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We conjecture that the generating series of Gromov—Witten invariants of the Hilbert schemes of n points
on a K3 surface are quasi-Jacobi forms and satisfy a holomorphic anomaly equation. We prove the
conjecture in genus 0 and for at most three markings — for all Hilbert schemes and for arbitrary curve
classes. In particular, for fixed n, the reduced quantum cohomologies of all hyperkéhler varieties of
K3 ["]—type are determined up to finitely many coefficients.

As an application we show that the generating series of 2—point Gromov—Witten classes are vector-valued
Jacobi forms of weight —10, and that the fiberwise Donaldson-Thomas partition functions of an order-2
CHL Calabi—Yau threefold are Jacobi forms.
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1 Introduction

1.1 Overview

An irreducible hyperkihler variety is a simply connected smooth projective variety X such that H°(X, 9)2()
is generated by a holomorphic—symplectic form [Beauville 1983]. A topological classification of these
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3780 Georg Oberdieck

varieties is unknown so far. However, among the four families of examples which are known, the most
studied case is the Hilbert schemes of points on a K3 surface and their deformations, which are called
K3[”]—type. We study the Gromov—Witten theory (the intersection theory of the moduli space of stable
maps) with target a hyperkihler variety of K3 ["]—type. We state two new fundamental conjectures: finite
generation by quasi-Jacobi forms, and holomorphic anomaly equations. We prove this conjecture for
the case of most interest: in genus 0 and for up to three markings, with no restriction on the curve
class. As a corollary, the reduced quantum cohomology of a K3["]—hyperk'ahler variety is determined
up to finitely many coefficients. We also find that the series of 2—point Gromov—Witten classes define
vector-valued Jacobi forms of weight —10. This implies that the Donaldson—Thomas partition functions
of CHL Calabi—Yau threefolds are Jacobi forms, proving conjectures of Bryan and Oberdieck [2020].

Together with the multiple cover conjecture [Oberdieck 2022; 2024b] we obtain a complete conjectural
picture of the Gromov—Witten theory of K3 [”]—hyperkéihler varieties, which is proven for genus 0 and up
to three markings.

1.2 Gromov—Witten theory

Let S"] be the Hilbert scheme of n points on a smooth projective K3 surface S. Let
Mg n(S™, B4 ra)
be the moduli space of N-marked genus-g stable maps to S [] of nonzero degree
B+rAe Hy(SM 7))~ Hy (S, Z) ® ZA,

where 4 is the exceptional curve class. Because S is irreducible hyperkihler, the virtual fundamental
class of the moduli space of stable maps in the sense of [Li and Tian 1998; Behrend and Fantechi
1997] vanishes. Instead Gromov—Witten theory is defined by the reduced virtual class [Maulik and
Pandharipande 2013; Bryan and Leung 2000; Kool and Thomas 2014; Kiem and Li 2013]:

(Mo n(SP. B+ rA)" e Ayy(Mg n (ST, B +7rA4)), where vd=2n(1—g)+ N +1.
The first values of the virtual dimension vd are listed in Table 1.

If2g =24+ N >0,let t: Mg n(S™, B+ rA) — Mg n be the forgetful morphism to the moduli space
of stable curves. Consider the pullback of a tautological class [Faber and Pandharipande 2005]

taut:= t*(a) for a € R*(M g4 y).
In the unstable cases 2g —2 + N < 0 we always set taut := 1. Given cohomology classes y; € H*(S 1),
the reduced Gromov—Witten invariants of S are defined by

Sl

N
(taut;)/l,...,]/N)g’ﬂ_;’_rA: taUtUl_[eV;k(Vi)'

i=1

AMg.)1 (ST, B+rA)]v
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genus g 1 2 3 4 5 6

0N B~ DN O O

—_
o

Table 1: The first nonnegative values of the (reduced) virtual dimension of M ¢ o(S™1, B 4 rA).
If a field is empty, all Gromov—Witten invariants in this genus vanish. Hence for S™! with n > 1
the most interesting case is genus 0.

1.3 Generating series

Consider an elliptic K3 surface w: § — P! with a section, and let
B,F e Hy(S,Z)
be the class of the section and a fiber of 7, respectively.

By [Oberdieck 2022, Corollary 2] (based on the global Torelli theorem [Verbitsky 2013; Huybrechts
2012]), for any hyperkéhler variety of K3 ["]—type X and for any effective curve class y € Hy(X,Z),
there exists an /[ > 1 and a deformation

(X,y) » (S".IB+dF +r4) ford>0andreZ

such that y is kept of Hodge type along the deformation. If y is primitive, we can choose [ = 1. By
deformation invariance, it follows that all Gromov—Witten invariants of K3 [”]—type hyperkahler varieties
are determined by the generating series:

[n] Sl
(1) F;,l (taut; y1,...,yN) = Z Z (taut; yl"“’yN>gl(B+F)+dF+rAq (=p)".
d=—IlreZ

By convention we assume here that r = 0 when n = 1. We will always assume that n > 1.
The series (1) and in particular its modular properties are our main topic. To state our main conjectures

and results we require the Looijenga—Lunts—Verbitsky (LLV) Lie algebra and quasi-Jacobi forms.

1.4 Looijenga-Lunts—Verbitsky Lie algebra

The LLV algebra [Looijenga and Lunts 1997; Verbitsky 1996] of the hyperkéhler variety S (] is the
Lie subalgebra
act: g(S™) < End H*(S™)

Geometry & Topology, Volume 28 (2024)



3782 Georg Oberdieck

generated by the operators of cup product with classes in H2(S[™, Q) as well as their Lefschetz duals (if
they exist); see Section 3.4. Concretely, we have an isomorphism

a(s") = (v @ Ug).
where Ug is the hyperbolic lattice with basis {e, f} and intersection form ((1) (1)), and
vV =H*S" Q)= H*(S.Q) &~ Q5. (5,8)=2—2n,
is endowed with the Beauville—Bogomolov—Fujiki quadratic form.
We require the operators
(2) U=act(FAf), Ty=act@AF), ac{B F}cV and Wt=act(eA f + BAF).
The weight operator Wt € End H*(S) is semisimple and defines a grading:
Wt(y) = wt(y)y for wt(y) € {—n,...,n}.
For a class y € H2(S1"]), the complex cohomological degree of y is denoted by deg(y) = i.

1.5 Quasi-Jacobi forms

Jacobi forms are holomorphic functions f : C xH — C which satisfy a transformation law under the Jacobi
group I' x Z2, where I' C SL,(Z) is a congruence subgroup [Eichler and Zagier 1985]. Quasi-Jacobi
forms are constant terms of almost-holomorphic Jacobi forms; see Section 2. The algebra of quasi-Jacobi
forms is bigraded by weight k£ and index m:

Qlac(T') = B P Qlac(I)m-

m=0keZ
The graded summands QJac(I")g ,, are finite-dimensional. We usually identify a quasi-Jacobi form with
its Fourier expansion in the variables

p=e*™* and g =e>™'" for (x,7) € C x H.

Recall that the algebra of quasimodular forms QMod(T") is a free polynomial ring over the subalgebra of

its modular forms,
QMod(I") = Mod(I")[G2],

where we used the second Eisenstein series

Ga(t) = —55 + Z Z dq".

n>1d|n

Similarly, for quasi-Jacobi forms we always have an embedding
QJac(T") C Jac(I")[G2, A],
where Jac(I") is the algebra of weak Jacobi forms and A is the logarithmic derivative
d
A(p.q) = Py o8 O(p.q)

Geometry & Topology, Volume 28 (2024)
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of the classical Jacobi theta function

1— my] — -1, m
Op.q) = (p!/? = p711%) [ S-LEEE0,

Since the generators G, and A are free over Jac, one obtains anomaly operators

m>1

d d
——:Qlac(TM)g,m — Qlac(Mx—2,m, —+~: Qlac(I)g m — Qlac(I)g—1,m
dG, dA

which control the transformation behavior of any quasi-Jacobi form under the Jacobi group.

1.6 Main conjectures

We state three fundamental conjectural properties of the series Fy ;. The first expresses Fg ; in terms of
the series of primitive invariants Fg ;. Consider the /! formal Hecke operator of weight k, which acts on

power series f =) 5, c(d.r)q? p" by
_ In r
Tk,lf :Z( Z ak 1c(a—2,5))q"pr.
n,r “a|(l,n,r)

Fori €{l,...,N}let y; € H*(S") be (wt, deg)-bihomogeneous classes.

Conjecture A (multiple cover conjecture, [Oberdieck 2022, Section 2.6]) For all [ > 0 we have
[n] . ey — . [n]
3) Fp/ (autyr,....yn) = (i Cee)=n=w G FS W (taut; yr. ... ),

wherek =n(2g—2+ N)+ >, wt(y;).

The second conjecture concerns the modular behavior. Define the modular discriminant

Alg)=q []a—-g"*,

n>1

which is a modular form for SL;(Z) of weight 12, and the congruence subgroup
ab
To(l) = { (C d) € SLy(Z) ‘ c=0 modl}.

Conjecture B (quasi-Jacobi form property) Foralll >0

n] 1
Fop (tautyr. ... yw) € gy Qlacipiat i (To(1).

wherek =n(2g—2+ N)+ >, wt(y;) — 10.

The difference in the values of k in Conjectures A and B was explained in [Oberdieck and Pixton 2019,
Section 7.3]. It is responsible for the appearance of the congruence subgroup I'g(/), and also leads to the
unusual fourth term in the holomorphic anomaly equation for d/d G, below.

Geometry & Topology, Volume 28 (2024)



3784 Georg Oberdieck

Conjecture B would determine any Fg ;(---) up to finitely many coefficients. However, in order to know
their transformation property under the Jacobi group and also to make them depend on substantially fewer
coefficients, we will conjecture their dependence on the quasi-Jacobi generators G and A:

For 2g —2 + N > 0 define the degree 0 Gromov—Witten invariants

N
FS""(taut; 1, ..., yw) = / o (taut) [ ] evy (),

[Mg.N(S[”]:O)]“d i=1

] std

where we let [- - - denote the standard (nonreduced!) virtual class in the sense of [Li and Tian 1998;

Behrend and Fantechi 1997]. Explicit formulas are given in (67).

Conjecture C (holomorphic anomaly equation) Assume Conjecture B. We have

d sl .
e Fpy (taut; y1,...,¥YN)

[n] [n] [n]
= Fé;g 1l(‘[aut/;yl, cooyN.U)+2 Z F;l,l (tauty: ya, U FS Y (tauty: yg, Us)

8§=81+82

{1,..,N}=AUB
1 —
—ZZFSI (i taut; )/1,...,yi_l,U)/i,)/iH,...,yN)—TZ(g YarTe, Te F l (taut Y1,---sYN)
i=1 a,b
and 4
[n] [n]
ﬂFgSJ (taut;yl,...,VN)=TsF;l (taut; y1,...,¥YN).
where:

o We have identified the operator U € End H*(S™) with the class
U e H*(sSMg s

using Poincaré duality and the conventions of Section 1.13.
e U; and U, stand for summing over the Kiinneth decomposition of U € H*((S")2),
o The e, form a basis of {F, B}* ¢ H?(S,Q) and g, = (eq, ep) is the pairing matrix.
o Foranya € {B, F}* CV we set

N
(n]
4 TaFSl (taut; y1,...,¥YN) ::ZF;J (taut; 1, ..., Vi1, TaVi, Vi+1:--- s YN)-
i=1

o In the stable case, where taut = t*(«), we let taut’ := t*1* (o) where 1: M g_1 N2 — Mg p is
the gluing map; in the unstable case, where taut = 1, we set taut’ := 1.

e tauty and tauty stand for summing over the Kiinneth decomposition of &*(taut), where & is the
gluing map

E: Mg, 1a11(S"), B+rA)x My, g141 — Mg n(S™, B+ rA).
o Welety; HZ(Mg,N(S["], B + rA)) be the cotangent line class at the i " marking.

Geometry & Topology, Volume 28 (2024)
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Conjecture C determines any Fg ; up to a finite list of coefficients, where the list is sufficiently short for
this to be actually useful in applications. For example, the conjecture determines all Gromov—Witten
invariants of S from seven elementary computations; see [Cao et al. 2024] where this leads to a
Yau—Zaslow type formula for the counts of genus-2 curves on hyperkéhler fourfolds of K3 [2] —type.

For K3 surfaces (the case of the Hilbert scheme of n = 1 points) the above conjectures are well known.
In this case, Conjecture A was made in [Oberdieck and Pandharipande 2016], and Conjecture B reduces
to the prediction of Maulik, Pandharipande and Thomas that the series Fy ; are quasimodular forms
for I'g(/); see [Maulik et al. 2010]. The holomorphic anomaly equation (Conjecture C) was proven in
[Oberdieck and Pixton 2018] for / = 1 and then conjectured in [Bae and Buelles 2021] for arbitrary /.
There is also sufficient evidence for the following:

Theorem 1.1 [Maulik et al. 2010; Oberdieck and Pixton 2018; Bae and Buelles 2021] For S1!! =~ §,
the above conjectures hold for all g, N and [ € {1,2}.

For Hilbert schemes of points S ("] with n > 1, Conjecture A was proposed in [Oberdieck 2022] based on
computations using Noether—Lefschetz theory. Since then the following strong evidence for all n > 1
was given:

Theorem 1.2 [Oberdieck 2024b, Theorem 1.4] Conjecture A holds for g =0 and N < 3 markings.

The quasi-Jacobi form property (Conjecture B) appeared in an early form already in [Oberdieck 2018a,
Conjecture J], where it was stated in genus O for primitive classes. On the other hand, the holomorphic
anomaly equation (Conjecture C) is new, and one of our main results.

Holomorphic anomaly equations are predicted for the Gromov—Witten theory of Calabi—Yau manifolds
by string theory [Bershadsky et al. 1993]. In recent years, this structure was proven in various geometries,
such as for elliptic orbifold projective lines [Milanov et al. 2018], elliptic curves [Oberdieck and Pixton
2018], formal elliptic curves [Wang 2019], local P2 [Lho and Pandharipande 2018; Coates and Iritani
2021], local P! x P! [Lho 2021; Wang 2023] relative (P2, E) [Bousseau et al. 2021], (C3/Z3 [Lho and
Pandharipande 2019a; Coates and Iritani 2021], toric Calabi—Yau 3—folds [Eynard et al. 2007; Eynard
and Orantin 2015; Fang et al. 2020; 2019], the formal quintic 3—fold [Lho and Pandharipande 2019b],
the quintic 3—fold [Guo et al. 2018; Chang et al. 2018], (partially) elliptic fibrations [Oberdieck and
Pixton 2019] and K3 fibrations [Lho 2019]. Conjecture C is maybe the first instance where a general
holomorphic anomaly equation is considered in higher dimensions. The interaction here with the LLV
Lie algebra is a new phenomenon that needs further exploration. Eg are there connections with the Lie
algebra which appears in [Alim et al. 2016]?

1.7 Main results

Theorem 1.3 For all Hilbert schemes of points S (] (e any n > 1), Conjectures B and C hold for g =0
and N < 3 markings.

Geometry & Topology, Volume 28 (2024)



3786 Georg Oberdieck

In particular, this result shows that for fixed n, computing finitely many Gromov—Witten invariants of .S [n],
where S is the elliptic K3 surface, determines all 3—pointed genus-0 invariants of all Hilbert schemes
of n points on K3 surfaces. This shows the following qualitative result (see [Oberdieck 2018a] for the
definition of reduced quantum cohomology):

Corollary 1.4 For any n > 1, the reduced quantum cohomologies of QH* (X)) of all hyperkéhler varieties
of K3 [”]—type X can be effectively reconstructed from finitely many Gromov—Witten invariants of S [n],
where S — P! is the elliptic K3 surface with section.

Example 1.5 Let £ € H2"(S["]) be the class of a fiber of the Lagrangian fibration S[*1 — P”_ An easy
computation! shows wt(£) = —n. Hence by the theorem we find

S[n]
(5) g OI(IEE)GA()QJaCZ —2n,n—1 -

The space QJacy_5, ,—; is 1-dimensional spanned by ©(p, ¢)?"2, 50 (5) is determined up to a single
constant. The class of a line in the section P" C S is B— (n—1)A. Since there is a unique line through
any two points in P”, we have

(L L)S o ya = 1.
This yields the explicit evaluation

_( l)n 1®(p q)zn_2.

A(q)

This evaluation was previously obtained (with hard work) in [Oberdieck 2018a, Theorem 1].

(6) F$ (1L, L)

We give a more fundamental example, where the holomorphic anomaly equation determines the transfor-
mation law of the quasi-Jacobi form. Consider the generating series of 2—point Gromov—Witten classes

o0
Z5" )= 3 3 a4 (=p) (evi x ev2) ((Mo2(SU, B+ (d + ) F + rA)]')
d=—1r€eZ
which is an element of H*(S"®2 g ¢=1C((p))[¢]. Add a quasi-Jacobi correction term

G(p.q)"

7 Zs[n] ’ — ZS[H] ’ AV 2L
(7) (P.9) (».9) 00p. 0200

Slnl,
where A g is the class of the diagonal in (S ("1)2 and
2 d \?
G(p.9)=~0(p.9)*(p ;) log(®(p.9)).
We have the following corollary:

!In the Nakajima basis of Section 3.2 we have £ = q1 (F)"vg, which implies the claim.

Geometry & Topology, Volume 28 (2024)
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Corollary 1.6 Under the variable change p = ¢>™'* and q = ¢?™'7, the function
75" CxH = H*SMx s ), (x, 1) 25" (x, 1)

is a vector-valued Jacobi form of weight —10 and index n — 1 with double poles at lattice points. In
particular, we have the transformation laws

n +b 10— c(n—1)x?
ZS[] X at _ 10—Wt
(cr+d’cr—|—d (ct+d) ‘\ertd

c 1 1 NQ
eXp(_cr—kd[H 2’;(57 apTaTp +XT8])Z (x,7),
a,

Z5" (x F AT+ 1, 1) = e(—(n — DA%t — 24 (n — 1)x) exp(AT35) Z5™ (x, ),

for all (? 3) € SL,(Z) and A, ju € 7, where we have written e(x) = e>™'* for x € C.

We refer to Section 11.1 for the precise definitions and conventions that we use here. A formula for the
series ZS"" (p,q) was conjectured in [Oberdieck 2018a] and then refined to an explicit conjecture in
[van Ittersum et al. 2021]. The above corollary yields strong evidence for this conjecture.

The cycle ZS o (p, g) also appears naturally in the Pandharipande—Thomas theory of the relative threefold
(S x P, So.00). Indeed, by Denis Nesterov’s quasimap wall crossing [2021; 2024] and the computation
of the wall-crossing term in [Oberdieck 2024b], one has

[n] - .
Z5" (p.q) =Y 4% (=) (o X &Yoo) [Pl 5 (ds 1y F.my(S X P S0.00)]"™.
d,r
where the moduli space on the right parametrizes stable pairs (F,s) on the relative rubber target
(S x P!, Sp.00)~ with Chern character ch3(F) = r. Consider the Pandharipande-Thomas theory of
S x E, where E is an elliptic curve. By using the evaluation in [Oberdieck and Pixton 2018] and by
degenerating the elliptic curve [Oberdieck and Pandharipande 2016], one obtains the closed formula

> [n] 1
= STl st x10(p.4.9)

where y1¢ is the weight-10 Igusa cusp form (as in [Oberdieck and Pandharipande 2016]). Because Fourier
coefficients of Siegel modular forms are Jacobi forms, this matches nicely with Corollary 1.6.

1.8 An application: CHL Calabi-Yau threefolds

Let S — P! be an elliptic K3 surface with section B and fiber class F, and let g: S — S be a symplectic

involution such that

Pic(S) = (_f (1)) ® Eg(—2),

Geometry & Topology, Volume 28 (2024)
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where the first summand is generated by B and F, and the second summand is the anti-invariant part.?
Let E be an elliptic curve and let 7: E — E be translation by a 2—torsion point. The Chaudhuri—-Hockney—
Lykken (CHL) Calabi—Yau threefold associated to (g, t) is the quotient

X=(xE)/{gx1).
The group of algebraic 1-cycles on X is
N1(X) = Spany (B, F) ® Z[E'],
where the second summand records the degree over the elliptic curve E' = E /().

Define the Donaldson—Thomas partition function

DT, (X)= Y > DTy (grarmq’ " (=p)
d>—1reZ

where we used the reduced Donaldson—Thomas invariants (see [Bryan and Oberdieck 2020])

DT, = / 1.
[Hilb, g (X)/E]

Theorem 1.7 Every DT, (X) is a Jacobi form of weight —6 and index n, that is

DT, (X) € JaC4,n(F0(2)).

1
O(p,q)*A(r)
The rank-1 Donaldson—Thomas invariants of X in arbitrary curve classes are determined from the series
DT, by the multiple cover formula of [Oberdieck 2024b] and a degeneration argument [Bryan and
Oberdieck 2020]. Hence Theorem 1.7 puts strong constraints on the full rank-1 Donaldson—-Thomas
theory of X. For an explicit conjectural formula for the DT, see [Bryan and Oberdieck 2020].

Our methods can apply also to arbitrary CHL Calabi—Yau threefolds which are associated to symplectic
automorphism of K3 surfaces of any finite order. The above is just the simplest case notationwise,
and chosen here to illustrate the method. The Donaldson-Thomas theory of general CHL Calabi—Yau
threefolds will be studied at a later time.

1.9 Fiber classes and Lagrangian fibrations

Assume that we are in the stable case 2g —2 + N > 0. Consider the generating series of Gromov—Witten
invariants in fiber classes of the Lagrangian fibration S ("] _ pr.

[n] [n]
FPo (tautyr,....yn) =Y Y (tautyr.....yN)5 gpiaq”(=p)

d>0 keZ
(d,k)#0

2These K3 surfaces arise as follows: Let R — P! be a generic rational elliptic surface, and let P! — P! be a double cover,
branched away from the discriminant. Then consider the K3 surface § = R Xp1 P! and let g be the composition of the covering
involutions with the fiberwise multiplication by (—1). This involution is symplectic and has the desired properties; see [Bryan
and Oberdieck 2020, Section 5.1].

Geometry & Topology, Volume 28 (2024)



Holomorphic anomaly equations for the Hilbert scheme of points of a K3 surface 3789

We have to exclude here the term (d, r) = (0, 0), because reduced Gromov—Witten invariants are not
defined for a vanishing curve class. The price that we pay for this unnatural definition is that we work
modulo the constant term below. Given power series f, g € C((p))[[¢]] we write f = g if they are equal
in C((p))[lg]l/C, or equivalently if f = g+ ¢ for a constant ¢ € C. In the unstable cases 2g —2+ N <0
we define

F;K](taut; Y1,...,YN) =0.

We first state the conjectural quasi-Jacobi property and holomorphic anomaly equation:

Conjecture D Assume that 2g —2 + N > 0. We have the following:

(i) Quasi-Jacobi form property Up to a constant term, F ;: 31 : (taut; 1, ..., YN) is a meromorphic
quasi-Jacobi form of weight k = n(2g —2+ N) + ) _; wt(y;) and index 0 with poles at torsion
pointsz =at+b,a,b € Q.

(i) Holomorphic anomaly equations Modulo constants, ie in C((p))[q]l/C, we have

d g .
d_Gng’O (taut; y1,...,¥YN)

[n] [n] [n]
= Fpo(tautsyr,....yn. U)+2 Y Fplo(tautiiys, UDFy," " (tauta: v, Un)

g=811+82
{1,...,.N}=AUB

N
[n]
—23 FSo (T*(Wtaut yr. ... Yie1 UYis Vigts - YN),

i=1

where {; € HZ(]Wg’N) is the cotangent line class, and

d FS[n]

N
[n]
xFoo (autiy...yn) =) Fog (tautyr.... Tyyio....yn).

i=1
Theorem 1.8 Conjecture D holds for

(i) the K3 surface S (ieif n = 1) and for all g and N,
(i) all Hilbert schemes S (that is for arbitrary n), if (g, N) = (0, 3).

