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Pseudo-Anosovs are exponentially generic in mapping class groups

INHYEOK CHOI

Given a finite generating set S, let us endow the mapping class group of a closed hyperbolic surface with
the word metric for S. We discuss the following question: does the proportion of non-pseudo-Anosov
mapping classes in the ball of radius R converge to 0 as R tends to infinity? We show that any finite subset
S’ of the mapping class group is contained in a finite generating set S such that this proportion decays
exponentially. Our strategy applies to weakly hyperbolic groups and does not refer to the automatic
structure of the group.

20F67, 30F60, 57K20, 57M60, 60G50

1 Introduction

Let X be a closed hyperbolic surface. We denote by Mod(X), I(X) and €(X) the mapping class group,
the Teichmiiller space and the curve complex of X, respectively. When X is a Gromov hyperbolic space
or 7(X) and g € Isom(X), we denote by tx (g) the (asymptotic) translation length of g. For a group G
generated by a finite set S, we denote by Bg(n) the ball of radius n with respect to the word metric for S.
We also denote by dBg (1) the corresponding sphere of radius #. Our main result is as follows.

Theorem A (translation length grows linearly) Let X be either a Gromov hyperbolic space or T (X).
Let also G be a finitely generated nonelementary subgroup of Isom(X) and S’ C G be a finite subset.
Then there exist L, K > 0 and a finite generating set S 2 S’ of G such that, for each n,

#g € Bs(n) 1 tx(g) < Ln}

< Ke K,
#Bs(n) B

Non-pseudo-Anosov mapping classes have translation length zero in €(X). As a result, we affirmatively

answer the following version of a folklore conjecture, at least for infinitely many generating sets S.

Corollary 1.1 (genericity of pAs; cf [Farb 2006, Conjecture 3.15]) Let G be a finitely generated
nonelementary subgroup of Mod(X). Then there exists a finite generating set S C G such that the
proportion of non-pseudo-Anosov mapping classes in the ball Bg(n) decays exponentially as n — oo.

Note that Mod(X) can act on both 9 (X) and €(X). Comparing the translation lengths of mapping classes
on these two spaces is an interesting question. Thanks to the linear growth in Theorem A, we can deduce:
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Corollary 1.2 Let G be a finitely generated nonelementary subgroup of Mod(X) and S" C G be a finite
subset. Then there exist L, K > 0 and a finite generating set S 2 S’ of G such that for

1 t9x)(&)
Pi=lgeG:1 < ZEE
L™ rgx)(g)

and each n,
#Bg(n) N P¢ -

#Bs(n)

Ke K,

1.1 History and related problems

We remark that Theorem A may not be optimal for Gromov hyperbolic spaces. Gekhtman, Taylor and
Tiozzo have proved the genericity of loxodromics in hyperbolic groups acting on separable Gromov
hyperbolic spaces, in terms of the word metric for any finite generating set. This was generalized to
relatively hyperbolic groups, RAAGs and RACGs with particular finite generating sets [Gekhtman et al.
2018; 2020; 2022]. Gekhtman, Taylor and Tiozzo’s example [Gekhtman et al. 2020, Example 1] shows
that the genericity of loxodromics is not achieved for all weakly hyperbolic groups with respect to all
finite generating sets.

For relatively hyperbolic groups (and many more), Yang [2020] also established that loxodromics are
exponentially generic when the action is proper and cocompact. Hence, at least for hyperbolic groups that
admit a proper and cocompact action on Gromov hyperbolic spaces, Theorem A is weaker than previous
results in the sense that the finite generating set cannot be arbitrary. It is however stronger in the sense that

(1) it does not require the action of G to be proper and cocompact,
(2) it deals with exponential genericity with respect to a linearly growing threshold, not a static

threshold.

In fact, combining our strategy with the theory of Gekhtman, Taylor and Tiozzo yields the following.

Proposition 1.3 Let X and G be as in Theorem A and S be a finite generating set of G. Suppose
moreover that G itself is a hyperbolic group. Then there exists A > 0 such that the following hold. Below,
v denotes the Patterson—Sullivan measure with respect to S .

(1) Forany x € X andv-a.e. n € 0G, if (gn)n>0 Is a geodesic in G converging to 1, then

g

n—o00 n
(2) For any € > 0, there exists K > 0 such that, for each n,

Mg edBs(n) tx(g) (A - A+elf _ KoK
#0Bg(n) - '
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Note that this implies the following. Given a hyperbolic subgroup G of Mod(X) and any finite generating
set S of G, let Ag and A¢ be the escape rate of G on J(X) and 6(X), respectively, in terms of the
Patterson—Sullivan measure for S. Then for any € > 0, there exists K such that, for each #,
#{g € Bs(n) : Ag/A¢—€ < 19(x)(8)/Te(x) (&) < Ag/A¢ + €}
#Bs(n)
For the sake of completeness, we sketch the proof of Proposition 1.3 in Appendix B.

< Ke K,

Meanwhile, Theorem A is new for the mapping class group Mod(X). The progress so far was that the
proportion of pseudo-Anosov elements in the word metric ball stays bounded away from zero [Cumplido
and Wiest 2018]. Meanwhile, in the braid group B, for n > 3, with respect to Garside’s generating set,
Caruso and Wiest [2017] showed that pseudo-Anosov braids are generic in the word metric ball. See
[Calvez and Wiest 2017] for a generalization to spherical Artin—Tits groups. On Mod(X), Yang [2020]
and Erlandsson et al. [2020] discussed the genericity of pseudo-Anosovs from different viewpoints. We
can further ask:

Question 1.4 Are pseudo-Anosovs exponentially generic with respect to any finite generating set? For
example, are they exponentially generic with respect to Humphries’ generators? If not, are they generic
at least?

Question 1.5 Does Proposition 1.3 hold for G = Mod(X) and at least one S?

Question 1.5 is intimately related to the (geodesic) automaticity of Mod(X).

Let us finally mention a problem investigated by I Kapovich. Let p be a discrete measure on a group G.
We define the nonbacktracking random walk generated by p as follows. The first alphabet g; is chosen
from G with the law of w; for each n > 2, g, is chosen from G \ {g;_ll} with the law

P(gn =¢) = n(g).

1
1(G\{g 11}
In this setting, Gekhtman, Taylor and Tiozzo proved that P (wj, is loxodromic) tends to 1 as n — oo
[Gekhtman et al. 2020, Theorem 2.8]. With an adequate modification, our argument yields the following.

Proposition 1.6 Let X be as in Theorem A, and |1 be a nonelementary discrete measure (4 on Isom(X).
Consider the nonbacktracking random walk w generated by . Then there exists L, K > 0 such that, for

eachn,
P{ty (wn) < Ln} < Ke K,

1.2 Strategy for Theorem A

One approach to the counting problem is to utilize (geodesic) automatic structures of the group. Lacking
such structures, we instead consider the random walk @ on G generated by the uniform measure on S.
Then the theories of Gouézel [2022] and Baik, Choi and Kim [Baik et al. 2023] imply that the unwanted
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probability decays exponentially. There are at least two more theories that provide this exponential decay.
One is Maher’s theory [2012] for random walks with bounded support, which led to Maher and Tiozzo’s
more general theory [2018]. Another one is Boulanger, Mathieu, Sert and Sisto’s theory [Boulanger et al.
2023] of large deviation principles for random walks with finite exponential moment.

Unavoidably, random walks cannot count lattice points in a one-to-one manner. If S is nicely populated
by the self-convolution of a Schottky set S, however, then we have a one-to-one correspondence between
some portion of lattice points and (nonbacktracking) paths of alphabets in So. This leads to the estimate
#Bgs (e, n) ~ #(paths from the random walk) - 7" with r ~ 1. We arrive at the desired estimate by forcing
the exponential decay of probability to be much faster than the decay of r”.

Let us bring a toy example to explain how this strategy works. Let S be a finite symmetric generating set
of the free group F» =~ (a, b) of rank 2. Our goal is to compare the growth rate of

A(n):={ay---an:a; €S},
B(n):={ay---ay:a; € S,tx(ay---a) = 0}.

Here, S contains elements that cancel out each other. This implies that although A(n) does grow
exponentially, its growth rate may not equal #5. Moreover, even though any nontrivial word in F»
corresponds to a loxodromic isometry on the Cayley graph, there can be some sequences of n letters from
S whose composition is trivial.

These concerns disappear if S is an alphabet for a free subsemigroup of F,. Letters in S do not cancel
out each other, and we have A(n) ~ (#S5)" and B(n) = 0 for n > 1. The contrast between the two growth

rates persists even when a few letters of S cancel out each other. For example, let us take
S = {az,ab,ba,a_z,b_la_l,a_lb_l}.

Clearly a? and a=2, ab and b~ 'a™!, and ba and a~1h~! cancel out each other. Nonetheless, A(n) still
grows exponentially with the growth rate #S — 1. On the other hand, the growth rate of B(n) is #S times
the spectral radius of the simple random walk on the homogenous tree of degree 6, which is “/Tg The
situation gets better and better as S becomes larger and larger. For a symmetric free generating set S of a
subgroup G of F» with tk(G) = d, we have A(n) ~ (2d —1)" while B(n) ~ ((2~/2d —1/2d)-2d)". As
d increases, the growth rate of A(n) becomes closer to #S while the growth rate of B(n) stays uniformly
strictly smaller than #S. In summary, although cancellations may disturb the contrast between the two
growth rates, such disturbance can be made negligible by taking an “almost mutually independent” set S
Such sets are called Schottky sets.

Let us now consider a choice S = S1 U Sy, where S is a (symmetric) alphabet for a free semigroup
of F» and Sy is an additional impurity that makes S a generating set of F,. For simplicity let us assume
the form

Si={cr1--cp-at®®M . dy - dyci d; €{a, b))
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for M > 10. Since S is large enough, we can guarantee the gap between the growth rates of A(n) and
B(n) with respect to S1. We now want the stability of this gap with respect to the perturbation Sg. To be
explicit, we hope

A(m) 2 (1=p)#S)",  B(n) < (p'#S)"

for some p proportional to (#S¢)/(#S) and a constant p’ < 1 that works for small enough (#Sp)/(#S).
Note that we do not require any condition on the elements of Sqo; we only restrict the cardinality of Sp.

