functional are then derived in Lemma 5.16, including the crucial fact that it has a
unique critical point in its open cone of definition given by the complex structure applied to the soliton
vector field X. We conclude this subsection by taking note of the fact that the Duistermaat—Heckman
formula may be used to compute the weighted volume functional. In particular, it follows that the weighted
volume functional is independent of the complete shrinking gradient Kdhler—Ricci soliton.

In Section 5.3, we prove the uniqueness statement of Theorem D, which has been recalled in the statement
of Theorem 5.18. The proof of this theorem follows as in [64, page 322] using Iwasawa’s theorem [39]
and the corollary of Matsushima’s theorem, namely Corollary 5.11 discussed above. Section 5.4 then
comprises an application of Theorems A and D to classify complete shrinking gradient Kdhler—Ricci
solitons with bounded Ricci curvature on C” and on the total space of O(—k) — P! for 0 < k < n.
This completes the proof of items (1) and (2) of Theorem E.

In Section 6, we show that the underlying complex manifold M of a two-dimensional shrinking gradient
Kihler—Ricci soliton with scalar curvature decaying to zero at infinity is either C2 or C? blown up at the
origin. This is the statement of Theorem 6.1. Combined with items (1) and (2) of Theorem E, Theorem 6.1
suffices to prove item (3) of Theorem E. The proof of Theorem 6.1 relies on first identifying the underlying
complex space of the tangent cone. The fact that any nonflat shrinking gradient Ricci soliton has positive
scalar curvature implies that the same property holds true on the tangent cone. From this we can identify
the cone as a quotient of C2. Theorem A then tells us that M is a resolution of this cone which, by virtue
of the shrinking Kidhler—Ricci soliton equation, can only contain (—1)—curves. It turns out that the only
possibility is that the cone is biholomorphic to C? and M is as stated in Theorem 6.1.

We conclude the paper in Section 7 with some closing remarks and open problems. In Section A.1 in the
appendix, we recall the statement of the Duistermaat—-Heckmann theorem on a noncompact symplectic
manifold in Theorem A.3 as presented in [60]. We also provide an outline of its proof in Section A.3
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after introducing some preliminaries in Section A.2. We then use it to compute the weighted volume
functional and its unique critical point on C”, on the total space of O(—k) over P*~! for 0 < k < n, and
on certain holomorphic line bundles over Fano manifolds in Section A.4. In Section A.5, we characterise
algebraically, in the setting of asymptotically conical Kéhler manifolds, those elements in the Lie algebra
of a torus that admit a Hamiltonian potential that is proper and bounded below. A precise statement
is given in Theorem A.10. For such elements of the Lie algebra of the torus, the weighted volume
functional is defined. Finally, in Section A.6, we show directly that the weighted volume functional is
defined on a complete shrinking gradient Kéhler—Ricci soliton with bounded Ricci curvature without
appealing to the Duistermaat—Heckman theorem. This conclusion follows from the estimates we derive
in Proposition A.13 on the growth of those Hamiltonian potentials that are proper and bounded below.
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2 Preliminaries

2.1 Riemannian cones

For us, the definition of a Riemannian cone will take the following form.

Definition 2.1 Let (S, g5) be a closed Riemannian manifold. The Riemannian cone Cy with link S
is defined to be R~ x S with metric gg = dr? @ r’gg up to isometry. The radius function r is then
characterised intrinsically as the distance from the apex in the metric completion.

The following is a simple computation.

Lemma 2.2 Let (S, gs) be a closed Riemannian manifold of real dimension m and let (Cy, g¢) be the
Riemannian cone with link S and radial function r. Then the Ricci curvature Ric(gg) of g and the Ricci
curvature Ric(gg) of the cone metric g¢ over (S, gg) are related by

Ric(go) = Ric(gs) —(m—1)gs.
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In particular, the scalar curvatures Rg, and Rg¢ of go and g respectively are related by

1

2.2 Kaihler cones

We may further impose that a Riemannian cone is Kahler, as the next definition demonstrates.

Definition 2.3 A Kdihler cone is a Riemannian cone (Cy, gg) such that g¢ is Kihler, together with a
choice of gop—parallel complex structure Jy. This will in fact often be unique up to sign. We then have a
Kihler form wo(X,Y) = go(JoX,Y), and wg = %i?)grz with respect to Jy.

The vector field 79, is real holomorphic and & := Jyr 9, is real holomorphic and Killing [49, Appendix A].
This latter vector field is known as the Reeb vector field. The closure of its flow in the isometry group of
the link of the cone generates the holomorphic isometric action of a real torus on Cj that fixes the apex of
the cone. We call a Kihler cone “quasiregular” if this action is an S '—action (and, in particular, “regular”
if this S'-action is free), and “irregular” if the action generated is that of a real torus of rank > 1.

Every Kihler cone is affine algebraic.

Theorem 2.4 For every Kahler cone (Cy, g9, Jo), the complex manifold (Cy, Jo) is isomorphic to the
smooth part of a normal algebraic variety V. C C with one singular point. In addition, V can be taken to
be invariant under a C*-action (t,z1,...,zx) + (t%'zy,...,t"Nzy) such that all of the w; are positive
integers.

This can be deduced from arguments written down by van Coevering in [17, Section 3.1].

Kihler cones of complex dimension two have been classified.

Theorem 2.5 [4, Theorem 8; 59, Theorem 1.1] Let Cy be a Kéhler cone of complex dimension two.
Then Cy is biholomorphic to either

(i) C?2/T, where T is a finite subset of U(2) acting freely on C2\ {0},

(ii) the blowdown L* of the zero section of a negative line bundle L — C over a smooth proper
curve C of genus g with g > 0, or

(iii) L*/G, where G is a nontrivial finite group of automorphisms of a proper curve C of genus g > 0
and L* is the blowdown of the zero section of a G—invariant negative line bundle L — C over C
with G acting freely on L™ except at the apex.

In cases (ii) and (iii), the corresponding Reeb vector field is quasiregular and is generated by a scaling of
the standard S '-action on the fibres of L.
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Any automorphism of a resolution of a K#hler cone preserves the exceptional set of the resolution.

Lemma 2.6 Let: M — Cy be a resolution of a Kahler cone Cy with exceptional set E. Denote by J
the complex structure on M. Then for any automorphism o of (M, J), it holds that 6 (E) C E. In
particular, real holomorphic vector fields on M are tangent to E.

Such an automorphism of (M, J) therefore descends to an automorphism of the cone fixing the apex.

Proof If o is an automorphism of (M, J), then oo : M — Cj is also a resolution of Cy. The exceptional
set of this resolution is then a compact analytic subset of M. Since E is the maximal compact analytic
subset of M, we must have that (7 0o)~1(0) C E, where o denotes the apex of Cy, ie 01 (E)C E. O

The holomorphic torus action on a Kihler cone leads to the notion of an equivariant resolution.

Definition 2.7 Let Cy be a Kihler cone with complex structure Jy, let w: M — Cy be a resolution of
Co, and let G be a Lie subgroup of the automorphism group of (Cy, Jy) fixing the apex of Cy. We say
that 7: M — Cy is an equivariant resolution with respect to G if the action of G on C extends to a
holomorphic action on M in such a way that 7(g-x) = g-7(x) forall x € M and g € G.

Such a resolution of a Kéhler cone always exists; see [41, Proposition 3.9.1].

A closed Riemannian manifold (S, gg) is Sasaki if and only if its Riemannian cone is a Kéhler cone [8],
in which case we identify (S, gg) with the level set {r = 1} of its corresponding Kihler cone, r here
denoting the radial function of the cone. The restriction of the Reeb vector field to this level set induces
a nonzero vector field & = Jord,|,—1y on S. Let 1 denote the gg—dual one-form of &. Then we get a
gs—orthogonal decomposition T'S = D & (&), where D is the kernel of 1 and (£) is the R—span of &
in 7'S, and correspondingly a decomposition of the metric gg as gg = ® n+ g7, where g7 = gg|p.
The metric g7 is invariant under the flow of & and induces a Riemannian metric on the local leaf space of
the foliation of S induced by the flow of £. We call g7 the transverse metric. We can then define the
transverse scalar curvature RT and the transverse Ricci curvature RicT as the corresponding curvatures
of gT. We also get an induced transverse complex structure JT on the local leaf space of the foliation
with respect to which g7 is Kihler given by the restriction of the complex structure of the cone to D. In
particular, Ric” will be J T -invariant. We have the following relationships between the various curvatures.

Lemma 2.8 [8, Theorem 7.3.12] Let (S, gs) be a real (2n+1)—dimensional Sasaki manifold. Then the
following identities hold:

(1) Ric(gs)(X, &) = 2nn(X) for any vector field X.
(ii) Ric(gs)(X.Y)=RicT (X,Y)—2g5(X.Y) for any vector fields X, Y € D.
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In particular, we deduce:

Corollary 2.9 Let (S, gs) be areal (2n+1)—dimensional Sasaki manifold with scalar curvature Rg.
Then
RT = Rg¢ +2n.

2.3 Canonical models

Resolutions of Kihler cones that are consistent with admitting an expanding Kahler—Ricci soliton are of
the following type.

Definition 2.10 [38, Definition 8.2.4] A partial resolution 7 : M — Cy of a normal isolated singularity
x € Cy is called a canonical model if

(i) M has at worst canonical singularities, and

(1) Kpr is m—ample.

Note that the choice of partial resolution 7 is part of the data here. The existence of a canonical model
w: M — Cy is guaranteed by [7] and it is unique up to isomorphisms over Cy [38, Proposition 8.2.5].
We have the following criterion to determine when Kz is m—ample.

Theorem 2.11 (Nakai’s criterion for a mapping [46, Corollary 1.7.9]) Let w: M — Cy be a proper
morphism of schemes. A Q—divisor D on M is w—ample if and only if (D™ V . V) > 0 for every
irreducible subvariety V. C M of positive dimension that maps to a point in Cy.

In particular, in complex dimension two, item (ii) of Definition 2.10 implies that the exceptional set of
the canonical model cannot contain any (—1)— or (—2)—curves.

In our case, Cy will be a Kihler cone, hence is affine algebraic, and x will be the apex of the cone. As
the next lemma shows, the canonical model of C is quasiprojective.

Lemma 2.12 Let: M — Cy be the canonical model of a Kédhler cone Cy. Then M is quasiprojective.

Proof From Theorem 2.4, we see that Cy admits an affine embedding that is invariant under a C*-action
with positive integer weights. Taking the weighted projective closure of Cy with respect to this action,
we obtain a projective compactification Cy of Cy by adding an ample divisor D at infinity. In particular,
50 will have at worst orbifold singularities along D. Let o: N — 50 denote the canonical model of 50.
By construction, N is projective and the restricted map o|y: N — Co, where N := N \ o~ 1(D), is a
canonical model of Cy. By uniqueness of canonical models, M must be biholomorphic to N, hence N
provides a projective compactification of M obtained by adjoining the set o1 (D) to M at infinity. M is
therefore quasiprojective, as claimed. O
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In addition, uniqueness of the canonical model implies that when smooth, the canonical model of a Kéhler
cone is equivariant with respect to the torus action on Cy generated by the flow of Jyrd,.

Lemma 2.13 Let Cy be a Kdhler cone with complex structure J and radial function r and let w : M — Cy
denote the canonical model of Cy. If M is smooth, then the resolution 7w : M — Cj is equivariant with
respect to the holomorphic isometric torus action on Cy generated by Jord,. In particular, there exists a
holomorphic vector field X on M such thatdw(X) =r0,.

Proof Let 7 denote the torus generated by the flow of Jyrd, and let T¢c denote its complexification.
We will show that the holomorphic action of T¢ on Cj lifts to a holomorphic action on M.

For h € Tc, let Yy, : Cy — Cy denote the corresponding automorphism. Since ¥y ow: M — C is again
a canonical model and since 7 : M — Cj is unique up to isomorphisms over Cy [38, Proposition 8.2.5],
there exists a unique biholomorphism ‘Zh : M — M such that 7 o Jh = Y5, om. This is the desired lift
of ¥,. Thus, we have a well-defined map ¢: Tc x M — M defined by ¢(h, x) = 1;;, (x). Since 1;;,
coincides with v, off of the exceptional set E of the resolution 7: M — Cp, the map ¢|7..x(m\E) is
holomorphic. We wish to show that ¢ is holomorphic globally.

To thisend, let h € T, let x € E, let y = J;, (x) € E, let By be an open ball in a chart containing x
with x in its interior and let By, be an open ball in a chart containing y with y in its interior. Since 1;;, is
continuous, by shrinking By if necessary we may assume that 1;;, (Bx) C By. Let U be a neighbourhood
of & in T¢ such that Jh/(Bx \ E) C By for all i’ € U. Again, this is possible because ¢|7.x\E)
is continuous. Then since 1;;,/: M — M is itself continuous and preserves E for each fixed i’ € U
and since By N E lies in the closure of By \ E, we have, after shrinking B further if necessary, that
Y (By) C By forall i’ € U.

Next, let Ny := {x € Cy | r(x) < &} for ¢ > 0. Then N, \ {0} is foliated by disjoint punctured discs,
obtained as the orbits in N \ {0} of a C*-action from within T¢. The open set Ne:=n"1 (N¢) will then
be a neighbourhood of E in M with N, \ E foliated by disjoint punctured discs. Let B}, C By be an open
ball containing x strictly contained in By such that dBx N 0B’ = &, and let ¢ > 0 be sufficiently small
that each point of (ﬁg N B!)\ E is contained in a punctured holomorphic disk of radius & which itself is
contained in (ﬁg NBx)\E.LetV := ]Vs N B,.. Then this is an open neighbourhood of x in M and each
point z € V' \ E will lie on a unique punctured holomorphic disk, which we shall denote by D,. We have
that D, C (ﬁg N Bx) \ E and that 0D, € B, N E)JVE CM\E. Let D, denote the closure of D, in M.
Since 1;;,/: M — M is holomorphic for each fixed /4’ € U, after localising, we see from the maximum
principle that for all z € V' \ E and all &’ € U,
V@I = sup [P < sup Y= sup g w) =C
weD: {wedD.} {weBNIN,}

for some constant C > 0, where the last inequality follows from the fact that ¢|7..x(ar\ £) is holomorphic,
hence continuous. Thus, ¢|yx 7\ E) is a bounded holomorphic function. Since £ N V' is an analytic
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subset of V, it follows from the Riemann extension theorem that ¢ |x 1\ £) has a unique extension to a
holomorphic function 5 :U xV — By. Due to the fact that ¢(/’,-): M — M is holomorphic for each
fixed 4’ € T, we have from uniqueness of holomorphic extensions that (Z (W',-)y=¢@,):V — B, for
all /' € U so that in fact 5 = ¢|uxy- Thus, we see that ¢ |y« is holomorphic. Since being holomorphic
is a local property, this suffices to show that ¢: Tc x M — M is holomorphic, as desired. |

2.4 Minimal models

We consider two types of resolution of a normal isolated singularity of complex dimension two, the first
being the minimal resolution.

Definition 2.14 [38, Definition 7.1.14] A resolution 7v : M — Cj of a normal isolated singularity x € Cy
is called a minimal resolution if for every resolution ": M’ — Cy of Cy there exists a unique morphism
@: M’ — M such that 7’ factors as 7/ = m o @.

By definition, if there exists a minimal resolution, then it is unique up to isomorphisms over Cy. The
following shows that there exists a minimal resolution for two-dimensional isolated normal singularities.

Theorem 2.15 [38, Theorem 7.1.15] Assume that dim¢ Cy = 2. A resolution w: M — Cy of an
isolated normal singularity x € C is the minimal resolution if and only if =~ ({x}) does not contain a
(—=1)—curve. In particular, there exists a minimal resolution.

We also consider “good” resolutions. We henceforth follow [56; 59].

Definition 2.16 A resolution 7: M — Cy of a normal isolated surface singularity x € Cy is called
good if

(i) all of the components of the exceptional divisor of 7w : M — Cj are smooth and intersect transversely;
(i) not more than two components pass through any given point;

(iii)) two different components intersect at most once.

It is known that there is a unique resolution which is minimal among all good resolutions for two-
dimensional isolated normal singularities [45, Theorem 5.12], which we henceforth refer to as the
“minimal good resolution” (not to be confused with the “minimal resolution”). In general, the minimal
resolution of a two-dimensional isolated normal singularity will not be the minimal good resolution of
the singularity; by Theorem 2.15, the two coincide precisely when the minimal good resolution does not
contain any (—1)—curves.

For the Kihler cones of Theorem 2.5(ii), the minimal good resolution is given by 7 : L — L*, that is,
by contracting the zero section of L. By adjunction, this resolution will be the canonical model of the

singularity.
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As for the Kidhler cones of Theorem 2.5(iii), the situation is slightly more complicated. The minimal
good resolution of L>*/G is obtained as follows. A partial resolution is given by the induced map
7:L/G — L*/G between the quotient spaces. The variety L/G will only have isolated cyclic quotient
singularities along the exceptional set of 7 [59, Lemma 3.5], which comprises a single curve C of genus
g > 0. Each of these cyclic quotient singularities has a minimal resolution with exceptional set a string
of P1’s. Resolving them with this resolution then yields the minimal good resolution of L*/G, the
exceptional set of which will then comprise the curve C (of genus g > 0) with branches of P !’s stemming
from finitely many points of C. The original singularity is determined up to analytic isomorphism by this
data which can be succinctly stored in a “weighted dual graph”. This we now explain.

The weighted dual graph of a good resolution is a graph each vertex of which represents a component of
the exceptional divisor, weighted by self-intersection. Two vertices are connected if the corresponding
components intersect.

In our case, the weighted dual graph of the minimal good resolution of L*/G is represented by a star,
that is, a connected tree where at most one vertex is connected to no more than two other vertices. C itself
is contained in the exceptional set of the minimal good resolution, hence one of the vertices of the star
will represent C. We call C the central curve. The connected components of the graph minus the central
curve are called the branches of the graph and are indexed by i, where 1 <i < n. The curves of the
i™ branch are denoted by Cjj for 1 < j <r;, where (;; intersects C and Cj; intersects C; ;1. Let
b =—C.C and b;j; = —C;;.C;;. Then b;; > 2 and b > 1. Finally, set

d; 1
2 py——
e; il 1
bi» — "
.biri

with e¢; < d; and e; and d; relatively prime. Then one has:

Theorem 2.17 [59, Theorem 2.1] The singularity L /G with G nontrivial is determined up to analytic
isomorphism by the following data:
(i) The weighted dual graph of the minimal good resolution.
(ii) The analytic type of the central curve C (of genus g > 0).
(iii) The conormal bundle of C in the resolution.
(iv) The n points P; = C N C;; on C withn > 1.

Conversely, given any data as above, there exists a unique singularity of the form L™ /G having this data,

provided that the intersection matrix given by the graph in (i) is negative-definite; this condition can be

n
b—22—2>0.

i=1

written as
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Indeed, the algorithm that recovers the algebraic equations cutting out L /G is laid out in [59, Section 5].
However, it does not identify the group G.

For the Kéhler cones of Theorem 2.5(iii), the minimal good resolution does not contain any (—1)—curves,
hence it coincides with the minimal model of the singularity. Moreover, since the central curve has
trivial or negative anticanonical bundle, adjunction tells us that the canonical model is obtained from the
minimal good resolution by further contracting all of its (—2)—curves. However, the result of this will
be singular unless the minimal good resolution does not contain any (—2)—curves. Thus, the canonical
model will be smooth and coincide with the minimal good resolution if the minimal good resolution
does not contain any (—2)—curves. Conversely, if the canonical model of the singularity is smooth, then,
since it cannot contain any (—1)—curves, it coincides with the minimal model, which itself coincides
with the minimal good resolution for the cones in question, so that the minimal good resolution does not
contain any (—2)—curves since the canonical model cannot contain any (—2)—curves. Combining this
observation with Theorem 2.17, we are able to characterise those cones of Theorem 2.5(iii) that admit a
smooth canonical model.

Proposition 2.18 A Kihler cone of Theorem 2.5(iii) admits a smooth canonical model if and only if the
minimal good resolution does not contain any (—2)—curves. These cones are in one-to-one correspondence
with the data (1)—(iv) listed in Theorem 2.17 with the intersection matrix of the graph in (i) being negative-
definite and with the labels b;; of this graph being > 3. Moreover, the canonical model and the minimal
resolution of such a cone are given by the minimal good resolution.

2.5 Ricci solitons

Recall the definitions given at the beginning of Section 1.1. For a gradient Kéhler—Ricci soliton (M, g, X)
with complex structure J, the vector field J X is Killing by [32, Lemma 2.3.8]. We also have the following
asymptotics on the soliton potential of a complete expanding gradient Ricci soliton with quadratic Ricci
curvature decay.

Proposition 2.19 Let (M", g, V& f) be a complete expanding gradient Ricci soliton of real dimension n,
ie 2Ric(g) — Lve r(g) = —g. If [Ric(g)|g = O(dg(p,-)2), where dg(p, ) denotes the distance to a
fixed point p € M, then the function (— f) is equivalent to %dg(p, )2 as dg(p,-) tends to +oo0.

Proof See [12] or [62, Lemma 4.2.1]. O

Because of Proposition 2.19, we prefer to deal with an asymptotically positive soliton potential. Henceforth,
an expanding gradient Ricci soliton will be a triple (M, g, X), where X = V& f for some real-valued
smooth function f on M, such that the equation

(2-1) 2Ric(g)—Lxg =—¢
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is satisfied. When the Ricci curvature of g decays quadratically, the bound of Proposition 2.19 on f" may
then be given as

(2-2) 395(p,x) —c1dg(p,x) =2 < f(x) < 3dg(p,x) +crdg(p, x) + ¢z,

where p € M is fixed and ¢ and ¢, are positive constants depending on p. In particular, f is proper
under the assumption of quadratic Ricci curvature decay on the expanding soliton metric.

In the case of a shrinking gradient Ricci soliton, the quadratic growth of the soliton potential is always
satisfied without further conditions on the decay of the Ricci tensor at infinity. More precisely, one has
the following.

Theorem 2.20 Let (M, g, X)) be a complete noncompact shrinking gradient Ricci soliton satisfying (1-1)
with A = 1, with soliton vector field X = V& f for a smooth real-valued function f: M — R. Then the
following properties hold true.

(i) Growth of the soliton potential [11, Theorem 1.1] For x € M, f satisfies the estimates

1 dg(p.x)—e1)? = C = f(x) = §(dg(p,x) +2)?

for some C > 0, where dg(p,-) denotes the distance to a fixed point p € M with respect to g.
Here, ¢ and ¢, are positive constants depending only on the real dimension of M and the geometry
of g on the unit ball B, (1) based at p.

(i) Polynomial volume growth [11, Theorem 1.2] For each x € M, there exists a positive constant
C > 0 such that
volg(B;(x)) < Cr" for r > O sufficiently large,

where n = dimg M.