We refer to Theorem 10.2 for the precise form which the quasi-Jacobi forms described in (i) have. The
multiple cover conjecture (Conjecture A) was proven for the K3 surface S in fiber classes d F in [Bae
and Buelles 2021]. The observation that the corresponding generating series is quasimodular and satisfies
a holomorphic anomaly equation appears to be new (but follows easily from the known methods). The
case of the Hilbert scheme of points also follows from the multiple cover conjecture, together with some
subtle vanishing arguments.

Deformation invariance and similar methods as in our proof should show that for any Lagrangian fibration
w: X —>P"ofa K3["]—hyperk'aihler with a section, the generating series of Gromov—Witten invariants in
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fiber classes is a (lattice index) quasi-Jacobi form and satisfies a holomorphic anomaly equation. This

raises the following question:

Question 1.9 Consider any Lagrangian fibration X — B with section of a holomorphic—symplectic
variety X . Are the generating series of Gromov—Witten invariants in fiber classes quasi-Jacobi forms, and
do they satisfy a holomorphic anomaly equation?

The answer is very likely “yes”. More interestingly, we can ask this for cases where X is quasiprojective
hyperkihler. A prototypical example to consider is the Hitchin map M¢ , — @; H °cC.K ’C) from the
moduli space of rank-n Higgs bundles on a curve C. Evidence for a positive answer will be given in the
genus-1 case (more precisely, for the Hilbert scheme of points on £ x C) in [Oberdieck and Pixton 2023].

1.10 Strategy of the proof

Hilbert schemes of points on K3 surfaces lie in the intersection of two very special classes of varieties:
(irreducible) hyperkéhler varieties and Hilbert schemes of points on surfaces. The geometry of both of
these classes will imply a modular constraint on the generating series of Gromov—Witten invariants. We
will show that these two constraints are precisely the two modular transformation equations that a Jacobi
form has to satisfy.

From hyperkihler geometry we use the global Torelli theorem [Verbitsky 2013; Huybrechts 2012] and
the description of the monodromy in [Markman 2008]. The locus parametrizing Hilbert schemes of
points S [*] on K3 surfaces is a divisor in the moduli space of all hyperkéhler varieties of K3[”]—type. In
particular, there are deformations of S which do not arise from deformations of the underlying K3
surface S (these deformation may be thought of as deforming the K3 surface S in a noncommutative way).
Utilizing these extra deformations yields precisely one of the transformation properties that we need.

The other ingredient follows from the Hilbert scheme side. Given a surface S there is a correspondence

between three different counting theories:
(i) quantum cohomology (ie (g, N) = (0, 3) Gromov—Witten theory) of S ],
(i) Pandharipande-Thomas theory of the relative threefold (S x P!, S0,1,00)s
(ili) Gromov—Witten theory of the relative threefold (S x P!, S 0,1,00)-

This correspondence is often represented in the triangle

quantum cohomology of Hilb(.S)

Gromov—Witten theory of S x P! Pandharipande-Thomas theory of S x P!

The GW/PT correspondence (meaning the correspondence between (ii) and (iii)) was proposed in [Maulik
et al. 2006a; 2006b] and has since been proven in many instances in [Maulik et al. 2011; Pandharipande
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and Pixton 2014; 2017]. For K3 x P! it was recently established in [Oberdieck 2024a] for curve classes
which are primitive over the surface. The Hilb/PT correspondence (between (i) and (ii)) was recently
established in full generality by Nesterov [2021]. For C? and resolutions of A,, singularities, the triangle
of correspondences was worked out previously in [Okounkov and Pandharipande 2010b; Bryan and
Pandharipande 2008; Okounkov and Pandharipande 2010a; Maulik and Oblomkov 2009a; 2009b; Maulik
2009; Liu 2021].

In the case of K3 surfaces the above correspondences take the simplest form: they are straight equalities,
without wallcrossing corrections; see Theorem 7.6 and [Nesterov 2024]. By expressing invariants of the
Hilbert schemes in terms of invariants of S x P! and then applying the product formula in Gromov—Witten
theory, we hence have expressed the Gromov—Witten invariants of the Hilbert scheme in terms of those of
the K3 surface. This allows us to lift modular properties which are known for K3 surfaces to the Hilbert
scheme of points. Altogether, this provides precisely the other half of the modularity that we were missing.

This leads to the proof of Theorem 1.3 for primitive classes (/ = 1). To deduce the arbitrary case we
use the proven case of the multiple cover conjecture [Oberdieck 2024b] and check the compatibility of
our conjectures under the formal Hecke operator. Except for working out the required compatibility on
quasi-Jacobi forms, this last step is not difficult.

1.11 History

The Gromov—Witten theory of the Hilbert schemes of points of K3 surfaces was first studied by the
author in his PhD thesis [Oberdieck 2015]. Many ideas behind the current work were already anticipated
then. For example, the potential role of the monodromy was discussed in [loc. cit., Section 6.3], and the
quasi-Jacobi form property was conjectured in a simple case in [loc. cit., Section 5.1.3]. Interestingly, the
simplest evaluation on the Hilbert scheme from a weight point of view, given in (6), is precisely also the
case where the moduli space of stable maps is the simplest to describe, and indeed this case was the first
to be computed back then.

1.12 Outline

In Section 2 we review the definition of quasi-Jacobi forms and prove basic properties regarding their
z—expansions, their anomaly operators and how they interact with Hecke operators. In Section 3 we
introduce the LLV algebra on the cohomology of the Hilbert scheme and then describe explicitly the
two monodromy operators that we need for constraints of the Gromov—Witten generating series (see
Sections 3.6.3 and 3.6.3). In Section 4 we use these two monodromies and obtain our first structure
result for the generating series of the Hilbert scheme in Proposition 4.1, essentially proving the elliptic
transformation law.

Then we turn to the part on GW/PT/Hilb correspondences: In Section 5 we discuss several basic structures
in relative Gromov—Witten theory. The main new technical result here is a formula for the restriction of
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relative Gromov—Witten classes to the nonseparating boundary divisor in the moduli space of curves, which
is of independent interest. In Section 6 we specialize to (K3 x C, K3;) for a curve C, state the GW/Hilb
correspondence (Theorem 6.2) and the reduced degeneration formula, and make some preliminary explicit
computations of invariants. The goal of Section 7 is to use the product formula and results about the K3
surface to show that the Gromov—Witten invariants of (K3 x C, K3;) are quasimodular forms and satisfy
a holomorphic anomaly equation (Theorem 7.6). This is our second main structure result.

Section 8 is the heart of the paper. Here we combine the two structure results we obtained before
(Proposition 4.1 and Theorem 7.6) and match the holomorphic anomaly equation on the Hilbert scheme
with the holomorphic anomaly equation for (K3 x C, K3;) under the GW/Hilb correspondence. This
proves Theorem 1.3 when / = 1. The case [ > 1 follows then in Section 9 by a formal argument using
Hecke operators. Section 10 deals with the fiber classes, proving Theorem 1.8 by a combination of the
GW/Hilb correspondence and known cases of the multiple cover conjecture. Section 11 discusses the
applications to the 2—point function and the CHL Calabi—Yau threefolds.

1.13 Conventions

Let X be a smooth projective variety. Given a cohomology class y € H¥(X) we let deg(y) = %k denote
its complex degree. We will use the identification H*(X x X) =~ End H*(X) which is given by sending
aclass I' € H*(X x X) to the operator

[:H*(X)—> H*(X), y> mu«(rf()D),

where 71 and 7 are the projections of X2 to the factors. Given a function Z: H*(X) — Q we will
often write Z(I'1)Z(I';) and say that I'y and I", stand for summing over the Kiinneth decomposition of
the class I’ € H*(X x X). By this we mean

ZT)ZT2) =) Z($)Z(¢'.)

where ' =), ¢; ® ¢Z.V € H*(X x X) is a Kiinneth decomposition. A curve class on X is any homology
class B € Hy(X,Z). Tt is effective if there exists a nonempty algebraic curve C C X with [C] = B.
In particular, any effective class 8 is nonzero. An effective class § is primitive if it is not divisible
in Hy(X, Z).
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2 Quasi-Jacobi forms

2.1 Overview

Jacobi forms are two-variable generalizations of classical modular forms. Quasi-Jacobi forms are constant
terms of almost-holomorphic Jacobi forms. We introduce here the basic facts we need on quasi-Jacobi
forms and refer to [Libgober 2011; Oberdieck and Pixton 2019, Section 1; van Ittersum et al. 2021] for more
detailed discussions. The topics we cover are the generators of the ring of quasi-Jacobi forms, differential
and anomaly operators, and the Fourier and Taylor expansion of quasi-Jacobi forms. Conversely, we give
criteria on two-variable generating series to be Taylor or Fourier expansions of quasi-Jacobi forms. In
Section 2.8 we discuss Hecke operators on quasi-Jacobi forms, and in Section 2.9 we consider their action
on forms of the wrong weight. In Section 2.10 we discuss a classical series of meromorphic quasi-Jacobi
forms which will appear for fiber classes of Lagrangian fibrations in Section 10.

2.2 Definition

Let H = {r € C | Im(t) > 0} be the upper half-plane, ¢ = ¢?*'7, x € C and p = e>™'*. We will also
frequently use the variable

z=2mix.
We often write f(p) or f(z) for a function f(x) under the above variable change. Consider the real-
analytic functions

1 J(x)
V= —— and o= _——.
81 I3(7) (1)
An almost-holomorphic function on C x H is a function of the form
®) ®= ) ¢ j(x.ow'e’
i,j=0

such that each of the finitely many nonzero functions ¢;_; is holomorphic and admits a Fourier expansion
of the form } _, o > ,cz c(n,7)g" p" in the region |g| < 1.
Consider a congruence subgroup

I' cSLx(Z)

and write e(x) = e2™'* for x € C.

Definition 2.1 An almost-holomorphic weak Jacobi form of weight k and index m for the group I' is a
function ®(x, 7): C x H — C which

(i) satisfies the transformation laws
X at+b e [ cmx?
Ol ——, —— | = d O(x, 1),
(cr—i—d cr-l—d) (cT+d) e(cr—l—d) (x.7)
O(x + A1+ 1, 1) = e(—mA%T = 2Amx) D (x, 1),

©))

for all (‘C’z) €eland A, €Z, and
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cmx? X at+b
d)%e( - ) ,
(cT+d) e( cr—i—d) (cr+d cr—i—d)

is an almost-holomorphic function for all (¢ 2) € SLy(Z).

(i1) such that

Remark 2.2 By taking (’Z, 2) to be the identity in (ii), we see that any almost-holomorphic weak Jacobi
form is an almost-holomorphic function, and hence has an expansion (8). Condition (i) implies that (ii)
only needs to be checked for a set of representatives of I'\ SL,(Z). In particular, if I' = SL,(Z) the
condition (ii) simply says that ® is an almost-holomorphic function.

An almost-holomorphic weak Jacobi form ®, which is as a function ®: C x H — C holomorphic, is called
a weak Jacobi form. More generally, we can consider the holomorphic part of an almost-holomorphic
weak Jacobi form:

Definition 2.3 A guasi-Jacobi form of weight k and index m for I is a function ¢ (x, ) on C x H such
that there exists an almost-holomorphic weak Jacobi form »; ; i, via/ of weight k and index m with

0,0 = @.

We let AHJacy ,, (I') (resp. QJacy ,, ("), resp. Jacg ,,(I')) be the vector space of almost-holomorphic
weak (resp. quasi-, resp. weak) Jacobi forms of weight k& and index m for the group I'. We write

Qlac(T") = EB EB Qlac(I) g, m

m>0keZ

for the bigraded C—algebra of quasi-Jacobi forms, and similar for AHJac(I") and Jac(I").

Lemma 2.4 The constant term map

AHJac(I') g — QJac(I)k m.» E bi,j vial > $0.0
i,j
is well-defined and an isomorphism.

Proof This is proven in [Libgober 2011]. |

A quasimodular form of weight k for the congruence subgroup I is a quasi-Jacobi form of weight k and
index O for I'. The algebra of quasimodular forms is denoted by

QMod(I") = ) QMod(I)g.  QMod(I)x = Qlac(IM)o.
k

Remark 2.5 (i) If I" is the full modular group SL,(Z), we will usually omit I" from our notation, eg
QJac = QJac(SL»(Z)).

(ii) In what follows, we will often identify a quasi-Jacobi form f(x, ) € QJacy ,, with its power series
in p and g. We will also often write f(p, q) instead of f(x, 7).
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2.3 Presentation by generators: quasimodular forms

For all even k > 0 consider the Eisenstein series

Gi(r) = —% + Z de_lq”.

n>1d|n
Set also G = 0 for all odd k£ > 0. Then Gj is a modular form of weight k for k > 2, and G, is
quasimodular. By [Kaneko and Zagier 1995; Bloch and Okounkov 2000] the algebra of quasimodular
forms is a free polynomial ring in G over Mod(I"), ie the ring of modular forms for the group I':

QMod(I") = Mod(I")[G2].
For the full modular group I' = SL,(Z) we have

QMod = C[G3, G4, G¢].
2.4 Presentation by generators: quasi-Jacobi forms
Consider the odd (renormalized) Jacobi theta function?

O(x,7) = (p'/?2— p71/2) 1—[ (1—pg™(Q1 _p—lqm)‘

_gm)2
a1 (I—g™)

Consider the derivative operator p(d/dp) = 1/(2ni)(d/dx) = d/dz and consider also the series

_pld/dp)®(x,T) 1 p"

Alx, 1) = ) =—5- T—om
(x ’ T) m#0 —q

By the same argument as in [Kaneko and Zagier 1995; Bloch and Okounkov 2000], G, and A are free
generators:
Lemma 2.6 QJac(I") C Jac(I")[G2, A].

As in the case of quasimodular forms, for the full modular group, the algebra of quasi-Jacobi forms can
be embedded in a polynomial algebra. Consider the classical Weierstrass elliptic function

1 _
Pt ==+ —L— 3 S k(pF —24 pR)gl
2 0a-p d>1k|d

We write p'(x, 1) = p(d/dp)e(x, t) for its derivative with respect to the first variable. Consider the

polynomial algebra
MQJac = C[0, A, G2, 0.9, G4].

Proposition 2.7 [van Ittersum et al. 2021] MQJac is a free polynomial ring on its generators, and QJac

is equal to the subring of all polynomials which define holomorphic functions C x H — H.

3We have O(x, 7) = 91 (x, 7)/n3 (1), where 1 (x,7) = Zvez+1/2(—1)L”Jp”q”2/2 is the odd Jacobi theta function, ie the
unique section on the elliptic curve Cx /(Z + t7Z) which vanishes at the origin, and (7)) = ¢ 1/24 anl (1—g™) is the Dedekind
eta function.
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The generators of MQJac are quasi-Jacobi forms (with poles and character [loc. cit.]) of weight and index
given in the following table. The algebra QJac is a graded subring of MQJac.

generator weight index

) -1 3
A 1 0
Gy 2 0
8 2 0
o4 3 0
Gy 4 0

Remark 2.8 By the well-known equation
§'(x)% = 4p(x)* +20p(x)G4(0) + Go(1) =0,

the generator Gg is not needed as a generator of MQJac.

2.5 Differential and anomaly operators

As explained in [Oberdieck and Pixton 2019, Section 2] the algebra QJac(I") is closed under the derivative
operators
1 d d 1 d d d

"= mide ddg M DT ag T =T

More precisely, these operators act by
Dz : Qlacy ,,(I') — QJacg 45 ,,(I') and Dy : QJacg ,,(I') — Qlacg 41, (I).
Similarly, we have anomaly operators. These can be defined most directly as follows. By Lemma 2.6 every
quasi-Jacobi form f(x, ) can be uniquely written as a polynomial in A and G, with coefficients weak
Jacobi-forms. We hence can take the formal derivative at these generators, giving functions (d/dG») f
and (d/dA)f.If F = Zi’ j Jij via/ is the almost-holomorphic function with fo 0 = f, then by [loc. cit.,
Section 2] one has 4 p
d_sz =fio and o f = fo.
This can be used to show that d /d G, and d/d A preserve the algebra of quasi-Jacobi forms. Precisely:

Lemma 2.9 [loc. cit., Section 2] The formal derivation with respect to A and G, defines operators

d d
——:Qlacg ,, (") — QJacg_5 ,,(I') and d_A: QJac ,, (') — QJacg_q ,, (I).

dG,
Then we have the commutative diagrams
Qlacy — AHJacg 1, Qlacg —= AHlJacg 1,
d/dGzl ld/dv d/dAl ld/da
Qlacy_ m —— AHJac_5 Qlacy_ym +—— AHJack_1m

where the horizontal maps are the “constant term” maps of Lemma 2.4.
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Let wt and ind be the operators which act on QJacy ,,(I') by multiplication by the weight k and the
index m, respectively. By [loc. cit., (12)] we have the commutation relations

(10) [dLGZ,DI]:—2Wt, [j—A,Dx]zzind [dLGZ,Dx]:—zj—A and [

d

ga-De| = Dx.

Remark 2.10 These commutation relations are proven by checking them for almost-holomorphic Jacobi
forms, where they follow by a straightforward computation of commutators between derivative operators
and operators of multiplication by variables. In particular, the argument is not sensitive to the precise
holomorphicity conditions we put on Jacobi forms; for example, the commutation relations (10) hold also
for MQJac or any other ring of meromorphic quasi-Jacobi forms.

As explained in [loc. cit.], knowing the holomorphic-anomaly equations of a quasi-Jacobi form is
equivalent to knowing their transformation properties under the Jacobi group. Concretely:

Lemma 2.11 [loc. cit.] For any ¢(x, t) € QJacg ,,(I') we have

X at+b _ k cmx? c(d/dGy) cx(d/dA)
¢(Cf+d’”+d)_(cr+d) e(CT+d)exp(_4ni(Cr+d)+ ct+d )(,b(x,r),

d(x + At + p, ) = e(—mA%t —2Amx) exp(—)tj—A)qS(x, 7),

for all (‘CIS) eTand A, u € Z.

2.6 Elliptic transformation law

Recall from Lemma 2.11 the elliptic transformation law of quasi-Jacobi forms:

Lemma 2.12 Forany f(p.q) € Qlacy ,, and A € Z we have
—22m - _
f(pa*t.q) =g+ p e AN 1 g).

In particular, if we are given f(p,q) € QJacy ,, such that (d/dA) f = 0, and we let
fp.) =YY c(d.k)g?

d>0keZ
be its Fourier expansion, then

c(d — Ak +mA2 k —2Am) = c(d. k).
Moreover, since f(p~',q) = (—=1)* f(p.q) where k is the weight of f, we have
c(d, k) = (=D*c(d, —k).
We prove the following two useful lemmas, which serve as a partial converse:
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Lemma 2.13 Let m > 0 and let f(p,q) = Y ;50 2kez ¢(d, k)q? pk be a formal power series such
that the following holds for all d, k and A € Z.:

(11) c(d — Mk +mA2 k=2 m) = c(d, k),
(12) c(d, k) =c(d,—k).

Then there exists power series f;(q) € C[q]| such that
m
f.9)=0""(p.9) Y _ fil@e(p.q)" "
i=0

Proof A similar argument has appeared in [Oberdieck and Shen 2020, Section 4.2] but we recall it here
for completeness. The vector space of Laurent polynomials g(p) such that g(p~!) = g(p) has a basis
given by the set of polynomials

(p1/2_p—1/2)2k for k20

Moreover, by the expansions of ® and g for every i € {0, ..., m}, there exist «; (all O except for finitely
many) such that

9.9 O(p.q)*" = (p' 2= pTVHH + > a; ("2 = pTHY + 0(g).
Jj>i

By an induction argument we can hence find f;(¢) € C[[¢] such that the function

F(p.q):= f(p.9) = O (p.9) Y _ fi(@(p.q)" "
i=0

has the following property: for all d > 0 the q? coefficient of F satisfies
(13) Fa(p) :=[F(p.9)ga = Y _ bay(p'’* = p~ 1/,
I>m

Let a(d, k) be the coefficient of g2 p¥ in F(p, q). Since @2 ™~ is a (quasi-) Jacobi form of index m,
its Fourier-coefficients satisfy (11). Moreover, if the Fourier coefficients of a power series /(p, q)
satisfy (11), then the same holds for the Fourier coefficients of & (p, g)r(g) for any power series in g.
This implies

(14) a(d, k) =a(d — Ak +mA2% k —2im)

for all d,k,A € Z. Assume F(p,q) is nonzero and let d be the smallest integer such that F;(p) is
nonzero. Since the sum in (13) starts at / = m + 1, we have

a(d,k)+#0
for some k > m + 1 > 0. But then by (14) with A = 1, we obtain
a(d,k)y=a(d —k +m,k —2m) # 0.
Since d —k + m < d this contradicts the choice of d. O
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Lemma 2.14 Let m > 0 and let f(p,q) = Y ;50 2_kez ¢(d, k)q? pk be a formal power series such
that the following holds for all d, k and A € Z.:

c(d =Mk +mA% k=2 m) =c(d.k) and c(d, k)=—c(d,—k).
Then there exists power series f;(q) € C[q] such that

f(p.q) =" (p.9)¢ (p.q) > fil@e(p. )" "
=2

Proof The vector space of Laurent polynomials g(p) such that g(p~!) = g(p) has the basis
(p=p~H(p"2=p7VH* for k=0

Moreover, for i < m we have the expansions
®2m§)/§)m_i — (p_p—l)((pl/Z_p—l/Z)Zi—4 + Z aj(pl/Z_p—l/Z)Zj) + O(q)
Jj>i—2

for some «;, of which all but finitely many are 0. By induction we conclude that there exists f;(q)
such that

F(p.q)= f(p.9) = O (p.)¢'(p.q) >_ f[il@e(p.9)""
i=2

for all d > 0 satisfies

(15) Fa(p):=[F(p.@)lga =(p—p~") > bay(p'?—p71/2)%.

I>m—2

We argue now as before: Let a(d, k) be the coefficient of g% p¥ in F(p, ). We then still have (14) as
well as

a(d, k) = —a(d, —k).

Assume F(p, q) is nonzero and let d be the smallest integer such that F,; (p) is nonzero. Since the sum in
(15) starts at [ = m — 1, we have a(d, k) # 0 for some k > m > 0. But then by (14) with A = 1, we obtain

a(d,k)y=a(d —k +m,k—2m) #0.
If kK > m this yields a contradiction as before, and if k = m we obtain a(d, k) = a(d, —k), but since we

also have a(d, k) = —a(d, k) this gives the contradiction a(d, k) = 0. |

2.7 The expansion in z

Recall that we have set z = 2mix, where x € C is the elliptic parameter. To stress the dependence on z,
we usually write f(z) for a function f(x) under this variable change. We study here the z—expansions of

Geometry & Topology, Volume 28 (2024)



3800 Georg Oberdieck

quasi-Jacobi forms for the full modular group SL»(Z). For that purpose, recall the well-known expansion
of the generators of MQJac in z; see eg [van Ittersum et al. 2021]:

X k—1
O(z) = Zexp(—2k2>; Gk(r)%), A(z) = % —2]; Gk(f)—(kz_ DU
k—2

(k—2)

p(z) = —+ Y Gr()—

k>4

Consider the operator that takes the formal derivative with respect to G, factorwise,

(55, QMod(E) > QMod(2))
That is, for f =), fr(v)z" with f, € QMod, we let

dfy 7
(d G> ) f= Z d Gz '
Consider the decomposition of MQJac according to weight k and index m,

MQJac = @ MQlJacy ,, -
k.m

Then the following is immediate from the expansions above:

Lemma 2.15 The coefficient of z" of any series f € MQJacy , is a quasimodular form of weight r + k.
Moreover,

_ . d _ i 2
(16) (dGz) f=a6,) ~¥ gzl —Ems
We prove the following partial converses:

Lemma 2.16 Let f;(q) € C[q]] be power series such that every z" —coefficient of

fp.0)=0"(p.9)Y_ fil@p(p.q)""

i=0

is a quasimodular form of weight z" 5. Then every f;(q) is quasimodular of weight s + 2i.