The stability for A(n) is straightforward, but the one for B(n) is considerably harder. In contrast to the
case of simple random walks, we have no information on how individual elements of Sy interact with
the elements of S. Perhaps a bad element of S cancels out a concatenation of 10 letters in Sp, or that
of 100 letters. This opens the possibility that the RV d (o, w,+10) — d(0, w,0) conditioned on wj, has
negative expectation for some w,. Hence, we cannot pretend as if we are summing up i.i.d. RVs with
positive expectation at each single step.

Nonetheless, we may focus only on the steps chosen from S and try to construct i.i.d. RVs that reflects
the progresses made there. Let us construct a set P, = {i(1) <--- <i(m)} such that

() gi)»---&i@m) are drawn from Sy, and
(2) [0, wyo] contains the middle 99% of [w;(1)0, ®;(1)&i(1)0] - - -, [@i(m) 0. ©i (m)&i (m)©]-

Note that P, is a subset of
O={1<i<n:g €S}

whose size is sufficiently large if (#Sp)/(#S) is small enough. Fixing the slots ® for elements in S;
and all the other choices {g; : i ¢ ®}, we are now asked to control Wy, = WeS1W1 - - SmWy, Where w;
are fixed words in F» and s; are independently drawn from S;. Since elements of S are deviating
from each other early, [0, so] and [0, wy 1o] fellow travel for very few s € Sy. Similarly, [0, s~ 0] and
[0, wy0] are deviating early for a large probability. Due to these sorts of reasons, there is a (uniformly)
high chance that the middle 99% of [wg_10, Wy _15k0] is visible in [0, wi_1 S wio]. Consequently, the
progress made by sy is along [0, wos1 - - - S Wx0]. In such a case, those progresses made by s; fori <k
along [0, wosy - - - wi_q0] are still intact in [0, wos7 - - - SEWgO)].

Still, we are worried about the situation that an unfortunate choice of s; makes a progress that is not visible
in [0, wg - - - SxWi0], or even worse, the previous Schottky progresses along [0, wg - - - Sk 1 Wg_10] are all
lostin [0, wo - - - sgwgo]. Letsj(1y, ..., S be the choices from Sy before sy that made progresses along
[0, wq -+ - sk—jwk—10]. We observe that there are plenty of other choices for s;(1), ..., 5;() that make
progresses along [0, wo - - - Sk _1 Wr_10]. This modification does not affect the positions j(1),..., j(m’),
and we call it pivoting. We now freeze the choice W) +15j(n’)+1 * - - Sk Wk and perform the pivoting. The
progress [0, §;(»)] made by the (m’)™ choice Sj(m) is aligned along [0, $;(nWjm')Sjm)+1** * Sk WkO]
with high chance, and moreover, [0, 5;n/—1)] is aligned along [0, 5 (m/—1)W;/(m’'—1) - - Wr0] with high
chance regardless of the pivotal choice s, . Continuing this, we observe that the progress made by
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the (m’ — ) choice 8j(m'—1) —and all progresses before it—is visible in [0, wg - - - w 0], outside a set
of probability that decays exponentially in /. Using this, we can bound # P, from below by the sum of
i.i.d. RVs that heavily favors 1 and has an exponentially decaying tail. In particular,

P(#Pn > %) < Ke K
for some K > 0. A fuller description can be found in [Gouézel 2022, Section 2].

We have not discussed the linearly growing threshold of the translation length yet. For example, the word
a b 'a*ba?b2a=2b~'a3ba has large displacement, 18, but short translation length, 2. If we pivot
the Schottky choices, e.g. modify the first or the second ™! into b, its translation length will increase
to 16 or 8, respectively. This illustrates that pivoting can secure large translation lengths in probability,
which is the strategy of [Baik et al. 2023].

The above example is an over-simplification of weakly hyperbolic groups and mapping class groups.
Gromov hyperbolic spaces and Teichmiiller space are not trees, but we can still copy the above argument
by using the Gromov inequality or the (partial) hyperbolicity in Teichmiiller space due to Rafi.

We remark that the notions and statements in Section 2, 3 and 4 are mostly established in [Baik et al.
2023; Choi 2023; Gouézel 2022]. Nonetheless, to make the exposition self-contained, we present all
details except the proofs of Facts 2.5, 2.6, 2.8, 2.9 and A.1. See [Choi 2023] for their proofs.
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2 Witnessing and Schottky sets

This section is devoted to the facts about Gromov hyperbolic spaces and Teichmiiller spaces. All facts in
this section are proved in [Choi 2023].

Given a metric space (X, d) and a triple x, y,z € X, we define the Gromov product of y and z with
respect to x by

(v, 2)x = 3ld(x, ) +d(x,2) = d(y,2)].
Throughout the article, we will frequently use the following property: for x, y,z € X and g € Isom(X),
(8y.82)gx = (¥, 2)x.
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X is said to be Gromov hyperbolic if there exists a constant § > 0 such that every quadruple x, y,z, w € X
satisfies the following inequality, called the Gromov inequality:

(2'1) (x9 J’)w Zmin{(x,z)w,(y,z)w}—(?.

Here, X need not be geodesic nor intrinsic; all arguments regarding Gromov hyperbolic spaces rely solely
on the Gromov inequality.

From now on, we permanently fix § > 0.

In 7(X), we say that a surface x € J(X) is e—thin if there exists a simple closed curve on x whose
extremal length is less than €; if not, we say that it is e~thick. For x,y € J(X), [x, y] denotes the
Teichmiiller geodesic from x to y; it is said to be e—thick if it is composed of e—thick points.

In §—hyperbolic spaces, we regard every point as e—thick for any € > 0. Here [x, y] denotes the pair of
points (x, y), which is considered e—thick for any € > 0. In either space, [x, y] are called segments and
their lengths are defined by d(x, y).

n
i=1

d—hyperbolic space X, and D > 0. We say that [x, y] is D—witnessed by ([x1, 1], ..., [Xn, yn]) if

Definition 2.1 (witnessing in d—hyperbolic spaces) Let x, y, {x;}7_; and {y;} be points in a
(1) (xi—1,Xi41)x; <D fori=1,...,n, where x = xp and y = X1,
(2) (Yi-1,Yi+1)y; <D fori =1,...,n, where x = ygp and y = yn 1, and
3) (Vi-1,Yi)x;» Xi,Xit1)y; <D fori=1,...,n.

Definition 2.1 seems complicated, but it is a version of Definition 2.2 in the absence of the geodesicity of

the ambient space. Indeed, in a geodesic Gromov hyperbolic space, these two notions of witnessing are
equivalent up to the modification of the parameter D.

Definition 2.2 (witnessing in 7(X)) Letx, y, {x;}7_; and {y;}7_, be points in X = J (%), and D > 0.
We say that [x, y] is D-witnessed by ([x1, y1], ..., [Xn, yn]) if the geodesic [x, y] contains subsegments
[x, y] such that

(D xlf_H is not closer to x than y; fori =1,...,n—1, and

(2) [xi,yi] and [x], y!] D—fellow travel.

From now on, we permanently fix X, a 5—hyperbolic space or T (X).

N
i=1

Definition 2.3 Let x, y and {x;, y;, z;}
(i DX, [z, DI if

(1) (yi,zi)x; <D foreachi =1,..., N, and

be points in X. We say that [x, y] is D—marked with

(2) [xi—1,xi] is D—witnessed by ([x;—1, ¥i—1], [zi, xi]) for each i = 1,..., N + 1, where we set
Xo=yo=xand XNy+1 =ZN+1 = ).

In this case, we also say that [x1, x,] is fully D—-marked with ([x;, yi])lN:_ll, ([Z,‘,xi])lsz.
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Figure 1: Schematics for [x, y] being D—marked with ([x;, y:])?_ ., ([z:, x:])?_,.

The following observation is immediate.

Lemma 2.4 Let{x; }zN=o and {y;_1,z;}¥_. be pointsin X . Suppose that foreachi =1,..., N, [x;_1, X;]

i=1

ni
j=2°
Nin; = |zi, xi]. Suppose also that (y;, z;)x; < D fori =1,..., N — 1. Then [xo, xn] is fully D-marked
with

is fully D—marked with sequences of segments ()/i,j)?i:_ll, Mi,;) where y;1 = [xj—1, yi—1] and
(V1,15 YLni=1: V2,10 -+ s Y2 2—1s - - » YNy —1)
(7}1,2, ce ey 771,n1 k) )72,2’ L ) 772,n2’ L ) 7/’]v,}‘lj\/)
Our aim is to prove that if [x, y] is D—marked with sufficiently thick and long segments, then [x, y]

is witnessed by those segments. In order to prove this, we need the following consequences of Rafi’s
fellow-traveling and thin triangle theorems [2014].

Fact 2.5 [Choi 2023, Lemma 3.9] For each D, € > 0, there exist E, L > D that satisty the following.

Let x1 be an e—thick point and {x; }1.3=2 and {y; }15:1 be points in X such that

(1) [y1,y2], [¥3, v4] and [y4, ys5] are e—thick and longer than L,

(2) (¥3.¥5)ys =D,
(3) [x1,x2] is D—witnessed by ([y1, y2].[y3. y4]), and
(4) [x2,x3] is E—witnessed by [y4, y5].

Then [x1, x3] is E-witnessed by [y1, y2].
Fact 2.6 [Choi 2023, Lemma 3.10] For each E, € > 0, there exists F, L > E that satisfies the following.
Let {x,-}?=1 and {y; }f’=1 be points in X such that

(1) [y1,y2] and [y2, y3] are e—thick and longer than L,

(3) [x1,x3] is E—witnessed by [y1, y2], and
(4) [x2,x3] is E—witnessed by [y2, y3].

Then [x1, x3] is F—witnessed by [y1, y2], and also by [y2, y3]. In particular, |(x1,X3)x, —d(Xx2, y2)| < F.

Combining Facts 2.5 and 2.6 yields the following.

