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Helly groups

JÉRÉMIE CHALOPIN

VICTOR CHEPOI

ANTHONY GENEVOIS

HIROSHI HIRAI

DAMIAN OSAJDA

Helly graphs are graphs in which every family of pairwise-intersecting balls has a nonempty intersection.
This is a classical and widely studied class of graphs. We focus on groups acting geometrically on
Helly graphs — Helly groups. We provide numerous examples of such groups: all (Gromov) hyperbolic
groups, CAT.0/ cubical groups, finitely presented graphical C.4/–T.4/ small cancellation groups and
type-preserving uniform lattices in Euclidean buildings of type Cn are Helly; free products of Helly
groups with amalgamation over finite subgroups, graph products of Helly groups, some diagram products
of Helly groups, some right-angled graphs of Helly groups and quotients of Helly groups by finite
normal subgroups are Helly. We show many properties of Helly groups: biautomaticity, existence of
finite-dimensional models for classifying spaces for proper actions, contractibility of asymptotic cones,
existence of EZ-boundaries, satisfiability of the Farrell–Jones conjecture and satisfiability of the coarse
Baum–Connes conjecture. This leads to new results for some classical families of groups (eg for FC-type
Artin groups) and to a unified approach to results obtained earlier.

20F06, 20F65, 20F67

1 Introduction

1.1 Motivation and main results

A geodesic metric space is injective if any family of pairwise-intersecting balls has a nonempty intersection;
see Aronszajn and Panitchpakdi [2]. Injective metric spaces appear independently in various fields of
mathematics and computer science: in topology and metric geometry — also known as hyperconvex spaces
or absolute retracts (in the category of metric spaces with 1-Lipschitz maps); in combinatorics — also
known as fully spread spaces; in functional analysis and fixed-point theory — also known as spaces with
binary intersection property; in the theory of algorithms — known as convex hulls, and elsewhere. They
form a very natural and important class of spaces and have been studied thoroughly. The distinguishing
feature of injective spaces is that any metric space admits an injective hull, ie the smallest injective space
into which the input space isometrically embeds; this important result was rediscovered several times in
the past; see Chrobak and Larmore [31], Dress [37] and Isbell [59].

A discrete counterpart of injective metric spaces are Helly graphs — graphs in which any family of
pairwise-intersecting (combinatorial) balls has a nonempty intersection. Again, there are many equivalent

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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2 Jérémie Chalopin, Victor Chepoi, Anthony Genevois, Hiroshi Hirai and Damian Osajda

definitions of such graphs, and hence they are also known as eg absolute retracts (in the category of
graphs with nonexpansive maps); see Bandelt and Pesch [8], Bandelt and Prisner [9], Jawhari, Pouzet and
Misane [62], Pesch [75; 76] and Quilliot [80].

As the similarities in the definitions suggest, injective metric spaces and Helly graphs exhibit a plethora
of analogous features. A simple but important example of an injective metric space is .Rn; d1/, that
is, the n-dimensional real vector space with the metric coming from the supremum norm. The discrete
analog is�n

1 L, the direct product of n infinite lines L, which embeds isometrically into .Rn; d1/ with
vertices being the points with integral coordinates. The space .Rn; d1/ is quite different from the “usual”
Euclidean n-space En D .Rn; d2/. For example, the geodesics between two points in .Rn; d1/ are
not unique, whereas such uniqueness is satisfied in the “nonpositively curved” En. However, there is
a natural “combing” on .Rn; d1/— between any two points there is a unique “straight” geodesic line.
More generally, every injective metric space admits a unique geodesic bicombing of a particular type
(see Section 3.4 for details). The existence of such a bicombing allows us to conclude many properties
typical for nonpositively curved — more precisely, for CAT.0/— spaces. Therefore, injective metric
spaces can be seen as metric spaces satisfying some version of “nonpositive curvature”. Analogously,
Helly graphs and the associated Helly complexes (that is, flag completions of Helly graphs), enjoy many
nonpositive-curvature-like features. Some of them were exhibited in our earlier work: in [23] we prove,
for example, a version of the Cartan–Hadamard theorem for Helly complexes. Moreover, the construction
of the injective hull associates with every Helly graph an injective metric space into which the graph
embeds isometrically and coarsely surjectively. For the example presented above, the injective hull of

�n
1 L is .Rn; d1/.