Proof We have ©2" o™~ = 72/ 4+ 0(z?'12), so we can write f;(q) as a linear combination of the
z"—coefficients of f(p, q) with coefficients quasimodular forms (of the correct weight). m|

Lemma 2.17 Let f;i(q) € C[lq]] be power series such that every z" —coefficient of

fp.9)=0""(p.9)9'(p.9) > fil@ep. )"

=2

is a quasimodular form of weight z" 5. Then every f;(q) is quasimodular of weight s + 2i — 3.
Proof The proof is similar. m|
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2.8 Hecke operators

Let m > 1 and recall that the m™ Hecke operator acts on Jacobi forms ¢ (x, 7) of weight k and index m by

2
(17) (T(k,m),lf)(x,‘[):lk_l Z (cr—i-d)_ke(mlc:x )f( Ix ar+b)’

ct+d ct+d
A=(21)esL@)\ M,

where A runs over a set of representatives of the SL,(Z)-left cosets of the set

M,:{(" b) ‘a,b,c,deZ,ad—bCZZ}.
c d

As shown in [Eichler and Zagier 1985, 1.4], the action of T ,,),; is well defined (ie independent of a set
of representatives) and defines an operator*

Tk ,m),1 - JaCk m —> Jac m; -

Since the argument in [loc. cit.] only involves the compatibilities of the slash-operators of the Jacobi
forms, the proof carries over identically to almost-holomorphic weak Jacobi forms. Hence using (17) we
also obtain a well-defined operator:

T(k,m),l : AHJaCk’m — AHJaCk,mlz, F— T(k,m),l F.

Transporting to quasi-Jacobi forms using the “constant term” map of Lemma 2.4 we hence obtain a Hecke
operator on quasi-Jacobi forms
Tk, m)y,1 - Qlacg ,, — Qlack i,
defined by the commutativity of the diagram
Qlacy, +—— AHJack

T(k.m).ll lT(k,m).l

Qlacg m; (i AHlJacg

The Hecke operator on quasi-Jacobi forms satisfies the following:

Proposition 2.18 If f =}, . c(n,r)q" p" is the Fourier expansion of a quasi-Jacobi form of weight k
and index m, then

_ In r
(18) T(k,m),lf:Z( Z ak lc(a—z,a))q”pr.
n,r al(l’nar)
Moreover,

d d d d
(19) d—Gsz,lf=lTk—2,md—G2f and d—ATk,lf=lTk—1,md—Aﬁ

where we write Ty ; := T(k m),1 since T m),; does not depend on m.

4We only require Hecke operators for the full modular group, so we restrict to I' = SL(Z) here, ie omit I" from the notation.
This section generalizes to arbitrary congruence subgroups.
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Proof For (Z Z) € M; we have the transformation properties

at+b\ 1 2 1 5 c(ct+d)
v(cr+d) = lv(r)|cr+d| =7 |:(cr+d) v(t) + o ,
Ix at+b
(cr+d’cr+d)_(CT+d)a(x’T)_cx'

Consider the weight-k index-m almost-holomorphic weak Jacobi form
F=Y fijvial
i’j
with fo0 = f. With J =ct 4+ d and ¢ = c/4mi we obtain

—cx? Ix at+b\[(J(Jv+0)\"
20) (Teem 1 F L N S Y ey : Ja—cz)’.
20) (Tem. F)(x. 7) AZ e(m ord )\ g erd ) Ja—cz)

We specialize A now to run over the set of representatives of SL,(Z)\ M; given by

ab
(0 d) for l =ad andb=0,...,d —1.

Then (20) becomes
_ 1 _ at+b
(Themya F)(x. 1) =171 vras[l—, > d k+2’+sfr,s(az, = )]

r,5>0 l=ad

Taking the v%a coefficient and inserting f = Zn’r c(n,r)q" p" yields

d—1
Temy | = Coeffyoq0(Tamy F) =171 "~ d7* 3" flaz, (at +b)/d)
I=ad b=0
— Z ak—l Z C(l’l r)par na/d
I=ad n,r
n=0 mod d

This gives the first claim. The compatibility with the anomaly operators follows from

d
iG, ——Tg1 f = Coeff 1,0 (T, my 1 F) =1 Z ak—3 Z ! (n,r)pq na/d.
l=ad n,r
n=0 mod d
d —
ﬂTk,lf = Coeff041 (T(k,m) 1 F) =1 Z ak—2 Z " (n,r)p*q na/d
l=ad n,r
n=0 mod d
where ¢’ and ¢” are the Fourier coefficients of f1,9 and fo,1, respectively. O

By a straightforward computation using (18), one finds that for f € QJac ,,,

(21) Tkq21D<f =D Ty f and Tyyy D f =D Ty, f.

Then (19) and (21) are compatible with the commutation relations (10).
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2.9 Wrong-weight Hecke operators

For a formal power series f =} ;. c(d, r)q? p” we can formally define the /™ Hecke operator of
weight k by

/
(22) Tk,lfIZ( > a"‘lc(a—';g))q"p’.

n,r “a|(l,n,r)
In Proposition 2.18 we have seen that Ty ; defines an operator
T, - Qlacy ,,, — QJacy g -

More generally, we can ask: what happens if we apply Ty ; to quasi-Jacobi forms f of a weight k’
different from k? This is answered by the next proposition.

Consider the congruence subgroup
ab
To(l) = { (c d) € SL,(Z) ‘ c=0 modl}.

Proposition 2.19 For any k, k' and m, the ["" formal Hecke operator defines a morphism

Tj,1: Qlacys , — QJacys 1 (To(1)).
Moreover, for any f € QJacy/ ,(SL2(Z)) we have

d d d d
(23) d—Gsz,lf:lTk—z,md—sz and d—ATk,lf:lTk—l,mﬂf-

For the proof we will decompose the “wrong-weight Hecke operator” into ordinary Hecke operators and
the scaling operators By for N > 1 defined on functions f: C x H — C by

(Bn f)(x,7) = f(Nx, N7).

Lemma 2.20 If f € QJacy ,, then By f € QJacg ,,n (I'o(N)), and moreover

d _ 1y d d _ 1y d
a6, v =B/ and R BN S =g BN L)

Proof Let F(x,t) be a almost-holomorphic weak Jacobi form of weight k£ and index m. Set
F(x,7)=(BNyF)(x,7) = F(Nx, N7).
Then for (‘C’ 2) € T'o(N) and with ¢ = ¢’ N, we have
ﬁ( X ar—l—b)_F( Nx aNt—I—Nb)_ ( Nx aNr—i—Nb)

ct+d ct+d ct+d’  ct+d ¢/ (Nt)+d’ ¢/(Nt)+d
"(N 2 N 2N\
:(c’(Nr)—Fd)ke(%)F(Nx,Nr)=(cr+d)ke(%)F(x,r),
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where we have used that (g, A‘Iib) € SL»(Z). Similarly, one proves that

F(x+ A1, 7) = e(=mN(\27 + 2Ax)) f (x, 7).

So F e AHlJac ,,, v (I'o(V)), and by taking the constant coefficient also By f* € QJacg ,x (I'o(N)). To
show the compatibility with the anomaly operators write

F(x,7)= Zf,-,jviaj.
i,J
Since v(Nt) =v(1)/N, we get
BNF(X,‘L') = Z%fi,j(Nx,Nt)viaj.

i,J
Hence if f = fo,0,

d . _ 1 _ 1 d
d—GzBNf—Coeffvlao(BNF(x,‘E))— Nfl,()(Nx,Nt)— NBN—dsz.
The case for d/d A is similar. |

Proof of Proposition 2.19 We follow ideas of [Bae and Buelles 2021, Lemma 12]. Given a power series
f=> d.rcd, r)q? p” define the formal operator

Upf = Zc(bn,r)q”pr.
n,r

A direct calculation starting from (22) shows that

Tk = Z ak_lBan.
b=l
Recall the Mobius function ¢

win) = {

which satisfies Zd|n,d>0 u(d) = 6y1. For s € Z let Idg be the function Idg(a) = a®. For functions
g and h define the Dirichlet convolution (g * h)(I) = ) ;_,p, g(a)h(b) and the pointwise product

(—=1)% ifn = py--- pg for distinct primes p;,
0 else,

(gh)(a) = g(a)h(a). Both of these are associative operations. We then have

(w1dgr—1) * Idgr—1 (a) = 8an,
and thus
(Idg—1 *(pu1dgr—1) * Idgr—1)(a) = Idg—1 .
After setting
ki (e) = (Idg—q *(p 1dgr—1))(e)
this yields

k=1
a
(24) Tk = bX:l(Idk_l *(uldgr—1) * Idg—1) (@) BoUp = ;l lZCk,k’(e)(z) B, Up
ab= ab=lela

=Y cp(@Be Y OV TByUy =Y cru(e)BeTia.
ed=I d=bb’ ed=lI
where we used B; = Be By /.
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Given f € Qlacy/,, we have Ty 4 f € QJacys ;,q by Proposition 2.18, and hence

(25) BeTyr g f € Qlacys g € Qlacks mae(To(e))

by Lemma 2.20. Since for e |/ we have

QJac(I'g(e)) C QJac(To(7)),
we obtain that

Tiif =Y cip(@)BeTiraf € Qac(To(0)).
ed=I

For the second part, observe that
crp(e) =Y d I T ub) = Eera (o).
ab=e
Hence by the second parts of Proposition 2.18 and Lemma 2.20, we have
d d d

_ a d_ o d o
d_Gsz’lf _ed2=:l Ck,k/(e) p BeTk/,d dsz —led2=:l Ck—z,k/—z(e)BeTk/,d dsz = Tk—2,l dsz O

Example 2.21 Recall that Mod,(I'g(2)) is 1-dimensional and is generated by

Fp(r)=1+24 )" dq".
d|n
d odd

Hence QMod, (I'g(2)) has the basis given by F, and G,. One computes that
Tk’sz(‘E) = 2k_leG2 + U, Gy = 2k_1(—%F2 + %Gz) + (ﬁFz + 2G2).
Hence as predicted by Proposition 2.19 we get

T 2Ga(1) = 2(1 + 2673 = 275y (1),
dG,

In applications below we will consider quasi-Jacobi forms with a pole at T =i oo, ie which are of the form

)
feem =05

for a quasi-Jacobi form ¢ and some m > 1. Since the argument used to prove Proposition 2.19 also works

when there are poles, the results of Proposition 2.19 remain valid for these quasi-Jacobi forms as well.
The only modification concerns the order of poles:

Proposition 2.22 For any k, k' and m the " formal Hecke operator acts by
1 1
Tk, m Qlack/ 4 12,m — W Qlacy/ 4-121,mi1(To(1)).
The relations (23) hold identically.

Geometry & Topology, Volume 28 (2024)



3806 Georg Oberdieck

Proof If f(x,7) = ¢(x,7)/A(7) is a weight-k index-m quasi-Jacobi for the group SL;(Z), then the
“correct weight” Hecke transform Ty ; f is also quasi-Jacobi for the full group SL»(Z). The poles of
Tk, f are located at the single cusp t = i 0o, and here (22) shows that the pole order is increased by /.
So A(7)! Ty, f is holomorphic quasi-Jacobi, ie it lies in QJacy 4127 ;. Hence the claim holds if k = k.
In the general case we use again the decomposition (24), the fact that By is a ring homomorphism and
that for any N > 1 (see eg [Koblitz 1993, Proposition 17(a)])

1 1
BN(A(T)) € NGL Moda(nv—1)(To(N)). o

2.10 Index-0 meromorphic Jacobi forms

Consider the algebra of index-0 Jacobi forms,
MQJacg := @MQJack’o = CI[A, G2, .. G4)].
k>0
The algebra MQlJac, is precisely the ring of index-0 meromorphic Jacobi forms with poles only at lattice

points x = at + b for a, b € Z; see [Libgober 2011].

Consider once more the Jacobi theta function

= (pl/2_ p-1/2 (1-pg™(1—-p~'¢g™)
0@ =@ =p "] T=gm? ,

which we view in this section as a function of z = 27ix (and drop t from notation). Define functions

m>1

Ay (z, 1) for all n € Z by the expansion

Oz +w) Z An(z, 1) L

(26) 0(z)0w) n!

n>0

In particular Ag = 1 and A; = A. The function ®(z + w)/(®(z)B(w)) is a meromorphic Jacobi of lattice
0 1/2

index (1/2 o

), which leads to the proof of the following:

Theorem 2.23 [Zagier 1991; Libgober 2011] (a) For all n we have A, € MQJac,, ,, and

d oo A
a6, =0 gah

(b) For all n > 0 we have the expansion

n=nAp_1.

1/2 —1/2

1 + _ _

An(z.0) = But Syt = 3 A"+ (1) p g,
L k.d>1

where the Bernoulli numbers B, are defined by % coth(%z) = uso(Bn/n Nz=1,

Proof The first part follows immediately from the transformation properties given in the theorem of
[Zagier 1991, Section 3], but see also [Libgober 2011] for why the A, lie in MQJac, and [Oberdieck
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2012, Lemmata 5 and 6] for the holomorphic anomaly equation (the functions A, were called J, in
[loc. cit.]). Part (b) follows from the expansion proven in [Zagier 1991, Section 3]

OC+W _ 1omld 1) oo( - n )n
020 w) —2(coth2w+coth22) 2; ;lsmh(dw—i—dz) q". i

Remark 2.24 (historical remark) The function (26) already centrally appeared in work of Eisenstein
on elliptic functions in the 1850s; see [Weil 1976] for a historical account,

3 Cohomology and monodromy of the Hilbert scheme

3.1 Overview

Let S be a K3 surface and let S["] be the Hilbert scheme of n points on S. There are two basic structures
on the cohomology of the Hilbert scheme. The first is the Nakajima Heisenberg action (Section 3.2), which
gives a natural additive basis of the cohomology and allows us to identify the curve classes on the Hilbert
scheme (Section 3.3). The second is the Looijenga—Lunts—Verbitsky (LLV) Lie algebra (Section 3.4),
which will appear in the statement of the holomorphic anomaly equations. In Section 3.5 we use the LLV
algebra to define several gradings on the cohomology. In Section 3.6 we recall work of Markman on how
the LLV algebra controls the monodromy. Two particular monodromy operators are of special importance
to us because they lead to the elliptic transformation property of the generating series. These are discussed
in detail in Sections 3.6.3 and 3.6.4. In particular, we describe how they act on the Nakajima basis.

3.2 Nakajima operators

We follow the work [Nakajima 1997]; see also [Grojnowski 1996]. For any n, k € N, consider the closed
subscheme

Slentkl — (1 > 1"y | 1/1' is supported at a single x € S} C S x gtk

endowed with projection maps

S[n,n+k

]
(27) 7 l,,s&
S

N S§n+k]

which remember 7, x and I/, respectively. For « € H*(S) and k > 0 we define the k™" Nakajima operator
by letting S [n.n+k] act as a correspondence; that is we define

a(e): H*(S") — H* SV qe(@)y = pre (P2 (1) 5 (@)).
Similarly, we can go the other way and define q_g (o) : H*(S"+kly — g*(S[*) by

1@y = (=D p+(P} (1) P5 (@)
We also set qo(y) = 0 for all y.
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Consider the direct sum
H*(Hilb) = @) H*(s™).
n>0

Because the correspondences above are defined for all n, we obtain operators
qi (o) : H*(Hilb) — H *(Hilb).
By the main result of [Nakajima 1997] we have the commutation relations of the Heisenberg algebra

(28) [ak (@), a2 (B)] = k(cx. B) Idirp -
Moreover, H*(Hilb) is generated by the operators qg (o) for k > 0 from the vacuum vector
vy € H*(S19) = Q.
In particular, the set of classes
air, (Vil) e CI)L@(,\) ()’ig(,\))vz,

where A = (A4;, y;;) runs over all partitions of size n weighted by cohomology classes from a fixed basis
{yi}?2, of H*(S), forms a basis of H*(S™", Q).

For homogeneous «; € H*(S), the degree of a Nakajima cycle is

(29) deg(qr, (or1) -+ i, ())vg) =n—1+ > deg(e).

1

The length of a Nakajima cycle is defined to be the number of Nakajima factors:
(30) [k, (1) -+~ Qi () vg) = L.
3.3 Curve classes

For n > 2, the fiber of the Hilbert—-Chow morphism S — Sym”(S) over a generic point in the
discriminant is isomorphic to P! and has (co)homology class

A= q2(p)a1(p)" g € Ha(S™M, 7),

where p € H*(S, Z) is the class of a point. Similarly, given a class 8 € H»(S, Z) we have an associated
class on the Hilbert scheme given by

Binl i= q1(B)a1(p)" Lvg € Ha (S, 7).

If B is the class of a curve C C §, then B, is the class of the curve parametrizing subschemes consisting
of n — 1 distinct fixed points away from C and a single free point on C.

By Nakajima’s theorem [1997] (discussed in the last section), we have an isomorphism:
31) Hy (S, Z) = H*(S,2) ® ZA, By + 1A < (B, 7).

Usually we simply write B + rA for the class associated to (8, r) on the Hilbert scheme. If n < 1, we set
A = 0 and always assume that r = 0; if n = 0 we also assume that 8 = 0.

Geometry & Topology, Volume 28 (2024)



Holomorphic anomaly equations for the Hilbert scheme of points of a K3 surface 3809
3.4 The Looijenga—Lunts—Verbitsky algebra

Let X be an (irreducible) hyperkihler variety of dimension 2. The lattice H?(X, Z) is equipped with an
integral and nondegenerate quadratic form, called the Beauville-Bogomolov-Fujiki form [Fujiki 1987].
We will also view H™*(X,Z) as a lattice using the Poincaré pairing. Both pairings are extended to the
C-valued cohomology groups by linearity.

The Looijenga—Lunts—Verbitsky Lie algebra of X is defined as follows; see [Looijenga and Lunts 1997,
Verbitsky 1996]. For any a € H?(X, Q) such that (a, a) # 0, consider the operator on cohomology which
takes the cup product with a,

eq: H*(X,Q) - H*(X,Q), x+—aUx.

Let /1 be the Lefschetz grading operator which acts on H? (X, Z) by multiplication by i —n. Then there
exists a unique operator
fa: H*(X,Z) — H*(X,Z)

such that the s, commutation relations are satisfied:

lea, fal =h, [h,es] =eq, [h, fa] =—fa.

The LLV Lie algebra g(X) is defined as the Lie subalgebra of End H* (X, Q) generated by e, f, and h
for all « € H?(X, Q) as above. By the central result of [Verbitsky 1996] one has

9(X) = s0(H*(X,Q) ® Ug),
where U = ((1) (1)) is the hyperbolic plane.
The degree-0 part of g(X) decomposes as

a(X)o = s0(H*(X,Q)) & Qh.

The summand so(H?(X, Q)) is also called the reduced LLV algebra. Base changing to C and integrating
this yields the LLV representation:

(32) priv: SO(H?(X,C)) — GL(H*(X,C)).

The LLV representation acts by degree-preserving orthogonal ring isomorphisms [Looijenga and Lunts
1997, Proposition 4.4(ii)], where orthogonal means with respect to the Poincaré pairing.

The Hilbert scheme of points S ["] on a K3 surface are irreducible hyperkahler varieties [Beauville 1983].
The LLV algebra we use here was described explicitly in the Nakajima basis in [Oberdieck 2021]. We
recall the explicit formulas, using the conventions of [Negut et al. 2021]. First recall the isomorphism

(33) v =H2*(SM") = H2(S) ® Q8.

which can be obtained by dualizing (31). In particular, § is —% times the class of the locus of nonreduced
subschemes and satisfies §4 = 1. Moreover, for @ € H?(S, Q) the associated divisor on the Hilbert
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scheme is (1/(n —1)!))qq(2)q1(1)"'vg. The Beauville-Bogomolov—Fujiki form is then the form on V
which extends the intersection form on H?2(S) and satisfies
(8,8)=2—2n and (8, A(S))=0.
The LLV algebra is given by
a(s") = N*(vV @ Ug).
where the Lie bracket is defined for all a,b,c,d € V @ Ug by
[anb,cnd]=(a,d)brc—(a,c)brd—(b,d)yarnc+ (b,c)and.

Consider for all @ € H?(S, Q) the following operators:

1 ~ 1
eaz—ZQnQ—n(A*cx), es=—¢ Z 19995 (A123):, fa:‘Zn—ZQnQ—n(Oll—i-az),

n>0 i+j+k=0 n>0
34 ; 1 1 1 1 2 2 2
=1 @ik (73 A+ T3 813+ 3 A0+ e+ o+ Sa)
/s 6 Z qlqjqk(k2 12+j2 13-%—1.2 23+]kc1+lkcz+ljc3
i+j+k=0
Here :—: is the normal ordered product defined by
iy = Qi - = Yioqy " Yiow)

where o is any permutation such that i, (1) > - -+ > iy (k). We define operators ey and f:x for general « € V
by linearity in «. By [Lehn 1999], e, is precisely the operator of the cup product with . By [Oberdieck

20217, if (o, ) # 0, the multiple f; /(a, ) acts on cohomology as the Lefschetz dual of e,. Then, as
shown in [loc. cit.], the assignment

(35) act: g(S") > End H*(S1™), Va eV, act(e Aa) = eq and act(@ A f) = fy
induces a Lie algebra homomorphism, which is precisely the action of the LLV algebra. The element
e A f acts by the Lefschetz grading operator

(36) h=actlen f) =Y 2aka k(P2 —p1).
k>0

3.5 Weight grading

With the notation of the previous section, consider vectors W, F € H?(S, Z) which span a hyperbolic

lattice, that is, which have intersection form ((1) (1)) We associate three operators on H*(S]) to this pair:

(i) the Lefschetz dual operator (which will appear in the holomorphic anomaly equation for d/d G,),

- 1
U= fr=act(FAf)==> —auqn(F1+F)
n>0n
(i) for any o € V with « L {W, F'}, the degree-preserving operator

Ty = leq, U] = act(a A F),

where for the class § € V' we have explicitly

1 1
(37) Ty=5 ). 9ita((Fi+ F2)A):

i+j+k=0
Geometry & Topology, Volume 28 (2024)
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(iii)) the weight grading operator

(38) Wt=l[ew, U]l =actle A f + WAF)= Z %CIkCI—k(PZ —p1+ WaF1 =W F).

k>0
The action of x =e A f +W A F on H?(X, Q) @ U is semisimple, so x is a semisimple element of the
LLV algebra. Hence H*(S [n]) decomposes into eigenspaces under Wt. We can describe the eigenspaces
quite explicitly: Define a weight grading on H*(S) by

1 ifae{W,p},
wt(a) = ¢—1 ifae{F, 1},
0 ifae{F W1, pt.

