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We provide an explicit computation over the integers of the bar version HM, of the monopole Floer
homology of a three-manifold in terms of a new invariant associated to its triple cup product, called ex-
tended cup homology. This refines previous computations over fields of characteristic zero by Kronheimer
and Mrowka, who established a relationship to Atiyah and Segal’s twisted de Rham cohomology, and
characteristic two by Lidman using surgery techniques in Heegaard Floer theory.

In order to do so, we first develop a general framework to study the homotopical properties of the
cohomology of a dga twisted with respect a particular kind of Maurer—Cartan element called a twisting
sequence. Then, for dgas equipped with the additional structure of a Hirsch algebra (which consists
of certain higher operations that measure the failure of strict commutativity and related associativity
properties), we develop a product on twisting sequences and a theory of rational characteristic classes.
These are inspired by Kraines’ classical construction of higher Massey products and may be of independent
interest.

We then compute the most important infinite family of such higher operations explicitly for the minimal
cubical realization of the torus. Building on the work of Kronheimer and Mrowka, the determination
of HM  follows from these computations and certain functoriality properties of the rational characteristic

classes.
57R58
Introduction 3698
1. Twisting sequences for general dg-algebras 3706
2. Some higher differentials in SU(2)—coupled Morse homology 3718
3. Hirsch algebras and higher structure on twisting sequences 3724
4. Examples of Hirsch algebras 3738
5. Twisting sequences on the torus 3762
6. Applications to the monopole Floer homology group HM 3770
Some open questions 3775
References 3776

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/gt.2024.28.3697
http://www.ams.org/mathscinet/search/mscdoc.html?code=57R58
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

3698 Francesco Lin and Mike Miller Eismeier

Introduction

Results in monopole Floer homology Kronheimer and Mrowka [2007] use Seiberg—Witten theory to
define several invariants of three-manifolds, collectively referred to as monopole Floer homology groups.
Among these, the simplest version assigns to each three-manifold Y equipped with a spin® structure s the
invariant HM (Y, 5), read HM-bar.

While this invariant vanishes when s is not torsion, it is much more interesting in the case of a torsion
spin® structure. In that case, HM(Y,s) is a finitely generated relatively Z—graded module over the
ring of Laurent polynomials Z[U ~!, U] in a variable U of degree —2. Kronheimer and Mrowka [2007,
Chapter 35] prove several fundamental results, which we briefly summarize:

(i) The invariant HM (Y, s) only depends on the cohomology ring of Y, and in particular on the triple
cup product

ANHYY:Z)—> 7, ayrnayAas (o Uas Uas,[Y]),
which we denote by U% e (NH\(Y;Z))*.
(i) There exists a spectral sequence (E”,d") converging to HM (Y, s) for which
E3=ANH'\(Y:2)®2[U !, U]
and the differential d? is given by
(0-1) e U :Lusya)@U”—‘,
where L3, is the contraction with the triple cup product U%, sending oy A -+ A g tO
Z (D) H B 0 Uay, U, [Y]) -0 Ave AGiy A Ay Ares Ay A-ee Adrg.
i1<iz<i3
Up to signs, b3 is Poincaré dual to cup product with the 3—form U%. The differential d> has

degree —1 once we declare the elements of H'(Y;Z) to have degree 1.

(iii) After tensoring with R (or any field with characteristic zero), the spectral sequence collapses at the
E*page.

Using the last point, the authors were able to conclude that the invariant HM (Y, s) is nonvanishing
when s is torsion (and in fact an infinite rank Z-module). This provided a fundamental step in Taubes’
celebrated proof [2007] of the Weinstein conjecture in dimension three.

The main goal of the present paper is to refine the results of [Kronheimer and Mrowka 2007] by providing
a computation of HM (Y, s) over Z, or more generally with local coefficients (over any ring). We will
refer to the E*—page of the spectral sequence in (ii) as the cup homology of Y. This was introduced and

Geometry & Topology, Volume 28 (2024)



Monopoles, twisted integral homology, and Hirsch algebras 3699

thoroughly studied in [Mark 2008], where it is denoted by HCS°(Y'); in this notation, Kronheimer and
Mrowka’s result is that
HM(Y,s) @ Q = HCP(Y)R® Q.

Our main theorem gives an isomorphism over Z from HM (Y, s) to a more intricate variant of the cup
homology groups. To state it, suppose a € A*(Z") may be written as a sum of basis monomials as
a4 =73 [—fi<j<k} arelel ek
classes called its insertion powers, defined precisely in Definition 5.6. We content ourselves with a precise
definition of the first here:

. it will be useful to write e/ = e’e/ek. Associated to a are odd-degree

a®? =— Z arayelo nel nelt e AS(ZM),

I,J
[InJ|=1

where Iy and I; are the (possibly empty) substrings of I appearing before and after the element I N J,

respectively. In words, if the (unordered) pair 7, J meets at exactly one point, we insert J where they
meet, and otherwise ignore it. One has, for instance,

(123 4 o245)°2 — 12453 (123 4 ;345 4 ,567)02 _ _ 12345 _ 34567
The higher insertion powers a°k e N2k+1 (Z'™) essentially iterate this process; we have, for example,
(6123 +€345 +€567)03 — +€1234567 c A7(Zn),

the plus sign arising from two canceling minus signs. Choose a basis for H'(Y) = Z" so that Ug’,
is identified with a class @ € A3(Z"). Via duality, one then identifies gy = las the latter naturally
generalizes to the contractions ¢ 0« with the classes a°k e A2+ (Z™). In this notation, the cup homology
HCZ(Y) is isomorphic to the homology of A*(Z")[U, U] with respect to the differential given by
XQU" 1,(x)@U" 1.

Definition The extended cup homology HC(Y) of Y with respect to the given basis is the homology
of A*(Z™)[U, U~1] with respect to the degree —1 differential given by
xQU" > 1,(x) @ U™! +1502(X) ® un? + 1503 (X) ® Urs34...,
where a = U;, e A3(Z™M).
Remark The natural filtration of A*(Z") by degree gives rise to a spectral sequence abutting to HC (Y')

with E*—page HCS°(Y); the higher differentials can be described in terms of « in a purely algebraic
fashion.

Our main result is the following completely explicit computation of HM, over the integers:

Theorem A If s is a torsion spin® structure, the monopole Floer homology group HM (Y, s) is isomor-
phic to the extended cup homology HC(Y) as relatively Z—graded Z[U, U ~']-modules.
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Remark For the reader more familiar with Heegaard Floer homology, our result directly translates to a
computation of the group HF*°(Y, s) over the integers for a torsion spin® structure via the isomorphism
between the theories (see [Kutluhan et al. 2020; Colin et al. 2011] and subsequent papers). In that setting,
Lidman [2012] showed using surgery techniques that the invariant coincides with the usual cup homology
over 5.

Our main result is somewhat curious, especially given the fact that there exists an isomorphism to the usual
cup homology HC® when the ground ring is I or Q. This follows from the aforementioned computations
of the invariants with those coefficients, due to Lidman, and Kronheimer and Mrowka, respectively. One
can show (using ideas related to the content of the paper) that this implies that the spectral sequence with
E* = HC®™ and converging to HC™ has ds = 0 after tensoring with any field, but, for example, leaves
open the possibility that d; is nonzero even after tensoring with a field of characteristic 3.

To determine whether the nonvanishing of some higher differential was plausible, we computed both
HC®> and HC®™ for n < 12 and about 1000 random choices of a, where ¢ was given as a sum of 30
monomials with random coefficients at most 10. In all cases, the underlying Z—graded abelian groups
were isomorphic. This leads us to the following completely algebraic question:

Question B Let a € A*(Z"). Are the extended cup homology HC® and the cup homology HC*®
associated to a isomorphic (possibly noncanonically) as Z[U, U ~']-modules?

Remark Because both cup homology and its extended version have lots of integral torsion, a positive
answer to this question would be strictly stronger than the vanishing of the differentials in the spectral
sequence; the analogue of the latter in Heegaard Floer homology was conjectured to hold by Ozsvéth and
Szabd [2003]. Also, classical work of Sullivan [1975] shows that any a € A3 (Z™) can be realized as the
triple cup product of some three-manifold; therefore the question above asks whether HC®®(Y) = HC®(Y)
for all Y.

Remark The extended cup complex depends on the choice of basis in an essential way; it is only clear
that the resulting homology groups are independent of basis as a result of the isomorphism to HM (Y ; 5).
As discussed in the final section of this introduction, the choice of basis arises naturally in the course of
the proof, yet cup homology itself has no such dependence on basis, nor does HM . In this light, the
dependence of the extended cup complex on a choice of basis appears rather strange.

The monopole Floer homology group HM (Y, s) vanishes for a nontorsion spin® structure. A more
interesting version, denoted by HM (Y, 5, c3), arises by looking at the equations perturbed by a balanced
nonexact perturbation cp [Kronheimer and Mrowka 2007, Chapter 30]. This invariant is only relatively
Z,/2 N Z—graded, where

N = %gcd{(a Uer(s),[Y]):ae HY\(Y; 7)},
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and corresponds in Heegaard Floer homology to the group HF°°(Y, s) under the isomorphism between
the theories. In direct analogy to Theorem A, we will provide a complete computation of this invariant
in terms of suitable “twisted” extended cup homology groups; see Section 6.2 for the exact statement.
In fact, our approach readily generalizes also to compute the invariants twisted by a local coefficient
system I} in the blown-up configuration space [Kronheimer and Mrowka 2007, Section 3.7] for both
torsion and nontorsion spin® structures.

Remark The proof of Theorem A may be phrased in terms of either homology or cohomology. In our
discussion we prefer the latter, so that we may focus our discussion on algebras (as opposed to algebras
and their modules). In particular, in the proof of Theorem A we will mostly focus on the cohomological
version of the invariant HM* (Y, s). When we deal with local systems and nontorsion spin® structures,
and are forced to use modules, we return to the homological version.

Coupled Morse theory and relations with twisted de Rham cohomology Kronheimer and Mrowka
[2007, Chapter 33] introduce the coupled Morse complex CMC* (M, L) for a compact smooth manifold M
with a Morse function f and a family of self-adjoint Fredholm operators L over M, classified (up to
homotopy) by a map ¢z : M — SU(o0). Its cohomology is a module over Z[U, U~!]. Furthermore,
Kronheimer and Mrowka [2007, Section 35.1] prove that, when L is the family of Dirac operators { Dp}
parametrized by the torus T = T (Y, s) of flat spin® connections of a torsion spin® structure s, the coupled
Morse cohomology CMH* (T, Dp) recovers the Floer cohomology group HM* (Y, s), together with its
module structure over Z[U, U™ '].

Our proof will build on the simplicial model constructed in [Kronheimer and Mrowka 2007, Section 34.3]
for the coupled Morse cohomology complex C*(M, L) of a family of self-adjoint operators L on a
smooth manifold M classified (up to homotopy) by a map

¢ M — SU(2).

The authors show that, for a sufficiently fine A—complex structure on M, there is a simplicial 3—cocycle x3
for which the chain complex

(0-2) CE(M;x3)=CX(M)®Z[T™', T]
equipped with the differential
(0-3) o do+ (x3U0)T,

is quasi-isomorphic to CMC* (M, L). Here T is a formal variable of degree —2; this quasi-isomorphism
sends the action of U1 in coupled Morse cohomology to T in twisted singular homology. The two
variables are related in a more complicated way when one allows ¢ to factor through U(2) instead, and
the exact relationship remains open; see Section 6 for more details.
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We will refer to this model as the simplicial cohomology of M twisted by the 3—cocycle &3, and denote it
by H},(M;&3). Notice that it is implicit in the construction that 532 = 0 at the cochain level, as otherwise
(0-3) does not square to zero. We call such cocycles twisting 3—cycles. The class [£3] € H>(M;Z) is
the pullback via the classifying map ¢ of the generator of H3(SU(2); Z) = Z. In the case of the family
of Dirac operators associated to (Y, s), the corresponding element in H3(T;Z) = (MM H'(Y;7Z))* is
naturally identified with U3, the triple cup product of ¥ [Kronheimer and Mrowka 2007, Lemma 35.1.2].

Kronheimer and Mrowka [2007] then show that, after tensoring with R, this construction is equivalent to
a version of Atiyah and Segal’s twisted de Rham cohomology [2006], where the twisting is provided by a
closed 3—form representing [x3] in de Rham cohomology. The result in (iii) then follows immediately from
the formality of the de Rham complex of the torus. Furthermore, this shows that, when L: M — SU(c0)
factors through SU(2), the coupled Morse cohomology with real coefficients CMH* (M, L;R) only
depends on the real cohomology class {7 [SU(2)].

Integral twisted cohomology By contrast, the analogous story is significantly more complicated over the
integers. The final remark of [Kronheimer and Mrowka 2007, Section 34.3] points out that cohomologous
twisting 3—cycles x3 and x} might lead to nonisomorphic twisted cohomology groups, but do not provide
explicit examples of this phenomenon.

In fact, already in the simplest case, in which [x3] = 0 € H3(M;Z), the twisted cohomology group
H} (M ; x3) might differ from HY (M ;0) = H*(M)® Z[T !, T]. Indeed, if dhy + x3 = 0, x3 U h,
defines a cohomology class in H>(M;7Z) as x§ = 0, and one shows that the Es—page of the spectral
sequence associated to the grading filtration is equivalent to the chain complex with the same underlying
group H*(M) ® Z[T ™!, T] and differential

(0-4) o+ ([x3 U h;y] UO’)TZ.

In some cases of interest, we will see that [x3 U /,] is a possibly nonvanishing 2—torsion class, so that,
while the differential d5 of the associated spectral sequence vanishes as [x3] = 0, the differential d5 might
be nonzero. We give an explicit example where this occurs in Section 2 below, and prove the following
result (providing a concrete example of the possible phenomenon described in [Kronheimer and Mrowka
2007, Section 34.3]) as a consequence:

Theorem C There exists a closed smooth manifold M equipped with two families of self-adjoint
operators L; (i = 0, 1) with nonisomorphic coupled Morse homologies which are classified by maps
§i: M — SU(2) for which {5[SU(2)] = ¢{[SU(2)] € H3(M:7).

This discussion suggests that, even if we are only interested in studying the cohomology twisted by a
square-zero 3—cocycle, higher-degree cochains (such as x3 U /i) necessarily enter the theory. In fact, the
latter provide a more natural and invariant framework to deal with twisted cohomology from the point of
view of homotopy theory, and naturally lead to the following definition:
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Definition Let A be a dg-algebra. A rwisting sequence for A is a sequence x, = (x3, X5,...) of
odd-degree cochains satisfying the relation
dXant1+ Z X2i+1 Uxgj41 =0.

n=i+j
i,j=1

The twisting sequence x, defines the differential on A[T, T~!] given by
o—>do+ Z(X2i+1 Uo)T,
i>1
and we denote the corresponding twisted cohomology group by H.},(A4;x,). When A is bounded above
in degree, we may use Laurent polynomials A[7, T~'] instead of Laurent series as above.

A 3—cocycle x3 with xg = ( naturally defines a twisting sequence, namely (x3,0,0,...); we will call
the latter the twisting sequence associated to x3.

Remark The notions of twisting sequence and twisted cohomology make sense in much more general
contexts, where they are known under the name twisting cochain, twisting element or sometimes Maurer—
Cartan element. These first appeared in [Brown 1959] in a description of the cochain algebra of a fiber
bundle as a twisted tensor product, twisted by such a twisting cochain. The above is essentially the special
case of a Maurer—Cartan element in A[7 ]| contained in TA[T]. One might then denote the set of twisting
sequences by MC (A[T]); this is rather a mouthful, and we will later use the notation TS(A).

While some of our algebraic results might hold in more general contexts, we only pursue them in the
level of generality relevant to our main application.

Twisting sequences and Hirsch algebras Twisting sequences enjoy a notion of homotopy, so that,
if f: A — B is a quasi-isomorphism of dg-algebras, it induces a bijection between homotopy classes
of twisting sequences (see Proposition 1.9); furthermore, homotopic twisting sequences give rise to
isomorphic twisted (co)homology groups. Because Kronheimer and Mrowka’s result computes that
HM*(Y,s) is isomorphic to a twisted cohomology group of the algebra CX(T) with respect to an
appropriate twisting sequence &égv = (£3,0,...), our goal is to transfer this twisting sequence to the
exterior algebra H*(T') by using the fact that cochains on the torus give a formal dga: there is a zigzag
of quasi-isomorphisms from C*(T) to H*(T).

Unfortunately, this transferred twisting sequence is completely inexplicit, because the proof that quasi-
isomorphisms induce a bijection on homotopy classes of twisting sequence is inexplicit. We need
something stronger to determine what twisting sequence &k is transferred to. Observe that, if x, is
a twisting sequence, [x3] gives a cohomology class which is homotopy invariant and natural under
pushforward of twisting sequences. Therefore, in the above transfer process, we can at least recover [x3].
Ideally we would now say that [x5], [x7] and so on play the same role in higher degrees. But x5 is not a
cycle, so does not define a cohomology class! Indeed, we have dxs = —x%. If we want to construct a
homology class using x5, we will need a canonical reason that x§ is null-homotopic.
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This leads us to study Hirsch algebras (see [Saneblidze 2016]) in Section 2. These are dgas equipped

with an operation
Ey1: AP ® A7 — APTa7!

which demonstrates that the product on A is homotopy-commutative (playing the same role as Steenrod’s
cup-1 product on simplicial cochains), together with additional operations E, ; which assert that the
operation E ; is associative up to coherent homotopy and gives a derivation of the cup product up to
coherent homotopy. These are relevant because dE; 1 (X3, X3) = —2x§. Much of Section 4 is devoted to
giving explicit constructions of Hirsch structures in two cases of interest, simplicial and cubical cochains
CX and C{ of simplicial/cubical sets, using recent work of Medina and Mardones [2020] on E w—operads
but attempting to remain as explicit as possible (which is necessary for our later explicit computations on
the minimal torus).

In a Hirsch algebra A, we will define rational characteristic classes for a twisting sequence x,,
Fu(x.) € H*"t1(4)q,

which are homotopy invariants and natural under maps of Hirsch algebras. When A has torsion-free
cohomology, these characteristic classes are enough to recover the original twisting sequence up to
homotopy (Theorem 3.7). They are exactly what we need to compute the transferred twisting sequence
in H*(T) above.

We construct these characteristic classes via two constructions, valid for arbitrary Hirsch algebras A
and possibly of independent interest. The inspiration for both of these is the fact (Proposition 3.3) that

elements of A[T] with dx + x2? = 0 correspond bijectively to elements g(x) of the bar construction
BA[T] which are both

e grouplike, ie Ag(x) = g(x) ® g(x), and
e cocycles, ie dp4g(x) = 0.
The reason a Hirsch algebra structure is relevant is that it gives rise to a product ;t: BA ® BA — BA, so

BA becomes a (possibly nonassociative) dg-bialgebra. Then products of grouplike cocycles are again
grouplike cocycles, and we have the following result (Corollary 3.4):

Theorem D Let A be a Hirsch algebra. Then the set TS(A) of twisting sequences in A has an explicit
unital product (: TS(A) x TS(A) — TS(A), which is natural for Hirsch algebra maps. Writing ts(A) for
the set of homotopy classes of twisting sequences, this descends to a product hi:ts(A) x ts(A) — ts(A).

Remark It seems likely that 4y is associative (though the map u: BA ® BA — BA need not be, it
seems plausible that one should be able to choose a homotopy equivalent model in which it is indeed
associative).

Our second construction is inspired by the construction of [Kraines 1966, Lemma 16] and its extension to
Hirsch algebras in [Saneblidze 2016, Section 3.3].
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Theorem E Let A be a Hirsch algebra. For each odd cocycle a € Z(A)?" ™1, there is a canonical twisting
sequence K(a) in Ag with K(a),;4+1 =0 fori <n and K(a),,+1 = a. These twisting sequences are
natural for Hirsch algebra maps.

Putting these together, for any twisting sequence x, in a Hirsch algebra A, we can construct a canonical
approximation K,)(x,) in Ag which agrees with x, through degree 2n — 1; the n'™ characteristic class
is given by

Fu(xe) = [X2n+1 — K@ny(Xe)2n+1].

and may be understood as the first obstruction to finding a homotopy from x, to K,)(x,). Let us point
out that the theory of characteristic classes is significantly simpler in the case in which 4 = C (X); this
is because all higher operations E, 4, with p > 2 vanish.! On the other hand, we will need the more
general machinery because we will work with cubical cochains, for which the analogue of the classical
Hirsch formula [1955] only holds up to homotopy (rather than on the nose as in the simplicial case).

Computations on the minimal torus To apply the machinery of the previous subsection to our problem,
we need to find a zigzag of Hirsch algebra quasi-isomorphisms from CX (T) to H*(T). The most obvious
approach is to use combinations of the classical Eilenberg—Zilber and Alexander—Whitney maps to reduce
this to a tensor product of circles, but these maps are not Hirsch algebra maps in an obvious way.

Instead, we observe that there is a geometric model for T whose cochain algebra is isomorphic to H*(T)
and carries the structure of a Hirsch algebra. This is not possible simplicially: the minimal triangulation
of T" certainly requires more than one n—simplex, and the standard small triangulation has n! of them.
Instead, we use a cubical model T° 1”, which we call the minimal torus. This is a cubical set obtained as a
quotient of the standard cube [1" by pasting together opposite sides.

There is a zigzag of comparison maps between H*(T") = CA(T}') and the simplicial cochain algebra
CX(T), all of which are Hirsch algebra quasi-isomorphisms. Choosing such a zigzag is essentially
equivalent to choosing a basis for H'(T; Z), which is why the definition of the extended cup complex
depends on a choice of basis.. The twisting sequence we are interested in—&gy = (£3,0,...) —is
pulled back to Cx(T) from C;(SU;) by a simplicial map. By naturality, the characteristic classes have
F,(éxm) = 0 for all n > 1, while F(éxm) = [E3] = U} is known to be the triple cup product.

