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We use explicit pseudoholomorphic curve techniques (without virtual perturbations) to define a sequence
of symplectic capacities analogous to those defined recently by the second author using symplectic field
theory. We then compute these capacities for all four-dimensional convex toric domains. This gives
various new obstructions to stabilized symplectic embedding problems, which are sometimes sharp.
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1 Introduction

1.1 Overview

Symplectic capacities have long played an important role in symplectic geometry, providing a systematic
tool for studying nonsqueezing phenomena. Let us mention here just two prominent sequences of
symplectic capacities: the Ekeland—Hofer capacities [12; 13] and the embedded contact homology (ECH)
capacities of Hutchings [20]. The former are defined in any dimension and they provide obstructions
which can be viewed as refinements of Gromov’s celebrated nonsqueezing theorem [14]. The latter
are defined only in dimension four, but they often give very strong obstructions, eg they give sharp
obstructions for symplectic embeddings between four-dimensional ellipsoids.

Higher-dimensional symplectic embeddings remain rather poorly understood, but there has been con-
siderable recent interest in so-called “stabilized symplectic embedding problems”, in which one studies
symplectic embeddings of the form X x CN <> X’ x C¥ for four-dimensional Liouville domains X
and X', and for N € Z>1; see for instance Hind and Kerman [17], Cristofaro-Gardiner and Hind [9],
Cristofaro-Gardiner, Hind and McDuff [10], McDuff [29], Siegel [37; 38] and Irvine [26]. In order to
systematize and generalize these results, the second author introduced in [37] a sequence of symplectic
capacities g1, g2, g3, ... which are “stable” in the sense that gz (X x CN) = gz (X) for any Liouville
domain X and k, N € Z>,. These capacities are defined using symplectic field theory (SFT), more
specifically the (chain level) filtered £ structure on linearized contact homology, and their definition
also involves curves satisfying local tangency constraints. As a proof of concept, [37] shows that these
capacities perform quite well in toy problems, for instance they recover the sharp obstructions from [29]
and they often outperform the Ekeland—Hofer capacities. In fact, the capacities g, g,,g3,... are a
specialization of a more general family of capacities {gy,} which are expected to give sharp obstructions
to the stabilized ellipsoid embedding problem.

However, two broad questions naturally become apparent:
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(1) What is the role of symplectic field theory? Namely, it is known that SFT typically requires virtually
perturbing moduli spaces of pseudoholomorphic curves, and yet ultimately all of the data of gz (X)
should be carried by honest pseudoholomorphic curves in X and R x 0, so does one really need
the full SFT package?'

(2) How does one actually compute g1, g2, g3, . . . for Liouville domains of interest? Note that even
computing g for a four-dimensional ellipsoid is a nontrivial problem.

Note that these questions are coupled, since a concrete answer to (1) could open up new direct avenues
for computations as in (2).

The primary purpose of this paper is to address both of these questions. In short:

(1) We give an ersatz definition of gg, denoted by gy, which is simple and explicit and does not require
any virtual perturbations.

(2) We compute (or at least reduce to elementary combinatorics) gy, for all four-dimensional convex
toric domains. This gives a large family of examples, which includes ellipsoids and polydisks as
special cases.

Combining these, one can directly extract many new symplectic embedding obstructions. As an illustration,
the recent work of Cristofaro-Gardiner, Hind and Siegel [11] applies our computations for ellipsoids
and polydisks in order to obstruct various stabilized symplectic embeddings between these. Remarkably,
these obstructions are often sharp, at least when certain aspect ratios are integral; see Example 1.3.3 and
Remark 1.3.5.

1.2 Statement of main results

We now describe our results in more detail. In Section 3, we define the capacity g (M) for all symplectic
manifolds M and k € Z>1. Roughly, if X is a Liouville domain with nondegenerate contact boundary,
then gy (X)) is the maximum over all suitable almost complex structures J of the minimum energy of any
asymptotically cylindrical rational J—holomorphic curve in X which satisfies a local tangency constraint
<7 &) p=>_ The latter means that the curve has contact order k (or equivalently tangency order k — 1)
to a chosen local divisor D defined near a point p € X. Note that we do not require the curves entering
into the definition of gz (X)) to be regular or even index zero. This definition of gz (X)) is extended to
i (M) for M an arbitrary symplectic manifold by taking a supremum over all Liouville domains which
symplectically embed into M.>

W[SI Section 1], we also expect an alternative definition of g using (S !—equivariant) Floer theory instead of

symplectic field theory. Since this involves Hamiltonian perturbations and many associated choices, it is also quite difficult to
compute directly from the definition.

2 After a first draft of this paper was completed, the authors learned from G Mikhalkin about independent work defining a similar
capacity directly for all symplectic manifolds using an even broader class of almost complex structures and pseudoholomorphic
curves. It seems likely that these two definitions are equivalent, but they may have slightly different realms of utility.
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1216 Dusa McDuff and Kyler Siegel

Remark 1.2.1 In the special case of the first capacity g;, our definition essentially coincides with
Gromov’s original definition [15, Section 4.1] of “symplectic width” via a maxi-min procedure.

The following summarizes some of the key properties of gy:

Theorem 1.2.2 For each k € Z>, the capacity gy, is independent of the choice of local divisor and is a
symplectomorphism invariant. It satisfies the following properties:

e Scaling It scales like area, ie gy (M, pw) = ugr (M, w) for any symplectic manifold (M, w) and
/,l/ € R>0.

e Nondecreasing We have g; (M) <g,(M) <g3(M) <--- for any symplectic manifold M.

 Subadditivity We have §;j(M) <g;(M)+g;(M) foranyi,j € Z>;.

e Symplectic embedding monotonicity It is monotone under equidimensional symplectic embed-
dings, ie M <*> M’ implies Gy (M) < Gi (M) for any symplectic manifolds M and M’,

* Closed curve upper bound If (M, w) is a closed semipositive symplectic manifold satistying
Npr,4<T® p=> £ 0 for some A € Hy(M), then we have G (M) < [o]- A.

e Stabilization For any Liouville domain X we have g (X x B%(c)) = §x(X) for any ¢ > Gi(X),
provided that the hypotheses of Proposition 3.7.1 are satisfied. (This holds, for instance, for X any
four-dimensional convex toric domain.)

In the penultimate point, Nps, 4<J (k) p> denotes the Gromov—Witten type invariant which counts
closed rational pseudoholomorphic curves in M in homology class A satisfying the local tangency
constraint <J &) p=>, as defined in our paper [30]. Also, B%(c) denotes the closed two-ball of area ¢
(ie radius \/c/_n), equipped with its standard symplectic form. For more detailed explanations and proofs,
see Sections 2 and 3.

Remark 1.2.3 (stabilization hypotheses) The hypotheses of Proposition 3.7.1 roughly amount to the
assumption that g (X)) is represented by a moduli space of curves which is sufficiently robust that it cannot
degenerate in generic one-parameter families. When this holds, we can iteratively stabilize to obtain
T (X x B2(c) x---x B2(c)) = §x(X) for ¢ > i (X), and in particular we have gz (X x CN) = §i (X)
for N € Z>;. Compared with g, the extra hypotheses in the stabilization property is one place where we
“pay the price” for such a simple definition of g, although we do not know whether the extra hypotheses
are truly essential.

Remark 1.2.4 (relationship with gz) As we explain in Section 3.4, we must have g (X) = g (X)
whenever X is a Liouville domain satisfying the hypotheses of Proposition 3.7.1. In particular, this is
the case for all four-dimensional convex toric domains, and we are not aware of any examples with

9k (X) # g (X).
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Remark 1.2.5 (relationship with Gutt—Hutchings capacities) In Section 3.1, we define (following [37])
a refined family of capacities ﬁ,fl for k,l € Z>1, using the same prescription as for g except that we
now only allow curves having at most / positive ends. Note that the case / = oo recovers g = ﬁ,foo.
The capacities {EEI} satisfy most of the properties in Theorem 1.2.2, except that the closed curve upper
bound no longer holds, and monotonicity for ’g“,fl only holds for generalized Liouville embeddings,
ie smooth embeddings ¢: (X, 1) < (X', ) of equidimensional Liouville domains such that the closed
I-form (¢*(A") — A)|yx is exact; cf Gutt and Hutchings [16, Section 1.4]. In Section 5.6 we show that,
at least for four-dimensional convex toric domains, the / = 1 specialization 'g“,fl coincides with the k'
Gutt—Hutchings capacity CI?H from [16]. The latter is in turn known to agree with the k" Ekeland—Hofer
capacity c,];:H in all examples where both are computed, eg ellipsoids and polydisks.

Remark 1.2.6 (nondecreasing property) Curiously, for the analogous SFT capacities the nondecreasing
property g1 < g» < g3 < --- is not at all obvious from the definition.

Remark 1.2.7 (generalizations) The approach taken in this paper to define {g } naturally generalizes
to define various other families of capacities, eg by replacing the local tangency constraint <J ) p>
with k& generic point constraints, and/or by allowing curves of higher genus. In this spirit, the very recent
preprint of Hutchings [23] adapts our approach to define (without relying on Seiberg—Witten theory) a
sequence of four-dimensional capacities, which agree in many cases with the ECH capacities.

With the capacities g1, g2, g3, ... at hand, we turn to computations. Given a compact convex domain
Q CR”, put Xq := u~1(Q), where pu: C" — RY, is given by

w(zi ... zn) = (mlzi|% .. 7lzal?).

Define ||—||& : R” — R by [|U]|§ := maxcq (v, w), where (—,—) denotes the standard dot product. Note
that if 92 is smooth, then the maximizer w lies in 92 and is such that the hyperplane through w normal
to U is tangent to dQ. If Q contains the origin in its interior, then ||—||§, is a (nonsymmetric) norm, dual to
the norm having €2 as its unit ball. Otherwise, ||—||g is not generally nondegenerate or even nonnegative,
although it is still convenient to treat it like a norm. Recall that Xgq is a “convex toric domain” if the
symmetrization of €2 about the axes is itself convex; see Section 4.1 for more details.

Theorem 1.2.8 Let Xq be a four-dimensional convex toric domain. For k € 7>, we have

q
(1-2-1) Gr(Xo) =min Y [|Gs. js) &
s=1
where the minimization is over all (i1, j1), ..., (ig, jq) € Zzzo \ {(0,0)} such that

« i |Gs+j)+q—1=k, and
e ifg>2,then (i1,...,ig) #(0,...,0) and (ji,..., jq) #(0,...,0).
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Using results from Section 4, we have the following appealing reformulation, which we prove at the end
of Section 4.3. If P C R? is a convex lattice polygon, ie a convex polygon such that each vertex lies
at an integer lattice point, let £o(0P) denote the length of its boundary as measured by ||—||5,, and let
|0P N Z?| denote the number of lattice points along the boundary. Here we allow the degenerate case
where P is a line segment, in which case by definition 0P = P. Note that £ (dP) is unaffected if we
translate 2 so that it contains the origin in its interior, after which ||—|| becomes nondegenerate.

Corollary 1.2.9 For Xq a four-dimensional convex toric domain and k € Z>1, we have:
(1-2-2) §x(Xq) = min{lg(dP) | P C R? is a convex lattice polygon such that |0P N Z?| = k + 1}.

Remark 1.2.10 (i) The k™ ECH capacity CI];:CH(X @) is given by the exact same formula except that
we replace |0P N Z2| with | P N Z?|, ie the number of lattice points in both the interior and boundary
of P; see Hutchings [20]. Under the correspondence between lattice polygons and generators, |d.P N Z?2|
corresponds to the (half) Fredholm index, whereas | P N Z?| corresponds to the (half) ECH index. It is
interesting to ask whether Corollary 1.2.9 holds for more general domains  C R2. One can also ask
about extensions to higher dimensions, with lattice polygons in R? replaced by lattice paths in R”.

(i) Corollary 1.2.9 involves arbitrary lattice points, whereas Theorem 1.2.8 involves only nonnegative
ones. Conceptually this mirrors the fact that X has the same values for gy, as its associated “free toric
domain” T? x €, thanks to the “Traynor trick”; see eg Landry, McMillan and Tsukerman [28].

(iii) Closely related formulas appear in the recent work of Chaidez and Wormleighton [5]. In particular,
[5, Corollary 1] computes gz (Xg) under the additional assumption that the lengths of €2 along the x— and
y—axes agree, which holds for instance if X is the round ball B*(c) or the cube B?(c) x B%(c). Whereas
our upper bounds come from curves constructed via the ECH cobordism map and iterated obstruction
bundle gluing (see Section 5), the upper bounds in [5] come from cocharacter curves in (possibly singular)
closed toric surfaces.

(iv) The second author’s work [38] offers another combinatorial computation of gz (Xgq) for any four-
dimensional convex toric domain Xgq, and in fact it also computes the full family of capacities {gp(Xq)}.
However, since that framework involves a nontrivial recursive algorithm, it is not clear how to use it to
extract the above formulas.

1.3 Examples and applications

In Section 4.3 we significantly simplify the combinatorial optimization problem involved in Theorem 1.2.8
by showing that there are only a few possibilities for the minimizers. Indeed, Corollary 4.3.9 implies the
following simplification of Theorem 1.2.8:

Corollary 1.3.1 Let Xq be a four-dimensional convex toric domain as in Theorem 1.2.8, and assume
that 2 has sides of length a and b along the x— and y-—axes, respectively, with a > b. Then there is a
minimizer (i1, j1), ..., (ig. jq) taking one of the following forms:

Geometry & Topology, Volume 28 (2024)
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i) (0,1)** x(1,1)/ fori > 0and j > 1.
() (0, 1) x(1,s) fori >0ands > 2.
(iii) (0,1)** x (1,0) fori > 1.
@iv) (0,s) fors > 1.

1219

This formulation is particularly useful for extracting closed-form expressions for gy in various families of

examples, as in the following results.

Let

1 1
E(ay,az):= {(21,22) eC? | Z7T|Zl|2 + Z7T|22|2 = 1}

denote the ellipsoid with area factors a1, a,. Up to scaling and symplectomorphism, we can assume that

a,=1anda; > 1.

Theorem 1.3.2 (i) For1<a <32, we have
l+ia fork=143iwithi >0,
(1-3-1) 9x(E(a,1))=1a+ia fork=2+3i withi >0,
2+ia fork =3+ 3i withi >0.
(ii) Fora > % we have
k for 1 <k <|a],
(1-3-2) 0(E(@, 1) =1 a+i for k = [a] + 2i with i >0,
[a]l+i fork =T[a]l+2i+1withi>0.

Example 1.3.3 We illustrate Theorem 1.3.2 with a simple embedding example which is a special case of

[11, Theorem 1.1]. The first few g capacities are:

k1123456 789 10 11 12
g(E(LL7) |1 23 456778 8 9 9
gr(E(1,2) |1 2 23 3 4455 6 6 7

This gives a lower bound for stabilized embeddings E(1,7) x CN < p- E(1,2) x CN (with N > 1) of
w=> %. By [11, Corollary 3.4] this is optimal, ie there exists a stabilized symplectic embedding realizing

this lower bound. In particular, this outperforms the Gutt—Hutchings (or Ekeland—Hofer) capacities, the

first few of which are:

k|1 23456 789 10 11 12
HEMT) |1 23456778 910 11
HE12) |1 22344566 7 8 8

Geometry & Topology, Volume 28 (2024)
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In fact the best bound obtained by the full infinite sequence is y© > % By contrast, the ECH capacities
give a stronger lower bound, which evidently cannot stabilize. Indeed, we have

k|123 456789 10 11 12

GMEWT) [ 123 456778 8 9 9
dMEM2) |1 22334445 5 5 6

giving the lower bound p > % > % for the unstabilized problem E(1,7) <> u- E(1,2). Note that the
volume bound is u > /7/2 ~ 1.87 > %, and this is necessarily recovered by the full sequence of ECH
capacities since these are known to give sharp obstructions for four-dimensional ellipsoid embeddings
(and also their asymptotics recover the volume).

Now let P(ay,as) := B*(a;) x B?(a,) denote the polydisk with area factors a; and a,. Again, without
loss of generality we can assume a, = 1 and a; > 1.

Theorem 1.3.4 Fork € Z>1 anda > 1 we have
(1-3-3) Gk (P(a,1)) =min(k,a + [1(k —1)]).

Remark 1.3.5 (sharp obstructions) Example 1.3.3 generalizes as follows. By complementing Theorem
1.3.2 with explicit embedding constructions, [11, Theorem 1.1] shows that the capacities {gy } are sharp
for embeddings of the form E(a, 1) x CN <% - E(b, 1) x CN with a > b+ 1> 3 integers of the opposite
parity and i € R-o, N € Z>1, and such an embedding exists if and only if u > 2a/(a+ b —1). Similarly,
[11, Theorem 1.3] shows that the capacities {g } are sharp for embeddings of the form

E(a,1)xCN S P, 1)y xcV

with b € R>; (not necessarily an integer), @ > 2b — 1 any odd integer and i € R~¢, N € Z>1, and such
an embedding exists if and only if u > 2a/(a + 2b —1).

For embeddings of the form E(a, 1) x CN <% ;1. B4(b) x CN with N € Zs, it was observed in [37]
that the capacities {gy } (and hence also {g;} by the results of this paper) give sharp obstructions when
a € 3Z>1 — 1. On the other hand, for all other @ € R~; we do not expect optimal obstructions from the
capacities {gx }, but rather from the full family {gy}; see the discussion at the end of [37, Section 6.3]. It is
natural to ask whether a “naive” analogue {gp} could be defined and computed in the spirit of this paper.

Remark 1.3.6 The formulas (1-3-3) also appeared for g in [37] in the case of odd k, based on a slightly
different computational framework.

Next, we consider a more complicated family of examples. Given ¢ > 1 and (a, b) € R2>o’ denote by
Q(a,b,c) C Rzzo the quadrilateral with vertices (0, 0), (0, 1), (¢, 0), (a, b). We note that X g4,5,c) C C?
is a convex toric domain if and only if we have ¢ < ¢, b <1 and a + bc > c. The next result gives the
formula for g; when max(a + b, ¢) < 2. The case max(a + b, ¢) > 2 is similar to case (ii) below; see
Remark 6.0.1.
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2
>0’

Theorem 1.3.7 Let X := X(4,5,¢) be a convex toric domain for some ¢ > 1 and (a, b) € RZ , and put

M :=max(a+ b, c).
(i) For M < 3. we have
g1(X) =1, 02(X)=M, g3(X)=min(max(2,a +2b),1+c),
(1-3-4) ga=1+M, g5 =2M, 6 =2+ M,
Sk+3(X) =0 (X)+ M for k = 4.

(i) For % < M <2, then g (X) is as above for k <4, and

(1-3-5)  gs(X) = min(max(3,1 +a +2b),2M,2 +¢), Gka2(X)=14+9r(X) for k>4.

For our last family of examples, take p € R>; U {oo} and consider the L? norm |—||, defined by
G, 2)llp := (xP + yP)/P. Put

Qp={(x.») eRL, | (x, »)llp = 1.

Note that €2 is the right triangle with vertices (0, 0), (1, 0), (0, 1), and Q2 is the square with vertices
(0,0), (1,0), (0,1), (1,1), ie the corresponding family of convex toric domains {Xg,} interpolates
between the round ball and the cube. Also, note that for (x, y) € Réo, we have

1. W, = 1o »)llg-

where ¢ € R>1 U{oo}issuchthat 1/p+1/g = 1.

Theorem 1.3.8 (i) For p <In(2)/In(%) we have

1+iY2  fork=1+3i withi >0,
(1-3-6) Gk (Xg,) =G +1)Y2  fork =2+3i withi >0,
24092  fork =343i withi >0.

(i) Forp > ln(2)/ln(§) we have

- 1+1 fork =142i withi >0,
1-3-7 Xq,) = =
(1-3-7) o (Xa,) {€/§+i for k =2+ 2i with i > 0.

Remark 1.3.9 Incidentally, gx (Xq,) = gk (E(1, {/2)). Moreover, one can show using Corollary 1.3.1
that the capacities gy (Xgq) of any four-dimensional convex toric domain normalized as in Corollary 1.3.1
are eventually either 2—periodic or 3—periodic in k, depending on which of 3[[(0, 1) ||, or 2[(1, 1|, is
smaller. Intuitively, domains which are “rounder” have 3—periodic capacities while domains which are
“skinnier” have 2—periodic ones.
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Example 1.3.10 For concreteness let us flesh out a simple implication of Theorem 1.3.8 for the symplectic
embedding problem E(1,5) x CN < . Xgq, x CN with N € Z>. Using Theorem 1.6 of Gutt and
Hutchings [16] (see also Kerman and Liang [27]), it is easy to check that we have

GH (¥q0) {,/ %kz for k even,
Ck Q ==
’ Vak2+1) fork odd,

k|1 2 3 4 5 6 7 8 9 10 11 12

SHEQLS) |1 2 3 4 5 5 6 7 8 9 10 10
X, |1 V2 V5 2v2 VI3 3V2 5 4V2 VAT 52 V6l 6v2

and the capacities {C]SIH} give the lower bound p > 2/+/2 ~ 1.414. Meanwhile, we have

that is,

k|1 2 3 4 5 6 7 8 9 10 11

G (E(M,5) |1 2 3 4 5 5 6 6 7 7 8
Gc(Xq,) |1 V2 2 1442 22 2442 14242 3¢2 242V2 14342 442

and the {§} capacities give the lower bound p > 5/(2+/2) ~ 1.768.

We end this introduction with a brief outline of the proof of Theorem 1.2.8, deferring the reader to
the body of the paper for the details. Firstly, as in Siegel [38; 36], we “fully round” our convex toric
domain. This is a small perturbation and so leaves g essentially unaffected, while it standardizes the
Reeb dynamics on the boundary. Next, we obtain a lower bound on gz by mostly action and index
considerations, with the second condition in Theorem 1.2.8 coming from the relative adjunction formula
and writhe bounds. To obtain a corresponding upper bound, we first study the combinatorial optimization
problem in Theorem 1.2.8 more carefully and arrive at the simplifications described in Section 4.3. We
then inductively construct a curve for each minimizer. The base cases are cylinders or pairs of pants which
we produce using the ECH cobordism map, while the inductive step is based on an iterated application of
obstruction bundle gluing based on the work of Hutchings and Taubes.

Acknowledgements Siegel is partially supported by NSF grant DMS-2105578 and a visiting membership
at the Institute for Advanced Study.

2 Preliminaries on pseudoholomorphic curves

The main purpose of this section is to briefly recall some requisite background on pseudoholomorphic
curves and to establish notation, conventions and terminology for the rest of the paper. In Section 2.1 we
discuss moduli spaces of punctured pseudoholomorphic curves in symplectic cobordisms. In Section 2.2
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we recall the notion of local tangency constraints and the equivalence with skinny ellipsoidal constraints
as in [30]. In Section 2.3 we introduce the notion of formal curves, which provides a convenient language
and bookkeeping tool in SFT compactness arguments. Lastly, in Section 2.4 we discuss the extent to which
our moduli spaces persist in one-parameter families, and we introduce the notion of “formal perturbation
invariance”, which will be particularly relevant for us.

2.1 Asymptotically cylindrical curves and their moduli
Our exposition in this subsection will be somewhat brief; we refer the reader to [40; 2] for more details.

