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We determine the local geometric structure of two-dimensional metric spaces with curvature bounded
above as the union of finitely many properly embedded/branched immersed Lipschitz disks. As a result,
we obtain a graph structure of the topological singular point set of such a singular surface.
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1 Introduction

Let X be a locally compact, geodesically complete Alexandrov space with curvature bounded above. In
this paper, we are concerned with the local structure of X . In general X may have very complicated local
geometry. For instance, X may have no polyhedral structure even in local. There is such a two-dimensional
space constructed by Kleiner; see also Nagano [21]. In the present paper, we completely describe the
local geometry of such spaces in dimension two.

The study of metric spaces with curvature bounded above began with the work of Alexandrov [2]. For
the dimensions of such spaces X, Kleiner [15] proved that the topological dimension coincides with
the maximal dimension of topological manifolds embedded in X. For geodesically complete metric
spaces X with curvature bounded above, Otsu and Tanoue [25] implicitly showed that the topological
dimension coincides with the Hausdorff dimension. This has been verified via a different method by
recent work due to Lytchak and Nagano [17], which has also clarified that the local geometric properties
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3024 Koichi Nagano, Takashi Shioya and Takao Yamaguchi

of geodesically complete metric spaces X with curvature bounded above have a lot of analogues to those
of Alexandrov spaces with curvature bounded below; see also Remarks 1.5 and 1.7 below. Lytchak and
Stadler [19] have recently proved that for every convex open ball in a CAT (x )—space there exists a complete
CAT(—1)—metric on the ball that is locally bi-Lipschitz to the original CAT (kx)—metric; in particular, in
local considerations on topological properties of CAT (x)—spaces, we may assume k to be —1.

For basic textbooks in this subject, there are several general references, and we refer to Ballmann [8],
Bridson and Haefliger [10], Burago, Burago and Ivanov [11] and Alexander, Kapovitch and Petrunin [5].

Now let us consider our main concern, the two-dimensional such spaces. The study in this particular
dimension began with a classical deep work due to Alexandrov and Zalgaller [3] on two-dimensional
topological manifolds with more general curvature bound, called the bounded curvature. They con-
structed the curvature measure on such surfaces and established the Gauss—Bonnet theorem. See also
Reshetnyak [28] for the work from an analytic point of view. Generalizing [3] and following the works of
Ballmann and Buyalo [9] and Arsinova and Buyalo [7], Burago and Buyalo [12] established the theory of
two-dimensional polyhedra with curvature bounded above.

Here it should be emphasized that there were no general results determining local structure even in
dimension two. The purpose of this paper is to determine the general local geometric structure of
two-dimensional geodesically complete metric spaces with curvature bounded above.

Let X be a two-dimensional locally compact, geodesically complete metric space with curvature < k for
a constant k. For every p € X, the space of directions X, = X, (X) is the disjoint union of finitely many
points and connected finite graphs. Since we are interested in the local structure, we assume the most
essential case when X, is a connected graph, called a CAT(1)—graph; see Section 2. We shall determine
the geometry of the closed r—ball B(p, r) around p for small enough r > 0 as follows.

Let S(X) denote the set of all topological singular points in X. For £ > 27 and r > 0, we denote by
D2({; r) the closed disk of radius r around the vertex O in the Euclidean cone over the circle of length £.
Amap f:D?({;r)— B(p,r) is called properif f~1(dB(p,r))=3D?((;r). Let t,(r) denote a function
depending on p and r satisfying lim, ¢ 7, (r) = 0. Let S(p, r) denote the metric sphere dB(p,r).

The main result in this paper is stated as follows.

Theorem 1.1 Forevery p € X such that ¥, is a connected graph, there exists a positive number ro such
that for every 0 < r <ro, B(p, r) is a union of images Im f; of finitely many proper Lipschitz immersions
fi: D2({;;r) = B(p,r) for some {; > 2m, possibly with branch point fi_l(p) = {0} satistying the
following:

(1) With respect to the length metric induced from X, Im f; are CAT (k)—spaces.

(2) Either f; is an embedding, or else f;(0D?({;;r)) is the union of two circles of length > 2mr
connected by an arc, which could be a point. In the latter case, {; > 4.
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(3) The bi-Lipschitz constant of f; is less than 1 + 1, (r) when f; is an embedding. If f; is a branched
immersion, the local bi-Lipschitz constant of f; except at {O} is less than 1 4 7, (7).

Moreover, S(X) N B(p, r) consists of finitely many simple Lipschitz arcs starting from p and reaching
S(p.r).

Remark 1.2 One might ask if it is possible to fill the ball B(p, r) with those Im f; that are convex
in X or properly embedded disks. However, both are impossible in general. For example, take the
Euclidean cone X over the union of two circles of length 2 joined by an arc. No metric ball around the
vertex of X can be written as a union of properly embedded disks as described in Theorem 1.1. For an
example showing the impossibility of filling the ball via convex properly embedded CAT («x)—disks, see
Example 4.5.

From the proof of Theorem 1.1, we actually have the following.

Corollary 1.3 Let r = rp be sufficiently small as in Theorem 1.1. Then for any locally injective
continuous map ¢: [a, b] — X, (X), there is a closed subset E of X containing p such that

(1) E is a CAT(k)—space with respect to the length metric,

(2) Zp(E) =Im(Q),
(3) dE C S(p,r), except possibly the segments from p directing to the endpoints of {. Here 0E
denotes the set of points of E where local geodesically completeness of E fails.

The set E is the image of a locally almost isometric, branched immersion, except at the branch locus {p},
from the closed disk of radius r around the vertex in the Euclidean cone over the interval of length L(¢).
When ¢ is surjective in addition, this provides another description of B(p, r).

Using Theorem 1.1, we can define a metric graph structure on S(X) in a generalized sense (Definition 6.7),
and we have:

Corollary 1.4 Suppose that X, is a connected graph for every p € X. Then with respect to the induced
length structure, S(X) is isometric to a metric graph having (possibly locally uncountably many vertices,
but) the vertices of locally finite order.

Remark 1.5 In the general dimension, Lytchak and Nagano [17] characterized the singular set in the
k—dimensional part as a countably (k—1)-rectifiable set. Corollary 1.4 gives a refinement of this result in
dimension two.

Recall that a compact metric graph X is a CAT (u)—graph (u > 0) if every noncontractible loop in X has
length > 27/ /ix.
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Corollary 1.6 For a given p € X such that ¥, is a connected graph, there exists a positive number rp
such that for every 0 <r <rp, S(p,r) with the interior metric is a CAT(u, (r))-graph having the same
homotopy type as ¥, where ,(r) is given by the sharp constant

. -2
sin kr if k>0,
JK

Pc(r) = 47172 ifk =0,

sinh o/—x7\ 2 <0
— if k .
v —K

Remark 1.7 A result in [17] shows that for every small r, S(p, r) has the same homotopy type as X,

in the general dimension. Corollary 1.6 gives a refinement of this result in dimension two.

Remark 1.8 All the results in this paper are local. Therefore they are also valid under the assumption of
local geodesic completeness of X.

The idea of the proof of the main result is as follows. We know the structure of the space X, of directions
at p, which is completely characterized as a CAT(1)—graph without endpoints. If we rescale the metric
of X by the factor 1/r, then ((1/7r)X, p) converges to the tangent cone (K, 0p) at p as r — 0 with
respect to the pointed Gromov—Hausdorff topology. Let E;ing be a small neighborhood of the vertices
of the graph X, and E;,eg the complement of E‘;,ing. Now the convergence theorem (see Nagano [23])
applied to the unit cone K 1(E;eg) over Ef,,eg yields the existence of a Lipschitz domain B™2(p, r) of
B(p,r) consisting of finitely many sectors corresponding to sectors of K I(E;,eg). One can consider
B™&(p, r) as aregular part of B(p, r). The main problem is to determine the structure of the singular part
B*"2(p, 1), the complement of B™(p,r) in B(p,r). To carry out this, we consider finitely many thin
ruled surfaces, say S;; here, and fill BS"¢(p, r) using them. A key is to show that those ruled surfaces
are CAT(k)—spaces with respect to the interior metrics and are homeomorphic to a disk. According to
Alexandrov’s result in [1], every ruled surface in a CAT (x)-space is also a CAT (k)—space with respect to
the pullback metric. Obviously, the interior metric and the pullback metric are completely different from
each other in general. Therefore we have to show that in our thin ruled surfaces, pullback metrics coincide
with the interior metrics. After achieving this, it turns out that the topological singular point set S(X)
locally arises from the intersections of those thin ruled surfaces S;;. We investigate how those ruled
surfaces meet each other to get the structure of S(X) N B(p, r) as the union of finitely many Lipschitz
curves. Combining the structures of both B™¢(p, r) and B*"¢(p, r) and considering the graph structure
of ¥,, we define the embeddings or the branched immersions f; : D2({;;r) — B(p,r) as described in
Theorem 1.1.

As related studies on ruled surfaces, Petrunin-Stadler [26] have proved that for metric minimizing disks in
CAT(0)-spaces, the pullback metrics on the disks are CAT(0), which is a generalization of Alexandrov’s
result [1] on ruled surfaces in the CAT(0)—setting. According to Stadler [29, Theorem 2], for any Jordan

Geometry & Topology, Volume 28 (2024)



Two-dimensional metric spaces with curvature bounded above, 1 3027

triangle in a CAT(0)-space, every minimal disk filling of the triangle is an embedded disk that is CAT(0)
with respect to the interior metric.

The organization of the paper is as follows.

In Section 2, we recall and verify basic results for locally compact, geodesically complete Alexandrov
spaces with curvature bounded above.

In Section 3, we give basic properties of a ruled surface S in a CAT(k)—space. We discuss the pullback
metric, the induced metric, the interior metric of S and their relations. In the original argument in
Alexandrov [1], there are several unclear points for the authors — for instance, there is no description of
quasicontinuous monotone representations. We make clear all these points.

In Section 4, which is a key section, we investigate a thin ruled surface S in a two-dimensional space,
and prove that S actually admits the induced metric and therefore becomes a CAT (k)—space with respect
to the interior metric. Then we obtain the crucial property that S is homeomorphic to a disk.

In Section 5, we fill B(p,r) via those embedded/branched immersed disks using thin ruled surfaces
essentially. We prove Theorem 1.1(1)—(3), with the exception of (1) for branched immersed disks.

In Section 6, we describe S(X) N B(p, r) as a union of finitely many Lipschitz curves starting from p
and reaching points of S(p, r). The structure of generalized metric graph of S(X) is also discussed there.

In Section 7, we provide the proof of Theorem 1.1(1) for branched immersed disks as well as Corollary 1.3.

In the appendix, following the basic idea of [1], we give the proof of Alexandrov’s result on ruled surfaces
in CAT («x)—spaces based on the results proved in Section 3.

Burago and Buyalo [12] gave a complete characterization of two-dimensional polyhedra of curvature
bounded above. In the second part [24] of our work, we show the following:

(a) We provide sufficient conditions for two-dimensional metric spaces to have curvature bounded
above, which shows that the results in this paper completely characterize the local structure of
two-dimensional metric spaces with curvature bounded above.

(b) Every pointed two-dimensional geodesically complete locally CAT (k)—space (X, p) can be ap-
proximated by a sequence of two-dimensional pointed geodesically complete, polyhedral locally
CAT (x)—spaces (Xp, pn) having the same homotopy type as X with respect to the pointed Gromov—
Hausdorff topology. This solves a problem raised by Burago and Buyalo [12].

(c) We establish a Gauss—Bonnet type theorem for two-dimensional geodesically complete locally
CAT (x)—spaces.

Most results in the present paper were announced in [31].

Geometry & Topology, Volume 28 (2024)



3028 Koichi Nagano, Takashi Shioya and Takao Yamaguchi

Acknowledgements First of all, the authors thank Bruce Kleiner. The outline of the results in this paper
came from discussions with him on the basic idea many years ago. We also thank Alexander Lytchak for
informing us of recent related results on ruled surfaces and minimal filling disks in CAT(0)—spaces. We
also thank Werner Ballmann, Yuri Burago, Sergei Buyalo and Misha Gromov for their interest in this
work. This work was partially supported by IHES, while Yamaguchi was in residence there during the
summer of 2005.

We thank the referee for carefully reading our manuscript and for valuable comments and suggestions.
Lemma 2.7 was suggested by the referee to the authors.

This work was supported by JSPS KAKENHI grants 18H01118, 15H05739, 19K03459, 15K13436,
26610012, 21740036, 17204003 and 18740023.

2 Basic properties of CAT («)-spaces

For some basic results in this section, we refer to Bridson and Haefliger [10] and Burago, Burago and
Ivanov [11].

The distance between two points x and y in a metric space X is denoted by |x, y| or |x, y|x, and sometimes
d(x,y) or dx (x, y). The metric r—ball around p is denoted by B(p, r). We sometimes use BX (p, r) to
emphasize the metric ball in X. Let X be a locally compact, complete geodesic space with curvature < «.
By definition, for each point p € X, there exists a positive number r > 0 with r < 7/2./k when k¥ > 0
such that the ball B(p, r) is convex and has the following properties: Let M, Kz be the simply connected
complete surface of constant curvature k, called the k—plane for short. For any geodesic triangle Axyz
in B(p, r) with vertices x, y and z, we denote by Ax yz a comparison triangle in M? having the same
side lengths as Axyz. Then the natural mapping Ax yz — AXxyz is nonexpanding. A convex domain
with this property is called a CAT (k)—domain. Such a space X with curvature < « is called a locally
CAT («x)-space, and X is called a CAT(k)—space if X itself is a CAT(k)—domain. Although all geodesics
have constant speed by definition, most geodesics are assumed to have unit speed unless otherwise stated.
For arbitrary x and y in B(p,r), let yx,,: [0, |x, y|]] = X denote a unique minimal geodesic joining x
to y. We say that a curve is shortest if its length is minimal among all curves joining the endpoints.
The angle between the geodesics ), x and yy ; is denoted by Zxyz, and the corresponding angle of
&xyz by nyz. The space of directions and the tangent cone of X at p are denoted by X, = X,(X)
and K, = K, (X), respectively. We shall occasionally use the identification £, = X, x {1} C K. We
denote by yx.y(0) or 1% the direction at x defined by yx y. For every £ € Z,(X), Ye denotes a geodesic
with y¢(0) = £. For a path-connected subset S C X and x, y € S, we denote by )/;Cg’y a shortest curve
in S joining x to y if it exists. Occasionally, we identify a geodesic with its image, and write x € y for
instance. The length metric of S induced from X is denoted by dg or | , |s.

Geometry & Topology, Volume 28 (2024)
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For a closed subset A of X and for an accumulation point p of A, the set of all directions § € X,(X)
such that there is a sequence a; in A\ {p} satisfying a; — p and y, 4, (0) — £ is denoted by X,(A) and
called the space of directions of A4 at p.

The upper semicontinuity of angle is fundamental in the geometry of spaces with curvature bounded
above.

Lemma 2.1 Suppose that sequences p;, q; and r; converge to p, q and r, respectively, in a CAT (k)—
domain. Then we have limsup; _, o, Zpiqiti < £pqr.

Next we briefly discuss the connectivity of a small neighborhood of a given point in X . For each point
p € X, the set of components of X, are in one-to-one correspondence with the set of components of
B(p,r)\{p} if B(p,r) is a CAT(k)—domain; see [16]. We call the number of components of X, (X)
the order of p.

Now we state the gluing theorem proved by [27], which is convenient to construct spaces with curvature

bounded above. The proof is also found in [10, page 347].

Theorem 2.2 Let D; fori =1, 2 be a closed convex subset in an Alexandrov space X; with curvature <«k.
If there is an isometry f: D1 — D, then the identification space X1 U r X» is an Alexandrov space with
curvature < k with respect to the natural length metric.

From now, we assume X to be geodesically complete. That is, every geodesic segment in X can be
extended to a geodesic defined on R.
The following lemma follows from [17, Corollary 13.3].

Lemma 2.3 For a point p € X, suppose that ¥,(X) has no isolated points. Then there exists a positive
number r such that every point x in B(p,r) \ {p} has order one.

Let d,, denote the distance function from p. For every x # p, let us denote by (Vdj)(x) the set of all
directions £ € ¥ (X) such that Z(&, 1¥) = 7. For simplicity, we set —(Vd,)(x) =1%. The following
lemma, which describes local geometry around a given point, is basic in our study of local structure of
surfaces with curvature bounded above.

Let 7, (€1, ..., €) be afunction depending on p and €1, . . ., €k such thatlime, .. ¢, 0 Tp(€1, ..., €x) =0.
Lemma 2.4 Forevery p € X, there exists a positive number rq such that for every r with 0 <r <rg, the
ball B(p, r) satisfies the following:

(1) diam((Vdp)(x)) < 1p(r) forevery x € B(p,r) \ {p}.
(2) For any two geodesics y1 and y, starting at p with angle 6, and for every s € [0, r], the geo-
desic oy (t) joining y1(s) to y»2(s) satisfies

| £(=(Vdp)(05(1)). 65(1)) — 27| < (6. 5).
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Proof (1) is due to [25]; see also [17, Proposition 7.3]. (2) easily follows from (1), and hence the proof
is omitted. O

The following lemma is fundamental, and plays an important role as in the case of Alexandrov space
with curvature bounded below [13]. For the proof, see [23, Lemma 3.6].

Lemma 2.5 (Jack lemma) Forevery p € X, there is a positive number ro such that if x # y € B(p, ro)
and q satisty that prq > —e¢and |x,y| <emin{|p, x|, |q, x|}, then we have

|£pxy —Zpxy| < tp(|p, xl,€).

In the study of spaces of curvature bounded below, the theory of the Gromov—Hausdorff convergence has
been useful. We apply it in our case of curvature bounded above.

We denote by " the n—dimensional Hausdorff measure, and set w, := H"(S"(1)), where S”(1) is the
unit n—sphere.

Theorem 2.6 ([23], compare [30]) For each positive integer n, there is a positive number €, satisfying
the following: Let X; fori =1,2,... and X be n—dimensional locally compact, geodesically complete,
pointed Alexandrov spaces with curvature < k, and suppose that a compact CAT (k)—domain U; of X;
converges to a compact CAT (k)—domain U of X with respect to the Gromov—Hausdorff distance. Then
for every compact domain V inint U satisfying H" ' (2x(X)) < wp—1 + € withe < ¢, forall x € V,
there are a compact domain V; in intU; and a t(e, 1/i)—almost isometry ; : V; — V in the sense that

i (X). @i (Y]

1
|x, yl

< r(e,%) forall x,y €V;.

Lemma 2.7 Forevery p € X and arbitrary x, y € B(p,r) we have

(2-1) pry — Zxpy < 1p(r), pry —Zpxy < 1p(r), Zpyx —ZLpyx < 1p(r).

Proof For the proof, it suffices to show that for every € > 0 there is an r such that for arbitrary
X,y € B(p,r) we have (2-1) for € in place of 7, (r). Fix a constant C > 1.

Casel C~!<|p.x|/|p.y| <C.

We show (2-1) for € = 1, ¢ (r), where 7, ¢ (-) is a function depending on p, C with lim, ¢ 7,,c (r) =0.
Suppose |x, y| < ¢|p, x| for ¢ > 0. Then Lemma 2.5 implies

pry—épxy<rp(r,§) and Zpyx—épyx<rp(r,g“).

Since pry <1({), (2-1) holds when r <rg and ¢ < g for some ry and ¢o. Next, suppose |x, y| > {o| p, x|.
We proceed by contradiction. Suppose the lemma does not hold in this case. Then there are x,, y, — p
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with |x,, yn| > Co|p, xn|. Choose z, such that x, € yp ;, and |z,, X,| = | p, x»|. Consider the rescaling

1
—X,p) — (Kp,0p).
(|P7xn| prop

Since limy — o0 (£ pXnyn + £LZnXnyn) = 7w, we have

limit

nlllgo LpXnyn = L0pXooYoo = nll>moo LpXnyn,

where xo and yoo are the limits of x;,, and y,. Similarly, we have lim,— o0 ZpynXs =limy, o0 7 PYnXn.
Since obviously we have

lim_Zxy pyn = £xo000pyoo = lim Zxnpyn.
we derive a contradiction.
Case2 |p.x|<C7lp,y|
We show (2-1) for € = 7,,(r) + r(C™1). First note that
(2-2) Zpyx <z(C™h.

Thus considering large C, we only have to consider the angles at p and x. Take z with x € y, , and
|z, p| = |y, p|. Then we have

(2-3) Zypz > Zypx > Lypx.
From Case 1, we have
(2-4) Zypz — Lypx < 1p,1(r).
Combining (2-3) and (2-4), we certainly have
(2-5) Zypx — Lypx < 7p,1(7).
From |p, x| < C~!|p, y|, we have
(2-6) |Zxyz—Zpyz| <t(C™Y) and |Zxzy—Zpzy|<z(C™Y).
From (2-5) and (2-4), we have B B

|Lxpy — Zzpy| < 1p,1 (r).
From (2-2) and the first inequality in (2-6), we have

|Zpyx + nyz — Zpyz| <t(C™h.

Now consider the quadrangle pXZ7 on M2 which is the union of the triangles Apxy and Axyz glued
along the edge Xy corresponding to xy. We estimate the deviation of the angle of the quadrangle pXzy
at X from 7. Combining the last two inequalities and the second inequality in (2-6), we have

|pry + Zyxz | <tpa(r)+ (C™h.

Since
|Lpxy + Lyxz —m| < 1p(r),

the last two inequalities yield Vi pxy — £pxy < 1p(r) + t(C™1), as required. O
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A point p in X is called a topological singular point of X if any neighborhood of p is not homeomorphic
to a disk, and the set of all topological singular point of X is denoted by S(X). It is proved in [17] that if
dim X = n, then dimg S(X) <n — 1. In particular X \ S(X) has full measure with respect to #" [25].

