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GEBHARD MARTIN
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We classify smooth weak del Pezzo surfaces with global vector fields over an arbitrary algebraically
closed field k of arbitrary characteristic p > 0. We give a complete description of the configuration of
(—1)- and (—2)—curves on these surfaces and calculate the identity component of their automorphism
schemes. It turns out that there are 53 distinct families of such surfaces if p # 2,3, while there are 61
such families if p = 3 and 75 such families if p = 2. Each of these families has at most one moduli. As a
byproduct of our classification, it follows that weak del Pezzo surfaces with nonreduced automorphism
schemes exist over k if and only if p € {2, 3}.

14E07, 14J26, 14J50, 14L15

1 Introduction

Recall that a weak del Pezzo surface over an algebraically closed field k is a smooth projective surface X
with anticanonical divisor class —Ky big and nef, or, equivalently, X is P! x P!, the second Hirzebruch
surface [F5, or the blowup of at most eight points in P2 in almost general position. More classically, weak
del Pezzo surfaces appear as the minimal resolution of surfaces of degree d in P4 which are neither
cones nor projections of surfaces of minimal degree d in Pa+1; see Dolgachev [4, Definition 8.1.5].

By a result of Matsumura and Oort [9], the automorphism functor Auty of a proper variety X over
k is representable by a group scheme locally of finite type over k. Since Auty is well known for
surfaces of minimal degree (that is, for quadric surfaces, the Veronese surface and rational normal scrolls
[4, Corollary 8.1.2]), weak del Pezzo surfaces form the first class of smooth projective surfaces for which
the study of Auty is interesting. We are concerned here with the identity component Aut?( of Auty,
which can be nonreduced in positive characteristic.

While this nonreducedness phenomenon does not occur for smooth projective curves, we will see that it
appears for one of the first nontrivial classes of smooth projective surfaces, namely for weak del Pezzo
surfaces (see also Neuman [10]), at least in characteristic 2 and 3. This means that for a weak del Pezzo
surface X in characteristic 2 and 3 we may have h°(X, Tx) > dim Aut?(; that is, X may have more global
vector fields than expected.

More classically, automorphisms of (weak) del Pezzo surfaces are being studied in the context of the
plane Cremona group, ie the group of birational automorphisms of P2. The main reason for this is that
automorphisms of (weak) del Pezzo surfaces yield birational automorphisms of P2 that do not necessarily
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extend to biregular automorphisms. For the action of Aut?( on a weak del Pezzo surface X, the situation
is very different, since this action always descends to an action on the whole minimal model of X by
Blanchard’s lemma (Lemma 2.10).

This special feature of the connected automorphism scheme Aut?( will enable us to calculate it explicitly
for all weak del Pezzo surfaces that are blowups of P2 in terms of stabilizers as a subgroup scheme of
PGL3. Using this, we will classify all weak del Pezzo surfaces X with nontrivial Aut?( and determine
their configurations of (—2)— and (—1)—curves, as well as their number of moduli:

Main Theorem Let X be a weak del Pezzo surface over an algebraically closed field. If h®(X, Tx) # 0,
then X is one of the surfaces in Tables 1, 2, 3, 4, 5 or 6. All cases exist and have an irreducible moduli
space of the stated dimension.

In Tables 1, 3, 4, 5 and 6, the figure describing the configuration of (—2)— and (—1)—curves (lines) on
these surfaces is given in column 2. In these figures, a thick curve denotes a (—2)—curve, while a thin
curve denotes a (—1)—curve. The intersection multiplicity of two such curves is no more than 3 at every
point; intersection multiplicities 1 and 2 will be clear from the picture, whereas we write a small 3 next to
the point of intersection if the intersection multiplicity is 3. Recall that the dual graph of all (—2)—curves
on a weak del Pezzo surface is a union of Dynkin diagrams of types A,, D, and E,. This graph can be
read off from the corresponding figure, but for ease of reference we give its Dynkin type in column 3.
For the same reason, in column 4 we list the number of (—1)—curves on these surfaces. In column 5
we describe a general S—valued point of Autg’(, where S is a k—scheme. In particular, the dimension
of HO(X, Tx) = Aut?( (k[€]/(€?)) can be read off from this description and is listed in column 6 for
the convenience of the reader. Comparing this with the dimension of Aut?(, it can be checked whether
Aut?( is smooth or not. This is done in column 7. If there is more than one weak del Pezzo surface with
the configuration of curves and with the automorphism scheme as in the previous columns, we give the
dimension of a modular family of such surfaces in column 8. If, instead, there is a unique surface of this
type, we write “{pt}” in column 8 in order to emphasize that the surface is unique. Finally, in column 9,
we give the characteristic(s) in which the respective surface(s) exist(s).

In particular, our classification also gives a complete list of weak del Pezzo surfaces with nonreduced
automorphism schemes. In the following corollary, we list the characteristics p and degrees d for which
every weak del Pezzo surface of degree d in characteristic p has reduced automorphism scheme.

Corollary 1.1 Let k be an algebraically closed field of characteristic p > 0. Then every weak del Pezzo
surface X of degree d over k has reduced automorphism scheme if and only if one of the following three
conditions holds:

() p#2,3,
2) p=3andd >4,
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(3) p=2andd >5.

Moreover, if Auty is nonreduced, then the number of (—2)—curves on X is at least 7—d.

3567

In particular, the above corollary recovers the result that the automorphism scheme of every del Pezzo

surface (where —Kx is ample) is smooth, which is in fact easier to prove and has already been observed

by Dolgachev and Duncan (see [5, Theorem 2.4.]).

case figure (—2)—curves #{lines} Autg( CPGL; h%(X, Tx) Autg)( smooth? moduli char(k)
degree 9
9A %] 0 PGL; v {pt} any
degree 8
1b
8A 2 1%} 1 ( ¢ jc‘ ) v {pt} any
1
degree 7
1
TA 1 1%} 3 ( e j’) v {pt} any
1
b
7B 9 Ay 2 (1 e ch) {pt} any
1
degree 6
6A 1 (%] 6 (1 e ) v {pt} any
1
6B 8 Aq 4 ( e C) v {pt} any
1
1
6C 1 A 3 ( 1 fr) v (pt!  any
1
1
6D 8 24, 2 ( e ;”) v {pt} any
1
1b
6E 21 A 2 ( e f; ) v oty any
e
b
6F 21  Ay+A 1 (le?) v (pt}  any
1
degree 5
SA 1 Ay 7 (1 1 ) v {pt} any
1
5B 8 24, 5 (1 e ) v {pt} any
1
5C 6 Ay 4 (1 1 c) v {pt} any
1
1
5D 8 Ar+ Ay 3 ( e f) v {pt} any
1
1
SE 21 A 2 ( e 7 ) v (pth  any
e
1b
SF 26 As 1 ( e 2) v {pt} any
s
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Table 1: Weak del Pezzo surfaces of degree > 5 that are blowups of P2.
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case (—2)—curves #{lines} Auty h°(X, Tx) Auty smooth? moduli char(k)
Pl xP! 1%/ 0 PGL, x PGL, 6 v {pt} any
F> Ay 0 (Autp(1,1,2))rea= (G2 xGLa)/ 12 7 v {pt}  any

Table 2: Weak del Pezzo surfaces of degree 8 that are not blowups of P2.

Remark 1.2 Since every Jacobian rational (quasi)elliptic surface X’ is the blowup of a weak del Pezzo
surface X of degree 1 in the unique basepoint of its anticanonical linear system, Lemma 2.11 yields an
isomorphism Autg(/ &~ Autg(. In particular, our Main Theorem gives a complete classification of Jacobian
rational (quasi)elliptic surfaces with global vector fields. The non-Jacobian case is more involved and
will be treated by the second-named author in an upcoming article.

case figure (—2)-curves #{lines} Autg’( CPGL; hO(X,Tx) Aut?( smooth? moduli char(k)
4AA 4 24, 8 (1 1 1-) 1 v ldim  any
4B 5 34, 6 (1 ) l_) 1 v (pt}  any
AC 5 A+ A, 6 ( Y i ) 1 v (Pt} any
D 6 As 5 ( Y i ) 1 v Pty any
4E 17 As 4 (1 1 1) 1 v oty #£2
4F 7 44, 4 ( e ,~ ) 2 v (Pt} any
AG T Ar+24, 4 ( e ,- ) 2 v {pt}  any
4H 17 As+A, 3 (1 | f) 2 v Pty any
41 20 Ay 3 ( Yo ef; ) 2 v {pt} any
41 25 D4 2 ( te :2 ) 2 v ot #£2
4K 20 As+24, 2 ( ' " ) 3 v (ot any
AL 28 Ds i (1 e /2) 3 v ot #2
AM 17 As 4 (11j),l2=l 2 x oy =2
AN 25 Da 2 ( Y 2 ) 2 v ot =2
40 25 D4 2 (1 e fz ) 3 v pu =2
4 28 Ds 1 ( ' ,?) 3 v ot =2
4Q 28 Ds 1 ( te ef; ) 4 v o =2

Table 3: Weak del Pezzo surfaces of degree 4.
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case figure (—2)-curves #{lines} Aut?( CPGL; KX, Tx) Aut?( smooth? moduli char(k)
3A 4 24, 7 (1 i ) 1 v 1dim  any
1
3B 6 Da 6 (1 1 ) 1 v oty any
1
3C 4 24,44, 5 (1 1 ) 1 v Pty any
1
3D 4 As+24, 5 (1 1 ) 1 v {pt}  any
1
3E 16 Ag+A4 4 (1 | ) 1 v (Pt} any
1
3F 19 As 3 (1 | {) 1 v pt #£3
3G 25 Ds 3 <1e ) 1 v U #£2
e
3H 7 34, 3 (‘ e ) 2 v (pt!  any
1
1
31 19 As+ Ay 2 ( e J;) 2 v {pt} any
e
35 29 Es 1 (‘ e i) 2 v (. £2.3
E
1
3K 19 As 3 ( ef;),e3= 2 X {pt} =3
e
3L 29 Es 1 (1 i j?) 2 v =3
1
M 29 Es 1 ( e 5; ) 3 v ot =3
e
3N 13 A 6 (11‘),1'2:1 1 x ot =2
1
30 25 Ds 3 (1 i ’f) 1 v ot =2
1
3P 25 Ds 3 ( e fz) 2 v ot =2
e
1b ¢
3Q 29 Eg 1 ( 1b2+b) 2 v {pt} =2
1
1b ¢
3R 29 Es 1 ( . b23e) 3 v Py =2
e

Table 4: Weak del Pezzo surfaces of degree 3.

Remark 1.3 Independently, shortly after the upload of this article to arXiv and using a completely

different approach, Cheltsov and Prokhorov [2] classified RDP del Pezzo surfaces Y over an algebraically
closed field k of characteristic 0 such that Auty (k) is infinite. Now, Auty (k) is infinite if and only if
Aut?, (k) is infinite, which holds if and only if Autg( (k) is infinite, where X is the weak del Pezzo surface
that is the minimal resolution of Y. Since Autgf is always smooth in characteristic 0 by Cartier’s theorem

(see eg Perrin [11, Corollaire 4.2.8]), Aut?( (k) is infinite if and only if X admits global vector fields. So,

the classification in [2] is equivalent to the characteristic-0 part of our Main Theorem.
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case figure (—2)-curves #{lines}  Auty CPGL; h°(X,Tx) Auty smooth? moduli char(k)
24 3 24, 6 (1 3 ) 1 v 1dim  any
2B 15 Ds+A, 5 (1 1 i) 1 v (pt}  any
o 27 Es 4 (1 e 62) 1 v o #£2
XD 3 245+ 4 4 (1 i i) 1 v (pt!  any
2E 3 D4+34, 4 (1 1 1-) 1 v {pt}  any
2F 16 As+A, 3 (1 1 ;) 1 v (pt}  any
2G 24 De+A 2 (1 eez> 1 v ol #£2
)H 24 A 2 (1 | ’f) 1 v o #£2
A 30 E; 1 (1 e 63) 1 v ot £2.3
018 Ae 4 (lee2),e3=1 1 x ot =3
2K 23 D 3 (lee2),e3=1 | x oy =3
oA 30 E; 1 (1 i {) 1 v ot =3
M 30 E; 1 (1 ‘ ) 2 v =3
N 11 As 7 (lli),izzl 1 x ldim =2
20 15 Ds 8 (lli),i2=1 1 x oy =2
P12 As+ A, 6 (lli),izzl 1 x oty =2
20 11 As+A4, 5 (lli),12=1 1 x oy =2
2R 23 Ds 3 (11{) 1 v ldim =2
25 27 Es 4 (leef;),ﬁ:o 2 x ot =2
T 24 De+4, 2 (11{) 1 v ot =2
U 24 Dg+A 2 (le’;) 2 v ot =2
w24 A 2 (leefz),e“zl 2 x ot =2
QW30 E; 1 (1 1 1) | v oy =2
2X 30 E; 1 (1 i bcz) 2 v ot =2
15 4
2Y 30 E; 1 ( 5 b;e) 3 v ot =2

Table 5: Weak del Pezzo surfaces of degree 2.
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case figure (—2)-curves #{lines} Aut% CPGL; ho(X, Tx) Aut?( smooth? moduli char(k)
1A 2 2D, 5 (11,) 1 v 1dim  any
1
1B 15  E¢+4, 4 (11‘) 1 v oty any
1
1
IC 27 Es+A 3 ( e 2) 1 v Pt #£2
e
1
D 31 Es 1 ( e ) 1 v oty #£2.3
63
IE 22 D5 5 (11,),1'3:1 1 x oy =3
1
1
IF 26 E 5 ( e 2),.e3=1 1 x ot =3
e
1
G 17 Ag 3 ( e 2),.e3=1 1 x ot =3
e
1
1H 31 Eg 1 ( 1f> 1 v pty =3
1
1
o 31 Eg 1 ( ef3) 2 v oty =3
/
1 > .
13 Ee 13 ( 14),1 -1 1 x ldim =2
1
IK 13 E¢+A 8 (11,),1'2:1 1 x ot =2
1
L 10 A, 8 (11‘),1'2:1 1 x ldim =2
1
1
M 26 E- 5 ( 1{),]’2:0 1 x oy =2
IN 10 Dg+24 6 (11_),1'2:1 1 x oty =2
1
10 10 A;+4, 5 (11‘),1‘2:1 1 x oy =2
1
1
P 27 Ei+ A 3 (ez;),ﬁ:o 2 x ot =2
e
1
1Q 24 Ds 2 (1{) 1 v ldim =2
1
IR 24 Dg 2 (ej;),e“zl 2 x ot =2
e
1 ¢
1S 31 Es 1 ( 11) 1 v oty =2
1b ¢
IT 31 Eg 1 (eb23e),b4=0 3 x ot =2
e

Table 6: Weak del Pezzo surfaces of degree 1.
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2 Generalities

This section provides the necessary background on our two main topics: weak del Pezzo surfaces and
automorphism schemes. Throughout, we will be working over an algebraically closed field k.

2.1 Geometry of weak del Pezzo surfaces and their “height”

We recall that every weak del Pezzo surface X (except X = P! x P! and the second Hirzebruch surface
X =T,) is a successive blowup of P2 satisfying certain properties (see Lemmas 2.5 and 2.7), and we
define the notion of “height”, which is a measure for the complexity of X. We describe the set of all
(—2)- and (—1)—curves on X in terms of a realization of X as a blowup of P2.

Definition 2.1 A weak del Pezzo surface is a smooth projective surface X with nef and big anticanonical
class —Ky. The number deg(X) = K)Z( is called the degree of X.

Recall that every birational morphism 7 : X’ — X of smooth projective surfaces can be factored as

7

o X' 8 x/ 20 =) 272w D) 0 ) _ y

where ¢ is an isomorphism and each 7@ : X’¢+1D — x’@) ig the blowup of a number of distinct closed
points on X’®) . The isomorphism ¢ can be neglected by identifying X’ with X’® via ¢. Then the above
factorization becomes unique (up to unique isomorphism for every n > i > 1) if in each step we blow up
the maximal number of distinct closed points of X’(). In this case, we call the above factorization of 7

minimal.

Definition 2.2 Let X and X’ be two smooth projective surfaces.

e For every birational morphism 77: X’ — X, let 7 = 7 o. . .0... 7 =1 be its minimal factorization.

The height of m is defined as
ht(w) :=n.

e If X’ admits some birational morphism to X, we define the height of X' over X as
ht(X'/X) := nzI}l{l/ng{ht(T[)},
where the minimum is taken over all birational morphisms 7: X’ — X.
o If X is a weak del Pezzo surface which is a successive blowup of P2, then we define
ht(X) := ht(X/P?),
and if X is not a blowup of P2, we set ht(X) = 0.

Remark 2.3 The reader should compare our notion of height with the height function on the bubble
space of X considered in [4, Section 7.3.2].

Geometry & Topology, Volume 28 (2024)
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Notation 2.4 Let 7: X — P2 be a birational morphism of height n, and let 7 = 7® o... 0 7®~1 pe
its minimal factorization. Then we fix the following notation:
e ForeachO<i <n,welet pr;,...,pn;i € X @ be the points blown up under x®.
e The exceptional divisor (7 @))~1( pji) X (+1) over a closed point p i €X @) will be denoted
by Ej; for j =1,...,n;.
e Forevery 0 <i <k < n, the strict transform of a curve C € X® along 7 o-.- o 7*=1 jg
denoted by C &),

Using this notation, we can now state a necessary and sufficient criterion for a successive blowup of P2
to be a weak del Pezzo surface.

