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We prove a wall-crossing formula for categorical Donaldson—Thomas invariants on the resolved conifold,
which categorifies the Nagao—Nakajima wall-crossing formula for numerical DT invariants on it. The cat-
egorified Hall products are used to describe the wall-crossing formula as semiorthogonal decompositions.
A successive application of the categorical wall-crossing formula yields semiorthogonal decompositions
of categorical Pandharipande—Thomas stable pair invariants on the resolved conifold, which categorify
the product expansion formula of the generating series of numerical PT invariants on it.

14N35; 18G80

1. Introduction 1341
2. Preliminaries 1349
3. Categorified Hall products for quivers with superpotentials 1355
4. Derived categories of Grassmannian flips 1360
5. Categorical Donaldson-Thomas theory for the resolved conifold 1372
6. Some technical lemmas 1394
References 1403

1 Introduction

1.1 Background and summary of the paper

In this paper, we establish a wall-crossing formula for categorical Donaldson—-Thomas invariants on the
resolved conifold, and apply it to give a complete description of categorical Pandharipande—Thomas (PT)
stable pair invariants on it.

The PT invariants count stable pairs on CY 3—folds, and were introduced by Pandharipande and
Thomas [2009] in order to give a better formulation of the GW/DT correspondence conjecture of Maulik,
Nekrasov, Okounkov and Pandharipande [Maulik et al. 2006]. They are special cases of Donaldson—
Thomas (DT) type invariants counting stable objects in the derived category, and are now understood as
fundamental enumerative invariants of curves on CY 3—folds as well as Gromov—Witten invariants and
Gopakumar—Vafa invariants. Now by efforts from derived algebraic geometry due to Pantev, Toén, Vaquié
and Vezzosi [Pantev et al. 2013] and Brav, Bussi and Joyce [Brav et al. 2019], the moduli spaces which
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1342 Yukinobu Toda

define DT (in particular PT) invariants are known to be locally written as critical loci. In [Toda 2019], we
proposed a study of categorical DT theory by gluing locally defined dg-categories of matrix factorizations
on these moduli spaces. A definition of categorical DT invariants is introduced in the case of local surfaces
in [Toda 2019] via Koszul duality and singular support quotients. We also proposed several conjectures
on wall-crossing of categorical DT invariants on local surfaces, motivated by a d—critical analogue of the
D/K equivalence conjecture of Bondal and Orlov [1995] and Kawamata [2002], and also categorifications
of wall-crossing formulas of numerical DT invariants [Joyce and Song 2012; Kontsevich and Soibelman
2008]. In [Toda 2019], we also derived a wall-crossing formula of categorical PT invariants on local
surfaces in the setting of simple wall-crossing (ie there are at most two Jordan—-Holder factors at the wall).

The purpose of this paper is to prove wall-crossing formula for categorical DT invariants on the resolved
conifold, which categorifies the wall-crossing formula of Nagao and Nakajima [2011] for numerical
DT invariants on it. In this case the relevant moduli spaces are global critical loci, so there is no issue
with gluing dg-categories of matrix factorizations. However, the wall-crossing is not necessarily a simple
wall-crossing, and the analysis of categorical wall-crossings is much harder. Our strategy is to use
categorified Hall products for quivers with superpotentials introduced by Padurariu [2019; 2023]. A key
observation is that, up to Knorrer periodicity, a wall-crossing diagram for the resolved conifold locally
looks like a Grassmannian flip together with some superpotential (d-critical Grassmannian flip in the
sense of d-critical birational geometry [Toda 2022]). We refine the result of Ballard, Chidambaram,
Favero, McFaddin and Vandermolen [Ballard et al. 2021] on derived categories of Grassmannian flips
via categorified Hall products, and compare them with more global categorified Hall products under
the Knorrer periodicity. The above approach via categorified Hall products yields a desired categorical
wall-crossing formula. A successive iteration of wall-crossing gives a semiorthogonal decomposition of
categorical PT invariants on the resolved conifold, whose semiorthogonal summands are the simplest
categories of matrix factorizations over a point. We emphasize that the result of this paper is a first
instance where a categorical wall-crossing formula is obtained for nonsimple wall-crossing in the context
of categorical DT theory.

1.2 Categorical PT stable pair theory on the resolved conifold

The resolved conifold X is defined by
X := Totp1 (Op1 (—1)%?),
which is also obtained as a crepant small resolution of the conifold singularity {xy 4+ zw = 0} C C*. The

resolved conifold is a noncompact CY 3—fold, and an important toy model for enumerative geometry on
CY 3-folds such as PT invariants.

For each (8, n) € Z?, we denote by

the moduli space of PT stable pairs (F,s) on X, ie F is a pure one-dimensional coherent sheaf on X
and s: Oy — F is surjective in dimension one, satisfying [F] = B[C] and x(F) = n. Here C C X is the
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Categorical wall-crossing formula for Donaldson—Thomas theory on the resolved conifold 1343

zero section of the projection X — P!, and [F] is the fundamental one-cycle of F. The PT invariant
Py, g € Z is defined by either taking the integration over the zero-dimensional virtual fundamental class
on P, (X, B), or weighted Euler characteristic of the Behrend constructible function [Behrend 2009] on it.
It is well-known that the generating series of PT invariants on X is given by the formula

(1-1) Y Pupq"tP =[] =(=g)")™
n,p m=1
The above formula is available in [Nagao and Nakajima 2011, Theorem 3.15], which is also obtained from

the DT calculation in [Behrend and Bryan 2007] together with the DT/PT correspondence [Bridgeland
2011; Toda 2010; Stoppa and Thomas 2011].

The purpose of this paper is to give a categorification of the formula (1-1). In the case of the resolved
conifold, the moduli space P, (X, B) is written as a global critical locus, ie there is a pair (M, w) where M
is a smooth quasiprojective scheme and w: M — Al is a regular function such that P, (X, B) is isomorphic
to the critical locus of w. A choice of (M, w) is not unique, and we take it using the noncommutative
crepant resolution of X due to Van den Bergh [2004]; see Section 5.10. We define the categorical PT
invariant on X to be the triangulated category of matrix factorizations of w,

BT (Pa(X, B)) := MF(M, w).

See Definition 5.23. The above triangulated category (or more precisely its dg-enhancement) recovers
Py, g by taking the Euler characteristic of its periodic cyclic homology; see equation (5-59). The following
is a consequence of the main result in this paper:

Theorem 1.1 (Corollary 5.24) There exists a semiorthogonal decomposition of the form

(1-2) DT (Pn(X, B)) = (a,,p copies of MF(Spec C, 0)).

Here a, g is defined by

(1-3) an,p = Z n(!(ﬁ))

11Z>1—>Z>0 m=1

Y mz11(m)-(m,1)=(n,B)

Here MF(Spec C, 0) is the category of matrix factorizations of the zero superpotential over the point,
which is equivalent to the Z /2—periodic derived category of finite-dimensional C—vector spaces. As the
formula (1-1) is equivalent to P, g = (—1)”+3an’ B, by taking the periodic cyclic homologies of both
sides and Euler characteristics, the result of Theorem 1.1 recovers the formula (1-1); see Remark 5.25.

1.3 Categorical wall-crossing formula

Nagao and Nakajima [2011, Theorem 3.15] derived the formula (1-1) by proving wall-crossing formula for
stable perverse coherent systems on X . Under a derived equivalence of X with a noncommutative crepant
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Figure 1: Wall-chamber structures.

resolution of the conifold due to Van den Bergh [2004], the category of perverse coherent systems on X
is equivalent to the category of representations of the quiver with superpotential (0%, W), where

®o0 ay

Q’r: m and W =a1byarby, —aibrazby.

For v = (vg,v1) € Zzzo’ we denote by JI/LTQ (v) the C*-rigidified moduli stack of QT—representations with
dimension vector (1, vg, v1), where 1 is the dimension vector at co. It is equipped with a superpotential

w=Tr(W): J(/tTQ(v) — Al

whose critical locus is isomorphic to the moduli stack of (QT, W )-representations with dimension vector
(1,0, v1). There is also a stability parameter 0 = (8, 6;) € R? of (QT, W)-representations, whose
wall-chamber structure is pictured in Figure 1, taken from [Nagao and Nakajima 2011, Figure 1].

For m € Z >, there is a wall in the second quadrant in Figure 1,

We take a stability condition on the wall 8 € W,,, and 6+ = 6 & (—¢, ¢) for ¢ > 0 which lie on its adjacent
chambers. Let DT+ (vg, v1) € Z be the DT invariant counting 61—stable (QT, W )-representations with
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dimension vector (1, vy, v1). We have the wall-crossing formula

-4 > DI (.v)g’e = D DT (. v1>q3°q;") (L+ g5 (—=q)™ =™
(vo.v1)€ZL (vo.v1)€ZL,

proved by Nagao and Nakajima [2011, Theorem 3.12]. The formula (1-1) is obtained from the above

wall-crossing formula by applying it from m = 1 to m > 0 and noting that the PT invariants correspond

to a chamber which is sufficiently close to (and above) the wall R.o(—1, 1).

We prove Theorem 1.1 by giving a categorification of the formula (1-4). For # € R2, we denote by
’0_
MBS w) cath o)

the open substack of §—semistable QT—representations. The following is the main result of this paper,
which gives a categorification of the formula (1-4):

Theorem 1.2 (Corollary 5.18) For 8 € W,,, by setting s,,, = (m,m — 1), there exists a semiorthogonal
decomposition

0. - ) e
(1-5) MF(/I/LL + SS(v), w) = <(n;) copies of MF(MEQ_ S—lspm), w): 1> O).
There is also a precisely defined order among semiorthogonal summands in (1-2); see Corollary 5.18
for the precise statement. Again by taking the periodic cyclic homologies and the Euler characteristics,
the result of Theorem 1.2 recovers the Nagao—Nakajima formula (1-4); see Remark 5.19. The result of
Theorem 1.1 follows by applying Theorem 1.2 from m =1 to m > 0.

We also remark that the similar categorical wall-crossing formula holds at other walls except walls at
{6p + 01 = 0}, ie DT/PT wall on X or on its flop; see Remark 5.21. Note that the numerical DT/PT wall-
crossing formula was not directly obtained in [Nagao and Nakajima 2011], but was proved in [Bridgeland
2011; Toda 2010; Stoppa and Thomas 2011] using the full machinery of motivic Hall algebras in [Joyce
and Song 2012; Kontsevich and Soibelman 2008].

1.4 Outline of the proof of Theorem 1.2

The strategy of the proof of Theorem 1.2 is to use the following ingredients:
(i) The window subcategories for GIT quotient stacks developed by Halpern-Leistner [2015] and
Ballard, Favero and Katzarkov [Ballard et al. 2019].

(i1) The categorified Hall products for quivers with superpotentials introduced and studied by Padurariu
[2023; 2024; 2019].

(iii)) The descriptions of derived categories under Grassmannian flips by Ballard, Chidambaram, Favero,
McFaddin and Vandermolen [Ballard et al. 2021], which itself relies on earlier work by Donovan
and Segal [2014] for Grassmannian flops.
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1346 Yukinobu Toda

For 0 € Wy, let MBG_SS(U) - M g’e_ss(v) be the good moduli space [Alper 2013]. We have the wall-
crossing diagram

04— ,0——ss
M) P M5 W)

(1-6) T~ —

T,0-ss
MQ (v)

which is shown to be a flip of smooth quasiprojective varieties. The D/K principle by Bondal and
Orlov [1995] and Kawamata [2002] predicts the existence of a fully faithful functor of their derived
categories or categories of matrix factorizations.

The window subcategories have been used to investigate the D/K conjecture under variations of GIT
quotients. In the above setting, there exist subcategories W, lob(v) C MF(J(/LBGiSS(v), w), called window
subcategories, such that the compositions

mw%wmmwmﬁwwﬁw>>

are equivalences. If we can show that Wgelgb

then we have a desired fully faithful functor

(v) € W_ T (v) for some choice of window subcategories,

glob

(1-7) ME(G (0), w) <> MEULE ™), w).

In fact, the above argument is used in [Toda 2019, Theorem 4.3.5] to show the existence of a fully faithful
functor (1-7).

We are interested in the semiorthogonal complement of the fully faithful functor (1-7). If the wall-crossing
is enough simple, eg satisfying the DHT condition in [Ballard et al. 2019, Definition 4.1.4], then the
above window subcategory argument also describes the semiorthogonal complement; see [Ballard et al.
2019, Theorem 4.2.1]. However our wall-crossing (1-6) does not necessary satisfy the DHT condition,
and we cannot directly apply it. Instead we use categorified Hall products to describe the semiorthogonal
complement of (1-7).

The categorified Hall product for quivers with superpotentials was introduced by Padurariu [2023; 2024;
2019] in order to give a K—theoretic version of critical COHA, which was introduced in [Kontsevich and
Soibelman 2011] and developed in [Davison 2017]. For v = vy 4 v, with 8(vy) = 0, it is a functor

st MF(U™ (7). w) IMF(UE ™ (0), w) — MFULL ™ (v)., w)

which is defined by the pullback/pushforward with respect to the stack of short exact sequences of
QT—representations. We will show that, for / > 0 and a sequence of integers 0 < j; <--- < jy <m—1,
the categorified Hall product gives a fully faithful functor

21(m?—
(1-8) & MF(MG P (Sm)s W), 4 i—1)(m2—m) B (W, lob(” Ism) ®X{)[+ o m)) glob(v)
i=1
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Categorical wall-crossing formula for Donaldson—Thomas theory on the resolved conifold 1347

whose essential images form a semiorthogonal decomposition. Here the subscript j; + (2i — 1)(m? —m)
indicates the fixed C*—weight part, and xq is some character regarded as a line bundle on JWLQ (v);
see Theorem 5.17 for details. It follows that the categorified Hall products describe the semiorthogonal
complement of (1-7), which lead to a proof of Theorem 1.2.

In order to show that the functor (1-8) is fully faithful and they form a semiorthogonal decomposition, we
prove these statements formally locally on the good moduli space M g’e_ss(v) at any point p corresponding
to a f—polystable (QT, W )-representation R. By the étale slice theorem, one can describe the formal
fibers of the diagram (1-6) at p in terms of a wall-crossing diagram of the Ext quiver QIT, associated
with R, which is much simpler than OF. After removing a quadratic part of the superpotential, one
observes that the wall-crossing diagram for Q;—representations is the product of a Grassmannian flip
with some trivial part. Here a Grassmannian flip is a birational map

G y(d) --> G4 (d)
given by two GIT stable loci of the quotient stack
Ga,p(d) =[(Hom(4, V) & Hom(V, B))/GL(V)],

where d =dim V, a = dim 4 and b = dim B with a > b.

Donovan and Segal [2014] proved a derived equivalence Db (G, p(d)) =~ Db(G:b (d)) in the case of
a = b (ie Grassmannian flop) using window subcategories, and the same argument also applies to construct
a fully faithful functor D®(G, (d)) < D?(G., (d)). However it is in a rather recent work of Ballard,
Chidambaram, Favero, McFaddin and Vandermolen [Ballard et al. 2021] where the semiorthogonal
complement of the above fully faithful functor is considered. We will interpret the description of

semiorthogonal complement in [Ballard et al. 2021] in terms of categorified Hall products, and refine it
as a semiorthogonal decomposition

(1-9) Db(GF, () = <(“;b) copies of D?(G, ,(d —1)):0 =1 < d>.

See Corollary 4.19. The above semiorthogonal decomposition unifies Kapranov’s exceptional collections
of derived categories of Grassmannians, and also semiorthogonal decompositions of standard toric flips,
so it may be of independent interest; see Remarks 4.20 and 4.21.

A semiorthogonal decomposition similar to (1-9) also holds for categories of factorizations of a superpo-
tential of 4, ,(d). Under the Knorrer periodicity, we compare global categorified Hall products (1-8)
with local categorified Hall products giving the semiorthogonal decomposition (1-9). By combining these
arguments, we see that the functor (1-8) is fully faithful and they form a semiorthogonal decomposition
formally locally on M g’e_ss(v), hence they also hold globally.

1.5 Related works

The wall-crossing formula (1-4) was proved by Nagao and Nakajima [2011] in order to give an under-
standing of the product expansion formula of noncommutative DT invariants of the conifold studied
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by Szendr6i [2008]. The wall-crossing formula (1-4) was later extended to the case of a global flopping
contraction by Toda [2013] and Calabrese [2016], to the motivic DT invariants by Morrison, Mozgovoy,
Nagao and Szendrdi [Morrison et al. 2012], and to the DT4 invariants by Cao and Toda [2023]. Recently
Tasuki Kinjo [> 2024] has studied cohomological DT theory on the resolved conifold and proves a
cohomological version of DT/PT correspondence in this case. It would be interesting to extend the
argument in this paper and categorify his cohomological DT/PT correspondence.

As we already mentioned, the study of wall-crossing of categorical PT invariants was posed in [Toda 2019].
In the case of local surfaces, a categorical wall-crossing formula is conjectured in [Toda 2019, Conjecture
6.2.6] in the case of simple wall-crossing, and proved in some cases in [Toda 2019, Theorem 6.3.19]
using Porta—Sala categorified Hall products for surfaces [Porta and Sala 2023]. The wall-crossing we
consider in this paper is not necessary simple, so it is beyond the cases we considered in [Toda 2019,
Conjecture 6.2.6]. A similar wall-crossing at (—1, —1)—curve is also considered in [Toda 2021, Section 7],
but we only proved the existence of fully faithful functors and their semiorthogonal complements are not
considered.

The categorified (K-theoretic) Hall algebras for quivers with superpotentials were introduced and studied
by Tudor Padurariu [2019; 2023]. He also proved the PBW theorem for K—theoretic Hall algebras
[Padurariu 2019;2024] via much more sophisticated combinatorial arguments (based on earlier works of
Spenko and Van den Bergh [2017] and Halpern-Leistner and Sam [2020]). We expect that his arguments
proving the K—theoretic PBW theorem can be applied to prove categorical (or K—theoretic) wall-crossing
formula in a broader setting, including DT/PT wall-crossing in this paper.

Recently Qingyuan Jiang [2021] has studied derived categories of Quot schemes of locally free quotients,
and proposed conjectural semiorthogonal decompositions of them; see [Jiang 2021, Conjecture A.5].
He proved the above conjecture in the case of rank-two quotients. His conjectural semiorthogonal
decompositions resemble the one in Theorem 1.2. It would be interesting to see whether the technique in
this paper can be applied to his conjecture.

Koseki Naoki [2021] has studied derived categories of moduli spaces of stable perverse coherent sheaves
for a blow-up of a surface (studied by Nakajima and Yoshioka [2011]), and proved the existence of
fully faithful functors under wall-crossing. As the situation is similar to the one in this paper, a similar
argument to that in this paper may be applied to describe the semiorthogonal complements of his fully
faithful functors.

1.6 Notation and conventions

In this paper, all the schemes or stacks are defined over C. For an Artin stack %, we denote by DP (W) the
bounded derived category of coherent sheaves on %. For an algebraic group G and its representation V,
we regard it as a vector bundle on BG. For a variety Y on which G acts, we denote by V ® Oy, the
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vector bundle given by the pullback of V by [Y/G] — BG. For a morphism 9t — M from a stack 9t to
a scheme M and a closed point y € M, the formal fiber at y is defined by

ifTIy =My SpeC@M,y — My = SPCC@M,y.

For a triangulated category 9, its triangulated subcategory 9’ C 9 is called dense if any object in % is a
direct summand of an object in %',

Acknowledgements The author is grateful to Yalong Cao, Qingyuan Jiang, Naoki Koseki, Tudor
Pédurariu and Gufang Zhao for comments on the first version of this paper. The author also thanks the
referee for careful reading of the paper and several valuable comments. The author is supported by World
Premier International Research Center Initiative (WPI initiative), MEXT, Japan, and Grant in Aid for
Scientific Research grant 19H01779 from MEXT, Japan.

2 Preliminaries

In this section, we review triangulated categories of factorizations, the window theorem for categories of
factorizations over GIT quotient stacks, and the Knorrer periodicity.

2.1 The category of factorizations

Let Y be a noetherian algebraic stack over C and take w € I'(Oy). A (coherent) factorization of w

consists of
ao

—
Po %1, where agoa; = -w and ajoxg = W,
—
o

where each %; is a coherent sheaf on %, and the ¢; are morphisms of coherent sheaves. The category of
coherent factorizations naturally forms a dg-category, whose homotopy category is denoted by HMF(%, w).
The subcategory of absolutely acyclic objects

Acy®™® c HMF(W, w)

is defined to be the minimum thick triangulated subcategory which contains totalizations of short exact
sequences of coherent factorizations of w. The triangulated category of factorizations of w is defined by

MF(¥, w) := HMF(%, w)/Acy®.
(See [Orlov 2012; Efimov and Positselski 2015; Polishchuk and Vaintrob 2011].)

If Y is an affine scheme, then MF(%, w) is equivalent to Orlov’s triangulated category [2009] of matrix
factorizations of w. For two pairs (¥;, w;) for i = 1,2, we use the notation

MF®1, w;) XMF(Y,, w;) := MF(Y XYy, w1 + w>).

For triangulated subcategories 6; C MF(%;, w;), we denote by 6 X 6, the smallest thick triangulated
subcategory of MF(¥, w;) X MF(%,, w,) which contains C; X C, for C; € €;.
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It is well known that MF(%, w) only depends on an open neighborhood of Crit(w) C %Y. Namely let
%’ C % be an open substack such that Crit(w) C %’. Then the restriction functor gives an equivalence

2-1) MF(W, w) = ME(W’, wlay).

(See [Polishchuk and Vaintrob 2011, Corollary 5.3] and [Halpern-Leistner and Sam 2020, Lemma 5.5].)
Suppose that Y = [Y/G], where G is an algebraic group which acts on a scheme Y. Assume that C* C G
lies in the center of G, which acts on Y trivially. Then MF(%, w) decomposes into the direct sum

(2-2) MF(W, w) = D MF®¥, w);.
JEZL

where each summand corresponds to the C*—weight j part.

2.2 Attracting loci

Let G be a reductive algebraic group with maximal torus 7', which acts on a smooth affine scheme Y.
We denote by M the character lattice of 7" and N the cocharacter lattice of 7. There is a perfect pairing
(— =Y NxM —Z.