Two-dimensional case By a result of Otsu-Tanoue [25], the Hausdorff dimension of every relatively
compact open domain of X is an integer. See [17] for a different proof. It is also known that £,(X) is a
compact geodesically complete CAT(1)—space for every p € X.

Obviously, if X is 1-dimensional, then it is a locally finite graph without endpoints. Now we assume X
has dimension 2. Then any component X of X, has dimension < 1. If dim ¥ = 1, then X has the structure
of a finite graph without endpoints. Furthermore X is a so called CAT(1)—graph without endpoints in
the sense that each simple closed curve in X has length at least 2. If dim 3 = 0, then ¥ is a point
and the component of B(p,r) \ {p} corresponding to ¥ is an arc for any small enough . Thus, a small
neighborhood of any point p € X is the gluing at p of several purely 2—-dimensional spaces with all links
connected graphs and a ball around the vertex in the cone over finitely many points. Therefore the study
of local structure around p reduces to the case when X, is a connected CAT(1)—graph without endpoints.

Lemma 2.8 A neighborhood of p € X is homeomorphic to a two-dimensional disk if and only if ¥, (X)
is a circle.

Proof This follows from [22, Proposition 3.1, Remark 3.4]. O

Lemma 2.9 Let p € S(X). Then £,(S(X)) coincides with the set V(X,(X)) of all vertices of the graph
2,(X).

Proof For every v € X,(S(X)), take a sequence x; in S(X) converging to p which is such that
lim; 00 Z(Yp,x; (0),v) = 0. If v is not a vertex of X, (X), choose € > 0 such that the e-neighborhood

of v contains no vertices of X,(X). Let 6; := |x;, p|. Theorem 2.6 applied to the convergence
1
(535) = & 000
i

yields that a small neighborhood of x; is almost isometric to a neighborhood in R?. This is a contradiction.

Conversely, suppose there is v € V(X (X)) that is not contained in X, (S(X)). Choose €9 > 0 and §p > 0
such that the cone neighborhood

(2-7) C(v,80.€0) :={x | £L(1,v) = do.|p. x| < €0}

is included in R(X). Take three distinct directions &1, &>, &3 € X, (X) having angle 6o/2 with v, and set
x;i(€) := g, (€), where € < €p, 1 <i < 3. Note that the geodesic [x1(€), x2(€)] converges to the geodesic
[§1,&2] in Kp(X) under the convergence

(éX, p) — (Kp(X),0p) as € —0.
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Let y(€) be a nearest point of [x1(€), x2(€)] from x3(€). Since y(€) € R(X), X, ) (X) must be a circle
of length almost equal to 2 with Z(Vd,(y(€)), —=Vdp(y(€))) = m. However, Lemma 2.4 shows that the
angle Z(Vdp(y(€)), ni(€)) is almost v /2, where n; ::T;’é? for 1 <i <3, which implies Z(n1(¢€), n2(€))
is almost equal to 0. This is a contradiction since Z(n1(€), n2(€)) = 7. a

Remark 2.10 In place of the above geometric argument of the second half of the proof of Lemma 2.9,
we can also use more general topological result in [14, Theorem 2.1].

Lemma 2.11 Let p € S(X). For any x € S(X) N (B(p,r) \ {p}), V(Ex(X)) is contained in the
7p(r)—neighborhood of {(—=Vd,)(x), (Vdp)(x)}.

Therefore there is a positive integer m > 3 such that the Gromov—Hausdorff distance between X, (X) and
the spherical suspension over m points is less than t,(r).

Proof This follows from [17, Proposition 6.6, Corollary 13.3]. |

As an immediate consequence of Lemmas 2.9 and 2.11, we have

Corollary 2.12 Let p € S(X). For every x € S(X) N (B(p,r) \ {p}), Zx(S(X)) is contained in a
7, (r)—neighborhood of {(—=Vdp)(x), (Vdp)(x)}.

Finally in this subsection, we shortly discuss the cardinality of singular points in a two-dimensional
manifold X with curvature <k. Let € > 0. We say that x € X is an e—singular point if L (X, (X)) > 2w +e.
We also say that x is a singular point if it is e—singular for some € > 0.

Lemma 2.13 (see [3] and [12, Proposition 4.5]) For a domain D of a two-dimensional manifold X
with curvature < k, the set of all singular points contained in D is at most countable.

Proof By Lemma 2.4(1), the set of all e—singular points contained in a bounded set is finite for every
€ > 0, which immediately yields the conclusion of the lemma. |

3 Basic properties of ruled surfaces

We recall the notion of ruled surfaces in metric spaces introduced by Alexandrov [1]. The metric on a
ruled surface discussed in [1] is the pullback metric defined below, although an explicit definition was
not given in [1]. See also Remark 3.4. In this section, we provide some fundamental properties of the
pullback metric, most of which are not contained in [1]. These are used in the proof of Alexandrov’s
result (Theorem 3.17), which is presented in the appendix. There are related results in [26, Section 2].

For our purpose, it is sufficient to consider ruled surfaces in spaces with curvature bounded above.
Throughout this section, let X be a locally compact, complete geodesic space with curvature < x with
metric dy, where we do not need the dimension restriction, nor geodesic completeness.

We fix a rectangle R := [0, £] x [0, 1] in this section.
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Ruled surfaces

Definition 3.1 A continuous map o: R — X is called a ruled surface in X if

(1) forevery s € [0, £] the t—curve Ag: [0, 1] = X of ¢ defined as A4(¢) := o (s, t) is a minimal geodesic
in X from o (s,0) to o (s, 1), and

(2) for some continuous function &: [0, £] — [0, 1], the curve X (s) = o (s, £(s)), where 0 < s < ¥, is
rectifiable with respect to dx.

As usual, the subset S of X defined as S := o (R) is also called a ruled surface in X. For each s € [0, £],
the minimal geodesic Ag: [0, 1] — X is called a generator of o, or a ruling geodesic of o.

For each t € [0, 1], the curve a;: [0, £] — X is called a directrix of o at t.

Pullback metrics and induced metrics on ruled surfaces

Let 0: R — X be aruled surface in X defined as above. We denote by Sing(c) (resp. by Reg(o)) the set
of all s € [0, £] such that A are constant (resp. nonconstant). For s € [0, £], we set

Iy :={s}x[0,1] C R.

Definition 3.2 We say that a (not necessarily continuous) map c: [a, b] — R is monotone

e if p; o ¢ is monotone nondecreasing or monotone nonincreasing, where p;: R — [0, £] is the
projection to the first factor, and

o if pyoc(t) = proc(t) =s witht <t’, then py oc|| ] is monotone, where p2: R — [0, 1] is the
projection to the second factor.

Similarly, ¢ is said to be strictly monotone if p1 o c is strictly monotone.

We say that a monotone map c: [a, b] — R is a quasicontinuous curve if the following hold:
(1) p1oc(la,b]) is a closed interval, and
(2) c is continuous on the set of all # with p; o c(z) € Reg(o) U int Sing(c).

We define the pullback metric e on R induced from o as

(3-1) eq(u,u’) = irleL(aoc),

where ¢ runs over all quasicontinuous curves in R from u to u’, and L denotes the length of curves with
respect to dy. Note that the metric ey is certainly finite since our ruled surface ¢ has the rectifiable
curve X.

We denote by R the quotient metric space

(R, e5) :=(R,e5)/{eq = 0.

Let w: R — R. be the projection.
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Example 3.3 Let oy : [0, 1/7] — R? for k = 0, 1 be the curve defined by

oo(s) = (s,—‘s cos H) and o1(s) = (s, ‘s sin%‘).

For R :=[0,1/7] x [0, 1], define the ruled surface o : R — R? as in the above definition, where we have
Sing(o') = {0}. For u = (0,0), u’ = (1/7,0), consider the map c: [0, 1 /7] — R defined by
c(s) = o~ 1(s,0) ?fO <s<1/m,
(0,0) if s =0.
Since c¢ oscillates infinitely many times near {0} x [0, 1], it is quasicontinuous, but realizes the distance

eq(u,u’).

We remark that there is no continuous curve realizing e4 (4, ") in Example 3.3. Note also that 7 o ¢ is
always continuous for every quasicontinuous curve c. These are the reasons why we employ the notion
of quasicontinuous curves in the definition (3-1) of the pullback metric e, .

Obviously, e, (1, u’) = 0 implies o (u) = o (u’). Therefore, we can define a map o« : R« — X such that
0 = o4 om. Note that o4: Ry« — X is continuous. The properties of the projection 7: R — R, depend
on those of the end s—curves op and o1. If 09 and o7 are Lipschitz continuous, then so is o, and hence
w: R — R, is continuous. However, in the general case, w: R — R is not necessarily continuous; see
Example 3.5 below.

Remark 3.4 Comparing the conditions of ruled surfaces given in [1] and ours:

(1) Some ruling geodesics As of ¢ may be constant geodesics for all s in an interval of [0, £]. This
case was excluded in [1] as the conditions of ruled surfaces defined there.

(2) The existence of continuous arc in the preimage of any point of Ry by 7, which is a more restrictive
property than the existence of quasicontinuous curve given in Corollary 3.8, was assumed in [1] as
one of the conditions of the metric on the ruled surface under consideration.

Example 3.5 Let 0;(s), where 0 < s < {, be a continuous parametrization of a Koch curve on the
unit sphere S2(1) C R3. Letting 0¢(s) = O, we define the ruled surface o: [0,£] x [0, 1] — R3 by
o(s,t) =toy(s). Note that

t—t'| ifs=s

.6y = ’
eo (1), (s7,1)) t+t ifs#s.

Note also that 7: R — R is continuous only at {t = 0}.

For s € [0, £], we set
IS* = n(ls).

For a continuous curve cx«: [ag, bo] — Rx (resp. y: [ag, bo] — S), we simply say that a quasicontinuous
curve ¢: [a, b] — R is alift of ¢« (resp. of y) if cx = mwoc (resp. Yy = 0 oc) up to monotone parametrization.
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From now, we fix arbitrary u,u’ € R with u = (so,%),u’ = (sg. 1)) and 5o < ;. Take a sequence of
quasicontinuous curves ¢y : [0, 1] — R from u to u’ such that es (1, u’) = lim, 00 L(0 0 ¢,), Where we
may assume that ¢, is monotone. By the Arzela—Ascoli theorem, passing to a subsequence we may
assume that a Lipschitz parametrization y, of o o ¢, converges to a Lipschitz curve y in S from o (u)
to o (u’). Note that

(3-2) L(y) < eg(u,u).

We set
J :=[50,50], Jreg:=J NReg(0), Jsing := J N Sing(0).

In the following proposition, we show the equality in (3-2).

Proposition 3.6 Under the above situation, there is a lift ¢ of y in R fromu tou’.

In particular, 7 o ¢ provides a (continuous) shortest curve ¢« in Ry from 7 (u) to 7 (u’), and we have
L(cx) = L(y) = eq(w (), 7 (u)).

Example 3.7 Let y: [0, 1] — X be a minimal geodesic between distinct two points in a CAT(k)—space.
Consider the ruled surface o: [0, 1] x [0, 1] — X defined as o (s, ) = y(¢). Then e5((0,0), (1, 1)) = L(y).
Note that any curve c(t) = (x(¢), y(¢)) such that x(¢) and y(¢) are monotone from O to 1 is a lift of y
from (0, 0) to (1, 1).

The above simple example suggests that in Proposition 3.6, one cannot construct a lift of the limit y only
from y, and one needs to take a subsequence of ¢, properly to obtain a limit, which is expected as a lift
of y. In the proof of Proposition 3.6 below, we proceed in this way.

Proof of Proposition 3.6 We show that the monotone curve c,, converges to a monotone quasicontinuous
curve ¢, up to monotone parametrization, except on Sing(o) x [0, 1]. By the Arzela—Ascoli theorem, this
is obvious if the length of ¢ | Jex[0,1] 18 uniformly bounded. However, when one of the end curves og (s)
and 01 (s) is not rectifiable, one cannot expect that the length of ¢, |, x[0,1] is even finite.

In the argument below, we use the idea of the proof of the Arzela—Ascoli theorem taking the monotonicity
of ¢y, into account. Since each ¢, is continuous, for any s € J there is ¢, (s) € [0, 1] satisfying ¢, (¢, (s)) € I;.
Let Jy be a countable dense subset of J. Take a subsequence {m} C {n} such that c,, (¢, (s)) converges
to a point x(s) € I for every s € Jy.

Roughly speaking, the limit curve c is defined via the limit set of the sequence {Im(cy,)}». For every
s € Jyeg, let us consider the subset Eg C I defined as the set of all points x € Iy with lim; o0 ¢, () = x
for a subsequence {m;} C {m} and ¢; € [0, 1]. We set

Jreg,1 :=1{5 € Jreg | Es is asingle point}, Jieg2 1= Jreg \ Jreg,1,

I 1= Jreg1 N Jo JL, 5 = Jreg2 N Jo.

reg, reg,
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For s € Jieg,1, We define x(s) by
Es ={x(s)}.
Note also that Jrgg’l or Jr(e’g’2 may be empty.

(1) We first show that x(s) is continuous on Jyg 1.

This is obvious since if s; € Jeg,1 converges to s € Jieg 1, then any limit of {x(s;)} must belong to
Eg ={x(s)}.

(2) Next we show that Ej is an interval for every s € Jieg 2.

For arbitrary y,y’ € Ej, choose subsequences {m;} and {m;/} of {m} such that ¢, (t;) — y and
cm;, (t)) — y"asi,i’ — oo for some #;, 1] € [0, 1]. Take s5; € Jrgg with s < s; converging to s. Note that
x(s7) = limj 00 Cm; (tm; (57)) = limj’ o0 Cm;, (tm,, (s7)). Passing to a subsequence, we may assume that
x(s;) converges to a point z € Eg as j — 00. As i,i’ — oo and then j — oo, the arcs ¢, ([t;, tm, (s;)])
and ¢, ([ti7, tm;, (s;)]) converge to [y, z] and [y’, z], respectively. Since [y, z] U[y’, z] C Es, we obtain
[v.y'] C Es.

(3) Fors; <s (resp. s; > 5) with §; € Jieg, 5 € Jreg,2, let s; converge to s. In what follows, we show that
x(s;) converges to an endpoint of E (resp. the other endpoint of Ej).

Let {y,y'} = 0FE;.

(a) We assume s; < s. The other case is similar. Suppose that x(s;, ) converges to an interior point v
of Eg as k — oo, for a subsequence {i;} of {i}. We also have subsequences {m,} and {my } of {m} such
that ¢, (tg) — y and ¢, (tg) — ¥’ for some 4,1y € [0, 1]. As £, £’ — oo and then k — oo, the arcs
Cmg([tm, (5iy)- t]) and ¢, ([tm,, (Siy ), te]) converge to the subarcs [v, y] and [v, y'], respectively. Now

take a sequence sy € Jr‘gg with s > s such that x(sy) converges to a point w € I3 as @ — o0o. Note that

X(Sq¢) = Hm cpmy(tm,(50)) = 1im cmy, (tmy (Sa))-
{—o00 {/—o00

We see that as £, £’ — oo and then k — 00, the arcs ¢, ([tm, (Siy )+ tm, (S)]) and oy, ([t (Sig ) tmyr (Sa)])
converge to the unions [v, y] U [y, w] and [v, y'] U [y’, w], respectively. However, considering o o ¢, or
0 ©Cm,, , We have a contradiction since 0 o ¢, 1S a sequence minimizing eq (u,u’).

(b) We show that as 5o < s converges to s, then x(sy) converges to a unique endpoint of Eg. Suppose
that for subsequences s; — s and s;7 — s with s;,5;7 <, x(s;7) (resp. x(s;/)) converges to y (resp. to y’).
Choose large i and i’ = i’(i) with i’ 3> i. Then as m — oo, the arc ¢, ([tn (si), tm(si’)]) oscillates many
times near Eg, which implies limy;,—oc L (0 o ¢y,) = 0o. This is a contradiction.

(c) We show that as s; — s and s;» — s with s; <s <s;, if x(s;) converges to y, then x (s;/) converges to y’.
Otherwise, as m — oo and i, i’ — o0, the arc ¢, ([tm (si). tm(si’)]) converges to the union [y, y'JU[y’, y],
which is a contradiction to the hypothesis that o o ¢, is a minimizing sequence.

Geometry & Topology, Volume 28 (2024)



3038 Koichi Nagano, Takashi Shioya and Takao Yamaguchi

(4) We show that Jieg,> is at most countable, and
> L(o(E) < L(y).
5€Jreg.2
For an arbitrary finite set 57 <3 <--+ < sk 0f Jieg 2, the argument in (3c) shows that some subarcs of ¢y,
are so close to the union Eg, U---U E, for any large m. Thus, 0 (Eg, ) U---Uo(Eg, ) is the union of
finite subarcs of y. Therefore we have

k

> " L(o(Ey) < L(y).

i=1
The conclusion follows immediately.
(5) For s € Jng, let x(s) := (s,a) € I for any fixed constant a € [0, 1], for instance. Let Lo be
the total sum of L(o(Ey)) for all s € Jyeg,2. Now we consider the collection C consisting of points
{x(s) | s € Jsing U Jreg,1} and the intervals E for all s € Jieg2. In view of (1)—(4), it is possible to
parametrize C as a quasicontinuous curve c: [so, s, + Lo] — R from u to u’. For details, see (2) in the
proof of Proposition 3.14.

From construction, we see that ¢ is a lift of y.

The second half of the assertion of the proposition is immediate, completing the proof of Proposition 3.6. O
As an immediate consequence of Proposition 3.6, we have:

Corollary 3.8 If e, (u,u’) = 0, then there is a strictly monotone quasicontinuous curve c: [0,1] — R
joining u to u’ such that w(c) = 7 (u) = 7 (u’).

In particular, if Sing(c) is empty, =~ (7 (u)) is a strictly monotone (continuous) curve.

The following example shows that it is impossible to take a monotone (continuous) curve ¢ in Corollary 3.8
as well as in Proposition 3.6.

Example 3.9 Let X be the one-point union of two copies, say Rg and R%, of R? at the origin O. Let
oy (1) be straight lines on Rlzc with 0 (0) = O for k = 0, 1. Consider strictly monotone continuous
parametrizations oy (¢ (s)) of oy (¢) with ¢ (0) = 0. Joining oo (¢o(s)) and o1 (¢1(s)) by the minimal
geodesics, we define a ruled surface o: R x [0, 1] — X. Note that Sing(c) = {0}. For each s € R \ {0},
let £(s) € (0, 1) be such that Ag(z(s)) = O. Thus we have

o71(0) = {(s,1(s)) | s e R\ {0}} U Ip.

Now choosing the two parameters ¢g(s) and @i (s) properly, we can let the function ¢(s) oscillate as
s — 0. In that case, for arbitrary u, u’ € R x [0, 1] with o(u) = o (') = O and p;(u) <0 < p1(u’), there
is no continuous curve in 6~ !(0) joining u and u’ but quasicontinuous one.

Next, using the procedure in the proof of Proposition 3.6, we provide a condition for a curve ¢« in Ry to
have a lift ¢ in R.
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Definition 3.10 For x € R, we set

s(x):={s€[0,€]|x eI} =pi(@ (X)), Smn(x):=mins(x), Smax(X):=maxs(x).
Write s(x) < s(y) when Smax(X) < Smin(»), and write s(A) :={s € [0,£] | AN I} # @}) = p1(r~L(A))
for a subset A of R.

Lemma 3.11 For any continuous curve cx: [a, b] = Ry, s(c«([a, b])) is connected.

Proof Choose u € 7~ (c«(a)) and u’ € 771 (cx(b)). We may assume pq (1) < p1(u’). Let y := 0% 0Cx.
Since 7~ (¢« ([a, b])) =0~ (y([a, b])), p1(r~ (c«([a, b]))) is closed. Suppose that p1 (7~ (cx([a, b])))
is not connected. Then there are some s— < s in [py(u), p1(u’)] satisfying

7w Y ex([a, b)) € [0,5-] x [0, 1] U [s4, €] x [0, 1].
Set R_ :=[0,5_] x[0,1] and R4+ := [s+,£] x [0,1]. In view of Corollary 3.8, we may assume that
7 Y cx(a)) € R— and 7~ (c4 (b)) C R4. Let us consider
t—:=sup{t | 7 Y(c«([a.1])) C R_}.

Note that 771 (c«(t—)) C R_. Take t,, > t_ with t, — t_ such that 77! (c«(f,)) C R+. Choose a point
Xn € w1 (cx(ty)). Passing to a subsequence, we may assume that x, converges to a point xXeo € R4.
This is a contradiction since xoo € 771 (cx(f—)). O

Definition 3.12 For a continuous curve cx in Ry, we say that a subset Ax C ;" is cx—convex if whenever
cx(1),cx(t') € Ay with t < ¢/, then ¢« ([t,1']) C A«. For a continuous curve y in S, the notion of
y—convexity of a subset A C Ay is similarly defined.

Let c«: [a, b] — (R« es) be a continuous curve from 7 (u) to 7(u’), and put so = p1(u), 55 = p1(u’).

For any s € [so, s3], we consider
E} =1 Nc«(la,b)),

which is nonempty by Lemma 3.11.