(iii) Regularity at infinity If the curvature tensor decays quadratically, ie if Ay(g) < 400, then the
soliton metric has quadratic curvature decay with derivatives, ie A;(g) < +oo for all k € N.

Proof References for items (i) and (ii) have been provided above. Item (iii) concerning the covariant
derivatives of the curvature tensor follows from Shi’s estimates for ancient solutions of the Ricci flow;
see [43, Section 2.2.3] for a proof. O

Remark 2.21 The regularity at infinity stated in Theorem 2.20(iii) does not hold for expanding gradient
Ricci solitons; see [26] for examples of expanding gradient Ricci solitons coming out of metric cones
with a finite amount of regularity at infinity.

The next lemma collects together some well-known Ricci soliton identities concerning expanding gradient
Ricci solitons and shrinking gradient Kéhler—Ricci solitons that we require. Their proofs are standard.
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Lemma 2.22 (Ricci soliton identities) Let (M, g, X) be a shrinking gradient Kihler—Ricci soliton
of complex dimension n satisfying (1-4) with A = 1 (resp. an expanding gradient Ricci soliton of real
dimension n satistying (2-1)) with soliton vector field X = V& f for a smooth real-valued function
f: M — R. Then the trace and first-order soliton identities are:

Aof+3Rg=n (resp. —Ag f + Rg = —3n),
VERg —2Ric(g)(X) =0  (resp. VE Ry + 2 Ric(g)(X) = 0),
V& f1> + Rg —2f =const. (resp. V& f|> + Rg — f = const.),

where R, denotes the scalar curvature of g and |VE f|? := g/ 9; f9; .

Remark 2.23 We henceforth normalise the soliton potential f of a shrinking gradient Ké&hler—Ricci
soliton of complex dimension 7 satisfying (1-4) with A = 1 so that |V f|? + R, —2f = 2n. The choice
of constant 2 is dictated by the following equation satisfied by f:

Nof =3X-f =~

This choice of constant also implies that /" + 7 is nonnegative on M, since the scalar curvature Rg of g
is necessarily nonnegative.

Kihler cones are quasiprojective. This property is inherited by complete expanding and shrinking gradient
Kéihler—Ricci solitons on resolutions of Kihler cones.

Proposition 2.24 Let (M, g, X) be a complete expanding or shrinking gradient Kihler—Ricci soliton on
a resolution w: M — Cj of a Kéhler cone Cy. Then M is quasiprojective.

Proof We prove this proposition in the case that (M, g, X) is an expanding gradient K#hler-Ricci soliton.
The proof for the shrinking case is similar.

As explained in the proof of Lemma 2.12, by adding an appropriate ample divisor D to Cy at infinity,
we obtain a projective compactification Cy of Cy so that Cy will have at worst orbifold singularities
along D. Using D, we then compactify M at infinity to obtain a compact complex orbifold M such that
M = M \ D. We claim that M admits an ample line bundle, hence is projective.

Indeed, since the normal orbibundle of D in 50 is positive, the normal orbibundle of D in M will also
be positive, hence by the proof of [21, Lemma 2.3], we may endow the line orbibundle [D] on M with a
nonnegatively curved hermitian metric with strictly positive curvature on some tubular neighbourhood U
of D in M. Next note that the curvature of the hermitian metric / induced on Kz by the expanding
gradient Kédhler—Ricci soliton metric g is —p,,, where p, is the Ricci form of the Kéhler form w associated
to g. Let f denote the soliton potential so that X = V& f'. Then by virtue of the expanding soliton equation,
the curvature of the hermitian metric e/ /1 on Kz is precisely the Kihler form w of g. In particular, the
curvature of ¢/ h on K A 1s a positive form. Extend the hermitian metric e hon K M to a hermitian
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metric on K37 by amalgamating e/ h with an arbitrary hermitian metric on K 37|y using an appropriate
bump function supported on U. Then the line orbibundle K37 + p[D] will be ample for p sufficiently
large. A high tensor power of the resulting line orbibundle will then be an ample line bundle on M so
that M is projective and M is quasiprojective, as claimed. |

Finally, note that to each complete gradient Ricci soliton, one can associate a Ricci flow that evolves via
diffeomorphisms and scaling. We describe this picture for an expanding gradient Ricci soliton next.
For a complete expanding gradient Ricci soliton (M, g, X') with soliton potential f, set

g(t):=tp;g fort>0,
where @; is a family of diffeomorphisms generated by the gradient vector field —%X with ¢; =1id, ie

(2-3) % )= Ve f (;pt(x))

Then 0,g(¢) = —2Ric(g(¢)) fort > 0, g(1) = g, and if we define f(¢) = ¢/ f so that f(1) = f, then
g(t) satisfies

with ¢; =id.

. t
(2-4) Ric(g (1)) —Hessg ) f(t) + %t) =0 forall r>0.
Taking the divergence of this equation and using the Bianchi identity yields
n_C
2-5) Reay + 195D £(0)2 ) - fT -G

for some constant Cy, where Ry () denotes the scalar curvature of g (7).

Similarly, for a complete expanding gradient Kédhler—Ricci soliton with Kéhler form w, one obtains a
solution of the Kéhler-Ricci flow 0;w(f) = —p4(r), Wwhere p,(;) denotes the Ricci form of w(7). The
difference in normalisations between (1-2) and (1-4) is accounted for by the fact that the constant preceding
the Ricci term in the Ricci flow is —2 and that preceding the Ricci term in the Kidhler—Ricci flow is —1.
In the same way that a Kidhler—Ricci flow yields a solution of the Ricci flow and, vice versa, a solution of
the Ricci flow which is Kihler yields a solution of the Kéhler—Ricci flow, the same holds true for gradient
Ricci solitons and gradient Kéhler—Ricci solitons. Indeed, a solution (M, g, X) of (1-4) yields a solution
of (1-2) by replacing g with 2g and composing (1-4) with the complex structure in the first arguments.
Conversely, a solution (M, g, X) of (1-2) for which g is Kéhler and X is real holomorphic defines a
solution of (1-4) after replacing g with % g and composing (1-2) with the complex structure in the first
arguments.

2.6 Properties of the soliton vector field

In this subsection, we provide sufficient conditions for which the zero set of the soliton vector field of
a complete shrinking gradient K&hler—Ricci soliton is compact. We begin with the following simple
observation.
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Lemma 2.25 Let (M, g, X) be a complete shrinking gradient Kahler—Ricci soliton with bounded scalar
curvature. Then the zero set of X is compact.

Proof With f denoting the soliton potential, the boundedness of the scalar curvature Rg of g together
with the properness of f as a consequence of Theorem 2.20(i) imply that 2 /' — R, is proper. From the
soliton identity |V& f|> + Rg = 2/ (see Lemma 2.22), we then see that the function |V f|? is proper.
The compactness of the zero set of X is now immediate. a

In the case that M is in addition “l—convex”, meaning that M carries a plurisubharmonic exhaustion
function which is strictly plurisubharmonic outside of a compact set, we can be more precise. Since a
I—convex space is in particular holomorphically convex, M in this case will admit a “Remmert reduction”
p: M — M’ [36], ie a proper holomorphic map p: M — M’ onto a normal Stein space M’ with finitely
many isolated singularities obtained by contracting the maximal compact analytic subset £ of M. As a
Stein space with only finitely many isolated singularities, [3, Theorem 3.1] asserts that M’ admits an
embedding 4: M’ — C¥ into C® for some P € N. We have:

Proposition 2.26 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton of complex
dimension n with bounded scalar curvature. Assume that M is 1-convex with maximal compact analytic
subset E. Then the zero set of X is compact and

(i) if E = &, then the zero set of X comprises a single point and M is biholomorphic to C";
(ii) if E # @, then the zero set of X is contained in E.

Before we prove this proposition, an auxiliary result is required, which will be used several times
throughout.

Proposition 2.27 Let (N, g) be a complete Riemannian manifold and let u: N — R be a C? function
that is proper and bounded below. Assume that the flow ¢ (t) of VEu with ¢5(0) = x € N exists for
allt € (—o0,0]. Then, for any x € N, the orbit (¢x(t));<o accumulates in the critical set of u, ie for all
sequences (1;); diverging to —oo, there exists a subsequence (¢}); such that (¢4/(x))i converges to a point
Xoo € N satistying (V8u)(xs) = 0.

Proof Letx e N andlet (¢x(2));<o denote the flow of V&u which passes through x at# =0 and is defined
for all nonpositive times. Since d;¢ (1) = (V8u) (¢« (1)), the function ¢ € (—o0, 0] > u(px(t)) €R is a
nondecreasing function and for all nonpositive times ?,

0
2:6) u) =u@x(0) = [ IV @a o) dr =0

In particular, the orbit (¢ (¢))s<o lies in the sublevel set {y € M | u(y) < u(x)} of u, which is compact
since u is proper and bounded below. Moreover, since u(¢(¢)) is bounded from below, the estimate
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(2-6) implies that the function 7 € (—00, 0] — |V&u|?(¢x (7)) € R is integrable on (—oo, 0]; that is,

0
(2-7) / |VEu|* (¢ (1)) dT < +00.

—00
Now, since u is C? and the orbit (¢ (¢));<o lies in a compact subset of M, the function 7 € (—o0, 0] —
|VEu|?(¢x (7)) € R is Lipschitz, ie there is a positive constant C such that

‘|Vgu|2(qu(z)) - |Vgu|2(¢)x(s))} <C|t—s| forall s,t € (—00,0].

This fact, together with (2-7), implies that lim;—_oo | V&u|(¢x (7)) = 0. This allows us to conclude that
any accumulation point of (¢ (z))s<o lies in the critical set of u. a

Proof of Proposition 2.26 Let f denote the soliton potential and let My(X') denote the zero set of X, a
set which is compact by Lemma 2.25. Our first claim encapsulates the structure of My(X).

Claim 2.28 Each connected component of My(X) is a smooth compact complex submanifold of M
contained in a level set of f.

Proof Let J denote the complex structure of M and let F be a connected component of My(X). Then
since F is locally the zero set of the holomorphic vector field X -0 = %(X —iJX), itis a complex-analytic
subvariety of M. Furthermore, as a connected component of the zero set of the Killing vector field J X,
it is a totally geodesic submanifold by [40, Theorem 5.3, page 60]. Hence F is a smooth complex
submanifold of M.

Next observe that along any geodesic y(¢) in F, we have for the soliton potential f,

L 1) =df ') = g(X.y (1) =0,

so that f is constant on F. Consequently, F is contained in a level set of f. From Theorem 2.20(i), we
know that f" is proper so that the level sets of f are compact. Thus, as a closed subset of a compact set,
F is compact. <

Now note that, by [31, Proof of Lemma 1], f is a Morse-Bott function on M. The critical submanifolds
of f are precisely the connected components of My(X). Since M is Kihler, the Morse indices —ie the
number of negative eigenvalues of Hess( /') — of the critical submanifolds are all even [31]. Write

n
Mo(X)=MO@u | ) MR,
k=1
where M ) denotes the disjoint union of the critical submanifolds of My(X) of index j. As a consequence
of Claim 2.28, we see that each connected component of My(X), being a compact complex submanifold
of M, is either contained in the maximal compact analytic subset £ of M or is an isolated point contained
in M \ E. Suppose that there exists an isolated point x € M DN \ E) for some j > 2.
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Using ideas from [13, page 3332] in this paragraph, we see from [10] that the holomorphic vector field
X 10 is linearisable at each of its critical points, meaning in particular that there exist local holomorphic
coordinates (1, ..., zy) centred at x such that X -0 = Z;':l ajzjdz; witha; e Rforall j =1,...,n.
Since Hess( /) has at least one negative eigenvalue at x, we have that @; < 0 for some 7. Without loss of
generality, we may assume that i = n so that a, < 0. Now, clearly the orbits of JX on the z,—axis are all
periodic. Fix one such orbit §: S' — M. Then we can construct amap R: S'(~R/TZ) xR — M by
defining R(s,?) to be ¢;(6(s)), where ¢; is the integral curve of the negative gradient flow of f and T is
the period of the orbit of 6. Since [X, JX] =0, R is holomorphic and after reparametrising, extends to a

nontrivial holomorphic map R: C — M with R(0) = x by the Riemann removable singularity theorem.

Since f is decreasing along its negative gradient flow and is bounded from below, we see that f'(R(z))
is bounded for all z € C. Hence, by properness of f, the set {R(z) | z € C} is contained in a compact
subset of M. Letting p: M — M’ denote the Remmert reduction of M and recalling that M’ admits an
embedding #: M’ — C¥ into CP for some P € N, we therefore obtain a bounded nontrivial holomorphic
map s o po R: C — CP. By Liouville’s theorem, such a map is constant. This is a contradiction. Thus
My(X)N (M \ E), if nonempty, is contained in M ©.

The next claim concerns the structure of M ©).

Claim 2.29 M© jsa nonempty, connected, compact complex submanifold of M that comprises the
global minima of f.

Proof M © is clearly nonempty since f attains a global minimum and, as a closed subset of the compact
set My(X), comprises finitely many connected, compact, complex submanifolds of M by Claim 2.28.
To see that M © comprises one connected component only, recall that the soliton vector field X is
complete. Then by Proposition 2.27, for any point x € M, the forward orbit of the negative gradient
flow of f beginning at x converges to a point of My(X). This gives rise to a stratification of M, namely
M = [} _o W(M®P), where

W M@Y= {x e M | lim_¢i() € M
—>—00

¢x: R — M here denoting the gradient flow of f beginning at x. Note that

n
WIM©@) =M\ | | w©@P),
k=1
Now, since Mo (X) is compact, for each k, WS (M #%)) comprises finitely many connected components,
each of which is an open submanifold of M of real dimension 2n — 2k; see [1, Proposition 3.2].
The complement of finitely many submanifolds of real codimension at least two in a connected manifold
is still connected. Hence WS (M (), and consequently M ) js connected. Finally, since M ) contains
all of the local minima of f* and, comprising only one connected component, is contained in a level set
of f by Claim 2.28, it must be the set of global minima of f. <
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Now, we have already established the fact that My(X) N (M \ E), if nonempty, is contained in M ©).
Thus, if E = @, then, since My(X) is nonempty as f attains a global minimum, we must have that
My(X) = M©®, so that My(X) is a nonempty, connected, compact complex submanifold of M by
Claim 2.29. Since M is affine if £ = @, we deduce that My(X) must comprise a single point if £ = &.
It then follows from [10] that M is biholomorphic to C" if £ = @. This is case (i) of the proposition.

Next consider the case when E # @. If My(X)N(M \ E) = @, then My(X) C E and we are in case (ii)
of the proposition. So, to derive a contradiction, suppose that £ # @ and My(X)N(M \ E) # &. In light
of the above, we must have that M N E = & and that My(X) N (M \E)y=M ), which comprises
a single point x, say. Moreover, (U7=1 M@ )) N E # @ since otherwise M would be biholomorphic
to C" by [10], thereby yielding a contradiction. Thus, noting that /(M () js the global minimum value
of f by Claim 2.29, let A be the smallest critical value of f with A > f(M®) and let y € f~1({A4)}).
Then we must have that y € M &) c E for some k > 2 by what we have just said. As before, we can
construct a holomorphic map R: C — M with R(0) = y. Since f is decreasing along its negative
gradient flow and since there are no critical values of f in the open interval (£ (M (), 4), we see from
Proposition 2.27 that necessarily lim;_, 1 oo R(z) = x. The Riemann removable singularity theorem then
applies and allows us to extend R to a holomorphic map R’: P! — M. Since x # y and x ¢ E, what
we have constructed is a nontrivial holomorphic curve in M that is not contained in E. This contradicts
the maximality of E. Thus, cases (i) and (ii) of the proposition are the only two possibilities that can
occur. This completes the proof. |

2.7 Properties of real vector fields commuting with the soliton vector field

In this subsection, we mention some properties of real vector fields that commute with the soliton vector
field on a complete shrinking gradient Kidhler—Ricci soliton. As the next proposition demonstrates, a
bound on the Ricci curvature yields control on the growth of the norm of these vector fields.

Proposition 2.30 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton with bounded
Ricci curvature, and let dg(p, -) denote the distance to a fixed point p € M with respect to g. Then there
exists a > 0 such that |Y|§,(x) = O(dg(p,x)?) for every real vector field Y on M with [X,Y]=0.

Remark 2.31 The growth rate obtained in Proposition 2.30 will be sharpened in Claim A.14 for
real holomorphic vector fields commuting with X, as exemplified by shrinking cylinders of the form
C"* x N2k where C"k is endowed with its Gaussian soliton metric and where N 2k supports a closed
Kidhler—FEinstein metric of positive scalar curvature.

Proof Let |-| denote the norm with respect to g and let Ric denote the Ricci curvature of g. Since |Ric]|
is bounded so that the scalar curvature of g is bounded, it follows from Lemma 2.25 that the zero set of X
is contained in a compact subset of M. For A > 0, let K := f~1([24,4A4]) and N = f~!((—o0, 34]).
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Since f is proper and bounded below as a consequence of Theorem 2.20(i), K and N are compact subsets
of M. Choose A sufficiently large so that all of the critical points of f are contained in f~!((—o0, A])
and so that 4 > sup,, |Rg|. Let yx(?) denote the integral curve of X with y,(0) = x € M. We begin
with the following claim.

Claim 2.32 Let y € M \ N. Then there exists x € K and tg > 0 such that y = yx(t).
That is to say, every point of M \ N lies on an integral curve of X passing through K.

Proof For y € M \ K, we see from the soliton identity |V& f|? + Ry = 2 f that

L F0y@) =195 F R0y 0) = 2/ (03 0) = Ry (1),

Using the upper bound on | Rg |, we deduce that

& F ) =2/ (ra(0)] =24,

Integrating this differential inequality for # < O then yields the inequalities
(2-8) (S + e =A< f(yy(0)) = (f(y) = A)e* + 4 for 1 <0.
o=t )0
o=—5Inl ———
2 \f»)+4

Then from (2-8) we see that

< - S)—4 B 24 3
ZA_f()/y(—lo))_3A(—f(y)+A)+A—3A(1 A Yz

Thus, y = yx(fo) where x = y,(—1o) € K. This proves the claim. N

Next observe that
Lx (Y]} = (Lxg)(Y.Y) = g(Y.Y) —Ric(Y.Y) = |V |* - Ric(Y. Y).
For x € M a point where X # 0, let i(¢) := |Y|?>(yx(¢)). Then we can rewrite the previous equation as

W'(t) = h(t) = Ric(Y. Y)(yx (1)),
so that
W) _ _ Rie. Y)(yx()
h(r) h(r)
Analysing the error term here, we have that
Ric(Y,Y)(yx(t)) Ric(Y,Y)
hy P

(2-9)
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Since |Ric| is bounded by assumption, we then have that
Ric(Y,Y
Tk
for a constant C > 0, so that (2-9) gives us the bound
(1)
h(t)

C

<

for some a > 0. Solving this for ¢ > 0 yields

—2at <1In(h(t)) —In(h(0)) < 2at,
so that, in particular,

h(t) < |Y|*(x)e?*  forall ¢ > 0.
Hence,

(2-10) Y 2 (vx () < |V} (x)e?%  forall > 0.

Let y € M \ N. Then by Claim 2.32, there is an x € K and ¢y > 0 such that y = yx(#p). Applying the
above inequality to this choice of x and ¢y, we deduce that

Y 12(0) < Y P(x)e?.

Now, as in the proof of Claim 2.32, we have that

d
77/ rx(0) =2/ (yx ()| =24.
Integrating this for # > 0 yields the fact that
(f(x)—A)e? + A< f(ye(®) < (f(x)+ A)e* —A forall ¢t > 0.

Since x € K so that f(x) > 24, we see from the left-hand side of this inequality that /' (yx (1)) > A(1+e?"),
so that

o 2 s 0)

(2-11) 1 1 forall £ >0.
Plugging this into (2-10) and setting ¢ = 7o results in the bound
. “ .
Y12(n) < Y[ (x)e?e < |Y|2(x)(%y) - 1) < (suP|Y|2)(_f1(4_y) - 1) .
K

Since K is compact and f* grows quadratically with respect to the distance to a fixed point p € M by
Theorem 2.20(i), we arrive at the estimate

|Y|(z) S c1dg(p,2)* + ¢, forall ze M

for some positive constants ¢1, ¢; > 0. This leads to the desired conclusion. O

Remark 2.33 In the case that the Ricci curvature decays quadratically at infinity, the constant @ may be
taken to be equal to 2 in Proposition 2.30.
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We can also show that such vector fields are complete when the zero set of the soliton vector field is

compact.

Lemma 2.34 Let (M, g, X)) be a complete shrinking gradient Kihler—Ricci soliton. Assume that the
zero set of X is compact (which, by Lemma 2.25, is the case when the scalar curvature of g is bounded).
Then every real vector field Y on M with [X, Y] = 0 is complete.

Proof Let Y be as in the statement of the lemma and let K be any compact subset of M containing the
zero set of X in its interior. Then note the following:

¢ Since K is compact, there exists €9 > 0 such that the flow of Y beginning at any point of K exists

on the open interval (—e&g, &¢).

¢ By Proposition 2.27, for any p € M, there exists T(p) > 0 such that the image of p under the
forward flow of —X for time 7" will be contained in K.

Consequently, for any point p € M, by flowing first along — X into K for time 7°(p), then flowing along Y,
then flowing along X for time 7, one sees from the fact that [ X, Y] = 0 that the flow of ¥ beginning at any
point of M exists on the interval (—e&g, £9). This observation suffices to prove the completeness of Y. O

2.8 Basics of metric measure spaces

We take the following from [33]; the notions introduced in this section will be used in Section 5.1.
A smooth metric measure space is a Riemannian manifold endowed with a weighted volume.
Definition 2.35 A smooth metric measure space is a triple (M, g, e~/ d Vg), where (M, g) is a complete

Riemannian manifold with Riemannian metric g, d Vg is the volume form associated to g, and f: M — R
is a smooth real-valued function.

A shrinking gradient Ricci soliton (M, g, X') with X = V& f naturally defines a smooth metric measure
space (M, g, e~ Fd Vg). On such a space, we define the weighted Laplacian Ay by
Apu:= Au—g(VE f,Vu)

on smooth real-valued functions u € C (M, R). There is a natural L?—inner product (-, -) L? on the
space Lj% of square-integrable smooth real-valued functions on M with respect to the measure e~/ d Ve,

defined by
(u,v);2 :=/ uv e_deg for u,v € Lj%.
! M

As one can easily verify, the operator Ay is self-adjoint with respect to (-, - ) L

In the Kihler case, we have:

Definition 2.36 If (M, g,e /d Vg ) is a smooth metric measure space and (M, g) is Kihler, we say that
(M, g, e fd Vg) is a Kdhler metric measure space.
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A shrinking gradient Ké@hler—Ricci soliton naturally defines such a space.