For a one-parameter subgroup A: C* — G, let Y*Z0 and Y*=0 be defined by
Yr=0 .= {y €Y : lim A(¢)(y) exists},
t—0
Y= = {yeY:At)(y) =y forall t € C*}.
The Levi subgroup and the parabolic subgroup
G*='cc**'ca

are also similarly defined by the conjugate G—action on G, ie g-(—) = g(—)g~!. The G—action on Y
restricts to the G*Z%—action on Y229, and the G*=%—action on Y*=%. We note that A factors through
A:C* - G*=9, and it acts on Y*=0 trivially. So we have the decomposition into A—weight spaces

Db (¥*=0/G*=) = P PP (Y =0/ G =D ey

j €
We have the diagram of attracting loci <
[Y*20/Gr=0] P [Y/G]
(2-3) o (l%
[YA=O/GA=0]

Here p,, is induced by the inclusion Y220 C ¥, and ¢y is given by taking the + — 0 limit of the action
of A(¢) for t € C* The morphism o; is a section of ¢; induced by inclusions Y*=0 ¢ Y420 anqd
G*=% ¢ G*=°. We will use the following lemma.

Geometry & Topology, Volume 28 (2024)
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Lemma 2.1 [Halpern-Leistner 2015, Corollary 3.17, Amplification 3.18]
(i) For¢; € D®([Y*2%/G*=0)) withi = 1,2, suppose that
* b A=0,~A=0 * b A=0,~A=0
0,61 € D°([Y*7/G" "Dirwzj and 0,€; € D([Y*77 /G Drcw<;
for some j. Then Hom(€1,€,) = 0.
(i1) For j € Z, the functor
g5 DP (V=) GP =Dy mj — DO (V207 GH=0)

is fully faithful.

2.3 Kempf-Ness stratification

Here we review Kempf—Ness stratifications associated with GIT quotients of reductive algebraic groups,
and the corresponding window theorem following the convention of [Halpern-Leistner 2015, Section 2.1].
Let Y and G be as in the previous subsection. For an element / € Pic([Y/G])r, we have the open subset
of /—semistable points

Yl cy

characterized by the set of points y € Y such that for any one-parameter subgroup A: C* — G such that
the limit z = lim; ¢ A(¢) () exists in Y, we have wt(/|;) > 0. Let |*| be the Weyl-invariant norm on Ng.
The above subset of /—semistable points fits into the Kempf~Ness (KN) stratification

(2-4) Y =S uS,u---uSyuy’=,

Here for each 1 <i < N there exists a one-parameter subgroup A;: C* — T C G, an open and closed
subset Z; of (Y \ U< S,-/))”:O (called the center of S;) such that

S;i=G-Y; and Yi;:{erMZO;1ir%xi(z)(y)ezi}.
t—

Moreover, by setting the slope to be
o WUz
. |Ai]

we have the inequalities (1 > py > --- > 0. We have (see [Halpern-Leistner 2015, Definition 2.2]) the

e R,

diagram N .
[Yi/G)»iZO] —— [S,'/G](L) [(Y \ Ui’<i Si’)/G]

e
[Zi/G*=9]

Here the left vertical arrow is given by taking the 7 — 0 limit of the action of A;(¢) for z € C*, and t;
and ¢; are induced by the embeddings Z; — Y and S; < Y, respectively.
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Let n; € Z be defined by
(2-6) ni := wty, (det(Ng, y|z,)).
In the case that Y is a G—representation, it is also written as
mi = (i (V)0 — (g¥)M70).

Here for a G—representation W and a one-parameter subgroup A: C* — T', we denote by W*>0 ¢ K(BT)
the subspace of W spanned by weights which pair positively with A. We will use the following version
of the window theorem.

Theorem 2.2 [Halpern-Leistner 2015; Ballard et al. 2019] For each i, take m; € R. For N' < N, let

e Y, s Y, 5)e)

1<i<N’
be the subcategory of objects % satistying the condition
(2-8) 7@®e @ D(Zi/GH Vs =)
Jj€lm;,mi+n;)

forall N' <i < N. Then the composition functor

a0, 5)e) (Y, 5)e) =

1<i<N’ 1<i<N’

is an equivalence.

Let w: Y — Al be a G—invariant function. We will apply Theorem 2.2 for a KN stratification of Crit(w)
Crit(w) = S| U S5 U---U S U Crit(w)™

in the following way. After discarding KN strata S; C Y with Crit(w) N S; = &, the above stratification
is obtained by restricting a KN stratification (2-4) for Y to Crit(w). Let A;: C* — G be a one-parameter
subgroup for S7 with center Z; C S]. We define Z; C Y to be the union of connected components of the
Ai—fixed part of ¥ which contains Z7, and Y; C Y is the set of points y € Y with lim;_,o A;(1)y € Z;.
Similarly to (2-5), we have the diagram

qi

T e g T

[?,‘/G)"ZO]C—> [YXiZO/GAiZO] _ = [Y/G]
ﬁzl l /
[Z,-/Gki=°]<_> [Yk,-=0/G)u,-=0]

Here the left horizontal arrows are open and closed immersions. Using the equivalence (2-1), we also
have the following version of window theorem for factorization categories; see [Toda 2021, Section 2.4].
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Theorem 2.3 For eachi, we take m; € R. For N’ < N, let

(U, Y)Y, )

1<i<N’ 1<i<N’

be the subcategory consisting of factorizations (%, dy) such that

29 (@ dD)lz\U, -, 5)/67=0) € &y MF([(Z- \UJ S,.’,) /Gk,:o}, w] z,-) .
Jj€lm; m;+n;) i'<i himwt=j

forall N' <i < N. Here ; = wt, det(ILg; )" | 7z, Then the composition functor

W,L.([(Y\ISILSJN,S{)/G],IU)%MF([(Y\ U S;)/G],w)—»MF([Y’SS/G], w)

1<i=N’

is an equivalence.
2.4 Knorrer periodicity

Let Y be a smooth affine scheme and G be an affine algebraic group which acts on Y. Let W be a
G-representation, which determines a vector bundle W — % :=[Y/G]. Given a function w: % — Al we
have another function on the total space of W & W,

wA4q:WeWY — A, where g(x,x") = (x,x').

We have the diagram ‘
WYL wewY

prJ/ \ lw-l—q
w
Y—"p Al
Here i (x) = (0, x). The following is a version of Knorrer periodicity; cf [Hirano 2017a, Theorem 4.2].

Theorem 2.4 The composition functor

(2-10) @ =i, pr: MF(Y, w) LN MF(WY, w) EEN MF(W & WY, w + q)

is an equivalence.

Remark 2.5 Here in applying [Hirano 2017a, Theorem 4.2], we view ¥ as a closed substack Y < W'

cut out by the tautological section of the vector bundle W & W — W given by the second projection, and
view W @ WY as the dual vector bundle of W @& W — W'

The equivalence (2-10) is given by taking the tensor product over Oy with the following factorization
f WeewY

otgon ® 15 Oqyv : 0.

The above factorization is isomorphic to the Koszul factorization of ¢ on W @ W™, which is of the form

(2-11) (N WY) ®0, Owawy = (NUWY) ®0, Owew -
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(See [Ballard et al. 2014, Proposition 3.20].) Here each differential is given by s 4 Az, where
5T WY ® Oygay — Oygapy
corresponds to the tautological section of W & W — W pulled back to W & WY, and
teWY g, W WY Qg Owawv
corresponds to id € Homa (W', W').

Let A: C* — G be a one-parameter subgroup. We have the diagrams

oy)»ZO P W, (OW D C‘W‘V)}\-ZO P W @ WV

‘“l W= lw and q;l (w+q)*=? lw+q

yrA=0___ T Al Vv A=0 1
wA=0 (Wew™) w=04 gh=0 A

of attracting loci. Note that we have equivalences
@)\.:0: MF(Oy)\.ZO, w)»ZO) HadN MF((OW D WV)AZO’ w)u=0 + q}»ZO),
QD)‘ZO: MF(Qy)»ZO wkzo) o~ MF((GW)"EO ® (OW‘)»ZO)V wKZO +q)»20)
by applying Theorem 2.4 for WA=0 5 yr=0 and Wr=0 — YA=0 regpectively.

Proposition 2.6 The following diagram commutes:

P *q*
ME(WA=0, *=0) o MFE(W, w)

®*=00®(det W*>9)V [dim W*>°]l q:l
/ /*

D)4,

ME((W @ WY )A=0_ yr=0 4 4A=0) MEW & WY, w +q)

Proof We have the diagram
YrA=0 qYAr=0 W

N

oy)» =0 o'y)»>0 oy
Here all horizontal diagrams are diagrams of attracting loci, and vertical arrows are projections. From the
above diagram, we construct the diagram

4

p)

1

rll O lgz
(2-13)

q5 OWA>0 D q; (OW-A O)V OWA>0 D (OWA>0)V w+gq

AZ0 ,AZ0
= + =
fll a
3 w =0 4 g+=0

OWA=0 fay (OWA—O)V

(OW D oWV)AZO SN OW')»ZO D p;:on T) W WV

Al
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Here (f1, f2) is induced by the top horizontal diagram in (2-12), (g1, g2) is induced by the duals of the

morphisms of vector bundles
q;:W)“:O <« Wr=0 W

on Y*=0 and (ry, r,) is induced by the diagram of attracting loci (WY)*=0 « (WY)*=0 — WV for WV,

By applying Lemma 6.1 for the right square of (2-12) (and also noting that p) and f, are proper), we
have the commutative diagram

ME(@*20 1*=0) MF(, w)

w20 q{

ME(WAZ0 @ (WHZO0)V 220 4 420y ﬁ MF(W & WY, w + q).
2x8p

Dix

Similarly by applying Lemma 6.2 for the left square of (2-12), we have the commutative diagram

a5

MF(OH)‘:O, wk=0) MF(@)‘ZO, wkZO)

@A:Ol q,xzol

ME((W @ W) =0 pA=0 4 4A4=0) — MECWHZ0 @ (WHZ0)V 1yA=0 | 4A20)
g11Jy

Note that we have
gi(=) = g1 (= ® ;7 pr* det(W>0)V[dim W*>0)).

Here pr: (W & WY)A=0 5 yA=0 s the projection. By the diagram (2-13) and the base change, we have
the isomorphism of functors

fon@h g [ = phogyt ME(WAZ0 @ (WH=0)Y w0 4 220  ME(W @ WY, w 4 ¢).

Therefore the proposition holds. a

3 Categorified Hall products for quivers with superpotentials

In this section, we review categorified Hall products for quivers with superpotentials introduced in
[Padurariu 2019; 2023].

3.1 Moduli stacks of representations of quivers

A quiver consists of data Q = (Qy, Q1,s,t), where Qg, O are finite sets and s,¢: Q1 — Q are maps.
The set Qy is the set of vertices, Q1 is the set of edges, and s, ¢ are maps which assign source and target
of each edge. A Q—representation consists of data

V ={(Vi.ue) :i € Qo, ue € Hom(Vs(e). Vi(e))
where each V; is a finite-dimensional vector space. The dimension vector v(V) of V is (dim V;);cq,-
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For v = (vi)ieg, € Zgg, let Rg(v) be the vector space

Ro(v) = @D Hom(Vy(e). Vie)):
ecQ;
where dim V; = v;. The algebraic group G(v) := Hier GL(V;) acts on Rgp(v) by conjugation. The
stack of Q-representations of dimension vector v is given by the quotient stack
Mo () :=[Ro(v)/G(v)].
We discuss King’s 6—stability condition [1994] on QT—representations. We take
0 = (6)icg, € RO
For a dimension vector v € Zgg , we set O(v) = ZiEQO O;v;. For a Q-representation V, we set

O(V) := O(v(V)).

Definition 3.1 A Q-representation V is called 8—(semi)stable if 6(V) = 0 and for any nonzero subobject
V' € V we have 8(V’) < (<) 0.

There is an open substack
MG (V) C g (v)

corresponding to 8—semistable representations. By [King 1994, Proposition 3.1], if each 6; is an integer,
the above open substack corresponds to the GIT semistable locus with respect to the character

X6:GW) > C*. (giieg, = | ] detg; ™.

i€Qo
By taking the GIT quotient, it admits a good moduli space [Alper 2013]
(3-1) g MG () > MG (v)

such that each closed point of M S‘Ss(v) corresponds to a —polystable Q-representation.

Let (a;, bi) € Zz>0 be a pair of nonnegative integers for each vertex i € Qg, and take ¢ € Z>¢. We define
the extended quiver QJr so that its vertex set is {oo} U Qq, with edges consist of edges in Q and

floo—>i)=ua;, #(i —>o00)=0>;, #(co—>0)=c.
The C*-rigidified moduli stack of Q-representations of dimension vector (1, d) is given by
MY ) = [Ror(1,v)/G )],

where 1 is the dimension vector at co. Note that there is a natural morphism Mg+ (1, v) — Jl/LTQ (v)
which is a trivial C*—gerbe. For 0 = (0, 6;);e@, With 8(1, v) = 0, the open substack of f—semistable
representations

MBS w) cath )
is defined in a similar way. The condition (1, v) = 0 determines G by O = _Zier 0;v;, so we just
write 0 = (6;)ieQ,-
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Remark 3.2 A reason for considering the extended quiver QT is to rigidify automorphisms of represen-

tations of quivers so that the resulting moduli spaces become schemes rather than stacks. Namely (1, v)

is the primitive dimension vector of Q-representations so that A/LBO_SS(U) is a scheme (indeed smooth

quasiprojective variety) for a generic choice of 8. Adding an extended vertex {co} corresponds to giving
a framing in PT stable pair theory.

3.2 Categorified Hall products

ZQO

For a dimension vector v € ZZj,

let us take a decomposition
v=v® +... 49O where vV ¢ Zgg.

Let V; = @§=1 Vl.(j ) be a direct sum decomposition such that {Vl.(j )}iEQo has dimension vector v(/).

We take integers A(1) > ... > 1()_ and a one-parameter subgroup A: C* — G(v) which acts on Vi(j ) by
weight (/). We have the stack of attracting loci

Mo (") :=[Ro()**°/G()*>°].
The above stack is isomorphic to the stack of filtrations of Q—representations
(3-2) 0=VOcvWc...cv® =v
such that each V) /V (=1 has dimension vector v{/). Moreover, we have

!
[[ o) =[Ro@)*=°/G()*=,
j=1

and we have the diagram
Mo*) —22— Mo (v)

(3-3) lle
l .
szlMQ(v(J))

Here p; sends a filtration (3-2) to V, and ¢, sends a filtration (3-2) to its associated graded Q-
representation. Since p; is proper, we have the functor (called the categorified Hall product)
! .

(3-4) pasd: [X] D (Mo (D)) — DP (g (v)).
ji=1
For ¢\/) € Db(Jl/tQ(v(j))), we set
eWx.xe = pr i@V R...x€D).
The above x—product is associative, ie

(%(1) % %(2)) + €3 ~ g, (%(2) % %(3)) ~ g g L)
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We take 6 = (6;)ieg, such that 6(v/)) = 0 for all j. Then the diagram (3-3) restricts to the diagram

MgSS(v-) P M%SS(U)

(3-5) q,\l
l e .
[T MGQ s(p())
Similarly we have the functor

l 7 QQ
Pty X PP (MG ) — DP (™ w)),
j=1

which coincides with (3-4) when 6 = 0.
Similarly, applying the above construction for the extended quiver O, for a decomposition
(3-6) v=ov® 4. 4O 4 where v € 790,
such that 8(v(/)) = 0 for 1 < j <1, we have the functor
/

_ss i ,0—s: ,0—

(3-7) [} 0P (%= w9) & Dbl ) — Db’ w)).
j=1

. L. . _ ,0-ss
By setting / = 1, it gives a left action of g (,)=o Db (./I/L% $(v)) on @, D? (./l/LTQ (v)).
3.3 Categorified Hall products for quivers with superpotentials

Let W be a superpotential of a quiver Q, ie W € C[Q]/[C[Q], C[Q]], where C[Q] is the path algebra
of Q. Then there is a function
(3-8) w = Tr(W): Mg (v) — A

whose critical locus is identified with the moduli stack of (Q, W)-representations g ) (v), ie O—
representations satisfying the relation dW'.

The diagram (3-5) is extended to the diagram

MGQ—SS (v*) L) MOQ—SS(U)
(3-9) thl lw
Zi’:l w )

[Tz gy @0) == Al

Here w(/) is the function (3-8) on Jl/tQ(v(j )). Similarly to (3-4), we have the functor between triangulated

categories of factorizations

/ ; ;
paxdy: DY MFLG ™ 0D), wD) - MFUE ™ (v), w).
j=1

called the categorified Hall products for representations of quivers with superpotentials.
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The superpotential naturally defines the superpotential of the extended quiver QT, so we have the regular
function w: A/LJFQ (v) — Al as in (3-8). Similarly to (3-7), for a decomposition (3-6) we have the left action

[ . . < S
3-10)  IMFUGS W), w?) mMEUE ), w) — MFE" ), w).
j=1

Note that we have the decomposition (2-2) with respect to the diagonal torus C* C G (v)
MF(US™ (v). w) = @ MG (v), w); .
JEZ
We will often restrict the functor (3-10) to the fixed weight spaces

! . . ‘
D ME(UG = (w9), wP);, ®MFULL ™ (0)), w®)) — MFULY ™ (v). w).
j=1

3.4 Base change to formal fibers

Later we will take a base change of the categorified Hall product to a formal neighborhood of a point in
the good moduli space (3-1). The diagram (3-9) extends to the commutative diagram

MGQ—ss(vo) P MGQ—SS(U)

.

(3-11) [T M ) aa \ W

|

M= MG D) 2 MES @) — Al

Here the bottom arrow is the morphism taking the direct sum of 6—polystable representations, which is a
finite morphism (see [Meinhardt and Reineke 2019, Lemma 2.1]), and the left bottom vertical arrow is the
good moduli space morphism. For a closed point p € M gfss(v), we consider the following formal fiber

Jl/LeQ_SS(U)p = M(sts(v) Xpswy) M S‘Ss(v)p - M S_SS(”)P 7= Spec Oy ), e

Let (p(, ..., p®D) e Hj-:l Mg‘ss(v(j)) be a point such that &(p", ..., p@) = p. By taking the fiber
product of the diagram (3-11) by M g‘ss(v) p—> M g‘ss(v), we obtain the diagram

Da

A}[GQ%S (U.)p
(3-12) a l

l ~0_ .
Hpweo—1(p) [Tj=1 ‘/M“QQ W) i)

OF

The above diagram is a diagram of attracting loci for ﬁgss(v) p; see [Toda 2021, Lemma 4.11].
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By the derived base change, we have the commutative diagram

Paxdy

=y DO (> (D)) D (UG*(v))

(3-13) l l
~0_ . ﬁx*ﬁf ~n_
D pwrca-1(p) Moy DPAGS D) yi0) — D (MG (v) )
Here the vertical arrows are pullbacks to formal fibers.

We denote by W), : JWQ‘SS(v) — Al the pullback of the function (3-8) to the formal fiber. Similarly to (3-13),
we have the commutative diagram

DPixds

X _y MEUUEG*(0D)), w) MF(U* (v))

(3-14) l l

o () . Paxl} P _
B poeca-1(p B =y MEWGS (0D) i, BY),)) —— MF(LG S (v) ., B )

4 Derived categories of Grassmannian flips

In this section, we use categorified Hall products to refine the result of [Ballard et al. 2021, Theorem 5.4.4]
on variation of derived categories under Grassmannian flips.

4.1 Grassmannian flips

Let V be a vector space with dimension d, and let A and B be other vector spaces such that
a:=dimA and b:=dim B, with a>b.
We form the quotient stack

4-1) Ga.p(d) :=[(Hom(A4,V)®Hom(V, B))/GL(V)].

Remark 4.1 The stack 4, 5 (d) is the C*-rigidified moduli stack of representations of the quiver Q, p of
dimension vector (1, d), where the vertex set is {00, 1}, the number of arrows from oo to 1 is a, that from
1 to oo is b, and there are no self-loops; see Section 3.1. For instance the quiver Q3 > is described by

@2) 032= ,w@.

"1

Below we fix a basis of V, and take the maximal torus 7" C GL(V') to be consisting of diagonal matrices.
For a one-parameter subgroup A: C* — T, we use the following notation for the diagram of attracting

loci as in (2-3): »
G (V=0 " G, 4 (d)

(4-3) q/\l
Gy (d)*=0
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‘We use the determinant character
(4-4) x0:GL(V) — C*, g det(g),

and often regard it as a line bundle on 9, 5 (d). There exist two GIT quotients with respect to X(“)*Ll given

by open substacks
G p(d) CGap(d).

Here xo—semistable locus G;b (d) consists of («, 8) € Hom(A4, V) ®@Hom(V, B) such thata: A — V
is surjective, and Xo_l—semistable locus G, (d) consists of («, B) such that f: V' — B is injective. We

have the diagram
Gy () Gup(d) Gy (d)

N

G;)’ »(d)

Here the middle vertical arrow is the good moduli space for G, p(d).

Remark 4.2 Whena > d and b =0, then G (d) = & and G;’O (d) is the Grassmannian parametrizing
surjections A — V. If a > b > d, then G;tb(d) — ng(d) are birational and G;b(d) -—> G, (d)isa
flip (@ > b), flop (a = b).

We have the KN stratifications with respect to X(jf L
Gap(d) =Fy UIT U---UFT_ UGS, (d).

where 9’l.+ consists of (, B) such that the image of a: A — V' has dimension i, and ¥;" consists of (c, B)
such that the kernel of 8: V — B has dimension d —i. The associated one-parameter subgroups

AE: C* — T are taken as dei ,
i ! d—i i
PEEENE—

—— ——
(4-6) Go=0 1Y A= 0T,

i

(See [Halpern-Leistner 2015, Example 4.12].)