The twisted cohomology of CX(T) with respect to £xm is isomorphic to the twisted cohomology of
H*(T™) = A*(Z") with respect to an appropriate transferred twisting sequence zx&km. This transferred
twisting sequence must have F (z+&xm) = U;, and Fy, (z+&Exm) = 0 for n > 1. We will see that the canonical
the twisting sequence K (U%) associated to U%, in Theorem E has these properties (see Theorem 3.7
below); because the torus has bounded and torsion-free cohomology, this must be homotopic to z.&gm
(and therefore equal because the notion of homotopy degenerates on any algebra with trivial differential).

I'More precisely, our characteristic classes rely heavily on the operations E ,p> one may obtain characteristic classes which

only depend on the cup-1 product if one sets up the theory with the operations E), | instead. This is discussed in more detail in
Remark 3.3.
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We thus have an isomorphism from HM*(Y,s) to the twisted cohomology of H*(T") with respect
to K (U;). What we need to do is determine this twisting sequence. We carry this out in Section 5.1
by giving a complete calculation of the operations Ey , for the minimal torus, where we show that,
in H*(T"), K(a) = (a,a®?,a°3,...), as in Theorem A. This is not a full calculation of the Hirsch
algebra structure on the minimal torus — for instance, the operation E; > is nonzero. However, these
higher operations are irrelevant to our calculations. Finally, in Section 5.4, we explain why this result
also implies an isomorphism with respect to various local systems, and in Section 6.2 we carefully state
the version of our main theorem in the setting of local systems and nontorsion spin® structures.
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1 Twisting sequences for general dg-algebras

The first part of this section deals with definitions as well as functoriality and invariance properties of
twisting sequences and the associated twisted cohomology. In the second part, we discuss an obstruction
theory for twisting sequences and its consequences.

1.1 Generalities on twisting sequences

In this section we discuss the notion of integral twisted (co)homology. This is inspired by Atiyah and
Segal’s twisted de Rham cohomology [2006]. In the de Rham setting, wedge squares of odd-degree forms
are automatically zero, and, given a closed odd-degree form w, the map

(d+mp)(n) =dn+wAn
is a square-zero operator, with respect to which we can take cohomology.

Working integrally, we have no such luck, because the cup product does not commute on the nose: in
fact, if x is an odd-degree cycle, x> might even define a nonzero (2—torsion) class in cohomology. To
prevent this, we should ask that there be a chain y with dy 4+ x2 = 0, which we then need to incorporate
into our twisted differential. We then need additional chains to cancel out the contribution from xy + yx
and y2, and so on.

Starting with a degree 3 cycle as our basic twist, this leads us to the definition of twisting sequence for
a dg-algebra. First, let us set conventions. In what follows, all dg-algebras are graded over Z and the
differential has degree +1, satisfying d(ab) = (da)b + (—1)1%la(db).
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Definition 1.1 A cohomological dg-module is a Z—graded chain complex M with differential of
degree +1, together with an action 4 ® M — M satisfying a(bm) = (ab)m, |am| = |a| + |m| and
d(am) = (daym + (=) a(dm).

A homological dg-module is a Z—graded chain complex M with differential of degree —1, together with an
action AQ M — M satisfying b(am) = (ab)m, lam| = |m|—|a| and d(am) = (=)@l (a(dm) — (da)m).

The standard example of a cohomological dg-module is C*(X;Z) as a module over itself with the
cup product action. The standard example of a homological dg-module is C«(X; Z) as a module over
C*(X;Z) with the cap product action.

Henceforth, we will almost exclusively work with cohomological dg-modules to avoid writing two nearly
identical proofs. All of the results below still apply for homological dg-modules, with the same signs.
We discuss the distinction in the rare occasions it is important. Furthermore, we will also assume that
all dg-algebras and modules are free as Z—modules and have finitely generated cohomology in each
dimension.

Definition 1.2 Let 4 be a dg-algebra. A twisting sequence x, in A4 is a sequence
Xo = (x2n41) € [ [ 42" (X 2)
n>1

of odd-degree elements of A such that

dxoni1+ ) Xaiy1Xaj41 =0
i+j=n
i,j=1
for all n. When x,;4; = 0 for all i # n, we say that x,,4 is a twisting (2n+1)—cycle, or simply a
square-zero cocycle.

We write the set of twisting sequences in 4 as TS(A4).
This is precisely what is needed to define a (generalized) twisted cohomology group.

Definition 1.3 Consider a dg-algebra 4 with twisting sequence x,. For a dg-module M over 4, we
define the twisted chain complex of M as

CX(M:;x))=(MQZ[T, T ",d + LsT + LsT? +---),
where
Lopt1m = xop41-m,
the formal variable 7" has degree —2, and Z[T, T '] denotes the Laurent series in 7. When M is bounded

above in degree, this is identical to M ® Z[T, T '], and we may use Laurent polynomials instead.?

2This is the version we are interested in when studying HM x, in particular when we study local systems.
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We say that the resulting homology group H¥ (M ; x.,), considered as a module over Z[T, T™'], is the
twisted cohomology of (M ; x,).

Remark 1.1 In proving Theorem A, we will only need to take 4 = M, and our algebras will be various
cubical and simplicial cochain algebras of a space (or simplicial/cubical set) X. In this case, we write
the twisted cochain complex as C5,(X; x,). To study the monopole Floer homology for a torsion spin®
structure s with coefficients in a local system Iy on B (Y, 5), it is natural to choose M to be the simplicial
or cubical chains with coefficients in Iy, which we denote by C2(X; Iy) and C2(X; Ty), respectively.
Finally, when studying nontorsion spin® structures, we will replace M ® Z[T, T~!] by a twisted version
in order to take into account monodromies that act as multiplying by 7.

It is readily checked that the differential above indeed squares to zero:

00
(d + L3T + )ZWI = dzm + Z(sz,H_] + L2n+1d + Z L2,’+1L2j+1)an
n=1 i+j=n

M

(d(xzn+1m)+x2n+1dm+ > x2i+1xzj+1m)T"
i+j=n

3
I
-

M

((dxzn+1)m + Z X2i+1xzj+1m) "

n=1 i+j=n
o
n
= Z(dXZn—H + Z X2i+1X2j+1)mT
1 i+j=n

=

The twisted differential has degree +1, so the twisted cohomology group is naturally Z—graded. Further-
more, it breaks up into a sum of terms Ly, 417", where L;,4 increases the M —degree by 2n + 1. It is
thus compatible with the filtration on M [T, T_l], so F} is the set of Laurent series Ziz » m; T i and
gives rise to a spectral sequence

H*(M)[T, T~ ']= H}(M;x.)
whose d3—differential is multiplication by [x3]7. If
X3=-++=Xp-1=0

as chains, then the first possibly nonzero differential of this spectral sequence is 42"+, which is given
by multiplication by [x2,+1]7".

As before, when M is bounded above in degree, Laurent series simplify here to being Laurent polynomials.

Because the filtration by 7" is complete, this spectral sequence is strongly convergent, which means
that H (M ;x,) has associated graded group isomorphic to the E~—page of the spectral sequence;
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furthermore, filtered maps between these complexes which induce an isomorphism on the E,—page induce
an isomorphism on homology.

The fundamental notion for our purposes is the following:

Definition 1.4 Consider a dg-algebra A. Two twisting sequences x, and y, in 4 are homotopic if there
is a sequence

he = (han) € [ ] 47"
n=1

such that the identity
Yant1 = Xong1 Fdhan+ Y (v2j41hai —haixzj11) =0
i+j=n

holds for all n > 1. We write ts(A4) for the set of homotopy classes of twisting sequences on 4.

Remark 1.2 It is not obvious from the definition that being homotopic is an equivalence relation on
twisting sequences; this will be shown in the next subsection.

The relevance of the notion of homotopic twisting sequences is the following:

Lemma 1.5 Consider two homotopic twisting sequences x, and y, in a dg-algebra A. Then, for every
dg-module M over A, the twisted cohomologies Hy\, (M, x,) and Hy,(M, y,) are isomorphic.

Proof Consider the map
hiy,: Co(M;x0) = Cio (M5 pa)
given by
ha m@T)=m@T/ +3 hyy-m@TI ",
n=1

It is easily verified that /4, is a chain map if and only if /, is a homotopy of twisting sequences. Further,
it is a filtered isomorphism, because it is a filtered map (with respect to the complete filtration described
above) whose associated graded map is the identity. O

Of course, the isomorphism between H},(M; x,) and H.}, (M ; y.) might depend in general on the choice
of homotopy #,.

If we want to understand functoriality properties for twisted cohomology, we must use twisting sequences
themselves (as opposed to twisting sequences considered up to homotopy), as follows.

Suppose one is given a dg-algebra homomorphism f: 4 — B, and suppose that M and N are dg-modules
over A and B, respectively, either both homological or both cohomological. The definition of a module
map depends on whether

(a) cohomological module maps over f are chain maps g: M — N with g(am) = f(a)g(m);

(b) homological module maps over f are chain maps g: N — M with g( f(a)n) = ag(n).
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The key examples to have in mind are the following. Suppose we have a commutative diagram of
simplicial complexes

x 2.y

L

K25 L
If we consider A = CX(L), B = Cx(K) and f = ¢¥, then the maps
P*iCA(Y) = CR(X), pa:CR(X) = CA(Y)

are cohomological and homological module maps, respectively. This language will be especially useful
when dealing with local coefficients.

We have the following functoriality properties:

Lemma 1.6 In the setting above, consider a twisting sequence x, for A. Then:
(a) If g: M — N is a cohomological module map, there is an induced map
g Hy (M x0) > HG,(N: f(x.)).
(b) If g: N — M is a homological module map, there is an induced map
guvi Hy (N f(x4)) = HG(M; x.).

In both cases, if g is a quasi-isomorphism, then g is an isomorphism.

Proof That such maps induce chain maps on the corresponding twisted chain complexes follows from
the given formulas; these chain maps are filtered maps, which induce g*: H*(M) — H*(N) and
g«: H*(N) — H*(M) on the E,—page of the corresponding spectral sequence. Because the twisted
cohomology spectral sequence converges, if g* (resp. g«) is an isomorphism, o is giy. |

Remark 1.3 It may be surprising to some that our definition of twisting sequence starts in degree 3
rather than degree 1. In fact, this is essential for several reasons:

o If x; # 0, then the E!—page of the spectral sequence abutting to H¥ (M) is now (M, d + L),
and we do not have simple tools to compute its homology.

¢ In the next section we will use inductive arguments to show that quasi-isomorphisms induce
bijections on homotopy classes of twisting sequences. If we allow x; # 0, the base case in these
inductive arguments fails, and indeed the claim is no longer true.

o The definition of characteristic classes we introduce in Section 4 would also fail to introduce even
a zeroth class Fy(x,).
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Remark 1.4 There is a space (or rather a simplicial set) U7z such that maps X — U7 of simplicial sets
correspond to twisting sequences in C X (X'; Z), and homotopies between maps correspond to homotopies
between twisting sequences. In fact, taking X = A”, this gives a formula for the n—cycles of this simplicial
set. Similar simplicial models are discussed in [Brumfiel and Morgan 2016, Section 1.5].

One may think of twisted singular homology as being a parametrized homology theory over U7 in the
sense of [May and Sigurdsson 2006, Section 20.1]. One can show that this space has

Z ifi > 3is odd,

0 otherwise.

(1-1) mi(Ur) = {

Furthermore, one can interpret each relation dxz, 41+ ;4 j=nX2i+1X2j+1=0as giving the k—invariant
for the next stage in the Postnikov tower of Ay. In particular, the first k—invariant is nonzero.

The computation in (1-1) suggests a comparison to two spaces: the product K = [[,>, K(Z,2n +1)
and the special unitary group SU. However, A7 is equivalent to neither: the first k—invariant of Uz is
nonzero and its second k—invariant has order 3, while the k—invariants of K are trivial and the second
k—invariant of SU has order 6.

1.2 Obstruction theory for twisting sequences and homotopies

In what follows, we will need to know that, given a quasi-isomorphism f: A — B, the induced map
ts(f):ts(A) — ts(B) on homotopy classes of twisting sequences is a bijection.

In our argument we will want to extend partially defined twisting sequences, as well as extend partially
defined homotopies. Before doing so we should define the obstruction classes of partially defined twisting
sequences and homotopies, and check that these classes are themselves well defined up to homotopy.

Definition 1.7 A rwisting n—sequence in A is a sequence

n—1

(X3,...,X2p-1) € l_[ A%

i=1
satisfying the relations dx,,,+1 + Zi—i—j:m X2i41X2j+1 = 0 for all m < n. The obstruction class to
extending this to a twisting (n+1)-sequence is

On(x-)Z[ Z x2i+1x2j+1j| e H*"*2(4).

i+j=n
An n—homotopy he: x, — y, between twisting n—sequences x, and y, is a sequence (%5, ..., /2,—2)
with
dhym + yam+1 —Xami1+ Y, Vaitrhaj—hajxaigr =0
i+j=m
i,j=1
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for all m <n. If x, and y, are extended to twisting (n+ 1)-sequences, the obstruction class to extending /,
to an (n+1)-homotopy is

on(he) = 0n(he; Xe, Ya) = [Von4+1 —Xont1 + Z Vairhaj —hajxait1] € H*T(A).
i+j=n
Finally, an n—modification between two homotopies /,, 1, : xo — y, is a sequence (z1, ..., Z2,—3) in A
with
dzam—1 + hom —h',, + Z Z2i—1X2j+1 + V2j+122i—-1 =0
i+j=m
for all m < n.

The latter two concepts are nearly special cases of the first. An n—homotopy %, between twisting
n—sequences X, and y, is the same data as a twisting n—sequence

hams1 =€ @ yame1 +el @ hym+e' @ xami1

on I ® A. Here I is the algebra of simplicial cochains on the 1-simplex, where we denote the generators
by e?, e! and e, respectively. Write ro: I — Z[0] for the map with ro(e®) = 1 and ro(e!) = ro(e') =0,
and similarly for r{; these maps are dg-algebra maps and quasi-isomorphisms, and r = (rg, ) is surjective
onto Z2. The above construction amounts to saying that an n—homotopy /4, between twisting n—sequences
is equivalent to the data of a twisting n—sequence he on I ® A with rq (ﬁ.) =y, and r; (he) = Xa.

Given homotopies /1, and /2, and passing to the associated twisting sequences h and }_z/, onl ® A, the
notion of a modification is precisely a relative homotopy between these twisting sequences: a homotopy
which vanishes on the boundary 0/ ® A. One may also view z, as arising from the twisting sequence on
I ®1® A given by

- 0,0 0,1 1,0 1,1 1,07/ 1,1 11
Zom41 = €18y Vamt1+e1eVomt1tejeyXomi1 +ejeyXomy1+ejeyh,, +ejehamteieszom .

Write i : Z[0] — I for the map i (1) = e® + e!; we will denote the induced map 4 — I x A by the same
letter. One further useful perspective arising from the explicit formula here is that an n—modification
between two homotopies /1, i': x, — y, is the same data as a homotopy Z,: i (x)s — i(y)e such that

ro(Go) =h.:xe— v,
and, similarly,
11(Ze) = he: Xe = V.

That is, one may understand an #—modification as a relative homotopy between two homotopies.

The definition of twisting n—sequence is exactly the same as that of a defining sequence for the Massey
power (x3)" as in [Kraines 1966]; one says that (x3)" is the set of all cohomology classes produced
as on(x,), where x, is a twisting n—sequence beginning with x3.
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The fact that Massey powers are well defined and vanish rationally — and thus the obstruction to extending
a twisting sequence is rationally always zero —is one of the main inspirations for the results of this
article. The obstruction class associated to a homotopy and to a modification are relative versions of these
constructions. These, plus naturality properties of obstruction classes, give us the following result:

Lemma 1.8 If x, and y, are homotopic twisting n—sequences, then 0,(x,) = 0,(y,.). Similarly, if there
exists a modification z, between two n—homotopies h,, h,: x, — V., the associated obstruction classes
are equal:

on(he) = on(h).

Proof It is clear that, if /: A — B is a dg-algebra homomorphism and x is a twisting n—sequence in A,
then 0, ( f(x.)) = fxon(x,). Now, if x and y are n—homotopic by a homotopy /, consider the twisting
n-sequence honl® A. By naturality,

0n(xa) = (r1)x0n(ha) = (r0)x0n(hs) = on(v4),
where the middle equality holds because ry and r; induce the same map on cohomology.

A similar naturality property holds for the obstruction class of a homotopy; we suppress bullets from
notation for legibility. If f: A — B is a dg-algebra homomorphism and /: x — y is an n—homotopy
in 4, then f(h): f(x) = f(») is an n—homotopy in B and

Jxon(h:x, y) = on(f(h); £ (), f ()
As discussed above, a modification z gives a homotopy Z, between i (x) and i (y). Then
on(h;x, y) = (r)«0(2:1(x),i(»)) = (ro)x0(2:i (x),1(y)) = on(h': x, y).

The outer two equalities hold because roZ = h and r{Z = K/, while the maps roi = ryi are both
equal to the identity. Using once more that ro and r; induce the same maps in homology, we have
on(h;x,y)=o0,(I';x, ), as desired. O

These in hand, we can finally explain why homotopy classes of twisting sequences are quasi-isomorphism
invariants.

Proposition 1.9 Let f: A — B be a dg-algebra homomorphism which induces an isomorphism on
homology. Then the induced map on homotopy classes of twisting sequence ts(A) — ts(B) is a bijection.
Proof We will prove both directions by induction.

First we show surjectivity. Suppose b, = (b3, ...) is a twisting sequence in B. Our goal is to construct a
twisting n—sequence a, in 4 and an n-homotopy f(a.) — b, via induction on n; doing so for all n gives
us the desired lift-up-to-homotopy.

For the base step, use that /" is a quasi-isomorphism to choose a3 € A and &, € B with dh, = f(a3)—bs.
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Inductively, suppose we have a twisting n—sequence a¢, = (d3,...,d2,—1) in A and an n—homotopy
(hy, ..., hay—>) from f(a,) to b,. The obstruction to extending a, is given by o(a,). We know

fro(as) = o(f(a.)) = o(b.).

because the two twisting n—sequences are homotopic. But b, is a twisting sequence, defined for all #; there
is no obstruction to extending it. Thus fxo(a,) = 0, and, because f is a quasi-isomorphism, o(a,) = 0.
Thus we may choose an element a/Zn +1 € A extending a, to a twisting (n+1)-sequence. However, after
choosing such an extension, it may be the case that the obstruction to extending the homotopy

o(he;a,, by) = |:f(a/2n+1) —bopt1 + Z haj f(azi+1) _b2i+1h2ji|
i+j=n
is nonzero. If so, pick a cocycle ¢ € A4 so that f(c) is homologous to this obstruction class, and set
Ayt = ay, 41 —¢. Because ¢ is a cocycle it is clear this is still a twisting (n+1)-sequence, and, by the
explicit formula for the obstruction class, the obstruction class has

o(he:ae,by) = o(h,;d,, b)) —[c] =0,

so there is no obstruction to extending the homotopy. Choosing an appropriate /,,, this completes the
induction.

Injectivity falls to a similar argument: one supposes x, and y, are twisting sequences in A, that b, is
a homotopy between f'(x,) and f(y.), and inductively constructs a homotopy b, from x, to y, and a
modification z,: f(b.) — b,. The only novelty is that we use modifications between homotopies, instead
of homotopies between twisting sequences. a

It is important to point out that, even though f induces a bijection on homotopy classes of twisting
sequences, the bijection is not explicit, and it does not preserve the property of being representable by a
twisting 3—cycle (x3,0,...). In Section 2 we will see an example of a zigzag of quasi-isomorphisms such
that a twisting 3—cycle (¢3.0,...) with [{3] = 0 is transferred to a twisting 5—cycle (0, ¢%.0,...) with
[¢5] # 0. This is a 2—torsion phenomenon, as {5 is necessarily a 2—torsion class. In Section 3, our rational
characteristic classes — only valid for Hirsch algebras 4 — will be used to control this phenomenon.

We conclude this section by reformulating the homotopy relation. As stated, it is not even clear that
this relation is either reflexive or transitive: in the former case the issue is that there is no algebra map
I — I which “swaps the endpoints” of the interval, and in the latter case, if one has a pair of homotopies
hi:x — yand hy: y — z, these define a twisting sequence on the algebra I, ® A (where I, is the algebra
of cochains on the simplicial interval with two edges), but there is no clear way to induce from this a
homotopy from x to z.

To remedy these, we show that the notion of “homotopy” may be defined with respect to any algebra
which behaves sufficiently well, like cochains on the interval, and that this agrees with our original notion
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of homotopy. This will quickly show that homotopy of twisting sequences is an equivalence relation. It
will be important later that, rationally, / may be replaced with a commutative algebra. First we describe a
suitable class of algebras which can be used in place of I; in Remark 1.5 we show that a commutative
example exists over the rationals, which is used in the proof of Theorem 3.7.

Definition 1.10 An interval algebra J is a torsion-free, nonnegatively graded, unital dg-algebra equipped
with two dg-algebra quasi-isomorphisms rg, 1 : J — Z[0] such that

r=(rg,r1):J — 72
is surjective and such that the r; induce the same map in homology.

A homomorphism of interval algebras is a dg-algebra homomorphism f: J — J’ such that r' " = r;
a quasi-isomorphism of interval algebras is a homomorphism of interval algebras which induces an
isomorphism in homology.

Finally, given an interval algebra J and a dg-algebra A, a J—homotopy between twisting sequences X,
and y, on A is a twisting sequence /2, on J ® A such that ro(h,) = ye and r; () = x..

If x, and y, are J-homotopic, we write X, ~J V.

Example 1.1 The algebra I = CZ(AI) is the standard and simplest interval algebra; an /-homotopy is
simply a homotopy between twisting sequences.

The algebra Iy = CZ(A}V), the simplicial cochain algebra of the simplicial interval with N edges, is an
interval algebra when equipped with r;, the restriction maps to {i }. An /y—homotopy between twisting

sequences is a sequence of N composable homotopies x, — x! — .-+ — x"71 — y,.