Unlike the real case, on a Kéhler metric measure space we have the weighted 5—Laplacian Ay defined on
smooth complex-valued functions u € C*° (M, C) by

Apu = Agu—(V"0u) f = g7 07 u—g" (3; f)(@7u).

This may be a complex-valued function even if u is real-valued. We define a hermitian inner product on
the space C5°(M, C) by

(u, U)Lfg = /M uie_deg for u,v e Cg°(M, C).

Then Ay is symmetric with respect to this inner product. In fact, we have that

/ (Afu)ﬁe_deg = / uA_fve_deg = —/ 2(du, dv) e_deg = —(5u,5v)L2,
M M M f

where o ~
g(0u, dv) = g'’ (d7u)(9;v).
See [33] for further details.

3 Proof of Theorem A

We first consider Theorem A in the expanding case.

3.1 Construction of a map to the tangent cone

By a result of Siepmann [62, Theorem 4.3.1], a complete expanding gradient Ricci soliton (M, g, X)
with quadratic curvature decay with derivatives has a unique tangent cone along each end. We first prove
a series of lemmas before providing a refinement of Siepmann’s result in Theorem 3.8 by using the flow
of the soliton vector field X to construct a diffeomorphism between each end of the expanding Ricci
soliton and its tangent cone (Cy, g¢) along that end, with respect to which »d, pushes forward to 2X
(here r denotes the radial coordinate of gg), and with respect to which g — go — Ric(go) = O(r~*) with
derivatives.

Our set-up in this section is as follows:

(M, g, X) is a complete expanding gradient Ricci soliton with soliton vector field X = V& f
for a smooth real-valued function f: M — R such that for some point p € M and all k € N,

A (g) = sup |(VEY Rm(g)lg(x)dg(p, x)* T < o0,

xXeEM

where Rm(g) denotes the curvature of g and dg(p, x) denotes the distance between p and x

with respect to g.

The diffeomorphisms (¢;);e(0,1] Will be as in (2-3). We begin with:
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Lemma 3.1 The one-parameter family of functions (¢ f o @), converges to a nonnegative continuous
real-valued function g(x) := lim,_ o+ ¢/ (¢:(x)) on M ast — 0T,

Proof Since V5 200 ())

0 Pe(x

S /(1)) =

t
so that 3
(1 (@) = (f = [VE F12)(00(x)) = Ry (1 (x)),

by the soliton identities for expanding gradient Ricci solitons (see Lemma 2.22), where Rg denotes the
scalar curvature of g, we see after integrating that

t
(3-1) 1f (@1 (x)) = sf(ps(x)) = / Re(pz(x))dt for 0 <s=t.
Since Rg is bounded on M, it follows that for all x € M,

(3-2) 1/ (1 (x)) —sf(ps(x))| = C(t—s) for 0 <s =1

for some positive constant C. Thus, {#(f o ¢;)}se(0,1] is a Cauchy sequence in C O(M) and hence
converges uniformly as t — 07 to a continuous real-valued function ¢ on M as in the statement of the
lemma.

To see that ¢(x) > 0 for all x € M, note from the soliton identities that
1 (i (x) = 11X P (01 (X)) + 1R (90(x)) = 1 Rg 1 (x)) = 1 inf Ry

since ¢ € (0, 1] and Ry is bounded from below. Letting # — 07 in this inequality yields the desired
conclusion. O

For a > 0, set
M, = {x eM | lim tf(ps(x)) > a}, My = {x eM | lim tf(ps(x))> O}.
t—>0t t—>07t
In view of (3-2) and the consequences discussed thereafter, the sets My and M, are well-defined for
a > 0. Furthermore, note that

e M, and M, are preserved by ¢; for all € (0, 1] and a > 0, since ;s = ¢, o @ for all positive
times s and ¢.

Hence for any @ > 0, t( f o ¢;) defines a family of smooth functions 7(f o ¢;): M, — R for ¢t € (0, 1].
Lemma 3.2 Ast— 0%, ¢(f og;) converges to g in Co2(My). In particular, g is smooth on M.

Proof For each a > 0, [62, Lemma 4.3.3] ensures that along the Ricci flow g(¢) defined by g, the
norm of the curvature tensor Rmy ;) of g() is bounded with respect to g(¢) when restricted to M,. In
particular, there exists a positive constant C' (depending on a) such that for all 7 € (0, 1],

sup [Ric(g(1))]g(0)(x) < C.
xeM,
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By definition of a Ricci flow, this implies that the metrics (g(7))se(o,1] are uniformly equivalent, ie there
exists a positive constant C (that may vary from line to line) such that

(3-3) Clg(x)<g(t)(x) <Cg(x) forall e (0,1], x € M,.

An induction argument (see [62, Lemma 4.3.6]) then shows that for all x € M, ¢t € (0, 1] and k > 0,
(V& (g()]g(x) = Clk.a).

Similarly, one obtains that

(3-4) (V&)  Rmg () lg (x) = C(k.a)

for all x € M,, t € (0,1] and £k > 0. As a consequence,

(3-5) (VO (1S @ ())g < Clk.a)

forall x € M,, t € (0,1] and k£ > 0. Indeed, by (3-1) with# =1 and s = ¢,

1 1
f(x)—tf(ps(x)) = /t Rg(ps(x)) ds = /t SRg(s)(x)ds forall € (0,1], x € M.

In particular, by deriving k times at a point x € M,, we see that

1
(VO gy )= (VEF f - / S(VEY Rg(syds  forall 1 € (0, 1],
t

which implies the desired inequality (3-5) after invoking (3-4). As a result, /(f o ¢;) converges in
Coo(Mp) as t — 07, so that ¢ is smooth on My, as claimed. |

Since ¢; preserves M, for every a > 0, we also have that for any @ > 0, the Ricci flow g(¢) determined
by g, namely g(7) := t¢/ g, defines a family of smooth metrics on M, for all ¢ € (0, 1]. This family
converges in C0°(My) as t — 0T as well.

Lemma 3.3 The family of metrics g(t) converges to a Riemannian metric g in C5(My) ast — 0t.
Moreover, g9 = 2Hessg, q.

Proof From the definition of the Ricci flow, one deduces from the curvature bounds (3-4) that g(¢) is a
Cauchy sequence in C k(M) for every k > 0 and @ > 0, hence converges uniformly locally as t — 0% in
Ck(My) for every k > 0 to a Riemannian metric o on My. To see that g = 2 Hessg, ¢, multiply (2-4)
across by ¢ and take the limit as # — 07, recalling that lim,_, o+ £/(¢) = ¢ in Co2(Mp) by Lemma 3.2. O

We have the following properties of g.
Lemma 3.4 The function g is proper and bounded below.

Proof Lemma 3.1 already implies that g is nonnegative. In particular, it is bounded from below. Now,
one sees from the quadratic growth of the soliton potential f given by (2-2) that for p in the critical set
of the soliton potential f,

1450, xX) —e1V1dg (i) (P x) — eat <1f (91 (x)) = 3dg ) (p, X) + 1V 1dg (1) (P, x) + cat

Geometry & Topology, Volume 28 (2024)



Classification results for expanding and shrinking gradient Kdhler—Ricci solitons 297

for all # > 0 and x € M, for some constants ¢y, c; > 0, where dg(,) denotes the distance with respect
to g(¢). Using this inequality and taking the limit as s — 0% in (3-2), one finds that

(3'6) %dé([) (P’ X) —C1 \/;dg(t) (p’ X) —Cf = Q(X) = %dgz(t) (p9 X) + 1 \/;dg(t) (p’ X) + cot
for all # > 0 and x € M, for some constants ¢y, c; > 0 that may now vary from line to line. Thus,
g(x) = +o00 as x — oo and the result follows. a

Moreover, we have:

Lemma 3.5 On M,
(i) |VEoq| 570 = g, so that the integral curves of V&0 (2/q) on My are geodesics, and
(i) V&gq=X.
In particular, X is nowhere vanishing on M.
Proof To prove the first part of (i), namely that |V§ Og| Ef;o = ¢, we multiply equation (2-5) across by #>

and take the limit as 7 — 0. Next, let yx (¢) denote the integral curve of V&0 (2 Vq) with yx (0) = x € M.
Then yy(¢) remains in My for ¢ > 0. Indeed, so long as ¢ > 0 is such that yy (¢) lies in My, we have that

02/ (rx (1) = Bo (VE 2/0). VE /D)) (rx (1) = [VE /)%, (v (1) = 1.

After integrating, we deduce that (2,/¢)(yx (7)) > 0 for 1 > 0, as desired. To see that these integral curves
are in fact geodesics with respect to the metric g¢, we compute: for any # > 0 and for any tangent vector v
to My at y(¢), we have that

BT Bo(Vy 2y w0, 0) = Zo (Vg 0y V" VD))l ) = Hessg, V) (VO /). V), oy

Since go = 2 Hessg, ¢ on M{ by Lemma 3.3, we also have the identity
%go = Hessg, q = Hessf;;o(\/q)2 = (24/q) Hessg, (\/q) +2d(/q) ® d(/q).
Plugging this into (3-7) then leads to the following sequence of equalities on Mj:
VD) (7 (1)) Zo(VE 7 (0). V)
= 20(VE QD). V), ) — 4(d (VD) ® d(JD) (VE 2 D). V), )
=20(VE VD). )], ) — IV QVDIE, (rx () - Zo(VE2/0). V) ., () =0
where we have used in the last line the already established fact that | V&0 (2 N2 g;o =1 on M.

As for part (i), let ¢; be as in (2-3). Then on compact subsets of My, we have that
V&g = lim VEO /(1)) = lim V9 (0" f)
t—0t t—0t
= lim LV} f) = lim VIE(pF )
t—o0t+ 1 t—0+
= lim ¢/ (VEf)= lim ¢/X = lim X =X,
t—0t v VEH t—0t b1 t—0t
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where the penultimate equality follows from the fact that ¢; is generated by the flow of —(1/¢) X and
LxX =0. d

The above observations then imply:
Lemma 3.6 M has only finitely many ends.

Proof For any a > 0, ¢ is a smooth function on M, by Lemma 3.2. Furthermore, by Lemma 3.5, ¢ has
no critical points in M,. Consequently, using the Morse flow (W?)tzo associated to ¢, one sees that all
the level sets of g of the form ¢~ ({b}) with b > b for some by € R large enough are diffeomorphic.
Since ¢ is proper by Lemma 3.1, such level sets are compact and the map

¥7:(0,+00) x ¢~ ({ho}) = ¢~ (b, +00)), (1, x) = Y (x),

is a diffeomorphism of a neighbourhood of M at infinity. Again, since ¢ is proper, the level set g~ ({bg})
is compact hence has a finite number of connected components. Thus, M has a finite number of ends. O

Our final lemma is then:

Lemma 3.7 There exists A > 0 such that for all ¢ > A, the intersection of each end of M with ¢~ ({c})
is compact, connected, and nonempty.

Proof By Lemma 3.6, M has only a finite number of ends. Thus, since ¢ is proper and bounded below
by Lemma 3.4, there exists A > 0 such that all of the ends of M are contained in M \ ¢~ ! ((—o0, A4)).
For any ¢ > A, the intersection of ¢~ ({c}) with each end of M is then compact and nonempty and
comprises one connected component only since, as a consequence of Lemma 3.5, ¢ is strictly increasing
along the flow lines of the (nowhere vanishing) vector field X on M. O

Using the above lemmas, we can now construct our map to the tangent cone at infinity.

Theorem 3.8 (map to the tangent cone for expanding Ricci solitons) Let A > 0 be as in Lemma 3.7,
let p: My — R4 be defined by p := 2,/q, and let S := p~Y({c}) for any ¢ > 0 with %cz > A (so that
the intersection of each end of M with S is compact, connected, and nonempty). Then there exists
a diffeomorphism t: (¢, 00) X S — M2, such that g¢ := 1*go = dr* +r%gg/c? and di(rd,) = 2X,
where r is the coordinate on the (¢, co)—factor and gg is the restriction of gy to S. Moreover, along
M 2,4, we have that

(3-8) |(VE)Y, (1* g — go — 2Ric(g0)) gy = O(r~*7%)  forall k € N.
In particular, (M, g) has a unique tangent cone along each end.
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Proof To prove the first part of this statement, we follow the proof of [22, Theorem 1.7.2].

We have that Hessg, (0?) = 28, from Lemma 3.3 and we know from Lemma 3.5(i) that | V&0 p? |§O =4p?

is constant along the level sets of p and that the integral curves of L p are geodesics. Then we have that
Vg’o,o2 = 2,0V§°,0 and Hessg, (p?) =2dp* +2p Hessz, (p).
so that
2go = Hessg, (p?) =2dp* +2p Hessz, (p).
Hence, ~
Hessz, (p) = % on the gp—orthogonal complement of V& Op.

On the other hand, g = dp? + &, with g, the restriction of g to the level set of p, and

- - 28, (2
Lyzo,8p = Ly (80— dp?) = 2 Hessg, () — 16pdp® = 7” + (; - 160) dp?,

so that o

Lyz, p:g'p = % on the gp—orthogonal complement of v&o p.
Thus,
(3-9) L,y pg,, =2g, on the gp—orthogonal complement of v&o 0.

Next define a map ¢: (¢, 00) X S — M 2,4 by
(r’x) = ¢X(r _C)v

where @ (-) denotes the flow of V&0 with ®,(0) = x. By choice of ¢, this map is well-defined.
Moreover, di(d,) = v&o p by construction, and since p(®x(¢)) =t + ¢, we have that (*p = r so that
di(ri,) = pVgOp = 2X. In this new frame, we thus have that

Ko =dr?+ gy,
where we find from (3-9) that
Lr9,0*8p =21%g, on the (*go—orthogonal complement of 9.
Hence, (*g, = r2gg/c? so that 1*o = dr? +r2gg/c?, as claimed.
As for the fact that (3-8) holds true along M2 4, we have from Young’s inequality applied to (3-6) that
(3-10) C gy (p, x) — C 1 < p(x) < Cdyry(p, x) + Ct forall t €(0,1], x € M.

Using this, we can now prove an estimate less sharp than (3-8).

Claim 3.9 Forall x € M2, and k € Ny,
(3-11) (V&) (g — &o)lg(x) < Crp(x) 7%,
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Proof Let us prove the claim first for £ = 0. Since the curvature tensor of g (and hence that of g(s))
decays quadratically with derivatives, we have that for any p in the critical set of f and for any x € M2 4,

1 1 1
18— Bole () < fo 1952(5) g () ds < C /0 Ric(g(5))]¢ (x) ds < C /0 dysy(p.x) 2 ds < Cp(x) 2,

where we have used (3-3) and (3-10) after increasing C if necessary.

As for the case k = 1, we must work slightly harder. Recall that if 7" is a tensor on M, then V8O T =
VET +g(t)~' % VE(g(t) — g) * T, since at the level of Christoffel symbols, one has that

T(g@)f; =T(@)F + 32 " (VE(2(t) = &)jm + V5 (2(t) = &)im — VE(2(1) — 8)ij).-
Thus, for all x € MCZ/4 and ¢ € (0, 1], we have that

3| VE (g(t)—g)|2(x) = —4| V& Ric(g())] ¢ (x)|VE (g() )| (x)

> —4(IVED Ric(g(1))|¢ () + (I(VE=VEO) Ric(g (1)) ¢ (x))) I VE (g (1)) g (x)
—C (dg(ry(p. ) > +(VE=VED) Ric(g(1) ] (x)) |V (g(1)— )¢ (x)
—C(p(x) 2 +|VE (g(1)— )] g (x)[Ric(g(1)]g (x)) |V (g(1)— &) g (x)
> —C(p(x) 7 +|VE(g(1)—2)¢(x))IVE (g(1)—g)lg (x)
> —C|VE(g(t)—g)*(x)—Cp(x) 5,

where C denotes a positive constant that may vary from line to line, and where we used Young’s inequality

%

A%

in the last line. Recalling that [VE&(g(¢) — g) |§, = 0 when ¢ = 1, one can integrate the previous differential
inequality between a time ¢ € (0, 1) and 7 = 1 to obtain

V4 (g(t) — &) 12(x) < Cp(x)™®  for x € M2y, 1 € (0.1],

for some positive constant C uniform in time. This fact implies the desired estimate (3-11) for k = 1 by
letting # — 0.

The cases k > 2 are proved by induction on k. N

It follows from Claim 3.9 that
|(V8)* (g —Zo)lg, < Cxp™> 7% forall k € No,
so that, after pulling back by ¢, we have that
|(VEOYK (¥ g —20)|go < Cor 2% forall k € N,.

We now prove (3-8). To this end, recall that ¢;(x) satisfies

%(x) _ VES(ei(x)
ot - ¢
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Since 4V& f = V&0 p2 = 2pV&0 p by Lemma 3.5(ii), we have that

ad \v/4
%P(‘Pt(x» = d/0|¢t(x)($(x)) = d/O|(pt(X) (_ f(;pt(x»)
Plpr(x)) plgi(x))
==, Ply ey (VLo ) = 5,
so that
(3-12) ol =250,
Let ¢;(x) satisfy
8/\ fos ~ .
D= L @) wd ¢=id

Then since di(rd,) = 2X, we have that 1 o $; = ¢; o¢, and in light of (3-12), we see that §¥r = r/t'/2,
so that 19} g0 = go. Recall that the Ricci flow g(¢) defined by g is given by g(¢) = t¢; g for t € (0, 1].
Together with the scaling properties of the norm induced on tensors by go and the invariance of the
Levi-Civita connection under rescalings, these observations imply that

(VPR (1) — g0) 7 gy (¥) = [(V' 80K (1% 2(0) = €0) 1,6, ()
= 1T ED|(VENR (* g (1) - g0) g0 (¥),

so that
[(VEOK(* g (1) — go)lgo (x) = 171 7F/2| (VOB (1% g (1) — g0) | 7 g ()
= 117K | (VOO (Gt g — 67 0)gr g0 (¥)
=171 TRI2 4| (VEOYR (1 g — g0) gy (81 (X))
< Cpt 7R (@ (x))) T2 H
= Cpt -t 1TH2 K20 (x)) 727K forall k € No;
that is,

|(Vg0)k(t*g(l) —g0)|go(x) < Cetr=27% forall k € N.
In particular,
|(Vg°)k(Ric(t*g(l)) —Ric(go)) g, < thr“‘_k for all k € Ny,

which is clear from the expression of the components of the Ricci curvature in local coordinates. Conse-
quently, we have the improved estimate

1
|(VE0)*(* g — g0 —2Ric(g0)) gy (x) < Ci /0 | (V0¥ (Ric(1*g(s)) —Ric(go)) |, (x) ds < Cer (x) 7+ 7%,
This is precisely (3-8). |

Thus, an expanding gradient Ricci soliton M with quadratic curvature decay with derivatives has a unique
tangent cone Cy along each of its ends V. Moreover, there is a diffeomorphism

1:Co\K =7,
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where K C Cy is a compact subset containing the apex of Cy, induced by the flow of the vector field
2X/p. The statement of Theorem 3.8 is verbatim the same for expanding gradient Kihler—Ricci solitons,
except that di(rd,) = X rather than 2.X and 2 Ric(gg) is replaced by Ric(gy) in (3-8), accounting for
the difference in normalisation between Ricci solitons and Kéhler—Ricci solitons.

3.2 Existence of a resolution map to the tangent cone

In the case that (M, g, X) is a complete expanding gradient Kéhler—Ricci soliton with quadratic curvature
decay with derivatives, the soliton potential is proper [12], hence M has only one end V [52] with tangent
cone Cy along the end. (Also note from [52] that any complete shrinking gradient Kéhler—Ricci soliton
has only one end without any curvature assumption on the metric.) Along V, we have from Theorem 3.8
the diffeomorphism ¢: Cy \ K — V for K C Cy a compact subset containing the apex of Cy. As we
will now see, the inverse of this map actually extends to define a resolution 7 : M — Cy with respect to
which dz(X) = rd,. We first show that ¢ is a biholomorphism with respect to a complex structure on C
that makes the cone metric g¢ Kéhler. As the next proposition demonstrates, the Kéhlerity of the soliton
implies this fact.

Proposition 3.10 Let (M, g, X) be a complete expanding gradient Kédhler—Ricci soliton with complex
structure J such that for some point p € M and all k € Ny,

Ax(g) = sup [(V¥)* Rm(g)[ (x)dg(p. x)"* < oo,

where Rm(g) denotes the curvature of g and dg(p, x) denotes the distance between p and x with
respect to g. For the unique end V of M, let go = lim,_, o+ g(t) be the limit of the Kihler—Ricci
flow g(t) defined by (M, g, X), let (Cy, go) be the unique tangent cone along V with radial function r
and lett: (Co \ K, go) — (V, o), for K C Cy compact containing the apex of Cy, be the isometry of
Theorem 3.8. Then (Cy, g¢) is a Kihler cone with respect to t* J. In particular, ¢: (Co \ K,*J) — (V, J)
is a biholomorphism.

Proof Since lim,_,y+ g(¢) = go smoothly on compact subsets of V' and g(¢) is Kidhler with respect
to J, we have that on V,

v& J = lim VEWJ =0,
t—0+

so that g is Kihler with respect to J. The metric g is therefore Kihler with respect to ¢*J away from a
compact subset of Cy. Recall that the radial vector field on a Kéhler cone is holomorphic with respect to
its complex structure. Thus, 0, is holomorphic on the subset of Cy for which (*J is defined. Flowing
along —rd, then extends (*J to a global complex structure on Cy, with respect to which g is Kéhler. O

In fact the converse of Proposition 3.10 holds true for shrinking gradient Kdhler—Ricci solitons; see [42]
for details.
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The previous proposition implies that M is 1-convex. This property is what allows us to extend the
biholomorphism ¢ ™! to a resolution 77 : M — C, that is equivariant with respect to the torus action on Cy
generated by the flow of Jyrd,. The details are contained in the next theorem.

Theorem 3.11 Let (M, g, X) be a complete expanding gradient Kihler—Ricci soliton with complex
structure J such that for some point p € M and all k € Ny,
Ak(g) = sup [(VE)* Rm(g)|g(x)dg(p.x)** < o0,
xeM
and let (Cy, go) be its unique tangent cone with radial function r and complex structure Jy. Then there
exists a holomorphic map w: M — Cy that is a resolution of Cy with the property that dmw(X) = rd,.
Furthermore, the holomorphic isometric real torus action on (Cy, g, Jo) generated by Jord, extends to a

holomorphic isometric torus action of (M, g, J).