Lemma 3.13 For a continuous curve cx: [a,b] — (Rx, eg) With Smin(cx(@)) < Smax(cx(b)), suppose
that E is cx—convex for every s € p1(c«([a, b])). Then we have the monotonicity for all t <t' in [a, b],

Smin(c* (t)) =< Smax(c* (t/))-

Proof Suppose that there are #; < 5 such that spin(Cx(21)) > Smax (€5 (22)). If Smax (¢ (D)) = Smin(cx (1)),
then Lemma 3.11 shows the existence of 73 € [f2, b] such that s(c«(¢3)) meets s(c«(¢1)). This contradicts
the cx—convexity of I for s € s(c«(t1)) N s(cx(23)), since cx(t1),cx(t3) € IS and c«(t2) ¢ 1. If
Smax (Cx (D)) < Smin(cx(21)), then we have s(c« (b)) < s(cx(t1)) with Spmin(cx(a)) < Smax(c«(b)). Therefore
similarly, we have a contradiction. |
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Proposition 3.14 Let c«: [a, b] — (R, ey) be a continuous curve with L(cs) < oo from 7 (u) to (u’).
We assume that for each s € s(c«([a, b])),
(1) E; is cx—convex, and

(2) the restriction c«| g is monotone for every E¢ that is an interval.

Then there is a lift of ¢4« in R fromu to u’.

Proof (1) Since we only need to construct a lift ¢ on Reg(o) x [0, 1], we may assume Sing(o) is empty.
If s(cx(a)) meets s(c«(D)), then c4 is a geodesic subarc of I, for s € s(cx(a)) Ns(cx (b)), and hence
certainly has a lift in R by Corollary 3.8.

Thus we may assume s(c«(a)) < s(cx(b)). We denote by £ (resp. £y) the collection of all £ having
positive length (resp. zero length, that is, points). Since L(cx«) < oo, the set Si is at most countable, and

Lo:= Y L(E}) < L(c).

EF EE_T_
For each E € £], by Corollary 3.8, n~Y(E}) is a continuous strictly monotone arc, denoted by ¢ EX-

For EJ € £7 with endpoints c«(7) and c« (t') with ¢ < ¢/, from the convexity condition together with
Lemma 3.13, we have

(3-3) Smin(Cx (7)) =< Smax (Cx (t/))-

Let a(t) and b(¢') be the endpoints of Eg := 71 (E¥) N I corresponding to ¢« (¢) and c«(t'), respec-
tively. Let amin(t) € 771 (cx(t)) and bpax () € 771 (cx(¢')) be such that py (amin(t)) = Smin(cx(¢)) and
P1(bmax(t')) = Smax(cx(¢")). Then let us denote by cgx the union of the subarc of 7 ek (1)) from
amin(?) to a(t), E¥ and the subarc of 771 (cx()) from b(t') to byax(t').

Let £* be the union of the collections £; and Si. Note that from construction, the family of p;—images
{p1(cgy) | Es € £*} is pairwise disjoint, and all the union coincides with [so, sy]. In particular, we can
define the natural order on the set £*.

(2) We are now ready to parametrize the union of all those arcs cg» for EJ € £* to construct a lift
c:[s0,5y 4+ Lo] = R of c«. For each E € £, let £7 (s) denote the set of all E}, € £F with E, < EY.
We set

UEN = > L(E})).

EY el (s)

For EJ € &, let a, b be the endpoints of the arc cgx with pi(a) < p1(b). We parametrize cgx on
L(ET)+ pi(a),L(E]) + p1(b)] by the condition

pilcgr(U(ES)+1)) =t for t € [pi(a), p1(b)].
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For E € £ with endpoints ¢« (), c«(¢') with 7 <t', define a(t), b(¢') € 0E and amin (), bmax (t') as in the
previous paragraph. Then we parametrize cgx on [((EJ) + p1(amin(1)), L(ES) + L(ES) + p1(bmax(1))]
by the conditions that

p1(cgr(U(ES) +1) =t
for 1 € [p1(amin(?)), p1(@a(O)]U[L(ES) + p1(b(t')), L(ES) + p1(bmax(1))], and
cgr(UES) + pr(a(t) +1) = ES (1)
for t € [0, L(E})], where E}(t) is the arclength parameter from a(t) to b(t').

Finally we observe the continuity of the family {cg» | Ef € £*} in the following sense: Let { £ } € &5
be a Cauchy sequence in Ry satisfying E¢ < E (resp. Eg. > EJ) such that its limit meets EJ. Let a
and b be the initial and terminal points of ¢ g, respectively. Then cgx converges to a (resp. to b). This
follows from the conditions (1), (2) and (3-3), and the details are omitlted here.

Thus we can define the curve c: [sg, so + Lo] — R as the union of all ¢ EX with E} € £*. Tt is easy to see

that ¢ is a continuous and monotone lift of c«. This completes the proof. |

Remark 3.15 To consider the problem of lifting a curve y in S, we need an extra condition on o or y,
which will be discussed later in Proposition 3.24.

By Proposition 3.14, we immediately have the following.

Proposition 3.16 Let c4: [a, b] — (R«. e) be a shortest curve from m(u) to w(u’). Then there is a lift ¢
of ¢« fromu tou’.

Alexandrov proved the following result, which plays a crucial role in the present paper.

Theorem 3.17 [1, Theorem 2] Let S be a ruled surface in a CAT(k)—space X with parametrization
0: R — X. Then (R, es) is a CAT (x)—space.
The proof of Theorem 3.17 is deferred to the appendix.
One might expect to define the induced “metric” ds on S along o as
do(x,y) :=inf{eg(u,v) | 0(u) = x and o (v) = y}.

However, d; does not necessarily satisfy the triangle inequality. See Remark 4.3. Even if (S, d) becomes
a metric space in certain cases, it could be far from the notion of “induced metric”, as described in the
following example.
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Example 3.18 Let us consider the curve «: [0, 57] — C on C = R? defined as
eV-ls if0<s<n/2,
(0,2s/7) ifr/2<s<m,
0,4—2s/m) iftm <s<3m/2,

eV —1(s—m) if 3m/2 <s <5m.

als) =

We define the ruled surface o': [0, 5] x [0, 1] = R3 by o (s, 1) = (a(s), t). In this case, d,, is a distance
on the image S of 0. Actually dy coincides with the interior metric of S defined in Definition 3.23.

On the other hand, if we consider the restriction o’ of o to [0, 37] x [0, 1], then d, is not the distance on
the ruled surface S’ defined by o”’.

Lemma 3.19 Suppose that we have for all u,v € R,
(3-4) o(u)=0(v) < es(u,v)=0.

Then (S, dy) is a metric space, and ox: (R«,es) — (S, dy) is an isometry.

Proof First note that ey (4, u’) = 0 implies o (#) = o (v). Suppose (3-4) holds for all u, v € R. Then we
have dy(x, y) = es(u,v) forall x, y € S and u € 0~ (x), v € 0~ !(y). This implies that d,, is a metric
on S. It is also obvious that o«: (Rx, e5) = (S, dy) is an isometry. |

Definition 3.20 We say that S has the induced metric from o if 04: R« — § is injective. This is the case
when (3-4) holds for all 4, v € R, and therefore 0« : (Rx, e5) — (S, dy) is an isometry by Lemma 3.19.
In this case, dy is called the induced metric from o.

Corollary 3.21 Let S be a ruled surface in a CAT(k)—space X with parametrization o: R — X. If S
has the induced metric from o, then (S, dy) is a CAT (x)—space.

From now, in the rest of this section, we consider curves y in S with respect to the topology of S induced
from X.

Lemma 3.22 If S has the induced metric from o, then s(y([a, b])) is an interval for any continuous
curve y:la,b] — S.

Proof Let J := [a, b]. If the conclusion does not hold, we have s— < sy in s(y(J)) such that (s—, s+)
does not meet s(y(J)). Set R— :=[0,s_] x[0,1] and R+ := [s4,£] x [0, 1]. Let J+ and J_ be the
set of all ¢ € J such that the arc 0~ !(y(t)) is contained in R— and R, respectively. Since S has
the induced metric from o, Corollary 3.8 implies that J = J4 U J_. We show that J_ and J are
open, yielding a contradiction. Suppose J_ is not open, for instance, and choose ¢t € J_ \ int J_ and a
sequence t, in J4 converging to t. Choose any x, € o~ !(y(t,)) converging to a point xo € R. Since
0 (xn) = y(tn) = 0(xe0) as n — 00, we have y (1) = 0(xo0). It turns out that 0~ (y(¢)) € Ry. This is a
contradictionto f € R_. m
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Interior metrics on ruled surfaces

Let S be a ruled surface in X with parametrization 6: R — X.

Definition 3.23 We denote by dg the interior metric on S associated with dx defined as

ds(x0,x1) :=inf{L(y) | y is a curve in S from x¢ to x;}.

Due to the Arzela—Ascoli theorem, (S, dg) is a geodesic space.
We discuss the problem of lifting curves in S. For a subset A C S, we set
s(A):={s|AsNAF# 2}
Note that s(4) = p1(c~1(A)). In particular, for every x € S, we define s(x), Smax(X), Smin(x) in this

way as in Definition 3.10.

Proposition 3.24 Let y: [a,b] — S be a continuous curve of finite length from o (u) to o (u') with
p1(w) < p1(u’). Set J := [p1(u), p1(u)], and

Af =o' (y(a, b)) NI forselJ.
We assume the following:
(1) For arbitrary t <t’ in[a,b], s(y([t,t'])) is connected.
(2) o0«(A}) is y—convex foreachs € J.

(3) y is monotone on o«(A}) that is an interval.
Then there is a lift of y in R fromu to u’'.

Lemma 3.25 For a continuous curve y: [a, b] — S with Spin(y(a)) < Smax (¥ (b)), suppose assumptions
(1) and (2) of Proposition 3.24 hold for y. Then we have monotonicity for allt < t’ in [a, b],

Smin(¥ (1)) = Smax (v (1))

Proof Using condition (1) of Proposition 3.24 in place of Lemma 3.11, we can proceed in the same
manner as the proof of Lemma 3.13 in our setting, to get the conclusion. a

Proof of Proposition 3.24 In view of conditions (2) and (3) and Lemma 3.25, using A} in place
of E, we construct the family of continuous arcs ¢ * in the same manner as in Proposition 3.14. Then
parametrize them and take the union of those arcs to obtain a lift of ¢ in R. Since the procedure is the
same, we omit the details. |
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Theorem 3.26 Let S be a ruled surface in a CAT (k)—space X with parametrization o: R — X. If S has
the induced metric from o, then we have ds = dy, and (S, dg) is a CAT (x)—space.

Proof Since ds < d,, to see dg = d, it suffices to show dg(x, x") > dy(x, x") for arbitrary x, x" € S.
Take a dg—shortest curve y: [a,b] — S from x to x’. Since y is dg—shortest, the conditions (2) and (3)
in Proposition 3.24 certainly hold for y. By Lemma 3.22, s(y([t1, t2])) is an interval, and condition (1)
in Proposition 3.24 holds too. Therefore by Proposition 3.24, we have a lift of y in R. Thus we have
ds(x,x") = L(y) > dy(x, x"). Finally Corollary 3.21 implies that (S, ds) is a CAT(k)—-space. O

4 Thin ruled surfaces

Let X be a locally compact, geodesically complete two-dimensional space with curvature < «, and fix
p € X. Itis known that X,(X) is a finite metric graph without endpoints. For a vertex v of X,(X), take
V1, V2 € X,(X) with equal distance to v such that Z(vq,v) + Z(v, v2) = Z(v1,v2) and v is the unique
vertex contained in the shortest geodesic joining vy and v, in X, (X). We set

4-1) 8 := Z(v1,v) = ZL(va,v),

where § is assumed to be small enough and will be determined later on in Section 4. Let «; : [0, £] — X be
geodesics in the directions v; for i = 1, 2. Joining &1 (s) to a2 (s) by the minimal geodesic Ag: [0, 1] = X,
we have a ruled surface S in X. Let B(p, r) be a small ball, and we assume £ = 2r. Set R = [0, £] x [0, 1].
Let o: R — S be the map that defines S:

o(s,t) = As(2).
See Figure 1.
We define the boundary and the interior of S as
4-2) S =1 U ULy, and intS:=S\03S.

The purpose of this section is to prove the following:

Theorem 4.1 There exists an r, > 0 such that for every r € (0, r,], S with length metric is a CAT («k)—
space homeomorphic to a two-disk.

aa(s)
V2

V1
ay(s)

Figure 1
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@y

S(oy, 02) @y

Figure 2

The proof of Theorem 4.1 is completed in Section 4.4. As shown in the following example, Theorem 4.1
does not hold for a general ruled surface even in a two-dimensional ambient space.

Example 4.2 For any 0 < a < /2, let X¢ be the complement of the domain {(x, y) | |y| < (tana)x}
on the xy—plane. For b with

(4-3) a<b<a+in,

consider the Euclidean cone K(7) over a closed interval / of length 2b. Let X be the gluing of X and
K(I') along their boundaries, where the origin o of Xy is identified with the vertex of K(/). Let £ be
the midpoint of I and let y¢ denote the geodesic ray of Xy from o in the direction §. Next consider the
Euclidean cone K(J) over an interval J of length 8 with w — (b —a) < 6 < z. Let X be the gluing of X;
and K(J) in such a way that 0K (J) is identified with y¢ and L := {(x,0) | x < 0} C X in the obvious
way. It is easy to see that X is a locally compact, geodesically complete, two-dimensional CAT(0)—space.
Let p = (0,—10) € Xo C X, and let o (resp. o) be the geodesic ray starting from o defined by the
ray y = (tana)x (resp. by the ray y = —(tana)x). Note that the geodesic in X joining p and o4(1)
intersects o_ \ {0} because of (4-3). Let £ :=2d(p,0+(1)), and let 1 : [0, £] — X be the geodesic starting
from p through o4 (1). Let g1 be the intersection point of a1 with yg. Let g2 be the point of L such that
d(p,q1) = d(p,q2). Letting az: [0,£] — X be the geodesic starting from p through ¢, consider the
ruled surface S = S(a1,@z) in X. Let A (resp. Ay) be the geodesic triangle region in X (resp. in K(J))
with vertices p, a1 (€) and oz (€) (resp. 0, g1 and g»). Obviously, S is the gluing of A; and A, along the
geodesic segments 0g and 0g,. In particular S is not homeomorphic to a disk. See Figure 2.

Remark 4.3 (1) In Example 4.2 we have diam((Vdp)(0)) = m, which never happens in a small
neighborhood of p by Lemma 2.4. This suggests the validity of Theorem 4.1, which is verified in the
argument below.

(2) In Example 4.2, take two points x and y from the distinct components of S \ Ay, respectively. Then
if x and y are sufficiently close to the point 0, we have dg (x, ¥) > dy(x,0) + ds (0, y). Thus dy is not a
distance for Example 4.2.
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4.1 Behavior of ruling geodesics

In this subsection, we start the study of the behavior of ruling geodesics of S. We begin with two examples,
which help us to understand the argument in the rest of the paper.

Example 4.4 (Kleiner; cf Nagano [23]) First consider a smooth nonnegative function f: R — R
suchthat {f =0} ={l/n|n=1,2,...} U[l,00) U(—00,0]. Let 2 :={(x,y) | |¥| < f(x),x € R},
equipped with the natural length metric induced from that of R?. We set

L=l o) | A sv sl Lr={en—f) | s sxs ),
Ly :={(x,0)|x>1}, L_:={(x,0)|x <0}.

n+1 n n+l1 —

Let £, denote the length of / ,?:, and let k,, be the maximum of absolute geodesic curvature of [ ,f': We
choose [ satisfying

(4-4) Zﬁn <oo and anﬁn < 2.
By these conditions, one can take a closed domain H in R? such that:

(1) 0H is smooth, connected and concave in the sense that the geodesic curvature is nonpositive
everywhere.

(2) There are consecutive points pp, p2,... on dH such that the subarc K, between p, and p, 4 of
dH has length equal to £,,.

(3) If we denote by poo the limit of pj, the closure of the complement of the arc between p; and peo
in H consists of two geodesic rays, say R+ and R_, in R? with p; € Ry and poo € R_.

(4) The absolute geodesic curvature of K, is greater than or equal to k, everywhere.

Take four copies Hy,..., Hqs of H,and for 1 <o <4 let K,(,a) and Rg‘:x) denote the respective copies of
Ky, R+ C 0Hy. We put
o0 o0
.9 := ( g 1;) ULyUL_ and 9_§:= ( U 1,;) ULiUL_.
n=1 n=1

Now glue Hy, H, and Q2 along their boundaries dH;, dH» and 04+ in such a way that /,,, L4+ and L_
are respectively glued with K,S“), Rgfl) and R for @ = 1,2 in an obvious way. Similarly glue H3, Hy
and €2 along their boundaries dH3, dH4 and d_€2. See Figure 3.

Let X be the result of these gluings equipped with natural length metric, which is a two-dimensional locally
compact, geodesically complete space. Let ¢: 2 — X be the natural inclusion, and let O = (0, 0) € Q.
Note that no neighborhood of p :=¢(O) in X has a triangulation. Approximating f by functions f; for
k=1,2,...thatare 0 near 0, we have polyhedral spaces Xy in a similar way which approximate X in the
sense of Gromov—Hausdorff distance. Applying a result in [12], we see that X are CAT(0)—spaces. Thus
the limit space X is also a CAT(0)—space. Note that S(X) consists of the two curves ¢(d+£2) and ¢(0—-2).
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H,

Figure 3

Example 4.5 This example is based on Example 4.4. The point is we perform different gluings. This
time we glue Hy, H», H3, H4 and Q2 along their boundaries as follows:

(1) KV is glued with 7.+ for all 2.

@) K2 is glued with 17 if n % 2 (mod 4) and with 7 if n = 2 (mod 4).

3) K,(13) is glued with 7, if n =0, 1 (mod 4) and with I, if n = 2,3 (mod 4).
@) K is glued with 17 if n = 3 (mod 4) and with I~ if n # 3 (mod 4).

Here, Ri and R* for 1 <o <4 are glued with L+ and L_, respectively, in those gluings. The result ¥ of
these gluings equipped with the natural length metric is a two-dimensional locally compact, geodesically
complete CAT(0)—space. Let ¢: (|_|?=1 Hl-) L2 — Y be the identification map. Note that

(4-5) forall l <a#p <4, «(KJ)= L(K,‘?) for some n.

Let p :=1(0), where O is the origin of €2, and let v denote the direction at p defined by the union of
all I,;t forn =1,2,.... For small € > 0, take sufficiently small r > 0 and choose a; € S(p,r) Nt(H;),
for 1 <i <4, such that Z(yp4;(0),v) = €. Let S(a;,a;) be the ruled surface defined by the geodesic
segments Yp q; and yp 4, . Then it follows from (4-5) that S(a;, a;) are not convex in Y forall i # j.

Remark 4.6 (1) In Example 4.4, if we take a; in a way similar to Example 4.5, then S(a;,a;) for
i =1,2and j = 3,4 are convex in X, while S(a1,az) and S(as, as) are not convex. Considering the
other vertex of X,(X), it is possible to fill a neighborhood of the singular set B(p,r) NS via those
convex ruled surfaces. This is not the case of Example 4.5.

(2) In Example 4.5, it is impossible to fill the ball B(p, r) for any r > 0 via properly embedded convex
disks. More strongly, there is no such convex disk properly embedded in B(p, r). If there were such
a convex disk D, from the convexity of D we could take some a; # a; in dD. The convexity of D
would also imply that S(a;,a;) C D, and hence S(a;,a;) must be convex. However this is impossible,
as indicated in Example 4.5.
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b —

e Bx(X)

: (Vdp)(x)

As«))\

Figure 4

For x € § with x = A;(¢), from Lemma 2.4, we have
(4-6) | Z(FAs(0). (Vdp)(x)) —7/2] < 7p(| p. x]. 5).

For x € S, let X, (S) denote the set of all directions £ € X, (X) such that £ = lim; .o 13 for some
sequence x; € S with |x, x;|x — 0, as in Section 2. We call X (S) the extrinsic space of directions of S
at x. See Figure 4.

In this paper, we use the following terminology. We call a direction & € ¥, (X)
* horizontal if Z(§, £(Vd),)(x)) <3n/10,
e vertical if Z(§, £(Vdp)(x)) > n/5,
e medial if it is horizontal and vertical.
We also call a direction £ € ¥, (X)
e negative if Z(§,—(Vdp)(x)) <n/2,
o positive if Z(§,(Vdp)(x)) <m/2.

We say that an open subset 2 C X, (X) is in the positive side (resp. negative side) of X (X) if every
element of €2 is positive (resp. negative).

Assume that a Lipschitz curve c: [a,b] — B(p,r) \ {p} has the right and left directions ¢+ (¢) and ¢_(¢)
respectively at every ¢ € [a, b]. We say that such a curve c is vertical (resp. horizontal or medial ) if both
¢4+(t) and ¢_(r) are vertical (resp. horizontal or medial) for every ¢ € [a, b].

Recall that for every x € S,
s(x)=4{s€[0,€] | x € As}, Smax(x) =maxs(x), Spin(x) = mins(x).
For every x € int S, we set
+A) =MD sesx)) and —A(x):= {15 esx)).
We show that s(x) is a closed interval later in Lemma 4.28.

Geometry & Topology, Volume 28 (2024)



Two-dimensional metric spaces with curvature bounded above, 1 3049

az(s(x))

(2%) (Smin (X)) o2 (Smax (x))

a1 (smin(x)) oel(s(x)) o7 (Smax(x))

Figure 5
Lemma 4.7 Forevery x € int S, we have
(1) d1am(s(x))/|p,x| < TP(|p’x|)’
(2) diam(£A(x)) < 5p(|p. x]).

