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Small-energy isotopies of loose Legendrian submanifolds

LUKAS NAKAMURA

We prove that for a closed Legendrian submanifold L of dimension n > 2 with a loose chart of size 7, any
Legendrian isotopy starting at L can be C°-approximated by a Legendrian isotopy with energy arbitrarily
close to %n. This in particular implies that the displacement energy of loose displaceable Legendrians is
bounded by half the size of its smallest loose chart, which proves a conjecture of Dimitroglou Rizell and
Sullivan (2020).

53D10

1 Introduction

In many situations it requires a positive amount of energy to connect two different Legendrian submanifolds
of a contact manifold via a contact isotopy. On the other hand, Murphy [6] showed that for loose
Legendrians the existence of a contact isotopy is a purely topological question. The goal of this paper is to
give an upper bound for the minimal energy that is required for Legendrian isotopies of loose Legendrians.

Let (M, @) be a strict contact manifold of dimension 2741, and let L be a closed Legendrian submanifold.
This means that « is a 1-form on M such that @ A (da)” defines a volume form, and L is everywhere
tangent to £ := ker« and of dimension n. The Reeb vector field R, is the unique vector field on M
defined by ig,da = 0 and a(Ry) = 1. A Reeb chord of L is a flow line y: [0,/] = M of R, with
endpoints on L, and / > 0 is called the action of the Reeb chord.

We consider isotopies Ly, ¢t € [0, 1], of L through Legendrian submanifolds. It is a general fact that such
isotopies are always induced by an ambient contact isotopy ¢; of M, ie an isotopy of M that preserves &
(in fact, this even holds for parametrized Legendrians, see Geiges [5, Theorem 2.6.2]). We can associate
to ¢; its contact Hamiltonian H: M x [0, 1] — R, which is defined by the formula

(1) H (s (x),1) = o (x)),

where d), (x) denotes the time-derivative of ¢;(x). Conversely, given a function H: M x[0,1] — R,
which we may also view as a time-dependent function H,: M — R with # € [0, 1], we can define its
time-dependent contact vector field X, via the equations

) H; =oa(Xyg,) and —dHt|zg—=iXtha|§.
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The condition o A (da)” # 0 ensures that this defines a unique vector field. The flow of Xg, preserves &,
and thus gives a contact isotopy ¢tH . It is straightforward to check that these two correspondences
between functions on M and contact isotopies are inverse to each other.

To a contact isotopy ¢; and its associated Hamiltonian H; we associate the energy

1
3) Ibella = I := / max | Hy ()| ds.
0 XEM

which induces a nondegenerate metric on the space of contactomorphisms as was shown by Shelukhin
[9, Theorem A].

Unless stated otherwise, all manifolds here and below are assumed to be connected, and isotopies always
start at the identity.

Assume that Ly and L are two distinct closed Legendrian submanifolds of M Legendrian isotopic to
each other. We are interested in the infimum of the energies of contact isotopies that move Lg to L.
Denote this infimum by d(Lg, L{). In [8], Rosen and Zhang showed that either d(Lgy, L) = 0 or
d(Lg, L1) > 0 always holds for fixed L¢ independent of L. It is expected that the latter holds under
quite general assumptions on M ; see [8, Conjecture 1.10]. For example, the following theorem, which
combines results obtained by Dimitroglou Rizell and Sullivan [2; 3] and Oh [7], implies that this is
indeed the case for displaceable Legendrians in contact manifolds which are either closed! or of the form
(P xR, A+ dz), where (P, dX) is an exact geometrically bounded symplectic manifold and z denotes
the coordinate on R.

Theorem 1.1 Let (M, «) be either compact or equal to (P X R, A + dz) as above, and let Ly and L be
two distinct closed Legendrian submanifolds that can be connected by a Legendrian isotopy. If there are
no Reeb chords between Lo and Ly, then? 2d(Ly, L;) is bounded from below by the minimal action of
Reeb chords of L (and by symmetry also of L1).

In a strict contact manifold (M, «), a subset A4 is said to be displaced from a subset B if there are no Reeb
chords between A and B. The displacement energy of a Legendrian L is the infimum of d(Lq, L1) over
all Legendrians L such that there are no Reeb chords between L and Ly, ie Theorem 1.1 states that the
displacement energy of L is bounded from below by half of the minimal action of Reeb chords of L.

We are concerned with the converse question. Can we give an upper bound on d(Lg, L) depending on
Ly and L? As a first step, it was proven by Dimitroglou Rizell and Sullivan [2, Theorem 1.8] that the
displacement energy of the standard Legendrian 2—sphere in R® can be made arbitrarily small by adding

IThe results of [3] and [7] also hold for more general classes of contact manifolds which may not be closed.

2The additional factor of 2 in Theorem 1.2 when compared to the formulation of the results in [2], [3] or [7] appears because in
this paper the energy is measured using the maximum norm of a Hamiltonian, and not the oscillatory norm. By Remark 2.7, the
displacement energy defined in terms of the oscillatory norm is twice as large as the one used here, as long as the Reeb vector
field is complete.
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a stabilization contained in a sufficiently small neighborhood of a point x € L. They conjectured that the
same should hold for any closed Legendrian in a contact manifold. We will use their techniques to prove
this conjecture if dim L > 2, and, in fact, give an explicit bound of the displacement energy in terms of
the size of the stabilization (Corollary 1.11). It turns out that this upper bound coincides with the lower
bound from Theorem 1.1 for “nice” stabilizations and therefore is optimal.

These results follow from the following more general theorem about loose Legendrians, which states
that we can guarantee the existence of an isotopy of small energy, and even C °—approximate any given
isotopy.

Theorem 1.2 Let (M 2" «), withn > 2, be a strict contact manifold, and let Uy, Uy € M be open
subsets with the property that there exist gy, €1 > 0 such that the energy (as a contactomorphism of U;) of
the time-1 map of any compactly supported contact isotopy w; : Ui — Uj is smaller than ¢; fori € {0, 1}.
Let f;: L — M, witht €0, 1], be a homotopy of closed, connected Legendrian embeddings such that
fi(L) N U; is a loose Legendrian submanifold of U; fori € {0,1}. Then, for any given n > 0, there
exist compactly supported contact isotopies ¢; and ! fori € {0, 1}, with ||¢¢|le < 1, supp(¥}) € U;,
I¥ille <eiand ¥l oy oo fo = fi. Furthermore, given any § > 0, these isotopies can be chosen in
such a way that ¢y o W? o fo is 8—close® to f; for allt € [0, 1]; see Figure 1. In particular, the energy of
the concatenation (° % ¢ 1), is smaller than gy + &1 + 1.

Remark 1.3 Proposition 2.8 gives an explicit class of examples of sets that satisfy the property of Uy and
U; in the statement of Theorem 1.2. In particular, any closed Darboux ball and thus also loose charts in
the sense of Murphy [6, Definition 4.3] satisfy this property for some ¢ > 0. To be more precise, any open
subset of a closed Darboux ball can be compressed into any arbitrarily small neighborhood of the origin via
contact isotopies with a bound on their energies depending only on the Darboux ball — to see this, consider
the contact isotopy (x, y,z) > (e Mx, e My e=2Mz) with t € [0, 1], on (R2"+!, f(dz — y dx)) for
some function f: R2"T1 — (0, 00), and proceed as in the proof of Proposition 2.8, using that f is
bounded when restricted to the Darboux ball. Following the proof of Proposition 2.8, we may thus assume
that the Darboux ball is strict after possibly shrinking it, and then Proposition 2.8 applies.

The main ingredients in the proof of Theorem 1.2 are the following four facts:

G d (Zo, Zl) = 0 whenever ZO and Zl are two n—dimensional non-Legendrian submanifolds that
can be connected via a contact isotopy, as was shown by Rosen and Zhang [8, Theorem 1.10,
Proposition 8.6] and the refinement of this result to parametrized non-Legendrian submanifolds by
Dimitroglou Rizell and Sullivan [4, Theorem B]; see Theorems 2.3, 2.4 and Corollary 2.6 below.