One may also take Ijng, the singular cochain algebra of the unit interval, or even the singular cochain
algebra of any acyclic space equipped with two distinct points. An Ig,e—homotopy is hard to describe in
terms of A4 itself.

Using the same ideas as the last argument, we can now prove that J—homotopy is independent of the
choice of J. We do this in two steps: first we show that the notion of J—homotopy is independent of J
up to quasi-isomorphism, and then we give a zigzag of interval algebra quasi-isomorphisms between any
two interval algebras.

Lemma 1.11 Let A be a dg-algebra. If x, and y, are twisting sequences in A, and f:J — J' is a
quasi-isomorphism of interval algebras (so ri/ f =ri), then x, ~5 y, if and only if x4 ~j/ V..

Proof If x, ~; y,, then (by definition) there exists a twisting sequence ﬁ. on J ® A such that rg (}; )= Ve
and r1 (1) = x.. Then, because r' f = r, we see that f(/.) is a J'~homotopy between these twisting
sequences such that x, ~ 7/ y,.
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The other direction is more difficult. We are in the situation of the diagram

h? <---» J® A

f®1 (Xe, Vo)

!

W, —— J®A y A2

7
T4

We have twisting sequences x, and y, on A, and a twisting sequence }_z/, which restricts to these on
J' ® A, and our goal is to inductively construct a twisting sequence 4, on J ® A and a relative homotopy
Zo: f(he) — I, as in the injectivity part of Proposition 1.9.

Before we can carry out this induction, we need to mention some algebraic preliminaries. First, the map
f ® 1 is a quasi-isomorphism because J and J' are both torsion-free, hence Z—flat; this guarantees that
f ®1is a quasi-isomorphism as soon as f is, by a spectral sequence argument as in [KfiZ and May 1995,
Part I, Lemma 2.2] (the key point is that submodules of Z—flat modules are Z—flat).

Next, the map f ® 1:ker(r4) — ker(r,) is also a quasi-isomorphism. This is because r4 and r/, are
surjective, so induce long exact triangles relating the cohomology of ker(r4), J ® A, and A>. The
map f induces a map between these long exact triangles; the map A2 — A2 is the identity, and the map
JR®A—J ®Ais f ® 1, both of which induce isomorphisms on cohomology. The claim now follows
from the five lemma.
We are now prepared to set up our induction. For the base case, arbitrarily choose a cycle h_3 €eJ®Aand
a chain z; € J' ® A so that r4(h3) = (x3, y3) and dzy = f(h3) — I, while ry(z2) = 0. Both of these
steps require some justification:
* Because f ® 1 is a quasi-isomorphism and r/y (};’3) = (x3, y3), there exists some cycle H; € J ® A
such that r (H3) is homologous to (x3, y3); let’s say r4(H3) + dw = (x3, y3). Now, because r4 is
surjective, there exists some W € J ® 4 with rg (W) = w. It follows that h 3 = H; +d W satisfies

the desired properties.
o Now, f(h3)— };’3 is a cycle in ker(r/,); because
/ ® L:ker(rq) — ker(ry)

is a quasi-isomorphism, we may find a cochain £ € ker(r4) such that f (/13 +£) —5’3 is a coboundary

in ker(r/). Thusa, replacing hy with h3 + £, we may choose z, with the desired properties.
The induction step is similar. Suppose we have chosen a twisting n—sequence he on J ® A and a relative
n—homotopy f(hs) =2 I.
Then the obstruction to extending hetoa twisting (n+1)—sequence (which restricts to the desired twisting

sequences via ro and rp) is a relative cohomology class o(f_z.; r) € H*(ker(r4)). There are similar
obstructions o( f(h,); 1) and o(h.;r’) in H* (ker(ry)). The latter obstruction vanishes (because this
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sequence is extendable), and the former obstruction is equal to the latter obstruction because the two
twisting n—sequences f(/,) and /i, are homotopic relative to r’. Because f is a quasi-isomorphism and

fxo(he:r)y=0(fhat')y =o0(h.;r") =0,

we see that o(/1.; r) = 0, and we may extend our twisting n—sequence /1, to a twisting (n41)-sequence
which still has the desired restrictions.

Now we must extend the homotopy. Just as before, the obstruction to doing so may be adjusted arbitrarily
by changing the newly constructed h 2n+1 by adding a cocycle in ker(r4); doing so if necessary, we may
extend the homotopy. This completes the induction. |

Now let J and J' be two arbitrary interval algebras. Then J ® J' is again an interval algebra, with
endpoint maps 7y ® r; and | ® r{. Furthermore, the maps i: J — J ® J" and i’: J' — J ® J', given
byi(x) =x®1andi’(y) =1 ® y, are maps of interval algebras and quasi-isomorphisms by the same
argument as for f ® 1 above.

It follows that, given any interval algebra, there is a zigzag of quasi-isomorphisms of interval algebras
between the standard interval algebra I = C} (A') and J. This gives us the following statement:
Corollary 1.12 Given two twisting sequences x, and y, in A, the following are equivalent:

e Xx, and y, are homotopic.
e There exists an interval algebra J such that x, and y, are J—homotopic.

o For all interval algebras J, the twisting sequences x, and y, are J—homotopic.
Corollary 1.13 The homotopy relation x, ~ y. on twisting sequences is in fact an equivalence relation.

Proof Reflexivity is clear (set &5, = 0 for all n).

For symmetry, choose an interval algebra J for which there exists a dg-algebra automorphism f: J — J
such that r; f = ro and ro f = r. Then, if x, ~ V. via a twisting sequence /1, on J ® A, it follows that
Yo ~J X, via the twisting sequence f(h,). As an example of such a J one may take Cs*i‘ng([O, 1]), with f
induced by the continuous map 7 — 1 —¢.

e . he o . . ..
For transitivity, observe that, if a, —> b, %> ¢, are a pair of homotopies between twisting sequences,
then these define a twisting sequence

hansr = oyt + e 2boniy +elasgyy + @V jy, 4 /21y,

on the algebra
I, = CX(A)),
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where A; denotes the simplicial structure on the unit interval with two edges and three vertices. This is
again an interval algebra with r given by restriction to {0} and r; given by restriction to {1}, and %, has
ro(he) = co and 1y (he) = a..

Thus, if a, ~ b, and b, ~ c,, then a, ~y, c, (essentially by definition). By the previous corollary, it
follows that a, ~ c., as desired. O

Remark 1.5 So far we have implicitly worked with algebras over the ground ring Z. If one works over
the rationals Q, then in fact there is a commutative interval algebra, given by the rational polynomial
differential forms on an interval, Q[¢, dt]/(dt)? with d(¢") = nt"~! and |¢t| = 1, with restriction maps
given by restricting these differential forms to {0} and {1}, respectively (so that ro(p(¢) +¢(¢) dt) = p(0)
gives the constant term of the O—form term, and r; (p(¢) + q(¢) dt) = p(1) sums the coefficients of the
0—form term).

This construction does not work integrally: the algebra Z[t, dt]/(dt)? is not acyclic, and, if one takes a
divided power algebra Z [t, %12, %t 3....d t] /(d t?), then the second evaluation map lands in the rationals,
not the integers. It seems unlikely to the authors that there is a commutative interval algebra over the
integers.

‘We conclude with a technical lemma which will be useful later.

Lemma 1.14 Let A be a dg-algebra. Given a twisting sequence x, in A and a coboundary dz =a € A>*1,

there is a twisting sequence x, homotopic to x, with x;;+1 fori < s, while xy541 = x;sH +a.

— v/
= Y241
Proof Construct x, and the homotopy by induction. For the base case, we have x/ in degrees up to x5+ 1,

and may choose /1p; = 0 fori < s and /15 = z (so that dhys = X354 —x;Hl).

Inductively, we have an m-sequence x/, with the desired properties and an m—homotopy /4, from x, to x.,
and we want to extend these to m + 1. The obstruction theory argument is now exactly the same as in
Proposition 1.9: the obstruction to extending x/ is identified with the obstruction to extending x,, and
hence is zero; choosing x/ m41- the obstruction to extending h, is possibly nonzero, but may be made
zero by adjusting x5 41 by acocycle if necessary. |

2 Some higher differentials in SU(2)-coupled Morse homology

As a brief aside, in this section we answer a question of Kronheimer and Mrowka by showing that in
general, the integral coupled Morse homology for a family (M, L) classified by {: M — SU(2) is not
determined by the cohomology class {*[SU(2)] € H3 (M Z).

Explicitly, we show that there exists such a map such that {*[SU(2)] = 0, but the d° differential on
the twisted homology spectral sequence (equivalently, the coupled Morse homology spectral sequence)
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is nonzero. This will also give us an example of a phenomenon discussed in the previous section:
the existence of a twisting sequence ({3,0,0,...) in an algebra B such that [{3] = 0 but there is a
quasi-isomorphism f: A — B that pulls the sequence back to one of the form (0, ¢5,0,...) with [{]

nonzero.

In proving Theorem C, we will interpret the differential on the E>—page in terms of a mod 2 Hopf
invariant for the map M — SU(2). This Hopf invariant is precisely the cohomology class [¢] discussed
above.

We will mostly work in the simplicial model, and comment on the equivalence with the Morse model
at the end of the section. In this section all (co)homology is taken with Z coefficients unless specified
otherwise.

Definition 2.1 Let X be a simplicial complex equipped with a simplicial map
$: X ->SUQR)=S"3

which has ¢* = 0 on third cohomology; write Cy4 for the mapping cone of ¢. Let x4 be any class
in A3 (C) such that, under the map 7 : S3 Cs,

i*xp=1€Z=HS?).

2

The graded-commutativity of cup the product implies that x p

is 2—torsion. Consider the composite
isomorphism

*y—1
HO(Cy) Y HE(2x) S5 HO(X),

where p: Cy — X is the collapse map and S is the suspension isomorphism. We define the mod 2
Hopf invariant h(¢) to be the 2—torsion class S( p*xé) e H(X: 7).

The Hopf invariant /(¢) is readily seen to be an invariant of the homotopy class of ¢, because x2

¢is

independent of the choice of lift x4. Indeed, if i * y4 = i*x4, then
Yo —Xg = (g —xp) (Vg + Xg)-
Now yg — x4 represents an element of H 3 (Co, S3) >~ H3(XX), and all cup products
H3(Cy, S?) x H(Cy) — H®(Cy, S?)

are zero (the usual proof that cup products of a suspension vanish applies); hence, the cohomology class

2 2
— X7 1S ZEero.
Vo = X¢

Write xg for a simplicial cocycle on S3 giving the oriented generator of third cohomology. Because
Cg (S3) = 0, we tautologically have that xg is a twisting 3—cycle. We write ¢3 for the twisting 3—cycle
¢*x3 on X.
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Lemma 2.2 Let X be a finite-dimensional simplicial complex with a simplicial map ¢: X — S such
that the induced map ¢* is zero on third cohomology. Then the spectral sequence for H}},(X; ¢3) has
differential d3 = 0, but ditferential ds given by

ds((a]® 1) =h(¢p)Ua]® T? € H>(X;Z)®Z[T, T,
so that, in particular, ds(1) = h(¢)T?2.

Remark 2.1 One should understand this Hopf invariant /(¢) as being the second obstruction to null-
homotoping a twisting sequence (¢3,0,0,...) with [¢3] = 0. It follows that /(¢) depends on the map
¢: X — S? only through the homotopy class of the twisting 3—cycle ¢3 (or, equivalently, the homotopy
class of the composite map to the universal space X — S3 — AUr; see Remark 1.4).

Proof The differential d3 is zero by the assumption that [¢3] = 0. This means that there is a cochain /,
with dh, + ¢3 = 0. Following the notation of [McCleary 2001, Theorem 2.6], the class

-1 *, %
[®1eH*(X)®Z[T,T"'| = E}

is represented by the cochain a ® 1 + hya ® T. The differential d + L3 T, applied to this chain, gives
¢3hra ® T2. Tt follows that
ds((a]® 1) = [p3h2a] ® T,

We will identify the cohomology class [¢3/,] with the Hopf invariant /2(¢). Notice that Cy is naturally a
simplicial set (though not a simplicial complex if ¢ is not injective). For this reason, we will work with
the subcomplex Cy of the singular chain complex Cimg(C¢) consisting of simplices on S3 and linear
cones on simplices in X, together with an extra vertex to serve as the cone point.> The linear cone is
ordered so that the cone point is the last point in the simplex, while the ordering on the earlier vertices
coincides with that of X. Then, if o is one of the simplices listed above, for every i the front face oy ;)
and the back face oy; k] are simplices in the list too.

It follows that there is a well-defined cup product on the dual C* = Hom(Cx, Z), so the restriction map

CS’;‘ng(Cd,) — C* is a dg-algebra quasi-isomorphism. We may thus compute our xé in

C*=CF ' (X) @ Ci(S?),
where the differential is the mapping cone differential

G — (dXo’ (_1)|a|+1¢*0)
0 dgso
and the cup product is
(Cx,y)-(Cx',y") = (C(p*y Ux X), y Ugs ).
We use our chosen cochain with dhj + ¢3 = 0, and set x4 = (C(h2), xg); this is a cocycle such that
i*xg=1eH 3(S3). Then xé = (C(¢3h3),0). The Hopf invariant is obtained by pulling this back under
the maps C°(X) — C®(ZX) — H®(Cyp); doing so, we obtain the desired result that [¢3h5] = h(¢). O

3Equivalently, Cy is the normalized simplicial chain complex C*A (Cy) on the simplicial mapping cone.
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Using this, we can provide an example of the phenomenon described in Theorem C in the category of
simplicial complexes.

Proposition 2.3 The 5—dimensional complex X = Y3*RP? has amap ¢: X — S? such that h(¢) # 0.
In particular, as
H*(X;7Z)=Z[0]® (Z/2)[5].

from the spectral sequence for twisted cohomology it follows that
Hpy(X:¢3) = Z[T. T % H*(X: Z)[T. T~ '] = H}; (X:0),
even though [¢3] = 0.
Proof Consider the set of homotopy classes [X, S3], which we write as 77> (X). This set has a group

structure, coming from the group structure on S* = SU(2); maps X — Y induce group homomorphisms
between the mapping sets 73(Y) — 73(X). Whenever X is a suspension, this group is abelian.

Thinking of RIP? as the mapping cone of z2: S — S, we get a long cofibration sequence
S 58! S RP2 5 825 S%2 5 YRP?2 — ... ,
where the first map is the squaring map of degree 2, and all further maps S” — S” are suspensions of
this (so also of degree 2).This gives rise to an exact sequence of mapping sets
s> 138 - 7387 » 23(ERP?) - 23(SH) - A3(SH > -

The groups 73(S*) = 74(S?) and 73(S?3) = 75(S?) are both isomorphic to Z/2. The outer maps are
the maps induced by the map S” — S” of degree 2, hence induce multiplication by 2 (so, zero) on the
above homotopy groups. We thus get a short exact sequence

0—>2/2—n*(X)—>7Z/2—0,

so, in particular, there exists a ¢ € 3(X) which restricts to the suspension of the Hopf map %5 =
f:8% = 83,

Now the mapping cone C¢ has a CW structure with a single cell of each dimension 0, 3, 5, 6. The 5—cell
is attached along £ = ¢| g4 € 14(S?); in particular, the 5—skeleton is homotopy equivalent to SCP2.
By the suspension invariance and naturality of Steenrod squares, it follows that

Sq*: H*(Cy:7Z./2) — H*(Cy; Z./2)
is an isomorphism (see for example [Hatcher 2002, Section 4.L]).

Further, there is a collapse map Cy — Y4RP? which is an isomorphism on the cohomology groups
of degrees 5 and 6 (regardless of coefficients); because the integral Bockstein B: HY(RP?%,Z/2) —
H?(RP?2:7) is an isomorphism, the same is true for the integral Bockstein

B: H*(Cy:7/2) — H(Cy: 7).
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Thus the integral Steenrod square
Sq* =BoSq*or: H*(Cy: Z) — H®(Cy: 7),
where 7 is the reduction mod 2, is given by
H3(Cy:Z) = 7242, 7,)2 =~ H%(Cy; 2).
Thus, if x4 € H?(Cp) has i*(xy) =1 € Z = H3(S?), we have
x5 =Sq’xg #0€ H®(Cy: Z),

as Xy is a degree 3 class and Sq?"*t1(x) = x2 for any class x of degree 2n + 1. To see this, write
X for the cocycle x taken mod 2. Then, by Steenrod’s original definition via cup-i products (see for
example [Mosher and Tangora 1968, Chapter 2]), when x has degree 21 + 1, we have Sq*"[X] = [X U; ¥].
To calculate the integral Bockstein, observe that we have an integral lift given by x U; x and that

d(x U x) = —2x?2; the Bockstein is half the boundary of an integral lift, and hence
Sty := BSqP % = —x? = x2,
2

as x~ is a 2-torsion cohomology class. Finally, because the mod 2 Hopf invariant is given by the image

2

ofx¢

under the inverse of the isomorphisms

H’(X)— H%(ZX)— H®(Cyp),
it follows that A(¢) # 0. |

Remark 2.2 The example above is the minimal possible example because a twisting sequence on a 4—
dimensional simplicial complex is zero in degrees 5 and above for degree reasons, hence null-homotopic if
and only if [x3] = 0. It was found with the observation that a map X — S3 which is trivial in cohomology
factors through the homotopy fiber 75453 of the map S* — K(Z, 3) picking out a generator of its top
cohomology. The 5-skeleton of a minimal cell structure on the space 7457 is precisely Z3RP2.

To see the connection with twisting sequences, let us point out the following:

Proposition 2.4 There exists a zigzag of dga quasi-isomorphisms between 52 (23RP?) and its homology

(Z/2)[5]-

Now, this zigzag must transfer ({3, 0, ...) to some (0,5,0,...) (because the only degree which could
possibly be nonzero is degree 5). Because the twisted cohomology with respect to this twisting sequence
disagrees with the untwisted homology, it follows that [{ g] # 0. This is well defined up to homotopy
because in (Z/2)[5] there is no differential. We thus have proved the following:

Corollary 2.5 There is a zigzag of dga quasi-isomorphisms for which the homotopy class of some
twisting 3—cycle does not correspond (under the natural bijection) to a class represented by a twisting
3—cycle.
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Proof of Proposition 2.4 We begin by making some simplifications to the cochain complex of a
suspension. In the following, if 4 is a nonnegatively graded dg-algebra, write X A for the algebra with
(ZA)" = A™1, differential dx, 4 = —d4, and identically zero product.

For any simplicial set X, there exists a dg-algebra quasi-isomorphism
=¥ CX(ZX) = 2CA(X),

where the latter is equipped with trivial product and negative the differential on C{ (X). If one prefers to
work with unital algebras, there is a corresponding homomorphism C{(ZX) — Z[0] ® ZC (X), with
trivial product on the codomain except that 1 € Z[0] acts as a unit.

If X is a simplicial set and I = [0, 1] the 1-simplex, give I X X the product simplicial structure and x € Xj
a chosen O—simplex. Then the quotient X X of [0, 1] x X, obtained by collapsing {0, 1} x X U1 x{x} to a
point, is again naturally a simplicial set.

Consider the composite map
CrEX) L CEUI X X, 0T x X UT x {x}) £ C(1,01) ® CF (X, x) = CE(X, x) = SCEH(X).
The first map is induced by the simplicial map of pairs

p(IxX, 0l xXUIx{x})— (ZX, Zx),

hence is a dg-algebra map; in fact, it is a dg-algebra isomorphism (not merely quasi-isomorphism). The
second is the dual of the Eilenberg—Zilber map (sending A’ ® A/ to a triangulation of A’ x A/). Giving
the tensor product the differential d(a ® b) = da ® b + (—1)%la ® db and product

(a®b)(al®b/) — (_1)|a/||b|aa/®bb/’

EZ* is a dg-algebra map and a quasi-isomorphism, as computed in [Eilenberg and Moore 1966, Assertion
(17.6)].

Now CX(1,0I) = Z[1] is a 1-dimension algebra with generator el in degree 1 and trivial product.
The second-to-last isomorphism simplifies to Z[1] ® A = X A, and the final isomorphism is simply
C*(X,x) ~ C *(X). Every map given above is a dg-algebra quasi-isomorphism; hence, the composite is
as well.

To prove the result, set 4 = 51(231[%1["2). By the above discussion, there exists a dg-algebra quasi-
isomorphism 52(23]1%1?2) — EGX(EZRPZ), where the codomain is equipped with the trivial product.
Now X2RP? has reduced homology Z/2 in degree 3 and zero otherwise. Choose a simplicial generator x3
and an element x4 with dx4 = —2x3. Shifting up one in degree, write A g = Z[4] & Z[5] with differential
dys = 2y4 and trivial product; there is a dg-algebra quasi-isomorphism 4 g — E@X(EZRPZ), given by
sending y4 to x3[1] and ys to x4[1].
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Finally, there is a dg-algebra quasi-isomorphism A g — (Z/2)[5]. We have thus constructed a zigzag
of quasi-isomorphisms between 52(23]1%1?2) and its homology (Z/2)[5]; passing to unital versions of
the previous constructions, we have a zigzag of dg-algebra quasi-isomorphisms from C*(Z3*RP?) to
Z[0]® (Z/2)[5] = H*(Z*RP?). o

Proof of Theorem C Going back to coupled Morse theory, we can consider M to be a smooth manifold
with boundary, homotopy equivalent to L3RP? (eg the regular neighborhood of some embedding
Y3RP? < R” forn > 11); the definitions and constructions in [Kronheimer and Mrowka 2007] readily
generalize to the case of manifolds with boundary, and provide examples of the desired phenomenon in
this setting.

To obtain a closed example, we can simply take the double manifold DMy, using the fact that the map
¢: My — SU(2) naturally extends to ¢: DMy — SU(2). It follows quickly from the cohomological
description of the Hopf invariant above that it is natural under pullback: if f: X — S? is zero in
cohomology and g: Y — X is a map, then /1( fg) = g*h(f). Because we have an inclusion i : Z*RP? —
DM, and ¢ = ¢ o, it follows that i */i(¢) = h(¢) is nontrivial, so, in particular, /(¢) is nontrivial. It
follows from Lemma 2.2 that the Es5—page of the twisted cohomology spectral sequence for (DM, 5)
has nonzero differential.

