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Chromatic cyclotomic extensions

SHACHAR CARMELI

TOMER M SCHLANK
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We construct Galois extensions of the T .n/–local sphere, lifting all finite abelian Galois extensions of the
K.n/–local sphere. This is achieved by realizing them as higher semiadditive analogues of cyclotomic
extensions. Combining this with a general form of Kummer theory, we lift certain elements from the
K.n/–local Picard group to the T .n/–local Picard group.
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1 Introduction

1.1 Overview

1.1.1 Background and main results Chromatic homotopy theory, as a general approach, proposes
to study the 1–category Sp.p/, of p–local spectra, via the “chromatic height filtration”. In practice,
there are two prominent candidates for the “monochromatic layers” for such a filtration. The first
are the K.n/–localizations LK.n/ W Sp.p/! SpK.n/, where K.n/ is the Morava K–theory spectrum of
height n. The second are the telescopic localizations LT .n/ W Sp.p/! SpT .n/, where T .n/ is obtained by
inverting a vn–self map of a finite spectrum of type n. The two candidates are related by the inclusion
SpK.n/ � SpT .n/, which is known to be an equivalence for n D 0; 1 by the works of Miller [41] and
Mahowald [37]. Whether this inclusion is an equivalence for all n is an open question and is the subject
of the celebrated “telescope conjecture” of Ravenel. On the one hand, the 1–categories SpT .n/ are

Geometry & Topology, Volume 28 (2024)



Chromatic cyclotomic extensions 3513

fundamental from a structural standpoint, as they arise via the thick subcategory theorem [30, Theorem 7].
They also admit a close connection to unstable homotopy theory (see Heuts [26]), and figure in the
“redshift” phenomena for algebraic K-theory (see Ausoni and Rognes [2], Hahn and Wilson [24], Land,
Mathew, Meier and Tamme [32] and Clausen, Mathew, Naumann and Noel [15]). However, they are
hard to access computationally. On the other hand, the 1–categories SpK.n/, which a priori might
contain somewhat less information, still exert a large control over Sp.p/, due to the nilpotence theorem
of Hopkins, Devinatz and Smith [30, Corollary 5] and the chromatic convergence theorem of Hopkins
and Ravenel [46, Theorem 7.5.7]. Moreover, they possess deep connections to the algebraic geometry of
formal groups, and are consequently much more amenable to computations.

One of the key instances of the relationship between the theory of formal groups and SpK.n/, is the
construction1 of the Lubin–Tate E1–ring spectrum En; see Goerss and Hopkins [23], or alternatively
Lurie [36, Construction 5.1.1]. Simply put, En provides a faithful and relatively computable (highly
structured) multiplicative (co)homology theory for K.n/–local spectra. Moreover, the cohomology
operations of En can be understood in terms of the Morava stabilizer group GnD

yZËAut.x�/, where � is
a formal group law of height n over Fp , and x� is its base-change to xFp . From a more conceptual perspective,
by the work of Devinatz and Hopkins [18], Rognes [49], Baker and Richter [5] and Mathew [38], En can
be viewed as an “algebraic closure” of the K.n/–local sphere SK.n/ in SpK.n/, with Gn as its Galois group.
Hence, as in ordinary commutative algebra, one can apply “Galois descent” to study the1–category
SpK.n/ in terms of the far more tractable1–category of K.n/–local En–modules.

In light of that, it seems beneficial to study Galois extensions of ST .n/ in SpT .n/ as well. In this regard,
we have the following result.

Theorem A (Theorem 5.31) Let G be a finite abelian group. For every G–Galois extension R of SK.n/

in SpK.n/, there exists a G–Galois extension Rf of ST .n/ in SpT .n/, such that LK.n/R
f 'R.

In particular, all of the Galois extensions of SK.n/, that are classified by finite quotients of the determinant
map det WGn!Z�p , can be lifted to Galois extensions of ST .n/ in SpT .n/. In fact, the lifting of the various
abelian Galois extensions can be done in a compatible way. In the language of [38], the localization
functor LT .n/ W SpT .n/! SpK.n/ induces a map on the weak Galois groups (in the opposite direction),
and we show that after abelianization this map admits a retract. The proof of Theorem A relies on the
1–semiadditivity of the1–categories SpT .n/ (see Carmeli, Schlank and Yanovski [14, Theorem A]),
and the theory of “higher cyclotomic extensions”, which we develop in this paper. The latter builds on the
theory of semiadditive height and semisimplicity; see Carmeli, Schlank and Yanovski [13, Theorem D].

A related structural invariant, which is better understood for SpK.n/ than for SpT .n/, is the Picard group.
Recall that for a symmetric monoidal1–category C , the Picard group Pic.C / is the abelian group of
isomorphism classes of invertible objects in C under tensor product. While Pic.SpK.n// was intensively

1In this paper, we use the version of En whose coefficients satisfy �0En 'W .xFp/ŒŒu1; : : : ;un�1��.
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3514 Shachar Carmeli, Tomer M Schlank and Lior Yanovski

studied (for instance in Hopkins, Mahowald and Sadofsky [28], Lader [31], Goerss, Henn, Mahowald and
Rezk [22] and Heard [25]), very little is known about Pic.SpT .n//. Our second main result concerns the
construction of nontrivial elements in Pic.SpT .n//.

Theorem B (Theorem 5.32) For an odd prime p, the group Pic.SpT .n// admits a subgroup isomorphic
to Z=.p� 1/.

Moreover, under K.n/–localization, this subgroup is mapped isomorphically onto the subgroup of
Pic.SpK.n//, consisting of objects which are .p�1/–torsion and of symmetric monoidal dimension
(a.k.a. Euler characteristic) 1. We also construct some nontrivial elements in Pic.SpT .n// for p D 2,
and describe their image in the algebraic Picard group (Theorem 5.33). We deduce Theorem B from
Theorem A by a generalized Kummer theory, which we develop in this paper.

1.1.2 Higher cyclotomic extensions We shall now outline our approach to Theorem A. As mentioned
above, the Galois extensions of SK.n/ are governed by the Lubin–Tate spectrum En, whose construction
relies on the theory of complex orientations. In the absence of an analogue of this construction in the
T .n/–local world, we take our cue from classical algebra, where we have a natural source of abelian Galois
extensions — the cyclotomic extensions. Namely, for a commutative ring R, we have the mth cyclotomic
extension RŒ!m� WDRŒt �=ˆm.t/; where ˆm.t/ is the mth cyclotomic polynomial, whose roots are the
primitive mth roots of unity. If m is invertible in R, this extension is Galois (though not necessarily
connected) with respect to the natural action of .Z=m/�.

As a concrete example, consider RDQp . Starting integrally, for every d 2N, the cyclotomic extension
Zp Œ!pd�1� splits into a product of copies of the Z=d–Galois extension W .Fpd /, exhibiting the latter as a
subextension of a cyclotomic one. After inverting p, we get Qp.!pd�1/DW .Fpd /Œp�1�, which assemble
into the maximal unramified extension2 Qur

p WD
S

d Qp.!pd�1/ of Qp . However, as p is now invertible,
we have also the cyclotomic extensions of p–power order, which assemble into Qp.!p1/ WD

S
r Qp Œ!pr �.

It is a classical theorem in number theory that all abelian Galois extensions of Qp can be obtained in this
way.

Theorem (Kronecker–Weber) We have that Gal.xQp=Qp/
ab ' yZ � Z�p , where Gal.xQp=Qp/ ! yZ

classifies Qur
p , and the p–adic cyclotomic character � W Gal.xQp=Qp/! Z�p classifies Qp.!p1/.

Incidentally, for 1� n<1, we also have3 Gab
n '

yZ�Z�p . The finite Galois extensions of SK.n/ that are
classified by the map Gn!

yZ, are the K.n/–localizations of the spherical Witt vectors SW .Fpd /; see
Lurie [36, Example 5.2.7]. Hence, just as for Qp, they can be obtained from cyclotomic extensions of

2We denote by Qp.!m/ the splitting field of ˆm.t/ over Qp , as opposed to Qp Œ!m� WD Qp Œt �=ˆm.t/ which may be not
connected, but rather a product of copies of Qp.!m/.
3For height nD 1, this similarity was also discussed in [49, Section 5.5].
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Chromatic cyclotomic extensions 3515

order prime to p; see Proposition 5.13 and Corollary 5.15. Similarly, the T .n/–localizations of SW .Fpd /

constitute a lift of the said Galois extensions of SK.n/ to Galois extensions of ST .n/. However, unlike
for Qp , the element p is not invertible in SpK.n/, and in fact, a K.n/–local commutative algebra cannot
admit primitive p–power roots of unity; see Devalapurkar [16, Theorem 1.3]. Nevertheless, and it is the
main insight leading to the results of this paper, the higher semiadditivity of the1–categories SpK.n/ (in
the sense of Hopkins and Lurie [27]) allows one to view the Galois extensions classified by det WGn!Z�p ,
as a “higher analogue” of the classical cyclotomic extensions of p–power order. Furthermore, the higher
semiadditivity of the1–categories SpT .n/ (see Carmeli, Schlank and Yanovski [14, Theorem A]), is
what allows us to construct their T .n/–local lifts. We shall now explain these ideas in more detail.

We begin by reformulating the construction of the (ordinary) cyclotomic extensions in a way which lends
itself to1–categorical generalizations. Recall that a .pr /th root of unity in a commutative ring R is a
homomorphism Cpr !R�, and it is called primitive, if it is nowhere (in the algebrogeometric sense)
of order pr�1; see Definition 3.3. For a given R, the functor which assigns to every R–algebra, the set
of its .pr /th roots of unity, is corepresented by the group algebra RŒCpr �. Consider now the short exact
sequence of abelian groups

0! Cp! Cpr ! Cpr�1 ! 0;

the associated R–algebra homomorphism f WRŒCpr �!RŒCpr�1 �, and the set map � W Cp ,!RŒCpr �. If p

is invertible in R, we can define the idempotent

" WD
1

p

X
g2Cp

�.g/ 2 RŒCpr �;

which splits f . That is, inverting " and 1� ", respectively, yields a decomposition

RŒCpr �'RŒCpr�1 ��RŒ!pr �:

In particular, we get that the cyclotomic extension RŒ!pr � corepresents the set of primitive .pr /th roots
of unity. Furthermore, the natural action of the group .Z=pr /� on Cpr induces an action on the group
algebra RŒCpr �, which then restricts to the cyclotomic extension RŒ!pr � by the invariance of ", making
it a .Z=pr /�–Galois extension of R. Reformulated in this way, the construction of the cyclotomic
extensions can be carried out for a commutative algebra object R in any additive symmetric monoidal
1–category, provided that p is an invertible element in the ring �0.R/; see Schwänzl, Vogt and Wald-
hausen [50, Theorem 3]. An extension of these ideas, which allows adjoining roots of any invertible
element, was studied in Lawson [33].

To define higher cyclotomic extensions, we first observe that for a commutative algebra R in a symmetric
monoidal1–category C , the grouplike commutative monoid (or equivalently, the connective spectrum)
of units R�, need not be discrete in general. Taking advantage of that, we define a height n root of unity
of R, to be a morphism of the form Cpr ! �nR�. For such a higher root of unity, we also have a
corresponding notion of primitivity; see Definition 4.2. The functor assigning to each R–algebra the

Geometry & Topology, Volume 28 (2024)



3516 Shachar Carmeli, Tomer M Schlank and Lior Yanovski

space of its height n roots of unity is corepresented by the higher group algebra RŒBnCpr �. By analogy
with the above, we consider the fiber sequence

BnCp! BnCpr ! BnCpr�1 ;

the associated morphism of commutative R–algebras f WRŒBnCpr �!RŒBnCpr�1 �, and map of spaces

� W BnCp!Map.1C ;RŒB
nCpr �/:

To proceed, assume now that C is stable and n–semiadditive. This allows one to integrate families of
morphisms in C indexed by n–finite spaces. In particular, we can consider the cardinality of the n–finite
space BnCp. This is given by integrating over BnCp, the unit map 1C

1R
�!R, and is denoted by

jBnCpj WD

Z
BnCp

1R 2 �0.R/D �0 Map.1C ;R/:

Recall from Carmeli, Schlank and Yanovski [13, Definition 3.1.6] that R is said to be of height � n if the
element jBnCpj is invertible in �0.R/, in which case we can define

" WD
1

jBnCpj

Z
x2BnCp

�.x/ 2 �0.RŒB
nCpr �/:

Note that for n D 0 we have jCpj D p, hence, R is of height 0 precisely when p is invertible in the
ring �0.R/. We then show that, as in the case n D 0, the element " is idempotent and induces a
.Z=pr /�–equivariant decomposition

RŒBnCpr �'RŒBnCpr�1 ��RŒ!
.n/
pr �;

such that the projection onto the first factor coincides with f (Proposition 4.5). As a result, the commutative
R–algebra RŒ!

.n/
pr � corepresents the space of primitive .pr /th roots of unity of height n (Proposition 4.8).

We call RŒ!
.n/
pr � the height n cyclotomic extension of R of order pr .

To apply the abstract construction of higher cyclotomic extensions to the chromatic world, we recall from
[13, Section 4.4] that the semiadditive height generalizes the chromatic height. Namely, all objects of
SpT .n/, and hence also of SpK.n/, are of semiadditive height exactly n. We then prove that the resulting
.Z=pr /�–equivariant algebras SK.n/Œ!

.n/
pr � are Galois (Proposition 5.2). Furthermore, by comparing the

infinite cyclotomic extension SK.n/Œ!
.n/
p1 �, with Westerland’s Rn [51], we deduce that it is classified by4

det WGn! Z�p ; see Theorem 5.8 and the following discussion. Thus, the determinant map can be viewed
as the higher chromatic analogue of the p–adic cyclotomic character. In the same spirit, the realization
of all the abelian Galois extensions of SK.n/ in terms of (ordinary and higher) cyclotomic extensions
can be viewed as the higher chromatic analogue of the Kronecker–Weber theorem. Finally, we deduce
Theorem A from the above, by showing that the T .n/–local higher cyclotomic extensions ST .n/Œ!

.n/
pr � are

Galois as well (Proposition 5.2), using the nilpotence theorem in the guise of “nil-conservativity”; see
[14, Section 4.4].
4This requires one to choose a normalizable formal group law in the sense of Hopkins and Lurie [27, Definition 5.3.1].
Westerland in [51] uses the Honda formal group law, in which case one has to replace det with det˙.
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Chromatic cyclotomic extensions 3517

1.1.3 Kummer theory We now outline the relationship between abelian Galois extensions and the
Picard spectrum, which allows us to deduce Theorem B from Theorem A. Classically, given a field k

which admits a primitive mth root of unity, and a finite abelian group A which is m–torsion, Kummer
theory identifies the set of isomorphism classes of A–Galois extensions of k, with Ext1Z.A

�; k�/, where
A� D hom.A;Q=Z/ is the Pontryagin dual5 of A. One way to construct this identification is to observe
that for every A–Galois extension L=k we can simultaneously diagonalize the action of all the elements
of A on L, producing an eigenspace decomposition L'

L
'2A� L' as k–vector spaces. The L' turn out

to be all 1–dimensional, and the multiplication of L restricts to give isomorphisms L' ˝L 
�
�!L'C .

As a result, a choice of basis elements 0¤ x' 2L' provides a 1–cocycle representative of a class in the
group Ext1Z.A

�; k�/, which can then be shown to depend only on L and to completely characterize it.

For a more general commutative ring R, which admits a primitive mth root of unity (so, in particular,
m 2R�), and an A–Galois extension S of R, one can still produce a decomposition S '

L
'2A� R'

and isomorphisms R' ˝R 
�
�!R'C as before. However, this only implies that the R' are invertible

R–modules, rather than that R' 'R. This leads to a classification of A–Galois extensions of R, which
involves both the Picard group Pic.R/ and the group of units R�. These groups can be recognized as the
�0 and �1 respectively, of the Picard spectrum of R, which we denote by pic.R/.

Generalizing this, we show that for every additive presentable symmetric monoidal1–category C , such
that the commutative ring �01 admits a primitive mth root of unity, there is a homotopy equivalence of
spaces (Theorem 3.18)

CAlgA–gal.C /'MapSpcn.A�; pic.C //;

where on the left-hand side we have the full subcategory (which turns out to be an 1–groupoid) of
CAlg.C /BA consisting of A–Galois extensions of the unit 1C . This can be considered as a general form of
“Kummer theory” in the context of1–categories. The main difficulty in establishing the above homotopy
equivalence is to handle the multiplicativity of the eigenspace decomposition coherently. To this end, we
realize the eigenspace decomposition, under the above assumptions, as a symmetric monoidal equivalence
(Proposition 3.13)

F W Fun.BA;C /Ptw
�
�! Fun.A�;C /Day;

where the subscript “Ptw” indicates the usual pointwise symmetric monoidal structure, while the subscript
“Day” indicates the Day-convolution symmetric monoidal structure. This can be viewed as a general form
of the discrete Fourier transform.

Applying the above to ADZ=m, and taking �0, gives rise to a (noncanonically) split short exact sequence
of abelian groups (Proposition 3.23)

0! .�01�/=.�01�/m! �0 CAlgZ=m–gal.C /! Picev.C /Œm�! 0;

5For instance, for A D Z=m, we have Ext1Z..Z=m/�; k�/ D .k�/=.k�/m, so that cyclic Galois extensions of order m are
classified by invertible elements of the base field up to mth powers; see Birch [10].
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where Picev.C /� Pic.C / is the subgroup of invertible objects of monoidal dimension 1 (Definition 3.22),
and Picev.C /Œm� is its m–torsion subgroup. We note that when C is p–complete for some odd prime p,
the Zp–algebra �01 always admits primitive .p�1/st roots of unity. Thus, to every Z=.p�1/–Galois
extension of 1, corresponds a (possibly trivial) .p�1/–torsion element of Picev.C /.

Specializing to the chromatic world, we show that the K.n/–local Picard object Zn, which corresponds
to the higher cyclotomic Z=.p�1/–Galois extension SK.n/Œ!

.n/
p �, generates the group (Proposition 5.23)

Picev.SpK.n//Œp� 1�' Z=.p� 1/:

We deduce that ST .n/Œ!
.n/
p � corresponds to a T .n/–local Picard object Z

f
n 2 Picev.SpT .n//Œp� 1�, which

lifts Zn, implying Theorem B. We use a variation of the above method to produce nontrivial T .n/–
local Picard objects in the case p D 2 as well, using the three Z=2–subextensions of ST .n/Œ!

.n/
8
�; see

Theorem 5.33.

1.1.4 Faithfulness and descent Taking the colimit over all .pr /th cyclotomic extensions, we obtain
the infinite cyclotomic extension

Rn WD SK.n/Œ!
.n/
p1 �D lim

��!
SK.n/Œ!

.n/
pr �:

This continuous Z�p –Galois extension of SK.n/, which is classified by det WGn! Z�p , enables several
key constructions in SpK.n/. Among them, are the class �n 2 ��1.SK.n// (see [18, Section 8]) and
the determinant sphere SK.n/hdeti 2 Pic.SpK.n//; see Barthel, Beaudry, Goerss and Stojanoska [7],
Westerland [51] and Goerss, Henn, Mahowald and Rezk [21]. Using our results, we can similarly
construct the T .n/–local infinite cyclotomic extension R

f
n WD ST .n/Œ!

.n/
p1 �. Assuming R

f
n is faithful, one

could lift �n and SK.n/hdeti to the T .n/–local world. However, while all finite Galois extensions of ST .n/

are faithful, we do not know whether the infinite Galois extension R
f
n is faithful.6 As far as we know,

R
f
n might be even K.n/–local, in which case the faithfulness of R

f
n would be equivalent to the telescope

conjecture. As an example, one can argue directly to show that R
f
1

is both faithful and isomorphic to R1,
which leads to a new proof of the telescope conjecture at height nD 1. A more detailed account of this
circle of ideas will appear elsewhere.

1.2 Conventions

Throughout the paper, we work in the framework of1–categories (a.k.a. quasicategories), and in general
follow the notation of Lurie [34; 35]. The terminology and notation for all concepts related to higher
semiadditivity and (semiadditive) height are as in Carmeli, Schlank and Yanovski [13]. In addition,

(1) We use the notation hom.X;Y / for the enriched/internal hom-objects, as opposed to Map.X;Y /
which always denotes the mapping space.

6In an earlier stage of this project, we believed that we have a proof for the faithfulness of R
f
n , which led to [9, Remark 8.5.3].

However, while writing this paper we have discovered a crucial gap in the argument. For a more thorough discussion see [8].
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(2) For an object X in a monoidal 1–category C , we write �1X for Map.1;X / and �0X for
�0 Map.1;X /.

(3) We denote by Pr the1–category of presentable1–categories and colimit-preserving functors,
and by

Prצn
� Pr˚�n

st � Prst � Pradd � Pr

the full subcategories spanned by1–categories which are additive, stable, stable n–semiadditive
and stable n–semiadditive of semiadditive height n (with respect to an implicit prime p).7

(4) For an abelian group A and a natural number m we denote by AŒm� the subgroup of m–torsion
elements in A.
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2 Galois theory

We begin by discussing some special features of Galois extensions following Rognes [49], under the
assumption that the classifying space of the acting group is ambidextrous with respect to the1–category.
We shall work mainly in the setting of additive presentable 1–categories. These include the stable
presentable 1–categories as well as ordinary additive presentable categories, such as that of abelian
groups.

The main result of Section 2.1 is that the Galois property can be detected by nil-conservative functors
(Proposition 2.9), and of Section 2.2, that it can be characterized by the fact that a certain associated lax
symmetric monoidal functor is strong monoidal (Proposition 2.13).

2.1 Definition and detection

We begin by recalling some terminology and notation regarding local systems. Given an1–category C

and a space A we denote by C A the1–category of functors A! C and refer to its objects as C –valued
local systems on A. If C is (symmetric) monoidal then C A is (symmetric) monoidal with respect to the

7In the language of [13, Section 5.2], these properties are classified by the modes Spcn, Sp, �Œnצ and ,nצ respectively.
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pointwise structure. For a map f WA! B, restriction along it provides a functor f � W C B! C A, which
is (symmetric) monoidal when C is. When C admits A–shaped limits/colimits, f � admits a left/right
adjoint, which we denote by f! and f�, respectively.

When f WA! B is weakly C –ambidextrous in the sense of [27, Definition 4.1.11], there is a canonical
norm map Nmf W f!! f� and f is called C –ambidextrous if Nmf is an isomorphism. In this case, we
obtain for every pair of objects X;Y 2 C B an integration operation [14, Definition 2.1.11]Z

f

W Map.f �X; f �Y /!Map.X;Y /:

In the special case of f W A! pt we write
R
f IdX W X ! X by jAj and think of it as “multiplication

by the cardinality of A”. Recall also that C is said to be m–semiadditive if every m–finite map is
C –ambidextrous.

We next recall the definition of a Galois extension from [49]:

Definition 2.1 (Rognes) Let C 2 CAlg.Pradd/, let G be a finite group and let R 2 CAlg.C BG/. We say
that R is a G–Galois extension (or just Galois) if it satisfies the following two conditions:

(1) The canonical map 1!RhG is an isomorphism.

(2) The canonical map R˝R!
Q

G R, given informally by x˝y 7! .x ��y/�2G , is an isomorphism.

A Galois extension R is called faithful if in addition the functor

.�/˝R W C �! C

is conservative. We denote by CAlgG–gal.C /� CAlg.C BG/ the full subcategory spanned by G–Galois
extensions.

Remark 2.2 For S 2 CAlg.C /, by a G–Galois extension of S , we shall mean a G–Galois extension in
the symmetric monoidal1–category ModS .C / in the sense of Definition 2.1.

Remark 2.3 It is proved in [49, Proposition 6.3.3] that faithfulness of a Galois extension R is equivalent
to the condition that the norm map

Nm WRhG!RhG

is an isomorphism. We shall be particularly interested in situations where BG is C –ambidextrous (eg when
C is 1–semiadditive or jGj is invertible in C ), in which case this condition is satisfied automatically.

Unlike in the classical Galois theory for fields, Galois extensions are not required to be connected. In
particular, for every group G, there is always the “trivial” G–extension:
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Example 2.4 (split-Galois extension) Let C 2CAlg.Pradd/ and let G be a finite group with e W pt!BG

the inclusion of the basepoint. The functor e� WC!C BG is lax symmetric monoidal and the induced object

e�1'
Y
G

1 2 CAlg.C BG/

is a G–Galois extension, where G acts by permuting the factors according to the regular action of G

on itself. We say that a G–Galois extension R is split if it is isomorphic to e�1 as a G–equivariant
commutative algebra.

The underlying object of a Galois extension is always dualizable; see [49, Proposition 6.2.1] and
[38, Proposition 6.14]. To detect Galois extensions, it will be useful to establish certain closure properties
for dualizable objects.

Proposition 2.5 Let C 2 CAlg.Pr/ and let I 2 Cat1. If the tensor product of C preserves I op–shaped
limits in each variable , then the dualizable objects in C are closed under I–shaped colimits.

Proof We denote by hom.X;Y /2C the internal hom-object of X;Y 2C . An object X 2C is dualizable
if and only if for every Y 2 C , the canonical map

hom.X; 1/˝Y ! hom.X; 1˝Y /' hom.X;Y /

is an isomorphism; see eg [45, Theorem 2.2]. Let X D lim
��!a2I

Xa be such that Xa 2 C is dualizable for
all a 2 I . For every Y 2 C the canonical map above fits into a commutative diagram

hom.lim
��!a2I

Xa; 1/˝Y

o

��

// hom.lim
��!a2I

Xa;Y /

o

��

.lim
 ��a2I op hom.Xa; 1//˝Y

�
// lim
 ��a2I op.hom.Xa; 1/˝Y /

�
// lim
 ��a2I op hom.Xa;Y /:

The vertical arrows are isomorphisms since hom.�;�/ takes colimits in the first variable into limits. The
bottom left arrow is an isomorphism because the tensor product preserves I op–limits in each variable and
the bottom right arrow is an isomorphism because each Xa is dualizable. It follows that the top map is an
isomorphism and hence that X is dualizable.

Remark 2.6 For C stable, the tensor product preserves finite limits, and we recover the classical fact
that dualizable objects in C are closed under finite colimits; see eg [40].

Corollary 2.7 Let C 2 CAlg.Pr/ and let A be a C –ambidextrous space. The dualizable objects in C are
closed under A–shaped limits and colimits.

Proof Since A is C –ambidextrous, A–shaped limits coincide with A–shaped colimits. It therefore
suffices to show that the dualizable objects are closed under A–shaped colimits. Moreover, since the
tensor product preserves A–shaped colimits in each variable, it also preserves A–shaped limits in each
variable; see [13, Proposition 2.1.8]. Therefore, the claim follows from Proposition 2.5.
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Remark 2.8 The special case of a constant A–shaped colimit was treated in [14, Proposition 3.3.6],
where we have further shown that dim.A˝1/D jLAj 2 �01; see [14, Corollary 3.3.10].

The following proposition shows that in the stable setting, the Galois property can be detected by
nil-conservative functors; see [14, Definition 4.4.1].

Proposition 2.9 Let F W C ! D be a nil-conservative functor in CAlg.Prst/, let G be a finite group
such that BG is C –ambidextrous , and let R 2 CAlg.C BG/. If F.R/ 2 CAlg.DBG/ is Galois and R is
dualizable in C , then R is Galois.

Proof First, by [14, Corollary 3.3.2], the space BG is also D–ambidextrous. Now, since BG is C – and
D–ambidextrous and F preserves colimits, F also preserves BG–shaped limits by [13, Proposition 2.1.8].
Thus, applying F to the maps

1!RhG ; R˝R!
Y
G

R;

in conditions (1) and (2) of Definition 2.1, we get the corresponding maps

1! F.R/hG ; F.R/˝F.R/!
Y
G

F.R/;

for F.R/ 2 CAlg.DBG/. Since F.R/ is Galois, these maps are isomorphisms. Since the underlying
object of R is dualizable in C , all the objects 1, RhG , R˝R and

Q
G R are dualizable as well. Indeed,

RhG is dualizable by Corollary 2.7, and the other three by standard arguments. Thus, as nil-conservative
functors are conservative on dualizable objects [14, Proposition 4.4.4], we get that R is Galois.

2.2 Twisting functors

It will be useful for the sequel to observe that the Galois property can be characterized using the following
notion:

Definition 2.10 For every C 2 CAlg.Pradd/ and R 2 CAlg.C BG/, we define the twisting functor of R

to be the composition

TR W C
BG R˝.�/
���! C BG .�/hG

���! C :

The functor TR is lax symmetric monoidal as a composition of the lax symmetric monoidal functor .�/hG

and the functor R˝ .�/, which is itself lax symmetric monoidal as a composition of the functors in the
free-forgetful symmetric monoidal adjunction

C BG F
�!ModR.C

BG/
U
�! C BG :

We note the following immediate consequence of assuming that BG is C –ambidextrous:
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Lemma 2.11 If BG is C –ambidextrous , then TR preserves colimits and is C –linear in the sense that
for all X 2 C BG and Z 2 C , the canonical map

TR.X /˝Z D .R˝X /hG
˝Z

ˇ�
�! .R˝X ˝Z/hG

D TR.X ˝Z/

is an isomorphism.

Proof The norm map
Nm W .R˝X /hG! .R˝X /hG

D TR.X /

is an isomorphism; hence the functor TR is isomorphic to the colimit-preserving functor X 7! .R˝X /hG .
Furthermore, for every Z 2C consider the colimit-preserving functor .�/˝Z WC !C and the associated
commutative norm diagram [14, Theorem 3.2.3], which for every X 2 C BG is of the form

.R˝X ˝Z/hG .R˝X ˝Z/hG

.R˝X /hG ˝Z .R˝X /hG ˝Z
Nm

ˇ!

Nm

ˇ�

�

�

o

It follows that ˇ� is an isomorphism as well.

Remark 2.12 Using the free-forgetful adjunction Pr � ModC .Pr/, the C –linearity of TR can be
rephrased as follows. Let T R be the restriction of TR along SBG! C BG . The functor T R W S

BG! C

is colimit-preserving and
TR W C

BG
' C ˝SBG

! C

is the corresponding C –linear functor.

The lax symmetric monoidal structure of TR can be used to characterize the Galois property for R.

Proposition 2.13 Let C 2 CAlg.Pradd/ and let G be a finite group such that BG is C –ambidextrous.
A G–equivariant commutative ring R 2 CAlg.C BG/ is Galois if and only if TR is (strong) symmetric
monoidal.

Proof The Galois property of R can be related to the properties of the functor TR as follows. First, for
BG

q
�! pt, the unitality of TR amounts to the unit map

1! TR.q
�1/'RhG

being an isomorphism, ie it is equivalent to the first Galois condition for R. Second, let pt e
�!BG denote

the basepoint. We have, on the one hand,

TR.e�1/˝TR.e�1/'

�Y
G

R

�hG

˝

�Y
G

R

�hG

'R˝R

and on the other,

TR.e�1˝ e�1/'

� Y
G�G

R

�hG

'

Y
G

R:
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The second isomorphism follows from the fact that the diagonal action of G on G �G is free with
quotient G. Moreover, the canonical map, induced by TR being lax symmetric monoidal,

R˝R' TR.e�1/˝TR.e�1/! TR.e�1˝ e�1/'
Y
G

R

is exactly the map appearing in the second Galois condition for R. Hence, the second condition is
equivalent to the structure map TR.X /˝TR.Y /! TR.X ˝Y / to be an isomorphism in the special case
X D Y D e�1' e!1. In particular, if TR is strong symmetric monoidal, then R is Galois.

Conversely, assume that R is Galois. By the C –linearity of TR (Lemma 2.11), to show that TR is
strong symmetric monoidal, it suffices to show that the restriction T R W S

BG! C is strong symmetric
monoidal (Remark 2.12). By the above, the structure map for the symmetric monoidality of T R is an
isomorphism in the case X D Y D e!.pt/. The local system e!.pt/ generates SBG under colimits, and
T R is colimit-preserving. It follows that T R is strong symmetric monoidal and hence so is TR.

The strong symmetric monoidality of the twisting functor implies that it induces a “descent” map
Pic.C BG/! Pic.C /. This allows one to construct Picard objects in C by twisting Picard objects in C BG ;
see eg [7]). Though we shall adopt a somewhat different perspective, our construction of Picard objects
from Galois extensions in the next section fits into this paradigm.

3 Kummer theory

In this section, we study the relationship between abelian Galois extensions and the Picard spectrum. As
in Section 2, we shall work mainly in the setting of additive1–categories.

In Section 3.1, we review the notion of (primitive) roots of unity (Definition 3.3) and prove a general
form of the “orthogonality of characters” (Proposition 3.11). In Section 3.2, we give a general form of the
discrete Fourier transform (Proposition 3.13) and use the results of Section 2.2 to characterize the Galois
property of a commutative algebra in terms of its Fourier transform (Corollary 3.17). In Section 3.3, we
use this characterization to establish the general form of Kummer theory (Theorem 3.18), and analyze the
special case of a cyclic group (Proposition 3.23). We conclude with a certain variant for constructing
Picard objects out of Z=2–Galois extensions (Proposition 3.27), which will play a role in the chromatic
world when p D 2.

3.1 Character theory

3.1.1 Roots of unity Following [1, Section 1.3], for every C 2 CAlg.Pr/, there is a unique symmetric
monoidal colimit-preserving functor S! C which induces an adjunction

CAlg.S/� CAlg.C /:
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Furthermore, CAlg.S/' CMon.S/ contains a coreflective full subcategory of grouplike commutative
monoids CMongp.S/ � CMon.S/, which is equivalent to the full subcategory of connective spectra
Spcn
� Sp. Composing these adjunctions, we get an adjunction of the form

1Œ�� W Spcn� CAlg.C / W.�/�:

We think of the left adjoint 1Œ�� as the group algebra functor, and of the right adjoint .�/� as the
commutative group of units.

Specializing to the case C D Cat1 with its Cartesian symmetric monoidal structure, CAlg.Cat1/ is the
1–category of symmetric monoidal1–categories. In this case, the functor

1Œ�� W Spcn
! CAlg.Cat1/

is fully faithful with essential image those symmetric monoidal1–categories in which all morphisms are
invertible and all objects are ˝–invertible. We shall thus abuse notation and regard a connective spectrum
also as a symmetric monoidal1–category via this fully faithful embedding.

Definition 3.1 For C 2 CAlg.Cat1/, the Picard spectrum of C is given by

pic.C / WD C� 2 Spcn;

and the Picard group is
Pic.C / WD �0.pic.C // 2 Ab:

Less formally, the Picard spectrum of C consists of tensor invertible objects of C with the tensor product
as a coherently commutative group operation. This is a (usually nontrivial) delooping of the connective
spectrum 1�C in the following sense:

.�pic.C //�0 ' 1�C 2 Spcn:

The counit of the adjunction Spcn� CAlg.Cat1/ provides a symmetric monoidal functor pic.C /! C ,
which is the nonfull embedding of the ˝–invertible objects and the isomorphisms between them into C .

Remark 3.2 For a large symmetric monoidal1–category C , the spectrum pic.C / might a priori be
large as well. However, if C is presentable, the spectrum pic.C / is (essentially) small; see for instance
[39, Remark 2.1.4].

Having introduced the space of units of a commutative algebra, we can now further consider roots of
unity.

Definition 3.3 (roots of unity) Let C 2 CAlg.Pradd/ and let R 2 CAlg.C /. For every m 2N:

(1) We define the space of mth roots of unity in R by

�m.R/ WDMapSpcn.Cm;R
�/;

where Cm is the cyclic group of order m.
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(2) We say that an mth root of unity Cm
!
�! R� is primitive if R is m–divisible (ie m is invertible

in �0R), and for every d which strictly divides m, the only commutative R–algebra S for which
there exists a dotted arrow rendering the diagram of connective spectra

Cm

����

// R�

��

Cd
// S�

commutative, is S D 0. We denote by �prim
m .R/� �m.R/ the union of connected components of

primitive mth roots of unity.

By convention, a (primitive) mth root of unity of C is a (primitive) mth root of unity of 1C .

Employing the adjunction 1Œ�� a .�/�, the functor �m W CAlg.C /! S is corepresented by the group
algebra 1ŒCm�. If we further assume that 1 is m–divisible, then for every divisor d jm, the map 1ŒCm�!

1ŒCd � can be identified with 1ŒCm�! 1ŒCm�Œ"
�1
d
�, for the idempotent

"d D
d

m

X
a2d �Cm

a 2 �0.1ŒCm�/:

Definition 3.4 (cyclotomic extensions) Let C 2 CAlg.Pradd/, such that m is invertible in C . We define
the mth cyclotomic extension to be

1Œ!m� WD 1ŒCm�Œ"
�1�; where "D

Y
1�d<m;d jm

.1� "d / 2 �0.1ŒCm�/:

The commutative algebra 1Œ!m� carries a tautological (primitive) mth root of unity denoted by !m.

By the above discussion, the cyclotomic extension 1Œ!m� corepresents the functor of primitive mth roots
of unity �prim

m W CAlg.C /! S. Namely, for all R 2 CAlg.C / we have a natural isomorphism

�
prim
m .R/'MapCAlg.C /.1Œ!m�;R/:

Example 3.5 For the1–category C D Spcn of connective spectra, the mth cyclotomic extension

S
h

1

m

i
! S

h
1

m
; !m

i
is the unique étale extension which on �0 induces the ordinary m–cyclotomic extension

Z
h

1

m

i
! Z

h
1

m
; !m

i
WD Z

h
1

m
; t
iı
ˆm.t/:

See [35, Theorem 7.5.0.6]. Here, ˆm.t/ is the mth cyclotomic polynomial.

For C 2CAlg.Pradd/, we have a unique symmetric monoidal colimit-preserving functor Spcn
! C , whose

right adjoint (the “underlying connective spectrum”) we denote by X 7!X .
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Lemma 3.6 Let C 2 CAlg.Pradd/ and let R 2 CAlg.C /. For every m, there is a canonical isomorphism
�m.R/' �m.R/, which restricts to an isomorphism �

prim
m .R/' �

prim
m .R/, if R is m–divisible.

Proof The first claim follows from the adjunction CAlg.Spcn/� CAlg.C / as follows:

�m.R/DMapCAlg.C /.1ŒCm�;R/'MapCAlg.Spcn/.SŒCm�;R/D �m.R/:

Assuming R is m–divisible, we can without loss of generality assume that 1 is also m–divisible, by
replacing C with Mod.R/. Thus, the second claim follows similarly:

�
prim
m .R/DMapCAlg.C /.1Œ!m�;R/'MapCAlg.Spcn/

�
S
h

1

m
; !m

i
;R
�
D �

prim
m .R/:

We deduce that Example 3.5 is universal in the sense that a primitive mth root of unity in C is the same
as a symmetric monoidal colimit-preserving functor from ModSŒ1=m;!m�.Spcn/ to C .

Proposition 3.7 Let C 2 CAlg.Pradd/. For every m, we have

�
prim
m .C /'MapCAlg.Pr/.ModSŒ1=m;!m�.Spcn/;C / 2 S:

Proof By [19, Corollary 4.8] we have an equivalence Pradd 'ModSpcn.Pr/. Thus, by [35, Theorems
4.8.5.11, 4.8.5.16 and Corollary 4.8.5.21], we have an adjunction

Mod.�/.Spcn/ W CAlg.Spcn/� CAlg.Pradd/ W 1.�/:

Applying this to SŒ1=m; !m� 2 CAlg.Spcn/ and C 2 CAlg.Pradd/, we get by Lemma 3.6,

�
prim
m .1C /'�

prim
m .1C /'MapCAlg.Spcn/

�
S
h

1

m
; !m

i
; 1C

�
'MapCAlg.Pradd/

.ModSŒ1=m;!m�.Spcn/;C /:

We also deduce that for an m–divisible commutative algebra R, the space of (primitive) mth roots of
unity is discrete and depends only on �0.R/.

Proposition 3.8 Let C 2 CAlg.Pradd/ and let R 2 CAlg.C / which is m–divisible. We have a canonical
bijection �m.R/' �m.�0R/, which restricts to a bijection �prim

m .R/' �
prim
m .�0R/.

Proof By Lemma 3.6, it suffices to consider the universal case C D Spcn. In this case, we have that

�1.R�/��1.R/ 2 S

is an inclusion of connected components. Thus, �nR ' �nR� for all n � 1. Namely, the fiber R�
�1

(in Sp) of the truncation map R�! �0R� has the same homotopy groups as the spectrum R�1. We
therefore deduce that R�

�1
is m–divisible and hence MapSpcn.Cm;R�1/D 0. It follows that

�m.R/DMapSpcn.Cm;R
�/ ��!MapSpcn.Cm; �0R�/D �m.�0R/:

Since the invertibility of an idempotent is a condition on �0, under this bijection primitive roots correspond
to primitive roots.
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Of specific importance for us, is the following special case:

Corollary 3.9 Let C 2 CAlg.Pradd/ and let R 2 CAlg.C / be p–complete8 for some prime p. For every
mj.p� 1/, the commutative algebra R admits a primitive mth root of unity.

Proof First of all, since R is p–complete, it is m–divisible. Now, by Proposition 3.8, it suffices to show
that �0R admits a primitive mth root of unity. This follows from the fact that �0R is a Zp–algebra, and
Zp admits primitive mth roots of unity given by Teichmüller lifts.

3.1.2 Characters As in ordinary commutative algebra, primitive roots of unity in C allow us to set up
a character theory for C . Let A be a finite m–torsion abelian group with Pontryagin dual denoted by

A� WD hom.A;Cm/D hom.A;Q=Z/:

Given C 2 CAlg.Pradd/ with a choice of a primitive mth root of unity ! W Cm! 1� (so that in particular
m is invertible in C ), the canonical pairing of A with A� induces a map of spectra

A�˝A! Cm
!
�! 1�!�pic.C /:

This map corresponds to a map of connective spectra

A�! hom.A; �pic.C //' hom.†A; pic.C //:

Definition 3.10 Let C 2CAlg.Pradd/ with a primitive mth root of unity !, and let A be a finite m–torsion
abelian group. We define a map of connective spectra

1.�/ WA�! pic.C BA/

to be the composition

A�! hom.†A; pic.C //! pic.C /BA
' pic.C BA/;

where the first map is the one given above and the second is induced from the counit SŒBA�!†A by
precomposition. Even though the construction of 1.�/ depends on !, we shall keep this dependence
implicit.

Intuitively, for every character A
'
�!Cm, the object 1.'/ 2 C BA is the unit 1 2 C , on which the group A

acts through the composition of the character ' with Cm
!
�!1�. The fact that 1.�/ is a map of connective

spectra encodes in a coherent way the A–equivariant identities

1.0/' 1 and 1.'C /' 1.'/˝1. /:

For X 2 C BA, we define its twist by a character ' 2A� to be

X.'/ WDX ˝1.'/ 2 C BA:

8That is, homC .X;R/ 2 Spcn is p–complete for all X 2 C .
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We shall implicitly treat an object X 2 C as an object of C BA with a trivial action. The main fact we
shall need about this construction is the following analogue of the “orthogonality of characters” from
classical algebra:

Proposition 3.11 Let C 2 CAlg.Pradd/ with a primitive mth root of unity and let A be a finite m–torsion
abelian group.

(1) For every X 2 C and ' 2A�, we have

X.'/hA
'

�
X if ' D 0;

0 else.

(2) For every X 2 C , we have Y
a2A

X '
M
'2A�

X.'/ 2 C BA;

where on the left side we have the induced representation , ie A acts by permuting the factors.

Proof (1) Since BA is C –ambidextrous, we have (by [14, Proposition 3.3.1])

X.'/hA
D .X ˝1.'//hA

'X ˝ .1.'/hA/:

Thus, it suffices to show the claim for X D 1. By Proposition 3.7, we have a colimit-preserving symmetric
monoidal functor F W ModSŒ1=m;!m�.Spcn/! C , which in particular takes the unit SŒ1=m; !m� to the
unit 1. Since A is m–torsion, by [13, Proposition 2.1.8], F also preserves A–homotopy fixed points, thus it
suffices to prove the claim for SŒ1=m; !m�. Since �� preserves A–homotopy fixed points for m–divisible
spectra, the result for SŒ1=m; !m� follows from the analogous fact for ��.SŒ1=m; !m�/D��.S/Œ1=m; !m�.
Finally, in the case ' D 0 the action of A on ��.S/Œ1=m; !m� is trivial so the statement is clear. For
' ¤ 0, there is a 2A such that

'.a/¤ 0 2 Z=mZ�Q=Z;

and since !m is a primitive mth root of unity, !'.a/m � 1 is invertible in �0.S/Œ1=m; !m�' ZŒ1=m; !m�.
Thus, !'.a/m � 1 acts invertibly on ��.S/Œ1=m; !m�, and therefore .��.S/Œ1=m; !m�.'//

hA ' 0.

(2) It again suffices to consider the case X D 1. Under the free-forgetful adjunction C � C BA, the
nonequivariant map 1.'/ ��! 1 corresponds to the map

�' W 1.'/!
Y
a2A

1;

which on the a–factor is given by multiplication with !'.a/m . Hence, the induced map

� W
M
'2A�

1.'/!
Y
a2A

1

is represented by the discrete Fourier transform .A� � A/–matrix c';a D !
'.a/
m . The square of the

determinant of this Fourier transform matrix is jAjjAj, which is invertible in the ring ZŒ1=m; !m� since A

is an m–torsion group. Hence, this matrix is invertible also in �0.1/.
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3.2 Fourier transform

3.2.1 Construction Consider the composition

A�
1.�/
��! pic.C BA/! C BA;

of symmetric monoidal functors, in which the second functor is the counit map described below
Definition 3.1. We shall denote it again by 1.�/. Since the dual of an invertible object coincides
with its inverse we have

1.'/_ ' 1.�'/:

Consider the following composition of functors

yF WA� �C BA 1.�/_�Id
�����! C BA

�C BA ˝
�! C BA .�/hA

���! C :

On the level of objects, for every X 2 C BA and ' 2A� we have

yF.�;X /'X.�'/hA:

This should be thought of as extracting from X the eigenspace corresponding to the character '. Taking
the mate of the above functor under the exponential law, we get:

Definition 3.12 (Fourier transform) Let C 2 CAlg.Pradd/ with a choice of a primitive mth root of unity
and let A be a finite m–torsion abelian group. We define the C -Fourier transform to be the functor

F W C BA
! Fun.A�;C /

given by F.X /' WD yF.�;X /.

The category of functors from A� to C can be endowed with the Day convolution symmetric monoidal
structure, which we denote by Fun.A�;C /Day; see [35, Section 2.2.6] and [20]. By [35, Example 2.2.6.9],
the construction of Fun.A�;C /Day is a special case of the norm construction for1–operads, in the sense
of [35, Definition 2.2.6.1]. Thus, by its universal property, we have an equivalence of1–categories

Funlax.A� �C BA;C /' Funlax.C BA;Fun.A�;C /Day/:

Since yF is lax symmetric monoidal, as a composition of functors that are canonically such, the functor F
acquires a lax symmetric monoidal structure as well. In fact,

Proposition 3.13 Let C 2CAlg.Pradd/ with a choice of a primitive mth root of unity and let A be a finite
m–torsion abelian group. The C –Fourier transform

F W C BA
! Fun.A�;C /Day

is a (strong) symmetric monoidal equivalence.

Proof We first show that F is an equivalence of1–categories (ignoring the symmetric monoidal structure)
by showing that it admits a fully faithful and essentially surjective left adjoint. The functor F admits a
left adjoint

F�1
W Fun.A�;C /! C BA;
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given by tensoring pointwise with the functor 1.�/ W A� ! C BA followed by taking the direct sum
over A�. Thus, its value on objects is given by

F�1.fX'g/D
M
'2A�

X'.'/:

To show that F�1 is fully faithful, it suffices to show that the unit of the adjunction F�1 a F is an
isomorphism. Unwinding the definitions and using Proposition 3.11(1), we get

F.F�1.fX'g// '

� M
'2A�

X'.' � /

�hA

'X ;

and that the unit map under this identification is the identity. Now, we observe that for all X 2 C , the
induced representations (see Proposition 3.11(2))Y

A

X '
M
'2A�

X.'/

are in the essential image of F�1. Since these generate C BA under colimits (by [27, Proposition 4.3.8]),
and F�1 is fully faithful, we deduce that F�1 is essentially surjective and hence is an equivalence.

We now turn to the preservation of the symmetric monoidal structure. To show that F is strong symmetric
monoidal, it suffices to consider objects of the form X.'/ for X 2 C and ' 2 A�, as they generate
C BA under colimits and F is colimit-preserving (being an equivalence). For such objects, we have by
Proposition 3.11(1)

F.X.'// 'X.' � /hA
'

�
X if  D ';
0 else,

and the structure map is the obvious isomorphism

F.X.'//˝F.Y . //! F..X ˝Y /.'C //:

One can similarly show that F is unital and hence strong symmetric monoidal.

3.2.2 Fourier of rings In the situation of Proposition 3.13, the symmetric monoidal equivalence

F W C BA �
�! Fun.A�;C /Day

induces an equivalence of the1–categories of commutative algebra objects. By [35, Example 2.2.6.9],
we have

CAlg.C /BA
' CAlg.C BA/ ��! CAlg.Fun.A�;C /Day/' Funlax.A�;C /:

Remark 3.14 Informally, this equivalence expresses the fact that for R2CAlg.C /BA, the A–equivariant
decomposition into eigenspaces

R'
M
'2A�

R'.'/ 2 C BA

is also compatible with the multiplicative structure. Namely, the unit and multiplication maps of R

respectively decompose, in a coherent way, through maps

1!R0 and R' ˝R !R'C :
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Given R 2 CAlg.C BA/, we shall now express the lax symmetric monoidal functor F.R/ W A�! C in
terms of the twisting functor TR of Definition 2.10. For this, we first discuss the following general setting.
Let D 2 CAlg.Pr/ and let R 2 CAlg.D/. The functor R˝ .�/ W D ! D can be made lax symmetric
monoidal in two ways. First, as a composition of the functors in the free-forgetful symmetric monoidal
adjunction

D
FR
�!ModR.D/

UR
�! D :

Second, the tensor product functor D �D
˝
�! D corresponds to a lax symmetric monoidal functor

S.�/ W D! Fun.D ;D/Day;

which on objects is given by SX .Y /DX˝Y . This induces a functor on the1–categories of commutative
algebras

S.�/ W CAlg.D/! Funlax.D ;D/;

so that SR.�/DR˝ .�/, becomes lax symmetric monoidal. We shall need the fact that these two lax
symmetric monoidal structures on the functor R˝ .�/ are in fact equivalent.

Proposition 3.15 Let D 2 CAlg.Pr/ and let R 2 CAlg.D/. We have an isomorphism

UR ıFR ' SR 2 Funlax.D ;D/:

Proof For convenience we write U WD UR and F WD FR. We observe that the composition

D �ModR.D/
F�Id
���!ModR.D/�ModR.D/

˝
�!ModR.D/

induces the lax symmetric monoidal functor

S.�/ ıF WModR.D/! Fun.D ;ModR.D//Day:

Consider the following diagram of symmetric monoidal 1–categories and lax symmetric monoidal
functors:

D

F

��

S.�/
// Fun.D ;D/Day

Fı.�/

��

ModR.D/

U

��

S.�/ıF
// Fun.D ;ModR.D//Day

Uı.�/

��

D
S.�/

// Fun.D ;D/Day

The top square commutes by construction. The bottom square is obtained from the top square by taking
right adjoints of the vertical functors. Thus, it canonically “lax commutes” in the sense that we have the
Beck–Chevalley natural transformation of lax symmetric monoidal functors

ˇ W SU.�/! U ıF ıSU.�/
�
�! U ıSF U.�/ ıF ! U ıS.�/ ıF;

Geometry & Topology, Volume 28 (2024)



Chromatic cyclotomic extensions 3533

where the first and last maps are the unit and counit of the respective adjunctions. For every M 2ModR.D/

and X 2 D this is the composition

M ˝X !R˝ .M ˝X / ��! .R˝M /˝R .R˝X /!M ˝R .R˝X /;

where the first map is induced by the unit 1!R and the last by the action R˝M !M , and hence is
an isomorphism for all M and X . Therefore the diagram commutes up to homotopy. Applying CAlg.�/
to it, we get that the composition

CAlg.D/
S.�/
��! Funlax.D ;D/

Fı.�/
���! Funlax.D ;ModR.D//

Uı.�/
���! Funlax.D ;D/

can be identified with the composition

CAlg.D/ F
�! CAlgR.D/

U
�! CAlg.D/

S.�/
��! Funlax.D ;D/:

Applying this to 1 2 CAlg.D/, we get U ıF ' SR 2 Funlax.D ;D/.

Proposition 3.16 Let C 2 CAlg.Pradd/ with a choice of a primitive mth root of unity, and let A be a
finite m–torsion abelian group. For R 2 CAlg.C BA/, the functor F.R/ WA�! C is homotopic , as a lax
symmetric monoidal functor , to the composition

A�
1.�/_
��! C BA TR

�! C :

Proof Unwinding the definitions, for all ' 2A� we have

F.R/' 'R.�'/hA
' TR.1.�'//:

More precisely, we have

TR ' .�/
hA
ı .UR ıFR/ and F.R/' .�/hA

ıSR ı 1.�/_

as lax symmetric monoidal functors. Thus, the claim follows from Proposition 3.15.

As a consequence, we obtain a characterization of the Galois property of R 2 CAlg.C BA/, in terms of its
Fourier transform F.R/ WA�! C .

Corollary 3.17 Let C 2 CAlg.Pradd/ with a choice of a primitive mth root of unity and let A be a
finite m–torsion abelian group. A commutative algebra R 2 CAlg.C BA/ is Galois if and only if the lax
symmetric monoidal functor F.R/ WA�! C is strong symmetric monoidal.

Proof Since BA is C –ambidextrous, by Proposition 2.13, R is Galois if and only if TR is strong
symmetric monoidal. By Proposition 3.16 we have an equivalence of lax symmetric monoidal functors
F.R/ ' TR ı 1.�/_. Thus, we wish to show that TR is strong symmetric monoidal if and only if its
precomposition with 1.�/_ is strong symmetric monoidal. Since TR is C –linear and colimit-preserving
(by Lemma 2.11), it remains to show that the image of 1.�/_, or equivalently, of 1.�/, generates C BA
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under colimits and tensoring with objects of C . The1–category C BA is generated under colimits by the
induced objects

e�X D
Y
A

X 'X ˝
Y
A

1 for X 2 C ;

where e W pt!BA is a basepoint. Consequently, it is generated under colimits and tensoring with objects
of C by the single object

Q
A 1. Finally, by Proposition 3.11(2) applied to X D1, we have an isomorphismY

A

1'
M
'2A�

1.'/;

and hence the generator
Q

A 1 is a direct sum of objects in the image of 1.�/.

3.3 Galois and Picard

Using the results of the previous subsection, we obtain the following1–categorical version of Kummer
theory:

Theorem 3.18 (Kummer theory) Let C 2 CAlg.Pradd/ with a choice of a primitive mth root of unity
! 2 �

prim
m .C / and let A be a finite m–torsion abelian group. The C –Fourier transform induces an

isomorphism
CAlgA–gal.C / ��!MapSpcn.A�; pic.C //;

natural in the pair .C ; !/. Moreover , one can replace pic.C / with its 1–truncation pic.C /�1 in the above
isomorphism.

Proof In view of Corollary 3.17, the natural equivalence

F W CAlg.C BA/ ��! Funlax.A�;C /

restricts to a natural equivalence

CAlgA–gal.C / ��! Fun˝.A�;C /:

Since A� is an abelian group, we have

Fun˝.A�;C /'MapCAlg.Cat1/.A
�;C /'MapSpcn.A�; pic.C //:

Finally, for n� 2, we have
�npic.C /' �n�1.1

�/' �n�1.1/;

which is m–divisible (since C admits a primitive mth root of unity). Thus, we get

CAlgA–gal.C /'MapSpcn.A�; pic.C //'MapSpcn.A�; pic.C /�1/:

To summarize, given R 2 CAlg.C BA/, we have a decomposition into eigenspaces R'
L
'2A� R' as

objects of C , and the unit and multiplication of R are induced from maps

1!R0 and R' ˝R !R'C :
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Now, R is Galois if and only if those maps are isomorphisms, in which case the R' are invertible and
assemble into a map R.�/ WA

�! pic.C /.

Remark 3.19 The equivalence provided by Theorem 3.18 induces an abelian group structure on the set
�0.CAlgA–gal.C //. In fact, this set always admits a canonical group structure, even without assuming
the existence of primitive roots of unity. The objects of CAlgA–gal.C / can be viewed as local systems of
commutative algebras on BA. The external product R�S of two such, as a local system on BA�BA,
can be pushed forward along the addition map BA � BA

˛
�! BA to produce a new local system

RCA S WD ˛�.R�S/ of commutative algebras on BA. It can be shown that if R and S are A–Galois
extensions, then RCA S is an A–Galois extension and that this operation endows �0.CAlgA–gal.C //

with an abelian group structure. In the situation of Theorem 3.18, this group structure coincides with the
one induced from pic.C /.

3.3.1 Cyclic group We shall now analyze the case A D Z=m in greater detail. For a symmetric
monoidal1–category C and a dualizable object X 2 C , we can form the symmetric monoidal dimension
(a.k.a. Euler characteristic) dim.X /2�0.1/; see for instance [44, Defintion 2.2]. The symmetric monoidal
dimension satisfies

dim.1/D 1 and dim.X ˝Y /D dim.X / � dim.Y /:

Hence, it restricts to a group homomorphism dim W Pic.C / ! .�01/�: We shall now describe this
homomorphism in terms of the spectrum pic.C /.

Proposition 3.20 Let C be a symmetric monoidal1–category. The homomorphism

�0pic.C /' Pic.C / dim
��! .�01/� ' �1pic.C /

is given by precomposition with the Hopf map � 2 �1.S/.

Proof The space �1S admits a structure of a commutative monoid in S that we can regard as a
symmetric monoidal1–category. An element Z 2 Pic.C / is classified by a map of connective spectra
S! pic.C /, which corresponds to a symmetric monoidal functor �1S! C sending 1 2ZD �0S to Z.
Since both the dimension and precomposition with � are natural in C , it suffices to prove the claim for
C D S and Z D 1.

In this case, we have

dim.1/ 2 �1S' Z=2 � �;

so we only need to show that dim.1/¤ 0. For this, it suffices to produce some example of an invertible
object with a nontrivial dimension. For example, in C D Sp we have

dim.†S/D�1 2 Z� D �0S�:
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Corollary 3.21 Let C be a symmetric monoidal 1–category. For every X 2 Pic.C /, we have
dim.X /2 D 1. In particular , if �01 is a connected ring and 2 is invertible in �01, then dim.X /D˙1.

Proof The first part follows from Proposition 3.20 and the fact that � 2 �1S is 2–torsion. Now, if 2 is
invertible and �01 admits no nontrivial idempotents, then the only solutions to the equation t2� 1D 0

are t D˙1.

Given the above, we shall be interested in the following variant of the Picard group:

Definition 3.22 The even Picard group of a symmetric monoidal 1–category C , is the subgroup
Picev.C /� Pic.C / given by the kernel of the map Pic.C / dim

�! .�01C /
�:

We shall now describe the collection of isomorphism classes of Z=m–Galois extensions in C in terms of
the homotopy groups of the Picard spectrum of C .

Proposition 3.23 Let C 2 CAlg.Pradd/ with a choice of a primitive mth root of unity ! 2 �prim
m .C /. We

have a short exact sequence of abelian groups

0! .�01�/=.�01�/m! �0 CAlgZ=m–gal.C /! Picev.C /Œm�! 0

which is natural in the pair .C ; !/. Moreover , this sequence splits (though not naturally).

Proof Throughout the proof, we work in the1–category Spcn. In particular, for X;Y 2 Spcn we denote
by hom.X;Y / the internal mapping object in connective spectra. By Theorem 3.18, we have a natural
isomorphism

�0 CAlgZ=m–gal.C /' �0 hom.Z=m; pic.C /�1/:

Let S=� be the cofiber of the map †S
�
�! S. Since .S=�/�1 ' Z, we get

hom.Z; pic.C /�1/' hom.S=�; pic.C /�1/:

Hence, hom.Z; pic.C /�1/ is the fiber of the map

pic.C /�1
�
�!�pic.C /�1 2 Spcn:

By Proposition 3.20, we have

�0 hom.Z; pic.C /�1/' ker.Pic.C / dim
�! .�01/�/' Picev.C /

and we also have
�1 hom.Z; pic.C /�1/' �1pic.C /�1 ' .�01/�;

�n hom.Z; pic.C /�1/D 0 for all n� 2:

Thus, inspecting the long exact sequence in homotopy groups associated with the natural fiber sequence

hom.Z=m; pic.C /�1/! hom.Z; pic.C /�1/
m
�! hom.Z; pic.C /�1/;
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we get a natural short exact sequence of abelian groups

0! .�01�/=.�01�/m! �0 hom.Z=m; pic.C /�1/! Picev.C /Œm�! 0:

Further, since hom.Z; pic.C /�1/ is a Z–module, it splits (noncanonically) as a direct sum

hom.Z; pic.C /�1/' Picev.C /˚†.�01/�

and thus we get a splitting for the above exact sequence.

The following example shows that Theorem 3.18 indeed generalizes classical Kummer theory for field
extensions.

Example 3.24 For a field k and C D Vectk , we have Pic.C / D 0. Hence, if k contains a primitive
mth root of unity, Proposition 3.23 reduces to the classical fact that the isomorphism classes of Z=m–Galois
extensions of k are in bijection with the set .k�/=.k�/m.

At the other extreme, we have the following:

Example 3.25 Let C be a smooth projective algebraic curve over an algebraically closed field k whose
characteristic is prime to m (and hence, admits primitive mth roots of unity), and let C be the category
of quasicoherent sheaves on C . We have .k�/=.k�/m D 0, while Picev.C /Œm� is the m–torsion of the
Jacobian of C . In this case, Proposition 3.23 recovers the classification of cyclic m–covers of C by the
m–torsion points on the Jacobian.

3.3.2 A Z=2–variant In the case AD Z=2, one can carry out the construction of Picard objects out of
Z=2–Galois extensions with fewer assumptions on the ambient category than in Proposition 3.23. For
convenience, we shall use here the multiplicative notation �2D f˙1g, instead of the additive Z=2, for the
group of order 2. For simplicity, we shall assume that all the1–categories under consideration are stable.

Definition 3.26 Let C 2 CAlg.Prst/ and let R 2 CAlg�2–gal.C /. We denote by R the cofiber of the unit
map 1!R.

When 2 is invertible in C , and hence �1 2 �01 is a primitive second root of unity, we have by Kummer
theory a splitting R' 1˚R, and furthermore, R 2 Pic.C /; see the discussion after Theorem 3.18. It
turns out that the invertibility of R holds regardless of whether 2 is invertible.

Proposition 3.27 Let C 2 CAlg.Prst/. For every R 2 CAlg�2–gal.C /, we have R 2 Pic.C /.

Proof If R is split-Galois then R' 1 2 Pic.C /. We now reduce the general case to the split case. The
object R 2 C is the cofiber of a map between dualizable objects and hence dualizable; see Remark 2.6.
Hence, it suffices to show that the evaluation map R˝R_! 1 is an isomorphism. This can be checked
after applying the conservative symmetric monoidal functor

R˝ .�/ W C !ModR.C /:

The image of R under this functor is split-Galois, so the general case follows from the split case.

Geometry & Topology, Volume 28 (2024)



3538 Shachar Carmeli, Tomer M Schlank and Lior Yanovski

We stress, however, that unlike the case where 2 is invertible in C , the element R 2 Pic.C / need not be
2–torsion.

Example 3.28 [49, Proposition 5.3.1] We have KU2CAlg�2–gal.ModKO.Sp//. The unit map KO!KU
fits into the (nonsplit) Bott periodicity cofiber sequence

†KO �
�! KO! KU 2 ModKO.Sp/:

It follows that KU'†2KO. Hence, by real Bott periodicity, KU 2 Pic.ModKO.Sp// is of order 4.

Warning 3.29 More generally, when 2 is not invertible in C , the function

.�/ W �0.CAlg�2–gal.C //! Pic.C /

need not be a group homomorphism with respect to the group structure on the source given by Remark 3.19.

4 Higher cyclotomic theory

In this section, we define and study “higher” cyclotomic extensions in the setting of higher semiadditive
stable1–categories. These are the higher (semiadditive) height analogues of the cyclotomic extensions
of Definition 3.4. We shall work primarily in Pr˚�n

st � Pr for some n� 0, which is the full subcategory
of Pr, spanned by stable n–semiadditive1–categories. We also fix an implicit prime p, with respect to
which one can consider semiadditive height. We recall from [13, Theorem C], that every1–category in
Pr˚�n

st splits into a product of1–categories according to height. Moreover, the finite-height factors are
1–semiadditive9 [13, Theorem A]. We shall mainly concentrate on the full subcategory Prצn

� Pr˚�n
st

of those1–categories which are of height n.

We begin in Section 4.1, by discussing primitive higher roots of unity (Definition 4.2), and continue
in Section 4.2, with the higher cyclotomic extensions which corepresent them (Definition 4.7 and
Proposition 4.8).

4.1 Higher roots of unity

In Definition 3.3, we have recalled the space �m.R/ of mth roots of unity of a commutative algebra
object R in a symmetric monoidal1–category C . By decomposing m into a product of distinct prime
powers mD p

r1

1
� � �p

rs
s ; we obtain a decomposition of the functor �m W CAlg.C /! S into a product

�m ' �p
r1
1

� � � � ��p
rs
s
:

We may thus restrict attention to the case mD pr . While the definition of .pr /th roots of unity is rather
general, the notion of primitive roots behaves well only when R is p–divisible, in which case �pr .R/

is discrete; see Proposition 3.8. In the terminology of [13, Definition 3.1.6], the condition that R is

9To be precise, the height nD 0 factor is only p–typically1–semiadditive.
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p–divisible amounts to R having (semiadditive) height 0. More generally, when C is higher semiadditive,
the properties of the construction �pr .R/ turn out to be closely related to the height of R. To begin with:

Proposition 4.1 Let C 2 CAlg.Pr˚�n
st / and let R 2 CAlg.C /. If R is of height � n, then for all r 2N

the space �pr .R/ is n–truncated.

Proof By [13, Proposition 2.4.7], we have RŒBnC1Cpr �'R. We thus get a sequence of isomorphisms

�nC1�pr .R/'�nC1 MapCAlg.S/.Cpr ;R�/'MapCAlg.S/.B
nC1Cpr ;R�/

'MapCAlg.C /.1ŒB
nC1Cpr �;R/'MapCAlgR.C /

.RŒBnC1Cpr �;R/

'MapCAlgR.C /
.R;R/' pt:

Since all connected components of the space �pr .R/ are isomorphic, it follows that it is n–truncated.

As we shall demonstrate, when R is of height exactly n, the set �n.�pr .R// serves as a good substitute for
the set �0.�pr .R// of ordinary .pr /th roots of unity of R. With that in mind, we introduce the following
generalization of Definition 3.3:

Definition 4.2 (higher roots of unity) Let C 2 CAlg.Pr˚�n
st / and let R 2 CAlg.C /. For every prime p

and r 2N:

(1) We define the space of .pr /th roots of unity of height n in R to be

�
.n/
pr .R/ WD�

n�pr .R/'MapSpcn.Cpr ; �nR�/:

(2) We say that a higher root of unity Cpr
!
�! �nR� is primitive if R is of height n and the only

commutative R–algebra S for which there exists a dotted arrow rendering the diagram of spectra

Cpr

����

// �nR�

��

Cpr�1
// �nS�

commutative, is S D 0. We denote by �.n/; prim
pr .R/��

.n/
pr .R/ the union of connected components

of height n primitive .pr /th roots of unity.

By convention, a height n (primitive) .pr /th root of unity of C is a height n (primitive) .pr /th root of
unity of 1C .

The (higher) .pr /th roots of unity for various r are interrelated in two ways. First, for all k � r , the
surjective group homomorphisms Cpr � Cpk induce, by precomposition, natural transformations

�
.n/

pk .R/'Map.Cpk ; �nR�/!Map.Cpr ; �nR�/' �
.n/
pr .R/:
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We can think of this as the inclusion of the (higher) .pk/th roots of unity into the (higher) .pr /th roots of
unity. Second, the injective group homomorphisms Cpr�k ,! Cpr induce, by precomposition, natural
transformations

.�/p
k

W �
.n/
pr .R/'Map.Cpr ; �nR�/!Map.Cpr�k ; �nR�/' �

.n/

pr�k .R/:

We can think of this as raising a (higher) .pr /th root of unity to the .pk/th power to get a (higher) .pr�k/th

root of unity.

Proposition 4.3 Let C 2 CAlg.Prצn
/ and let R 2 CAlg.C /. For 0 � k < r , a higher root of unity

! 2 �
.n/
pr .R/ is primitive , if and only if !pk

2 �
.n/

pr�k .R/ is primitive.

Proof This follows from the definition of primitivity (Definition 4.2) and the fact that we have a pushout
diagram in Spcn of the form

Cpr�k

����

� � // Cpr

����

Cpr�k�1
� � // Cpr�1

4.2 Higher cyclotomic extensions

4.2.1 Definition and properties We shall now mimic the construction of cyclotomic extensions, which
corepresent primitive roots of unity, to produce higher cyclotomic extensions, which corepresent primitive
higher roots of unity. For C 2 CAlg.Prst/ and a fixed r 2N, the functor

�
.n/
pr W CAlg.C /! S

is corepresented by the group algebra 1ŒBnCpr �. The group homomorphism q W Cpr � Cpr�1 induces a
map of commutative groups in spaces qn W B

nCpr ! BnCpr�1 and hence a map of group algebras

xqn W 1ŒB
nCpr �! 1ŒBnCpr�1 � 2 CAlg.C /:

The map xqn corepresents the inclusion �.n/
pr�1.R/ ,! �

.n/
pr .R/ discussed above. The key point is that if C

is higher semiadditive of height n, then we can realize xqn as a splitting of an idempotent in �0.1ŒBnCpr �/.
To translate between local systems and modules we need the following general fact, which seems to be
well known, but for which we could not find a reference in the literature.

Proposition 4.4 Let C 2CAlg.Pr/ and let B be a pointed connected space. There is a natural equivalence
of C –linear 1–categories

C B
' LMod1Œ�B�.C / 2 ModC .Pr/:

Proof We first consider the case C D S. Let pt e
�! B be the base point of B and let M D e!.pt/

in SB . The functor FM W S! SB , which is given by pointwise product with M , is left adjoint to the
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pullback functor e� W SB ! S: Since e� is itself a symmetric monoidal, conservative left adjoint, it
follows from [35, Proposition 4.8.5.8], that SB is equivalent to LModEnd.M /.S/. Finally, under the
Grothendieck construction equivalence SB ' S=B , the object M D e!.pt/ corresponds to pt e

�! B and
its endomorphisms are given by �B 2AlgE1

.S/. For a general C 2CAlg.Pr/, we shall deduce the claim
by tensoring the equivalence

SB
' LMod�B.S/ 2 Pr

with C in Pr. Indeed, it follows from [35, Proposition 4.8.1.17] that C ˝ SB ' C B; and from
[35, Theorems 4.8.4.6 and 4.8.5.16] that

C ˝LMod�B.S/' LMod�B.C /' LMod1Œ�B�.C /:

This allows us to use the results of [13, Section 4.3], to deduce the following:

Proposition 4.5 Let C 2 CAlg.Prצn
/. There exists an idempotent " 2 �0.1ŒBnCpr �/, such that

1ŒBnCpr �Œ"�1�' 1ŒBnCpr�1 �;

and under this isomorphism , the canonical map 1ŒBnCpr �! 1ŒBnCpr �Œ"�1� is identified with xqn.