This induces a grading of H* (S by setting
(39) wt(y) = Z wt(e;) forall y = 1_[ qk; (@i)vg,
i i

so that all «; are wt—homogeneous. By the explicit formula (38), a direct check shows that

Wi(y) = wi(y)y

for a wt-homogeneous element y € H*(S"]).
Lemma 3.1 The action of Wt on H*(S 2]y s semisimple with eigenspace decomposition

n
H* (S = P V. Wtly, =didy,.
d=—n
deZ
The operators T,, (for « 1 {W, F}) and U act with respect to this grading with weights —1 and —2,

respectively; that is,
Ta:Vig—>Vg_y and U:Vz—Vi_,.

Proof The first claim follows since wt(y) takes values in {—n,...,n}. The second claim follows from
[Wt,Ty] =act(fen f+ W AF,aAF]) =act(F Aa) = —Ty,
Wt,U]=act(feA f+ W AF, FAf])=act(f AF—FA f)=-2U. m|

We have the following weight computation for the class
U e H* (S x slnl)

associated to the operator U according to the conventions of Section 1.13:

Lemma 3.2 Consider a Kiinneth decompositionU =), a; @ b; € H*(S[”])@’2 with a; and b; homo-
geneous with respect to wt. Then for all i we have

wt(a;) + wt(b;) = —2.
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Proof This follows from

(id ® Wt + Wt ®id)(U) = WtoU + U o Wt' = WtolU — U o Wt = [Wt, U] = —2U. d
The weight grading also interacts nicely with the cup product:

Lemma 3.3 The product y; - - -y of any wt—homogeneous classes y; is again wt—homogeneous, and
has weight

wi(yr - vi) = (k= Dn+ Y wi(y).

Proof The grading operator h=h+nidis multiplicative, ie h (xy)= h (x)y + xh (y). Moreover, since
the LLV representation (32) acts by ring isomorphisms,

hwr :=act(W A F) = %}t=0pLLV(et(W/\F))

is multiplicative. Hence Wt := Wt+nid = h + hwr is multiplicative. If we use this to compute
Wt(y1 - - - V&), we obtain the claim. |

Remark 3.4 For y € H*(S"]), the modified degree function deg(y) of [Oberdieck 2022, Section 2.6]
is related to the weight wt(y) defined above by deg(y) = n + wt(y).

3.6 Monodromy

3.6.1 Monodromy group Let X = S Let Mon(X) be the subgroup of O(H*(X, Z)) generated by
all monodromy operators, and let Mon?(X) be its image in O(H?(X, Z)). We let

mon: Mon(X) — O(H*(X,Z))
denote the monodromy representation.
By results of Markman [2011, Theorem 1.3; 2021, Lemma 2.1]
(40) Mon(X) 2= Mon?(X) = O (H?*(X, 7)),

where the first isomorphism is the restriction map and Ot (H2(X,Z)) is the subgroup of O(H2(X, 7))
of orientation-preserving lattice automorphisms which act by 1 on the discriminant.® If g € Mon?(X),
we let t(g) € {1} be the sign by which g acts on the discriminant lattice. This defines a character

7:Mon?(X) — Z».
3.6.2 Zariski closure By [Markman 2008, Lemma 4.11], if n > 3 the Zariski closure of the subgroup
Mon(X) C O(H*(X,C)) is O(H?*(X,C)) x Z5. The inclusion yields the representation
1) p: O(H?(X.C)) x Zr — O(H*(X,C)),

SLet C = {x € H*(X,R) | {x,x) > 0} be the positive cone. Then C is homotopy equivalent to S%. An automorphism is
orientation preserving if it acts by +1 on H2(C) = Z.
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which acts by degree-preserving orthogonal ring isomorphism. There is a natural embedding
O (H*(X,2)) > O(H*(X,C)) X Zz, g+ (g.7(2))

under which p restricts to the monodromy representation; that is,

(42) mon(g) = p(g,t(g)) forall g € Mon(X).

If n € {1, 2} the Zariski closure of Mon(X) is O(H?(X, C)). In this case, we define the representation
(41) by projection to O(H?(X, C)) followed by the natural inclusion.

The representation p is determined by and has the following properties:

Property 0 For any (g, 7) € O(H?*(X,C)) x Z, we have

p(& Dlu2x,c) = &
Property 1 The restriction of p to SO(H?(X, C)) x {1} is the integrated action of the Looijenga—Lunts—
Verbitsky algebra [Looijenga and Lunts 1997; Verbitsky 1996],

PlsocH2(x,C))x{0} = PLLV-
Property 2 We have
p(1,—=1) = D o p(—idg2(x,c). 1)

where D acts on H? (X, C) by multiplication by (—1).
Property 3 The action is equivariant with respect to the Nakajima operators: For any g € O(H?(X,C))
such that g(8) = 4, let § = glp2(s,c) @ 1dpo(s,z)@H4(S,z)- Then

(g, 1)(1_[ Ak; (Oli)l) = [ a (@)1

Property 1 follows by [Markman 2008, Lemma 4.13]. Property 3 follows since the Nakajima operator is
naturally equivariant with respect to the action of the monodromy group Mon(S) = O(H?(S,Z))" (of
deformations of the K3 surfaces), and this group is Zariski dense in O(H?(X, C))s. Property 0 follows
by construction. Property 2 is implicit in [loc. cit., Section 4]; compare also with [loc. cit., Section 1.1.2].

3.6.3 Example 1: involution The element g € Ot(H 2(X, Z)) given under the isomorphism (33) by

glu2s,z) =1d, g(8) =—6
is orientation preserving (it fixes a slice of the positive cone) and acts by —1 on the discriminant lattice.
We want to describe the action of the corresponding monodromy operator of X defined by (40).

By Property 2,
mon(g) = D o p(—g, 1).
Since —g fixes §, we obtain the equivariance with respect to the Nakajima operators in the sense of
Property 3; that is, if we let
g =idgogp+ ® —idpy2(s,7)
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then
oz, 1)(H %, (a,-)l) — [T ok, @)1,

In particular, if all «; are homogeneous, we see that

p(=& DAk, @1) Gk, (@)vg) = (D ai, @) -+ i, @)V,
where [ = [{i | ; € H?(S,Q)}|. Using (29), we conclude that
mon(g) (ax, (1) -+~ ak, (@)ver) = (=1 ag, (@1) -~ g, ().
3.6.4 Example 2: shift The element § A F acts on H?(X,Z) by
W48, d—>@2n—-2)F, Fr—0 and (AF)|grsr=0.
Let Tg = act(§ A F) as before, and for any A € Z consider the operator
A5 H*(X,Z) —> H* (X, Z).
By a direct check, the operator eAOAF) . g 2(X,Z) — H?*(X,Z) is an isometry which is orientation
preserving, acts with +1 on the discriminant and has determinant 4+1. By (40) it hence defines a

monodromy operator of X. Moreover, by (42) and Property 1 we have

AGAF)) - AGAF)Y = oATs.

mon(e pLLv (e

In particular, e*Ms s a monodromy operator.

The action of T is compatible with the identification of H?(X, Q) and H»(X, Q) under the Beauville—
Bogomolov form. So using § = (2—2n) A under this identification, one finds that Ty acts on H, (X, Z) by

Wi 2-2n)A, A——F and F 0.
‘We conclude that

ATS(W +dF +rA) =W +(d —rA+A2(n—1)F + (r —2A(n — 1)) A.
3.7 Monodromies preserving the Hodge type of a curve class

The Gromov-Witten invariants of S in an effective curve class @ € H,(S!) are invariant under
deformations which preserve the Hodge type of «. Consider two classes «, o’ € Hp(S (1) which are of
Hodge type (2n — 1,2n — 1) and which pair positively with a Kdhler class. If there is a monodromy
operator ¢ € Mon(S"!) such that ha = o/, then by the global Torelli theorem [ Verbitsky 2013; Huybrechts
2012] there exists a monodromy of S [*] which induces ¢ and which preserves the Hodge type of « along
the deformation. In this case we conclude that

[n] [n]

Remark 3.5 The condition that & and ¢ (o) both pair positively with a Kéhler class is necessary. For
example, the monodromy operator of Section 3.6.3 sends A to —A, but obviously does not preserve the
Gromov—Witten invariants (since —A4 is not effective).
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4 Constraints from the monodromy

4.1 Overview

Let S be an elliptic K3 surface with section B and fiber class F, and define the class
W =B+ F.

Let n > 2 and consider the generating series of Gromov—Witten invariants of S

[n] Slnl
(43) FS'(autyy...oyn) = Y Y (tautiyr.....yN)S oaprad® (—p) -

d>—1reZ

Our goal in this section is to prove the following:

Proposition 4.1 There exist unique power series f; js(q) € Q[q]l such that

slnl ®(P’Q)2n_2 i i J ! s
F3" (taut; y1. ... yn) = TZZ Y fiis@AP. 9 9(p.9) 9 (p.q)*.
q i=0,/=05e{0.1}

Moreover, we have the following properties:

(a) In the ring (I/A(q))Q[[q]][A, 9.9, O] we have

d ]
ke "aut 1. yw) = TFS” (aut y, .. oyw),

where the right-hand side is defined as in (4).
(b) The series ng o (taut; y1,...,yN) is a power series in ¢ with coefficients which are Laurent
polynomials in p.

(¢) Ifthe y; are written in the Nakajima basis (of length [(y;) as defined in (30)), then
[n] — . . [n]
ng (taut; y1....,yN)(p~ ") = ()N I(V‘)F; (taut; 1, ..., YN).

The idea of the proof of Sections 4.1 is not difficult: The monodromy operators described in Section 3.6.3
and 3.6.4 together with the invariance of Gromov—Witten invariants under deformations (which preserve the
Hodge type of the curve class) yield two basic identities on the generating series F é;g ol (taut; y1,...,YN).
Up to correction terms coming from insertions of lower weight, these identities are precisely the conditions
given in Lemmata 2.13 and 2.14, and hence up to the correction term force an expression of the series as
a certain polynomial in g, ©® and g’. To control the correction term, we argue by an induction on the
order of the weight. The correction term is then controlled by the A—holomorphic anomaly equation, and
the claim follows by a formal argument.

4.2 Proof of Proposition 4.1

We split the proof in two parts:
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Step1 (the p — p~! symmetry) We first prove (b) and (c). By Section 3.6.3 there exists a monodromy
mon(g) of S which acts on cohomology by
Gk (@1) -+ g, @)V = (=1 g, (@1) -+~ ag, (@)vg.

In particular, it acts on H» (S, Z) by the identity on H, (S, Z) and sends A to —A. By deformation
invariance of the Gromov—Witten invariants we obtain that

) Slnl . st
(taut; y1, ..., VN)g,W+dF+rA = (taut; mon(g)y1,. .. ’mon(g)VN>g,mon(g)(W+dF+"A)
Nntl ot : st
— (=1)Nn+h N{taut; y1, ... YN) g Wt dF—ra-

For any curve class 8 € H>(S,Z) there exists an integer rg such that for all » > rg there are no curves in
S of class B—rAe Hy(S [”]). Hence this equality proves (b) and (c).

Step 2 (the p > pg? symmetry) We apply the deformation invariance with respect to the monodromy
considered in Section 3.6.4. It yields

Sl

. . st
(taut; y1, ..., VN)g,W+dF+rA = (taut; e

AT,
’ yN>g,W+(d—r/l+)L2(n—l))F+(r—2/l(n—1))A‘

Vis... s

By multiplying with (—p)’_z’lqu_”lwkzm

[n] _ —22 [n] _ _
@) FP"(aut iy yn)(pgt.q) = pTH g A ES (taut e M oy e ).

, summing over r and d and replacing A by —A, we obtain

We proceed by induction on the total weight of the insertions
Z wt(y;) = L.
i

Assume that the claim of the proposition holds for all insertions y; with ) ; wt(y/) < L. (Since we always
have wt(y;) > —n, the statement is true for . < —n N. This provides the base of the induction.) Since T}
decreases the weight by one (see Lemma 3.1), the series

N
[n]
(45) Y OF " (taut i, yie1 TsVis Vidto oo YN)
i=1
satisfies the induction hypothesis, and hence has all the desired properties. In particular, it is equal to
©2"72A(q)~! times a polynomial in A, ¢ and g’ with coefficients power series in g. Consider the
integral with respect to A

N
~ [n]
F=}" /ng (taut; y1.....¥i-1, Tsyi. Vit1, - YN)AA,
i=1
which is defined here formally as the right inverse to d /d A with constant term in A to be 0. (In other
words, fAidA = A'T1/(i +1).) By Lemma 2.12 and using the induction hypothesis to calculate d /d A,
we obtain the transformation property:

2~ _ ~ ~ d = d \? =

PG E (pg* . q) = e MIDF(pg) = F(p.q) = A F+ 322 () F oo
dA dA

—ATs —ATs

~ [n] [n]
:F(p,q)—Fé;g (taut;yl,...,)/N)-i—Fé;9 (taut; e V1,....¢€ YN)-
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Using this equation and (44) we conclude that

[n] ~
F(p.q)=F" (taut;y1.....yn) — F(p.q)
satisfies
2
PP M E(pgt.q) = F(p, q).

Since Ty is a cubic in Nakajima operators (see (37)) its action on a cohomology class changes the parity
of the number of Nakajima factors in which it is written. In particular, if r = Nn + ) ; I(y;) is even,
then the function (45) is odd in p by Step 1, and, since A(p, q) is odd in p, its integration with respect to
A is again even in p. Similar arguments apply if 7 is odd. We obtain that

F(p~'.q) = )V H20DF(p.g).
Using Lemmata 2.13 and 2.14 (depending on the parity of Nn + ), ;) we conclude that

Ag) 'O (p.q)p'(p.q) XLy fil@)o(p.q)" ™" if Nn+ 37 L(yi) is even,
Ag) 'O (p.q) XL fi(@e(p. )" if Nn+3; 1(y) is odd,

for some power series f;(q) € C[[¢]. This proves the main claim.

(46) F(p.q) =

Since F(p, q) is written without any A, we have

_d _d sm . _d =
0= 2 F(p.q)= 7 Fg (@utyr,....yn) =22 F(p.q)
d [n] al [
= ﬂFéf (taut yr.....yn)— > Fo  (@ut yr..... i1, Ts¥i Vit1.- - YN)-
i=1
that is, we also have the holomorphic anomaly equation (a) with respect to A. |

The argument in Step 1 of the proof more generally shows the following:

Lemma 4.2 For any K3 surface S and effective curve class B € H»(S, Z), the series

[n] [n]
Z3 g (taut yr,...,yN) = Y _(@utyi,...,yN)5 g1 ra(—P)
rez

is a Laurent polynomial in p, and if the y; are in the Nakajima basis, then

[n] - . . [n]
Z3 g (tautyy.....yn)(p~) = (—DNFRIOD ZS Cauti .. yw).

5 Relative Gromov-Witten theory

5.1 Overview

Let X be a smooth projective divisor and let D C X be a smooth divisor with connected components
D; fori =1,..., N. In this section we consider the relative Gromov—Witten theory of the pair (X, D)
introduced by Li [2001; 2002], see also [Argiiz et al. 2023; Oberdieck 2024a] for introductions. In
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the first part we introduce the basic structures of the theory: moduli spaces, evaluation maps, psi
classes, and rubber moduli spaces. Then, we recall three basic equations that will be needed later on:
a splitting formula for the relative diagonal, proven recently in [Argiiz et al. 2023] (Proposition 5.2); a
splitting formula for relative psi-classes (Proposition 5.3), and finally we prove a new formula for the
restriction of relative Gromov—Witten classes to the nonseparating boundary divisor in the moduli space
of curves (Proposition 5.4).

5.2 Moduli space

Let 8 € Hy(X,Z) be acurve class and let A = (7\1, e, XN) be a tuple of ordered partitions A; = (Ai,j)§=1
of size and length .
Ail=) Xy =D;f and £(A;) =1
J
Consider the moduli space of r—pointed genus-g degree-f relative stable maps from connected curves to
the pair (X, D) with ordered ramification profile X,- along the divisor D;,

Mg, 5((X, D), 2).

By definition, an element of the moduli space is amap f: C — X[k] where X[k] is a target degeneration
of X along D which satisfies a list of conditions (finite automorphism, predeformability, no components
mapping entirely mapped to the singular fibers, relative multiplicities as specified). The degree of the
map is 7« fx[C] = B where 7 : X [k] — X is the canonical map that contracts the expansion.

5.3 Evaluation maps

For every boundary divisor D; we have relative evaluation maps

evi®l i My, p(X. D), %) > D; for j=1,....0(%)

which send a stable map to the j" intersection point with the divisor D;.
We also have an interior evaluation map
ev: Mg, 5((X, D), X) = (X, D)"

which takes values in the (smooth projective) moduli space (X, D)" of (ordered) tuples of r points on the
relative geometry (X, D); see [Kim and Sato 2009] for a construction. For example, as a variety (X, D)!
is isomorphic to X, and (X, D)? is the blowup Bl |, p;xp; (X x X). We refer to [Pandharipande and
Pixton 2017; Argiiz et al. 2023, Section 3.4] for beautiful self-explaining figures illustrating the situation.
By forgetting points we have, for any I C {1, ...,r}, contraction maps py: (X, D)" — (X, D). We
can hence view classes on [[; (X, D)% with ) ; a; = r (such as X") as defining cohomology classes on
(X, D)" via pullback by the projections. We write evy = py oev.

The class of the locus in (X, D)? of incident points (the relative diagonal) is denoted by
A&y py C H*((X, D)?).
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5.4 Psi-classes

There are cotangent line bundles at both interior and relative markings. We let their first Chern classes be
denoted, respectively, by

Y fori=1,....,r and wlre]l fori=1,...,Nand j =1,...,L(4;).

Let also L p; be the cotangent line bundle associated to D; on the stack of target expansions 7 as defined
in [Maulik and Pandharipande 2006, 1.5.2]. The line bundle L p; has a section which vanishes precisely
at expansions corresponding to bubbling at D;. Let ¥p, = ¢1(ILp,) and let

q: Mg, p((X.D).A)—>T
be the classifying map corresponding to the universal target over the moduli space. The relative y—classes

then satisfy the following well-known lemma:

Lemma 5.1 Aij w,rejl =q*(¥;) — 6V§‘3-* (c1(Np,/x))-

Proof See for example [Oberdieck and Pixton 2019, Proof of Lemma 12]. |
5.5 Cohomology-weighted partitions

Consider a H*(D;)-weighted partition p
(CY)) ((m1,61),...,(ug,8;)) for 5j € H*(Di) and 1 >--->pu; > 1.
We write [ = £(u) for the length and || = ) ; u; for the size of the partition. The partition underlying j

is the ordered partition
o= (s ).

While the §; are arbitrary cohomology classes on D;, we often take them to be elements of a fixed basis
B of H*(D;). In this case we say u is B—weighted. Given a B—weighted partition x, the automorphism
group Aut(u) consists of the permutation symmetries of .

5.6 Gromov-Witten invariants

Fori € {1,..., N} consider H*(D;)-weighted partitions

Ai = (A 8, )

and let ;\,- be the partition underlying A;. Fix also a class
y € H*((X, D)").

We define relative Gromov—Witten invariants by integration over the virtual fundamental class [Li 2002]

of the moduli space:
N £(4))

ev* () [T [T evicy @i)-

i=1j=1

X,D
G IS5 = [ .
’ Mg rp((X,D),A)]Vr
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We will also sometimes need to include yr—classes in the integral. A more general definition is hence the
following. Let a; ; and b; be arbitrary nonnegative integers. Then

L(A;)

N (X,D)
(48) <( 1‘[ W >) | @, ---rb,>(y)>
=1

El

N L(A;)

b rel ya rel
||W’6V(V)||||(W)”6V  (8i,j)-
/[Mg rB((X D), A)]m 1 i=1j=1 "/

If all b; = 0 we will simply write y instead of 73, -+~ 73, ().

The discussion above also works when we allow the source curve of our relative stable map to be
disconnected. More precisely, we let
Mg,r,ﬂ ((Xa D)1 A)

denote the moduli space of relative stable maps to (X, D) as above except that we allow disconnected
domain curves and require the following condition:

(o) For any stable map f: ¥ — (S x C)[/] to a target expansion of the pair (S x C, S;), the stable
map f has nonzero degree on each of its connected components.

We define Gromov—Witten invariants in the disconnected case completely parallel to (48). The brackets

on the left-hand side will be denoted by a superscript e, as in (—)X:D)-®,
5.7 Rubber moduli space
For any of the divisors E € {D1, ..., Dy} consider the projective bundle

P =P(NE/X@OE)—>E.

The projection has two canonical sections Eg, Eoc C P, called the zero and infinite sections, with normal
bundles Ng,p = N J\E/ /X and Ng,x, respectively. Let

(49) (P, EgU Eoo), 1)

gr(x(

be the moduli space of genus-g degree-o € H,(E, Z) rubber stable maps with target (P, Eg U Eo)-
Elements of the moduli space are maps f: C — P;, where P; is a chain of [ copies of P with zero
sections glued along infinite section of the next components, satisfying a list of conditions. The degree
of a rubber stable map is fixed here to be mg« fx[C] = «, where ng : P; — E is the natural projection.
In the definition of (49) we let the source curve be connected. If we allow disconnected domains and
require condition (e), we decorate the moduli space (and the invariants below) with the superscript o. As

1

before, we have evaluation maps at the relative markings denoted by evre By evaluating the composition

g o f at the interior marked points we also have a well-defined 1nter10r evaluation map:
eviM, , (P, EqU Exo), A) — E".
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Given H*(E)-weighted partitions A and u, and y € H*(E"), we define:

N L(A;)

(A, o] y) FyE0UE)~ /[ B et T [ v 6.

M;.r.cx((PsEOUEoo)sk)]v" i=1j=1

5.8 Splitting formulas

We state two splitting formulas that we will need later on. Let t: D — X denote the inclusion. We begin
with the splitting of the relative diagonal:

Proposition 5.2 We have

1 (X,D),e
(Al’ .. )LN | Ar(eX D))gﬂ

=<A1,.. A | Ax) P

[1; wi X,D),e P.D; 0UDj o0)9:~
D3 DD DI {1 SR s LIS e
i=1 1t gi+gr=g+1—L(1) # i
ta+p'=p

In the above formula, j runs over all cohomology weighted partitions i = {(;, vs;)} of size BD;, with
weights from a fixed basis {y; } of H*(D;). Moreover, we let ¥ = {(n;, ys\lf)} be the dual partition, with
weights from the basis {y,”} which is dual to {y; }.

Proof This is a special case of [Argiiz et al. 2023, Theorem 3.10]. O

Next we explain how to remove the relative {—classes. Again we only need a special case (the general case
is similar), and without loss of generality we can consider relative y¥r—classes for the first component D .

Proposition 5.3 Forany j € {1,...,£(A1)},
A (W AL an) 5P

g.B
_ (X,D),e
Gtz A
l_[ Ml (X9D)s. \2 (]PaDl,OUDl,OO)a i
+Z Z | ut(ﬂ)|<k "lﬁu: )'N)gl,ﬁ/ <Al7,U/ )gz,(x ’
W gi+g2=g+1-L(u) i
teat+pB'=p

where A1 is the weighted partition A1 but with j ™ cohomology weight §1; replaced by §1; U c¢1(Np, /X)-
Moreover, p runs over the same data as in Proposition 5.2.

Proof This follows from Lemma 5.1 and [Li 2002]; compare [Oberdieck and Pixton 2019, Lemma 12]. O
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5.9 Boundary restriction

We will also require the restriction of relative Gromov—Witten classes to the boundary. Consider the class
in Hy(M 4 » (X, D))) defined by
N LX)

(50) JEP 0y =ev O [T [T eV 60.) M g p (X, D), D).

i=1j =1
If there exists a forgetful morphism

T: Mg,r’ﬂ((X, D),A) — Mg,n,

wheren =r+); E(j\i), consider also the pushforward
N L(A))

(51) IEP 0 y) = (ev W [T T eviet 6. )M g rp((X. D), A)]V“)

i=1j =1

Letu: Mg_1 y+1 — Mg, be the natural gluing morphism.