(i) Any formally Legendrian submanifold can be C°-approximated by loose Legendrians (see
[6, Corollary 5.1]) (Lemma 3.4).

3Throughout this paper, closeness refers to strict C °—closeness, ie two functions f and g are §—close if and only if || f —g|| co <8.
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(iii) Murphy’s h-principle for loose Legendrians [6, Theorem 1.2] (Theorem 3.1).

(iv) Upper bounds on the energy of contact isotopies in Weinstein neighborhoods [2] (Proposition 2.8).

In outline, the proof goes as follows. Let ®; be a contact isotopy so that f; = ®, o f;. First C%—perturb f;
to a formal Legendrian embedding g which is non-Legendrian. By (i), we can find a contact isotopy q~§,
with arbitrarily small energy so that $; o g = 51 o g. Then C%—approximate g by a loose Legendrian
embedding y using (ii). Let 4; for i € {0, 1}, be loose Legendrian embeddings obtained by stabilizing
fi inside a of a small neighborhood of a point in U; N f;(L). We can perform these steps in such a
way that /i is formally isotopic to x inside of a small Weinstein neighborhood of fy(L) and formally
isotopic to fy via an isotopy with compact support in Uy, and /1; is formally isotopic to 51 o x inside of a
small Weinstein neighborhood of f;(L) and formally isotopic to f via an isotopy with compact support
in U;. By Murphy’s h-principle we can find a contact isotopies 0; and wf, with i € {0, 1}, so that w; has
compact support in Uj, xp? o fo = hy, wll ohi = f1, 6? ohg = x and 011 051 o x = hy. The isotopy l/ff
can be chosen to satisfy ||/!||o < &; by assumption, and [|6?||, can be assumed to be arbitrarily small
by (iv). Then the isotopies ¥} for i € {0, 1} and ¢, := (6° * 5 * 01); have the desired properties and
can, in fact, be chosen so that ¢; o w? o fo is C%—close to f;. The details of the proof are explained in
Section 4.

As a consequence of Theorem 1.2, we obtain an upper bound on the displacement energy of a loose
Legendrian.

Theorem 1.4 Let (M 2"t o), with n > 2, be a strict contact manifold, and let U € M be an open
subset with the property that there exists an € > 0 such that the energy (as a contactomorphism of U') of
the time-1 map of any compactly supported contact isotopy V¥;: U — U is smaller than ¢. Let L € M be
a closed, displaceable Legendrian submanifold such that L. N U is loose in U. Then, for any given n > 0
and E > 0, there exist compactly supported contact isotopies ¢; and Yy with ||¢¢ || <1, supp(¥y) S U
and |||l < & such that all Reeb chords between L and ¢ (1 (L)) have action larger than E.

If in addition the image of L under the Reeb flow is closed as a subset of M, we may choose ¢; and ;
as above such that there are no Reeb chords between L and ¢y (¥{(L)). In particular, the displacement
energy of L is not larger than ¢.

In the case that L may not be displaceable, we have the following more general statement.

Theorem 1.5 Let M and U be as in Theorem 1.4, andlet E{, E;, € R. Let L € M be a closed Legendrian
submanifold such that L N U is loose in U, and assume that there exists a Legendrian submanifold L
that is Legendrian isotopic to L such that all Reeb chords from L to L have action larger than E, and all
Reeb chords from Ly to L have action larger than E,. Then, for any given 1 > 0, there exist compactly
supported contact isotopies ¢; and Yy with ||¢¢|lo < 1, supp(¥;) S U, and ||| < & such that all Reeb
chords from L to ¢1 (1 (L)) have action larger than E, and all Reeb chords from ¢1 (1 (L)) to L have
action larger than E,.
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Figure 1: After perturbing the Legendrians there exists an isotopy ¢, of small energy.

If, in addition, the image of L under the nonnegative (resp. nonpositive) Reeb flow is closed as a subset
of M, the above statement still holds if we allow E| = oo (resp. E; = 00), meaning that there are no
Reeb chords from L to Ly (resp. from Ly to L).

We show in Section 5 how these results follow from Theorem 1.2.

Remark 1.6 In a contactization (M x R, dz 4+ A) of an exact symplectic manifold (M, dA), the image
of any compact set under the Reeb flow is closed.

Remark 1.7 If f;: L — (M, ) is a homotopy of Legendrian embeddings of a compact, connected
manifold L of dimension > 2 with nonempty boundary, then for any ¢ > 0 there exists a contact isotopy
¢:: M — M such that ¢ o fo = f1 and ||¢¢ || < & (for unparametrized Legendrians, see [8]). Furthermore,
¢: o fo can be chosen to C%—approximate f;. This follows from the same techniques as Theorem 1.2
since Lo and L have arbitrarily small loose charts near their respective boundaries (where “small” refers
both to the diameter and the size of the loose chart as defined at the end of this section). Indeed, if
f: L — M is a Legendrian embedding with nonempty boundary and &;: L — L with ¢z €[0,1]is a
homotopy of embeddings C%—close to the identity starting at the identity so that £ (L) is contained
in the interior of L, then for any stabilization Sf: L — M of f sufficiently close the boundary of L,
we have fo&; = Sf 0&;. Now both f0&; and Sf o0&, are induced by ambient contact isotopies ¥/,
and S, respectively, whose contact Hamiltonians vanish along the Legendrians. Thus, we may assume
the energies of ¥; and Sy, to be arbitrarily small. Therefore, if (U, Sf (L) N U) is a small loose chart
for Sf, then (wl_l o SY)(U, Sf(L)NU) is a small loose chart for f.

As the following corollary shows, we can also approximate an arbitrary Hamiltonian function instead of
requiring the energy of the isotopy to be very small.

Corollary 1.8 Assume that the assumptions of Theorem 1.2 hold, and let H: M x [0,1] — R be a
compactly supported Hamiltonian. Then the conclusion of Theorem 1.2 remains true if we replace the
condition ||¢¢|lo < 1 by ||H; — F¢|| <1, where F; denotes the contact Hamiltonian associated to ¢;.

Corollary 1.8 is proven in Section 5.
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Proposition 2.8 shows that local Weinstein neighborhoods of L and L of height 21 satisfy the assumption
on the sets U; with ¢ = 2. Furthermore, recall that stabilized Legendrians are always loose. Applying
the above theorems to this case gives the following results.

Corollary 1.9 Let Ly, L; € (M?"+! ), for some n > 2, be closed Legendrian submanifolds. For
i €0, 1}, stabilize L; inside of a local Weinstein neighborhood U; of L; of height 2¢; > 0 to obtain a
new Legendrian SL;. Let V; be an open neighborhood of L; such that U; C V;. If there exists a family
of Legendrian embeddings f;: L — M fort € [0, 1], with f;(L) = SL; then, for any given n > 0, there
exist contact isotopies ¢;, and ! fori € {0, 1}, with

supp(¥) S Vi, 1VEille <eir  ldella <min{n, (co—[1¥L lla). (e1 =¥} )}, ¥iogroylo fo = fi.

Furthermore, given any § > 0, these isotopies can be chosen in such a way that ¢; o w? o fo is §—close
to f; forall t €[0, 1]. In particular, the energy of the concatenation (W % ¢ % 1), is smaller than eg + €.

Remark 1.10 Again, it is possible to approximate arbitrary Hamiltonians as in Corollary 1.8 instead of
the condition on ||y ||¢.

Corollary 1.11 Let L™ € (M, «), for some n > 2, be a closed Legendrian submanifold, and let U,
be a local Weinstein neighborhood of L of height 2¢. Let SL denote a Legendrian submanifold of M
obtained by stabilizing L inside of U,, and assume that SL is displaceable. Then for any E > 0, there
exists a compactly supported contact isotopy ¢; with ||¢¢||« < € such that all Reeb chords between S L
and ¢ (SL) have action larger than E.

If, in addition, the image of SL under the Reeb flow is closed as a subset of M, we may assume that
there are no Reeb chords between SL and ¢1(SL). In particular, the displacement energy of SL is not
larger than ¢.

Corollaries 1.9 and 1.11 are proven in Section 5.

