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We define a theory of descendent integration on the moduli spaces of stable pointed disks. The descendent
integrals are proved to be coefficients of the —function of an open KdV hierarchy. A relation between the
integrals and a representation of half the Virasoro algebra is also proved. The construction of the theory
requires an in-depth study of homotopy classes of multivalued boundary conditions. Geometric recursions
based on the combined structure of the boundary conditions and the moduli space are used to compute the
integrals. We also provide a detailed analysis of orientations.

Our open KdV and Virasoro constraints uniquely specify a theory of higher-genus open descendent
integrals. As a result, we obtain an open analog (governing all genera) of Witten’s conjectures concerning
descendent integrals on the Deligne—Mumford space of stable curves.

14H15, 32G15; 14N35, 37K20, 53D45

1. Introduction 2484
1.1.  Moduli of closed Riemann surfaces 2484
1.2.  Witten’s conjectures 2485
1.3.  Moduli of Riemann surfaces with boundary 2488
1.4. Descendents 2489
1.5.  Construction of the descendent theory of pointed disks 2490
1.6. Differential equations 2492
1.7.  Formulas in genus 0 2494
1.8.  Context and motivation 2496
1.9. Extension of multisections 2499

2.  Moduli of disks 2500
2.1. Conventions 2500
2.2. Stable disks 2501
2.3. Stable graphs 2503
2.4.  Smoothing and boundary 2505
2.5. Moduli and orientations 2506
2.6. Edge labels 2509
2.7. Forgetful maps 2511

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://www.ams.org/mathscinet/search/mscdoc.html?code=14H15, 32G15, 14N35, 37K20, 53D45
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

2484 Rahul Pandharipande, Jake P Solomon and Ran J Tessler

3. Line bundles and relative Euler classes 2513
3.1. Cotangent lines and canonical boundary conditions 2513
3.2. Definition of open descendent integrals 2514
3.3. The base 2516
3.4. Abstract vertices 2520
3.5. Special canonical boundary conditions 2525
3.6. Forgetful maps, cotangent lines and base 2527
3.7. Construction of multisections and homotopies 2529

4. Geometric recursions 2539
4.1.  Proof of the string equation 2539
4.2.  Proof of the dilaton equation 2542
4.3. Proofs of TRR I and I 2546

5. Proof of Theorem 1.1 2553
5.1.  Virasoro in genus 0 2553
5.2.  Vanishing for r =1 2554
5.3. Closed TRR 2555
5.4. Vanishing forr =2 2555

6. Proof of Theorem 1.3 2556
6.1. KdV 2556
6.2. Binomial identities 2557
6.3. Closed TRR 2557

7. Proof of Theorem 1.4 2557
7.1. TRR 2557
7.2.  Induction 2558
7.3. Binomial identities 2559

Appendix. Multisections and the relative Euler class 2559

References 2564

1 Introduction

1.1 Moduli of closed Riemann surfaces

Let C be a connected complex manifold of dimension one. If C is closed, the underlying topology is
classified by the genus g. The moduli space .ilg of complex structures of genus g has been studied since
Riemann [35] in the 19" century. Deligne and Mumford defined a natural compactification

Mg C Mg
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via stable curves (with possible nodal singularities) in 1969. The moduli Mg ; of curves (C, p1...., p;)
with / distinct marked points has a parallel treatment with compactification

Mg C Mg,l.
We refer the reader to Deligne and Mumford [13] and Harris and Morrison [25] for the basic theory. The

moduli space ./l7tg,l is a nonsingular complex orbifold of dimension 3g —3 + /.

1.2 Witten’s conjectures

A new direction in the study of the moduli of curves was opened by Witten [45] in 1992 motivated by
theories of two-dimensional quantum gravity. For each marking index i, a complex cotangent line bundle

Ll‘ — Mg,l

is defined as follows. The fiber of IL; over the point

[C,pl, .. .,pl] EMg,l
is the complex cotangent! space T¢ i of C at p;. Let
yi € H? (Mg, Q)

denote the first Chern class of IL;. Witten considered the intersection products of the classes ¥;. We will
follow the standard bracket notation

(1-1) (Ta1Ta> 7)) =/ ity
Mg,
The integral on the right of (1-1) is well-defined when the stability condition
2¢—-241>0
is satisfied, all the a; are nonnegative integers, and the dimension constraint
(1-2) 3g-3+1=) a

holds. In all other cases, (]_[f=1 Tq; )g is defined to be zero. The empty bracket (1) is also set to zero.
The intersection products (1-1) are often called descendent integrals.

By the dimension constraint (1-2), a unique genus g is determined by the a;. For brackets without a
genus subscript, the genus specified by the dimension constraint is assumed (the bracket is set to zero if
the specified genus is fractional). The simplest integral is

3 3
(1-3) (15) = (g)o=1.
1By stability, p; lies in the nonsingular locus of C.
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Let #; (for i > 0) be a set of variables. Let y = Z?io t; T; be the formal sum. Let

= (¥")
Fg(to,fl,---)=z ,g
n=0 '

n

be the generating function of genus g descendent integrals (1-1). The bracket (y")g is defined by
monomial expansion and multilinearity in the variables #;. Concretely,

o0 n;
t- l
— 1 yLno ny_n2 o
Fg(to,fl,---)—znni!(fo ZEZ) Vg
{ni}i=1
where the sum is over all sequences of nonnegative integers {n; } with finitely many nonzero terms. The
generating function

o
(1-4) F=Y u*7F,
g=0

arises as a partition function in two-dimensional quantum gravity. Based on a different physical realization
of this function in terms of matrix integrals, Witten [45] conjectured F satisfies two distinct systems
of differential equations. Each system determines F' uniquely and provides explicit recursions which
compute all the brackets (1-1). Witten’s conjectures were proven by Kontsevich [31]. Other proofs can
be found in Mirzakhani [33] and Okounkov and Pandharipande [34].

Before describing the full systems of equations, we recall two basic properties. The first is the string

equation: for2g—2+1> 0,
I

l
<f0 I > - Z<%_1 I > |
i=1 &  j=1 i#j g

The second property is the dilaton equation: for 2g —2 +1 > 0,

I l
(1-5) (0T T ) =Ce=240(TT )
g g

The string and dilaton equations may be written as differential operators annihilating exp(F) in the

following way:

Loy =—2 +"_212+§:z~ d
(1-6) =

39 i2i+1f‘a+l
2 o 16

Both the string and dilaton equations are derived [45] from a comparison result describing the behavior
of the v classes under pullback via the forgetful map

T . ‘/‘/‘“g,l-‘rl —> J‘/Lg,].
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The string equation and the evaluation (1-3) together determine all the genus O brackets. The string
equation, dilaton equation, and the evaluation

(1-7) (t1)1 = 54
determine all the genus 1 brackets. In higher genus, further constraints are needed.

The first differential equations conjectured by Witten are the KdV equations. We define the functions
_d 9 ad
Oty Otg,  Otg,

(1-8) (ta1Tar *+  1a;) F.

Of course, we have
(ta1Tay -+ Ta;)) |t,~=0,u=1 = (Ta;Tay " Ta;)-

The KdV equations are equivalent to the following set of equations for n > 1:

@n+ Du?(ta1g)) = {tn—120) (70) +2({ta—126 N (70N + 3 {Ta—170))-
For example, consider the KdV equation for n = 3 evaluated at #;, = 0. We obtain

T{r313)1 = (1270)1(75 )0 + 3 (274 )o-

Use of the string equation yields

T(r)1 = (th + 3(15)o-
Hence, we conclude (1-7). In fact, the KdV equations and the string equation together determine all the
products (1-1) and thus uniquely determine F'.

The second system of differential equations for F' is determined by a representation of a subalgebra of
the Virasoro algebra. Consider the Lie algebra L of holomorphic differential operators spanned by
d
L, = — n+1 >
" S
for n > —1. The bracket is given by [L,, L] = (n —m)Ly+m.

The equations (1-6) may be viewed as the beginning of a representation of L in a Lie algebra of differential
operators. In fact, with certain homogeneity restrictions, there is a unique way to extend the assignment
of L_1 and L to a complete representation of L. For n > 1, the expression for L, takes the form

;o 3:57-2n+3) 9 _I_i(2i—|—1)(2i~|—3)~--(2i+2n+1)t_ 9
n— on+1 tni1 —~ on+1 l i 4n
n—1 . . .
+£Z(_l)i+l(—2l—l)(—2l+1)~~-(—2l+2n—1) 02 '
2 = an+l ot; 0ty —1—;

The second form of Witten’s conjecture is that the above representation of L annihilates exp(F):
1-9) Lyexp(F)=0 forall n>—1.
The system of equations (1-9) also uniquely determines F.
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The KdV equations and the Virasoro constraints provide a very satisfactory approach to the products (1-1).
The aim of our paper is to develop a parallel theory for open Riemann surfaces. An open Riemann surface
for us is obtained by removing open disks from a closed Riemann surface. See Section 1.3 below for a
more detailed discussion. Hence, the terminology Riemann surface with boundary is more appropriate.
We will use the terms open and with boundary synonymously.

For the remainder of the paper, a superscript ¢ will signal integration over the moduli of closed Riemann
surfaces. For example, we will write the generating series of descendent integrals (1-4) as

- = (r")g
c —_ 2g-2 Mg
F (u,to,tl,...)—Zu Z PR
g=0 n=0
We will later introduce a generating series F? of descendent integrals over the moduli of open Riemann
surfaces.

1.3 Moduli of Riemann surfaces with boundary

Let A C C be the open unit disk, and let A be the closure. An extendable embedding of the open disk in
a closed Riemann surface

f:A—=>C
is a holomorphic map which extends to a holomorphic embedding of an open neighborhood of A. Two
extendable embeddings in C are disjoint if the images of A are disjoint.

A Riemann surface with boundary (X, 0X) is obtained by removing finitely many disjoint extendably
embedded open disks from a connected closed Riemann surface. The boundary dX is the union of images
of the unit circle boundaries of embedded disks A. Alternatively, a Riemann surface with boundary is
defined like a Riemann surface except that the coordinate charts are allowed to map homeomorphically to
an open subset of the closed upper half-plane.

Given a Riemann surface with boundary (X, 0X), we can canonically construct a double via Schwarz
reflection through the boundary; see Ahlfors and Sario [1, Section II.1.3]. The double D(X, dX) of
(X, 0X) is a closed Riemann surface. The doubled genus of (X, dX) is defined to be the usual genus of
D(X,0X).

On a Riemann surface with boundary (X, dX), we consider two types of marked points. The markings
of interior type are points of X \ 0X. The markings of boundary type are points of dX. Let Alg x ;
denote the moduli space of Riemann surfaces with boundary of doubled genus g with k distinct boundary
markings and / distinct interior markings. The moduli space Jlg x ; is defined to be empty unless the

stability condition,
2¢—2+k+2l >0,

is satisfied. The moduli space g x; may have several connected components depending upon the
topology of (X, dX) and the cyclic orderings of the boundary markings. Foundational issues concerning
the construction of Mg x ; are addressed by Liu [32].

Geometry & Topology, Volume 28 (2024)
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We view Jlg i ; as a real orbifold of real dimension 3g —3 +k +2/. Of course, Jlg x ; is not compact (in
addition to the nodal degenerations present in the moduli of closed Riemann surfaces, new issues involving
the boundary approach of interior markings and the meeting of boundary circles arise). Furthermore,
Mg x,; may not be orientable. Nonorientability presents serious obstacles for the definition of a theory of
descendent integration over the moduli spaces of Riemann surfaces with boundary.

We will often refer to connected Riemann surfaces with boundary as opern Riemann surfaces or open
geometries (as the interior is open). The genus of an open Riemann surface will always be the doubled
genus.

1.4 Descendents

Since interior marked points have well-defined cotangent spaces, there is no difficulty in defining the
cotangent line bundles
Ll’ — Mg,k,l

for each interior marking, i = 1,...,/. We do not consider the cotangent lines at the boundary points.

Naively, we would like to consider a descendent theory via integration of products of the first Chern
classes ¥; = c1(LL;) € H2(Jl7tg,k,1) over a compactification Mg,k’l of Mg ;. Namely,

l
(1-10) <ralra2-~ralo">g=f_ Tys? ey when 2 aj =3¢ —3+k+2l,

Mg k.1 i=1

and in all other cases (74, - 74 lak)g = 0. Here, 7, corresponds to the a™ power of a cotangent class
¥“ as before. The new insertion ¢ corresponds to the addition of a boundary marking.? To rigorously

define the right-hand side of (1-10), at least three significant steps must be taken:

(i) A compact moduli space Mg,k,l must be constructed. Because degenerations of Riemann surfaces
with boundary occur in real codimension one, candidates for Jl7tg’ k,1 are real orbifolds with boundary
8./M,g’k’l .

(i) For integration over Mg,k,l to be well-defined, boundary conditions of the integrand must be
specified along 8Jl/_tg’k’l. That is, the integrand must be lifted to the relative cohomology group
H3g—3+k+21 (Mg,k,lv aMg,k,l)~

(iii) Orientation issues must be addressed.

The most challenging aspect of defining open descendent integrals is the specification of boundary
conditions (ii). At first glance, one might hope to find a natural lift of ¥; to H 2(Jl7tg,k’1, aﬁg,k,,).
However, this does not appear feasible. Rather, consider the bundle

l
(1-11) E=PLd.
i=1

2The power of ¢ specifies the number of boundary markings.
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The Euler class of E is given by
e(E) =y ys -y,

So it suffices to find a natural lift of e(E) to relative cohomology. This is the approach we follow. Such
an approach leads to considerable difficulties in proving recursive relations between descendent integrals.
Indeed, for closed descendent integrals, the proofs of recursive relations use heavily the factorization of
the integrand as a product of cohomology classes by Witten [45].

The need to specify boundary conditions and the orientation issues impose serious constraints on the
ultimate definition of Mg,k,l- For g > 0, it appears these constraints can only be satisfied if J‘Ig,k,l is
the compactification of a covering space of Jlg x ; that arises as the moduli space of open Riemann
surfaces with an additional structure. The construction of J(Zg,k,l for g > 0 will be given in Solomon
and Tessler [39]. In the case g = 0 treated here, we take Juo,k,l to be the space of stable disks studied
previously in the context of the Fukaya category; see Fukaya, Oh, Ohta and Ono [20; 21], Liu [32] and
Seidel [36].

In this paper, we complete steps (i)—(iii) in the doubled genus O case. The outcome is a fully rigorous
theory of descendent integration on the moduli space of disks with interior and boundary markings.
Moreover, we prove analogs for Mo,k,l of the string and dilation equations as well as the topological
recursion relations, which allow us to completely solve the theory.

1.5 Construction of the descendent theory of pointed disks

By the Riemann mapping theorem, the open geometry of genus O is just the disk with a single boundary
circle. The simplest moduli space is Jlg,3,0 parametrizing disks with three boundary markings. There are
exactly two disks with three distinct boundary points (corresponding to the two possible cyclic orders).
Thus Jlg,3,0 is already compact, and it has no boundary. So we can evaluate the corresponding open
descendent integral without reference to boundary conditions. In our definition of open descendent
integrals (3-2), the geometric integral over /‘Zo,k,l is multiplied by 20-K)/2 1p particular, for Alg 3,0 the
power is 271, We conclude that

(1-12) (033 =1.

Similarly, the moduli space .lo,1,1, parametrizing disks with one boundary point and one interior point,
consists of a single point. It follows that also (790)? = 1.

In general, the compact moduli space MO,U of our construction is a compactification of Al  ; stemming
from ideas very close to Deligne—Mumford stability. It allows for internal sphere bubbles and boundary
disk bubbles following the approach familiar from the Fukaya category, as in Fukaya, Oh, Ohta and
Ono [20; 21], Liu [32] and Seidel [36]. See Figure 1.

The boundary conditions we impose for our definition of the descendent integrals are the most delicate
aspect of the construction. As mentioned above, our strategy is to lift the Euler class e(E) to the relative

Geometry & Topology, Volume 28 (2024)
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Figure 1: A nodal disk with 3 disk components, one sphere component, 5 internal marked points
and 6 boundary marked points.

cohomology group H*+2/—3 (Jao,k,l, 3J‘Z0,k,l)- Here, £ — Mo,k,l is the bundle given by equation (1-11).
Such a lift can be given by constructing a nonvanishing section s of the restriction E|, Mok There is
no unique construction of such a section s. Rather, we give a construction that is well-defined up to
nonvanishing homotopy. It follows that the resulting lift of e(E) to relative cohomology is well-defined.
Our construction of s relies on the decomposition of the boundary 8Ji7t0, k,1 into products of moduli spaces
of open Riemann surfaces with fewer marked points.

A surprising feature of our construction is that the section s must be multivalued. Multiple valued sections
are forced on us by a nontrivial monodromy in the geometric constraint defining s. An explicit example of
how this comes about is given in Remark 3.5. In genus zero, the moduli space Mo,k,l is always a smooth
manifold. So the phenomenon of multivalued sections is not the result of orbifold isotropy groups.

Another unintuitive aspect of the boundary conditions is the complexity of their dependence on the
boundary marked points. Indeed, we consider only the cotangent lines IL; at interior marked points.
So by analogy with the string equation, one would expect a simple geometric recursion to govern the
dependence of open descendent integrals on the number of boundary marked points. This is not the case.
To the contrary, in Section 1.7 we observe a parallel between the formulas for open descendent integrals
on Mo,k,l and closed AgAg_1 descendent integrals on Mg,l, where g is proportional to k. That is, the
number of boundary marked points in open genus-zero descendent integrals plays a role analogous to the
genus in closed AgAg_1 descendent integrals. This is one indication of the complex dependency of the
boundary conditions on the boundary marked points.

Our proofs of the open analogs of the string, dilaton, and topological recursion relations all use the
boundary conditions in an essential way. The boundary conditions are defined and constructed in Section 3.
The idea of the definition is outlined in Section 1.8.1.

Geometry & Topology, Volume 28 (2024)
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1.6 Differential equations

1.6.1 Partition functions Though the resolution of the issues (i)—(iii) of Section 1.4 for the moduli
of pointed disks (the genus O case) requires a substantial mathematical development, the evaluation of
the theory is remarkably simple. The answer guides the higher-genus open cases. We propose here an
evaluation of the theory of descendent integration over the moduli of Riemann surfaces with boundary for
all g, k and /. For the genus 0 case, we prove our proposal is correct using our foundational development.
The main conjectures of the paper concern the g > 0 cases. Even before giving complete definitions
resolving (i)—(iii) for g > 0, we are able to conjecture a complete solution.

The solution is again via differential equations for the generating series of descendent invariants. Recall
the descendent series for the moduli of closed Riemann surfaces,

- = = (™S
Fc(u,lo,l‘l, .. ) = Z Mzg_zFéf(l‘o,[l, . ) = Z M2g—2 Z Tg,
g=0 n=0

g§=0
where y = Y 72 #;7;. Similarly, we define the open descendent series as

n8k>
_ 1 _ 1
F"(usto,tl,. ) Zug FO(Io,tl,. ) Zug Z YA

g=0 g=0 n=0

where y = Y 72 1;7; is as before and § = so. The associated partition functions are
Z° =exp(F¢) and Z° =-exp(F°).
We define the full partition function by

Z=exp(F° + F°).

1.6.2 Virasoro constraints Let L, be the differential operators in the variables u and #; defined in
Section 1.2. We define an s extension £, of L, by the formula

ontl 343 9n

n

R R

(1-13) P = Lp+u's

for n > —1. Using the relations
[Ln, Lm] = (n—m)Lytm

and the commutation of L, with the operators u, s and d/ds, we easily obtain the Virasoro relation
[£n, Em] = (n—m)Lpym.

By Witten’s conjecture, L, annihilates Z€.

Conjecture 1 The operators &, annihilate the full partition function,
$,7Z=0 forall n>—1.
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The restriction of the full partition function Z to the subspace defined by #; = 0 for all i is easily evaluated,

53 3

(1-14) Z(s,t0=0,t1 =0,1p =0,...) = ()} T3

By a dimension analysis, the descendent (o> ), evaluated by (1-12), is the only nonzero term which
survives the restriction. The Virasoro constraints of Conjecture 1 then determine Z from the restriction
(1-14). In other words, Z is uniquely and effectively specified by Conjecture 1, the restriction (1-14),

and Z€.
Using our construction of the descendent theory of pointed disks, we prove the genus O part of Conjecture 1.
Theorem 1.1 The operators £, annihilate the genus-zero partition function up to terms of higher genus.
That is, for n > —1, the coefficient of u™1 in

P expu 2 F§ +u" FQ)
vanishes.

The proof of Theorem 1.1 is presented in Section 5.

1.6.3 String and dilaton equations The string and dilaton equations for F¢ are obtained from the
operators £_; and &g respectively. The string equation for the open geometry is

) 0 1)
(115) oF° oF°

The dilaton equation is
OF° =2i+1 0F° 2 0F° 1

t S .
n =3 o T3 T2
The string equation implies that for 2g —2 + k 4+ 2/ > 0,

o o

<ro I fa,.ak> - Z<%_1 I fal.ak> |

i=1 & i#] &
The dilaton equation implies that for 2g —2 + k +2/ > 0,

o

I l o

(1-16) <r1 H‘[aiak> :(g—1+k+l)<1_[rai0k> .

i=1 g i=1 g

The string and dilaton equations for F¢ together with the Virasoro relations
L1Z=%LyZ=0

imply the string and dilaton equations for F°. The following result is therefore a consequence of
Theorem 1.1. It is also an important step in the proof.