Lemma 2.5 [3; 4, Section 8.1.3] With Notation 2.4, let 7: X — P2 be a birational morphism of
height n. Then X is a weak del Pezzo surface if and only if the following three conditions hold:

* Oneach Ej; there is at most one py ;1.

e For every line £ C IP? there are at most three pj,i with p;; € €9, where i ranges over 0, ...,n—1.

e For every irreducible conic Q C IP? there are at most six p i with p;; € Q(i), where i ranges over
0,....n—1.

Notation 2.6 By Lemma 2.5, there is at most one pg ;41 on each E; ;. Therefore, it makes sense to
rename the py ;11 so that pg ;1 lies on Ey ;. We will adopt this convention from now on.

If the above three conditions of Lemma 2.5 are satisfied, we say that the points p;; are in almost general
position. Using this terminology, there is the following well-known characterization of weak del Pezzo
surfaces:

Lemma 2.7 [4, Section 8.1.3] If X is a weak del Pezzo surface, then
(i) X=P!xP! or
(il)) X = IF,, the second Hirzebruch surface, or

(iii) X is the successive blowup of P? inn < 8 points in almost general position.

In particular, 1 < deg(X) <9, and ht(X) = 0 if and only if X € {P2,P! x P!, [F,}.

All classes of (—2)— and (—1)—curves in the odd unimodular lattice Pic(X) = I 9_qeg(x) Of signature
(1,9—deg(X)) are well known and described in [4, Proposition 8.2.7; 6, Definition 23.7, Proposition 26.1].
This lattice-theoretic description can be translated into geometry (see [6, Theorem 26.2(ii)] for the case of
del Pezzo surfaces). A straightforward adaption of Manin’s approach to our situation of weak del Pezzo
surfaces yields the following description of (—2)— and (—1)—curves on X:

Geometry & Topology, Volume 28 (2024)
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Lemma 2.8 Let X be a weak del Pezzo surface and let w: X = X — P2 be a birational morphism of

height n.

(1) A curve on X is a (—2)—curve if and only if it is of one of the following four types:

the strict transform Ej(’:) of an exceptional curve such that there is exactly one pj;+1 on Ej ;,
the strict transform £ of a line £ C P2 such that there are exactly three p;; with p;; € £0),
the strict transform C ™ of an irreducible conic C C P? such that there are exactly six p i
with p;; € C(i), or

the strict transform C ™ of an irreducible singular cubic C C IP? such that there are exactly
eight p;; with p;; € C®, and such that one of the Dj,0 is the singular point of C.

(i) A curveon X is a (—1)—curve if and only if it is of one of the following seven types:

the strict transform E](':) of an exceptional curve such that there is no py ; +1 on Ej ;,

the strict transform £ of a line £ € P2 such that there are exactly two pj,i with p;; € 09,
the strict transform C'™ of an irreducible conic C C P2 such that there are exactly five p i
with p;; € C(i),

the strict transform C'™ of an irreducible singular cubic C C P2 such that there are exactly
seven p;; with p;; € CY | and such that one of the Dj,0 1s the singular point of C,

the strict transform C ™ of an irreducible singular quartic C C P2 such that there are exactly
eight p;j; with p;; € C®, and such that exactly three of the p; ; are double points of c®,
the strict transform C' ™ of an irreducible singular quintic C C P? such that there are exactly
eight p;; with p;; € C )| and such that exactly six of the pj,i are double points of c9, or
the strict transform C ™ of an irreducible singular sextic C C P2 such that there are exactly
eight p;; with p;; € C®, and such that exactly seven of the pj; are double points of c®
and exactly one of the pj o is a triple point of C.

Remark 2.9 The criterion given in Lemma 2.5 simply tells us that a successive blowup of P2 in at most

eight points is a weak del Pezzo surface if and only if we have never blown up a point on a (—2)—curve.

2.2 Automorphism schemes of blowups of smooth surfaces

By a result of Matsumura and Oort [9], the automorphism functor Aut?( of a proper variety over k

is representable, and it is well known that the tangent space of Autf,)( can be identified naturally with

H°(X, Tx). The main tool in our study of automorphism schemes of weak del Pezzo surfaces is the

following lemma of Blanchard (see [1, Theorem 7.2.1]):

Lemma 2.10 (Blanchard’s lemma) Let f:Y — X be a morphism of proper schemes over k with

f«Oy = Ox. Then f induces a homomorphism of group schemes f: Aut?, — Aut?(. If f is birational,

then f is a closed immersion.

Geometry & Topology, Volume 28 (2024)
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Thus, if f is birational, we can and will identify Aut(}), with its image under f in the following. If f
is the blowup of a smooth surface X in a closed point p, it is possible to describe the image of fx; see
[7, Proposition 2.7; 10, Lemma 1.1].

Lemma 2.11 Let f:Y — X be the blowup of a smooth projective surface X in n distinct points
Pi.--..pn € X. Then Aut) = (N7, Stabgl_)o.

Proof We prove the claim by induction on n with the case n = 0 being trivial. For the inductive
step, let Y’ be the blowup of X in p1,..., pu—1. Then f’: Y — Y’ is the blowup in p, and we have
Aut(}, = (ﬂ:’;ll Stabgi)0 by the induction hypothesis. Note that the identity component of the stabilizer
of p, € Y’, with respect to the action of Autg,/, is precisely (ﬂ?zl Stabgi)o. By [7, Remark 2.8], the
Aut?,—action on Y preserves the exceptional divisor of f’, hence Aut?/, being connected, is contained in
(ﬂ;;l Stabgi)o. Conversely, by [7, Proposition 2.7], the (ﬂ:;l Stabgi)o—action on Y’ lifts to Y, and

since (ﬂ?zl Stabgi )0 is connected, it actually lifts to a subgroup scheme of Aut()’,. a

Let 77: X'® — X be a birational morphism of smooth projective surfaces X and X'™ . Let E € X'
be a m—exceptional irreducible curve. Recall that the left-action of Aut?( on Hilby is given on S—valued
points by

Autd(S) x Hilby (S) 255 Hilbx (S),  (g: X5 — Xs.t: Z <> Xg) > (Z X, x5 g1 X5 = Xs),

where Xg := X x S, and this induces a natural action p of Aut® - Aut% on Hilby. For a pencil

t

X/(n)
(that is, a 1-dimensional linear system) f:C — P! C Hilby of curves on X, we will identify a point
p € P1(S) with its fiber C, under f. Let V C P! be an open subset such that any two fibers C, and C,
with p,q € V (as well as their strict transforms in all the X’ @) have the same multiplicity at the p; ;.

Then the rational map

2-1) P! 2 V—Hilbg, prCPNE,

can be extended to a morphism ¢ from P!, since every irreducible component of Hilbg is proper.
Definition 2.12 Let 77: X’® — X be a birational morphism of smooth projective surfaces X and X',

Let EC X'™ bea m—exceptional irreducible curve. A pencil of curves f: C — P! is called adapted to
E and 7 (or E-adapted), if the morphism ¢ of (2-1) factors through an isomorphism P! =, E C Hilb E-

For an adapted pencil C — P!, we can transfer the Aut?(,(n

Over V, we can describe this action explicitly on S—valued points as follows. For C, € V(S) C P 1(8)

,—action on £ via ¢ to an action on the pencil.

with embedding ¢: C, — X, an element g € Auty/m) (S) sends Cp to the unique curve Cg(p) € P1(S)
such that (Cp X, x ¢
is the unique extension of the above action from V to P!. In particular, orbits and stabilizers of the

LX) WNEg = ©(Cg(p))- The action of Aut?(,(n) transferred from E to the pencil

Aut?(,m)—action on E can be calculated on P!, which we exploit throughout.

Remark 2.13 In most of the cases occurring in our classification we can choose the adapted pencil
C — P! to be stable under the natural action of Aut?(,(n) on Hilby . In this case, Cg(p) =Cp X, x5 g1 X5-

Geometry & Topology, Volume 28 (2024)
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Example 2.14 Aut?(/(n)—stable adapted pencils do not always exist, even for blowups of P2:

Consider the morphism 7: X" — P2 of height 2 given by blowing up the points py o = [1:0:0],
p2,0=1[0:1:0], p3,o=[1:1:0]and p;,; := E;l) N Eq,0, where £, = V(). Then X’ is surface 5C in
Table 1. In the classification in Section 4 (see Case 5C), we use an E1,1—adapted pencil which is not
Autgf,(z)—stable to show that

1 ¢

Auty,, ) (R) = 1 | e PGL3(R)
i

acts on Eq 1 as [A: ]+ [A:i%u]. For this morphism 7, there is no Eq,j—adapted pencil which is also
Aut?(,(z)—stable.

Indeed, seeking a contradiction, assume that there exists such a pencil whose fiber over [A : u] € P! is
Cy.u =V(ASf1 + pufz2) with f1 and f> homogeneous of the same degree. By the previous paragraph, the
subgroup scheme G, C Aut?(,(z) of automorphisms with i =1 acts trivially on £ ;. By Remark 2.13, this
implies that every C; ,, is stable under this G,—action. In particular, every C, ,, is a union of orbits of
the G4—action on P2. The closures of the G,—orbits are the lines through [1:0:0] except V(z), and every
point on V(z). Therefore, each Cy ,, is a union of lines through [1:0:0], hence ¢(C; ) = n(€§,2) NE11)
for some n > 0, and thus the pencil is not £ j—adapted, contradicting our assumption.

Remark/Notation 2.15 If X = P2, and f; and f, are homogeneous equations of the same degree, we
say that A f] + uf> is adapted (to w and E) if the pencil spanned by C; = V(f1) and C; = V( f>) is
adapted to 7 and E and if, in addition, we identified C; and C, with [1:0] and [0: 1] in P!, respectively.
We will use this choice of coordinates to determine the orbits and stabilizers of the Aut?(,(n)—action on E
explicitly by reducing it to a calculation on the pencil [A : u].

3 Strategy of proof

For the proof of our Main Theorem we argue inductively by going through all possible weak del Pezzo
surfaces with nontrivial connected automorphism scheme in the order given by their height. We start
with del Pezzo surfaces of height 0, which are P2, P! x P! and F,. Then, by Lemma 2.7, to study del
Pezzo surfaces of height 1 we have to study blowups of P2 in a number of distinct “honest” points. After
that, for height 2, we have to consider del Pezzo surfaces that arise as blowups of points on exceptional
divisors of blowups of points in P? (sometimes we will also refer to such points as infinitely near points
of the first order, as was introduced in [4, Section 7.3.2, page 307]). Continuing this pattern, increasing
the height by 1 means that we have to study those surfaces that arise as blowups of points on the “latest
exceptional divisor”.

In this subsection, we further specify our strategy of proof and explain why the classification of weak del
Pezzo surfaces with nontrivial vector fields obtained via our inductive procedure is indeed complete.
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3.1 Inductive strategy

Assume we have a complete set £; = {Xi ek, for some index set K;, of representatives of weak
del Pezzo surfaces of height i that are blowups of P2 with H(Xy, Tx,) # 0, where for every Xj we
have fixed a birational morphism v : X3 — P2 of height i. Further assume that we have calculated
(wk)*(Aut?(k) C PGL3 (see Lemma 2.11) for every k. If i = 0, such a list is given by £o = {IP?} with

Autﬁl),,2 = PGL3. Using the list £;, we produce a list £; 41 as follows:

Procedure 3.1 Step1 Choose X € £; with ¥: X — P? and let
v X v v ¥ O 0 - p2
be the minimal factorization of .

Step2 Ifi =0, let E := X = P2. Otherwise, let

i—2
E:= (Exc(w(i_l)) -U Exc(w(j))) - D,
j=0
where D is the union of all (—2)—curves on X . Note that, if i > 0, then E is the set of points on the “latest”
exceptional divisors that do not lie on (—2)—curves. Using the description of Aut?( as a subgroup scheme
of PGL3, we calculate the orbits and stabilizers of the action of Aut?( on E using E;;1—adapted pencils.

. ; 0. .
Step 3 Choose a set of points {p1,;,..., pn;,i} € E such that (ﬂ;”zl Stabgj i) is nontrivial and such
that the blowup ¥’: X’ — X in these points is still a weak del Pezzo surface (see the criterion given
in Lemma 2.8). In particular, since there is at most one of the p;; on every exceptional curve, we may
assume that p;; € E; ;1. Note that we obtain isomorphic surfaces if we replace a point p;; by a point
in the same orbit under the action of [ k+j Stabp, ; S Auty.

Step 4 If X’ is isomorphic to a surface already contained in £; for some j <i + I, discard this case.
Otherwise, add X’ to £; 41, choose the blowup realization ¥ o ': X’ — P2, and calculate

ni 0
(Vo ¥ )«(Autly,) = (w*)( ﬂ Stabgj’i) C PGLj3.
Jj=1

We do this by describing the group Autg(,(R) for an arbitrary local k—algebra R (see Section 3.2).
Step 5 Repeat Steps 3 and 4 for all possible point combinations {p1,;, ..., Pn;,i }-
Step 6 Repeat Steps 1-5 for all X € £;.

Lemma 3.2 For every i, Procedure 3.1 yields a complete set L;+1 = { Xy }rek.., of representatives of

i+1
isomorphism classes of weak del Pezzo surfaces of height i 4+ 1 with nontrivial global vector fields that

are blowups of P2.

Proof We prove the claim by induction on the height i. The case i = 0 with £y = {P?} is clear by
Lemma 2.11. Therefore, assume that the claim holds for i — 1 > 0 and that we have a list £;.
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Let X’ be a weak del Pezzo surface of height i + 1 with h%(X’, Tx+) # 0. Choose a birational morphism
m: X" — P? with minimal factorization

7©

w X! = x/G+D 290 ) 2070 72O w0) _ p2

such that, for every birational morphism 7’: X’ — P2, the number of exceptional curves for 7’ @ is at
least as great as the number of exceptional curves for 7¥)| ie such that the number of points blown up by
the last step 7@ is minimal. By Lemma 2.10, there is an inclusion

(7 D)s(Auty) S Autd, ;.

In particular, h°(X’®), Txiy) # 0, since Aut?(/ # {id} and (@), is a closed immersion. Hence, by the
induction hypothesis, there is X € £; such that there exists an isomorphism ¢: X’?) — X and X comes
with a birational morphism v : X — P2,

To prove the claim, it suffices to show that ¢ o 7@ is the blowup of X in a set of points p1;,..., Pn;,i
on E, defined as in Procedure 3.1. Indeed, once we prove this, it will follow from Lemma 2.11 and the
assumption h%(X’, Tx) # O that Aut}y, = (ﬂ7;1 Stabgj!l.)o is nontrivial.

Now, note that the condition that the p;; lie on E is equivalent to ¢ o 79 being the first step in the
minimal factorization of
w/ = 1//o¢on(i): X — X/(i) — X —>P2.

Thus, we take the minimal factorization of v and let ') : X’ — X" be the first morphism in the minimal
factorization of . Since X has height i, the morphism ¢ o 7@ : X’ — X factors through y'®), which
means there is a morphism f: X" — X such that f oy’ @) = ¢o 7@ In particular, the number of points
blown up under ¥’ @) is at most the number of points blown up under 7@ As we chose the number of
points blown up under 7@ to be minimal, this shows that f is an isomorphism. In fact, since f is an
isomorphism over P2, this isomorphism is unique, and we can identify X” with X O

One technical question that arises in Procedure 3.1 is how one checks, in Step 4, whether X' is isomorphic
to a surface in one of our lists £; with j <i + 1. Clearly a necessary condition for this is that X" has the
same configuration of negative curves as one of the surfaces Xy € £; for some j <i + 1. By Lemma 3.2,
we have the following converse:

Corollary 3.3 Let X’ be a weak del Pezzo surface with nontrivial global vector fields that arises in
Step 3 of Procedure 3.1. Assume that X' has the same configuration of negative curves as a surface in L;
for some j <i+ 1. Then X' is isomorphic to a surface already contained in L; .

Proof If X’ has the same configuration as a surface in £;, then there is a sequence of contractions of
(—1)—curves on X' that realizes X’ as a weak del Pezzo surface of height j <i + 1, and then Lemma 3.2
shows that X is isomorphic to a surface in £;. O
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Remark 3.4 If, instead, X’ has the same configuration of negative curves as a surface in £; 11, then we
cannot immediately use Lemma 3.2, since the list £; 41 is not yet complete at that point. Whenever this
happens in Section 4, we will describe an explicit way of blowing down X’ to a surface with the same
configuration as (hence, by Lemma 3.2, isomorphic to) some X € £; in such a way that the image of the
exceptional locus lies in the set £ € Xj. If Steps 1-5 of Procedure 3.1 have already been carried out for
X € L;, this implies that X’ is isomorphic to a surface already contained in £; 4.

Since we distinguish the families of weak del Pezzo surfaces with global vector fields according to their
configuration of negative curves and automorphism schemes, once we know that X" is isomorphic to a
surface in £;, we can determine the family to which it belongs by describing its configuration of negative
curves and by computing its automorphism scheme.

3.2 On the calculation of stabilizers

Before starting our classification, let us explain how to calculate the scheme-theoretic stabilizers of the
points p;; € E;;—1 occurring in Step 4 of Procedure 3.1. First, recall the definition of the scheme-theoretic
stabilizer:

Definition 3.5 Let p: G x X — X be an action of a group scheme G on a scheme X over k. Let
p:Speck — X be a k—valued point. The stabilizer Stab, C G of p with respect to p is defined as

Staby: (Sch/k) — (Sets), S+ {geG(S)|g(ps)=rps}

where pg: S — Speck — X.