Proof Suppose that the conclusion does not hold. Then we have a sequence x; € int.S and a positive
constant ¢ such that one of the following holds:

(1) diams(x;)/|p,xi| = ¢, or
(i) diam(£i(x;)) > c.
Let x; = Ay, (#;). Note that 0 < #; < £.

We may assume #; = min{t;, 1 — t;}, since the other case is similar. For any other s; € s(x;), from
|xi, p| = 0, we have

lim Zx;A;;(0)p = %71 —4§ and lim ZxjAg(0)p = %7‘[ —4.
i—00 i—00 !
We may assume that s; < s; without loss of generality. Note also that
lim ZxiAg(0)As,(0) = 37 +36,
[—00 g
Tim (ZAs; (0)x; Ay (0) 4+ Zx; As; (0)Agr (0) + ZAs; (0)Agr (0)x;) = 2.
i—00 i i i
It follows that
lim ZAg; (0)xi Ay (0) < lim ZAg, (0)xi Ay (0) = lim (7 — Zx;Ag; (0) Ay (0) — ZAs; (0) Ay (0)x;) = O.
1—>00 ! 1—>00 ! —>00 ! !
Thus we conclude that diam(—i(x,-)) —> 0. Therefore the assumption (ii) does not hold. Note that
Isi =571 < 1P, xi[t: Z2s; (0)xi Ay (0),
Therefore, from lim; — oo ) 5; (0)x; A s/ (0) = 0, we see that the assumption (i) does not hold either. O
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Now, for any x € S and s € (0, £) with x ¢ Ag, let y € A be such that |x, y| = |x, Ag|. By Lemma 2.4,
we have either

L1y, =Vdp) <1p(8,1) or Z(1},Vdp) <1p(8,7).

Remark 4.8 From the proof of Lemma 4.7 by contradiction, one might think the function 7, (-) depends
also on S. However, the number of possible S at p is finite. Therefore it is possible to find such a function
depending only on p. From now on, we use this convention.

Lemma 4.9 Under the above situation, if Z(13, —Vdp) < 1p(8,r) (resp. £(15,Vdp) < 1p(8, 1)), then
we have

LA, Vdp) <1p(8,1r)  (resp. L(1%,—Vdp) < 1,(8,1)).

Proof We assume Z(17, —Vdp) < 15(8,r). The proof of the other case is similar. By Lemma 2.4, we
have Zpyx < 1,(8,r). Since Zxpy < 246, it follows from Lemma 2.7 that Zpxy > 7w — (8, r), which
implies Z(1%, Vdp) < 1, (8, 7). m|

Lemma 4.10 For x €int S, fix so and to with x = A, (to). Then for every u € X (S) with
(4-7) L(u, £ (to)) = 37,

there exists a shortest path £o0: [—1, 1] = X, (X) satisfying

€ bool[=1,11),
(48) Lx (Goo(1). £y (10)) < 7p(r).
fool[=1,1]) C Z(S).

See Figure 6 below. We need a sublemma.

I

As0(0)
Figure 6
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Sublemma 4.11 There is a uniform positive constant ¢ satisfying the following: For any x € S and any
horizontal direction £ € X ,(S), let y; € S be a sequence such that y; — x and 1’ — £. There is an i
such that if Ag; meets y; for some i > io, then we have

X, Ag; | = clx, yil.
Proof Note that A, does not pass through x for any large enough i since otherwise £ would be a
direction tangent to Ay, at x, which is a contradiction. Take z; € Ay; such that |x, z;| = |x, Ay, |. By

Lemmas 2.4 and 2.11, we have
|/xziyi — %J‘[| < 1p(8,r).

It follows that Z(17,, (—=Vdp)) < 7p(8,r) or L(17,,Vdp) < 1p(3,r). We assume the former since the
latter case is similar. It follows from Lemma 4.9 that Z(1%,Vd ) < 1p(8,r). Lemma 2.5 implies that

4-9) |Zpziyi — 37| < 5p(8.1).
By Lemma 2.7, we have
(4-10) szl-x <1p(8,r).

Let x; be the point on the geodesic z; p satisfying |z;, x;| = |zi, x|. By (4-9), we have |in ziyi—m/2| <
7p(8, ). It follows from (4-10) that

(4-11) |Zxziyi — Ln| <1, (8. 7).

Now let us consider the convergence

( : X,x)—>(Kx(X),oa

|x, zi]
asi — 00. Let zoo € Xy C Ky (X) be the limit of z; under this convergence. Since Z(zoo, Vdy) <15(8, 1)
and since 1’ — v, the limit y, of y; under the above convergence certainly exists, and we have

(4-12) LYo00xZ00 < %n — %JT +1,(0,r) < %J‘[.

By (4-11), we also have

(4-13) |£0xZo0 Yoo — 27| < Tp(8,7),

and (4-12) and (4-13) imply that |0x, Zeo| = ¢|0x, Yoo| for some uniform constant ¢ > 0. This yields the

conclusion of the lemma via contradiction. O

Proof of Lemma 4.10 Let y; € S be such that |x, y;|x — 0 and 13’ converges to u. Take s; € (0, £),
ti € (0,1) such that y; = Ay, (¢;). Let €; := |x, y;i|x, and consider the convergence

1

(éX,x) — (Kx(X),0x) as i — oo.
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Note that the minimal geodesic isi () :=As; (ti +€it), where —t; /e; <t < (1 —1t;)/€;, has a uniformly
bounded speed for (1/€;)X independent of i. Therefore, passing to a subsequence, we may assume that
) s; (t) converges to a minimal geodesic Xoo(t) in K, (X) defined on (—o0, 00), where this convergence
is uniform on every bounded interval. Note that /AXOO(O) = yu. From Sublemma 4.11 and (4-7), the
geodesic Xoo does not pass through o,. Consider the curve

- Aoolt)
(4-14) olt) 1= —=
: Xoo ()]

Obviously, éoo is a shortest path in Ex(X) and E(( 00,00)) C Lx(S). Let £o: [—1,1] &> Zx(S) be a
reparametrization of the extension Soo [—00,00] = T4 (S) of éoo

Take an arbitrary wy € (Vdp)(x) and set w— = —(Vdp)(x). Consider the sets {w, isO (t0), w—, —isO (to)}
and {w, £oo(1), w—, Eoo(—1)}. They are on a circle C in X, (X), in these orders, where

(4-15) |L(C) —2m| < 1p(r).

Since |Z(£w, §oo(£1)) — /2| < 75(6,r) and |ZL(£w, j:iso(to)) —n/2| < 1,(8,r), we have the con-
clusion (4-8). O

A direction £ € X, (X) is called regular if £ ¢ S(X,(X)).

Lemma 4.12 For x € int S, let &1, &> € X4 (S) be positively horizontal (resp. negatively horizontal).
Assume that & is regular. Take an X —geodesic yy such that y1(0) = &1, and a sequence x; € S such
that |x, x;|x — 0 and 15’ — &. Then for so with x € A, there exists an € > 0 such that if some ruling
geodesic As with |s — sg| < € passes through x; for a sufficiently large i, then it passes through y1, too.

See Figure 7.

Proof Suppose that the conclusion does not hold. Then there exists a sequence s; — so such that A,
meets x; while A5, does not pass through y1. Applying Lemma 4.10 to x = A, (7o) and &, we have
a shortest arc £o: [—1, 1] = X5 (X) joining two points close to j:iso (t0) such that & € £([—1, 1]).
Similarly, applying Lemma 4.10 to £, we have a shortest arc ?oo: ([-1,1]) = Z4(X) joining two points
close to 4, (f) such that £ € Eoo([—1. 1]).

Zx(X)
RN
12 : A I
X ,( ........ .
TX :
Aso As

Figure 7
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Note that both £o, and &o pass through the positive side of ¥, (X) and connect points close to +1 50 (10)-
From construction, £, and Eoo pass through horizontal directions &, and &; respectively. Furthermore,
both intersections £oo([—1, —1 + €1]) N Eoo([—1, —1 + €1]) and Exo([1 — €2, 1]) N Exo([1 — &2, 1]) are
not empty for some small ¢;,¢; > 0 for i = 1,2, since they are in the regular parts of X,(X) by
Corollary 2.12. Therefore by the uniqueness of geodesics in the CAT(1)—space X (X ), we conclude that
Eoo([—1 + €3, 1 —€3]) = Eoo([—1 + &3, 1 —€3]) for some small €3, €3 > 0, and in particular £x and £oo
pass through both £ and &.

Take &3, &4 € 5 (X) close to &1 such that every element of the arc [£3, £4] in X (X)) is regular and &; is
the midpoint of [£3,&4]. Let y;: [0,€] — X be X—geodesics with y(0) = & for i = 3,4, and ys the
X-minimal geodesic joining y3(€) to ya(¢€). If € > 0 is small enough, then the triangle A(y3, v4, ¥5)
bounds a domain in X homeomorphic to a two-disk D. Let int D denote the interior of the disk D. Note
that int D is open in X and that y; ([0, €1]) C D for a small €; < €. Since int D is open in X and since &5
is constructed by (4-14), A, really passes through y; for large i, which is a contradiction. This completes
the proof. O

4.2 Canonical balls

In this subsection, we introduce the notion of canonical balls, which turns out to be useful to have better
understanding of the behavior of ruling geodesics of S.

We denote by R(X) the set of topological regular points, R(X) = X \ S(X).

Definition 4.13 For x € B(p, r), aball B(x, ¢) is called canonical if for every y € B(x, €) \ {x} with
vertical 1%, we have y € R(X).

Lemma 4.14 There exists an r = rp > 0 such that there is a canonical ball around every point in

B(p,r)\{p}

Lemma 4.14 is a direct consequence of the following Lemma 4.15, which is immediate from Corollary 2.12.

Lemma 4.15 Forevery x € S(X) N B(p,r)\ {p}, we have
sup{Z(&,Vdp) | § € Zx(S(X)) is positive} < 7,(| p, x]),
sup{Z(§,—Vdp) | £ € x(S(X)) is negative} < 7,(|p, x|).
Definition 4.16 For x € int S, let B(x, €) be a canonical ball. We set
Us(x.€) = {y € B(x.e) | L(1}. A(x)) < g7},
U-(x.€):={y € B(x,e) | L1}, —A(x)) < 7}

Note that both U4 (x, €) and U_(x, €) are convex in X for small € > 0.

In Lemma 4.21, we show that Uy (x,€) C S for a small € > 0.
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T Uslx.e)

B(x,¢€)

U_(x,¢)
Figure 8: A canonical ball around x.

We denote by |A| the cardinality of a set A.
Lemma 4.17 Lety: [0, 1] — X be a vertical X —geodesic in B(p, r). Then we have |y N S(X)| < oo

Proof Suppose that the lemma does not hold. Then we would have an accumulation point x = y(¢)
of y N S(X). It turns out that either y(¢9) or —y(¢p) is in Xx(S(X)), which is a contradiction to the
existence of a canonical ball around x. O

Remark 4.18 At this stage, we do not know yet a uniform bound on |y N S(X)| for all the vertical
geodesics y. In Section 6, we give a uniform bound (see Sublemma 6.8).

The following is a key lemma.

Lemma 4.19 (no-return lemma) For every sg, there exists an € > 0 such that for any s € (s9 — €, So)
. As . .. .
(resp. any s1 € (o, So + €)), there are no to, t1 € [0, 1] satisfying that 1! g;; is positively horizontal
S0

(resp. negatively horizontal) of ¥ A5 (£0) (X).

Proof Suppose the conclusion does not hold. Then we have some sequence s; < s¢ with lim; o S; = So
such that

As~ i . .. .
(4-16) ™ ’((I: )) is positively horizontal for some #;,u; € (0, 1).
so\*1

See Figure 9. We show that both Ay, ((0,u;)) and Ag; ((u;, 1)) meet Ay, which yields a contradiction to
the minimality of A,.

From Lemmas 4.14 and 4.17, it is possible to cover Ay, by finitely many canonical balls B(xy, €4 ), with
1 <a < N, where x4 = Ay, (ty) and ty < to+1. Taking smaller €, if necessary, we may further assume
that for any large i,

(1) A CUgzy B(xa. €a),
(2) B(xa,€q) N B(xg+1,€a+1) N As,j C U4+ (xq,€q) N U-(Xq+1, €x+1) for each a.
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\

Aso (1) ¢4 s (i)

’\Si / ASO

u;)
t;

Figure 9: T Ag ( ) is positively horizontal.

Note that A5, NSy C {x« }a 1> and that Uy (xg, €¢) NU—(Xg+1, €q+1) is convex in X and homeomorphic
to a disk. Suppose that Ag; ((0,u;)) does not meet Ag,. Take a maximal interval Ié in [0, 1] such that
ASO(Ié) C B(xq,€q), and set

AS ;
’() fort € 1,.

Ea(t) =

From the assumption, E}x (I(fl) is in either the negative side or the positive side of X, (X ). Note that
éi(li) is in the negative side of Xy, (X). Let cg = (i) be such that Ay, (#;) € B(Xyy, €an). From
(4-16), an( ,) 18 in the positive side of Xy, (X). Therefore for some o < «y, S‘ I(Il 1) is in the
negative side of Xy, ,(X) and £, (1)) is in the positive side of Iy, (X). Now Ay, divides the disk
domain U4 (xg—1, €q—1) N U—(xq, €) into two disk domains D_ and D, where we may assume that
As;(t-) € D_and Ay, (t1) € Dy forsome t— € Iy and ¢4 € Iy. Thus Ay, ([7—, 74 ]) must meet Ag,.

Similarly, we would have another intersection point of Ay, ((#;, 1)) and Ag,. This completes the proof. O

The following lemma is a global version of Lemma 4.19.

S‘]( 1)

Lemma 4.20 For arbitrary s1 < s», there are no t1,t, € [0, 1] such that T)Lsz( 2) T)L (tz)

o ¢
negatively horizontal in ¥ A (1) (X) (resp. positively horizontal in X A, (£2) (X)).

Proof Let /(sy) be the set of all s € (51, s2] such that there are no ¢1,¢ € [0, 1] such that Ti (l()t ) is

negatively horizontal in Eksl (t;)(X). By Lemma 4.19, (s1,50) C I(s1) for some sg € (51, 52). Let u be
the supremum of those sg. From the continuity of the map 6: R — S, (s1, 2]\ 1(s1) is open in (s1, 52].
It follows that u € I(s1). Suppose that u < s5. Then we have a sequence of positive numbers €; with
€; — 0 such that u; :=u +¢; ¢ I(s1). Namely we have sequences #; and ¢/ satisfying that TAM’ Et’; i
negatively horizontal in X (t,)(X) Set x; 1= Ay, (t/), and let y; := Ay, (;,)- Take z; € Ay; and w; € Ay
such that

|YiaZi|=|Yiaku,~| and |Ziawi|=|zivku|‘
Since T;l’ is horizontal, we have y; # z;. By (4-6), we obtain
L(T;’;,Vdp) <1p(8,r) or 4(T¥f’ —Vd,) < 1,(8,r).
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We show that
4-17) L(131,Vdp) < 1p(8, 7).
Otherwise, we have L(T%’f ,—Vdp) < 1,(8,r). In view of Lemma 4.9, it turns out that

IXiyizi > %ﬂ—fp(g,r)7

and hence
LXiziyi < T —Lxjyizi — LYyixizi + 1p(r) < %n +1,(8,7).

This is a contradiction to the choice of z;.

Next note that w; # z;. Because if w; = z;, then T;f)l.i must be negatively horizontal by (4-17), which
contradicts u € I(s1). Now by Lemma 4.19, T,Zlfi is positively horizontal. In view of Lemma 4.9, we have

(4-18) Z(1Y —Vdy) < 1, (8. 7).

zZi
It follows from (4-17) and (4-18) that Zy;z;w; > m — 1,(8, r), which implies L(T;UI." ,—=Vdy) <1p(8,71).
In particular T;}ii is negatively horizontal. This contradicts u € I(s1). Thus we conclude u = s5.

122; is positively horizontal. This completes
2

the proof. a

o e Al
Similarly we see that there are no ¢y, t, satisfying that 1 Av
5

Lemma 4.21 For every x € int S, there exists an € > 0 such that

Uir(x,e)CS and U—_(x,e)CS.

Proof Let B(x,¢p) be a canonical ball. Take the positively horizontal v € 3, (X) (resp. negatively
horizontal v_ € X, (X)) such that Z(v+, i(x)) = /4. Let y1 be X—geodesics starting from x with
y+£(0) =v+.

Sublemma 4.22 For any 0 < € < €, there are s— € (0, syin(x)) and s4 € (Smax(x), ) such that As__
pass through y4 ((0, €]), respectively.

See Figure 10.

+

Figure 10

Geometry & Topology, Volume 28 (2024)



Two-dimensional metric spaces with curvature bounded above, 1 3057

Proof Suppose that there is no such s— < spin(x). Then we have a sequence §; < smin(x) converging
to Smin(x) such that A5; does not pass through y_((0, €]) for some € > 0 and all i. As in the proof of
Lemma 4.10 together with Lemma 4.19, the curves &;(¢) :Tis" (t), where ¢ € [0, 1], in X, (X) pass
through y_(0) for all i. This shows in particular that y_(0) € X (S). Since y_(0) is regular, it follows
from Lemma 4.12 that A5, meets y—((0, €]) for every large enough i. This is a contradiction.

Similarly, we see that A; meets y+((0, €]) for any s > s sufficiently close to s. a

Take a sufficiently small 0 < €] < €g such that
4-19) the triangle Ay4 (€1)xy—(e1) spans a disk domain in X.

Let s4 be as in Sublemma 4.22 for €1, and set [ := [s—, s+] and y¢, = Y+ ([0, €1]) Uy_([0, €1]). It follows
from the continuity of o, Lemma 4.19 and (4-19) that A; meets y,, for all s € /. Now define ¢: I — ye,
by ¢(s) = AsNye,. Let y+(e+) := @(s+). Since ¢ is continuous, the intermediate-value theorem implies
that

Ve, CIlme C S,

where €, := min{ey, e_}.
For any 0 < € < ¢, let e be the X—geodesic joining y—_(¢) to y+(¢€). Put

Ve = y—(l€. €2]) U pte Uy ([e. €2]).
Similarly, we can define the map ¥ : I — Ve.e, by ¥ (s) = A5 N Pe,e,. Again, since ¥ is continuous, the

intermediate-value theorem implies that ¥ is surjective, and hence pe C S. Now we can take 6;_ >0
such that

U+(x,e;)c U e CS.

0<e<er

Similarly we have U_(x, €5) C S for some €5 > 0. This completes the proof of Lemma 4.21. |

4.3 Spaces of directions

In this subsection, we determine the structure of the space of directions of S at each point of S.

Lemma 4.23 Forevery x € S, let £ € ¥4(S) be regular in ¥, (X), and let y be an X —geodesic with
y(0) = &. Then y([0, €]) C S for a small € > 0. Furthermore, € can be taken locally uniformly for §.

Proof First assume x €int S, and let x = A5(¢). From Lemma 4.21, we may assume Z (£, +g () > %n.
If & is positive, Lemmas 4.12 and 4.19 imply that for some 57 > Smax(X), As meets y at, say, y(Z(s))
for every s € [Smax(X), s1]. Since £ is horizontal, #(s) is unique and continuous in s, and #(s) > 0 if
§ > Smax(x). Therefore y([0,7(s1)]) C S. From this argument, the local uniformity of #(sy) for £ is clear.
The case when £ is negative is similar. If x € 95 \ {p}, the proof is similar.
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Finally we consider the case x = p. For small enough € > 0, let {4+ € ¥, (X) be such that

L(E+.8-) = L(E+.5) + £(6.6-) =24(6+.8) = 2¢,

and let y+ be X—geodesics with y1(0) = £4. For a small n > 0, let U(n) denote the domain bounded
by y+ and S(p, n). If n is small enough, then U(7) is homeomorphic to a disk. Take x; € S with x; — p
such that T;i—> &. Then for a large N, we have x; € U(n) for all i > N. If x; = Ay; (%), As; must
meet y1. The intermediate-value theorem then yields that the subdomain of U(n) bounded by y+ and
Asy 1s contained in S. In particular, y ([0, €1]) C S for small €; > 0. |

Remark 4.24 If& e X, (S) is singularin ¥, (X ), Lemma 4.23 does not hold in general. See Examples 4.4
and 4.5.

Lemma4.25 LetxeS.

(1) Ifx €intS, then X, (S) is a circle of length < 27 + 1, (r).
(2) Ifx €08, then X (S) is an arc.

Proof (1) First we show that X (S) contains a circle C. Take an so € s(x) and t9 with x = A, (%o).
Obviously
Co :={£ € Tx(X) | L(£Ag(t0). ) < 3}

consists of two arcs in the regular part of X (X). It follows from Lemma 4.21 that Cy is contained in
3 x(S). For a positively horizontal direction vy € ¥x(S), we apply Lemma 4.10 to obtain a minimal
arc C4 in X (S) joining two points close to +1 so(f0) and containing v4. Similarly, for a negatively
horizontal direction v— € X, (S), we apply Lemma 4.10 to obtain a minimal arc C_ in X, (S) joining
two points close to +1 so (f0) and containing v_. Obviously the union of Cyp, C+ and C_ forms a circle C
in X, (S). It follows from Lemma 4.7 and (4-8) that

|L(C+)—m| <1p(r) and L(C\(CyUC-)) <1p(r),
which implies |L(C) — 27| < 1p(r).

Suppose next that X, (S) \ C is not empty, and take a w in Xx(S) \ C. Since Z(w, j:)lso (t0)) = %n, we
can apply Lemma 4.10 to obtain a minimal arc Cy in X4 (S) joining two points close to +1 so(to) and
containing w. Note that the complement C{ of a small neighborhood of +1 so(fo) in Cy is contained
in C, and w must be contained in Cy, which is a contradiction.