4.2 Window subcategories for Grassmannian flips

We fix a Borel subgroup B C GL(V) to be consisting of upper-triangular matrices, and set roots of B
to be negative roots. Let M = Z4 be the character lattice for GL(V), and Mﬂg C MpR the dominant
chamber. By the above choice of negative roots, we have

M]g' ={(x1,x2,...,xd)eRd:x1 <xp<---<Xx4}.
We set M+ := My N M. For ¢ € Z, we set
(4-7) Be(d) :={(x1,X2,....,x5) € MT:0<x; <c—d}.
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Figure 2: (3,7,7,10,15) € B.(d) ford = 5 and ¢ > 20.

Here B.(d) = @ if ¢ < d. For x € B.(d), we assign the Young diagram whose number of boxes at the
i row is x4_; 1. The above assignment identifies B.(d) with the set of Young diagrams with height
less than or equal to d, width less than or equal to ¢ — d. For example, Figure 2 illustrates the case of

(3,7,7,10,15) € B.(d) for d = 5 and ¢ > 20.
We define the triangulated subcategory
(4-8) We(d) C D (%a,(d))

to be the smallest thick triangulated subcategory which contains V() ® Og, ,(4) for x € B¢(d). Here
V() is the irreducible GL(V') representation with highest weight ¥, ie it is a Schur power of V associated
with the Young diagram corresponding to x. The following proposition is well-known (see [Donovan and
Segal 2014, Proposition 3.6]), which gives window subcategories for Grassmannian flips. We reprove it
here using Theorem 2.2.

Proposition 4.3 The following composition functors are equivalences:
Wy (d) C D (Gap(d)) > DP(G ,(d)).

(4-9) b b+
Wa(d) C D" (%a,p(d)) = D°(G, ,(d)).

Proof We only prove the statement for +. Let k;L be the one-parameter subgroup in (4-6). Then r]l.+
given in (2-6) is

0t = (F. (Hom(A, V)Y @ Hom(V, B)V)* >° —End(V)" >) = (a—i)(d — ).

Let x" = (x],...,x);,) be a T—weight of V() for x € Ba(d). Then0<x <a—dforl <j<d,so
—171 <—(a—d)d—i)=(x, Z x; <0,
j=i+1

Therefore by setting m; = _’71'+ +efor0<e <K 1and/ = yoin (2-7), we have
Wa(d) C W (Ga,p(d)) C D°(Ga5(d)).
It follows that the second composition functor in (4-9) is fully faithful.
In order to show that it is essentially surjective, note that the projection to Hom(A, V') defines a morphism
(4-10) G;fb (d) — Gr(a,d),
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where Gr(a, d) is the Grassmannian which parametrizes d—dimensional quotients of 4. By the above
morphism, G;b (d) is the total space of a vector bundle over Gr(a, d). The objects V(x) ® O, , (q) for
X € Bg(d) restricted to the zero section of (4-10) forms Kapranov’s exceptional collection [1984]. Since
Db (sz (d)) is generated by pullbacks of objects from D?(Gr(a, d)), the essential surjectivity of (4-9)
holds. |

4.3 Resolutions of categorified Hall products

Letd =d® + ... 4+ dD 4 d(*) be a decomposition of d. Note that from Section 3.1, we have the
categorified Hall product

& D?(BGL(dY)) B D (G4(d ™)) > D (G4(d)).
j=1

In particular by setting (") = 1 and 4 = d — 1, we have the functor

(4-11) x: DP(BC*)® D (G, 4(d — 1)) — D (G4 5(d)).

It is explicitly given as follows. Let A: C* — T be given by

(4-12) A =@ 1,...,1).

Then we have the decomposition V = V>0 @ V4=0 where V2> is one-dimensional. Then

Gup(d)*=" = [BGL(V*>0)] x [ (Hom(4, V*=°) & Hom(V*=°, B)) /GL(V*=?)]

= BC* x %G, p(d —1).

The functor (4-11) is given by pj«q; (—) in the diagram (4-3). The stack 4, 5 (d )220 is the moduli stack
of exact sequences of Q, p—representations

(4-13) 0>V Ly vri=0_,9
such that V*>9 has dimension vector (0, 1). We will often use the following lemmas:
Lemma 4.4 For ¢, € D?(BC*) and ¢, € Db(@a’b(d — 1)), we have
(€1%%) ® xp = (€1 ® Opc=())) * (62 ® 1)
Here we have used the same symbol x for the determinant character of GL(V)‘=°).
Proof The lemma follows using p; xo = Opc=(1) X xo and the definition of the functor (4-11). O
Lemma 4.5 For ¢ € W.(d) and j > 0, we have € ® Xé € Weqj(d).
Proof The lemma follows since V(x) ® Xé =V(x'),where Y’ = x+(j.j,....J). O

The following proposition is essentially proved in [Donovan and Segal 2014; Ballard et al. 2021], which
we interpret in terms of categorified Hall products.
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. ) ] |
§ = 81 = 8y = 83 = 84 =

Figure 3: Algorithm for x = (4,2,1),d =4,c=b=1.

Proposition 4.6 [Donovan and Segal 2014, Theorem A.7; Ballard et al. 2021, Proposition 5.4.6] For
X €B.(d —1) with ¢ > b, let § be the corresponding Young diagram. Then the object

Opc* * (V(x) ® Og, ,(d—1))

is a sheaf which fits into an exact sequence

®m ®m
4-14) 0—->V(xg)® @‘@a,blfd) == V() ® G(ga,bl(d)

— V(x) ® O, , (@) = Opc* * (V(X) ® O, ,(a—1)) = 0.

Here x € B.(d — 1) is regarded as an element of B, {(d) by (x3,...,x4) — (0,Xx3,...,x4), and each

Xi € Be41(d) in (4-14) corresponds to a Young diagram §; obtained from § by the following algorithm:

e The Young diagram §; is obtained from § by adding boxes to the first column until it reaches to
height d.

e The diagram §; is obtained from §;_, by adding boxes to the i " column until its height is one more

than the height of the (i—1)™ column of §.

See Figure 3. Moreover, m; = dim N\ B for s; = |8;| — |8|, and the sequence (4-14) terminates when we
reach a positive integer K such that sg 1 > b.

Proof Let A be the one-parameter subgroup (4-12). Then we have
(Hom(A, V) & Hom(V, B))*=° = Hom(4, V) ® Hom(V*=°, B)
~ Hom(V", 4Y) ® Hom(B", (V*=%)V).

The parabolic subgroup GL(V)*Z0 is the subgroup of GL(V) which preserves V>0 ¢ V. Therefore
there is an isomorphism of quotient stacks
[(Hom(4, V) @ Hom(V, B))**/GL(V)**°]

=5 [Hom(V", 4¥) @ Hom(B", (V*=°)") @ Hom™ ((V*=%)V, V) /GL(V) x GL(V*=%)].
Here Hom™ ((V*=%)V ¥V) c Hom((V*=9)V, V'V) is the subset consisting of injective homomorphisms.
The above isomorphism is induced by the embedding into the direct summand (V*=%)Y < V'V together
with the natural inclusion GL(V)*Z0 < GL(V) x GL(V*=9). Under the above isomorphism, the

morphism
P32 [(Hom(A4, V) @ Hom(V, B)**%/GL(V)**°] - 4, ;(d)
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from the diagram (3-3) is identified with the morphism
[Hom(V¥, 4Y) @ Hom(B", (V*=%)¥) @ Hom™((V*=%)", V'¥)/GL(V) x GL(V*=0)]
P2 IHom(VY, 4Y) @ Hom(BY, V) /GL(V)]

induced by the composition of maps. The above morphism is nothing but the one considered in [Donovan
and Segal 2014, Theorem A.7; Ballard et al. 2021, Proposition 5.4.6]. We then directly apply the compu-
tation of pj «(—) for vector bundles given by Schur powers in [Donovan and Segal 2014, Theorem A.7;
Ballard et al. 2021, Proposition 5.4.6] to obtain the resolution (4-14).

We also check that each y; in (4-14) is an element of B, (d), ie §; has at most height d and width
c¢—d + 1. Itis obvious that §; has at most height d. Let 1; be the number of boxes of § at the j % column.
Then from the algorithm defining 6;, we have

si=d—p)+F i +1=p)+ -+ (Uimr + 1 =) =d +i —1—p;.

Since x € B.(d —1), we have pte—g+2 = 0,50 Sc—g4+2 = ¢+ 1> b. Therefore we have K <c—d + 1.
Since é has width at most ¢ — d + 1, it follows that §; also has width at most ¢ —d + 1. O

Using the above proposition, we have the following lemma:

Lemma 4.7 For 0 < j <c—1, we have
(4-15) Opc= () * (Weo1—j(d — 1) ® x3) C Wel(d).
Proof We have
Opc+ () * (Wei—j(d = 1) ® x}) = (Opcs * Wemi—j(d — 1) ® 1} € Wej(d) ® X} € We(d).

Here we have used Lemma 4.4 for the first identity, Proposition 4.6 for the first inclusion and Lemma 4.5
for the last inclusion. d

4.4 Generation of window subcategories

We show that for ¢ > b the category W, (d) is generated by its subcategory Wy (d) and subcategories
(4-15) for 0 < j < c¢—b — 1. We first prove the case of ¢ = b + 1, which is a variant of [Ballard et al.
2021, Lemma 5.4.9].

Lemma 4.8 The subcategory Wy 1(d) C Db (Y4,5(d)) is generated by Wy (d) and Ogc+ * Wy(d —1).
Proof For y € By (d), it is enough to show that V(x) ® O, , (4) is generated by
Wp(d) and Opcx * Wy(d —1).

Let § be the Young diagram corresponding to x, and we denote by p; the number of boxes of § at the
7" column. We may assume that the width of § is exactly b —d + 1,ie uj > 1for 1 < j <b—d + 1

and pp—g4+2 = 0.
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Figure 4: The diagrams é and 8’ for x = (2,2, 3,4,5) € B1o(5).

Suppose that the height of § is exactly d, ie w1 = d. We define another Young diagram &’ whose
number of boxes at the j" column is p j+1 — 1. Then the height of §" is at most d — 1, and the width
of &’ is at most b — d; see Figure 4. Let x’ € By_;(d — 1) be the character corresponding to §’. As
Bp_1(d —1) CBp(d — 1), we apply Proposition 4.6 to obtain a resolution

®m ®m
4-16) 0— V(X’K) ® G%u.blfd) — e V(X/l) ® G(ga.bl(d)

— V(x) ®0q, ,(ay = Opc+ * (V(x) ® Og, ,@—-1)) = 0.

for x; € By41(d). Note that we have

18] = 18" =(d —p2+ 1)+ (n2—p3 + 1)+ + (Up—a — b—d+1 + 1) + p—d+1 = b.

From the construction of &', the Young diagram § is reconstructed from &’ by the algorithm given in
Proposition 4.6 at the (hb—d +1)™ step. Therefore, from the above identity, it follows that there are exactly
b—d + 1 terms of the resolution (4-16),ie K =b—d +1, and also mg =1, X,K = x. Moreover, since the
width of ¢’ is as most b — d, we also have x; € By (d) for 0 <i <b—d + 1. Therefore V(x) ® O, ,(a)
is generated by objects in Wy (d) and Ogc= * (V (') ® Og, ,(d-1)) € Opc* * Wp(d —1).

Suppose that the height of § is less than d. Then we have x € B, (d—1). By applying Proposition 4.6, we see
that V() ®0g,, , (a) is generated by Ogc=*(V(x) ®0Oc, , (d—1)) € Opc* Wp(d—1) and V(xi) ®0q, , (a)
for x; € By41(d). By the algorithm in Proposition 4.6, the Young diagram corresponding to x; has a
full column, ie the height of y; is exactly d. Therefore by the above argument, each V(i) ® O, , (a) is
generated by Wy (d) and Ogc* * Wy (d — 1). |

We then show the generation for W, (d):

Lemma 4.9 For ¢ > b, the subcategory W,(d) C D? (Yq,5(d)) is generated by Wy (d) and

Opc+(j) * (We—y—j(d — 1)®x{;) for 0<j<c—b—1.

Proof The case of ¢ = b+ 1 is proved in Lemma 4.8. We prove the lemma for ¢ > b+ 1 by induction on c.
For x € B¢(d), suppose that the corresponding Young diagram § has a full column. Let §” be the Young
diagram obtained by removing the first column, and x” the corresponding character. Then x” € B._1(d), so
by the induction hypothesis V(x"”)®0q, , (4) is generated by Wy (d) and Opc () ¥ (We—p—j (d—1) ®x0)
for 0 < j < ¢ — b — 2. By taking the tensor product with xo and setting ;' = j + 1, we see that
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V(x) ® O, ,(a) is generated by Wy (d) ® xo and Opc+(j') * (We—i1—jr(d — 1) ® Xé/) for1 < j' <
c—b—1. Since Wy(d) ® xo C Wp1(d), and the latter is generated by W, (d) and Opc+ * Wy (d —1) C
Opc+ * We—1(d — 1) by Lemma 4.8, we have the desired generation for V(x) ® Og, , (4) When é has a
full column.

If § does not have a full column, then x € B._;(d — 1). By applying Proposition 4.6, we see that
V(x) ® O, ,(a) is generated by Opc+ * (V(x) ® Oy, , @—1)) and V(xi) ® O, , (a) for x; € B.(d). Since
each Young diagram corresponding to y; has a full column, the desired generation of V(x) ® O, , (4) is
reduced to the case of the existence of a full column, which is proved above. a

Remark 4.10 The results of Lemmas 4.8 and 4.9 are essentially proved using [Ballard et al. 2021,
Lemma 5.4.9] combined with the definition of Oy ; in [Ballard et al. 2021, Definition 5.4.2]. Also several
cohomology vanishing calculations, which will be given in Section 4.5, are also given in loc. cit. We
have re-proved them in order to make them compatible with our notation, and to state them in terms of
categorical Hall products.

The above generation result is stated in terms of iterated Hall products as follows:

Proposition 4.11 For ¢ > b, the subcategory W,.(d) C D? (Ya,5(d)) is generated by the subcategories
(4-17) @ju = Opc=(j1) *++ % Opc=(jp) * (Wy(d — 1) ® x3!) € DP (G (d))
for0 </ <dand 0<j <---<j; <c—b—1I. Here whenl = 0, the above subcategory is set to

be Wi (d).

Proof We first show that (4-17) are subcategories of W, (d) by the induction on ¢. By Lemma 4.4, the
subcategory (4-17) is written as

Opc=(jn) * ((05e (2 = j1) -+ % Ot — j1) * (Wp((d =D = (I = 1) @ x§' ")) ® x3')-
Since j; — j1 < (¢ —1— j;) —b— (I —1), by the induction hypothesis we have
Opc=(j2= 1) %+ % Opc+ (i = j) % (Wp((d = D)= (I = D) ® ¢ ") € Wer—j, (d — 1),
Therefore (4-17) is a subcategory of W, (d) by Lemma 4.7.

We next show that W, (d) is generated by subcategories (4-17) by the induction on ¢. By Lemma 4.9, the
subcategory W, (d) is generated by Wj(d) and Ogc+(j) * (We—1—;(d—1)® X(J)) for0<j<c—-b—1.
By the induction hypothesis and Lemma 4.4, Ogc+(j) * (We—1—;(d - 1) ® X(J)) is generated by
Opc+(j) * ((Opc+ (1) * -+ x O+ (i) x (Wy(d —1-1") ® x3'")) ® x3)

= Opc(j) * Opc (j + j1) %% Open(f + jir) ¥ (Wy(d =1 =1 @ x ")
for0</'<d—-1and0<j <---<jy<(¢c—1—j)—b-=1I" Since j + jy <c—b—(I"+1), the above

subcategory is of the form (4-17) for / =/’ 4 1. Therefore we obtain the desired generation. O
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Remark 4.12 Let Fj(—) := (Opc* * (—)) ® xé =0gc+(j)* () ® X(J;). Then the repeated use of
Lemma 4.4 implies that
€j = Fjy o Fjp—jy 0-r0 Fj—jy_ (Wp(d = 1)).
Similarly, for an intermediate step, we have
O (ji) % O (1) * (Wy(d =) ® x3') = Fj; 0 Fj—jy 0+++0 Fjy—jy_ (Wy(d —1)).

By the repeated use of Lemma 4.7, the above category is a subcategory of Wy ;_; 14 ;,(d —i+1).

4.5 Semiorthogonal decompositions under Grassmannian flips

We show that the subcategories in Proposition 4.11 form a semiorthogonal decomposition. We prepare
some lemmas.

Lemma 4.13 For any x € By(d) and x' € B.(d — 1) for some ¢ > 0, we have the vanishing
(4-18) Homg, , @) (0Bc= (/) * (V(x) ® Og, ,a—1)). V(X) ® O, ,@)) =0 for j >0.

Proof Let A: C* — T be the one-parameter subgroup given by (4-12). Using the notation of the
diagram (4-3), the left-hand side of (4-18) is

(4-19)  Hom(paxq; (Opc+ (/) R (V(X) ® Og, ,@a-1))): V() ® O, ,,(a))
= Hom (¢} (0pc+(j) B (V(x) ® Og, ,@—1)). Pi(V(X) ® Og, ,(a)))-
We have the formula
PL(=) = () ® (det VA=) 4071 @ (det VA=) "1 [d — b — 1]

(cf [Donovan and Segal 2014, Section A.1; Ballard et al. 2021, (5.8)]). Since x € Bp(d) and it is a highest
weight of V(x), any T—-weight " = (x{,...,x}) of V(x) satisfies x;" < b —d. Therefore any T—weight
of V(x) ® (det V*>0)4=b=1 @ (det V*=0)~1 pairs negatively with A. On the other hand, a pairing of A
with any T—weight of the GL(V )*=%—representation (det V*>%)/ K V(x’) is j > 0. Therefore we have
the vanishing of (4-19) by Lemma 2.1. O

Lemma 4.14 For x, x' € B.(d — 1) for some ¢ > 0, we have the vanishing
(4-20) Homg, , @) (Opc+(j) * (V(X) ® x} ® O, ,d—1)). Orc+ () * (V(X) ® x5 ® Oy, ,@d—1)) =0

for j > j'.

Proof By Lemma 4.4, we may assume that j' = 0. We use the notation in the proof of Lemma 4.13.
Using Lemma 4.4 and the adjunction, the left-hand side of (4-20) is

Hom((pa«q3 (0Bc B (V(X) ® Og, ,@—1)))) ® Xé, Pixdy (0Bcx B (V(X) ® Og, ,(d—1))))
=~ Hom(py ((pax43 (Orc* B (V(X) ® Oy, , (a—1)))) ® X3)- 45 (OB B (V(x) ® Oy, , (a—1))))-
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By Proposition 4.6, the object

Paxds (Opcx B (V(x) ® Og, ,d—1)) € DP (G4 p(d))

is resolved by vector bundles of the form V(x") ® O, , (4), Where x” is either x” = x, or x" € B¢y 1(d)
whose corresponding Young diagram has a full column. In the latter case, any 7T-weight of V(x”) pairs
positively with A. Therefore in both cases, any 7-weight of V(x”) ® Xé for j > 0 pairs positively with A.
On the other hand any A—weight of Ogc+ X (V(x') ® O, ,(d—1)) 18 zero, so the desired vanishing (4-20)
follows from Lemma 2.1. |

Lemma 4.15 In the situation of Lemma 4.14, for j € Z we have the isomorphism

(4-21)  Homg, , d—1)(V(X)® xg ®0s, ,@—1)- V(X ) ® x}, ®0«, , (d—1))
=5 Homy, , (@) (0Bc* (/) * (V) ® Xy ®0s, ,(d—1))- 0c () *(V(X)® xg ®04, ,(d—1)))-
Proof By Lemma 4.4, we may assume that j = 0. Let x” be a weight which appeared in the proof of

Lemma 4.14. Note that we observed that any 7—weight of V(") pairs positively with A except x” = x.
Therefore by Lemma 2.1(i), the right-hand side of (4-21) is isomorphic to

(4-22) Hom(py (V(x) ® Og, ) 45 (Opc* B (V(X) ® Og, ,d—1))))-

Since 4, p(d )Az0 parametrizes exact sequences (4-13), the object p’k" (V(x) ® O, ,(4)) admits a filtration
whose associated graded is of the form ¢; (Opc+(/)R(V(x")®0s, ,@—1))) for j = 0and x” € B (d—1),

n

and j = 0 if and only if x

(4-23)  Hom(g; (0pc+ B (V(x) ® Og, ,d—1))). 45 (Opc* B (V(X) ® Og, ,d—1))))
= Homg, , (a—1)(V() ® Oy, ,@—1). V(X)) ® O, ,@—-1))- O

= x. Therefore by Lemma 2.1(i)—(ii), the above (4-22) is isomorphic to

In order to state the order of semiorthogonal decompositions, we take a lexicographical order on 74 ie for

me = (my,...,mg) € Z% and m, = (m,...,m)) € 74, we write m, > m’, if m; =mjforl <i <k
/

for some k > 0 and my 1 > My -

Definition 4.16 For j. = (j1, j2,..., /) and j; = (j{, j; ..., j;) with [,I" < d, we define j, > j, if
we have f. > ]~_’ where ]. is defined by
(4-24) Jo=Gtodaseeosji—1l..., =) ez

The next proposition shows the semiorthogonality of subcategories (4-17) with respect to the above order.

Proposition 4.17 For
Je=U1.J2s--nj1) with0=</=<dand0=j < j,=<---=]p,
Ji="Citsjyseeesdp) with0<Il'<dand 0< j{ < jy<---<j},
suppose that j, > j,. Then we have Hom(%;,,%;;) = 0. Here €, is defined in (4-17).
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Proof Let us take P € Wy(d —1) and P’ € Wy (d —1"). We need to show the vanishing of

(4-25)  Hom(Opc+(j1) *---*Opc+(ji) * (P ® X{;’), Opc+(j1) *---*Opc+(jr) * (P’ ® Xé;))-
We note that, by Remark 4.12, for each i </, !’ the objects
(426) Opcs(ji41) %% Opcx(j) * (P® x') and  Opcx (i) * -+ % Opcx (i) * (P’ ® x(’;;)
are objects in W, (d — i) for some ¢’ > 0.
From j, > j/, we have two cases:

(i) />/!"and j; = j/for1 <i <[

(i) Thereis 1 <m <I,I" such that j; = ji for | <i <m and jmt1 > j,, o -
In the first case, we have

(4-25) = Hom(Opc=(j1) * -+ - % Opc= (i) % (Oc (Jy41) * -+ xOpe= (i) * (P ® X(j;')),
O (j1) %+ Opee(jr) % (P ® 1))
= Hom(Opc+ (jir41) -+ % Opc () % (P ® x3). P/ @ x3") = 0.

