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We prove that the cohomology classes of the moduli spaces of residueless meromorphic differentials,
ie the closures, in the moduli space of stable curves, of the loci of smooth curves whose marked points are
the zeros and poles of prescribed orders of a meromorphic differential with vanishing residues, form a
partial cohomological field theory (CohFT) of infinite rank. To this partial CohFT we apply the double
ramification hierarchy construction to produce a Hamiltonian system of evolutionary PDEs. We prove
that its reduction to the case of differentials with exactly two zeros and any number of poles coincides
with the KP hierarchy up to a change of variables.
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Introduction

In recent years several constructions of moduli spaces of meromorphic differentials on smooth Riemann
surfaces, where both the differential and the curve are allowed to vary, have appeared in the literature. In
particular, Bainbridge, Chen, Gendron, Grushevsky and Mdller [4; 5] and Sauvaget [25] constructed, with
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different techniques, smooth Deligne-Mumford moduli stacks parametrizing families of stable curves of
genus g and with n markings, together with a meromorphic differential with poles and zeros of prescribed
orders ay,...,an, € Z with Y !_, a; = 2g — 2 on their n marked points, and studied their geometry and
topology. Such families have a natural univocal definition as long as the underlying curve is smooth,
in which case their moduli stack, up to projectivization with respect to the multiplicative C*—action
on the differential, can be seen as a substack #g(a;,...,ay) inside .Mlg . The above constructions
provide different compactifications and all possess natural forgetful maps to the moduli space of stable
curves Mg,,, with respect to which their image, which is pure dimensional, but in general not irreducible,
is simply the closure 3_€g (ai,...,an) of Hg(ay,...,an) inside Mg,n. This is in contrast, for instance,
with Farkas and Pandharipande [18], who construct a closed pure-dimensional substack ?Aég (ai,....an)
of Mg,n as a proper moduli space of twisted canonical divisors containing #g(ay,...,a,) as an open
subset, but having in general irreducible components that do not lie in ?ng (ai,...,ap). In the strictly
meromorphic case, ie when there exists an a; < 0, the moduli space ‘?f’?fg (ay,...,ay) carries a natural
weighted fundamental class Hg (a1, ..., ay), which was shown in Bae, Holmes, Pandharipande, Schmitt
and Schwarz [3] to equal Pixton’s 1-twisted double ramification (DR) cycle DR;, (ay,...,ap), defined in
Janda, Pandharipande, Pixton and Zvonkine [21] as an explicit sum over stable graphs of tautological
classes.

While Pixton’s formula is expected to provide the weighted fundamental classes Hg (a1, ..., a,) with
the structure of an infinite rank partial cohomological field theory (CohFT), as already proven for the
(untwisted) DR cycle in Buryak and Rossi [12] (see also their paper [11]), we cannot expect the same
from the fundamental classes of ?_(fg (ai,...,an), simply for dimensional reasons, as ?_t’g (ai,...,an) has
codimension g — 1 inside .y 5 in the holomorphic case, and codimension g otherwise. The situation
however improves if we demand that all residues of the meromorphic differentials vanish. The correspond-
ing moduli stacks and compactifications were constructed in Sauvaget [25] and Costantini, Moller and
Zachhuber [14], and the corresponding substack of Mg,n is denoted by i‘%?g (ay,...,ay). Its codimension
is g — 1 + Ng,,, where Ny, denotes the number of poles.

Our first result is that the fundamental classes of ?_6?(611, ...,ap), witha; #—1forall 1 <i <n, do
indeed form an infinite-rank partial CohFT. We show this in Section 1, after introducing the necessary
geometric notions and results from the aforementioned papers.

At this point the possibility of employing integrable systems techniques to study the intersection theory
of ?_ffges(al, ..., dp) arises. In Section 2 we define the corresponding DR hierarchy and prove some of its
properties, including homogeneity with respect to the appropriate grading.

Finally, our main result is found in Section 3, where we prove that a reduction of the DR hierarchy
corresponding to moduli spaces of meromorphic differentials with exactly two zeros and any number
of poles with no residues coincides with the celebrated Kadomtsev—Petviashvili (KP) hierarchy up to a
Miura transformation.
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The precise identification of the aforementioned reduction of the DR hierarchy for residueless meromorphic
differentials with the KP hierarchy constructed via Lax operators is achieved thanks to a reconstruction
theorem, also proved in Section 3, which is of independent interest: the KP hierarchy can be uniquely
reconstructed, using the properties of commutativity of the flows, homogeneity, tau-symmetry and
compatibility with spatial translations, from exactly three coefficients in each component of the first
nontrivial flow together with the linear terms in the dispersionless limit of all other flows.

Natural future developments include the identification of the full DR hierarchy for the spaces of residueless
meromorphic differentials and the investigation of the Dubrovin—Zhang [16] side of the correspondence
of this partial cohomological field theory with integrable systems, guided by the DR/DZ equivalence
conjecture (see Buryak [6] and Buryak, Dubrovin, Guéré and Rossi [7]), which predicts that the KP
hierarchy and its parent hierarchy for differentials with any number of zeros should compute all intersection
numbers of ?_Grges (ay,...,an) with any monomial in the psi classes. This is material for future work.

Notation and conventions
e Throughout the text we use the Einstein summation convention for repeated upper and lower Greek

indices.

e When it doesn’t lead to confusion, we use the symbol * to indicate any value, in the appropriate
range, of a sub- or superscript.

 For a topological space X, let H*(X') denote the cohomology ring of X with coefficients in C.

e Forn=>0,let[n]:={l,...,n}.

Acknowledgements The work of Buryak (Sections 3.3 and 3.4) is supported by the Russian Science
Foundation (project 20-71-10110), which funds his work at PG Demidov Yaroslavl State University.
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thank Michael Finkelberg for valuable comments related to the proof of Proposition 1.8.

1 Moduli spaces of meromorphic differentials with residue conditions

For two nonnegative integers g,n such that 2g —2 +n > 0, let .y , be the moduli space of stable
curves of genus g with n marked points, Jlg , its open locus of smooth curves, and /l/t?,n the partial
compactification of .llg » by curves of compact type, ie stable curves whose dual stable graph is a tree.
Naturally, Mg, C M, C Mg pn.
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2796 Alexandr Buryak, Paolo Rossi and Dimitri Zvonkine
1.1 Meromorphic differentials with residue conditions

For integers g, n,m,k > 0 such that 2g —2+n+m + k > 0, fix integers ay,...,a, >0, by,..., by, > 1

and ¢q,...,c; = 2. The space of projectivized meromorphic differentials with vanishing residues at the
last k& points is the subset

Hg(ar,....an,=by,....,~bm;—ci,....,—ck) C Mg pym+k
of smooth marked curves [C; X1, ..., X, +m+k]| on which there exists a meromorphic differential @ whose

associated divisor is (w) = Z7=1 ajx,-—z_;":l b xn+j—2§€=1 CjXn+m+j and such thatresy, . @ =0
for 1 < j < k. We denote its closure in Mg ;4 m+i DY

%g(al,...,an,—bl,...,—bm;—cl,...,—ck) C./l7tg,n+m+k.
?}’?g (ai,....an,—by,...,—bm;—c1,...,—cy) is a closed substack of.ATLg’,,erJrk of codimension g + k if
m > 1, and of codimension g —1+k if m = 0. It is empty unless 27=1 aj—Z;”zl bj—Zle cj =2g-2.

Notice that if m =1 and [C;x1, ..., Xp414k] € Hg(ay, ... ,an,—b1;—cy, ..., —ck), then the residue
theorem implies that the meromorphic differential @ on C satisfies resy,, ,, @ = 0 and hence

Helay,...,an,—by;—cy1,....,—c) =Hg(ay,...,an;—=by,—c1,...,—Ck),
so the case m = 1 effectively reduces to m = 0.

In the £ = 0 and m = 0 cases, the notation can be simplified as follows.

Definition 1.1 Given aq,...,a, € Z, let us introduce the following notation:

(1) Denote by #g(ay,...,an) C Mg, the space of projectivized meromorphic differentials, ie the
locus in .lg,, of smooth curves [C; xy, ..., x,] on which there exists a meromorphic differential w

whose associated divisor is (w) = Y7

j=14iXi. Denote moreover by g (ay, ..., ay) its closure

in Mg .

(2) Similarly, denote by #;*(ay, ..., an) C Mg, the space of projectivized meromorphic differentials
with everywhere vanishing residues, ie the locus in .Jlg , of smooth curves [C;xq,...,X] on
which there exists a meromorphic differential w whose associated divisor is (w) = 27=1 a;x; and
whose residues vanish at all poles. Denote moreover by #g°(ay, . .., an) its closure in Mg,y

Notice that ‘27_6?3(411, ..., ay) is empty if @; = —1 for some 1 <i <n and unless Y ;_, a; = 2g — 2.

For an index set I of finite cardinality |7| > 0 and an |I|~tuple of integers a; = (a;)jes € ZM1!, let
Ng, = |{i € I | a; <0} be the number of negative entries of ay. Then

(1-1) codim?_fz,es(al, coosp) =g —1+4 Ngp-

We call the homology class [%?S(al, ...an)] € H2(2g—2+n—Na[n])(~A7tg,n) the cycle of residueless mero-
morphic differentials and, by abuse of language, we will use the same name and notation for its Poincaré
dual cohomology class [%z,es(al, ...,an)] € Hz(g_1+N“[n])(./l7tg,n).

Geometry & Topology, Volume 28 (2024)
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Remark 1.2 In the strictly meromorphic case, ie when there exists an i € [n] such that a; < 0, a closed
substack %g (ai,...,an) C Mg,n containing ?ng (ay,...,an) was constructed in [18] as a proper moduli
space of twisted canonical divisors, carrying a natural weighted fundamental class Hg(ay,...,a,) €
H?8 (ﬂg,n). As proven in [3], Hg(a;, ..., an) equals Pixton’s 1-twisted double ramification (DR) cycle
DRél, (ai,...,an), which is defined in [21] as an explicit sum over stable graphs of tautological classes.

1.2 Multiscale differentials with residue conditions

Let us briefly review the definition and properties of the moduli space ?_61;5 (ai,...,ay) from the point of
view of multiscale differentials with residue conditions as treated in [14].

In [14, Sections 3 and 4.1] (see also [5, Section 2]) the authors identify the space %Zf’s(al, ...,ap) with
the corresponding stratum Bg*(ay, ..., a,) inside the projectivized twisted Hodge bundle
P(n*a)(— Z a,-xi)),
i€[n]|a; <0

where w is the relative dualizing sheaf of the universal curve over Jlg 5, via its projection to Jilg ,. Then
they construct a proper smooth Deligne-Mumford stack E?S (ai,...,an) containing Bg*(ay, ..., an) as
an open dense substack whose complement is a normal crossing divisor. The stack Bg*(ay, ... ,an) is a
moduli stack for families of equivalence classes of multiscale differentials with residue conditions. Let us
recall their definition.