Theorem 1.2 The string and dilaton equations hold for Fy .

Geometry & Topology, Volume 28 (2024)
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1.6.4 KdV equations We have already defined (1-8) double brackets in the compact case. For the open
invariants, the definition is parallel:

kywo
=2 2 ... 292 po
(7, Ta; -+ 70, 07)) Mgy Mgy, Otg, dsk

ko o
T T oo Ty, O e — .
« ai ‘taz aj »g atal alaz atal ask g

We conjecture an analog of Witten’s KdV equations in the compact case.

Conjecture 2 For n > 1, we have
@n 4+ Du™ (1) = ul{tn—170) (To))* + 2{(Tn—1)° (0N + 2(ta—10)° — Ju{{Tn—174 ).

Together with the string equation (1-15), the system of differential equations of Conjecture 2 uniquely
determines F° from (03)8 and F¢. For example, we calculate (using n = 1)

3(11)§ = 2(100)§ — 2(z3)§ = 3.

so (11) = % In fact, the system is significantly overdetermined. We speculate the differential equations
for F° of Conjecture 2 have a solution if and only if F¢ satisfies Witten’s KdV equations. The agreement
of Conjectures 1 and 2 is certainly not obvious. However, recent work of Buryak [4] proves they are
equivalent. Moreover, Buryak proves the consistency of the open KdV equations.

Using our construction of the descendent theory of pointed disks, we prove the genus 0 part of Conjecture 2.

Theorem 1.3 The open analogs of the KdV equations hold in genus zero. Namely,
21+ D{(ma)§ = (Tn-170)§{(z)d + 2(ta—1 )G (0N for n > 1.

A complete proposal for a theory of descendent integration in higher genus will be presented in a
forthcoming paper by Solomon and Tessler [39]. Via the construction of [39], Tessler [42] has found
a combinatorial formula that allows effective calculation of the descendent integrals in arbitrary genus.
Several months after the first version of this paper appeared, Conjectures 1 and 2 were proved by Buryak
and Tessler [7] using the combinatorial formula of [42]. A matrix model for refined open descendent
integrals distinguishing contributions from surfaces with different numbers of boundary components has
been conjectured in Alexandrov, Buryak and Tessler [2].

1.7 Formulas in genus 0

Descendent integration over the moduli space of compact genus 0 Riemann surfaces with marked points

(tq, ...ral)‘(j:( [=3 )

ai,...,dj

has a very simple answer,

The above evaluation is easily derived from the string equation for F¢ and the initial value
()5 =1.
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Alternatively, the evaluation can be derived from the topological recursion relations [45] for F{.

A explicit evaluation also can be obtained for the open invariants

(Ta, ...ralok)g
in genus 0. Using the string equation for F° of Theorem 1.2, we can assume a; > 1 for all i. By the
dimension constraint, ;

—3+k+2=> 2.
i=1
Theorem 1.4 We have the evaluation
I

k)o_ (Zl—l _l+1)

(Tay 1,07 )0 =
M., 2a; — D!

when a; > 1 forall i.

The double factorial of an odd positive integer is the product of all odd integers not exceeding the
argument,
M=9.7-5.3-1.

While such double factorials also occur [23] in the formula for AgAg 1 descendent integrals over the
moduli space of Jﬂg,l of higher genus curves, a direct connection is not known to us.

We derive Theorem 1.4 as a consequence of the following topological recursion relations for the open

theory in genus 0.

Theorem 1.5 Forn > 0, two topological recursion relations hold for F:

(TRRT) (o) = (Tm-170)5 (00 )§ + (Ta—1)§ (02)3,
(TRR D) {(tnTm Do = (tn—170)6{zotm N + (Ta—1))5 {Tmo )

oQ
o0 ON

As noted by Basalaev and Buryak [3], a straightforward manipulation of the above topological recursion
relations gives the following.

Corollary 1.6 The following two open WDV'V relations hold for Fy:
(tm o) § (200N + (Tm )G (0N = (TmoNG (a0 ),
{(zrtmToNo{Tota))g + (T Tm N3 (a0 NG = (TmTaTo )6 (T NG + {TmTa g (10N

The open WDVV equations of the preceding corollary are closely analogous to the open WDV'V equations
for open Gromov—Witten invariants that have been studied extensively in Chen [9] , Chen and Zinger [10],
Horev and Solomon [29], Solomon [38] and Solomon and Tukachinsky [41]. In fact, this analogy was
one of the starting points for the present paper.
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1.8 Context and motivation

1.8.1 Boundary conditions The original motivation for the definition of the boundary conditions of
this paper was the construction of open Gromov—Witten invariants by Liu [32] in the presence of an
S1 action on the target space. Roughly speaking, Liu shows that the induced S action on the boundary
of the moduli space of stable J—holomorphic disks maps is free because it acts nontrivially on boundary
nodes. So one can reduce the dimension of the boundary from real codimension 1 to real codimension 2
by taking the quotient. This is crucial for the definition of numerical invariants. In the context of the
open descendent integrals constructed here, the target space is a point, which does not admit a nontrivial
S1 action. However, there is still a one-dimensional foliation of the boundary of the moduli space of
stable disks reminiscent of the orbits of the induced S action on the boundary of the moduli space used
in Liu’s construction. The leaves are paths traced when boundary nodes of stable maps are allowed to
change in a certain way. We define the nonvanishing section s of E|, Mok mentioned in Section 1.5 by
the property that it is pulled back from the leaf space of the foliation. The leaf space is of real dimension
two less than the real rank of E, so any two nonvanishing sections pulled back from the leaf space can be
connected by nonvanishing homotopy. Consequently, the open descendent integrals do not depend on the
choice of s.

1.8.2 Mathematical and physical corroboration The open descendent integrals fit nicely in the broader
field of open Gromov—Witten theory. The open WDV'V equations for descendent integrals of Corollary 1.6
are closely analogous to the open WDVV equations for open Gromov—Witten invariants that have been
studied extensively in Chen [9], Chen and Zinger [10], Horev and Solomon [29], Solomon [38] and
Solomon and Tukachinsky [41]. Open descendent integrals enter naturally in Zernik’s [47; 48] fixed-point
localization formula for equivariant open Gromov—Witten invariants of even-dimensional projective spaces.
The nonequivariant limit of Zernik’s formula in dimension two gives Welschinger’s invariants [43] of
the projective plane. Since the open string, dilaton, topological recursions, KdV equations and Virasoro
constraints are highly overdetermined, their existence is in itself an indication of the naturality of the
definition of open descendent integrals.

From a physics perspective, Witten and Dijkgraaf [14] have explained how the open descendent integrals
of the present work arise in the context of topological field theory in the spirit of topological sigma models;
see Witten [44]. They have also derived the open Virasoro constraints from random matrix models for
topological gravity with vector degrees of freedom that arise from including open strings. Connections
with condensed matter physics are described as well.

1.8.3 Open versus closed The recursion relations for the open descendent integrals exhibit behavior
that does not have a direct analog in the closed theory. This is most clearly visible in the open topological
recursion relations of Theorem 1.5. On the one hand, the closed—open terms

(1-17) {tn—170)5 (00 ))g and  {(tn—170))5{T0Tm )G
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from equations (TRR I) and (TRR II) are analogous to the right hand side of the closed topological
recursion relations,

(1-18) «Tn'fmfl»f) = «Tn—l‘fo»f)«fofmfl»f)-

In both cases, the product of correlators arises from a stratum 7" in the relevant moduli space consisting
of two component stable Riemann surfaces with a single interior node. The interior node contributes an
interior marked point to each component of the surface, and hence a g insertion in each correlator of the
product.

On the other hand, the open—open terms

(1-19) (tn—1)5o?)g and  {(Ta—1)§{tmo )G

from equations (TRR I) and (TRR II) exhibit unexpected behavior. The product of correlators arises from
a stratum 7' in the stable disk moduli space consisting of two component stable disks with a boundary
node. Unlike the case of the interior node, the boundary node contributes a boundary marked point to
each component of the surface, but only contributes a o insertion to one correlator of the product.

The unusual form of the open—open terms reflects a fundamental difference in the way they arise. The
proof of both the open and closed topological recursion relations uses a special section ¢ of one of
the cotangent line bundles. The section ¢ vanishes on the stratum 7 giving rise to the closed—open
terms (1-17) and the right hand side of (1-18). Over the locus T, the section ¢ does not vanish, but rather
it fails to agree with the boundary condition. The open—open terms (1-19) quantify the lack of agreement.

The open dilaton equation (1-16) also exhibits unexpected behavior. According to the closed dilaton
equation (1-5), a 77 insertion multiplies the value of a descendent integral by the Euler characteristic of
the relevant surface after removing marked points. A natural guess would be that a 71 insertion multiplies
the value of an open descendent integral by one-half the Euler characteristic of the closed double surface
after removing marked points. That would result in a factor of (g — 1+ k/2+1) in (1-16) instead of the
correct factor of (g — 1+ k + /). It will be seen in the proof that this discrepancy directly reflects the
definition of the boundary conditions.

1.8.4 The obstacle to conjugation symmetry arguments Before considering the approach to open
descendent integrals based on boundary conditions presented in this paper, we attempted to use a complex
conjugation symmetry argument as in Cho [11], Georgieva [22] and Solomon [37]. Roughly speaking,
the argument seeks to cancel certain boundary components of the stable disk moduli space by gluing
pairs of components related by complex conjugation. For this to work, the gluing maps must always
reverse orientation relative to the bundle E of (1-11). However, in the case of open descendent integrals,
the signs of the gluing maps vary. Equivalently, the possibility of defining open descendent integrals by
integration over the moduli space of real stable curves obtained by a doubling construction is obstructed
by lack of orientability.
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The phenomenon of boundaries that cannot be canceled by complex conjugation symmetry appears also
in the context of open Gromov—Witten invariants in dimensions greater than three; see Solomon and
Tukachinsky [40]. The problem occurs when the invariants include interior constraints of even complex
codimension or boundary constraints. Similarly, the problem with open descendent invariants arises on
account of even powers of the classes 1; and boundary marked points. Genus-zero open descendent
invariants necessarily involve boundary marked points. Otherwise, the real dimension of the moduli space
is odd, while the cohomology class to be integrated is of even degree.

1.8.5 Beyond the point Building on the present work, Buryak, Clader and Tessler [6; 5] define a genus-
zero open r—spin theory and prove an open analog of Witten’s conjectures [46]. Buryak, Pandharipande,
Tessler and Zernik [8] define stationary open descendent invariants for (CP!, RP') and calculate them
by fixed-point localization. They also give conjectural formulas for higher-genus invariants.

Let X be a symplectic manifold. In forthcoming work of Giterman and Solomon [24], descendent open
Gromov—Witten invariants are defined for a large class of Lagrangian submanifolds L C X. The definition
recasts the construction of the present paper in the general framework for open Gromov—Witten theory
developed by Solomon and Tukachinsky [40]. The foliation used in defining the boundary conditions for
open descendent invariants is related to the unit in a deformation of the Fukaya A, algebra of L that
arises from descendent classes. The unit plays a role in the definition of weak bounding cochains, which
are used to cancel boundaries of moduli spaces of stable disk maps. A major challenge arises because
the strict cyclic structure of the usual Fukaya A algebra deforms only in the homotopy sense in the
presence of descendent classes.

Basalaev and Buryak [3] have formulated a conjectural extension of the open Virasoro constraints of
the present work in any situation where the open WDVV equations hold. For example, Solomon and
Tukachinsky [41] showed that the genus-zero open Gromov—Witten invariants of [40] satisfy the open
WDVYV equations. So the Virasoro constraints of Basalaev and Buryak predict the behavior of conjectural
higher-genus open Gromov—Witten invariants in that context.

1.8.6 Descendents in SFT Descendent classes in the context of moduli spaces with boundary have
previously been considered in the work of Fabert [17] and Fabert and Rossi [18; 19] on symplectic field
theory (SFT), based on ideas of Eliashberg [15]. A collection of homological invariants is defined that
satisfy analogs of the divisor, dilaton and string equations as well as a version of the topological recursion
relations.

A similar construction could be used to deform the Fukaya A, algebra of a Lagrangian submanifold.
However, to define descendent open Gromov—Witten invariants within the framework of [40], additional
steps are required. The descendent deformation of the Fukaya A, algebra must preserve the unit and the
cyclic structure. The cyclic structure can only be deformed in the homotopy sense. Moreover, one must
construct a canonical class of bounding cochains in the deformed algebra. These constructions are carried
out in [24]. The open descendent integrals of the present work can be thought of as the descendent open
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Gromov—Witten invariants of the point. The structures and constructions used in the general definition of
descendent open Gromov—Witten invariants were found in part by unwinding the definition of boundary
conditions given here.

The works of Fabert [17] and Fabert and Rossi [18; 19] on descendent classes in SFT consider the algebraic
structures in SFT that arise from Riemann surfaces without boundary. These structures are analogous
to closed Gromov—Witten theory. There are also algebraic structures in SFT that arise from Riemann
surfaces with boundary, analogous to the Fukaya category and open Gromov—Witten theory. Some aspects
of the structures in SFT arising from surfaces with boundary are outlined by Eliashberg, Givental and
Hofer [16, Section 2.8] with an emphasis on the new challenges that arise. The open descendent integrals
of the present work belong to open Gromov—Witten theory. As explained in Section 1.8.3, phenomena
that are unique to Riemann surfaces with boundary play a central role.

1.9 Extension of multisections

H Hofer brought to the authors’ attention a difficulty in proving the existence of a multisection of a vector
bundle on a manifold with corners that smoothly extends a given multisection on the boundary. The
existence of such an extension is used in the present paper in the construction of the boundary conditions
for descendent integrals. The boundary condition is necessarily a multisection as explained in Section 1.5.
Specifically, the extension result is used in the proof of Proposition 3.49.

The difficulty with extension can be described as follows. Consider the following two approaches to
proving the existence of a section of a vector bundle on a manifold with boundary that smoothly extends
a given section on the boundary:

(a) Choose a retract of a neighborhood of the boundary to the boundary. Pull back the section to the
neighborhood. Extend using a partition of unity to the whole interior.

(b) Extend locally. Glue local extensions using a partition of unity.

Approach (a) fails for manifolds with corners because the retract cannot be made smooth. Approach (b)
fails for multisections because the natural sum operation on two multisections sums each branch of one
with each branch of the other. In particular the number of branches of the sum is the product of the
numbers of branches of the summands. So patching local extensions with a partition of unity leads to a
multisection that does not restrict to the given multisection on the boundary. It does not have the right
number of branches.

The recent book by Hofer, Wysocki and Zehnder [28] presents in Chapters 13—14 a solution to the extension
problem for multisections. The main idea is to introduce the notion of a structured multisection, which
includes the information of a local labeling of branches. Two structured multisections with compatible
labeling schemes can be summed branch by branch without multiplying the number of branches. Thus,
approach (b) to the extension problem can be salvaged. The cost is that the local extension problem
becomes considerably more difficult.
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There is an additional difficulty with extending multisections noticed by Hofer and Solomon. The
extension constructed in [28] is a structured multisection. However, the structure may not extend the
given structure on the boundary. This leads to difficulties in inductive constructions of extensions, which
are important in the present paper. Hofer and Solomon are collaborating on a solution of this problem. A
solution has been found by slightly modifying the definition of structured multisection. The modification
affects each step of the construction of extensions given in [28] and a full account is quite long. Recently,
Hofer and Solomon have reworked the definition of a structured multisection and the proof of the extension
theorem in the language of sheaves. The sheaf-theoretic approach is expected to clarify the ideas behind
the definition and the theorem and make them easier to use and modify in the future. The sheaf-theoretic
approach is the subject of the paper in preparation of Hofer and Solomon [27]. A further discussion of
multisections and their extensions is given in the appendix.

Plan of the paper In Section 2 we review the moduli space of stable marked disks and discuss stable
graphs. In Section 3 we define the canonical boundary conditions and the open descendent integrals. We
then define the more subtle special canonical boundary conditions and show they exist. We prove the
string and dilaton equations and the topological recursion relations using geometric methods in Section 4.
In Sections 5 and 6, we prove the genus-zero open Virasoro relations and KdV equations using the string
and dilaton equations and assuming the genus-zero formula of Theorem 1.4. Finally, in Section 7 we
prove the genus-zero formula using the open topological recursion relations and the dilaton equation.
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2 Moduli of disks

2.1 Conventions

We begin with some useful notation and comments.

Notation 2.1 Throughout this paper the notation dimg¢ (resp. rk¢) will mean % dimp (resp. %rkR).
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Throughout this paper, whenever we say a manifold, unless specified otherwise, we mean a smooth
manifold with corners in the sense of Joyce [30]. Similarly, notions which relate to manifolds or maps
between them are in accordance with that article.

Notation 2.2 We write A for the standard unit disk in C, with the standard complex structure.

Notation 2.3 For a set A, denote by A° the set
{x° for x € A}.

For [ € N, we use the notation [/] to denote {1,2,...,[}. We write [0] for the empty set. We also denote
by [/°] the set [/]°.

Notation 2.4 For a set A, write 2ﬁ‘f1n for the collection of finite subsets of A. We say that B C 2ﬁ‘f1n is a
disjoint subset if its elements are pairwise disjoint.

Notation 2.5 Put £ = 2%11“20. Throughout the article we identify i € Z U Z° with {i} € £, without
further mention. We denote by Z’ﬁ:n disi the collection of finite disjoint subsets A of £, such that & ¢ A.

For A € 28

fin, dis? let UA € £ denote the union of its elements as sets.

Remark 2.6 We use the set £ to label the marked points and nodal points of stable disks. Here is an
informal description of how the labeling procedure works. Typically, we begin with a stable disk with
boundary marked points labeled by single element subsets of Z° and interior marked points labeled by
single element subsets of Z. See, for example, Notation 2.20. Each nodal point of the stable disk, whether
boundary or interior, is labeled canonically on each of the two components to which it belongs by a finite
set. The finite set is the union of the labels of the marked points on the components of the stable disk that
can be reached by starting from the given component and passing through the given nodal point. A formal
description of the labeling procedure for nodal points is given in Definition 2.28. Ultimately, we split the
stable disk into subdisks by cutting it apart at one or more nodal points. The nodal points at which the
splitting occurs become marked points on subdisks. The new marked points inherit the canonical labels
of their parent nodal points. The splitting procedure is formalized in Section 3.1 and more generally in
Definition 3.10.

2.2 Stable disks

Throughout the paper, markings will be taken from £. We recall the notion of a stable marked disk.

Definition 2.7 Given B, [ € 2§n,disj with BN [ = @ and B U [ disjoint, we define a (B, [ )—marked
smooth surface to be a triple

(2, {zi}ieB, {zitier),
where

(a) X is a Riemann surface with boundary,
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(b) foreachi € B, z; € 0%,
(c) foreachiel, z; € f]

We call B the set of boundary labels. We call I the set of interior labels.

We sometimes omit the marked points from our notation. Given a smooth marked surface %, we write
B(X) for the set of its boundary labels. We also use B(X) to denote the set of boundary marked points
of . Similarly, we write /() the set of interior labels of X, and again, we also write /(X) for the set of
internal marked points of 3.

Definition 2.8 Given B, € 2§n,disj with BN I = @ and B U [ disjoint, a (B, I)—prestable marked
genus 0 surface is a tuple
T = ({Za}acanty, ~B:~1),
where:
(a) 9 and & are finite sets. For o € 9, X is a smooth marked disk; for @« € &, X is a smooth marked
sphere.
(b) ~p is an equivalence relation on the set of all boundary marked points, with equivalence classes
of size at most 2, and ~7 is an equivalence relation on the set of all internal marked points, with
equivalence classes of size at most 2.

The two equivalence relations ~p and ~; taken together are denoted by ~. The above data satisfies:
(a) B is the set of labels of points belonging to ~p equivalence classes of size 1. [ is the set of labels
of points belonging to ~; equivalence classes of size 1.
(b) The topological space [ [, cquy Za/~ is connected and simply connected.
(c) The topological space | [,cq Xa/~p is connected or empty.
We also write X = [ [, cquy Za/~. If D is empty, X is called a prestable marked sphere. Otherwise it is
called a prestable marked disk. We denote by Jlp (%) the set of labels of boundary marked points of

3 which belong to ~p equivalence classes of size 1. We define /M (Xy) similarly. The ~p (resp. ~7)
equivalence classes of size 2 are called boundary (resp. interior) nodes.

A smooth marked disk D is called stable if
|B(D)| +2[1(D)| = 3.

A smooth marked sphere is stable if it has at least 3 marked points. A prestable marked genus 0 surface
is called a stable marked genus 0 surface if each of its constituent smooth marked spheres and smooth
marked disks are stable.