Geometry & Topology, Volume 28 (2024)



Pseudo-Anosovs are exponentially generic in mapping class groups 1931

Figure 2: Schematics for Facts 2.5 and 2.6.

Corollary 2.7 Let D,e > 0 and

e E=E(e,D)and Ly = L(e, D) as in Fact 2.5, and
o FF=F(e, E)and L, = L(e, E) as in Fact 2.6.

Suppose that x, y and {x;, yi, Zi},N=1 are points in X such that

(1) [x,y] is D—marked with ([x;, y:])¥ ([zi,xi])lN:l, and

i=1
(2) [xi,yi] and [z;, x;] are e—thick and longer than max(L1, L,) fori =1,..., N.
Then

(1) [x,y]is F—witnessed by [x;, y;] foreachi =1,...,N,
(2) [x,y]is F—witnessed by [z;, y;] foreachi = 1,..., N, and
(3) (x,¥)x;» (x,¥)y,, (x,y)z, are smaller than F foreachi =1,...,N.

Proof It is assumed that [xp, y] is E—witnessed by [xn, yn]. Moreover, by assumption, [xj_1, Xx] is
D-witnessed by ([xx_1, Yk—1l, [Zk, X% ]) Where [xr_1, Vk—1] and [z, xi] are e~thick and longer than L.
Note also that (yx, zx)x, < D. Hence, if [xg, y] is E—witnessed by [xx, yx], then [xz_q, y] is E—witnessed
by [Xx—1, Yk—1] by Fact 2.5. Thus, inductively, we deduce that [x;, y] is E—witnessed by [x;, y;] for
each i. Similarly, [x, x;] is E—witnessed by [z;, x;]. Now Fact 2.6 asserts that [x, y] is F'—witnessed by
[xi, yi] and [z;, y;], which also implies the second item. m|

We finally need two facts that guarantee witnessing by a pair of segments.
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or — " |

PP
Figure 3: Schematics for Facts 2.8 and 2.9.

Fact 2.8 [Choi 2023, Lemma 3.6] For each C, € > 0, there exists D > C such thatif x,y,z,x' € X
satisfy that

(1) [x,y] and [z, x'] are e—thick,

(2) (x,2)y,(y,x"); <C, and

(3) d(y,z) =z max{d(x,y).d(z,x).3D},

then [x, x'] is D—witnessed by ([x, y], [z, x']).

Fact 2.9 [Choi 2023, Lemma 3.7] Foreach C, € > 0, there exists D > C such that if x, y, x',z € X
satisfy that

(1) [x,y] and [x’, z] are e~thick, and

(2) (X:Z)y,(x:x/)z<cy

then [x, x'] is D—witnessed by ([x, y], [z, x]).

From now on, we permanently fix a base point o € X and a finitely generated subgroup G of Isom(X)
that contains independent loxodromics a and b. For S C G and i € Z, we employ the notation S :=

{s':5 €S}

Let us introduce the notion of Schottky sets that originated from [Gouézel 2022].

Definition 2.10 (Schottky set) Let K, K’,e > 0. A finite set S of isometries of X is said to be
(K, K', €)-Schottky if

(1) forallx,y € X, |{s€S:(x,s'y), > K for some i > 0}| <2,

(2) forallx,ye X,|{seS:(x,s'y), > K for some i < 0}| <2,

(3) forallse S andi #0,0.9995 K’ < d(o,s'0) <iK’',

(4) forall s €S andi € Z, the geodesic [0, s 0] is ethick,

(5) forallx € X, |{se€ S :(x,s'0) > K for some i >0} <1,

(6) forallx € X, |{s €S :(x,s'0), > K for some i <0} <1, and

(7) forall s;,52 € Sandi,j >0, (slio,sz_jo)o < K.
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Remark 2.11 Gouézel’s original definition [2022] of Schottky set and Choi’s definition [2023] do not
require (5), (6) and (7); however, as remarked there, Schottky sets constructed in [Choi 2023] automatically
satisfy (5), (6) and (7).

We now claim the existence of certain Schottky sets.

Proposition 2.12 (cf [Choi 2023, Proposition 4.2]) There exists € > 0 such that the following holds.
For any n,n’ > 0, there exist K(n) > 0 and K'(n,n’) > n’ such that G has a (K, K’, €)-Schottky subset
S with cardinality at least n.

Proof The proof of [Choi 2023, Proposition 4.2] implies the following:

Claim 2.13 There exists €, I, Ng > 0 such that, for all N > Ny,
(a) foranyO<m <n and¢; € {a,b,a”', b~} such that ¢; ¢ qbl._+11, [0, ¢12N -+ 2N 0] is e—thick and
(0,¢fN : "¢3N0)¢12N...¢ran0 < F,and
(b) foralln and k, the set

Snan =A@ - $a) P i € {a. by
satisfies properties (1), (2), (4), (5) and (6) of Schottky sets for
K(n,N):=max{d(o,¢7" --- ¢ 0) : ¢ € {a, b}}.

The proof of this claim is given in Appendix A. Assuming this, we now take large enough N such that
d(o,a?*No),d(0,b*N 0) > 10000F and fix K(n) := K(n, N). Let ¥ be the collection of concatenations
of n copies of a?" and n copies of b2V . For s € ¥ and k, property (a) above implies

0 < [2nkd(0,a*N 0) +2nkd(0,b* 0)] — d(0, s*¥0) < 8nkF < 515 -2nk[d(0,a*" 0), d(0,b*N ).

We finally fix & such that K'(n,n’) := 2nk[d(o,a*N 0) + d(0,b*N 0)] is larger than n’. Then $%) is
(K, K', €)-Schottky and has cardinality (zn" ) >n. O

From now on, we permanently fix the choice € > 0 from Proposition 2.12. Now for each C > 0, we fix
e D = D(C,¢) that works in Facts 2.8 and 2.9,
e E=E(D,¢)and Ly = L(D,¢) as in Fact 2.5,
e F=F(E,e)and L, = L(D,¢) as in Fact 2.6,

and L = max(Ly, L,). Note that D, F and L ultimately depend on the values of C and €; we will write
them as D(C,¢), F(C,¢) and L(C,¢).

Lemma 2.14 Let K >0, K’ > 2L(K,¢€) + 5000F (K, €) and S be a (K, K’, €)-Schottky set. Then S;
and S 1(_1) are disjoint.

Moreover, if a nonempty sequence (s,-)lN= , of elements of S1US f_l) satisty s; #s; 1 yfori=1,....N—1,

then sy ---sy # id.
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Proof Foreachse S fil) , we claim that
{s'e S1U Sf_l) :(50,5'0)0 > K} = {s}.
Indeed, (so, s0), = d(0, s0) > K, and properties (5), (6) and (7) of Schottky sets imply
{s'eS1U Sf_l) 1 (50,50)p > K} =1{s" € Sl(il) :(50,5'0)0 > K} = {s}.
In particular, s € S ijl) cannot belong to this set; this settles the first claim.
We now let x; = s1---s;0 fori =0,..., N. By the above claim, we realize that
(Xi, Xi42)x; = (5710, 5i420)0 < K < D(K €)

fori =0,..., N—2. Then Fact 2.9 implies that [x;, x;+2] is D(K, €)-witnessed by ([x;, Xj+1], [Xi+1, X2]).
Note that [x;, x;j4+1] is trivially D (K, €)-witnessed by ([x;, xij+1], [Xi+1,Xi+1]) and by ([x;, x;], [xi, xi +1])-
Combining these observations, we deduce that [xg, xn] is D(K, €)-marked with ([xzi_l,le-])g{z],
([x2i—2, x2i_1])}£{2J. Since [x;, x;+1] are e—thick and longer than 0.999K’ > L(K, ¢), Corollary 2.7
implies that (xo, X;+1)x; < F(K,¢€) for each i and

N

d(xo,xN) > Z d(xi—1,x;)—2(N —1)F(K,€) > (0.999K' — F(K,€))N > 0.9K’N.
i=1

Hence, s1--- sy # id. O

Corollary 2.15 Let S; be as in Lemma 2.14. Then the correspondence a + a* from S U Sl(_l) to

S 1(2) us 5_2) is one-to-one.
Definition 2.16 We say that a finite set S is nicely populated by Sg if So € .S and #S¢ > 0.99-#S + 400.

Lemma 2.17 Given a finite set S’ C G, there exist a (K, K’, €)-Schottky subset S1 of G such that
K’ >2L(K,€)+ 5000F (K, ¢), and a finite symmetric generating set S of G such that S’ U {e} C S and
S is nicely populated by sz) U Sl(_z).

Proof We first enlarge S’ into a finite symmetric generating set S” containing e. Let n = 100 #S"' 440000
and take K = K(n) > 0 from Proposition 2.12. We then take F = F(K,¢€) and L = L(K, €) as described
before. Using Proposition 2.12, we take K’ > n’ = 2L 4 5000F and a (K, K’, €)-Schottky subset S;
of G with cardinality at least n. Thanks to Corollary 2.15, we also have #(S 1(2) us 1(_2)) =2-#51 > n.
Hence, the union of S”, S 1(2) and S f_z) satisfies the desired property. a

From now on, we fix constants K > 0 and K' > 2L(K,€) + 5000F (K, ¢), a (K, K’, €)-Schottky set Sy
with K’ > 2L(K,€) + 5000F (K, €), and a finite symmetric generating set S > e of G that is nicely
populated by S 1(2) us 1(_2). Forge Gandse S1US 1(2), we call [go, gso] a Schottky segment. One
should keep in mind that Schottky segments are e—thick and longer than 0.999K’. Finally, we will denote
S1USTY by 8.
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3 Pivoting in a random walk

We will make use of the random walk on G generated by the uniform measure ;g on S that is constructed
as follows. We consider the step space (G2, ,u%), the product space of G equipped with the product
measure of ws. Each step path (g5) induces a sample path (w,) by

g1+ &n if n >0,
Wy = e lfl’l = 0,
galu-g;_il_l ifn <O,
which constitutes a random walk with transition probability us.
Given g = (g1,...,8n) € G", we define
O(g) = {0(1) <---<O(N)}:={1<i<in:gp1, g2 e SPUST.
In other words, ®(g) is the collection of steps that are chosen from S 1(2) us 1(_2). This set can well be
empty, although such a situation happens with small probability. We now pick pivotal times from ©(g).
Foreach 1 <i < N, let a; and b; be the elements of So = §1 U S| 1 such that
af = g29()-1. b} = g20()-
Such a; and b; are uniquely determined thanks to Corollary 2.15.