Proposition 5.4 We have
u I(X D)(/\ LAN)

—1 bi
1P a a+ S Yy ik

!
=1 m=0 bbb
g=g1+&+m [ [,...In

B=B"+1xa

{6 [T s At (B, Ay ), (b A, VI it A)

(n+1)t

P ,DioUD; o0),®,~
NN (VNS RONN SR L]
N’

(n+2)th
6 [T 0 A (B A, ), By At ) A A)
D

(n +2)th

Y N (AN RONN SR wh| |3
%,_/

(n+1)th
where

(n+1)" stands for labeling the corresponding marked points by n + 1,
e b,by,...,by run over all positive integers such that b + Zj b; = BD;,
s Ap=),Ap;® A\;)J is a Kiinneth decomposition of the diagonal of D.
Moreover, j is the embedding of the (closed and open) component

UC Mg, p(X. D), A\ Ais(B,b1, ... .bw)) X M s o (P, Dio U Di o), Ais (b, b1, - .. b))
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parametrizing pairs (f1: C1 — X[k], p;) and (f2: Co — Iy, p}) such that the curve, which is obtained
by gluing Cy to C, pairwise along the m markings labeled by b;, is connected. And we let
E:U —> Mg_1 042

be the map that forgets the maps f1 and f>, glues together the curves Cy and C, pairwise along the
markings labeled by b;, and then contracts unstable components.

A related formula for the restriction of the double ramification cycle to the divisor M g—1,n4+2 = M g.n
was given (only with a sketch) by Zvonkine [2015].

Proof Let M, , be the Artin stack of prestable curves, where n = ) ; £(A;). We refer to [Bae and
Schmitt 2022] for an introduction to the stack 9 ,. The map 7 factors as a morphism 7 to My ,
followed by the stabilization map st: 9g , — M g . Form the fiber diagram

q —_ -
Ml > M2 > Mg,r,ﬂ((X»D)»A)
l - [s
q ’
mg—l,n-ﬁ-Z > W £ 4 mg’"
lst lst
Mg—l,n+2 % Mg,n

Consider also the gluing map on prestable curves
i=u"0q:Mg_1 42> Mg .
We want to apply Proposition 5.6. Observe the following:
e Mg , is smooth, and by [Bae and Schmitt 2022, Example 4] has a good filtration by quotient stacks.

e Since u’: W — 9, , is representable and Mg , has affine stabilizers at geometric points [loc. cit.,
Proposition 3.1], by [Kresch 1999, Propositions 3.5.5 and 3.5.9] W has affine stabilizers at geometric
points.

e The gluing maps u: M g_1 p12 — Mg and ii: Mg_1 442 — M, » are both representable [Bae and
Schmitt 2022, Lemma 2.2].

¢ By [loc. cit., Proposition 3.13] the map

q:Mg—1.n+2 > W =Mgn X7, Mg 142
is proper and birational. Since # is representable, ¢ is representable.
¢ Since the domain and target of i are smooth, # is Ici.

* By [Behrend 1997, Proposition 3], st: Mg, — M g is flat. Since u: M g_1 442 — M g  is Ici, and
this is preserved by flat base change (see [Stacks 2005—, Tag 0691]), v’ is also Ici.

e Themapa: M a.rp((X, D), X) — M, » is representable, since it is injective on stabilizers: the group
of automorphisms of (C — X|[k], p;) is a subgroup of the group of automorphisms of (C, p;).
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By the above, # and u are proper representable, so M1 and M, are proper DM stacks.
By Proposition 5.6 we obtain that

() = gul': Ax(M g 1 (X, D), 1)) = Au—1(M>).
Consider the class ( )
._ 71X,D
J = Jg’ﬂ (A).
We obtain

1P (1) = (sto o)l ] = (st00) ) J = (5t00)uguii J) = (g osto )i’ J = myii' .

where >
m=gqgostoo:Mg_1n+2 XM, Mg rp((X,D),A) > Mg pis.

Hence we need to compute the refined pullback @'J.

The stack -
Me—1,n+2 X, , Mg rp((X, D), 1)

parametrizes relative stable maps (f: C — X[k], p1,..., pr) together with a chosen nonseparating nodal
point p € C and two markings p,, and p,4> on the partial normalization C—Cat p. By [Argiiz et al.
2023, Section 1.5] we have a disjoint union (with both components open and closed)

Mg 142 Xy Mg.r (X, D), 1) = Py g((X, D), ) UNg. (X, D), ).

The component Py , g ((X, D), X) parametrizes relative stable maps where the marked point p maps to a
nonsingular point on some expanded degeneration X [k] of (X, D). By [Argiiz et al. 2023, Theorem 3.2]

we then have *.D)
~1 s 1
7 (U (J)lpg,,,ﬁ((X,D),i)) = ]g—l,ﬂ A1, AN Are D)).

The other component N , g((X, D), X) parametrizes maps where p maps to the singular locus, and
hence forces a splitting of the source curve C,

C =C1UC(C,,

where f|c,: C1 — X|a] is a relative stable map to (X, D) and f|c,: C2 — P; maps entirely into a
bubble of D; for some i. The marked points p,4; and p, 4, have to lie on different components C;,
and hence there are two choices: p,41 can lie on C; and p, 42 on C3, or vice versa. The curve C is
obtained by gluing C; and C; along p,+1 and p, 42, as well as along “secondary” markings ¢; € Cy
and ¢ € Cp fori = 1,...,m. These markings are called “secondary” because they will be forgotten by
pushforward along 7 to M ¢—1,n+2. Let b be the contact order of f* with the divisor at p, 1, and let b;
be the contact order at the g; .

We consider the local structure of the component Ny , g ((X, D), 5&). A local versal family for the gluing
nodes of C is given by xy =s and x; y; =s; fori =1,...,m. Let ¢ be étale locally the coordinate defining
the bubble splitting X [a] U IP;. The coordinate ¢ is pulled back from the stack of target degeneration.
Then the local analysis of [Li 2002, Section 4.4] shows that ¢ = sbandr = s . Hence Ny , g ((X, D), )L)
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which is cut out by s = 0, is given by the equations {s = 0, s? " = 0}. On the other hand, the image stack

of the gluing morphism

(52) Mgl,ﬂ/((X’ D)’ (A \Alv (b7b19 B »bm))) XDm+1 M;"z’ja((P’ Di,O U Dl',OO)9A‘l" (bvbl’ D] bm))
g.r.B ((X, D)’ A)

is given by {s = 0,s; = 0}. Since the gluing morphism is finite of degree |Aut(n)|, by the argu-

ments in [Li 2002], especially Lemma 3.12, one obtains that the virtual class of Ng , g ((X, D), A) is

[T/, bi/|Aut(b, ..., by)| times the pushforward by & of the natural virtual class on the domain of the
map (52).° In total one obtains:

(53) (@'[M grﬂ(X D)]Vlr)| r8((X,D).7)

_Z Z Z Hl_l =LA Dm+1]

i=1 m=>0 bby,....b

g=g1+82+m
B+
(M g, p(X. D). INLi . (b br.... b )] X[M g, o (P, Di 0UD 00). A (b.b1.....bm))]'™)
n+1 nt2
+(same term with the roles of (n+1) and (n+2) interchanged).

Here we have viewed (by,...,by) as a list of numbers and not as a partition, so that the factor
1/|Aut(by, ..., by)| has to be replaced by 1/m! to compensate for overcounting.
Pushing forward (53) by & completes the proof. a

Example 5.5 We adapt a basic example from [Li 2004] which illustrates the local analysis in the last
step of the proof above in the case of a universal target (A, D) = (A!/G,,,0/G,,). The universal target
was introduced in [Abramovich et al. 2017]; see also [Argiiz et al. 2023, Proof of Theorem 3.2]. We let
wo be the coordinate on the chart A! — A. Let 7! = Al1/G,, be the stack of 1—step target expansion of
(A, D). The universal family of targets over 7! is

Al[1] =Blp(A! x A1) > A,
modulo a quotient by Gf’n. Explicitly, if ¢ is the coordinate on A! (the chart of 7), then
A1l =Blo(A' x A") = V(wozy = twy) C AL, x P! x Aj,

where w; and z; are the homogeneous coordinates on Pl

%The more modern viewpoint is to work relative to the moduli space of stable maps to the universal target (A! /G, 0/Gp,) as
proposed in [Abramovich et al. 2017]. The moduli space M gnd (Al/C*, (M Gyn) is pure of expected dimension, and the virtual
classon Mg . g (X, D) is the virtual pullback of the fundamental class on M ¢, 4 (A1/C*,0/G,,). The local argument above
proves an equality of codimension-1 classes in M 4 ,, 4 (A1/C*,0/G,). The equality (53) of virtual classes on Mg, p(X,D)

follows from this by virtual pullback (after matching the relative perfect obstruction theories). See [Argiiz et al. 2023, Proof of
Theorem 3.2] for a similar case. I thank P Bousseau for discussions related to this point.
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Consider a family of degenerating curves C = A2 — A! given by (x, y) = s = xy, and consider the
commutative diagram

f —
C —— A2, CA'[]

| !

Al ———— Al

where we let Aﬁ)o » be the affine chart Spec(Clwo, Z]) C Al1] for Z = z;/w, and the map f is
described by x +— w” and y — Z". Then the lower horizontal map is given by ¢ > s”, that is the
coordinate defining the bubble ¢ corresponds to the r power of the coordinate defining the node of C.

Proposition 5.6 (Schmitt) Consider the following data:

e Let X,Y and Z be algebraic stacks locally of finite type over C of pure dimension, and assume
that Y has affine stabilizers at geometric points, and that Z is smooth and has a good filtration by
finite-type substacks.”

e Let g: X — Y be proper birational of DM type, let f:Y — Z be representable and Ici of relative
dimension k, and assume that h = go f: X — Z is representable and Ici.

e Let W be a finite-type DM stack and let a: W — Z be a representable morphism.

Consider the fiber diagram . B
vy Luw

U v
[ ‘
x 2,y L.z

|

Then we have
SH=gah's A(W) > A (V).

Proof We work with the Chow groups as introduced in [Bae and Schmitt 2022, Appendix A; Kresch
1999]. In particular, for any locally finite-type algebraic stack X over C we define

Aw(X) = lim A, W),

1
where (U;);er is a directed system of finite-type open substacks of X whose union is all of X, and
the Chow groups A.(U;) are taken with Q—coefficients in the sense of Kresch [1999]. If X is pure
dimensional and admits a good filtration (U, ),eN by finite-type substacks then

Adim(x)-d (X) = Adim(x)—d Um) forall m >d.
In this case all functionalities of Kresch’s Chow groups also apply to A« (X).

1n the sense of [Bae and Schmitt 2022, Definition A.2] or [Oesinghaus 2019, Definition 5], ie there exists a collection (U )meN
of open substacks of finite type of Z with Uy, C U for m <[ and such that dim(Z \ Up,) < dim(Z) —m.
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Kresch defines only a projective pushforward. A proper pushforward along proper morphisms of DM type
has been defined in [Bae and Schmitt 2022, Theorem B.17], assuming that the target has affine stabilizers
at geometric points, or equivalently is stratified by quotient stacks [Kresch 1999, Theorem 2.1.12]. In
particular, by our assumptions on Y there exists a proper pushforward g..

Assume first that W is a smooth finite-type scheme. Then since the source and target of @ are smooth, a
is Ici. By the commutativity of refined pullbacks [Kresch 1999], and the compatibility [Bae and Schmitt
2022, Proposition B.18] of proper pushforward (along the DM-type morphism g) and refined Gysin
pullback (along the representable morphism a), we then have

(54 [ W= r'a'(Z)=a' f'12]=a' (Y] D a'gul X] = gua'[X] = g2a' B'[Z] = guh'a'[ 2] = g [X],
where (x) follows since g is birational and hence of degree 1; compare [Bae et al. 2023, Proposition 25].

In the general case, the Chow group of W is generated by ¢4 [W], where W are smooth finite-type schemes
and i: W — W is proper and representable. Form the fiber diagram

()
<

>
~

l\ l ? l\zz
N S<— =

~
~

o S
loq lom lu
N/ <

|

With (54), and using again the compatibility [Bae and Schmitt 2022, Proposition B.18] of proper
pushforward and refined Gysin pullback (along the representable morphisms f, #), we find:

LWl =4 £ W] = L& W] = gh' W] = guh' e [W]. O

6 Relative Gromov—Witten theory of (K3 x C, K3,)

6.1 Overview

Let S be a smooth projective K3 surface, let C be a smooth curve and let z = (zy, ..., zy) be a tuple of
distinct points z; € C. We specialize here to the relative Gromov—Witten theory of the pair

(55) (SxC.S2). S:=||Sx{z}.

After introducing our notation for the relative Gromov—Witten invariants in Section 6.2, we state in
Section 6.3 our main input: the correspondence between relative invariants of (S x C, S;) and the
invariants of the Hilbert scheme of S (Theorem 6.2).

Then we discuss further preliminaries. In Section 6.4 we state the reduced degeneration formula. In
Sections 6.6 and 6.7 we give basic evaluations of nonreduced invariants and reduced rubber invariants.
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The curve classes on S x C will be denoted throughout by

(B.n) = 1B +n[Cl € Hy(S x C,Z) = H>(S,Z) ® Z[C].
6.2 Definition

Fori € {1,..., N}, consider H*(S)-weighted partitions

L(A;
Ai = (i g 81052

of size n with underlying partition L. Lety € H*((S xC, S;)") be a cohomology class. If 8 # 0, define
the partition function of reduced Gromov—Witten invariants

SxC,S;
(56) Zow o At AN | (- 7, ) (1)
— (_1)(1—g(C)—N)n+Z,- £(Ai) ,(2—2g(C)—N)n+3; £(A)

D EDET2E2 0 A | (T YD)V
geZ
where the invariants on the right-hand side are defined by integration over the reduced virtual fundamental
class of the moduli space which is obtained by cosection localization [Kiem and Li 2013] from the
surjective cosection constructed in [Maulik and Pandharipande 2013; Maulik et al. 2010]. If all k; = 0,
we often just write y instead of 7z, --- 7%, (y). Sometimes we will also include psi classes wlre} at the
relative markings where we follow the notation of (48). If 8 = 0, the series (56) is defined to vanish.

For any (8, m) the moduli space M ;,r,(ﬂ,n)((S xC,S;), 7\) also carries the ordinary or standard (ie
nonreduced) virtual class. By the existence of the nontrivial cosection it vanishes for all § # 0, so it
is only interesting for 8 = 0. In case B = 0 we denote it by [—]*. If we integrate over the “standard”
virtual class, we decorate the corresponding Gromov—Witten bracket and the partition function Z with a
superscript std. The rest of the notation is unchanged.

We can associate to every H *(S)-weighted partition a class on the Hilbert scheme:

Definition 6.1 The class in H*(S") associated to a H*(S)-weighted partition & = {(u;, 8;)} of size n
is defined by

(57) n= ﬁ 1_[ Qu; (i )vg.

We extend the Gromov—Witten bracket (48) for (S xC, S;), and the partition functions Z (—) by multilinear-
ity in the entries A;. Since the Gromov—Witten bracket is invariant under permutations of relative markings
that preserve the ramification profile (ie under Aut(A;)), the partition function Z (SXC’SZ)(M v AN|Y)

GW,(B.n)
only depends on the associated class A; € H*(S [”]). Hence we obtain a morphism:

SxC,S- *
Zor G (— = 1) HH (SN S Q).
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6.3 Hilb/GW correspondence

Assume that 2g(C) —2+ N > 0 so that (C, z1, ..., zy) is a marked stable curve,

§= [(C,Zl,...,ZN)] GMg,N.

Given classes A1, ..., Ar € H*(S") we define the generating series
(§xC,S:) r * *

59 2RGS0 =Y [ (&) [ Levi (.
Hilb,(6.m) ,e% (M o(cr.n (S B+r )] ll_[ ’

By Lemma 4.2 the series (58) is a Laurent polynomial in p.

Theorem 6.2 [Nesterov 2021; 2024; Oberdieck 2024a] If B € H»(S, Z) is primitive, then

(SxC,S:) _ (SxC.S>)
ZHilb,(,B,n) (A1,....AN) = ZGW,(ﬂ,n) A1,...,AN)

under the variable change p = e*.

Proof Nesterov [2021; 2024] showed that the left-hand side is equal to a partition function of relative
Pandharipande-Thomas invariants of (S x C, S;); see in particular [Nesterov 2024, Corollary 4.5]. The
statement then follows from the GW/PT correspondence for (S x C, S;) proven in [Oberdieck 2024a,
Theorem 1.2] whenever f is primitive. O

Remark 6.3 If the multiple cover conjecture [Oberdieck and Pandharipande 2016, C2] holds for an
effective curve class 8 € H,(S,Z) then Theorem 6.2 also holds for 8 [Oberdieck 2024a, Proposition
1.4].

6.4 Degeneration formula

We recall the reduced degeneration formula for reduced invariants. Let C ~»> C; U, C, be a degeneration
of C. Let
{1,...,N}=A1|_|A2

be a partition of the index set of relative divisors, and write z(A4;) = {z; | j € A;}. We choose that the
points in A; specialize to the curve C; disjoint from x. Recall also the Kiinneth decomposition of the
diagonal of the Hilbert scheme in the Nakajima basis:

Lemma 6.4 In H*(S™ x Sy we have

_ [1; mi v
(59) Agim =Y (=)=t L 0,
S ; |Aut(p)]

where p runs over all cohomology-weighted partitions (v = {(u;, ys; )} with weights from a fixed basis
B=(y1,...,v24) of H*(S), and * = {(n;, vy )} is the dual partition.

Proof For B-weighted partitions 4 and v one has [¢. v =8y, (=) | Aut()|/ I mi- a
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Proposition 6.5 For any o; € H*(S x C) we have

SxC,S;
z5x s (Al, AN ‘ [ = (a,-))
i
(§xC1,8z(41).x) (§XC2,82(45).x),5td
= X (Z(ﬁ,n) 1 ( [T2 A ‘ [ (“i))z(o,n) ’
{1,...,r}=B1UB> i€A i€B;
( l_[ )Ll',Az’ 1_[ Tk,-(ai))

i€Ar i€B)
(§%C1,8z(47).x)»std (§%xC2,82(45).x)
tZom ( [Tr. | [T = (O‘i))z(ﬂ,n) ’
i€A; i€B;
( l_[ A’i’A2’ 1_[ Tki(ai))),
i€Ar i€eB>

where (A1, A») stands for summing over the Kiinneth decomposition of the diagonal (59).

Proof The required modifications to the usual degeneration formula of Li [2001; 2002] needed in the
reduced case are discussed in [Maulik et al. 2010]. We refer also to [Oberdieck 2024a, Section 5.3]
for a discussion of the matching of signs and exponents, and to [loc. cit., Section 8.1] for a conceptual
explanation for the form of the equation. |

6.5 Rubber invariants

We will also need generating series of rubber invariants. For any «; € H*(S) define

SxPL,80.00),~
Zév\i(ﬁ,n)o’ . (X, M ’ 1_[ Tk; (051'))
i

— (= 1) HOHW LD+ Z(_l)g—lng—2<k’ i ‘ H T, (a7)
g€’ i

’

>(SXP1 7S0.OO)5.3~

g,(B,n)

where the brackets on the right-hand side are defined by integrating over the reduced virtual class of
the moduli space of rubber stable maps to (S x P!, S x {0, oo}). The rubber invariants for the standard
(nonreduced) virtual class are denoted by std.

6.6 Nonreduced invariants

We state two explicit evaluations of nonreduced relative invariants:

Proposition 6.6 [Bryan and Pandharipande 2008] For any cohomology-weighted partitions A1, ..., Ay
of size n,

(SxP1,S.),std .
Zowon (A AN) = S[H]MU--'UXN-
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Recall the class § € H2(S[™) from Section 3.

Proposition 6.7 Zg\;jt‘zo pAop) =z / SUAU L.
Slnl

Proof Consider first the connected rubber invariants (A, u)~ 2.0.m) (the lack of e means it is connected).
By the stability of the moduli space 2g —2 + £(A) + £(u) > O Hence we can apply the product formula,
which shows that the invariant vanishes for g > 2. If g = 1 all the cohomology weights of A and u have
to be of degree 0, and hence deg(1) + deg() < 2n — 2. Since the moduli space is of virtual dimension
2n — 1, the integral vanishes. This leaves g = 0. Let A = (4;,y;) and u = (u;, y/). We find

> deg(yi) + Y deg; (v)) =2.
i i
On the other hand, by (29) we have
deg(A) =n—L(A)+ Y deg(y;) and deg(n) =n—L(u)+ Y deg(y)).
i i
and moreover we can assume the dimension constraint:
deg(A) + deg(u) =2n — 1.
Substituting, we find £(4) 4+ £(n) = 3. If we assume that A = (A4, Ya) (Ap, ¥p)) and u = ((ie, ¥7)),

then by the product formula we obtain
(A 1) g 0.m) = Sg0 / 7*(DRo(Aas Ap, —1tc)) eV} (Va) ev3 () eV3 (vl) = 8go / YaVbVer
[Mo,3(S,0)] S
where DRy (a) is the double ramification cycle and we used that it is equal to 1 in genus 0.
For the disconnected case, recall that all connected nonrubber invariants of (S x P!, Sp o) with only
relative insertions vanish (see eg [Oberdieck and Pixton 2018, Lemma 2]), except for the tube evaluation
1
/, cevi(y)eva(y) = Sog— / yy'.
[M ¢ (SXP1/S0,00,(0,n),((n),(n)))]¥ nJs
(This also proves Proposition 6.6 in the case N = 2.) Moreover, in the disconnected series, we have one

rubber term and the remaining terms are nonrubber.

We conclude that we must have £(1) = £(u) £ 1, otherwise all invariants vanish. We assume that
£(A) = £(1) + 1; the other case is parallel. We find that

Zg\,;“go INCNOES Z(—l)g_l(_1)—"+5(A)+€(u)ZZg—2+€(A)+e(u,) )

g,(0,n)
g€l
:Z(_l)g—l(_1)—n-I—E()c)+K(M)22g—2+Z(A)+€(M) Z (8g+g(;u),0/ VaVbVé)
geZ 1<a,b<((A) s
a#b
1<c<f(w)
7 7 1
-((—1)'* Hmn#ab Tl /S i, H a, viveU] | qu,(yl)v@)

i#c
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where A’ is the partition A without the parts (A4, Y4) and (Ap, ¥p). Since it is of length £(A") = £(X) — 2,
we obtain

ZE O = e 3 (Rt ( / /
GW,(0,n) \° T arblhe YaVbYc
" [Ti A T i 1<a,b<((X) S
a#b
1<c=<f(w)

./[n—)L —a5] l_[ q/l,-()/i)vg U l_[qﬂi(yil)l)®~
S a—Ap i#a,b ic

On the other side, recall that the operator of cup product with § can be explicitly described as a cubic in
Nakajima operators (34). For i = j 4 k, one obtains

(@i (). es9; (7)) vio)ve) = (—1)7 ¥R ijk /S Vivi ve.

where we write (—, —) for the intersection pairing on S, One finds that / gtm1 6 UA U vanishes unless
£(A) = £() £ 1. Assuming that £(A) = £(u) + 1, we compute:

/ SUAU U
Sln]
1 Aata / /
=———— > (=D*7 (/ yam)/ [T anGve U] [ aw ).
[T Ai I 1<a,b<t()) S st=ra=nl b ic
a#b
1<c<t(w)

The claim follows by comparison. a

6.7 Reduced rubber invariants

The reduced rubber invariants can be expressed in terms of the nonreduced ones by rigidification. This is
the K3 surface analogue of [Maulik 2009, Proposition 4.4]:

Proposition 6.8 For any D € H?(S) and 8 # 0 we have
SXP!,80.00),~ SxP!,80.1 .00 SxPL,S
(DB ZGng gy~ i) = ZG (g o D) + ( /S - w) Z&n (1L )" | To(@D)),

where D = (1/(n —1)))((1, D)(1,1)"1).