2.1.1 Symplectic and contact manifolds Recall that a Liouville cobordism (X, A) is a compact
manifold-with-boundary X, equipped with a one-form A whose exterior derivative w := d A is symplectic,
and whose restriction to dX is a contact form. We have a natural decomposition X = 3+ X L3~ X,
where A|3+ y is a positive contact form and A|j- y is a negative contact form. When no confusion should
arise, we will typically suppress A from the notation and denote such a Liouville cobordism simply by X’;
a similar convention will apply to most other mathematical objects. We view 97X and 9~ X as strict
(ie equipped with a preferred contact form) contact manifolds.

Quite often we will have 0~ X = @, in which case X is a Liouville domain. We say that a Liouville
domain X has nondegenerate contact boundary if the contact form « := A|yx has nondegenerate Reeb
orbits. The action of a Reeb orbit y in X is its period, ie the integral sdyy (y) := /. , O assuming y is
parametrized so that its velocity always agrees with the Reeb vector field Ry on dX.

More generally, a compact symplectic cobordism is a compact manifold-with-boundary X equipped with
a symplectic form @ and a primitive one-form A defined on O p(0.X') whose restriction to d.X is a contact
form. As before we have a natural decomposition dX = 3" X L9~ X. We will refer to the case 0~ X = @
as a symplectic filling and the case 07X = @ as a symplectic cap. Note that the case with 0X = & is
simply a closed symplectic manifold.

Convention If X and X’ are Liouville domains and ¢: X <> X" is a symplectic embedding, we will by
slight abuse of notation write X’ \ X to denote the compact symplectic cobordism X\ Int¢(X), after
attaching a small collar [0, §) x X’ to X" if necessary (ie if ((X) N dX’ # @).

2.1.2 Admissible almost complex structures Let Y be a strict contact manifold with contact form «.
Recall that the symplectization of Y is the symplectic manifold R, x ¥ with symplectic form given by
d(e"a). We denote by $(Y) the space of admissible almost complex structures on the symplectization
R x Y. That is, Jy € $(Y) is a compatible almost complex structure on R x Y which is r—translation
invariant, maps d, to the Reeb vector field R, and restricts to a compatible almost complex structure on
each contact hyperplane.

Given a compact symplectic cobordism X with Y % := 9% X, its symplectic completion Xis given attaching
a positive half-symplectization R>( x Y T to its positive boundary and a negative half-symplectization
R<o x Y™ to its negative boundary. There is a natural symplectic form on X which extends that

Geometry & Topology, Volume 28 (2024)



1224 Dusa McDuff and Kyler Siegel

of X and looks like the restriction of the symplectic form on a symplectization on the cylindrical ends.
We denote by $(X) the space of admissible almost complex structures on the symplectic completion
of X. Thatis, Jy € $(X) is a compatible almost complex structure on X which is symplectization-
admissible on the cylindrical ends, ie we have Jx|g_ xy+ = Jy+|r. xy+ for some Jy+ € J(YT),
and Jx |R_oxy— = Jy—|R<oxy— for some Jy— € $(¥Y 7). In particular, Jx is translation-invariant on
each cylindrical end. Given fixed Jy+ € $(Y ) and Jy— € $(Y ™) as above, we denote by

FPTX0) CHX)

the subspace consisting of almost complex structures J which satisty J|g_ xy+ = Jy+|rooxy+
and J|r_oxy— = Jy—|R-oxy—. By slight abuse of notation, for J € }f;_r we also use the notation
J |Yi := Jy 4 to denote the “restriction” of J to Y.

2.1.3 Moduli spaces of pseudoholomorphic curves Let X be a compact symplectic cobordism, and
consider J € $(X). A J-holomorphic curve C in X consists of a Riemann surface Y., with almost
complex structure j, and a map u: ¥ — X satisfying du o j = J o du. We will often refer to C as
a “pseudoholomorphic curve” (or simply “curve”) if J is implicit or unspecified. Such a curve C is
asymptotically cylindrical if ¥ is a closed Riemann surface minus a finite set of puncture points, such
that u is positively or negatively asymptotic to a Reeb orbit in the ideal boundary at each puncture;
see eg [40, Section 6.4] for a more precise formulation. All pseudoholomorphic curves considered in
this paper will be asymptotically cylindrical in either the symplectic completion of a compact symplectic
cobordisms (closed symplectic manifolds being a special case), or in the symplectization of a contact
manifold. Strictly speaking the latter is a special case of the former, but it is helpful to distinguish between
these two cases since in the latter case we work with almost complex structures having an additional
translation symmetry.

Convention All pseudoholomorphic curves in this paper are asymptotically cylindrical, and for brevity
we often refer to curves in X as simply “curves in X, with the process of symplectically completing
tacitly understood.

Consider tuples of nondegenerate Reeb orbits r+= ()/1Jr AU )/;‘ ) in 0T X and '~ = ()/1_ coes Vp )
in - X. Given J € $(X), we denote by J(/L)J( (I'"; ') the moduli space of asymptotically cylindrical
rational J-holomorphic curves in X with positive asymptotics '™ and negative asymptotics I'™, equipped
with the Gromov topology. Here the conformal structure on the domain varies over the moduli space of
genus-zero Riemann surfaces with a (resp. b) ordered positive (resp. negative) punctures. If 07X = @,
we write A/L)J( (I'™) as a shorthand for ./I/t)J( (I'"; @), and similarly in the case 3t X = & we write ./I/L)J( (")
in place of J(A)J( (@; ™). We will sometimes suppress J from the notation and write simply (I ;™)
if the almost complex structure is implicit or unspecified.

Convention By default all curves in this paper have genus zero unless otherwise stated.
Similarly, given a strict contact manifold Y, J € $(Y), and Reeb orbits '™ = ()/1Jr ,oooy ) and
'™ =(y; ...,y ) in Y, we denote by Jl/L{, (I'*;T7) the moduli space of asymptotically cylindrical
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curves in R x Y with positive asymptotics I't and negative asymptotics I'". There is a natural R—action
on JI/LIJ/ (I'"; ') induced by translations in the first factor of R x Y, and this is free away from the
trivial cylinders, ie cylinders of the form R x y with y a Reeb orbit in Y. We denote the quotient by
ML T7)/R.

We will consider moduli spaces associated to one-parameter families of almost complex structures.
For instance, given a one-parameter family {J;};¢[o,1] in $(X), we denote by J(/L}J’ }(F"‘; I'") the
corresponding parametrized moduli space consisting of pairs (¢, C) with ¢ € [0, 1] and C € JI/L)J(’ (rt;17).

We will assume throughout that suitable choices have been made so that every regular moduli space
of curves is oriented. In particular, any curve C which is regular and isolated in My (I't;T7) or
My (CT;T7)/R has an associated sign e(C) € {—1, 1}. We briefly recall the procedure for orienting
moduli spaces in Section 5.2.

2.1.4 SFT compactifications The above moduli spaces admit SFT compactifications as in [2], which we
denote by replacing it with (. For example, let X be a compact symplectic cobordism with J4 € (3% X)
and Jy € f,ﬁﬁ (X). Elements of A_A)J(X (I'T;T7) are stable pseudoholomorphic buildings in X, which
consist of

e some number (possibly zero) of J+—holomorphic levels in the symplectization R x 97 X,
e a “main” Jy-holomorphic level in X, and

e some number (possibly zero) of J_—holomorphic levels in the symplectization R x 0~ X,

such that for each pair of adjacent levels the positive asymptotic Reeb orbits of the lower level are paired
with the negative asymptotic Reeb orbits of the upper level. The symplectization levels are always defined
modulo target translations. Note that each level consists of one or more connected components, each of
which is a nodal punctured Riemann surface. The stability condition states that each component of the
domain on which the map is constant must have negative Euler characteristic after removing all special
points; also there are no symplectization levels consisting entirely of trivial cylinders. See [2] for details.

We will use the following language in this paper. (Note that the slightly different notion of matched

component employed in [30] serves a similar purpose.)

Definition 2.1.1 We say that a (rational) curve in a given level is connected if its domain is connected
but possibly nodal, smooth if its domain is without nodes, and irreducible if it is both connected and
smooth. By curve component we mean a (rational) curve which is irreducible.

Note that each level of a pseudoholomorphic building can be decomposed into its constituent (irreducible)
components.

We will also frequently make use of neck stretching. If X+ and X~ are compact symplectic cobordisms
with a common contact boundary 0~ X* = 97X~ = Y, we denote the glued compact symplectic
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cobordism by X ~® X t. Given almost complex structures Jy € $(Y), Jy + €bry (X1), Jy-egr(X),
we can consider the corresponding neck-stretching family of almost complex structures J; € $(X),
where 7 € [0, 1). The limit  — 1 corresponds to the broken cobordism which we denote by X~ ® X .
The compactification ./17L§(J’ ; (I'"; T7) consists of pairs (¢, C) for ¢ €[0,1) and C € ./17L)J(’ (TT:T7), as well
as limiting configurations for ¢ = 1, which are pseudoholomorphic buildings with

e some number (possibly zero) of Jy+ y+—holomorphic levels in the symplectization R x 8+ X+,
e a Jy+—holomorphic level in X +,

e some number (possibly zero) of Jy—holomorphic levels in the symplectization R x Y,

e a Jy-—holomorphic level in X —,and

» some number (possibly zero) of Jy— x——holomorphic levels in the symplectization R x 0~ X,

subject to suitable matching and stability conditions. Here we have put Jy+ y+ := Jy+|y+ y+ and

Jo-x—=JIx-lp-x--

2.1.5 Homology classes and energy Given a compact symplectic cobordism X and Reeb orbits
rt= (y1+, sy )indt X and T~ = (y;»---»7, ) in 07X, we let Hy(X, 't UT ™) denote the group
of potential homology classes of curves in Ly (I't; ™). Namely, H,(X, '™ U ™) is the abelian group
freely generated by 2—chains ¥ in X with 9% = Y, )/l.+ — Zj?:l Yi modulo boundaries of 3—chains
in X; see also [40, Section 6.4] for a slightly more homological perspective. Given 4 € H,(X, T UT™),
we denote by My, 4(I'";T7) C My (I'T; T7) the subspace of curves lying in homology class A.

Similarly, given a strict contact manifold ¥ and Reeb orbits '™ = (y1+ ey and I = (Vi s--s7p)
inY, let H, (Y, T'TUI' ™) denote the homology group of 2—chains ¥ in ¥ with 9% = > J/i+—2§’=1 Yi
modulo boundaries of 3—chains in Y. Given 4 € Hy(Y,I't UT™), we denote by My, 4(I';T7) C
My (I'F;T7) the subspace of curves in R x Y lying in homology class A.

There are also natural subspaces J(7LX,A(F+; ') C My (TT;T7) and J(7LY,A(F+; ') cMy(T*;T7)
and so on. These are defined by required the total homology class of a building, which is defined in a
natural way by concatenating the levels, to be A.

If (Y, o) is strict contact manifold, define the energy’ of a curve C € My 4(CT;T7) tobe Ey(C):=
fC do. By Stokes’ theorem, we have

a b
Ey(C)=) sy - sdy)).
i=1 j=1
Note that this depends only the homology class 4 € H,(Y, 't UT ™), so we can also put Ey(C) =

Ey(A) = [ 4 da. Similarly, if X is a compact symplectic cobordism with symplectic form @ and
locally defined Liouville one-form A, the energy Ex (C) of a curve C € JI/LIJ/ A(F"’; I'™) is defined to

3This is called the w—energy in [2], their full energy having this as one of its two summands.
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be the integral over C of the piecewise smooth two-form which agrees with @ on X and with dA on
the cylindrical ends X \ X. If X is further a Liouville cobordism (ie A is globally defined), then Stokes’
theorem gives . 5
Ex(C)=) g+ x(v) =D sha-x(v}).
i=1 j=1
This again depends only on 4 € Hp(X, T UT ™), and we have Ex(C) = Ex(A) := [ o.

2.2 Local tangency and skinny ellipsoidal constraints

Let X be a compact symplectic cobordism. Recall that the local tangency constraint <g(m) p=> with
m € Z=1 is imposed by choosing a point p € Int X and a smooth symplectic divisor D C O p(p) and con-
sidering curves with an additional marked point required to pass through p with contact order (at least) m
to D; see eg [7; 8; 30]. We will also denote this constraint by <J™~! p>, with m — | representing the
tangency order (in particular < p=> corresponds simply to a marked point passing through p).

Let $(X; D) C $(X) denote the space of admissible almost complex structures on X which are integrable
near p and preserve the germ of D near p. Given tuples of Reeb orbits 't and I'” in 7 X and 9~ X
respectively and J € $(X; D), we define the moduli space JI/L)J( (It T7)<T ™ p=> as before, but now
the local tangency constraint <J (™) p> is imposed on each curve.

Some care is needed when compactifying Jl/t){, (Tt T7)<T™ p=>, due to the possibility of a ghost
(ie constant) component inheriting the marked point. Indeed, strictly speaking a constant component
is tangent to D to infinite order, and hence ghost configurations always appear with much higher than
expected dimension. To get around this, first note, as in the proof of [30, Proposition 2.2.2], that there is
a natural inclusion
Mp(CHTT)<T™ p=> c AL @+ r7)<p>,

where the codomain is the usual SFT compactification of Jl/t)J( (I't; T™)< p> by stable pseudoholomorphic
buildings. Let il (I'; T7)<T ™ p> denote the closure of At (I'F; T7)<T " p> in this compact
ambient space. To understand what this amounts to, consider a pseudoholomorphic building C in
A7L1“I, (I't; T7)<T p> such that the marked point zo mapping to p lies on a ghost component Cy. Let
Ni, ..., Ng denote those nodes connecting a nonconstant component of C to Cy, or more generally
connecting a nonconstant component of C to some ghost component which is nodally connected through
ghost components to Cy. Let zq, ..., z, denote the corresponding special points in the domain of C
which are “near zy”, ie participate in the nodes Nq,..., N, and lie on nonconstant components of C.
Let Cq, ..., (4 denote the respective nonconstant components of C on which zq, ..., z, lie. According
to [7, Lemma 7.2], in this situation the marked points zy,..., z, satisfy local tangency constraints
<gm) p> . <M p=> respectively, such that we have

my—+---+mg = m.

In this way, elements of ./(7t)J( (IC'H: T7)<T ™ p=> “remember” the constraint <J ) p=>
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Figure 1: A configuration which could potentially arise in M)J( (I't;IT7)<g™ p>. Here the
marked point zo mapping to p lies on a ghost component, and z;, z; and z3 are the special
points near zo lying on nonconstant components. These satisfy respective constraints <J (1) p=,
<9_(’”2)p> and <g(m3)p> such that m| +m, 4+ m3 > m. Such a configuration is also included
in M)J( (T T7)<T ™ p= even if it does not arise as a limit of curves in ./l/li, (Tt T)<g™ p>.

We will also need to consider a potentially larger compactification of A/t)J( (' T7)<T ™ p> which
allows all ghost configurations as described above, even if they do not arise as a limit of smooth curves:

Definition 2.2.1 Let J(T)J((F"‘; '7)<J ™ p> denote the subset of JVL)J((F"‘; I'")<p> given by the
union of Jl/L)J( <3 p> with the set of all buildings C such that the marked point zo mapping to p lies
on a ghost component and the special points zq, ..., z4 near zy (as above) satisfy respective constraints
<gm) p> <Fma p=> such that m; +--- +mg > m. See Figure 1.

Remark 2.2.2 It is worth emphasizing that the extra buildings C involving ghost components which
appear in Definition 2.2.1 have virtual codimension at least two (cf the proof of [30, Proposition 2.2.2]),
and hence are not expected to appear whenever sufficient transversality holds. This is essentially why
such configurations do not contribute to the local tangency constraint counts Nps, 4 <7 (m) p> defined
in [30] for semipositive closed symplectic manifolds M.

For m € Z>1, let <(m)>[g denote the skinny ellipsoidal constraint of order m, defined as follows.
Let Ey denote a skinny ellipsoid, ie a symplectic ellipsoid whose first area factor is sufficiently small
compared to the others. After possibly shrinking (ie replacing Ey by €Eg for 0 < € < 1) we can
assume that Eg symplectically embeds into X in an essentially unique way, and we typically denote
this embedding by an inclusion Eg C X. Let n,, denote the m—fold cover of the simple Reeb orbit of
least action in dEg. For curves in X, the constraint <(m)> is imposed by replacing X with mk,
and considering curves with one additional negative puncture which is asymptotic to 1,,. We define
the moduli space J(/L)J( (I't; I'")<(m)> g by analogy with JI/L)J( (It T7)<J ™ p=> replacing the local
tangency constraint <J ™) p> with the skinny ellipsoidal constraint <(m)> g. Note that both of these

moduli spaces have the same index, namely
a b
(2-2-1) ind=(n—3)2—a—b)+2c{(A) + > CZ(y) =Y CZc(y])—2n—2m+4,
i=1 j=1
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where 2n = dimg (X). Here 7 is a choice of trivialization (up to homotopy) of the symplectic vector
bundle over each Reeb orbit, c{(A) is the corresponding relative first Chern class evaluated on 4, and
CZ. denotes the Conley—Zehnder index measured with respect to t. Recall that the index does not depend
on the choice of 7, even though the individual terms do.

If M is a closed symplectic four-manifold with homology class A € H, (M), [30, Section 4.1] establishes
an equivalence of signed counts

#llyg, 4<T ™ p=> = #lMps 4<(m)>E.

The basic idea is to place the tangency constraint in Eg, and stretch the neck along 0 Eg, and then to argue
that only degenerations of the expected type can arise. Although [30] only proves this in dimension four
in order to invoke an argument which sidesteps any technicalities about gluing curves with tangency
constraints, this is expected to hold for closed manifolds of all dimensions. In the context of a symplectic
cobordism X, it is not quite reasonable to expect in general an equality of signed curve counts

#My (DT TT)<(m)>g = #lly (T T7)<T p>,

Indeed, these counts might not be particularly robust, eg they could depend on J and the embedding
Eg <, X. However, the argument in [30, Theorem 4.1.1] does extend to this setting to prove:

Proposition 2.2.3 If dim X = 4, we have
#y 4T TT)<(m)>g = #ily (T T7)<T™ p>
provided that the following conditions hold:

(i) The moduli space #./(/t)J( A(I‘+; r)<gm p= is formally perturbation invariant. (See Section 2.4
below.)

(ii) Each Reeb orbit in '™ U '~ is nondegenerate and either elliptic or negative hyperbolic.

Indeed, the first condition guarantees that curve counts remain constant over a generic one-parameter
family of almost complex structures (cf Proposition 2.4.2), and the second condition ensures that the
relevant curves count positively (cf Section 5.2 and Remark 5.2.3(ii)).

2.3 Formal curves

In this subsection we introduce the notion of a “formal curve”, which is a convenient device for storing
combinatorial curve data, but without requiring that this data be represented by any actual solution to
the pseudoholomorphic curve equation. We also define “formal buildings”, which are analogous to
pseudoholomorphic buildings but with each pseudoholomorphic curve component replaced by a formal
curve component. This will allow us to discuss “formal perturbation invariance” of moduli spaces in the
next subsection.
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2.3.1 Formal curve components To begin, we define:

Definition 2.3.1 A formal curve component C in a compact symplectic cobordism (X, w) is a triple
(I't, T, A), where

o I't = ()/1+, ..., ¥.5) is a tuple of Reeb orbits in 9T X,
e I'"=(y;,...,v ) is atuple of Reeb orbits in 97 X,
e Ae Hy(X, Tt UT™) is a homology class, and
e we require the energy Ex(C) := Ex(A) = [, » to be nonnegative.
Similarly, a formal curve component C in a strict contact manifold (Y, ) is a triple (I't, '™, 4), where

't and I'™ are tuples of Reeb orbits in ¥ and 4 € H,(Y, '™ UT' ™) is a homology class, and we require
the energy Ey (C) := E(A) = [, da to be nonnegative.

We view C as representing a hypothetical genus-zero* irreducible asymptotically cylindrical curve in X
or R x Y. Note that a formal curve component also has a well-defined index ind(C), defined by the same
formula (2-2-1). We will say that a formal curve component in Y is a “trivial cylinder” (or just “trivial”)
ifa=b=1and I'" ="~ = (y) for some Reeb orbit y in Y. A formal curve component C is “closed”
if It =I'™ = @, and it is moreover “constant” if Ey(C) = 0.

It will also be convenient to speak about formal curve components in X carrying a constraint <& (m) p=
for some m € Z>1. Here the constraint <J ™ p=> is an extra piece of formal data which has the effect
of decreasing the index by 2n — 4 + 2m (here 2n = dimg (X)).

Given a formal curve C = (I'",T'", 4) in X and Jx € $(X), we introduce the shorthand notation
J(/L/{,X (C):= JI/L;(X Y (I't; T7) for the corresponding space of Jy—holomorphic curves representing C. As
before, we will often omit the almost complex structure from the notation. Similarly, if C = (F+, ', A)
is a formal curve in Y and Jy € $(Y), we put JI/LIJ,Y (C):= JI/LIJ/A(F+; I'™). This shorthand also applies
when C carries a local tangency constraint, which is then implicit in, say, the notation Jly (C).

2.3.2 Formal nodal curves and buildings We now extend the above definition in order to model
elements of the SFT compactification. Firstly, a connected formal nodal curve C in X or Y is roughly the
same as a pseudoholomorphic nodal curve, but with each pseudoholomorphic curve component replaced
by a formal curve component. More precisely:
Definition 2.3.2 A connected formal nodal curve C in X (resp. Y') consists of

e atree T, and

e for each vertex v of 7', a formal curve component Cy, in X (resp. Y').

More generally, we drop the “connected” condition by allowing 7" to be a forest (ie disjoint union of
trees).

4One could of course extend the definition to allow for higher-genus curves, but we will not need this.
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We view the edges as representing nodes. We say that C is stable if, for each nonconstant component C,,
the number of punctures plus the number of edges connected to v is at least three.

Definition 2.3.3 A formal building in X consists of

e formal nodal curves Cy,...,C, in 3T X for some a € Z>,
e a formal nodal curve Cy in X, and

e formal nodal curves C_q,...,C_p in d~ X for some b € Z >y,

such that the tuple of positive Reeb orbits for C; coincides with the tuple of negative Reeb orbits for
Cjyq fori =—b,...,a—1. We also assume that the graph given naturally by concatenating the forest of

each level is acyclic.

Similarly, a formal building in Y consists of formal nodal curves Cy, ..., C, in Y for some a € Z > such
that the tuple of positive Reeb orbits for C; coincides with the tuple of negative Reeb orbits for C; 4 for
i =1,...,a—1, and such that the underlying graph is acyclic.

We view a formal building as modeling a rational pseudoholomorphic building in X or R x Y, with each
constituent formal nodal curve representing a level. Note that the acyclicity condition ensures total genus
zero and could be relaxed, but for our purposes we will keep it. Such a building has a total homology
classin Hy(X;TT UL ™) or Hy(Y;TTUTI™), where I'" (resp. I'™) is the tuple of positive Reeb orbits
of the top (resp. bottom) level. We will say that a formal building is stable if each constituent formal
nodal curve is stable, and no level is a union of trivial cylinders. We denote the set of stable formal
buildings in X whose top (resp. bottom) level has positive (resp. negative) Reeb orbits I'T (resp. I'™) by
Fx, 4(TT;T7). The set Fy,4(I'T;T7) of stable formal buildings in Y is defined similarly.