We also define w; := g29()+1°""&20G+1)—2 for 1 <i < N — 1, with wo := g1---g29(1)—2 and
WN = g29(N)+1 " &n- It is clear that

2,2 22
Wp = 8182 8n = w0a1b1w1 "'aNbN'lUN.
Remark 3.1 It will be convenient to allow the expression w9 (N +1)—2 and interpret it as wy,, even

though & (N + 1) does not exist (there is no reason to not define ¥ (N + 1) := (n + 2)/2 if one hopes).
This way, we can say

. 212
W29 (k)—2 = woaihi -+  wr_y (k=1,....,N+1),
o 2.2 2 .
W29 (k)—1 = Woaihy - - wr_1a; (k=1,...,N),
o 2.2 212 _
Wy (k) = woaihy - wr_jazby (k=1,...,N).
®29(1)0 W29 (2)0
[0} \\ \\\ wN
N W29(1)—10 \ W29(2)—10 .
\\\ Wi \s
. \ wno = a)zﬁ(N_;’_l)_zO
Wo AN a; \\ ar
. W29 (1)—2a10 * W29(2)—2020
W29 (1)—20 W29 (2)—20

Figure 4: Words w;, a; and b; that arise from a trajectory.
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Zk—1 W29 (k+1)—20
\\ 'l
AY ’
\ s
\\ I,wk
\ s
v 2 /I
< a ["
W29 (k)—20 k W29 (k)0
ag b?
aj ‘
w29 (k)—190
.”.
Zk
W29(i(3))0

W29 (1))—20 wayiyo  P2PEE)N-20

\

2
a;(3) bi(3)

a1 / ai(2) b2 \\\
W29 (i (2))-20 i(2) 60219(k\+1)—20
W21 (2))0

Figure 5: Schematics for criteria (A) and (B) for the construction of Px. The upper configuration
describes the situation when k is added in Py. In the lower configuration, {i (1) <i(2) <i(3)} satisfies
items (i) and (ii) of criterion (B). Here, the shaded subsegments of the dashed lines fellow travel yy,
N2, v2 and 73, from left to right, respectively. The newly chosen zj is highlighted by a circle.

We now inductively define sets Pr(g) C {1,...,k} and a moving point z; for k =0, ..., N. First take
Py := @ and z¢ := 0. Now given (Pr_1,zr_1), (P, zx) is determined as follows (see Figure 5):

(A) Ifay #b;!, and
(Zk—1. a)219(k)—2a]tco)w2§(k)—20 <K forre{l,2},

(3-1)
(W28 (k)~105 D29 (k+1)—20) w29 )0 < K
hold, then we set P := Pr_; U{k} and zx := wpp(k)—10. Note that (3-1) is equivalent to
(W58 Zk—1.aL0)o < K for t €{1,2},
(3-2) 29 (k)—2 kY0

(b,:zo, wr0)o < K.
(B) If not, we seek sequences {i(1) <--- <i(M)} C P,_; with cardinality M > 2 such that
(1) [@28(i(1)—10, @29 (M))—24i (M)0] is fully D(K, €)—marked with ()/j)jM=_11, (nj)jM=2, where
Y1 = [w29(:(1))-10, w29 (1))0]:
Vi = 020G ()-24i()0s @2 (in-10] 2 =) =M —1),
N = @28 (i(j))—20, W29(i(j))—2ai(j)0] (2 =j =<M);
(1) (W20 (M))—2%i (M)Os D29 (k+1)—20) w29 i (aryy—10 < K-
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0 Vw400

Figure 6: An example of a sample path g with length 40. The vertices represent w;o for
i =0,...,40; the thick segments represent Schottky progresses. The shaded region highlights
the required witnessing by Schottky segments in criterion (B) for P4(g).

If such a sequence exists, let {i(1) <--- <i(M)} be such a sequence with maximal i (1); we set

Py := Py N1, ..., i(1)} and zg := wapi(m))—24i (m)0- If such a sequence does not exist, then

we set Py := @ and z; :=o0.!

Figure 6 illustrates how Py evolves as k increases. The path g under consideration has
O(g) =1{3,6,10,13,19}.
Note that
W0 =0, W2h(1)—20 = W40, W2H(1)—10 = W50, WrH(1) = W60, W2H(2)—20 = W100

are arranged as required in criterion (A), which implies P (g) ={1}. Since wso0, [w100,®110], [w110, w120]
and w;go are arranged as desired, P2(g) = {1, 2} (even though (w110, ®;0)w,,0 is not always small for
all i > 12). By similar reasoning, P3(g) = {1, 2, 3}.

Since w30 is on the left of [was50, w260], P4(g) is not {1,2,3,4}. If wigo were on the right of
[w240, w250], then P4(g) = {1,2,3} might have held; but it is not the case. Since wsg0 is not on
the right of [w180, w190], P4(g) = {1, 2} cannot hold either; we only have P4(g) = {1}. P5(g) then
becomes {1, 5}.

Note the following facts:

(1) Pr(g) is measurable with respect to the choice of g;.
(2) i € Pponlyif P; = P;—1U{i}andi survives during stage i + 1,...,m.
(3) Ifi e Ppandi € Py, then{l,...,i} N Py ={1,...,i}N Py.

Lemma 3.2 The following holds for any 0 <k <n and g € G". Let [ < m be consecutive elements in
P, = Pi(g),ie.l,me P, and [ = max(Py N{l,...,m—1}). Letalsot € {1,2}. Then there exists a
sequence

{l=i(l)<---<i(M')y=m} C P

IWhen there are several sequences that realize maximal i (1), we choose the maximum in the lexicographic order on the length
of sequences and i (2),i(3),....
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M’'—1

with cardinality M > 2 such that (w3 (1)—10, @29 (m)—2aL,0] is fully D(K, €)—marked with ()/j)/.:1 ,

(nj)}L,, where
1 = [020G(1))-10, @296 1)0);

(3-3) yj = 02062410 020G Gp-10] 2 =j <M —1),
77] = [a)219(l'(j))—20, wz,}(i(j))_zai(j)o] (2 < J < M/ _ 1)’

M’ = [wzﬁ(i(M))—zo’ wzﬂ(i(Mf))—zainO]-

Proof If[,m € Py then!l € P; and [,m € P,,. In particular, [ (resp. m) is newly chosen at stage /
(resp. m) by fulfilling criterion (A). Hence, (w29 (1)—10, @29 (1+1)-20) w29 y0 < K and z; = wa9)—10.
Moreover, Py, = Pyp—1 U{m} and [ = max Pp,—1.

If I = m —1, then m is newly chosen at stage m =/ + 1. In this case we have

(©28/(1)~10+ ©29(m)—28mO) w25 my—20 = (21> @28 (m)—2m O my—20 < K
from criterion (A) for m. Then Fact 2.9 implies that [ ()10, @29 (m)—2a’,0] is fully D(K, €)-marked
with

[028(1)-10, @251)0)s (029 (m)—205 W29 (m)—2, 0.

Hence, {{ =i(1) <i(2) = m} works.
If | <m—1, then | = max Pj,,—; has survived at stage m — 1 by fulfilling criterion (B). This means that
there exist / =i(1) <--- <i(M)in Py with M > 2 such that [w29(1)—10. @20 (M))—2ai(M)0] is fully
D(K, ¢)-marked with (yj)jMz_ll, (n; )jM=2. Here, the y; and n; are as in (3-3). Moreover,
(3-4) (W2 (i (M))=2@i (M) 0 @29 (m)—20) w29 i wyy—10 < K
and zZm—1 = W29(; (M))—24i(M)0-
We now claim that i (1) <--- <i(M) and i (M + 1) := m together serve as the desired sequence (hence
M’ = M + 1 > 3). First, since m is newly chosen based on criterion (A),
(3-5) (@29 (M) =281 (M)0+ @28 (m)—2% o) 029 my—20 = (Zm—1. @29 (m)—281) 029 my—20 < K.
Now combining inequalities (3-4) and (3-5), Fact 2.9 implies that [wa9(; (a))—28i (M) 0 @29 (m)—20L,0] 18

D(K, €)-witnessed by

([020 G (M) -2 (M) 0> @29 (M))~10]s [©25 (1m) 205 @25 (m)—201,0)) = (Y7 01
Finally,
(@291 (M))—105 D28 (i (M))=20) w25 i (M yy—2ai a0 = (Ai (M)Os a,-_(}w)O)o <K < D(K,¢)
thanks to property (7) of the (K, K, €)-Schottky set S1. This implies that [wpp(1)—10, @2 (m)—205,0] is
fully D(K, €)-marked with (Vj)jle’ (nj)jM:JE1 that are as in (3-3). a
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Lemma 3.3 The following holds for anyn > 0 and g € G". Let
O(g) ={9(1) <---<PH(N)} (N =#06(g)),
Py(g) ={(1) <---<u(m)y  (m=#PN(g)).
Then there exist M > m, Schottky segments ()/l)ljlil and (nl);‘il, and1 <I(l1) <---<I(m) <M such
that
(1) [o,wno0] is D(K, €)—marked with (y;);, (n7);, and
) Vie) = [029(6)=10: @29 ((r))0] and Ny (1) = [@29 (. (1)) =20 @29 (:(1))-10]-

Proof We will apply Lemma 2.4. First recall Lemma 3.2: foreacht =2,...,m,

(028 (.(t—1))—10+ ©29.(.(1))-10]

is fully D(K, €)-marked with some Schottky sequences (y;.;);, (177.¢);, whose forms are given by (3-3).
Here, note that the length of these sequences need not be 1; this leads to the possibility that /(z)—I[(t—1) > 1.