Notice that the above examples show that the coupled Morse cohomology spectral sequence has a nontrivial
differential even though d3 = 0. But the smooth manifold (DM, (E) also provides an example where the
homology spectral sequence has a nontrivial higher differential but 3 = 0, because the Poincaré duality
map C*(DMy) — Cx(DMy) given by x > x N[DM,] is a quasi-isomorphism (by Poincaré duality) and
a module map (by elementary properties of the cap product). It follows that the twisted (co)homology
spectral sequences also satisfy Poincaré duality, and, in particular, d° is also nonvanishing in the twisted
homology spectral sequence. |

3 Hirsch algebras and higher structure on twisting sequences

Given a dga map f: A — B, we will want to understand the induced map ts(f): ts(4) — ts(B) on
homotopy classes of twisting sequences. One traditional way to understand such maps is to produce
characteristic classes, elements Fj(x,) in cohomology associated to each homotopy class of twisting
sequence which are natural under dga maps.

One of these is easy to produce; because dx3 = 0, we may take Fi(x,) = [x3]. This is certainly natural

for dga maps, as F1(f(x.)) =[f(x3)] = f«[x3]. In degree 5, this is not so easy; now dxs = —xsz., and

2

to produce some natural cocycle we would need a canonical element e(x3) with de(x3) = —x3.

Suppose A is homotopy commutative; this means that A is equipped with an operator U; which gives
a null-homotopy of the graded commutator [x, y] = xy — (—=1)*I1?lyx. The original such product was
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Steenrod’s product [1947] on simplicial cochains. Given such an operation, d(x3 Uy x3) = 2x§, and one
may take (with rational coefficients) e(x3) = —%Xy, Ui x3.

To extend this to higher degrees, one needs a compatibility relation between the cup-1 product and the
product, called a Hirsch formula. A left Hirsch formula [1955] holds for simplicial cochains, but the
corresponding right Hirsch formula fails. On the other hand, neither Hirsch formula holds for cubical
cochains. A suitable setting for higher characteristic classes is given by Hirsch algebras, which include a
cup-1 product and coherent homotopies correcting for the failure of the Hirsch formula.

3.1 Definitions

The following definition is from [Saneblidze 2016]:

Definition 3.1 A Hirsch algebra is an associative differential-graded algebra A equipped with the
additional structure of maps
Epq: A®? ® A%1 — 4

of degree 1 — p — ¢ for each p,q > 0 with p + ¢ > 1; we demand that £ o = Ey; = Id, while
Ey = Epo=0for p> 1, and we also demand that

dEpg(ay,....ap;by, ..., bg)
= Z (—1)651_1Ep’q(al,...,dai,...,ap;bl,...,bq)

1<i<p
a b
+ Y (DT Epg(ar.... . apiby.....dbj. ... .by)
15j=q
+ Z (—1)Ei Ep_l,q(al,...,a,-a,-+1,...,ap;bl,...,bq)
1<i<p
a b
+ Z (—1)€P+EfEp’q_l(al,...,ap;bl,...,bjbj+1,...,bq)
1=j<q
+ > (D Ej(ar.....aiby.... b)) Epig j(@ig1.....apibjpr.....by),
0<i<p
0=j=q
(i,7)#(0,0)
where € = |x{|+---+|x;|+7 and ¢;,; = € +ejl.’ + (€f +eg)e]1.’ + 1, where all appearances of €] and ejl?
above refer to the strings (a1,...,ap) and (by, ..., bg). Here |a| refers to the degree in A, not the degree
in A[—1].4

The two main examples are the simplicial and cubical cochain algebras. We describe explicitly these
operations in Section 4 using the operadic technology of [Medina-Mardones 2020]; the reader might find

41f one instead preferred to write this in terms of the degree of [a] as an element of A[—1], given by |a|_; = |a| — 1, one could
simplify the expression to €f = |ay| 1 +--- +|a;| 1.
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it enlightening to get familiar with these before looking at the discussion of twisting sequences later in
this section.

There are two useful ways of understanding this structure. First, it asserts that the product on A4 is
homotopy commutative in a way which is homotopy-coherently associative. The operation E ; satisfies

(3-1) dE (a:b)— Ey 1(da:b) + (=) E| 1 (a:db) = (—=1)¥ab — (—1)el(bIFDpy

hence, it defines a homotopy between the two maps 4 ® A — A given by (a, b) — ab and (a, b) —
(—=D)alblpg. In the simplicial world, E{ ; behaves up to an overall sign (depending on the grading of
the entries) as Steenrod’s cup-1 product. Steenrod’s cup-1 product satisfies a useful additional property,
the left Hirsch formula [1955],

(ab) Uy ¢ = a(b Uy ¢) + (=PI g Uy 0)b.

This formula does not hold for £ ; in general, and in particular fails in the setting of cubical cochains,
which we will need below.

However, E, ; is a homotopy between the two sides of the given equation, while E > is a homotopy
which demonstrates that a similar right Hirsch formula (which does not hold in the simplicial setting) at
least holds up to homotopy. Very explicitly, we have the homotopy Hirsch formulas
dE, 1 (a.b:c) = Eyq(da,b;c)— (=D E, (a.db:¢) + (—D)AHIE, | (a, b: de)
— (=DM E (abse) + (~DHPIUDE, @i )b+ (~DVaE 1 (be)
and
dEs(a:b.c) = Eyy(da;b,¢) — (=) E 5(a:db, ¢) + (=D)ATPIE 5 (a:b, de)
+ (=DMHPLE 4 (@:be) — (—DHPLE, 4 (@:b)e — (—DIUEHDBE, | (a:0).

The operations Ej ; encode the higher homotopy-associativity of these operations.

A second more algebraic perspective on Hirsch algebras will be very useful to us below: it is the structure
of a dg-bialgebra (to be defined below) on the bar construction BA. We shall make this explicit.

Given a graded abelian group A, the bar construction is given as
BA =P A[-1]®".
n=0
We write a generic element of this space as [a; |---| ay], and write 1 =[] for the empty string. The bar
construction BA is a coalgebra with comultiplication

Alay|-lan)= Y lar|---|ai]®lais1]-| an).
0<i<n
This is coassociative and counital. It will be sometimes convenient to write (BA), = A[—1]®" for the

summand corresponding to the tensor product of 7 copies of A.
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When A4 is also given the structure of a differential graded algebra, BA then inherits a differential making
it into a dg-coalgebra, given as
dlay|-+|ag) ==Y (=Dtfay |-+ |dai|---|an)— D (=D[ay |-+ |aiais || an),
1<i<n 1<i<n—1
where the signs € are those from Definition 3.1, with the same conventions.
In fact, the structure of “a differential on BA giving it the structure of a dg-coalgebra” is equivalent the

structure of an An,—algebra on A; up to an overall sign one may recover the n™ structure operation 71y,
among the Ao—operations as the component

A®"[—n] = (BA)y — (BA); = A[-1]

of d: BA — BA. All of our examples will be dg-algebras, so we restrict to that setting. The crucial
observation for us is that a Hirsch algebra takes this one level further.

Theorem 3.2 Let A be an associative dg-algebra, so that BA carries the structure of a dg-coalgebra.

Then the data of a Hirsch algebra structure on A is equivalent to the data of a choice of multiplication
uw: BA® BA — BA making it into a dg-bialgebra with not necessarily associative product and for
which [ ] is a unit.

Given such a multiplication 1, one may recover the operations Ej 4 as

Epglar,....ap;by,. .., bq)=ul([a1 |-+~ lapl.[by |-+ bg),

where ! is the composite BA @ BA — BA £%> A, where the final map projects to (BA); and follows
the degree —1 isomorphism (BA)1 = A.

This is proved, among other places, in [Voronov 2000, Section 2]. In fact, Voronov discusses a mild
generalization: a “Be structure”, which precisely corresponds to the structure of a dg-bialgebra on BA
extending its natural coalgebra structure. This amounts to saying that 4 is an As,—algebra and carries a
set of operations E), 4 satisfying a mild modification of those written above for Hirsch algebras. Voronov
furthermore determines when this map p is associative, but we will not need associativity and so do not
discuss it further.

The demand that this is a dg-bialgebra means that u: BA ® BA — BA is a chain map, and that the
following diagram commutes:

19T®1

(BA® BA)® (BA® BA) s (BA® BA)® (BA® BA)
A®AT lﬂ@ﬂ
BA® BA BA® BA
x /
BA

Here t: BA® BA — BA® BA sends x ® y — (—1)*IV1y @ x.
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The fact that this is a dg-bialgebra allows us to compute the component ;1% : (BA ® BA) — (BA)y
from p!, as follows. We define
Vj:(BA® BA) — (BA® BA)®k

inductively as follows. Set Vi =Id and let V, = Vp4g B4 be the coproduct given by

VBagBa = (1@ TR 1)(A® A),
where the map 7 is the swap map given by 7(x ® y) = (—1)*!l ) ® x. Then define

Vi1 = (V2 ® 1(ggy®21) 0 V.
Then the component 1% : (BA ® BA) — (BA); = A®¥ is given by the composite (111)®k o V.

3.2 Twisting sequences in Hirsch algebras

Now that we have seen the relationship between dg-algebra and Hirsch algebra structures on A to various
structures on BA, we can exploit that structure to get new results on twisting sequences. Recall that
g € BAis grouplikeif Ag=g®g.

Proposition 3.3 Let A be a dg-algebra, and say a twisting element of A is a degree 1 element with
dx + x? = 0. There is a canonical bijection from the set of twisting elements in A to the set of (degree 0)
grouplike cocycles in BA whose (BA)o component is 1.

If A is a dg-algebra, twisting sequences in A are twisting elements of A[T] of the form x3T +xsT*+---;
that is, they are twisting elements which lie in TA[T]. Here |T| = —2.

Then the above construction gives a bijection between TS(A) and grouplike elements of B(A[T1) lying
in 1 + TBA[T] whose (BA)y component is 1.

If one is being careful, one should interpret the expression B(A[T']) as the bar construction in the category
of Z|[ T J-algebras; it is the sum
P a®"[T]-1);

n=0

we allow ourselves to distribute 7" across tensor summands.

Proof For any graded abelian group A, there is a canonical bijection between grouplike elements of BA
with first term 1 and elements of 4. For, if a € A, then

gla)=1+[d +[a|a]+--
is grouplike; on the other hand, suppose g is a grouplike element with lowest term 1. Inductively assume
that N
g= 1+[a]+---+[a|---|a]+2[a’1 BRI AE.

i=1
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where we have written the term with » tensor factors as a sum of as few elementary tensors as possible.
Computing Ag and comparing its part with # tensor summands to g ® g, we see that

N
al@lal---a] =) Ja\]1@[d5 |-+~ | ay].

i=1
Because the right-hand side is written as a sum of as few elementary tensors as possible, but the left-hand
side is a single elementary tensor, we see that in fact N = 1 and [ai1 |-+-|al] =[a]|---|a]. By induction,
every grouplike element with first term 1 arises as g(a) for some unique a.

Next we investigate the condition that dg(a) = 0. It is straightforward to see that
dg(a) = —[da) - [a*] - [da| a] - [a| da] —[a* | a] = [a| a®] 4 - -+ ;
from this, we see immediately that, if dg(a) = 0, we have da + a®> = 0 (because the (BA); component
of dg(a) is, up to sign, da + a*), while, conversely, if da + a? = 0, one may see explicitly that dg(a) = 0.
It is now easy to see that the condition
d(x3T +xsT?>+-- )+ (x3T +xsT>+---)> =0

gives, for each power of 7, the conditions dx3 = 0, dxs + x% =0, ..., which define twisting sequences,
giving the stated relationship between twisting sequences in A and twisting elements of A[T].

To conclude, observe that the condition that our twisting sequence take the form x37 4 xsT2% 4 ---
corresponds to asking our grouplike cocycle in BA[[T'] to be of the form
1+ [x3]T + ([xs] + [xs3 [ xaDT2 + -+

as an element in 1 + TBA[T]. a

Proposition 3.3 is quite surprising because there is no obvious product operation on twisting sequences.
However, given any dg-bialgebra, there is a product operation on its grouplike cocycles: if g and / are
grouplike cocycles (of degree 0), then

dp(g.h) = u(d[g ® h]) = u(0,0) =0,

while
Ap(g,h)=peuw(1®Tt®1) (AR A)(g,h)

=nen)(1ere1)(gRg®h®h)
=W (ERh®gdh)
= (g, h) ® (g, h),
so the product of grouplike elements is also again grouplike. Applying this to the previous proposition and

using the explicit formula for the (BA); component of 1(g(x), g()), we immediately get the following
corollary:
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Corollary 3.4 For any Hirsch algebra A, there is a product operation j1: TS(A) X TS(A) — TS(A) which
gives rise to a functor from the category of Hirsch algebras to the category of unital magmas.

Explicitly, if x. and y. are twisting sequences, suppose y»;+1 = 0 for all i <n. Then (X, Ve)2i+1 =
Xaj41 fori <nand p(Xe, Ye)2n+1 = Xan+1 + Van+1. In general,

P(Xes Yo)okt1 = > Emon (X2 415+ -+ X200 415 V2j 1410 -0 V2ju+1)-

(m,n)>(0,0)
. il ""’_ilﬂ’j.l ,---ajnZ.I
i1+tim+j1+-+jn=k

In particular, (0, x,) = xo = jt(x,,0).

Recall here that, for a Hirsch algebra A4, the product on BA need not be associative, so this does not
promote TS(A) into a monoid. When 4 = C*(X; Z), the product i on BA is indeed associative, so
TS(A) has an associative and unital product, but for our purposes below we will need to work with cubical
cochains, where u is certainly not associative.

Remark 3.1 In fact, this product descends to a well-defined product on homotopy classes
hi:ts(A) xts(A) — ts(A)

To see why this is true, one needs to prove that there is a Boo—algebra modeling the unit interval 7, with
two Boo—maps to Z with trivial By structure, and further that there is a suitable notion of Bso—tensor
product structure on I ® A. Because a homotopy between twisting sequences is a twisting sequence
on I ® A extending the two, the claim follows.

Further, it should be true that every Bo—algebra may be strictified to one with associative product; this
would imply that, for any Bso—algebra A, the homotopy classes of twisting sequences ts(A4) inherit the
structure of an associative monoid. Lastly, it should also be true that every element of ts(A) is invertible,
by using the product u to iteratively kill off the first nonzero term in a twisting sequence. It takes some
effort to give a careful proof of this fact, including a proof that there is a meaningful notion of limit of
elements of ts(A4) (coming from an appropriate complete Hausdorff filtration). Therefore ts(A) should
actually be a group for an arbitrary Bso—algebra A. Because we will not make use of these in our
arguments below, we are content to leave these as remarks.

The last general result we will make use of is the following, which asserts that, in a rational Hirsch algebra,
there is no obstruction to extending a given cocycle a € Z(A)?"*! to a twisting sequence beginning at a.
In fact, there is a canonical such extension.

Proposition 3.5 (the Kraines construction) Let A be a Hirsch Q—algebra; write

Z(A)Odd — |—| Z(A)2n+1
n=1

for the set of homogeneous odd-degree cocycles of degree at least 3. Then there is a canonical map

K: Z(A)*Y - TS(A)
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such that, if a € Z(A)*"*1, then K(a),;4+1 =0 fori <n and K(a)2,41 = a. The function K is natural
under Hirsch algebra maps.

Proof We take the perspective of grouplike cocycles in BA[T]. The element a € 42"+ corresponds to
an element [¢]T" in BA[T]. Define even-degree elements a,, inductively by iterated left multiplication
by [a]. Precisely, set ag = 1 and ay, = u([a], ay—1) (so in particular @1 = [a]). Then define

o0
a
exp(a) =1+ Z ;":T”’".
m=1

We suppress 7' from the notation in what follows. To get a sense for these a;, observe that one can
explicitly compute the first couple of a; directly from the definition of the operation  (and in particular
the components uk ):

ar =2alal+[Ey,1(a:a)],

az =6la|a|a]+2[E1(a;a)|a]l +20a| Eyy(a:a)]+ 2[Eyp(a:a.a)] +[Eyi(a: Eq iy (a:a))).

Lemma 3.6 below gives a formula for a,, in general; for the purposes of this argument, we need not be
so explicit.

Let us show that exp(a) is a grouplike cocycle. To argue this, we will inductively compute da,, = 0 and
Aam =) 1", ('?)a,- Q®am—i. For the first, note that d[a] = 0 and du(x, y) = u(dx, y)+(—D)*u(x, dy),
so du([al, am—1) = n(0, am—1) = n(a], 0) = 0 by induction.

For the second fact, we have Aay = a¢ ® ag by definition, and, by induction,
Ap(al,am-1) =W ®T® 1)(A®A)(a]® am—1)
m—1
=pemigre(iel+@ens (Y (", )auoani))

—wan( ("7 18w @oan-i) + (@9a)© 1 8a,-i-)
i=0
1

m

m—1
( ; )(ai®am—i+ai+1®am—i—1)

()4 (oo

Combining this with the recurrence relation (r;’__ll) + (ml_l)

0

1

I
NWE

0

~.

(’l"), this reduces to

m

m
Ady = Z( ; )ai ® am—i,
i=0
completing the desired induction.
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This in hand, we see that

o0 00 m m . .
Aexp(a) = Z AE::n) _ Z Yizo (i’lqa', ® Apy—i
m=0 : i !

1 i+j)
= E — T )ai ®aj
+ )
i,j>0 (7 ])'( :

_ Z a,-®aj

17!
i,j=0 B
= exp(a) ® exp(a),

so exp(a) is indeed a grouplike cocycle, as desired. Now we define K(a) to be the twisting with
exp(a) = g(K(a)); equivalently, take K(a) to be the (BA); component of exp(a).

Because the only tool used in this construction is the product i on BA (given to us by the Hirsch structure
on A), it is clear that K is natural for maps of Hirsch algebras. |

Remark 3.2 One can show that K descends to a map from odd cohomology to ts(A4). However, it
does not seem to be a group homomorphism in general on any H2"*1(A4); it seems that one needs to
assume some further homotopy-commutativity of A (more precisely, the operation £ ; should itself be
homotopy-commutative, in a way which is associative up to higher homotopies). This will not be relevant
to us and so we do not explore it further.

Remark 3.3 When 4 = C; (X Z) for a simplicial set X, the definition of K(a) simplifies if one uses
right multiplication instead of left multiplication. This is because the relevant higher operations E,, | are
all zero on CX (X).

When these higher operations vanish and we define K(«) using right multiplication, write £ j(a,b) =
a Uy b. Then K(a) has the form K(a)2,4+1 = a, K(a)an+1 = %a U a, and

K(@)gn+1 = t(aUya) Uy a,
and so on; all higher terms are given by iterated cup-1 products. All other K(a),;; are zero.

This construction via right multiplication appears in the proof of [Kraines 1966, Lemma 16], and this
argument led (directly or indirectly) to many of the ideas of this paper. We call the class K(«a) the
Kraines construction on a in reference to this lemma, though it might rightfully be called the Kraines—
Saneblidze construction: the extension to Hirsch algebras described above first appears in [Saneblidze
2016, Section 3.3].

In our application, it will be more convenient to use left-bracketed multiplication, which is why we prefer
that convention.
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The general formula for the higher terms in K(a) is complicated, because the formula for the multiplication
 is complicated. It is given as a sum over iterated applications of the operations p!E , to copies of a,
where the term after the semicolon is always a; for instance,

2E 1 2(a; Eq1(a;a), Ey 1(a;a))

appears in K(a)19,+1. It is difficult to make all of this explicit. Instead of proving the above (which is
not the most useful way to phrase it), we will extract exactly what will be useful for us later.

The following lemma is quite tedious and technical. A reader may prefer to skip it for now and return
later when we find use for it in studying the minimal torus.

Lemma 3.6 Let A be a Hirsch algebra. Define ji,: A®" — BA recursively, by 1 (a) = [a] and

pn(ar, ... an) = p(la1], pn—1(az, . ... an)).
Denote by
ke A®" 5 (BA)y =~ A®F

the k™ component of this map. Suppose ay, . .. ,a, are all odd-degree elements in A. Then

Mﬁ(al,...,an)= Z [M1(011)|"'|/¢L1(alk)]-

partitions of {1,...,n}
into an ordered list of X nonempty sets
Iy,... I, c{1,...,n}

Here, if Ij = {i; <--- <}, then one interprets ul(alk) =ur(ai,, ... a;,) withpl . A®™ — A.
Remark 3.4 In general, if not all a; are odd-degree elements, there are some additional signs.

Notice that, for instance, if n = 3, this includes the entire symmetric expression
lay[az|as]+[ar|as|azx]+az|ay | as]+az | as |ar]+as | ay |a2] +[as | az | a1 ];
this is implicit in the statement “ordered list of kX nonempty sets”, which means we know the order we

list the subsets (11, ..., {}).

Proof The map uﬁ is defined (inductively) as the composition
AB = A @ AR S8l by @ BA B (BA), = A®F

with s(a) = [a] and ¥ the component of j1: BA ® BA — BA landing in (BA). Recall from the end of
Section 3.1 that the component uk :(BA® BA) — (BA); = A®k s given by the composite (M1)®k oVg,
where Vy is an iterated composite of the coproduct on BA ® BA. There is a sign appearing in the
definition of Vj via the swap symmetry, but in the case we are interested in all terms which appear have
even degree in BA, so the sign in the swap symmetry is completely irrelevant to us.
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Writing @ = [ay |-+ | am] and b= [b1|--- | bn], we have the explicit formula

Ve@®by= Y, (@i ®buj) ® - ® @ +1.m ® by 1.m)-
0<i) <-=<i)<m
0<j1=<<jk=<n

Here we write d; jj = [a; | a;+1 |- |aj], interpreting this as the unit 1 € (BA)o wheni = j + 1. In the
special case of interest, this becomes
Viaillaa |-+ lan) = Y. (1®dp;) @@ (@1]®df, +1,;4,) @ ® (1 ® dfj, +1,n)-

1<i| <-<i)<n
0<j<k

That is, we break the second vector into k sequential pieces, and insert [a;] next to one of them (leaving
1 next to everything else).

