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Teichmüller curves in genus two:
square-tiled surfaces and modular curves

EDUARD DURYEV

This work contributes to the classification of Teichmüller curves in the moduli space M2 of Riemann
surfaces of genus 2. While the classification of primitive Teichmüller curves in M2 is complete, the
classification of the imprimitive curves, which is related to branched torus covers and square-tiled surfaces,
remains open.

Conjecturally, the classification is completed as follows. Let Wd2 Œn� � M2 be the one-dimensional
subvariety consisting of those X 2 M2 that admit a primitive degree d holomorphic map � W X ! E

to an elliptic curve E, branched over torsion points of order n. It is known that every imprimitive
Teichmüller curve in M2 is a component of some Wd2 Œn�. The parity conjecture states that (with minor
exceptions)Wd2 Œn� has two components when n is odd, and one when n is even. In particular, the number
of components of Wd2 Œn� does not depend on d .

We establish the parity conjecture in the following three cases: (1) for all n when d D 2; 3; 4; 5; (2) when
d and n are prime and n > .d3 � d/=4; and (3) when d is prime and n > Cd , where Cd is an implicit
constant that depends on d .

In the course of the proof we will see that the modular curve X.d/ D H=�.d/ is itself a square-tiled
surface equipped with a natural action of SL2Z. The parity conjecture is equivalent to the classification
of the finite orbits of this action. It is also closely related to the following illumination conjecture: light
sources at the cusps of the modular curve illuminate all of X.d/, except possibly some vertices of the
square-tiling. Our results show that the illumination conjecture is true for d � 5.
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1 Introduction

This work is a contribution to the classification of Teichmüller curves in the moduli space M2 of Riemann
surfaces of genus 2.

It is known (see McMullen [2006]) that a primitive Teichmüller curve in M2 is uniquely determined by
two invariants: its discriminant D and, when D � 1 mod 8, a spin invariant � 2 Z=2Z. Conjecturally, an
imprimitive Teichmüller curve in M2 is uniquely determined by three integers: its degree d , its torsion n
and, when n is odd, a spin invariant �. Our main result (Theorem 1.2) establishes this conjecture in
infinitely many cases. For details on these and other technical notions we refer the reader to Section 2.

In this introduction we will make the above discussion more precise by introducing the parity conjecture
(Conjecture 1.1). This conjecture can be expressed in several different ways:

(I) In terms of algebraic curves Wd2 Œn��M2.

(II) In terms of a natural square-tiling on the modular curve X.d/.

(III) In terms of illumination of finite subsets Ad2 Œn��X.d/ by the cusps of X.d/.

(IV) In terms of combinatorics of tilings of a surface of genus 2 by squares.

(V) In terms of topological covers of a torus branched over a single point.

Each of these perspectives will be discussed in turn below. While the parity conjecture and our main
result are most easily stated using perspective (I), our proofs, to be sketched below, use perspectives
(II) and (III). Perspective (IV) relates the conjecture to combinatorics and translation surfaces, while
perspective (V) allows us to formulate it using only basic notions of topology.

We conclude with a survey of the previous research on the topic and pictures of natural square-tilings of
the modular curves X.d/ for d D 2; 3; 4 and 5.

Geometry & Topology, Volume 28 (2024)
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(I) Elliptic covers

The first perspective gives the most succinct way of formulating the parity conjecture and our main result.

Let X be a Riemann surface of genus 2 and E an elliptic curve. Elliptic cover is a ramified cover
� WX !E, where X 2M2 and E is an elliptic curve. We call an elliptic cover primitive if the induced
map �� WH1.X;Z/!H1.E;Z/ is a surjection.

For each pair of integers .d; n/, where d > 1 and n� 1, consider the following locus in M2:

Wd2 Œn�D

�
X 2M2

ˇ̌̌ there exists a primitive degree d elliptic cover � WX !E; with critical
points x1 ¤ x2 2X such that �.x1/��.x2/ has order n in Jac.E/

�
:

Each Wd2 Œn� is a possibly reducible algebraic curve immersed in M2. It is known that the loci W22 Œ1�,
W32 Œ1� are empty, and W42 Œ1�, W52 Œ1� are irreducible. We now formulate the main conjecture.

Conjecture 1.1 (parity conjecture) Provided that .d; n/¤ .2; 1/; .3; 1/; .4; 1/ or .5; 1/, it holds that
Wd2 Œn� is irreducible when n is even , and consists of two irreducible components when n is odd.

The main result of this work establishes the parity conjecture in infinitely many cases:

Theorem 1.2 The parity conjecture holds for all .d; n/ such that

(i) d D 2; 3; 4; 5; or

(ii) d and n are prime and n > .d3� d/=4; or

(iii) d is prime and n > Cd , where Cd is a constant that depends on d .

The proof of Theorem 1.2 occupies Sections 8–12.

Teichmüller curves The study of the parity conjecture is motivated by the following application. Let
Mg be the moduli space of Riemann surfaces of genus g and define �Mg ! Mg to be the bundle of
pairs .X; !/ where ! ¤ 0 is a holomorphic 1–form on a Riemann surface X 2Mg . The absolute periods
of ! will be denoted by Per.X; !/D

˚R

 ! j 
 2H1.X;Z/

	
. There is a natural GLC2 R–action on �Mg

that satisfies
Per.A � .X; !//D A �Per.X; !/:

Let SL.X; !/ � SL2R denote the stabilizer of .X; !/ under this action. If the stabilizer is a lattice in
SL2R, then the image of the projection map GLC2 R � .X; !/! Mg is an immersed algebraic curve
V ŠH=SL.X; !/!Mg . This immersion is an isometry with respect to the hyperbolic metric on V and
the Teichmüller metric on Mg , and we refer to its image as the Teichmüller curve in Mg generated by
.X; !/.

Geometry & Topology, Volume 28 (2024)
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Classification in genus 2 Define a quadratic order OD ŠZŒx�=.x2C bxC c/, where D D b2� 4c. For
any D � 5 with D � 0; 1 mod 4, the Weierstrass curve is the following locus in M2:

WD D fX 2M2 j Jac.X/ admits a real multiplication by OD with an eigenform with a double zerog:

Every irreducible component ofWD is a Teichmüller curve. It is known that, whenD¤9 andD�1 mod 8,
WD consists of two irreducible components W 0

D and W 1
D distinguished by the spin invariant �; see

McMullen [2005a]. It is also known that, when n is odd, Wd2 Œn� has at least 2 components W 0
d2 Œn� and

W 1
d2 Œn� distinguished by a slight generalization of the spin invariant �; see Section 3. As we will see in

Section 2, the parity conjecture suffices to complete the classification of Teichmüller curves in M2:

Theorem 1.3 The parity conjecture implies that the Teichmüller curves in M2 are given by

(1) WD , where D � 5 and D � 0; 4 or 5 mod 8 or D D 9,

(2) W �
D , where D � 17, D � 1 mod 8 and � D 0 or 1,

(3) W42 Œ1�, W52 Œ1� and Wd2 Œn�, where n is even ,

(4) W �
d2 Œn�, where d �n > 5, n is odd and � D 0 or 1, and

(5) the decagon curve generated by dx=y on y2 D x6� x.

The contribution of this work is to address the curves .3/ and .4/. They consist of imprimitive Teichmüller
curves. We will discuss this in more detail in Section 2.

(II) Modular curves

The second perspective relates the parity conjecture to a natural square-tiling of the modular curve:

X.d/D .H[Q[1/=�.d/:

Absolute period leaf Ad2 Let E0 DC=ZŒi � be the square torus. The quadratic differential dz2 on C

descends to E0 and the space .E0; jdzj2/ is isometric to a unit square with opposite sides identified. Let

Aı
d2 D

�
.X; !/ 2�M2

ˇ̌̌
Per.X; !/D ZŒi � and

Z
X

j!j2 D d

�
:

The absolute period leaf Ad2 is a smooth irreducible algebraic curve obtained as a completion of the
locus Aı

d2 ��M2.

Isomorphism with X.d/ The modular curve X.d/ parametrizes elliptic curves E with a choice of
suitable basis for the d–torsion points EŒd�. In Section 5 we will show that there exists a natural
isomorphism i W Ad2

��! X.d/ such that Jac.X/ is isogenous to E0 � E, where E D i.X; !/. In
particular, X also admits a degree d map to E. The isomorphism i depends on the choice of an
isomorphism .Z=dZ/2 ŠE0Œd �. We fix this choice once and for all and obtain an isomorphism that we
denote by Ad2 ŠX.d/.

Geometry & Topology, Volume 28 (2024)
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Square-tiling of X.d/ Denote zeroes of ! by z1 and z2 and let

�D

Z z2

z1

!

be a (multivalued) holomorphic function on Aı
d2 . The holomorphic quadratic differential zq D d�2 on

Aı
d2 extends to a meromorphic quadratic differential q on Ad2 . For any .X; !/ 2 Aı

d2 there exists a
primitive degree d covering map � W X ! E0 defined up to translation on E0, such that ��.dz/D !.
The locus Aı

d2 is preserved by the action of SL2Z � SL2R on �M2, and the SL2Z–action on Aı
d2

extends to the action on Ad2 ŠX.d/. Because
R z2

z1
!D

R �.x2/

�.z1/
dz, the metric space .X.d/; jqj/ naturally

decomposes as a union of unit squares compatible with this SL2Z–action (Section 4). We refer to this
decomposition as the square-tiling of the modular curve X.d/.

The square-tilings of the modular curves X.2/;X.3/;X.4/ and X.5/ are illustrated in Figures 2, 3, 4 and 5.

In Section 6 we will explain how to generate the square-tilings of the modular curves in general and give
some of their geometric properties.

Reduction to SL2 Z–action on X.d/ Points of Ad2 ŠX.d/ whose stabilizer is a lattice fall into one
of the following finite subsets:

Ad2 Œn�D

�
.X; !/ 2Ad2

ˇ̌̌ integration of ! defines � WX !E0; whose critical points x1 ¤ x2 2X
are such that �.x1/��.x2/ has order n in Jac.E0/

�
:

We will show that Ad2 Œn� is the subset of primitive n–rational points of the squares in the tiling of X.d/
(Section 4). The action of SL2Z preserves Ad2 Œn��X.d/. The parity conjecture can be reformulated in
terms of this action. In Section 2 we will show:

Theorem 1.4 The number of irreducible components of Wd2 Œn� is equal to the number of SL2Z–orbits
in Ad2 Œn��X.d/.

We will use Theorem 1.4 and results of Section 6 to give a proof of the main result for d D 2 (see
Section 8), and for all .d; n/ such that d and n are prime and n > .d3� d/=4 (see Section 9).

In Section 5 we will also see that the quadratic differential .X.d/; q/ has no translation automorphisms
and its GLC2 R orbit projection to Mg , where g is the genus of X.d/, is a point.

(III) Illumination

The third perspective relates the parity conjecture to illumination on the modular curve X.d/.

We say that a point A 2X.d/ illuminates a point B 2X.d/ if there is a geodesic segment in metric jqj
that connects A to B and does not pass through singularities of the metric. The illumination conjecture
states that:

Conjecture 1.5 (illumination conjecture) Light sources at the cusps of the modular curve illuminate all
of X.d/ except possibly for some of the vertices of the square-tiling.

Geometry & Topology, Volume 28 (2024)
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One can easily verify that all of the X.2/, X.3/ and X.4/ are illuminated by their cusps (red points) by
looking at Figures 2, 3 and 4. However, establishing the illumination conjecture for X.5/ (Figure 5)
requires more work; see Section 11. In fact, we will show that there is a vertex of the square-tiling of
X.5/ that is not illuminated by the cusps.

It turns out that the parity conjecture is strongly related to the illumination conjecture. In Section 10
we will show that the parity conjecture implies the illumination conjecture, using general results on
illumination on translation surfaces (see Lelièvre, Monteil and Weiss [Lelièvre et al. 2016]) and the fact
that the set of illuminated points is SL2Z–invariant. As for the converse, we will prove:

Theorem 1.6 Let d be prime. Then , if the illumination conjecture holds for d , the parity conjecture
holds for all .d; n/ with n > 1.

We will use Theorem 1.6 together with general results on illumination to prove the main result for all
.d; n/ where d is prime and n > Cd ; see Section 10. We will establish the illumination conjecture for
d D 3; 4 and 5 and use Theorem 1.6 to prove the main result for d D 3; 5; see Section 11. The proof
for d D 4 (Section 12) is quite different in nature, and will use the existence of the branched cover
X.4/!X.3/ that respects the square-tilings.

(IV) Square-tiled surfaces

The parity conjecture is also related to the ways of tiling a topological surface of genus 2 with squares,
where only 4 or 8 corners of the squares come together at a vertex.

Let †2 be a topological surface of genus 2. Preimages of the square under a suitable covering map
� W X ! E0 give a tiling of †2 by N D d � n squares that we will call a type .d; n/ square-tiling. The
SL2Z–action on 1–forms obtained by pulling back dz via such covering maps gives an SL2Z–action on
the square-tilings. In Section 2 we will show:

Theorem 1.7 The number of irreducible components of Wd2 Œn� is equal to the number of type .d; n/
square-tilings of †2 up to the action of SL2Z.

The type .2; 2/ square-tilings of †2 and their SL2Z–orbits are illustrated in Figure 1. One can easily
verify that exactly 8 corners of the squares come together at each vertex of these tilings.

The number of all reduced tilings (that do not admit a tiling by bigger squares) of †2 by N squares is
given by

.N � 2/.4N � 3/

12
� jPSL2.Z=NZ/jC

X
d jN;d¤N

.d � 1/d

3N
� jPSL2.Z=dZ/j � jSL2.Z=.N=d/Z/j:

See Eskin, Masur and Schmoll [Eskin et al. 2003] and Kappes and Möller [2017].
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R

S R

S

RS

Figure 1: The SL2 Z–action on type .2; 2/ square-tilings of a topological surface of genus 2
presented by its generators S D

�
1
0
1
1

�
and RD

�
0
1
�1
0

�
.

The parity conjecture would imply that the formula is significantly simpler if one considers the tilings up
to SL2Z–action:

jfreduced tilings of †2 by N squaresg=SL2Zj D
X

njN;n is odd

2C
X

njN;n is even

1 for N > 5:

When n is odd, let td;n;� be the number of square-tiled surfaces of type .d; n/ and spin �. The formula
for td;n;� was proved for odd d and conjectured for even d by Kappes and Möller [2017]. In Section 6
we obtain this formula for any d and n > 1:

Theorem 1.8 For an arbitrary d and n>1, the number of square-tiled surfaces of type .d; n/ and spin � is

td;n;0 D
d � 1

12n
� jPSL2.Z=dZ/j � jSL2.Z=nZ/j;

td;n;1 D
d � 1

4n
� jPSL2.Z=dZ/j � jSL2.Z=nZ/j:

(V) Topological torus covers

The final perspective is related to the Hurwitz theory of branched covers of a torus. It gives a way to
formulate the parity conjecture in purely topological terms.

Let †g be a closed, oriented topological surface of genus g and � W†2!†1 a topological cover with
two ramification points over a single branch point. Two covers �1; �2 W †2 ! †1 are topologically
equivalent if there are orientation-preserving homeomorphisms f1 W†1!†1 and f2 W†2!†2 such
that �2 ıf2 D f1 ı�1. A cover � W†2!†1 is called a type .d; n/ cover if it factors through

†g
d
�!†1

n
�!†1;

Geometry & Topology, Volume 28 (2024)
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where †1
n
�!†1 is a cover of tori of degree n and †g

d
�!†1 is a primitive cover of degree d branched

over two distinct points unless nD 1. In Section 2 we will show:

Theorem 1.9 The number of irreducible components of Wd2 Œn� is equal to the number of topological
classes of type .d; n/ covers � W†2!†1.

Questions about topological classes of branched covers have a long history, dating back to Hurwitz. He
used representation theory of symmetric groups to treat the topological classes of branched covers of the
sphere.

Connections with other work

Previous results in genus 2 We now move to the references. Primitive Teichmüller curves in M2 were
classified by McMullen in a series of works [2005a; 2005b; 2006]. In [McMullen 2006] it was shown
that every primitive Teichmüller curve in M2 is an irreducible component of WD or the decagon curve,
and in [McMullen 2005a] it was shown that the Weierstrass curve WD has 1 or 2 components depending
on the values of D mod 8. The irreducible components of WD are primitive Teichmüller curves if and
only if D ¤ d2. The components of Wd2 for prime d were also classified by Hubert and Lelièvre [2006]
using square-tiled surfaces.

The Euler characteristic of WD was computed by Bainbridge [2007]. Mukamel [2014] computed the
number of elliptic points of WD . The foliations of Hilbert modular surfaces XD for a general D are
discussed in [McMullen 2007b]. The geometry and dynamics of the absolute period leaves AD in the
case D ¤ d2 were studied in [McMullen 2014]. Our work extends these results to the case D D d2.
The major difference between these two cases is that AD ŠH, when D ¤ d2, and Ad2 Š X.d/. For
more on real multiplication and Hilbert modular surfaces see the work of McMullen [2003; 2007a]. For
another perspective see the work of Calta [2004].

Previous work on the parity conjecture The study of the square-tiling of Ad2 was initiated by
Schmoll [2005]. The connection to the modular curves was established by Kani [2003]. The parity
conjecture has been proved for d D 2 and arbitrary n by Huang, Wu and Zhong [Huang et al. 2020], and
investigated using a computer program by Delecroix and Lelièvre. Another approach to the conjecture is
presented by Kappes and Möller [2017].

Related research Work of Eskin and Okounkov [2001] relates the number of square-tiled surfaces to
quasimodular forms and volumes of moduli spaces. An algebrogeometric approach to Teichmüller curves
generated by square-tiled surfaces is given by Möller [2005], Chen [2010] and Kappes and Möller [2017].

The cylinder coordinates presented by Eskin, Masur and Schmoll in [Eskin et al. 2003] are used in this
work to study the square-tiling of Ad2 . For the most recent results on illumination on translation surfaces
see the work of Hubert, Schmoll and Troubetzkoy [Hubert et al. 2008] and Lelièvre, Monteil and Weiss
[Lelièvre et al. 2016].
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Background references For expositions on GLC2 R–action on �Mg see the work of Masur and Tabach-
nikov [2002], Zorich [2006], Forni and Matheus [2014] and Wright [2015]. For a survey on square-tiled
surfaces see the work of Zmiaikou [2011].

The first examples of primitive Teichmüller curves were given by Veech [1989] and came from the study
of billiards in rational polygons. Further references on primitive Teichmüller curves in higher genera are
by Möller [2008], McMullen, Mukamel and Wright [McMullen et al. 2017] and Eskin, Filip and Wright
[Eskin et al. 2018].

The theory of topological classes of branched covers of the sphere starts with works of Lüroth [1871],
Clebsch [1873] and Hurwitz [1891]. More general results for generic covers of any topological closed
surfaces were obtained by Gabai and Kazez [1987]. However, the case of nongeneric covers is widely
unexplored. Some results on topological classes of nongeneric covers of the sphere can be found in the
work of Protopopov [1988].

Contents of this paper

Pictures of square-tilings of X.d/ We conclude by giving pictures of the square-tilings of all modular
curves X.d/ of genus 0: X.2/;X.3/;X.4/ and X.5/.

The singularities of the flat metric jqj are simple zeroes of q (black points) and simple poles of q (white
and red points). We describe identifications of the edges of the squares in terms of horizontal and vertical
intervals joining the singularities. The ones that are labeled with numbers and strokes are identified via
parallel translations. The adjacent ones that are labeled with arrows are identified via rotations by � .

The cusps of X.d/ are labeled with red points. In particular, one can easily verify that X.2/;X.3/;X.4/
and X.5/ have 3, 4, 6 and 12 cusps, respectively.

Figure 2: The square-tiling of the modular curve X.2/ŠA4.

1 2

1 2

Figure 3: The square-tiling of the modular curve X.3/ŠA9.
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Figure 4: The square-tiling of the modular curve X.4/ŠA16.

Given the complexity of the square-tiling of X.5/, we prefer not to use arrows and strokes as labels;
instead, we describe the missing identifications as follows. The vertical edges of each horizontal rectangle
are identified via parallel translation. The horizontal edges that are labeled with letters, and the adjacent
horizontal line segments that start at a pole (white or red) and end at a singularity (black, white or red),
are identified via rotations by � .

Appendices The remaining cases of the parity conjecture are open. In Appendix A we review some
counts of elliptic covers and give bounds on the number of irreducible components of Wd2 Œn� that work
for all d and n; see Theorem A.2.

In Appendix B we will also give a simpler geometric description of the square-tilings of X.d/ for every
prime d and explain the pagoda structure of the modular curves that arise in this case. In particular, we
will show (see Corollary B.7):

Theorem 1.10 For every prime d , the modular curve X.d/ carries an embedded trivalent graph , well-
defined up to the action of Aut.X.d//, whose complement is a union of .d � 1/=2 disks.

How to read the paper To summarize the introduction we provide a quick overview of the structure of
the paper and a disclaimer that might help the reader to navigate through it.

In Section 2 we give background on abelian differentials and other notions. We establish the equivalence
of different approaches to the parity conjecture mentioned above. In particular, we show that proving the
parity Conjecture 1.1 suffices to complete the classification of Teichmüller curves in M2.
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Figure 5: The square-tiling of the modular curve X.5/ŠA25.

In Section 3 we introduce the spin invariant � that distinguishes the components of �Wd2 Œn� when n is
odd.

In Section 4 we introduce the absolute period leaf Ad2 , also known as rel leaf and modular fiber. We
define a square-tiling on it and establish its relation to the parity conjecture. More precisely, we show that
Ad2 Œn� is the subset of the primitive n–rational points of the squares in such tilings.

In Section 5 we show that there exists a natural isomorphism between the absolute period leaf Ad2 and
the modular curve X.d/.

In Section 6 we study the geometric properties of the above square-tilings of the modular curves. We
focus on their horizontal cylinder decompositions.

In Section 7 we continue the study of the square-tilings of the modular curves. We focus on two classes
of horizontal cylinders that we call lighthouses and eaves, and prove results on SL2Z–actions on those
cylinders. These results will be used in the proof of the main result.

The proof of Theorem 1.2 occupies the remaining Sections 8–12.

In Section 8 we give a proof of the main result for d D2 and in Section 9 we give a proof for all .d; n/, such
that d and n are prime and n > .d3� d/=4. These proofs rely mostly on the results of Sections 6 and 7.

In Section 10 we formulate the illumination conjecture. We show that the illumination conjecture implies
the parity conjecture for prime d and n > 1. We use it to prove the main result for all .d; n/ where d is
prime and n > Cd .
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In Section 11 we establish the illumination conjecture for d D 3; 4 and 5 and use it together with the
results of Section 10 to prove the main result for d D 3; 5.

In Section 12 we prove the main result for d D4 by presenting and studying a branched coverX.4/!X.3/

that respects the mentioned square-tilings.

In Appendix A we review some counts of elliptic covers and give bounds on the number of irreducible
components of Wd2 Œn� that work for all d and n.

In Appendix B we give a simpler geometric description of the square-tilings of X.d/ for every prime d
and explain the pagoda structure of the modular curves that arise in this case.

Disclaimer Each section starts with a paragraph giving the overview of the material covered in it and
jumps straight to the main statement proved in the section. As a consequence it sometimes happens that a
statement at the top of a section uses notions that have not yet been introduced. Such notions are always
introduced later in the section. Everywhere else in the paper we try to give definitions to objects before
we use them.

Acknowledgements This is a version of my PhD thesis. I thank my advisor Curtis T McMullen for
his guidance throughout my PhD, starting from introducing me to the main problem of my thesis and
inspiring my interest in it, to engaging me in thorough work over this text. I also thank other people with
whom I had many useful conversations, and whose ideas contributed to my work: Matt Bainbridge, Dawei
Chen, Vincent Delecroix, Philip Engel, Simion Filip, Pascal Hubert, Erwan Lanneau, Ronen Mukamel,
Duc-Manh Nguyen, Anand Patel, Ananth Shankar, Peter Smillie, Alex Wright and Anton Zorich.

2 Background and equivalence of conjectures

In this section we give some background on abelian differentials and establish the equivalence of different
approaches to the parity conjecture mentioned in the introduction. In particular, we will define Teichmüller
curves, square-tiled surfaces, type .d; n/ covers and type .d; n/ elliptic differentials. We will show:

Theorem 2.1 For any .d; n/, where d > 1 and n� 1, the following finite sets are in bijection:

(a) Irreducible components of Wd2 Œn�.

(b) SL2Z–orbits in Ad2 Œn�.

(c) SL2Z–orbits of type .d; n/ square-tiled surfaces.

(d) Topological classes of type .d; n/ covers of a torus.

(e) GLC2 R–invariant loci of type .d; n/ elliptic differentials �Wd2 Œn�.
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Teichmüller curves Let Mg be the moduli space of Riemann surfaces of genus g. A Teichmüller curve
is an isometric immersion f W V !Mg with respect to the hyperbolic metric on an algebraic curve V and
the Teichmüller metric on Mg . Any pair .X; q/ where q ¤ 0 is a holomorphic quadratic differential on a
Riemann surface X generates a complex geodesic zf WH!Mg . When

Stab. zf /D fA 2 Isom.H/Š PSL2.R/ j zf .A�/D zf .�/ for all � 2Hg

is a lattice in PSL2.R/, the complex geodesic zf descends under the quotient by Stab. zf / to a Teichmüller
curve in Mg .

We are going to focus on Teichmüller curves generated by quadratic differentials of the form .X; q/D

.X; !2/ where ! is a holomorphic 1–form on X . Note, however, that the following discussion can be
generalized for any quadratic differential.

Abelian differentials Let X 2Mg be a Riemann surface of genus g and let �.X/ denote the space of
holomorphic 1–forms on X . Let ! 2�.X/ be a nonzero holomorphic 1–form on X . A pair .X; !/ is
called an abelian differential. The set of zeroes of ! is called the set of conical points or singularities
and will be denoted by Z.!/. Any geodesic segment in the singular flat metric j!j2 that starts and ends
at singularities is called a saddle connection.

For any abelian differential .X; !/ the integration of ! produces a translation structure, an atlas of
complex charts on X nZ.!/ with parallel translations z 7! zC c as transition functions. A neighborhood
of a conical point possesses a singular flat structure obtained by pulling back flat metric on a disk via
the map z 7! zk . Abelian differentials are also called translation surfaces. The total space �Mg of the
bundle �Mg ! Mg is called the moduli space of translation surfaces or the moduli space of abelian
differentials.

Any positive integer partition � D .k1; : : : ; kn/ of 2g�2 defines a stratum of the moduli space of abelian
differentials:

�Mg.�/D f.X; !/ jX 2Mg ; Z.!/D k1p1C � � �C knpn; where pi are distinct points of Xg:

For example, �M2 consists of two strata, �M2.1; 1/ and �M2.2/.

The period map Per.X;!/ WH1.X;Z.!/;Z/!C is defined by Per.X;!/.
/D
R

 !. The period map is a

local homeomorphism on each stratum �Mg.�/. The relative periods of .X; !/ are the following subset
of C:

RPer.X; !/D
�Z




!
ˇ̌̌

 2H1.X;Z.!/;Z/

�
:

Abelian differentials can be presented as polygons in R2 ŠC with pairs of equal parallel sides identified
by translations. The set Z.!/ is then contained in the set of vertices of the polygon. The sides of the
polygon are saddle connections and, if viewed as vectors in C, belong to RPer.X; !/.
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Figure 6: Action of a matrix on an abelian differential.

GLC

2
R–action A natural GLC2 R–action on R2 Š C induces an action on the relative periods and

hence on �Mg.�/��Mg . By the results of [Eskin et al. 2015] and [Filip 2016] the projections of the
GLC2 R–orbit closures in �Mg to Mg are algebraic subvarieties. In particular, the Teichmüller curve
generated by a quadratic differential .X; !2/ is a projection of a closed orbit GLC2 R � .X; !/ to Mg .

We will denote the stabilizer of .X; !/ under the action of GLC2 R by SL.X; !/. The stabilizer SL.X; !/
is a subgroup of SL2R, and for Teichmüller curves SL.X; !/� SL2R is a lattice.

Teichmüller curves in M2 Here we review the results on the classification of Teichmüller curves in M2.
First, we define the following loci in M2 (see [McMullen 2006]):

WD D

�
X 2M2

ˇ̌̌ Jac.X/ admits a real multiplication by OD; and
X carries an eigenform ! with a double zero

�
;

Wd2 Œn�D

8<:X 2M2

ˇ̌̌̌
ˇ̌ there exists a primitive degree d elliptic cover � WX !E

for some E 2M1 whose ramification points x1 ¤ x2 2X
are such that �.x1/��.x2/ has order n in Jac.E/

9=; :
It follows from the results of [McMullen 2006] that every Teichmüller curve in M2 is an irreducible
component of one of the following algebraic curves:

(1) WD , where D � 5 and D � 0; 4 or 5 mod 8 or D D 9.

(2) W �
D , where D � 17, D � 1 mod 8 and � D 0 or 1.

(3) W42 Œ1�, W52 Œ1� and Wd2 Œn�, where n is even.

(4) W �
d2 Œn�, where d �n > 5, n is odd and � D 0 or 1 is the spin invariant (see Section 3).

(5) The decagon curve generated by dx=y on y2 D x6� x.

From [McMullen 2005a, Theorem 1.1] it is known that the algebraic curves from (1) and (2) are irreducible.
The decagon curve (5) is a single Teichmüller curve. The irreducible components of (3) Wd2 Œn� and
(4) W �

d2 Œn� are unknown. The parity conjecture would imply that these algebraic curves are irreducible.
Therefore the parity conjecture would complete the classification of Teichmüller curves in M2.

Primitive and imprimitive Teichmüller curves A 1–form .X; !/ is called geometrically primitive
when it is not pulled back from a lower-genus Riemann surface. A Teichmüller curve is primitive if it is
generated by a geometrically primitive form.
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The primitive Teichmüller curves in M2 are the decagon curve and the irreducible components of WD ,
when D ¤ d2; see [McMullen 2006]. Hence the classification of primitive Teichmüller curves in M2 is
complete.

Every imprimitive Teichmüller curve in M2 is generated by a 1–form that is pulled back from an elliptic
curve and therefore it is an irreducible component of Wd2 or Wd2 Œn�. In particular, Wd2 consists of
X 2 M2 that admit a primitive degree d elliptic cover with a single critical point. It follows from
[McMullen 2005a, Theorem 1.1] that Wd2 has two irreducible components when d is odd, and one when
d is even. The remaining open cases of the classification of imprimitive Teichmüller curves in M2 are the
irreducible components of Wd2 Œn�.

Remark 2.2 Our notation is slightly different from [McMullen 2006], where D is assumed to be
nonsquare. The Weierstrass curves WD are also denoted by WDŒ1� in [McMullen 2006]. They arise from
the 1–forms with a single zero, unlike the curves in Wd2 Œ1� from above, which arise from the 1–forms
with two simple zeroes.

Elliptic differentials An elliptic cover � WX!E is called primitive if the induced map �� WH1.X;Z/!
H1.E;Z/ is surjective. For any X 2Wd2 Œn� there exists a primitive degree d elliptic cover � WX !E,
defined up to translation automorphism of E, whose ramification points x1 ¤ x2 2 X are such that
�.x1/ � �.x2/ has order n in Jac.E/. An abelian differential .X; !/ is called a type .d; n/ elliptic
differential if X 2Wd2 Œn� and ! D ��.dz/ for some holomorphic 1–form dz on E 2M1. The locus of
type .d; n/ elliptic differentials in �M2 will be denoted by

�Wd2 Œn�D f.X; !/ 2�M2 jX 2Wd2 Œn� and ! D ��.dz/ for some dz 2�.E/g:

The locus �Wd2 Œn� is a closed GLC2 R–invariant two-dimensional complex subvariety of �M2. It falls
into a disjoint union of its topological connected components, each of which is a single GLC2 R orbit.
It follows that the irreducible components of Wd2 Œn� are the projections of the topological connected
components of �Wd2 Œn���M2 to M2.

Square-tiled surfaces Here we discuss a particular class of abelian differentials in M2 that generate all
the imprimitive Teichmüller curves in M2.

A square-tiled surface is an abelian differential .X; !/ whose relative periods RPer.!/ belong to ZŒi �.
A square-tiled surface is called reduced if RPer.X; !/ D ZŒi � and primitive if the absolute periods
Per.X; !/D ZŒi �. Note that a primitive square-tiled surface is necessarily reduced, but not the other way
around; see Figure 7.

Recall that E0 DC=ZŒi � is the square torus and 1–form dz on C descends to E0. Given a square-tiled
surface .X; !/, there is a unique cover � W X ! E0 branched over the origin such that ! D ��dz. A
square-tiled surface .X; !/ is primitive if and only if the corresponding cover � WX !E0 is primitive,
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Figure 7: Examples of square-tiled surfaces that are: primitive, left; reduced but not primitive,
center; and not reduced, right.

and a square-tiled surface is reduced if and only if � W X ! E0 does not factor through another cover
branched over a single point.

The metric jdzj2 from E0 pulls back to the metric j!j2 that gives a tiling of X by unit squares with
matching sides. A square-tiled surface can be thought of as a number of unit squares in R2 with opposite
sides identified by parallel translations. Note that square-tiled surfaces with two simple zeroes are in
one-to-one correspondence with the isotopy classes of tilings of a topological surface of genus 2 with
squares, discussed in the introduction.

For any pair of integers .d; n/, where d > 1 and n� 1, define the set of type .d; n/ square-tiled surfaces
ST.d; n/ as�

.X; !/ 2�M2.1; 1/
ˇ̌̌

Per.!/� RPer.!/D ZŒi � has index n and
Z
X

j!j2 D d �n

�
:

We will also denote the set of primitive square-tiled surfaces in �M2.2/ by ST.d; 0/. The group
SL.E0; dz/D SL2Z acts on the set of square-tiled surfaces and preserves ST.d; n/. The SL2Z–action
on the square-tiled surface of genus 2 made out of 4 tiles is illustrated in Figure 8.

Cover factorization A primitive elliptic cover is primitive if and only if it does not factor through
another cover. Given a reduced square-tiled surface .X; !/ 2 ST.d; n/ with n� 1 the integration of !
defines a unique degree d � n covering map to the square torus branched over the origin. This cover
uniquely factors through a primitive degree d elliptic cover and an isogeny of elliptic curves of degree n:

(2-1) .X; !/
d
�! .E 0; �/

n
�! .E0; dz/:

We will call d the degree and n the torsion of a reduced square-tiled surface. We summarize the discussion
above in the following proposition:

Proposition 2.3 Any reduced square-tiled surface .X; !/ 2 �M.1; 1/ belongs to ST.d; n/ for some
d > 1 and n� 1.
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Figure 8: The square-tiled surfaces of genus 2 made out of 4 tiles of (1) type .2; 2/; (2) type
.4; 1/; and (3) type .4; 0/ together with the SL2 Z–action on them presented by its generators
S D

�
1
0
1
1

�
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�
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Proof Let .X; !/ 2�M.1; 1/ be any reduced square-tiled surface. The integration of ! defines a unique
covering map � W X ! E0 branched over the origin. This cover uniquely factors through a primitive
degree d elliptic cover and an isogeny of elliptic curves of degree n, for some d and n:

(2-2) .X; !/
d
�! .E 0; �/

n
�! .E0; dz/:

Since .X; !/ is reduced, RPer.X; !/ D ZŒi �. The degree d cover is primitive, therefore Per.X; !/ D
Per.E 0; �/. The degree n map is an isogeny of elliptic curves; hence Per.E 0; �/ is an index n sublattice
of Per.E0; dz/D ZŒi �. This implies that .X; !/ 2 ST.d; n/.

In particular, this implies that any primitive square-tiled surfaces .X; !/ 2�M.1; 1/ belongs to ST.d; 1/
for some d > 1.

The set Ad2Œn� Next we discuss a subset of points of the absolute period leaf Ad2 that will be defined
in Section 4 and used for the proof of the main result.

Let .X; !/ 2�M2 be an abelian differential pulled back from the square torus .E0 DC=ZŒi �; dz/ via
a primitive elliptic cover � W X d

�! E0 of degree d . Define the following finite subset of such abelian
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differentials:

Ad2 Œn�D

8̂<̂
:.X; !/ 2�M2

ˇ̌̌̌
ˇ̌̌there exists a primitive cover � WX d

�!E0 such that
! D ��dz and the critical points x1 ¤ x2 2 X are
such that �.x1/��.x2/ has order n in Jac.E0/

9>=>; :
The subgroup SL2Z� GLC2 R preserves the set Ad2 Œn�.

Topological branched covers Let � W†g!†h be a topological branched covering between two closed
connected surfaces of genera g and h. Similarly to the case of elliptic covers, such cover is called primitive,
if the induced map �� WH1.†g ;Z/!H1.†h;Z/ is surjective. Two primitive covers �1; �2 W†g !†h

are topologically equivalent if there are orientation-preserving homeomorphisms f1 W †h ! †h and
f2 W†g !†g , such that the following diagram commutes:

(2-3)

†g †g

†h †h

�1

f2

�2

f1

A cover is called generic (or simply branched) if every fiber contains at least d � 1 points, where d is
the degree of the cover. Since the works of Lüroth [1871], Clebsch [1873] and Hurwitz [1891], it was
known that classes of topological equivalence of generic primitive covers of the 2–sphere are classified
by their degree. Later, Gabai and Kazez [1987] showed that this is true if one replaces sphere with any
closed surface. However, the case of nongeneric covers is widely unexplored. Some results on topological
classes of nongeneric covers of the sphere can be found in [Protopopov 1988].

This work is related to the case of covers of the 2–torus branched over a single point with ramification
profile .2; 2; 1; : : : ; 1/. One can verify by Riemann–Hurwitz formula that such covers exist in any degree
and the genus of the covering space is always 2. A cover � W†2!†1 branched over a single point is
called reduced if does not factor through another cover branched over a single point. Every reduced cover
� W†2!†1 uniquely factors as

†2
d
�!†1

n
�!†1;

where †2
d
�! †1 is a primitive cover of degree d . In this case a cover � W †2! †1 is called a type

.d; n/ cover.

We are now ready to give a proof of Theorem 2.1.

Proof of Theorem 2.1 (a)() (e) The GLC2 R orbits of type .d; n/ elliptic differentials are the loci
�Wd2 Œn�. The projections of topological components of �Wd2 Œn� are the Teichmüller curves in Wd2 Œn�.

(b) () (e) Let .X; !/ 2 Ad2 Œn�. The integration of ! defines a cover � W X ! E0 branched over
z1; z2 2E0 such that z1�z2 has order n in Jac.E0/. Therefore .X; !/ is a type .d; n/ elliptic differential
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and generates a GLC2 R–invariant locus from (e). On the other hand every GLC2 R orbit of a type
.d; n/ elliptic differential contains an element of Ad2 Œn� since GLC2 R acts surjectively on �M1. Since
SL.X; !/ � SL2Z two abelian differentials .X; !/; .X 0; !0/ 2 Ad2 Œn� are in the same GLC2 R orbit if
and only if they differ by an element of SL2Z.

(c)() (e) Let .X; !/ be a type .d; n/ square-tiled surface. Note that the cover .X; !/ d
�! .E 0; �/ from

(2-1) is branched over two points z1 and z2 2E 0 satisfying z1�z2 has order n in Jac.E 0/, since z1 and z2
are sent to a single point via E 0!E. Therefore .X; !/ is a type .d; n/ elliptic differential and generates
a GLC2 R orbit from (e). This GLC2 R orbit does not depend on a representative of SL2Z � .X; !/ since
SL2Z� GLC2 R.

This association is surjective. Indeed, consider a type .d; n/ elliptic differential .X; !/ admitting a
translation cover .X; !/! .E; �/ for some E 2 M1 with ramification points x1 ¤ x2 2 X such that
�.x1/� �.x2/ has order n in Jac.E/. Set x1 to be an origin of E; then points x1 and x2 generate a
subgroup Z=nZ in E. Quotienting by this subgroup we obtain

.X; !/
d
�! .E; �/

n
�! .E 0; �0/;

where X � 0
�!E 0 is a cover branched over a single point. Choose a matrix A 2GLC2 R that sends .E 0; �0/

to .E0; dz/. Then .X 0; !0/D A � .X; !/ belongs to ST.d; n/ since it admits a factorization of covers as
in (2-1),

.X 0; !0/D A � .X; !/
d
�! A � .E; �/

n
�! A � .E 0; �0/D .E0; dz/;

where the degree d cover is primitive.

This association is also injective. Indeed, if two abelian differentials .X; !/; .X 0; !0/ 2 ST.d; n/ satisfy
.X 0; !0/DA�.X; !/ for someA2GLC2 R, thenA induces a bijection RPer.!/DZŒi �!RPer.!0/DZŒi �

and hence A 2 SL2Z. Thus .X; !/ and .X 0; !0/ belong to the same SL2Z–orbit.

(d)() (e) Start with any cover � W†2!†1 from (d). Mark the branch point on †1 and endorse †1;1
with complex structure E0 and a holomorphic 1–form dz. Pulling it back to †2 via � W†2!†1 one
obtains .X; !/ 2 ST.d; n/. Note that action of A 2 SL2Z yields a commutative diagram

.X; !/ A � .X; !/

.E0; dz/ .E0; dz/

�1

f 0A

�2

fA

Forgetting an extra data of complex structures and 1–forms gives a diagram (2-3). The flat metric on E0
is defined by jdzj2. The SL2Z acts on .E0; jdzj2/ by affine automorphisms fA in this metric. Forgetting
the complex structure and the 1–form one obtains the action of Mod1;1 Š SL2Z on †1;1. Therefore two
reduced covers are of the same type if and only if the corresponding elements of ST.d; n/ are in the same
SL2Z–orbit. This implies the bijection.
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3 The spin invariant

In this section we introduce the spin invariant � that distinguishes the components of �Wd2 Œn� when n is
odd. Spin is valued in Z=2Z and depends on the number of integer Weierstrass points. It gives a lower
bound on the number of SL2Z–orbits in ST.d; n/. The goal of the future sections is to show that degree,
torsion and spin give the full set of invariants in infinitely many cases.

Spin invariant is a generalization of the integer Weierstrass points invariant presented in [Hubert and
Lelièvre 2006, Section 4.2] in the case of square-tiled surfaces .X; !/2�M2.2/. In that case it is defined
as the number of Weierstrass points of X that get mapped to the branch point under the covering map � .
We will show:

Theorem 3.1 Let .X; !/ 2 �Wd2 Œn� and let the cover � W X ! E, obtained by integration of !, be
branched over z1; z22E. A Weierstrass pointWi is called integer if �.Wi /�z1Dz2��.Wi /2 Jac.E/Œn�.
Then:

(i) The number of integer Weierstrass points is

(3-1) IWP.X; !/D
�
d mod 2 or .d mod 2/C 2 when n is odd;
0 when n is even:

(ii) IWP is a locally constant function on �Wd2 Œn�, which is globally constant when n is even , and
takes two values when n is odd.

For odd n we will define the spin invariant of .X; !/ 2�Wd2 Œn� as

�.X; !/D

�
0 when IWP.X; !/D 3 or 0;
1 when IWP.X; !/D 1 or 2:

The corresponding components of �Wd2 Œn� will be denoted by �W 0
d2 Œn� and �W 1

d2 Œn�.

Weierstrass points Every genus 2 algebraic curve X is hyperelliptic, ie admits a degree 2 map to P1

ramified at 6 points W1; W2; W3; W4; W5; W6 on X , called Weierstrass points. The following lemma will
be used in the proof of Theorem 3.1:

Lemma 3.2 Let � WX !E be a cover branched over z1; z2 2E for some X 2M2 and E 2M1. Then:

(i) f�.W1/; �.W2/; �.W3/; �.W4/; �.W5/; �.W6/g is a subset of four points fP0; P1; P2; P3g � E
such that Pi �Pj 2 Jac.E/Œ2� for any i; j .

(ii) z1�Pi D Pi � z2 in Jac.E/, or equivalently the branch points are symmetric with respect to Pi .

Proof (i) A Weierstrass point Wi is characterized by the fact that it admits a holomorphic 1–form on X
vanishing to the order two at Wi . Then 2Wi DK 2 Pic.X/, where K is a canonical divisor and Pic.X/ is
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a group of divisors up to linear equivalence. The Jacobian Jac.X/� Pic.X/ is a subgroup of degree 0
divisors on X . The covering map � induces a map �� W Jac.X/! Jac.E/. Suppose � maps Wi to Pi
and Wj to Pj . Then

2Wi � 2Wj DK �K D 0 2 Jac.X/ D) 2.Pi �Pj /D ��.2Wi � 2Wj /D 0 2 Jac.E/;

which implies Pi �Pj 2 Jac.E/Œ2�.

(ii) Let x1 ¤ x2 be ramification points of � . Then x1C x2 DK, since for any nonzero holomorphic
1–form � on E, the 1–form ! D ��.�/ has simple zeroes at x1 and x2. Therefore

z1C z2 D ��.x1C x2/D ��.K/D ��.2Wi /D 2Pi in Pic.E/;

which implies z1�Pi D Pi � z2.

Weierstrass profile Let Ni D jfWj j �.Wj /D Pigj. Then .N0; N1; N2; N3/ is a partition of 6 called a
Weierstrass profile of � WX !E.

Proposition 3.3 Let X 2M2, E 2M1 and � WX !E be a primitive branched cover of degree d . The
Weierstrass profile of � is

(3-2) .N0; N1; N2; N3/D

�
(3; 1; 1; 1/ when d is odd ,
(0; 2; 2; 2/ when d is even:

Compare to [Frey and Kani 2009, Lemma 2.2]. The algebrogeometric proof of Proposition 3.3 can be
found in [Kuhn 1988, Sections 1 and 5].

Proof of Theorem 3.1 Let us first show that when n is even, none of the Pi satisfy Pi � z1 2 Jac.E/Œn�.
Suppose some Pi does. Then n.Pi � z1/ D 0. From Lemma 3.2(ii) we know that z2 �Pi D Pi � z1,
which implies 2.Pi � z1/ D z2 � z1. Now n.Pi � z1/ D

1
2
n2.Pi � z1/ D

1
2
n.z2 � z1/ D 0 2 Jac.E/,

which contradicts with the fact that z2� z1 has order n in Jac.E/; see the definition of �Wd2 Œn�.

For odd n we will first show that the set fn.Pi � z1/ j i D 0; 1; 2; 3g is equal to Jac.E/Œ2�. Clearly
n.Pi � z1/ 2 Jac.E/Œ2�, since 2n.Pi � z1/D n.z2� z1/D 0. It remains to show that all n.Pi �p/ are
different. Suppose n.Pi �p/D n.Pj �p/. Then n.Pi �Pj /D 0, which implies Pi D Pj , because n is
odd and 2.Pi �Pj /D 0 from Lemma 3.2(i). Therefore fn.Pi �z1/g D Jac.E/Œ2�. Then there is a unique
point Pi for which Pi � z1 2 Jac.E/Œn�, and the value of the Weierstrass profile on that point is the value
of IWP. Together with Proposition 3.3 it finishes the proof of (i).

For (ii) note that IWP.X; !/ is a continuous and discrete function; hence it is an invariant of any topological
connected component of �Wd2 Œn�. In the end of this section we show that both values of the invariant
are achieved, when n is odd, by giving examples of the corresponding .X; !/. This ends the proof.
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Normalized cover Proposition 3.3 implies that for any primitive genus 2 cover � WX ! E there is a
unique point P0 2E with a distinguished value in the Weierstrass profile. A choice of the origin of E
fixes an isomorphism E ŠC=ZŒ� � for some � 2H. A primitive genus 2 cover � WX!C=ZŒ� � is called
normalized if P0 is the origin. Under this choice we have

Pi 2EŒ2� and z1 D�z2;

where z1 and z2 2E ŠC=ZŒ� � are the branch points of � . This convention gives a convenient way of
computing the spin invariant:

Proposition 3.4 For odd n, let .X; !/ 2Wd2 Œn�. Let the cover � WX !E, obtained by integration of !,
be a normalized cover branched over˙z. Then

(3-3) �.X; !/D

�
0 when nz D 0;
1 otherwise:

Proof Assume �.X; !/ D 0 and note that it happens if and only if the image of integer Weierstrass
points is P0. By definition, Wi is integer if z��.Wi /D z�P0 D z 2 Jac.E/Œn�, hence nz D 0. Clearly
if �.X; !/D 1, then �.Wi / 2EŒ2�� and z��.Wi / … Jac.E/Œn�.

Examples We conclude by providing examples for each of the values of the spin invariant � when n
is odd. In Figure 9 one can see abelian differentials from Ad2 Œn� (the top depicts d odd, the bottom
depicts d even) together with covering maps to the square torus. The horizontal sides of these surfaces
are identified with the opposite ones directly below or above and the vertical sides are identified with
the opposite ones directly on the left or right. Note that the punctured lines split each surface into four
rectangles. The hyperelliptic involution is given by rotating by � of each of these rectangles around its
centers. The Weierstrass points and their images are labeled with crosses.

P0

P0

k

n

k

n

k

n

k

n

: : :: : :

: : :: : :

Figure 9: Examples of .X; !/ 2Wd2 Œn�, when n is odd. Top: with �.X; !/D k mod 2, when d
is odd. Bottom: with �.X; !/D k mod 2, when d is even.
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The surface at the top of the figure has odd number of squares and its � D k mod 2. Indeed, note that the
red cross is the distinguished point P0 with 3Weierstrass points in its fiber. Then P0�zDk=2n2C=ZŒi �,
where z is one of the branch points. Therefore n.P0� z/D 0() k � 0 mod 2.

The surface at the bottom of the figure has even number of squares and its �D kC1 mod 2. Indeed, note
that the black cross is the distinguished point P0 with no Weierstrass points in its fiber. Then P0� z D
.n� k/=2n 2C=ZŒi �, where z is one of the branch points. Therefore n.P0� z/D 0() k � 1 mod 2.

4 The absolute period leaf

In Section 2 we showed that the number of irreducible components of Wd2 Œn� is equal to the number of
SL2Z–orbits of points Ad2 Œn� on the absolute period leaf Ad2 . In this section we will present

� the absolute period leaf Ad2 ,

� the relative period map � WAd2 ! P1,

� the discriminant map ı WAd2 ! P1,

� the meromorphic quadratic differential q on Ad2 that gives a square-tiling of Ad2 , and

� a natural SL2Z–action on Ad2 respects the square-tiling.

We summarize this in the following theorem.

Theorem 4.1 For any d > 1, the absolute period leaf Ad2 admits a meromorphic quadratic differential q
with the following properties:

(i) The flat metric jqj defines a square-tiling of Ad2 .

(ii) There is a natural SL2Z–action on Ad2 compatible with this square-tiling. This action is an
extension of the natural SL2Z� GLC2 R–action on Aı

d2 ��M2.

We will show a relation between the vertices of the squares, the zeroes and poles of q and the boundary
points of Ad2 . We will give a geometric description of the corresponding abelian differentials. In
particular, we will define square-tiled surfaces with separating and nonseparating nodes and will show:

Theorem 4.2 For any d > 1, the set of the singularities of .Ad2 ; q/ is a subset of the vertices of the
square-tiling of Ad2 . The vertices are regular points of q, simple zeroes of q or simple poles of q. They
correspond to:

(i) Regular points Primitive d–square-tiled surfaces in �M2.1; 1/.

(ii) Simple zeroes Primitive d–square-tiled surfaces in �M2.2/.

(iii) Simple poles Genus 2 d–square-tiled surfaces with separating and nonseparating nodes.

The set of the boundary points of Aı
d2 is the set of simple poles of q.
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We then will define the set P Œn� of primitive n–torsion points of the pillowcase P and show that Ad2 Œn�

is the set of primitive n–rational points of the squares of Ad2 :

Theorem 4.3 For any d > 1 and n > 1, Ad2 Œn� is the preimage of P Œn� under the discriminant map ı.

When n> 1 is odd, Ad2 Œn� consists of two SL2Z–invariant subsets of A�
d2 Œn� distinguished by the spin �.

We will interpret these subsets in terms of the square-tiling on Ad2 , and use it to show:

Theorem 4.4 For any d > 1 and odd n > 1, let td;n;� be the number of square-tiled surfaces of type
.d; n/ and spin �. Then

td;n;� D .2�C 1/ �
d � 1

12n
� jPSL2.Z=dZ/j � jSL2.Z=nZ/j:

Absolute period leaf Recall that

Aı
d2 D

�
.X; !/ 2�M2

ˇ̌̌
Per.!/D ZŒi � and

Z
X

j!j2 D d

�
:

This set is also referred to as a rel leaf or a modular fiber. The locus Aı
d2 � �M2 is a complex one-

dimensional subvariety that parametrizes a family of abelian differentials with varying relative periods
but fixed absolute periods. We define its completion following [McMullen 2014].

Let Mg be the Deligne–Mumford compactification of the moduli space Mg by stable curves. A stable
form on X 2Mg is a nonzero meromorphic 1–form on X which is holomorphic on the smooth locus and
has at worst simple poles with opposite residues at the nodes of X . Then �Mg will denote the moduli
space of stable forms of genus g. The absolute period leaf Ad2 is the completion Aı

d2 in �M2.

Let P.!/ denote the set of simple poles of a stable form !. Then the periods of a stable form are defined
as Per.X; !/D

˚R

 ! j 
 2H1.X nP.!/;Z/

	
. Then one obtains:

Proposition 4.5 The completion of Aı
d2 in �M2 is

Ad2 D

�
.X; !/ 2�M2

ˇ̌̌
Per.X; !/D ZŒi � and

Z
X

j!j2 D d

�
:

Proof Let .X; !/ be a stable form in Ad2 . It has no poles, since
R
X j!j

2 D d is finite. Hence its periods
are Per.X; !/D

˚R

 ! j 
 2H1.X;Z/

	
. Every curve 
 �X can be obtained as a limit of curves 
t �Xt ,

where .Xt ; !t / 2Aı
d2 ; therefore Per.X; !/D ZŒi �.

On the other hand, for any stable form .X; !/ with Per.X; !/DZŒi � and
R
X j!j

2 D d , the neighborhood
of the node of X can be replaced with a neighborhood of two saddle connections st and s0t between
two simple zeroes such that t D

R
st
!t D�

R
s0t
!t . The resulting abelian differentials belong to Aı

d2 and
converge to .X; !/ as t ! 0. Therefore .X; !/ 2Ad2 and this finishes the proof.

Relative period map � For any .X; !/ 2Ad2 the integration of ! defines a map to C=Per.X; !/DE0
of degree d . If X is smooth this map is a branched cover, and if X is singular the induced map from the
normalization of X to E0 is a covering map. In the first case, let z1 and z2 denote the critical values of
this map, and in the latter case let z1 D z2 denote the image of the node of X under this map.
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Q0 Q1 Q0 Q0 Q1

D

Q2 Q3 Q2 Q2 Q3

Figure 10: The pillowcase P . Folding the left picture along the middle vertical line and zipping
up the edges one obtains a shape on the right that reminds of a pillowcase.

Let � WC!C be an involution given by �.z/D�z. The relative period map � WAd2 ! �nC=ZŒi �Š P1

is defined by

�.X; !/D˙

Z z2

z1

!:

This is a well-defined continuous map. Indeed, it depends neither on the choice of the path between z1
and z2 nor on the ordering of the critical values, since it is valued in the quotient of C by ZŒi �DPer.X; !/
and �. The continuity follows from that fact that as .Xt ; !t / 2Ad2 approaches the boundary there is a
relative period

R z2.t/

z1.t/
!t ! 0; see proof of Proposition 4.5.

The quadratic differential dz2 on C descends to �nC=ZŒi �. Define the holomorphic quadratic differential
q D ��dz2 on Ad2 . As we will see later the singular flat metric given by jqj defines the square-tiling
of Ad2 . But first we give another perspective on Ad2 and q, using the discriminant map to the pillowcase.

Pillowcase Now define
P D �nC=2ZŒi �Š P1:

The quadratic differential dz2 on C descends to P , and P equipped with this quadratic differential is
called the pillowcase. In the singular flat metric jdzj2 the pillowcase is isometric to two unit squares put
together and sewn along the edges; see Figure 10. This quadratic differential has four simple poles at
points that we denote by Qi and refer to them as the vertices of the pillowcase.

The involution � WC!C descends to �E0
WE0!E0 that fixes the 2–torsion points of E0. There is a map

� WE0!P given by
z mod ZŒi � 7! ˙2z mod 2ZŒi �;

and the following diagram commutes:

(4-1)
C C

E0 DC=ZŒi � �nC=2ZŒi �DP

�E0

�2

�P

�

The map � W E0! P has degree 2, it is ramified at the 2–torsion points of E0 and branched over the
vertices of the pillowcase Qi ’s. Note that ��dz2 D 4dz2 and the area of the pillowcase is 2.
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Discriminant map ı For any .X; !/ 2 Ad2 the integration of ! gives a map � W X ! E0 D C=ZŒi �

which is well-defined up to translation. Recall from Section 3 that if .X; !/ is smooth, requiring a
distinguished image of the Weierstrass points P0 to be the origin in E0 one obtains a unique normalized
cover � which is branched over z and �z. For a stable form .X; !/ on the boundary of �M2, the map is
normalized when the node is mapped to the origin z D 0 on E0. For convenience we will keep calling
such a map for a singular curve X a normalized cover, and z D 0 will be called a branch point. Define a
discriminant map ı WAd2 !P Š P1 as a unique holomorphic map such that for any .X; !/ 2Ad2 ,

ı.X; !/D �.z/D˙2z 2P :

Note that although we cannot distinguish between the branch points z and �z 2E0 ŠC=ZŒi �, the map ı
is well-defined since �.z/D �.�z/. Compare this definition to the one from [Kani 2006, Section 3].

The discriminant map ı WAd2!P is a local homeomorphism as long as the branch points z and �z stay
distinct. These points collide exactly when z 2E0Œ2�. In particular ı is branched over the vertices of the
pillowcase and maps the boundary Ad2 nAı

d2 to the vertices of the pillowcase.

Square-tiling of Ad2 We summarize the discussion above and prove Theorem 4.1. Let .X; !/ 2Ad2

and let � WX !E0 be a normalized cover branched over ˙z. The maps � and ı are given by

�.X; !/D˙2z 2 �nC=ZŒi � and ı.X; !/D˙2z 2 �nC=2ZŒi �:

These maps are related by the diagram

(4-2)

Ad2 Ad2

�nC=2ZŒi � �nC=ZŒi �

ı

Id

�

�

where � is the map ˙z mod 2ZŒi � 7! ˙z mod ZŒi �. Note that � is a degree 4 rational map and dz2 on
�nC=ZŒi � pulls back to dz2 on �nC=2ZŒi � via � , and therefore

q D ı�.dz2/D ��.dz2/:

Proof of Theorem 4.1 (i) The quadratic differential q is a pullback of dz2 from P via ı WAd2 !P .
The metric jdz2j on the pillowcase P defines a tiling by two unit squares. The pullback of this metric
to Ad2 is jqj and gives a square-tiling of Ad2 . Note that .Ad2 ; q/ is not a translation surface, and the
identifications of the edges of the squares can be rotations by � .

(ii) Since SL2Z � GLC2 R–action preserves ZŒi �, it acts on Ad2 by homeomorphisms. The local
coordinate on Ad2 defined by q is given by a branch point ˙z on E0 and SL2Z–action on it is affine.
Hence SL2Z acts by affine automorphisms on .Ad2 ; q/ and respects the square-tiling.

Note that although � and ı give the same quadratic differentials, they give different square-tilings. The
tiling defined by the pullback of jdz2j on �nC=ZŒi � via � consists of the squares whose sides have
lengths 1

2
and the tiling defined by the pullback of jdz2j on �nC=2ZŒi � via ı consists of the unit squares.
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Figure 11: Three types of contracting curves: (2a) a single red saddle connection; (2b) a union of
two red saddle connections (a separating closed curve); and (2c) a union of red and blue saddle
connections (a nonseparating closed curve).

The former tiling has 4 times more squares and can be obtained from the latter by subdivision of each
unit square into 4 squares whose sides have lengths 1

2
. We prefer to use the latter square-tiling given by

the discriminant map ı in order to avoid having extra vertices of the tiling.

Vertices of the square-tiling and boundary points of Ad2 The preimages of the vertices Qi of the
pillowcase P under the discriminant map ı are the vertices of the square-tiling of Ad2 . In this subsection
we give a geometric interpretation of the vertices of Ad2 , in particular the boundary points Ad2 nAı

d2 .

Consider a small linear segment s W .0; "/! P of angle � with a limit s.t/! Qi as t ! 0 for some
vertex Qi . Choose its lift zs W .0; "/!Ad2 . Degeneration of the family �t WXt !E0 along this segment
corresponds to colliding the branch points zt and �zt along a linear segment in the direction � on E0,
ie in such a way that 2zt D˙t .cos � C i sin �/. There are two scenarios of what can happen to .Xt ; !t /
as t ! 0:

(1) two conical singularities stay different, or

(2) two conical singularities collide.

In case (1), one obtains an abelian differential .X0; !0/ that is a primitive square-tiled surface in�M2.1; 1/.
The subset of such square-tiled surfaces in Ad2 will be denoted by Ad2 Œ1��Ad2 .

In case (2), there is a subset of saddle connections joining two singularities of .Xt ; !t / that are being
contracted, while the absolute periods stay fixed. Next we analyze the possibilities for contracting saddle
connections joining distinct singularities.

There are at most two such saddle connections in a fixed irrational direction � , since the conical singularities
have total angle 4� each. The union of two saddle connections on .X; !/ cannot be a contractible curve,
otherwise they would bound a flat disk with a boundary consisting of two parallel saddle connections.
Therefore there are exactly three possibilities for the set of contracting saddle connections to be (see
Figure 11):

(2a) A single saddle connection.

(2b) A union of two saddle connections that is a separating closed curve on X .

(2c) A union of two saddle connections that is a nonseparating closed curve on X .
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Contracting them we obtain, respectively:

(2a) A primitive degree d cover �0 WX0!E0 branched over the origin with a single ramification of
order 3.

(2b) Two elliptic curves E1 and E2 joined at a node p, together with a pair of unbranched covers
�1 WE1!E0 and �2 WE2!E0, satisfying

� deg.�1/C deg.�2/D d ,

� �1.p/D �2.p/, and

� �1 and �2 do not simultaneously factor through a nontrivial cover � 0 WE 0!E0.

(2c) An elliptic curve E with two points identified points x1; x2 2 E, together with an unbranched
cover � WE!E0, satisfying

� deg.�/D d ,

� �.x1/D �.x2/, and

� � does not factor through a cover � 0 WE!E 0, such that � 0.x1/D � 0.x2/.

Note that the covers in the case (2a) correspond to primitive d–square-tiled surface in �M2.2/. The
subset of such square-tiled surfaces in Ad2 will be denoted by Ad2 Œ0��Ad2 .

In the case (2b) the pullback of jdz2j from E0 gives a square-tiling of a nodal curve with a separating
node. We will call it a square-tiled surface with a separating node. Similarly, in the case (2c) the pullback
of jdz2j from E0 gives a square-tiling of a nodal curve with a nonseparating node. We will call it a square-
tiled surface with a nonseparating node. The subsets of Ad2 corresponding to the square-tiled surfaces
with a separating node and a nonseparating node will be denoted by Ps.d/�Ad2 and Pns.d/�Ad2 ,
respectively.

Proposition 4.6 For any d > 1 and any vertex z of the square-tiling of Ad2 , one of the following holds:

(i) z 2Ad2 Œ1� and the local degree of ı at z is 2.

(ii) z 2Ad2 Œ0� and the local degree of ı at z is 3.

(iii) z 2 Ps.d/[Pns.d/ and ı is a local homeomorphism at z.

Proof (i) The vertex z is a square-tiled surface .X; !/ with two simple zeroes. There are only two ways
to deform .X; !/ keeping its absolute periods in ZŒi � and making relative periods to belong to ˙t CZŒi �

for some t 2R; see Figure 12. Thus locally ı has degree 2 at z 2Ad2 Œ1�.

(ii) The vertex z is a square-tiled surface .X; !/ with a double zero. The double zero of .X; !/ has three
prongs with slope 0. There are three ways to split this double zero into two simple zeroes; see Figure 13.
Thus ı locally has degree 3 at Ad2 Œ0�.
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Figure 12: (1) depicts neighborhoods of simple zeroes of an abelian differential; (2) and (3) depict
two ways to move simple zeroes in a horizontal direction.
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Figure 13: (1) shows a neighborhood of a double zero of an abelian differential; and (2)–(4) show
three ways to split the double zero creating slits in the horizontal direction, and identify them to
obtain a genus 2 surface.

(iii) A neighborhood of the node O of a square-tiled surface with a node is isomorphic to two disks
glued at a point. There is a single way of producing slits at the node O and identifying them to obtain a
smooth genus 2 surface; see Figure 14. In other words, for a square-tiled surface with a separating node
there is a unique way to produce a horizontal slit of a given length on each of the tori. For a square-tiled
surface with a nonseparating node, there is a unique way to create a pair of horizontal slits and then
identify them to obtain a genus 2 surface. Thus ı is a local homeomorphism at Ps.d/[Pns.d/.

Proof of Theorem 4.2 Because dz2 has simple poles at the Qi and ı is a local homeomorphism away
from the Qi , the proof follows from Proposition 4.6.

The subset Ad2Œn� Define the set of primitive n–rational points of C by

1

n
ZŒi �� D

n
a

n
C i

b

n
2C

ˇ̌̌
gcd.a; b; n/D 1

o
:
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Figure 14: (1) shows a neighborhood of a node; and (2) shows a unique way to create slits in
horizontal direction at the node and identify them to obtain a genus 2 surface.

Note that 1
n

ZŒi �� is invariant under ZŒi � translations and under � W z 7! �z. Then the set of primitive
n–torsions of E0 is

E0Œn�
�
D
1

n
ZŒi ��=ZŒi �:

Analogously we define the set of primitive n–torsions of P D �nC=2ZŒi � as

P Œn�D �n
1

n
ZŒi ��=2ZŒi ��P :

Proof of Theorem 4.3 Let .X; !/ 2 Ad2 and let � W X ! E0 be a corresponding normalized cover
branched over z1 D z and z2 D�z. For n > 1 we can rewrite the definition of Ad2 Œn� as

Ad2 Œn�D f.X; !/ 2Ad2 j z1� z2 2E0Œn�
�
g:

Recall that ı.X; !/ D �.z/, where � W E0 ! P is given by z mod ZŒi �! ˙2z mod 2ZŒi �; see (4-1).
Then

ı.X; !/D �.z/D˙2z 2P Œn� () 2z 2
1

n
ZŒi ��

() z1� z2 D 2z D
aC ib

n
; where gcd.a; b; n/D 1

() z1� z2 2E0Œn�
�:

Spin invariant and Ad2Œn� We conclude by interpreting the spin invariant in terms of the square-tiling
of Ad2 and proving Theorem 4.4.