Given the above result, it suffices to prove that

(1) [0, w28 (1))—10] is fully D(K, €)-marked with [0, 0], [02(,(1))=20: @28 (1))—10]

M’+1

(2)  [®29((m))—10, wpo] is fully D(K, €)-marked with some sequences ()/J/.)j.”:' " (n}) i—5  of Schottky

segments, where y1 = 029 (.(m))—10: @29 (.(m))©)> and
(3) (W208(1))=20> D28 (1 (1)) V) w29 (1yy—10 < D(K,€) foreacht = 1,...,m.
First, t(1) = min Py implies that P,(;)—; = 9, z,(1)—1 = 0 and that ((1) is newly chosen at stage ¢(1).
Hence,
(0, 29(.(1))-10) w25 (1)) 20 = (Ze(1)~1> @28 (1)~ 10 w25 (120 < K
and Fact 2.9 implies the first item.
Next, we observe how t(m) survived in Py. If ((m) = N, then it was newly chosen at stage N;
(029 (L(m))=10> @n0) w9 omyyo < K holds and Fact 2.9 implies that (w29, (n))—10, @no] is fully D(K, €)—
marked with
(W2 (:(m))-10, W2 (1(m))0],  [@n0O, @n0].

If ¢(m) # N, then it has survived at stage N by fulfilling criterion (B). Thus, there exist i € Py—_; such

that (@29(;)—24i 0, Wp0)w,y;y—10 < K and Schottky segments (y/’.)f.uz/l_l, (77} jM=/2 such that

(028 (1 (m))—10, @29 (i) —24 0]
is fully D(K, €)-marked with (y}), (1), where
Y1 = (028 (m))—10- @290l Ny = @25 (1)=20, ©29())—2a 0].

Furthermore, the second item of criterion (B) and Fact 2.9 imply that [w;9(;)—24a;0, wy0] is D(K, €)—
witnessed by
([w28(i)—2ai 0, W2 (iy—10], [0n0, Wy 0]).
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Finally, recall that
(028 (1)—20+ D29(1)—10)wap i)—saio = (@ 10,a;0)o < K < D(K,€)
by property (7) of the (K, K’, €)-Schottky set S;. Combining these, we conclude that [ (,(m))—10, @n0]
is fully D(K, €)-marked with
(V1o Vir—10 [029() 2010, 025()=10)), (M- Mygrs [0, 05 0)).

This settles the second item.

For the third item let ¢ € {1,...,m}. Since t(t) € Py (g), t(t) was newly chosen at stage ¢(¢) by fulfilling
criterion (A); hence, al_(tl) # b,(s) and we deduce that
(@20(u(1))~20> @29 (1) 25010 = (73905 blpy0)o < K

from properties (5), (6), (7) of Schottky sets. O

The same proof also yields the following lemma:

M—1

Lemma 3.4 Let k <k’ be elements of Py (g) andt € {1,2}. Then there exist some sequences vj= >

(UI)IAi , of Schottky segments such that

(1) [w29k)—10. ww(k/)_za,tc,o] is fully D(K, €)—marked with (y;), (;), and

(2) y1 = [W29#k)-10, ©29(k)0] and Ny = W2 (k7)—20, @29 (k')—20},0].
Having established the properties of Py (g), our next goal is to estimate the size of Py (g). We first
fix N, ® ={J(1) <--- < (N)} and the choices (g2;—1,82/) ¢ (Sl(z) U Sl(_z))2 for j ¢ ©. Conditioned
on these choices, we draw (g29(1)—1- &28(1): - - - » £20(N)—1- &28(N)) from (Sl(z) U S1(—2))2N with the

product measure of the uniform measure on S U S, ! In particular, we regard g, the w ; and Py as RVs
of s =(ai,b1,...,an,bn); here, a; and b; are independently drawn from S with the uniform measure.

We will often modify the given choice s; the modified choices will be denoted by § = (ay,..., b N) or
5= (ai,...,by). We will then denote by @; or w; the sample path arising from the modified choices,
respectively.

Lemma 3.5 For 0 <k < N and partial choices s € Sg (k _1),

P(#Pk(s, ag,br) =#Pr_1(s) + 1) > %
Proof Recall criterion (A) for #P;, = #Pj_1 + 1. Note that the condition

(3-6) (@28()—10- @28 (k+1)—20) w25 qy0 = (b 20, Wk0)o < K

depends only on b and not on other a;’s or b;’s. This holds for at least (#S1 — 1) choices of by in S
and (#S7 — 1) choices in Sl(_l).
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Let us now fix a choice by, € Sl(i) satisfying condition (3-6) and a1, b1, ...,ar_1, by that determine
w2 (k)—2 and zg_;. Then the remaining conditions

-1
(Zk—1, @29 (k) =20k O) 029 ()—20 = (©29(k)—2Zk—1,Ak0)o < K,
2 -1 2
(3-7) (Zk—la w2l9(k)—2ak0)w219(k)720 = (a)zﬁ(k)_zzk—h ako)o <K,
-1

hold for at least (#S1 — 1) choices of a in S 1(4_—1) and (#S51 —2) choices in Sl(:Fl), due to properties (5),
(6) and (7) of Schottky sets. Since conditions (3-6) and (3-7) together constitute criterion (A), we obtain
2#S1—2 2#S5, -3

! . . >0.9. i

P#P, = #Pp_; + 1) >
(# Py k1t 2 2#S, 2#S,

Givenai, by, ...,a,_1,by_1 and by, we define the set §]/€ of elements ay, in Sy that satisfy condition (3-7).
In the proof above, we have observed that #[Sg \ §]/€] <3.

Lemma 3.6 Leti € Py (s) for achoices = (ay,b1,...,an,bn), and § be obtained from s by replacing
a; witha; € S"l./(al,bl, ...,aj—1,bi_1,b;). Then P;(s) = P;(5) and §;(s) = §l’(§) forany 1 <1 <k.

Proof Sinceay,by,...,a;—1,b;j— are intact, P;(s) = P;(5) and §l’(s) = §l’(§) hold for/ =0,...,i—1.
At stage i, b; satisfies condition (3-6) (since i € Pr(s)) and a; satisfies condition (3-7); hence, i € P (5)
and P;(s) = P;(5). We also have S’;’ (s) = Elf (5). At this stage, however,

Zi = @p9(i)-10 = W29(1)—10 = &Zi

where

g 1= W2p(1)-1; (©29()-167) "
More generally,
(3-8) b; =gw; (j =20()—1),
or in other words,

W29 (j)—1 = &2 (j)—1 (J =),
(3_9) ] ) ) . .

W29 (j)—2 = 8Wap(j)—2 (J >1).

Recall again that the intermediate words w; in between Schottky steps are unchanged.
We now claim the following fori </ <k:

(1) If s fulfills criterion (A) at stage [, then so does 5.

(2) Ifnotand {i(1) <---<i(M)} C P;_1(s) is the maximal sequence for s in criterion (B) at stage /,
then it is also the maximal one for 5 at stage /.

(3) In both cases, we have P;(s) = P;(5) and z; = gz;.
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Assuming the third item for [ — 1: P;_1(s) = P;_1(5) and z;_{ = gz;_1 let us test inequality (3-2) for @
in criterion (A). If s fulfills criterion (A) at stage [, then

(@29 (1)—271-1:410)0 = (W3pq)—28 ' 8Z1-1,a]0) < K
fort =1,2 and (bl_zo, wj0), < K. Hence we obtain the first item. In this case we also deduce that
Pi(s) = Pi—1 () Ul} = P (5) UL} = Pi(5),  Z] = Dap(1)—10 = §W29(1)-10 = &ZI.
which constitute the third item for /.
Let us now check the second item. Due to equality (3-9), a sequence {i(1) <--- <i(M)} in
Pi)n,....l—-1y=P_15)N{E,....[ =1}

works for s in criterion (B) if and only if it works for 5. Furthermore, i belongs to P;(s) since i € Py (s)
and i </ < k; hence, such sequences exist and the maximal sequence is chosen among them. Therefore,
the maximal sequence {i (1) <--- <i(M)} (with cardinality M > 2) for s is also maximal for 5. We then

deduce that
PI(S) = Pl—l(s)m{lv"'vi(l)} = P]_I(E)ﬂ{l,,l(l)}Z PI(E),

Z] = D29(i(M))—24i(M)0 = @29 (i (M))—24i(M)0 = &1
which constitute the third item for /. Here we used the condition M > 2 and i (M) > i; beware that

W2 (i)—20d;i0 and gw,y(;jy—a;0 may differ.
Since we have the base case zZ; = gz;, an induction shows that P;(s) = P;(5) for each i </ <k. Moreover,
equality (3-9) and z;_{ = gz;_; imply that §l/(s) = §l/(§). m|
Given 1 <k < N and a partial choice s = (a1, b1, ..., ax, by), we say that § = @i, bi,....ag. by) is
pivoted from s if

(1) b; =bj forall 1 <j <k,

(2) a; € S!(s) fori € Py(s), and

(3) a; =a; for all other j ¢ Pr(s).

Lemma 3.6 then asserts that being pivoted from each other is an equivalence relation. For each s € S2k,
let € (s) be the equivalence class of s.

Lemma3.7 ForO<k <N, j >0ands e S2k,
P (# P11, agq1,bir1) <#Pi(s)— j | § € €x(s), (ag41.bis1) € S5) < 1/107+1,
Proof Letusfixs = (ay,by,....ax,br) € Sgk and

sb = {(ar+1, brr1) € S§  #Prir (5, akr1, Drr) = #Pr(s) + 1.

Geometry & Topology, Volume 28 (2024)



Pseudo-Anosovs are exponentially generic in mapping class groups 1943

Then Lemma 3.5 implies that P (s | Sg) > 0.9. Moreover, for (ag41,br+1) € o and § € € (s),
(S, a1, br1) is pivoted from (s, ag 41, bx41) since (S, g1, br41) and (s, ag+1, bg+1) differ at slots
in Pp(s) S Prs1(s,ap+1,br+1). Lemma 3.6 then implies that

Pr11(5) = Prga(s) = Pr(s) Utk + 1} = Pr(5) Utk + 1}
In other words,
P (#Pry1(5, g1 ber1) <#Pi®) | (@kgr.brr1) € S5) <1—P(h) < 15

for each § € € (s). Gathering all the cases, we deduce that

P(#Prt1(. ag+1.bk+1) <#Pp(3) |5 €€ (s), (aks1.br+1) €SF) < 15
This settles the case j = 0.