Proof By the naturality of the equivalence of1–categories in Proposition 4.4

C BnC1Cpr
'Mod1ŒBnCpr �.C /;

restriction of scalars along xqn is identified with the functor q�
nC1
W C

BnC1C
pr�1 ! C BnC1Cpr . By

[13, Theorem 4.3.2], this induces an equivalence of1–categories

C BnC1Cpr �
�! C

BnC1C
pr�1 � .C

BnC1C
pr�1 /?;

where .C BnC1C
pr�1 /? � C BnC1Cpr is the full subcategory spanned by the objects X , for which

.qnC1/�X D 0. Let
" W Id

C
BnC1Cpr

! Id
C

BnC1Cpr

be the idempotent natural endomorphism which projects onto the essential image of C
BnC1C

pr�1 under
the functor q�

nC1
. This corresponds to a natural endomorphism

x" W IdMod1ŒBnCpr �.C /
! IdMod1ŒBnCpr �.C /

;

which evaluates at 1ŒBnCpr � to an idempotent element in the commutative ring �0.1ŒBnCpr �/. By
construction, the decomposition

1ŒBnCpr � ��! 1ŒBnCpr �Œx"�1��1ŒBnCpr �Œ.1�x"/�1�

identifies the projection onto the first factor with xqn.
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In [13, Proposition 4.3.4], we also provided an explicit description of the idempotent " of Proposition 4.5
in the language of local systems. Translating into the language of rings, we get the following description of
"2�0.1ŒBnCpr �/, in terms of the higher semiadditive structure of C . The fiber of qn WB

nCpr !BnCpr�1

is isomorphic to BnCp, and we thus get a map of spaces � W BnCp!�11ŒBnCpr �. The idempotent "
can be identified with the “average of �”, in the sense that

"D
1

jBnCpj

Z
BnCp

� 2 �0.1ŒB
nCpr �/:

When n D 0, we recover the classical formula of Definition 3.4 for the case m D pr ; see also
[13, Example 4.3.3].

Remark 4.6 Consider the1–group G D BnCp and the canonical maps

f W 1ŒG�hG
! 1ŒG� and g W 1ŒG�! 1ŒG�hG ' 1:

It can be shown that if C is1–semiadditive of height n (and hence in particular G is C –stably dualizable
in the sense of [48, Definition 2.3.1]), then h D g ı f is invertible and f ı h�1 D ". In the case
C D SpK.n/, the fact that h is invertible, which suffices for the construction of ", was first observed in
[48, Example 5.4.6]. We thank John Rognes for explaining to us this alternative description of ".

We are now ready to give the main definition of the paper.

Definition 4.7 (higher cyclotomic extensions) Let C 2 CAlg.Prצn
/. For every integer r � 1, we define

1Œ!.n/pr � WD 1ŒBnCpr �Œ.1� "/�1� 2 CAlg.C /;

where " 2 �0.1ŒBnCpr �/ is the idempotent provided by Proposition 4.5. For every R 2 CAlg.C /, we
define

RŒ!
.n/
pr � WDR˝1Œ!.n/pr � 2 CAlgR.C /:

We refer to it as the (height n) .pr /th cyclotomic extension of R.

As promised, the higher cyclotomic extensions indeed corepresent the higher primitive roots:

Proposition 4.8 Let C 2 CAlg.Prצn
/. The object 1Œ!.n/pr � 2 CAlg.C / corepresents the functor

�
.n/; prim
pr W CAlg.C /! Set� S:

Proof By Proposition 4.1, the essential image of �.n/; prim
pr is contained in the full subcategory Set� S.

Using the adjunction

1Œ�� W CMon.S/� CAlg.C / W .�/�;
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we see that for R 2 CAlg.C /, a higher root of unity 1ŒBnCpr �
!
�!R is primitive if and only if

1ŒBnCpr�1 �˝1ŒBnCpr �R' 0:

By the decomposition
1ŒBnCpr � ��! 1ŒBnCpr�1 ��1Œ!.n/pr �;

the property above holds if and only if the map ! W 1ŒBnCpr �!R factors through the projection map
1ŒBnCpr �! 1Œ!.n/pr �.

The higher cyclotomic extensions enjoy some additional pleasant properties:

Proposition 4.9 Let C 2 CAlg.Prצn
/.

(1) 1Œ!.n/pr � is dualizable as an object of C for all r 2N.

(2) 1Œ!.n/p � is faithful.

Proof (1) We have a fiber sequence

1Œ!.n/pr �! 1ŒBnCpr �! 1ŒBnCpr�1 � 2 C :

Since C is1–semiadditive, B˝1 is a dualizable object of C for every �–finite space B (Corollary 2.7),
and dualizable objects in a stable category are closed under (co)fibers (Remark 2.6).

(2) For nD 0 the object 1Œ!.n/p � is the fiber of the fold map

1˚p
' 1ŒCp �! 1

and hence isomorphic to 1˚.p�1/. Tensoring with this object is conservative since it contains the unit as
a direct summand. Assume now that n� 1. For every object X 2 C we have a fiber sequence

X ˝ 1Œ!.n/p �!X ˝1ŒBnCp �!X 2 C :

Therefore, X ˝ 1Œ!.n/p �D 0 if and only if the fold map X ˝BnCp!X is an isomorphism. We wish to
deduce that X D 0. Indeed, for n� 1 by [13, Proposition 2.4.7], we get that X is of height < n. Since C

is of height n, the only object X 2 C which is of height < n is X D 0.

4.2.2 Infinite cyclotomic extensions From Proposition 4.8, it follows in particular that we have
canonical maps 1Œ!.n/

pr�1 �! 1Œ!.n/pr � corepresenting the natural transformation ! 7! !p on primitive roots
of unity; see Proposition 4.3. Gathering the cyclotomic extensions for all r � 0 along these maps we get:

Definition 4.10 Let C 2 CAlg.Prצn
/. We define

1Œ!.n/p1 � WD lim
��!
r2N

1Œ!.n/pr �:
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Loosely speaking, the commutative algebra 1Œ!.n/p1 � corepresents choices of compatible systems of height n

primitive roots of unity !p; !p2 ; !p3 ; : : : such that !p
pr D !pr�1 for all r 2N. The infinite cyclotomic

extension 1Œ!.n/p1 � can also be constructed directly by splitting off an idempotent from a group algebra.
The group homomorphism Zp

�p
�! Zp induces a map of commutative algebras

xq W 1ŒBnC1Zp �! 1ŒBnC1Zp �:

The following is a direct analogue, and a consequence, of Proposition 4.5 for the case r D1:

Proposition 4.11 Let C 2 CAlg.Prצn
/ for some n � 1. Then there exists an idempotent element

" 2 �0.1ŒBnC1Zp �/ such that

1ŒBnC1Zp �Œ.1� "/
�1�' 1Œ!.n/p1 � and 1ŒBnC1Zp �Œ"

�1�' 1ŒBnC1Zp �;

and under the second isomorphism , the canonical map 1ŒBnC1Zp � ! 1ŒBnC1Zp �Œ"
�1� is identified

with xq.

Proof Using Proposition 4.5 for every r � 0, and taking the colimit, we get that Cp1
�p
�! Cp1 induces

an idempotent " 2 �0.1ŒBnCp1 �/, such that

1ŒBnCp1 �Œ"
�1�' 1ŒBnCp1 � and 1ŒBnCp1 �Œ.1� "/

�1�' 1Œ!.n/p1 �:

Now, the short exact sequence of abelian groups

0! Zp!Qp! Cp1 ! 0

induces a Bockstein homomorphism

BnCp1 ! BnC1Zp;

which becomes an isomorphism upon p–completion. Since C is assumed to be of height � 1, it is
p–complete and the result follows.

4.2.3 Equivariance and Galois For every C 2 CAlg.Prst/ and R 2 CAlg.C /, the space

�
.n/
pr .R/DMapSpcn.Cpr ; �nR�/

admits a canonical action of the group .Z=pr /� by precomposition. If C is higher semiadditive and
of height n, then �.n/pr .R/ is discrete (Proposition 4.1). Furthermore, since for every commutative R–
algebra S the subset �.n/

pr�1.S/ � �
.n/
pr .S/ is closed under the action of .Z=pr /�, so is the subset of

primitive roots �.n/; prim
pr .R/� �

.n/
pr .R/. We therefore obtain an action of .Z=pr /� on the corepresenting

object 1Œ!.n/pr � 2 CAlg.C / making the map 1ŒBnCpr �! 1Œ!.n/pr � equivariant with respect to .Z=pr /�.
Given C 2 CAlg.Prצn

/, it is natural to ask whether the objects

1Œ!.n/pr � 2 CAlg.C B.Z=pr /�/
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are Galois. For nD 0, this is always the case. However, for nD 1 a counterexample was constructed by
Yuan in [52]. In the next section, we shall address this question for higher semiadditive1–categories
arising in chromatic homotopy theory.

5 Chromatic applications

In this final section, we apply the general theory of higher cyclotomic extensions to the chromatic world
and deduce the main results of the paper. We begin in Section 5.1 by showing that the higher cyclotomic
extensions in SpK.n/ are Galois, and deduce using the results of Section 2.1, that the same holds for
SpT .n/ (Proposition 5.2). Then, in Section 5.2, we review the Galois theory of SpK.n/, and identify the
quotients of the Morava stabilizer group corresponding to the (higher) cyclotomic extensions of SK.n/

(Theorem 5.8 and Corollary 5.15). In particular, we deduce that all the abelian Galois extensions of SK.n/

can be obtained as a combination of ordinary and higher cyclotomic extensions. In Section 5.3, we apply
the results of Section 3 to relate the higher cyclotomic extensions of SK.n/ to the K.n/–local Picard
group (Proposition 5.23 and Proposition 5.30). Finally, in Section 5.4, we establish the consequences of
the above for the Galois extensions of SpT .n/ (Theorem 5.31) and its Picard group (Theorem 5.32 and
Theorem 5.33).

5.1 Cyclotomic Galois extensions

We fix a natural number n� 1, a prime number p, and a formal group law � of height n over Fp (which
will be kept implicit throughout). We denote by K.n/ and En the Morava K–theory and Lubin–Tate ring
spectra associated to � . In particular, the homotopy groups of K.n/ and En are given by10

��K.n/D Fp Œv
˙
n �; where jvnj D 2.pn

� 1/;

��En DW .Fp/ŒŒu1; : : : ;un�1��Œu
˙�; where jui j D 0; juj D 2:

We view En as an object of CAlg.SpK.n// (see [23; 29]) and denote the symmetric monoidal1–category
of K.n/–local En–modules as

‚n WDModEn
.SpK.n//:

For M 2‚n, we consider ��.M / as a graded module over the twisted continuous group algebra of Gn

over ��En. Namely, as an object in the category of Morava modules; see [6, Definition 3.37]. If
�odd.M /D 0, we say that the Morava module of M is even. In this case, one can consider the equivalent
data of �0.M / as a module over the twisted continuous group algebra of Gn over �0.En/, which we call
the even Morava module of M . For X 2 Sp, we refer to the (even) Morava module of LK.n/.En˝X /,
simply as the (even) Morava module of X .

10In the literature, En often denotes a closely related ring spectrum whose homotopy groups are W .Fpn/ŒŒu1; : : : ;un�1��Œu
˙�.
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In addition, we let F.n/ be some finite spectrum of type n, with a vn–self map v W†dF.n/! F.n/, and
an associated ”telescope”

T .n/ WD F.n/Œv�1�D lim
��!

�
F.n/

v
�!†�dF.n/

v
�!†�2dF.n/

v
�! � � �

�
:

The1–categories SpK.n/, SpT .n/, and ‚n are all1–semiadditive and of height n [13, Propostion 4.4.4
and Theorem 4.4.5]; see also [27, Theorem 5.2.1] and [14, Theorem A]. That is, we have

SpK.n/; SpT .n/; ‚n 2 CAlg.Prצn
/:

Thus, we can consider height n cyclotomic extensions in each one of them. Our first goal is to show that
all these extensions are Galois. We begin by showing that in ‚n, the higher cyclotomic extensions are, in
fact, split-Galois (Example 2.4).

Proposition 5.1 For every r 2N, there is a .Z=pr /�–equivariant commutative ring isomorphism

EnŒ!
.n/
pr �'

Y
.Z=pr /�

En:

Proof For every finite abelian p–group A, we denote by

A� ' hom.A;Qp=Zp/

the Pontryagin dual of A. By [27, Corollary 5.3.26], we have an isomorphism

EnŒB
nA�'EA�

n 2 CAlg.SpK.n//;

which is furthermore natural in A. In particular, when A is of exponent pr , this isomorphism is
equivariant with respect to the .Z=pr /�–action on A given by scalar multiplications. Consider the
.Z=pr /�–equivariant decomposition

EnŒB
nCpr �'EnŒB

nCpr�1 ��EnŒ!
.n/
pr �:

The group homomorphism Cpr �Cpr�1 induces an injection on Pontryagin duals, which we can identify
with the embedding Cpr�1 ,! Cpr , whose image is pCpr . Noting that

Cpr npCpr ' .Z=pr /�;

it follows that we have a .Z=pr /�–equivariant isomorphism

EnŒ!
.n/
pr �'

Y
.Z=pr /�

En 2 CAlg.SpK.n//:

Using nil-conservativity, we can now deduce that the higher cyclotomic extensions of SpT .n/ (and hence
SpK.n/) are Galois as well.

Proposition 5.2 For all r 2N, the .pr /th cyclotomic extensions in SpK.n/ and SpT .n/ are faithful Galois
extensions.
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Proof The nilpotence theorem [30] implies that the functors

SpT .n/

LK.n/
���! SpK.n/

En˝.�/
����!‚n

are nil-conservative; see [14, Corollary 5.1.17]. Moreover, ST .n/Œ!
.n/
pr � and SK.n/Œ!

.n/
pr � are dualizable by

Proposition 4.9(1). Thus, the Galois property of these extensions follows from Propositions 5.1 and 2.9.
Since SpT .n/ and SpK.n/ are1–semiadditive, these extensions are faithful; see Remark 2.3.

5.2 The K.n/–local cyclotomic character

In classical algebra, Galois theory allows one to classify the Galois extensions of a commutative ring
in terms of its Galois group. For example, the sequence of .pr /th cyclotomic extensions Qp.!pr / is
classified by the (p–adic) cyclotomic character

� W Gal.Qp/! Z�p :

By the work of Devinatz and Hopkins [18], Rognes [49], Baker and Richter [5] and Mathew [38], the
Galois extensions of SK.n/ can be similarly classified in terms of the (extended) Morava stabilizer group.
In this subsection, we define the higher analogue of the p–adic cyclotomic character for SpK.n/, which
classifies the higher cyclotomic extensions SK.n/Œ!

.n/
pr �, and prove that it identifies with the determinant

map of the Morava Stabilizer group (see Theorem 5.8). We also show that the canonical map Gn!
yZ

classifies the (ordinary) prime to p cyclotomic extensions (Corollary 5.15), by analogy with the map
Gal.Qp/! yZ, which classifies the maximal unramified extension of Qp.

5.2.1 Morava stabilizer group We begin with a recollection of the Galois theory of SpK.n/. The
commutative ring �0.En/ carries the universal deformation of the formal group x� D � �Fp

xFp . As such,
it is acted on by the following group:

Definition 5.3 For every integer n� 1, the height n (extended) Morava stabilizer group Gn is defined to
be the group of automorphisms of x� over Fp . That is, the group of pairs .�; '/, where � 2 Gal.Fp/ and
' W ��x� �

�! x� . We denote by
� WGn� Gal.Fp/' yZ

the projection .�; '/ 7! � , whose kernel is Aut.x�=xFp/.

In [18], Devinatz and Hopkins have lifted the canonical continuous action of the pro-finite group Gn on
the .p;u1; : : : ;un�1/–adic ring �0.En/, to a continuous action on En itself as an object of CAlg.SpK.n//,
which allows taking continuous fixed points with respect to closed subgroups. This action was shown to
exhibit En as a pro-finite Galois extension of SK.n/ in [49, Theorem 5.4.4]. Furthermore, En itself is
algebraically closed (by [5, Theorem 1.1] for p odd, and [38, Section 10.2 and Theorem 6.29] for all p).
Consequently, Gn classifies Galois extensions of SK.n/ via a version of the “Galois correspondence”
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that we recall (with some paraphrasing) from [38]. For every finite group G and a continuous group
homomorphism � WGn!G, we equip

C.G;En/ WD
Y
G

En 2 CAlg.SpK.n//

with the (continuous) �–twisted action of Gn, which, in addition to the standard action on each factor,
permutes the factors through � and the left regular action of G on itself. In particular, on homotopy
groups, g 2G acts by the formula

g � .xh/h2G D .gx�.g/�1h/h2G for .xh/h2G 2

Y
G

��.En/:

In addition, the group G acts on C.G;En/ by permuting the factors through the right regular action of G

on itself, and the two actions clearly commute. Thus, C.G;En/
hGn acquires a G–action.

Proposition 5.4 (“K.n/–local Galois correspondence” [38, Theorem 10.9, Proposition 5.32]) Let G be
a finite group. Taking Gn!G to C.G;En/

hGn establishes a bijection

fcontinuous homomorphisms Gn!Gg=conjugation ' fG–Galois extensions of SK.n/g= isomorphism:

In particular , for a surjective homomorphism with kernel U �Gn, the corresponding Galois extension is
given by EhU

n (with the residual G–action).

We deduce that the Morava module of a Galois extension R can be described in terms of the �–twisted
action.

Proposition 5.5 For R 2 CAlgG–gal.SpK.n// classified by � WGn!G, the Morava module of R is even ,
and there is an isomorphism of even Morava modules

�0.En˝R/' C.G; �0.En//;

where on the left-hand side the action of Gn is induced from the action on En and the trivial action
on R, and on the right-hand side , it is the �–twisted action. In particular , the Gn action on �0.En˝R/

determines � up to conjugation.

Proof By Proposition 5.4, we have R' C.G;En/
hGn : By [18, Theorem 1(iii)], we have a canonical

G–equivariant isomorphism

��.En˝C.G;En/
hGn/ ��! C.G;C.Gn; ��En//

hG
' ��C.G;En/;

so in particular this holds on the level of �0.

5.2.2 The p–adic cyclotomic character By Proposition 5.4, the cyclotomic extensions SK.n/Œ!
.n/
pr � are

classified by a sequence of homomorphisms �r WGn! .Z=pr /�. Since �rC1 identifies with �r upon
reduction modulo pr for every r � 0, these assemble into a single continuous group homomorphism

� WGn! Z�p ' lim
 ��
r2N

.Z=pr /�:
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The map � thus classifies, via the K.n/–local Galois correspondence, the infinite cyclotomic extension

SK.n/Œ!
.n/
p1 �D lim

��!
r2N

SK.n/Œ!
.n/
pr �:

Definition 5.6 We refer to � WGn! Z�p as the p–adic cyclotomic character of SpK.n/.

We would like to describe the p–adic cyclotomic character in terms of the description of Gn as the group
of automorphisms of the formal group x� . The case of an odd prime p for the Honda formal group
law was carried out in [51]. The general case follows similarly using the results of [27] expressing the
K.n/–homology of Eilenberg–Mac Lane spaces in terms of alternating powers of the associated formal
group following [47]. For completeness, we shall provide the details of the argument.

From now on, we shall consider x� as a connected p–divisible group x� D lim
��!
x�Œpr � with x�Œpr � the

corresponding finite flat group schemes of pr –torsion. As in [27, Construction 3.2.1], for a finite
flat group scheme G and an integer d � 1, one associates a finite flat group scheme Alt.d/

G
called the

d th alternating power of G. Again as in [27, Corollarly 3.5.4], given a p–divisible group‡ of dimension 1,
we can now assemble the finite flat group schemes of p–power torsion Alt.d/

‡Œpr �
to a p–divisible group

Alt.d/
‡
WD lim
��!

Alt.d/
‡Œpr �

:

Moreover, when ‡ is of height m the p–divisible group Alt.d/
‡

is of height
�
m
d

�
and dimension

�
m�1

d

�
. In

particular, when d Dm the p–divisible group Alt.m/
‡

is étale of height 1.

Returning to our p–divisible group x� , the top alternating power Alt.n/
x�

is an étale p–divisible group of
height 1 over the algebraically closed field xFp , and hence its xFp–points identify noncanonically with the
group Qp=Zp. As a result there is a canonical isomorphism

Aut.Alt.n/
x�
.xFp//' Z�p :

The group Gn acts on both Alt.n/
x�

(by functoriality) and on xFp via � WGn�Gal.Fp/, hence it acts on the
group of xFp–points Alt.n/

x�
.xFp/.

Proposition 5.7 The cyclotomic character � WGn! Z�p identifies with the map

Gn! Aut.Alt.n/
x�
.xFp//' Z�p ;

classifying the action discussed above.

Proof It suffices to show that for each r � 0 the map in the statement agrees with � after reduction
modulo pr , which we denote by �r WGn! .Z=pr /�. Via the Galois correspondence �r corresponds
to the finite cyclotomic extension SK.n/Œ!

.n/
pr �. Hence, by Proposition 5.5, we have a Gn–equivariant

isomorphism
�0.En˝SK.n/Œ!

.n/
pr �/' C..Z=pr /�; �0En/;
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where on the right-hand side we have the so-called �r –twisted action. By collecting together the terms in
the decomposition

SK.n/ŒB
nCpr �' SK.n/Œ!

.n/

p0 �˚SK.n/Œ!
.n/

p1 �˚ � � �˚SK.n/Œ!
.n/
pr �;

and reducing modulo the maximal ideal of �0.En/, we similarly get a Gn–equivariant isomorphism

�0.K.n/˝SK.n/ŒB
nCpr �/' C.Z=pr ; xFp/;

where again on the right-hand side we have the �r –twisted action.

On the other hand, by [27, Theorem 2.0.1] there is a Gn–equivariant isomorphism

�0.K.n/˝SK.n/ŒB
nCpr �/' O.Alt.n/

x�Œpr �
/;

where O.�/ stands for the algebra of regular functions on a scheme. Since Alt.n/
x�Œpr �

is an étale finite flat
group scheme over xFp, its algebra of regular functions can be described as

O.Alt.n/
x�
Œpr �/' C.Alt.n/

x�
Œpr �.xFp/; xFp/' C.Z=pr ; xFp/;

and this isomorphism is Gn–equivariant, where the action on the right is twisted by the reduction
modulo pr of the map in the statement.

The above result provides a completely algebraic description of the cyclotomic character �. To compute
it more explicitly, we need to recall some facts about the structure of the group Gn. Let Dn be a division
algebra over Qp of invariant 1=n 2Q=Z, and On � Dn the maximal order. The group of units O�n � On

is isomorphic to Aut.x�=xFp/, which is the kernel of Gn
�� Gal.xFp=Fp/. As for any finite dimensional

division algebra, there is a determinant (a.k.a reduced norm) multiplicative map det W Dn!Qp, which
restricts to a group homomorphism det W O�n ! Z�p .

Theorem 5.8 The restriction of the p–adic cyclotomic character � WGn! Z�p to the subgroup O�n GGn

is the determinant map.

Proof By Proposition 5.7, we have to show that the action of O�n �Gn on Alt.n/
x�
.xFp/' Z�p is via the

determinant map. Recall that to the p–divisible group x� over xFp we can associate its Dieudonné module
DM.x�/, which is in particular a free W .xFp/–module of rank n (see [27, Section 1.3]). The action of
On ' EndxFp

.x�/ on the Dieudonné module DM.x�/ gives rise to a Zp–algebra map

i W On! EndW .xFp/
.DM.x�//'Mn�n.W .xFp//:

Extending scalars along Zp!Qp we get a Qp–algebra map

Dn! EndW .xFp/
.DM.x�//˝Qp 'Mn�n. yQ

ur
p /;

where yQur
p DW .xFp/Œ1=p� is the completion of the maximal unramified extension of Qp. Since Dn is a

central division algebra of dimension n2 over Qp , after extending scalars on the source along Qp!
yQur

p ,
we get an isomorphism of yQur

p –algebras

Dn˝Qp
yQur

p
�
�!Mn�n. yQ

ur
p /:
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By the definition of the reduced norm, the map det WDn!Q�p is therefore the restriction of the ordinary
determinant det WMn�n. yQur

p /!
yQur

p along the inclusion Dn ,!Mn�n. yQur
p / above. Since the determinant

of a matrix is given by its action on the top alternating power of a vector space, we deduce that the map

det W O�n ! Z�p ,!W .xFp/
�

can be written as the composition

O�n D AutxFp
.x�/

DM
�! AutW .xFp/

.DM.x�// ^
n.�/_
����! AutW .xFp/

.^n DM.x�/_/'W .xFp/
�:

Finally, by [27, Theorem 3.3.1] we have a natural identification

^
n

W .xFp/
DM.x�/_ ' DM.Alt.n/

x�
/:

We deduce that the action of On on the Dieudonné module DM.Alt.n/
x�
/ is via the determinant map. Since

the map
Z�p ' Aut.Alt.n/

x�
/

DM
�! Aut.DM.Alt.n/

x�
//'W .xFp/

�

is the canonical inclusion, this implies that the action of O�n on Alt.n/
x�

is via the determinant map as
well.

Theorem 5.8 identifies the p–adic cyclotomic character � W Gn ! Z�p only on the kernel of the map
� WGn� Gal.xFp=Fp/' yZ: However, it is possible to identify � on the entire group Gn as well. The
choice of � (namely, the choice of an Fp–form of x�) yields a section of � , and hence, a semidirect
product decomposition Gn '

yZËO�n : It therefore remains to identify the restriction of � to the subgroup
yZ�Gn under this decomposition, which we denote by

�gal W yZ �! Z�p :

While the p–divisible group Alt.n/
x�

is isomorphic to the constant p–divisible group Qp=Zp , this no longer
necessarily holds for Alt.n/

�
. In fact, the isomorphism class of Alt.n/

�
depends on � , and might or might

not be split. In general, Alt.n/
�

is an Fp–form of Qp=Zp, and therefore corresponds to a continuous
cohomology class in

H 1
c .Gal.Fp/;Aut.Qp=Zp//' homc.Gal.Fp/;Z

�
p /:

By the classical theory of Galois forms, we have the following:

Proposition 5.9 The cohomology class classifying Alt.n/
�

is �gal W yZ! Z�p .

Proof By Proposition 5.7, the group Gal.Fp/' yZ acts on the xFp–points of Alt.n/
x�

via �gal. By inspecting
the construction of the cohomology class corresponding to an Fp–form, this action is given by the
mentioned cohomology class.

Combining Theorem 5.8 with Proposition 5.9 we get a complete algebraic description of the p–adic
cyclotomic character

� WGn '
yZËO�n ! Z�p :
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Namely,
�.u; a/D det.a/�gal.a/ for all a 2 O�n ; u 2 yZ;

where �gal is as in Proposition 5.9.

Example 5.10 Assume that � is normalizable in the sense of [27, Definition 5.3.1]. That is, we have an
isomorphism Alt.n/

�
'Qp=Zp defined over Fp. In this case, with respect to the splitting Gn '

yZËO�n
defined by � , the map �gal is trivial and

�.u; a/D det.a/ for all a 2 O�n ; u 2 yZ:

The next example is a reformulation of a computation carried out in [51, Proposition 3.20].

Example 5.11 (Westerland) Let p be an odd prime and let � be the Honda formal group law of height
n over Fp . The form Alt.n/

�
is classified in this case by the cocycle �gal.u/D .�1/u.n�1/. Consequently,

with respect to the splitting
Gn '

yZËO�n

defined by � , the cyclotomic character � is given by

�.u; a/D .�1/u.n�1/ det.a/ for all a 2 O�n ; u 2 yZ:

This is the map denoted by det˙ in [51, Section 1.1]. Namely, for n even the Honda formal group is not
normalizable, which introduces the sign factor in det˙.

For future use, we record here a mild variation on [11, Lemma 1.33] regarding the fixed points of the
action of Gn on the ring �0En.

Proposition 5.12 Let N GGn be the kernel of the cyclotomic character � WGn! Z�p . We have

.�0En/
N
D Zp � �0En:

Proof Recall that �0.En/ D W .xFp/ŒŒu1; : : : ;un�1��, and that W .xFp/Œ1=p� is isomorphic to yQur
p , the

completion of the maximal unramified extension of Qp. Since �0En is torsion-free, it embeds in
�0EnŒ1=p�. Therefore, it suffice to show that .�0EnŒ1=p�/

N DQp. Consider the subgroup O�n � Gn,
and recall that the algebra On has the following presentation:

On 'W .Fpn/fSg=.Sn
D p; Sx D '.x/S for all x 2W .Fpn//;

where S is a noncommutative indeterminate and ' WW .Fpn/!W .Fpn/ is the (unique) lift of the Frobenius
endomorphism of Fpn . By [17, Proposition 3.3], we have an O�n –equivariant embedding11

�0EnŒ1=p� ,! yQ
ur
p ŒŒw1; : : : ; wn�1��;

11This embedding exhibits the target as the completion of the source with respect to its unique maximal ideal. We also remark
that the wi do not belong to the image of �0En.
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such that the action of O�n on the right-hand side is yQur
p –linear, and each x 2W .Fpn/� � O�n acts on a

power series f D f .w1; : : : ; wn�1/ by

.x �f /.w1; : : : ; wn�1/D f

�
'.x/

x
w1; : : : ;

'n�1.x/

x
wn�1

�
:

It will suffice to show that
yQur

p ŒŒw1; : : : ; wn�1��
N
DQp:

Consider now the subgroup

W .1/.Fpn/� WDW .Fpn/�\N � O�n :

If f is fixed by N , and hence by W .1/.Fpn/�, the only monomials wd1

1
w

d2

2
� � �w

dn�1

n�1
, that can appear

in f with nonzero coefficients, are those for which

xd1Cd2C���Cdn�1 D '.x/d1'2.x/d2 � � �'n�1.x/dn�1 for all x 2W .1/.Fpn/�:

For a general element x 2W .Fpn/� � O�n , the determinant det.x/ coincides with the norm Nm.x/ WDQn�1
iD0 '

i.x/. Taking p–adic logarithm on the above displayed formula, this implies that the equation

(�) .d1C d2C � � �C dn�1/y D d1'.y/C d2'
2.y/C � � �C dn�1'

n�1.y/

holds for every y 2 W .Fpn/ with Tr.y/ D
Pn�1

iD0 '
i.y/ D 0 and a sufficiently high p–adic valuation.

Since (�) is a linear equation, it in fact holds for all y 2Qp.!pn�1/DW .Fpn/Œ1=p� such that Tr.y/D 0.
We deduce, by the linear independence of the 'i , that d1 D � � � D dn�1 D 0. This means that f has to be
constant, ie an element of yQur

p � �0EnŒ1=p�.

Finally, we have a semidirect product decomposition Gn '
yZËO�n , by which we identify the topological

generator 12 yZ with an element � 2Gn. Since detDNm WW .Fpn/�!Z�p is surjective ([42, Proposition
III.1.2]), there exists an element a2W .Fpn/�, with det.a/D det.�/. Thus, we get an element a�1� 2N ,
which acts on yQur

p ��0EnŒ1=p� as the Frobenius (see [6, Section 3.2.2]). By the Ax–Sen–Tate theorem [3],
the fixed points of a�1� on yQur

p are Qp � �0EnŒ1=p�.

5.2.3 The total cyclotomic character We conclude this subsection by discussing the Galois extensions
classified by the map � WGn� yZ from Definition 5.3. Roughly speaking, � classifies the ordinary, ie
height 0, cyclotomic extensions of SK.n/ of order prime to p (see Corollary 5.15 for the precise statement).
This perspective is originally due to Rognes (see [49, Section 5.4.6]) and we review it for completeness.

We begin by considering the Galois extensions of the p–complete sphere Sp 2 Sp. Since Sp is connective,
by [38, Theorem 6.17], all Galois extensions of Sp (ie of ModSp

) are algebraic. Namely, they are étale
and, by applying �0, correspond bijectively to the (ordinary) Galois extensions of the ring �0.Sp/D Zp .
The Galois extensions of Zp are in turn classified by the Galois group

Gal.Zp/' Gal.Fp/' yZ:
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More concretely, the finite quotients yZ� Z=m correspond to the rings of Witt vectors W .Fpm/ with
the action given by the lift of Frobenius. Hence, the corresponding Galois extensions of Sp are the
rings of spherical Witt vectors SW .Fpm/, which are characterized by being étale over Sp and having
�0.SW .Fpm//'W .Fpm/; see [36, Example 5.2.7].

Proposition 5.13 For every m 2N, the composition

Gn
�
�! yZ� Z=m

classifies the Z=m–Galois extension LK.n/SW .Fpm/ of SK.n/.

Proof By Proposition 5.5, it suffices to show that LK.n/SW .Fpm/ is Galois and the even Morava module

�0.En˝LK.n/SW .Fpm//' �0.En/˝W .Fpm/

is equivariantly isomorphic to C.Z=m; �0.En// with the �–twisted Gn–action. The second claim follows
from the fact that the action of Gn on the coefficient ring W .xFp/ � �0.En/ factors through � and is
given again by the lift of Frobenius; see [6, Section 3.2.2]. We now observe that the first claim follows
from the second. Indeed, by [51, Theorem 3.24], if a K.n/–local commutative ring spectrum R has a
Morava module isomorphic to C.G; �0.En// for some � WGn�G, then R is isomorphic to the Galois
extension E

h ker.�/
n and hence in particular Galois.

Remark 5.14 In the language of [38, Definition 6.8], the map � WGn� yZ is the map induced on (weak)
Galois groups by the functor LK.n/ WModSp

! SpK.n/.

The relation to cyclotomic extensions of order prime to p (ie of height zero) is as follows:

Corollary 5.15 (Rognes) For every m 2N, the composition

Gn
�
�� yZ� Z=m

p.�/

,��! Z=.pm
� 1/�

classifies the (nonconnected ) cyclotomic Galois extension SK.n/Œ!pm�1�.

Proof By Proposition 5.13, it suffices to show that the composition

f W yZ� Z=m
p.�/

,��! Z=.pm
� 1/�

classifies Sp Œ!pm�1�. Since all Galois extensions of Sp are algebraic [38, Theorem 6.17], it suffices
to show that the Galois extension of Zp D �0Sp classified by f is Zp Œ!pm�1�. The splitting of the
cyclotomic polynomial p̂m�1.t/ into irreducible factors over Zp induces an isomorphism of the ring

Zp Œ!pm�1�' Zp Œt �= p̂m�1.t/

with a product of �.pm � 1/=m copies of W .Fpm/. Moreover, as a Z=.pm � 1/�–equivariant ring,
Zp Œ!pm�1� is isomorphic to the induction of W .Fpm/ along the group homomorphism

p.�/ W Z=m ,! Z=.pm
� 1/�;

and hence the claim follows.
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Remark 5.16 For every N 2 N with .N;p/ D 1, we have N j.pm � 1/ for some m 2 N. Thus,
� WGn� yZ accounts for all prime to p cyclotomic extensions of SK.n/.

Taken together, � and � assemble into a single map

�tot WGn� yZ�Z�p ;

which we call the (total) cyclotomic character. We recall the following standard fact:

Proposition 5.17 The map �tot exhibits yZ�Z�p as the (profinite) abelianization of Gn.

Proof Let Dn be a division algebra over Qp of invariant 1=n, so that On is the maximal order in Dn. We
may present On as

On 'W .Fpn/fSg=
�
Sn
D p; Sx D '.x/S for all x 2W .Fpn/

�
:

Then, S is a uniformizer of Dn and hence there is a split short exact sequence

1! O�n ,! D�n ! Z! 1

in which the second map is the S–adic valuation map. Since conjugation by S acts by ' on W .Fpn/,
after profinite completion, the above short exact sequence identifies with

1! O�n ,!Gn
�
�! yZ! 1:

By [43] the map
D�n

det
�!Q�p

exhibits Q�p as the abelianization of D�n . Taking profinite completions, we obtain, as claimed, that

Gab
n ' .

cD�n /ab det
�!
�

bQ�p ' Z�p � yZ:

Consequently, every abelian Galois extension of SK.n/ is a subextension of a cyclotomic extension,
obtained by adding an ordinary root of unity of some order prime to p and a higher root of unity of some
p–power order.

Remark 5.18 For Qp 2 CAlg.SpQ/, considered as the extrapolation to height nD 0 of the sequence
SK.n/ 2 CAlg.SpK.n//, we have a completely analogous picture. By the (p–local) Kronecker–Weber
theorem, every abelian extension of Qp is contained in a cyclotomic extension. Moreover, we have
Gal.Qp/

ab' yZ�Z�p ;where the yZ component corresponds to the maximal unramified cyclotomic extension
Qun

p D
S

m Qp.!pm�1/, and the Z�p component corresponds to the maximal ramified cyclotomic extension
Qp.!p1/.

5.3 Picard groups

In this subsection we relate the higher cyclotomic extensions of SK.n/ to the Picard group of SpK.n/.

Definition 5.19 Let Picn WD Pic.SpK.n//, and let Pic0
n � Picn be the (index 2) subgroup of objects

X 2 Picn, such that En˝X 'En as En–modules.
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We denote by Picalg;0
n the Picard group of the category of even Morava modules. The functor �0.En˝�/

induces a map Pic0
n! Picalg;0

n (whose kernel is known as the exotic Picard group). Furthermore, there is
a canonical isomorphism [22, Proposition 2.5]

Picalg;0
n 'H 1

c .GnI .�0En/
�/:

Remark 5.20 Since it will play a role in the sequel, we recall briefly how this identification goes. Given
M 2 Picalg;0

n , we have M ' �0En as �0En–modules. By choosing a generator x 2M, we associate
with M the function ˛M WGn! �0E�n given by ˛M .�/ WD �.x/=x. This function is a 1–cocycle, whose
cohomology class Œ˛M � 2H 1

c .GnI .�0En/
�/ is independent of the generator x 2M.

5.3.1 Odd prime We begin by considering the case where the prime p is odd. First:

Lemma 5.21 If p is odd , then Pic0
n D Picev.SpK.n//.

Proof Since .�0SK.n//
red'Zp (see for instance [13, Proposition 2.2.6]), the commutative ring �0SK.n/

is connected with 2 invertible. Hence, by Corollary 3.21, every X 2Picn satisfies dim.X /D˙1. Applying
the symmetric monoidal functor

En˝ .�/ W SpK.n/!ModEn
.SpK.n//;

we can test whether dim.X / is 1 or �1, by looking at dim.En˝X /. Finally, by [4, Theorem 8.7], we
have Pic.En/ ' Z=2, with representatives given by En and †En, which have dimensions 1 and �1,
respectively.

We can now apply the Kummer theory developed in Section 3 to relate the pth cyclotomic extension to
the .p�1/–torsion in the Picard group of SpK.n/. Namely, since the pth cyclotomic extension is Galois it
provides us with a distinguished Picard object.

Definition 5.22 For p odd, let Zn2Pic0
nŒp�1� be the Picard object corresponding to the Z=.p�1/–Galois

extension SK.n/Œ!
.n/
p � in SpK.n/, under the map of Proposition 3.23.

That is, Zn is a .p�1/–torsion Picard object of dimension 1 in SpK.n/ such that

SK.n/Œ!
.n/
p �'

p�2M
kD0

Z˝k
n 2 SpK.n/:

The Picard object Zn can be characterized in an intrinsic way to Picn as follows:

Proposition 5.23 For p odd , the group Pic0
nŒp� 1� is isomorphic to Z=.p� 1/ and is generated by Zn.

Proof Using Lemma 5.21 and Proposition 3.23 together with its naturality with respect to the symmetric
monoidal the functor

LK.n/ WModSp
.Sp/! SpK.n/;
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we obtain the following commutative diagram of abelian groups:

0 // .�0S�p/=.�0S�p/
p�1

f

��

// �0 CAlgZ=.p�1/–gal.Sp/

g

��

// Picev.Sp/Œp� 1�

��

// 0

0 // .�0S�
K.n/

/=.�0S�
K.n/

/p�1 // �0 CAlgZ=.p�1/–gal.SpK.n//
// Pic0

nŒp� 1� // 0

First, it is well known that Pic.Sp/'Z (see for instance [12, Proposition 4.13]), so the upper-right corner
vanishes. In the top-left corner, we have

.�0S�p /=.�0S�p /
p�1
' .Z�p /=.Z

�
p /

p�1
' Z=.p� 1/:

Furthermore, the left vertical map f is an isomorphism. Indeed, the map

Zp ' �0
bSp! �0SK.n/

admits a retract r W �0SK.n/!Zp , whose kernel consists of nilpotent elements [13, Proposition 2.2.6]. In
particular, every element in the kernel of r� W�0S�

K.n/
!Z�p , is of the form xD .1C"/ for some nilpotent

" 2 �0SK.n/. Since p � 1 is invertible in �0SK.n/ and the power series expansion of .1C t/1=.p�1/

belongs to ZŒ1=.p� 1/�ŒŒt ��, every such element x has a .p�1/st root. Hence, r� induces an isomorphism
after modding out the .p� 1/st powers. Since this induced isomorphism is a left-inverse of f , it follows
that f is an isomorphism as well.

Next, by Proposition 5.17, the map
.�; �/ WGn!

yZ�Z�p

exhibits the target as the abelianization of the source. Hence, g can be identified with the inclusion (see
Remark 5.14)

hom.yZ;Z=.p� 1// ,! hom.yZ;Z=.p� 1//˚ hom.Z�p ;Z=.p� 1//:

Since hom.yZ;Z=.p� 1//' Z=.p� 1/, the entire diagram can be identified with

0 // Z=.p� 1/

D

��

D
// Z=.p� 1/� _

��

// 0

��

// 0

0 // Z=.p� 1/
� � // Z=.p� 1/˚ hom.Z�p;Z=.p� 1// // Pic0

nŒp� 1� // 0

where both inclusions of Z=.p� 1/ are as the first summand of the target. Thus, the bottom right map
restricts to an isomorphism

Z=.p� 1/' hom.Z�p ;Z=.p� 1// ��! Pic0
nŒp� 1�:

Chasing through the identifications, the generator 1 2 Z=.p� 1/ corresponds to the Z=.p� 1/–Galois
extension SK.n/Œ!

.n/
p �, and thus its image, Zn, generates Pic0

nŒp� 1�.
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Remark 5.24 By [51, Section 3.3], the image of Zn in Picalg;0
n is classified by the composition

Gn
�
�! Z�p � F�p

�
�! Z�p � .�0En/

�;

where � is the Teichmüller lift.

5.3.2 Even prime In the case p D 2, we cannot rely on Kummer theory to produce Picard objects
in SpK.n/. However, we can use instead the variant afforded by Definition 3.26. Recall that given
R 2 CAlg�2–gal.SpK.n//, where �2 D f˙1g, the cofiber of the unit map 1!R, denoted by R, belongs
to Picn (Proposition 3.27). In fact, we have a somewhat stronger statement:

Lemma 5.25 For every R 2 CAlg�2–gal.SpK.n//, we have R 2 Pic0
n.

Proof Let R 2 CAlg�2–gal.SpK.n//. We need to show that En˝R'En as an En–module. For this,
we first observe that R˝R is isomorphic to the cofiber of the unit map 1!R tensored with R. Since
this map can be identified with the diagonal R!R�R, whose cofiber is R, we get that R˝R'R as
R–modules. Since R is a Galois extension of SK.n/, there exists a map of commutative algebras R!En.
Base-changing from R to En along this map, we get that En˝R'En.

Thus, we get a function

„ W homc.Gn; �2/' �0 CAlg�2–gal.SpK.n//
.�/
�! Pic0

n:

To analyze the image of „, we shall consider its further image in Picalg;0
n . For this, it will be convenient

to identify homc.Gn; �2/ with H 1
c .GnI�2/ for the trivial Gn–action on �2.

Proposition 5.26 The composition

H 1
c .GnI�2/' homc.Gn; �2/

„
�! Pic0

n! Picalg;0
n 'H 1

c .GnI�0E�n /

is induced by the inclusion �2 � �0E�n .

Proof Let Gn
�
�! �2 be a homomorphism, and let R 2 CAlg�2–gal.SpK.n// be the Galois exten-

sion classified by � by the Galois correspondence (Proposition 5.4). We have an isomorphism of
Gn–equivariant En–modules En ˝ R '

Q
�2

En, where Gn acts on the right-hand side via the �–
twisted action (Proposition 5.5). Hence, we can identify �0.En˝R/ with the cokernel of the diagonal
map �0En!

Q
�2
�0En. This cokernel can be further identified with �0En, via the difference mapQ

�2
�0En! �0En. Choosing the generator x0 2 �0.En˝R/, that corresponds via this identification

to 1 2 �0En, we get that the action of � 2Gn on x0 is given by �.x0/D �.�/x0: This implies that the
image of R in H 1

c .Gn; �0E�n / is the 1–cocycle Gn
�
�! �2 � �0E�n ; see Remark 5.20.

Remark 5.27 The above shows that the composition

�0 CAlg�2–gal.C /
.�/
�! Pic0

n! Pic0;alg
n

is a group homomorphism. This is in contrast to the fact that .�/ itself is not; see Example 3.28.
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From Proposition 5.26 we deduce the following:

Proposition 5.28 The composition

homc.Z
�
2 ; �2/

��

�! homc.Gn; �2/
„
�! Pic0

n

is injective.

Proof It suffices to show that composing further with Pic0
n ! Picalg;0

n yields an injective map. By
Proposition 5.26, this reduces to showing that the composition

H 1
c .Z

�
2 I�2/

��
�!H 1

c .GnI�2/!H 1
c .GnI�0E�n /

is injective. Let NGGn denote the kernel of the cyclotomic character � WGn�Z�
2

. By Proposition 5.12,
we have �2 � Z�

2
D .�0E�n /

N , so this composition fits into the commutative diagram

H 1
c .Z

�
2
I�2/ H 1

c .Z
�
2
IZ�

2
/ H 1

c .Z
�
2
I .�0E�n /

N /

H 1
c .GnI�2/ H 1

c .GnI .�0E�n /
N /

H 1
c .GnI�0E�n /

�� ��

The top left horizontal map is injective because the residual action of Gn=N D Z�
2

on .�0E�n /
N D Z�

2

is trivial. The composition of the right vertical map �� with the right diagonal map is the inflation map

H 1
c .Z

�
2 I .�0E�n /

N /!H 1
c .GnI�0E�n /:

The injectivity of this map is part of the inflation-restriction exact sequence in (continuous) group
cohomology. It follows that the composition of the left vertical map �� and the left diagonal map is
injective as well.

In concrete terms, we have

homc.Z
�
2 ; �2/' homc..Z=8/

�; �2/' Z=2�Z=2:

The three nonzero elements correspond to the Z=2–Galois subextensions of the .Z=8/�–Galois cyclotomic
extension SK.n/Œ!

.n/
8
�, which we denote by R1, R2 and R3. The zero element corresponds of course to

the split Z=2–Galois extension R0 WD
Q
�2

SK.n/.

Definition 5.29 For i D 0; : : : ; 3, we define the Picard objects Wi WDRi 2 Pic0
n.

Proposition 5.28 implies that W0.D SK.n//;W1;W2 and W3 are all different. We shall now show further
that all of their (de)suspensions are different as well.
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Proposition 5.30 The various (de)suspensions of W0.D SK.n//, W1, W2 and W3 are all different
elements of Picn.

Proof We need to show that if †ki Wi D†
kj Wj , then i D j and ki D kj . By (de)suspending, we may

assume that kj D 0, and by Proposition 5.28, it suffices to show that we must have ki D 0 as well. Let
k D ki and let RDRi and R0 DRj . By Lemma 5.25, we have

En 'En˝R0 'En˝†
kR'†kEn

as En–modules. Thus, we get that k D 2m for some m 2 Z. To show that m must be zero, we shall
consider the image of †2mR in Picalg;0

n . More specifically, since the center Z�
2
�Gn acts trivially on

�0E�n (see [6, Section 3.2.2]), restriction along its inclusion into Gn is a map of the form

�.�/ W Picalg;0
n 'H 1

c .GnI�0E�n /!H 1
c .Z

�
2 I�0E�n /' homc.Z

�
2 ; �0E�n /:

Every element of the center a 2 Z�
2
GGn acts on the polynomial generator u 2 �2.En/ by multiplication

u 7! au; see [6, Section 3.2.2]. Thus, the object �2mEn 2 Picalg;0
n is mapped to

��2m.En/ D .�/
�m
W Z�2 ! Z�2 � �0E�n :

Since we have
�0.En˝†

2mR/' .�2mEn/˝�0En
�0.En˝R/;

we get
�†2mR.a/D a�m�R.a/ for all a 2 Z�2 :

If �†2mR were to be equal to �R0 , it would in particular have to factor through the finite group �2 � Z�
2

.
However, this cannot happen unless mD 0.

5.4 Telescopic lifts

We can now combine the results of the previous subsections to deduce the main results of the paper
regarding the Galois extensions and Picard groups of the telescopic categories SpT .n/. Recall that by
Remark 2.3 in higher semiadditive1–categories such as SpK.n/ and SpT .n/ all finite Galois extensions
are automatically faithful. First, we have:

Theorem 5.31 Let G be a finite abelian group. For every G–Galois extension R in SpK.n/, there exists
a G–Galois extension Rf in SpT .n/ such that LK.n/R

f 'R.

Proof By Proposition 5.17, the abelian Galois extensions of SpK.n/ are classified by the group Gab
n '

yZ�Z�p , through the homomorphism

�tot WGn� yZ�Z�p :

Thus, it suffices to show that the Galois extensions corresponding to the finite quotients

Gn� yZ� Z=m and Gn� Z�p � .Z=pr /�
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can be lifted to SpT .n/. For the first kind, we can take LT .n/SW .Fpm/, which is Galois by the nil-
conservativity of LK.n/ W SpT .n/! SpK.n/ (see [14, Proposition 5.1.15]) and Propositions 5.13 and 2.9.

For the second kind, it follows from Proposition 5.2 that we can take ST .n/Œ!
.n/
pr �.

The proof of Theorem 5.31 shows in fact a bit more. Namely, that the telescopic lifts of the abelian Galois
extensions in SpK.n/ can be chosen in a “compatible way”. In the language of [38], the situation can
be described as follows. The functor LK.n/ W SpT .n/! SpK.n/ induces a continuous homomorphism on
weak Galois groups [38, Definition 6.8]

�weak
1 .SpK.n//! �weak

1 .SpT .n//

and after passing to abelianizations, this homomorphism admits a left-inverse. Hence, �weak
1

.SpT .n//
ab

contains
�weak

1 .SpK.n//
ab
' yZ�Z�p

as a direct summand.

Consider now the telescopic Picard group Picfn WD Pic.SpT .n// and its subgroup Picf;0n � Picfn of objects
that map to Pic0

n under K.n/–localization. When p is odd, the cyclotomic extension ST .n/Œ!
.n/
p � provides

us with the following:

Theorem 5.32 For every n � 1 and an odd prime p, there exists a Z
f
n 2 Picf;0n Œp � 1� such that

LK.n/Z
f
n 'Zn; see Definition 5.22. In particular , Picf;0n Œp� 1� contains Pic0

nŒp� 1�' Z=.p� 1/ as a
direct summand.

Proof We define Z
f
n to be the image of the Z=.p�1/–Galois extension ST .n/Œ!

.n/
p � under the map

of Proposition 3.23. By the naturality with respect to the functor LK.n/ W SpT .n/ ! SpK.n/, we have
LK.n/Z

f
n 'Zn. In view of Proposition 5.23, this provides a section to the map

Picf;0n Œp� 1�! Pic0
nŒp� 1�' Z=.p� 1/;

which proves the last claim.

In the case p D 2, the cyclotomic extension ST .n/Œ!
.n/
8
� provides the following:

Theorem 5.33 For every n � 1 and p D 2, there exist objects W
f

1
;W

f
2
;W

f
3
2 Picf;0n such that

LK.n/W
f

i DWi ; see Definition 5.29. In particular , all the (de)suspensions of the W
f

i are different and
nontrivial.

Proof Let R
f
1
;R

f
2
;R

f
3
2 Picfn be the nontrivial Z=2–Galois subextensions of the .Z=8/�–Galois

cyclotomic extension ST .n/Œ!
.n/
8
�, corresponding to the three order 2 subgroups of

.Z=8/� ' Z=2�Z=2:

We define W
f

i D R
f
i 2 Picfn for i D 1; 2; 3. Since LK.n/W

f
i ' Wi , the last claim follows from

Proposition 5.30.
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Weak del Pezzo surfaces with global vector fields

GEBHARD MARTIN

CLAUDIA STADLMAYR

We classify smooth weak del Pezzo surfaces with global vector fields over an arbitrary algebraically
closed field k of arbitrary characteristic p � 0. We give a complete description of the configuration of
.�1/– and .�2/–curves on these surfaces and calculate the identity component of their automorphism
schemes. It turns out that there are 53 distinct families of such surfaces if p ¤ 2; 3, while there are 61
such families if p D 3 and 75 such families if p D 2. Each of these families has at most one moduli. As a
byproduct of our classification, it follows that weak del Pezzo surfaces with nonreduced automorphism
schemes exist over k if and only if p 2 f2; 3g.

14E07, 14J26, 14J50, 14L15

1 Introduction

Recall that a weak del Pezzo surface over an algebraically closed field k is a smooth projective surface X
with anticanonical divisor class �KX big and nef, or, equivalently, X is P1 �P1, the second Hirzebruch
surface F2, or the blowup of at most eight points in P2 in almost general position. More classically, weak
del Pezzo surfaces appear as the minimal resolution of surfaces of degree d in Pd which are neither
cones nor projections of surfaces of minimal degree d in PdC1; see Dolgachev [4, Definition 8.1.5].

By a result of Matsumura and Oort [9], the automorphism functor AutX of a proper variety X over
k is representable by a group scheme locally of finite type over k. Since AutX is well known for
surfaces of minimal degree (that is, for quadric surfaces, the Veronese surface and rational normal scrolls
[4, Corollary 8.1.2]), weak del Pezzo surfaces form the first class of smooth projective surfaces for which
the study of AutX is interesting. We are concerned here with the identity component Aut0X of AutX ,
which can be nonreduced in positive characteristic.

While this nonreducedness phenomenon does not occur for smooth projective curves, we will see that it
appears for one of the first nontrivial classes of smooth projective surfaces, namely for weak del Pezzo
surfaces (see also Neuman [10]), at least in characteristic 2 and 3. This means that for a weak del Pezzo
surface X in characteristic 2 and 3 we may have h0.X; TX / > dim Aut0X ; that is, X may have more global
vector fields than expected.

More classically, automorphisms of (weak) del Pezzo surfaces are being studied in the context of the
plane Cremona group, ie the group of birational automorphisms of P2. The main reason for this is that
automorphisms of (weak) del Pezzo surfaces yield birational automorphisms of P2 that do not necessarily

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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extend to biregular automorphisms. For the action of Aut0X on a weak del Pezzo surface X , the situation
is very different, since this action always descends to an action on the whole minimal model of X by
Blanchard’s lemma (Lemma 2.10).

This special feature of the connected automorphism scheme Aut0X will enable us to calculate it explicitly
for all weak del Pezzo surfaces that are blowups of P2 in terms of stabilizers as a subgroup scheme of
PGL3. Using this, we will classify all weak del Pezzo surfaces X with nontrivial Aut0X and determine
their configurations of .�2/– and .�1/–curves, as well as their number of moduli:

Main Theorem Let X be a weak del Pezzo surface over an algebraically closed field. If h0.X; TX /¤ 0,
then X is one of the surfaces in Tables 1, 2, 3, 4, 5 or 6. All cases exist and have an irreducible moduli
space of the stated dimension.

In Tables 1, 3, 4, 5 and 6, the figure describing the configuration of .�2/– and .�1/–curves (lines) on
these surfaces is given in column 2. In these figures, a thick curve denotes a .�2/–curve, while a thin
curve denotes a .�1/–curve. The intersection multiplicity of two such curves is no more than 3 at every
point; intersection multiplicities 1 and 2 will be clear from the picture, whereas we write a small 3 next to
the point of intersection if the intersection multiplicity is 3. Recall that the dual graph of all .�2/–curves
on a weak del Pezzo surface is a union of Dynkin diagrams of types An;Dn and En. This graph can be
read off from the corresponding figure, but for ease of reference we give its Dynkin type in column 3.
For the same reason, in column 4 we list the number of .�1/–curves on these surfaces. In column 5
we describe a general S–valued point of Aut0X , where S is a k–scheme. In particular, the dimension
of H 0.X; TX / D Aut0X .kŒ��=.�

2// can be read off from this description and is listed in column 6 for
the convenience of the reader. Comparing this with the dimension of Aut0X , it can be checked whether
Aut0X is smooth or not. This is done in column 7. If there is more than one weak del Pezzo surface with
the configuration of curves and with the automorphism scheme as in the previous columns, we give the
dimension of a modular family of such surfaces in column 8. If, instead, there is a unique surface of this
type, we write “fptg” in column 8 in order to emphasize that the surface is unique. Finally, in column 9,
we give the characteristic(s) in which the respective surface(s) exist(s).

In particular, our classification also gives a complete list of weak del Pezzo surfaces with nonreduced
automorphism schemes. In the following corollary, we list the characteristics p and degrees d for which
every weak del Pezzo surface of degree d in characteristic p has reduced automorphism scheme.

Corollary 1.1 Let k be an algebraically closed field of characteristic p � 0. Then every weak del Pezzo
surface X of degree d over k has reduced automorphism scheme if and only if one of the following three
conditions holds:

(1) p ¤ 2; 3,

(2) p D 3 and d � 4,
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(3) p D 2 and d � 5.

Moreover , if AutX is nonreduced , then the number of .�2/–curves on X is at least 7� d .

In particular, the above corollary recovers the result that the automorphism scheme of every del Pezzo
surface (where �KX is ample) is smooth, which is in fact easier to prove and has already been observed
by Dolgachev and Duncan (see [5, Theorem 2.4.]).

case figure .�2/–curves #flinesg Aut0X �PGL3 h0.X; TX / Aut0X smooth? moduli char.k/

degree 9
9A ∅ 0 PGL3 8 X fptg any

degree 8

8A 2 ∅ 1

�
1 b c
e f
h i

�
6 X fptg any

degree 7

7A 1 ∅ 3
�
1 c
e f
i

�
4 X fptg any

7B 9 A1 2
�
1 b c
e f
i

�
5 X fptg any

degree 6

6A 1 ∅ 6
�
1
e
i

�
2 X fptg any

6B 8 A1 4
�
1 c
e
i

�
3 X fptg any

6C 1 A1 3
�
1 c
1 f
i

�
3 X fptg any

6D 8 2A1 2
�
1 c
e f
i

�
4 X fptg any

6E 21 A2 2

�
1 b c
e f

e2

�
4 X fptg any

6F 21 A2CA1 1
�
1 b c
e f
i

�
5 X fptg any

degree 5

5A 1 A1 7
�
1
1
i

�
1 X fptg any

5B 8 2A1 5
�
1
e
i

�
2 X fptg any

5C 6 A2 4
�
1 c
1
i

�
2 X fptg any

5D 8 A2CA1 3
�
1
e f
i

�
3 X fptg any

5E 21 A3 2

�
1 c
e f

e2

�
3 X fptg any

5F 26 A4 1

�
1 b c
e f

e3

�
4 X fptg any

Table 1: Weak del Pezzo surfaces of degree � 5 that are blowups of P2.

Geometry & Topology, Volume 28 (2024)



3568 Gebhard Martin and Claudia Stadlmayr

case .�2/–curves #flinesg Aut0X h0.X; TX / Aut0X smooth? moduli char.k/

P1�P1 ∅ 0 PGL2 �PGL2 6 X fptg any

F2 A1 0 .AutP.1;1;2//redD.G3
aÌGL2/=�2 7 X fptg any

Table 2: Weak del Pezzo surfaces of degree 8 that are not blowups of P2.

Remark 1.2 Since every Jacobian rational (quasi)elliptic surface X 0 is the blowup of a weak del Pezzo
surface X of degree 1 in the unique basepoint of its anticanonical linear system, Lemma 2.11 yields an
isomorphism Aut0X 0 Š Aut0X . In particular, our Main Theorem gives a complete classification of Jacobian
rational (quasi)elliptic surfaces with global vector fields. The non-Jacobian case is more involved and
will be treated by the second-named author in an upcoming article.

case figure .�2/–curves #flinesg Aut0X �PGL3 h0.X; TX / Aut0X smooth? moduli char.k/

4A 4 2A1 8
�
1
1
i

�
1 X 1 dim any

4B 5 3A1 6
�
1
1
i

�
1 X fptg any

4C 5 A2CA1 6
�
1
1
i

�
1 X fptg any

4D 6 A3 5
�
1
1
i

�
1 X fptg any

4E 17 A3 4
�
1 c
1
1

�
1 X fptg ¤ 2

4F 7 4A1 4
�
1
e
i

�
2 X fptg any

4G 7 A2C2A1 4
�
1
e
i

�
2 X fptg any

4H 17 A3CA1 3
�
1 c
1
i

�
2 X fptg any

4I 20 A4 3

�
1
e f

e2

�
2 X fptg any

4J 25 D4 2
�
1 c
e

e2

�
2 X fptg ¤ 2

4K 20 A3C2A1 2
�
1
e f
i

�
3 X fptg any

4L 28 D5 1

�
1 c
e f

e3

�
3 X fptg ¤ 2

4M 17 A3 4
�
1 c
1
i

�
; i2D 1 2 � fptg D 2

4N 25 D4 2
�
1 c
1 f
1

�
2 X fptg D 2

4O 25 D4 2

�
1 c
e f

e2

�
3 X fptg D 2

4P 28 D5 1
�
1 b c
1 f
1

�
3 X fptg D 2

4Q 28 D5 1

�
1 b c
e f

e3

�
4 X fptg D 2

Table 3: Weak del Pezzo surfaces of degree 4.
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case figure .�2/–curves #flinesg Aut0X �PGL3 h0.X; TX / Aut0X smooth? moduli char.k/

3A 4 2A2 7
�
1
1
i

�
1 X 1 dim any

3B 6 D4 6
�
1
1
i

�
1 X fptg any

3C 4 2A2CA1 5
�
1
1
i

�
1 X fptg any

3D 4 A3C2A1 5
�
1
1
i

�
1 X fptg any

3E 16 A4CA1 4
�
1
1
i

�
1 X fptg any

3F 19 A5 3
�
1
1 f
1

�
1 X fptg ¤ 3

3G 25 D5 3
�
1
e

e2

�
1 X fptg ¤ 2

3H 7 3A2 3
�
1
e
i

�
2 X fptg any

3I 19 A5CA1 2

�
1
e f

e2

�
2 X fptg any

3J 29 E6 1
�
1 c
e

e3

�
2 X fptg ¤ 2; 3

3K 19 A5 3

�
1
e f

e2

�
; e3D 1 2 � fptg D 3

3L 29 E6 1
�
1 c
1 f
1

�
2 X fptg D 3

3M 29 E6 1

�
1 c
e f

e3

�
3 X fptg D 3

3N 13 A4 6
�
1
1
i

�
; i2D 1 1 � fptg D 2

3O 25 D5 3
�
1
1 f
1

�
1 X fptg D 2

3P 25 D5 3

�
1
e f

e2

�
2 X fptg D 2

3Q 29 E6 1

�
1 b c

1 b2Cb
1

�
2 X fptg D 2

3R 29 E6 1

�
1 b c

e b2e

e3

�
3 X fptg D 2

Table 4: Weak del Pezzo surfaces of degree 3.

Remark 1.3 Independently, shortly after the upload of this article to arXiv and using a completely
different approach, Cheltsov and Prokhorov [2] classified RDP del Pezzo surfaces Y over an algebraically
closed field k of characteristic 0 such that AutY .k/ is infinite. Now, AutY .k/ is infinite if and only if
Aut0Y .k/ is infinite, which holds if and only if Aut0X .k/ is infinite, where X is the weak del Pezzo surface
that is the minimal resolution of Y . Since Aut0X is always smooth in characteristic 0 by Cartier’s theorem
(see eg Perrin [11, Corollaire 4.2.8]), Aut0X .k/ is infinite if and only if X admits global vector fields. So,
the classification in [2] is equivalent to the characteristic-0 part of our Main Theorem.
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case figure .�2/–curves #flinesg Aut0X �PGL3 h0.X; TX / Aut0X smooth? moduli char.k/

2A 3 2A3 6
�
1
1
i

�
1 X 1 dim any

2B 15 D5CA1 5
�
1
1
i

�
1 X fptg any

2C 27 E6 4
�
1
e

e2

�
1 X fptg ¤ 2

2D 3 2A3CA1 4
�
1
1
i

�
1 X fptg any

2E 3 D4C3A1 4
�
1
1
i

�
1 X fptg any

2F 16 A5CA2 3
�
1
1
i

�
1 X fptg any

2G 24 D6CA1 2
�
1
e

e2

�
1 X fptg ¤ 2

2H 24 A7 2
�
1
1 f
1

�
1 X fptg ¤ 2

2I 30 E7 1
�
1
e

e3

�
1 X fptg ¤ 2; 3

2J 18 A6 4
�
1
e

e2

�
; e3D 1 1 � fptg D 3

2K 23 D6 3
�
1
e

e2

�
; e3D 1 1 � fptg D 3

2L 30 E7 1
�
1
1 f
1

�
1 X fptg D 3

2M 30 E7 1

�
1
e f

e3

�
2 X fptg D 3

2N 11 A5 7
�
1
1
i

�
; i2D 1 1 � 1 dim D 2

2O 15 D5 8
�
1
1
i

�
; i2D 1 1 � fptg D 2

2P 12 A5CA1 6
�
1
1
i

�
; i2D 1 1 � fptg D 2

2Q 11 A5CA1 5
�
1
1
i

�
; i2D 1 1 � fptg D 2

2R 23 D6 3
�
1
1 f
1

�
1 X 1 dim D 2

2S 27 E6 4

�
1
e f

e2

�
; f 2D 0 2 � fptg D 2

2T 24 D6CA1 2
�
1
1 f
1

�
1 X fptg D 2

2U 24 D6CA1 2

�
1
e f

e2

�
2 X fptg D 2

2V 24 A7 2

�
1
e f

e2

�
; e4D 1 2 � fptg D 2

2W 30 E7 1
�
1 c
1
1

�
1 X fptg D 2

2X 30 E7 1

�
1 b c

1 b2

1

�
2 X fptg D 2

2Y 30 E7 1

�
1 b c

e b2e

e3

�
3 X fptg D 2

Table 5: Weak del Pezzo surfaces of degree 2.
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case figure .�2/–curves #flinesg Aut0X �PGL3 h0.X; TX / Aut0X smooth? moduli char.k/

1A 2 2D4 5
�
1
1
i

�
1 X 1 dim any

1B 15 E6CA2 4
�
1
1
i

�
1 X fptg any

1C 27 E7CA1 3
�
1
e

e2

�
1 X fptg ¤ 2

1D 31 E8 1
�
1
e

e3

�
1 X fptg ¤ 2; 3

1E 22 D7 5
�
1
1
i

�
; i3D 1 1 � fptg D 3

1F 26 E7 5
�
1
e

e2

�
; e3D 1 1 � fptg D 3

1G 17 A8 3
�
1
e

e2

�
; e3D 1 1 � fptg D 3

1H 31 E8 1
�
1
1 f
1

�
1 X fptg D 3

1I 31 E8 1

�
1
e f

e3

�
2 X fptg D 3

1J 13 E6 13
�
1
1
i

�
; i2D 1 1 � 1 dim D 2

1K 13 E6CA1 8
�
1
1
i

�
; i2D 1 1 � fptg D 2

1L 10 A7 8
�
1
1
i

�
; i2D 1 1 � 1 dim D 2

1M 26 E7 5
�
1
1 f
1

�
; f 2D 0 1 � fptg D 2

1N 10 D6C2A1 6
�
1
1
i

�
; i2D 1 1 � fptg D 2

1O 10 A7CA1 5
�
1
1
i

�
; i2D 1 1 � fptg D 2

1P 27 E7CA1 3

�
1
e f

e2

�
; f 2D 0 2 � fptg D 2

1Q 24 D8 2
�
1
1 f
1

�
1 X 1 dim D 2

1R 24 D8 2

�
1
e f

e2

�
; e4D 1 2 � fptg D 2

1S 31 E8 1
�
1 c
1
1

�
1 X fptg D 2

1T 31 E8 1

�
1 b c

e b2e

e3

�
; b4D 0 3 � fptg D 2

Table 6: Weak del Pezzo surfaces of degree 1.

Acknowledgements We thank Christian Liedtke for comments on a first version of this article. Martin
would like to thank the Department of Mathematics at the University of Utah for its hospitality while this
article was written.

Martin’s research is funded by the DFG Research Grant MA 8510/1-1 Infinitesimal automorphisms of
algebraic varieties. Stadlmayr’s research is funded by the DFG Sachbeihilfe LI 1906/5-1 Geometrie von

Geometry & Topology, Volume 28 (2024)



3572 Gebhard Martin and Claudia Stadlmayr

rationalen Doppelpunkten. Stadlmayr also gratefully acknowledges support by the doctoral program
TopMath and the TUM Graduate School.

2 Generalities

This section provides the necessary background on our two main topics: weak del Pezzo surfaces and
automorphism schemes. Throughout, we will be working over an algebraically closed field k.

2.1 Geometry of weak del Pezzo surfaces and their “height”

We recall that every weak del Pezzo surface X (except X D P1 �P1 and the second Hirzebruch surface
X D F2) is a successive blowup of P2 satisfying certain properties (see Lemmas 2.5 and 2.7), and we
define the notion of “height”, which is a measure for the complexity of X . We describe the set of all
.�2/– and .�1/–curves on X in terms of a realization of X as a blowup of P2.

Definition 2.1 A weak del Pezzo surface is a smooth projective surface X with nef and big anticanonical
class �KX . The number deg.X/DK2X is called the degree of X .

Recall that every birational morphism � WX 0!X of smooth projective surfaces can be factored as

� WX 0
'
�!X 0.n/

�.n�1/

����!X 0.n�1/
�.n�2/

����! � � �
�.1/

���!X 0.1/
�.0/

���!X 0.0/ DX;

where ' is an isomorphism and each �.i/ WX 0.iC1/!X 0.i/ is the blowup of a number of distinct closed
points on X 0.i/. The isomorphism ' can be neglected by identifying X 0 with X 0.n/ via '. Then the above
factorization becomes unique (up to unique isomorphism for every n� i � 1) if in each step we blow up
the maximal number of distinct closed points of X 0.i/. In this case, we call the above factorization of �
minimal.

Definition 2.2 Let X and X 0 be two smooth projective surfaces.

� For every birational morphism � WX 0!X , let �D�.0/ı� � �ı� � ��.n�1/ be its minimal factorization.
The height of � is defined as

ht.�/ WD n:

� If X 0 admits some birational morphism to X , we define the height of X 0 over X as

ht.X 0=X/ WD min
� WX 0!X

fht.�/g;

where the minimum is taken over all birational morphisms � WX 0!X .

� If X is a weak del Pezzo surface which is a successive blowup of P2, then we define

ht.X/ WD ht.X=P2/;

and if X is not a blowup of P2, we set ht.X/D 0.

Remark 2.3 The reader should compare our notion of height with the height function on the bubble
space of X considered in [4, Section 7.3.2].
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Notation 2.4 Let � WX ! P2 be a birational morphism of height n, and let � D �.0/ ı � � � ı�.n�1/ be
its minimal factorization. Then we fix the following notation:

� For each 0� i < n, we let p1;i ; : : : ; pni ;i 2X
.i/ be the points blown up under �.i/.

� The exceptional divisor .�.i//�1.pj;i /�X .iC1/ over a closed point pj;i 2X .i/ will be denoted
by Ej;i for j D 1; : : : ; ni .

� For every 0 � i � k � n, the strict transform of a curve C � X .i/ along �.i/ ı � � � ı �.k�1/ is
denoted by C .k/.

Using this notation, we can now state a necessary and sufficient criterion for a successive blowup of P2

to be a weak del Pezzo surface.

Lemma 2.5 [3; 4, Section 8.1.3] With Notation 2.4, let � W X ! P2 be a birational morphism of
height n. Then X is a weak del Pezzo surface if and only if the following three conditions hold :

� On each Ej;i there is at most one pk;iC1.