In what follows, given a stable curve C with associated stable graph I'c, we will denote its irreducible
components by C, for v € V(I'c) and we will use the same notation for the marked points of C and the
corresponding legs of the associated stable graph I'¢, for nodes of C and the corresponding edges of I'c,
and for branches of nodes on irreducible components Cy, of C and the corresponding half-edges of I'¢.
Given a leg x; € L(I'¢) or a half-edge & € H(I'c), we denote by v(x;) or v(h) the vertex to which they
are attached.

Firstly, an enhanced level graph is a stable graph I' of genus g with a set L(I") of n marked legs together
with:

(1) A total preorder! on the set V(I') of vertices. We describe this preorder by a surjective level
function £: V(I') — {0, —1,...,—L}. An edge is called horizontal if it is attached to vertices on
the same level and vertical otherwise.

(2) A function «: E(I") — Z>¢ assigning a nonnegative integer k. to each edge e € E(I"), such that
ke = 0 if and only if e is horizontal.

1A preorder relation < is reflexive and transitive, but x < y and y < x do not necessarily imply x = y.

Geometry & Topology, Volume 28 (2024)
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For every level 0 < j < —L, let C;) be the (possibly disconnected) stable curve obtained from C by
removing all irreducible components whose level is not j, and let C ;) be the (possibly disconnected)
stable curve obtained from C by removing all irreducible components whose level is smaller than or
equal to ;.

Secondly, given a meromorphic differential @ on a smooth curve C and a point p € C, if w has order
ord, w = a # —1 at p, then for a local coordinate z in a neighborhood of p such that z(p) = 0 we have,
locally, @ = (cz% + O(z%T1)) dz for some ¢ € C*. Then the k = |a + 1| roots ¢ such that 41 = ¢~1
determine k projectivized vectors { 8/0z|,€ TpC /R~ (if @ = 0) or —§ 3/0z],€ TpC/R>q (ifa < —1)
which are called outgoing or incoming prongs of w, respectively. The set of outgoing (resp. incoming)
prongs at p is denoted by P;,)“‘ (resp. Pli,n).

Thirdly, a multiscale differential of profile (ay, ..., an) € Z", with > ;_, a; =2g —2, on a stable curve C
of genus g with n marked points x1, ..., x, and with zero residues at x1, ..., x, € C consists of:

(1) A structure of enhanced level graph (T'¢, £, k) on the dual graph I'c of C (where a node is said to
be vertical or horizontal if the corresponding edge is).

(2) A collection of meromorphic differentials w,, one on each irreducible component C, of C
for v € V(I'c), holomorphic and nonvanishing outside of marked points and nodes, such that
the following conditions are satisfied:

(i) For 1 <i <n,ordy; wy(x;) = di.
(if) For 1 <i <n, resy; wy(x;) = 0.

(iii) If g, € Cy, and g5 € Cy, with vy, vy € V(I'¢) form anode e € E(I'c), then
ordg, wy, +ordg, wy, = —2.

(iv) If gy € Cy, and g5 € Cy, with vy, v € V(I'¢) form anode e € E(I'c), then £(vy) = £(vy) if
and only if ord,, @y, > —1. Together with the previous property, this implies that £(v;) = £(v2)

if and only if ordg, wy, = —1.
(v) Ifgy € Cy, and g5 € Cy, with vy, v, € V(I'¢) form a horizontal node e € E(I'c) (ie k. = 0),
then

(1-2) resg, Wy, +1esg, Wy, = 0.

(vi) For every level —1 < j < —L of I'c and for every connected component Y of C ),

(1-3) Z resg— Wy(g—) =0,
qeY NCj)

where ¢ € Y and ¢~ € C(;) form the vertical node ¢ € Y N Cj).

(3) A cyclic order-reversing bijection oy : Pi‘Lr — P2 for each vertical node ¢ formed by identifying
q q .
¢ on the upper level with ¢~ on the lower level, where k; = |P;’+| = | P4

Geometry & Topology, Volume 28 (2024)
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Remark 1.3 Using notation from [14, Section 4.1], condition (2)(vi) is a reformulation of the $i—global
residue condition in the particular case when A is the partition of /), in one-element subsets and Ay = A.

Lastly, there is an action of the universal cover of the torus CL — (C*)L on multiscale residueless
differentials by rescaling the differentials with strictly negative levels and rotating the prong matchings
between levels accordingly, producing fractional Dehn twists. The stabilizer of this action is called the
twist group of the enhanced level graph and denoted by Twr. Two multiscale residueless differentials
are defined to be equivalent if they differ by the action of T := CL/Twr. By further quotienting by
the action of C*-rescaling the differentials on all levels and leaving all prong-matchings untouched, we
obtain equivalence classes of projectivized multiscale residueless differentials.

As a special case of [14, Proposition 4.2] (corresponding to the choice of R described in Remark 1.3),
we have the following result.

Proposition 1.4 [14] (1) Given ay,...,a, € Z, there is a proper smooth Deligne—Mumford stack

l_?rges (ai,...,an) containing By*(ay, ..., an) as an open dense substack whose complement is a
normal crossing divisor. Bg*(ay, ..., an) is a moduli stack for families of equivalence classes of

projectivized multiscale residueless differentials. Its dimension is
dim Eif’s(al, o p) =28 =24+n— Ngy,.

(2) We denote the closure of the stratum parametrizing multiscale differentials whose enhanced level
graph is (I', £, k) by D(r ¢ ) or simply by Dr. Then Dr is a proper smooth closed substack of
E?S (a1, ...,ap) of codimension

codimDr =h+ L,
where h is the number of horizontal edges in (I', £, k) and L + 1 is the number of levels.
There is a forgetful map p: E?S (ay,...,ap) — Mg,n associating to a projectivized multiscale differential

on a stable curve C the stable curve itself. It restricts to an isomorphism of Deligne—-Mumford stacks
p: B;,es(al, codp) > %?S(al, ..., ay) C g, and, clearly,

a1 ..an)] = polBSar.....an))

We will use the above description of the boundary stratification of Eg,es(al, ..., an) to understand the
intersection of [?_ﬁz,es(al, ..., dn)] with the boundary stratum of stable curves with one separating node.

1.3 The class [%{;S (ai,...,ay)] as a partial cohomological field theory

Recall the following generalization from Liu, Ruan and Zhang [23] of the notion of cohomological field
theory (CohFT) from Kontsevich and Manin [22].

Geometry & Topology, Volume 28 (2024)
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Definition 1.5 A partial CohFT is a system of linear maps cg ,: V®" — H °V°“(./17tg’,,), for all pairs of
nonnegative integers (g, n) in the stable range 2g —2 +n > 0, where V' is an arbitrary finite dimensional
C-vector space, called the phase space, together with a special element e; € V, called the unit, and
* 2
)®

a symmetric nondegenerate bilinear form n € (V , called the metric, such that, chosen any basis

{eq}taca of V, where |A| = dim V, the following axioms are satisfied:

(i) The maps cg , are equivariarlt with respect to the S,—action permuting the 7 copies of V in V ®”

and the n marked points in .l ,, respectively.

(i) One has 7*ce n(RF—; €a;) = cent1(R—; ea; ®e1) for ey, ..., an € A, where : Mg 41 —
Mg, is the map that forgets the last marked point. Moreover, ¢ 3(eq ®eg®e1) =n(eq ®eg) =:Nqp
for a, B € A, where we identify H* (o 3) = H*(pt) = C.

(iii) One has gl*cg, 4,1, 41, (®?=1 e(xi) = Cgyni+1 (®iel Co; ® eu)nuvcgz,nz-i-l (®jeJ €a; @ ev)
for2g;—14+ny>0,2g,—1+ny;>0anday,...,a, € A, where IUJ =[n], || =ny, |J| =n,
and gl: Mg, n,+1 X Mg, nyt+1 = Mg, 451,45 is the corresponding gluing map, and where %8
is defined by n*#n,,8 = Sg fora, B € A.

Definition 1.6 A CohFT is a partial CohFT cg ,: V®" — H®"(l, ) such that the following extra
axiom is satisfied:

(iv) One has gl*ce41.2(Q7—; €a;) = Cont2(Ri—; eo; ®eu ® €)™Y, where gl: Mg y42 — Mgp1n
is the gluing map, which increases the genus by identifying the last two marked points.

Definition 1.7 A partial CohFT ¢g,: V®" — H eveIl(‘/I7Lg,n) is called homogeneous if V is a graded
vector space with a homogeneous basis {eq }qe 4, With g, := deg ey, the metric 7 on V', seen as the map
n: V®2 — C, is homogeneous with § := —degn, dege; = 0 and complex constants r for « € 4 and y
exist such that the following condition is satisfied:

n n n
€q; ®Vaeot) = (ZQO[,- +)/g—5)Cg,n(®ea,-),
=1 i=1 i=1

where Deg: H* (Mg,n) —H *(J(7Lg,n) is the operator that acts on H’ (Mg,n) by multiplication by i /2, and
T ,/l7tg,,,+1 — Mg,n forgets the last marked point. The constant y is called the conformal dimension of
our partial CohFT.

n

(1-4)  Degcgn ( ® €a,-) + TxCg nt1 (

i=1 i

When a homogeneous partial CohFT is a CohFT, the loop axiom enforces the condition y = §.

As remarked in [11, Section 3], a sufficient condition for the definition of a partial CohFT to make sense
when V is countably generated, say V := span({eq}qez), ie A = Z in the above definition, is that the
set {an € Z|cgn(Qi—; €a;) # 0} is finite for every g, n in the stable range and oy, ..., oy € Z, and
that 744 has a unique two-sided inverse 8.

Let us introduce the notation Z* :=7Z \ {—1}.

Geometry & Topology, Volume 28 (2024)
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Proposition 1.8 Let V := span({eq}qcz~*) and let n be the nondegenerate symmetric bilinear form
onV given by ngg = 1(eq ® eg) := 8q4-p,—2. The classes cg p: yen Heve“(ﬁtg,n) with g,n > 0 and
2g —2+n > 0, defined by

(1-5)  conleq, ® - ®eq,) = [%iges(al, ..oap)] € Hz(g_HN“ln])(Mg,n) for ay,...,on € L%,

form an infinite-rank homogeneous partial CohFT with unit eg, metric n and, with the notation of
Definition 1.7,

e go=0ifa>0,and g, =1 if ¢ < -2,
o r*=0forallx € Z*,

Proof For fixed g, n in the stable range and «q, ..., a,_1 € Z*, the set {an €Z* | cgn (®?=1 eai) #* 0}
is indeed finite (actually composed of one element) thanks to the fact that [?_(frges(al, ...,0n)] = 0 unless
Yo', o = 2g — 2. Further, Nap = Oq+p,—2 has a unique two-sided inverse, namely neb = SatB,—2-

Suy—equivariance of the linear maps c¢g , is clear from the definition.