(2) Ifx =A5(0) with 0 < s < £ (resp. s ={£), then X, (S) is an arc with endpoints +a1 (s) (resp. —a; (£)
and Ay (0)) through A s(0) (recall (4-2)). The case x = Ag(1) with 0 < s < £ is similar. Next consider
the case x = p. Let v and vy, v2 be as in (4-1). We show that X, (S) coincides with the arc [vq, v2] in
Xp(X). Let n; be any interior point of [v;, v], and let 0; be X—geodesics with ¢;(0) = n;. If s > 0 is
small enough, then Ay meets both o7 and 05. This implies that [v1, 1] U [2, v2] is contained in X, (S).
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Letting 11, n2 — v, we obtain that [v1, v2] C Z,(S). Conversely, for any & € £,(S), take x; € S with
|p, xi| — 0 and T;i — &. Since x; can be written as x; = Ay, (#;) with s; — 0, it is obvious that £ € [vq, v2].
Thus we have X,(S) = [v1, v2]. |

Definition 4.26 For x € S, let X, (S'™) denote the intrinsic space of directions of S at x, which is
defined as the completion of the set of all equivalence classes of S—geodesics starting from x equipped
with the upper angle 5 for the induced interior metric of S.

Lemma 4.27 X,(S) is isometric to X, (S™).

Proof First assume x €int S. Let
Q:=3,(S)NS(Ex(X)).

Note that || < oo. We first show that each component ¥ of X, (.5) \ 2 is isometrically embedded in
T, (5. Take £ and &, from X with |&;, & | < 7. Let u; : [0, €] — X be an X —geodesic with /i; (0) = &;.
Then for small €, we have from Lemma 4.23 that

(1) u; CS,and
(2) every X—geodesic joining 1(¢) and w2 () is contained in S for every ¢ € [0, €].
Thus we conclude that ZX (£1, &) = Z5 (&1, &).

Next, for any v € 2, take £3, &4 € £, (S) \ 2 close to v such that £3, v and &4 are in this order on the circle
3 x(S). Take X —geodesics y;, for i = 3,4, in the direction &;. By Lemma 4.12, we can find a sequence s;
such that s; — s € s(x) and A5; meets both y3 and y4. This implies that /X (83,84) = /S (£3,&4). This

completes the proof for this case.

The case x € dS is similar, and hence we omit the proof. O

4.4 Proof of Theorem 4.1

In this subsection, we first prove Theorem 4.1. Then we control the difference between the geometries
of § and X.
Lemma 4.28 For every x € S, we have that

(1) s(x) is either a point or a closed interval, and

(2) o~ Y(x) is a strictly monotone arc in R.

Proof Suppose that the conclusion (1) does not hold. Then we would have s— < s+ such that s+ € s(x)
and (s—, s+) does not meet s(x). By Lemma 2.4, we may assume x # p. Choose an S—geodesic
y:[0,a) — § starting from x such that y(0) is a positive, horizontal and regular direction. Let us write

I ={s € (s—,5+) | Ag passes through y \ {x}}.
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From Lemmas 4.19 and 4.12, there is €g > 0 such that (s—,s— +¢€) C [ for every 0 < € < ¢€g. Since
X € Ag 4 this is a contradiction to Lemma 4.20.

Conclusion (2) follows immediately from (1) and the injectivity of o|;, for each s € (0, £]. m|

Proof of Theorem 4.1 By Lemma 4.28, we have (3-4) for all u, v € R. Thus S has the induced metric
from o. Theorem 3.26 then implies that (S, dg) is a CAT (k)—space.

We set S := (S, dg).
Lemma 4.29 The set int S'™ is locally geodesically complete.

Proof This is immediate from Lemma 4.25 in a straightforward way. See [10, Proposition I1.5.12] and
[18, Theorem 1.5] together with [16, Theorem A] for general considerations. O

We prove that S™ is a topological two-manifold with boundary. In view of Lemmas 2.8, 4.25, 4.27 and
4.29, it suffices to show that a small S—ball around any point x € dS is homeomorphic to a half-disk.
Suppose x = p. The other cases are similar. The argument is standard. Logically, we proceed as follows.
For a positive integer m with m > [ /28] + 1, gluing m copies of S in order around p, we have a sector T
with sector angle > 7 at p, which is a CAT(k)-space by Theorem 2.2. Glue two copies of T along their
edges to obtain a CAT («k)—space W for which L(X,(W)) > 2. Then Lemma 2.8 shows that p has an
open disk neighborhood, which implies that p has a half-disk neighborhood in S.

Finally, from the CAT(k)—property of S, the contractibility of S is immediate since we may assume
that the diameter of S for the metric dg is less than 7/ \/k when « > 0. This completes the proof of
Theorem 4.1. |

In the rest of this section, we present a few results that control the difference between the geometries
of X and S. These will be needed in Sections 5 and 7.

Lemma 4.30 For arbitrary distinct x,y € S, let (=V5d,)(y) denote )'/)‘,g,x (0), where y)‘,g,x is the S—
geodesic from y to x. Then we have

(1) Z£(75,(0), 75, (0) < Tx(|x, y|x), and
(2) Z((=V¥dx)(»), (=Vdx) () < Tx(|x, y|x)-

For the proof, we need a sublemma.

Sublemma 4.31 For every x € S, we have

lx, yls
sup
YeBS (x,9)\{x} 1Xs VIx

<1+ 1x(s).

When x € S\ S(X), Sublemma 4.31 and Lemma 4.30 are clear.
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Proof of Sublemma 4.31 If the sublemma does not hold, there would exist a sequence x, in S converging
to x such that
|, Xnls
|, Xn [ x

(4-20) >14e>1

for some constant ¢ > 0 independent of n. Passing to a subsequence, we may assume that 15" converges
to a direction v € X, (X). It is easily seen from (4-20) that v is a vertex of X, (X). Take a small enough
€ > 0 compared with ¢ and an s, € s(x,). Let y, be an element of Ay, with |x,, y,| = €|x, x,|x. From
Lemma 4.25, the X—geodesic joining x and y, is contained in S for any large n. It follows from the
triangle inequality that
|x, xnls < |x, ynls + |yn, Xnls < |, Xn|x + 2|yn, Xnlx
lx, xnlx — |, xnlx - |, xn|x

which is a contradiction. O

=142<1+c,

Proof of Lemma 4.30 If the lemma did not hold, there would be a sequence x; of S converging to x
such that

(4-21) L3752, (0). 73, (0) > ¢ > 0
or
(4-22) L((=V3dy)(xi), (=Vdx)(xi)) > ¢ > 0,

where c is a uniform positive constant. From now, we assume x € int S. The other case is similar. We
may assume that le = )}f’x[ (0) and Sls = )'/;in (0) converge to £X € X, (X) and £5 € T,(S) C =, (X)
respectively. Note that £X € X, (S).

(1) First we assume (4-21). Then we have Z(§X,£5) > c. We show £X € £, (S)NV(Zx(X)). Actually,
by Lemma 4.23, if £X € £,(S) \ V(Zx(X)), we have € > 0 such that y;lg( ([0,€]) C S for any large i. It
turns out that y)gf x; C S, which is a contradiction to (4-21). Similarly, we have & S e (S)NV(ZL(X)).
Since £ (S) N V(Z,(X)) is a point, it follows that £X = £5. This is a contradiction.

(2) Next assume (4-22). We set £ := EX =£ S, and T := =,(S). From the above argument of (1) and
(4-22), we have £ € XN V(Zx(X)). Letting tl.X = |x;, x|x, consider the convergence

1
(;?X;n)-»(K;LXLng
i
Similarly, letting tiS = |xi, x| s, from Lemma 4.27, we have the convergence
1
(t—ss,xi) ~ (K(5),65).
i

Let jt1, 12 be elements of X\ V(2 (X)) near £ such that £ is in the interior of the shortest arc between 41
and po. Take any s; € s(x;), and let y; and z; be the intersections of A, with y,, and y,,, respectively.
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Let yoo € K(X) and zoo € K(X) be the respective limits of y; and z; under the above rescaling limit. By
Lemma 2.1, we have

lim sup LXy,-xix < ZYyoof0x, limsup AXZix,-x < ZZoo€0y,
i—>00 i—>00

lim sup LSyixl-x < ZYyocof0y, limsup Lszixix < Lzo€0x.
i—>00 i—>00

It follows from
LXyl-xix +/Xzixix > 7, LSyixix +/5z;xjx >m and LYook0x + Lzsb0x =7

that
lim AXyl-xix = Lyookox = lim Asyixix,
(4_23) 1—>00 X 1—>00 S
lim £%zjxix = Lzobox = lim £°z;x;x.
1—>00 1—>00
Now let w; € Xy, (S) be the nearest point of Xy, (§) from )'/g’x(O). If szfx (0) € Zy, (S), then (4-23)
implies that A(yg,x (0), )'/;fl_’x (0)) - 0 as i — oo. This contradicts (4-22). Suppose ))g,x (0) ¢ Zx, (S).
Then w; € V(Zy, (X)). It follows from Lemma 2.11 that 4()@5’)‘ (0), wi) < tx(|x, xi|x). In what follows,
we may assume that Z(yy;,y, (0), w;) > Z(Yx;,y; (0), )'/;Cgl, x(0)) without loss of generality by replacing y;
by z; if necessary. Then using Lemma 4.25 and (4-23), we obtain
LG 0), 75 1 0) = LG (0, wi) + L(wi, 75, £(0))

= LG5 5 (0).wi) + ZWi Py, (0) = 2G5 £(0), ;.3 (0)

< 22(75; £(0). wi) + Z(75; £(0). Py 3, (0) = 272, 2(0). ;. (0))

< x(|x, xi|x) +oi,

where lim; ., 0; = 0. This is a contradiction to (4-22). O

Lemma 4.32 For x,y € S, suppose that the S—geodesic y;?: y:[0,1] = S from x to y is vertical. Then
y;f’y is an X —geodesic.

Proof For any ¢ € [0, 1], let € > 0 be chosen as in Lemma 4.21 for z := )/;Zy (t). Choose t, — ¢, and set
Zy 1= y;f, y(tn). Let y,f( be the X—geodesic from z to z,. In view of Lemmas 4.25 and 4.21, we have
)/,‘,Y CU+(z,e)CS.

Thus y,;X must be a subarc of y;f, y» and hence y;f, y 1s an X—geodesic. |

Lemma 4.33 Forx,y € S withx € o1 and y € o, satistying
“P»xlX_lp»ﬂX‘ < ﬁ|x9y|X’
the S —geodesic joining x and y is an X —geodesic.
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Proof It follows from the assumption that
1. xls = 1p. ¥Is| < 1o51%. ¥1x < 1551%. Vls-
Using Lemma 2.5 in §, we have
|4py;§,y(t)x —/2| < %JI and |Lp)/;§,y(t)y - %7‘[| < %JT
for all ¢ € (0, 1), where )/)‘?’y: [0,1] — S is the S—geodesic joining x to y. This implies that y;f’y is
vertical. The lemma then follows from Lemma 4.32. O

In a way similar to Lemma 4.33, we have the following.

Lemma 4.34 For arbitrary x, y € S such that

1
[P x|s —|p.yls| < 155 1% ¥ls.

the S —geodesic joining x and y is an X —geodesic.

5 Filling via CAT («)—disks

Let v be a vertex of X, of order N, and let vy,..., vy be the set of all points of X, with d(v;,v) =4
for a sufficiently small positive number §. Take a small enough r > 0 and points a1, ...,an of S(p,2r)
with yp 4, (0) = v; and r < rp. For simplicity, we denote by S(a;,a;) the ruled surface S(yp,a;: Vp,a;)
spanned by yp 4, and yp 4, . Let V(X)) be the set of all vertices of the graph X;. Since V(X)) is finite,
we have a positive number 7, such that for any 0 < r <r,, all the S(a;,a;), when v runs over V(%,),
satisfy the conclusion of Theorem 4.1. Then obviously S(X) N B(p, r) is contained in the union of all
S(aji,a;) when v runs over V(Z,).

Sector correspondence We fix S := S(a;, a;) for a moment, and set

Q(S, N X :=BX(p,r)nS and CX:=8X(p.r)ns.

From here on, we use the symbols BX (p, ) and SX (p, r) to emphasize the metric ball and the metric
circle in X. Note that (S, )X is bounded by the two geodesics Yp.ai» Vp.a; and C X,

To show Theorem 1.1(3), we need the following lemma.
Lemma 5.1 For any small enough r < rp, the sector (S, )X is 7p(r)—almost isometric to a Euclidean
sector.
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Proof By Lemma 4.30, L()/x p0), 7% p(O)) < 1p(r) for every x € CX. Since L()/x »(0), CX)= %
it follows that
(5-1) 12732 5(0), C¥) = Jr| < 5 ().

Consider the rescaling limit of the CAT («)—space: ((1/7)S, p) = (Kp(S),0p) as r — 0. By Theorem 2.6,
we have a 7, (r)—almost isometry ¢: Q(S, r)X — image(p) C R2. It suffices to show that image(¢) is
7p(r)—almost isometric to a Euclidean sector. Although the argument below is elementary and standard,
we present a proof for completeness since we do not find a reference.

We may assume ¢(p) = (0,0) = O. For k = 1,2, let Lj, be the line segment from O to ¢(yr(r)). We
express L in the polar coordinates as

Li(x) = (x.6¢) for 0 <x <xp(r),

where 6 is a constant and xi (r) := |@(yr (1)), O]. Let 6y be the direction representing the midpoint of
L1(0) and L»(0). We may assume that ; < 6y = 0 < 65, and let L be the line segment from O in the
direction fy: Lo(x) = (x,0). Let o(CX) intersect Lo with (rg,0). Set g := Ly (xg (r)).

Let Uy (resp. D) be the domain bounded by Lo, ¢(yx) and ¢(CX) (resp. by Lo, Li and ¢(CX) ). Let
Q(L1, Ly;r) denote the Euclidean sector bounded by the rays in the directions L1, L, and the circle of
radius r. In the first step, we deform image(¢) = Uy U U, to D1 U D> via a 1, (r)—almost isometry. In
the second step, we deform Dy U Dy to Q(L1, L2;r) via a 7, (r)—almost isometry.

Step 1 Choose a point ¢g € Lo such that 4%71 < 0grqo < %n for k = 1,2. Note that [gr, go] C Ug.
Let Ji denote the union [O, go] U [qo. qx]. Let ﬁk (resp. 13k) be the domain bounded by Lg, ¢(yx) and
(9> qo] (resp. by Lo, Li and [gg, go]). We first show that ﬁk is 7, (r)—almost isometric to ﬁk.

Let J;(x) for 0 < x < L(Jg) be the arclength parameter of J; with J;(0) = O. For every x € [0, L(Jg)],
let £ (x, ) for 0 < s <2 be the segment such that

* Ck(x,0) = Ji(x) and g (x, 1) € Ly,
|0, Lr(x,5)| =10, & (x,0)| for all s € [0, 2],
e s> {x(x,s) is proportional to arclength.

Then & (x, ) with 0 < x < L(Ji) and 0 < s < 1 defines a parametrization of ﬁk, and it is differentiable
except at x = xq, where Ji(x9) = go. Take a unique #; (x) € (0, 2) such that

Cic(x, 15 (x)) € Im(e © k).
Now, we define ¥y : 0k — ﬁk fork = 1,2 by
Gl = 8 (o)

Obviously, f; (x) is locally Lipschitz, and hence differentiable on a set Q C [0, L(J;)] with full measure
since (i (x, s) defines a locally bi-Lipschitz embedding. See Figure 11.
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g2 = @(y2(r))

0 = 9¢(p)

q1 = ¢(y1(r))

Figure 11

Sublemma 5.2 Each Yy : lA]k — ﬁk is a T, (r)—almost isometry.

Proof In the expression ¥y (x,s) := Y o {x(x,5) = Cp(x, 5/t (x)), we have on 2 x [0, 1]

d 1 9 d 9 —st;.(x) 0
(5-2) Wk _ 9%k and ﬂ:ﬁ_i_ ) ﬁ
s fr(x) Os 0x 0x fe(x)% ) ds
It is easily checked that for some uniform positive constants cq, . .., c4,
O<c1<|=—|<ca,
(5-3)
g 9k
0 Ll —=—, — —
<c3 < ( 5 O c
Note also that
(5-4) |txe (x) = 1] < 7y (r).

3065

By the property of ¢, we see that any tangent vector to ¢ o yi is 7, (r)—almost parallel to the radial direction.

Now consider the curve ni (x) = {(x, 1, (x)) parametrizing ¢ o y;. It follows from the expression

d 0 0
e () = S5 (o) + 5 (o ()i )
that
(5-5) l%(x,s)t,i(x) < 1p(r).
Let 3 9e, 171 g
vi= ﬁ Vi=dyr(v) and w:= 'ﬁ ﬁ W = dy (w).
ax as as

Combining (5-2)—(5-5), we have
V=l <5@),  |[IWl=lwl| <5@), (VW)= {v,w)] <5p(r).

Together with (5-3), this implies “d Y ()| — 1} < 1p(r) for each unit tangent vector u on €2 x [0, 1]. This

completes the proof of Sublemma 5.2.
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Obviously, the 7, (r)—almost isometry V : lA]k — ﬁk extends to a 7, (r)—almost isometry ¥ : Uy — Dy.
Combining ¥1 and v, we obtain a 7, (r)—almost isometry y between the image of ¢ and D1 U D5:

¥:Im(p) — D1 U Dy C R2.

Step 2 Finally we deform D U D5 to the Euclidean sector Q(L1, Lo; 7). Let ¢(CX) be parametrized
as @(CX) = (r(t),0(t)) for 0 <t < 1. For every 0 < r’ < r(t), let us define

o, 6(1)) = (%z)’ em),

which defines a 7, (r)—almost isometry
¢:D1U Dy — Q(Ly, La;r).

Thus the composition ¢ o o @: Q(S, )X — Q(L1,Ly;r)isa 7p(r)—almost isometry. This completes
the proof of Lemma 5.1. |

Lemma 5.3 S N B(p,r) is a CAT(x)-space with respect to the interior metric.

Proof It suffices to show that every point ¢ € S N S(p, r) has a neighborhood U in S N B(p, r) such that
any S—geodesic triangle region whose vertices are in U is contained in S N B(p, r). To achieve this, we
only have to show that S N B(p, r) is boundary convex, in the sense that for arbitrary x, y € S N S(p, r),
any S—minimal geodesic )/;?: y Joining them is contained in S N B(p,r). We may assume that y;cs" y 18
vertical, and therefore it is an X—geodesic (see also Lemma 6.3). Hence the conclusion follows from the
X—convexity of B(p,r). |

Filling ball

Now we fill the ball B(p, r) via properly embedded/branched immersed CAT («x )—disks. For a vertex v of
Y, of order N, let vy,...,vy and aq,...,an be as in the beginning of Section 5. For every pair (i, ;)
with 1 <i < j < N, we want to take a simple loop in X, (X) passing through v;, v and v;. Since this is
not possible in general, we consider the two cases.

Case I There is a simple loop ¢ in X,(X) through v;, v and v;.

Consider the ruled surface S(a;,a;) as well as the other ruled surfaces defined around other points
of ¢ which are vertices of X,(X) (if they exist). By Lemma 5.1, considering the regular part of { as
well, we can define a proper Lipschitz embedding fl}’ D2({;r) — B(p,r) with fi}?(O) = p satisfying
P (Im(fi}?)) = ¢, where £ is the length of .

Proof of Theorem 1.1(1) for embedded disks Lemma 5.3 together with the gluing procedure as
discussed after Lemma 4.29 implies that Im( fl;’) is a CAT(k)—space. Note that i}? has bi-Lipschitz
constant < 1 4 7, (r). O
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Case I There are no simple loops in X, (X)) containing v;, v and v;.

Claim 5.4 There is an immersion g: S' — X, (X) such that:

(1) If W is the set of multiple points of g, then g~ (W) consists of two arcs Wy and W, (they may be
points), and each restriction g|w, : Wy — W for a = 1,2 is injective.

(2) There is an arc I of S such that g(I) coincides with the arc between v; and v j containing v.

Proof In view of the present case, there are noncontractible loops C; and C; at v, freely homotopic to
a circle, such that v; € C;, v; € C;,v; ¢ C; and v; ¢ C;. If both C; and C; are simple, we can define
a desired immersion g: S! — ¥,(X) with W = {v}. Suppose C; is not simple. Then C; contains a
simple loop éi at a point u; such that C; is the union of éi and the arc [v, u;]. If C; is also not simple,
then we consider the union of simple loops G, C i and the arc [u;,u;]. If only C; is not simple, then
we consider the union of simple loops G, C 7 and the arc [u;, v]. This observation provides a desired
immersion g: S — ¥, (X) with W = [u;,u;] or W = [u;, v]. |

First suppose W = {v} and find vy € C; and vy € C; with 1 <k,{ <N and k,£ # i, j. Chasing on g(/)
in the order

Vi > V> Vj = Vg —> U —> Vg —> U,
we consider the ruled surfaces S(a;,a;) and S(ag,ay) as well as the other ruled surfaces defined around
other points of g(I) which are vertices of X,(X) (if they exist). By Lemma 5.1, considering the regular
part of g(/) as well, we can define a proper Lipschitz immersion fl;’ D?(l;r) — B(p,r) with branched
point (fi;.’)_l(p) = {0} satisfying X, (Im(fi;?)) = g(S1), in a way similar to Case I. Note that any

multiple point g € Im fl}’

lies in a direction close to v.