� For every line `� P2 there are at most three pj;i with pj;i 2 `.i/, where i ranges over 0; : : : ; n� 1.

� For every irreducible conic Q� P2 there are at most six pj;i with pj;i 2Q.i/, where i ranges over
0; : : : ; n� 1.

Notation 2.6 By Lemma 2.5, there is at most one pk;iC1 on each Ej;i . Therefore, it makes sense to
rename the pk;iC1 so that pk;iC1 lies on Ek;i . We will adopt this convention from now on.

If the above three conditions of Lemma 2.5 are satisfied, we say that the points pj;i are in almost general
position. Using this terminology, there is the following well-known characterization of weak del Pezzo
surfaces:

Lemma 2.7 [4, Section 8.1.3] If X is a weak del Pezzo surface , then

(i) X Š P1 �P1, or

(ii) X Š F2, the second Hirzebruch surface , or

(iii) X is the successive blowup of P2 in n� 8 points in almost general position.

In particular , 1� deg.X/� 9, and ht.X/D 0 if and only if X 2 fP2;P1 �P1;F2g.

All classes of .�2/– and .�1/–curves in the odd unimodular lattice Pic.X/D I1;9�deg.X/ of signature
.1; 9�deg.X// are well known and described in [4, Proposition 8.2.7; 6, Definition 23.7, Proposition 26.1].
This lattice-theoretic description can be translated into geometry (see [6, Theorem 26.2(ii)] for the case of
del Pezzo surfaces). A straightforward adaption of Manin’s approach to our situation of weak del Pezzo
surfaces yields the following description of .�2/– and .�1/–curves on X :
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Lemma 2.8 Let X be a weak del Pezzo surface and let � WX DX .n/! P2 be a birational morphism of
height n.

(i) A curve on X is a .�2/–curve if and only if it is of one of the following four types:
� the strict transform E

.n/
j;i of an exceptional curve such that there is exactly one pj;iC1 on Ej;i ,

� the strict transform `.n/ of a line `� P2 such that there are exactly three pj;i with pj;i 2 `.i/,
� the strict transform C .n/ of an irreducible conic C � P2 such that there are exactly six pj;i

with pj;i 2 C .i/, or
� the strict transform C .n/ of an irreducible singular cubic C � P2 such that there are exactly

eight pj;i with pj;i 2 C .i/, and such that one of the pj;0 is the singular point of C .

(ii) A curve on X is a .�1/–curve if and only if it is of one of the following seven types:
� the strict transform E

.n/
j;i of an exceptional curve such that there is no pk;iC1 on Ej;i ,

� the strict transform `.n/ of a line `� P2 such that there are exactly two pj;i with pj;i 2 `.i/,
� the strict transform C .n/ of an irreducible conic C � P2 such that there are exactly five pj;i

with pj;i 2 C .i/,
� the strict transform C .n/ of an irreducible singular cubic C � P2 such that there are exactly

seven pj;i with pj;i 2 C .i/, and such that one of the pj;0 is the singular point of C ,
� the strict transform C .n/ of an irreducible singular quartic C � P2 such that there are exactly

eight pj;i with pj;i 2 C .i/, and such that exactly three of the pj;i are double points of C .i/,
� the strict transform C .n/ of an irreducible singular quintic C � P2 such that there are exactly

eight pj;i with pj;i 2 C .i/, and such that exactly six of the pj;i are double points of C .i/, or
� the strict transform C .n/ of an irreducible singular sextic C � P2 such that there are exactly

eight pj;i with pj;i 2 C .i/, and such that exactly seven of the pj;i are double points of C .i/

and exactly one of the pj;0 is a triple point of C .

Remark 2.9 The criterion given in Lemma 2.5 simply tells us that a successive blowup of P2 in at most
eight points is a weak del Pezzo surface if and only if we have never blown up a point on a .�2/–curve.

2.2 Automorphism schemes of blowups of smooth surfaces

By a result of Matsumura and Oort [9], the automorphism functor Aut0X of a proper variety over k
is representable, and it is well known that the tangent space of Aut0X can be identified naturally with
H 0.X; TX /. The main tool in our study of automorphism schemes of weak del Pezzo surfaces is the
following lemma of Blanchard (see [1, Theorem 7.2.1]):

Lemma 2.10 (Blanchard’s lemma) Let f W Y ! X be a morphism of proper schemes over k with
f�OY DOX . Then f induces a homomorphism of group schemes f� W Aut0Y ! Aut0X . If f is birational ,
then f� is a closed immersion.
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Thus, if f is birational, we can and will identify Aut0Y with its image under f� in the following. If f
is the blowup of a smooth surface X in a closed point p, it is possible to describe the image of f�; see
[7, Proposition 2.7; 10, Lemma 1.1].

Lemma 2.11 Let f W Y ! X be the blowup of a smooth projective surface X in n distinct points
p1; : : : ; pn 2X . Then Aut0Y D

�Tn
iD1 Stab0pi

�0.

Proof We prove the claim by induction on n with the case n D 0 being trivial. For the inductive
step, let Y 0 be the blowup of X in p1; : : : ; pn�1. Then f 0 W Y ! Y 0 is the blowup in pn and we have
Aut0Y 0 D

�Tn�1
iD1 Stab0pi

�0 by the induction hypothesis. Note that the identity component of the stabilizer
of pn 2 Y 0, with respect to the action of Aut0Y 0 , is precisely

�Tn
iD1 Stab0pi

�0. By [7, Remark 2.8], the
Aut0Y –action on Y preserves the exceptional divisor of f 0, hence Aut0Y , being connected, is contained in�Tn

iD1 Stab0pi

�0. Conversely, by [7, Proposition 2.7], the
�Tn

iD1 Stab0pi

�0–action on Y 0 lifts to Y , and
since

�Tn
iD1 Stab0pi

�0 is connected, it actually lifts to a subgroup scheme of Aut0Y .

Let � WX 0.n/!X be a birational morphism of smooth projective surfaces X and X 0.n/. Let E �X 0.n/

be a �–exceptional irreducible curve. Recall that the left-action of Aut0X on HilbX is given on S–valued
points by

Aut0X .S/�HilbX .S/
�.S/
���! HilbX .S/; .g WXS !XS ; � WZ ,!XS / 7! .Z ��;XS ;g�1 XS ,!XS /;

where XS WD X � S , and this induces a natural action � of Aut0
X 0.n/ � Aut0X on HilbX . For a pencil

(that is, a 1–dimensional linear system) f W C! P1 � HilbX of curves on X , we will identify a point
p 2 P1.S/ with its fiber Cp under f . Let V � P1 be an open subset such that any two fibers Cp and Cq
with p; q 2 V (as well as their strict transforms in all the X 0.i/) have the same multiplicity at the pj;i .
Then the rational map

(2-1) P1 � V!HilbE ; p 7! C.n/p \E;

can be extended to a morphism ' from P1, since every irreducible component of HilbE is proper.

Definition 2.12 Let � WX 0.n/!X be a birational morphism of smooth projective surfaces X and X 0.n/.
Let E �X 0.n/ be a �–exceptional irreducible curve. A pencil of curves f W C! P1 is called adapted to
E and � (or E–adapted), if the morphism ' of (2-1) factors through an isomorphism P1

Š
�!E � HilbE .

For an adapted pencil C! P1, we can transfer the Aut0
X 0.n/–action on E via ' to an action on the pencil.

Over V , we can describe this action explicitly on S–valued points as follows. For Cp 2 V.S/� P1.S/

with embedding � W Cp! XS , an element g 2 AutX 0.n/.S/ sends Cp to the unique curve Cg.p/ 2 P1.S/

such that .Cp��;XS ;g�1 XS /
.n/\ES D '.Cg.p//. The action of Aut0

X 0.n/ transferred from E to the pencil
is the unique extension of the above action from V to P1. In particular, orbits and stabilizers of the
Aut0

X 0.n/–action on E can be calculated on P1, which we exploit throughout.

Remark 2.13 In most of the cases occurring in our classification we can choose the adapted pencil
C! P1 to be stable under the natural action of Aut0

X 0.n/ on HilbX . In this case, Cg.p/D Cp��;XS ;g�1XS .
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Example 2.14 Aut0
X 0.n/–stable adapted pencils do not always exist, even for blowups of P2:

Consider the morphism � W X 0.2/ ! P2 of height 2 given by blowing up the points p1;0 D Œ1 W 0 W 0�,
p2;0 D Œ0 W 1 W 0�, p3;0 D Œ1 W 1 W 0� and p1;1 WD `

.1/
y \E1;0, where `y D V.y/. Then X 0.2/ is surface 5C in

Table 1. In the classification in Section 4 (see Case 5C), we use an E1;1–adapted pencil which is not
Aut0

X 0.2/–stable to show that

Aut0
X 0.2/.R/D

8<:
0@1 c

1

i

1A 2 PGL3.R/

9=;
acts on E1;1 as Œ� W�� 7! Œ� W i2��. For this morphism � , there is no E1;1–adapted pencil which is also
Aut0

X 0.2/–stable.

Indeed, seeking a contradiction, assume that there exists such a pencil whose fiber over Œ� W�� 2 P1 is
C�;� D V.�f1C�f2/ with f1 and f2 homogeneous of the same degree. By the previous paragraph, the
subgroup scheme Ga�Aut0

X 0.2/ of automorphisms with i D 1 acts trivially on E1;1. By Remark 2.13, this
implies that every C�;� is stable under this Ga–action. In particular, every C�;� is a union of orbits of
the Ga–action on P2. The closures of the Ga–orbits are the lines through Œ1 W0 W0� except V.z/, and every
point on V.z/. Therefore, each C�;� is a union of lines through Œ1 W0 W0�, hence '.C�;�/D n.`

.2/
y \E1;1/

for some n� 0, and thus the pencil is not E1;1–adapted, contradicting our assumption.

Remark/Notation 2.15 If X D P2, and f1 and f2 are homogeneous equations of the same degree, we
say that �f1C�f2 is adapted (to � and E) if the pencil spanned by C1 D V.f1/ and C2 D V.f2/ is
adapted to � and E and if, in addition, we identified C1 and C2 with Œ1 W 0� and Œ0 W 1� in P1, respectively.
We will use this choice of coordinates to determine the orbits and stabilizers of the Aut0

X 0.n/–action on E
explicitly by reducing it to a calculation on the pencil Œ� W��.

3 Strategy of proof

For the proof of our Main Theorem we argue inductively by going through all possible weak del Pezzo
surfaces with nontrivial connected automorphism scheme in the order given by their height. We start
with del Pezzo surfaces of height 0, which are P2;P1 �P1 and F2. Then, by Lemma 2.7, to study del
Pezzo surfaces of height 1 we have to study blowups of P2 in a number of distinct “honest” points. After
that, for height 2, we have to consider del Pezzo surfaces that arise as blowups of points on exceptional
divisors of blowups of points in P2 (sometimes we will also refer to such points as infinitely near points
of the first order, as was introduced in [4, Section 7.3.2, page 307]). Continuing this pattern, increasing
the height by 1 means that we have to study those surfaces that arise as blowups of points on the “latest
exceptional divisor”.

In this subsection, we further specify our strategy of proof and explain why the classification of weak del
Pezzo surfaces with nontrivial vector fields obtained via our inductive procedure is indeed complete.
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3.1 Inductive strategy

Assume we have a complete set Li D fXkgk2Ki
, for some index set Ki , of representatives of weak

del Pezzo surfaces of height i that are blowups of P2 with H 0.Xk; TXk
/¤ 0, where for every Xk we

have fixed a birational morphism  k W Xk ! P2 of height i . Further assume that we have calculated
. k/�.Aut0Xk

/� PGL3 (see Lemma 2.11) for every k. If i D 0, such a list is given by L0 D fP2g with
Aut0

P2 D PGL3. Using the list Li , we produce a list LiC1 as follows:

Procedure 3.1 Step 1 Choose X 2 Li with  WX ! P2 and let

 WX
 .i�1/

����!X .i�1/
 .i�2/

����! � � �
 .0/

���!X .0/ D P2

be the minimal factorization of  .

Step 2 If i D 0, let E WDX D P2. Otherwise, let

E WD

�
Exc. .i�1//�

i�2[
jD0

Exc. .j //
�
�D;

whereD is the union of all .�2/–curves on X . Note that, if i > 0, then E is the set of points on the “latest”
exceptional divisors that do not lie on .�2/–curves. Using the description of Aut0X as a subgroup scheme
of PGL3, we calculate the orbits and stabilizers of the action of Aut0X on E using Ej;i�1–adapted pencils.

Step 3 Choose a set of points fp1;i ; : : : ; pni ;ig �E such that
�Tni

jD1 Stab0pj;i

�0 is nontrivial and such
that the blowup  0 W X 0! X in these points is still a weak del Pezzo surface (see the criterion given
in Lemma 2.8). In particular, since there is at most one of the pj;i on every exceptional curve, we may
assume that pj;i 2Ej;i�1. Note that we obtain isomorphic surfaces if we replace a point pj;i by a point
in the same orbit under the action of

T
k¤j Stabpk;i

� AutX .

Step 4 If X 0 is isomorphic to a surface already contained in Lj for some j � i C 1, discard this case.
Otherwise, add X 0 to LiC1, choose the blowup realization  ı 0 WX 0! P2, and calculate

. ı 0/�.Aut0X 0/D . �/
� ni\
jD1

Stab0pj;i

�0
� PGL3 :

We do this by describing the group Aut0X 0.R/ for an arbitrary local k–algebra R (see Section 3.2).

Step 5 Repeat Steps 3 and 4 for all possible point combinations fp1;i ; : : : ; pni ;ig.

Step 6 Repeat Steps 1–5 for all X 2 Li .

Lemma 3.2 For every i , Procedure 3.1 yields a complete set LiC1 D fXkgk2KiC1
of representatives of

isomorphism classes of weak del Pezzo surfaces of height i C 1 with nontrivial global vector fields that
are blowups of P2.

Proof We prove the claim by induction on the height i . The case i D 0 with L0 D fP2g is clear by
Lemma 2.11. Therefore, assume that the claim holds for i � 1� 0 and that we have a list Li .
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Let X 0 be a weak del Pezzo surface of height i C 1 with h0.X 0; TX 0/¤ 0. Choose a birational morphism
� WX 0! P2 with minimal factorization

� WX 0 DX 0.iC1/ �
.i/

��!X 0.i/ �
.i�1/

����! � � �
�.0/

���!X 0.0/ D P2

such that, for every birational morphism � 0 WX 0! P2, the number of exceptional curves for � 0.i/ is at
least as great as the number of exceptional curves for �.i/, ie such that the number of points blown up by
the last step �.i/ is minimal. By Lemma 2.10, there is an inclusion

.�.i//�.Aut0X 0/� Aut0
X 0.i/ :

In particular, h0.X 0.i/; TX 0.i//¤ 0, since Aut0X 0 ¤ fidg and .�.i//� is a closed immersion. Hence, by the
induction hypothesis, there is X 2 Li such that there exists an isomorphism � WX 0.i/!X and X comes
with a birational morphism  WX ! P2.

To prove the claim, it suffices to show that � ı�.i/ is the blowup of X in a set of points p1;i ; : : : ; pni ;i

on E, defined as in Procedure 3.1. Indeed, once we prove this, it will follow from Lemma 2.11 and the
assumption h0.X 0; TX 0/¤ 0 that Aut0X 0 D

�Tni

jD1 Stab0pj;i

�0 is nontrivial.

Now, note that the condition that the pj;i lie on E is equivalent to � ı �.i/ being the first step in the
minimal factorization of

 0 WD  ı� ı�.i/ WX 0!X 0.i/!X ! P2:

Thus, we take the minimal factorization of  0 and let  0.i/ WX 0!X 00 be the first morphism in the minimal
factorization of  0. Since X has height i , the morphism � ı�.i/ WX 0!X factors through  0.i/, which
means there is a morphism f WX 00!X such that f ı 0.i/D � ı�.i/. In particular, the number of points
blown up under  0.i/ is at most the number of points blown up under �.i/. As we chose the number of
points blown up under �.i/ to be minimal, this shows that f is an isomorphism. In fact, since f is an
isomorphism over P2, this isomorphism is unique, and we can identify X 00 with X .

One technical question that arises in Procedure 3.1 is how one checks, in Step 4, whether X 0 is isomorphic
to a surface in one of our lists Lj with j � i C 1. Clearly a necessary condition for this is that X 0 has the
same configuration of negative curves as one of the surfaces Xk 2 Lj for some j � iC1. By Lemma 3.2,
we have the following converse:

Corollary 3.3 Let X 0 be a weak del Pezzo surface with nontrivial global vector fields that arises in
Step 3 of Procedure 3.1. Assume that X 0 has the same configuration of negative curves as a surface in Lj
for some j < i C 1. Then X 0 is isomorphic to a surface already contained in Lj .

Proof If X 0 has the same configuration as a surface in Lj , then there is a sequence of contractions of
.�1/–curves on X 0 that realizes X 0 as a weak del Pezzo surface of height j < iC1, and then Lemma 3.2
shows that X 0 is isomorphic to a surface in Lj .
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Remark 3.4 If, instead, X 0 has the same configuration of negative curves as a surface in LiC1, then we
cannot immediately use Lemma 3.2, since the list LiC1 is not yet complete at that point. Whenever this
happens in Section 4, we will describe an explicit way of blowing down X 0 to a surface with the same
configuration as (hence, by Lemma 3.2, isomorphic to) some Xk 2 Li in such a way that the image of the
exceptional locus lies in the set E �Xk . If Steps 1–5 of Procedure 3.1 have already been carried out for
Xk 2 Li , this implies that X 0 is isomorphic to a surface already contained in LiC1.

Since we distinguish the families of weak del Pezzo surfaces with global vector fields according to their
configuration of negative curves and automorphism schemes, once we know that X 0 is isomorphic to a
surface in Lj , we can determine the family to which it belongs by describing its configuration of negative
curves and by computing its automorphism scheme.

3.2 On the calculation of stabilizers

Before starting our classification, let us explain how to calculate the scheme-theoretic stabilizers of the
points pj;i 2Ej;i�1 occurring in Step 4 of Procedure 3.1. First, recall the definition of the scheme-theoretic
stabilizer:

Definition 3.5 Let � W G �X ! X be an action of a group scheme G on a scheme X over k. Let
p W Spec k!X be a k–valued point. The stabilizer Stabp �G of p with respect to � is defined as

Stabp W .Sch=k/! .Sets/; S 7! fg 2G.S/ j g.pS /D pSg;

where pS W S ! Spec k!X .

The stabilizer Stabp �G is a closed subgroup scheme of G. As mentioned in Step 4 of Procedure 3.1,
we will describe only the R–valued points of the stabilizers occurring in our classification, where R is a
local k–algebra. This is sufficient, since in each case — all the conditions on the matrices in PGL3.R/
of Tables 1 and 3–6 being given by polynomial equations which respect the group structure on PGL3 —
there will be an obvious closed subgroup scheme G of PGL3 that admits the same R–valued points as
the given stabilizer. The group scheme G will then be equal to the stabilizer because of the following
well-known lemma:

Lemma 3.6 Let Z1; Z2 � X be two closed subschemes of a scheme X over a field k. If Z1.R/ D
Z2.R/�X.R/ for all local k–algebras R, then Z1 DZ2 as closed subschemes of X .

The advantage of only considering R–valued points of PGLn lies in the fact that R–valued points Pn are
simply given by .nC1/–tuples of elements in R, up to units in R, such that at least one of the elements
in the .nC1/–tuple is a unit. This allows us to describe the action of Aut0X .R/ on Ej;i�1.R/Š P1.R/

explicitly using adapted pencils, so that the calculation of the scheme-theoretic stabilizer of a k–valued
point pj;i 2 Ej;i�1 becomes straightforward (by Lemma 3.6). Thus, R will denote a local k–algebra
from now on.
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4 Proof of Main Theorem: classification

In this section, we will carry out Procedure 3.1 to obtain the classification of weak del Pezzo surfaces
with global regular vector fields and prove our Main Theorem.

Firstly, note that there are two weak del Pezzo surfaces which do not fit into the framework of Procedure 3.1,
namely those which are not blowups of P2. By Lemma 2.7, these are P1�P1 and F2. As is well known,
AutP1�P1 D PGL2 �PGL2. As for AutF2

, we make use of the fact that this group scheme is smooth and
connected by [8, Theorem 1 and Lemma 10]. An explicit description of this group scheme is given in [8].
Alternatively, one can blow down the unique .�2/–curve on F2 to obtain the weighted projective plane
P .1; 1; 2/ and use the fact that .AutP.1;1;2//red fixes the unique singular point on P .1; 1; 2/. Hence, this
action lifts to F2 and we get AutF2

D .AutP.1;1;2//red. These results are summarized in Table 2.

For the remaining cases we can apply Procedure 3.1, and we will subdivide the proof into subsections
according to the height of our weak del Pezzo surfaces. Throughout, we write f̀ WD V.f / for the line
given by f D 0 in P2. Recall that in the following figures a thick curve denotes a .�2/–curve, while a
thin curve denotes a .�1/–curve. The intersection multiplicity of two such curves is at most 3 at every
point; intersection multiplicities 1 and 2 will be clear from the picture, whereas we write a small 3 next
to the point of intersection if the intersection multiplicity is 3.

4.1 Height 0

We have L0 D fX9Ag, where X9A WD P2 with AutP2 D PGL3.

4.2 Height 1

Case 9A In this case, X D P2 and  D id. We have E D P2, and the action of Aut0X D PGL3 on E is
transitive. Now, note that if p1;0; : : : ; pn0;0 2 P2 are points such that at least four of them are in general
position, then

Aut0X 0 D
� n0\
jD1

Stab0pj;0

�
D f�g:

On the other hand, according to Lemma 2.5, to guarantee thatX 0 is a weak del Pezzo surface, no more than
three of the pj;0 may be on a line. Up to isomorphism, this leaves five possibilities for p1;0; : : : ; pn0;0:

(1) n D 4, and p1;0, p2;0 and p4;0 are on a line ` with p3;0 … `. Using the action of PGL3, we may
assume that p1;0 D Œ1 W 0 W 0�, p2;0 D Œ0 W 1 W 0�, p3;0 D Œ0 W 0 W 1�, p4;0 D Œ1 W 1 W 0� and `D `z .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.
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5A 6C 6A 7A

Figure 1

� We have a .�2/–curve `.1/z and .�1/–curves E1;0, E2;0, E3;0, E4;0, `.1/x , `.1/y and `.1/x�y , with
configuration as in 5A of Figure 1.

This is case 5A.

(2) n D 3 and all points are on a line `. We may assume that p1;0 D Œ1 W 0 W 0�, p2;0 D Œ0 W 1 W 0�,
p3;0 D Œ1 W 1 W 0� and `D `z .

� Aut0X 0.R/D

8<:
0@1 c

1 f

i

1A 2 PGL3.R/

9=;.

� We have a .�2/–curve `.1/z and .�1/–curves E1;0, E2;0 and E3;0, with configuration as in 6C of
Figure 1.

This is case 6C.

(3) nD 3 and not all points are on a line. We may assume that p1;0 D Œ1 W 0 W 0�, p2;0 D Œ0 W 1 W 0� and
p3;0 D Œ0 W 0 W 1�.

� Aut0X 0.R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=;.

� We have no .�2/–curves and .�1/–curves E1;0, E2;0, E3;0, `.1/x , `.1/y and `.1/z , with configuration
as in 6A of Figure 1.

This is case 6A.

(4) nD 2. We may assume that p1;0 D Œ1 W 0 W 0� and p2;0 D Œ0 W 1 W 0�.

� Aut0X 0.R/D

8<:
0@1 c

e f

i

1A 2 PGL3.R/

9=;.

� We have no .�2/–curves and .�1/–curves E1;0, E2;0 and `.1/z , with configuration as in 7A of
Figure 1.

This is case 7A.
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8A 1A

Figure 2

(5) nD 1. We may assume that p1;0 D Œ1 W 0 W 0�.

� Aut0X 0.R/D

8<:
0@1 b c

e f

h i

1A 2 PGL3.R/

9=;.

� We have no .�2/–curves and .�1/–curve E1;0, with configuration as in 8A of Figure 2.

This is case 8A.

Summarizing, we obtain L1 D fX5A; X6C ; X6A; X7A; X8Ag.

4.3 Height 2

Case 5A We have E D
�S4

jD1Ej;0
�
� `

.1/
z . Recall that the R–valued points of Aut0X are given by

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
We calculate the action of Aut0X on the Ej;0 using adapted pencils:

� �yC�z is E1;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

� �xC�z is E2;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

� �xC�y is E3;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W��.

� �.x�y/C�z is E4;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

In particular, there is one unique point with nontrivial stabilizer on each of E \E1;0, E \E2;0 and
E \E4;0. Since p1;0, p2;0 and p4;0 can be interchanged by automorphisms of P2 preserving p3;0, we
have ten possibilities for p1;1; : : : ; pn;1:

(1) p1;1DE1;0\`
.1/
y , p2;1DE2;0\`

.1/
x , p3;1DE3;0\`

.1/
xC˛y with ˛…f0;�1g and p4;1DE4;0\`

.1/
x�y .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, E.2/3;0, E.2/4;0, `.2/x , `.2/y , `.2/z and `.2/x�y and .�1/–curves E1;1,
E2;1, E3;1, E4;1 and `.2/xC˛y , with configuration as in 1A of Figure 2.
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2A 2D 2E

Figure 3

This is case 1A and we see that we get a 1–dimensional family of such surfaces X1A;˛ depending on the
parameter ˛.

(2) p1;1 DE1;0\ `
.1/
y , p2;1 DE2;0\ `

.1/
x and p3;1 DE3;0\ `

.1/
xC˛y with ˛ … f0;�1g.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, E.2/3;0, `.2/x , `.2/y and `.2/z and .�1/–curves E1;1, E2;1, E3;1, E.2/4;0,
`
.2/
x�y and `.2/xC˛y , with configuration as in 2A of Figure 3.

This is case 2A and we see that we get a 1–dimensional family of such surfaces X2A;˛ depending on the
parameter ˛.

(3) p1;1 DE1;0\ `
.1/
y , p2;1 DE2;0\ `

.1/
x and p3;1 DE3;0\ `

.1/
x�y .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, E.2/3;0, `.2/x , `.2/y , `.2/z and `.2/x�y and .�1/–curves E1;1, E2;1,
E3;1 and E.2/4;0, with configuration as in 2D of Figure 3.

This is case 2D.

(4) p1;1 DE1;0\ `
.1/
y , p2;1 DE2;0\ `

.1/
x and p4;1 DE4;0\ `

.1/
x�y .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, E.2/4;0, `.2/x , `.2/y , `.2/z and `.2/x�y and .�1/–curves E1;1, E2;1,
E4;1 and E.2/3;0, with configuration as in 2E of Figure 3.

This is case 2E.

(5) p1;1 DE1;0\ `
.1/
y and p3;1 DE3;0\ `

.1/
xC˛y with ˛ … f0;�1g.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.
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3A 3C 3D 4A

Figure 4

� We have .�2/–curves E.2/1;0, E.2/3;0, `.2/y and `.2/z and .�1/–curves E1;1, E3;1, E.2/2;0, E.2/4;0, `.2/x ,
`
.2/
x�y and `.2/xC˛y , with configuration as in 3A of Figure 4.

This is case 3A and we see that we get a 1–dimensional family of such surfaces X3A;˛ depending on the
parameter ˛.

(6) p1;1 DE1;0\ `
.1/
y and p3;1 DE3;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/3;0, `.2/x , `.2/y and `.2/z and .�1/–curves E1;1, E3;1, E.2/2;0, E.2/4;0
and `.2/x�y , with configuration as in 3C of Figure 4.

This is case 3C.

(7) p1;1 DE1;0\ `
.1/
y and p2;1 DE2;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, `.2/x , `.2/y and `.2/z and .�1/–curves E1;1, E2;1, E.2/3;0, E.2/4;0
and `.2/x�y , with configuration as in 3D of Figure 4.

This is case 3D.

(8) p3;1 DE3;0\ `
.1/
xC˛y with ˛ … f0;�1g.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/3;0 and `.2/z and .�1/–curves E3;1, E.2/1;0, E.2/2;0, E.2/4;0, `.2/x , `.2/y , `.2/x�y
and `.2/xC˛y , with configuration as in 4A of Figure 4.

This is case 4A and we see that we get a 1–dimensional family of such surfaces X4A;˛ depending on the
parameter ˛.
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4B 4C

Figure 5

(9) p3;1 DE3;0\ `
.1/
y .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/3;0, `.2/y and `.2/z and .�1/–curves E3;1, E.2/1;0, E.2/2;0, E.2/4;0, `.2/x and `.2/x�y ,
with configuration as in 4B of Figure 5.

This is case 4B.

(10) p1;1 DE1;0\ `
.1/
y .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, `.2/y and `.2/z and .�1/–curves E1;1, E.2/2;0, E.2/3;0, E.2/4;0, `.2/x and `.2/x�y ,
with configuration as in 4C of Figure 5.

This is case 4C.

Case 6C We have E D
�S3

jD1Ej;0
�
� `

.1/
z and

Aut0X .R/D

8<:
0@1 c

1 f

i

1A 2 PGL3.R/

9=; :
� �yC�z is E1;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i�Cf ��.

� �xC�z is E2;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i�C c��.

� �.x�y/C�z is E3;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i�C .c �f /��.

Since p1;0, p2;0 and p3;0 can be interchanged by automorphisms of P2 and the action of Aut0X is transitive
on every E \Ei;0, we have three possibilities for p1;1; : : : ; pn;1:

(1) p1;1 DE1;0\ `
.1/
y , p2;1 DE2;0\ `

.1/
x and p3;1 DE3;0\ `

.1/
x�y .
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3B 4D 5C

Figure 6

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, E.2/3;0 and `.2/z and .�1/–curves E1;1, E2;1, E3;1, `.2/x , `.2/y
and `.2/x�y , with configuration as in 3B of Figure 6.

This is case 3B.

(2) p1;1 DE1;0\ `
.1/
y and p2;1 DE2;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0 and `.2/z and .�1/–curves E1;1, E2;1, E.2/3;0, `.2/x and `.2/y , with
configuration as in 4D of Figure 6.

This is case 4D.

(3) p1;1 DE1;0\ `
.1/
y .

� Aut0X 0.R/D

8<:
0@1 c

1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0 and `.2/z and .�1/–curves E1;1, E.2/2;0, E.2/3;0 and `.2/y , with configuration
as in 5C of Figure 6.

This is case 5C.

Case 6A We have E D
S3
jD0Ej;0 and

Aut0X .R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=; :
� �yC�z is E1;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W i��.

� �xC�z is E2;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

� �xC�y is E3;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e��.

Geometry & Topology, Volume 28 (2024)



Weak del Pezzo surfaces with global vector fields 3587

Since p1;0; p2;0 and p3;0 can be permuted arbitrarily by automorphisms of P2, we have nine possibilities
for p1;1; : : : ; pn;1:

(1) p1;1 DE1;0\ `
.1/
y�z , p2;1 DE2;0\ `

.1/
z and p3;1 DE3;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 e

e

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, E.2/3;0, `.2/x and `.2/z and .�1/–curves E1;1, E2;1, E3;1, `.2/y
and `.2/y�z , with configuration as in Figure 4, case 3C.

Blowing down the two right-most .�1/–curves in Figure 4 (3C), we see that X 0 arises as a blowup of
X5A in two points on E and X 0 ŠX3C by Remark 3.4.

(2) p1;1 DE1;0\ `
.1/
y�z , p2;1 DE2;0\ `

.1/
z and p3;1 DE3;0\ `

.1/
y .

� Aut0X 0.R/D

8<:
0@1 e

e

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, E.2/3;0, `.2/y and `.2/z and .�1/–curves E1;1, E2;1, E3;1, `.2/x
and `.1/y�z , with configuration as in Figure 4, case 3D.

Blowing down the two .�1/–curves in Figure 4 (3D) that are not adjacent to any other .�1/–curve, we
see that X 0 arises as a blowup of X5A in two points on E and X 0 ŠX3D by Remark 3.4.

(3) p1;1 DE1;0\ `
.1/
z , p2;1 DE2;0\ `

.1/
x and p3;1 DE3;0\ `

.1/
y .

� Aut0X 0.R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, E.2/3;0, `.2/x , `.2/y and `.2/z and .�1/–curves E1;1, E2;1 and E3;1,
with configuration as in 3H of Figure 7.

This is case 3H.

(4) p1;1 DE1;0\ `
.1/
y�z and p2;1 DE2;0\ `

.1/
z .

� Aut0X 0.R/D

8<:
0@1 e

e

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0 and `.2/z and .�1/–curves E1;1, E2;1, E.2/3;0, `.2/x , `.2/y and `.2/y�z ,
with configuration as in Figure 5, case 4C.

Blowing down the .�1/–curve in Figure 5 (4C) that is not adjacent to any other .�1/–curve, we see that
X 0 arises as a blowup of X5A in one point on E and hence X 0 ŠX4C by Remark 3.4.
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3H 4G 4F

Figure 7

(5) p1;1 DE1;0\ `
.1/
y�z and p2;1 DE2;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 e

e

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0 and `.2/x and .�1/–curves E1;1, E2;1, E.2/3;0, `.2/y , `.2/z and `.2/y�z ,
with configuration as in Figure 5, case 4B.

Blowing down one of the .�1/–curves in Figure 5 (4B) that is not adjacent to any other .�1/–curve, we
see that X 0 arises as a blowup of X5A in one point on E and X 0 ŠX4B by Remark 3.4.

(6) p1;1 DE1;0\ `
.1/
z and p2;1 DE2;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, `.2/x and `.2/z and .�1/–curves E1;1, E2;1, E.2/3;0 and `.2/y , with
configuration as in 4G of Figure 7.

This is case 4G.

(7) p1;1 DE1;0\ `
.1/
y and p2;1 DE2;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0, `.2/x and `.2/y and .�1/–curves E1;1, E2;1, E.2/3;0 and `.2/z , with
configuration as in 4F of Figure 7.

This is case 4F.

(8) p1;1 DE1;0\ `
.1/
y�z .

� Aut0X 0.R/D

8<:
0@1 e

e

1A 2 PGL3.R/

9=;.
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� We have a .�2/–curve E.2/1;0 and .�1/–curves E1;1, E.2/2;0, E.2/3;0, `.2/x , `.2/y , `.2/z and `.2/y�z , with
configuration as in Figure 1, case 5A.

By Corollary 3.3, we have X 0 ŠX5A.

(9) p1;1 DE1;0\ `
.1/
z .

� Aut0X 0.R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0 and `.2/z and .�1/–curves E1;1, E.2/2;0, E.2/3;0, `.2/x and `.2/y , with config-
uration as in 5B of Figure 8.

This is case 5B.

Case 7A We have E DE1;0[E2;0 and

Aut0X .R/D

8<:
0@1 c

e f

i

1A 2 PGL3.R/

9=; :
� �yC�z is E1;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W i�Cf ��.

� �xC�z is E2;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i�C c��.

Since p1;0 and p2;0 can be interchanged by an automorphism of P2, we have four possibilities for
p1;1; : : : ; pn;1:

(1) p1;1 DE1;0\ `
.1/
y and p2;1 DE2;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0 and E.2/2;0 and .�1/–curves E1;1, E2;1, `.2/x , `.2/y and `.2/z , with config-
uration as in Figure 8, case 5B.

Blowing down the .�1/–curve in Figure 8 (5B) that is not adjacent to any other .�1/–curve, we see that
X 0 arises as a blowup of X6A in one point on E and X 0 ŠX5B by Remark 3.4.

(2) p1;1 DE1;0\ `
.1/
z and p2;1 DE2;0\ `

.1/
x .

� Aut0X 0.R/D

8<:
0@1 e f

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0, E.2/2;0 and `.2/z and .�1/–curves E1;1, E2;1 and `.2/x , with configuration
as in 5D of Figure 8.

This is case 5D.
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5B 5D 6B 6D

Figure 8

(3) p1;1 DE1;0\ `
.1/
y .

� Aut0X 0.R/D

8<:
0@1 c

e

i

1A 2 PGL3.R/

9=;.

� We have a .�2/–curve E.2/1;0 and .�1/–curves E1;1, E.2/2;0, `.2/y and `.2/z , with configuration as in
6B of Figure 8.

This is case 6B.

(4) p1;1 DE1;0\ `
.1/
z .

� Aut0X 0.R/D

8<:
0@1 c

e f

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.2/1;0 and `.2/z and .�1/–curves E1;1 and E.2/2;0, with configuration as in 6D
of Figure 8.

This is case 6D.

Case 8A We have E DE1;0 and

Aut0X .R/D

8<:
0@1 b c

e f

h i

1A 2 PGL3.R/

9=; :
� �yC�z is E1;0–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe�C h� W i�Cf ��.

Therefore, there is a unique possibility for p1;1; : : : ; pn;1 up to isomorphism:

(1) p1;1 DE1;0\ `
.1/
z .

� Aut0X 0.R/D

8<:
0@1 b c

e f

i

1A 2 PGL3.R/

9=;.
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7B

Figure 9

� We have a .�2/–curve E.2/1;0 and .�1/–curves E1;1 and `.2/z , with configuration as in 7B of Figure 9.

This is case 7B.

Summarizing, we obtain

L2 D fX1A;˛; X2A;˛; X2D; X2E ; X3A;˛; X3C ; X3D; X4A;˛; X4B ; X4C ; X3B ; X4D; X5C ; X3H ;

X4G ; X4F ; X5B ; X5D; X6B ; X6D; X7Bg:

4.4 Height 3

Case 2A We have E D
S3
jD1Ej;1�

�S3
jD1E

.2/
j;0 [ `

.2/
x [ `

.2/
y

�
and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

� �y2C�.xC˛y/z is E3;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

Note that X has degree 2. Therefore we are only allowed to blow up one more point, pj;2. Moreover, the
involution x$ ˛y of P2 lifts to an involution of X interchanging E1;1 and E2;1, thus we may assume
without loss of generality that j D 1 or j D 3. Finally, if j D 3, then the stabilizer of p3;2 2E \E3;1 is
trivial unless p3;2 lies on the strict transform of `xC˛y . Moreover, Aut0X acts transitively on E \E1;1.
Hence, we have two possibilities:

(1) p3;2 DE3;1\ `
.2/
xC˛y with ˛ … f0;�1g.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/3;1, `.3/x , `.3/y , `.3/z and `.3/xC˛y and .�1/–curves E3;2,
E
.3/
1;1, E.3/2;1, E.3/4;0 and `.3/x�y , with configuration as in Figure 2, case 1A.

By Corollary 3.3, we have X 0 ŠX1A;˛0 for some ˛0.
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(2) p1;2 DE1;1\C
.2/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, `.3/x , `.3/y and `.3/z and .�1/–curves E1;2, E.3/2;1, E.3/3;1,
E
.3/
4;0, `.3/x�y , `.3/xC˛y , C .3/1 and C .3/2 with ˛ … f0;�1g and C2 D V.x3yC xy3C x2z2C˛2y2z2/,

with configuration as in 1L of Figure 10.

This is case 1L and we see that we get a 1–dimensional family of such surfaces X1L;˛ depending on the
parameter ˛.

Case 2D We have E D
S3
jD1Ej;1�

�S3
jD1E

.2/
j;0 [ `

.2/
x [ `

.2/
y [ `

.2/
x�y

�
and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

� �y2C�.x�y/z is E3;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

Note that X has degree 2, thus we are only allowed to blow up one more point, pj;2. Next, note that the
stabilizer of every point on E\E3;1 is trivial, and hence we may assume j D 1 or j D 2. Similar to Case
2A, the involution x$ y of P2 lifts to an involution of X interchanging E1;1 and E2;1, thus we may
assume without loss of generality that j D 1. Hence, there is a unique choice for pj;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, `.3/x , `.3/y , `.3/z and `.3/x�y and .�1/–curves E1;2,
E
.3/
2;1, E.3/3;1, E.3/4;0 and C .3/, with configuration as in 1O of Figure 10.

This is case 1O.
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3

1L 1O 1N

Figure 10

Case 2E We have E D .E1;1[E2;1[E4;1/� .E
.2/
1;0 [E

.2/
2;0[E

.2/
4;0[ `

.2/
x [ `

.2/
y [ `

.2/
x�y/ and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

� �.x�y/xC�z2 is E4;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

Note that X has degree 2, thus we are only allowed to blow up one more point, pj;2. Next, the
automorphisms of P2 interchanging p1;0, p2;0 and p4;0 and preserving p3;0 lift to X and interchange
E1;1, E2;1 and E4;1, thus we may assume j D 1. Finally, Aut0X acts transitively on E \E1;1, and hence
we have a unique choice for pj;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/4;0, E.3/1;1, `.3/x , `.3/y , `.3/z and `.3/x�y and .�1/–curves E1;2,
E
.3/
2;1, E.3/4;1, E.3/3;0, C .3/1 and C .3/2 with C2 D V.xy C y2 C z2/, with configuration as in 1N of

Figure 10.

This is case 1N.

Case 3A We have E D .E1;1[E3;1/� .E
.2/
1;0 [E

.2/
3;0 [ `

.2/
y / and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
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� �xyC�z2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

� �y2C�.xC˛y/z is E3;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

Note that there is one unique point with nontrivial stabilizer on E \E3;1, while Aut0X acts transitively on
E \E1;1. Hence, we have three choices up to isomorphism:

(1) p1;2 DE1;1\C
.2/
1 and p3;2 DE3;1\ `

.2/
xC˛y with C1 D V.xyC z2/ and ˛ … f0;�1g.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/3;0, E.3/1;1, E.3/3;1, `.3/y , `.3/z and `.3/xC˛y and .�1/–curves E1;2, E3;2,
E
.3/
2;0, E.3/4;0, `.3/x , `.3/x�y , C .3/2 and C .3/3 with

C2 D V.x2yC xz2C˛yz2/ and C3 D V.x2yC xz2C˛yz2Cy3/;

with configuration as in Figure 10, case 1L.

Blowing down the right-most .�1/–curve in Figure 10 (1L), we see that X 0 is the blowup of some X2A;˛
in one point on E and X 0 ŠX1L;˛0 for some ˛0 by Remark 3.4.

(2) p3;2 DE3;1\ `
.2/
xC˛y with ˛ … f0;�1g.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/3;0, E.3/3;1, `.3/y , `.3/z and `.3/xC˛y and .�1/–curves E3;2, E.3/1;1, E.3/2;0,
E
.3/
4;0, `.3/x and `.3/x�y , with configuration as in Figure 3, case 2A.

By Corollary 3.3, we have X 0 ŠX2A;˛0 for some ˛0.

(3) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/3;0, E.3/1;1, `.3/y and `.3/z and .�1/–curves E1;2, E.3/3;1, E.3/2;0, E.3/4;0,
`
.3/
x , `.3/x�y and `.3/xC˛y with ˛ … f0;�1g, with configuration as in 2N of Figure 11.

This is case 2N and we see that we get a 1–dimensional family of such surfaces X2N;˛ depending on the
parameter ˛.

Geometry & Topology, Volume 28 (2024)



Weak del Pezzo surfaces with global vector fields 3595

2N 2Q

Figure 11

Case 3C We have E D .E1;1[E3;1/� .E
.2/
1;0 [E

.2/
3;0 [ `

.2/
y [ `

.2/
x / and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

� �xzC�y2 is E3;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W��.

Note that the stabilizer of every point in E \E3;1 is trivial while Aut0X acts transitively on E \E1;1.
Hence, we have a unique choice for p1;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/3;0, E.3/1;1, `.3/x , `.3/y and `.3/z and .�1/–curves E1;2, E.3/3;1, E.3/2;0, E.3/4;0
and `.3/x�y , with configuration as in 2Q of Figure 11.

This is case 2Q.

Case 3D We have E D .E1;1[E2;1/� .E
.2/
1;0 [E

.2/
2;0[ `

.2/
y [ `

.2/
x / and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.
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Note that the involution x$ y of P2 lifts to an involution of X interchanging E1;1 and E2;1. Moreover,
Aut0X acts transitively and with finite stabilizers on both E \E1;1 and E \E2;1. Hence, we have three
possibilities for p1;2; : : : ; pn;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ and p2;2 DE2;1\C

.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/x , `.3/y , `.3/z and C .3/ and .�1/–curves E1;2,
E2;2, E.3/3;0, E.3/4;0 and `.3/x�y , with configuration as in Figure 10, case 1O.

Blowing down the left-most .�1/–curve in Figure 10 (1O), we see that X 0 is a blowup of X2D in one
point on E and X 0 ŠX1O by Remark 3.4.

(2) p1;2DE1;1\C
.2/
1 and p2;2DE2;1\C

.2/
2 with C1DV.xyCz2/, C2DV.xyC˛z2/ and ˛ … f0; 1g.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curvesE.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/x , `.3/y and `.3/z and .�1/–curvesE1;2, E2;2, E.3/3;0,
E
.3/
4;0, `.3/x�y , C .3/1 , C .3/2 and C .3/3 with C3 D V.x3y2Cx2y3Cxz4C˛2yz4/, with configuration

as in Figure 10, case 1L.

Blowing down the right-most .�1/–curve in Figure 10 (1L), we see that X 0 is the blowup of some X2A;˛
in one point on E and X 0 ŠX1L;˛0 for some ˛0 by Remark 3.4.

(3) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 28̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.
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2P

Figure 12

� We have .�2/–curvesE.3/1;0, E.3/2;0, E.3/1;1, `.3/x , `.3/y and `.3/z and .�1/–curvesE1;2, E.3/2;1, E.3/3;0, E.3/4;0,
`
.3/
x�y and C .3/, with configuration as in 2P of Figure 12.

This is case 2P.

Case 4A We have E DE3;1�E
.2/
3;0 and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �y2C�.xC˛y/z is E3;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

Note that there is one unique point onE\E3;1 with nontrivial stabilizer, leading to a unique choice for p3;2:

(1) p3;2 DE3;1\ `
.2/
xC˛y with ˛ … f0;�1g.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/3;0, E.3/3;1, `.3/z and `.3/xC˛y and .�1/–curves E3;2, E.3/1;0, E.3/2;0, E.3/4;0, `.3/x ,
`
.3/
y and `.3/x�y , with configuration as in Figure 4, case 3A.

By Corollary 3.3, we have X 0 ŠX3A;˛0 for some ˛0.

Case 4B We have E DE3;1� .E
.2/
3;0 [ `

.2/
y / and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �x2C�yz is E3;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

There is no point on E \E3;1 with nontrivial stabilizer, so we get no new cases by further blowing up X .
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Case 4C We have E DE1;1� .E
.2/
1;0 [ `

.2/
y / and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

In particular, Aut0X acts transitively on E \E1;1. We get a unique choice for p1;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/1;1, `.3/y and `.3/z and .�1/–curves E1;2, E.3/2;0, E.3/3;0, E.3/4;0, `.3/x and
`
.3/
x�y , with configuration as in 3N of Figure 13.

This is case 3N.

Case 3B We have E D
S3
jD1Ej;1�

S3
jD1E

.2/
j;0 and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

� �.x�y/xC�z2 is E3;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

Note that automorphisms of P2 fixing Œ0 W 0 W 1� and interchanging the pj;0 lift to automorphisms of X
interchanging the Ej;1. Moreover, since X has degree 3, we are only allowed to blow up two more points.
Finally, on every E \Ej;1, the action of Aut0X has two orbits and one of them is a fixed point. Hence, we
get six possibilities for p1;2; : : : ; p3;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/
1 and p2;2 DE2;1\C

.2/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 28̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.
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3N 1K 1J

Figure 13

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, E.3/2;1, `.3/z and C .3/1 and .�1/–curves E1;2, E2;2,
E
.3/
3;1, `.3/x , `.3/y , `.3/x�y , C .3/2 and C .3/3 with C2 D V.xy C y2C z2/ and C3 D V.xy C x2C z2/,

with configuration as in 1K of Figure 13.

This is case 1K.

(2) p1;2DE1;1\C
.2/
1 and p2;2DE2;1\C

.2/
2 with C1DV.xyCz2/, C2DV.xyC˛z2/ and ˛ … f0; 1g

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 28̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, E.3/2;1 and `.3/z and .�1/–curves E1;2, E2;2, E.3/3;1,
`
.3/
x , `.3/y , `.3/x�y , C .3/1 , C .3/2 , C .3/3 , C .3/4 , C .3/5 , C .3/6 and C .3/7 with C3 D V.xy C y2 C z2/,
C4DV.xyCx2C˛z2/, C5DV.x2y2Cxy3C˛y2z2Cz4/, C6DV.x2y2Cx3yCx2z2C˛2z4/
and C7 D V.x3y2C x2y3C xz4C˛2yz4/, with configuration as in 1J of Figure 13.

This is case 1J and we see that we get a 1–dimensional family of such surfaces X1J;˛ depending on the
parameter ˛.

Remark 4.1 Figure 13 (1J) is by far the most complicated configuration that occurs in our classification.
To make Figure 13 (1J) easier to digest for the reader, we will now break our habit of describing the curve
configuration only via an intuitive picture, and also describe the dual graph of the configuration. Each white
vertex in the dual graph corresponds to a .�1/–curve and each black vertex corresponds to a .�2/–curve.
The number of edges between two vertices corresponding to curves C1 and C2 is equal to the intersection
number of C1 and C2. With these conventions, the dual graph of Figure 13 (1J) is given in Figure 14.

In general, a dual graph carries less information than the nondual picture. In our case, we see from
Figure 13 (1J) that every simply laced triangle of vertices in Figure 14 corresponds to three curves
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Figure 14: Dual graph of Figure 13 (1J).

meeting in a single point, every double edge corresponds to two curves meeting in a single point with
multiplicity 2, and every triple edge corresponds to two curves meeting in two distinct points with
multiplicities 2 and 1. While the symmetry group of Figure 14 is the dihedral group D12 of order 12, the
interested reader can use the additional information from Figure 13 (1J) to check that the only involution
in D12 that can actually come from an automorphism of X is the unique central involution. And indeed,
the pencil of cubic curves through the eight points pi;j contains the curve V.z3/ and the smooth curve
V.z3Cz2xC˛z2yCx2yCxy2/, and hence it is an elliptic pencil and the inverse in the group structure
on the generic fiber of the associated rational elliptic surface (classically called the “Bertini involution”
associated to the points pi;j ) induces the central Z=2Z–symmetry of the graph in Figure 14.

(3) p1;2 DE1;1\C
.2/
1 and p2;2 DE2;1\ `

.2/
x with C1 D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, E.3/2;1, `.3/x and `.3/z and .�1/–curves E1;2, E2;2,
E
.3/
3;1, `.3/y , `.3/x�y , C .3/1 , C .3/2 and C .3/3 with C2DV.xyCy2Cz2/ and C .3/3 DV.x2y2Cxy3Cz4/,

with configuration as in Figure 13, case 1K.

Blowing down the left-most and the right-most .�1/–curve in Figure 13 (1K), we see that X 0 is a blowup
of X3B in two points on E which do not lie on the intersection of E with the other .�1/–curves on X3B
and X 0 ŠX1K by Remark 3.4.

(4) p1;2 DE1;1\ `
.2/
y and p2;2 DE2;1\ `

.2/
x .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.
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1B 2O 2B

Figure 15

� We have .�2/–curvesE.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, E.3/2;1, `.3/x , `.3/y and `.3/z and .�1/–curvesE1;2, E2;2,
E
.3/
3;1 and `.3/x�y , with configuration as in 1B of Figure 15.

This is case 1B.

(5) p1;2 DE1;1\C
.2/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1 and `.3/z and .�1/–curves E1;2, E.3/2;1, E.3/3;1, `.3/x ,
`
.3/
y , `.3/x�y , C .3/1 and C .3/2 with C2 D V.xyCy2C z2/, with configuration as in 2O of Figure 15.

This is case 2O.

(6) p1;2 DE1;1\ `
.2/
y .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, `.3/y and `.3/z and .�1/–curves E1;2, E.3/2;1, E.3/3;1,
`
.3/
x and `.3/x�y , with configuration as in 2B of Figure 15.

This is case 2B.

Case 4D We have E D
S2
jD1Ej;1�

S2
jD1E

.2/
j;0 and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.
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Note that automorphisms of P2 fixing Œ0 W 0 W 1� and interchanging p1;0 and p2;0 lift to automorphisms
of X interchanging E1;1 and E2;1. Moreover, Aut0X has two orbits on each E \Ej;1, one of which is a
fixed point. Hence, we get six possibilities for p1;2; p2;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ and p2;2 DE2;1\C

.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/z and C .3/ and .�1/–curves E1;2, E2;2, E.3/3;0,
`
.3/
x and `.3/y , with configuration as in Figure 11, case 2Q.

Blowing down the right-most .�1/–curve in Figure 11 (2Q), we see that X 0 is a blowup of X3C in one
point on E and X 0 ŠX2Q by Remark 3.4.

(2) p1;2DE1;1\C
.2/
1 and p2;2DE2;1\C

.2/
2 with C1DV.xyCz2/, C2DV.xyC˛z2/ and ˛ … f0; 1g.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1 and `.3/z and .�1/–curves E1;2, E2;2, E.3/3;0, `.3/x ,
`
.3/
y , C .3/1 and C .3/2 , with configuration as in Figure 11, case 2N.

Blowing down the right-most .�1/–curve in Figure 11 (2N), we see that X 0 is a blowup of some X3A;˛
in one point on E and X 0 ŠX2N;˛0 for some ˛0 by Remark 3.4.

(3) p1;2 DE1;1\C
.2/ and p2;2 DE2;1\ `

.2/
x with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/x and `.3/z and .�1/–curves E1;2, E2;2, E.3/3;0,
`
.3/
y and C .3/, with configuration as in Figure 11, case 2Q.
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2F 3E

Figure 16

Blowing down the right-most .�1/–curve in Figure 11 (2Q), we see that X 0 is a blowup of X3C in one
point on E and X 0 ŠX2Q by Remark 3.4.

(4) p1;2 DE1;1\ `
.2/
y and p2;2 DE2;1\ `

.2/
x .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/x , `.3/y and `.3/z and .�1/–curves E1;2, E2;2
and E.3/3;0, with configuration as in 2F of Figure 16.

This is case 2F.

(5) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 28̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1 and `.3/z and .�1/–curves E1;2, E.3/2;1, E.3/3;0, `.3/x , `.3/y
and C .3/, with configuration as in Figure 13, case 3N.

Blowing down the right-most .�1/–curve in Figure 13 (3N), we see that X 0 is a blowup of X4C in one
point on E and X 0 ŠX3N by Remark 3.4.

(6) p1;2 DE1;1\ `
.2/
y .

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, `.3/y and `.3/z and .�1/–curves E1;2, E.3/2;1, E.3/3;0 and `.3/x ,
with configuration as in 3E of Figure 16.

This is case 3E.
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Case 5C We have E DE1;1�E
.2/
1;0 and

Aut0X .R/D

8<:
0@1 c

1

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i2��.

Note that this is the first case in which there exists no Aut0X–stableE1;1–adapted pencil (see Example 2.14).
We remind the reader that we explained how to calculate the Aut0X–action on exceptional curves using not
necessarily Aut0X–stable adapted pencils after Definition 2.12. From now on, we will no longer explicitly
point out when a non-Aut0X–stable adapted pencil is used and assume that the reader is familiar with the
techniques explained in Section 2.2.

Since Aut0X has two orbits on E \E1;1, we get two possibilities for p1;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

8̂<̂
:
0B@1 c

1

1

1CA 2 PGL3.R/

9>=>; if p ¤ 2;

8̂<̂
:
0B@1 c

1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9>=>; if p D 2:

We describe the configurations of negative curves on X 0 for p ¤ 2 and p D 2 simultaneously:

� We have .�2/–curves E.3/1;0, E.3/1;1 and `.3/z and .�1/–curves E1;2, E.3/2;0, E.3/3;0 and `.3/y , with
configuration as in 4E and 4M of Figure 17.

This is case 4E if p ¤ 2, and case 4M if p D 2.

(2) p1;2 DE1;1\ `
.2/
y .

� Aut0X 0.R/D

8<:
0@1 c

1

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/1;1, `.3/y and `.3/z and .�1/–curves E1;2, E.3/2;0 and E.3/3;0, with
configuration as in 4H of Figure 17.

This is case 4H.

Case 3H We have E D
S3
jD1Ej;1�

�S3
jD1E

.2/
j;0 [ `

.2/
x [ `

.2/
y [ `

.2/
z

�
and

Aut0X .R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=; :
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4E and 4M 4H 1G

Figure 17

� �xzC�y2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W e2��.

� �xyC�z2 is E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W i2��.

� �yzC�x2 is E3;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œei� W��.

Note that all automorphisms of P2 inducing cyclic permutations of p1;0, p2;0, and p3;0 lift to automor-
phisms of X , and since X has degree 3, we can only blow up two additional points. Moreover, Aut0X acts
transitively on every E \Ej;1. Hence, we get two possibilities for p1;2; : : : ; p3;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/
1 and p2;2 DE2;1\C

.2/
2 with C1 D V.xzCy2/ and C2 D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 3;8̂<̂
:
0B@1 e

e2

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9>=>; if p D 3:

Hence, X 0 has global vector fields only if p D 3. Therefore, we assume p D 3 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, E.3/2;1, `.3/x , `.3/y and `.3/z and .�1/–curves E1;2, E2;2
and E.3/3;1, with configuration as in 1G of Figure 17.

This is case 1G.

(2) p1;2 DE1;1\C
.2/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/3;0, E.3/1;1, `.3/x , `.3/y and `.3/z and .�1/–curves E1;2, E.3/2;1 and
E
.3/
3;1, with configuration as in Figure 16, case 2F.

Blowing down the left-most and the right-most .�1/–curve in Figure 16 (2F), we see that X 0 is a blowup
of X4D in two points on E and X 0 ŠX2F by Remark 3.4.
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2J

Figure 18

Case 4G We have E D
S2
jD1Ej;1�

�S2
jD1E

.2/
j;0 [ `

.2/
z [ `

.2/
x

�
and

Aut0X .R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=; :
� �xzC�y2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W e2��.

� �xyC�z2 is E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W i2��.

Since Aut0X acts transitively on every E \Ej;1, we get the following three possibilities for p1;2; p2;2 up
to isomorphism:

(1) p1;2 DE1;1\C
.2/
1 and p2;2 DE2;1\C

.2/
2 with C1 D V.xzCy2/ and C2 D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 3;8̂<̂
:
0B@1 e

e2

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9>=>; if p D 3:

Hence, X 0 has global vector fields only if p D 3. Therefore, we assume p D 3 when describing
the configuration of negative curves.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/x and `.3/z and .�1/–curves E1;2, E2;2, E.3/3;0 and
`
.3/
y , with configuration as in 2J of Figure 18.

This is case 2J.

(2) p2;2 DE2;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 i2

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/2;1, `.3/x and `.3/z and .�1/–curves E2;2, E.3/1;1, E.3/3;0 and `.3/y ,
with configuration as in Figure 16, case 3E.

Geometry & Topology, Volume 28 (2024)



Weak del Pezzo surfaces with global vector fields 3607

Blowing down the left-most .�1/–curve in Figure 16 (3E), we see that X 0 is a blowup of X4D in one
point on E and X 0 ŠX3E by Remark 3.4.

(3) p1;2 DE1;1\C
.2/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, `.3/x and `.3/z and .�1/–curves E1;2, E.3/2;1, E.3/3;0 and `.3/y ,
with configuration as in Figure 16, case 3E.

Blowing down the left-most .�1/–curve in Figure 16 (3E), we see that X 0 is a blowup of X4D in one
point on E and X 0 ŠX3E by Remark 3.4.

Case 4F We have E D .E1;1[E2;1/� .E
.2/
1;0 [E

.2/
2;0[ `

.2/
x [ `

.2/
y / and

Aut0X .R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W i2��.

Note that the involution x$ y of P2 lifts to an involution of X interchanging E1;1 and E2;1. Moreover,
Aut0X acts transitively on both E \E1;1 and E \E2;1, but the stabilizer of every point on E \E1;1 acts
trivially on E \E2;1. Hence, we have three possibilities up to isomorphism:

(1) p1;2 DE1;1\C
.2/ and p2;2 DE2;1\C

.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 i2

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/x , `.3/y and C .3/ and .�1/–curves E1;2, E2;2,
E
.3/
3;0 and `.3/z , with configuration as in Figure 3, case 2D.

By Corollary 3.3, we have X 0 ŠX2D .

(2) p1;2DE1;1\C
.2/
1 and p2;2DE2;1\C

.2/
2 with C1DV.xyCz2/, C2DV.xyC˛z2/ and ˛ … f0; 1g.

� Aut0X 0.R/D

8<:
0@1 i2

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/x and `.3/y and .�1/–curves E1;2, E2;2, E.3/3;0,
`
.3/
z , C .3/1 and C .3/2 , with configuration as in Figure 3, case 2A.

By Corollary 3.3, we have X 0 ŠX2A;˛0 for some ˛0.
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(3) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 i2

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, `.3/x and `.3/y and .�1/–curves E1;2, E.3/2;1, E.3/3;0, `.3/z
and C .3/, with configuration as in Figure 4, case 3D.

By Corollary 3.3, we have X 0 ŠX3D .

Case 5B We have E DE1;1� .E
.2/
1;0 [ `

.2/
z / and

Aut0X .R/D

8<:
0@1 e

i

1A 2 PGL3.R/

9=; :
� �xzC�y2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W e2��.

Since Aut0X acts transitively on E \E1;1, we have a unique choice for p1;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/1;1 and `.3/z and .�1/–curves E1;2, E.3/2;0, E.3/3;0, `.3/x and `.3/y , with
configuration as in Figure 6, case 4D.

By Corollary 3.3, we have X 0 ŠX4D .

Case 5D We have E D
S2
jD1Ej;1�

�S2
jD1E

.2/
j;0 [ `

.2/
z

�
and

Aut0X .R/D

8<:
0@1 e f

i

1A 2 PGL3.R/

9=; :
� �xzC�y2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W e2��.

� �xyC�z2 is E2;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W i2��.

Note that Aut0X acts transitively on E \E1;1, and with two orbits, one of which is a fixed point, on
E \E2;1. Hence, we have five choices for p1;2 and p2;2 up to isomorphism:
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3F and 3K 3I

Figure 19

(1) p1;2 DE1;1\C
.2/
1 and p2;2 DE2;1\C

.2/
2 with C1 D V.xzCy2/ and C2 D V.xyC z2/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

8̂<̂
:
0B@1 1 f

1

1CA 2 PGL3.R/

9>=>; if p ¤ 3;

8̂<̂
:
0B@1 e f

e2

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9>=>; if p D 3:

We describe the configurations of negative curves on X 0 for p ¤ 3 and p D 3 simultaneously:

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1 and `.3/z and .�1/–curves E1;2, E2;2 and `.3/x , with
configuration as in 3F and 3K of Figure 19.

This is case 3F if p ¤ 3, and case 3K if p D 3.

(2) p1;2 DE1;1\C
.2/ and p2;2 DE2;1\ `

.2/
x with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1, E.3/2;1, `.3/x and `.3/z and .�1/–curves E1;2 and E2;2, with
configuration as in 3I of Figure 19.

This is case 3I.

(3) p2;2 DE2;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 i2 f

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/2;1 and `.3/z and .�1/–curves E2;2, E.3/1;1 and `.3/x , with
configuration as in Figure 17, case 4H.

Blowing down the .�1/–curve in the middle of Figure 17 (4H), we see that X 0 is a blowup of X5C in
one point on E and X 0 ŠX4H by Remark 3.4.
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4K 4I

Figure 20

(4) p2;2 DE2;1\ `
.2/
x .

� Aut0X 0.R/D

8<:
0@1 e f

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/2;1, `.3/x and `.3/z and .�1/–curves E2;2 and E.3/1;1, with
configuration as in 4K of Figure 20.

This is case 4K.

(5) p1;2 DE1;1\C
.2/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/2;0, E.3/1;1 and `.3/z and .�1/–curves E1;2, E.3/2;1 and `.3/x , with
configuration as in 4I of Figure 20.

This is case 4I.

Case 6B We have E DE1;1�E
.2/
1;0 and

Aut0X .R/D

8<:
0@1 c

e

i

1A 2 PGL3.R/

9=; :
� �xyC�z2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W i2��.

Since Aut0X has two orbits on E \E1;1, we have two choices for p1;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ with C D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 c

i2

i

1A 2 PGL3.R/

9=;.
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� We have .�2/–curves E.3/1;0 and E.3/1;1 and .�1/–curves E1;2, E.3/2;0, `.3/y and `.3/z , with configuration
as in Figure 6, case 5C.

By Corollary 3.3, we have X 0 ŠX5C .

(2) p1;2 DE1;1\ `
.2/
y .

� Aut0X 0.R/D

8<:
0@1 c

e

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/1;1 and `.3/y and .�1/–curves E1;2, E.3/2;0 and `.3/z , with configuration
as in Figure 8, case 5D.

By Corollary 3.3, we have X 0 ŠX5D .

Case 6D We have E DE1;1� .E
.2/
1;0 [ `

.2/
z / and

Aut0X .R/D

8<:
0@1 c

e f

i

1A 2 PGL3.R/

9=; :
� �xzC�y2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W e2��.

Since Aut0X acts transitively on E \E1;1, there is only one choice for p1;2 up to isomorphism:

(1) p1;2 DE1;1\C
.2/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 c

e f

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/1;1 and `.3/z and .�1/–curves E1;2 and E.3/2;0, with configuration as
in 5E of Figure 21.

This is case 5E.

Case 7B We have E DE1;1�E
.2/
1;0 and

Aut0X .R/D

8<:
0@1 b c

e f

i

1A 2 PGL3.R/

9=; :
� �xzC�y2 is E1;1–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W e2��.

Since Aut0X has two orbits on E \E1;1, there are two choices for p1;2 up to isomorphism:
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5E 6E 6F

Figure 21

(1) p1;2 DE1;1\C
.2/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 b c

e f

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0 and E.3/1;1 and .�1/–curves E1;2 and `.3/z , with configuration as in 6E
of Figure 21.

This is case 6E.

(2) p1;2 DE1;1\ `
.2/
z .

� Aut0X 0.R/D

8<:
0@1 b c

e f

i

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.3/1;0, E.3/1;1 and `.3/z and .�1/–curve E1;2, with configuration as in 6F of
Figure 21.

This is case 6F.

Summarizing, we obtain

L3 D fX1L;˛; X1O ; X1N ; X2N;˛; X2Q; X2P ; X3N ; X1K ; X1J;˛; X1B ; X2O ; X2B ; X2F ; X3E ;

X4E ; X4M ; X4H ; X1G ; X2J ; X3F ; X3K ; X3I ; X4K ; X4I ; X5E ; X6E ; X6F g:

4.5 Height 4

Case 2N This case exists only if p D 2. We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=; :
� �.x2yC xz2/C�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

Note that there is only one point on E \E1;2 with nontrivial stabilizer, hence we have a unique choice
for p1;3:
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(1) p1;3 DE1;2\C
.3/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/3;0, E.4/1;1, E.4/1;2, `.4/y and `.4/z and .�1/–curves E1;3, E.4/3;1, E.4/2;0,
E
.4/
4;0, `.4/x , `.4/x�y , `.4/xC˛y , C .4/1 , C .4/2 , C .4/3 , C .4/4 , C .4/5 and C .4/6 with C2DV.xyCy2Cz2/, C3D

V.x2yCxz2C˛yz2/, C4DV.x2yCxz2Cy3C˛yz2/, C5DV.x2y2Cx2z2Cx3yC˛2y2z2/,
C6 D V.xy3C x2z2C x3yC˛2y2z2/ and ˛ … f0;�1g, with configuration as in Figure 13, case
1J.

By Corollary 3.3, we have X 0 ŠX1J;˛0 for some ˛0.

Case 2Q This case exists only if p D 2. We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=; :
� �.x2yC xz2/C�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

Note that there is only one point on E \E1;2 with nontrivial stabilizer, hence we have a unique choice
for p1;3:

(1) p1;3 DE1;2\C
.3/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/3;0, E.4/1;1, E.4/1;2, `.4/x , `.4/y and `.4/z and .�1/–curves E1;3, E.4/3;1,
E
.4/
2;0, E.4/4;0, `.4/x�y , C .4/1 , C .4/2 and C .4/3 with C2D V.xyCy2Cz2/ and C3D V.xz2Cx2yCy3/,

with configuration as in Figure 13, case 1K.

By Corollary 3.3, we have X 0 ŠX1K .

Case 2P This case exists only if p D 2. We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=; :
� �.x2yC xz2/C�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W��.

Note that there is only one point on E \E1;2 with nontrivial stabilizer, hence we have the following
unique choice for p1;3:
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(1) p1;3 DE1;2\C
.3/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/1;2, `.4/x , `.4/y , `.4/z and C .4/1 and .�1/–curves E1;3,
E
.4/
2;1, E.4/3;0, E.4/4;0, `.4/x�y and C .4/2 with C2 D V.xyCy2C z2/, with configuration as in Figure 10,

case 1N.

By Corollary 3.3, we have X 0 ŠX1N .

Case 3N This case exists only if p D 2. We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=; :
� �.x2yC xz2/C�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

Note that there is only one point on E \E1;2 with nontrivial stabilizer, hence we have the following
unique choice for p1;3:

(1) p1;3 DE1;2\C
.3/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/1;1, E.4/1;2, `.4/y and `.4/z and .�1/–curves E1;3, E.4/2;0, E.4/3;0, E.4/4;0,
`
.4/
x , `.4/x�y , C .4/1 and C .4/2 with C2D V.xyCy2Cz2/, with configuration as in Figure 15, case 2O.

By Corollary 3.3, we have X 0 ŠX2O .

Case 2O This case exists only if p D 2. We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=; :
� �.x2yC xz2/C�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i��.

Note that there is only one point on E \E1;2 with nontrivial stabilizer, hence we have a unique choice
for p1;3:

(1) p1;3 DE1;2\C
.3/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=;.
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1E

Figure 22

� We have .�2/–curvesE.4/1;0,E.4/2;0,E.4/3;0,E.4/1;1,E.4/1;2, `.4/z , C .4/1 and C .4/2 with C2DV.xyCy2Cz2/
and .�1/–curves E1;3, E.4/2;1, E.4/3;1, `.4/x , `.4/y and `.4/x�y , with configuration as in Figure 10, case 1N.

By Corollary 3.3, we have X 0 ŠX1N .

Case 2B We have E DE1;2� .E
.3/
1;1 [ `

.3/
y / and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �x2yC�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i3��.

Hence, we have the following unique choice for p1;3 up to isomorphism:

(1) p1;3 DE1;2\C
.3/ with C D V.x2yC z3/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 3;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i3 D 1

9>=>; if p D 3:

Hence, X 0 has global vector fields only if p D 3. Therefore, we assume p D 3 when describing
the configuration of negative curves.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/3;0, E.4/1;1, E.4/1;2, `.4/y and `.4/z and .�1/–curves E1;3, E.4/2;1,
E
.4/
3;1, `.4/x and `.4/x�y , with configuration as in 1E of Figure 22.

This is case 1E.

Case 2F We have E D .E1;2[E2;2/� .E
.3/
1;1 [E

.3/
2;1[ `

.3/
x [ `

.3/
y / and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �x2yC�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i3��.

� �xy2C�z3 is E2;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i3��.
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Note that the involution x $ y of P2 lifts to an automorphism of X interchanging E1;2 and E2;2.
Moreover, since X has degree 2, we are only allowed to blow up one more point. Hence, we have a
unique choice for p1;3 and p2;3 up to isomorphism:

(1) p1;3 DE1;2\C
.3/ with C D V.x2yC z3/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 3;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i3 D 1

9>=>; if p D 3:

Hence, X 0 has global vector fields only if p D 3. Therefore, we assume p D 3 when describing
the configuration of negative curves.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2, `.4/x , `.4/y and `.4/z and .�1/–curves E1;3, E.4/2;2
and E.4/3;0, with configuration as in Figure 17, case 1G.

By Corollary 3.3, we have X 0 ŠX1G .