Exploration of groups acting nicely on nonpositively curved complexes is one of the main activities in
geometric group theory. Here we initiate the study of groups acting geometrically (that is, properly and
cocompactly by automorphisms) on Helly graphs. We call them Helly groups. We show that the class is
vast — it contains many large classical families of groups (see Theorem 1.1), and is closed under various
group-theoretic operations (see Theorem 1.3). In some instances, the Helly group structure is the only
known nonpositive-curvature-like structure. Furthermore, we show in Theorem 1.5 that Helly groups
satisfy some strong algorithmic, group-theoretic and coarse geometric properties. This allows us to derive
new results for some classical groups and present a unified approach to results obtained earlier.

Theorem 1.1 Groups from the following classes are Helly:

(1) groups acting geometrically on graphs with “near” injective metric hulls , in particular , (Gromov)
hyperbolic groups ,

(2) CAT.0/ cubical groups , that is , groups acting geometrically on CAT.0/ cube complexes ,

(3) finitely presented graphical C.4/–T.4/ small cancellation groups ,

(4) groups acting geometrically on swm-graphs , in particular , type-preserving uniform lattices in
Euclidean buildings of type Cn.

Geometry & Topology, Volume 29 (2025)



Helly groups 3

As a result of its own interest, as well as a potentially very useful tool for establishing Hellyness of groups
(in particular, used successfully here), we prove the following theorem. The coarse Helly property is
a natural “coarsification” of the Helly property. The property of ˇ-stable intervals was introduced by
Lang [65] in the context of injective metric spaces and is related to Cannon’s property of having finitely
many cone types (see Section 1.4 for further explanation).

Theorem 1.2 A group acting geometrically on a coarse Helly graph with ˇ-stable intervals is Helly.

Furthermore, it has been shown recently by Huang and Osajda [57] that FC-type Artin groups and weak
Garside groups of finite type are Helly. The latter class contains eg fundamental groups of the complements
of complexified finite simplicial arrangements of hyperplanes, braid groups of well-generated complex
reflection groups, structure groups of nondegenerate, involutive and braided set-theoretical solutions
of the quantum Yang–Baxter equation, one-relator groups with nontrivial center and, more generally,
tree products of cyclic groups. Conjecturally, there are many more Helly groups — see the discussion
in Section 9.

Theorem 1.3 Let �; �1; �2; : : : ; �n be Helly groups. Then:

(1) A free product �1 �F �2 of �1 and �2 with amalgamation over a finite subgroup F and the
HNN-extension �1�F over F are Helly.

(2) Every graph product of �1; : : : ; �n is Helly. In particular , the direct product �1 � � � � ��n is Helly.

(3) The�-product of �1 and �2, that is �1��2 D h�1; �2; t W Œg; h�D Œg; tht�1�D 1; g 2 �1; h 2 �2i,
is Helly.

(4) The Ì-power of � , that is �Ì D h�; t W Œg; tgt�1�D 1; g 2 �i, is Helly.

(5) The quotient �=N by a finite normal subgroup N C � is Helly.

Observe also that, by definition, finite-index subgroups of Helly groups are Helly. Again, we conjecture
that Hellyness is closed under other group-theoretic constructions — see the discussion in Section 9.
Theorem 1.3(2)–(4) are consequences of the following combination theorem for actions on quasimedian
graphs with Helly stabilizers. Further consequences of the same result are presented in Section 6.7.

Theorem 1.4 Let � be a group acting topically transitively on a quasimedian graph G. Suppose that

� any vertex of G belongs to finitely many cliques ,

� any vertex stabilizer is finite ,

� the cubical dimension of G is finite ,

� G contains finitely many �-orbits of prisms , and

� for every maximal prism P D C1 � � � � �Cn, we have stab.P /D stab.C1/� � � � � stab.Cn/.

If clique stabilizers are Helly, then � is a Helly group.

