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Riemannian manifolds with entire Grauert tube are rationally elliptic

XIAOYANG CHEN

It was conjectured by Bott, Grove and Halperin that a compact simply connected Riemannian manifold M
with nonnegative sectional curvature is rationally elliptic. We confirm this conjecture under the stronger
assumption that M has entire Grauert tube, ie M is a real-analytic Riemannian manifold that has a unique
adapted complex structure defined on the whole tangent bundle 7M. Our result also provides a strong
topological obstruction to the existence of an entire Grauert tube.

53C20

1 Introduction

The following conjecture is a central problem in the study of Riemannian manifolds with nonnegative
sectional curvature; see Berger and Bott [2] and Grove and Halperin [7].

Conjecture (Bott—Grove—Halperin) A compact simply connected Riemannian manifold M with non-
negative sectional curvature is rationally elliptic.

Here M is said to be rationally elliptic if and only if it has finite-dimensional rational homotopy groups,
ie all but finitely many homotopy groups of M are finite; otherwise M is said to be rationally hyperbolic.
It is a well-known simple consequence of Sullivan’s minimal model theory [15] that M being rationally
elliptic is equivalent to polynomial growth of the sequence of Betti numbers of its based loop space Q2 M
relative to rational coefficient. If M is rationally elliptic, then there are severe topological restrictions
of M. For example, M has nonnegative Euler characteristic number and dim Hx (M, Q) < 2"; see Félix,
Halperin and Thomas [5] and Grove and Halperin [7].

It is known that compact simply connected homogeneous spaces and cohomogeneity one-manifolds are
rationally elliptic; see Grove and Halperin [8]. Grove, Wilking and Yeager [9] confirmed the Bott—Grove—
Halperin conjecture under the additional assumption that M supports an isometric action with principal
orbits of codimension two.

In this paper we confirm the Bott—Grove—Halperin conjecture under the stronger assumption that M has
entire Grauert tube:
Theorem 1.1 Let (M, g) be an n—dimensional compact simply connected real-analytic Riemannian

manifold that has entire Grauert tube, then M is rationally elliptic.
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1100 Xiaoyang Chen

Remark 1.2 In fact, our proof shows that M is topologically elliptic, ie the Betti numbers of its loop
space relative to any field of coefficients grow at most polynomially.

Here (M, g) is said to be real-analytic if M is a real-analytic manifold with a real-analytic Riemannian
metric g. Then there is a unique adapted complex structure defined on TR M ={v e TM | g(v,v) < R?}
for some R > 0; see Guillemin and Stenzel [10], Lempert and Széke [12] and Szdke [16]. When R = oo,
then M is said to have entire Grauert tube. It was shown in [12] that a Riemannian manifold with entire
Grauert tube has nonnegative sectional curvature. Hence Theorem 1.1 gives a partial answer to the
Bott—Grove—Halperin conjecture. On the other hand, it also provides a strong topological obstruction to
the existence of an entire Grauert tube.

Aguilar [1] showed that the quotient of a Riemannian manifold with entire Grauert tube by a group of
isometries acting freely also has entire Grauert tube. All known manifolds with entire Grauert tube are
obtained by Aguilar’s construction: starting with a compact Lie group with a bi-invariant metric, or the
product of such a group with Euclidean space, one takes the quotient by some group of isometries acting
freely. Such quotient manifolds include almost all closed manifolds which are known to have Riemannian
metrics with nonnegative sectional curvature.

It was conjectured by Hopf that the Euler characteristic number of a compact Riemannian manifold with
nonnegative sectional curvature is nonnegative. The following corollary settles this conjecture under the
stronger assumption that M has entire Grauert tube.

Corollary 1.3 Let M be a compact Riemannian manifold with entire Grauert tube. Then M has
nonnegative Euler characteristic number.