On the marked curve (CPP';0, 0o, 1), a (unique up to a multiplicative constant) meromorphic differential,
whose divisor is «[0] + S[oo] + 0[1] if B = —a — 2, exists and is given by w = z% dz, which shows that
co,3(eq ®eg®eg) =8y 8,—2. Let us compute cg 541 (®?=1 Cq; ®eo) when 2g —2+n > 0. Consider the
liftﬁzérges(al, e 0y, 0)—> Ez,es(ocl, ...,ap)of T 3Mg,n+1 —>Jﬂg,n throughp:Efges(al, cel,0ly) —>J17Lg,n.
Since B rges (1, ..., an, 0) is the moduli stack of projectivized multiscale differentials where the last marked
point is unconstrained (neither a zero nor a pole), we have that 7 is faithfully flat. Consider then the
fiber product X of E?S(a 1,...,0p) and Mg,n+1 over Mg,n, denoting the two projections by a and b,
respectively. Since 7 is faithfully flat and p is proper, then a is faithfully flat and b is proper and we have
7* px = bxa™ in the Chow group. Moreover the maps 7 and p induce a proper birational morphism
f: Erges(ozl, ee e, 0, 0) > X with p =bf and 7 = af. Now, always working in the Chow group, we
have T*[Bg* (a1, . .., an)] = [BZ* (@1, . .., an, 0)] and a*[BZ*(y, . . ., an)] = [X] by faithful flatness of
7 and a, while fi[Bg*(a1, ..., an, 0)] = [X] by birationality of /. Then we conclude that

n
Cgnt1 (®€ai ®eo) = p*[ErgeS(al, e Qp, 0)] = p*ﬁ*[g?s(al, )

i=1
= b*f*ff*[E?S(al, )] = b*a*[Erges(al, 0]

n
= ”*p*[Erges(al, )] = 7T*Cg,n(®ea,~)

i=1

in Chow and hence in cohomology.
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Next, we are interested in 0*cg,n(QF—; €a; ), where o2 Mg, |41 X Mg, |s|+1 — Alg,x is the natural
boundary map with g1 + g, = g and I U J = [n]. As explained in Proposition 1.4, the preimage
p! (U(Mgl’|1|+1 X Mg2’|1|+1)) is a normal crossing divisor of Erges(al, ...,0y), which is the union of
strata of the form Dr with I being an enhanced level graph whose underlying stable graph is (possibly
a degeneration of) the connected graph with two vertices and one edge describing the aforementioned
gluing map o': ./17tg1’|1|+1 X Mg2,|1|+1 — Jl7tg,n. As prescribed by Proposition 1.4(2), in order for Dr to
be a divisor inside E?S (a1, ...,0p), I has to be either a one-level connected graph with two vertices
and one horizontal edge, a two-level connected graph with one vertex per level, one vertical edge and no
horizontal edges, or a two-level connected graph with at least two vertices on at least one of the levels
and no horizontal edges.

In the first case, Dr is actually empty: horizontal nodes correspond to simple poles and these are forbidden
by the residue theorem, since all other poles are at marked points, where residues are set to zero.

In the third case, the stratum Dr projects to a stratum of %7_61;5 (aeq,...,ay) of codimension at least 2
because the fibers of p|p.. are of dimension at least 1 (given a multiscale differential whose underlying
level graph has at least two vertices on the same level not connected by horizontal nodes, one can always
rescale the meromorphic differential on one vertex relative to the ones on vertices of the same level
without changing the underlying stable curve).

In the second case, notice that if Dr # &, then for the only edge e € E(I") identifying the two points
g~ € Cyy and g1 € C(g), we have k, = |2g1 — 1= icr oz,'| = ’2g2 —1 =2 jes aj‘ # 0 and
resg— wy(g—) = 0, and moreover 2g; — 1 — ) ;. o; is positive if and only if the vertex of T" of level 0
is incident to the legs marked by 7. Since 7T = C* in this case, this shows that there is a morphism
o: Eg,ef(al, 281 -2 ;e a,-) X E?‘;(a], 2g, —2— Zjej oej) — Erges(al, ..., o) lifting o, which is
an isomorphism onto its image Dr, and therefore

0_1(%7_6?(051, ... ,oz,,)) = ?Tfrgels(a],2g1 —Z—Zai) x?_fz,ezs(aj,2g2—2—2aj).
iel jeJ

The above considerations show that, writing k :=2g; —1— Zie J 4i, we have

i=1

n .
e @) -
MmCg,|I+1 ( X eq; @ eK—l)Cg2,|J|+l( X eq; ®€—K—1) if k # 0,
iel jeJ
and the fact that m = 1 in the second case is equivalent to the fact that the intersection of ?_62?5 (otq,...,0n)
with the image of ¢ along 3‘_62?15 (of, k—1)x ?_(?fge; (oy,—k —1) is generically transversal.

Denote by S; and S, the smooth parts of ?_fr;f (ay, 6 —1) and ?_Cg,ezs (oy,—k — 1), respectively. Write
S = ?sz,es(al, ..., 0y) for brevity. Let us show that the intersection of .S with the image of ¢ is transversal
along S x .S5.
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Pick points p; € S1 and p; € S,. Denote by p € ./(7tg’,, the point o(p1, p2). By the smoothness of
stratum S'7, we can choose local coordinates U; x V; on /thg 1,|11+1 1n the neighborhood of pq such that
S1 = Uy x{0}. We choose local coordinates U, X V5 in the neighborhood of p; in Mg2’| J|+1 in the same
way. Denote by A C C the unit disc. We claim that we can choose local coordinates Uy x Vi x Uy X V5 X A
on /ﬂg,n in the neighborhood of p so that the stratum S is U; x {0} x U, x {0} x A and the image of ¢ is
Uy x V1 x Uy x V, x {0}. The transversality of the intersection is then obvious. So let us describe the
choice of local coordinates.

Every curve Cy in Uy x{0} carries a residueless meromorphic differential. It is unique up to a multiplicative
constant. Choose this constant in some way over U; and denote the meromorphic differential by «.
Similarly, denote by 8 the meromorphic differential on a curve C, of U, x {0}. At the marked points to be
glued into a node there is a local coordinate z on C; and w on C, such that & = d(z¥) and B = d(w™%).
The choice of such local coordinates is unique up to the multiplication by a kth root of unity; we fix one
uniform choice over all of U; and U,. We extend the local coordinates z and w to curves in U; x V; and
U, x V, in an arbitrary way. Now, to a curve C; € Uy x Vy, a curve C, € Uy x V5, and a number € € A
we assign the curve obtained by removing the neighborhoods of the marked points z =0 and w =0
and gluing in the “waist” zw = ¢. In the case when C; € U; x {0} and C, € U, x {0}, the curve thus
obtained does carry a residueless meromorphic differential, because o and ek B agree on the waist. Thus

the stratum S is indeed given by Uy x {0} x U, x {0} x A, while the image of o is {¢ = 0}.

We conclude that 0™ cg 1 (@ ¢a) = ez i1 (ier or ®ea)ais 1 (Djes e, Beacz).
as required.

Finally, from formula (1-1) we obtain Deg cg » (®?=1 eai) = (g — 1 + Nayy)cgn (®?=1 eai), which
shows that with the constants g, = 0 if « > 0 and ¢, = 1 if « < —2, and y = § = 1, which are compatible
with degeg = 0 and deg n = —§, equation (1-4) is satisfied, thus completing the proof. O

2 The DR hierarchy for the cycle of residueless meromorphic differentials

Here we briefly review the notion of double ramification (DR) hierarchy for a partial CohFT and then
apply this construction to the partial CohFT formed by the cycles of residueless meromorphic differentials.

In [6], the first author introduced a construction associating an integrable Hamiltonian system of evolution-
ary PDE:s to a given CohFT. In [7] it was proved that the same construction also works for partial CohFTs
and, in [11], the first example of DR hierarchy associated to an infinite rank partial CohFT was computed.
Finally, in [10; 1], the construction was generalized to associate an integrable system of evolutionary
PDEs to any F-CohFT (a generalization of the notion of partial CohFT introduced in [10] and further
studied in [2]). Although this last generalization will not be needed in this paper, it has several points in
common with a reduction of the DR hierarchy associated to the infinite rank partial CohFT (1-5) (the
reduction corresponding to only considering the spaces of meromorphic differentials with exactly two
zeros), which we will study in Section 3.
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Let y; € H? (Jl7tg,n) be the i™ psi class, ie the first Chern class of the tautological line bundle over JITtg,n
whose fiber at a stable curve is the cotangent line at its i marked point. Let A j€H 2J (Mg,n) be the j1
Hodge class, ie the j™ Chern class of the Hodge bundle E, which is the rank g vector bundle over Mg,n
whose fiber at a stable curve is its space of holomorphic one-forms.

For any aq,...,a, € Z such that Z;;l a;j =0, let DRg(ay,...,an) € Hzg(./(TLg,n) be the (untwisted)
double ramification (DR) cycle. The DR cycle is the pushforward, through the forgetful map to JITLg,n,
of the virtual fundamental class of the moduli space of projectivized stable maps to CPP! relative to 0
and oo, with ramification profile ay, ..., a, at the marked points; see eg [13] for more details. More
precisely, the pushforward itself lies in HZ(zg_3+,,)(JVLg,,,), while its Poincaré dual cohomology class
lies in H?8 (./ITLg,n). By abuse of notation, we will denote both the pushforward and its Poincaré dual by
DRg(ay, ..., an).

The restriction DRg (a, ..., ay)| i, where we recall that A/LZ}’” is the moduli space of stable curves of
compact type, is a homogeneous polynomial inay, . . ., a, of degree 2g with the coefficients in H28 (M?,n);
see eg [21]. The polynomiality of the DR cycle on l/l/tg,n together with the fact that A, vanishes on
Mg \ L, (see eg [17, Section 0.4]) implies that the cohomology class ¢ DR (Z};l aj.ay,....an) €
H* (Mg,n+1) is a degree 2g homogeneous polynomial in the coefficients ay, ..., ay.

We define the spaces ) 4 and A A4 of differential polynomials and local functionals in formal variables u7
witha € A and k > 0, and &, where A is an index set (as above, finite or countable). In the case of finite A4,
the definitions and the notation can be taken from the paper [24, Section 2.1]. However, since a minor
adjustment is needed in order to include the case of countable A in our considerations, we restate all
definitions in the general form here. Let the ring C[[u%] be graded by the grading degy u§ := k (which
we refer to as differential grading), and the degree d part of it be denoted by sd[f]. We then define

Ay = ®d20ﬂ,[f]v Ayi= Agle] and Ay = &QA/(ax&zA@C[[s]]),

where dx := ) 5o U 41 9/0uy. We denote the image of f € dy through the natural projection to Ay by
f = dx. Assigning degy ¢ := —1, the degree d parts of &’Q\A and IA\A are denoted by A9 and /A\[d],
dx A A
respectively.