Case 3E We have E DE1;2� .E
.3/
1;1 [ `

.3/
y / and

Aut0X .R/D

8<:
0@1 1

i

1A 2 PGL3.R/

9=; :
� �x2yC�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i3��.

Hence, we have a unique choice for p1;3 up to isomorphism:

(1) p1;3 DE1;2\C
.3/ with C D V.x2yC z3/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 3;8̂<̂
:
0B@1 1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i3 D 1

9>=>; if p D 3:

Hence, X 0 has global vector fields only if p D 3. Therefore, we assume p D 3 when describing
the configuration of negative curves.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/1;2, `.4/y and `.4/z and .�1/–curves E1;3, E.4/2;1, E.4/3;0
and `.4/x , with configuration as in Figure 18, case 2J.

By Corollary 3.3, we have X 0 ŠX2J .

Case 4E This case exists only if p ¤ 2. We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 c

1

1

1A 2 PGL3.R/

9=; :
� �.x2yC xz2/C�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�� c��.

Geometry & Topology, Volume 28 (2024)



Weak del Pezzo surfaces with global vector fields 3617

In particular, the stabilizer of every point on E \E1;2 is trivial, and hence this case does not lead to
additional weak del Pezzo surfaces with global vector fields.

Case 4M This case exists only if p D 2. We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 c

1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=; :
� �.x2yC xz2/C�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i�C c��.

In particular, Aut0X acts transitively onE\E1;2, so there is a unique possibility for p1;3 up to isomorphism:

(1) p1;3 DE1;2\C
.3/
1 with C1 D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 1

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ i2 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/1;1, E.4/1;2 and `.4/z and .�1/–curves E1;3, E.4/2;0, E.4/3;0, `.4/y , C .4/1 and
C
.4/
2 with C2 D V.xyCy2C z2/, with configuration as in Figure 13, case 3N.

By Corollary 3.3, we have X 0 ŠX3N .

Case 4H We have E DE1;2� .E
.3/
1;1 [ `

.3/
y / and

Aut0X .R/D

8<:
0@1 c

1

i

1A 2 PGL3.R/

9=; :
� �x2yC�z3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W i3��.

Since Aut0X acts transitively on E \E1;2, there is a unique possibility for p1;3 up to isomorphism:

(1) p1;3 DE1;2\C
.3/ with C D V.x2yC z3/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

8̂<̂
:
0B@1 c

1

1

1CA 2 PGL3.R/

9>=>; if p ¤ 3;

8̂<̂
:
0B@1 c

1

i

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ i3 D 1

9>=>; if p D 3:

We describe the configurations of negative curves on X 0 for p ¤ 3 and p D 3 simultaneously:

� We have .�2/–curves E.4/1;0, E.4/1;1, E.4/1;2, `.4/y and `.4/z and .�1/–curves E1;3, E.4/2;0 and E.4/3;0, with
configuration as in Figure 19, case 3F or 3K.

By Corollary 3.3, we have X 0 ŠX3F if p ¤ 3, and X 0 ŠX3K if p D 3.
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Case 2J This case exists only if p D 3. We have E D .E1;2[E2;2/� .E
.3/
1;1 [E

.3/
2;1/ and

Aut0X .R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=; :
� �.x2zC xy2/C�y3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W��.

� �.xy2Cyz2/C�z3 is E2;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W��.

Note that X has degree 2, and hence we are only allowed to blow up one more point. Moreover, there is a
unique point on E\E1;2 and on E\E2;2 with nontrivial stabilizer. Therefore, we have two possibilities
for p1;3 and p2;3:

(1) p2;3 DE2;2\C
.3/ with C D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/2;2, `.4/x and `.4/z and .�1/–curves E2;3, E.4/1;2,
E
.4/
3;0, `.4/y and C .4/, with configuration as in Figure 22, case 1E.

Blowing down the .�1/–curve in Figure 22 (1E) that is not adjacent to any other .�1/–curve, we see that
X 0 is a blowup of X2B in one point on E and X 0 ŠX1E by Remark 3.4.

(2) p1;3 DE1;2\C
.3/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2, `.4/x and `.4/z and .�1/–curves E1;3, E.4/2;2,
E
.4/
3;0, `.4/y and C .4/, with configuration as in Figure 22, case 1E.

Blowing down the .�1/–curve in Figure 22 (1E) that is not adjacent to any other .�1/–curve, we see that
X 0 is a blowup of X2B in one point on E and X 0 ŠX1E by Remark 3.4.

Case 3F This case exists only if p ¤ 3. We have E D .E1;2[E2;2/� .E
.3/
1;1 [E

.3/
2;1/ and

Aut0X .R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=; :
� �.x2zC xy2/C�y3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�� 2f ��.

� �.xy2Cyz2/C�z3 is E2;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W��f ��.

If p ¤ 2, then Aut0X acts simply transitively on both E \E1;2 and E \E2;2, and hence we cannot blow
up X any further and still obtain a weak del Pezzo surface with global vector fields. If p D 2, then Aut0X
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2K and 2R

Figure 23

still acts transitively on E \E2;2, but now it acts trivially on E \E1;2. This leads to the following
possibilities for p1;3:

(1) p1;3 DE1;2\C
.3/ with C D V.x2zC xy2C˛y3/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2; 3;8̂<̂
:
0B@1 1 f

1

1CA 2 PGL3.R/

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2 and `.4/z and .�1/–curves E1;3, E.4/2;2 and `.4/x ,
with configuration as in 2R of Figure 23.

This is case 2R and we see that we get a 1–dimensional family of such surfaces X2R;˛ depending on the
parameter ˛.

Case 3K This case exists only if p D 3. We have E D .E1;2[E2;2/� .E
.3/
1;1 [E

.3/
2;1/ and

Aut0X .R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=; :
� �.x2zC xy2/C�y3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W�� 2ef ��.

� �.xy2Cyz2/C�z3 is E2;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W�� ef ��.

Note that Aut0X acts transitively on both E\E1;2 and E\E2;2. The stabilizer of every point on E\E1;2
is isomorphic to �3, and this �3 has a unique fixed point on E \E2;2. This leads to three possibilities
for p1;3 and p2;3 up to isomorphism:

(1) p1;3 DE1;2\C
.3/
1 and p2;3 DE2;2\C

.2/
2 with C1 D V.xzCy2/ and C2 D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=;.
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� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2, E.4/2;2 and `.4/z and .�1/–curves E1;3, E2;3,
`
.4/
x , C .4/2 and C .4/3 with C3 D V.x2y2C x3zC z4/, with configuration as in Figure 22, case 1E.

Blowing down the .�1/–curve in Figure 22 (1E) that is not adjacent to any other .�1/–curve, we see that
X 0 is a blowup of X2B in one point on E and X 0 ŠX1E by Remark 3.4.

(2) p2;3 DE2;2\C
.3/ with C D V.xyC z2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/2;2 and `.4/z and .�1/–curves E2;3, E.4/1;2, `.4/x
and C .4/, with configuration as in Figure 18, case 2J.

By Corollary 3.3, we have X 0 ŠX2J .

(3) p1;3 DE1;2\C
.3/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=;.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2 and `.4/z and .�1/–curves E1;3, E.4/2;2 and `.4/x ,
with configuration as in 2K of Figure 23.

This is case 2K.

Case 3I We have E D .E1;2[E2;2/� .E
.3/
1;1 [E

.3/
2;1[ `

.3/
x / and

Aut0X .R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

9=; :
� �.x2zC xy2/C�y3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e3�� 2ef ��.

� �xy2C�z3 is E2;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e6��.

Note that Aut0X acts transitively on E \E2;2. If p ¤ 2 (resp. p D 2), then Aut0X acts transitively (resp.
with two orbits) on E \E1;2. We have five possibilities for p1;3; p2;3 up to isomorphism:

(1) p1;3 D E1;2 \C
.3/
1 and p2;3 D E2;2 \C

.3/
2 with C1 D V.x2zC xy2C y3/, C2 D V.xy2C ˛z3/

and ˛ ¤ 0.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 1 f

1

1CA 2 PGL3.R/

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.
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� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2, E.4/2;2, `.4/x and `.4/z and .�1/–curves E1;3
and E2;3, with configuration as in 1Q of Figure 24.

This is case 1Q and we see that we get a 1–dimensional family of such surfaces X1Q;˛ depending on the
parameter ˛.

(2) p1;3 DE1;2\C
.3/
1 and p2;3 DE2;2\C

.3/
2 with C1 D V.xzCy2/ and C2 D V.xy2C z3/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2;8̂<̂
:
0B@1 e f

e2

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ e4 D 1

9>=>; if p D 2:

Hence, X 0 has global vector fields only if p D 2. Therefore, we assume p D 2 when describing
the configuration of negative curves.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2, E.4/2;2, `.4/x and `.4/z and .�1/–curves E1;3
and E2;3, with configuration as in 1R of Figure 24.

This is case 1R.

(3) p2;3 DE2;2\C
.3/ with C D V.xy2C z3/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

8̂<̂
:
0B@1 1 f

1

1CA 2 PGL3.R/

9>=>; if p ¤ 2;

8̂<̂
:
0B@1 e f

e2

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ e4 D 1

9>=>; if p D 2:

We describe the configurations of negative curves on X 0 for p ¤ 2 and p D 2 simultaneously:

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/2;2, `.4/x and `.4/z and .�1/–curves E2;3 and E.4/1;2,
with configuration as in 2H and 2V of Figure 24.

This is case 2H if p ¤ 2, and case 2V if p D 2.

(4) p1;3 DE1;2\C
.3/ with C D V.xzCy2/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

8̂<̂
:
0B@1 e

e2

1CA 2 PGL3.R/

9>=>; if p ¤ 2;

8̂<̂
:
0B@1 e f

e2

1CA 2 PGL3.R/

9>=>; if p D 2:

We describe the configurations of negative curves on X 0 for p ¤ 2 and p D 2 simultaneously:

Geometry & Topology, Volume 28 (2024)



3622 Gebhard Martin and Claudia Stadlmayr

1Q and 1R 2H and 2V 2G, 2T and 2U

Figure 24

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2, `.4/x and `.4/z and .�1/–curves E1;3 and E.4/2;2,
with configuration as in 2G and 2U of Figure 24.

This is case 2G if p ¤ 2, and case 2U if p D 2.

(5) p D 2 and p1;3 DE1;2\C
.3/ with C D V.x2zC xy2Cy3/.

� Aut0X 0.R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/2;1, E.4/1;2, `.4/x and `.4/z and .�1/–curves E1;3 and E.4/2;2,
with configuration as in 2T of Figure 24.

This is case 2T.

Case 4K We have E DE2;2� .E
.3/
2;1[ `

.3/
x / and

Aut0X .R/D

8<:
0@1 e f

i

1A 2 PGL3.R/

9=; :
� �xy2C�z3 is E2;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W i3��.

Since Aut0X acts transitively on E \E2;2, there is a unique possibility for p2;3 up to isomorphism:

(1) p2;3 DE2;2\C
.3/ with C D V.xy2C z3/.

� Aut0X 0.R/D

8<:
0@1 e f

i

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e2 D i3

9=;.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/2;1, E.4/2;2, `.4/x and `.4/z and .�1/–curves E2;3 and E.4/1;1, with
configuration as in Figure 19, case 3I.

By Corollary 3.3, we have X 0 ŠX3I .
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Case 4I We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

9=; :
� �.x2zC xy2/C�y3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e3�� 2ef ��.

If p ¤ 2, then Aut0X acts transitively on E \E1;2, while if p D 2, then Aut0X has two orbits on E \E1;2.
Hence, if p D 2, there is only one possibility for p1;3 and if p D 2, there are two possibilities up to
isomorphism:

(1) p1;3 DE1;2\C
.3/ with C D V.xzCy2/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

8̂<̂
:
0B@1 e

e2

1CA 2 PGL3.R/

9>=>; if p ¤ 2;

8̂<̂
:
0B@1 e f

e2

1CA 2 PGL3.R/

9>=>; if p D 2:

We describe the configurations of negative curves on X 0 for p ¤ 2 and p D 2 simultaneously:

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/1;2 and `.4/z and .�1/–curves E1;3, E.4/2;1 and `.4/x , with
configuration as in 3G and 3P of Figure 25.

This is case 3G if p ¤ 2, and case 3P if p D 2.

(2) p D 2 and p1;3 DE1;2\C
.3/ with C D V.x2zC xy2Cy3/.

� Aut0X 0.R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.4/1;0, E.4/2;0, E.4/1;1, E.4/1;2 and `.4/z and .�1/–curves E1;3, E.4/2;1 and `.4/x , with
configuration as in 3O of Figure 25.

This is case 3O.

Case 5E We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 c

e f

e2

1A 2 PGL3.R/

9=; :
� �.x2zC xy2/C�y3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e3�� 2ef ��.

As in the previous case, if p ¤ 2, there is only one possibility for p1;3 up to isomorphism, and if p D 2,
there are two possibilities up to isomorphism:
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3G, 3O and 3P 4J, 4N and 4O

Figure 25

(1) p1;3 DE1;2\C
.3/ with C D V.xzCy2/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

8̂<̂
:
0B@1 c

e

e2

1CA 2 PGL3.R/

9>=>; if p ¤ 2;

8̂<̂
:
0B@1 c

e f

e2

1CA 2 PGL3.R/

9>=>; if p D 2:

We describe the configurations of negative curves on X 0 for p ¤ 2 and p D 2 simultaneously:

� We have .�2/–curvesE.4/1;0, E.4/1;1, E.4/1;2 and `.4/z and .�1/–curvesE1;3 andE.4/2;0, with configuration
as in 4J and 4O of Figure 25.

This is case 4J if p ¤ 2, and case 4O if p D 2.

(2) p D 2 and p1;3 DE1;2\C
.3/ with C D V.x2zC xy2Cy3/.

� Aut0X 0.R/D

8<:
0@1 c

1 f

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curvesE.4/1;0, E.4/1;1, E.4/1;2 and `.4/z and .�1/–curvesE1;3 andE.4/2;0, with configuration
as in 4N of Figure 25.

This is case 4N.

Case 6E We have E DE1;2�E
.3/
1;1 and

Aut0X .R/D

8<:
0@1 b c

e f

e2

1A 2 PGL3.R/

9=; :
� �.x2zC xy2/C�y3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e3�� be2�� 2ef ��.

Since Aut0X acts transitively on E \E1;2, there is a unique possibility for p1;3 up to isomorphism:

Geometry & Topology, Volume 28 (2024)



Weak del Pezzo surfaces with global vector fields 3625

(1) p1;3 DE1;2\C
.3/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 �2fe�1 c

e f

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.4/1;0, E.4/1;1 and E.4/1;2 and .�1/–curves E1;3 and `.4/z , with configuration as
in Figure 21, case 5E.

By Corollary 3.3, we have X 0 ŠX5E .

Case 6F We have E DE1;2� .E
.3/
1;1 [ `

.3/
z / and

Aut0X .R/D

8<:
0@1 b c

e f

i

1A 2 PGL3.R/

9=; :
� �x2zC�y3 is E1;2–adapted and Aut0X .R/ acts as Œ� W�� 7! Œi� W e3��.

Since Aut0X acts transitively on E \E1;2, there is a unique possibility for p1;3 up to isomorphism:

(1) p1;3 DE1;2\C
.3/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8<:
0@1 b c

e f

e3

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.4/1;0, E.4/1;1, E.4/1;2 and `.4/z and .�1/–curve E1;3, with configuration as in 5F
of Figure 26.

This is case 5F.

Summarizing, we obtain

L4 D fX1E ; X2R;˛; X2K ; X1Q;˛; X1R; X2H ; X2V ; X2G ; X2U ; X2T ; X3G ; X3P ; X3O ;

X4J ; X4O ; X4N ; X5F g:

4.6 Height 5

Case 2R This case exists only if p D 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=; :
� �.xC˛y/2.xzCy2C˛yz/C�y4 is E1;3–adapted and Aut0X .R/ acts as

Œ� W�� 7! Œ� W�C . f̨ Cf 2/��:
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3
3

5F 1M 1F

Figure 26

Therefore, if ˛ ¤ 0, then the identity component of the stabilizer of every point on E \E1;3 is trivial,
hence there is no way of further blowing up X and still obtaining a weak del Pezzo surface with global
vector fields. If ˛ D 0, then there is the following unique possibility for p1;4 up to isomorphism:

(1) p1;4 DE1;3\C
.4/
1 with C1 D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

ˇ̌̌̌
ˇ f 2 D 0

9=;.

� We have .�2/–curves E.5/1;0, E.5/2;0, E.5/1;1, E.5/2;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curves E1;4, E.5/2;2,
`
.5/
x , C .5/1 and C .5/2 with C2 D V.x2y2C x3zC z4/, with configuration as in 1M of Figure 26.

This is case 1M.

Case 2K This case exists only if p D 3. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=; :
� �x2.xzCy2/C�y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e��.

Note that there is a unique point on E \E1;3 with nontrivial stabilizer. This leads to a unique possibility
for p1;4:

(1) p1;4 DE1;3\C
.4/
1 with C1 D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9=;.

� We have .�2/–curves E.5/1;0, E.5/2;0, E.5/1;1, E.5/2;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curves E1;4, E.5/2;2,
`
.5/
x C

.5/
1 and C .5/2 with C2 D V.x2y2 C x3z C z4 C 2xyz2/, with configuration as in 1F of

Figure 26.

This is case 1F.
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Case 2H This case exists only if p ¤ 2. We have E DE2;3�E
.4/
2;2 and

Aut0X .R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=; :
� �y.xy2C z3/C�z4 is E2;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�� 2f ��.

In particular, since p ¤ 2, the stabilizer of every point on E \E2;3 is trivial, and hence there is no way
of further blowing up X and obtaining a weak del Pezzo surface with global vector fields.

Case 2V This case exists only if p D 2. We have E DE2;3�E
.4/
2;2 and

Aut0X .R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e4 D 1

9=; :
� �y.xy2C z3/C�z4 is E2;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe3� W��.

This leads to two possibilities for p1;4:

(1) p2;4 DE2;3\C
.4/ with C D V.xy3Cyz3C˛z4/ and ˛ ¤ 0.

� Aut0X 0.R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.5/1;0, E.5/2;0, E.5/1;1, E.5/2;1, E.5/2;2, E.5/2;3, `.5/x and `.5/z and .�1/–curves E2;4 and
E
.5/
1;2, with configuration as in Figure 24, case 1Q.

By Corollary 3.3, we have X 0 ŠX1Q;˛0 for some ˛0.

(2) p2;4 DE2;3\C
.4/ with C D V.xy2C z3/.

� Aut0X 0.R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ e4 D 1

9=;.

� We have .�2/–curves E.5/1;0, E.5/2;0, E.5/1;1, E.5/2;1, E.5/2;2, E.5/2;3, `.5/x and `.5/z and .�1/–curves E2;4 and
E
.5/
1;2, with configuration as in Figure 24, case 1R.

By Corollary 3.3, we have X 0 ŠX1R.

Case 2G This case exists only if p ¤ 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=; :
� �x2.xzCy2/C�y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e2��.
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Since p ¤ 2, there is a unique point on E \E1;3 such that the identity component of its stabilizer is
nontrivial. This leads to a unique possibility for p1;4:

(1) p1;4 DE1;3\C
.4/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.5/1;0, E.5/2;0, E.5/1;1, E.5/2;1, E.5/1;2, E.5/1;3, `.5/x and `.5/z and .�1/–curves E1;4,
E
.5/
2;2 and C .5/, with configuration as in 1C of Figure 27.

This is case 1C.

Case 2U This case exists only if p D 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

9=; :
� �x2.xzCy2/C�y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e4�Cf 2��.

Since Aut0X acts transitively on E \E1;3, there is a unique possibility for p1;4 up to isomorphism:

(1) p1;4 DE1;3\C
.4/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ f 2 D 0

9=;.

� We have .�2/–curves E.5/1;0, E.5/2;0, E.5/1;1, E.5/2;1, E.5/1;2, E.5/1;3, `.5/x and `.5/z and .�1/–curves E1;4,
E
.5/
2;2 and C .5/, with configuration as in 1P of Figure 27.

This is case 1P.

Case 2T This case exists only if p D 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=; :
� �.x C y/.x2z C xy2 C y3 C y2z/ C �y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W �� 7!
Œ� W�C .f Cf 2/��.

Note that the identity component of the stabilizer of every point on E \E1;3 is trivial, hence we cannot
blow up further and still obtain a weak del Pezzo surface with global vector fields.
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1C and 1P 2C and 2S

Figure 27

Case 3G This case exists only if p ¤ 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=; :
� �x2.xzCy2/C�y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e2��.

Since p ¤ 2, there is a unique point on E \E1;3 for which the identity component of the stabilizer is
nontrivial. This leads to a unique possibility for p1;4:

(1) p1;4 DE1;3\C
.4/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.5/1;0, E.5/2;0, E.5/1;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curves E1;4, E.5/2;1, `.5/x
and C .5/, with configuration as in 2C of Figure 27.

This is case 2C.

Case 3P This case exists only if p D 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

9=; :
� �x2.xzCy2/C�y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e4�Cf 2��.

Since Aut0X acts transitively on E \E1;3, there is a unique possibility for p1;4 up to isomorphism:

(1) p1;4 DE1;3\C
.4/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ f 2 D 0

9=;.
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� We have .�2/–curves E.5/1;0, E.5/2;0, E.5/1;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curves E1;4, E.5/2;1, `.5/x
and C .5/, with configuration as in 2S of Figure 27.

This is case 2S.

Case 3O This case exists only if p D 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=; :
� �.x C y/.x2z C xy2 C y3 C y2z/ C �y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W �� 7!
Œ� W�C .f Cf 2/��.

In particular, the identity component of the stabilizer of every point on E \E1;3 is trivial, hence we
cannot blow up further.

Case 4J This case exists only if p ¤ 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 c

e

e2

1A 2 PGL3.R/

9=; :
� �x2.xzCy2/C�y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e2�C c��.

Since Aut0X acts transitively on E \E1;3, we have a unique possibility for p1;4 up to isomorphism:

(1) p1;4 DE1;3\C
.4/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.5/1;0, E.5/1;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curves E1;4, E.5/2;0 and C .5/, with
configuration as in Figure 25, case 3G.

By Corollary 3.3, we have X 0 ŠX3G .

Case 4O This case exists only if p D 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 c

e f

e2

1A 2 PGL3.R/

9=; :
� �x2.xzCy2/C�y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe2� W e4�C .ce2Cf 2/��.

Since Aut0X acts transitively on E \E1;3, we have a unique possibility for p1;4 up to isomorphism:
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(1) p1;4 DE1;3\C
.4/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 f 2e�2

e f

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.5/1;0, E.5/1;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curves E1;4, E.5/2;0 and C .5/, with
configuration as in Figure 25, case 3P.

By Corollary 3.3, we have X 0 ŠX3P .

Case 4N This case exists only if p D 2. We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 c

1 f

1

1A 2 PGL3.R/

9=; :
� �.x C y/.x2z C xy2 C y3 C y2z/ C �y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W �� 7!
Œ� W�C .cCf Cf 2/��.

Since Aut0X acts transitively on E \E1;3, we have a unique possibility for p1;4 up to isomorphism:

(1) p1;4 DE1;3\C
.4/
1 with C1 D V.x2zC xy2Cy3/.

� Aut0X 0.R/D

8<:
0@1 f Cf 2

1 f

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.5/1;0, E.5/1;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curves E1;4, E.5/2;0 and C .5/2 with
C2 D V.xzCyzCy2/, with configuration as in Figure 25, case 3O.

By Corollary 3.3, we have X 0 ŠX3O .

Case 5F We have E DE1;3�E
.4/
1;2 and

Aut0X .R/D

8<:
0@1 b c

e f

e3

1A 2 PGL3.R/

9=; :
� �x.x2zCy3/C�y4 is E1;3–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e�� 2b��.

Therefore, if p ¤ 2, we have one unique possibility for p1;4 2E \E1;3, while if p D 2, there are two
possibilities:
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4L, 4P and 4Q

Figure 28

(1) p1;4 DE1;3\C
.4/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

8̂<̂
:
0B@1 c

e f

e3

1CA 2 PGL3.R/

9>=>; if p ¤ 2;

8̂<̂
:
0B@1 b c

e f

e3

1CA 2 PGL3.R/

9>=>; if p D 2:

We describe the configurations of negative curves on X 0 for p ¤ 2 and p D 2 simultaneously:

� We have .�2/–curves E.5/1;0, E.5/1;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curve E1;4, with configuration as
in 4L and 4Q of Figure 28.

This is case 4L if p ¤ 2, and case 4Q if p D 2.

(2) p D 2 and p1;4 DE1;3\C
.4/ with C D V.x3zC xy3Cy4/.

� Aut0X 0.R/D

8<:
0@1 b c

1 f

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.5/1;0, E.5/1;1, E.5/1;2, E.5/1;3 and `.5/z and .�1/–curve E1;4, with configuration as
in 4P of Figure 28.

This is case 4P.

Summarizing, we obtain

L5 D fX1M ; X1F ; X1C ; X1P ; X2C ; X2S ; X4L; X4Q; X4P g:

4.7 Height 6

Case 2C This case exists only if p ¤ 2. We have E DE1;4�E
.5/
1;3 and

Aut0X .R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=; :
� �x3.xzCy2/C�y5 is E1;4–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e3��.

Geometry & Topology, Volume 28 (2024)



Weak del Pezzo surfaces with global vector fields 3633

Note that if p¤3, then there is a unique point onE\E1;4 such that the identity component of its stabilizer
is nontrivial. If p D 3, this identity component is nontrivial for every point. In all characteristics, the
action of Aut0X on E \E1;4 has two orbits. Hence, we have two possibilities for p1;5 up to isomorphism:

(1) p1;5 DE1;4\C
.5/
1 with C1 D V.x4zC x3y2Cy5/.

� Aut0X 0.R/D

8̂̂̂<̂
ˆ̂:
fidg if p ¤ 2; 3;8̂<̂
:
0B@1 e

e2

1CA 2 PGL3.R/

ˇ̌̌̌
ˇ e3 D 1

9>=>; if p D 3:

Hence, X 0 has global vector fields only if p D 3. Therefore, we assume p D 3 when describing
the configuration of negative curves.

� We have .�2/–curves E.6/1;0, E.6/2;0, E.6/1;1, E.6/1;2, E.6/1;3, E.6/1;4 and `.6/z and .�1/–curves E1;5, E.6/2;1,
`
.6/
x , C .6/2 and C .6/3 with C2D V.xzCy2/ and C3D V.xy4�xyz3�x2y2zCx3z2�y3z2�z5/,

with configuration as in Figure 26, case 1F.

By Corollary 3.3, we have X 0 ŠX1F .

(2) p1;5 DE1;4\C
.5/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e

e2

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.6/1;0, E.6/2;0, E.6/1;1, E.6/1;2, E.6/1;3, E.6/1;4, `.6/z and C .6/ and .�1/–curves E1;5,
E
.6/
2;1 and `.6/x , with configuration as in Figure 27, case 1C.

By Corollary 3.3, we have X 0 ŠX1C .

Case 2S This case exists only if p D 2. We have E DE1;4�E
.5/
1;3 and

Aut0X .R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ f 2 D 0

9=; :
� �x3.xzCy2/C�y5 is E1;4–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e3��.

Since Aut0X acts on E \E1;4 with two orbits, we have two possibilities for p1;5 up to isomorphism:

(1) p1;5 DE1;4\C
.5/
1 with C1 D V.x4zC x3y2Cy5/.

� Aut0X 0.R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

ˇ̌̌̌
ˇ f 2 D 0

9=;.
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� We have .�2/–curves E.6/1;0, E.6/2;0, E.6/1;1, E.6/1;2, E.6/1;3, E.6/1;4 and `.6/z and .�1/–curves E1;5, E.6/2;1,
`
.6/
x , C .6/2 and C .6/3 with C2 D V.xzCy2/ and C3 D V.xy4C x3z2C z5/, with configuration as

in Figure 26, case 1M.

By Corollary 3.3, we have X 0 ŠX1M .

(2) p1;5 DE1;4\C
.5/ with C D V.xzCy2/.

� Aut0X 0.R/D

8<:
0@1 e f

e2

1A 2 PGL3.R/

ˇ̌̌̌
ˇ f 2 D 0

9=;.

� We have .�2/–curves E.6/1;0, E.6/2;0, E.6/1;1, E.6/1;2, E.6/1;3, E.6/1;4, `.6/z and C .6/ and .�1/–curves E1;5,
E
.6/
2;1 and `.6/x , with configuration as in Figure 27, case 1P.

By Corollary 3.3, we have X 0 ŠX1P .

Case 4L This case exists only if p ¤ 2. We have E DE1;4�E
.5/
1;3 and

Aut0X .R/D

8<:
0@1 c

e f

e3

1A 2 PGL3.R/

9=; :
� �x2.x2zCy3/C�y5 is E1;4–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W e3�� 3f ��.

In particular, if p ¤ 3, then Aut0X acts transitively on E \E1;4 and we have only one choice for p1;5 up
to isomorphism, and if p D 3, then Aut0X acts with two orbits on E \E1;4. Hence we have two choices
up to isomorphism:

(1) p1;5 DE1;4\C
.5/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

8̂<̂
:
0B@1 c

e

e3

1CA 2 PGL3.R/

9>=>; if p ¤ 2; 3;

8̂<̂
:
0B@1 c

e f

e3

1CA 2 PGL3.R/

9>=>; if p D 3:

We describe the configurations of negative curves on X 0 for p ¤ 2; 3 and p D 3 simultaneously:

� We have .�2/–curves E.6/1;0, E.6/1;1, E.6/1;2, E.6/1;3, E.6/1;4 and `.6/z and .�1/–curve E1;5, with configura-
tion as in 3J and 3M of Figure 29.

This is case 3J if p ¤ 2; 3, and case 3M if p D 3.

(2) Let p D 3 and p1;5 DE1;4\C
.5/ with C D V.x4zC x2y3Cy5/.

� Aut0X 0.R/D

8<:
0@1 c

1 f

1

1A 2 PGL3.R/

9=;.
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3J, 3L, 3M, 3Q and 3R

Figure 29

� We have .�2/–curves E.6/1;0, E.6/1;1, E.6/1;2, E.6/1;3, E.6/1;4 and `.6/z and .�1/–curve E1;5, with configura-
tion as in 3L of Figure 29.

This is case 3L.

Case 4Q This case exists only if p D 2. We have E DE1;4�E
.5/
1;3 and

Aut0X .R/D

8<:
0@1 b c

e f

e3

1A 2 PGL3.R/

9=; :
� �x2.x2zCy3/C�y5 is E1;4–adapted and Aut0X .R/ acts as Œ� W�� 7! Œe� W e3�C .b2eCf /��.

Since Aut0X acts transitively on E \E1;4, there is a unique choice for p1;5 up to isomorphism:

(1) p1;5 DE1;4\C
.5/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8<:
0@1 b c

e b2e

e3

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.6/1;0, E.6/1;1, E.6/1;2, E.6/1;3, E.6/1;4 and `.6/z and .�1/–curve E1;5, with configura-
tion as in 3R of Figure 29.

This is case 3R.

Case 4P This case exists only if p D 2. We have E DE1;4�E
.5/
1;3 and

Aut0X .R/D

8<:
0@1 b c

1 f

1

1A 2 PGL3.R/

9=; :
� �x.x3zCxy3Cy4/C�y5 is E1;4–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�C.bCb2Cf /��.

Since Aut0X acts transitively on E \E1;4, we have a unique choice for p1;5 up to isomorphism:

(1) p1;5 DE1;4\C
.5/ with C D V.x3zC xy3Cy4/.

� Aut0X 0.R/D

8<:
0@1 b c

1 b2C b

1

1A 2 PGL3.R/

9=;.
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2I, 2L, 2M, 2W, 2X and 2Y

Figure 30

� We have .�2/–curves E.6/1;0, E.6/1;1, E.6/1;2, E.6/1;3, E.6/1;4 and `.6/z and .�1/–curve E1;5, with configura-
tion as in 3Q of Figure 29.

This is case 3Q.

Summarizing, we obtain
L6 D fX3J ; X3M ; X3L; X3R; X3Qg:

4.8 Height 7

Case 3J This case exists only if p ¤ 2; 3. We have E DE1;5�E
.6/
1;4 and

Aut0X .R/D

8<:
0@1 c

e

e3

1A 2 PGL3.R/

9=; :
� �x3.x2zCy3/C�y6 is E1;5–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e3�C 2c�].

Since p ¤ 2, Aut0X acts transitively on E \E1;5, so there is a unique choice for p1;6 up to isomorphism:

(1) p1;6 DE1;5\C
.6/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8<:
0@1 e

e3

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.7/1;0, E.7/1;1, E.7/1;2, E.7/1;3, E.7/1;4, E.7/1;5 and `.7/z and .�1/–curve E1;6, with
configuration as in 2I of Figure 30.

This is case 2I.

Case 3M This case exists only if p D 3. We have E DE1;5�E
.6/
1;4 and

Aut0X .R/D

8<:
0@1 c

e f

e3

1A 2 PGL3.R/

9=; :
� �x3.x2zCy3/C�y6 is E1;5–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e3�C 2c��.

As in the previous case, there is a unique choice for p1;6 up to isomorphism:
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(1) p1;6 DE1;5\C
.6/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8<:
0@1 e f

e3

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.7/1;0, E.7/1;1, E.7/1;2, E.7/1;3, E.7/1;4, E.7/1;5 and `.7/z and .�1/–curve E1;6, with
configuration as in 2M of Figure 30.

This is case 2M.

Case 3L This case exists only if p D 3. We have E DE1;5�E
.6/
1;4 and

Aut0X .R/D

8<:
0@1 c

1 f

1

1A 2 PGL3.R/

9=; :
� �x.x4zC x2y3Cy5/C�y6 is E1;5–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�C 2c��.

As in the previous case, there is a unique choice for p1;6 up to isomorphism:

(1) p1;6 DE1;5\C
.6/ with C D V.x4zC x2y3Cy5/.

� Aut0X 0.R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.7/1;0, E.7/1;1, E.7/1;2, E.7/1;3, E.7/1;4, E.7/1;5 and `.7/z and .�1/–curve E1;6, with
configuration as in 2L of Figure 30.

This is case 2L.

Case 3R This case exists only if p D 2. We have E DE1;5�E
.6/
1;4 and

Aut0X .R/D

8<:
0@1 b c

e b2e

e3

1A 2 PGL3.R/

9=; :
� �x3.x2zCy3/C�y6 is E1;5–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e3��.

Since Aut0X has two orbits on E \E1;5, we have two choices for p1;6 up to isomorphism:

(1) p1;6 DE1;5\C
.6/ with C D V.x5zC x3y3Cy6/.

� Aut0X 0.R/D

8<:
0@1 b c

1 b2

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.7/1;0, E.7/1;1, E.7/1;2, E.7/1;3, E.7/1;4, E.7/1;5 and `.7/z and .�1/–curve E1;6, with
configuration as in 2X of Figure 30.

This is case 2X.
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(2) p1;6 DE1;5\C
.6/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8<:
0@1 b c

e b2e

e3

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.7/1;0, E.7/1;1, E.7/1;2, E.7/1;3, E.7/1;4, E.7/1;5 and `.7/z and .�1/–curve E1;6, with
configuration as in 2Y of Figure 30.

This is case 2Y.

Case 3Q This case exists only if p D 2. We have E DE1;5�E
.6/
1;4 and

Aut0X .R/D

8<:
0@1 b c

1 b2C b

1

1A 2 PGL3.R/

9=; :
� �x2.x3zC xy3Cy4/C�y6 is E1;5–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�C .b2C b/��.

Since Aut0X acts transitively on E \E1;5, we have a unique choice for p1;6 up to isomorphism:

(1) p1;6 DE1;5\C
.6/ with C D V.x3zC xy3Cy4/.

� Aut0X 0.R/D

8<:
0@1 c

1

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.7/1;0, E.7/1;1, E.7/1;2, E.7/1;3, E.7/1;4, E.7/1;5 and `.7/z and .�1/–curve E1;6, with
configuration as in 2W of Figure 30.

This is case 2W.

Summarizing, we obtain
L7 D fX2I ; X2M ; X2L; X2X ; X2Y ; X2W g:

4.9 Height 8

Case 2I This case exists only if p ¤ 2; 3. We have E DE1;6�E
.7/
1;5 and

Aut0X .R/D

8<:
0@1 e

e3

1A 2 PGL3.R/

9=; :
� �x4.x2zCy3/C�y7 is E1;6–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e4�].

Since p¤ 2, there is a unique point on E\E1;6 whose stabilizer has nontrivial identity component. This
leads to a unique choice for p1;7 up to isomorphism:
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1D, 1H, 1I, 1S and 1T

Figure 31

(1) p1;7 DE1;6\C
.7/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8<:
0@1 e

e3

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.8/1;0, E.8/1;1, E.8/1;2, E.8/1;3, E.8/1;4, E.8/1;5, E.8/1;6 and `.8/z and .�1/–curve E1;7,
with configuration as in 1D of Figure 31.

This is case 1D.

Case 2M This case exists only if p D 3. We have E DE1;6�E
.7/
1;5 and

Aut0X .R/D

8<:
0@1 e f

e3

1A 2 PGL3.R/

9=; :
� �x4.x2zCy3/C�y7 is E1;6–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e4�].

Since Aut0X acts with two orbits on E \E1;6, we have two choices for p1;7 up to isomorphism:

(1) p1;7 DE1;6\C
.7/ with C D V.x6zC x4y3Cy7/.

� Aut0X 0.R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.8/1;0, E.8/1;1, E.8/1;2, E.8/1;3, E.8/1;4, E.8/1;5, E.8/1;6 and `.8/z and .�1/–curve E1;7,
with configuration as in 1H of Figure 31.

This is case 1H.

(2) p1;7 DE1;6\C
.7/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8<:
0@1 e f

e3

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.8/1;0, E.8/1;1, E.8/1;2, E.8/1;3, E.8/1;4, E.8/1;5, E.8/1;6 and `.8/z and .�1/–curve E1;7,
with configuration as in 1I of Figure 31.

This is case 1I.
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Case 2L This case exists only if p D 3. We have E DE1;6�E
.7/
1;5 and

Aut0X .R/D

8<:
0@1 1 f

1

1A 2 PGL3.R/

9=; :
� �x2.x4zC x2y3Cy5/C�y7 is E1;6–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�Cf �].

Hence, the stabilizer of every point on E \E1;6 is trivial, therefore we cannot blow up X further and
still obtain a weak del Pezzo surface with global vector fields.

Case 2X This case exists only if p D 2. We have E DE1;6�E
.7/
1;5 and

Aut0X .R/D

8<:
0@1 b c

1 b2

1

1A 2 PGL3.R/

9=; :
� �x.x5zCx3y3Cy6/C�y7 is E1;6–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�C .bC b4/�].

Since Aut0X acts transitively on E \E1;6, there is a unique choice for p1;7 up to isomorphism:

(1) p1;7 DE1;6\C
.7/ with C D V.x5zC x3y3Cy6/.

� Aut0X 0.R/D

8<:
0@1 c

1

1

1A 2 PGL3.R/

9=;.

� We have .�2/–curves E.8/1;0, E.8/1;1, E.8/1;2, E.8/1;3, E.8/1;4, E.8/1;5, E.8/1;6 and `.8/z and .�1/–curve E1;7,
with configuration as in 1S of Figure 31.

This is case 1S.

Case 2Y This case exists only if p D 2. We have E DE1;6�E
.7/
1;5 and

Aut0X .R/D

8<:
0@1 b c

e b2e

e3

1A 2 PGL3.R/

9=; :
� �x4.x2zCy3/C�y7 is E1;6–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W e4�C b4�].

Since Aut0X acts transitively on E \E1;6, there is a unique choice for p1;7 up to isomorphism:

(1) p1;7 DE1;6\C
.7/ with C D V.x2zCy3/.

� Aut0X 0.R/D

8<:
0@1 b c

e b2e

e3

1A 2 PGL3.R/

ˇ̌̌̌
ˇ b4 D 0

9=;.

� We have .�2/–curves E.8/1;0, E.8/1;1, E.8/1;2, E.8/1;3, E.8/1;4, E.8/1;5, E.8/1;6 and `.8/z and .�1/–curve E1;7,
with configuration as in 1T of Figure 31.

This is case 1T.
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Case 2W This case exists only if p D 2. We have E DE1;6�E
.7/
1;5 and

Aut0X .R/D

8<:
0@1 c

1

1

1A 2 PGL3.R/

9=; :
� �x3.x3zC xy3Cy4/C�y7 is E1;6–adapted and Aut0X .R/ acts as Œ� W�� 7! Œ� W�C c�].

In particular, the identity component of the stabilizer of every point on E \E1;6 is trivial, hence we
cannot blow up further and still obtain a weak del Pezzo surface with global vector fields.

Summarizing, we obtain
L8 D fX1D; X1H ; X1I ; X1S ; X1T g:
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The string coproduct “knows” Reidemeister/Whitehead torsion

FLORIAN NAEF

We show that the string coproduct is not homotopy invariant. More precisely, we show that the (reduced)
coproducts are different on L.1; 7/ and L.2; 7/. Moreover, the coproduct on L.k; 7/ can be expressed
in terms of the Reidemeister torsion and hence transforms with respect to the Whitehead torsion of a
homotopy equivalence. The string coproduct can thereby be used to compute the image of the Whitehead
torsion under the Dennis trace map.

55P50

1 Introduction

Given a compact oriented manifold M of dimension n, Chas and Sullivan [1999; 2004] defined a number
of operations on the homology of the free loop space LM DMap.S1;M /. The most prominent ones
are the string product, which is an operation of the type

? WH�.LM �LM /!H��n.LM /;

the string coproduct

� WH�.LM;M /!H��nC1.LM �LM;M �LM [LM �M /;

and the circle action
B WH�.LM /!H�C1.LM /:

The string product and coproduct are defined in terms of intersections of chains satisfying a certain
transversality condition. In particular, it is not a priori clear whether or not they depend on the manifold
structure beyond its homotopy type. Or, said differently, one can ask whether a homotopy equivalence
f W M1 ! M2 that preserves the orientation classes induces a map f W H�.LM1/! H�.LM2/ that
intertwines all the above operations, ie .?;�;B/. The operator B is clearly homotopy-invariant. For the
string product ?, it is shown in [Cohen et al. 2008; Crabb 2008; Gruher and Salvatore 2008] (or could be
deduced from [Cohen and Jones 2002]) that it is homotopy-invariant. We show in this short note that this
is not true for the string coproduct. To that extent, we compute enough string coproducts on lens spaces
to show that it is sensitive to Reidemeister torsion and transforms with respect to Whitehead torsion. In
particular, string topology can tell L.1; 7/ and L.2; 7/ apart. Moreover, we verify (in a certain range) the
transformation formula

(1) �f .x/D f .�.x//Cf .x ? d log �.f //;

© 2024 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
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https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
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3644 Florian Naef

where � is the string coproduct, ? is the string product, and �.f / is the Whitehead torsion under the
Dennis trace map, which we denote by d log. Naturally, one is led to conjecture that this formula is true
in full generality, ie for all closed manifolds M and all f 2 ��.aut.M //. Such a transformation formula
is not entirely unexpected considering the following. Naef and Willwacher [2019] showed that the natural
comparison map (over the reals) between loop space cohomology and Hochschild homology of the
cochain algebra C �.M / can be made to intertwine coproducts. The description of the coproduct on the
algebraic side, however, depends on the 1–loop contributions of the partition function of a Chern–Simons
type field theory. It is moreover easy to see that not every Com1–automorphism of C �.M / (the algebraic
analogue of a homotopy equivalence) preserves the coproduct since it might change the 1–loop part.
In particular, the algebraic analogue of the above transformation formula is true, where the Whitehead
torsion term is defined as the action on the 1–loop part. Stretching the analogy a bit, we would like to
think that this 1–loop part merely computes (a certain expansion of) the Reidemeister torsion as in the
cellular model in [Cattaneo et al. 2020].

The structure of the paper is as follows. First we compute the integral homology of the free loop space
of a lens space M DL.k; 7/ and give generators. We proceed to compute all the string coproducts of
generators in H3.LM / in terms of these generators. We then show that, after quotienting out certain
“inconvenient” classes, we can write particularly succinct formulas for the previous calculation and that,
even after “forgetting” these classes, we can still detect Reidemeister torsion and get the correction terms
as in (1). Finally, we show for one particularly striking example that the transformation formula (1) is
also true with the “inconvenient” classes intact.

Acknowledgements

I am grateful to Pavel Mnev and Konstantin Wernli for the discussions that inspired the note, and to
Pavel Safronov for helpful comments. I moreover thank the referees for a careful reading and useful
suggestions. I also would like to thank Nathalie Wahl for discussions, suggestions and support.

2 Lens spaces

In the following, M will be a lens space of the form L.k; 7/. That is, let et D e2�
p
�1t and consider the

Z7–action on S3 D f.z1; z2/ W jz1j
2Cjz2j

2 D 1g generated by

.z1; z2/ 7! .e1=7z1; e
k=7z2/:

There is a residual action of the two-torus S1 �S1 ŠR=Z�R=
�

1
7
Z
�

given by

.z1; z2/ 7! .etz1; e
ktCsz2/

for .s; t/ 2 Œ0; 1��
�
0; 1

7

�
. Note that this action is free away from the two circles

K1 D fz1 D 0g and K2 D fz2 D 0g:

Let r denote the inverse of k 2 Z�
7

.
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2.1 Homology

Components of the free loop space LM are in one-to-one correspondence with conjugacy classes of
�1.M /D Z7. Let LlM denote the component corresponding to l 2 Z7. There is a fibration

(2) �lM !LlM !M;

where�lM is the component of the based loop space corresponding to l and LlM !M is the evaluation
map. Since �M is group-like, the component �lM is homotopy-equivalent to �0M, the component of
contractible loops. Comparing homotopy groups, we see that the map

�S3
!�0M

induced by the covering map S3 !M is a homotopy equivalence. Hence, the (integral) homology
of �lM is given by

H�.�lM /D

�
Z for � D 0; 2; 4; : : : ,
0 otherwise:

The differential on the E2–page of the Serre spectral sequence associated to the fibration (2) is zero for
degree reasons. The E3–page is

Z Z7 0 Z

0 0 0 0

Z Z7 0 Z

0 0 0 0

Z Z7 0 Z

:::

where the only possibly nonzero differentials are indicated. From the residual torus action, one can see
that the map H�.LlM /!H�.M / is onto (for the component of the contractible loop it is onto for any
space). We will see this in more detail below by exhibiting sections �l;m of LlM !M. Hence, the
differential H3.M /!H0.M;H2.�lM // on the E3–page vanishes and we obtain for the homology

H0.LlM /DZ; H1.LlM /DZ7; H2.LlM /DZ; H3.LlM /DZ˚Z7; H4.LlM /DZ; : : : :

Let us be more precise about these identifications and give more explicit descriptions for H0, H1 and H3.
We identify H0.LM / with ZŒZ7�. Moreover, let �1 D �1.ZŒZ7�/ D F7Œt �=.t

7 � 1/ dt=t denote the
vector space of formal de Rham 1–forms and identify

F7Œt �=.t
7
� 1/

dt

t
!H1.LM /D

M
l2Z7

H1.LlM /Š
M
l2Z7

H1.M /;

.c0C c1t C : : : c6t6/
dt

t
7! .c0; : : : ; c6/:

Geometry & Topology, Volume 28 (2024)
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Remark 2.1 The reason we identify H1 with �1 and not with F7ŒZ7� is first and foremost to make
the formulas later more appealing. One can justify this identification at this point by appealing to the
fact that H1.LM /D HH1.ZŒZ7�/D�

1, where HH1 is Hochschild homology. Thus, the identification
is in particular natural with respect to automorphisms of �1 D Z7. Furthermore, the circle action
H0.LM /!H1.LM / can now be written as the “de Rham differential”

ZŒZ7�!�1.ZŒZ7�/; c0C c1t C � � �C c6t6
7! .c1t C 2c2t2

C � � �C 6c6t6/
dt

t
:

This is a repackaging of the calculation that the composition H0.LlM /! H1.LlM /! H1.M / D

�1.M /ab sends 1 to l .

Let us also define �1 D�1=F7 dt=t , so that we can identify

�1
ŠH1.LM;M /:

Similarly, ZŒZ7�D ZŒZ7�=Z1, so
ZŒZ7�ŠH0.LM;M /:

For H3.LlM /, the spectral sequence gives us a short exact sequence

0!H1.M;H2.�lM //!H3.LlM /!H3.M /! 0:

From the residual two-torus action, we can construct a number of classes in H3.LlM / that map to the
fundamental class in H3.M /. Consider the following S1–actions. For given integers .l;m/ we define

.t; z1; z2/ 7! �l;m.t; z1; z2/ WD .e
ltz1; e

.klC7m/tz2/ for t 2
�
0; 1

7

�
:

We view �l;m as a map M !LM and denote the image of the fundamental class by Œ�l;m� 2H3.LM /.
The class of �l;m lies in the component corresponding to l ,

Œ�l;m� 2H3.LlM /;

for all m, as can be seen for instance by setting z2 D 0. We will argue below that these classes span all
of H3.LM /.

3 String coproduct

3.1 Definition of the string coproduct

The string coproduct is informally defined as an operation

H�.LM;M /!H��nC1..LM;M /� .LM;M // WDH��nC1.LM �LM;LM �M [M �LM /

given by “cutting transverse loops at self-intersections”. We refer to [Hingston and Wahl 2023] for a
more formal definition and to [loc. cit., Proposition 3.7] for the statement that the two definitions coincide
under suitable assumptions (a proof of the special case that is used below is given in Appendix B as
Proposition B.2).
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We now recall how the string coproduct is computed using Proposition B.2. Suppose that the homology
class Œ˛� 2Hp.LM / is represented by a map N !LM, where N is an oriented closed p–dimensional
manifold. That is, we are given a map

˛ W S1
�N !M; .t; n/ 7! ˛.t; n/:

The self-intersection locus is defined by

V D f.t; n/ W ˛.t; n/D ˛.0; n/; t ¤ 0g � S1
�N:

We are assuming that V is compact and the intersection is transverse (in the sense of Lemma B.1), so that
V is an oriented submanifold of S1�N of dimension pC1�dim.M /. Splitting the loops at intersection
points, we obtain

�.˛/ W V !LM �LM; .t; n/ 7!
�
s 7! ˛.st; n/; s 7! ˛.t C .1� t/s; n/

�
:

This gives a class Œ�.˛/�2Hp�nC1.LM�M /, which we project onto Hp�nC1..LM;M /�.LM;M // WD

Hp�nC1.LM �LM;LM �M [M �LM /. By Proposition B.2, we have

�.Œ˛�/D Œ�.˛/�:

3.2 String coproduct on L.k; 7/

For M DL.k; 7/ we will describe the string coproduct map H�.LM /!H�C1�3.LM=M �LM=M /

(ie the composition with the forgetting map H�.LM /!H�.LM;M /). Moreover, we consider only the
component

� WH3.LM /!H3C1�3.LM=M �LM=M /!H1.LM;M /˝H0.LM;M /:

Under the identifications from the previous section, the string coproduct gives a map

H3.LM /!�1
˝ZŒZ7�D F7Œt; t2�

dt

t

ı�
.t7
� 1; t7

2 � 1/˚�1
� 1˚

dt

t
ZŒt2�

�
:

More concretely, we identify a monomial tpt
q
2

dt=t with the class in H1.LpM /˝H0.LqM / whose
image under H1.LpM /˝H0.LqM /!H1.M /˝H0.LqM /Š Z7 is the canonical generator.

Proposition 3.1 Under the above identifications , the string coproduct of the classes Œ�l;m� for l and m

positive coprime integers is given by the formula

(3) �.Œ�l;m�/D .t t
l�1
2 C t2t l�2

2 C � � �C t l�1t2/
dt

t

C r.tr t
.klC7m�1/r
2

C t2r t
.klC7m�2/r
2

C � � �C t .klC7m�1/r tr
2 /

dt

t
;

where r is the multiplicative inverse of k mod 7.

Remark 3.2 With some more care, the condition that l and m be coprime can be dropped (see [Naef
et al. 2023]).
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Proof We will compute the coproduct of the class Œ�l;m� for .l;m/ positive coprime integers using
Proposition B.2, using the above description.

That is, we first find

V D f.t; z1; z2/ 2 .0; 1/�M W �l;m.t; z1; z2/D .z1; z2/g;

then argue that it is compact and transversely cut out to be able to apply Proposition B.2. Away from the
circles K1 D fz1 D 0g and K2 D fz2 D 0g, the action is free, since in that case the above equation reads
as �

l

kl C 7m

�
t 2 Z2

C
1

7

�
1

k

�
ZD

�
0

1

�
Z˚

1

7

�
1

k

�
Z;

whose solutions are t 2 1
7
Z since l and m are coprime. Hence, we only need to consider the self-intersection

loci on the circles K1 D fz1 D 0g and K2 D fz2 D 0g. Let us write

V D V1 tV2;

where
Vi D f.t; z1; z2/ 2 .0; 1/�M W .t; z1; z2/ 2 V and .z1; z2/ 2Kig:

For V2, we choose the (orientation-preserving) coordinates .˛; z/ around K2 via the assignment

.˛; z/ 7! .e˛
p

1� jzj2; z/;

which defines an orientation-preserving diffeomorphism

.S1
� fz 2C W jzj< 1g/=Z7!M nK1;

where the Z7–action on the left is given by .˛; z/ 7!
�
˛C 1

7
; ek=7z

�
.

In these coordinates, the action �l;m reads as

�c
l;m.t; ˛; z/D .˛C l t; e.klC7m/tz/:

We obtain that the self-intersection locus V2 is

V2 D f.t; ˛; z/ W �
c
l;m.t; ˛; z/D �

c
l;m.0; ˛; z/g D

n
.t; ˛; 0/ W t D

1

7l
;

2

7l
; : : : ;

l�1

7l

o
;

which is a disjoint union of circles. To verify that the intersection is indeed transverse, we compute the
derivative of f .t; ˛; z/ WD Q�c

l;m
.t; ˛; z/� Q�c

l;m
.0; ˛; z/ at .n=7l ; ˛; 0/, where Q�c is the induced map on the

universal covers R� fjzj< 1g. We obtain

df
�

n

7l
; ˛; 0

�
D

0@l 0 0

0 0 0

0 0 e.klC7m/n=7l � ekn=7

1A :
From this we see that the intersection V2 is indeed transversely cut out in the sense of Lemma B.1 and
moreover oriented such that s 7! .n=7l ; es; 0/ is an orientation-preserving map. Each component of V2

gives a term in H1.LM /˝H0.LM /. To identify these terms we only need to know which connected
component it belongs to and what the image under H1.LM /! H1.M / is. The term belonging to
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.n=7l ; ˛; 0/ lies in the connected component associated to tnt l�n
2

and, as we saw, the coefficient is given
by the element in H1.M / that corresponds to s 7! .es; 0/, which is the generator. Thus, the contribution
from V2 is

.t t l�1
2 C t2t l�2

2 C � � �C t l�1t2/
dt

t
:

Similarly, we obtain the contribution coming from V1; here the equation to solve is

.0; e.klC7m/tz/D .0; z/;

which gives
V1 D

n
.t; 0; z2/ W t D

1

7.klC7m/
;

2

7.klC7m/
; : : : ;

klC7m�1

7.klC7m/

o
;

and the same argument as above shows that the intersection is transverse and oriented such that ˛!
.n=7.kl C 7m/; 0; e˛/ is orientation-preserving. The contributions can thus again be expressed in terms
of the class ˛ ! .0; e˛/, which in H1.M / corresponds to r , where r is the multiplicative inverse of
k mod 7 and the contribution is

r.tr t
.klC7m�1/r
2

t2r t
.klC7m�2/r
2

C � � �C t .klC7m�1/r tr
2 /

dt

t
:

We can now finally conclude that the classes Œ�l;m� indeed span all of H3.LlM /. Note that the classes
Œ�l;m� are lifts of the fundamental class along the map LlM !M, which we found was a semidirect
product of Z by Z7. Thus, any two such lifts span H3.LlM / as long as they are not equal. From the
above calculation, we obtain

�.Œ�l;mCn�� Œ�l;m�/D rntklC7m.t t6
2 C � � �C t6t2C t7/

dt

t
:

Thus, we see that any two classes Œ�l;m1
� and Œ�l;m2

� for m1 ¤ m2 mod 7 with both coprime to l are
nonzero and not equal and hence span H3.LlM /. Alternatively, we actually see that the classes Œ�l;1Cnl �

for nD 1; : : : ; 7 are all the lifts of the fundamental class along H3.LlM /!H3.M / if l ¤ 0. For l D 0,
take the classes Œ�7;n� for nD 1; : : : ; 6 and Œ�0;0�.

4 Relation to Reidemeister and Whitehead torsion

We wish to write the above formulas in a more convenient way. As we have seen, H3.LiM / is an
extension of H3.M /D Z by Z7. As we have seen in the calculation above, there is not much variation
in the coproduct of the Z7 summand, so we are modding it out to simplify notation. To that effect, let us
denote the kernel of the map

H3.LM /!
M
i2Z7

H3.M /

by K. Thus, we can identify H3.LM /=K with ZŒZ7� and our the formulas define a map

H3.LM /=K!H1.LM;M /˝H0.LM;M /=�.K/;
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which we identify with
ZŒZ7�!�1

˝ZŒZ7�=�.K/:

Our formulas actually lift to a map

ZŒZ7�!�1
˝ZŒZ7�=�.K/;

which we will describe and, at the very end, project to �1˝ZŒZ7�=�.K/. The target can be identified
with the quotient of F7Œt; t2�=.t

7� 1; t7
2
� 1/ dt=t by the subvector space spanned byn

t l dt

t
; t l

2
dt

t
; t l.t t6

2 C � � �C t6t2C t7/
dt

t

o
l2Z

:

Call that quotient QF7
.

4.1 String coproduct in terms of Reidemeister torsion

To rewrite the formulas in a more convenient way, let us introduce a rational version of the above
target space. Let QŒt; t2� be the polynomial algebra in two variables. We consider the ideal I D

.t7� 1; t7
2
� 1; t t6

2
C � � �C t7/ and define ADQŒt; t2�=I. This has the convenient effect that now t l � t l

2

are units in A, since .t � t2/.t
6C2t5t2C� � �C7t6

2
/D�7C .t t6

2
C� � �C t6t2C t7/. Let then QQ denote

the vector space obtained by taking the quotient of A by the subvector space spanned by the elements t l

and t l
2

and formally adjoin a symbol dt=t . Similarly, there is an integral version of said space, QZ �QQ.
The above formulas define a map

� W ZŒZ7�!QZ �QQ:

After reduction mod 7, this the component of the string coproduct (the rationalization is merely to write
down the formulas in a more convenient way). The map � W ZŒZ7�!QZ �QQ is defined by formulas

t l
7! .t t l�1

2 C t2t l�2
2 C� � �C t l�1t2/

dt

t
C r.tr t

.klC7m�1/r
2

C t2r t
.klC7m�2/r
2

C� � �C t .klC7m�1/r tr
2 /

dt

t

D .t t l�1
2 C t2t l�2

2 C � � �C t l�1t2C t l/
dt

t

C r.tr t
.klC7m�1/r
2

C t2r t
.klC7m�2/r
2

C � � �C t .klC7m�1/r tr
2 C t .klC7m/r /

dt

t

D .t l�1
2 C t t l�2

2 C � � �C t l�2t2C t l�1/ dt

C .t
.klC7m�1/r
2

C tr t
.klC7m�2/r
2

C � � �C t .klC7m�2/r tr
2 C t .klC7m�1/r / dtr

D
t l � t l

2

t � t2
dt C

tr.klC7m/� t
r.klC7m/
2

tr � tr
2

dtr

D
t l � t l

2

t � t2
dt C

t l � t l
2

tr � tr
2

dtr

D .t l
� t l

2/ d log..tr
� tr

2 /.t � t2//

D .t l
� t l

2/ d log.R/;
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where R 2QZ is the homogenized Reidemeister torsion

RD .tr
� tr

2 /.t � t2/:

We refer to the lecture notes [Mnev 2014, equation (58)] or [Milnor 1966] for the fact that this is indeed
the Reidemeister torsion (our convention differs slightly). We summarize our findings in the following:

Proposition 4.1 The string coproduct descends to

K �.K/

H3.LM / H1.LM;M /˝H0.LM;M /

L
i2Z7

H3.M /
L

i¤02Z7
H1.M /˝H0.LM;M /=�.K/

�

�

R

where R is the map t l 7! .t l � t l
2
/ d log.R/, where R is the homogenized Reidemeister torsion and the

term .t l � t l
2
/ d log.R/ is evaluated as explained above.

Remark 4.2 For us, Reidemeister torsion is merely an expression of the form .tp � t
p
2
/.tq � t

q
2
/. We do

not fully explain here what the exact space of these expressions is. We will only need that the Whitehead
group acts on these expressions faithfully.

Example 4.3 Let us give the calculation of R for L.1; 7/ and L.2; 7/:

L(1,7), k = 1, r = 1 L(2,7), k = 2, r = 4

t0
7! 0;

t1
7! 0;

t2
7! 2t1t1

2
dt

t
;

t3
7! 2t1t2

2 C 2t2t1
2

dt

t
;

t4
7! 2t1t3

2 C 2t2t2
2 C 2t3t1

2
dt

t
;

t5
7! 2t1t4

2 C 2t2t3
2 C 2t3t2

2 C 2t4t1
2

dt

t
;

t6
7! 2t1t5

2 C 2t2t4
2 C 2t3t3

2 C 2t4t2
2 C 2t5t1

2
dt

t
;

t0
7! 0;

t1
7! 4t4t4

2
dt

t
;

t2
7! 5t1t1

2 C 4t4t5
2 C 4t5t4

2
dt

t
;

t3
7! 5t1t2

2 C 5t2t1
2 C 4t4t6

2 C 4t5t5
2 C 4t6t4

2
dt

t
;

t4
7! 5t1t3

2 C 5t2t2
2 C 5t3t1

2 C 4t5t6
2 C 4t6t5

2
dt

t
;

t5
7! 2t1t4

2 C 5t2t3
2 C 5t3t2

2 C 2t4t1
2 C 4t6t6

2
dt

t
;

t6
7! 2t1t5

2 C 2t2t4
2 C 5t3t3

2 C 2t4t2
2 C 2t5t1

2
dt

t
:

In particular, we see that they cannot possibly be isomorphic. In L.1; 7/, there are two i’s such that
H3.LiM /!H1.LM=M /˝H0.LM=M / has rank one (or rank zero after quotienting out �.K/). In
L.2; 7/, there is only one such i . Since all the H3.LiM / have images in different components, we see
that the ranks of the maps H3.LiM /!H1.LM;M /˝H0.LM;M / differ.
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We summarize the result of the above example in:

Proposition 4.4 The string coproduct coalgebras on L.1; 7/ and L.2; 7/ are nonisomorphic. More pre-
cisely, they are told apart by the dimension of the kernel of � WH3.LM;M /!H1.LM=M �LM=M /.
For M D L.2; 7/, the coproduct is injective on H3.LM;M /, while for M D L.1; 7/, the kernel is
spanned by the class Œ�1;0�.

4.2 Transformation formula in terms of Whitehead torsion

Let f W L.1; 7/ ! L.2; 7/ be a homotopy equivalence. Let �.f / 2 Wh.Z7/ D .ZŒZ7�/
�=Z7 be its

Whitehead torsion. We denote by the same symbol its image under the map

Wh.Z7/! HH1.ZŒZ7�/=HH1.ZŒZ7�;Z/DH1.LM=M /!H1.LM=M �LM=M /

1��
���!H1.LM=M �LM=M /;

where � WLM !LM is given by precomposing with the orientation-reversing diffeomorphism of S1.
Let us recall the definition of the Dennis trace map in our case. The Hochschild homology computes as
HH1.ZŒZ7�/D�

1 and HH1.ZŒZ7�;Z/D Z7. Under these identifications, the Dennis trace map is then
given by

Wh.Z7/! HH1.ZŒZ7�/=HH1.ZŒZ7�;Z/; ˛ 7! ˛�1 d˛ D d log˛:

The calculation in the previous section partially verifies the formula

�f .x/D f .�.x//Cf .x ? d log �.f //;

where ? is the string product (applied to both factors as a derivation). Namely, recall that R2;7 D

f .R1;7�.f // and that, moreover, �.f / 2 ZŒZ7�
�. We then have

�f .t l/D .tf .l/� t
f .l/
2

/ d log R2;7

D .tf .l/� t
f .l/
2

/
�
f .d log R1;7/C d logf .�.f //

�
D f .�.t l//C .tf .l/� t

f .l/
2

/ d logf .�.f //

D f .�.t l//Cf ..t l
� t l

2/ d log �.f //;

where we used the calculation of the string product in Proposition A.1.

Remark 4.5 We used the following in the previous calculation. Let I!F7ŒZ7�!F7 be the augmentation
ideal. Then .t � 1/ 2 I is not a zero-divisor in the algebra I, hence neither is R1 DR1;7 D .t � 1/2 nor
R2 D f .R2;7/D .t

2� 1/.t4� 1/. Let u 2 F7ŒZ7�
� be such that R1 DR2u. Then, to show the identity

.t l
� 1/ d log.R1/� .t

l
� 1/ d log.R2/D .t

1
� 1/ du u�1 mod †;

it is clearly enough to show that it is true after multiplying with R1R2 DR2R2u. Doing this, we obtain

.t l
� 1/.dR1 R2� dR2 R2u/D .t l

� 1/.R2R2 du/DR2R2.t
l
� 1/ du u�1:
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Specializing to l D 1, we obtain

�f .t/D f ..t � t2/ d log �.f //:

Example 4.6 It is known that there exists a homotopy equivalence f WL.1; 7/!L.2; 7/ that sends the
preferred generator t to t2. Its Whitehead torsion (in our convention) is thus

�.f /D
.t4� 1/.t2� 1/

.t � 1/2
D .t3

C t2
C t C 1/.t C 1/�† D t C t2

C t3
� t5
� t6;

�.f /�1
D
.t8� 1/.t8� 1/

.t4� 1/.t2� 1/
D .1C t4/.1C t2

C t4
C t6/�†D t4

� t5
C t6;

where †D 1C t C t2C � � �C t6. Its image under the Dennis trace is

d log.�.f //D .1C 2t C 3t2
� 5t4

� 6t5/.t4
� t5
C t6/ dt D .6C 5t C 6t2

C t3
C 2t4

C t5
C 2t6/ dt;

and hence (after homogenizing again to match notation from above)

.t � t2/ d log �.f /D .4C 2t t6
2 C 6t3t4

2 C 2t5t2
2 / dt � .1C t t6

2 C t2t5
2 C t3t4

2 C t4t3
2 C t5t2

2 C t6t2/ dt;

and finally
f ..t � t2/ d log �.f //D .4C 2t2t5

2 C 6t6t2C 2t3t4
2 /d.t

2/

D .4C 2t2t5
2 C 6t6t2C 2t3t4

2 /2t dt

D .t2
C 4t4t5

2 C 5t t2C 4t5t4
2 /

dt

t
;

where we dropped multiples of †.

Summarizing our findings, we conclude with:

Proposition 4.7 The string coproduct on the lens spaces L.k; 7/ detects Whitehead torsion. More
precisely, the restriction of the string coproduct to H3.LM /, after taking the quotient described in
Proposition 4.1, transforms according to formula (1) and two elements in Wh.Z7/ give the same correction
term if and only if they are equal under the Dennis trace map.

5 More details on an example

Let us make the previous example more concrete and show that the formula in the introduction is still true
even without modding out K (ie dropping the multiples of †). To that extent, recall that the homotopy
equivalence f is constructed as

L.1; 7/! S3
_L.1; 7/

id_.z2
1
;z4

2
/

�������! S3
_L.2; 7/

ˆ
�!L.2; 7/;

where ˆ W S3!L.2; 7/ is any map of degree �7 (see [Mnev 2014, Section 6.4]).
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Lemma 5.1 f .Œ�1;0�/D Œ�2;3�:

Proof Let us first try to compare the maps

f ı �1;0 W S
1
�L.1; 7/!L.2; 7/ and �2;3 ı .id�f / W S1

�L.1; 7/!L.2; 7/

using obstruction theory. Away from a neighborhood of a point in L.1; 7/, the two maps are given by

f ı �1;0 W .t; z1; z2/ 7! .e2tz2
1 ; e

4tz4
2/; �2;3 ı .id�f / W .t; z1; z2/ 7! .e2tz2

1 ; e
.4C7�3/tz4

2/:

Recalling the standard cell decomposition of L.1; 7/ as

e0 D f.1; 0/g; e1 D
˚
.es; 0/ W s 2

�
0; 1

7

�	
;

e2 D f.z1; r/ W r 2 .0; 1/g; e3 D
˚
.z1; z2/ W z2 D esr for s 2

�
0; 1

7

�	
;

we see that the two maps already coincide on A WD f0g �L.1; 7/[S1 � e0. The first obstruction for
these two maps being homotopic relative to A lies in

H 3
�
M=AI�3.L.2; 7//

�
D Z7:

The obstruction is computed by comparing the two maps on the 3–cell I � e2. Since the maps coincide
on the boundary of that cell, they fit together to a map S3!L.2; 7/, ie an element in �3.L.2; 7//D Z,
where the identification is by computing the degree and dividing by 7. Thus, it is enough to show that the
degrees of the two maps restricted to I � e2 are equal mod 49. For the map f ı �1;0, we note that �1;0

maps the cell I �e2 homeomorphically onto e3. Since f has degree 1, we get a contribution of 1. For the
map �2;3 ı .id�f /, we note that f is given by .z2

1
; z4

2
/ on the cell I � e2 and hence we are computing

the degree of the map �
0; 1

7

�
� e2!L.2; 7/; .t; z1; r/ 7! .e2tz2

1 ; e
.4C7�3/t r4/:

This map has degree 2 � 25D 50 (it has the same degree as its 7–fold cover S1 � e2! S3 given by the
same formula but now t 2 Œ0; 1�). We see that the obstruction vanishes since 1Š 50 mod 49. We conclude
that the two maps in question are homotopic at least up to the 3–skeleton of S1 �L.1; 7/. They could
still potentially differ on their 4–cell I � e3 by an element in

H 4
�
M=AI�4.L.2; 7//

�
D Z2:

We can view �1;0 as an element in �1

�
aut1.L.1; 7//

�
, where aut1.L.1; 7// is the monoid of self-

equivalences homotopic to the identity. Under this identification, the action of H 4
�
M=AI�4.L.2; 7//

�
D

Z2 corresponds to multiplication by the element

S1
�L.1; 7/! .S1

�L.1; 7//_S4
! .S1

�L.1; 7//_S3

!L.1; 7/_L.1; 7/!L.1; 7/ 2 �1

�
aut1.L.1; 7//

�
;

which is an element of order 2. However, it follows directly from the definition of the string product that

�1

�
aut1.L.1; 7//

�
!
�
H3.LL.1; 7//; ?

�
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is a morphism of monoids. Moreover, the image is contained in
S

i2Z7
H3.LM / and maps to the

fundamental class ŒM � under H3.LM / ! H3.M /. We also saw that all these classes are of the
form �l;m. Thus, we conclude that the image of �1

�
aut1.L.1; 7//

�
is a group of order 49 and hence any

element of order 2 gets sent to zero. This shows that, indeed,

f .Œ�1;0�/D Œ�2;3� 2H3.LL.2; 7//;

where M DL.2; 7/.