Here the first isomorphism follows from the repeated use of Lemma 4.15, noting that (4-26) are objects

in W/ (d —1); and the second isomorphism follows from Lemma 4.13. In the second case, a similar
argument as above shows that

(4-25) = Hom(O e+ (j1)*: - %05+ (jm) (OB (my )% 505+ (j1) *(PRx3)). 3
Opc+(j1)*- - *0Bc* (Jm)*(OBC* (Jppqq)* - *OBC (J'l//)*(P/@X(j)’/)))

. . j . . j//
=~ Hom(Ogc+ (jm+1)%: - -*0Bc () *(P®xy ). OC+ (1) % - *%0pc(j7)*(P'®x,")) = 0.

Here the first isomorphism follows from the repeated use of Lemma 4.15, and the second isomorphism
follows from Lemma 4.14. d

The following is the main result in this section, which gives a refinement of a semiorthogonal decomposition
in [Ballard et al. 2021, Theorem 5.4.4]:

Theorem 4.18 For ¢ > b, there exists a semiorthogonal decomposition
We(d) =(6j,:0<j<d,jo=0=<j <---<ji<c—b=1)),

where Hom(€,,;;) = 0 for j, > j,, and for each j, we have an equivalence Wy (d —1) — €;,.

Proof The generation of W, (d) by €;, is proved in Proposition 4.11, and the semiorthogonality is proved
in Proposition 4.17. The equivalence Wy,(d — ) — %, follows from repeated use of Lemma 4.15. O

By applying the above theorem to ¢ = a and using equation (4-9), we obtain the following corollary,
which relates derived categories under Grassmannian flips.
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Corollary 4.19 There exists a semiorthogonal decomposition
DY(G},(d) = (DP(G, 4 d—1))jy,...;; :0<1<d,0<ji<---<ji<a—b-I).
Here, D?(G,,(d —1))j,....j, is acopy of D?(G, , (d —1)).
Remark 4.20 When b = 0, from Remark 4.2 the semiorthogonal decomposition in Corollary 4.19 is
DP(Go(d)) = (DP(SpecC)jy....j4 10 < j1 <+ < jy <a—d).

Each factor D?(Spec C) j1,...jq 1S generated by a vector bundle, which forms Kapranov’s exceptional
collection [Kapranov 1984] of the Grassmannian G;O (d).

Remark 4.21 When d = 1, the birational map G:b(l) --> G_, (1) is a standard toric flip. In this case,
the semiorthogonal decomposition in Corollary 4.19 is

DY (G, (1) = (D*(G, (1), D’ () (0). - - - D* (P a—b-1))-
The above semiorthogonal decomposition is a (mutation of) a well-known semiorthogonal decomposition
for a standard flip; see [Kawamata 2018, Example 8.8(2)].

Remark 4.22 For a fixed (a, b, 1), the set of sequences of integers (ji, ..., j;) satisfying
0<j1<---=ji<a-b-lI

consists of (ajb) elements. Therefore Corollary 4.19 implies (1-9). The same applies to Corollary 5.18
and Corollary 5.24 below, so that they imply (1-5) and (1-2), respectively.

4.6 Applications to categories of factorizations

We will use the following variant of Corollary 4.19. Let Z be a smooth scheme with a closed point z € Z.
Let us take the formal completion of Gg p(d) X Z, where Gg »(d) is the good moduli space for 9, 5 (d),
~0 . ~
Ga,b(d)Z = SpeC ©G2,b(d)XZ,(O,Z)'
We also take a regular function w on it,
w: Gg’b(d)z — A", w(,2)=0.

By taking the product of the diagram (4-5) with Z and pulling it back via @2 p(d)z — Gg p(d) X Z, we
obtain the diagram
Gy d)ze—Gap(d)z G, ,(d) 2

~ 7

(4-27) G2, (d)z

w

Al

Geometry & Topology, Volume 28 (2024)



1372 Yukinobu Toda

Similarly to (4-11), we have the categorified Hall product for formal fibers (see Section 3.4)
s: MF(BC*,0) R MF(4, (d — 1)z, w) = MF(%, 4(d) 7z, w).

The subcategory
We(d) CMF(Gg4(d) z, w)

is also defined, similarly to (4-8), to be the smallest thick triangulated subcategory which contains
factorizations with entries V() ® O for x € B.(d). Note that we have the decomposition (2-2)

MF(BC*,0) = P MF(Spec C. 0);
JEZ
such that MF(Spec C, 0); is equivalent to MF(Spec C, 0). We then define
(4-28) @, := MF(Spec C, 0);, *--- % ME(Spec C, 0, % (Wy(d — 1) ® xJ') C MF(, (d) 7, w))

for0</<dand0<j <---<j; <c—b—I. We have the following variant of Theorem 4.18.

Corollary 4.23 For ¢ > b, there exists a semiorthogonal decomposition
We(d)=(€;,:0<1=d. ju=(0=j; << jy<c—b-1)),

where Hom((éj., %j;) = 0 for j, > j!, and for each j, we have an equivalence Wb d-1)—= %j..

Proof The argument of the proof of Theorem 4.18 implies an analogous semiorthogonal decomposition

for DP (@a,b (d)z). Then it is well-known that the above semiorthogonal decomposition induces the one

for categories of factorizations; cf [Halpern-Leistner and Pomerleano 2020, Lemmas 1.17 and 1.18; Orlov
2006, Proposition 1.10; Padurariu 2019, Proposition 2.7; 2023, Proposition 2.1]. O

5 Categorical Donaldson—Thomas theory for the resolved conifold

In this section, we use the result in the previous section to prove Theorem 1.2.

5.1 Geometry and algebras for the resolved conifold

Let X be the resolved conifold
X := Totp: (Op(—1)®?).

Here we recall some well-known geometry and algebras for the resolved conifold; see [Van den Bergh
2004; Nagao and Nakajima 2011] for details. There is a birational contraction

fiX—>Y:={xy+zw=0}cC?

which contracts the zero section C = P! C X to the conifold singularity 0 € Y. Let € := Oy @ Ox (1),
and A4 := End(%). Then there is an equivalence by Van den Bergh [2004],

(5-1) @ := RHom(%é, —): D?(X) => D®?(mod 4).

Geometry & Topology, Volume 28 (2024)



Categorical wall-crossing formula for Donaldson—Thomas theory on the resolved conifold 1373

Here mod A is the abelian category finitely generated right A—modules. The noncommutative algebra 4
is isomorphic to the path algebra associated with a quiver with superpotential (Q, W) given by

ai

Q= b0) * and W =a1b1a2b2—a1b2a2b1.
K_/
NS
by

The equivalence (5-1) restricts to the equivalences of abelian subcategories

®:Per(X/Y) =>modA and &:Per.(X/Y)—> modg(A).
Here Per(X/Y) is the abelian category of Bridgeland’s perverse coherent sheaves [2002], given by
Per(X/Y) =
{E e DP(X): %' (E)=0fori #—1,0, R L #°(E) = fx% '(E) = 0, Hom(¥°(E),0c (1)) = 0}.
The subcategory Per.(X/Y) C Per(X/Y) consists of compactly supported objects, and modgy(A) C
mod(A) consists of finite-dimensional A-modules. The simple (Q, W )-representations corresponding to

the vertex {0, 1} are given by
{0c.Oc(=D[1]} CPerc(X/Y).

An object F € Per.(X/Y) is supported on C or a zero-dimensional subscheme in X. For F € Per.(X/Y),
we set
cl(F) := (B,n) € Z®%, with [F]=B[C], x(F)=n,

where [ F] is the fundamental one-cycle of F. Under the equivalence ®, an object F € Per.(X/Y) with
cl(F) = (B, n) corresponds to a (Q, W)-representation with dimension vector (n,n — ).

Following [Nagao and Nakajima 2011, Section 1], a perverse coherent system is defined to be a pair
(5-2) (F,s), with FePer.(X/Y), s:0x — F.

Let (QF, W) be a quiver with superpotential, given by

o0 ail
ot = m and W =a;bjazby —aibrazb;.
°0 7,\_/'1
N/
bo

Note that QT is an extended quiver obtained from Q as in Section 3.1. By the equivalence (5-1), giving a
perverse coherent system with cl(F) = (B, n) is equivalent to giving a representation of (QT, W) with
dimension vector (Veo, Vg, V1) = (1,1n,1n— f).
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5.2 Categorical DT invariants for the resolved conifold

For a dimension vector v = (vg, vy) of O, let V and V; be vector spaces with dimensions vy and vy, re-
spectively. The C*-rigidified moduli stack of O T—representations of dimension vector (1, v) in Section 3.1
is explicitly written as

Al () =R+ (v)/ G(v)] = [Vo & Hom(Vo, V1)®* & Hom(Vy, V)2 /GL(Vy) x GL(V1)].
Let w be the function
(5-3) w=Tr(W): M (v)—>A1 w(v, Ay, Az, By, By) =Tr(A1B1 A2 By — A1 By A3 By).
Then its critical locus

(5-4) (v) = Crit(w) € w™'(0) C M} (v)

(Q w)

is the C*—rigidified moduli stack of (Q, W)-representations of dimension vector (1, v). Here the first
inclusion follows from the fact that w is a homogeneous function on Ry (v) of degree four. By the
equivalence (5-1), Jl/t( 0. W)(v) is isomorphic to the moduli stack of perverse coherent systems (5-2)
satisfying cl(F) = (vg — vy, Vo).

For 6 = (A, 6;) € R?, we denote by
,0— .
M) =[RS )/ G)] € My (v)
the open substack of f—semistable QT—representations. We also have the open substack

t,0—ss g T,0-ss T T
Jl/L(Q W)(v) = JI/LQ (v) ﬂl/l/L(Q,W)(v) - A/L(Q’W)(v)

corresponding to 6—semistable (QT, W)-representations. If 6; € Z, as mentioned in Section 3.1 these
open substacks are GIT semistable locus with respect to the character

(5-5) x6: G(v) = GL(Vo) xGL(V1) - C*, (g, &1) ~ det(go) ™ det(g1) ™"
We have the good moduli spaces by taking GIT quotients

,0—ss ,0— 0 60—
(5-6) ah Ml w) > METI @) and  wly S ) = M ).
We will consider the triangulated category

MF(ILE" ™ (v). w)

and call it the categorical DT invariant for the conifold quiver (QF, W). The above triangulated category
(or more precisely its dg-enhancement) recovers the numerical DT invariant considered in [Nagao and
Nakajima 2011]:
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Lemma 5.1 For a generic 6 € R?, there is an equality
’9_
ec () HP«(MF(LE" (), w)) = (=1)* DT? (v).

Here HP.(—) is the periodic cyclic homology which is a Z./2—graded C (u))—vector space [Keller 1999],
ec (u) (—) is the Euler characteristic of 7 /2-graded C ((u))—vector space, and DT? (v) € Z is the numerical
DT invariant counting (Q%, w)—representations with dimension vector (1, v).

Proof Since 6 is generic and the dimension vector (1, v) of QT is primitive, the stack M = MEG_SS (v) con-

sists of only f—stable objects and it is a smooth quasiprojective scheme. By [Efimov 2018, Theorem 5.4],
there is an isomorphism of Z /2—graded vector spaces over C (1)),

HP, (ME(M, w)) = H*(M, ¢ (Qp)) ®q C((w) = H* ™M (M, ¢, (ICsr)) ®¢ C (1)).

Here ¢, (—) is the vanishing cycle functor and u has degree two, and ICps = Qas[dim M ]. We take the
Euler characteristics of both sides as 7 /2—graded vector spaces over C(«)). Since we have

eCH" (M. u(Cr)) = [ xa de = DT°(w),
where x g is the Behrend function [2009] on M, it is enough to show that (—1)¥! = (—1)4™M [et E
be a QT—representation with dimension vector (1, vg, v;). Then we have
dimM =1+ dimExtIQT(E, E)—dimHomg: (E, E) = vg — v§ — v} + 4vgvy.
Here we have used Lemma 5.3 below for the second identity. Therefore (—1)?! = (—1)4mM holds. O
Remark 5.2 If 6 lies in a DT chamber in Figure 1, the invariant DT? (v) reduces to the DT invariant count-

ing ideal sheaves of compactly supported closed subschemes Z < X satisfying cl(0z) = (vg — vy, Vg),
considered in [Maulik et al. 2006].

The following lemma follows immediately from the Euler pairing computations of quiver representations
[Brion 2012, Corollary 1.4.3].

Lemma 5.3 For QT—representations E, E’ with dimension vector (Voo, Vg, V1), (V. Vg, V), We have

dimHom+ (E, E') —dimExtlQ.,.(E, E') = 0oVl — Voo Vg + VoV — 209V] — 201V + V1 V]

‘We have the unstable locus

t,0-us oyt T,0-ss
Mg ) (V) = Mgy )\ MG ) (V)

Then we have the open immersion
,0—ss ,0-us
M) Cahy )\l @),

The next lemma shows that the categorical DT invariant can be also defined on a bigger ambient space.
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Lemma 5.4 The restriction functor

,0-us ~ ,0—ss
MF(IL () \ 5 3, (). w) > MF(UE ™ (v), w)

is an equivalence.

Proof The lemma follows since the category of factorizations only depends on an open neighborhood of
the critical locus; see the equivalence (2-1). O

5.3 Wall-chamber structure

There is a wall-chamber structure for the 6—stability as in Figure 1 in the introduction, taken from [Nagao
and Nakajima 2011, Figure 1].

In Figure 1, if 6 lies in the first quadrant then Mzg_;;)(v) = & unless v = 0, so it is called an empty

chamber. In this case, the categorical DT invariants are given in the following lemma.

Lemma 5.5 Let 0, € R? lie in an empty chamber. Then

_ MF(Spec C,0) ifv=0,
MF(./‘/LBOE" ss (v), w) = (Spec ) 1 v
0 if v # 0.
Proof If v # 0, then MF(MBOS“_SS(U), w) = 0 by the equivalence (2-1), since the critical locus of w is
empty. If v =0, then A/LBGC"_SS(U) = Spec C and w = 0. m|

We focus on the walls in the second quadrant, classified by m € Z>1:
Wy :=Rog-(1—m,m) C R2.

If 6 lies between W, and W, 1, then the moduli stack JI/LI’Q(’L;;) (v) is constant, consisting of 6—stable

objects. So ./l/tzg};,s (v) is a quasiprojective scheme, and the good moduli space morphism zr(TQ w) in

(5-6) is an isomorphism. If 4 is also sufficiently close to the wall W,,, then JI/LBO_SS(U) also consists of

O—stable objects and the morphism nTQ in (5-6) is an isomorphism. The categorical DT invariant is also

constant when 6 deforms inside a chamber:

Lemma 5.6 The triangulated category MF(J(/LB&SS(U), w) is constant (up to equivalence) when 0
deforms inside a chamber in Figure 1.

Proof Suppose that 6 lies in a chamber in Figure 1. Although 6 does not lie in a wall for (Q, W)—
representations, it may lie on a wall for QT—representationS. However, the destabilizing locus in Jl/tBe*SS(v)
is disjoint from Crit(w) = Jl/tzg:;i)(v), so by (2-1) the triangulated categories MF(JI/LEO*SS(U), w) are
equivalent under wall-crossing inside a chamber of Figure 1. O
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For 6 € W,,, there is a unique (up to isomorphism) #—stable (Q, W)-representation S,, — that is,
(O, W)-representation whose dimension vector at 0o is zero — given by

0

0 N

—_— > —
(5-7) Smi=|C" T C™N . BNf)=ein BUSi)=eir.

0
~om S

0
BZ

See [Nagao and Nakajima 2011, Theorem 3.5]. Here {e1,...,em}, {f1,--., fm—1} are bases of C™
and C™~1, respectively. Note that S,, has dimension vector s, = (m, m — 1) so that 6(S,,) = 0 when
0 € Wy,. Under the equivalence ® in (5-1), we have the relation

(5-8) P(Oc(m—1)) = Su.

See [Nagao and Nakajima 2011, Remark 3.6]. Since s, = (m, m — 1) is primitive, the moduli stack

JI/LQQ‘SS(Sm) consists of f—stable Q-representations, and the good moduli space morphism
(5-9) MG (5m) = MG™ (sm)
is a C*—gerbe. There is a function defined similarly to (5-3),

w="Tr(W): MG (sm) — A,

whose critical locus Jl/L?éSSW) (sm) is the moduli stack of f—stable (Q, W)-representation. Note that
.A/L?éSSW) (sm) consists of one point, corresponding to the unique 6—stable (Q, W)-representation S,.

Lemma 5.7 For any j € Z, there is an equivalence

MF(5* (sm). w); 2~ MF(Spec C. 0).

Proof Let Vy=C™ V; =C™ ! and B?, Bg: Vi — V4 be maps as in (5-7). Note that we have
MG (sm) = [(Hom(Vo, V1)®2 & Hom(V5, Vo) ®2)?™ /GL(Vo) x GL(V1)].

It admits a projection

(5-10) MG (sm) — [Hom(Vy. Vo)®2 /GL(Vo) x GL(Vy)].

The target of the above morphism is identified with the moduli stack of representations of the Kronecker
quiver Qg (ie two vertices {0, 1} with two arrows from 1 to 0). We have the Beilinson equivalence

RHom(Op: @ Op1(1),—): DP(P') => Db (Rep(Qk)).

Under the above equivalence, Op1 (m—1) corresponds to (B?, Bg ), which is a 6—stable Q g —representation.
Since Opi1(m — 1) is rigid in P! with automorphism C*, there is a GL(V,)xGL(V})-invariant open
neighborhood

(B, BY) e U c (Hom(Vy, V) ®2)0-ss
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such that [U/GL(V,)xGL(V7)] is isomorphic to BC*, where C* is the diagonal torus in GL(V)xGL(V7),
ie t > (¢-idy,, t-idy, ). By pulling it back by the projection (5-10), we see that there is an open immersion

(5-11) Hom(Vo. V1)®2 x BC* C. M (sm). (A1, A2) = (A1, A3, BY. BY),

such that the image of 0 € Hom(Vj, V;)®? is {S,,} = Crit(w). By the equivalence (2-1), the restriction
functor gives an equivalence

(5-12) ME(MG (sm). w) <> MF(Hom(Vo, V1)®2 x BC*, w).

The function w restricted (5-11) is a quadratic function by the definition of w, which must be nondegenerate
as its critical locus is one point. Since Hom(Vy, V;)®? is even-dimensional, for a suitable choice of
basis of Hom(V}.V;)®? the function w is written as y;zy + -+ 4+ VnZzn, where n is the dimension of
Hom(Vy, V1). Therefore the right-hand side of (5-12) is equivalent to MF(BC*, 0) by the Knorrer
periodicity in Theorem 2.4. |

5.4 Descriptions of formal fibers

By the above classification of @—stable (Q, W )-representations, a O—polystable (O, W)-representation
of dimension vector (1, vy, vq) at the wall 8 € W,, is of the form

(5-13) R=Rou®(V Q Sm),

where V is a finite-dimensional vector space and R is a O—stable (Q, W)-representation. By setting
d :=dim V, the dimension vector of R is (1, vg—dm, vi —d(m—1)). By regarding R as a f—polystable
QT-representation, it determines a point p € M g’e_ss(v).

Remark 5.8 The vector space V in (5-13) will play the same role of the vector space V' in Section 4.
Below we fix a basis of V' and use the same convention of the dominant chamber in Section 4.2.

Below, we fix a 8—polystable object (5-13), and p € M| g’e_ss(v) is the corresponding point as above. We
will give a description of the formal fiber of the good moduli space morphism ng :J(/Lgefss(v) —M Zz’efss(v)
at p. We set

Gp := Aut(R) = GL(V).
It acts on ExtlQT (R, R) by the conjugation, and we have the good moduli space morphism
(5-14) [ExtIQ.,. (R, R)/Gp] — ExtIQ.,. (R, R)/ G,p.

Let g € Rp+(v) be a point corresponding to the polystable object (5-13). Note that Ext1Q+ (R, R) is the
tangent space of the stack MBO_SS(U) at ¢. By Luna’s étale slice theorem, there exists a Gp—invariant
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locally closed subset g € W), C R+(v) and a commutative diagram

([Exthy (R, R)/G ), 0) «—— ((W,p/Gpl.q) —— (L™ (v), q)

(5-15) l O l 0 l

70_
(Extlys (R, R)[/Gp, 0) —— (Wp// G p.q) — (M5"(v), p)
such that each horizontal arrows are étale.

We have the following decomposition of ExtIQ+ (R, R) as G,—representations:

(5-16) ExtIQ.‘. (R,R) = ExtIQ.‘. (Roo, Roo) ® (V ® ExtlQ.,. (Roo, Sm))
& (VY @ Extgt (Sm, Reo)) @ (End(V) ® Extyy (S, Sm))
= (Ext1Q+(Roo, Roo) @ Extyy (S, Sm)) @ (V ® ExtlQT (Roo, Sm))
& (VVe® ExtIQT (Sm. Roo)) @ (Endo(V) ® Extyy (Sm. Sm)).-

Here Endy (V) is the kernel of the trace map Tr: End(V') — C, which is an irreducible G,—representation.
The last identity gives a direct-sum decomposition of ExtIQT (R, R) into its irreducible G,—representations
whose irreducible factors are C (the trivial representation), V', V'V and Endg(V). The number of

summands is calculated as follows:

Lemma 5.9 We have the identities
@y md = Xty (Roo, Sm) = Com +m +d(=2m* +2m + 1),
bum.d = Xty (Sm, Roo) = Com +d(=2m> +2m + 1),
Com = (m—=2)vg + (m + vy,
Cm = extlQT (Sm, Sm) = 2m? —2m.

(5-17)

Proof The lemma easily follows from Lemma 5.3, noting that
Hom(Ro, Si) = Hom(Sy,, Reo) =0 and Hom(7y,, Sy) =C.