Proof The proof of Theorem 3.11 comprises several steps. From Proposition 3.10, we know that
along the unique end V of M, there is a biholomorphism ¢: Cy \ K — V for K C Cy a compact subset
containing the apex of Cy. Thus, by [20, Lemma 2.15], this in particular implies that M is 1-convex,
hence holomorphically convex, so that there is a Remmert reduction p: M — M’ of M. Recall that
this is a proper holomorphic map p: M — M’ from M onto a normal Stein space M’ with finitely
many isolated singularities obtained by contracting the maximal compact analytic subset of M. By
construction, M’ is biholomorphic to M outside compact sets, therefore we have a biholomorphism
givenby F:= por:{x € Cy|r(x)> R} — M'\ K’ for some compact subset K’ C M’ and for some
R > 0. We claim that this biholomorphism extends globally.

Claim 3.12 The biholomorphism F: {x € Cy | r(x) > R} — M’ \ K’ extends to a biholomorphism

F: C() — M.

Proof Since M’, as a Stein space with finitely many isolated singularities, admits an embedding

h: M’ — CP for some P by [3, Theorem 3.1], we have a holomorphic function
hoF:{xeCy|r(x)>R}—CPF.

Since Cj is in particular an example of a Stein space, this holomorphic function extends to a unique

holomorphic function F: Cy — C T by Hartogs’ theorem for Stein spaces [61, Theorem 6.6]. The fact that

F(Cy) € M’ follows from Hartogs’ theorem. To show that F is in fact a biholomorphism, we construct
an inverse map F~': M’ — C, as an extension of the map

F7UM'\K' - {xeCy|r(x)> R}
by applying the previous argument beginning with the fact that Cy is affine algebraic. <

Thus, the Remmert reduction of M is actually Cy, ie the composition 7 := F~lop: M — Cy is a
proper holomorphic map contracting the maximal compact analytic subset £ of M to obtain the cone Cj.
Denote the connected components of E by E, ..., E. Then r contracts each E; to a point p; € Cy and
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restricts to a biholomorphism 7: M \ E — Co \ {p1,..., pr}. We next show that = defines a resolution
of Cy for which d7(X) = rd,. Note that at infinity, 7 = (pot) lop =11

Claim 3.13 The map 7 := F~'o p: M — Cy is a resolution of C, with respect to which dm(X) = rd,.

Proof Consider the biholomorphism 7: M \ E — Cy \ {p1,..., pi}. This map allows us to lift the
holomorphic vector field 79, to a holomorphic vector field Y := (d7)~1(rd,) on M \ E. Since at infinity
m =71, and so identifies the vector field 7d, on Cy with the vector field X on M outside compact
subsets of each, Y will agree with X outside of a compact subset of M. Thus, analyticity implies that
X =Y on M \ E. The next observation is that since the flow lines of ¥ (and hence X) foliate M \ E,
the flow of X must preserve E. Via m therefore, the flow of X induces a flow on Cj that fixes the
points pp,..., pi, where as before each p; denotes the image of a connected component E; of £E C M
under 7. The result of this induced flow on Cj is a holomorphic vector field X that coincides with 79,
on Cy \ {p1,..., pr} and which is equal to zero at each p;. By analyticity again, X = rd,, so that
E comprises one connected component only, which is mapped to the apex of the cone by m. Thus,
w: M — C is a resolution of the singularity of the cone, and the vector field X on M is an extension of
(dm)~1(rd,) from M \ E to M so that d(X) = rd,, as claimed. <

The resolution 7 : M — Cy is clearly equivariant with respect to the flow of Jord, on Cy and the flow
of JX on M. We wish to show next that 7w : M — C is in fact equivariant with respect to the holomorphic
isometric torus action on Cy induced by the flow of Jyrd, and that the lift of this torus action to M acts
isometrically on g. This will conclude the proof of Theorem 3.11.

Claim 3.14 The holomorphic isometric torus action on (Cy, g¢) generated by Jord, extends to a
holomorphic isometric action of (M, g, J) so that, in particular, w: M — Cy is equivariant with respect
to this torus action.

Proof Consider the isometry group of (M, g) that fixes £ endowed with the topology induced by
uniform convergence on compact subsets of M. By the Arzela—Ascoli theorem, this is a compact Lie
group. Taking the closure of the flow of JX in this group therefore yields the holomorphic isometric
action of a torus 7" on (M, J, g). Since the action of T preserves FE, this action pushes down via 7 to a
holomorphic action of 7" on Cj fixing the apex o of Cy. Now, by Theorem 3.8, after noting again that
7 = ! at infinity, we see that the soliton metric g and the cone metric g¢ are asymptotic at infinity.
Therefore these metrics are quasi-isometric on Cy \ K, where K C Cj is any compact subset of Cy
containing the apex o of Cy, so that uniform convergence on compact subsets of Cy \ {0} measured with
respect to g and gq are equivalent. Recall that dw(X') = rd,, so that the flow of Jyr9, is dense in 7" and
the flow of Jyrd, is isometric with respect to go. Consequently, every automorphism of (Cy, Jo) induced
by T is obtained as a limit of automorphisms of (Cy \ {0}, g0, Jo) with respect to uniform convergence
on compact subsets measured using go. Since a uniform limit of isometries is itself an isometry, it follows
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that 7" acts isometrically with respect to g¢ on Cy \ {0}, so that the action of 7" on Cy preserves the slices
of Cy and defines a torus in the isometry group of the link of Cy in which the flow of Jyrd, is dense.
This final observation concludes the proof of the claim and Theorem 3.11. |

3.3 Conclusion of the proof of Theorem A

We now conclude the proof of Theorem A for complete expanding gradient Kéhler—Ricci solitons. Con-
clusion (a) follows from [62, Theorem 4.3.1], whereas the Kihlerity of (Cy, g¢) as stated in conclusion (b)
follows from Proposition 3.10. The remainder of conclusion (b), apart from (b)(i), then follows from
Theorem 3.11. Conclusion (c) follows from Theorem 3.8 after noting that 7 = (~! at infinity as above.

As for conclusion (b)(i), the Kéhler form w of the expanding gradient K&hler—Ricci soliton satisfies the
expanding soliton equation pg, + 1 39 f =—w on M, where p,, is the Ricci form of w and f is the soliton
potential. In H2 (M), this equation yields [—p,] = [@]. Since ip,, is the curvature form © resulting from
the hermitian metric on Kp; induced by w, we have that [i ®] = [—p] = [w], so that (1-5) is seen to hold
true for the expanding soliton Kihler form o and the curvature form i ® it induces on Kps.

For a complete shrinking gradient Ricci soliton (M, g, X') with soliton potential /', we define a Kdhler—
Ricci flow via
g(t)y=—tgpfg for ¢ <0,

where ¢; is a family of diffeomorphisms generated by the gradient vector field —(1/¢) X with ¢_; =1id, ie

dor V@)
ot t
Then (dg/dt)(t) = —2Ric(g(z)) for t < 0 and g(—1) = g. Such a soliton with quadratic curvature

decay has quadratic curvature decay with derivatives by Theorem 2.20(iii), and hence, as proved in

with ¢_; = id.

[43, Sections 2.2-2.3], has a unique tangent cone at infinity. These observations provide the starting
point for the proof of Theorem A for complete shrinking gradient Kihler—Ricci solitons with quadratic
curvature decay. The proof then follows the proof for the expanding case, verbatim.

4 Classification results for expanding gradient Kéihler—Ricci solitons with
quadratic curvature decay with derivatives

4.1 Proof of Corollary B

Let (M, g, X) be a complete expanding gradient Kdhler—Ricci soliton satisfying (1-6) with tangent cone
(Co, go), as in Corollary B. Let @ denote the Kihler form of g.

To see that M is the canonical model of Cy, note first that Theorem A asserts that there is a Kéhler
resolution w: M — Cy with exceptional set £ such that

(4-1) [ (i®)F AwtmeV =k >
V
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for all positive-dimensional irreducible analytic subvarieties V' C E of w: M — Cy and for all integers k
such that 1 <k < dim¢ V, where ® denotes the curvature form of the hermitian metric on Kjs induced
by w. In particular, (4-1) implies that

/ (l @)k /\a)dim(j V—k >0
V

for all positive-dimensional irreducible algebraic subvarieties V' C E and for all integers k such that
1 <k <dimc V. Setting k = dimc V, we then see that

/ (i©®)4mcV 5 0 for every irreducible algebraic subvariety V C E of positive dimension.
14

But since M is quasiprojective by Proposition 2.24, this is the same as saying that
(Ddime V. V) >0 for every irreducible algebraic subvariety V C E of positive dimension,

where D is now a canonical divisor of M. Nakai’s criterion for a mapping (Theorem 2.11) now tells us
that Kps is w—ample, so that by definition, 7 : M — C is the canonical model of Cy. Hence Cj has a
smooth canonical model, namely M.

Conversely, suppose that (Cyp, g¢) is a Kadhler cone with radial function » and with a smooth canonical
model 7w : M — Cy. We begin by explaining that [19, Theorem A] holds true without hypothesis (b) of that
theorem. This hypothesis was required in the proof of [19, Proposition 3.2] to show that Lyw =i 300y,
where o is the Kéhler form of [19, Proposition 3.1], X is the lift of the radial vector field on the cone,
and Oy is a smooth real-valued function. The following claim asserts that this in fact always holds true.

Claim 4.1 Let (Cy, go) be a Kihler cone with complex structure Jy and radial function r and let
w: M — Cy be an equivariant resolution with respect to the real torus action on Cy generated by Jor0dy.
Let X be the unique holomorphic vector field on M with d(X) = rd, and let @ be the Kéahler form of
[19, Proposition 3.1]. Then Ly w = 930y for a smooth real-valued function Oy : M — R.

Proof Denote the complex structure of M by J and let X 10 = %(X —iJX). Thensince Lyxw =0
by construction, we have that

(4-2) 1xw =1d(®.X)=d(w.X").

Now by construction, @ takes the form w =i @h +1i 8514, where u: M — R is a smooth real-valued
function and © 1 1s the average over the action of the torus on M of the curvature form ®; of a hermitian
metric 4 on Kpys. Thus,

(4-3) 02X 10 = (B X 0 45X 0 u),

Studying the term 7 @h 2X 10 let n = dimc M, let Q be a local holomorphic volume form on M, ie a
nowhere vanishing locally defined holomorphic (7, 0)—form (defined in some local holomorphic coordinate

chart, for example), and set Ly1.09

= X" log(|Q];) — ,
v og(lI2ll}) — =
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where || - ||, denotes the norm with respect to . We claim that v is independent of the choice of 2 and
hence is globally defined. Indeed, any other local holomorphic volume form takes the form ¢£2 for some
holomorphic function ¢. Then

Ly10(qQ) (X1°-9)Q +qLx10Q
X0 log(lgQll}) = = o= = X log lq|* + X -log(|21]7) — -
qs2 9
Lx1.082 X'0.q
= X0 log(I2}) - ==+ X0 -loglg | - ——
Ly1.082 =0

= X" log(||}) -

Q b
as required. Next observe that

_ - Ly1.082 =
i@m“"=—i8(X1,°.1og(||s2||i))=—i8(X1’°~log(||sz||%,)— e )=—iav,

since (Ly1.0€2)/ 2 is a holomorphic function. Averaging this equation over the action of 7" then yields
the fact that 7 @h 2X 10 =97 for a smooth function ¥ on M. Plugging this into (4-2), we thus see from
(4-3) that

Lxow=2di0@0+ X" u)) =i902([@ + X0 u)).

Hence Lyw = i 930y, where Oy := 2Re(¥ + X 0. u), because Lyw is a real (1, 1)—form and i 99 is a
real operator. <

Remark 4.2 The existence of the function v satisfying i @, X 10 = —j v is essentially due to the fact
that X has a canonical lift to the total space of Kjs and ®y is the curvature form of a hermitian metric
on K.

Returning now to our smooth canonical model 7w: M — Cy of Cy, we will verify the hypotheses of
[19, Theorem A] (apart from the redundant hypothesis (b) of this theorem) for this resolution to show
that M admits a complete expanding gradient Kihler—Ricci soliton g with the desired asymptotics.
By Lemma 2.13, the radial vector field rd, on Cy lifts to a holomorphic vector field X on M with
dn(X)=rd,, and by Lemma 2.12, M is quasiprojective, hence Kihler. Moreover, there exists a Kéhler
form o on M and a hermitian metric on K, with curvature form ® such that

(4-4) | @ ngtnert =g
V

for all positive-dimensional irreducible analytic subvarieties V' contained in the exceptional set £ of
. M — Cy and for all integers & such that 1 <k < dimc V. Indeed, proceeding as in [25], let o be the
curvature form of a very ample line bundle L on the projective variety which contains M as an open
subset and let ® be the curvature form of the hermitian metric induced on Kps by o. Then observe that
for any analytic subvariety V' C E of dimension k,

(4-5) / (i )k A glime V=k — / (i ®)F
4 VNH NN Hgime v—k
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for generic members Hy, ..., Hgim. y—k of the linear system |L|, so that V- N HyN---N Hygjpy— C E i
an irreducible subvariety of dimension k. Since E is projective (as M is quasiprojective), this intersection
is a projective algebraic variety by Chow’s theorem. The right-hand side of (4-5) may therefore be written
as Dk (VNH; N---N Hygympy—k ), where D is a canonical divisor of M. By definition of the canonical
model, Kps is w—ample, which by Nakai’s criterion for a mapping (see Theorem 2.11) implies that this
intersection is strictly positive. Thus, we have that (4-4) holds true for the Kéhler form o and the curvature
form ® that it induces on Kps. The hypotheses required for the application of [19, Theorem A] are
therefore satisfied and so M admits a complete expanding gradient Kéhler—Ricci soliton (M, g, X') with

|(VE)Y, (g — g0 —Ric(g0))|gy < Cxr 4% forall k € N,

as required.

As for the uniqueness of (M, g, X), let (M;, g;, X;) fori = 1,2 be two complete expanding gradient
Kihler—Ricci solitons satisfying (1-6) with tangent cone (Cy, go). As initially proved, both M and
M, are equal to the unique (smooth) canonical model M of Cy. Moreover, Theorem A asserts that for
i =1, 2 there exists a resolution map 7;: M — Cy with dm;(X;) = rd, such that

(4-6) (V)X () gi — g0 — Ric(go))|go < Crr ™7 for all k € Ny.

The composition H := 75 o 711_1: Co — Cp induces an automorphism of Cj fixing the vertex. As
in the proof of Lemma 2.13, uniqueness of the canonical model implies that there exists a unique
biholomorphism F: M — M such that 7; o F' = H o . Unravelling the definition of H, this yields the
fact that r; o F = m,. Consequently, dy((dF)~1(X1)) = dmy(X;) = rd, so that (dF)~1(X;) = X>.
Furthermore, in light of (4-6), we have that

4-7) |(VEOYK ((r2) (F*g1) — g0 — Ric(g0))|gy < Cir™*7*  forall k e Np.

Thus, (M, F*g, X,) and (M, g,, X,) are two expanding gradient Kihler—Ricci solitons with the
same soliton vector field which from (4-6) for i = 2 and (4-7) in addition satisfy |F*g; — g;| =
O(r~*). The uniqueness theorem [19, Theorem C(ii)] therefore applies (where, in studying the proof
of [19, Theorem C(ii)], one sees that finite fundamental group is not actually required) and asserts that
F*g{ = g,. Thus, (M, g, X) is unique up to pullback by biholomorphisms of M, as claimed.

As for the remainder of Corollary B, item (a) is now clear and item (b) follows from Theorem A.
4.2 Proof of Corollary C

Corollary C follows from Corollary B once we identify the two-dimensional Kihler cones that admit
smooth canonical models as those stated in Corollary C(I)—(III) and realise their respective smooth
canonical models as those stated in Corollary C(b)(i)—(iii).

To this end, let Cy be a two-dimensional Kihler cone with a smooth canonical model M. By adjunction,
M cannot contain any (—1)— or (—2)—curves. In particular, by Theorem 2.15, M coincides with the
minimal model of Cy. Using this information, we can identify Cy and M as follows.
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Since Cy is a two-dimensional Kéhler cone, it must be prescribed as in Theorem 2.5. We henceforth work
on a case-by-case basis. If Cy is as in Theorem 2.5(i), then I" must be as prescribed in Corollary C(I)
since M cannot contain any (—2)—curves; indeed, see [48, Figure 2.1 and Theorem 4.1] for details. In
this case, M will be the minimal model of Cy as stated in Corollary C(b)(i). Otherwise, Cy may be as in
Theorem 2.5(ii) which is precisely the statement of Corollary C(II). In this case, the minimal model M is
given as in the statement of Corollary C(b)(ii). Finally, Cy may be as in Theorem 2.5(iii). Those cones of
Theorem 2.5(iii) that admit a smooth canonical model have been identified in Proposition 2.18, which
yields the statement of Corollary C(III). For these cones, the minimal resolution is the minimal good
resolution which identifies M as in the statement of Corollary C(b)(iii).

5 A volume-minimising principle for complete shrinking gradient
Kihler—Ricci solitons

We now focus our attention solely on shrinking gradient Ké&hler—Ricci solitons for the remainder of
the article. The set-up of this section is as follows. Let (M, g, X') be a complete shrinking gradient
Kihler—Ricci soliton of complex dimension # with complex structure J, Kihler form w, and with soliton
vector field X = V& f for a smooth real-valued function f: M — R. We assume that a real torus 7" with
Lie algebra t acts holomorphically, effectively and isometrically on (M, g, J). Then t can be identified
with real holomorphic Killing vector fields on M. We furthermore assume that J X € t.

The goal of this section is to prove the uniqueness of the soliton vector field J X in t by characterising
JX as the unique critical point of a soon-to-be-defined weighted volume functional.

5.1 A Matsushima-type theorem

Let aut¥ (M) denote the Lie algebra of real holomorphic vector fields on M that commute with X and
hence JX, and let g% denote the Lie algebra of real holomorphic g—Killing vector fields on M that
commute with X and hence JX. Clearly g% is a Lie subalgebra of autX (M). In order to prove the
uniqueness of the soliton vector field X, we need to show that the connected component of the identity of
the Lie group of holomorphic isometries of (M, g, J) commuting with the flow of X is maximal compact
in the connected component of the identity of the Lie group of automorphisms of (M, J) commuting with
the flow of X. This fact will follow from the next theorem, an analogue of Matsushima’s theorem [50]
for shrinking gradient Kihler—Ricci solitons stating that the Lie algebra aut¥ (M) is reducible, after we
prove that the aforementioned groups are indeed Lie groups.

Theorem 5.1 (a Matsushima theorem for shrinking Kdhler—Ricci solitons) Let (M, g, X) be a com-
plete shrinking gradient Kdhler—Ricci soliton with complex structure J endowed with the holomorphic,
effective, isometric action of a real torus T with Lie algebra t with JX € t. If |Ric(g)|g is bounded, then

we have that
autX (M) = g¥ @ Jg¥.
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We expect this theorem to hold true without the assumption of bounded Ricci curvature.

The proof of Theorem 5.1 consists of several steps. Beginning with any real holomorphic vector field
Y € aut¥ (M), Hormander’s L2—estimates allow for a complex-valued potential, that is, a smooth
complex-valued function uy such that Y 1:0 = V1-0y where Y 10 is the (1, 0)—part of Y. Thanks to the
defining equation of a shrinking gradient Kidhler—Ricci soliton, we can then modify #y by a holomorphic
function if necessary so that A,uy +uy —Y "% f =0, where f is the soliton potential with X = V& /.
We further average uy over the action of 7" so that £y yuy = 0, which results in the commutator relation
(uy)i Jx = (uy)r ff- Using this, we then apply a Bochner formula followed by an integration by parts
argument to deduce that V%2iy = 0 so that V!:%%y is a holomorphic vector field. The bound on the
norm of the Ricci curvature is required to control the boundary term in the integration by parts argument.
The gradient of the real and imaginary parts of uy will therefore be real holomorphic vector fields so
that, once one applies the complex structure to these vector fields, they become real holomorphic and
Killing. From this, the stated decomposition follows. To conclude that the sum is direct, we make use of
a splitting theorem for shrinking gradient Ricci solitons.

Proof Write (-,-), |-| and V, respectively, for the inner product, norm and Levi-Civita connection
determined by g, and let Y € autX (M). Then Y defines a real holomorphic vector field on M with
[X,Y]=0. Take the (1,0)—part Y10 of ¥, ie let Y10 = 1 (¥ —iJY). Then Y '° = 0, so that w_ ¥ !-°
is a d—closed (0, 1)—form, where w denotes the Kihler form of g. We first claim that w_Y »° admits a
smooth complex potential.

Claim 5.2 There exists a smooth complex-valued function uy on M such that —iw_ Y ' = duy, or
equivalently, such that Y -0 = V1.0

Note that uy is unique up to the addition of a holomorphic function.

Proof Let /& denote the metric on — Kz induced by w. Then the curvature of the metric e Shon—K M
is precisely @ by virtue of the defining equation of a shrinking gradient Kidhler—Ricci soliton. Treat
w Y 10 as a —Kps—valued (n, 1)—form. Then since the norm of Ric(g) is bounded so that |Y 10| grows
at most polynomially by Proposition 2.30, we see from the growth on f dictated by Theorem 2.20(i)
that the LZ2—norm of w_Y "* measured with respect to e~/ / is finite. An application of Hérmander’s
L?—estimates [24, Theorem 6.1, page 376] now yields the desired conclusion. <

Next, contracting (1-4) with A = 1 with Y'1:? and using the Bochner formula, we see that

—idAouy +id(¥ "0 f) =iduy,
so that
(Apuy +uy — y1o. fH)=0.

By adding a holomorphic function to uy if necessary, we may therefore assume that

(5-1) Apuy +uy —Y4H0. f=o.
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Furthermore, by averaging uy over the action of 7, we may assume that Ly yuy = 0. These two

operations normalise #y. Notice that
wy)ipfi =Y f =V Yuy . f = H(Vuy —iJVuy, X) = $(Vuy, X),

by virtue of the fact that £y yuy = 0. For the same reason, we also have that

wy)ifr=Y"" =% uy) f =5(Vuy, X).
Hence,

(uy)gfrx = Wy [z

In particular, from (5-1) we deduce that
(5-2) Apuy +uy — (uy) fz =0.
Before continuing, we need to establish some estimates on uy together with its covariant derivatives. We
will divide these estimates up into three claims.

Claim 5.3 There exists a positive constant A such that uy (x) = O(dg(p, x)™) as dg (p, x) tends to +oc.

Proof By Proposition 2.30, Y % grows polynomially, ie |Y 10| (x) = O(dg (p, x)?) for some a > 0, where
dg(p,-) denotes the distance with respect to g to a fixed point p € M, so that |duy|(x) = O(dg(p.x)%).
Then B
duy (X) = Yduy (X) +iduy(JX)) = 1X -uy.
——————
Thus, -0

(5-3) |X - uy| = 2[0uy (X)| = O(dg(p.x)**).
Let yx(¢) be an integral curve of X with y,(0) = x € M. Then

t t
uy () =y OO+ [ a0y (x50 ds =y (e | (XCy)(5) ds = C+ 0+,
0 0
so that, by (2-11) and Theorem 2.20(i),
juy (9] = Oy (p. 1)), -

The next claim concerns the weighted L?—integrability of the total gradient and second covariant derivatives
of u.