For odd n the spin invariant distinguishes two SL2Z–invariant subsets of Ad2 Œn�,

A0
d2 Œn�D f.X; !/ 2Ad2 Œn� j �.X; !/D 0g and A1

d2 Œn�D f.X; !/ 2Ad2 Œn� j �.X; !/D 1g:

Define subsets

P Œn�0 D

�
aC ib

n
2P Œn�

ˇ̌̌
a� b � 0 mod 2

�
and P Œn�1 DP Œn� nP Œn�0:

Proposition 4.7 For any d > 1 and odd n > 1, we have

A0
d2 Œn�D ı

�1.P Œn�0/ and A1
d2 Œn�D ı

�1.P Œn�1/:
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Proof Recall from Proposition 3.4 that �.X; !/ D 0 if and only if nz D 0, where z D .aC ib/=2n
and �z are the branch points for some a; b 2 Z with gcd.a; b; n/ D 1. Clearly nz D 0 if and only if
a� b � 0 mod 2, and then

ı.�/D �.z/D 2z D
aC ib

n
2P Œn�0:

Therefore A0
d2 Œn�D ı

�1.P Œn�0/ and, similarly, A1
d2 Œn�D ı

�1.P Œn�1/.

Proposition 4.8 jAd2 Œn�1j D 3 � jAd2 Œn�0j.

Proof By Proposition 4.7 it suffices to show that jP Œn�1j D 3 � jP Œn�0j, since ı is unramified at Ad2 Œn�.
We start with the case, when n is prime. Note that when 1 � b � n� 1 and b is odd, all the points
.a=n/C i.b=n/ 2 P Œn� belong to P Œn�1, and when 1 � b � n � 1 and b is even, half of the points
.a=n/C i.b=n/ 2P Œn� belong to P Œn�1 and half to P Œn�0. Thus when 1� b � n� 1, there are 3 times
more points in P Œn�1 than in P Œn�0. It remains to consider the points on the horizontal edges of the
pillowcase, ie b D 0 and b D n. When b D 0 there are 1

2
.n� 1/ points in P Œn�1 and 1

2
.n� 1/ points

in P Œn�0, whereas when b D n there are n� 1 points in P Œn�1 and none in P Œn�0, and the ratio of the
points in two invariant subsets is again 3. That finishes the proof when n is prime.

Now let’s consider the case of composite n. Note that the above argument works for the set of all (not
only primitive) n–rational points on P . Since any point on P Œn� can be represented as .a=n/C i.b=n/
satisfying gcd.a; b; n/D 1, the set P Œn� differs from the set of all n–rational points by a disjoint collection
of sets: f.a=n/C i.b=n/ 2P j gcd.a; b; n/D rg for all r such that r jn. Note that for each such r this set
is equal to P Œn=r�. The rest of the proof follows by induction.

We finally obtain that the ratio of jP Œn�1j and jP Œn�0j equals 3.

Proof of Theorem 4.4 Proposition 4.8 implies that td;n;� D jA�
d2 Œn�j D

1
4
.2�C1/jAd2 Œn�j. On the other

hand from Theorem 4.3 we know that

jAd2 Œn�j D deg ı � jP Œn�j

and

jP Œn�j D 2 � jE0Œn�
�
j D 2jSL2Z W �1.n/j D

2

n
� jSL2.Z=nZ/j D 2n2

Y
qjn

�
1�

1

q2

�
:

The degree of ı is computed in [Eskin et al. 2003, Remark after Lemma 4.9] or in [Kani 2006, equation (31)
and Corollary 30]:

deg ı D 1
6
..d � 1// � jPSL2.Z=dZ/j:

Therefore we obtain

td;n;� D .2�C 1/ �
d � 1

12n
� jPSL2.Z=dZ/j � jSL2.Z=nZ/j:
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5 Modular curves

In this section we will show that the absolute period leaf Ad2 is isomorphic to the modular curve X.d/,
and the isomorphism is canonical up to the automorphisms of X.d/. Therefore every modular curve X.d/
comes equipped with a quadratic differential q that defines a square-tiling on it. In particular we will
discuss the relation between the cusps of Y.d/ � X.d/ and the poles of q. We then will compare
symmetries of X.d/ as an algebraic curve and as a flat surface with metric given by jqj. We will also
show that .X.d/; q/ provide examples of two interesting phenomena: they are flat surfaces with Veech
group PSL2Z and no translation automorphisms; and they are quadratic differentials whose GLC2 R orbit
projects to a point in Mg .

We begin by reviewing the following result:

Theorem 5.1 [Kuhn 1988; Kani 2003] For any choice of isomorphism f0 W .Z=dZ/2ŠE0Œd � respecting
the Weil pairing there is a natural isomorphism if0

WAd2 !X.d/ such that for any .X; !/ 2Aı
d2 ,

if0
.X; !/D .E; f /; where Jac.X/�E0 �E:

Isomorphism with the modular curve Recall that the modular curve is a Riemann surface Y.d/D
H=�.d/, where

�.d/D

��
a b

c d

�
2 SL2Z

ˇ̌̌
a; d � 1 and b; c � 0 mod d

�
:

The modular curve Y.d/ parametrizes equivalence classes of pairs .E; f / where E 2M1 and

f W .Z=dZ/2
Š
�!EŒd�

is an isomorphism that respects the Weil pairing. Its compactification is X.d/D .H[Q[1/=�.d/. The
group of automorphisms Aut.X.d// ofX.d/ is isomorphic to PSL.2;Z=dZ/DPSL.2;Z/=.�.d/=˙Id/.
For any g 2 PSL.2;Z=dZ/ the composition of g with f defines an automorphism of X.d/. In particular,
Theorem 5.1 implies:

Corollary 5.2 The isomorphism between Ad2 and X.d/ is canonical up to composition with elements
of Aut.X.d//.

We say that two abelian varieties A and B are isogenous is there exists a finite subgroup � � A such that
A=� Š B . We now sketch a proof of Theorem 5.1; see [Kuhn 1988] and [Kani 2003] for the details.

Proof of Theorem 5.1 Let .X; !/ 2Aı
d2 . The integration of ! defines a unique degree d normalized

cover � W X ! E0 D C=ZŒi �. It induces two maps of Jacobians: �� W Jac.X/ ! Jac.E0/ Š E0 by
pushforward of degree 0 divisors, and �� W Jac.E0/ Š E0 ! Jac.X/ by their pullback. Note that the
isomorphism Jac.E0/ŠE0 is well-defined, since E0 comes with a choice of origin. The kernel of ��
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is a one-dimensional subvariety of Jac.X/. It is connected, since � is a primitive cover. Therefore
ker.��/DE for some E 2M1, and we obtain two exact sequences of maps,

0!E
�
�! Jac.X/ ���!E0! 0 and 0!E0

��
�! Jac.X/ �

�

�!E! 0:

Note that the maps � and �� are induced by a degree d branched cover � 0 W X ! E obtained in the
following way. Let u WX ! Jac.X/ be the Abel–Jacobi map. Then � 0 D �� ıu WX !E.

Define the map ���� WE0 �E! Jac.X/ by .����/.x; y/D ��.x/��.y/. It defines another exact
sequence of maps

0!K!E0 �E! Jac.X/! 0;

whereKDker.����/. ThenKD��.E0/\�.E/D��.E0/\ker.��/D��.ker.��ı��//D��.E0Œd �/,
and for the same reason K D �.EŒd �/. Since �� and � are injective, this gives an isomorphism
‰ WE0Œd �ŠEŒd� that reverses the Weil pairing and K D �‰ is a graph of this isomorphism in E0 �E.
Then f D‰ ıf0 and if0

.X; !/D .E; f /, which clearly satisfies Jac.X/�E0 �E.

This construction can be inverted on the open subset of points .E; f / 2 X.d/ for which the abelian
variety E0 �E=�f ıf �1

0
is a Jacobian of some Riemann surface X 2M2.

This birational morphism extends to an isomorphism if0
WAd2 !X.d/ that only depends on the choice

of f0 WE0Œd �Š .Z=dZ/2.

Cusps of Y.d/ and poles of q We now show that some of the simple poles of q on Ad2 are cusps of
Y.d/�X.d/.

Theorem 5.3 The set of cusps of the modular curve X.d/ Š Ad2 is a subset of simple poles of q
corresponding to stable curves with a nonseparating node.

Proof Let A2 be the moduli space of principally polarized abelian varieties of dimension 2. The Jacobian
map j WM2! A2 is given by j.X/D Jac.X/. It embeds Aı

d2 into A2. The closure of its image j.Aı
d2/

is an algebraic curve isomorphic to a noncompactified modular curve

Y.d/DH=�.d/:

The boundary j.Aı
d2/ n j.A

ı

d2/ consists of products of elliptic curves E0 �E for some E 2M1. Recall
from Theorem 4.2 that the boundary points of Aı

d2 �Ad2 are poles of q and they have two types: the
ones supported on stable curves with a separating node and the ones supported on stable curves with
a nonseparating node. The first type has compact Jacobian and corresponds to the boundary locus of
j.Aı

d2/ in A2. The second type has noncompact Jacobian and corresponds to the cusps of Y.d/.

The subset Pns.d/�Ad2 corresponding to the square-tiled surfaces with a nonseparating node will be
referred to as the set of cusp poles of q, and the subset Ps.d/�Ad2 corresponding to the square-tiled
surfaces with a separating node will be referred to as the set of noncusp poles of q.
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Symmetries of .X.d/; q/ Let Mg;n be the moduli space of Riemann surfaces of genus g with n marked
points. Then let QMg;n!Mg;n define the bundle of pairs .X; �/, where �¤ 0 is a meromorphic quadratic
differential on X 2Mg with n simple poles located at n marked points. Similarly to the case of �Mg ,
there is an action of GLC2 R=˙ Id on QMg;n. The stabilizer of .X; �/ under this action is denoted by
PSL.X; �/� PSL.2;R/. Let AffC.X; �/ denote the group of affine automorphisms in the metric j�j.

Theorem 5.4 For any d > 1 we have

AffC.X.d/; q/Š PSL.X.d/; q/Š PSL2Z and Aut.X.d//\AffC.X.d/; q/Š Z=2Z:

In particular there are no automorphisms of X.d/ that preserve q, and the only affine automorphism of
.X.d/; q/ that acts by an automorphism of X.d/ has order 2. For example, the modular curve X.2/ has a
group of symmetries of a regular tetrahedron, however the only symmetry that persists on the level of the
square-tiling of X.2/ (see Figure 2) is given by rotating each square by ˙�=2 and switching their places.

Proof In Section 7 we will show that Ad2 contains a unique embedded open horizontal cylinder of
circumference 2 and height 1 and one of its boundaries contains a single cusp. It follows that this cylinder,
and hence all of Ad2 , must be fixed by any holomorphic automorphism that preserves q. Together with
Theorem 4.1 it implies that AffC.X.d/; q/Š PSL.X.d/; q/Š PSL2Z.

The only nontrivial elements of PSL.X.d/; q/ that act holomorphically on C are rotations by ˙�=2,
therefore Aut.X.d//\AffC.X.d/; q/Š Z=2Z.

Teichmüller point Unlike for holomorphic 1–forms, for meromorphic quadratic differentials the projec-
tion of an orbit GLC2 R � .X; �/� QMg;n to Mg can be a single point.

For any E ŠC=ZŒ� � 2M1, where � 2H, one can define an absolute period leaf Ad2.E/ as

Ad2.E/D

�
.X; !/ 2�M2

ˇ̌̌
Per.!/D ZŒ� � and

Z
X

j!j2 D d � Im �

�
:

Defining the discriminant map in the same way as for E0, one obtains a quadratic differential qE on
Ad2.E/, which gives a tiling of Ad2.E/ by parallelograms of the shape h1; �i. Clearly,�

1 Re �
0 Im �

�
� .Ad2 ; q/D .Ad2.E/; qE /:

Note also that Theorem 5.1 does not rely on any special properties of E0 and works as well for any choice
of E 2 M1 and an isomorphism of torsion fE W .Z=dZ/2 Š EŒd� that respects the Weil pairing. This
implies Ad2.E/ŠX.d/, and therefore:

Theorem 5.5 The projection of the orbit GLC2 R � .X.d/; q/ � QMg;n to Mg , where g is the genus of
X.d/, is a point.
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6 The square-tilings of the modular curves

In this section we describe the procedure that can be used to construct the square-tiling of the modular
curve X.d/ defined in the previous sections for any d > 1. The squares of the tiling of X.d/ form
maximal horizontal strips of various heights and widths. We call such a strip a horizontal cylinder of
X.d/, since its vertical edges are identified. We will enumerate horizontal cylinders of X.d/ and find
their dimensions. More details on the structure of these square-tilings can be found in Appendix B.

Theorem 6.1 For any d > 1 the square-tiling of the modular curve X.d/ naturally decomposes into a
union of horizontal cylinders , which consists of squares and for which the following conditions hold :

(i) Enumeration The set of horizontal cylinders is in bijection with the set of unordered pairs of
triples f.w1; s1; T1/; .w2; s2; T2/g 2 Sym2N3 satisfying the following conditions:
� Area s1w1C s2w2 D d .
� Twist 0� T1; T2 < gcd.w1; w2/.
� Primitivity gcd.s1; s2/D 1 and gcd.T1s2�T2s1; w1; w2/D 1.

(ii) Dimensions The height of the cylinder CD f.w1; s1; T1/; .w2; s2; T2/g is HC Dmin.s1; s2/, and
its circumference is WC D lcm.w1; w2; w1Cw2/.

We will use the decomposition into horizontal cylinders to define cylinder coordinates and Euclidean
coordinates on X.d/. We will conclude by discussing the square-tilings of X.d/ for d D 2; 3; 4; 5

presented in the introduction.

Horizontal foliation According to Theorem 5.1 there is an isomorphism X.d/ŠAd2 . We will carry
out the description of the square-tiling in terms of Ad2 and meromorphic differential q that defines the
square-tiling of Ad2 ; see Section 4 for definitions. The kernel of the harmonic 1–form Im.˙

p
q/ defines

a singular foliation of Ad2 that we call the horizontal foliation of Ad2 . Every nonsingular leaf of the
horizontal foliation is closed. Any maximal open connected subset of Ad2 that is a union of nonsingular
closed leaves of the horizontal foliation is called a horizontal cylinder. Every nonsingular closed leaf
belongs to some horizontal cylinder. Therefore removing the singular leaves from Ad2 we obtain a
finite disjoint union of horizontal cylinders. We say that Ad2 naturally decomposes into horizontal
cylinders. We begin by presenting the combinatorial approach to the study of primitive genus 2 covers of
the square torus introduced in [Eskin et al. 2003] and by defining cylinder and Euclidean coordinates of
.X; !/ 2Ad2 .

Cylinder decomposition of .X;!/ An abelian differential .X; !/2Ad2 with Z.!/Dfx1; x2g is called
generic, if none of the relative periods

R x2

x1
! are purely real. In terms of the horizontal foliation defined by

Im! this simply means that no horizontal leaf contains both singularities x1 and x2. Therefore singular
horizontal leaves of a generic .X; !/ start and end at the same singularity. Then a generic .X; !/ 2Ad2

naturally decomposes into a disjoint union of horizontal cylinders Cj , whose boundaries are formed by
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t1 t2

t3

s1

s2

h1

h3

h2

w1 w2

w1Cw2

˛1 ˛2

ˇ1

ˇ2

Figure 15: The 3–cylinder decomposition of .X; !/.

singular leaves 
i . The total angle around each of the two singularities of .X; !/ is 4� , hence they have
four prongs in horizontal directions and the union of loops 
i on X is topologically a pair of figure eights.
The only possibility for this cylinder decomposition is .X; !/D C1[C2[C3, where the circumference
of one of the cylinders is the sum of the circumferences of the other two; see Figure 15. We review a
proof of the following result:

Proposition 6.2 [Eskin et al. 2003] Let d > 1 be any integer. Consider an abelian differential .X; !/
obtained as three horizontal cylinders of circumferences w1; w2; w3 2 R, heights h1; h2; h3 2 R with
boundaries identified by the twists t1; t2; t3 2R, where ti 2 Œ0; wi /, as in Figure 15. Then .X; !/ belongs
to Ad2 and is generic if and only if the following conditions hold :

� Circumference w1Cw2 D w3.

� Area w1.h1C h3/Cw2.h2C h3/D d .

� Generic h1; h2; h3 > 0.

� Integral periods w1; w2; h1C h3; h2C h3; t1� t3; t2� t3 2 Z.

� Primitivity gcd.h1Ch3; h2Ch3/D 1D gcd..t1�t3/.h2Ch3/�.t2�t3/.h1Ch3/; w1; w2//D 1.

Proof of Proposition 6.2 The circumference condition comes from the discussion above. Since .X; !/ is
a degree d cover of an area 1 torus, its area is d Dw1h1Cw2h2Cw3h3Dw1.h1Ch3/Cw2.h2Ch3/.
The heights are positive if and only if the singularities are not on the same horizontal leaf.
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Primitivity is equivalent to checking that the absolute periods of .X; !/ generate ZŒi �. Choose a symplectic
basis ˛1; ˇ1; ˛2; ˇ2 2H1.X;Z/; see Figure 15. The integration of ! along these cycles gives, respectively,

w1; .t3� t1/C i.h1C h3/; w2; .t3� t2/C i.h2C h3/:

For .X; !/ to be in Ad2 the real and imaginary parts of the absolute periods must be integers, which
justifies the integral periods condition. For the primitivity condition, first note that the imaginary parts
h1Ch3 and h2Ch3 must span 1 over Z, which is equivalent to gcd.h1Ch3; h2Ch3/D 1. Secondly,
note that R\ spanZ.

R
ˇ1
!;
R
ˇ2
!/D ..t1� t3/.h2Ch3/� .t2� t3/.h1Ch3// �Z and, since the real parts

must span 1, we have

gcd
�
.t1� t3/.h2C h3/� .t2� t3/.h1C h3/; w1; w2

�
D 1:

Cylinder coordinates on Ad2 We say that a vector .w1; s1; w2; s2; t1; t2; t3; h/2N4�R4 is admissible if
the numbersw1; w2; h1D s1�h; h2D s2�h; h3Dh; t1; t2 and t3 satisfy the conditions of Proposition 6.2.
We define the cylinder coordinates of a generic .X; !/ 2Ad2 to be an equivalence class of admissible
vectors

(6-1) .w1; s1; w2; s2; t1; t2; t3; h/� .w2; s2; w1; s1; t2; t1; t3; h/ 2N4
�R4:

We impose an equivalence relation on vectors, because there is no consistent way to order the narrower
cylinders.

Since generic .X; !/ are dense in Ad2 , the cylinder coordinates extend to all of Ad2 by continuity,
however this extension is not globally injective.

Horizontal cylinders of Ad2 Let Cyl.Ad2/ denote the set of horizontal cylinders of Ad2 . We give a
proof of Theorem 6.1, which enumerates the horizontal cylinders and gives their dimensions, below.

Proof of Theorem 6.1 We first give a proof for prime d , in particular we have gcd.w1; w2/D 1. Generic
covers correspond to points in the interior of the cylinders and (i) follows from Proposition 6.2 by setting
si D hi Ch3. It is clear that h3 can vary between 0 and min.s1; s2/ while leaving a cover generic, hence
HCDmin.s1; s2/. A pair of nearby points of Ad2 that differ by a small horizontal vector t 2C corresponds
to a pair of abelian differentials whose relative periods differ by t . Varying the relative periods of .X; !/
by t 2 R changes the twists .t1; t2; t3/ to .t1C t; t2C t; t3C t / 2 R=w1R�R=w2R�R=.w1Cw2/R

and leaves all other parameters fixed; see Figure 16. The points on the vertical edges of the squares in
the tiling of Ad2 have integral twist. Varying the relative periods of such points by t D 1 moves us to
the next square in the horizontal direction. The element .1; 1; 1/ 2 Z=w1Z�Z=w2Z�Z=.w1Cw2/Z

generates the whole group and has order w1w2.w1Cw2/, which shows (ii) for prime d .

When d is not prime, the area and primitivity conditions still follow from Proposition 6.2. The only
difference from the case of prime d is that the element .1; 1; 1/ 2 Z=w1Z�Z=w2Z�Z=.w1Cw2/Z

does not generate the whole group when gcd.w1; w2/¤ 1. The order of .1; 1; 1/ is lcm.w1; w2; w1Cw2/,
thereforeWCD lcm.w1; w2; w1Cw2/. The element .1; 1; 1/ acts on Z=w1Z�Z=w2Z�Z=.w1Cw2/Z
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t1 t2

t3

t1C t t2C t

t3C t

Figure 16: Varying relative periods of .X; !/ by a horizontal vector t 2C.

and every equivalence class under this action has a unique representative .T1; T2; 0/ satisfying 0 �
T1; T2 < gcd.w1; w2/, which justifies the twist condition and completes the enumeration of horizontal
cylinders of Ad2 .

Remark 6.3 If d is prime, then we have gcd.w1; w2/D 1. Therefore the set Cyl.Ad2/ is in bijection
with the set of unordered pairs f.w1; s1/; .w2; s2/g 2 Sym2N2 satisfying

� s1w1C s2w2 D d , and

� gcd.s1; s2/D 1.

The integers w1; s1; w2; s2 can be ordered in such a way that w1 < w2 if s1 D s2 D 1, and s1 < s2

otherwise. We will denote the corresponding horizontal cylinder by an ordered 4–tuple .w1; s1; w2; s2/.

Euclidean coordinates on Ad2 Note that the interiors Cı of the cylinders C 2 Cyl.Ad2/ consist of
generic .X; !/ 2Ad2 . Let .X; !/ 2 Cı have cylinder coordinates .w1; s1; w2; s2; t1; t2; t3; h/. Then its
Euclidean coordinates are .x; y/ 2R=WCR� .0;HC/ such that

(6-2) t1 D x%w1; t2 D x%w2; t3 D x% .w1Cw2/; y D h;

where a%bD b � fa=bg, or the distance from a to the largest integer multiple of b that does not exceed a.

Note that these coordinates give isometry between the union of the interiors of all cylinders of Ad2 andG
C2Cyl.A

d2 /

R=WCR� .0;HC/

in the flat metric jqj. For each cylinder C its Euclidean coordinates also extend to its boundary by
continuity, however this extension is not globally injective on C.
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Construction of the square-tiling of Ad2 We now describe an algorithm that can be used to construct
the square-tiling of Ad2 for any d > 1. In Appendix B, for any prime d , we give a more uniform and
efficient way of constructing the square-tiling of Ad2 that reveals the pagoda structure of Ad2 ŠX.d/.

The center of each square in the square-tiling of Ad2 corresponds to a generic abelian differential
.X; !/ 2Ad2 with cylinder coordinates .w1; s1; w2; s2; t1; t2; t3; h/, such that ti � 1

2
; h� 1

2
2 Z for all

i D 1; 2; 3. We draw a square for each equivalence class of such an admissible vector. It remains to
describe the identifications of the side of these squares.

In the discussion above we have obtained that the square-tiling of Ad2 is given by horizontal cylinders
C 2 Cyl.Ad2/ with widths WC and heights HC; see Theorem 6.1. We first interpret that result in terms of
the identification between the side of the squares.

The vertical sides are identified in the following way. The right side of the square with the center at
.w1; s1; w2; s2; t1; t2; t3; h/ is identified with the left side of the square with the center at

.w1; s1; w2; s2; .t1C 1/%w1; .t2C 1/%w2; .t3C 1/% .w1Cw2/; h/

by a parallel translation.

The horizontal sides within a single horizontal cylinder of Ad2 are identified as follows. The bottom side
of the square with the center at .w1; s1; w2; s2; t1; t2; t3; h/ with 1

2
� h < min.s1; s2/� 1

2
is identified

with the top side of the square with the center at .w1; s1; w2; s2; t1; t2; t3; hC 1/ by a parallel translation.

It remains to understand the identifications of the boundaries of the horizontal cylinders of Ad2 . In other
words, we need to describe the identifications among

(1) the bottom sides of the squares with the centers at
�
w1; s1; w2; s2; t1; t2; t3;min.s1; s2/� 1

2

�
, and

(2) top sides of the squares with the centers at
�
w1; s1; w2; s2; t1; t2; t3;

1
2

�
.

For this we find limits of the abelian differentials .Xh; !h/ given by .w1; s1; w2; s2; t1; t2; t3; h/ as
h!min.s1; s2/ in the case (1), and h! 0 in the case (2). Informally, we have to look at the 3–cylinder
decompositions (see Figure 15) and vertically zip down the white singularity in the case (1), and zip it up
in the case (2). For an example of zipping see Figure 17. We then obtain a collection of nongeneric abelian
differentials in Ad2 that correspond to the centers of the edges on the boundaries of horizontal cylinders
of Ad2 . This collection splits into pairs of equal abelian differentials. Each pair determines the edges that
must be identified. If the abelian differentials in a pair were obtained by zipping in different directions,
the corresponding edges are identified by a parallel translation. If the abelian differentials in a pair were
obtained by zipping in the same direction, the corresponding edges are identified by a rotation by � .

Examples One can verify that following these instructions, one obtains the square-tilings of A4, A9,
A16 and A25 as in Figures 2, 3, 4 and 5.

Remark 6.4 The horizontal cylinders on all our pictures are oriented in such a way that Euclidean
coordinate x increases left-to-right and Euclidean coordinate y increases top-to-bottom.
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t3

t2t1

t3

t2t1

t3

t2t1

Figure 17: Zipping up, left, and zipping down, right, a singularity in the 3–cylinder decomposition
of a generic .X; !/ 2Ad2 , center.

D G D

A B A

E B A F A B E

H C I C J C H

Figure 18: The square-tiling of X.3/ŠA9. The sides identified by rotation by � are labeled with
arrows, the sides labeled with numbers are identified by parallel translations. The points A;B;C
are the zeroes of q, the points D;E;F are the noncusp poles of q and the points G;H; I; J are
the cusp poles of q.

We describe the square-tiling of A4 in detail in Section 8. For the association between the vertices of the
squares of A9 (see Figure 18) and the corresponding square-tiled surfaces, see Figure 19. From this point
on the identifications of the unlabeled vertical sides will always be determined by parallel translations by
horizontal vectors. The picture of A9 can also be found in [Schmoll 2005].

7 Lighthouses and eaves

In Section 6 we described a general cylinder structure of Ad2 focusing on their enumeration and dimensions.
In this section we describe a class of horizontal cylinders of Ad2 , called lighthouses, for each d > 1, and
another class of horizontal cylinders of Ad2 , called eaves, for each prime d . We give some properties of
the SL2Z–action on these cylinders, which will be used in the proof of the main result. Lighthouse and
eaves are two elements of a more general pagoda structure of Ad2 described in detail in Appendix B. In
particular, the pagoda structure explains the choice of names for lighthouses and eaves.
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A B C

E

F

D

H

I

J

G

Figure 19: The square-tilings corresponding to the vertices of A9: A, B , C are square-tiled
surfaces in �M2.2/; D, E, F are square-tiled surfaces with separating nodes; G, H , I , J are
square-tiled surfaces with nonseparating nodes. The vertical sides are identified by horizontal
parallel translations.

Theorem 7.1 For any prime d and 1 � k � 1
2
.d � 1/, the matrix R D

�
0
1
�1
0

�
2 SL2Z acts on the

lighthouse Lk �Ad2 as follows:

� The left k squares of the lighthouse Lk are rotated by ��=2 and sent to the right k squares of the
eave Ek �Ad2 .

� The right k squares of the lighthouse Lk �Ad2 are rotated by �=2 and sent to the left k squares
of the eave Ek �Ad2 .

Theorem 7.2 For any prime d and 1� k � 1
2
.d � 1/, the matrix S D

�
1
0
�1
1

�
2 SL2Z acts on the eave

Ek �Ad2 as follows. Let .x; y/ be the Euclidean coordinates of a point in Ek . Then

S W .x; y/ 7! .xCyCTk � d; y/ 2 Ek;

where 0� Tk < k.d � k/ is uniquely determined by Tk � d ��1 mod k.d � k/.

Lighthouses The cylinder CD f.w1; s1; T1/; .w2; s2; T2/g is called a lighthouse if w1 D w2 D 1. Let
�.d/ be Euler’s totient function, which returns the number of integers from 1 to d that are coprime with d .
For every d > 1, the absolute period leaf Ad2 has exactly �.d/=2 lighthouses. They will be denoted by

Lk D f.1; k; 0/; .1; d � k; 0/g;

where 1� k � 1
2
.d � 1/ and gcd.k; d/D 1. In this case T1 D T2 D 0 and the pair of triples is ordered,

hence we can write Lk D .1; k; 1; d � k/ instead.
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k

A B A

C D C

Figure 20: The lighthouse Lk D .1; k; 1; d �k/�Ad2 . Red points are the cusp poles of q, white
points are the noncusp poles of q, black points are the zeroes of q. In this specific example k D 5
and d D 11.

A B C D

d � k

k

d � k
k

Figure 21: Square-tilings corresponding to the vertices on the boundaries of the lighthouse
Lk �Ad2 . In this specific example, k D 5 and d D 11.

The lighthouse LkD .1; k; 1; d�k/ is a horizontal cylinder of height k and circumference 2; see Figure 20.
Its top boundary consists of a cusp pole, noncusp pole and two edges between them, which are identified
by a rotation by � . Its bottom boundary consists of two zeroes and two edges between them.

To see that, note that the vertices A;B;C;D on Figure 20 correspond to the square-tilings on Figure 21.
Since A and B are simple poles, the total angle around each of them has to be � . This forces the adjacent
edges to be “folded”, ie identified by � rotation. In general, this applies to any horizontal line segment
between a pole and any other singularity.

Eaves Let d be any prime number. Recall from Remark 6.3 that in this case every horizontal cylinder
C 2 Cyl.Ad2/ corresponds to a vector .w1; s1; w2; s2/, where s1 < s2 if w1 D w2 D 1, and w1 < w2
otherwise.
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B1 B2 B3 B4 B5 B6 B1

A1 A2 A3 A4 A5 A1

d

k.d � k/

k

Figure 22: The eave Ek D .k; 1; d �k; 1/�Ad2 . Red points are the cusp poles of q, white points
are the noncusp poles of q, black points are the zeroes of q. In this specific example k D 2 and
d D 5.

The cylinder C D .w1; s1; w2; s2/ is called an eave if s1 D s2 D 1. From Theorem 6.1 it follows that
for every prime d , the absolute period leaf Ad2 has exactly �.d/=2D .d � 1/=2 eaves. They will be
denoted by

Ek D .k; 1; d � k; 1/;

where 1� k � .d � 1/=2.

The eave Ek D .k; 1; d � k; 1/ is a horizontal cylinder of height 1 and circumference k.d � k/d ;
see Figure 22. Its bottom boundary has d cusp poles at every point with the Euclidean coordinates
.i � k.d � k/; 1/, where 0� i < d . Its top boundary has k.d � k/ noncusp poles at every point with the
Euclidean coordinates .j � d; 0/, where 0� j < k.d � k/.

To see that, note that the vertices Ai ; Bj on Figure 22 correspond to the square-tilings on Figure 23. Note
that the twists depend on i and j ; however, we do not specify them on the picture.

Note that the data of the eave boundaries described above is not complete. For example, it is missing the
positions of the zeroes of q. However this data will suffice to give the proof of the main result. For any
prime d , we will give a full and detailed description of all boundaries of the horizontal cylinders of Ad2

(including the ones that are neither lighthouses, nor eaves) and their identifications in Appendix B.

Ai Bj

d � k k d � k k

Figure 23: Square-tilings corresponding to the vertices on the boundaries of the eave Ek �Ad2 .
In this specific example k D 2 and d D 5.
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PL PE

Figure 24: The rotation sends the cusp pole PL in the lighthouse Lk �Ad2 to the cusp pole PE

in the eave Ek �Ad2 . In this specific example, k D 3 and d D 7.

Action of SL2 Z The group SL2Z is generated by two matrices,

S D

�
1 �1

0 1

�
and RD

�
0 �1

1 0

�
:

The essential part of the proofs of the main result is analyzing how R and S act on the subsets Ad2 Œn�.
Below we describe properties of the action of R and S on lighthouses and eaves that will be sufficient to
understand the SL2Z–orbits in Ad2 Œn�.

Rotation of lighthouses We now show how lighthouses and eaves are related by �=2 rotation.

Proof of Theorem 7.1 The proof follows from the structures of eaves and lighthouses (see Figures 20
and 22) and the following observation: the cusp pole with cylinder coordinates .1; k; 1; d � k; 0; 0; 1/ 2
Lk � Ad2 is sent to the cusp pole with cylinder coordinates .k; 1; d � k; 1; 0; 0; 0/ 2 Ek � Ad2 via
rotation by �=2; see Figure 24.

Unipotent action on eaves We denote the unipotent subgroup of SL2Z by

U D

��
1 n

0 1

� ˇ̌̌
n 2 Z

�
� SL2Z:

It is generated by the matrix S D
�
1 �1
0 1

�
.

The point of the eave Ek with the Euclidean coordinates .0; 0/ is the noncusp pole of Ek with cylinder
coordinates .k; 1; d�k; 1; 0; 0; 0/, which is the leftmost white point in Figure 22. Recall from Remark 6.4
that in Euclidean coordinates .x; y/, x is a standard horizontal axis and y is a vertical axis pointing
downwards.

Proof of Theorem 7.2 First note that S preserves horizontal cylinders, and in particular Ek . Let
.0; y/ 2 Ek �Ad2 be a point on the leftmost vertical edge v of Ek . This edge connects a cusp A1 and
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a noncusp pole B1 in Ek; see Figure 22. Since SL2Z preserves the sets of cusps and noncusp poles
of Ad2 , the matrix S has to send v to an interval of slope �1 between a cusp S.A1/ and a noncusp
pole S.B1/ in Ek . Then from the structure of the eave (see Figure 22), S.B1/ has flat coordinates
.Tk �d; 0/ for some 0� Tk < k.d �k/. Because of the slope �1 condition, the flat coordinates of S.A1/
have to be .Tk � d C 1; 1/. Therefore we obtain Tk � d C 1 � 0 mod k.d � k/, which is equivalent to
Tk � d ��1 mod k.d � k/.

It remains to notice that S shifts points on the same horizontal line by the same amount, so we obtain

S W .x; y/ 7! .xCyCTk � d; y/:

8 Proof for d D 2

In this section we present a square-tiling of .A4; q/ and give a proof of the parity conjecture in the case
when d D 2. Recall from Section 4 that the pillowcase P is defined as

P D �nC=2ZŒi �:

Proposition 8.1 The discriminant map ı WA4!P is an isomorphism. For any integer n > 1, the action
of SL2Z on

A4Œn�D

��
k

n
;
l

n

�
2A4 ŠP

ˇ̌̌
gcd.k; l; n/D 1; 0� k � 2n; 0� l � n

�
is transitive , when n is even , and has two orbits

A4Œn�
0
D

��
k

n
;
l

n

�
2A4Œn�

ˇ̌̌
k � l � 0 mod 2

�
;

A4Œn�
1
D

��
k

n
;
l

n

�
2A4Œn�

ˇ̌̌
k or l � 1 mod 2

�
;

when n is odd.

.A4; q/ is a pillowcase Given any two points z1; z2 on the square torus E0, there are exactly four
degree 2 covers of genus 2 (necessarily primitive, because the degree is prime) branched over z1 and z2.
To show this we analyze an example using monodromies of covers.

Let � WX !E0 be a degree d cover branched over z1 and z2. Choose a point x0 2E0 n fz1; z2g and fix
a labeling of the fiber over x0 by numbers from 1 through d . Lifting a loop representative of an element
of the fundamental group of E0 gives a permutation of points in the fiber and hence an element of Sd .
The corresponding representation � W �1.E0 n fz1; z2g; x0/! Sd is called a monodromy of the cover � .

For example, let z1 D 0, z2 D i=n. Let h be a horizontal and v a vertical loops on E0 with endpoints
at the center x0 D 1

2
C

1
2
i , 
1 and 
2 be small loops around z1 and z2 with endpoints at x0. Fix a
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X0 W sh D id; sv D id X1 W sh D id; sv D .12/

X2 W sh D .12/; sv D id X3 W sh D .12/; sv D .12/

Figure 25: Four degree 2 covers of a genus 2 surface over E0 branched over two given points and
their monodromies.

labeling of the fiber over x0 by numbers 1 and 2 and let sh; sv; s1; s2 2 S2 be the images of h; v; 
1; 
2
under the monodromy representation. Because the cover is simply branched over z1 and z2 we have
s1 D s2 D .12/ 2 S2. Any choice of sh; sv 2 S2 produces a desired cover, and there are four of them; see
Figure 25.

There are also four images of the covers ramified over z1 D 0, z2 D i=n under ı on the pillowcase:
.0; 1=n/, .0; .n � 1/=n/, .1; 1=n/ and .1; .n � 1/=n/ 2 P D �nC=2ZŒi �. Therefore deg.ı/ D 1 and
.A4; q/Š .P ; dz

2/.

Compare this result to Theorem 6.1, according to which .A4; q/ has only one cylinder given by
.w1; s1; w2; s2/D .1; 1; 1; 1/ with height min.s1; s2/D 1 and circumference is w1w2.w1Cw2/D 2.

Singular covers Denote the vertices of A4 by Q0;Q1;Q2;Q3. It is easy to exhaust all singular covers:
one square-tiled surface with a separating node and three with nonseparating nodes; see Figure 26.

By horizontally varying the relative period t in the example in Figure 27, left, one obtains Q1 as t ! 0

and Q0 as t ! 1. This produces a family of points Qt ; 0� t � 1 on A4 that lie on the horizontal edge

Q0 Q1 Q2 Q3

Figure 26: The square-tiled surface Q0 with a separating node and the square-tiled surfaces
Q1;Q2;Q3 with nonseparating nodes.
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t
Q0 Q1

Q2 Q3

Q0

Q2

X0 X1

X2 X3

X0

X2

Figure 27: Left: sliding. Right: the square-tiling of X.2/ŠA4.

joining Q0 and Q1. The same idea applies for the vertical edges and as a result it becomes clear how
Q0;Q1;Q2;Q3 are positioned on the pillowcase (see Figure 27, right): Q0 is on the same horizontal line
asQ1 and strictly aboveQ2, which leaves only one possibility for the position ofQ3. We label the unique
noncusp pole (corresponding to Q0) with a white point. The three cusps poles of X.2/ (corresponding to
Q1;Q2;Q3) are labeled with red points. The four covers from Figure 25 are represented by the points
labeled X0; X1; X2; X3 in Figure 27, right.

The only cylinder of .A4; q/ is at the same time a lighthouse and an eave. Indeed, it is a lighthouse, since
w1Dw2D 1 and its top boundary consists of a cusp, a noncusp pole and two edges identified by rotation.
It is an eave, since s1D s2 D 1 and both vertices of the bottom are cusp poles. This is the only case when
lighthouse and eave coincide.

Locating A4Œn� The results of Theorem 4.3 and Proposition 4.7 are illustrated in Figure 28 for nD 5.
The parity conjecture states that all green points belong to one SL2Z–orbit and all blue points belong to
another. Showing that will finish the proof of Proposition 8.1.

Q0 D .0; 0/ Q1 D .1; 0/

Q2 D .0; 1/ Q3 D .1; 1/

x

y

Figure 28: The set A4Œ5� consists of two SL2 Z–orbits: A0
4Œ5� (green) and A1

4Œ5� (blue).
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SL2 Z–action We will now describe the action of SL2Z on A4Œn� and give a proof of Proposition 8.1.
Recall that the group SL2Z is generated by two matrices

S D

�
1 �1

0 1

�
and RD

�
0 �1

1 0

�
:

The vertex Q0 is stabilized by SL2Z, since it is a unique noncusp pole. It makes sense to set Q0 to
be the origin. Recall that we define Euclidean coordinates so that the x–axis points to the right and the
y–axis points downward; see Figure 28.

The rotation R acts by permuting the squares, while rotating the left one by ��=2 and the right one
by �=2. The shear S acts simply by shearing the whole picture followed by a suitable cut-and-paste,
which can be written in Euclidean coordinates as

(8-1) S W

�
a

n
;
b

n

�
7!

�
a

n
C
b

n
;
b

n

�
:

Compare this to Theorem 7.2.

Proof of Proposition 8.1 Since SL2Z acts transitively on E0Œn��, it suffices to show that the points

X0 D

�
0;
1

n

�
; X1 D

�
1;
1

n

�
; X2 D

�
0;
n� 1

n

�
; X3 D

�
1;
n� 1

n

�
are connected by the elements of SL2Z. For any n > 1 we obtain

Sn WX0 D

�
0;
1

n

�
7!

�
1;
1

n

�
DX1;

X1 D

�
1;
1

n

�
R
7�!

�
2n� 1

n
; 1

�
D

�
1

n
; 1

�
S
7�!

�
nC 1

n
; 1

�
R
7�!

�
1;
n� 1

n

�
DX3:

For any even n we have

Sn WX2 D

�
0;
n� 1

n

�
7!

�
n� 1;

n� 1

n

�
D

�
1;
n� 1

n

�
DX3:

Thus, for any even n there is a single SL2Z–orbit that coincides with A4Œn�, and from Proposition 4.7
for any odd n > 1 there are exactly two orbits A0

4Œn� and A1
4Œn� distinguished by the spin invariant.

Remark 8.2 One can use a similar approach to prove the conjecture for d D 3: construct A9 using gluing
instructions from Section 6 and analyze the action of R and S on A9Œn�. However, we will use a more
powerful result about the illumination (Section 10), which will imply the main result for d D 3 and 5.

9 Proof for d; n prime and n > .d3�d/=4

In this section we give a proof of the parity conjecture for prime d; n and n > .d3�d/=4. We will show:

Theorem 9.1 For any prime d and any prime n>.d3�d/=4, the set Ad2 Œn� consists of two SL2Z–orbits
A0
d2 Œn� and A1

d2 Œn�.
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The proof for d D 2 was given in Section 8. For any prime d > 2 and any prime n > .d3 � d/=4 the
strategy consists of two steps:

(1) Show that every orbit in Ad2 Œn� has a representative in every square.

(2) Show that all points of Ad2 Œn� in the interior of the lighthouse L1 D .1; 1; 1; d � 1/ fall into 2
orbits.

These clearly imply the conjecture. Start with any z 2Ad2 Œn�. Step (1) implies that there exists A2SL2Z

such that A.x/ is in L1. Step (2) then implies that A.x/, and hence x, belongs to one of the two orbits.
We proceed to give proofs of the two steps.

Step 1 Consider a point z 2Ad2 Œn� inside a cylinder CD .w1; s1; w2; s2/, with the Euclidean coordinates
.a=n; b=n/, with gcd.b; n/D 1. From Theorem 7.2, it follows that the shortest distance s between the
points in the orbit U � z is

s D
1

n
� gcd.bCTC.w1Cw2/n; w1w2.w1Cw2/n/D

1

n
� gcd.bCTC.w1Cw2/n; w1w2.w1Cw2//;

since n is prime and gcd.b; n/D 1. The maximal circumference w1w2.w1Cw2/ over all cylinders is
achieved for an eave with circumference k.d � k/d , where k D 1

2
.d � 1/, and therefore

w1w2.w1Cw2/�
d � 1

2
�
d C 1

2
� d D

d3� d

4
;

which is less than n by the assumption. It implies that

n � s D gcd.bCTC.w1Cw2/n; w1w2.w1Cw2//� w1w2.w1Cw2/�
1
4
.d3� d/ < n:

Therefore s < 1, as long as gcd.b; n/D 1.

Now consider an arbitrary point x 2Ad2 Œn�. Because the SL2Z–action on E0Œn�� is transitive, it can
be sent into the interior of a square in Ad2 . Any point that lies in the interior of the squares and has
Euclidean coordinates .a=n; b=n/ satisfies gcd.b; n/D 1, since n is prime. We can now use the above
observation: by applying a suitable power k of S it can be sent into the interior of the next square to
the right, and similarly, by applying R ıSk ıR�1, where RD

�
0 �1
1 0

�
, it can be sent to the next square

above. This implies that x can be sent into interior of any square, which finishes the proof of the Step 1.

Step 2 For the lighthouse L1 D .w1; s1; w2; s2/D .1; 1; 1; d � 1/, which consists of two squares, we
obtain, as in (8-1),

S W

�
a

n
;
b

n

�
7!

�
a

n
C
b

n
;
b

n

�
:

Then the number of U –orbits of points .x; b=n/ 2Ad2 Œn�\L1, where 1� b � n� 1 is

gcd.b; 2n/D gcd.b; 2/;
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since n is prime. For each 1� i � .n� 1/=2, define the U –orbits

(9-1)

N 1.2i � 1/D

��
a

n
;
b

n

�
2Ad2 Œn�\L1

ˇ̌̌
b D 2i � 1� 1 mod 2

�
;

N 1.2i/D

��
a

n
;
b

n

�
2Ad2 Œn�\L1

ˇ̌̌
b D 2i � 0 mod 2 and a� 0 mod 2

�
;

N 0.2i/D

��
a

n
;
b

n

�
2Ad2 Œn�\L1

ˇ̌̌
b D 2i � 0 mod 2 and a� 1 mod 2

�
:

It remains to show that

(a) all N 1.2i � 1/ and N 1.2i/ belong to the same SL2Z–orbit, and

(b) all N 0.2i/ belong to another SL2Z–orbit.

From Theorem 7.1 we have that R sends the noncusp pole O with cylinder coordinates

.w1; s1; w2; s2; t1; t2; t3; h3/D .1; 1; 1; d � 1; 0; 0; 0; 0/

to the noncusp pole R.O/ with cylinder coordinates .1; 1; d � 1; 1; 0; 0; 0; 0/ that lies on the top of the
eave E1. The lighthouse L1 itself is sent to two squares R.L1/ of that eave E1 that are adjacent to R.O/.
For each 1� i � .n� 1/=2 the sets N 1.2i � 1/;N 1.2i/ and N 0.2i/ are sent by R to��

˙
b

n
;
a

n

�
2Ad2 Œn�\R.L/

ˇ̌̌
b D 2i � 1� 1 mod 2

�
;��

˙
b

n
;
a

n

�
2Ad2 Œn�\R.L/

ˇ̌̌
b D 2i � 0 mod 2 and a� 0 mod 2

�
;��

˙
b

n
;
a

n

�
2Ad2 Œn�\R.L/

ˇ̌̌
b D 2i � 0 mod 2 and a� 1 mod 2

�
:

To show (a) and (b) it suffices to prove that there exists:

(A) an even a such that all points .x; a=n/ 2Ad2 Œn�\R.L/ form a single U –orbit, and

(B) an odd a such that all points .x; a=n/ 2Ad2 Œn�\R.L/ form two U –orbits.

Theorem 7.2 implies that, for 1� a � n� 1, the number � of such U –orbits is

� D gcd.aCnd �T1; w1w2.w1Cw2/n/D gcd.aCnd �T1; w1w2.w1Cw2//

D gcd.aCnd �T1; .d � 1/d/D gcd.aCnd �T1; d � 1/ � gcd.a; d/;

where T1 Š�1 mod .d � 1/. Hence the number of orbits is

� D gcd.a� dn; d � 1/ � gcd.a; d/D gcd.a�n; d � 1/ � gcd.a; d/:

To show (A) let aD n� d . It is even and satisfies 1� a � n� 1 and

� D gcd.�d; d � 1/ � gcd.n� d; d/D gcd.d; d � 1/ � gcd.n; d/D 1:
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This completes the proof of (A). To show (B) let aD 2kC 1, where 0� k < 1
2
.n� 1/. Then we have

� D gcd.2kC 1�n; d � 1/ � gcd.2kC 1; d/D 2 � gcd
�
kC 1

2
.1�n/; 1

2
.d � 1/

�
� gcd.2kC 1; d/:

When k ranges from 0 to 1
2
.d�1/< 1

2
.n�1/, then gcd.2kC1; d/D 1 since d is prime, and kC 1

2
.1�n/

runs through all possible remainders modulo .d � 1/=2 including 1, as long as d � 3. This proves (B)
and hence completes the proof of Theorem 9.1.

10 Everything is illuminated

The illumination problem asks whether all of the translation surface is illuminated by a given point. We
say that a point x 2Ad2 is illuminated by a subset S �Ad2 if there exists a geodesic segment of .Ad2 ; q/

that starts at some y 2 S , ends at x and does not pass through singularities. We formulate a conjecture.

Conjecture 10.1 (illumination conjecture) Light sources at the cusps of the modular curve illuminate
all of X.d/ except possibly for some of the vertices of the square-tiling.

We then show that it implies the parity conjecture for prime d and n > 1:

Theorem 10.2 (illumination conjecture implies parity conjecture) Assume that d is prime and n > 1.
If every x 2 Ad2 Œn� is illuminated by the set of the cusp poles Pns.d/ then Ad2 Œn� consists of a single
SL2Z–orbit when n is even , and two SL2Z–orbits when n is odd.

In this section we will prove Theorem 10.2 and use it to prove the main result for any prime d and all
sufficiently large n. In Section 11 we will establish the illumination conjecture for d D 3; 4 and 5 and use
it together with Theorem 10.2 to prove the parity conjecture for d D 3 and 5.

Note that these results do not work in case d is not prime mainly for two reasons: (1) the structure of the
square-tiling for Ad2 is more complex and was not studied well enough, and (2) a big role in the proof
of Theorem 10.2 is played by modular arithmetic, which is much simpler when d is prime. However,
the author did not invest a lot of effort in this direction, and does not exclude the possibility that the
generalization of the results to nonprime cases using the same methods is possible.

Background on illumination problem The illumination problem goes back to Roger Penrose (1958)
and George Tokarsky (1995), who constructed the first examples of rooms with mirror walls (on which
light reflects) that are not illuminated by a light source at some point of the room. Penrose’s example uses
walls in a shape of ellipse and has open subsets that are not illuminated. Tokarsky’s example is polygonal;
however, there is only one point that is not illuminated. Recent works [Hubert et al. 2008] and [Lelièvre
et al. 2016] used the GLC2 R–action on �Mg to further investigate this question. In particular, it was
shown that for any translation surface and a light source on it the set of points that are not illuminated is
finite. Thus we obtain a corollary of Theorem 10.2:
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Corollary 10.3 For any prime d the parity conjecture is true for n > Cd , where Cd is some constant
that depends on d .

Parity implies illumination From [Lelièvre et al. 2016, Theorem 2] it follows that the set of points
unilluminated by a vertex of a square-tiled surface is a subset of n–rational points of the squares for
some n. If the parity conjecture is true, then Proposition 4.7 implies that every SL2Z–orbit Ad2 Œn� has a
representative in each square of Ad2 . Since illumination is an SL2Z–invariant property, it implies that
every point in Ad2 Œn� is illuminated by a cusp. Therefore, the parity conjecture (Conjecture 1.1) implies
the illumination conjecture (Conjecture 10.1) for all d and n > 1.

The proof of the converse statement is harder and will extensively use the structure of the square-tiling of
Ad2 for prime d . Note that we only show that the illumination conjecture implies the parity conjecture
for n > 1. It is not known if the same applies for nD 1, and our methods do not extend to this case.

Idea of proof of Theorem 10.2 We will break the proof into the following three steps. We call a subset
S �Ad2 Œn� an SL2Z–subset if any two points in S are connected by an element of SL2Z.

(I) We will first show, using the illumination conjecture, that any point of Ad2 Œn� can be sent via
SL2Z to a point in some lighthouse.

(II) Then, in any given lighthouse L, we will describe U –orbits of the points in Ad2 Œn�\L and use
the U –action on the eaves to connect these orbits into one or two SL2Z–subsets.

(III) Finally, we will use the U – and R–action on the eaves to show that for any two lighthouses Li and
Lj , these subsets are connected by SL2Z.

We begin by analyzing unipotent orbits in the eave cylinders, and proving a lemma that will be used in
the proof of Theorem 10.2.

Unipotent orbits in eaves Let Ek be the eave .k; 1; d � k; 1/. Recall from Theorem 7.2 that for any
.a=n; b=n/ 2Ad2 Œn�\Ek ,

S W

�
a

n
;
b

n

�
7!

�
a

n
C
b

n
CTk � d;

b

n

�
;

where Tk �d ��1 mod k.d �k/. For any given 1� b � n� 1, denote the number of U –orbits of points
.a=n; b=n/ 2Ad2 Œn�\Ek by �k.b/. When gcd.b; n/D 1,

�k.b/D gcd.bCTCdn; k.d � k/dn/D gcd.bCTCdn; k.d � k/d/

D gcd.bCTCdn; k.d � k// � gcd.bCTCdn; d/:

Note that the last equality used the primality of d . We obtain a formula

(10-1) �k.b/D gcd.b�n; k.d � k// � gcd.b; d/

whenever gcd.b; n/D 1.
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Lemma 10.4 Assume d > 2 is prime and n > 1.

(1) There exists an integer 1� s1 � n�1 such that gcd.s1; n/D 1, s1� n�1 mod 2 and �k.s1/D 1.

(2) If n¤ d C 2 is odd , then there exists an odd integer 1� s2 � n� 1 such that gcd.s2; n/D 1 and
�k.s2/D 2.

(3) Assume nD dC2. As long as .d; k/¤ .7; 3/ or .19; 4/, there exists an odd integer 1� s3 � n�1
such that gcd.s3; n/D 1 and �k.s3/D 2.

Proof We will use formula (10-1) for the proof.

(1) If n 6� 1 mod d , setting s1 D n� 1 we obtain

gcd.s1; n/D 1 and �k.s1/D gcd.1; k.d � k// � gcd.n� 1; d/D 1;

and if n� 1 mod d , setting s1 D n� d (note that 1� s1 � n� 1 since n� d C 1) we obtain

gcd.s1; n/D 1 and �k.s1/D gcd.d; k.d � k// � gcd.n� d; d/D 1:

Note that in both cases, s1 � n� 1 mod 2 holds, since d > 2 is prime.

(2) If n 6� 2 mod d , setting s2 D n� 2 we obtain

gcd.s2; n/D 1 and �k.s2/D gcd.2; k.d � k// � gcd.n� 2; d/D 2:

If n� 2 mod d and n¤ dC2, then n� 2dC2. Thus s2D n�2d satisfies 1� s2 � n�1 and we obtain

gcd.s2; n/D 1 and �k.s2/D gcd.2d; k.d � k// � gcd.n� 2d; d/D 2:

Note that s2 is odd in both cases.

(3) When nD d C 2,
�1.1/D gcd.d C 1; d � 1/ gcd.1; d/ D 2;

�2.3/D gcd.d � 1; 2.d � 2// gcd.3; d/D 2;

since k > 1 implies d > 3. If k > 2 then we change the unknown variable s3 to t D 1
2
.n�s3/. Then if t is

an integer and if 2� t � 1
2
.n�1/, then s3 is odd and 1� s3 � n�4D d �2. In particular, gcd.s3; d /D 1,

since d is prime. In addition, if

(10-2) gcd
�
t; 1
2
k.d � k/

�
D gcd.t; n/D 1;

then

gcd.s3; n/D 1 and �k.s3/D gcd.n� s3; k.d � k// gcd.s3; d /D 2 gcd
�
t; 1
2
k.d � k/

�
D 2:
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Let �.x/ be the number of primes less than x and �.x/ be the number of prime factors of x. We are going
to show that there exists a prime 2� t � 1

2
.n� 1/ satisfying (10-2), and the corresponding s3 D n� 2t

will satisfy part (3) of the lemma. We will do so by showing

�
�
1
2
.n� 1/

�
� �.n/C�

�
1
2
k.d � k/

�
for large d , and running a program for small d , which shows that the only exceptions are .d; k/D .7; 3/
or .19; 4/.

Note that �.x/� log2.x/ and �.x/� x=.log.x/C2/ for x � 55; see [Rosser 1941]. Let x0 D 1
2
.d C1/,

then we have
�
�
1
2
.n� 1/

�
D �

�
1
2
.d C 1/

�
�

x0

log.x0/C 2
:

Because 1
2
k.d � k/� 1

8
.d � 1/.d C 1/, we obtain

�.n/C�
�
1
2
k.d � k/

�
� log2.d C 2/C log2

�
1
8
.d � 1/.d C 1/

�
D

log
�
1
8
.d � 1/.d C 1/.d C 2/

�
log.2/

:

Because .d � 1/.d C 2/� .d C 1/2, for positive d we have

�.n/C�
�
1
2
k.d � k/

�
�

3

log.2/
log.x0/:

If d > 800 then x0 > 400 and
3

log.2/
log.x0/ <

x0

log.x0/C 2
:

Therefore there exists a prime 2� t � 1
2
.n� 1/ satisfying (10-2).

For d < 800 we run a computer program that finds a required t for any prime d and arbitrary 1� k �
1
2
.d � 1/, such that .d; k/¤ .7; 3/ or .19; 4/ (these cases are analyzed separately below). This finishes

the proof of the lemma.

Step I Into a lighthouse Recall from Sections 4 and 5 that Pns.d/ � Ad2 is the set of cusp poles,
points of Ad2 corresponding to the square-tiled surfaces with a nonseparating node. Recall that Lk
denotes the lighthouse cylinder .w1 D 1; s1 D k;w2 D 1; s2 D d � k/.

Proposition 10.5 ((I) Into a lighthouse) Assume d > 2 is prime and Ad2 Œn� is illuminated by Pns.d/.
Then every SL2Z–orbit in Ad2 Œn� has a representative .1; b=n/ 2 Lk \Ad2 Œn�, for some b 2 Z with
gcd.b; n/D 1.

Proof Take any x 2 Ad2 Œn� and a straight line segment s that connects it to some y 2 Pns.d/. ThenR
s˙
p
q 2 1

n
ZŒi ��, the set of primitive n–rational points of C. Choose a matrix A 2 SL2Z that sends it

to a purely real number b=n for some b 2 Z. Then A � s is a horizontal segment connecting a cusp pole
A �y 2 Pns.d/ to a point A � x 2Ad2 Œn�. Note that such line segments can only be found

(1) on the bottom boundary of an eave, or

(2) on the top boundary of a lighthouse.
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(1) Assume first that A �x lies on the bottom boundary of ED .k; 1; d �k; 1/ for some k. By substituting
y D 0 in the statement of Theorem 7.2, we can observe that the action of the unipotent subgroup U
on the cusp poles of Ek is nontrivial, and hence transitive, since there are d cusp poles and d is prime.
Therefore an appropriate power i of S sends A �y to an cusp pole .k; 1; d � k; 1; 0; 0; 0/ and .S i ıA/ � x
is joined to it by a horizontal line. Rotating this pole by �=2 we obtain a cusp pole .1; k; 1; d �k; 1; 1; 0/,
which belongs to the lighthouse Lk . Therefore,

.R ıS i ıA/ � x D

�
1;
b

n

�
2 Lk :

Note that .1; b=n/D .n=n; b=n/ is a primitive n–rational point of a square, and therefore gcd.n; b; n/D
gcd.b; n/D 1. This finishes the proof in case (1).

(2) Now assume A � x lies on the top boundary of some lighthouse L. Rotating it by �=2, one obtains a
point .R ıA/ � x D .0; b=n/ on a vertical edge of some eave cylinder

Ek D .w1 D k; s1 D 1;w2 D d � k; s2 D 1/:

Since gcd.b; n/D 1, from (10-1) we obtain

�k.b/D gcd.b�n; k.d � k// � gcd.b; d/:

Assume first that gcd.b; d/D 1. Then �k.b/ j k.d � k/, and for a suitable power i of S ,

.S i ıR ıA/ � x D

�
k.d � k/;

b

n

�
2 Ek :

It is a point, which lies directly above the cusp pole with cylinder coordinates,

.w1 D k; s1 D 1;w2 D d � k; s2 D 1; t1 D 0; t2 D 0; t3 D k.d � k/% d/ 2 Ek;

and Euclidean coordinates
.k.d � k/; 1/ 2 Ek :

The rotation by �=2 sends this cusp pole to some other cusp pole on the bottom boundary of some eave
cylinder E0 and hence .R ıS i ıR ıA/ �x belongs a horizontal segment that starts at the cusp pole on the
bottom boundary of the eave E0, which brings us back to case (1).

It remains to treat the case (2) when gcd.b; d/¤ 1, or equivalently b D rd for some r 2 Z. In that case
.R ıA/ �x D .0; b=n/D .0; rd=n/ belongs to a vertical edge of Ek . Let s be a line segment contained in
Ek that connects .R ıA/ � x D .0; rd=n/ 2 Ek and the cusp pole .k.d � k/; 1/ 2 Ek . Let v be given by

v D

Z
s

˙
p
q D˙

�
k.d � k/n

n
C i �

n� rd

n

�
2
1

n
ZŒi ��:

Note that v is a gcd.k.d � k/n; n� rd/ multiple of a primitive element in 1
n

ZŒi �=ZŒi �. Also note that
1D gcd.b; n/D gcd.rd; n/D) gcd.d; n/D 1, and hence

d − gcd.k.d � k/n; n� rd/:
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Therefore, for any matrix A0 2 SL2Z that sends z to a purely real number, it holds that A0 � z D .b0=n/i ,
where d − b0 2 Z. Therefore gcd.b0; d /D 1, and it brings us either to the case (1) or the case (2), which
were discussed above.

Step II Within a lighthouse For the next proposition we introduce notation similar to that of (9-1).
Let k be any integer such that 1� k � .d � 1/=2. For even n and any integer 1� b � kn� 1 such that
gcd.b; n/D 1 (in particular b is odd), define a set

Nk.b/D

��
a

n
;
b

n

�
2Ad2 Œn�\Lk

ˇ̌̌
0� a � 2n

�
:

For odd n > 1 and any integer 1� b � kn� 1 such that gcd.b; n/D 1 define sets

N 1
k .b/D

8̂<̂
:
��

a

n
;
b

n

�
2Ad2 Œn�\Lk

ˇ̌̌
0� a � 2n

�
when b is odd,��

a

n
;
b

n

�
2Ad2 Œn�\Lk

ˇ̌̌
0� a � 2n; a� 0 mod 2

�
when b is even,

N 0
k .b/D

��
a

n
;
b

n

�
2Ad2 Œn�\Lk

ˇ̌̌
0� a � 2n; a� 1 mod 2

�
when b is even:

Proposition 10.6 ((II) Within a lighthouse) Assume d > 2 is prime and n > 1. Let k be any integer
satisfying 1 � k � .d � 1/=2. Let us call an integer b admissible if 1 � b � kn� 1 and gcd.b; n/D 1.
Then for Nk.b/; N �

k
.b/�Ad2 Œn� defined above , the following holds:

(1) When n is even , the union of Nk.b/ over all admissible b belongs to a single SL2Z–orbit.

(2) When n is odd , the union of all N 1
k
.b/ over all admissible b belongs to a single SL2Z–orbit.

(3) When n is odd , the union of all N 0
k
.b/ over all admissible b belongs to a single SL2Z–orbit.

Proof For the lighthouse Lk D .w1 D 1; s1 D k;w2 D 1; s2 D d � k/, similarly to (8-1) we have

S W

�
a

n
;
b

n

�
7!

�
a

n
C
b

n
;
b

n

�
;

and the number of U –orbits of points .a=n; b=n/2Ad2 Œn�\Lk where 1� b� kn�1 and gcd.b; n/D 1
equals

gcd.b; 2n/D gcd.b; 2/:

It implies that for each admissible b each of the sets Nk.b/; N 1
k
.b/ and N 0

k
.b/ is itself a single U –orbit.

Indeed, (1) when n is even, b has to be odd since gcd.b; n/D 1 and then gcd.b; 2/D 1; (2) when n > 1
and b are both odd, gcd.b; 2/D 1; (3) when n > 1 is odd and b is even, gcd.b; 2/D 2.

Rotation R sends the lighthouse Lk to 2k squares R.Lk/ of the eave cylinder Ek that are adjacent to
the noncusp pole .w1 D k; s1 D 1;w2 D d � k; s2 D 1; t1 D 0; t2 D 0; t3 D 0/. The images of the above
subsets are the following SL2Z–subsets. For even n,

R.Nk.b//D

��
˙
b

n
;
a

n

�
2Ad2 Œn�\Ek

ˇ̌̌
0� a � n

�
;
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and for odd n > 1,

R.N 1
k .b//D

8̂<̂
:
��
˙
b

n
;
a

n

�
2Ad2 Œn�\Ek

ˇ̌̌
0� a � n

�
when b � 1 mod 2;��

˙
b

n
;
a

n

�
2Ad2 Œn�\Ek

ˇ̌̌
0� a � n; a is even

�
when b � 0 mod 2;

R.N 0
k .b//D

��
˙
b

n
;
a

n

�
2Ad2 Œn�\Ek

ˇ̌̌
0� a � n; a is odd

�
when b � 0 mod 2:

In order to finish the proof, it suffices to show that the union of R.Nk.b// or R.N �
k
.b// over all b belongs

to a single U –orbit.

Lemma 10.4(1) implies that for any n > 1 there is an integer 1 � s1 � n� 1 such that gcd.s1; n/D 1,
s1 � n� 1 mod 2 and all points �

˙
b

n
;
s1

n

�
2Ad2 Œn�\Ek

belong to the same U –orbit. When n is even, this directly implies (1). When n is odd note that s1� n�1
mod 2 implies that s1 is even and therefore it proves (2). To prove (3) we will show that R.N 0

k
.b// are

all in one orbit when n is odd.

If n is odd and .d; k/¤ .7; 3/ or .19; 4/, Lemma 10.4(2) and (3) imply that there exists an odd integer
1� s2 � n� 1 such that gcd.s2; n/D 1 and the subset��

˙
b

n
;
s2

n

�
2Ad2 Œn�\Ek

ˇ̌̌
b is admissible

�
falls into exactly two U –orbits. From Theorem 7.2 it follows that these two orbits are distinguished by
the parity of b, which shows that all R.N 0

k
.b// belong to the same orbit, which finishes the proof of (3)

for .d; k/¤ .7; 3/ or .19; 4/.

It remains to analyze the cases .d; k/D .7; 3/ and .19; 4/. We start with .d; k/D .7; 3/. Note that nD 9
and �k.b/D gcd.9� b; 12/ gcd.b; 7/. Then we have

�k.1/D 4 and �k.7/D 14:

Note that �k.1/D 4 implies that all .x; 1/ with even x fall into two unipotent orbits generated by .2; 1/
and .4; 1/. It suffices to show that .2; 1/ 2R.N 0

k
.2// and .4; 1/ 2R.N 0

k
.4// are in the same SL2Z–orbit.