Now let j = 1. The event under discussion becomes void when # P (s) < 2. Excluding such cases, let
| < m be the last 2 elements of Py (s). For each choice § in €, (s) and each subset A of S",’n (s), we define

EG.A):= {5 =(a;,b)¥_, :bj = b; forall i, a; = d; fori #m,am € A}.

In plain words, E (S, A) is a set of choices that are pivoted from s only at stage m, such that the pivotal
choice belongs to A. Then {E (5, §,’n (s)) : § € € (s)} partitions € (s) by Lemma 3.6.

We now fix (ax+1,bk+1) € Sg and § = (ay, ... ,br) € €r(s). Let A’ C §,;,(s) be the collection of
elements a,, that satisfies

(3-10) (@' 0, @209 (m)—1) " D28 (-2 41Dk 41 WE+10),,
= (é,;lo,l;,%lwm . --&iéiwkaiﬂbiﬂwkHo)o <K.

Note that A’ depends on §, a1 and by 4. By properties (5) and (6) of Schottky sets, #[S" (s) \ 4'] < 2.
We now claim that # Py 1 (5, ag 11, bg11) = #Pr(s)—1for 5 € E(5, A”). First, since / <m are consecutive
elements in Py (5), Lemma 3.2 gives a sequence {{ =i(l) <---<i(M) =m} C P, with M > 2 such
that [@y9(1)—10, @29 (m)—2am0] is fully D(K, €)-marked with (yj)j.”:_ll, (nj)jM:Z, where

Y1 = [@29(i(1))=10, @29 (i (1)) 0],

Vi = @20()-24i()0: D2p(in-101 2=j=M—1),

nj = 029:(j))—20. Dav(in-2ai(pol 2=j=M).

Moreover, condition (3-10) implies that

(@Zﬁ(i(M))—Zai(M)ov @Zﬂ(k+1)—20)a_)2,9(i(M))_10 <K.

In summary, {{ =i(1) <--- <i(M)} C P;(5) works for 5 in criterion (B) at stage k + 1, which implies
Pr1(5) 2 Pr(5)N{l,...,1}, hence the claim.

Geometry & Topology, Volume 28 (2024)



1944 Inhyeok Choi

As a result, we deduce that
RI /

#[Sm~(S)\A] < <01
#S/ (s) #S0—3

P(#Py 11, agy1.bps1) <#Pr(s)—1]5€ EG,S),)) <

for any § € €x(s) and (ax41.bk+1) € Sg. Since E (5, §;n)’s for § € €, (s) partition € (s), we deduce
that
P (#Prg1 (5. ag41.bkg1) <#Pr(s)— 1|5 €€, (s)) <0.1

for any (ag41,bk+1) € Sg. Moreover, the above probability vanishes when (ag 41, bg+1) € . Since
P(A | Sg) > 0.9, we deduce that

(3-11) P (#Px 11 (5. ag41. k1) <#Pp(s) — 1|5 € €(s). (@k41.br+1) € S5) <0.01.
This settles the case j = 1.

For j = 2, we similarly assume #Py (s) > 3 and let I’ < [ < m be the last 3 elements. We define the set
Ay of (@m.axs1.br41) in S/, (s) x SZ such that

#Pk+1(al,b1,...,c_lm,bm, R ,ak,bk,ak+1,bk+1) >#Pr(s)—1,

obtained from s by replacing a,,; with a;,
or, equivalently,

P.(s)Nn{l,...,I} C Pk+1(a1,b1,...,C_lm,bm,...,ak,bk,ak+1,bk+1).

Now, if § = (&1,51, .. ,dk,gk) € €x(s) is such that (G, ag+1,bg+1) € A1, then (5, a1, bg+1) is
pivoted from (a1, b1,...,4m,bm, ..., ax+1,bg+1) since they only differ at the a; for i in

Pk(S)m{l,,l}g Pk+1(611,b1,...,&m,bm,...,ak+1,bk+1).

Lemma 3.6 then implies that Py (S, ag+1,bg+1) also contains Pr(s) N {1,...,/}. This fact and
inequality (3-11) implies that

P(sty | S}, (s) x S2) = P ((m, ag+1,br+1) € 1 | 5 € €(5), (@41, brs1) € SZ)
> P (#Prs1 (. g1, br1) = #Pi(s) — 115 € €1 (5). (@k+1.b+1) € S5)
> 0.99.

We now define for § € € (s) and each A C §I/(s),
E(,4):= {§ = (C_li,b_l‘)é{=1 Il;i = 5,‘ foralli,a; =a; fori #1,a; € A}.
Then {E (5, g;(s)) 1§ € €1 (s)} partitions €y (s) by Lemma 3.6.

Now fixing (ag+1,bk+1) € SZ and § € €x(s), let A} C §l’(s) be the collection of elements a; € §;(s)
that satisfies

(3-12) (a7 0, (@29(1)-1) " @29 (ky—20f 11 b} 41 Wk+10),,
= (c_zl_lo, blzwl ---dibiwkai+lbi+lwk+10)o < K.
By properties (5) and (6) of Schottky sets, #[S”,(s) \ Al <2
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We now claim that #Py 1 (5, ag41,bk+1) = #Pi(s) — 2 for 5 € E(§, A}). First, since [’ < [ are

consecutive elements in Py (5), Lemma 3.2 gives a sequence {{’ =i(l1) <---<i(M) =1} C Py such

that [@29(1/)—10, @29 (1)—2d;0] is fully D(K, €)-marked with ()/j)JM:_ll, (nj)jMzz, where

Y1 = [@29(i(1))=10: D29 (i (1))0]
Vi = @028 (j)—24i ()0, D29 (j))—-10] (G =2,....,M—1),
nj = 029 (j)—20- D29 (j)—2ai(Ho) (G =2,....,M).
Moreover, condition (3-10) implies that
(@29 (M))—24i (M) 0 D28 (k+1)-20) 2 i vayy—10 < K-

In summary, {{’ =i(l) <--- <i(M)} C P (5) works for § in criterion (B) at stage k + 1, which implies
that Px1(5) 2 Pr(5,ax+1,br+1) N{1,..., 1"}, hence the claim.

As a result, we deduce that
P(#Pri1 G, ags1,brr1) <#Pr(s)—2|5 € E1(, §)) <0.1

foreach s € € (s) and (ag41,bx+1) € Sg. Here, for § and (ax 1, bx+1) such that (G, ag+1, bg+1) € 1,
the above probability vanishes. Since

PIUKELG. 5 X @B ) G i D) # 1} | €4(5) x S3
= P[(@m. ax-41.bx+1) ¢ 1 | Sp(5) x S§] < 0.01,
we sum up the conditional probabilities to obtain
(3-13) P (#Pr+1(. ag41.bgt1) <#Px(s) —2 |5 € €x(s)) <0.001.
We repeat this procedure to cover all j < #P;(s). The case j > #Py(s) is void. a

Corollary 3.8 Conditioned on paths g € G" such that #09(g) = N, #Px(g) is greater in distribution
than the sum of N i.i.d. X;, whose distribution is given by

> ifj =1,
(3-14) P(X; =j)=149/10/t1 ifj <0,
0 otherwise.

The RV X; in the above corollary satisfies
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Proof Lemmas 3.5 and 3.7 imply that for 0 <k < N and any i,

1- if j =1,
(3-15) P#Prr1(8) =i+ j |#Pr(g)=i) = 1—-1/107/F1 if j <0,
0 otherwise.

Hence, there exists a nonnegative RV Uy, such that # Py, 1 — Uy and #Pj, + X' have the same distribution,
where X' is an i.i.d. copy of X that is independent from # Py.

Foreach 1 <k <N, we claim that P(#P,(g) >i) > P(X; +:--+ Xg >1i) foreachi. Fork =1, we
have #Py_1(g) = 0 always and the claim follows from inequality (3-15). Given the claim for £,

P#Pry1 >1) > P#Pr + X' > 1)

=Y P@#Pc = HP(X' =i—j)
J

> P(Xi 4+ X = P (Xpqg =i — )
J
=P(X1+4+-+ X + X1 =1). O

Given g € G" with
O(g) ={0(1) <--- <)}, Pn(g)={)<---<um)}<{l,.... N},
we finally define the /™" pivotal time of g by 28 (¢(/)) — 1 and the set of pivotal times P,f(g) by
Py(g):={20G)—1:i € Pn(g)}.
We also define §2,9(L(1))_1(g) = 5[(1)(s) forl =1,...,m; g € G" is said to be pivoted from g if g; = g;

unless j € P, (g), in which case we require g; € §j(g).
Lemma 3.3 and Corollary 2.7 imply that
(3-16) (010, 0k )w;0 < F(K.€) < 705K’

for i, j,k € Py(g)U{0,n} such that i < j < k. Moreover, for any i, j,k € P,f(g) U {0} such that
i<j=<k,

(3-17) 1.999K’ < d(wg—10, w0) < 2K, (070, 0k0)a;_j0 < F(K. €) < 755K’

The first inequality is due to the fact that g € S 1(2) us 1(_2); the second inequality follows from Lemma 3.2
and Corollary 2.7.