Remark 2.1 In the case of finite A we have si4 = Clu*NuZ el where u® :=ug, which is the standard
way to introduce the space of differential polynomials, but for countable 4 we have Ay # Clu*[uZ,le].

Given a partial CohFT ¢ : V®" — H even(ﬁtg,,,) with V' = span({eq }qc4), unit €1 and metric 7, the

Hamiltonian densities for the associated DR hierarchy are the generating series [9] in &@1[;)],

2-1) goa:=

2g n n
e J o
Z — Z Coef «, kn(/ gy an+1(ea®®€a,-))l_[u i
, P
n! ki 1l DRg(_Zt"l=] ai’al,m,an) !

g,n=0 i=1 i=1
2g—1+n>0
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where o« € 4 and d € Z>(. To this definition one can add go,—1 := neuu* for o € A. The Hamiltonians
of the DR hierarchy are the local functionals g, 4 € [/il[f] for @ € A and d > —1. By a result of [6], the
Hamiltonians of the DR hierarchy are in involution with respect to the Poisson brackets on A 4 defined by

o= 8]7 o(ﬂ 85
for any two local functionals 1, g € A4, that is, 180, ,d)+ 8ar,dr,y =0 forall g, ar € A and dy,dy > —1.

This implies that the infinite system of evolutionary PDEs, called the DR hierarchy,

ou® sg
== nwax% for o, f € A and d > 0,
at u

d

(2-2)

where, for any f cA A> _
Sf . k9
W = Z(—E)X) W for « € A
k=0
satisfies the compatibility conditions

d Ju® d Ju®
“ = “ for all a,,@l,ﬂzeAanddl,dZZO.

) 1 1 9,82
8td2 E)ta,1 3’d1 8td2

In [9; 7; 8] the authors showed that the DR hierarchy of a partial CohFT is a hierarchy of DR type, which
means in particular that it is a tau-symmetric Hamiltonian system and its Hamiltonian densities can be
reconstructed uniquely from the Hamiltonian g1, ; only, via a universal recursion equation.

If the partial CohFT c¢g,: V" — H e""'“(‘/ﬂg,n) is homogeneous, with notation as in Definition 1.7,
consider the Euler differential operator on ) 4

~ ad
Ei= ) (0o +8e0r 0 + 565,
k=0

Then it follows easily from dimension counting in the integral appearing in equation (2-1) that
(2-3) E(ad) = (d +2+qu—8)gaa +1"c% gy a1 foraeAandd >0,
where ¢j” 1= 770"377‘”’(:03(6“ Reg®ey) € C forall u,a,v e A.

Let us apply the DR hierarchy construction to the partial CohFT of Proposition 1.8.
Proposition 2.2 Let us endow the ring g~ with the triple grading

(k,1,—a) ifa>=0,

(k,0,—a) ifa=<-2,
Then the Hamiltonian densities of the DR hierarchy associated to the homogeneous partial CohFT of

(2-4) degu ::{ dege:=(—1,0,1).

Proposition 1.8 satisty, for d > —1,

0.d+1,0+2) ifa>0,

2-5 deg =
2-5) B 8ad {(O,d+2,a+2) ifa<—2.
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Proof The first entry in the triple degree deg coincides with degy . The three entries in the triple degree

of equation (2-5) follow easily from the fact that g, 4 € &@[ZO]*, from equation (2-3), and from the fact that
cgn(ea ® Qi—; eq;) =0 unless = 7_ o +2g = « + 2, respectively. O

3 A reduction to meromorphic differentials with two zeros and the KP
hierarchy

In this section we describe a reduction of the DR hierarchy for the cycles of residueless meromorphic
differentials. As we will see, this reduction does not respect the Poisson structure, in the sense that it is
only defined at the level of vector fields. As the main result of the paper, we will prove that the reduction
coincides with the KP hierarchy up to a Miura transformation.

3.1 A reduction of the DR hierarchy

Consider the DR hierarchy for the partial CohFT formed by the cycles of residueless meromorphic
differentials with
u® dg B,d

3-1 =4 f ,B€Z*andd > 0.
(3-1) Btg x5 Tamy fora B an

Proposition 3.1 The subset of flows of the DR hierarchy (3-1)

u® 57
(3-2) M _ 5, 8B o qeZ* and B> 0
orf Su=e=2

preserves the submanifold {uj = 0,a,k > 0}.

Proof The statement is equivalent to

ou” dg
Lﬂ = 0x %ﬁ’gz =0 for a,8>0.
1y luz%=0 Su uz%=0

Since, by (2-5), deg gg,0 = (0.1, B +2) for B > 0 and, by (2-4), degu;* % = (k,0, +2) fora > 0,

we have 3
dog —2B0 _ (_k,1,8—a) for a,f>0.
auk

But, again, deg u]): = (k,0,—y) for y < —2, which implies

ad
gﬂ,02 =0 for a,f>0.
au]:a— uz0=0
This implies
3gp.0
. =0 fora B>0,
Ju—e—2 uf"zo '8
as desired. O
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Let us summarize our considerations regarding the above reduction and also introduce more convenient
notation.

Let u(k) =y _1, ua = u((x) and 1% ;= t”‘ U fora>1k>0.In particular, u( ) — Bk . Consider

the ring R, := C[u* ] and the following three gradings on it:

e The differential grading degy u( ).

degree d will be denoted by 97{[ ]
(k)

:= k. The corresponding homogeneous component of R, of

e A grading deg, given by deguy ' :=a + 1+ k.

(k) .

e A grading deg, given by deg ug ~ := 1. The corresponding homogeneous component of R, of

degree d will be denoted by R,,.;. We will also use the notation R,.>; := P y>; Ruza-
Let Ry := Do 97%,[42‘1]. We extend the three gradings to the ring Ry = Ryle] by

degy e:=—1, dege:=0, agée = 0.
Let Ry 1= R'[e].

For instance, the ring Re ;[1], which appears in the theorem below is the ring of polynomials with complex

coefficients in the variables ufx ) for > 1 and k > 0, and ¢, such that each monomial has at least one
u—variable, an even number of x—derivatives and a matching even power of the variable ¢; see Example 3.8
for some instances of polynomials of this type.

Theorem 3.2 For two integers o, 8 > 1, consider the generating series

(3-3) Pug:i=

g28

> oY [

g>0,n>1" " ky,..k,=0i=1

xCoef n(/ Ae[HS (a—1, =1, —a1—1, ..., —« —1)]).
all"'alrf DRg(—Z:Lla,-,O,al an) e 8

.....

Then Pyg € QRev [0] with deg Pyg = a + B and the system of equations

Bua

=0xPyg fora,f>1

satisfies the compatibility condition

8 814“ . 8 aua
atB2 9rB1  9tB1 9tb2 forall o, 1,2 = 1.

Moreover, the polynomials Pyg satisty the property

(3-5) Py p—ug €Im(d2),
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Proof The system (3-4) is just the restriction of the system (3-2) to the submanifold {u} = 0, &, k > 0},
expressed in the new variables u,(xk) for « > 1 and k > 0, which form a system of coordinates on it.

Compatibility and degree conditions follow from those for the DR hierarchy via the change of coordinates.

ev;[0] of

In particular the degree conditions guarantee that for all o, 8 > 1, PaB belongs to the subring gAiu,Zl

the ring (C[[ui*)]]ﬂg]].
Equation (3-5) follows from (3-3) where, for « = 1 and unless g = 0 and n = 1, we have

hg[T0, B~ 1, — 1., —ty — 1)

/ Mgl (B —1,—ay — 1, —a — 1)),
7 DRg (=Y7— 1 @1,0,a1 ,....an)

where 7 : L/ITLg,,,Jrz — Mg’n_l’_l forgets the first marked point, and from the fact, proven in [7, Lemma 5.1],

that Agmy« DRy (—Z?zl a;,0,ayq,... ,an) is a polynomial in the variables ay, ..., a, which is divisible
2

by (Xi=1 i)™ =

3.2 The Miura transformation

The degree condition deg P; o = « + 1 together with the property (3-5) implies that the difference
Py o — uy depends only on the variables ug*) with B < @ — 2 and on ¢. Therefore, the polynomial
change of variables uy + vg (u ﬁ*), g) := Py 4 is invertible. We refer to this change of variables as Miura

transformation, following the terminology of [16].

Since Py o — g € Im(dy), the system (3-4) in the new variables vy, @ > 1 has the form

Vg
(3-6) 55 = 9 Qap.
where, by the theorem,
3-7) Qaﬂ € @f}\;i()l]’ deg Q(xﬂ =a+p, ro,l = Ql,a = Vo, Qaﬂ = Qﬂa-

3.3 The KP hierarchy

Let us briefly recall the construction of the KP hierarchy and some of its properties. A more detailed
introduction can be found, for example, in [15].

Consider formal variables fl.(j ) for i > 1 and j > 0, and the associated ring %y = C|[ f*(*) |; here and
in what follows we use the notation and gradings introduced in Section 3.1 for the ring R, in the
variables ufk*) and apply it to differently named formal variables whose indices have the same ranges. A
pseudodifferential operator A is a Laurent series

m
A= Z andy, with m € Z and a, € Ry.

n=—0o0
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Let A4 := )Y o and" and res A := a_j. The product of pseudodifferential operators is defined by the
commutation rule

S ktk=1)--(k—=1+1)
3§oa122 ”

(8£Ca)8];_l for a € Ry and k € Z,
=0

which endows the space of pseudodifferential operators with the structure of an associative algebra.

Let
L:=0x+Y fidy.
i=1
The KP hierarchy is the system of evolutionary PDEs with dependent variables f; defined by
oL

= n >
o7, [(L™)4,L] for m=>1.

Example 3.3 Using that

L= +2/+ Qi+ SO0 + Qs+ A+ a2+

we compute

0 0

M g0 @ ng D2y g0 )
a7, 0T,
We can extend the grading deg from the ring ¢ to the ring of pseudodifferential operators by assign-
ing deg 9, := 1. We then obtain deg L = 1 and therefore deg L* = k and deg[L’f,_, L] =k + 1, which
implies that the equations of the KP hierarchy have the form

d/fi ,
ﬁ = Si,k with S,-’k € %f;zl,

where deg S; x =i +k + 1.

We also see that degres LK =k + 1 for k > 1, and
0
T res L* = Z res(L% o a;k oLb) =k.
Jk a+b=k—1
Therefore, res LX — k fj, depends only on the variables a(l) with ¢ < k — 1, which implies that the
polynomial change of variables fy > wg( f*(*)) :=res L for o > 1 is invertible. Note also that

d a d a _ n a _
/BT,, res L dx—/res(aTnL )dx—/res[(L )4, L dx =0,

where the last equality follows from the fact that [ res[4, B]dx = 0 for any two pseudodifferential

operators A and B. As a result we obtain that the KP hierarchy written in the variables wgy, with o > 1,
has the form
Wqy
d7Tg

(3-8) = O Rop,
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where

(3-9) Rop € Rup;=1,
(3-10) deg Ryg = a + B,
(3-11) Ro,1 = Ry, = Wa,
(3-12) Rap = Rgg.