Note that .2; 1/ is in the same unipotent orbit with .18; 1/ 2 R.N 0
k
.18//, which is in the same SL2Z–

subset R.N 0
k
.18// with .18; 7/. Next .18; 7/ and .4; 7/ are in the same unipotent orbit, since �k.7/D 14.

And finally, .4; 7/ and .4; 1/ are in the same SL2Z–subset R.N 0
k
.4//, which finishes the proof of (3) for

.d; k/D .7; 3/.

For .d; k/D .19; 4/, note that nD 21 and �k.b/D gcd.21� b; 60/ gcd.b; 19/. Then we have

�k.5/D 4 and �k.11/D 10:
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Similarly all .x; 5/ with even x fall into two unipotent orbits generated by .2; 5/ and .4; 5/. Note that
.2; 5/ is in the same unipotent orbit with .14; 5/, since �k.5/ D 4. Points .14; 5/ and .14; 11/ are in
the same SL2Z–subset R.N 0

k
.14//. Next .14; 11/ and .4; 11/ are in the same unipotent orbit, since

�k.11/D 10. And finally .4; 11/ and .4; 1/ are in the same SL2Z–subset R.N 0
k
.4//, which finishes the

proof of (3) for .d; k/D .19; 4/.

Proposition 10.7 ((III) Between lighthouses) Assume d > 2 is prime and n > 1. Let us call an
integer b admissible if 1� b � kn� 1 and gcd.b; n/D 1. Let Nk.b/; N �

k
.b/�Ad2 Œn� be as above.

(a) When n is even , the union of Nk.b/ over all admissible b and 1� k � .d �1/=2 belongs to a single
SL2Z–orbit Ad2 Œn�.

(b) When n is odd , the union of all N 1
k
.b/ over all admissible b and 1� k � .d � 1/=2 belongs to a

single SL2Z–orbit A1
d2 Œn�.

(c) When n is odd , the union of all N 0
k
.b/ over all admissible b and 1� k � .d � 1/=2 belongs to a

single SL2Z–orbit A0
d2 Œn�.

Proof In the course of the proof of Proposition 10.6 we showed that every eave cylinder Ek contains a
horizontal line Hk � Ek such that

all points in Hk \Ad2 Œn�¤¿ belong to the same SL2Z–orbit,

and, when n is odd, a horizontal line hk � Ek such that

all points in hk \Ad2 Œn�¤¿ belong to two SL2Z–orbits, depending on the parity of their
x–coordinate.

Therefore to show that each of the unions of Nk.b/; N 1
k
.b/ or N 0

k
.b/ over all k is in a single SL2Z–orbit

it suffices to show that for any k,

(10-3) R.Ek/\E1 ¤¿:

Fix any integer 1 < k � .d � 1/=2, we will show that for some 1 < r < d the cusp pole Xr 2 E1 with
cylinder coordinates .r.d � 1/; 1/ (see Figure 29) satisfies R.Xr/ 2 Ek . Note that a vertical line from
point O1 ends up in point O2 after passing through exactly k squares if and only if 1Crk� d�k mod d ,
which is equivalent to rk � d � k � 1 mod d that has a solution r for any k since d is prime. Then
R.Xr/ 2 Ek , which finishes the proof of (10-3).

Assuming these propositions, the proof of Theorem 10.2 is straightforward.

Proof of Theorem 10.2 Pick any point x 2Ad2 Œn�. According to Proposition 10.5 it can be sent on a
vertical edge in some lighthouse L, which belongs to one of the subsetsNk.b/; N �

k
.b/. By Proposition 10.6

the union of all of the Nk.b/; N �
k
.b/ in each lighthouse Lk forms one or two SL2Z–subsets depending
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Figure 29: A square-tiled surface with a nonseparating node which corresponds to the pole
.r.d � 1/; 1/ 2 E1.

on parity of n. Finally, by Proposition 10.7 the union of all Nk.b/; N �
k
.b/ for all lighthouses forms one

or two SL2Z–subsets depending on parity of n. Since any point x 2Ad2 Œn� can be sent into them, they
generate the whole Ad2 Œn�, which implies the parity conjecture.

Note that by computing the spin invariant, one can show that Nk.b/; N 1
k
.b/ and N 0

k
.b/ generate Ad2 Œn�,

A1
d2 Œn� and A0

d2 Œn�, respectively.

11 Proof for d D 3 and 5

In this section we will establish the illumination conjecture for d D 3; 4 and 5 and use it together with
Theorem 10.2 to prove the parity conjecture for d D 3 and 5.

Theorem 11.1 (i) All of X.2/, X.3/ and X.4/ are illuminated by their cusps.

(ii) The set of cusps of X.5/ illuminates all of X.5/ except for the noncusp pole P corresponding to
2E0 DCŒi �=2ZŒi � joined with E0 at a point.

Clearly, all of X.2/ Š A4 is illuminated by its cusps. We continue with the next cases. The proof of
Theorem 11.1 will be given by analyzing the pictures of the square-tilings of X.3/;X.4/ and X.5/.

Square-tiling of X.3/ŠA9 It is evident from Figure 3 that all of A9 is illuminated by the cusp poles
(red points). Therefore, Theorem 10.2 implies that jA9Œn�=SL2Zj is 1 when n is even and 2 when n > 1
is odd. Note that A9Œ1� is empty. We illustrate the case A9Œ5�, as an example of two SL2Z–orbits, in
Figure 30.

Square-tiling of X.4/ŠA16 We presented the square-tiling of A16 in Figure 4. Here we will establish
the illumination conjecture for it. Note that the interiors of the cylinders C1;C3;C4 (see Figure 31) are
illuminated since they contain cusp poles. The closures of these cylinders are also illuminated.

For the cylinder C2, note that its red, green and blue regions are illuminated by the cusps of C3 through
the saddle connections 3, 4 and 5, respectively, finishing the proof of the illumination conjecture for A16.
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2 3

4 2 5 5 3 4

6 7 7 8 8 6

Figure 30: The SL2 Z–orbits of A9Œ5�: A0
9Œ5�, green points, and A1

9Œ5�, blue points.

1 2
1 2

3 4 5
3 4 5

6 7 8 9
6 7 8 9

C1

C2

C3

C4

Figure 31: Illumination of X.4/ŠA16.

Square-tiling ofX.5/ŠA25 Again using gluing instructions, one obtains the square-tiling of A25 as in
the figure below. Note that the labels are slightly different: we do not put labels on the saddle connections
that contain poles (red and white points), as they are always identified to the adjacent ones via rotations
by � ; the saddle connection labeled with numbers are identified via parallel translations, and the ones
labeled with small letters are identified via rotations.

The interiors of the cylinders C1;C4;C5;C7 (see Figure 32) are illuminated since they contain cusp poles.

Now let us show that the cylinders C2 and C3 are illuminated. For C3 note that its green, red, yellow and
blue regions are illuminated by the cusps of C4 through the saddle connections 6, 7, 8 and 9 respectively.
For C2 note that its green red and blue edges are illuminated by the cusps of C4 through the saddle

Geometry & Topology, Volume 28 (2024)



Teichmüller curves in genus two: square-tiled surfaces and modular curves 4033

1 21 2

3 4 53 4 5

6 7 8 96 7 8 9

a b c d e f g h i j

10 11k k10 11

12 13 14 15 16 17
12 13 14 15 16 17
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C4

C5

C6

C7

Figure 32: Illumination of X.5/ŠA25.

connections 6 and then 3, 7 and then 4, 9 and then 5, respectively. In particular, the saddle connections 1,
2, 3, 4, 5, 6, 7, 8 and 9 are illuminated.

Now we will show that the interior of C6 is illuminated except maybe for its noncusp pole P . First note
that the pink region is illuminated by the cusp of C5. Secondly, note that the unipotent subgroup fixes P
and thus it fixes the top boundary of C6. Therefore, the unipotent orbit of the pink square in C6 contains
the interior of C6. Since illumination is an SL2Z–invariant property, the interior of C6 is illuminated.

Finally, we discuss the illumination of the remaining edges on the boundaries of the cylinders. Edges
10, 11, 12, 13, 14, 15, 16 and 17 are illuminated by the cusps of C5 and C7. To see the illumination of
the edges a, b, c, d , e, f , g, h, i and j , one might show that i and j are illuminated by the cusp of C1

through the saddle connections 2, then 5 and then 9. Since illumination is an SL2Z–invariant property
and since the unipotent orbit of the edge i consists of the edges a, c, e and g, and the unipotent orbit of
the edge j consists of the edges b, d , f and h, they are all illuminated.

Now we have obtained that all of A25 is illuminated, except for maybe the edge k. Note that P is a wedge
sum of two square tori of area 4 and 1, thus it is fixed by the whole SL2Z. Again, since illumination
is an SL2Z–invariant property, sending k to an edge with a nonzero slope we obtain that all of A25 is
illuminated except for maybe the noncusp pole P .

In fact it is possible to show that P is not illuminated by the cusp poles. If there were a line segment
connecting P to a cusp pole, one could send it via a matrix from SL2Z to a line segment that connects
P to some cusp pole vertically, which is clearly impossible.
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Proof for d D 3 and 5 Theorem 10.2 together with the illumination results for A9 and A25 imply the
main result (Theorem 1.2) for d D 3 and d D 5 and arbitrary n.

12 Proof for d D 4

In this section we will give proof of the main result for d D 4. This proof is quite different in nature from
the proofs of the other cases. We will show that there is a degree 3 branched covering map f WA16!A9

that respects the square-tilings. Using this map and the main result for d D 3 (see Section 11) we will
reduce the problem to the study of the SL2Z–orbits of just three points in a single fiber of f .

Covers and symmetric groups There is a connection between elliptic covers and symmetric groups.
We review this connection below.

Let Sd be the symmetric group on d elements. Let X 2M2 and � WX!E0 be a primitive degree d cover
of the square torus with two critical points. One can associate to it a pair of permutations .sh; sv/2Sd�Sd ,
where sh is the monodromy of the horizontal loop on E0 and sv is the monodromy of the vertical loop
on E0, satisfying the properties

(12-1)
� sh and sv generate a transitive subgroup of Sd ; and

� Œsh; sv� has cyclic type (2,2):

The first condition ensures that the covering surface is connected, and the second condition ensures that
the cover has two critical points and the genus of the covering surface is g.

Conversely, any pair .sh; sv/ 2 Sd �Sd satisfying the above conditions determines a primitive degree d
cover � WX !E0 branched over two points.

Construction of the map f The existence of the covering map f WA16!A9 relies on the surjective
homomorphism � W S4! S3.

Consider Klein four-subgroupKDf.12/.34/; .13/.24/; .14/.23/g�S4. The quotient S4=K is isomorphic
to S3. We will denote the quotient homomorphism by � W S4! S3.

Let .X; !/ 2A16 be any nonvertex of the square-tiling on A16. It defines a unique normalized degree 4
cover � WX!E0. Let � be branched over˙z. The corresponding pair of permutations .sh; sv/2S4�S4
that satisfies (12-1). Then the pair .�.sh/; �.sv// 2 S3 � S3 also satisfies (12-1). There is a unique
normalized degree 3 cover � 0 W X 0! E0 branched over ˙z corresponding to the pair of permutations
.�.sh/; �.sv//. We then define f W A16! A9 to be a unique branched cover such that for any .X; !/
with two simple zeroes,

f .X; !/D .X 0; !0/;

where !0 D � 0�.dz/.

The map f respects the square-tiling, since both covers � WX !E0 and � 0 WX 0!E0 are normalized
and branched over ˙z. The covering map f WA16!A9 on the level of the square-tilings of A16 and A9

is illustrated in Figure 33. The top and bottom cylinders of A16 are, respectively, a 1–fold and a 2–fold
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Figure 33: The degree 3 branched covering map f WX.4/!X.3/ sends squares to squares.

cover of the top cylinder of A9. Similarly, the other two cylinders of A16 are a 1–fold and a 2–fold
cover of the bottom cylinder of A9. Each square of A9 is labeled by the same letter as its preimages
under f . The orientation of the letters determines whether the squares of A16 are mapped to A9 by
parallel translations or by � rotations.

2C 2 D3 4 Another way of making this construction comes from an elementary fact that the set of
four elements can be split into two subsets of two elements each in three different ways. Starting with a
degree 4 cover over the torus with two simple ramifications, one can replace each fiber with the three-way
of splitting it into pairs. That produces a degree 3 cover over the torus with two simple ramifications. One
can show that this construction can be completed to give the same covering map f WA16!A9 as above.
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Proof for d D 4 The set A16Œ1� consists of the nonsingular vertices of the tiling of X.4/ŠA16. One
can verify from the picture of the square-tiling (see Figure 33) that all points of A16Œ1� lie in a single
SL2Z–orbit.

Let n > 1 be any integer. For any integer 1� a � n� 1, let xa=n 2A9 be a point on the left edge of the
square A that is distance a=n away from the white vertex of A; see Figure 33. According to the proof of
Theorem 1.2 for d D 3, every SL2Z–orbit in A9Œn� contains a representative x1=n when n is even, and
a representative x1=n or x2=n when n is odd. Therefore any point in A16Œn� can be sent by a suitable
matrix from SL2Z into f �1.x1=n/ when n is even, and into f �1.x1=n/[f �1.x2=n/ when n is odd.

Let x D xa=n for some aD 1 or 2, and f �1.x/D fx1; x2; x3g; see Figure 33. It suffices to show that for
any such x the points x1; x2; x3 belong to the same SL2Z–orbit.

Recall that S D
�
1 �1
0 1

�
. Then

S2n W x2 7! x3 when aD 1; Sn W x2 7! x3 when aD 2:

The image of the top two squares A and B of A16 under the rotation by ˙�=2 are the two outermost
squares C and H in the cylinder of length 12. The images of their bottoms under S2 are the bottoms of
the innermost squares C and H . In their turn, the images of these squares under the rotation by ˙�=2
are the innermost squares A and B in the cylinder of length 4. Using this, one can verify

R ıS2 ıR W x1 7! x2:

Therefore all x1; x2; x3 belong to the same SL2Z–orbit, and A16Œn� consists of two SL2Z–orbits when
n > 1 is odd, and a single orbit otherwise.

Although this proof hints at the possibility of reducing the case of composite d to prime d , unfortunately
the only surjective homomorphisms of symmetric groups Sd ! Sk are given by sign homomorphisms
Sd!S2 and the above homomorphism S4!S3. One can verify that a similar construction of the branched
covering map for the sign homomorphism Sd ! S2 gives the discriminant map ı WAd2 !A22 ŠP .

Appendix A Counts of elliptic covers

In this appendix we review some counts related to the genus 2 torus covers and give an upper bound on
the number of irreducible components of Wd2 Œn� that does not depend on n.

Recall that congruence subgroup is a subgroup of SL2Z defined as follows:

�.d/D

��
a b

c d

�
2 SL2Z

ˇ̌̌
a; d � 1 and b; c � 0 mod d

�
:

The index of �.d/=˙ Id in PSL.2;Z/D SL2Z=˙ Id is

(A-1) jPSL2.Z=dZ/j D

8̂<̂
:
6 for d D 2;
1
2
d3 �

Y
pjd Ip prime

�
1�

1

p2

�
for d � 3:
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1 deg ı
.d � 1/

6
� jPSL2.Z=dZ/j

2 g.Ad2/
d � 6

12d
� jPSL2.Z=dZ/jC 1

3 jPns.d/j
1

d
� jPSL2.Z=dZ/j

4 jPs.d/j
5d � 6

12d
� jPSL2.Z=dZ/j

5 jAd2 Œ0�j
3.d � 2/

4d
� jPSL2.Z=dZ/j

6 jA0
d2 Œ0�j, d odd

3.d � 3/

8d
� jPSL2.Z=dZ/j

7 jA1
d2 Œ0�j, d odd

3.d � 1/

8d
� jPSL2.Z=dZ/j

8 jAd2 Œ1�j
.d � 2/.d � 3/

3d
� jPSL2.Z=dZ/j

9 jAd2 Œn�j
d � 1

3n
� jPSL2.Z=dZ/j � jSL2.Z=nZ/j

10 jA0
d2 Œn�j, n odd

d � 1

12n
� jPSL2.Z=dZ/j � jSL2.Z=nZ/j

11 jA1
d2 Œn�j, n odd

d � 1

4n
� jPSL2.Z=dZ/j � jSL2.Z=nZ/j

Table 1: The counts related to elliptic covers of genus 2.

Also recall the formula of the index of �.d/ in SL2Z,

jSL2.Z=dZ/j D d3 �
Y

pjd Ip prime

�
1�

1

p2

�
for all d:

The following theorem summarizes some results on elliptic covers in genus 2, in particular the ones
related to the counts of square-tiled surfaces, which can be found in [Kani 2006] and [Eskin et al. 2003].

Theorem A.1 The counts related to elliptic covers given in Table 1 hold for any integers d > 1 and n> 1.

Below we give more details on each count and references for proofs.

1 Here deg ı is the degree of the discriminant map ı WAd2 !P ; see Section 4. The formula for deg ı
can be found in [Kani 2006, equation (31) and Corollary 30]. It also follows from the count of primitive
degree d covers of the square torus branched over two given points in [Eskin et al. 2003, remark after
Lemma 4.9]. The number of such covers is deg �D deg.� ı ı/D 4 deg ı; see diagram (4-2).
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2 Here g.Ad2/ denotes the genus of a Riemann surface Ad2 . In Theorem 5.1 we established an
isomorphism Ad2 ŠX.d/. The genus of X.d/ is a classical result from the theory of modular curves
and can be found in [Shimura 1971, equation (1.6.4)].

3 In Section 5 we showed that all of the cusps of Y.d/ � X.d/ŠAd2 are simple poles of q. Recall
that Pns.d/ denotes the subset of simple poles of the quadratic differential q on Ad2 Š X.d/ that are
cusps of the modular curve Y.d/. These points correspond to the genus 2 d–square-tiled surfaces with a
nonseparating node; see Section 4. The formula for jPns.d/j can be found in [Kani 2006, equation (27)].
Note that the formula jPns.d/j agrees with the classical formula for the number of cusps of Y.d/.

4 Recall that Ps.d/ denotes the subset of simple poles of the quadratic differential q on Ad2 that are not
cusps. These points of Ad2 correspond to the genus 2 d–square-tiled surfaces with a separating node;
see Section 4. The formula for jPs.d/j can be found in [Kani 2006, equation (27)].

5 Here Ad2 Œ0� denotes the set of primitive d–square-tiled surfaces in �M2.2/. This set is in bijection
with the set of primitive degree d covers of E0 branched over the origin with a single ramification point
of order 3; see Section 2. The formula for Ad2 Œ0� is in [Eskin et al. 2003, remark after Lemma 4.11].

Recall from Theorem 4.2 that Ad2 Œ0��Ad2 is also the set of simple zeroes of q. By the Gauss–Bonet-like
formula for any Riemann surface X the difference of the number of simple zeroes of a meromorphic
quadratic differential on X is equal to 4g� 4, where g is the genus of X . Using the results of 2–5 one
can verify that

jAd2 Œ0�j � jPns.d/j � jPs.d/j D 4 �g.Ad2/� 4:

6 and 7 In the case of odd d > 3, [McMullen 2005a, Theorem 1.1] implies that Ad2 Œ0� consists of two
SL2Z–orbits A0

d2 Œ0� and A1
d2 Œ0�, distinguished by an analogue of the spin invariant. The formulas for

A0
d2 Œ0� and A1

d2 Œ0� are given in [Lelièvre and Royer 2006, Theorem 1].

8 Here Ad2 Œ1� denotes the set of primitive d–square-tiled surfaces in �M2.1; 1/. This set is in bijection
with the set of primitive degree d covers of E0 branched over the origin with two ramification points of
order 2; see Section 2. The formula for Ad2 Œ1� can be found in [Zmiaikou 2011, equation (3.11)].

Recall from Proposition 4.6 that ı has ramifications of order 3 at Ad2 Œ0� and ramifications of order 2
at Ad2 Œ1�. Using the results of 1, 2, 5 and 8 one can verify that Riemann–Hurwitz formula for the map
ı WAd2 !P Š P1,

2� 2g.Ad2/D 2 deg ı� 2jAd2 Œ0�j � jAd2 Œ1�j:

9 Here Ad2 Œn� denotes the set primitive n–rational points of the squares in the tiling of Ad2 . This set is
in bijection with the set of primitive degree d covers of E0 branched over the origin and a torsion point
of order n. The formula for jAd2 Œn�j can be found in [Kani 2006, Theorem 3].

10 and 11 In the case of odd n > 1, Ad2 Œn� consists of two SL2Z–invariant subsets A0
d2 Œn� and A1

d2 Œn�

distinguished by the spin invariant �. These formulas are obtained in Theorem 4.4. For even d they can
also be found in [Kappes and Möller 2017, Theorem 1.1].
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Theorem A.2 For any d and n > 1, we have

jAd2 Œn�=SL2Zj � 1
3
2.d � 1/ � jPSL2.Z=dZ/j:

Proof The group SL2Z acts transitively on the set of primitive n–torsion points of E0. Therefore every
point .X; !/ 2 Ad2 Œn� can taken via SL2Z to an abelian differential .X 0; !0/, such that X admits a
primitive degree d cover of E0 simply branched over the origin and z D .i=n/ mod ZŒi �. Using the
formula for the number of primitive degree d covers of E0 simply branched over two given points
obtained in [Eskin et al. 2003] (remark after Lemma 4.9), we have

jAd2 Œn�=SL2Zj � 2
3
.d � 1/ � jPSL2.Z=dZ/j:

Appendix B The pagoda structure of the modular curves

In this appendix we present the pagoda structure of the modular curve X.d/ that arises for prime d .
In particular we will give a simpler and more uniform geometric construction of the square-tiling of
X.d/ŠAd2 for any prime d (compare to Section 6). We will conclude by presenting pictures of the
pagoda structures of X.d/ for d D 7; 11; 13 and 17; see Figures 45–48.

Throughout this section we will assume d is prime. We suspect that analogous results hold for any d > 1,
but the structure is more complex for composite d . We will follow the plan below:

(1) Describe the pagoda structure of X.d/ŠAd2 .

(2) Determine the types of singularities on the boundaries of the cylinders of Ad2 .

(3) Determine the identifications between these boundaries.

The proofs of the main results of this appendix are postponed until the last subsection.

Horizontal cylinders of Ad2 We begin by reviewing the enumeration of the horizontal cylinders of
.Ad2 ; q/ (Theorem 6.1) for prime d (Remark 6.3):

Proposition B.1 For any prime d , the absolute period leaf .Ad2 ; q/ naturally decomposes into a union
of horizontal cylinders whose boundaries are unions of saddle connections , and for which the following
conditions hold :

(i) Enumeration The set of horizontal cylinders Cyl.Ad2/ is in bijection with the set of unordered
pairs f.w1; s1/; .w2; s2/g 2 Sym2N2 satisfying the following conditions:
� Area s1w1C s2w2 D d .
� Primitivity gcd.s1; s2/D 1.

(ii) Dimensions The height of the cylinder C D f.w1; s1/; .w2; s2/g is HC D min.s1; s2/, and its
circumference is WC D w1w2.w1Cw2/.
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The integers w1; s1; w2; s2 can ordered in such a way that w1 <w2 if s1D s2D 1, and s1 < s2 otherwise.
In this case we will denote the corresponding horizontal cylinder by .w1; s1; w2; s2/. We distinguish
three types of horizontal cylinders CD .w1; s1; w2; s2/ of Ad2 :

� Lighthouse w1 D w2 D 1.

� Body s1 < s2; w1 ¤ w2.

� Eave s1 D s2 D 1.

Pagoda structure When d > 2 is prime, the modular curve X.d/ has a pagoda structure, a natural
decomposition of X.d/ into topological disks, called stories. Each story is a union of a particular subset
of the squares of the tiling of Ad2 ŠX.d/. Each story consists of layers of horizontal cylinders that are
stacked upon each other in descending order starting from the longest one (eave) at the bottom and with
the most narrow one (lighthouse) at the top. The bottoms of the eaves are linked among each other. All
other edges are folded with the adjacent ones. Below we make this description more precise.

When d > 2 is prime, the set of horizontal cylinders Cyl.Ad2/ is a disjoint union of .d � 1/=2 ordered
subsets

S .i/ D fC
.i/
1 ;C

.i/
2 ; : : : ;C

.i/
ni
g for every i D 1; : : : ; .d � 1/=2;

called stories of the pagoda, satisfying the following properties:

(1) Each story Si D
S

C2S.i/ C is homeomorphic to a disk.

(2) The circumferences of the cylinders in each story S .i/ are strictly decreasing:

W
C

.i/

kC1

<W
C

.i/

k

for each 1� k < ni :

(3) The heights of the cylinders in each story S .i/ are nondecreasing:

H
C

.i/

kC1

�H
C

.i/

k

for each 1� k < ni :

(4) Each story S .i/ starts with the eave C
.i/
1 D .ki ; 1; d �ki ; 1/ for some 1� ki � .d �1/=2, and ends

with the lighthouse C
.i/
ni
D .1; i; 1; d � i/. All other cylinders C

.i/
j 2 S

.i/ for 1 < j < ni are body.

(5) Every noneave cylinder C
.i/

k
in the story S .i/ is determined by the previous one using a simple

operation analogous to Euclidean algorithm:

C
.i/

k�1
D f.w1; s1/; .w2; s2/g with w1 <w2 D) C

.i/

k
D f.w2�w1; s1/; .w2; s1C s2/g:

Conversely, every nonlighthouse cylinder C
.i/

k
in the story S .i/ is determined by the next one:

C
.i/

kC1
D f.w1; s1/; .w2; s2/g with s1 < s2 D) C

.i/

k
D f.w1Cw2; s1/; .w2; s2� s1/g:

(6) The cylinders C
.i/
j and C

.i/
jC1 for 1 � j < ni , are adjacent: the edges of the top boundary of

C
.i/
j 2 S

.i/ are only identified via folds with each other or by translation to the edges of the bottom
boundary of C

.i/
jC1. Informally, each story looks like a pyramid.
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(7) The edges of the top boundary of a lighthouse are only identified via a fold with each other.

(8) The edges of the bottom boundaries of all eaves are only identified with each other via folds and
translations.

This section is dedicated to the proof of the following statement.

Theorem B.2 For every prime d > 2, the square-tiling of the absolute period leaf Ad2 has a pagoda
structure , ie decomposes into 1

2
.d � 1/ stories Si satisfying the properties (1)–(8) above.

Example: pagoda structure of A25 The square-tiling of the absolute period leaf A25 Š X.5/ was
presented in the introduction and reproduced below; see Figure 34. It has two stories S .1/ and S .2/. The
story S .1/ consists of four cylinders and S .2/ consists of three cylinders:

.1; 1; 1; 4/ with W D 2 and H D 1; .1; 2; 1; 3/ with W D 2 and H D 2;

.2; 1; 1; 3/ with W D 6 and H D 1; .1; 1; 2; 2/ with W D 6 and H D 1;

.3; 1; 1; 2/ with W D 12 and H D 1; .2; 1; 3; 1/ with W D 30 and H D 1;

.1; 1; 4; 1/ with W D 20 and H D 1;

To see that S .1/ and S .2/ are homeomorphic to disks, compare Figure 34 to Figure 35. The idea of this
topological presentation of the pagoda structure was communicated to the author by Matt Bainbridge,
who called this structure a “belt of onions”. Both stories in this example are homeomorphic to disks. Two
disks S .1/ and S .2/ are docked along their boundaries formed by the edges a, b, c, d , e, f , g, h, i and j .
This agrees with the fact that the modular curve X.5/ has genus 0.

1 2
1 2

3 4 5
3 4 5

6 7 8 9
6 7 8 9

a b c d e f g h i j

10 11
10 11

12 13 14 15 16 17
12 13 14 15 16 17

e d c b a j i h g f

Figure 34: The pagoda structure of X.5/ŠA25.
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S .1/

S .2/

a b c d e

fghij

a b c d

e
fghij

Figure 35: The onion structure of X.5/ŠA25.

The presence of the pagoda structure for any prime d will be evident from the description of the
identifications between boundaries of the cylinders that we will carry out below. One can notice that in
Figure 5 the identifications between the boundaries of the adjacent cylinders are given by simply labeling
the horizontal segments that start and end in the zeroes of q (black points) with numbers, left to right. We
will generalize this pattern for any prime d .

Location of singularities We now turn to identifying the types of vertices of the square-tiling of Ad2 at
the boundaries of horizontal cylinders, when d is prime. A cylinder CD .w1; s1; w2; s2/ of Ad2 has two
boundary components of lengthWCDw1w2.w1Cw2/. The origin of CD .w1; s1; w2; s2/ has Euclidean
coordinates .0; 0/ (see (6-2)) and cylinder coordinates .w1; s1; w2; s2; t1 D 0; t2 D 0; t3 D 0; h3 D 0/
(see (6-1)). The set of points with the Euclidean coordinates .x; 0/ will be called the top of C and the set
of points with the Euclidean coordinates .x;min.s1; s2// will be called the bottom.
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Recall from Theorems 4.2 and 5.3 that vertices of the square tiling of Ad2 can be zeroes, noncusp poles,
cusp poles or regular points of q.

Proposition B.3 Let a vertex of the square on the boundary of a cylinder CD .w1; s1; w2; s2/�Ad2

have the Euclidean coordinates .x; y/, where y D 0 (top) or y D s1 (bottom). Then:

� Lighthouse The boundaries of the lighthouse have length 2. The top boundary has

– a noncusp pole at x D 0, and

– a cusp pole at x D 1.
The bottom boundary has two zeroes at x D 0 and x D 1.

� Body The top boundary of a body cylinder has

– zeroes at x � w1 mod w1Cw2 and at x � w2 mod w1Cw2,

– noncusp poles at x � 0 mod w1Cw2, and

– regular points everywhere else.
The bottom boundary of a body cylinder has

– zeroes at the positions x � 0 mod w1, and

– regular points everywhere else.

� Eave The top boundary of an eave has the same structure as a top of a body cylinder.
The bottom boundary of an eave cylinder has

– cusp poles at x � 0 mod w1w2,

– zeroes at t � 0 mod w1, t 6� 0 mod w1w2 and at t � 0 mod w2, t 6� 0 mod w1w2, and

– regular points everywhere else.

The above cases are illustrated in Figure 36.

Gluing instructions within a story We now give instructions of how to identify the edges on the
boundaries of the cylinders of Ad2 within each story, ie except for the bottom edges of the eaves.

Note that every horizontal edge on a saddle connection that starts at a pole of q is identified to another
such edge by rotation by � around that pole. Therefore it only remains to understand the identifications
of the edges that belong to saddle connections between two zeroes of q. Proposition B.3 implies that
there are no poles on the bottom boundaries of noneave cylinders. The following proposition gives gluing
instructions between the bottom edges of noneave cylinders and the top edges of nonlighthouse cylinders
of Ad2 .

Proposition B.4 Let A be a point on the bottom of the cylinder CD f.w1; s1/; .w2; s2/g with Euclidean
coordinates .x; s2/, where

s1 > s2 and x D qw2C r; where q 2 Z; 0� q < w1.w1Cw2/; r 2R; 0 < r < w2:
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0 w1 2w1 3w1 4w1

w1Cw2 w1 w1 w2

w1Cw2

w1w2

w1 w1 w2

w1 2w1 4w1 5w1 7w1 8w1 10w1 11w1 13w1 14w1w2 3w2 5w2 7w2 9w2w1w2 2w1w2 3w1w2 4w1w2 5w1w2

Figure 36: The singularities at the boundaries of a lighthouse, top; a body cylinder, center;
and an eave, bottom. The cusp are labeled red, the noncusp poles — white and zeroes — black.
In these particular examples, we have .w1; s1; w2; s2/D .1; 5; 1; 6/, top; f.w1; s1/; .w2; s2/g D
f.3; 3/; .1; 4/g, center; and .w1; s1; w2; s2/D .2; 1; 3; 1/, bottom.

Then point A is identified with a point on the top of the cylinder C0 D f.w01; s
0
1/; .w

0
2; s
0
2/g with Euclidean

coordinates .x0; 0/, where

w01 D w1; w02D w1Cw2; s01 D s1� s2; s02D s2; x0 D q.2w1Cw2/Cw1C r:

Any other point on the top of a nonlighthouse cylinder belongs to a saddle connection that starts at a pole
and is identified with its image under rotation by � around that pole.

This in particular implies that the bottom edges of every cylinder f.w1; s1/; .w2; s2/g with s1 < s2 are
only identified with the top edges of the cylinder f.w1Cw2; s1/; .w2; s2 � s1/g, and the top edges of
every cylinder f.w1; s1/; .w2; s2/g with w1 <w2 are only identified with each other or the top edges of
the cylinder f.w1Cw2; s1/; .w2; s2� s1/g. This, together with the observation that the top two edges of
every lighthouse are identified with each other (see Section 7) and Theorem 6.1, implies properties 2–8
of the pagoda structure.

Another implication of Proposition B.4 is a simple way to describe the identifications of the horizontal
edges on saddle connections between zeroes of q by giving them the following labeling. Label all the
edges on the bottom of a noneave cylinder CD f.w1; s1/; .w2; s2/g with s1 > s2 with numbers from 1
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to w1w2.w1Cw2/, left to right, starting from the vertex with the Euclidean coordinates .0; s2/. Now
similarly label all the edges on saddle connections that start and end at zeroes of q and lie on the top of a
nonlighthouse cylinder C0 D f.w1; s1 � s2/; .w1Cw2; s2/g, with numbers from 1 to w1w2.w1Cw2/,
left to right. The edges with matching labels are identified.

From this perspective it is easy to see that after folding the saddle connections which start at poles of q, the
boundaries of the cylinders become circles formed by saddle connections between zeroes. The cylinders
are then docked to each other along these circles. It follows that each story is homeomorphic to a holed
sphere with boundaries formed by saddle connections on the eave. We next show that the boundary is in
fact a single circle.

Gluing instructions between stories We now give instructions of how to identify the remaining edges,
the ones lying on the bottom boundaries of the eave cylinders of Ad2 . As a consequence, we obtain that
each story is homeomorphic to a disk.

Proposition B.5 Let A be a nonsingular point on the bottom of the eave cylinder CD f.w1; 1/; .w2; 1/g

with the cylinder coordinates .w1; 1; w2; 1; t1; t2; t3; 1/, where w1 < w2 and ti … Z. Then point A is
identified with a point on the bottom of the eave cylinder C0 D f.w01; s

0
1/; .w

0
2; s
0
2/g with the cylinder

coordinates .w01; 1; w
0
2; 1; t

0
1; t
0
2; t
0
3; 1/, where

w01 D w1� t1C t2; w02 D w2C t1� t2;

t 01 D .w1� t1/% .w1� t1C t2/; t 02 D .w2� t2/% .w2C t1� t2/; t 03 D .t3� t1� t2/% d:

One can see that a point .w1; 1; w2; 1; t1; t2; t3; 1/ is identified with a point on the same eave if and only
if t1 D t2 D t for some 0 < t < w1. From Proposition B.3 it follows that such a point belongs to the
horizontal saddle connection that starts at the pole .w1; 1; w2; 1; 0; 0; .t3� t /% d/. Folding the parts of
the bottom boundary of an eave that belong to the saddle connections adjacent to simple poles of q one
obtains that the boundary of an eave is formed by the edges that are not identified to each other. From the
observations above and at the end of the previous subsection, we obtain:

Corollary B.6 Every story Si of the pagoda is homeomorphic to a disk.

Corollary B.7 For every prime d , the modular curve X.d/ carries an embedded trivalent graph , well-
defined up to the action of Aut.X.d//, whose complement is a union of 1

2
.d � 1/ disks.

Proof Due to Corollary 5.2, the isomorphism between Ad2 and X.d/ is well-defined up to the action
of Aut.X.d//. After the choice of isomorphism, the graph is defined by taking a union of all saddle
connections on the bottoms of all eaves of .Ad2 ; q/ that connect simple zeroes of q. By Corollary B.6
the complement is a union of 1

2
.d � 1/ disks.
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Degenerations of 3–cylinder decompositions Below we present proofs of Propositions B.3–B.5. The
proofs are based on analyzing the degenerations of the 3–cylinder decomposition of a generic .X; !/ 2
C�Ad2 as we approach a boundary of a cylinder C in vertical directions.

Recall from Section 6 that points in the interiors of the horizontal cylinders of Ad2 correspond to abelian
differentials that admit a 3–cylinder decomposition; see Figure 15. We start by reviewing the 3–cylinder
decomposition and defining the 2–cylinder decompositions of abelian differentials corresponding to the
points on the boundaries of the horizontal cylinders of Ad2 , except for the bottom boundaries of the eaves.

A generic abelian differential .X; !/ in Ad2 admits a decomposition into three horizontal cylinders C1,
C2 and C3 of circumferences w1, w2 and w1Cw2, and heights h1, h2 and h3, respectively. There is a
unique way to represent this decomposition as a polygon, as follows. Each cylinder is represented by
a parallelogram, whose vertices are singularities and edges are saddle connections, with nonhorizontal
edges identified by parallel translations. First, the parallelogram C3 must be on top of parallelograms C1
and C2. Second, order the cylinders C1 and C2 so that w1 �w2 and if w1Dw2 then s1 < s2, and put C1
on the left from C2. It remains to define the nonhorizontal sides of the parallelograms and identifications
of their horizontal sides.

Denote the top boundary of a cylinder C by CC and the bottom boundary by C�. The boundaries of Ci
are closed curves, and they are oriented so that their periods are positive real numbers. They also satisfy

CC3 D C
�
1 [C

�
2 and C�3 D C

C
1 [C

C
2 :

For i D 1 or 2, there is a unique saddle connection ci that starts at the left end of CCi , ends at the left end
of C�i and satisfies

0� Re
�Z

ci

!

�
<wi :

For C3, there is a unique saddle connection c3 that starts at the left end of CC1 � C
�
3 , ends at the left end

of C�i � C
C
3 and satisfies

0� Re
�Z

c3

!

�
<w1Cw2:

For i D 1; 2 or 3, we define the nonhorizontal sides of the parallelogram Ci to be given by the vectorR
ci
! 2C. Then the twist parameters t1, t2 and t3 satisfying

(B-1) 0� t1 <w1; 0� t2 <w2; 0� t3 <w1Cw2;

are simply given by Re
�R
ci
!
�
.

Similarly, any abelian differential .X; !/ in Ad2 with two simple zeroes that admits a decomposition
into two cylinders C1 and C2 can be uniquely represented as a polygon in the plane as follows. There
are two types of 2–cylinder decompositions we have to distinguish: we will call them a 2–cylinder
decomposition of type 1 (Figure 37, left) and a 2–cylinder decomposition of type 2 (Figure 37, right). For
i D 1 or 2, denote the circumferences of C1 and C2 by W .i/

1 and W .i/
2 and the heights by H .i/

1 and H .i/
2 .
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T3

T1

T2

T2T1

T3

Figure 37: Twist parameters of the 2–cylinder decomposition of type 1, left, and of type 2, right.

We order the cylinders so that W .i/
1 �W

.i/
2 and if W .i/

1 DW
.i/
2 then H .i/

1 <H
.i/
2 . The twist parameters

T
.1/
1 ; T

.1/
2 ; T

.1/
3 of the type 1 decomposition satisfy

0� T
.1/
1 <W

.1/
1 ; 0� T

.1/
2 <W

.1/
2 ; 0� T

.1/
3 �W

.1/
1 ;

and the twist parameters T .2/1 ; T
.2/
2 ; T

.2/
3 of the type 2 decomposition satisfy

0� T
.2/
1 <W

.2/
1 ; 0� T

.2/
2 �W

.2/
2 �W

.2/
1 ; 0� T

.2/
3 <W

.2/
2 :

The vector .W1;H1; W2;H2; T
.i/
1 ; T

.i/
2 ; T

.i/
3 / is called the vector of cylinder coordinates of the 2–cylinder

decomposition of type i , for i D 1 or 2. Note that in certain cases of equalities in the inequalities above,
the 2–cylinder decomposition is not an abelian differential anymore, but a square-tiled surface with a node.

Now take any generic .X; !/ 2 C D f.w1; s1/; .w2; s2/g � Ad2 , where w1 < w2 and take noninteger
twist parameters t1; t2; t3 … Z satisfying (B-1). We will describe how coordinates change after we zip up
or zip down a singularity. For zipping down we will assume s1 ¤ s2; the case s1 D s2 D 1 will be treated
later. There are three cases to consider:

(1) 0 < t3 <w1 (Figure 38, left),

(2) w1 < t3 <w2 (Figure 39, left),

(3) w2 < t3 <w1Cw2 (Figure 40, left).
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t3

t2t1

t3

t2t1

t3

t2t1

Figure 38: Left: an abelian differential .X; !/ 2Ad2 with 0 < t3 <w1. Zipping up, center, and
zipping down, right, of its white singularity.

t2t1 t2

t3

t1 t2

t3

t1

t3

Figure 39: Left: an abelian differential .X; !/ 2Ad2 with w1 < t3 <w2. Zipping up, center, and
zipping down, right, of its white singularity.

For the abelian differentials obtained by moving the white singularity upwards, see the central diagrams
of Figures 38–40. For the abelian differentials obtained by moving it downwards, see the right-hand sides
of Figures 38–40.

We first find an expression of the cylinder coordinates of zipping down. Let .X; !/ be a generic element
of CDf.w1; s1/; .w2; s2/g �Ad2 , where s1 < s2, and take half-integer twist parameters t1; t2; t3 2RnZ

satisfying (B-1). Moving the singularity downwards in all three cases we obtain 2–cylinder decompositions
with cylinder coordinates satisfying (see the rightmost diagrams in Figures 41–43):

W
.2/
1 D w1; H

.2/
1 D s2� s1; 0 < T

.2/
1 D t1 <w1;

W
.2/
2 D w1Cw2; H

.2/
2 D s2; 0 < T

.2/
2 D t2 <w2;

0 < T
.2/
3 D t3 <w1Cw2:
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t3

t1 t2

t3

t1 t2

t3

t1 t2

Figure 40: Left: an abelian differential .X; !/ 2 Ad2 with w2 < t3 < w1 Cw2. Zipping up,
center, and zipping down, right, of its white singularity.

Now we find an expression of the cylinder coordinates of zipping up. Let .X; !/ be a generic element of
CD f.w1; s1/; .w2; s2/g �Ad2 , where w1 <w2, and take half-integer twist parameters t1; t2; t3 2RnZ

satisfying (B-1). Moving the singularity upwards we obtain a 2–cylinder decomposition with cylinder
coordinates satisfying, in the case (1) 0 < t3 <w1 (see Figure 41, left):

W
.1/
1 D w1; H

.1/
1 D s1; 0 < T

.1/
1 D t1 <w1;

W
.1/
2 D w2; H

.1/
2 D s2; 0 < T

.1/
2 D .w2� t2C t3/%w2 <w2;

0 < T
.1/
3 D t3 <w1;

in the case (2) w1 < t3 <w2 (see Figure 42, left):

W
.2/
1 D w1; H

.2/
1 D s1; 0 < T

.2/
1 D t1 <w1;

W
.2/
2 D w2; H

.2/
2 D s2; 0 < T

.2/
2 D t3�w1 <w2�w1;

0 < T
.2/
3 D .2t3� t2�w1/%w2 <w2;

and in the case (3) w2 < t3 <w1Cw2 (see Figure 43, left):

W
.1/
1 D w1; H

.1/
1 D s1; 0 < T

.1/
1 D .w1Cw2C t1� t3/%w1 <w1;

W
.1/
2 D w2; H

.1/
2 D s2; 0 < T

.1/
2 D .t3� t1�w1/%w2 <w2;

0 < T
.1/
3 D w1Cw2� t3 <w1:

From this one can easily verify Propositions B.3 and B.4:

Proof of Proposition B.3 A vertex of the square-tiling of Ad2 that corresponds to the 2–cylinder
decomposition of type 1 is

� a noncusp pole of q whenever T .1/3 D 0,

� a zero of q whenever T .1/3 DW
.1/
1 , and

� a regular point of q otherwise.
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t2 D T2

t2

t3 D T3

t1 D T1

t3 D T3

t1 D T1

T2

Figure 41: Left: the twist coordinates of the 2–cylinder decompositions of abelian differentials in
the center diagram of Figure 38. Right: the twist coordinates of the 2–cylinder decompositions of
abelian differentials in the right-hand diagram of Figure 38.

t2 D T2

t1 D T1

t1 D T1

t3 D T3

t3

t2

T3

T2

Figure 42: Left: the twist coordinates of the 2–cylinder decompositions of abelian differentials in
the center diagram of Figure 39. Right: the twist coordinates of the 2–cylinder decompositions of
abelian differentials in the right-hand diagram of Figure 39.

Similarly, a vertex of the square-tiling that corresponds to the 2–cylinder decomposition of type 2 is

� a zero of q whenever T .2/2 D 0 or W .2/
2 �W

.2/
1 , and

� a regular point of q otherwise.
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t3

t2

t1 t1 D T1 t2 D T2

t3 D T3

T2

T3

T1

Figure 43: Left: the twist coordinates of the 2–cylinder decompositions of abelian differentials in
the center diagram of Figure 40. Right: the twist coordinates of the 2–cylinder decompositions of
abelian differentials in the right-hand diagram of Figure 40.

For zipping up we have W .1/
1 Dw1, W .2/

2 �W
.2/
1 Dw2, T .1/3 D t3 or w1Cw2� t3, and T .2/2 D t3�w1.

It follows that a vertex with Euclidean coordinates .x; 0/ is a noncusp pole of q whenever x � t3 �
0 mod w1 C w2, a zero of q whenever x � t3 � w1 or w2 mod w1 C w2, and a regular point of q
otherwise; and a vertex with Euclidean coordinates .x; 0/ is a noncusp pole of q.

For zipping down we have T .2/2 D t2. Recall that s2 < s1 in this case. It follows that a vertex with
the Euclidean coordinates .x; s2/ is a zero of q, wheneverx � t2 � 0 mod w2, and a regular point of q
otherwise.

Proof of Proposition B.4 Assume that points .x; s2/ and .x0; 0/ are obtained by vertical degenerations
of 3–cylinder decompositions with twists t1; t2; t3 and t 01; t

0
2; t
0
3, respectively. Note that

t 03 D x
0% .w01Cw

0
2/D .q.2w1Cw2/Cw1C r/% .2w1Cw2/D w1C r;

and hence it satisfies w01 < t
0
3 <w

0
2. Therefore both .x; s2/ and .x0; 0/ have 2–cylinder decompositions

of type 2.

By the formulas above, the twist coordinates T1; T2; T3 of the 2–cylinder decomposition of .x; s2/ are

T1 D t1 D .qw2C r/%w1;

T2 D t2 D .qw2C r/%w2 D r %w2 D r;

T3 D t3 D .qw2C r/% .w1Cw2/:
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Similarly, for the twist coordinates T 01; T
0
2; T

0
3 of the 2–cylinder decomposition of .x0; s2/, we obtain

T 01 D t
0
1 D .q.2w1Cw2/Cw1C r/%w01 D .qw2C r/%w1 D T1;

T 02 D t
0
3�w

0
1 D w1C r �w1 D r D T2;

T 03 D .2t
0
3� t

0
2�w

0
1/%w02 D .2w1C 2r � .q.2w1Cw2/Cw1C r/�w1/% .w1Cw2/

D .qw2C r/% .w1Cw2/D T3:

Therefore the points .x; s2/ and .x0; 0/ are identified.

Now we prove Proposition B.5 by investigating the zipping down process for the case s1 D s2 D 1.

Proof of Proposition B.5 Consider a generic abelian differential .X; !/ 2 Ad2 with the cylinder
coordinates .w1; 1; w2; 1; t1; t2; t3; 1/ with ti …Z; see Figure 44, top. Zipping down the white singularity
produces a 1–cylinder abelian differential; see Figure 44, bottom left.

An abelian differential obtained in this way comes with a choice of a splitting into two tori C=ƒ1#IC=ƒ2,
whereƒ1Dw1Z˚.t3�t1Ci/Z,ƒ2Dw2Z˚.t3�t2Ci/Z and I D t3Ci . For background on splitting,
or connected sum of 1–forms, see for example [McMullen 2007a, Section 7]. There is another splitting for
the same 1–cylinder abelian differential (see Figure 44, bottom right) into two tori C=ƒ01#I 0C=ƒ02, where
ƒ01D .w1�t1Ct2/Z˚.t3�t1Ci/Z,ƒ02D .w2Ct1�t2/Z˚.t3�t2Ci/Z and I 0D t3�t1�t2Ci . This
splitting can be obtained from zipping down a generic .X 0; !0/ 2Ad2 given by the cylinder coordinates
.w01; 1; w

0
2; 1; t

0
1; t
0
2; t
0
3; 1/, where

w01 D w1� t1C t2;

w02 D w2C t1� t2;

t 01 D .�t2/% .w1� t1C t2/D .w1� t1/% .w1� t1C t2/;

t 02 D .�t1/% .w2C t1� t2/D .w2� t2/% .w2C t1� t2/;

t 03 D t3� t1� t2:

Therefore the two points .w1; 1; w2; 1; t1; t2; t3; 1/ and .w01; 1; w
0
2; 1; t

0
1; t
0
2; t
0
3; 1/ are identified since they

represent the same 1–cylinder abelian differential.

t1 t2

t3

w1� t1 t2 w2� t2 t1

t 03

t1 w1� t1 t2 w2� t2

t3

Figure 44: An abelian differential .X; !/ 2Ad2 with s1 D s2 D 1, top; zipping down of its white
singularity, bottom left; and its second splitting into two tori, bottom right.
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Pictures of the pagoda structures ofX.d/ We conclude by presenting pictures of the pagoda structures
of X.d/ for d D 7; 11; 13 and 17; see Figures 45–48. When viewed on a computer, the pictures can be
zoomed in on to see the structures of the boundaries: the red points are the cusps of X.d/, the white points
are the remaining simple poles of q, and the black points are the simple zeroes of q. The identifications
of the boundaries of the strips within each story of the pagoda should be clear from the pictures and the
gluing instructions (see Propositions B.4 and B.5) described in this section.

Figure 45: The pagoda structure of X.7/.

Figure 46: The pagoda structure of X.11/.

Figure 47: The pagoda structure of X.13/.
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Figure 48: The pagoda structure of X.17/.
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Equivariant aspects of singular instanton Floer homology
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We associate several invariants to a knot in an integer homology 3–sphere using SU.2/ singular instanton
gauge theory. There is a space of framed singular connections for such a knot, equipped with a circle
action and an equivariant Chern–Simons functional, and our constructions are morally derived from the
associated equivariant Morse chain complexes. In particular, we construct a triad of groups analogous to
the knot Floer homology package in Heegaard Floer homology, several Frøyshov-type invariants which
are concordance invariants, and more. The behavior of our constructions under connected sums are
determined. We recover most of Kronheimer and Mrowka’s singular instanton homology constructions
from our invariants. Finally, the ADHM description of the moduli space of instantons on the 4–sphere can
be used to give a concrete characterization of the moduli spaces involved in the invariants of spherical
knots, and we demonstrate this point in several examples.
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1 Introduction

Instanton Floer homology [Floer 1988] and Heegaard Floer homology [Ozsváth and Szabó 2004b] provide
two powerful invariants of 3–manifolds, each of which have knot-theoretic variations: singular instanton
Floer homology [Kronheimer and Mrowka 2011b] and knot Floer homology [Ozsváth and Szabó 2004a;
Rasmussen 2003]. These knot invariants share many formal properties: they are both functorial with
respect to surface cobordisms, they each have skein exact triangles, and Kronheimer and Mrowka [2010b,
Conjecture 7.25] even conjectured that some versions of the theories agree with one another. Despite
their similarities, each of the two theories has some advantages over the other.

On the one hand, singular instanton Floer homology is more directly related to the fundamental group of
the knot complement. For example, Kronheimer and Mrowka [2004; 2010b] used this Floer homology
to show that the knot group of any nontrivial knot admits a nonabelian representation into the Lie
group SU.2/. On the other hand, knot Floer homology currently has a richer algebraic structure which
can be used to obtain invariants of closed 3–manifolds obtained by surgery on a knot [Ozsváth and
Szabó 2008; 2011]. Moreover, knot Floer homology is more computable, and in fact has combinatorial
descriptions [Manolescu et al. 2009; Ozsváth and Szabó 2019].

A natural question is whether there is a refinement of singular instanton Floer homology that helps bridge
the gap between the two theories. An important step in this direction was recently taken by Kronheimer
and Mrowka [2021a]. The main goal of the present paper is to propose a different approach to this
question. Like Kronheimer and Mrowka [2011b; 2011a], we construct invariants of knots in integer
homology spheres using singular instantons. However, in contrast to those constructions, we do not avoid
reducibles, and instead exploit them to derive equivariant homological invariants. As we explain below,
the relevant symmetry group in this setting is S1.

The knot invariants in this paper recover various versions of singular instanton Floer homology in
the literature, including all of the ones constructed in [Kronheimer and Mrowka 2011a; 2013; 2021a].
Moreover, some of the structures of our invariants do not seem to have any obvious analogues in the
context of Heegaard Floer invariants. For instance, a filtration by the Chern–Simons functional and a
Floer homology group categorifying the knot signature can be derived from the main construction of the
present work.

Motivation

The basic idea behind the main construction of the present paper is to construct a configuration space
of singular connections with an S1–action. Let K be a knot in an integer homology sphere Y and fix
a basepoint on K. Consider the space of connections on the trivial SU.2/–bundle E over Y which are
singular along K and such that the holonomy along any meridian of K is asymptotic to a conjugate of

.1.1/
�

i 0

0 �i

�
2 SU.2/
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as the size of meridian goes to zero. (See Section 2 for a more precise review of the definition of such
singular connections.) A framed singular connection is a singular connection with a trivialization of E at
the basepoint of K such that the holonomy of the connection along a meridian of K at the basepoint is
asymptotic to (1.1) (rather than just conjugate to it). The space of automorphisms of E acts freely on the
space of framed singular connections and we denote the quotient by zB.Y;K/. There is an S1–action on
zB.Y;K/ given by changing the framing at the basepoint.

An important feature of this S1–action is that the stabilizers of elements in zB.Y;K/ are not all the same.
The element �1 2 S1 acts trivially on zB.Y;K/. Thus the action factors through S1 Š S1=f˙1g, which
acts freely on a singular framed connection in zB.Y;K/ unless the underlying singular connection is
S1–reducible, namely, it respects a decomposition of E into a sum of two (necessarily dual) complex line
bundles. Although framed connections do not appear in the sequel, our constructions are motivated by
the above S1–action and the interactions between framed singular connections with different stabilizers.
An important source of inspiration for the authors was a similar story for nonsingular connections which
is developed in [Donaldson 2002; Frøyshov 2002; Miller Eismeier 2019].

S–complexes associated to knots

The fundamental object that we associate to a knot K � Y in an integer homology 3–sphere is a chain
complex . zC�.Y;K/; zd/ which is a module over the graded ring ZŒ��=.�2/, where � has degree 1. The
ring ZŒ��=.�2/ should be thought of as the homology ring of S1, where the ring structure is induced
by the multiplication map. In particular, one expects a similar structure arising from the singular chain
complex of a topological space with an S1–action. In our setup, singular homology is replaced with Floer
homology. In fact, the chain complex zC�.Y;K/ we associate to a knot K decomposes as

.1.2/ zC�.Y;K/D C�.Y;K/˚C�.Y;K/Œ1�˚Z:

Here C�.Y;K/ is Z=4–graded, C�.Y;K/Œ1� is the same complex as C�.Y;K/ with the grading shifted
up by 1, and Z is in grading 0. The action of � on zC�.Y;K/ maps the first factor by the identity to the
second factor, and maps the remaining two factors to zero. We call a chain complex over the graded ring
ZŒ��=.�2/ of the form (1.2) an S–complex. Although the complex zC�.Y;K/ depends on some auxiliary
choices (eg a Riemannian metric), the chain homotopy type of zC�.Y;K/ in the category of S–complexes
is an invariant of .Y;K/. (See Section 3 for more details.) In particular, the homology

zI�.Y;K/ WDH. zC�.Y;K/; zd/

is an invariant of the pair .Y;K/. We will see below that this homology group is naturally isomorphic to
the I \.Y;K/ from [Kronheimer and Mrowka 2011a].

By applying various algebraic constructions to the S–complex zC�.Y;K/ we can recover various knot
invariants and also construct new ones. One of the invariants we recover is a counterpart of Floer’s instanton
homology for integer homology spheres, and may be compared to a version of the orbifold instanton
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homology of Collin and Steer [1999]. The differential zd gives rise to a differential d on C�.Y;K/, and
we write I�.Y;K/ for the homology of the complex .C�.Y;K/; d/. The Euler characteristic of I�.Y;K/

was essentially computed by Herald [1997], generalizing the work of Lin [1992]. In summary, we have
the following:

Theorem 1.3 Let K � Y be a knot embedded in an integer homology 3–sphere Y. The Z=4–graded
abelian group I�.Y;K/ is an invariant of the equivalence class of the knot .Y;K/. Its Euler characteristic
satisfies

�.I�.Y;K//D 4�.Y /C 1
2
�.K/;

where �.Y / is the Casson invariant of Y and �.K/ is the signature of the knot K � Y.

Another chain complex that can be constructed from . zC�.Y;K/; zd/ is given by

yC�.Y;K/ WD zC�.Y;K/˝Z ZŒx�; yd WD �zd Cx ��:

The homology of this complex can be regarded, morally, as the S1–equivariant homology of zB.Y;K/.
This equivariant complex inherits a Z=4–grading from the tensor product grading of zC�.Y;K/ and ZŒx�,
where the latter has xi in grading �2i . The homology of . yC�.Y;K/; yd/ gives a counterpart of HFK� in
the context of singular instanton Floer homology.

Theorem 1.4 The homology of the complex . yC�.Y;K/; yd/, denoted by yI�.Y;K/, is a topological
invariant of the pair .Y;K/ as a Z=4–graded ZŒx�–module. Moreover , one can construct Z=4–graded
ZŒx�–modules {I�.Y;K/ and I�.Y;K/ from . yC�.Y;K/; yd/ which are invariants of the pair .Y;K/. These
modules fit into two exact triangles:

{I�.Y;K/ // yI�.Y;K/

yy

I�.Y;K/

ee

.1.5/

yI�.Y;K/ // yI�.Y;K/

yy

zI�.Y;K/

ee

.1.6/

The top arrow in (1.6) is induced by multiplication by x. Furthermore , I�.Y;K/ is isomorphic to
ZŒŒx�1;x� as a ZŒx�–module.

The invariants {I�.Y;K/, I�.Y;K/ and zI�.Y;K/ are analogues of the Heegaard Floer knot homology
groups HFKC.Y;K/, HFK1.Y;K/ and 1HFK.Y;K/. The exact triangles in (1.5) and (1.6) are also
counterparts of similar exact triangles for the knot Floer homology groups in Heegaard Floer theory.
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Remark 1.7 Recently, Li [2021] introduced KHI� as another approach to define the instanton counter-
part of HFK� using sutured manifolds. We expect that KHI� for a knot K in an integer homology
3–sphere Y can be recovered from zC�.Y;K/ using an algebraic construction similar to what appears in
Section 8.3. ˘

There are even further refinements of . zC�.Y;K/; zd/ which can be constructed following ideas contained in
[Kronheimer and Mrowka 2011b; Daemi 2020]. The refinements come from equivariant local coefficient
systems on the framed configuration space zB.Y;K/ that can be used to define twisted versions of the
complex . zC�.Y;K/; zd/. The universal local coefficient system � that we consider is defined over the
two-variable Laurent polynomial ring

R WD ZŒU˙1;T˙1�;

and it gives rise to an S–complex . zC�.Y;KI�/; zd/. Roughly, the variable T is related to the holonomy of
flat connections around the knot and the “monopole charge” of instantons, while the variable U is related
to the Chern–Simons functional on flat connections and the topological energy, or action, of instantons.
All of the invariants in this paper may be derived from . zC�.Y;KI�/; zd/, assuming one keeps track of all
of its relevant structures. (See Section 7 for more details.)

If S is an R–algebra, we can change our local coefficient system by a base change and define an
S–complex . zC�.Y;KI�S /; zd/ over the ring S , and its chain homotopy type as an S–complex over
S is again an invariant of the knot. We then obtain, for example, an S –module I.Y;KI�S / and an
S Œx�–module yI.Y;KI�S /, which are also knot invariants. Evaluation of T and U at 1 defines an
R–algebra structure on Z, and the associated S–complex recovers the untwisted complex . zC�.Y;K/; zd/.
Another case of interest is the base change given by T D ZŒT˙1�, which is an R–algebra by evaluation
of U at 1, and this gives the S–complex . zC�.Y;KI�T /; zd/.

A connected sum theorem

Given two pairs .Y;K/ and .Y 0;K0/ of knots in integer homology spheres, we may form another such
pair .Y # Y 0;K # K0/ by taking the connected sum of 3–manifolds and knots. It is natural to ask if the
S–complex associated to .Y # Y 0;K # K0/ can be related to those of .Y;K/ and .Y 0;K0/. The following
theorem answers this question affirmatively, and should be compared with the connected sum theorem for
instanton Floer homology of integer homology spheres [Fukaya 1996]. In fact, our proof is inspired by
the treatment of Fukaya’s connected sum theorem in [Donaldson 2002, Section 7.4].

Theorem 1.8 There is a chain homotopy equivalence of Z=4–graded S–complexes ,

zC .Y # Y 0;K # K0/' zC .Y;K/˝Z
zC .Y 0;K0/:

More generally , in the setting of local coefficients , we have a chain homotopy equivalence of Z=4–graded
S–complexes over R D ZŒU˙1;T˙1�,

zC .Y # Y 0;K # K0I�/' zC .Y;KI�/˝R
zC .Y 0;K0I�/:
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We remark that the tensor product of two S–complexes is naturally an S–complex and refer the reader to
Section 4 for more details. The above theorem allows us to recover the invariants of I.Y #Y 0;K#K0I�S /

and yI.Y # Y 0;K # K0I�S / from zC .Y;KI�/ and zC .Y 0;K0I�/. In particular, if the ring S Œx� is a PID,
then there is Künneth formula relating yI.Y # Y 0;K # K0I�S / to yI.Y;KI�S / and yI.Y 0;K0I�S /.

Recovering invariants of Kronheimer and Mrowka

Kronheimer and Mrowka have defined several versions of singular instanton Floer homology groups.
There are the reduced invariants I \.Y;K/, first defined as abelian groups in [Kronheimer and Mrowka
2011a], and later defined using local coefficients as modules over the ring F ŒT˙1

1
;T˙1

2
;T˙1

3
�, where F

is the field of two elements [Kronheimer and Mrowka 2021a]. There are also the unreduced invariants
I #.Y;K/, first defined as abelian groups in [Kronheimer and Mrowka 2011a], then defined using local
coefficients as modules over the ring QŒT˙1� in [Kronheimer and Mrowka 2013], and finally as modules
over the ring F ŒT˙1

0
;T˙1

1
;T˙1

2
;T˙1

3
� in [Kronheimer and Mrowka 2021a].

The definition of each of these invariants follows a similar pattern. To avoid working with reducible
singular connections, one first picks .Y0;K0/ such that there is no reducible singular connection associated
to this pair. This assumption requires working in a set up that allows K0 to be a link or more generally
a web [Kronheimer and Mrowka 2019b], equipped with a bundle of structure group SO.3/, instead of
SU.2/. Then the invariant of the pair .Y;K/ is defined by applying Floer-theoretical methods to the
configuration space of singular connections on the pair .Y # Y0;K # K0/. A variation of our connected
sum theorem allows us to prove the following theorem. (For more details, see Section 8.)

Theorem 1.9 All the different versions of the invariants I \.Y;K/ and I #.Y;K/ can be recovered from
the homotopy type of the chain complex . yC�.Y;KI�/; yd/ over RŒx�. For instance , I \.Y;K/, defined as
in [Kronheimer and Mrowka 2011a], is isomorphic to H. zC .Y;K/; zd/:

I \.Y;K/Š zI.Y;K/:

Further , I \.Y;K/, with local coefficients defined as in [Kronheimer and Mrowka 2021a], is isomorphic to

.1.10/ yI.Y;KI�T /˝T Œx� F ŒT
˙1
1 ;T˙1

2 ;T˙1
3 �;

where the T Œx�–module structure on F ŒT˙1
1
;T˙1

2
;T˙1

3
� is given by mapping T 2 T D ZŒT˙1� to T1

and x to the element

P WD T1T2T3CT �1
1 T �1

2 T3CT �1
1 T2T �1

3 CT1T �1
2 T �1

3 :

Similarly I #.Y;K/, with local coefficients defined as in [Kronheimer and Mrowka 2021a], is isomorphic to

.1.11/ yI.Y;KI�T /˝T Œx� F ŒT
˙1
0 ;T˙1

1 ;T˙1
2 ;T˙1

3 �˚2;

where the T Œx�–module structure on F ŒT˙1
0
;T˙1

1
;T˙1

2
;T˙1

3
� sends T 7! T0 and x 7! P .
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The isomorphisms between the local coefficients versions of I \.Y;K/ and I #.Y;K/ and the modules
(1.10) and (1.11) are given more precisely in Corollaries 8.41 and 8.37.

Although it is not clear from its definition, Theorem 1.9 suggests that the most recent version of I \.Y;K/

from [Kronheimer and Mrowka 2021a] can be regarded as an S1–equivariant theory, and similar results
hold for the other versions of singular instanton Floer homology in an appropriate sense. The knot
homology I \.Y;K/ is defined in [Kronheimer and Mrowka 2021a] only for characteristic 2 rings because
of a feature of instanton Floer homology for webs. On the other hand, the above theorem suggests that
this restriction is not essential. The above theorem also asserts that I \.Y;K/ is given by applying a
base change to a module defined over the subring F ŒT˙1

1
;P � of F ŒT˙1

1
;T˙1

2
;T˙1

3
�. Thus I \.Y;K/ is

essentially a module over this smaller ring, and the F ŒT˙1
1
;T˙1

2
;T˙1

3
�–module structure is obtained by

applying a formal algebraic construction. Furthermore, while I \.Y;K/ as defined in [Kronheimer and
Mrowka 2021a] only has a Z=2–grading, our invariant (1.10) comes equipped with a Z=4–grading.