Proof Rigidification of the rubber as discussed in [Maulik 2009, Proposition 4.3] (or [Maulik and
Pandharipande 2006] or [Oberdieck 2024a, Proposition 3.12]) implies

S ]P’l,S 00),™~ S Pl,S 00)s™~ S ]P’I,S ,00
(BDY (A ) S 55000 = (2g(D) | A 1) o 20 = (ro(@D) | A, ) g0
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For the disconnected rubber invariants we hence obtain that

S PlaS o)™
(B.D)ZGy ™"~ (A )
_ _ _ SxPL,S0.00
= Y (DET TR0 2672 RGO NP (o (D) [ A1) oy e
g€Z A=AuA”

w=p'up”
. ((_1)w|+m')

[T s 00vsu [T qm(y;)v@)

Ai er Wi E;,L/

o
[Ta;en Ai [liep i Jsuwn

S PlaS oo
= Zgu g~ @0(@D) | 2. ).

We now apply the degeneration formula, which gives

SxP1,S0 0o
(60)  Zi (s (to(@D) | X, 12)

_ (SxP1,50.1.00) [v]+L() 1_[ Vi (SxP!,S0),std v
= 2 Zawipn T e D S e (o@D 1)
v

(SXP1,80.1,00),std ey Tivi o (sxP!,s0)
2 Zowom T G DM L 2o (0 (@D) [
v

We have the straightforward evaluation

23S ony vy = [ Js DTy = (Ly)(e) T

hich g awem 0 ifv=@pLp"2

which gives us
St Lzt s gy 0¥y = L by = b,
- |Aut(v)| GW-(0.n) (m—=D1"" ’

Moreover, in the second summand on the right of (60) we must have v = (1, 1)” for dimension reasons.
Using Proposition 6.6 the claim follows. |

For primitive § the second term on the right of the proposition is known:

Proposition 6.9 [Oberdieck 2019] If B € H»(S, Z) is primitive, then

GW,(B,n) 02(z,9)A(g)

where G (z,q) = —0O(z,7)2D210g(O(z, 7)) with D, = d/dz and g = ¢*™'".

28 G (Lo [ 10(0D) = (8. D) Coett s (s ).

7 Holomorphic anomaly equations: (K3 x C, K3,)

7.1 Overview

In this section we prove that the natural generating series of Gromov—Witten invariants of (S x C, K3;)
for an elliptic K3 surface S in primitive classes are quasimodular forms and satisfy a holomorphic anomaly
equation (Theorem 7.6). The idea is straightforward: we apply the product formula in Gromov—Witten
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theory and use the corresponding results from the Gromov—Witten theory of K3 surfaces which were
proven in [Maulik et al. 2010; Oberdieck and Pixton 2018].

The details require some work: First in Section 7.2 we introduce a special set of disconnected invariants
labeled by ff which is well adapted to the holomorphic anomaly equation. In Sections 7.3 and 7.4 we
recall the quasimodularity and holomorphic anomaly equations for K3 surfaces in this convention. In
Section 7.5 we then state and prove Theorem 7.6 using the product formula, and by a careful application
of the splitting formulas and the new boundary restriction formulas introduced in Section 5.

7.2 Preliminaries

To state the holomorphic anomaly equations we will need another convention for disconnected Gromov—
Witten invariants. Let 7: X — B be an elliptic fibration and let

Mt L(x.B)

be the moduli space of stable maps f: C — X from possibly disconnected curves of genus g in class 3,
with the following requirement:

() For every connected component C’ C C at least one of the following holds:

(i) mo f|c’ is nonconstant, or

(ii) C’ has genus g’ and carries n” markings with 2g’ —2 +n’ > 0.
Parallel definitions apply to relative targets (X, D) admitting an elliptic fibration to a pair (B, 4), moduli
spaces of rubber stable maps, etc. We will denote the invariants defined from moduli satisfying condition
(1) by a superscript f.

7.3 Quasimodularity

Let 7:S — B = P! be an elliptic K3 surface with a section, let B and F denote the class of the section and
a fiber, respectively, and set W = B + F. For any tautological class taut € t* R*(M g,n)—ortaut =1in
the unstable cases 2g —2+ N <0—and y; € H*(S), consider (or recall from (43)) the generating series

Fo(tautyr.....yn) = Y (tautiyr.....yn)5 poapd?.
d>—1

Theorem 7.1 [Maulik et al. 2010; Bryan et al. 2018, Section 4.6] For wt—homogeneous classes
y; € H*(S), we have .
S .
Fg (taut; y1,...,YN) € _A(q) QMod,
fors =2g+ N + ) ; wt(y;).

Consider the generating series of disconnected invariants (for the f—condition)

N
FS=ﬁ(taut; Viee- s YN) = qd / 7™ (taut) ev; (yi).
¢ d§1 [MZW(S’WJHI’F)]Vir z=1_[1 n
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Corollary 7.2 For wt—homogeneous classes y; € H*(S), we have

Fg’ﬂ(taut; Y1,...,YN) € Aéq) QMod,
fors =2g+ N + ) ; wt(y;).
Proof Recall that the standard virtual class satisfies
[MO,nXS] ifg=0,
[Mgn(S, 00" =ca(S)N[My,xS] ifg=1,
0 if g >2.

If an invariant
™ (taut) | | evi(y)
/[Mg.n (5,0)] U ’

is to contribute, we must have
e g=0and ) ; wt(y;) =2—n,
e g=1and ) wt(y;) = —n.
In both cases

—2+2g+n+ ) wi(y;) =0.

1
Now, if a connected components of M g,’ ~ (S, B) contributes nontrivially to the disconnected Gromov—
Witten invariant, then by a second-cosection argument the component must parametrize stable maps

f:C — S which are nonconstant only on one component C’. Let g’ and N’ be the genus and number of
markings on C’. The above computation shows that

N N’
20+ N+ wi(y) =28+ N'+ Y wi(y;,).
i=1 j=1
where i; are the indices of marked points on C’. The claim hence follows from Theorem 7.1. |

7.4 Holomorphic anomaly equation
We state the holomorphic anomaly equation for K3 surfaces in primitive classes:
Theorem 7.3 [Oberdieck and Pixton 2018] We have

d s .
d_Gng (taut; y1,...,vr)

= Fég_l(taut’;yl,...,yr,AB)+2 Z Fg] (tautl;yA,AB,l)Fé;S;’Std(tautz;yB,AB’Z)

g=g1+82
{1,....,r}=AuUB

.
—ZZ FgS(xlfi UL Y1, . Vi1 T Vi Vil -0 Vr) — Z(g_l)abTea Te, Fgf(taut; Y1eeooa V),
a,b

i=1

where we follow the notation of Conjecture C, and moreover:
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e Ap1,Ap, stands for summing over the Kiinneth decomposition of the diagonal class Ap €
H*(B x B), and we have suppressed the pullback to S x S.

This immediately yields the following for the series of disconnected invariants (compare with [Oberdieck
and Pixton 2019, Section 3.2] for a similar case):

Corollary 7.4 We have

d

dG FSﬁ(taUt Vl»---,Vr)

.
= ;Lﬁl(taut/; Y1»---sVr» AB) —ZZ Fég’ﬂ(% AUt Y1, .., Vie 1 U Vi Vil - Vr)
i=1
— Z(g_l)abTea T, Fég’ﬁ(taut; Viseoos Vr)-
a,b

Example 7.5 Instead of the proof (which is straightforward) let us consider a concrete example that
highlights all the main points. Consider the series

d 1
FSW.F,F)=F VW, F, F) =g ——.
We compute in three different ways the Gp—derivative. First directly:
d d d 1 1
S FSW.F F) = |26 g0 s =212 =24
16 B0 E P = go a5 = 201050 = M ag
Second, by the holomorphic anomaly equations for the connected series:

d
dG, A( )

Here the extra factor 2 comes from choosing which of the two F’s goes to the two factors. Third, by the

L FSW,F.F)=2-2-F§ (F,U)F™(Uy, W, F) + 20F (F, F, F) = 24——
0 0 0

disconnected holomorphic anomaly equation:

d‘é FS¥ W, F, Fy=F5} W, F.F.Ap)—2F (Y1, F, F)+20F*(F, F, F) = (6— 2+20)A( 1
Here we have used that
FS¥W.F.F.Ap)=2F5}(W.F,F.F,1)=6F3 (F. F)F§(W.F.1) = 6@,

—2FSMy 1, F, F) = (24 /M wl)FOS(F, F).

7.5 Relative geometry (S x C, S;)

Consider the relative geometry
61) (SxC.S;) for z=(z1.....zy) and S; =| | S x{z},
i
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where we assume that the pair (C, zy,...,zy) is stable, ie 2g —2 4+ N > 0. Define the generating series
of relative invariants satisfying the {{ condition

S§xC,Sz),
FS¥ S0, an =3 ¢ v ISt
d>—1

where A; are H*(S)-weighted partitions and y € H*((S xC, S;)"). Similarly, we have the corresponding
series of reduced rubber invariants; see Section 6.

We also require the nonreduced invariants:

§xC,S:
FéSXC,Sz)af’v,Std(Al,.”,AN 1Y) = (A1, AN | V)é (>(<) - )fhstd

Theorem 7.6 (a) For cohomology-weighted partitions A; = (A; j,8;, ;) where §; j € H*(S) are wt—
homogeneous, we have

FSXCS8(, ... AN) € —— QMod,

A( )
where s = 2g + Z,N=1 L)+ wildi,g)-

(b) We have the holomorphic anomaly equation

d_ .(SxC,S:).4
F 20
G, (A1, AN)
_ p(SXC.S2)4 I [TiZ b
= F,”] (A1, AN [ Agc,B.)) +2Z > Z lmu
i=1 m>0 b,by,...,
g=g1+g2+m [ [;,.. ,lm
SxPL S0 00),~,H,std
(R ST I (b, A ). (b B )TD)
'FéfXC,SZ),ﬂ(kla l 17((b A l) (blaA\g‘l )1_1) A'l.-i‘ls---sA']\,)
SxP S0 00),~,
7 “(xl,((b Ag). (bi. Asg))
ESXCSIRS Ay, (0, A ), (B A )M ) i AN) )
N £(A;)
=230 FECSMR O A A i)
i=1j =1
— Y (€7 VabTey Te, FE*CSH Ay Aw).
a,b
Here the b, by, . .., by, run over all positive integers such that b+ ) ; b; = n, and the [ and [; run over

the splitting of the diagonals of B and S, respectively:

AB:ZABJ@A\E},]’ Vi, AS:ZAS,li(gA\g,l,-‘
1 li

Moreover, /\l(j) is the weighted partition A; but with j weight §;; replaced by * 74 (;;).
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Proof Consider a stable map f: ¥ — (S x C)[k] parametrized by Miy(WerF’n)((S xC,Sz), :\). In
order for the connected component of the moduli space containing f to contribute nontrivially to the
Gromov—Witten invariant, there must be precisely one connected component ¥’ C ¥ where f is of
nonzero degree over the K3 surface S. Moreover, we claim that f |y’ in this case is also of nonzero

degree over C. Indeed if not, then the remaining components yield a factor of

SxC,Sz).H,std
(At AN (a2,

which have to vanish for dimension reasons (since the standard virtual class is dimension one less than the
reduced virtual class and the degree of the insertions A1, A, and A3 are chosen to sum up to the degree
of the reduced virtual class). Since (C, z) is stable, it follows that X/ satisfies 2g(X) —2 +n(X’) > 0,
so its stabilization is well defined. Similarly, if ¥’ C X is a connected component whose degree over
the K3 surface S is trivial, then either 2g(Z’) — 2 + n(X) > 0 by assumption of the moduli space, or the
degree over C is nontrivial. In the latter case by the stability of (C, z) we have that X’ has again at least
N special points and genus > g(C); hence X’ and its markings defines a stable curve. Note also since
we have no interior markings there are no contributions from contracted genus-g > 2 components. Let
M z,c(ov?,tl drn)((SxC, S Z) A) be the union of connected components which have a nontrivial contribution,
where we have written A = ()Ll, .. )L ~). We have shown that there exists a commutative diagram

—#,contr

Mg (W+an)((SXC SZ) A) —> Mgz ey )(S W+dF)

| |

—/

_, R
M, ,((C.2), ) T > My,

where M’ g.n(X, D) is the moduli space of disconnected relative stable maps where each connected
component of the source is stable, and M ., 1s simply the moduli space of disconnected stable curves

(where each connected component is stable).

Recall from (51) the class

]‘gs,c;l’z),’(l | V) = ﬂ*(ev*(y)[]\?g,r’ﬂ ((C’ Z), A)]Vir).
Then applying the product formula of [Behrend 1999; Lee and Qu 2018] we conclude that

£(A:)

FéSXC’SZ)’ﬁ(Al,---,AN) — Fg,ﬁ(lé,c;l,Z),/(i); l_[ l—[(gi,j).

i=1 j
The first claim hence follows from Corollary 7.2.

For the second claim we apply the holomorphic anomaly equation of Corollary 7.4. Let

—/
UMy ypyn > Mg,
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be the morphism that glues the (n+1)™ and (n+2)™ marked points. By an application of Proposition 5.4
we then have

(€203 (Cz)/ rel [T~
1Sy =1 (A|A(°CZ))+Z > > ’m,

i=1 m>0 b bla sbm
g=g1+&+m [ ], .. I,

e [Jg(fg?’ Giseeo hiets (0o b1s e b)s Atds oo AN)
X Jg(;P;;’{O’Zi})’.’N((b, bi,....bm), /\i)] + (reversed)},

where (reversed) stands for the same term as before but with the role of the markings (n+41) and (n+2)

reversed, and the rest of the notation is as in Proposition 5.4 (except that we do not require the glued curve

to be connected). Since only the (n+1,7n42)™ marked points are not glued, we exclude precisely those

components of the moduli space where there is a totally ramified morphism from a genus-0 component to

rubber (P!, 0Lioo) which is ramified over 0 by some relative marking A;, ; and over oo by b (corresponding

to the marking labeled n + 1 or n + 2). Applying the product formula in reverse, we hence find that
L)

F ( 159 (), ]‘[]‘[5,,)

i=1 j
accounts for precisely the first two terms on the right of Theorem 7.6(b), except for the components where
we have a contribution from a totally ramified map to a bubble attached to the marking b.

The second term on the right of Corollary 7.4 is

,
=2 FPMIS M)y i ey Vit V),
i=1

where we write (y1,...,¥r) = (3ij)i,j. Again we apply the product formula in reverse. For that we need
to compare the psi-classes ¥; on the domain and target of the morphism:

—+H,contr

Mg wiarn (S xC.Sz), A) = M . L(A; y(S. W +dF).
Precisely,

q* i) =V —D,

where D is the virtual boundary divisor parametrizing splittings of maps f : C — X[k] where the relative
marking A; ; lies on a genus-0 component mapping entirely into the bubble such that the underlying
curve is contracting after forgetting the map to (C, z). We hence obtain precisely the third term in part
(b) of the claim, plus the contribution we were missing in the first two terms.

Finally, the third term in Corollary 7.4 yields precisely part (b) in our claim. O

Remark 7.7 The holomorphic anomaly equation of Theorem 7.6 is a version (for reduced virtual classes)
of the holomorphic anomaly equation conjectured for the relative Gromov—Witten theory of elliptic
fibrations in [Oberdieck and Pixton 2019, Conjecture D]. The form in [loc. cit.] is more natural, but
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requires more notation (for one thing, it is defined on the cycle level). Theorem 7.6 is then a special case of
the following statement: if the holomorphic anomaly equation (in the form of [loc. cit., Conjecture B]) holds
for an elliptic fibration S — B, then for any relative pair (X, D) the holomorphic anomaly equation holds
for the elliptic fibration S x X — B x X relative to S x D — B x D (in the form of [loc. cit., Conjecture D]).

8 Holomorphic anomaly equations: primitive case

8.1 Overview

Let S — B be an elliptic K3 surface and recall the generating series

[n]
d>— erZ

where W = B + F, and B and F are the section and fiber class. The following are the conjectural
quasi-Jacobi form property and holomorphic anomaly equation in the special case of primitive classes.
We follow parallel notation as in Conjecture C.

Conjecture E (a) For wt—homogeneous classes y;, we have
[ 1
FS (taut; y1,...,YN) € —— Qlacy ,,_1.,
g A(q) k.n—1

wherek =n(2g—2+ N)+2+ ), wt(y;).

(b) Assuming part (a), we have

d s
F
G, "(taut 1, ... yw)
[n] [n]
_FS l(taut Y1, YN U) +2 Z F;l (tauh;)/A,Ul)ng “SU(tauty; yg, Us)
g=8g11+82
{1,...,N}=AUB

N
[n]
—22 Fg (Yitaut; y1, ..., ¥i—1. U(Yi), Yi+1,-- -, YN)
i=1

- [n]
=Y (€ NapTeaTe, F " (tautiyy. ... yN).
a,b

In this section we prove the following:
Theorem 8.1 Conjecture E holds when g =0 and N < 3.

The proof below proceeds in three steps. After reducing to N = 3 and taut = 1, the GW/Hilb correspon-
dence (Theorem 6.2) implies the following basic statement (see (62))

(] —2-n+Y; 1A —14Y; 1(A;) (SXP.S0.1.00),
FS" M1 Ag hg) = 37 228727 G (Lyg =145 1) p P S01000b 31 ) 23)
g€’
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under the variable change p = ¢%. By Theorem 7.6 we know that each Fg(SXPI’SO’l'w)’ﬁ(M,/\z, A3) is
a quasimodular form satisfying a holomorphic anomaly equation. Moreover, the Hilbert scheme series
F(;g i (A1, A2, A3) on the left satisfies the structure described in Proposition 4.1. Our main work is then
to turn these two inputs into the quasi-Jacobi form property and the holomorphic anomaly equation for
quasi-Jacobi forms for the Hilbert scheme series. In Section 8.2 we first discuss that the left-hand side is
a quasi-Jacobi form. Then in Section 8.3 we reduce the holomorphic anomaly equation for the left-hand
side to an identity of the corresponding z—series. This is done by using Lemma 2.15 on the comparison
of the G—holomorphic anomaly equation for quasi-Jacobi forms with the factorwise G,—holomorphic
anomaly equation on the z—expansion. Finally, the required identity is checked in Section 8.4 in a longer
and technical 4—step argument.

8.2 Quasi-Jacobi form property

We start with the quasi-Jacobi form part of Theorem 8.1:

Proposition 8.2 Assume that g =0 and N < 3. For wt—homogeneous classes y; we have

[n] 1
FS taut; y1,...,yYn) € —— Qlacg ,,_1,
g ( Y )4 ) A(Q) s,n—1

where s =n(2g =2+ N) +2+ >, wt(y;).

Proof For g =0and N <3 we can take taut = 1. By using the divisor equation the claim for N € {0, 1,2}
reduces to N = 3. Consider three H *(.S)-weighted partitions,

Ai = (Aij.8ij); fori=1,23.
We argue in three steps:
Step 1 Under the variable change p = e the z" coefficient in A(q)FOS o (A1, A2, A3) is a quasimodular
form of weight r +n +2 4", wt(4;).

Proof of Step 1 By Theorem 6.2 under the variable change p = e? we have

(] SxP1,80 1 00
F§" (01 22.23) = Y Zimiw rur o (Ar. A2, 23)q”.
d>—1

Since (IP>1 ,0,1, 00) is stable and there are no interior markings, we have the inclusion

_ﬁ - —e >
Mg,(W+dF,n)((S X Pl? SO,I,OO)? A‘) C Mg,(W+dF,n)((S X Plv SO,I,OO)’ A)’

and moreover, every connected component in the complement does not contribute to the Gromov—Witten
invariant since the obstruction theory will admit an extra cosection coming from stable maps with two
components of the domain curve of nontrivial degree over S. Hence

[n] ol 1A _ I = (SXPL,80.1.00),
62)  F$" (Ao ds) = Y 2287200 (g4 L 100 pSF LS00k 3, 2),
gE€Z
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B . (SxP',80.1,00)4 . : .
y Theorem 7.6(a) the series A(q) Fg (A1, A2, A3) is a quasimodular form of weight

3
2g+ > L)+ Y wilsi ).

i=1 i,j
Hence under p = e® the z" coefficient of A(q)F(;g o (A1, A2, A3) is a quasimodular form of weight
r 4+ s where

5= (2g+2m,~) —|—Zwt(8ij)) - (2g—2—n +Zm,~)) =n+2+ Y wi(d)). O
i i, i i

Step 2 A(q)FOS[”] (A1.A2,A3) e MQJac, ,_, where s =n +24 ), wt(4;).

Proof of Step 2 We argue by induction on the total weight of the insertions
> wit(A) = L.
i

We assume that the claim holds for all insertions A; with )", wt(A}) < L. By induction and Lemma 3.1
we have 3
[n]
Z Fg " (Moo him1. TsAi Ay, ... A3) € MQJacs_y g -
i=1

As in Step 2 of the proof of Proposition 4.1, we consider the integral with respect to A

3
~ [n]
F= Z/FOS Aty ee et TsAi, Aig1s ..., A3)dA,
i=1
which lies in MQJacg ,_;. Consider also the difference

[n] ~
F(p.q)=F" (M, A2, A3) = F(p.q).

Then as shown in (46) there exists power series f;(q) € Q[¢]] such that

AN @O (p. )9 (p.q) ity fi(@p(p @)™ if 3n+ 371 £(A:) is even,
AN @O (p.q) ito fi@)p(p. )" if 3n + 377y £(A;) s odd.
By Step 1 (for the term FOS[n] (A1, A2, A3)) and by Lemma 2.15 (for Fe MQJac 1) every z" coefficient
of F(p, q) is a quasimodular form of weight r + 5. By Lemma 2.16 or Lemma 2.17 (depending on the
parity of 3n + Z?:l £(A;)) the claim follows. O

HMF{

Step 3 A(q)FOS(/\l,)LZ, A3) € Qlacg ,_y, where s =n +24 ) ; wt(4;).
Proof of Step 3 The function F(z, 1) = A(q)FOS (A1, A2, A3) defines a meromorphic function C xH — C
which is holomorphic away from the lattice points z/(27wi) = At + p for all A, u € Z.
By Proposition 4.1(b) the expansion of z around z = 0 takes the form
Fz.r)=)_ fi(0)F,
k>0
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where f; (7) are quasimodular forms. This shows that F(z, t) is holomorphic at z = 0.

To check the other lattice points we apply Lemma 2.12, which yields the transformation
Fz+2mi(At+p), 1) = q_xzmp_mme_’l(d/dA)F(z, 7).

By Proposition 4.1(a) (the behavior under d/d A) this equals
q_kzmp_umA(q)FOS (taut; e AT5 01, e A5 05, e T5 ) 5).