Remark 1.12 The supremum of the actions of Reeb chords in U, is bounded by 2¢. This means
that Corollary 1.11 states the reverse of the energy capacity inequality in Theorem 1.1 for stabilized
Legendrians.

Remark 1.13 The proof of Proposition 2.8 motivates the following coordinate-independent definition
of the size of a loose chart. Namely, let (M, o) be a strict contact manifold, L. € M a Legendrian, and
U € M a connected open set so that U N L C U is loose. Then we say that L has a loose chart of size

“4) 2supinf ||y |o
vV &

in U, where the supremum is taken over all open sets IV C U, and the infimum is taken over all contact
isotopies ¢; with support in U such that (V, ¢y (L) N V') contains a loose chart. In other words, the size
of a loose chart is (up to a factor of 2) the minimal energy that is required to produce an arbitrarily small
loose chart. This follows from the observations that
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(i) if V€V and (V',¢1(L)NV’) contains a loose chart then also (V, ¢1 (L) N V') contains a loose
chart, and that

(i) the position of a small open set V' € U does not matter, as any two small open sets can be moved
into each other via a contact isotopy that has small energy.

In particular, if the loose chart is contained in a local Weinstein neighborhood of height ¢, then its size
will be smaller than € by the arguments in the proof of Proposition 2.8.

Note that the size of a loose chart depends on the chosen contact form. For example, if we replace o by
Aca for some A > 0, then it follows from the definition of the contact Hamiltonian associated to a contact
isotopy that the size of any loose chart changes by a factor of A as well.

With this definition, the above results can be restated vaguely as “If Ly and L have loose charts of size
g9 and g1, respectively, then, for any n > 0, one can approximate any Legendrian isotopy from Lg to L
by a Legendrian isotopy of energy less than %80 + %81 + 1. Combining this with Murphy’s h-principle
for loose Legendrians yields the following quantitative version of the h-principle.

Corollary 1.14 Let Ly and L be two closed loose Legendrians that are formally isotopic and admit
loose charts of size eg and & (in M), respectively. Then, for any n > 0, there exists a Legendrian isotopy
from L to L, of energy less than %80 + %81 + 1.

Corollary 1.14 is proven in Section 5.

Outline of the paper In Section 2, we prove a C°—close refinement of results of Rosen and Zhang [8]
and Dimitroglou Rizell and Sullivan [4], which allow us to find contact isotopies of arbitrarily small energy
between non-Legendrian embeddings, and we discuss energy bounds in local Weinstein neighborhoods
of Legendrians.

Section 3 deals with loose Legendrians. We show how to obtain C°~bounds for the h-principle for loose
Legendrians by adapting Murphy’s arguments in [6].

Section 4 contains the proof of Theorem 1.2.

In Section 5, we explain how Theorems 1.4 and 1.5, and Corollaries 1.8, 1.9, 1.11 and 1.14 follow from
Theorem 1.2.
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2 The energy of a contactomorphism

Let (M, «) be a strict contact manifold, and let Contg(M ) denote the set of all compactly supported
contactomorphisms on M that are isotopic to the identity through compactly supported contactomorphisms.
For any function H: M x [0, 1] — R with compact support define

1
(5) | H]| :2/ max |H(x, s)| ds.
0 XEM
||¢tH llo := || H || will also be called the energy of qth , where ¢tH denotes the contact isotopy associated
to H.

For any contactomorphism ¢ € Conty(M ) define*
(6) [@lle := inf || Ys o,
Y

where the infimum is taken over all compactly supported contact isotopies {; on M that satisfy ¥; = ¢.
Recall that in this paper all isotopies start at the identity.

Shelukhin proved the following theorem.

Theorem 2.1 [9, Theorem A] Let ¢, ¥ € Conty(M ) be two contactomorphisms. Then:
(i) Nondegeneracy | ¢|lo >0, and ||¢||q = 0 if and only if ¢ =idps.
(i) Triangle inequality ¢V (o < |¢lla + [V ]la-
(iii) Symmetry |7 [lo = [lla-
(iv) Naturality [[y¢y ="l = [9lly*a-

In fact, the following lemma is an easy consequence of the definition of a contact Hamiltonian isotopy
associated to a contact isotopy.

Lemma 2.2 Let H: M x[0,1] = R be a compactly supported Hamiltonian with associated contact

isotopy ¢tH. Then — Hq_; is the contact Hamiltonian associated to ¢f{t o (gb{{)_l.

Lety: M — M be a contactomorphism and denote by f: M — R~ the function defined by ¥ *a = fa.
Then ( f H;) oy~ is the Hamiltonian associated to the contact isotopy 1//¢tH /

Rosen and Zhang [8] analyzed how | - || behaves with respect to orbits of certain subsets of M under
the contactomorphism group. The following result follows immediately from [8, Theorem 1.10 and
Proposition 8.6] and will be essential in our argument.

4By abuse of notation, we will use the same symbol to denote the energy of a contact isotopy and a contactomorphism. When the
contactomorphism is written with the subscript 7, we will always mean the energy of the contact isotopy.

Geometry & Topology, Volume 28 (2024)



Small-energy isotopies of loose Legendrian submanifolds 4241

Theorem 2.3 Let L" C M ?"*+! be a closed, connected non-Legendrian submanifold, and ®,: M — M a
compactly supported contact isotopy. Then there exist compactly supported contact isotopies ¢;: M — M
of arbitrarily small energies that satisty ¢1(L) = ®1(L).

Recently, Dimitroglou Rizell and Sullivan [4] refined Rosen and Zhang’s result to (parametrized) proper
non-Legendrian embeddings. The following is a weaker version of [4, Theorem B].

Theorem 2.4 Let f: L" — M?"+! be a proper, connected non-Legendrian embedding of a manifold L,
and let ®;: M — M be a compactly supported contact isotopy. Then there exist compactly supported
contact isotopies ¢;: M — M of arbitrarily small energies that satisfy ¢1 o f = 10 f.

Remark 2.5 From the proof of [4, Theorem B] it is clear that Theorem 2.4 also holds in the case that L
is disconnected with finitely many connected components as long as we assume that every component
is non-Legendrian, since the heart of the argument is purely local around the image of any connected
component of L. Furthermore, even if L has countably infinitely many connected components, only
finitely many components of f(L) can intersect the (compact!) support of ®; by properness of f. Thus,
the conclusion of Theorem 2.4 also holds in this case (still under the assumption that f is non-Legendrian
on every connected component of L).

We will need the following C°—close version of Theorem 2.4.

Corollary 2.6 Let f: L" — M?"*! be a proper embedding which is non-Legendrian almost everywhere
(ie Dx f(Tx L) £ ker« for a.e. x € L), and let ®;: M — M be a compactly supported contact isotopy.
Then for any § > 0, there exist compactly supported contact isotopies ¢;: M — M of arbitrarily small
energies that satisty ¢y o f = ®; o f so that ¢; o f is §—close to ®;o f forall t €0, 1].

Proof Let {Ujk}, withk € {l1,...,K;} and j €{1,..., J}, be an open cover of the support of ®; by
relatively compact subsets such that

(i) the diameter of U jk is smaller than §/(J + 1) for all j and k, and

(i) UFNUF =g forall je{l,....Jyand k. k' €{1,..., K;} with k # k',

The existence of such sets can be seen as follows. After choosing a proper embedding of M into some R#
with H € N, we may assume that M is a proper submanifold of R¥. For any A > 0, R¥ is covered by
the cubes

(7) Cf =T M2k + ji — §). M2k + ji + %))

where k = (ky,....kg) € ZH and j = (j1. ..., jg) € {0, 1}H. We set Ufj = ij N M. Then (ii) is
clearly satisfied. We define

8) %, =k ezt | Ufj N supp ®; # & for some j € {0, 1}7}.