Using these formulas, let us prove the desired claim by induction on . For n = 1 and any k, the formula
holds tautologically. Suppose the given formula holds for all ,uf‘n for all m < n and all k. We will verify
the formula for Mﬁ . For sake of space we make two further notational simplifications: if

I={i1<---<ig}C{l,...,n},
we write
w' () = p'(ap) = p'(aiy. ... aip).

Further, if Iy, ..., I, C{l,...,n} is alist of subsets, we write

p Iy | D) = [ () - | )]

Our inductive hypothesis gives that

Un—1(az,...,ay) = Z w (I -+ T,

partitions of {2,...,n}
into an ordered list of nonempty sets
Iy,.., I, C{2,...,n}

where here we sum over all k. To compute the k™ component of p([a1], tn—1(a2, ..., an)), we must
first compute
Vi([a1] ® pp—1(az, ..., an)).

By the descriptions of Vi above and the inductive formula for p,_1, this is given by
Vi ([a1] ® pin—1)
=vk( > [a11®u1(11|~--|1m>)

partitions of {2,...,n}
into an ordered list of nonempty sets
I,....1,,C{2,...,n}

= 2: A@u'(I1|-+ 1)) ® - ®@(ar]®n' (Lj; 411 Li; 4 )@ @ARu' (Liy 4111 Im))-
I1q,..., ;r,lnzals above

0<i|<-<ip<m
0<j<k
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Finally, applying (1')®* does nothing to most of these components. Any component 1 ® 1 is sent to
zero (so we may reindex the sum over 0 < iy < --- <ij <m); any component 1 ® a is sent to a. The
remaining interesting component is the one with ¢;. Renaming the sets Zj; +1,..., 1, to Jy,..., Jg
for convenience, write J = J; U---U Ji. Consider

) el (I -1 T3)).
partitions of J
into an ordered list of nonempty subsets
T v}y
By the inductive hypothesis, this is precisely u([a], £ (J)), and by the recursive definition of p this is
precisely what we call ;! ({1} U J). Setting

m/=m—(ij+1—1—ij)

and
I ifkfij,
I = {3Vl U UL, ifk=ij+1,
Ik+ij+1—1—ij 1fk>lj+1,

we may thus reindex the above sum as

> VARNYISY

partitions of {1,...,n}
into an ordered list of nonempty subsets
I,...I
Lsees

m’/

This completes the induction. O

3.3 Characteristic classes of twisting sequences

By combining the previous sections, we are able to construct characteristic classes of twisting sequences
which completely characterize their homotopy classes—so long as the algebra has torsion-free co-
homology. In the case of spaces, these should be intuitively thought of as the pullbacks of certain
odd-degree elements in the rational cohomology of the classifying space U7 in (1-1), whence the name.

Theorem 3.7 Let A be a Hirsch algebra. There are maps Fy,: ts(A) — H?*"t1(4) ® Q which are natural
for Hirsch algebra maps f: A — B. These satisty the following properties:

(1) If xp;41 =0 forall i <n,then Fy(x.) = [X21+1]-
(2) Ifae A*"1 isacocycle, then Fy K(a) = [a] and Fy, K(a) = 0 for all m # n.

(3) If A has torsion-free cohomology and F;(x,) = Fj(y,) for all i <n, then x, is homotopic to a
twisting sequence x, with x, 41 = Y2i+1 forall i < n. If the cohomology of A is torsion-free,
supported in bounded degrees, and Fy(x,) = F;,(y,) for all n, then x, is homotopic to y,.
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Proof We will outline a construction of F,(x) given a twisting sequence x; this construction will only
use the operations given by a Hirsch algebra structure, and so will transparently be natural. It will remain
to show that these are homotopy invariants satisfying the given properties.

Given a twisting sequence x,, we will iteratively construct twisting sequences K,)(x,) in Ag with

Kn)(Xe)2i+1 = X241 for all i <n. These will be called the Kraines approximations to x,.

The element ¢2, 1 = X2441 — K(n)(Xe)2n+1 is a cocycle, because

deynir == Y Xaip1Xajp1+ Y Koy(e)ait1 Koy (x)zjt1 =0,
i+j=n i+j=n
L,j=1 i,j=1

because x3; 1 = K(;)(Xs)2i+1 fori <n. We will set

Fu(xo) = [c2n+1] = [X2n+1 — Ky (Xe)2n+1]-
That is, each characteristic class is the obstruction to finding a homotopy x, — K,)(x,).

As for the construction, set K(jy(x,) = 0, so that F;(x,) = [x3]. Inductively, using the product operation
of Corollary 3.4, set

Kpt1y(xe) = w(K(c2n+1), Kny(xa)).

The twisting sequences K (,41)(x.) and K,)(x,) agree through degree 2n—1 because K(c25+41)2i4+1 =0
for i < n, but is equal to

Kny(Xe)2n+1 + C2nt1 = X2n+1

in degree 2n + 1, the equality following by definition of ¢34 1. It follows that K(,41)(Xe)2i+1 = X2i+1
fori <n.

Therefore, we have constructed K ,)(x,) with the desired properties, and thus we have also constructed
the characteristic classes of twisting sequences.

Notice that, because the Kraines construction K(a) is natural for Hirsch algebra maps f: A — B, and
the product p of twisting sequences is natural for Hirsch algebra maps, these characteristic classes are
also natural for Hirsch algebra maps f: A — B.

To see that these are homotopy invariants, first observe that, because this construction factors through Ag,
it suffices to show that they are homotopy invariants for rational Hirsch algebras. Over the rationals, we
exhibited a commutative interval algebra in Remark 1.5; recall that this is Q[¢, dt]/(dt)?, where |t| =0
and |dt| = 1 and d(¢") = nt"~1 dt. It then suffices to observe that, if A is a rational Hirsch algebra, so is
A® Q[t, dt]/(dt)?. Explicitly,

Epg(ayt™ ()™ ... apt" (d1)"™; byt (d)™, .. byt"s (di)™s)
=+ Epq(ar.....apby, ... bt ="t (dry=mtm’,
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The signs arise from the Koszul sign rule when commuting the single nonzero copy of dt to the right-hand
side of the expression (if two appear, the whole expression is zero). A straightforward but tedious
computation shows that this defines a Hirsch algebra structure on A[t, dt]/(dt)?. Two twisting sequences
in A are homotopic if and only if there is a twisting sequence on A[t, dt]/(dt)? restricting to the two. It
follows from naturality that, if x and y are homotopic, then Fy(x) = F,(y) for all n.

Now we move on to verifying the three claimed properties.

(1) If xp;41 =0 for all i < n, then the first stages of this construction are given by multiplication with
K(0) = 0, which changes nothing; so Ky)(x,) = 0. It follows that Fy(x) = [x2,41 — 0] = [X2441], as
claimed.

(2) Ifa e A*"*! s an odd cocycle, then the first n Kraines approximations have Ky K(a) =0, so
F,,K(a) =0 form < n and F, K(a) = [a — 0] = [a]. On the other hand,

Kn+1)(K(@)) := w(K(a), Ky (K(a)) = u(K(a),0) = K(a).

Because K(a) = K(,41)K(a), this approximation is perfect, and there are no obstructions to finding a
homotopy between these. All higher characteristic classes are zero.

(3) We will prove the final claim by induction. It is tautologous for the case n = 0. Inductively,
suppose that Fj(x,) = F;j(y.) for all i < n and that x, is homotopic to a twisting sequence x/, such that
x;i_'_l = ypi41 for all i < n; because the F; are homotopy invariants, F;(x]) = Fj(y,) forall i <n as
well.

Because Fj(x,) = [X2,+1 + terms with smaller indices], and the lower-degree terms of x. and y, agree,

it follows that
Fn(x:) —Fu(y.) = [x;n+1 - J’2n+1](@~

But, by hypothesis, Fy,(x,) = Fy(y.), s0 X7, 41— Van+1 represents zero in rational cohomology. Because
A has torsion-free cohomology, the map

H*(4) > H*(4)®Q

is injective. It follows that y5;41 —x;n_H is a coboundary in A4; say dhj;, +X’2n+1 = Yon+1. Now apply
Lemma 1.14 to see that we may find a new twisting sequence x”” which agrees with y through degree
2n + 1, so x’ is homotopic to x”. This completes the induction. When A has bounded cohomology, if x
is always homotopic to some x’ which agrees with y through degree 2n + 1, then x is in fact homotopic
to y; simply choose 7 so large that x’ agrees with y except possibly in degrees where the cohomology
of A is zero.

Then one may construct a homotopy from x’ to y inductively; choose /,; = 0 for i < n. The obstruction
to extending this homotopy at each stage m lies in some cohomology group H>™12(A), but we are in the
range where these are zero, so there is no obstruction to extending the homotopy. Thus x is homotopic

Geometry & Topology, Volume 28 (2024)



3738 Francesco Lin and Mike Miller Eismeier

to x’, which is homotopic to y; because homotopy is an equivalence relation, x is homotopic to y, as
desired. d

Remark 3.5 In fact, the final statement should hold without the assumption that 4 has nonzero co-
homology in bounded degrees; we will not use this more general statement.

The first handful of these characteristic classes can be defined explicitly. For instance,
Fy(x) = [xs — 3x3 Uy x3],
where here a Uy b = Ey 1(a,b), and
F3(x.) = [x7 = x5 Uy x3 4 3x3 Uy (x3 Uy x3) — 3 E12(x3: X3, x3)].

The formulas are much more complicated for F,, because one must define this by comparing to
K (x3 , X5 — %x;; Uq x;;), and this twisting sequence has a very complicated formula (albeit one which is
natural for Hirsch algebra maps).

Remark 3.6 If one clears denominators on the formulas for F(x,), one obtains integral cohomology
classes. A more intricate version of the above argument establishes that these are still homotopy invariants,
and in fact the mod 2 Hopf invariant of Definition 2.1 is the integral cohomology class defined by 2 F;.
To argue that these are homotopy invariants, one needs to know that our construction extends to twisting
sequences in By—algebras, that there is a Byo—interval algebra over Z, and that tensor products of
Bso—algebras carry a natural B, structure (defined inexplicitly using an acyclic carrier argument). This is
necessary because it is not at all clear how to give the tensor product of two Hirsch algebras the structure
of a Hirsch algebra. We avoid this by using the commutative interval algebra Q[¢, dt]/(dt)?; when B is
Hirsch and A is commutative, A ® B has a canonical Hirsch algebra structure once more.

4 Examples of Hirsch algebras

In this section we describe the two key examples of Hirsch algebras we will be interested in, namely
simplicial and cubical cochains. While explicit formulas of such structures can be found in the literature
(see [Kadeishvili and Saneblidze 2015] for the cubical case and [Baues 1981] for the simplicial case), we
will provide a description in terms of the recent framework of [Medina-Mardones 2020; Kaufmann and
Medina-Mardones 2022]. This allows both for explicit computations and for a straightforward comparison
between the cubical and simplicial worlds.

The structure operations £, 4 are defined on the cochain algebras of an arbitrary simplicial or cubical set.
To define them, one simply needs to define these operations on the basic algebras C X (A") and C5(I")
and verify that they restrict appropriately to subsimplices or subcubes; that is, one needs to verify that the
Hirsch algebra structures we construct are natural for the various face and degeneracy maps.
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Kaufmann and Medina-Mardones [2022] construct a great many operations on simplicial and cubical
cochains (giving what is called an E structure on cochain algebras). They are defined as particular
composites of two basic input operations, A and x; their boundary relations also involve an operation €.

Not all of these composites are sufficiently natural and so do not define operations on the cochains of an
arbitrary simplicial/cubical set (for instance, the join operation * is only well defined on cochains on I”,
not on arbitrary cubical sets).

However, by representing these operations as particularly simple trivalent graphs, the authors determine
when composites of these operations do give well-defined operations on all cubical cochain algebras.
This will be the case for the operations £, ; we aim to construct.

Remark 4.1 It is not a priori clear whether the Hirsch algebra structure we describe below for simplicial
and cubical complexes is exactly the one appearing in the literature; this will not be important for our
purposes.

Remark 4.2 The signs in what follows (especially in regards to duals and tensor products) can be
rather intricate. The authors found [Lawson 2013] useful in keeping these straight and understanding the

conceptual origin of the various sign conventions.

4.1 Simplicial and cubical cochains as Hirsch algebras

To begin with, we recall the definitions of the basic operations in both the simplicial and cubical settings.
In both cases, we need to define the basic operations A (which we call the diagonal or coproduct),
* (which we call the join or degree 1 product) and € (which we call the augmentation), and verify some
simple relations between them.

Simplicial setup In the case of simplicial chains, A is given by the classical Alexander—Whitney map

q

Alvg, ..., vq] = Z[vo, V) ® Vit Vgl
i=0

the join * is the usual join of simplices given by the Eilenberg—Zilber shuffle product

(_1)i+|n|[v”(0)7 e, v,,(p)] if v; # vj fori # j,

Vo, ..., Ui|*|V; s...,Up| = .
ol lorenl = { oz

where here 7 is the unique permutation such that the above list of vertices is in increasing order, and
(=17l is the sign of this permutation. Lastly, the augmentation is given by

1 ifg=0,

0 otherwise.

8[v0,...,vq]={

Cubical setup For our purposes we will be interested in cubical chains first introduced by Serre [1951]
(with slightly different conventions from ours); see [Massey 1980] for an in-depth treatment of the singular
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version. A cubical set has a set (I (X) of k-cubes in X for all k; these come equipped with a collection
of degeneracy operations and a collection of pairs of face operators (front face and back face). The cubical
cochains Cé‘ (X) on a cubical set X are the set of functions [y (X') — Z which vanish on degenerate cubes.

If the cubical set in question is X = Sing(X) for some topological space X, this gives precisely the
singular cubical cochain complex defined in Massey’s book. Chains in C*D ~sing (X) consist of continuous
maps I” — X; a chain is degenerate if it factors through a projection to a face I” — I"~! — X, and the
normalized cubical chains are obtained by quotienting the complex of cubical chains by the degenerate
ones. Dually, cubical cochains are functions which assign to each continuous map /” — X an integer,
and assign zero to any map which factors through a projection 1" — 1"~

To give explicit formulas for operations on C%(1"), we will use the following basis for the predual space
of chains CZ(1™). The basis elements are length 7 strings in the alphabet {0, 1, I'}; these correspond
geometrically to faces of the cube 1", where 0 and 1 indicate that the given coordinate is fixed, while /
indicates that the given coordinate is free. For instance, 0/ denotes the left vertical edge on the standard
unit square, while 71 corresponds to the top horizontal edge. The degree of a string is given by the
number of I’s in it (so /1 has degree 2, while /07107 has degree 3).

If x is a basis vector for CL(1™), we will write ¢* for the dual basis vector in C2(1"); for instance,

¢% evaluates to 1 on 07 and to zero on all other strings.

The operation A is the Cartan—Serre diagonal, which we now define. First, on the 1-cube / we define
A)=0®0 A()=1®1 AU)=081+IQI.
In general we write

A(x;) = in(l) ® xl.(z)

using Sweedler’s notation for coproducts, where we leave the index of summation ambiguous; experience
shows this causes no real trouble.

We then define
AGxy-xn) = 3 20y xfy @ (P xP),

where the sign is determined by the Koszul convention: whenever we swap two consecutive elements a
and b, the sign (—1)'“| 6] is introduced. For example, on 12,

AIN=00Q I +10R11-0IQI1+1IQ11.

Taking duals, this corresponds to a description of the cup product of two cochains on the square. Explicitly,

000 oIl — 10 (1T — _ 00 (01 _ JIT (11 _ II

’

and these are the only products of monomials which evaluate to e?. As in the case of simplicial chains,
the coproduct A is coassociative; dually, the cup product on cubical cochains makes C(X) into an
associative dg-algebra.
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The augmentation € evaluates on a string X = X -+ X as

R

That is, it sends all positive-degree strings to zero and sends each zero-degree string to 1.

0 if x; = I for some i,
1 otherwise.

The join map (which has degree +1 on chains) is defined as follows. On the 1—cube /, the only nonzero
values are
O0x1=1, 1%x0=-1.

In general, given strings x and y, we define their join to be

Gep ) % (e ) = (DY e(yai)eCesi)x<i(xi # yi) ysi.
i=1

Here x<;(x; * y;)y>; should be understood as concatenation of strings, where, as strings,
X<i =X1 " Xj—1, X>i=Xj41 " Xn,

and we interpret X<; = X>, to be the empty string; and similarly for y-; and y-;. For example, on the
square, 00 « 1/ = II while 00 * /1 is zero.

Remark 4.3 The join operation is not associative on the nose. For example,
(00%10)x11=710x11=—11, 00x(10x11)=00%11 =11.

However, as seen in this example, the join is associative up to a global sign. This is sometimes called
antiassociativity or graded-associativity, and it is a phenomenon forced on us by the use of the Koszul
sign convention because the join operation has odd degree. Precisely, given strings x, y and z, we have

(x*p)kz= (=D x % (yx2).
In fact, up to the overall sign depending on the degrees of x and y, both iterated joins are given by
Y ex)e(r<i)e(y=1)e(z<)x<i(Xi % yi) Vi< () * ¥j)7>
1<i<j<n
where yj<j = yi41---yj—1. This is because the coefficients on all other terms vanish; for instance, in
computing (x * y) * z, if the next join appears at a position j <1, then &(x * y)>; = 0 because this string

includes x; * y;, which is either &7 or 0. In what follows, we will always perform the join operation
starting from the left to avoid confusion with signs.

The operations E, , We will now discuss how to use the operations A and * to construct the Hirsch
algebra structure operations E), 4. Indeed, we will define these to be dual to certain compositions of A
and * on singular chains.

These are easiest to describe in a pictorial fashion using the framework of [Medina-Mardones 2020],
which represents the basic operations A, * and ¢ as graphs as in Figure 1. Our operations will be obtained
by combining the first two; the third one will naturally appear in certain differentials. As a general fact
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PR

Figure 1: The basic operations A, * and . We use a square instead of a dot in the case of ¢.

about operads generated by some basic operations, we may visualize composites of these operations
as immersed trivalent graphs with monotonically decreasing edges, considered up to homotopy through
immersions which fix the endpoints and the cyclic ordering of edges around each vertex. (That is, the

product and coproduct are not commutative: one may not flip the order of their inputs.)

Remark 4.4 Not all such graphs descend to well-defined operations at the level of cochains. Indeed, the
join operation is not well defined for general simplicial or cubical sets (for example, the one obtained
from the interval / by identifying the endpoints). On the other hand, the operations associated with graphs
with only one incoming end always determine a well-defined operation on both simplicial and cubical
complexes [Medina-Mardones 2020; Kaufmann and Medina-Mardones 2022, Theorem 5].

The operations we construct are defined first on chains, and come with a different sign than the one
desired in Definition 3.1 (only depending on the degree of the inputs). To avoid confusion, we will denote
these chain operations by ¢?9: C — C ®(r+4); pefore discussing the graphical calculus, we need to
discuss the conventions for boundaries of operations and their duals.

The differentials of the basic operations A, * and ¢ as elements in Hom complexes Hom(V, W) are
described in Figure 2; the only nontrivial computation is the middle one (see [Medina-Mardones 2020]
for the simplicial case and [Kaufmann and Medina-Mardones 2022, Lemma 4] for the cubical case).

Recall that the differential in Hom(V, W) is defined to be

(4-1) @) () = A(f () — (=D £ (dv).

In particular, in V* = Hom(V, Z), the differential is

() (v) = —(=1)*lp(dv).

In the Koszul sign convention we also have

(4-2) (f ®g)a®b) = (=181l f(a)g(b).

'\ - ARy 0 L=

Figure 2: The differentials (in the Hom complex) of the basic operations.
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Ao 19 AN

Figure 3: Some simple relations (in the Hom complex) among the basic operations.

Observe that there is a chain map
(4-3) Hom(V, W) — Hom(W*,V*), [+ f*, where (f*¢)(v)=(—D)/1®lp(r0).

That this is a chain map amounts to the claim that § /™ = (df)*, which is a straightforward calculation.
Whenever we have an operation ¢?4: C — C®? @ C®4, we define

ep,q — (ePs‘I)*

to be the dual operation, including the sign in (4-3). The fact that passing to the dual map commutes with
the differential shows that any relation we find for the boundary of the e?>?—operations will translate with
no sign change to a relation for the boundary of the ¢, ;—operations.

Next, we should set up the graphical calculus. Some straightforward relations between the basic chain
operations A, t, € and * can be found in Figure 3. Specifically, Figure 3, left, asserts coassociativity
of A; the middle relation is a consequence of the facts that the join of two elements has positive degree
(as the augmentation sends positive-degree terms to zero) and that x* A = 0; and the right follows from
the simple computation that, for positive-degree x,

Ax = X ®x+x®x6+2x(l)®x(2),

where £(xg) = £(xy) = 1 (so that, in particular, x¢ and x;, have degree zero) and each xM and x@ has
positive degree.

For convenience we will also depict its iterated n—fold composition with a “rake” with n outgoing ends
as in Figure 4.

We are now ready to describe the graphs which define the operations ¢?>4. We begin with the operation e !>,

whose corresponding graph can be found in Figure 5. We compute the differential of the operation e!>!
as an element in Hom(C, C ®?) in Figure 6, using the relations of Figure 2. Here recall that (4-1) implies

that, for a composition of Hom elements,

(4-4) A fog)= () og+ (=D f0o(dg).

Figure 4: The definition of the rake; note that the order of splitting is irrelevant in cubical and
singular chains, because the coproduct is associative on the nose.
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Figure 5: The operation e!-!. This is a graphical encoding of a composite of basic operations and
aswap map, (* ® 1)(1 ® t)(A ® 1)A. For clarity, we will in general depict in black the strands
that will end up in the first p positions and in gray the strands that end up in the last ¢ positions.