Since 7' is nilpotent there are only finitely many terms on the right-hand side. Hence by Proposition 4.1(b)

again, the right-hand side is holomorphic at z = 0. O

8.3 Reduction

Recall the operator that takes the G—derivative of a power series in z with coefficients quasimodular
forms factorwise:

(755 ). QMod(2) — QMod(2))
After having shown Conjecture E(a) we now reduce part (b) to a statement about the z—series of the

3—point function:

Proposition 8.3 Conjecture E(b) holds for g =0 and N < 3 if, for any cohomology-weighted partitions
A1, Ay and A3, we have

d n
©) (5g;).Fo " (h22.43)

—2(F5[”](A1,U(Azxs))— FS" (U1, Aa23) + FS" (2. U A3)) — FS™ (Udz, A1A3)
+ 8" 03, UGude) = 5" (U3, 240))

=Y (G NapTe,Te, F&™ (A1, 22, 23)

[n] [n] [n]
—22(F§ " (TsA1, A2, A3) + Fy (A1, Tsha, A3) + Fy (A1, Az, TsAs))
—2(n— D22 F" (A1, 22. 43).
Proof Part (b) states that Conjecture E is compatible under the divisor equations, string equation and
restriction to boundary. This can be proven parallel to [Oberdieck and Pixton 2018, Section 2] or [Bae

and Buelles 2021, Section 3]. Hence it suffices to consider the case « = 1, g = 0 and N = 3, ie to prove

the holomorphic anomaly equation for F(;q " (A1, A2, A3).
One has that
> F&" (1. U1)F69[’1]’Std(1:13, U2)
[n] [n] [n]
=Fp (A UQaA)) + F3 " (G2, UiA) + Fy - (A3, U(Aa)),
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and by expressing ¥; as boundary we also get
[n] [n]
F§ (1 UR1 A2, 23) = F§ T (Ud1. A22s).
Hence the equation that we need to prove is

d n]
64) S Fo (h.h2.23)

=2(F§" 01, UQ2Aa) = F " (UL A223) + " 02, UG AR) = F§ ™ (U2 21 ha)
+ B (A3, UG A2) = F§ " (U3, 21 M)
- Z(G_l)abTeu Te, Fos[n] (A1, A2, 143).
a,b

We now apply the variable change p = ¢ and view Fy(A1, A2, A3) as a power series in z with coefficients
quasimodular forms. Since Fy(A1, A2, A3) are quasi-Jacobi forms of index n — 1 by Lemma 2.15, we
have the following relation of Jacobi and factorwise G,—derivative:

d slnl
(_dG2 )ZFo (A1,A2,43)
d d

=G, & A2, A9) = 2250 R (1, 22, 23) = 22200 = DFS ™ (01, 22, 2).

By Proposition 4.1 we have that

afl_AFég[n] (A1, A2,A3) = F(Sg[n](TMl, Az, A3) + FoS[n] (A1, TsAz,A3) + Fos[n] (A1, A2, TsA3).

Expressing the left-hand side in (64) in terms of (d/d G,); then yields the claim. |

8.4 Conclusion

We aim to prove the holomorphic anomaly equation (63), which by Proposition 8.3 gives us the remaining
part of Theorem 8.1. We start with the expression given in (62),

n . . 1
65 F§ (A1 A ds) = Y 22872 L0) (e 1) pSXES0ned R ) ),
gE€Z
We will compute the factorwise G—derivative (d/d G), using the holomorphic anomaly equation given

in Theorem 7.6, and then match all the terms with the right-hand side of (63).

We analyze all four terms appearing in the right-hand side of Theorem 7.6 in a sequence of lemmata:

Lemma 8.4 (term 1) We have

2 1 — 1 SxP.S0.1.00),
Z ZZg 2 n+zl Z(At)(_l)g 1+Zz l(At)F;_T 0.1, )ﬁ(kl,kz,kj, | Ar(ellgxc’BZ))

€Z
g [n]

= (2—2}1)22F0S (A’17A2vk3)'
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Proof Let f = B4 = W + dF. By the splitting formula of Proposition 5.2 applied in the reduced case
we have

1 (SxP1,80.1.00) 4
(A1,A2,A3 ] ArfoC,Bz))g,(ﬂ,n) .

l_[i Mi
|Aut(u)]

SxP!,80.1,00),
= (11,22, 23 | Apxc) g gy = 3

i€{1,2,3},1u
g1+g2=g+1-L(n)

(SXIP],SO,I.OO)’ﬁastd . \% (SXPI 5SO.OO)aﬁa~
S A S P (i | ADYS
1

SXPL,S50 1 00), SXP1,80,00),4,~,std
+<A1,...,&,...,AN&,XW)O* ”(Ai,MV|AD>§2§M 0.00)vstdy

l'lh

To analyze the first term above we now use the Kiinneth decomposition
Apxc = ApAc = (01 + ®2)(F1 + F2).

The moduli space M1 1 (9,0)((S x P!, So.1,00). @) is naturally isomorphic to M 1,1 x S x P! with virtual
class given by

1 * log _ log log
e(H (. [ (Tgyp1 50, 000)) = €T 51501000 ~ 12T (55p1 56, 00"
where we used the log tangent bundle

log

_ log _
(SxP1,So.1.00) = 1S DT, =Ts & Op1(—1).

(P1,{0,1,00})

(SxP!,So1.00) _ | O ifaeil, F},
@100 =11 e =,

It follows that

Observe that under the (ff) convention we can have genus-1 components that are contracted, but since we
only have two interior markings there can be no contracted genus-0 component. Moreover, genus > 2
contracted component are ruled out since the K3 virtual class vanishes. Hence applying the divisor
equation yields

SxP1,80.1.00), SxP!,80.1.00),
(A2 2 | Agc) Sy 0o = 200 da Ay | FLoo) S 50100

S ]P:l,S 0o S IPI,S c0),®
=2(To(w))é=xl,(o,0())’l’ )(Al’kz’k3>i’,(>;(3,n) o)

S PI,S c0),®
o] Yo
(B,n) Y

(SxP1,80.1.00),®

= (—2 + 21’1)(/\1, Ao, A3>g,(ﬁ,n)

On the other hand, Ap = F; + F», so we find

SXP1,80 00).4,~ SxP1,80.00), 8~
(e 18D g =200 1Y [ 70 (Dro(F)) g, (07

If the marked point carrying to(1) lies on a component of a curve which remains stable after forgetting
the marking, ie where on the corresponding connected component of the moduli space the morphism
forgetting the marking is well defined, then since the integrand is pulled back from the forgetful morphism,
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the contribution vanishes. Alternatively, 7o(1) lies on a contracted genus-1 component, which yields
the contribution

S IF’I,S 00) s~ S Pl,S 00),®
(o (D) ooy ™ (hi 1 1 70 (F)) g iy

where since 7o (1) stabilizes the rubber action, the second factor is nonrubber(!). The first factor is nonzero,
but the second factor vanishes by the product formula and the general vanishing (see eg [Oberdieck and
Pixton 2018, Lemma 2])

T Mg (P )] =0

for r the forgetful morphism to Mg,r+£(u)+£(n) whenever 2g —2+r +£(u) +£(v) > 0. The case where
the rubber carries the standard virtual class is similar.

In summary:

S ]PI,S o) S PI,S o), ®
(22 A3 | A 0 ) 2 = 21— 1) (A1, Ag. As) g0 20

Replacing g by g — 1 and summing over the genus then yields

Z ,28—2-n+Y; l(/li)(_l)g—l—i-zil()ki)(}bl,)kz’/\3 | Arel ))(SXIPI,SO.l.oo),#

(BXC,BZ g_la(ﬂyn)
g€z
1 [
— 22(_1) Z ZZ(g—l)—Z—n-i—Zi l(ki)(_l)(g—l)—l-i-zi l(k,ﬁ)z(n - 1)(/\1,12, )L3)ZE7S(73P")’SO’1’°°)’
g€z
SxP1,80.1.00 SxP1.S0.1.00
= =201 = 1) ZG ™ (A1 A2 A3) = =20 — D22 ZG 500 (01 A2, As).

where we used the triangle of correspondences in the last step. Summing over the curve class 8, completes
the lemma. o

For the second term we need first some preparation:

Lemma 8.5 The class U € H*(S[™) has Kiinneth decomposition

where the b, by, . .., by, run over all positive integers such that b+ )", b; = n, and the | and l; run over
the splitting of the diagonals of B and S, respectively:

Ap=) Api®Ag,. ViiAs=) As; @Ay,
1 l;

Proof Let q; and q; denote the Nakajima operators acting on the first and second copies of S /1% sUT,
respectively. Then

1 1
U==) szwis(Fi+F)==3" > 5D (Fi + F2) Agin-n
b>0 b>0|A|=n—b
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DS b (—pHi+e@ /
=- L1 apay (Fy + B O G T 0, (As)++da,, 0, (As)
2 b 1944 VSNV VIH
b>0|A|=n— b |Aut(2)] n’
=> > (- 1)"+m+1m,b2 i by (F1 + F2)qp,qy, (As) -+ ap,,q, (As).
m=0b; bls :b
Using Definition 6.1 to rewrite this in terms of weighted partitions yields the claim. m|

Lemma 8.6 (term 2a) We have

66) 2 Z Zzg—z—n+Zl~l(M)(_l)g—HZi I(A) Z Z

g€l m=>0 b;by,....bm
g=g1t+g2+m [;],. I,

SxP1,50.1.00)s
Far 00, (b0, Ap ). (i As i L) Fs 501 (b, A ). (b A% )1 220 43)
= ZZFOS“” (U(sA1). 22, 13).

Proof By Lemma 8.5, via a careful matching of the signs and z factors, and observing that since we
have no interior markings the () convention yields the same invariant as the (e) convention, the left-hand
side in (66) equals

d 7 (SXP1,80.00),~,std (SxP',80.1.00)
22‘1 Z0.n) A UDZgyapm — Uz2,42,23),
d

where we write U; and U, for summing over the Kiinneth factors of the class U € H*(S" x sinl). By
Proposition 6.7 and Theorem 6.2 the above then becomes

d (SxP1,80.1.00) _ d_ > (SxP,80.1.00)
ZZC] Z(/s[n] SklUl)Z(W-l-dF,Z)l (Uz,lz,/\3)—2zq ZZ(W+dF,2)1 (U(851),Az,)&3)
d d

= 2:FS" (U(SA1). A2, 23). O

Lemma 8.7 (term 2b) We have

m
b
26-2-n+Y; 1) 1\&—1+X; 1(A) [li=, b
2).¢ A (e > 2
g€z m>=0 bbby
g=g1¥tg2+m [l 1,

S IP’I,S o)t
Foot (A, (0. Ap). (b As g iey)) Fas T S0ned (o A ). (br, A% 1)) 2. As)

Slnl G(p7 Q)n
=2F5" (A1, UQ2As)) + 2(/Sm MU(*Z“))M'

Proof With similar reasoning as for term 2a and using Propositions 6.6 and 6.8 this becomes

d (SX]P’I,S()_OO);V (SXIF’I,Sogl_OO),std
2Zq Z (W +dF.n) (Al’Ul)Z(o,n) (U2, 42, 43)
d
p— d (SXP],SO.OO)’N — d (SXP],SO,OO)aN
=21 Z ST S0 1) /S Urads =23 2T 0, UG ).
d d
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Let D(F)=(1/(n —DH((1, F)(1,1)" ) e HZ(S[”]). Employing Proposition 6.8 and the evaluation
of Proposition 6.9 we get
d 7 (SXP',S0 00),~ G(z,9)"
2 Z Ly arn (A1.UR243), D(F)) +2 o AU(A243)
d

02%(z,9)Aq)

= 2F3" (A, UQars)) + 2( fs el (*2*3))%’

as desired. O

Lemma 8.8 (term 3) Let )Ll(j ) be the weighted partition A; but with j™ weight §;; replaced by
7*w(8;j). Then

£(A1)
2 1A — IO SxP1.S0 1 00), i
) Z ZZg 2—n+Y; l(/ll)(_l)g 1+ 1(A;) Z Fg( X 0.1, )ﬁ(lﬂ{e’ljkgj)’k%)ﬂ)

g€l j=1

n n G . n
=—22FOS[](SU(AI),Az,/\g,)—Zng[](U(Al),kzk3)—2(/S[]U()Ll)/b/\?,) (p.0)

02(p.q)A(g)’

Proof We employ the splitting formula for the relative yr—class given in Proposition 5.3. The left-hand
side term becomes

£(A1)
L 4, (SxP1,80.00):~ (4 (i) (SxP,50.1.00),std
_ZZ Z Tl Ziwsarn)y A ADZG (A2, A2,13)
d j=1"7"

Ay 1 (SxP1,80.00),~,std 4 (i) (SxPL,S )

d XIP",50,00) 7,8t i XI"",00,1,00

=222 79" Zom) A AN ZG =) (A, 22, 13),
d j=1"7

where A and A, stand for summing over the Kiinneth decomposition of the diagonal in (S1)2.
Observe that U acts on a H*(S)-weighted partition A = ((4;, 8j))5.:1 by

L)
UL = ; /\Lj((kl,&)-~-(Ai,n*n*(yi))-~-(/\1,31))-

l'th

Hence with Propositions 6.6 and 6.7, the above becomes
202G T Wan. A [ Aatads
d
-2z ; g4 ( /S . U(M)SAI)ZE;*VT;;S,,S;W(AZ, A2.23)
= 23 2T T (U ). he) — 22 Y g4 2SS0 (UML), A2 s)
d d

G(p.q)"

AT 5 SN SU) A, A3). O
@2 (p.q)Alq) ° Pl

= 2F$" (U(A1), A2A3) —2( /S [ ]Uul)mg)

Geometry & Topology, Volume 28 (2024)



Holomorphic anomaly equations for the Hilbert scheme of points of a K3 surface 3849

Lemma 8.9 (term 4) We have

_ S ]P’I,S c0)» _ [n]
3Gy Tey Tey FSSF 501208 20 23) = = S (G )ap Tey Tep ™ (M1 Az 23).
a,b a,b

Proof Since there are no interior markings, the (ff) condition yields the same invariants as the (e)
condition. Hence the claim is just the application of Theorem 6.2. |

Proof of Theorem 8.1 Part (a) was proven in Proposition 8.2. For Part (b) it suffices to prove the equality
in Proposition 8.3. We start with (62), and compute (d /d G2) of the left-hand side of (62) by applying the
holomorphic anomaly equation for (S x P!, Sp 1,00) stated in Theorem 7.6. This holomorphic anomaly
equation produces four terms. These four terms are precisely the terms labeled 1, 2a, 2b, 3 and 4 in the
above lemmata (up to permutation). Summing these four terms together yields

(55 )F8" O A2 k) = @=2m22 F§" (hr. A 2) £ 22F5 " (U(R1) D )

JFS G U ( UG )G(P—q)
(A1.UA2 3))+2/ 1U(42 )®2(p,q)A(q)

_22F§[ "BURL), A2, 23) = 2F " (U (A1), Aa3)

G(p.q)"
_2(/Sm v ”Az“) 02(p.0)A@)

=Y G VabTeu Tey 6 Ot Rz Ag) + -9),
a,b

where (---) stands for the terms where the role of A1 is played by A, and A3 in the four middle terms.
The above is precisely the right-hand side in Proposition 8.3 if we observe two basic facts: First, the
operator U is symmetric (since the adjoint of q, (o) is (—1)"q—y (@)):

fs U= /S AU,

Hence the G” terms cancel. And second,

Ts = [es, U], andhence TsA =8U(A)—U(SA). |

9 Holomorphic anomaly equations: nonprimitive case

9.1 Overview

Let g and N be fixed. For the elliptic K3 surface S — P! recall the generating series

Slnl
Fg (taut;yq,...,yN) = Z Z (taut; yl""’yN>ng+dF+rAq (=p),
d=—IlreZ

where we have dropped the superscript S [] on the left.
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We show that the quasi-Jacobi form property and the holomorphic anomaly equation for the primitive
series Fg 1 (Conjecture E) together with the multiple cover conjecture (Conjecture A) imply both claims
for the general series Fg ;. More precisely:

Proposition 9.1 If Conjectures A and E hold for all g’ and N’ such that either g’ < g or (¢’ = g and
N’ < N), then Conjectures B and C hold for g and N .

Using Proposition 9.1 we obtain the proof of our main theorem:

Proof of Theorem 1.3 If g =0 and N < 3, then Conjecture A holds by Theorem 1.2, and Conjecture E
was proven in Theorem 8.1. Hence the claim follows from Proposition 9.1. O

The proof of Proposition 9.1 is purely formal: if the multiple cover formula holds, then Fy ; is obtained
from Fg 1 by applying the Hecke operator. The statement then follows from results about Hecke operators
on quasi-Jacobi forms (Section 2.8) and basic properties of the operators appearing in the holomorphic

anomaly equation.

9.2 Proof

Proof of Proposition 9.1 Recall the formal /™ weight k Hecke operator Tk, defined in (22). If the
multiple cover conjecture holds, then for all / > 0 we have

Fg(taut;yy,...,ynN) = [Zi (deg(”f)_"_Wt(yi))Tk,l Fg 1(taut; yq, ..., YN),

where k =n(2g —2+ N) + >, wt(y;). Assuming Conjecture E(a), we have
. 1
Fg i(taut;yy,...,¥yN) € NG QJacys ,—1,

where k" =n(2g —2+ N)+ > _; wt(y;) — 10. Hence by Proposition 2.22 (describing the action of Hecke
operators of weight k on weight-k’ forms) we find that

1
—— Qlacyr 4121, (n—1)1(To (1)),

F, ;(taut; y1, ..., €
g1 (taut; yq YN) NGL

that is Conjecture B holds.

To prove Conjecture C, the multiple cover conjecture and (23) give

_d_ . _ 7e@iyn) 4 .
e Fg (taut;yy,....yn) =1 e Ty, Fg1(taut;yy, ..., yN)

where
k=k(g,N.y1,....yn) :=n(Q2g =2+ N) + Y _wi(yi),

1

e(y1,....yN) = )_(deg(yi) —n — wt(yi)).
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Assuming Conjecture E(b) this equals
[0y

'|:Fg—l,1(taUt; Y1,---» YN, U)+2 Z Fg, 1(tauty; y4, U1)F§t2d(taut2;)/3, U,)

g£=811+82
{1,...,N}=AUB
N
—2)  Fea(Witautyr, ... Y1, UyinVigte - yN) =9 (8 DapTeyTey Fga(taut: s, ... m)}.
i=1 a,b

By Lemmata 9.3 and 9.2 we can apply Conjecture A to this term in reverse, eg
le(yl"""’N)“Tk_z,ng—l,l(taUt; Y1.--. YN, U) = Fo_y (taut; yq, ..., ynN, U),
or the exceptional case
le(yl""’yNHlTk_z,ng,l(taut; coisTeyViv oo s TeyVjs o) = %Fg,l(taut; coisTeyViv oo s TepVis- ),

etc. As a result we obtain precisely the right-hand side for the (d/d G2)—holomorphic anomaly equation
in Conjecture C.

Similarly, by Proposition 4.1 we have

d
Jaler(tutyr....yn) =TsFgi(tautyr..... yn).
Hence by (23) we have

d 4 N—n—wi(y;)) d d
ﬂFg’l(taut; Vieo.. yn) = [ 2i@eed—n Wt(”'))ﬂTk,lﬂ g 1(taut; y1, ..., ¥N)

= [ Zieel) = Ty dd—AFg,l(taut; Vie o VN)
=[2G n=wGD Ty | Ty Fy (taut; y, ..., yN)
= Ts Fg (taut; y1,...,¥YN),
where we used that Ty is of weight —1 (Lemma 3.1). O

Lemma 9.2 If U =) ; a; ® b; is a wt—homogeneous Kiinneth decomposition of U € H*(S)®2,
then for every i we have

k(g—=1,N+2,y1,....¥N.ai. bi)=k(g,N,y1.....yN.ai,bi)=2,
k(g1 [ AL ya,a) =k(g, Noyi,. .. yn)=2 if FS" % auts; yp, bi) #0,
k(g,N.yv1,....UWi),...,yN)=k(g, N, y1,...,¥N)-2,
k(g. Noyi,....Te,Viv - TepVjs ..., YN)=k(g, N, y1,...,¥yN)—2.

Proof The first of these equations follows from Lemma 3.2, and the third and fourth follow from
Lemma 3.1. For the second, recall that for X = Sl we have

[Mon x X] ifg=0N>3,
(67) (Mg n (X, 0" = 3 [M 1,5 x X]}(c2n(X)) ifg=1,N=>1,
0 if g > 2.
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If F;tzd(tautz; yB,b;) # 0, we hence find

Ul(]|; ; if 9o =0
ZF;tzd(tautz; yB,bi)a; = ( / tautz) { (i ) LT
Mg, 1B1+1 U(CZn(X) [lies Vi) if g2 =1.

1
Hence using Lemma 3.3 we get
k(g’|A|+1’yA’U(HzeB )/l)) 1fg2:O,
:k(ngvyly"'7yN)7

where we used wt(c2, (X)) = n in the last step. |

K(gw, 4]+ 1, ya ar) = {

Lemma 93 If U =) ; a; ® b; is a wt—homogeneous Kiinneth decomposition of U € H*(S [n]y®2,

then for every i we have
e(yi,....yn.ai.bi) =e(yr.....yn) + 1,
e(yq,ai)=e(y)+1 if F;tzd(tautz; vB, bi) # 0 for some g7,
e(yr.....UW),....yn) =e(y1.....yN) + 1,
et,....Te,Vioo o Tepvjs. ... ¥N) =e(y1,...,YN) + 2.

Proof With the notation of Section 3.5 define / gy := act(F A W), which acts semisimply on H *(S).
For an eigenvector y, define deg -y (y) to be the eigenvalue of h g :

hpw(y) =degpw (y)y.
Then because

(deg(y) —n—wt(y)y = (h—=Wt)y = —act(W A F)y = hpw (¥),
we find
e(yi,....yn) =) degpw (i),

The claim now follows parallel to Lemma 9.2 (use that 4w = h — Wt, so the corresponding properties
for the grading operator & gy are easily derived). |

10 Fiber classes

10.1 Overview

We study the generating series of Gromov—Witten invariants of S [] in fiber classes of the Lagrangian
fibration S — 7,

[n]
Fgo(tautyr.....yn) = > {@utyi.....yN)5 jprad’ (=P
d>0 rez
(d,r)#(0,0)
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Recall from Theorem 2.23 the weight-n (meromorphic) quasi-Jacobi forms

1/2 1/2
1p’'“+p
2 pl/2_ p-1/2 —n Z d" 7 (pF + (=1)" pF)g*4 e MQJacy, .

k,d>1

An(z,7) = n+8n1

For any (deg, wt)-bihomogeneous class y, define the modified degree
degy F (y) = n + wt(y) —deg(y).

Remark 10.1 Consider the basis of H*(S, Q) given by B={1,p, W, F,e,}, where {e,} is a basis of
(W, F}t c H*(S,Q). If y =[], qn, (8;)vg for §; € B, we have
degyp(y) =i |8 =W} —{i | & = F}.

By Section 3.5, degy g (y) is also the eigenvalue of the operator Ay r := act(W A F).
The main result of this section is the following:

Theorem 10.2 Fix g and N with 2g —2 + N > 0 such that
(i) the multiple cover conjecture (Conjecture A) holds for this g and N,
(i) (taut;y1,...,YN)g,dF+ra =0 forall (d,r) # (0,0), whenever ) ; degy r(y;) <O0.

Let y; be (wt, deg)-bihomogeneous classes and let
N

a=3g—3+4+ N —deg(taut) and b= ZdegWF(y,').
i=1

Ifa,b >0, then in C((p))[¢]l/C we have

(68) Fgo(taut;y,....yn) = (taut;yy,....ynN)> gF Z k*dbqke
d,k>1

Sln —1 d \¢
+Z( 1)" (taut; Vl"“’VN)gF+rA(b+1(pE) Ab+1(P,61))

r>1

p—=>p”
In particular, Fg o(taut; yy,...,yn~) is a meromorphic quasi-Jacobi form of weight
k=n(2g—2+N) +Zwt(y,-)

. . . . i
and index 0, with poles at torsion points.