Next suppose W = [u;,v] and find v, € C; with 1 <£ < N and £ # i, j. Chasing on g(/) in the order
1),‘—)1)—)1)]'—)Uz—)U—)U,‘—)Mi—)éi—)vl‘,

we similarly consider the ruled surfaces S(a;,a;), S(aj,ay) as well as the other ruled surfaces defined

around other points of g(I) which are vertices of X, (X)) (if they exist). In a way similar to the previous

case, we can define a desired proper Lipschitz immersion fl;’ D?({;r) — B(p, r) branched at the point

(/)7 (p) = {0} satistying T, (Im(£2)) = g(S").
The other case is similar, and hence omitted.

Note that fl}’ has bi-Lipschitz constant (resp. local bi-Lipschitz constant except the origin) less than
1 4 7,(r) in Case I (resp. in Case II).

Lemma 5.5 B(p.r)= U ( U Im l;))
VeV (Z,(X)) N1<i<j<N

Proof First note that from construction, X,(X) coincides with all the union of X, (Im fl;’) Suppose
there is a point x € B(p, r) which is not contained in any image Im f;7. Let § :=1,. Take some Im f;7
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such that § € X,(Im fl;’) We may assume that £ is close to the vertex v, since if £ is far from any vertex
of ¥,(X), then x = y¢(| p, x|x) is certainly contained in the union of all the images Im /7, which is a
contradiction.

Let y be a geodesic in Im i}? starting from p in the direction &£. Note that y reaches the metric sphere
S(p,r); see also Sublemma 4.31. Let x” be the point of yg such that |p, x'|x = |p, x|x. Consider the
geodesic yfﬁ - If we extend yf’ . through x’, it meets yp 4, for some k. Similarly, if we extend y;zf I
through x, it meets yp 4, for some £. Lemma 4.33 yields that x € S(ag,a;). This is a contradiction. O

Combining Lemma 5.5 and the above discussion, we complete the proof of Theorem 1.1(1)-(3) except
for (1) for the branched immersed disks that occur from the above Case II.

The proof of Theorem 1.1(1) for the branched immersed disks is deferred to Section 7.

6 Graph structure of singular set

Our next step is to characterize S(X) N B(p, r) as a union of finitely many Lipschitz curves.

For a subset A of X, we denote by dA the complement in A of the set of all points a of A such that there
is a neighborhood of @ homeomorphic to an open disk and contained in A.

For distinct 1 <i, j,k < N, we set

Cijx = (3(S(ai,a;)—S(a;,ar)) —03S(a;,a;)) N B(p,r).

Lemma 6.1 C;;. is a simple Lipschitz arc in S(X) such that
(1) it starts from p and reaches a point of dB(p, r),
(2) its length is less than (1 + 7, (r))r, and

(3) each point of X (C;j.x) is a vertex of Xx(X) for every x € C;j.k. In particular, C;; ., has definite
directions everywhere, and

|dp(x)_dp(J’)| <

>1—1p(r) forall x,y € Cjj.
X, ylx ’

Proof For each s € [0,2r], consider the ruling geodesic Ag(¢) with 0 <¢ <1 of S(ax,a;) joining
Yp.ax () 10 ¥pa; (s) in X. Let o € (0, 1) be the first parameter at which Ay meets S(a;, a;).

We claim that
(6-1) As([to, 1]) C S(ai, ay).

Since zg := As(#o) is a topological singular point of X, by Lemma 4.25 we can take a direction &g in
2:,(S(ai,a;)) with Z(&y, A (to)) = m. A geodesic yg, in S(a;,a;) with direction &y reaches yp 4, .
Take &1 € X2,(S(a;,a;)) with Z(§o,&1) = 7. Similarly, a geodesic yg, in S(a;,a;) with direction &;
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reaches yp 4, . It follows from Lemma 4.34 that yg, and yg, form a geodesic in X. In particular, yg, is a
geodesic in X, and therefore yg, and As([fo, 1]) form a geodesic, say y, in X, Lemma 4.33 implies that y
is contained in S(a;,a;), and so is A ([to, 1]).

Since the curve c(s) := zs is continuous, its image coincides with C;;.x. By Corollary 2.12, we have
L(Vep)(e(5)). Se()+ (Cija) < 1p(r) and  Z((=Vep)(e(s)). Se()—(Cijx)) < (7).

where X (5), 4+ (Cij k) (resp. Te(s),—(Cyj:x)) denotes the space of directions of C;;.x at ¢(s) in the positive
direction (resp. negative direction).

Now we take another parametrization ¢(s) of C;;.x defined as ¢(s) = C;;.x N S(p,s), where S(p, s)
denotes the metric circle of radius s with respect to dx. If s’ is close enough to s, then we have

2(148). Vdy(9(s))) < 7 (r), which implies that

6-2) lim [26).0(Dlx

s'—s  |s—s|

<14 1,(r).
Thus ¢ is Lipschitz with Lipschitz constant < 141, (r), therefore of length L(¢) = L(C;;.x) < (1+1,(r))r.

Equation (6-2) also implies the inequality in (3). O

Lemma 6.1 claims that the closure of S(a;,ax)— S(a;,a;) “transversally” intersects S(a;,a;) with the
Lipschitz curve C;;.x. In particular, we have:

Lemma 6.2 Cij;k = le’;k = Cjk;i'
In view of Lemma 6.2, we use the notation
Cijk = Cijik-

Using the discussion in the proof of Lemma 6.1, we show the following refined version of Lemma 4.33,
which is not a direct consequence of Lemma 4.34.

Lemma 6.3 For arbitrary x,y € S = S(a;, a;) such that

1
“p7x|X_|p7y|X| < mlxvy|X’
the X —geodesic joining x and y is an S—geodesic.
Proof Consider the geodesic yg , and extend it in both directions until it reaches yp,q, and yp,q, for

some k, £ at Wi € Yp,q, and wy € yp 4, respectively. That is,

(Wi, welx = [wg, x]x U[x, ylx Uy, welx.

Let z (resp. u) be the first point at which [wg, x] (resp. [wy, ¥]) meets R(a;,a;). As in the proof of
Lemma 6.1, we have points w; € yp 4, and w; € yp 4; such that

[wi, w;lx = [wi, z]x U[z, x]x U[x, ylx Uy, wjlx.
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From the hypothesis, we have ‘ |p, wi|—|p, w;| ’ < ﬁ|wi, w;|x. Lemma 4.33 then implies that [w;, w;]x

is an S—geodesic. Thus we conclude that [x, y]y is an S—geodesic, as required. |
For a vertex v of X,(X), suppose that ay,...,an € S(p,2r) are as in Section 5, where N = N,,. Let
S(ai,...,an;r) be the closed domain of B(p,r) bounded by y, 4, for 1 <i < N, and S(p,r). Note
that S(ai,...,an;r) is the union of all the ruled surfaces S(a;,a;) and B(p,r).

Corollary 6.4 For a vertex v of ¥,(X), the union of all C; ;i coincides with S(X) N S(az1,....an;r).

Proof Since every element of S(X) N S(ay,...,ay;r) comes from the intersection of some S(a;,a;)
and S(ag,ay), it suffices to show that 9(S(a;,a;) N S(ag.ag))\ S(p.r) is contained in C;;x U C; 4. For
every x € d(S(ai,a;) N S(ag,ay)), take an s such that the ruling geodesic A5 joining yp q; (5) 10 Yp a; ()
goes through x, say at A;(fp) = x. Since x € S(X), Lemma 2.4(2), Theorem 4.1 and Corollary 2.12
imply the existence of a direction £ € Xx(S(ak,ay)) such that Z(£, A{(to)) = . Then a geodesic yg in
S(ag,ag) with direction £ must reach yp g, Or ¥p q,. Suppose it reaches yp q, for instance: yg(t1) € Vp,a,
for some 71 > 0. An argument similar to that in the proof of Lemma 6.1 then implies that y¢ ([0, 7o]) does
not meet S(a;,a;) except for x, and that the union y¢ ([0, 70]) U As([to, 1]) forms a geodesic in S(ak.a;).
This shows x € C;j. O

Proof of the second half of Theorem 1.1 It is now an immediate consequence of Lemma 6.1 and
Corollary 6.4. a

We call a curve C in §(X) a singular curve.

Remark 6.5 Each singular curve C contained in S(ay,...,an;r) has the direction v at p. From now on,
we always consider the case when d), is strictly increasing along C. In that case, for each interior point g
of C, C has definite directions X,4(C) consisting of two vertices of ¥, (X).

Structure of metric circles

Next we discuss the structure of S(p, r).

Let b; :==yp,q;(r). For0 <t <r, set

S(v;z):=( g S(a,-,aj))ﬂSX(p,t).

1<i<j<N

Lemma 6.6 Foreach 0 <t <r, S(v;t) is a tree with endpoints yp 4. (t) for 1 <i <N.
Proof For3 <k <N, put

Si(v;t) = ( U S(ai,aj)) nS¥(p.1).
1<i<j<k
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Inductively we show that Si (v;¢) is a tree for every 3 <k < N. This is certainly true for k = 3. Assume
that S_1(v;?) is a tree. Set

S(ai,ar)(t) := S(ai,ax) N SX(p,1).

Let px(t) := ¥p,a, (2). Let g(¢) be the point of Sx_;(v,?) where the arc starting from py (¢) in S (v, 1)
first meets Sg_;(v,7). Forevery 1 <i # j <k —1 with ¢(¢) € S(a;,a;)(t), equation (6-1) implies that

(6-3) S(ai,ap)@)\[pk(t).q(0)] C S(ai.a;)),
where [pr(t),q(t)] denotes the arc between pj(¢) and ¢(¢) in Si(v,t). Equation (6-3) implies that
Sr(,t) = Sk_1(v,t) U[pr(t),q(t)]. Thus Sk (v,1) is a tree. |

Proof of Corollary 1.6 Let r, > r > 0 be as in Theorem 1.1. By Lemma 6.6, for every vertex v
of ¥,(X), S(v;r) is a tree with endpoints b; for 1 <i < N. Therefore S(p, r) has the same homotopy
type as X, (X).

Let o be any noncontractible simple closed loop in S(p,r). From the discussion in Case I and the
proof of Theorem 1.1(1) in Section 5, there is a noncontractible simple closed loop ¢ in X,(X) of
length, say, £ > 27, and a properly embedded CAT(k)—disk f: D?({;r) — B(p,r) associated with ¢
such that ,(Im(f)) = ¢ and f(0D?({;r)) = a. For v € { N V(Zp(X)), let &,&; € ¢ be points
near v such that v is the midpoint of the arc [&;, §;]. Let S;; be the ruled surface defined by &; and ;.
Note that BSii (p,r) C Sij N BX(p,r). Since we may assume r < 7/2./k, the nearest-point map
SijNS X (p.r) — SSii(p,r) is distance nonincreasing. Let S; ; be a sector in the model M? with
vertex p bounded by two geodesics of length r and S(p, r) such that the sector angle at p is equal to
Z(&1,&). From the curvature condition, we have

L(S% (p.r) = L(Si; N S(7.1) = £(E1.62)/ Vulk.r).
yielding L(S;; N SX(p.r)) > £L(£1.&)// (k. r). Applying a similar argument to the other parts of

and ¢, we conclude that
L(o) = L(O)/ vV rlke,r) =21/ / (i, r).

This completes the proof. O
Now we define a metric graph structure of S(X) in a generalized sense as follows.

Definition 6.7 We consider the relative topology of S(X) with length metric. Let / be an open set
of S(X). We call I an open arc in S(X) if it is open in S(X) and is isometric to an open interval.
A maximal open arc I with respect to the inclusion is called an open edge of S(X). We denote by
E(S(X)) (resp. | E(S(X))|) the set (resp. the union) of all open edges in S(X). We call each element of
S(X)\|E(S(X))| avertex of S(X). We denote by V(S(X)) the set of all vertices of S(X). Let us denote
by Vi (S(X)) C V(S(X)) the set of all accumulation points of V(S(X)). The case Vi (S(X)) = V(S(X))
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or H'(Vx(S(X))) > 0 may happen; see Example 6.9. As usual, two vertices v; and v, of S(X) are
adjacent if there is at least one open edge joining them. The order of a vertex v is defined as the limit of
the number of components of BS®) (v, €) \ {v} as € — 0.

Proof of Corollary 1.4 First note that by Theorem 1.1, S(X) is locally path-connected. For a given
point p € S(X) and v € V(X,(X)), let N = N, be the branching number of v in £,(X), and take r =7,
as in Theorem 1.1. For § > 0 with § < min{Z(v,v’) [v # V' € V(E,(X))}, let y1, ..., yn be geodesics
from p with Z(y;(0),v) =6 and Z(y;(0), y;(0)) = 26 for 1 <i # j < Ny. By Corollary 6.4, we have
sx)num=|J Cy
1<i<j<k<N
where U(v) := C(v, 8, r) is the cone neighborhood around v; see (2-7). By Lemma 6.1(3), the distance
function d, is strictly monotone on each C;j. It follows from Corollary 6.4 that V(S(X)) has locally
finite order.

In what follows, we give an explicit sharp bound on the orders at the vertices in S(X) N B(p, r).

Sublemma 6.8 S(X) N U(v) can be written as the union of at most N, — 2 singular curves C starting
from p in the direction v, and reaching S(p, r) such that d, is strictly increasing along C .

Proof By Corollary 6.4, S(X) N U(v) coincides with the set of all topological singular points resulting
from the intersections of distinct ruled surfaces S;; and S;/;- forall 1 <i < j <N and 1 < i"<j <N
with (i, j) # (i’, j'). For 2 <k < N, let Ey be the union of all S;; with 1 <i < j <k. We inductively
define singular curves C; for 2 < j < N — 1 as the set of all points of E; where geodesics almost
perpendicularly starting from points of y; 41 intersect £; for the first time. Then it is obvious to see that
SX)NU()=CU---UCy_yq. From Lemma 6.1, d), is strictly increasing along C. m|

Let ' :=S(X)N B(p, r). It follows from Sublemma 6.8 that

e the order at the vertex p of the graph I' N U(v) is at most Ny — 2,
e the order at any vertex y in ' N U(v) \ {p} is at most 2(N, —2).

Therefore the maximum of orders of vertices contained in I' is at most

max{ Z (Ny—2), max 2(Ny—2);.
VeV B () VeV (S, (X))

This completes the proof of Corollary 1.4. |
We exhibit the following example, which is another version of Example 4.4. Here we use the notion
of e—Cantor set (see [6]) to produce a two-dimensional CAT(0)—space X such that Vi (S(X)) is one-

dimensional. A similar construction for a boundary singular set of a limit space of manifolds with
boundary was made in [32].
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Example 6.9 For any 0 <€ < 1, set 6 := 1 —e. We define the so-called e—Cantor set of [0, 1] inductively
as follows: We start with /o := [0, 1], and remove from I the open interval of length §/2 around the
center of Io. We denote by /; the result of this removing. Note that /; consists of 2! disjoint closed
intervals /q,; for j = 1,2 having the same length and that L(/;) = 1 — /2. Suppose that we have
constructed I; consisting of 2% disjoint closed intervals I k,j with1 < j < 2K of the same length such
that L(I) =1—8/2—---—§/2%. Remove from each I k,j the open interval of length §/ 22k+1 around
the center of I ;. We denote by I} the result of this removing. Thus, inductively we have constructed
I, for every n. Finally we set

o0 o0
Io:=(V1ns Jn:=[0.1\In, Joo:=|J Jn=101]\/co.

Note that %! (Iso) = limy 00 L(I) = 1 —8§ = €. The set I is called an e—Cantor set.

Next, inductively we define smooth functions f,: R — [0, 1] for n € N such that

e supp(fn) = Jn,
° fn = fn—l on J,—1,

e if we set JA,,jE = {(x, £ fy(x)) | x € J,}, then the length £, and the maximum «, of absolute
geodesic curvature of f,ft satisfy (4-4).

Now we define the limit f := lim,—o fn: R — [0, 1], which satisfies supp(f) = Joo. Using f, we
define the closed subset Q of R? by

Q:={(x. ) Iyl = f(x).x eR},

equipped with the length metric. Set

0+82 :={(x,y) [y =£f(x),x eR}.

Take closed concave domains H- in R? homeomorphic to the half plane such that for certain isometries
g+:0+Q — 0Hy the absolute geodesic curvature of gi(Jni) is greater than «,. Take two copies
Hi, Hi of Hy, and make a gluing of H!, HJZF, H! H? and Q along their boundaries via g+ as in
Example 4.4 to get a two-dimensional locally compact, geodesically complete CAT(0)—space X. Note
that Vi (S(X)) = V(S(X)) = I and therefore H! (Vi (S(X))) =€ > 0.

7 Approximations by polyhedral spaces

In this section, we give the proof of Theorem 1.1(1) for branched immersed disks. We need to recall
the notion of turn, which was first defined in the context of surfaces with bounded curvature in [3];
see also [28].
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Definition 7.1 For a moment, let X be a surface with bounded curvature. In X, we have the notion of
angles between geodesics starting from a point, and use the same notation for spaces of directions, etc;
see [3, Theorem 11.10].

Let F be a domain in X with boundary C. For an open arc e of C, we assume that e has definite directions
at the endpoints a, b and the spaces of directions of F' at a and b have positive lengths. Then the turn
(rotation) tF (e) of e (see [3, Chapter VI]) from the side of F is defined as follows: Let y, be a broken
geodesic in F \ e except for the endpoints, joining ¢ and b and converging to e as n — oco. Let ', be the
domain bounded by e and y,. We denote by o, and 8, the sector angle of T, at a and b, respectively.
Let 6,; for 1 <i < N, denote the sector angle at the break points of y,, viewed from F \ I',. Let

Nn
TF(yn) 1= ) (T = 6ni) + atn + Bn-

i=1
Then the turn 7 (e) is defined as
tr(e) = lim Tr(yn),

where the existence of the above limit is shown in [3, Theorem VI1.2].

For an interior point ¢ of e having definite two directions X.(e), the turn of e at ¢ from the side F is
defined as

tr(c) =7 — L(Z:(F)).
We now assume the following additional conditions for all ¢ € e:
(1) L(Z(F)) >0,
(2) e has definite two directions X, (e).

Consider the constant g (e) € [0, co] defined by

n—1 n—1
(7-1) ur(e):=sup Y |tr((aiais )|+ Y ltr(a)l.

{ai}izl i=2

where {a;} = {a;}i=1,...» runs over all the consecutive points on e. The constant y r (e) is called the turn

.....

variation of e from the side F, and e has finite turn variation when p g (e) < oo. For general treatments
of curves with finite turn variation in CAT (k)—spaces, see for instance [4].

Let e be a simple arc on X. One can define the notion of sides F; and F_ of e. Under the corresponding
assumptions, we define the turns g (e) and tf_(e) of e from F and F_ respectively, as above. Similarly,
we define the turn variations ur, (e) and up_(e) from Fy and F_. We say e has finite turn variation if
. (e) <ooand wp_(e) < oo (actually, both are finite if one is [3, Lemma IX.1]). When e has finite
turn variation, tF, and tg_ provide signed Borel measures on e; see [3, Theorem IX.1].
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The structure of the union of ruled surfaces

Let p € S(X), and r =r, > 0be as in Theorem 1.1. From now, we work on B(p, r). Fixany v € V(2, (X)),
and let N = N, be the branching number of X, (X)) at v. For small enough 6, > 0, let y1, ..., yn be the
geodesics from p with Z(y;(0),v) =6, and Z(y;(0),y;(0)) =26, for 1 <i # j < N.For2<k <N,
we define Ey as the union of ruled surfaces S;; determined by y; and y; forall 1 <i # j <k.

Let C denote the union of all singular curves C;;¢ for 1 <i < j < £ < k. By Corollary 6.4, C coincides
with the set of all topological singular points resulting from the intersections of distinct ruled surfaces S;;
and Sy j forall 1 <i <j <k,1<i"<j' <kwith(i,j)#(@{,j).

Note that a singular curve in the direction v not included in C might meet E}. We consider the graph
structure of C inherited from that of S(X'), which is not the one of C itself introduced as in Definition 6.7.

Thus we set
E(C):=CNESX)), V(C):=CnV(SX)), Vi(C):=CnNVi(S(X)),

and call E£(C) and V(C) the set of edges and the set of vertices of C respectively. Remember that all
edges are assumed to be open (Definition 6.7).

Definition 7.2 We say that a vertex point x € V(C) is singular if either x € Vi (C) or there are two
singular curves Cp, C in C starting from x such that

(1) Zx(C1,C2) =0,
(2) C; and C, have no intersections near x other than x.
The direction v € %, (C) determined by the above C; and C, as well as v = lim; s 1% With V(C) 3

x; — x is also called singular. The set of singular vertices of C is denoted by Viine(C). The set of
singular directions at x € Vo (C) is denoted by TYE(0).

We set r(x) := dp(x) for simplicity.
For x € C \ {p}, let 25 4 (C) := Zx(C \ int B(p,r(x))) and X _(C) := Zx(C N B(p,r(x))). By
Lemma 2.11, we may assume that for all x € C \ {p},
L(Vdy(x), Ty +(C)) < 10710 diam(Zy 4+ (C)) < 1071°,
L(=Vdy(x), 25 —(C)) < 1071° diam(Z, _(C)) < 1071,

The following lemma is clear.

(7-2)

Lemma 7.3 Forevery x € C \ {p}, Zx(E)(C Xx(X)) coincides with the union of all circles Xx(S;;)
such that x € S;; C Ey, where the circles Xx(S;;) are attached at the points of Xy +(C).

The following is the main result of this section.

Theorem 7.4 E; is a CAT(kx)—space.
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Remark 7.5 Recently, we learned that Theorem 7.4 is a direct consequence of the main result of Lytchak
and Stadler [20]. However, in what follows, we present our original proof, which provides deep insights
on the local geometry of X, and will also be used in [24] as one of key methods.