The stabilizer Stab, C G is a closed subgroup scheme of G. As mentioned in Step 4 of Procedure 3.1,
we will describe only the R—valued points of the stabilizers occurring in our classification, where R is a
local k—algebra. This is sufficient, since in each case — all the conditions on the matrices in PGL3(R)
of Tables 1 and 3-6 being given by polynomial equations which respect the group structure on PGL3 —
there will be an obvious closed subgroup scheme G of PGL3 that admits the same R—valued points as
the given stabilizer. The group scheme G will then be equal to the stabilizer because of the following
well-known lemma:

Lemma 3.6 Let Z;,Z, € X be two closed subschemes of a scheme X over a field k. If Z1(R) =
Z>(R) C X(R) for all local k—algebras R, then Z| = Z, as closed subschemes of X .

The advantage of only considering R—valued points of PGL,, lies in the fact that R—valued points P"* are
simply given by (n+1)—tuples of elements in R, up to units in R, such that at least one of the elements
in the (n41)—tuple is a unit. This allows us to describe the action of Autg’( (R)on Ej;_1(R) = P1(R)
explicitly using adapted pencils, so that the calculation of the scheme-theoretic stabilizer of a k—valued
point p;; € E; ;1 becomes straightforward (by Lemma 3.6). Thus, R will denote a local k—algebra
from now on.
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4 Proof of Main Theorem: classification

In this section, we will carry out Procedure 3.1 to obtain the classification of weak del Pezzo surfaces
with global regular vector fields and prove our Main Theorem.

Firstly, note that there are two weak del Pezzo surfaces which do not fit into the framework of Procedure 3.1,
namely those which are not blowups of P2. By Lemma 2.7, these are P! x P! and [F5. As is well known,
Autpiyp1 = PGL2 X PGL,. As for Auty,, we make use of the fact that this group scheme is smooth and
connected by [8, Theorem 1 and Lemma 10]. An explicit description of this group scheme is given in [8].
Alternatively, one can blow down the unique (—2)—curve on I, to obtain the weighted projective plane
IP(1,1,2) and use the fact that (Autp(q,1,2))red fixes the unique singular point on (1, 1, 2). Hence, this
action lifts to [F> and we get Autg, = (Autp(;,1,2))red- These results are summarized in Table 2.

For the remaining cases we can apply Procedure 3.1, and we will subdivide the proof into subsections
according to the height of our weak del Pezzo surfaces. Throughout, we write £ := V( f) for the line
given by f = 0 in P2. Recall that in the following figures a thick curve denotes a (—2)—curve, while a
thin curve denotes a (—1)—curve. The intersection multiplicity of two such curves is at most 3 at every
point; intersection multiplicities 1 and 2 will be clear from the picture, whereas we write a small 3 next
to the point of intersection if the intersection multiplicity is 3.

4.1 Height 0

We have Lo = {Xo4}, where X9 := P? with Autp> = PGL3.

4.2 Height 1

Case 9A In this case, X = P2 and ¥ =1id. We have £ = P2, and the action of Aut?( =PGL3 on E is
transitive. Now, note that if p1,0,..., png,0 € P2 are points such that at least four of them are in general
position, then

no
Aut?(, = ( m Stabgm) = {x}.
j=1

On the other hand, according to Lemma 2.5, to guarantee that X’ is a weak del Pezzo surface, no more than
three of the p;j o may be on a line. Up to isomorphism, this leaves five possibilities for py.o, ..., png,0:

(1) n =4, and p1,0, p2,0 and p4,o are on a line £ with p3 o ¢ £. Using the action of PGL3, we may
assume that pj0 =[1:0:0], p2,0=[0:1:0], p3,0=1[0:0:1], papo=[1:1:0] and £ = {,.

1
o Auty/(R) = 1 | e PGL3(R)
i
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. |
BN o
5A 6 6A TA

C

Figure 1
7). M 1) 1, (1) -
e We have a (—2)—curve £; 7 and (—1)—curves El,O’ Ez,o’ E3,0, E4,0, £x7, £y and £x~y, with
configuration as in 5A of Figure 1.
This is case 5A.

(2) n = 3 and all points are on a line £. We may assume that p1o = [1:0:0], p2o =[0:1:0],
p3o=[1:1:0]and £ =£;.

1 c
o Aut}/(R) = 1 f | e PGL3(R)
i
e We have a (—2)—curve Kgl) and (—1)—curves E, ,, E, ; and E; , with configuration as in 6C of
Figure 1.
This is case 6C.

(3) n =3 and not all points are on a line. We may assume that p; o =[1:0:0], p2,o =[0:1:0] and
p30=1[0:0:1].
1
o Aut} (R) = e | e PGL3(R)
i
e We have no (—2)—curves and (—1)—curves EI,O’ Ez,o’ E3’0, 89), E&l) and Egl), with configuration
as in 6A of Figure 1.

This is case 6A.
(4) n =2. We may assume that p1 o =1[1:0:0] and p20 =[0:1:0].

1 c
o Auty/(R) = e f | €ePGL3(R)
i

e We have no (—2)—curves and (—1)—curves E, 4, E, ; and 159), with configuration as in 7A of
Figure 1.

This is case 7A.
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| | |

8A 1A

Figure 2

(5) n = 1. We may assume that p; o =[1:0:0].

1b ¢
o Auty/(R) = e f | €ePGL3(R)
hoi

* We have no (—2)—curves and (—1)—curve E, ,, with configuration as in 8A of Figure 2.
This is case 8A.

Summarizing, we obtain £; = {X54, X¢c, X4, X74, Xga}.

4.3 Height 2

Case SA We have E = (U4 E. ) - Zgl)‘ Recall that the R—valued points of Aut?( are given by

j=1"7j,0

Auty (R) = 1 1 | e PGL3(R)
i
We calculate the action of Autg( on the F .0 using adapted pencils:
e Ay+pzis E; j-adapted and Aut?( (R) acts as [A: ] — [A:ip].
e Ax+pzis E, j—adapted and Aut?( (R) acts as [A: u] — [A:iu].
* Ax+pyis E; j—adapted and Aut?( (R) acts as [A: u] = [A: u].
e Alx—y)+pzis E, j—adapted and Aut?((R) acts as [A: u]— [A:iu].

In particular, there is one unique point with nontrivial stabilizer on each of £ N E, ,, E N E, 4 and
ENE,,. Since p1,0, p2,0 and p4 o can be interchanged by automorphisms of P2 preserving p3 o, we

have ten possibilities for p1,1,..., pn.1:
1 = E, oY, o= Ey oNED, 3y = E, o), witha ¢ {0, 1} and pa,y = E, oNe”
() P11 = 1,0“ y » P21 = 2,()m x »P3,1= 3,0m x+ay wit O{¢{ b }an P41 = 4,0ﬁ xX—=y-
1
o Auty/(R) = 1 | e PGL3(R)

i
¢ We have (—2)—curves Egzg Eg()), Egzg Eﬁ)), 69), 652), zg” and E;z_)y and (—1)-curves E; |,
E2’1, E3’1, E4’1 and Eiz}ray, with configuration as in 1A of Figure 2.
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2A 2D 2E

Figure 3

This is case 1A and we see that we get a 1-dimensional family of such surfaces X; 4, depending on the

parametera.
2 —E, e =FE,  ntWand p3 ;= E, .0 eY  with 0.—1
2) P11 1,0 y s P2,1 2,0 x and p3j 3,0 x+ay wit O‘¢{ s )
1
o Aut}/(R) = 1 | e PGL3(R)

i
e We have (—2)—curves Efzg Eéz()) Egz()) (@, 252) and £ and (—1)-curves Ei1.Ey 1. Es s Ef()),
6;2_) y and ZECZJ)F ay> With configuration as in 2A of Figure 3.
This is case 2A and we see that we get a 1-dimensional family of such surfaces X5 4 o depending on the
parameter «.
(3) P11 = El’() N 59), P21 = Ez,o N chl) and P31 = E3,0 N chl—)y

1
o Auty/(R) = 1 | ePGL3(R) ;.
i
e We have (—2)—curves Efg, Eg()), Eg,zg, e&z), E§,2), 622) and 6&2_)), and (—1)—curves El,l’ Ez,l’
E5  and Ef()), with configuration as in 2D of Figure 3.
This is case 2D.
@) pri=E N6V, poy=E, ne" and pyy = E, N2,
1
o Auty/(R) = 1 | ePGL3(R)}.
i
e We have (—2)—curves Ef,zg, Eéz()) Ef()), E?), 652), z?) and chzly and (—1)—curves E1,1’ E2,1’
E, and E ?(,’23, with configuration as in 2E of Figure 3.
This is case 2E.

(5) pri=E; oN6 and psy = Ey o€l witha ¢ {0.—1}.
1

e Auty/(R) = 1 | e PGL3(R)
i
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&Y< KL

3A 3C 3D 4A
Figure 4
e We have (—2)—curves Efg, E§’23, E;z) and 622) and (—1)—curves E1,1’ E3,1, Egg, E f()), 6562) ,
K;z_) y and Eiz}ray, with configuration as in 3A of Figure 4.

This is case 3A and we see that we get a 1-dimensional family of such surfaces X34 o depending on the
parameter «.

(6) P11 = EI,O ﬂe;l) and P31 = E3’0 DEQ).

1
o Aut}/(R) = 1 | ePGL3(R)
i
e We have (—2)—curves Efg, Eg’zg’ e&z), E;z) and 622) and (—1)—curves El,l, E3’1, Eé?()), Ef())

and egz_)y, with configuration as in 3C of Figure 4.

This is case 3C.
(N pi1=E, oN&" and pyy = E, o N L.

1
o Auty/(R) = 1 | ePGL3(R) ;.
i
e We have (—2)—curves Efg, Eg()), 6;2), 852) and 622) and (—1)—curves El,l’ E2,1’ E? Ef())

3,0°
and eSfly, with configuration as in 3D of Figure 4.

This is case 3D.

®) pan=Esontl),, witha ¢ {0,~1}.

1
o Auty/(R) = 1 | ePGL3(R) ;.
i
¢ We have (—2)—curves E§23 and 622) and (—1)—curves E3,1, Efg, Eg()), Ef()), E;z), E;z), £§f_)y

and 6(2)

x+ay> With configuration as in 4A of Figure 4.

This is case 4A and we see that we get a 1-dimensional family of such surfaces X4 4 o depending on the
parameter «.
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/. _/ |
N\ N\
4B 4C
Figure 5
©) pag=EyoneY.
1
o Auty,(R) = 1 | ePGL3(R)}.

i
¢ We have (—2)—curves Eg’zg’ E§,2) and Egz) and (—1)—curves E; |, E gzg Eéz()) Ef()), K;z) and 5;2_)),,
with configuration as in 4B of Figure 5.
This is case 4B.
(10) pri=E N,

1
o Aut)/(R) = 1 | e PGL3(R)
i
¢ We have (—2)—curves E fg, E;z) and Egz) and (—1)—curves E i, Eé?()), Eg?()), Ef()), £§3) and K;Z_)y,
with configuration as in 4C of Figure 5.

This is case 4C.

Case 6C We have E = (UJ3.=1 E, ) — ¢ and

1 c
Auty(R) = 1 f | e PGL3(R)
i

e Ay+pzis E; j-adapted and Aut?( (R)actsas [A:u]—[Aip+ fA]
* Ax+pzis E, j—adapted and Autgf (R)actsas [A:u] = [A:in 4+ cAl.
e Alx—y)+pzis E; j—adapted and Aut?( (R)actsas [A: ] = [A:ip+ (c— fHA]

Since p1,0, p2,0 and p3,o can be interchanged by automorphisms of P2 and the action of Aut?( is transitive
on every £ N E; o, we have three possibilities for py1.1,..., pn,1:

1) p1a= EI,O ﬂeg,l), P21 = E2,0 ﬂf;l) and p3,1 = E3,0 ﬂégcl_)y.
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A |- Ea

3B 4D 5C

Figure 6

1
o Aut}/(R) = 1 | ePGL3(R)
i
e We have (—2)—curves Efg, Eﬁ)}, E§23 and 89) and (—1)—curves E1,1’ E2,1’ E3,1, 6&2), €§2)

and E;z_)y, with configuration as in 3B of Figure 6.

This is case 3B.
@ pra=E NG and pay = E, on 8",
1
o Auty/(R) = 1 | ePGL3(R)}.
i
e We have (—2)—curves E f()), Eéz()) and 69) and (—1)—curves E 115 E2,1’ Egg, Z;Z) and €§,2) , with
configuration as in 4D of Figure 6.

This is case 4D.
3) pri=E nGY.

|
o Auty (R) = 1 | ePGL3(R)
i
e We have (—2)—curves E 523 and z?) and (—1)-curves Ey ;, Eg()), Egzg and E§,2), with configuration
as in 5C of Figure 6.

This is case 5C.

Case 6A We have E = UJ3-:0 Ejo and

Auty(R) = e | €PGL3(R)
i
* Ay +pzis Ey j-adapted and Autf,)( (R) acts as [A: u] — [ed:ip].
e Ax+puzis E, j—adapted and Autg((R) acts as [A: u] — [A:iu].
* Ax+pyis E; j—adapted and Aut?( (R) acts as [A: ] — [A:epu].
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Since p1,0, p2,0 and p3,0 can be permuted arbitrarily by automorphisms of P2, we have nine possibilities
for p1,1,..., pn.1:
() pra=E on6Y pay=Ey o€ and psg = E; o N8,

1

o Auty/(R) = e | €ePGL3(R) ;.
e

e We have (—2)—curves Efzg Eg()), E;zg, 5;2) and 222) and (—1)—curves E1,1’ E2,1’ E3’1, Eg}z)
and ¢y, with configuration as in Figure 4, case 3C.

Blowing down the two right-most (—1)—curves in Figure 4 (3C), we see that X’ arises as a blowup of
X54 in two points on E and X’ =~ X3¢ by Remark 3.4.

@) pri=E o NG pai=E, o) and ps g = E5 Y.

1
o Auty (R) = e | ePGL3(R)}.
e
¢ We have (—2)—curves Efg, Eg()), Egg, €§,2) and 222) and (—1)—curves E| |, E, 1, E3 ;. 5;2)

and Kj(,l_)z, with configuration as in Figure 4, case 3D.

Blowing down the two (—1)—curves in Figure 4 (3D) that are not adjacent to any other (—1)—curve, we
see that X' arises as a blowup of X54 in two points on E and X’ =~ X3p by Remark 3.4.
(3) P11 = EI,O ngl)’ P21 = Ez,o ngcl) and P31 = E3,0 megzl)-

1
e Auty/(R) = e | e PGL3(R)
i
e We have (—2)—curves Efg, Eg()), Eg?()), 6;2), 83(,2) and ng) and (—1)—curves El’l, E2’1 and E3’1,
with configuration as in 3H of Figure 7.
This is case 3H.
@) pi1=E (N, and pry = E, yn eV,

1
o Auty/(R) = e | e PGL3(R)
e
e We have (—2)—curves Efg, Eéz()) and £ and (=1—curves E| ¢, E, 4, Eg’zg, (@, (Z;z) and E;,z_)z,
with configuration as in Figure 5, case 4C.
Blowing down the (—1)—curve in Figure 5 (4C) that is not adjacent to any other (—1)—curve, we see that
X' arises as a blowup of X54 in one point on E and hence X’ =~ X4¢ by Remark 3.4.

Geometry & Topology, Volume 28 (2024)



3588 Gebhard Martin and Claudia Stadlmayr

3H 4G 4F

Figure 7

S) piy1= E1,0 ﬂﬁg,l_)z and py 1 = E2’0 MS).

1
o Auty/(R) = e | €ePGL3(R) ;.
e
e We have (—2)—curves E f()), Eéz()) and £§3) and (—1)—curves E| |, E, |, Eg’z())’ £§2)’ 1&9 and £§2_)z’

with configuration as in Figure 5, case 4B.

Blowing down one of the (—1)—curves in Figure 5 (4B) that is not adjacent to any other (—1)—curve, we
see that X' arises as a blowup of X54 in one point on E and X' =~ X4 p by Remark 3.4.
©) pri=E on€ and ppy = E,  nel".
1
o Auty/(R) = e | e PGL3(R)
i
e We have (—2)—curves E fg, Egg, £§3) and 29) and (—1)—curves E 110 Ez,l’ Egzg and E;Z), with
configuration as in 4G of Figure 7.

This is case 4G.
7 —E, o0t and ppy = E, N el
( ) P11 1,0 y and p»2 1 2,0 x -

1
o Auty/(R) = e | e PGL3(R)
i
e We have (—2)—curves E f’zg, Eéz()) E;z) and 652) and (—1)-curves E ;, E, {, Egzg and 622), with
configuration as in 4F of Figure 7.

This is case 4F.
®) pri=E onGY,.
1
e Auty/(R) = e | e PGL3(R)

e
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e We have a (—2)—curve E %23 and (—1)—curves E 115 Eg()), Eg’zg, zﬁf), Eﬁz), 222) and KJ(,Z_)Z, with
configuration as in Figure 1, case 5A.

By Corollary 3.3, we have X’ = Xs54.
9 P11 = El’() mggl)-

1
o Auty/(R) = e | e PGL3(R)
i

e We have (—2)—curves E §2()) and 622) and (—1)-curves E, ;, E @ g

2.00 £30 chz) and Zﬁz), with config-

uration as in 5B of Figure 8.

This is case 5B.