Then the sets {U){‘ j}, for j € {0, 1} and k € 9, cover the support of ®;, and it is straightforward to
see that (i) is satisfied if A is sufficiently small.
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By the proof of the fragmentation lemma in [1], there exist a subdivision tp =0 <#; <--- <ty =1, for

some N € N, of the interval [0, 1], and contact isotopies ¢£ ., for j €{l,...,J}and ¢ € [t, t,~+1] for
ie€{o,.. — 1} such that each ¢,’J is supported in U1<k<K U and for every i € {0, . —1},
d;0 (@,i) 1= ¢t o¢t o¢t fort €t;, ti4+1]. Furtherrnore we may assume that CD; o (@t )71,
for ¢ € [ti, tj+1], is 5/(] + 1)—close to the identity for every i € {0,..., N —1}.

First, we assume that N = 1, and we drop i from the notation. Let ¢ > 0. We will define contact isotopies
5,' inductively over j. Since f is non-Legendrian almost everywhere Sl "(Ur=k=k, UFNFWL)) is
non-Legendrian on each connected component of ™~ (Ul <k<K, U nf (L)) By Theorem 2.4 apphed
to ¢t |U1<k<K Uk and f| f- ‘(U \<k=k; UFNS( L)) there exists a compactly supported contact isotopy qbt
on Uy <x<k, U such that ||¢t lo <e&/J and q§1 of = ¢1 o f. In the followmg we will view qbt as a
contact isotopy of M with compact support in ;<4 < K U1 . Assume now that ¢t e ,¢, have already
been defined. As before, it follows from Theorem 2.4 applied to

J+1 Jo ol . .
|U1<k<K i1 Ujk_H and ¢1 ° O¢1 © f|(¢{°"'°¢11°f)71(Ulfkin_H Ujk+1n(¢{ °"'°¢11°f)(L))

that we can find a contact isotopy at] 1 with compact support in |_J; <z < Kj U jk+1 such that

8 .
167" e < = and ¢ 09 o
After J steps we have defined isotopies 5} ey atj such that ¢; := 5} He e *atj satisfies 10 f = Do f,
where * denotes the concatenation of isotopies.

coplof=¢]T oglo-oplof.

Furthermore, ||¢¢||o < & and each 5{ is §/(J + 1)—close to the identity since it is supported in a disjoint
union of sets of diameter less than §/(J + 1). In particular, ¢; is J&/(J + 1)—close to the identity. Also,
®; is 6/(J + 1)—close to the identity by assumption. All in all, we see that ¢; o f is —close to ®; o0 f
for all ¢ € [0, 1]. This finishes the proof for N = 1.

In the case that N > 1, we perform the above constructions on each time interval [#;, t;+1] separately
(with ¢ replaced by ¢/ N) and concatenate the obtained contact isotopies to find the desired isotopy ¢;. O

Remark 2.7 Similarly to the Hofer metric in symplectic manifolds, one can also consider the oscillatory
seminorm

1
©) 1 H [lose :=/ (max H(x,s) — min H(x,s)) ds
0 \XeM xeM
of a compactly supported function H: M x [0, 1] — R. If M is noncompact,
(10) 2 max |H(x,t)| > max H(x,t)— min H(x,?) > max |H(x,?)|
xeM xXeM xXEM xXeM

holds for all times ¢ € [0, 1]. This implies that the same inequalities also hold for the energies of contact
isotopies that are defined using || - || and || - ||osc-
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In fact, when dealing with displacement, these two seminorms differ exactly by a factor of 2 in the
following sense. Assume that 4y, A1 € M are two compact subsets such that there exists a contact
isotopy ¢s: M — M with ¢1(Ag) = A;. Assume that the Reeb vector field is complete and denote the
Reeb flow by ¢¢. Then a straightforward argument shows that

11 2 inf inf = inf e
(11) JlrelRlél, Pl ldf)lt ¢ [l ose

where the infimum on the left-hand (resp. right-hand) side is taken over all compactly supported contact
isotopies ¢;: M — M with ¢F (49) = ¢p%(41) (resp. ¢ (4o) = Ay).

Let N be a manifold, and denote its 1—jet bundle by J'N. For § > 0 we define a local Weinstein
neighborhood of the zero section of height 25 to be an open set of the form

(12) Us:=({(q.p.2) eJ'N | qgeV,pe W, |z| <84} asua)

where V' C N is open, W, C Tq*N is a star-shaped neighborhood of 0, and V' — (0, 00), ¢ = 44, is a
function with sup, ¢y 84 <. Here, aqq is locally defined as agq = ) ; pi dqi — dz, where {gq;} are local
coordinates on NV, and { p;} are the conjugate coordinates on the cotangent fibers.

Similarly, for a Legendrian submanifold N C (M, «) we call Us € M a local Weinstein neighborhood of
N of height 26 if it is strictly contactomorphic to a local Weinstein neighborhood 175 C JIN of the zero
section of height 2§ via a contactomorphism that identifies N N Us with N N 175. Recall that any closed
Legendrian has strict Weinstein neighborhoods [5, Theorem 6.2.2]. Such a neighborhood Uy ~ l75 is said
to have fibers of diameter ¢ > 0 (with respect to some metric on M) if the diameter in M of the set of
points identified with 71 ({g}) 175 is less than € forallg € N N (75 ~NNUs,wherer: JIN - N
denotes the projection onto the zero section.

The next proposition gives us bounds on the energies of contact isotopies with support in local Weinstein
neighborhoods. The first part is an adaption of the last paragraph of the proof of [2, Theorem 1.8].

Proposition 2.8 For any manifold N and any local Weinstein neighborhood Uy of the zero section of
height 26 > 0 and every compactly supported contact isotopy ¢, : Us — Us with t € [0, 1], there exists a
compactly supported contact isotopy 5,: Us — Us such that 51 = ¢ and ||$, le < 26.

If, in addition, Uy has fibers of diameter ¢ > 0, then for any compact subset K C Uy, the isotopy (}5, |k
can be chosen to be e—close to ¢;|g for all t € [0, 1].

Proof We assume that N is closed and that Us = JélN :=1{(q, p.z) € J'N | |z| < §}. The general case
is directly analogous by restricting to a compact subset containing the support of ¢;. Let 0 < n < 6 be
such that the isotopy ¢; is supported in Jn1 N. For A > 0 consider a time-dependent function H;: M — R,
with ¢ € [0, 1], such that H;(g, p,z) = Az on Jel—xan , and such that H; is appropriately cut off outside
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At

of Jel,MnN. Then its associated contact isotopy ¥ will map (¢, p, z) in JnlN to (g.e Mp,e™™z)in

Jel_x,nN , and it satisfies

(13) i< [ e M di e =,

where the ne‘k—summand is due to the chosen cut-off. Note also that ((le )¥a)l N = e_)‘a| JIN
Now let

(14) e = (W= W o)™ W o wiH™),.

where * denotes the concatenation of isotopies.

As a consequence of Lemma 2.2,

(15) I lle = (W) * W s (W)™ 5 (WL o (W EH™)), N
=19 o + 1 e U o + 19 0 W) o
=209 o+ e pella <20+ e M lgr o

which is smaller than 26 if A is sufficiently large.

Now assume that K € Us is a compact subset. By choosing 7 sufficiently close to §, we may assume that
K C JIN. 1If, in addition, U has fibers of diameter & > 0, then /| Jin and vl o (yH)™! LN
are e—close to the identity as they preserves the fibers of the projection onto the zero section. Therefore,
leqb,(le)_l ole|JnlN = le¢,|JnlN is e—close to ¢I|J,}N’ and ¢1|J,71N will be e—close to ¢t|JnlN
. . . .. 7 . H H H\—1

if we perform the concatenation in the definition of ¢, is such a way that ¥;* and y;Z o (7)™ are
traversed very quickly. a

3 Loose Legendrians

Murphy’s h-principle for loose Legendrians is an important ingredient in the proof of our main result.
Roughly speaking, it states that for two loose Legendrians in the sense of [6, Definition 4.3], the existence
of a Legendrian isotopy between them is a purely homotopy-theoretical problem. We recall this result in
this section and explain how to refine Murphy’s proof to obtain C °~bounds.

Recall that a formal Legendrian embedding of an n—dimensional manifold L into a contact manifold
(M?"+1 £) is a pair (f, Fy) consisting of an embedding f: L — M and a homotopy of fiberwise
injective bundle maps Fs: TL — f*(T M), with s € [0, 1], covering f, such that Fy is equal to the
differential Df of f and F;(TL) is a Lagrangian subspace of f*£ at every point with respect to the
conformal symplectic structure on &. We identify a Legendrian embedding f: L — M with the formal
Legendrian embedding ( f, Df), where Df is viewed as the constant homotopy.