We denote the formal analogue of Aly, 4(I'"; T™)<T ™ p=> by C:"X,A (I't; T7)<J ) p=>_ This consists
of two types of stable formal buildings, modeling curves where the marked point zo mapping to p lies
on a nonconstant component or constant component, respectively. In the first case, we have all stable
formal buildings such that one of the components in X is formally endowed with a constraint <J (m) p=>.
In the second case, we have all stable formal buildings such that some constant component Cy in X is
formally endowed with a constraint <p>, and the nearby nonconstant components Cj, ..., C, (ie those
nonconstant components which are nodally connected through constant components to Cyp) are formally
endowed with constraints <J ™1 p> . <J ) p>_ respectively, such that my + -+ + mg > m
(cf Section 2.2). Note that the extra constraint <p=> is taken into account as a marked point when
formulating stability, whereas the constraints <gm) p>  <Fma p=> do not affect stability since
they lie on nonconstant components.

2.3.3 Formal covers Next, we define the formal analogue of multiple covers of pseudoholomorphic
curves. Let X be a symplectic filling, and let ' = (y;,...,ys) and T = (¥1,. .., ¥4) be tuples of Reeb
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orbits in ¥ := dX. Let C = (I, @, A) and C = (T, @, A) be formal curve components in X satisfying
constraints <J ) p=> and <g ™ p=, respectively. We say that C is a k—fold formal cover of C if
there exist

e asphere X with marked points (z, ..., z,),

e asphere Y with marked points (Zo, . .., Zzz), and

e ak—fold branched cover 7: ¥ — &

such that
J JT_I({EI, e ,Ea}) = {Z], . ,Za},
* 7(z0) = Zo,
e foreachi =1,...,q, y; is the k;—fold cover of y;, where j is such that 7(z;) = Z; and «; is the

ramification order of 7 at z;, and
e we have km > m, where « is the ramification order of 7 at zg.

A formal curve component is simple if it cannot be written as a nontrivial (ie with ¥ > 2) formal cover of
any other formal curve component.

2.4 Formal perturbation invariance

The following is our main criterion for establishing upper bounds and proving stabilization for the
capacities defined in Section 3.

Definition 2.4.1 Let X be a Liouville domain with nondegenerate contact boundary Y, and let C be an
index zero simple formal curve component in X with positive asymptotics I' = (yy, ..., ¥4), homology
class A € H,(X,T), and carrying a constraint <J ) p=> for some m € Zx;. We say that C is formally
perturbation invariant if there exists a generic Jy € $(Y') such that the following holds. Suppose that
C'e i?X’A(F)<9(”’)p> is any stable formal building satisfying:

(A1) Each nonconstant component of C’ in X is a formal cover of some formal curve component C’
with ind(C’) > —1.

(A2) Each nonconstant component of C’ in Y is a formal cover of some formal curve component C’
which is either trivial or else satisfies ind(C’) > 1.

Then either

(B1) C’ consists of a single component, ie C' = C, or else

(B2) C’is a two-level building, with bottom level in X consisting of a single component Cy which is
simple with index —1, and with top level in Y represented by a union of some trivial cylinders
with a simple index 1 component Cy in R x Y'; moreover we require that MIJ/Y (Cy) is regular and
satisfies #Jl/t{,Y (Cy)/R =0.
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More generally, if C is any formal curve component in X, we say that it is formally perturbation invariant
if it is a formal cover of an index zero simple formal curve component C which is formally perturbation
invariant as above.

We will also say that the associated moduli space Ay (C) is formally perturbation invariant if the formal
curve component C is. Roughly, this means that for “purely formal reasons” the moduli space Ay (C)
cannot degenerate in a generic one-parameter family. More precisely, the condition is “formal in X but
not in Y, ie it takes into account pseudoholomorphic curves in R x Y (via the last condition about
A/L,J,Y (Cy)) but only formal curves in X.> We will also say that C is “formally perturbation invariant with
respect to Jy”” when we wish to emphasize the role of Jy in Definition 2.4.1.

The following is a consequence of structure transversality and gluing techniques for simple curves:

Proposition 2.4.2 Let X be a Liouville domain with nondegenerate contact boundary Y, and let C be
a simple index-zero formal curve component X which carries a local tangency constraint <gm) p=>.
Assume that C is formally perturbation invariant with respect to some generic Jy € $(Y). Then the
associated moduli space A/L)J(X (C) is regular and finite for generic Jy € $'¥ (X ; D), and moreover the
signed count #/i/t)‘?( (C) is independent of Jx provided that A/L)J(X (C) is regular.

Proof If Jy € $(Y) and Jy € $7¥ (X; D) are generic, it follows by standard transversality techniques
(cf [40, Section 8]) that

e every simple Jy—holomorphic curve component in R x Y is either trivial or else has index at least
one, and

e every simple Jy—holomorphic curve component in X has nonnegative index.

In particular, since C is simple, JI/LK,X (C) is regular and hence a zero-dimensional smooth oriented
manifold. It also follows by formal perturbation invariance of C and the SFT compactness theorem
(plus the discussion in Section 2.2) that we must have AT)J(X (C) = JI/L)J(X (C), whence JI/L)J(X (C) is finite.
Indeed, any element C’ of Jﬁ)J(X (C) defines a stable formal building in F X A(D)<T p=> satisfying
(A1) and (A2), and since (B2) is impossible when Jy is regular we must have C’ € J(/L)J(X (C).

Now assume that Jy, J; € $7Y (X; D) are chosen such that JI/L;(" (C) is regular for i = 0,1, and let
{Jt}tef0,1] be a generic one-parameter family in $7Y (X; D) interpolating between them. Standard
transversality techniques imply that M}Jt }(C ) is regular and hence a smooth oriented one-dimensional
manifold. By formal perturbation invariance and the SFT compactness theorem, the compactification
ﬁ}l’ } (C) (defined similarly to Definition 2.2.1) is a smooth cobordism between Ji/t)‘?’ (C)and A/L)J(‘ (C), with
possibly some additional boundary configurations as in (B2). Our goal is to prove #JI/L)J(O (€)= #‘/IA)J(1 (C).
Note that this would be immediate if there were none of these additional boundary configurations.

3In our application, Cy will occur as a low-energy cylinder between an elliptic orbit ¢;,j and the corresponding hyperbolic
orbit /; j in 0.Xq; cf Lemma 5.1.3 below.
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Each of these additional boundary configurations occurs at some time # € (0, 1) and consists of a two-level
building, with

e a top-level Jy—holomorphic curve in R x Y having a single nontrivial component Cy, which
satisfies ind(Cy) = 1 and is such that JI/L)J,Y (Cy) is regular with #JI/L{,Y (Cy)/R =0, and

¢ bottom level having a single component Cy, which has index —1 and is simple.
By standard transversality techniques we can assume that Cy is regular in the parametrized sense.

We now invoke SFT gluing, using for instance the general formulation given in [32, Theorem 2.54]; see
also [34, Section 2.5.3] for the simpler Morse homology analogue of our setting. For ease of discussion
let us make the following simplifying assumptions:

¢ All of the additional boundary configurations occur at the same time 7 € (0, 1).
e All of these configurations involve the same —1 component Cy.

. JI/LIJ,Y (Cy)/R consists of just two elements Cy,;, Cy,, that have opposite signs.

For i =1, 2, gluing realizes the configuration (Cy,;, Cx) as an end of the moduli space A/L}J’}(C ), with
gluing applying for |t — 1| sufficiently small and either ¢ < #, or ¢ > #; (but not both). That is, an end of
the moduli space A/L§(J’ ; (C) with (¢ — 1) > 0 is compactified by the point (Cy,;, Cx) at t =tp, and it
does not extend to (¢ —¢#5) < 0.

We assume orientation choices have been made as in Section 5.2. Together with the canonical ori-
entation on [0, 1] this induces an orientation on the one-dimensional manifold A/L;(J’}(C), and hence
also its compactification JIT;J‘ }(C ), such that /l/t;",o (C) appears as a negative boundary component (ie
its sign as a boundary point is the opposite of its sign coming from the orientation on Jl/L)‘?’ (C)), and
similarly A/LJ‘ (C) appears as a positive boundary component. The curves Cy,;, Cy also inherit signs
e(Cy,i),e(Cy) € {—1, 1} and by gluing compatibility the sign of each configuration (Cy,;,Cx) as a
boundary point of JI/L{ 7(C) matches the product sign £(Cy,;)e(Cy). Concretely, the sign associated with
the boundary orientation of a boundary point on an oriented one-manifold is positive or negative according
to whether the orientation points in the outgoing or incoming direction, respectively. Since Cy,; and
Cy,» have opposite signs, we have also ¢(Cy,1)e(Cx) # €(Cy,2)e(Cx), and hence as boundary points
the configurations (Cy,;, Cx) and (Cy,2, Cx) have opposite orientations. We then have four possibilities:

(i) One gluing applies for ¢ < #; with the corresponding boundary point outgoing, while the other
gluing applies for ¢ > f;, with the corresponding boundary point incoming.

(i) One gluing applies for ¢ < #; with the corresponding boundary point incoming, while the other
gluing applies for ¢ > 5 with the corresponding boundary point outgoing.

(iii) Both gluings apply for ¢ < f5, with one corresponding boundary point incoming and the other
outgoing.

(iv) Both gluings apply for ¢ > ¢, with one corresponding boundary point incoming and the other

outgoing.
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In case (i), by following the cobordism we get a sign-preserving identification of ‘/l/L)J(1 (C) with J(/L)J(O (C);
case (ii) is similar. In case (iii), we get a sign-preserving identification of J(/L)J(O (C) with J(/L;‘I,l (C), plus
two extra points of opposite signs; case (iv) is similar. In any case, #J(/L/{," (C) = #J(/LI{) (O). |

Remark 2.4.3 One could imagine defining a weaker condition than Definition 2.4.1, which is neither
formal in X nor in Y. However, this would not suffice for our proof of stabilization (see Section 3.7),
since a priori there could be certain bad degenerations which are ruled out in dimension four for reasons
which do not carry over to higher dimensions.

One could also imagine defining a stronger condition, which is formal in both X and Y. However,
this would be insufficient for our study of convex toric domains, since “low-energy cylinders” joining
an elliptic to a corresponding hyperbolic orbit always occur in the perturbed full rounding R x Xa:
cf Lemma 5.1.3.

3 The capacity gy

In this section we define the main object of study in this paper and establish some of its fundamental
properties, in particular proving Theorem 1.2.2. In Section 3.1 we give the precise definition of g; and
point out its invariance properties. We then briefly compare g; with its SFT analogue in Section 3.4.
Sections 3.2 and 3.5 cover the symplectic embedding monotonicity and closed-curve upper bound
properties, while the proof of the stabilization property occupies Sections 3.6 and 3.7.

3.1 Definition and basic properties

Given a Liouville domain (X, A) and a positive constant ¢ € R~ o, we use the shorthand ¢ - X to denote
the Liouville domain (X, cA).

Definition 3.1.1 Let X be a Liouville domain with nondegenerate contact boundary, and let D be a
smooth local symplectic divisor passing through p € Int X. We put

gk(X):= sup infdyy (D),
Jegx;p) T
where the infimum is over all tuples I' = (y1, ..., yp) of Reeb orbits such that

ML ()y<T® p> £ &,

Here we put gy () := > 7_, syx (yi), which is equivalently the energy of any curve with positive
ends I'. Recall that JII)J( (F)<9(k) p> and $(X; D) are defined in Section 2.2. We emphasize that the
moduli spaces A/L)J( (I;)<T %) p> are not required to be regular or to have index zero.

Remark 3.1.2 In Definition 3.1.1, we could alternatively put

ok (X):= sup _inf_(slox (1) +--- + dyx (Ia)),
Jeg(X ;D) | Ty
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where the infimum is over all tuples [} = ()/11, e Vbll ),.... Iz = ()/1”, e yga) of Reeb orbits in 0.X for
which the moduli spaces M){,(Fl)<9(k1)p>, - ,J(/L)J((Fa)<9(k“)p> are nonempty and k1, ...,kg €
Z>y satisty ki + --- + k4 = k. This definition is equivalent and conceptually (if not notationally)
cleaner. Indeed, consider some C € .AT)J((F)<5 (&) p=>_ If the marked point zg mapping to p lies on a
nonconstant component Cy, then we simply note that Cy lies in MI{, (r’ )<9(k) p=> for some tuple of
Reeb orbits I satisfying gy (I'') < sdyx (I'). On the other hand, if zq lies on a ghost component Cy,
then as in Definition 2.2.1 we can consider the nearby nonconstant components C; € A/L)J( (F,-)<g(k") p=
fori =1,...,a, and we necessarily have Y 7_; ooy (I}) < sdyx(I') and Y 7_, k; > k.

Conversely, any tuple of curves as above can viewed as an element of the compactified moduli space
considered in Definition 3.1.1.

The quantity gz (X) is manifestly independent of any choice of almost complex structure, and the scaling
property gx (X, uw) = ngi (X, ) is immediate from the corresponding property for symplectic action.
The nondecreasing property g; < g, < g3 < --- also follows directly, since by definition any curve

satisfying the constraint <g®) p= for k € Z>, also satisfies the constraint <J (k=1) p>=. Note that the
subadditivity property in Theorem 1.2.2 is also immediate from Definition 3.1.1.

A priori g; does depend on the choice of local divisor D, but we have:

Lemma 3.1.3 Let X be a Liouville domain with nondegenerate contact boundary. Then g (X) is
independent of the choice of point p € Int X and the local divisor D.

Proof If p and D are fixed, then there is a contractible family of choices for Jp. Further, given
two local symplectic divisors D, D' near p, p’ € Int X respectively, using Moser’s trick we can find
a symplectomorphism ®: X — X which is the identity near dX and which maps the germ of D
near p to the germ of D’ near p’. This induces a bijection $(X; D) => $(X; D’) sending J to
Oy J :=(dD)oJ o(dd)™!, and we get a corresponding bijection

Mg<T® p>r) 2 g’ <g® p=>(T)
sending C to ®o C. |

In the next subsection we prove that gz (X) < gx(X’) whenever X, X’ are Liouville domains of the same
dimension with nondegenerate contact boundaries for which there is a symplectic embedding X <% X
Taking this on faith for the moment, we extend the definition of gy, to all symplectic manifolds:

Definition 3.1.4 If M is any symplectic manifold, we put
k(M) = S;Pﬁk(X)»

where the supremum is over all Liouville domains X with nondegenerate contact boundary for which
there exists a symplectic embedding X <> M.
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Evidently the above definition is consistent with Definition 3.1.1 when X is a Liouville domain with
nondegenerate contact boundary (assuming Proposition 3.2.1 below). It is also immediate that gy (M) is
a symplectomorphism invariant; in particular, in the case of a Liouville domain (X, 1), g (X) depends
on the symplectic form d A but not on its primitive A.

Remark 3.1.5 (local tangency versus skinny ellipsoidal constraints) In light of Section 2.2, to first
approximation we can trade (at least in dimension four) the local tangency constraint <& (m) p>in
Definition 3.1.1 with a skinny ellipsoidal constraint <(m)>pg. However, the resulting invariant is
not immediately equivalent without additional assumptions, and in fact our proof of monotonicity in
Section 3.2 does not a priori apply to skinny ellipsoidal constraints due to the possibility of extra negative
ends which bound pseudoholomorphic planes in lower levels. Nevertheless, it will be fruitful to utilize
skinny ellipsoidal constraints in Section 5 when computing gz for convex toric domains, and in that
setting the relevant moduli spaces are sufficiently nice that Proposition 2.2.3 applies.

3.2 Monotonicity under symplectic embeddings

Proposition 3.2.1 Let X and X’ be Liouville domains of the same dimension with nondegenerate
contact boundaries, and suppose there is a symplectic embedding X <> Int X'. Then fork € Z > we
have g (X) < gx (X").

Proof Let:: X < Int X' be a symplectic embedding, let D be a local symplectic divisor near p €
Int X, and put p’ := «(p) and D' := (D). Given J € $(X; D), let J' € $(X’, D) be an admissible
almost complex structure on X’ which restricts to txJ on L(X). Let {J/}se[0,1) be a family of almost
complex structures in $(X”; D") which realizes neck stretching along 0¢(X'), with J; = J'. By definition
of Gx(X”), for each ¢ € [0, 1) there is some collection of Reeb orbits T = (y{,..., ;) in X" satisfying
Ayx(T") <Gr(X') and JEJ(’:(W )<J%®) p'> £ . Since 3X’ has nondegenerate Reeb orbits, there are
only finitely many Reeb orbits of action less than any given value, and hence we can find an increasing
sequence f1,15,13, ... € [0, 1) with lim;— o0 ; = 1 such that I' = T'"! is independent of i. By the SFT
compactness theorem there is some element in the compactified moduli space JITEYJ,’/}(F’ 1)<9(k) p'>
corresponding to # = 1. This is a pseudoholomorphic building in the broken cobordism X ® (X' \ X),
and in particular by looking at the components mapping to X we get an element in ﬁ)J( (rh )<9(k) p=
with energy at most gz (X”). Since J was arbitrary, we then have gz (X) < gx (X”). O

Remark 3.2.2 Fix any Jyy’ € $(0X”), and put
~J v .
G (X)i= supinfulay (D),
Txr€37ax" (X")

the infimum taken over all tuples I' = (y1, . .., ¥4) of Reeb orbits in d.X” for which ﬂ;’f ‘T)<T®p=>+£g.
In other words, §,{3X "(X) is defined just like G (X’) except that we take the supremum over almost

complex structures having fixed form on the cylindrical end. Then the above proof actually shows that
we have §; (X) <G, (X).
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As a consequence of the above remark, by considering symplectic embeddings of X into a slight
enlargement of itself we have:

Corollary 3.2.3 For any Liouville domain X with nondegenerate contact boundary and any Jyx € $(0X),
we have Tj,{aX (X) =gr(X).

The symplectic embedding monotonicity property of Theorem 1.2.2 is now an immediate consequence of
Proposition 3.2.1 and Definition 3.1.4:

Corollary 3.2.4 If M and M’ are symplectic manifolds of the same dimension with a symplectic
embedding M <> M’, then we have Gy (M) <Gy (M) forany k € Z>1.

Remark 3.2.5 (i) By a standard observation, it also follows that gy is continuous with respect to C°
deformations of X within X .

(i) One could also in principle directly extend Definition 3.1.1 to include all (not necessarily ex-
act) symplectic fillings with nondegenerate contact boundary. However, a priori our proof of
Proposition 3.2.1 does not extend, since in principle there could be infinitely many homology
classes with bounded energy.

3.3 Word-length filtration

As in [37], we can also define a refinement 'g'fl of gy for any k,/ € Z> by restricting the allowed number
of positive ends. This gives a more general framework, which includes, at least for four-dimensional
convex toric domains, both {gj } and {c,?“} as special cases; see Section 5.6 for more details.

Definition 3.3.1 Let X be a Liouville domain with nondegenerate contact boundary, and let D be a
smooth local symplectic divisor passing through p € Int X. We put

85 (X):= sup infalyx (D),
Jeg(x;p) T

the infimum taken over all tuples I' = (yy, . . ., ¥4) of Reeb orbits in d.X for which AT)‘? (M<T® p> £ &,
and such thata < /.

With only minor modifications, our proof of Theorem 1.2.2 also gives the following:

Theorem 3.3.2 Foreachk,l € Z.>1, ﬁ,fl is independent of the choice of local divisor and is a symplecto-
morphism invariant. It satisfies the following properties:

e Scaling It scales like area, ie ﬁ,fl(M, pw) = /ij,fl(M, w) for any symplectic manifold (M, w)
and u € R~ y.

» Nondecreasing We have 'jlﬁl(M ) < 5251 (M) < 535] (M) < --- for any symplectic manifold M.
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e Generalized Liouville embedding monotonicity Given a pair of equidimensional Liouville
domains X and X', and a generalized Liouville embedding of X into X' (see Remark 1.2.5), we
have 5/ (X) <3¢ (X).

e Stabilization For any Liouville domain X we have gy (X x B?(c)) = gx(X) for any ¢ > g (X),
provided that the hypotheses of Proposition 3.7.1, substituting g;. with ﬁf’, are satisfied.

Compared with Theorem 1.2.2, for a general symplectic embedding X < X’ there may be curves in
X'\ X having no positive ends, and a curve with / positive ends in X’ may produce a curve in X with a
greater number of positive ends after neck stretching, since the top of the limiting building might contain
a component with no positive ends. Generalized Liouville embeddings carry an additional an exactness
condition which precisely rules out curves in X\ X without positive ends via Stokes’ theorem.

Note that if X2"=4 is a star-shaped domain then a symplectic embedding X <>> X’ is automatically a
generalized Liouville embedding, but this does not necessarily extend to cases with ' (0X; R) nontrivial.
Moreover, if X has no contractible Reeb orbits then we have 'g",fl (X)= c,?H(X ) = 00, and hence these
capacities contain no quantitative information; "g',fl (X) is more often finite for / sufficiently large.

3.4 Comparison with SFT counterpart

At first glance the definitions of g and g look rather different, despite involving the same types
of curves. Recall that g;(X) is defined in [37] using the ¥ algebra structure on the linearized
contact homology chain complex CHjj,(X) of a Liouville domain X, along with the induced £
homomorphism &, <7 *) p>: CHj;,(X) — K defined by counting rational curves with a local tangency
constraint <J ) p=>. In brief, gz (X) is the minimal action of an element of the bar complex BCHy;, (X)
which is closed under the bar differential and whose image under the chain map BCHj;, (X)) — K induced
by elin<J &) p> is nonzero. Here BCH;;,(X) as a vector space is the (appropriately graded) symmetric
tensor algebra on the vector space CHy;, (X') spanned by good Reeb orbits in d.X, and the bar differential
is built out of the Lo, structure maps £!, £2 and £3 which count pseudoholomorphic buildings in R x 9.X,
anchored in X, with one negative and several positive ends. In particular, this definition of gz (X) typically
requires virtual perturbations in order to set up the chain complex CHj;, (X)) along with its £ structure,
and its basic invariance and structural properties follow naturally from SFT functoriality.

The precise virtual perturbation framework is not important for our present discussion, but we mention
two important axioms:

(a) a structure coefficient can only be nonzero if the corresponding SFT compactified moduli space is
nonempty, and

(b) if the naive pseudoholomorphic curve count for a given structure coefficient is already regular and
there are other representatives in its corresponding SFT compactified moduli space, then this count
remains valid after turning on virtual perturbations.
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It is then easy to deduce that gz (X) < gx (X) for any Liouville domain X. Indeed, for any J, by (a) and
the definition of gz (X') there must be a pseudoholomorphic building C € Mz{, (IM<J® p> having total
energy at most gy (X). Since J is arbitrary, we therefore have gy (X) < gi (X).

In principle we could have gi(X) < gi(X), if all curves in X with energy g (X) are undetected
by gx(X). However, this cannot occur if gz (X)) is carried by a suitably nice moduli space, eg as in
Proposition 3.7.1. In particular, it follows from the results of this paper that g (X) = gx (X) whenever
X is a four-dimensional convex toric domain; we are not currently aware of any Liouville domain X for

which gx (X) # gx (X).
3.5 Upper bounds from closed curves

Here we prove the closed curve upper bound part of Theorem 1.2.2. Recall from the introduction that
N4 <g®) p>> # 0 counted the number of curves in class A that are tangent to the local divisor D at p
to order k.