Claim 5.4 The gradient Vuy and the second covariant derivatives V>uy of uy belong to Lz(e_f o).

Proof Since A,uy =Y 0. f —uy, the estimate established in Claim 5.3 together with the polynomial
growth of X and Y at infinity show that A, uy is growing at most polynomially at infinity as well. By (5-3),
the same holds true for the drift term X -uy. Therefore the drift Laplacian A,uy — %X -uy is growing at
most polynomially at infinity ensuring its weighted L?—integrability, ie Ap xuy :=Apuy — %X ‘uy €
L*(e=/w™). This implies in turn that V Re(uy) and V Im(uy) belong to L2(e~/w"). Indeed, by
the previous arguments, it suffices to show that if a smooth real-valued function v: M — R satisfies
ve L%(e fw") and Ap,xVv € L*(e=/w™), then Vv € L2(e~/ o).
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To this end, let R be a positive real number and let ¢g: M — [0, 1] be a cut-off function with compact
support in the geodesic ball Bg(p,2R) such that g =1 on Bg(p, R) and |Ve¢r|g < ¢/R. Then since
(A, x)v? =2|Vv|? +2(A, xv, ), integration by parts leads to the inequality

2/ V2 p% e~ f o =/ Aa,’szqS}zQe_fa)”—Z/ (Aw.xv, V)% e
M M M
= —/ (Vv2, Vqﬁ%e)e_fa)" —2/ (Aw xv,v)0% el o"
M M

c
=< / |Vu|?¢% e o + —2/ vZe S o +/ (|Ap xv> + v/P)e 0",
M R* Jm M
which yields
/ Vo292 et < %/ vZe S o +/ (| A xv|* + lv})e ™ o™
M R Jm M
One then obtains the expected result for the gradient by letting R tend to +oo.

Similarly, for the second covariant derivatives, it suffices to show that if a smooth real-valued function
v: M — R satisfies Vv € L2(e~/ @") and Ap xVv € L%*(e=/ "), then Vv € L%(e~/ ™). To this end,
we apply the Bochner formula and use the soliton equation as follows:

(5-4) Ao, x |VV[* = |V?0]* + (Ric(g) + 1 Lx g)(Vv, Vv) + (V(Ay, x ), V)
= V202 +| Vo] + (V(Ay, xv). Vv)
> |V2u]2 + (V(Ayp, x ), VU).

Next, let ¢g: M — [0, 1] be the cut-off function defined as above. Then using integration by parts, the
identity (5-4) leads to the inequalities

2[ |V2v|2¢Re_fa)” < 2/ Aw,X|Vv|2¢%ee_fa)”—2/ (V(Aw,Xv),Vv)qb%ee_fa)”
M M M
:_[M(wvU|2,v¢§)e—fw"+2/M(2|Aw,Xv|2¢§+Aw,xv(w,v¢§))e—fw"
s/ |v2v|2¢§e—fw”+i2/ |Vv|2e_fa)”—|—c/ (1Aw x V) +|Vo[})e ™ "
M R Jm M
for some positive constant ¢ independent of R. Thus,
[ vlsheton < [ mileon s [ (Buul + V0P o
M R* Jm M
The desired result for VZv now follows by letting R tend to +oo. N
Finally, we show that some components of the Hessian of &y vanish identically.
Claim 5.5 The (0, 2)—part V%2iiy of the Hessian of iy vanishes identically on M.

Proof For clarity, we suppress the dependence of the potential #y on the vector field Y in what follows.
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Let R> 0 and let ¢ g be a cut-off function as in the proof of Claim 5.4. Reminiscent of [63, equation (2.7)],
from (5-2) we then find, in normal holomorphic coordinates at a point where the Ricci form p,, of @ has
components p; 7, that

0= / (Aot +u— frug)itr¢pre ™ o"
M
B /M(”k;;,- i — figuk — Sua)ir g e o
= /M(uk,-;; — pisls + i — figuk — frup)iirppe o™ since ujiz = u;zi + pisits,

= /M(uik;; + (—pists +ui — [igur) — fguin)ir o e/ o

—0
= /M(“ik/? — feuir)ir ¢g e o = /M (A, xup)ir pgpe "

_ _ 1 [ 7.2 FE—2y —
:_/ Hrij pp e fa)”—E/ (99p%, 9]0u|) e~/ ™.
M M

Therefore, by the Cauchy—Schwarz inequality,

/M IVO2al5 gre 0" <c /M(|5¢R||5L7|> (PrIV?illw) e 0"

1 1
2 2
EC(/ |V¢R|2|V5lze_fw”) (/ |V2L_t|(20¢%ee_fw")
M M

for some positive constant ¢ independent of R that may vary from line to line. By Claim 5.4, the previous
inequality leads to the bound

_ _ c

[ 19002 gt = ©
M

for some positive constant ¢ independent of R. Letting R tend to 400, this shows that

/ V0252 e fw" =0,
M

as desired. <

Consequently, V%2iiy = 0, from which it follows that V!:%#y is a holomorphic vector field.

Thus, V1% y and V!-%%y are holomorphic vector fields. Write uy = vy + iwy, where vy and
wy are smooth real-valued functions on M. Then we deduce that V!:-0vy = %(Vvy —iJVvy) and
ViOyy = %(wa —iJVwy) are holomorphic. In particular, Vvy and Vwy are real holomorphic
vector fields on M so that by [32, Lemma 2.3.8], JVvy and JVwy are real holomorphic g—Killing
vector fields. Therefore we have the decomposition

1Y —iJY)=Y"0 =V Ouy =V0y +iwy) = 1 (Vuy + JVwy) — 1i (JVvy — Vuwy),

Geometry & Topology, Volume 28 (2024)



314 Ronan J Conlon, Alix Deruelle and Song Sun

so that
(5-5) Y =Vvy +JVwy = JVwy + J(—=J Vuy).

Moreover, since Ly yuy = 0, we have that L yvy = Lyxywy = 0so that [J X, Vvy]=[J X, Vwy] =0,
and consequently [X, JVvy] = [X, JVwy] = 0. Hence JVvy and JVwy lie in g%, leaving (5-5) as
the desired decomposition.

To show that this decomposition is direct, suppose that Z € g% N Jg¥. Then Z = J W, where W and J W
are real holomorphic and Killing. Since W is holomorphic and J W is Killing, VWV is symmetric. Since
W is Killing, VW is skew-symmetric. Thus, W is parallel. If W is nontrivial, then by [29, Corollary 3.2],
(M, g) splits off a line, with W the generator of this line. In particular, we may write M = N x R
for a manifold N with ¢ = gn @® dt? and W = d;, where ¢ is the coordinate on the R—direction and
gn a shrinking Ricci soliton on N. Now the soliton vector field X must split as a direct sum with the
summand in the R—direction necessarily #9,. Since [W, X] =0 as Z € g, this yields a contradiction, so
that W = 0. Hence the stated decomposition of autX (M) is direct. |

Since M is noncompact, we need to verify that the various automorphism groups in question are indeed
Lie groups. This is necessary for the applications of Theorem 5.1 that we have in mind. We begin with:

Proposition 5.6 Let (M, g, X) be a complete shrinking gradient Kédhler—Ricci soliton with bounded
Ricci curvature. Then there exists a unique connected Lie group Aut())( (M) (endowed with the compact—
open topology) of diffeomorphisms acting effectively on M with Lie algebra autX (M).

AutOX (M) is of course the connected component of the identity of the holomorphic automorphisms of M
that commute with the flow of X.

The fact that there is a unique Lie group Aut(‘)Y (M) with the stated properties follows from Palais’
integrability theorem [57] (see also [40, Theorem 3.1, page 13]), once we establish the completeness and
finite-dimensionality of autX (M ). However, this theorem only asserts that AutOX (M) is a Lie group with
respect to the “modified” compact—open topology. In order to see that it is a Lie group with respect to the
compact—open topology, we must appeal to [35, Theorem 5.14], using the fact that Autg( (M) is closed
with respect to the compact—open topology. Now, the completeness of the vector fields in autX (M) is
clear from Lemma 2.34. As for their finite-dimensionality, we have the following.

Proposition 5.7 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton with bounded
Ricci curvature and let autX (M) denote the space of all real holomorphic vector fields Y on M with
[X,Y]=0. Then autX (M) is finite-dimensional.

Proof We provide an analytic proof of this fact. Letting |-| denote the norm with respect to g and
writing f for the soliton potential, we have a natural norm || - ||i2 on aut¥ (M) defined by
7

Y12, = [ 1vPe o
f M
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It suffices to show that the unit ball is compact with respect to this norm. To this end, suppose that we
have a sequence (Y;);>o with || ¥;]| L} = 1. Then by elliptic estimates, we get uniform C¥—bounds on
|Y;| over a fixed ball Bg(p, R) C M once a C%—estimate is established. Now, by a Nash-Moser iteration
applied to the norm of Y;, one obtains the estimate
sup  |Yi| = C(n. B)||Yill 2B, (p, R))-
Bg(p,R/2)

Since || Y; || L2 < 1, then, a fortiori,

sup Y| < C(n. R | i)l 2 <C'(n. R).
Be(p,R/2) !

Finally, according to (the proof) of Proposition 2.30, there is some large radius Ry > 0 such that

(B¢ (p,R))

(5-6) |Yil(x) < C(n, sup|Ric(g)|, sup |Y,|) (dg(p,x)+ 1)* forall xe M,
M Bé.’(paRO)

for some uniform positive constant a, where dg (p, x) denotes the distance between p and x with respect
to g. Since supp_(, g, |Yil = C(n, Ro), passing to a subsequence if necessary we may assume that
(Yi)i>o converges to some Yo, on the whole of M in the C\3(M )—topology. The question is whether
this convergence is strong in the above norm. Thanks to (5-6), given ¢ > 0, there exists some positive
radius R such that for all indices i > 0,

il L2\ B, (p,R)) = &
since the soliton potential grows quadratically by Theorem 2.20(i), and the volume growth of geodesic
balls is at most polynomial by Theorem 2.20(ii). This shows that if R is chosen sufficiently large,
then the remainder of the norm outside Bg(p, R) is uniformly small; hence we do indeed have strong
convergence. |

Remark 5.8 Munteanu and Wang [51, Theorem 1.4] proved that the space of polynomial growth
holomorphic functions of a fixed degree on a shrinking gradient Kéhler—Ricci soliton is finite-dimensional
without assuming a Ricci curvature bound. We therefore expect that the above proposition holds true in
more generality. We also expect that the ring of holomorphic functions of polynomial growth on M is
finitely generated and that M is algebraic, at least under a Ricci bound assumption.

Recall that g% denotes the Lie algebra comprising real holomorphic g—Killing vector fields that commute
with X and hence with JX. We next consider the existence of a Lie group with Lie algebra g¥.

Proposition 5.9 Let (M, g, X)) be a complete shrinking gradient Kiahler—Ricci soliton with bounded
Ricci curvature. Then there exists a unique connected Lie group Gg( (endowed with the compact—open
topology) of diffeomorphisms acting effectively on M with Lie algebra g¥ .

Proof Since g¥ is a Lie subalgebra of the Lie algebra of g—Killing vector fields on M, g¥ is a finite-
dimensional Lie algebra. Furthermore, vector fields induced by g¥ on M are complete by Lemma 2.34.
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By Palais’ integrability theorem [57] therefore, there exists a unique connected Lie group G6Y of diffeo-
morphisms acting effectively on M with Lie algebra g¥. Gg( is precisely the connected component of
the identity of the Lie group of holomorphic isometries on M that commute with the flow of X. Since
Gg( is closed with respect to the compact—open topology, [35, Theorem 5.14] guarantees that G(;X isa
Lie group with respect to this topology, as stated. a

We next prove that Gg( is a compact Lie subgroup of AutOX (M).

Lemma 5.10 Let (M, g, X) be a complete shrinking gradient Kdhler—Ricci soliton with complex
structure J and with soliton vector field X = V& f for a smooth real-valued function f: M — R. Then
elements of g% are tangent to the level sets of f. Moreover, if g has bounded Ricci curvature, then G(;X
is a compact Lie subgroup of Autg( (M) (with respect to the compact—open topology).

Proof LetY e g¥. For the first part of the lemma, we will show that Ly f = 0, so that the flow of ¥
preserves the level sets of f, thereby forcing Y to be tangent to the level sets of f.

Applying Ly to the shrinking Kihler-Ricci soliton equation, we find that i 99(Ly /) = 0. Notice that
since [JX,Y] =0, we have that Ly x (Ly f) = Ly (Lsx ) = 0. The function X - (Ly f) is therefore
holomorphic. It is also real-valued, hence must be equal to a constant, say X - (Ly f) = ¢o. Since
X = V& f and f has a minimum, we deduce that in fact ¢y = 0, so that X - (Ly f) = 0.

Next, deriving with respect to the Killing vector field Y the soliton identity from Lemma 2.22, namely
Lxf+Rg=X-[+Rg=|VE[*+ Ry =2,
making use of the fact that X and ¥ commute, we obtain

2y f=Ly(Lxf)+LyRg =Lx(Ly f)=X-(Ly f),
———
=0

where we have just seen that this last term vanishes. Hence Ly f = 0, as desired.

As for the second part of the lemma, note that under the assumption of bounded Ricci curvature of g, both
Gg( and AutOX (M) are Lie groups endowed with the compact—open topology, by Propositions 5.6 and 5.9,
respectively. In addition, Gg( is a subgroup of AutOX (M) since g¥ is a Lie subalgebra of autX (M).
Compactness of G(;Y with respect to the compact—open topology follows from the Arzela—Ascoli theorem
because the level sets of f are compact by properness of f and, as we have just seen, are preserved
by Gg( . Being compact, Gg( is then a closed subgroup of Aut())( (M), hence is a compact Lie subgroup
of AutOX (M), with everything being relative to the compact—open topology. a

Finally, we can now deduce from Theorem 5.1 that Gg( is a maximal compact Lie subgroup of AutOX (M).

Corollary 5.11 Let (M, g, X) be a complete shrinking gradient Kihler-Ricci soliton with bounded Ricci
curvature. Then G(;Y is a maximal compact Lie subgroup of Aut(‘)Y (M).
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Proof First note that Gg( is a compact Lie subgroup of Autg( (M) by Lemma 5.10. Now suppose that
Gg( is not maximal in Aut())( (M). Then there exists a compact Lie subgroup K of Aut(‘)Y (M) strictly
containing Gg. In particular, the real dimension of K must be strictly greater than Gg( . On the Lie algebra
level, since the decomposition of Theorem 5.1 is direct, there exists a nonzero real holomorphic vector Z
in the Lie algebra of K which is not contained in g%, yet is contained in Jg¥ . Since K is compact, the
closure of the flow of Z in K will define a real torus 7% of real dimension k in K in which the flow
of Z is dense.

Consider the vector field Z. This is a real holomorphic vector field with JZ Killing. Since a shrinking
soliton has finite fundamental group [67], we have that H!(M) = 0. Hence J Z admits a Hamiltonian
potential u: M — R so that Z = V&u. If the real dimension k of T is equal to one, then the orbits of Z
are all closed, but a gradient flow has no nontrivial closed integral curves since

L u(ye(0) = [VEul 2 0,

where vy (¢) denotes the integral curve of Z with v, (0) = x € M. Hence k is strictly greater than one.
But this is impossible as well. Indeed, let x be any point of M where Z(x) # 0. Then u(yx(¢)) is an
increasing function of ¢, so that u(yx(¢)) — u(x) > ¢ for some constant ¢ > 0 say, for all # > 1. On the
other hand, since the flow of Z is dense in 7, yx(¢) intersects any neighbourhood of x in M for some
t > 1. This yields another contradiction. Thus, G(‘)X is maximal in Autg( (M), as claimed. a

5.2 The weighted volume functional

Recall that (M, g, X) is a complete shrinking gradient Kidhler—Ricci soliton of complex dimension 7
with complex structure J, Kihler form w and soliton vector field X = V& f for f: M — R smooth, and
that by assumption, we have a real torus 7" with Lie algebra t acting holomorphically, effectively and
isometrically on (M, g, J) with JX € t.

In order to make sense of the weighted volume functional of a shrinking gradient Kihler—Ricci soliton,
we need to define a moment map for the action of 7" on M. This comes down to showing that every
element of t admits a real Hamiltonian potential, as demonstrated in the next proposition. Such a potential
exists essentially because 7" acts by isometries and H!(M) = 0. However, a Hamiltonian potential is
only defined up to a constant. Therefore a normalisation is required to determine the potential uniquely.
We normalise so that the potential lies in the kernel of a certain linear operator, precisely the condition
required to show that J X is the unique critical point of the weighted volume functional.

Proposition 5.12 In the above situation, let Y € t so that Y defines a real holomorphic g—Killing vector
field on M with [X, Y] = 0. Then there exists a unique smooth real-valued function uy : M — R with
Lyxuy =0 such that Aguy +uy + 3(JY)- f =0andduy = —w.Y.

Proof Let Z := —JY. Then Z is real holomorphic and JZ is g—Killing. Since a shrinking soliton
has finite fundamental group [67], we have that H'(M) = 0. This implies that there exists a smooth
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real-valued function uy : M — R such that Z = V&uy. Then duyoJ =—w_Z. Let Z10 = %(Z—iJZ).
Then we have that
w,Z0 = %(l)JZ — %ia)JJZ = —%duy oJ + %iduyz %i(duy +iduyolJ)=iduy,

ie d(—iuy) = —wiZ"0. After noting from the proof of Lemma 5.10 that Y € t implies that Y - f = 0,
we automatically have that £y xyuy = 0. Using the Bochner formula, contracting (1-4) with A = 1 with
Z 10 then results in
—idALuy +id(Z"0- ) =iduy.
In other words,
A Apuy +uy —Z4°. f)=0.
Now, the fact that £y yuy = 0 implies that
0=duy(JX)=g(Veuy,JX)=g(Z,JX)=—-g(JZ,X)=—df(JZ)=-(JZ)- [.

In particular, Ayuy 4+ uy — Z0. f is a real-valued holomorphic function, hence is equal to a constant.
By subtracting this constant from uy and plugging in the definition of Z, we arrive at our desired
normalisation of #y, namely

Apuy +uy +3(JY)- f =0.

Since uy is defined up to a constant, this condition determines #y uniquely. O
With this proposition, we can now define our moment map for the action of 7" on M.
Definition 5.13 Let (-, -) denote the natural pairing between t and t*. Then we define the moment map
w: M — t* for the action of T on M as follows: for x € M, ;(x) is defined by the equation

uy(x) ={(u(x),Y) forall Y et,

where uy is such that V8uy = —JY, Lyxyuy =0and Ayuy +uy + %(J Y)- f=0.
We next define the weighted volume functional for complete shrinking gradient Kihler—Ricci solitons.

Definition 5.14 (weighted volume functional, see [64, equation (2.3)]) Let (M, g, X)) be a complete
shrinking gradient Ké@hler—Ricci soliton of complex dimension # with complex structure J, Kdhler form w,
and with soliton vector field X = V& f for a smooth real-valued function f: M — R, endowed with the
holomorphic, effective, isometric action of a real torus 7" with Lie algebra t and with a compact fixed
point set. Let 1 denote the moment map of the action as prescribed in Definition 5.13 and assume that
JX et. LetY etandlet uy := (i, Y) be the Hamiltonian potential of Y, so that Ly xuy = 0 and

(5-7) Apuy +uy +3(JY)- f =0.

Finally, let
A :={Y € t|uy is proper and bounded below} C .
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Then the weighted volume functional F: A — R~ is defined by

F(Y):/ e_(“’Y)a)”:[ e Yo",
M M

The set A is an open cone in t which is determined by the image of M under w; see Proposition A.4
for details. Since f grows quadratically at infinity by Theorem 2.20(i), we know that it is also proper.
Hence J X, which by assumption lies in t, lies in A, so that A is nonempty. Thus, by the Duistermaat—
Heckman theorem (Theorem A.3), F is seen to be well-defined. (Proposition A.13 provides an alternative
argument, without using the Duistermaat—Heckman theorem, for why F is well-defined.) As the next
lemma shows, the value of F' is also independent of the choice of shrinking gradient Kihler—Ricci soliton.
This relies on the normalisation (5-7) of the Hamiltonian potentials.

Lemma5.15 Let (M, g;, X;) fori =1, 2 be two shrinking gradient Kihler—Ricci solitons, both satisfying
the hypotheses of Definition 5.14 with respect to a fixed real torus T. Let F; denote the weighted volume
functional of (M, g;, X;) and let A; denote the domain of F;. Then Fy = F, on A; N A,.

Proof Let w; denote the Kihler form of g; and let Y € A1 N A,. Write ug) for the Hamiltonian potential

of Y with respect to w;. Then analysing the expression given in Theorem A.3 for each F;, namely (A-1),
one sees that the right-hand side depends only on the value of ugi) on the (compact) zero set My(Y)
of Y and integrals over this set with respect to w;. Now, the normalisation condition (5-7) infers that

on My(Y), ugf) = —Awiug) = —div(Y), a quantity that, on My(Y), is independent of the choice of
metric. Moreover, dug) = —w;.Y so u(l)

Thus, we deduce that ug,l) = ug,z) on My(Y), both being equal to a fixed constant on each connected

is evidently constant on each connected component of My (Y').

component of My(Y'). As for the integrals on the right-hand side of (A-1), these involve integrating a
closed form w; over the compact boundary-less set My(Y'). Both being shrinking Kéhler—Ricci solitons,
w1 and w, lie in the same cohomology class, hence integrating over M (Y) with respect to either w; or
w, does not change the value of the integral. This brings us to the desired conclusion. a

We next list some more elementary properties of F', in particular the desired property that characterises
JX as the unique critical point of F. Here our normalisation of the Hamiltonian potentials also comes
into play.

Lemma 5.16 (volume-minimising principle) Let (M, g, X) be a complete shrinking gradient Kéhler—
Ricci soliton of complex dimension n with Kéahler form w and with soliton vector field X = V8 f for a
smooth real-valued function f: M — R, endowed with the holomorphic, effective, isometric action of a
real torus T with Lie algebra t. Assume that JX € t and that the Ricci curvature of g is bounded. Then

(i) F is strictly convex on A, and

(i) JX is the unique critical point of F in A.
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Remark 5.17 The boundedness of the scalar curvature of g guarantees here that F is well-defined on A.
Indeed, this is clear from the Duistermaat—-Heckman theorem (Theorem A.3) after noting that the zero set
of X, which contains the fixed point set of 7" as a closed subset, is compact by Lemma 2.25.