Proof If M has finite fundamental group, then its universal cover M with the induced Riemannian
metric also has entire Grauert tube. By Theorem 1.1, the Euler characteristic number of M is nonnegative.
Hence M has nonnegative Euler characteristic number. If M has infinite fundamental group, as M has
nonnegative sectional curvature, then the Euler characteristic number of M is zero; see Cheeger and
Gromoll [4]. O

A related conjecture proposed by Totaro [17] predicts that a compact Riemannian manifold M with
nonnegative sectional curvature has a good complexification, ie M is diffeomorphic to a smooth affine
algebraic variety U over the real numbers such that the inclusion U(R) — U(C) is a homotopy equivalence.
The Euler characteristic number of a compact manifold which has a good complexification is also
nonnegative. Also, a conjecture by Burns [3] predicts that for every compact Riemannian manifold M
with entire Grauert tube, the complex manifold 7'M is an affine algebraic variety in a natural way. If this
is correct, the complex manifold 7'M would be a good complexification of M in the above sense. Both
conjectures of Totaro and Burns are still open.
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Riemannian manifolds with entire Grauert tube are rationally elliptic 1101

The proof of Theorem 1.1 is based on the counting function introduced in Berger and Bott [2], Gromov [6]
and Paternain [14]. For x € M and each T > 0, let

Dy :={veTxM |g(v.v) <T?}
be the disk of radius 7" in T M. Define the counting function nr(x, y) by

nr(x, ) = f((expx) " () N Dr).
In other words, n7 (x, y) counts the number of geodesic arcs joining x to y with length < 7". When M
is simply connected, then we have the crucial inequality

k—1

1
1-1 dm H; (QM, F) < —— d
(1-1) EO im Hj (M. )_Volg(M)/Man(x,y) v,

where C is a positive constant independent of k& and F is any field of coefficients; see [6; 14].

For any x € M, Berger and Bott [2] proved that |, w7 (x,y) dy can be computed by Jacobi fields on M ;
see also Paternain [14]. Precisely, they showed that

T
(1-2) /MnT(x,y) dy:/O da/S \/det(g(Jj(cr),Jk(cr)))j’k=1’2w’n_ld@,

where S is the unit sphere of Tx M. Moreover, the J; for j =1,2,...,n— 1 are Jacobi fields along the
unique geodesic y determined by 6 € S (ie ¥(0) = x, 3’ (0) = 6) with initial conditions

J;j(0) =0, J}(O) = vj,
where the v; for j =1,2,...,n—1 form an orthonormal basis of 7yS.

If (M, g) has entire Grauert tube, the right-hand side in (1-2) can be further described by a matrix valued
holomorphic function on the upper half plane. Applying Fatou’s representation theorem to this function,
we will show that || y "7 (x,y)dy is a polynomial function of 7. When M is simply connected, it
follows that Zj-:(l) dim H; (2M, F) has polynomial growth for any field of coefficients. Hence M is
topologically elliptic.

We finally mention that based on an iterated use of the Rauch comparison theorem for Jacobi fields,
an estimate for the Betti numbers of QM for manifolds with 0 < § < sec M < 1 was derived in [2].
Although the estimate is given in terms of the pinching constant §, its growth rate is exponential.

Acknowledgements The author is partially supported by NSFC 12171364 and 23JC1403600 (project
title On the topology of almost nonnegatively curved manifolds). He would like to thank the referee for
helpful suggestions.
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2 Vertical and horizontal subbundles

In this section we recall some basic facts on the geometry of the tangent bundle 7M. For more details,
see [14]. Let w: TM — M be the canonical projection, ie if 8 = (x,v) € T M, then 7(6) = x. There
exists a canonical subbundle of 7T M, called the vertical subbundle, whose fiber at 6 is given by the
tangent vectors of curves o: (—e¢, €) — TM of the form: o(¢) = (x,v + tw), where w € Tx M. In other

words,
V(0) = ker((m«)g).

Suppose that M is endowed with a Riemannian metric g. We shall define the connection map
K:TTM —-TM
as follows: let £ € TgTM and z: (—e, €) — T'M be an adapted curve to &, that is, with initial conditions
z(0)=06, Z'(0)=E.