Proposition 3.5.1 If (M, w) is a closed semipositive symplectic manifold satisfying Nas, 4 <g ) p=>+#0
for some A € Hy(M), then we have g; (M) < [w]- A.

Proof This is quite similar to the proof of Proposition 3.2.1. It suffices to show that for any Liouville
domain X with nondegenerate contact boundary which admits a symplectic embedding ¢: X <> M, we
have g (X) <[w]- A. Given J € $(X; D), we extend t,J to a compatible almost complex structure J’
on M. Let {J;}+¢[o,1) be a family of compatible almost complex structures on M realizing neck stretching
along dt(X), with Jo = J’. Note that A/t]{,} 1<J (&) p> is nonempty for all 7 € [0, 1), since otherwise this
moduli space would be empty and in parti’cular regular, contradicting the invariance of Ny, 4<J ®) p=>;
see [30, Section 2.2]. Then, as in the proof of Proposition 3.2.1, the SFT compactness theorem implies
that there must be a limiting building corresponding to ¢+ = 1, and in particular in the bottom level we can
find C € JE{, (I <7 ® p> for some tuple of Reeb orbits satisfying gy () < [w]- 4. |

3.6 Stabilization lower bounds

Proposition 3.6.1 For any Liouville domain X, we have g (X x B?(c)) > g (X) for all k > 1 provided
that ¢ > g (X).

As a preliminary step, the next lemma allows us to identify the Reeb orbits after stabilizing (and suitably
smoothing the corners) with those before stabilizing, plus additional orbits of large action. We denote by
Asid = %(x dy — y dx) the standard Liouville form on B2(c). Given a Liouville form A, recall that the
Liouville vector field V), is characterized by dA(V),—) = A.

Suppose that (Y, ) is a strict contact manifold and Z C Y is a submanifold of codimension 2 such
that «|z is a contact form on Z and the Reeb vector field Ry is tangent to Z. Let £y := kera
and £z := kera|z denote the contact hyperplane distributions of Y and Z, respectively. Since £
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is a subbundle of &y, we can consider its orthogonal complement & é with respect to the symplectic
form dalg, . Let y be a nondegenerate Reeb orbit of ¥ which lies in Z, and let 7 be a trivialization of the
symplectic vector bundle y*&y which splitsas t =17 + 1 é‘ with respect to the direct-sum decomposition
fy =&z € é Since the latter decomposition is also preserved by the linearized Reeb flow of Y along y,
the trivialization ré- in the normal direction identifies the linearized Reeb flow along y*& % with a loop of
2 x 2 symplectic matrices which starts at the identity and ends at a matrix without 1 as an eigenvalue.
Such a loop has a well-defined Conley—Zehnder index, called the normal Conley—Zehnder index of y,
denoted by CZrﬂ (y).

z
In the following we show that Reeb orbits of dX can be viewed as Reeb orbits in a suitable smoothing of

d(X x B?(c)), and we apply the above discussion with ¥ given by the smoothing of d(X x B?(c)) and
Z given by 0.X. In this situation, there is a canonical trivialization of & é, coming from its identification
with the normal bundle of Z C Y, which in turn is naturally identified with the restriction to Z of
{0} x TB?(c) C TX x TB?(c). By default we will always measure normal Conley—Zehnder indices by
working with a split trivialization t =tz + r} of y*Ey, where t % comes from this canonical trivialization
of & %

Lemma 3.6.2 Let (X, A) be a Liouville domain. For any c, € € R+, there is a subdomain with smooth
boundary X cCXx B?(c) such that

e the Liouville vector field Vy + V), is outwardly transverse along aX,

e X x{0}C X and the Reeb vector field of 3X is tangent to 0X x {0}, and

e any Reeb orbit of the contact form (A + Aga)|, 5 with action less than ¢ — € is entirely contained in
0X x {0} and has normal Conley—Zehnder index equal to 1.

Proof For notational convenience put X; := X and X, := B?(c). For i = 1,2 we denote the associated
Liouville forms by A;, the associated contact forms by o; := Aj|yy;, and the associated Liouville vector
fields by Vy,. Note that every closed Reeb orbit of 0.X has action at least c.

Recall that we can use the Liouville flow to identify a collar neighborhood U; of 0.X; with (—n, 0] x d.X;
for some small 1 > 0, and under this identification we have A; = e’/ @;, where r; denotes the coordinate
on the first factor. Given a smooth function H;: (—n, 0] x d.X; — R of the form H(r;, y;) = h(e'?) for
some /1;: (e~", 1] — R, the Hamiltonian vector field takes the form €z, = /}(e"") Ry, , Where Ry, is the
Reeb vector field of «;. Note that for such a Hamiltonian we have Vy, (H;) = A;(¥g;) = " hj(e’?).

By considering functions which depend only on the Liouville flow coordinate r; near the boundary and
are otherwise sufficiently small, we can find smooth functions H;: X; — [0, 1] for i = 1, 2 such that

(a) dX; = Hl._1 (1) is a regular level set,
(b) Hi_1 (0) = { p;} is a nondegenerate minimum, where we assume p, =0 € B2(c),

(¢c) on U; ~ (—n,0] x 0X; we have H;(r;, y;) = h;(e’") for some h;: (e, 1] — [0, 1] with /2 > 0,
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(d) on X;\ U; we have |V), (H;)| < %e, and
(e) we have Hl._1 ([8, 1]) C U; for some small § > 0, and on Hi_1 ([6,1]) we have V. (H;) > ¢ + €.
We can further arrange that
(f) Va,(Hz) > 0o0n B2(c) \ {0},
(g) for every T—periodic y, orbit of ¥, with " < 1, we have fyz Ay >cC— %e, and
(h) using standard symplectic coordinates x, y, on a small neighborhood of 0 € B?(c) we have
Hy(x, ) = 3p(x* + p?),
with p <.

Put X := {(x1,x2) € X1 x X5 | Hi(x1) + Hy(x) < 1}. It follows from the above properties that X has
smooth boundary, and we have

(Va, + Va,)(H; + Hy) >0 along 9X.

Indeed, consider (x1, x;) € dX. Suppose first that x; € Uy. Then we have (Vy,)x, (H;) =e" i (e"1) >0
by (¢) and (V},,)x, (H>) = 0 by (). On the other hand, if x; € X \ U;, then we must have H;(x1) €0, §]
by (e) and |[(Vy,)x, (H})| < %e by (d). In this case we have H,(x;) =1 — Hy(x1) € [1 =6, 1], whence
(Va,)x, (H2) > ¢ + € and therefore (V) )x, (H1) + (Va,)x, (H2) > 0.

It follows from the above discussion that A + Agq is a Liouville form on X~ and in particular it restricts
to a positive contact form on 9.X. Observe that the corresponding Reeb vector field is at each point in
X proportional to the Hamiltonian vector field of H; + H,. In particular, this is tangent to d(X x {0}),
since along d(X x {0}) we have ¥y, = 0.

We now prove the assertion about actions of Reeb orbits. Suppose that y is a T—periodic Reeb orbit of
dX for some T € Rg. Let y; denote its projection to X; for i = 1, 2. Note that we have y; C Hi_1 (&)
for some C; € [0, 1] with C; + C, = 1. If y, is constant, then y lies in X x {0}. Otherwise, if C; € [0, §],
then C, € [1 —§, 1], and we have |fk1 )/1| < %Te by (d) and sz y2 > max(c — %e, T(c+e€)) by (g), and
therefore we have

/k=/ A +/ Ao >max(c—%6,T(c+e))—%Te>c—e.
Y 1 2
Lastly, if C; €[4, 1] and y;, is not constant, then if 7" > 1 we have
/AZ AM>T(c+e)>c—e,
Y V1
whereas if 7" < 1 then we have

/AZ A2>c—%e>c—e.
14 Y2
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As for the assertion about normal Conley—Zehnder indices, suppose that y is a Reeb orbit in d(X x {0})
with action 7' < ¢. Observe that Reeb vector field on 9.X is given by
1

M &) +22%H,)
and along d(X x {0}) we have A{(Xp,) > ¢ + € and A2(XH,) = 0. We can therefore identify the
linearized Reeb flow along y in the normal direction with the time-7" linearized Hamiltonian flow of
(1/A1(XF,))%H, at 0. By design, this is rotation by the angle Tp/A (¥ g, ). In particular, the Conley—
Zehnder contribution for each factor is 1 provided that we have Tp/A(¥g,) < m, for which p <
suffices. d

(XH, +%H,),

In the sequel, we will denote any Liouville domain X satisfying the properties of Lemma 3.6.2 for some
€ > 0 sufficiently small by X X B2(c).

Lemma 3.6.3 Let X be a Liouville domain, and let X X B?(c) be a smoothing of X x B?(c) as in
Lemma 3.6.2.

(i) LetJ € $(X X B?(c)) be an admissible almost complex structure on the symplectic completion
of X X B?(c) for which X x {0} is J—holomorphic. Let C be an asymptotically cylindrical J—
holomorphic curve in X, all of whose asymptotic Reeb orbits are nondegenerate and lie in 0.X x {0}
with normal Conley—Zehnder index 1. Then C is either disjoint from the slice X x {0} or entirely
contained in it.

(i) Let J € $(3(X X B?(c))) be an admissible almost complex structure on the symplectization of
d(X X B%(c)) for which R x 0X x {0} is J—holomorphic. Let C be an asymptotically cylindrical
J—holomorphic curve in R x 3(X X B?(c)), all of whose asymptotic Reeb orbits are nondegenerate
and lie in 0X x {0} with normal Conley—Zehnder index 1. Then C is either disjoint from the slice
R x 0X x {0} or entirely contained in it. Moreover, only the latter is possible of C has at least one
negative puncture.

To prove Lemma 3.6.3, we invoke the higher-dimensional extension of [35]; compare with the exposition
in [31, Section 2]. Namely, let C be an asymptotically cylindrical curve in the symplectic completion of
X X B?(c) or the symplectization of (X X B?(c)), and let O denote the divisor X x {0} or R x d(X x{0}),
respectively. Assume that each puncture of C is asymptotic to a nondegenerate Reeb orbit in 0X x {0},
and that C is not entirely contained in Q. For each puncture z of C, we can consider the corresponding
asymptotic winding number wind, around Q as we approach the puncture, as measured by the canonical
trivialization discussed in the leadup to Lemma 3.6.2.

We will need the following facts:

(a) The curve C intersects Q in only finitely many points, each of which has a positive local intersection
number.
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(b) If z is a positive puncture and y, is the corresponding asymptotic Reeb orbit, then we have
wind; < | 1CZt(y)].

(c) If z is a negative puncture and y, is the corresponding asymptotic Reeb orbit, then we have
wind; > [1CZt(y,)].

(d) We have
(3-6-1) push(C)-Q=C-Q— > wind;+ Y  wind,
Z positive Z negative
puncture puncture

where push(C) is a pushoff of C whose direction near each puncture is a nonzero constant with
respect to the canonical trivialization of the normal bundle.

Here C - Q and push(C) - Q denote homological intersection numbers, ie the sum of local homological
intersection numbers over all (necessarily finitely many) intersection points. In particular, we have
push(C) - Q = 0 since there is an obvious displacement of C from Q which takes the specified form near
each of the punctures.

The last fact (d) is elementary topology. The proof of (a) follows from an asymptotic description of C in
the normal direction near each puncture, which is written in terms of an eigenfunction of the corresponding
normal asymptotic operator. Properties (b) and (c) follow from a characterization of normal Conley—
Zehnder indices in terms of the corresponding normal asymptotic operators, together with bounds on the
winding numbers of their eigenfunctions.

Proof of Lemma 3.6.3 To prove (i), suppose that C is not contained in Q := X x {0}. Since each
puncture of C is positively asymptotic to a Reeb orbit in 0.X x {0} with normal Conley—Zehnder index 1,
using (3-6-1) and (b) we have

0=push(C)-Q=C-0— > wind;>C-0- ) [§]=C-0.

Z positive Z positive
puncture puncture

and hence C - Q < 0. Since each local intersection between C and Q counts positively, this is only
possible if C is disjoint from Q.

The proof of (ii) is similar. Assume that C is not contained in Q := R x dX x {0}. Using (3-6-1) we have

0=C-0- Y 3|+ > [il=C-0+ > L

Z positive Z negative Z negative
puncture puncture puncture
This is only possible if C has no negative punctures and C is disjoint from Q. a

Proof of Proposition 3.6.1 We can assume ¢ > g (X) and that X is nondegenerate, since then the
result follows by continuity; cf Remark 3.2.5(i). Let X X B2(c) be a smoothing of X x B2(c) as in
Lemma 3.6.2, with € > 0 chosen sufficiently small so that ¢ — € > g (X). Let D be a local divisor
near p € Int X, and let us take the local divisor Din X X B2?(c) near p := (p,0) to be of the form
D x B?(§) C X X B?(c) for some small § > 0.

Geometry & Topology, Volume 28 (2024)



Symplectic capacities, unperturbed curves and convex toric domains 1245

Let Jxy € $(X; D) be such that for every tuple of Reeb orbits I" satisfying ﬁ)J(X (I<T® p> £ &, we have
Ayy (T) = §r(X). Pick J € $(X R B2(c); D) such that X x {0} is J—holomorphic with J| 5 0y = JIx-
It suffices to show that for any tuple of Reeb orbits I'’ for which ./IZ)“?Q BZ(c)(F/ )<g®) p=> # &, we have
Ay xz B2(ey)(I') = Bk (X), since then we have

Gk (X x B*(¢)) = Gk (X % B*(c)) = Gr (X).

Consider C € AT;QBZ(C)(F’)<9(k)p>. For some a € Z>1, let C; € M;QBZ(C)(I})<Q(ki)p> for
i = 1,...,a be nonconstant components of C with Y 7_; k; = k and Y 7_; E(C;) < E(C) as in
Remark 3.1.2. We need to establish the bound >_{_; E(C;) > g (X). If any positive end of some C; is
not asymptotic to the slice X x {0}, then the corresponding Reeb orbit must have action at least ¢ — ¢,
and hence E(C;) > ¢ — € > g (X). Otherwise, by Lemma 3.6.3, each C; must be entirely contained in
X x {0} — note that it cannot be disjoint from the slice due to the local tangency constraint at p € X x {0}.
By our choice of D, each C; then corresponds to a Jy—holomorphic curve in X satisfying the constraint
<g ki) p= with local divisor D, from which the desired bound readily follows. O

3.7 Stabilization upper bounds

In order to prove the stabilization property in Theorem 1.2.2, we need to complement Proposition 3.6.1
by proving an upper bound. Our proof will require some additional assumptions, which amount to saying
that the capacity g (X)) is represented by elements in a well-behaved moduli space of curves. Indeed,
without such an assumption, after stabilizing and perturbing the almost complex structure it is conceivable
that all curves with energy equal to gz (X) disappear, resulting in g (X x B2(c)) > g (X).

Proposition 3.7.1 Let X be a Liouville domain, put Y := dX, and let C be a simple index-zero formal
curve component in X with constraint <J®) p> for some k € Z >, such that Ex (C) = §x(X). Assume
further that the following conditions hold:

(a) C is formally perturbation invariant with respect to some generic Jy € $(Y) (cf Section 2.4).

(b) The moduli space Jl/t/{,X (C) is regular and finite with nonzero signed count #Jl/t/{,X (C) for some

Jy € $7v (X D).

Then we have Gy (X x B?(c)) < §x(X) for any ¢ € R~q. The same conclusion also holds if we instead
assume that the hypotheses hold with k replaced by some divisor [ of k such that g;(X) = (k/1)g;(X).

The last part of Proposition 3.7.1 follows easily from the existence of multiple covers, or as a special case
of subadditivity.

Proof By monotonicity of g under symplectic embeddings, it suffices to prove establish gy (f ) <9 (X)
for X :== XX B 2(c) with ¢ arbitrarily large. In particular, we can assume that any Reeb orbit in Y :=03X
which is not contained in Y x {0} has action greater than gy (X).

Let J¥ € O“a(f) be an almost complex structure which agrees with Jy on R x Y x {0}. By Corollary 3.2.3
we have g (X) = ﬁ,{? (X), so it suffices to prove ﬁf (X) <3 (X).
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Let J € g7 (AA; ; 5) be an admissible almost complex structure which agrees with Jy on X x {0}. Here
we put D:=Dx B2(8), with § > 0 small as in the proof of Proposition 3.6.1. Since Reeb orbits of ¥
can also be viewed as Reeb orbits of ¥, C naturally corresponds to a formal curve component CinX.
Note that C is again simple and has index zero, the latter being a consequence of the index formula and
the fact that the Reeb orbits of C have normal Conley—Zehnder index 1 by Lemma 3.6.2.

Moreover, we claim that C is formally perturbation invariant with respect to Jy. Indeed, let I (resp. D)
denote the positive asymptotic orbits of C (resp. C), let A (resp. A) denote its homology class, and let
C'eT XA (f‘)<9(k) p> be a hypothetical stable formal building satisfying conditions (A1) and (A2) of
Definition 2.4.1. By action considerations we can assume that each asymptotic Reeb orbit involved in C’
lies in Y x {0}, and hence C’ naturally corresponds to a stable formal building C’ € F X, 4(D)<T® p>
In particular, by formal perturbation invariance of C, we have either C’ = C (whence C’' =C) orelse
C’ is a two-level building as in Definition 2.4.1(B2), with top level consisting of a union of a simple
index-one component Cy and possibly some trivial cylinders, and moreover A/L{,Y (Cy) is regular and
satisfies #M;Y (Cy)/R =0. Let Cy denote the analogue of Cy in Y. By Lemma 3.6.3(ii), every curve
in ./(/Lg’ (éy) must be contained in the slice R x Y x {0} because it has a negative end. In particular, we
have a natural identification
AT (Cy) ~ My” (Cy),

and since each curve in Jl/t?’ (éy) is also regular by Proposition A.4 we have #./l/t){/’7 (éy) /R = 0. This
establishes the above claim that C is formally perturbation invariant with respect to Jy.

Invoking now Lemma 3.6.3(i), we have a natural identification
M (C) ~ M ().

and the former is also regular by Proposition A.1. In partlcular we have #J(/LJX (C ) # 0, so we conclude
by Proposition 2.4.2 that ML (C ) # @ for all Jegly (X D) In partlcular it follows that we have

ﬁkY(X) < E4(C) = Ex(C) =G (X),

as needed. O

4 Fully rounding, permissibility and minimality

In this section we develop our main tools for getting lower bounds on the capacities of convex toric
domains. In Section 4.1 we explain the fully rounding procedure, which standardizes the Reeb dynamics.
In Section 4.2 we discuss the extent to which curves are obstructed by the relative adjunction formula and
writhe bounds. Lastly, in Section 4.3 we analyze those words of Reeb orbits having minimal action for a
given index. The proof that these minimal action words can all be represented by curves is deferred to
Section 5.
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4.1 The fully rounding procedure

We consider a four-dimensional® convex toric domain, ie a subdomain of C? of the form Xgq := u~1(Q),
where

¢ p:C?—RZ is the standard moment map defined by (21, 22) = (7|21 |%, 7|23 |*), and

e QC Rzzo is a subdomain such that
Q:={(x1.x2) €R? [ (|x1].|x2]) € @} CR?
is compact and convex.

We equip Xgq with the restriction of the standard Liouville form Agg = %(x dy — ydx) on C2. For
example, if © C R? is a rational triangle with vertices (0, 0), (a, 0), (0, b), then Xg is the ellipsoid
E(a,b) C C2.

The “fully rounding procedure” replaces Xq with a C°—small perturbation whose Reeb orbits are indexed
in a straightforward way which is essentially insensitive to the shape of 2. We proceed in two steps:

(1) Replace Xgq with another convex toric domain X&® := Xqrr, where QR C Rzzo is a C%—small
perturbation of €2 with smooth boundary as in [38, Figure 5.1]; see also [16, Section 2.2].

(2) Let X, o denote the result after a further C °—small smooth perturbation of X, SR which replaces each
Morse—Bott circle of Reeb orbits of action less than some large constant K with two nondegenerate
Reeb orbits, one elliptic and one positive hyperbolic; see also [1] or [22, Section 5.3].

In more detail, we assume QFR is bounded by the axes and a smooth function /: [0, a] — [0, b] for some
a,b € R.q such that

e h is strictly decreasing and strictly concave down,
e h(0)=05b and h(a) =0, and
e —v <h'(0)<0and ' (a) <—1/v for some v > 0 sufficiently small, and /2'(0), 4’ (a) € R\ Q.

The Reeb orbits after fully rounding are as follows. For each (i, j) € Zz>1 with v < j/i < 1/v, there is
an S!-family of Reeb orbits lying in the two-torus u™!(p;,j) C 90X, SR,_where pi,j € 92 is such that
the outward normal to QR at p; ; is parallel to (i, j). The Reeb orbits in this family are ged(i, j)-fold
covers of their underlying simple orbits. In X, Q. these S'—families having action less than K get
replaced by a corresponding pair of nondegenerate elliptic and hyperbolic orbits, which we denote by ¢; ;
and h;_j, respectively. There are also nondegenerate elliptic Reeb orbits of 0.X, S-FZR which lie in = (a, 0)
and 1 =1(0, b). We denote these by ej0 and e ;, respectively, for j € Z>1, and we use the same notation
for their natural analogues in 9 Xq. We refer to the Reeb orbits of d X of the form ej,j or h; j as above
as acceptable. Note that each acceptable orbit has action less than K.

5We note that the discussion in this subsection generalizes very naturally to higher dimensions, but for concreteness we restrict
our exposition to dimension four.
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For the acceptable Reeb orbits in Xq described above, we have
4-1-1) CZ(ei,j) =2i +2j+1 and CZ(h;j;)=2i+2j,

where over each Reeb orbit ¥ we use by default the trivialization of the contact distribution that extends
over a disc in 0X with boundary y.” There are also three slightly different associated action filtrations.
We denote by ||—||§ the dual of the norm on R? whose unit ball is Q. Viewing ¢; ; and 4;,; as formal
symbols, we put:

o dqleij) =dqhi ;) = I, )G = maxzeq (v, (i, j)), the idealized action.
. &QEZR(e,-,j) = &ﬂl_;ZR(hi,j) = ||, j)||;“2FR = maxgeqorr (U, (i, /)), the fully rounded action.
e dg (e;,j) and dAg(h i,j) denote the actions of the corresponding Reeb orbits in the domain Xq, the

perturbed action.

We will sometimes refer to any of these as simply “the action” if which one we are referring to is clear
from the context or irrelevant, and we will often omit €2 from the notation if it is implicit. Note that
dg is a small perturbation of sﬂgR, although its precise values are sensitive to the choices involved in
constructing Xa.