Case 7A We have E = E1,o U Ez,o and

1 c
Auty(R) = e f | e PGL3(R)
i
e Ay +nuzis E; j-adapted and Autg)( (R)actsas [A:u] > [ed:ipn+ fA]
e Ax+puzis E, j—adapted and Autg((R) acts as [A: ] — [A:ip + cAl.
Since pi1,0 and pz,o can be interchanged by an automorphism of P2, we have four possibilities for
pl,l’ LI ) pn,l:
(1) pri=E N €§,1) and p21 =E, MS).
1
e Auty/(R) = e | e PGL3(R)
i
e We have (—2)—curves E %23 and Eéz()) and (—1)—curves E, ,, E, ;, eﬁf), KJ(,Z) and e?) , with config-
uration as in Figure 8, case 5B.
Blowing down the (—1)—curve in Figure 8 (5B) that is not adjacent to any other (—1)—curve, we see that
X’ arises as a blowup of X4 in one point on E and X’ =~ X5p by Remark 3.4.
@) pii=E (N and pyy = E, o N,

1
o Auty/(R) = e f | e PGL3(R)
i

¢ We have (—2)—curves E 523 Eézg and Egz) and (—1)-curves Ey ;, E, ; and £§3), with configuration
as in 5D of Figure 8.

This is case 5D.
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/N

5B 5D 6B 6D

Figure 8

3) pri=E NP,

1 ¢
o Auty/(R) = e | €ePGL3(R) ;.
i
e We have a (—2)—curve E fzg and (—1)—curves E; |, Eéz()) €§2) and zﬁz’, with configuration as in

6B of Figure 8.
This is case 6B.
@) pi1=E oneV.

1 c
o Auty/(R) = e f | e PGL3(R)
i
e We have (—2)—curves E 523 and 622) and (—1)-curves E; | and Eg()), with configuration as in 6D
of Figure 8.

This is case 6D.

Case 8A Wehave E = F 1.0 and

156 ¢
Auty(R) = e f | € PGL3(R)
hoi

e Ay+pzis E; j-adapted and Aut?((R) actsas [A:u]l—>[eA+huin+ fA].
Therefore, there is a unique possibility for pi,1,..., pn,1 up to isomorphism:
(D) pri=E NV,

1b ¢
e Auty/(R) = e f | e PGL3(R)
i
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7B

Figure 9

e We have a (—2)—curve E 523 and (—1)-curves E; ; and 622), with configuration as in 7B of Figure 9.
This is case 7B.

Summarizing, we obtain

L:Z = {XIA,OM XZA,Ol, XZD’ XZEv X3A,(Xv X3C’ X3D’ X4A,Ol’ X4Ba X4C’ X3B9 X4Da XSC? X3H’
X4G.Xar, X5, X5p, XeB, X6D. X7B}.
4.4 Height 3
Case 2A We have E = U;’=1 E;. — (U5~’=1 E](ZO) ue@u €§,2)) and
1
Auty(R) = 1 | ePGL3(R)
i
o Axy+ uz?is E| ,—adapted and E, ;-adapted and Aut?( (R) acts as [A:u] — [A:i%u].
o M2+ pulx+ay)zis E, ,—adapted and Aut?( (R) acts as [A: u] — [A:iu].

Note that X has degree 2. Therefore we are only allowed to blow up one more point, p;». Moreover, the
involution x <> ay of P2 lifts to an involution of X interchanging E 1,1 and E, , thus we may assume
without loss of generality that j = 1 or j = 3. Finally, if j = 3, then the stabilizer of p3 > € EN E3; is
trivial unless p3 > lies on the strict transform of {4 4,. Moreover, Autg)( acts transitively on £ N Eq 1.
Hence, we have two possibilities:

(1) psz=E;, Ne),, witha ¢ {0, ~1}.

x+oy

1
o Auty/(R) = 1 | e PGL3(R)
i
e We have (—2)—curves Efg, ES()), ES&, Eg?, 1353), EJ(,S), ng) and ch?—ay and (—1)—curves E3 2,
E f?, E?i, Ef(), and 6&3_)),, with configuration as in Figure 2, case 1A.

By Corollary 3.3, we have X' = X; 4 o for some o’.
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— () o — 2
(2) p12=E;;NC;™ with Cy =V(xy +z7).

{id} if p #2,
1
e Aut),(R) =
uty(R) 1 | ePGLy(R)|i2=1} ifp=2.
i
Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

e We have (—2)—curves EP&, ES()), ES&, Eﬁ, 2;3), 183(,3) and Zg) and (—1)—curves El,z’ Eé?, E§31),

Ef()), 15§?_)y, ES}LW, C1(3) and C2(3) with a ¢ {0, —1} and C = V(x3y + xy3 + x222 + a?y?z?),
with configuration as in 1L of Figure 10.

This is case 1L and we see that we get a 1-dimensional family of such surfaces X1, o depending on the
parameter «.

Case2D Wehave E = J}_, E,, — (Ui, Efg U@ UL Ue2,) and
1

Auty (R) = 1 | e PGL3(R)
i
o Axy+ uz?is E, —adapted and E, ;-adapted and Aut?( (R) acts as [A:u] — [A:i%u].
o A2+ pu(x—y)zis E |—adapted and Aut?( (R) acts as [A: ] — [A:iu].
Note that X has degree 2, thus we are only allowed to blow up one more point, p;». Next, note that the
stabilizer of every point on E'N E; ; is trivial, and hence we may assume j =1 or j = 2. Similar to Case

2A, the involution x <> y of P? lifts to an involution of X interchanging E 1.1 and E, ,, thus we may
assume without loss of generality that j = 1. Hence, there is a unique choice for p; > up to isomorphism:

() pr2=E 1N C®@ with C = V(xy + z2).

{id} if p#2,
1
1 | €PGL3(R)|i2=1; ifp=2.

i

o Auty/(R) =

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.
e We have (—2)—curves E f’()), E§3()) Eg?g, Eﬁ D), E;Z'), ¢ and 6;3_)y and (—1)—curves E, ,,

Eé?, Eg?, E f(), and C (3), with configuration as in 10 of Figure 10.

This is case 10.
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I

1L

IN

Figure 10

Case2E Wehave E = (E, | UE, |UE, )~ (E{y UESyUES UL UL UL?,) and
1
Auty (R) = 1 | ePGL3(R)
i

o Axy 4+ uz?is E, ;-adapted and E, ;-adapted and Aut?( (R) acts as [A: u] — [A:i2u].

o AMx—y)x+puz?is E, ;—adapted and Aut?( (R) acts as [A:u] — [A:i%u].
Note that X has degree 2, thus we are only allowed to blow up one more point, p;>. Next, the
automorphisms of P2 interchanging p1,0, p2,0 and ps o and preserving p3 o lift to X and interchange

E 1.1° EZ,1 and £ 41 thus we may assume j = 1. Finally, Aut?( acts transitively on £ N E1, 1, and hence
we have a unique choice for p; > up to isomorphism:

(1) pi2=E, ;nC with C; = V(xy +z2).

{id} if p#2,
1
1 | €PGL3(R)|i2=1; ifp=2.
i

o Auty/(R) =

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

e We have (—2)—curves E?g E§3()), Ef()), Eﬁ ¢, 653), ¢ and Eg_)y and (—1)—curves E, ,,
Eé?, Efz, Eg?()), C1(3) and C2(3’) with C3 = V(xy + y? + z2), with configuration as in 1N of
Figure 10.

This is case IN.
Case 3A We have E = (E, | UE; ) — (Ef,zg U E§23 U E;Z)) and

1
Auty (R) = 1 | e PGL3(R)
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o Axy 4 uz?is E| —adapted and Aut?((R) acts as [A: ] — [A:i%u].
o A2 4 pu(x +ay)zis E; —adapted and Autgf(R) acts as [A: ] = [A:ip].
Note that there is one unique point with nontrivial stabilizer on E N E; |, while Autg( acts transitively on

E N Eq,1. Hence, we have three choices up to isomorphism:

() pra=E; ,NCP and psp = E;, N7, with C1 = V(xy +22) and & ¢ {0, -1}.

fid) if p #2,
1
1 | ePGL3(R)|i?=1; ifp=2.
i
Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing

o Auty/(R) =

the configuration of negative curves.
e We have (—2)—curves E?g, E3(,33 E ﬁ , E§31) , E;Z'), ¢ and ¢

E§3()) EA(L?()), (@42, ¢ and ¢ with

3

x+ay and (=D)—curves E, 5, E; 5,

Cr =V(x’y +xz2+ayz?) and C3=V(x’y+xz>+ayz>+y>),
with configuration as in Figure 10, case 1L.

Blowing down the right-most (—1)—curve in Figure 10 (1L), we see that X’ is the blowup of some X5 4 ¢
in one point on E and X’ = X, o for some o’ by Remark 3.4.

(2) ps2=E;, NEE),, witha ¢ {0, —1}.

x+oy
1
o Auty/(R) = 1 | e PGL3(R)
i
e We have (—2)—curves Efg, Egi)), E?;, €§,3), 223) and Ki?_dy and (—1)—curves E3’2, Eﬁ, ES()),
Ef()), 69) and £§;’2y, with configuration as in Figure 3, case 2A.

By Corollary 3.3, we have X' 2= X5 4 o for some o’
(3) pr2=E;; NCP with C =V(xy +z?).

{id} if p#2,
1
1 ePGL3(R) |i2=1} if p=2.
i
Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing

° Aut?(/ (R) -

the configuration of negative curves.

e We have (—2)—curves Efg, Eg?g, Eﬁ, ZJ(,S) and E?) and (—1)—curves E1,2’ Eg?, ES()), E‘(&)),

1553), ngly and ESJ)ray with o ¢ {0, —1}, with configuration as in 2N of Figure 11.
This is case 2N and we see that we get a 1-dimensional family of such surfaces X,y  depending on the

parameter .
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/ /

2N 2Q
Figure 11

Case 3C We have E = (E, | UE, ;) — (EXQUES UL ULY) and

1
Auty (R) = 1 | ePGL3(R)
i
o Axy+uz?is E, ,—adapted and Aut?( (R) acts as [A:u] = [A:i2u].
o Axz+ uy?is E ,—adapted and Aut?((R) acts as [A: u] = [id:u].

Note that the stabilizer of every point in E N E | is trivial while Autg)( acts transitively on £ N Eq 1.
Hence, we have a unique choice for pj 2 up to isomorphism:

(1) pr2=E;; NCP with C =V(xy +z?).

{id} if p#2,
1
1 | ePGL3(R)|i?=1; ifp=2.
i

o Auty/(R) =

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

e We have (—2)—curves Ef()), Eg?()), Eﬁ E§C3), 6;3) and E?) and (—1)—curves El,z’ Eg?, ES()), E‘(&))

and £§32y, with configuration as in 2Q of Figure 11.

This is case 2Q.

Case3D Wehave E = (E, | UE, )~ (Ey UES UL ULY) and

1
Auty (R) = 1 | e PGL3(R)
i

o Axy 4 uz?is E| —adapted and E, ;-adapted and Aut?( (R) acts as [A: p] — [A:i2u].

Geometry & Topology, Volume 28 (2024)



3596 Gebhard Martin and Claudia Stadlmayr

Note that the involution x <> y of P2 lifts to an involution of X interchanging E 1.1 and E, . Moreover,
Autg)( acts transitively and with finite stabilizers on both £ N E; and E N E> 1. Hence, we have three

possibilities for pj 2, ..., pn,2 up to isomorphism:
(1) pra=E; ;NCPand pyp=E,  NC® with C =V(xy +2?).

{id} if p #2,
1
1 | ePGL3(R)|i’=1} ifp=2.

i

o Auty/(R) =

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

e We have (—2)—curves Efg, ES()), EP% , Efi, 59), 1{;3), £§3) and C® and (—1)—curves E1,2’
Ez,z’ Eg?g, Ef()) and eﬁf_)y, with configuration as in Figure 10, case 10.

Blowing down the left-most (—1)—curve in Figure 10 (10), we see that X’ is a blowup of X, p in one
point on E and X’ =~ X;p by Remark 3.4.

@ pr2=E; ,NC and prp = E, \NC with Cp = V(xy +22), C2 = V(xy +az?) and a ¢ {0, 1}.

{id} if p #2,
1
1 | ePGL3(R)|i’=1} ifp=2.

i

o Auty/(R) =

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

e We have (—2)—curves Efg, ES()), Eﬂ, Eg’?, ¢, €§,3) and £5) and (—1)-curves E| 5 Ey 5, Efg,
Ef()), £§3_)y, C1(3), C2(3) and C3(3) with C3 = V(x3y? + x2y3 + xz* + a?yz*), with configuration
as in Figure 10, case 1L.

Blowing down the right-most (—1)—curve in Figure 10 (1L), we see that X’ is the blowup of some X5 4 ¢
in one point on E and X’ = X, 4 for some o’ by Remark 3.4.

(3) prpa=E; N C®@ with C = V(xy + z2).

{id} if p#£2
1
1 | ePGL3(R)|i?=1; ifp=2
i
Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing

o Aut}/(R) =

the configuration of negative curves.
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\
2P

Figure 12

e We have (—2)—curves ES’%, ES()), Eﬂ, ZS), EJ(,3) and €§3) and (—1)—curves E1,29 Efi, Egi)), ES()),

59—) y and C (), with configuration as in 2P of Figure 12.

This is case 2P.

Case4A We have E = E3,1 — E§23 and

Auty (R) = 1 | e PGL3(R)
i

o Ay?2 4+ u(x+ay)zis E, |—adapted and Aut%(R) acts as [A: ]~ [A:ip].
Note that there is one unique point on £ E; ;| with nontrivial stabilizer, leading to a unique choice for p3,»:

(1) p32= E3,1 mggcz-i)-oty

1
o Auty/(R) = 1 | ePGL3(R)
i
e We have (—2)—curves E§33 Eﬁ 8 and Eg)ray and (—1)—curves E; ,, Eﬁg Ef()) Ef()), ¢,
KJ(,3) and ng_) y, with configuration as in Figure 4, case 3A.

with o ¢ {0, —1}.

By Corollary 3.3, we have X' == X34 4 for some o'.

Case 4B We have E = E; | — (ES) U ) and

1
Auty (R) = 1 | e PGL3(R)
i

o Ax% 4 pyzis E; ;—adapted and Autg( (R) acts as [A: u] — [A:iu].
There is no point on £ N E; ; with nontrivial stabilizer, so we get no new cases by further blowing up X.
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Case4C Wehave E=FE, | — (Efg U £§2)) and

1
Auty (R) = 1 | e PGL3(R)
i
o Axy + puz?is E| —adapted and Aut?((R) acts as [A: ] — [A:i%u].
In particular, Aut?( acts transitively on £ N £ 1. We get a unique choice for p; 2 up to isomorphism:

(1) pr2=E;; NCP with C =V(xy +z?).

{id} if p#£2,
1
1 €PGL3(R) |i2=1} if p=2.
i

o Auty/(R) =

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

e We have (—2)—curves E fg, E ﬁ, 6;3) and 623) and (—1)-curves E

6;3_)),, with configuration as in 3N of Figure 13.

E® p® p®

3)
1,2 £2.00 £3,00 4,0’536 and

This is case 3N.

Case 3B We have E = U;=1 E; - U;-’Zl E/(ZO) and
1
Auty(R) = 1 | ePGL3(R)
i

o Axy+uz?is E, ;-adapted and E, ;-adapted and Autg’( (R) acts as [A:u] — [A:i2u].

o A(x—y)x + puz?is E; —adapted and Aut?((R) acts as [A: ] — [A:i%u].
Note that automorphisms of P2 fixing [0: 0: 1] and interchanging the pj o lift to automorphisms of X
interchanging the £ JRE Moreover, since X has degree 3, we are only allowed to blow up two more points.

Finally, on every E N E; 1, the action of Aut?( has two orbits and one of them is a fixed point. Hence, we
get six possibilities for pj 2, ..., p3,2 up to isomorphism:

1) pi12= E1,1 N Cl(z) and p2p = Ez’1 N Cl(z) with Cy = V(xy —{—22).

{id} if p#£2
1
1 | ePGL3(R)|i?=1; ifp=2
i

e Auty/(R) =

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.
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¢ We have (—2)—curves E(3) E§3()), E§33, Ef31) E§3i £(3) and C(3) and (—1)—curves E1,2’ E2,2=
Eg,e(s) ¢, fﬁf)y,C“) and € 3 with Cy = V(xy + y2 +22) and Cs = V(xy + x2 + 22),

with configuration as in 1K of Figure 13.

This is case 1K.

2 p2=E;, ﬂCl(z) and p2 > =E, ; ﬂCz(Z) with C; =V(xy +2z2), Co =V(xy+az?) and o ¢ {0, 1}

id) if p£2
1

o Autd,(R) =
uty (R) 1 |ePGLs(R) |i2=1 ifp=2

i

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing

the configuration of negative curves.

e We have (—2)—curves E(3) E(3) E(3) E(3) E(3) and 6(3) and (—1)-curves E, ,, E, 2,
5(3) 6(3) 13

e

3,1°

&, c®, c‘” C(3) c(3) c‘” C(3) and C® with c3 = V(xy + y2 + 22),

Cs=V(xy+x? +a22),C5—V(x 24 xy34ay?z +Z4),C6—V(x 24 x3y+x2z22+a%z%)

and C7 = V(x3y? + x2y3 + xz* 4+ a?yz*), with configuration as in 1J of Figure 13.

This is case 1J and we see that we get a 1-dimensional family of such surfaces X, depending on the

parameter «.

Remark 4.1 Figure 13 (1J) is by far the most complicated configuration that occurs in our classification.

To make Figure 13 (1J) easier to digest for the reader, we will now break our habit of describing the curve

configuration only via an intuitive picture, and also describe the dual graph of the configuration. Each white

vertex in the dual graph corresponds to a (—1)—curve and each black vertex corresponds to a (—2)—curve.

The number of edges between two vertices corresponding to curves C; and C, is equal to the intersection

number of C; and C,. With these conventions, the dual graph of Figure 13 (1J) is given in Figure 14.