Proof of Lemma 5.16 (i) Let Yy, Y, € A. Then the line segment tY; + (1 —2)Y5,7 €0, 1], is contained
in A because A is convex, as one sees from its definition. Moreover, by the linearity of the moment map,
we have that

Ury,+(1-1)Y, = tuy, + (1 —=t)uy, forall t €[0,1].
Thus, since the function x € R + ¢™* € R is strictly convex, we find that

Fit-Y1+(0—-1)-Y)<t-F(Y1)+(1—t)-F(Y,) forall ¢t € (0,1), unless Y; = Y5.

(i1) As a strictly convex function on the convex set A, F' has at most one critical point. The claim is that
this critical point is obtained at JX. Indeed, let Y € t and let uy denote the Hamiltonian potential of ¥,
normalised so that Ayuy + uy + %(J Y)- f =0. Recall that —J(JX) = V8 [, so that

dyxF(Y) = —[ uye .
M
Let R be a positive real number and let ¢pg: M — [0, 1] be a cut-off function with compact support in the
geodesic ball Bg(p,2R) such that ¢ =1 on Bg(p, R) and |Vog|g < ¢/ R for some ¢ > 0. Then, using
integration by parts, we have that

‘/ uydge /o =‘/ (Awty + 1V f)phe 0| = |2
M M

= %'/M g(Vuy,V(g3))e 0"

1 2 —f . n : 2\2,—f .n :
<5([ e ror) ([ viresar)

1
=(/M|Vuy|2e fw") (Vorlgrle

2 2 2
< %(/M |Vuylze_fw") (/M e_fa)") ,

where the fact that Vuy € L2(e~/ »™) follows as in the proof of Claim 5.4. Letting R — +00, we see
that dyx F(Y) = 0, as required. |

The main tool we use to compute the weighted volume functional is the Duistermaat—Heckman theorem.
The statement of this theorem and a discussion have been relegated to the appendix. It expresses the
weighted volume functional in terms of data determined by the induced action on M of the element ¥ € A.
In particular, this data is independent of the metric w. Consequently, F' is independent of the particular
shrinking gradient Kédhler—Ricci soliton. It is this observation that will allow us to ascertain the uniqueness
of the soliton vector field X under certain assumptions. This is the content of the next subsection.
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5.3 A general uniqueness theorem

As an application of Corollary 5.11, we prove the uniqueness statement of Theorem D for the soliton
vector field X of a shrinking gradient Kihler—Ricci soliton, the precise statement of which we now recall
below.

Theorem 5.18 (Theorem D) Let M be a noncompact complex manifold with complex structure J,
endowed with the effective holomorphic action of a real torus T. Denote by t the Lie algebra of T. Then
there exists at most one element & € t that admits a complete shrinking gradient Kihler—Ricci soliton
(M, g, X) with bounded Ricci curvature, with X = V8 f = —J§& for a smooth real-valued function f
on M.

The outline of the proof of this theorem is as follows. Suppose that M admitted two soliton vector fields
X1 and X,. Then the maximal tori in the Lie groups Aut())(i (M) for i = 1,2 will be conjugate to 7" by
Iwasawa’s theorem [39]. After choosing an appropriate gauge, J X; and J X, will then be contained in
the Lie algebra t of T" and both vector fields will be critical points of their respective weighted volume
functional. But since the weighted volume functional is independent of the shrinking Kéhler—Ricci
soliton by the Duistermaat—Heckman theorem, both weighted volume functionals must coincide, so that
JX1 = JX, by uniqueness of the critical point.

Proof Suppose that M admitted two complete shrinking gradient Kéhler—Ricci solitons, (M, g;, X;) for
i =1, 2, with bounded Ricci curvature and with X; = V& f; for f;: M — R smooth such that X; = —J§;
for&; et Let G(;Y" denote the connected component of the identity of the group of holomorphic isometries
of (M, g;, J) that commute with the flow of X;. Corollary 5.11 then asserts that G()Y" is a maximal
compact Lie subgroup of the Lie group Autg(i (M), the connected component of the identity of the group of
automorphisms of (M, J) that commute with the flow of X;. Denote by 7; the maximal real torus in G(;Y i
Then T; is maximal in AutOXi (M). For each v € t, we have that [v, &] = 0, so that [v, X;] = 0. Hence each
element of 7' commutes with the flow of X; and so T itself is a Lie subgroup of AutOXf (M). Without
loss of generality, we may assume that 7" is maximal in AutOXi (M). Then, by Iwasawa’s theorem [39],
there exists an element «; € AutOX "(M) such that «; Tio; I = T. Since o; commutes with the flow of Xj,
necessarily dozl._1 (X;) = X;. Moreover, o g; is invariant under 7. Thus, (M, g;, fi) with g; = o' g;
and X; = da; 1(X;) is a T—invariant shrinking gradient Kihler—Ricci soliton with soliton vector field
X, i = X; = —J&; as before. Hence, by considering this pullback, we may assume that each (M, g;, X;)
is invariant under 7.

Now, by assumption we have that £, &, € t. Since the corresponding Hamiltonian potentials are the
soliton potentials, which themselves are proper and bounded below, we have that & € A; C t, where
A; denotes the open cone of elements of t admitting Hamiltonian potentials with respect to the Kéhler
form w; of g; that are proper and bounded below. We wish to show that £;,&, € A; N A, # &. The
result will then follow from an application of the Duistermaat—-Heckman theorem. So let u#; denote the
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Hamiltonian potential of £, = J X with respect to g;, that is, V82u; = X1, and for x € M, let y;(¢)
denote the integral curve of X through x at t = 0. Then we have that

uMmOD=udm®D+Acwd%@DM
t
:umm+[gmnxmh®Ms
0

t
=umﬂ+AIL@JMUDM-

Since g; has bounded Ricci curvature, so that the zero set of X is compact by Lemma 2.25, and since
each forward orbit of the negative gradient flow of f; converges to a point in the zero set of X; by
Proposition 2.27, it is clear that every point of M lies on an integral curve of X7 passing through a
fixed compact set. Thus, we see that # is bounded from below. For ¢ € [0, 1], consider the vector field
Y; :=1& 4+ (1 —t)&,. The Hamiltonian potential of Y, with respect to g, is f>, whereas that of Y7 is uy.
By linearity of the moment map, the Hamiltonian potential of Y; with respect to g5 is s :=tu;+(1—1) f>.
Since u; is bounded from below and f; is proper, /; is proper and bounded below for ¢ € [0, 1), so that
Y; € A, fort €0, 1). In a similar manner, one can show that Y; € A for ¢ € (0, 1]. The upshot is that
Y;e A\NAy#@forte(0,1)with&, & e A NA,.

Define a real-valued function F on [0, 1] as follows: F(¢) := F,(Y;) ift €[0,1) and F(¢) := F;(Yy) if
t € (0, 1], where F; is the weighted volume functional with respect to w;. Then F is well-defined as both
F1 and F, are well-defined because of the Ricci curvature bound (see Remark 5.17) and by Lemma 5.15
they are equal on A N A,. Moreover, F is convex and continuous on [0, 1] and strictly convex on (0, 1).

Finally, observe that
F(0) = F»(&) = [Tglill; F, = F,(Yy) = F1(Y1)

for every ¢t € (0, 1). By letting 7 tend to 1, one sees that F(0) < F(1). By symmetry, one also sees that
F(1) < F(0), which implies that F (1) = F(0) = miny ;] F. Since F is convex, F must be constant
on [0, 1], which contradicts the fact that F is strictly convex on (0, 1) unless (¥;)¢(o,1) is reduced to a
single point, ie unless &; = &,. This concludes the proof. a

5.4 Shrinking gradient Kihler—Ricci solitons on C” and O(—k) — P" 1 for 0 <k <n

Using Theorem D, we are now able to classify shrinking gradient Kidhler—Ricci solitons with bounded
Ricci curvature on C” and on the total space of the line bundle O(—k) — P"~! for 0 < k <n, and in
doing so, prove items (1) and (2) of Theorem E.

Theorem 5.19 (items (1) and (2) of Theorem E) Let (M, g, X) be a complete shrinking gradient
Kihler—Ricci soliton with bounded Ricci curvature.

(1) If M = C", then up to pullback by an element of GL(n,C), (M, g, X) is the flat Gaussian
shrinking soliton.
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(2) If M is the total space of the line bundle O(—k) — P"~! for 0 < k < n, then up to pullback by
an element of GL(n, C), (M, g, X) is the unique U (n)—invariant shrinking gradient Kéihler—Ricci
soliton constructed by Feldman, Ilmanen and Knopf [30] on this complex manifold.

Proof Let f denote the soliton potential of X, so that /: M — R is a smooth real-valued function
with X = V& £ and let M be as in item (1) or (2) of the theorem. We make no distinction as of yet.
Denote the complex structure of M by J and let G(;Y denote the connected component of the identity of
the holomorphic isometries of (M, J, g) that commute with the flow of X. Since g has bounded Ricci
curvature, Gg( is a compact Lie group by Lemma 5.10, hence the closure of the flow of J.X in G(;X yields
the holomorphic isometric action of a real torus 7" on (M, J, g) with Lie algebra t containing J X. Since
M 1is 1-convex by [20, Lemma 2.15] and the Ricci curvature of g is bounded, Proposition 2.26 tells us
that the zero set of X, and correspondingly the fixed-point set of 7, comprises a single point in item (1)
and is contained in the zero section of the line bundle in item (2). Furthermore, Proposition 2.27 implies
that each forward orbit of the negative gradient flow of f converges to a point in this fixed-point set. By
contracting the zero section of the line bundle in item (2), we see that the action of 7" on M induces an
action of T on C"/Z; fork =1,...,n—1, as appropriate with fixed-point set the apex, and that this
action further lifts to an action of 7" on C” with an isolated fixed point. The lift of X to C” then defines
a holomorphic vector field on C” with Jo X € t, where Jy denotes the standard complex structure on C”,
and with each forward orbit of —X converging to this isolated fixed point.

By [17, Section 3.1], we may choose global holomorphic coordinates (z1, ..., z;) on C” with respect to
which the action of 7" on C” is linear, that is, lies in GL(#n, C). These coordinates descend to coordinates
on C" /7, then lift to coordinates on M with respect to which the action of 7" on M lies in GL(n, C).
Without loss of generality, we may assume that 7" is maximal in GL(#n, C). Then we still have that
JX e t. Since any two maximal tori in GL(n, C) are conjugate by Iwasawa’s theorem [39], there exists

o € GL(n, C) such that « Ta ™! is equal to {diag(e’™, ..., e!™) | n; € R}. By considering a*w, we can
therefore assume that JX lies in the Lie algebra t of a torus of the form T = {diag(e'™", ..., e!") | n; e R}
acting on M. We will then have induced coordinates (11, ..., ) ont, where (1,0, ...,0) € t will generate

the vector field Im(z;0;,) on M, and so on.

Since the fixed-point set of 7" is compact, we can now apply Theorem D, which tells us that there is at
most one element of t that admits a complete shrinking gradient Kéhler—Ricci soliton with bounded Ricci
curvature. On C”", we have the flat Gaussian shrinking soliton and Feldman, Ilmanen and Knopf [30] have
constructed a complete shrinking gradient Kdhler—Ricci soliton with bounded Ricci curvature on M for
M as in item (2) of the theorem. In all cases, the soliton vector field X of these solitons satisfies JX € t,
and each is proportional to (1, ..., 1) in our coordinates on t. Therefore we deduce that JX = A(1,...,1)
for some A > 0, so that on M, we have %(X —iJX) = Az;0;. The automorphism group of (M, J)
commuting with the flow of this vector field is precisely the Lie group GL(#n, C). Thus, Corollary 5.11
asserts that G(‘)Y is maximal compact in GL(#n, C) and so, by Iwasawa’s theorem [39] again, there exists
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B € GL(n, C) such that ,BG(;Y,B_I = U(n). The (1, 1)-form B*w will then be U(n)—invariant and by
[30, Proposition 9.3], the only such complete shrinking gradient Kéhler—Ricci soliton on M is the flat
Gaussian shrinking soliton if M = C", and that constructed by Feldman, Ilmanen and Knopf if M is as
in item (2) of the theorem. O

6 The underlying manifold of a two-dimensional shrinking gradient
Kihler-Ricci soliton

Item (3) of Theorem E will result from items (1) and (2) of Theorem E once we establish the following
theorem.

Theorem 6.1 Let (M, g, X) be a two-dimensional complete shrinking gradient Kihler—Ricci soliton
whose scalar curvature decays to zero at infinity. Then Cy is biholomorphic to C2, and M is biholomorphic
to either C? or C? blown up at one point.

The key observation in proving this theorem is that the scalar curvature of the asymptotic cone is strictly
positive if the shrinking soliton is not flat. Since we are working in complex dimension two, this allows
us to identify the tangent cone at infinity as a quotient singularity using a classification theorem of Belgun
[4, Theorem 8] for 3—dimensional Sasaki manifolds. The fact that M is a resolution of Cy by Theorem A,
combined with the fact that the exceptional set of this resolution must contain only (—1)—curves as
imposed by the shrinking Kéhler—Ricci soliton equation, then allows us to identify M and C.

6.1 Properties of shrinking Ricci solitons

We begin by noting some important features of shrinking Ricci solitons that we require in this section.
We have the following condition on the scalar curvature of a shrinking gradient Ricci soliton.

Theorem 6.2 [16] Let (M, g, X) be a complete noncompact nonflat shrinking gradient Ricci soliton
with scalar curvature Rg. Then for any given point o € M, there exists a constant C > 0 such that
Rg(x)dg(x,0)* > C~! wherever dg(x,0) > C, where dg denotes the distance function with respect
tog.

This yields the following condition on the scalar curvature of an asymptotic cone of a shrinking Ricci
soliton.

Corollary 6.3 Let (M, g, X') be a complete noncompact nonflat shrinking gradient Ricci soliton with
tangent cone (Cy, go) along an end. Then the scalar curvature Rg, of the cone metric g is strictly
positive.

Proof The tangent cone at infinity is obtained as a Gromov—Hausdorff limit of a pointed sequence
(M, g.,0):= (M, A,:zg, 0) for o € M fixed, where A — oo as k — oco. By our asymptotic assumption,
the tangent cone is unique and this process recovers the asymptotic cone (Cyp, g¢). Indeed, an arbitrary
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point p € Cy with r(p) = ro > 0 is associated with a sequence py — p, where dg (0, py) = Agro — 00 as
k — oo, where r denotes the radial coordinate of g and dg denotes the distance measured with respect
to g. In particular, we see that

Rgo(p) = lim R, (pr) = lim A7 Rg(pp),
k—o0 k k—o0

where Rj;-2¢ denotes the scalar curvature of the rescaled metric k;z g. Using the lower bound of

Theorem 6.2, we then have that
2 —1 2 —1
A p C A p C 1

R = lim A2R > lim ——— = lim *——=——>>0
gO(p) k—o00 k g(pk) k—o00 dg(O, pk)2 k—o0 ()\kr())z Crg
for some positive constant C. Since p is arbitrary, it follows that Rg, > 0 away from the apex of Cy, as

claimed. O
6.2 Proof of Theorem 6.1

Let (M, g, X) be a complete noncompact shrinking gradient Kihler—Ricci soliton of complex dimension
n + 1 with quadratic curvature decay and with tangent cone along its end the Kihler cone (Cy, g¢) given
by Theorem A. Let r denote the radial function of the cone. Then the link of the cone {r = 1}, which we
denote by (S, gs), is a Sasaki manifold of real dimension 27 + 1 foliated by the orbits of the flow of &,
the restriction of the Reeb vector field of the cone to its link.

We know from [58, Theorem 3] that if the scalar curvature Rg of g is zero at a point, then (M, g) is
isometric to Euclidean space. So we henceforth assume that Ry # 0 everywhere, so that (M, g) is nonflat.
Then Corollary 6.3 tells us that the scalar curvature of the cone Rg, is strictly positive. Next we see from
Lemma 2.2 that Ry > 2n(2n + 1) and so it follows from Corollary 2.9 that

RT >2nn+ 1) +2n=4n(n+1).

Identification of Cy In our case, (M, g, X) is of complex dimension two and the scalar curvature of g
decays to zero at infinity. By [54], the scalar curvature decay implies that the norm of the curvature tensor
of g decays quadratically. Thus, the above applies with n = 1 and we have the lower bound RT > 8.
From the classification of 3—dimensional Sasaki manifolds by Belgun [4, Theorem 8], it then follows that
Cy is biholomorphic to C2/ T, with I" a finite subgroup of U(2) acting freely on C2 \ {0}. We next wish
to show that I = {id}.

Recall from Theorem A that there is a resolution 77 : M — Cy of the singularity of Cy with dw(X) =rd,.
Since Cj is biholomorphic to C2/ T for I' C U(2) a finite subgroup acting freely on C2 \ {0}, it is
in particular a rational singularity. It is well-known that the exceptional set of a resolution of such a
singularity contains a string of P’s [9, Lemma 1.3]. Since g is a shrinking Kihler—Ricci soliton, each of
these P!’s must have self-intersection (—1) by adjunction. Moreover, since Cy is obtained from M by
blowing down all of these (—1)—curves, Cy must in fact be smooth at the apex, so that I' = {id} and C,
is biholomorphic to C2.
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Identification of M It follows that M is then an iterated blowup of C? at the origin containing only
(—1)—curves. The only iterated blowups of C? at the origin containing complex curves of this type are
C? and C? blown up at one point, since any further iterated blowup would introduce at least one P! with
self-intersection (—k) for some k > 2. The conclusion is then that M must be biholomorphic to either
C? or C? blown up at one point.

7 Concluding remarks

We conclude with a discussion of future directions of research emanating from the results within this
paper.

7.1 The conjectural picture

The results on shrinking gradient Kdhler—Ricci solitons presented here allow us to speculate on possible
deeper connections between such metrics and algebraic geometry. In the compact case, Berman, Witt
and Nystrom [6] gave an algebraic formula for the weighted volume functional and its derivative. We
generalise this result to the noncompact case under suitable assumptions, making use of the results of
Wu [66]. We begin with the definition of an anticanonically polarised Kédhler manifold, the underlying
complex manifold of a shrinking Kéhler—Ricci soliton.

Definition 7.1 An anticanonically polarised Kihler manifold is a Kdhler manifold M admitting a Kéhler
form w together with a hermitian metric on — K, with curvature form ® such that

/ (l @)k /\a)dim(j V—k >0
|4

for all positive-dimensional irreducible compact analytic subvarieties V' of M and for all integers k& such
that 1 <k <dimc V.

By [25, Theorem 4.2], a compact anticanonically polarised Kédhler manifold is a Fano manifold. Moreover,
any shrinking K#hler—Ricci soliton naturally lives on an anticanonically polarised K&hler manifold.
Under certain criteria, we can write an algebraic formula for the weighted volume functional.
Proposition 7.2 Let (M, w) be a (possibly noncompact) Kéhler manifold of complex dimension n with

Kihler form w on which there is a Hamiltonian action of a real torus T with moment map (: M — t*,
where t is the Lie algebra of T and t* its dual. Assume that the fixed-point set of T is compact and that

(1) HP(M,O(—kKpr)) =0 forall p > 0 and for all k sufficiently large, and

(i) w is the curvature form of a hermitian metric on —Ks.
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If there exists an element {o € t such that the component of the moment map u¢, = (i, §o) is proper and

bounded below, then

n
) @ L 0 _ g
(7-1) /Me “- = lim — char HO(M. O( kKM))(k)

for all ¢ in an open cone A C t.

In this situation, the character char H°(M, O(—kKjs)) is well-defined by [66]. Moreover, it follows
from [55, Theorem 4.5] that the vanishing condition (i) holds true for any 1—convex anticanonically
polarised Kéhler manifold and condition (ii) holds true for any shrinking gradient Kéhler—Ricci soliton.
In particular, if (M, w, X) is a complete shrinking gradient Kéhler—Ricci soliton with Ricci curvature
decaying to zero at infinity, endowed with the holomorphic, effective, isometric action of a real torus 7’
with Lie algebra t containing J X, then the above theorem applies. The volume minimising principle
(Lemma 5.16) then tells us that for such a soliton, the unique minimum of the weighted volume functional
is obtained at JX.

Before we present the proof of equation (7-1), it is necessary to introduce some notation. Our notation
will mostly follow [66]. We denote by M T the fixed-point set of 7 in M. By assumption, this is
compact. If nonempty, it is a complex submanifold of M. Let F be the set of connected components
of MT. Then MT = UgeF MaT, where M(f is the component labelled by o € F. Let ny, = dimg MaT
and let N, — MaT be the holomorphic normal bundle of M(f in M. T acts on Ny preserving the
base MaT pointwise. The weights of the isotropy representation on the normal fibre remain constant
within any connected component. Let £ be the integral lattice in the Lie algebra t of T, let £* C t*
denote the dual lattice, and let A,,; € £* \ {0} for 1 <i < n —nqy be the isotropy weights on N,. The
hyperplanes ()\.a,l')J_ C t cut t into open polyhedral cones called action chambers [60]. Choose an action
chamber C. We define v< as the number of weights Ay ; € C* where C* is the dual cone in t* defined
by C* ={£et*|(£,C) > 0}. Let NaC be the direct sum of the subbundles corresponding to the weights
Aai € C*. Then Ny = N @ N, €. The rank of the holomorphic vector bundle NS is v<'; that of N €

i« = C — C
ISV~ =n—ng—vy.

Proof of Proposition 7.2 For k € N sufficiently large, the vanishing assumption (i) together with
[66, equation (3.41)] implies that

char HO(M, O(—kKpp)) = Y (—1)" e /

acF M

) (M),

—C
. T( —kKM|M£¥‘ ®det(N, )
T det(1— (NE)*) @ det(1 — N, C)

where, if R is a finite-dimensional representation of 7,

1 o0
D sym™(R),
det(1— R) m@) ym™(R)
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and where ch” denotes the equivariant Chern character. For a fixed o € F, we therefore have that

T( ~kKprlpyr ® det(N,; ©)
det(1 — (NS)*) ® det(1 — N;€)

) wd)

1 1
=chT (—kK Wf{f—— hT(—) hT (det(N;€)) td(m]).
o (kK g e (o ) o (g ) 7 e O]
Now,
td(My ) =14 5e1(=Kpr) +-- .

Analysing the term ch” (—kK | MaT)’ we have by adjunction that

KM|MaT = KMaT —det(Ny),
so that
_kKM|Mg = (—kKMg) + k det(Ny).