The basic strategy of the proof of Theorem 7.4 is to use the results [12, Theorems 0.5 and 0.6] on the
characterizations for polyhedral spaces to be CAT(k)—spaces.

Let Fi be the family of two-dimensional polyhedral locally CAT («)—spaces F possibly with boundary dF
such that any edge of dF has finite turn variation. For a collection { F; } of F, let X be the polyhedron
resulting from certain gluing of {F;} along their edges. We always consider the intrinsic metric of X
induced from those of F;. We consider the following two conditions:

(A) For any Borel subset B of an arbitrary edge e of X, and arbitrary faces F; and F; adjacent to e,
we have
TF; (B) + TF; (B) <0.
(B) For any vertex x of X, X,(X) is CAT(1).

Theorem 7.6 [12, Theorem 0.5] A polyhedron X resulting trom a certain gluing of { F; } C F, along
their edges belongs to F; if and only if the conditions (A) and (B) are satisfied.

Theorem 7.7 [12, Theorem 0.6] Each polyhedron X in F, can be glued from the faces { F;} contained
in Fj along their edges in such a way that the conditions (A) and (B) are satisfied.

In particular, each edge of S(X) has finite turn variation.

Note that Ej is not a polyhedral space in general. Even in that case, we have some difficulty mentioned
below. From these reasons, we shall do surgeries to get a polyhedral space Ek which approximates Ej in
the Gromov—Hausdorff sense. The point is, we can apply Theorems 7.6 and 7.7 to Ek to conclude that it
is CAT(x). Finally taking the limit, we will obtain the conclusion.

From now on, we set E := E}, for simplicity. We need some preliminary argument on the local geometry
of E.

Lemma 7.8 For every x € E, ¥ (E) is isometric to the intrinsic space of directions ¥ (E'™) in the
sense of Definition 4.26.

Proof The basic idea of the proof is the same as that of Lemma 4.27. Obviously, we may assume x € C.
We only consider the case x # p. We first show that each component X of X (E)\ X x(C) is isometrically
embedded in X, (E™). For £,& € ¥ with |1, & < 7, let 1, be an X—geodesic with fi,(0) = &,
for n = 1,2. Then for small €, we have ([0, €]) C S;; and u2([0, €]) C Sgy for some S;;, Sk¢ in E.
Note that the X —geodesic y;fl )12 (0) joining 11 (¢) and 5 (¢) does not meet C, and hence )/,i(l (), (2)
is contained in the same ruled surface S;; = Sgy C E. This implies that LX(81,8) = L5 (£1,6).
From /X < /E < /Sij  we conclude that /X (&1, &) = ZE (£, &) and the existence of an isometric

embedding (: ¥ — T (E™).
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Next, for any v € £, (C), take £3, &4 € T (E)\ X (C) close to v such that the segment [£3, £4] in X (F)
meets X (C) only at v. Take X—geodesics a3, a4 in the directions &3, £4, and choose S;;, S;/j- in E such
that a3(¢) C S;; and aa(t) C Sivj. Let a: [0, 1] — X be the X—geodesic from «a3(?) to a4(?). By (7-2),
« is vertical. We extend « until it reaches dFE. We can choose such an extension that a(z—) € y, and
a(ty) €y, with € € {i, j} and £’ € {i’, j'} for some t— <0 < 1 <t4. Thus, we have a([t—, 14]) C Sge.

By Lemma 4.12, we can find a sequence s, such that the ruling geodesics A, of Sy¢s meets both a3 and o4,
and A, converges to a ruling geodesic through x as n — co. This implies that ZX (£3, £4) = £51 (£3, £4),
and hence ZX (&3, £4) = £ (&3, &4). This completes the proof. |

Lemma 7.9 For arbitrary x,y € E, let y := yxE,y: [0, |x, y|g] — E be an E—shortest curve between x
and y. Suppose that the set of accumulation points of y N S(X) is finite. Then y is an X —geodesic.

Proof Set I :=y NS(X). We only have to consider the case when I has a unique accumulation point
y(u) with ' = {y(#;),y(s;),y(m) |i,j =1,2,.. Jwith0<t) <trp <--- <t <---<uU<---<g; <
e <2 <81 = |x,y|g and lim; o0 t; = liMj 500 5 = U.

For each i and any small enough € > 0, y([ti—1 +¢, t; —€]) is contained in the surface X \ S(X). Therefore
YI[t;_, +e,t;—e] 18 locally X —minimizing, and hence X —minimizing. Thus, y|j;_, ;] 18 X—minimizing.

By Lemma 7.8, we have

AX())J]/E(ti)sV(ti—l)’ )})ﬁti)sl’(ti-i-l)) = (J./fiti)y)’(ti—l)’ yﬁti),y(ti-i-l)) =7
Hence y|[,_, 1] is an X—geodesic, which implies that y (o] is an X—geodesic. Similarly, ¥ [[y,|x,y|z]
is an X—geodesic. In a way similar to the above, we have LX(J";/E(u),y(o) (0), )?ﬁu),y(lx’y‘E)(O)) =m. It
follows that y is an X—geodesic. |

Remark 7.10 Lemma 7.9 does not hold in case a subarc of y is contained in S(X); see Example 4.4.

Lemma 7.11 For a fixed x € E, we have for every y € E with y # x,

lx, y|E
lx, ylx

<14+ 7 (|x, ¥|x).

Proof We may assume x € £ N S(X). Suppose the conclusion does not hold. Then we have a sequence
yn € E converging to x such that |x, y,|g/|x, yn|x > 1 4 ¢ for some positive constant ¢. Passing to a
subsequence, we may assume that all y, € §;; for some §;;. This is a contradiction to Sublemma 4.31
since |x. yulz < |x. yals,,. 0

Proof of Theorem 7.4 For each edge ¢ € E(C), let D; for 1 <i <m(e) be open half-disks in X with
dD; = e such that

m(e)
(7-3) U D; is an open neighborhood of ¢ in X.

i=1

Geometry & Topology, Volume 28 (2024)



3078 Koichi Nagano, Takashi Shioya and Takao Yamaguchi

Let 7p, be the turn of e from the side D;. We want to apply Theorem 7.7 to the completion of the
components of E\C. Let A be such a completion containing some D;. However here are some difficulties:
The domain A might be too thin to define 7p, (e) because of the presence of singular vertices. In particular,
we do not know if e has finite turn variation in A. We also have to care about Vi (C). To overcome these
difficulties, we do surgeries around points of Vi, (C). At this moment, we can apply Theorem 7.7 to e
:.":(i) D; such that 0P consists of broken
geodesics joining the endpoints of e N P. It follows from Theorem 7.7 that we have

locally. Each point of e has a convex neighborhood P in | J

7-4) tp;(eNP)+1p;(eNP)<0 forall 1 <i#j<mle),
and e has locally finite turn variation in D;.

Let € be any positive number. For x € Vo (C), we assume that the singularity of x occurs from the
positive direction. Namely, there is v € Zimi (C). The other case v € E;lflﬁ (C) is similarly discussed.

Let C(v) denote the union of singular curves in C starting at x in the direction v.

Choose § =8 > 0 and € = €, > 0 with §, € < ¢g and € < § such that

(7-5) the {BZX(X)(U, 26)} forv € E;ing(C) are mutually disjoint,
(7-6) C(v,4,2¢) (see (2-7)) covers C(v) N B4 (x,2¢),
7-7) ENS(p,r(x)+ €) does not meet V(C),

where B4 (x,€) := B(x,¢) \int B(p,r(x)). By Lemma 6.6, C(v,8,€) N EN S(p,8(x) + €) is a tree,
say f(x, v). Replacing each edge of f(x, v) by the X—geodesic between the endpoints, we obtain a
geodesic tree T'(x,v). By Lemma 4.32, we have T(x,v) C E. Let K(x,v) be a closed domain of £
bounded by T'(x, v) and the X—geodesic segments between x and the endpoints of the tree 7' (x, v). Note
that such X—geodesics between x and the endpoints of 7'(x, v) are contained in E. Taking smaller §
and € if necessary, we may assume

(7-8) ZXyxy <€y forall y,y' € T(x,v).

For each vertex y € V(T (x, v)), take the X —geodesic y)g{y between x and y. For each edge e € E(T (x, v))
with endpoints y and y’, let Ag( denote the X —geodesic triangle consisting of yf, y U yf y Y y;( oz

Let ng be the triangular region bounded by ﬁg( . Gluing { Zf | e € E(T(x,v))} properly, we obtain a
polyhedral space K (x, v) corresponding to K(x, v). See Figure 12.

We provide a relation between K (x, v) and K (x, v).
Lemma 7.12 (1) Lety and y’ be arbitrary endpoints of T (x,v). For arbitrary z € y)gf y = yf’y and
z'e )/fy, = ny” assuming |x, z|x < |x,z'|x, we have
|lz.2'|E — |2.2']| < T(0)|x. zIx,
where Z,%' € 9K (x, v) are the points corresponding to z and z’, respectively.
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Figure 12

(2) For arbitrary y € T(x,v) and z € dK(x, v), we have

“y’Z|E - |.)75§” < T(€O)|X,Y|X’
where 5 and % are the points of 3K (x, v) corresponding to y and z.
Proof (1) LetZ e )/f ,» be the point such that |x, Z|x = |x, z|x. Note that )/ZX2 is vertical, and therefore
contained in E. By triangle inequality, we have “Z, Z|g—|2/, E|E} <|z,z|g = |z, z|x . Equation (7-8)
implies ZX zxZ < €, and hence |z, Z|x < t(€o)|x, z|x. In view of y)ffy = V)Ey and y;cxy, = )/fy,, we have
“Z’Z/|E - (|X,Z,|X - |x’Z|X)‘ = T(GO)'X,Z'X.

Since ZZXZ' < 1(€p), similarly we have ||E, Z—=(x.2'|x — |x,z|X)| < t(€g)|x, z|x. Combining the
last two inequalities, we obtain the required inequality.

(2) Choose w € T (x,v) such that z € y)gfw. From (7-8), we have |y, w|g = |y, w|x < t(€o)|x, y|x.

Therefore by triangle inequality, we obtain ‘ v, z|E—|z, w|g| <|y,w|g <t(€0)|x, y|x. Since £yXZ <€y,

by a similar consideration on the triangle AJXZ in M2, we have “)7, zZ|—1zZ, ﬁ|| < t(€g)|x, y|x, where
w is the point of 3T (x, v) corresponding to w. Since |z, w|g = |z, w|x = |Z, W|, combining the last two
inequalities, we obtain the required inequality. |

In E, we do surgeries by removing K(x,v) from E, and gluing E \ K(x,v) and K(x,v) along their
isometric boundaries to get a new space, say E X0

Proposition 7.13 For each vertex y of E(x, v), E;;(Ex,v) is CAT(1).
We begin with:

Lemma 7.14 For each vertex y € V(T (x, v)), E;(Ex,v) is CAT(1), where y € V(f(x, v)) is the vertex
corresponding to y.

Proof The lemma is clear when y is an endpoint of 7' (x, v). From now, we assume that y is an interior
vertex of T'(x, v). Let us consider

3) =3y (K(x,v) C By (X), I :=Z,(E\intK(x,v)) C By(X), & :=I5(K(x.v)).
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Note that X, (E) = X,/ U E;‘ is a subgraph of X, (X) without endpoints, and hence it is CAT(1). Since
E;(Ex,v) = i; U ZJ‘,", it suffices to show:

Claim 7.15  There is an expanding map X3, — i;

Proof Lety:= )/y)fx: [0, [y, x|x] = X, and set u := y(0). Choose any § € X, (T (x,v)) C XJ,, and let
w € X be the direction of C. Let § and  be the directions in i; corresponding to £ and u, respectively.
Case (i) ue E;.

Since X is locally CAT(k), we have ZX (£,u) < 4(5, ). Therefore the correspondence £ — '5, u—u
gives rise to the desired expanding map X3 — f))i)

Case (ii) u ¢ E;.

This is the case when y leaves E after y = y(0) at least for a short time. From (7-7), y is contained in an
open edge in E(C). Therefore, for small enough 7 > 0, the X —geodesic starting from y () to yg(¢) must
meet C. This implies

(7-9) X (5 w) < L5 (8, u) < LE D).

Therefore the correspondence § — §, w — U gives rise to the desired expanding map X, - i; Note
that by (7-3), £, (X) is homeomorphic to the suspension with vertices X (C), from which (7-9) also
follows. |

This completes the proof of Lemma 7.14. |
For the proof of Proposition 7.13, it suffices to show the following.
Lemma 7.16 Xz(Eyp) is CAT(1).

Proof Leto; for 1 <i <m be the X—geodesics joining x to the points of 07 (x, v), and set v; := G;(0)
for 1 <i <m. Remember that X, (K (x, v)) consists of m segments from the vertex v to v; of length §.
Since X (X) is CAT(1), it suffices to show

(7-10) Z(;,v;) =28 forall 1 <i#j<m,
where V; denotes the direction at X corresponding to v;.

For arbitrary y, y’ € Vi (T (x, v)) adjacent to a7 (x, v), assume z1, ..., zy € dT(x,v) (resp. 21/, ..., Zy’ €
dT (x,v) with I’ <--- < n’) are the set of 3T (x, v) adjacent to y (resp. to y") with z; € o7 (resp. z;’ € ;7).
Set vy, 1= )'/)gfy (0) and ), := yz 5(0) € V(Zz(K (x,v))). Using the angle comparison for Ag(, we have
forany 1 <i # j </{,

(07, 7)) = L@, By) + LBy, ) = L5 (vi, vy) + 2% (vy, vj) = 26.
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Let Ulézl[y(x—l, Y| be the shortest path from y to y’ in T'(x, v) with y = yo, y' = yk, ya € Vin(T (x, v))
and [yy—1, Vo] € E(T(x,v)). Then for arbitrary 1 <i < { and 1’ < j’ <n’, we have

k
L@1.50) = L@ 0y) + Y LTy Tyy) + LTy, Tj)
a=1
k
> L5 (i vy) + D LK Wy Vyg) + £X (vyr 1) = 28
a=1
This completes the proof of Lemma 7.16. |

Note that in £ x,v» the subarc [x, y] of C is replaced by the geodesic [X, y] := yz,5. On the singular locus
C (x,v) of E x,v, We consider the graph structure inherited from C (and hence from S(X)), except that
%, 7€ V(C(x,v)) and (%, 7) € E(C (x,v)).

After all the surgeries at x possibly in the both positive and negative singular directions, we obtain a new
space, denoted by E. Note that the point X € Ex replacing x is no longer singular in the graph structure
of the new singular locus C (x) C Ey.

In what follows, we shall perform such surgeries finitely many times consistently in the directions of
T3 8(X) at points x € Viing (C) so that the surgery parts cover Ving(C).

First take € = €, > 0 satisfying (7-5)—(7-8) for x = p, and set §o = €,. Remember that S(p, §p) does not
meet V(C). We enlarge the radius of the ball B(p, §¢), and choose 1 > ¢ such that during the enlarging,
S(p,r1) first meets Vi (C), say at x, after S(p, 8o). We call ry a critical radius in the surgeries. Now
we do the above surgery at x, either in the negative direction —Vd),(x), where the surgeries should be
carried out inside the annulus A(p, §o,r1) = B(p,r1) \int B(p, dp), or in the positive direction Vd), (x)
to resolve the singularity at x.

We again perform such surgeries at all points x € S(p, r1) N V;ing(C). Here, taking the smallest constant
€ = €, among all x and all singular directions there, we may assume that those surgeries are carried
out based on a common metric sphere around p. More precisely, for some 0 < §; < r; — §p, we have
V(T(x,v)) C S(p,r1 + 81) (resp. V(T (x,v)) C S(p,r1 —61)) for all x € S(p,r1) N Viing(C) and
NS Eii?jgr (C) (resp. v € Ei?ﬁ(C)). We call 61 (resp. o) the surgery radius at S(p, r1) (resp. at p).

Then we again enlarge the radius of B(p, r1 +31) until the next critical radius r,. Repeating this procedure,
we have a possibly infinite sequence of critical radii r;,

O<ri<rm<---<ri<---,
and surgery radii 6; at S(p, r;) with
ri +38i <rit+1—3di+1

such that the X—annulus AX (p, r; +8;.,7;+1 —8;+1) does not meet Vsing(C). Note also that the number
of surgeries at points of S(p, §;) is bounded by the uniform constant N, — 2.
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We show that one can cover Vi, (C) after performing surgeries as above finitely many times. Suppose
rx = lim; o0 7; < r. From construction, S(p, r«) meets Vino(C). We again do surgeries at points
of S(p,r«) N Viing(C). For the surgeries in the negative direction at those points, we can make them
consistent with the previous surgeries since our procedure is done based on metric spheres around p.
This shows that after finitely many such surgeries, we can resolve all singular vertices in V(C). Let
0<ry<rp<---<ry<r be critical radii, and §; for 0 <i < J surgery radii, where we may assume
that A(p,ry +87.r) does not meet Vi, (C) by taking slightly larger r if necessary.

Let £ :={Ku,; == K(xp,vn,;) |1 <n <M,1 <i < Ly} be the set of all conelike domains in E
constructed as above for x, € Ve (C) and vy; € E;mg(C ) which arise in the course of the surgeries.
Set Io :=[0,80], I; :=[rj —6;,r; + ;] and 4; := dp_l(lj) for 1 < j < J. From construction, we have
the following for every K, € K:

e K, eKisconvex in E.

* K, is contained in some A;.

e K, and K, do not have intersection in their interiors for all n # n’.

e The number of K, contained in A; is at most N, —2 foreach 1 < j < J.
Let E be the result of those surgeries, and let C be the singular locus of E, with graph structure V(é ),
E (5 ) defined as above. Note that V(é ) is finite and Vsing(é ) is empty.

Lemma 7.17 E is a CAT(k)—space.

Proof From the construction and Proposition 7.13, we have

e for every edge e of £ (5 ), the condition (A) holds and e has finite turn variation, and

. Z;(E) is CAT(1) for every 7 € V(C).
Consider any triangulation of E extending V(é )and E (E ) by adding geodesic edges if necessary. Now,
we are ready to apply Theorem 7.6 to this triangulation to conclude that E is CAT (k). a
Now we are going to show the Gromov—Hausdorff convergence E — E as ¢y — 0.

For each K(x,,vp,;) € K, we fix any element y, ; € V(T (xn,vs,i)), and let y, ;1 [0, |X4, Yn,i|E] = E
be an E—geodesic from xj, to yy ;.

Define ¢: E — E as follows. Let ¢ be identical outside the surgery part. For every Z € int K (X1, Vni),
we let

(p(}') = Vn,i(|5cln7’5|)-

Since diam(K (x5, vp,i)) < T(€0), the image of ¢ is t(eg)—dense in E.

Geometry & Topology, Volume 28 (2024)



Two-dimensional metric spaces with curvature bounded above, 1 3083

For arbitrary 2,2 € E, set z = ¢(%), z/ = ¢(Z’), and choose an E—shortest curve y: [0, |z,2'|g] — E
between z and z’. Suppose first that dj, (y(¢)) takes a local minimum or local maximum. Then we see
that y is vertical, and hence an X —geodesic. Moreover, y intersects C almost perpendicularly with at
most N, — 2 points (Sublemma 6.8). This implies that y meets at most N, — 2 elements of . Therefore
from Lemma 7.12, we have

Iz, 2' g = 2.2l < t(e0)(r + Ny —2).

Now we assume that dj,(y(t)) is strictly monotone. Let /I, be set of all K(xy, v, ;) € K meeting y. For
simplicity, we renumber elements of IC,, as ), = {K; | 1 <i < I}. Let K; be the set of all K, € I,
contained in A4;. If y meets K, € K; with {z,, z),} = y N 0K}, then from Lemma 7.12 we have

0™ n) 7 )| 5 = |2ns 25 B < 22(€0)8;

It follows that
1z,2'|E — |1Z,Z'|| < 2r(Ny — 1) (e0).

In this way, we conclude that E converges to E as eg — 0 with respect to the Gromov—Hausdorff distance,
which yields that E is a CAT (x)—space. This completes the proof of Theorem 7.4. a

Proof of Theorem 1.1(1) in Case II We consider Case II in the subsection of filling ball of Section 5.
We only have to apply Theorem 7.4 for k = 4 to Case II. The rest of the argument is similar to that in
Case I given in Section 5, and hence omitted. |

The proof of Corollary 1.3 is similar to that of Theorem 1.1(1) in Case II, and hence omitted.

Using Theorem 7.4, we also have the following.
Theorem 7.18 In Theorem 1.1, every union Im f;; U---UIm f;, is a CAT(k)—space.

Proof The basic idea of the proof of Theorem 7.18 is the same as that of Theorem 1.1(1) for branched
immersed disks. Set X, ;; 1= Xp(Im(f;;)) for 1 < j <k, and consider ¥ := Xp;, U---U X ;. For
each v € V(Z, (X)) contained in X, we construct a ruled surface S for which we may assume CAT (k)
by taking smaller r. Let S(v) denote the union of all such ruled surfaces S. By Theorem 7.4, S(v) is
CAT(x). The rest of the argument is the same as before, and hence omitted. O

Appendix Alexandrov’s result on ruled surfaces

Following the ideas of Alexandrov in [1], we prove Theorem 3.17. As mentioned in Section 1, it also
follows from [26] in the CAT(0)—setting.