We are now ready to evaluate (1) for x D Œ�1;0�. The left-hand side is given by

�f .Œ�1;0�/D�Œ�2;3�

D t t2
dt

t
C 4 � 3.t C t2t6

2 C t3t5
2 C t4t4

2 C t5t3
2 C t6t2

2 C t2/
dt

t
C 4.t4t5

2 C t t2C t5t4
2 /

dt

t

D 12.t C t2t6
2 C t3t5

2 C t4t4
2 C t5t3

2 C t6t2
2 C t2/

dt

t
C .4t4t5

2 C 5t t2C 4t5t4
2 /

dt

t
;

reading off formula (3). For the right-hand side we obtain

f .�Œ�0;1�/Cf .Œ�1;0� ? d log �.f //Cf .Œ�1;0� ? d log �.f //D f ..t � t2/ d log �.f //;

using that Œ�0;1� has no self-intersections and the calculation of the string product in Appendix A and
introducing a Koszul sign. We already calculated the image of the Whitehead torsion under the Dennis
trace map in the example above, that is,

d log �.f /D .6C 5t C 6t2
C t3
C 2t4

C t5
C 2t6/ dt 2 HH1.ZŒZ7�/DH1.LM /;

the map H1.LM /!H1.LM �LM /!H1.LM /˝H0.LM / given by the diagonal and reversing the
circle on the second factor sends a monomial t l dt=t to t l t�l

2
dt=t and hence is homogenization. We can

thus compute, as in the above example (this time without dropping † terms), that

f ..t�t2/ d log �.f //D .4C2t2t5
2C6t6t2C2t3t4

2 /d.t
2/C6.1Ct t6

2Ct2t5
2Ct3t4

2Ct4t3
2Ct5t2

2Ct6t2/d.t
2/

D .4C2t2t5
2C6t6t2C2t3t4

2 /2t dtC12.1Ct t6
2Ct2t5

2Ct3t4
2Ct4t3

2Ct5t2
2Ct6t2/ dt

D .t2
C4t4t5

2C5t t2C4t5t4
2 /

dt

t
C12.tCt2t6

2Ct3t5
2Ct4t4

2Ct5t3
2Ct6t2

2Ct2/
dt

t
:

Thus, we see that the two sides of (1) coincide up to the term t2 dt=t , which corresponds to an element
in H1.LM /˝H0.M / and is hence zero in H1.LM;M /˝H0.LM;M /.

Appendix A String product

Let
? WH3.LM /˝H1.LM /!H1.LM /

denote the string product for M DL.k; 7/.
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Proposition A.1 For any ! 2�1 ŠH1.LM /, we have

Œ�l;m� ? ! D t l!:

Proof We check the formula for the generators tn dt=t . We only need the following two formal properties
of the string product, which one can readily see from the definition given in [Hingston and Wahl 2023], for
instance. The first property is that it is “additive” on path components. That is, the product of two classes
in H�.L˛M / and H�.LˇM / lies in

L

2˛�ˇ H�.L
M /, where ˛ and ˇ are conjugacy classes in �1 and

˛ � ˇ is the set of conjugacy classes obtained by taking products of elements in ˛ and ˇ, respectively.
From this we see that

Œ�l;m� ? tn dt

t
2H1.LlCnM /;

which is hence a multiple of t lCn dt=t . To determine the coefficient, we use that the projection map
H�.LM /!H�.M / intertwines the string product and the homological intersection product, which gives

Œ�l;m� ? tn dt

t
D t lCn dt

t
:

Appendix B Transverse string topology

We show that the transverse calculation of the string coproduct is indeed the invariantly defined string
coproduct by comparing it with the definition in [Naef and Willwacher 2019] (see also [Naef et al. 2023,
Proposition 4.4] for the equivalence with the definition of [Hingston and Wahl 2023]). Recall that in
[Naef and Willwacher 2019] the string coproduct was defined by the zigzag of spaces

(4)

LM

M

I�LM

@I�LM[I�M

Map.
2/

F

Map.
2/=Map0.
2/

F=F jU TM

Map.8/=Map0.8/
F=F jU TM

Map.8/
F

LM �LM

LM �M[M �LM
;

suspend s

'

Th

where dashed arrows are only defined on homology and we have used the following notation:

� (Iterated) quotients denote (iterated) cofibers, that is, cone constructions.

� U TM is the unit tangent bundle.

� FM2.M / is the compactified configuration space of two points, namely it is obtained from
M �M by a real oriented blowup along the diagonal. It is a manifold with boundary U TM and
homotopy-equivalent to M �M nM and fits into the commuting diagram

U TM FM2.M /

M M �M

where M !M �M is the diagonal map.
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� Map.
2/ is simply LM thought of as a fibration over M �M given by evaluating the loop at
times 0 and 1

2
.

� Taking the pullback of Map.
2/ along the above square, we obtain

Map0.8/ Map0.
2/

Map.8/ Map.
2/

� F is LM [LM thought of as the subspace of Map.8/ where at least one of the ears is mapped
to M constantly.

� The map s reparametrizes a loop. It takes a parameter t 2 I and a loop 
 and reparametrizes it in
such a way that the path 
Œ0;t � is run through on the interval

�
0; 1

2

�
and the path 
Œt;1� is run through

on the interval
�

1
2
; 1
�
.

� The map Th is capping with the Thom class in H n.M;U TM /.

Let us first formulate the following:

Lemma B.1 Let ˛ WN !LM be transverse in the sense that :

(i) @˛.u; t/=@t is nonzero at t D 0.

(ii) The map x̨ W N � .0; 1/ ! M �M given by .n; t/ 7! .˛.n; 0/; ˛.n; t// intersects the diagonal
transversely in a compact submanifold V �N � .0; 1/,

Then there is a unique map y̨ W 1N � IV !FM2.M / from the real oriented blowup of N �I at V, denoted
by 1N � IV, to the compactified configuration space of two points such that

1N � IV FM2.M /

N � I M �M

commutes. Moreover , y̨ identifies the unit normal bundle of V in N � .0; 1/ with x̨j�
V

U TM.

Proof In local coordinates the map M �M nM ! FM2.M / looks like

Rn
�Rn

nRn
!Rn

�Sn�1
� Œ0;1/; .x;y/ 7!

�
x�y;

x�y

jx�yj
; jx�yj

�
:

Composing with x̨, we readily see that condition (i) is sufficient (and necessary) to lift the map N � I !

M �M to FM2.M / in a neighborhood of N � @I. To obtain the statement away from the boundary, we
observe that the function (in coordinates)

.n; t/!
x̨.n; t/� x̨.n; 0/

jx̨.n; t/� x̨.n; 0/j

smoothly extends from N � I nV to 1N � IV.
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Such a transverse map ˛ WN !LM naturally defines a map

�.˛/ W V !LM �LM; .n; t/ 7!
�
s 7! ˛.n; st/; s 7! ˛.n; .1� t/sC t/

�
:

The following is a special case of [Hingston and Wahl 2023, Proposition 3.7] adapted to our notation:

Proposition B.2 Let ˛ WN !LM be transverse in the sense of the previous lemma. Then

�.˛�.ŒN �//D .�˛/�.ŒV �/ 2H�.LM �LM;M �LM [LM �M /:

Proof One checks that the following diagram commutes, where all the maps are the “obvious” ones:

N

¿
I�N

@I�N

I�N

@I�N

I�N= bI�N V

@I�N=@I�N

V =x̨j�
V

U TM

¿=¿
V

¿

LM

M

I�LM

@I�LM[I�M

Map.
2/

F

Map.
2/=Map0.
2/

F=F jU TM

Map.8/=Map0.8/
F=F jU TM

Map.8/
F

LM�LM

LM�M[M�LM

suspend

'

Th

suspend s

'

Th

The only thing left to show is that, after taking homology, the upper zigzag sends the fundamental class
of N to the fundamental class of V. Namely, we have to show that, under

Hd .N / HdC1.I �N; @I �N / HdC1.I �N; 1I �N V /

HdC1.V; x̨j
�
V

U TM / HdC1�n.V /

'

Th

where d D dim.N /, the class ŒN � gets sent to ŒV �. First note that the Thom isomorphism here is given by
capping with a Thom class that is the pullback of the Thom class on Hn.M;U TM / along x̨jV . This
Thom class is also the natural Thom class by considering x̨j�

V
U TM as the oriented normal bundle of V

in I �N. Hence, apart from our insistence on avoiding tubular neighborhoods, we obtain the standard
description of the intersection pairing, from which it follows that ŒN � is sent to ŒV �. To see this more
concretely, we note that it is enough to show that composing with HdC1�n.V /!HdC1�n.V;V n fxg/

sends ŒN � to the generator in HdC1�n.V;V n fxg/. Thus, the situation is local and we can assume that
N DRd and x̨ WRdC1!Rn is a linear projection. In this case the statement follows directly from the
definitions.
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Reeb flows transverse to foliations

JONATHAN ZUNG

Let F be a cooriented C 2 foliation on a closed, oriented 3–manifold. We show that TF can be perturbed
to a contact structure with Reeb flow transverse to F if and only if F does not support an invariant
transverse measure. The resulting Reeb flow has no contractible orbits. This answers a question of Colin
and Honda. The main technical tool in our proof is leafwise Brownian motion which we use to construct
good transverse measures for F ; this gives a new perspective on the Eliashberg–Thurston theorem.

57K33, 57R30

1 Introduction

In their seminal work, Eliashberg and Thurston [1998] proved that a C 2 foliation of a closed, oriented
3–manifold not homeomorphic to S1 � S2 may be C 0 approximated by positive or negative contact
structures. When the foliation is taut, the approximating contact structures are universally tight and weakly
symplectically fillable. This theorem, along with its subsequent generalizations [Kazez and Roberts 2017;
Bowden 2016a], serves as a bridge between contact topology and the theory of foliations. In one direction,
one can export genus detection results from Gabai’s theory [1983] of sutured manifolds to the world of
Floer homology [Ozsváth and Szabó 2004]. In the other direction, a uniqueness result of Vogel [2016] for
the approximating contact structure implies that invariants of the approximating contact structure become
invariants of the deformation class of the foliation [Bowden 2016b].

Colin and Honda asked when the approximating contact structure can be chosen so that its Reeb flow is
transverse to the foliation. When this is the case, the foliation can be used to control the Reeb dynamics. In
particular, a transverse Reeb flow can have no contractible Reeb orbits. A contact form with this property
is called hypertight. The hypertight condition is useful for defining and computing pseudoholomorphic
curve invariants. A motivating example for us is cylindrical contact homology, an invariant of contact
structures that is well-defined when the contact structure supports at least one hypertight contact form
[Bao and Honda 2018; Hutchings and Nelson 2016; 2022].

Colin and Honda [2005] constructed such transverse Reeb flows for sutured hierarchies. They recently
extended their methods to finite-depth foliations on closed 3–manifolds [Colin and Honda 2022]. In
this setting, although the Reeb flow cannot be made transverse to the closed leaf, it is transverse to a
related essential lamination and hence has no contractible orbits. The goal of the present paper is to give
a complete answer to the existence question for transverse Reeb flows for all C 2 foliations.

© 2024 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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A closed leaf is an obstruction to a transverse Reeb flow. Suppose that † is a closed, oriented surface and
˛ is the 1–form representing a contact structure �. By Stokes’ theorem,

R
† d˛ D 0, and it follows that

d˛ D 0 at some point on †. The Reeb flow must be tangent to † at this point. In particular, this implies
that foliations with transverse Reeb flows have no compact leaves, and hence are taut.

More generally, an invariant transverse measure for F is an obstruction to a transverse Reeb flow. We
prove that, for C 2 foliations, this is the only obstruction.

Theorem 1 Let F be a coorientable C 2 foliation on a closed , oriented 3–manifold M. Then TF can
be perturbed to a contact structure with Reeb flow transverse to F if and only if F does not support an
invariant transverse measure.

When F is taut, an invariant transverse measure gives rise to a nontrivial class in H 1.M;R/. Therefore,
we have the following corollary (cf Conjecture 1.5 from [Colin and Honda 2005]):

Corollary 2 IfM is a closed , oriented 3–manifold with a cooriented C 2 taut foliation andM © S1�S2,
then M supports a hypertight contact structure.

Proof If H 1.M;R/D 0, then the foliation has no invariant transverse measure and Theorem 1 applies.
Otherwise, M supports a finite-depth taut foliation. In this case, Theorem 3.14 of [Colin and Honda
2022] gives the desired hypertight contact structure.

One should think of invariant transverse measures as exceptional. In fact, under some conditions, it
follows from a result of Bonatti–Firmo that nonexistence of invariant transverse measures is generic for
C1 foliations.

Corollary 3 Suppose that M is a closed , oriented , atoroidal 3–manifold. Then any C1 taut foliation
on M is C 0 close to a hypertight contact structure.

Corollary 4 Cylindrical contact homology is an invariant of the taut deformation class of C1 taut
foliations on closed , oriented , atoroidal 3–manifolds.

We defer explanations of the last two corollaries to Section 3.5.

Our method contrasts with prior constructions of contact approximations. The strategy of Eliashberg
and Thurston begins with identifying some closed curves in leaves of F with attracting holonomy. They
produce a contact perturbation in the neighborhood of these curves, and then “flow” the contactness to
the rest of the 3–manifold. It is not clear how to control the Reeb vector field during this flow operation.
In the case of sutured hierarchies, Colin and Honda give an explicit inductive construction of the contact
perturbation. At each step of the sutured hierarchy, they can ensure that the Reeb flow has a good standard
form near the boundary compatible with the sutures.

Geometry & Topology, Volume 28 (2024)



Reeb flows transverse to foliations 3663

Our construction begins with an arbitrary transverse measure for F and smooths it out by logarithmic
diffusion. This process is similar to the leafwise heat flow studied by Garnett [1983]. The advantage
of our diffusion process is that we can show that in finite time, the transverse measure becomes log
superharmonic. Roughly speaking, this means that the transverse distance between two nearby leaves is
the exponential of a superharmonic function. This gives a global picture of the holonomy of F. Finally,
we show that there is a canonical way to deform a log superharmonic transverse measure into a contact
structure. Since this perturbation is done in one shot, we have full control over the Reeb flow.
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2 Examples

In this section, we give some concrete examples of foliations and how one may deform them to contact struc-
tures. The reader should keep these examples in mind while reading the rest of the paper. We expect that
this section can be read with minimal background, but the reader may wish to review Sections 3.1 and 3.3
for definitions of foliations and contact structures, and Sections 3.4 and 3.6 for a discussion of holonomy.

Example 5 (creating contact regions using holonomy) Consider R3 foliated by planes z D const and
endowed with the Riemannian metric g D dx2C dy2C 2�2x dz2. This is a local model for a foliation
with holonomy. One may produce a contact structure by rotating the tangent planes to the foliation
by a Riemannian angle of " around an axis parallel to the x–axis. Any line parallel to the x–axis is a
Legendrian. Traveling along such a Legendrian in the positive x–direction, the Riemannian angles are
constant, so the Euclidean angles are increasing. This twisting of contact planes along a Legendrian is the
hallmark of a contact structure.

In equations, the contact form is ˛ WD 2�x dzC " dy and

d˛ D�2�x dx ^ dz:

In this case, the Reeb flow is not transverse to the foliation but points in the y–direction. This construction
may equally well be done in the quotient of R3 by the isometry .x; y; z/ 7! .xC 1; y; 2z/. Here we have
seen the general rule that “Legendrians (in the characteristic foliation on a leaf of the foliation) flow in
the direction of contracting holonomy”.

This kind of construction is visualized in Figure 1. Three boxes are shown, each equipped with both a
product foliation transverse to the z–direction and an approximating contact structure. The top and bottom
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z
y

x

Figure 1

faces of each box are leaves. The red dotted lines show the characteristic foliation of the contact structure
on some of the boxes’ faces. Observe that in the first box, the slope of the characteristic foliation on the
left face is greater than the slope on the right face. These ever-increasing slopes are unsustainable in a
closed manifold. The second and third boxes (corresponding with Examples 5 and 6) are diffeomorphic
to the first, but we have introduced some contraction of the leaves of the foliation. Now the slopes on the
left and right faces can be made identical, facilitating gluing up to a closed manifold.

Example 6 (Anosov flows) Example 5 can be modified so that the Reeb flow is transverse to the leaves.
The Legendrian flow will be Anosov, ie spreading out in the y–direction as well as contracting in the
z–direction. The relevant metric is g D dx2C 22x dy2C 2�2x dz2 with the flow parallel to the x–axis.

It is instructive to write this example in different coordinates. Let

HD f.x; y/ j y > 0g

be the upper half-plane. Consider the manifold H�R, foliated by planes of the form H� fptg. Endow
the manifold H�R with coordinates x; y; t , where x and y correspond with the coordinates on H and t
parametrizes the R–factor. Let f .x; y; t/D y. The 1–form f dt defines the horizontal foliation and is
an example of a harmonic transverse measure. The flow parallel to the y–axis oriented in the negative
y–direction is an Anosov flow. The 1–form ˛ D f dt � " ? d logf is a contact perturbation of our
foliation. Indeed,

˛ D y dt C "
1

y
dx;

˛^ d˛ D "
�
2
1

y
dx ^ dy ^ dt

�
CO."2/:

This time, the Reeb flow is transverse to the foliation since d˛ evaluates positively on F. The moral here
is that “spreading of the Legendrians” in the characteristic foliation can contribute to contactness, and
also help to make the Reeb flow transverse to the foliation.

More generally, the stable/unstable foliations of Anosov flows have no invariant transverse measures,
and so are candidates for the application of Theorem 1. However, these stable/unstable foliations are in
general only C 1 so our theorem does not directly apply.
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Figure 2: This is a foliation by saddles of the solid torus with four longitudinal sutures. The
S1–direction is vertical. The limiting annular boundary leaves are added on the right. The red
dotted lines denote the characteristic foliation of an approximating contact structure.

Example 7 (a coarsely harmonic transverse measure) Here is an example of a foliation with holonomy
that one can keep in mind while reading the rest of the paper. Let P be a pair of pants with boundary
components a, b, and c. Let ' be a diffeomorphism of P exchanging b and c. Let M ı be the mapping
torus of '. The manifold M ı has a foliation by parallel copies of P. It has two toroidal boundary
components, each with a horizontal foliation and one “twice as long” as the other. Glue these boundary
components together by a map � 7! 2� , where � parametrizes the direction transverse to P. Call the
resulting foliated manifold M.

Now let f be a function on P which takes the value 1 on b and c and the value 2 on a. We can further
arrange that f is invariant under ' and has only a single critical point. Then f pulls back to M ı. After
some smoothing near the cuffs, the 1–form f d� is a smooth transverse measure on M. With respect to
this transverse measure, the manifold has contracting holonomy along paths from a to b or a to c.

We will return to the contact perturbation in this case in Example 35 in Section 5.

Example 8 (sutured manifold) The foliation in Example 7 has every leaf dense, but we will also need
to consider foliations whose leaves accumulate on sublaminations. The example to keep in mind is a
taut sutured manifold [Gabai 1983]. One of the simplest sutured manifolds is the solid torus Tn with
2n longitudinal sutures, n� 2. It is foliated by a stack of monkey saddles, each of which accumulates on
the boundary leaves. For a natural choice of Riemannian metric, the foliation has contracting holonomy
along every path to infinity in a leaf. This foliation may be perturbed into a contact structure whose
characteristic foliation on each leaf consists of radial lines emanating from a single elliptic singularity
to infinity. See Figure 2. Notice that the curves in the characteristic foliation travel in the direction of
contracting holonomy. The Reeb flow has a single periodic orbit along the core of the solid torus; every
other orbit enters along a positively oriented boundary leaf and leaves along a negatively oriented one.
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3 Preliminaries

3.1 Foliations and their regularity

A foliation on a 3–manifold M is a decomposition of M into surfaces, locally modeled on R2 �R.
A foliation is specified by a covering of M by charts such that their transition maps preserve the
decomposition of R3 into horizontal planes. The surfaces in the decomposition are called leaves. A
foliation is oriented if the transition maps preserve the orientations of the leaves and cooriented if the
transition maps preserve the orientation of the transverse R–factor.

For k� l , we say that a foliation is C k;l if the mixed partial derivatives of the transition maps up to order l
in the transverse direction and up to order k in total exist and are continuous. Calegari [2001] showed that
a C 1;0 foliation can be improved to a C1;0 foliation by a topological isotopy. His method extends to show
that a C l;l foliation can be improved to a C1;l foliation by a C l isotopy. (His Lemma 3.2 holds for C l;l

foliations, so one need only check that Lemma 3.3 in [Calegari 2001] works using C l isotopies.) However,
it might not be possible to improve the transverse regularity class of a foliation; the holonomy maps of a
C k;0 foliation are C 0 functions which might not be conjugate to smooth functions. A foliation is called C l

when it is C l;l. We will also use the notation C k;l to denote the regularity class of functions on M.

In this paper, all manifolds are closed and oriented. All foliations are oriented and cooriented. In light of
Calegari’s result, we will assume from now on that our foliations are C1;2 unless stated otherwise.

3.2 Taut foliations

An oriented C1;2 foliation F on an oriented 3–manifold M is taut if any of the following equivalent
conditions hold:

(1) For each point x 2M, there is a closed curve transverse to F passing through x.

(2) There is a volume-preserving flow transverse to F.

(3) There is a closed 2–form ! evaluating positively on TF.

Taut foliations enjoy a number of good properties:

(1) Loops transverse to F are not contractible.

(2) Leaves of F are �1–injective.

If we exclude the exceptional case M Š S1 �S2, we can say more:

(1) M is irreducible.

(2) The universal cover zM is R3.

(3) Leaves of zF are properly embedded planes in zM.

If a foliation has no compact leaves, then it is taut.
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3.3 Contact structures

A contact structure on an oriented 3–manifold M is a plane field � such that there exists a 1–form ˛ with
� D ker.˛/ and ˛ ^ d˛ > 0. The Reeb flow of ˛ is a vector field R uniquely defined by the following
properties:

d˛.R;�/D 0;

˛.R/D 1:

The Reeb flow is always transverse to � , and moreover is transverse to any tangent plane on which d˛ > 0.
The Reeb flow preserves ˛. In particular, it preserves the volume form ˛^d˛. Compare this with the second
definition of taut foliation above; it follows that a foliation with a transverse Reeb flow is taut. If �Dker.˛/
for some ˛ whose corresponding Reeb flow has no contractible closed orbits, we say that � is hypertight.

Given a surface †�M, the characteristic foliation of � on † is the singular codimension–1 foliation
on † defined by the intersection of � with †.

3.4 Transverse measures

A transversal to a foliation F is a smooth closed arc positively transverse to F. When M is endowed with
a Riemannian metric, we define an orthogonal transversal to be a transversal which is orthogonal to F.

A transverse measure � is an assignment of a nonnegative real number to each transversal to F. We ask
that the assignment be countably additive under concatenation of arcs.

Suppose that I1 and I2 are two transversals. We say that I1 and I2 are homotopic if there is a homotopy
H W Œ0; 1� � Œ0; 1� ! M between them such that H jŒ0;1��f0g D I1, H jŒ0;1��f1g D I2, H jf0g�Œ0;1� is
contained in a leaf of F, and H jf1g�Œ0;1� is contained in a leaf of F.

We say � is an invariant transverse measure if �.I1/D �.I2/ whenever I1 and I2 are homotopic and � is
not the zero transverse measure.

A compact leaf � gives rise to an invariant transverse measure which assigns to each transverse arc the
number of intersections with �. We will generally be concerned with C k;l transverse measures of full
support. By this we mean a transverse measure which can be encoded as a nowhere-vanishing C k;l

1–form � with ker.�/D TF. Note that a C1;k foliation always admits a C1;k�1 transverse measure of
full support. In a foliation chart with coordinates x; y; z, one may take the transverse measure to be g dz,
where g is any positive C1;k�1 function.

3.5 Perturbing away transverse measures

The following lemma was observed by Bowden and documented in [Zhang 2022, Lemma 7.2]:

Lemma 9 Let M be an atoroidal 3–manifold and F a C1 taut foliation on M. Then F can be
C 0 approximated by a C1 taut foliation F 0 such that either F 0 has no transverse invariant measure or the
pair .M;F 0/ is homeomorphic to a surface bundle over S1 foliated by the fibers.
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Proof sketch On C 2 foliations, invariant transverse measures are either supported on compact leaves or
have full support. This is a consequence of Sacksteder’s theorem [1965]; see also [Candel and Conlon
2000, Theorem 8.2.1]. In the former case, if F is C1, a result of Bonatti and Firmo [1994] allows us to
perturb away compact leaves of genus � 2. In the latter case, Tischler [1970] showed that .Y;F / is a
deformation of a fibration. See [Zhang 2022, Lemma 7.2] for more details.

Proof of Corollary 3 Given a C1 taut foliation F on an atoroidal manifold M, Lemma 9 yields a new
foliation F 0 which is C 0 close to F that either has no invariant transverse measure or is a surface bundle
over S1. If F 0 has no invariant transverse measure, then Theorem 1 applies. Suppose instead that F 0

is a surface bundle over S1. Since M is atoroidal, the fiber genus is at least 2 and the monodromy is
pseudo-Anosov. By [Colin and Honda 2022, Theorem 3.17], the (unique) contact perturbation of F 0 is
hypertight.

Proof of Corollary 4 Vogel proved that if F is a C 2 taut foliation on an atoroidal 3–manifold, all
contact structures in a C 0 neighborhood of TF are isotopic. Moreover, pairs of taut foliations which
are homotopic through taut foliations have isotopic contact approximations [Vogel 2016, Theorem 9.3].
By Corollary 3, this contact approximation is hypertight and hence has well-defined cylindrical contact
homology.

3.6 Holonomy

Let M be an oriented 3–manifold with a taut, cooriented C 2 foliation, F.

Let 
 W Œ0; T �!M be a path which is contained in a leaf of F and supported in a single foliation chart U.
Choose I0; IT , two transversals to F contained in U and passing through 
.0/; 
.T / respectively. We
define the holonomy map h
 W I0! IT to be the map which preserves the transverse coordinate of the
foliation chart; ie for all x 2 I0, x and h
 .x/ lie on the same leaf in U. If 
 0 is another path in the same
leaf of U and is homotopic rel endpoints to 
 , then h
 D h
 0 . The holonomy map can be defined for
arbitrary paths 
 tangent to F by composing holonomy maps for short subpaths. As 
 grows in length,
the domain of h
 tends to shrink. From our perspective, we are usually just concerned with the germ at 0
of h
 , so this shrinking of the domain does not matter.

Since F is a C 2 foliation, h
 is C 2. Thus, we may take its derivative at 
.0/, which we call

h0
 W T
.0/.I0/! T
.T /.IT /:

The embedding of I0 in M gives an identification of T
.0/.I0/ with T?

.0/

F, and likewise an identification
of T
.T /IT with T?


.T /
F. Via this identification, we may regard h0
 as a map from T?


.0/
F to T?


.T /
F.

This map depends only on 
 and not on the choice of I0 and IT . Moreover, if 
 and 
 0 are two paths in
the same leaf of F and are homotopic rel endpoints, then

(1) h0
 D h
0

 0 :
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Suppose now that F is equipped with aC1;1 transverse measure � , encoded as a 1–form with ker.�/DTF
and which evaluates positively on transversals to F. Then we define

jh0
 j� D
�.h0
 .v//

�.v/
;

where v is any nonzero vector in T?

.0/

F. In other words, jh0
 j� is the factor by which holonomy along 

stretches �–lengths. Note that this norm does not depend heavily on the choice of � . Indeed, given any
two such differentiable transverse measures �; �, we have � D g� for some strictly positive function g
on M. Then for any path 
 in a leaf of F, one can verify that

inf
M
g2 �

jh0
 j�

jh0
 j�
� sup

M

g2:

Given a leaf �, let Q� be the universal cover of �. At this point, we are thinking of Q�, not as embedded
in zM. Choose a basepoint b in Q�. We define the Radon–Nikodym derivative of � to be the function
f�;�;b W Q�!R determined by the formula

f�;�;b.x/D jh
0

 j� ;

where 
 is a path in � which lifts to a path Q
 in Q� from b to x. By the homotopy invariance property
observed in (1), this definition is independent of the choice of the path 
 . One should think of f�;�;b as
the transverse distance to a nearby leaf as measured by � . Different choices of basepoint yield the same
function f�;�;b up to a constant factor. To be more precise, if b1 and b2 are two choices of basepoint
on Q� and 
 is a path in � which lifts to a path in Q� from b1 to b2, then

f�;�;b1 D jh
0

 j�f�;�;b2 :

When there is no danger of ambiguity, we abbreviate f�;�;b to f� .

Remark 10 In a foliation chart with coordinates x; y; z and leaves z D const, one may write any C1;1

transverse measure � as g dz for some C1;1 function g. The restriction of g to any given leaf � agrees
with f�;�;b up to multiplication by a constant depending only on the choice of basepoint. It follows that
f�;�;b is C1 on each leaf.

A theme in what follows is that for the best transverse measures, f�;�;b has no local minima. Fix a
Riemannian metric on M. Each leaf inherits a Riemannian metric from the Riemannian metric we chose
on M. If f�;�;b is a harmonic function on Q� for every choice of leaf �, we say that � is a harmonic
transverse measure. By Theorem 1c of [Garnett 1983], this is equivalent to more traditional notions of
harmonic transverse measure using the leafwise Laplacian operator, at least for differentiable transverse
measures like � . See also [Candel 2003; Deroin and Kleptsyn 2007] for more discussion of harmonic
transverse measures. When logf�;�;b is superharmonic (resp strictly superharmonic) on each leaf Q�, we
say that � is log superharmonic (resp strictly log superharmonic). Since log is a concave function, every
harmonic transverse measure is also log superharmonic.
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While f� is defined on Q� and makes sense only up to constant factors for each leaf, several related objects
descend to M. The 1–form d logf� is a well-defined section of T �F. It measures the infinitesimal rate
of contraction or expansion of leaves in directions tangent to F. The function � logf� , where � denotes
the leafwise Laplace–Beltrami operator, is consequently also defined on M. Finally, the leafwise level
sets of f� descend to a singular codimension–2 foliation on M.

Proposition 11 Suppose � is a C1;1 transverse measure of full support. Choose a vector field v
transverse to F with �.v/D 1. Then �vd� D�d logf� .v/ as sections of T �F.

Proof Choose a foliation chart with coordinates x, y, z, where F D ker.dz/. We may further arrange
that v is parallel to the z–axis. In this coordinate system, � D g dz for some C1;1 function g.

Now

(2) �vd� D �v.dg^ dz/D dg.v/ dz� dz.v/ dg

D dg.v/ dz�
1

g
dg (since �.v/D 1)

D dg.v/ dz� d logg:

As noted in Remark 10, g agrees with f� on each leaf up to a constant factor, so d logg D d logf� on
each leaf. When we restrict (2) to any given leaf �, the term dg.v/ dz vanishes and we are left with
�d logf� as desired.

3.7 Leafwise Brownian motion and diffusion

We provide here a summary of the main properties of Brownian motion that we will use. We direct
the reader to [Mörters and Peres 2010] for a comprehensive introduction to Brownian motion on Rn.
Chapters 3 and 4 of [Hsu 2002] provide a treatment of the Riemannian case. One may also consult [Deroin
and Kleptsyn 2007], which specializes to the leafwise Brownian motion that we will consider in this paper.

Let � be a complete Riemannian manifold with bounded geometry and let x be a point on �. As suggested
by the notation, the Riemannian manifold we consider will usually be a leaf of F with a Riemannian
metric inherited from one on M. Such a surface always has bounded geometry because M is compact.
Let �x be the space of all continuous paths 
 W Œ0;1/! � satisfying 
.0/D x. We equip �x with the
uniform topology on compact sets of Œ0;1/ and will use the induced Borel �–algebra.

On �x there is a probability measure Wx called the Wiener measure. We will often refer to a path drawn
from Wx as a Brownian path. For any function f on �, we define its time t diffusion Dt .f / by

Dt .f /.x/D E
�Wx Œf .
.t//�:

Let � be the Laplace–Beltrami operator on �. The Wiener measure satisfies the following properties:

(1) Markov property Suppose 
 is drawn from Wx . Fix some t0 � 0 and any y 2 �. Then after
conditioning on 
.t0/D y, 
 jŒt0;1/ is distributed like Wy . This implies that, for any t; t 0 � 0,

DtCt
0

DDt ıDt
0

:
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(2) Adapted to the metric For a real-valued C 2 function f0 on �,
@

@t
Dtf0

ˇ̌̌
tD0
D��f0:

In other words, Dt .f / is the time–t solution to the heat equation
@f

@t
D��f;

with initial condition f0.

Combining these two properties with linearity of expectation, we find that � commutes with diffusion
when applied to a C 2 function f :

�Dt
0

f D�
@

@t
DtDt

0

f
ˇ̌̌
tD0

(3)

D�Dt
0 @

@t
Dtf

ˇ̌̌
tD0

(4)

DDt
0

�f:(5)

Remark 12 The hypothesis of bounded geometry allows us to disregard paths that leave the manifold in
finite time.

In the course of the paper, we will define another diffusion operator DT;R;S acting on transverse measures.
It should not be confused with Dt.

3.8 Forms and currents

In the rest of the paper, we will use the language of currents carried by foliations. We refer the reader
to [Sullivan 1976; Dinh and Sibony 2005] for more background on currents and foliations. Informally,
an i–current on a manifold M is an oriented i–dimensional submanifold of M (possibly disconnected,
possibly with boundary), or a weak limit of such submanifolds. Similarly, a 2–current carried by a
codimension–1 foliation F on a 3–manifold is informally a weak limit of surfaces contained in leaves of F.

Let us define the relevant spaces more carefully and with some attention to regularity. Let U be a foliation
chart. Let x; y; t be local coordinates for U, where x and y are coordinates for tangential directions and
t is the transverse coordinate. Let A be a subset of fdx; dy; dtg, and let f be a C k;l function on U.
Let � be the indicator function for the subset A. Then we say that the differential form f

V
ˇ2A ˇ has

adjusted regularity .kCjAj; lC�.dt//. For example, if f is C k;l, then f dx^dt has adjusted regularity
.kC2; lC1/. The adjusted regularity of a sum of such differential forms is the minimum of the adjusted
regularities of its summands. The adjusted regularity of a differential form on M is .k; l/ if has adjusted
regularity .k; l/ in each foliation chart. With this definition, the exterior derivative preserves adjusted
regularity.

In Section 5, it will be more convenient to work in a Sobolev space. If the function f is in the Sobolev
space of functions with L2 norms on any partial derivatives with order at most l in the transverse direction
and total order at most k, then we say that f has Sobolev adjusted regularity .k; l/. Similarly, we say
that f

V
ˇ2A ˇ has Sobolev adjusted regularity .kCjAj; l C�.dt//.
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Now let �i .M/ denote the space of i–forms of adjusted regularity C1;2. Note that
L
i �

i .M/ is a chain
complex. We define the i–currents to be elements of the topological dual space to �i .M/. We usually
use @ to denote the differential on the dual complex. A 2–current carried by F is a 2–current which lies
in the closure of the set of 2–currents represented by subsurfaces of leaves of F.

Note that i–currents behave like i–dimensional submanifolds; one can evaluate i–forms on them, their
boundaries are .i�1/–currents, and Stokes’ theorem holds.

3.9 Smoothness of heat kernels

In this section, we prove the following proposition which will be useful in the proof of Lemma 23.

Proposition 13 Let � be the unit disk in Rd . Let fg"g"2.�1;1/ be a 1–parameter family of metrics on
a neighborhood of �. Let k".x; y; t/ W ���� .0;1/! R be the heat kernel for the metric g" with
Dirichlet boundary condition 0. Then for any fixed t > 0, the derivatives of k".x; y; t/ with respect to "
exist and are continuous as long as the corresponding derivatives of g" exist and are continuous.

Before beginning with the proof of Proposition 13, we set up some notation.

Let X be the space of smooth functions on Œ0;1/ �� which vanish on @�. Let Y be the space of
smooth functions on ���� Œ0;1/ which extend smoothly to a neighborhood of �. The Œ0;1/–factor
represents time. We will write g for g" and use the shorthand

p
g D
p

detgij . We will use Einstein
summation notation throughout this section. The coordinates of vectors will be written with upper indices.
Given a vector x, we use x˝n;i:::j to denote the nth tensor power of x with indices i; : : : ; j . For example,
if x is a vector, then x˝2;ij is the tensor square of x with indices i and j . We will use j � j to denote
distance in the standard Euclidean metric.

Let h be a positive number strictly smaller than the smallest eigenvalue of gij .x/ for all x 2�. For any
x 2 � at Euclidean distance less than

p
h to @�, there is a unique closest point to x on @�. Call the

reflection of x through this closest point Nx. Here, “closest” and “reflection” are taken not with respect to
the Euclidean metric, nor with respect to the Riemannian metric gij , but with respect to the flat metric
induced by the inner product gij .x/.

Given a smooth function k W���� .0;1/!R, we say that k is Gaussian-type if k can be written as

(6) k.x; y; t/D c.x; y; t/
.x�y/˝a

td=2Cb
exp

�
�
gij .x/.x�y/

˝2;ij

4t

�
or

(7) k.x; y; t/D c.x; y; t/
. Nx�y/˝a

td=2Cb
exp

�
�
gij .x/. Nx�y/

˝2;ij

4t

�
for some nonnegative integers a and b and a smooth function c.x; y; t/ in Y .

We say that the order of k is a� 2bC 1. A Gaussian-type function of high order has a relatively mild
singularity at x D y, t D 0.
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Proposition 14 If f is a Gaussian-type function of order k, then @tf is Gaussian-type of order k � 2
and @xf and @yf are Gaussian-type of order k� 1. The derivative of f with respect to g is of order k.

Proposition 15 If k.x; y; t/ is Gaussian-type of nonnegative order and f is a bounded function , thenˇ̌̌̌Z
�

k.x; y; t/f .t; x/ dx

ˇ̌̌̌
�
C
p
t

for some constant C .

Proof Suppose k has the form of (6). Let C be an upper bound for jc.x; y; t/j over � �� � Œ0; t �.
Recall that h is a small enough constant that gij � hI is positive definite everywhere. Let F be an upper
bound for jf j. We will make the substitution r D jx�yj in the integral below:ˇ̌̌̌Z

�

k.x; y; t/f .t; x/ dx

ˇ̌̌̌
�

Z
�

CF
jx�yja

td=2Cb
exp

�
�
hjx�yj2

4t

�
dx

<

Z 1
0

CF
raCd�1

td=2Cb
exp

�
�
hr2

4t

�
dr

/ ta=2�b:

If the order of k is nonnegative, then a
2
� b � �1

2
as desired. In performing the integral over r , we used

the Gaussian integral Z 1
0

rk exp
�
�
r2

t

�
dr / t .kC1/=2;

where the constant of proportionality depends only on k. The same argument works for Gaussian-type
functions of the second kind.

Proposition 16 Let

Z.n/D

Z
0�t0�����tnD1

n�1Y
˛D0

�
1

p
t˛C1�t˛

�
dt0 � � �dtn�1:

The integral converges and the explicit bound

Z.n/ <
10n
p
nŠ

holds.

Proof We work by induction. The case nD 0 holds trivially. Note that Z.n/ has the following scaling
property: Z

0�t0�����tnDT

n�1Y
˛D0

�
1

p
t˛C1� t˛

�
dt0 � � � dtn�1 D

p
T nZ.n/:

This is because the measure scales like T n and the integrand scales like 1=
p
T n.
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Now assume that the result holds for Z.n/. We now separate integration over the final variable tn from
integration over the remaining variables in the expression for Z.nC 1/:

Z.nC 1/D

Z 1

0

1
p
1� tn

�Z
0�t0�����tn

n�1Y
˛D0

�
1

p
t˛C1� t˛

�
dt0 � � � dtn�1

�
dtn

D

Z 1

0

1
p
1� tn

� .
p
tn/

nZ.n/ dtn

<
10n
p
nŠ

Z 1

0

tn=2p
.1� t /

dt (by the induction hypothesis)

D
10n
p
nŠ

�Z 1�1=n

0

tn=2p
.1� t /

dt C

Z 1

1�1=n

tn=2p
.1� t /

dt

�
<
10n
p
nŠ

�Z 1�1=n

0

tn=2p
1=n

dt C

Z 1

1�1=n

1p
.1� t /

dt

�
<
10n
p
nŠ

�Z 1

0

p
ntn=2 dt C

Z 1

1�1=n

1p
.1� t /

dt

�
<
10n
p
nŠ

�
10

p
nC 1

�
<

10nC1p
.nC 1/Š

:

This completes the induction.

Proof of Proposition 13 Our first step is to construct a reasonable approximation to the heat kernel. To
do this, we use the method of images.

Given a source at a point x 2�, we add a sink at Nx. The solution to the heat equation on Rd with this
source and sink will be approximately zero on @�, and therefore is approximately a solution to the heat
equation on � with Dirichlet boundary condition 0. Let us make this more quantitative. Let � W�!R

be a smooth function satisfying �.x/D 0 when x is at Euclidean distance �
p
h from @� and �.x/D 1

when x is at Euclidean distance �
p
h=2 from @�. Thus, Nx is well-defined whenever �.x/¤ 0. Let

k0.x; y; t/D

p
g.x/

.4�t/d=2
exp

�
�
gij .x/.x�y/

˝2;ij

4t

�
and

k1.x; y; t/D �.x/

p
g.x/

.4�t/d=2
exp

�
�
gij .x/. Nx�y/

˝2;ij

4t

�
:

Thanks to the cutoff function � , we know k1 is smooth and well-defined at all x 2�, y 2Rd, and t > 0.
Our first approximation to the heat kernel is k0� k1. By symmetry, k0� k1 vanishes along a hyperplane
tangent to @�. Although k0 � k1 does not vanish for y 2 @� as required by the Dirichlet boundary
condition, we have the following bound:
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Lemma 17 For x 2� and y 2 @�,

k0.x; y; t/� k1.x; y; t/D c.x; y; t/ijk
.x�y/˝3;ijk

td=2C1
exp

�
�
gij .x/.x�y/

˝2;ij

4t

�
;

where c is some smooth tensor-valued function each of whose components is in Y .

Proof Start by comparing k0.x; y; t/� k1.x; y; t/ to the desired form

(8) c.x; y; t/ijk.x�y/
˝3;ijkl

D
k0.x; y; t/� k1.x; y; t/

t�.d=2C1/ exp.�gij .x/. Nx�y/˝2;ij =.4t//

D
t
p
g.x/

.4�/d=2
� �.x/

t
p
g.x/

.4�/d=2
exp

�
�
gij .x/. Nx�y/

˝2;ij �gij .x/.x�y/
˝2;ij

4t

�
:

Since Nx is a reflection of x in @� and � is convex (with respect to the flat metric gij .x/), we have

gij .x/. Nx�y/
˝2;ij > gij .x/.x�y/

˝2;ij :

Therefore, the exponential term on the right side of (8) is bounded. In the regime in which jx � yj is
large, say �

p
h=2, we may use (8) to choose a smooth candidate for c.x; y; t/.

Now consider the remaining regime where jx � yj is less than
p
h=2. Since y 2 @�, the Euclidean

distance between x and @� is less than
p
h=2. Therefore, � D 1 and the expression in (8) reduces to

(9) c.x; y; t/ijk.x�y/
˝3;ijkl

D
t
p
g.x/

.4�/d=2

�
1� exp

�
�
gij .x/. Nx�y/

˝2;ij �gij .x/.x�y/
˝2;ij

4t

��
:

It will now be convenient to make a linear change of coordinates so that the midpoint of x and Nx is at the
origin, x lies on the first coordinate axis, and the hyperplane tangent to @� at the origin is spanned by the
remaining coordinate axes. In this coordinate system, g1i D 0 for i ¤ 1. By symmetry, k0� k1 vanishes
whenever y lies on this hyperplane. In this coordinate system, we have

gij .x/. Nx�y/
˝2;ij

�gij .x/.x�y/
˝2;ij

D g11. Nx
1
�y1/2�g11.x

1
�y1/2

D g11.�x
1
�y1/2�g11.x

1
�y1/2

D 4g11x
1y1

DO.jx�yj3/:

In the last line we used the constraint that y 2@�, which implies the geometrical facts that x1DO.jx�yj/
and y1 DO.jy � 0j2/DO.jx�yj2/. See Figure 3. Substituting back into (9), we find

k0.x; y; t/� k1.x; y; t/

t�.d=2C1/ exp.�gij .x/.x�y/˝2;ij =.4t//
D
t
p
g.x/

.4�/d=2

�
1� exp

�
�
O.jx�yj3/

4t

��
(10)

D

p
g.x/

.4�/d=2
O.jx�yj3/:(11)

Thus, this equation defines the desired smooth function c.x; y; t/ when y 2 @�.
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@�

x

y

Nx

Figure 3: The dotted line is the hyperplane tangent to @� at the origin.

By the Whitney extension theorem applied to the function c.x; y; t/ constructed in Lemma 17, we can
find a Gaussian-type function k2.x; y; t/ of order � 2 such that k2.x; y; t/ D k0.x; y; t/� k1.x; y; t/
whenever y 2 @�. Now define

kapprox.x; y; t/D k0.x; y; t/� k1.x; y; t/� k2.x; y; t/:

By construction, kapprox.x; y; t/D 0 whenever y 2 @�. We will use kapprox as our first approximation to
the heat kernel.

Now we will write down a formal series for the heat kernel. We will then show that the series converges,
as do its derivatives with respect to ". Finally we will check that the series satisfies the Dirichlet boundary
condition.

Define the operator Kapprox W X ! X by

Kapproxf .t; y/D

Z
0�t0�t
x2�

kapprox.x; y; t0/ dt0 dx:

Kapprox should be thought of as a first approximation to the heat kernel operator. Let �g be the Laplace–
Beltrami operator on � for the metric g. In coordinates, the Laplace–Beltrami operator has the form

�guD�
1
p
g
@i
p
ggij @j :

Now we define the operator E which measures the failure of Kapprox to be the true heat kernel operator:

(12) E D Id� .@t ��g/Kapprox:

Rearranging (12), we have
.@t ��g/Kapprox.Id� E/�1 D Id:

Thus,

(13) K WDKapprox.IdC E C E2C � � � /

is a formal series for the heat kernel operator. We now show that the terms KapproxEn are small enough
that the sum converges. In what follows, we will use the notation poly.: : : / to represent an unspecified
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polynomial in its arguments. When the arguments are tensors, poly.: : : / may be tensor-valued. This
polynomial will be allowed to change from line to line as it absorbs constants and the like. The degree
and coefficients of this polynomial will crucially not depend on n. We have

@tk0.x;y; t/D

p
g.x/

.4�/d=2

�
g.x/ij .x�y/

˝2;ij

4td=2C2
�

d

2td=2C1

�
exp

�
�
gij .x/.x�y/

˝2;ij

4t

�
Cı.y�x; t/;

@tk1.x;y; t/D�.x/

�p
g.x/

.4�/d=2

�
g.x/ij . Nx�y/

˝2;ij

4td=2C2
�

d

2td=2C1

�
exp

�
�
gij .x/. Nx�y/

˝2;ij

4t

�
Cı.y� Nx; t/

�
:

Here we are taking distributional derivatives, and ı.y � x; t/ and ı.y � Nx; t/ are delta distributions.

Now we apply the Laplace–Beltrami operator in the y–coordinate:

�gk0.x;y; t/D
1p
g.y/

@k
p
g.y/g.y/kl@l

p
g.x/

.4�t/d=2
exp

�
�
gij .x/.x�y/

˝2;ij

4t

�
D

� p
g.y/

.4�/d=2

�
g.y/klg.x/kl

2td=2C1
�
g.x/ij .x�y/

˝ij

td=2C2

�
C

poly.g;@g;@@g/
td=2

C
.xi�yi /poly.g;@g;@@g;x�y/i

td=2C1

C
.x�y/˝ijkpoly.g;@g;@@g;x�y/ijk

td=2C2

�
exp

�
�
gij .x/.x�y/

˝2;ij

4t

�
;

�gk1.x;y; t/D
1p
g.y/

@k
p
g.y/g.y/kl@l�.x/

p
g.x/

.4�t/d=2
exp

�
�
g.x/ij . Nx�y/

˝ij

4t

�
D �.x/

� p
g.x/

.4�/d=2

�
g.y/klg.x/kl

2td=2C1
�
g.x/ij . Nx�y

i /˝ij

td=2C2

�
C

poly.g;@g;@@g/
td=2

C
. Nxi�yi /poly.g;@g;@@g; Nx�y/i

td=2C1

C
. Nx�y/˝ijkpoly.g;@g;@@g; Nx�y/ijk

td=2C2

�
exp

�
�
gij .x/. Nx�y/

˝2;ij

4t

�
:

The terms p
g.x/

.4�/d=2

�
g.y/klg.x/kl

2td=2C1
�
g.x/ij .x�y/

˝2;ij

td=2C2

�
and �

g.y/klg.x/kl

2td=2C1
�
g.x/ij . Nx�y

i /˝ij

td=2C2

�
come from the terms where the derivatives hit only x � y and not g.y/. Note that all of the terms are
Gaussian-type, and all have nonnegative order.

Combining the above, we have

Ef .t; y/

D f .t; y/� .@t ��g/

Z
0�t0�t
x2�

.k0.x; y; t/� k1.x; y; t/� k2.x; y; t//f .t0; x/ dt0 dx
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D

Z
0�t0�t
x2�

� p
g.x/

.4�/d=2

g.x/ijg.y/
ij � d

2.t � t0/d=2
C

poly.g; @g; @@g/
.t � t0/d=2

C
.xi �yi /poly.g; @g; @@g; x�y/i

.t � t0/d=2C1
C
.x�y/˝3poly.g; @g; @@g; x�y/

.t � t0/d=2C2

�
� exp

�
�
g.x/ij .x�y/

˝2;ij

4.t� t0/

�
f .t0; x/

C �.d.x; @�//

� p
g.x/

.4�/d=2

g.x/ijg.y/
ij � d

2.t � t0/d=2
C

poly.g; @g; @@g/
.t � t0/d=2

C
. Nxi �yi /poly.g; @g; @@g; Nx�y/i

.t � t0/d=2C1
C
. Nx�y/˝3poly.g; @g; @@g; Nx�y/

.t � t0/d=2C2

�
� exp

�
�
g.x/ij .x�y/

˝2;ij

4.t� t0/

�
f .t0; x/C .@t ��g/k2.x; y; t/f .t0; x/ dt0 dx:

In the line above, we used thatZ
0�t0�t
x2�

ı.x�y; t � t0/f .t0; x/ dx dt0 D f .t; y/

and Z
0�t0�t
x2�

ı. Nx�y; t � t0/f .t0; x/D 0:

The second equality holds because the delta function can only be nonzero when x and y lie on @�, but f
vanishes on @�.

We define e.x; y; t/ to be the integral kernel for E appearing above, so that

Ef .y; t/D
Z
0�t0�t
x2�

e.x; y; t � t0/f .t0; x/ dt0 dx:

Now we claim that each term appearing in e.x; y; t/ is bounded in absolute value by a Gaussian type of
nonnegative order. For the termp

g.x/

.4�/d=2

g.x/ijg.y/
ij � d

2.t � t0/d=2
exp

�
�
gij .x/.x�y/

˝2;ij

4t

�
;

observe that g.x/ijg.y/ij � d vanishes at x D y. Since the partial derivatives of g are bounded,
g.x/ijg.y/

ij �d DO.x�y/ so the term has nonnegative order. We can use the same trick to show that
the other term involving g.x/ijg.y/ij has nonnegative order:ˇ̌̌̌ p

g.x/

.4�/d=2

g.x/ijg.y/
ij � d

2.t � t0/d=2
exp

�
�
gij .x/. Nx�y/

˝2;ij

4t

�ˇ̌̌̌
D

ˇ̌̌̌ p
g.x/

.4�/d=2

O.x�y/

2.t � t0/d=2
exp

�
�
gij .x/. Nx�y/

˝2;ij

4t

�ˇ̌̌̌

�

ˇ̌̌̌ p
g.x/

.4�/d=2

O. Nx�y/

2.t � t0/d=2
exp

�
�
gij .x/. Nx�y/

˝2;ij

4t

�ˇ̌̌̌
:
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In the last line, we used that jx�yj<cj Nx�yj for some constant c independent of x and y. Finally, we apply
Proposition 14 to the term involving k2. Since we constructed k2 to have order 2, .@t ��g/k2.x; y; t/
is Gaussian-type of order 0 as desired. Let F be an upper bound for f on �� Œ0; t �. By Proposition 15,
we have

jEf .t; y/j �
CF
p
t

for some constant C independent of y and t .

Now we are equipped to handle the more complicated analysis of KapproxEn. For notational simplicity,
set xnC1 D y. We have

jKapproxEnf .t; y/j D
ˇ̌̌̌Z
0�t0�����tn�t
x0;:::;xn2�

kapprox.xn; y; t � tn/

�n�1Y
˛D0

e.x˛; x˛C1; t˛C1� t˛/

�
�f .t0; x0/ dx0 � � � dxn dt0 � � � dtn

ˇ̌̌̌
�

Z
0�t0�����tn�t

C1

� nY
˛D0

C2
p
t˛C1� t˛

�
F dt0 � � � dtn(14)

�
C n
p
nŠ

(15)

for a large enough constant C possibly depending on d , g, f , and t , but not on n. In (14), we used
Proposition 15 on both kapprox and e. In (15), we used Proposition 16. It follows that the formal series
(13) converges uniformly and is indeed the heat kernel operator. The Dirichlet boundary condition is
satisfied since kapprox.x; y; t/ vanishes whenever y 2 @�.

Finally, we need to check that the derivatives ofKapprox.1CECE2C� � � /with respect to variations of g exist.
Recall from Proposition 15 that differentiating a Gaussian-type function with respect to g does not change
its order. Therefore, the derivatives of KapproxEnf with respect to g have the same form as in (14) except
that kapprox and e are replaced with new Gaussian-type functions of the same order. Therefore, a similar
bound applies and the series for the derivatives ofKapprox.1CECE2C� � � / converges. The corresponding
integral kernels are the desired derivatives of the heat kernel with respect to variations of g.

3.10 Assorted notation

Given points x; y on the universal cover of a leaf �, let d.x; y/ denote the leafwise Riemannian distance
between x and y in Q�. We use ?2 to mean the leafwise Hodge star operator acting on ƒ�.T �F /.

4 Existence of transverse Reeb flows

In this section, we prove Theorem 1. For the rest of this section, we fix a closed, oriented 3–manifold M
with a cooriented C 2 foliation F. As discussed in Section 3.1, we can assume that F is C1;2. We also
fix a Riemannian metric on M.
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First we explain the claim from the Introduction that an invariant transverse measure is an obstruction to
a transverse Reeb flow. Suppose F supports an invariant transverse measure. As discussed in [Ruelle and
Sullivan 1975], M then has a nontrivial closed 2–current † carried by F. Suppose that ˛ is a contact
form on M with Reeb flow transverse to F. Then d˛ > 0 on TF. Using Stokes’ theorem for 2–currents
(see for example [Dinh and Sibony 2005] or [Sullivan 1976]), we then have

0 >

Z
†

d˛ D

Z
@†

˛ D 0:

This is the desired contradiction.

For the rest of the section, we consider the case that F supports no transverse invariant measure. In
particular, this implies that F is taut. Our plan is to start with a choice of C1;1 transverse measure � ,
and then use a diffusion operator to convert � into a log superharmonic transverse measure. The diffusion
operator depends on our choice of background Riemannian metric. Finally, we will give a recipe to write
down a linear perturbation of a log superharmonic transverse measure into a contact structure with Reeb
flow transverse to F.

4.1 Structure theorem for C 2 foliations

Deroin and Kleptsyn gave a precise picture of the long-term dynamics of leafwise Brownian motion and
the holonomy along such paths. We state their main theorem here for reference:

Theorem 18 [Deroin and Kleptsyn 2007] Let F be a C 1 foliation of a closed 3–manifold M. Then
either F supports an invariant transverse measure , or F has a finite number of minimal sets M1; : : : ;Mk

equipped with probability measures �1; : : : ; �k , and there exists a real � > 0 such that :

(1) Contraction For every point x 2M and almost every leafwise Brownian path 
 starting at x, there
is an orthogonal transversal I
 at x and a constant C� > 0 such that , for every t > 0, the holonomy
map h
 jŒ0;t� is defined on I
 and

jh
 jŒ0;t�.I
 /j � C
 exp.��t/:

(2) Distribution For every point x 2M and almost every leafwise Brownian path 
 starting at x, the
path 
 tends to one of the minimal sets , Mj , and is distributed with respect to �j , in the sense that

lim
t!1

1

t

� lebŒ0;t� D �j ;

where lebŒ0;t� is the standard Lebesgue measure on Œ0; t �.

(3) Attraction The probability pj .x/ that a leafwise Brownian path starting at a point x of M tends to
Mj is a continuous leafwise harmonic function (which equals 1 on Mj ).

(4) Diffusion When t goes to infinity, the diffusions Dt of a continuous function f WM !R converge
uniformly to the function

P
j cjpj , where cj D

R
f d�j . In particular , the functions pj form a base in

the space of continuous leafwise harmonic functions.
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Remark 19 It might be surprising that holonomy is contracting in almost every direction. It is instructive
to verify Theorem 18 for the foliation in Example 7. A point undertaking Brownian motion in a pair
of pants in F has three options for a cuff through which to exit. Two of these options have contracting
holonomy and one has expanding holonomy. Therefore, with overwhelming probability, holonomy along
a leafwise Brownian path is exponentially contracting. In this case, there is only one minimal set M1DM.
The ergodicity statement reduces to the ergodicity of the associated dynamical system on the S1–factor
transverse to the leaves of M ı defined by

z 7!

� p
z; with probability 1

2
;

�
p
z; with probability 1

2
;

where S1 is identified with the unit circle in C.

Remark 20 The nonexistence of an invariant transverse measure is equivalent to an isoperimetric
inequality for subsurfaces of leaves, ie the existence of a Cheeger constant h > 0 such that j@S j=jS j � h
for any compact subsurface S of the leaves of F [Goodman and Plante 1979; Calegari 2007, Example 7.6].
Therefore, the theorem above may be regarded as an analogue of the Cheeger inequality for foliations: if F
has a nonzero Cheeger constant, then leafwise random walks converge quickly to a stationary distribution.

Our foliations are C 2, so we can upgrade the contraction result to an infinitesimal version:

Proposition 21 Let F be a C 2 foliation of a closed 3–manifold M. Suppose further that F does not
support an invariant transverse measure. Then there exists a real number � > 0 such that , for every point
x 2M and almost every leafwise Brownian path 
 starting at x, there is a constant C
 > 0 such that , for
every time t > 0, the holonomy map h
 jŒ0;t� satisfies

(16) jh0
 jŒ0;t� j � C
 exp.��t/:

Moreover , C
 can be chosen to be a Wiener measurable function of 
 .

Remark 22 We don’t need to specify a transverse measure for the norm j � j since C
 can absorb constant
factors.

Proof Given an orientation-preserving homeomorphism g between two intervals I0 and I1, we define
the distortion of g by

distortion.g/D sup
a;b;c;d2I0

�
a� b

c � d

��
g.a/�g.b/

g.c/�g.d/

��1
:

The distortion is equal to 1 if and only if g is linear. It is submultiplicative with respect to composition of
functions. If g is C 2, then there is a bound on the distortion in terms of g00:

distortion.g/D
supx2I0 g

0.x/

infx2I0 g0.x/
(17)

� 1C
jI0j supx2I0 jg

00.x/j

infx2I0 jg0.x/j
:(18)
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Let " be small enough that holonomy maps over leafwise paths of length � 1 are defined on all orthogonal
transversals of length � ". Let A be an upper bound for the quotient

supx2I0 jg
00.x/j

infx2I0 jg0.x/j

over all holonomy maps g for orthogonal transversals of length � " along paths of length � 1.

Let us now consider a leafwise Brownian path 
 starting at a point x 2M. By Theorem 18, it is almost
surely possible to choose a short orthogonal transversal I
 through x such that holonomy of I
 along 

exists for all time, and moreover that there exists a constant E
 permitting the inequality

(19) jh
 jŒ0;t�.I
 /j<E
 � exp.��t/

for all t > 0. Shortening I
 if necessary, we may further assume that

(20) jh
 jŒ0;t�.I
 /j< "

for all t > 0.

Break the holonomy h
 jŒ0;t� into a composition

(21) h
 jŒ0;t� D h
 jŒbtc;t� ı � � � ıh
 jŒ1;2� ı h
 jŒ0;1� :

Let Vi be the Riemannian leafwise distance between 
.i/ and 
.i C 1/. Since Vi has bounded moments
(in particular, bounded second moment), there exists a constant c depending only on the foliation such
that PrŒVi > i�� c=i2. Thus,

(22)
X
i

PrŒVi > i� <
X
i

c

i2
<1:

It follows from the Borel–Cantelli lemma that with probability 1, all but finitely many of the Vi satisfy
Vi < i . So there exists i0 depending on 
 so that Vi < i for all i > i0.

The following sequence of inequalities holds with probability 1:

distortion.h
 jŒ0;t�/ <
btcY
iD0

distortion.h
 jŒi;min.iC1;t/�/(23)

<

btcY
iD0

.1CAjh
 jŒ0;i�.I
 /j/
dVie(24)

<

btcY
iD0

.1CA �E
 exp.��i//dVie(25)

<

� i0Y
iD0

.1CA �E
 exp.��i//dVie
�� btcY

iDi0C1

.1CA �E
 exp.��i//i
�

(26)

< B
 ;(27)
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where B
 is a constant which can be chosen independent of t . In (23) we invoked submultiplicativity
of distortion. In (24), we used the fact that 
 jŒi;iC1� is homotopic rel endpoints to the concatenation of
at most dVie paths of length at most 1 and invoked (18). We also used (20) to guarantee that the bound
involving A applies.

Now we can estimate h0

 jŒ0;t�

using our bound on the distortion of h
 jŒ0;t� combined with the macroscopic
bound given by Theorem 18:

(28) jh0
 jŒ0;t� j< B
 jh
 jŒ0;t�.I
 /j< B
 �E
 exp.��t/:

So we may take the constant in (16) to be B
E
 .

It remains to check that we can make the choice of C
 a Wiener measurable function of 
 . Define the ı
neighborhood of 
 , denoted by Nı.
/, to be the set of paths

Nı.
/D f
1 j d.
1.t/; 
.t// < ı for all tg:

Set ı Dmin.1; R=10/ where R is a lower bound for the injectivity radius of leaves of F. Then, for any

1 2 Nı.
/, 
1 is homotopic rel endpoints to a concatenation 
2 ı 
 , where 
2 has length less than 1.
For any t > 0, if

jh0
 jŒ0;t� j � C
 exp.��t/;

then for any 
1 2Nı.
/ we have

jh0
1jŒ0;t� j � jh
0

2
jjh0
 jŒ0;t� j(29)

� AB
E
 exp.��t/:(30)

Therefore, AB
E
 is a uniform choice for C
1 that makes (16) work for any 
1 2Nı.
/.

Let � be a countable set of paths such that the sets Nı.
/ for 
 2 � constitute a cover of the path space.
Observe that Nı.
/ is a Wiener measurable set. Define

C
1 D sup

2�


12Nı.
/

AB
E
 :

This choice of C
1 satisfies (16) and is Wiener measurable as a countable supremum of Wiener measurable
functions.

4.2 Logarithmic diffusion

In this subsection, x will be a point in M and � will be the leaf containing x. Since we assumed F to be
taut and not equal to the foliation of S1 �S2 by spheres, the universal cover Q� is a properly embedded
plane in zM. We will abbreviate f�;�;b to f� when there is no danger of ambiguity. Recall that Wx is
defined to be the distribution of leafwise Brownian paths starting at a point x. Given a time T > 0, we
define a diffusion operator DT acting on C1;1 transverse measures of full support by

DT .�/jx D exp
�
E
�Wx Œlogjh0
 jŒ0;T � j� �

�
�
ˇ̌
x
:
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Here, E
�Wx means that we are taking the expectation over paths 
 sampled from Wx . Also recall that
jh0

 jŒ0;T �

j is the infinitesimal holonomy along 
 from 
.0/ to 
.T /.

In other words, the DT .�/ length of an infinitesimal transverse arc through x is the geometric mean of
the � lengths obtained by holonomy transport along time–T leafwise random walks. For an individual
leaf �, the function logf�;�;b on Q� evolves according to the standard heat flow. If the geometric mean
were to be replaced with an arithmetic mean, we would obtain the leafwise heat flow defined in [Garnett
1983]. Unlike the heat flow operator, our diffusion operator does not conserve mass. Its advantage is
that it gives greater weight to the well-behaved smaller holonomies, and therefore allows us to prove a
quantitative convergence result.

The main result of this subsection is Proposition 30, which asserts that at some large but finite time T, the
Radon–Nikodym derivatives of the diffused transverse measure are exponentials of strictly superharmonic
functions. This implies, for example, that the distance to a nearby leaf, as measured by the diffused
transverse measure, never has local minima.

As written, it is hard to prove any transverse regularity for the diffused measure. One cannot compare the
diffused transverse measure at two nearby points on distinct leaves because holonomy of a transversal
connecting these two points typically blows up in finite time along some long paths. We resolve this by
introducing a cutoff function 'R;S . We set

DT;R;S .�/jx D exp
�
E
�Wx Œlogjh0
 jŒ0;T � j�'R;S .x; 
.tfar//�

�
�
ˇ̌
x
;

where tfar 2 Œ0; T � is the time minimizing 'R;S .x; 
.tfar// and 'R;S .x;�/ is a smooth cutoff function
defined on Q� satisfying the following conditions:

� 'R;S .x; y/D 1 when d.x; y/ < R.

� 'R;S .x; y/D 0 when d.x; y/ > SR.

� ' has all derivatives bounded in absolute value by 10=S .

� The superlevel sets of '.x;�/ on Q� are topological disks.

The reader may now proceed to the proof of Proposition 30 and refer to the technical lemmas below as
needed.

Lemma 23 If � is a C1;1 transverse measure , then DT;R;S .�/ is a C1;1 transverse measure for all
T;R; S .

Proof This is where the cutoff comes in handy. Let x be a point on a leaf �. In zM, choose a neighbor-
hood U of the radius SR disk in Q� centered at x which is skinny enough in the transverse direction that it
is foliated as a product. In a neighborhood of x, the values of DT;R;S .�/ depend only on information
in U. If we were to ignore the dependence of tfar on 
 , then the smoothness of DT;R;S .�/ would follow
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from standard results regarding the smoothness of heat kernels with respect to compact variations of the
metric. The dependence of tfar on 
 can indeed be trivialized, as we now detail.

Suppose x."/ is a smooth path in U with x.0/D x. To show that DT;R;S .�/ is once differentiable at x,
we need to show that

@

@"
.DT;R;S .�/.v/ jx."//

exists for any smooth vector field v.

Let Q�" � U be the leaf containing x."/. Let  " W R2 ! Q�" be a smooth family of diffeomorphisms
parametrized by " such that  ".0/D x."/ and that  �" .'.x."/;�// is a standard, rotationally symmetric
function on R2 independent of ". Call this standard cutoff function '0 W R2 ! R. We suppress the
parameters R and S in this notation since we can take them as constant in the proof of this lemma.

Let
g" D  

�
" .g/;

f "� D  
�
" .f�;�";x."//;

where g is the Riemannian metric on zM. With this definition, f "� is a C1;1 function on R2˚R, where
the R–factor is parametrized by ". Now we may write

DT;R;S .�/.v/ jx."/D exp
�
E
�Wx."/ Œlogjh0
 jŒ0;T � j�'R;S .x;
.tfar//�

�
�.v/

ˇ̌
x."/

(31)

D exp
�
E
�Wx."/ Œlogf�;�";x."/.
.T //'R;S .x;
.tfar//�

�
�.v/

ˇ̌
x."/

(32)

D exp
�Z 1

0

E
�Wx."/ Œlogf�;�";x."/.
.T //
ˇ̌
'R;S .x;
.tfar//> a�da

�
�.v/

ˇ̌̌̌
x."/

(33)

D exp
�Z 1

0

Z
�.a/

k";�.a/.0;x;T / logf "� .y/dx da
�
�.v/

ˇ̌̌̌
x."/

;(34)

where �.a/ is the compact disk fx 2R2 j '0.x/� ag and

(35) k";�.a/.x; y; t/ W�.a/��.a/� .0;1/!R

is the heat kernel on �.a/ for the metric g" with zero boundary condition. By Proposition 13, the
partial derivative of k";�.a/.0; x; T / with respect to " exists and is continuous because @g

@"
exists and is

continuous. Moreover, by another application of Proposition 13, @
@"
k";�.a/.0; x; T / varies continuously

as we vary a. Thus, the partial derivative of (34) with respect to " exists and is continuous.

A similar argument for higher partial derivatives shows that DT;R;S .�/ has as much regularity as do g"
and f "� , which is to say C1;1.

Lemma 24 For any fixed T; S ,

lim
R!1

E
�Wx Œlogf� .
.T //'R;S .x; 
.tfar//�D lim
R!1

E
�Wx Œlogf� .
.T //'R;S .x; 
.T //�(36)

D E
�Wx Œlogf� .
.T //�(37)
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and the convergence for either limit is uniform over x 2M and over S . In other words , tail events from
abnormally long paths do not contribute much to the expectation. In particular , the right side exists and is
continuous.

Proof Say 
 is a tail event if d.x; 
.tfar// > R. In other words, 
 is a tail event if 
 ever travels a
distance R away from x before time T. The expectations in (36)–(37) differ only on tail events. In order
to quantify the contribution of tail events to the expectations, we need to bound both how fast logf grows
on Q� and how fast Brownian motion can travel on Q�. Since d logf� is continuous on M, it is bounded
above in norm. Therefore, logf� is L–Lipschitz on Q� for some L. In particular,

(38) jlogf� .
.T //j<Ld.x; 
.T //CC

for some constant C .

Let K be a global upper bound for the absolute value of the Gaussian curvature of leaves in M. By the
heat kernel estimates from [Cheng et al. 1981] or [Candel and Conlon 2003, Theorem B.7.1], we have

(39) PrŒd.x; 
.tfar// > r� < C0 exp
�
�
c0r

T
p
K

�
for some absolute constants c0 and C0.

Note that

(40) PrŒd.x; 
.T // > r� < PrŒd.x; 
.tfar// > r�;

so PrŒd.x; 
.T // > r� enjoys the same upper bound as in (39).

Combining (38) and (39), the maximum possible contribution of tail events to any of (36)–(37) is bounded
above by

(41)
Z 1
R

.Lr CC/C0 exp
�
�
c0r

T
p
K

�
dr;

where L, C , and K are constants depending only on M, F, and the metric. This integral converges to
zero as R!1.

Remark 25 Here is a heuristic explanation for the bound (39). Brownian motion travels at the usual
square root speed on length scales below 1=

p
K, and in negative curvature travels at linear speed at

length scales above 1=
p
K. This is because a random walk is exponentially unlikely to backtrack in the

presence of negative curvature. A concentration result for the linear speed gives the desired bound.

In what follows, � denotes the leafwise Laplace operator.

Lemma 26 For fixed T,

lim
R;S!1

E
�Wx Œ�.logf� .�/'.x;�//.
.T //�D E
�Wx Œ�.logf� /.
.T //�

and the convergence is uniform over M. In particular , the right side exists and is continuous.
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Proof This follows from an argument parallel to that in the proof of Lemma 24. We just need to check
that �.logf� .�/'.x;�// grows slowly enough on Q�. We have

�.logf� .�/'.x;�//D .� logf� /'.x;�/Chd logf� ; d'.x;�/iC logf��'.x;�/:

The terms � logf� and d logf� are both bounded because they descend to functions on M. The terms
d'.x;�/ and �'.x;�/ are bounded; in fact, they tend to zero as S!1 as arranged in the construction
of '. Finally, logf� is Lipschitz as noted in the proof of Lemma 24. Therefore, we have a bound of the form

�.logf� .�/'.x;�//.
.T // < Ld.x; 
.T //CC

for some constants L and C depending only on M, F, and the Riemannian metric. The rest of the proof
carries through as in Lemma 24.

It will be necessary to understand how logf� .x/ behaves as x undergoes Brownian motion. Itô’s lemma
gives the answer:

Lemma 27 (Itô’s lemma) Suppose x evolves according to Brownian motion on a Riemannian manifold �
with diffusion rate � . Then for a differentiable real-valued function g on �, g.x/ follows a drift-diffusion
process with diffusion rate � jrgj and drift rate 1

2
�2�g.