Notation 2.9 When B = A° for some A, we denote the marked point z;o, for i® € B, by x;. In this
case we also use the notation (X, x, z) to denote a stable marked surface, where x = {x; };o¢p(x) and

zZ =1{Zi}iel(D)-
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Definition 2.10 Let X, X', be stable marked genus 0 surfaces with B(X) = B(X') and I(X) = I(X).
An isomorphism f: ¥ — X' is a homeomorphism such that
(a) Foreacha € DU, the restriction f|y maps Xy biholomorphically to some Z¢ for o’ € 3" US".
(b) Foreachi € B(X)U I(X) there holds f(z;) = z/.

Remark 2.11 The automorphism group of a stable marked genus 0 surface is trivial.

2.3 Stable graphs

It is useful to encode some of the combinatorial data of stable marked disks in graphs.

Definition 2.12 A (not necessarily connected, genus 0) prestable graph I is a tuple

V=VOUVC E ;. (p),

where

(a) VO and VC are finite sets,
(b) E is a subset of the set of (unordered) pairs of elements of V,

© £7:V— zh}‘:n,disj and {p: VO — 2§n,disj

are label maps.

We call the elements of V' the vertices of I, where VO are the open vertices, and VC are the closed
vertices. We call the elements of E the edges of I'. An edge between open vertices is called a boundary
edge. The other edges are called interior edges. We call £ (v) the interior labels of v, and £p(v) the

boundary labels. We demand that I" satisfies:

(a) The graph (V, E) is a forest, namely, a collection of trees.

(b) Ifv,u € VO belong to the same connected component of T, they also belong to the same connected
component in the subgraph of I' spanned by V ©.

(c) The sets £7(v) for v e V and £g(v) for v € VO are collectively pairwise disjoint. That is, labels
are unique.
(d) (i) For W C V spanning a connected component of I", the subset | J, ey (€5 (v) U£;(v)) C 2§n is
disjoint.
(i) Fori =1,2,let W; C V span connected components of I" and let U; C UUGWZ_ p(v)ULr(v))
be proper subsets that are disjoint. Then | J U; # | Ua.

We say that I" is connected if its underlying graph, (V, E) is connected.

Remark 2.13 Condition (b) above means that each connected component of closed vertices is a tree
rooted in a neighbor of an open vertex. Other vertices in this tree have no open neighbors. The root has a
unique open neighbor. This is a combinatorial analog of the geometric condition (c) of Definition 2.8.
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Remark 2.14 Condition (d) is designed to achieve the following:
e The operator & of Definition 3.10 takes stable graphs to stable graphs.
e The operator d of Definition 2.19 takes stable graphs to stable graphs.

Part (i) ensures the label sets £;(v), £ (v) C 2§n remain disjoint under the above operations. Part (ii)
ensures labels remain unique.

Notation 2.15 For a vertex v € V, denote by E,, C E the set of edges containing v. We denote by El{
the set of interior edges of v and by E7 the set of all interior edges of I'. For v € VV 9, denote by E f the
set of boundary edges of v. Denote by E B the set of all boundary edges of I'. We define

B(v) =Lg)UE}, I()={(v)UE],
and we set k(v) = |B(v)|,[(v) = |I(v)|. We also write

B = J ). 1) =] ).

velV O vev
We define k(") = |B(T")|, [(T") = |{(T")|. Finally, if i € I(T") we define v; = v;(I") € V to be the unique
vertex v € V with i € £7(v).
For T" a prestable graph, we write V(T"), E(T"), 2% Eg, for the sets of vertices, edges, interior labels and

boundary labels, respectively. Similarly, we write V< (I") and so on. We also use analogously defined
notation /T (v) and BT (v).

Given a prestable graph I', we define
e=e¢r: V(') —{0,C}
by &(v) = O if and only if v € V9. In specifying a stable graph, we may specify ¢ instead of specifying

the partition V = VO U VC,

Although £ was defined only for boundary vertices, we sometimes write £z(v) = @ for v € V.
Similarly, we set B(I') = @ when VO = 2.

Definition 2.16 An open vertex v in a prestable graph T is called stable if k(v) + 2[(v) > 3. A closed
vertex v in a prestable graph I is called stable if [(v) > 3. If all the vertices of I" are stable we say that "
is stable. We denote by 4 the collection of all stable graphs.

To each stable marked genus O surface ¥ we associate a connected stable graph as follows. We set
VO =% and VE = . Forv e V, we set

Lp(v) = Mp(Zy), L1 (v) =M(Zyp).

An edge between two vertices corresponds to a node between their corresponding components. One easily
checks that the associated stable graph is well defined and satisfies all the requirements of the definitions.
Moreover, ¥ is a stable marked disk if and only if V'O # @. Otherwise it is a stable marked sphere.
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Notation 2.17 The graph associated to a stable disk X is denoted by I'(X).

2.4 Smoothing and boundary

Definition 2.18 The smoothing of a stable graph I' at an edge e is the stable graph
del' =dipyT =T = (V',E' £}, l)
defined as follows. Write e = {u, v}. The vertex set is given by
V' =V \{u,v})U{uv.
The new vertex uv is closed if and only if both u and v are closed. Writing
E}, = {{w,uv}|{w,u} € E or {w,v} € E and w # u, v},
we set

E'=(E\(E 4UEy)UE),.

Furthermore,
p(w) =4£r(w) for weV'\{uv},

£ (uv) = Ly (u) U Lr(v),

and similarly for £p.

Observe that there is a natural proper injection £’ < E, so we may identify E’ with a subset of E.
Using the identification, we extend the definition of smoothing in the following manner. Given a set
S ={e1,...,en} € E(I'), define the smoothing at S as

dsT =do,(...de,(de,T)...).

Observe that dgI" does not depend on the order of smoothings performed.
Note that in case I' = dgT"/, we have a natural identification between E(I") and E(I'')\ S.

Definition 2.19 We define the boundary maps
3:49—2% 3929 9B.g08

by
O ={I'" | T =dgT’ for some @ # S € E(I'")},

9'T = {T}Uar,
BT =" |’ eor, |[EB(T)|=>1).
Denote also by 9 the map 2% — 2% given by

0{Ta}aca = J 0.
a€A
and similarly for 3' and 98.
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2.5 Moduli and orientations

Notation 2.20 For B, I € 2§n’disj with BN I = @ and B U I disjoint, denote by J(7L0’ B.I the set of
isomorphism classes of stable marked disks whose set of boundary labels is B and whose set of interior
labels is 7. Denote by .llg,p, ; the subset of .llg, g ; consisting of isomorphism classes of smooth marked
disks. We denote by JVLO, 7 the set of isomorphism classes of stable marked spheres whose label set is 1.
Let Alg,; be the set of isomorphism classes of smooth marked spheres with label set /. For I' € 4, denote
by Jlr the set of isomorphism classes of stable marked genus-zero surfaces with associated graph I.
Define
I’ed'T

We abbreviate Mo,k,l = Jao,[kO],[l]- We may also write JITLO,k’I, J‘/_Lo,B,l, with the obvious meanings.
Similarly, we abbreviate Mo,n = MO’[,,].

When we say that a stable marked disk belongs to MO, B.I, We mean that its isomorphism class is in
MO, B,1- The same applies to the other sets defined above as well.

Notation 2.21 Given nonnegative integers k, [ with k + 2/ > 3, denote by I s ; the stable graph with
VO = {x},VC = @, and with
Cp(x)=1[k°] and {7 (x)=1[I].

Remark 2.22 The above moduli of stable marked disks are smooth manifolds with corners. We have
dimg Ao g ; = k + 21 —3.

A stable marked disk with b boundary nodes belongs to a corner of the moduli space Mo,k,l of codimen-
sion b. Thus aﬁo,k,l consists of stable marked disks with at least one boundary node. That is,
aﬂ_/LO,kJ = ]_[ J‘/L[‘.
TedBTlo k.

For foundational work on the manifold with corners structure of moduli spaces of stable marked disks,
several references are available. One approach is Theorem 7.1.44 of [21]. A treatment based on hyperbolic
geometry is given in Section 4 of [32], which considers moduli spaces of stable marked bordered Riemann
surfaces of arbitrary genus. Moduli spaces of stable disk maps to homogenous spaces are studied in [49]
using complex geometry. In the special case the target symplectic manifold and Lagrangian submanifold
are both the point, one obtains moduli spaces of stable marked disks.

In the following, building on the discussion in [20, Section 2.1.2], we describe a natural orientation on the
spaces Mo,k,, for k odd. We start by recalling a few useful facts and conventions. Let ¥ be a genus-zero
smooth marked surface with boundary and denote by j its complex structure. For p € ¥, and v € T, X,
we follow the convention that {v, jv} is a complex oriented basis. The complex orientation X induces an
orientation of X by requiring the outward normal at p € 9 followed by an oriented vector in 7,0% to
be an oriented basis of 7, 2. The orientation of 9% gives rise to a cyclic order of the boundary marked
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points. Denote by M??{inl C Mo k,; the component where the induced cyclic order on the boundary marked
points is the usual order on [k]. Denote by Mr(ia};?l the corresponding component of Mo,k,l-

The fiber of the forgetful map Mo’k’lﬂ — Mo,k,l is homeomorphic to a disk. It inherits the complex
orientation from an open dense subset that carries a tautological complex structure. For k > 1, the fiber of
the forgetful map /uo,k+1,l — JITLO,k, ; is homeomorphic to a closed interval. An open subset of this closed
interval comes with a canonical embedding into the boundary of a disk, which induces an orientation on
the fiber. The fiber of the forgetful map Mgiz}élz’ | = Ji/_tgi";:jl is homeomorphic to [0, 1]?.

Example 2.23 The space J(/LO 2 1 = J(/Lo 2,1 is diffeomorphic to an interval. The endpoints are given by
products of the form Jl/to 1,1 X J(/L() 3,0. See the bottom of Figure 2. The space JI/LO znl is the fiber of the

—main

forgetful map Jl/LO 2 1 —> My g1

The moduli space Jl/to 3 1 is diffeomorphic to a hexagon. Boundary components can be either Jl/LO 3 0 X
—main —main

Mo 5,1 0r Mg 4 0 le/LO 1 1 See the top of Figure 2.

The space JI/LO 3 ", is the fiber both of the forgetful map JI/LO 3 t— JI/LO 1 " and the forgetful map A/Lr(;]3 1=
./l/tl(;l‘gno It is homeomorphic but not diffeomorphic to both D? and [0, 1]2 The dotted line in the hexagon in
Figure 2 represents the fiber of the forgetful map Ji/LO 3 n JI/LO 2 " . It is diffeomorphic to the interval [0, 1].
The fiber over the right hand endpoint of the interval is the union of three boundary components, so it is

not a smooth submanifold, but it is still homeomorphic to the interval [0, 1].

We fix the orientation of the fiber of the forgetful map Mgllirjﬂ, 1= JI/_LI(;I’B;:II by identifying the first factor
of [0, 1]? with the fiber of the map forgetting the k + 1 marked point and the second factor with the fiber
of the map forgetting the k + 2 marked point. This orientation is called the natural orientation below.

Lemma 2.24 Let k be odd and [ arbitrary. There exists a unique collection of orientations o ; for the
spaces JITLO,k,l with the following properties:

(a) In the zero-dimensional casesk = 1,1 =1, and k = 3, ] = 0, the orientations 0 j; are positive at
each point.

(b) The orientation o i ; is invariant under permutations of interior and boundary labels.

(c) The orientation 0g k ;41 agrees with the orientation induced from the orientation o ; by the
fibration Mo,k,lﬂ — Mo,k,l and the complex orientation on the fiber.

(d) The or1entat1on 00,k+2,1 agrees with the orientation induced from the orientation oq x ; by the
fibration Jl/LO o 2.0 JI/LO k " and the natural orientation on the fiber.

Remark 2.25 In the preceding lemma, it does not matter which ordering convention we use for the
induced orientation on the total space of a fibration. Indeed, the base and fiber are always even-dimensional.
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3
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2 2
2
1
1 1
o0 2 00
2 2

Figure 2: The hexagon represents M‘;‘,ﬁf‘l and the line segment represents Mronf;?l. The dotted line
represents a typical fiber of the forgetful map. Stable marked disks are shown that represent a
typical point of each space as well as a typical point of each boundary component.

Remark 2.26 The orientation induced on the boundary of Mgl’a,ir’ll by 09 k1 agrees with the orientation
induced by the product structure up to a sign computed in Proposition 8.3.3 of [21]. However, we will not
need to know this sign in the present work. Rather, we will use the compatibility property of the induced
orientation on the boundary proved in Lemma 3.16 below. This compatibility property arises naturally in
the proof of the open topological recursion relations in Lemma 4.13 below.

Proof of Lemma 2.24 If the orientations 0 x; exist, properties (a)—(d) imply they are unique. It remains
to check existence.

For property (b) to hold, we must show that permutations of labels that map the component Mr&a};?l to
itself are orientation preserving. Indeed, let

U={(z,w)|Z=(21,...,Zk)G(S1)k,Z,~7éz]~,i;éj;w=(w1,...,w1)€(intD2)l,w,-;éwj,i;éj}.

Denote by U main — 7 the subset where the cyclic order of zq,...,zE,on S 1 = 9D2 with respect to the
orientation induced from the complex orientation of D2 agrees with the standard order of [k]. Then

0y = U™ /PSLy(R).
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Permutations of labels preserving the component Mﬁ‘f};‘,‘, are powers of the cyclic permutation

z1oevvzi) > (2. 21, ooy Zg—1)-

The cyclic permutation diffeomorphism J(/L‘(’)‘:}ci’,‘l — M‘(;"a}ci‘:l is induced by the diffeomorphism U™a? — {ymain
that is obtained by restricting the diffeomorphism @ : (S1)* — (S1)¥ given by cyclically permuting
the factors. Since dim S! = 1, the sign of @ is (—1)*® =1 Since k is odd, we see that @ preserves
orientation. So cyclic permutations of the boundary labels preserve the orientation of U ™3™ and thus also
./l/Lglf}ci"‘l and A%gii?l. Similarly, since dim D? = 2, arbitrary permutations of the interior labels preserve the

- . Tmain
orientation of g x ;.

A direct calculation shows that the orientation on Jl7t0,3,1 induced by property (c) from 0¢,3,0 agrees with
the orientation induced by property (d) from 0¢,1,1. See Figure 2. So 03,1 exists. Existence of 0q i ; satis-
fying properties (c) and (d) for other k, /, follows from the commutativity of the diagram of forgetful maps

—main —main
Mo gt2,141 — Mo k42,1

l |

—main —main

Mo 41— Mo ;1 d

For the remainder of the paper, we always consider the spaces Mo,k,l for k odd equipped with the
orientations 0¢ ;.

2.6 Edge labels

In constructing the boundary conditions for open descendent integrals, it is necessary to be able to refer
to the edges of a vertex and their corresponding nodal points unambiguously. We do this as follows.

Notation 2.27 Let I be a stable graph and let e be an edge connecting vertices u, v € V(I'). That is,
e={u,vie E).

We denote by I'e the (not necessarily stable) graph obtained from I" by removing e. We denote by I
the prestable graph which is the connected component of v in I'.. We define I, ; similarly.

Definition 2.28 Denote by i 5 : I(v) U B(v) — £ the map defined by
(a) ig(x) =x for x € £7 (v) ULp(v),
® i) =UITeu) U B(Tep) fore ={u,v} € E.

When the graph T is clear from the context, we write i, instead of i{ .

Remark 2.29 It is easy to see that i, is actually an injection. Hence, we may identify /(v) U B(v) with
its image under i,. In addition, it follows from Definition 2.12 part (d)(i) that

iv(I(v) U B(v)) € 2f, 4ii-
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{1°}\ {3°}
{3°, 13 {1°,2°%

F )
/ou o ey

{2°}

{1°} {3°}
N (3°,1} {1°,2°} i {1} {1°,2°,3°%) 5 o

X y z
{2°}

Figure 3: We show the stable graphs from Example 2.31. Boundary labels are shown as half-edges
and interior labels are shown as double half-edges.

Definition 2.30 Let ' € G and A € 9'T. In light of Definitions 2.18 and 2.19, we have canonical maps
s=¢ar:V(A)—= V(') and t=rp: E(T)— E(A).

Namely, let S C E(A) such that I' = dgA. Then V(I') is the quotient of V(A) under the equivalence
relation generated by u ~ v if {u, v} € S. The map ¢ is the quotient map. Let

Sym? ¢ : Sym? V(A) — Sym? V(')
denote the induced map on unordered pairs. Then
E(T) = Sym? g(E(A)\ S).
Since A is a forest, it follows that Sym? ¢ | E(A)\S 1s injective. Thus, we define t = (Sym? ¢| E( A)\S)_l.

Alternatively, the maps ¢ and ¢ can be characterized in terms of labels as follows. The map ¢ is uniquely
determined by the condition that for v € V(A), there exists a partition Im ig(v) = Py I---1I P, such that

Imil = {UP_,.
If e ={u,v} e E(I'), then t(e) is the unique edge of the form {u/, v} where ¢(%t) = u and ¢ (V) = v.
Example 2.31 To see how the edge labels of Definition 2.28 and the maps ¢ and ¢ of Definition 2.30
work, it is helpful to consider concrete examples. We refer the reader to Figure 3. Let I' € 0I'g 3,1 be

given by
V) =veT) ={u.v}, L) ={1"1{2°), &(w) =2,

E(T) = {{u, vj}, tp(v) = {{3°}}. tr(v) = {1}
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Then
iy (u,0}) = (3%, 13, iy (fu, v}) = {1°,2°).
Let A € 0T be given by
tp(x) ={1°1 2%, t(x) =2,
tp(y) ={{3°}}, tr(y) =2.
tp(z) =2, £r(z) = {{1}}.

V(A) =V(A) =1{x,y,z},
E(N) ={{x,y}{y. 2z}
Then
) =313, iy ={1°2°) it dy.z) =141}, i,z =1{1°,2°,3%,
The map ¢ =¢a,r: V(A) — V(I') is given by
sx)=u, s(y)=v, <(z)=v.
The map ¢t =ra: E(I') = E(A) is given by
t({u,v}) = {x, y}.
To verify the characterization of ¢ in terms of labels from Definition 2.30, we observe that
Im] =Imi2 = {{1°}.{2°}. {3°. 1}}.
Imil =Imil = {{1°,2°},{3°}. {1}},
Imil = {{1°,2°,3°}, {1}}.

So to verify the characterization for ¢(x) = u, and ¢(y) = v, the required partitions of Im,l; and Im i}
are trivial. To verify it for ¢(z) = v, consider the partition

Imiy = {{1°.2°}, (3°}} L {{1}}.

Definition 2.32 For I' € § and U C V(I'), let 'y be the stable graph spanned by U with labels added
in place of edges connecting U to its complement. Specifically,

VIy)=U, er, =c¢rlv, E(ly)={{uviec EN)u,velU},

GV ) =) ulil(e)|e={u, v} e EX(T),u ¢ U} forall vel,

Lp(v) = L) Uil (e) | e ={u,v} e EB(T),u¢ U} forall veU.

For v € V(I'), abbreviate I'y = I'y,y and
Mv - MFU'

2.7 Forgetful maps

We now define forgetful maps for stable graphs. Let I' be a connected prestable graph. Set
k=kT), [=1T), I=IT), B=BD).
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When VO = &, assume [ > 3. In the case that V¢ # &, assume k + 2/ > 3. Define the graph stab(I") as
follows. Take any unstable vertex v € VO U VC,

(a) Whenv e yo (VC) has no boundary or interior labels and exactly 2 boundary (interior) edges
er ={v,u}, ex={v,wj,
remove v and its edges from the graph and add the new boundary (interior) edge {u, w}.

(b) When v € V© has a single boundary edge {v, u}, a single boundary label i and no interior edges
or labels, remove v and its edge from the graph and add i to £p (u).

(c) When v € VC has a single interior edge {v, u} and a single interior label i, remove v and its edge
from the graph and add i to £;(u).

(d) When v has a single edge, and no labels, remove v and its edge from the graph.

Other cases are not possible. We iterate this procedure until we get a stable graph. Note that the process
does stop, and that the final result does not depend on the order of the above steps. We extend the
definition of stab to not necessarily connected graphs by applying it to each component if each component
satisfies the assumptions.

Definition 2.33 The graph stab(I) is called the stabilization of I

Notation 2.34 Consider a stable graph I" such that
k(T)+2@T)—1) =3.

Ifi ¢ I(I'), we define for; (I') = T'. If i € I(T"), we define for; (I') to be the graph obtained by removing
the label i from the vertex v; and stabilizing.

Observation 2.35 Let I' € 9. The natural map

]_[ My — My
veV (')

is an isomorphism of smooth manifolds with corners.
We shall use the preceding observation to identify the two moduli spaces throughout the article.

Notation 2.36 Let I, [/, be stable graphs. Let

fV@) > V(@) and  fy:Im(iy ) - Im(if,) for ve V()
be injective mappings such that
(2-1) S C f,(S) forall veV(I), Selm(l’).