To go to the second row, we use the last identity in Figure 3. We now dualize to obtain an identity for e i,
which reads
(de1.1)(@®b) = —a-b+ (=1)1lp.q.

(See Figure 6.) Recalling that the Koszul convention for the differential of a tensor product has
da®b)=da®b+ (-2 b,
this, together with identity (4-1), means
dey 1 (a:b) + ey 1 (da: b) + (=1)¥ey 1 (a:db) = —a-b + (=1)\41Plp .4,

We then see that, if we set
Eq1(a;b) = (=1D)l9 e (a;b),
the identity (3-1) holds.

Let us describe now in detail the operations €1 5 and e, ; these will measure the failure of the right and
left Hirsch formulas, respectively. They are described by the graphs in Figure 7. The differential of e¢!-2
is described in Figure 8.

The third element in the first row vanishes because of the second relation in Figure 3. Applying the last
identity of Figure 3 and an isotopy, we finally reach the final form in the last row. After dualizing, this

RN

Figure 6: The differential in the Hom complex of the operation e!!. In the second identity, we
use the fact (which directly follows from the definition of ¢) that we can drag an edge ending with
a square past any other edge.
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Figure 7: The operations ¢'? and 2!

reads
(de12)(a; b, c) = —(=D)eFDPlp o1 (@i ) + ey 1 (a;be) —eq 1 (a;b) -c,

where in the first term the |a| 4+ 1 appears because * is an operation of degree 1; see Figure 9.
Using that e; » has degree 2, so (de12)(@a ®b ®c) = dej 2(a,b;c) —e; 2(0(@a® b ®c)), we see
de1a(asb,¢) = e12(3a; b, ) + (=1)le; 5 (a; 9b, ) + (=) Pley (a1 b, c)
- (—1)(|a|+1)|b|b -er,1(a;¢) +eq1(asbe) —ey 1(a;b)e.
It follows that ey , measures the failure of the left Hirsch formula to hold, and that the operation
Eipab.c) = (=D"Hlei(aib.0)
satisfies the identities of Definition 3.1.

The differential of e; ; is described in Figure 10. The first term vanishes because of the middle relation
in Figure 3 (recall that A is coassociative, so we can drag the bottom A to the top of the diagram). Again

0.9 01D Y
P

Figure 8: The differential of the operation e!-2. The signs are introduced because of convention
(4-4). Here we think of the homological operation, so the figure is to be read from top to bottom.
The convention (4-4) means that the sign of the differential depends on the degree of the operation
to be computed below the place we added a dot, and joins are the only basic operation of odd
degree.
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ay as

a b
Figure 9: The braiding introduces a sign of (—1)l@1/1bI+lazllbl — (_1)(al+DIb| pecause the join

has odd degree. Moving the gray strand below the join changes this sign by a factor of (—1)/?!.

after some manipulations we obtain
@e2,1) (@, bre) = (=D)a-ey 1 (b;e) + (=D)P!ley y (@:¢)-b—ey 1 (abs ).

Here, the (—1)|"| in front of the first term on the right-hand side comes from the relation (4-2), because
the join operation * has degree 1.

We see that e, ; measures the failure of the right Hirsch identity, and that it corresponds to
eza(a.bic) = (D Ey (@, bro).

We now describe a recursive way to determine all the (combinations) of graphs corresponding to the
operations e 4. Consider an immersed downward-flowing graph G with one incoming end and p + ¢
outgoing ends, corresponding to a composition of the two basic operations A and *. We define the
upper and lower (p, ¢)—descendants of G to be the graphs described in Figure 11, which have p + ¢ + 1
outgoing ends. For each, we add two new strands, one which is fed back into another strand and one
which gives rise to a new output. These descendants are called “upper” or “lower” depending on whether
the new output strand begins its life above or below G.

2.2 0:89

Figure 10: The differential in the Hom complex of the operation e¢2-!. Here, the first term in the
right-hand side of the first row vanishes because, by coassociativity, we can move the bottom A
all the way to the top vertex; we then see that our graph contains a “square” (coming from the two
rightmost edges) as in the middle relation of Figure 3.
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|||| . - R |||| .

Figure 11: The lower and upper descendants of a graph G (on the left and right, respectively)
with p black and ¢ gray outgoing edges.

Notice that the graphs of e, ; and e; » are respectively the upper and the lower (1, 1)—descendants of the

graph of e1 1. In general, we have the following:

Definition 4.1 The operation e, 4 is defined recursively to correspond to the signed sum over graphs
obtained by taking the union of the upper descendants of the graphs in ¢, ;1 and the lower descendants of
the graphs in e,_; 4, the latter with an extra sign of (—1)7 ~1. See Figure 12 for the cases with p +¢ < 4.

€1,1

Y €21 €1,2
€31 €22 e1,3

Figure 12: The descendant operations on the graphs of e, 4 with p +¢ < 4.
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Up to an overall change of sign (only depending on the degrees of the entries), these new operations

satisfy the relations of a Hirsch algebra.

Proposition 4.2 The operation corresponding to the sum of graphs e, 4 satisfies, up to an overall sign
change depending on the gradings of the inputs, the relations of the E, ;. More precisely, one sets

(4-5) Epg(X1.... . Xpiq) = (=) -ep 4(X1..... Xpiq).

where

X =

D.q %(P+Q)(P+q_1)+|xp+q—1|+|xp+q—3|+"';

here, the quantity %(p +¢)(p + g —1) only depends on p + g modulo 4, and the sum ends at |x| for
p + ¢ even and at |x,| for p + ¢ odd.

We carry out the proof in the next section; the techniques needed in the proof will not be relevant elsewhere
in the article.

4.2 Proof of the main relation

Before moving on to the general case, let us discuss very explicitly the case of eq 4, (see Figure 13, left),
as it is the case we will be interested in for the actual computations. In this case, the extra complications
mentioned below do not arise, and, generalizing the computation for ¢; ; and e; » above, we obtain

(De1.g)(@:by.....bg) =—e1g-1(@:by.....by_y)-by+(=)IFa=DIITa=Ty 0y @iy, by)
g—1
+ ) (DO Ve o i (aiby. . b bigr. ... by).
i=1
Counting the ¢ join operations in the graph from the top, the first term in the first row corresponds to
deleting the right strand in the bottom join, while the second corresponds to deleting the left strand in the
top join (see Figure 13, middle). Here the sign (—1)Ual+a=11b1l comes from the analogue of Figure 9,
while the extra (—1)9~! comes from the Koszul sign convention for differentials of compositions (4-4).

) 0D D

Figure 13: Left: the graph corresponding to the operation e; , for ¢ = 4. More generally, the
operation starts with a rake with 2¢ + 1 outgoing edges. The edges in odd positions are black, and all
merge together. Middle: the graphs corresponding to the first row of the formula for de; ,. The terms
in the last row are obtained by removing the interior edges; the case i = 2 is depicted on the right.
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AT Il

f
|
ZIS///

Figure 14: Some new operations.

The terms in the last row are obtained by deleting the right strand in the first ¢ — 1 joins (see Figure 13,
right). It is tedious but straightforward to directly check that after the performing the indicated change of
sign we obtain exactly the relations that £ 4 satisfies.

To keep the proof of the general case readable, for the rest of the section we will work without keeping
track of signs. These can be recovered in the same way as in the concrete examples we have discussed.
In particular, one should be careful of signs introduced when braiding (as in Figure 9), and of signs
introduced by (4-2) when taking joins between strands which are not the two leftmost (as in the case of
the computation for e, ); see also the definition of f - g below.

Remark 4.5 These signs do not appear in our case of interest e, ,, because this operation always takes
the join of the two leftmost strands.

Because Ep 4 and ep 4 only differ by a sign, we only need to prove the analogous recurrence relation for
the differentials of the ej, 4 as elements of the relevant Hom complexes. To state the relation, it is helpful
to name some operations one can carry out on these Hom complexes.

We say a map
f=/fpq:C—C®P»C%

is a (p, q)—operation; the relevant operations for us are represented by trivalent graphs as in the previous
section. Given a (p, g)—operation f, there are a handful of relevant ways of producing new operations
(see Figure 14):
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e Suppose p > 1. For 1 <i < p, we write f'm; for the (p+1, g)—operation whose dual is defined by

(fmi)*(xl’""xp-‘rl;yl""’yq):f*(xla"'7xixi+17"'7xp+1;y1’-"’yq);

pictorially, this is obtained by adding in the bottom of the picture for f a coproduct on the i
black strand.

e Suppose ¢ > 1. For 1 < j < ¢, we write fn; for the (p, g+1)—operation whose dual is defined by

() (X1, oo Xpi V1o s Vg+1) = SF X0 e Xpi V1o Vi Vit L e e s Vagt+1);

pictorially, this is obtained by adding in the bottom of the picture for f a coproduct on the ;j®
gray strand.

e Suppose f is a (p,q)-operation and g is an (r, s)—operation for p,q,r,s > 0. We write f - g for
the (p+r, g+s)—operation whose dual is defined by>

(f'g)*(xl,---,xp+r§y1»---»yq+s)

= (_l)ef*(xl,---,xp;J’lw--7yq)'g*(xp+1’---,xp—i-r;J’q-i-l’---’yq—i-s)»
where p+r q p q
e=( 3 bpwat)( X t) +lel( bl + 1)
i=p+1 j=1 i=1 j=1
is the sign of moving (Xp41,...,Xp+r) across (y1, ..., yq) together with the Koszul sign from

applying f ® g. Pictorially, this is obtained by placing the pictures of f* and g next to each other,
and braiding the strands in the bottom.

Finally, if f isa (p, g)-operation for p > 1, we denote the operations corresponding to the upper and lower

descendants by f* and f’; these are respectively (p,g+1)— and (p+1, ¢)—operations. For example,

e1,1 = e} ;. The operation e{ o 1s also defined, but it is zero as it contains a bigon. We define ¢p 4 for

(p,q) = (1, 1) via the recursion relation

— Ll ) .
pa = €pg-1T1 Cp-1.g°
see Figure 15 (recall that we are suppressing signs for simplicity).

Proposition 4.2 then follows from the following:

Proposition 4.3 The boundary of the operation ep 4 in Hom satisfies the recurrence relation

p—1 g—1
depq = Z €p—1,gMi + Zep,q—lnj + Z €p—i,q—j " Ci,j>
i=1 j=1 (p,q)>(i,j)>(0,0)

where we suppress signs for simplicity.

We will prove this by induction. To set up the inductive analysis, we will need to understand the behavior
of some the different operations with respect to taking upper and lower descendants.

SWe spell out here the sign for the interested reader, but will suppress it from now on.
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Figure 15: The recursive definition of e, 4 in terms of ¢,_1 4 and e, 4_1; the operation e, 4 is the
sum of the operations corresponding to the depicted graphs. Recall that each of ¢, 4 and e, 41
corresponds to a sum of graphs itself.

Lemma 4.4 We have the following standard relations:

(1) d(e;’q_l) =epg—1-€0,1 + (depg—1)".

2 d(ell,_l,q) =é€p—1,q-€1,0 T+ €p—1,gMp—1 + (dep—l,q)l-

(3) Forl <i < p—2, we have e“ (mi = (ep—1,4g—1m;)" and ell,_zqu,- = (ep_z,qmi)l.

; /
j = (ep,g—2nj)*. For1 < j <q—1, we have € 1g—1

_lﬁq_
(4) Forl1<j<gq-2, Wehavee;’

(ep—l,q—lnj)l-

(5) Fori>0andj—12>0,wehave (ep—iq—j-eij—1)"=ep—ig—j-e

u
isj_l'

(6) Fori >1andj >0, we have (ep—ig—j-€i—1.j) = ep—ig—; -e{_l’j.

€p—14q

A liA

Figure 16: The terms in the differential of Figure 15 obtained by resolving the join outside the box.
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€p,q—1 €p—1,4q

A

-

We also have the following “edge” cases:

Figure 17: Simplifying the terms appearing in Figure 16.

@ (ep—1,g9-1Mp—1)" = (ep—1,4-1-€0,1)".

(b) (ep,g—2-€0,1)" =€, , g1
Let us discuss how these identities can be proved pictorially. Regarding (1) and (2), when taking
differentials, one either resolves joins inside the box, or the new one introduced by taking the descendant.

The former correspond to the descendants of the differential of the operation in the box, ie (dep 4—1)"
and (dep_liq)l , respectively. The latter are identified with the claimed terms in Figures 16 and 17.

The identity (3) is proved via Figure 18 by moving the coproduct in the box to the bottom of the picture;
notice that, for the second, when i = p — 2 one also uses coassociativity of the rake.

Identity (4) is proved in the same way via Figure 19.
Identity (5) and (6) are proved via Figure 20.
Finally, the relations (a) and (b) are obtained by inspecting Figures 21 and 22, respectively.

Proof of Proposition 4.3 We prove this by induction on (p, ¢). The claims for (p,q) = (1, 1), (2, 1),
and (1,2) were shown in the preceding discussion. We will first establish the claim for e, ; and e g4,

il
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Figure 19: Left: (ep4—2n;)*. Right: (ep—14—11;)!. The identity is proved by moving the

coproduct in the box to the bottom.

3753

then e, 4 for p,q > 2. Because it is straightforward to include signs but they obscure the argument, we

suppress them.

For ej 1 with p > 3, we have by Lemma 4.4(2) that
(4-6)

Using the inductive hypothesis, we may write

p—2
! I ! !
(dep—1,1)" =D (ep—2,1mi) + (ep—2,1-€1,0) + (e1,0-p—2,1).

i=1

€p—ig—j

€p—ig—j

Figure 20: Left: (ep—ig—j-€i,j—1)" = €p-iq—j-€; ;- Right: (ep—ig; ceim1 ) =epig—; 'ef_l,j.
The empty boxes represent the braiding as in Figure 14, bottom. The identity is proved by moving the

relevant part across the empty box.
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Figure 21: This picture can be interpreted as both (ep—1,g—171p—1)" and (ep—1,4—1 'eo,l)l.

Applying Lemma 4.4(3) and (6) and the assumption p > 3, we obtain
p—2
Sl 1 el derg-el
€p—2,1Mi T€p—2,1"€10T€1,0°€5 31"
i=1
The second term contains a bigon, hence vanishes; the others simplify to Zf’ :_12 ep—1,1Mi +e1,0 ep—1,1.
Substituting this into (4-6), we obtain the desired relation for dep, ;.

The argument for e 4 when ¢ > 3 is similar, and in any case was discussed with signs in the previous
section. Now suppose (p, g) > (2,2), and the boundary relation for de; ; is known for all (i, j) < (p,q)
(meaning i < p and j < ¢ and at least one of those inequalities is strict).

By Lemma 4.4(1)—~(2) and the definition e, 4 = €% | + e;,

p.9— 1,9’

depq = dez,q_l + (—l)q_ldeé_l,q

[
=epg—1-€0,1 +ep-14-€10+t (=D¥ep_1gmp_1+(depq-1)" +(dep—1,4)".

Using the inductive hypothesis, recall that

p—1 q—2
depg—1 = Z €p—1,g—1Mi + Z €p,q—2Mj + Z €p—i,q—j " Ci,j—1
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and

p—2 q-1
dep—1,4 = Z €p—2,4Mi + Z ep—1,g—11j + Z €p—iq—j Ci—1,j-
i=1 j=1 (p—1,9)>(i—1,j)>(0,0)

Applying Lemma 4.4(3)—(4), the first terms of (de, 4—1)* + (dep_lgq)l simplify to

p—2 p—2
u u I _ u .
(ep—l,q—lmp—l) + Z(ep_Lq_lmi + ep_g’qmi) = (ep—l,q—lmp—l) + Z €p—1,qMi,
i=1 i=1
while the second terms simplify to
q—2 q—2
I u . l N Ll .
ep—tq-1"a-1+ D (€p gl €yt g1 M)) = oy g iflgt + Y Cpgrty.
Jj=1 j=1
This gives almost precisely the terms in the first two parts of the desired relation (there is an extraneous
u . - u ) .
(ep—1,4g—1Mp—1)", amissing ep_1 gmp_y, and a missing e, ,_,n4—1; but notice that e, 1,41, arose
elsewhere in the differential of de, 4 itself).

Now apply Lemma 4.4(5)—(6) to the upper and lower descendants of the last terms. We obtain

/
(ep.g—2-€0,1)" + (ep—1,g—1-€0,1)" + Z Cp—ig—j " €ij_1
/
+ Z €p—ig—j " Ci-1,j-
(r—1,9)>(—1,/)=(1,0)

We investigate the terms contributing to e,—; 4—; - ¢;, ; from this sum. Because whether or not e; ; is
defined in terms of one descendant or both depends on whether or not 7, j > 2, we have to do some case
analysis:

e When (p.q) > (i, j) = (2.2), the expression ep—jq—; - (¢;;_; + el{_l j) = €p—ig—j " ¢i,j appears
in the sum above.
e For (i,j)=(1,j)and j > 1, we have ey ; = ef i and only this term appears in the sum above.

e For(i,j)=(i,1)andi >2, wehave ¢; | = ef_l |» but there are in principle two terms contributing
. . i u /
to €p_j g—1-¢;,1 in the sum above, which contains e,_; ;1 - (el.’0 + el._l’l). However, because
i > 2, we have e¢; o = 0 and thus the first term is zero.

* Neither e,y 4-€1,0 nor e, 41 - €p,1 arise from the expressions in the larger sums.

Thus this large sum simplifies to Z(p,q)>(i,j)z(l,1) ep—iq—j - €i,j. Further, recall from the expression for
dep 4 at the beginning of the argument that e, ,_1-€g,1 and e,_1 4-€y ¢ arise elsewhere in the differential
of dep, 4, accounting for all remaining (i, j) > (0,0). We have shown so far that

p—1 q—2
— . . . . . . u
depq = Z €p—1,Mi + Z €pq—1Nj + Z ep—ig—j€ij T (€p—1,4-1Mp—1)

/ /
+ep 1 g1g-1+ (€pg-2-€0,)" + (¢p-1,4-1-€0,1)".
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Now apply Lemma 4.4(a)—(b) to see that the first and last terms cancel out, while the second and third
terms sum to give e, 4 114—1. Thus this gives us the desired relation

p—1 q—1
dep,q = Z €p—1,gMi + Z €p,q—11j + Z €p—i,q—j " Ci,j-
i=1 j=1 (p.9)>(i,j)>(0,0)

This completes the induction. a

4.3 Some explicit computations in the cubical setting

In this section we give an explicit combinatorial interpretation of the operations E , in the case of
cubical sets; this will be needed in Section 5.2 when discussing the Kraines construction in the cubical
cochains on the torus.

To get first some concrete understanding, let us begin by computing the operations £ ; and E; > in
the case of the square. It will be useful to refer back to Figures 5 and 7, which include diagrammatic
representations of both of these operations. Recall that

A(II)=00|11—-01|I1+10|1I+11]|11;
here we write bars between tensor factors instead of ® to save space.
Computing the diagonal on the first term again we obtain
(ARId)o A(II)=00|00|I1—00|01|I1—0I|01|I1+00]|70|11+10|10|17400|11]|11
—O0I | I1|11+ 10| |11+ 1T |11|11.

The underlined terms are the only ones for which the join of the first and third terms is nontrivial; the
result of the operation associated to the graph of Figure 5 is then

(4-7) eIy =1+ 11) |11 —11|(I0+11).

Here the extra minus sign for /7 | 70 is introduced because in order to compute the operation we need
first to swap the second and third terms, and for 00| /0| 1/ a sign is introduced as both are odd. Recalling
now that ey ; is the dual of el! and we use exponentials to denote the dual basis, we see from (4-3) that

e11(®L, eI = =T @ el (e (1) = — (! @ )OI R IT) =1,

OI,eII)= II|)

soej (e —e!! Here the minus sign in the first equality arises because ler1]- (1] + e

is odd, and no sign introduced in the second equality by (4-2). An analogous computation shows
or. I1 I11. 11 11 I1I. 10 11, 11 11
er(e’ e’ )y =ep(e et )=—e", epq(ee ) =ep (e’ e )=e"".

Recalling the sign discrepancy E (a;b) = (—1)|“|+lel,1(a;b), we obtain that the only nontrivial
E 1 1—operations on the square with degree 2 output are

of. II I, 11 I1. 10 I1. 11 IT
Ei(e e )=E1(e e’ )=E1(e e )=Ej1(e e’ )=—e"".
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Similarly, one can compute the effect of the graph associated to ¢!>2 on I1; there are many terms appearing
after applying A five times, but the only term for which the iterated join of the first, third and fifth elements
is nontrivial is

0070|1017 11.
This corresponds to the output
el2(Iny =—11110|11,

where we use the computation
00%10) %11 =710%x11=—11,

and no extra sign is introduced when permuting the elements. This in turn means

1y _ I

e1a(el;el0 e e’

where we use that e > has even degree and that there is an extra minus sign coming from (4-2); because
of the sign discrepancy E; >(a;b,c) = (—1)|b|+1e1,2(a; b, c), we have E1’2(e”;elo, ey =ell,

To perform more involved computations it will be necessary to have a concrete understanding of these
iterated coproducts in general. In what follows, to describe a basis element of CL(1™) we will pass freely
between the geometric language of faces of the cube I” and length » strings in 0, 7, 1; a k—dimensional
face corresponds to a string with k& appearances of 1. Given a face F corresponding to a string x, we say

min(x) = min(xy) - - - min(x),
and similarly for max(x), where
min(0) = max(0) =0, min(l) =max(1) =1, min(/) =0, max(/)=1.

For instance,
min(0/1/) =0010, max(0/17/) =0111.

The following result is a direct consequence of the explicit formula for the coproduct by induction on &:
Lemma 4.5 On the n—cube, the k—fold iterated coproduct of I" is given by the signed sum of all
sequences of faces F1 | ---| Fj for which:

e min Fy = 0" and max Fj = 1".

e max F; =min F; fori =1,...,k—1.