For example, since the dimension vectors of R, and Sy, are (1, vo—md, vi—(m—1)d) and (0, m,m—1),

respectively, we have
—ay,m,d =hom(Reo, Sm) —ext! (Roo, Sm)
=-m+ (vo—md)ym—2@weg—md)(m—1)—2(w; —(m—Dd)ym+ (m—1)(vi —(m—1)d)
=—(m—2)vg—(m~+ vy —m—d(=2m*+2m+1). |

The left vertical arrow in (5-15) is also identified with a moduli stack of some quiver representations
and its good moduli space. We define Q) to be the Ext quiver for {S,,} and Q;r, to be the Ext quiver
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for {Reo, S }. Namely Q) is the quiver with one vertex {1} and the number of loops at 1 is ¢;,. The
quiver Q; consists of two vertices {00, 1}, the number of arrows from 0o to 1 is @y, 4, from 1 to oo
is by m.4, and the number of loops at oo (resp. 1) is extIQT (Roo, Roo) (resp. ¢p). From (5-16), we have
the identification

M, (d) == [Extiy (R, R)/G)]

T

Mgp(d) Exty, (R, R)/ G

By combining the diagrams (5-15), (5-18) and taking the formal fibers, we have a commutative diagram

Np
//\
‘/M“TQP (d) +—— ‘WQp (d) == [E?tIQT(R, R)/Gp] =, Mzefss(v)p M'féefss(v)
(5-19) ’
| = | | | o |
M}, (d) +— 01}, (d) —— Extgi(R. ) Gp —= M5 (v), — M)

Here each vertical arrow is a good moduli space morphism, the vertical arrow second from the right
(resp. left) is the formal fiber of the right (resp. left) one at p (resp. origin), the middle vertical arrow is
the formal fiber of the morphism (5-14) at the origin. The square second from the right is obtained by
the formal completions of good moduli spaces in the diagram (5-15), where the horizontal arrows are
isomorphisms since the horizontal arrows in the diagram (5-15) are étale.

We then compare the semistable loci under the isomorphism 7, in the diagram (5-19). We take 0 =
(6o, 01) € Wy, and 0 of the form

(5-20) 0L =0y Fe,01 £e), with ¢>0.

We take (6o, 61) and ¢ to be integers, and 6+ to lie on chambers adjacent to W, which are sufficiently
close to Wy, eg take ¢ = 1 and (0, 61) = N - (1 —m, m) for a sufficiently large integer N. We have the
open substacks
04 —ss ,0—s: 4,04 —ss 4, 0-s:
M=) catlf ) and GG ), W),

corresponding to 1 —semistable representations.
On the other hand, as in (4-4) we set xo: GL(V) — C* to be the determinant character g > det(g). We
have the open substacks

‘r,xgE
p

lfSS o~
o (d) C M‘Qp (d)

T:X(:)l:lfss T I
Mg @) cmly (d) and

corresponding to X(?l—semistable Q;—representations. We have the following lemma.
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Lemma 5.10 The isomorphism 1, in (5-19) restricts to the isomorphisms
(5-21) oy ) 2 AU )
Proof Let us consider the composition

(5-22) Gp = GL(V) < GL(Vy) x GL(V7) X, C*.
):I:e

We see that the above composition is given by g > det(g)™*, where yg, is the character (5-5) applied

to 6+. Indeed, we have
Vo=(V®C™@&C™ ™ and V;=(V®C"")gCvdmD,
The embedding GL(V) — GL(V,) x GL(V7) is given by
g ((g®1cm) ® 1gvg—am, (g ® legm—1) @ 1cvy—am—1).

By composing it with x4, , we see that the composition (5-22) is given by g > det(g)*¢. Therefore

under the isomorphism 7, in (5-19), the line bundle on A?LBO_SS(U) determined by xg__ corresponds to
that on Jl/tT (d ) determined by Xis Therefore the lemma holds. d

5.5 Reduced Ext quiver

We define the reduced Ext quiver Q p t to be the quiver obtained from Q p by removing all the loops at
the vertex {1}, and adding c,, loops at the vertex {oo}, where ¢, is as given in (5-17). It contains the full
subquiver

(5_23) red C QredT
consisting of the vertex {1} and no loops. See the diagrams
) o (=
0l = oo o and O8O = e o
G G
Let it} o (d) be the C*-rigidified moduli stack of Q) red,t —representations with dimension vector (1, d).
Itis descrlbed as

G2 () = [ E I gy Ot g () @) GL(YVY],
D

extl . (Roo,Roo)+Cm
_ i (Koo, Koo
=C"o X(gavmdbvmd(d)’

ie it is obtained from (5-16) by removing the last factor Endg (V) ® Ext! 0 (Sm, Sm), and taking the quotlent
by GL(V'). Here 4, ;(d) is the quotient stack (4-1) studied in Section 4. We also denote by A/thcd (d)
the formal fiber for the good moduli space morphlsm

red(d) - M red(d)

at the origin.

Geometry & Topology, Volume 28 (2024)



1382 Yukinobu Toda

By restricting the function (5-3) to the formal fiber of the good moduli space morphism (5-6) and pulling
it back by the isomorphism 7, in (5-19), we have the function

~ — 1
wp: m’&p (d) = [Extgt (R, R)/Gp] — Al

We see that the above function is a sum of a function from ./l//iTQged (d) and some nondegenerate quadratic
form. Let us take a (noncanonical) isomorphism of C—vector spaces

(5-25) Exty (Sm. Sm) = H & H,

2

where the dimension of H is m* —m. Since there is also an isomorphism Endy(V) = Endo(V)" of

Gp—representations, we have an isomorphism of G,—representations
Endo(V) @ Exty (S, Sm) = W @ WY,
where W = Endy (V') ® H. In particular, we have the nondegenerate symmetric quadratic form
(5-26) g = (= —):Endo(V) @ Extg (Sm, Sm) — A'
defined to be the natural pairing on W and W". Note that (5-25) is a summand of ExtIQ.r (R, R) by the

decomposition (5-16). We will use the following proposition, whose proof will be given in Section 6.4.

Proposition 5.11 By replacing the isomorphisms in (5-19) and (5-25) if necessary, the function wy, is

written as
(5-27) wp = wyd +q.
Here wlrfd is nonzero and does not contain variables from Endy (V) ® ExtlQ(Sm, Sm) under the decompo-

sition (5-16).

The GL(V)-representation W determines the vector bundle W on JmQrped (d). By Proposition 5.11, we
have the commutative diagram
WL weWY i) (d) —s i),

pr w)

T 1
./l/th;d(d) A’

red
p

Here pr is the projection, i is given by i (x) = (0, x), ¢ is the natural morphism by the formal completion
(see Lemma 6.4) and 1, is the isomorphism in (5-19).

Proposition 5.12 There is an equivalence

(5-29) @, 1= *iy pr*: MF(J(7LTQ?4 (d). wy®) => MF(ILY, (d). wp).

Geometry & Topology, Volume 28 (2024)



Categorical wall-crossing formula for Donaldson—Thomas theory on the resolved conifold 1383

Proof The composition functor

(5-30) i prt: MF(ﬂ?ﬁQmd (d), w9y 25 MECWY, wisd) Lo MECW @ WY, wi + ¢)
D

is an equivalence by Theorem 2.4. By Lemma 6.4, the functor

(5-31) CIME(W @ WY, w4 ) — MF(J(AATQP (d). wp)

is fully faithful with dense image. By Lemma 6.3 and the equivalence (5-30), the left-hand side of (5-31)
is idempotent complete, so the functor (5-31) is an equivalence. Therefore we obtain the proposition. O

5.6 Window subcategories

In this subsection, we define several window subcategories for moduli stacks of representations of quivers
and their formal fibers discussed in the previous subsection. The notation is summarized in Table 1.

Global window subcategory Wgol(j)(v) We take 6 € Wy, and 04 as in (5-20) which are sufficiently close

to the wall W,,,. Then the KN stratification of ./l/LTQ (v) for xg, is finer than those for xg. So we have KN

stratifications for A/LBO_SS(U) with respect to xg_ ,

(5-32) My =9F o gt ),

with associated one-parameter subgroups kii: C* — GL(V,) x GL(V7) and the associated number
nl.i € Z as in (2-6). By Theorem 2.3 (and also noting Lemma 5.4), for each choice of real numbers
mE = {(m;t)}lsiENi we have the subcategories

(5-33) W:,jft () € MFULR ™ (), w)
such that the compositions
(5-34) W’ig‘; (v) = MEU ™ (v), w) — ME(LG™* ). w)
are equivalences. The subcategory (5-33) consists of objects whose )\;E—weights at each center of H’Z.i are
contained in [ml?t, mljE + r;l.i).
We define the character
Xo: GL(Vo) x GL(V1) > C*.  (g0.81) +> det(go) - det(g1) ™.

ie Xo = X(—1,1) in equation (5-5).

moduli stack formal fiber windows

conifold quiver Qf MEQ’SS (v) Jﬁzefss (v)p Wgelg; (v), leci v)p
Ext quiver Q;, JMEP (d) .A’/\LTQP (d) W*(d) p
reduced Ext quiver Qf,,ed’T A/LJbi)ed (d) AETQLM (d) We(d)p

Table 1: Notation of moduli spaces and windows.
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As we discussed in (5-22), the composition

Gp = GL(V) = GL(Vp) x GL(V;) 2% C*

coincides with the determinant character xo: GL(V) — C*. For m¥

ml_ - 2771 + Cv m()\‘l ’XO)
Here Cy,, is given in (5-17). We then define

we use the special choices

(5-35)

(5-36) glob(v) C MF(ULE ™ (v), w)
to be the window subcategories (5-33) for the choices of m. as (5-35).

Local window subcategories Woci (v)p Let us take a 6—polystable object R as in (5-13), and the
corresponding closed point p € M 1.6~ “(v). Then we have the diagram of formal fibers (5-19). By
restricting the KN stratification (5- 32) to the formal fiber, we obtain the KN stratification of g/l/tT o- “(v) P

~+,0—ss _ oot =F,04—ss
(5-37) Mg (v)p—Efl’pl_ln-l_IEf’Ni’pl_lJl/LQ (v)p.
We define local window subcategories
,0—
Wio (v) € MFCIL ™ (). wp)

similarly to (5-36) as in Theorem 2.3, with respect to the KN stratifications (5-37) and the choices of m¥
in (5-35). The following lemma follows immediately from the definition of window subcategories:

Lemma 5.13 An object € € MF(JI/LJr e_ss(v) w) is an object in
T,0-ss

glob(v) if and only if for any closed

point p € M (v) represented by an object of the form (5-13) we have %WT O (), € loc £ ().

Proof Since the deﬁning conditions of window subcategories W% (v) are local on the good moduli

glob
space, € is an object in W ob(v) if and only if €| 710 (), € W% (v), for any p € MJr O=ss). I pis

loc

not represented by an ob]ect of the form (5-13), then the formal fiber ‘/l/tT o= ~(v), does not intersect with
the critical locus of w, so MF(g/l/LT 0255 (1) . wp) = 0. o

Window subcategories W= (d) p for the Ext quiver By pulling the KN stratification (5-37) back to
JWQP (d) by the isomorphism 7, in (5-19), we have the KN stratification of A?LTQP (d) with respect to X(jfl

it ()= gt S+ MEGE
(5-38) Jl/LQp(d)—El’l,pl_lw-l_lEfNi’pl_lJl/LQpO (d).
We define window subcategories
W*(d), C MF(Jme (d), wp)

as in Theorem 2.3, with respect to the KN stratifications (5-38) and the choices of mf: in (5-35). By the
isomorphism 7, in (5-19), we have the equivalence

(5-39) s WoE (), <> WE(d),.
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Window subcategories W, (d) , for the reduced Ext quiver For ¢ € Z>, we also define
We(d), € ME(LT, ., (d), wied)
D

to be the thick closure of matrix factorizations whose entries are of the form V(x) ® O for y € B.(d), where
B.(d) is as defined in (4-7). By the description (5-24) of J‘/LTQ;:d (d) in terms of the stack Gy, . .5, 1 a(d),
the argument of Proposition 4.3 (also see the argument of Corollary 4.23) implies that the following

composition functors are equivalences:

Way . (d)p = MF(‘/‘//Z’TQ};ed (d), w;ed) —> MF(J?/\LT’XofsS(d), w;ed),

Qred
(5-40) R s
Wy, (d)p = MFCL (), wh) = MF(L ™ (d), w'sd).
v.m.,d Qp D Qp 4

5.7 Comparison of window subcategories

We compare the window subcategories in the previous subsection under the Knorrer periodicity:

Proposition 5.14 The equivalence (5-29) restricts to the equivalences

®p: Way o (d)p @ x4~ 25 WH(d),,

®p: Wy, (d)y ® 2™ 25 W (d),.
Proof We only give a proof for the + part. Let W — l/l’/\LTQrped (d) be the vector bundle as in the diagram
(5-28). The KN stratifications (5-32) are pullbacks of the KN stratifications
(5-41) WeWY =FEU--UFE, LW WY)K
of W & W with respect to X(jfl by the morphism ¢ in (5-28). We denote by

WE(d)p C ME(W & WY, wi + q)

the window subcategories with respect to the above stratifications (5-41) and m}L € R given by (5-35).
By the definition of the above window subcategories, the equivalence (5-31) restricts to the equivalence

K WEW), S WE(),.
Therefore it is enough to show that the equivalence (5-30) restricts to the equivalence
2_ o
ixpr™: Wa, . (d)p ® Xg(m m o~ W+(d)p.

We have the commutative diagram
2_ o o~ —
Wa i (@) ® xg " " s MUl (), W) ———— MECILE™ (@), ws)

~ ~

W—’_(d)p;) ME(W & WY, w;fd +q) — ME((W @ WY )Xo=ss, wrped +q)
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The composition of top arrows is an equivalence by the equivalence in (5-40), and that of bottom arrows
is also an equivalence by Theorem 2.3. We see that the middle vertical arrow descends to an equivalence
of the right vertical dotted arrow. Note that we have the isomorphism

Crit(wlrfd) N l/l//\t-gﬁgfss i) Crit(w;ed + q) N (OM/ ® WV)XO*SS
p

induced by the zero section ./I/\U'Qg:d (d) = W @& WY. In particular, we have the inclusion

(5-43) Crit(wp +¢) N (W & WY)X0™ (W@ W) x gy o) A%ng‘SS(d).

The desired equivalence is given by the composition

MECIGE (@), ) = ME(OF & W) gy 0y U520 +0)

BN MF((W @OWV)Xo—ss, w;ed + 61).

Here the first equivalence is Knorrer periodicity in Theorem 2.4, and the second equivalence follows from
(5-43) and the equivalence (2-1).

Therefore it is enough to show that the middle vertical arrow in (5-42) restricts to the left dotted arrow,
iefor e Wy, . ,(d)p ® Xg(mz_m), we show that the object iy pr* (%) lies in W+(d)p. Note that the
critical locus of wlrf'd + ¢ lies in the zero section ./17LTQ;ed (d) C°W & W". From Theorem 2.3, it is enough
to show that i, pr* (%) satisfies the condition (2-9) for one-parameter subgroups which appear in the KN
stratification of ‘/‘//\U-Qijed (d). From the description (5-24) of J‘/U-Q;d (d), its KN stratifications with respect to

X(:)H are KN stratifications of <§ by m.q (@) discussed in Section 4.1, up to a product with a trivial

Av.m.d>
factor. Therefore they are of the form

A At T s
Mzgd(d) —FEU- U qugig *(d)

such that each associated one-parameter subgroup )\ii :C* — Gp = GL(V) is given by (4-6), ie )»;r is

d—i
+ e e /__—1 —_1
(5-44) Ar@)=(1,..., 5, ).

i

Therefore in order to show that the object ix pr*(%) lies in W T (d),, it is enough to check the weight
conditions (2-9) for the above k;".

Since the object iy pr* (%) is given by taking the tensor product with the Koszul factorization (2-11), it is
isomorphic to a direct summand of a matrix factorization whose entries are of the form

V(i) ® New ® Xg(mz_m) ®0, where x €By,,, ,(d)and 0 <k <dim W.
For each one-parameter subgroup A: C* — G, we set
yai= (L WA0) = — (L Wh0),
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where the second identity holds as W = Endy(V) ® C m?=m is a self-dual Gp-representation. Then we
d(m2—m)

have the following inclusions of the set of k;r—weights of V(x) ® /\kW ® Xo

k d(m?—
Wi (Vo0 @ AW @ x5 ™ ™)
d d

c U [_ S @ —i)-dm?—m) =y~ Y xj/._(d_i).d(mz_m)ww}

xewt(V(x) - Jj=i+l j=i+1
Cl(d—i)(—ayma+d—dm* +dm)—y,+.(d —i)(—=dm* + dm) + y,+].

Here wt(V(x)) is the set of T—weights of V() for the maximal torus 7" C G, and we have written
X €wt(V(x) as ' = (x]....,x}) satisfying 0 < x} < ay ;g —d.

We show that the above set of weights is contained in [m;r, ml+ + nl?L). From the decomposition (5-16),
the n;r € Z which appear in (5-35) for the one-parameter subgroup (5-44) are calculated as in the proof
of Proposition 4.3:

+ +
n = (O (Bxtg (R, RN 70— () 70)
+ v\®a ®b VAT >0 A >0
= (A;, ((V7)Plomd g y=Pomd @ W g W) =% —End(V)"i ~7)
= (av,m,d - l)(d _i) + 2)’1;"-
Here g, = End(V) is the Lie algebra of G, = GL(V'). Therefore we have
[m, mF +n)
= [0 + (3Com + 3m) (A x0). 317 + (3Com + 3m) (A xo))
=[(d —i)(~ayma + 3i +3d —dm* + dm) — Vi (d = i)(—dm* +dm+ 3d —3i) + yklf).
Since 0 <i < d — 1, we conclude the inclusion
2_
W (VOO ® NW @ xg™ ") < b+ ).
Therefore the weight condition (2-9) for i pr* % with respect to A;L is satisfied. |
Let s, = (m, m — 1) be the dimension vector of the stable Q-representation Sy, defined in (5-7). Let
qgm € M g‘ss(sm) be the corresponding closed point. We consider the formal fiber of the good moduli

space morphism (5-9) at g, ~ ~
T (sm) — MG (sm).

Similarly to (5-15), the étale slice theorem implies an isomorphism
~ —~ 1 ~ =
(5-45) Mg, (1) = [EXtQ(Sm, Sm)/Aut(Sm)] => */‘/LQQ P (sm)-

Here Aut(S,;) = C* acts on ExtlQ(Sm, Sm) trivially. We will also use the following lemma, which
compares window subcategories for quivers without framings.
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Lemma 5.15 For any j € Z, we have equivalences

(5-46) MF(MQ;ed(l), wi); <> MF(dlg, (1), wp); => MF(ILE™ (sm). w); .

and all of them are equivalent to MF(Spec C, 0). Here the first equivalence is given by the Knorrer
periodicity in Theorem 2.4.

Proof By the definition of Q;j’d in (5-23), we have (Jﬁthd(l), w;,ed) = (BC*,0). On the other hand, the
isomorphisms (5-25), (5-45) and an argument of Proposition 5.11 imply an isomorphism

(5-47) (dlg, (1), wp) = (I(H @ HY)/C*.q).

where C* acts on H = C™*—m trivially and ¢ is the natural paring on H and its dual. By the Knorrer
periodicity in Theorem 2.4, we have an equivalence

MF(J(?LQ;cd(l), wi); = MF(Spec C,0) ~> MF(H & H" ,q).
The natural functor by the formal completion
MF(H & H".q) > MF(H & H".q)

is an equivalence; see [Brown 2016, Remark 2.18]. Therefore we obtain the desired equivalences (5-46). O

5.8 Comparison of Hall products

As in the previous subsections, we take a stability condition on the wall 8 € W,, for m > 1. As in
Section 3.3, we have the categorified Hall product

(5-48)  MF(ME™ (sm). w)j, B+ BMFUE™ (). w)j, WMFULE" (0 — Lsm). w)

— MF(L" ™ (v), ).
Here s, = (m,m — 1) is the dimension vector of Sj,. We take a 8—polystable representation QT—
representation R of the form (5-13), ie R = Roo @ (V ® Sp;) with dim V' = d, and the corresponding

closed point p € M g’efss(v). By taking the base change of the above categorified Hall product to the
formal completion at p (see Section 3.4), we obtain the functor
(549)  MF(MLG ™ (5m). w);, B+ WMFG™ (sn). w)j; @MFCE" 0 =), w)

— ML (v),. w).
Here p; e M g’e_ss(v — Ism,) corresponds to the 6—polystable representation Roo @ (V' ® Sy,) with
dim V' = d — . We note that by the isomorphism 7, in (5-19) and the isomorphism (5-45), the above
functor is identified with the functor

(5-50) MF(dlg, (1), wp);, K---KMF(ilg, (1), wp);, K MF(A%*QP d—1),wpy) — MF(JWQP (d). wp)
obtained by the categorified Hall products for Q;r,—representations and the completions at the origins.
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A similar construction also gives the categorified Hall product for Q;fd’T—representations

(5-51) MF(flgga(1). 0);, B+ BMF(fl grea(1), 0)j, EMF(AL] ca(d =), we) > MECILE ., (d), wied).

Qred

We compare the above categorified Hall products under the Knorrer periodicity:

Proposition 5.16 The following diagram commutes:

&l_IMF(A/Lde(l) 0)j, RMF(AL' ,ed(d—l) wsd) — S MFQ! red(d) wisd)

| [

X! _ MF(dlg, (1), Wp) ;. 4 (2i-d—1)(m2—m) & MF(JMLP(d —1).wp) — MF(MQp(d), w)p)

Here the horizontal arrows are given by categorized Hall products (5-50) and (5-51), the right vertical arrow
is given in Proposition 5.12, and the left vertical arrow is a composition of the functors in Proposition 5.12
and Lemma 5.15 with the equivalence

(5-53) |i|®©g<c*((2i—d—l)(m —m)® & X" (dl = 11— L2 (m? = m)]:

i=1
&MF(MQM(I) 0);, ®MF(it! red(d 1), wid)

i=1

~ ~ . d
= @ MF(J(/LQ;;d(l), 0). +@i—d—1)(m2—m) X MF(MQ;?“ (d—1), w;e ).

Proof We take A: C* — G, = GL(V) by
Aoy =@ 0.