Given f, if the maps f, exist, they are unique by Remark 2.29. We say that (I'/, f') is a stable subgraph
of I'. When the map f is clear from context, it is omitted from the notation. For example, for; (I') is a
stable subgraph of I'. Indeed, V(for; (I")) is a subset of V(I"), and one verifies that the maps f, exist.
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For v € V(I'') the map f, induces a forgetful map
Fory : Mg () — My.

b8 ol l_[ My — l_[ Mg )

veV () veV ()

Denote by

the projection. We define the forgetful map

Forrr/: Mr — Mrs by Forrp = ( l_[ Forv) onr,I-
veV (I')
We abbreviate

For; = ForF,fori(F) t My — Mfsz‘ T)-

Observation 2.37 If I'” is a stable subgraph of T and T" is a stable subgraph of T", then

F]"’I‘// = FF/,F” [e] FF,F’-

3 Line bundles and relative Euler classes

3.1 Cotangent lines and canonical boundary conditions
For i € I, denote by
L; — AMo,B,1

the i ™ tautological line bundle. The fiber of IL; over a stable disk ¥ is the cotangent line at the i " marked
point 77, ¥. For any stable graph I' with i € I(I"), define

}Ll‘ — J(/LF
using the canonical identification of Observation 2.35. This definition of IL; — JM agrees with restriction
of L; — Mo,k,l to Mr C J‘/_LO,k,l for " € 81“0,;(,1.

Let
E=@L> — Mo,
iell]

where a;, k, [ are nonnegative integers such that
(3-1) tke E =) a; =dimg Mox,y =52/ +k—3) and k+2/-2>0.
iell]

In particular, since dim¢ /uo,k,l is an integer, k must be odd. We shall begin by defining the vector space
¥ of canonical boundary conditions for E. It is a vector subspace of the vector space of multisections
of E o4 - See the appendix for background on multisections.

Consider a stable graph I' € 9T x ; corresponding to a codimension one corner of Mo,k,l- Thus,
|E(D)| = |ES ()| =1.
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Write V(I') = {v1, v2}. Exactly one of k(vy), k(v2), is even. Without loss of generality, it is k(v;). Let
I'" be the stable graph with no edges and two open vertices v}, v5, with

Lp(v}) =iy, (B(v1)), {£B(vy) =Lp(v2), Lr(v})=1Lr(v}). £1(vy)=Lr(v2).

Here, I' is stable because of the assumption on the parity of k(v). The definition of I' implies that Aty
is the same as Jlr except that the marked point corresponding to the edge of I" on the component of v,
has been forgotten. Let E’ be the vector bundle given by

E/ = @ Ll.@ai —> J‘/Ll—v,
i€ll]

Since the map Forr r/ does not contract any components of the stable disks in Jlr, we have
~ /
E|y.~ Forf p E'.
See Observation 3.32 and the preceding discussion for details.

Recall that the boundary dX of a manifold with corners X is itself a manifold with corners, equipped
with a map
ix:0X — X,

which may not be injective. A section s of a bundle F — 0X is consistent if
s(p1) =s(p2) forall pi, po € X such that ix(p1) = ix(p2).
Consistency for multisections is similar. For a vector bundle F' — X, we write F'|yx =iy F and similarly
for sections of F'.
Definition 3.1 A smooth consistent multisection s of E| 8o k. is called a canonical multisection if for
each graph I" € 9B Lo k,; with a single edge, o
5| .= Forf v 87,

where s’ is a multisection of E” — Alr. The vector space of all canonical multisections is denoted by &.

3.2 Definition of open descendent integrals
Notation 3.2 Given a complex vector bundle ' — X, where X is a manifold with corners, denote by
Co°(F) the space of smooth multisections. Given a nowhere-vanishing smooth consistent multisection

s € C.P (Flax),

denote by
e(F;s)e H*(X,0X)

the relative Euler class. This is by definition the Poincaré dual of the vanishing set of a transverse
extension of s to X. See the appendix for details.
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Theorem 3.3 When condition (3-1) holds, one can find a nowhere-vanishing multisection s € . Hence
one can define e(E;s). Moreover, any two nowhere-vanishing multisections of & define the same relative
Euler class.

Definition 3.4 When condition (3-1) holds, define e(E; &) to be the relative Euler class e(E, s) for any
s € &. This notation is unambiguous by the preceding theorem. The genus-zero open descendent integrals
are defined by

Mo.k.1

(3-2) (Tay - 14,0%)§ = 2‘““1)/2/ e(E.9)
when condition (3-1) holds. Otherwise, they are defined to be zero.

The division by the power of 2 in the preceding definition is only for convenience. When rg of the a; are
equal to 0, r; of them equal to 1, and so on, we sometimes use the notation (150 tlr bo.. Uk)(”) for the above
quantity by analogy with the widely used notation for the closed correlators. When clear from the context,
we may drop the genus subscript or the o superscript, and write (7j°z]" ---0%)° or (tj%7]" --- o).

Remark 3.5 A surprising feature of our construction is the use of multisections rather than sections. The
reason for this is that in general one cannot find a nonvanishing section in &. This fact will be transparent
later when we calculate intersection numbers. We shall see that often the intersection numbers will not be
a multiple of the number of components of ./IZO’ k,1- However, each component contributes equally to the

intersection number, so each component must contribute a noninteger to the intersection number.

But we want also to understand geometrically what happens. Consider the case of MO’S,I and £ = ]L?z.
For simplicity we illustrate a section of IL; as a tangent vector at the interior marked point. Consider
Figure 4. We may take the interior marked point to be the center of the disk, as a result of the PSL,(R)
equivalence relation. Let I € dI'g 5,1 be the unique stable graph with two vertices, vy, v2, both open, and

lr(v2) =2, Lp(v2) =1{4,5}.
Consider a nonvanishing section s of IL1, which is a component of a canonical section of E|yz, . -

At the top left of Figure 4, we depict a stable disk ¥ € Jlr, at which s points to the boundary marked
point x3. Note that pointing at x3 is preserved by the action of PSL,(R). When the bubble of x4, x5,
approaches x3, while nothing else changes in the component of zy, x1, X2, X3, the section keeps on
pointing towards x3 by the definition of canonical boundary conditions. After the bubble reaches x3,
we move to the figure at the top right. By continuity, the section still points in the direction of x3, only
that now there is a boundary node there. Continuous changes in the component of x3, x4, x5, do not
affect s, again by the definition of canonical boundary conditions. In particular, s does not change when
x5 approaches the node. After xs reaches the node we pass to the figure at the bottom right. Again
continuity guarantees no change in s. Continuing in this manner, we finally reach the figure at the bottom
left. When we finish, s points at x5.
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X3
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X2 l’
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X3 X1 X3
X1 X2
X4 X5

Figure 4: A canonical multisection at different boundary points.

Now, let 3 be the unique marked disk in JAlr such that if we take the interior marked point z; to be the
center of the disk as before, we have the angle condition

Axl21x2 = AXZ21X3 = AX321X1 = %7‘[.

If a canonical multisection of E|, o5 1 does not vanish at X, then without loss of generality we may
assume that its first component, s, does not vanish there. Moreover, after possibly multiplying by a
complex scalar, we may assume s points at x3. So we are in the situation at the top left of Figure 4. Using
the above reasoning we see that on the surface X’ depicted at the bottom left of the figure, the section s
must point at x,. As a consequence of the choice of X,

¥~y

which is a contradiction. Of course, this example generalizes beyond Jt/_to,s,l and establishes the need for
multisections.

3.3 The base

In order to prove Theorem 3.3 we need to understand how canonical multisections behave on boundary
strata of arbitrary codimension. We encode the relevant combinatorics in an operation on graphs called
the base.

Definition 3.6 Let I' € 4. A boundary edge e = {u, v} € EB(I') is said to be illegal for the vertex v
if k(I¢y) is odd. Otherwise it is legal. Denote by Ejega(v) the set of legal edges of v. Recall that a
boundary node in a stable curve X € Jlr corresponds to a boundary edge of I', and a component of X
corresponds to a vertex of I'. We define a boundary node of X to be legal for a component ¥, if the
corresponding edge is legal for the corresponding vertex. Otherwise it is illegal.
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Notation 3.7 Denote by %,qq the set of all I' € % such that for every connected component I'; of ',
either VO(I';) = @ or k(I;) is odd.

Simple parity considerations show the following.
Observation 3.8 If I' € Goqq and e = {u, v} € EB(I"), then e is legal for exactly one of u or v.

Observation 3.9 Let I' € Goqq and v € VO (T). Then the total number of legal edges and boundary
labels of v is an odd number. Moreover, when {1 (v) # &, even if we erase from I" the edges which are
illegal for v, the vertex v remains stable.

Proof Lete = {u,v} be a boundary edge of v. If e is legal for v, then it is illegal for u, so k(I ) is
odd. Otherwise, k(I'¢ ;) is even. Thus

€W U Eiega ()| = [€a(0)[ + D" k(Tew) = k() =1 (mod2),

e={u,v}€Ergu(v)

which is the first claim of the lemma.
Regarding stability, we have just seen that [{g(v) U Ejegal(v)] is 0dd, hence at least 1, and by assumption
L7 (v) # @. Stability follows. |
Definition 3.10 The base is an operation on graphs
B Goad — Yodd
defined as follows. For I € 9,4q the graph BT is given by
V(BL) ={v el |20(v) + [{p(V) U Eiegai(v)| = 3}, ear =érly@r).  E®I) =2,
with maps
Ty =iy (I (v)) and €37 () =i} L) UEL,(v) for ve V(@T).
We abbreviate
Fr‘ = FOI‘]",%F . .MF d J‘/L%r*.
Observation 3.11 A multisection s of

E = @ ]Ll-@ai — 8/17(0,/(,1
iell]

is canonical if and only if for each T’ € 98 Lo k1, there exists a multisection sBT of

@ .
PL — dtgr
i€[l]
such that sy = Fll"s%r.

Proof The case where I' has a single edge is exactly the definition. The general case follows from the
continuity of s. |
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Observation 3.12 Observation 3.9 implies that I(I") C I(I"). It follows from the definition of A that
there is a canonical inclusion
icBY V(&) — V().

The following observation is straightforward.

Observation 3.13 Recall Definition 2.30. Let e = {u,v} € E(I') andlet A € OT". Let € = i1,z (e) and
let i,V € V(A) be such that ga () = u, A, r(V) = v and € = {u, v}. Then € is illegal for v if and
only if e is illegal for v.

The following is a consequence of the preceding observation.

Observation 3.14 We have
Bod =Bod oB.

The key to constructing homotopies between canonical multisections is the following.

Observation 3.15 For I" € dT'y ;. ; with k odd, we have
dimc¢ Mapr < dimc Mo — 1.

In addition, for any v € V(RTI"), we have dimc JM,, € Z. It follows that dimc Mgy € Z.

Proof If I' has at least one interior edge or two boundary edges, then dimc JMr < dim¢ Mo g, — 1.
So since dimc Mgpr < dimc JMr, the desired inequality follows. It remains to consider the case that I"
consists of two vertices u, v, connected by a single boundary edge e. Then e is illegal for exactly one of
the vertices, say v. The stability of v and the illegality of e for v imply k(v) > 4. So dropping e in passing
to BT does not destabilize v. Thus there is a corresponding vertex v’ in BT with k(v') = k(v) — 1. It
follows that

dimc Mgr < dime My — 1 = dime Mo — 1.

This completes the proof of the first claim. The integrality follows immediately from Observation 3.9. O

Recall Lemma 2.24. Let k be odd, and let I" € 9B Lo k1 consist of two open vertices vff, connected by

a single boundary edge that is legal for vff and illegal for vy. In particular, Jlr is an open subset of
8%7(0,/{,1. Denote by or the orientation on Mr induced by 0¢,k,; and the outward normal vector, ordering
the outward normal first. Furthermore, writing k7 = k(vl'l' ),k =k(vp)—1 and l% =1 (v#), we have

(3-3) Mapr 2= M g g+ X Mo g 1

where k% are both odd. So we define the orientation ogr of JMlgr to be the product of the orientations
00,k ,1%. The choice of isomorphism (3-3) does not affect or because of property (b) of 0 x,;. The fiber
of the map Fr is a collection of open intervals in the boundary of a disk, and thus carries an induced
orientation, which we call natural below.
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Lemma 3.16 The orientation or agrees with the orientation which is induced from ogr by the fibration
Fr: My — Mgpr and the natural orientation on the fiber.

Proof The claim can be checked explicitly in the three cases when dimg Mo, k.1 = 2. We use induction
on dimpg Moﬁ k,1 to reduce to the two-dimensional case. Indeed, assume dimg /‘Zo,k,l > 4. Since kljf are
odd and
4 < dimpg Mo,k,l = k;_ + kI_‘ + 2(11—*’_ + ZIT) —4,

either kl‘f + 2111" > 5 or ki + 2l > 5. By property (b) of 0g x ;, when kl'l' + 2[11" > 5, we may assume
) (vff) ={kp +1,...,k}. Otherwise, we may assume £p (v) = {k, ..., k}. Again by property (b), it
suffices to prove the claim for or restricted to A/Uf“am =JMrN Mr&*}ir"l. Denote by ./l/tg‘i‘i“ the corresponding
component of Jgr. We choose isomorphism (3-3) so it induces an isomorphism

main ~_ g4main mairl _
R — O’kr—t_!lr—i_ 0.kl

such that the k™ marked point of Mg corresponds to either the kff boundary marked point of Mo i
or the kI? boundary marked point of Mo,k;,l;- If liI + 21;r > 5 and k;f > 3, orif kI? + 2117 > 5 and
kp >3, let (k',1") = (k —2,1). Otherwise, let (k',I") = (k,]| = 1). If k' =k —2,1et " € d8Tg k1 be
the graph obtained from I" by forgetting the boundary markings k, k — 1. Otherwise, let I'" = for;(T").

/

D/

Consider the commutative diagram
D

A °B

/ /

‘/‘/LO,k,l )Mmain

Fr / ) )

Mmain ~ Mmain % Mmain
BRI

0k 1t 7Ok
/c Vs
Mmain ~ J‘/Lmain Mmain_ _
®r’ Oskl—-"*_/ all——"*_/ O’kF/’IF/

The spaces A, B and C, are the fibers of the forgetful maps a, b and c, respectively. So if k' =k —2,
A ~ [0, 1]%. Otherwise, A >~ D?. The fibers B and C are open subsets of 4 and the inclusions preserve
the natural or complex orientations. The spaces D, D’, are the fibers of the maps Fr, Fr/, respectively.
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Both D and D’ are homeomorphic to an open interval, and the open inclusion D <> D’ preserves the
natural orientations. By our assumption on {p (vri,), the map ¢’ is the identity on one of the factors

Amain - and the forgetful map on the other.
0,k ,IF

We say a fibration is oriented if the orientation on the total space is induced by that on the base and
fiber. Thus a and ¢’ are oriented by properties (c) and (d) of the orientations 0¢ x ;. By the definition of
the orientations or and ogr, it follows that b and ¢ are oriented. By induction Fy/ is oriented. So the
diagram implies Fr is oriented as well. |

3.4 Abstract vertices

For proving theorems, a refinement of canonical multisections is helpful. The relevant definition, given in
Section 3.5, uses the notion of an abstract vertex.
Definition 3.17 An abstract vertex v is a triple (e, k, I), where

(a) e€{C, 0},

(b) k € Zxo,

© I={iriz,....i1} €28 4
We demand that if ¢ = C, then k = 0. We call k = k(v) the number of boundary labels of the abstract
vertex and [ = [(v) = |I| the number of interior labels. We also use the notation /(v) for I, and we call

the elements of /(v) the interior labels of v. An abstract vertex is said to be open if ¢ = O, and otherwise
it is closed. An abstract vertex is called stable if k + 21 > 3.

Denote by ¥ the set of all stable abstract vertices.
Notation 3.18 Let v € V. We define

i — Mo, 1(v) if e(v) = C,

B O Mok, 1y i E() = O.
We define Jl, similarly.

We turn to the boundary of an abstract vertex, soon to be related with the boundary of a stable graph.

Definition 3.19 Given an abstract vertex v = (g, k, I), we define the boundary of v, denoted by dv, as
the collection of abstract vertices v/ = (¢’, k', I’) # v such that

(a) ife=C,thene =C,
(b) k' <k,and

(c) every element in I’ is a union of elements of I.
Definition 3.20 For I' € ¢, we define the map
n=nr: V() =V by n)=(ev),k(v),in((v))).

Here, i, is as in Definition 2.28.
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Definition 3.21 Let I' € ¢ and v € V(I'). Each bijection
B(v) =~ [k(v)°]

induces a natural diffeomorphism
Pv: My = My ().

For the rest of the article, we fix one such diffeomorphism for each open vertex in each stable graph. For
v € VE(I'), we have a natural identification ¢y, : Jl, — My vy without making any choices. The maps ¢y
extend to the boundary of .il,, and we use the same notation for the extension:

gi)v: ./‘7% —> J‘Zr](v)-
Remark 3.22 The symmetric group Sy acts naturally on Jilg g ;, with o € S sending (X, {x; }’1‘, {Z,-}ll)

to (X, {xo-i }11‘, {Zi}ll). In the same way, given I" € %, the group HveV(F) Sk(v) acts on M. In particular,
for every vertex v € V(I"), the symmetric group Sk (y) acts on Jlr.

Thus, if we had chosen another map ¢’ for a vertex v € V(I'), then ¢, and ¢’, would differ by the
action of some o € Sg(y). That is,

¢/v =¢yoo,

where we denote the group element and its action by the same notation.

We also have a map v: ¥ — G which takes the abstract vertex v = (g,k, I) € ¥ to the stable graph
(V=VOUVC, E, {;,€p) such that:

(@) Ife=C,then V =VC = {x}. Otherwise V = V9 = {x}.
(b) E=0.

(¢) Ife= 0O, then {p(x) = [k°].

d L(x)=1.

One can easily verify that nov = Id.

Notation 3.23 Denote by Vg9 C V" the set of all abstract vertices v such that either e(v) = C or k(v) is
odd.

Notation 3.24 Let I' € Gy4q and i € I(I"). By Observation 3.12, we have i € I(RBI"). So we write
v (T) = n(vi (BT)).
From Observations 3.9 and 3.13, we immediately obtain the following.

Observation 3.25 Let I' € Goqq,1 € I(I'), and let v = vl.* (I'). Then v € Voqq. In addition, for every
I'" € o, either v} (I'") = v or v} (I'') € dv. In the latter case,

dimg s vy < dime My
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Definition 3.26 Let I € 9,qq. The base component of the interior label i € I(I") is /‘/Lv,.* ()- The base
moduli of T is the space Mg .
Recall Definition 2.32. Let I € Goqq4, let v € V(RBI) and let i € I(I"). Define
(3-4) ®ry = ¢y oForrgr, : Mr — 'MTI(U)’ ®r; = CI)I‘,vi(%I‘) My — /‘/tvi*(p).
We use the same notation for the natural extensions of these maps to the appropriate compactified moduli
spaces.
Notation 3.27 Let v € Vyqq be an abstract vertex. We define a map
dy: Goga = 2% by 9,I" ={A € dT" | n(u) = v for some u € V(BA)}.

Moreover, for I € 9yqq We write

dplr = J] Ma.
A€d,T
By abuse of notation, we define a map

Oy Vodd — 2944 by  dyu = 3, (v(u)).
For u € V,4q an abstract vertex, we write
Dy My = ¢v(u) (av/‘/tv(u)) C /‘/_Lu
A crucial property of the base is the following. Fix I' € %oqq, a label i € I(I"), and I’ € dT". Write
v =v (). Let / ~
CDF’I- : ./‘/Lrv — Mv(v)

be given by the composition
—1

Myr — ‘/‘ZI‘ _)q:'l".i ./‘/_(,v ¢—>V(U) ./‘/_Lv(v).
The image of CIDF/Z. is a unique stratum Jilp C JITLU(U), where A € d(v(v)) or A = v(v). Note that
uf () = vf (A),

and denote this abstract vertex by v’. Then by Observation 3.25 we have either v/ = v or v’ € dv and
A € dyv. See Figure 5.

Observation 3.28 In the scenario described above, the diagram

T/
cI)I‘,i

(3-5)
D/ ; DPp

commutes up to the action of 0 € Si(y).
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)
£

“o'h

Figure 5: T is shown at top left, v at top right; center left shows I'/, center right shows A; and the
bottom figure shows v’.

Proof Letu =v;(I') andlet w =v; (BT), so n(w) =v. By Definition 3.10, we have a canonical inclusion
j: B(w) > B(u). Let ¢, : B(w) = [k(w)°] denote the bijection that induces the diffeomorphism
¢w : My, — Ay as in Definition 3.21. Recalling the map ¢/ r: V(I'') — V(I') from Definition 2.30, let
U= gIT/{F (u) C V(I"). Let I';; be the graph spanned by U as in Definition 2.32. Observe that there
is a canonical bijection #: B(I'y;) => B(u). Let I';;, , denote the stable subgraph of I';; obtained by
forgetting the boundary marked points not belonging ’to h=1(j(B(w))) and stabilizing. So

B(Ty,,) =h' (j(Bw))).
More explicitly,

3-6) BTy, = J ) Util () [e=1{x.y} € EE,(x).y ¢ U}

xeU
= 52 (u) U {l}f (e)|ee€ Efgal(u)} (by Observation 3.13)
= B(w) (by Definition 3.10)
c il (B)).