The first result that we need is the following version of Murphy’s h-principle.
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Theorem 3.1 Let (M 2n+1 &), for some n > 2, be a contact manifold endowed with a Riemannian
metric, and let L" be a connected manifold. Let (fy, F!) with ¢ € [0,1] be a homotopy of proper
formal Legendrian embeddings L — (M, &), constant (in t) outside of a compact subset of L, such
that (fo, F?) and ( f1, F!) are Legendrian embeddings which admit loose charts (Uy, Uy N fo(L)) and
(U1, Ur N f1(L)), respectively. Then for any § > 0, there exists a homotopy ®;: L — M of Legendrian
embeddings, constant outside of a compact subset of L, such that ®; = f; fori € {0, 1}, and ®; is
pointwise (d + §)—close to f; for all t € [0, 1], where d denotes the maximum of the diameters of U,
and U, (with distances measured in M).

Proof We will explain how to adjust the arguments in the proof of [6, Theorem 1.2] to prove this theorem.
The C%-close part in the case of a fixed loose chart and the fact that we may choose compactly supported
homotopies are consequences of the constructions in Murphy’s proof. We will first explain how to obtain
these two results and then reduce the proof in the general case to these special cases.

Let § > 0 be an arbitrary number, and define d as in the statement.

First note that the assumptions of the theorem imply in particular that f; is Legendrian outside of a
compact subset of L for all . Furthermore, we may assume that fo_l (UpN fo(L)) and fl_1 (UN f1(L))
are contained in a compact subset of L after possibly replacing Uy and U; by slightly smaller loose
charts. Note that this will not increase d.

First, we prove the theorem under the assumptions that Uy = Uy, and that f;"1(Uy N fo(L)) and
Srl 71 (WUoN fo(L)) do not depend on ¢ (in other words, we assume that there is a fixed loose chart for the
family f;).

By [6, Proposition 3.4] and the subsequent paragraph in [6], there exists a compactly supported homotopy
f_'t : L — M of wrinkled Legendrian embeddings> agreeing with f; outside of a compact subset such that
ft_l(UO N fo(L)) and ﬁ'ft_l(Uoﬂfo(L)) do not depend on 1, f; = f; fori € {0, 1}, and f; is %8—close
to f;.

Following [6], there exists a homotopy g; of wrinkled Legendrian embeddings obtained from f; by
replacing loose charts in Uy by inside-out wrinkles which agrees with f; outside of fb_l (Up N fo(L)),
satisfies g ( fo_1 (Up N fo(L))) € Uy, and admits a (finite) collection of markings for its wrinkles which
agree with the markings of the model inside-out wrinkle near ¢ € {0, 1}. It follows that g; is d—close
to f; since Uy has diameter d.

Let g;: L — M denote the homotopy of (smooth) Legendrian embeddings obtained from g; by resolving
the singularities using the collection of markings; see [6, Lemma 4.2]. Note that g; agrees with f; outside
of a compact subset of L. Furthermore, we may assume that g; is %8—close to g;.

Combining the C°- estimates, we see that g, is (d + §)—close to f;.

3Here and below, we omit the data of the Darboux charts in the definition of a wrinkled Legendrian from the notation.
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The explicit construction of an inside-out wrinkle in [6] shows that, in addition, we may assume that for
i €{0, 1}, there exists a homotopy /. : L — M of Legendrian embeddings which agrees with f; = fi
outsidg of fo_1 (Up N fo(L)) so that hf) = fi, h’i =g; and h’;(fo_1 (Uo N fo(L))) € Uy. It follows again
that /!, is d—close to f;.

Now consider the homotopy ®; = (h° % g * lﬁ)t of Legendrian embeddings, where /! = h{_t. By
construction, ®; = f; fori € {0, 1}, and ®; agrees with f; outside of a compact subset of L. Since A%,
fr and g, are constant (in ¢) outside of a compact set (in fact, they are equal to each other outside of a
compact set), h’; is d—close to f; fori € {0, 1}, and g; is (d + §)—close to f;, ®; will be (d + §)—close
to f; for all 7 € [0, 1] if the concatenation in the definition of @, is performed in such a way that h? and
h} are traversed sufficiently fast.

It follows that ®; satisfies the required properties.
This finishes the proof in the case that there exists a fixed loose chart.

In the general case, pick a path p;, with ¢ € [0, 1], in L so that f; has a loose chart of diameter bounded
by d in the complement of some neighborhood of f;(p;) for i € {0, 1}. We may assume that (7, F?)
is Legendrian in a neighborhood of p; for all ¢ € [0, 1] by Lemma 3.2 below. Let &; be a compactly
supported isotopy of L with & (p) = p; for all ¢. After replacing (fz, F!) by (f; 0 &, F! o D&;), we
may assume that p := p; does not depend on ¢. Then there exists a compactly supported contact isotopy
VY M — M such that ¥, o fo = f; on a neighborhood of p since homotopies of compact Legendrian
embeddings can always be extended to contact isotopies. Because 1/, has compact support, it is uniformly
C—continuous. Thus, we can find & > 0 with & < %8 such that for any two points x, y € M, the distance
between ¥ (x) and ¥;(y) is smaller than %8 for all ¢ € [0, 1] whenever the distance between x and y is
smaller than ¢.

The homotopy (v, Yo fi, (DY) 1o F ) of formal Legendrian embeddings is genuinely Legendrian
for ¢t € {0, 1} and equal to ( fy, Dfy) on a neighborhood V of p for all ¢ € [0, 1], and does not depend
on ¢ outside of a compact subset of L. Let U be a Darboux ball around fo(p) so that ]’6_1 o)cv,
W o )TN U) = f571(U), and (U, U N fo(L), fo(p)) S (M, fo(L), fo(p)) is contactomorphic to
(B,, B,NR" {0}) C (R?"T1 R” {0}) for some p > 0, with its standard contact structure. Furthermore,
we ask that the diameter of U is smaller than %8 and that f; has a loose chart of diameter bounded by d
in the complement of ¥/; (U). Now let (g;, G!) be a homotopy of formal Legendrian embeddings which
agrees with (¥; ! o f7, (Dy;)™! o F!) outside of a compact subset of f;! (U) so that (g;, GOl
is Legendrian, has image contained in U, and does not depend on #, and so that there is a loose chart for
g:+(L) contained in a compact subset of U. In addition, we assume that there exists a homotopy of formal
Legendrian embeddings from (g;, G})| £ 1) 1o fol £;1 () with compact support in fo_l (U) and image
in U. For example, we can find such a (g, G%) by performing a (x = 0)-stabilization of ¥;"! o f; inside
of U.
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In particular, (g;, G!) has a fixed loose chart of diameter smaller than %8, does not depend on ¢ outside
of a compact subset of L, and is %e—close to v, Lo f, for t € {0, 1}. By what we have proven above, we
may find a homotopy /;: L — M of Legendrian embeddings which does not depend on ¢ outside of a
compact subset of L so that #; = g; for i € {0, 1} and so that /; is %e—close to g; forallr €[0,1]. In
particular, /; is e—close to ¥, Lo f; for all ¢.

By our choice of ¢, ¥; o h; is %S—CIOSC to f; for all ¢, by our choice of U, v; o h; has a loose chart
of diameter bounded by d in the complement of ;(U), and by our choice of g, there exists a formal
Legendrian isotopy from y; o h; to f; with support in ¥;(U) for i € {0, 1}. It follows that this formal
isotopy is %5—close to the constant isotopy since the diameter of ; (U) is bounded by %5.

Now we can apply the special case of Theorem 3.1 which we have already proven to these formal isotopies
to find for i € {0, 1} a homotopy ¢!: L — M of Legendrian embeddings from v; o /z; to f; which is
(d + 8)—close to f; for all ¢.