In general, a dual graph carries less information than the nondual picture. In our case, we see from

Figure 13 (1J) that every simply laced triangle of vertices in Figure 14 corresponds to three curves
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Figure 14: Dual graph of Figure 13 (1J).

meeting in a single point, every double edge corresponds to two curves meeting in a single point with
multiplicity 2, and every triple edge corresponds to two curves meeting in two distinct points with
multiplicities 2 and 1. While the symmetry group of Figure 14 is the dihedral group D, of order 12, the
interested reader can use the additional information from Figure 13 (1J) to check that the only involution
in D1, that can actually come from an automorphism of X is the unique central involution. And indeed,
the pencil of cubic curves through the eight points p; ; contains the curve V(z3) and the smooth curve
V(z3 4+ z2x +az?y 4+ x2y + xy?), and hence it is an elliptic pencil and the inverse in the group structure
on the generic fiber of the associated rational elliptic surface (classically called the “Bertini involution”
associated to the points p;, ;) induces the central Z /2Z-symmetry of the graph in Figure 14.

3) pr2=E,; ,NCZ and prs = E, | N with C; = V(xy +22).

{id} if p #2,
1
1 | ePGL3(R)|i?=1; ifp=2.
i

o Auty/(R) =

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

e We have (—2)—curves ES&, Eéi)), Ez(f())’ EP%, Egi, Z§C3) and 623) and (—1)—curves El,z’ Ez,z’
Eg?, 2,62, ¢®. ¢ and €2 with C; = V(xy+y?+22) and C1F = V(x2y2 +xy3 +2%),
with configuration as in Figure 13, case 1K.

Blowing down the left-most and the right-most (—1)—curve in Figure 13 (1K), we see that X’ is a blowup
of X3p in two points on E which do not lie on the intersection of E with the other (—1)—curves on X3p
and X’ =~ X g by Remark 3.4.

@ pra=E N6 and prp=E, Nt

1
e Auty/(R) = 1 | e PGL3(R)
i
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1B 20 2B
Figure 15
e We have (—2)—curves Efg, Eé?()), Eg?g, Eﬁ, Eé?, eﬁf), EJ(?) and ES) and (—1)—curves E1,2’ Ez,z’
Eg? and ng_)y, with configuration as in 1B of Figure 15.
This is case 1B.
5) pip2= E1,1 N Cl(z) with C1 = V(xy +z2).

{id} if p#2,
1
1 | €PGL3(R)|i?2=1; ifp=2.
i

o Auty/(R) =

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.
e We have (—2)—curves Efg, ES()), Eg?g, E ﬂ and 623) and (—1)—curves E1,2’ Efi, Eg? , ZS),

Z)(?), 6&3_)),, C1(3) and C2(3) with C3 = V(xy + y? 4 z2), with configuration as in 20 of Figure 15.
This is case 20.
©) pr2=E N>

1
o Auty/(R) = 1 | ePGL3(R) ;.
i
e We have (—2)—curves Ef’g, ES&, ES()), E ﬁ , E§,3) and 623) and (—1)—curves El,z’ ES%, E§3f ,

6553) and E?_)y, with configuration as in 2B of Figure 15.

This is case 2B.
Case4D We have E = U/2'=1 E; | - U,2'=1 Ej(zo) and

1
Auty (R) = 1 | e PGL3(R)
i

o Axy+uz?is E| —adapted and E, ;-adapted and Aut?( (R) acts as [A: p] — [A:i2u].
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Note that automorphisms of P2 fixing [0: 0: 1] and interchanging p1,9 and ps.g lift to automorphisms
of X interchanging E 1.1 and E2,1- Moreover, Autg)( has two orbits on each £ N Ej 1, one of which is a
fixed point. Hence, we get six possibilities for p1 2, p2,2 up to isomorphism:

(1) pra=E; ;NCPand pyp=E,  NCP with C =V(xy +z?).

{id} if p#2,
1
1 | €PGL3(R)|i2=1; ifp=2.
i

o Auty/(R) =

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

e We have (—2)—curves Eﬁ)), ES()), Eﬁ, Ef}, 623) and C® and (—1)—curves El,z’ Ez,z’ Eg?()),

6553) and 6;3), with configuration as in Figure 11, case 2Q.

Blowing down the right-most (—1)—curve in Figure 11 (2Q), we see that X’ is a blowup of X3¢ in one
point on E and X’ = X, by Remark 3.4.

2 p2=E;, ﬂCl(z) and p2o =E, ; ﬂCz(z) with C; =V(xy +22), Co =V(xy+az?) and a ¢ {0, 1}.

{id} if p #2,
1
1 | ePGL3(R)|i’=1}; ifp=2.
i

° Aut?(/ (R) -

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

* We have (~2)—curves Ey, ESy. EV), ES) and €5 and (—1)—curves E| 5, E, 5. ESy, €9,
Zf), C 1(3) and C2(3), with configuration as in Figure 11, case 2N.

Blowing down the right-most (—1)—curve in Figure 11 (2N), we see that X’ is a blowup of some X34 4
in one point on E and X’ =~ X,y o for some o’ by Remark 3.4.

(3) pi2=E; N C@ and p22=E,; m£§3) with C = V(xy + z2).

{id} if p#2,
1

" AuG(R) = 1 |epGLy(R) |[i2=1} ifp=2.
i
Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing
the configuration of negative curves.

¢ We have (—2)—curves Efg, ES()) Eﬁ E?g ng) and Kf) and (—1)—curves E1,2’ Ez,z’ ES&,
ZJ(,3) and C®, with configuration as in Figure 11, case 2Q.

Geometry & Topology, Volume 28 (2024)



Weak del Pezzo surfaces with global vector fields 3603

2F 3E

Figure 16

Blowing down the right-most (—1)—curve in Figure 11 (2Q), we see that X’ is a blowup of X3¢ in one
point on E and X’ = X, by Remark 3.4.
@ pra=E, N6 and prp=E, Nt
1
o Aut}/(R) = 1 | e PGL3(R)
i
e We have (—2)—curves Efg, Ef()), Eﬁ), Eé?, 6;3), ES) and E?) and (—1)—curves E1,2’ E2,2
and Eg?g, with configuration as in 2F of Figure 16.

This is case 2F.
(5) pr2=E;; NCP with C =V(xy +z?).

{id} if p#£2
1
1 | e€PGL3(R)|i’=1; ifp=2
i

o Auty/(R) =

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing

the configuration of negative curves.
e We have (—2)—curves Efg, ES()), Eﬁ and ES) and (—1)—curves E1,2’ Eg%, Eg?()), E?), 65,3)
and C®, with configuration as in Figure 13, case 3N.
Blowing down the right-most (—1)—curve in Figure 13 (3N), we see that X’ is a blowup of X4¢ in one
point on E and X’ =~ X35 by Remark 3.4.
©) pr2=E NG

1
o Auty/(R) = 1 | ePGL3(R) ;.
i
e We have (—2)—curves Efg, E§3()) E?l), EJ(,Z') and 523) and (—1)—curves ELZ, Eési, E§33 and 6563),
with configuration as in 3E of Figure 16.

This is case 3E.
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Case SC Wehave E = E, | — E?g and
1 ¢
Auty(R) = 1 € PGL3(R)
i
o Axy+pz?is E| —adapted and Aut?((R) acts as [A: ] > [A:i?u].

Note that this is the first case in which there exists no Aut%—stable E1,1—adapted pencil (see Example 2.14).
We remind the reader that we explained how to calculate the Autgf—action on exceptional curves using not
necessarily Aut?(—stable adapted pencils after Definition 2.12. From now on, we will no longer explicitly
point out when a non-Autf,’(—stable adapted pencil is used and assume that the reader is familiar with the
techniques explained in Section 2.2.

Since Autgf has two orbits on £ N Eq,1, we get two possibilities for p; » up to isomorphism:

(1) pra=E;;NCP with C =V(xy +z?).

1 c\
1 € PGL3(R) if p #2,
1
° Aut)o(/(R) == 1 C<
1 €PGL3(R) |i2=1} ifp=2.
i

We describe the configurations of negative curves on X’ for p # 2 and p = 2 simultaneously:

¢ We have (—2)—curves Efg, Eﬁ) and 69) and (—1)-curves E ,, ES()), E§3()) and E;S), with

configuration as in 4E and 4M of Figure 17.
This is case 4E if p # 2, and case 4M if p = 2.
@ pra=E NG

1 ¢
o Auty/(R) = 1 | €ePGL3(R)
i
* We have (—2)—curves Eﬁ)), E?l), E§,3) and E?) and (—1)—curves E| ,, Ef()) and Eg?()), with
configuration as in 4H of Figure 17.

This is case 4H.

Case 3H Wehave £ =J3_; £, , — (32 EQ Ut Ul Ut?) and

1
Auty(R) = e | e PGL3(R)
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ki

4E and 4M 4H 1G

Figure 17

o Axz+py?is E| —adapted and Autf,)((R) acts as [A: p] > [iAd:e?ul.
o Axy+uz?is E, ,—adapted and Aut?( (R) acts as [A: u] — [ed :i%u].
o Ayz+ ux?is E, ;—adapted and Aut?( (R) acts as [A: u] — [ei A : u].
Note that all automorphisms of P2 inducing cyclic permutations of p1,0, p2,0, and p3 .o lift to automor-

phisms of X, and since X has degree 3, we can only blow up two additional points. Moreover, Aut?( acts

transitively on every E N E; 1. Hence, we get two possibilities for p13,..., p32 up to isomorphism:
(1) pra=E,;NCZ and pap = E, , NCY with €1 = V(xz + y?) and C2 = V(xy +22).

{id} if p#3,
1
e €PGL3(R) |e3 =1} if p=3.

62

o Auty/(R) =

Hence, X’ has global vector fields only if p = 3. Therefore, we assume p = 3 when describing

the configuration of negative curves.

e We have (—2)—curves Ef’g, ES()), Eg?g, Eﬁ), E?i, ES), K)(,3) and E?) and (—1)—curves El,z’ Ez,z

and Eg , with configuration as in 1G of Figure 17.

This is case 1G.
2) pr2=E;;NCP with C =V(xz + y?).
1

o Auty/(R) = e € PGL3(R)

62

e We have (—2)—curves Efg, ES()), Ez(fg, Eﬁ), ZS’), €§,3) and 623) and (—1)—curves E1,2’ EéSi and
E g? , with configuration as in Figure 16, case 2F.

Blowing down the left-most and the right-most (—1)—curve in Figure 16 (2F), we see that X’ is a blowup
of X4p in two points on E and X’ =~ X, by Remark 3.4.
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2]
Figure 18

Case 4G We have E = U]2~=1 E - (UJ2~=1 EJ(ZO) ut@u 6562)) and

1
Auty (R) = e | €ePGL3(R)
i
o Axz+ uy?is E, ,—adapted and Aut?((R) acts as [A: pu] > [iAd:eul.
o Axy+ uz?is E, ;—adapted and Aut?( (R) acts as [A: u] — [eA:i%pu].

Since Aut?( acts transitively on every E N E; 1, we get the following three possibilities for p1,2, p2,2 up
to isomorphism:

(1) pr2=E, ;NCZ and pas = E, | N €2 with C1 = V(xz + y?) and C3 = V(xy + z2).

{id} if p #3,
1
e €PGL3(R) |e3 =1} if p=3.

62

o Auty/(R) =

Hence, X' has global vector fields only if p = 3. Therefore, we assume p = 3 when describing

the configuration of negative curves.

£® g pO g

3
e We have (—=2)-curves Eq g, Ey g, EyT7, 2’1’Z§c)

and £$ and (=D-curves E| 5, E, 5, E§3()) and

KJ(,3), with configuration as in 2J of Figure 18.
This is case 2J.
) p22=E,;NC@ with C =V(xy +z?).

1
o Auty/(R) = i2 | e PGL3(R)
i
e We have (—2)—curves Ef’g, ES()) E?; 2;3) and E?) and (—1)-curves E, ,, Eﬁ, E§33 and EJ(,S),

with configuration as in Figure 16, case 3E.

Geometry & Topology, Volume 28 (2024)



Weak del Pezzo surfaces with global vector fields 3607

Blowing down the left-most (—1)—curve in Figure 16 (3E), we see that X’ is a blowup of X4p in one
point on E and X’ =~ X3 by Remark 3.4.

3) pr2=E 1N C@ with C =V(xz + y?).

1
o Auty/(R) = e € PGL3(R)
)
e We have (—2)—curves E f’g, ES()), Eﬁ) 0 and €2 and (—1)—curves E 1,25 Ef%, E§33 and 63(,3),

with configuration as in Figure 16, case 3E.

Blowing down the left-most (—1)—curve in Figure 16 (3E), we see that X’ is a blowup of X4p in one
point on E and X’ =~ X3 by Remark 3.4.

Case 4F We have E = (E, | UEs ;) —(EX) UESL)ULY L) and

1
Auty (R) = e | €ePGL3(R)
i
o Axy+ uz?is E| ,—adapted and E, ;-adapted and Aut?( (R) acts as [A: u] — [eA:i%pu].

Note that the involution x <> y of P2 lifts to an involution of X interchanging £, and E5 1. Moreover,
Autg’( acts transitively on both £ N Eq,1 and E N E5 1, but the stabilizer of every point on £ N Eq 1 acts
trivially on E N E> ;. Hence, we have three possibilities up to isomorphism:

(1) pr2=E 1N C@ and p22=E, N C® with C = V(xy +z2).

1
o Aut},(R) = i2 | ePGL3(R) }.
i
e We have (—2)—curves Eﬁg E§3()) Eﬂ Efi ¢, 253) and C® and (—1)—curves E| 5 E, 5,
E §33 and 623), with configuration as in Figure 3, case 2D.

By Corollary 3.3, we have X’ =~ X5 p.
@ pr2=E; ,nC and p s = E, \NC with Cp = V(xy +22), C2 = V(xy +az?) and a ¢ {0, 1}.

1
o Auty(R) = i2 | e PGL3(R)
i
e We have (—2)—curves Eﬁg Ef()) Eﬁ Ef} ¢ and 653) and (—1)—curves E ,, E, ,, E§33
623), C 1(3) and C2(3), with configuration as in Figure 3, case 2A.

By Corollary 3.3, we have X' 2 X5 4 o for some o’
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3) pra=E; N C®@ with C = V(xy + z2).

1
o Auty/(R) = i2 | e PGL3(R)
i

e We have (—2)—curves Efg, Eé?()), Eﬁ, €§C3) and EJ(,3) and (—1)—curves E1,2’ E?i, Eé’%, 523)

and C®, with configuration as in Figure 4, case 3D.

By Corollary 3.3, we have X' =~ X3p.

Case SB We have £ = E, | — (Efg U Egz)) and

1
Auty(R) = e | e PGL3(R)
i

o Axz+py?is E ,—adapted and Autf,)( (R) acts as [A: u] — [iA:e?u].
Since Autg( acts transitively on £ N Eq 1, we have a unique choice for p1 > up to isomorphism:
() pra=E; N C@ with C = V(xz + y?).

1
o Auty/(R) = e € PGL3(R)
2
e

e We have (—2)—curves E Pg E ?1) and £ and (=1)—curves E; ,, Ef()) Egg, ¢ and €§,3), with

configuration as in Figure 6, case 4D.

By Corollary 3.3, we have X' =~ X4p.

Case 5D Wehave E = J7_| E; | — (Ui, ELg U€?) and
1
Auty (R) = e f | e PGL3(R)
i

o Axz+py?is E| ,—adapted and Aut?((R) acts as [A: pu] > [iAd:eul.

o Axy+ uz?is E, ;—adapted and Aut?( (R) acts as [A: u] — [eA:i%pu].

Note that Aut?( acts transitively on £ N E7,1, and with two orbits, one of which is a fixed point, on
E N E5 1. Hence, we have five choices for p1,2 and p> > up to isomorphism:
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SN NS

3F and 3K 31

Figure 19

1) p12= E1,1 N Cl(z) and p2 5 = E2,1 N C2(2) with C; = V(xz + yz) and C, = V(xy +22).

1
1 f | € PGL3(R) if p # 3,
1
e Auty/(R) = |
e f|€PGL3(R) |e3=1; ifp=3.
2
e

We describe the configurations of negative curves on X’ for p # 3 and p = 3 simultaneously:
e We have (—2)—curves Efg, Eé?&, Eﬁ, Eg} and 623) and (—1)—curves ELZ, Ez,z and 69), with

configuration as in 3F and 3K of Figure 19.
This is case 3F if p # 3, and case 3K if p = 3.
2) pra=E; N C@ and p22=E,, mz?) with C = V(xz + y?).

1
o Auty/(R) = e f | ePGL3(R)
2
e We have (—2)—curves E 533 ES()), E g‘? Efi ¢ and £ and (=D-curves E; , and E, ,, with
configuration as in 31 of Figure 19.
This is case 31.

(3) pa2=E,;NC® with C =V(xy +z?).

1
o Auty/(R) = i2 f | e PGL3(R)
i

e We have (—2)—curves Efg, ES()), Eé? and 29) and (—1)—curves E, ,, Eﬁ) and 6563) , with
configuration as in Figure 17, case 4H.

Blowing down the (—1)—curve in the middle of Figure 17 (4H), we see that X’ is a blowup of Xs5¢ in
one point on E and X’ =~ X4z by Remark 3.4.
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4K 41
Figure 20
@) pro=E,, NP
1
o Auty(R) = e f € PGL3(R)
* We have (—2)—curves Eﬁ)), E§3()), Eé? , 5(3) and E?) and (—1)—curves E, , and Eﬁ , with

configuration as in 4K of Figure 20.
This is case 4K.
(5) pr2=E;; NCP with C =V(xz + y?).