For the reader unfamiliar with the language of Itô calculus, we provide a restatement in our setting for
the case � D 1:

Lemma 28 (Itô’s lemma, reformulated) If g is a real-valued C 2 function on a Riemannian manifold �
and x 2 �, then , for any y 2 � and t0 > 0, we have

lim
t!t

C

0

Var
�Wx Œg.
.t// j 
.t0/D y�
t � t0

D jrg.y/j;

d

dt
E
�Wx Œg.
.t// j 
.t0/D y�

ˇ̌̌
tDt0
D
1

2
�g.y/:

For more discussion of Itô’s lemma and drift-diffusion process, we point the reader to [Mörters and Peres
2010, Chapter 7].

Lemma 29 There exists � > 0 such that for each minimal set Mi ,

(42)
Z
Mi

� logf� d�i < ��;

where �i is the probability measure on Mi .

Proof The basic idea is that, by Itô’s lemma, the integral on the left side of (42) dictates the average
drift rate of logf� for long Brownian paths in Mi . This drift rate should be negative in accordance with
Theorem 18. We must take a bit more care because, as written, Theorem 18 doesn’t give bounds on the
expectation of C
 .
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Let � and C
 be the constants from Proposition 21. Let g D� logf� . Choose x 2Mi and let 
 �Wx ,
where Wx is the distribution of leafwise Brownian paths starting at x. Choose C large enough that
Pr
�Wx ŒC
 < C� > 0. Let A be the event that C
 < C . Let At be the event that, for all s 2 Œ0; t �,

(43) f� .
.s// < C exp.��s/:

By definition, AD
T
t At . Since PrŒA� > 0, the conditional probabilities satisfy

lim
i;j!1
i>j

PrŒAi j Aj �D 1:

For any " > 0, Theorem 18 lets us choose a time dt large enough that the time–dt diffused function,
Ddtg, satisfies ˇ̌̌̌

Ddtg�

Z
Mi

g d�i

ˇ̌̌̌
< "

at every point in Mi . For any time t , set t 0 WD bt�dtc. The essential properties of t 0 are that it is (locally)
independent of t , it is a bounded time in the past, and yet is far enough in the past that Brownian motion
has had some time to diffuse.

Now taking the logarithm of the defining constraint (43), we have

��t C logC > EŒlogf� .
.t// j At �(44)

D
1

PrŒAt j At 0 �

�
EŒlogf� .
.t// j At 0 ��EŒlogf� .
.t// j :At \At 0 �PrŒ:At j At 0 �

�
(45)

>
1

PrŒAt j At 0 �

�
EŒlogf� .
.t// j At 0 ��EŒlogf� .
.t//

� logf� .
.t 0//C �t 0� logC j :At \At 0 � �PrŒ:At j At 0 �
�(46)

D
EŒlogf� .
.t// j At 0 �

PrŒAt j At 0 �
C o.t/:(47)

Since limt!1 PrŒAt j At 0 �! 1, we conclude that

(48) EŒlogf� .
.t// j At 0 � < ��t C o.t/:

Equation (47) requires some justification. By Lemma 24, conditioned on any value of 
.t 0/, the distribution
of

logf� .
.t//� logf� .
.t 0//

has a finite expectation. Moreover, Lemma 24 gives a uniform bound on the tails of this distribution
depending only on t � t 0. Since PrŒ:At j At 0 �! 0, the term dropped in (47) is negligible as claimed.

On the other hand, we can compute the growth rate of the left side of (48) using Itô’s lemma:

d EŒlogf� .t/ j At 0 �
dt

D EŒg.
.t// j At 0 �D EŒDt�t
0

g.
.t 0// j At 0 � >

Z
Mi

g d�i � ":
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Here, it was critical for the application of Itô’s lemma that At 0 is a piecewise constant function of t so
that 
.t/ j At 0 is a diffusion process. Comparing with (48), we concludeZ

Mi

g d�i < ��C ":

Taking "! 0 finishes the proof of the lemma.

Now we are ready to prove the main result of this section.

Proposition 30 If T, R and S are chosen sufficiently large , then DT;R;S .�/ is log superharmonic. That
is , on each leaf Q� of zF , the function logfDT;R;S .�/;� is strictly superharmonic.

Proof The function � log.f� / is continuous on M. By Theorem 18, as T !1,

E
�Wx Œ� log.f� /.
.T //�

uniformly tends to a linear combinationX
i

pi

Z
Mi

� logf� d�i ;

where �i is the probability measure on the i th minimal set, Mi , and pi are continuous, leafwise harmonic
functions on M. Choose � satisfying (42) as guaranteed by Lemma 29. For large enough T, we can
guarantee that, for any point x 2M,

(49) E
�Wx Œ� log.f� /.
.T //� < �
�

2
:

Now we are ready to estimate � logfDT;R;S .�/:

lim
R;S!1

� logfDT;R;S .�/ D lim
R;S!1

�E
�Wx Œlog.f� .
.T //'R;S .x; 
.tfar///�(50)

D lim
R;S!1

�E
�Wx Œlog.f� .
.T //'R;S .x; 
.T ///� (by Lemma 24)(51)

D lim
R;S!1

E
�Wx Œ�.log.f� .�//'R;S .x;�//.
.T //� (by (5))(52)

D E
�Wx Œ�.logf� /.
.T //� (by Lemma 26)(53)

< �
�

2
(by (49)):(54)

In (52), the use of (5) to commute � with leafwise diffusion was valid because f� and ' are leafwise C1

functions; see also Remark 10. Lemmas 24 and 26 further say that the limits above converge uniformly
over x 2M. Therefore, for large enough R and S , logfDT;R;S .�/ is a strictly superharmonic function on
each leaf Q� of zF .

Proof of Theorem 1 Suppose that F supports no invariant transverse measure. Then by Proposition 30,
we can find a log superharmonic transverse measure � . Let ˇ be the section of T �F defined by
ˇD ?2d logf , where ?2 is the Hodge star operator on a leaf. The fact that logf is strictly superharmonic
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can be written as
?2d ?2 d logf > 0:

Therefore dˇ > 0 on TF. Furthermore, ˇ � 0 on ker.d logf� /.

Choose a vector field v transverse to F with �.v/ D 1, and extend ˇ to a 1–form on M by choosing
ˇ.v/D 0. Let � be the unit norm 2–vector tangent to TF. Now consider the 1–form ˛ D � C "ˇ:

˛^ d˛ D .� C "ˇ/^ d.� C "ˇ/

D ".� ^ dˇCˇ^ d�/CO."2/:

Here, � ^ d� vanishes because � defines a foliation. Evaluating both sides on v˝ � , we get

.˛^ d˛/.v˝ �/D "�.v/ dˇ.�/� ".ˇ^ .�vd�//.�/CO."
2/

D "�.v/ dˇ.�/C ".ˇ^ d logf� /.�/CO."2/:

In the last line, we made use of Proposition 11. By construction, dˇ.�/ > 0 and ˇ ^ d logf� � 0.
Therefore, for small enough ", the right side is positive everywhere in M. So ˛ is a contact perturbation
of F.

Moreover, we have
d˛.�/D "dˇ.�/ > 0:

So the Reeb flow of ˛ is transverse to F. Note that ˛ is only C 1; if preferred, we can approximate ˛ with
a C1 1–form having the same properties.

Remark 31 We have actually shown that with the hypotheses of Theorem 1, there are 1–forms �; ˇ
such that ker � D TF and � C "ˇ is a contact structure for all sufficiently small ". This is a linear
perturbation in the sense of [Eliashberg and Thurston 1998, Chapter 2]. This gives another proof of
[loc. cit., Theorem 2.1.2].

5 Obstruction 2–currents and Farkas’ lemma

In the proof of Theorem 1, we saw that the desired perturbing 1–form ˇ 2 �.T �F / need only satisfy
dˇ>0 on TF and ˇ�0 on the level sets of f� . When f� is log superharmonic, the 1–form ˇD?2d logf
immediately satisfies these conditions. In this section, we give a more flexible criterion for the existence
of such a ˇ which depends only on the topology of the level sets of f� . It has the advantage that, for
transverse measures one sees in the wild, one can often directly verify the condition and avoid using
logarithmic diffusion. The main observation leading to the criterion is that the constraints on ˇ are linear,
and so can be analyzed via linear programming duality. This idea goes back at least to [Sullivan 1976]
where several similar alternatives are proven: either a solution to a system of linear inequalities on i–forms
exists, or there is an i–current furnishing an obstruction. See for example Sullivan’s Theorems II.1 and II.2.

In this section, it will be more convenient to work with reflexive Banach spaces. In Section 3.8, we
introduced the i–forms of Sobolev adjusted regularity .k; l/. In this section, we fix some large K > 2.
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Our i–forms will be those of Sobolev adjusted regularity .K; 2/, and our currents will be elements of the
corresponding dual spaces.

Let � be an arbitrary nonvanishing C1;1 transverse measure. Such a form has adjusted regularity .1; 2/;
see Section 3.8. Orient the level sets of f� so as to agree with the orientation induced as the boundary of
a superlevel set. An obstruction 2–current for � is a 2–current in M which is carried by and cooriented
with F, and whose boundary consists of level sets for f� with the negative orientation. For example, a
sublevel set near a local minimum for f� is an obstruction 2–current. While an arbitrary sublevel set of f�
in a leaf Q�� zF might appear to be an obstruction 2–current, it typically does not project to a 2–current
in M with finite mass.

Proposition 32 Either there exists a section ˇ of T �F with dˇ > 0 on TF and ˇ � 0 on level sets of f� ,
or there exists an obstruction 2–current for � .

Before giving the proof of Proposition 32, we will recall some background from convex optimization. A
closed, convex cone in a Banach space is proper if it does not contain a line through the origin. We will
need a hybrid version of Farkas’ lemma with allowances for some strict and some nonstrict inequalities.
We include a proof because we couldn’t find the form we require in the literature.

Lemma 33 (Farkas’ lemma) Let X , Y1, Y2 be Banach spaces with X reflexive and separable. Let
B W Y1˚Y2!X� be a continuous linear map. Let h � ; � iW .Y1˚Y2/˝X!R denote the induced pairing.
Let Ci be a closed , convex cone in Yi . Suppose further that C2 is proper and that the images B.C1/ and
B.C2/ are closed. Then exactly one of the following alternatives holds:

(1) There exists x 2X satisfying hx; C1i � 0 and hx; C2 n f0gi> 0.

(2) There exists y1 2 C1 and y2 2 C2 n f0g satisfying hX; .y1; y2/i D 0.

Proof It is clear that the alternatives are mutually exclusive, so we need only prove that at least one of
the alternatives holds. We will use the shorthand B.C/D B.C1/CB.C2/.

Suppose that B.C/ D X�. Choose any nonzero .a1; a2/ 2 .C1; C2/. Then choose .b1; b2/ 2 .C1; C2/
satisfying B..b1; b2//D�B..a1; a2//. The element .y1; y2/D .a1Cb1; a2Cb2/ satisfies alternative (2).
The fact that y2 ¤ 0 follows from properness of C2.

Suppose instead that B.C/ does not contain some point v 2 X�. By the Hahn–Banach hyperplane
separation theorem, there exists a linear functional x 2X�� separating v from B.C/, in the sense that
x.v/ < 0 and x.B�.C //� 0. Since X is reflexive, x may be realized as a point in X .

Let Hx be the hyperplane in X� defined by x. Let A D B.C/ \ �B.C/. Points in A are “corners”
of B.C/. Observe that A�Hx . We will now show that it can be further arranged that Hx \B.C/D A.

If w 2 .Hx \B.C// nA, then another application of the Hahn–Banach theorem gives a linear functional
x0 2X�� separating�w fromB.C/. NowHxCx0\B.C/ is strictly contained inHx\B.C/, and does not
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includew. In effect, we have tiltedHx away fromw. So we have a strategy for removing a single unwanted
point fromHx\B.C/. We will now use Zorn’s lemma to show that we can remove all the unwanted points.

Let S D fHx \B.C/g, where x varies over linear functionals supporting B.C/. The elements of S are
all closed subsets of B.C/. The family S is partially ordered by inclusion. Since X is separable, any
chain in S may be refined to a countable chain. Given a countable chain fHxi \B.C/gi2N , let

Nx D
X
i

1

2ikxik
xi :

With this choice,
H Nx \B.C/D

\
i2N

Hxi \B.C/:

Therefore, every chain in S has a lower bound in S. By Zorn’s lemma, S has a minimal element. By
the discussion in the previous paragraph, such a minimal element must be equal to A.

Now we have a nonzero candidate x 2X solving the nonstrict versions of the inequalities in alternative (1).
This choice of x satisfies hx; .y1; y2/iD 0 if and only if B..y1; y2//2A. If there exists a2 2C2nf0g with
B..0; a2// 2 A, then we may find .b1; b2/ 2 .C1; C2/ satisfying B..b1; b2//D�B..0; a2//. As before,
properness of C2 guarantees that a2C b2 ¤ 0. Thus, the element .b1; a2C b2/ satisfies alternative (2).
Otherwise, alternative (1) holds.

Proof of Proposition 32 Let X be the Sobolev space of sections of T �F with Sobolev adjusted
regularity .K; 2/. Since X is a separable Hilbert space, Farkas’ lemma will apply. For i 2 f1; 2g, let Yi be
the space of i–currents carried by F. Let C1 � Y1 be the closed cone generated by 1–currents contained
in and cooriented with the level sets of f� . Let Y2 be the space of 2–currents tangent to F and let C2� Y2
be the closed cone generated by 2–currents cooriented with F.

Although C1 is not proper, C2 is proper. The lack of properness for C1 occurs near critical points of f� .
At such points, there is a tangent vector v such that both �v and v are limits of oriented subarcs of the
level sets of � . Therefore, v and �v are both elements of C1. On the other hand, if y 2 C2 n f0g, then �y
is a 2–current negatively tangent to F and does not lie in C2.

Define the pairing h � ; � iWX ˝ .Y2˚Y2/!R by

hˇ; .y1; y2/i D

Z
y2

dˇC

Z
y1

ˇ:

By Stokes’ theorem, an element .y1; y2/ 2 Y1˚Y2 satisfies hX; .y1; y2/i D 0 if and only if y1 D�@y2.
So by Farkas’ lemma, either there exists a section of T �F satisfying the desired properties, or there exists
a nonzero 2–current y2 positively tangent to F such that @y2 is negatively tangent to the level sets of f� .
This is exactly an obstruction 2–current.

Proposition 34 If logf� is a strictly superharmonic function on each leaf , then there are no obstruction
2–currents for � .
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Proof This is a generalization of the fact that superharmonic functions have no local minima. Suppose
that S is an obstruction 2–current for � . It is helpful to keep in mind the simplest case of a compact
surface S in a leaf � with boundary a negatively oriented union of level sets of f�;�.

Strict superharmonicity of logf� is equivalent to

?2d ?2 d log.f� / < 0;

where ?2 is the Hodge star operator on a leaf. So by Stokes’ theorem,

0 >

Z
S

d ?2 d logf� D
Z
@S

?2 d logf� � 0:

The last inequality uses the property of obstruction 2–currents that @S is a subcurrent of the level sets
of f� , which are in turn equal to the level sets of logf� . This is a contradiction.

Example 35 (Example 7 revisited) Adopt the notation from Example 7. Let T be the torus in M along
which one can cut to obtain M ı. Let � D f d� . Let us show that � has no obstruction 2–current. Call the
purported obstruction 2–current †. It is possible to modify † so that its boundary lies on T. Then †
is a positive combination of horizontal pairs of pants. A pair of pants has two components which are
positively oriented level sets of f and one that is a negatively oriented level set of f. Therefore, the
positively oriented boundary of † has twice the length of the negatively oriented boundary. Even with
cancellation, the positive boundary cannot be empty. Therefore † cannot be an obstruction 2–current. By
Proposition 32, f d� may be perturbed to a contact structure with Reeb flow transverse to F.

6 Questions

� Can the results of the present paper be extended to C1;1 or even to C1;0 foliations? Many powerful
constructions of foliations proceed by iteratively splitting a branched surface [Li 2002]. The resulting
foliation is typically only C1;0. Kazez and Roberts [2017] and Bowden [2016a] independently showed
that the Eliashberg–Thurston theorem does extend to C1;0 foliations. The difficulty in extending our
approach is that the direction of expanding holonomy is no longer well-defined for C1;0 foliations. One
possible line of attack would be to use [Ishii et al. 2023], which shows that branched surfaces satisfying a
certain handedness condition admit transverse Reeb flows.

� What can be said in higher dimensions? One would like to generalize the Eliashberg–Thurston
theorem to codimension–1 leafwise symplectic foliations in arbitrary dimension. Proposition 30 and
its dependencies all work in arbitrary dimension, giving a log superharmonic transverse measure in
the absence of an invariant transverse measure. When can it be upgraded to a log plurisuperharmonic
transverse measure?

� Is a Reeb flow R transverse to a foliation F product-covered, ie conjugate to the standard flow @
@z

on zM Š R3? This is equivalent to the statement that zM=R is topologically an open disk. Since R is
transverse to a taut foliation, zM=R is a (possibly non-Hausdorff) 2–manifold. The fact that the flow
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of R preserves contact planes prohibits certain types of non-Hausdorff behavior in zM=R. In particular, a
smooth 1–parameter family of flow lines cannot break into two different families. However, as pointed
out to the author by Fenley, there could conceivably still be a sequence of flow lines with more than one
limiting flow line.

References
[Bao and Honda 2018] E Bao, K Honda, Definition of cylindrical contact homology in dimension three, J. Topol.

11 (2018) 1002–1053 MR Zbl

[Bonatti and Firmo 1994] C Bonatti, S Firmo, Feuilles compactes d’un feuilletage générique en codimension 1,
Ann. Sci. École Norm. Sup. 27 (1994) 407–462 MR Zbl

[Bowden 2016a] J Bowden, Approximating C 0–foliations by contact structures, Geom. Funct. Anal. 26 (2016)
1255–1296 MR Zbl

[Bowden 2016b] J Bowden, Contact structures, deformations and taut foliations, Geom. Topol. 20 (2016) 697–746
MR Zbl

[Calegari 2001] D Calegari, Leafwise smoothing laminations, Algebr. Geom. Topol. 1 (2001) 579–585 MR Zbl

[Calegari 2007] D Calegari, Foliations and the geometry of 3–manifolds, Oxford Univ. Press (2007) MR Zbl

[Candel 2003] A Candel, The harmonic measures of Lucy Garnett, Adv. Math. 176 (2003) 187–247 MR Zbl

[Candel and Conlon 2000] A Candel, L Conlon, Foliations, I, Graduate Studies in Math. 23, Amer. Math. Soc.,
Providence, RI (2000) MR Zbl

[Candel and Conlon 2003] A Candel, L Conlon, Foliations, II, Graduate Studies in Math. 60, Amer. Math. Soc.,
Providence, RI (2003) MR Zbl

[Cheng et al. 1981] S Y Cheng, P Li, S T Yau, On the upper estimate of the heat kernel of a complete Riemannian
manifold, Amer. J. Math. 103 (1981) 1021–1063 MR Zbl

[Colin and Honda 2005] V Colin, K Honda, Constructions contrôlées de champs de Reeb et applications, Geom.
Topol. 9 (2005) 2193–2226 MR Zbl

[Colin and Honda 2022] V Colin, K Honda, Foliations, contact structures and their interactions in dimension
three, from “Surveys in 3–manifold topology and geometry” (I Agol, D Gabai, editors), Surv. Differ. Geom. 25,
International, Boston, MA (2022) 71–101 MR Zbl

[Deroin and Kleptsyn 2007] B Deroin, V Kleptsyn, Random conformal dynamical systems, Geom. Funct. Anal.
17 (2007) 1043–1105 MR Zbl

[Dinh and Sibony 2005] T-C Dinh, N Sibony, Introduction to the theory of currents, lecture notes (2005)

[Eliashberg and Thurston 1998] Y M Eliashberg, W P Thurston, Confoliations, Univ. Lect. Ser. 13, Amer. Math.
Soc., Providence, RI (1998) MR Zbl

[Gabai 1983] D Gabai, Foliations and the topology of 3–manifolds, J. Differential Geom. 18 (1983) 445–503 MR
Zbl

[Garnett 1983] L Garnett, Foliations, the ergodic theorem and Brownian motion, J. Funct. Anal. 51 (1983)
285–311 MR Zbl

Geometry & Topology, Volume 28 (2024)

https://doi.org/10.1112/topo.12077
http://msp.org/idx/mr/3989436
http://msp.org/idx/zbl/1409.53064
https://doi.org/10.24033/asens.1697
http://msp.org/idx/mr/1290395
http://msp.org/idx/zbl/0828.57022
https://doi.org/10.1007/s00039-016-0387-2
http://msp.org/idx/mr/3568032
http://msp.org/idx/zbl/1362.57037
https://doi.org/10.2140/gt.2016.20.697
http://msp.org/idx/mr/3493095
http://msp.org/idx/zbl/1338.53053
https://doi.org/10.2140/agt.2001.1.579
http://msp.org/idx/mr/1875608
http://msp.org/idx/zbl/0978.57011
https://math.uchicago.edu/~dannyc/books/foliations/foliations.html
http://msp.org/idx/mr/2327361
http://msp.org/idx/zbl/1118.57002
https://doi.org/10.1016/S0001-8708(02)00036-1
http://msp.org/idx/mr/1982882
http://msp.org/idx/zbl/1031.58003
https://doi.org/10.1090/gsm/023
http://msp.org/idx/mr/1732868
http://msp.org/idx/zbl/0936.57001
https://doi.org/10.1090/gsm/060
http://msp.org/idx/mr/1994394
http://msp.org/idx/zbl/1035.57001
https://doi.org/10.2307/2374257
https://doi.org/10.2307/2374257
http://msp.org/idx/mr/630777
http://msp.org/idx/zbl/0484.53035
https://doi.org/10.2140/gt.2005.9.2193
http://msp.org/idx/mr/2209370
http://msp.org/idx/zbl/1091.53057
https://doi.org/10.4310/SDG.2020.v25.n1.a3
https://doi.org/10.4310/SDG.2020.v25.n1.a3
http://msp.org/idx/mr/4479750
http://msp.org/idx/zbl/1522.57036
https://doi.org/10.1007/s00039-007-0606-y
http://msp.org/idx/mr/2373011
http://msp.org/idx/zbl/1143.37008
https://doi.org/10.1090/ulect/013
http://msp.org/idx/mr/1483314
http://msp.org/idx/zbl/0893.53001
http://projecteuclid.org/euclid.jdg/1214437784
http://msp.org/idx/mr/723813
http://msp.org/idx/zbl/0533.57013
https://doi.org/10.1016/0022-1236(83)90015-0
http://msp.org/idx/mr/703080
http://msp.org/idx/zbl/0524.58026


Reeb flows transverse to foliations 3695

[Goodman and Plante 1979] S E Goodman, J F Plante, Holonomy and averaging in foliated sets, J. Differential
Geom. 14 (1979) 401–407 MR Zbl

[Hsu 2002] E P Hsu, Stochastic analysis on manifolds, Graduate Studies in Math. 38, Amer. Math. Soc., Providence,
RI (2002) MR Zbl

[Hutchings and Nelson 2016] M Hutchings, J Nelson, Cylindrical contact homology for dynamically convex
contact forms in three dimensions, J. Symplectic Geom. 14 (2016) 983–1012 MR Zbl

[Hutchings and Nelson 2022] M Hutchings, J Nelson, S1–equivariant contact homology for hypertight contact
forms, J. Topol. 15 (2022) 1455–1539 MR Zbl

[Ishii et al. 2023] I Ishii, M Ishikawa, Y Koda, H Naoe, Positive flow-spines and contact 3–manifolds, Ann. Mat.
Pura Appl. 202 (2023) 2091–2126 MR Zbl

[Kazez and Roberts 2017] W H Kazez, R Roberts, C 0 approximations of foliations, Geom. Topol. 21 (2017)
3601–3657 MR Zbl

[Li 2002] T Li, Laminar branched surfaces in 3–manifolds, Geom. Topol. 6 (2002) 153–194 MR Zbl

[Mörters and Peres 2010] P Mörters, Y Peres, Brownian motion, Cambridge Ser. Statistical Probabilistic Math.
30, Cambridge Univ. Press (2010) MR Zbl

[Ozsváth and Szabó 2004] P Ozsváth, Z Szabó, Holomorphic disks and genus bounds, Geom. Topol. 8 (2004)
311–334 MR Zbl

[Ruelle and Sullivan 1975] D Ruelle, D Sullivan, Currents, flows and diffeomorphisms, Topology 14 (1975)
319–327 MR Zbl

[Sacksteder 1965] R Sacksteder, Foliations and pseudogroups, Amer. J. Math. 87 (1965) 79–102 MR Zbl

[Sullivan 1976] D Sullivan, Cycles for the dynamical study of foliated manifolds and complex manifolds, Invent.
Math. 36 (1976) 225–255 MR Zbl

[Tischler 1970] D Tischler, On fibering certain foliated manifolds over S1, Topology 9 (1970) 153–154 MR Zbl

[Vogel 2016] T Vogel, On the uniqueness of the contact structure approximating a foliation, Geom. Topol. 20
(2016) 2439–2573 MR Zbl

[Zhang 2022] B Zhang, Monopoles and foliations without holonomy-invariant transverse measure, J. Symplectic
Geom. 20 (2022) 191–257 MR Zbl

Department of Mathematics, Princeton University
Princeton, NJ, United States

jzung@math.princeton.edu

Proposed: Yakov Eliashberg Received: 4 August 2021
Seconded: David Gabai, David Fisher Revised: 29 January 2023

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

http://projecteuclid.org/euclid.jdg/1214435105
http://msp.org/idx/mr/594710
http://msp.org/idx/zbl/0475.57007
https://doi.org/10.1090/gsm/038
http://msp.org/idx/mr/1882015
http://msp.org/idx/zbl/0994.58019
https://doi.org/10.4310/JSG.2016.v14.n4.a1
https://doi.org/10.4310/JSG.2016.v14.n4.a1
http://msp.org/idx/mr/3601881
http://msp.org/idx/zbl/1369.53064
https://doi.org/10.1112/topo.12240
https://doi.org/10.1112/topo.12240
http://msp.org/idx/mr/4461852
http://msp.org/idx/zbl/07738186
https://doi.org/10.1007/s10231-023-01314-1
http://msp.org/idx/mr/4634260
http://msp.org/idx/zbl/07734928
https://doi.org/10.2140/gt.2017.21.3601
http://msp.org/idx/mr/3693573
http://msp.org/idx/zbl/1381.57014
https://doi.org/10.2140/gt.2002.6.153
http://msp.org/idx/mr/1914567
http://msp.org/idx/zbl/1067.57011
https://doi.org/10.1017/CBO9780511750489
http://msp.org/idx/mr/2604525
http://msp.org/idx/zbl/1243.60002
https://doi.org/10.2140/gt.2004.8.311
http://msp.org/idx/mr/2023281
http://msp.org/idx/zbl/1056.57020
https://doi.org/10.1016/0040-9383(75)90016-6
http://msp.org/idx/mr/415679
http://msp.org/idx/zbl/0321.58019
https://doi.org/10.2307/2373226
http://msp.org/idx/mr/174061
http://msp.org/idx/zbl/0136.20903
https://doi.org/10.1007/BF01390011
http://msp.org/idx/mr/433464
http://msp.org/idx/zbl/0335.57015
https://doi.org/10.1016/0040-9383(70)90037-6
http://msp.org/idx/mr/256413
http://msp.org/idx/zbl/0177.52103
https://doi.org/10.2140/gt.2016.20.2439
http://msp.org/idx/mr/3556346
http://msp.org/idx/zbl/1350.53101
https://doi.org/10.4310/JSG.2022.v20.n1.a5
http://msp.org/idx/mr/4518251
http://msp.org/idx/zbl/07608361
mailto:jzung@math.princeton.edu
http://msp.org
http://msp.org




msp

Geometry & Topology 28:8 (2024) 3697–3778
DOI: 10.2140/gt.2024.28.3697
Published: 20 December 2024

Monopoles, twisted integral homology, and Hirsch algebras
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We provide an explicit computation over the integers of the bar version HM� of the monopole Floer
homology of a three-manifold in terms of a new invariant associated to its triple cup product, called ex-
tended cup homology. This refines previous computations over fields of characteristic zero by Kronheimer
and Mrowka, who established a relationship to Atiyah and Segal’s twisted de Rham cohomology, and
characteristic two by Lidman using surgery techniques in Heegaard Floer theory.

In order to do so, we first develop a general framework to study the homotopical properties of the
cohomology of a dga twisted with respect a particular kind of Maurer–Cartan element called a twisting
sequence. Then, for dgas equipped with the additional structure of a Hirsch algebra (which consists
of certain higher operations that measure the failure of strict commutativity and related associativity
properties), we develop a product on twisting sequences and a theory of rational characteristic classes.
These are inspired by Kraines’ classical construction of higher Massey products and may be of independent
interest.

We then compute the most important infinite family of such higher operations explicitly for the minimal
cubical realization of the torus. Building on the work of Kronheimer and Mrowka, the determination
of HM� follows from these computations and certain functoriality properties of the rational characteristic
classes.
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Introduction

Results in monopole Floer homology Kronheimer and Mrowka [2007] use Seiberg–Witten theory to
define several invariants of three-manifolds, collectively referred to as monopole Floer homology groups.
Among these, the simplest version assigns to each three-manifold Y equipped with a spinc structure s the
invariant HM�.Y; s/, read HM-bar.

While this invariant vanishes when s is not torsion, it is much more interesting in the case of a torsion
spinc structure. In that case, HM�.Y; s/ is a finitely generated relatively Z–graded module over the
ring of Laurent polynomials ZŒU�1;U � in a variable U of degree �2. Kronheimer and Mrowka [2007,
Chapter 35] prove several fundamental results, which we briefly summarize:

(i) The invariant HM�.Y; s/ only depends on the cohomology ring of Y, and in particular on the triple
cup product

ƒ3H 1.Y IZ/! Z; ˛1 ^˛2 ^˛3 7! h˛1[˛2[˛3; ŒY �i;

which we denote by [3
Y
2 .ƒ3H 1.Y IZ//�.

(ii) There exists a spectral sequence .Er ; dr / converging to HM�.Y; s/ for which

E3
Dƒ�H 1.Y IZ/˝ZŒU�1;U �

and the differential d3 is given by

(0-1) d3.!˝U n/D �
[3

Y
!˝U n�1;

where �
[3

Y
is the contraction with the triple cup product [3

Y
sending ˛1 ^ � � � ^˛k toX

i1<i2<i3

.�1/i1Ci2Ci3h˛i1
[˛i2

[˛i3
; ŒY �i �˛1 ^ � � � ^ y̨i1

^ � � � ^ y̨i2
^ � � � ^ y̨i3

^ � � � ^˛k :

Up to signs, �
[3

Y
is Poincaré dual to cup product with the 3–form [3

Y
. The differential d3 has

degree �1 once we declare the elements of H 1.Y IZ/ to have degree 1.

(iii) After tensoring with R (or any field with characteristic zero), the spectral sequence collapses at the
E4–page.

Using the last point, the authors were able to conclude that the invariant HM�.Y; s/ is nonvanishing
when s is torsion (and in fact an infinite rank Z–module). This provided a fundamental step in Taubes’
celebrated proof [2007] of the Weinstein conjecture in dimension three.

The main goal of the present paper is to refine the results of [Kronheimer and Mrowka 2007] by providing
a computation of HM�.Y; s/ over Z, or more generally with local coefficients (over any ring). We will
refer to the E4–page of the spectral sequence in .ii/ as the cup homology of Y. This was introduced and
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thoroughly studied in [Mark 2008], where it is denoted by HC1� .Y /; in this notation, Kronheimer and
Mrowka’s result is that

HM�.Y; s/˝QD HC1� .Y /˝Q:

Our main theorem gives an isomorphism over Z from HM�.Y; s/ to a more intricate variant of the cup
homology groups. To state it, suppose a 2 ƒ3.Zn/ may be written as a sum of basis monomials as
a D

P
IDfi<j<kg aI eiej ek ; it will be useful to write eI D eiej ek . Associated to a are odd-degree

classes called its insertion powers, defined precisely in Definition 5.6. We content ourselves with a precise
definition of the first here:

aı2 D�
X
I;J

jI\J jD1

aI aJ eI0 ^ eJ
^ eI1 2ƒ5.Zn/;

where I0 and I1 are the (possibly empty) substrings of I appearing before and after the element I \J,
respectively. In words, if the (unordered) pair I;J meets at exactly one point, we insert J where they
meet, and otherwise ignore it. One has, for instance,

.e123
C e245/ı2 D�e12453; .e123

C e345
C e567/ı2 D�e12345

� e34567:

The higher insertion powers aık 2ƒ2kC1.Zn/ essentially iterate this process; we have, for example,

.e123
C e345

C e567/ı3 DCe1234567
2ƒ7.Zn/;

the plus sign arising from two canceling minus signs. Choose a basis for H 1.Y / D Zn so that [3
Y

is identified with a class a 2 ƒ3.Zn/. Via duality, one then identifies �
[3

Y
D �a; the latter naturally

generalizes to the contractions �aık with the classes aık 2ƒ2kC1.Zn/. In this notation, the cup homology
HC1� .Y / is isomorphic to the homology of ƒ�.Zn/ŒU;U�1� with respect to the differential given by
x˝U n 7! �a.x/˝U n�1.

Definition The extended cup homology HC1� .Y / of Y with respect to the given basis is the homology
of ƒ�.Zn/ŒU;U�1� with respect to the degree �1 differential given by

x˝U n
7! �a.x/˝U n�1

C �aı2.x/˝U n�2
C �aı3.x/˝U n�3

C � � � ;

where aD[3
Y
2ƒ3.Zn/.

Remark The natural filtration ofƒ�.Zn/ by degree gives rise to a spectral sequence abutting to HC1� .Y /
with E4–page HC1� .Y /; the higher differentials can be described in terms of a in a purely algebraic
fashion.

Our main result is the following completely explicit computation of HM� over the integers:

Theorem A If s is a torsion spinc structure , the monopole Floer homology group HM�.Y; s/ is isomor-
phic to the extended cup homology HC1� .Y / as relatively Z–graded ZŒU;U�1�–modules.
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Remark For the reader more familiar with Heegaard Floer homology, our result directly translates to a
computation of the group HF1.Y; s/ over the integers for a torsion spinc structure via the isomorphism
between the theories (see [Kutluhan et al. 2020; Colin et al. 2011] and subsequent papers). In that setting,
Lidman [2012] showed using surgery techniques that the invariant coincides with the usual cup homology
over F2.

Our main result is somewhat curious, especially given the fact that there exists an isomorphism to the usual
cup homology HC1 when the ground ring is F2 or Q. This follows from the aforementioned computations
of the invariants with those coefficients, due to Lidman, and Kronheimer and Mrowka, respectively. One
can show (using ideas related to the content of the paper) that this implies that the spectral sequence with
E4 D HC1 and converging to HC1 has d5 D 0 after tensoring with any field, but, for example, leaves
open the possibility that d7 is nonzero even after tensoring with a field of characteristic 3.

To determine whether the nonvanishing of some higher differential was plausible, we computed both
HC1 and HC1 for n � 12 and about 1000 random choices of a, where a was given as a sum of 30

monomials with random coefficients at most 10. In all cases, the underlying Z–graded abelian groups
were isomorphic. This leads us to the following completely algebraic question:

Question B Let a 2 ƒ3.Zn/. Are the extended cup homology HC1 and the cup homology HC1

associated to a isomorphic (possibly noncanonically) as ZŒU;U�1�–modules?

Remark Because both cup homology and its extended version have lots of integral torsion, a positive
answer to this question would be strictly stronger than the vanishing of the differentials in the spectral
sequence; the analogue of the latter in Heegaard Floer homology was conjectured to hold by Ozsváth and
Szabó [2003]. Also, classical work of Sullivan [1975] shows that any a 2ƒ3.Zn/ can be realized as the
triple cup product of some three-manifold; therefore the question above asks whether HC1.Y /ŠHC1.Y /
for all Y.

Remark The extended cup complex depends on the choice of basis in an essential way; it is only clear
that the resulting homology groups are independent of basis as a result of the isomorphism to HM�.Y I s/.
As discussed in the final section of this introduction, the choice of basis arises naturally in the course of
the proof, yet cup homology itself has no such dependence on basis, nor does HM�. In this light, the
dependence of the extended cup complex on a choice of basis appears rather strange.

The monopole Floer homology group HM�.Y; s/ vanishes for a nontorsion spinc structure. A more
interesting version, denoted by HM�.Y; s; cb/, arises by looking at the equations perturbed by a balanced
nonexact perturbation cb [Kronheimer and Mrowka 2007, Chapter 30]. This invariant is only relatively
Z=2N Z–graded, where

N D 1
2

gcdfha[ c1.s/; ŒY �i W a 2H 1.Y IZ/g;
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and corresponds in Heegaard Floer homology to the group HF1.Y; s/ under the isomorphism between
the theories. In direct analogy to Theorem A, we will provide a complete computation of this invariant
in terms of suitable “twisted” extended cup homology groups; see Section 6.2 for the exact statement.
In fact, our approach readily generalizes also to compute the invariants twisted by a local coefficient
system �0 in the blown-up configuration space [Kronheimer and Mrowka 2007, Section 3:7] for both
torsion and nontorsion spinc structures.

Remark The proof of Theorem A may be phrased in terms of either homology or cohomology. In our
discussion we prefer the latter, so that we may focus our discussion on algebras (as opposed to algebras
and their modules). In particular, in the proof of Theorem A we will mostly focus on the cohomological
version of the invariant HM�.Y; s/. When we deal with local systems and nontorsion spinc structures,
and are forced to use modules, we return to the homological version.

Coupled Morse theory and relations with twisted de Rham cohomology Kronheimer and Mrowka
[2007, Chapter 33] introduce the coupled Morse complex CMC�.M;L/ for a compact smooth manifold M

with a Morse function f and a family of self-adjoint Fredholm operators L over M, classified (up to
homotopy) by a map �L WM ! SU.1/. Its cohomology is a module over ZŒU;U�1�. Furthermore,
Kronheimer and Mrowka [2007, Section 35:1] prove that, when L is the family of Dirac operators fDBg

parametrized by the torus T DT .Y; s/ of flat spinc connections of a torsion spinc structure s, the coupled
Morse cohomology CMH�.T ;DB/ recovers the Floer cohomology group HM�.Y; s/, together with its
module structure over ZŒU;U�1�.

Our proof will build on the simplicial model constructed in [Kronheimer and Mrowka 2007, Section 34:3]
for the coupled Morse cohomology complex C �.M;L/ of a family of self-adjoint operators L on a
smooth manifold M classified (up to homotopy) by a map

� WM ! SU.2/:

The authors show that, for a sufficiently fine�–complex structure on M, there is a simplicial 3–cocycle x3

for which the chain complex

(0-2) C �tw.M Ix3/D C ��.M /˝ZŒT �1;T �

equipped with the differential

(0-3) � 7! d� C .x3[ �/T;

is quasi-isomorphic to CMC�.M;L/. Here T is a formal variable of degree �2; this quasi-isomorphism
sends the action of U�1 in coupled Morse cohomology to T in twisted singular homology. The two
variables are related in a more complicated way when one allows � to factor through U.2/ instead, and
the exact relationship remains open; see Section 6 for more details.

Geometry & Topology, Volume 28 (2024)



3702 Francesco Lin and Mike Miller Eismeier

We will refer to this model as the simplicial cohomology of M twisted by the 3–cocycle �3, and denote it
by H�tw.M I �3/. Notice that it is implicit in the construction that �2

3
D 0 at the cochain level, as otherwise

(0-3) does not square to zero. We call such cocycles twisting 3–cycles. The class Œ�3� 2H 3.M IZ/ is
the pullback via the classifying map � of the generator of H 3.SU.2/IZ/D Z. In the case of the family
of Dirac operators associated to .Y; s/, the corresponding element in H 3.T IZ/ D .ƒ3H 1.Y IZ//� is
naturally identified with [3

Y
, the triple cup product of Y [Kronheimer and Mrowka 2007, Lemma 35:1:2].

Kronheimer and Mrowka [2007] then show that, after tensoring with R, this construction is equivalent to
a version of Atiyah and Segal’s twisted de Rham cohomology [2006], where the twisting is provided by a
closed 3–form representing Œx3� in de Rham cohomology. The result in (iii) then follows immediately from
the formality of the de Rham complex of the torus. Furthermore, this shows that, when L WM ! SU.1/
factors through SU.2/, the coupled Morse cohomology with real coefficients CMH�.M;LIR/ only
depends on the real cohomology class ��

L
ŒSU.2/�.

Integral twisted cohomology By contrast, the analogous story is significantly more complicated over the
integers. The final remark of [Kronheimer and Mrowka 2007, Section 34:3] points out that cohomologous
twisting 3–cycles x3 and x0

3
might lead to nonisomorphic twisted cohomology groups, but do not provide

explicit examples of this phenomenon.

In fact, already in the simplest case, in which Œx3� D 0 2 H 3.M IZ/, the twisted cohomology group
H�tw.M Ix3/ might differ from H�tw.M I 0/DH�.M /˝ZŒT �1;T �. Indeed, if dh2C x3 D 0, x3 [ h2

defines a cohomology class in H 5.M IZ/ as x2
3
D 0, and one shows that the E5–page of the spectral

sequence associated to the grading filtration is equivalent to the chain complex with the same underlying
group H�.M /˝ZŒT �1;T � and differential

(0-4) � 7! .Œx3[ h2�[ �/T
2:

In some cases of interest, we will see that Œx3[h2� is a possibly nonvanishing 2–torsion class, so that,
while the differential d3 of the associated spectral sequence vanishes as Œx3�D 0, the differential d5 might
be nonzero. We give an explicit example where this occurs in Section 2 below, and prove the following
result (providing a concrete example of the possible phenomenon described in [Kronheimer and Mrowka
2007, Section 34:3]) as a consequence:

Theorem C There exists a closed smooth manifold M equipped with two families of self-adjoint
operators Li (i D 0; 1) with nonisomorphic coupled Morse homologies which are classified by maps
�i WM ! SU.2/ for which ��

0
ŒSU.2/�D ��

1
ŒSU.2/� 2H 3.M IZ/.

This discussion suggests that, even if we are only interested in studying the cohomology twisted by a
square-zero 3–cocycle, higher-degree cochains (such as x3[h2) necessarily enter the theory. In fact, the
latter provide a more natural and invariant framework to deal with twisted cohomology from the point of
view of homotopy theory, and naturally lead to the following definition:
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Definition Let A be a dg-algebra. A twisting sequence for A is a sequence x� D .x3;x5; : : : / of
odd-degree cochains satisfying the relation

dx2nC1C

X
nDiCj
i;j�1

x2iC1[x2jC1 D 0:

The twisting sequence x� defines the differential on AŒŒT;T �1� given by

� 7! d� C
X
i�1

.x2iC1[ �/T
i ;

and we denote the corresponding twisted cohomology group by H�tw.AIx�/. When A is bounded above
in degree, we may use Laurent polynomials AŒT;T �1� instead of Laurent series as above.

A 3–cocycle x3 with x2
3
D 0 naturally defines a twisting sequence, namely .x3; 0; 0; : : : /; we will call

the latter the twisting sequence associated to x3.

Remark The notions of twisting sequence and twisted cohomology make sense in much more general
contexts, where they are known under the name twisting cochain, twisting element or sometimes Maurer–
Cartan element. These first appeared in [Brown 1959] in a description of the cochain algebra of a fiber
bundle as a twisted tensor product, twisted by such a twisting cochain. The above is essentially the special
case of a Maurer–Cartan element in AŒŒT �� contained in TAŒŒT ��. One might then denote the set of twisting
sequences by MCC.AŒŒT ��/; this is rather a mouthful, and we will later use the notation TS.A/.

While some of our algebraic results might hold in more general contexts, we only pursue them in the
level of generality relevant to our main application.

Twisting sequences and Hirsch algebras Twisting sequences enjoy a notion of homotopy, so that,
if f W A! B is a quasi-isomorphism of dg-algebras, it induces a bijection between homotopy classes
of twisting sequences (see Proposition 1.9); furthermore, homotopic twisting sequences give rise to
isomorphic twisted (co)homology groups. Because Kronheimer and Mrowka’s result computes that
HM�.Y; s/ is isomorphic to a twisted cohomology group of the algebra C �

�
.T / with respect to an

appropriate twisting sequence �KM D .�3; 0; : : : /, our goal is to transfer this twisting sequence to the
exterior algebra H�.T / by using the fact that cochains on the torus give a formal dga: there is a zigzag
of quasi-isomorphisms from C �.T / to H�.T /.

Unfortunately, this transferred twisting sequence is completely inexplicit, because the proof that quasi-
isomorphisms induce a bijection on homotopy classes of twisting sequence is inexplicit. We need
something stronger to determine what twisting sequence �KM is transferred to. Observe that, if x� is
a twisting sequence, Œx3� gives a cohomology class which is homotopy invariant and natural under
pushforward of twisting sequences. Therefore, in the above transfer process, we can at least recover Œx3�.
Ideally we would now say that Œx5�, Œx7� and so on play the same role in higher degrees. But x5 is not a
cycle, so does not define a cohomology class! Indeed, we have dx5 D�x2

3
. If we want to construct a

homology class using x5, we will need a canonical reason that x2
3

is null-homotopic.

Geometry & Topology, Volume 28 (2024)



3704 Francesco Lin and Mike Miller Eismeier

This leads us to study Hirsch algebras (see [Saneblidze 2016]) in Section 2. These are dgas equipped
with an operation

E1;1 WA
p
˝Aq

!ApCq�1

which demonstrates that the product on A is homotopy-commutative (playing the same role as Steenrod’s
cup-1 product on simplicial cochains), together with additional operations Ep;q which assert that the
operation E1;1 is associative up to coherent homotopy and gives a derivation of the cup product up to
coherent homotopy. These are relevant because dE1;1.x3;x3/D�2x2

3
. Much of Section 4 is devoted to

giving explicit constructions of Hirsch structures in two cases of interest, simplicial and cubical cochains
C �
�

and C �� of simplicial/cubical sets, using recent work of Medina and Mardones [2020] on E1–operads
but attempting to remain as explicit as possible (which is necessary for our later explicit computations on
the minimal torus).

In a Hirsch algebra A, we will define rational characteristic classes for a twisting sequence x�,

Fn.x�/ 2H 2nC1.A/Q;

which are homotopy invariants and natural under maps of Hirsch algebras. When A has torsion-free
cohomology, these characteristic classes are enough to recover the original twisting sequence up to
homotopy (Theorem 3.7). They are exactly what we need to compute the transferred twisting sequence
in H�.T / above.

We construct these characteristic classes via two constructions, valid for arbitrary Hirsch algebras A

and possibly of independent interest. The inspiration for both of these is the fact (Proposition 3.3) that
elements of AŒŒT �� with dxC x2 D 0 correspond bijectively to elements g.x/ of the bar construction
BAŒŒT �� which are both

� grouplike, ie �g.x/D g.x/˝g.x/, and

� cocycles, ie dBAg.x/D 0.

The reason a Hirsch algebra structure is relevant is that it gives rise to a product � W BA˝BA! BA, so
BA becomes a (possibly nonassociative) dg-bialgebra. Then products of grouplike cocycles are again
grouplike cocycles, and we have the following result (Corollary 3.4):

Theorem D Let A be a Hirsch algebra. Then the set TS.A/ of twisting sequences in A has an explicit
unital product � W TS.A/�TS.A/! TS.A/, which is natural for Hirsch algebra maps. Writing ts.A/ for
the set of homotopy classes of twisting sequences , this descends to a product h� W ts.A/� ts.A/! ts.A/.

Remark It seems likely that h� is associative (though the map � W BA˝BA! BA need not be, it
seems plausible that one should be able to choose a homotopy equivalent model in which it is indeed
associative).

Our second construction is inspired by the construction of [Kraines 1966, Lemma 16] and its extension to
Hirsch algebras in [Saneblidze 2016, Section 3.3].
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Theorem E Let A be a Hirsch algebra. For each odd cocycle a2Z.A/2nC1, there is a canonical twisting
sequence K.a/ in AQ with K.a/2iC1 D 0 for i < n and K.a/2nC1 D a. These twisting sequences are
natural for Hirsch algebra maps.

Putting these together, for any twisting sequence x� in a Hirsch algebra A, we can construct a canonical
approximation K.n/.x�/ in AQ which agrees with x� through degree 2n� 1; the nth characteristic class
is given by

Fn.x�/D Œx2nC1�K.n/.x�/2nC1�;

and may be understood as the first obstruction to finding a homotopy from x� to K.n/.x�/. Let us point
out that the theory of characteristic classes is significantly simpler in the case in which AD C �

�
.X /; this

is because all higher operations Ep;q with p � 2 vanish.1 On the other hand, we will need the more
general machinery because we will work with cubical cochains, for which the analogue of the classical
Hirsch formula [1955] only holds up to homotopy (rather than on the nose as in the simplicial case).

Computations on the minimal torus To apply the machinery of the previous subsection to our problem,
we need to find a zigzag of Hirsch algebra quasi-isomorphisms from C �

�
.T / to H�.T /. The most obvious

approach is to use combinations of the classical Eilenberg–Zilber and Alexander–Whitney maps to reduce
this to a tensor product of circles, but these maps are not Hirsch algebra maps in an obvious way.

Instead, we observe that there is a geometric model for T whose cochain algebra is isomorphic to H�.T /

and carries the structure of a Hirsch algebra. This is not possible simplicially: the minimal triangulation
of T n certainly requires more than one n–simplex, and the standard small triangulation has n! of them.
Instead, we use a cubical model T n

1
, which we call the minimal torus. This is a cubical set obtained as a

quotient of the standard cube �n by pasting together opposite sides.

There is a zigzag of comparison maps between H�.T n/D C ��.T
n
1
/ and the simplicial cochain algebra

C �
�
.T /, all of which are Hirsch algebra quasi-isomorphisms. Choosing such a zigzag is essentially

equivalent to choosing a basis for H 1.T IZ/, which is why the definition of the extended cup complex
depends on a choice of basis.. The twisting sequence we are interested in — �KM D .�3; 0; : : : /— is
pulled back to C �

�
.T / from C �

�
.SU2/ by a simplicial map. By naturality, the characteristic classes have

Fn.�KM/D 0 for all n> 1, while F1.�KM/D Œ�3�D[
3
Y

is known to be the triple cup product.

The twisted cohomology of C �
�
.T / with respect to �KM is isomorphic to the twisted cohomology of

H�.T n/Dƒ�.Zn/ with respect to an appropriate transferred twisting sequence z��KM. This transferred
twisting sequence must have F1.z��KM/D[

3
Y

and Fn.z��KM/D0 for n>1. We will see that the canonical
the twisting sequence K.[3

Y
/ associated to [3

Y
in Theorem E has these properties (see Theorem 3.7

below); because the torus has bounded and torsion-free cohomology, this must be homotopic to z��KM

(and therefore equal because the notion of homotopy degenerates on any algebra with trivial differential).

1More precisely, our characteristic classes rely heavily on the operations E1;p ; one may obtain characteristic classes which
only depend on the cup-1 product if one sets up the theory with the operations Ep;1 instead. This is discussed in more detail in
Remark 3.3.
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We thus have an isomorphism from HM�.Y; s/ to the twisted cohomology of H�.T n/ with respect
to K.[3

Y
/. What we need to do is determine this twisting sequence. We carry this out in Section 5.1

by giving a complete calculation of the operations E1;p for the minimal torus, where we show that,
in H�.T n/, K.a/ D .a; aı2; aı3; : : : /, as in Theorem A. This is not a full calculation of the Hirsch
algebra structure on the minimal torus — for instance, the operation E2;2 is nonzero. However, these
higher operations are irrelevant to our calculations. Finally, in Section 5.4, we explain why this result
also implies an isomorphism with respect to various local systems, and in Section 6.2 we carefully state
the version of our main theorem in the setting of local systems and nontorsion spinc structures.
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1 Twisting sequences for general dg-algebras

The first part of this section deals with definitions as well as functoriality and invariance properties of
twisting sequences and the associated twisted cohomology. In the second part, we discuss an obstruction
theory for twisting sequences and its consequences.

1.1 Generalities on twisting sequences

In this section we discuss the notion of integral twisted (co)homology. This is inspired by Atiyah and
Segal’s twisted de Rham cohomology [2006]. In the de Rham setting, wedge squares of odd-degree forms
are automatically zero, and, given a closed odd-degree form !, the map

.d Cm!/.�/D d�C! ^ �

is a square-zero operator, with respect to which we can take cohomology.

Working integrally, we have no such luck, because the cup product does not commute on the nose: in
fact, if x is an odd-degree cycle, x2 might even define a nonzero (2–torsion) class in cohomology. To
prevent this, we should ask that there be a chain y with dyCx2 D 0, which we then need to incorporate
into our twisted differential. We then need additional chains to cancel out the contribution from xyCyx

and y2, and so on.

Starting with a degree 3 cycle as our basic twist, this leads us to the definition of twisting sequence for
a dg-algebra. First, let us set conventions. In what follows, all dg-algebras are graded over Z and the
differential has degree C1, satisfying d.ab/D .da/bC .�1/jaja.db/.
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Definition 1.1 A cohomological dg-module is a Z–graded chain complex M with differential of
degree C1, together with an action A˝M !M satisfying a.bm/ D .ab/m, jamj D jaj C jmj and
d.am/D .da/mC .�1/jaja.dm/.

A homological dg-module is a Z–graded chain complex M with differential of degree�1, together with an
action A˝M !M satisfying b.am/D .ab/m, jamjD jmj�jaj and d.am/D .�1/jaj.a.dm/�.da/m/.

The standard example of a cohomological dg-module is C �.X IZ/ as a module over itself with the
cup product action. The standard example of a homological dg-module is C�.X IZ/ as a module over
C �.X IZ/ with the cap product action.

Henceforth, we will almost exclusively work with cohomological dg-modules to avoid writing two nearly
identical proofs. All of the results below still apply for homological dg-modules, with the same signs.
We discuss the distinction in the rare occasions it is important. Furthermore, we will also assume that
all dg-algebras and modules are free as Z–modules and have finitely generated cohomology in each
dimension.

Definition 1.2 Let A be a dg-algebra. A twisting sequence x� in A is a sequence

x� D .x2nC1/ 2
Y
n�1

A2nC1.X IZ/

of odd-degree elements of A such that

dx2nC1C

X
iCjDn
i;j�1

x2iC1x2jC1 D 0

for all n. When x2iC1 D 0 for all i ¤ n, we say that x2nC1 is a twisting .2nC1/–cycle, or simply a
square-zero cocycle.

We write the set of twisting sequences in A as TS.A/.

This is precisely what is needed to define a (generalized) twisted cohomology group.

Definition 1.3 Consider a dg-algebra A with twisting sequence x�. For a dg-module M over A, we
define the twisted chain complex of M as

C �tw.M Ix�/D .M ˝ZŒŒT;T �1�; d CL3T CL5T 2
C � � � /;

where
L2nC1mD x2nC1 �m;

the formal variable T has degree �2, and ZŒŒT;T �1� denotes the Laurent series in T. When M is bounded
above in degree, this is identical to M ˝ZŒT;T �1�, and we may use Laurent polynomials instead.2

2This is the version we are interested in when studying HM�, in particular when we study local systems.
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We say that the resulting homology group H�tw.M Ix�/, considered as a module over ZŒŒT;T �1�, is the
twisted cohomology of .M Ix�/.

Remark 1.1 In proving Theorem A, we will only need to take ADM, and our algebras will be various
cubical and simplicial cochain algebras of a space (or simplicial/cubical set) X. In this case, we write
the twisted cochain complex as C �tw.X Ix�/. To study the monopole Floer homology for a torsion spinc

structure s with coefficients in a local system �0 on B� .Y; s/, it is natural to choose M to be the simplicial
or cubical chains with coefficients in �0, which we denote by C�

� .X I�0/ and C �
� .X I�0/, respectively.

Finally, when studying nontorsion spinc structures, we will replace M ˝ZŒT;T �1� by a twisted version
in order to take into account monodromies that act as multiplying by T n.

It is readily checked that the differential above indeed squares to zero:

.d CL3T C � � � /2mD d2mC

1X
nD1

�
dL2nC1CL2nC1d C

X
iCjDn

L2iC1L2jC1

�
mT n

D

1X
nD1

�
d.x2nC1m/Cx2nC1dmC

X
iCjDn

x2iC1x2jC1m

�
T n

D

1X
nD1

�
.dx2nC1/mC

X
iCjDn

x2iC1x2jC1m

�
T n

D

1X
nD1

�
dx2nC1C

X
iCjDn

x2iC1x2jC1

�
mT n

D 0:

The twisted differential has degree C1, so the twisted cohomology group is naturally Z–graded. Further-
more, it breaks up into a sum of terms L2nC1T n, where L2nC1 increases the M –degree by 2nC 1. It is
thus compatible with the filtration on M ŒŒT;T �1�, so Fp is the set of Laurent series

P
i�p miT

i , and
gives rise to a spectral sequence

H�.M /ŒŒT;T �1�)H�tw.M Ix�/

whose d3–differential is multiplication by Œx3�T. If

x3 D � � � D x2n�1 D 0

as chains, then the first possibly nonzero differential of this spectral sequence is d2nC1, which is given
by multiplication by Œx2nC1�T

n.

As before, when M is bounded above in degree, Laurent series simplify here to being Laurent polynomials.

Because the filtration by T is complete, this spectral sequence is strongly convergent, which means
that H�tw.M Ix�/ has associated graded group isomorphic to the E1–page of the spectral sequence;
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furthermore, filtered maps between these complexes which induce an isomorphism on the E2–page induce
an isomorphism on homology.

The fundamental notion for our purposes is the following:

Definition 1.4 Consider a dg-algebra A. Two twisting sequences x� and y� in A are homotopic if there
is a sequence

h� D .h2n/ 2
Y
n�1

A2n

such that the identity

y2nC1�x2nC1C dh2nC

X
iCjDn

.y2jC1h2i � h2ix2jC1/D 0

holds for all n� 1. We write ts.A/ for the set of homotopy classes of twisting sequences on A.

Remark 1.2 It is not obvious from the definition that being homotopic is an equivalence relation on
twisting sequences; this will be shown in the next subsection.

The relevance of the notion of homotopic twisting sequences is the following:

Lemma 1.5 Consider two homotopic twisting sequences x� and y� in a dg-algebra A. Then , for every
dg-module M over A, the twisted cohomologies H�tw.M;x�/ and H�tw.M;y�/ are isomorphic.

Proof Consider the map
h�tw W C

�
tw.M Ix�/! C �tw.M Iy�/

given by
h�tw.m˝T j /Dm˝T j

C

X
n�1

h2n �m˝T jCn:

It is easily verified that h�tw is a chain map if and only if h� is a homotopy of twisting sequences. Further,
it is a filtered isomorphism, because it is a filtered map (with respect to the complete filtration described
above) whose associated graded map is the identity.

Of course, the isomorphism between H�tw.M Ix�/ and H�tw.M Iy�/ might depend in general on the choice
of homotopy h�.

If we want to understand functoriality properties for twisted cohomology, we must use twisting sequences
themselves (as opposed to twisting sequences considered up to homotopy), as follows.

Suppose one is given a dg-algebra homomorphism f WA!B, and suppose that M and N are dg-modules
over A and B, respectively, either both homological or both cohomological. The definition of a module
map depends on whether

(a) cohomological module maps over f are chain maps g WM !N with g.am/D f .a/g.m/;

(b) homological module maps over f are chain maps g WN !M with g.f .a/n/D ag.n/.

Geometry & Topology, Volume 28 (2024)



3710 Francesco Lin and Mike Miller Eismeier

The key examples to have in mind are the following. Suppose we have a commutative diagram of
simplicial complexes

X Y

K L

p

q

If we consider AD C �
�
.L/, B D C �

�
.K/ and f D q�, then the maps

p� W C ��.Y /! C ��.X /; p� W C
�
� .X /! C�

� .Y /

are cohomological and homological module maps, respectively. This language will be especially useful
when dealing with local coefficients.

We have the following functoriality properties:

Lemma 1.6 In the setting above , consider a twisting sequence x� for A. Then:

(a) If g WM !N is a cohomological module map , there is an induced map

gtw WH
�
tw.M Ix�/!H�tw.N If .x�//:

(b) If g WN !M is a homological module map , there is an induced map

gtw WH
�
tw.N If .x�//!H�tw.M Ix�/:

In both cases , if g is a quasi-isomorphism , then gtw is an isomorphism.

Proof That such maps induce chain maps on the corresponding twisted chain complexes follows from
the given formulas; these chain maps are filtered maps, which induce g� W H�.M / ! H�.N / and
g� WH

�.N /!H�.M / on the E2–page of the corresponding spectral sequence. Because the twisted
cohomology spectral sequence converges, if g� (resp. g�) is an isomorphism, so is gtw.

Remark 1.3 It may be surprising to some that our definition of twisting sequence starts in degree 3
rather than degree 1. In fact, this is essential for several reasons:

� If x1 ¤ 0, then the E1–page of the spectral sequence abutting to H�tw.M / is now .M; d CL1/,
and we do not have simple tools to compute its homology.

� In the next section we will use inductive arguments to show that quasi-isomorphisms induce
bijections on homotopy classes of twisting sequences. If we allow x1 ¤ 0, the base case in these
inductive arguments fails, and indeed the claim is no longer true.

� The definition of characteristic classes we introduce in Section 4 would also fail to introduce even
a zeroth class F0.x�/.
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Remark 1.4 There is a space (or rather a simplicial set) UT such that maps X !UT of simplicial sets
correspond to twisting sequences in C �

�
.X IZ/, and homotopies between maps correspond to homotopies

between twisting sequences. In fact, taking X D�n, this gives a formula for the n–cycles of this simplicial
set. Similar simplicial models are discussed in [Brumfiel and Morgan 2016, Section 1.5].

One may think of twisted singular homology as being a parametrized homology theory over UT in the
sense of [May and Sigurdsson 2006, Section 20.1]. One can show that this space has

(1-1) �i.UT /D

�
Z if i � 3 is odd,
0 otherwise.

Furthermore, one can interpret each relation dx2nC1C
P

iCjDn x2iC1x2jC1D0 as giving the k–invariant
for the next stage in the Postnikov tower of UT . In particular, the first k–invariant is nonzero.

The computation in (1-1) suggests a comparison to two spaces: the product K D
Q

n�1 K.Z; 2nC 1/

and the special unitary group SU. However, UT is equivalent to neither: the first k–invariant of UT is
nonzero and its second k–invariant has order 3, while the k–invariants of K are trivial and the second
k–invariant of SU has order 6.

1.2 Obstruction theory for twisting sequences and homotopies

In what follows, we will need to know that, given a quasi-isomorphism f W A! B, the induced map
ts.f / W ts.A/! ts.B/ on homotopy classes of twisting sequences is a bijection.

In our argument we will want to extend partially defined twisting sequences, as well as extend partially
defined homotopies. Before doing so we should define the obstruction classes of partially defined twisting
sequences and homotopies, and check that these classes are themselves well defined up to homotopy.

Definition 1.7 A twisting n–sequence in A is a sequence

.x3; : : : ;x2n�1/ 2

n�1Y
iD1

A2iC1

satisfying the relations dx2mC1C
P

iCjDm x2iC1x2jC1 D 0 for all m < n. The obstruction class to
extending this to a twisting .nC1/–sequence is

on.x�/D

� X
iCjDn

x2iC1x2jC1

�
2H 2nC2.A/:

An n–homotopy h� W x�! y� between twisting n–sequences x� and y� is a sequence .h2; : : : ; h2n�2/

with

dh2mCy2mC1�x2mC1C

X
iCjDm
i;j�1

y2iC1h2j � h2j x2iC1 D 0
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for all m<n. If x� and y� are extended to twisting .nC1/–sequences, the obstruction class to extending h�

to an .nC1/–homotopy is

on.h�/D on.h�Ix�;y�/D Œy2nC1�x2nC1C

X
iCjDn

y2iC1h2j � h2j x2iC1� 2H 2nC1.A/:

Finally, an n–modification between two homotopies h�; h
0
�
W x�! y� is a sequence .z1; : : : ; z2n�3/ in A

with

dz2m�1C h2m� h02mC

X
iCjDm

z2i�1x2jC1Cy2jC1z2i�1 D 0

for all m< n.

The latter two concepts are nearly special cases of the first. An n–homotopy h� between twisting
n–sequences x� and y� is the same data as a twisting n–sequence

Nh2mC1 D e0
˝y2mC1C eI

˝ h2mC e1
˝x2mC1

on I ˝A. Here I is the algebra of simplicial cochains on the 1–simplex, where we denote the generators
by e0, e1 and eI, respectively. Write r0 W I !ZŒ0� for the map with r0.e

0/D 1 and r0.e
I /D r0.e

1/D 0,
and similarly for r1; these maps are dg-algebra maps and quasi-isomorphisms, and r D .r0; r1/ is surjective
onto Z2. The above construction amounts to saying that an n–homotopy h� between twisting n–sequences
is equivalent to the data of a twisting n–sequence Nh� on I ˝A with r0. Nh�/D y� and r1. Nh�/D x�.

Given homotopies h� and h0
�
, and passing to the associated twisting sequences Nh� and Nh0

�
on I ˝A, the

notion of a modification is precisely a relative homotopy between these twisting sequences: a homotopy
which vanishes on the boundary @I ˝A. One may also view z� as arising from the twisting sequence on
I ˝ I ˝A given by

Nz2mC1D e0
1e0

2y2mC1Ce0
1e1

2y2mC1Ce1
1e0

2x2mC1Ce1
1e1

2x2mC1CeI
1 e0

2h02mCeI
1 e1

2h2mCeI
1 eI

2 z2m�1:

Write i W ZŒ0�! I for the map i.1/D e0C e1; we will denote the induced map A! I �A by the same
letter. One further useful perspective arising from the explicit formula here is that an n–modification
between two homotopies h; h0 W x�! y� is the same data as a homotopy Oz� W i.x/�! i.y/� such that

r0.Oz�/D h0
�
W x�! y�

and, similarly,

r1.Oz�/D h� W x�! y�:

That is, one may understand an n–modification as a relative homotopy between two homotopies.

The definition of twisting n–sequence is exactly the same as that of a defining sequence for the Massey
power hx3i

n as in [Kraines 1966]; one says that hx3i
n is the set of all cohomology classes produced

as on.x�/, where x� is a twisting n–sequence beginning with x3.
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The fact that Massey powers are well defined and vanish rationally — and thus the obstruction to extending
a twisting sequence is rationally always zero — is one of the main inspirations for the results of this
article. The obstruction class associated to a homotopy and to a modification are relative versions of these
constructions. These, plus naturality properties of obstruction classes, give us the following result:

Lemma 1.8 If x� and y� are homotopic twisting n–sequences , then on.x�/D on.y�/. Similarly, if there
exists a modification z� between two n–homotopies h�; h

0
�
W x�! y�, the associated obstruction classes

are equal :
on.h�/D on.h

0
�
/:

Proof It is clear that, if f WA! B is a dg-algebra homomorphism and x is a twisting n–sequence in A,
then on.f .x�//D f�on.x�/. Now, if x and y are n–homotopic by a homotopy h, consider the twisting
n–sequence Nh on I ˝A. By naturality,

on.x�/D .r1/�on. Nh�/D .r0/�on. Nh�/D on.y�/;

where the middle equality holds because r0 and r1 induce the same map on cohomology.

A similar naturality property holds for the obstruction class of a homotopy; we suppress bullets from
notation for legibility. If f W A! B is a dg-algebra homomorphism and h W x! y is an n–homotopy
in A, then f .h/ W f .x/! f .y/ is an n–homotopy in B and

f�on.hIx;y/D on.f .h/If .x/; f .y//:

As discussed above, a modification z gives a homotopy Oz� between i.x/ and i.y/. Then

on.hIx;y/D .r1/�o.OzI i.x/; i.y//D .r0/�o.OzI i.x/; i.y//D on.h
0
Ix;y/:

The outer two equalities hold because r0 Oz D h and r1 Oz D h0, while the maps r0i D r1i are both
equal to the identity. Using once more that r0 and r1 induce the same maps in homology, we have
on.hIx;y/D on.h

0Ix;y/, as desired.

These in hand, we can finally explain why homotopy classes of twisting sequences are quasi-isomorphism
invariants.

Proposition 1.9 Let f W A! B be a dg-algebra homomorphism which induces an isomorphism on
homology. Then the induced map on homotopy classes of twisting sequence ts.A/! ts.B/ is a bijection.

Proof We will prove both directions by induction.

First we show surjectivity. Suppose b� D .b3; : : : / is a twisting sequence in B. Our goal is to construct a
twisting n–sequence a� in A and an n–homotopy f .a�/! b� via induction on n; doing so for all n gives
us the desired lift-up-to-homotopy.

For the base step, use that f is a quasi-isomorphism to choose a3 2A and h2 2B with dh2D f .a3/�b3.
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Inductively, suppose we have a twisting n–sequence a� D .a3; : : : ; a2n�1/ in A and an n–homotopy
.h2; : : : ; h2n�2/ from f .a�/ to b�. The obstruction to extending a� is given by o.a�/. We know

f�o.a�/D o.f .a�//D o.b�/;

because the two twisting n–sequences are homotopic. But b� is a twisting sequence, defined for all n; there
is no obstruction to extending it. Thus f�o.a�/D 0, and, because f is a quasi-isomorphism, o.a�/D 0.
Thus we may choose an element a0

2nC1
2A extending a� to a twisting .nC1/–sequence. However, after

choosing such an extension, it may be the case that the obstruction to extending the homotopy

o.h�I a
0
�
; b�/D

�
f .a02nC1/� b2nC1C

X
iCjDn

h2jf .a2iC1/� b2iC1h2j

�
is nonzero. If so, pick a cocycle c 2 A so that f .c/ is homologous to this obstruction class, and set
a2nC1 D a0

2nC1
� c. Because c is a cocycle it is clear this is still a twisting .nC1/–sequence, and, by the

explicit formula for the obstruction class, the obstruction class has

o.h�I a�; b�/D o.h�I a
0
�
; b�/� Œc�D 0;

so there is no obstruction to extending the homotopy. Choosing an appropriate h2n, this completes the
induction.

Injectivity falls to a similar argument: one supposes x� and y� are twisting sequences in A, that b� is
a homotopy between f .x�/ and f .y�/, and inductively constructs a homotopy b0

�
from x� to y� and a

modification z� W f .b
0
�
/! b�. The only novelty is that we use modifications between homotopies, instead

of homotopies between twisting sequences.

It is important to point out that, even though f induces a bijection on homotopy classes of twisting
sequences, the bijection is not explicit, and it does not preserve the property of being representable by a
twisting 3–cycle .x3; 0; : : : /. In Section 2 we will see an example of a zigzag of quasi-isomorphisms such
that a twisting 3–cycle .�3; 0; : : : / with Œ�3�D 0 is transferred to a twisting 5–cycle .0; �0

5
; 0; : : : / with

Œ�0
5
�¤ 0. This is a 2–torsion phenomenon, as �0

5
is necessarily a 2–torsion class. In Section 3, our rational

characteristic classes — only valid for Hirsch algebras A — will be used to control this phenomenon.

We conclude this section by reformulating the homotopy relation. As stated, it is not even clear that
this relation is either reflexive or transitive: in the former case the issue is that there is no algebra map
I ! I which “swaps the endpoints” of the interval, and in the latter case, if one has a pair of homotopies
h1 W x! y and h2 W y! z, these define a twisting sequence on the algebra I2˝A (where I2 is the algebra
of cochains on the simplicial interval with two edges), but there is no clear way to induce from this a
homotopy from x to z.