Then &, := (¢?_s % (Ysohg)*@l); is a compactly supported homotopy of Legendrian embeddings from
fo to f1. If we perform the concatenation again in such a way that ¢ and ¢/ are traversed very quickly,
then ®; is (d + 8)—close to f; for all £ € [0, 1]. |

The following lemma is needed to reduce Theorem 3.1 to the case of a fixed loose chart.

Lemma 3.2 Let (f;: L — (M,§), F!), witht € [0, 1], be a homotopy of formal Legendrian embeddings
such that ( f;, F!) is Legendrian for i € {0, 1}. Let p; € L, witht € [0, 1], be a smooth path, and let
W C L x[0, 1] be an open neighborhood of | J,{(p¢,t)}. Then there exists a C°~small formal homotopy
from (fy, F) to a homotopy of formal Legendrian embeddings (g, G%) which is fixed for ¢ € {0, 1} and
outside of a compact subset of W, so that (g;, G!) is genuinely Legendrian on a neighborhood of p;
for all ¢.

Proof Step1 We may assume that p; does not depend on t.

Let & be a compactly supported isotopy of L so that & (p) = p; for all ¢. If the lemma holds for
(ft o0&, F! o D&;), then it also holds for (fz, F!).

Step 2 We may assume that f;(p) does not depend on ¢.

Let ®; be a compactly supported contact isotopy of M such that ®,( fo(p)) = f;(p). If the lemma holds
for (®; 1o f;, (D®;)~! o F!), then it also holds for (f;, F?) by uniform C%—continuity of ®,.

As all of the constructions below are inherently performed inside of an arbitrarily small neighborhood
of p, the homotopies of formal Legendrian homotopies will be supported in a compact subset of W.

Step 3 We may assume that F!(p) = D), f; forall s,t € [0, 1].

Let Esr: Ty, (pyM — Ty, (pyM , with 5,1 € [0, 1], be a family of isomorphisms which is equal to the
identity for (s,7) € {0} x [0, 1]U[0, 1] x {0, 1} and satisfies 2, o D, f; = F! for all s, € [0, 1]. Such
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s exist since the map GLy, 1 (R) — Monog (R”, R?”*1) given by restriction to the first n coordinate
directions is a Serre fibration. Choose a local coordinate chart around p diffeomorphic to R?#*1 in
which f;(p) is identified with the origin. Let ®;,: R>*T1 — R2"*1 with 5,7 € [0, 1], be a family of
compactly supported diffeomorphisms that agrees with E;,; near the origin (where we identify TF, (,) M
with R27+1 ysing the local coordinates) and is equal to the identity for (s, ¢) € {0} x [0, 1]U[0, 1] x {0, 1}.
Such a ®;; can be constructed by cutting off the generating vector field of &, for fixed ¢ (viewed
as an isotopy with time-parameter s) outside of a compact neighborhood of the origin. Using the
chosen coordinates, ®;; may be viewed as a family of diffeomorphisms fixing f;(p), with compact
support near p, which is equal to the identity for (s,¢) € {0} x [0, 1]U]0, 1] x {0, 1}, and which satisfies
Dy, (p)®s,r = Es,t. Then @y 40 fy, with £, u €0, 1], defines an isotopy of families of embeddings starting
at f; and ending at ®;; o f;. It is well-known and easy to check that &, ; o f; extends to a family
of formal embeddings (®, o f;. FP"), with s,1,u €[0,1], rel ¢ € {0, 1} starting at ( /7, D, ft x5 F1),
which can be chosen so that Fst’"(p) = ((Df,(p)Pu1—s),s © sz(p)q);,}) o (Dp(Puys o f1) xs FL(p) =
(Df,(p)Pu(i=s).t © Dp f1)) *5s F5(p) = (Bu(i—s), © Dp J1) %5 Fg(p) = Fyy_y *s F§(p). Foru =1,
this becomes F!_ (p) g F(p): TyL — Ty,(pyM, which is clearly homotopic rel (s, ) € ([0, 1]%)
to the constant (in s) family FI’ = 81:0Dpfi = Dp(P1 0 f;). From this it follows that FSt’1 is
homotopic (with fixed underlying embedding) rel (s, ¢) € ([0, 1]?) to a family F 1. s,t €0, 1], which
satisfies Fst(p) = Dp(®y 0 f;) for all 5,7 € [0, 1]. This finishes the third step as (f;, Dp f¢ *s F!) is
clearly homotopic to ( f;, F?) rel (s, 1) € ([0, 1])%.

Step 4 We may assume that D), f; does not depend on ¢.

Let k;: U — M be a family of Legendrian embeddings of a neighborhood U C L of p such that k;(p) =
Jt(p) and Dpk; = D, f;. Then there exists a contact isotopy W, with compact support near f;(p) so that
ko =V ok near p. Now u — (W0 fr, DYy 0 Fst) defines a homotopy of formal Legendrian isotopies.
For u = 1 and at p this becomes (¥, o f;, DU, 0 F!)(p) = (ko(p), DV 0 Dy f1) = (ko(p), Dpko) by
Step 2 and our choice of W, and k;.

Step 5 We prove the lemma.

Let f : U — M be a Legendrian embedding of a neighborhood U C L of p that satisfies D), f~ =Dy f;.
On a sufficiently small neighborhood V C U of p, f is Cl—lose to f; and D f is C%close to F ! for
all 5,7 €[0, 1] by Step 4. The first observation implies that we can find a family of C'—small isotopies
i M — M, with s,t € [0, 1], with compact support near f;(p) so that ]7= 81, 0 ft near p for all
1 €[0,1], and Es¢(p) = p and D, Es; =id forall 5,7 € [0, 1]. Then (E1 0 fr, D(E1—g 0 f7) *s FL)
defines a formal Legendrian homotopy which is clearly homotopic to (f, F!), where we have again
identified® the tangent fibers using local coordinates near p so that we can view D(E 1—s5.t © ft) *s F! as
maps of tangent bundles covering E; ;o f;. Near p, D(Ej_s; 0 f;) *s F! is C%—close to D(E 1,60 Jt)-

6As in the proof of the Step 3, we can use an identification of the tangent fibers in which the contact structure is constant near p.
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Since the space of monomorphisms Tx L — Tg, ,of,(x)M forms a smooth manifold and the Legendrian
monomorphisms (ie those whose image is contained in £ and Lagrangian) form a smooth submanifold,
all depending smoothly on x and ¢, this implies that we can find a homotopy FU! with s, 1,u € [0, 1],
with support near p starting at D(E ;s o f;) *s F! covering 210 f; with %g’t = D(Ei,0 fr) and

9«"1‘” Legendrian for all ¢, u € [0, 1] so that %;’t = D(E; 0 fr) near p forall s, €0, 1].

This finishes the proof since & ; o f; is Legendrian near p by construction. |

Remark 3.3 As is clear from the proof, Lemma 3.2 also holds if ( f;, F, Si) is not Legendrian for i = 0 or
i = 1 and we don’t demand that the homotopy from (f;, F!) to (g;, G) is constant.

We will also need the following statement that allows us to approximate a formal Legendrian by a loose
Legendrian.

Lemma 3.4 Let (f: L — M, Fy) be a formal Legendrian embedding of a closed and connected
manifold L into a contact manifold (M, £) with dim L > 2. Then ( f, Fy) is C °—closely formally isotopic
to a loose Legendrian embedding. This isotopy can be chosen to be constant outside of any nonempty
neighborhood of the set where ( f, Fy) is not genuinely Legendrian.

Proof We explain how this is a consequence of the proof of [6, Corollary 5.1] in a way similar to how
Theorem 3.1 above is a consequence of the proof of [6, Theorem 1.2]. Let € > 0. As in [6], we may assume
that there exists an open set U € M of diameter smaller than ¢ so that f is Legendrian on f~!(U) and
that (U, U N f(L)) is a loose chart; see Remark 3.3 above. By [6, Proposition 3.4], there exists a formal
homotopy e—close to f which fixes the loose chart from ( f, Fs) to a wrinkled Legendrian embedding g.
We can find pairwise disjoint loose charts inside of U, one for each wrinkle of g. By replacing each of
those loose charts by an inside-out wrinkle, we can find a wrinkled Legendrian embedding g e—close
to g which admits markings for its wrinkles. Using the markings to resolve the wrinkles, we obtain
a Legendrian embedding which is 3e—closely formally isotopic to f. Since [6, Proposition 3.4] holds
relatively, and the other constructions in the proof are compactly supported, the lemma follows. O

4 Proof of Theorem 1.2

In this section we present the proof of our main result as outlined in the introduction. The idea of the
proof is taken from the proof of [2, Theorem 1.8].