1
o Auty/(R) = e f | ePGL3(R)
2
e

e We have (—2)—curves E?g, E§3()), E (31 and 6(3) and (—1)-curves E, ,, E§3l and ZS), with
configuration as in 41 of Figure 20.

This is case 41.

Case 6B We have E = E; | — E\’) and

Auty(R) = e | e PGL3(R)
i
o Axy+uz?is E, ,—adapted and Aut?( (R) acts as [A: ]+ [eA :i%u].
Since Aut?( has two orbits on £ N E1,1, we have two choices for pj 2 up to isomorphism:
(1) pr2=E;; NCP with C =V(xy +z2).

1 c
e Auty/(R) = i2 | e PGL3(R)
i
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e We have (—2)—curves E §33 and F f? and (—1)-curves E ,, Eé?()), KJ(,3) and 623), with configuration

as in Figure 6, case 5C.
By Corollary 3.3, we have X’ >~ X5c¢.
@ pra=E; NP,

1 c
o Auty/(R) = e | €PGL3(R) ;.
i

e We have (—2)—curves E f’()), E ﬁ and 653) and (—1)-curves E| ,, Ef()) and (&), with configuration

as in Figure 8, case 5D.

By Corollary 3.3, we have X’ =~ X5p.

Case 6D We have E = E, | — (E{) UL?) and

1 c
Auty(R) = e f | e PGL3(R)
i

* Axz+py?is E, j—adapted and Autf (R) acts as [A: ] — [id:e?u].
Since Autgf acts transitively on £ N Eq 1, there is only one choice for p1,2 up to isomorphism:
(1) pr2=E;;NCP with C =V(xz + y?).

1 c
o Auty/(R) = e f | €ePGL3(R)
2
e

¢ We have (—2)—curves E ?3 E ﬁ and ES’) and (—1)-curves E, , and Ef()) with configuration as
in 5E of Figure 21.

This is case 5E.

Case 7B We have E = E; | — E\’) and
1bc
Auty(R) = e f | e PGL3(R)
i
o Axz+py?is E ,—adapted and Aut?( (R) acts as [A: ]+ [iA:e?ul.
Since Aut?( has two orbits on £ N E1,1, there are two choices for p1 > up to isomorphism:
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SE 6E 6F

Figure 21

(1) pr2=E;; NCP with C =V(xz + y?).

1b ¢

e Auty/(R) = e f | ePGL3(R)
2
e

* We have (—2)—curves E ﬁg and E f‘? and (—1)-curves E, , and ¢, with configuration as in 6E
of Figure 21.

This is case 6E.
@ pra=E Nt

1b c
o Auty/(R) = e f | ePGL3(R) ;.
i

e We have (—2)—curves E f()), E ﬂ and 623) and (—1)-curve E, ,, with configuration as in 6F of

Figure 21.
This is case OF.
Summarizing, we obtain

‘63 = {XIL,a9X107X1N7XZN,Q’X2Q9X2P’X3N’X1K»X1J,OtvX1B7X205X2B7X2F7X3E’
X4E. Xam. XaH. X16. X27. X3F, X3k, X371, X4k, Xa1, X5E. X6E. X6F }.

4.5 Height 4

Case 2N This case exists only if p =2. We have £ = E, , — E?f and

1
Auty (R) = 1 | ePGL3(R) |i’?=1
i
o A(x%y +xz2)+puzdis E, ,-adapted and Aut?( (R) actsas [A:u] = [A:iu].
Note that there is only one point on £ N E; , with nontrivial stabilizer, hence we have a unique choice

for p.3:
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(1) pr3=E, ,NCY with C1 = V(xy +z2).

1
o Aut}(R) = 1 | ePGL3(R)|i2=1
i

e We have (—2)—curves EYB, E?(,‘B, E{‘? , E{g, €§4) and £§4) and (—1)—curves E1’3, Eé‘? , Eé‘}()),
Eglo 050, 62, 60 4, €. 017, ¢3¢0, €5 and €Y with o = V(ay 452 4+27), G =
V(x2y +xz2+ayz?), C4=V(x2y +xz2+y3+ayz?), Cs = V(x2y? +x222 + x3y +a?y?22),
Cs =V(xy> +x222 4+ x3y + a?y?z?) and o ¢ {0, —1}, with configuration as in Figure 13, case
1J.

By Corollary 3.3, we have X' = X 5 o for some o’.

Case 2Q This case exists only if p =2. We have £ = E, , — F g‘? and

1
Auty(R) = 1 | ePGL3(R)
i

i2=1

o A(x%y +xz2)+puzdis E, ,—adapted and Aut?( (R) acts as [A: u] — [A:ip].

Note that there is only one point on £ N E, , with nontrivial stabilizer, hence we have a unique choice
for py,3:

(1) pi3=E, ,NCY with C; = V(xy +z2).

1
o Auty/(R) = 1 | e PGL3(R)
i
e We have (—2)—curves EYB, Eg"%, Ef41) , Ef‘g and and (—1)-curves E| 3, Eg? ,
Eg}()), E‘(f()), 15;4_)),, C1(4), C2(4) and C3(4) with Co = V(xy + y%2+22) and C3 = V(xz2 +x2y + y?),
with configuration as in Figure 13, case 1K.

i2=1

£;4), 554) Eg4)

By Corollary 3.3, we have X’ =~ X k.

Case 2P This case exists only if p =2. We have E = E, , — Eﬁ and

1
Auty (R) = 1 | ePGL3(R) |i’?=1
i
o A(x%y 4 xz2)+ pz3is E| ,~adapted and Aut?( (R)actsas [A:u] = [id: u].

Note that there is only one point on E N E, , with nontrivial stabilizer, hence we have the following
unique choice for pp 3:
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(1) pr3=E, ,NCY with C1 = V(xy +z2).
1
o Auty/(R) = 1 | ePGL3(R) |i2=1
i
e We have (—2)—curves EYB, ng()), E 542 , E f‘g, 6564), E§,4) , 624) and C1(4) and (—1)—curves E 1.3
Eé‘? ng'g, E‘(f()), £x4_)y and C24 with C2 = V(xy + y? + z2), with configuration as in Figure 10,
case IN.

By Corollary 3.3, we have X’ >~ X u.

Case 3N This case exists only if p =2. We have £ = E, , — Eﬁ and

1
Auty (R) = 1 | ePGL3(R)
i

i2=1

o A%y +xz2) +puzdis E ,—adapted and Autgf (R) acts as [A: u] — [A:iu].

Note that there is only one point on E N E, , with nontrivial stabilizer, hence we have the following
unique choice for pi 3:
() pr3=E,,NC with C; = V(xy +22).
1
o Aut}/(R) = 1 | e PGL3(R)
i
e We have (—2)—curves Eﬁg, Eﬁ , E f‘g, Zy) and £$" and (—1)—curves E 13 B @ EW EW

2,0 ©3,00 ©4,0°
6564), ng_)y, C1(4) and C2(4) with Co = V(xy + y? +z2), with configuration as in Figure 15, case 20.

i2=1

By Corollary 3.3, we have X’ =~ X, 0.

Case 20 This case exists only if p =2. Wehave E =E, , — E %33 and

1
Auty(R) = 1 | e PGL3(R)
i

i2=1

o A%y +xz2)+puzdis E, ,~adapted and Aut?((R) acts as [A: ] — [A:iu].
Note that there is only one point on £ N E; , with nontrivial stabilizer, hence we have a unique choice
for p1,3:
(1) pi3=E, ,NCY with €1 = V(xy +z2).

1
e Auty/(R) = 1 | e PGL3(R)
i

i2=1
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|
1E

Figure 22

e Wehave (~2)-curves E\ %, ESY ESY) EM EX) 0, ¢ and ¥ with C = V(xy +y? +22)
and (—1)—curves E 1.3 Eg}i, E g}l)’ €£4), €§,4) and €§C4_)y, with configuration as in Figure 10, case IN.

By Corollary 3.3, we have X' >~ X .

Case 2B We have E = E1,2 — (Eﬂ U gj(f)) and

1
Auty (R) = 1| ePGL3(R)
i
° szy + MZ3 is El’z—adapted and Aut?( (R)actsas [A:pu]—[A: i3,u].
Hence, we have the following unique choice for p1 3 up to isomorphism:
(1) p13=E;,NCO with C =V(x2y +z3).

{id) it p#3,
1
1 | €PGL3(R)|i*=1; ifp=3.
i
Hence, X’ has global vector fields only if p = 3. Therefore, we assume p = 3 when describing

o Auty/(R) =

the configuration of negative curves.

¢ We have (—2)—curves E{‘B, Eg}()), Eg?g, E ﬁ , E f‘g K§,4) and 524) and (—1)—curves E; 5, Eé‘?
E §4% , €§C4) and €§C4_)y, with configuration as in 1E of Figure 22.

This is case 1E.

Case 2F We have E = (E, , UE, ,)— (EC) U ES) UL U£5Y) and

1
Auty (R) = 1 | e PGL3(R)
i
o Ax2y +puz3is E, ,—adapted and Aut?( (R) acts as [A: ] — [A:i3u].
o Axy?+pzdis E, ,—adapted and Autg((R) acts as [A: ] — [A:i3u].
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Note that the involution x <> y of P? lifts to an automorphism of X interchanging E 1o and E, ,.
Moreover, since X has degree 2, we are only allowed to blow up one more point. Hence, we have a

unique choice for p1 3 and p2 3 up to isomorphism:
(1) pr3=E ,NC® with C =V(x?y +z3).

{id} if p #3,
1
1 | ePGL3(R)|i*=1; if p=3.
i
Hence, X’ has global vector fields only if p = 3. Therefore, we assume p = 3 when describing

o Auty/(R) =

the configuration of negative curves.
e We have (—2)—curves E YB, Eg'()), E {43 ) Egg, E Y,‘z)’ ¥, 1554) and £5” and (—1)—curves E 5, Eé‘g

and £ gg, with configuration as in Figure 17, case 1G.

By Corollary 3.3, we have X' =~ X;¢.

Case 3E We have £ = E, , — (E¥) U€$Y) and
1
Auty (R) = 1 | e PGL3(R)
i
o Ax2y + uzdis E ,~adapted and Autf,)( (R) acts as [A: ] — [A:i3u].
Hence, we have a unique choice for p1 3 up to isomorphism:
(1) pr13=E ,NC® with C =V(x?y + z3).

{id} if p #3,
1
1 | ePGL3(R)|i3=1; ifp=3.
i
Hence, X’ has global vector fields only if p = 3. Therefore, we assume p = 3 when describing

o Auty/(R) =

the configuration of negative curves.
e We have (—2)—curves EYB, Eé‘}()), Eﬁ Ef‘g EJ(,4) and £ and (=D-curves E 5, Eé‘? Eg‘fg

and 6;4), with configuration as in Figure 18, case 2J.

By Corollary 3.3, we have X' =~ X, .

Case 4E This case exists only if p # 2. We have E = E 12— E 533 and

1 c
Auty (R) = 1 | ePGL3(R)
1

o Ax%y +xz2)+puzdis E | ,—adapted and Aut?( (R)actsas [A:u]— [A:pu—cAl.
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In particular, the stabilizer of every point on £ N E| , is trivial, and hence this case does not lead to
additional weak del Pezzo surfaces with global vector fields.

Case 4M  This case exists only if p =2. We have £ = E, , — Eﬁ and

1 c
Auty (R) = 1 | e PGL3(R)
i

i?=1

o A%y +xz2)+puzdis E, ,~adapted and Aut?((R) actsas [A: ] = [A:ip+ cAl.
In particular, Aut?( acts transitively on £ N E1 >, so there is a unique possibility for p1, 3 up to isomorphism:
(1) pi3=E, ,NCY with C1 = V(xy +z2).

1
e Auty/(R) = 1 | ePGL3(R)
i
e We have (—2)—curves E ﬁ),, E f‘? E 54; and £§4) and (—1)—curves E 1.3 ng()), ng%, 6;4) ,C 1(4) and
C2(4) with C, = V(xy + y? + z?), with configuration as in Figure 13, case 3N.

i2=1

By Corollary 3.3, we have X’ >~ X3.

Case 4H We have E = E, , — (EX) U () and

1 ¢
Auty(R) = 1 | ePGL3(R)
i
o Ax%y 4 uz3is E ,—adapted and Aut?( (R) acts as [A:u]— [A:i3u].

Since Autf,)( acts transitively on £ N E 5, there is a unique possibility for p1 3 up to isomorphism:

(1) p13=E;,NC® with C =V(x?y +z3).

1 | ePGLs(R) if p#£3,
Auty,(R) =
L4 utX/(R) =

1 ePGL3(R) |i3=1} if p=3.

We describe the configurations of negative curves on X’ for p # 3 and p = 3 simultaneously:

e We have (—2)—curves E E‘g, E ﬁ?, E 5‘2, £§,4) and €§4) and (—1)—curves E 1.3 Eé‘}g and Ez(fg, with
configuration as in Figure 19, case 3F or 3K.

By Corollary 3.3, we have X’ >~ X3F if p # 3, and X' =~ X3¢ if p = 3.
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Case 2] This case exists only if p = 3. We have E = (E, ,UE, ,) — (Eﬁ U ES;) and

1

Auty (R) = e €PGL3(R) |e3 =1

e2

o A(x2z+xy?) + uydis E, ,-adapted and Autgf (R) acts as [A: u] — [e?A: pu].

o Axy?+yz?) +puzdis E, ,—adapted and Autf,)((R) acts as [A 1 1] — [e2A: ).
Note that X has degree 2, and hence we are only allowed to blow up one more point. Moreover, there is a
unique point on £ N E, , and on E N E, , with nontrivial stabilizer. Therefore, we have two possibilities
for p1,3 and ps 3:
(1) p23=E,,NCA with C =V(xy +z?).

1
o Auty/(R) = e € PGL3(R) |3 =1
02
e We have (—2)—curves E ﬁ%, ng()), E{41) , Eéﬂ, Egg, €§C4) and 524) and (—1)—curves E2’3, E Yg,

Eg?g, E§,4) and C, with configuration as in Figure 22, case 1E.

Blowing down the (—1)—curve in Figure 22 (1E) that is not adjacent to any other (—1)—curve, we see that
X’ is a blowup of X, p in one point on E and X’ =~ X g by Remark 3.4.

) p13=E ,NC® with C =V(xz + y?).

1
o Auty/(R) = e € PGL3(R) | 3 =1
2
e We have (—2)—curves E f?()), Eé‘}()), E 543 , Eg? , EYB, 8564) and 624) and (—1)—curves E1,3, Eé‘g,

E g’%, €§,4) and C®, with configuration as in Figure 22, case 1E.

Blowing down the (—1)—curve in Figure 22 (1E) that is not adjacent to any other (—1)—curve, we see that
X' is a blowup of X, p in one point on E and X’ =~ X; g by Remark 3.4.
Case 3F This case exists only if p 7 3. We have E = (E, ,UE, ,) — (Eﬁ U ES;) and

1
Auty (R) = 1 /| e PGL3(R)
1

o A(x%z4xy?) 4+ pydis E | ,—adapted and Autgf(R) actsas [A:u]— [A:u—2fA].
o Axy?+yz?) +puzdis E, ,—adapted and Autg((R) actsas [A:u]l—[A:pu— fA]

If p # 2, then Aut?( acts simply transitively on both £ N E; 5 and £ N E3 2, and hence we cannot blow
up X any further and still obtain a weak del Pezzo surface with global vector fields. If p = 2, then Aut?(
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2K and 2R

Figure 23

still acts transitively on £ N E3 >, but now it acts trivially on £ N E1 2. This leads to the following
possibilities for p1 3:

(1) pi3=E;,N C® with C =V(x2z +xy2 +ay?).

{id} if p#2.3,
1
1 f|ePGLs(R)} if p=2.
1

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2 when describing

o Auty/(R) =

the configuration of negative curves.
e We have (—2)—curves Eﬁ%, Eé‘}()), Eﬁ?, Egg, E%‘g and 224) and (—1)—curves E1’3, Egg and 5564),

with configuration as in 2R of Figure 23.

This is case 2R and we see that we get a 1-dimensional family of such surfaces X, g o depending on the
parameter .

Case 3K This case exists only if p =3. We have E = (E; ,UE, ;) — (Eﬂ U Ef}) and

Auty(R) = 1 e f | ePGL3(R) |3 =1
o2
o A(x%z 4 xy?) +pydis E | ,—adapted and Aut?( (R) acts as [A: u] — [e?A:p—2efA].
o Axy?+yz?)+puz?is E, ,—adapted and Auty (R) acts as [A: u] > [e?A: ju —efA].
Note that Autgf acts transitively on both £ N Ej 2 and E N E3 ». The stabilizer of every pointon ENEq »

is isomorphic to w3, and this w3 has a unique fixed point on E N E> 5. This leads to three possibilities
for p1,3 and p» 3 up to isomorphism:

() p13= E1,2 N C1(3) and py 3 = Ez’2 N C2(2) with C; = V(xz 4+ y?) and C, = V(xy + z2).

1
e Auty/(R) = e € PGL3(R) |e3 =1

e2
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e We have (—2)—curves EYB, Eg‘()), Eﬁ?, Egg, Eﬁg, Egg and 624) and (—1)—curves E1’3, E2,3,
(@, C2(4) and C3(4) with C3 = V(x2y? 4 x3z + z#), with configuration as in Figure 22, case 1E.

Blowing down the (—1)—curve in Figure 22 (1E) that is not adjacent to any other (—1)—curve, we see that
X' is a blowup of X, p in one point on E and X’ =~ X; g by Remark 3.4.

(2) p23=E,,N C® with C = V(xy + z2).