4 Pivoting and translation lengths

We will now define another equivalence relation on paths with sufficiently many pivots. Let us fix g € G"
with P (g) ={i(1) <--- <i(m)}, where m := #P,(g) satisfies %n <m< %n. For convenience, let
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also i (0) = 0. We now define quantities

[n/12]
Dy(g)= Y [d(@ig-1)0.0;q)-10) +2K'].
I=1
m
Dp(g) = > [d@ig-1)0. 0i1)=10) + 2K'] + d(@;(m)0. 0n0).

l=m—|n/12]+1

m
D:(g) = Z [d(;(1-1)0. 0;(1)-10) + 2K'] + d (@ ()0, wp0).
=1
Note the inequality

n/12]
@1 Dr(g)= Y [dwjg-10 0i1)-10) + d(@;1)-10, 0;1)0)] = d(0, Wix)-1) d (0, ;)
I=1

fork=1,..., L%n] Similarly, D; dominates d (o, w,0). Moreover, due to inequalities (3-16) and
(3-17), we have |d (0, wy0) — D¢| < 2F(K,ée)n < TIOOK/”' We also observe that at least one of Dy and
Dy, is smaller than %Dt — ;—OK/n; indeed, D; — Dy — Dy, is the sum of at least %n terms of the form
d(w;(1-1)0, ®;(1)-10) +2K" > 2K’

If Dy < Dy, then we allow pivoting at the first I_%nj pivotal times. Otherwise, we allow pivoting at the
last Lll—sz pivotal times. Since D¢, Dp, D, and the set of pivotal times are invariant under pivoting, this
rule partitions {g eG" :#P;(g)> %n} into equivalence classes %(g).

We are now ready to prove the core lemma for Theorem A.

Lemma 4.1 Let n > 25 and suppose that g € G" satisfies
#Py(g) = 5n. Dy(g) < Dy(g)
Letalsol <k <k’ < L%n] and g; (1) € §l-(1)(g) forl=1,....k—1k' +1,..., I_%nj

Then there exist A C §i(k) (g)and A’ C S",-(k/) (g), each of cardinality at most 2, such that for any g € %(g)
such that g;qy = gy forl =1,... .k —1,k" + 1LﬁnJ and g; k) ¢ A®), 8ik) ¢ A @ we have
T(y) > %K/n.

Proof By the assumption g € ¥(g), g can differ only at step i (1), ..., l(L%nJ) Hence, for g € %(g)
such that g;;) = gipy for I =1,... .k =1,k +1,..., L%nJ, the isometry
v = (D k)" OnDiky—1 = Ziky+1- &n &1 ZiGh)—1
is uniform. We define
A:=1{ge8i(g): (v 0.8%0) 2 K}, A':={geSp(g): (g 0.v0)0 = K}.

Since §k (g)SSo=51US 1(_1), properties (5) and (6) of Schottky sets imply that #4 < 2. Similarly we
have #4’ < 2.
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Let us now fix 7 € S;(g) \ A and &’ € Si.(g) \ A, and consider g € F(g) such that go) = & for
I=1,... k=LK +1,...,|&n|and gpu) = h% goary = 1.
Since i (k),i(k") € Pf(g) = P} (g) and h'? = gi(k")» Lemma 3.4 gives Schottky segments (Vl)lﬂifl and
(m)l]"i2 such that [@; k)0, @;k’)y—1h'0] is fully D(K, €)-marked with (y;), (1;), where
Y1 = [01)0, Digy+10], MM = [@;(kry—10, @i kry—1h0)-
Next, inequality (4-1) implies that
d(0,v0) > d(0, wy0) — d(0, w;x)0) — d(0, ®;(})—10)
> (Dy — 1959 K'n) —2Dy > {5K'n > 2K’ +3D(K  €).
Since we also have ('~'o,v0), < K and (0, vh?0)yo < K, Fact 2.8 implies that [h'~1o, vh?0] is
D(K, €)-witnessed by (['" o, 0], [vo, vhZ0]). By applying isometry c?),’;_lcbl-(k/), we deduce that
[} @i kry—11'0, 3,8 10
is D(K, €)-witnessed by Schottky segments
(@), @ikry—1h 0, @ Diery0l. (@@ (k)—10. Dhyi(k)0)-
We now claim that [@; k)0, (I)ﬁ, Wj k0] is fully D(K, €)-witnessed by
(V1o yM=1, [@igery—1h'0, Dirr)0), @n ¥t o OpYM -1, [On®i(ry—1h 0, Dudikryol, - .. ),
(120 - M [Pn @ (k) =10, Dn @i (k) 0). DnT2. - - ., BT, [Dp B (k)—10+ Dp D (k)O) - - - ).
This claim will follow from Lemma 2.4 once we check
(@i (k)—10, Di (k) 0) éo; o1y o = (h"1o,h'0), < D(K,e),
(@i (k)—=10: Bi(k)+10)@; r0 = (h 20, gik)+10)0 < D(K. €).
The first item follows from property (7) of Schottky sets, and the second item follows from s € S, ©(g2);
hence the claim. In particular, Corollary 2.7 implies (@; k)0, @y, ®; (k)0) B dia0 < F(K,¢) for each
i >1and
%d(a_)i(k)o’ @ @;(k)0) = d (@ (k) 0. Dn@;(k)0) — F (K, €)
> [d(0, wn0) — d(0. @;1)0) — d(@n0. Dn@;(k)0)] — 1095 K'1
> D;—2Dy — =5 K'n > 5 K'n.

By sending i — oo, we deduce that 7(w,) > %K’n. |

5 Proof of Theorem A

Proof of Theorem A Let S’ C G be the given finite set. By using Lemma 2.17, we take a (K, K’, €)—
Schottky subset S1 of G such that K’ > 2L (K, €) + 5000F (K, €) and a finite symmetric generating set
S D S’ such that e € S and S is nicely populated by S 1(2) us 1(_2).
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As before, we consider the random walk on G generated by the uniform measure ;s on S. We first claim
P(#P;y < in) <1in-0.9" +0.9886".

for large n. The first term of the right-hand side is for the event of trajectories g with #0(g) < %n, whose
probability is at most
[n/3]

> ("12) 009001120 < Z (Ln%)'o”w H-001M07 < 30209,
=0

Here the final inequality is deduced from the fact that

(3(m+1)) 0.01m ! — ( ) (Bm+3)(3m+2)(3m + 1)
2(m+1) 2m/) (m+1)Q2m +1)2m +2)

for sufficiently large m, and that 0.07'/¢ < 0.9,

001"+ < (gn”;) .0.01™-0.07

The second term is an estimation for the sum of m i.i.d. RVs X; of the distribution in (3-14). Recall that
X; is an RV with exponential tail and E[X;] = 71 . Hence for A < 90, the theory of large deviation says
that P (Zi=1 X; < )Lm) < e~ MM for some K()L) > 0. The easiest way to show this (for suitable 1) is
to take an intermediate base A < Ag < E[X;] and apply Markov’s inequality to the RV /\OZi X Indeed,
Markov’s inequality tells us that
m m
IP’(Z X; < %n) 1475 <E[1.47 =1 K] = [TED4%] = (158)"
i=1 i=1

and the desired estimate follows for m > %n

We now consider an equivalence class %(g) of g € G" such that #P,(g) > %n and Dr(g) < Dp(g).
For h; € Sj(g)andk =1,..., Lin], Lemma 4.1 gives the sets

Ak (g, Ahy hpa) 1352 € Siay(8), Ay (g {hes hpnjia)—13Y 20 € Si(inj12)-1) ()
with cardinality at most 2, such that g € %(g) satisfies t(w;) < ﬁK 'n only if
8ot € Ak(€.48i)s Zilln12)-D1FZ1)  OF  Zilnjrz)—k) € AL (8. 181y Bullni2)-1) }i=h)
foreachk =1,..., L2—14nJ. This implies that

ln/24] = ~ ~ ~
#S: #S ) — (#S: ) —2)(#S; =2
P(c(@n) < L K'n | § € F(g)) < l—[ (#Si (o)) ( 1(|_n/12J~k)) (~l(k) YHSi(1n/12)—k) —2)
k=1 (#Si (k) #Si(1n/20]—k))
[n/24]
- l—[ |: 2 _ 2 :|
iy L#Sia0) #Si(l_n/12j—k)
|n/24] 2
< = (0.2475#8)"n/24],
= U [099#5 0.99#3} ( )
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A similar argument leads to the same conclusion for any %(g) with Dr(g) > Dy(g). Since these F(g)
partition {#Pn > %n}, we conclude that the number of n—step trajectories w such that t(w;) < %K 'n is

bounded by
(#S)" -[0.91" + 0.9886" + (0.2475#S5)™"/?*] < 0.999" - (0.99#S)"

for sufficiently large n. Since any mapping class in Bg(n) is obtained from an n—step trajectory, we
conclude that the number of mapping classes in Bg(n) with translation length less than %K 'n is bounded
by 0.999" - (0.99#S)".

Meanwhile, the set
Sschotky = 1(a1, ..., an) :a; € STUST a; #ai’l}}

is composed of at least (#S9—1)" > (0.99#S)" sequences. We claim that if (a1, ...,a,) and (b, ..., by)
are distinct sequences in Sschotky, then a% .- ~a% and b% e b% are distinct elements in Bg(n). Indeed, the
sequence

-1

-1 -1 -1
(a, .a, ,...,ay ,ay .b1,b1,..., by, by)

will not completely cancel out and their product will not become an identity by Lemma 2.14. Hence, we
have at least (0.99#S)" distinct elements in Bg (7). We thus finally have, for large n,

#{g € Bs(n): 1x(g) < 5 K'n}
#Bgs(n)

< 0.999". m]

Appendix A The proof of Claim 2.13

In this section, we prove Claim 2.13 in the proof of Proposition 2.12. We first recall the following lemma:
Fact A.1 [Choi 2023, Lemma 3.12] For each F, € > 0, there exists H, L > F that satisfies the following.
If x,y,z, p1, p2 € X satisfy that
(1) [p1, p2] is e—thick and longer than L,
(2) [x,y] is F—witnessed by [p1, p2], and
(3) (x,2)y =d(p1,y)—F,
then [z, y] is H-witnessed by [p1, p2].
Recall that we have fixed 0 € X and independent loxodromics a, b € G. By [Choi 2023, Lemmas 4.3
and 4.4], there exists €g, Co > 0 such that
(1) [o0,a" o] and [0, b’ 0] are eg—thick for all i € Z, and
(2) (¢p'0.¥/0), <Coforalli,j>0and ¢,y €{a,b,a”',b~1} such that ¢ # .
We then define
e Do= D(C = Cy,€p) as in Fact 2.9;
e Eo=E(D = Dy,€9) and Lo = L(D = Dy, €g) as in Fact 2.5;
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o Fy=F(E=EFEy ) and Ly = L(E = Ey, €p) as in Fact 2.6;
e Hy=H(F = Fy,€0) and L, = L(F = Fy, €¢g) as in Fact A.1;
e Hy=H(F = Hy,¢9) L3 = L(F = Hyp, ¢p) as in Fact A.1;
e Fi=2Fy+Hi+d5+1;
o Fh=F(E=Hy,¢p) and Ly = L(E = Hy, €p) as in Fact 2.6;
e Ls=max(Lo,Ly,La, L3,L4,2Fy+ F1 +2F>).
There exists No such that d(o, $N o) > Ls forall ¢ € {a,b,a™', b~} and N > Ny. Let us fix N > Np.
We now consider a sequence {¢;} in {a,b,a~ ', b~ !} such that ¢; # ?; _,_11. Then we observe that
(1) (d)i_No, ¢i]\-|,—1)0 < Cp by the assumption ¢; # ¢i_+11;
2) Jo, ¢iN¢iA-[HO] is Do—witnessed by [o, ¢1.N0] and [¢pN o, ¢N¢i]\j_10] by Fact 2.9;
3) Jo, ¢I.N o] are e—thick and longer than Ls.