To remedy these, we show that the notion of “homotopy” may be defined with respect to any algebra
which behaves sufficiently well, like cochains on the interval, and that this agrees with our original notion
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of homotopy. This will quickly show that homotopy of twisting sequences is an equivalence relation. It
will be important later that, rationally, I may be replaced with a commutative algebra. First we describe a
suitable class of algebras which can be used in place of I ; in Remark 1.5 we show that a commutative
example exists over the rationals, which is used in the proof of Theorem 3.7.

Definition 1.10 An interval algebra J is a torsion-free, nonnegatively graded, unital dg-algebra equipped
with two dg-algebra quasi-isomorphisms r0; r1 W J ! ZŒ0� such that

r D .r0; r1/ W J ! Z2

is surjective and such that the ri induce the same map in homology.

A homomorphism of interval algebras is a dg-algebra homomorphism f W J ! J 0 such that r 0f D r ;
a quasi-isomorphism of interval algebras is a homomorphism of interval algebras which induces an
isomorphism in homology.

Finally, given an interval algebra J and a dg-algebra A, a J–homotopy between twisting sequences x�

and y� on A is a twisting sequence Nh� on J ˝A such that r0. Nh�/D y� and r1. Nh�/D x�.

If x� and y� are J–homotopic, we write x� �J y�.

Example 1.1 The algebra I D C �
�
.�1/ is the standard and simplest interval algebra; an I–homotopy is

simply a homotopy between twisting sequences.

The algebra IN D C �
�
.�1

N
/, the simplicial cochain algebra of the simplicial interval with N edges, is an

interval algebra when equipped with ri , the restriction maps to fig. An IN –homotopy between twisting
sequences is a sequence of N composable homotopies x�! x1

�
! � � � ! xn�1

�
! y�.

One may also take Ising, the singular cochain algebra of the unit interval, or even the singular cochain
algebra of any acyclic space equipped with two distinct points. An Ising–homotopy is hard to describe in
terms of A itself.

Using the same ideas as the last argument, we can now prove that J–homotopy is independent of the
choice of J. We do this in two steps: first we show that the notion of J–homotopy is independent of J

up to quasi-isomorphism, and then we give a zigzag of interval algebra quasi-isomorphisms between any
two interval algebras.

Lemma 1.11 Let A be a dg-algebra. If x� and y� are twisting sequences in A, and f W J ! J 0 is a
quasi-isomorphism of interval algebras (so r 0if D ri), then x� �J y� if and only if x� �J 0 y�.

Proof If x��J y�, then (by definition) there exists a twisting sequence Nh� on J˝A such that r0. Nh�/Dy�

and r1. Nh�/D x�. Then, because r 0f D r , we see that f . Nh�/ is a J 0–homotopy between these twisting
sequences such that x� �J 0 y�.
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The other direction is more difficult. We are in the situation of the diagram
Nh�? J ˝A

.x�;y�/

Nh0
�

J 0˝A A2

rA

r 0
A

f˝1

We have twisting sequences x� and y� on A, and a twisting sequence Nh0
�

which restricts to these on
J 0˝A, and our goal is to inductively construct a twisting sequence Nh� on J ˝A and a relative homotopy
z� W f . Nh�/! Nh

0
�
, as in the injectivity part of Proposition 1.9.

Before we can carry out this induction, we need to mention some algebraic preliminaries. First, the map
f ˝ 1 is a quasi-isomorphism because J and J 0 are both torsion-free, hence Z–flat; this guarantees that
f ˝1 is a quasi-isomorphism as soon as f is, by a spectral sequence argument as in [Kříž and May 1995,
Part II, Lemma 2.2] (the key point is that submodules of Z–flat modules are Z–flat).

Next, the map f ˝ 1 W ker.rA/! ker.r 0
A
/ is also a quasi-isomorphism. This is because rA and r 0

A
are

surjective, so induce long exact triangles relating the cohomology of ker.rA/;J ˝ A, and A2. The
map f induces a map between these long exact triangles; the map A2!A2 is the identity, and the map
J ˝A! J 0˝A is f ˝ 1, both of which induce isomorphisms on cohomology. The claim now follows
from the five lemma.

We are now prepared to set up our induction. For the base case, arbitrarily choose a cycle Nh3 2 J ˝A and
a chain z2 2 J 0˝A so that rA. Nh3/D .x3;y3/ and dz2 D f . Nh3/� Nh

0
3
, while r 0

A
.z2/D 0. Both of these

steps require some justification:

� Because f ˝1 is a quasi-isomorphism and r 0
A
. Nh0

3
/D .x3;y3/, there exists some cycle H3 2 J ˝A

such that r.H3/ is homologous to .x3;y3/; let’s say rA.H3/CdwD .x3;y3/. Now, because rA is
surjective, there exists some W 2 J ˝A with rA.W /Dw. It follows that Nh3DH3CdW satisfies
the desired properties.

� Now, f . Nh3/� Nh
0
3

is a cycle in ker.r 0
A
/; because

f ˝ 1 W ker.rA/! ker.r 0A/

is a quasi-isomorphism, we may find a cochain `2 ker.rA/ such that f . Nh3C`/� Nh
0
3

is a coboundary
in ker.r 0

A
/. Thusa, replacing Nh3 with Nh3C `, we may choose z2 with the desired properties.

The induction step is similar. Suppose we have chosen a twisting n–sequence Nh� on J ˝A and a relative
n–homotopy f . Nh�/

z�
�! Nh0

�
.

Then the obstruction to extending Nh� to a twisting .nC1/–sequence (which restricts to the desired twisting
sequences via r0 and r1) is a relative cohomology class o. Nh�I r/ 2 H�.ker.rA//. There are similar
obstructions o.f . Nh�/I r

0/ and o. Nh0
�
I r 0/ in H�.ker.r 0

A
//. The latter obstruction vanishes (because this
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sequence is extendable), and the former obstruction is equal to the latter obstruction because the two
twisting n–sequences f . Nh�/ and Nh0

�
are homotopic relative to r 0. Because f is a quasi-isomorphism and

f�o. Nh�I r/D o.f Nh�I r
0/D o. Nh0

�
I r 0/D 0;

we see that o. Nh�I r/D 0, and we may extend our twisting n–sequence Nh� to a twisting .nC1/–sequence
which still has the desired restrictions.

Now we must extend the homotopy. Just as before, the obstruction to doing so may be adjusted arbitrarily
by changing the newly constructed Nh2nC1 by adding a cocycle in ker.rA/; doing so if necessary, we may
extend the homotopy. This completes the induction.

Now let J and J 0 be two arbitrary interval algebras. Then J ˝ J 0 is again an interval algebra, with
endpoint maps r0˝ r 0

0
and r1˝ r 0

1
. Furthermore, the maps i W J ! J ˝ J 0 and i 0 W J 0! J ˝ J 0, given

by i.x/D x˝ 1 and i 0.y/D 1˝y, are maps of interval algebras and quasi-isomorphisms by the same
argument as for f ˝ 1 above.

It follows that, given any interval algebra, there is a zigzag of quasi-isomorphisms of interval algebras
between the standard interval algebra I D C �

�
.�1/ and J. This gives us the following statement:

Corollary 1.12 Given two twisting sequences x� and y� in A, the following are equivalent :

� x� and y� are homotopic.

� There exists an interval algebra J such that x� and y� are J–homotopic.

� For all interval algebras J, the twisting sequences x� and y� are J–homotopic.

Corollary 1.13 The homotopy relation x� � y� on twisting sequences is in fact an equivalence relation.

Proof Reflexivity is clear (set h2n D 0 for all n).

For symmetry, choose an interval algebra J for which there exists a dg-algebra automorphism f W J ! J

such that r1f D r0 and r0f D r1. Then, if x� �J y� via a twisting sequence Nh� on J ˝A, it follows that
y� �J x� via the twisting sequence f . Nh�/. As an example of such a J one may take C �sing.Œ0; 1�/, with f
induced by the continuous map t 7! 1� t .

For transitivity, observe that, if a�
h�
�! b�

j�
�! c� are a pair of homotopies between twisting sequences,

then these define a twisting sequence

Nh2nC1 D e0c2nC1C e1=2b2nC1C e1a2nC1C eŒ0;1=2�j2nC eŒ1=2;1�h2n

on the algebra
I2 D C ��.�

1
2/;
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where �1
2

denotes the simplicial structure on the unit interval with two edges and three vertices. This is
again an interval algebra with r0 given by restriction to f0g and r1 given by restriction to f1g, and Nh� has
r0. Nh�/D c� and r1. Nh�/D a�.

Thus, if a� � b� and b� � c�, then a� �I2
c� (essentially by definition). By the previous corollary, it

follows that a� � c�, as desired.

Remark 1.5 So far we have implicitly worked with algebras over the ground ring Z. If one works over
the rationals Q, then in fact there is a commutative interval algebra, given by the rational polynomial
differential forms on an interval, QŒt; dt �=.dt/2 with d.tn/D ntn�1 and jt j D 1, with restriction maps
given by restricting these differential forms to f0g and f1g, respectively (so that r0.p.t/Cq.t/ dt/Dp.0/

gives the constant term of the 0–form term, and r1.p.t/C q.t/ dt/D p.1/ sums the coefficients of the
0–form term).

This construction does not work integrally: the algebra ZŒt; dt �=.dt/2 is not acyclic, and, if one takes a
divided power algebra Z

�
t; 1

2
t2; 1

6
t3; : : : ; dt

�
=.dt2/, then the second evaluation map lands in the rationals,

not the integers. It seems unlikely to the authors that there is a commutative interval algebra over the
integers.

We conclude with a technical lemma which will be useful later.

Lemma 1.14 Let A be a dg-algebra. Given a twisting sequence x� in A and a coboundary dzDa2A2sC1,
there is a twisting sequence x0

�
homotopic to x� with x2iC1 D x0

2iC1
for i < s, while x2sC1 D x0

2sC1
Ca.

Proof Construct x0
�

and the homotopy by induction. For the base case, we have x0
�

in degrees up to x2sC1,
and may choose h2i D 0 for i < s and h2s D z (so that dh2s D x2sC1�x0

2sC1
).

Inductively, we have an m–sequence x0
�

with the desired properties and an m–homotopy h� from x� to x0
�
,

and we want to extend these to mC 1. The obstruction theory argument is now exactly the same as in
Proposition 1.9: the obstruction to extending x0

�
is identified with the obstruction to extending x�, and

hence is zero; choosing x0
2mC1

, the obstruction to extending h� is possibly nonzero, but may be made
zero by adjusting x0

2mC1
by a cocycle if necessary.

2 Some higher differentials in SU.2/–coupled Morse homology

As a brief aside, in this section we answer a question of Kronheimer and Mrowka by showing that in
general, the integral coupled Morse homology for a family .M;L/ classified by � WM ! SU.2/ is not
determined by the cohomology class ��ŒSU.2/� 2H 3.M IZ/.

Explicitly, we show that there exists such a map such that ��ŒSU.2/� D 0, but the d5 differential on
the twisted homology spectral sequence (equivalently, the coupled Morse homology spectral sequence)
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is nonzero. This will also give us an example of a phenomenon discussed in the previous section:
the existence of a twisting sequence .�3; 0; 0; : : : / in an algebra B such that Œ�3� D 0 but there is a
quasi-isomorphism f W A! B that pulls the sequence back to one of the form .0; �0

5
; 0; : : : / with Œ�0

5
�

nonzero.

In proving Theorem C, we will interpret the differential on the E5–page in terms of a mod 2 Hopf
invariant for the map M ! SU.2/. This Hopf invariant is precisely the cohomology class Œ�0

5
� discussed

above.

We will mostly work in the simplicial model, and comment on the equivalence with the Morse model
at the end of the section. In this section all (co)homology is taken with Z coefficients unless specified
otherwise.

Definition 2.1 Let X be a simplicial complex equipped with a simplicial map

� WX ! SU.2/D S3

which has �� D 0 on third cohomology; write C� for the mapping cone of �. Let x� be any class
in H 3.C�/ such that, under the map i W S3! C� ,

i�x� D 1 2 ZŠH 3.S3/:

The graded-commutativity of cup the product implies that x2
�

is 2–torsion. Consider the composite
isomorphism

H 6.C�/
.p�/�1

�����!H 6.†X / S
�!H 5.X /;

where p W C� ! †X is the collapse map and S is the suspension isomorphism. We define the mod 2

Hopf invariant h.�/ to be the 2–torsion class S.p�x2
�
/ 2H 5.X IZ/.

The Hopf invariant h.�/ is readily seen to be an invariant of the homotopy class of �, because x2
�

is
independent of the choice of lift x� . Indeed, if i�y� D i�x� , then

y2
� �x2

� D .y� �x�/.y� Cx�/:

Now y� �x� represents an element of H 3.C� ;S
3/ŠH 3.†X /, and all cup products

H 3.C� ;S
3/�H 3.C�/!H 6.C� ;S

3/

are zero (the usual proof that cup products of a suspension vanish applies); hence, the cohomology class
y2
�
�x2

�
is zero.

Write x0
3

for a simplicial cocycle on S3 giving the oriented generator of third cohomology. Because
C 6
�
.S3/D 0, we tautologically have that x0

3
is a twisting 3–cycle. We write �3 for the twisting 3–cycle

��x3 on X.
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Lemma 2.2 Let X be a finite-dimensional simplicial complex with a simplicial map � WX ! S3 such
that the induced map �� is zero on third cohomology. Then the spectral sequence for H�tw.X I�3/ has
differential d3 D 0, but differential d5 given by

d5.Œa�˝ 1/D h.�/[ Œa�˝T 2
2H 5.X IZ/˝ZŒT;T �1�;

so that , in particular , d5.1/D h.�/T 2.

Remark 2.1 One should understand this Hopf invariant h.�/ as being the second obstruction to null-
homotoping a twisting sequence .�3; 0; 0; : : : / with Œ�3�D 0. It follows that h.�/ depends on the map
� WX ! S3 only through the homotopy class of the twisting 3–cycle �3 (or, equivalently, the homotopy
class of the composite map to the universal space X ! S3!UT ; see Remark 1.4).

Proof The differential d3 is zero by the assumption that Œ�3�D 0. This means that there is a cochain h2

with dh2C�3 D 0. Following the notation of [McCleary 2001, Theorem 2.6], the class

Œa�˝ 1 2H�.X /˝ZŒT;T �1�DE
�;�
5

is represented by the cochain a˝ 1C h2a˝T. The differential d CL3T, applied to this chain, gives
�3h2a˝T 2. It follows that

d5.Œa�˝ 1/D Œ�3h2a�˝T 2:

We will identify the cohomology class Œ�3h2� with the Hopf invariant h.�/. Notice that C� is naturally a
simplicial set (though not a simplicial complex if � is not injective). For this reason, we will work with
the subcomplex C� of the singular chain complex C

sing
� .C�/ consisting of simplices on S3 and linear

cones on simplices in X, together with an extra vertex to serve as the cone point.3 The linear cone is
ordered so that the cone point is the last point in the simplex, while the ordering on the earlier vertices
coincides with that of X. Then, if � is one of the simplices listed above, for every i the front face �Œ0;i�
and the back face �Œi;k� are simplices in the list too.

It follows that there is a well-defined cup product on the dual C � D Hom.C�;Z/, so the restriction map
C �sing.C�/! C � is a dg-algebra quasi-isomorphism. We may thus compute our x2

�
in

C � Š C ��1
� .X /˚C ��.S

3/;

where the differential is the mapping cone differential

Nd� D

�
dX � .�1/j� jC1���

0 dS3�

�
and the cup product is

.Cx;y/ � .Cx0;y0/D .C.��y [X x0/;y [S3 y0/:

We use our chosen cochain with dh2C �3 D 0, and set x� D .C.h2/;x
0
3
/; this is a cocycle such that

i�x� D 1 2H 3.S3/. Then x2
�
D .C.�3h2/; 0/. The Hopf invariant is obtained by pulling this back under

the maps C 5.X /! C 6.†X /!H 6.C�/; doing so, we obtain the desired result that Œ�3h2�D h.�/.

3Equivalently, C� is the normalized simplicial chain complex C�� .C�/ on the simplicial mapping cone.

Geometry & Topology, Volume 28 (2024)



Monopoles, twisted integral homology, and Hirsch algebras 3721

Using this, we can provide an example of the phenomenon described in Theorem C in the category of
simplicial complexes.

Proposition 2.3 The 5–dimensional complex X D†3RP2 has a map � WX ! S3 such that h.�/¤ 0.
In particular , as

H�.X IZ/D ZŒ0�˚ .Z=2/Œ5�;

from the spectral sequence for twisted cohomology it follows that

H�tw.X I�3/Š ZŒT;T �1�©H�.X IZ/ŒT;T �1�ŠH�tw.X I 0/;

even though Œ�3�D 0.

Proof Consider the set of homotopy classes ŒX;S3�, which we write as �3.X /. This set has a group
structure, coming from the group structure on S3 D SU.2/; maps X ! Y induce group homomorphisms
between the mapping sets �3.Y /! �3.X /. Whenever X is a suspension, this group is abelian.

Thinking of RP2 as the mapping cone of z2 W S1! S1, we get a long cofibration sequence

S1
! S1

!RP2
! S2

! S2
!†RP2

! � � � ;

where the first map is the squaring map of degree 2, and all further maps Sn! Sn are suspensions of
this (so also of degree 2).This gives rise to an exact sequence of mapping sets

� � � ! �3.S5/! �3.S5/! �3.†3RP2/! �3.S4/! �3.S4/! � � � :

The groups �3.S4/D �4.S
3/ and �3.S5/D �5.S

3/ are both isomorphic to Z=2. The outer maps are
the maps induced by the map Sn! Sn of degree 2, hence induce multiplication by 2 (so, zero) on the
above homotopy groups. We thus get a short exact sequence

0! Z=2! �3.X /! Z=2! 0;

so, in particular, there exists a � 2 �3.X / which restricts to the suspension of the Hopf map †� D
f W S4! S3.

Now the mapping cone C� has a CW structure with a single cell of each dimension 0, 3, 5, 6. The 5–cell
is attached along †�D �jS4 2 �4.S

3/; in particular, the 5–skeleton is homotopy equivalent to †CP2.
By the suspension invariance and naturality of Steenrod squares, it follows that

Sq2
WH 3.C� IZ=2/!H 5.C� IZ=2/

is an isomorphism (see for example [Hatcher 2002, Section 4.L]).

Further, there is a collapse map C� ! †4RP2 which is an isomorphism on the cohomology groups
of degrees 5 and 6 (regardless of coefficients); because the integral Bockstein x̌W H 1.RP2

IZ=2/!

H 2.RP2
IZ/ is an isomorphism, the same is true for the integral Bockstein

x̌WH 5.C� IZ=2/!H 6.C� IZ/:
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Thus the integral Steenrod square

Sq3
D x̌ıSq2

ı r WH 3.C� IZ/!H 6.C� IZ/;

where r is the reduction mod 2, is given by

H 3.C� IZ/Š Z mod 2
���! Z=2ŠH 6.C� IZ/:

Thus, if x� 2H 3.C�/ has i�.x�/D 1 2 ZŠH 3.S3/, we have

x2
� D Sq3x� ¤ 0 2H 6.C� IZ/;

as x� is a degree 3 class and Sq2nC1.x/ D x2 for any class x of degree 2nC 1. To see this, write
Nx for the cocycle x taken mod 2. Then, by Steenrod’s original definition via cup-i products (see for
example [Mosher and Tangora 1968, Chapter 2]), when x has degree 2nC1, we have Sq2nŒ Nx�D Œ Nx[1 Nx�.
To calculate the integral Bockstein, observe that we have an integral lift given by x [1 x and that
d.x[1 x/D�2x2; the Bockstein is half the boundary of an integral lift, and hence

Sq2nC1x WD x̌Sq2n
Nx D�x2

D x2;

as x2 is a 2–torsion cohomology class. Finally, because the mod 2 Hopf invariant is given by the image
of x2

�
under the inverse of the isomorphisms

H 5.X /!H 6.†X /!H 6.C�/;

it follows that h.�/¤ 0.

Remark 2.2 The example above is the minimal possible example because a twisting sequence on a 4–
dimensional simplicial complex is zero in degrees 5 and above for degree reasons, hence null-homotopic if
and only if Œx3�D 0. It was found with the observation that a map X !S3 which is trivial in cohomology
factors through the homotopy fiber ��4S3 of the map S3!K.Z; 3/ picking out a generator of its top
cohomology. The 5–skeleton of a minimal cell structure on the space ��4S3 is precisely †3RP2.

To see the connection with twisting sequences, let us point out the following:

Proposition 2.4 There exists a zigzag of dga quasi-isomorphisms between zC �
�
.†3RP2/ and its homology

.Z=2/Œ5�.

Now, this zigzag must transfer .�3; 0; : : : / to some .0; �0
5
; 0; : : : / (because the only degree which could

possibly be nonzero is degree 5). Because the twisted cohomology with respect to this twisting sequence
disagrees with the untwisted homology, it follows that Œ�0

5
� ¤ 0. This is well defined up to homotopy

because in .Z=2/Œ5� there is no differential. We thus have proved the following:

Corollary 2.5 There is a zigzag of dga quasi-isomorphisms for which the homotopy class of some
twisting 3–cycle does not correspond (under the natural bijection) to a class represented by a twisting
3–cycle.

Geometry & Topology, Volume 28 (2024)



Monopoles, twisted integral homology, and Hirsch algebras 3723

Proof of Proposition 2.4 We begin by making some simplifications to the cochain complex of a
suspension. In the following, if A is a nonnegatively graded dg-algebra, write †A for the algebra with
.†A/n DAn�1, differential d†A D�dA, and identically zero product.

For any simplicial set X, there exists a dg-algebra quasi-isomorphism

†� W zC ��.†X /!† zC ��.X /;

where the latter is equipped with trivial product and negative the differential on C �
�
.X /. If one prefers to

work with unital algebras, there is a corresponding homomorphism C �
�
.†X /! ZŒ0�˚†C �

�
.X /, with

trivial product on the codomain except that 1 2 ZŒ0� acts as a unit.

If X is a simplicial set and I D Œ0; 1� the 1–simplex, give I�X the product simplicial structure and x 2X0

a chosen 0–simplex. Then the quotient †X of Œ0; 1��X, obtained by collapsing f0; 1g�X [I �fxg to a
point, is again naturally a simplicial set.

Consider the composite map

zC ��.†X /
p�
�! C ��.I �X; @I �X [ I � fxg/ EZ�

��! C ��.I; @I/˝C ��.X;x/Š†C ��.X;x/Š
z†C ��.X /:

The first map is induced by the simplicial map of pairs

p W .I �X; @I �X [ I � fxg/! .†X; †x/;

hence is a dg-algebra map; in fact, it is a dg-algebra isomorphism (not merely quasi-isomorphism). The
second is the dual of the Eilenberg–Zilber map (sending �i ˝�j to a triangulation of �i ��j ). Giving
the tensor product the differential d.a˝ b/D da˝ bC .�1/jaja˝ db and product

.a˝ b/.a0˝ b0/D .�1/ja
0jjbjaa0˝ bb0;

EZ� is a dg-algebra map and a quasi-isomorphism, as computed in [Eilenberg and Moore 1966, Assertion
(17.6)].

Now C �
�
.I; @I/ Š ZŒ1� is a 1–dimension algebra with generator eI in degree 1 and trivial product.

The second-to-last isomorphism simplifies to ZŒ1�˝ A D †A, and the final isomorphism is simply
C �.X;x/Š zC �.X /. Every map given above is a dg-algebra quasi-isomorphism; hence, the composite is
as well.

To prove the result, set A D zC �
�
.†3RP2/. By the above discussion, there exists a dg-algebra quasi-

isomorphism zC �
�
.†3RP2/!† zC �

�
.†2RP2/, where the codomain is equipped with the trivial product.

Now†2RP2 has reduced homology Z=2 in degree 3 and zero otherwise. Choose a simplicial generator x3

and an element x4 with dx4D�2x3. Shifting up one in degree, write AR DZŒ4�˚ZŒ5� with differential
dy5 D 2y4 and trivial product; there is a dg-algebra quasi-isomorphism AR!† zC �

�
.†2RP2/, given by

sending y4 to x3Œ1� and y5 to x4Œ1�.
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Finally, there is a dg-algebra quasi-isomorphism AR ! .Z=2/Œ5�. We have thus constructed a zigzag
of quasi-isomorphisms between zC �

�
.†3RP2/ and its homology .Z=2/Œ5�; passing to unital versions of

the previous constructions, we have a zigzag of dg-algebra quasi-isomorphisms from C �.†3RP2/ to
ZŒ0�˚ .Z=2/Œ5�DH�.†3RP2/.

Proof of Theorem C Going back to coupled Morse theory, we can consider M0 to be a smooth manifold
with boundary, homotopy equivalent to †3RP2 (eg the regular neighborhood of some embedding
†3RP2 ,!Rn for n� 11); the definitions and constructions in [Kronheimer and Mrowka 2007] readily
generalize to the case of manifolds with boundary, and provide examples of the desired phenomenon in
this setting.

To obtain a closed example, we can simply take the double manifold DM0, using the fact that the map
� WM0 ! SU.2/ naturally extends to x� W DM0 ! SU.2/. It follows quickly from the cohomological
description of the Hopf invariant above that it is natural under pullback: if f W X ! S3 is zero in
cohomology and g WY !X is a map, then h.fg/Dg�h.f /. Because we have an inclusion i W†3RP2

!

DM0 and � D x� ı i , it follows that i�h.x�/D h.�/ is nontrivial, so, in particular, h.x�/ is nontrivial. It
follows from Lemma 2.2 that the E5–page of the twisted cohomology spectral sequence for .DM0; x�/

has nonzero differential.

Notice that the above examples show that the coupled Morse cohomology spectral sequence has a nontrivial
differential even though d3 D 0. But the smooth manifold .DM0; x�/ also provides an example where the
homology spectral sequence has a nontrivial higher differential but d3 D 0, because the Poincaré duality
map C �.DM0/!C�.DM0/ given by x 7! x\ ŒDM0� is a quasi-isomorphism (by Poincaré duality) and
a module map (by elementary properties of the cap product). It follows that the twisted (co)homology
spectral sequences also satisfy Poincaré duality, and, in particular, d5 is also nonvanishing in the twisted
homology spectral sequence.

3 Hirsch algebras and higher structure on twisting sequences

Given a dga map f W A! B, we will want to understand the induced map ts.f / W ts.A/! ts.B/ on
homotopy classes of twisting sequences. One traditional way to understand such maps is to produce
characteristic classes, elements Fn.x�/ in cohomology associated to each homotopy class of twisting
sequence which are natural under dga maps.

One of these is easy to produce; because dx3 D 0, we may take F1.x�/D Œx3�. This is certainly natural
for dga maps, as F1.f .x�//D Œf .x3/�D f�Œx3�. In degree 5, this is not so easy; now dx5 D�x2

3
, and

to produce some natural cocycle we would need a canonical element e.x3/ with de.x3/D�x2
3

.

Suppose A is homotopy commutative; this means that A is equipped with an operator [1 which gives
a null-homotopy of the graded commutator Œx;y�D xy � .�1/jxjjyjyx. The original such product was
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Steenrod’s product [1947] on simplicial cochains. Given such an operation, d.x3[1 x3/D 2x2
3

, and one
may take (with rational coefficients) e.x3/D�

1
2
x3[1 x3.

To extend this to higher degrees, one needs a compatibility relation between the cup-1 product and the
product, called a Hirsch formula. A left Hirsch formula [1955] holds for simplicial cochains, but the
corresponding right Hirsch formula fails. On the other hand, neither Hirsch formula holds for cubical
cochains. A suitable setting for higher characteristic classes is given by Hirsch algebras, which include a
cup-1 product and coherent homotopies correcting for the failure of the Hirsch formula.

3.1 Definitions

The following definition is from [Saneblidze 2016]:

Definition 3.1 A Hirsch algebra is an associative differential-graded algebra A equipped with the
additional structure of maps

Ep;q WA
˝p
˝A˝q

!A

of degree 1 � p � q for each p; q � 0 with p C q � 1; we demand that E1;0 D E0;1 D Id, while
E0;p DEp;0 D 0 for p > 1, and we also demand that

dEp;q.a1; : : : ; apI b1; : : : ; bq/

D

X
1�i�p

.�1/�
a
i�1Ep;q.a1; : : : ; dai ; : : : ; apI b1; : : : ; bq/

C

X
1�j�q

.�1/�
a
pC�

b
j�1Ep;q.a1; : : : ; apI b1; : : : ; dbj ; : : : ; bq/

C

X
1�i<p

.�1/�
a
i Ep�1;q.a1; : : : ; aiaiC1; : : : ; apI b1; : : : ; bq/

C

X
1�j<q

.�1/�
a
pC�

b
j Ep;q�1.a1; : : : ; apI b1; : : : ; bj bjC1; : : : ; bq/

C

X
0�i�p
0�j�q

.i;j/¤.0;0/

.�1/�i;j Ei;j .a1; : : : ; ai I b1; : : : ; bj / �Ep�i;q�j .aiC1; : : : ; apI bjC1; : : : ; bq/;

where �x
i D jx1jC� � �Cjxi jC i and �i;j D �

a
i C�

b
j C.�

a
i C�

a
p/�

b
j C1, where all appearances of �a

i and �b
j

above refer to the strings .a1; : : : ; ap/ and .b1; : : : ; bq/. Here jaj refers to the degree in A, not the degree
in AŒ�1�.4

The two main examples are the simplicial and cubical cochain algebras. We describe explicitly these
operations in Section 4 using the operadic technology of [Medina-Mardones 2020]; the reader might find

4If one instead preferred to write this in terms of the degree of Œa� as an element of AŒ�1�, given by jaj�1 D jaj � 1, one could
simplify the expression to �a

i D ja1j�1C � � �C jai j�1.
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it enlightening to get familiar with these before looking at the discussion of twisting sequences later in
this section.

There are two useful ways of understanding this structure. First, it asserts that the product on A is
homotopy commutative in a way which is homotopy-coherently associative. The operation E1;1 satisfies

(3-1) dE1;1.aI b/�E1;1.daI b/C .�1/jajE1;1.aI db/D .�1/jajab� .�1/jaj.jbjC1/baI

hence, it defines a homotopy between the two maps A˝A! A given by .a; b/ 7! ab and .a; b/ 7!
.�1/jajjbjba. In the simplicial world, E1;1 behaves up to an overall sign (depending on the grading of
the entries) as Steenrod’s cup-1 product. Steenrod’s cup-1 product satisfies a useful additional property,
the left Hirsch formula [1955],

.ab/[1 c D a.b[1 c/C .�1/jbj.jcjC1/.a[1 c/b:

This formula does not hold for E1;1 in general, and in particular fails in the setting of cubical cochains,
which we will need below.

However, E2;1 is a homotopy between the two sides of the given equation, while E1;2 is a homotopy
which demonstrates that a similar right Hirsch formula (which does not hold in the simplicial setting) at
least holds up to homotopy. Very explicitly, we have the homotopy Hirsch formulas

dE2;1.a; bI c/DE2;1.da; bI c/� .�1/jajE2;1.a; dbI c/C .�1/jajCjbjE2;1.a; bI dc/

� .�1/jajE1;1.abI c/C .�1/jajCjbj.jcjC1/E1;1.aI c/bC .�1/jajaE1;1.bI c/

and

dE1;2.aI b; c/DE1;2.daI b; c/� .�1/jajE1;2.aI db; c/C .�1/jajCjbjE1;2.aI b; dc/

C .�1/jajCjbjE1;1.aI bc/� .�1/jajCjbjE1;1.aI b/c � .�1/jaj.jbjC1/bE1;1.aI c/:

The operations Ep;q encode the higher homotopy-associativity of these operations.

A second more algebraic perspective on Hirsch algebras will be very useful to us below: it is the structure
of a dg-bialgebra (to be defined below) on the bar construction BA. We shall make this explicit.

Given a graded abelian group A, the bar construction is given as

BAD
M
n�0

AŒ�1�˝n:

We write a generic element of this space as Œa1 j � � � j an�, and write 1D Œ � for the empty string. The bar
construction BA is a coalgebra with comultiplication

�Œa1 j � � � j an�D
X

0�i�n

Œa1 j � � � j ai �˝ ŒaiC1 j � � � j an�:

This is coassociative and counital. It will be sometimes convenient to write .BA/n DAŒ�1�˝n for the
summand corresponding to the tensor product of n copies of A.
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When A is also given the structure of a differential graded algebra, BA then inherits a differential making
it into a dg-coalgebra, given as

d Œa1 j � � � j an�D�
X

1�i�n

.�1/�
a
i�1 Œa1 j � � � j dai j � � � j an��

X
1�i�n�1

.�1/�
a
i Œa1 j � � � j aiaiC1 j � � � j an�;

where the signs � are those from Definition 3.1, with the same conventions.

In fact, the structure of “a differential on BA giving it the structure of a dg-coalgebra” is equivalent the
structure of an A1–algebra on A; up to an overall sign one may recover the nth structure operation mn

among the A1–operations as the component

A˝nŒ�n�D .BA/n! .BA/1 DAŒ�1�

of d W BA! BA. All of our examples will be dg-algebras, so we restrict to that setting. The crucial
observation for us is that a Hirsch algebra takes this one level further.

Theorem 3.2 Let A be an associative dg-algebra , so that BA carries the structure of a dg-coalgebra.

Then the data of a Hirsch algebra structure on A is equivalent to the data of a choice of multiplication
� W BA˝BA! BA making it into a dg-bialgebra with not necessarily associative product and for
which Œ � is a unit.

Given such a multiplication �, one may recover the operations Ep;q as

Ep;q.a1; : : : ; apI b1; : : : ; bq/D �
1.Œa1 j � � � j ap �; Œb1 j � � � j bq �/;

where �1 is the composite BA˝BA! BA
p1
�!A, where the final map projects to .BA/1 and follows

the degree �1 isomorphism .BA/1 ŠA.

This is proved, among other places, in [Voronov 2000, Section 2]. In fact, Voronov discusses a mild
generalization: a “B1 structure”, which precisely corresponds to the structure of a dg-bialgebra on BA

extending its natural coalgebra structure. This amounts to saying that A is an A1–algebra and carries a
set of operations Ep;q satisfying a mild modification of those written above for Hirsch algebras. Voronov
furthermore determines when this map � is associative, but we will not need associativity and so do not
discuss it further.

The demand that this is a dg-bialgebra means that � W BA˝BA! BA is a chain map, and that the
following diagram commutes:

.BA˝BA/˝ .BA˝BA/ .BA˝BA/˝ .BA˝BA/

BA˝BA BA˝BA

BA

1˝�˝1

�˝� �˝�

� �

Here � W BA˝BA! BA˝BA sends x˝y 7! .�1/jxjjyjy˝x.
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The fact that this is a dg-bialgebra allows us to compute the component �k W .BA˝ BA/! .BA/k

from �1, as follows. We define

rk W .BA˝BA/! .BA˝BA/˝k

inductively as follows. Set r1 D Id and let r2 DrBA˝BA be the coproduct given by

rBA˝BA D .1˝ � ˝ 1/.�˝�/;

where the map � is the swap map given by �.x˝y/D .�1/jxjjyjy˝x. Then define

rkC1 D .r2˝ 1.BA/˝2k / ırk :

Then the component �k W .BA˝BA/! .BA/k ŠA˝k is given by the composite .�1/˝k ırk .

3.2 Twisting sequences in Hirsch algebras

Now that we have seen the relationship between dg-algebra and Hirsch algebra structures on A to various
structures on BA, we can exploit that structure to get new results on twisting sequences. Recall that
g 2 BA is grouplike if �g D g˝g.

Proposition 3.3 Let A be a dg-algebra , and say a twisting element of A is a degree 1 element with
dxCx2 D 0. There is a canonical bijection from the set of twisting elements in A to the set of (degree 0)
grouplike cocycles in BA whose .BA/0 component is 1.

If A is a dg-algebra , twisting sequences in A are twisting elements of AŒŒT �� of the form x3TCx5T 2C� � � ;
that is , they are twisting elements which lie in TAŒŒT ��. Here jT j D �2.

Then the above construction gives a bijection between TS.A/ and grouplike elements of B.AŒŒT ��/ lying
in 1CTBAŒŒT �� whose .BA/0 component is 1.

If one is being careful, one should interpret the expression B.AŒŒT ��/ as the bar construction in the category
of ZŒŒT ��–algebras; it is the sum M

n�0

A˝nŒŒT ��Œ�1�I

we allow ourselves to distribute T across tensor summands.

Proof For any graded abelian group A, there is a canonical bijection between grouplike elements of BA

with first term 1 and elements of A. For, if a 2A, then

g.a/D 1C Œa�C Œa j a�C � � �

is grouplike; on the other hand, suppose g is a grouplike element with lowest term 1. Inductively assume
that

g D 1C Œa�C � � �C Œa j � � � j a�C

NX
iD1

Œai
1 j � � � j a

i
n�C � � � ;
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where we have written the term with n tensor factors as a sum of as few elementary tensors as possible.
Computing �g and comparing its part with n tensor summands to g˝g, we see that

Œa�˝ Œa j � � � j a�D

NX
iD1

Œai
1�˝ Œa

i
2 j � � � j a

i
n�:

Because the right-hand side is written as a sum of as few elementary tensors as possible, but the left-hand
side is a single elementary tensor, we see that in fact N D 1 and Œai

1
j � � � j ai

n�D Œa j � � � j a�. By induction,
every grouplike element with first term 1 arises as g.a/ for some unique a.

Next we investigate the condition that dg.a/D 0. It is straightforward to see that

dg.a/D�Œda�� Œa2�� Œda j a�� Œa j da�� Œa2
j a�� Œa j a2�C � � � I

from this, we see immediately that, if dg.a/D 0, we have daC a2 D 0 (because the .BA/1 component
of dg.a/ is, up to sign, daCa2), while, conversely, if daCa2D 0, one may see explicitly that dg.a/D 0.

It is now easy to see that the condition

d.x3T Cx5T 2
C � � � /C .x3T Cx5T 2

C � � � /2 D 0

gives, for each power of T, the conditions dx3 D 0, dx5Cx2
3
D 0; : : : , which define twisting sequences,

giving the stated relationship between twisting sequences in A and twisting elements of AŒŒT ��.

To conclude, observe that the condition that our twisting sequence take the form x3T C x5T 2 C � � �

corresponds to asking our grouplike cocycle in BAŒŒT �� to be of the form

1C Œx3�T C .Œx5�C Œx3 jx3�/T
2
C � � �

as an element in 1CTBAŒŒT ��.

Proposition 3.3 is quite surprising because there is no obvious product operation on twisting sequences.
However, given any dg-bialgebra, there is a product operation on its grouplike cocycles: if g and h are
grouplike cocycles (of degree 0), then

d�.g; h/D �.d Œg˝ h�/D �.0; 0/D 0;

while
��.g; h/D .�˝�/.1˝ � ˝ 1/.�˝�/.g; h/

D .�˝�/.1˝ � ˝ 1/.g˝g˝ h˝ h/

D .�˝�/.g˝ h˝g˝ h/

D �.g; h/˝�.g; h/;

so the product of grouplike elements is also again grouplike. Applying this to the previous proposition and
using the explicit formula for the .BA/1 component of �.g.x/;g.y//, we immediately get the following
corollary:
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Corollary 3.4 For any Hirsch algebra A, there is a product operation � WTS.A/�TS.A/!TS.A/ which
gives rise to a functor from the category of Hirsch algebras to the category of unital magmas.

Explicitly, if x� and y� are twisting sequences , suppose y2iC1 D 0 for all i < n. Then �.x�;y�/2iC1 D

x2iC1 for i < n and �.x�;y�/2nC1 D x2nC1Cy2nC1. In general ,

�.x�;y�/2kC1 D

X
(m;n/>.0;0/

i1;:::;im;j1;:::;jn�1
i1C���CimCj1C���CjnDk

Em;n.x2i1C1; : : : ;x2imC1Iy2j1C1; : : : ;y2jnC1/:

In particular , �.0;x�/D x� D �.x�; 0/.

Recall here that, for a Hirsch algebra A, the product on BA need not be associative, so this does not
promote TS.A/ into a monoid. When A D C �.X IZ/, the product � on BA is indeed associative, so
TS.A/ has an associative and unital product, but for our purposes below we will need to work with cubical
cochains, where � is certainly not associative.

Remark 3.1 In fact, this product descends to a well-defined product on homotopy classes

h� W ts.A/� ts.A/! ts.A/

To see why this is true, one needs to prove that there is a B1–algebra modeling the unit interval I, with
two B1–maps to Z with trivial B1 structure, and further that there is a suitable notion of B1–tensor
product structure on I ˝A. Because a homotopy between twisting sequences is a twisting sequence
on I ˝A extending the two, the claim follows.

Further, it should be true that every B1–algebra may be strictified to one with associative product; this
would imply that, for any B1–algebra A, the homotopy classes of twisting sequences ts.A/ inherit the
structure of an associative monoid. Lastly, it should also be true that every element of ts.A/ is invertible,
by using the product � to iteratively kill off the first nonzero term in a twisting sequence. It takes some
effort to give a careful proof of this fact, including a proof that there is a meaningful notion of limit of
elements of ts.A/ (coming from an appropriate complete Hausdorff filtration). Therefore ts.A/ should
actually be a group for an arbitrary B1–algebra A. Because we will not make use of these in our
arguments below, we are content to leave these as remarks.

The last general result we will make use of is the following, which asserts that, in a rational Hirsch algebra,
there is no obstruction to extending a given cocycle a 2Z.A/2nC1 to a twisting sequence beginning at a.
In fact, there is a canonical such extension.

Proposition 3.5 (the Kraines construction) Let A be a Hirsch Q–algebra; write

Z.A/odd
D

G
n�1

Z.A/2nC1

for the set of homogeneous odd-degree cocycles of degree at least 3. Then there is a canonical map

K WZ.A/odd
! TS.A/
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such that , if a 2Z.A/2nC1, then K.a/2iC1 D 0 for i < n and K.a/2nC1 D a. The function K is natural
under Hirsch algebra maps.

Proof We take the perspective of grouplike cocycles in BAŒŒT ��. The element a 2A2nC1 corresponds to
an element Œa�T n in BAŒŒT ��. Define even-degree elements am inductively by iterated left multiplication
by Œa�. Precisely, set a0 D 1 and am D �.Œa�; am�1/ (so in particular a1 D Œa�). Then define

exp.a/D 1C

1X
mD1

am

m!
T nm:

We suppress T from the notation in what follows. To get a sense for these ai , observe that one can
explicitly compute the first couple of ai directly from the definition of the operation � (and in particular
the components �k):

a2 D 2Œa j a�C ŒE1;1.aI a/�;

a3 D 6Œa j a j a�C 2ŒE1;1.aI a/ j a�C 2Œa jE1;1.aI a/�C 2ŒE1;2.aI a; a/�C ŒE1;1.aIE1;1.aI a//�:

Lemma 3.6 below gives a formula for am in general; for the purposes of this argument, we need not be
so explicit.

Let us show that exp.a/ is a grouplike cocycle. To argue this, we will inductively compute dam D 0 and
�amD

Pm
iD0

�
m
i

�
ai˝am�i . For the first, note that d Œa�D0 and d�.x;y/D�.dx;y/C.�1/jxj�.x; dy/,

so d�.Œa�; am�1/D �.0; am�1/˙�.Œa�; 0/D 0 by induction.

For the second fact, we have �a0 D a0˝ a0 by definition, and, by induction,

��.Œa�; am�1/D .�˝�/.1˝ � ˝ 1/.�˝�/.Œa�˝ am�1/

D .�˝�/.1˝ � ˝ 1/
�
.1˝ Œa�C Œa�˝ 1/˝

�X�m�1

i

�
ai ˝ am�i�1

��
D .�˝�/

�m�1X
iD0

�m�1

i

�
.1˝ ai/˝ .Œa�˝ am�i�1/C .Œa�˝ ai/˝ .1˝ am�i�1/

�

D

m�1X
iD0

�m�1

i

�
.ai ˝ am�i C aiC1˝ am�i�1/

D

mX
iD0

��m�1

i

�
C

�m�1

i�1

��
ai ˝ am�i :

Combining this with the recurrence relation
�
m�1
i�1

�
C
�
m�1

i

�
D
�
m
i

�
, this reduces to

�am D

mX
iD0

�m

i

�
ai ˝ am�i ;

completing the desired induction.
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This in hand, we see that

� exp.a/D
1X

mD0

�.am/

m!
D

1X
mD0

Pm
iD0

�
m
i

�
ai ˝ am�i

m!

D

X
i;j�0

1

.i C j /!

� iCj

i

�
ai ˝ aj

D

X
i;j�0

ai ˝ aj

i !j !

D exp.a/˝ exp.a/;

so exp.a/ is indeed a grouplike cocycle, as desired. Now we define K.a/ to be the twisting with
exp.a/D g.K.a//; equivalently, take K.a/ to be the .BA/1 component of exp.a/.

Because the only tool used in this construction is the product � on BA (given to us by the Hirsch structure
on A), it is clear that K is natural for maps of Hirsch algebras.

Remark 3.2 One can show that K descends to a map from odd cohomology to ts.A/. However, it
does not seem to be a group homomorphism in general on any H 2nC1.A/; it seems that one needs to
assume some further homotopy-commutativity of A (more precisely, the operation E1;1 should itself be
homotopy-commutative, in a way which is associative up to higher homotopies). This will not be relevant
to us and so we do not explore it further.

Remark 3.3 When AD C �
�
.X IZ/ for a simplicial set X, the definition of K.a/ simplifies if one uses

right multiplication instead of left multiplication. This is because the relevant higher operations Em;1 are
all zero on C �

�
.X /.

When these higher operations vanish and we define K.a/ using right multiplication, write E1;1.a; b/D

a[1 b. Then K.a/ has the form K.a/2nC1 D a, K.a/4nC1 D
1
2
a[1 a, and

K.a/6nC1 D
1
6
.a[1 a/[1 a;

and so on; all higher terms are given by iterated cup-1 products. All other K.a/2iC1 are zero.

This construction via right multiplication appears in the proof of [Kraines 1966, Lemma 16], and this
argument led (directly or indirectly) to many of the ideas of this paper. We call the class K.a/ the
Kraines construction on a in reference to this lemma, though it might rightfully be called the Kraines–
Saneblidze construction: the extension to Hirsch algebras described above first appears in [Saneblidze
2016, Section 3.3].

In our application, it will be more convenient to use left-bracketed multiplication, which is why we prefer
that convention.
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The general formula for the higher terms in K.a/ is complicated, because the formula for the multiplication
� is complicated. It is given as a sum over iterated applications of the operations p!E1;p to copies of a,
where the term after the semicolon is always a; for instance,

2E1;2.aIE1;1.aI a/;E1;1.aI a//

appears in K.a/10nC1. It is difficult to make all of this explicit. Instead of proving the above (which is
not the most useful way to phrase it), we will extract exactly what will be useful for us later.

The following lemma is quite tedious and technical. A reader may prefer to skip it for now and return
later when we find use for it in studying the minimal torus.

Lemma 3.6 Let A be a Hirsch algebra. Define �n WA
˝n! BA recursively, by �1.a/D Œa� and

�n.a1; : : : ; an/D �.Œa1�; �n�1.a2; : : : ; an//:

Denote by
�k

n WA
˝n
! .BA/k ŠA˝k

the k th component of this map. Suppose a1; : : : ; an are all odd-degree elements in A. Then

�k
n.a1; : : : ; an/D

X
partitions of f1;:::;ng

into an ordered list of k nonempty sets
I1;:::;Ik�f1;:::;ng

Œ�1.aI1
/ j � � � j�1.aIk

/�:

Here , if Ij D fi1 < � � �< img, then one interprets �1.aIk
/D �1

m.ai1
; : : : ; aim

/ with �1
m WA

˝m!A.

Remark 3.4 In general, if not all ai are odd-degree elements, there are some additional signs.

Notice that, for instance, if nD 3, this includes the entire symmetric expression

Œa1 j a2 j a3�C Œa1 j a3 j a2�C Œa2 j a1 j a3�C Œa2 j a3 j a1�C Œa3 j a1 j a2�C Œa3 j a2 j a1�I

this is implicit in the statement “ordered list of k nonempty sets”, which means we know the order we
list the subsets .I1; : : : ; Ik/.

Proof The map �k
n is defined (inductively) as the composition

A˝n
DA˝A˝.n�1/ s˝�n�1

�����! BA˝BA �k

�! .BA/k DA˝k

with s.a/D Œa� and �k the component of � WBA˝BA!BA landing in .BA/k . Recall from the end of
Section 3.1 that the component �k W .BA˝BA/! .BA/k ŠA˝k is given by the composite .�1/˝k ırk ,
where rk is an iterated composite of the coproduct on BA˝ BA. There is a sign appearing in the
definition of rk via the swap symmetry, but in the case we are interested in all terms which appear have
even degree in BA, so the sign in the swap symmetry is completely irrelevant to us.
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Writing EaD Œa1 j � � � j am� and Eb D Œb1 j � � � j bn�, we have the explicit formula

rk.Ea˝ Eb/D
X

0�i1�����ik�m
0�j1�����jk�n

.EaŒ1;i1�˝
EbŒ1;j1�/˝ � � �˝ .EaŒikC1;m�˝

EbŒjkC1;n�/:

Here we write EaŒi;j � D Œai j aiC1 j � � � j aj �, interpreting this as the unit 1 2 .BA/0 when i D j C 1. In the
special case of interest, this becomes

rk.Œa1�; Œa2 j � � � j an�/D
X

1�i1�����ik�n
0�j�k

.1˝ EaŒ2;i1�/˝ � � �˝ .Œa1�˝ EaŒijC1;ijC1�/˝ � � �˝ .1˝ EaŒikC1;n�/:

That is, we break the second vector into k sequential pieces, and insert Œa1� next to one of them (leaving
1 next to everything else).

Using these formulas, let us prove the desired claim by induction on n. For nD 1 and any k, the formula
holds tautologically. Suppose the given formula holds for all �k

m for all m< n and all k. We will verify
the formula for �k

n . For sake of space we make two further notational simplifications: if

I D fi1 < � � �< ikg � f1; : : : ; ng;

we write
�1.I/D �1.aI /D �

1.ai1
; : : : ; aik

/:

Further, if I1; : : : ; Im � f1; : : : ; ng is a list of subsets, we write

�1.I1 j � � � j Im/D Œ�
1.I1/ j � � � j�

1.Im/�:

Our inductive hypothesis gives that

�n�1.a2; : : : ; an/D
X

partitions of f2;:::;ng
into an ordered list of nonempty sets

I1;:::;Ik�f2;:::;ng

�1.I1 j � � � j Ik/;

where here we sum over all k. To compute the k th component of �.Œa1�; �n�1.a2; : : : ; an//, we must
first compute

rk.Œa1�˝�n�1.a2; : : : ; an//:

By the descriptions of rk above and the inductive formula for �n�1, this is given by

rk.Œa1�˝�n�1/

Drk

� X
partitions of f2;:::;ng

into an ordered list of nonempty sets
I1;:::;Im�f2;:::;ng

Œa1�˝�
1.I1 j � � � j Im/

�

D

X
m�1

I1;:::;Im as above
0�i1�����ik�m

0�j�k

.1˝�1.I1 j� � �jIi1
//˝� � �˝.Œa1�˝�

1.IijC1 j� � �jIijC1
//˝� � �˝.1˝�1.IikC1 j� � �jIm//:
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Finally, applying .�1/˝k does nothing to most of these components. Any component 1˝ 1 is sent to
zero (so we may reindex the sum over 0 < i1 < � � � < ik <m); any component 1˝ a is sent to a. The
remaining interesting component is the one with a1. Renaming the sets IijC1; : : : ; IijC1

to J1; : : : ;Jk

for convenience, write J D J1[ � � � [Jk . ConsiderX
partitions of J

into an ordered list of nonempty subsets
J 0

1
;:::;J 0m

�.Œa1�; �m.J
0
1 j � � � jJ

0
m//:

By the inductive hypothesis, this is precisely �.Œa1�; �
1.J //, and by the recursive definition of � this is

precisely what we call �1.f1g[J /. Setting

m0 Dm� .ijC1� 1� ij /

and

I 0k D

8<:
Ik if k � ij ;

f1g[ IijC1[ � � � [ IijC1
if k D ij C 1;

IkCijC1�1�ij if k > ij C 1;

we may thus reindex the above sum as X
partitions of f1;:::;ng

into an ordered list of nonempty subsets
I 0

1
;:::;I 0

m0

�1.I 01 j � � � j I
0
m0/:

This completes the induction.

3.3 Characteristic classes of twisting sequences

By combining the previous sections, we are able to construct characteristic classes of twisting sequences
which completely characterize their homotopy classes — so long as the algebra has torsion-free co-
homology. In the case of spaces, these should be intuitively thought of as the pullbacks of certain
odd-degree elements in the rational cohomology of the classifying space UT in (1-1), whence the name.

Theorem 3.7 Let A be a Hirsch algebra. There are maps Fn W ts.A/!H 2nC1.A/˝Q which are natural
for Hirsch algebra maps f WA! B. These satisfy the following properties:

(1) If x2iC1 D 0 for all i < n, then Fn.x�/D Œx2nC1�.

(2) If a 2A2nC1 is a cocycle , then FnK.a/D Œa� and FmK.a/D 0 for all m¤ n.

(3) If A has torsion-free cohomology and Fi.x�/ D Fi.y�/ for all i � n, then x� is homotopic to a
twisting sequence x0

�
with x0

2iC1
D y2iC1 for all i � n. If the cohomology of A is torsion-free ,

supported in bounded degrees , and Fn.x�/D Fn.y�/ for all n, then x� is homotopic to y�.
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Proof We will outline a construction of Fn.x/ given a twisting sequence x; this construction will only
use the operations given by a Hirsch algebra structure, and so will transparently be natural. It will remain
to show that these are homotopy invariants satisfying the given properties.

Given a twisting sequence x�, we will iteratively construct twisting sequences K.n/.x�/ in AQ with
K.n/.x�/2iC1 D x2iC1 for all i < n. These will be called the Kraines approximations to x�.

The element c2nC1 D x2nC1�K.n/.x�/2nC1 is a cocycle, because

dc2nC1 D�

X
iCjDn
i;j�1

x2iC1x2jC1C

X
iCjDn
i;j�1

K.n/.x�/2iC1K.n/.x�/2jC1 D 0;

because x2iC1 DK.n/.x�/2iC1 for i < n. We will set

Fn.x�/D Œc2nC1�D Œx2nC1�K.n/.x�/2nC1�:

That is, each characteristic class is the obstruction to finding a homotopy x�!K.n/.x�/.

As for the construction, set K.1/.x�/D 0, so that F1.x�/D Œx3�. Inductively, using the product operation
of Corollary 3.4, set

K.nC1/.x�/D �.K.c2nC1/;K.n/.x�//:

The twisting sequences K.nC1/.x�/ and K.n/.x�/ agree through degree 2n�1 because K.c2nC1/2iC1D 0

for i < n, but is equal to
K.n/.x�/2nC1C c2nC1 D x2nC1

in degree 2nC 1, the equality following by definition of c2nC1. It follows that K.nC1/.x�/2iC1 D x2iC1

for i � n.

Therefore, we have constructed K.n/.x�/ with the desired properties, and thus we have also constructed
the characteristic classes of twisting sequences.

Notice that, because the Kraines construction K.a/ is natural for Hirsch algebra maps f WA! B, and
the product � of twisting sequences is natural for Hirsch algebra maps, these characteristic classes are
also natural for Hirsch algebra maps f WA! B.

To see that these are homotopy invariants, first observe that, because this construction factors through AQ,
it suffices to show that they are homotopy invariants for rational Hirsch algebras. Over the rationals, we
exhibited a commutative interval algebra in Remark 1.5; recall that this is QŒt; dt �=.dt/2, where jt j D 0

and jdt j D 1 and d.tn/D ntn�1 dt . It then suffices to observe that, if A is a rational Hirsch algebra, so is
A˝QŒt; dt �=.dt/2. Explicitly,

Ep;q.a1tn1.dt/m1 ; : : : ; aptnp .dt/mp I b1tn0
1.dt/m

0
1 ; : : : ; bqtn0q .dt/m

0
q /

D˙Ep;q.a1; : : : ; apI b1; : : : ; bq/t
P

nCn0.dt/
P

mCm0 :
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The signs arise from the Koszul sign rule when commuting the single nonzero copy of dt to the right-hand
side of the expression (if two appear, the whole expression is zero). A straightforward but tedious
computation shows that this defines a Hirsch algebra structure on AŒt; dt �=.dt/2. Two twisting sequences
in A are homotopic if and only if there is a twisting sequence on AŒt; dt �=.dt/2 restricting to the two. It
follows from naturality that, if x and y are homotopic, then Fn.x/D Fn.y/ for all n.

Now we move on to verifying the three claimed properties.

(1) If x2iC1 D 0 for all i < n, then the first stages of this construction are given by multiplication with
K.0/D 0, which changes nothing; so K.n/.x�/D 0. It follows that Fn.x/D Œx2nC1� 0�D Œx2nC1�, as
claimed.

(2) If a 2 A2nC1 is an odd cocycle, then the first n Kraines approximations have K.n/K.a/ D 0, so
FmK.a/D 0 for m< n and FnK.a/D Œa� 0�D Œa�. On the other hand,

K.nC1/.K.a// WD �.K.a/;K.n/.K.a//D �.K.a/; 0/DK.a/:

Because K.a/DK.nC1/K.a/, this approximation is perfect, and there are no obstructions to finding a
homotopy between these. All higher characteristic classes are zero.

(3) We will prove the final claim by induction. It is tautologous for the case n D 0. Inductively,
suppose that Fi.x�/D Fi.y�/ for all i � n and that x� is homotopic to a twisting sequence x0

�
such that

x0
2iC1

D y2iC1 for all i < n; because the Fi are homotopy invariants, Fi.x
0
�
/D Fi.y�/ for all i � n as

well.

Because Fn.x�/D Œx2nC1C terms with smaller indices�, and the lower-degree terms of x0
�

and y� agree,
it follows that

Fn.x
0
�
/�Fn.y�/D Œx

0
2nC1�y2nC1�Q:

But, by hypothesis, Fn.x
0
�
/DFn.y�/, so x0

2nC1
�y2nC1 represents zero in rational cohomology. Because

A has torsion-free cohomology, the map

H�.A/!H�.A/˝Q

is injective. It follows that y2nC1�x0
2nC1

is a coboundary in A; say dh2nCx0
2nC1

D y2nC1. Now apply
Lemma 1.14 to see that we may find a new twisting sequence x00 which agrees with y through degree
2nC 1, so x0 is homotopic to x00. This completes the induction. When A has bounded cohomology, if x

is always homotopic to some x0 which agrees with y through degree 2nC 1, then x is in fact homotopic
to y; simply choose n so large that x0 agrees with y except possibly in degrees where the cohomology
of A is zero.

Then one may construct a homotopy from x0 to y inductively; choose h2i D 0 for i < n. The obstruction
to extending this homotopy at each stage m lies in some cohomology group H 2mC2.A/, but we are in the
range where these are zero, so there is no obstruction to extending the homotopy. Thus x is homotopic
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to x0, which is homotopic to y; because homotopy is an equivalence relation, x is homotopic to y, as
desired.

Remark 3.5 In fact, the final statement should hold without the assumption that A has nonzero co-
homology in bounded degrees; we will not use this more general statement.

The first handful of these characteristic classes can be defined explicitly. For instance,

F2.x�/D
�
x5�

1
2
x3[1 x3

�
;

where here a[1 b DE1;1.a; b/, and

F3.x�/D
�
x7�x5[1 x3C

1
3
x3[1 .x3[1 x3/�

1
3
E1;2.x3Ix3;x3/

�
:

The formulas are much more complicated for F4, because one must define this by comparing to
K
�
x3;x5�

1
2
x3[1 x3

�
, and this twisting sequence has a very complicated formula (albeit one which is

natural for Hirsch algebra maps).

Remark 3.6 If one clears denominators on the formulas for Fn.x�/, one obtains integral cohomology
classes. A more intricate version of the above argument establishes that these are still homotopy invariants,
and in fact the mod 2 Hopf invariant of Definition 2.1 is the integral cohomology class defined by 2F2.
To argue that these are homotopy invariants, one needs to know that our construction extends to twisting
sequences in B1–algebras, that there is a B1–interval algebra over Z, and that tensor products of
B1–algebras carry a natural B1 structure (defined inexplicitly using an acyclic carrier argument). This is
necessary because it is not at all clear how to give the tensor product of two Hirsch algebras the structure
of a Hirsch algebra. We avoid this by using the commutative interval algebra QŒt; dt �=.dt/2; when B is
Hirsch and A is commutative, A˝B has a canonical Hirsch algebra structure once more.

4 Examples of Hirsch algebras

In this section we describe the two key examples of Hirsch algebras we will be interested in, namely
simplicial and cubical cochains. While explicit formulas of such structures can be found in the literature
(see [Kadeishvili and Saneblidze 2015] for the cubical case and [Baues 1981] for the simplicial case), we
will provide a description in terms of the recent framework of [Medina-Mardones 2020; Kaufmann and
Medina-Mardones 2022]. This allows both for explicit computations and for a straightforward comparison
between the cubical and simplicial worlds.

The structure operations Ep;q are defined on the cochain algebras of an arbitrary simplicial or cubical set.
To define them, one simply needs to define these operations on the basic algebras C �

�
.�n/ and C ��.I

n/

and verify that they restrict appropriately to subsimplices or subcubes; that is, one needs to verify that the
Hirsch algebra structures we construct are natural for the various face and degeneracy maps.
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Kaufmann and Medina-Mardones [2022] construct a great many operations on simplicial and cubical
cochains (giving what is called an E1 structure on cochain algebras). They are defined as particular
composites of two basic input operations, � and �; their boundary relations also involve an operation �.

Not all of these composites are sufficiently natural and so do not define operations on the cochains of an
arbitrary simplicial/cubical set (for instance, the join operation � is only well defined on cochains on In,
not on arbitrary cubical sets).

However, by representing these operations as particularly simple trivalent graphs, the authors determine
when composites of these operations do give well-defined operations on all cubical cochain algebras.
This will be the case for the operations Ep;q we aim to construct.

Remark 4.1 It is not a priori clear whether the Hirsch algebra structure we describe below for simplicial
and cubical complexes is exactly the one appearing in the literature; this will not be important for our
purposes.

Remark 4.2 The signs in what follows (especially in regards to duals and tensor products) can be
rather intricate. The authors found [Lawson 2013] useful in keeping these straight and understanding the
conceptual origin of the various sign conventions.

4.1 Simplicial and cubical cochains as Hirsch algebras

To begin with, we recall the definitions of the basic operations in both the simplicial and cubical settings.
In both cases, we need to define the basic operations � (which we call the diagonal or coproduct),
� (which we call the join or degree 1 product) and � (which we call the augmentation), and verify some
simple relations between them.

Simplicial setup In the case of simplicial chains, � is given by the classical Alexander–Whitney map

�Œv0; : : : ; vq �D

qX
iD0

Œv0; : : : ; vi �˝ ŒviC1; : : : ; vq �I

the join � is the usual join of simplices given by the Eilenberg–Zilber shuffle product

Œv0; : : : ; vi �� ŒviC1; : : : ; vp �D

�
.�1/iCj�jŒv�.0/; : : : ; v�.p/� if vi ¤ vj for i ¤ j ;

0 otherwise;

where here � is the unique permutation such that the above list of vertices is in increasing order, and
.�1/j�j is the sign of this permutation. Lastly, the augmentation is given by

"Œv0; : : : ; vq �D

�
1 if q D 0;

0 otherwise.

Cubical setup For our purposes we will be interested in cubical chains first introduced by Serre [1951]
(with slightly different conventions from ours); see [Massey 1980] for an in-depth treatment of the singular
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version. A cubical set has a set �k.X / of k-cubes in X for all k; these come equipped with a collection
of degeneracy operations and a collection of pairs of face operators (front face and back face). The cubical
cochains C k

�.X / on a cubical set X are the set of functions�k.X /!Z which vanish on degenerate cubes.

If the cubical set in question is X� D Sing�.X / for some topological space X, this gives precisely the
singular cubical cochain complex defined in Massey’s book. Chains in C

��sing
� .X / consist of continuous

maps In!X ; a chain is degenerate if it factors through a projection to a face In! In�1!X, and the
normalized cubical chains are obtained by quotienting the complex of cubical chains by the degenerate
ones. Dually, cubical cochains are functions which assign to each continuous map In!X an integer,
and assign zero to any map which factors through a projection In! In�1.

To give explicit formulas for operations on C ��.I
n/, we will use the following basis for the predual space

of chains C �
� .I

n/. The basis elements are length n strings in the alphabet f0; 1; Ig; these correspond
geometrically to faces of the cube In, where 0 and 1 indicate that the given coordinate is fixed, while I

indicates that the given coordinate is free. For instance, 0I denotes the left vertical edge on the standard
unit square, while I1 corresponds to the top horizontal edge. The degree of a string is given by the
number of I ’s in it (so II has degree 2, while I0I10I has degree 3).

If x is a basis vector for C �
� .I

n/, we will write ex for the dual basis vector in C ��.I
n/; for instance,

e0I evaluates to 1 on 0I and to zero on all other strings.

The operation � is the Cartan–Serre diagonal, which we now define. First, on the 1–cube I we define

�.0/D 0˝ 0 �.1/D 1˝ 1 �.I/D 0˝ I C I ˝ 1:

In general we write
�.xi/D

X
x
.1/
i ˝x

.2/
i

using Sweedler’s notation for coproducts, where we leave the index of summation ambiguous; experience
shows this causes no real trouble.

We then define
�.x1 � � �xn/D

X
˙.x

.1/
1
� � �x.1/n /˝ .x

.2/
1
� � �x.2/n /;

where the sign is determined by the Koszul convention: whenever we swap two consecutive elements a

and b, the sign .�1/jajjbj is introduced. For example, on I2,

�.II/D 00˝ II C I0˝ 1I � 0I ˝ I1C II ˝ 11:

Taking duals, this corresponds to a description of the cup product of two cochains on the square. Explicitly,

e00
[ eII

D eI0
[ e1I

D�e0I
[ eI1

D eII
[ e11

D eII ;

and these are the only products of monomials which evaluate to eII . As in the case of simplicial chains,
the coproduct � is coassociative; dually, the cup product on cubical cochains makes C ��.X / into an
associative dg-algebra.
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The augmentation � evaluates on a string x D x1 � � �xn as

�.x1 � � �xn/D

�
0 if xi D I for some i;

1 otherwise.
That is, it sends all positive-degree strings to zero and sends each zero-degree string to 1.

The join map (which has degree C1 on chains) is defined as follows. On the 1–cube I, the only nonzero
values are

0� 1D I; 1� 0D�I:

In general, given strings x and y, we define their join to be

.x1 � � �xn/� .y1 � � �yn/D .�1/jxj
nX

iD1

".y<i/".x>i/x<i.xi �yi/y>i :

Here x<i.xi �yi/y>i should be understood as concatenation of strings, where, as strings,

x<i D x1 � � �xi�1; x>i D xiC1 � � �xn;

and we interpret x<1 D x>n to be the empty string; and similarly for y<i and y>i . For example, on the
square, 00� 1I D II while 00� I1 is zero.

Remark 4.3 The join operation is not associative on the nose. For example,

.00� 10/� 11D I0� 11D�II; 00� .10� 11/D 00� 1I D II:

However, as seen in this example, the join is associative up to a global sign. This is sometimes called
antiassociativity or graded-associativity, and it is a phenomenon forced on us by the use of the Koszul
sign convention because the join operation has odd degree. Precisely, given strings x, y and z, we have

.x �y/� z D .�1/jxjC1x � .y � z/:

In fact, up to the overall sign depending on the degrees of x and y, both iterated joins are given byX
1�i<j�n

".x>i/".y<i/".y>j /".z<j /x<i.xi �yi/yi<j .xj �yj /z>j ;

where yi<j D yiC1 � � �yj�1. This is because the coefficients on all other terms vanish; for instance, in
computing .x �y/�z, if the next join appears at a position j � i , then ".x �y/>j D 0 because this string
includes xi � yi , which is either ˙I or 0. In what follows, we will always perform the join operation
starting from the left to avoid confusion with signs.

The operations Ep;q We will now discuss how to use the operations � and � to construct the Hirsch
algebra structure operations Ep;q . Indeed, we will define these to be dual to certain compositions of �
and � on singular chains.

These are easiest to describe in a pictorial fashion using the framework of [Medina-Mardones 2020],
which represents the basic operations �, � and " as graphs as in Figure 1. Our operations will be obtained
by combining the first two; the third one will naturally appear in certain differentials. As a general fact
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Figure 1: The basic operations �, � and ". We use a square instead of a dot in the case of ".

about operads generated by some basic operations, we may visualize composites of these operations
as immersed trivalent graphs with monotonically decreasing edges, considered up to homotopy through
immersions which fix the endpoints and the cyclic ordering of edges around each vertex. (That is, the
product and coproduct are not commutative: one may not flip the order of their inputs.)

Remark 4.4 Not all such graphs descend to well-defined operations at the level of cochains. Indeed, the
join operation is not well defined for general simplicial or cubical sets (for example, the one obtained
from the interval I by identifying the endpoints). On the other hand, the operations associated with graphs
with only one incoming end always determine a well-defined operation on both simplicial and cubical
complexes [Medina-Mardones 2020; Kaufmann and Medina-Mardones 2022, Theorem 5].

The operations we construct are defined first on chains, and come with a different sign than the one
desired in Definition 3.1 (only depending on the degree of the inputs). To avoid confusion, we will denote
these chain operations by ep;q W C ! C˝.pCq/; before discussing the graphical calculus, we need to
discuss the conventions for boundaries of operations and their duals.

The differentials of the basic operations �, � and " as elements in Hom complexes Hom.V;W / are
described in Figure 2; the only nontrivial computation is the middle one (see [Medina-Mardones 2020]
for the simplicial case and [Kaufmann and Medina-Mardones 2022, Lemma 4] for the cubical case).

Recall that the differential in Hom.V;W / is defined to be

(4-1) .@f /.v/D @.f .v//� .�1/jf jf .@v/:

In particular, in V � D Hom.V;Z/, the differential is

.ı'/.v/D�.�1/j'j'.@v/:

In the Koszul sign convention we also have

(4-2) .f ˝g/.a˝ b/D .�1/jgjjajf .a/g.b/:

D 0@@ D 0 @ D �

Figure 2: The differentials (in the Hom complex) of the basic operations.
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D D D 0 D D

Figure 3: Some simple relations (in the Hom complex) among the basic operations.

Observe that there is a chain map

(4-3) Hom.V;W /! Hom.W �;V �/; f 7! f �; where .f �'/.v/D .�1/jf jj'j'.f v/:

That this is a chain map amounts to the claim that ıf � D .df /�, which is a straightforward calculation.
Whenever we have an operation ep;q W C ! C˝p˝C˝q , we define

ep;q D .e
p;q/�

to be the dual operation, including the sign in (4-3). The fact that passing to the dual map commutes with
the differential shows that any relation we find for the boundary of the ep;q–operations will translate with
no sign change to a relation for the boundary of the ep;q–operations.

Next, we should set up the graphical calculus. Some straightforward relations between the basic chain
operations �, � , � and � can be found in Figure 3. Specifically, Figure 3, left, asserts coassociativity
of �; the middle relation is a consequence of the facts that the join of two elements has positive degree
(as the augmentation sends positive-degree terms to zero) and that ��D 0; and the right follows from
the simple computation that, for positive-degree x,

�x D x0˝xCx˝x00C
X

x.1/˝x.2/;

where ".x0/D ".x
0
0
/D 1 (so that, in particular, x0 and x0

0
have degree zero) and each x.1/ and x.2/ has

positive degree.

For convenience we will also depict its iterated n–fold composition with a “rake” with n outgoing ends
as in Figure 4.