Spherical knots and ADHM construction

For a spherical knot K, the moduli spaces of singular instantons involved in the definition of the chain
complex . zC�.Y;KI�/; zd/ can be characterized in terms of the moduli spaces of (nonsingular) instantons
on S4. In particular, it is reasonable to expect that the ADHM description of instantons on S4 can
be used to directly compute the S–complex . zC�.Y;KI�/; zd/. To manifest this idea, let Kp;q be the
.p; q/ two-bridge knot whose branched double cover is the lens space L.p; q/. Using the results of
Austin [1995] and Furuta [1990] we can compute part of the S–complex . zC�.Kp;qI�/; zd/. In particular,
a specialization of our instanton homology for Kp;q recovers a version of instanton homology for the lens
space L.p; q/ defined by Sasahira [2013] (see also [Furuta 1990]), which takes the form of a Z=4–graded
F–vector space I�.L.p; q//. For the following, let F4 WD F Œx�=.x2 C x C 1/ be the field with four
elements. (See Section 9.2.2 for more details.)

Theorem 1.12 There is an isomorphism of Z=4–graded vector spaces over F4,

I�.Kp;qI�F4
/Š I�.L.p;�q//˝F4;

where the local system �F4
is obtained from �T ˝F via the base change sending T to x.

Concordance invariants

We say a knot K in an integer homology sphere Y is homology concordant to a knot K0 in another integer
homology sphere Y 0 if there is an integer homology cobordism W from Y to Y 0 and a properly and
smoothly embedded cylinder S in W such that @S D�K[K0. In particular, a classical concordance for
knots in S3 produces a homology concordance. The collection of knots modulo this relation defines an
abelian group CZ, where addition is given by taking the connected sum of the knots within the connected
sum of the ambient homology spheres. The S–complex zC .Y;KI�/ can be used to define various algebraic
objects invariant under homology concordance.
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The simplest version of our concordance invariants is an integer-valued homomorphism from the homology
concordance group, and its definition is inspired by Frøyshov’s [2002] homomorphism h from the
homology cobordism group to the integers, a predecessor to the Heegaard Floer d–invariant of Ozsváth
and Szabó [2003] and Frøyshov’s monopole h–invariant [2010]. In fact, we obtain a homology concordance
homomorphism for each . zC�.Y;KI�S /; zd/ that depends on the choice of an R–algebra S and is denoted
by hS .Y;K/ 2 Z. Its basic properties are summarized as follows.

Theorem 1.13 Let S be an integral domain R–algebra. The invariant hS satisfies:

(i) hS .Y #Y 0;K#K0/D hS .Y;K/C hS .Y
0;K0/.

(ii) Suppose .W;S/ W .Y;K/! .Y 0;K0/ is a cobordism of pairs such that H1.W IZ/D 0, the homology
class of S is divisible by 4, and the double cover of W branched over S is negative definite. Then
we have

hS .Y;K/6 hS .Y
0;K0/:

In particular , hS induces a homomorphism from the homology concordance group to the integers , which
in turn induces a homomorphism from the smooth concordance group of knots in the 3–sphere to the
integers.

The cobordism .W;S/ appearing in (ii) is an example of what we call a negative definite pair in the sequel.
When K is a knot in the 3–sphere, we simply write hS .K/ for the invariant hS .S

3;K/, and similarly
for the other invariants we define. The two choices of S that we focus on are Z and T D ZŒT˙1�. For
the former choice we simply write h:

h.Y;K/ WD hZ.Y;K/:

The two invariants h and hT take on different values for simple knots in the 3–sphere. Some of our
computations from Section 9 are summarized as follows.

Theorem 1.14 We have the following computations for the invariants h and hT :

(i) For any two-bridge knot we have hD 0.

(ii) For the positive (right-handed ) trefoil we have hT D 1.

(iii) For the positive .3; 4/ and .3; 5/ torus knots we have hD 1.

(iv) For the following families of torus knots , we have hD 0:

(p; 2pkC 2/ for k > 1 and p � 1 .mod 2/;

(p; 2pk˙ .2�p// for k > 1 and p �˙1 .mod 4/:

Although Theorem 1.14 computes hT only for one knot, we expect that hT .K/ for a general knot can be
evaluated in terms of classical invariants of K. We will address this claim in a forthcoming work.
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Remark 1.15 Recently, Echeverria [2019] has used a version of the invariant hS .K/, and a 1–parameter
family variation of it, to study a Furuta–Ohta type invariant for tori embedded in a 4–manifold with the
integral homology of S1 �S3. ˘

A refinement of hS .Y;K/ has the form of a nested sequence of ideals of S ,

� � � � J S
iC1.Y;K/� J S

i .Y;K/� J S
i�1.Y;K/� � � � �S :

This sequence depends only on the homology concordance of .Y;K/, and recovers the invariant hS .Y;K/.
Its basic properties are summarized as follows.

Theorem 1.16 The nested sequence of ideals fJ S
i .Y;K/gi2Z in S satisfy:

(i) J S
i .Y;K/ �J

S
j .Y 0;K0/� J S

iCj .Y # Y 0;K # K0/.

(ii) If .W;S/ W .Y;K/! .Y 0;K0/ is a negative definite pair , J S
i .Y;K/� J S

i .Y
0;K0/.

(iii) hS .Y;K/Dmaxfi 2 Z W J S
i .Y;K/¤ 0g.

All of the constructions discussed thus far are derived from the chain homotopy type of the S–complex
zC .Y;KI�S /. However, there is more structure to exploit on this complex, coming from a filtration
induced by the Chern–Simons functional. (The terminology that we use for S–complexes with this extra
structure is an enriched S–complex. We refer the reader to Section 7.3 for a more precise definition.)

The Chern–Simons filtration can also be used to define homology concordance invariants. To illustrate
this, we associate �R

.Y;K /
W Z!R�0[1 to a pair .Y;K/ by adapting the construction of [Daemi 2020]

to our setup. Here R is any integral domain which is an algebra over the ring ZŒT˙1�. The function
�R
.Y;K /

depends only on the homology concordance class of .Y;K/. Some other properties are mentioned
in the following theorem. For a slightly stronger version see Theorem 7.24.

Theorem 1.17 Let .Y;K/ be a knot in an integer homology 3–sphere.

(i) The function �R
.Y;K /

is an invariant of the homology concordance class of .Y;K/.

(ii) For each i 2 Z, we have �R
.Y;K /

.i/ <1 if and only if i 6 hR.Y;K/.

(iii) For each i 2 Z, if �R
.Y;K /

.i/ 62 f0;1g, then it is congruent .mod Z/ to the value of the Chern–
Simons functional at an irreducible singular flat SU.2/ connection on .Y;K/.

A traceless SU.2/–representation for a pair .Y;K/ is a representation of �1.Y nK/ into SU.2/ such
that a (and hence any) meridian of K is mapped to an element of SU.2/ with vanishing trace. For
instance, the unknot has a unique conjugacy class of such representations, which, of course, has an
abelian image. Similarly, for a given homology concordance .W;S/ W .Y;K/! .Y 0;K0/, a traceless
representation is a homomorphism of �1.W nS/ into SU.2/ such that a meridian of S is mapped to a
traceless element of SU.2/. In particular, any traceless representation of the pair .Y;K/ (resp. .W;S/)
induces an SO.3/–representation of the orbifold fundamental group of the Z=2–orbifold structure on Y

(resp. W ) with singular locus K (resp. S ).
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The following is a corollary of the invariance of �S
.Y;K /

under homology concordances. (Compare to the
case for integer homology 3–spheres in [Daemi 2020, Theorem 3].)

Corollary 1.18 Let .W;S/ W .Y;K/! .Y 0;K0/ be a homology concordance with �R
.Y;K /

¤ �R
.S3;U /

.
Then there exists a traceless representation of .W;S/ that extends nonabelian traceless representations of
.Y;K/ and .Y 0;K0/. In particular , the images of �1.Y nK/ and �1.Y

0nK0/ in �1.W nS/ are nonabelian.

Note that the condition �R
.Y;K /

¤ �R
.S3;U /

is satisfied if hR.Y;K/¤ 0, examples for which can be found
in Theorem 1.14 (and more examples may be generated by additivity).

Further discussion

Functoriality of the S–complex zC .Y;KI�/ with respect to homology concordances plays the key role in
proving the desired properties of the above concordance invariants. In fact, if .W;S/ W .Y;K/! .Y 0;K0/

is a negative definite pair, then there is an induced morphism zC .W;S I�/ W zC .Y;KI�/! zC .Y 0;K0I�/

in the category of S–complexes, which preserves the Chern–Simons filtration, in the sense of enriched S–
complexes. This notion of functoriality implies that the chain complexes and homology groups constructed
from zC .Y;KI�/, such as yC .Y;KI�/, yI.Y;KI�/ and I.Y;KI�/, are functorial with respect to such
negative definite pairs.

The main reason that we develop the functoriality for this limited family of cobordisms is to avoid working
with moduli spaces of singular instantons that have reducible elements that are not cut out transversely.
To achieve a regular moduli space, one cannot simply perturb these connections, due to the well-known
phenomenon that equivariant transversality does not hold generically. However, there is enough evidence
to believe that at least the equivariant theory yC .Y;KI�/ (and hence the homology theory yI.Y;KI�/) is
functorial with respect to more general cobordisms. We plan to return to this issue elsewhere.

In addition to extending the theory to include more general cobordisms, the authors also expect that an
Alexander grading may be constructed on the homology groups studied here, perhaps adapting the ideas
used in [Kronheimer and Mrowka 2010a].

Kronheimer and Mrowka [2021b; 2013] introduced various concordance invariants out of the singular
instanton homology groups I #.S3;K/ and I \.S3;K/. In fact, they showed that their invariants can be
used to obtain lower bounds for the slice genus, unoriented slice genus, and unknotting number. Due to
our limited functoriality, at this point we cannot examine our concordance invariants in this generality
here. We hope that our conjectured functoriality for yC .Y;KI�/ allows us to achieve this goal. In light
of Theorem 1.9, we believe that this extended functoriality would be useful to answer the following:

Question 1.19 Is there any relationship between the concordance invariants of Kronheimer and Mrowka
[2021b; 2013] and the ideals fJ S

i .Y;K/gi2Z appearing in Theorem 1.16?
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In Section 8.8 we propose an approach to construct yet another family of concordance invariants which
we argue should recover the invariants in [Kronheimer and Mrowka 2021b]. Moreover, if K is a knot in
S3 satisfying the slice genus identity

.1.20/ g4.K/D�
1
2
�.K/;

such as the right-handed trefoil, then the functoriality developed in this paper allows us to carry out
the proposed construction. In particular, we show that the concordance invariants obtained from the
unreduced theory I #.S3;K/ and the reduced theory I \.S3;K/ in [loc. cit.] are essentially equal to each
other, a relation which is not obvious from the constructions of [loc. cit.]. For the knots satisfying (1.20),
we also give a partial answer to Question 1.19 by providing some relations between the concordance
invariants of [loc. cit.] and the ideals fJ S

i .Y;K/gi2Z.

Organization The necessary background on the gauge theory of singular connections, which was
developed by Kronheimer and Mrowka, is reviewed in Section 2. In particular, we devote Section 2.7 to
analyzing reducible singular ASD connections, which play an important role in our construction. The
definition of negative definite pair arises naturally from this analysis. The geometrical setup of Section 2
allows us to define the S–complex . zC .Y;K/; zd/ in Section 3. Some technical constructions involving
holonomy maps of singular connections used in Section 3 are explained in the appendix.

We make a digression in Section 4 to develop the homological algebra of S–complexes. In Sections 4.2
and 4.3, we give two models for the chain complexes underlying the equivariant homology groups yI , {I
and I . We also define tensor products (needed for Theorem 1.8) and duals of S–complexes in Section 4.
We use these operations to define a local equivalence group following the construction of [Stoffregen
2017]. The algebraic framework for the ideals J S

i .Y;K/ is defined in Section 4.7. Next, in Section 5,
the algebraic constructions of Section 4 are used to define equivariant Floer homology groups yI�.Y;K/,
{I�.Y;K/ and I�.Y;K/, and the concordance invariant h.Y;K/.

Theorem 1.8 on invariants of connected sums is proved in Section 6. In Section 7 we explain how one
can obtain additional algebraic structures on zC .Y;K/ using local coefficient systems. Here the general
concordance invariants hS .Y;K/, fJ S

i .Y;K/g and �R
.Y;K /

are defined. Theorem 1.9 is discussed in
detail in Section 8. In the final section we focus on computations, proving Theorems 1.12 and 1.14.
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2 Background on singular SU.2/ gauge theory

In this section we survey the relevant aspects of singular SU.2/ gauge theory. The objects we begin with
are SU.2/ connections on a homology 3–sphere which are singular along a knot, with limiting holonomies
of order 4 around small meridional loops. Most of the definitions and results are due to Kronheimer and
Mrowka [2011b]. The main difference in our setup is the presence of a distinguished flat reducible � . In
particular, we modify the holonomy perturbation scheme of [loc. cit.] so as to not disturb � , which is
isolated and nondegenerate in the moduli space of singular flat connections.

Next, we consider ASD connections on cobordisms of homology spheres which are singular along an
embedded cobordism of knots. We start with the product case, and then move to the arbitrary case. To
any such connection, we can associate an elliptic operator, called the ASD operator. We study the index
of such operators for reducible singular connections on a cobordism, which motivates the definition of
negative definite pairs. We also use the ASD operator to define an absolute Z=4–grading for irreducible
critical points using � , analogous to Floer’s grading in the nonsingular setting.

We review a formula due to Herald [1997] that expresses the signed count of singular flat SU.2/ connections
in terms of the Casson invariant of the homology 3–sphere and the signature of the knot. Finally, we
review the data needed to fix orientations on moduli spaces of singular ASD connections.

2.1 Singular SU.2/ connections

Let Y be an integer homology 3–sphere, and K � Y a smoothly embedded knot. Fix a rank 2 Hermitian
vector bundle E over Y with structure group SU.2/, with a reduction EjK DL˚L� over the knot for
some Hermitian line bundle L. Note that E and L are necessarily trivializable bundles. The pair .Y;K/
determines a smooth 3–dimensional Z=2–orbifold {Y , with underlying topological space Y and singular
locus K.

Choose a regular neighborhood of K � Y diffeomorphic to S1 �D2, in which K is identified with
S1 � f0g. Let .r; �/ 2D2 be polar coordinates normal to K. Define

�0 D b.r/ 1
4
i d�;

where b.r/ is a bump function equal to 1 for r < 1
2

and zero for r > 1. Then �0 is a one-form on Y nK

with values in iRD u.1/. Using trivializations of E and L that respect the splitting EjK DL˚L�, we
view B0 WD �0˚�

�
0

as a connection on EjY nK . The holonomy of this connection is of order 4 around
small meridional loops of K.

The adjoint bundle of E, written gE , is the subbundle of End.E/ consisting of skew-Hermitian endomor-
phisms, and has structure group SO.3/D Aut.su.2//. The singular connection B0 induces a connection
on gE denoted by Bad

0
. It has holonomy of order 2 around small meridional loops of K, so it extends to

an orbifold connection {Bad
0

on an orbifold bundle {gE over {Y , whose underlying topological bundle is gE .
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Fix k > 3, and choose a Riemannian metric go on Y with cone angle � along K, which induces a
Riemannian metric on the orbifold {Y . The space of SU.2/ connections on Y with singularities of order 4
along K is defined as

C .Y;K/D B0C
{L2

k;Bad
0

. {Y I {ƒ�˝{gE/:

The function space on the right-hand side consists of sections b of {ƒ�˝{gE such that rib are L2 for
0 6 i 6 k, where the orbifold connection r is defined using the Levi-Civita derivative induced by go

and the covariant derivative induced by the adjoint of B0. We have written {ƒ� for the orbifold bundle of
exterior forms on {Y .

The gauge transformation group G .Y;K/ consists of the orbifold automorphisms g of the bundle E

such that rB0
g 2 {L2

k;Bad
0

. Write B.Y;K/ D C .Y;K/=G .Y;K/ for the quotient configuration space.
The homotopy type of G .Y;K/ is the same as that of the space of continuous automorphisms of E

that preserve each factor of EjK D L˚L�, and this latter group may be identified with the space of
continuous maps g W Y ! SU.2/ such that g.K/� U.1/. We have an isomorphism

.2.1/ d W �0.G .Y;K//! Z˚Z; d.g/D .k; l/:

With the above homotopy identifications understood, the number k is the degree of the map g WY !SU.2/,
and l is the degree of the restriction gjK WK! U.1/.

2.2 The Chern–Simons functional and flat connections

There is defined a Chern–Simons functional CS W C .Y;K/!R, uniquely characterized up to a constant
as the functional whose formal L2 gradient is given by

.grad CS/B D
1

4�2
�FB

for each B 2 C .Y;K/, where FB is the curvature of B. For a gauge transformation g 2 G .Y;K/ with
homotopy invariants d.g/D .k; l/ as in (2.1), we have

CS.B/�CS.g.B//D 2kC l:

We thus obtain a circle-valued functional CS WB.Y;K/!R=Z, defined up to the addition of a constant,
denoted by the same name. The critical points of CS are flat connections on EjY nK with prescribed
holonomy around meridians of K. We denote by C�B.Y;K/ the set of gauge equivalence classes of
flat connections.

By choosing a basepoint in Y nK and taking holonomy around based loops in Y nK, we obtain a
homeomorphism between C and the traceless SU.2/ character variety,

.2.2/ X .Y;K/ WD f� W �1.Y nK/! SU.2/ j tr �.�/D 0g=SU.2/:

Here � is any meridional loop around K, and the action of SU.2/ is by conjugation. This correspondence
does not depend on the chosen basepoint.
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There is a distinguished class � 2B.Y;K/, the (flat) reducible, characterized as the orbit of flat connections
in C .Y;K/ corresponding to the unique conjugacy class of representations in (2.2) that factor through
H1.Y nKIZ/Š Z ��. We call a class of flat connections ŒB� 2 C nondegenerate if the Hessian of CS at
B is nondegenerate. The following result is implied by [Kronheimer and Mrowka 2011b, Lemma 3.13].
See also Proposition 2.32.

Proposition 2.3 The reducible � 2 C is isolated and nondegenerate.

Flat connections in the class � have G .Y;K/–stabilizer isomorphic to U.1/. Indeed, gauge stabilizers
arise as centralizers of holonomy groups, and the holonomy group of a connection in the class � is
conjugate to the subgroup f˙1;˙ig � SU.2/, with centralizer U.1/.

We note that � is not the only gauge equivalence class of reducible connections: any connection in
C .Y;K/ compatible with a reduction of EjY nK into a sum of line bundles also has stabilizer U.1/.
However, among such reducibles, the connections in the orbit � are the only ones that are flat. As the
other reducibles are not relevant to the sequel, we feel justified in calling � the reducible, with “flat” being
implicit.

We see now that C may be written as the disjoint union f�g tCirr, where Cirr consists of flat irreducible
connection classes, each with G .Y;K/–stabilizer f˙1g. Finally, we may fix the ambiguity in the definition
of CS WB.Y;K/!R=Z by declaring that CS.�/D 0.

2.3 The flip symmetry

There is an involution � on the configuration space B.Y;K/, defined as follows. Consider a flat Z=2

bundle-with-connection � over Y nK with holonomy �1 around meridians of K, corresponding to a
generator of H 1.Y nKIZ=2/. Then for ŒB� 2B.Y;K/ we have

.2.4/ �ŒB�D ŒB˝ ��:

The involution � is the “flip symmetry” considered, for example, in [Kronheimer and Mrowka 1993,
Section 2(iv)]. (The flip symmetry there is in fact in the 4–dimensional setting, but is defined similarly.)
Although the involution � will not play an essential role in most of the sequel, it inevitably appears in the
structure of our examples in Section 9. In forthcoming work, we give a more systematic study of the
interaction of � with the S1–equivariant theories introduced throughout this paper.

The flip symmetry � restricts to an involution on the critical set C. In terms of the character variety X .Y;K/,
the action of � is induced by the assignment which sends a representation � W �1.Y nK/! SU.2/ to the
representation �� � �, where �� is the unique nontrivial representation �� W �1.Y nK/! f˙1g, again
corresponding to a generator of H 1.Y nKIZ=2/. (In particular, note that �� itself does not define a
class in X .Y;K/.) From this it is clear that �.�/D � . More generally, the following elementary lemma
is observed in [Poudel and Saveliev 2017], where this involution on the character variety is studied:
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Lemma 2.5 An element of the critical set C is fixed by the flip symmetry � if and only if its corresponding
representation class in X .Y;K/ has image in SU.2/ conjugate to a binary dihedral subgroup.

2.4 Perturbing the critical set

In general, the critical set Cirr is degenerate. To fix this, we add a small perturbation to the Chern–Simons
functional. Kronheimer and Mrowka [2011b, Section 3] use holonomy perturbations modeled after those
used in the nonsingular setting; see [Taubes 1990; Donaldson 1987; Floer 1988]. Although not essential,
we would like to have a class of perturbations that leave the reducible alone, just as in Floer’s instanton
homology for integer homology 3–spheres.

We first describe the perturbations used in [Kronheimer and Mrowka 2011b, Section 3]. Suppose that
q W S1 �D2 ! Y nK is a smooth immersion. Let s and z be the coordinates of S1 D R=Z and D2,
respectively. Consider the bundle GE! Y whose sections are gauge transformations in G .Y;K/, and
for each B 2 C .Y;K/ and z 2 D2 let Holq.�;z/.B/ 2 .GE/q.0;z/ be the holonomy of B around the
corresponding loop based at q.0; z/. As z varies we obtain a section Holq.B/ of the bundle q�.GE/ over
the disk D2.

Suppose we have a tuple of such immersions, q D .q1; : : : ; qr /, with the property that they all agree on
Œ��; ���D2 for some � > 0. The bundles q�j .GE/ are canonically isomorphic over this neighborhood,
and for each B 2 C .Y;K/, the holonomy maps define a section Holq.B/ W D2 ! q�

1
.Gr

E
/. Choose a

smooth function h W SU.2/r !R which is invariant under the diagonal adjoint action on the factors. Then
h also defines a function on q�

1
.Gr

E
/. Choose a nonnegative 2–form � supported on the interior of D2

with integral 1. Define

fq.B/D

Z
D2

h.Holq.B// �:

Kronheimer and Mrowka call such functions cylinder functions. The space of perturbations they consider
is a Banach space completion of sums of cylinder functions where q and h run over a fixed dense set.
This Banach space is called P.

When adding a cylinder function to the Chern–Simons functional, the reducible � may be perturbed.
To avoid this, consider the point in SU.2/r obtained by choosing a representative connection for � and
taking its holonomy around the loops q1; : : : ; qr . The orbit of this point under the conjugation action of
SU.2/ defines a subset O� � SU.2/r independent of the choice of the representative for � . Note that if
h W SU.2/r ! R is constant on a neighborhood of O� then any associated cylinder function fq which
is small leaves the reducible � unperturbed, isolated and nondegenerate. We may form a Banach space
P 0 �P of such perturbations. We write C� for the critical set of the Chern–Simons functional perturbed
by � 2P.

Proposition 2.6 There is a residual subset of P 0 such that for all sufficiently small � in this subset , the
set of irreducible critical points Cirr

� of the perturbed Chern–Simons functional is finite and nondegenerate ,
and C� D f�g tC

irr
� , where � remains nondegenerate.
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Sketch of the proof This is an analogue of [Kronheimer and Mrowka 2011b, Proposition 3.10], and the
proof is similar. The essential point is that for any compact finite-dimensional submanifold M of the
space of irreducibles in B.Y;K/ the restrictions of the perturbation functions in P 0 form a dense subset
of C1.M /.

Remark 2.7 Donaldson [2002, Section 5.5] uses a different class of holonomy perturbations to deform
the ordinary, nonsingular flat equation. As mentioned in [Kronheimer and Mrowka 2011b, Section 3], this
approach may also be adapted to the singular setting. The above perturbations are modified as follows:
each immersion qj from above is assumed to be an embedding, but we no longer require that the qj agree
on Œ��; ���D2; and we now require that h W SU.2/r !R is invariant under the adjoint action on each
factor separately. Following the discussion in [Donaldson 2002, Section 5.5], we may proceed just as in
the nonsingular case, ensuring that the reducible remains unmoved and nondegenerate. ˘

Remark 2.8 Although not needed in the sequel, we may actually perturb the Chern–Simons functional,
keeping the reducible isolated and nondegenerate, and achieving nondegeneracy at the remaining elements
of the critical set, by a perturbation which is invariant with respect to the flip symmetry �. If qD .q1; : : : ; qr /

is as above, the involution � either fixes the holonomy of a singular connection along a loop qi or changes
it by a sign, depending on whether the homology class of qi is an even or odd multiple of the meridian
of K. This induces an action of Z=2 on SU.2/r and we consider functions h W SU.2/r ! R which are
additionally invariant with respect to this Z=2–action. The induced function on B.Y;K/ is invariant
with respect to the action of �. We may proceed as above to define a space P 00 and an analogue of
Proposition 2.6 holds for this more constrained space of perturbations. Indeed, in this new setup we
must show that for M a compact �–invariant submanifold of irreducibles in B.Y;K/, the restrictions
of functions in P 00 is dense in the space of �–invariant smooth functions on M ; this can be done as in
[Wasserman 1965]. ˘

2.5 Gradient trajectories and gradings

Solutions to the formal L2 gradient flow of the Chern–Simons functional satisfy the anti-self-duality
(ASD) equations on the cylinder ZDR�Y. To describe the latter, we consider connections ADBCC dt

on Z, where B is a t–dependent singular SU.2/ connection on .Y;K/, and C is a t–dependent section in
{L2

k
. {Y I {gE/. Then the 4–dimensional ASD equations on R�Y, perturbed by a holonomy perturbation � ,

are

.2.9/ FC
A
C yV�.A/D 0:

Here yV�.A/ is the projection of dt ^ V�.A/ to the self-dual bundle-valued 2–forms, where V� is the
pullback of the gradient of the perturbation � of the Chern–Simons functional. Solutions A to (2.9) are
called (singular) instantons on the cylinder.
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Let � 2P 0 be a perturbation such that Cirr
� is finite and nondegenerate. Consider irreducible classes

˛i D ŒBi � 2 Cirr
� for i D 1; 2. Let A0 be a connection on R � Y as written above, which agrees with

pullbacks of B1 and B2 for large negative and large positive t 2 R, respectively. The connection A

determines a path 
 W R! B.Y;K/, constant outside of a compact set. From this we have a relative
homotopy class z D Œ
 � 2 �1.B.Y;K/Iˇ1; ˇ2/. We then have a space of connections

C
 .Z;S IB1;B2/D fA jA�A0 2
{L2

k;Aad
0
. {ZI {gF ˝

{ƒ1/g;

where S DR�K, and {Z is the Z=2–orbifold with the underlying space Z and singular locus S . The
corresponding gauge transformation group G
 .Y;KIB1;B2/ consists of orbifold automorphisms g of E

with rA0
g 2 {L2

k;A0
. We then have the quotient space

Bz.Y;KI˛1; ˛2/D C
 .Z;S IB1;B2/=G
 .Z;S IB1;B2/:

The associated moduli space of ASD connections on the cylinder is defined as

Mz.˛1; ˛2/D fŒA� 2Bz.Y;KI˛1; ˛2/ j F
C

A
C yV�.A/D 0g:

We write M.˛1; ˛2/ for the disjoint union of the Mz.˛1; ˛2/ as z ranges over all relative homotopy
classes from ˛1 to ˛2. There is an R–action on M.˛1; ˛2/ induced by translation in the R–factor of the
cylinder R�Y. This action is free on nonconstant trajectories; we write {M .˛1; ˛2/ for the subset of the
quotient M.˛1; ˛2/=R which excludes the constant trajectories. We have a relative grading

grz.˛1; ˛2/D ind.DA/D vdim Mz.˛1; ˛2/ 2 Z:

Here A is any connection in C
 .Z;S IB1;B2/, for example A D A0; and the elliptic operator DA D

�d�
A
˚ .dC

A
CD yV�/ is the linearized (perturbed) ASD operator with gauge fixing:

.2.10/ DA W
{L2

k;Aad. {ZI {gF ˝
{ƒ1/! {L2

k�1;Aad. {ZI {gF ˝ .{ƒ
0
˚ {ƒC//:

We have written vdim Mz.˛1; ˛2/ for the virtual dimension of the moduli space; when dC
A
CD yV� is

surjective, we say that ŒA�2Mz.˛1; ˛2/ is a regular solution, and when this is true for all ŒA�2Mz.˛1; ˛2/,
we say that the moduli space is regular. When Mz.˛1; ˛2/ is regular, it is a smooth manifold of
dimension grz.˛1; ˛2/. We write M.˛1; ˛2/d for the disjoint union of moduli spaces Mz.˛1; ˛2/ with
grz.˛1; ˛2/D d , and {M .˛1; ˛2/d�1 DM.˛1; ˛2/d=R. In general, our conventions will be compatible
with the rule that a subscript d 2 Z in the notation for a moduli space is equal to its virtual dimension.

Now we slightly diverge from [Kronheimer and Mrowka 2011b] and consider moduli spaces with reducible
flat limits. This is done exactly as in [Floer 1988]. When one or both of ˛i are reducible, then in the
definition of Mz.˛1; ˛2/ we consider classes ŒA� such that A�A0 is in

.2.11/ � {L2
k;Aad

0
. {ZI {gF ˝

{ƒ1/;

a weighted Sobolev space. The weight � WZ!R is a smooth function equal to e�"jt j for some sufficiently
small "> 0 and jt j� 0. In particular, our sections decay exponentially along the ends of the cylinder. With
this modification, we may define DA and grz.˛1; ˛2/D ind.DA/ when one or both of ˛i are reducible.
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The following is adapted from [Kronheimer and Mrowka 2011b, Proposition 3.8], and differs by our
inclusion of the reducible � and our restrictions on perturbations from the previous subsection. The
essential point is that the only reducible element of Mz.˛1; ˛2/ is the constant solution associated to � ,
which we already know is regular by Proposition 2.32. Now similar arguments as in [Donaldson 2002,
Chapter 5] can be used to verify the following proposition.

Proposition 2.12 Suppose �0 2P 0 is a perturbation such that the critical points of C�0
D f�g[Cirr

�0
are

nondegenerate. Then there exists � 2P 0 such that

(i) f� D f�0
in a neighborhood of the critical points of CSCf�0

,

(ii) the critical sets for the two perturbations are the same , C� D C�0
, and

(iii) all moduli spaces Mz.˛1; ˛2/ for the perturbation � are regular.

Remark 2.13 The involution � may be defined on the singular connection classes we consider here on
R�.Y;K/, just as in (2.4), using the pullback of � . Following the discussion at the end of Section 2.4, we
may in fact choose a perturbation which is invariant under the involution � and such that the conclusions
of Proposition 2.12 hold. The key point is that before perturbing, there are no nonconstant gradient flow
lines invariant under �. ˘

From now on we assume that the perturbation � in the definition of the moduli spaces Mz.˛1; ˛2/ is
chosen such that the claims in Propositions 2.6 and 2.12 hold. Some other important properties of the
moduli spaces are summarized as follows. The first is essentially Proposition 3.22 of [Kronheimer and
Mrowka 2011b].

Proposition 2.14 Let ˛1; ˛2 2 C� . If Mz.˛1; ˛2/ is of dimension less than 4, then the space of
unparametrized broken trajectories {MC

z .˛1; ˛2/ is compact.

Recall that an element of {MC
z .˛1; ˛2/, an unparametrized broken trajectory, is by definition a collection

ŒAi � 2 {Mzi
.ˇi ; ˇiC1/ for i D 1; : : : ; l � 1, with ˇ1 D ˛1 and ˇl D ˛2, and such that the concatenation of

the homotopy classes zi is equal to z. We use the standard approach to topologize {MC
z .˛1; ˛2/.

The second result follows from Corollary 3.25 of [Kronheimer and Mrowka 2011b], and is special to our
hypothesis that our model singular connection has order 4 holonomy around meridians.

Proposition 2.15 Given d > 0, there are only finitely many ˛1; ˛2 2 C� and z such that Mz.˛1; ˛2/ is
nonempty and grz.˛1; ˛2/D d .

In particular, {M .˛1; ˛2/0 is a finite set of points.
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We now discuss some aspects of these gradings. Let g 2 G .Y;K/ have homotopy invariants d.g/D .k; l/

as in (2.1). Choose ˛ D ŒB� 2B.Y;K/, and let z 2 �1.B.Y;K/I˛/ be the homotopy class induced by a
path from B to g.B/. Then

.2.16/ grz.˛; ˛/D 8kC 4l;

see [Kronheimer and Mrowka 2011b, Lemma 3.14]. From standard linear gluing theory, as in [Donaldson
2002, Chapter 3], when ˛2 is nondegenerate and irreducible we have

.2.17/ grz12
.˛1; ˛2/C grz23

.˛2; ˛3/D grz13
.˛1; ˛3/;

where z13 is the concatenation of z12 and z23. Using (2.16) and (2.17) we conclude that grz.˛1; ˛2/

modulo 4 does not depend on the homotopy class z, and we set

gr.˛1; ˛2/ WD grz.˛1; ˛2/ mod 4:

This defines a relative Z=4–grading on the irreducible critical set Cirr
� . We lift this to an absolute Z=4–

grading using the reducible, analogous to Floer [1988]: for ˛ 2 Cirr
� , set

.2.18/ gr.˛/ WD grz.˛; �/ mod 4

for any choice of homotopy class z. Now (2.17) does not hold when ˛2 D � ; as the dimension of the
gauge stabilizer of � is 1D dim U.1/, by [Donaldson 2002, Section 3.3.1] we instead have

.2.19/ grz12
.˛1; �/C 1C grz23

.�; ˛3/D grz13
.˛1; ˛3/:

In particular, if we write gr.˛/D grY .˛/ 2 Z=4 to emphasize the underlying 3–manifold Y, we obtain
the orientation-reversing property

.2.20/ gr�Y .˛/� 3� grY .˛/ mod 4:

From (2.19) we deduce the following, which is analogous to part of the compactness principle in the
nonsingular setting; see Section 5.1 of [Donaldson 2002].

Proposition 2.21 Let ˛1; ˛2 2 C
irr
� . If Mz.˛1; ˛2/ is of dimension less than 3, then {MC

z .˛1; ˛2/ has no
broken trajectories that factor through � .

Indeed, suppose a broken trajectory .ŒA1�; : : : ; ŒAl�1�/ factors through the reducible N > 1 times. Note
that l > 3. Then from our discussion thus far we have

grz.˛1; ˛2/D

l�1X
iD1

grzi
.ˇi ; ˇiC1/CN > l � 1CN > 3;

where we use grzi
.ˇi ; ˇiC1/D ind.DAi

/� 1 because Ai is a nonconstant singular instanton. Thus we
must have grz.˛1; ˛2/D dim Mz.˛1; ˛2/> 3 for such a factoring to occur. Note that in the nonsingular
setting, the dimension of the moduli space must be less than 5 to avoid breaking at the reducible. This is
because the dimension of the stabilizer of the reducible in that setting is 3D dim SO.3/ instead of 1.
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2.6 Moduli spaces for cobordisms

We next discuss moduli spaces of instantons on cobordisms. Suppose we have a cobordism of pairs
.W;S/ W .Y;K/! .Y 0;K0/ between two homology 3–spheres Y and Y 0 with embedded knots K and
K0, respectively. More precisely, W is an oriented 4–manifold with boundary Y 0t�Y, and S �W is an
embedded surface intersecting the boundary transversely with @S D S \ @W DK tK0. Although it is
possible to consider unoriented surfaces as in [Kronheimer and Mrowka 2011a], in this paper we will only
be concerned with the case in which S is connected and oriented. For a pair of composable cobordisms
.W1;S1/ and .W2;S2/, we write .W2;S2/ı.W1;S1/D .W2 ıW1;S2 ıS1/ for the composite cobordism.

Given a cobordism .W;S/ W .Y;K/! .Y 0;K0/, equip W with an orbifold metric that has a cone angle �
along S , and which is a product near the boundary. Let W C (resp. SC) be obtained from W (resp. S)
by attaching cylindrical ends to the boundary, and extend the metric data in a translation-invariant
fashion. Given classes ˛ 2B.Y;K/ and ˛0 2B.Y 0;K0/, choose an SU.2/ connection A on W C singular
along SC such that the restrictions of A to the two ends are in the gauge equivalence classes of ˛
and ˛0. The homotopy class of A mod gauge rel ˛; ˛0 will be denoted by z. Similar to the definition of
Bz.Y;KI˛1; ˛2/ in the cylindrical case, we may form Bz.W;S I˛; ˛0/, the gauge equivalence classes of
singular connections on W C whose representatives differ from A by elements of regularity {L2

k
. Just as

in the cylindrical case, when either of ˛ or ˛0 is reducible, we use an appropriately weighted Sobolev
norm for the end(s).

Remark 2.22 For a general discussion of the possibilities for the model connection and the associated
“singular bundle data” see [Kronheimer and Mrowka 2011a, Section 2]. However, the construction of
[Kronheimer and Mrowka 1993, Section 2] suffices for our purposes. In particular, we restrict our attention
to the case of structure group SU.2/. ˘

We may then form the moduli space of instantons Mz.W;S I˛; ˛0/ �Bz.W;S I˛; ˛0/. The perturbed
instanton equation defining the moduli space Mz.W;S I˛; ˛0/ is of the following form along the incoming
end .�1; 1��Y �W C:

FC
A
C .t/ yV�.A/C 0.t/ yV�0

.A/D 0:

Here � and �0 are perturbations on R�Y as in (2.9), and  .t/D 1 for t < 0 and 0 at t D 1, while  0.t/ is
supported on .0; 1/. We always choose � 2P 0 such that C� �B.Y;K/ is as in Propositions 2.6 and 2.12.
Similar remarks hold for the other end. For generic choices of �0 and its analogue at the end of Y 0 the
irreducible part of the moduli space Mz.W;S I˛; ˛0/ is cut out transversally, and is a smooth manifold of
dimension d , where d D ind.DA/DW grz.W;S I˛; ˛0/. (For more details see [Kronheimer and Mrowka
2011b; 2007, Section 24].) Here DA is the linearized ASD operator on .W C;SC/, analogous to (2.10),
defined using Sobolev spaces with exponential decay at the ends with reducible limits, as in (2.11). Write

M.W;S I˛; ˛0/d D
[

grz .W ;S I˛;˛
0/Dd

Mz.W;S I˛; ˛0/:
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Note that grz.I � .Y;K/I˛1; ˛2/D grz.˛1; ˛2/. Furthermore, the linear gluing formulae for grz.˛1; ˛2/

in the cylindrical case extend in this more general context. In particular, for cobordisms .W;S/ W .Y;K/!

.Y 0;K0/ and .W 0;S 0/ W .Y 0;K0/! .Y 00;K00/ with composite cobordism .W 00;S 00/D .W 0;S 0/ı .W;S/,
we have

grz.W;S I˛; ˛0/C dim Stab.˛0/C grz0.W
0;S 0I˛0; ˛00/D grz00.W

00;S 00I˛; ˛00/;

where Stab.˛0/� G .Y 0;K0/ is isomorphic to f˙1g if ˛0 is irreducible, and U.1/ if it is reducible. Just as
in the cylindrical case, the mod 4 congruence class of grz.W;S I˛; ˛0/ is independent of z, and for this
we write gr.W;S I˛; ˛0/ 2 Z=4.

An unparametrized broken trajectory for Mz.W;S I˛; ˛0/ is a triple consisting of an instanton in
Mz2

.W;S Iˇ; ˇ0/ and unparametrized broken trajectories in {MC
z1
.˛; ˇ/ and {MC

z3
.ˇ0; ˛0/, where ˇ and

ˇ0 are critical points for Y and Y 0, and z D z3 ı z2 ı z1. The space of such broken trajectories is denoted
by MC

z .W;S I˛; ˛0/.

Remark 2.23 When z is dropped from either Bz.W;S I˛; ˛0/ or Mz.W;S I˛; ˛0/, it should be under-
stood that we are considering the union over all homotopy classes z. ˘

Suppose ŒA�2Bz.W;S I˛; ˛0/ is a singular connection for the pair .W;S/. Then the action, or topological
energy, of ŒA� is defined to be the Chern–Weil integral

�.A/ WD
1

8�2

Z
W CnSC

Tr.FA ^FA/:

Instantons ŒA� are characterized as having energy equal to 8�2�.A/, and in particular �.A/ > 0, with
equality if and only if A is flat. Furthermore,

.2.24/ 2�.A/D CS.˛/�CS.˛0/� 1
8
S �S mod Z:

In this paper we will focus on the case in which the homology class of S is divisible by 4, in which case
we can ignore the term 1

8
S �S in this formula. Next, we define the monopole number of ŒA�, denoted

by �.A/, by the integral

�.A/ WD
i

�

Z
SC

�:

The connection FA extends to the singular locus SC, and � in the above formula is a 2–form with values
in the orientation bundle of SC such that the restriction of FA to the singular locus has the form

FAjSC D

�
� 0

0 ��

�
:

The numbers �.A/ and �.A/ are invariants of the homotopy class z, and determine it. Moreover, the
dimension d of a moduli space M.W;S I˛; ˛0/d is determined by �.A/, and the homotopy classes z of
the components of M.W;S I˛; ˛0/d are distinguished by their monopole numbers �.A/.
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The flip symmetry of Section 2.3 extends to the case in which the homology class of S is a multiple of 2

within H2.W IZ/. In this case, there exists a flat Z=2 bundle-with-connection � over W C nSC with
holonomy �1 around small circles linking S ; then �ŒA� WD ŒA˝ �� as before. We have the relations

.2.25/ �.�A/D �.A/ and �.�A/D��.A/:

See [Kronheimer and Mrowka 1993, Lemma 2.12]. In particular, note that when .W C;SC/ is a cylinder,
the monopole number is negated under �.

2.7 Reducible connections and negative definite pairs

The goal of this subsection is to study the reducible solutions of the ASD equation on a cobordism of
pairs .W;S/ W .Y;K/! .Y 0;K0/ between knots in integer homology 3–spheres. Any such connection is
necessarily asymptotic to the reducibles associated to .Y;K/ and .Y 0;K0/. The following lemma gives a
formula for the index of the ASD operator associated to a connection that is asymptotic to reducibles.

Lemma 2.26 Suppose the connection A represents an element of Bz.W;S I �; � 0/. Then

.2.27/ ind.DA/D 8�.A/� 3
2
.�.W /C�.W //C�.S/C 1

2
S �S C �.K/� �.K0/� 1;

where �.W / and �.K/ are , respectively, the signature of the 4–manifold W and the signature of the
knot K, and for a topological space X , �.X / denotes the Euler characteristic of X .

Proof We first compute the index for a slightly simpler case. Suppose that .X; †/ has only one outgoing
end .Y;K/, the homology class of † is trivial, and zX denotes a branched double cover of X branched
along † with covering involution � W zX ! zX . There is a flat singular connection associated to the pair
.X; †/ such that after lifting up to zX and taking the induced SO.3/ adjoint connection, it can be extended
to the trivial connection over zX . As an alternative description, we may consider the involution on the
trivial bundle R3 over zX which lifts the involution � and is given by

.2.28/ ..v1; v2; v3/;x/ 2R3
� zX 7! ..v1;�v2;�v3/; �.x//:

The quotient by this involution sends the trivial connection to an orbifold SO.3/ connection on X which
lifts to our desired SU.2/ reducible singular connection A0.

We define the ASD operator DA0
in the same way as before, using weighted Sobolev spaces with

exponential decay at the end. From the description of A0, it is clear that ker.DA0
/ is isomorphic as a

vector space to the subspace of

H 1. zX IR/DH 1. zX /˝R3

which is invariant under the involution induced by (2.28); this induced involution may be identified with
�� ˝ diag.1;�1;�1/, where �� acts on H 1. zX / and the diagonal matrix acts on R3. We obtain that
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ker.DA0
/ is isomorphic to H 1

C.
zX /˚H 1

�.
zX /˚2, where H i

˙
. zX / denotes the .˙1/–eigenspace of the

action of � on the cohomology group H i. zX /. A similar argument applies to the cokernel. In summary,

ker.DA0
/ŠH 1

C.
zX /˚H 1

�.
zX /˚2;.2.29/

coker.DA0
/ŠHCC .

zX /˚HC� .
zX /˚2

˚H 0. zX /:.2.30/

A straightforward calculation shows that

.2.31/ ind.DA0
/D�.�. zX /C�. zX //C 1

2
.�.X /C�.X //� 1

2
:

We further specialize to the case that .X; †/ is obtained by first pushing a Seifert surface for K � f1g�Y

into Œ0; 1��Y and then capping the incoming end of Œ0; 1��Y with a 4–manifold X with boundary Y.
The signature of the 4–manifold obtained as the branched double cover of the Seifert surface † pushed
into Œ0; 1��Y is equal to the signature of K. Therefore, in this case we have

�. zX /D 2�.X /C �.K/ and �. zX /D 2�.X /��.†/;

and the formula in (2.31) simplifies to

�
3
2
.�.X /C�.X //� �.K/C�.†/� 1

2
:

Applying a similar construction as above to the pair .Y 0;K0/ and then changing the orientation of the
underlying 4–manifold produces a pair .X 0; †0/ with boundary .�Y 0;K0/ and a reducible singular flat
connection A0

0
. A similar argument as above shows

ind.DA0
0
/D�3

2
.�.X 0/C�.X 0//C �.K0/C�.†0/� 1

2
:

Gluing .X; †/, .W;S/ and .X 0;S 0/ produces a closed pair .W ;S/. We may also glue A0, A and A0
0

to
obtain a singular connection xA on .W ;S/ with the same topological energy as A. Additivity of the ASD
indices implies that

ind.D xA/D ind.DA0
/C ind.DA/C ind.DA0

0
/C 2;

where the appearance of the term 2 on the left-hand side is due to reducibility of the connections � and � 0.
Now we can obtain (2.27) using the index formula in the closed case [Kronheimer and Mrowka 1993]
and our calculation of the indices of A0 and A0

0
.

The same elementary observation which was used in (2.29)–(2.30) implies:

Proposition 2.32 Suppose a cobordism of pairs .W;S/ has a double branched cover � W zW !W. Let A

be a singular connection on .W;S/ for some singular bundle data. If the nonsingular connection ��Aad

is a regular ASD connection on zW, then A is regular. In particular , if ��Aad is trivial and bC. zW /D 0,
then A is regular.

To simplify our discussion about reducible singular instantons, we henceforth assume H1.W IZ/D 0,
bC.W /D 0, and S is an orientable surface of genus g whose homology class is divisible by 4. By a
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slight abuse of notation, we write S for both the homology class of S and its Poincaré dual. The space
of reducible elements of the moduli spaces Mz.W;S I �; � 0/ (with the trivial perturbation term) is in
correspondence with the set of isomorphism classes of U.1/–bundles on W. For any line bundle L on W,
there is a U.1/ reducible singular ASD connection AL WD �˚�

� such that � is a singular ASD connection
on L, defined over W CnSC. The connection � has the property that its holonomy along a meridian of S

is asymptotic to i (rather than �i) as the size of the meridian goes to zero. The topological energy and
the monopole number of AL are given as

�.AL/D�.c1.L/C
1
4
S/ � .c1.L/C

1
4
S/ and �.AL/D 2c1.L/ �S C

1
2
S �S:

In particular, the topological energy is strictly positive unless c1.L/C
1
4
S is a torsion cohomology class.

By requiring H1.W IZ/ D 0, we guarantee that there is a unique reducible instanton with vanishing
topological energy and monopole number.

The index formula of Lemma 2.26, under the current assumptions, simplifies to

ind.DAL
/D 8�.AL/� 2gC 1

2
S �S C �.K/� �.K0/� 1

D 8�.AL/C 2.b1. zW /� bC. zW //� 1;

where zW denotes the double cover of W branched along S , and the second identity can be derived from
the standard identities

�. zW /D 2�.W /� �.K/C �.K0/� 1
2
S �S and �. zW /D 2�.W /��.S/:

As another observation about the topology of zW, note that b1. zW /D 0. This is shown, for example, in
[Rokhlin 1971] for the case that the pair .W;S/ is a closed pair and the homology class of S is nontrivial
and a similar argument can be used to verify the same identity in our case. In fact, we can reduce our case
to the closed case by gluing the pairs .X; †/ and .X 0; †0/ as in the proof of Lemma 2.26. We may also
assume that the homology class of S is nontrivial by taking the connected sum with the pair .CP2;B/,
where B is a surface representing a nontrivial homology class.

Definition 2.33 A cobordism of pairs .W;S/ W .Y;K/! .Y 0;K0/ between knots in integer homology
3–spheres is a negative definite pair if H1.W IZ/D 0, bC.W /D 0, the homology class of S is divisible
by 4, and bC. zW /D 0. The latter condition about the branched double cover can be replaced with the
identity

�.K0/D �.K/C 1
2
S �S C�.S/: ˘

For a negative definite pair .W;S/, ind.DAL
/ is equal to 8�.AL/� 1. In particular, the flat reducible

A0 has index �1, and it is regular and has 1–dimensional stabilizer. All remaining reducibles have
higher indices. In fact, we may assume that all the other reducibles are also regular [Culler et al. 2020,
Section 7.3]. However, we do not need this fact in the sequel. As the moduli space M.W;S I �; � 0/0

defined with trivial perturbation contains a unique regular reducible with vanishing � and �, the same is
true for a small enough perturbation.
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Example 2.34 For any pair .Y;K/ of a knot in an integer homology sphere, the product

.Œ0; 1��Y; Œ0; 1��K/

is a negative definite pair. We fix two perturbations of the Chern–Simons functional for .Y;K/ and a
perturbation of the ASD connection on the cobordism associated to the product cobordism. The above
discussion shows that if the perturbation of the ASD equation is small enough, then M.W;S I �; � 0/0

contains a unique regular reducible with vanishing topological energy and monopole number. Here the
ASD equation is defined with respect to an orbifold metric, which is not necessarily a product metric. ˘

Example 2.35 Any homology concordance .W;S/ W .Y;K/! .Y 0;K0/, as defined in the introduction,
is a negative definite pair. ˘

For a negative definite pair .W;S/, we may use the discussions of the previous and present sections
to ensure the regularity of the moduli spaces M.W;S I˛; ˛0/z of expected dimension at most 3. The
analogues of Propositions 2.14 and 2.15 carry over as stated to the setting of noncylindrical cobordisms.
However, we note that the analogue of Proposition 2.21 requires Mz.W;S I˛; ˛0/ to be regular and of
dimension less than 2, instead of 3.

We close this subsection with some remarks on compactness and gluing theory for singular instantons.
Let .W;S/ be a cobordism with auxiliary data as in Section 2.6. For simplicity of notation to follow
we assume .W;S/ W∅! .Y;K/, ie it has one boundary component .Y;K/. We assume that the critical
set C� is nondegenerate, and all moduli spaces Mz.W;S I˛/ for ˛ 2 C� are unobstructed and smooth.

Suppose ˛ is irreducible, and let ˇ1; : : : ; ˇl 2 C
irr
� with ˇl D ˛. For any homotopy classes z1; : : : ; zl with

concatenation equal to z, there is a gluing map of the form

Mz1
.W;S Iˇ1/�R>0 �

{Mz2
.ˇ1; ˇ2/�R>0 � � � � �R>0 �

{Mzl
.ˇl�1; ˇl/!Mz.W;S I˛/;

which is an embedding. In many cases we consider, the moduli space M.W;S I˛/ is compact away from
the image of this gluing map. There are only two other sources of noncompactness that might occur. The
first is from bubbling, which can occur only when ind.DA/ > 4 for instantons ŒA� 2Mz.W;S I˛/. We
will always be in a situation where bubbling can be avoided.

The other source of noncompactness comes from reducible connections. This case is important for us in
the sequel. Suppose above that some ǰ for 1< j < l is reducible, ie ˇ D � . Then the relevant gluing
map in this situation takes the form

� � � � {Mzj . ǰ�1; �/�S1
�R>0 �

{MzjC1
.�; ǰC1/� � � � !Mz.W;S I˛/;

where the rest of the domain is as before. The factor S1 of “gluing parameters” may be identified with
the stabilizer of � . In general one can glue along multiple reducibles, but in the sequel we will only see
the above case.
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Finally, consider the case in which ˇ1 D � is reducible, and Mz1
.W;S I �/D fŒA1�g contains a unique

regular reducible ŒA1� and no irreducibles. There is a gluing map

fŒA1�g �R>0 �
{Mz2
.�; ˇ2/�R>0 � � � � �R>0 �

{Mzl
.ˇl�1; ˇl/!Mz.W;S I˛/;

where as before, the ǰ for j > 1 are irreducible. Here there is no gluing parameter as in the previous case;
from another viewpoint, the gluing parameter cancels with the stabilizer of A1. Compare the discussion
in [Donaldson and Kronheimer 1990, page 325].

The situations we encounter below are all minor variations of the above. We will allow .W;S/ to have
multiple boundary components, for example. Further, for Mz.W;S I �/, a moduli space of irreducible
singular instantons, the same constructions are available.

The compactness principle underlying our arguments in the sequel is as follows: if bubbling can be
ruled out (as will always be the case), a sequence of instantons in Mz.W;S I˛/ which does not have a
convergent subsequence does have a subsequence that eventually lies in the image of one of the types of
gluing maps described above.

The moduli spaces MC
z .W;S I˛/ which contain broken trajectories are topologized as follows. Let

aD .ŒA�; ŒB1�; : : : ; ŒBl�1�/2MC
z .W;S I˛/ be a broken trajectory of the first type considered above, where

ŒA� is an instanton on .W;S/ and ŒBi � on R�.Y;K/, with all limits irreducible. Then any neighborhood N

of a 2MC
z .W;S I˛/ contains the image under the gluing map of U � .T;1/�U1�� � �� .T;1/�Ul�1

for some T � 0 depending on N, and neighborhoods U and Ui of ŒA� and ŒBi � in their respective moduli
spaces, which also depend on N. The other cases are similar. Note that the gluing parameter factors
involved in breakings at reducibles are forgotten in the completion of MC

z .W;S I˛/. Furthermore, if
bubbling does not occur, then MC

z .W;S I˛/ is compact.

The above summary relies on a substantial amount of technical work which is by now standard or treated
elsewhere. Gluing theory in instanton theory began with Taubes [1982], and Floer [1988] developed the
case of R�Y with Y an integer homology 3–sphere in his original construction of instanton homology. In
the singular setting, the machinery developed in [Kronheimer and Mrowka 2011b], which also references
[Kronheimer and Mrowka 2007], handles the cases in which reducibles can be avoided, and also describes
the conditions under which bubbling occurs. The results are similar to the case of nonsingular instanton
homology as treated in [Donaldson 2002, Sections 4.4 and 5.1]. The cases involving breaking at reducibles
are also analogous to the nonsingular case as in [Donaldson 2002, Section 4.4.1] and [Frøyshov 2002,
Theorem 5], except that instances of SO.3/ (the stabilizer of the reducible) are replaced by S1. All of the
above fits into the general framework of unobstructed gluing theory.

2.8 Counting critical points

In the nonsingular SU.2/ gauge theory setting, Taubes [1990] showed that the signed count of (perturbed)
irreducible flat connections on an integer homology 3–sphere is equal to 2�.Y /, twice the Casson invariant.
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Here “signed count” means that a critical point ˛ is counted with sign .�1/gr.˛/ where gr.˛/ is defined
analogously to (2.18). In the singular setting, we have the following, which is essentially a special case of
a result due to Herald [1997], which followed the work of Lin [1992].

Theorem 2.36 (cf [Herald 1997, Theorem 0.1]) Let Y be an integer homology 3–sphere and K � Y a
knot. Suppose � is a small perturbation such that C� is nondegenerate. Then

.2.37/
X
˛2Cirr

�

.�1/gr.˛/
D 4�.Y /C 1

2
�.K/;

where �.Y / is the Casson invariant of Y and �.K/ is the signature of the knot K � Y.

As our setup is different from Herald’s, we explain how the work in [Herald 1997] implies Theorem 2.36.
Suppose, as in the statement, that � is a small perturbation such that C� is nondegenerate. In particular,
Cirr
� is a finite set. Let ˛1; ˛2 2 Cirr

� and write ˛i D ŒBi �. The orientation, or sign, associated to ˛i is
determined by the parity of gr.˛i/. In particular, the signs for the two critical points ˛1 and ˛2 agree if
and only if

gr.˛1/� gr.˛2/� gr.˛1; ˛2/� ind.DA/ mod 4

is even. Here A is a connection on the cylinder R�Y with limits B1 and B2, as in Section 2.5. In fact,
we may arrange that the operator DA is of the form @=@t CDB.t/, where B.t/ is a path of connections
R! C .Y;K/ equal to B1 and B2 for t � 0 and t � 0, respectively, and DB is the extended Hessian of
CSCf� at B. It is well-known, in this situation, that ind.DA/ is equal to the spectral flow of the path of
operators DB.t/.

Now, consider a closed tubular neighborhood N � Y of the knot K, which as an orbifold is isomorphic
to the pair .S1 �D2;S1/. Extend the reduction of the bundle EjK DL˚L� over N. We may assume
that � is compactly supported. In particular, we may assume that N is chosen small enough so that �
is supported on Y nN. The boundary of N is a 2–torus. Write M@N for the moduli space of flat U.1/

connections on Lj@N , which is naturally identified with the dual torus of @N. The torus M@N is a 2–fold
branched cover over the moduli space of flat SU.2/ connections on Ej@N .

Let S �M@N be the embedded circle consisting of flat connections which are trace free at the meridian
of K. Let Y ı be the closure of Y nN. Denote by

Mirr
Y ı �M@N

the image of the moduli space of �–perturbed flat irreducible connections on EjY ı which preserve the
U.1/ bundle L � Ej@N . After perhaps changing our small perturbation � , we can assume that Mirr

Y ı

is immersed in M@N and also that Mirr
Y ı

intersects S transversely, away from self-intersection points
of Mirr

Y ı
. We orient these manifolds as in [Herald 1997].
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Proposition 2.38 Let ˛i D ŒBi � 2 C
irr
� for i D 1; 2. As points in Mirr

Y ı
\S �M@N , the local orientations

for ˛1 and ˛2 agree if and only if the spectral flow of DB.t/ is even.

A proof of Proposition 2.38 follows by essentially repeating the proof of Proposition 7.2 in [Herald 1997],
which itself is a modification of Proposition 5.2 from [Taubes 1990]. In the proof of Proposition 7.2 in
[Herald 1997], the spectral flow of DB.t/ is related to data on Y ı and N by analyzing a Mayer–Vietoris
sequence of Fredholm bundles. While Proposition 7.2 in [Herald 1997] treats the case of flat connections
with trivial holonomy around meridians of K, so that N is instead, as an orbifold, simply S1 �D2, the
argument easily adapts to our situation.

The main result of [Herald 1997], Theorem 0.1, with ˛ D �=2, tells us that the intersection number
Mirr

Y ı
�S is equal, up to a sign ˙ which depends on our conventions, to the quantity ˙

�
4�.Y /C 1

2
�.K/

�
.

Together with Proposition 2.38, this implies equation (2.37) of Theorem 2.36 up to the ambiguity ˙. An
adaptation of [Herald 1997, Lemma 7.5] shows that the sign ˙ is universal, ie independent of .Y;K/.
Finally, we determine that the sign is in fact C by computing a nontrivial example; see eg Section 9.3.

2.9 Orienting moduli spaces

In this subsection, we fix our conventions for the orientation of ASD moduli spaces based on [Kronheimer
and Mrowka 2011b]. A similar discussion about the orientation of moduli spaces in the nonsingular
case appears in [Donaldson 2002, Section 5]. For any cobordism of pairs .W;S/ W .Y;K/! .Y 0;K0/,
and a path z along .W;S/ between the critical points ˛, ˛0 for Y, Y 0, the moduli space Mz.W;S I˛; ˛0/

is orientable. In fact, the index of the family of ASD operators DA associated to connections ŒA� 2
Bz.W;S I˛; ˛0/ determines a trivial line bundle lz.W;S I˛; ˛0/ on Bz.W;S I˛; ˛0/ and the restriction
of this bundle to Mz.W;S I˛; ˛0/ is the orientation bundle of the moduli space Mz.W;S I˛; ˛0/.

In the case that either ˛ or ˛0 is reducible, we may form a variation of the bundle lz.W;S I˛; ˛0/. For
example, in the case that ˛ D � , we may change the definition of the weighted Sobolev spaces of the
domain and codomain of the ASD operator by allowing exponential growth for an exponent " rather than
the exponential decay condition that we used earlier. If " is nonzero and small enough, then this new
ASD operator is still Fredholm and its index is independent of ". Thus when ˛0 is irreducible, we have
two choices of determinant line bundles, both trivial, denoted by lz.W;S I ��; ˛

0/ and lz.W;S I �C; ˛
0/,

depending on whether we require exponential decay or exponential growth. We use a similar notation in
the case that ˛0 is reducible.

We denote the set of orientations of the bundle lz.W;S I˛; ˛0/ by ƒz ŒW;S I˛; ˛0�, which is a Z=2–torsor.
For a composite cobordism, there is a natural isomorphism

ˆ Wƒz1
ŒW1;S1I˛; ˛

0�˝Z=2Zƒz2
ŒW2;S2I˛

0; ˛00�!ƒz2ız1
ŒW2 ıW1;S2 ıS1I˛; ˛

00�:

In the case that ˛0 is reducible, we require that one of the appearances of ˛0 in the domain of ˆ is �C,
and the other ��. The isomorphism ˆ is associative when we compose three cobordisms. Moreover,
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there is also a natural isomorphism between ƒz ŒW;S I˛; ˛0� and ƒz0 ŒW;S I˛; ˛0� for any two paths z, z0

from ˛ to ˛0 and this isomorphism is compatible with ˆ. This allows us to drop z from our notation for
ƒz ŒW;S I˛; ˛0�. We also drop .W;S/ from our notation whenever the choice of .W;S/ is clear from the
context.

For a cobordism of pairs .W;S/, an element in ƒŒW;S I ��; �
0
�� is identified with an orientation of the

determinant line lz.W;S I ��; �
0
�/ over any connection in the homotopy class of paths z. Assuming S is

oriented and A0 represents a reducible element of Bz.W;S I �; � 0/, this line may be identified as

.2.39/ lz.W;S I ��; �
0
�/jŒA0� Š

Vtop�
H 1.W /˚HC.W /�˚H 0.W /�

�
:

This holds because the connection Aad
0

decomposes into a trivial connection on a trivial real line bundle and
an S1–connection on a complex line bundle L0. The index of the operator DA0

decomposes accordingly.
The contribution from L0 can be oriented canonically as it is a complex vector space, and the orientation of
the contribution from the trivial line bundle can be identified with the right-hand side of (2.39). Similarly,
we have an isomorphism

.2.40/ lz.W;S I �C; �
0
�/jŒA0� Š

Vtop�
H 1.W /˚HC.W /�

�
:

A homology orientation for .W;S/ is defined to be an element of ƒŒW;S I �C; �
0
��, which by (2.40)

amounts to an orientation of the vector space

H 1.W /˚HC.W /:

In particular, if .W;S/ is a negative definite pair, we may take A0 to be the unique flat reducible on
.W;S/, and we have a canonical element of ƒŒW;S I �C; �

0
��.

Changing the orientation of S changes the orientation of the trivial real line bundle and dualizes the
complex line bundle L0. In particular, the identifications in (2.39) and (2.40) change sign respectively
according to the parities of d C d 0� 1 and d C d 0, where

d D b1.W /� bC.W / and d 0 D 1
2
.ind.DA0

/� d C 1/:

In the case that .W;S/ is a negative definite pair and A0 is the unique flat reducible, then the identification
in (2.39) changes by a sign, whereas the identification in (2.40) is preserved. In particular, the canonical
homology orientation is independent of the orientation of S .

Given .Y;K/ and ˛ 2 C� , let

ƒŒ˛� WD

�
ƒŒI �Y; I �KI˛; ��� if ˛ is irreducible,
ƒŒI �Y; I �KI �C; ��� if ˛ D � .

From the discussion in the previous paragraph, because the cobordism .I �Y; I �K/ has b1 D bC D 0,
it has a canonical homology orientation, and there is thus a canonical element of ƒŒ��. We use this
canonical choice whenever we need an element from this set.
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Given a homology orientation oW for .W;S/ and o˛ 2 ƒŒ˛� and oˇ 2 ƒŒˇ�, we can fix o.W ;S I˛;˛0/ 2

ƒŒW;S I˛; ˛0�, and hence an orientation of Mz.W;S I˛; ˛0/, by requiring

ˆ.o˛˝ oW /Dˆ.o.W ;S I˛;˛0/˝ o˛0/:

As a special case, we may apply this rule to orient a cylinder moduli space Mz.˛1; ˛2/ from the data of
o˛1
2ƒŒ˛1� and o˛2

2ƒŒ˛2�. Let �s be the translation on R�Y defined by �s.t;y/D .t � s;y/. Then
�s acts on Mz.˛1; ˛2/ by pullback, and the identification

.2.41/ Mz.˛1; ˛2/DR� {Mz.˛1; ˛2/

is such that the action of �s is by addition by s on the R–factor. Then we may orient {Mz.˛1; ˛2/ using
an orientation of Mz.˛1; ˛2/, and requiring that the identification (2.41) is orientation-preserving, with
the ordering of factors as written.

3 Instanton Floer homology groups for knots

In this section we introduce instanton homology groups for based knots in integer homology 3–spheres.
Although we first introduce an analogue of Floer’s instanton homology for homology 3–spheres, our main
object of interest is a “framed” instanton homology, or rather its chain-level manifestation, analogous to
Donaldson’s theory for homology 3–spheres [2002, Section 7.3.3]. The framed theory incorporates the
reducible critical point and certain maps defined via holonomy.

3.1 An analogue of Floer’s instanton homology for knots

Let .Y;K/ be an integer homology 3–sphere with an embedded knot, as in Section 2. We now also choose
an orientation of the knot K, which will be required for some of the later constructions. Equip Y with a
Riemannian metric go with cone angle � along K. Choose a holonomy perturbation as in Propositions
2.6 and 2.12, so that the critical set C� D f�g[Cirr

� is a finite set of nondegenerate points, and the moduli
spaces M.˛1; ˛2/ are all regular. We define C D C.Y;K/ to be the free abelian group generated by the
irreducible critical set

.3.1/ C.Y;K/D
M
˛2Cirr

�

Z �˛:

The mod 4 grading gr.˛/ of (2.18) gives C the structure of a Z=4–graded abelian group. As usual, the
grading will be indicated as a subscript, C� D C�.Y;K/, but is often omitted.