Then the top arrow in the diagram (5-52) is obtained from the diagram of attractmg loci for A o1t (d)
with respect to the above A. In the diagram (5-28), the Vector bundle W — A", o (d) is induced by the
GL(V)-representation W = Endg(V) ® H for H =C m?—m by its definition. By Proposition 2.6, the
categorified Hall products in (5-52) commute with Knorrer periodicity equivalences up to equivalence:

(5-54)  ®det(Endo(V)*>°® H)[dim(Endy (V)*>°® H)]:

l ~ ~
[X] ME(dl g (1), O)IZIMF(MJngd (d—1), wi)
i=1

=~ |Z MF(J(/LQred(l) 0)XMF(iLt e (d—1), wid).

It is enough to show that the equivalence (5-54) restricts to the equivalence (5-53). Let V = @5:0 Vi
be the decomposition into A—weight parts, ie V; has A—weight i so that dim V; = 1 for 1 <i </ and

dim Vy = d —[. We have
Endy(V, V)**0 = ( b e Vj).

0<i<j<l
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We compute that

det(Endo(V. V)0 = Q) det(V;@ V)= X) det(o@V)® X) det(V; ®V}Y)

0<i<j<l 1<j=<l 1<i<j=lI

l
— (det VO)I ® ®(det I/i)Zl—Zl'-i-l—d.

i=1
We note that ® det V; = ® Ogc+(1) on the factor MF(Jl?Ldi(l), 0)j,_;4,- We also have
dimEndo(V, V)**% = dl — 11 - 1%,

Therefore the equivalence (5-54) restricts to the equivalence (5-53). O

5.9 Semiorthogonal decomposition of global window subcategories

The following is the main result in this section:

Theorem 5.17 For/ > 0and0 < j; <--- < j; < m—|I, the categorified Hall product (5-48) restricts to
the fully faithful functor

l
s 6— j1+21(m2— 6
i=1
such that, by setting 6;, to be the essential image of the above functor Y;,, we have the semiorthogonal
decomposition

(5-56) Wit (0) = (€, 112 0,0 jy <o < jp <m—1),

where Hom(%€;,,€;;) = 0 for j, > j. (see Definition 4.16).

Proof We take a 6—polystable representation R of the form (5-13), ie R = Roo @ (V ® Sj) with
dim V = d, the corresponding closed point p € M é’o_ss(v), and consider the quivers Q;r,, Q;’red as in
the previous subsections. Note that if we remove the loops at the vertex {oo} from Q;, then we obtain

the quiver Q, p for a = ay, ;, ¢ and b = b,, ;,, 4 considered in Remark 4.1. By applying Corollary 4.23
d(m?%—m)

for the above Q, 5, and then taking the tensor product with x

, we obtain the semiorthogonal
decomposition

d(m?—m)

Wav,m,d (d)P ® X()
/
m d—I)(m2— j1+1(m2—
= < DX MECil g (1), 00+ a2y B (W, 0,0 (d =Dy ® " 7 @ x5 ’”))>.
i=1
Here [ >0, p; € Mg’g_ss(v — Ism) corresponds t0 Roo @ (V' ® Sy) with dim V' =d — 1/, and
(5-57) 0<jh=-=ji<aymda—byma—1=m—1I.
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Applying Proposition 5.14, Lemma 5.15 and Proposition 5.16, we get the semiorthogonal decomposition

/

~ B I

WH(d), = < XI ME(Lg, (1), wp) ;4 2i—1)(m2—m) B (W (d = 1)p, ® xi+? (e m))>
i=1

By the identification of categorified Hall products (5-49) with (5-50) together with the equivalence (5-39),
we obtain the semiorthogonal decomposition

(5-58) Wloc (v)p - < |Z MF(‘/M“Q 5 (Sm) w)], +2i—1)(m2—m) X ( loc (v lSm)Pl ® XJI+21(m m))>
i=1

A key observation is that in the above semiorthogonal decomposition there is no term involving d = dim V'
(which depends on a choice of 6—polystable object (5-13)), so we can globalize it. Indeed we have
globally defined functors (5-55) and, noting Lemma 5.13, in order to show that they are fully faithful and
forms a semiorthogonal decomposition it is enough to check these properties formally locally at each
closed point of M g’efss(v) corresponding to a O—polystable (O, W)-representation; see the arguments
in [Toda 2021, Proposition 6.9, Theorem 6.11], for example.

Here we give some more details for how to derive the global semiorthogonal decomposition (5-56) from
the formal local one (5-58). We first note that the categorified Hall product (5-48) restricts to the functor
(5-55). This follows from the fact that the categorified Hall products commute with base change to the
formal completion of good moduli spaces (see the diagram (3-14)), the fact (which follows from (5-58))
that formally locally over M g’e_ss(v) the categorified Hall product restricts to the functor
/
D MEGG ™ (5m), ), 1 i1y m2-my B (Wi (0 = L)y ® 13! 27 — Wiok (v,

loc loc
i=1

and noting Lemma 5.13.

By Lemma 6.6 below, the functor Y, admits a right adjoint Tj]f. Now in order to show that Y, is fully
faithful, it is enough to show that the adjunction morphism

(=) = Yo Y5 (=)

is an isomorphism. Equivalently, it is enough to show that the cone of the above morphism is zero. By

T,0-ss

Lemma 6.5, this is a property formally locally over M (v). So from the semiorthogonal decomposition

(5-58) we conclude that Y, is fully faithful. A s1m11ar argument also shows that €;, for j, given in
(5-57) are semiorthogonal.

In order to show that 6;, for j, given in (5-57) generate glOb(v) let us take € € W, 10b(v) and j, so that

Je 1s maximal in the order of Definition 4.16. We have the distinguished triangle
Y YR(€) > €—> €. where € €%;..

By applying the above construction for €’ and the second maximal j, and repeating, we obtain the
distinguished triangle

€1 — € —>€,, where € €(%j,)and €, € (<€j.)J‘.
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Here (€;,) is the right-hand side of (5-56). From the semiorthogonal decomposition (5-58), we have
€5 5w, =0 for any closed point p € M g’e_ss(v), therefore ¢, = 0 by Lemma 6.5. Therefore
¢ € (6;,), and we have the desired semiorthogonal decomposition (5-56). O

The following corollary, which is an immediate consequence from Theorem 5.17, categorifies wall-crossing
formula of the associated DT invariants in [Nagao and Nakajima 2011].
Corollary 5.18 There exists a semiorthogonal decomposition of the form
ME(™ (v). w) = (MFULG (0= Ism). )0 112 0,0 < jy <o < jy <m—1).
Here MF(JI/LT’G_ (v—1Ism), w)j, is a copy of MF(JIAT’Q_ (w—Ilsm), w).
Proof By the equivalences (5-34), the left-hand side of (5-56) is equivalent to MF(JI/LJr 6+ (v), w). On the

other hand, the subcategory 6;, in (5-56) is equivalent to MF(JI/LJr ;0 (v —1Ism), w) by the equivalences
(5-34) together with Lemma 5.7. O

Remark 5.19 The semiorthogonal decomposition in Corollary 5.18 recovers the numerical wall-crossing
formula (1-4). Indeed the periodic cyclic homologies are additive with respect to semiorthogonal
decompositions [Tabuada 2005, Theorem 6.3, Section 6.1], so we have

HP, (MF(ULG™ ™ (0), w)) = @D HP« (MF(LG (v — Lsm)., w)) ® (7).
=0

By taking the Euler characteristics and using Lemma 5.1, we obtain the formula (1-4).

By applying Corollary 5.18 from the empty chamber in Figure 1 to the wall-crossing at W}, and noting
Lemma 5.6, we obtain the following.

Corollary 5.20 For 6 € W,,, there exists a semiorthogonal decomposition
MEULR (v). w) = (6;0).
Here each ‘6]. ) is equivalent to MF(Spec C, 0) and j.(*) is a collection of nonpositive integers of the form
SO =10 s < P <i = Dhizizm

for some integers [; > 0 satisfying

(vo,v1) =Y i+ (i —1)

i=1
We have Hom(€;{,€;.*) = 0 if JD = 'O for k <i <m for some k and jF = j &
Proof Let 6., € R? lie in the empty chamber in Figure 1. By Lemma 5.6, a successive application of
Corollary 5.18 gives the semiorthogonal decomposition
!0 sven
MF(A/LTQ T),w) = (MF(/I/LTQO v —"ImSm — lm—15m—1 — - —1151), w)j.(m)’jynﬂ) .£1>)-
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W<z <o

Here /; > 0 are integers and 0 < j; l; for 1 <i <m. By applying Lemma 5.5, we

obtain the corollary. a

Remark 5.21 The arguments of Theorem 5.17 and Corollary 5.18 work for other walls except walls at
{6y + 61 = 0}. For example, let us consider, in Figure 1, the wall

W, :=Rso(—m —1,m), where m € Zxy.

Then for 6 € W, there is a unique f—stable (Q, W)-representation S,, of dimension vector s, =
(m, m + 1), which corresponds to O¢ (—m — 1)[1] under the equivalence ® in (5-1); see [Nagao and
Nakajima 2011, Remark 3.6]. The arguments of Theorem 5.17 and Corollary 5.18 work verbatim by
replacing Sy, and s, with S;, and s}, so that we have the semiorthogonal decomposition

M (v). w) = (MFULG - (0= Is),). )5, 112 0,0 < jy <+ < jy <m—1).

Remark 5.22 On the other hand, the above arguments do not work at walls in {8y + 6; = 0}. For example
at the DT/PT wall 8 € R.o(—1, 1), there exist an infinite number of f—stable (Q, W )-representations
corresponding to closed points in X, and the associated Ext quivers are more complicated. At the
DT/PT wall, we expect the categorical wall-crossing formula

k k
,0 ,0—
MF(J(/LTQ t(v), w) = < [X] S(di)y; ® MF(MTQQ (v -4 -soo), w)>
i=1 i=1
Here soo = (1, 1), (dj, vi) € Z=g X Z satisfy —1 < vy /dy <--- <vi/di <1 and S(v), is the subcategory
S(d)y C MF(MEY™ (d500), w)y

defined similarly to the quasi-BPS category in [Pddurariu and Toda 2022]. Some details may be pursued
in a future work.

5.10 Semiorthogonal decompositions of categorical stable pair theory

By definition a PT stable pair [Pandharipande and Thomas 2009] on X is a pair (F, s) where F is a pure
one-dimensional coherent sheaf on X and s: Oy — F is surjective in dimension one. For (B8, n) € Z?2,
we denote by

Pu(X. B)

the moduli space of PT stable pair moduli space (F, s) on X satisfying [F] = B[C] and x(F) = n, where
[F] is the fundamental one-cycle of F. Since any such a sheaf F is supported on C, the moduli space
P, (X, B) is a projective scheme.

Nakao and Nakajima [2011, Proposition 2.11] proved that the equivalence (5-1) induces the isomorphism
D,: Py(X, B) _>M(Q W)(I’l n—p),
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where Opy ;= (—1 4+ ¢, 1 4+ ¢) for 0 < ¢ < 1. The right-hand side is the critical locus of the function
w: JI/LBGP T(n,n—B) — Al defined by (5-3). Based on the above isomorphism, the categorical PT invariant
is defined as follows.

Definition 5.23 We define the categorical PT invariant for the resolved conifold X to be

DI (Pu(X. B)) := MF(UEH (.1 — B). w).

Similarly to Lemma 5.1, the categorical PT invariant recovers the numerical PT invariant by

(5-59) Pop = (=1)""Pec ) (HP« (BT (P (X, B)))).

By applying Corollary 5.20 for m >> 0, we obtain the following.

Corollary 5.24 For any (B,n) € Z?, there exists a semiorthogonal decomposition
DT (Pu(X, B)) = ((61.:*)).

Here each <6j<*) is equivalent to MF(Spec C, 0) and j.(*) is a collection of nonpositive integers of the
form _ ‘
JO=10= ;7 == 0 <i =l

for some integers l; > 0 satistying

i>1

We have Hom(%j(*),(@j/(*)) =0if jO = j!O fori > k for some k and j&) > ;!

Remark 5.25 Similarly to Remark 5.19, the semiorthogonal decomposition in Corollary 5.24 implies
HP+ (9T (P,(X, B))) = HP«(MF(Spec C, 0))®9n.5

where a, g is given by (1-3). Taking the Euler characteristics of both sides, we obtain P, g = (—1)”+ﬁ ap,Bs
which recovers the formula (1-1).

6 Some technical lemmas

In this section, we give proofs of some postponed technical lemmas.

6.1 Functoriality of Knorrer periodicity

Let Y, and %, be stacks of the form ¥; = [¥;/G;], where Y; is a smooth affine scheme and G; is a
reductive algebraic group which acts on Y;. Let W; — %; be vector bundles. Then by Theorem 2.4, we
have equivalences

(6-1) ®;: MF(Y;, w;) —> MF(W; @ W), w; + i),
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where ¢; is a natural quadratic form on W; ®@W?’, ie ¢; (x, x") = (x, x’). On the other hand, the categories
of quasicoherent factorizations MFcon(¥;, w;) are compactly generated by MF(%;, w;) (see [Ballard
et al. 2014, Proposition 3.15]), so it is equivalent to the ind-completion of MF(%;, w;). Therefore by
taking ind-completions of both sides in (6-1), the above equivalences extend to equivalences

;: MFqcoh(Oyi, w;) — MFqcoh(OWi S OW,Y, w; + ;).
Suppose that we have a commutative diagram
OW‘l L) OWz
Oyl L) qyz

where f is a morphism of stacks, and the top arrow is induced by a morphism of vector bundles
g: Wi — f*W,. We have the induced diagram

(6-2) Wi WY LWy @ WY L2, o wy.
where /1y = (idw,, g") and h, = (g, f). The following lemma is a variant of [Toda 2019, Lemma 2.4.4].

Lemma 6.1 The following diagram commutes:

S+
MFqcoh(cyl ,Wi) MFqcoh(OyZ» w3)

(63) cply ~l¢2
hosh
MFqcoh(OWI @OW\I/, w1 +4q1) — MFqcoh(WZ @OW;/’ ws +42)

Proof We have the commutative diagram A
6

h
WY Wy @ WY Wy WY

h
/hl . hll
pr

Yy WY Wy e wY

Here pr, is the projection and i (x) = (0, x). By the above diagram together with derived base change,

we have
hyshy ®1(=) = hoxhTire pri(=) = hoshashy pri(=) = hesh5(—).

On the other hand, we have the commutative diagram
he

—

h .
LW —L = WY 2 W, Wy

hsl O per
S

@1—)@2
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Here pr, is the projection and i, (x) = (0, x). Similarly we have
D) fu(—) = inx pr; Jr = i2*h7*h§ = h6*hz(_)'

Therefore the diagram (6-3) commutes. O
We also have the following lemma, which is a variant of [Toda 2019, Lemma 2.4.7].

Lemma 6.2 Suppose that g: W1 — f*W, is a surjective morphism of vector bundles on %Y. Then we
have the commutative diagram

ME(®,. w) ! ME®,, )

q’zl’v ’\‘Jfbl
hnh:

2

ME(W, @ WY, wy + g2) ——— ME(W; @ WY, w4+ ¢1)

Proof The assumption that g: W — f*W, is surjective implies that the morphism /; in (6-2) is a
closed immersion, hence /1y gives a left adjoint of /7. The lemma now follows by taking left adjoints of
horizontal arrows in (6-3) and restrict to coherent factorizations. O

6.2 The categories of factorizations on formal fibers

Let G be a reductive algebraic group and Y be a finite-dimensional G—representation. We denote by Y
the formal fiber of the quotient morphism ¥ — Y /G at the origin; see Section 1.6 for the definition of
formal fiber. Then

[)A’/G] — ?//G = Spec @y//G,O

is a good moduli space for [)A’ /G, and is isomorphic to the formal fiber of the morphism [Y/G]— Y/ G
at 0. We take an element w € I'(Op,]) = @y//G,O with w(0) = 0. We have the following lemma:

Lemma 6.3 For w # 0, the triangulated category MF([? /G|, w) is idempotent complete.

Proof Let Z C Y be the closed subscheme defined by the zero locus of w. We have the following
version of Orlov equivalence [2009] relating the categories of factorizations and those of singularities
(see [Polishchuk and Vaintrob 2011, Theorem 3.14])

MF([Y /G, w) => D®((Z/G])/Perf(Z ] G)).

Let my C 02 be the maximal ideal which defines 0 € Z, and denote by 0 Z the formal completion of
0z at mg. Let Z™ := Spec0z/ myg and Z := Spec 0z. By the coherent completeness for the stacks
[2 /G| and [Z/G] (see [Alper et al. 2019, Theorem 1.6]), we have the equivalences

Coh([Z/G)) <> 1im Coh([Z™ /G]) < Coh([Z/G)).

In particular, we have an equivalence
D*(2/G)) = D*(Z/G).
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which restricts to the equivalence for subcategories of perfect objects. Therefore we obtain the equivalence
MF([¥ /Gl w) ~> D*(Z/G))/Pert(Z/G)).

Since O 5 is acomplete local ring, the singularity category DP(Z)/Perf(Z) is well-known to be idempotent
complete; for example, see [Dyckerhoff 2011, Lemma 5.6; Kalck and Yang 2018, Lemma 5.5]. The
argument can be easily extended to the G—equivariant setting. Indeed, following the proof of [Kalck
and Yang 2018, Lemma 5.5], it is enough to show that for a G—equivariant maximal Cohen—Macaulay
0 z—module M and an idempotent e € E£1G (M), it is lifted to a G—invariant idempotent in End(M ).
Here MG (M) is the set of morphisms in the G—equivariant stable category of maximal Cohen—Macaulay
modules over O 5. For an idempotent e € MG (M), we lift it to a € End(M ), which we can assume to
be G-invariant as G is reductive. Then as in the proof of [Curtis and Reiner 1981, Theorem 6.7], the
limit € := lim f; (a) exists, and is an idempotent in End(M ) which lifts e. Here f;(x) is given by

fi(x) = Xn:(zl.”)xz"—"(l —x).
i=0

By construction € is G—invariant, so we obtain the desired lifting property of the idempotents. |

Let W be another finite-dimensional G-representation and ¢: W — A! be a G—invariant nondegenerate
quadratic form. We take w € Oy g,o with w(0) = 0. We have the following lemma:

Lemma 6.4 There is a natural morphism of stacks

(6-4) CIY @ W)/Gl— (¥ x W)/G]

such that the induced functor

(6-5) *:ME([(Y x W)/G], w + q) — MF([(Y & W)/G]. w + q)

is fully faithful with dense image.

Proof Let 7y and my g be the quotient morphisms
ny: Y = Y/)G, nygw: YW > (Y &W)/G.

Then we have n;éBW(O, 0) C Jr;l (0) x W, therefore we have the induced natural morphism (6-4) by the
definition of formal fibers.

Note that we have Crit(w + ¢) = Crit(w) x {0}, so the morphism (6-4) induces the isomorphism of critical
loci of w + ¢ on Y x W and m, and also their formal neighborhoods. Therefore the functor (6-5) is
fully faithful with dense image by [Orlov 2011, Theorem 2.10] (in loc. cit. it is stated without G—action,
but the same argument applies verbatim to the G—equivariant setting). a

Suppose that Y is quasiprojective variety with an action of a reductive algebraic group G such that the
good moduli space 7 : [Y/G] — Y // G exists. For each closed point y € Y /G, we denote by [)A’y /G] the
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formal fiber of 7 at y. For a regular function w: [Y/G] — Al, we denote by @), its restriction to [)A’y /G]J,
and 7y : [}A’ v/ Gl — Y, /] G its good moduli space. We have the following lemma:

Lemma 6.5 For ¢ € MF([Y/G], w), suppose that %|[? /6] € MF([?y/G], Wy ) is isomorphic to zero for
y
any closed point y € Y/ G. Then we have € = 0.

Proof The inner homomorphism F#om® (€, €) is an object in MF([Y/G], 0), which is equivalent to the
7/ 2—periodic derived category of coherent sheaves on [Y/G]. By the derived base change, we have

s Hom® (€,) ®cy )i Ov 6.y = RysHom® (g, 61 €lip, ) =0

in the Z /2—periodic derived category of quasicoherent sheaves on ?y // G. The object m«Hom*(€,€) is an
object in the Z /2—periodic derived category of quasicoherent sheaves on Y / G whose formal completions
at any y € Y// G is zero, so it is isomorphic to zero. Then we have Hom* (€, €) = RI"(#om*(¢€,€)) = 0,
s0 € = 0. O

6.3 Right adjoint functor
Lemma 6.6 The functor Yj, in (5-55) admits a right adjoint Tij.

Proof We consider the diagram
T,0-s5,. o
MQ (v*)

ql X
MQQ—SS(Sm)Xl M@Q—SS(sm)Xl

+,0-ss T,04—ss
N M v (—)./‘/L v
X J(/Lge__ss(v —Ism) X A/LBQ_SS(U —Ism) o W o W

) | | |

Mgfss s xl Mgfss s x/
ﬁﬂ(em-z% Ism) ﬁﬁ(efi)( Isy) @ MG ) —— MpTT )
X S v—I[S X o (v—Us
0] m 0] m
w
Al

Similarly to (5-36), let
~0 ,0_,,
W o (v) € D (" ()

be the window subcategory (2-7) for the choice mf: in (5-35). We consider the composition functor

(6_7) Db (Mgﬁss(sm))gl & Db (Mg,e—SS(v _ lsm))
l
~ e ~0_
— x Db(MGQ P (5m))j; +i=1)(m2—m) B W g1 (v —Lsm)
i=1

— DYl ) — Db(Mg’OJF_SS(v)).
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Here the first equivalence is due to window theorem in Theorem 2.2 together with the fact that (5-9) is a
C*—gerbe, the second arrow is the categorified Hall product (ie p«g™ in the diagram (6-6)), and the last
arrow is the restriction to the semistable locus. The first arrow is of Fourier—Mukai type by Lemma 6.7
below, and the second and the third arrows are also of Fourier—Mukai type by their constructions. Therefore
the above composition functor is of Fourier—Mukai type. So we have the kernel object

_ss ,0_— ,04 —ss
P € DO (MG (sm) ! x MG —Ism)) x MZ" ().