Here for two power series f(p,q), g(p,q) € C((p))lgq]l, we write f = g if they are equal in C ((p))[¢]l/C,
that is if there exists a constant ¢ € C such that f(p,q) = g(p.q) +c.

In (68) the sum over r is finite by Lemma 4.2, and hence the statement of the theorem is well defined. If
a < 0in Theorem 10.2, then taut = 0, so all Gromov—Witten invariants would vanish. Theorem 10.2(ii)
would follow from a family version of the GW/Hilb correspondence (Section 6.3), where one does
not fix the complex structure of the source curve. Hence (ii) is expected to hold for all g and N with
2g —2+ N > 0. We prove (ii) for (g, N) = (0, 3) below and obtain the following:
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Theorem 10.3 For any y1,y»,y3 € H*(S"]) the series Fg—o,0(taut; y1,...,ynN) is a meromorphic
quasi-Jacobi form of weight n + ) ; wt(y;) and index O with poles at torsion points (of the form given
in (68)). Moreover, in C((p))[[q]l/C we have

d d
(69) d—GzFo,o(taut;Vl,yz,ys)EO and d—AFo,o(taut;)/l,yz,ys)ETaFo,o(taut;)/l,Vz,)/s).

10.2 Multiple cover conjecture

We first recall an equivalent form of the multiple cover conjecture (Conjecture A). Let S be any K3
surface with an effective curve class § € H»(S,Z). For every divisor k | B let S; be some K3 surface

and consider any real isometry
ok H*(S,R) — H*(Sk, R)

such that g (8/ k) € H2(Sk, Z) is a primitive effective curve class. We extend ¢y, to the full cohomology
lattice by ¢ (p) = p and ¢ (1) = 1. Define an extension to the Hilbert scheme by acting factorwise in
the Nakajima operators:

o H*(S™) — 1* (S, [ an Gve = [ an, (0 6)ve.
i i

Conjecture F  We have

) stnl
(taut; yq, ..., VN)g,BJrrA

— Z k3g—3+N—deg(taut)(_1)r+r/k(
k1(B,r)

[n]
taut; g (y1). .- -, @k(VN))g,wk(ﬁ/k)+(r/k)A-

This conjecture is equivalent to the one we have given in the introduction:
Lemma 10.4 [Oberdieck 2022, Lemma 3] Conjecture F is equivalent to Conjecture A.
10.3 Proof of Theorem 10.2

Step 1 (positive part) We apply the multiple cover conjecture (in the form of Conjecture F) to the
following series, where we sum only over curve classes which have positive fiber degree:

[n]
FloGautyr,....yn) =Y > (@utyr.....yN)s gpirad” (=0)

d>1reZ
For any k | (d,r) let ¢ : H?(S,Q) — H?(S, Q) be the isometry defined by
k d .
F EF’ Wi EW and @i |gw, Fy11 =id.

Assuming that all y; are written in the Nakajima basis with weightings from the fixed basis B (defined in
Remark 10.1), we obtain

d\? ]
Flotautyr,....yn) =Y Y > kb(z) (D" *(taut; y1, ... yN)S Farap g
d>1reZk|(d,r)
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Using the monodromy of Section 3.6.3 we have

. st N+Y, 1 NG
(taut; y1, ..., YN)g. pyra = (=" i) (aut; Yis--- VN )g. F—ra-

Hence we conclude that

Flo(tautyy, ..., yw)
[n]
= (taut; y1,...,¥N) gF Z k”db kd
d,k>1
[n] X ) —
£ fraus yl,...,ymg,ﬂm( T kP (pk 4 (1 VAT 00, k)qkd)
r>1 k,d>1 p—=>p"

We now analyze the second term on the right. Since otherwise all invariants vanish, we can assume the
dimension constraint

Vdﬁg,N(S[”], B)=02n—-3)(1—g)+ N + 1 = deg(taut) + Z deg(yi),
i
or equivalently,
(70) a=3g—3+ N —deg(taut) =2n(g—1)—1 -I—Zdeg(yi).
i

Furthermore, let y; ; € H*(S) be the cohomology weights of y; in the Nakajima basis. Let V =
{W, F}+ c H*(S,Z). Since ev*[Mg,N(S[”], dF + rA)]'' is invariant under the monodromy group
O(V,Z), by standard invariant theory for the orthogonal group (eg [Oberdieck 2024a, Section 6.1]) we

can assume that there are an even number of y;; such that y;; € V. Indeed, otherwise all the invariants
] . . . . . .
(taut; yq,..., yN)g’nF r4 Vanish and there is nothing to prove. We obtain the following parity result:

Lemma 10.5 a—l—nN—{—Zl(y,-)Eb—l mod 2.
i
Proof Using (29) we have
D deg(yi) =nN =Y l(y))+ )_ deg(yij)-
i i i,j
Hence by the dimension constraint (70) and modulo 2,

a+nN+> 1(y;))=—1+deg(y;) +nN + Zl(y,) =—1+) deg(yij)
i ij

=1+ 3 1y e HASONE =1+ 314 |y e W Fl} =b—1,

where in (*) we used that there are an even number of y;; in {W, F 3 O
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So
(71) F;:O(taut; Vis--rVN)

. (] b kd
:(taut,yl,...,yNgF Z k%d°q
d.k>1

—i—Z(—l)r(taut; yl,...,yN)g[’;+rA(( ) Z db +(—1)b+lp_k)qkd)

r=1 k,d>1

p=p”
Step 2 (fiber degree-0 part) It remains to compute the degree-0 part

]
Fé?g(taut; Y1.... . YN) = Z(tauﬁ Y1, ---’VN>§ ra(=p)".

r>1
Lemma 10.6 If )", degy r (yi) # O, then F;?g (taut; y1,...,yn) =0.

Proof By monodromy invariance, the class
ev(taut[M g, N(S[”] rA)]Y") e H* (S[”])®N

has weight 0 with respect to the grading operator iy g = act(W A F). On the other hand,
hwr(® - ®@yN) =) y1®®hwr(yi)® - ®yN = (Zdegwp(w))m ® - QYN.
i i
Hence if ) ; degy r (yi) # 0, the pairing between these two classes vanishes. O

Lemma 10.7 If ) ; degy g (y;) = 0 and under the assumptions of Theorem 10.2, we have

0
Fésg(taut; Y1,---sYN) = Z(—])r(taut; Y1s---»YN) g F+rA Z k% p kr
rzl k>1
Proof Recall the monodromy e~ Ts from Section 3.6.4 which satisfies e =78 4 = A+ F. We conclude that

—Ts o~ T8,y

[n]
(72) (taut; y1, .. "VN>§,rA = (taut;e” “Sy1,..., )/N)g’rFJrrA.

The operator T satisfies the commutation relation
[hwE, Ts] = [act(W A F),act(§ A F)] = —Tg,

and hence degy,  (T5y) =degy r (y)—1. Because we assumed ) _; degy g (y;) = 0 and Theorem 10.2(ii),
only the leading term in e ~73y; can contribute:

. [n]
(term in (72)) = (taut; yq, ..., )/N)g FFArA-

Using the multiple cover formula (Conjecture F) and b = ) ; degy g (y;) = 0O this becomes

[n]
Zka(—l)r+r/k(taut; Viee-os VN)g,FJr(r/k)A‘
k|r

The lemma follows by rearranging the sums. O
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Step 3 (proof of (68)) Ifb =), degy r(yi) >0, then by Lemma 10.6 the series Fg o(taut; y1,...,yn)
is given by (71), and since [Ap41]40 is a constant in p, the right-hand side of (71) is precisely as claimed
in (68). If b = 0, we add the evaluation of Lemma 10.7 to (71) and use the straightforward identity

a1 nl/2 -1/2
Z k“pkr = constant + (—(pdi) %%) .
k>1 P p 2 p—=p’
Step 4 (quasi-Jacobi form property) Since A, ; € MQJacy; o, the derivative p(d/dp) increases
the weight by 1, and if the operator f(p,q) — f(p”,q) sends quasi-Jacobi forms of weight k and

index m to quasi-Jacobi forms of weight k and index mr? (see [Eichler and Zagier 1985, Theorem 1.4.1]),
the second term on the right in (68) is a quasi-Jacobi form of weight

at+b+1=2n(g—1)+) deg(yi)+ ) _degyp(yi) =ng—2+N)+ ) wi(y).

By the monodromy of Section 3.6.3 we have

1 [n]
(taut; yq, .. -,)/N)g,p = (=N FHODFHON (taut; 4, ~-’VN>§,F'

Hence the first term in (68) is even unless n N + [(y1) + -+ [(yn), in which case ¢ = b + 1 modulo 2
by Lemma 10.5. If a > b we find in C[[¢]]/C the equality

b
Z ke gbgkd = (q;’_q) Z Zku_qu’

d,k>1 m>1k|m

and since this is the g—derivative of an Eisenstein series we get

constant + Z kdbq*? € QMod, 4 py 1 .
d,k>1
The case b > a is parallel. |

10.4 Conclusion

We prove Theorem 10.3, and Theorem 1.8 of the introduction.

Proof of Theorem 1.8(i) If there is an index i (let us say i = 1) with y; = F¥, then by using F = [E]
for a smooth elliptic fiber (: £ < S, a straightforward computation gives

oo

(73) F;’O(taut; Viseo s YN) = Z (taut(—l)g_llg—l; A CZONALC%) R l*(VN))g,d[E]qdv

d=1
where we used the standard notation for the (ordinary nonreduced) Gromov—Witten invariants of the
elliptic curve E. In this case Conjecture D(i) follows from [Okounkov and Pandharipande 2006a], and
one checks that the holomorphic anomaly equation of [Oberdieck and Pixton 2018] implies the one stated
in Conjecture D(ii).
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If there is no such i, by expressing taut as boundary classes and the splitting formula, as well as using the
divisor equation, we can reduce the claim to the case (g, N) = (0, 3). This base case holds by inspection
from the explicit evaluation

F;:o(l; W.W.W)=(W,W, W)OS’F Z d3q*? = constant + 24G4(q). m|
k,d>1

We prove a basic vanishing for the Gromov—Witten theory of the elliptic K3 surface S:
Lemma 10.8 If ), degy r(yi) <O, then (taut; yq,. .., yN):g 4p =0forall d > 0.

Proof We assume y; € B for all i. By Remark 10.1, if ) ; degy r (y;) < O there exists at least one
cohomology class with y; = F. Hence by expressing the invariants of S in terms of the invariants of
the elliptic fiber E as in (73), we see that if y; = F for some j # i then the invariant vanishes, and
if there are no other cohomology classes with y; = W then the integrand on M ¢,N(E,d) is invariant
under translation by E and hence the integral vanishes; see eg [Okounkov and Pandharipande 2006b,
Section 5.4]. Since we are always in at least one of these cases, this proves the claim. a

Proof of Theorem 10.3 If (g, N) = (0, 3) we can take taut = 1, so @ = 0. By Theorem 1.2 the multiple
cover conjecture holds for this (g, N). Moreover, using the GW/Hilb correspondence (Theorem 6.2),
the product formula for the relative Gromov—Witten theory of (S x P!, Sp 1,00) and Lemma 10.8,
Theorem 10.2(ii) also holds. Hence the first two claims follow directly from Theorem 10.2 and the
(d /d G, )-holomorphic anomaly equation for A, proven in Theorem 2.23. It remains to prove (69). This
follows by either using the monodromy of Section 3.6.4 to derive the elliptic transformation law in the
meromorphic case, or by applying the GW/Hilb correspondence (this is possible since the multiple cover
conjecture is proven for fiber classes [Bae and Buelles 2021]; see Remark 6.3) and then using (16) to
calculate the d /d A derivative in terms of the z—expansion (similarly to what was done in Section 8). We
leave the details to the reader. d

11 Applications

In this section we prove two applications of the holomorphic anomaly equation for the Hilbert scheme
stated in the introduction. The first considers the 2—point function on the Hilbert scheme (Corollary 1.6)
which is implied by Proposition 11.1. The second concerns the Jacobi form property for CHL Calabi—Yau
threefolds (Theorem 1.7). Here we first prove, by a deformation argument, a version of the holomorphic
anomaly equation for generating series which keep track of curve classes of the form W + dF + o where
« runs over a lattice Eg(—2) C Pic(S) orthogonal to W and F (Proposition 11.2). Then Theorem 1.7
follows formally by the degeneration formula and the GW/Hilb correspondence (Theorem 6.2).
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11.1 The 2—point function

Recall the notation of Section 3.5, in particular the LLV algebra
s S = NV @ Ur) for V= H?(s").
Extend the definition of the operator 7;, by defining
To :=act(x A F)
forall« € V @ Ur with o L {W, F}. In particular,
(74) Te =act(eAF)=ep and Ty =act(f AF)=-U.

For any operator a € g(S []) which is homogeneous of degree deg(a) —ie if deg(ay) = deg(y) + deg(a)
for all homogeneous y — define the induced operator

(75) N .
a1 ®-®yN) =Y N ®-®yi-1® (-1 **Yay)®yi1®-- @ yN.

i=1

By the quasi-Jacobi form part of Theorem 1.3, the generating series ZS o (p, gq) defined in (7) can be
identified with a vector with entries quasi-Jacobi forms. We prove the following anomaly equation, which
combined with Lemma 2.11 (and using that Wt is antisymmetric) immediately implies Corollary 1.6:

Proposition 11.1 We have

d d

Snl . ~—1 Sl Slnl _ Sl
G2 (p,q)——Xﬂj(g JapTaTpZ"" (p.q) and 225" (p.q) ==TsZ°" (p.q),
o,

where o and f run over a basis of {W, F}- Cc V & Ugq with intersection matrix g,5 = (@, B).

Proof By Theorem 1.3, for any y1, y» € H*(S[) we have

d Sl
d_G2F0,1 (y1.2)

[n] [n] _ [n]
=2F5, (U1Uy)—2Fg, (Y1: Uyt y2)=2F01(¥2:v1. Uy2) = (8 DanFo1 (TeyTe, (11®72)).
a,b

Let pgin1 = q1(p)" vy be the class of a point on sinl By U(pgim) = nq1(F)q1(p)" vy and the
evaluation [Oberdieck 2018a, Theorem 2], we have

] (] G(p,q)" !
2FS " (U(y1 Uya)) =2F3 (U(p))/ yiUy,= 2n—(p 9) / Y1Uysa.
NG A(q) NG
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Similarly, using the divisor equation with respect to (1/(n — 1)!)q1 (F)q1(1)* vy to add a marking,
rewriting the Y —class in terms of boundary and applying the splitting axiom of Gromov—Witten theory
(see for example [Cao et al. 2024, Section 1.2] for a similar case) yields

[n] [n] [n]
Fos,l (W1:Uyr.y2) = Fg, (Uyi.epy2) — F(fl (erUy1,y2).
Rewriting this using (74) and using convention (75) we get
[n] [n] [n] [n]
—2Fg) (Y1:Uy1.y2) —2F3) (Y2:v1.Uy2) =2F3) (Uer (1 ® y2)) = —2Fp, (TeTy (1 ® 12)).
Finally, by the commutation relations (10) we have
d 2
— =2 .
4G, ¢ (P 9)=20(p.q)

Putting all this together we obtain

d
dGy Jgimxgin

Gn

d da 6
dG2 ©?A(q)

Z5"p U @) = -2 FS"n e _(/ U)
(P, U (1 ®y2) 4G, o (Y1 ®y2) /172

_ [n]
== (G NapTuTpZ" (p.q).
a.B

The first claim now follows since Ty is antisymmetric if & € V', and symmetric if o € Ugy (both orthogonal
to W and F). The second claim follows from (d/d A)G = 0, the holomorphic anomaly equation for
d/dA (proven in Theorem 1.3), and since T} is antisymmetric. |

11.2 CHL Calabi-Yau threefolds

We work in the setting introduced in Section 1.8. For a general element @ € Eg(—2) — where Eg(—2) C
Pic(S) is the anti-invariant part of the symplectic involution g : § — S —and with W = B + F as usual,
consider the curve class

W +dF +ae Hy)(S,Z).

Let by, ..., bg be a fixed integral basis of Eg(—2), and identify w = (wy,...,wg) € C? with Y i wibi e
Eg(—2) ® C. Given a class a € Eg(—2), we write
8

(76) ¢ =exp((w,a)) = [ | e({bi, @) wy).

i=1

We also refer to [Oberdieck and Pixton 2019, Section 2.1.4] for parallel definitions.

Form the extended generating series

o

~ gln] [n]

F} (taut;yl,'..,yzv)=§ E E (taut;yl,...,VN)E,WHHH,AC["(—I?)’E“-
d=—1reZ acEg(-2)

Usually we drop the superscript S (] The first step is to prove the following:
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Proposition 11.2 If Conjectures B and C hold for (g, N), then
~ glnl 1
Fég (taut; y1,...,YN) € m QJack+12,(,1_1)@(1/2)]58(_2) (To(Q)x 2Z & 7)),

where k =n(2g —2+4 N) + > _; wt(y;) — 6 and QJacy ;, is the vector space of weight-k multivariable
quasi-Jacobi forms of lattice index L as defined in [Oberdieck and Pixton 2019, Section 1], except that
here we work with respect to the Jacobi group I'y(2) x (27 & 7).8 Moreover,

d zsln
(77) a6, ——Fy '(taut; y1, ..., )
~ q[n] [n]
_FS 1(taut Y1,-.., YN U)+2 Z Fé;gl (t:f,lutl;yA,U1)Fé§2 S (tauty; yg, Uz)
g=8118&2
{1,...,N}=AUB

N
~ q[n]
—2Y FFU(itaut .Y Ui Vit VW)
i=1
A—1 Slnl
_Z(g )abTea Teth (taUt; Y1, "J/N)’
a,b

where the e, form a basis of (Spany (B, F) @ Eg (—=2))*+ c H?(S, Q) with intersection matrix g4 =
(eq,ep), and

d ~ gln]
dA " (taut; Vi...oyn) =TsFy  (taut;yr,....yn).

Proof For « € Eg(—2) the operator Ty, = act(a A F') satisfies
e Te(W+dF +rA+a) =W+ (d + L{a,a))F +rA.

Moreover, e~ 1@ can either be viewed as a monodromy operator (as in Section 3.6) or identified with the
induced action on the Hilbert schemes coming from the automorphism 7y : S — S given by translation
by the section labeled by —«; compare [Oberdieck and Pixton 2019, Section 3.4]. In either case, we have
invariance of Gromov—Witten invariants, so

~ ¢g[nl _ [n]
F; (taut; yq,...,yN) = Z Z (taut;e™ “ Vis.--s€ T“J/N)gW+(d+(1/2)(aa))p+r,461 (=p)¢*
d,r aeEg(—2)

_ Ry —Tu Slnl —(1/2){a,) a
=2 fause Ty e IS i arad”d =p)'"¢

= Z Fg(taut;e~Tayy, .. e Tayy)g~ (/D @a) e
a€Eg(—2)

Let h"/ be the inverse matrix of the intersection matrix (b;, b;). Then
To =Y W {a.b;)Ty,.
i,J

8 More explicitly, the quasi-Jacobi forms we consider will simply be linear combinations of derivatives of the theta function of
the Eg(2)-lattice; see the proof.
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Moreover, let

(78) Ops(Cg) = ) g WPl
a€Eg(—2)

be the theta functions of the Eg(2) lattice, which is a Jacobi form of weight % rk Eg(—2) = 4 and lattice
index 5 Eg(2) for the Jacobi group I'g(2) x (2Z x Z); see [Ziegler 1989, Section 3].° Similarly, if we
multiply the summand in (78) with products of («, b;), the function becomes derivatives of the theta
functions by the differential operators

For example,

Y (e bi)g PN = Dy O g )(Cg).
a€Eg(—2)

Putting this together, we find that

— Zi,j hij Dbi Tb-

5. KU
I V1. e Zl,jh Dbin.

~ ¢[n]
(79) F" (tautiyy,....yn) = Fg(taut;e TYN)OEg(2)(8. q),

which is understood as expanding all the exponentials and then applying the derivatives Dy, to the theta
function. The operator Dj, preserves the algebra of quasi-Jacobi forms; see [Oberdieck and Pixton
2019]. Moreover, since Dy, increases the weight by 1, and T, is of degree —1 with respect to the weight
grading wt on cohomology, we conclude that (79) is a quasi-Jacobi form of weight equal to the weight
of Fg(taut; y1,...,yn) plus 4. Finally, the claimed holomorphic anomaly equations also follow from
(79) by a straightforward computation: The terms where d /d G, does not interact with the derivatives
Dy, are evaluated by Conjecture C. For any a € Eg(—2) one has (e Te @ e=Te)(U) = U (proven by
differentiating with respect to o and then as in Lemma 3.2). Hence one sees that these terms give precisely
the four terms in (77) up to the extra term coming from summing over the basis of Eg(—2) in the last
term. This extra term cancels with the terms coming from interactions of d /d G, with the Dy, . These
are calculated using the commutation relations [Oberdieck and Pixton 2019, (12)]. Since the Eg—theta
function does not depend on p, the d/d A derivative follows directly from the one in Conjecture C. 0O

Proof of Theorem 1.7 By the arguments of [Oberdieck 2018b] we can work with stable pairs invariants
of X. We then use the degeneration formula for the degeneration

(S X E)/Za »> (S xP)/((5,0) ~ (g5,00)),

which was worked out explicitly in [Bryan and Oberdieck 2020, Section 1.6]. This reduces us to invariants
of (S x P!, Sp.00) with relative condition specified with the graph of the automorphism of S [ induced
by the involution g: S — §,

Ty e H*(SIM x sl

9Concretely, the theta function © Eg (7, z) for the unimodular lattice Eg is a Jacobi form for the full Jacobi group SL3(Z) x 72,
and we replace 7 by 27, which introduces the congruence subgroup.
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We then apply Nesterov’s wall-crossing [2021; 2024; Oberdieck 2024b]. Putting all this together yields

(80) DTa(p.q) = 5 Fo(Tg)lgey

G(p,q)"

d . r

q“ p" Coeff ja+a/2)(0. r(— / AgimT

aXd:r q p @(p,Q)zA(Q) Snlx ginl § &

1 _G(p.q)"
202(p.9)A(q)

where © ¢ (2)(q) = ZaGEg(—Z) g~ /D) — F,(42) is the theta function of the Eg-lattice. This shows
that DT, (p, ¢) is a quasi-Jacobi form of weight —6 and index n — 1 for [y (2).

N —

1~ *
= 5 Fo(Te)lgams O Ey(2)(q) Tr(g | H*(S1™)),

It remains to compute the derivative with respect to G, and A of the first term (the second is clearly
Jacobi). Since the anomaly operators d /d G, and d/d A commute with specializing of the variable ¢
(compare [Oberdieck and Pixton 2019, Section 1.3.5]) we have

d & d &
765 FoTo)lze—n) = (75 FoTe) .
By Proposition 11.2, arguing then as in the proof of Proposition 11.1, and using [7¢,,g] = 0 for

e, € Eg (—2)J- and [U, g] = 0, one finds

d G(p.q)"!
dGs A(g)

Since this cancels precisely with the G,—derivative of the second term in (80), we get

Fo(Tg)lgamy = 2n O y(2)(¢) Tr(g | H*(S™)).

d _
d_G2 DT, (p.q) =0.

The claim (d/dA) DT, (p, g) = 0 follows from T5(I'g) = [T, g] = 0. |
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