The differential d on the group C� is defined as

.3.2/ d.˛1/D
X

˛22C
irr
� ; gr.˛1;˛2/�1

# {M .˛1; ˛2/0 �˛2:
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In the sequel we depict the map d by an undecorated cylinder , which should be thought of as I �K.
By Propositions 2.14 and 2.15, the moduli space {M .˛1; ˛2/0 is a finite set of points. The coefficient
# {M .˛1; ˛2/0 is a signed count of these points. More precisely, we may more invariantly define the chain
group to be

.3.3/ C.Y;K/D
M
˛2Cirr

�

ZƒŒ˛�;

where ZƒŒ˛� is the rank 1 free abelian group with generators the elements of ƒŒ˛� and the relation that
the sum of the two elements in ƒŒ˛� is equal to zero. Recall that ƒŒ˛� is defined in Section 2.9. A choice
of an element in each ƒŒ˛� identifies (3.3) with (3.1). Then, given o˛1

2 ƒŒ˛1� and o˛2
2 ƒŒ˛2�, the

moduli space {M .˛1; ˛2/0 is oriented using the rules given in Section 2.9, and # {M .˛1; ˛2/0 is the count
of this oriented 0–manifold.

Now .C.Y;K/; d/ is a chain complex, as follows from the usual argument by virtue of Propositions 2.14,
2.15 and 2.21. Specifically, the boundary of a compactified 1–dimensional moduli space {MC.˛1; ˛2/1

consists of the components {MC.˛1; ˇ/0� {M
C.ˇ; ˛2/0. The relation d2D0 is depicted as D 0.

While not reflected in the notation, C.Y;K/ and d depend on the choices of metric go and perturbation � .
Define

I�.Y;K/DH�.C.Y;K/; d/:

Then I.Y;K/ is a Z=4–graded abelian group. We call I.Y;K/ the irreducible instanton homology of
.Y;K/, as it only takes into account the irreducible critical points of the Chern–Simons functional. It is a
singular, or orbifold, analogue of Floer’s Z=8–graded instanton homology I.Y / for homology 3–spheres
from [Floer 1988].

Now suppose we have a cobordism of pairs .W;S/ W .Y;K/! .Y 0;K0/ with metric and perturbations
compatible with ones chosen for the boundaries. Suppose further that our cobordism .W;S/ is a negative
definite pair in the sense of Definition 2.33. Then we have a map �D �.W ;S/ W C.Y;K/! C.Y 0;K0/

defined by
�.˛/D

X
˛02Cirr

�0
; gr.W ;S I˛;˛0/�0

#M.W;S I˛; ˛0/0 �˛
0;

where C� and C� 0 are the corresponding critical sets, and ˛ 2 Cirr
� . More precisely, using the complexes

(3.3), we orient M.W;S I˛; ˛0/0 using o˛ 2 ƒŒ˛� and o˛0 2 ƒŒ˛
0� as described in Section 2.9, and

#M.W;S I˛; ˛0/0 is defined using this orientation. Note that because b1.W /D bC.W /D 0, we have a
canonical homology orientation of .W;S/.

Although the map � in general depends on the metric and perturbations, we have omitted these depen-
dencies from the notation. We depict the map � by an undecorated picture of S , given for example by

. Write d 0 for the differential of C.Y 0;K0/. Then we have

d 0 ı��� ı d D 0;
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with the two terms representing factorizations and corresponding to the boundary
points of MC.W;S I˛; ˛0/1 from M.W;S I˛; ˇ0/0 � {M .ˇ0; ˛0/0 and {M .˛; ˇ/0 �M.W;S Iˇ; ˛0/0,
respectively.

We mention three standard properties of these cobordism maps. First, the composition of two cobordism
maps is chain homotopic to the map associated to the composite cobordism. That is, if we write
.W;S/D .W2 ıW1;S2 ıS1/, then there exists � such that

.3.4/ �.W2;S2/ ı�.W1;S1/��.W ;S/ D d ı� �� ı d;

where on the composite cobordism W one takes the composite metric and perturbation data. The second
property is similar: there is a chain homotopy between two cobordism maps �.W ;S/ that are defined
using different perturbation and metric data on the interior of W. Finally, the third property says that
if .W;S/ W .Y;K/! .Y;K/ is diffeomorphic to a cylinder with equal auxiliary data at the ends, then
�.W ;S/ is chain homotopic to the identity map on C.Y;K/. The chain homotopy in (3.4) is defined by
counting isolated points in the moduli space of G–instantons, where G is a 1–parameter family of metrics
with perturbations interpolating between the composite auxiliary data on W C and the result of stretching
W C along the 3–manifold at which W1 and W2 are glued. The other two properties are proven similarly.
See eg [Donaldson 2002, Section 5.3].

Remark 3.5 In the verification of equation (3.4) it is important that there is only one reducible and that
it remains unobstructed and isolated in the moduli space of G–instantons, where G is the 1–parameter
family of auxiliary data. This follows from our assumption that the cobordisms are negative definite pairs
and the discussion in Section 2.7. This is in contrast to the analogous situation in Seiberg–Witten theory
for 3–manifolds, where in the same situation one might encounter degenerate reducibles. ˘

We write I.W;S/ W I.Y;K/ ! I.Y 0;K0/ for the map induced by �.W ;S/ on homology. Following
[Donaldson 2002, Section 5.3], the above properties imply that I.Y;K/ is an invariant of .Y;K/, ie its
isomorphism class does not depend on the metric and perturbation chosen to define C.Y;K/. Along with
Theorem 2.36, we obtain the following result, stated as Theorem 1.3 in the introduction.

Theorem 3.6 Let Y be an integer homology 3–sphere and K � Y a knot. Then the Z=4–graded abelian
group I�.Y;K/ is an invariant of the equivalence class of the knot .Y;K/. The Euler characteristic of the
irreducible instanton homology I�.Y;K/ is

�.I�.Y;K//D 4�.Y /C 1
2
�.K/;

where �.Y / is the Casson invariant and �.K/ is the knot signature.

3.2 The operators ı1 and ı2

The chain complex .C; d/ is defined only using irreducible critical points. To begin incorporating the
reducible flat connection, we define two chain maps ı1 W C1! Z and ı2 W Z! C�2, analogous to maps
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defined in the nonsingular setting using the trivial connection; see [Frøyshov 2002] and [Donaldson 2002,
Chapter 7]. We define

ı1.˛/D # {M .˛; �/0 and ı2.1/D
X

˛2Cirr
� ; gr.˛/�2

# {M .�; ˛/0:

More precisely, the signs of these maps are defined, using the complexes (3.3), as follows. The map ı1 is
straightforward: a choice o˛ 2ƒŒ˛� in the chain complex C.Y;K/ determines an orientation of M.˛; �/0

and hence of {M .˛; �/0 as described in Section 2.9, and # {M .˛; �/0 is defined by using this orientation.
For ı2, we use the following rule. Given o˛ 2ƒŒ˛�, the moduli space M.�; ˛/0 obtains an orientation o0

by requiring that

.3.7/ ˆ.o0˝ o˛/ 2ƒŒI �Y; I �KI ��; ���

be the negative of the preferred element in this set. (Our particular choice of convention is not important,
but gives the signs that we use in our relations below.) Then {M .�; ˛/0 is oriented from M.�; ˛/0 as in
Section 2.9, from which # {M .�; ˛/0 is defined.

Remark 3.8 Elements in the set appearing in (3.7) may be identified with orientations of (2.39) upon
setting .W;S/ D .I � Y; I �K/. From the discussion there, a preferred orientation depends on the
orientation of S D I �K. This is the first point at which we use our chosen orientation of K. ˘

Just as in the nonsingular case, see [Donaldson 2002, Section 7.1], we have the chain relations

.3.9/ ı1 ı d D 0 and d ı ı2 D 0;

which follow by counting the boundary points of 1–manifolds of the form {MC.˛1; ˛2/1 where one of
˛1 or ˛2 is the reducible � . We depict ı1 and ı2 as and respectively, placing a dot at the
end of the cylinder that has a reducible flat limit. Then the relations in (3.9) are

D 0 and D 0;

respectively.

Let .W;S/ W .Y;K/! .Y 0;K0/ be a cobordism of pairs. Define maps �1 D �1;.W ;S/ W C.Y;K/! Z

and �2 D�2;.W ;S/ W Z! C.Y 0;K0/ by

�1.˛/D #M.W;S I˛; � 0/0 and �2.1/D
X

˛02Cirr
�0
; gr.W ;S I�;˛0/�0

#M.W;S I �; ˛0/0:

The signed counts are determined as follows. Identify the chain complexes as generated by orientations
as in (3.3). First, for the map �1, an element o˛ 2ƒŒ˛� determines an orientation o0 of the moduli space
M.W;S I˛; � 0/0 by the requirement

ˆ.o˛˝ oW /D o0;
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where oW is the canonical homology orientation of .W;S/. Next, for �2, we define an orientation o0 of
M.W;S I �; ˛0/0 given o˛0 2ƒŒ˛

0� by requiring that

ˆ.o0˝ o˛0/ 2ƒŒW;S I ��; �
0
��

be the canonical element. Note that this rule for �2 depends on the orientation of S , just as when we
defined the orientation rule for ı2.

The maps �1 and �2 are depicted by placing dots at the appropriate ends of a picture for S , eg
and . The following is an analogue of [Frøyshov 2002, Lemma 1].

Proposition 3.10 Suppose .W;S/ W .Y;K/! .Y 0;K0/ is a negative definite pair. Then

(i) �1 ı d C ı1� ı
0
1
ı�D 0,

(ii) d 0 ı�2� ı
0
2
C� ı ı2 D 0.

Proof Consider (i). This relation can be verified by counting the ends of the 1–dimensional moduli
space M.W;S I˛; � 0/1. Studying the ends of such moduli spaces relies on the on the compactness
and gluing theory of the moduli spaces of singular instantons, which were reviewed in Section 2.7.
There are three types of ends in this moduli space. The first two types are cylinders on components of
{M .˛; ˇ/0 �M.W;S Iˇ; � 0/0 and M.W;S I˛; ˇ0/0� {M .ˇ0; ˛0/0, corresponding to instantons approach-

ing trajectories that are broken along irreducible critical points. Counting these contributions gives
�1 ı d.˛/� ı0

1
ı�.˛/.

The third type of end in M.W;S I˛; � 0/1 consists of singular instantons which factorize into an instanton
ŒA� 2 {M .˛; �/0 grafted to a reducible instanton on .W;S/. The condition that .W;S/ is a negative
definite pair implies that there is a unique such reducible connection class, and by our discussion in
Section 2.7 it is unobstructed, so that the standard gluing theory applies. This third type of end thus
contributes the term ı1.˛/.

The proof of (ii) is similar.

Remark 3.11 The verification of the signs in the above relations is straightforward given our conventions
for orienting moduli spaces. The argument is similar, for example, to the proof of [Kronheimer and
Mrowka 2007, Proposition 20.5.2]. The same remark holds for the relations that appear below. ˘

For a depiction of the relations in Proposition 3.10, see Figure 1. A shaded picture such as is
to be understood as representing a reducible singular instanton, and as a map sends the reducible to the
reducible, each represented by a dot, as before.
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Figure 1: The relations (i), left, and (ii), right, of Proposition 3.10.

3.3 Holonomy operators and v–maps

In this section we describe maps that are obtained by taking the holonomies of instantons along an
embedded curve 
 � S , see eg [Kronheimer and Mrowka 2011a, Section 2.2]. We treat the following
cases:

(i) 
 is a closed loop and .W;S/ is a negative definite pair;

(ii) .W;S/ and 
 are cylinders, ie .W;S/D .I �Y / and 
 D I � fyg, which yields the v–map; and

(iii) 
 is a properly embedded interval intersecting both ends of a negative definite pair .W;S/.

3.3.1 The case of closed loops Consider a negative definite pair .W;S/ W .Y;K/! .Y 0;K0/ and an
associated configuration space B.W;S I˛; ˛0/ where ˛ and ˛0 are irreducible critical points for .Y;K/
and .Y 0;K0/, respectively. Let 
 be a closed loop lying on the interior of the surface S . Suppose �S

denotes the S1–bundle associated to the normal bundle of S and fix a trivialization of this bundle over 
 .
Given ŒA� 2B.W;S I˛; ˛0/, the adjoint connection Aad can be used to define an S1–connection over 
 ,
as described in the following paragraph.

The boundary of an " tubular neighborhood of S in W is naturally isomorphic to the S1–bundle �S

over S , and by pulling back we obtain a connection Aad
" on �S . The limit of these connections as " goes

to zero defines a connection Aad
0

on �S such that the curvature of Aad
0

has the fiber of �S in its kernel.
Fixing an orientation for the fiber of �S (or equivalently an orientation for S ) determines an S1–reduction
of this bundle over �S . In particular, the holonomy of this connection along a lift of 
 to �S , given by the
trivialization of �S over 
 , defines a map, which depends only on the gauge equivalence class of A,

.3.12/ h


˛˛0 WB.W;S I˛; ˛0/! S1:

Note that to make sense of the holonomy, we must choose a basepoint, an orientation of the loop 
 , an
orientation of the fiber of �S and a lift of 
 to �S . As S1 is abelian, the map h



˛˛0 is independent of the

choice of basepoint defining the holonomy around 
 . If we change the orientation of 
 , then h


˛˛0 is
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postcomposed with the conjugation S1! S1. Changing the orientation of S has the same effect. Finally,
changing the chosen lift of 
 would multiply h



˛˛0 by ˙1.

Remark 3.13 In the sequel, we slightly abuse the description of this holonomy map by saying that we
take the holonomy of Aad along 
 , and do not refer to the limiting process. ˘

Using this holonomy map we define �D �.W ;S;
 / W C.Y;K/! C.Y 0;K0/ by

�.ˇ1/D
X

˛02Cirr
�0
; gr.W ;S I˛;˛0/�1

deg.h
˛˛0 jM.W ;S I˛;˛0/1/ �˛
0:

This deserves some explanation, as the moduli space M.W;S I˛; ˛0/1 is in general not compact. The
boundary components of the compactified moduli space MC.W;S I˛; ˛0/1 come from two types of
factorizations,

{M .˛; ˇ/0 �M.W;S Iˇ; ˛0/0 and M.W;S I˛; ˇ0/0 � {M .ˇ0; ˛0/0:

As each of the maps h



ˇ˛0
and h




˛ˇ
are defined on 0–dimensional moduli spaces and transverse to some

generic h 2 S1, the preimage .h
˛˛0/
�1.h/ restricted to M.W;S I˛; ˛0/1 is supported on the interior

of MC.W;S Iˇ1; ˇ2/1. We may then define deg.h
˛˛0 jM.W ;S I˛;˛0/1/ to be the oriented count of this
preimage. We depict the map � by a picture of the surface S containing the closed loop 
 , such as

.

Let us be more precise about our sign conventions for �. As usual, when determining signs, our complexes
are given by (3.3). The moduli space M.W;S I˛; ˛0/1 is then oriented from o˛ 2ƒŒ˛� and o˛0 2ƒŒ˛

0�

as described in Section 2.9. In this paper, we use the convention that if f WM ! N is a smooth map
of oriented manifolds with regular value y 2N, then f �1.y/ is oriented by the normal-directions-first
convention. This orients the submanifold .h
˛˛0/

�1.h/�M.W;S I˛; ˛0/1.

Consider a holonomy map h


˛˛0 restricted to a 2–dimensional space M.W;S I˛; ˛0/2. The codimension-1

faces of MC.W;S I˛; ˛0/2 are

{MC.˛; ˇ/i�1 �MC.W;S Iˇ; ˛0/2�i and MC.W;S I˛; ˇ0/2�i �
{MC.ˇ0; ˛0/i�1;

where i 2 f1; 2g. Consider the 1–manifold .h
˛˛0/
�1.h/ � MC.W;S I˛; ˛0/2. Again, because 
 is

supported on the interior of S , this 1–manifold is supported away from the codimension-1 faces with
i D 2. Counting the contributions from i D 1 gives the relation

.3.14/ d ı��� ı d D 0;

showing that � is a chain map. See Figure 2.
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Figure 2: On the left is depicted relation (3.14); on the right, the relation of Proposition 3.16.

3.3.2 The case of a cylinder: the v–map We move on to the cases in which 
 is not closed. We first
consider the case of the cylinder R� .Y;K/. The output of the construction is a degree �2 (mod 4)
endomorphism on C�DC�.Y;K/. Choose a basepoint y 2K and a lift of each ˛ 2 Cirr

� to C .Y;K/ once
and forever. Following a similar construction as above, we obtain a translation-invariant map

h˛1˛2
WB.Y;KI˛1; ˛2/! S1

for each pair of irreducible critical points ˛i 2C
irr
� on .Y;K/. To be more detailed, define B.Y;KI˛1; ˛2/

using the chosen lifts of ˛1 and ˛2, and for a given ŒA� 2B.Y;KI˛1; ˛2/, the holonomy of Aad along
R� fyg determines h˛1˛2

.ŒA�/. (A lift of the ˛i to the space of framed connections zB.Y;K/ suffices
for the definition of h˛1˛2

.) The induced map h˛1˛2
on {M .˛1; ˛2/d extends to the moduli space of

unparametrized broken trajectories which break along irreducible critical points, and on the codimension-1
faces {MC.˛1; ˇ/i�1 �

{MC.ˇ; ˛2/d�i with ˇ irreducible, factors accordingly as h˛1ˇ � hˇ˛2
.

For h˛1˛2
to be well-defined we also require that meridians have preferred directions; this is true because

the knot K is oriented. Changing the orientation of K alters h˛1˛2
by postcomposition with the conjugation

map S1! S1.

To define a well-behaved map on C� in this situation, in general we must modify the above holonomy
maps, similar to what is done in [Donaldson 2002]. In particular, we define maps

H˛1˛2
W {M .˛1; ˛2/d ! S1

by modifying the maps h˛1˛2
near broken trajectories. Since we need these modified holonomy maps

only for moduli spaces of up to dimension 2, we may assume that d � 2. The maps H˛1˛2
extend to

unparametrized broken trajectories which break along irreducible critical points, and satisfy the following
properties.

(H1) H˛1˛2
D 1 if the dimension d of the unparametrized moduli space {M .˛1; ˛2/d on which H˛1˛2

is defined is equal to zero.

(H2) For a given sequence of instantons ŒBi � in {M .˛1; ˛2/d converging to a broken instanton .ŒB�; ŒB0�/2
{M .˛1; ˇ/i�1 �

{M .ˇ; ˛2/d�i where ˇ is an irreducible critical point, the holonomies H˛1˛2
.Bi/

converge to the product H˛1ˇ.B/ �Hˇ˛2
.B0/.
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(H3) If gr.˛1/� 1 and gr.˛2/� 2, there is an end of {M .˛1; ˛2/2, corresponding to trajectories broken
along the reducible � , which can be identified with {M .˛1; �/0�S1�R>0�

{M .�; ˛2/0 by standard
gluing theory. We require that the restriction of H˛1˛2

to {M .˛1; �/0�fT g�S1� {M .�; ˛2/0 for
some (and hence any) T 2R>0 be a degree 1 map on each circle component.

The unmodified holonomy maps h˛1˛2
satisfy the properties (H2) and (H3) but do not necessarily satisfy

(H1). The modified holonomy maps are constructed in a way that is inspired by what is done in [Donaldson
2002, Section 7.3.2]. See the appendix for details on the construction of the modified holonomy maps
H˛1˛2

which satisfy (H1)–(H3).

We may now define an operator v W C�! C��2 by

.3.15/ v.˛1/D
X

˛22C
irr
� ; gr.˛1;˛2/�2

deg.H˛1˛2
j {M .˛1;˛2/1

/ �˛2:

The degree may be computed by taking the preimage of a generic h 2 S1 n f1g. By property (H1), such
a preimage is supported away from the ends of {M .˛1; ˛2/1, and generically is a finite set of oriented
points. The expression deg.H˛1˛2

j {M .˛1;˛2/1/ is defined to be the signed count of these points.

The following proposition is a singular instanton analogue of [Donaldson 2002, Proposition 7.8] and
[Frøyshov 2002, Theorem 4], and its proof is analogous. The main difference is that SO.3/, which in the
nonsingular setting plays both the role of the stabilizer of the trivial connection and the codomain of the
(adjoint) holonomy maps, is replaced in the singular setting by S1.

Proposition 3.16 d ı v� v ı d � ı2 ı ı1 D 0.

Proof Consider the 1–dimensional moduli space

M WD fŒA� 2 {M .˛1; ˛2/2 jH˛1˛2
.ŒA�/D hg

for some generic h 2 S1 nf1g. Studying the ends of M will lead to the desired relation. As the dimension
of M.˛1; ˛2/3 is 3, there is no bubbling, and {MC.˛1; ˛2/2 is compact. Thus an end of M contains a
sequence of instantons that approaches an unparametrized broken trajectory aD .ŒA1�; : : : ; ŒAl�1�/, where
l > 3, ŒAi � 2 {M .ˇi ; ˇiC1/di

and ˇ1 D ˛1, ˇl D ˛2. By index additivity and dimension considerations,
l 6 4.

First suppose that each ˇi is irreducible. Then H˛1˛2
factors as

Ql�1
iD1 HˇiˇiC1

near a, as follows
inductively from property (H2) above. If l D 4, then each ŒAi � is of index 1, and since HˇiˇiC1

D 1 for
such instantons by property (H1), this case does not occur. From now on we may assume l D 3, so that
aD .ŒA1�; ŒA2�/. Write ˇ D ˇ2.

Suppose ŒA1� is of index 1 and ŒA2� of index 2, ie a 2 {M .˛1; ˇ/0 � {M .ˇ; ˛2/1. For these types of
breakings, consider a corresponding gluing map

 ˇ W {M .˛1; ˇ/0 �R>0 �
{M .ˇ; ˛2/1! {M .˛1; ˛2/2
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which is a diffeomorphism onto its image. Let N
ˇ
0;1
�M be the image of this map, with R>0 restricted

to some .T;1/, intersected with M. Here and in what follows, T > 0 is some large generic number to
be specified later. Consider the map

f W {M .˛1; ˇ/0 � {M .ˇ; ˛2/1! S1

given by f .ŒA1�; ŒA2�/DH˛1˛2
. ˇ.ŒA1�;T; ŒA2�//. With T generically chosen, h is a regular value of f .

Then f �1.h/ consists of the boundary points of M nN
ˇ
0;1

that are adjacent to N
ˇ
0;1

. Taking T !1 and
using (H2), f is homotopic to .ŒA1�; ŒA2�/ 7!H˛1ˇ.A1/Hˇ˛2

.A2/. For ŒA1� fixed, this latter map has the
same degree as Hˇ˛2

, which is˙hv.ˇ/; ˛2i. There are˙hd.˛1/; ˇi many choices for ŒA1� 2 {M .˛1; ˇ/0.
Ranging over all possibilities for ˇ, and using our orientation conventions, we find that the total number
of boundary points of this type is given by �hvd.˛1/; ˛2i.

For breakings where instead ŒA1� is of index 2 and ŒA2� of index 1, we define a corresponding subset
N
ˇ
1;0
�M using the image of a gluing map and intersecting with M. A similar argument to the above

shows that the number of boundary points in this situation, again ranging over all relevant irreducible ˇ,
is given by hdv.˛1/; ˛2i.

There is also the case in which there is a sequence of instantons in M approaching an unparametrized
broken trajectory aD .ŒA1�; ŒA2�/ that factors through the reducible � . Such a sequence eventually lies in
the image of a gluing map

 � W {M .˛1; �/0 �S1
�R>0 �

{M .�; ˛2/0! {M .˛1; ˛2/2:

Let N � be the image of this map, with R>0 restricted to the interval .T;1/, intersected with the moduli
space M. Consider the boundary points of M nN � that are adjacent to N � . These are in .f 0/�1.h/,
where

f 0 W {M .˛1; �/0 �S1
� {M .�; ˛2/0! S1

is defined by f 0.ŒA1�; ŒA2�/DH˛1˛2
. � .ŒA1�;g;T; ŒA2�//. Using (H3), the map f 0 is homotopic to a

map which for each point in {M .˛1; �/0 � {M .�; ˛2/0 restricts to a degree 1 map S1! S1. The number
of boundary points, using our orientation conventions, is equal to �hı2ı1.˛1/; ˛2i.

Now consider M 0, the complement in M of the open sets N
ˇ
0;1

, N
ˇ
1;0

, N � defined above, where ˇ ranges
over irreducible critical points with appropriate index in each case. We choose T large enough so that
these open sets are disjoint, and generic so that M 0 is a 1–manifold with boundary. By the discussion in
Section 2.7, M 0 is compact. The boundary points have been counted above, and yield the desired relation.
This completes the proof. The three types of factorizations are depicted in Figure 2.

Remark 3.17 Ideally, the compactified moduli space would have the structure of a smooth manifold with
corners near broken trajectories, induced by the natural compactifications of the domains of the gluing maps.
In the above proof, we would then define a smooth manifold with boundary MC � {MC.˛1; ˛2/2 and
simply count its boundary points. (Technically, in this strategy, we would also modify our compactification
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to include gluing parameters for reducibles.) However, proving that the compactified moduli space indeed
has such structure is a technical issue which also arises in other Floer theories, and we would like to
avoid it. This is why, in the above proof, we consider a truncation of the moduli space to obtain a compact
manifold with boundary. A similar approach is employed in [Seidel and Smith 2010]. In the sequel, we
will often ignore this subtlety, with the understanding that one should always really truncate the moduli
spaces as done in the proof above. ˘

Remark 3.18 By properties (H1) and (H2), the map H˛1˛2
is defined on the compactified 1–manifold

{MC.˛1; ˛2/1 and sends the boundary components {M .˛1; ˇ/0� {M .ˇ; ˛2/0 to the identity 1 2 S1. Thus
H˛1˛2

descends to a map M ! S1, where M is the disjoint union of circles obtained by identifying the
boundary points of {MC.˛1; ˛2/1 in pairs. Then the degree of H˛1˛2

appearing in (3.15) is nothing more
than the degree of M ! S1. In particular, this shows that the map v W C�! C��2 is independent of the
choice of h 2 S1. Changing the choice of modified holonomy maps will alter v by a chain homotopy.
The proof is a standard continuation map argument. See also Theorem 3.34 below. ˘

Remark 3.19 Our construction of v depends on the orientation of K. If the orientation is reversed, then
v changes sign. Similar remarks hold for ı2, following Remark 3.8. However, the maps d and ı1 do
not depend on the orientation of K. It follows that the relation of Proposition 3.16 is invariant under
orientation reversal of K. ˘

3.3.3 Curves with boundary in cobordisms Now consider any negative definite pair .W;S/ W .Y;K/!

.Y 0;K0/. We assume that 
 is an embedded interval in .W;S/ with its boundary intersecting both .Y;K/
and .Y 0;K0/. Denote by p 2K and p0 2K0 the boundary points of 
 in S . Recall that W C is obtained
from W by attaching cylindrical ends .�1; 0��Y and Œ0;1/�Y 0, and SC is obtained from S similarly,
by attaching .�1; 0��K and Œ0;1/�K0. We extend 
 to a noncompact curve 
C � SC by attaching
.�1; 0�� fpg and Œ0;1/� fp0g. We obtain a map

h


˛˛0 WB.W;S I˛; ˛0/! S1

by taking as before the holonomy of the adjoint connection Aad along 
C compatible with the S1

reduction of the bundle along SC. Modified holonomy maps H


˛˛0 of the appendix give

�.˛/D
X

˛02Cirr
�0
; gr.W ;S I˛;˛0/�1

deg.H 

˛˛0 jM.W ;S I˛;˛0/1/ �˛

0:

The relation in the following proposition is depicted in Figure 3 in the case that the curve 
 � S looks
like . It is an analogue of the relation in the nonsingular setting of [Frøyshov 2002, Theorem 6],
and the proof is similar to that of Proposition 3.16.

Proposition 3.20 d 0 ı�C� ı d C�2 ı ı1� ı
0
2
ı�1� v

0 ı�C� ı v D 0.

Similar to Remark 3.19, in this situation, the maps d; d 0; �1; � do not depend on the orientations of
K;K0;S , while v; v0; �; ı2; ı02; �2 do, and change sign under orientation reversal. Thus the relation of
Proposition 3.20 is invariant under orientation reversal.
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Figure 3: The relation of Proposition 3.20.

3.4 A framed instanton homology for knots

We now assemble the above data to define a framed instanton chain group . zC .Y;K/; zd/. The main
apparatus is the following.

Definition 3.21 A chain complex . zC�; zd/ is an S–complex if there are a finitely generated free chain
complex .C�; d/ and graded maps v W C� ! C��2, ı1 W C1 ! Z and ı2 W Z ! C�2 such that zC� D
C�˚C��1˚Z, and such that the differential is given by

.3.22/ zd D

24d 0 0

v �d ı2
ı1 0 0

35 :
The copy of Z in the decomposition of zC� is supported in grading 0. ˘

Because . zC�; zd/ is a chain complex, zd ı zd D 0, which is equivalent to d ı d D 0 and

ı1 ı d D 0;.3.23/

d ı ı2 D 0;.3.24/

d ı v� v ı d � ı2 ı ı1 D 0:.3.25/

Remark 3.26 More generally, if R is any commutative ring, an S–complex over R is defined to be a
finitely generated free chain complex over R, with the same structure as in the definition above, replacing
each instance of Z with R. If no ring is specified, the reader can safely assume that we are working over
the integers. ˘

Remark 3.27 In the above definition of an S–complex, the chain complex comes with a Z–grading
which decreases the differential by 1. However, in the sequel we will consider S–complexes graded by
Z=2N for some positive integer N, in which case all grading subscripts in the above definition should be
taken modulo 2N. For technical reasons, an S–complex with no grading must be defined over a ring of
characteristic two. ˘
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Definition 3.28 A morphism z� W . zC�; zd/! . zC 0�;
zd 0/ of S–complexes is a degree-zero chain map that

may be written in the form

.3.29/ z�D

24 � 0 0

� � �2

�1 0 1

35
with respect to decompositions zC� D C�˚C��1˚Z and zC 0� D C 0�˚C 0

��1
˚Z. ˘

The condition of z� being a chain map is equivalent to the relations

� ı d � d 0 ı�D 0;

�1 ı d C ı1� ı
0
1 ı�D 0;

d 0 ı�2� ı
0
2C� ı ı2 D 0;

� ı d C� ı vC�2 ı ı1� v
0
ı�C d 0 ı�� ı02 ı�1 D 0:

Definition 3.30 An S–chain homotopy . zC�; zd/! . zC 0�;
zd 0/ of S–complexes is a chain homotopy of

complexes that when written with respect to decompositions zC�DC�˚C��1˚Z and zC 0�DC 0�˚C 0
��1
˚Z

takes the form 24 K 0 0

L �K M2

M1 0 0

35 :
A chain homotopy equivalence of S–complexes is a pair of morphisms f W zC�! zC 0� and g W zC 0�!

zC�

of S–complexes with the property that f ı g and g ı f are S–chain homotopy equivalent to identity
morphisms. ˘

Let Y be an integer homology 3–sphere containing a knot K, and .C�; d/D .C�.Y;K/; d/ its irreducible
instanton chain complex for some choice of metric and perturbation. Choose a basepoint p 2K. We
define zC�.Y;K/ D C�.Y;K/˚ C��1.Y;K/˚Z, and zd by (3.22) using the maps from the previous
subsections; note that the choices of basepoint and modified holonomy maps are required to define v.
Then (3.9) verifies (3.23)–(3.24), and Proposition 3.16 gives (3.25). Thus . zC�.Y;K/; zd/ is a Z=4–graded
S–complex. Its homology,

zI�.Y;K/DH�. zC .Y;K/; zd/;

is a Z=4–graded abelian group, which we call the framed instanton homology of .Y;K/.

Remark 3.31 Our framed instanton chain complex should be distinguished from what is called framed
instanton homology for knots in [Kronheimer and Mrowka 2011b]. However, the relationships established
in Section 8 justify the overlapping use of terminology. ˘
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Remark 3.32 In the nonsingular setup, Donaldson [2002] introduces a similar object for any integer
homology sphere Y called an .F ; �/–complex. This object, denoted by . zC�.Y /; zd/, is essentially an
S–complex. The main differences are that the complex . zC�.Y /; zd/ is defined over Q, and zC�.Y / D
C�.Y /˚C��3.Y /˚Q, where C�.Y / is a Z=8–graded complex. The complex zC�.Y / is defined out
of a theory which is SO.3/–equivariant, rather than S1–equivariant. This is the primary reason for the
appearance of a degree shift by 3 (dimension of SO.3/) instead of 1 (dimension of S1). ˘

Now suppose .W;S/ W .Y;K/! .Y 0;K0/ is a negative definite pair. We also assume that a properly
embedded arc 
 in S is fixed such that it forms a cobordism from the basepoint of K to the basepoint
of K0. We slightly abuse terminology and refer to the data of .W;S/ with 
 a negative definite pair,
and omit 
 from our notation. Upon choosing metric, perturbation data, framings of critical points and
modified holonomy maps, we define a map

z�D z�.W ;S/ W zC .Y;K/! zC .Y
0;K0/

by the expression (3.29), using the maps previously defined for .W;S/ and 
 . By virtue of Propositions
3.10 and 3.20, z� is a morphism of S–complexes.

Definition 3.33 Define H to be the category whose objects are pairs .Y;K/, where Y is an integer
homology 3–sphere and K � Y is an oriented based knot, and whose morphisms are negative definite
cobordisms of pairs .W;S/ W .Y;K/! .Y 0;K0/ in the sense of Definition 2.33, equipped with an embedded
arc on S connecting the basepoints of K and K0. Composition of morphisms in this category is defined
by composing cobordisms. ˘

For any category with a notion of chain homotopy, we define the associated homotopy category to be the
category with the same objects, but whose morphisms are chain homotopy equivalences of morphisms.
We have the following analogue of [Donaldson 2002, Theorem 7.11].

Theorem 3.34 The assignments .Y;K/ 7! . zC .Y;K/; zd/ and .W;S/ 7! z�.W ;S/ induce a functor of
categories from H to the homotopy category of Z=4–graded S–complexes.

Proof Let .W;S/ W .Y;K/! .Y 0;K0/ be a negative definite pair with an embedded arc 
 on S connecting
the basepoints. Fix the required auxiliary choices (Riemannian metric, perturbation and modified holonomy
maps) and let zC .Y;K/ and zC .Y 0;K0/ be the S–complexes associated to .Y;K/ and .Y 0;K0/. As explained
above, we obtain a morphism

z�.W ;S/ W zC .Y;K/! zC .Y
0;K0/

after fixing a metric, perturbation data and modified holonomy maps for .W;S/ compatible with the
auxiliary data of .Y;K/ and .Y 0;K0/. For any two sets of auxiliary choices for .W;S/, a standard
argument shows that the resulting morphism differs from z� by an S–chain homotopy of S–complexes.
To be a bit more specific, one first connects the two collections of auxiliary choices for .W;S/ using a
1–parameter family of orbifold metrics on W, perturbation data and modified holonomy maps. Then the
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associated family moduli spaces can be used to define the required S–chain homotopy. In fact, one can
use a similar proof to show that homotoping 
 changes z�.W ;S/ by an S–chain homotopy. We may also
check that the morphism associated to a composition of negative definite pairs is S–chain homotopic to
the composition of the morphisms associated to the cobordism pairs in the same way as in (3.4).

Using another standard argument involving continuation maps we see that the S–chain homotopy type of
the S–complex zC .Y;K/ of .Y;K/ does not depend on the orbifold Riemannian metric on Y, perturbation
of the Chern–Simons functional and modified holonomy maps. This uses connectedness of the spaces of
these auxiliary choices; see Lemma A.12 for the relevant result for modified holonomy maps. Technically,
the assignment .Y;K/ 7! . zC .Y;K/; zd/ only determines an object in the homotopy category up to canonical
isomorphism. However, this is remedied as follows.

Let C be a category of modules closed under taking arbitrary products and submodules. A transitive
system in C is the data .C; �; I/, where C DfC igi2I is a set of objects in C and �Df�j

i WC
i!C j gi;j2I

is a set of isomorphisms such that �i
i D id and �j

k
ı �k

i D �
j
i . A morphism of transitive systems

.C; �; I/! .D;  ;J / is a collection of morphisms f�j
i W C

i !Dj gi2I;j2J such that  l
k
�k

i D �
l
j�

j
i for

i; j 2 I and k; l 2 J . Transitive systems form a category CTrans. There is a functor CTrans! C that sends
.C; �; I/ to the submodule of

Q
i2I C i consisting of fcigi2I with ci 2C i and cj D �

j
i .ci/ for all i; j 2 I .

Thus to a based knot .Y;K/ we actually assign a transitive system of Z=4–graded S–complexes in the
homotopy category, indexed by admissible metric, perturbation and modified holonomy maps data, and
to this transitive system we may then assign a Z=4–graded S–complex in the homotopy category as
described in the previous paragraph. Similar remarks hold for the morphisms, and this is precisely how
the functor in Theorem 3.34 is defined. The situation is essentially the same as in any other construction
of Floer homology; see eg [Kronheimer and Mrowka 2007, page 453].

Remark 3.35 The isomorphism class of zI.Y;K/ does not depend on the basepoint on K. Indeed, the
identity cobordism of .Y;K/ with an arbitrary path from one choice of the basepoint on K to another
choice induces an isomorphism between the Floer homology groups zI.Y;K/ for different choices of
basepoints. ˘

4 The algebra of S–complexes

The goal of this section is to further develop the algebraic aspects of S–complexes. In particular, we
associate various equivariant homology theories to an S–complex and discuss how they give rise to
Frøyshov-type invariants. We also study the behavior of S–complexes with respect to taking duals and
tensor products. Although we work over Z throughout this section, all of the constructions carry over for
any commutative ring R.

We also introduce the set ‚S
R

of local equivalence classes of S–complexes over any commutative ring R,
following Stoffregen [2017]. This set has the structure of a partially ordered abelian group. When R is an
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integral domain, the Frøyshov invariant h may be viewed as a homomorphism h W‚S
R
! Z of partially

ordered abelian groups.

The constructions here are applied to the setting of singular instanton Floer theory in the next section.
However, the material in this section is entirely algebraic, and much of it fits into the framework of S1–
equivariant algebraic topology. In particular, the equivariant chain complexes we consider are particular
models of the Borel, co-Borel, and Tate homology theories; see eg the discussions in [Manolescu 2016;
Stoffregen 2017; Miller Eismeier 2019]. Although much of the material is standard in some circles, we
include it here for completeness.

4.1 An equivalent formulation of S–complexes

In this subsection, we first give another definition of S–complexes.

Definition 4.1 An S–complex is a finitely generated free abelian graded group zC� together with ho-
momorphisms zd W zC�! zC��1 and � W zC�! zC�C1 which respectively have degree �1 and 1, and which
satisfy the following properties:

(i) zd ı zd D 0, � ı�D 0 and � ı zd C zd ı�D 0.

(ii) There is a subgroup Z of zC0 such that ker.�/ is equal to image.�/˚Z.

Remark 4.2 Remarks 3.26 and 3.27 about coefficient rings and gradings for S–complexes still apply
here. The algebraic results in this section will hold for Z=2N –graded S–complexes over any commutative
ring, and S–complexes with arbitrary grading Z=N (in particular no grading) over any commutative ring
of characteristic two. However, for concreteness we will typically work with Z–graded S–complexes
over Z. ˘

This definition of S–complexes essentially agrees with the definition from the previous section. Let C�

be image.�/ after shifting down the degree by 1 and d WD �zd jC� . The identities in (i) imply that d is
an endomorphism of C� and defines a differential on C�. The assumption (ii) implies that zC� fits into a
short exact sequence with degree-preserving maps:

.4.3/ 0! C��1˚Z ,! zC�
�
�! C�! 0:

By splitting this exact sequence, we have an identification of zC� with C�˚C��1˚Z, with respect to
which � has the form

�.˛; ˇ; r/D .0; ˛; 0/:

Since the map � anticommutes with zd , and zd has degree �1, it is easy to see that zd has the form given in
(3.22).

The notions of morphism and homotopy of S–complexes can be also reformulated using the new definition
of S–complexes. Suppose . zC�; zd ; �/ and . zC 0�; zd

0; �0/ are S–complexes and z� W zC�! zC 0� is a degree 0

homomorphism of abelian groups such that z� ı zd D zd 0 ı z� and z� ı�D �0 ı z�. Once we split zC� and zC 0�
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as C�˚C��1˚Z and C 0�˚C 0
��1
˚Z following the above strategy, the map z� has the form

z�D

24 � 0 0

� � �2

�1 0 c

35
for a constant c 2 Z. Thus z� is a morphism of S–complexes if we require that c D 1. If z�0 W zC�! zC 0�
is another morphism of S–complexes, an S–chain homotopy of z� and z�0 is a degree 1 map zh such that
zd 0 ı zhC zh ı zd D z��z�0 and �0 ı hC h ı�D 0.

Remark 4.4 Suppose we have two different splittings of zC�. Then the identity map of zC� induces
a map between the two splittings which have the form in (3.29) and is a morphism in the sense of
Definition 3.28. Moreover, this morphism defines an S–chain homotopy equivalence. This shows that the
S–chain homotopy equivalences of S–complexes with respect to Definitions 3.21 and 4.1 coincide with
one another. This justifies our switching between Definitions 3.21 and 4.1. ˘

Remark 4.5 Let X be a finite CW complex on which S1 acts cellularly, and freely away from a unique
fixed point, a 0–cell e0. The CW chain complex of S1 is a differential graded algebra isomorphic to
ZŒ��=.�2/ with trivial differential. This dg-algebra acts on . zC�; zd/, the CW chain complex of X , making
it into a dg-module over ZŒ��=.�2/. Then . zC�; zd ; �/ is an S–complex, with Z � zC generated by the
fixed point e0. ˘

In what follows, we freely switch between the two equivalent formulations of S–complexes. If we wish
to use Definition 4.1, we also assume that a splitting of the sequence (4.3) has been chosen. This allows
us to obtain a splitting of zC� as C�˚C��1˚Z and hence we can talk about the maps v W C�! C��2,
ı1 WC1!Z, ı2 WZ!C�2. We denote a typical element of zC� by �. Typical elements of the summand C�

of zC� are denoted by ˛, ˇ and the corresponding elements in the summand C��1 are denoted by ˛, ˇ.

4.2 Equivariant homology theories associated to S–complexes

Suppose . zC�; zd ; �/ is as above. In what follows, we will write ZŒx� for the ring of polynomials with
integer coefficients. Let also ZŒŒx�1;x� be the ring of Laurent power series in the variable x�1. That is to
say, any element of ZŒŒx�1;x� has finitely many terms with positive powers of x and possibly infinitely
many terms with negative powers of x. We shall regard ZŒŒx�1;x� as a module over the ring ZŒx�.

We associate chain complexes . yC�; yd/, . {C�; {d/ to . zC�; zd ; �/, defined by

yC� WD ZŒx�˝ zC�; yd.xi
� �/D�xi

� zd�CxiC1
��.�/;

{C� WD .ZŒŒx
�1;x�=ZŒx�/˝ zC�; {d.x

i
� �/D xi

� zd� �xiC1
��.�/:

We may define a chain map j W {C�! yC��1 by

j .xk�/D

�
��.�/ if k D�1;

0 if k < �1:
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We can then define the mapping cone of j , which takes the form

C � WD zC�˝ZŒŒx�1;x�; xd.xi
� �/D�xi

� zd�CxiC1
��.�/:

These complexes inherit Z–gradings as follows: we declare that x has grading �2, and use the natural
tensor product gradings. In particular, if � 2 zCi , then xj � � has grading �2j C i . With this convention,
the differentials on the three complexes defined above have degree �1. By definition, we have a triangle
of chain maps between chain complexes which induces an exact triangle at the level of homology:

.4.6/

{C�
j

// yC�

i~~

C �

p

``

Here i is the inclusion map and p is given by the composition of the projection map and the sign map "
associated to the graded vector space {C�, which we next define.

Definition 4.7 For a Z–graded vector space V�, the sign homomorphism " W V� ! V� is defined by
".a/D .�1/ka, where a is a homogeneous element of V� with grading k. ˘

While i and p in (4.6) preserve gradings, j has degree �1. It is clear from the definitions that all chain
complexes here are defined over the graded ring ZŒx� and all chain maps are ZŒx�–module homomorphisms,
up to homotopy. We call (4.6) the large equivariant triangle associated to the S–complex . zC�; zd/.

There is another exact triangle associated to an S–complex zC�. Multiplication by x defines an injective
chain map from . yC�; yd/ to itself and the quotient complex is isomorphic to . zC�; zd/. In particular, we
have a triangle of the following form, which induces an exact triangle at the level of homology:

.4.8/

zC�
z

// yC�

x
��

yC�

y

__

Here x denotes the map given by multiplication by x 2 ZŒx�, y is the composition of the projection to
the constant term and the sign map, and z is given by �. In particular, x, y and z have respective degrees
�2, 0 and 1.

Proposition 4.9 For any morphism z� W zC�! zC 0� of S–complexes , there are maps

{� W {C�! {C
0
�;
y� W yC�! yC

0
� and x� W C �! C 0�

which satisfy the following properties:

(i) {�, y� and x� are chain maps over ZŒx�, and preserve gradings.

(ii) If zK is an S–chain homotopy of morphisms z�; z�0 W zC�! zC 0�, then there are ZŒx�–module homo-
morphisms {K W {C�! {C�, yK W yC�! yC 0�, xK W C �! C 0� such that

{�0�{�D {K ı {d C {d ı {K; y�0�y�D yK ı yd C yd ı yK; x�0�x�D xK ı xd C xd ı xK:
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(iii) If z� W zC�! zC 0� and z�0 W zC 0�! zC
00
� are morphisms and A�0 ı� W zC�! zC 00� is the composed morphism ,

then the following identities hold :

Q�0 ı�D {�0 ı {�; 1�0 ı�D y�0 ı y�; �0 ı�D x�0 ı x�:

If eid W zC�! zC� is the identity morphism , then yid, {id and id are also identity maps.

Proof Given a morphism z� W zC�! zC 0� of S–complexes and an element xi � � 2 yC�, we define y�.xi � �/D

xi � z�.�/ 2 yC 0�. The maps {� and x� are defined similarly. It is straightforward to check that these maps
satisfy the required properties.

4.3 Small equivariant complexes and the h–invariant

Suppose . zC�; zd ; �/ is an S–complex as above. We introduce two other chain complexes over ZŒx�,
denoted by .yC�; yd/ and .{C�; {d/. Essentially the same complexes are defined in [Donaldson 2002]. It
is also shown in [Daemi 2020] that homology of these chain complexes and ZŒŒx�1;x� form an exact
triangle. In this subsection, we review these constructions and show that this information is equivalent to
the triangle (4.6) up to homotopy.

The chain complexes .yC�; yd/ and .{C�; {d/ are given by

yC� WD C��1˚ZŒx�; yd

�
˛;

NX
iD0

aix
i

�
D

�
d˛�

NX
iD0

viı2.ai/; 0

�
;

{C� WD C�˚ .ZŒŒx
�1;x�=ZŒx�/; {d

�
˛;

�1X
iD�1

aix
i

�
D

�
d˛;

�1X
iD�1

ı1v
�i�1.˛/xi

�
:

The Z–grading on yC� is given by the shifted grading on C� and the grading on ZŒx� where xi has grading
�2i . The Z–grading on {C� is defined similarly, except that we do not shift the grading on C�. The
ZŒx�–module structures on these complexes are defined by

x �

�
˛;

NX
iD0

aix
i

�
D

�
v˛; ı1.˛/C

NX
iD0

aix
iC1

�
for all

�
˛;

NX
iD0

aix
i

�
2 yC�;

x �

�
˛;

�1X
iD�1

aix
i

�
D

�
v˛C ı2.a�1/;

�2X
iD�1

aix
iC1

�
for all

�
˛;

�1X
iD�1

aix
i

�
2 {C�:

We also define C� D ZŒŒx�1;x� with the trivial differential and the obvious module structure, again such
that xi has grading �2i .

Next, we define chain maps

.4.10/ � � �
p
�! {C�

j
�! yC�

i
�! C�

p
�! {C�

j
�! � � �
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by the formulas

i

�
˛;

NX
iD0

aix
i

�
D

�1X
iD�1

ı1v
�i�1.˛/xi

C

NX
iD0

aix
i ;

j

�
˛;

�1X
iD�1

aix
i

�
D .�˛; 0/;

p

� NX
iD�1

aix
i

�
D

� NX
iD0

viı2.ai/;

�1X
iD�1

aix
i

�
:

We call (4.10) the small equivariant triangle associated to the S–complex . zC�; zd/. It is shown in [Daemi
2020, Section 2.3] that the maps i and p are ZŒx�–module homomorphisms and j commutes with the
action of x up to chain homotopy. Moreover, the maps at the level of homology groups induced by i, j
and p form an exact triangle:

H.{C�; {d/
j�

// H.yC�; yd/

i�
{{

C�

p�

cc

We now show that the small and large equivariant chain complexes, and their associated triangles, are
chain homotopy equivalent over ZŒx�. To this end, we define linear maps ŷ W yC�! yC�, {̂ W {C�! {C� and
x̂ W C �! C� by

ŷ

� NX
iD0

˛ix
i ;

NX
iD0

ˇix
i ;

NX
iD0

aix
i

�
WD

� NX
iD0

vi.ˇi/;

NX
iD0

aix
i
C

NX
iD1

i�1X
jD0

ı1v
j .ˇi/x

i�j�1

�
;

{̂

� �1X
iD�1

˛ix
i ;

�1X
iD�1

ˇix
i ;

�1X
iD�1

aix
i

�
WD

�
˛�1;

�1X
iD�1

aix
i
C

�1X
iD�1

1X
jD0

ı1v
j .ˇi/x

i�j�1

�
;

x̂

� NX
iD�1

˛ix
i ;

NX
iD�1

ˇix
i ;

NX
iD�1

aix
i

�
WD

NX
iD�1

aix
i
C

NX
iD�1

1X
jD0

ı1v
j .ˇi/x

i�j�1:

We also define linear maps y‰ W yC�! yC�, {‰ W {C�! {C� and x‰ W C�! C �:

y‰

�
˛;

NX
iD0

aix
i

�
WD

� NX
iD1

i�1X
jD0

vjı2.ai/x
i�j�1; ˛;

NX
iD0

aix
i

�
;

{‰

�
˛;

�1X
iD�1

aix
i

�
WD

� �1X
iD�1

v�i�1.˛/xi
C

�1X
iD�1

1X
jD0

vjı2.ai/x
i�j�1; 0;

�1X
iD�1

aix
i

�
;

x‰

� NX
iD�1

aix
i

�
WD

� NX
iD�1

1X
jD0

vjı2.ai/x
i�j�1; 0;

NX
iD�1

aix
i

�
:
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The following lemma summarizes the properties of these maps.

Lemma 4.11 The above maps are chain maps , which commute with the action of x and the maps in the
triangles (4.6) and (4.10) up to chain homotopy. We have

ŷ ı y‰ D id; {̂ ı {‰ D id; x̂ ı x‰ D id:

Moreover , the compositions y‰ ı ŷ , {‰ ı {̂ and x‰ ı x̂ are chain homotopic to the identity.

Proof It is straightforward to check that the maps ŷ , {̂ , x̂ , y‰, {‰ and x‰ are chain maps and they satisfy
the identities

ŷ ıx D x ı ŷ ; {‰ ıx D x ı {‰; x̂ ıx D x ı x̂ ; x‰ ıx D x ı x‰;

ŷ ı j D j ı {̂ ; y‰ ı jD j ı {‰; x̂ ı i D i ı ŷ ; {‰ ı pD p ı x‰:

Moreover, if we define four additional maps

yKx

�
˛;

NX
iD0

aix
i

�
WD .˛; 0; 0/;

Ki

�
˛;

NX
iD0

aix
i

�
WD

�
�

1X
iD0

vi.˛/x�i�1; 0; 0

�
;

{Kx

� �1X
iD�1

˛ix
i ;

�1X
iD�1

ˇix
i ;

�1X
iD�1

aix
i

�
WD .ˇ�1; 0/;

K0p

� NX
iD�1

˛ix
i ;

NX
iD�1

ˇix
i ;

NX
iD�1

aix
i

�
WD

�
�

NX
iD0

vi.ˇi/; 0

�
; where Kp DK0p ı ";

then we have the following relations, which are straightforward to verify:

x ı y‰� y‰ ıx D yd yKxC
yKxyd; x ı {̂ � {̂ ıx D {d {KxC

{Kx
{d ;

x‰ ı i� i ı y‰ D xdKiCKiyd; {̂ ıp� p ı x̂ D {dKpCKp
xd :

In order to verify the last part of the lemma, define the maps

yK

� NX
iD0

˛ix
i ;

NX
iD0

ˇix
i ;

NX
iD0

aix
i

�
WD

�
�

NX
iD0

i�1X
jD0

vj .ˇi/x
i�j�1; 0; 0

�
;

{K

� �1X
iD�1

˛ix
i ;

�1X
iD�1

ˇix
i ;

�1X
iD�1

aix
i

�
WD

� �1X
iD�1

1X
jD0

vj .ˇi/x
i�j�1; 0; 0

�
;

xK

� NX
iD�1

˛ix
i ;

NX
iD�1

ˇix
i ;

NX
iD�1

aix
i

�
WD

�
�

NX
iD�1

1X
jD0

vj .ˇi/x
i�j�1; 0; 0

�
:

Again, it is straightforward to verify the relations

y‰ ı ŷ � idD yd yKC yK yd ; {‰ ı {̂ � idD {d {KC {K yd ; x‰ ı x̂ � idD xd xKC xK xd :
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Let zC 0 be another S–complex and z� W zC ! zC 0 be a morphism. We write ŷ 0, {̂ 0, x̂ 0, y‰0, {‰0 and x‰0 for
the chain homotopy equivalences associated to zC 0. These chain homotopies can be employed to define
ymz� W
yC�! yC

0
�, {mz� W

{C�! {C
0
� and xmz� W C�! C

0

� as

ymz� WD
ŷ 0 ı y� ı y‰; {mz� WD

{̂ 0 ı {� ı {‰; xmz� WD
x̂ 0 ı x� ı x‰:

These homomorphisms agree with the definitions given in [Daemi 2020, Subsection 2.3]. For example,
we have the following explicit formula:

xmz�

� NX
iD�1

aix
i

�
D

� NX
iD�1

aix
i

��
1C

1X
iD0

�1v
iı2.1/x

�i�1
C

1X
iD0

ı01.v
0/i�2.1/x

�i�1
C

1X
kD0

1X
jD0

ı01.v
0/j�vkı2.1/x

�k�j�2

�
:

In particular, the map xmz� is an isomorphism of the ZŒx�–module ZŒŒx�1;x�. Therefore, we have the
following consequence of this observation and Lemma 4.11.

Corollary 4.12 The ZŒx�–module H.C �; xd/ is naturally isomorphic to ZŒŒx�1;x�. Any morphism of
S–complexes z� W zC�! zC 0� induces an isomorphism xmz� W C �! C 0�. Moreover , there are bi 2Z such that
after the identifications of H.C �; xd/ and H.C 0�;

xd 0/ with ZŒŒx�1;x�, the map xmz� is multiplication by
1C

P�1
iD�1 bix

i .

Consider the ZŒx�–submodule I � ZŒŒx�1;x� given by the image of i� W H.yC�; yd/ ! ZŒŒx�1;x�, or
equivalently the kernel of the map p� W ZŒŒx�1;x�! H.{C�; {d/. Corollary 4.12 implies that if two S–
complexes are related to each other by a morphism of S–complexes, then the associated ZŒx�–modules I
are related by multiplication by an element of the form 1C

P�1
iD�1 bix

i . This observation suggests the
following definition.

Definition 4.13 For an S–complex zC as above, we define its h–invariant as

h. zC / WD � inf
Q.x/2I

fDeg.Q.x//g;

where for Q.x/ 2 ZŒŒx�1;x�, Deg.Q.x// denotes the degree of Q.x/.

The following result is an immediate consequence of Corollary 4.12.

Corollary 4.14 If there is a morphism of S–complexes from zC to zC 0, then h. zC /� h. zC 0/.

The following proposition gives an alternative definition for h. zC /, and it can be easily verified from the
definitions. It is also closely related to Proposition 4 in [Frøyshov 2002].
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Proposition 4.15 The constant h. zC�/ is positive if and only if there is ˛ 2 C� such that d.˛/D 0 and
ı1.˛/¤ 0. If h. zC�/D k for a positive integer k, then k is the largest integer such that there exists ˛ 2 C�

satisfying

.4.16/ d˛ D 0; ı1v
k�1.˛/¤ 0 and ı1v

i.˛/D 0 for i � k � 2:

If h. zC�/ D k for a nonpositive integer k, then k is the largest integer such that there are elements
a0; : : : ; a�k 2 Z and ˛ 2 C� such that

.4.17/ d˛ D

�kX
iD0

viı2.ai/; where a�k ¤ 0:

4.4 Dual S–complexes

Let .V�; d/ be an arbitrary Z–graded chain complex. Our convention is that the dual complex Hom.V�;Z/
has differential f 7! �".f /ıd , with the Z–grading that declares f W Vi!Z to be in grading �i . Recall
that the sign map " is given in Definition 4.7.

Now let . zC�; zd ; �/ be an S–complex. Let zC |
� be the dual chain complex Hom. zC�;Z/ with differential zd|.

The endomorphism �| of zC |
� is defined similarly, so that we have

zd|.f / WD �".f / ı zd and �|.f / WD �".f / ı�:

These clearly satisfy property (i) of Definition 4.1. The spaces ker.�|/ and image.�|/ are given by the
subspaces of zC |

� which vanish on image.�/ and on ker.�/, respectively. Thus property (ii) of Definition 4.1
is also satisfied, and . zC |

� ;
zd|; �|/ is an S–complex.

Let C
|
� be given by image.�|/ after shifting gradings down by 1, and d| be the differential on C

|
� given

by the restriction of �zd|. The space C
|
� can be identified with Hom.C�;Z/Œ1� and the differential d| of

f WCi!Z, which has degree�i�1, is equal to .�1/if ıd . If we split zC |
� as the sum C

|
�˚C |

��1˚Z using
a corresponding splitting of zC�, then the S–complex structure on zC |

� determines maps v| W C
|
� ! C

|
��2

,
ı

|
1
W C

|
1
! Z and ı|

2
W Z! C

|
0

, which are given by

v|.f / WD f ı v; ı
|
1
.f / WD �f ı ı2.1/; ı

|
2
.m/ WDmı1:

In what follows, for an S–complex . zC ; zd ; �/ write {C� D Hom.{C�;Z/, yC� D Hom.yC�;Z/, and C
�
D

Hom.C�;Z/ for the duals of the small equivariant chain complexes associated to zC�, and call these the
equivariant cohomology chain complexes. We write

.{C|
�; {d

|/; .yC|
�; yd

|/ and .C
|

�;xd
|/

for the small equivariant homology chain complexes associated to the dual S–complex . zC |; zd|; �|/, and
i|, j| and p| for the maps in the associated small equivariant triangle. We write i_, j_ and p_ for the
duals of the maps i, j and p in the small equivariant triangle for . zC ; zd ; �/. The relationship between these
is summarized as follows.

Geometry & Topology, Volume 28 (2024)



Equivariant aspects of singular instanton Floer homology 4109

Lemma 4.18 We have a commutative diagram of small equivariant exact triangles , where the vertical
maps are isomorphisms of graded chain complexes over ZŒx�:

.4.19/
� � � yC|

�

��

i|
oo {C|

�

��

j|
oo C

|

�

p|

oo

��

� � �
i|

oo

� � � {C�
p_

oo yC�
j_

oo C
�i_

oo � � �
p_

oo

Proof The vertical maps, written from left to right as F1, F2 and F3, are defined by:

yF

�
f;

NX
jD0

bj xj

��
˛;

�1X
iD�1

aix
i

�
D f .˛/C

NX
jD0

bj a�j�1;

{F

�
f;

�1X
jD�1

bj xj

��
˛;

NX
iD0

aix
i

�
D f .˛/C

�1X
jD�N�1

bj a�j�1;

F

� NX
jD�1

bj xj

�� N 0X
iD�1

aix
i

�
D

NX
jD�N 0�1

bj a�j�1:

It is straightforward to check that these are isomorphisms of chain complexes, and fit into the diagram
(4.19) above, matching the two small equivariant triangles.

Remark 4.20 An analogous statement holds for the large equivariant triangles. ˘

Proposition 4.21 h. zC
|
� /D�h. zC�/.

Proof First assume that h. zC�/D k > 0. By Proposition 4.15 there is ˛ 2 C� such that d˛ D 0 and the
smallest integer i such that ı1vi.˛/ is nonzero is equal to k�1. This implies that there is no f W C�!Z

and a0; : : : ; ak�1 2 Z such that ak�1 ¤ 0 and

fd C

k�1X
iD0

aiı1v
i
D 0;

because we can apply this linear form to ˛. This implies that h. zC
|
� /� �k.

Next, we consider the set fı1; ı1v; : : : ; ı1vk�1g. By restriction, elements of this set define linearly
independent maps on ker.d/. Our assumption implies that we obtain linearly dependent elements by
adding ı1vk . Therefore, there are a0, : : : , ak such that ak ¤ 0 and

kX
iD0

aiı1v
i
jker.d/ D 0:
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This implies that there is f W C�! Z such that after multiplying all constants ai by a nonzero integer,
we have

fd C

kX
iD0

aiı1v
i
D 0:

Consequently, we have h. zC
|
� /� �k, which completes the proof in the case that h. zC�/ is positive. The

case that h. zC�/ is negative can be verified similarly.

Remark 4.22 An alternative proof of Proposition 4.21 may be obtained using the perspective of
Definition 4.13 and directly applying Lemma 4.18. ˘

4.5 Tensor products of S–complexes

Here we show that the tensor product of two S–complexes is naturally isomorphic to an S–complex.
Let . zC�; zd ; �/ and . zC 0�; zd

0; �0/ be two S–complexes. We also fix splittings zC� D C�˚C��1˚Z and
zC 0� D C 0�˚C 0

��1
˚Z and let d; v; ı1; ı2 and d 0; v0; ı0

1
; ı0

2
be the associated maps. From this data we

define an S–complex . zC˝� ; zd˝; �˝/. Firstly let zC˝� D zC�˝ zC 0�, and then define zd˝ and �˝ by

zd˝ WD zd ˝ 1C "˝ zd 0 and �˝ WD �˝ 1C "˝�0:

It is clear that zd˝ and �˝ satisfy property (i) of Definition 4.1. To see (ii) of Definition 4.1, note that
image.�˝/ is generated by the elements of the form

.4.23/ ˛˝˛0C ".˛/˝˛0; ˛˝˛0; ˛˝ 1; 1˝˛0;

and the kernel of �˝ is generated by the above elements and 1˝ 1.

The subgroup of zC˝� generated by the elements in (4.23), after shifting the degree down by 1, is denoted
by C˝� . We also write d˝ for the differential on C˝� defined as �zd˝jC˝ . The four types of elements in
(4.23) determine a natural decomposition of C˝� ,

C˝� D .C ˝C 0/�˚ .C ˝C 0/��1˚C�˚C 0�:

The differential d˝ with respect to this decomposition is given by

d˝ D

2664
d ˝ 1C "˝ d 0 0 0 0

�"v˝ 1C "˝ v0 d ˝ 1� "˝ d 0 "˝ ı0
2
�ı2˝ 1

"˝ ı0
1

0 d 0

ı1˝ 1 0 0 d 0

3775 :
As in (4.3), we have a short exact sequence of the form

0! C˝
��1
˚Z ,! zC˝�

�˝
�! C˝

��1
! 0:

We may split this sequence using the following right inverse of the map �˝:

˛˝˛0C ".˛/˝˛0 7! ˛˝˛0; ˛˝˛0 7! ˛˝˛0; ˛˝ 1 7! ˛˝ 1; 1˝˛0 7! 1˝˛0:
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This gives rise to a splitting of zC˝� as C˝� ˚C˝
��1
˚Z and the maps v˝ W C�! C��2, ı˝

1
W C1! Z,

ı˝
2
W Z! C�2. The endomorphism v˝ W C˝� ! C˝

��2
is given by

.4.24/ v˝ D

2664
v˝ 1 0 0 ı2˝ 1

0 v˝ 1 0 0

0 0 v 0

0 ı1˝ 1 0 v0

3775 :
We also have ı˝

1
D Œ0; 0; ı1; ı

0
1
� and ı˝

2
D Œ0; 0; ı2; ı

0
2
�|.

Remark 4.25 The nonsymmetrical form of v˝ is due to our nonsymmetrical choice of the right inverse
for the map �˝. In the case that we replace the integers with a ring in which 2 is invertible, we can modify
the above right inverse for �˝ by mapping ˛˝˛0 to 1

2
.˛˝˛0C ".˛/˝˛0/. Then the new map v˝ with

respect to the induced splitting of zC˝� has the form

1

2

2664
v˝ 1C 1˝ v0 0 1˝ ı0

2
ı2˝ 1

0 v˝ 1C 1˝ v0 0 0

0 1˝ ı0
1

2v 0

0 ı1˝ 1 0 2v0

3775 ;
which is symmetrical with respect to switching zC� and zC 0�. ˘

Remark 4.26 Suppose . zC 0
� ;
zd0; �0/ is the trivial S–complex with zC 0

� D Z, zd0 D 0 and �0 D 0. Our
sign convention for tensor products and duals of S–complexes implies that the natural pairing

.f; ˛/ 7! f .˛/

on zC |
� and zC� defines a morphism Q W zC

|
� ˝
zC�! zC

0
� . ˘

In Section 4.2, to any S–complex we associated a series of equivariant theories which fit into an exact
triangle. For example, . zC�; zd ; �/ gives rise to the complex . yC�; yd/ over ZŒx�. We denote the corresponding
objects associated to the S–complexes . zC 0�; zd

0/ and . zC˝� ; zd˝/ by . yC 0�; yd
0/ and . yC˝� ; yd˝/. We follow

similar terminology for the other objects introduced in Section 4.2. Our goal is to study how h. zC˝� / is
related to h. zC�/ and h. zC 0�/.

Lemma 4.27 There are ZŒx�–module isomorphisms

yT W yC�˝ZŒx�
yC 0�!

yC˝� and xT W C �˝ZŒŒx�1;x� C
0
�! C˝� ;

which are chain maps , and the diagram

.4.28/

yC�˝ZŒx�
yC 0�

i˝i0

��

yT
// yC˝�

i˝

��

C �˝ZŒŒx�1;x� C
0
�

xT
// C˝�

commutes. Moreover , we have I˝ I0 � I˝.

Geometry & Topology, Volume 28 (2024)



4112 Aliakbar Daemi and Christopher Scaduto

Note that although we have previously considered C � and C 0� as ZŒx�–modules, they are also modules
over the larger ring ZŒŒx�1;x� in the obvious way, and this is used in the above statement.