Example 3.4 Using Example 3.3 we compute

8w2
9T,

4 1,.(2)

wy = fi, w2=2f2+f1(1), w3=3f3+3f12+3f2(1)+f1(2) and =8x(§w3—2w%—§wl )

3.4 The main result

Note that putting € = 1 gives an isomorphism 97%%0] —=> R,. Therefore, putting ¢ = 1 in the system (3-6),
we don’t lose any information about the equations.

Theorem 3.5 Consider the reduction of the DR hierarchy from Theorem 3.2 written in the variables v,
(the system (3-6)) and the KP hierarchy written in the variables w, (the system (3-8)). If we pute =1,
then these two systems are related by the change of variables

1
(3-13) va=——wy and 1¥=pTp.
The proof of the theorem is split into three steps.
3.4.1 Step 1 of the proof: more properties of the DR hierarchy

Lemma 3.6 The polynomials Pg satisty the following properties for o, B > 1:

(3-14) Par = tia,
(-15) Pop =tgtp-1+ ﬁaﬂ(u§;+ﬂ_3, €) for some ﬁaﬁ € @sz[ol]
-2 o
(3-16) Pro=uq+ gz%u((f_)z + &2 P{,a(ugo)[_y €) for some P{,a € %sz[zl]’
2
G-17) P =tigpr+ oot —ul Pl e) forsome Py, e Rl

1484, 24 27!

where we adopt the convention ul(*) ;=0 fori <0.
Proof Equation (3-14) follows from (3-3) where, for 8 = 1, all the cycles involved in the integral
over Jag,,H_z, are pullbacks via the morphism 7 : L/ITLg,,,Jrz — Mg’n_l’_l forgetting the second marked point,

unless g = 0 and n = 1, in which case the integral is over JI7L0,3 and all the nontrivial cycles involved
equal 1.
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Equation (3-15) follows from the fact that, on ./I7L0’3, all the nontrivial cycles involved in (3-3) equal 1.

To prove equations (3-16) and (3-17), we have to check that

(3-18) / [H5S(a—1,1,-2,—a)] = 1 for o > 2,
Mo 4
. -2
/ )»1[?6r1“(0,0t—1,—05—1—1)]=a2M for a > 3,
DRl(a,O,—a)
_ a2
(3-19) / MHP(@-1,1,—a)] = — for o > 2.
DRl(a:Oa_a) 24
Note that the second equation is equivalent to
. -2
(3-20) / DTS (e — 1, —a + 1)] = *@=2) a3,
s 24

where we have used that
[0, — 1, —a+ )] = 7*[#H (@ —1,—a+1)] and 7«(A; DR;(a,0,—a)) = a’iy,
where 7 : ./171,1,3 — Jal,Z forgets the first marked point; see eg [7, Lemma 5.4].

We have two substantially different proofs of equations (3-18), (3-19), (3-20), and we think that it is
instructive to present both of them.

First proof of equations (3-18)—(3-20) To prove equation (3-18), let us explicitly describe the set
Hy (@ —1,1,-2,—a) C Mo,4. The moduli space .o, 4 is isomorphic to C \ {0, 1}, with an isomorphism
sending a point # € C\ {0, 1} to the isomorphism class of the marked curve (CIP!; 1,¢,0, c0). A unique, up
to a multiplicative constant, meromorphic differential on CP!, whose divisor is (o —1)[1]+[t]—2[0]—a[o0],
is given by

(z=D*'(z-1)
W= 5 dz.
z
Its residue at 0 is equal to (—1)*"!(1 4+ (¢ — 1)¢). Thus, the differential w is residueless if and
only if # = —1/(a — 1). We conclude that #*( — 1,1, -2, —a) C JMg 4 is a point. It follows that
?_ﬁf)es(a —-1,1,-2,—a) C ./ITLOA is also a point, which proves (3-18).

The proof of equations (3-19) and (3-20) is based on the following lemma.

Lemma 3.7 Fora > 1, we have

at—1

24

[ e -an-
Ay 2

Proof Consider an arbitrary smooth elliptic curve C with two marked points x; and x;. Since C carries
a nowhere vanishing holomorphic differential, the fact that there exists a meromorphic differential w on C
with (w) = a[x1] — a[x,] is equivalent to the fact that there exists a meromorphic function f on C with
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(f) = al[x1] — a[x,]. Therefore, [%rles (a, —a)] coincides with the version of the double ramification cycle
defined using admissible coverings rather than relative stable maps (see eg [13, Section 2.3] and [20]),
which we denote by DR?dm(a, —a). The fact | 2! [DR‘;dm(a, —a)] = (a® —1)/24 follows, for example,
from [13, Theorem 6]. O

For I C [n]and 0 < & < g, denote by 5,5 € H? (Mg,n) the class of the closure of the substack of stable
curves from Jl7tg,,, having exactly one node separating a genus s component carrying the points marked
by I and the genus g — 4 component carrying the points marked by [r]\ /.

For (3-20) we compute

/ M TS (o — 1, —ar + 1)] = [ (W1 — 8BTS (@ — 1, + 1)

My 2 My 2

-2 _ —
= —“(“24 ) (/Mlql[%ﬁ“(o)])(/MO.S[%B“(—z,a—1,_a+ 1)])

_ala—2)

=
where the second equality follows from Lemma 3.7 and Proposition 1.8, and both integrals in the product
in the second line vanish because of degree reasons.

To prove equation (3-19) we use Hain’s formula [19, Theorem 11.1]
DR] (a, —a)|Mclt’2 = az(%)\‘l 4 8({)1,2})’

which, together with the fact )\f =0, gives

(3-21) AT (@ — 1,1, —a)] = a2 / a8 452G (0 — 1,1, —a)]

DR (a,0,—a) My,3

where the second equality holds by Proposition 1.8. Since any smooth elliptic curve carries a nowhere
vanishing holomorphic differential, we have #7*(0) = .l;,; and therefore [?_63“ 0)]=1¢€ HOMMy, ;).
Since fﬂl : A= 21—4, the expression in line (3-21) is equal to 21—4a2 fMo 4[?_6565(—2, a—1,1,—a)] = %az

by (3-18).

Second proof of equations (3-18)-(3-20) Equation (3-18) follows from [14, Propositions 8.2 and 8.3],
based in turn on [25, Theorem 6(1),(3)], where, for g,n, k >0 and m > 2 such that 2g—2+n+m-+k >0,
and integers dy,...,dn > 0,b1,...,by > 1,¢y,...,cp = 2, the authors computed the class of the moduli
stack

?_fg(al, cesap,—by1, ..., =bm—c1, ..., —CL)

inside the moduli stack of projectivized meromorphic differentials with one less residue condition,
%g(alv oo 7an’_b1, ... ,_bm—l;_bm7_c17 .. 7_Ck)9
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as a linear combination of psi classes and boundary divisors. According to that formula,
35 (o = 1. 1. 2. —)] = (@ = DY — (@ = 285" = v,
which immediately yields the desired result.

Equations (3-19) and (3-20) follow from [18, equation (31)], which, for a1, ..., a, € Z with at least
one negative entry, computes the discrepancy between the class [?_€g (ai,...,an)] and the weighted
fundamental class Hg (a; ..., ay) of the moduli space of twisted canonical divisors %g (ay,...,an). By
the results of [3], Hg(a; ..., ay) equals the 1-twisted DR cycle DR;, (ay,...,an) of [21], so in particular
one obtains
[#(@—1,—a+ D] =DR} @ —1,—a + 1) =8 for a >3,
[#i(@—1,1,—a)] = DRi(a -1,1,—@) —5({)1’2’3} for o > 2.

Since the 1-twisted DR cycle DR{ (ai,...,ap) equals the untwisted DR cycle DRy (¢, ..., ay) in genus 1
via geometric arguments, a simple application of Hain’s formula yields both desired results. |

Example 3.8 The lemma fully determines several polynomials Pyg:

Pio=uz Pra=us+geu. Pap=us+jui + ggetul?.
Recall that the polynomials Qg satisfy the properties
(3-22) Qup € @ivz[(i]
(3-23) deg Qgp = + B,
(3-24) Qa,l = Ql,a = Vo,
(3-25) Qup = Qpa-
The lemma implies that we also have
(3-26) Qap = Varp1 + Oapvl) o 1 0). with Ogp € LY,
ViVg—1 oa—1 . ~
(3-27) Qasz = Va+1 + 1 +‘()§OL ) - 12 vo(tz_)182 + Q:)(,Z(U(S*oz_zg 8), with Q:x’z S %Z\jiol]

3.4.2 Step 2 of the proof: more properties of the KP hierarchy

Lemma 3.9 Rypg € RY)

w;>1"

Proof There is an involution on the space of pseudodifferential operators given by

m

¥ m
( Z ana’;) = Z (—0x)" o ap.

n=—0oo n=—0oo

It satisfies the properties (Ao B)" = BT o AT and res AT = —res A4 for any two pseudodifferential operators
A and B.
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Consider the change of variables f; — ﬁ ( f*(*)) given by

L=0y+Y fidy = L=ty f(/) 07

i>1 i=1

=L =0 13 (o= [P (420 + )3+
It is clearly invertible and it induces a change of variables wg > Wgy (wi*)), for which we compute
Ta (W) =res L9 = (=1)?res(L)? = (= 1) res(L9) " = (=1)*t res L = (= 1) 1w

Therefore, the KP hierarchy written in the variables w,, has the form

~

(3-28) —3 Raﬁ, where Raﬂ_( 1)a+ Raﬂ| wk =(—1)r+1 (/«)E Rig;>1-

dTg
On the other hand, we compute

oL oL ' By, 1t 8y, rt B Thy. T
T ==\ 5 | =1L+, L' =[(L)")+. L= (=D [(L")+. L],
0Tp 0Tg

and therefore iy /3Tg = (—=1)B+1 res[(zﬁ)Jr, Z"‘]. Hence, Ea/g = (_1)ﬂ+1Ral3|w§,")=zﬂ§,")- Combining
this with (3-28) we obtain (—1)“+ﬂRaﬂ|w)(/k),_)(_1)y+1w§/k>= Ryp, which, together with the property

deg Ryp = a + B, implies that RaB|w<k) Ry, giving Ryg € Ry, as required. |
v

R

Lemma 3.10 Letk > 1.

(1) The coefficients of the pseudodifferential operator

k—1
—-Y Z(’l‘)fi(k—l—n git

i=11=0
belong to the ring Rf.>5.
(2) Fori =1,
k
() (%)
Sk = Y (5) KD, + Sk UG
j=1
where §i,k ERf.>r.
(3) The formula
k—1
: k k(k 1)
w7 = 30 A+ g S+ TRUSL)
i=0

holds, where Ty, € Ry.>5.
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(4) With %B; denoting the Bernoulli numbers,

kZ( ) w ifk <2,

fiwy =1 I=

w@ I k-1 ) :
Z( ) k—j_mk_zwlwk—2+Kk(w§k_3) ifk>3

where Ky € Ryy.>».