Such a curve gives rise to a curve «: (—€,€) — M given by o := 7 o z, and a vector field Z along «;
equivalently, z(¢) = («(¢), Z(t)). Define

) AV A VA
Ko®) = (Va2)(0) = tim T Z0=20)

where P;: Tx M — Ty M 1is the linear isomorphism defined by the parallel transport along . The
horizontal subbundle is the subbundle of 77 M whose fiber at 6 is given by

H(0) =ker Ky.
Another equivalent way of constructing the horizontal subbundle is by means of the horizontal lift
Lo: T M —TyTM,

which is defined as follows. Let 8 = (x,v). Given w € Txy M and «: (—e,€) — M an adapted curve
of w, ie ®(0) = x, &’(0) = w, let Z(¢) be the parallel transport of v along @ and ¢: (—¢,€) — T M be
the curve o (t) = (a(¢), Z(¢)). Then

Lo(w)=0"(0) € TyTM.
Proposition 2.1 Ky and Ly have the following properties:
(mx)goLg=1d and Kgoisx=1Id,
wherei: Tx M — TM is the inclusion map. Moreover,
ToTM = HO) D V(0)
and the map jo: TyTM — Tx M x Ty M given by
Jo(§) = ((m+)g (§). Ko (§))

is a linear isomorphism.
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For each 6 € T M, there is a unique geodesic yg in M with initial condition 6. Let £ € TyTM and
z:(—€,€) = T'M be an adapted curve to &, that is, with initial conditions

z(0) =6, Z(0)=E&.

Then the map (s,t) — 7 o ¢;(z(s)) gives rise to a variation of yg. Here w: TM — M is the projection
map and ¢; is the geodesic flow of TM. The curves ¢ — 7 o ¢;(z(s)) are geodesics and therefore
the corresponding variational vector fields Jg := (3/0s)|s=0 7 © ¢¢(z(s)) is a Jacobi field with initial
conditions

Jg(0) = (m)g(€).  J{(0) = Ky (£).

3 Adapted complex structure on the tangent bundle

In this section we describe the adapted complex structure on the tangent bundle. Let (M, g) be a compact
smooth Riemannian manifold. Then TM \ M carries a natural foliation by Riemannian surfaces defined
as follows. For t € R denote by N;: TM — T M the smooth mapping defined by multiplication by 7 in
the fibers. If y: R — M is a geodesic, define an immersion ¢, : C — T M by

py(o+it) = Ny (o).

If for two geodesics y and 4, it holds that ¢,, (C \ R) and ¢s(C \ R) intersect each other, then y and ¢ are
the same geodesic traversed with different velocities, hence ¢, (C) = ¢5(C). Therefore the images of
C\ R under the mapping ¢,, defines a smooth foliation of 7M \ M by surfaces. Moreover, each leaf has
complex structure that it inherits from C via ¢,. The leaves along with their complex structure extend
across M, but of course, on M the foliation & becomes singular.

Given R > 0, put
TRM ={veTM|g(.v)<R*.

A smooth complex structure on 7R M will be called adapted if the leaves of the foliation % with the
complex structure inherited from C are complex submanifolds of 7% M.

Theorem 3.1 [10; 12; 16] Let M be a compact real-analytic manifold equipped with a real-analytic
metric g. Then there exists some R > 0 such that TR M carries a unique adapted complex structure.

When the adapted complex structure is defined on the whole tangent bundle, ie R = oo, then M
is said to have entire Grauert tube. It was shown in [12] that a Riemannian manifold with entire
Grauert tube has nonnegative sectional curvature. The adapted complex structure on 7R M can be
described as follows. For this purpose let § € TRM \ M and x = n(0), where 7 : TM — M is the
projection map. Let y be a geodesic determined by 6. Choose tangent vectors vy, va, ..., Uy—; such that
V1,02, ..., U1,V :=¥'(0)/]y’'(0)| form an orthonormal basis of T M.