For each j, the j™ coordinate is equal to I in exactly one of the F;. Therefore we may associate a
permutation w:{1,...,n} —{1,...,n} such that 7(1) is the position of the first I in Fy, through 7 (| F1|)
the final I in Fy; then (| Fy|+ 1) is the position of the first I in F,, and so on. Then F1 |---| F}, appears
with sign (—1)I7!, the sign of the above permutation.
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Figure 23: The front (solid) and back (dashed) edges for the square and the cube.

The last statement can also be rephrased as follows: for each face Fj, consider the ordered string I; of
the positions at which I appears; then the sign of Fy |---| F in the iterated coproduct is the sign of the
concatenation of the strings (/y, ..., I}), thought of as a permutation of {1,...,n}.

Joins can be described in terms of faces in the following way. For a k—dimensional face F (corresponding
to a string x1, ..., X, with k entries equal to 1), we define its back edges to be the edges obtained by
substituting to the substring of I’s a string of zeroes, followed by exactly one /, followed by ones. For
example, the back edges of the cube 7 are 007, 071 and 711; see Figure 23. Similarly, we define its
front edges to be the edges obtained by substituting to the substring of I’s a string of ones, followed by
exactly one I, followed by zeroes. For example, the front edges of 711 are 7100, 170 and 111.

We may give a description of the join of two faces as follows (for instance, by induction on n):

Lemma 4.6 Consider two faces Fy, Fy of I" for which max Fy < min F;. When this is the case,
Fox Fy = Z(—l)'F‘)'G, where the sum is taken over every face G of dimension | Fy| 4 | Fy| + 1 such
that:

e min Fy < minG.

e max G < max Fj.

e [If F is the unique face with max Fy = min F' and max F' = min Fy, then G N F is an edge, which
is a back edge of F and a front edge of G.

We are now prepared to give a completely explicit description of the operations E1_p.
Proposition 4.7 Given faces Gy, Gy, ..., Gp of I", we have that El,p(eGO; el .., eG") = tell~1
if and only if the following hold:

(1) maxG; <minG;4q fori =1,...,p—1.

(2) Foreachi =1,..., p, GogN G; is either empty or one-dimensional; if it is nonempty, it is an edge
which is a front edge for Gy and a back edge for G;.

(3) Foreachi > 1, there is exactly one position k; such that both strings Fy and G; have k;th entry I,
and furthermore the sequence k1, ..., kj is increasing.
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(4) If1<i<j,G;and G; donot have an entry I at the same position. Furthermore, for each k, there
is a face G; (possibly i = 0) whose k' position is I.

Provided that the faces Gy, G ..., Gp are odd-dimensional, the sign is given by

(=1D7F -sign(m),

where 7 is the permutation of {1, ..., n} obtained by replacing, in the string of positions of the I'’s in Gy,
the position k; with the string of positions of the I ’s in G; for all i > 1. For example, it G has string of
positions 2345 while G| and G, have strings of positions 267 and 1489, then sign(rr) is the sign of the
permutation (267314895).

Remark 4.6 The computation of the operations £, ; leads to a similar result with the roles of back and
front reversed. This symmetry (up to sign) is rather surprising because the graphs of £, | and E , are
very different. Indeed, it does not at all hold in general Hirsch algebras; in simplicial cochains, e, 4 = 0
for all p > 1, while the e; 4 are in general nonzero.

The proof is best elucidated by working out some more involved concrete examples on I3 first. Let us
focus on the nontrivial products E »(a; b, c) with |a| =2, |[b| =1 and |c¢| = 2. One can see that these
arise from two terms in the iterated diagonal, namely

000|700|100| 177|111,

for which the iterated join is
(000% 100) x 111 =100 111 =—111—101

and corresponds after dualizing to the products

IIl;eIOO’eIII) — 81,2(6’101;6100,6”1) — _eIII.

’

e,2(e
hence,
Elyz(elll;eloo’elll) _ El’z(eIOI;elooyelll) —rs
and
—000]070|010| 711|111,

for which the iterated join is

(000%010)« 111 =070 111 =—-011

corresponding to el,z(e()”; @010 oIy — o111 hepce,

El,z(eOII;eOIO,elll) — eIII‘

For the sign computation, notice that e!>? has even degree and no sign is introduced when permuting
terms or evaluating as in (4-2). See Figure 24 for a visualization of such products in terms of front and
back edges.
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Figure 24: The nontrivial operations E 2(a; b, ¢) with faces |a| = 2 (the lightly shaded square)
and || = 1 and |¢| = 2 (the dark edge and square, respectively). When the lightly shaded square
and a dark face intersect, the intersection is a front edge for the lightly shaded square and a back
edge for the dark face.

Proof of Proposition 4.7 Recall that the operation E , corresponds up to an overall sign to the graph
obtained by taking a rake with 2p + 1 outputs, and taking joins (in increasing order) of the elements in
the odd positions.

We will show that the stated conditions are necessary; sufficiency follows from a similar analysis. Notice
that the image of /™" under the (2 p+1)—fold iterated diagonal is the sum over all sequences of 2p + 1
faces Go, F1,G1, F»,Ga, ..., Fp, Gp for which:

¢ max F; = min G; and max G; = min Fj4;.
e min Gy = 0”.
e maxG, = 1"

We need then to take (up to signs) the iterated joins of the G;. From this (1) readily follows; notice also
that the sequence of the F; determines the whole sequence of faces. For (2), the main observation is that,
because max G;_; = min F; and max F; = min G;, by Lemma 4.6 each face G of the join G;_1 % G;
intersects F; in a face which is in the front for G and in the back for F;. Inductively, taking the iterated
join with the following G; 4 will either preserve this intersection property, or make the intersection empty
(see Remark 4.3). To see that (3) and (4) hold, notice first that, for each k, there is exactly one of the
G; or F; whose k" element is I; the uniqueness of the intersection index k; follows from the previous
discussion, and the fact that the sequence is increasing follows from the fact that the iterated join of the
G is nonzero.

To see that the sign of the output is the claimed one, we need to be very explicit about all the signs that are

G

introduced. First, suppose El,p(eGO; e ..,e9) = +e!I'l Reversing this, we may write e? (")

as follows. First we take the iterated coproduct A2P+1[" which gives

Y (=D [Fo |Gy |-+ | Gp | Fp).

Write I and Jy, for the string of I’s in Fj and Gy, respectively; then € is the sign of the permutation
needed to put (Ig, Jy, ..., Jp, Ip) in order (where each Iy and Jy is already listed in its natural order).

Next we braid the entries to send this to (—1)€1€2[Fy|---| F,| Gy |--+| Gp]. Because each G; is assumed

to have odd degree, this costs a sign of €, = Zle i|Fil.
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Next we take the iterated join of the first factors. Because each join costs a sign equal to the degree of the

first input and we are iterating this procedure, this produces (—1)€1T€2T€3[Go | Gy |-+ | G,], where
p—1

€3 = | Fol + ([Fol + | Fil+ 1) -+ (1Fol 4+ Fputl + p—= D) = Lp(p—1) + Y (= NI F.
j=0

Further, by the assumption that this iterated join is nonzero, o < {ji} <--- <{jp} < Ip, where the string
of positions of Gg is Io U {ji} U---U{jp} U I, and each j; € J;. Thus (—1)¢! is precisely the term
sign(7r) appearing in the statement of the proposition. Next,

P
ete=3p(p—1)+) (plFl.
i=0

By the assumption that |G| has odd degree, we know that |Go| = p + ) _|Fi| is odd, so Y_ |F;| =
p — 1 mod 2; thus this expression simplifies to %p(p -D+plp—-1= %p(p —1).

We have justified that e!?(1") gives a signed sum over terms [Gq | Gy | -+ | Gp], where the sign is
(—=1)P(P=1/2 gign(7r) when all of the |G;| are odd. We should now pass to the dual operation. We have

[e1,p(e1e%1, L eMUM) = (D) ® T @ @) (P (IM)
— (_1)€4+P(p—1)/2 -sign(7) (e Q@ - ® %) (G ® -+ ® Gp).
Here €4 = p(|Go|+|G1]|+---+1Gp|) = p(p + 1) = 0 is introduced by the Koszul sign rule for the dual
operation. Using the Koszul sign rule for applying tensor products of operators (4-2), we find that this
simplifies to
(—1)PP=D/2%es gion(7)e0(Gy) -+ - 97 (G ).
p

i=1
sign (—1)? - sign(7m). a

where (because all the |G;| are odd) €5 = i= % p(p+1). This leaves us with precisely the claimed

4.4 Comparing simplicial and cubical cochains

We conclude by discussing how our two main examples, simplicial and cubical cochains, are related.
This will be important because simplicial techniques are much more flexible geometrically (a simplicial
approximation theorem holds, while a cubical approximation theorem is at the very least much more
subtle), whereas cubical techniques provide the perfect setting for a minimal model of cochains on the
torus.

Consider the cellular collapse map
ET"— A", (x1,....xXp) > (X1, X1X2, X1 X2X3, ..., X1 X2 Xp).

Here we consider the model for A” given by the elements ()1, ..., y,) € I" for which y; > y, >---> y,.
This induces the so-called [Eilenberg and MacLane 1953] Cartan—Serre comparison map

Ex: C*A_Sing(X) — C*D_Sing(X), o> 00k,
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We will be interested in its dual map

¥ O g (X) = Cx_ e (X).

—sing(
By [Kaufmann and Medina-Mardones 2022, Theorem 15] or [Serre 1951], this is a quasi-isomorphism of

algebras. They also prove that £* preserves the operations coming from “shuffle graphs”. We can use this
to prove the following statement:

Theorem 4.8 The dual Cartan—Serre comparison map £* is a quasi-isomorphism of Hirsch algebras,
where the Hirsch algebra structure is given by the operations E 4 described in the previous sections.

Proof This is essentially proved by Kaufmann and Medina-Mardones [2022, Section 5.6], who show
that those operations which correspond to shuffle graphs are preserved by £, and thus their composites
do as well. The key point in their argument is that, even though the Cartan—Serre collapse map & does not
preserve joins of faces in general [loc. cit., Section 5.4], we at least have that £, (x * y) = &4 (x) * £ (p)
whenever x < y, where < is the partial order on the faces induced (via tensor product) by 0 < I < 1 [loc.
cit.,, Lemma 11]. In particular, this implies that, in our notation,

Ex(FxG) =&4(F) % £4(G) if max F <minG.

Now the graphs which define our operations e, 4 are in general not shuffle graphs, nor are they in general
composites of shuffle graphs; for instance, e, ; is not given by a composite of shuffle graphs. Nevertheless,
these operations only involve taking joins of faces F' and G with max F' < min G; this follows via the
observations about maxima and minima in Lemmas 4.5 and 4.6 from the fact that, for our graphs, the
black subgraph (which is the only part involving joins) is embedded. O

5 Twisting sequences on the torus

In this section, we specialize our construction to the case of the simplest cubical realization of the torus.
Our machinery will then allow us to compute certain twisted cohomology groups of the torus in a purely
combinatorial way.

5.1 A Hirsch structure on the exterior algebra

What we would like to assert is that the torus is formal. If we have a zigzag of algebra quasi-isomorphisms
from C X (T) to its cohomology A*Zb for some simplicial torus T, then we may transfer twisting sequences
along this zigzag. If all the relevant maps are Hirsch algebra maps, we can determine what the given
class is transferred to.

Unfortunately, the most obvious choice of zigzag (coming from the Kiinneth theorem) consists of dg-
algebra quasi-isomorphisms which are not Hirsch algebra maps. It follows from our results below that
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there cannot be a zigzag of Hirsch algebra maps from C(T) to A* (ZP) unless the last term has a
nontrivial Hirsch structure (the cup-1 product, for instance, must be nonzero).

Instead of seeking some ad hoc sequence of Hirsch algebra maps, our philosophy is that there should
be a zigzag of Hirsch algebra quasi-isomorphisms between any two models for cochains on the torus.
Furthermore, there is a reasonable model for the torus whose cochains have zero differential, so return
the exterior algebra itself.

Definition 5.1 We write le for the cubical set obtained by pasting together opposing faces of the
cube 07 by the identity map. This cubical set has (2) k—cubes, which are in bijection with k—element
subsets of {1, ..., b}; in particular, it has a single vertex and single top face. We call 7" 1b the minimal torus.

Notice that the algebra C3 (T lb ) is canonically isomorphic, as a dg-algebra, to A*(Z?). However, being
the normalized cubical cochains on a cubical set, this carries significantly more structure: as discussed in
Section 4, this cochain algebra is naturally a Hirsch algebra.

In this section, we will describe parts of the Hirsch structure explicitly, as well as define some combinatorial
operations which turn out to be related. In the next section we will explain the relationship.

Let A*(Z%) be the exterior algebra on n elements el ..., eb. Identify a basis for this algebra with
expressions of the form e/, where I C {1,...,b}is a subset; if I = {iy,...,ix} with iy <--- < iy, then

el =it Avoon ek,
Under the identification, we have the following:
Proposition 5.2 The Hirsch algebra operation E; , on A* (Zb) is given as follows: the operation
Elsp(ej; et ., ell’) is nonzero if and only if
e I;jNIy =@ forall j #k;

e the intersection J N Iy = {ji} is a singleton for all k and j; <--- < jp.

In this case, the output is +e¢” Y 11YYIp  To be more precise about the sign, assume that |I;| is odd for
all i and write J = Jo < {j1} < Ji <--- <{jp} < Jp. Then

Elyp(e“’;ell,...,elp) = (=1D)Pelo nelt nelt oo nelr pedr.

That is, one replaces each jj with the set I, together with an overall sign of (—1)?.

Proof This directly follows from the computations for cubes in Proposition 4.7. For example, the
configurations in Figure 24 correspond to

Epa(e'?iel e?) = Epp(e'?iel e?’) = —Ey5(e?re?, ') = —e '
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Going from the cube to the minimal torus, one essentially forgets about the entries 0 and 1 of faces and
only keeps track of the position of the I’s. The result then follows from the observation that, for each
sequence of subsets I; and J as above, there is exactly one choice of faces F; and Fjy of the cube for
which 7 is at the right position and which satisfy the relations in Proposition 4.7. |

In the operations E p, the first input plays a very different role from the remaining p. On the other
hand, it turns out that there is a symmetric operation — which we will call the insertion product— which
captures the behavior of all of the £y, and their composites. This insertion product and its properties are
then crucial to our analysis of the Kraines construction K («) on an element a € A3(Z?), as K(a)an+41 is
obtained by summing over all possible iterates of the operations £ ; (with appropriate scalar factors).
To define this, we must make a brief diversion into combinatorics of subsets of {1,...,n}.

Definition 5.3 Let {Iy,..., I;,} be a collection of subsets of {1,...,b}. Write the elements of /; as
{x 11 <o < x]i.j j. We say the graph realization R(I1, ..., Iry) is the following graph: each /; is associated
to the connected graph with |/;| vertices (labeled by {x}, e ,le.j 1) and |/;| — 1 edges (connecting le.‘
and le.‘ thyif 1 i N I is nonempty, we identify the corresponding vertices in the associated graphs.

Notice that in R(/4,..., I) a pair of vertices might be joined by multiple edges. The conditions in the
definition of E| , amount to saying that R(J, I, ..., I) is a tree which is obtained by pasting disjoint
line segments (corresponding to the [ ) at various distinct points of a base line segment (corresponding
to J), as well as a condition to guarantee that only one ordering of /y,..., I, gives a nonzero output.
This leads us to the following definitions:

Definition 5.4 Let {/;,..., I;;} be an unordered family of subsets I; C {1,...,b}. We say that this
family is l-regular if R(1y, ..., I,;) is a tree.

The condition of 1-regularity essentially means that there is some reordering of this tuple such that the
iterated cup-1 product of /1, ..., el is nonzero. Whether or not a family of subsets is 1-regular can be
determined by a greedy algorithm. At each stage we have chosen k distinct elements from this set so that
Ij, ..., Iy, are 1-regular; we next determine if there is some [,  , which intersects the union of these
exactly once. If not, the family is not 1-regular. If so, continue the algorithm.

Definition 5.5 We define the insertion products to be the symmetric multilinear maps
Jm: AF(Z2)®™ — A*(Z2)
of degree 1 —m such that

(et ety = {ie[lumubﬂ if (I1,..., I;m) is 1-regular,

0 otherwise.

To be explicit about the sign, one may reorder the /; so that this is computed as an iterated £ ; product,
with the signs of Proposition 5.2; the result is independent of the choice of order.
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Remark 5.1 One may also define the sign inductively: Suppose R(13,..., I,;) consists of kX components
Ry, ....0Lm)=R(Iy,1,....01;))U---URg 1,..., le_,.k).

The sign on the insertion product of these k terms is already defined, by induction; after reordering them
so that their intersections with /; are increasing,

: 1 1 1. ; 1 Iy : 1 Iy
Jm(e™, . ety = Eq (et ji (et et ) Lo g (efR Ll e Rk )
using the higher operations in Proposition 5.2.

I

It follows from multilinearity that, if a = ) jare’, we have

jma,...,a) = Z all~--a1mjm(ell,...,elm).

(I1,...; 1) 1-regular
I; #Iy forall j#k

Here the sum is over all ordered sequences. If (I, ..., I,) is 1-regular, any permutation of this family

of sets is again l1-regular and is distinct from the original family, because each /; labels a distinct subset
of {1,...,b}. Because j,, is symmetric, it follows that we may rewrite this as

Jm(a,...,a) =m! Z ar, ---ay,, jm(e’t, ..., e’m),
{I,....,1n} 1-regular
where the sum runs over unordered sequences. In particular, j,(a,...,a)/m! is always defined over the
integers. It is worth giving a name to this operation.

Definition 5.6 Let « € A*(Z?) be an odd class. We say that the insertion powers of a are

a
m!

Explicitly, if a = Y ayel, we have

om . I I
a = Z all.”alm.]m(e 1,...,3 m)
{I1,....];n} 1-regular

5.2 The Kraines construction and the insertion product

For the duration of this section, we write A* (Zb ), together with its Hirsch algebra structure, as A, which
we constructed in Section 4. It follows that the bar construction BA carries a product ;t: BA® BA — BA
(see Theorem 3.2). From this, and the inclusion A = (BA); < BA, we defined in Lemma 3.6 operations
corresponding to iterated multiplication. In our case of interest these operations turn out to be symmetric
in their inputs, and in fact equal to the insertion product of the previous section.

For convenience, we state all results in the following theorem for odd classes. They hold for arbitrary
elements of A with suitable signs, but we do not need them. The main result of this section is the following
characterization of iterated multiplication in BA. We give an explicit formula for the repeated product,
and prove that it is both symmetric and associative.
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Theorem 5.7 Define the map [, : A®" — BA by iterated left multiplication with the operation ji; that
is, u3(ay, az. a3) = p(lail. p((azl. [a3])). Then the component

fy: (A8 — A = (BA),

on odd-degree inputs is precisely the insertion product j.

Proof We prove this by induction on m. The claim is tautological for m = 1, where /,L% (a) = a and
ji(@) =a.

Supposing the claim is true for 1}, for all m < n, we will prove the claim for .. Because p, is multilinear,
it suffices to verify it on basis elements e for I C {1,...,b} a subset. We write aj = eliforl <j<n.

The key point is Lemma 3.6. To recall notation, if J = {j; <--- < ji} C{2,...,n}, we write

p D) = g agys . az,);
if Jq,..., J is alist of subsets, then we write ! (J; |-+ | Ji) = ['(J1) |-+ | ' (Jx)]. In this notation,
Lemma 3.6 tells us that

pn-1(@z.....an) = > p Ur L] e
J1seens Jk C{2,...,n}
J1U--UJ={2,...,n}
JiNJ; =@ fori#j
Next, our inductive hypothesis tells us what each expression ! (J;) is. Each J; parametrizes a set of
monomials e’k ; we may compute their insertion product, and p' (J;) = j(J;) by the inductive hypothesis.

So we may write the above sum as

pn-1(az, ... an) = > LUl

J1ye Jk C{2,...,n}

J1U-UJ={2,...,n}

JiNJj =@ fori#j
Next, if a; = e, when we apply p([a1], tn—1) We obtain

pn(@y.az, ... .an) = > Eqg(e’: j(JID). .. j (k)
J1seees Ji C{2,...,n}

J1U--UJ={2,...,n}
JinJj =@ fori#j
Here j(J;) is the insertion product of the elements el* for k € J;. This is given by +eUJi | where
U Ji = Ugey, k-
By Proposition 5.2, if the above expression is nonzero, then the subsets ( ) Jy, ..., Jx are necessarily
disjoint with I meeting each of them exactly once, so the graph realization
R(Iy,....1y) = R(Jy,....Jg)

must be a forest of exactly k trees, and / meets each tree exactly once—so R(/, I,,..., I,) is a tree
and the family is 1-regular. Further, £ , is precisely given by the insertion product.
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Therefore, if a summand in the above expression is nonzero, the family (Z, I, ..., I) is 1-regular and
that summand is the insertion product. The only way such a summand can be nonzero is if the J; each
correspond to the components of R(/,, ..., I,) and, further, the intersections {j;} = I N (UJ;) have
J1 < -+ < jr. Hence exactly one such summand is nonzero: the one with partition given as above,
and with the unique ordering in which the above inequality holds. Thus the expression evaluates to
j, I, ..., 1I,), as desired. This completes the induction. O

This immediately gives us an explicit formula for the Kraines construction K(a) on the minimal torus.

Corollary 5.8 Let a € A*(Z") be any element of degree 3. Writing a°"* for the insertion powers of
Definition 5.6, the Kraines construction on a is the twisting sequence with K(a),,+1 = a®” forall n > 1;
this is defined as a twisting sequence over A (without rationalizing).

A modified statement is true for elements of any odd degree (or, if one is more careful with signs, for
arbitrary elements).

5.3 The main computation

Combining the results of the previous two sections, we are now able to prove the following structure
theorem for twisted homology of twisting sequences on the torus. The phrasing, involving simplicial tori,
is intended towards our application in monopole Floer homology; the result may be stated more generally
about any reasonable model for cochains on the torus.