1

o Auty/(R) = e € PGL3(R)

62

e3 =1

@) p@ p@ @ 7@

e We have (—2)—curves El,O’ 20 Ei1s Eots Eé‘g and 624) and (—1)—curves E2’3, 120 5;4)

and C, with configuration as in Figure 18, case 2J.
By Corollary 3.3, we have X’ =~ X5 .
3) p13=E ,NC® with C =V(xz + y?).

1
e Auty/(R) = e € PGL3(R)
2
e
e We have (—2)—curves EYB, Eé‘}()), Eﬁ?, Egg, E%‘g and 624) and (—1)—curves E1’3, Egg and 6564),
with configuration as in 2K of Figure 23.

e3=1

This is case 2K.

Case 31 We have E = (E, ,UE, ,)— (E{) UES U () and
1
Auty(R) = e f | ePGL3(R)
o2

o A(x?z4xy?) +py?is E| ,~adapted and Auty (R) acts as [A: u] > [e*A:e3pu—2efA].

o Axy?+uzdis E, ,—adapted and Autgf (R) acts as [A: u] — [e?A:e®pul.
Note that Aut?( acts transitively on E N E3 5. If p # 2 (resp. p = 2), then Aut?( acts transitively (resp.
with two orbits) on E N Eq ». We have five possibilities for p1 3, p2,3 up to isomorphism:
(1) pra=E ,NCP and pr3 = E, , N C5Y with C1 = V(x®z + xy> + y3), C2 = V(xy? +az?)
and o # 0.
{id) if p #2,

1

1 f|ePGL3(R); if p=2.
1

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing

e Auty/(R) =

the configuration of negative curves.
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e We have (—2)—curves EYB, Eg}()), Eﬁ?, Egg, Eﬁg, Egg, 6564) and 624) and (—1)—curves E1,3
and E2’3, with configuration as in 1Q of Figure 24.

This is case 1Q and we see that we get a 1-dimensional family of such surfaces X;¢ o depending on the

parameter .
— (3) _ (3) _ 2 _ 2,3
(2) pr3=E;,NC;7and po3=E,,NC,~" with C; =V(xz + y*) and Co = V(xy~* + z°).

{id} if p #2,
1
e f|€PGL3(R) |e*=1; ifp=2.
2
e

e Auty/(R) =

Hence, X’ has global vector fields only if p = 2. Therefore, we assume p = 2 when describing

the configuration of negative curves.

e We have (—2)—curves EYB, Eg}()), Eﬁ?, Eéﬂ, EYB, Egg, 8564) and 624) and (—1)—curves E1,3
and E, 5, with configuration as in 1R of Figure 24.

This is case 1R.

(3) p23=E,,NC® with C =V(xy?+z3).

1
1 f | e PGL3(R) if p#£2,
1
o Auty,(R) = .
e f|€PGL3(R) |e*=1; ifp=2.
2
e

We describe the configurations of negative curves on X’ for p # 2 and p = 2 simultaneously:
e We have (—2)—curves E ﬁ‘()), ng()), E 542 , Eéﬂ, Eé‘g, 6564) and 624) and (—1)—curves E,;and E {2,
with configuration as in 2H and 2V of Figure 24.
This is case 2H if p # 2, and case 2V if p = 2.
4 p13= E1,2 NC® with C = V(xz + y2).

(1)

e € PGL3(R) if p #2,
2
e Autd,(R) = \ ¢

e f|ePGLy(R)} ifp=2.

We describe the configurations of negative curves on X’ for p # 2 and p = 2 simultaneously:
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1Q and 1R 2H and 2V 2G, 2T and 2U
Figure 24

e We have (—2)—curves E ﬁ?), Eé‘}()), E ﬁ?, Egg, E %2, €§C4) and 624) and (—1)—curves £ 13 and Egg,

with configuration as in 2G and 2U of Figure 24.
This is case 2G if p # 2, and case 2U if p = 2.
(5) p=2and p13=E; ,NC® with C =V(x?z +xy?+)?).
1
o Auty (R) = 1 f | e PGL3(R)
1

e We have (—2)—curves E E?), Eé‘}()), E ﬁ?, Egg, E %‘2, €§C4) and 624) and (—1)—curves £ 13 and Egg,

with configuration as in 2T of Figure 24.

This is case 2T.

Case 4K We have £ = E, , — (Efi U 59)) and

1
Auty (R) = e f | e PGL3(R)
i

o Axy?+pzdis E, ,—adapted and Autgf (R) acts as [A: u] > [e?A:i3pu).
Since Aut?( acts transitively on £ N E3 », there is a unique possibility for p; 3 up to isomorphism:
(1) p23=E,,NCO with C =V(xy?+z3).
1

o Auty/(R) = e f|ePGL3(R) | e? =i?
i

e We have (—2)—curves E YB, Eg'()), Eg’?, E;‘g, 6;4) and 524) and (—1)—curves E2,3 and £ ﬁ?, with
configuration as in Figure 19, case 31.

By Corollary 3.3, we have X’ >~ X3;.
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Case 4l We have E = El’2 — Eﬁ) and

1
Auty(R) = e f | ePGL3(R)
2
e

o A(x%z 4+ xy?) 4+ puydis E | ,—adapted and Aut?( (R) acts as [A: u] — [e?A:e3u —2efA].

If p #£ 2, then Autgf acts transitively on £ N Eq », while if p = 2, then Aut?( has two orbits on £ N E1 5.
Hence, if p = 2, there is only one possibility for p; 3 and if p = 2, there are two possibilities up to

isomorphism:

D) pr3=E,N C® with C =V(xz + y?).

e € PGL3(R) if p#£2,
Auty,(R) =
o utX/(R) =

e f | €PGL3(R); if p=2.
\ e
We describe the configurations of negative curves on X’ for p # 2 and p = 2 simultaneously:
e We have (—2)—curves E YB, Eg}()), E {41) , E f‘g and E?) and (—1)—curves E 1.3 Eé‘? and ng), with
configuration as in 3G and 3P of Figure 25.

This is case 3G if p # 2, and case 3P if p = 2.
2) p=2and p13=E ,NC® with C =V(x?z +xy? + y?).

1
o Auty(R) = 1 7| e PGL3(R)
1

e We have (—2)—curves E ﬁ%, Eg,%, E %41) , E f‘g and 624) and (—1)-curves E 1.3 Eg? and K§C4), with
configuration as in 30 of Figure 25.

This is case 30.

Case SE We have £ = E1,2 — Eﬁ and

1 c
Auty (R) = e f | ePGL3(R)
2
e

o A(x2z+xy?) 4+ pydis E ,—adapted and Autg)((R) acts as [A: u] = [e?A:e3u—2efA].

As in the previous case, if p # 2, there is only one possibility for pq 3 up to isomorphism, and if p = 2,
there are two possibilities up to isomorphism:
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3G, 30 and 3P 4], 4N and 40

Figure 25

(1) pr3=E ,NC® with C =V(xz + y?).

e €PGL3(R)} if p#2,
Aut? =
o utX/(R) =

e flePGLs(R)} if p=2.

We describe the configurations of negative curves on X’ for p # 2 and p = 2 simultaneously:

e We have (—2)—curves E YB, E 543 ,E 54; and 524) and (—1)-curves E; 3 and Eé‘}()), with configuration
as in 4] and 40 of Figure 25.

This is case 4] if p # 2, and case 40 if p = 2.
(2) p=2and p13=E;,N C® with C = V(x2z +xy2 4+ y3).

1 c
o Aut}(R) = 1 f | e PGL3(R)
1

e We have (—2)—curves E YB, E 543 E f‘g and Z§4) and (—1)-curves E; 3 and Eé"%, with configuration
as in 4N of Figure 25.

This is case 4N.

Case 6E We have £ = E1,2 — Eﬁ and

1b ¢

Auty(R) = e f | €PGL3(R)
2
e

o A(x%z+xy?) +uydis E | ,—adapted and Aut?( (R) acts as [A: ] > [e2A:e3pu —be?A —2efA].
Since Aut?( acts transitively on £ N E 5, there is a unique possibility for p1,3 up to isomorphism:
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) pr3=E,N C® with C =V(xz + y?).

1 —2fe ! ¢
o Aut)/(R) = e  f|ePGL3(R) ;.
2
e

e We have (—2)—curves E ﬁg, E ﬁ and E Yg and (—1)—curves E; 5 and €g4), with configuration as
in Figure 21, case 5E.

By Corollary 3.3, we have X' >~ X5g.

Case 6F We have E = E, , — (E\) U¢$) and

1b c
Auty(R) = e f | €ePGL3(R)
i

o Ax2z 4 pydis E| ,~adapted and Autg)( (R) acts as [A:u]— [id:e3u].
Since Aut?( acts transitively on £ N £ 5, there is a unique possibility for p1,3 up to isomorphism:
(1) p13=E ,NC® with C =V(x?z + y?).

1b c

o Auty(R) = e f | €ePGL3(R)
3
e

e We have (—2)—curves E YB, E f‘? ,E f‘g and £5*) and (—1)—curve E 13> With configuration as in 5F
of Figure 26.

This is case SF.
Summarizing, we obtain

L4 ={X1E. X2R .0, X2k X10.0> X1R, X2H . Xov. X26. X2u, Xo7, X36, X3P, X30,
X47,Xs0.Xan, X5F }.

4.6 Height 5

Case 2R This case exists only if p =2. Wehave E = E; ; - E Yg and

1
Auty(R) = 1 /| e PGL3(R)
1

o AMx+ay)?(xz+y?+ayz)+pytis E| ;-adapted and Aut?((R) acts as
Aipd o g+ (af + f2)AL
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SF M 1F

Figure 26

Therefore, if oz 7 0, then the identity component of the stabilizer of every point on £ N E 5 is trivial,
hence there is no way of further blowing up X and still obtaining a weak del Pezzo surface with global
vector fields. If @ = 0, then there is the following unique possibility for pj 4 up to isomorphism:

(D) pra=E, 3N with C; = V(xz + y?).
1
e Auty/(R) = 1 f]ePGL3(R)| f2=0
1

¢ We have (—2)—curves Efsg E;S()) Eﬂ Eési E{S; Efsg and 225) and (—1)—curves £, 4, Eés;

E;S), Cl(s) and CZ(S) with C = V(x2y? + x3z + z*), with configuration as in 1M of Figure 26.

This is case 1M.

Case 2K This case exists only if p =3. We have E = E; ;— F 8 and

1
Auty (R) = e €PGL3(R) |e3 =1
2

e

o Ax2(xz 4 y?) 4+ uy*is E| ;-adapted and Aut?( (R) acts as [A: u] — [e?A:epu].
Note that there is a unique point on E N E 5 with nontrivial stabilizer. This leads to a unique possibility
for p1,4:
(1) pra=E, ;nCY with €1 = V(xz + y?).

1

o Auty/(R) = e € PGL3(R) | 3 =1

82

e We have (—2)—curves ES&, ES()), E§51), Eési, E%SZ), E%S; and ng) and (—1)—curves E1’4, Eg%,
K&S) Cl(s) and CZ(S) with C; = V(x2y? + x3z + z* 4+ 2xyz?), with configuration as in 1F of
Figure 26.

This is case 1F.
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Case 2H This case exists only if p # 2. We have E = E, ; — Eé‘g and

1
Auty (R) = 1 f | e PGL3(R)
1

o Ay(xy?+2z3) + pz*is E, ;-adapted and Auty (R) acts as [A: u] > [A 1 —2fA].

In particular, since p # 2, the stabilizer of every point on £ N E, 5 is trivial, and hence there is no way
of further blowing up X and obtaining a weak del Pezzo surface with global vector fields.

Case 2V This case exists only if p =2. We have E = E, ; — Egg and

1
Auty(R) = e f | ePGL3(R) |e* =1
2
e

o Ay(xy?+z%) + pz*is E, ;-adapted and Auty (R) acts as [A: ] — [e3A: p].
This leads to two possibilities for pq 4:
(1) p2a=E,3N C® with C =V(xy3 + yz3 + az*) and a # 0.

1
o Auty/(R) = 1 ]| ePGL3(R) }.
1

e We have (—2)—curves Ef’sg, ES()), Efsl), Eész, Eés;’ Eésg, chs) and ng) and (—1)—curves E2,4 and

E fsz, with configuration as in Figure 24, case 1Q.

s

By Corollary 3.3, we have X' = X;¢ o for some o'.
2) pra=E,3NCW with C =V(xy? +z3).

1
o Auty/(R) = e f | ePGL3(R)|e*=1
2
e

¢ We have (—2)—curves E%S()), Eés()), Efsl), Eési, Eés%’ Eésg,
) , , , , , ,
E

1 5» with configuration as in Figure 24, case 1R.

eﬁf) and Kgs) and (—1)—curves E, , and

By Corollary 3.3, we have X’ =~ X;r.

Case 2G This case exists only if p #% 2. We have £ = E 13— E 543 and

1
Auty(R) = e € PGL3(R)
2
e

o Ax2(xz 4+ y?) + uytis E| ;—adapted and Aut?( (R) acts as [A: u] — [A:e?u].
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Since p # 2, there is a unique point on £ N E, 5 such that the identity component of its stabilizer is
nontrivial. This leads to a unique possibility for p1 4:

(1) pra=E ;NCYW with C =V(xz + y?).

1

o Auty/(R) = e € PGL3(R)
02
e We have (—2)—curves E{,Sg, Eg()), E fs% , Eési, E fsg, E fsg, z§f) and 625) and (—1)—curves E1,4,

Eés; and C®| with configuration as in 1C of Figure 27.

This is case 1C.

Case 2U This case exists only if p =2. Wehave E = E; ; — E Yg and
1

Auty (R) = e f | ePGL3(R)

e2

o Ax2(xz +y2) + uytis E, ;-adapted and Aut?( (R) acts as [A: u] — [e?A:e*u + f2A].
Since Aut?( acts transitively on £ N £ 3, there is a unique possibility for p1 4 up to isomorphism:
(1) pra=E; ;NCW with C =V(xz + y?).

1
o Auty(R) = e f|ePGL3(R)| f2=0
2
e We have (—2)—curves Eﬁ% Ef()), Efsf , Eé?, E 8, E 5532, ¢ and ¢&) and (—=1)—curves E, 4,
Eés% and C®), with configuration as in 1P of Figure 27.

This is case 1P.

Case 2T This case exists only if p =2. We have E = E| ; — E 5‘2 and

1
Auty(R) = 1 f | ePGL3(R)
1

o Ax 4+ X2z + xy% + 3+ y22) + wyt is E| ;-adapted and Aut?((R) acts as [A: u] —
i+ (f + FHAL

Note that the identity component of the stabilizer of every point on E N E, 5 is trivial, hence we cannot
blow up further and still obtain a weak del Pezzo surface with global vector fields.
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e il

1C and 1P 2C and 2S

Figure 27

Case 3G This case exists only if p # 2. We have E = E 13— E 543 and

1
Auty(R) = e € PGL3(R)
2
e

o Ax2(xz 4+ y2) + uy*is E, ;-adapted and Autg’( (R) acts as [A: u] — [A:e?u].

Since p # 2, there is a unique point on £ N E, 5 for which the identity component of the stabilizer is

nontrivial. This leads to a unique possibility for p1 4:
(1) pra=E ;NCYW with C =V(xz + y?).

1

e Auty/(R) = e € PGL3(R)

e2

¢ We have (—2)—curves Efsg Eés()) E{Sf Efsg Efsg and 1325) and (—1)—curves E| 4, E;Si E;S)
and C®, with configuration as in 2C of Figure 27.

This is case 2C.

Case 3P This case exists only if p =2. Wehave £ = E, ; - F g‘g and

1
Auty (R) = e f | ePGL3(R)
2
e

o AxZ(xz 4+ y?) 4+ uy*is E, s—adapted and Auty (R) acts as [A: p] > [e2X e+ f2A].
Since Aut?( acts transitively on E N Eq 3, there is a unique possibility for p1 4 up to isomorphism:
(1) pra=E ;NCYW with C =V(xz + y?).

1
e Auty/(R) = e f|ePGL3(R)| f2=0
2
e
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e We have (—2)—curves Ef()), ES()), Efsf, E%sg’ Efsg and 625) and (—1)—curves E1,4, E;si’ zﬁf)

and C®, with configuration as in 2S of Figure 27.

This is case 2S.

Case 30 This case exists only if p =2. We have E = E; ;— E §4; and

1
Auty (R) = 1 f | e PGL3(R)
1

o Ax + »(x%z + xy% + 3+ y22) + wyt is E| ;-adapted and Autg)((R) acts as [A: u] —
A+ (f + fPAL
In particular, the identity component of the stabilizer of every point on E N E ;5 is trivial, hence we
cannot blow up further.
Case 4J This case exists only if p # 2. We have E = Ei;— Ef‘g and
1 c

Auty (R) = e € PGL3(R)

62

o Ax2(xz +y?) + uy*is E, ;-adapted and Aut?( (R) acts as [A: u] — [A:e?u +cAl.
Since Autgf acts transitively on £ N E; 3, we have a unique possibility for pj 4 up to isomorphism:
(1) pra=E ;NCYW with C =V(xz + y?).

1
o Auty/(R) = e € PGL3(R)
2
e

e We have (—2)-curves E is())’ E ﬁ) , E %5%, E %53 and ng) and (—1)—curves E 1.4 Eés()) and C® with
configuration as in Figure 25, case 3G.

By Corollary 3.3, we have X’ =~ X3¢.