Geometry & Topology, Volume 28 (2024)
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Denote by Lg the leaf of the foliation % passing through 6. A vector § € TgTM determines a vector
field & (we call it the parallel vector field) along Ly by defining it to be invariant under two semigroup
actions. Namely, £ is invariant under N; and the geodesic flow. For this parallel field &, we get that &|g
is a Jacobi field along y.

Now choose a set of vectors El , 52, e ,5,1, M,02,...,0n € TgT M satisfying

(o Ej) = v, Kg(j) =0,

(me)o(Mj) =0,  Ko(nj) = vj.
Here K: T TM — T'M is the connection map described in Section 2. Extend 5, and 7); to get parallel vector
fields &1,&5,...,&,01,02,..., 0, along Lg. Then the Jacobi fields & |r, & (R, ..., Ex|R are linearly

independent except on a discrete subset Sy of R. Hence there are smooth real-valued functions ¢
defined on R \ S; such that

nelr = ¢ikkiIr.

j=1
From the presence of the adapted complex structure it follows that the functions ¢;; have meromorphic
extension f;x over the domain

D={o+it€© ‘ |T| <

R
)

such that for each pair j, k, the poles of fj lie on R and the matrix Im(fj)|p\r is invertible. Let
(ejx) = (Im fjr (i ))~!. Then the complex structure J satisfies

Tép =" e x |:Tl_k - ZRefjk(i)é_ji|.
k=1 j=1

Remark 1 Because &1|R, &2|R, - - -» En—1|R, N1IR> N2|Rs - - - » Mn—1]|R are normal Jacobi fields, while &, |r
and 71, |Rr are tangential Jacobi fields, for 1 < j,k <n —1 we have

¢nk:¢jn50v fnk:fanOs enk:eanO-
Consider the n—tuples

8=CG1.6,....5) and H=1.n2.....00),
and holomorphic n—tuples
gl = (511’0,521’0, L EMY) and H'YO = (ni’o, 77;’0, o),
where & j1,0 = %(E i —iJ&j) and J is the adapted complex structure. Then we have

H(o)=E(0)f(0) and H'"’(0c+it)=E"00+ir)f(0+ir)
where R

flo+it)=(fjx(oc+it)) for c € R\S; and |7| <W.

Geometry & Topology, Volume 28 (2024)
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The following facts are proved in [12; 16].

Proposition 3.2 (1) The vectors 511 0 21’0, .. .S,l’o are linearly independent over C on D \ R. The

. 1,0 1,0 1,0
same is true for the vectors ", 10, ..., My

(2) The 2n vectors &;, ny are linearly independent at points 0 +it € D \ R.

Theorem 3.3 The matrix-valued meromorphic function f (o +i1t) is symmetric (as a matrix) and satisfies

f0) =0, f(0)=1d.

Moreover, if 0 +it € D with t > 0, then Im f(0 + i t) is a symmetric, positive definite matrix.

4 Growth rate of counting functions

In this section we prove Theorem 1.1.

Let M be an n—dimensional compact manifold endowed with a Riemannian metric g. For x € M and
each 7' > 0, let
Dr:={veTxM |g(v,v)<T?

be the disk of radius 7" in Ty M. Define the counting function nr(x, y) by

nr(x,y) = ((exp,) ' (») N Dr).
In other words, n7 (x, y) counts the number of geodesic arcs joining x to y with length < T.

The following theorems proved in [2; 6; 14] will be crucial for us.

Theorem 4.1 We have

T
@1 [ nrteydy= [ do [ Vool o) @), 1y ey 40

where S is the unit sphere of T M. Moreover, J; for j =1,2,...,n—1 are Jacobi fields along the

unique geodesic y determined by 6 € S (ie y(0) = x and y’(0) = 0) with initial conditions
J;j(0) =0, J;(O) = vj,
where the v; with j = 1,2,...,n—1 form an orthonormal basis of TpS.