Let
bw: BTy ) = [k(w)°]

be the bijection given by $w = qu o j~loh. Since

BTy = k(w),
we have I‘{,’w € 9oq4. Also,

I(Ty,,) = I(Ty) =iy (1) = ig" (I(w)) = I(v).
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./‘/_Ll" For M%Fw Pw Mv
o)
./‘7(,,(,))

T/
<I:.1",17

— T

M = My, M

¢{u
For ForJf For
Prv M(@]&F/) —)M(%F/ —>M(%A)l DpLi
¢m %)
o

Flgure 6

The stable graph A is isomorphic to ', as an abstract graph, the interior labels are the same, and the
boundary labels are obtained by applying $w to the boundary labels of F{, w- Let

¢w My = Ma

U,w

denote the induced diffeomorphism. For a stable graph YT and m € I(Y), write Y, for the single vertex
graph spanned by {v; ()}, that is, Tp, = 13, (7). It follows from the first equality of (3-6) that

(BT)i = BTy )i
Since F&’w and A are the same up to applying @w to the boundary labels, the same is true for (%Fb’ w)i
and (BA);. Let
b Mary, ) = M@y,

denote the induced diffeomorphism. We sum up the situation with the diagram of Figure 6. All forgetful
maps are labeled by For, omitting the usual subscripts since they are clear from context. The left small
square commutes by Observation 2.37. The right small square commutes because the forgetful map
does not change when $w is applied to boundary labels. The triangle commutes only up to the action of

Sk(v’) because the maps ¢v; (v and ¢U,~*( A) depend on the arbitrary choice made in Definition 3.21. The
observation follows. O

Notation 3.29 For v € V' oqq write
My = {0/ € Vo | dpv # @} and v = (v’ € 3Mv |i € I(v)}.
For v/ € 0y we define

@y i Oyrlly >y by @ypr= [[ Paw-
A€y v
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Definition 3.30 Given € C 9,44, define

Ve ={n@)|ve V@), Tee and Vi={veVql|iecl)}
3.5 Special canonical boundary conditions

We return to the line bundles L; — Mo,k,, in order to define special canonical boundary conditions. We
consider only the case k is odd, which is necessary for dimgc Jao,k,l to be an integer.

Denote by 7r: 6r — Jlr the universal curve. Thus 7 1([Z]) = =. Denote by AUr C ¢r the open
subset on which 7r is a submersion, and let 7p = 7y |a-. Thus 7 1([Z]) is the smooth locus of X.
For i € I(I"), denote by ; : My — U the section of 7 corresponding to the i ™ interior marked point.
Denote by L1 — Ur the vertical cotangent line bundle, which is by definition the cokernel of the map
drf: T*Myr — T*Ur. SoL; = u*Lr. Let I'" be a stable subgraph of T'. Then the forgetful map
Forpr/: M — My lifts canonically to a map I%er,p/ :Ur — Ur-. Let fr 1 be defined by the diagram

* sk * * * ~ Ok %k
<—
arT*Mp rd o T Forr,r, T* My FOI'F,F,JTFT My
r.T
dnf. lls?)/r;r/dni‘i/
T*Ur — Forf. 1, T*Ur
dFOI‘F‘F’/ ’ J
Lr¢-—-—----—-—-- mL T T T T T FOI‘EF,LF/

which implies the following.

Observation 3.31 The morphism tr 1 is an isomorphism except on components of AUr that are con-
tracted by 15&”/, where it vanishes identically.

For i € I(I"), Observation 3.9 implies that IEB}F,%F and ﬁin%p do not contract the component

vy BT)
containing the i interior marked point. The following is an immediate consequence.

Observation 3.32 For I' € 9,44, we have isomorphisms
L,‘ ~ FFL,‘ and L,‘ ~ CI)F’Z-IL,',
given by u*tr ar and M;kl]*,%r‘vi @
Remark 3.33 The natural action of the symmetric group Sg(y;(r)) on Jlr by permutations of the
boundary labels and edges lifts canonically to a natural action on the bundle L.; — /M. The same goes for

the natural action of Sg(y, (r)) on My and L, (). The isomorphisms of Observation 3.32 are equivariant
with respect to these actions.
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Notation 3.34 Let Y € %oqq. For a subset C C dJlvy, a vector bundle E — C, a multisection s €
CX(C,E),and T € B, we write
r._
s° = Slyenc
Observation 3.11 allows us to generalize the definition of canonical multisection as follows. Let T € Gqqq,

let C C 0, and let
¢={TedBy|Cnir o).

Definition 3.35 A multisection s of
E=@LP —c
i€[l]

is called canonical if for each T € %, there exists a section s?1" of

@ L?Bai — Mapr
i€[l]
such that s = Fs®T o

The following refinement of canonical multisections is useful in proofs.

Definition 3.36 A multisection s € C5°(C, 1L;) is said to be pulled back from the base component, or
pulled back from the base for short, if for every v € Vfé there exists s¥ € C,5° (Uly, ;) such that for every
I' € 6 with v/ (I") = v, we have

st = ¢1t,iSU|Cmmr-
A multisection s € C5° (Mo, p,1,1L;) is said to be invariant if it is invariant under the action of the

permutation group Sp.
A multisection s € C;°(C, ;) is special canonical if it is pulled from the base, and for every v € °Vf€ the

multisection sV is invariant. We write ¥; = ¥; . ; for the vector space of special canonical multisections
of L; over C = 8L/l7t0,k,l. Below, we use the notation s as in this definition.

Remark 3.37 It is straightforward to verify that a multisection which is pulled back from the base is
consistent.

Remark 3.38 Let s € C5°(C,L;) be special canonical. By Observation 2.37, the map ®r;: Mr —
«/‘/Lv,.*(l“) factors as the composition

Fr Par.i
J‘/L]" — J‘/L%r = Jl/tvl*(r-)

So there exists s?T € CX(Mgr, L;) such that
r 38
st = Frs™ |enap-

It follows from Observation 3.11 that the vector space B S’?ai is a subvector space of ¥. Below, we use

B

the notation s** as in this remark.
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3.6 Forgetful maps, cotangent lines and base
We introduce notation and formulate the basic properties of pullbacks of cotangent lines by forgetful maps.

Observation 3.39 Let I' € Gyqq and i € I(I"). Then % for; (I") is a stable subgraph of for; (BI") and
Forgyr; 31),9 for; (1) 18 a diffeomorphism. Indeed, vertices and markings are in one-to-one correspondence.
Moreover, the following diagram commutes:

For;
M Mfori ()
lF r JVFfori (™)
For; Forfor; (11,9 for; (1)
‘/M%F ‘A/Lfori @I M% for; (T')

This is a consequence of Observation 2.37.

Notation 3.40 Letk beodd,let I/ C[/ +1]andleti e I N[[]. If [ +1 € I, denote by D; C JITLO,k’I the
locus where the marked points z;, z; 41, belong to a sphere component that contains only them and a
unique interior node. If [ +1 ¢ I, set D; = @. For I € 01y x 41, define D; C Mr, D; C Mgy, similarly.
Write

dD; = D; N oMok 1+1-

Let 9p, C 0B Lo k,1+1 be the subset such that

aD; = ]_[ M.
F€(§Di

Observation 3.41 ForT € 958 Lo k141 \ 9D, the following diagram commutes:

Forj 41
Mp ———— Mo, T

l‘br.i l‘l’me_l r.i
Forj 41

Moy 0y —— My* (for, 4, T)
Again, this is a consequence of Observation 2.37.

Notation 3.42 Write
L) = F0r7+1 L; — Mo, g
For I' € 0T ;1. write

L; = For}, , L; —Mr and L} = Fory | L — M.

Denote by ¥; = !

ikd+1 C C,,C;O(aﬁo,k,,ﬂ,mg) the vector space of pullbacks of sections in ¥; x ; by

For; 1. Denote by
fi: Ll > L,

the morphism given by ;| = 17T for, (I')-
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Lemma 3.43 (a) The morphism 1;, considered as a section of (IL;)* ® LL;, vanishes transversally
exactly at D;.

(b) Forj4; maps D; diffeomorphically onto JITLO,k’I carrying the orientation induced on D; by ; to the
orientation 0 . ; on Jl7t0,k’l.
(c) The morphism t; satisfies
Frt =1;,
and for T" € BBFO’k,l_H \(ng- ,
OF it =1i.
Here, we have used the isomorphisms of Observation 3.32 to identify relevant domains and ranges
of 1;.
(d) The morphism t; is invariant under permutations of the boundary marked and nodal points as in
Remark 3.33.

Proof Observation 3.31 implies that 7; vanishes exactly at D;. It follows from the definitions that For; |
maps D; diffeomorphically onto Mo,k,l- So the transversality and orientation statements are equivalent
to the following claim. Let p € Mo,k,l, let Fp = Forl__;1 (p) and equip F), with its complex orientation.
Then 7| F,, vanishes with multiplicity +1 at the unique point p € D; N F.

To prove the claim, we construct a map «: D? — F, », that preserves complex orientations and calculate
f; o in an explicit trivialization of a*LL;. Indeed, let ¥ = ({24}, ~) be a stable disk representing p.
Denote by ¢ the component of X containing the marked point z;. Denote by B, C C the disk of radius r
centered at 0. Let U C X¢ be an open neighborhood of z; with local coordinate

SZUL)Bz, 5(21)20.

For z € By, let £ be obtained from X as follows. If z # 0, add the marked point z; | = £ 1(2). If
z = 0, replace z; with a new marked point zg. Denote by S the marked sphere (C U {oo}, z—1, z;, z74+1)
where z_; =00, z; =0, and z; .y = 1. For z # 0, let X7 be the stable disk ({Zq o0 U {5}, ~). For
z =0, let

2% = ({Zatazo U{ZG. S} ~0),

where ~¢ is obtained from ~ by adding the relation zg ~¢ z—1. Define a: By — Fj, by a(z) = ¥7%.

For z € By, the stable disk X7 is the deformation of the stable disk X° obtained by removing appropriate

disks around the nodal points zg € ¥o and z—; € S and identifying annuli adjacent to the resulting

boundaries. More explicitly, denoting by ¢ the standard coordinate on S = C U {oo}, we glue the surfaces
SENETN(B ) and B s CS

along the map ¢ — £71(z¢) for ¢ € B 37721\ B 377z Thus we take d ¢z, € TS >~ T X7 as a frame

for a*IL;. On the other hand, d§|;; € T}; ¥ is a frame for o*IL;}. Since § = z{, we have i (d€|z,) =zd¢|;.
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Thus 7; vanishes with multiplicity 1 at z = 0, which is the point p, as claimed. So we have proved parts (a)
and (b) of the lemma.

Part (c) follows from Observation 3.39 and part (d) follows from the definition of 7;. O

Notation 3.44 Denote by O(D;) the line bundle
Hom(}Lg, L;)= (]L:)* RL;.
So 7; is a section of O(D;). Write
t.

i =1l |3Mo,k.1+1 )

Lemma 3.43 shows that O(D;) is the trivial complex line bundle twisted at D; as implied by the notation.
Moreover, tautologically,
L; ~ ]L; ® O(D;).

The following observation is a consequence of Observations 3.32 and 3.39 and the relevant definitions.

Observation 3.45 For I' € 0l x ;41 and i € [I], we have
Fff@(Di) ~ @(D,‘).
Observation 3.46 If s’ € 7, then s = 5't; belongs to &; and vanishes on D; .
Proof Using Observation 3.41, we see that for I' € dI'g & ; \ 9p, we may take
SUI-*(F) — For;=+1(sl)v;(f0r1+1 F)’t‘l’ )
ForI" e 4p,, we take sV @) = 0. O
Remark 3.47 Recall Observation 3.11 and Remark 3.38. A multisection s € ¥} behaves similarly.
Namely, for each T" € 98 Lo k.1+1, there exists
sPT € C®(Mgr,L}) suchthat sT = Fs®l

This follows from Observation 3.39.

3.7 Construction of multisections and homotopies

In this section we prove Theorem 3.3, namely, that the open descendent integrals are well defined. In
addition we construct special canonical multisections of special types, which we later use to prove the
geometric recursions.

Notation 3.48 For a bundle £ — M, we denote by 0 its O—section. Given a multisection s, the notation
s 0 means that s is transverse to the O—section. See the appendix.

Geometry & Topology, Volume 28 (2024)



2530 Rahul Pandharipande, Jake P Solomon and Ran J Tessler

Proposition 3.49 Consider L; — .o & ; with k odd.

(a) Forany p € aﬂo,k,l one can find s € &; which does not vanish at p. Hence, one can choose finitely
many such multisections which span the fiber of IL; over each point of 8Ji7to,k,l.

(b) Fori € [l], and
p € Mok i1 \0D;, q€dD;,

one can find s € &; of the form
/ / /
s =s't;, wheres €},
that does not vanish at p, vanishes on dD; and is such that ds|, surjects onto (IL;)4.

Hence, one can choose finitely many such multisections that span the fiber of IL; over each point of
BMO’kJH \ 0D; and such that images of their derivatives span the fiber of IL; at each point of D;.

Proof In both cases the “hence” part follows immediately from the previous part because of the
compactness of Bﬁo,k,l. We first prove part (a). To construct the special canonical multisection s, it
suffices to construct multisections 5V € C° (My,L;) for each abstract vertex v € °V’é BTy, that have

certain properties.
Let M= be the boundary stratum of Mo,k,l that contains p, let
v* = (),
and write k* = k(v*). Write
ﬁl,...,ﬁk*! € My=*
for ®r+ ;(p) and its conjugates under the action of Sgx on Jly*.
The properties that the multisections {s”} should satisfy are as follows.

(i) Forallv e °Vg BTy, the multisection sV is invariant.

(ii) Forall v,v’ € OVEJBFO g such that v’ € a;?ffv, we have

v B v
s |8U’Mv_ Dy 5.
(iii) No branch of 5V vanishes at py, ..., Pg*.

For v € 1

aBTo k.1 let

sV =53" |Mv'
Define the multisection s by
SF = CI)Fl.svi*(F) for T e 8BF0’k’l,

as in Definition 3.36. So if we show s is smooth, then it is clearly special canonical. To show s is smooth,

it suffices to show that
sl = @5, 5% D for T € 98Tg 4.
Equivalently, we can prove

(3-7) Sl = @55 Oy, for T'€dl and T € 38T ;.
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Consider the following diagram, which uses the notation of Observation 3.28 (in particular, v’ = v} (I"')):

M€ J‘Zr‘

x{i’[
M &r,;
Av’ \
My

The large triangle commutes by the definition of q;l"/l_, and the small triangle commutes up to the action

Pr;

./‘/(,v/

of Sk(y) by Observation 3.28. Using the definition of s and the commutativity of the large triangle,
equation (3-7) is the same as
®F, 5% T = (@F)*s (O
, N .

By the compatibility property (ii), this is equivalent to

* (T ’ L
dF, sV ) — (<I>£l-)*<l>* 5V

v,v’

The preceding equation follows from commutativity of the small triangle in the diagram up to the action
of Sk(v), the invariance property (i), Observation 3.25, and Remark 3.33. Consistency of s follows from
Remark 3.37. Property (iii) implies that s does not vanish at p.

We construct the multisections sV by induction on dimc Jl,. Start the induction with dim¢ /M, = —1.
Then the multisections 5V exist trivially, since there are no such v.

Assume we have constructed multisections s* that satisfy properties (i)—(iii) for all u € °Vg BTy, such

that dimg¢ M, <m. Let v € °Vg BTy, be an abstract vertex such that dimc¢ Jil, = m + 1. By induction

we have defined 5% for all v’ € M T, as for such v’ we have
dim(c ./(/lv/ < din’l(c ./l/(v.
Define the section 51 on
at/av == U av/-./‘/_(/v
v’ eaﬁﬁv

by

o
(3‘8) S1 |av/\/‘_/tu - @:’U/Sv .

The induction hypotheses on compatibility (ii) and invariance (i), Observations 3.25 and 3.28 and
Remark 3.33 imply that the section s thus defined is smooth on d.il,. Consistency of s, follows directly
from the defining equation (3-8). So we may extend s; smoothly to all M. Here, we use the result on
the extension of multisections from [27] explained in Section 1.9 and the appendix. If v = v*, we make
sure that the extension is nonvanishing at py, ..., pg+1 € My*. We denote the resulting multisection by
s1 as well. It satisfies the compatibility condition (ii) by construction.
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Define 5 to be the Si(,) symmetrization of s1; see the appendix, Definition A.10. So 5" satisfies the
invariance condition (i). But by the induction hypothesis on invariance (i) and Remark 3.33, 5|, i, =51
So 5V satisfies the compatibility condition (ii) as well.

For case (b), write
For;1(p) = p’, Fori11(q) =¢'.

Using case (a), construct a special canonical multisection s7 of
HJi —> 8/%0,;(,1

that does not vanish at p’. Construct a second special canonical multisection s, of L; — 8Ja0,k,1 that
does not vanish at ¢’. Denote by s3 a linear combination of s; and s, that does not vanish at p’, ¢’. Then
s = s3t; satisfies our requirements by Observation 3.46. |

Another ingredient we need for the proof of Theorem 3.3 is the following transversality theorem.

Theorem 3.50 Let V be a manifold, let N be a manifold with corners, and let E — N be a vector
bundle. Denote by pn: V x N — N the projection. Let

F:V —-C%®(N,E), v Fy,
satisfy the following conditions:

(a) The section
F¥ e C®(V xN,pyE), F%(v,x) = Fy(x),
is smooth.

(b) F*® is transverse to 0.

Then the set
fveV | F,h0}
is residual.

Remark 3.51 A similar theorem may be found in [26, pages 79-80] in the more general setting, where
C°°(N,E) is replaced by the space of smooth maps between two manifolds. However, the manifolds
considered do not have boundary or corners. In [30], Joyce defines a notion of smooth maps of manifolds
with corners that guarantees the existence of fiber products for transverse smooth maps. In Joyce’s
terminology, a map of manifolds with corners that is smooth in each coordinate chart is called weakly
smooth. To be smooth, it must satisfy an additional condition at corners. Since we consider only sections
of vector bundles, the section F® is automatically smooth if it is weakly smooth. Thus (F¢')~1(0), being
a transverse fiber product, is a manifold with corners, and the proof given in [26] goes through for our
case as well.

As a consequence, we have the following theorem on multisection transversality. Relevant operations
on multisections are reviewed in the appendix. See, in particular, Definition A.9 for the definition of
summation.
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Theorem 3.52 We continue with the notation of Theorem 3.50 in the special case where V is the vector
space R". Fix sg, ...,s, € C5°(N, E). Define the map
F:V—>CX(N.E), (Aiem > so+ Y Aisi.
If the multisection
FY¥ e CX(V x N, pNyE), F%(v,x) = Fy(x),
is transverse to 0, then the set
{veV|F, Mo}

is residual.

Proof Take p € N. There exists a neighborhood W of p such that each multisection s;|w is a
weighted combination of m; sections. Hence F®'|yxw is a weighted combination of appropriately
defined sections Fﬁﬁ’ j for j =1,...,[['=; mi. Apply Theorem 3.50 to each section Fyy,; individually
to conclude that the set

Up =(\{veV|Fy, (.- ho}
J

is residual. Choose a countable open cover {W;} of N. Then for every

vel =(\Uw
l
we have F, th 0. Moreover, U is residual. The theorem follows. O

Lemma 3.53 Fix a sequence of nonnegative integers

ai,...,a;, where 2Za,~ =k+2]-3,
and set E = @' _, L& - ilg4,.
(a) One can construct special canonical multisections
sij €Y foriel] and j € [a;]
such that s = ®s;; vanishes nowhere on 3M0,k,l- Hence, e(E; s) is defined.

(b) Moreover, we may impose the following further condition on the multisections s;; . For all abstract

vertices v € Vyar, , ,» and all

K< | iy xlai),

iel(v)

EB sy MO.

abekK

we have

Proof We begin with the proof of part (a). Let
wijx €S for i €ll], j €lai], k € [mj;]
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be a finite collection of special canonical multisections of the j" copy of LL;, which together span its
fiber (IL;), for all p € 8Jl7t0,k,l. Such multisections exist by Proposition 3.49, case (a). We write

J =A{ijk}ien,jelailkem;]-
Apply Theorem 3.52 with
N =odlor;, E=Ely, V=Vy=R’,

and F given by
Fp= > Xijkwijk. where A ={d;j}ijkes € Vo.
ijkeJ
Let A be the set of A € V such that F; M 0. Theorem 3.52 implies that Ag is residual. Dimension
counting shows that for each A € Ag, we have F, 1(0) = @. Thus for any A € Ag, we may take

(3-9) Sij = Sixj = Zkijkwijk-
k

We turn to the proof of part (b). For an abstract vertex v € ¥, , ,, and a set K as in the statement of the
lemma, write
Jv,xk ={abc|abe K, c e[mgl} CJ.
Apply Theorem 3.52 with
N=iMy, E= P Li. V=Vyg=R"K,
{abeK}
and F' = F, g given by

(Fo)r= Y. Aijkwly. where A ={Ajilijkes, x € Vo.k-
ijkey k
Let

AU,K = {k € Vv,K|(Fv,K)A M O}~
Theorem 3.52 implies that Ay g is residual. Denote by py, g : Vo — Vy k the projection. It follows that
A=Aon () pyk(Av.k)

v,K
is residual.