Moreover the kernel objects of the second and the third arrows in (6-7) are pushforwards from the fiber

products over M 1.0-ss

(v) by their constructions. By Lemma 6.7 below, the kernel object of the first
arrow in (6-7) is a pushforward from the fiber product over A! and supported on the fiber product over

M g’e_ss(v). Therefore the object % is a pushforward of an object
(6-8) P € D (MG (sm) ! x MG (0 —Lsm)) x 0 ME* ()

supported on the fiber product over MT 953 (v). Since M; 0755 (1) and M‘9 S (5) %! x MT =S (u—Ism)
are proper over M 1.0~ *(v), the functor (6-7) admits a right adjoint given by the Fourler—Mukal kernel

PR defined by

PR — PR

MG (5 < x M= (o1, 4T Mg 6 (sm) ! x MES W — L)),

By Theorem 2.3, the functor Y, in (5-55) is regarded as a functor
(69) Yy MF(M§ ™ (sm). w)® RME(M S (v — Lsm), w) - MEM 5% (v), w).

The above functor is a Fourier—Mukai functor with kernel given by E(%,,), where E is the natural functor
(see [Hirano 2017b, Theorem 5.5])

E: Db((Mg‘SS(Sm)Xl X Mg’e__ss(v —Ism)) X Mg’9+_ss(v))

— MF((MS_SS(sm)Xl X Mg’e:ss(v —Ism)) % ME’OJF_SS(U), w B (-w))

By the Grothendieck Riemann—Roch theorem, the object @ ¥ is the pushforward of an object @5 in the
right-hand side of (6-8). Then the right adjoint of (6-9) is obtained by the Fourier—-Mukai kernel & (9]’5 ). O

Lemma 6.7 In the setting of Theorem 2.2, let ¥ = [Y/G] and ¥*> = [Y!~/G], and assume that Y
is a projective scheme over Y /G. Then the splitting of D?(¥) — D?(%¥*) in Theorem 2.2 (applied
to N’ = 0) is of Fourier—Mukai type, with kernel object ® € D?(¥ x ¥*) supported on Y xXy)G Y%,
Moreover for any nonconstant w: Y /G — Al, we have P = i,P,, for some P, € D> (Y X a1 Y%%). Here
Y x o1 Y% is given by the diagram

Y x 0 Y —L s Y xS

[

0—— Al
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Proof The KN stratification of %Y pulls back to the one on Y x Y% via the first projection, thus by a choice
of m, in Theorem 2.2 we have the splitting ¥ of Db (Y x Y5s) —» Db (Y5 x Y%), From its construction,
W is linear over Perf(Y /G x Y //G). Therefore for any nonconstant w, by [Halpern-Leistner 2015,
Proposition 5.5] there is a splitting @y, of D?(Y x y Y%5) — DP (Y x 51 ¥%) such that the following

diagram commutes: ®
Db (WS x y %) —2 Db (Y x 1 W)

| |
D (s x ) —2 5 Db x )

Since Y% is a quasiprojective scheme, we have Op € D2 (s xY). We set P = ®(0p) and Py, = Dy (0 ).
Then % = ixPy. Since this holds for any w, the object % is supported on Y Xy Y*. Then the object P
induces the Fourier—Mukai functor D?(¥*) — D®(%) which gives the splitting in Theorem 2.2 by the
argument in [Halpern-Leistner 2015, Section 2.3]. |

6.4 Proof of Proposition 5.11

Proof The assertion is trivial if dim V' < 1. Below we assume that dim V' > 2. Note that ordg(wp) > 2,
where ordg(wp) is the vanishing order of w), at 0. This is because w,(0) = 0 by the first inclusion in
(5-4) together with the fact that 0 € Crit(wp) # @.

Let us consider the Hessian of wp,
Hess(wp): ExtIQT (R.R)® O, @)~ ExtIQT (R,R)V® 0}, (@)

The kernel of the above morphism at the origin is Ext(1 ot W)(R, R). By the relation (5-8), we have

Ext{ g yyy(Sm, Sm) = Exty (Oc (m — 1), 0¢ (m — 1)) = 0,
It follows that
(6-10) Ker(Hess(wp)|o) N (End(V) ® Extyy (Sm. Sm)) = 0.
By Lemma 6.8 below, by replacing the isomorphism 7, in (5-19) if necessary, there exist linear subspaces
W, C ExtlQT(Roo, Rso), WrC Ext1Q+(Roo, Sm), W3 C ExtlQT(Sm, Roo)

such that w, = w; + w,, where w; does not contain variables from End(}') ® ExtlQ(Sm, Sy) with
deg(w;) > 3, and w; is a nondegenerate G—invariant quadratic form on

Wi (W, ®V)® (W3 ® V)@ (End(V) ® Exty(Sm. Sm))
= (W) @ Exto(Sm. Sm)) @ (W2 ® V) & (W3 ® V) & (Endo (V) ® Extyy (Sm, Sm)).

As we assumed that dim V > 2, the GL(V )-representation Endg (1) is a nontrivial irreducible GL(V')—
representation, and it is not isomorphic to V nor V. Therefore w, = w3 + ¢, where w3 does not
contain variables from Endy (V) ® ExtIQ (Sm, Sm) and ¢ is a nondegenerate GL(}")—invariant quadratic
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form on Endgy (V) ® ExtlQ(Sm, Sm). Moreover, w3 is nonzero, since otherwise it contradicts with (6-10)
and Endy (V') € End(V). By replacing the isomorphism (5-25) if necessary, we can also assume that ¢
coincides with (5-26). Therefore we obtain a desired form (5-27). O

We have used the following lemma, whose proof is a variant of [Joyce 2015, Proposition 2.24]:

Lemma 6.8 Let G be a reductive algebraic group and V' be a finite-dimensional G —-representation. Let
w: V — Al be a G—invariant formal function such that ordg(w) > 2. Let V1 be the kernel of the Hessian

tth igi
at the onigin Vi= Ker(Hess(w)|0: V> VV).

Then there exists a direct sum decomposition V = V| @ V, of G-representations and a G—equivariant
isomorphism ¢: V =V such that ¢*w = wy + w,, where w; € Op, is G—invariant with ordg(w;) > 3,
and wy € Symz(VZV) is a G—invariant nondegenerate quadratic form on V;.

Proof As w is G—invariant, the Hessian of w at the origin Hess(w)|o: V — V'V is G—equivariant. As
G is reductive, there is a splitting V = V; @ V, as G—representations and the Hessian at the origin is

written as 00
Hess(w)|o = (0 q) VeV, >V eV,

where ¢ is a G—equivariant isomorphism ¢: V, => V)Y with ¢V = ¢q. We identify ¢ as an element

q € Symz(Vz\’)G, which is a G—invariant nondegenerate quadratic form ¢ on V. For (y1, y5) € V1 & V3,
we can write w(y1, y2) as

(6-11) w1, y2) = w> (y1, y2) +q(12),

where w=3(y1, y,) consists of terms with degrees bigger than or equal to three. We set d; = dim V; and
fix bases of V7 and V,, writing their elements as y; = { ygl)}lgfdl and y, = { ygl)}lf,-sdz, respectively.
Here we take an orthonormal basis for V5, so ¢ is written as

dy .
a(r) =23 02

i=1
Then the closed subscheme

ow _ G w3 . ~
—==0:1<i<dyp =1y, + —=0:1<i<d,; CV

ayy” %
is smooth of codimension d,. By the variable change
i ow n o w3
(6-12) W —5 =0+ —&
0y, 0y,

we may assume that Crit(w) is contained in {y, = 0} C V. The variable change (6-12) can be described
without coordinates as follows. Let dw be the morphism given by the derivation of w,

(6-13) dw:V @05 — 0p.
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We have the morphisms

b

i - 'd,d A~
VY =vYevy WL, Sadulvy),

VY @V, Oy

The above composition induces the isomorphism O =5 0y, which is identified with the variable change

(6-12). The above construction is G—equivariant, so the variable change (6-12) is G—equivariant.

@ ;

The condition that Crit(w) C {y, = 0} implies that each y,” is written as

v Z“’J y(1>+zb” 2

for some a;j, bij € Op. By writing b;j = b;j(0) + b%l and comparing the degree-one terms for y,, we
see that b;; (0) = J;;. Therefore we obtain the relation

Jw=3 i Jw=3 f: >i{ () ow=3
S S (19 )
by S Y S ay;”
The Nakayama lemma implies the inclusion of ideals
w3 qw=3
(6-14) (8’”0) lfifdz)c(aw(),y(’) 1<j<d, 1<l<d2)
P

in0 7> the formal completion at the maximal ideal of 0;;. Since these are G—invariant ideals, by the
coherent completeness of [17 / G| the inclusion (6-14) also holds in 0} see the proof of Lemma 6.3. In
particular, there is a relation of the form

ow

(6-15)
ay(l)

ZCU a (])

y2=0 i,j y2=0

for some ¢;; € ©I71' We apply the variable change

(6-16) O =04 ZC:;y(’) and 70 =y,
Then we have

ow
(l)

Jw

379 5, =0.

8y§j) ow 8y§]) ow
= Z o~ o) +Z o~ 4. ()
ay,” 9y, dy,” 9y,

Z W0 (J)
J

+
=0 5.=0 0y,
It follows that we can assume that (Bw/ay('))|y2=o =0.

We see that the variable change (6-16) can be taken to be G—equivariant. For the morphism (6-13), we
can write dw ® O p, as

dw®0p = aMaa?: (v ®0p)® (V2®0p) = 0p,.

Geometry & Topology, Volume 28 (2024)



Categorical wall-crossing formula for Donaldson—Thomas theory on the resolved conifold 1403

Jw Jw
Il = (_(l) ) and 12 = (_(l) )
dy; " ly2=0 Ay, ly2=0

1
are generated by the images of a® and @, respectively, so in particular they are G—invariant. By the

Then the ideals of @ﬁ

relation (6-15) we have I, C I;. We have the G—equivariant diagram
e
Vo ® @f}l — I

¢
m

Vi®op 2 51
where each horizontal arrow is a surjection. As G is reductive, from the above diagram there is a
G—equivariant dotted arrow ¢ which makes the above diagram commutative. A choice of ¢ corresponds
to a choice of ¢;; in (6-15). Then we have the G—equivariant morphism

vV =vYev,y 150, g

The above morphism induces the G—equivariant isomorphism Oy => Oy, which corresponds to the
variable change (6-16). In particular, we can choose ¢;; so that (6-16) is G—equivariant.

Finally, we set
g1, y2) i=wyi, y2) —w(y1.0).

Then from the above arguments we have g(y1,0) = 0 and (ag/ayéi))bz:o = 0. It follows that g(y1, ¥2)
is written as
gy =Yy 0ii (1. 2)
ij
for some Q;; € 0. As the quadratic term of g(yy, y2) coincides with ¢ by (6-11), we have Q;;(0) = %8,7.
It follows that the critical locus of g(y1, ¥») is {y, = 0} C V, so the G—equivariant Morse lemma (see
[Arnold et al. 1985, Section 17.3]) applied for g implies that by a G—equivariant variable change of the form

FO =y and 5 = ¥, @) (p1, y2)»Y we can make g(F1. 72) = ¢(§2). As ordo(w(y1.0)) = 3
from (6-11), the lemma is proved. O
References

[Alper 2013] J Alper, Good moduli spaces for Artin stacks, Ann. Inst. Fourier (Grenoble) 63 (2013) 2349-2402
MR Zbl

[Alper et al. 2019] J Alper, J Hall, D Rydh, The étale local structure of algebraic stacks, preprint (2019)
arXiv 1912.06162

[Arnold et al. 1985] VI Arnold, SM Gusein-Zade, A N Varchenko, Singularities of differentiable maps, I: The
classification of critical points, caustics and wave fronts, Monogr. Math. 82, Birkhiuser, Boston, MA (1985) MR
Zbl

Geometry & Topology, Volume 28 (2024)


http://dx.doi.org/10.5802/aif.2833
http://msp.org/idx/mr/3237451
http://msp.org/idx/zbl/1314.14095
http://msp.org/idx/arx/1912.06162
http://dx.doi.org/10.1007/978-1-4612-5154-5
http://dx.doi.org/10.1007/978-1-4612-5154-5
http://msp.org/idx/mr/777682
http://msp.org/idx/zbl/1290.58001

1404 Yukinobu Toda

[Ballard et al. 2014] M Ballard, D Favero, L Katzarkov, A category of kernels for equivariant factorizations and
its implications for Hodge theory, Publ. Math. Inst. Hautes Etudes Sci. 120 (2014) 1-111 MR Zbl

[Ballard et al. 2019] M Ballard, D Favero, L Katzarkov, Variation of geometric invariant theory quotients and
derived categories, J. Reine Angew. Math. 746 (2019) 235-303 MR Zbl

[Ballard et al. 2021] MR Ballard, N K Chidambaram, D Favero, P K McFaddin, RR Vandermolen, Kernels
for Grassmann flops, J. Math. Pures Appl. 147 (2021) 29-59 MR Zbl

[Behrend 2009] K Behrend, Donaldson—Thomas type invariants via microlocal geometry, Ann. of Math. 170
(2009) 1307-1338 MR Zbl

[Behrend and Bryan 2007] K Behrend, J Bryan, Super-rigid Donaldson—Thomas invariants, Math. Res. Lett. 14
(2007) 559-571 MR Zbl

[Bondal and Orlov 1995] A Bondal, D Orlov, Semiorthogonal decomposition for algebraic varieties, preprint
(1995) arXiv alg-geom/9506012

[Brav et al. 2019] C Brav, V Bussi, D Joyce, A Darboux theorem for derived schemes with shifted symplectic
structure, J. Amer. Math. Soc. 32 (2019) 399-443 MR Zbl

[Bridgeland 2002] T Bridgeland, Flops and derived categories, Invent. Math. 147 (2002) 613-632 MR Zbl

[Bridgeland 2011] T Bridgeland, Hall algebras and curve-counting invariants, J. Amer. Math. Soc. 24 (2011)
969-998 MR Zbl

[Brion 2012] M Brion, Representations of quivers, from “Geometric methods in representation theory, I’ (M
Brion, editor), Sémin. Congr. 24, Soc. Math. France, Paris (2012) 103—-144 MR Zbl

[Brown 2016] M K Brown, Kndorrer periodicity and Bott periodicity, Doc. Math. 21 (2016) 1459-1501 MR Zbl

[Calabrese 2016] J Calabrese, Donaldson—Thomas invariants and flops, J. Reine Angew. Math. 716 (2016)
103-145 MR Zbl

[Cao and Toda 2023] Y Cao, Y Toda, Counting perverse coherent systems on Calabi—Yau 4—folds, Math. Ann.
385 (2023) 1379-1429 MR Zbl

[Curtis and Reiner 1981] C W Curtis, I Reiner, Methods of representation theory, I. With applications to finite
groups and orders, Wiley, New York (1981) MR Zbl

[Davison 2017] B Davison, The critical CoHA of a quiver with potential, Q. J. Math. 68 (2017) 635-703 MR Zbl

[Donovan and Segal 2014] W Donovan, E Segal, Window shifts, flop equivalences and Grassmannian twists,
Compos. Math. 150 (2014) 942-978 MR Zbl

[Dyckerhoff 2011] T Dyckerhoff, Compact generators in categories of matrix factorizations, Duke Math. J. 159
(2011) 223-274 MR Zbl

[Efimov 2018] A1 Efimov, Cyclic homology of categories of matrix factorizations, Int. Math. Res. Not. 2018
(2018) 3834-3869 MR Zbl

[Efimov and Positselski 2015] A I Efimov, L Positselski, Coherent analogues of matrix factorizations and relative
singularity categories, Algebra Number Theory 9 (2015) 1159-1292 MR Zbl

[Halpern-Leistner 2015] D Halpern-Leistner, The derived category of a GIT quotient, J. Amer. Math. Soc. 28
(2015) 871-912 MR Zbl

[Halpern-Leistner and Pomerleano 2020] D Halpern-Leistner, D Pomerleano, Equivariant Hodge theory and
noncommutative geometry, Geom. Topol. 24 (2020) 2361-2433 MR Zbl

Geometry & Topology, Volume 28 (2024)


http://dx.doi.org/10.1007/s10240-013-0059-9
http://dx.doi.org/10.1007/s10240-013-0059-9
http://msp.org/idx/mr/3270588
http://msp.org/idx/zbl/1401.14086
http://dx.doi.org/10.1515/crelle-2015-0096
http://dx.doi.org/10.1515/crelle-2015-0096
http://msp.org/idx/mr/3895631
http://msp.org/idx/zbl/1432.14015
http://dx.doi.org/10.1016/j.matpur.2021.01.005
http://dx.doi.org/10.1016/j.matpur.2021.01.005
http://msp.org/idx/mr/4213678
http://msp.org/idx/zbl/1468.14034
http://dx.doi.org/10.4007/annals.2009.170.1307
http://msp.org/idx/mr/2600874
http://msp.org/idx/zbl/1191.14050
http://dx.doi.org/10.4310/MRL.2007.v14.n4.a2
http://msp.org/idx/mr/2335983
http://msp.org/idx/zbl/1137.14041
http://msp.org/idx/arx/alg-geom/9506012
http://dx.doi.org/10.1090/jams/910
http://dx.doi.org/10.1090/jams/910
http://msp.org/idx/mr/3904157
http://msp.org/idx/zbl/1423.14009
http://dx.doi.org/10.1007/s002220100185
http://msp.org/idx/mr/1893007
http://msp.org/idx/zbl/1085.14017
http://dx.doi.org/10.1090/S0894-0347-2011-00701-7
http://msp.org/idx/mr/2813335
http://msp.org/idx/zbl/1234.14039
http://msp.org/idx/mr/3202702
http://msp.org/idx/zbl/1295.16007
http://dx.doi.org/10.2118/180920-pa
http://msp.org/idx/mr/3603927
http://msp.org/idx/zbl/1360.13043
http://dx.doi.org/10.1515/crelle-2014-0017
http://msp.org/idx/mr/3518373
http://msp.org/idx/zbl/1348.14132
http://dx.doi.org/10.1007/s00208-022-02364-1
http://msp.org/idx/mr/4566687
http://msp.org/idx/zbl/1524.14121
http://msp.org/idx/mr/632548
http://msp.org/idx/zbl/0469.20001
http://dx.doi.org/10.1093/qmath/haw053
http://msp.org/idx/mr/3667216
http://msp.org/idx/zbl/1390.14056
http://dx.doi.org/10.1112/S0010437X13007641
http://msp.org/idx/mr/3223878
http://msp.org/idx/zbl/1354.14028
http://dx.doi.org/10.1215/00127094-1415869
http://msp.org/idx/mr/2824483
http://msp.org/idx/zbl/1252.18026
http://dx.doi.org/10.1093/imrn/rnw332
http://msp.org/idx/mr/3815168
http://msp.org/idx/zbl/1435.18013
http://dx.doi.org/10.2140/ant.2015.9.1159
http://dx.doi.org/10.2140/ant.2015.9.1159
http://msp.org/idx/mr/3366002
http://msp.org/idx/zbl/1333.14018
http://dx.doi.org/10.1090/S0894-0347-2014-00815-8
http://msp.org/idx/mr/3327537
http://msp.org/idx/zbl/1354.14029
http://dx.doi.org/10.2140/gt.2020.24.2361
http://dx.doi.org/10.2140/gt.2020.24.2361
http://msp.org/idx/mr/4194295
http://msp.org/idx/zbl/1460.14005

Categorical wall-crossing formula for Donaldson—Thomas theory on the resolved conifold 1405

[Halpern-Leistner and Sam 2020] D Halpern-Leistner, SV Sam, Combinatorial constructions of derived equiva-
lences, J. Amer. Math. Soc. 33 (2020) 735-773 MR Zbl

[Hirano 2017a] 'Y Hirano, Derived Knorrer periodicity and Orlov’s theorem for gauged Landau—Ginzburg models,
Compos. Math. 153 (2017) 973-1007 MR Zbl

[Hirano 2017b] Y Hirano, Equivalences of derived factorization categories of gauged Landau—Ginzburg models,
Adv. Math. 306 (2017) 200-278 MR Zbl

[Jiang 2021] Q Jiang, Derived categories of Quot schemes of locally free quotients, preprint (2021) arXiv
2107.09193

[Joyce 2015] D Joyce, A classical model for derived critical loci, J. Differential Geom. 101 (2015) 289-367 MR
Zbl

[Joyce and Song 2012] D Joyce, Y Song, A theory of generalized Donaldson—Thomas invariants, Mem. Amer.
Math. Soc. 1020, Amer. Math. Soc., Providence, RI (2012) MR Zbl

[Kalck and Yang 2018] M Kalck, D Yang, Relative singularity categories, II: DG models, preprint (2018)
arXiv 1803.08192

[Kapranov 1984] MM Kapranov, Derived category of coherent sheaves on Grassmann manifolds, 1zv. Akad.
Nauk SSSR Ser. Mat. 48 (1984) 192-202 MR Zbl In Russian; translated in Math. USSR-Izv. 24 (1985) 183-192

[Kawamata 2002] Y Kawamata, D—equivalence and K—equivalence, J. Differential Geom. 61 (2002) 147-171
MR Zbl

[Kawamata 2018] Y Kawamata, Birational geometry and derived categories, from “Surveys in differential
geometry” (H-D Cao, J Li, RM Schoen, S-T Yau, editors), Surv. Differ. Geom. 22, International, Somerville, MA
(2018) 291-317 MR Zbl

[Keller 1999] B Keller, On the cyclic homology of exact categories, J. Pure Appl. Algebra 136 (1999) 1-56 MR
Zbl

[King 1994] A D King, Moduli of representations of finite-dimensional algebras, Q. J. Math. 45 (1994) 515-530
MR Zbl

[Kinjo > 2024] T Kinjo, Cohomological DT/PT correspondence for the resolved conifold, in preparation

[Kontsevich and Soibelman 2008] M Kontsevich, Y Soibelman, Stability structures, motivic Donaldson—Thomas
invariants and cluster transformations, preprint (2008) arXiv 0811.2435