Proof (1) This can be easily proved by induction.

(2) Using the first part we see that up to terms from @if >, fori > 1 the coefficient of 9,/ in (LK), L]
is equal to the coefficient of 0, in | ak > =1 Jiox 7], from which we get the required formula for Sik-

(3) The formula for the linear part of wy ( f* )) = res LK immediately follows from the first part of the
lemma. In order to determine the coefficient of f; f;_, for k > 3, we compute
dres Lk .
fk—2

> res(Lé0d 2o LY =k(k—1) fi.
a+b=k—1

(4) The formula for the linear part of f (u)j(k*)) follows from the previous part and the standard property

Z(a—;l)%j 5a,Oa

j=0

of the Bernoulli numbers:

where a > 0. The coefficient of w;wy_, is found from the previous part by an elementary computation. O

The last two lemmas imply that

ap

Ryp=—"7"——
b a+p-—1

We4p—1+ Eaﬂ(w(;;_i_ﬂ_ﬂa

where Ra/g € %w 51

Lemma 3.11 (1) For k > 1 we have

Sea =210+ 12 120 1) i 1O + 5,7,
where S,’c’2 ERf.>r.
(2) Fork > 2 we have

2k 1 2k k (2) (%)
Rir=——w — WQWh—1 — R w ,
k2 = e T T g e Wk T g 1 F R (wop )
where R;{ 2 ERY.>1-
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Proof (1) From Lemma 3.10 and the property deg Sk » = k + 2 we conclude that

1 2 1 1
Sk =240 + 1 +afi 0+ B fimr + Sip(f50),  where Sj , € Rpzs.

In order to determine o and 8 we compute, for k > 2,

98k, Te 2 -1 k p(=1)
= = Coefyx—[L3, L] = Coefyi[d2+2/1.07"] =2(-1 :
i Oe“afl[ + 1 ocfyckldy +2/1,057] =2=D"/,
9S8k, 2 2 —(k—1) (1)
= Coef L2, L] = Coefy_«[02 + 21,9 =2k —1) 1",
T oeakaf_[+ ] = Coefy_x[0y +2/1.0," V]=2(k - 1) f;

which implies the required formula for Sy ».

(2) This is an elementary computation based on the first part and Lemma 3.10. a

Summarizing our computations with the KP hierarchy, we have the properties

(3-29) Rop € Riyyi> 1
(3-30) deg Ryg = a + B,
(3-31) Ry1 = R0 = Wq,
(3-32) Rap = Rpa.
as well as
ap 5 ()

(3-33) Ryp = rﬂ_lwaﬂi—l + Rop(w_ g 3)
with Ra/g € in >, and

20 Wy 1 200 WiWg—1 «
(3-34) Ry, = —otl ol Zu® e+ R,

’ o+1 a—11+5a,2 6 %

for o > 2, with R/ , ERY.

w;=>1"

3.4.3 Step 3 of the proof: a limited amount of data determines the hierarchies uniquely It is clear
that the change of variables (3-13) (together with putting &€ = 1) transforms the properties (3-22)—(3-27) of
the system (3-6) exactly to the properties (3-29)—(3-34) of the system (3-8). Thus, the following theorem
will complete the proof of Theorem 3.5.

Theorem 3.12 The commutativity of the flows d/0t* together with properties (3-22)—(3-27) determines
all the polynomials Qg uniquely.

Proof We start with the following lemma.
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Lemma 3.13 For any «, B > 1 we have the relation

at+p-3

Qaﬂ 1 8Q 2 1
(3-35) 0xQat1.p=0xQarp12+ Y. D (])3]+ QlZ_ZZ 8) A
i=1 j>0 1—1]>0 v;
Proof The relation
d dvg  d Jvg
92 9B tB or2
gives
0 ~
20D+ 05 Bap) = 5 500, + 028,
which immediately implies (3-35). |

Note that if « + B + 1 = d, then the right-hand side of (3-35) contains only the polynomial Q45 >
together with the polynomials Q.5 with y + 6 < d — 1. Therefore, relation (3-35) recursively determines
all the polynomials Qqg with a, B > 3, starting from the polynomials Q, ».

We now have to show how to reconstruct the polynomials Q 2, @ > 2, starting from the polynomial Q5 »,
which, by (3-27), is equal to
(3-36) Or2=v3+ % 128 U§2).

Let 8 > 4. Then relation (3-35) for « = 2 is

00>, 00
0x 03,5 = Ox QB+12+ZZ (j)ﬂachQi,z—Z ) (21)2 EJH),

i=1 j>0 V; i=0 %Y
which by (3-36) becomes

Qzﬂ +1g (1) @
(3-37) 0x 03,8 = 0x Qﬂ+12+zz 5,0 o 27 Uivg s T Vg
1—1]>0 i

On the other hand, relation (3-35) also gives

90 90
(3-38) 0x0p,3 = Ox Qﬂ+12+22 ﬂ(];33]+1Q12 ZZ ﬂ(1;281+1Qi,3-

i=1j>0 v; i=1j>0 Vi

Equating the right-hand sides of equations (3-37) and (3-38), and canceling the terms dx Qg 1,2, We obtain

aQ2/3 +1 (1) (3) aQﬂ 1,3 0j+1 8Qﬂ 1,2 0j+1
ZZ (])31 Qi —v1vg +12/3 ZZ 9@ —5 % le_zz 9y — 5% Qiss

l_lj>0 v; i=1j=>0 v; i=1j>0 v;
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Again using relation (3-37) to express Qﬂ—1,3 = Qg,’ﬂ_l and Q; 3 = Q3 in terms of the differential
polynomials Q,, >, we obtain

aQzﬁ AL (1) & @)
¥ 3 Bea0r10 )+
i=1j>0

80 ,
[Zza (;)(a Q52+ZZ 2(l?) S0 Ok ”1”;(31)1+1— ,(93)1)3§<+‘Qi,z]

i=1j>0 k=11>0

ﬂ— ~
_ZZ3Q;3—1,28] 9.0 +ZZ 00, IO, ,—v MONTREMC)
o) 2 e % Q2 12’ ’
1

i=1,j=0 k=11=0

which, canceling the underlined terms and using (3-24), is equivalent to

—vlv/gl)—l- 2 /(33)

= 8 (0035 . o 2
[Z Z Z (1)( 9 Q) ag‘HQk’z)aiHQ’ Yy Vg | —v1 9% Qﬂ—1,2+ﬁaiQﬂ—1,z]
U

i=1k=1j,>0 dv

30p-1, 90
_ZZ aﬂ() aj Dy Q’+12+ZZ (21)1 i—HQ k2= vv(1)+12 1(3) ‘

i=1j>0 k=11>0
Splitting the two summations over i and collecting
vy — 562 030p 10 =—1562030p 1.
we obtain
2
N OO P I —
ViV 123XQ/3—12—

d aQZﬁ 16741 i1
[Z 2 (;)( 9 (1) d Qk,Z)ai Qin

i,k=1j,1>0 dv
3 3021 ;
+ZZ ( 81)(?) 3;+1Qk,2)3fc+lQﬂ—1 vél)v};)l UlaiQﬂ—l,z]
k

k= 1]l>0
E:=
30p-1,2 905, I+1 (1 O
_ZZ (]) aj(ale+12+ZZ (l)a _vlvi +12 i )
i=1j>0 v; k=11=0
90p-1,2,; 302,82 141 (1) )
Z 9 0 a 0x Qﬂ 12+ZZ (l) 8 Qk,Z U]Uﬂ 2 12 ﬁ 2
j=0 %Vg_> k=11=0

F:=
Geometry & Topology, Volume 28 (2024)
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From this, computing E and F using formula (3-27),

002,51 4 Ok2) . iy 00261 142
E= Z > PO 9p ) 0 Qﬂ—1,2=zv(—l)3x Op-1,2
k=1j,1>0 k Vg—1 >0 B—2

31 Qﬂ—1,2’

B—2
= UlaiQﬁ—l,z —¢&? 2

80
_vl(a 0p- 12+ZZ 2(’13)28’+1Qk,2 vlvg>2+— o,

k=110
ﬁ 902,52 g2
&2 0x Op— 12+ZZ (l?) al—HQk,Z_vIU,‘E})z-i_ 12 533)
k=110
we obtain
_ 0 3@2/3—1 ;
a1 , I+1 +1 1. M
(3-39) 0=0; [Z > (,)( 0 e Qk,z)ai Qip2—v, vy’
i,k= ljl>0 k
Q d
—ZZ Iy (o, S Qf,;a’“Qk,z—vlv( +12 o
i=1j>0 v; k=11>0

00
o (00pa T Y o O 3 o)

k=11>0

zﬂ —2., 00282 111 1) 3) M, 35
8 (I;g % (l) 8 Qk vlvﬂ 2+_Uﬂ 2 +U11)ﬂ +EaxQﬂ_1,2.

In the rest of the proof, we will show how to use this relation in order to determine all the polynomials
Oy, fory > 1.

For any y > 1, introduce a polynomial 7y (vy,...,vy_1) € Ry, with agé ry = 2, defined by

Qy,2 = Vy41 + 1y + (monomials Ofagé >3)+ 0(82)‘

Lemma 3.14 ry = % Z Vi V.
i+k=y

Proof We already know this for y = 1, 2, so we need to prove it for y > 3. Consider equation (3-39),
where we recall that 8 > 4. Let
?0p1,

P o=
ik ov; vy

V=0
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Note that r; = ry ;, and that r; x = 0 unless i + k = f# — 1. We know that r; g_, = 1. Equation (3-39)
in particular means that

3 (90,4 _

/ (Z > (,)( 82’(‘,’)13;+1Qk,2)a;+1Q,~, v;”vf;))dx:o,
v
k

i,k=1j,1>0 dv

which implies

Irg—1 ) \ G+1) _ NOND
/( Z Z (,)( Jux k+1)vi+1 Vg~ )dx_O

i,k= 1]>0

The last integral is equal to

9rp_; OB 3"ﬂ 1@ (. (1)
/( Z 30790y Vi1 k+1+z V42—V V- 1)dx

B—2 -3
— @ @, @
~ [ (X X et —oPuil) .
i=1k=1
Note that if for a quadratic polynomial p in the variables v( ), . /(31)2 we have [ pdx =0, then p =0.
Therefore, we have
B—2 B3
n (1 IDIN¢! ININ¢
0= "2 v, —v v ) = Z (i =i 1 =)V Uy + (=21 =12 p-3)05 0§D
i=1k=1 ik=2
which implies
r1,8—2 = 12,83, Fig1k—1 FTici k41 =2r; for 2<i,k <pB—3 suchthati+k=p—-1.
Since 7y g, = 1, this immediately gives that r; x = 1 for i +k = 8 — 1, as required. O

Consider relation (3-39) and suppose that we know the polynomials Q,, > for y < 8 —2. Then (3-39)
can be considered as a linear equation for the polynomial Qg_; . Let us show that it has a unique
solution (assuming of course that the properties (3-22)—(3-27) are satisﬁed) This would determine all the
polynomials Q,, > step by step, starting from Q5 » = v3 + % - 1—8 vgz) Suppose that equation (3-39)

has two solutions, Qg_1 » # Qﬂ—l,z- Then, if we write R := Qg_1 2 — Q,B—l,z # 0, the expression

(3-40) [Z > (1)( (l)alHQk’z)aiHQ“}

i,k= 1]l>0

d
[ ZZ (]) x(a Ql+12—|—ZZ Q(Zl)l i—i—l —v1v§1) 12 1(3))

1—1]>0 k=11>0

— 0,0 R+ f—zaiR]
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vanishes. Let us decompose
R = Rjge®® 4+ 0(7812),

where ¢ > 0 and R,4 # 0. Let us further decompose
Ry = A+ B,
where A # 0, agéA =d>1and BeRy.>4+1.