Theorem 4.2 Suppose that M is an n—dimensional compact simply connected manifold endowed with a
Riemannian metric g. Then
k—1
(42) S dim Hy (@M. F) < ——— | next.na,
=0 Volg (M) Jm
where C is a positive constant independent of k and F is any field of coefficients.

Remark 4.3 The assumption that M is simply connected in Theorem 4.2 is essential.
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When M has entire Grauert tube, we will see that the right-hand side in Theorem 4.1 can be further
described by a matrix-valued holomorphic function on the upper half-plane. Applying Fatou’s representa-
tion theorem to this function, we will derive that |’ " (x, ) dy has polynomial growth and hence M is
topologically elliptic.

Now we give the details of the proof. Let S be the unit sphere of Tx M and y the unique geodesic
determined by 6 € S, ie y(0) = x, y'(0) = 0. Let vy, vs,...,v, := ¥'(0) be an orthonormal basis
of T,y M.

As in Section 3, choose a set of vectors §1 , 52, e E,, M1,02,...,0n € TgTM satisfying
n*(gj)zvj, K§j=0,
(M) =0, Kn; =vj.

Here K: TTM — TM is the connection map described in Section 2. Extend E, and 7; to get parallel
vector fields &1, &>,....&4, 01,02, ..., ns. Then J; :=n;|R for j =1,2,...,n—1 are normal Jacobi
fields along y with initial conditions

Jj(0)=0, J;(0)=vj.

Moreover, &1|Rr, £2|R, - - - » En|R are linearly independent except on a discrete subset S of R. Hence there
are smooth real-valued functions ¢;; defined on R \ Sy such that

n
nklr =) djiéilr.
j=1
As M has entire Grauert tube, it follows that the functions ¢;; have a meromorphic extension f;x over the
whole complex plane such that for each pair j, k, the poles of fjx lie on R and the matrix Im( fjx)|c\r
is invertible.

Consider the n—tuples
E=(1.62,....61) and H=(n1,7n2,....0),
and holomorphic n—tuples
EN0= 0506 and HYO =y ),
where & ].1’0 = %(E 7 —iJ§&;) and J is the adapted complex structure.
Then we have

H(o)=E(0)f(0) and H'"(c+it)=E"(c+ir)f(0+iT),
where
flo+it)=(fjk(oc+it)) for o eR\Sj.

Lemmad.d4 Ifo+iteC\R, thenIm 1 (o + i) is invertible.

Geometry & Topology, Volume 28 (2024)
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Proof The proof is almost identical to the proof of Proposition 6.8 in [12]. Suppose there is a nonzero
column vector v = (vj) € R” such that Im f (o +it)v=0,7 #0,ie w = (wg) = f (o +it)v € R",
By Proposition 3.2, ! exists on C \ R. Then we have

at the point o + i 7. Hence

1,0 m1,00 _ 77,0 0—1, _ 7710 1,0
ZEJ. vi=EB"v=H"f"v=H a)_an .

Taking real parts, we get

in contradiction with Proposition 3.2. a

Lemma 4.5 G(¢) := —f ' (¢) is a matrix-valued meromorphic function on C whose pole lies in a
discrete subset of R and Im G(¢) is positive definite for { = o +it € Ct, where C* is the upper
half-plane.

Proof Since H!:° and !0 are invertible on C except on a discrete subset, combined with H1:0 =Eg1.0 f
we get that G({) is a matrix-valued meromorphic function on C whose pole lies in a discrete subset of R.
By Theorem 3.3, we have

f)=0, f(0)=1Id.
Then for small positive 7, we get
ImG(it) =Im(— /7" (i7) = Im(~(f(0) +itf’(0) + O*) ™
= Im(—itld+0(z2)~! = Im(%(ld—l—O(t))_l).