We denote by D, the diameter of M, KZ Recall that a CAT (x)—space is defined as a D,—geodesic space
in which every triangle with perimeter < 2D, is not thicker than its comparison triangle in M? with
the same side lengths, where a D—geodesic space means a metric space in which any two points with
distance < D, can be joined by a minimal geodesic. Throughout this appendix, let X be a CAT(kx)—space.
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A.1 Finite sequences of ruling geodesics

Let S be a ruled surface in X with parametrization 0: R — X, where R =[0,£] x [0, 1]. Let 7: R — R
and p1: R — [0, £] be as in Section 3.

We give an explicit formulation of the pullback metric e,. For u = (so, o) and u’ = (s, ;) with sg < s,
in R, let A:sg <s1 <---<s, =5 be adecomposition of [so, 5], and set | A| =max{|s; —s;—1||1 <i <n}.
We consider

n
e?(n(u),n(u’)) = lnf{z |xi—1’xi| ‘ X0 = G(u)vxn = U(u/),Xi € A'Si ‘

i=1
Choose a sequence {X; };—o,1,...,» in X such that xo =0 (1), x, =0 ('), x; € Ag; foralli e{l,...,n—1},

and
n

e (r(u), @) = Y [xi—1, %]

i=1

We call such a sequence {x;}i=o,1,....n @ A—minimizing chain along S from o (u) to o (u’). Notice that
possibly we have x; _; = x; for some i € {1,...,n}. Weset y2 := (Jxi—1x;, and call it a A—minimizing
broken geodesic in X from o (u) to o (u’), which realizes L(y?) = e2 (w(u), ().

Lemma A.1 Under the above situation, the following hold:

(1) We have
€0 (). 7(u')) = sup g (). 7).
where A runs over all decompositions of [sg, sq).

(2) For any sequence A, of decompositions of [sg, sy] satisfying lim, 0 |Ay| = 0, we have
eo(mu), wW)) = lim el (w(u), 7 (u')).
n—o00
Proof By Proposition 3.6, there is a shortest curve cox: [0, 1] = (Rx, ¢5) from 7 (u) to 7 (u’) together

with its lift ¢g. Set yo(¢) := 0« 0 co«(¢). For any decomposition A = {Si},N=1 of [so, 5], take #; € [0, 1]
such that yo(#;) € A5;. Then in view of Proposition 3.16, we have

N
e (@), 1)) <3 yoltiz1). vo(ti)| < L(y0) = L(cox) = eo (). w(u')),
i=1
Thus we have supy e2 (7 (u), 7 (1)) < eq (m (1), ().
Let {A,} be a sequence of decompositions of [sg, sg] with limy, 0 |A,| = 0 such that
. A, T A
nll)ngo el (m(u), r(u')) = 1|1£|1_1>n0fe(, (w(u), w(u')).

Let y,:[0, 1] = X be a A,—minimizing broken geodesic in X . Passing to a subsequence, we may assume
that y, converges to a curve y: [0, 1] = X. From |A, | — 0, it follows that ([0, 1]) C S.
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Sublemma A.2 The limit curve y has a lift in R from u tou’.

Proof We may assume Sing(o) is empty. Let
Ap 50 =35n,0=8n1="""=Spk, = S(l)’

and y, = yA" = Ufil Xn,i—1Xn,i With xn; € Ag, ;. Choose ap,; € Is,; with o(an,;) = xp,; for

1 <i <k, — 1, and consider the Euclidean broken geodesic ¢, := Uiil an,i—1an,i. Note that ¢y is
monotone, and o o ¢, also converges to y as n — oo. We show that a subsequence of ¢, converges to a
curve ¢, which is a lift of y. We do not know if L (o o ¢;,) is uniformly bounded or even if it is finite,
which is the only difference from Proposition 3.6.

Since the basic strategy is the same as the proof of Proposition 3.6, we present only an outline. Let Jg be a
countable dense subset of J = [s¢, s3]. For each s € J, choose a point ¢, (t,(s)) of ¢, with ¢, (tx(5)) € Is.
Now we have a subsequence {m} of {n} such that c,, (¢, (s)) converges to a point x(s) € I for every
s € Jo. We consider the limit set, say LS({c;,}), of the sequence {Im(c;;)}n, and set

as in the proof of Proposition 3.6. Then we have the decomposition J = J; U J,, where
Ji={seJ | Esisasingle point} and J,=J\J;.

In the same way, we have the conclusions (1)—-(4) in the proof of Proposition 3.6. Here it should be
remarked that the following holds as well:

Y o(Es) < L(y).

seJr

Thus as before, we obtain a monotone continuous parametrization on the union of points and segments
{Es | s € J}, which provides a lift of y from u to u’. |

By Sublemma A.2, we conclude that
e (m(u). m(u') < L(y) < lim L(y,) =liminfey” (x(u). 7(u')).
n—>oo n—-oo

This completes the proof of Lemma A.1. O
From the choice of a A-minimizing chain along .S, we derive the following:

Lemma A.3 In the setting discussed above, let {x; };—o,1,...,» be a A—minimizing chain along S from
o(u) to o(u’). Then foreach i € {1,...,n— 1} and for each t € {0, 1}, we have
Lxi—1Xjds; () + LAs; () xiXi41 = 7

whenever |x;_1, x|, |X;i, Xi+1| < Dy, and the angles Zx;_1x;As,; (t) and LA, (t)x;x;+1 can be defined.
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Proof First we show the conclusion in the case t = 0. Set
0; := Zxj—1xiAs;(0) and 9i+ = LAs; (0)Xi Xj41.
Take t; € (0, 1] with x; = A, (t;), where we may assume #; # 0. If we put
h(e) :=|Ag; (ti —€), xi—1| + |As; (ti —€), Xi 41|

for small € > 0, then by the first variation formula (see eg [10, Corollary 11.3.6]) together with the
A-minimizing property of {x;};=o.1,....n, We have

h(e) —h(©) _

0< lim ———— = —(cos 0] +cos 6;").
e—>0+ €
This implies 6. + 9i+ > . Similarly, we see the inequality for ¢ = 1. a

Let uy := 7w (u), v« := w(v), wy := 7w (w) be distinct points in Ry. Assume for a while that

p1(u) < p1(v) < p1(w),

and choose a decomposition A = {s;};=o.1,....» of [p1(4), p1(w)] such that for some m € {1,...,n—1}

we have p1(v) = sm. Let A’ := {si}i=0,1....m be the decomposition of [p;(u), p1(v)], and A" :=
{Sm+i}i=0,1,...n—m the decomposition of [p;(v), p1(w)]. Take a A’—minimizing chain {y;}i—o.1,... m

along S from o () to o(v), a A”—minimizing chain {ym,+i}i=o0.1....n—m along S from o (v) to o(w),

.....

and a A-minimizing chain {z; };—o,1,....» along S from o (1) to o(w). Assume in addition that we have
/7 4
e? (Ux, Vx) —}-e? (Vs, Wx) + e?(w*, Ux) <2Dy.

Set x :=0(u), y :=0(v) and z := o(w). Let B2(xy) be the broken geodesic U™ yi—1yi in X joining
x and y, B2 (yz) the broken geodesic | J'_}" ym+i—1Ym-+i in X joining y and z, and B2 (zx) the broken
geodesic | JI_; zi—1z; in X joining z and x. We denote by P A(xyz) the polygon in X defined by

PA(xyz) = BA(xy) U BA(yz) U BA(Z)C),

and we call P2 (xyz) the A—minimizing chain triple along S. We denote by 9xA (v, z) the angle at x in X
between B2 (xy) and B2(zx), by QyA (z, x) the angle at y in X between B2 (yz) and B2(xy), and by
OZA (x, ) the angle at z in X between B2 (zx) and B2(yz). See Figure 13.

In the model surface M2, we define a comparison polygon P A(xyz) for P2(xyz) as follows: Let
AXy1Z1 and Ay, —1Z,—1Z be comparison triangles in MK2 for Axyizy and for Ay,_1z,—12, respectively.
Foreachi €{1,...,n—1}, take comparison triangles AJ; ¥;+1Z; and A¥;+1Z;Zi 41 in M2 for Ay;yi+1zi
and for Ay;4+12;zi+1, respectively, and then glue all the comparison triangles in M2 along 7;7;, and
along 5412, foralli € {1,...,n—1}. Let BA(xy) be the broken geodesic UL, Fi—1yi in M2 joining
X and 5, B2(yz) the broken geodesic | J7=}" Fm-ti—1 ¥m-+i in M2 joining 7 and Z, B2 (zx) the broken
geodesic | J7_, Zi—1Z; in M2 joining Z and X. Then we put

ﬁA(xyz) = EA(xy) U EA(yz) U EA(Z)C),
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and we call P A(xyz) a comparison A—minimizing chain triple in MK2 for PA(xyZ). We denote by

GXA (y, z) the angle at ¥ in M2 between EA(xy) and B2 (zx), by QyA (z, x) the angle at 7 in M2 between

BA(yz) and B2(xy), and by GZA (x, y) the angle at Z in M2 between B2 (zx) and B2(yz). Note that
022 <00 2) 6P S0 62 (x, ) SR ).

From Lemma A.3 we derive the following concavity of P A(xyz) except at the vertices X, 7, Z: namely,
foreachi € {1,...,n—1} with i # m the inner angle at 3; in P2 (xyz) is at least 7r; moreover, for each
i €{l,...,n—1}, the inner angle at Z; in PA(xyz) is at least 7.

By stretching the comparison A—minimizing chain triple P A(xyz) at the concave vertices, we obtain a
triangle AXyZ in M?, whose side-lengths satisfy

_ 7 _ 4 — —
%, 7| =g (uavx),  [7.Z] = €5 (e ws),  [Z.X] = €5 (Wi, ).

We call AXyz a comparison A—minimizing stretched triangle in sz for P2(xyz), and we denote it
by P2(xyz). We denote by éxA(y, z) the angle ZyXZ at X in M? between Xy and ZX, by gyA(z,x)
the angle ZZyX at y in M? between yZ and Xy, and by ng (x, y) the angle ZXZy at Z in M? between
zx and yz. Let y; € Xy and z; € Xz fori € {l,...,n — 1} be the points corresponding to y; and
to Z;, respectively. Since P A(xyz) is concave except the vertices, the Alexandrov stretching lemma
(see eg [10, Lemma 1.2.16]) leads to the following:

Lemma A.4 Under the setting discussed above, we have
Op(r.2) <0202, B <0G, By <02k ).

Moreover, forall i € {1,...,n— 1}, we have |y;, zi| < |yi, Zi|-

Let y; € B2(xy) \ {x, y} be a broken point for j € {1,....,m —1}, yx € BA(yz) \ {y,z} a broken
point for k € {m + 1,...,n — 1}, and z; € B2(zx) \ {z,x} a broken point for [ € {1,...,n — 1}.
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Assume that the broken points y;, yk, and z; are distinct to each other. Choose four A—minimizing
chain triples PA(xyjzl), PA(yjyyk), P2(z;yxz), and PA(yjykZl) along S, and take comparison
A-minimizing stretched triangles ISA(xyjzl), FA(yjyyk), P2(z;yx2), and FA(yjykzl) in M2 for
PA(X)’jZI), PA(yj)’)’k), PA(z1yx2), and PA()’jJ’kZl), respectively.

From Lemma A.4 we derive the following monotonicity:

Lemma A.5 Under the setting discussed above, we have
02 (v, 2) <02 (3.2), 65 (ko y) SO, (2.%), 02 (21 i) < 02 (x, ).

Proof Gluing the triangles ISA(xyjzl) =AXYy;zy, FA(yjyyk) =AY VVk, P2(z;yk2) = AZ; Y Z, and
ISA(yjykzl) = AYy;ykz; in MK2 along the edges y; Yk, Yk Z;, and Z; y;, we obtain a hexagon Xy; yyxzz;
in M2 whose side-lengths satisfy |X, y;| +|¥;, y| = eﬁ/(u*, V), |V Vil + | Vk, 2] = e?”(v*, wx), and
1z, z;| + |z1, X| = eﬁ(w*, Us). By Lemmas A.3 and A.4, we have

7 < 05 (x, 21) + Oy (21, y) + Oy k> ) < O (6, 20) + 653 (21, y) + Oy (k- 3)-

Similarly, we have

715@i(y,yj)—i—gﬁ{(yj,zl)—i—gﬁ{(zl,z) and Jt55§(Z,yk)+§ZAl(yk,yj)—i—ng](yj,x).

By stretching the hexagon Xy; yyxzz; at the concave vertices y;, yx and Z;, we obtain a comparison
A—minimizing stretched triangle P2 (xyz) in M?2 for P2(xyz). The Alexandrov stretching lemma
(see eg [10, Lemma 1.2.16]) leads to the desired inequalities. O

From Lemma A.4 we also derive the following:

Lemma A.6 Let us,u), € Ry be distinct points. Assuming p1(u) < p1(u’), we choose a decomposition
A ={si}i=0.1,..n of [p1(u), p1())]. Ife?(u*, ul) < Dy, then a A—minimizing chain {x;}i=o0.1,...n
along S from o (u) to o (u’) is uniquely determined.

Proof Let x :=0(u) and x" := o (1), and suppose that two distinct A—minimizing chains {x;}i=0.1,..n
and {y;}i=o0.1,..n along S from x to x’ satisfy x,; # ym for m € {1,...,n — 1}. Then for the A—
minimizing chain triple P2 (xy,x’) along S we see that a comparison A—minimizing stretched triangle
P2(xymx') degenerates in M?2. Hence we have X,, = V. On the other hand, Lemma A.4 implies
| X5 Ym| < |Xm, ¥m|. This is a contradiction. m|

A.2 Curvature bounds on ruled surfaces

Let Ausviws be a geodesic triangle in (Rx«, es) with distinct vertices and with perimeter < 2D,
determined by AUsvsWysx = UxVx U UxWx U Wxllx, Where Uy Ux, UxWx, and Wxux are the edges of
AU Vs W

We denote by Ay U Wy a comparison triangle in MK2 for Au*v* wx with the same side-lengths, and by
Ou, (Vx, W) the angle LUx1x Wy at U between U Uy and Uy Wi.
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To complete the proof of Theorem 3.17, it suffices to show the following; see eg [10, Proposition II.1.7].

Lemma A.7 Every geodesic triangle AUV Wy in (R«, es) as above satisfies the convexity of angle
k—comparison: namely, for all W/, € UxVx \ {Ux, Vs }, Uy € UxWx \ {Vx, Ws} and V), € Wiltx \ {Wx, Ux},
we have the following monotonicity:

O (Ve W) < O, (Vi ws), By, (W 1tl) < By, (was ), Ouy, (W, V) < Oy, (s, V).

Before proving Lemma A.7, we show the following sublemma. By Proposition 3.16, for every min-
imal geodesic ¢« in (Rx, es) there exists a monotone curve ¢ in R with 7 o ¢ = ¢4 up to monotone
parametrization.

Sublemma A.8 In the same setting as in Lemma A.7, let us and v/, be distinct points in (Rx, e5) with
eg (U, u,) < Dy, and let c« be a minimal geodesic in (Rx, eg) from ux to u’,. Assume py(u) < p1(u’),
and choose a sequence {A, },en of decompositions A, = {s;}i=o,1,...n of [p1(u), p1(u’)] satisfying
lim, 00 |An| =0. Forn € N, let{x;};=o.1,...n be the A,—minimizing chain along S from x := o (u) to
x":=o(u'), and take a sequence {y; }i—o,1,....n in the image of y := 0y o cx in such a way that yo = x,
yn=x",and y; € Ay, foralli € {1,...,n—1}. Then the following hold:

(1) We have

n
eO’(u*’ uik) = nll>HOIO Z |Yi—1, yll'
i=1
(2) Forevery s € [p1(u), p1(u')], and for every sequence {s;,}neN converging to s with s;, € Ap,
we have

nll)néo |xin’yin| = 0

Proof (1) From Lemma 3.19, we derive that ey (ux, 1) = limy— o0 ZLI |xi_1, x;|; moreover, we
get eg (U, ul) =1limp 500 D_j—1 |Vi—1, yi|. Indeed, we have

n n
eo (Us, Uy) = nli)ngozm_l,xil Sljllgioréf2|yi—1,yi|

n n
<limsup ) |yi—1, yil <limsup Y " eq(yi-1, yi) = € (ux, uy).
nTe0 o o0 o
(2) ForneN,let Py = (U/—; xi—1x;) U (U=, yi—1y:) be the polygon in X. In the model surface M2,
we construct a comparison (n + 1)—gon P, for P, as follows: Let AXX1y; and AX,_15,—1X be
comparison triangles in M2 for Axx1y; and Axy—1yn—1x', respectively. Foreachi € {1,...,n—1},
take comparison triangles AX;X;+1y; and AX;j41Y;Vi4+1 in MK2 for Axjxiy1yi and AXi41YiVi+1,
respectively, and then glue all the comparison triangles in M? along X; J;, and along X;+1¥;, for all
i€{l,...,n—1}. Then we put P, := (Ui=1 Xi—1Xi) U(Ui=1 7i—15i). From Lemma A.3 it follows that
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for each i € {1,...,n — 1}, the inner angle at X; in P, is at least 7. By stretching the polygon P, at the
concave vertices, we obtain an (1 + 1)-gon P, = XX’ U (/= ¥i—17i) in M whose side-lengths satisfy
%, %| = e (s, ) and |Fi_1, Vi | = |yi—1. yi| foralli € {1,...,n}. Let X; € xx' fori €{1,....,n—1}
be the points corresponding to X;. The Alexandrov stretching lemma (see eg [10, Lemma 1.2.16]) leads
to |xi, yi| <|x;, yi| foralli e {1,...,n—1}.

Suppose that the second half of the sublemma is false. Then we find s € (p1(u), p1(u’)), and a sequence
{8i, neN converging to s such that for all » € N we have s;, € A,, and we have |x;,, y;,| > C for some
C > 0. Then for the points X;,, ;, on the comparison (n + 1)-gon P, for P,, we have

C <liminf|x;,, yi,| <liminf|%,, 5,

On the other hand, since

n n
ea(u*,u;)=nli>n;o;|xl-—1,xil and ea(u*,u;)=ngn302;|yi—1,yil,
1= 1=

the comparison (1 + 1)-gon P, degenerates in M?2 as n — oo. This yields a contradiction. a

Proof of Lemma A.7 Without loss of generality, we may assume that

p1(u) = p1(v) = p1(w).
For each n € N, choose a decomposition A, = {s;}i=o,1,....n of [p1(1), p1(w)] with lim, o0 |Ay| =0
such that p1(v) = s, for some m € {1,...,n—1}. Let A}, :={s;}i=o0,1,...,m be the decomposition of
[p1(u), p1(v)], and let A} :={Spm4i }i=0,1,...,.n—m be the decomposition of [p; (v), p1(w)]. Set x := o (u),
y :=0(v), z := o(w) and take the (unique) Aj—minimizing chain {y; }i=o,1,...m along S from x to y,
and the AZ—minimizing chain {yu+i}i=o,1,...n—m along S from y to z, and the A,—minimizing chain
{zi}i=o0,1,..,n along S from x to z.

Let P27 (xyz) be the A,—minimizing chain triple along S defined by
pAn (xyz):= B4 (xy)u BAn (yz)u BAn (zx),

where B27(xy) is the broken geodesic U™, yi—1yi in X joining x and y, B2 (yz) is the broken
geodesic U::;" Ym+i—1Ym+i in X joining y and z, and B2 (zx) is the broken geodesic U?=1 Zi—1Z;
in X joining z and x. Set x’ := o (¥’), y' := 0(v’) and z’ := o(w’). By Sublemma A.8, we can take
sequences {);, neN» {Vk, fneN» 121, fneN of broken points on PBn(xyz)\ {x, y,z} satisfying
. . !/ _ . !/ _ . ! _
dim 1y, 2 =0, lim {yg,, x| =0, lim |z, y’|=0,

where j, €{l,....m—1L kye{m+1,...,.n—1}, [, €{l,...,n—1}.

Let P27 (xyz) = AXyZ be a comparison A,—minimizing stretched triangle in M, 2 for P27 (xyz) whose
side-lengths satisfy

- — A — = _ A} — = _ A,
) - g ) ] ) - ) ) ) - o ’ .
X, | = e " (U, %), |V,Z] = 5" (vx, Wx), |Z,X] = e5" (Wx, Ux)
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Set
027 (y.z) = LYXZ, 07 (z.x) = LZYX, 07 (x,y) = LXZy.

Choose the three A,—minimizing chain triples P27 (xyjz1), PAn (yjyyk), and P27 (z;y,z) along S,
and take comparison A,—minimizing chain triangles P 7 (xy;z1), PAn (¥jyyk), and P27 (z;yz) in
M2 for PAn (xyjz1), PAn (¥jyyx), and P27 (z;yx2), respectively. As shown in Lemma A.5, we have
the monotonicity

02 (yj.z1) <027 (3.2), 05" (v v) <007 (2.x), 027 (21, y) <027 (x, y).

From the choices of the sequences {y;, }neN, {Vk, jneN and {z; }neN, it follows that P An (xyj,21,)-
PAn(y jnYYk,) and PAn (21, Yk, z) converge to comparison triangles in M2 for triangles Au,wj v,
Awl v, and AvLul,wy in (Rx, eg), respectively. Notice that P27 (xyz) converges to a comparison
triangle in M Kz for the triangle Au4vsws. Therefore we obtain

bu Wy Vi) = M 627 (3, 21,) < Tim G27(y.2) = by, (ve, ).

Similarly, we see Oy, (1, w,,) < By, (W, 1) and Oy, (V.. 1) < Oy, (Ux, v). Thus Ausvewy satisfies

the convexity of angle k—comparison. a
From Lemma A.7 we conclude that (R, e5) is a CAT(k)—space, proving Theorem 3.17. a
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