For any A € A, take s;; = slflj as in equation (3-9). Then for any abstract vertex v and set K, we have
@ Sgb = (Fv,K)A t 0. O
abeK
Lemma 3.54 Let E{, E; — Jl7t0,k,l be given by
i b;
Ei=@PL. E,=PL].
i€ll] i€[l]
Put E = E1 & E», and assume 1k E = %(k +2[—3). Let € C aBFO,k,, and

C = ]_[ Mp C 8ﬂ7l0,k’1.
ee
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Let s and r be two multisections of E| Do 4 s such that
0.k.

(@) s|c and r|. are canonical, and

(b) the projections of s and r to E are identical and transverse to 0.

Then one may find a homotopy H between s and r which is transverse to 0 everywhere, does not vanish
anywhere on C x [0, 1] and is such that its projection to E is constant in time. Moreover, H can be taken
to be of the form

(3-10) H(p.t)y=(1=1)s(p)+tr(p)+t(1-w(p),

where w(p) is a canonical multisection.

Proof Denote by s; the projection of s to E;. Let
wi, Wwhere i €[m],

be a finite set of special canonical multisections which together span the fiber (E3), for all p € Bﬁo,k,l.
Such multisections exist by Proposition 3.49, case (a). Denote by r: 8/%051651 x[0,1] = a.AZO,k,, the
canonical projection. Let h € C°(n* E |3M0 . 1) be given by

h(p,t)=(1—-1t)s(p)+tr(p) for pe BJl/_Lo,k,l, t€(0,1).
Apply Theorem 3.52 with
N = 0dogy x(0,1), E= T Elyie V= Vo=R",
and F' = & given by
Fa(p.) =h(p.0)+1(1—1) Y Ajw;, where 2 € Vp.

By (b), the derivatives of %' in directions tangent to Bﬁg,k,l span the fiber (E1), at each p where 51
vanishes. Since the multisections w; span (E32),, the derivatives of & in the V' directions span the fiber
(E2)p forall p € 3J‘Zo,k,l- It follows that %V th 0. Thus, Theorem 3.52 implies the set A of all A € Vj
such that % rh 0 is residual.

Let I' € €. Denoting by ET — Jlgr the appropriate sum of cotangent line bundles, Observation 3.32
implies that Fir Er = E. Write
Nr = Mgr x (0,1)

and denote by it : Nr — Jgr the canonical projection. Write
Er = ]Ti-wk Er.
It follows from Observation 3.11 and Remark 3.38 that there exists F*T: V, — C°(Nr, Er) such that
Filitrx0.1) = (Fr xIdo 1)) *F3T  for A € V.
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Apply Theorem 3.52 with
N=Nr, E=Er, V=V, F=%"

Since s1 M0, it follows that 21" h 0. Thus the same argument that shows F°" h 0 also shows (F*T)¢" i 0.
So the theorem implies the set Ar of A € Vj such that @%F M 0 is residual. By Observation 3.15, for
A € Ar, the homotopy %?F does not vanish anywhere. Therefore, the homotopy % |« x(0,1) also does
not vanish anywhere. We conclude that for
reAN ﬂ Ar,
I'e¢
the homotopy % satisfies the requirements of the lemma. |

We will also need the following general lemma on the relative Euler class. For a multisection s that is
transverse to zero, we denote by Z(s) its vanishing locus considered as a weighted branched submanifold.
For a zero-dimensional weighted branched submanifold Z C M, we denote by #Z its weighted cardinality.
See appendix for details.

Lemma 3.55 Let E — M be a vector bundle over a manifold with corners with tk E = dim M, and let
50,51 € Co°(0M, E) vanish nowhere. Let p: [0, 1] x M — M denote the projection and let

H e CX([0,1] x OM, pT E) satisfy Hlgivwym =s; fori=0,1.

Moreover, assume H is transverse to zero. Then
/ e(E;s1) —/ e(E;s0) =#Z(H).
M M

Proof Fori =0,1,lets; € CS5°(M, E) be an extension of s; that is transverse to zero. Recall that
([0, 1] x M) ={1} x M —{0} x M — [0, 1] x IM.
So the multisections 5o, 57 and H fit together to give a multisection
r e C(0([0. 1] x M), piE)

that is transverse to zero. Let 7 € Co°([0, 1] x M, p] E) be an extension of r that is transverse to zero.
Then Z(7) is a weighted branched 1-manifold with boundary. The weighted cardinality of the boundary
points of such a weighted branched manifold is zero. Thus

0:#8Z(?’)=#Z(r)=#Z(§1)—#Z(§o)—#Z(H)=/ e(E;sl)—/ e(E;so)—#Z(H). O
M M

Proof of Theorem 3.3 By Lemma 3.53(a) and Remark 3.38 there exists a nowhere-vanishing canonical
multisection s € &. It remains to show that e(E, 5) is independent of the choice of s. By Lemma 3.55 it
suffices to construct a nowhere-vanishing homotopy between any two canonical multisections s and r
that each vanish nowhere. But the existence of such a homotopy is a direct consequence of Lemma 3.54,
with the bundle E; = 0, and the collection of boundary strata C being the entire boundary 8Jl7to,k,l. |
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We now consider slightly more general bundles, which we shall need later on.

Lemma 3.56 Let1 <h</. Let
E — Mo 141
be given by E = E| & E, & E3, where

I+1 1
Da; ;
E, = @]Li “. Ex= @(]L;)@a’, E3 = 0(Dy)®*,
i=1 i=1

with
e€{0,1} and (ar+...+ajp1)+ (@) +...a))+e=2(k+20-1).

One can construct

sij €Y forie[l+1] and j € [a;] and  s;; €%} foriell] and j € [a]]

s =@slj @@sl{j GBI;ZBE

does not vanish anywhere. In particular, the relative Euler class e(E; s) is defined. Moreover, any two

such that

choices of such s;; and slf j define the same relative Euler class. Furthermore, the following statements
are valid simultaneously:

(a) Suppose 1 <ip <!l and1 < jo <aj,. If e =1, suppose that io # h. Then we may assume
Sig jo = S,Zio, with s’ € 97;-0,
and s;,,; does not vanish anywhere on dD;, for j # jo.

(b) Suppose aj; > 0. Then we may assume s(; 1)1 does not vanish anywhere on dD; for all i.

(¢c) Suppose rk(E1 @ E3) = 1. Then we may assume @le @7’;1 sl{j does not vanish anywhere on
OMo k.1 +1-
Proof The proof is very similar to that of Lemmas 3.53 and 3.54.
First, we prove cases (a) and (b). Using Proposition 3.49 case (a), choose
wiix €S fori e[l +1], j €lai], k € [mj;] with (i, j) # (io, jo)

such that, for each i and j, the multisections w; jx for k € [m;;] span the fiber (IL;), for all p € aMo,k,l +1-
Choose
wy €5 and  wijok = Wity € Fiy  for k € [mq j,]

as in Proposition 3.49, case (b), that span the fiber (L;,), for all p not in D;,, and such that the images
of their derivatives at every g € Dj,, span (L;,)4. Using Proposition 3.49 case (a) over Mo,k,l and pulling
back by For; 4, choose

wi €Y forie[l+1], jela], k € [mj;]
such that for each i and j, the multisections wlfj i fork € [m] j] span the fiber (IL}), for all p € Bﬂo,k,lﬂ.
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Write
T ={ijk}icu+1).jelaitkeim;): I =1{ijk}ien,jelaliemm),1-
Apply Theorem 3.52 with

N = aﬂo,k,l-i-l, E=E, V=R/Y,

and F given by
Fy = Z AijkWijk + Z A ipwig +8eatn for A= ({Aijk}ijkes, A tijker) € V.
ijkeJ ijkeJ’

We claim that F' M 0. Indeed, if p € Mo,k,l+1 \ (Dj, U Dy,) then the derivatives of F'®" in the directions
tangent to V' span the fiber E,. If p € D;, then p ¢ Dj,. So the derivatives of F'¢" in the directions tangent
to 8J17L0’k,1+1 span the fiber of the j(t)h copy of L;, at p, while the derivatives in the directions tangent
to V' span the complementary summand of the fiber E,. If p € Dy, then p ¢ D;,. So the derivatives of

F*©¥ in the directions tangent to 8J(7L0,k,1+1 span the fiber O(D,)®¢, while the derivatives in the directions
tangent to V' span the complementary summand of the fiber .

Theorem 3.52 implies there exists a residual subset A C V such that if A € A then Fj M 0. By dimension
counting, transversality is equivalent to nonvanishing.

Write v; for the closed abstract vertex with

T(vi) ={i, 1+ 1, [I]\{i}}.
Sov; = v (') forall ' € §p,. Let

vi . . l .
A = {)Le V‘ Zkiojkwiogk #£ 0 for j # jo, ZA(1+1)jkwll)+1jk #0forl <i<l;.
k k

Since .y, is a point, A’ is the complement of a finite union of linear subspaces U i» Wi €V, one for
each inequality. By choice of the sections wj i, for each j > 2 there is a k € [m; ;] such that w;)O';’. ¢ 7 0.
So Uj is a proper subspace for j > 2. Similarly, for each i € [/] there is a k € [m(;41);] such that
wé)li+1)jk # 0. So W; is a proper subspace for i € [[]. It follows that A’ is open and dense in V. Thus we
may choose A € AN A’ and set

_ . . ! / / ! L. /
Sij = Zkukwuk» Sij = Z)‘ijkwijk’ s = Z)‘m/okwk-
k k k

This proves cases (a) and (b).

/
_ ij
0o k1, which has complex dimension one less. So transversality implies nonvanishing even with one

Case (c) follows from a similar argument and the fact that the multisections s;. are pulled back from

less section.

Using Remark 3.47, the proof of the existence of nonvanishing homotopies in the present case is analogous
to the proof of Lemma 3.54. |
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4 Geometric recursions

4.1 Proof of the string equation

Recall Notations 3.40 and 3.44.

Observation4.1 D;ND; =& fori # j. Animmediate consequence is the following. Let E — Mo,k,m
be a bundle containing O(D;)®0(D;) as a summand. Let s € C5° (B,ATLO,k,l_H, E) be a nowhere-vanishing
multisection that upon projection to O(D;) ® O(D;) agrees witht; ®t;. Then

e(E;s)=0.

Observation 4.2 Let s; be a special canonical multisection of IL; — 3ﬂ7to,k,l+1 that does not vanish on
d0D;. Let E — J‘Tto,k,l+1 be a bundle that contains O(D;) ®1L; as a summand. Let s € Cn°1°(8./l7to7k,l+1, E)
be a nowhere-vanishing multisection that, upon projection to O(D;) & IL;, agrees with s; @ t;. Then

e(E;s)=0.

The same holds if we replace s; and L; everywhere with sy and LL; 1, respectively.

Proof Let I'; € dT°g ¢ ;41 be the stable graph such that D; = J‘/—Lr‘i, and let v; be the abstract closed
vertex with

I(i) = {i. 1+ L[]\ {i}).

So v; = v/ (I';) = v/ (") for I' € 9T';. By the definition of a special canonical multisection, there exists a
multisection s*/ of IL; — .y, such that for each I' € §p, we have sl.F = <I>1"i’ l.s”i . So we may extend s;
to a multisection 5; € CS° (Mo 7, L;) such that 5| Ty, = CI)"li’_’l.s”. Since s; does not vanish anywhere
on dD;, it follows that sf  does not vanish and thus §; does not vanish anywhere on D;. Therefore,
Z(5:) N Z(t;) = @, which implies the Euler class of E vanishes. The same argument works for the case
of s741,Ly41. |

Lemma 4.3 Let E — X be a vector bundle over a manifold with corners with tk E = dim X. Suppose
that E =L @ E’, where L — X is a line bundle, and L = L1 ® L, for line bundles L1, Ly — X. Let
s € C°(0X, E) vanish nowhere and satisfy s = s @ s’, where s € C5°(0X, L), and s = 51 ® s2 for
s1 € C®(0X, L) and 52 € C;°(0X, Ly). Then

e(E;s)=e(L1®E";51Ds)+e(La®E";50Ds').

Since the multisection s vanishes nowhere, the multisections s; @© s’ fori = 1,2 also vanish nowhere.
Thus the relative Euler classes on the right-hand side are well-defined.

Proof Let57, 5, and 57, be extensions to X of s1, s, and s’, respectively, such that
5i@s' h0 fori=1,2, 5105 @5 ho.
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By assumption rk L1 @ L, @ E’ > dim X, so 5§71 @& 5, @5’ vanishes nowhere. Therefore,

ZEGH®SHNZG, @) =0o.

Setting § = 5157, it follows that § @ §” is transverse to zero. Thus
ZE®s)=ZG 5 )UZG DY),

which implies the claim. |

Remark 4.4 1In the proof of the preceding lemma, we cannot make § by itself transverse to zero at any
point where both 57 and 5, vanish. Such points are unavoidable in general, but generically they do not
intersect Z(5").

In the following, given pairs
€ = (E;i,Y;) fori=12

of vector bundles E; — X and affine subspaces %; C C°(E;|gx), we write

€1DE =(E1® E, Y1 ®Ys).

For
a=(ar,....a;1) €25 b=(b1,....by41) €Z and ¢ =(c1.....c;.0) € 2L}
such that
b+c=a,
write
I+1 , I ~
Epe=EPL @ PLH® - Mo i1
i=1 i=1
Let
I+1 I
b; i _ _
Ipe =PI @@PIN® CCX(Ebelpity, ,,,) M €be = (Epe Fpe)-
i=1 i=1

Lete; € Zl;(r)l be the vector with 1 for its i™ coordinate and 0 for the others. Let 0 € Z/*! denote the

zero vector and abbreviate
Ea = Ea,(), gja = S)a,O’ %a = %a,0~

Let
~ l
a=(ay,...,ay) € L.

Thus €; is a vector bundle over Jao,k,l- Finally, let
0(@;) = (0(Di), 1;).

Write |a| = ) ; a;. For |a| = k + 2/ — 1, Lemma 3.56 shows that there exists s € ¥ . that vanishes
nowhere, so the relative Euler class e(Ep ¢;s) is defined. Furthermore, the same lemma shows that
e(Ep ;) is independent of the choice of such 5. So we define

e(€p,c) =e(Epec:s).
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Similarly, for |a| = k + 2/ — 3, Lemma 3.56 allows us to define
e(%b,c ®0(9;)) = e(Eb,c D®O(D;):s D),

for some s € ¥p ¢ such that s @ 7; vanishes nowhere.

Proof of Theorem 1.2, string equation We start with the open string equation. Consider the intersection

number ;

o
<r0 1_[ TaiO'k> — o~ k=1)/2 /_ e(€q),
0

i=1 Mo k.1+1
where a = (ay,...,a;,0) and |a| =k +2[ — 3.
Leth,c € ZIZJ[)I satisfy b 4 ¢ = a. For g € [I] such that b; > 1, Lemma 4.3 and case (a) of Lemma 3.56,
with ig = ¢ and jg arbitrary, imply that
e(€p.c) = e(€p—cycte,) T€(€p—c,c ®0(Dg)).
For by > 2, Observation 4.2 implies the second summand vanishes. Similarly, Lemmas 3.56(a) and 4.3

and Observation 4.1 imply that, for g # r € [/],

e(€p,c ®O(Dq)) = e(€p—e,.c+e, ©0(%yg)).
By induction,

4-1) e@a)=e@oa)+ Y e(€na—e, ®OIy)).
q€lll,ag=1
By definition,
e(€,a) = PD[Z()),

where § is any transverse extension of a nowhere-vanishing section s € ¥y 4. By definition of ¥y 4, there
exists § € ¥ such that s = For;_, §. Since rk £z > dim Mg k., we can choose a nowhere-vanishing
extension 5 of § by transversality. Taking § = For} 415, we obtain

4-2) e(€o,qa) =0.

Similarly,
e(€o,a—e, ®0(%4)) =PD[Z(#}) N Z(3)],

where § is any transverse extension of a nowhere-vanishing section s € $9,4—¢,. Such s exists by
Lemma 3.56(c). Let s € Fa—¢, be such that s = For; T §. Denote by s a transversal extension of § and
choose § = For}k 41 5. Using Lemma 3.43(b), we obtain

(4-3) / ¢(Eoae, ®OG,)) = #Z([) N Z(F) = 4Z(6)
Mo,k .1+1

o
= /_ e(€z_¢,) = 2(k_1)/2<raq—1 l_[ faf0k> :
Mo, ic.1 i£q 0
Equations (4-1)—(4-3) together imply the open string equation. |

Geometry & Topology, Volume 28 (2024)



2542 Rahul Pandharipande, Jake P Solomon and Ran J Tessler
4.2 Proof of the dilaton equation

We continue with the notation of the previous section. The following lemma is the key additional ingredient
in the proof of the dilaton equation. In the case k = 3 and / = 0, the proof of the following lemma
calculates the integral (7103) directly from the definition.

Lemma 4.5 Let p € Mg, and let F, = Forljll (p) be equipped with its complex orientation. Let s be a
nowhere-vanishing special canonical multisection of LL;|yF, and let 5 be an extension of s to F) that is
transverse to zero. Then

#Z($)=k+1-1.

Proof The section s is determined by its value at a single point. Indeed, on each stratum of dF),, the
section s is pulled back from a zero-dimensional moduli space. In particular, s can only vanish at a given
point if it vanishes identically.

It follows that if s” is another section satisfying the same hypotheses as s, then s and s’ can be connected
by a nonvanishing homotopy. Indeed, the complement of zero in a single fiber of IL; 4 is connected.
Thus #Z(5) is independent of the choice of s by Lemma 3.55.

To begin, we reduce the calculation to the case / = 0. Applying Lemma 3.43(a) with interior labels / and
| + 1 switched, we obtain a canonical map of line bundles

7:Forf Ly41 — Ljg1,
which vanishes transversally exactly at D;. Write t = 7| Ollo o sa1”

Let p = For;(p) and let Fj5 = Forl_i1 (p) C ‘/‘Z/O’k,[l_l’_l]\{l}. Let § be a special canonical multisection of
L;y1 — Mo, [7+1\73 that vanishes nowhere on dF5. By Observation 3.46 with interior labels / and
[ + 1 switched, we conclude that (For}k 5)t € ;41 and vanishes nowhere on 0F,. Thus we may take
s = (For} §)t. Let g € Fj, be the unique point in D; N F,, and let § = For;(q) € Fj5. Let s be a transverse
extension of § that does not vanish at §g. Then we may take § = (For;k 5)f and

#Z(5\F,) = #Z(For] 5|F,) + #Z(t|F,) = #Z(|F,) + 1.

In the last equality, we have used the fact that For; maps Fj diffeomorphically to F5 as well as
Lemma 3.43(b). By induction, appropriately relabeling interior marked points, it suffices to prove
the lemma when / = 0.

The case [ =0, k =1 is exceptional. In this case we take F, = Jlo,1,1, which is a point, and the claim is
trivial. Below, we assume [ = 0 and k& > 3.

Let (¥,x,2), where x = {x1,...,xt}, be a marked surface representing p € JMgyxo. Then F), is
diffeomorphic to the oriented real blowup T of ¥ at the boundary marked points x1, ..., x;. Indeed,
denote by 7: S - 3 the blowup map. Denote by H C C the upper half-plane. Denote by HB, (s) C H
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the half-disk of radius r centered at s € R = 0H. Fori = 1,...,k, let U; C ¥ be an open neighborhood
of x; with a local coordinate

& :U; = HB,(0), with &(x;)=0.

Possibly shrinking the U;, we arrange that U; N U; = @& for i # j. Write U; = 7~ Y(U;). Then we have
coordinates

ri:Up —10,2), 6;:0; — [0, 7],

such that & o 7 (r;, 0;) = rieﬁei. For z € f], denote by X, the marked surface (X, x, {z1}) where
z1 =z. For z € d¥ \ x, denote by Q, the marked surface (X, {x¢, X1, ..., Xk}, &), where x¢o = z. For
i € [k] denote by P; the marked surface (X, (x \ {x;}) U{xo}, &), where x¢o = x;. For 8 = 0, 7, define

Rig=MU{oo}, {x—2,x_3,x;},0) with x_» =00, x_3=cosf, x; =0.
Furthermore, we define
S = MU {oo}, {x—1},{z1}) with x_1 = 00, z1 = vV—1,
Tig = (HU{oo} {x_1.x;}.{z1}) with x_y =00, x; =0, z; =eV 10

For z € 0¥\ x, let ¥, denote the stable surface ({Q,, S}, ~) where xo ~ x_;. Fori € [k] and 6 € (0, ),
let X; g denote the stable surface ({P;, T; g}, ~) where xg ~ x_1. Fori € [k] and 6 = 0,7, let Z; g
denote the stable surface ({ P;, R; g, S}, ~) where xo ~ x_3 and x_1 ~ x_3. We define a diffeomorphism
f:E = F, by
o) = [(Zr]  fzex 1(T\x),
[Zi6,)] ifzex™1(x).
Write g = f~!. Then there is a tautological isomorphism
*T*T)e ~Li| o .

g |i l |Fp
We aim to construct a section s of T*ihm s such that g*5 extends to a continuous section § of L;|F,,
with 5|y, special canonical. Indeed, let V: ¥ — R satisfy

v(z)>0 for z € 3, V(z)=0 for z€dX, dv; #0 for z€0dX,

andsetv =Dorw: X — R. Let {no, ..., ng} be a partition of unity on S subordinate to the cover
(S\7n'(x),0,..., U} Let

0. d
T=1"no+ E me_z 16 and F= tTv.
i

For w € 0F,, we calculate limy,’—, g*s(w’) as follows. Write z = g(w) and z’ = g(w’). Suppose
first that z € 9% \ 77 1(x). Let U C T be an open neighborhood of 7(z) with a local coordinate
&: U = HB,(0) such that £(7(z)) =0. For e >0 and a € R, let pt¢ 4: H — H be given by { = € +a.
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For 7(z") € U, taking

e=e(w) =ImE(w(z) and a=a(w') =Re(E(w(z")),
we have

HoLEE) =V-T=z€5.