Now, MaT is fixed under the action of 7" and so the action of 7" on —k K M7 is trivial. The torus T’
therefore acts on —k K| M7 3s multiplication by ek Xi” hai where ng is the dimension of MJ . Thus,

we have that n—ng,

o (—kKnrlpr) =ker(=Knlpgr) +5 D hais

i=1

where clT is the equivariant first Chern class, so that

ChT(—kKM|MaT) (é) = o1 CRRMI @I _ ke Rl S i @),
Next analysing the second term, we may write N = P {i]\yieC*} La,i» Where Lg ; is the line subbundle
of Ny with isotropy weight Ay ;. Then we have that

1 2 1
_— = S m’"((NC)*) = ® —_—
— CHy* @ y a —_I*y
det(1 —(Ng)*) o (ihgeC) det(1 La’i)
so that
ch? (—1 ) = chT( (g) —1 ) = | | ch? (—1 )
det(1 —(Ng)*) {ilka,;ec*}det(l L«x,i) (ilhg1€C) det(1 La,i)

Now observe that, for each i,

hT(dt(li—L)) = ChT( D sym™ <L::,,->) - chT(

oo

ay (L;;,»’")

m=0 m=0
00 00
= Z (ChT(L;’i))m — Z (e_}‘a,i"‘cl(Lz,i))m
m=0 m=0
1

1— e_}‘«a.i‘l‘cl(LZ‘,') )
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1 1
T . =
h (det(l = (Nf)*)) [ oemaay

fijAg ety 1 —

Hence,

Consequently,

T
h (det(l—(NC)*))( )

1
1_[ _ o1/ k) i (©)—c1(Lq.i)
(i]Aa.€C*} I—e “

- 11 !

has=c 1= (1 (b @ —er (L) + 5 (- () - (L) )

1
= 1_[ . o0 1 1 /
{ilAg,i€C }E at(§)+cl(Laz) lgzﬁ(_z)w,i(é‘)_cl(lza,i))
k

€71 ki (O +er (L) =k X (= (6) - 1 (Las))

k

329

- ]_[ x®
- 71 :
i eC* kCl(La,i) k - ( 1) o
{ilhe,i€C*} )\a,i(é‘)(l + )ha,i(g) + )ha,i(é‘) IEZ 1!

Now,

I
(%)»a,i(f) +ci (La,i)> =1 (Loi) + £C1(La,i)l_l)ua,i(§) +0(k™?),
so that

(i@ + cl(La,i))l =ker(Lag) +1e1(Lai)' ™ hai(©) + OK™).
Since [ > 2, we have that
koS (=i

hai©) i 1!

where Py and P, are polynomials in ¢ (Lg,;). Therefore, we see that

T 1 ¢
h (det(l—(Nf)*))(%)

(Prai@ +er(Lap)) = O)er(Lan) P+ e (Lag) Pa-+ O,

k

kei(L)

{ilha.i€C*} Aa,i(é)(l Ty (0)

) T+ OU)er (Las)? Pi + 1 (Lai) Ps + O(k—1)

— kve 1

(Lras® +erttan) )

key(L)
)\'a,i (é-)

{ilAg.i€C*} Aa,i@)(l +
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A similar argument also shows that

T 1 ¢
h (det(l —N;C))(E)

— ke ] 1

filhas €-C*} xa,i@(l + %) + O(k)e1 (Lai)? 01 +¢1(Las) O + O—1)

for polynomials Q and Q; in ¢j(Lg,;).

Finally,
ch” (det(N;€)) = €1 ([et(Ng ) ecl(det(Noz_C))‘i‘Z{i\Aa!ie—C*})"oz,i’

so that
chT(det(Na_C))(é) — eCI(ND‘ )+(1/k) Z{’”‘a,ie_c yAai ({‘)

Putting all of the above observations together, we find that

1 0 ¢
o char H” (M, O(—kKpr)) (E)

n—ng—vs —k T —C
_y e 1) [ chT( Kntlagg @ detNo ) )td( )(;)
Mg

det(1 — (NS)*) ® det(1 — N;©) k

_ Z k61( Knly 1) oLt Aa!i(z)em(Na_C)-i-(l/k)mea!ie—c*}la,i(f)
k”"‘ MT
aeF

1

kcl(Loe,i)

hesecshas(@)(14 510

) T OU)er1(Las)? Pi + 1 (Lai) Ps + O(k—1)
1

T td(M])
{ihacse—C) xa,,-(o(l + Al—(;)) + 00)er (Lad)? 01 +¢1(Lai) 0s + OG—1)
o,l

_ Z / K KMy ) ST (@) 1 N D+ /) L ey dari (©) 1—[

S Jyg hai () ,@)

1

I1 ol

i ieC) 1 + j’j(—@) + 0(K)er (Lai)? Py + 1 (Lag) Ps + Ok
o,i
1

I ket (Lay) (1 201Ky 420

{ilAg.ie—C*} 1 + K—'((g'l; + O(k)cl(La,i)le +¢1(La,i)02+ O(k—1)
o,l
n—ngy 1

cl( KMlMT) Zn na}\at(;‘) r
k—>oo Z/MT l_[

= xa,i(c)(l + M)

)\a,i(é‘)
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where, in taking the limit, we use the fact that any integrand involving terms not of the form k/ oj for o;
areal (j, j)—form vanishes. The result now follows from an application of Theorem A.3, making use of
assumption (ii) of the proposition. O

Given this proposition, it is tempting to define a notion of K—stability that characterises algebraically the
existence of a shrinking gradient Kidhler—Ricci soliton on a complete anticanonically polarised Kéhler
manifold M endowed with a complete holomorphic vector field following the strategy as implemented in
the Fano case. For this purpose, we make the following definition.

Definition 7.3 Let M be a quasiprojective manifold endowed with the effective holomorphic action of a
real torus 7" whose fixed-point set is compact. Denote by t the Lie algebra of 7, let Ops (M) denote the
global algebraic sections of the structure sheaf of M, and write

OM(M):@Hot

aEt*
for the weight decomposition under the action of 7. Then we say that a vector field ¥ € t on M is positive
if a(Y) > 0 for all « € t* such that H, # @ and o # 0.

Remark 7.4 If 7: M — Cj is a quasiprojective equivariant resolution of a Kéhler cone (Cy, g¢) with
respect to the holomorphic isometric torus action on (Cy, go) generated by the flow of the Reeb vector
field of g¢, and g is a Kihler metric on M that is asymptotic to g¢ and with respect to which the induced
torus action on (M, g) is isometric and Hamiltonian, then in the terminology just introduced, the weighted
volume functional F for (M, g) is defined on the open cone of positive vector fields in the Lie algebra of
the torus if this open cone is nonempty. This fact follows from Theorem A.3 after noting Theorem A.10.

Roughly speaking, one considers equivariant degenerations (or test configurations) of the pair (M, X),
where M is a quasiprojective anticanonically polarised Kihler manifold with complex structure J endowed
with the holomorphic effective action of a real torus 7" whose fixed-point set is compact, and where X is
a vector field on M with JX a positive vector field lying in the Lie algebra of 7. Then one defines a
Futaki invariant in the usual manner as the derivative of the algebraic realisation of the weighted volume
functional which is given by the right-hand side of (7-1). Of course, one must verify that this formula
is well-defined in general. One subsequently defines (M, X) as above to be K—stable if and only if the
Futaki invariant is nonnegative on all test configurations, and positive if and only if the test configuration
is nontrivial. This then allows one to make the following conjecture generalising the Yau—Tian—Donaldson
conjecture for Fano manifolds.

Conjecture 7.5 Let M be a quasiprojective anticanonically polarised Kdhler manifold endowed with the
holomorphic effective action of a real torus T whose fixed-point set is compact. Denote by t the Lie algebra
of T and let X be a vector field on M such that JX € tis a positive vector field. Then M admits a com-
plete shrinking gradient Kédhler—Ricci soliton with soliton vector field X if and only it (M, X) is K—stable.
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Thus, in light of this conjecture, one may view an anticanonically polarised Kihler manifold as a
“noncompact Fano manifold”. (In a similar manner, one may also define a noncompact manifold of
general type, etc.) We expect that the well-developed machinery in the study of Kdhler—Einstein metrics
may be suitably adapted to study this conjecture. We leave this for future work.

7.2 Open problems

There are also various other interesting open problems that we raise here.

(1) Is a complete expanding or shrinking gradient Kédhler—Ricci soliton necessarily algebraic (or quasi-
projective)? In particular, is the canonical ring of an expanding gradient Kdhler—Ricci soliton finitely
generated? Is the anticanonical ring of a shrinking gradient Kihler—Ricci soliton finitely generated?
What we can say here is that if the curvature tensor of a shrinking gradient Kdhler—Ricci soliton decays
quadratically, or if that of an expanding gradient Kéhler—Ricci soliton decays quadratically with derivatives,
then the soliton lives on a resolution of a K&hler cone by Theorem A, hence is quasiprojective by
Proposition 2.24.

(2) Is there at most one complete shrinking Kéhler—Ricci soliton for a given holomorphic vector field on
an anticanonically polarised Kihler manifold up to automorphisms of the complex structure commuting
with the flow of the vector field? More speculatively, is a complete shrinking Kédhler—Ricci soliton on such
a manifold unique up to automorphisms of the complex structure? A noncompact Kihler manifold may
admit many nonisometric complete expanding gradient Kihler—Ricci solitons even for a fixed holomorphic
soliton vector field, as demonstrated by [19, Theorem A].

(3) What are the constraints on a Kéhler cone to appear as the tangent cone of a complete shrinking
gradient Kdhler—Ricci soliton with quadratic curvature decay? Is the underlying complex manifold of
the shrinking soliton then determined uniquely by its tangent cone? By Theorem A, we know that the
shrinking soliton must live on a resolution of its tangent cone that is, moreover, an anticanonically polarised
Kihler manifold. For complete expanding gradient Kihler—Ricci solitons with quadratic curvature decay
with derivatives, we know from Corollary B that a Kihler cone appears as the tangent cone if and only if
the Kihler cone has a smooth canonical model (on which the soliton lives).

(4) Related to the previous question, modulo automorphisms of the complex structure, how many
shrinking gradient Kédhler—Ricci solitons with quadratic curvature decay have a given affine cone appearing
as the underlying complex space of the tangent cone? For C2 we have shown in Theorem E that the
answer is two; C2 only appears as the underlying complex space of the tangent cone of the flat Gaussian
shrinking soliton on C?2 and of the U(2)-invariant shrinking gradient Kihler—Ricci soliton of Feldman,
Ilmanen and Knopf on C?2 blown up at a point [30]. In general, we expect the answer to be finitely many
for any given affine cone. By Corollary B, the answer to this question for complete expanding gradient
Kéhler—Ricci solitons with quadratic curvature decay with derivatives is infinitely many for any given
affine cone admitting a smooth canonical model.
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(5) In Corollary B, we have seen that when the canonical model of a Kihler cone is smooth, it admits a
complete expanding gradient Kihler—Ricci soliton. Is this also true when the canonical model is singular?
(We thank John Lott for raising this question.)

(6) Let M be a complete quasiprojective Kédhler manifold endowed with the holomorphic Hamiltonian
action of areal torus 7" with Lie algebra t whose fixed-point set is compact. Are the elements of t admitting
Hamiltonian potentials that are proper and bounded below precisely those elements in t that are positive
in the sense of Definition 7.3? Equivalently, does the open cone of positive vector fields in t coincide
with the open cone int(C(u(M))’) C t of Proposition A.4? These questions have an affirmative answer in
the setting of asymptotically conical Kédhler manifolds; see Theorem A.10 for a precise statement.

(7) Does Theorem D still hold true without the assumption of bounded Ricci curvature?

(8) Given a complete shrinking gradient Kéhler—Ricci soliton (M, g, X), is the zero set of X always
compact? As demonstrated in Lemma 2.25, this is the case if g has bounded scalar curvature.

(9) Let M be a complete Kihler manifold endowed with the holomorphic Hamiltonian action of a real
torus 7' with Lie algebra t whose fixed-point set is compact. By the Duistermaat—Heckman theorem
(Theorem A.3), the weighted volume functional F is defined on the open cone A of elements of t admitting
Hamiltonian potentials that are proper and bounded below. Is F' necessarily proper on A? If so, then it
would have a unique minimiser on A. Properness of the volume functional on the set of normalised Reeb
vector fields of a Sasaki manifold was shown in [37, Proposition 3.3].

Appendix The Duistermaat—-Heckman theorem

A.1 Statement of the theorem

The material in this section has been taken verbatim from various sources in the literature, including
[5; 28; 49; 60]. We begin with the definition of a moment map, which is required for the statement of the
Duistermaat—-Heckman theorem.

Definition A.1 Let (M, w) be a symplectic manifold and let T be a real torus acting on (M, w) by
symplectomorphisms. Denote by t the Lie algebra of 7' and by t* its dual. Then we say that the action
of T' is Hamiltonian if there exists a smooth map j: M — t* such that for all { € t, —w_{ = dug¢, where
ug(x) = (u(x),¢) forall ¢ € tand x € M. We call pu the moment map of the T—action and we call u;¢
the Hamiltonian (potential) of ¢.

Notice that u¢ is invariant under the flow of {. Indeed, we have that
Leug = dugaf =—w((, ¢) =0.
Consequently, each integral curve of { must be contained in a level set of ug.
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Now consider the Hamiltonian action of a real torus 7" of rank s on a symplectic manifold (M, ®) of real
dimension 2#. Identify T with (S1)* C (C*)® and introduce complex coordinates (¢1, ..., ¢s) on T via
this identification. This induces coordinates (71, . .., s) € R® on the Lie algebra t of T, where (11, ..., ns)
corresponds to the vector Y ;_, n;(d/9¢;), each d/d¢; the vector field on M induced by the coordinate
¢; on T. For ¢ € t with coordinates (b, ..., bg), say, the flow on M generated by ¢ will have a fixed-point
set M (¢) corresponding to the zero set of the vector field ¢. This set has the following properties.

Proposition A.2 [5, Proposition 7.12] The connected components { F;} of My({) are smooth submani-
folds of M. The dimensions of different connected components do not have to be the same. The normal
bundles &; of the F; in M are orientable vector bundles with even-dimensional fibres.

For a disconnected component F of My(¢) of real codimension 2k in M, let t: F — M denote the
inclusion. Then (*® is a symplectic form on F so that F is a symplectic submanifold of M. The normal
bundle £ of F in M has the structure of a symplectic vector bundle and will have real dimension 2k. We
denote this induced symplectic form on £ by t. The flow of ¢ will generate a fibre-preserving linear action
L¢:E — £ on &, which is an automorphism of £ leaving t invariant in the infinitesimal sense. We introduce
an almost complex structure [ : £ — £, ie an automorphism of & such that /% = —id, commuting with L¢
and compatible with 7 in the sense that ([ -, -) defines an inner product on €. This gives £ the structure
of a complex vector bundle over F with L an automorphism of £ preserving the complex structure.

Next, denote by uy,...,ug € Z° C t* the weights of the induced representation of t on £. Then we have
a direct sum decomposition of vector bundles

R
E=Pa.
A=1

where _ .
E ={ve&| (e, ...e)y v=uy(n,....ns)Iv forall (n;,...,n,) €t}

Each &, is a vector bundle of rank 2n,, say. Clearly we must have k = Zle ny. Consider now
the complex vector bundle £!-° of complex dimension k, endowed with the action of L¢ extended by
C-linearity. Then we have an induced decomposition

R
1,0 _ 1,0
e =P
A=1
where L¢ acts on the A™ factor by iu; (b1, ..., by), and so the action of L¢ on £!+0 will take the form

L¢ =idiag(lp,ui(b), ..., lpgur(b)),
where 1,, denotes the n) x n) identity matrix and b = (by, ..., by) are the coordinates of {. Thus,
R

Lt
det{ — ) = | | o
e( ; ) uy (b)
A=1
Note that this is homogeneous of degree k in b.
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We next choose any L{—invariant connection on £1:0 with curvature matrix 2. Finally, for a polyhedral

set U of a vector space V, we define the asymptotic cone
C(U):={v eV |thereisavg €V such that vg +tv € U for ¢t > 0 sufficiently large},

and for a subset W of V, we define the dual cone W' :={a € V* |a(W) C R>¢}. Now we can state the
Duistermaat—Heckman theorem.

Theorem A.3 (the Duistermaat-Heckman theorem [60, Theorem 2.2]) Let (M, ) be a (possibly
noncompact) symplectic manifold of real dimension 2n with symplectic form w on which there is a
Hamiltonian action of a real torus T with moment map y: M — t*, where t is the Lie algebra of T and
t* its dual. Assume that the fixed-point set of T is compact. If there exists an element (o € t such that the
component of the moment map u¢, = (1, §o) is proper and bounded below, then

e~ mt),
A-1 o~ )" /
(A-D) /M =3

FeMo@)’F de t( )
2i

for all ¢ in the open cone int(C((M))’) C t, where the sum on the right-hand side is taken over the
connected components F of the zero set My({) of C.

Under the assumptions on the moment map p as in the theorem, (M) is a proper polyhedral set in t*
and the elements of int(C(u(M))’) C t are characterised as follows.

Proposition A.4 [60, Proposition 1.4] Under the assumptions on T and p as in Theorem A.3,
ug = (u, ¢) is proper if and only if { € £int(C(u(M))') C t. Moreover, if ¢ € int(C(u(M))) C t,
then ug (M) = [mg¢, +o00) for a suitable m; € R.

That is, elements of int(C(u(M))") are precisely those elements of t whose Hamiltonian is proper
and bounded below. Notice that this cone is nonempty because it contains {o by assumption. Then
for each ¢ € int(C(u(M))’), each connected component of the zero set My(¢) of { must be compact
because u; = (u, ) is proper, and moreover, it must contain a fixed point of the torus action by
[60, Proposition 1.2]. Hence, since the fixed-point set of 7" is assumed to be compact in Theorem A.3,
the sum on the right-hand side of (A-1) is over a finite set and so is itself finite for all such ¢.

Now, the sum on the right-hand side of (A-1) is over each connected component F of the zero set My({)
of ¢. The determinant is a k x k determinant and should be expanded formally into a differential form of
mixed degree. Moreover, the inverse is understood to mean one should expand this formally in a Taylor
series, as is standard in index theory. We next study the right-hand side of (A-1) in more detail.

Under the decomposition R

10 — @E)t,o,

A=1
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let 2, be the component of the curvature matrix of Q¢ corresponding to &£. Then we have that

dt( gmg)—det(%)det(l (L&)~ lsz)—det( )Hdet(l—(Lé‘) Q).

Fix one of the bundles &;. Then
det(1 = (L) ™'Qy) = det(1 + wiQy) = Y _ ca(E)w® € H*(F.R),
a=0
where w = 1/uy (b) and c4(&),) are the Chern classes of &) for 0 < a < ny, with ¢y = 1. Thus,

R

det(Lg;iQ) = 1_[ u;y (b)"* ( Z ca(é’;h)wa).

A=1 a=0

In particular, if F is an isolated fixed point, in which case k = n and £ is the trivial bundle, then we
may write the n (possibly indistinct) weights as u;, . .., u,. The Chern classes and the measure e! ®
contribute nontrivially, and we arrive at the contribution

LA

=" (w,8)
‘ H ur (D)

of an isolated fixed point to the Duistermaat—-Heckman formula.

We next wish to sketch the proof of Theorem A.3. Before we do so, however, we must first discuss
invariant forms on a symplectic manifold.

A.2 Invariant forms

Consider a symplectic manifold (M, w) of real dimension 27 endowed with the Hamiltonian action of
areal torus 7. For ¢ in the Lie algebra t of 7, denote by Qk (M) the space of smooth k—forms on M
which are invariant under the flow of {, ie @ € Qk (M) if and only if Ly = 0. The wedge product of
two invariant forms is also invariant, therefore we have an algebra QF (M ) of invariant forms on M. We
define the equivariant derivative d¢ on Q;(M ) by

dea = do— a8,
This derivative has the properties that d? = 0 and
de(@a AB) =dea AB+ (=1)Pandp
for o a p—form and B another differential form.

For a € Q7. (M), we can write

@ = oo Fon]t e+ ),
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with o) a differential form of degree i in 27.(M). Then integration of invariant forms is defined by
integrating over the highest-degree part of the form, ie

/:Q*}(M)—HR, /a:z /Moz[z,,].

This leads to a version of Stokes’ theorem for invariant forms: if an invariant form « is d;—exact, ie if
o = d¢ B for another form B, then ap;,) = dB[2,—1], since contracting with { decreases the degree of a
form. We then have that

/ a;:/ O{[zn]z/ dﬂ[Zn—l]:/. ,8[211—1]'

Recall that M (¢) denotes the zero locus on M of { € t.
Lemma A.5 Leta € Q;(M) be d¢—closed. Then ay,) is exact on M \ My({).

Proof Let 6 be a one-form on M \ My(¢) such that
(A-2) L =0 and 0.5 #0.

Such a one-form can be constructed explicitly. Indeed, let g be a T—invariant Riemannian metric on M,
let ¢ be any nonzero positive smooth function times ¢, and define

O(v) = g(E, v) for any vector field v on M.

This is well-defined on M \ M () as ¢, and hence E are nonzero on this set, and is easily seen to satisfy
(A-2). We can then invert d¢t) on M \ M(({) using a geometric series:

1 _ 1
(d6—6.8)  (020)((0:8)~"d6—1)

Note that this geometric series is finite because the (46)¥ vanish if 2k > 2n = dim M, and we have that

(de0)~" = = —(026)7 = (026)72dO — (08) 3 (dO)2 —--- .

deO A(de0)7! = 1.
Applying d; to this yields
de0 Ade((de0)™) = 0.

Further taking the wedge product with (d¢6) ™! on the left then leaves us with

de[(dz0)"'] = 0.
Define v by
vi=0A(de0) " A

Then, since dgae = 0 by assumption, we have that
dev =de0 A(de0) ' N =a.
Taking the highest-degree part of each side of this equality, we obtain the result. O

Geometry & Topology, Volume 28 (2024)



338 Ronan J Conlon, Alix Deruelle and Song Sun

A.3 Sketch of the proof of Theorem A.3

Since the left-hand side of (A-1) is analytic on int(C(u(M))’) C t, it suffices to prove (A-1) for rational
elements in this open cone. So let ¢ € int(C(u(M))’) be rational and recall that the zero set My({)
of ¢ is compact because the fixed-point set of T is compact by assumption; see the discussion after
Proposition A.4. Write { = tn for some integral point n € int(C(u(M))’) and some ¢ > 0, and let
H := (i, n) denote the Hamiltonian of 7, which serves as a moment map of the induced S'-action of
{e'™} on M. Recall that H is a proper function bounded from below and so must tend to infinity as
X — oo in M.

Next, observe that
n
p@—tH _ e—tH(l tw4+ w_') €Qf(M),
n!

dee®™ ™M = e~ H (g (0 —tH)) = e* ™" (—d (tH) — 10) = te® ™ (—~dH — w_n) = 0,

so that e®—tH

is d¢—closed. An immediate consequence of Lemma A.5 is therefore that e tH " /n! is
exact off of the zero set My(¢) of . Indeed, fix a T—invariant metric g on M. Then tracing through the

proof of Lemma A.5, we see that
n ~
e_’HC}:— = dvyp—1], Wwhere v =0 A (de6)"! Ae® ™ and 9 =g(C,),

with E denoting any nonzero positive function times {. We take E: n/g(n, n) in what follows.