Casel (d=1) Since Qg_;, and Qﬁ—l,z have the form (3-27), we have g > 2. Let us express the
polynomial R as

R= (kvéz_gz)g + Q + (monomials of deg > 3))e28 + O(s2812)

with § > 2g 4+ 1 and A # 0, and

ﬂ 2g-2 2g
() (2g 7
wa” Vg—2g—1-i*
i=1 j=0

where wj,j = Wg_2g—1-i 20—

Then the expression (3-40) has the form 28 (C + D) 4+ O(s%¢+2), where C € Ry:2 is given by

Z Z (v (J+1)v(l+1) (j+1)v(1+1))
U)a U) Vit1 Vi1 Y; k+2
ik= ljl>0

2g+1 G+1 (2g+1) \qj+1
[ZZ (J)(ag rg-2¢)Vi% +ZZ (])(ﬂg2g+l)a§€ "i]

l_lj>0 l_1j>0

B—2g—1

8?’3 2g (1) (1) (2g+1)

—laiﬁl[axrﬂ—zﬁﬁ DL oy Vern T ViVpog | A @ivg ).
k=1

and D € R,.>3. Since (3-40) is equal to zero, we have C = 0. The underlined terms cancel each other.

3(0x P) . ; dP
> 30 85€Q=8X(Z a0 xQ)

Jj=0 i Jj=0

Using the identity

for P, Q € Ry and i > 1, we also compute

= d G+ _ S

2g+1 2g+1 g
ZZ 3 (j)(axg rﬂ—Zg)vz-JH =0° (Z ; z—H)
i=1j>09Y; i1

As a result,

G+ (I+1) G+ (+1) m (2g+1)
C = Z > (J)a (l)(vljrl v D — vV Vpsa )+ A(OE T rvg?, ) — dx(vivg ),
i,k= 1]l>0
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which, setting y :=  —2g > 1, we write as

y—2 2g
1 2 1 1 2 1
202 eng @y D U A G ) — P
i=1j=0
y—2 2g 2g -
= Wi — Wi YD, Ce—j+1) _ oy U e—j+1)
oJ +1,j % 1 y i ,J Y1 y
i=1j=0 j=0
+ A2 () = 0 (v 0E D))
y—2 2g
+1). (2g—j+1
(3-41) ZZZ(Z‘UU Wit1,j — Wi ll)vt(—Ji-l ) )(/gz JHD
i=1j=0
2g _ '
(3-42) — Z wl,jvgj-l-l)v)(/Zg—]-l-l) + K(a,zcg“ (v1v§,1)) _ ax(vlvj(/zgﬁ)))’
j=0

where we adopt the convention w; ; :=0ifi <Oori >y —1.

The expression in line (3-41) doesn’t contain monomials of the form v( 2 }(,] )

in lines (3-41) and (3-42) vanish:

and, therefore, the expressions

(3-43) 2wi,j —wjy1,j—wi—1,j =0 for 1<i<y—-2and 0<j <2g,
2g) if j =0,
(3-44) @1j = (28+1Y, . :
’ <j<
(j—i—l)k if 1 <j <2g.

If y =1o0ry =2, then Q =0, and from (3-44) we immediately get A = 0, which contradicts the assumption
A # 0. Suppose y > 3. Solving relations (3-43) step by step fori =1,2,...,y—3, weobtain w; j =iw; ;
for 1 <i <y —2. Then for i = y —2 relation (3-43) says that 0 = 2w, 5 j—w,_3,; = (y —1)wy,;, which
gives w1 j = 0 and hence all w; ; = 0. From relation (3-44) we then obtain A = 0, which contradicts
the assumption A # 0.

Case2 (d >2) The expression (3-40) has the form £2&(C + D) + O(¢*812), where

04 (41 @+ (1+1)
2. 5y Dy it1 Ukt ZZB ( (1)) etz €Puid
i OV

i,k=1j,120 k=11=0

=
S)

(3-45) C

and D € Ry.>441. Since (3-40) is equal to zero, we have C = 0. Let k¢ be the largest k such that
04/ av,(cl) # 0 for some / = /y. Then from (3-45) it is clear that

aC 04
———=—0x——~ #0
(o+1) X o) ’
du k0+2 kaé’
which contradicts the fact that C = 0. O

Geometry & Topology, Volume 28 (2024)



Moduli spaces of residueless meromorphic differentials and the KP hierarchy 2823

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

(13]

(14]

[15]

(16]

(17]

(18]

(19]

A Arsie, A Buryak, P Lorenzoni, P Rossi, Flat F-manifolds, F-CohFTs, and integrable hierarchies, Comm.
Math. Phys. 388 (2021) 291-328 MR Zbl

A Arsie, A Buryak, P Lorenzoni, P Rossi, Semisimple flat F-manifolds in higher genus, Comm. Math.
Phys. 397 (2023) 141-197 MR Zbl

Y Bae, D Holmes, R Pandharipande, J Schmitt, R Schwarz, Pixton’s formula and Abel-Jacobi theory on
the Picard stack, Acta Math. 230 (2023) 205-319 MR Zbl

M Bainbridge, D Chen, Q Gendron, S Grushevsky, M Moller, Compactification of strata of abelian
differentials, Duke Math. J. 167 (2018) 2347-2416 MR Zbl

M Bainbridge, D Chen, Q Gendron, S Grushevsky, M Moller, The moduli space of multi-scale differen-
tials, preprint (2019) arXiv 1910.13492

A Buryak, Double ramification cycles and integrable hierarchies, Comm. Math. Phys. 336 (2015) 1085—
1107 MR Zbl

A Buryak, B Dubrovin, J Guéré, P Rossi, Tau-structure for the double ramification hierarchies, Comm.
Math. Phys. 363 (2018) 191-260 MR Zbl

A Buryak, B Dubrovin, J Guéré, P Rossi, Integrable systems of double ramification type, Int. Math. Res.
Not. 2020 (2020) 10381-10446 MR Zbl

A Buryak, P Rossi, Recursion relations for double ramification hierarchies, Comm. Math. Phys. 342 (2016)
533-568 MR Zbl

A Buryak, P Rossi, Extended r—spin theory in all genera and the discrete KdV hierarchy, Adv. Math. 386
(2021) art.id. 107794 MR Zbl

A Buryak, P Rossi, Quadratic double ramification integrals and the noncommutative KdV hierarchy, Bull.
Lond. Math. Soc. 53 (2021) 843-854 MR Zbl

A Buryak, P Rossi, A generalisation of Witten’s conjecture for the Pixton class and the noncommutative
KDV hierarchy, J. Inst. Math. Jussieu 22 (2023) 2987-3009 MR Zbl

A Buryak, S Shadrin, L Spitz, D Zvonkine, Integrals of ¥—classes over double ramification cycles, Amer.
J. Math. 137 (2015) 699-737 MR Zbl

M Costantini, M Moller, J Zachhuber, The Chern classes and Euler characteristic of the moduli spaces
of abelian differentials, Forum Math. Pi 10 (2022) art.id.e16 MR Zbl

L A Dickey, Soliton equations and Hamiltonian systems, Adv. Ser. Math. Phys. 12, World Sci., River Edge,
NJ (1991) MR Zbl

B Dubrovin, Y Zhang, Normal forms of hierarchies of integrable PDEs, Frobenius manifolds and Gromov—
Witten invariants, preprint (2001) arXiv math/0108160

C Faber, R Pandharipande, Logarithmic series and Hodge integrals in the tautological ring, Michigan
Math. J. 48 (2000) 215-252 MR Zbl

G Farkas, R Pandharipande, The moduli space of twisted canonical divisors, J. Inst. Math. Jussieu 17
(2018) 615-672 MR Zbl

R Hain, Normal functions and the geometry of moduli spaces of curves, from “Handbook of moduli, I’ (G
Farkas, I Morrison, editors), Adv. Lect. Math. 24, International, Somerville, MA (2013) 527-578 MR Zbl

Geometry & Topology, Volume 28 (2024)


https://doi.org/10.1007/s00220-021-04109-8
http://msp.org/idx/mr/4328055
http://msp.org/idx/zbl/1489.37083
https://doi.org/10.1007/s00220-022-04450-6
http://msp.org/idx/mr/4538285
http://msp.org/idx/zbl/1517.53078
https://doi.org/10.4310/acta.2023.v230.n2.a1
https://doi.org/10.4310/acta.2023.v230.n2.a1
http://msp.org/idx/mr/4628606
http://msp.org/idx/zbl/07732821
https://doi.org/10.1215/00127094-2018-0012
https://doi.org/10.1215/00127094-2018-0012
http://msp.org/idx/mr/3848392
http://msp.org/idx/zbl/1403.14058
http://msp.org/idx/arx/1910.13492
https://doi.org/10.1007/s00220-014-2235-2
http://msp.org/idx/mr/3324138
http://msp.org/idx/zbl/1329.14103
https://doi.org/10.1007/s00220-018-3235-4
http://msp.org/idx/mr/3849988
http://msp.org/idx/zbl/1431.53095
https://doi.org/10.1093/imrn/rnz029
http://msp.org/idx/mr/4190406
http://msp.org/idx/zbl/1464.37071
https://doi.org/10.1007/s00220-015-2535-1
http://msp.org/idx/mr/3459159
http://msp.org/idx/zbl/1343.37062
https://doi.org/10.1016/j.aim.2021.107794
http://msp.org/idx/mr/4265543
http://msp.org/idx/zbl/1473.14048
https://doi.org/10.1112/blms.12464
http://msp.org/idx/mr/4275093
http://msp.org/idx/zbl/1469.14066
https://doi.org/10.1017/s1474748022000354
https://doi.org/10.1017/s1474748022000354
http://msp.org/idx/mr/4653765
http://msp.org/idx/zbl/1523.14052
https://doi.org/10.1353/ajm.2015.0022
http://msp.org/idx/mr/3357119
http://msp.org/idx/zbl/1342.14054
https://doi.org/10.1017/fmp.2022.10
https://doi.org/10.1017/fmp.2022.10
http://msp.org/idx/mr/4448178
http://msp.org/idx/zbl/1496.14023
https://doi.org/10.1142/1109
http://msp.org/idx/mr/1147643
http://msp.org/idx/zbl/0753.35075
http://msp.org/idx/arx/math/0108160
https://doi.org/10.1307/mmj/1030132716
http://msp.org/idx/mr/1786488
http://msp.org/idx/zbl/1090.14005
https://doi.org/10.1017/S1474748016000128
http://msp.org/idx/mr/3789183
http://msp.org/idx/zbl/1455.14056
http://msp.org/idx/mr/3184171
http://msp.org/idx/zbl/1322.14049