Proof of Theorem 1.2 Let Uy, U; € M be two open subsets and f; a homotopy of Legendrian
embeddings as in the statement of Theorem 1.2. Let ®,: M — M be a contact isotopy with ®; o fo = f;.
Let §,n > 0 be two positive numbers.

Let W; denote a Weinstein neighborhood of f; (L) of height %17 with fibers of diameter %8 fori =1,2.
By choosing W close enough to fo(L), we may assume that O (Wy) € W;.
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. h
¢1(L) =@ (L) "

¢(L)

Figure 2: Starting from an isotopy f; of Legendrian embeddings, we construct a non-Legendrian
perturbatlon g1, aloose Legendrian approxnnatlon Xo ¢ of g1 inside of W}, and contact isotopies
&, and ¢, that satisfy ®; o fo = f; and ¢1(L) <I>1(L)

We perturb fj to get a formal Legendrian homotopy (g;: L — Wy, Gy) from f, to a formal Legendrian
(g1, Gy,1) which is non-Legendrian almost everywhere so that g is —5—close to fo and ®; 0 g; is
%8—close to f; for all ¢ € [0, 1]. Write L:= g1(L).

According to Corollary 2.6, there exists a contact isotopy 5, with qgl og; =®;0g; and ||q;, le < %n
such that at ogqis %8—close to ®; o gq for all ¢ € [0, 1]. In particular, 5, ogis %S—CIOSC to f; for all
t €[0,1].

For any 5> 0, we can find a formal Legendrian homotopy (x¢: L — Wy, X ;) from a loose Legendrian
embedding yo: L — Wy to (g1, Gs,1) so that x; is —close to the constant homotopy; see Lemma 3.4.
Write L := = xo(L). We may choose ) in such a way that L and at(i) have loose charts of diameter
smaller than 15 contained in Wy and Wy, respectlvely We choose 8 < 18 so small that ¢; o xo is 8—close
to ¢t o gy forall ¢t €0, 1]. In particular, ¢, o xo is 6—close to f; for all ¢ € [0, 1].

We claim that we may assume that there exists a formal Legendrian homotopy (§;: L — W;, Es )
from $1 o xo to fi thatis %S—CIOSC to f1. In order to see this, let § > 0 be so small that for all points
x € fy(L), with ¢ €0, 1], and y € M so that the distance between x and y is smaller than 8, the distance
between (P o @7 1)(x) and (P o @, 1)(y) is smaller than %5 and (®; o ®;1)(y) € Wy. For any § > 0,
we have constructed a formal Legendrian homotopy (g, Gs,¢) * (X1—. Xs5,1—¢) from fo to xo which is
%8—close to fo, and we proved that we can find a Legendrian isotopy <;t o xo from xg to 51 o xo which is
§—close to f;. We can apply the above constructions’ to some § smaller than § so that we may assume
that (g¢, Gs,r) * (X1—¢, X5,1—¢) and (;t o Xo are, in fact, $—close to Jfo and f;, respectively. Then by our

7Note that we have not used the properties of W in our constructions yet. This implies that we can apply those constructions to
a smaller § while keeping W fixed.
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Figure 3: Inside of V; N W;, we find a formal Legendrian homotopy (h’;, HS"’,) from f; to a loose
Legendrian embedding hi1 which admits a small loose chart.

choice of §, the formal Legendrian homotopy

(@10d7L,0 (P1—r 0 x0)) * (D1, DDy) o ((x1. Xs,t) % (g1—¢., Gs,1—¢)))

from &51 o xo to f1is %(S—CIOSC to f1, and the underlying embeddings have image contained in W;. This
proves the claim.

For i € {0, 1}, let V; be a relatively compact subset of U; so that (V;, f;(L) N V;) is a loose chart
for f;(L). Let (hi: L — W;, Hsi’t) be a formal Legendrian homotopy %5—close to f; from f; to a
loose Legendrian embedding h’i: L — W; which admits a loose chart contained in W; N V; whose
diameter is smaller than %5 , which is constant outside of a compact subset of fl._1 (fi(L)yNW; NV;) and
maps fl._1 (fi(L)N'W; NV;) into W; N V;; see Figure 3. Such (A, Hs",,) may be found for example by
performing a (x = 0)-stabilization of f;.

By applying Murphy’s h-principle for i € {0, 1} to the formal Legendrian homotopies (A, Hsi,t) inside of
Vi € U;, we find contact isotopies g/ff : M — M with compact support in U; such that w? o fo= h(l) and
wll oh} = fi. By definition of U;, we may assume that || /!]o < &;.

As hi] (L), L and (}51 (E) have loose charts of diameter smaller than %8 , we can apply the C °—close version
of Murphy’s h-principle (Theorem 3.1) to the formal Legendrian homotopies

(h(l)—t’H;)’]—t)*(gthS,t)*(Xl—thS,l—t) and (St? Es,l‘)*(hlvHsl,t)
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to find contact isotopies Qi M — M, fori € {0, 1}, with compact support in W; so that 90 o ho i
a homotopy of Legendrlan embeddings from ho to xo and 6/ o ¢1 o xo is a homotopy of Legendrian
embeddings from ¢1 o xo to h1 which are 18—close to (h1 s s 1—p) *(g¢, Gs) * (X1-1, X5,1—¢) and
(¢, Bgp) % (], Hsl’t), respectively.

Note that (h1 s sol_t) % (gs, Gsp) % (Xes Xsp) and (&, B ) * (h), Hsl’t) are %5—close to fo and f1,
respectively, and thus 69 o h(l) is %5—01056 to fo,and 6} o 51 o xo is %S—CIOSG to f1 forall ¢ € [0, 1].

Since W; has height %n and fibers of diameter %8, it follows from Proposition 2.8 applied to 0," that
we can find contact isotopies gi M — M that satisfy gi = Gi and ||§i o < 17 so that §0|h0(L) and
9 |¢1°Xo(L) are 3 8—close to 90|h°(L) and 6} |3, 0x0(L)» respectively. Note that then 90 ohf = QOOWI o fo
and 91 o ¢1 o xo are 6—close to fo and f7, respectively, for all ¢ € [0, 1].

Because ¢>, o xo is é—close to ]:t (90 >x<~¢ * 91), o 1/f1 o fo will be §—close to ft~if the concatenation is
performed in such a way that 60 and 6! are traversed very fast. Since also ||¢|lq < %n, we see that

18 %% 8")lla <.
Then the isotopies wto , wtl, and ¢; := (5 0 4 (5 6 1)t have the desired properties. O

5 Proofs of the corollaries

In this section we present the proofs of Theorems 1.4 and 1.5, and Corollaries 1.8, 1.9, 1.11 and 1.14.