Let w = y; X -+ X y% be an (unordered) tuple of acceptable Reeb orbits in dX. Q- We will refer to such a
w as a word, and we often view it as simply a collection of formal symbols of the form ¢; ; or /; ;. As a
convenient shorthand we define the index of w to be the sum

k
(4-1-2) ind(w) := Y CZ(yi) +k —2.
i=1
More generally, for any trivialization t, the Fredholm index of a curve C with top ends on the orbits
Y1,--., Yk and negative ends on yy, ..., y;, is given by
k k’

(4-1-3) ind(u) = —x(C) +2¢:(C) + Y CZ(yi) = Y _ CZ(¥)).

i=1 j=1
Note that the relative first Chern class term in (4-1-3) vanishes if we use the trivialization 7., so the
formula in (4-1-2) is the contribution of the top end of a curve to its Fredholm index. In particular,
ind(y;y X---X ;) = 2m is an even integer, a (rational) curve in Xgq with top ends Y1, ..., V¢ and satisfying
the constraint <& ™) p> has Fredholm index zero. As we will see in Section 5, the strong permissibility
condition introduced below ensures that every connected curve with strongly permissible top end is
somewhere injective.

We note also that if w is “elliptic”’, meaning that all of the constituent Reeb orbits are elliptic, then its

half-index is given by
q

%ind(eil,jl X X ey i) = Z(is +Js) +k—1.

s=1

TThis is the trivialization called Tex 10 [30, Section 3.2].
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We extend the definition of idealized action to words by putting

k
Ayt,. o) =) Ay,

i=1
and similarly for the fully rounded action s4"® and perturbed action . We will say that a word w is
acceptable if each of its constituent orbits is.

Lemma 4.1.1 We can arrange the fully rounding procedure such that the following further conditions are
satisfied:

(a) For each pair of acceptable orbits e; ; and h; j, we have
0< ﬁ(ei,j) — &Z(hi,j) < %|&(€j’jj/) — &(ei//,j//ﬂ
for any pair of acceptable orbits e/ j» and e;» j» with (i’, j') # (i”, j").
(b) Given any two acceptable words w, w’ such that si(w) < sd(w’), we have also AR (w) < AR (w’).

(c) Given any two acceptable words such that 4*® (w) < s"®(w”), we have also ﬁ(w) < &(w’).

(d) For any two distinct acceptable orbits y and y’, we have &(y) % &Z(y’ ), and moreover the set of
A values of acceptable orbits which are simple (ie have gcd(i, j) = 1) is linearly independent
over Q.

In the sequel, we will take K > 0 (the upper bound of the energy of acceptable orbits) sufficiently large
and v > 0 (which measures the size of the perturbation) sufficiently small that for action reasons the
unacceptable Reeb orbits play essentially no role; thus without much harm we can pretend that the Reeb
orbits of 3 X, are precisely e; j for any (i, j) € Zzzo with i, j not both zero, and /; ; for any (i, j) € Zzzl'

4.2 Strong and weak permissibility

In this subsection we prove Lemma 4.2.2, which states that the positive orbits of a somewhere injective
curve in a fully rounded convex toric domain must be strongly permissible in the sense of the following
definition:

Definition 4.2.1 Consider a word w = y; X--- X y4, where for each s =1,...,¢ we have that y; = ¢;_j,
or y; = h;,, j, for some iy, j;. We say that w is strongly permissible if one of the following holds:

* w=ep00rw=eo,],orelse

® iy,...,ig are not all zero, and similarly ji,..., j; are not all zero.
We say w is weakly permissible if it is either strongly permissible or it is of the form ey o or ¢g x for

some k € Zi>.

Lemma 4.2.2 Let C be an asymptotically cylindrical J—holomorphic rational curve in X, Q. Where X, Q Is
a fully rounded four-dimensional convex toric domain and J € j(f Q). If C is somewhere injective, then
its word of positive orbits is strongly permissible.

Geometry & Topology, Volume 28 (2024)



1250 Dusa McDuff and Kyler Siegel

Before proving the lemma, we recall how to compute the terms in the relative adjunction formula in the
case of a four-dimensional fully rounded convex toric domain. Following [21, Section 3.3], the relative
adjunction formula for a somewhere injective curve asymptotically cylindrical curve in a four-dimensional
symplectic cobordism reads

c2(C) = x(C) + Q< (C) + w:(C) = 28(C).

Here t denotes a choice of trivialization over each Reeb orbit, x(C) is the Euler characteristic of
the curve C, and §(C) is a count of singularities which is necessarily nonnegative. The computation
of the remaining terms for X, o with respect to a certain choice® of trivialization Ty, is described in
[22, Section 5.3], which we briefly summarize as follows. Let C be a curve in X, o.andletI'=(y1,...,¥k)
denote its positive asymptotic Reeb orbits.

 Relative self-intersection We have O, (C) = O, (I') = 2 Area(R), where:
— For each constituent orbit (including repeats) of I' of the form e; ; or /; j, we consider the
corresponding “edge vector” (j,—i).
— We reorder the collection of edge vectors and place them end-to-end so that they form a concave
down path A C Rzzo from (0, y(A)) to (x(A), 0) for some x(A), y(A) € Z>y.
— R is the lattice polygon bounded by A and the axes.
For example, we have Qq, (hi,j) = O, (eij) =1j.
 Relative first Chern class We have ¢4, (C) = cg,, (I') = Zf;l Cp (Vi), Where

Crpy (hi,j) = Coy,(eij) =1+ J.

e Asymptotic writhe The term w,,, (C) measures the total asymptotic writhe of C around its
asymptotic Reeb orbits. Although this is difficult to compute directly, we have the writhe bound
(3.2.9) in [30, Section 3.2]; see [22, Section 5.1] for more details. This is formulated in terms of
the monodromy angle 6 of each simple Reeb orbit. In particular, since we can take this to be 0 for
the hyperbolic orbits /; ; and positive but very small for the elliptic orbits e;, ;, the writhe bound
implies that the top writhe of any curve with positive ends on a word in e; j, /;,; is always < 0.

Proof of Lemma 4.2.2 Without loss of generality, consider a somewhere injective curve in Xgq with
positive ends (y1, ..., ¥x), and suppose that for each s =1, ...,k we have y; = ¢; ¢ for some iy € Z>.
The writhe bound gives wy,, (C) < 0. Meanwhile, we have ¢, (C) = fo:l is and O, (C) =0, and

hence P

ey (C) = €53, (C) = X(C) = 0y, (C) +28(C) = ) " is — (2 —k) +28 <0,

s=1

and consequently lec:l (is + 1) < 2, which forces k = iy = 1. A similar calculation rules out the
possibility that iy = 0 for all s. a

8This is different from the trivialization used before, in which ¢, (ei,j) =cc(hjj)=0.
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Using Lemma 4.2.2, we prove the following lower bound on gy, (X~ @), which will be further refined in the
next subsection.

Lemma 4.2.3 For any four-dimensional convex toric domain Xg we have
9k (Xq@) = min sd(w),
w

where we minimize over all weakly permissible words w satisfying ind(w) > 2k.

Proof By C%—continuity it suffices to prove the analogous lower bound after fully rounding, namely
Ok (f Q) > miny, d(w), still minimizing over all weakly permissible words w satisfying ind(w) > 2k. Pick
a generic J € j()(~ o: D). By definition of g (f @), we can find a curve C in Xo satisfying the constraint
<g ) p> with E(C) < g (f @) (a priori we should also consider the case a > 2 as in Remark 3.1.2,
but it is easy to check that these do not affect the infimum). Let w denote the word of positive orbits
corresponding to C. Note that the underlying simple curve C is somewhere injective and has nonnegative
index by genericity of J, and therefore its word w of positive orbits is strongly permissible by Lemma 4.2.2.
Then the word w is also strongly permissible unless we have w = e; o or w = ¢ ;. Moreover, we
have ind(C) > « ind(C) > 0 by Lemma 5.1.2 below, where « is the covering index of C over C, and
hence we have ind(w) > 2k. If w is strongly permissible then it is also weakly permissible and we have
Ok (f Q)= &Z(w) > miny, &E(w), with the minimum taken over all weakly permissible words w satisfying
ind(w) > 2k.

We can therefore assume w = e1,9 or W = e ;, since otherwise the proof is already complete. Observe
that since C satisfies the constraint <J*®) p>, we must have k < k. Then d(w) = K&(el,o) > &(ek,o)
or ﬁ(w) = Kﬁ(eo,l) > &(eo,k), respectively. Since ey o and e j are weakly permissible with index 2k,
this again implies the desired result. O

Definition 4.2.4 We will denote by wy,, the weakly permissible word with minimal @Q value subject
to ind(wmin) = 2k.

Since distinct words have different actions by condition (d) in Lemma 4.1.1, wp, is unique for each k.

4.3 Minimal words

As before, let Xo be a four-dimensional convex toric domain with full rounding X, . In light of
Lemma 4.2.3, we seek to understand which weakly permissible words have minimal dg value. We begin
with some preliminary lemmas. In the following, put

a:=max{x | (x,0) € @™} and b:=max{y|(0,y) e Q™}
as in Section 4.1.
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Lemma 4.3.1 Forany (i, j) € ZZZI, we have max(ia, jb) < ||(i, j) |G < ai + jb.

Proof Let ¥ = (vy,vz) € IQFRNRZ | be such that [|(i, /)5 = (V. (i, j)). Then the line in R* passing
through v and orthogonal to (i, j) is tangent to dQFR, and is given by

{(, ) €R? [{(x, ), (. J)) = (U, (G, J)) = ivi + jva <ai +bj}.
This gives the upper bound. To derive the lower bound, notice that the y intercept is given by (ivy+ jv3)/Jj,
and this is strictly greater than b since /: [0,a] — [0, b] is strictly concave down. That is, we have
1G, DG = ivi + jva > jb. Similarly, the x intercept is given by (ivy + jv2)/i, and by strict
convexity this is strictly greater than a, ie we have || (i, j )||2‘sz =ivy+ jvy >ia. |

Lemma 4.3.2 Given distinct pairs (i, j), (i’, j) € Zzzo withi’ <i and j' < j, we have
G, TG < NG Dl G-

Proof Without loss of generality we can assume (i’, j') = (i — 1, j), since the case (i, j') = (i, j — 1)
is completely analogous and then the general case follows by induction. Let v = (v;, v5) € QR be such
that [|(i — 1, j) & = (U, (i — 1, j)). Then we have

1G =1, Dligm = (G = Doy + jva <ivi + jva < |G /) g,
and the inequality is strict unless v; = 0, which is only possible if (i — 1, j) lies on the y-axis, ie i = 1.
In this case, by Lemma 4.3.1 we have

||(i’j)||;<zFR = ||(1vj)||;zFR >max(a, jb) > jb = ||(0,j)||EFR =[G - 1,]')||Z<2FR,

as desired. O

We next show that we can effectively ignore the hyperbolic orbits. Recall that a word w = 7 x -+ X yi
is called “elliptic” if each constituent orbit y; is elliptic.
Lemma 4.3.3 Given any word w which is not elliptic, we can find an elliptic word w’ with

ind(w’) > ind(w)—1 and s(w’) < sd(w).
Moreover, if w is strongly (resp. weakly) permissible, then we can arrange that the same is true for w’.
Proof Firstly, if %ind(w) is not an integer, then we replace some hyperbolic orbit /; ; by e; j» with
@', jYy=(@G{—1,j)or(i’, j') = (i, j —1). Note that this replacement decreases the index by 1. Moreover,

we have [|(i’, j) |G < G, /)G by Lemma 4.3.2, and hence sd(eyr jr) < sd(e; ;) by Lemma 4.1.1(c).
Then by Lemma 4.1.1(a) we also have

sl(eij) —sl(hi ) < sllei.;) —Aew, o).
and hence &(ei/, i) < &(h,-, i), so this shows that the above replacement strictly decreases A.

Now suppose there are 2/ hyperbolic orbits in w for some / € Z>. For / of these replace /; j with e; ;, and
for the other / replace h; j with e;_; ; or e; j_;. Each pair of such replacements strictly deceases A by the
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same lemma, and the total index is unchanged. For example, we have ﬁ(h,-,j X hjr jr) > &(ei,j X ejr_1,jr)
using

eir,jr) = sl(hir jr) < 3(sl(er,j) —sller—1,5) and  sl(eij)=d(hi) < 3(Aler ;) —sAler—1,3).
Lastly, it is straightforward to check that each of these replacements can be done so as to preserve strong

or weak permissibility. |

Remark 4.3.4 For future reference, note that in Lemma 4.3.3 if ind(w) = 2k for some k € Z>; then
we must also have ind(w’) = 2k since the index of any elliptic word is even. If particular, if ind(w) > 2k
for some Zs>1, then we have ind(w’) > 2k as well.

The following lemma will be our most useful tool for iteratively reducing the action of a word:
Lemma 4.3.5 Assume a > b. Then we have ﬁ(eo,l xej j) < ﬂ(e,url,jﬂ) forany (i, j) € ZZZO\{(O, 0)}.

Proof Let v = (v, v2) € 92" be such that [|(i, j)|l5m = (U. (. j)). Suppose first that we have
vy, vy > 1. Note that (vq, v,) lies above or on the line joining (a, 0) and (0, b), ie we have av, +bvy > ab.
Since a > b, we have vy 4+ v, > b, with equality only if vy = 0. We then have

AR (eo,1 x €i,j) = (0, D)5 + |G, ) 5 = b +ivi + jva
Svitvtivi+jru=@,G0+1,j+1)
<G+ 17+ Dlgm =A™ (eit1,j+1).

where the first inequality is strict unless v lies on the y—axis, in which case we must have i = 0. If i =0,
by Lemma 4.3.1 we have

A™(e1,j41) > max(a, (j + 1)b) = (j + 1)b =A™ (eq,1 x g, ).
Thus in any case we have &dFR(eO,I xejj) < dFR(ei+1,j+1), and by Lemma 4.1.1(c) we also have

&4(60’1 xe,-,j) <&ﬂ(e,-+1’j+1). O

Remark 4.3.6 The assumption @ > b is not very restrictive, since if @ < b we can simply replace QR
by its reflection about the diagonal.

Using the above tools, we first consider ways to reduce action without any regard to permissibility:

Lemma 4.3.7 Assume a > b. Given any elliptic word w, there is another elliptic word w’ with
ind(w’) = ind(w) and s(w’) < sd(w), where w takes one of the following forms:

(a) e(>)<,i1 fori > 1.

(b) ey ey fori>0andj>1.

©) e(;(’il X eq,p fori > 0.

Moreover, we have &(w’ ) < sﬂ(w) unless w and w’ differ by a reordering.
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Proof We first iteratively apply Lemma 4.3.5 as many times as possible, replacing ¢; 1,41 with
eo,1 x e if (7,]) € Zzzo \ {(0,0}. Note that the resulting word contains only orbits of the forms
e1,1,€k,0, €0,k for k > 1, and each replacement strictly decreases A.

Next, we replace each ey o for k > 1 with e . Similarly, we replace each eq 54— such that 2k —1 >3

with eé’f , and we replace each eq »x such that 2k > 4 with eg (lk_l)

with eg 1 X eg,1 X eg,1. Each of these replacements strictly decreases .

x eg,2. We also replace each eg 5 x¢eq 2

The resulting word is of the form eg,il X ei{ X e();é for some i, j € Z>¢ and k € {0, 1}. By Lemma 4.1.1(d)
we have either &(61’1) < sZ(eo,z) or else &Z(el,l) > sZ(eo,z). In the former case, we also replace any
remaining eg  with e ;. In the latter case, we replace each e ; with ¢ >, and then further replace each
eo,2 X ep,2 With eg 1 X eg,1 X eq,1 as above.

The resulting word w’ satisfies ind(w’) = ind(w) and &(w/ ) < @(w) and takes one of the forms (a)—(c).
Moreover, up to reordering these are the only cases when none of the above reductions are applicable,
and otherwise we have &(w’) < ﬁ(w) |

Next, we investigate reductions in actions which preserve the strong permissibility condition. Perhaps
surprisingly, there are only a few possibilities for minimal words, regardless of €2:

Proposition 4.3.8 Assume a > b. Given any strongly permissible elliptic word w with %ind(w) > 1,
there is another strongly permissible elliptic word w’ with ind(w’) = ind(w) and sl(w’) < si(w), where w’
takes one of the following forms:

() e xei(’]i fori >0and j > 1.
(2) el xeysfori = 0ands>2.
3) ea(’il X e1,0 fori > 1.

Moreover, we have ﬁ(w/ ) < &(u}) unless w and w’ differ by a reordering.

Proof To start, we iteratively apply Lemma 4.3.5 as many times as possibly without spoiling strong
permissibility, and let w = ¢;,,j, X --- X ¢;,, j, denote the resulting word. Note that we must have iy < 1
or jy <1foreachs =1,...,q, since otherwise a further application of Lemma 4.3.5 would be possible.
Furthermore, we can assume without loss of generality that we have i; # 0 (note that eg ; is ruled out
using %ind(w) > 1).

Next, by applying Lemma 4.3.7 to the subword e;, j, X - -xe;,, j,, we obtain a word of the form e;, j, xw”,
where w” is a word having one of the forms (a)—(c). This replacement leaves the index unchanged and
strictly decreases sl (unless it is vacuous). Moreover, by our assumption i; # 0 and inspection of the
forms (a)—(c), the word ¢;, j, x w” is strongly permissible. We also have (i1, j1) &€ Z>» X Z>», and
hence (i1, j1) must be one of the following:

(4-3-1) (1,0), (1,1, (1,s), (5,0), (s,1), where s> 2.
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Our goal is to apply further reductions to e;, j, x w” which decrease 4 and leave the index unchanged,
in order to arrive at one of the forms (1)—(3). Observe that for s > 2 we have

(s —1, 1)||*QFR <|l(s— LO)”EFR + (0, I)H*QFR =(—Da+b<sa= ||(S70)||5FR7

o) &E(es_l,l) < &Z(es,o) by Lemma 4.1.1(c). Also, by Lemma 4.3.5 we have &Z(eo,l X eg—_1,0) < ﬁ(es,l)
for s > 2. This shows that we can ignore the last two items in (4-3-1).

We now consider each of the remaining possibilities for e;, j, x w” and explain the necessary reductions:

e (i1,j1) =(1,0):

(a) er,0X e();i for i > 1: already of form (3).

(b) ej0x egil X ei(jl fori >0 and j > I: replace e o with e 1, becomes of form (1).

() e1o xeéi1 x e, for i > 0: replace ey g xeg 2 with eg 1 x ey, 1 by (i) below, becomes of form (1).
° (ilvjl) = (1’ 1)

(@) eq,1 xe(>)<"1 for i > 1: already of form (1).

(b) e1,1 xe(;(”'l X eijl. for7 > 0 and j > 1: already of form (1).

c) e;qxeXt xeg, fori > 0: replace eq ; X ego With eq ¢ X eg 1 X € 1 ii) below, becomes

(c) ey, 6“1 2 T 0: repl , , h ey, , .1 by (ii) below, b

of form (3).

e (i1, j1)=(,s) fors > 2:

(a) eq,5X egil for i > 1: already of form (2).

(b) ej X e(;(’il X eijl' fori > 0 and j > 1: replace ey ¢ with e(>)<’(1k+1)
e1,1 x ek if s = 2k + 1 is 0dd by (iii), becomes of form (1).

if s = 2k is even, or with

() ejsx e(’;”'l x e for i = 0: replace eg 5 x ey s with eg 1 X €1 541 by (iv), becomes of form (2).
We justify the above replacements by applying Lemma 4.3.1 as follows:
(i) We have &Z(el,l xeq,1) < ﬁ(el,o X eq,2) since
1L, Dllge + 1100, Dllgem < (1, 0)lIgr + 2[1(0, Dligrm = a +2b = [[(1,0)ligex + [1(0, 2) [ Gex-
(ii) We have 5’&7(61,0 X ep,1 Xeg,1) < SZ(el,l X e,2) since
11, 0)lIge + 2110, Dllgm = a +2b < [[(1, Dlige + 25 = (1, Dllige + (0. 2) | e
(iii) We have @(e(i(lkﬁ)) < &(el,zk) since
(k + DO, Dligem = (k +1)b = 2kb < [|(1, 2k) | e,
and ﬁ(el,l X eéﬁ) < ﬁ(el’zkﬁ) since
(L DG + 10, DG < (k 4+2)b < 2k + 1)b < ||(1, 2k + 1) | Grx.-
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(iv) We have ﬂ(e(),l X eq,941) < &Z(eosz X eq,4) since
(4-3-2) 10, DlIGee + 115 + DG <26+ [1(1 )G = 10, 2) I + (1. 8) [ Grr-

This completes the proof. |

Corollary 4.3.9 Given any weakly permissible elliptic word w, there is another weakly permissible
elliptic word w’ with ind(w’) = ind(w) and SA(w’) < d(w), where w’ takes one of the following forms:

(D e(;(il xei(]i fori >0and j > 1.

2) e())(,il xejgtfori>0ands > 2.
(3) egj'l x ey o fori > 1.
(4) egs fors=>1.

Moreover, we have ﬁ(w/ ) < &(w) unless w and w’ differ by a reordering.

We next refine Lemma 4.2.3 so that the minimization involves only words which are elliptic and satisfy
ind(w) = 2k (rather than ind(w) > 2k). This completes the proof of half of Theorem 1.2.8.

Corollary 4.3.10 For any four-dimensional convex toric domain X¢q we have
9k (Xq) = minsd(w),
w

where we minimize over all weakly permissible elliptic words w satisfying ind(w) = 2k.

Proof The restriction to elliptic words follows from Remark 4.3.4. Now it suffices to show that given any
weakly permissible elliptic word w with % ind(w) > 1, there is another weakly permissible elliptic word w’
with % ind(w’) = % ind(w) — 1 and &(w/) < ﬁ(w). After applying Corollary 4.3.9, we can assume that
w has one of the forms (1)—(4), and we then make the following respective replacements:

x(j—=1)
1,1

2) 85(,’1><€1,s—1.
x(i—1)
(3) eoyl xXeq,1-

4) ep5—1. O

€)) e;)(il x e X eq,0.

We end this section by proving Corollary 1.2.9, which claims that (in dimension four) gz (Xg) is the
minimal length £g (dP) of the boundary dP of a convex lattice polygon P such that dP contains exactly
k + 1 lattice points. For the moment we assume Theorem 1.2.8, the proof of which is completed in

Section 5 below.

Proof of Corollary 1.2.9 We first prove that the right-hand side of (1-2-2) is less than or equal to the
right-hand side of (1-2-1); in other words, for each minimal word w there is a lattice polygon P with
{q(0P) less than or equal to sd(w). To this end, let (i1, j1), ..., (ig, jq) € Zzzo \ {(0, 0)} be a minimizer,

Geometry & Topology, Volume 28 (2024)



Symplectic capacities, unperturbed curves and convex toric domains 1257

which we can assume takes one of the forms (1)—(4) given in Corollary 4.3.9. Then we have
q

q
D ls+j)+qg—1=k and FGe(Xa) =Y lGs. js)ll§
s=1 s=1
and we seek a convex lattice polygon P with £g(dP) < ?:1 (s Js)IIS such that [0P N 7| =k + 1.
In case (4), we take P to be the degenerate polygon given by the convex hull of (0, 0), (0, k), which
contains k + 1 lattice points and satisfies Lo (dP) = [|(0, k)[|5. In cases (1)=(3), let py,..., pg41 € ZZ<0
be the unique ordered list of lattice points such that -

(1) the displacement vectors ps — pi, ..., pg+1— Pq €qual (i1, j1), ..., (ig, jq) up to order,
(2) p1=1(0,—p)and py41 = («,0) fora = ?:1 isand B = Zgzl Js» and
(3) the lower boundary G of the convex hull of py, ..., ps1 is the graph of a convex piecewise linear
function [0, o] — [0, —B].
Let P C Rzﬁo be the convex lattice polygon given by the convex hull of (0, 0), py,..., pg+1,ie P is the
union of G with the line segments joining (&, 0) to (0, 0) and (0, 0) to (0, —8). Using the definition of
=I5, and the fact that Xq is a convex toric domain, observe that for any (vx, vy) € R? we have

(4_3_3) ” (UX9 Uy) ||>Sk2 = ” (maX(v)ﬁ 0)7 max(vy, 0) ” z} .