Then as in Corollary 2.7, Facts 2.5 and 2.6 imply that [o, ¢%N ,%N 0] is Fo—witnessed by €p—thick
segments

[0, 0], [pN 0, oY ¢ o), [ - o 10,6 --- ¢ o].

Consequently, [o, q){v e d),f] 0] is e—thick for € = ege~8F0_ Tt is also clear that

(0,¢{V..-¢é\,0)¢{v._.¢’11\1/0 < Fy (Ofm fl’l)

and
(A-D) do.¢7 ¢y 0) = d(0,¢7 - ¢p_10)+ L1 —2Fg = d(0,¢7" ---dp_10) + Fi.

We now define IN SN
Sn,N =41 8oy = AP ¢y 1 ¢i € la. by,
V(gii) ={xeX: (x,gftzO)a z d(O,gi:th) — 1},
V'(gE) = {x € X : (x.gF20) > d(0. g 0)}.

Our first claim is that V(gfL), cee, V(g;;), V(g1).....V(gyn) are all disjoint. To show this, let (¢;)7_,
and (v/;)7_, be distinct sequences in {a, b}" Ufa= !, b1} and ® = ¢fN ‘e ,%N and ¥ = WIZN ‘e ,fN.
Lett =min{l <i <10:¢; # ¥;}and w = ¢12N ¢,2f’1 Now suppose that a point x € X belongs to

both V(®) and V(W). First, x € V() implies
(x. ©%0)o > d(0, ®0) — Fy > d(0.¢7" -+ 7M1} 0) = d(0. we; 0)

by inequality (A-1). Since [0, ®?0] is Fo—witnessed by [wo, w¢tN0], Fact A.1 asserts that [0, x] is Hp—
witnessed by [wo, weN o]. By a similar reason, (x, ¥20), > d(0, wyrN 0) and [0, x] is Ho-witnessed by
[wo, wl/f,NO]. Since (¢r0, ¥10)o < Co < Hy, Fact 2.6 implies that [x, x] is Fo—witnessed by [wo, w /0],
whose length is at least Ls > 2F5; such an x does not exist.
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The next claim is that if x ¢ V(g;"), then gl.zx € V'(gi). Indeed, we know that (o, gizo)gio <Fy < %Fl

and
(87x.870)0 = (x,0) g2, = d(0. 8 20) = (x. & 20)o = d(0. 870) —d(0.i0) + F1 = d(0.g;0).

Since V'(g;) € V(gi) and V(g;) N V(g;) = @, we can iterate this to deduce that gka € V'(g;) for
k > 0. Similarly, if x ¢ V(g;), then gl._ka e V'(g;7) for k > 0.

Now let x,y € X. Since {V(g;r), V(g; )} are disjoint, y € V(g;7) for at most one g; € S, y and
X € V(g;r) for at most one g; € S, n. Suppose s = ¢%N - -¢n2N € Sy, N is neither of them, and let k > 0.
We then have

(x,5%0), < d(0,50) — F, (SZky, 520), > d(0, 50).

20] is Fo—witnessed by [s¢n_N0,s0], Fact A.1 implies that [0, s2Ky] is Ho—witnessed by

Since [o, s
[s¢;N0,so]. Now if we suppose that (x,s2Ky), > d(0,s0), then [0, x] is also Hj—witnessed by

[s¢,; N0, 50, again by Fact A.1. Meanwhile, if X is a $—hyperbolic space, we deduce that
(x,520)o = min{(x, 50)o, (50, 520)o} — 8§ = d(0, s0) —max{(x, 0)s0. (520, 0)50} — &
>d(o,50)—(H1+ Fo+6) > d(o,50) — Fy.
Alternatively, if X = J(X), then we deduce that
(x,5%0)p > d(0, 50) —d(s0, [0, x]) —d(s0, [0, s%0]) > d(0, s0) — (Hy + Fo) > d(0,s0) — Fy.
In either case we obtain a contradiction. Hence, (x, s2¢y), < d(o0, s0).

Similarly, if s # g; such that y € V(g;r) and s # g; such that x € V(gj_), then (x,s~2%y), < d(o,s 10)
for all k > 0. Finally, note that y = o cannot belong to any of V(g]?t) since d (o, gjilo) > Ls > Fj for
any g; € S, n. This settles the desired claim.

Appendix B Sketch of the proof of Proposition 1.3

We borrow the definitions and notations in [Gekhtman et al. 2018].

In [Gekhtman et al. 2018], the authors consider the automatic structure of G, a directed graph I" that
records exactly one geodesic between e and g for each g € G. Hence, the vertex set of its universal cover
I" and G are in one-to-one correspondence. Let LG be the set of vertices with large growth. For g € G
and 0 < € < 1, we denote by g the element along the path from e to g at distance en from e. Then for
any 0 < € < 1, the ratio
#g €0Bs(n): gc ¢ LN}
#dBg(n)

decays exponentially; see [Gekhtman et al. 2018, Proposition 2.5].

(B-1)
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The authors then construct a Markov chain on I' whose n—step distribution is denoted by P”. There exists
¢ > 1 such that for any A C T, the proportion of A N LG in dBg(n) is at least (1/¢)P"(A) and at most
cP"(A).

We now denote by % the set of recurrent vertices. For v € R, the loop semigroup I', associated
to v is nonelementary, i.e. there exist independent loxodromics a,, b, € I'y [Gekhtman et al. 2018,

Corollary 6.11]. Let us now condition on the paths growing from v. Let n(k, v, w) be the k' return time
tov and Ty, = Eyn(1, v, ®). Then for each € > 0,
nk,v,w)

>€
S
is exponentially decaying as k — oo; see [Gekhtman et al. 2018, Lemma 6.13]. For each n, we also

define the last return time 71(w) = max({n(k,v,w) :k € N}N{l1,...,n}) to v. Then for each € > 0,

n—i(w) - 6}
n

(B-2) Py % Ty

(B-3) Py {

decays exponentially.

We now strengthen [Gekhtman et al. 2018, Theorem 6.14]. For each € > 0,
d(@n (k)0 0)

7 6}

decays exponentially as k — oo, since (i, actually has finite exponential moment. The proof for deviations

(B-4) Py { ‘ Ly

from above can be found in [Boulanger et al. 2023]. For deviations from below, [Boulanger et al. 2023]

and [Gouézel 2022] deal with the case that X is Gromov hyperbolic. When X is the Teichmiiller space,

one can use Choi’s modification of Gouézel’s construction in [Choi 2023]. Now together with the control
{ ‘d(wno, o) Iy

€
n Ty }

decays exponentially. Now the proof of [Gekhtman et al. 2018, Theorem 6.14] shows that [,/ T}, is

on quantities (B-2) and (B-3), we obtain that for any € > 0,

(B-5) P’

v

uniform for all v € R, which we denote by A. Since the arrival time at % (beginning at e) also has finite

.

decays exponentially. By combining this with the decay of (B-1), we deduce that
#{g € dBs(n):|d(o,go)/n—A| > ¢}
#dBg(n)
decays exponentially; cf [Gekhtman et al. 2018, Theorem 7.3].

exponential moment, we conclude that

d(wno0,0) Y

(B-6) P {
n

We now need to discuss translation lengths instead of displacements. For each recurrent component C
of ', we pick v = v¢ € C and take a Schottky set as a subset of {w = g1---g, : g = ay or by}. We
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now consider the loop random walk generated by t,; recall the decomposition of the random walk into
usual steps and “Schottky steps” for the pivot construction in [Choi 2023; Gouézel 2022].

Until step %Tvn in the loop random walk, we have Kn slots for Schottky steps for some K > 0 outside
an event of exponentially decaying probability. Moreover, %Tvn steps in the loop random walk occur
before step %n in the Markov process based at v¢, outside an event of exponentially decaying probability
(quantity (B-2)). Finally, the Markov process beginning from e arrives at {v¢ : C is recurrent} within
step %n outside an event of exponentially decaying probability.

In summary, giving up an event of exponentially decaying probability, a random path in the Markov
process has at least Kn slots for Schottky loops based at some v¢. By pivoting the choice of Schottky
loops at these slots, we can guarantee at least K’n eventual pivots until step n for some K’ > 0, outside
an event of exponentially decaying probability.

Given these results, it now suffices to focus on the elements g such that

(1) g1—e € LG and d(0, g1—c0) = (1 —2€)An,
(2) d(o,gec0) <2eAn, and

(3) the subpath [e, g¢] possesses at least K'en pivots for [e, g].

We then consider the equivalence class by pivoting at the first K'en pivots. By early pivoting, one can
show that only few elements inside the equivalence class satisfy tx (g) < (1 —4e — MK')n, for some
suitable M > 0. By modulating € and K’, we establish the desired result.
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