2824 Alexandr Buryak, Paolo Rossi and Dimitri Zvonkine

[20] E-N Ionel, Topological recursive relations in H*¢ (Mg »), Invent. Math. 148 (2002) 627-658 MR Zbl

[21] F Janda, R Pandharipande, A Pixton, D Zvonkine, Double ramification cycles on the moduli spaces of
curves, Publ. Math. Inst. Hautes Etudes Sci. 125 (2017) 221-266 MR Zbl

[22] M Kontsevich, Y Manin, Gromov-Witten classes, quantum cohomology, and enumerative geometry,
Comm. Math. Phys. 164 (1994) 525-562 MR Zbl

[23] S-Q Liu, Y Ruan, Y Zhang, BCFG Drinfeld—Sokolov hierarchies and FIRW-theory, Invent. Math. 201
(2015) 711-772 MR Zbl

[24] P Ressi, Integrability, quantization and moduli spaces of curves, Symmetry Integrability Geom. Methods
Appl. 13 (2017) art.id. 060 MR Zbl

[25] A Sauvaget, Cohomology classes of strata of differentials, Geom. Topol. 23 (2019) 1085-1171 MR Zbl

AB: Faculty of Mathematics, National Research University Higher School of Economics
Moscow, Russia

Center for Advanced Studies, Skolkovo Institute of Science and Technology
Moscow, Russia

P G Demidov Yaroslavl State University
Yaroslavl, Russia

PR: Dipartimento di Matematica “Tullio Levi-Civita”, Universita degli Studi di Padova
Padova, Italy

DZ: Université de Versailles Saint-Quentin-en-Yvelines, CNRS
Versailles, France

aburyak@hse.ru, paolo.rossi@math.unipd.it, dimitri.zvonkine@gmail.fr

Proposed: Yakov Eliashberg Received: 4 November 2021
Seconded: Leonid Polterovich, Mark Gross Revised: 22 August 2022

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


https://doi.org/10.1007/s002220100205
http://msp.org/idx/mr/1908062
http://msp.org/idx/zbl/1056.14076
https://doi.org/10.1007/s10240-017-0088-x
https://doi.org/10.1007/s10240-017-0088-x
http://msp.org/idx/mr/3668650
http://msp.org/idx/zbl/1370.14029
https://doi.org/10.1007/BF02101490
http://msp.org/idx/mr/1291244
http://msp.org/idx/zbl/0853.14020
https://doi.org/10.1007/s00222-014-0559-3
http://msp.org/idx/mr/3370624
http://msp.org/idx/zbl/1333.14053
https://doi.org/10.3842/SIGMA.2017.060
http://msp.org/idx/mr/3680568
http://msp.org/idx/zbl/1368.14040
https://doi.org/10.2140/gt.2019.23.1085
http://msp.org/idx/mr/3956890
http://msp.org/idx/zbl/1439.14034
mailto:aburyak@hse.ru
mailto:paolo.rossi@math.unipd.it
mailto:dimitri.zvonkine@gmail.fr
http://msp.org
http://msp.org

Mohammed Abouzaid
Dan Abramovich
Ian Agol

Arend Bayer

Mark Behrens
Mladen Bestvina
Martin R Bridson
Jim Bryan

Dmitri Burago
Tobias H Colding
Simon Donaldson
Yasha Eliashberg
Benson Farb

David M Fisher
Mike Freedman
David Gabai
Stavros Garoufalidis
Cameron Gordon
Jesper Grodal

Misha Gromov

GEOMETRY & TOPOLOGY

Andras T Stipsicz

msp.org/gt

MANAGING EDITOR

Alfréd Rényi Institute of Mathematics

stipsicz@renyi.hu

BOARD OF EDITORS

Stanford University
abouzaid @stanford.edu

Brown University
dan_abramovich@brown.edu
University of California, Berkeley
ianagol @math.berkeley.edu
University of Edinburgh
arend.bayer @ed.ac.uk

University of Notre Dame
mbehren]1 @nd.edu

University of Utah
bestvina@math.utah.edu

University of Oxford

bridson @maths.ox.ac.uk

University of British Columbia
jbryan@math.ubc.ca

Pennsylvania State University
burago@math.psu.edu

Massachusetts Institute of Technology
colding@math.mit.edu

Imperial College, London
s.donaldson @ic.ac.uk

Stanford University
eliash-gt@math.stanford.edu
University of Chicago
farb@math.uchicago.edu
Rice University
davidfisher@rice.edu
Microsoft Research
michaelf @microsoft.com
Princeton University

gabai @princeton.edu
Southern U. of Sci. and Tech., China
stavros @ mpim-bonn.mpg.de
University of Texas
gordon@math.utexas.edu

University of Copenhagen
jg@math ku.dk

IHES and NYU, Courant Institute
gromov @ihes.fr

Mark Gross

Rob Kirby

Bruce Kleiner
Sandor Kovics
Urs Lang

Marc Levine
Ciprian Manolescu
Haynes Miller
Tomasz Mrowka
Aaron Naber

Peter Ozsvath
Leonid Polterovich
Colin Rourke
Roman Sauer
Stefan Schwede
Natasa Sesum
Gang Tian

Ulrike Tillmann
Nathalie Wahl

Anna Wienhard

University of Cambridge

mgross @dpmms.cam.ac.uk
University of California, Berkeley
kirby @math.berkeley.edu

NYU, Courant Institute

bkleiner @cims.nyu.edu

University of Washington
skovacs @uw.edu

ETH Ziirich

urs.Jang @math.ethz.ch

Universitit Duisburg-Essen
marc.levine @uni-due.de

University of California, Los Angeles
cm@math.ucla.edu

Massachusetts Institute of Technology
hrm @math.mit.edu

Massachusetts Institute of Technology
mrowka@math.mit.edu

Northwestern University

anaber @math.northwestern.edu
Princeton University
petero@math.princeton.edu

Tel Aviv University

polterov @post.tau.ac.il

University of Warwick
gt@maths.warwick.ac.uk

Karlsruhe Institute of Technology
roman.sauer @kit.edu

Universitit Bonn

schwede @math.uni-bonn.de

Rutgers University

natasas @math.rutgers.edu
Massachusetts Institute of Technology
tian@math.mit.edu

Oxford University

tillmann @maths.ox.ac.uk
University of Copenhagen

wahl @math.ku.dk

Universitit Heidelberg

wienhard @mathi.uni-heidelberg.de

See inside back cover or msp.org/gt for submission instructions.

The subscription price for 2024 is US $805/year for the electronic version, and $1135/year (+$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Geometry & Topology is indexed
by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Geometry & Topology (ISSN 1465-3060 printed, 1364-0380 electronic) is published 9 times per year and continuously online, by Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840. Periodical
rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences
Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

GT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

© 2024 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/gt
mailto:stipsicz@renyi.hu
mailto:abouzaid@stanford.edu
mailto:dan_abramovich@brown.edu
mailto:ianagol@math.berkeley.edu
mailto:arend.bayer@ed.ac.uk
mailto:mbehren1@nd.edu
mailto:bestvina@math.utah.edu
mailto:bridson@maths.ox.ac.uk
mailto:jbryan@math.ubc.ca
mailto:burago@math.psu.edu
mailto:colding@math.mit.edu
mailto:s.donaldson@ic.ac.uk
mailto:eliash-gt@math.stanford.edu
mailto:farb@math.uchicago.edu
mailto:davidfisher@rice.edu
mailto:michaelf@microsoft.com
mailto:gabai@princeton.edu
mailto:stavros@mpim-bonn.mpg.de
mailto:gordon@math.utexas.edu
mailto:jg@math.ku.dk
mailto:gromov@ihes.fr
mailto:mgross@dpmms.cam.ac.uk
mailto:kirby@math.berkeley.edu
mailto:bkleiner@cims.nyu.edu
mailto:skovacs@uw.edu
mailto:urs.lang@math.ethz.ch
mailto:marc.levine@uni-due.de
mailto:cm@math.ucla.edu
mailto:hrm@math.mit.edu
mailto:mrowka@math.mit.edu
mailto:anaber@math.northwestern.edu
mailto:petero@math.princeton.edu
mailto:polterov@post.tau.ac.il
mailto:gt@maths.warwick.ac.uk
mailto:roman.sauer@kit.edu
mailto:schwede@math.uni-bonn.de
mailto:natasas@math.rutgers.edu
mailto:tian@math.mit.edu
mailto:tillmann@maths.ox.ac.uk
mailto:wahl@math.ku.dk
mailto:wienhard@mathi.uni-heidelberg.de
http://dx.doi.org/10.2140/gt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org/
https://msp.org/

GEOMETRY &
Volume 28  Issue 6 (page

Intersection theory on moduli of disks, open
RAHUL PANDHARIPANDE, JAKE P SO
Cluster categories and rational curves
ZHENG HUA and BERNHARD KELLER
Limits of manifolds with a Kato bound on th:
GILLES CARRON, ILARIA MONDELL
Automorphisms of surfaces over fields of po
YIFEI CHEN and CONSTANTIN SHRA
Moduli spaces of residueless meromorphic
ALEXANDR BURYAK, PAOLO ROSSI
Homological mirror symmetry for hypersurf:
MOHAMMED ABOUZAID and DENIS
Stable cuspidal curves and the integral Chow
ANDREA DI LORENZO, MICHELE PE
Thurston’s bounded image theorem

CYRIL LECUIRE and KEN’ICHI OHSH




	Introduction
	1. Moduli spaces of meromorphic differentials with residue conditions
	1.1. Meromorphic differentials with residue conditions
	1.2. Multiscale differentials with residue conditions
	1.3. The class [H(a1,…,an)] as a partial cohomological field theory

	2. The DR hierarchy for the cycle of residueless meromorphic differentials
	3. A reduction to meromorphic differentials with two zeros and the KP hierarchy
	3.1. A reduction of the DR hierarchy
	3.2. The Miura transformation
	3.3. The KP hierarchy
	3.4. The main result
	3.4.1. Step 1 of the proof: more properties of the DR hierarchy
	3.4.2. Step 2 of the proof: more properties of the KP hierarchy
	3.4.3. Step 3 of the proof: a limited amount of data determines the hierarchies uniquely


	References
	
	