In particular, we have [|(vx, vy)|Ig = 0 if (vx,v)) € Rzﬁo, and hence

q
Lo (0P) =La(G) =Y |(s. Js)llg:
s=1

Moreover, since ged(iy, js) =1 fors = 1,..., ¢, the number of lattice points along G is ¢ + 1, and hence

q
0PNZ* | =q+1+a+B—1=q+) (is+j)=k+1
s=1

Now we prove that the reverse inequality. Let P be a convex lattice polygon which is a minimizer for the
right-hand side of (1-2-2), that is, it minimizes £q (dP). We will assume that P is nondegenerate, the
degenerate case being a straightforward extension. Let 4 (resp. B) denote the minimal (resp. maximal)
x coordinate of any point in P, and similarly let C (resp. D) denote the minimal (resp. maximal)
y coordinate of any point in P. Let P’ denote the convex lattice polygon given by the convex hull
of P with the additional points (4, D), (B, D), (A, C). Note that we have P C P’, and moreover
|PNZ2| <|P'NZ?. Let py,.... Dg+1 € 7 denote the lattice points encountered as we traverse P’ in
the counterclockwise direction from (A4, C) to (B, D). Fors =1,...,¢, let (is, js) := ps+1 — ps denote
the corresponding displacement vectors. Then we have

q
k+1=[0PNZ*| <[9P’ NZ*| =) (is+ js) +4.
s=1
Moreover, using (4-3-3) we have £q(dP) = £q(dP’). Therefore the right-hand side of (1-2-1) is less
than or equal to ZZ=1 (s, Js) G = £a(dP") = Lq(OP). O
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5 Constructing curves in four-dimensional convex toric domains

In this section we complement Corollary 4.3.10 by proving a corresponding upper bound for gz (Xgq),
thereby completing the proof of Theorem 1.2.8. In Section 5.1 we prove that the formal curve com-
ponent C in Xgq with local tangency constraint <g®) p>= and positive asymptotics the minimal word
Wmin of index 2k is formally perturbation invariant with respect to some generic Jy ¥, € }(8/{; Q). After
establishing this, we then show that the moduli space /l/t}l('g (Winin)<T ) p= is in fact nonempty for some
(and hence any) J € $/0%a (f @), thereby achieving our desired upper bound.

More precisely, we show in Proposition 5.4.5 that (except for the case Wmin = €g x With k > 2) there
is J € §/9%a ()? @) such that A/L?}Q (Wmin) is regular with nonzero signed count. By Proposition 2.4.2,
this implies that JOL?}Q (Wmin) # @ for any J € §/o%a (f @) —recall that the empty moduli space is
automatically regular. Since we will then have verified all the hypotheses of Proposition 3.7.1, this also
proves the stabilization property for four-dimensional convex toric domains.

To prove that suitable curves exist we argue as follows. By Proposition 2.2.3 we have
#ll g, (Winin)<T© p> = #ll g (Winin)<(k)> £

ie we can swap the local tangency constraint with a skinny ellipsoidal constraint. In Section 5.2, we show
that every curve in the latter moduli space counts positively, so it suffices to show that it is nonempty.
In Section 5.3 we give a biased summary of Hutchings—Taubes’ obstruction bundle gluing, adapted to
the case of cobordisms, and in Section 5.4 we explain how to apply obstruction bundle gluing in order
to piece together the curves we need inductively from certain basic curves with very simple top ends.
Finally, in Section 5.5 we use the cobordism map in ECH to establish the base cases for our induction.

5.1 Invariance of minimal word counts

Our main goal in this subsection is to prove Proposition 5.1.4, which establishes formal perturbation
invariance for those moduli spaces corresponding to weakly permissible words wpi, of minimal action;
see Definition 4.2.4. At first glance it seems plausible that we can rule out degenerations using minimality,
but some care is needed due to the possibility of multiply covered curves of negative index. Recall that
we are considering degenerations that might occur for a generic path J;, with 0 <t < 1, in §/9%a (X~ Q).
Thus the (fixed) almost complex structure Jy ¥, on the symplectization levels can be assumed to be
generic. If a curve with top wpn, does degenerate, the resulting building has a main component Cy in X, Q
that satisfies the tangency constraint, as well as some other components that may be assembled into
representatives of a union of connected formal buildings each of which has one negative end that attaches
to Cp.

We first consider the properties of such a formal building. For definitions of the language used here, see
Definitions 2.1.1, 2.3.2 and 2.3.3.
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Lemma 5.1.1 Let C be a connected formal building with main level in Xgq and some number of
symplectization levels in R x 3.X, Q. except that exactly one negative end of some curve component is not
paired with any positive end of a curve component in a lower level. Assume that each component of C in
a symplectization level is a (possibly trivial) formal cover of some formal curve component C which is
either trivial or else satisfies ind(C) > 1. Then we have ind(C) > 0, with equality if and only if every
component of C is trivial.

Note that Lemma 5.1.1 does not involve any local tangency constraints.

Proof Let Cy,...,Cy; denote the components of C which have at least one negative end, and let
by, ..., by denote the corresponding numbers of negative ends. Observe that since C has genus zero,
there must have at least Z?zl (b; — 1) components without any negative ends, and by (4-1-1) and (4-1-3)
each of these has index at least 3. Therefore we have
q
ind(C) > Y (ind(C;) + 3(bi — 1)).
i=1

We will show that for i = 1,...,¢g we have ind(C;) + 3(b; — 1) > 0, with equality if and only if C; is a
trivial cylinder, from which the result immediately follows.

Let D denote one of the components® Cj, ..., Cy. Let a and b denote the respective numbers of positive
and negative ends D, and let e™ < and e~ < b denote the numbers of positive and negative ends which
are elliptic. We assume that D is a k—fold cover of D for some «x € Z>1, where by assumption D is
either trivial or satisfies ind(ﬁ) > 1. We denote by a, b ,et, e the analogues of the above for D.

For each puncture or point in the domain of D, let us define its excess branching to be one less than its
ramification order as a cover of D.'0 Let ET be the total excess branching at all positive (resp. negative)
elliptic ends of D, and similarly let H* be the total excess branching at all positive (resp. negative)
hyperbolic ends of D. By elementary Riemann—Hurwitz considerations we have the following:

e u=ka—Et—HYandb=«xb—E~ —H".

o et =keT—Etande  =xke —E~.

O<EY . E- HY, H <k-—1.

EtT+E-"+HY4+H =2(k—1).
By (4-1-3) we then have
ind(D)—«ind(D) = (a+b—2)—k@+b—2)+ (et —e")—k(Eet—e)=2—2-2ET—H"—H".

°In this paper each component lies in a single level; it is not a “matched component” in the sense of [30].

10That is, if u is locally given by z K then the point in the domain corresponding to the origin has excess branching k — 1.
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Consider first the case that D is trivial. Then we have ind(D) = 0 and @ = b = 1. If the ends of D are
elliptic, then we have H + = H~ =0, and hence

ind(D) =2k —2—-2E" > 0.
Similarly, if the ends of D are hyperbolic, then we have ET = E~ = 0, and hence
ind(D)y=2k—2—HT—H >0.
In either case we have ind(D) + 3(b — 1) = 0 if and only if ¢ = b = 1, in which case D is a trivial
cylinder.
Now consider the case that D is nontrivial, and hence ind(D) > 1. We have
ind(D)+3(b—1)>3k—2—-2ET—H"—H +3(b—-1)
=3k—2—ET—(ET—HY—H ) +30b-1)
>3k —-2—(k—-1)—2(k—-1)+3(b—-1)
=1+30b-1)=1. ]

Lemma 5.1.2 Let C be curve in X, q satisfying a constraint <g ) p= for some m € Z>1, and assume
that C is a k—fold cover of its underlying simple curve C for some k € Z>1. Let

e e (resp. e) denote the number of elliptic positive ends of C (resp. C),

e} (resp. h) denote the number of hyperbolic positive ends of C (resp. C),

e g=e+h(resp.q=¢e+ h) denote the total number of positive ends of C (resp. C).

Then we have
ind(C) —k ind(C) > max(q —2 — kg + 2« + e — ke, kh — h).

Note that in particular we have 4 < kh and hence ind(C) > « ind(C).

Proof Let E (resp. H) denote the sum of the excess branching at all elliptic (resp. hyperbolic) punctures
of C, and let B denote the excess branching of the point in the domain of C which satisfies the constraint
< p>_ The curve C satisfies a constraint <J @™ p> for some i € Z>1. With the help of the
Riemann-Hurwitz formula we have

B<k—-1, e=«xe—E h=«h—H, B+E+H<2-2, m<(B+l)m.

Fors =1,...,q, let ys be the s™ positive end of C, which we take to be either e;, ;, or h;, j,. Similarly,
fors =1,...,q,let y be the st positive end of C, which we take to be either e; 7, or hl—.Y 7.

By (4-1-3), we have

q q
ind(C) =q—2+2) (is+js)+e—2m and ind(C)=g-2+2) (is+ js) +&—2i.
s=1 s=1
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and therefore _
ind(C)—«ind(C) =(q—2)—k(g—2)+e—ke—2m+ 2imk
>qg—2—kq+2k+e—«ke—2(B+ )m+2mk
=qg—2—kq+2k+e—«ke+2mk—B—1)
>q—2—kq+2k+e—ke+2k—2B-2
>Zq—2—«kq+2k+e—«xe.
Note that we have ¢ —kqg = —E — H > B — 2k + 2, so we also have
ind(C) —xind(C)>B—2k+2—-2+2 +e—ke+2k—2B -2
=—B+e—ke+2k—2=—B—-—E+2k—-2
> H =«h—h. O

Recall that, for (i, j) € Zzzo \ {(0,0)}, the pair of acceptable Reeb orbits e; ;, /; j come from perturbing
an S'!'—family of Reeb orbits in u =1 (p; ;) C X, 5R. The precise perturbation is controlled by a choice
of Morse function f: S! — R, which we can assume is perfect. We take Xq to be an arbitrarily small
perturbation of XSFZR and, fixing Jyp € $(X, SR), we can correspondingly consider J € }(f @) which is
a small perturbation of Jyp. Then by the standard correspondence between Morse gradient flowlines
and Morse-Bott cascades, one expects J—pseudoholomorphic cylinders with positive asymptotic ¢; ;
and negative asymptotic /; ; to correspond to gradient flow lines for f, of which there are precisely two,
and they have canceling signs. Indeed, by the Morse—Bott techniques developed in [1; 4] — see also
[40, Section 10.3] for a detailed discussion and also an alternative perspective — we have the following
standard result:

Lemma 5.1.3 There exists generic Jyx, € g(a)?g) such that for each acceptable pair e¢; j and h;_;,
there are precisely two J—holomorphic cylinders in R x dXq with positive asymptotic e; j and negative
asymptotic h; j. Moreover, these are regular and count with opposite signs.

The cylinders in Lemma 5.1.3 have energy ﬁ(e,-, j)— ﬁ(h,', j), which by Lemma 4.1.1(a) is very small;
we will refer to them as low-energy cylinders.

Proposition 5.1.4 Assume a > b. For k € Z>1, let wy;, be the weakly permissible word of index 2k
with minimal sl value. Then the formal curve component in Xa having positive asymptotics Wiy 1S
formally perturbation invariant with respect to any generic J, ¥ € }(8X~ @) asin Lemma 5.1.3.

Proof By Lemma 4.3.3, wy, must be elliptic, and must take one of the forms (1)—(4) from Corollary 4.3.9.
Let C denote the formal curve component in X, q having positive asymptotics wpiy. After possibly
replacing C with another formal curve component which it formally covers, we can assume that C
is simple, ie we can ignore the case Wmin = €g x With k > 2. Now consider a stable formal building
C'e”F X, A(F)<9(k) p> satisfying conditions (A1) and (A2) from Definition 2.4.1. We seek to show
that C’ satisfies either (B1) or (B2) with respect to J 9 %0
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Let Cy denote the main component of C’, ie the one in Xg which carries the local tangency constraint.
We can assume that C” involves at least one symplectization level, since otherwise we must have C’ = C,
whence (B1) holds. Let g € Zx> denote the number of positive ends of Cy. Excluding Cy, we can view
C’ as some number ¢ of connected buildings with one unpaired negative end, precisely as in Lemma 5.1.1.
Denote these by Cy, ..., C;. We have ind(Cy) > 0, with equality if and only if Cs consists entirely of
trivial cylinders. In particular, if the unpaired negative end of C; is hyperbolic, the fact that its top is elliptic
implies that ind(Cy) > 1. Thus if C; has a hyperbolic end, we have ind(Cs) > 1 so that Z?:l ind(Cy) > h,
where /1 denotes the number of hyperbolic ends of Cj.

Next suppose D is one of Cy, ..., C4 with ind(D) = 1. Then we claim that D is a low-energy cylinder
(that is, a cylinder connecting some ¢; ; and /; j), possibly along with extra trivial cylinders in other levels.
Indeed, for parity reasons the unpaired negative end must be hyperbolic, say /; ; for some (i, j) € Zzzl'

Let w/ . denote the word obtained from wpin by replacing the set of the positive ends of D by e; j. Then
w, . is strongly permissible and satisfies ind(w; . ) = ind(wmin) and ﬁ(wl’nin) < A(Wmin), With equality

only if wpin = ¢;,j. Then by minimality of wmi, we must have wyin = ¢;,;, and the claim follows by
energy considerations.

Assume now that Cy is a k—fold cover of a simple formal curve component C for some k € Zx1. By
assumption we have ind(Cy) > —1. Let e denote the number of elliptic ends of Cy and define 7, e, h
analogously for C. Suppose first that we have h = 0 and hence & = 0. In this case, C has only elliptic
ends and hence its index must be even, so we have a fortiori ind(C) > 0. Applying Lemma 5.1.2 yields

q q q
0 =ind(Co) + Y _ ind(Cs) = kind(Co) + ki —h + Y _ind(Cy) = > ind(Cy).
s=1 s=1 s=1
This is only possible if Cs consists entirely of trivial cylinders for s = 1,. .., ¢, but this contradicts the

stability of C".

Now suppose that /> 1, and moreover that the covering Cy — C is not ramified at any positive punctures.
In this case we have ¢ = k¢, e = ke, and & = «h, and hence

ind(Cy) —kind(Co) > q—2—kg + 2k + e —ke = —2 + 2.
We then have

q
0 =ind(Co) + Y _ ind(Cs) = kind(Co) =2+ 2 +h >k =2+ xch = 26 —2.
s=1
This is only possible if ¥ = 1, and hence ind(Cy) = —1. Then we have ind(Cs) <1 fors =1,...,q, with
equality for at most one s. By the above discussion and stability considerations, we conclude that C’ is a
breaking of the form (B2).

Finally, suppose that /> 1 and also one of the positive punctures of Cy is ramified. Then the corresponding
component Cy cannot be a low-energy cylinder, and so as explained above, it must then satisfy ind(Cy) > 2.
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Thus we have Y_7_ | ind(Cy) > h + 1, and hence

q q
(5-1-1) 0=ind(C)+ Y ind(Cy) > —k +kh—h+ Y ind(Ce) = k(h—1)+1> 1,
s=1 s=1

which is impossible. a
5.2 Automatic transversality and positive signs

Our main goal in this subsection is to prove Proposition 5.2.2, which roughly states that rigid curves
in dimension four count with positive sign as long as none of the punctures are asymptotic to positive
hyperbolic Reeb orbits (such as /; ;). This will later allow us conclude that certain moduli spaces have
nonzero signed counts simply by showing that they are nonempty. The content of this subsection is likely
well-known to experts, but we include a precise statement and proof for the sake of completeness.

To begin, let us recall a version of the automatic transversality criterion from [39]. A pseudoholomorphic
curve satisfying this criterion is regular even without any genericity assumption on the almost complex
structure. It is natural to state the results in this subsection in arbitrary genus.

Theorem 5.2.1 Let X be a four-dimensional compact symplectic cobordism, take J € $(X), and let C

be a nonconstant asymptotically cylindrical J—holomorphic curve component of genus g(C) in X such

that all of the asymptotic Reeb orbits are nondegenerate. Let h(C) denote the number of punctures

(positive or negative) which are asymptotic to positive hyperbolic Reeb orbits, and let Z(C) be the count

(with multiplicities) of zeros of the derivative of a map representing C. If
28(C)—=2+4+h4(C)+2Z(C) <ind(C),

then C is regular.

We point out that the quantity Z(C) is always nonnegative, and is zero if and only if C is immersed.

As above let X be a four-dimensional compact symplectic cobordism with 3 X nondegenerate. Let us pick
coherent orientations for all moduli spaces of immersed asymptotically cylindrical pseudoholomorphic
curves in X following the framework of [25, Section 9] — this is quite to similar to the approach of [3],
see also [40, Section 11]. This involves the following main ingredients. An orientation triple is a triple
(2, E,{Sk}), where
e ¥ is a Riemann surface with positive and negative cylindrical ends;
e F is a Hermitian complex line bundle over %, trivialized over each end;
e at the k™ end we have a smooth family of symmetric 2 x 2 matrices, Sx € C*°(S',Endg " (R?)),
such that the asymptotic operator
A:C®(S',.C) > C®(S'.C), () = —Jodsm(t) — Sk (t)n ().
is nondegenerate, ie does not have 0 as an eigenvalue.

Here J, denotes the matrix ((1) _(1)).
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For each orientation triple (2, E, {Sx}), we denote by (X, E, {Si}) the space of differential operators
D: C®(E) - C®(T%!'T ® E) which look locally like a zeroth order perturbation of the Cauchy—
Riemann operator 9 on E for some choice of conformal structure on X, and where on the k™ end in
cylindrical coordinates D has the form

(s, 1) > (0 + Mi(s,0)¥(s,1)dz, with lim My(s, 1) = Sk (7).

Is|

Each D € (X, E, {Sx}) extends to an operator W12(E) — L>(T%!X ® E), and this is Fredholm
since the corresponding asymptotic operators are nondegenerate. Moreover, the space of such operators is
an affine space and thus contractible, and hence the set of orientations of the determinant lines of any two

elements of @(X, E, {Sk}) are naturally identified. We denote the set of these two possible orientations
by O(Z. E. {Sk}).

Now, to orient moduli spaces of curves we choose preferred orientations in O(X, E, {Sj }) ranging over
all possible orientation triples (X, E, {S}), subject to axioms (OR1), (OR2), (OR3) and (OR4). These
axioms roughly correspond to compatibility under gluing and disjoint unions and agreement with the
natural complex orientation whenever D happens to be complex-linear. Henceforth we will implicitly
assume that a choice of coherent orientations has been made. Given such a choice, any moduli space
of regular, immersed, asymptotically cylindrical curves in X naturally inherits an orientation. Indeed,
for a curve C in such a moduli space we have an associated orientation triple (X, E, {S;}), where X
is the domain of the curve, E = N¢ its normal bundle, and {S;} is given by the induced asymptotic
operators at each puncture; see eg [40, Section 3]. Then the associated deformation operator D¢ lies in
D(X, E,{Sr}), and by regularity its determinant line is its kernel, which is also the tangent space to the
corresponding moduli space.

In the special case of Fredholm index zero, surjectivity of D¢ means that we have an identification
det(Dc) = R, and the associated sign ¢(C) € {1, —1} is determined by whether our chosen orientation
of det(D¢) agrees or disagrees with the canonical orientation of R.

Proposition 5.2.2 Suppose that C is an immersed, somewhere injective, asymptotically cylindrical
J—holomorphic rational curve in a four-dimensional symplectic cobordism X. Assume that we have
ind(C) = 0, and all of the asymptotic Reeb orbits of C are nondegenerate and are either elliptic or
negative hyperbolic. Then we have ¢(C) = 1.

Proof Since C is immersed, it has a well-defined normal bundle N¢ — C and associated deformation
operator D¢, which we can view as a Fredholm operator W12(N¢) — L2(T%!' £ ® E) (here ¥ denotes
the domain of C). According to [40, Theorem 3.53], any two nondegenerate asymptotic operators with
the same Conley—Zehnder index are homotopic through nondegenerate asymptotic operators. In particular,
if y is an elliptic or negative hyperbolic Reeb orbit, we can deform its asymptotic operator A, through
nondegenerate asymptotic operators to be of the form given in [40, Example 3.60], ie A = —Jyd; — €
for some € € R \ 27 Z. Note that in this case the associated symplectic parallel transport rotates the
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contact planes along y by total angle € in the chosen trivialization. It follows that we can deform D¢
through Fredholm operators, after which the asymptotic operator at each end is complex-linear. The
resulting Cauchy—Riemann type operator might not be complex-linear, but we can further deform it to its
complex-linear part. We can take this latter deformation to be along an affine line and hence asymptotically
constant on each end, meaning that it is a deformation through Fredholm operators. Combining these two
deformations, the corresponding Z /2 spectral flow gives the sign e(C).

At the same time, by automatic transversality, the Fredholm operators in this deformation are isomor-
phisms throughout, and hence the spectral flow is trivial. Indeed, this follows by invoking the criterion
2g(X)—24 h4+(C) < ind(C), after noting that Theorem 5.2.1 holds also on the level of operators in
B(X%, E, {Sk}). Finally, observe that we have endowed the determinant line of the complex linear operator
at the end of the deformation with its canonical complex orientation, which is necessarily positive. O

Remark 5.2.3 (i) The above discussion has a natural analogue in a symplectization R x ¥, in which
we consider the signed count of index-one curves modulo target translations. Note that positivity does
not hold for the low-energy cylinders in R x 9Xq that connect ei,j to h; j, and indeed in that case the
negative end is positive hyperbolic.

(i) In Proposition 2.2.3 we assert that each curve in the moduli space #JI/L)‘? A(F"‘; r)<gim p= also
counts positively when the orbits in '™ and '™ are elliptic or negative hyp;erbolic. To prove this, one
must check that the tangency constraint is always compatible with the orientation. This is proved in
[30, Lemma 2.3.5].

5.3 Obstruction bundle gluing

In this subsection we briefly review the Hutchings—Taubes theory [24; 25] of obstruction bundle gluing,
after making the minor adaptations necessary to glue curves in cobordisms rather than symplectizations.
As noted also in [29], since the gluing is essentially local to the neck region, which is the same in both
cases, the underlying analysis of [24; 25] still applies in the cobordism setting.

Let X T and X~ be four-dimensional compact symplectic cobordisms with common strict contact boundary
Y := 0" X1 =0T X~. We will assume that all Reeb orbits of ¥ under discussion are nondegenerate. By
concatenating, we can form the compact symplectic cobordism X := X T ® X . Fix a generic admissible
almost complex structure Jy € $(Y), and let J* be generic admissible almost complex structures on
X * which restrict to Jy on the corresponding ends, ie we have J* € $7, (X 1) and J~ € $Y (X ).
Leta™, B+, B~ and @~ be tuples of Reeb orbits in 37 X+, Y, Y and 9~ X, respectively.