Proof We define yT and xT to be the isomorphism of chain complexes which are induced by the natural
isomorphisms

ZŒx�˝ZŒx�ZŒx�D ZŒx� and ZŒŒx�1;x�˝ZŒŒx�1;x�ZŒŒx
�1;x�D ZŒŒx�1;x�:

The definition of the S–complex structure on zC˝� immediately implies that yT and xT are chain maps. It is
also straightforward to check that diagram (4.28) commutes.

Suppose
PN

iD�1 aix
i 2I and

PN 0

iD�1 a0ix
i 2I0 are such that aN and a0

N 0
are nonzero. Then Lemma 4.11

implies that we have � NX
iD�1

1X
jD0

vjı2.ai/x
i�j�1; 0;

NX
iD�1

aix
i

�
2 image.i�/;

and there is a corresponding element in image.i 0�/, replacing ai and N by a0i and N 0. The tensor product
of these two elements, using the isomorphism T , gives rise to an element in the image of the map
i˝� WH. yC

˝
� /!H.C˝� /, which is of the form�

A; 0;

NX
iD�1

N 0X
jD�1

aia
0
j xiCj

�
;

where A 2 C˝� ˝ZŒŒx�1;x�. By Lemma 4.11, the map x̂ sends this element to I˝, which has the formPN
iD�1

PN 0

jD�1 aia
0
j xiCj . Consequently, I˝ I0 � I˝.

Corollary 4.29 h. zC˝� /D h. zC�/C h. zC 0�/.

Proof Lemma 4.27 implies that h. zC˝� /� h. zC�/C h. zC 0�/. The morphism Q in Remark 4.26 induces a
morphism from zC |

� ˝
zC˝� to zC 0�. Then we have

h. zC 0�/� h. zC
|
� ˝
zC˝� /� �h. zC�/C h. zC˝� /:

The first inequality follows from Corollary 4.14, while the second inequality follows from Proposition 4.21
and another application of Lemma 4.27.

4.6 Local equivalence groups

We next introduce an equivalence relation on the set of S–complexes, essentially that of “(chain) local
equivalence” as defined in [Stoffregen 2017]; see also [Hendricks et al. 2018; Hendricks et al. 2021]. In
those references, the focus is on equivariant homological algebra over Pin.2/ and Z=4. In this sense our
setup, which is in principle that of S1–equivariant homological algebra, is more basic. However, we
allow for more general coefficient rings, and will later consider a filtered analogue of these constructions,
providing a broader context.
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A preorder on a set S is a binary relation P6 which is reflexive and transitive. The quotient set S=�

obtained by identifying elements s; t 2 S with s P6 t and t P6 s is a partially ordered set with the induced
binary relation, denoted by 6.

To any category, we may define a preorder on objects as follows: two objects s and t have s P6 t if there
is a morphism from s to t . We apply this to the category of Z–graded S–complexes over a commutative
ring R, and call the resulting set ‚S

R
, ie

‚S
R WD fS–complexes over Rg=�; 3

where

. zC ; zd ; �/� . zC 0; zd 0; �0/ () there exist morphisms of S–complexes f W zC�! zC 0� and f 0 W zC 0�! zC�:

We refer to the equivalence relation � as local equivalence. An equivalence class in ‚S
R

will be denoted
by Œ. zC�; zd ; �/�. Then

Œ. zC�; zd ; �/�6 Œ. zC 0�;
zd 0; �0/� () there exists some morphism of S–complexes f W zC�! zC 0�:

Thus ‚S
R

is a partially ordered set. Our above work implies the following.

Proposition 4.30 The set ‚S
R

has the natural structure of an abelian group , compatible with the partial
order 6, making it a partially ordered abelian group.

Proof Addition is given by the tensor product of S–complexes. Associativity follows because the natural
tensor product associativity isomorphism, written

. zC�˝ zC
0
�/˝

zC 00� Š
zC�˝ . zC

0
�˝
zC 00� /;

is an isomorphism of S–complexes. Similarly, commutativity follows because the map zC�˝ zC 0�! zC
0
�˝
zC�

defined by ˛˝˛0 7! .�1/ij˛0˝˛, where ˛ and ˛0 have respective gradings i and j , is an isomorphism
of S–complexes.

Next, the addition operation is well-defined on‚S
R

, as it is straightforward to verify that the tensor product
of two S–chain homotopy equivalences is again an S–chain homotopy equivalence. The identity element
is represented by the trivial S–complex zC 0

� DR with zd0 D 0, and the inverse of an S–complex zC� is
given by its dual zC |

� . Indeed, the natural pairing of Remark 4.26 and the morphism RD zC 0
� !

zC
|
� ˝
zC�

sending 1 to the identity show that zC |
� ˝
zC� is equivalent to zC 0

� .

When we want to consider Z=2N –graded S–complexes over R, we may form an analogous partially
ordered group, and we denote this by ‚S

R;Z=2N
, ie

‚S
R;Z=2N WD fZ=2N –graded S–complexes over Rg=�:

When our S–complexes are graded by Z=N and R has characteristic 2, we similarly have ‚S
R;Z=N . If in

this latter case N D 1 (ie there are no gradings) then we write ‚S
R;∅.
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The h–invariant of Definition 4.13 extends to the case when the coefficient ring is any commutative
ring R. In the case that R is an integral domain, h is a homomorphism:

Proposition 4.31 Let R be an integral domain. The h–invariant induces a homomorphism h W‚S
R
! Z

of partially ordered abelian groups. If R is a field , then h an isomorphism. In general , the h–invariant
factors as follows , where Frac.R/ is the field of fractions of R:

‚S
R!‚S

Frac.R/;Z=2
h
�! Z when char.R/¤ 2;

‚S
R!‚S

Frac.R/;∅
h
�! Z when char.R/D 2:

Proof That h is a homomorphism follows from Corollaries 4.14 and 4.29 and Proposition 4.21, which
directly adapt when Z is replaced by any integral domain R.

Next, suppose that R is a field. Let zC� be an S–complex over R such that h. zC /D 0. Proposition 4.15
implies that there is ˛ 2 C� such that ı2.1/ D d˛. Then a morphism z� W zC 0

� !
zC�, from the trivial

S–complex zC 0
� to zC�, is given in components by �D�D�1D 0 and �2.1/D ˛. The same construction

applies to the dual, giving a morphism zC 0
� !

zC
|
� whose dual is a morphism zC�! zC 0

� . Thus zC� is locally
equivalent to the trivial complex. This implies that h is injective. To see that h is surjective, take the
complex zC� D C�˚C��1˚R with C� freely generated by a single element ˛, with d D v D ı2 D 0

and ı1.˛/D 1. Proposition 4.15 implies that h. zC�/D 1, so h is surjective.

Proposition 4.15 also makes it clear that the h–invariant is the same whether we work over R or Frac.R/,
and similarly the grading of zC� plays no essential role in its determination.

In particular, the h invariant depends on the weakest possible type of grading we allow for S–complexes
over R, and moreover only sees the field of fractions of R. In particular, the h invariant defined with Z–
coefficients is the same as when it is defined with Q–coefficients, and in this case only the Z=2–gradings
of the complexes are necessary.

4.7 Nested sequences of ideals

Here we describe a refinement of the invariant h. zC / in the form of a sequence of ideals which in general
depends on more than the field of fractions of R.

We begin with the concrete example in which RD Z. In this case, we have another natural invariant
associated to the local equivalence class of an S–complex. Let . zC�; zd ; �/ be an S–complex over Z, and
let I� ZŒŒx�1;x� be the associated ZŒx�–module im.i�/. Set

g. zC / WD gcdfm jm is the leading factor of Q.x/ 2 I with Deg.Q.x//D�h. zC /g 2 Z>0:
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An application of Corollary 4.12 shows that if there is a morphism from zC to zC 0, then g. zC / is divisible
by g. zC 0/. From Section 4.5 we gather that g. zC ˝ zC 0/ divides g. zC /g. zC 0/. There is also an analogue of
Proposition 4.15 for g. zC /:

g. zC /D

�
gcdfı1vk�1.˛/ j ˛ satisfies (4.16)g if h. zC / > 0;

gcdfa�k j a0, : : : , a�k and ˛ satisfy (4.17)g if h. zC /6 0:

We have an induced map g W‚S
Z! Z>0 of partially ordered sets, where Z>0 is given the partial order of

divisibility. More generally, for any commutative ring R, we obtain a similar map from ‚S
R

to the set of
ideals of R.

We expand on the above construction in the case that R is a general integral domain. Let . zC�; zd ; �/ be
an S–complex over R, and again let I�RŒŒx�1;x� be the associated RŒx�–submodule im.i�/. Then we
make the following:

Definition 4.32 For an S–complex zC as above, we define its associated ideal sequence

.4.33/ � � � � JiC1 � Ji � Ji�1 � � � � �R;

where we also write Ji D Ji. zC /, as follows:

.4.34/ Ji. zC / WD fa0 2R j there exists some element a0x�i
C a�1x�i�1

C � � � 2 Ig: ˘

The ideals Ji defined by (4.34) are nested as in (4.33) by virtue of the fact that I is an RŒx�–submodule.
The maximum i 2 Z such that Ji ¤ 0 is by definition the invariant h WD h. zC /, and so we may write

.4.35/ Jh � Jh�1 � Jh�2 � � � � �R:

Note that Jh. zC /D g. zC /. Corollary 4.12 implies that the nested sequence of ideals (4.35) is an invariant
of the local equivalence class of the S–complex . zC ; zd ; �/. More generally, for a morphism zC ! zC 0, with
associated ideals Ji and J 0i , respectively, we have Ji � J 0i . Lemma 4.27 implies that these ideals behave
with respect to tensor products as

Ji. zC / �Jj . zC
0/� JiCj . zC ˝ zC

0/:

With respect to taking duals of S–complexes, we have

Ji. zC
|/D 0 () J�i�1. zC /¤ 0;

which follows from the characterization of the h–invariant in terms of Ji mentioned above.

5 Equivariant invariants from singular instanton theory

In this section we apply the machinery of the previous section to the framed instanton S–complex defined
in Section 3, associated to a based knot in an integer homology 3–sphere .Y;K/. The output is a triangle
of equivariant Floer homology groups, yI�.Y;K/, {I�.Y;K/ and I�.Y;K/, the Frøyshov-type invariant
hZ.Y;K/, and a nested sequence of ideals.
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5.1 Equivariant Floer homology groups

For an oriented based knot K in an integer homology sphere Y, we constructed a Z=4–graded S–complex
. zC�.Y;K/; zd/ whose S–chain homotopy type is a natural invariant of the pair .Y;K/. Associated to this
S–complex, we have equivariant chain complexes . yC�.Y;K/; yd/, . {C�.Y;K/; {d/ and .C �.Y;K/; xd/ as
defined in Section 4.2. We write

.5.1/ yI�.Y;K/; {I�.Y;K/ and I�.Y;K/

for the homology groups of these chain complexes and call them the equivariant singular instanton
homology groups of .Y;K/. These homology groups are ZŒx�–modules. Our notation is motivated by the
notation in the monopole Floer homology of [Kronheimer and Mrowka 2007], and the three groups (5.1)
are respectively called “I-from”, “I-to” and “I-bar”.

We may alternatively use the small model for equivariant Floer homology groups in Section 4.3 to define
equivariant singular instanton homology groups. In particular,

I�.Y;K/Š ZŒŒx�1;x�:

Invariance of the S–chain homotopy type of . zC�.Y;K/; zd/ implies that these ZŒx�–modules are invariants
of .Y;K/. Moreover, we have exact triangles

{I�.Y;K/
j�

// yI�.Y;K/

i�yy

I�.Y;K/

p�

ee

.5.2/

yI�.Y;K/
x�

// yI�.Y;K/

y�yy

zI�.Y;K/

z�

ee

.5.3/

induced by (4.6) and (4.8). The equivariant singular instanton homology groups are Z=4–graded over
the graded ring ZŒx�, where x has grading �2. With respect to these gradings, the maps p� and i� have
degree zero, while j� has degree �1. Moreover, the maps x�, y� and z� have respective degrees �2, 0

and 1.

We may similarly define the equivariant singular instanton cohomology groups I�.Y;K/, yI�.Y;K/ and
I�.Y;K/. These satisfy similar properties. In the triangles (5.2) and (5.3), the arrows are reversed and
the maps are replaced by i�, j �, p�, x�, y� and z�.

Equivariant singular instanton homology groups are functorial with respect to negative definite pairs. A
negative definite pair .W;S/ W .Y;K/! .Y 0;K0/ induces a morphism z�.W ;S/ W zC�.Y;K/! zC�.Y 0;K0/.
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The discussion of Section 4.2 shows that this morphism induces morphisms of ZŒx�–modules

yI�.W;S/ W yI�.Y;K/! yI�.Y
0;K0/;

{I�.W;S/ W {I�.Y;K/! {I�.Y
0;K0/;

I�.W;S/ W I�.Y;K/! I�.Y
0;K0/:

Theorem 5.4 The equivariant singular instanton homology groups define functors

{I� WH!ModZ=4
ZŒx�;

yI� WH!ModZ=4
ZŒx� and I� WH!ModZ=4

ZŒx�

from the category H of based knots in homology 3–spheres to the category of Z=4–graded modules over
the graded ring ZŒx�. The maps i�, j� and p� determine natural transformations. Similarly, we have
cohomology functors

{I� WH!ModZ=4
ZŒx�;

yI� WH!ModZ=4
ZŒx� and I� WH!ModZ=4

ZŒx�

satisfying the same properties.

Remark 5.5 In this article, we have restricted our attention to negative definite pairs, in the sense of
Definition 2.33. However, we hope that the functoriality of the equivariant singular instanton homology
groups can be extended to other cobordisms. ˘

Remark 5.6 Technically, our constructions assign to a pair .Y;K/ a transitive system of equivariant
singular instanton homology modules, indexed by the choices of auxiliary data, and to a cobordism
.W;S/ a morphism of such transitive systems. We may then assign to each transitive system a module,
as discussed after Theorem 3.34. ˘

Let .Y;K/ be a based knot in an integer homology 3–sphere and let .�Y;�K/ be its orientation reversal.
From (2.20) and the discussion in Section 4.4 we conclude that the Z=4–graded S–complex associated to
.�Y;�K/ is naturally identified with the dual of the Z=4–graded S–complex of .Y;K/. This implies the
following:

Proposition 5.7 Let r WH!H denote the functor which reverses orientations , ie r.Y;K/D .�Y;�K/,
and r.W;S/D .�W;�S/. Then we have the following equalities:

{I� ı r D yI�; yI� ı r D {I�; I� ı r D I�;

{I� ı r D yI�; yI� ı r D {I�; I� ı r D I�:

Remark 5.8 We are working over the coefficient ring Z, and yet we do not need homology orientations,
as is necessary, for example, in [Kronheimer and Mrowka 2007]. This is because we have restricted our
attention to knots in homology 3–spheres and cobordisms which are negative definite pairs, which have
canonical homology orientations. ˘

Remark 5.9 All of the above works if Z is replaced by any commutative ring R. ˘
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5.2 Local equivalence and the concordance invariant h

Recall the category H, whose objects are based knots in integer homology 3–spheres, and whose morphisms
are negative definite pairs. Consider the set ‚3;1

Z obtained from H by the general procedure described in
Section 4.6. We obtain the following description:

‚
3;1
Z WD f.Y;K/ j Y an integer homology 3–sphere;K � Y a knotg=�;

where

.Y;K/� .Y 0;K0/ () there exist negative definite pairs .Y;K/! .Y 0;K0/; .Y 0;K0/! .Y;K/:

The partially ordered set ‚3;1
Z has a group operation: the identity is represented by the unknot in the

3–sphere, the group operation is connected sum of knots, and inverses are obtained by reversing orientation.
This abelian group is also a partially ordered group, with Œ.Y;K/� 6 Œ.Y 0;K0/� if and only if there is a
negative definite pair from .Y;K/ to .Y 0;K0/. Furthermore, there is a natural homomorphism to ‚3;1

Z

from the homology concordance group defined in the introduction. We will prove the following:

Theorem 5.10 Let R be a commutative ring. The assignment .Y;K/ 7! . zC�.Y;KIR/; zd ; �/ induces a
homomorphism „ W‚

3;1
Z !‚S

R;Z=4 of partially ordered abelian groups.

That the assignment induces a well-defined map ‚3;1
Z !‚S

R;Z=4 of partially ordered sets follows from
the discussion in Section 3.4. That the map is a homomorphism will follow from our connected sum
theorem, to be proved in Section 6.

Definition 5.11 For a based knot in an integer homology 3–sphere .Y;K/, we define h.Y;K/DhZ.Y;K/

to be the Frøyshov invariant of the S–complex . zC .Y;K/; zd/. That is, h is the invariant of the equivalence
class Œ.Y;K/� 2‚3;1

Z obtained from the composition

h W‚
3;1
Z

„
�!‚S

Z;Z=4
h
�! Z:

When Y is the 3–sphere, we simply write h.K/. More generally, we write hR.Y;K/ for the Frøyshov
invariant obtained using a coefficient ring R which is an integral domain. ˘

Remark 5.12 In Section 7, we will generalize this invariant to the collection of invariants hS .Y;K/ for
S –algebras over R D ZŒU˙1;T˙1� using local coefficient systems. These more general versions are
the ones discussed in the introduction. ˘

Let CZ be the homology concordance group. There is a natural homomorphism

CZ!‚
3;1
Z :

In this way, any integer-valued function defined on‚S
R;Z=4 gives rise to a homology concordance invariant

for knots. We use the same notation hR W CZ! Z for the homomorphism induced by hR in this way.
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Theorem 5.13 Let R be an integral domain. Then hR induces a homology concordance invariant which
is a homomorphism of partially ordered groups

hR W CZ! Z:

If .W;S/ W .Y;K/! .Y 0;K0/ is a negative definite pair , then hR.Y;K/6 hR.Y
0;K0/.

We may refine the invariants hR using Definition 4.32 to obtain a sequence of ideals

J R
h .Y;K/� J R

h�1.Y;K/� � � � �R;

where hD hR.Y;K/, the construction of which again factors through ‚3;1
Z . The properties of these ideals

carry over from the discussion in Section 4.7. We will also generalize this construction in Section 7.

6 The connected sum theorem

Let .Y;K/ and .Y 0;K0/ be pairs of integer homology 3–spheres with embedded oriented based knots.
Then the connected sum .Y # Y 0;K # K0/, performed at the distinguished basepoints of K and K0, is also
an oriented based knot. The main result of this section is:

Theorem 6.1 (connected sum theorem for knots) In the situation described above , there is a chain
homotopy equivalence of Z=4–graded S–complexes:

.6.2/ zC .Y # Y 0;K # K0/' zC .Y;K/˝ zC .Y 0;K0/:

The statement holds over any coefficient ring. This equivalence is natural , up to S–chain homotopy , with
respect to split cobordisms.

Each framed instanton chain complex that appears in the statement has some fixed choices of metric and
perturbation, which are as usual suppressed from the notation. The connected sum theorem, together with
Lemma 4.27, implies the following result for yI�.

Corollary 6.3 Let .Y;K/ and .Y 0;K0/ be based knots in integer homology 3–spheres. There is a chain
homotopy equivalence of Z=4–graded complexes over ZŒx�,

yC�.Y;K/˝ZŒx�
yC�.Y

0;K0/' yC�.Y # Y 0;K # K0/;

natural up to homotopy with respect to split cobordisms. In particular , if R is a field , then there is a
Künneth formula relating yI�.Y;KIR/, yI�.Y 0;K0IR/ and yI�.Y # Y 0;K # K0IR/.

A similar statement holds for the I� theory, and the two are intertwined by the map i�. We remark also
that Theorem 6.1 completes the proof of Theorem 5.10.

In this section we prove the equivalence (6.2) and its naturality (explained in Section 6.3.4) over Z, as the
case for arbitrary coefficients follows from this.
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Theorem 6.1 is a singular instanton homology analogue of Fukaya’s connected sum theorem [1996] for the
instanton Floer homology of integer homology 3–spheres. In fact, our result goes further than Fukaya’s
theorem, which does not determine the full S–complex for the connected sum. Our proof is an adaptation
of the one described by Donaldson [2002, Section 7.4] in the nonsingular setting. Apart from our having
repackaged the algebra, the main difference between our proof of Theorem 6.1 and Donaldson’s proof in
the nonsingular case occurs in the proof of Proposition 6.17, where a singular analogue of [Donaldson
2002, Theorem 7.16] is used; see Remark 6.25 for more details.

6.1 Topology of the connected sum theorem

There is a standard cobordism of pairs .Y;K/ t .Y 0;K0/ ! .Y # Y 0;K # K0/, which we denote by
.W;S/. The cobordism W W Y tY 0! Y # Y 0 is obtained by attaching a 4–dimensional 1–handle H to
Œ0; 1��.Y tY 0/ along 3–ball neighborhoods of the basepoints p�f1g and p0�f1g. The surface cobordism
S WK tK0!K # K0 is similarly obtained by attaching a 2–dimensional 1–handle, embedded inside H.
Note that if K and K0 are unknots, then S is a pair of pants. For this reason we depict .W;S/ by a directed
pair of pants, ie . We have a similar cobordism of pairs .W 0;S 0/ W .Y #Y 0;K#K0/! .Y;K/t.Y 0;K0/,
which is obtained from .W;S/ by swapping the roles of incoming and outgoing ends, and reversing
orientation. This is depicted by . Both surfaces S and S 0 admit framings which are compatible with
the Seifert framings of the knots K, K0 and K # K0.

Fix three oriented, piecewise differentiable paths 
 , 
 0 and 
 # on the surface S �W in the following
way. The path 
 (resp. 
 0) begins at the basepoint p of Y (resp. p0 of Y 0) and ends at the basepoint p#

of Y #Y 0. The path 
 # begins at p and ends at p0. These three paths together form a graph in the shape of
the letter Y as it is shown in Figure 4. The holonomy of any connection along 
 is equal to the product
of its holonomies along the paths 
 0 and 
 #. Similarly, we denote by � , � 0 and �# the paths on the
surface S 0 which are the mirrors of the paths 
 , 
 0 and 
 #, as depicted in Figure 4.

The composite cobordism .W;S/ ı .W 0;S 0/ has an embedded loop on S ı S 0, depicted in Figure 5,
formed by joining together 
 # and �#. A regular neighborhood N of this loop is diffeomorphic to the pair
.S1 �D3;S1 �D1/, the boundary of which is the pair .S1 �S2;S1 � 2 pts/. Excising N and gluing




 0


 #


 [ 
 0[ 
 #

�
� 0

�#

� [ � 0[ �#

Figure 4
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.W;S/ ı .W 0;S 0/ Œ0; 1�� .Y # Y 0;K # K0/

Figure 5

.W 0;S 0/ ı .W;S/ Œ0; 1�� ..Y;K/t .Y 0;K0//

Figure 6

back in a copy of .D2 �S2;D2 � 2 pts/ produces a cobordism isomorphic to Œ0; 1�� .Y # Y 0;K # K0/,
the identity cobordism.

Now we consider the other composite, .W 0;S 0/ ı .W;S/. Within this cobordism there is an embedded
pair .S3;S1/; in Figure 6, this S1 is the horizontal circle. Cutting along this 3–sphere and circle, and
gluing in two pairs of the form .B4;D2/, yields a cobordism isomorphic to the identity cobordism
Œ0; 1�� ..Y;K/t .Y 0;K0//.

6.2 Moduli spaces on the cobordisms .W;S / and .W 0;S 0/

Throughout this section, we write ˛, ˛0 and ˛# for gauge equivalence classes of critical points for the
perturbed Chern–Simons functionals on .Y;K/, .Y 0;K0/ and .Y # Y 0;K # K0/. Similarly, we write � ,
� 0 and �# for the corresponding reducible classes. We use the abbreviated notation M.˛; ˛0I˛#/d for
the instanton moduli space M.W;S I˛; ˛0; ˛#/d . Similarly, M.˛#I˛; ˛0/d denotes the moduli space
M.W 0;S 0I˛#; ˛; ˛0/d .

We can use the paths 
 and 
 0 defined above to define maps as in Section 3.3.3,

H 

WB.W;S I˛; ˛0; ˛#/! S1 and H 
 0

WB.W;S I˛; ˛0; ˛#/! S1:

Note that in contrast to our convention from Section 3.3, for the sake of brevity, we omit the critical
limits from the notation of these holonomy maps. To define H 
 (resp. H 
 0) we need ˛ (resp. ˛0) to be
irreducible, and both maps require ˛# irreducible. By picking generic points h; h0 2 S1, we define the
following cut-down moduli spaces:

M
 .˛; ˛
0
I˛#/d WD fŒA� 2M.˛; ˛0I˛#/dC1 jH


 .ŒA�/D hg;.6.4/

M
 0.˛; ˛
0
I˛#/d WD fŒA� 2M.˛; ˛0I˛#/dC1 jH


 0.ŒA�/D h0g;.6.5/

M

 0.˛; ˛
0
I˛#/d WD fŒA� 2M.˛; ˛0I˛#/dC2 jH


 .ŒA�/D h; H 
 0.ŒA�/D h0g:.6.6/
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The moduli spaces (6.4), (6.5) and (6.6) are defined only in the case that ˛# is irreducible. Moreover, we
need irreducibility of ˛ (resp. ˛0) to define the moduli spaces in (6.4) (resp. (6.5)) and (6.6). There is
another obvious way in which we can define a cut-down moduli space in the case that ˛ and ˛0 are both
irreducible:

.6.7/ M
 #.˛; ˛0I˛#/d WD fŒA� 2M.˛; ˛0I˛#/dC1 jH

 #
.ŒA�/D h0 � h�1

g:

We will mainly be concerned with the moduli spaces in (6.4), (6.5), (6.6) and (6.7) in the case that d D 0

or d D 1. By choosing h and h0 generically, we may assume that all such moduli spaces are smooth
manifolds.

Remark 6.8 We follow similar orientation conventions as before to orient the moduli spaces. For
example, to orient the moduli space M.˛; ˛0I˛#/, we use the canonical homology orientation oW for
the pair .W;S/, which is an element of ƒŒW;S I �C; �

0
CI �

#
��, defined as in Section 2.9. Given elements

o˛ 2ƒŒ˛�, o˛0 2ƒŒ˛
0� and o˛# 2ƒŒ˛#�, we can fix o˛;˛0I˛# 2ƒŒW;S I �C; �

0
CI �

#
��, and hence an orientation

of M.˛; ˛0I˛#/, by demanding

ˆ.o˛˝ o˛0 ˝ oW /Dˆ.o˛;˛0I˛# ˝ o˛#/: ˘

6.3 Proof of the connected sum theorem

Let us write . zC�; zd ; �/, . zC 0�; zd
0; �0/ and . zC #

� ;
zd#; �#/ for the framed instanton S–complexes for the based

knots .Y;K/, .Y 0;K0/ and .Y # Y 0;K # K0/, respectively. Write . zC˝� ; zd˝; �˝/ for the tensor product S–
complex defined using . zC�; zd ; �/ and . zC 0�; zd

0; �0/ as in Section 4.5, so that its underlying chain complex
is simply . zC�; zd/˝ . zC 0�; zd

0/.

The moduli spaces discussed in Section 6.2 will be used to define morphisms

z�.W ;S/ W . zC
˝
� ;
zd˝; �˝/! . zC #

� ;
zd#; �#/ and z�.W 0;S 0/ W . zC

#
� ;
zd#; �#/! . zC˝� ;

zd˝; �˝/:

In Section 6.3.1, we define z�.W ;S/ and show that it is a morphism of S–complexes. The definition of
z�.W 0;S 0/ is similar and is given in Section 6.3.2. Finally, in Section 6.3.3, we show that these maps are
S–chain homotopy equivalences.

6.3.1 Definition of the map z�.W;S / Using the S–complex decomposition of zC˝� from Section 4.5 and
the notation of Definition 3.28, giving a morphism

z�.W ;S/ W . zC
˝
� ;
zd˝; �˝/! . zC #

� ;
zd#; �#/

amounts to defining four maps, � W C˝� ! C #
� , � W C˝� ! C #

��1
, �1 W C

˝

0
! Z and �2 W Z! C #

�1
. Upon

further decomposing C˝� , these may be written as maps

� W .C ˝C 0/�˚ .C ˝C 0/��1˚C�˚C 0�! C #
� ;

� W .C ˝C 0/�˚ .C ˝C 0/��1˚C�˚C 0�! C #
��1;

�1 W .C ˝C 0/0˚ .C ˝C 0/�1˚C0˚C 00! Z; �2 W Z! C #
�1:
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The maps �, � and �1 can be further decomposed using the decomposition of their domains into four
components; we write

�D Œ�1; �2; �3; �4�; �D Œ�1; �2; �3; �4�; �1 D Œ�1;1; �1;2; �1;3; �1;4�:

We proceed to define these maps. Suppose ˛, ˛0 and ˛# are all irreducible. Then define

h�1.˛˝˛
0/; ˛#

i D #M
 #.˛; ˛0I˛#/0; �1;1.˛˝˛
0/D #M
 #.˛; ˛0I �#/0;

h�2.˛˝˛
0/; ˛#

i D #M.˛; ˛0I˛#/0; �1;2.˛˝˛
0/D #M.˛; ˛0I �#/0;

h�3.˛/; ˛
#
i D #M.˛; � 0I˛#/0; �1;3.˛/D #M.˛; � 0I �#/0;

h�4.˛
0/; ˛#

i D #M.�; ˛0I˛#/0; �1;4.˛
0/D #M.�; ˛0I �#/0:

We also define h�2.1/; ˛
#i D #M.�; � 0I˛#/0. Finally, we define � as

h�1.˛˝˛
0/; ˛#

i D #M

 0.˛; ˛
0
I˛#/0; h�2.˛˝˛

0/; ˛#
i D #M
 .˛; ˛

0
I˛#/0;

h�3.˛/; ˛
#
i D #M
 .˛; �

0
I˛#/0; h�4.˛

0/; ˛#
i D #M
 0.�; ˛

0
I˛#/0:

Using the pictorial calculus introduced in Section 3, we may write these maps as

�D
h

; ; ;
i
; �1 D

h
; ; ;

i
;

�2 D ; �D
h

; ; ;
i
:

Remark 6.9 There is a unique reducible ASD connection A0 on .W;S/ up to gauge equivalence, which
is unobstructed and has index �1, as can be verified using arguments similar to those in Section 2.7.
From this one can deduce that z� has degree 0 (mod 4), as is already implicit in the above notation. ˘

Remark 6.10 We have indicated the convention, as in the case of �1, that a picture involving more than
one path represents a map defined by cutting down moduli spaces by holonomy constraints H 
 .ŒA�/D h


for each path 
 , where h
 2 S1. In the generic case, as is always assumed, the parameters h
 are distinct
from one another. Thus we have the relation

D 0;

because this map counts instantons whose holonomy along one path is equal to two distinct quantities. We
note here, in passing, that whenever two paths overlap, our convention is to draw them slightly separated
from one another. ˘

Remark 6.11 Because 
 # is homotopic to 
 concatenated with the reverse of 
 0, we have the relation
H 
 � .H 
 0/�1 DH 
 #

. From this we obtain the relation

� D :

This follows from Remark 3.18 and the elementary fact that for two maps f and f 0 from a closed oriented
1–manifold M to S1, we have deg.f �f 0/D deg.f /C deg.f 0/. ˘
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Proposition 6.12 The maps �, �, �1 and �2 define a morphism of S–complexes. That is to say, they
satisfy the identities

d#
ı�D � ı d˝; ı#

1 ı�D�1 ı d˝C ı˝
1
;

� ı ı˝
2
D ı#

2� d#
ı�2; d#

ı�C� ı d˝ D v#
ı��� ı v˝C ı#

2 ı�1��2 ı ı
˝

1
:

Proof The relations listed will follow by analyzing the ends of certain 1–dimensional moduli spaces
using the gluing theory which is outlined in Section 2.7.

First, the relation d# ı�D � ı d˝ splits into the equations

d#�1 D �1.d ˝ 1/C�1."˝ d 0/��2."v˝ 1/C�2."˝ v
0/C�3."˝ ı

0
1/C�4.ı1˝ 1/;

d#�2 D �2.d ˝ 1/��2."˝ d 0/;

d#�3 D �2."˝ ı
0
2/C�3d;

d#�4 D��2.ı2˝ 1/C�4d 0:

These relations follow by counting the boundary points of the 1–dimensional manifolds MC


 #.˛; ˛
0I˛#/1,

MC.˛; ˛0I˛#/1, MC.˛; � 0I˛#/1 and MC.�; ˛0I˛#/1, respectively. The boundary points in the four
cases correspond to certain factorizations of instantons which are depicted by the four rows in Figure 7.
The details of this analysis are completely analogous to the proofs of Propositions 3.10 and 3.20.

Similarly, the relation ı#
1
ı�D�1 ıd˝Cı˝

1
splits into four equations, which correspond to the four rows

in Figure 8, obtained by counting boundary points of the moduli spaces MC


 #.˛; ˛
0I �#/1, MC.˛; ˛0I �#/1,

MC.�; ˛0I �#/1 and MC.�; ˛0I �#/1.

Figure 7
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Figure 8

Figure 9

The relation � ı ı˝
2
D ı#

2
� d# ı�2 is equivalent to

�3 ı ı2C�4 ı ı
0
2 D ı

#
2� d#

ı�2;

the terms corresponding to the boundary points of moduli spaces MC.�; � 0I˛#/1:

Finally, consider the fourth relation

.6.13/ d#
ı�C� ı d˝ D v#

ı��� ı v˝C ı#
2 ı�1��2 ı ı

˝

1
:

This splits into four equations. The first equation follows by counting the boundary points of 1–dimensional
moduli spaces MC



 0.˛; ˛
0I˛#/1; see Figure 9. Note that gluing theory gives an additional contribution to

Figure 9 of the form

:
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Figure 10

However, this term vanishes by Remark 6.10. The term in Figure 9 depicted as

.6.14/

comes from broken trajectories in MC


 0.˛; ˛

0I˛#/1 which break along a reducible on Y # Y 0. Although
the two curves 
 , 
 0 travel through Œ1;1/�Y # Y 0, it is clear that

MC


 0.˛; ˛

0
I˛#/1 DMC


 #
 0
.˛; ˛0I˛#/1:

Thus from the viewpoint of the latter moduli space, we only need understand how such trajectories interact
with the holonomy map of 
 0, from which the contribution (6.14) follows just as in Proposition 3.16. In
verifying the relation at hand from Figure 9, we use Remark 6.11 several times, for example

� D and � D :

The second equation stemming from (6.13) is obtained from the boundary points of the moduli space
MC

 .˛; ˛

0I˛#/1, which are represented in Figure 10. The third equation follows from considering the
boundary of MC


 .˛; �
0I˛#/1; the fourth and final equation is similar, and uses MC


 0 .�; ˛
0I˛#/1 and the

relation of Remark 6.11.

6.3.2 Definition of the map z�.W 0;S 0/ We have a similar decomposition for the map z�.W 0;S 0/,

�0 W C #
� ! .C ˝C 0/�˚ .C ˝C 0/��1˚C�˚C 0�;

�0 W C #
� ! .C ˝C 0/��1˚ .C ˝C 0/��2˚C��1˚C 0

��1;

�01 W C
#
1 ! Z; �02 W Z! .C ˝C 0/�1˚ .C ˝C 0/�2˚C�1˚C 0

�1:

The maps �0, �0 and �0
2

can be further decomposed using the decomposition of their codomains into four
components, as seen above; we write

�0 D Œ�01; �
0
2; �
0
3; �
0
4�

|; �D Œ�01; �
0
2; �
0
3; �
0
4�

|; �02 D Œ�
0
2;1; �

0
2;2; �

0
2;3; �

0
2;4�

|:

We proceed to define these maps. Suppose ˛, ˛0 and ˛# are all irreducible. Then define

h�01.˛
#/; ˛˝˛0i D #M.˛#

I˛; ˛0/0; h�02;1.1/; ˛˝˛
0
i D #M.�#

I˛; ˛0/0;

h�02.˛
#/; ˛˝˛0i D #M�#.˛#

I˛; ˛0/0; h�
0
2;2.1/; ˛˝˛

0
i D #M�#.�#

I˛; ˛0/0;

h�03.˛
#/; ˛i D #M.˛#

I˛; � 0/0; h�02;3.1/; ˛i D #M.�#
I˛; � 0/0;

h�04.˛
#/; ˛0i D #M.˛#

I �; ˛0/0; h�02;4.1/; ˛
0
i D #M.�#

I �; ˛0/0:
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We also define �0
1
.˛#/D #M.˛#I �; � 0/0. Finally, we define �0 as

h�01.˛
#/; ˛˝˛0i D #M� .˛

#
I˛; ˛0/0; h�

0
2.˛

#/; ˛˝˛0i D #M�� 0.˛
#
I˛; ˛0/0;

h�03.˛
#/; ˛i D #M� .˛

#
I˛; � 0/0; h�04.˛

#/; ˛0i D #M� 0.˛
#
I �; ˛0/0:

The proof of the following proposition is similar to the proof of Proposition 6.12. All the relations are
obtained from Section 6.3.1 by reversing the pictures from right to left.

Proposition 6.15 The maps �0, �0, �0
1

and �0
2

define a morphism of S–complexes. That is to say, they
satisfy the identities

d˝ ı�0 D �0 ı d#; ı˝
1
ı�0 D�01 ı d#

C ı#
1;

�0 ı ı#
2 D ı

˝

2
� d˝ ı�02; d˝ ı�0C�0 ı d#

D v˝ ı�0��0 ı v#
C ı˝

2
ı�01��

0
2 ı ı

#
1:

6.3.3 Chain homotopies of compositions We first identify the composition z�.W ;S/ ız�.W 0;S 0/, which is
a morphism of S–complexes, as a morphism associated to .W ı;Sı/ WD .W ıW 0;SıS 0/. Let �# WD
 #ı�#

be the closed loop embedded in the surface Sı, and similarly set �D 
 ı � , �0 D 
 0 ı � 0. Let

z�.W ı;Sı;�#/ W
zC #
� !

zC #
�

be the S–morphism defined by components �ı, �ı, �ı
1

and �ı
2
, where

h�ı.˛#/; ˇ#
i D #M�#.W ı;SıI˛#; ˇ#/00; h�

ı.˛#/; ˇ#
i D #M�#�.W

ı;SıI˛#; ˇ#/00;

h�ı1.˛
#/; 1i D #M�#.W ı;SıI˛#; �#/00; h�ı2.1/; ˇ

#
i D #M�#.W ı;SıI �#; ˇ#/00:

In all of these moduli spaces, we use a slightly larger gauge group than usual; this is indicated by the
primed superscripts. To say more, viewing our moduli spaces as consisting of SO.3/ (orbifold) adjoint
connections, we mod out by not only determinant-1 gauge transformations, but all SO.3/ (orbifold) gauge
transformations. In the case at hand, the determinant-1 gauge group is of index 2 in this larger group, as
H 1.W ıIZ=2/Š Z=2. The residual Z=2 action is free and orientation preserving on the determinant-1
moduli spaces [Kronheimer and Mrowka 2011a, Section 5.1], so for example we have

#M�#.W ı;SıI˛#; ˇ#/0 D 2 #M�#.W ı;SıI˛#; ˇ#/00:

This modification of gauge groups is to avoid factors of 2 in our chain relations below.

Otherwise, our notation is just as before; for example, we have

M�#�.W
ı;SıI˛#; ˇ#/00 WD fŒA� 2M.W ı;SıI˛#; ˇ#/02 jH

�#
.ŒA�/D s;H �.ŒA�/D tg

for generic fixed s; t 2 S1, and H �#
and H � are modified holonomy maps. In pictures:

�ı D ; �ı D ;

�ı1 D ; �ı2 D :

Geometry & Topology, Volume 28 (2024)



4128 Aliakbar Daemi and Christopher Scaduto

That the map z�.W ı;Sı;�#/ just defined is a morphism of S–complexes follows, for the most part, from the
usual arguments. The one essential difference is that .W ı;Sı/ is not a negative definite pair in the sense
of Definition 2.33, because H1.W

ınSıIZ/ is free abelian of rank 2. In considering its reducible traceless
representations in X .W ı;Sı/, one of these generators, upon conjugating, must go to i 2 SU.2/, and the
other is then of the form ei� 2 SU.2/. Thus there is not one reducible, but a circle’s worth. Nonetheless,
all the moduli spaces used in the definition are cut down by holonomy around the loop �#, and this has
the effect of picking out a single reducible which is unobstructed. Similar matters are discussed in the
proof of Proposition 6.17 below.

Proposition 6.16 There is an S–chain homotopy equivalence between the S–morphism z�.W ;S/ız�.W 0;S 0/
and the map z�.W ıW 0;SıS 0;�#/.

Proof Choose a path of metrics G on .W ı;Sı/, starting at g0 and ending at a broken metric g1, the
latter of which is broken along the gluing region of the composition .W;S/ ı .W 0;S 0/. Define Kı, Lı,
M ı

1
and M ı

2
as

hKı.˛#/; ˇ#
i D #

�
ŒA� 2

[
g2G

M g.W ı;SıI˛#; ˇ#/00

ˇ̌̌
H �#

.ŒA�/D s

�
;

hLı.˛#/; ˇ#
i D #

�
ŒA� 2

[
g2G

M g.W ı;SıI˛#; ˇ#/01

ˇ̌̌
H �#

.ŒA�/D s;H �.ŒA�/D t

�
;

hM ı
1 .˛

#/; 1i D #
�
ŒA� 2

[
g2G

M g.W ı;SıI˛#; �#/00

ˇ̌̌
H �#

.ŒA�/D s

�
;

hM ı
2 .1/; ˇ

#
i D #

�
ŒA� 2

[
g2G

M g.W ı;SıI �#; ˇ#/00

ˇ̌̌
H �#

.ŒA�/D s

�
:

These maps define a chain homotopy as in Definition 3.30 between z�.W ı;Sı/ defined above and the map
z�1
.W ı;Sı/

defined similarly to z�.W ı;Sı/ but using the broken metric g1 in place of g0. That is, if we

write the components of z�1
.W ı;Sı/

as �1, �1, �1
1

and �1
2

, then

d#KCKd#
D �1��ı; v#K� d#LC ı#

2M1CLd#
�Kv#

CM2ı
#
1 D �

1
��ı;

ı#
1KCM1d#

D�11 ��
ı
1; �d#M2�Kı#

2 D�
1
2 ��

ı
2:

These relations are proved in the usual way; for the first, consider the 1–dimensional moduli spaceS
g2G M

g

�#.W
ı;SıI˛#; ˇ#/0

0
. Counting the ends of this moduli space that contain sequences of pairs

.ŒAi �;gi/ where the metrics gi converge to the interior of G yield the left-hand side of the equation
d#K CKd# D �1 � �ı, and ends containing sequences with gi ! g0 (resp. g1) contribute to �ı

(resp. �1) on the right side. Finally, we claim that

z�1.W ı;Sı/ D
z�.W ;S/ ı z�.W 0;S 0/:
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Figure 11

This amounts to straightforward verifications of the following identities:

�1 D �1�
0
1C�2�

0
2C�3�

0
3C�4�

0
4;

�1 D �1�
0
1C�2�

0
2C�3�

0
3C�4�

0
4C�1�

0
1C�2�

0
2C�3�

0
3C�4�

0
4C�2�

0
1;

�11 D�1;1�
0
1C�1;2�

0
2C�1;3�

0
3C�1;4�

0
4;

�12 D �1�
0
2;1C�2�

0
2;2C�3�

0
2;3C�4�

0
2;4:

The right-hand sides are represented by the rows of Figure 11. (If we had not modified our gauge groups,
factors of 2 would appear on the right-hand sides, from a discrete gluing parameter, multiplying by �1

on one of Y or Y 0, as in [Braam and Donaldson 1995, Section 3.2].) We also remark that in verifying the
relation for �1 we use the following identity, and its symmetries:

D :

Proposition 6.17 The morphism z�.W ı;Sı;�#/ is S–chain homotopic to id.

Proof Recall from Figure 5 that embedded in the composite .W ı;Sı/D .W ıW 0;S ıS 0/ is a copy of
.S1 �D3;S1 �D1/, surgery on which yields a product cobordism. Write .W c ;Sc/ for the closure of
the complement of .S1 �D3;S1 �D1/, so that

.W ı;Sı/D .W c ;Sc/[ .S1
�D3;S1

�D1/;

where the two pieces are glued along .S1 �S2;S1 �f2 ptsg/. The basic idea of the proof is to relate the
morphism associated to .W ı;Sı/ to a morphism associated to the pair in which .S1 �D3;S1 �D1/ is
replaced by .D2 �S2;D2 � 2 pts/.
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Stretching the metric along a collar neighborhood of the gluing region provides a 1–parameter family of
metrics, starting from our initial choice of metric, and limiting to a metric broken along S1 �S2. Along
this 1–parameter family of metrics, we homotop the loops �, �0 and �# and vary the constant s 2 S1

continuously such that when the metric is broken along S1 �S2, the loop �# is contained in S1 �D1,
away from the region of stretching, but that � and �0 are in the interior of W c and s D 1. We also arrange
that the perturbation data both near the gluing region and on the component .S1�D3;S1�D1/ are zero.
(These assumptions will be justified in the course of the proof.) Write z�C for the map defined just as
z�.W ı;Sı;�#/ was defined, but using the limiting broken metric; write its components as �C; �C; �C

1
; �C

2
.

The family of metrics determines an S–chain homotopy from z�.W ı;Sı;�#/ to z�C in the usual way.

We now describe z�C. First, the critical set C of the unperturbed Chern–Simons functional on the pair
.S1�S2;S1�2 pts/may be identified via holonomy with the traceless character variety, similarly to (2.2).
This latter set is identified with S1 as follows. Let � be a meridian generator for the fundamental group
of S2 n 2 pts, and � a generator corresponding to the S1 factor. The condition tr �.�/D 0 implies there
is some g� 2 SU.2/ such that g��.�/g

�1
� D i . As � and � commute, we have g��.�/g

�1
� D ei� 2 S1.

Sending � to g��.�/g
�1
� gives the bijection. In summary, we have an induced bijection C! S1.

Note that the stabilizer of each point in C is isomorphic to U.1/. We next claim that C is Morse–Bott
nondegenerate. As C has been identified with the smooth 1–manifold S1, this amounts to showing, for each
class in C, that H 1 of the associated deformation complex has dimension 1. This in turn is equivalent to

.6.18/ dim H 1.†I�� {Bad/z�
�

D 1;

where � W†! S1 �S2 is the double branched cover, {Bad is the orbifold adjoint connection associated
to ŒB� 2 C, and z�� is the action induced by a lift z� of the covering involution � on † to the adjoint bundle.
Each class is reducible, and so �� {Bad is the sum of some U.1/–connection B0 and a trivial connection.
Thus H 1.†I�� {Bad/ is given by

.6.19/ H 1.S1
�S2
IB0/˚H 1.S1

�S2
IR/:

The action of z�� is by �1 on the left factor of (6.19) and the identity on the right factor. This implies
the relation (6.18).

Next, let M.S1�D3;S1�D1/red denote the set of reducible instantons on the pair .S1�D3;S1�D1/,
with cylindrical end attached. Then we have the map

.6.20/ M.S1
�D3;S1

�D1/red
! C

which associates to an instanton its flat limit. This is a bijection, since every flat connection on
.S1 �S2;S1 � 2 pts/ extends uniquely over .S1 �D3;S1 �D1/.

Note that each flat instanton in M.S1 �D3;S1 �D1/red is unobstructed, because the branched cover
S1�D3 is negative definite. Furthermore, each such instanton has dim H 1D0 in the deformation complex,
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as follows from a similar computation to that of (6.18). In particular, the index of the ASD operator for
any ŒA� 2M.S1�D3;S1�D1/red is equal to �1. Moreover, any instanton on .S1�D3;S1�D1/ with
index �1 is necessarily in M.S1 �D3;S1 �D1/red, because all such instantons must have the same
energy, and must therefore all be flat.

Write M.W c ;Sc I˛#; ˇ#/d for the union of M.W c ;Sc I˛#; 
; ˇ#/d�1 over all 
 2 C, and similarly for
M.S1 �D3;S1 �D1/irr

d
. Then each of these is a smooth manifold whose dimension is recorded in the

subscript. From the above discussion,

.6.21/ M.S1
�D3;S1

�D1/irrd D∅ when d 6 0 or d 6� 0 mod 4:

We now employ gluing theory in the Morse–Bott case; see eg [Donaldson 2002, Section 4.5.2]. Write
M�#.S1 �D3;S1 �D1/irr

d
for the subspace of ŒA� 2M.S1 �D3;S1 �D1/irr

dC1
satisfying a holonomy

condition H �#
.ŒA�/D 1. Consider the diagram

.6.22/

M.W c ;Sc I˛#; ˇ#/d

r

''

M�#.S1 �D3;S1 �D1/irr
d 0

r 0

vv
C

where each of r and r 0 record the limit 
 2 C along the cylindrical ends. Note that all instantons in
M.W c ;Sc I˛#; ˇ#/d are irreducible. Similarly, we have a diagram

.6.23/

M.W c ;Sc I˛#; ˇ#/1

r

''

M�#.S1 �D3;S1 �D1/red

r 0

vv
C

where r 0 is a restriction of the map (6.20). The Morse–Bott gluing theory tells us that for our limiting
broken metric, the moduli space M�#.W ı;SıI˛#; ˇ#/0 may be identified with union of the fiber products
of (6.22) for dCd 0 D 1, along with the fiber product (6.23). However, (6.21) implies that (6.22) is empty
for any pair .d; d 0/ with d C d 0 D 1, so we may restrict our attention to (6.23).

The holonomy constraint H �#
.ŒA�/D 1 picks out exactly two points in the domain of the bijection (6.20).

This is because H �#
is defined by first taking the adjoint connection, which has the effect of squaring

the holonomy in S1. We conclude that the map

r 0 WM�#.S1
�D3;S1

�D1/red
! C

is an embedding of two points into C with image being two elements �˙ of C that have holonomies ˙1

along the S1–factor. By picking appropriate metric and perturbation on the interior of .W c ;Sc/, we may
assume that r is transverse to �˙ 2 C. Thus

#M
g

�#.W
ı;SıI˛#; ˇ#/0 D #M.W c ;Sc

I˛#; �C; ˇ
#/0C #M.W c ;Sc

I˛#; ��; ˇ
#/0

D 2 #M.W c ;Sc
I˛#; �C; ˇ

#/0;
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where g is the metric broken along S1 � S2. The second equality holds because there is again an
element of the SO.3/ gauge group which maps M.W c ;Sc I˛#; �C; ˇ

#/0 into M.W c ;Sc I˛#; ��; ˇ
#/0 in

an orientation-preserving way. As the map �C is defined using the moduli space M
g

�#.W
ı;SıI˛#; ˇ#/0

0
, a

quotient of M
g

�#.W
ı;SıI˛#; ˇ#/0 by a free involution, the factor of 2 is absorbed and we have the identity

h�C.˛#/; ˇ#
i D #M.W c ;Sc

I˛#; �C; ˇ
#/0:

The other components may be described similarly:

h�C.˛#/; ˇ#
i D #M�.W

c ;Sc
I˛#; �C; ˇ

#/0;

�C
1
.˛#/D #M.W c ;Sc

I˛#; �C; �
#/0;

h�C
2
.1/; ˇ#

i D #M.W c ;Sc
I �#; �C; ˇ

#/0:

Recall from Figure 5 that replacing .S1 �D3;S1 �D1/ with .D2 � S2;D2 � 2 pts/ results in the
product cobordism Œ0; 1� � .Y # Y 0;K # K0/. By attaching .D2 � S2;D2 � 2 pts/ metrically, with a
cylindrical end, this product cobordism inherits a broken metric. Then the associated moduli space
M.Œ0; 1�� .Y # Y 0;K # K0/I˛#; ˇ#/0 may be identified with union of the following fiber product:

M.W c ;Sc I˛#; ˇ#/1

r

''

M.D2 �S2;D2 � 2 pts/red

r 0

vv
C

We have ruled out the possibility of fiber products involving M.D2�S2;D2�2 pts/irr
d

as in the previous
case for S1 �D3. The moduli space M.D2 �S2;D2 � 2 pts/red consists of one point, the unique flat
connection which extends �C 2 C. Note that this connection is unobstructed because the branched cover,
also identified with D2�S2, is negative definite, and it has dim H 1D 0 because b1.D

2�S2/D 0. Thus

h�C.˛#/; ˇ#
i D #M.Œ0; 1�� .Y # Y 0;K # K0/I˛#; ˇ#/0;

and similarly for �C, �C
1

and �C
2

. In summary, we may write

.6.24/ z�C D z�1Œ0;1��.Y #Y 0;K#K 0/;

where the map on the right side is the usual S–morphism associated to a cobordism, with the understanding
that the auxiliary data involves a metric broken along S1 � S2. Finally, using an S–chain homotopy
induced by the family of metrics which starts at this broken metric and “unstretches” to the product
metric, we obtain an S–chain homotopy from the right side of (6.24) to the S–morphism defined using
the product metric, which is the identity.

Remark 6.25 Consider a negative definite pair .W;S/ W .Y;K/! .Y 0;K0/ as in Section 3.3.1, and
an embedded 2–sphere F with F � F D 0, which intersects S transversally in 2 points, such that
F � S D 0. A neighborhood of F is diffeomorphic to the pair .D2 � S2;D2 � 2 pts/, and we can
cut this out and reglue a copy of .S1 �D3;S1 � 2 pts/ to obtain a pair .W 0;S 0/. Let 
 denote the
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closed loop which is the core of S1 �D3 �W 0. From Section 3.3.1 we have a holonomy induced map
�.W 0;S 0;
 / W C.Y;K/! C.Y 0;K0/. To the original cobordism .W;S/ we consider the usual cobordism-
induced map �.W ;S/ W C.Y;K/! C.Y 0;K0/, which counts isolated instantons. Then the argument in the
proof of Proposition 6.17 shows:

Proposition 6.26 The maps �.W 0;S 0;
 / and 2�.W ;S/ are chain homotopic.

This is a singular and relative analogue of [Donaldson 2002, Theorem 7.16]. To remove the factor
of 2, we can work with a slightly larger gauge group when defining �.W 0;S 0;
 /, as done in the proof of
Proposition 6.17. ˘

Next, we analyze the reverse composition.

Proposition 6.27 The composition z�.W 0;S 0/ ı z�.W ;S/ is S–chain homotopic to an isomorphism.

Proof Set .W I;S I/ WD .W 0;S 0/ ı .W;S/. We consider an S–chain homotopy H I such that

.6.28/ zd˝H I
CH I zd˝ D z�.W 0;S 0/ ı z�.W ;S/�z�

1
.W I;S I/:

The moduli spaces for the map H I are defined similarly to the chain homotopy used in the proof of
Proposition 6.16, but this time using a path of metrics G that starts at the broken metric g0 for the
composite .W I;S I/ WD .W 0;S 0/ ı .W;S/, broken along .Y # Y 0;K # K0/, and ending at the metric g1

broken along the .S3;S1/ from Figure 6. The components of H I are defined in a straightforward manner,
by looking at the shape of the corresponding component in z�.W 0;S 0/ ız�.W ;S/, and defining the component
of H I using the same kind of moduli space but incorporating the metric family G. For example, if we
write

H I
D

24KI 0 0

LI �KI M I
2

M I
1

0 0

35
then KI is a 4�4 matrix, with entries KI

ij . Now, the .1; 1/–entry of ��0 is equal to �1�
0
1
, which is defined

by counting instantons on .W I;S I/ with metric g0 and constrained holonomy along �#. To define KI
11

we use G instead of the single metric g0:

hKI
11.˛˝˛

0/; ˇ˝ˇ0i D #
�
ŒA� 2

[
g2G

M g.W I;S I
I˛; ˛0Iˇ; ˇ0/0

ˇ̌̌
H 
 #

.ŒA�/D s

�
:

The other components of H I are defined similarly. Although tedious, checking that H I is indeed an
S–chain homotopy as in (6.28) is straightforward and analogous to previous computations.

We claim that the map z�1
.W I;S I/

is S–chain homotopic to an isomorphism. Write its S–morphism
components as �I, �I, �I

1
, �I

2
. Then �I is depicted in the bottom left matrix of Figure 12. To see this,

it is convenient to also have in mind the map obtained halfway through the homotopy from ��0 to �I,
depicted in the top right matrix of Figure 12. The vanishing entries of �I in Figure 12 are instances of
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Figure 12: A homotopy from ��0 to the identity is depicted in stages, from left to right, top to
bottom. The top left matrix represents ��0, the top right matrix a map halfway through the chain
homotopy of KI, the bottom left is the map �I, and the bottom right represents the identity map.
(Our depiction of a cylinder here, for a cobordism map, should not be confused with our prior use
of a cylinder representing the boundary map d .)

standard vanishing theorems. For example, consider the component �I
13

. By gluing theory, the instantons
under consideration correspond to pairs of instantons ŒA�; ŒA0� and a gluing parameter in S1. Here ŒA�
and ŒA0� are connections on the punctured cylinders R�Y and R�Y 0, respectively, where A has limits
˛ and ˇ at the ends of the cylinder and the reducible �0 at the puncture, while A0 has limits ˛0 and ˇ0

along its cylinder, and �0 at the puncture. As �I
13

counts index-0 instantons, the relevant moduli spaces
containing ŒA� and ŒA0� are empty. The vanishing of the other entries is argued similarly.

An argument similar to that in the proof of Proposition 6.17 shows that �I is equal to the map defined
using moduli spaces on the unpunctured cylinder R� .Y tY 0/ using a metric g which is broken along
chosen 3–spheres (surrounding the prior punctures) in each of the two cylinders. Using a family of metrics
GI from g to a translation-invariant metric, we obtain a homotopy from �I to the identity. Indeed, the
off-diagonal terms in �I, such as

;
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go under this chain homotopy to zero, because there are no translation-invariant instantons of index 0 from
a reducible to an irreducible; and the diagonal terms in �I go to identity maps, because translation-invariant
instantons of index 0 with irreducible limits are (perturbed) flat, and induce the identity maps on the chain
level.

In fact, the 1–parameter family of metrics GI induces in the usual manner an S–chain homotopy between
z�1
.W I;S I/

and an S–morphism which from the previous paragraph has �–component equal to the identity.
The proof is completed by Lemma 6.29 below.

Lemma 6.29 If z� W . zC�; zd/! . zC 0�;
zd 0/ is a morphism of S–complexes with its component � W C�! C 0�

an isomorphism , then in fact z� is an isomorphism of S–complexes.

Proof After identifying C� and C 0� using �, we are reduced to the case in which z� is a morphism from
. zC�; zd/ to itself, and z� has decomposition given in (3.29), where �D 1 is the identity. The inverse of z�
in this case is given by 24 1 0 0

��C�2�1 1 ��2

��1 0 1

35 ;
which is of course a morphism of S–complexes. Alternatively, a morphism of S–complexes zC�! zC 0�,
after reordering the summands, is an upper-triangular matrix whose diagonal entries are �, 1 and �, and
the inverse is of the same form.

We have established that the compositions

z�.W ;S/ ı z�.W 0;S 0/ and z�.W 0;S 0/ ı z�.W ;S/

are S–chain homotopic to the identity and an isomorphism, respectively. It follows formally that the
second composition is in fact S–chain homotopic to the identity. This completes the proof of the chain
homotopy equivalence (6.2).

6.3.4 Naturality of the equivalences Finally, we discuss the naturality of (6.2) with respect to split
cobordisms. Let us consider negative definite pairs

.X;F / W .Y1;K1/! .Y2;K2/ and .X 0;F 0/ W .Y 01;K
0
1/! .Y 02;K

0
2/:

As usual, our knots are based, and in the cobordisms .X;F / and .X 0;F 0/ we choose neatly embedded arcs
whose endpoints are the distinguished basepoints. Using these arcs, we may form the glued cobordism
.X # X 0;F # F 0/ W .Y1 # Y 0

1
;K1 # K0

1
/! .Y2 # Y 0

2
;K2 # K0

2
/ in a standard manner. This is what is meant

by a split cobordism. We consider the square

.6.30/

zC�.Y1;K1/˝ zC�.Y
0
1
;K0

1
/

z�.X;F /˝z�.X 0;F 0/
��

z�.W1;S1/
// zC .Y1 # Y 0

1
;K1 # K0

1
/

z�.X#X 0;F #F 0/
��

zC�.Y2;K2/˝ zC�.Y
0
2
;K0

2
/
z�.W2;S2/

// zC�.Y2 # Y 0
2
;K2 # K0

2
/
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The vertical maps are the usual morphisms of S–complexes we associate to given cobordisms, while the
horizontal maps are the maps as constructed in Section 6.3.1. We have implicitly chosen metrics and
perturbations for each of the cobordisms. The cobordisms

.X # X 0;F # F 0/ ı .W1;S1/ and .W2;S2/ ı ..X;F /t .X
0;F 0//

are topologically equivalent, an elementary fact which is left to the reader. Thus the two different
compositions obtained in the above square may be viewed as induced by the same cobordism, but with
different (broken) metrics and perturbation choices. Then, choosing a 1–parameter family of auxiliary
data interpolating these choices gives rise, in the usual manner, to an S–chain homotopy between the two
morphisms

z�.X #X 0;F #F 0/ ı
z�.W1;S1/ and z�.W2;S2/ ı .

z�.X ;F /˝z�.X 0;F 0//:

This establishes the commutativity of (6.30) up to S–chain homotopy. There is a similar square with
horizontal arrows reversed, using the morphisms defined in Section 6.3.2, and the same statements hold.

7 Local coefficient systems and filtrations

In this section we describe how to generalize our previous constructions to the case of local coefficients.
Our general local coefficient system is a hybrid of the one defined by Kronheimer and Mrowka [2011b],
which roughly measures the holonomy of connections along the longitudinal direction of the knot, and
one the defined by the Chern–Simons functional. The latter ingredient has more structure, inherited from
the fact that the Chern–Simons functional is (almost) nonincreasing for (perturbed) instantons. In this
context, we carry over constructions from the nonsingular setting given in [Daemi 2020].

7.1 Local coefficients

Let .Y;K/ be a based knot in an integer homology 3–sphere. The most general local coefficient system
on B.Y;K/ that we consider is defined over the ring

R WD ZŒU˙1;T˙1�:

To an element of B.Y;K/ represented by the connection B, we associate the R–module

�ŒB� WD ZŒU˙1;T˙1� �U CS.B/T holK .B/;

where holK .B/ 2 R=Z is defined analogously to (3.12), and roughly gives the holonomy of the S1–
connection induced by Bad along K. To define holK .B/, we must choose a framing of our knot to fix our
procedure for taking the holonomy. For more details see [Kronheimer and Mrowka 2011b, Section 3.9].
A knot in an integral homology 3–sphere has a canonical framing induced by a Seifert surface, and we
always use this framing.

Geometry & Topology, Volume 28 (2024)



Equivariant aspects of singular instanton Floer homology 4137

The holonomy holK .B/ is related to the monopole number �.A/ in the same way that the Chern–Simons
functional is related to the topological energy �.A/. In particular, we have an analogue of relation (2.24):
if A is a connection on a cobordism of pairs .W;S/ W .Y;K/! .Y 0;K0/ then we have the relation

.7.1/ �.A/� holK 0.B0/� holK .B/ .mod Z/;

where B and B0 are the limiting connections on .Y;K/ and .Y 0;K0/, respectively.

Let 
 W Œ�1; 1�!B.Y;K/ be a path from ˛1 to ˛2. Let A be a singular connection on R�Y representing 
 ,
and representing the pullbacks of ˛1 and ˛2 for t < �1 and t > 1, respectively. Then we define
�
 W�˛1

!�˛2
to be multiplication by U�2�.A/T �.A/, which is well-defined by relations (2.24) and (7.1).

Monomials in �˛ can be identified with homotopy classes of paths 
 from ˛ to the reducible class � .
The action and monopole number of the path 
 determines a pair of real numbers .fCS.
 /;fholK .
 //. We
use this pair to define two (real-valued) gradings on �˛, which are respectively called instanton and
monopole gradings. Moreover, the ASD index of the path 
 can be used to define a Z–grading egr on �˛
which is an integer lift of gr.˛/. This grading satisfies egr.1/D 0 for 1 2�� . Further, multiplication by
U˙1 changes the Z–grading by ˙4 and it is fixed by multiplication by T˙1.

Suppose K is a based knot in an integer homology sphere Y. Let .C�.Y;KI�/; d/ be the Z–graded
chain complex over R defined as

.7.2/ C�.Y;KI�/D
M
˛2Cirr

�

�˛; d.˛1/D
X

˛22C
irr
� ; ŒA�2

{M .˛1;˛2/0

�.A/.˛2/:

Here �.A/D˙�
 such that 
 is the path in B.Y;K/ from ˛1 to ˛2 determined by A and the sign is
given by the orientation of the moduli space {M .˛1; ˛2/0. A discussion similar to the one in Section 3.1
shows that .C�.Y;KI�/; d/ is indeed a chain complex over R, where d has degree �1.

Suppose .W;S/ W .Y;K/! .Y 0;K0/ is a negative definite pair in the sense of Definition 2.33. Choose, as
usual, a path from the basepoint of K to the basepoint of K0. By a slight modification of (7.2), we may
define a cobordism map

.7.3/ �.W ;S I�/.˛/D
X

˛02Cirr
�0
; ŒA�2M.W ;S I˛;˛0/0

�.A/ �˛0:

Here �.A/ WD ˙U�2�.A/T �.A/, where the sign is determined as usual by the orientation of the moduli
space M.W;S I˛; ˛0/0.

We may continue in this fashion, and adapt all of the constructions in Section 3 to the setting of local
coefficients. We obtain an S–complex

.7.4/ . zC�.Y;KI�/; zd/

over the ring R. To a negative definite pair .W;S/ as above, we may associate a morphism z�.W ;S I�/ of
S–complexes, and so forth. The same arguments as before show that the S–chain homotopy type of the
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S–complex . zC .Y;KI�/; zd/ is independent of the choice of the orbifold metric on Y and the perturbation
of the Chern–Simons functional.

We may recover the S–complex . zC�.Y;K/; zd/ over Z from (7.4) using the change of basis that evaluates
U and T at 1. Given an R–algebra S , we obtain an S–complex over the ring S by performing a change
of basis on our local coefficient system:

. zC�.Y;KI�S /; zd/; where �S WD�˝R S :

In general, this S–complex is only Z=4–graded. However, it becomes a Z–graded algebra in the obvious
way if S is a Z–graded R–algebra, which means that multiplication by U˙1 changes the grading by ˙1

and multiplication by T˙1 does not change the grading.