[Kontsevich and Soibelman 2011] M Kontsevich, Y Soibelman, Cohomological Hall algebra, exponential Hodge
structures and motivic Donaldson—Thomas invariants, Commun. Number Theory Phys. 5 (2011) 231-352 MR
Zbl

[Koseki 2021] N Koseki, Birational geometry of moduli spaces of perverse coherent sheaves on blow-ups, Math.
Z.299 (2021) 2379-2404 MR Zbl

[Maulik et al. 2006] D Maulik, N Nekrasov, A Okounkov, R Pandharipande, Gromov—Witten theory and
Donaldson—Thomas theory, I, Compos. Math. 142 (2006) 1263-1285 MR Zbl

[Meinhardt and Reineke 2019] S Meinhardt, M Reineke, Donaldson—Thomas invariants versus intersection
cohomology of quiver moduli, J. Reine Angew. Math. 754 (2019) 143-178 MR Zbl

[Morrison et al. 2012] A Morrison, S Mozgovoy, K Nagao, B Szendrdi, Motivic Donaldson-Thomas invariants
of the conifold and the refined topological vertex, Adv. Math. 230 (2012) 2065-2093 MR Zbl

Geometry & Topology, Volume 28 (2024)


http://dx.doi.org/10.1090/jams/940
http://dx.doi.org/10.1090/jams/940
http://msp.org/idx/mr/4127902
http://msp.org/idx/zbl/1454.14045
http://dx.doi.org/10.1112/S0010437X16008344
http://msp.org/idx/mr/3631231
http://msp.org/idx/zbl/1370.14019
http://dx.doi.org/10.1016/j.aim.2016.10.023
http://msp.org/idx/mr/3581302
http://msp.org/idx/zbl/1386.14075
http://msp.org/idx/arx/2107.09193
http://msp.org/idx/arx/2107.09193
http://projecteuclid.org/euclid.jdg/1442364653
http://msp.org/idx/mr/3399099
http://msp.org/idx/zbl/1368.14027
http://dx.doi.org/10.1090/S0065-9266-2011-00630-1
http://msp.org/idx/mr/2951762
http://msp.org/idx/zbl/1259.14054
http://msp.org/idx/arx/1803.08192
http://mi.mathnet.ru/im1423
http://msp.org/idx/mr/733363
http://msp.org/idx/zbl/0564.14022
https://www.mathnet.ru/eng/im1423
http://projecteuclid.org/euclid.jdg/1090351323
http://msp.org/idx/mr/1949787
http://msp.org/idx/zbl/1056.14021
https://www.intlpress.com/site/pub/files/_fulltext/journals/sdg/2017/0022/0001/SDG-2017-0022-0001-a011.pdf
http://msp.org/idx/mr/3838122
http://msp.org/idx/zbl/1454.14047
http://dx.doi.org/10.1016/S0022-4049(97)00152-7
http://msp.org/idx/mr/1667558
http://msp.org/idx/zbl/0923.19004
http://dx.doi.org/10.1093/qmath/45.4.515
http://msp.org/idx/mr/1315461
http://msp.org/idx/zbl/0837.16005
http://msp.org/idx/arx/0811.2435
http://dx.doi.org/10.4310/CNTP.2011.v5.n2.a1
http://dx.doi.org/10.4310/CNTP.2011.v5.n2.a1
http://msp.org/idx/mr/2851153
http://msp.org/idx/zbl/1248.14060
http://dx.doi.org/10.1007/s00209-021-02774-y
http://msp.org/idx/mr/4329291
http://msp.org/idx/zbl/1481.14035
http://dx.doi.org/10.1112/S0010437X06002302
http://dx.doi.org/10.1112/S0010437X06002302
http://msp.org/idx/mr/2264664
http://msp.org/idx/zbl/1108.14046
http://dx.doi.org/10.1515/crelle-2017-0010
http://dx.doi.org/10.1515/crelle-2017-0010
http://msp.org/idx/mr/4000572
http://msp.org/idx/zbl/1439.14160
http://dx.doi.org/10.1016/j.aim.2012.03.030
http://dx.doi.org/10.1016/j.aim.2012.03.030
http://msp.org/idx/mr/2927365
http://msp.org/idx/zbl/1257.14028

1406 Yukinobu Toda

[Nagao and Nakajima 2011] K Nagao, H Nakajima, Counting invariant of perverse coherent sheaves and its
wall-crossing, Int. Math. Res. Not. 2011 (2011) 3885-3938 MR Zbl

[Nakajima and Yoshioka 2011] H Nakajima, K Yoshioka, Perverse coherent sheaves on blow-up, I: A quiver
description, from “Exploring new structures and natural constructions in mathematical physics” (K Hasegawa, T
Hayashi, S Hosono, Y Yamada, editors), Adv. Stud. Pure Math. 61, Math. Soc. Japan, Tokyo (2011) 349-386 MR
7Zbl

[Orlov 2006] D O Orlov, Triangulated categories of singularities, and equivalences between Landau—Ginzburg
models, Mat. Sb. 197 (2006) 117-132 MR Zbl In Russian; translated in Sb. Math. 197 (2006) 1827-1840

[Orlov 2009] D Orlov, Derived categories of coherent sheaves and triangulated categories of singularities, from
“Algebra, arithmetic, and geometry, I (Y Tschinkel, Y Zarhin, editors), Progr. Math. 270, Birkhduser, Boston,
MA (2009) 503-531 MR Zbl

[Orlov 2011] D Orlov, Formal completions and idempotent completions of triangulated categories of singularities,
Adv. Math. 226 (2011) 206-217 MR Zbl

[Orlov 2012] D Orlov, Matrix factorizations for nonaffine LG-models, Math. Ann. 353 (2012) 95-108 MR Zbl

[Pandharipande and Thomas 2009] R Pandharipande, RP Thomas, Curve counting via stable pairs in the
derived category, Invent. Math. 178 (2009) 407-447 MR Zbl

[Pantev et al. 2013] T Pantev, B Toén, M Vaquié, G Vezzosi, Shifted symplectic structures, Publ. Math. Inst.
Hautes Etudes Sci. 117 (2013) 271-328 MR Zbl

[Polishchuk and Vaintrob 2011] A Polishchuk, A Vaintrob, Matrix factorizations and singularity categories for
stacks, Ann. Inst. Fourier (Grenoble) 61 (2011) 2609-2642 MR Zbl

[Porta and Sala 2023] M Porta, F Sala, Two-dimensional categorified Hall algebras, J. Eur. Math. Soc. 25 (2023)
1113-1205 MR Zbl

[Padurariu 2019] T Padurariu, K—theoretic Hall algebras for quivers with potential, preprint (2019) arXiv
1911.05526

[Padurariu 2023] T Padurariu, Categorical and K—theoretic Hall algebras for quivers with potential, J. Inst.
Math. Jussieu 22 (2023) 2717-2747 MR Zbl

[Padurariu 2024] T Padurariu, Generators for K—theoretic Hall algebras of quivers with potential, Selecta Math.
30 (2024) art.id.4 MR Zbl

[Padurariu and Toda 2022] T Padurariu, Y Toda, Categorical and K—theoretic Donaldson—Thomas theory of C 3
1(2022) arXiv 2207.01899 To appear in Duke Math. J.

[Spenko and Van den Bergh 2017] S Spenko, M Van den Bergh, Non-commutative resolutions of quotient
singularities for reductive groups, Invent. Math. 210 (2017) 3-67 MR Zbl

[Stoppa and Thomas 2011] J Stoppa, RP Thomas, Hilbert schemes and stable pairs: GIT and derived category
wall crossings, Bull. Soc. Math. France 139 (2011) 297-339 MR Zbl

[Szendr6i 2008] B Szendrdi, Non-commutative Donaldson—Thomas invariants and the conifold, Geom. Topol. 12
(2008) 1171-1202 MR Zbl

[Tabuada 2005] G Tabuada, Une structure de catégorie de modeles de Quillen sur la catégorie des dg-catégories,
C. R. Math. Acad. Sci. Paris 340 (2005) 15-19 MR Zbl

[Toda 2010] 'Y Toda, Curve counting theories via stable objects, I: DT/PT correspondence, J. Amer. Math. Soc.
23 (2010) 1119-1157 MR Zbl

Geometry & Topology, Volume 28 (2024)


http://dx.doi.org/10.1093/imrn/rnq195
http://dx.doi.org/10.1093/imrn/rnq195
http://msp.org/idx/mr/2836398
http://msp.org/idx/zbl/1250.14021
http://dx.doi.org/10.2969/aspm/06110349
http://dx.doi.org/10.2969/aspm/06110349
http://msp.org/idx/mr/2867152
http://msp.org/idx/zbl/1247.14009
http://mi.mathnet.ru/sm1128
http://mi.mathnet.ru/sm1128
http://msp.org/idx/mr/2437083
http://msp.org/idx/zbl/1161.14301
https://doi.org/10.1070/SM2006v197n12ABEH003824
http://dx.doi.org/10.1007/978-0-8176-4747-6_16
http://msp.org/idx/mr/2641200
http://msp.org/idx/zbl/1200.18007
http://dx.doi.org/10.1016/j.aim.2010.06.016
http://msp.org/idx/mr/2735755
http://msp.org/idx/zbl/1216.18012
http://dx.doi.org/10.1007/s00208-011-0676-x
http://msp.org/idx/mr/2910782
http://msp.org/idx/zbl/1243.81178
http://dx.doi.org/10.1007/s00222-009-0203-9
http://dx.doi.org/10.1007/s00222-009-0203-9
http://msp.org/idx/mr/2545686
http://msp.org/idx/zbl/1204.14026
http://dx.doi.org/10.1007/s10240-013-0054-1
http://msp.org/idx/mr/3090262
http://msp.org/idx/zbl/1328.14027
http://dx.doi.org/10.5802/aif.2788
http://dx.doi.org/10.5802/aif.2788
http://msp.org/idx/mr/3112502
http://msp.org/idx/zbl/1278.13014
http://dx.doi.org/10.4171/jems/1303
http://msp.org/idx/mr/4577961
http://msp.org/idx/zbl/1524.14005
http://msp.org/idx/arx/1911.05526
http://msp.org/idx/arx/1911.05526
http://dx.doi.org/10.1017/s1474748022000111
http://msp.org/idx/mr/4653755
http://msp.org/idx/zbl/07750908
http://dx.doi.org/10.1007/s00029-023-00891-6
http://msp.org/idx/mr/4675330
http://msp.org/idx/zbl/07782620
http://msp.org/idx/arx/2207.01899
http://dx.doi.org/10.1007/s00222-017-0723-7
http://dx.doi.org/10.1007/s00222-017-0723-7
http://msp.org/idx/mr/3698338
http://msp.org/idx/zbl/1375.13007
http://dx.doi.org/10.24033/bsmf.2610
http://dx.doi.org/10.24033/bsmf.2610
http://msp.org/idx/mr/2869309
http://msp.org/idx/zbl/1243.14009
http://dx.doi.org/10.2140/gt.2008.12.1171
http://msp.org/idx/mr/2403807
http://msp.org/idx/zbl/1143.14034
http://dx.doi.org/10.1016/j.crma.2004.11.007
http://msp.org/idx/mr/2112034
http://msp.org/idx/zbl/1060.18010
http://dx.doi.org/10.1090/S0894-0347-10-00670-3
http://msp.org/idx/mr/2669709
http://msp.org/idx/zbl/1207.14020

Categorical wall-crossing formula for Donaldson—Thomas theory on the resolved conifold 1407

[Toda 2013] 'Y Toda, Curve counting theories via stable objects, II: DT/ncDT flop formula, J. Reine Angew. Math.
675 (2013) 1-51 MR Zbl

[Toda 2019] Y Toda, Categorical Donaldson—Thomas theory for local surfaces, preprint (2019) arXiv 1907.09076

[Toda 2021] Y Toda, Semiorthogonal decompositions for categorical Donaldson—Thomas theory via ©—
stratifications, preprint (2021) arXiv 2106.05496

[Toda 2022] Y Toda, Birational geometry for d-critical loci and wall-crossing in Calabi-Yau 3—folds, Algebr.
Geom. 9 (2022) 513-573 MR Zbl

[Van den Bergh 2004] M Van den Bergh, Three-dimensional flops and noncommutative rings, Duke Math. J. 122
(2004) 423-455 MR Zbl

Kavli Institute for the Physics and Mathematics of the Universe (WPI), University of Tokyo
Kashiwa, Japan

yukinobu.toda@ipmu. jp

Proposed: Jim Bryan Received: 20 January 2022
Seconded: Mark Gross, Richard P Thomas Revised: 14 August 2022

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1515/CRELLE.2011.176
http://msp.org/idx/mr/3021446
http://msp.org/idx/zbl/1267.14049
http://msp.org/idx/arx/1907.09076
http://msp.org/idx/arx/2106.05496
http://dx.doi.org/10.14231/AG-2022-016
http://msp.org/idx/mr/4490706
http://msp.org/idx/zbl/1508.14014
http://dx.doi.org/10.1215/S0012-7094-04-12231-6
http://msp.org/idx/mr/2057015
http://msp.org/idx/zbl/1074.14013
mailto:yukinobu.toda@ipmu.jp
http://msp.org
http://msp.org

Mohammed Abouzaid
Dan Abramovich
Tan Agol

Arend Bayer

Mark Behrens
Mladen Bestvina
Martin R Bridson
Jim Bryan

Dmitri Burago
Tobias H Colding
Simon Donaldson
Yasha Eliashberg
Benson Farb

David M Fisher
Mike Freedman
David Gabai
Stavros Garoufalidis
Cameron Gordon
Jesper Grodal

Misha Gromov

GEOMETRY & TOPOLOGY

Andris I Stipsicz

msp.org/gt

MANAGING EDITOR

Alfréd Rényi Institute of Mathematics

stipsicz@renyi.hu

BOARD OF EDITORS

Stanford University
abouzaid @stanford.edu
Brown University
dan_abramovich@brown.edu

University of California, Berkeley
ianagol@math.berkeley.edu

University of Edinburgh
arend.bayer@ed.ac.uk

University of Notre Dame
mbehren] @nd.edu
University of Utah
bestvina@math.utah.edu
University of Oxford
bridson @maths.ox.ac.uk

University of British Columbia
jbryan@math.ubc.ca
Pennsylvania State University
burago @math.psu.edu

Massachusetts Institute of Technology
colding @math.mit.edu

Imperial College, London
s.donaldson@ic.ac.uk

Stanford University
eliash-gt@math.stanford.edu
University of Chicago
farb@math.uchicago.edu

Rice University
davidfisher @rice.edu

Microsoft Research
michaelf @microsoft.com

Princeton University
gabai @princeton.edu

Southern U. of Sci. and Tech., China
stavros @ mpim-bonn.mpg.de
University of Texas
gordon@math.utexas.edu

University of Copenhagen
jg@math.ku.dk

IHES and NYU, Courant Institute
gromov @ihes.fr

Mark Gross

Rob Kirby

Bruce Kleiner
Sandor Kovics
Urs Lang

Marc Levine
Ciprian Manolescu
Haynes Miller
Tomasz Mrowka
Aaron Naber

Peter Ozsvith
Leonid Polterovich
Colin Rourke
Roman Sauer
Stefan Schwede
Natasa Sesum
Gang Tian

Ulrike Tillmann
Nathalie Wahl

Anna Wienhard

University of Cambridge

mgross @dpmms.cam.ac.uk
University of California, Berkeley
kirby @math.berkeley.edu

NYU, Courant Institute
bkleiner @cims.nyu.edu
University of Washington
skovacs @uw.edu

ETH Ziirich
urs.lang@math.ethz.ch

Universitit Duisburg-Essen
marc.levine @uni-due.de

University of California, Los Angeles
cm@math.ucla.edu

Massachusetts Institute of Technology
hrm @math.mit.edu

Massachusetts Institute of Technology
mrowka@math.mit.edu

Northwestern University
anaber @math.northwestern.edu

Princeton University
petero@math.princeton.edu
Tel Aviv University
polterov @post.tau.ac.il
University of Warwick
gt@maths.warwick.ac.uk

Karlsruhe Institute of Technology
roman.sauer @kit.edu

Universitit Bonn
schwede @math.uni-bonn.de

Rutgers University
natasas @math.rutgers.edu

Massachusetts Institute of Technology
tian@math.mit.edu

Oxford University
tillmann @maths.ox.ac.uk

University of Copenhagen
wahl @math.ku.dk

Universitit Heidelberg
wienhard @mathi.uni-heidelberg.de

See inside back cover or msp.org/gt for submission instructions.

The subscription price for 2024 is US $805/year for the electronic version, and $1135/year (+$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Geometry & Topology is indexed
by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Geometry & Topology (ISSN 1465-3060 printed, 1364-0380 electronic) is published 9 times per year and continuously online, by Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840. Periodical
rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences
Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

GT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

© 2024 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/gt
mailto:stipsicz@renyi.hu
mailto:abouzaid@stanford.edu
mailto:dan_abramovich@brown.edu
mailto:ianagol@math.berkeley.edu
mailto:arend.bayer@ed.ac.uk
mailto:mbehren1@nd.edu
mailto:bestvina@math.utah.edu
mailto:bridson@maths.ox.ac.uk
mailto:jbryan@math.ubc.ca
mailto:burago@math.psu.edu
mailto:colding@math.mit.edu
mailto:s.donaldson@ic.ac.uk
mailto:eliash-gt@math.stanford.edu
mailto:farb@math.uchicago.edu
mailto:davidfisher@rice.edu
mailto:michaelf@microsoft.com
mailto:gabai@princeton.edu
mailto:stavros@mpim-bonn.mpg.de
mailto:gordon@math.utexas.edu
mailto:jg@math.ku.dk
mailto:gromov@ihes.fr
mailto:mgross@dpmms.cam.ac.uk
mailto:kirby@math.berkeley.edu
mailto:bkleiner@cims.nyu.edu
mailto:skovacs@uw.edu
mailto:urs.lang@math.ethz.ch
mailto:marc.levine@uni-due.de
mailto:cm@math.ucla.edu
mailto:hrm@math.mit.edu
mailto:mrowka@math.mit.edu
mailto:anaber@math.northwestern.edu
mailto:petero@math.princeton.edu
mailto:polterov@post.tau.ac.il
mailto:gt@maths.warwick.ac.uk
mailto:roman.sauer@kit.edu
mailto:schwede@math.uni-bonn.de
mailto:natasas@math.rutgers.edu
mailto:tian@math.mit.edu
mailto:tillmann@maths.ox.ac.uk
mailto:wahl@math.ku.dk
mailto:wienhard@mathi.uni-heidelberg.de
http://dx.doi.org/10.2140/gt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org/
https://msp.org/

GEOMETRY &
Volume 28  Issue 3 (pages

Homological mirror symmetry for hypertoric varie
MICHAEL MCBREEN and BEN WEBSTER
Moduli spaces of Ricci positive metrics in dimensi
MCFEELY JACKSON GOODMAN
Riemannian manifolds with entire Grauert tube are
XIAOYANG CHEN
On certain quantifications of Gromov’s nonsqueezi
KEVIN SACKEL, ANTOINE SONG, UMUT V.
Zariski dense surface groups in SL(2k + 1, Z)
D DARREN LONG and MORWEN B THISTLE
Scalar and mean curvature comparison via the Dira
SIMONE CECCHINI and RUDOLF ZEIDLER
Symplectic capacities, unperturbed curves and con
DusA MCDUFF and KYLER SIEGEL
Quadric bundles and hyperbolic equivalence
ALEXANDER KUZNETSOV

Categorical wall-crossing formula for Donaldson—
conifold

YUKINOBU TODA

Nonnegative Ricci curvature, metric cones and virt
JIAYIN PAN

The homology of the Temperley—Lieb algebras

RACHAEL BOYD and RICHARD HEPWORTH



http://dx.doi.org/10.2140/gt.2024.28.1005
http://dx.doi.org/10.2140/gt.2024.28.1065
http://dx.doi.org/10.2140/gt.2024.28.1099
http://dx.doi.org/10.2140/gt.2024.28.1113
http://dx.doi.org/10.2140/gt.2024.28.1153
http://dx.doi.org/10.2140/gt.2024.28.1167
http://dx.doi.org/10.2140/gt.2024.28.1213
http://dx.doi.org/10.2140/gt.2024.28.1287
http://dx.doi.org/10.2140/gt.2024.28.1341
http://dx.doi.org/10.2140/gt.2024.28.1341
http://dx.doi.org/10.2140/gt.2024.28.1409
http://dx.doi.org/10.2140/gt.2024.28.1437

	1. Introduction
	1.1. Background and summary of the paper
	1.2. Categorical PT stable pair theory on the resolved conifold
	1.3. Categorical wall-crossing formula
	1.4. Outline of the proof of 0=thm.121=Theorem 1.2
	1.5. Related works
	1.6. Notation and conventions

	2. Preliminaries
	2.1. The category of factorizations
	2.2. Attracting loci
	2.3. Kempf–Ness stratification
	2.4. Knörrer periodicity

	3. Categorified Hall products for quivers with superpotentials
	3.1. Moduli stacks of representations of quivers
	3.2. Categorified Hall products
	3.3. Categorified Hall products for quivers with superpotentials
	3.4. Base change to formal fibers

	4. Derived categories of Grassmannian flips
	4.1. Grassmannian flips
	4.2. Window subcategories for Grassmannian flips
	4.3. Resolutions of categorified Hall products
	4.4. Generation of window subcategories
	4.5. Semiorthogonal decompositions under Grassmannian flips
	4.6. Applications to categories of factorizations

	5. Categorical Donaldson–Thomas theory for the resolved conifold
	5.1. Geometry and algebras for the resolved conifold
	5.2. Categorical DT invariants for the resolved conifold
	5.3. Wall-chamber structure
	5.4. Descriptions of formal fibers
	5.5. Reduced Ext quiver
	5.6. Window subcategories
	5.7. Comparison of window subcategories
	5.8. Comparison of Hall products
	5.9. Semiorthogonal decomposition of global window subcategories
	5.10. Semiorthogonal decompositions of categorical stable pair theory

	6. Some technical lemmas
	6.1. Functoriality of Knörrer periodicity
	6.2. The categories of factorizations on formal fibers
	6.3. Right adjoint functor
	6.4. Proof of Proposition 5.11

	References
	
	