For w’ sufficiently close to w, the smooth surface X,/ is a deformation of the nodal surface X, (,)
obtained by removing half-disks around the nodal points xo € Q; and x_; € S, and identifying half-annuli
adjacent to the resulting boundaries. More explicitly, let

We glue the surfaces
Q:\ & '(HB /;75(a)) and HB ;57:(0)CS
along the map £ 71 o fuc 4| A.- The identification of X,/ with the above deformation of X,y trivializes
LL;i|F, near w. We use this trivialization to compute
. AT -1 -1 *= * ¥
(4-4) wl’lglw gs(w') = e’l;r_n)o(n 0f " olheq) s|ﬁe TES =T; 2.
Writing £ = x + iy, we have V(x, y) = y y(x, y) where y(x,0) > 0. So

dy d
ay (xokte,a)

=1 e,é—)O y XOMea Iv/—1 Y

. 1 - - . _ dv
(4-5) e};r_n)()(n log lo,us,a)*s |¢:= e};r_n)()(é loﬂe,a)*7
Here, the first equality holds because 7| O\ =1 (x) = 1.
If z € 7~ 1(x;) and 6; (z) # 0, 7, we proceed as follows. If z’ € U;, taking € = e(w’) = r;(z’) we have

lim pb(E (@) = eV =z e Tig o).
w'—w
Thus by reasoning similar to the above, we have
dv

. k—r /N __ 1: —1 _«—1 *— _ . —1 *

(4-6) wl’linw g sw) = eh—lz})(n ofi oteo)’s |e*/jl9i(z)_ t() eh—%(gl °He.a) D V16

e—Zle@i (2)

_ 2V 160D _ : Ty,
—¢ V10~ gy 2 S Tevae Tiae =T Zioe-

Y
If 6;(z) = 0, 7, the situation is slightly more complicated because of the double bubble, but similar
reasoning still shows that

: ke I * ok oy
wl/li)nwg s(w)=dy e TﬁS =T1;,%Zi6;()
Therefore, g*s does indeed extend to a continuous section 5 of LL; | Fp-

Moreover, we deduce from the preceding calculations that §|3Fp is special canonical. Indeed, for
zes \ 771 (x), equations (4-4) and (4-5) show that 5(w) = dy, independent of w. Thus ¥ is pulled back
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from the base on the corresponding components of dF,. For z € 7! (x;) and 6; (z) # 0, , equation (4-6)

e—2V=16(2)
S(w)= ——dy.
Sw) sin 6; (z) Y

The map to the base component forgets x—; € 7; g, (). So the remaining marked points x; and z; can be

shows that

brought to a standard position by a Mobius transformation. Explicitly, let 89 : H — H be given by

g

Pol) = {cosB +sinf’
So
Bo(vV—1)=¢® =z €Ty and Bg(0)=0=1x; €T;p.
Then 0o
Lo sin
Pol0) = (¢ cos B +sin9)2’

In particular, By (v—1) = —e2¥=194in 6. Tt follows that

,3;,. (Z)E(w) = —dy,

independent of w. So § is pulled back from the base on the remaining components of dF,. The case
0i(z) = 0, m, corresponds to a codimension 2 corner of F), so it follows by continuity of 5.

Finally, choose § to be a transverse perturbation of § that agrees with § in a neighborhood V' of 0F,
where § does not vanish. We calculate #Z(5) by expressing it as a winding number. Let E be a Riemann
surface, let L — E be a complex line bundle, and let y C E be a homologically trivial curve. Then L|,
has a distinguished trivialization. Thus if ¢ is a section of L, the winding number W(a, y) of ¢ around y
is well defined. Let y C V Nint F, be a curve isotopic to dF, and let y be the corresponding curve in
int £. Then
#ZES) =WE,y)=WE,y) =W, p) =W(dv, p) +k.

But it is well known that W(dv, ) is negative the Euler characteristic of 3, which in our case is —1. The

lemma follows. O

Proof of Theorem 1.2, dilaton equation We have
l 0
z(k—l)/2<rl Hfai0k> = /_ e(€q),
i=1 0 Mo.k.1+1
where @ = (ay,...,a;,1). Let b,c € Zl;(’)l satisfy b + ¢ = a. For all ¢ € [/] such that b; > 1, by

Lemma 3.56 cases (a) and (b), Lemma 4.3 and Observation 4.2, we have

e(€p,c) = e(%b—eq,c—i—eq)-
By induction, we obtain

e(%a) = e(%eH_l,a—eH_l)-
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Let s’ € F0,a—e; 4, and s € F; 1 be such that s s’ vanishes nowhere. By definition of Fo.a—e; 41
there exists 5 € ¥ such that s’ = Forj_, §’. Let 5" be a transverse extension of 5" to .o, and let
§' = Fory, | 5. Since Z(§") C Mo,k,; and For; 11 [For; ! (o) is @ submersion, it follows that §" is a
transverse extension of s’. Choose an extension 5 of s such that § @ § is transverse. Then

| eeraer ) =#ZONZE) = e+ 1= 0#2G) = (4 1-1) [ elea)
Mo, k141 Mo,k .1

! 0
=(k+1— 1)2("—1)/2< I1 ra,.a"> ,
i=1 0

where in the second equality, we have used Lemma 4.5. a

4.3 Proofs of TRR I and I1I

Let p
E = @L?ai — Mo, with ay =n, and E| = L?"_l ® @L?ai — Mo ;-
i=2
Take
s = @ Sij with Sl'jES)i, and s1 = @ Sij-
ie[l],je[a,'] ie[l]yje[ai]: (17])7&(171)

The proof hinges on a section p € C OO(AZO’kJ,]Ll) defined as follows. At a smooth marked disk
D = (D, x, z), which we identify with the upper half-plane, set

@) 5<D)=dz( ! )

Zz—X1 zZz—121

eT*D

z .
zZ=2Z1 1

We show the section p extends smoothly to the compactified moduli space. Indeed, let (¥, x, z) be a
stable marked disk, and let _

YSc=X1s X
be its complex double, a stable marked sphere. Consider the unique meromorphic differential wx on
the normalization of X ¢ with the following properties. At x1 it has a simple pole with residue 1. At z;
it has a simple pole with residue —1. For any node the two preimages have at most simple poles, and
the residues at these poles sum to zero. Apart from these points, @y is holomorphic. Then p(X) is the
evaluation of wy, at z1. As z1 never coincides with a node, z; or x1, it follows that p is smooth. Write

p= ’alaﬂo,k,l'
Let T C dl,k,1 be the collection of stable graphs I" with exactly one open vertex vy, and exactly one

closed vertex v, such that 1 € £; (v,). So for I' € T, we have Mp = Mv% X Mv%. Equip .ilr with the
orientation or given by the product of 0¢ k(v2.),1(v9) and the complex orientation on Jl/_tv%.

Lemma 4.6 The zero locus of p is | Jp.7 Mp. ForT €T, the subspace Mr C Mo,k,l is cut out
transversally by p with induced orientation or.
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Proof On a component of X¢ containing x; or z1, the differential wy vanishes nowhere. Similarly,
wy, vanishes nowhere on components whose removal disconnects x; from z1. On other components it
vanishes identically. Thus, o vanishes exactly on stable disks ¥ such that in ¢ the component containing
z1 is not on the route of components between the components of x; and z;. This is the case if and
only if z; belongs to a sphere component of X. So the vanishing locus of p is as claimed. The proof of
transversality is similar to the proof of Lemma 3.43. The equality of orientations follows from induction
on dimension by an argument similar to the proof of Lemma 3.16. O

Choose s satisfying the strong transversality condition of Lemma 3.53 part (b). Put r = p @ s1. We show
that r does not vanish, so e(E; r) is defined. Indeed, Z(p) consists of boundary strata of codimension
at least 3 in Mo,k,l- So the transversality requirement of Lemma 3.53 part (b) guarantees that on such
boundary strata s; does not vanish. Thus, r does not vanish on 8Jl/_to,k,l.

Lemma 4.7 We have

(4 o
R T
Mo.x.1

SLIR={2,...,I} ieS 0\ jeRr 0

Proof Choose an extension §1 of §1 to Mo,k,l that does not vanish on \Mr for T e T and such that
¥ = p @7 is transverse. Such transversality is generic because p is transverse along /M and nonzero
outside of Jlr by Lemma 4.6. Again by Lemma 4.6, we obtain

(4-8) | eEn=szGes)= Y /a e(Erl7:511p7,)-
ref " r

Mo k1
Recall Definitions 2.30 and 2.32. For T' € T and A € B!F, abbreviate

c_ o _
A == Ag/:,ll“(v%) and A == AS'X,IF(V?)'
Thus we have a bijection
T =5 9' T2 x3'T¢, A (A% A°),

and a corresponding diffeomorphism
b: My — Mpo x Mpe given by 5|MA = Forp po X Forp aoc for A € 9'T.
Additionally, we have a bijection
(4-9) B =5 98T % 9'T¢, A (A% A°),
and a corresponding diffeomorphism
b: dMp — dMpo x Mpe givenby b = E|3Mr.

Denote the projection maps by

Po: Mrpo X Mpe = Mo,  po: dMpo X Mpe — dMro,

Pe: Mrpo x Mpe — Mpe,  pe: dMpo X Mpe — Mpe.
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Let
Ef=L¥""e P LY.  Ep= P LYY > dire.
iel; (wi)\{1} iel;(v)
Thus
b*(ﬁ:Eo@ﬁ:Ec):EﬂMF.
For A € 3'T" we have
vI(AS) ifi €Ly (A°),
vI(A)=1"" L1 (A) = L7 (AS) U L7 (A°).
i (A) {v;(A(,) i ety (A%). 1(A) =L (A) UL (A°)

So the bijection (4-9) implies

=i

(4-10) Vi ! o

Lo UV for i€ [l].

a're

Since 98T c 98 Lo k.1, by the definition of a special canonical multisection, we have

57 € Co (My, ;) for v EOV%BP

such that Si[}' = CDj‘\,l.s;’j for all A € 98T with v (A) =v. Let s} € C°(EL) and s{. € C,‘,’,o(El‘llmFo)
be given by

&)Y = @ dD:'i,’is;)j." @ for we 3'Te,
iel; (vy), j€laijl,
@,)#1,1)
(SIQ)Q = @ @E’I-Sfji @ for @ e BT
iel;(v), jela;;]
v} (D) v} (Q) . . . .
Here, s; ] and s, ] are predetermined because of equation (4-10). Since we have chosen s to satisfy

the strong transversality condition of Lemma 3.53 part (b), the multisections s, and s{. are transverse
to 0. For A € 3BT, Observation 2.37 and equation (3-4) imply that

Dr = ®pojopoob ifiely(vp),
ST @pciopeob ifielr(vl).

It follows that for I' € T, we have
@-11) Stlaiie = 0" (post ® prst).

Choose a transverse extension 5% of s to Jlro. Then equation (4-11) implies that b*( DPoSt @ past) is

a transverse extension of s | iy to J17Lp. Therefore,
“12) | eEilgisilan) =420 N 2GS,
T

Dimension counting and transversality show this number vanishes unless rk E2 = dimc Jlro and tk ES =

dimg Jle. In that case, transversality implies that s vanishes nowhere. Thus,
(@-13) #Z(FI52) N Z(F7s%) = (/ e(Eg,s;z)) (/ e(Ele)).
Mro Mpe
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The graph I'? (resp. I'“) has a single vertex vy, (resp. vf). By construction, s¢. is a canonical boundary

condition. So
o

(4-14) /_ e(Eg,sg)zz("—l)/2<ro [ ra,.ok>,
Mo

i€ls (v2) 0

(4-15) /_ e(Ep) = <T0fn—1 l_[ Tai> :
Mrec

il izl 10

Equations (4-8) and (4-12)—(4-15) together imply the lemma. O

It remains to analyze the difference between p and a canonical multisection. Let U C 958 Lok, be the
collection of graphs I'" with exactly two vertices vljf, both open, such that

lel;(vp), 1°elp(vi),
and the unique edge er of I is legal for vff and thus illegal for vp. Let

(4-16) V=8BT0, \0'U.
Lemma 4.8 Let I" € V. Then p|u is canonical.

Proof IfT" €V and (X, x, z) € Jlr, then either z; and x; are in the same component, or the nodal point
is legal for the component of z;. In the first case, wyx does not depend on the position of the nodal point,
so neither does p. In the second case, wx may have a pole at the nodal point and so p may depend on the
position of the nodal point on the component of z;. But the nodal point is legal for that component. In
both cases, p does not depend on the position of an illegal nodal point, so it is canonical. O

The following observation and lemma quantify the difference between p and a canonical multisection
on Mr for ' € U. Let p € Mgr. Let F, be the fiber over p of the map Fr: Mp — Mg equipped with
its natural orientation. So Fj, is a collection of a = [£g(vy)| closed intervals corresponding to the a
segments between marked points where the illegal nodal point can move. The following observation is a
consequence of Observation 3.32.

Observation 4.9 The restriction of the tautological line IL; |, is canonically trivial.

So we think of sections of IL;|F, as complex-valued functions well-defined up to multiplication by a
constant in C*. The following observation is immediate from the definition of a canonical section.

Observation 4.10 A canonical section of L; | F, 18 constant.

On the other hand, the TRR section p twists nontrivially around F as follows. For i € {g(vy), let I'; be

0

the unique stable graph in 98 T" with three open vertices v vl.ﬂE and two boundary edges e = {vl.i, vl‘.)}

i

such that £p (v?) = i. The boundary dF), consists of two stable disks modeled on each graph I'; for
i € £p(vy), one for each cyclic order of the 3 = k(v?) boundary marked points on the component
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corresponding to vl(.). Let F, » be the quotient space of F}, obtained by identifying the two boundary points
corresponding to I'; for each i € £p(vy). Thus ﬁp is homeomorphic to the circle S!. The following
observation follows from the definition of p.

Observation 4.11  The section p|r, descends to a continuous function py : F »— C*.
Lemma 4.12 The winding number of pp, is —1.

Proof We define a map from a subset B C (0,2x), to int F), as follows. To each b € B, we assign
a surface Xp = (¥, ). The component T corresponds to the vertex vll" and the component X’
corresponds to the vertex vp. As implied by the notation, T is independent of b. The exact form of £T
is not important for the present calculation, and its isomorphism class is determined uniquely by p. We
fix X as follows. Let v =iy (er) € £ and choose an arbitrary i; € {p(vp). Identify ;" with the unit
disk D? C C in such a way that z; = 0 and x;, = 1. The position of the remaining boundary marked
points in dD? is then uniquely determined by p. Take B to be the set of arguments of the complement of
the marked points in dD?2. The parameter b € B determines the nodal point x,, € d¥, by the formula
Xy = eV=10_ The complex double (X;)c is naturally identified with the extended complex plane C U oo.
The point conjugate to z; is co, and

B dz _ dz
wz,lz; = P %
So
@-17) p(Sp) = s, |z, = —e V1.

The continuity of p, and formula (4-17) imply that p, rotates once in the negative direction around the
fiber ﬁp. d

Lemma 4.13 We have
k o o
E: _ E: :z(k—l)/Z B . k1 . ko+2 )
[M< = [ ek > () w0 ) ([T o

Mok SUR=1{2,...I} ieS 0Yier 0
ki +ko=k—1
Proof Let
Ey=1L1— Mok,

so E=FE®FE,. Let € = V. Lemma 4.8 shows that s and r satisfy the hypotheses of Lemma 3.54 with
the preceding choice of E1, £, 6. So we obtain a homotopy H between s and r of the form (3-10) that
is transverse to zero, vanishes nowhere on Jlr X [0, 1] for I" € V, and such that the projection of H to E
equals s1 independent of time. By Lemma 3.55 and equation (4-16), we have

(4-18) /_ e(E:s)— | e(Eir)=—#Z(H) ==Y #Z(H|j.xjo.1])-
Mo, k.1 Mo, k.1 ret
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Denote by 7: 8./!10’;(’1 x [0,1] — BA/_LO’kJ the projection. Decompose H = H| & H,, where H; €
CoX(n*E;). Then Hy = n*sy. Transversality implies that

Z(S1|Mr) C JMr.

By Remark 3.38, for each I' € 3BI‘0’k,l we have s{‘ = Fli‘s?r. Write

#ZsPH = Y ep),

PEZ(sTT)

where €(p) is the weight of p as in Definition A.4. It follows from Lemma 3.16 that for I' € U, we have

(4-19) #Z(H | xo.1) =#Z(T* FEsPYNZ(H) = > e(p)-#Z(Ha|p,x(0.1))-
peZ(s%F)
Since H is of the form (3-10), we have

(4-20) Hz(q,1) = p(q@)t +s11(q9)(1 — 1) + 1 (1 — H)wa(q),

where w, is a canonical multisection. Let p € Z (s9173r). It follows from (4-20) and Observations 4.9-4.11
that Ha|F,x[o,1] descends to a homotopy ﬁz, p on F » % [0, 1], which we may think of as taking values
in C*. Thus

(4-21) #Z(Ha|F,x(0,1)) = #Z(H2,p).
Since ﬁ2,p|ﬁpx{0} is canonical and Iflz,plﬁpx{l} = pp, Observation 4.10 and Lemma 4.12 imply that
(4-22) #Z(Ha p) = —1.

Combining equations (4-18), (4-19), (4-21) and (4-22), we obtain

(4-23) /_ e(E;s)— | e(E;r)= Z #Z(s‘o{ar).

Mo k.1 Mo k.1 CeU

It remains to analyze #Z (sgl'JsF) for I' € U. Denote by ﬁljf € V(RI') the vertices corresponding to
vlﬂf € V(I'). Recall Definitions 2.30 and 2.32. For A € 9'®T", abbreviate

+
AT = Al L G-

Thus we have a bijection
(4-24) I'Br =5 9'BLT xd'BC™, A (AT, A7),
and a corresponding diffeomorphism
d: Myr — Jl?t%lwr X Mgy~ given by dlﬂ/\ = Forp o+ xForpa, a- for A € 9'BT.

Denote the projection maps by

Pt Myt X Mgr— — My .
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Let
E‘%_l" = L?n_l @ @ Ll@ai — M%I‘"" Egr = @ L?Bai — M-,
iel; (wiH\{1} i€l (vr)
l
E%F = ]L?n_l &) @Li@ai —> M%F.
i=2
Thus

d*(pLET @ p*E™) = Egr.
Observation 3.14 and bijection (4-24) imply that

(4-25) Ve =Vagr = Vagr+ YV gigr—

Since 8'T' c 98 Lo k1 by definition of a special canonical multisection, we have
st € CX(My. L), v eV,
such that sl.lj\. = o3 l.s;’j for all A € 3BT with v/ (A) =v. Let

S?fsr € CrZO(EQ:;:F)

be given by
%= P Hosn @it edart,
iet; (vb), jelaij,
(@ N#1,1)
s = s if Qe IR,
a8 g s @it @ ed'ar
iely(vp), j€lai;]
Here, s;}i @) are predetermined because of equation (4-25). Since we have chosen s to satisfy the strong

transversality condition of Lemma 3.53 part (b), the multisections s%r are transverse to 0. For Q € 3'®T,
Observation 2.37 and equation (3-4) imply that

qDQ,l :q)gi’lopiod for l EEI(UI:!:)'
It follows that
sPr = d*(phsie ® p*syp).
Thus
(4-26) #Z(sPh) =#Z(phsio) N Z(pEsyp).