Let F denote each of the connected components of M((¢) and recall that each is a smooth submanifold
of M. Using the exponential map of the 7—invariant metric g on M, we obtain a diffeomorphism
from a neighbourhood U of the zero section of the normal bundle £ of F in E onto a neighbourhood
Y (U) of F in M. For ¢ > 0, denote by B, the e-ball bundle in £ and by S, its boundary. Since My ({)
is compact and H(x) — 400 as x — oo in M, we have by Stokes’ theorem that

qo" qgo"
(A-3) / e = lim lim P
M nl a—+o0e—0 H=1((~00,a)\UFenrye) ¥ (Be) n!
= lim lim d\)[zn_l]
a=+00 =0 JH-1((—o00,a)\Ureny ) ¥ (Be)
= lim / Vi2n—1]+ lim V[2n—1]»
e-0 Fe%:(t) a>+e0 JH=(a)

where we recall the fact that H is proper and that a is a regular value of H for all a sufficiently large
by [60, Proposition 1.2] because the fixed-point set of the torus action is compact, so that H~!(a) is a
smooth compact submanifold of M for all such values of a.

Now, we have that

H (d0)’ 0" g, o) ol
QAZ(M)JH n_1—j ¢ O Bss AP

V[2n—1] =
Jj=0
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where again 6 = g(n,-)/g(n, n). For one connected component F' € M, ({) of codimension k, say, as in
the proof of the Duistermaat—Heckman formula in the compact case [28], the only summand contributing
to fw( s.) Vizn—1] in the limit as & — 0 is the one with j = k — 1. Therefore, computing as in [28], one

sees that
do k—1 n—k
(A-4) lim Van_iy = —lim [ e7Ho A ( )k A2
e=>0 Jy (S,) e—>0JF t (n — k)!
tHy yk—1 "k
=—1li THEOANMO) T AN ——
SE}) F ¢ ( ) (I’l - k)'

e—t*(tH)et*a)
= 1 N

where 6 = g(&,-)/g(¢, &) on the second line.

We finally deal with the term limg—s 40 /| H~1(a) V[2n—1]- Since every a sufficiently large is a regular value
of H, the moment map of the S—action {¢/"}, the set H~!(«) is a connected compact submanifold of M
on which the S!-action is locally free. Let M, = H~!(a)/S! be the symplectic quotient with canonical
symplectic form w,. The preimage H~'(a) — M, then has the structure of a orbibundle over M.
Moreover, since a is a regular value of H, there exists a number § > 0 such that H~!((a —§,a + §))
is diffeomorphic to H~!(a) x (-8, §). With respect to this diffeomorphism, the symplectic form » on
H~'(a) x (=8, §) is, up to an exact form, equal to

aANdH—(H—a)F; + w,

for one (and hence any) connection one-form « on the orbibundle H~!(a) — M, with curvature F,. Now,
when restricted to /! (a), one can verify that | H—1(a) = @a> that 0] g1, =: & defines a connection
1-form, and that d6| g —1(4) =: Fg is the curvature form of &, so that d¢ 0| gr—1 () = Fa—1. So we have that

/H . )v[2n_1]=/H . )QA(dé—@)_lAew_tHsz ’ )a/\(Fa—l‘)_l/\ew”_m
—a —a —a
—ta FAL
S / (1——”) A e®a
t Ju, t

_ e wZ - FJ
__th—i-l (_1_-)1/\ a-
M, (n J):

Jj=1

As a — +o0, the cohomology class of w, depends linearly on a [28; 65], whereas that of F, remains fixed
since the topology of the bundle H~!(a) — M, does not change as a runs through a set of regular values.
So the integral over M, here is a polynomial in a. Consequently, || H~1(aq) V2n—1] 0 exponentially as
a — +o00. Thus, combining this fact with (A-3) and (A-4), and noting that tH = {u, {), we arrive at the
desired conclusion.
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A.4 Examples

We next consider some simple examples and see what formula (A-1) yields for the weighted volume
functional F.

Example A.6 Let M = C”" and consider the action of the maximal torus
T = {diag(e'™,...,e'™) | n; e R}

in GL(n, C) acting on M with induced coordinates (71, ...,1,) on the Lie algebra t of 7, where
(1,0,...,0) € t generates the vector field Im(z;0;,) on M, etc. The fixed-point set of 7" is clearly compact.

Forany Y € {(n1,...,nn) € t| n; > 0} and for any 7—invariant complete shrinking gradient Kéhler-Ricci
soliton (M, w, X) with X = V& f for f: M — R smooth, let uy be the Hamiltonian potential of Y’
normalised as in Definition 5.13, so that, in particular, Ayuy + uy + %(J Y)- f =0. Then

—uy (0) = (Apuy)(0) + 3((JY)- ))(0) =div(¥) =) n;,

=0
and so the Duistermaat—Heckman theorem yields

F(nlv--~ynn):[M€_qun :1_[77]_1 -ezjnj.
J

Since this function is symmetric in its components, its unique critical point must be of the form A(1,...,1)
for some A > 0. It is then easy to show that A = 1. The corresponding shrinking gradient Kiahler—Ricci
soliton is the flat Gaussian shrinking soliton on C”.

Example A.7 Let M be C? blown up at the origin and again consider the action of the maximal torus
T = {diag(e'™,e!") | n;,n, € R} in GL(2, C) acting on M, with induced coordinates (771, 172) on the
Lie algebra t of 7, where (1,0) € t generates the vector field Im(z;0z,) on M, etc. In this case, the
weighted volume functional is given by

+ if n1 # 12,
F:A(n.n2) €t|n1.n2 >0} > Rag,  F(pi.mp) =4 M—n2)n2  (n2—n1)m
e (! +n7?) if 1 = 1.

Again by symmetry, the unique critical point of F' here must have n; = 1,, and a computation shows
that 17; = 17, = +/2 in this case. The corresponding shrinking gradient Kihler—Ricci soliton is that of
Feldman, Ilmanen and Knopf [30] on this space.

Example A.8 More generally, let M be the total space of the line bundle O(—k) over P"~! for
0 < k < n and consider the induced action of the maximal torus 7 = {diag(e’",...,e!™) | n; € R}
in GL(n, C) acting on M, with induced coordinates (7y,...,n,) on the Lie algebra t of 7, where
(1,0,...,0) € t generates the vector field Im(z;0;,) on M, etc. In this case, the weighted volume
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functional F: {(ny,...,nn) € t|n; >0} - R- is given by

ek 1=—mmi+3 2 mj

F(, ... nm) =
Ve ke T )
J#

n

SEDTFIT o T e —npe*Hmmmta,zin

=1 j £l kJFEi, k>1 .

_! AaBR sl if ng # 1y for k # 1.
kT ni TT (i —
i=1 i<j

Again, by symmetry, the unique critical point of F here must satisfy ny = --- = n,. By taking limits,

one can write down an expression for F' when this is the case. Differentiating the resulting expression
and setting it equal to zero, one obtains the polynomials of [30, equation (36)]. For example, in low
dimensions, when n; = --- = n, =: 1, we obtain the formulae for F' in Table 1. The corresponding
shrinking gradient Kidhler—Ricci solitons are those of Feldman, Ilmanen and Knopf [30] on these spaces.

Example A.9 Let L be the total space of a negative holomorphic line bundle over a Fano manifold D of
complex dimension #. By adjunction, in order for L to admit a shrinking gradient Kéhler—Ricci soliton,
we must have ¢ (—Kp ® L) > 0. Assuming that this is the case, consider the action of the torus 7" given by
rotating the fibres of L. We have an induced coordinate w on the Lie algebra t of T, where 1 € t will generate
the vector field Im(z;d;; ) in a local trivialising chart of L. The zero set of every element of t will be D, the
zero section of L, and in this case the weighted volume functional F on the domain {n € t|n> 0} is given by

o) -1 sy —1
(A-5) F(n)Z/ et ﬁ/ e‘*w(1+CI(L)) _ e[*w(l_cl(L ))
D"n( 01(L)) n Jpn n n Jpn n

1+
n
e w? cy(L* c1(L*)?
== (1+a)+—+ ~)(1+ AP 1(2) +)
n Jpn 2! n ]
n n i [ *yn—i n
LD DN Ee1Cainn P Z / ol Ay (LY
n Dni_ol! n" n"=ii!

n Mo
= % Z ’Z_' /D el (Kp' ® L) Acy(L*)",
i=0

This formula in particular applies to the total space of the line bundle O(—k) over P"~! for 0 < k < n.
Its relationship to the formulae of Example A.8 is as follows. On the total space of O(—k), we have two
torus actions, one given by the standard action of a torus 77 rotating the fibres of O(—k), and another
given by the action of a torus 7> induced from the standard torus action on O(—1) that rotates the fibres.
The formulae of Example A.8 with ny = --- = 1, are given with respect to the action of 7,, whereas
formula (A-5) is with respect to 77. Consequently, the formulae of Example A.8 with ny =--- =n, are
given by F(kn), where F is as in (A-5).
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line bundle F(n)
O(-1) — P! (774"7#
ocp| eI
0(=2) - P? (o k2R 2;’3+ 2
O(C1) - P 9n® + 9172)71L 61+ 2)e”
O(L2) > P (4n’ + 6772;;677 + 3)e?"
O(_3) - P (n* +3n? +46n+6)e3"
n
Table 1

A.5 The domain of definition of the weighted volume functional

By Theorem A.3 and Proposition A.4, we see that the weighted volume functional F is defined on the
open cone A of elements of the Lie algebra of the torus admitting Hamiltonian potentials that are proper
and bounded below if A is nonempty. In this subsection, we characterise A algebraically in the setting of
asymptotically conical Kihler manifolds.

Our precise set-up is as follows. Let (Cy, go) be a Kihler cone with apex o, complex structure Jg, and
radial function r such that go = dr? + r?gs for a Riemannian metric gg on the link S = {r = 1} of C,.
Let m: M — Cy be a quasiprojective resolution of Cy that is equivariant with respect to the holomorphic
isometric action on Cy of the torus 7" with Lie algebra t generated by & := Jyrd,, and let g be a Kdhler
metric on M with

(A-6) |78 — golge = O(r™?),

with respect to which 7" acts isometrically in a Hamiltonian fashion with moment map p: M — t*. Write
uy(x) :={u(x),Y) for x € M for the Hamiltonian potential of ¥ € ¢, so that duy = —w_Y, where w
is the Kéhler form of g, and set

A :={Y € t|uy is proper and bounded below}.

Next, let Opr (M) (resp. Oc,(Cp)) denote the global algebraic sections of the structure sheaf of M
(resp. of Cy), and write

OM(M):@H(I

aEt*

for the weight decomposition under the action of 7. Then we have:
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Theorem A.10 In the above situation,

A={Y et|aY) >0 forall a € t* such that Hy # & and o # 0}.
Proof Let E denote the exceptional set of the resolution 7 : M — Cj. In what follows, we will identify
M \ E with Cy \ {0} via m. Let us begin by making some useful observations. Let X be the unique

vector field on M such that d(X) = rd,. Then dn(JX) = &, where J denotes the complex structure
on M, so that JX € tand [X, Y] =0 for every Y € t. Then we have:

Lemma A.11 Let Y € t, so that Y defines a real holomorphic g—Killing vector field on M with
[X,Y]=0. Then Y is tangent to the level sets of r on Cy \ {0}.

Proof Since T acts isometrically on g and g¢, ¥ will define a holomorphic g¢—Killing vector field
on Cy. We claim that such a vector field is tangent to the level sets of r. Indeed, simply note that
0=Lygo=dY -r)®dr+drd(Y -r)+2rdr(Y)gs +r’Lygs.
Then, plugging £ into both arguments on the right-hand side and observing that
[Y,E€]=[Y,Jro,]=[Y,JX]=J[Y,X]=0
along the end of Cjy since Y is holomorphic, we arrive at the fact that

—dr(Y) = 3r(Lygs)(E.§) = 37 (Ly (gs(€.6) —2¢5([Y. £, §)) =0,
as required. O
We now demonstrate that
A C{Y et]a(Y) >0 forall « € t* such that Hy # & and o # 0}.

To this end, let Y € A, so that the Hamiltonian potential #y of Y is proper and bounded below, let f be
a nonconstant holomorphic function on M on which Y acts with weight A so that JY(f) = —Af, let
x € M \ E be a point where f(x) # 0, and denote by y (¢) the flow line of —J Y with y,(0) = x. Then

L F ) = Af (1),
so that

(A-7) Fyx(0) = f(x)e™  forall ¢ <O0.

Now, by definition, we have that —J Y = V&uy and so from Proposition 2.27 we deduce that there is a
sequence t; — —o0 as i — 400 such that (y(#;)); converges to a point xo, € M satisfying VEu(xs) =0.

Since the fixed-point set of T is contained in E, we must have that xoo € E. Let x; := yx(¢;). Then
plugging #; into (A-7) yields the fact that
N —At +oo ifA <0,
el =1 fwle s {Foe =

Since x; = Xoo € E as i — 0o, we conclude from the maximum principle that A > 0, as required.
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Next we show that
(A-8) {Y et|a(Y)>0forall @ € t* such that Hy # @ and a # 0} C A.

By [20, Lemma 2.15], M is 1-convex. By construction, then, 7 : M — Cy will be the Remmert reduction
of M. In particular, we have that 7*O¢,(Cy) = Opr(M) by the properties of the Remmert reduction.
Since 7w : M — Cj is equivariant with respect to the action of 7, we thus see that ¥ € t acts with weight A
on f € Oc,(Cy) if and only if it acts with weight A on the unique lift 7* f of f to Opr(M). Applying
[18, Proposition 2.7], we therefore deduce that

{Yet|gg(Y,6) >0} ={Y e€t|a(Y) >0 forall « € t* such that Hy # & and a # 0}.
Consequently, in order to prove the inclusion (A-8), it suffices to show that
{Y et]gs(Y.§) >0} CA.
This inclusion is established by the following proposition.

Proposition A.12 LetY e{Z e€t| gs(Z,&)(x) > 0 for all x € S} with Hamiltonian potential uy. Then
uy > cr? along the end of Cyy for some ¢ > 0. In particular, uy is proper and bounded below.

Proof Let x € {r = 1} and let yx(¢) denote the integral curve of X, the vector field on M satisfying
dn(X) =rd,, with yx(0) = x. Then we have that
t
(A-9) uy (yx (1)) = uy (yx(0)) + / duy (yx(s)) ds
0

t

—uy () 4+ /0 g(=J Y. X)(yx(s)) ds

t

— Uy () + /0 (Y. TX)(x(5)) ds.

Next observe that since Y €, Y is tangent to the level sets of r by Lemma A.11. Hence, the asymptotics

(A-6) give us that —o)

g JX)(rx(s)) = go(Y. JX) + O ™) |Y |g |/ X |g,

= 0(1) +r(yx(5))’gs(Y.§)

= 0(1) +r(x)*e¥gs(Y,§),
where the final equality follows from the fact that r (v (s)) = r(x)e® because

D)) =r(x(s) and yx(0) =x.
Plugging this into (A-9) yields
uy (yx(1)) = uy (x) + 3r(x)’gs (Y, £)(e* = 1) + 0()
= uy (x) = 3gs (Y, E)r(x)* + 35 (Y, E)r(yx(1))* + OInr (yx (1))

> cr(yx(1)?
along the end of Cy for some ¢ > 0, since gg(Y, &) > 0. From this, the assertion follows. a
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A.6 Coercive estimates on Hamiltonian potentials

The goal of this subsection is to prove sharp positive bounds on the growth of the Hamiltonian potential of
a real holomorphic Killing vector field on a complete shrinking gradient Kihler—Ricci soliton (M, g, X)
that commutes with the soliton vector field X under certain conditions. Since H'(M) = 0 by [67], such
a vector field always admits a Hamiltonian potential. Let @ denote the K&hler form of g and recall that
for each real holomorphic Killing vector field Y on M commuting with X, the Hamiltonian uy of Y is
normalised so that Ayuy +uy + %JY - f =0. Since duy = —w_Y by definition, one sees that

(A-10) Apuy +uy =—3g(JY, X)=Leg(Vuy, X) = 31X -uy,

an identity that shall prove useful in what follows. We will prove:

Proposition A.13 Let (M, g, X) be a complete shrinking gradient Kihler—Ricci soliton with bounded
Ricci curvature with soliton vector field X = V& f for a smooth real-valued function f: M — R. Let Y
be a real holomorphic Killing vector field on M commuting with X and assume that the Hamiltonian
potential uy of Y is proper and bounded below. Then there exist positive constants ¢y and ¢, such that
c1f <uy <c,f outside of a compact set.

As a consequence of this proposition, we see, without appealing to the Duistermaat—Heckman theorem,
that the weighted volume functional is defined on a complete shrinking gradient Kidhler—Ricci soliton
(M, g, X)) with bounded Ricci curvature on those elements admitting a Hamiltonian potential that is
proper and bounded below in the Lie algebra of any torus that acts in a holomorphic Hamiltonian fashion
on M and contains the flow of J X, where J denotes the complex structure of M.

Proof Let | - |, denote the norm with respect to g. The following claim provides a sharp growth rate on
|Y'|¢ which improves Proposition 2.30 for real holomorphic vector fields commuting with X.

Claim A.14 There exists a positive constant ¢ such that |Y|§, < cf outside a compact set.
Proof We start by taking note of the following crucial equation that holds pointwise on M and is
independent of the soliton structure. For a real holomorphic vector field Y, it holds that

AgY +Ric(Y) =0.

This observation is due to Lichnerowicz and its proof can be found for instance in [2, Proposition 4.79].
Since we allow Y to commute with X, Y satisfies the elliptic equation

AgY =VyY +Y =AgY —VyY +Ric(Y) +Vy X =0,
where we have used the soliton equation (1-4) with A = 1. Recall also that Ag /' — X - f = =21
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Using these facts, we compute

2 2
(A-11) (Ag—X - )(%) =2f_1|VY|Z,—2¥ FIYo(Ag—X ) 7 +28(VE|Y [, VE £
_ Y |Y|§(_(Ag—vgf-)f |ng|2)
S AR /AT

2 2
—2g(vg(¥), V€ In f) —2|V8 1nf|2¥

> g (v(ﬂ) vein ).
B f

a computation valid on the set where f is strictly positive. For ¢ > 0 a given constant and ¢ > 0 a constant
such that |Y|§ = O(f“) (see Proposition 2.30), we consider the function |Y| fg - 71 —¢f? defined on
the complement of a compact set of the form { f < C(n)} such that f is strictly positive on { /' > C(n)}.
By Proposition 2.30, we know that

1' Y2' —1_ a — ,
f;rfoo(l g/ —&f%)=—00

so that this function attains a maximum on the set { f/ > C(n)}. Now, if f > 2(a + 1), then using (A-11),
we compute that

2 2
(Ag—X- )(¥—8fa) Z—zg(vg(w%—efa),vglnf) —I—eaf“(z—(a—l—l)w;{'z)
|2

>—2g(Vg(|Y—g—sf“),Vglnf) +saf“(2—(a+1)£)
- A A

> —2g(Vg(%—sf“) A lnf)
7 , ,

where we used the first-order soliton identity from Lemma 2.22 in the penultimate inequality. As

already noted, |Y|§ - f~1 — ¢f attains a maximum on {f > C(n)} and so the maximum principle
applied to this function implies that it must attain its maximum at a point on the boundary of the set
{f = max{2(a + 1), C(n)}}. In particular, we find that

A-12) Y2 Tl —ef?< max (Y2 f'—ef%< max ([Y|2-f"H=C(a,n) max |Y|2,
A Yo f ™ o= max (VG /7 —ef) s max (Y-S T)=Clam max |Y;

where C(a, n) is a positive constant that may vary from line to line. As the right-hand side of (A-12) is
independent of ¢, by letting ¢ tend to 0 on the left-hand side, we reach the desired conclusion. <

Since |Vuyl|gs = |JY|g = |Y|g, one obtains the expected growth on uy by integrating the estimate
on |Y|g established in the previous claim.

We next prove the lower bound on uy. First notice that since uy is proper and bounded below, uy is
strictly positive outside a sufficiently large compact set of the form { /' < c¢o}. Recall from Remark 2.23 that
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the normalisation of f is determined by the soliton identities, which in this case yield Ay f — X - f =21
Using f as a barrier function together with (A-10), we compute the weighted Laplacian of the difference
of the inverses of uy and f on the region where this difference makes sense. We have

1 C 1 C _|Vuyl? IV £|?
A-13 Ap—31X- (———,):———,+2 —2C ,
( ) ( w 2 ) uy f uy f u; f3

where C is a positive constant to be specified later. Assume that the function u;l — Cf7! attains its

maximum at an interior point xo of a domain of the form {r; < f <r,} with ry sufficiently large so that
both uy and f are strictly positive. At such a point xg, one sees that V(u;l —Cf7Y(x¢) =0, and from

the maximum principle that ) c

0> (Ap—1X ) ——-= :
This information, together with (A-13), implies that at xy,

1 C |Vuy|? |V 1|2 1 C 12 112
0> -~ 42 -2C = — — — +2uy|Vu -2Cf|V
uy f uy fPouy S Vier| SV
= +2uy CAHV 2 =2Cf IV = (1=2Cuy fIVf?)
uy f Uy f

(5 )-tnr)

Next, using the fact that |V f|? grows quadratically by the soliton identities, we see from the upper bound

on uy that on M, rCd

2C—=|Vf]" < ——
/3 f
for some positive constant d uniform in r; and r,. In particular, the term (1—2Cuy f 3|V f]?) is positive
on {r; < f <r,}aslong as 2Cf~1d is strictly less than 1, or equivalently, as long as C < (2d)~'r;.

In summary, for any heights 7; < r, and any constant C such that C < (2d)~!r;, we have that

ma (1 C)<ma {O ma(1 C) ma(1 C)}
X | ———=) <max {0, max{ — — — ), max{ — —— |;.
n<f<m\uy f f=ri\uy f) f=r\uy f

Since uy (and f) tend to +o00 as f approaches +oo, one sees, by letting r, tend to +oo0, that

1 C 1 C
(A-14) max (— — —) < max{O, max (— — —)}
n<f\uy f f=ri\uy f

We choose C and ry so that the right-hand side of (A-14) is nonpositive and so that C < (2d)~'r;. This
is possible because by properness of uy, there exists some positive height 7y such that miny—, uy > 4d.
Then for C := (4d)~'r;, we have that C < (2d)~'r; and

1 C
max| ——— ) <0,
f=ri\uy f
as desired. This completes the proof of the proposition. O
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