Theorem 5.9 Let T be any finite simplicial complex whose realization is homeomorphic to the b—
dimensional torus T?. Then there is a zigzag of Hirsch algebra quasi-isomorphisms from the simplicial
cochain (Hirsch) algebra Cx (T) to the exterior algebra C3(T lb ) == A*(Z") with the following property.

Suppose &, is a twisting sequence in C X (T) with Fy(§,) = 0 for all n > 1; write F'y(§,) = [§3] asa € A3
for convenience. Then under the induced bijection

hT(CXT) — hT(A*Z") = NeNa---,

the element [£,] is sent to the twisting sequence K (a). Explicitly, we have K(a),,41 given by the n

insertion power

n

o 1.
K(a)an+1 =a =;]n(a,...,a)

of Definition 5.6.

Proof Fix a homeomorphism |T| = T'® from the realization of the simplicial torus T to the standard
b—dimensional torus, which also has a canonical homeomorphism to the realization of the minimal
torus 77" of Section 5.1.

The appropriate zigzag of Hirsch algebras takes the form
CA(T) « Cx_no(T?) — G (T?) — CH(TT) = A*(Z7).
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The first map is obtained by restricting domain from singular chains to the simplicial chains; it is
represented by a simplicial map T — Sing, | T| of simplicial sets and hence defines a map on Hirsch
algebras, and similarly with the last map.

The middle map from singular cubical cochains to singular simplicial cochains is the Cartan—Serre
comparison map, which is an isomorphism of Hirsch algebras by Theorem 4.8. Hence this is a zigzag of
Hirsch algebra quasi-isomorphisms.

Because the characteristic classes of twisting sequences on Hirsch algebras are homotopy invariants,
which are natural for Hirsch algebra maps, it follows that F,(z«&,) = 0 for all n > 1 and F(z«&,) = [&3].
Furthermore, Theorem 3.7 implies that there is exactly one twisting sequence in A*Z% with these
properties, and it must be K([§3]) — which is therefore defined over the integers (though this follows from
our explicit calculation of this element). The given formula for K(a) was determined in Corollary 5.8. O

Applying Lemmas 1.5 and 1.6, we immediately obtain an isomorphism between the twisted cohomology
H,(T;&,) and the (algebraic and concretely computable) twisted homology of A*Z" with respect to the
twisting sequence (a,a°2,a®3,...).

Remark 5.2 If one is careful, one observes that, in Lemmas 1.5 and 1.6, we referred to a version of
the twisted cohomology groups where one uses Z[7 !, T'], completing in the T—direction, whereas the
statement above refers to an uncompleted version. The key point is that when the chain complexes we
apply this to are supported in bounded degrees — as is the case for CX(T) and A*(Z") — this twisted
cohomology is defined via Laurent polynomials for, in a fixed degree d, sufficiently high powers of T
must have coefficient zero).

5.4 The case of local systems

We would now like to extend our calculation of twisted (co)homology of the torus to the setting of local
systems. When applying this to the setting of monopole Floer homology of a spin® three-manifold with
c1(s) nontorsion, such a local system is most naturally a local system of Z[T, T~ |-modules.

Let T be a finite simplicial complex whose realization is homeomorphic to the b—dimensional torus, and
suppose T is equipped with a local coefficient system A of Z[T, T ~']-modules; this is described by
some representation p: 7 (T) — Aut(A4), where we take automorphisms as a Z[7T', T~ !]-module.

Let & € TS(C{T) be a twisting sequence. We may define the twisted homology with respect to the local
system A as the homology of C2(T'; A) with respect to the differential

x> 04X+ (ENX)T + (EsNx)T? 4

where d4 is the differential with local coefficients (see for example [Davis and Kirk 2001, Chapter 5]).
As C*A (T) is finite-dimensional, this is a finite sum.
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Theorem 5.10 In the situation above, suppose Fy(§,) = 0 for all n > 1, and [£3] = ag € A3 (Z")
after choosing a basis of 1T (and thus an isomorphism of H*T to A*7Zb ), then the twisted homol-
ogy HY(T; A,&,) is isomorphic to the twisted homology of the local system over the minimal torus
CS(TII’)[T, T ®z[1] A with respect to the differential

xv—>8Ax+(a5ﬂx)T+(a§2ﬂx)T2+... )
In this situation, the differential 3 4 is computed explicitly as follows. If x = e’l A--- A €' ® a, then
an: Z eil/\.../\eif*l/\eilq’l/\.../\eik ®p(el-j)(a)‘
1<j=<k

Here p(ey) is p, applied to the k' basis vector of Z.°.

Proof The zigzag of Hirsch algebras
CA(T) « Cx_o(T?) « CB_ (T?) —> CE(TY) = A*(2P)

has a corresponding form for chains (valued in any local system)

CA (T A) — CE7M(T?: 4) — CE7M(T; 4) « CE(T?: 4) = A *(20) ® A.

The negative degrees appear because our conventions use cohomological gradings. To be clear, the
grading of 0 ® a is given by |a| —|o|.

These maps are all quasi-isomorphisms (they are comparison maps between various types of chains on
the torus) and type (b) module maps (see Lemma 1.6).

We would like to argue as follows: there is a filtration on each of these complexes such that the twisted
differential preserves the filtration, and the associated graded of the twisted homology complex is
precisely the complex C_«(T; A) in its various guises; because the associated graded maps are all quasi-
isomorphisms, and the spectral sequence converges, the maps between the various twisted homology
groups are also quasi-isomorphisms.

The issue is in giving the correct spectral sequence. One should not filter by 7'—degree in A, as this is not
complete. The most natural choice is by chain degree. If c ® a € C_,(T; A)—so |a| —|o| = p—we
say that 0 ® a has chain degree —|o|, and we set

FpCw(T: 4) = P C4(T)® 4.
k=<p
Then, as long as the models for chains on T are bounded in degree, this is a complete filtration, and the

argument above runs through. However, singular chains are unbounded complexes.

To remedy this, observe the following. Suppose A is a nonnegatively graded dg-algebra and M is a
(cohomologically graded) bounded above dg-module with cohomology supported in degrees [—n, 0].
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Then there is an A-module M’ which is supported in degrees [—n — 1, 0] and comes equipped with an
A-module quasi-isomorphism M — M’; furthermore, this construction is natural in pairs (A4, M) of the
above form. One may simply set

M, if k > —n,
M]é= M—n—l/Z—n—l ifk:—n—l,
0 otherwise.

Applying this natural truncation construction, we now have a zigzag
CA(T: A) — CETM (TP 4Y — 77 (T8; 4) < C2(TP: 4) = A*(2%) ® A,

where each dg-module here has a finite filtration, and all maps are quasi-isomorphisms. Applying the
argument above, we have a zigzag of isomorphisms between the relevant twisted homology groups, as
desired.

Finally, the determination of d4 on H*T follows directly from the definitions (see the discussion in
Section 6.2 below). O

6 Applications to the monopole Floer homology group HM,

In the first part of this section, we recall precisely what is proved in [Kronheimer and Mrowka 2007],
which we refer to heavily below and henceforth abbreviate to [KM]. Then we will finally prove Theorem A.
We will conclude by discussing and prove generalizations to the case of nontorsion spin® structures and
local systems.

In [KM, Chapters 33 and 34], the authors investigate the monopole Floer homology groups HM « (Y, s; I)
and compare them to coupled Morse homology groups of the torus of reducible solutions; we write these
groups as

CMH. (TYﬁ, DB; F()).

Here I is some local system over the torus Ty, hence an H 1(Y'; Z)-module. The complex CMC, (Ty,s)
computing this homology group is freely generated by pairs (x, A;) where X is a critical point of a Morse
function on T and A; labels an eigenspace of the operator Dy, listed so that

"'<)\.()<)\1<}\2<"'.

Both HM and CMH carry the intrinsic structure of a module over A*(H;Y /tors)[U, U ~'], both defined
in similar ways (counting points in moduli spaces cut down by an appropriate cohomology class, either
represented geometrically as a section of a vector bundle or as a Cech cocycle). Notice that, while there is
an obvious degree —2 map on CMC«(Ty,), given by sending (x, A;) to (x, A;—;), this is not necessarily
the same as the action of U, which is defined in [KM, page 657].
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While the proof of [KM, Theorem 35.1.1] gives an isomorphism
Iy,s: W* (Y,S; F()) = CMH*(TY,S, Dgp; FO)

as abelian groups, it is straightforward to see ry,q is in fact a A(H; Y /tors)[U, U ~!l-module isomorphism,
because the module structures are defined in essentially the same way. This holds regardless of whether
or not s is torsion or I is a local system with nontrivial monodromy and the proof is the same. In
the nontorsion case, the domain is instead HM «(Y,s,cp; Ip), where one uses an appropriate balanced
perturbation to the Seiberg—Witten equations.

They then compare these to appropriate twisted simplicial homology groups via [KM, Proposition 34.2.1]
in the torsion case and [KM, Proposition 34.4.1] in the nontorsion case. While these propositions are
phrased in terms of Cech representatives, there is no difficulty in phrasing their results simplicially, as in
the proof of [KM, Theorem 34.3.1].

What they show, precisely, is that, when T is given a simplicial structure and Dpg is homotoped to a
simplicial map L: T — U(2) for an appropriate simplicial structure on the latter, then one may choose
the Morse function on T so that there is a group isomorphism

@a: CMCy (T, L:Ty) = CA(T: Ty)[T. T~ Y]

given by sending the generator (x, A;) to xT*, and such that the coupled Morse differential on the domain
is sent to the twisted differential
X = dryx + (63N x)T,

where &3 is a simplicial 3—cocycle on T pulled back from the 3—sphere. Here T is a formal variable of
degree 2. This contrasts with the main body of the text above, where we used cohomological grading
conventions, so instead 7" had degree —2. Restated, ¢ gives an isomorphism of chain complexes from
CMC to CA(T; Exm).

w

Now we should discuss how g behaves with respect to the additional structure. When L factors through
SU(2) —so s is a torsion spin® structure — the argument of [KM, Proposition 34.2.4] shows that ¢ has

oA (Ux) =T pa(x).

However, these arguments do not help with the A—module structure. Without further work, all one can
say is that, for example, if « € H 1(T), we have

oAl NXxTH =aNea(X) T +x_3 T 4 x_sTH2 4.0

where x and x_(5; 1) differ in grading by 2/ + 1. Furthermore, when s is nontorsion, the arguments
of [KM] only show
¢aUx) =T~ pa(x) + Ty

for some appropriate y = »_a;y;, where y; are critical points for which gr,, (x, y;) = 4 for some
homotopy class of paths z;; see [Cristofaro-Gardiner et al. 2021] for more details. (Notice that this is
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slightly stronger than simply knowing that U is sent to 7! up to higher filtration.) We summarize the
above discussion in the following proposition:

Proposition 6.1 (Kronheimer and Mrowka) Filter HM (Y, s, c3; Ty) by powers of U and H@ (T; Exm)
by powers of T~!. There is a filtered isomorphism of relatively graded groups
QKM = @A O Iy,st HM (Y, 5, cp; To) = HE(T: Ekm).

The associated graded map is a A*(H,Y /tors)-module isomorphism sending U to T~!. When s is
torsion, so we consider the usual group HM (Y, s; Ty), the map ¢xm sends U to T~ even before passing
to the associated graded modules.

It is likely that one can give a completely explicit description of how gy intertwines the two A—module
structures on both sides in general, as well as how U relates to T~ ! see Section 7. What follows below
builds on Proposition 6.1 and is carried out entirely on the twisted homology side.

6.1 Proof of the main theorem

Let us first recall here the statement for the reader’s convenience:

Theorem 6.2 (Theorem A) If s is a torsion spin® structure, the monopole Floer homology group
HM (Y, s) is isomorphic to the extended cup homology HC°(Y) as relatively Z—graded Z[U, U~ 1]-
modules.

Here recall that, after choosing an identification H'(Y; Z) = 221 () the extended cup homology HC (YY)
is the homology of A*(Z%1)[U, U~"] with respect to the differential given by
(6-1) x@U" > (ay NX)U" 1+ @PF Nx) U2 + (@ nx)U" 3 +-.- |
where ay € A3Zb corresponds to the triple cup product U} of Y, and the cap products are to be
interpreted via the identification 75 (Y) = g*(T).
Proof We need to show that

Hyg (T: ) = HCX(Y)

as Z[T, T~ ']-modules. Now &xm = (£3,0,...) is a twisting sequence pulled back from a twisting
sequence £ g3 on SU(2) = S3. All the higher characteristic classes Fy, (£ g3) vanish because the cohomology
of S? vanishes in degrees > 4. By functoriality, all characteristic classes Fy,(£xm) € H*"T1(T; Q) also
vanish, and F; (£,) corresponds to the pullback of the generator of H3(S?3;Z) under the classifying map.

By the index theorem for families [KM, Lemma 35.1.2], the classifying map of such a family pulls back
the generator of H*(S?;7Z) to the triple cup product

Uy e NWHY(Y;Z2))* = P HY(T;Z) = H (T; 7).
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Theorem 5.9 implies therefore that HJ,(T;&kwm) is the twisted cohomology H,(H*(T); K (Ug,))
of H*(T) (thought of as a dga with trivial differential) with respect to the twisting sequence K (U}). To
conclude the homological statement, notice that

HM (Y, 5) = HM* (=Y, 5) = Hyy,(H*(T); K(—Uy)) = Hyy,(H*(T); K(Uy)) = HCZ(Y),

where the first isomorphism is Poincaré duality in Floer homology; we have U3 y = —Ug,. Now the
twisting sequences K (U%,) and K (—U%,) differ by a sign in degrees 4n 4 1, and the corresponding twisted
cohomologies are seen to be isomorphic via the map that acts on H*(T') by multiplying by —1 in degrees
congruent to 0 and 3 mod 4. The last isomorphism is Hodge duality on A* (ZP), where we use that
wedging with a form is Hodge dual to contraction with it (ie the differential in extended cup homology)
up to a sign that does not affect the resulting homology. O

6.2 Local systems and nontorsion spin® structures

Next we discuss the case of a nontorsion spin® structure s; the relevant group for our purposes is the one
associated to balanced nonexact perturbation ¢, which is denoted by HM (Y, s, ¢p) [KM, Chapter 30].
The spin® structure determines a homomorphism ¢ given by

o H'(Y;Z) > Z, avr> 3(aUc(s),[Y]).
We know that HM (Y, 5, ¢p; Z) can be identified with
HY(T: &, Ty),

where one uses a local system on the torus T = T (Y, s) of reducible solutions with fiber Z[T', T '] whose
monodromy around the loop @ in T is given by multiplication by 7' s (@ Notice that the monodromy map
does not preserve the Z—grading, but only the Z /2N Z—grading, where N is a generator of the image
of ¢s;. A similar isomorphism holds for HM (Y, s, cp; Iy), where T} is some additional local system
over T. As discussed in the opening of this section, this identification is a U — and A-module isomorphism
on associated graded modules, but more work is necessary to determine how this identification intertwines
the module structures in higher filtration. Henceforth we exclusively discuss the twisted homology group.

Choose an identification T 2 (S')?, where b = b;(Y). The latter space has a canonical cubical
decomposition, T?, discussed extensively in Section 5; this cubical decomposition has C3 (T lb )= A*(ZP).
We choose such an identification once and for all.

If T is a local system on T, we can define the chain complex with local coefficients CC(T b.Ty) as
follows (see for example [Davis and Kirk 2001, Chapter 5]). The cubical decomposition of T’ lb induces a
cellular decomposition on its universal cover T1; this is the usual lattice in R”.

The complex C*D(T b1: 7) is naturally a module over the group ring Z[r;(T)] via the action given by
deck transformations. If we interpret the local system as a module Ty over Z[r (T)] = Z[Z?], we can
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then define
(6-2) CATV:To) = CX (T 2) @z, 1y To.
equipped with the induced differential.

Similarly, consider the local system on T with fiber Z[T, T~!] and monodromy around the loop a given
by p(a) @ T?@; we will denote this by I'*. This induces a local system over T?; we use the same
notation for this local system.

The construction above, applied now to the local system [y ® I'®, gives rise to a twisted chain complex
C2(T b. Ty ® T'®). Very explicitly, after unwinding the definition above,
(6-3) CR(T; L, ®T*) =CH(T:Z2) L, @ Z[T, T~ ]

equipped with the differential 4! given by

n
(6_4) dl (ail R /\ain ® r ® Tk) = Z(—I)J (ail A - 'al'j e /\ain) ® ,O(Clij)r ® Tk+(p§(aij),
j=1
where
p: H'\(Y:72) = H\(T;Z) — Aut(Tp)
is the monodromy of the local system [§.

With this in mind, we are ready to define the “twisted” version of extended cup homology which is
relevant for our purposes.

Definition 6.3 Suppose (Y, s) is a closed oriented 3—manifold equipped with a (possibly nontorsion)
spin¢ structure, and let Iy be a local system on %7 (Y, s) with monodromy p. Denote by T the by (Y )-
dimensional torus of reducible solutions, with a fixed identification T = (S l)b (and induced cubical
decomposition) as above. The extended cup complex C2°(Y, s; I) is the twisted chain complex

CHTY:To®T)
in (6-3) equipped with the differential ' + dy, where d' is given in (6-4) and dy, is the differential
in (6-1). The extended cup homology HCX (Y, s; I) is, by definition, the homology of this complex.

Notice that, when s is torsion, ¢; = 0. In this case, if we take the trivial local system, we obtain the

standard cup homology studied earlier. Furthermore, the invariant associated to a balanced perturbation

coincides with the standard one. With this in mind, the following result can be thought as a generalization

of Theorem A:

Theorem 6.4 Let (Y, s) be a closed oriented spin® 3—manifold and T a local system on %° (Y, s). Then
HM (Y, s, cp;: Ty) =2 HCP (Y, 5; Tp)

as relatively Z. /2 N Z—graded abelian groups, where N is a generator of Im(g,) C Z. In the torsion case,

this map is also an isomorphism of Z[T, T ~'] modules.
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Remark 6.1 In the nontorsion case, while we cannot determine the Z[T, T _1]—module structure, we
can still say that the isomorphism sends U to 7! up to higher filtration.

Proof Referring to the discussion preceding Proposition 6.1, consider the local system I' = Iy @ I'*;
recall that it has fiber [y[7, 7~!] and monodromy around the loop a given by multiplication by 7¢s@.
Then, for a sufficiently fine simplicial structure on T, there is a 3—cocycle &3 whose cohomology class
represents the triple cup product of Y such that simplicial chains with local coefficients C*A (T; T) with
twisted differential

or—>dro+ (§3No)T

have homology groups isomorphic to HM (Y, s, cp; Iy). In the nontorsion case this isomorphism is only
shown to hold as Z-modules in [KM].

Finally, &3 is pulled back from a 3—cocycle on U(2); as the latter has vanishing cohomology in degrees > 5,
functoriality implies once more that all characteristic classes F(&,) with n > 1 vanish while F;(&,) =
(&3] = U%,. The proof then follows as in the previous case, using the computation with local coefficients
in Theorem 5.10. |

7 Some open questions

This article answers a specific question in the HM story. The theory is much richer and many parts of
this story remain open; we collect some interesting questions below.

First, there is the combinatorial algebra question of comparing cup homology to extended cup homology
already mentioned in the introduction.

Question 1 Let a € A3(Z%) be a degree 3 class; we may define its cup homology and extended cup
homology modules as before. Is there an isomorphism of Z[T, T ~']-modules between the associated cup
homology HC®™ and its extended version HC™?

Referring to the discussion at the beginning of Section 6, and in particular Proposition 6.1, we know that
HM (Y ;s) is also a module over A*(H;(Y;Z)/tors); from the coupled Morse homology picture, via
the isomorphism of Theorem A this coincides with the natural action by contraction on the right on HC*®
only up to lower filtration terms. It is then natural to ask the following:

Question 2 Can one identify the A*(H, (Y ; Z)/tors)—action induced on HC™ by the isomorphism in
Theorem A? If the isomorphism in Question 1 holds, can one describe the corresponding action on HC*®?

One may also ask the above question when there is the additional structure of a local system, and possibly
a local system of Z[T, T~ !]-modules, as in the case of HM (Y, s, c;) when ¢ (s) is nontorsion. In the
latter case, it is also unclear how to describe the Z[U v J-module structure (see also Remark 6.1), so
we ask the following:
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Question 3 For a nontorsion spin® structure, can one describe the Z[U ~!, Ul-action on HC*® induced
the isomorphism in Theorem 6.4?

Notice that, while Question 1 is purely combinatorial, Questions 2 and 3 require a better understanding
of both the algebraic picture and the description of the invariant in terms of coupled Morse homology;
their answer is not clear even in the algebraically simpler setting of twisted de Rham cohomology.

To conclude, on the side of coupled Morse homology itself, it would be interesting to understand the
coupled Morse homology of families that do not factor through U(2). If one had the pipe-dream goal
of completely computing the functor HM (Y, 5) on the cobordism category in some explicit algebraic
fashion, this may be necessary, as it is unlikely there is a coherent way to homotope the classifying maps
Dp:T(Y,s) > U(co) to U(2) in a way compatible with cobordisms. A starting point for this is the
following:

Question 4 Is there a (simplicial) twisting sequence ({3, ...,{2,—1,0,...) on SU(n) such that the
following property holds? Whenever Q is a compact manifold and L : Q — SU(n) is a simplicial map
classifying a family of self-adjoint Fredholm operators, we have an isomorphism

CMH.(Q, L) = H*(Q; L*¢.).

If the answer to this question is positive, then one should also develop the corresponding version with
spectral flow (maps to U(n)). One would then need to answer the analogue of Question 3 in this more
general setting to get a full understanding of the aforementioned functoriality problem. The case n = 3 is
already very interesting as SU(3) is not the product S3 x S even though they have the same cohomology
ring (there is a nontrivial Sq?—operation relating the generators in degrees 3 and 5).
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