Case 40 This case exists only if p =2. We have E = E,| ; — F 54% and
1 c
Auty(R) = e f | ePGL3(R)
02
o sz(xz + y2) + pLy4 is E1’3—adapted and Autgf (R) acts as [A: u] — [ezk :e4,u + (ce2 + fz))&].
Since Aut?( acts transitively on £ N E; 3, we have a unique possibility for pj 4 up to isomorphism:
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(1) pra=E ;NCYW with C =V(xz + y?).
1 f2e72

o Auty (R) = e f | e€PGL3(R)

62

e We have (—2)—curves E fsg E {5{ JE {5; E gs; and €5 and (=1)-curves E, 4, Eés()) and C®, with
configuration as in Figure 25, case 3P.

By Corollary 3.3, we have X’ >~ X3p.

Case 4N This case exists only if p =2. We have £ = E; 5 — Ef‘g and
1 ¢
Auty(R) = 1 /| e PGL3(R)
1

o Ax + y)(X%z + xy% + y3 + y%2) + uwyt is E| ;-adapted and Aut?((R) acts as [A: u] —
A+ (c+ f+ fHAL

Since Autgf acts transitively on £ N E; 3, we have a unique possibility for pj 4 up to isomorphism:
(1) pra=E ;N C1(4) with C; = V(x2z 4+ xy? + y3).
L f+r?

o Auty/(R) = 1 f € PGL3(R) }.
1

e We have (—2)—curves E fg, E gs%, E %53, E §5§ and £§5) and (—1)—curves E 4, Eésg and CZ(S) with
C, = V(xz + yz + y?), with configuration as in Figure 25, case 30.

By Corollary 3.3, we have X’ = X30.

Case SF We have £ = E, ; — Ef‘g and
1b c
Auty(R) = e f | €PGL3(R)
o3
o Ax(x2z 4 y3) 4+ pytis E, ;-adapted and Aut?((R) acts as [A: ] — [A:eu —2bA].

Therefore, if p # 2, we have one unique possibility for p; 4 € E N Ey 3, while if p = 2, there are two
possibilities:
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4L, 4P and 4Q
Figure 28

(1) pra=E ;NCW with C =V(x?z + y?).

1 c

e f | € PGL3(R) if p#2,
o3

o Auty/(R) = b )

e f | €PGL3(R) if p=2.

\ &

We describe the configurations of negative curves on X’ for p # 2 and p = 2 simultaneously:

e We have (—2)—curves F g,s()), E {51) , E %53, E §5§ and €§5) and (—1)-curve E; ,, with configuration as
in 4L and 4Q of Figure 28.

This is case 4L if p # 2, and case 4Q if p = 2.

(2) p=2and p14=E ;NC® with C =V(x3z + xy> + y%).

1b
1

C
o Aut}/(R) = f | € PGL3(R)
1

e We have (—2)—curves F f,s())’ E {51) , E 55;, E fs; and 625) and (—1)—curve E, ,, with configuration as
in 4P of Figure 28.

This is case 4P.
Summarizing, we obtain

Ls={X1m.X1F.X1c. X1P. X2¢, X25. XaL, X40. X4p}.

4.7 Height 6

Case 2C This case exists only if p # 2. We have E = E| , — Efsg and

1
Auty(R) = e € PGL3(R)
2
e

o Ax3(xz 4+ y2) + puy? is E| ,~adapted and Aut?((R) acts as [A 1 pu] — [A:e3ul.
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Note that if p # 3, then there is a unique point on £ N E, , such that the identity component of its stabilizer
is nontrivial. If p = 3, this identity component is nontrivial for every point. In all characteristics, the
action of Aut% on E N E1 4 has two orbits. Hence, we have two possibilities for p1 5 up to isomorphism:

() prs=E, ,NC with C; = V(x*z +x3y2 + y9).

{id} if p#£2,3,
1
e €PGL3(R) |e3 =1} if p=3.

e2

o Auty/(R) =

Hence, X’ has global vector fields only if p = 3. Therefore, we assume p = 3 when describing
the configuration of negative curves.

¢ We have (—2)—curves E{?g, Eé?()), E%?, Efg, Ef?g, Ef,éi and 626) and (—1)—curves El,s’ Eéﬂ,
¢, C2(6) and C3(6) with Cp = V(xz +y?) and C3 = V(xy* —xyz3 —x2y2z 4 x322 - 322 - 29),
with configuration as in Figure 26, case 1F.

By Corollary 3.3, we have X’ =~ X;F.
2) p1s=E 4,NCY with C =V(xz + y?).

1
e Auty/(R) = e € PGL3(R)
2
e

¢ We have (—2)—curves E {?3, Eé?()), E 563 E 8, E g, E 52, (gG) and C© and (—1)—curves E 1.5

Eé? and 6;6), with configuration as in Figure 27, case 1C.

By Corollary 3.3, we have X' =~ X¢.

Case 2S This case exists only if p =2. Wehave E =E; , — E {5% and

1
Auty(R) = e f | €ePGL3(R)
2
e

f?=0

o Ax3(xz 4+ y2) + puy? is E| ,~adapted and Aut?((R) acts as [A: pu] — [A:e3ul].
Since Aut?( acts on £ N E1 4 with two orbits, we have two possibilities for p; 5 up to isomorphism:
(1) prs=E,,NCY with C; = V(x*z +x3y2 + y9).

1

e Auty/(R) = 1 f]ePGL3(R)| f2=0
1
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e We have (—2)—curves E}?&, Eé?()), Eff, Eftg, Ef’s;, Efi and 526) and (—1)—curves EI,S’ Eéﬂ,
¢, C2(6) and C3(6) with C» = V(xz + y?) and C3 = V(xy* + x3z2 + z°), with configuration as
in Figure 26, case 1M.

By Corollary 3.3, we have X' = X;y.
2) pi1s=E 4,NCS with C =V(xz + y?).

1
o Auty/(R) = e f|ePGL3(R)| f2=0
2
e

¢ We have (—2)—curves E{?g, Eé?()), E géf , E{?z), E g, E 52,

626) and C© and (—1)—curves E 1.5
Eé? and ng), with configuration as in Figure 27, case 1P.

By Corollary 3.3, we have X’ >~ X;p.

Case 4L This case exists only if p # 2. We have £ = E 14— E fsg and

1

C
Auty (R) = e f | ePGL3(R)

e3

o Ax2(x%z 4+ y3) +py’is E, ,~adapted and Aut?((R) acts as [A: u] > [ed:e3u—3fAl

In particular, if p # 3, then Aut?( acts transitively on £ N E1 4 and we have only one choice for p1,5 up
to isomorphism, and if p = 3, then Aut?( acts with two orbits on £ N E1 4. Hence we have two choices
up to isomorphism:

(1) pi1s=E,4,NCS with C =V(x?z +y?).

e |ePGLy(R)\ ifp#£2.3,
Auty,(R) =
o utX/(R) =

€PGL3(R)} if p=3.

e f
\ )
We describe the configurations of negative curves on X’ for p # 2,3 and p = 3 simultaneously:
e We have (—2)—curves E 5363, E f?, E {2, E g, E }2 and 626) and (—1)—curve E 1.5 with configura-
tion as in 3J and 3M of Figure 29.

This is case 3J if p # 2, 3, and case 3M if p = 3.
(2) Let p=3and p1s=E, ,NC® with C =V(x*z +x2y3 +)%).

1 c
e Auty/(R) = 1 f | e PGL3(R)
1
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/YN

3], 3L, 3M, 3Q and 3R

Figure 29

e We have (—2)—curves E 5,63, E f? E 8, E §6§ E 8 and 626) and (—1)—curve E; 5, with configura-
tion as in 3L of Figure 29.

This is case 3L.

Case 4Q This case exists only if p =2. We have E = E,| , — F 553 and

1b ¢

Auty(R) = e f | ePGL3(R)
3
e

o Ax*(x?z+y?) +puy’ is E; 4-adapted and Auty (R) acts as [A: ] = [ed: e+ (b%e + [)A].
Since Aut?( acts transitively on £ N £ 4, there is a unique choice for p; s up to isomorphism:
(1) p1s=E 4,NCY with C =V(x?z +y?).

16 ¢

o Auty/(R) = e b% | e PGL3(R) ;.
3
e

e We have (—2)—curves E fg, E f%, E {2, E ?2, E fi and Egﬁ) and (—1)—curve E 1.5 with configura-
tion as in 3R of Figure 29.

This is case 3R.

Case 4P This case exists only if p =2. We have £ = E| , — Eﬂ and

1b c
Auty (R) = 1 f | €PGL3(R)
1

o Ax(3z4xy3HyH+pydis E ,~adapted and Aut%(R) acts as [A: ] = [A: 4+ (b +b2+ f)A].
Since Autgf acts transitively on £ N E7 4, we have a unique choice for p1 5 up to isomorphism:

(1) pr1s=E 4,NCO with C =V(x3z +xy3 + y*).

15 c
e Auty/(R) = 1 b2+b | e PGL3(R)
1

Geometry & Topology, Volume 28 (2024)



3636 Gebhard Martin and Claudia Stadlmayr

a\a%

21,2L,2M, 2W, 2X and 2Y

Figure 30
¢ We have (—2)—curves E fg, E ﬁ?, E {2, E g, E fz and ESS) and (—1)—curve E; 5, with configura-
tion as in 3Q of Figure 29.
This is case 3Q.
Summarizing, we obtain
Le ={X37,X3sm, XL, X3Rr, X30}-
4.8 Height 7

Case 3] This case exists only if p # 2,3. We have E = E|s— Efi and

1 c
Auty (R) = e € PGL3(R)
3
e

o Ax3(x2z4y3) +uybis E| s—adapted and Autg((R) acts as [A: ] [A:e3p +2cAl.
Since p # 2, Aut?( acts transitively on E N E1 5, so there is a unique choice for pj ¢ up to isomorphism:
(1) pre=E sNCO® with C =V(x?z + y?).
1

o Auty/(R) = e € PGL3(R)

e3

e We have (—2)—curves Ef()), Eﬂ, EY%, Eg, E%B, EYg and 627) and (—1)—curve E1’6, with
configuration as in 2I of Figure 30.

This is case 2I.

Case 3M  This case exists only if p =3. We have £ = E, 5 — Ef?i and

1 c
Auty (R) = e f | ePGL3(R)
3
e

o Ax3(x2z4y3) +uybis E| s—adapted and Auty (R) acts as [A: p] > [A:e3p +2cA].
As in the previous case, there is a unique choice for p1,6 up to isomorphism:
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(1) pre=E, sNCO with C =V(x?z +y?).

1
o Auty/(R) = e f | €ePGL3(R)
3
e

e We have (—2)—curves Efg, Eﬁ , EQ, EQ, Eﬂ, EQ and £{” and (=D—curve E; ¢, with
configuration as in 2M of Figure 30.

This is case 2M.

Case 3L This case exists only if p =3. We have £ = E; s — E 5,63 and

1 c
Auty(R) = 1 /| e PGL3(R)
1

o Ax(x*z+x2y3+y%) +uybis E, s—adapted and Autg’((R) acts as [A:u] = [A: 4+ 2cA].
As in the previous case, there is a unique choice for p1 6 up to isomorphism:
(1) pre=E; 5N C® with C =V(x*z + x2y3 +y°).

1
e Auty/(R) = 1 f | e PGL3(R)
1

e We have (—2)—curves Ef?()), Eﬁ, EY%, EQ, Ef?i, EY% and 627) and (—1)—curve E1,6, with
configuration as in 2L of Figure 30.

This is case 2L.

Case 3R This case exists only if p =2. We have £ = E, 5 — Efi{ and

1b ¢
Auty(R) = e b%e | e PGL3(R)
3
e
o Ax3(x%z4y3) +uy®is E| s—adapted and Autf,)((R) acts as [A 1 ] — [A:e3pul.
Since Aut?( has two orbits on £ N E1 5, we have two choices for pj ¢ up to isomorphism:
(1) pre=E sNCO® with C =V(x°z +x3y3 +)°).

1b ¢
o Auty/(R) = 1 b%2 | e PGL3(R)
1

e We have (—2)—curves Efg, Eﬁ , EQ, EQ, Eﬂ, EQ and £{” and (=D-curve E; ¢, with
configuration as in 2X of Figure 30.

This is case 2X.
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) pre=E, sNCO with C =V(x?z + y?).

1b ¢
o Auty(R) = e b%e | e PGL3(R)
3
e
e We have (—2)—curves Ef()), Eﬂ, E§7%, Eg, Efi, Ef@ and 159) and (—1)—curve E1’6, with

configuration as in 2Y of Figure 30.

This is case 2Y.

Case 3Q This case exists only if p =2. We have £ = E; s — E g and

15 c
Auty(R) = 1 b2+b | e PGL3(R)
1

o AxX2(xX3z4+xy3+yH +uylis E| s—adapted and Aut?((R) acts as [A: ] = [A: 4+ (B2 +b)A].
Since Aut;)( acts transitively on £ N E; s, we have a unique choice for p1 ¢ up to isomorphism:
(1) pre=E sNCO® with C =V(x3z +xy3 + y*).

1 c
o Auty/(R) = 1 | e PGL3(R)
1

e We have (—2)—curves E% Eﬁ , Eg EQ Em EQ and £{” and (=D-curve E ¢, with
configuration as in 2W of Figure 30.

This is case 2W.
Summarizing, we obtain
L7 ={X21. Xam. XoL, Xox, Xoy, Xow }.

4.9 Height 8

Case 2I This case exists only if p £ 2,3. We have £ = Ei¢— EQ and

1
Auty(R) = e € PGL3(R)
3
e

o Ax*(x%z4y3) +uy’ s E, ¢—adapted and Aut?( (R) acts as [A: u] — [A:e*ul.

Since p # 2, there is a unique point on E N E1 ¢ whose stabilizer has nontrivial identity component. This
leads to a unique choice for p1 7 up to isomorphism:
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/NN

1D, 1H, 11, 1S and 1T

Figure 31

(1) pr7=E NCT with C =V(x?z + y?).

1

o Auty/(R) = e € PGL3(R)

63

e We have (—2)—curves Eﬁ%, Efl), E%zg, Eﬁg, Eﬁi, Efg, Eﬁ% and Egg) and (—1)—curve E1,7,
with configuration as in 1D of Figure 31.

This is case 1D.

Case 2M  This case exists only if p =3. We have £ = E, 4 — E% and

1
Auty (R) = e f | ePGL3(R)
3
e

o Ax*(x2z 4y +uy’is E| s—adapted and Autgf (R) acts as [A: u] — [A:e*ul.
Since Aut?( acts with two orbits on £ N Eq ¢, we have two choices for p1 7 up to isomorphism:
(1) pr7=E ¢N CD with € = V(x®z +x*y3 +y7).

1
o Auty/(R) = 1 f | e PGL3(R)
1

e We have (—2)—curves Eﬁg, Ef?l), Efgg Eﬁ?, Eﬁ:, Ef?g, EE% and 228) and (—1)—curve E1,7,
with configuration as in 1H of Figure 31.

This is case 1H.
@ pr7=E N CD with € =V(x2z + y?).

1
e Auty/(R) = e f | e PGL3(R)
3
e

¢ We have (—2)—curves Eﬁ%, E{?l), Efgg Efsg Eﬁ, Efsg Ef?g and Egs) and (—1)—curve E1’7,
with configuration as in 11 of Figure 31.

This is case 11.
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Case 2L This case exists only if p =3. We have E = E; (— E §7§ and

1
Auty (R) = 1 f | €PGL3(R)
1

o Ax2(x*z4+x2y3+y3) +py’ is E, g—adapted and Aut?((R) actsas [A:u]—[A:u+ fAL
Hence, the stabilizer of every point on E N E, ¢ is trivial, therefore we cannot blow up X further and
still obtain a weak del Pezzo surface with global vector fields.

Case 2X This case exists only if p =2. We have £ = E, 4 — EY; and

16 ¢
Auty (R) = 1 b2 | e PGL3(R)
1

o Ax(xXPz+x3y34+y0) +uy’is E| ¢—adapted and Autg)( (R) acts as [A: ] — [A:pu+ (b +DbHAL
Since Autgf acts transitively on £ N £ ¢, there is a unique choice for p; 7 up to isomorphism:
(1) pr7=E ¢NCTD with C =V(x°z +x3y3 +)°).

1 c
o Auty/(R) = 1 | e PGL3(R)
1

e We have (—2)—curves Eﬁ%, Eﬁ?, Ef?%, E%, Eﬁ?, E{?g, Ef?g and zf‘) and (—1)—curve E1’7,
with configuration as in 1S of Figure 31.

This is case 18S.

Case 2Y This case exists only if p =2. We have £ = E, 4 — Ef? and

16 ¢
Auty (R) = e b%e | e PGL3(R)
o3
o Ax*(x?z 4y +uy’is E, ¢—adapted and Autf,)((R) acts as [A: ] — [A:et 4+ b*Al.
Since Aut?( acts transitively on £ N £ ¢, there is a unique choice for p; 7 up to isomorphism:
(1) pr7=E NCT with C =V(x?z + y?).

16 ¢
o Auty/(R) = e b%e | e PGL3(R) |b*=07}.
o3
e We have (—2)—curves Eﬁ%, E{?, Esg, Eﬁ?, Eﬁ?, E{?g, Efg and ng) and (—1)—curve E1,7,

with configuration as in 1T of Figure 31.

This is case 1T.
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Case 2W This case exists only if p =2. We have E = E| ( — E gg and

1 c
Auty(R) = 1 | e PGL3(R)
1

o AX3(X3z4+xy3+yH+uy’is E| ¢—adapted and Aut?((R) acts as [A:u]—[A:p+cAl.
In particular, the identity component of the stabilizer of every point on E N E, ¢ is trivial, hence we
cannot blow up further and still obtain a weak del Pezzo surface with global vector fields.

Summarizing, we obtain
Ls={X1p,X1H.X11. X158, Xa1}. O
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