Definition 5.3.1 (cf [24, Definition 1.9]) A gluing pair is a pair (44, u—) consisting of immersed
pseudoholomorphic curves u™ € ./l/L)J:|r (@t;pT)andu_ e Jl/tl{,: (B~ ;a7) such that:

(a) ind(u4) =ind(u—) =0.

Geometry & Topology, Volume 28 (2024)



1266 Dusa McDuff and Kyler Siegel

(b) uy and u_ are simple.!!
(c) For each simple Reeb orbit y in Y, the total covering multiplicity of Reeb orbits covering y in the
list BT is the same as the total for 8.

(d) Each component of u4 has exactly one negative end, and each component of u_ has exactly one
positive end.

Here we consider a possibly disconnected curve to be simple if and only if each component is simple and
no two components have the same image.

Remark 5.3.2 Condition (d) is a somewhat artificial simplifying assumption, which is used to ensure
that we do not encounter higher-genus curves after gluing rational curves. Alternatively, the following
discussion holds equally well if we drop this condition and simply allow #+ and also the gluing result to

have higher genus.

J1 and J~ can also be concatenated to give J € $(X) satisfying Jly+ = J* |y+. For each R >0, let
Xpg=XT®(-R.R]xY)® X~

denote the compact symplectic cobordism given by inserting a finite piece of the symplectization of ¥ in
between X and X . Let also Jg € $(Xg) denote the concatenated almost complex structure which
satisfies JR|y+ = J:thj: and JR|[—R,Rxy = J¥|[-Rr,R]xy- Note that the family {Jr} re[0,00) realizes
neck-stretching along Y, with the limit R — oo corresponding to (J+, J~)-holomorphic buildings in the
broken cobordism X+ @ X ~. We denote the corresponding parametrized moduli space by A/L;{‘,JR}(aJF; a’)
and its SFT compactification by JI7L§(JR}((X+; o).

Given a gluing pair (#4, u—), Hutchings and Taubes glue together u4 and u_ after possibly inserting a
union u¢ of index-zero branched covers of trivial cylinders in an intermediate symplectization level R x Y.
This is more complicated than the typical gluing encountered in SFT, where the intermediate level u
would be barred from participating in the gluing since it is irregular. Indeed, note that u lives in a moduli
space J(/L}J,Y (B B7) of branched covers which has dimension 25, where b corresponds to the number of
interior branch points. The main computation of [24] determines the signed number #G (1, u—) of ends
of A/L{JR}(a+; o) which arise by gluing (¢4, #_) in this way.

Analogously to [25, Section 5], one can perform pregluing to produce an approximately J R—holomorphlc
curve in X g which interpolates via cutoff functions between u 4 on X*, ugonRxY,and u_ on the X~
The index of the normal deformation operator of u¢ is —2b and the kernel can be shown to be trivial, so the
cokernels as uq varies form a well-defined rank 24 real vector bundle over (a large compact subspace of)
JM,J,Y (B*: B7), called the “obstruction bundle”. From the gluing analysis we get a section s such that
the gluing successfully goes through for ¢ € JI/L"{,Y (BT B7) precisely if 5(ug) = 0. The computation of
#G(u—, u4) therefore amounts to counting zeros of s.

1y the symplectization setting, Hutchings and Taubes also allow some components of 4 and u— to be trivial cylinders, subject
to a certain combinatorial condition.
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More premsely, the number #G(u—, u4 ) is defined in several steps as follows. For each R > 0, fix a
metric on X & which is a product metric on the cylindrical ends (—oo, 0] x 3~ X and [0, 0o) x 7 X and
on the neck region [—R, R] x Y. We assume this metric does not depend on R except for the varying
length of the neck.

Definition 5.3.3 (cf [24, Definition 1.10]) For 6 > 0, let €5(u 4, u—) denote the union over R € (1/§, 00)
of the set of surfaces in X r which are immersed apart from finitely many points and can be decomposed
as C_ U Cy U C4, where:

e There is a section 4 of the normal bundle of u 4 restricted to
([—% 0] xY)UX*U([0,00) x 8 X H)
such that ||+ | < § and Cy is the exponential map image of ¥ after identifying [—1/5,0] x Y
with [R—1/6, R]x Y.

e There is a section {_ of the normal bundle of u_ restricted to

((—00,0]x "X ) U X+ U ([0, %] x Y)

such that |[¥_|| < § and C+ is the exponential map image of _ after identifying [0, 1 /§] x ¥ with
[-R,—R+1/8]xY.

e (C, lies in the §—tubular neighborhood of [-R, R] x (BT U B87) C [R, R] x Y, and we have
0Co = dC_ U dC4, with the positive boundary of Cy coinciding with the negative boundary of
C+ and the negative boundary of Cy coinciding with the positive boundary of C_.

Definition 5.3.4 Let 95(u+, u—) denote the set of index-zero curves in A/L}JR} (at;a)NCs(uy,u).

By the following lemma, G5 (1, u_) represents curves in A/L&JR}(aJF; o~ ) which are “§—close” to breaking
into an SFT building corresponding to the gluing pair (v 4, u—_):

Lemma 5.3.5 (cf [24, Lemma 1.11]) Given a gluing pair (u4,u-), there exists §o > 0 such that for
any 6 € (0,8p) and any sequence of curves uy, u, u3, ... €%s(uy,u_), there is a subsequence which
converges in the SFT sense to either a curve in JMy R°° ((x cx—) for some Ry € [0, 00), or else to an
SFT building with top level u in X, bottom level u_ in X~, and some number (possibly zero) of
intermediate symplectization levels in R x Y each consisting entirely of unions of index-zero branched
covers of trivial cylinders.

Finally, we define the count of ends #G (v, u_):

Definition 5.3.6 For a gluing pair (4, u—) and 8¢ as above, choose 0 < §’ < § < §p and an open subset
U C %9s(uq,u_) containing Y (14, u_) such that U has finitely many boundary points. We then define
#G(u—,u ) to be minus the signed count of boundary points of U.

By Lemma 5.3.5, the count #G (14, u—) is independent of the choice of §’, § and U.
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The analogue of the main result of Hutchings and Taubes is as follows:

Theorem 5.3.7 (cf [24, Theorem 1.13]) If J* € $(X 1) and J~ € $(X ™) are generic and (u4,u—)
is a gluing pair, then we have

#G(uy u) =e(up)e(u_) [ Jeyluy.uo),
Y

where the product is over all simple Reeb orbits whose covers appear in 1 and B, and ¢y (u4,u—)
depends only on y, the multiplicities of the negative ends of u at covers of y, and the multiplicities of
the positive ends of u_ at covers of y.

For simplicity, let us now assume that the orbits in BT and B~ are all covers of the same simple
Reeb orbit y which is elliptic. Denote the corresponding partitions by (aq,...,a) and (by,...,b;),
where Zf:l a; = Zj-:l bj. Following [24, Section 1], there is a purely combinatorial algorithm
for computing ¢y (44, u—) in terms of the monodromy angle 6 of y and the partitions (ay,...,ax)
and (by,...,b;), but it is rather elaborate to state. For our purposes, it is enough to observe that, by
[24, Remark 1.21], ¢, (u—, u4) is a positive integer provided that there is a branched cover ug of the
trivial cylinder R x ¥ C R x Y which is connected with genus zero and index zero (this is the analogue
of kg = 1 in [24]). Namely, this criterion holds exactly if
k /

(5-3-1) k+1-24% CZ(y*) =) CzZ(y*) =0.

i=1 ji=1
Here 7 is any choice of trivialization along y, and the left-hand side of (5-3-1) is simply the index of uy,
noting that the first Chern class term vanishes since we are using the same trivialization along y at the
positive and negative ends. Explicitly, if 6 denotes the monodromy angle of y with respect to t, then we
have CZ.(y™) = |m6] + [m#7], and hence (5-3-1) is equivalent to

k I
(5-3-2) I=1+ [aj6]—) [b;6]=0.
i=1 j=1
Note that the left-hand side of (5-3-2) is indeed independent of the choice of trivialization, since # modulo
the integers is independent of T and by assumption we have Zf;l aj = Z§=1 bj.

We summarize the above discussion as follows:

Theorem 5.3.8 Suppose that X* are four-dimensional compact symplectic cobordisms with common
nondegenerate strict contact boundary Y := 9" XT =037 X". Let Jy € $(Y), JT € $;,(X) and
J~ € $7¥ (X ™) be generic admissible almost complex structures. For R > 0, let Jg € $(Xg) be the
concatenated almost complex structure on the symplectic completion of Xg := X T®(—R, R]xY)®X ~
which satisfies JR|y+ = J:t|Xj: and JR|[-r,Rjxy = JY|[-R,R]xY- Let ux be simple immersed JE—
holomorphic curves in X such that each component of uy has exactly one negative end and each
component of u_ has exactly one positive end. Assume that the negative ends of u are (y%!,...,y%)
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and the positive ends of u_ are ()/b1 e yb’), where y is a simple elliptic Reeb orbit in Y. Assume
further that we have Y *_, a; = ijl bj and (5-3-1) holds. Then for any R sufficiently large there is a
simple immersed regular Jg—holomorphic curve u in X g with positive asymptotics agreeing with those
of u4, and negative asymptotics agreeing with those of u_.

Remark 5.3.9 If X is a compact symplectic cobordism and C is an asymptotically cylindrical J—
holomorphic curve in X which is simple and has index zero, then C is automatically immersed provided
that J € $(X) is generic; cf [25, Theorem 4.1].

5.4 Curves with many positive ends via induction

We now seek to apply Theorem 5.3.8 in order to produce genus-zero pseudoholomorphic curves in X \ Eg
with one negative end, building on the main construction of [29].

Recall that Eg denotes the ellipsoid E(e, €5) with s > 1 sufficiently large and € > 0 sufficiently small,
and by slight abuse we also use the same notation to denote its image under any symplectic embedding
1: Eg <> X. Here the role of € is just to ensure the existence of a symplectic embedding of E (e, €s) into X,
while s is the “skinniness” factor. More precisely, in the following context of curves in X \ E (e, €5) with
one negative end asymptotic to 1 (the k—fold cover of the short simple Reeb orbit in dE (¢, €5)), we will
say that E(e, €s) is k—skinny (or simply skinny) if s > k. In this case we have CZ, (1;) = 2i + 1 for
i =1,...,k, and hence, at least for the purposes of index computations, we can treat s as being arbitrarily
large. On the other hand, note that for k < s <k + 1, E(e, €s) is k—skinny but not (k + 1)—skinny, a fact
which we will exploit in the proof of Lemma 5.4.2 given below.

Before proving the aforementioned lemma, we must deal with the following point. We showed in
[30, Proposition 3.1.5] that if X is closed then the number of index-zero curves with fixed top end and
a single negative end on Ey is independent of the choice of ¢, € and 5. However, in our situation with
0X # @ we must be a little careful since in general — for example, if C is not formally perturbation
invariant as in Proposition 3.7.1 —there may not be a well-defined count of curves of the given type.
Therefore, our arguments only establish that there is a generic J on X \ Eg for which certain curves
exist.

Lemma 5.4.1 Let X be a four-dimensional Liouville domain with nondegenerate contact boundary, and
suppose that for some generic J € $(X \ E), there is a simple immersed index-zero J—holomorphic
curve C in X \ Ey with negative end asymptotic to ny. Then, given any s > k, we may take
Eg = ((E(e, €s)) for some € > 0 and some t: E (¢, €s) <> X.

Proof Let E' =¢€'- E(1,s), where €/ > 0 is so small that we can identify E’ with a subset of E. Let
Jx\g' € $(X \ E’) be a generic admissible almost complex structure satisfying Jx\ g/|x\g = J, and
put Jp\g' := Jx\g'|E\E € $(E \ E’). By, for instance, [18, Theorem 2], there is a regular J g\ g/—
holomorphic cylinder Z in Eg \ E’ with positive end on 1y and negative end on r)’l, and its k—fold cover
is regular. We can glue (in the ordinary SFT sense) C to Z along cylindrical ends to produce a simple
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Txve/

of Jg,\ g’ and Jx\ g, after inserting a sufficiently long neck region in between and reidentifying the

~holomorphic curve C" in X \ E’. Here J 1{,\ g € $(X'\ E') corresponds to the concatenation

resulting compact symplectic cobordism with X \ E’. Note that we can assume without loss of generality
that J' is generic, since the curve C’ will persist under small perturbations of J’. |

Lemma 5.4.2 Let X be a four-dimensional Liouville domain with nondegenerate contact boundary, let
J € $(X \ Ex) be generic, and let Cy and C, be simple immersed index-zero J—holomorphic curves
in X \ Ey that have distinct images. For i = 1,2, assume that C; has positive ends I} and a single
negative end 1y, . Then there exists a generic J' € $(X \ Eg) with J'|sx = J|sx € $(0X), and a simple
immersed index-zero J'—holomorphic curve C in X \ Eg which has positive ends T'y U T and a single
negative end Ny, +k,+1-

Proof By Lemma 5.4.1, we may suppose that C; and C, lie in X \ E’ where E’ = ((E(e, €s)) for
s=ky+ky—14+6, where 0 <8 < 1.

Nextput E” :=¢€"-E(1,ky +ky +1+8") for €”,8” > 0 sufficiently small, and choose (" and €” so that
we have E” C E’. Let Jx\g» € $(X \ E”) be a generic admissible almost complex structure satisfying
Ix\e"lx\E = J)/(\E/, and put Jgn\ g = Jx\g7|g\gr € $(E’\ E”). Again by [18, Theorem 2] there
is a (necessarily simple) J g\ g#—holomorphic cylinder Z in E’\ E” with positive end 1y, 4x, in 0E’ and
negative end 1y, 4x,+1 in dE”. The bottom ellipsoid E” is skinny, since k1 + ko +1+68" > ki +kp + 1.
However, the top ellipsoid is not, since s < k1 + k. In fact, if we choose the split trivialization 7, of
the contact distribution on dE (1, x) as in [30, Section 3.2], then the monodromy angle of the short orbit
is 1/x, which implies that the cylinder Z has Fredholm index

ki +k
2(k1+k2+L lx ZJ)—Z(k1+k2+l)=0.

We now apply Theorem 5.3.8 with u4 := C{UC, in X \ E’ and u— := Z in E"\ E”, in other words we
glue in the neck R x 0E’. Note that (5-3-2) holds since in dE’ = d(¢ - E(1,s’)), the monodromy angle
is 1/s’, where k; < s’ < ki + k,, so that

HERESE

Therefore, there is a curve C as stated. O

Lemma 5.4.2 suggests a natural inductive strategy for constructing curves. Fix a generic J, %o € }(8X~ Q)
as in Lemma 5.1.3. As before, wpi, denotes the weakly permissible word with ﬁg minimal subject to
ind(wmin) = 2k. We prove the following lemmas in the next subsection.

Lemma 54.3 LetJ € }Ja’?ﬂ (fg \ Eg) be generic. Consider an elliptic orbit e; j in dXgq such that
eitheri = 1 or j = 1 (or both). Then there is a J—holomorphic cylinder in Xg \ E which is positively
asymptotic to e; j and negatively asymptotic to 0+ ;.
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Lemma 5.4.4 Let J € §/9%a (X~ o \ Ex) be generic. There is a J—holomorphic pair of pants in Xa
which is positively asymptotic to eq 1 X e1,1 and negatively asymptotic to ns.

Proposition 5.4.5 Fix k € Z>1, and assume that Wy # € x if k > 2. Then there exists J € ;ﬁ]f’fﬂ (fg)
for which the moduli space Jl/tg('gz (Wiin)<T ™ p=> is regular with nonzero signed count.

Proof Let C be the formal curve in X, o with positive ends wpi, and constraint <g k) p=>. Recall that
by Proposition 5.1.4, C is formally perturbation invariant with respect to Jjx,. We explained in the
introduction to this section that curves in this moduli space are robust and always count positively. Hence
at this point it suffices to find a J—holomorphic curve in X, o \ Eg with positive asymptotics Wi, and
negative asymptotic 1 for some J € $/9¥a (X~ Q).

We proceed to construct the desired curve, whose positive asymptotics wpi, take one of the forms (1)—(3)
in Proposition 4.3.8 or possibly ¢q 1, by iteratively applying Lemma 5.4.2. Firstly, observe that by
Lemma 5.4.3, we can construct any cylinder whose positive asymptotic is one of the Reeb orbits e ;,
€1,1, €1,s, €1,0 appearing in Proposition 4.3.8. Similarly, by Lemma 5.4.4 we can construct a pair of pants
with positive asymptotics eq 1 X ey,;. We now iteratively construct curves with two or more positive
ends by applying Lemma 5.4.2, with C; a previously constructed curve in X, o \ Eg and C; a cylinder in
X, o \ Es guaranteed by Lemma 5.4.3. Here we need C; and C, to have distinct images, and since neither
is a multiple cover this is automatic as long as Cy is not a cylinder with the same positive asymptotic
Reeb orbit as (5. In particular, the curve we seek with positive asymptotics wpiy is readily constructed
by this iterative construction. m]

5.5 Existence of cylinders and pairs of pants

It remains to prove Lemmas 5.4.3 and 5.4.4. For this, we will use various results from the ECH literature,
roughly as follows. Firstly, we use the computation of the ECH of X, q from [22; 6], together with the
holomorphic curve axiom for the ECH cobordism map, to establish the existence of a broken current in
X, o \ Esk whose positive ends represent the same orbit set as our desired curve. We then argue that this
broken pseudoholomorphic current must in fact be a genuine somewhere injective curve C of Fredholm
index zero, but possibly of higher genus, whose ends satisfy the ECH partition conditions. Using this,
we conclude that in specified situations C must have one negative end, the maximal possible number of
positive ends, and genus zero.

Here are the details. Recall that an orbit set is a finite set of simple Reeb orbits, along with a choice
of positive integer multiplicity for each. In the following we will view a word of Reeb orbits as an
orbit set by remembering only the total multiplicity of each underlying simple orbit and forgetting the
corresponding partition into iterates. This association from words to orbit sets is evidently not one-to-one,
for instance the words 713, 2 X 111 and 1y x 1 x 11 of Reeb orbits in dE all define the same orbit set.

Similarly, a pseudoholomorphic current is a finite set of simple pseudoholomorphic curves (each modulo
biholomorphic reparametrizations as usual), along with a choice of positive integer multiplicity for each.
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We refer the reader to, say, [21, Section 3.4] for the definition of the ECH index /(C). Since the
first and second cohomology groups of X, o and Eg vanish, their ECH chain complexes (over Z /2
for simplicity) have natural Z-gradings, denoted again by 7, such that I1(C) = I(x) — I(B) if C is a
holomorphic current which is positively asymptotic to the orbit set o and negatively asymptotic to the
orbit set 8. Also, the compact symplectic cobordism Xa \ Eg induces a grading-preserving cobordism
map from the ECH of 3X, o to that of 0E . If w is an elliptic word,!? it is shown in [22, Lemma 5.4]
that /(w) = 2(£(R) — 1) — h(R), where

* R denotes the lattice polygon in Rzzo defined in Section 4.2, and

e £(R) denotes the number of integer lattice points in the interior and boundary of R.

Lemma 5.5.1 Let w be a word of elliptic Reeb orbits in aX, @, each of which is simple, and let J in
gloxg (fg \ E) be generic. Then there is a curve C in fg \ E, possibly of higher genus, with
ind(C) = I(C) = 0 and with positive asymptotics w and negative asymptote 1,, withm := %I(w).

Proof By [22, Proposition A.4] (which assumes [22, Conjecture A.3], proved in [6]), the word w, when
viewed as a generator of the ECH chain complex, represents a nontrivial homology class in the ECH
of 9 Xg. Let B denote its image in the ECH of d Ex under the ECH cobordism map ® induced by Xg \ Es,
and note that 8 is necessarily nontrivial since @ is an isomorphism. Recall (see [21, Section 3.7]) that the
ECH chain complex of an irrational four-dimensional ellipsoid has trivial differential, and the orbit set
with k™ largest action has I = 2k. Then f is uniquely represented by the orbit set of 1, with m := I(w).

Recall that the ECH cobordism map is defined via the isomorphism with Seiberg—Witten Floer homology,
yet it is known to satisfy a “holomorphic curve axiom”, which states that a coefficient can only be nonzero
if it is represented by an ECH index-zero broken pseudoholomorphic current, ie the analogue of a stable
pseudoholomorphic building but with each level a pseudoholomorphic current. As a result, we obtain a
broken pseudoholomorphic current in X, o \ Ex with positive orbit set w and negative orbit set 1,,. By
[21, Proposition 3.7], each symplectization level has nonnegative ECH index, with ECH index zero if
and only if it is a union of trivial cylinders with multiplicities. By Lemma 5.5.2 below, the main level
in X, o \ Es also has nonnegative ECH index. Using the SFT compactness stability condition (recall
Section 2.1.4) and the fact that the total ECH index is zero, we conclude that there is only a single level D,
which is a current (D, k) in X, o \ Eg, where D is simple and k € Z> represents its multiplicity, and we
have I(D) = 0. By Lemma 5.5.2 again, we also have (D) = 0.

By [19, Theorem 4.15], we must have ind(D) = 0, and D satisfies the positive and negative partition
conditions. Since the monodromy angle is positive and very small for each acceptable elliptic orbit, the
positive partition conditions stipulate that each positive asymptotic orbit of D is simple, ie the positive
ends are “as spread out as possible”. Meanwhile, the negative partition condition implies that D has a
single negative end. Finally, the desired curve C is given by taking a k—fold cover of C which is fully
ramified at the negative end and unramified at the each of the positive ends. a

12There is a more general formula computing I for ECH generators involving hyperbolic orbits, but we will not need this.
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Lemma 5.5.2 If C = (C,«) is a J—holomorphic current in Xo \ Eg with J € }(X}z \ E) generic,
we have I(C) > 0, with equality only if I(C) = 0.

Proof As in the proof of [22, Theorem 1.19], we can assume that the cobordism X, o \ Eg is “L—tame”
with L sufficiently large, whence the result follows immediately by [22, Proposition 4.6]. a

Proof of Lemma 5.4.3 By Lemma 5.5.1, there is a J—holomorphic curve C in Xo \ E, possibly
of higher genus, with ind(C) = 0, with positive asymptotics ¢; ; and negative asymptotics 1, for
m:= %I (ei,j). As explained above, we have I(e; j) = 2(£(R) — 1), where R is the lattice triangle with
vertices (0,0), (0,i), (j,0), and £(R) denotes the number of integer lattice points in the interior or
boundary of R. By our assumption thati =1 or j = 1, we have ¥(R) =i+ j + 1 and hence m =i + ;.
It now follows immediately using the index formula (4-1-3) and ind(C) = 0 that C has genus zero. O

Proof of Lemma 5.4.4 This is similar to the above proof. In this case Lemma 5.5.1 produces a J—
holomorphic curve C in X, @ \ Eg with ind(C) = 0 and with positive ends e;,; X e;,; and negative end 1,
for m := %I(el,l x eq,1) = 5. The condition ind(C) = 0 then forces the genus to be zero. |

Remark 5.5.3 Fore; ; withi, j > 2, or eidi with k > 3, the curve C coming from Lemma 5.5.1 will
typically be forced to have higher genus.