Remark 7.5 If T D ZŒT˙1� is the R–algebra obtained by setting U D 1, then we obtain an S–
complex over T denoted by . zC .Y;KI�T /; zd/. The system �T is essentially the local coefficient system
considered in [Kronheimer and Mrowka 2011b, Section 3.9]. ˘

Remark 7.6 If U DZŒU˙1� is the R–algebra obtained by setting T D 1, then we obtain an S–complex
over U denoted by . zC .Y;KI�U /; zd/. There is an analogous construction in the nonsingular case, where
one can define an S–complex . zC�.Y I�/; zd/, such that the local coefficient system � is over the ring
QŒU˙1�. The definition of � follows a similar pattern to �U , where we use the action �.A/ (for a
nonsingular connection) to define a homomorphism associated to a path of connections. ˘

Remark 7.7 Strictly speaking the Z–graded complex . zC�.Y;KI�/; zd/ does not fit into the definition
of S–complexes that we have been using so far because the coefficient ring R is graded. However, one
can modify the definition to include such S–complexes. On its face, it might seem that zC�.Y;KI�/ does
not give any extra information in comparison to zC .Y;KI�T / of Remark 7.5 because zC�.Y;KI�/ is the
periodic Z–graded complex obtained by unrolling the Z=4Z–graded complex zC .Y;KI�T /. However,
in the remaining part of this section we shall show that zC�.Y;KI�/ can be equipped with an “almost-
filtration” which gives rise to additional information. ˘

The machinery of Section 4 applies to this setting: for any R–algebra S we obtain three equivariant
singular instanton homology groups, denoted by

yI�.Y;KI�S /; {I�.Y;KI�S /; I�.Y;KI�S /:

These are Z–graded S Œx�–modules, and the discussion of Section 5.1 carries over to this setting in a
straightforward manner. For each R–algebra S we have a Frøyshov invariant

.7.8/ hS .Y;K/ 2 Z
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by taking the algebraic Frøyshov invariant of the S–complex . zC�.Y;KI�S /; zd/ as given by Definition 4.13
or equivalently Proposition 4.15. Further, we also have ideals

.7.9/ J S
h .Y;K/� J S

h�1.Y;K/� � � � �S

by applying Definition 4.32 to the S–complex . zC�.Y;KI�S /; zd/. Here hD hS .Y;K/. Theorems 1.13
and 1.16 of the introduction about the properties of these invariants follow from our discussions in
Section 4.

The connected sum theorem also generalizes to the setting of local coefficients.

Theorem 7.10 Let .Y;K/ and .Y 0;K0/ be based knots in integer homology 3–spheres. There is a chain
homotopy equivalence of Z–graded S–complexes over R D ZŒU˙1;T˙1�:

zC .Y # Y 0;K # K0I�/' zC .Y;KI�/˝R
zC .Y 0;K0I�/:

This equivalence is natural , up to S–chain homotopy, with respect to split cobordisms.

The proof is for the most part the same as that of Theorem 6.1. In particular, all maps defined in the
proof are modified to follow the same pattern as in (7.3), where we now keep track of the terms �.A/ and
�.A/ for each instanton in the exponents of our formal variables. The only part of the proof that requires
additional commentary is Proposition 6.17. The key observation is that the instantons in the proof that
appear in the moduli spaces

.7.11/ M�#.S1
�D3;S1

�D1/red and M.D2
�S2;D2

� 2 pts/red

have �.A/D �.A/D 0, which follows because all of these instantons are flat. (In fact, the vanishing of
�.A/ and �.A/ here are not essential for the proof of Theorem 7.10, but �.A/D 0 will play an important
role below.) This shows, in particular, that Proposition 6.26 holds with local coefficients, and that the
proof of Section 6 carries through to prove Theorem 7.10. As a consequence, we have:

Theorem 7.12 Let S be an R–algebra. The assignment .Y;K/ 7! . zC�.Y;KI�S /; zd ; �/ induces a
homomorphism ‚

3;1
Z !‚S

S ;Z=4 of partially ordered abelian groups.

In particular, the Frøyshov invariant (7.8) descends to a homomorphism ‚
3;1
Z ! Z of partially ordered

abelian groups, and satisfies the analogue of Theorem 5.13.

7.2 The Chern–Simons filtration

The topological energy �.A/ of the elements of our moduli spaces satisfies a positivity property which
gives rise to more structure on . zC .Y;KI�/; zd/. This idea, applied to the complex . zC�.Y I�/; zd/ of
Remark 7.6, was used in [Daemi 2020] to produce invariants of the homology cobordism group of integral
homology 3–spheres. (More precisely, the complex . zC�.Y I�/; zd/ there is obtained by the change of
basis associated to the inclusion of QŒU˙1� into a Novikov ring.) These constructions can be adapted to
the present setup to produce concordance invariants.
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If A is a nonflat ASD connection on a 4–manifold, which determines a path in B.Y;K/ from ˛ to ˛0,
then the Chern–Weil integral defining the topological energy is positive:

�.A/D
1

8�2

Z
W CnSC

tr.FA ^FA/D
1

8�2

Z
W CnSC

jFAj
2 > 0:

In particular, if the perturbation of the Chern–Simons functional is trivial in the definition of the complex
zC�.Y;KI�/, the differential zd strictly decreases the instanton grading. This structure may be formalized
as follows.

Definition 7.13 An I–graded S–complex (of level ı) over RŒU˙1� is an S–complex . zC ; zd ; �/ over
RŒU˙1� with a Z�R–bigrading as an R–module, which satisfies the following properties. Writing zCi;j

for the .i; j / 2 Z�R–graded summand, we have

(i) U zCi;j �
zCiC4;jC1,

(ii) zd zCi;j �
S

k<jCı
zCi�1;k ,

(iii) � zCi;j �
zCiC1;j .

Further, zC is freely, finitely generated as an RŒU˙1�–module by homogeneously bigraded elements. The
distinguished summand RŒU˙1�� zC has 1 2RŒU˙1� in bigrading .0; 0/. We denote the integer and the
real gradings on zCi;j by egr and degI . ˘

Note that an I–graded S–complex of level ı is also one of level ı0 for all ı0 > ı. Concretely, an I–graded
S–complex over RŒU˙1� has underlying chain complex of the form

.7.14/ zC D

� nM
kD1

RŒU˙1�
k

�
˚

� nM
kD1

RŒU˙1�
 k

�
˚RŒU˙�
0:

This gives the S–complex decomposition zC� D C�˚C��1˚RŒU˙1�, where the indicated subscript
gradings are the Z–gradings. In particular, 
0 generates the “trivial” summand, and the bigrading of

0 is .0; 0/. The bigrading .ik ; jk/ 2 Z�R of 
k is arbitrary, although it gives the bigrading of 
 k as
.ik C 1; jk/. The real I–grading degI can be extended to any element of zC as

degI

�X
sk�k

�
DmaxfdegI .�k/ j sk ¤ 0g;

where the �k belong to distinct summands zCi;j of zC .

Thus . zC�.Y;KI�/; zd/, if defined with a trivial perturbation, has the structure of an I–graded S–complex
(of level 0) over RŒU˙1�, where RD ZŒT˙�. In the form (7.14), the generators 
k for k > 1 are choices
of homotopy classes of paths from irreducible critical points to � , while 
0 is the constant path at � . In
general, in the presence of a perturbation � the differential can possibly increase the instanton grading, but
only less than some ı� > 0 determined by the perturbation. Thus in the general case, . zC�.Y;KI�/; zd/ is
an I–graded S–complex of level ı� over RŒU˙1�. For morphisms, we have:
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Definition 7.15 A morphism z� W zC ! zC 0 of level ı > 0 of I–graded S–complexes (of any levels) is an
RŒU˙1�–module homomorphism and morphism of S–complexes such that

z� zCi;j �

[
k6jCı

zC 0i;k :

A level-ı S–chain homotopy zK between morphisms z� and z�0 of I–graded S–complexes is an RŒU˙1�–
module homomorphism and an S–chain homotopy between z� and z�0 such that

zK zCi;j �

[
k6jCı

zC 0iC1;k : ˘

If the perturbation of the ASD equation in the definition of a cobordism map z�.W ;S I�/ is trivial, then this
morphism does not increase the instanton grading. Hence it is a morphism of I–graded complexes of
level 0. In the general case, the map induced by .W;S/ is a morphism of I–graded complexes of some
level determined by the perturbation.

7.3 Enriched S–complexes

Ideally, we would like to associate an I–graded S–complex of level 0 to .Y;K/. As the zero perturbation
is not always admissible, we settle for the following limiting structure.

Definition 7.16 An enriched S–complex zE is a sequence f. zC i ; zd i ; �i/gi>1 of I–graded S–complexes
over RŒU˙1� of levels ıi , and morphisms �j

i W
zC i! zC j of levels ıi;j satisfying:

(i) �i
i D id and �j

k
ı �k

i is S–chain homotopy equivalent to �j
i via an S–chain homotopy of some

level ıi;k;j .

(ii) For each ı > 0 there exists an N such that i >N implies ıi 6 ı, and i; j >N (resp. i; j ; k >N )
implies ıi;j 6 ı (resp. ıi;k;j 6 ı). ˘

For a based knot .Y;K/ in an integer homology 3–sphere, we may take a sequence

zE.Y;KI�/ WD f. zC i
�.Y;KI�/;

zd i ; �i/g

of I–graded S–complexes associated to a sequence of perturbations of the Chern–Simons functional that
go to zero. Thus . zC i

�.Y;KI�/;
zd i ; �i/ is of some level ıi determined by the chosen perturbation. For any

pair i , j there is a morphism �
j
i W
zC i.Y;KI�/! zC j .Y;KI�/ of I–graded S–complexes of level ıi;j ,

determined by a path of auxiliary data. Moreover, zE.Y;KI�/ satisfies the properties of an enriched
S–complex over RŒU˙1�, where here RDZŒT˙1�. The proofs of these claims are identical to the proofs
of analogous results in the nonsingular setting given in [Daemi 2020].

Next, we define morphisms in this setting.
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Definition 7.17 A morphism L W zE.1/! zE.2/ of enriched complexes, where

zE.r/D .f. zC i
�.r/;

zd i.r/; �i.r//g; �
j
i .r// for r 2 f1; 2g;

is a collection of morphisms z�j
i W
zC i.1/! zC j .2/ of I–graded S–complexes of level ıi;j such that the

following hold:

(i) z�j

k
ı�k

i .1/ and �j

k
.2/ ı z�k

i are S–chain homotopy equivalent to z�j
i via an S–chain homotopy of

some level ıi;k;j .

(ii) For each ı > 0, there exists an N such that i; j > N (resp. i; j ; k > N ) implies that ıi;j < ı
(resp. ıi;k;j < ı).

The morphism is a chain homotopy equivalence of enriched S–complexes if each z�j
i is an S–chain

homotopy equivalence where the involved S–chain homotopy equivalences have levels which converge
to 0. ˘

We have thus constructed the category of enriched S–complexes over RŒU˙1�. There is a forgetful
functor to the category of S–complexes, that to any enriched S–complex associates the first S–complex
in its sequence, and to any enriched S–morphism as above, we also associate the S–morphism �1

1
. This

forgetful map does not remember the positivity property of enriched complexes with respect to the
instanton gradings.

To a negative definite pair .W;S/ W .Y;K/! .Y 0;K0/ we can associate a morphism L.W ;S/ of enriched
S–complexes zE.Y;KI�/! zE.Y 0;K0I�/ by taking a sequence of S–morphisms, defined as usual, after
choosing an appropriate sequence of auxiliary data.

We obtain the analogue of Theorem 3.34.

Theorem 7.18 The assignments .Y;K/ 7! zE.Y;KI�/ and .W;S/ 7! L.W ;S/ induce a functor from H
to the homotopy category of enriched S–complexes over ZŒT˙1�ŒU˙1�.

The enriched S–complex zE.Y;KI�/ is the “universal” invariant defined in this paper, in the sense that
all of our S–complexes associated to based knots in integer homology 3–spheres may be derived from
this invariant by a change of basis (coefficient ring), and by possibly applying a forgetful functor.

7.4 Local equivalence for enriched complexes

We may apply the general procedure described in Section 4.6 to the category of enriched S–complexes
over RŒU˙1�. That is, we declare that two enriched S–complexes zE and zE0 are equivalent zE� zE0 if there
are morphisms zE! zE0 and zE0! zE. The resulting set

‚E
RŒU˙1�

D fenriched S–complexes over RŒU˙1�g=�
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is a partially ordered abelian group, where ŒzE� 6 ŒzE0� if there is a morphism zE ! zE0. The group
structure is inherited from that of the local equivalence group for S–complexes, by performing operations
componentwise for each sequence. Furthermore, the forgetful functor from the category of enriched
S–complexes to S–complexes induces a surjective homomorphism of partially ordered abelian groups:

‚E
RŒU˙1�

!‚S
RŒU˙1�;Z

:

The target is the local equivalence group of Z–graded S–complexes over RŒU˙1�. The grading is inherited
from the Z–grading of the I–graded S–complex.

Theorem 7.19 The assignment .Y;K/ 7! zE.Y;KI�/ induces a homomorphism of partially ordered
abelian groups � W‚3;1

Z !‚E
RŒU˙1�

, where RD ZŒT˙1�.

We also have an analogue of the connected sum theorem in the setting of enriched S–complexes. For this,
we note that the tensor product of two I–graded S–complexes is naturally an I–graded S–complex, and
similarly for enriched S–complexes.

Theorem 7.20 Let .Y;K/ and .Y 0;K0/ be based knots in integer homology 3–spheres. There is a chain
homotopy equivalence of enriched S–complexes over R D ZŒU˙1;T˙1�:

zE.Y # Y 0;K # K0I�/' zE.Y;KI�/˝R
zE.Y 0;K0I�/:

This equivalence is natural , up to enriched chain homotopy, with respect to split cobordisms.

The proof follows the remarks after Theorem 7.10, and relies on the fact that �.A/D 0 for the instantons
in (7.11). We also use that in the proof we can choose the perturbations on the two cobordisms as small
as we like.

7.5 The concordance invariant �R
.Y;K /

The local equivalence class of the enriched S–complex associated to a based knot .Y;K/ is expected
to be a strong invariant, as it has the behavior and values of the Chern–Simons functional built into its
structure. Here we describe one way to extract numerical information from this local equivalence class
which leads to a concordance invariant �R

.Y;K /
, an analogue of the invariant �Y for homology 3–spheres

from [Daemi 2020].

The definition of the invariant �R
.Y;K /

factors through an algebraic map defined on the local equivalence
group of enriched S–complexes:

.7.21/ � W‚E
RŒU˙1�

!Map>.Z;R>0/:

In fact, a similar algebraic map can be used to define �Y. Here and throughout this section, R is an
integral domain and an algebra over ZŒT˙1�. The codomain in (7.21) is the set of nondecreasing functions
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from Z to the extended positive real line R>0 DR>0[1. The map � is defined as follows. Take an
enriched S–complex zE defined by a sequence f. zC j ; zdj ; �j /g of I–graded S–complexes over RŒU˙1�.
To each S–complex . zC j ; zdj ; �j / we have the associated chain group C j and the RŒU˙1�–module
homomorphisms

dj
W C j
! C j ; vj

W C j
! C j ; ı

j
1
W C j
!RŒU˙1�; ı

j
2
WRŒU˙1�! C j :

Then for each k 2 Z>0 we define

�.zE/.k/ WD lim
j!1

inf
˛
.degI .˛// 2R>0;

where the infimum is over all ˛ 2 C j with bigrading .2k � 1; degI .˛// such that

dj .˛/D 0 and k � 1Dminfi 2 Z�0
j ı

j
1
.vj /i.˛/¤ 0g:

For each k 2 Z�0 we define

�.zE/.k/ WDmax
�

lim
j!1

inf
˛
.degI .˛//; 0

�
2R>0;

where the infimum is over all ˛ 2C j with bigrading .2k�1; degI .˛// such that there are fa0; : : : ; a�kg�

RŒU˙1� satisfying

.7.22/ dj .˛/D

�kX
iD0

.vj /iı
j
2
.ai/:

Note that in (7.22), a straightforward degree consideration implies that we can limit ourselves to the
following case, where si 2R:

ai D

�
siU

1
2
.kCi/ if i � k mod 2;

0 if i 6� k mod 2:

If there is a morphism zE! zE0 between enriched S–complexes then �.zE/.k/��.zE0/.k/ for any integer k.
In particular, locally equivalent enriched complexes have the same � functions. An equivalent definition
of �.zE/ can also be given in terms of the small equivariant complexes associated to the S–complexes.
We refer to [Daemi 2020] for more details.

Definition 7.23 Let R be an integral domain which is an algebra over ZŒT˙1�. For a based knot in an
integer homology 3–sphere .Y;K/, we define the function �R

.Y;K /
by

�R
.Y;K / WD �.

zE.Y;KI�RŒU˙1�//:

If Y D S3 we write K in place of .Y;K/. ˘

That is, �R
.Y;K /

is the invariant of the equivalence class Œ.Y;K/� 2‚3;1
Z obtained as

�R
.Y;K / W‚

3;1
Z

�
�!‚E

RŒU˙1�

�
�!Map>0.Z;R>0/:

The following summarizes the basic properties of this function. The proofs are entirely analogous to
those of Theorems 1–4 and Proposition 1 of [Daemi 2020].
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Theorem 7.24 Let .Y;K/ be a based knot in an integer homology 3–sphere.

(i) The function �R
.Y;K /

is an invariant of Œ.Y;K/� 2‚3;1
Z .

(ii) �R
.Y;K /

is a nondecreasing function Z!R>0 which is positive for i 2 Z>0.

(iii) If .W;S/ W .Y;K/! .Y 0;K0/ is a negative definite cobordism of pairs , then

�R
.Y 0;K 0/.i/6

�
�R
.Y;K /

.i/� �.W;S/ if i > 0;

max.�R
.Y;K /

.i/� �.W;S/; 0/ if i 6 0;

where �.W;S/ 2R>0 is an invariant of .W;S/. Furthermore , �.W;S/ > 0 unless there is a trace-
less SU.2/ representation of �1.W nS/ which extends irreducible traceless SU.2/ representations
of �1.Y nK/ and �1.Y

0 nK0/.

(iv) For each i 2 Z, we have �R
.Y;K /

.i/ <1 if and only if i 6 hR.Y;K/.

(v) For each i 2 Z, if �R
.Y;K /

.i/ 62 f0;1g then it is congruent to CS.˛/ .mod Z/ for some irreducible
singular flat SU.2/ connection ˛ on .Y;K/.

The invariant �.W;S/ is defined to be the infimum of 2�.A/, as A ranges over all finite-energy singular
ASD connections which limit to irreducible flat connections on the ends.

In this subsection, we did not attempt to systematically exploit the Chern–Simons filtration to study
concordances, and we content ourselves with the definition of one homology concordance invariant. For
example, we believe that by a slight modification of our axiomatization of enriched complexes one can
define analogues of the invariants rs introduced in [Nozaki et al. 2023]. Another possible direction is to
apply the construction of Section 4.7 in the context of enriched S–complexes.

8 Connections to Kronheimer and Mrowka’s constructions

In [Kronheimer and Mrowka 2011b; Kronheimer and Mrowka 2011a], Kronheimer and Mrowka defined
several instanton Floer homology groups associated to a given link in a 3–manifold, for cases in which no
reducibles are present. In [Kronheimer and Mrowka 2019b; Kronheimer and Mrowka 2019a; Kronheimer
and Mrowka 2021a], over rings of characteristic 2 they extended their constructions to webs, which are
embedded trivalent graphs. Here we recall some of these constructions, and discuss their relationship to
the invariants introduced earlier.

8.1 Instanton homology for admissible links

We first recall the instanton homology groups I!.Y;L/ constructed in [Kronheimer and Mrowka 2011b;
Kronheimer and Mrowka 2011a] for certain links in 3–manifolds. Special cases of this construction
are the singular instanton groups I \.Y;L/ and I #.Y;L/, where in this latter case .Y;L/ is a pair of any
3–manifold Y with an embedded link L. We begin with a definition.
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Definition 8.1 An admissible link is a triple .Y;L; !/ where L is an unoriented link embedded in a
closed, oriented, connected 3–manifold Y, and ! � Y is an unoriented 1–manifold embedded in Y with
@!D!\L, transversely, satisfying the following condition: there exists a closed oriented surface †� Y

such that either

� † is disjoint from L and intersects ! transversely an odd number of times, or

� † is transverse to L and intersects it an odd number of times.

This condition for ! is called the nonintegrality condition. ˘

We remark that with this terminology, a knot in an integer homology 3–sphere is not an admissible link
for any choice of !.

Kronheimer and Mrowka associate to an admissible link .Y;L; !/ a relatively Z=4–graded abelian group
I!.Y;L/, defined as follows. From the 1–manifold ! one may construct an SO.3/–bundle P ! Y nL

whose second Stiefel–Whitney class is Poincaré dual to Œ!�2H1.Y;LIZ=2/. Then define a chain complex
.C!
� .Y;L/; d/ by setting

C!
� D C!

� .Y;L/D
M
˛2C�

Z �˛;

where C� are the critical points modulo the determinant-1 gauge group of a suitably perturbed Chern–
Simons functional for P . The nonintegrality condition on ! ensures that for small � , all such critical
points on P are irreducible, ie C� D Cirr

� . The differential d is defined just as in (3.2), and I!.Y;L/ is
defined to be the homology of this chain complex:

I!.Y;L/ WDH�.C
!.Y;L/; d/:

As before, unlike the group I!.Y;L/, the chain complex .C!.Y;L/; d/ depends on a choice of metric
and perturbation, which are suppressed from the notation.

Given any link L� Y with a basepoint p 2L, Kronheimer and Mrowka define

I \.Y;L/ WD I!.Y;L # H /;

where H � S3 is the Hopf link and ! is a unknotted arc connecting the two components of H ; see
Figure 13. The connect sum is taken at the basepoint p 2L. The connected sum L # H may be identified
with L[� where � is a small meridional component around L near p. Note that the resulting ! always
satisfies the nonintegrality condition: take † to be the 2–torus boundary of a small regular neighborhood
of �. The homology I \.Y;L/ is a relatively Z=4–graded abelian group, and is an invariant of the based
link .Y;L;p/. Note that just as before we omit the basepoint p from the notation. The group I \.Y;L/ is
in fact absolutely Z=4–graded. In the sequel, we will use the notation

.C
\
�; d

\/D .C
\
�.Y;L/; d

\/
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Figure 13: The Hopf link H with the arc !.

for the chain complex .C!
� .Y;L#H /; d/, so that I

\
�.Y;L/ is the homology of .C \

�; d
\/.

In a similar vein, for any link L� Y, Kronheimer and Mrowka define the group

I #.Y;L/ WD I!.Y;LtH /:

Here we take the disjoint union of L with the Hopf link H , along with its arc !. In order to perform this
construction, we choose a small ball in Y nL in which to embed H . We write

.C #
� ; d

#/D .C #
�.Y;L/; d

#/

for the chain complex .C!
� .Y;LtH /; d/, so that I #

�.Y;L/ is the homology of .C #
� ; d

#/. This group is
also absolutely Z=4–graded.

Let .Y;L; !/ be an admissible link, and let p 2 L be a basepoint. The construction of Section 3.3.2
carries through in this setting to define a map v W C!

� ! C!
��2

associated to p, using S1 holonomy along
the cylinder. Here we have:

Proposition 8.2 d ı v� v ı d D 0.

The proof is similar to that of Proposition 3.16; the absence of any reducible critical points, in this case,
precludes the appearance of the term ı2 ı ı1.

Remark 8.3 There are at least two other ways that one can define a degree 2 operator on the complex
C!
� .Y;L/ using the basepoint p. Connected sum of Œ�1; 1� � L at the point .0;p/ with a standard

torus determines a cobordism of pairs .Œ�1; 1� � Y;S/ W .Y;L/! .Y;L/ and the induced cobordism
map is a degree 2 chain map � acting on C!

� .Y;L/ [Kronheimer and Mrowka 2011a, Subsection 8.3].
Alternatively, the standard construction of �–maps [Donaldson and Kronheimer 1990, Chapter 5] assigns
to the point p a cohomology class of degree 2 in the space of singular connections on the bundle P

associated to .Y;L; !/ [Kronheimer 1997]. This cohomology class in [Kronheimer 1997] is rational;
to obtain an integral class we consider �2 times the 2–dimensional point class in [Kronheimer 1997].
Cup product with this cohomology class defines another chain map � 0 of degree 2 on C!

� .Y;L/. The
argument of [Kronheimer 1997, Proposition 5.1] shows that the operators � and � 0 are chain homotopy
equivalent. Moreover, the operator � 0 is also chain homotopy equivalent to v. The proof is analogous to
the corresponding result in the nonsingular setting in [Donaldson 2002, Subsection 7.3.2]. ˘
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The analogue of the S–complex zC .Y;K/ from Section 3.4 in this setting is simply a mapping cone
complex of v; we define . zC!.Y;L/; zd/ by

.8.4/ zC!.Y;L/ WD C!
� ˚C!

��2;
zd D

�
d 0

v �d

�
:

We leave it to the interested reader to formulate the analogue of Theorem 3.34 in this setting, describing a
functor from a category whose objects are basepointed admissible links .Y;L; !/ to a suitable category
of mapping cone complexes.

We now describe variations of Theorem 6.1 obtained by replacing one or both of .Y;K/ and .Y 0;K0/ by
a based admissible link. Let .Y;K/ be an integer homology 3–sphere with an embedded based knot. Let
.Y 0;L0; !0/ be a based admissible link. Then zC .Y;K/ is an S–complex, while (8.4) defines the chain
complex zC!0.Y 0;L0/ as a mapping cone complex.

Theorem 8.5 (connected sum theorem for a knot and an admissible link) There is a chain homotopy
equivalence of relatively Z=4–graded chain complexes:

zC!0.Y # Y 0;K # L0/' zC .Y;K/˝ zC!0.Y 0;L0/:

Furthermore , the tensor product is naturally isomorphic to a mapping cone complex, making the chain
homotopy equivalence one of mapping cone complexes. The equivalence is natural , up to mapping cone
chain homotopies , with respect to split cobordisms.

Remark 8.6 One can generalize the definition of an S–complex to include mapping cone complexes,
the latter being viewed as S–complexes with the distinguished summand Z replaced by 0, and all maps
modified accordingly. The notion of morphisms can be similarly generalized, and the theorems in this
section can then be stated as homotopy equivalences between S–complexes in this larger category. ˘

Remark 8.7 The naturality in Theorem 6.1, as explained in Section 6.3.4, assumes that the cobordisms
involved are negative definite pairs. However, for the naturality in the above Theorem 8.5, we allow the
cobordism on the side of the admissible links to be of the general sort considered by Kronheimer and
Mrowka [2011b; 2011a]. A similar remark holds for the other variations of the connected sum theorem
stated below. ˘

The proof of this result is very similar to that of Theorem 6.1. If .Y 0;L0; !0/ is admissible, then one
modifies the proof above in which .Y 0;K0/ is a knot by omitting the Z–summand in the associated
complex . zC 0�; zd

0/ and all maps that have anything to do with it; in short, the reducible � 0 is eliminated.
That the tensor product of an S–complex and a mapping cone complex is naturally a mapping cone
complex follows from the discussion in Section 4.5 by simply deleting the Z–summand of one S–complex.

There is another variation where .Y;K/ is also replaced by a based admissible link .Y;L; !/. The
statement in this situation is as follows.
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Theorem 8.8 (connected sum theorem for admissible links) Let .Y;L; !/ and .Y 0;L0; !0/ be based
admissible links. There is a relatively Z=4–graded chain homotopy equivalence

zC![!0.Y # Y 0;L # L0/' zC!.Y;L/˝ zC!0.Y 0;L0/:

This equivalence is one of mapping cone complexes , and is natural , up to mapping cone chain homotopies ,
with respect to split cobordisms.

These variations have counterparts in nonsingular instanton Floer homology, involving connected sums
between homology 3–spheres and 3–manifolds with nontrivial admissible bundles; see eg [Scaduto 2015].

8.2 Computing I \.Y;K / and I#.Y;K / from the framed complex

We may now relate the framed instanton homology zI.Y;K/, or more precisely its underlying chain
complex, to Kronheimer and Mrowka’s instanton homology groups I \.Y;K/ and I #.Y;K/. We first
consider I \.Y;K/. Recall that this group has an absolute Z=4–grading defined in [Kronheimer and
Mrowka 2011a, Section 4.5].

Theorem 8.9 Let .Y;K/ be a based knot in an integer homology 3–sphere. There is a chain homotopy
equivalence C \.Y;K/ ' zC .Y;K/, natural up to chain homotopy, and homogeneous with respect to
Z=4–gradings. In particular , there is a natural isomorphism

I \.Y;K/Š zI.Y;K/:

In the case that Y is the 3–sphere , the isomorphism has degree �.K/ .mod 4/.

The chain homotopy C \.Y;K/' zC .Y;K/ in the statement of the above theorem is a chain homotopy of
Z=4–graded chain complexes. That is to say, we forget the S–complex structure of zC .Y;K/ given by the
endomorphism �.

Proof Recall from Section 8.1 that C \.Y;K/ is defined to be C!.S3 # Y;H # K/, where H � S3 is the
Hopf link and ! is a small arc as in Figure 13. We apply Theorem 8.5 in this situation to obtain a chain
homotopy equivalence

.8.10/ zC!.S3 # Y;H # K/' zC!.S3;H /˝ zC .Y;K/:

The complex C!.S3;H / is free abelian on one generator, with zero differential. The v–map, of degree 2

(mod 4), is necessarily zero. Thus the mapping cone complex zC!.S3;H / is free abelian of rank two
with zero differential. We may then identity the right side of (8.10) with two copies of zC .Y;K/; it is
the mapping cone for the zero map on zC .Y;K/. As the chain homotopy (8.10) is one of mapping cone
complexes, we conclude that

C \.Y;K/D C!.S3 # Y;H # K/' zC .Y;K/:
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Now suppose Y is the 3–sphere. As the established equivalence is homogeneous with respect to gradings,
to compute its degree, it suffices to compare the grading of the reducible generator on each side. By
definition, the reducible generator in zC .Y;K/ has grading zero (mod 4). On the other hand, the grading
of the reducible in C \.K/ is computed by Poudel and Saveliev [2017, Theorem 1] to be �.K/ (mod 4).
(Since the signature of a knot is always even, we do not have to determine a sign.)

Note that under the equivalence of Theorem 8.9, the v–map on the complex C \.Y;K/ corresponds to the
map on zC .Y;K/D C�˚C��1˚Z by formula (4.24) to the zero map. This recovers a special case of
[Xie 2021, Proposition 4.6].

Next, we observe that Theorem 8.9 combined with Theorem 6.1 recovers the following connected sum
theorem for I \.Y;K/:

Corollary 8.11 Let .Y;K/ and .Y 0;K0/ be knots in integer homology 3–spheres. Then over a field
there is a natural isomorphism of vector spaces

.8.12/ I \.Y # Y 0;K # K0/Š I \.Y;K/˝ I \.Y 0;K0/;

which preserves the Z=4–gradings.

From our viewpoint, the preservation of the Z=4–gradings in (8.12) follows from the additivity of the
knot signature under connected sums.

We now turn to I #.Y;K/. Recall that on the S–complex zC�.Y;K/ D C� ˚ C��1 ˚ Z the map
� W zC�.Y;K/! zC�.Y;K/ defined with respect to this decomposition by

�D

240 0 0

1 0 0

0 0 0

35
is an antichain map. Note that � sends C� to C��1 identically and is otherwise zero. We may form
Cone.2�/, the mapping cone of 2� acting on zC�.Y;K/.

Theorem 8.13 Let .Y;K/ be a based knot in an integer homology 3–sphere. There is a chain homotopy
equivalence C #.Y;K/' Cone.2�/. This equivalence is natural up to chain homotopy, and homogeneous
with respect to Z=4–gradings.

Proof Recall from Section 8.1 that C #.Y;K/ is defined to be C!.S3 # Y;H tK/, where H � S3 is
the Hopf link and ! is a small arc as in Figure 13. We may view .S3 # Y;H tK/ as the connected sum
of .S3;H tU1/, a Hopf link with a disjoint unknot (the latter of which contains the basepoint) with the
based knot .Y;K/. Apply Theorem 8.5 to obtain

.8.14/ zC!.S3 # Y;H tK/' zC!.S3;H tU1/˝ zC .Y;K/:

The complex C #.U1/D C!.S3;H tU1/ contains two generators, vC and v�, which differ in degree by
2 (mod 4). Indeed, the traceless character variety for .S3;H tU1/ is a 2–sphere, and we may perturb the
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Chern–Simons functional using a standard Morse function for S2 leaving us with two critical points. The
differential on C #.U1/ is zero for grading reasons, and we have a natural identification between C #.U1/

and its homology I #.U1/.

We may then align our notation of generators vC and v� with [Kronheimer and Mrowka 2011a], where
the v–map, denoted by there by � , is computed on I #.U1/ as follows (see Remark 8.3):

v.vC/D 2v�; v.v�/D 0:

Having determined zC!.S3;H t U1/ to be the mapping cone of v as above on ZvC ˚ Zv�, using
Section 4.5 we compute C!.S3 # Y;H tK/� zC!.S3 # Y;H tK/ to be

ZvC˝ zC .Y;K/˚Zv�˝ zC .Y;K/

with differential 1˝ zd ˚ 1˝ zd � 2F , where F sends ZvC˝C� to Zv�˝C��1 identically. This chain
complex is clearly the same as Cone.�2�/, which is isomorphic to Cone.2�/.

Note that the results above fit together to form an exact triangle:

.8.15/

� � � I \.Y;K/

��

// I #.Y;K/

��

// I \.Y;K/

��

// I \.Y;K/ � � �

��

� � � H�. zC .Y;K// // H�.Cone.2�// // H�. zC .Y;K//
Œ2"��

// H��1. zC .Y;K// � � �

Here, the vertical maps are induced by the equivalences of Theorems 8.9 and 8.13, the bottom horizontal
arrows are induced by the short exact sequence for a mapping cone complex, and the top horizontal arrows
are defined to commute. There is similar long exact sequence involving I \.Y;K/ and I #.Y;K/ obtained
from Kronheimer and Mrowka’s unoriented skein exact triangle applied to the situation of Figure 14; see
[Kronheimer and Mrowka 2011a, Section 8.7].

The skein triple in Figure 14 may be viewed as obtained from the skein triple for .S3;H tU1/, .S3;H /

and .S3;H / (setting .Y;K/D .S3;U1/ in Figure 14), and then connect summing with .Y;K/ at a point
on U1 �H tU1 away from the crossing resolutions. The naturality of our equivalences with respect
to split cobordisms, together with the computations in [Kronheimer and Mrowka 2011a, Section 8.7],
implies the following.

Figure 14: Left: the skein triple involving .S3 #Y; .H tU1/#K/. Middle and right: two instances
of .S3 # Y;H # K/. The basepoint on H tU1 lives on the unknot U1.
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Proposition 8.16 The exact triangle (8.15) is isomorphic to the exact triangle obtained from the unori-
ented skein exact triangle as described above.

If we work over the coefficient ring F D Z=2, then 2�D 0, and (8.15) splits.

Corollary 8.17 Over the field F D Z=2 there is a natural Z=4–graded isomorphism

I #.Y;KIF/� Š I \.Y;KIF/�˚ I \.Y;KIF/�C2:

This last corollary is essentially [Kronheimer and Mrowka 2019b, Lemma 7.7].

8.3 Local coefficients and the concordance invariant s#.K /

Let .Y;K/ be a based knot in an integer homology 3–sphere. Consider the ring

TQ D T ˝QDQŒT˙1�

of Remark 7.5 tensored by Q, so that zC�.Y;KI�TQ/ is a Z=4–graded S–complex over TQ. Recall that
to each critical point ŒB� we assign the module T holK .B/TQ. A variation of our connected sum theorem
with local coefficients and one admissible link implies the following chain homotopy equivalence of
Z=4–graded mapping cone complexes over TQ:

zC #
�.Y;KI�TQ/'

zC!
� .S

3;H tU1I�TQ/˝TQ
zC�.Y;KI�TQ/:

As in Section 8.2, the link .S3;H [ U1/ has its basepoint on U1. The local coefficient system on
.S3;H [U1/ is defined just as for .Y;K/ but using only U1.

Thus we are in the situation of (8.14), but with local coefficients. Still we have that C!
� .S

3;H tU1I�TQ/

is isomorphic to a rank 2 module TQvC˚TQv� with trivial differential. However, the v–map is different
here: it is determined by

v.vC/D 2v�; v.v�/D .2T 2
C 2T �2

� 4/vC:

This follows from the computation of p.u/ and q.u/ in the proof of Proposition 4.1 of [Kronheimer and
Mrowka 2013]. For us, uD T , and v.vC/D q.u/v� and v.v�/D p.u/vC. This leads to the following
description of C #

�.Y;KI�TQ/: it is chain homotopy equivalent to the complex

.8.18/
�
zC .Y;KI�TQ/�˚

zC .Y;KI�TQ/�C2;

�
zd .2T 2C 2T �2� 4/�

2� zd

��
;

where � is as defined in the previous subsection. Note that if we set T D 1 we obtain the mapping cone
of 2�, as expected.

The following was proved in [Kronheimer and Mrowka 2013] for knots in the 3–sphere.

Proposition 8.19 For .S3;K/ any based knot in the 3–sphere , I #
�.S

3;KI�T / has rank 2 as a module
over T , with generators in gradings which differ by 2 .mod 4/.
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We remark that our grading convention in this case is different from the one of [Kronheimer and Mrowka
2013] by a shift. The two generators for I #.S3;KI�TQ/ are typically denoted by zC and z�, and have
gradings 1 and �1 (mod 4) in the convention of [Kronheimer and Mrowka 2013]. This structure is
exploited in [Kronheimer and Mrowka 2013] to define a concordance invariant s#.K/ for knots in S3.

The construction of s#.K/ is as follows. Choose a surface cobordism S W U1!K from the unknot U1 to
K with a path between basepoints. This induces a map

I #.S I�TQ/
0
W I #.U1I�TQ/

0
! I #.KI�TQ/

0;

where the superscript in I #.KI�TQ/
0 indicates that we mod out by torsion. Then there are ele-

ments �˙.S/ 2 TQ such that we have I #.S I�TQ/
0.v˙/ D �˙.S/z˙ if g.S/ is even, and otherwise

I #.S I�TQ/
0.v˙/D �˙.S/z�. Pass to the local ring of TQ at T D 1, and let �D T �T �1. Then there

are unique natural numbers m#
˙
.S/ such that in this local ring �˙.S/ is up to a unit equal to �m#

˙
.S/.

Finally,
s#.K/ WD 2g.S/� 1

2
.m#
C.S/Cm#

�.S//:

In particular, s#.K/ is determined by the cobordism map I #.S I�TQ/. Now suppose .Œ0; 1��S3;S/ is a
negative definite pair. From the naturality of our connected sum theorem with respect to split cobordisms,
the map I #.S I�TQ/ is induced by the element .0; �2.1/; 1/˚ .0; �2.1/; 1/ in the chain complex (8.18).
We summarize:

Proposition 8.20 Let .Y;K/ be a based knot in an integer homology 3–sphere. Then there is a natural
chain homotopy equivalence from C #

�.Y;KI�TQ/ to the complex (8.18). If Y D S3 and there is a
surface cobordism S W U1!K in Œ0; 1��S3 with negative definite branched cover , then the concordance
invariant s#.K/ is determined by the S–complex zC�.KI�TQ/ and the element �2.1/ therein induced
by S .

Remark 8.21 Upon developing our theory for more general cobordism maps, we expect that the negative
definite cobordism condition on S can be removed, and one can obtain an interpretation of s#.K/ in
terms of the S–chain homotopy type of zC�.KI�TQ/ for an arbitrary knot K. ˘

8.4 Instanton homology for strongly marked webs

Kronheimer and Mrowka [2019b] defined a variation of singular instanton homology for webs in 3–
manifolds. A web in a closed, oriented and connected 3–manifold Y is an embedded trivalent graph L�Y.
Let ! � Y be an embedded unoriented 1–manifold which may intersect the edges of L transversely, but
misses the vertices of L. We say a web is admissible if it satisfies the nonintegrality condition stated
above for admissible links, in which the link L is replaced by a web.

Given a web .Y;K/, there is an associated bifold, denoted by {Y , which is an orbifold whose underlying
space is Y. The orbifold {Y has points with isotropy Z=2 given by the edges of K, and points with isotropy
the Klein-four group V4 given by the vertices of K; all other points in the orbifold have trivial isotropy.
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In [Kronheimer and Mrowka 2019b], the authors pass freely between the web .Y;L/ and its associated
bifold {Y .

There is a notion of marking data � for a web .Y;L/, which consists of a pair .U�;E�/, where U� � Y

is any subset and E�!U� nL is any SO.3/ bundle. When � is strong, Kronheimer and Mrowka define
the instanton homology

J. {Y I�/D J.Y;LI�/;

which is a vector space over F D Z=2. This is constructed using SO.3/ singular instanton gauge theory.
The marking data specifies a region for which we only allow determinant-1 gauge transformations. When
.Y;L; !/ is an admissible web, the marking data is strong if it is all of Y. In particular, when L also has
no vertices, in this case

.8.22/ J. {Y I�/D I!.Y;LIF/:

That is to say, in this case .L; !/ is an admissible link, and we recover the instanton homology for
admissible links with F–coefficients. We will write .C. {Y I�/; d/ for the chain complex that computes
the F–vector space J. {Y I�/. In general, this is not graded, but see [Kronheimer and Mrowka 2019b,
Section 8.4]. Note in (8.22) that !�Y is determined by the marking data �. More generally, .C. {Y I�/; d/
is defined with coefficients in any ring with characteristic two.

To carry the construction of the map v from Section 3.3.2 over to this setting, we must address the issue
of bubbling. For context, we briefly recall why J. {Y I�/ is not defined with general coefficient rings, as
explained in [Kronheimer and Mrowka 2019b, Section 3.3]. In describing d2, we consider the ends of
1–dimensional moduli spaces {M .˛1; ˛2/1. The ends of this moduli space are as before, unless ˛1 D ˛2.
In this case, in addition to ends of the form Œ0;1/� {M .˛1; ˇ/0� {M .ˇ; ˛1/0, there is an end of the form

.8.23/ Œ0;1/�V �V4;

where V � L is the subset of vertices of our web. This end represents bubbling at the vertices of the
web, a phenomenon which is absent in the case for links. However, because the Klein-four group V4 has
4 elements, the relation d2 D 0 holds if we work over any ring of characteristic two, for example.

Now choose a basepoint p2L away from the vertices. We have a holonomy map h˛1˛2
W {M .˛1; ˛2/1!S1

defined as before. We must address the possibility of bubbling, represented by the end (8.23). A connection
class on this end with t 2 Œ0;1/ large is obtained by gluing, along a vertex in L, an instanton on R4=V4

to the flat connection on R� {Y which is the pullback of ˛1. The key point is that because our basepoint
p 2L is away from the vertices, the holonomy of any such glued instanton is close to the holonomy of
the flat connection on R� {Y determined by ˛1, the latter of which is trivial.

In conclusion, we may modify our holonomy map to a map H˛1;˛2
just as in Section 3.3.2, without

making any modifications along any end where bubbling occurs. Then our observation from the previous
paragraph implies that the cut-down moduli space fŒA� 2 {M .˛1; ˛2/1 jH˛1;˛2

.ŒA�/D hg for a generic
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h 2 S1 n f1g is, as before, a finite set of points. We may then define the endomorphism v on C. {Y I�/.
Proposition 8.2 continues to hold in this setting, and we may form the mapping cone complex of v,

.8.24/ zC .Y;LI�/ WD C. {Y I�/˚C. {Y I�/; zd D

�
d 0

v d

�
:

We have the following variation of Theorem 6.1 when one of the based knots is replaced by a strongly
marked web; it generalizes Theorem 8.5 over F .

Theorem 8.25 (connected sum theorem for a knot and a strongly marked web) Let .Y;K/ be a based
knot in an integer homology 3–sphere and .Y 0;L0/ a based web with strong marking data � containing
the basepoint of L0. Let �# be marking data on the connected sum formed by connect summing the
marking data which is all of Y with �. There is a chain homotopy equivalence of chain complexes over F :

zC .Y # Y 0;K # L0I�#/' zC .Y;KIF/˝ zC .Y 0;L0I�/:

Furthermore , the tensor product is naturally isomorphic to a mapping cone complex, making the chain
homotopy equivalence one of mapping cone complexes. The equivalence is natural , up to mapping cone
chain homotopies , with respect to split cobordisms.

We may also consider the case of a connected sum between two strongly marked webs. The following
generalizes Theorem 8.8 over F .

Theorem 8.26 (connected sum theorem for strongly marked webs) Let .Y;L/ and .Y 0;L0/ be based
webs with strong marking data � and �0 containing the basepoints of L and L0, respectively. There is a
chain homotopy equivalence of mapping cone chain complexes over F :

zC .Y # Y 0;L # L0I�[�0/' zC .Y;LI�/˝ zC .Y 0;L0I�0/:

Here �[�0 is marking data obtained from gluing � and �0 on the connected sum.

8.5 Connect summing with a theta web

Let .Y;K/ be a based knot in an integer homology 3–sphere. Let .S3; ‚/ be the theta web, as given in
Figure 15, with edges e1, e2 and e3. Consider the connected sum .Y # S3;K #‚/. The marking data
�D .U�;E�/, where U� is all of Y # S3, and E� is trivial, is strong. We use the same notation � for

e1 e2 e3

Figure 15
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the marking data restricted to .S3; ‚/. The argument in Section 2.2 of [Kronheimer and Mrowka 2019a]
provides an isomorphism

.8.27/ J.Y # S3;K #‚I�/Š I \.KIF/:

We may recover this, and obtain a chain-level refinement, by applying Theorem 8.25. The complex
C�.‚I�/ is in fact Z=2–graded, and has one generator in degree 0. By the computation in Section 4.4 of
[Kronheimer and Mrowka 2019a], the v–map on this complex vanishes, and the mapping cone complex
zC�.‚I�/ is thus isomorphic to the Z=2–graded vector space F.0/˚F.1/ with trivial differential. In other

words, zC�.‚I�/ is identical to the Hopf link complex zC!
� .H IF/. Applying Theorem 8.25 gives a chain

homotopy equivalence

zC�.Y # S3;K #‚I�/' zC�.Y;KIF/˝ zC�.‚I�/;

of Z=2–graded mapping cone complexes, similar to the proof of Theorem 8.9. In particular, we have a
chain homotopy equivalence of Z=2–graded complexes over F ,

C�.Y # S3;K #‚I�/' C
\
�.Y;KIF/;

which is natural with respect to split cobordism maps up to chain homotopy. Taking homology, we recover
(8.27). Similar reasoning allows us to recover I #.KIF/ by taking the connected sum of K with an unknot
union a theta web.

8.6 Local coefficients from theta webs

More recently, Kronheimer and Mrowka [2021b] have used their instanton homology of webs to extract
new concordance invariants. Here we explain how a variation of our connected sum theorem implies
some structural results about these invariants.

Let .Y;K/ be a based knot in an integer homology 3–sphere. Consider the ring

SBN D F ŒT˙1
1 ;T˙1

2 ;T˙1
3 �:

Now orient K, and in a small ball surrounding the basepoint p 2K, take the connected sum of K with a
theta web. We call the result K\. This is a web with three edges e1, e2, e3, each oriented in a fashion
determined by the orientation of K, as in Figure 16. Let � be the marking data of the previous subsection.
The instanton complex C.Y;K\I�/ can be upgraded to a complex with a local coefficient system,

.8.28/ .C
\
�.Y;KI�BN/; d/;

which is a Z=2–graded chain complex over SBN. The local coefficient system �BN of SBN–modules is
defined using holonomies along the three edges of the web K\: the variable T1 is associated to the arc
containing the edge formed by the merging of K and e1, while T2 and T3 are associated to the edges e2

and e3, respectively. We refer to [Kronheimer and Mrowka 2021a] for more details.
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p

K

e1

e2

e3

e1

e2 e3

K\

Figure 16: On the left, we take our oriented knot K and perform a connected sum with a standard
theta web near the basepoint p 2K. The result is K\ on the right, and we orient the three edges
of K\ as indicated.

The homology of the complex (8.28) is denoted by

I
\
�.Y;KI�BN/DH�.C

\.Y;KI�BN/; d
\/;

and is a Z=2–graded SBN–module. The recycling of the notation I \ here is justified, as it is in [Kronheimer
and Mrowka 2021a], by the observations from Section 8.5. The v–map is defined in this setting, and there
are no reducibles, so we may as usual form the mapping cone complex of v,

. zC
\
�.Y;KI�BN/; zd

\/:

Let TF D T ˝ F D F ŒT˙1�. A variation of our connected sum theorem implies the following chain
homotopy equivalence of Z=2–graded mapping cone complexes over SBN:

.8.29/ zC
\
�.Y;KI�BN/' zC�.Y;KI�TF /˝TF

zC
\
�.S

3;U1I�BN/;

where U1 is an unknot. Here and in what follows, SBN is viewed as a TF –algebra by identifying
T D T1. The mapping cone complex zC \

�.S
3;U1I�BN/ is computed in [Kronheimer and Mrowka 2019a,

Section 4.4]: there is one irreducible critical point for the theta web, so we have C
\
�.S

3;U1I�BN/D TF ,
while the v–map TF ! TF is multiplication by P 2 TF , where

.8.30/ P WD T1T2T3CT �1
1 T �1

2 T3CT �1
1 T2T �1

3 CT1T �1
2 T �1

3 :

Unraveling the right-hand side of the equivalence (8.29), we obtain

.C
\
�.Y;KI�BN/; d

\/' . zC�.Y;KI�TF /˝TF SBN; zd ˝ 1SBN CP ��/;

where P �� is multiplication by P between two summands of zC�.Y;KI�TF /˝TF SBN. That is, according
to its decomposition as an S–complex over SBN, we have

.8.31/ P ��D

0@ 0 0 0

P 0 0

0 0 0

1A :
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In conclusion, the complex C
\
�.Y;KI�BN/ and its homology I

\
�.Y;KI�BN/ featured in [Kronheimer

and Mrowka 2021a; 2021b], while defined as modules over the ring SBN D F ŒT˙1
1
;T˙1

2
;T˙1

3
� in three

variables, is entirely determined up to chain homotopy equivalence by the S–complex zC�.Y;KI�TF /

over the ring TF in one variable. In fact, in the next subsection we will see a more precise statement
at the level of homology. A similar argument to that of Proposition 8.19 yields the following, which is
proved for Y D S3 by a different method in [Kronheimer and Mrowka 2021a].

Proposition 8.32 For .Y;K/ any based knot in an integer homology 3–sphere , the homology group
I
\
�.Y;KI�BN/ has rank 1 as a module over SBN.

We now assume that Y is the 3–sphere, and omit it from the notation. The importance of the modules
I \.KI�BN/, from the viewpoint of Kronheimer and Mrowka [2021a; 2021b], is two-fold. First is a
connection to combinatorial link homology: Corollary 6.6 of [Kronheimer and Mrowka 2021a] gives
a spectral sequence whose E2–page is a version of Bar-Natan’s Khovanov homology over SBN and
which converges to I \.KI�BN/. Second, a concordance invariant z

\
BN.K/ in the setting of I \.KI�BN/

is defined in [Kronheimer and Mrowka 2021b], which we now briefly review.

Let Frac.SBN/ be the quotient field of SBN. A fractional ideal is an SBN–module M � Frac.SBN/ such
that there is some s 2SBN with sM �SBN. Let S W U1!K be a cobordism of knots from the unknot
to K. We have an induced map of rank-1 SBN–modules

I \.S I�BN/
0
W I \.U1I�BN/

0
! I \.KI�BN/

0;

where I \.KI�BN/
0 denotes the SBN–module I \.KI�BN/ modulo torsion. Then

z
\
BN.K/ WD Pg

� ŒI \.KI�BN/
0
W im I \.S I�BN/

0�� Frac.SBN/;

where g is the genus of S , and ŒN WM � is the generalized module quotient,

ŒN WM � WD fa=b 2 Frac.SBN/ j aM � bN g:

The ideal z
\
BN.K/ is a fractional ideal, and is proven in [Kronheimer and Mrowka 2021b, Section 5] to be

a concordance invariant of the knot K.

Suppose that .Œ0; 1��S3;S/ is a negative definite pair. The existence of S is equivalent to the assumption
in (1.20) on the slice genus of K. Then we have a morphism of S–complexes zC .S I�TF / W

zC .U1I�TF /!

zC .KI�TF /. Upon tensoring with zC .‚I�BN/ and using the naturality of our connected sum theorem,
we obtain that C \.S I�BN/ is chain homotopy equivalent to the map

.0; �2˝ 1; 1/ W TF ˝TF SBN! zC�.Y;KI�TF /˝TF SBN:

We summarize some of our observations in the following.
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Proposition 8.33 Suppose that .Y;K/ is a based knot in an integer homology 3–sphere. The module
I \.Y;KI�BN/ over SBN D F ŒT˙1

1
;T˙1

2
;T˙1

3
� is determined by the S–complex zC�.Y;KI�TF / over

TF D F ŒT˙1
1
�. Specifically, we have a Z=2–graded isomorphism

I
\
�.Y;KI�BN/ŠH�

�
zC�.Y;KI�TF /˝TF SBN; zd ˝ 1SBN CP ��

�
;

where P � � is given by (8.31). Suppose Y D S3 and that there is a surface cobordism S W U1!K in
Œ0; 1��S3 with negative definite double branched cover. Then the image of the induced map I \.S I�BN/

in I \.KI�BN/ corresponds to the inclusion of the element

z�S .1/D .0; �2.1/; 1/ 2 zC�.Y;KI�TF /:

Thus in this case , the concordance invariant z
\
BN.K/ is determined by the S–complex zC�.Y;KI�TF /

over TF D F ŒT˙1
1
� and the element �2.1/ therein.

All of the above may be carried out in the framework of the unreduced theory I #.Y;K/ with local
coefficients induced by the theta web. In this case, we consider the ring

R#
D F ŒT˙1

0 ;T˙1
1 ;T˙1

2 ;T˙1
3 �:

The group I #.Y;KI�R#/ is a module over R# and its local coefficient system is defined by holonomies
around K and the three arcs of the theta web; the variable T0 is associated with K, and T1;T2;T3 with
the theta web as before. It is the homology of

.8.34/ .C #
�.Y;KI�R#/; d#/;

which is a chain complex associated to .Y;K/ # .S3;U1 t ‚/, where as before the connected sum
involves U1, not ‚, and which has marking data � containing all of Y # S3, and local coefficient
system �R# . We form the mapping cone complex with respect to the v–map, and apply a variation of our
connected sum theorem, to obtain the equivalence

zC #
�.Y;KI�R#/' zC�.Y;KI�TF /˝TF

zC #
�.S

3;U1I�R#/:

Here R# is a TF –module by identifying T DT0. Now just as in Section 8.2, the complex C #
�.S

3;U1I�R#/

may be taken to have two generators in even grading, with trivial differential. The v–map in this case is
multiplication by P . Indeed, this follows from [Kronheimer and Mrowka 2021a, Proposition 5.9], after
identifying the v–map with the map induced by a genus 1 cobordism U1! U1; see Remark 8.3. Then
(8.34) is chain homotopy equivalent to

.8.35/ . zC�.Y;KI�TF /˝TF R#; zd ˝ 1R# CP ��/˚2:

In particular, the theory naturally splits into two chain complexes. Further, when we set T0 D T1 we
recover two copies of the chain complex computed above for I \.Y;KI�BN/.

Similar to Proposition 8.33, we obtain that the module I #.Y;KI�R#/ over R# is determined by the
S–complex zC�.Y;KI�TF / defined over TF DF ŒT˙1

0
�. Specifically, we have a Z=2–graded isomorphism
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between I #.Y;KI�R#/ and the homology of (8.35). Furthermore, if Y D S3 and there is a cobordism of
pairs .Œ0; 1��S3;S/ from U1 to K which is negative definite, then the concordance invariant z#.K/ of
[Kronheimer and Mrowka 2021a] is determined by the cobordism map on S–complexes.

8.7 Relations to equivariant homology groups

Several of the constructions of the above chain complexes bare similarities to the equivariant homology
groups discussed in Section 4. To begin making these connections more precise, recall that given an
S–complex . zC�; zd ; �/ over a ring R, the equivariant complex . yC�; yd/ over RŒx� is defined as follows,
where yd is defined on zC � yC and extended RŒx�–linearly:

yC� D zC�˝R RŒx�; yd D�zd Cx ��:

We slightly extend this construction to incorporate base changes of RŒx�, as follows. Suppose S is another
ring, and ' WRŒx�! S is a ring homomorphism. Define . yC '

� ;
yd'/ by

yC
'
� D S ˝R

zC�; yd'.s � �/D�s � zd�C�.x/s ��.�/:

Here s 2 S , � 2 zC , and S is considered an R–module by restriction. In other words, we have the
identification yC '

� D
yC�˝RŒx� S as chain complexes over S . Note that when � WRŒx�!R sends x to

zero, the complex yC �
� is naturally identified with zC�.

As a simple example, recall that Theorem 8.13 expresses the chain homotopy type of C #
�.Y;K/ as the

mapping cone of 2� acting on zC�.Y;K/. We may write this as

C #
�.Y;K/'

yC
�
� .Y;K/;

where � WZŒx�!ZŒx�=.x2/ is the ring homomorphism which is determined by sending x to the equivalence
class 2x (mod x2).

For a more interesting example, we consider I #.Y;KI�R#/ as discussed in the previous subsection. We
saw there that the chain complex for this group is chain homotopy equivalent to the chain complex given
by (8.35). From this we obtain

.8.36/ C #
�.Y;KI�R#/' yC

�
� .Y;KI�TF /

˚2
D . yC�.Y;KI�TF /˝TF Œx�R

#/˚2;

where � WTF Œx�!R#DF ŒT˙1
0
;T˙1

1
;T˙1

2
;T˙1

3
� is the TFDF ŒT˙1

0
�–linear homomorphism determined

by sending x to P , where P is given as before by (8.30).

F ŒT˙1
1
;T˙1

2
;T˙1

3
� is a free module over F ŒP �. (This is an immediate consequence of Proposition 8.40

below.) Tensoring with the ring F ŒT˙1
0
� then shows that R# is a free module over TF Œx� with the above

module structure. As a consequence, the relationship (8.36) holds at the level of homology.

Corollary 8.37 Let .Y;K/ be a based knot in an integer homology 3–sphere. The module I #.Y;KI�R#/

over R# is isomorphic to .yI.Y;KI�TF /˝TF Œx� R
#/˚2, where the ring structure of R# over TF Œx� is

given by sending x 7! P .
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Remark 8.38 In [Kronheimer and Mrowka 2021a], an operatorƒ is defined on I #.Y;KI�R#/, associated
to the identity cobordism with a dot placed on the singular surface Œ0; 1��K. The R#–module structure
of I #.Y;KI�R#/ then lifts to an F–module structure, where

F DR#Œƒ�=.ƒ2
CPƒCQ/:

We can lift the isomorphism of Corollary 8.37 to one of F–modules. The result is

I #.Y;KI�R#/Š yI.Y;KI�TF /˝TF Œx� I
#.U1I�R#/;

where the F–module structure is induced by that of I #.U1I�R#/. This follows from viewing ƒ as
induced by a cobordism (with a dot) and the naturality of the connected sum theorem. As I #.U1I�R#/ is
isomorphic as an F–module to F , I #.Y;KI�R#/ is an F–module obtained from yI.Y;KI�TF / by the
base change TF Œx�!F , which is the base change of Corollary 8.37 followed by inclusion R#!F . ˘

Similar results hold for the reduced theory I \.Y;KI�BN/, starting from Proposition 8.33. The description
of the chain homotopy-type of C

\
�.Y;KI�TF / given there may be represented as a chain homotopy

equivalence

.8.39/ C
\
�.Y;KI�BN/' yC

�
� .Y;KI�TF /D

yC�.Y;KI�TF /˝TF Œx�SBN;

where � W TF Œx�!SBN D F ŒT˙1
1
;T˙1

2
;T˙1

3
� is the TF D F ŒT˙1

1
�–linear homomorphism determined

by sending x to P . This module structure is elucidated by the following.

Proposition 8.40 The ring SBN D F ŒT˙1
1
;T˙1

2
;T˙1

3
� is free as a module over F ŒT˙1

1
;P �.

As a consequence, the relationship (8.39) also holds at the level of homology.

Corollary 8.41 Let .Y;K/ be a based knot in an integer homology 3–sphere. The module I \.Y;KI�BN/

over SBN is isomorphic to yI.Y;KI�TF /˝TF Œx� SBN, where the ring structure of SBN over TF Œx� is
given by sending x 7! P .

The proof of Proposition 8.40 needs some preparation. Firstly, we fix the dictionary order on Z�0 �Z�0

by declaring .i; j /� .i 0; j 0/ if either i > i 0 or i D i 0, j > j 0. For a nonzero element QD
P

Ri;j T i
2
T

j
3

of the ring SBN where Ri;j 2 F ŒT˙1
1
�, define

Deg.Q/ WDmax
i;j
f.ji j; jj j/ jRi;j ¤ 0g 2 Z�0 �Z�0;

where the maximum is defined with respect to the dictionary order. We also define L.Q/, the leading
terms of such a nonzero Q, to be the expression

L.Q/ WD
X

.jij;jj j/DDeg.Q/

Ri;j T i
2T

j
3
2SBN:
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Proposition 8.40 is a consequence of the following two lemmas.

Lemma 8.42 Suppose a subset G �SBN is given , such that the set

fL.gP i/ j g 2G; i � 0g

forms a basis of SBN over F ŒT˙1
1
�. Then SBN is free over F ŒT˙1

1
;P � with basis G.

Proof Let Q 2SBN be nonzero. By assumption, there are R0; : : : ;Rn 2 F ŒT˙1
1
� and g0; : : : ;gn 2G

such that the leading terms of Q are given as the sum

L.Q/D
X

i

RiL.giP
i/:

In particular, either QD
P

i RigiP
i or we have

Deg
�

Q�
X

i

RigiP
i

�
< Deg.Q/:

Thus by induction we can write Q as a linear combination of the elements in G over the ring F ŒT˙1
1
;P �.

Next, suppose we have a relation of the form
NX

mD1

RmgmPkm D 0

with Rm 2 F ŒT˙1
1
� not all zero, km 2 Z�0 and gm 2G. Then we define .i0; j0/ 2 Z�0 �Z�0 to be the

maximum of Deg.gmPkm/ among all m that Rm ¤ 0. Therefore,X
Deg.gmPkm /D.i0;j0/

RmL.gmPkm/D 0:

This contradicts our assumption and implies that Rm D 0 for all m. In particular, G gives an F ŒT˙1
1
;P �–

basis for SBN.

Lemma 8.43 Let G be the subset of SBN given by

G WD fT m
2 ;T

m
3 ;T

n
2 T �1

3 ;T �n
2 T3;T

�1
2 T n

3 ;T2T �n
3 ;T2T3 jm 2 Z; n 2 Z�1g:

Then fL.gPk/ j g 2G; k � 0g is an F ŒT˙1
1
�–basis for SBN.

Proof For a given .i; j / 2 Z�0 �Z�0, we characterize all the elements of the form gPk with g 2 G

having Deg.gPk/ D .i; j /. Because of the symmetrical role of T2 and T3, we assume that i � j . In
Table 1 we list all such elements gPk with degree .i; j /.

It is clear that in each case the leading terms of the listed elements give an F ŒT˙1
1
�–basis of

F ŒT˙1
1 �fT i

2T
j
3
;T i

2T
�j
3
;T �i

2 T
j
3
;T �i

2 T
�j
3
g;

the direct sum of which gives a decomposition of SBN into F ŒT˙1
1
�–modules.
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i D j D 0 1 �P0

i > 0, j D 0 T i
2
�P0, T �i

2
�P0

i D j > 0 P i , T2T3P i�1, T2T �1
3

P i�1, T �1
2

T3P i�1

i > j > 0 T
i�j
2

P j , T
j�i
2

P j , T
i�jC1
2

T �1
3

P j�1, T
j�i�1
2

T3P j�1

Table 1

8.8 Remarks on some concordance invariants

For a knot K whose slice genus satisfies the assumption in (1.20), we have given rather specific recipes
for how to describe the invariants of Kronheimer and Mrowka [2013; 2021b] in terms of our theory
of S–complexes with local coefficients. It is natural to ask whether the concordance invariants s#.K/,
z
\
BN.K/ and z#.K/ are related to the various concordance invariants constructed in this paper. A closely

related question is the following:

Question 8.44 Are the invariants s#.K/, z
\
BN.K/ and z#.K/ determined by the local equivalence class

of the S–complex zC .S3;KI�T / with local coefficients?

We now suggest a possible recipe for how the above concordance invariants may be derived more directly
from our equivariant homology theories. We first mimic the definition of z

\
BN.K/, as far as we can, in

the setting of yI.KI�TF /, motivated by Corollary 8.41. To ensure that we have a cobordism map at our
disposal, we assume that there is a connected, oriented surface cobordism S W U1!K in Œ0; 1��S3 with
negative definite branched double cover. Then we have an induced map

yI.S I�TF /
0
W yI.U1I�TF /

0
! yI.KI�TF /

0;

where the prime superscripts indicate that we mod out by the torsion elements over TF Œx�. Let g be the
genus of S . We define

.8.45/ yz.K/ WD xg
� ŒyI.KI�TF /

0
W im yI.S I�TF /

0�� Frac.TF Œx�/:

Because the equivariant homology yI.KI�TF / is a rank 1 module over TF Œx�, it is isomorphic as a module
to an ideal I � TF Œx�. Then yz.K/ may be described as

yz.K/D xg��1
� I � Frac.TF Œx�/;

where � D yI.S I�TF /.1/. Thus yz.K/ is a fractional ideal for the ring TF Œx�D F ŒT˙1;x�. Now the ring
homomorphism TF Œx�!SBN induced by sending T 7! T1 and x 7! P induces a map from fractional
ideals of TF Œx� to fractional ideals of SBN. By Proposition 8.33 and the naturality of the isomorphism in
Corollary 8.41, we conclude that yz.K/ is sent to z\.K/ under this correspondence.

Similar remarks hold for the relationship between yz.K/ and z#.K/. Consider the homomorphism
TF Œx�!R# induced by sending T 7! T0 and x 7! P , and the homomorphism R#!SBN which sets
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T0 D T1. We obtain the commutative diagram on the left:

TF Œx�

R# SBN

yz.K/

z#.K/ z
\
BN.K/

These homomorphisms induce maps between the fractional ideals of the three rings, and via these
correspondences the invariant yz.K/ is sent to z#.K/ and z

\
BN.K/, as indicated in the diagram on the right.