We are now ready to describe the graphs which define the operations ep;q . We begin with the operation e1;1,
whose corresponding graph can be found in Figure 5. We compute the differential of the operation e1;1

as an element in Hom.C;C˝2/ in Figure 6, using the relations of Figure 2. Here recall that (4-1) implies
that, for a composition of Hom elements,

(4-4) @.f ıg/D .@f / ıgC .�1/jf jf ı .@g/:

WD

Figure 4: The definition of the rake; note that the order of splitting is irrelevant in cubical and
singular chains, because the coproduct is associative on the nose.
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Figure 5: The operation e1;1. This is a graphical encoding of a composite of basic operations and
a swap map, .�˝ 1/.1˝ �/.�˝ 1/�. For clarity, we will in general depict in black the strands
that will end up in the first p positions and in gray the strands that end up in the last q positions.

To go to the second row, we use the last identity in Figure 3. We now dualize to obtain an identity for e1;1,
which reads

.@e1;1/.a˝ b/D�a � bC .�1/jajjbjb � a:

(See Figure 6.) Recalling that the Koszul convention for the differential of a tensor product has

@.a˝ b/D @a˝ bC .�1/jaja˝ @b;

this, together with identity (4-1), means

@e1;1.aI b/C e1;1.daI b/C .�1/jaje1;1.aI db/D�a � bC .�1/jajjbjb � a:

We then see that, if we set
E1;1.aI b/D .�1/jajC1e1;1.aI b/;

the identity (3-1) holds.

Let us describe now in detail the operations e1;2 and e2;1; these will measure the failure of the right and
left Hirsch formulas, respectively. They are described by the graphs in Figure 7. The differential of e1;2

is described in Figure 8.

The third element in the first row vanishes because of the second relation in Figure 3. Applying the last
identity of Figure 3 and an isotopy, we finally reach the final form in the last row. After dualizing, this

@ D �

D �

D �

Figure 6: The differential in the Hom complex of the operation e1;1. In the second identity, we
use the fact (which directly follows from the definition of ") that we can drag an edge ending with
a square past any other edge.
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Figure 7: The operations e1;2 and e2;1.

reads
.@e1;2/.aI b; c/D�.�1/.jajC1/jbjb � e1;1.aI c/C e1;1.aI bc/� e1;1.aI b/ � c;

where in the first term the jajC 1 appears because � is an operation of degree 1; see Figure 9.

Using that e1;2 has degree 2, so .@e1;2/.a˝ b˝ c/D @e1;2.a; bI c/� e1;2.@.a˝ b˝ c//, we see

@e1;2.aI b; c/D e1;2.@aI b; c/C .�1/jaje1;2.aI @b; c/C .�1/jajCjbje1;2.aI b; @c/

� .�1/.jajC1/jbjb � e1;1.aI c/C e1;1.aI bc/� e1;1.aI b/c:

It follows that e1;2 measures the failure of the left Hirsch formula to hold, and that the operation

E1;2.aI b; c/D .�1/jbjC1e1;2.aI b; c/

satisfies the identities of Definition 3.1.

The differential of e2;1 is described in Figure 10. The first term vanishes because of the middle relation
in Figure 3 (recall that � is coassociative, so we can drag the bottom � to the top of the diagram). Again

@ D�

 !
C

 !
� �

D� C �

Figure 8: The differential of the operation e1;2. The signs are introduced because of convention
(4-4). Here we think of the homological operation, so the figure is to be read from top to bottom.
The convention (4-4) means that the sign of the differential depends on the degree of the operation
to be computed below the place we added a dot, and joins are the only basic operation of odd
degree.
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a1 a2

a b

Figure 9: The braiding introduces a sign of .�1/ja1jjbjCja2jjbj D .�1/.jajC1/jbj because the join
has odd degree. Moving the gray strand below the join changes this sign by a factor of .�1/jbj.

after some manipulations we obtain

.@e2;1/.a; bI c/D .�1/jaja � e1;1.bI c/C .�1/jbjjcje1;1.aI c/ � b� e1;1.abI c/:

Here, the .�1/jaj in front of the first term on the right-hand side comes from the relation (4-2), because
the join operation � has degree 1.

We see that e2;1 measures the failure of the right Hirsch identity, and that it corresponds to

e2;1.a; bI c/D .�1/jbjC1E2;1.a; bI c/:

We now describe a recursive way to determine all the (combinations) of graphs corresponding to the
operations ep;q . Consider an immersed downward-flowing graph G with one incoming end and pC q

outgoing ends, corresponding to a composition of the two basic operations � and �. We define the
upper and lower .p; q/–descendants of G to be the graphs described in Figure 11, which have pC qC 1

outgoing ends. For each, we add two new strands, one which is fed back into another strand and one
which gives rise to a new output. These descendants are called “upper” or “lower” depending on whether
the new output strand begins its life above or below G.

@ D�

 
�

!
C

 
�

!

D C �

Figure 10: The differential in the Hom complex of the operation e2;1. Here, the first term in the
right-hand side of the first row vanishes because, by coassociativity, we can move the bottom �

all the way to the top vertex; we then see that our graph contains a “square” (coming from the two
rightmost edges) as in the middle relation of Figure 3.
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G

� �

G

�
�

G

�

�

Figure 11: The lower and upper descendants of a graph G (on the left and right, respectively)
with p black and q gray outgoing edges.

Notice that the graphs of e2;1 and e1;2 are respectively the upper and the lower .1; 1/–descendants of the
graph of e1;1. In general, we have the following:

Definition 4.1 The operation ep;q is defined recursively to correspond to the signed sum over graphs
obtained by taking the union of the upper descendants of the graphs in ep;q�1 and the lower descendants of
the graphs in ep�1;q , the latter with an extra sign of .�1/q�1. See Figure 12 for the cases with pCq � 4.

�

e1;1

e1;2e2;1

e1;3e2;2e3;1

Figure 12: The descendant operations on the graphs of ep;q with pC q � 4.
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Up to an overall change of sign (only depending on the degrees of the entries), these new operations
satisfy the relations of a Hirsch algebra.

Proposition 4.2 The operation corresponding to the sum of graphs ep;q satisfies , up to an overall sign
change depending on the gradings of the inputs , the relations of the Ep;q . More precisely, one sets

(4-5) Ep;q.x1; : : : ;xpCq/D .�1/�
x
p;q � ep;q.x1; : : : ;xpCq/;

where
�x
p;q D

1
2
.pC q/.pC q� 1/CjxpCq�1jC jxpCq�3jC � � � I

here , the quantity 1
2
.pC q/.pC q � 1/ only depends on pC q modulo 4, and the sum ends at jx1j for

pC q even and at jx2j for pC q odd.

We carry out the proof in the next section; the techniques needed in the proof will not be relevant elsewhere
in the article.

4.2 Proof of the main relation

Before moving on to the general case, let us discuss very explicitly the case of e1;q (see Figure 13, left),
as it is the case we will be interested in for the actual computations. In this case, the extra complications
mentioned below do not arise, and, generalizing the computation for e1;1 and e1;2 above, we obtain

.@e1;q/.aI b1; : : : ; bq/D�e1;q�1.aI b1; : : : ; bq�1/ �bqC.�1/.jajCq�1/�jb1jCq�1b1 �e1;q�1.aI b2; : : : ; bq/

C

q�1X
iD1

.�1/iC.q�1/e1;q�1.aI b1; : : : ; bi � biC1; : : : ; bq/:

Counting the q join operations in the graph from the top, the first term in the first row corresponds to
deleting the right strand in the bottom join, while the second corresponds to deleting the left strand in the
top join (see Figure 13, middle). Here the sign .�1/.jajCq�1/�jb1j comes from the analogue of Figure 9,
while the extra .�1/q�1 comes from the Koszul sign convention for differentials of compositions (4-4).

Figure 13: Left: the graph corresponding to the operation e1;q for q D 4. More generally, the
operation starts with a rake with 2qC 1 outgoing edges. The edges in odd positions are black, and all
merge together. Middle: the graphs corresponding to the first row of the formula for @e1;q . The terms
in the last row are obtained by removing the interior edges; the case i D 2 is depicted on the right.
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f

�
�

f

Â

�

f

�
�

g

�

Figure 14: Some new operations.

The terms in the last row are obtained by deleting the right strand in the first q� 1 joins (see Figure 13,
right). It is tedious but straightforward to directly check that after the performing the indicated change of
sign we obtain exactly the relations that E1;q satisfies.

To keep the proof of the general case readable, for the rest of the section we will work without keeping
track of signs. These can be recovered in the same way as in the concrete examples we have discussed.
In particular, one should be careful of signs introduced when braiding (as in Figure 9), and of signs
introduced by (4-2) when taking joins between strands which are not the two leftmost (as in the case of
the computation for e2;1); see also the definition of f �g below.

Remark 4.5 These signs do not appear in our case of interest e1;p , because this operation always takes
the join of the two leftmost strands.

Because Ep;q and ep;q only differ by a sign, we only need to prove the analogous recurrence relation for
the differentials of the ep;q as elements of the relevant Hom complexes. To state the relation, it is helpful
to name some operations one can carry out on these Hom complexes.

We say a map
f D fp;q W C ! C˝p

˝C˝q

is a .p; q/–operation; the relevant operations for us are represented by trivalent graphs as in the previous
section. Given a .p; q/–operation f, there are a handful of relevant ways of producing new operations
(see Figure 14):
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� Suppose p � 1. For 1� i � p, we write fmi for the .pC1; q/–operation whose dual is defined by

.fmi/
�.x1; : : : ;xpC1Iy1; : : : ;yq/D f

�.x1; : : : ;xixiC1; : : : ;xpC1Iy1; : : : ;yq/I

pictorially, this is obtained by adding in the bottom of the picture for f a coproduct on the i th

black strand.

� Suppose q � 1. For 1� j � q, we write f nj for the .p; qC1/–operation whose dual is defined by

.f nj /
�.x1; : : : ;xpIy1; : : : ;yqC1/D f

�.x1; : : : ;xpIy1; : : : ;yj yjC1; : : : ;yqC1/I

pictorially, this is obtained by adding in the bottom of the picture for f a coproduct on the j th

gray strand.

� Suppose f is a .p; q/–operation and g is an .r; s/–operation for p; q; r; s � 0. We write f �g for
the .pCr; qCs/–operation whose dual is defined by5

.f �g/�.x1; : : : ;xpCr Iy1; : : : ;yqCs/

D .�1/�f �.x1; : : : ;xpIy1; : : : ;yq/ �g
�.xpC1; : : : ;xpCr IyqC1; : : : ;yqCs/;

where

� D

� pCrX
iDpC1

jxpCi j

�� qX
jD1

jyj j

�
Cjgj

� pX
iD1

jxi jC

qX
jD1

jyj j

�
is the sign of moving .xpC1; : : : ;xpCr / across .y1; : : : ;yq/ together with the Koszul sign from
applying f ˝g. Pictorially, this is obtained by placing the pictures of f and g next to each other,
and braiding the strands in the bottom.

Finally, if f is a .p; q/–operation for p�1, we denote the operations corresponding to the upper and lower
descendants by f u and f l ; these are respectively .p; qC1/– and .pC1; q/–operations. For example,
e1;1 D eu

1;0
. The operation el

1;0
is also defined, but it is zero as it contains a bigon. We define ep;q for

.p; q/� .1; 1/ via the recursion relation

ep;q D eu
p;q�1C el

p�1;qI

see Figure 15 (recall that we are suppressing signs for simplicity).

Proposition 4.2 then follows from the following:

Proposition 4.3 The boundary of the operation ep;q in Hom satisfies the recurrence relation

dep;q D

p�1X
iD1

ep�1;qmi C

q�1X
jD1

ep;q�1nj C

X
.p;q/>.i;j/>.0;0/

ep�i;q�j � ei;j ;

where we suppress signs for simplicity.

We will prove this by induction. To set up the inductive analysis, we will need to understand the behavior
of some the different operations with respect to taking upper and lower descendants.

5We spell out here the sign for the interested reader, but will suppress it from now on.
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ep�1;q

�
�

ep;q�1

�

� Â

Figure 15: The recursive definition of ep;q in terms of ep�1;q and ep;q�1; the operation ep;q is the
sum of the operations corresponding to the depicted graphs. Recall that each of ep�1;q and ep;q�1

corresponds to a sum of graphs itself.

Lemma 4.4 We have the following standard relations:

(1) d.eu
p;q�1

/D ep;q�1 � e0;1C .dep;q�1/
u.

(2) d.el
p�1;q

/D ep�1;q � e1;0C ep�1;qmp�1C .dep�1;q/
l .

(3) For 1� i � p� 2, we have eu
p�1;q�1

mi D .ep�1;q�1mi/
u and el

p�2;q
mi D .ep�2;qmi/

l .

(4) For 1 � j � q � 2, we have eu
p;q�2

nj D .ep;q�2nj /
u. For 1 � j � q � 1, we have el

p�1;q�1
nj D

.ep�1;q�1nj /
l .

(5) For i > 0 and j � 1� 0, we have .ep�i;q�j � ei;j�1/
u D ep�i;q�j � e

u
i;j�1

.

(6) For i > 1 and j � 0, we have .ep�i;q�j � ei�1;j /
l D ep�i;q�j � e

l
i�1;j

.

ep�1;q

�
�

ep;q�1

�

� Â

ep�1;q

�
�

ep;q�1

�

� Â

Figure 16: The terms in the differential of Figure 15 obtained by resolving the join outside the box.
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ep�1;q

�
�

ep�1;q

�
�

ep;q�1

�

� Â

Figure 17: Simplifying the terms appearing in Figure 16.

We also have the following “edge” cases:

(a) .ep�1;q�1mp�1/
u D .ep�1;q�1 � e0;1/

l .

(b) .ep;q�2 � e0;1/
u D eu

p;q�2
nq�1.

Let us discuss how these identities can be proved pictorially. Regarding .1/ and .2/, when taking
differentials, one either resolves joins inside the box, or the new one introduced by taking the descendant.
The former correspond to the descendants of the differential of the operation in the box, ie .dep;q�1/

u

and .dep�1;q/
l , respectively. The latter are identified with the claimed terms in Figures 16 and 17.

The identity .3/ is proved via Figure 18 by moving the coproduct in the box to the bottom of the picture;
notice that, for the second, when i D p� 2 one also uses coassociativity of the rake.

Identity .4/ is proved in the same way via Figure 19.

Identity .5/ and .6/ are proved via Figure 20.

Finally, the relations (a) and (b) are obtained by inspecting Figures 21 and 22, respectively.

Proof of Proposition 4.3 We prove this by induction on .p; q/. The claims for .p; q/D .1; 1/; .2; 1/,
and .1; 2/ were shown in the preceding discussion. We will first establish the claim for ep;1 and e1;q ,

ep�2;q

�
�

ep�1;q�1

�

� Â
� �

Figure 18: Left: .ep�1;q�1mi/
u. Right: .ep�2;qmi/

l .
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ep�1;q�1

�
�

ep;q�2

�

� Â� �

Figure 19: Left: .ep;q�2nj /
u. Right: .ep�1;q�1nj /

l . The identity is proved by moving the
coproduct in the box to the bottom.

then ep;q for p; q � 2. Because it is straightforward to include signs but they obscure the argument, we
suppress them.

For ep;1 with p � 3, we have by Lemma 4.4(2) that

(4-6) dep;1 D d.el
p�1;1/D ep�1;1 � e1;0C ep�1;1mp�1C .dep�1;1/

l :

Using the inductive hypothesis, we may write

.dep�1;1/
l
D

p�2X
iD1

.ep�2;1mi/
l
C .ep�2;1 � e1;0/

l
C .e1;0 � ep�2;1/

l :

ep�i;q�j ei;j�1

ep�i;q�j ei;j�1

ep�i;q�j ei�1;j

ep�i;q�j ei�1;j

Figure 20: Left: .ep�i;q�j � ei;j�1/
u D ep�i;q�j � e

u
i;j�1

. Right: .ep�i;q�j � ei�1;j /
l D ep�i;q�j � e

l
i�1;j

.
The empty boxes represent the braiding as in Figure 14, bottom. The identity is proved by moving the
relevant part across the empty box.
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ep�1;q�1

�
�

Figure 21: This picture can be interpreted as both .ep�1;q�1mp�1/
u and .ep�1;q�1 � e0;1/

l .

Applying Lemma 4.4(3) and (6) and the assumption p � 3, we obtain

p�2X
iD1

el
p�2;1mi C ep�2;1 � e

l
1;0C e1;0 � e

l
p�2;1:

The second term contains a bigon, hence vanishes; the others simplify to
Pp�2

iD1
ep�1;1mi C e1;0 � ep�1;1.

Substituting this into (4-6), we obtain the desired relation for dep;1.

The argument for e1;q when q � 3 is similar, and in any case was discussed with signs in the previous
section. Now suppose .p; q/� .2; 2/, and the boundary relation for dei;j is known for all .i; j / < .p; q/
(meaning i � p and j � q and at least one of those inequalities is strict).

By Lemma 4.4(1)–(2) and the definition ep;q D eu
p;q�1

C el
p�1;q

,

dep;q D deu
p;q�1C .�1/q�1del

p�1;q

D ep;q�1 � e0;1C ep�1;q � e1;0C .�1/qep�1;qmp�1C .dep;q�1/
u
C .dep�1;q/

l :

Using the inductive hypothesis, recall that

dep;q�1 D

p�1X
iD1

ep�1;q�1mi C

q�2X
jD1

ep;q�2nj C

X
.p;q�1/>.i;j�1/>.0;0/

ep�i;q�j � ei;j�1

ep;q�2

�

� Â

ep;q�2

�

� Â

Figure 22: The pictures of .ep;q�2 � e0;1/
unq�1 and eu

p;q�2nq�1.
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and

dep�1;q D

p�2X
iD1

ep�2;qmi C

q�1X
jD1

ep�1;q�1nj C

X
.p�1;q/>.i�1;j/>.0;0/

ep�i;q�j � ei�1;j :

Applying Lemma 4.4(3)–(4), the first terms of .dep;q�1/
uC .dep�1;q/

l simplify to

.ep�1;q�1mp�1/
u
C

p�2X
iD1

.eu
p�1;q�1mi C el

p�2;qmi/D .ep�1;q�1mp�1/
u
C

p�2X
iD1

ep�1;qmi ;

while the second terms simplify to

el
p�1;q�1nq�1C

q�2X
jD1

.eu
p;q�2nj C el

p�1;q�1nj /D el
p�1;q�1nq�1C

q�2X
jD1

ep;q�1nj :

This gives almost precisely the terms in the first two parts of the desired relation (there is an extraneous
.ep�1;q�1mp�1/

u, a missing ep�1;qmp�1, and a missing eu
p;q�2

nq�1; but notice that ep�1;qmp�1 arose
elsewhere in the differential of dep;q itself).

Now apply Lemma 4.4(5)–(6) to the upper and lower descendants of the last terms. We obtain

.ep;q�2 � e0;1/
u
C .ep�1;q�1 � e0;1/

l
C

X
.p;q�1/>.i;j�1/�.1;0/

ep�i;q�j � e
u
i;j�1

C

X
.p�1;q/>.i�1;j/�.1;0/

ep�i;q�j � e
l
i�1;j :

We investigate the terms contributing to ep�i;q�j � ei;j from this sum. Because whether or not ei;j is
defined in terms of one descendant or both depends on whether or not i; j � 2, we have to do some case
analysis:

� When .p; q/ > .i; j /� .2; 2/, the expression ep�i;q�j � .e
u
i;j�1

C el
i�1;j

/D ep�i;q�j � ei;j appears
in the sum above.

� For .i; j /D .1; j / and j � 1, we have e1;j D eu
1;j�1

and only this term appears in the sum above.

� For .i; j /D .i; 1/ and i � 2, we have ei;1D el
i�1;1

, but there are in principle two terms contributing
to ep�i;q�1 � ei;1 in the sum above, which contains ep�i;q�1 � .e

u
i;0
C el

i�1;1
/. However, because

i � 2, we have ei;0 D 0 and thus the first term is zero.

� Neither ep�1;q � e1;0 nor ep;q�1 � e0;1 arise from the expressions in the larger sums.

Thus this large sum simplifies to
P
.p;q/>.i;j/�.1;1/ ep�i;q�j � ei;j . Further, recall from the expression for

dep;q at the beginning of the argument that ep;q�1 �e0;1 and ep�1;q �e1;0 arise elsewhere in the differential
of dep;q , accounting for all remaining .i; j / > .0; 0/. We have shown so far that

dep;q D

p�1X
iD1

ep�1;qmi C

q�2X
jD1

ep;q�1nj C

X
.p;q/>.i;j/>.0;0/

ep�i;q�j � ei;j C .ep�1;q�1mp�1/
u

C el
p�1;q�1nq�1C .ep;q�2 � e0;1/

u
C .ep�1;q�1 � e0;1/

l :
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Now apply Lemma 4.4(a)–(b) to see that the first and last terms cancel out, while the second and third
terms sum to give ep;q�1nq�1. Thus this gives us the desired relation

dep;q D

p�1X
iD1

ep�1;qmi C

q�1X
jD1

ep;q�1nj C

X
.p;q/>.i;j/>.0;0/

ep�i;q�j � ei;j :

This completes the induction.

4.3 Some explicit computations in the cubical setting

In this section we give an explicit combinatorial interpretation of the operations E1;p in the case of
cubical sets; this will be needed in Section 5.2 when discussing the Kraines construction in the cubical
cochains on the torus.

To get first some concrete understanding, let us begin by computing the operations E1;1 and E1;2 in
the case of the square. It will be useful to refer back to Figures 5 and 7, which include diagrammatic
representations of both of these operations. Recall that

�.II/D 00 j II � 0I j I1C I0 j 1I C II j 11I

here we write bars between tensor factors instead of ˝ to save space.

Computing the diagonal on the first term again we obtain

.�˝ Id/ ı�.II/D 00 j 00 j II � 00 j 0I j I1� 0I j 01 j I1C 00 j I0 j 1I C I0 j 10 j 1I C 00 j II j 11

� 0I j I1 j 11C I0 j 1I j 11C II j 11 j 11:

The underlined terms are the only ones for which the join of the first and third terms is nontrivial; the
result of the operation associated to the graph of Figure 5 is then

(4-7) e1;1.II/D .0I C I1/ j II � II j .I0C 1I/:

Here the extra minus sign for II j I0 is introduced because in order to compute the operation we need
first to swap the second and third terms, and for 00 jI0 j1I a sign is introduced as both are odd. Recalling
now that e1;1 is the dual of e1;1, and we use exponentials to denote the dual basis, we see from (4-3) that

e1;1.e
0I ; eII /.II/D�.e0I

˝ eII /.e1;1.II//D � .e0I
˝ eII /.0I ˝ II/D�1;

so e1;1.e
0I ; eII /D�eII . Here the minus sign in the first equality arises because je1;1j � .je

0I jC jeII j/

is odd, and no sign introduced in the second equality by (4-2). An analogous computation shows

e1;1.e
0I
I eII /D e1;1.e

I1
I eII /D�eII ; e1;1.e

II
I eI0/D e1;1.e

II
I e1I /D eII :

Recalling the sign discrepancy E1;1.aI b/ D .�1/jajC1e1;1.aI b/, we obtain that the only nontrivial
E1;1–operations on the square with degree 2 output are

E1;1.e
0I
I eII /DE1;1.e

I1
I eII /DE1;1.e

II
I eI0/DE1;1.e

II
I e1I /D�eII :
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Similarly, one can compute the effect of the graph associated to e1;2 on II ; there are many terms appearing
after applying� five times, but the only term for which the iterated join of the first, third and fifth elements
is nontrivial is

00 j I0 j 10 j 1I j 11:

This corresponds to the output

e1;2.II/D�II j I0 j 1I;

where we use the computation

.00� 10/� 11D I0� 11D�II;

and no extra sign is introduced when permuting the elements. This in turn means

e1;2.e
II
I eI0; e1I /D eII ;

where we use that e1;2 has even degree and that there is an extra minus sign coming from (4-2); because
of the sign discrepancy E1;2.aI b; c/D .�1/jbjC1e1;2.aI b; c/, we have E1;2.e

II I eI0; e1I /D eII .

To perform more involved computations it will be necessary to have a concrete understanding of these
iterated coproducts in general. In what follows, to describe a basis element of C �

� .I
n/ we will pass freely

between the geometric language of faces of the cube In and length n strings in 0; I; 1; a k–dimensional
face corresponds to a string with k appearances of I. Given a face F corresponding to a string x, we say

min.x/Dmin.x1/ � � �min.xn/;

and similarly for max.x/, where

min.0/Dmax.0/D 0; min.1/Dmax.1/D 1; min.I/D 0; max.I/D 1:

For instance,

min.0I1I/D 0010; max.0I1I/D 0111:

The following result is a direct consequence of the explicit formula for the coproduct by induction on k:

Lemma 4.5 On the n–cube , the k–fold iterated coproduct of In is given by the signed sum of all
sequences of faces F1 j � � � jFk for which :

� min F0 D 0n and max Fk D 1n.

� max Fi Dmin FiC1 for i D 1; : : : ; k � 1.

For each j, the j th coordinate is equal to I in exactly one of the Fi . Therefore we may associate a
permutation � W f1; : : : ; ng! f1; : : : ; ng such that �.1/ is the position of the first I in F1, through �.jF1j/

the final I in F1; then �.jF1jC1/ is the position of the first I in F2, and so on. Then F1 j � � � jFk appears
with sign .�1/j�j, the sign of the above permutation.
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I0

1I0I

I1

I00

1I0

11I

00I

0I1

I11

Figure 23: The front (solid) and back (dashed) edges for the square and the cube.

The last statement can also be rephrased as follows: for each face Fi , consider the ordered string Ii of
the positions at which I appears; then the sign of F1 j � � � jFk in the iterated coproduct is the sign of the
concatenation of the strings .I1; : : : ; Ik/, thought of as a permutation of f1; : : : ; ng.

Joins can be described in terms of faces in the following way. For a k–dimensional face F (corresponding
to a string x1; : : : ;xn with k entries equal to I ), we define its back edges to be the edges obtained by
substituting to the substring of I ’s a string of zeroes, followed by exactly one I, followed by ones. For
example, the back edges of the cube I3 are 00I, 0I1 and I11; see Figure 23. Similarly, we define its
front edges to be the edges obtained by substituting to the substring of I ’s a string of ones, followed by
exactly one I, followed by zeroes. For example, the front edges of III are I00, 1I0 and 11I.

We may give a description of the join of two faces as follows (for instance, by induction on n):

Lemma 4.6 Consider two faces F0;F1 of In for which max F0 � min F1. When this is the case ,
F0 �F1 D

P
.�1/jF0jG, where the sum is taken over every face G of dimension jF0j C jF1j C 1 such

that :

� min F0 �min G.

� max G �max F1.

� If F is the unique face with max F0 Dmin F and max F Dmin F1, then G \F is an edge , which
is a back edge of F and a front edge of G.

We are now prepared to give a completely explicit description of the operations E1;p.

Proposition 4.7 Given faces G0;G1; : : : ;Gp of In, we have that E1;p.e
G0 I eG1 ; : : : ; eGp /D˙eII ���I

if and only if the following hold :

(1) max Gi �min GiC1 for i D 1; : : : ;p� 1.

(2) For each i D 1; : : : ;p, G0\Gi is either empty or one-dimensional ; if it is nonempty, it is an edge
which is a front edge for G0 and a back edge for Gi .

(3) For each i � 1, there is exactly one position ki such that both strings F0 and Gi have ki
th entry I,

and furthermore the sequence k1; : : : ; kp is increasing.
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(4) If 1� i < j, Gi and Gj do not have an entry I at the same position. Furthermore , for each k, there
is a face Gi (possibly i D 0) whose k th position is I.

Provided that the faces G0;G1 : : : ;Gp are odd-dimensional , the sign is given by

.�1/p � sign.�/;

where � is the permutation of f1; : : : ; ng obtained by replacing , in the string of positions of the I ’s in G0,
the position ki with the string of positions of the I ’s in Gi for all i � 1. For example , if G0 has string of
positions 2345 while G1 and G2 have strings of positions 267 and 1489, then sign.�/ is the sign of the
permutation .267314895/.

Remark 4.6 The computation of the operations Ep;1 leads to a similar result with the roles of back and
front reversed. This symmetry (up to sign) is rather surprising because the graphs of Ep;1 and E1;p are
very different. Indeed, it does not at all hold in general Hirsch algebras; in simplicial cochains, ep;q D 0

for all p > 1, while the e1;q are in general nonzero.

The proof is best elucidated by working out some more involved concrete examples on I3 first. Let us
focus on the nontrivial products E1;2.aI b; c/ with jaj D 2, jbj D 1 and jcj D 2. One can see that these
arise from two terms in the iterated diagonal, namely

000 j I00 j 100 j 1II j 111;

for which the iterated join is

.000� 100/� 111D I00� 111D�II1� I0I

and corresponds after dualizing to the products

e1;2.e
II1
I eI00; e1II /D e1;2.e

I0I
I eI00; e1II /D�eIII

I

hence,
E1;2.e

II1
I eI00; e1II /DE1;2.e

I0I
I eI00; e1II /D�eIII ;

and
�000 j 0I0 j 010 j I1I j 111;

for which the iterated join is

.000� 010/� 111D 0I0� 111D�0II

corresponding to e1;2.e
0II I e0I0; eI1I /D eIII ; hence,

E1;2.e
0II
I e0I0; eI1I /D eIII :

For the sign computation, notice that e1;2 has even degree and no sign is introduced when permuting
terms or evaluating as in (4-2). See Figure 24 for a visualization of such products in terms of front and
back edges.

Geometry & Topology, Volume 28 (2024)



3760 Francesco Lin and Mike Miller Eismeier

Figure 24: The nontrivial operations E1;2.aI b; c/ with faces jaj D 2 (the lightly shaded square)
and jbj D 1 and jcj D 2 (the dark edge and square, respectively). When the lightly shaded square
and a dark face intersect, the intersection is a front edge for the lightly shaded square and a back
edge for the dark face.

Proof of Proposition 4.7 Recall that the operation E1;p corresponds up to an overall sign to the graph
obtained by taking a rake with 2pC 1 outputs, and taking joins (in increasing order) of the elements in
the odd positions.

We will show that the stated conditions are necessary; sufficiency follows from a similar analysis. Notice
that the image of In under the .2pC1/–fold iterated diagonal is the sum over all sequences of 2pC 1

faces G0;F1;G1;F2;G2; : : : ;Fp;Gp for which:

� max Fi Dmin Gi and max Gi Dmin FiCi .

� min G0 D 0n.

� max Gp D 1n.

We need then to take (up to signs) the iterated joins of the Gi . From this .1/ readily follows; notice also
that the sequence of the Fi determines the whole sequence of faces. For .2/, the main observation is that,
because max Gi�1 D min Fi and max Fi D min Gi , by Lemma 4.6 each face G of the join Gi�1 �Gi

intersects Fi in a face which is in the front for G and in the back for Fi . Inductively, taking the iterated
join with the following GiC1 will either preserve this intersection property, or make the intersection empty
(see Remark 4.3). To see that .3/ and .4/ hold, notice first that, for each k, there is exactly one of the
Gi or Fi whose k th element is I ; the uniqueness of the intersection index ki follows from the previous
discussion, and the fact that the sequence is increasing follows from the fact that the iterated join of the
Gi is nonzero.

To see that the sign of the output is the claimed one, we need to be very explicit about all the signs that are
introduced. First, suppose E1;p.e

G0 I eG1 ; : : : ; eGp /D˙eII �I . Reversing this, we may write e1;p.In/

as follows. First we take the iterated coproduct �2pC1In, which givesX
.�1/�1 ŒF0 jG1 j � � � jGp jFp �:

Write Ik and Jk for the string of I ’s in Fk and Gk , respectively; then �1 is the sign of the permutation
needed to put .I0;J1; : : : ;Jp; Ip/ in order (where each Ik and Jk is already listed in its natural order).

Next we braid the entries to send this to .�1/�1C�2 ŒF0 j � � � jFp jG1 j � � � jGp �. Because each Gi is assumed
to have odd degree, this costs a sign of �2 D

Pp
iD1

i jFi j.
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Next we take the iterated join of the first factors. Because each join costs a sign equal to the degree of the
first input and we are iterating this procedure, this produces .�1/�1C�2C�3 ŒG0 jG1 j � � � jGp �, where

�3 D jF0jC .jF0jC jF1jC 1/C � � �C .jF0jC � � �C jFp�1jCp� 1/D 1
2
p.p� 1/C

p�1X
jD0

.p� j /jFj j:

Further, by the assumption that this iterated join is nonzero, I0 < fj1g< � � �< fjpg< Ip , where the string
of positions of G0 is I0 [ fj1g [ � � � [ fjpg [ Ip and each ji 2 Ji . Thus .�1/�1 is precisely the term
sign.�/ appearing in the statement of the proposition. Next,

�2C �3 D
1
2
p.p� 1/C

pX
iD0

.pjFi j/:

By the assumption that jG0j has odd degree, we know that jG0j D p C
P
jFi j is odd, so

P
jFi j �

p� 1 mod 2; thus this expression simplifies to 1
2
p.p� 1/Cp.p� 1/� 1

2
p.p� 1/.

We have justified that e1;p.In/ gives a signed sum over terms ŒG0 j G1 j � � � j Gp �, where the sign is
.�1/p.p�1/=2 sign.�/ when all of the jGi j are odd. We should now pass to the dual operation. We have

Œe1;p.e
G0 I eG1 ; : : : ; eGp /�.In/D .�1/�4.eG0 ˝ eG1 ˝ � � �˝ eGp /.e1;p.In//

D .�1/�4Cp.p�1/=2
� sign.�/.eG0 ˝ � � �˝ eGp /.G0˝ � � �˝Gp/:

Here �4D p.jG0jC jG1jC � � �C jGpj/D p.pC1/� 0 is introduced by the Koszul sign rule for the dual
operation. Using the Koszul sign rule for applying tensor products of operators (4-2), we find that this
simplifies to

.�1/p.p�1/=2C�5 � sign.�/eG0.G0/ � � � e
Gp .Gp/;

where (because all the jGi j are odd) �5D
Pp

iD1
i D 1

2
p.pC1/. This leaves us with precisely the claimed

sign .�1/p � sign.�/.

4.4 Comparing simplicial and cubical cochains

We conclude by discussing how our two main examples, simplicial and cubical cochains, are related.
This will be important because simplicial techniques are much more flexible geometrically (a simplicial
approximation theorem holds, while a cubical approximation theorem is at the very least much more
subtle), whereas cubical techniques provide the perfect setting for a minimal model of cochains on the
torus.

Consider the cellular collapse map

� W In
!�n; .x1; : : : ;xn/ 7! .x1;x1x2;x1x2x3; : : : ;x1x2 � � �xn/:

Here we consider the model for�n given by the elements .y1; : : : ;yn/2 In for which y1� y2� � � � � yn.
This induces the so-called [Eilenberg and MacLane 1953] Cartan–Serre comparison map

�� W C
��sing
� .X /! C

��sing
� .X /; � 7! � ı �:
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We will be interested in its dual map

�� W C ���sing.X /! C ���sing.X /:

By [Kaufmann and Medina-Mardones 2022, Theorem 15] or [Serre 1951], this is a quasi-isomorphism of
algebras. They also prove that �� preserves the operations coming from “shuffle graphs”. We can use this
to prove the following statement:

Theorem 4.8 The dual Cartan–Serre comparison map �� is a quasi-isomorphism of Hirsch algebras ,
where the Hirsch algebra structure is given by the operations Ep;q described in the previous sections.

Proof This is essentially proved by Kaufmann and Medina-Mardones [2022, Section 5:6], who show
that those operations which correspond to shuffle graphs are preserved by ��, and thus their composites
do as well. The key point in their argument is that, even though the Cartan–Serre collapse map � does not
preserve joins of faces in general [loc. cit., Section 5:4], we at least have that ��.x �y/D ��.x/� ��.y/

whenever x � y, where � is the partial order on the faces induced (via tensor product) by 0< I < 1 [loc.
cit., Lemma 11]. In particular, this implies that, in our notation,

��.F �G/D ��.F /� ��.G/ if max F �min G:

Now the graphs which define our operations ep;q are in general not shuffle graphs, nor are they in general
composites of shuffle graphs; for instance, e2;1 is not given by a composite of shuffle graphs. Nevertheless,
these operations only involve taking joins of faces F and G with max F �min G; this follows via the
observations about maxima and minima in Lemmas 4.5 and 4.6 from the fact that, for our graphs, the
black subgraph (which is the only part involving joins) is embedded.

5 Twisting sequences on the torus

In this section, we specialize our construction to the case of the simplest cubical realization of the torus.
Our machinery will then allow us to compute certain twisted cohomology groups of the torus in a purely
combinatorial way.

5.1 A Hirsch structure on the exterior algebra

What we would like to assert is that the torus is formal. If we have a zigzag of algebra quasi-isomorphisms
from C �

�
.T / to its cohomologyƒ�Zb for some simplicial torus T, then we may transfer twisting sequences

along this zigzag. If all the relevant maps are Hirsch algebra maps, we can determine what the given
class is transferred to.

Unfortunately, the most obvious choice of zigzag (coming from the Künneth theorem) consists of dg-
algebra quasi-isomorphisms which are not Hirsch algebra maps. It follows from our results below that
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there cannot be a zigzag of Hirsch algebra maps from C �
�
.T / to ƒ�.Zb/ unless the last term has a

nontrivial Hirsch structure (the cup-1 product, for instance, must be nonzero).

Instead of seeking some ad hoc sequence of Hirsch algebra maps, our philosophy is that there should
be a zigzag of Hirsch algebra quasi-isomorphisms between any two models for cochains on the torus.
Furthermore, there is a reasonable model for the torus whose cochains have zero differential, so return
the exterior algebra itself.

Definition 5.1 We write T b
1

for the cubical set obtained by pasting together opposing faces of the
cube �b by the identity map. This cubical set has

�
b
k

�
k–cubes, which are in bijection with k–element

subsets of f1; : : : ; bg; in particular, it has a single vertex and single top face. We call T b
1

the minimal torus.

Notice that the algebra C ��.T
b
1
/ is canonically isomorphic, as a dg-algebra, to ƒ�.Zb/. However, being

the normalized cubical cochains on a cubical set, this carries significantly more structure: as discussed in
Section 4, this cochain algebra is naturally a Hirsch algebra.

In this section, we will describe parts of the Hirsch structure explicitly, as well as define some combinatorial
operations which turn out to be related. In the next section we will explain the relationship.

Let ƒ�.Zb/ be the exterior algebra on n elements e1; : : : ; eb . Identify a basis for this algebra with
expressions of the form eI, where I � f1; : : : ; bg is a subset; if I D fi1; : : : ; ikg with i1 < � � �< ik , then

eI
D ei1 ^ � � � ^ eik :

Under the identification, we have the following:

Proposition 5.2 The Hirsch algebra operation E1;p on ƒ�.Zb/ is given as follows: the operation
E1;p.e

J I eI1 ; : : : ; eIp / is nonzero if and only if

� Ij \ Ik D¿ for all j ¤ k;

� the intersection J \ Ik D fjkg is a singleton for all k and j1 < � � �< jp.

In this case , the output is˙eJ[I1[���[Ip . To be more precise about the sign , assume that jIi j is odd for
all i and write J D J0 < fj1g< J1 < � � �< fjpg< Jp. Then

E1;p.e
J
I eI1 ; : : : ; eIp /D .�1/peJ0 ^ eI1 ^ eJ1 � � � ^ eIp ^ eJp :

That is , one replaces each jk with the set Ik , together with an overall sign of .�1/p.

Proof This directly follows from the computations for cubes in Proposition 4.7. For example, the
configurations in Figure 24 correspond to

E1;2.e
12
I e1; e23/DE1;2.e

13
I e1; e23/D�E1;2.e

23
I e2; e13/D�e123:

Geometry & Topology, Volume 28 (2024)



3764 Francesco Lin and Mike Miller Eismeier

Going from the cube to the minimal torus, one essentially forgets about the entries 0 and 1 of faces and
only keeps track of the position of the I ’s. The result then follows from the observation that, for each
sequence of subsets Ii and J as above, there is exactly one choice of faces Fi and F0 of the cube for
which I is at the right position and which satisfy the relations in Proposition 4.7.

In the operations E1;p, the first input plays a very different role from the remaining p. On the other
hand, it turns out that there is a symmetric operation — which we will call the insertion product — which
captures the behavior of all of the E1;p and their composites. This insertion product and its properties are
then crucial to our analysis of the Kraines construction K.a/ on an element a 2ƒ3.Zb/, as K.a/2nC1 is
obtained by summing over all possible iterates of the operations E1;p (with appropriate scalar factors).
To define this, we must make a brief diversion into combinatorics of subsets of f1; : : : ; ng.

Definition 5.3 Let fI1; : : : ; Img be a collection of subsets of f1; : : : ; bg. Write the elements of Ij as
fx1

j < � � �<x
ij
j g. We say the graph realization R.I1; : : : ; Im/ is the following graph: each Ij is associated

to the connected graph with jIj j vertices (labeled by fx1
j ; : : : ;x

ij
j g) and jIj j � 1 edges (connecting xk

j

and xkC1
j ); if Ij \ Ik is nonempty, we identify the corresponding vertices in the associated graphs.

Notice that in R.I1; : : : ; Im/ a pair of vertices might be joined by multiple edges. The conditions in the
definition of E1;p amount to saying that R.J; I1; : : : ; Ip/ is a tree which is obtained by pasting disjoint
line segments (corresponding to the Ik) at various distinct points of a base line segment (corresponding
to J ), as well as a condition to guarantee that only one ordering of I1; : : : ; Ip gives a nonzero output.
This leads us to the following definitions:

Definition 5.4 Let fI1; : : : ; Img be an unordered family of subsets Ij � f1; : : : ; bg. We say that this
family is 1–regular if R.I1; : : : ; Im/ is a tree.

The condition of 1–regularity essentially means that there is some reordering of this tuple such that the
iterated cup-1 product of eI1 ; : : : ; eIm is nonzero. Whether or not a family of subsets is 1–regular can be
determined by a greedy algorithm. At each stage we have chosen k distinct elements from this set so that
Il1
; : : : ; Ilk

are 1–regular; we next determine if there is some IlkC1
which intersects the union of these

exactly once. If not, the family is not 1–regular. If so, continue the algorithm.

Definition 5.5 We define the insertion products to be the symmetric multilinear maps

jm Wƒ
�.Zb/˝m

!ƒ�.Zb/

of degree 1�m such that

jm.e
I1 ; : : : ; eIm/D

�
˙eI1[���[Im if .I1; : : : ; Im/ is 1–regular;
0 otherwise:

To be explicit about the sign, one may reorder the Ij so that this is computed as an iterated E1;1 product,
with the signs of Proposition 5.2; the result is independent of the choice of order.
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Remark 5.1 One may also define the sign inductively: Suppose R.I2; : : : ; Im/ consists of k components

R.I2; : : : ; Im/DR.I1;1; : : : ; I1;i1
/[ � � � [R.Ik;1; : : : ;RIk;ik

/:

The sign on the insertion product of these k terms is already defined, by induction; after reordering them
so that their intersections with I1 are increasing,

jm.e
I1 ; : : : ; eIm/DE1;k.e

I1 I ji1
.eI1;1 ; : : : ; eI1;i1 /; : : : ; jik

.eIk;1 ; : : : ; eIk;ik //

using the higher operations in Proposition 5.2.

It follows from multilinearity that, if aD
P

I aI eI, we have

jm.a; : : : ; a/D
X

.I1;:::;Im/ 1–regular
Ij¤Ik for all j¤k

aI1
� � � aIm

jm.e
I1 ; : : : ; eIm/:

Here the sum is over all ordered sequences. If .I1; : : : ; Im/ is 1–regular, any permutation of this family
of sets is again 1–regular and is distinct from the original family, because each Ij labels a distinct subset
of f1; : : : ; bg. Because jm is symmetric, it follows that we may rewrite this as

jm.a; : : : ; a/Dm!
X

fI1;:::;Img 1–regular

aI1
� � � aIm

jm.e
I1 ; : : : ; eIm/;

where the sum runs over unordered sequences. In particular, jm.a; : : : ; a/=m! is always defined over the
integers. It is worth giving a name to this operation.

Definition 5.6 Let a 2ƒ�.Zb/ be an odd class. We say that the insertion powers of a are

aım D
jm.a; : : : ; a/

m!
:

Explicitly, if aD
P

aI eI, we have

aım D
X

fI1;:::;Img 1–regular

aI1
� � � aIm

jm.e
I1 ; : : : ; eIm/:

5.2 The Kraines construction and the insertion product

For the duration of this section, we write ƒ�.Zb/, together with its Hirsch algebra structure, as ƒ, which
we constructed in Section 4. It follows that the bar construction Bƒ carries a product � WBƒ˝Bƒ!Bƒ

(see Theorem 3.2). From this, and the inclusion ƒŠ .Bƒ/1 ,!Bƒ, we defined in Lemma 3.6 operations
corresponding to iterated multiplication. In our case of interest these operations turn out to be symmetric
in their inputs, and in fact equal to the insertion product of the previous section.

For convenience, we state all results in the following theorem for odd classes. They hold for arbitrary
elements ofƒ with suitable signs, but we do not need them. The main result of this section is the following
characterization of iterated multiplication in Bƒ. We give an explicit formula for the repeated product,
and prove that it is both symmetric and associative.
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Theorem 5.7 Define the map �n Wƒ
˝n! Bƒ by iterated left multiplication with the operation �; that

is , �3.a1; a2; a3/D �.Œa1�; �.Œa2�; Œa3�//. Then the component

�1
n W .ƒ

odd/˝n
!ƒŠ .Bƒ/1

on odd-degree inputs is precisely the insertion product jn.

Proof We prove this by induction on m. The claim is tautological for m D 1, where �1
1
.a/ D a and

j1.a/D a.

Supposing the claim is true for �1
m for all m<n, we will prove the claim for �1

n. Because �n is multilinear,
it suffices to verify it on basis elements eI for I � f1; : : : ; bg a subset. We write aj D eIj for 1� j � n.

The key point is Lemma 3.6. To recall notation, if J D fj1 < � � �< jkg � f2; : : : ; ng, we write

�1.J /D �1
k.aj1

; : : : ; ajk
/I

if J1; : : : ;Jk is a list of subsets, then we write �1.J1 j � � � jJk/D Œ�
1.J1/ j � � � j�

1.Jk/�. In this notation,
Lemma 3.6 tells us that

�n�1.a2; : : : ; an/D
X

J1;:::;Jk�f2;:::;ng
J1[���[JkDf2;:::;ng
Ji\JjD¿ for i¤j

�1.J1 j � � � jJk/:

Next, our inductive hypothesis tells us what each expression �1.Ji/ is. Each Ji parametrizes a set of
monomials eIk ; we may compute their insertion product, and �1.Ji/D j .Ji/ by the inductive hypothesis.
So we may write the above sum as

�n�1.a2; : : : ; an/D
X

J1;:::;Jk�f2;:::;ng
J1[���[JkDf2;:::;ng
Ji\JjD¿ for i¤j

Œj .J1/ j � � � j j .Jk/�:

Next, if a1 D eI, when we apply �.Œa1�; �n�1/ we obtain

�1
n.a1; a2; : : : ; an/D

X
J1;:::;Jk�f2;:::;ng

J1[���[JkDf2;:::;ng
Ji\JjD¿ for i¤j

E1;k.e
I
I j .J1/; : : : ; j .Jk//:

Here j .Ji/ is the insertion product of the elements eIk for k 2 Ji . This is given by ˙e
S

Ji , whereS
Ji D

S
k2Ji

Ik .

By Proposition 5.2, if the above expression is nonzero, then the subsets
S

J1; : : : ;
S

Jk are necessarily
disjoint with I meeting each of them exactly once, so the graph realization

R.I2; : : : ; In/DR.J1; : : : ;Jk/

must be a forest of exactly k trees, and I meets each tree exactly once — so R.I; I2; : : : ; In/ is a tree
and the family is 1–regular. Further, E1;p is precisely given by the insertion product.
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Therefore, if a summand in the above expression is nonzero, the family .I; I2; : : : ; In/ is 1–regular and
that summand is the insertion product. The only way such a summand can be nonzero is if the Ji each
correspond to the components of R.I2; : : : ; In/ and, further, the intersections fjig D I \ .[Ji/ have
j1 < � � � < jk . Hence exactly one such summand is nonzero: the one with partition given as above,
and with the unique ordering in which the above inequality holds. Thus the expression evaluates to
j .I; I2; : : : ; In/, as desired. This completes the induction.

This immediately gives us an explicit formula for the Kraines construction K.a/ on the minimal torus.

Corollary 5.8 Let a 2 ƒ3.Zn/ be any element of degree 3. Writing aın for the insertion powers of
Definition 5.6, the Kraines construction on a is the twisting sequence with K.a/2nC1 D aın for all n� 1;
this is defined as a twisting sequence over ƒ (without rationalizing).

A modified statement is true for elements of any odd degree (or, if one is more careful with signs, for
arbitrary elements).

5.3 The main computation

Combining the results of the previous two sections, we are now able to prove the following structure
theorem for twisted homology of twisting sequences on the torus. The phrasing, involving simplicial tori,
is intended towards our application in monopole Floer homology; the result may be stated more generally
about any reasonable model for cochains on the torus.

Theorem 5.9 Let T be any finite simplicial complex whose realization is homeomorphic to the b–
dimensional torus T b . Then there is a zigzag of Hirsch algebra quasi-isomorphisms from the simplicial
cochain (Hirsch ) algebra C �

�
.T / to the exterior algebra C ��.T

b
1
/Šƒ�.Zb/ with the following property.

Suppose �� is a twisting sequence in C �
�
.T / with Fn.��/D 0 for all n> 1; write F1.��/D Œ�3� as a 2ƒ3

for convenience. Then under the induced bijection

hT .C ��T /! hT .ƒ�Zn/Dƒ3
˚ƒ5

˚ � � � ;

the element Œ��� is sent to the twisting sequence K.a/. Explicitly, we have K.a/2nC1 given by the nth

insertion power
K.a/2nC1 D aın D

1

n!
jn.a; : : : ; a/

of Definition 5.6.

Proof Fix a homeomorphism jT j Š T b from the realization of the simplicial torus T to the standard
b–dimensional torus, which also has a canonical homeomorphism to the realization of the minimal
torus T n

1
of Section 5.1.

The appropriate zigzag of Hirsch algebras takes the form

C ��.T / C ���sing.T
b/ C ���sing.T

b/! C ��.T
b
1 /Dƒ

�.Zb/:
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The first map is obtained by restricting domain from singular chains to the simplicial chains; it is
represented by a simplicial map T ! Sing� jT j of simplicial sets and hence defines a map on Hirsch
algebras, and similarly with the last map.

The middle map from singular cubical cochains to singular simplicial cochains is the Cartan–Serre
comparison map, which is an isomorphism of Hirsch algebras by Theorem 4.8. Hence this is a zigzag of
Hirsch algebra quasi-isomorphisms.

Because the characteristic classes of twisting sequences on Hirsch algebras are homotopy invariants,
which are natural for Hirsch algebra maps, it follows that Fn.z���/D 0 for all n> 1 and F1.z���/D Œ�3�.
Furthermore, Theorem 3.7 implies that there is exactly one twisting sequence in ƒ�Zb with these
properties, and it must be K.Œ�3�/— which is therefore defined over the integers (though this follows from
our explicit calculation of this element). The given formula for K.a/ was determined in Corollary 5.8.

Applying Lemmas 1.5 and 1.6, we immediately obtain an isomorphism between the twisted cohomology
H�tw.T I ��/ and the (algebraic and concretely computable) twisted homology of ƒ�Zn with respect to the
twisting sequence .a; aı2; aı3; : : : /.

Remark 5.2 If one is careful, one observes that, in Lemmas 1.5 and 1.6, we referred to a version of
the twisted cohomology groups where one uses ZŒT �1;T ��, completing in the T –direction, whereas the
statement above refers to an uncompleted version. The key point is that when the chain complexes we
apply this to are supported in bounded degrees — as is the case for C �

�
.T / and ƒ�.Zn/— this twisted

cohomology is defined via Laurent polynomials for, in a fixed degree d , sufficiently high powers of T

must have coefficient zero).

5.4 The case of local systems

We would now like to extend our calculation of twisted (co)homology of the torus to the setting of local
systems. When applying this to the setting of monopole Floer homology of a spinc three-manifold with
c1.s/ nontorsion, such a local system is most naturally a local system of ZŒT;T �1�–modules.

Let T be a finite simplicial complex whose realization is homeomorphic to the b–dimensional torus, and
suppose T is equipped with a local coefficient system A of ZŒT;T �1�–modules; this is described by
some representation � W �1.T /! Aut.A/, where we take automorphisms as a ZŒT;T �1�–module.

Let �� 2 TS.C �
�

T / be a twisting sequence. We may define the twisted homology with respect to the local
system A as the homology of C�

� .T IA/ with respect to the differential

x 7! @AxC .�3\x/T C .�5\x/T 2
C � � � ;

where @A is the differential with local coefficients (see for example [Davis and Kirk 2001, Chapter 5]).
As C�

� .T / is finite-dimensional, this is a finite sum.
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Theorem 5.10 In the situation above , suppose Fn.��/ D 0 for all n > 1, and Œ�3� D a� 2 ƒ
3.Zn/

after choosing a basis of �1T (and thus an isomorphism of H�T to ƒ�Zb/, then the twisted homol-
ogy H tw

� .T IA; ��/ is isomorphic to the twisted homology of the local system over the minimal torus
C ��.T

b
1
/ŒT;T �1�˝ZŒT �A with respect to the differential

x 7! @AxC .a� \x/T C .aı2� \x/T 2
C � � � :

In this situation , the differential @A is computed explicitly as follows. If x D ei1 ^ � � � ^ eik ˝ a, then

@Ax D
X

1�j�k

ei1 ^ � � � ^ eij�1 ^ eijC1 ^ � � � ^ eik ˝ �.eij /.a/:

Here �.ek/ is �, applied to the k th basis vector of Zb .

Proof The zigzag of Hirsch algebras

C ��.T / C ���sing.T
b/ C ���sing.T

b/! C ��.T
b
1 /Dƒ

�.Zb/

has a corresponding form for chains (valued in any local system)

C�
��.T IA/! C

��sing
�� .T b

IA/! C
��sing
�� .T b

IA/ C �
��.T

b
1 IA/Dƒ

��.Zb/˝A:

The negative degrees appear because our conventions use cohomological gradings. To be clear, the
grading of � ˝ a is given by jaj � j� j.

These maps are all quasi-isomorphisms (they are comparison maps between various types of chains on
the torus) and type (b) module maps (see Lemma 1.6).

We would like to argue as follows: there is a filtration on each of these complexes such that the twisted
differential preserves the filtration, and the associated graded of the twisted homology complex is
precisely the complex C��.T IA/ in its various guises; because the associated graded maps are all quasi-
isomorphisms, and the spectral sequence converges, the maps between the various twisted homology
groups are also quasi-isomorphisms.

The issue is in giving the correct spectral sequence. One should not filter by T –degree in A, as this is not
complete. The most natural choice is by chain degree. If � ˝ a 2 C�p.T IA/— so jaj � j� j D p — we
say that � ˝ a has chain degree �j� j, and we set

FpC��.T IA/D
M
k�p

C�k.T /˝A:

Then, as long as the models for chains on T are bounded in degree, this is a complete filtration, and the
argument above runs through. However, singular chains are unbounded complexes.

To remedy this, observe the following. Suppose A is a nonnegatively graded dg-algebra and M is a
(cohomologically graded) bounded above dg-module with cohomology supported in degrees Œ�n; 0�.
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Then there is an A–module M 0 which is supported in degrees Œ�n� 1; 0� and comes equipped with an
A–module quasi-isomorphism M !M 0; furthermore, this construction is natural in pairs .A;M / of the
above form. One may simply set

M 0
k D

8<:
Mk if k � �n;

M�n�1=Z�n�1 if k D�n� 1;

0 otherwise.

Applying this natural truncation construction, we now have a zigzag

C�
� .T IA/! C

��sing
� .T b

IA/0! C
��sing
� .T b

IA/0 C �
� .T

b
1 IA/Dƒ

�.Zb/˝A;

where each dg-module here has a finite filtration, and all maps are quasi-isomorphisms. Applying the
argument above, we have a zigzag of isomorphisms between the relevant twisted homology groups, as
desired.

Finally, the determination of @A on H�T follows directly from the definitions (see the discussion in
Section 6.2 below).

6 Applications to the monopole Floer homology group HM�

In the first part of this section, we recall precisely what is proved in [Kronheimer and Mrowka 2007],
which we refer to heavily below and henceforth abbreviate to [KM]. Then we will finally prove Theorem A.
We will conclude by discussing and prove generalizations to the case of nontorsion spinc structures and
local systems.

In [KM, Chapters 33 and 34], the authors investigate the monopole Floer homology groups HM�.Y; sI�0/

and compare them to coupled Morse homology groups of the torus of reducible solutions; we write these
groups as

CMH�.TY;s;DBI�0/:

Here �0 is some local system over the torus TY;s, hence an H 1.Y IZ/–module. The complex CMC�.TY;s/

computing this homology group is freely generated by pairs .x; �i/ where x is a critical point of a Morse
function on T and �i labels an eigenspace of the operator Dx , listed so that

� � �< �0 < �1 < �2 < � � � :

Both HM and CMH carry the intrinsic structure of a module over ƒ�.H1Y=tors/ŒU;U�1�, both defined
in similar ways (counting points in moduli spaces cut down by an appropriate cohomology class, either
represented geometrically as a section of a vector bundle or as a Čech cocycle). Notice that, while there is
an obvious degree �2 map on CMC�.TY;s/, given by sending .x; �i/ to .x; �i�1/, this is not necessarily
the same as the action of U, which is defined in [KM, page 657].
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While the proof of [KM, Theorem 35:1:1] gives an isomorphism

rY;s W HM�.Y; sI�0/Š CMH�.TY;s;DBI�0/

as abelian groups, it is straightforward to see rY;s is in fact aƒ.H1Y=tors/ŒU;U�1�–module isomorphism,
because the module structures are defined in essentially the same way. This holds regardless of whether
or not s is torsion or �0 is a local system with nontrivial monodromy and the proof is the same. In
the nontorsion case, the domain is instead HM�.Y; s; cbI�0/, where one uses an appropriate balanced
perturbation to the Seiberg–Witten equations.

They then compare these to appropriate twisted simplicial homology groups via [KM, Proposition 34:2:1]
in the torsion case and [KM, Proposition 34:4:1] in the nontorsion case. While these propositions are
phrased in terms of Čech representatives, there is no difficulty in phrasing their results simplicially, as in
the proof of [KM, Theorem 34:3:1].

What they show, precisely, is that, when T is given a simplicial structure and DB is homotoped to a
simplicial map L W T ! U.2/ for an appropriate simplicial structure on the latter, then one may choose
the Morse function on T so that there is a group isomorphism

'� W CMC�.T ;LI�0/Š C�
� .T I�0/ŒT;T

�1�

given by sending the generator .x; �i/ to xT i , and such that the coupled Morse differential on the domain
is sent to the twisted differential

x 7! d�0
xC .�3\x/T;

where �3 is a simplicial 3–cocycle on T pulled back from the 3–sphere. Here T is a formal variable of
degree 2. This contrasts with the main body of the text above, where we used cohomological grading
conventions, so instead T had degree �2. Restated, '� gives an isomorphism of chain complexes from
CMC to C�

tw.T I �KM/.

Now we should discuss how '� behaves with respect to the additional structure. When L factors through
SU.2/— so s is a torsion spinc structure — the argument of [KM, Proposition 34:2:4] shows that '� has

'�.Ux/D T �1'�.x/:

However, these arguments do not help with the ƒ–module structure. Without further work, all one can
say is that, for example, if ˛ 2H 1.T /, we have

'�.˛\xT i/D ˛\'�.x/T
i
Cx�3T iC1

Cx�5T iC2
C � � � ;

where x and x�.2iC1/ differ in grading by 2i C 1. Furthermore, when s is nontorsion, the arguments
of [KM] only show

'�.Ux/D T �1'�.x/CTy

for some appropriate y D
P

aiyi , where yi are critical points for which grzi
.x;yi/ D 4 for some

homotopy class of paths zi ; see [Cristofaro-Gardiner et al. 2021] for more details. (Notice that this is
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slightly stronger than simply knowing that U is sent to T �1 up to higher filtration.) We summarize the
above discussion in the following proposition:

Proposition 6.1 (Kronheimer and Mrowka) Filter HM�.Y; s; cbI�0/ by powers of U and H�
tw.T I �KM/

by powers of T �1. There is a filtered isomorphism of relatively graded groups

'KM D '� ı rY;s W HM�.Y; s; cbI�0/ŠH�
tw.T I �KM/:

The associated graded map is a ƒ�.H1Y=tors/–module isomorphism sending U to T �1. When s is
torsion , so we consider the usual group HM�.Y; sI�0/, the map 'KM sends U to T �1 even before passing
to the associated graded modules.

It is likely that one can give a completely explicit description of how 'KM intertwines the two ƒ–module
structures on both sides in general, as well as how U relates to T �1; see Section 7. What follows below
builds on Proposition 6.1 and is carried out entirely on the twisted homology side.

6.1 Proof of the main theorem

Let us first recall here the statement for the reader’s convenience:

Theorem 6.2 (Theorem A) If s is a torsion spinc structure , the monopole Floer homology group
HM�.Y; s/ is isomorphic to the extended cup homology HC1� .Y / as relatively Z–graded ZŒU;U�1�–
modules.

Here recall that, after choosing an identification H 1.Y IZ/DZb1.Y /, the extended cup homology HC1� .Y /
is the homology of ƒ�.Zb1/ŒU;U�1� with respect to the differential given by

(6-1) x˝U n
7! .aY \x/U n�1

C .aı2Y \x/U n�2
C .aı3Y \x/U n�3

C � � � ;

where aY 2 ƒ
3Zb1 corresponds to the triple cup product [3

Y
of Y, and the cap products are to be

interpreted via the identification Zb1.Y / DH�.T /.

Proof We need to show that
H�

tw.T I �KM/Š HC1� .Y /

as ZŒT;T �1�–modules. Now �KM D .�3; 0; : : : / is a twisting sequence pulled back from a twisting
sequence �S3 on SU.2/DS3. All the higher characteristic classes Fn.�S3/ vanish because the cohomology
of S3 vanishes in degrees � 4. By functoriality, all characteristic classes Fn.�KM/ 2H 2nC1.T IQ/ also
vanish, and F1.��/ corresponds to the pullback of the generator of H 3.S3IZ/ under the classifying map.

By the index theorem for families [KM, Lemma 35:1:2], the classifying map of such a family pulls back
the generator of H 3.S3IZ/ to the triple cup product

[
3
Y 2 .ƒ

3H 1.Y IZ//� Dƒ3H 1.T IZ/DH 3.T IZ/:
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Theorem 5.9 implies therefore that H�tw.T I �KM/ is the twisted cohomology H�tw.H
�.T /IK.[3

Y
//

of H�.T / (thought of as a dga with trivial differential) with respect to the twisting sequence K.[3
Y
/. To

conclude the homological statement, notice that

HM�.Y; s/Š HM�.�Y; s/ŠH�tw.H
�.T /IK.�[3

Y //ŠH�tw.H
�.T /IK.[3

Y //Š HC1� .Y /;

where the first isomorphism is Poincaré duality in Floer homology; we have [3
�Y
D �[3

Y
. Now the

twisting sequences K.[3
Y
/ and K.�[3

Y
/ differ by a sign in degrees 4nC1, and the corresponding twisted

cohomologies are seen to be isomorphic via the map that acts on H�.T / by multiplying by �1 in degrees
congruent to 0 and 3 mod 4. The last isomorphism is Hodge duality on ƒ�.Zb/, where we use that
wedging with a form is Hodge dual to contraction with it (ie the differential in extended cup homology)
up to a sign that does not affect the resulting homology.

6.2 Local systems and nontorsion spinc structures

Next we discuss the case of a nontorsion spinc structure s; the relevant group for our purposes is the one
associated to balanced nonexact perturbation cb , which is denoted by HM�.Y; s; cb/ [KM, Chapter 30].
The spinc structure determines a homomorphism 's given by

's WH
1.Y IZ/! Z; a 7! 1

2
ha[ c1.s/; ŒY �i:

We know that HM�.Y; s; cbIZ/ can be identified with

H tw
� .T I ��; �s/;

where one uses a local system on the torus T DT .Y; s/ of reducible solutions with fiber ZŒT;T �1� whose
monodromy around the loop a in T is given by multiplication by T 's.a/. Notice that the monodromy map
does not preserve the Z–grading, but only the Z=2N Z–grading, where N is a generator of the image
of 's. A similar isomorphism holds for HM�.Y; s; cbI�0/, where �0 is some additional local system
over T. As discussed in the opening of this section, this identification is a U – andƒ–module isomorphism
on associated graded modules, but more work is necessary to determine how this identification intertwines
the module structures in higher filtration. Henceforth we exclusively discuss the twisted homology group.

Choose an identification T Š .S1/b , where b D b1.Y /. The latter space has a canonical cubical
decomposition, T b

1
, discussed extensively in Section 5; this cubical decomposition has C ��.T

b
1
/Šƒ�.Zb/.

We choose such an identification once and for all.

If �0 is a local system on T, we can define the chain complex with local coefficients C �
� .T

b
1
I�0/ as

follows (see for example [Davis and Kirk 2001, Chapter 5]). The cubical decomposition of T b
1

induces a
cellular decomposition on its universal cover zT b1 ; this is the usual lattice in Rn.

The complex C �
� .
zT b1 IZ/ is naturally a module over the group ring ZŒ�1.T /� via the action given by

deck transformations. If we interpret the local system as a module �0 over ZŒ�1.T /�Š ZŒZb �, we can
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then define

(6-2) C �
� .T

b
1 I�0/D C �

� .
zT b1 IZ/˝ZŒ�1.T/� �0;

equipped with the induced differential.

Similarly, consider the local system on T with fiber ZŒT;T �1� and monodromy around the loop a given
by �.a/˝ T 's.a/; we will denote this by �s. This induces a local system over T b

1
; we use the same

notation for this local system.

The construction above, applied now to the local system �0˝�
s, gives rise to a twisted chain complex

C �
� .T

b
1
I�0˝�

s/. Very explicitly, after unwinding the definition above,

(6-3) C �
� .T I�0˝�

s/D C �
� .T IZ/˝�0˝ZŒT;T �1�

equipped with the differential d1 given by

(6-4) d1.ai1
^ � � � ^ ain

˝ r ˝T k/D

nX
jD1

.�1/j .ai1
^ � � � Oaij � � � ^ ain

/˝ �.aij /r ˝T
kC's.aij

/
;

where
� WH 1.Y IZ/DH1.T IZ/! Aut.�0/

is the monodromy of the local system �0.

With this in mind, we are ready to define the “twisted” version of extended cup homology which is
relevant for our purposes.

Definition 6.3 Suppose .Y; s/ is a closed oriented 3–manifold equipped with a (possibly nontorsion)
spinc structure, and let �0 be a local system on B� .Y; s/ with monodromy �. Denote by T the b1.Y /–
dimensional torus of reducible solutions, with a fixed identification T D .S1/b (and induced cubical
decomposition) as above. The extended cup complex C1� .Y; sI�0/ is the twisted chain complex

C �
� .T

b
1 I�0˝�

s/

in (6-3) equipped with the differential d1C Nd[, where d1 is given in (6-4) and Nd[ is the differential
in (6-1). The extended cup homology HC1� .Y; sI�0/ is, by definition, the homology of this complex.

Notice that, when s is torsion, 's D 0. In this case, if we take the trivial local system, we obtain the
standard cup homology studied earlier. Furthermore, the invariant associated to a balanced perturbation
coincides with the standard one. With this in mind, the following result can be thought as a generalization
of Theorem A:

Theorem 6.4 Let .Y; s/ be a closed oriented spinc 3–manifold and �0 a local system on B� .Y; s/. Then

HM�.Y; s; cbI�0/Š HC1� .Y; sI�0/

as relatively Z=2N Z–graded abelian groups , where N is a generator of Im.'s/� Z. In the torsion case ,
this map is also an isomorphism of ZŒT;T �1� modules.
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Remark 6.1 In the nontorsion case, while we cannot determine the ZŒT;T �1�–module structure, we
can still say that the isomorphism sends U to T �1 up to higher filtration.

Proof Referring to the discussion preceding Proposition 6.1, consider the local system � D �0˝�
s;

recall that it has fiber �0ŒT;T
�1� and monodromy around the loop a given by multiplication by T 's.a/.

Then, for a sufficiently fine simplicial structure on T, there is a 3–cocycle �3 whose cohomology class
represents the triple cup product of Y such that simplicial chains with local coefficients C�

� .T I�/ with
twisted differential

� 7! d�� C .�3\ �/T

have homology groups isomorphic to HM�.Y; s; cbI�0/. In the nontorsion case this isomorphism is only
shown to hold as Z–modules in [KM].

Finally, �3 is pulled back from a 3–cocycle on U.2/; as the latter has vanishing cohomology in degrees� 5,
functoriality implies once more that all characteristic classes Fn.��/ with n> 1 vanish while F1.��/D

Œ�3�D[
3
Y

. The proof then follows as in the previous case, using the computation with local coefficients
in Theorem 5.10.

7 Some open questions

This article answers a specific question in the HM� story. The theory is much richer and many parts of
this story remain open; we collect some interesting questions below.

First, there is the combinatorial algebra question of comparing cup homology to extended cup homology
already mentioned in the introduction.

Question 1 Let a 2 ƒ3.Zb/ be a degree 3 class; we may define its cup homology and extended cup
homology modules as before. Is there an isomorphism of ZŒT;T �1�–modules between the associated cup
homology HC1 and its extended version HC1?

Referring to the discussion at the beginning of Section 6, and in particular Proposition 6.1, we know that
HM�.Y I s/ is also a module over ƒ�.H1.Y IZ/=tors/; from the coupled Morse homology picture, via
the isomorphism of Theorem A this coincides with the natural action by contraction on the right on HC1

only up to lower filtration terms. It is then natural to ask the following:

Question 2 Can one identify the ƒ�.H1.Y IZ/=tors/–action induced on HC1 by the isomorphism in
Theorem A? If the isomorphism in Question 1 holds , can one describe the corresponding action on HC1?

One may also ask the above question when there is the additional structure of a local system, and possibly
a local system of ZŒT;T �1�–modules, as in the case of HM�.Y; s; cb/ when c1.s/ is nontorsion. In the
latter case, it is also unclear how to describe the ZŒU�1;U �–module structure (see also Remark 6.1), so
we ask the following:
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Question 3 For a nontorsion spinc structure , can one describe the ZŒU�1;U �–action on HC1 induced
the isomorphism in Theorem 6.4?

Notice that, while Question 1 is purely combinatorial, Questions 2 and 3 require a better understanding
of both the algebraic picture and the description of the invariant in terms of coupled Morse homology;
their answer is not clear even in the algebraically simpler setting of twisted de Rham cohomology.

To conclude, on the side of coupled Morse homology itself, it would be interesting to understand the
coupled Morse homology of families that do not factor through U.2/. If one had the pipe-dream goal
of completely computing the functor HM�.Y; s/ on the cobordism category in some explicit algebraic
fashion, this may be necessary, as it is unlikely there is a coherent way to homotope the classifying maps
DB W T .Y; s/! U.1/ to U.2/ in a way compatible with cobordisms. A starting point for this is the
following:

Question 4 Is there a (simplicial ) twisting sequence .�3; : : : ; �2n�1; 0; : : : / on SU.n/ such that the
following property holds? Whenever Q is a compact manifold and L WQ! SU.n/ is a simplicial map
classifying a family of self-adjoint Fredholm operators , we have an isomorphism

CMH�.Q;L/ŠH tw
� .QIL

���/:

If the answer to this question is positive, then one should also develop the corresponding version with
spectral flow (maps to U.n/). One would then need to answer the analogue of Question 3 in this more
general setting to get a full understanding of the aforementioned functoriality problem. The case nD 3 is
already very interesting as SU.3/ is not the product S3�S5 even though they have the same cohomology
ring (there is a nontrivial Sq2–operation relating the generators in degrees 3 and 5).
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