5.6 Comparison with Gutt—Hutchings capacities

The following result likely holds in any dimension; for concreteness we give the proof in dimension four.

Proposition 5.6.1 For Xq any four-dimensional convex toric domain, we have

(5-6-1) 0 (Xa) =" (Xo) = min |G, )&
(i.))ez?,
i+j=k

Proof The second equahty is [16, Theorem 1.6]. In order to compute gk (X @), we can replace Xgq
with its full rounding X, @ as in Section 4.1. As shorthand put X := Xq and X =X q. Fix a generic
almost complex structure Jyi € }(8/\’) as in Lemma 5.1.3, and a generic extension J§ € $7/0% (X, D).

To prove that ﬁfl (X) > c]g’H (Xq), observe that by definition we can find a J g—holomorphic plane C
in X satisfying the local tangency constraint <J &) p> and having E(C) < 'j,fl (X). Let y denote the
asymptotic Reeb orbit of C, which we can take to be ¢; j or h; j for some i, j. If C is simple then by
genericity it must be regular and hence satisfy ind(C) > 0, and inspection of the index formula shows
that this is also true if C is a multiple cover. In particular, we must have i 4+ j > k, from which it follows
that sd(y) = ||(i, /)| is greater than or equal to the right-hand side of (5-6-1). Since E(C) = @(y) is
arbitrarily close to sd(y), this gives the desired lower bound.
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To establish the upper bound for g7 X =1(X), let (i, j) be a minimizer for the right-hand side of (5-6-1). We
can assume that there are no common divisors of 7, j, k, and we will then show that g;’ =L)< |G, IS
Indeed, if there is a greatest common divisor ¢ > 2 of i, j, k, then after putting i’ :=i/q, j' := j/q and
k' :=k/q, it will follow that we have gk,l (X) < IG", jHIIG, whence we have

85 (X)) < g3t () <qll (. j)HIG = 1G. DG

Now let C be the (necessarily simple by the above) formal plane in X with positive end ¢; j and carrying
the constraint <J®) p>. By an argument paralleling the proof of Proposition 5.1.4, we find that C
is formally perturbation invariant with respect to Jy¥. In particular, C cannot be represented by any
nontrivial stable Jx—holomorphic building. We claim that the signed count #A/Lj?f (C) is nonzero, from
which it follows that we have

G (0) < E(C) = (e ) ~ 116G DG
To justify the claim, note that we can use Proposition 2.2.3 to trade the local tangency constraint <g®) p=>
for a skinny ellipsoidal constraint <(k)>g. Namely, letting Ey = E(€,ex) C X denote an ellipsoid
with x > k and € > 0 sufficiently small, it suffices to show that the moduli space of pseudoholomorphic
cylinders in X \ Eg with positive end e; ; and negative end 1y has nonzero signed count. By slight abuse
of notation we will denote the corresponding formal cylinder again by C. Recall that by Proposition 5.2.2
it suffices to show that this moduli space is nonempty. For this we invoke linearized contact homology
as in [32], similar to the proof of [18, Theorem 2]. Indeed, observe that e; ; is necessarily a cycle with
respect to the linearized contact homology differential thanks to Lemma 5.1.3 and the fact that any orbit
hir,j with (i, j') # (i, j) necessarily has greater action by Lemma 4.1.1. Since the cobordism map
on linearized contact homology induced by X \ E is an isomorphism, it follows that there is a stable
pseudoholomorphic cylindrical building representing C, and by formal perturbation invariance this must
be an honest pseudoholomorphic cylinder in X \ E. |

Remark 5.6.2 As mentioned earlier, there is a natural higher-dimensional analogue of the fully rounding
procedure, but for concreteness we have kept our discussion in Section 4.1 to dimension four and hence
restrict Proposition 5.6.1 to dimension four. In order to extend the above argument to higher dimensions,
one first ought to show that the higher-dimensional the analogue of C is formally perturbation invariant.
Since the results in [32] hold in arbitrary dimension, one can then still invoke the cobordism map on
linearized contact homology in higher dimensions in order to produce cylindrical buildings.

We also refer the reader to [33, Theorem 7.6.4] for the analogous statement g]fl (X) = ckH(X ) for any
Liouville domain X satisfying 7 (X) = 2¢1(TX) = 0.

Remark 5.6.3 We expect that the methods in this paper could be extended to compute ijl(X q) for
all k,/ € Z>1, and it is an interesting question whether the entire family {ﬁfi } sometimes give stronger
embedding obstructions than the sequence g1, g», g3, ... alone. A natural guess is that Theorem 1.2.8
generalizes to a formula for 'j]fl (Xgq) by requiring ¢ </ in the minimization.
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6 Ellipsoids, polydisks, and more

In this section we apply our formalism to several examples, proving the remaining three theorems from
the introduction. In each case, using Theorem 1.2.8 and the specific form of [|—||§,., it reduces to a purely
combinatorial optimization problem. The latter is tractable thanks to Corollary 1.3.1, which implies that
we can look for a minimizer taking one of the following forms:

(1) (0,1 x(1,1)*/ fori >0, j > 1.

(2) (0,1)*)x(1,s) fori >0and s > 2.

(3) (0,1)** x(1,0) fori > 1.

4) (0,s) fors > 1.
Proof of Theorem 1.3.2 We consider E(a, 1), and by continuity we can assume « > 1 is irrational. Let
Q be the triangle with vertices (0, 0), (a, 0), (0, 1). Observe that for ¥ = (vy,v)) € Réo we have

0], = max (v, W) = max(vxa, vy).
WER
We can ignore case (3), since we have
I(1,2)[Ig = max(a,2) <14+a =10, )]g + (1, 0)lg.
and hence (0, 1)*? x (1, 0) with i > 1 cannot be a minimizer.
Suppose first that a > % Then we have
I, 2)lIg + 110, Dllg = max(a,2) + 1 < 2a =2||(1, )],
and hence (0, 1)*? x (1,1)*/ with i >0, j > 1 can only be a minimizer if j = 1. If s > a + 1, then
10, DlIG + 11, s = 2) g = 1+ max(a, s —2) < max(a,s) <[|(1,5)llg.

and therefore (0, 1) x (1, s) with i > 0, s > 2 can only be a minimizer if s <a+ 1. Similarly, if s <a—1
then we have

10, s + Dllg = s+ 1 <max(a,s) = [[(1,5)llg.
I(1,s +2)[lg = max(a, s +2) < 1 +max(a,s) = [[(0, Dllg + (1, 5)llg.
and therefore (0, 1) x (1, s) with i > 0, s > 1 can only be a minimizer if s > a — 1.

Since a is irrational, we have [a — 1,a + 1]NZ = {|a], |a] + 1}. Therefore, there must be a minimizer
taking one of the forms

o (0,1)x(1,|a]) fori >0,
o (0,1 x(1,|a]+1)fori >0,
e (0,5)fors>1,

from which (1-3-2) readily follows.
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Now suppose that we have a < % For s > 3 we have
I DG+ 10,5 =2)lg=a+s=2<s=[(L9)lg.
and hence (0, 1)*% x (1, s) with i > 0, s > 3 cannot be a minimizer. We have also
201 DIy =2a <3 =3]0. DI,

and hence (0, 1)*? x (1,1)*/ fori >0, j > 1 can only be a minimizer if i € {0, 1,2}.
Therefore, there must be a minimizer taking one of the following forms:

o (0,1)!x(1,1)/ fori €{0,1,2} and j > 1.

e (0,1)x(1,2) fori > 0.

e (0,5) fors>1.
Since 2|0, DI = 2 = [[(1,2) |5, we can effectively ignore the second bullet by artificially allowing
j = 0 in the first bullet. For s > 2 we have

I(1.s = Dllg = max(a,s — 1) <5 = [0, )] g

and hence (0, s) can only be minimal if s = 1, so we can also effectively ignore the third bullet. Therefore
we have

Gk (E(a. D)) =i[|(0.D]ig+ I Dlig =i+ ja

fori € {0,1,2} and j > 0 satisfying 2i 4+ 3j — 1 = k. Note that i and j are uniquely determined via
i =—k—1(mod3)and j = 1(j +1—2i), and (1-3-1) follows. o

Proof of Theorem 1.3.4 This is similar to the previous proof. We consider P(a, 1) with a > 1 irrational,
and we take Q to be the rectangle with vertices (0, 0), (a, 0), (0, 1), (a, 1). For v = (vy, vx) € Rzzo we
then have
10l = (v, (@, 1)) = avy +vy.
For s > 2 we have
IO+ 110, s=Dlg=a+s—1<a+s=](159)lg
and hence case (2) in Corollary 1.3.1 cannot occur as a minimizer. For i > 0, j > 1 we have
210, Dlig + 11, 0)Ig =2 +a <2 +2a =2[|(1, D]lg.

so case (1) can only occur if j = 1. Therefore, there must be a minimizer from the list

o (0, x(1,1)fori >0,

e (0,1)% x(1,0)fori >1,

e (0,s)fors=>1,
from which (1-3-3) follows. O
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Proof of Theorem 1.3.7 The polygon Q := Q(a,b,c) C Rzzo has vertices (0, 0), (¢, 0), (a, b), (0, 1).
For U = (vx,vy) € Rzzo’ we have

0]lg = rpezlé(ﬁ, W) = max(cvy, avy + bvy, vy).
w

Recall that by assumption we have ¢ > 1, a <c¢,b <1,a+ bc > ¢, and M := max(a+ b,c) < 2.

For j > 1, we have
I(1, DI = max(c,a+ jb, j),
and, in particular,
(1, )| = max(c,a+b, 1) = max(c,a+b) = M.

By the above, we have
92(X) = min(||(1, D)[|g, 10, 2)|g) = min(M,2) = M.
Next, because ¢ < 2, we have

10.3)1% > 3> 1105 +10. DG =1+c.
so that

§3(X) = min(|[(1,2) g, 11, 0)[I& + [1(0, Dlg) = min(max(2, a +2b,¢), 1 +¢)
= min(max(2,a + 2b), 1 +¢).

Note that g3(X) =2 if a + 2b < 2 and otherwise = min(a + 2b, 1 + ¢) < 3. In particular, if a + 25 > 2
the minimum could be represented by either orbit set.

We next claim that
I Dl > 10, Dl + 111,/ =2)llg  for j =3.
Ith > %,We must check that
max(j,a+ jb) > 1 +max(j —2,a+ (j —2)b) =max(j —l,a+ jb—2b+1),
which holds because 26 > 1. If b < % and j > 3thena+ jb <2+%(j—1) < j for j > 3, so that
I DIg =7 > (1.7 =2)lg + 10, D]g for j=3.

Thus in all cases, (1, j) with j > 3 does not occur in a minimal orbit set. Further (0, k) with k£ > 2 is
never minimal since it can be replaced by (1, 1) U (0, 1)*¥/2 for even k or (1,0) U (0, 1)**—1/2 for
odd k.

Therefore, taking into account the discussion of g3, we find that minimizers must take one of the forms
e (0,1)*x(1,1)*/, where j =0 only if i = 1;
o (0,1) x(1,2) or (0,1)** x (1,0) (but not both).

In particular,
§4(X) =10, Dllg + I(L. DI =1+ M <3,

36(X) =10 D)l + (1 Dllg =2+ M <4,
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On the other hand, §5(X) might be represented by (0, 1) x (1,2), (0, 1)*2 x (1,0) or (1,1) x (1, 1) and
so is given by
95(X) = min(max(3,1 +a+2b,¢),24+¢,2M).

ItM < %, then because the first two terms above are > 3, we find that §s(X) = 2M. However, if
% < M < 2 then any of these three terms might be minimal.

For k > 6 it is again useful to consider the cases M < % and M > % separately. In the former case, it
is more efficient to increase the index by adding copies of (1, 1) so that minimal orbit sets always have
i <2. In particular, orbit sets of the form (0, 1)/ x (1,2) or (0, 1)*! x (1, 0) are not minimal when i > 2,

and so can only affect the capacities gy for k < 7. Moreover when M < 3,
100,12 x (1,2)||5 =2+ max(2,a +2b,¢) > 4> 1+ 2M = [|(0, 1) x (1, 1)?| %,
Therefore the capacities for £ > 6 are given by the orbit sets
0, )2 x (1, )™/, (0,1)x (1, 17T (1, 1)/ %2 where j > 1, M < 3.
The claims in (i) follow readily.

If M > 2, minimal orbit sets always have j <2 since it is more efficient to use (0, 1)*3x (1, 1)*/~2 instead
of (1, 1)*/. Which of (0, 1)** x (1, 2) or (0, 1)** x (1, 0) is more efficient is determined by the value of g3,
while the value of §s determines whether it is in fact best to use (1, 1)*? when representing elements of
odd index > 5. Thus the odd capacities for k > 5 are determined by gs, while the even capacities are
more straightforward since they are always calculated by orbit sets of the form (0, 1)*? x (1, 1). This
proves (ii). O

Remark 6.0.1 When 2 <n < c¢ < n + 1 one can check that gy = k for k < n, represented by the
orbit e x. In this case, the g again limit on a period two cycle. However, the precise values in this cycle
depend on b. To see this, note for example that if n = 2/ is even, then
Trt1 = mi?&d(ef) LUerag—i) = milll(z' +max(2(/ —i), a+2(l —i)b,c)),
i< ’ i<

and which orbit set gives the minimax depends on whether b > % or b < % For example, if we
assume that @ < ¢ are both very close to n then the minimax is determined by the minimum value of
it+a+2(—-i)b=a+2lb+i(1—-2b). Thusif b < % one should take i =/, while if b < % one should
take i = 0.

Proof of Theorem 1.3.8 For Q2 := 2, recall that we have dq(e; ;) = ||(i, j)||5p =@, j)|lg- We can
ignore case (4) in Corollary 4.3.9 for s > 2, since for s = 2 we have

I Dllg =27 =2=11(0.2) 4
and for s > 3 we have

1AL 0)llg + 10,5 =2)lg =5 —1 <5 = (0. 5)]],.
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Similarly, we can ignore case (2), since we have

I(1.0)[lg + (0.5 = Dlg =5 < (1. 5)lg-

Noting that ||(0, 1)[l; = [|(1,0)||4, we can also effectively ignore case (3) by relaxing the condition j > 1
in case (1). In other words, we have that g (Xg,) is the minimal quantity of the form

i Dllg + 1L Dllg =i + j274,
subjectto 2i +3j — 1 =k fori, j € Z>o.
We have 2||(1, 1)[|g = 3|/(0, 1)||4 if and only if 214 < % ie if and only if ¢ > 1n(2)/ln(%), or equivalently
p <In(2)/ ln(%). In this case we can assume i € {0, 1, 2}, and the value of / is then determined by looking
at the equation 27 + 3j — 1 = k modulo 3, from which (1-3-6) immediately follows. Similarly, in the

case p > In(2)/ ln(g) we can assume j € {0, 1}, and the value of j is then determined by looking at the
equation 2i 4+ 3j — 1 = k modulo 2, which immediately gives (1-3-7). |

Appendix Regularity after stabilization

In this appendix we give a self-contained proof that regularity persists after dimensional stabilization. We
also refer the reader to [33, Section 7.4] for a related approach.

Let X be a Liouville domain, and let W := X X B?(c) be a smoothing of X x B?(c) for some ¢ > 0,
as in Lemma 3.6.2. Let D be a local symplectic divisor in X near a point p € X, and let D=Dx B?(€)
for € > 0 small be a corresponding local symplectic divisor in W near p := (p, po) for po:=0 € B?(c).
Let J be an admissible almost complex structure on X which is integrable near p and preserves D, and
let J be an admissible almost complex structure on W which is integrable near p, preserves D, and
restricts to J along X x {0} ~ X (so that, in particular, X x {0} is J- —holomorphic).

Our main goal is to prove:

Proposition A.1 Letu be an asymptotically cylindrical J—holomorphic punctured sphere in X satisfying
the constraint <JO_%") p> for some m € 71, and such that each asymptotic Reeb orbit is nondegenerate
with normal Conley—Zehnder index one. Assume that u is regular and has index zero (taking into account
the constraint <g%") p>). Let u denote the curve in w given by the composition of u with the inclusion

X C W. Then i is also regular (taking into account the constraint <9%n)p>).

Note that in formulating the index and regularity of u and & we are as usual also allowing for arbitrary
variations of the conformal structure of the domain. Recall that the normal Conley—Zehnder index is
defined for a Reeb orbit in X by taking into account the Reeb flow in the direction normal to X x {0}
in W, and we are implicitly using trivializations coming from the natural trivialization of the normal

bundle of X C W as in Section 3.6.

Let ¥ = S2\{zq,...,z} denote the domain of u, where zi, ..., z; are the punctures, and let zy € X
denote the marked point which realizes the local tangency constraint.
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Regularity of u is equivalent to surjectivity of the linearized Cauchy—Riemann operator

Doy (u, j): TuB®T;T — €y j),

where:

o T,B=WE2S rTX)0V.

<a7%n)p

o WhkPS@*T X ) denotes the Banach space of sections & of u* TX of weighted Sobolev class W78
(cf [40, Section 7.2]), where we assume k& > m and (k —m) p > 2 (so that £ is C""), and

WhPS * T Xy c wkrS (y* T X)

<ﬂ(£1)p

denotes the subspace consisting of sections whose m—jet at zq lies in D as in [7, Section 6]. (In particular,
“W];’gﬁ (u*T X) is the subspace such that & vanishes at zg.)

e VC Wﬁ)’cp w*T X ) is a 2/-dimensional subspace as in [39, Section 3.1], consisting of smooth sections

which are supported near the punctures and asymptotic to constant (in suitable trivializations) linear
combinations of vector fields tangent to the trivial cylinders over the asymptotic Reeb orbits of u —
this is needed to address the possibility of rotating and translating the asymptotic ends of u, as these
deformations do not exponentially decay along the cylindrical ends.

e J C $(2) is a Teichmiiller slice through j as in [39, Section 3.1], which is in particular a smooth
manifold containing j and having (in the stable case) dimension 2(/ + 1) —6. By 7;J C I'(Endc(T X))
we denote its tangent space at j.

e The space
k—1,p,8 T -
Eu.j) = Wd(m’_’l)P(HomC(TE, u*TWwW))
“D
consists of bundle homomorphisms from 7% to u* TW over £ which are (j, J)—antilinear and whose
(m—1)—jet at z¢ lies in D.

Moreover, after choosing any symmetric connection V on T X, for EeTyMand y € T; 7, the linearized
Cauchy—Riemann operator D3 (u, j) takes the explicit form

Dy (u, j)(E. ) = Duk + Gy,

where
 Dy:TyB — é,j is given by
Dy =VE+Jo(VE)oj+VeJoduoj,

* Gy:T;T — €(y,j) is given by
Guy=Joduoy.
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Similarly, regularity of # is equivalent to surjectivity of the operator

DIy, j): B D T;T — €a. )
where

o TR =WEPS G*TWyeV,

~(m) ~
<.15 >

o« Cay =Wl (Homc (TS, @*TW)),

<.7(D£n_1)p
and foré € T3 B and y € T;J we have

DAy (i, j)(€. y) = Dz + Ggy,
where

e Dg: Tg@é — €(z,j) 1s given by
Dt =VE+To(VE)o j+VeJodiio,

* G;:T;T — €, j) is given by
Gﬁy = Jodﬁoy,

where V is any symmetric connection on 7W.

—_

Note that the embedding W < X x B?(c) naturally extends to a diffeomorphism W X x B2(c), and
we get a corresponding splitting of the tangent bundle of W

TW =T "W & ThW.
Under the identification 7' VCTW| Pxioy ~ T X, this induces natural splittings

TRe ;T = (WP w*'TX)eV e T;7) e (Wahl @ mrw)),

?T(Dm)p
A, A2
) = (“l/lfi;(l,,’,’i’l‘zP(HomC(TE, W T X)) & (WE=128 (Home (TS, #* T W))) .
D
B B>

From now on, we assume that the connection V preserves this splitting and restricts to V under the
identification 7' X . The above splitting induces a block matrix decomposition

T o~ My =Day(u,j) Mlz)
A-0-1 Doy, j)= ’ <.
( ) s, J) ( Mo, Mo
Lemma A.2 We have M, ; = 0.

Proof We need to show that the image of Dy (i, /)| 4, liesin B;. Note that for y € T;J we have
(A-0-2) Jodiioy e T(Home(TE,#*TX)),
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since J preserves TverW| > and hence Gy € By. It therefore suffices to show that for any £¥*" in
r'@* TV“I/T/), the image D7&V" lands in I'(Home (7%, u™* TverW)). For v € I'(T'X), we have
(Dg&* ") () = Vo™ + T V0" + (Ve ) (@)
for ¢ := (dii)(jv) € Cw*T X). Since V and J respect the splitting TW|g=T""W|s & ThorWl)?,
we have
ﬁv%_ver + j’ﬁjvsver c F(ﬁ* Tverv/[\/).
Therefore it remains to show that (6&'\/& J )(g) e T (u* Tverﬁ/). For this, it suffices to establish
(Vo) (b) e D(T**W|g) forany a,b e T(TY"W|5).

Recall that the term V,J € End(TW | $) corresponds to applying the connection induced by ¥V — which
we again denote by ¥V —on the endomorphism bundle, and by its definition we have

(Vad)(b) = Va(Tb) — T (Vb).

Similar to above, it is immediate that these last two terms lie in I'(T° "eer/| £)- |
Lemma A.3 The operator M, , is surjective.

Proof If we ignore the constraint < py>, the corresponding (R-linear) Cauchy—Riemann type operator
WhLS @ T W) — W12 (Home (TS, i T W)

is Fredholm, and by a version of Riemann—Roch with its index is easily computed to be 2; see for instance
[39, Section 2.1]. It follows that M > is also Fredholm, with index 0, and hence to prove its surjectivity
it suffices to establish ker M3 » = {0}. Suppose by contradiction that 7 is a nonzero element in ker M3 .
By elliptic regularity we can assume that 7 is smooth, and its count Z (1) of zeros is nonnegative (this
follows by the similarity principle [40, Theorem 2.32]), and in fact strictly positive since 1 necessarily
vanishes at the marked point zg. On the other hand, in the notation of [39, Section 2.1], each puncture z;
of u has normal Conley—Zehnder index 1 and hence extremal winding number a— (A ;;) = 0, and therefore
using [39, Equation 2.7] we have

[
1< ZM) + Zoo() = 1 @ T W)+ " (A7) =0,
i=1
a contradiction. O

Proof of Proposition A.1 This follows immediately from the decomposition (A-0-1) and Lemmas A.2
and A.3. |

Now suppose that J is an admissible almost complex structure on the symplectization of d.X, and let
J be an admissible almost complex structure on the symplectization of dW which restricts to J on
R x (0X x {0}). An argument nearly identical to the above proves:
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Proposition A.4 Let u be an asymptotically cylindrical J—holomorphic punctured sphere in R x 0.X

such that each asymptotic Reeb orbit is nondegenerate with normal Conley—Zehnder index one. Assume

that u is regular and has index zero. Let u denote the curve given by the composition of u with the

inclusion R x 0X C R x dW. Then u is also regular.
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