. . . . . . . —+
Dimension counting and transversality show this number vanishes unless rk E%j:F = dimc M. In that
case, transversality implies that sggr | ot vanishes nowhere. Thus

B

(4-27) #Z(pisgjgr) NZ(pXsyr) = (/_

M%F

J’_ —
e(E%I"s%rHaJHF )(/_ e(E%I"S%F_bM;r))'
+ MaT—
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The graph BI"* has a single vertex v .. By construction, s34 gt isa canonical boundary condition. So

(4-28) / _
M

Foreach I € U, we have 1° € {g (vff) and er is legal for vff. It follows that

o
Ay a1t
(B sars ) =202 ] 1,05,

. ~ 0
arE iet; (®F)

k(@f)>2, TeUl.
Keeping in mind that

k@H) +k@p) =k+1, GO ULER) ={2,....1},
equations (4-23), (4-26), (4-27) and (4-28) imply the lemma. O

Proof of Theorem 1.5 The differential equation TRR I is equivalent to the recursion relation

l o C o
(4-29) <rn 1_[ ral.ak> = Z <forn—1 l_[ Tai> <‘L’0 1_[ TaiO'k>
i=2 S}

0 SORrR={2,. ies 10V jeR 0

k K\ fot2\
2
s 2 (E) e Trwet) (T,
SLIR={2,...,I} ieS 0lier 0

ki1+ky=k—1

By definition,
I 0
<Tnl_[ra,.0k> =/_ e(E;s).
i=2 0 Mo, k.1

So recursion (4-29) follows immediately from Lemmas 4.7 and 4.13. The proof of TRR II is similar,
except that we define wy to be the unique meromorphic differential on the normalization of ¥ with the
following properties. At zj it has a simple pole with residue —1, and at z; it has a simple pole with
residue 1. For any node the two preimages have at most simple poles, and the residues at these poles sum
to zero. Apart from these points, wy, is holomorphic. As in the proof of TRR I, the section p(X) is the
evaluation of wy, at z;. O

5 Proof of Theorem 1.1

5.1 Virasoro in genus 0

The open Virasoro operators £, and the partition functions F§ and F§ were defined in Section 1.6.
Define
Gy = %rexpu2F§ +u~ ' FQ)

for r > —1. The genus 0 term of G, is defined by
Coeff,,—1 (G exp(—u">F§ —u~'Fy)).
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The claim of Theorem 1.1 is that
Coeff,—1 (G, exp(—u2F§ —u"'F{)) =0 forall r > —1.

By the open string and dilaton equations, genus O terms of G_; and G vanish. Using the Virasoro
bracket, Theorem 1.1 follows from the vanishing

5-1) Coeft,,—1 (Gz exp(—u~? F§ — u! Fg)) =0.
However, for the proof of (5-1), we will require the vanishing

(5-2) Coeff,,—1 (G exp(—u2F§ —u" ' F§)) = 0.
5.2 Vanishing for r =1

By unraveling the definition of &1, we can write the vanishing (5-2) explicitly for G;. Using the Virasoro
bracket

[£-1,%1] = 2%,
we need only check the vanishing of G at coefficients independent of 7. The resulting equation is

o

l 0 l
15 Qa; + 1)(2a; +3)
(5-3) 0= —T<T2 | | Ta; 0k> + E l 1 l Ta;+1 | | Tajok
0 =

i=1 ji 0

+ Y < []re o™ >0" (kks_—ll)< [ akr>o

SUT={1,..,1}‘ieS 0 ieT 0

fora; > 1 for all i.
Following the notation (7-4), the number of boundary markings in (5-3), is set by the dimension constraint

k=5+24-2l, ks=3+2A45—2lg,
where the conventions
1
A= Zai, where a; > 1 for all i,
i=1
Ag = Za,-, where [g = |S| forall S C{1,2,...,1},
i€eS
are used.
After substituting the evaluation of Theorem 1.4 and canceling factors and simplifying, we reduce (5-3)
to the identity:

20+ 84 — 81
(5-4) %(3 +24—1)

442421
> (5+2A—21)(2+2AS_21S)(1+2AS—IS)!(1+2AT—IT)!.

SuT={1,...,l}
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5.3 Closed TRR

In order to prove (5-4), we use the closed TRR in genus 0 to derive combinatorial identities. The following
identity is obtained from closed TRR:

) c
4+2A4-2]
<T2T210 | | T2a;—1 T0+ >

i=1 0
[ C
_ 442421 _
= 2 <Tlf0 []r2a-1 %% ZIS> (2+2As—215)<TZTg [ r2a175 2% 2IT> :
SUT={1,....1I} ieS 0 ieT 0

After substituting the closed genus 0 evaluation, canceling factors, and simplifying, we find
44241 442A—1 1 442421
- - — = = -
(5-5) T (3+24-1)! 3 . (2+2As—215
SUT={1,...1I}

)(1+2As—ls)!(1+2AT—lT)!

and equation (5-5) is clearly equivalent to equation (5-4), as needed.

The proof of the vanishing (5-2) for r = 1 is complete. Hence, the open Virasoro constraint £; is
established in genus 0.

5.4 Vanishing for r =2

By the definition of &5, we can write the vanishing (5-1) explicitly for G,. Using the Virasoro bracket
[£-1,%3] = -3%,

and the validity of the constraint £ in genus 0, we need only check the vanishing of G, at coefficients
independent of fg.

After unraveling the definition of &5 (just as we did for &), we must prove the following identity:

42+ 124 —121
(5-6) %(5 +24 1)

6+24-2]
= X 0424y a0 i ok aas iy 2124y —2Ly)

(14245 —Is)! (1 +2A7 —I7)' (1 + 24y —[y)!.

By applying the closed TRR twice, we obtain the following relation among closed descendent invariants:

I c
6+2A—21
<rzfzfz [] 7201 w5t >

i=1 0
= 6+24-21 riadg—21s\
= Z <2+2AS_2IS’2+2AT_2ZT,2+2AU—2[U><T1T0Hfzai_l 7 A
SUTUU={1,...,I} ies
¢ c
.<f2,§ [T 201 t§+2Ar—21r> <T1T0 TT a1 _Eg+2AU—le> ‘
ieT 0 ieU 0
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After substituting the closed genus O evaluation, we find the identity

6+24—1
(5-7) +T(5 24— 1)
B 6+24—1 6+24-21
- Z 6 (2-1—2145—215,2+2AT—21T,2+2AU—2LU)

SUTUU=A{1,...,I}
(14245 —Is)' (A +2A7 —I7)' (1 + 24y —Iy)'.

Identity (5-7) is clearly equivalent to Identity (5-6).

The proof vanishing (5-1) for r = 2 is complete. Hence, the open Virasoro constraint & is established in

genus 0, and the proof of Theorem 1.1 is complete. O

6 Proof of Theorem 1.3

6.1 KdV

Our goal is to prove the open KdV relation in genus 0:

(6-1) 2n 4+ D{(ta))g = (17000 (706 + 2(m—-1)50)g for n = 1.

After differentiating both sides by s, we obtain

(6-2)  2n+ D {(wo)g = (tn-170)5 (00N + 2(n-100G (NG + 2{n-1)§((o>)§ for n > 1.

Since all nonvanishing genus O open invariants have at least a single o insertion, equation (6-2) implies
the open KdV (6-1) in genus O.

Since we already have proven the TRR relation

(0§ = (m-170)5{{z00)§ + (Ta—1)G ()3,

equation (6-2) follows from the differential equation
(6-3) 2n((tno))§ = 2(tn-10)g (NG + (Ta—1 NG (02NG  for n > 1.

We observe that equation (6-3) holds trivially for n = 0. The compatibility of (6-3) with the open string
equation is easily checked. Hence, to prove equation (6-3), we need only consider additional insertions 7,
with a; > 1. Using (7-2) for such insertions, we reduce (6-3) to the relation

o o
- n—1){tntq ..-7q,0 = Tn—1 Tq; 0 B Tq, O .
64) (21— 1){tnta, ... 700" =2 oks) (K ks +

SUT={1,...,I} ieS 0 "8 ieT 0

The sum is over all disjoint unions S U 7" of the index set {1, ...,/}. The number of boundary markings
in (6-4),
k=2n+24-2+1, ks=2n+245—2lg—1,

is as in (7-2). As before, we use the notation (7-4).
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6.2 Binomial identities

Recall the evaluation of Theorem 1.4,

2n +2A-1)!
(6-5) (tnTay - .- Ta,0%)§ ( )

C@n—DNT,a; — D!
when n > 1 and a; > 1 for all i. After substituting evaluation (6-5), relation (6-4) reduces to the following

binomial identity (after canceling all the equal factors on both sides):

( 2n+2A-21 )

o 2n+2Ag—2lg—2
(6-6) 2n4+24—1=2 _Z Py !
SUT={1,...,I} <2n+2AS—lS—2)
The sum is over all disjoint unions S U 7" of the index set {1,...,/}.

6.3 Closed TRR

As before, instead of a combinatorial proof of (6-6), we present a geometric argument using the following
closed genus 0 topological recursion relation in genus 0:

(6-7) {(T2n—2702))§ = (T2n—273 ) (ToT1))§-

Expanding (6-7) explicitly, we find

[ c
2n+24-21
(6-8) <T2n—2fofz l_[ T2g;—1 'TO"+ >

i=1 0
C
2n+245—2l5—2 2n+2A4-21
= Z <T2n—2tg l_[ T24a;—1 'Ton e > (2n +2AS—215—2)
SUT={1,...,I} ieS 0 .
'<TOTI 1_[ T2a;-1 -TgAT_21T+2> ‘
ieT 0
We substitute the closed genus 0 formula
m—3
(thy - T, )0 = (bl,.--,bm)
in (6-8). After canceling equal factors on both sides, we arrive at the desired binomial identity (6-6). O
7 Proof of Theorem 1.4
7.1 TRR
Our goal is to prove the evaluation
I
_12a; — 1+ 1)
(7-1) (Ta, ...ralak)g = (Xi1 2ai ) when a; > 1 for all i.

T'—,2a; — D!
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The dimension constraint for the bracket (7-1) yields
/
—3+k+2 =) 2.
i=1
Hence, k must be odd (and at least 1). The dilaton equation,
“)

(t174, ...‘L’alO'k)g =(—1+k+1)(ta, ... 174,05,

is easily seen to be compatible with the evaluation (7-1).

Writing the TRR relation

(g = ta—170)5({z00 g + (Ta-1)5 (o)

of Theorem 1.5 explicitly, we find

(7-2) (tnTay - - - Ta,0%)8 = Z <Tn—1 1_[ Ta,-UkS>0(kk_l>< l_[ - ok_k5+1>0,
oS 0

SUT={1,...,]} ieS ieT

The sum is over all disjoint unions S U T of the index set {1, ...,/}. The number of boundary markings
in (7-2),
I
k=2n+2) ai-2l+1, ks=2n+2) a;—2|S|—1.
i=1 ieS

is set by the dimension constraint. The condition a; > 1 forces the term

{(tn—170))0 ({700 )0

of the TRR to vanish. The right side of (7-2) is obtained from the second term of the TRR.

7.2 Induction

We prove the evaluation (7-1) by descending induction on the a;. The base of the induction is when
a; = 1 for all i. By the compatibility of the evaluation (7-1) and the dilation equation, the base case is
easily established.

By further use of the compatibility with the dilaton equation, we need only consider invariants

k)O

(tnTay - 7q;0" )0

where n > 2 and a; > 1. We will prove the induction step by applying the TRR relation (7-2). We observe
that the right side of (7-2) contains no disk invariants with 7o insertions. To complete the induction step,
we need only prove the evaluation (7-1) satisfies the TRR relation (7-2). We are left with a combinatorial
formula to verify.
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7.3 Binomial identities

The combinatorial formula which arises in the induction step can be written as the following binomial
identity (after canceling all the equal factors on both sides):

( 2n+2A4-21 )

2n+24-1 2n+2A5—2lg—1
) 2n—1 _Z 2n+24—1-1 \°
SUT=(1,...,I} (2n+2AS—lS—2>
where the sum is over all disjoint unions S U T of the index set {1,...,/}, and
I
(7-4) A=Y "a;, As=) ai. Ar=)Y _a;. Ils=IS|. Ip=]|T|.

i=1 ieS ieT
Instead of a direct combinatorial proof of (7-3), we present a geometric argument using the closed
topological recursion relations in genus O,

(7-5) {(t2n—170T1)§ = (T2n—270)§ (7571 ))§-

First, we write (7-5) explicitly in the following specially chosen case:

l

C
2n+24-21
(7-6) <T2n—1ToT1 l—l Toaq;—1-70" " >

i=1 0

C

Ac—2]c— 2n—+2A-21

= Z <T2n—2‘501—[‘fzai—1f§n+2 ST 1> (2n+2AS—2lS—1)
SUT={1,....I} ieS 0

c
2 247 -2l7+1
~<‘L’0‘C1 H‘L’zdi_l-‘lfo .

ieT 0

Second, we substitute the closed genus 0 formula

(oo 0= ("2 )

in (7-6). After canceling equal factors on both sides, we arrive at the binomial identity (7-3). O

Appendix Multisections and the relative Euler class

We summarize relevant definitions concerning multisections and their zero sets. For the most part, we
follow [12]. As usual, all manifolds may have corners.

Definition A.1 Let M be an n—dimensional manifold. A weighted branched submanifold N of dimen-
sion k is a function
w:M —QnNJ0,00), with suppu =N,

which satisfies the following condition. For each x € M there exists an open neighborhood U of x,
a finite collection of k—dimensional submanifolds Ny, ..., Ny, of M which are relatively closed in U,
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and positive rational numbers (1, ..., i, such that

m

wlg= Z/,Li)(]vi forall y e U.
i=1

Here, xn; is the characteristic function of N;.
We call the submanifolds N; branches of N in U and the numbers u; their weights.

A weighted branched submanifold is compact if the support of u is compact.

Throughout the article we refer to branched weighted manifolds by their support, N. In this appendix,
however, it is more convenient to work with the representing function p, and this is indeed what we do.
We say that N is represented by u and we use both symbols for the same notion.

Remark A.2 A usual submanifold N < M is a special case of a weighted branched submanifold.
Indeed, take
w=xn, m=1, N =N, pur=1

Notation A.3 For a vector space V', denote by Gry (V') the Grassmannian of k—dimensional vector
subspaces of V, and by Gr]_:(V) the Grassmannian of oriented k—dimensional vector subspaces of V.
The oriented Grassmannian of zero-dimensional subspaces Grar consists of two points labeled 4+ and —.
Given a vector bundle £ — M, we denote the associated (oriented) Grassmannian bundle by

Gr{™ (B) = {(r. W) | x € M.W € Gr{" (B,

Definition A.4 Let M be a manifold of dimension 7, and u a weighted branched submanifold of
dimension k.

(a) The tangent bundle of u is the unique k—dimensional weighted branched submanifold T of
Gr(TM), such that

Tux. W)= Y w.

TxN;=W
where u; and N; are weights and branches at x, respectively.
(b) An orientation of u is a function
utGrf (TM) - Q,
which satisfies the following condition. For all
(x, W) € Gry (TM),

there exists an open neighborhood U of x in which there are branches N; of u each with a given
orientation, and weights u; of u, such that

wrewy= > wi— >
w

TyNi=W TyNi=—
Here, vector spaces are oriented and —W stands for the vector space W with orientation reversed.
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(¢) TIf u is compact, oriented, of dimension 0 and (supp p) N IM = &, the weighted cardinality of 1
is given by

=Y x4

xeM

The existence of the tangent bundle was established in [12] .

Remark A.5 Again, the definitions generalize the standard ones for submanifolds. Indeed, let u be as
in Remark A.2. We take T (x, W) to be 1 if and only if u(x) = 1 and W = Tx N. Otherwise, it is 0.
Similarly, if N is oriented, we define
1 ifu(x)=1and W =TxN,
ut, Wy=1{—-1 if u(x)=1and W = —TxN,

0 otherwise.

We can now define weighted versions of unions and intersections.

Definition A.6 Let u and A, be two branched weighted submanifolds of M of dimensions k and /,
respectively. We say that u is transverse to A, and write y th A, if for all x € M, W € Gry(TM) and
V € Gr;(TM) with

Tux, W), TA(x,V) >0,
W and V intersect transversally.

If A, we define the intersection N A of p and A by
pmOA(x) = p(x)A(x).

Given orientations 1 and AT of  and A, respectively, and given an orientation on M, we define the
induced orientation of N A by

uwtnat: Gr]jH_dimM —-Q, putNAtTx,U)= Z utWHLAT (V).
Uu=vnw
Here, we need the orientation on M in order to induce the orientationon VN W . If k + [/ = dim M, we
define the intersection number by

(™) - A AT) =#un A, ut N,
If k = [, we define the union of u and A by
HUAR) = p(x) + A(x).

The transverse intersection of branched weighted manifolds of dimensions k& and / has dimension
k+1l—dimM.

Remark A.7 It is easy to see that both intersection and union are commutative and associative. In
addition, we have the distributive property. That is, any three branched weighted submanifolds A, u and v

satisfy
(U Nv=(unNnv)U@Anv).
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We now move to multisections and operations between them.

Definition A.8 Suppose that p: E — M is a rank k vector bundle over an n—dimensional manifold. A
multisection s of E is a weighted branched submanifold

0: E—-QnN[0,00)

of the following special form. For all x € M there exist a neighborhood U, smooth sections

S1yee S U > E
called branches, and rational numbers o7 ..., 0y with sum 1, called weights, such that
o(x,v) = Z o; forall (x,v) € E|y.
si(x)=v

That is, the total weight of the fiber is 1. We say that s is represented by o and we use both symbols for
the same notion.

Given a submanifold N € M and a multisection s of £ — M, we define the restriction of s to N by

SIv=0lp-1qvy-
Let f: M — N be a map of smooth manifolds with corners and let £ — N be a vector bundle. Denote

by f : f*E — E the canonical map covering f. Let o be a multisection of E. Then the pullback f*o
is the multisection of f*E given by

(f*o)(x,v) =0 (f(x,v)).
A multisection is said to be transverse if it and the zero section are transverse as weighted branched

manifolds.

Definition A.9 Let yo denote the indicator function of the zero section. Given a scalar a in the base
field and a multisection o, we define the product multisection ac by

{a(x,a_lv) ifa#0,

(@0)(x,v) = ifa=0.

Given several multisections o7, .. ., 0y, we define their sum

m
o=01+...+0, by o(x,v)= Z Hai(x,vi).

viF...top=vi=1

The sum of multisections is commutative and associative.

Let pr: [0, 1] x M — M denote the projection. A homotopy between two multisections o1, 02, of £ — M
is a multisection o of

pr* E — M x[0,1] such that 0lgxioy=01 and o|g = 02.

We say that a multisection vanishes at a point if one of its branches vanishes there.
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Given multisections o; of E; — M fori = 1, 2, we define the multisection o1 @ 03 of E; & E» by

o((x,v1 ®v2)) =01(x,v1)02(x, v2).

Given a multisection o of £ — M, and a section ¢ of a line bundle L — M, we define the multisection
otof E® L, by
(01)(x,v @ w) = 0(x, V)8 (x)—w>

where 8;(x)—y = 1 if #(x) = w, and otherwise it is 0.

Let G be a discrete group, and let £ — M be a G—equivariant vector bundle. Given a multisection o
of E, we define the multisection g - o by

(g-0)(x,v) =0(g™" - (x,0)).

We say that o is G—equivariant if
oc=g-0 forall geG.

Definition A.10 When G is finite we define the G —symmetrization of o by

1
OG(X,U) =— Z g-a(x,v).
1G]
geG
The symmetrization is G—invariant.

Given a multisection s of E — dM, an extension of s to all M is a multisection s’ whose restriction
to dM is s. It is shown in Chapter 14 of [28] that multisections satisfying a condition called structurability
admit extensions. A multisection is structurable if one can equip it with a collection of auxiliary data
called a structure; see Definition 13.3.36 of [28]. A multisection that arises from an ordinary section
admits a natural structure, and the operations on multisections described above act naturally on structures
as well. It will be shown in [27] that the notion of structure can be modified so that if . is a structure on
the multisection s, there exists an extension s’ with structure .’ such that the restriction of .7’ to oM
coincides with .. If multisections with structures are given on the individual components of dM that
agree with each other when restricted to the corners, then they piece together to form a multisection with
structure on the whole dM .

Notation A.11 We denote by C,°(E) the space of multisections of E. If a group G acts on E, we use
the notation C5°(E )@ for the G—invariant multisections.

When M is oriented of dimension 7, the image of a section s of a vector bundle £ — M inherits a
canonical orientation through the diffeomorphism

s: M —s(M).
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In a similar manner, every multisection s € C;°(E), carries a natural orientation described as follows.
Assume s is represented by o, take x € M, W € Gr,f (Txy M), and let U, g;, s; be as in the definition of a

multisection. We define N
O+(xa W) = Z Oj _Z Oi,
where Zi is taken over indices i such that
W = x(ds;(TxU)).

This definition agrees with the usual orientation for sections. With these definitions in hand we define the
zero set of a multisection as follows.

Definition A.12 Let s € C,5°(E) be a transverse multisection. We define its unoriented zero set Z (s) as
the intersection of the multisections s and O as branched weighted submanifolds.

When M and E — M are oriented we define the zero set Z(s) to be Z (s) with the orientation induced

from the canonical orientations of s and 0.

Remark A.13 Let E — M be a vector bundle with rk £ = dim M and let s € C,5°(E) be transverse.
Suppose that at a point x several branches s;; vanish. Then the weight of x in the zero set of s is the
signed sum of o, . The sign is the sign of the intersection of s;; and the zero section at x.

We will use the following theorem. In [12], a proof of this theorem is given in the case that M has no
boundary. The proof for a manifold with corners is similar and will be omitted.

Theorem A.14 Let E — M be a rank n bundle over a manifold of dimensionn. Let s € C.° (E|apr)
vanish nowhere and let s € C5°(E) be a transverse extension. Then #Z(5) depends only on s and not on
the choice of s.

In other words, the homology class [Z(5)] € Ho(M) depends only on E and s. It is Poincaré dual to a
relative cohomology class in H" (M, dM ), which we call the relative Euler class of E with respect to s.
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