There is a relation between yz.K/ and the nested sequence of ideals J
TF
i .K/ defined in (7.9), which can

be described as follows. Given any TF Œx�–module Z in Frac.TF Œx�/ and any integer i , we define

Ji.Z/ WD

�
a

b

ˇ̌̌
there exists an element

axj�i C aj�i�1xj�i�1C � � �C a0

bxj C bj�1xj�1C � � �C b0

2Z

�
� Frac.TF /:

This is clearly a TF –submodule of Frac.TF /.

Proposition 8.46 For any K as above , JiC�.K /=2.yz.K//� J
TF
i .K/. In particular , Ji.yz.K// is an ideal

of TF .

Proof Suppose a cobordism S W U1!K is chosen as above. Recall that

I.K/D im.i� W yI.KI�TF /! TF ŒŒx
�1;x�/;

J
TF
i .K/D fa 2 TF j there exists an element ax�i

C a�i�1x�i�1
C � � � 2 Ig:

First, with notation as in (8.45), we claim that

.8.47/ ŒyI.KI�TF /
0
W im yI.S I�TF /

0�D ŒI.K/ W xI.S I�TF /.1/�;

where 1 2 TF ŒŒx
�1;x� in (8.47) is a generator of I.U1/D TF Œx� as a module over TF Œx�. This claim is a

straightforward consequence of the exact triangle in (5.2) and the fact that all elements in {I.KI�TF / are
TF Œx�–torsion. Corollary 4.12 implies that

xI.S I�TF /.1/D 1C

�1X
iD�1

bix
i :

Let a=b 2 JiC�.K /=2.yz.K//. Then (8.47) implies there are P .x/;Q.x/ 2 TF Œx� such that

P .x/
�
1C

P�1
iD�1 bix

i
�

Q.x/
2 I.K/;

and the ratio of the leading term of P .x/=Q.x/ is equal to .a=b/x�i . Thus a=b 2 J
TF
i .K/.

The above proposition and the preceding discussion provides a partial answer to Question 1.19 for the
family of knots with slice genus ��.K/=2.
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Question 8.48 Can the definition of yz.K/ be extended to all knots in the 3–sphere such that the
relationship to z#.K/ and z

\
BN.K/ described above still holds?

Note that if one constructs general cobordism maps for the equivariant theory, then there is an obvious
way of extending the definition of yz.K/ to all knots using (8.45).

A similar discussion holds for s#.K/. In particular, if there is a surface cobordism S W U1!K as above,
we may define ys.K/ by replacing TF in (8.45) with TQ, and from our discussion in Section 8.3, s#.K/

may be recovered from ys.K/.

9 Computations

In this section we study our invariants for two-bridge knots and torus knots. In particular, we prove
Theorems 1.14 and 1.12 from the introduction.

After discussing the utility of passing to the double branched cover in Section 9.1, we turn to two-
bridge knots, where much of the structure of our invariants can be described combinatorially. We
rely on previous results about instantons on R � L.p; q/, which depend upon equivariant ADHM
constructions. Along the way we describe all of our invariants for the right-handed trefoil, from which
the computation hT D 1 follows. We also make contact with Sasahira’s instanton homology for lens
spaces, from which Theorem 1.12 follows. We then discuss the .3; 5/ and .3; 4/ torus knots, making use
of Austin’s work [1995], which also relies on equivariant ADHM constructions. Section 9.5 discusses the
irreducible Floer homology of torus knots. Finally, in Section 9.6, we discuss some more examples for
which h.K/ vanishes.

9.1 Passing to the branched cover

The geometrical input involved in the singular instanton Floer complexes zC�.K/ for a knot K � S3 as
defined in Section 3 can be related to the corresponding data on the double branched cover � W†! S3

over K. On the level of critical sets, this is established in [Poudel and Saveliev 2017], and the description
extends to the cylinder in a straightforward manner.

Recall that the critical set C.K/D C.S3;K/ of the unperturbed singular Chern–Simons functional for K

may be identified with the SU.2/ traceless character variety of K from (2.2), denoted by X .K/ D

X .S3;K/. For a closed oriented 3–manifold Y, we define

X .Y / WD f� W �1.Y /! SU.2/g=SU.2/;

and via holonomy X .Y / may be identified with the critical set C.Y / of flat connections modulo gauge
transformations for the SU.2/ Chern–Simons functional on Y. If Y is a Z=2–homology 3–sphere, as
is the case for †, then X .Y / is naturally identified with the corresponding SO.3/ character variety, by
taking adjoints. In this case there are unique SU.2/ and SO.3/ bundles over Y up to isomorphism.
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Let � W †! † be the covering involution of †. Fix an SU.2/ bundle over † and let g† be its adjoint
bundle. A lift z� of � to g† is specified by choosing a bundle isomorphism f W ��g†! g† via the relation
z� D f ıp�1, where p W ��g†! g† is the pullback map. Such lifts fall into two types, depending on
whether z� jK is the identity or of order two. We restrict our attention here to the latter case; these are
locally conjugate to the model given in (2.28). For such a lift z� , the quotient {gK D g†=z� is an SO.3/
orbifold bundle over .S3;K/, isomorphic to the adjoint orbifold bundle {gE considered in Section 2.1.
Let C� .†/ denote the subset of C.†/ of classes that are represented by a connection whose adjoint is
fixed under the induced action for some such choice of a lift z� . Now, define a map

… W C.K/! C.†/�

as follows: given an SU.2/ singular connection representing a class in C.K/, take its SO.3/ adjoint,
pull back the induced orbifold connection to obtain an SO.3/ connection on †, and then take the gauge
equivalence class of its unique SU.2/ lift. In terms of representations, C.†/� corresponds to the subset
X .†/� �X .†/ consisting of � W �1.†/! SU.2/ such that ���D u�u�1 for some order four element
u 2 SU.2/, up to conjugacy.

The fibers of the map … are either one or two points. More precisely, we may divide the classes in C.†/�

into three types, determined by their gauge stabilizers:

(i) Trivial The trivial connection class �† with stabilizer SU.2/.

(ii) Abelian Nontrivial classes with stabilizer isomorphic to U.1/.

(iii) Irreducible Classes with stabilizer f˙1g.

The map … is onto, and …�1.�†/D f�g, where � is the reducible singular flat connection for K; the
fiber over a class of type (ii) in C.†/� consists of a unique irreducible class in C.K/; and over a class of
type (iii) are two irreducible classes in C.K/. In particular, a nonirreducible class in C.†/� may come
from an irreducible class in C.K/. In terms of representations, as is described in [Poudel and Saveliev
2017, Section 4], (i) corresponds to the trivial homomorphism, (ii) to nontrivial representations with
abelian image, and (iii) to nonabelian representations. An abelian representation in X .†/� lifts to a
unique binary dihedral representation in X .K/, and an irreducible representation has two irreducible
lifts to X .K/. The map … factors as

C.K/! C.K/=�! C.†/� ;

where the first map is the quotient map associated to the flip symmetry � of Section 2.3, and the second
map is a bijection. The fibers of … consisting of one point are given by fixed points of �, while the fibers
with two points are the free orbits of �. In particular, the involution � restricted to C.K/ acts freely on flat
connections whose pullbacks to † are irreducible, and fixes all other connection classes.

For ˛; ˇ 2 C.K/ we have an R–invariant flip symmetry � WM.˛; ˇ/!M.�˛; �ˇ/ between moduli spaces
on R� .S3;K/, and �2 D id. Thus � acts on M.˛; ˇ/[ �M.˛; ˇ/ as an involution. If either ˛ or ˇ is
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fixed by � we have an identification�
{M .˛; ˇ/[ � {M .˛; ˇ/

�
=�D {M .˛†; ˇ†/

� ;

where {M .˛†; ˇ†/
� is the moduli space of instantons on R�† which are fixed by some lift z� of the

branched covering � extended to the cylinder. Here ˛† D….˛/ and ˇ† D….ˇ/. We also assume that
our metric on † is invariant with respect to the branched covering involution. (We assume for simplicity
that we do no need any holonomy perturbations to achieve regularity.) Then {M .˛†; ˇ†/

� is the fixed
point set of a Z=2–action on {M .˛†; ˇ†/ induced by � . If � acts freely on both ˛ and ˇ we have instead
an identification�

{M .˛; ˇ/[ � {M .˛; ˇ/
�
=�[

�
{M .˛; �ˇ/[ {M .�˛; ˇ/

�
=�D {M .˛†; ˇ†/

� ;

where the two sets on the left-hand side are disjoint.

Lemma 9.1 The involution � acts freely on {M .˛; ˇ/[ � {M .˛; ˇ/, and �.�ŒA�/D��.ŒA�/.

Proof Let ŒA� 2 {M .˛; ˇ/ be a (nonconstant) instanton fixed by �. Then the pullback of ŒA� to R�† is
a nonconstant reducible. Since there is no such instanton we conclude that the action of � is free. The
behavior of the monopole number with respect to � is given in (2.25).

9.2 Two-bridge knots

Let p and q be relative prime, with p odd. Write Kp;q for the two-bridge knot whose two-fold branched
cover is the lens space L.p; q/. The critical set C.L.p; q// is easy to describe. Write �i

L.p;q/
for the

flat SU.2/ connection class on L.p; q/ corresponding to the conjugation class of the representation
�1.L.p; q//D Z=p! SU.2/ defined by � 7! �i ˚ ��i . Then

C.L.p; q//D f�1
L.p;q/; : : : ; �

.p�1/=2

L.p;q/
g:

Our convention is to identify L.p; q/ with the quotient of S3 �C2 by the action of Z=p, where Z=p,
viewed as the pth roots of unity, acts as � � .z1; z2/D .�z1; �

qz2/. Furthermore, the two-bridge knot Kp;q

is the fixed-point set of L.p; q/ under the involution induced by the conjugation action .z1; z2/ 7! .xz1;xz2/.
Thus the orbifold .S3;Kp;q/ is the quotient of S3 by the action of the dihedral group of order 2p.

As observed in [Poudel and Saveliev 2017], all of the classes in C.L.p; q// are fixed by the action of � ,
and so C.L.p; q//D C.L.p; q//� . Furthermore, each �i

L.p;q/
is reducible, and thus uniquely lifts to a

class �i 2 C.K/ which is fixed by �. Each of these is nondegenerate. Note that �0D � is the flat reducible,
while �i for 1 6 i 6 .p� 1/=2 is irreducible. Thus our irreducible Floer chain complex has underlying
(ungraded) group given by

C.Kp;q/D

.p�1/=2M
iD1

Z � �i :
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The gradings may also be computed, as recalled below. Consequently, the framed S–complex zC .Kp;q/D

C.Kp;q/˚C.Kp;q/˚Z has rank p. On the other hand, by Theorem 8.9 the homology of zC .Kp;q/ is
isomorphic to Kronheimer and Mrowka’s I \.Kp;q/, which is also of rank p by [Kronheimer and Mrowka
2011a, Corollary 1.6]. Thus zd D 0, and in particular all the chain-level maps d , v, ı1 and ı2 must vanish.
Proposition 4.15 implies:

Proposition 9.2 For a two-bridge knot Kp;q , we have h.Kp;q/D 0.

This result is no longer true if we use local coefficients. The key observation is that some of the zero-
dimensional moduli spaces {M .�i ; �j /0 are nonempty, and in fact consist of exactly two points ŒA� and ŒA0�,
which descend to a unique instanton on R�L.p; q/. The flip symmetry � interchanges these instantons,
reversing orientations, and so their contributions to the differential considered above cancel. However,
it will happen that sometimes the monopole number �.ŒA�/ D ��.ŒA0�/ is nonzero, in which case the
contributions will not cancel in the setting of the local coefficient system �T .

Moduli spaces of instantons on R �L.p; q/ were studied in [Austin 1995; Furuta 1990; Furuta and
Hashimoto 1990]. See also [Sasahira 2013, Section 4.1] for a nice summary. An argument using the
Weitzenböck formula shows that all such moduli are unobstructed and smooth. The 0–dimensional moduli
spaces can be described explicitly, and are determined as follows. First, consider the congruence

.9.3/ aC qb � 0 .mod p/:

We count solutions .a; b/ in a rectangle determined by k1; k2 2 Z>0 as follows:

N1.k1; k2Ip; q/ WD #f.a; b/ 2 Z2 solving (9.3); jaj< k1; jbj< k2g;.9.4/

N2.k1; k2Ip; q/ WD #f.a; b/ 2 Z2 solving (9.3); jaj< k1; jbj D k2; or jaj D k1; jbj< k2g:.9.5/

Theorem 9.6 [Austin 1995; Furuta 1990] Let 0 6 i; j 6 .p� 1/=2, where i ¤ j . Suppose there exists
k1; k2 2 Z>0 and "1; "2 2 fC1;�1g, such that the following hold :

k1 � "1i C "2j .mod p/; qk2 ��"1i C "2j .mod p/;.9.7/

N1.k1; k2Ip; q/D 1; N2.k1; k2Ip; q/D 0:.9.8/

Then {M .�i
L.p;q/

; �
j

L.p;q/
/0 defined for R�L.p; q/ is a point. Otherwise it is empty.

Furthermore, the positive integers k1 and k2 above are related to topological energy as follows: when
there exists an instanton ŒA0� on R�L.p; q/ as in the theorem, we have

.9.9/ �.A0/D
1

8�2

Z
R�L.p;q/

tr.FA0 ^FA0/D
1

p
� c2. zE/D

k1k2

p
;

where zE! S4 is an SU.2/ bundle that supports an extension of the pullback of the instanton A0 to the
4–sphere compactification of R�S3.
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We now return to the orbifold .S3;Kp;q/. Consider a moduli space {M .�i
L.p;q/

; �
j

L.p;q/
/d of instantons

on R�L.p; q/. It follows from the computations of [Poudel and Saveliev 2017, Section 7.1] that the
�–invariant moduli space has dimension d=2. Thus, pullback induces an embedding

. {M .�i ; �j /d=2/=� ,! {M .�i
L.p;q/; �

j

L.p;q/
/d

of smooth manifolds, whose image is the fixed-point set of an involution on the codomain. In particular,
setting d D 0, we find that {M .�i ; �j /0 is entirely determined by the above theorem, combined with the
behavior of the symmetry � as described in Lemma 9.1.

Corollary 9.10 Let 0 6 i; j 6 .p� 1/=2, where i ¤ j , and consider the corresponding moduli space
{M .�i ; �j /0 of instantons on R� .S3;Kp;q/.

(i) {M .�i ; �j /0 D∅ if and only if {M .�i
L.p;q/

; �
j

L.p;q/
/0 D∅.

(ii) If {M .�i ; �j /0 ¤∅, then it consists of two oppositely oriented points.

In the case that {M .�i ; �j /0 ¤ ∅, Theorem 9.6 implies that {M .�i ; �j /0 consists of two points. These
two points are oppositely oriented because of the vanishing of the maps d , ı1 and ı2. To compute the
maps d , ı1 and ı2 with local coefficients, we have:

Proposition 9.11 Suppose {M .�i ; �j /0¤∅, so that it contains two instantons ŒA� and �ŒA�. Let kDk1k2,
where k1; k2 2 Z>0 are solutions to (9.7) and (9.8). Then

f�.ŒA�/; �.�ŒA�/g D

�
f0g if k � 0 mod 2;

f2;�2g if k � 1 mod 2:

To prove this we utilize the twisted spin Dirac operator. To set this up, let ŒA� 2 {M .�i ; �j /, so that A

is a singular instanton on R � .S3;Kp;q/. Pull back A to an instanton on R � S3. By Uhlenbeck’s
removable singularity theorem, this pullback connection extends, after possibly gauge transforming, to
an instanton zA on the compactified S4. Write zE! S4 for the bundle on which zA is supported, and set
k WD c2. zE/.

Recall that .S3;Kp;q/ is the quotient of S3 by the dihedral group D2p, generated by � 2 Z=p � U.1/

and � 2 Z=2, where � � .z1; z2/D .�z1; �
qz2/ and � � .z1; z2/D .xz1;xz2/. Here we view S3 �C2 as the

unit sphere. This action extends to C2 [1D S4. We may lift the action of D2p to an action of the
binary dihedral group zD4p of order 4p on the bundle zE. This lift may be chosen such that zA is invariant
under the action of zD4p.

The action of D2p on the 4–sphere also lifts to an action of zD4p on the spinor bundles S˙! S4. Thus
we may consider the spin Dirac operator coupled to zA:

=D zA
W �. zE˝S�/! �. zE˝SC/:

The group zD4p induces actions on the domain and codomain, and =D zA
is equivariant with respect to these

actions. Write z� for the lift of the action of � to zD4p.
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Proposition 9.12 Lef.z�; =D zA
/D 1

2
�.A/.

Proof We use the Atiyah–Segal–Singer equivariant index theorem, as stated in [Berline et al. 1992,
Theorem 6.16], applied to the operator =D zA

and the action of z� 2 zD4p:

Lef.z�; =D zA
/D�

1

2�

Z
S2

yA.S2/ ch.z�; zE/
det.1� �1 � exp.�FN //1=2

:

Here S2DR2[1� S4 is the fixed-point set of � ; the term ch.z�; zE/ is defined to be Tr.z� � exp.�F zA//;
FN is the component of Riemannian curvature form of S4 normal to S2; and �1 is the action of � on the
normal bundle over S2. We have yA.S2/D 1. The connection zA descends to the singular connection A,
and so by assumption there is a preferred reduction zL˚ zL�1! S2 over the fixed-point set, at which zA
splits as zA0˚

zA�
0

. Furthermore, the action of z� on zL˚ zL�1 is of the form diag.i;�i/. Thus

ch.z�; zE/D Tr
��

i 0

0 �i

�
� exp

�
�F zA0

0

0 F zA0

��
D�2iF zA0

:

The action of � on the normal bundle of S2 is by negation, so for the denominator we have

det.1� �1 � exp.�FN //
�1=2

D det.1C exp.�FN //
�1=2

D
1
2

�
1C 1

4
FN

�
:

We find that only the constant term of the denominator contributes to the final integral:

Lef.z�; =D zA
/D�

1

2�

Z
S2

�2iF zA0
�
1

2
D

i

2�

Z
S2

F zA0
D

1
2
�.A/:

The last equality follows because the fixed point set S2, with 0 and 1 removed, is mapped with the
connection zA isomorphically to R�K with the connection A.

The character of =D zA restricted to the subgroup Z=2p � zD4p, which we write as indZ=2p. =D zA
/, is

computed in [Sasahira 2013, Section 4.2]. For 0 6 i 6 2p� 1, we write �j for the character of Z=2p

defined by sending the generator to ej�i=p. Then

.9.13/ indZ=2p. =D zA
/D

2p�1X
jD0

M.j ; k1; k2Ip; q/ ��j ;

where the coefficient M.j ; k1; k2Ip; q/ is defined to be the number of solutions .c; d/ 2 Z2 with
0 6 c 6 k1� 1 and 0 6 d 6 k2� 1 to the congruence

.9.14/ �k1C 2cC 1C q.�k2C 2d C 1/� j .mod 2p/:

Here k1 and k2 are solutions to (9.7); in the situation we consider, they will be uniquely determined as
also satisfying (9.8). The binary dihedral group zD4p has p� 1 two-dimensional representations, whose
characters we denote by z�j for 1 6 j 6 p� 1; and also 4 one-dimensional representations, denoted by
z�˙

0
and z�˙p . Here z�C

0
is the trivial representation and z��

0
has z� acting by �1. The restriction from zD4p

to the subgroup Z=2p sends

.9.15/ z�j 7! �j C�2p�j for 1 6 j 6 p� 1; z�˙0 7! �0; z�˙p 7! �p:
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In particular, if we consider the zD4p character of =D zA
, we may write

ind zD4p
. =D zA

/D nC
0
z�C

0
C n�0 z�

�
0 C nCp z�

C
p C n�p z�

�
p C

p�1X
jD1

nj z�j :

The operator =D zA
is surjective, so each of these coefficients is nonnegative. We then have, combining

(9.15) and (9.13):

M.j ; k1; k2Ip; q/CM.2p� j ; k1; k2Ip; q/D nj for 1 6 j 6 p� 1;

M.0; k1; k2Ip; q/D nC
0
C n�0 ; M.p; k1; k2Ip; q/D nCp C n�p :

Observe that z�j .z�/ D 0, while z�˙
0
.z�/ D ˙1 and z�˙p .z�/ D ˙i . Consequently, we have Lef.z�; =D zA

/ D

nC
0
� n�

0
. This Lefschetz number is real by Proposition 9.12, so necessarily nCp D n�p .

Proposition 9.16 Let 0 6 i; j 6 .p�1/=2, where i¤ j , satisfying (9.7) and (9.8) for some k1; k2 2Z>0,
so that the moduli space {M .�i

L.p;q/
; �

j

L.p;q/
/0 D fŒA

0�g is a point. Then the associated coupled spin Dirac
operator =DA0 defined over R�L.p; q/ is surjective and

dim ker =DA0 D

�
0 if k1k1 � 0 mod 2;

1 if k1k2 � 1 mod 2:

Proof Suppose M.0; k1; k2Ip; q/ > 0, so that there exists a solution .c; d/ to (9.14) with j D 0, where
0 6 c 6 k1 � 1 and 0 6 d 6 k2 � 1. Then .a; b/ with a WD �k1C 2cC 1 and b WD �k2C 2d C 1 is a
solution to (9.3) with jaj< k1 and jbj< k2. However, the assumption N1.k1; k2Ip; q/D 1 implies the
only such solution is .a; b/D .0; 0/. Thus

c D 1
2
.k1� 1/ and d D 1

2
.k2� 1/

are uniquely determined, and we must have M.0; k1; k2Ip; q/D 1 and k1k2 � 1 (mod 2). The same
reasoning shows that if k1k2 � 0 (mod 2) then there is no solution to (9.14). It remains to observe that
M.0; k1; k2Ip; q/ is precisely ind =DA0 D dim ker =DA0 .

Proof of Proposition 9.11 By Proposition 9.16, nC
0
Cn�

0
D 0 if kD k1k2� 0 (mod 2), and nC

0
Cn�

0
D 1

if k D k1k2 � 1 (mod 2). Note n˙
0
2Z>0. By Proposition 9.12, nC

0
�n�

0
D Lef.z�; =D zA

/D 1
2
�.A/, from

which the result follows.

The assumption that ŒA� 2 {M .�i ; �j / lies in the 0–dimensional component of the moduli space was only
used in the proof of Proposition 9.16, and there we only relied on the relation N1.k1; k2Ip; q/D 1. In
general, we have ŒA� 2 {M .�i ; �j /d , where

d DN1.k1; k2Ip; q/C
1
2
N2.k1; k2Ip; q/� 1

for some k1, k2 satisfying (9.7). Note that the involution .a; b/ 7! .�a;�b/ on the sets appearing in (9.4)
and (9.5) shows that N1.k1; k2Ip; q/ is odd and N2.k1; k2Ip; q/ is even. In particular, if d D 1, then we
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must have N1.k1; k2Ip; q/D 1 and N2.k1; k2Ip; q/D 2. Thus the above work carries through in this
situation as well.

Corollary 9.17 If ŒA� 2 {M .�i ; �j /1, then the conclusion of Proposition 9.11 still holds.

9.2.1 The irreducible chain complex with local coefficients We now have an algorithm to compute
the irreducible chain complex .C�.Kp;qI�˝F/; d/, which is a module over R˝F D F ŒU˙1;T˙1�,
along with the maps ı1 and ı2. We have

C�.Kp;qI�˝F/D
.p�1/=2M

iD1

U ci �F ŒU˙1;T˙1� � �i :

Fixing 1 6 i 6 .p� 1/=2, let k1; k2 2 Z>0 be any pair of solutions to (9.7) after setting j D 0. Using
(9.9) the Chern–Simons invariant ci associated to �i is given by

ci WD
2 � k1k2

2p
D

k1k2

p
:

The factor of 2 appears in the denominator because the orbifold .S3;Kp;q/ is the quotient of L.p; q/ by
the branched cover involution, while the factor of 2 appears in the numerator because the Chern–Simons
functional is related to the scaled action 2�. Furthermore, the Z=4–grading of the generator �i is given by

gr.�i/�N1.k1; k2Ip; q/C
1
2
N2.k1; k2Ip; q/ .mod 4/:

Next, fix 0 6 i; j 6 .p� 1/=2 and i ¤ j . Define aij 2 F ŒU;T˙1� to be

aij WD

�
U�k1k2=p.T 2�T �2/ if there exist k1; k2 2 Z>0 solving (9.7) and (9.8); with k1k2 odd;
0 otherwise.

Then the maps d , ı1 and ı2 are determined as

hd�i ; �j
i D aij ; ı1.�

i/D ai0; hı2.1/; �
i
i D a0i :

All that remains, in order to describe the entire S–complex zC�.Kp;qI�˝ F/ (and in fact all of its
structure as an enriched S–complex), is to compute the v–maps. Properties of the 2–dimensional moduli
spaces {M .�i

L.p;q/
; �

j

L.p;q/
/2 are described in [Austin 1995], and it seems probable that the v–maps can

be computed directly, starting from the equivariant ADHM constructions described therein.

Remark 9.18 Although we have not computed the v–maps here, Corollary 9.17 determines the monopole
numbers of instantons which contribute to the v–map. ˘

Remark 9.19 If we work over the general local coefficient system �, without tensoring by F , we have
only determined each map d , ı1 and ı2 up to a sign, ie each aij should be written instead as ˙aij .
However, as long as there are no “cycles” in the differential, it is straightforward to verify that these signs
do not matter, and our description determines the equivalence class of the complex over �. ˘
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9.2.2 Sasahira’s instanton homology for lens spaces The complex computed above is closely related
to a version of instanton homology for lens spaces defined by Sasahira [2013], the idea for which goes
back to Furuta [1990]. We first define the underlying chain group, which is a vector space over F DZ=2,
to be

C�.L.p; q//D

.p�1/=2M
iD1

F � �i
L.p;�q/

The minus sign in �q is included to properly align our orientation conventions with [Sasahira 2013].
There is of course a natural identification of this group with C�.Kp;�qIF/, via �i

L.p;�q/
7! �i , and we

define a Z=4–grading on C�.L.p; q// using this identification. Next, consider

F4 WD F Œx�=.x2
CxC 1/;

the field with four elements. We have a ring homomorphism f W F ŒU˙1;T˙1�! F4, which is determined
by f .U /D 1 and f .T /D x. Note f .T 2�T �2/D 1. Then

hd�i
L.p;�q/; �

j

L.p;�q/
i WD f .aij / 2 F � F4:

The homology of the complex .C�.L.p; q//; d/ is denoted by I�.L.p; q//, and is a Z=4–graded F–vector
space. That this is the same as the definition in [Sasahira 2013] follows from Proposition 9.16. Another
notation for I�.L.p; q// in [Sasahira 2013] is given by I

.0/
� .L.p; q//.

Theorem 9.20 There is an isomorphism from .C�.Kp;qI�F4
/; d/, where the local system �F4

is
obtained from �˝F via the base change f W F ŒU˙1;T˙1�! F4, to Sasahira’s chain complex

.C�.L.p;�q//˝F4; d/

tensored over F4. As a result ,

I�.Kp;qI�F4
/Š I�.L.p;�q//˝F4

as Z=4–graded vector spaces over the field F4.

In particular, the Euler characteristics are equal, and given by �.Kp;q/=2. Thus we obtain a way of
computing the signature of Kp;q from the arithmetic functions N1.k1; k2Ip;�q/ and N2.k1; k2Ip;�q/,
although the authors suspect that this is probably not new.

Remark 9.21 Proposition 9.16 simplifies the construction of .C�.L.p; q//; d/ given by Sasahira. Indeed,
in [Sasahira 2013], the coefficient d WD hd�i

L.p;�q/
; �

j

L.p;�q/
i is computed in two steps: (1) first, check if

the relevant 0–dimensional moduli space is empty or a point ŒA0� using Theorem 9.6; then, (2) compute
ind =DA0 , and its parity will give the answer for d 2F . However, Proposition 9.16 says that ind =DA0�k1k2

(mod 2), where k1 and k2 have already been determined in step (1), via Theorem 9.6. ˘

Corollary 9.22 Let k 2 Z. Then hS .K8kC1;�2/D 0 for any coefficient system �S .

Proof Sasahira [2013, Proposition 4.9] computes that I�.L.8k C 1; 2// D 0. Essentially the same
computation shows I�.K8kC1;2I�S /D 0, which implies the result.
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9.2.3 Invariants for the right-handed trefoil We describe the full structure of the our invariant for
the right-handed trefoil, which with our conventions is the .3;�1/ two-bridge knot. Recall that we write
R D ZŒU˙1;T˙1�. From Section 9.2.1 and Remark 9.19, we have

C�.K3;�1I�/D U c1R � �1:

To compute c1, note that the solution .k1; k2/ to (9.7) and (9.8) for i D 1 and j D 0 is .k1; k2/D .1; 1/.
Thus c1D k1k2=pD

1
3

. This also gives the usual grading of U 1=3�1 as 1 (mod 4). There is no room for a
v–map, because there is only 1 generator. The map ı2 is zero for grading reasons, while ı1 is determined by

ı1.�
1/D˙U�1=3.T 2

�T �2/;

using the data of k1 and k2 discussed above. The generator U 1=3�1 will be identified with the homotopy
class of the path from �1 to � determined by the unique instanton that contributes to the computation of ı1.
The instanton grading of this generator is given by the Chern–Simons invariant of this path, which is 1

3
.

Next, the S–complex zC� WD zC�.K3;�1I�/ is

zC� D .U
1=3R � �1/˚ .U 1=3R ���1/˚R � �;

where the generator U 1=3��1 has grading 2 (mod 4), and the differential is simply

zd D

24 0 0 0

0 0 0

˙U�1=3.T 2�T �2/ 0 0

35 :
This determines the I–graded S–complex of the right-handed trefoil and, as no perturbations are necessary,
also the isomorphism type of its enriched S–complex.

We may also compute the equivariant homology groups. Let us first continue to work over our universal
coefficient ring R D ZŒT˙1;U˙1�. The exact triangle (1.5) splits:

0! yI.K3;�1; �R/
i�
�! I.K3;�1; �R/

p�
�! {I.K3;�1; �R/! 0:

More precisely, this is a short exact sequence of RŒx�–modules, and is computed from our description of
the S–complex for K3;�1 given above and the definitions in Section 4:

.9.23/ 0! U 1=3R � �1
˚RŒx�

i�
�!RŒŒx�1;x�

p�
��!

RŒŒx�1;x�

.T 2�T �2/x�1CRŒx�
! 0:

Here p� is the obvious projection, i� embeds RŒx� into RŒŒx�1;x�, and

i�.U
1=3�1/D .T 2

�T �2/x�1:

The RŒx�–module structures on the second and the third groups in the exact sequence (9.23) are the
obvious ones, while on the first group we have

.9.24/ x �U 1=3�1
D T 2

�T �2
2RŒx�;
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with the usual module structure on the RŒx�–factor. From this description it is clear that the ideal
ID im.i�/ introduced in Section 4.3 is

ID .T 2
�T �2/x�1

CRŒx��RŒŒx�1;x�:

Our nested sequence of ideals of R, from (7.9), is given by

J R
1 D .T

2
�T �2/; J R

i D 0 for i > 2; J R
i DR for i 6 0:

We summarize some more consequences of these computations.

Proposition 9.25 For the right-handed trefoil we have hR D 1. The same holds for hS for any integral
domain base change S for which U and .T 2 � T �2/ remain nonzero. Furthermore , the function
�R

K3;�1
W Z!R>0[1 for RD ZŒT˙1� satisfies

�R
K3;�1

.k/D

8<:
0 if k 6 0;
1
3

if k D 1;

1 if k > 2:

We turn to the base change TF D F ŒT˙1�. Using Corollary 8.41 we may recover the computation of
I \.K3;�1I�BN/ from [Kronheimer and Mrowka 2021b]. Here we note that

yC .K3;�1; �TF /D
yI.K3;�1; �TF /D TF � �

1
˚TF Œx�;

where similar to before, the TF Œx�–module structure is the standard one on the summand TF Œx�, but just
as in (9.24) acts on the generator �1 as

.9.26/ x � �1
D T 2

�T �2
2 TF Œx�:

Now Corollary 8.41 gives us an isomorphism of SBN–modules

.9.27/ I \.K3;�1I�BN/Š yI.K3;�1I�TF /˝TF Œx�SBN:

We have a surjective homomorphism to the right-hand side of (9.27),

.9.28/ SBN˚SBN! .TF � �
1
˝TF Œx�SBN/˚SBN;

which sends .a; b/ 7! .�1 ˝ a; b/. Using relation (9.26) and the fact that the module structure of
SBN D F ŒT˙1

1
;T˙1

2
;T˙1

3
� over TF Œx� sends x 7! P , we find that the kernel of (9.28) consists of

elements .Pa; .T 2�T �2/b/. Thus I \.K3;�1I�BN/ has the presentation

SBN!SBN˚SBN; 1 7! .P;T 2
�T �2/:

We have recovered part of [Kronheimer and Mrowka 2021b, Proposition 8.1], proven by an entirely
different method:

Corollary 9.29 Let K be the right-handed trefoil. Then I \.KI�BN/ is isomorphic as an SBN–module
to the ideal .P;T 2�T �2/�SBN.
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Since the slice genus condition in (1.20) is satisfied by the right-handed trefoil, we can define the
ideal yz.K3;�1/ and use [Kronheimer and Mrowka 2021b, Proposition 8.1] to see that it is equal to
.x;T 2�T �2/.

9.3 The .3; 5/ torus knot

We now turn back to the coefficient ring Z, and study some knots which have nontrivial hD hZ invariants.
We begin with the torus knot KD T3;5, whose double branched cover † is the Poincaré homology sphere
†.2; 3; 5/. Recall that for an integer homology 3–sphere such as †, Floer’s chain complex .C�.†/; d/
for the Z=8–graded instanton homology I�.†/ is generated by the irreducible critical points in C.†/,
perhaps after a suitable holonomy perturbation. For the Poincaré sphere, no perturbation is needed, and
there are two nondegenerate irreducibles f˛†; ˇ†g � C.†/, so we can write

C�.†/D Z.1/˚Z.5/ D I�.†/:

The Floer gradings are gr.˛†/� 1 (mod 8) and gr.ˇ†/� 5 (mod 8). Our convention is that gr.˛†/ is
the expected dimension modulo 8 of M.˛†; �†/, the moduli space of finite-energy instantons on R�†

with limits ˛† and �† at �1 and C1, respectively, where �† is a trivial connection.

From our discussion in Section 9.1, and the fact that C.†/� D C.†/ (see [Saveliev 1999, Proposition 8]),
there are four irreducibles in C.K/, which are nondegenerate: two lifts, ˛ and �˛, of ˛†, and two lifts,
ˇ and �ˇ, of ˇ†. We may use the zero perturbation and the index computations of [Poudel and Saveliev
2017, Theorem 7.2] to write

.9.30/ C�.K/D Z2
.1/˚Z2

.3/ D I�.K/;

where each Z.1/ is generated by one of ˛ and �˛, and each Z.3/ by one of ˇ and �ˇ. For grading reasons,
as already indicated in (9.30), we have d D 0.

For grading reasons, ı2D 0. We now turn to ı1. Recall that †.2; 3; 5/ is a quotient of the 3–sphere by an
action of the binary icosahedral group in SU.2/ŠS3 of order 120. In particular, it has a metric of positive
scalar curvature, covered by the round metric on the 3–sphere. Using an equivariant ADHM construction,
Austin showed that for this metric, all finite-energy instanton moduli on R�† are unobstructed, smooth
manifolds, and

{M .˛†; �†/0 D fŒA
0�g

consists of one unparametrized instanton up to gauge; see [Austin 1995, Proposition 4.1]. The metric may
be chosen so that the covering involution � that yields the orbifold .S3;K/ is an isometry; see [Dunbar
1988] for the classification of spherical orbifolds. Again, our discussion from Section 9.1 implies that
each of {M .˛; �/0 and {M .�˛; �/0 consist of a unique instanton, ŒA� and �ŒA�, respectively, which lift ŒA0�.
Consequently, ı1 W Z2

.1/
! Z is nonzero, from which h.T3;5/> 1 follows.
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By Theorem 8.9, a chain complex computing I \.K/ for the .3; 5/ torus knot is

zC�.K/D .Z
2
.1/˚Z2

.3//˚ .Z
2
.0/˚Z2

.2//˚Z.0/; zd D

24 0 0 0

v 0 0

ı1 0 0

35 :
On the other hand, it is known that I \.K/ has rank 7. Indeed, for a general knot K, Kronheimer and
Mrowka’s spectral sequence [2011a] provides the rank inequality

rank Khred.K/> rank I \.K/;

where Khred.K/ is the reduced Khovanov homology of K. For the .3; 5/ torus knot, the left-hand side
is equal to 7. Furthermore, rank I \.K/ is bounded below by j�K j, the sum of the absolute values of
the alexander polynomial; see (9.35). For the .3; 5/ torus knot we have j�K j D 7, so rank I \.K/D 7 as
claimed. It is straightforward to see that ı1v D 0, for otherwise the homology of zC�.K/ would have rank
less than 7. Thus h.T3;5/6 1, and we obtain:

Proposition 9.31 For the .3; 5/ torus knot K, we have h.K/D 1.

9.4 The .3; 4/ torus knot

The case of the .3; 4/ torus knot K is similar to that of the .3; 5/ torus knot. This is because the double
branched cover is again a finite quotient of S3, this time by the binary tetrahedral group in SU.2/Š S3

of order 24. Again C.†/� D C.†/ and there are two classes ˛†, ˇ† 2 C.†/ apart from �†, but in this
case one is abelian, say ˇ†. Thus there are two irreducibles ˛; �˛ 2 C.K/ that pull back to ˛†, and only
one ˇ 2 C.K/ that pulls back to ˇ†. Using [Austin 1995] and [Poudel and Saveliev 2017, Lemma 7.5]
we compute

.9.32/ C�.K/D Z2
.1/˚Z.3/ D I�.K/;

where each copy of Z.1/ is generated by one of ˛ and �˛, while Z.3/ is generated by ˇ. We sketch the
computation for the reader.

We begin with the algorithm of Austin [1995]. We start with the graph GT � of the extended Dynkin
diagram zE6 for the binary tetrahedral group T �. By the McKay correspondence, this graph encodes the
unitary representation theory of the binary tetrahedral group. We recall that T � is the subgroup of SU.2/,
viewed as the unit quaternions, given by˚

˙1;˙i;˙j ;˙k; 1
2
.˙1˙ i ˙ j ˙ k/

	
:

Let fRig be the set of unitary representations of T � up to isomorphism. We let R1 be the trivial
representation of T �, R2 the tautological representation including T � into SU.2/, and R3 DR�

7
the two

nontrivial U.1/ representations; note that T � has abelianization Z=3. Then the vertices of GT � are fRig,
while Ri and Rj are connected by an edge if upon writing Ri ˝R2 D

P
nij Rj we have nij D 1; in

general, nij 2 f0; 1g.
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GT� D
zE6

R1

R2

R3 R4 R5 R6 R7

G0
T� ST�

� DR1˚R1

˛ DR2

ˇ DR3˚R7

Figure 17

Next, let G0
T �

be the graph obtained from GT � by identifying conjugate representations. In our case,
we only identify R3 and R7. Then form a new graph ST � by extracting the vertices of G0

T �
that are

SU.2/ representations, and connecting two vertices by an edge if there is a path in G0
T �

connecting the
representations not passing through any other SU.2/ representations. Austin shows that for a vertex v in
ST � corresponding to ˛v 2 C.†/,

dim M.˛v; �†/� 4I.v/� 3 .mod 8/;

where I.v/ is the length of a shortest path of edges from v to R1˚R1D �† within ST � . From Figure 17
we compute in our case that dim M.˛†; �†/� 1 (mod 8) and dim M.ˇ†; �†/� 5 (mod 8).

Finally, from [Poudel and Saveliev 2017, Lemma 7.5] we have for any nontrivial 
 2 C.K/ the relation

dim M.
; �/D 1
2

�
dim M.….
 /; �†/C 1

�
.mod 4/;

from which we conclude that gr.˛/ � gr.�˛/ � 1 (mod 4) and gr.ˇ/ � 3 (mod 4). This verifies the
computation of (9.32). Furthermore, from [Austin 1995, Proposition 4.1] and the fact that ˛† is adjacent
to �† in the graph ST � , the moduli space {M .˛†; �†/0 is a point. Just as for the .3; 5/ torus knot, we
conclude that ı1 ¤ 0 on C1.K/. Now

zC�.K/D .Z
2
.1/˚Z.3//˚ .Z

2
.0/˚Z.2//˚Z.0/

has rank 7, while I \.K/ has rank 5, because rank Khred.K/D5Dj�K j. We again conclude that h.K/D1,
just as for the .3; 5/ torus knot.

Remark 9.33 An alternative approach to computing the gradings replaces Austin’s algorithm with
Fintushel and Stern’s method [1990]. However, the most important input above is in showing that ı1 ¤ 0,
which follows from Austin’s equivariant ADHM construction. ˘

9.5 The irreducible homology of torus knots

Fintushel and Stern [1990] computed I�.†.p; q; r//, Floer’s Z=8–graded instanton homology for the
Brieskorn integer homology sphere †D†.p; q; r/. Here p, q and r are relatively prime positive integers.
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The unperturbed critical set C.†/ is nondegenerate, and each generator has odd grading, so that d D 0

and C�.†/D I�.†/.

Let p and q be odd. Then †.p; q; 2/ is the double branched cover of the torus knot K D Tp;q . Just as
in Sections 9.3 and 9.4, C.†/� D C.†/ by [Saveliev 1999, Proposition 8]. Furthermore, according to
[Collin and Saveliev 2001, Lemma 4.1], the gradings of the generators in C�.†/ are congruent mod 2 to
the gradings of the corresponding generators in C�.K/. Thus here also d D 0 and C�.K/D I�.K/. By
Theorem 2.36 we obtain

.9.34/ I.Tp;q/Š Z��.Tp;q/=2

supported in odd gradings (mod 4). The conjecture in [Poudel and Saveliev 2017, Section 7.4] is equivalent
to the rank of I�.Tp;q/ being evenly distributed between gradings 1 and 3 (mod 4).

The isomorphism (9.34) also holds when one of p or q is even. In fact, in this case and when p and q are
odd, one can directly count that the number of irreducible traceless SU.2/ representations in X .Tp;q/ is
equal to ��.Tp;q/=2, using [Klassen 1991, Theorem 1] and formula (9.38) below. These representations
correspond to nondegenerate critical points, and thus C�.Tp;q/ has rank ��.Tp;q/=2, providing an upper
bound on the rank of I�.Tp;q/. Theorem 3.6 provides the same lower bound, implying the isomorphism
(9.34).

9.6 More vanishing results for h.K /

We describe some simple conditions under which h.K/D 0 for a knot K � S3. Write �K D
P

aj tj for
the symmetrized Alexander polynomial with �K .1/D 1, and define

j�K j WD

X
j

jaj j

to be the sum of the absolute values of its coefficients. The instanton homology I \.K/ is isomorphic
over C to the sutured instanton knot homology of K by [Kronheimer and Mrowka 2011a, Proposition 1.4],
the latter of which has an additional Z–grading whose graded Euler characteristic is the Alexander
polynomial [Kronheimer and Mrowka 2010a; Lim 2010]. This implies

.9.35/ rank I \.K/> j�K j:

On the other hand, by Theorem 8.9, I \.K/ is isomorphic to the homology of the S–complex zC�.K/D
C�.K/˚C��1.K/˚Z. In particular, if the irreducible complex C�.K/may be chosen to have 1

2
.j�K j�1/

generators, then the differential of zC�.K/ is necessarily zero by (9.35), and in particular, ı1 D ı2 D 0,
implying h.K/D 0. More precisely, given a perturbation for which C�.K/D Cirr

� [f�g is nondegenerate,
if jC�.K/j D 1

2
.j�K jC 1/, then h.K/D 0. For the examples we will consider, the perturbation � will

always be zero, so that the implication may be written in terms of the traceless character variety X .K/.
That is, if X .K/ is a finite set of nondegenerate points, then

.9.36/ jX .K/j D 1
2
.j�K jC 1/ D) h.K/D 0:
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Applying this to the case of torus knots, we obtain the following:

Proposition 9.37 For K a .p; q/ torus knot , if 1C j�.K/j D j�K j, then h.K/D 0. This condition is
satisfied by the following two families:

(p; 2pkC 2/; with k > 1; p � 1 .mod 2/;

(p; 2pk˙ .2�p//; with k > 1; p �˙1 .mod 4/:

Proof For a .p; q/ torus knot, we saw in the previous subsection that X .K/ is nondegenerate and has
cardinality equal to j�.K/j=2C 1. So the first part of the claim follows from (9.36).

The signature of torus knots is given by the expression [Litherland 1979; Kauffman 1987]

.9.38/ �.Tp;q/D .p� 1/.q� 1/� 4 �B.p; q/;

where, assuming that p is odd, we have

B.p; q/D #
n
.m; n/

ˇ̌̌
1�m� 1

2
.p� 1/; 1� n� q� 1; 1

2
�

m

p
C

n

q

o
:

A straightforward computation shows that

B.p; q/D

�1
2
.p� 1/1

2
.3kpC k � 1˙ 3/ if q D 2kp˙ 2;

1
2
.p� 1/

�
1
2
.2kC 1/1

2
.3pC 1//� 1

2
˙ 2

�
�
�

1
4
p
˘

if q D .2kC 1/p˙ 2:

Thus we can use (9.38) to write

�.Tp;q/D

�
�.p� 1/.kpC k˙ 1/ if q D 2kp˙ 2;

�.p� 1/
�
.2kC 1/1

2
.pC 1/˙ 2

�
˙ 4

�
1
4
p
˘

if q D .2kC 1/p˙ 2:

The Alexander polynomial of a torus knot is given by the formula

�Tp;q
D
.tpq � 1/.t � 1/

.tp � 1/.tq � 1/
:

In the case that q D lp˙ 2 with l � 1, this formula simplifies as

�Tp;q
D

(
1C .t � 1/

�Pp�1
iD1

Pli�1
jD0 tpjC2i C

P.p�1/=2
iD1

t2i�1
�

if q D lpC 2;

1C .t � 1/
�Pp�1

iD1

Pli�1
jD1 tpj�2i �

P.p�1/=2
iD1

t�2iC1
�

if q D lp� 2:

These identities imply that

j�Tp;lp˙2
j D

1
2
.p� 1/

�
.pC 1/l ˙ 2

�
˙ 1:

From the above identities it is easy to check that the identity 1Cj�.K/j D j�K j holds for the mentioned
families of torus knots.

The same method may be applied, for example, to find Montesinos knots K with h.K/D 0. In this case,
the double branched cover† of K is again a Brieskorn homology sphere†.p; q; r/, and by [Fintushel and
Stern 1990], the unperturbed critical set C.†/DX .†/ is nondegenerate and of cardinality 2j�.†/jC 1,
where � is the Casson invariant. For example, the .�2; 3; 7/ pretzel knot satisfies (9.36), and consequently
has hD 0.
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Appendix Modified holonomy maps

In this appendix we construct the modified holonomy maps that are used to define the v–map, and related
maps, first used in Section 3.3.2 of the main text. The construction is inspired by one that is described in
[Donaldson 2002, Section 7.3.2].

Fix a pair .Y;K/ of an integer homology sphere and a knot. Let � be a perturbation of the Chern–Simons
functional for the pair .Y;K/, and for any ˛ 2 Cirr

� .Y;K/ fix a neighborhood U˛ of ˛ in B.Y;K/ together
with a subset W˛ � C .Y;K/ that maps diffeomorphically to U˛ via the projection. For instance, we may
use a Coulomb chart around ˛ to pick W˛ . We call elements of W˛ lifts of the elements of U˛ . Then for
each pair of irreducible critical points ˛i 2 C

irr
� .Y;K/, we obtain the holonomy map

h˛1˛2
WB.Y;KI˛1; ˛2/! S1

that is invariant with respect to translations, as outlined in Section 3. Recall that the holonomy is of the ad-
joint connection along R�fpg, where p2K is a basepoint. The preferred reduction of the bundle along the
singular locus guarantees that this holonomy lies in S1ŠSO.2/�SO.3/. Below we implicitly assume that
all holonomies are of the adjoint connection, without further mention. We wish to modify the map h˛1˛2

so
that the restrictions of this map to the moduli spaces of instantons have the properties listed in Section 3.3.2.
Our key tool in the construction of modified holonomy maps are almost homomorphisms of S1.

Definition A.1 An almost homomorphism of S1 is the data of a sequence of continuous maps

hk W Œ0;1/
k
� .S1/kC1

! S1 for k � 0;

satisfying the following properties.

(i) For 1� i � k, if si � 1 then

hk.s1; : : : ; si�1; si ; siC1; : : : ; sk ;g0;g1; : : : ;gk/

D hk�i.siC1; : : : ; sk ;gi ; : : : ;gk/ � hi�1.s1; : : : ; si�1;g0; : : : ;gi�1/:

(ii) For 1� i � k, if si �
1
2

, then

hk.s1; : : : ; si�1; si ; siC1; : : : ; sk ;g0;g1; : : : ;gkC1/

D hk�1.s1; : : : ; si�1; siC1; : : : ; sk ;g0;g1; : : : ;gi�2;gigi�1;giC1; : : : ;gkC1/: ˘

Remark A.2 An almost homomorphism of S1 is essentially a version of a homotopy diagram (as defined
in [Vogt 1973]) for the category S1, where S1 is viewed as a groupoid. ˘

Example A.3 For any k � 0, define hk W Œ0;1/
k � .S1/kC1! S1 as

.A.4/ hk.s1; s2; : : : ; sk ;g0;g1; : : : ;gk/D gk �gk�1 � � �g0:

Clearly this sequence of maps defines an almost homomorphism of S1, which we call the canonical
almost homomorphism. ˘
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Definition A.5 A homotopy of almost homomorphisms is a family of continuous maps

zhk W Œ0; 1�� Œ0;1/
k
� .S1/kC1

! S1

such that for any t 2 Œ0; 1�, the sequence of maps fht
k
gk�0 defined by ht

k
. � / D zhk.t; � / is an almost

homomorphism. We say that fzhkgk�0 is a homotopy between the almost homomorphisms fh0
k
gk�0 and

fh1
k
gk�0. ˘

Lemma A.6 Let h0 W S
1! S1 be a continuous map and zh0 W Œ0; 1��S1! S1 be a homotopy from the

identity map to h0. Then zh0 can be extended to a homotopy of almost homomorphisms fzhkgk�0 such that
fh0

k
gk�0 is the canonical almost homomorphism.

Proof We may construct zhk W Œ0; 1� � Œ0;1/
k � .S1/kC1 ! S1 by induction on k. Suppose zhk is

constructed for k � i � 1 such that the maps ht
k

satisfy (i) and (ii) of Definition A.1, and h0
k

is given by
(A.4). We wish to extend this construction to zhi while the above properties are still satisfied. The properties
in Definition A.1 and the condition on h0

i uniquely determine zhi.t; s1; s2; : : : ; sk ;g0;g1; : : : ;gk/ when
t D 0 or one of si belongs to

�
0; 1

2

�
[ Œ1;1/. These points in the domain of zhi form a retract of

Œ0; 1�� Œ0;1/k � .S1/kC1, and hence we may extend zhi to the rest of its domain.

The inductive argument in the proof of Lemma A.6 can be used in the construction of almost homomor-
phisms that satisfy additional properties. The following lemma gives an instance of such properties.

Lemma A.7 For any k � 0, let Sk be a subset of Œ0;1/k � .S1/kC1 such that
S

k�0 Sk is finite. Then
there is an almost homomorphism fhkgk�0 which is homotopic to the canonical almost homomorphism
and such that hk evaluates to 1 at the elements of Sk .

Now for each pair ˛1, ˛2 2 C
irr
� .Y;K/, we define a modified holonomy map

H˛1˛2
WB.Y;KI˛1; ˛2/! S1

that depends on the choice of an almost homomorphism fhkgk�0 which is homotopic to the canonical
almost homomorphism, and the choices of U˛ and W˛ for each ˛ 2Cirr

� .Y;K/. For ŒA�2B.Y;KI˛1; ˛2/,
let ŒAt � 2B.Y;K/ denote the restriction of ŒA� to ftg �Y. Let V 0

ŒA�
be an open subspace of R such that

t 2 V 0
ŒA�

if and only if ŒAt � belongs to U˛ for some choice of ˛. We also need an open subspace VŒA� of
V 0
ŒA�

consisting of the points t such that t is in an interval I of length at least 1
3

and I � V 0
ŒA�

.

The definition of VŒA� implies that it is a union of finitely many open intervals. Thus there is a sequence
of real numbers

b0<a1<b1< � � �<ak<bk<akC1 such that VŒA�D .�1; b0/[.a1; b1/[� � �[.ak ; bk/[.akC1;1/:

For 1� i � k, define
si WD bi � ai and ci WD

1
2
.ai C bi/:
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Since ci 2 VŒA�, there is a preferred lift of ŒAci
� to W˛ � C .Y;K/ for some ˛. In particular, we may

obtain a well-defined gi 2 S1 by taking the holonomy of ŒA� along fyg� Œci ; ciC1� for any 1� i � k � 1.
Here y is the basepoint on the knot K as before. Similarly we may take the holonomy of ŒA� along
fyg � .�1; c1� and fyg � Œck ;1/ to respectively obtain g0 and gk . Clearly h˛1˛2

.ŒA�/ is equal to the
product gk �gk�1 � � �g0. We define

H˛1˛2
.ŒA�/D hk.s1; s2; : : : ; sk ;g0;g1; : : : ;gk/:

Proposition A.8 The map H˛1˛2
WB.Y;KI˛1; ˛2/!S1 is continuous and invariant with respect to trans-

lation action on B.Y;KI˛1; ˛2/. We may also assume that any given finite subset S of B.Y;KI˛1; ˛2/

is mapped into 1 2 S1.

Proof Property (ii) in Definition A.1 implies that if we remove the intervals in VŒA� with length at
most 1

2
to obtain V 0

ŒA�
, and then follow a similar definition as that of H˛1˛2

.ŒA�/ with V 0
ŒA�

, we obtain
the same value of H˛1˛2

.ŒA�/. For ŒA0� 2B.Y;KI˛1; ˛2/ that is close to A, the subspace V 0
ŒA0�

of R is
close to the subspace of VŒA� given by intervals of length at least 1

2
. From this and continuity of almost

homomorphisms, it is easy to see that H˛1˛2
is continuous. It is clear from the definition that H˛1˛2

is invariant with respect to the translation action. The last part of the proposition is a consequence of
Lemma A.7.

Singular connections on the cylinder associated to .Y;K/ can be glued to each other to form new singular
connections. For instance, for any ˛1; ˛3 2 C�.Y;K/ and ˛2 2 C

irr
� .Y;K/, we have the gluing map

Gl WB.Y;KI˛1; ˛2/�R>0 �B.Y;KI˛2; ˛3/!B.Y;KI˛2; ˛3/:

To be more specific, let f WR! Œ0; 1� be a smooth function such that f .t/D 0 for t ��1 and f .t/D 1 for
t � 1. Suppose ŒA�2B.Y;KI˛1; ˛2/ and ŒA0�2B.Y;KI˛2; ˛3/. We may assume that the representative
connection A for ŒA� is chosen so that it is in temporal gauge and is asymptotic to the fixed lift in W˛2

of ˛2 as t!1. This assumption fixes A uniquely. Similarly, let A0 be in temporal gauge and asymptotic
to the lift of ˛2 as t !�1. Now Gl.ŒA�;T; ŒA0�/ is the element of B.Y;KI˛1; ˛3/ represented by the
connection

f

�
t

1CT

�
��T .A/C

�
1�f

�
t

1CT

��
��
�T .A/;

where �s WR�Y !R�Y is the translation �s.t;y/D .t C s;y/. The following proposition describes
the behavior of modified holonomy maps with respect to the gluing map Gl.

Proposition A.9 For any ŒA� 2B.Y;KI˛1; ˛2/ and ŒA0� 2B.Y;KI˛2; ˛3/, we have

lim
T!1

H˛1˛3

�
Gl.ŒA�;T; ŒA0�/

�
DH˛2˛3

.ŒA0�/ �H˛1˛2
.ŒA�/:

Proof For fixed ŒA� and ŒA0�, as T !1, there is a corresponding index i with parameter si!1, and
the result follows immediately from property (i) in Definition A.1.
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The restriction of the maps H˛1;˛2
to the moduli spaces {M .˛1; ˛2/d can be used to construct the maps

required for the definition of the map v in Section 3.3.2. By taking S in Proposition A.8 to be the union of
0–dimensional moduli spaces, we may assume that property (H1) in Section 3.3.2 is satisfied. Properties
(H2) and (H3) hold by similar arguments as in Proposition A.9. The only missing point is that our maps
at this point are only continuous. (In fact, continuity of these maps would be enough to define the map v
and prove Proposition 3.16.) By induction on d and for d � 2, we may approximate the constructed maps
{M .˛1; ˛2/d ! S1 such that properties (H1)–(H3) still hold and the restriction of H˛1;˛2

to each stratum
of {M .˛1; ˛2/d is smooth.

Next, we turn to the definition of modified holonomy maps for a cobordism of pairs .W;S/ W .Y;K/!

.Y 0;K0/ that are compatible with the chosen modified holonomy maps for .Y;K/ and .Y 0;K0/ in an
appropriate sense. To achieve this, first we introduce the corresponding notion for almost homomorphisms.

Definition A.10 Suppose fhkgk�0 and fh0
k
gk�0 are almost homomorphisms of S1. A continuation from

fhkgk�0 to fh0
k
gk�0 is the data of a sequence of continuous maps

hk;l W Œ0;1/
kCl
� .S1/kClC1

! S1

for any k; l � 0 satisfying the following properties.

(i) For 1� i � k, if si � 1, then

hk;l.s1; : : : ; si�1; si ; siC1; : : : ; sk ; s
0
1; : : : ; s

0
l ;g1; : : : ;gk ; g;g

0
1; : : : ;g

0
l/

D hk�i;l.siC1; : : : ; sk ; s
0
1; : : : ; s

0
l ;giC1; : : : ;gk ; g;g

0
1; : : : ;g

0
l/ � hi�1.s1; : : : ; si�1;g1; : : : ;gi/;

and for 1� i � l , if s0i � 1, then

hk;l.s1; : : : ; sk ; s
0
1; : : : ; s

0
i�1; s

0
i ; s
0
iC1; : : : ; s

0
l ;g1; : : : ;gk ; g;g

0
1; : : : ;g

0
l/

D h0l�i.s
0
iC1; : : : ; s

0
l ;g
0
i ; : : : ;g

0
l/ �hk;i�1.s1; : : : ; sk ; s

0
1; : : : ; s

0
i�1;g1; : : : ;gk ; g;g

0
1; : : : ;g

0
i�1/:

(ii) For 1� i � k, if si �
1
2

, then

hk;l.s1; : : : ; si�1; si ; siC1; : : : ; sk ; s
0
1; : : : ; s

0
l ;g1; : : : ;gk ; g;g

0
1; : : : ;g

0
l/

D hk�1;l.s1; : : : ; si�1; siC1; : : : ; sk ; s
0
1; : : : ; s

0
l ;g1; : : : ;gi�1;gigiC1; : : : ;gk ; g;g

0
1; : : : ;g

0
l/:

In the above identity, if i D k, then gigiC1 should be replaced with gig. Similarly, for 1� i � l ,
if s0i �

1
2

, then

hk;l.s1; : : : ; sk ; s
0
1; : : : ; s

0
i�1; s

0
i ; s
0
iC1; : : : ; s

0
l ;g1; : : : ;gk ; g;g

0
1; : : : ;g

0
l/

D hk;l�1.s1; : : : ; sk ; s
0
1; : : : ; s

0
i�1; s

0
iC1; : : : ; s

0
l ;g1; : : : ;gk ; g;g

0
1; : : : ;g

0
i�1g0i ;g

0
iC1; : : : ;g

0
l/;

and if i D 1, then g0
i�1

g0i should be replaced with gg0i . ˘

Example A.11 Given any almost homomorphism fhkgk�0, there is a trivial continuation from fhkgk�0

to itself given by hk;l D hkCl for any k; l � 0. ˘

Geometry & Topology, Volume 28 (2024)



Equivariant aspects of singular instanton Floer homology 4185

Lemma A.12 Let fhkgk�0 and fh0
k
gk�0 be homotopic almost homomorphisms of S1. Then there is

a continuation fhk;lgk;l�0 from fhkgk�0 to fh0
k
gk�0. Moreover , we can assume that the continuation

maps evaluate to 1 at any finite subset
S

k;l�0 Sk;l contained in the union of the domains of fhk;lgk;l�0.

Proof We wish to construct the maps hk;l by induction on kC l . In each step of induction, the properties
in Definition A.10 determine hk;l on a subset of the domain. However, there might be an obstruction to
extending the map to the whole domain. To resolve this issue, we use a similar trick as in Lemma A.6 by
constructing a stronger object. Suppose the family of almost homomorphisms fzht

k
gkD0 gives a homotopy

from fhkgk�0 to fh0
k
gk�0. Then we inductively construct a map

zhk;l W Œ0; 1�� Œ0;1/
kCl
� .S1/kClC1

! S1

such that for any t 2 Œ0; 1�, the sequence of maps fht
k;l
gk�0 defined by ht

k;l
. � /D zhk;l.t; � / is a continuation

from fhkgk�0 to fzht
k
gkD0 and the continuation fh0

k;l
gk�0 from fhkgk�0 to fhkgk�0 is provided by

Example A.11. In particular, fh1
k;l
gk�0 gives a continuation from fhkgk�0 to fh0

k
gk�0. Now there is no

obstruction in carrying out the induction step. A straightforward examination of the construction shows
that the property in the second part of this lemma can be guaranteed in this inductive argument.

A similar inductive argument can be used to prove the following lemma.

Lemma A.13 There is a homotopy between any two choices of continuation fh0
k;l
gk;l�0 and fh1

k;l
gk;l�0

provided by Lemma A.12. To be more precise , there is a continuous map

zhk;l W Œ0; 1�� Œ0;1/
kCl
� .S1/kClC1

! S1

for any k; l � 0 such that fht
k;l
gfk;l�0g, given by ht

k;l
WD zhk;l.t; � /, is a continuation that is equal to the

given continuations for t D 0 and 1. Moreover , for any finite subset S of the union over k and l of the
spaces .0; 1/� Œ0;1/kCl � .S1/kClC1, we may assume that the maps zhk;l evaluate to 1 at the points
of S .

Now we are ready to define modified holonomy maps for a cobordism of pairs .W;S/ W .Y;K/! .Y 0;K0/

and a path 
 connecting the basepoints y and y0 of K and K0. For the pair .Y;K/, fix an almost
homomorphism fhkgk�0 homotopic to the canonical almost homomorphism, a neighborhood U˛ , and a
lift W˛ of U˛ for each ˛ 2 Cirr

� .Y;K/. Fix similar choices for the pair .Y 0;K0/. Using Lemma A.12, we
may find a continuation fhk;lgk;l�0 from fhkgk�0 to fh0

k
gk�0. For ŒA�2B.W;S I˛; ˛0/ and t 2 .�1; 0/,

let ŒAt � 2B.Y;K/ denote the restriction of ŒA� to ftg �Y on the cylindrical end associated to .Y;K/.

Let VŒA� � .�1; 0/ consist of t0 such that there is an interval I of size at least 1
3

containing t0 such that
for any t 2 I , ŒAt � belongs to one of U˛ . Similarly, we define a subset V 0

ŒA�
� .0;1/ using the restriction

of ŒA� to ftg �Y 0 on the cylindrical end associated to .Y 0;K0/. There are real numbers

b0 < a1 < b1 < � � �< ak < bk < 0< a01 < b01 < � � �< al < b0l < a0lC1
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such that the sets VŒA� and V 0
ŒA�

have the form

VŒA� D .�1; b0/[ .a1; b1/[ � � � [ .ak ; bk/ and V 0ŒA� D .a
0
1; b
0
1/[ � � � [ .a

0
l ; b
0
l/[ .a

0
lC1;1/:

For 1� i � k and 1� j � l , define real numbers

si WD bi � ai ; ci WD
1
2
.ai C bi/; s0j WD b0j � a0j ; c0j WD

1
2
.a0j C b0j /:

For 2 � i � k and 1 � j � l � 1, let gi 2 S1 and g0i 2 S1 be respectively the holonomy of ŒA� along
fyg� Œci�1; ci � and fy0g� Œc0j ; c

0
jC1

�. We also let g1 be the holonomy of ŒA� along fyg� .�1; c1�, let g0
l

be the holonomy of ŒA� along fy0g � Œc0
l
;1/, and let g be the holonomy of ŒA� along 
 from fyg � fckg

to fy0g � fc0
1
g. We define

H


˛˛0.ŒA�/D hk;l.s1; : : : ; sk ; s

0
1; : : : ; s

0
l ;g1; : : : ;gk ; g;g

0
1; : : : ;g

0
l/:

Similar to the case of cylinders, H


˛˛0 W B.W;S I˛; ˛0/! S1 is continuous, and we assume it maps a

given finite subset S of B.W;S I˛; ˛0/ into 1 2 S1. There are gluing maps

Glin WB.Y;KI˛1; ˛2/�R>0 �B.W;S I˛2; ˛
0/ !B.W;S I˛1; ˛

0/;

Glout WB.W;S I˛; ˛01/ �R>0 �B.Y 0;K0I˛01; ˛
0
2/!B.W;S I˛; ˛02/;

such that the following relations hold:

lim
T!1

H


˛1˛0

.Glin.ŒA�;T; ŒA0�//DH


˛2˛0

.ŒA0�/ �H˛1˛2
.ŒA�/;

lim
T!1

H



˛˛0
2

.Glout.ŒA�;T; ŒA
0�//DH˛0

1
˛0

2
.ŒA0�/ �H




˛˛0
1

.ŒA�/:

We use the restriction of the map H


˛˛0 to the moduli spaces M.W;S I˛; ˛0/1, after a smooth approxima-

tion, to define the map � in Section 3.3.3. Verifying Proposition 3.20 uses compatibility of H


˛˛0 with

respect to the gluing maps spelled out in the last paragraph. Lemma A.13 allows us to show that the
map � (and the remaining components of the cobordism map associated to .W;S/) are invariant of the
auxiliary choices (including the choice of the continuation) up to chain homotopy.
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