Hence Im G(i7) is positive definite for small positive . As Im G(¢) is nondegenerate on C* by
Lemma 4.4, Im G(¢) is positive definite for { = o +it € C™. i

Let fi = (fjx) with j,k =1,2,...,n—1. Then we have:

Lemma 4.6 There exists a discrete subset S, C R such that foro € R\ S,, we have

1
(4-3) det(g(Jj(0), Jk(0))j k=1,2,..n—1 = — .
’ T det((— /71 (0))
where J; for j = 1,2,...,n are normal Jacobi fields along y with initial conditions

Jj(0) =0, J;(0)=vj,
and vy, vy, ...,V, ;= y’(0) is an orthonormal basis of Ty M.
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Proof We can view E(0) and H(0) as linear mappings R" — T, (5) M, given by

n
(wj) =0+ B(o)w = Z w;j&;(0)
j=1
and similarly for H(o). Denote by E*(0) and H* (o) the adjoints of E (o) and H(o), respectively
(adjoint defined using the Euclidean scalar product on R" and the Riemannian metric on T), o) M).
Let {ej} be the standard orthonormal basis of R”. Then we have

g(Jj(0). Ji(0)) = g(H(0)ej, H(o)ex) = (H*(0) H(0)ej. ek).
By the proof of Proposition 6.11 in [12], we get
E*(0)E(0) f'(0) =1d for o €(0,¢)
for some small positive constant ¢. On the other hand, we have

E(0)ej =&j(0) and E*(0)E(0)ej = g(§(0).6k(0))ek.

Hence E*(0)E (o) is real-analytic over R and so it has a holomorphic extension to a small open set in C
containing R. As M has entire Grauert tube, it follows that f(o) has a meromorphic extension over the
whole complex plane such that its poles lie on a discrete subset S; C R. Then we have

E*(0)E(0)f'(0)=1d for 0 eR\ S.

On the other hand, f~!(c) existsono € R\ S | for some discrete subset S|. Moreover, /(o) is symmetric,
by Proposition 6.11 in [12] and analytic continuation. Let S, = S; U S|. For o € R\ S, we have

H*(0)H(0) = (E(0) f(0))*E(0) f(0) = f(0)E*(0)E(0) f(0)
= f@) (S @)™ o)==/ ()"
Since fjn = fux =0for j,k=1,2,...,n—1, we see that
1
det((— ;1) (0))

The following version of Fatou’s representation theorem will be crucial for us.

det(g(Jj(0), Jk(0)j k=1,2,..n—1 = for o e R\ S>. O

Proposition 4.7 Suppose that F is an n x n matrix-valued holomorphic function on the upper half-plane
Ct={eC|Im¢>0U(R\ P), where P is a discrete subset of R consisting of poles of F. Suppose
that for every { € C, Im F() is a symmetric, positive definite matrix, whereas for L e R\ P, Im F(¢) = 0.
Then there is an n X n symmetric matrix @ = (j4j;) whose entries are real-valued, signed Borel measures
on R such that:

(1°) ujx does not have mass on any interval which does not contain a pole of F'.

+oo |4 ¢
(20) / |1/'L_J{—kt(2)|

Geometry & Topology, Volume 28 (2024)
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(3°) n is positive semidefinite in the sense that for any (w;) € R", the measure )  wjwy jij) is non-

negative.
4°) For (e CT,
@ fort , L[ du)

Fl§)=A+— 3
T oo (E—1)
where A is a symmetric, positive semidefinite constant matrix. In fact, we have
Im F(i
A= lim mECD
T—>+00 T

and dju(o) is the weak limit of Im F(o +it) ast — 07,

Proof See [11] and Proposition 7.4 in [12]. The only difference is that we require F' has a holomorphic
extension to R \ P, hence we get that 1 does not have mass on any interval which does not contain a
pole of F. a

Now we are going to finish the proof of Theorem 1.1. Applying Proposition 4.7 to the matrix-valued
holomorphic function (— fl_l) on the upper half-plane, we get

too g
@4 Y@=+t [

where A = (ajx) is a symmetric, positive semidefinite constant matrix and p is an n X n positive

for e CT,

semidefinite symmetric matrix whose entries are real-valued, signed Borel measures on R. By analytic
continuation, equation (4-4) also holds on R except a discrete subset. Moreover, i does not have mass
on any interval which does not contain a pole of — fl_l. This yields that

1\ t;
(/7 1 (U)=A+%;% for o0 e R\ {t1.12,...},

where {t1,1,, ...} are poles of —fl_l. As f(0) = 0, we see that 0 is pole of —fl_l.