Proof of Theorems 1.4 and 1.5 Assume that the assumptions in Theorem 1.4 are satisfied. Let L1 C M
be a closed Legendrian submanifold which is Legendrian isotopic to L such that there are no Reeb chords
between L and L. In particular, L is loose. It follows from Murphy’s h-principle that L is Legendrian
isotopic to some Legendrian L, which agrees with L; outside of an arbitrarily small strict Darboux
ball Uy around some point in L, and so that Uy N L5 is loose in U;. If U; is chosen sufficiently small,
all Reeb chords between L and L, will have action larger than E, there will be no Reeb chords at all
if the image of L under the Reeb flow is closed, and U; will satisfy the property in the statement of
Theorem 1.2 for &y = %n by Proposition 2.8. Now we can apply Theorem 1.2 to find compactly supported
contact isotopies ¥, ¢, and ¥} such that ¥ has support in U, |0 |la <&, |ptlla < ;n, v hle <

and L, = (1//1 oproy,; 9)(L). In particular, the isotopies 1/f, and (¢ * ¥ 1), have the desired propertles

The proof of Theorem 1.5 works in the same way after we note that if all Reeb chords from L to L have
action larger than E, and all Reeb chords from L; to L have action larger than E,, then also all Reeb
chords from L to L, have action larger than E;, and all Reeb chords from L, to L have action larger
than E5, as long as L, is sufficiently C O_close to L, since

(16) U ¢r@
te[—E3,E]
is closed as a subset of M, where ¢ denotes the Reeb flow of . |
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Proof of Corollary 1.8 Assume that the assumptions in Corollary 1.8 are satisfied. Let d)tH denote the
contact isotopy associated to the function H;. Let f;: L — M be a homotopy of Legendrian embeddings
and assume that there exist open sets Uy, U7 as in the statement of Theorem 1.2 such that f; (L)NU; C Uj is
loose for i =1, 2. For any 7 > 0, we can apply Theorem 1.2 to the famﬂy (qbt )~ lo f; to find 1sotoples v,
U and g with [0l < o, supp(yrf) < Uo, supp(I7{) € @)~ (Uy), 1 la <77 and 1} o109 0o fo =
(¢1H Yy~ lo fi. Let F; denote the contact Hamiltonian associated to gb, Then the contact Hamiltonian F;
associated to ¢; := ¢H o ¢, is given by Fy(x) = Hy(x) + h((¢F1)~ (x))F,((qStH) (x)), where h;
denotes the positive function, which is equal to 1 outside of a compact set, defined by (¢>tH Y*a = hsa. In
particular, || H;— F;|| can be made arbitrarily small by decreasing 7. Define ¥} := ¢1H olztl o (¢{{ )~!. Then
¥ is supported in Uy, and we may assume that ||/ [lo < &;. It also follows that ¢ oy o2 0 fo = f.
Furthermore, if we choose these isotopies in such a way that (Z, o W? o fo is sufficiently C%—close to

(q&tH)_1 o ft, then ¢; o W? o fo is C%—close to f;. a

Proof of Corollary 1.9 Assume that U;, L;, Vi, SL;, fori € {0, 1}, and f; are as in the statement of
Corollary 1.9. Let ®;: M — M be a compactly supported contact isotopy with ®; o f, = f;. Recall
that SL; N U; C U; is loose. Let n, w, § > 0. We identify U; with a subset of the 1—jet bundle JUL with
coordinates (¢, p,z), withge L, pe T, q*L, z € R, as in the definition of a local Weinstein neighborhood
and write the height explicitly as U;, := U;. For A € (0, 1], we denote by U)tsi C Uy, the image of U,
under the contactomorphism (¢, p, z) — (¢, Ap, Az). We let g; < &; be such that SL; is still stabilized
inside of U~ It follows from the proof of Proposition 2.8 that for any A € (0, 1] there exists a contact
isotopy wt w1th compact support® in U’ that satisfies wl (U~ ) C U)lf and ||l;§ lo <& +pfori €40, 1}.
Choose i and A so small that g; 4+ p + 2Ag; < ¢; fori € {() 1}. By Proposition 2.8, U)i’s”,- satisfies the
property of U; in the statement of Theorem 1.2 with the constant 2A;. Hence, we can apply Theorem 1.2
to the homotopy ((IZ?_ L0 (1;?)_1) * Dy x l;tl) o 1;? o fo to conclude that there exist contact isotopies ¢;
and 1/7; for i € {0, 1}, such that

b [0~ (Bo+p+24E) &1 —(E1+p+2AE
a7 ||¢t||a<m1n{;7, 0= (Bo+n 0 e1—(E1+pu 1)}’

2 ' 2
||IZ;'||0( < 2A%;, supp(xZ;) - U)ig_ and 1}11 o$1 o 1}? o J? o fo= Jll o f1. Furthermore, we can assume
that ¢, o Y00 Y0 o fq is S—close to

((w?—s ° (w?)_l) * Dy wsl)t °© w? ° fo.

This concatenation is performed so that 1;? ‘ (w )~ is traversed durlng the time interval [O, 3]
®; during the time interval [%, %], and 1;} during the time interval [g, ] As wt (SLy) is contained in V;
by construction, we may assume after potentially using appropriate cut-offs outside of a compact subset
of V; that {$,/3},€[0,1] and {$2/3+t/3 o (&2/3)_1 }r€[0,1] have compact support contained in Vy (resp. V1)

8Technically speaking, we may also have to shrink U [ abit in the g—coordinate in order to ensure that wl can be chosen to have
compact support in Ug, !, but this causes no issue and we omit to write this explicitly.
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as long as ¢y o 1}? o 1;? o fp is sufficiently close to ((J?_s o (1;?)_1)) « Dg % Yl); o 1}? o fo so that
¢t/3 o WIO(SLO) - VO and ¢2/3+l/3 o ’W?(SLO) - V] forallr € [O, 1]

Now, for ¢ € [0, 1], we define
VP =009 bya)i.
v = ((¢A52/3+s/3 o (¢A>2/3)_1) * 1% * (1;11_3 o (1;11)_1))[,
¢ = b1/341/30 (P173) 7"

Here, s € [0, 1] for all of the isotopies in the concatenations. It is now straightforward to check that these
maps have the desired properties. O

Proof of Corollary 1.11 The proof of Corollary 1.11 combines the proofs of Corollary 1.9 and
Theorem 1.4.

Let L™ C M, for some n > 2, be a closed Legendrian submanifold and U, a local Weinstein neighborhood
of L of height 2¢ > 0. Let SL be a displaceable stabilized version of L such that the stabilization is
performed in U,. Again, SL N U C Uy is loose. As above, we denote by U, . € U, the image of Ug,
viewed as a subset of J! L, under the contactomorphism (g, p, z) — (g, Ap,Az) for A € (0,1]. Let € < ¢
be such that SL is stabilized inside of Uz. Let u > 0. It follows as before that for any A € (0, 1] there
exists a compactly supported contact isotopy v; with ¥ (Uz) € Uyz and || Y|l <&+ u. According to
Proposition 2.8, U,z satisfies the property of U in the statement of Theorem 1.2 with the constant 2A€.

Let £ > 0, and choose i and A so small that €+« + 218 < ¢. Let L be a Legendrian which is Legendrian
isotopic to SL so that there are no Reeb chords between L and SL. In particular L is loose, and it is
Legendrian isotopic to L,, where L, is obtained from L via a stabilization inside of some Darboux
ball U;. We may choose U; in such a way that there are no Reeb chords between SL and L, of action
larger than £ and no Reeb chords at all if the image of SL under the Reeb flow is closed, and U;
satisfies the property in the statement of Theorem 1.2 with ¢y = %(8 —&—u—2A%) > 0. We now apply
Theorem 1.2 to a Legendrian isotopy from 1 (SL) to L5, to conclude that there exist contact isotopies
P, ¥} and ¢y so that Y o ¢y oY) (Y1 (SL)) = Lz and [yl < 24Z, |l < 3(¢ —E— s —24) and
¥ 2la < %(e —&— [t —2A%). Then the concatenation v/, * ¥ % ¢, * ! has the desired properties. O

Proof of Corollary 1.14 Let Ly and L be two closed loose Legendrian submanifolds of M that are
formally isotopic and admit loose charts of size ¢¢ and &1, respectively. By Murphy’s h-principle for
loose Legendrians, Ly and L; are Legendrian isotopic. Let n > 0, and let V' € M be an open subset
which satisfies the property of U; in the statement of Theorem 1.2 with ¢; (in Theorem 1.2) equal to %n.
By definition of the size of a loose chart, there exist contact isotopies wf fori € {0, 1}, with ||¢f lo < %8,‘
so that w{ (L;) has a loose chart contained in V. By applying Theorem 1.2 to W?(Lo) and wll (L), it
follows that there exists a contact isotopy ¢; with ¢1(W?(L0)) = 1/f11 (L) and ||¢¢]le < n. Then the
concatenation ¥ * ¢, % ({_,) "' oyr]) has the desired properties. |
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