Lemma 4.8 w(0) = 1d.
Proof By Proposition 4.7, we get
8
pn(0) = lim u(=8,8) = lim lim Im(—f7 ' (0 +it)) do
§—o0t §—>0t >0t J_§

8
. . . o1
= fim lim [ 1m(=(fe0) + [ 00 +i7) + 00 +i1)%) 1) <) do
]
= lim lim [ Im(—((c+it)Id+0(0 +it)*) ") do
§—0t =01 J_§ ( (( ) ( ) ) )
8
Y . _ 1 . _1)
= Sgrng rE)r(r)le g Im( it (Id4+0(c +it)) do
8 8
= lim lim Im(—;. Id+0(1)) do = lim lim —' dold=nx1d. O
§—>0t t—>0t J_35 o+it §—>0+ 10+ J_g 02 +12

Geometry & Topology, Volume 28 (2024)
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Given Lemma 4.8, then we have

(/7)) = 5 14+B,
where 1(t)
B=A+ -~ Z A Ao

(o—t])2

is positive semidefinite.

Lemma 4.9 Let A; and A, be two k x k Hermitian positive semidefinite complex matrix, then

det(A4; + A,) = det A; 4 det A,.

Proof It follows from the Minkowski determinant theorem [13, page 115] that

(det(A; + A42))"* > (det 4)/* 4 (det 4)'/*. O
By Theorem 3.3, we get that f(o +it) is a symmetric matrix, so is —fl_1 (0 +it). By Proposition 4.7,
we see that 4 and p(¢;) are real-valued symmetric positive semidefinite matrix. By Lemma 4.9, we get

1 < 42n—2
det((—/f7 1) (0)) ~

By Theorem 4.1 and Lemma 4.6, we see

/ nr(x,y)dy < p(T),
M

where p(7') is a polynomial of degree at most n. By Theorem 4.2, Z =0 ! dim Hj;(2M, F) has polynomial
growth for any field of coefficients. It follows that M is topologically elliptic.

To illustrate the idea of the above proof, we give two examples here. Let M be an n—dimensional compact
manifold of constant sectional curvature c¢. From the proof of Theorem 2.5 in [16], we have

(c+it)ld ifc=0,

Silo+in) = {(tg(a—i—if))ld ifc=1.

Case 1l When ¢ =0, then —fl_1 (0 +it)=(—1/(c +it))Id. Hence

1
(=i ()= 2l

Let F(o +it):=— fl_l (0 +it). In this case, the matrix 4 and measure p in Proposition 4.7 can be
computed by .
Im F
A= fim mEED 4
T—>+00 T s

0) = lim —§,8) = lim lim ImF(o+it)do = 1d.
M( ) §—0+ M( ) §—0t =0t J_§ ( )

Then |, a 17 (X, y) dy has polynomial growth of degree 7.
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Case 2 When ¢ = 1, then —fl_l (0 +it) = (—cot(o +it))Id. Hence

/i) = Id.
Sy sin?(0)
Let F(o +it) :=— fl_l (0 +it). In this case, the matrix 4 and measure p in Proposition 4.7 can be
computed by
Im F(i
A= lim mFGD _
T—>+00 T
8
u(jr)=pn0)= lim pu(=6,6) = lim lim ImF(o+it)do=nld for jeZ.
§—0+ §—0t+ =0t J_§

Then [, n7(x, y) dy has linear growth.
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