Geometry & Topology, Volume 29 (2025)



4 Jérémie Chalopin, Victor Chepoi, Anthony Genevois, Hiroshi Hirai and Damian Osajda

The results above show that the class of Helly groups is vast. Nevertheless, we may prove a number of
strong properties of such groups. One very interesting and significant aspect of the theory is that the
Helly group structure equips the group not only with a specific combinatorial structure that is the source
of important algorithmic and algebraic features (eg (1) in the theorem below), but also — via the Helly
hull construction — provides a more concrete “nonpositively curved” object acted upon by the group: a
metric space with convex geodesic bicombing (see (5) below). Such spaces might be approached using
methods typical for the CAT.0/ setting, and are responsible for many “CAT.0/-like” results on Helly
groups, such as (6)–(9) in the following theorem:

Theorem 1.5 If � is a Helly group , then:

(1) � is biautomatic.

(2) � has finitely many conjugacy classes of finite subgroups.

(3) � is (Gromov) hyperbolic if and only if G does not contain an isometrically embedded infinite
`1-grid.

(4) The clique complex X.G/ of G is a finite-dimensional cocompact model for the classifying
space E� for proper actions. As a particular case , � is always of type F1 (see eg Geoghegan
[46, Theorem 7.3.1]), and is of type F when it is torsion-free.

(5) � acts geometrically on a proper injective metric space of finite combinatorial dimension , and
hence on a metric space with a convex geodesic bicombing.

(6) � admits an EZ-boundary @G.

(7) � satisfies the Farrell–Jones conjecture with finite wreath products.

(8) � satisfies the coarse Baum–Connes conjecture.

(9) The asymptotic cones of � are contractible.

As immediate consequences, we obtain new results on some classical group classes. For example it
follows that FC-type Artin groups and finitely presented graphical C.4/–T.4/ small cancellation groups
are biautomatic. Further discussion of important consequences is presented in Section 1.3. Note also
that by Theorem 1.5(5), further properties of Helly groups can be deduced from eg Descombes [32] and
Descombes and Lang [33; 34]; see also the discussion in Huang and Osajda [57, Introduction].

Theorems 1.1–1.5 are proved by the use of more general results on Helly graphs. A fundamental property
that we use is the following local-to-global characterization of Helly graphs from Chalopin, Chepoi, Hirai
and Osajda [23]: a graph G is Helly if and only if G is clique-Helly (ie any family of pairwise-intersecting
maximal cliques of G has a nonempty intersection) and its clique complex X.G/ is simply connected.
Here we present some of the results we obtained about Helly graphs (or complexes) in a simplified form
(see Section 1.4 for further explanation).

Geometry & Topology, Volume 29 (2025)



Helly groups 5

Theorem 1.6 The following constructions give rise to Helly graphs:

(1) A union of graph-products (UGP ) of clique-Helly graphs satisfying the 3-piece condition is clique-
Helly. If its clique complex is simply connected then it is Helly.

(2) Thickenings of simply connected C.4/–T.4/ graphical small cancellation complexes are Helly.

(3) Rips complexes and face complexes of Helly graphs are Helly.

(4) Nerve complexes of the cover of a Helly graph by maximal cliques are Helly.

1.2 Historical note and general context

As already mentioned, injective metric spaces were introduced by Aronszajn and Panitchpakdi [2], and
they show the equivalence between injective metric spaces and hyperconvex spaces. Isbell [59] proves
that for any metric space .X; d/ there exists a smallest injective space which contains .X; d/ as an
isometric subspace. This smallest injective space is called the injective hull of .X; d/. Later, this result
was independently rediscovered by Dress [37] and also established for finite metric spaces by Chrobak
and Larmore [31]. Dress provided other characterizations of injective hulls and developed the theory of
combinatorial dimension of injective hulls viewed as cell complexes. This concept of dimension was
further developed by Lang [65], who was also the first to use injective metric spaces in the context of
geometric group theory. Lang also introduced the important concept of ˇ-stable intervals [65] and showed
that the injective hulls of locally finite graphs with ˇ-stable intervals are proper and have the structure of
a locally finite polyhedral complex with finitely many isometry types of cells of each dimension. This
result of Lang is particularly important in the proof of Theorem 1.1(1) and Theorem 1.2. In these proofs,
we also use his concept of the bounded distance property [65], which we show to be equivalent to the
coarse Helly property introduced by Chepoi and Estellon [29]. As a matter of fact, ı-hyperbolic geodesic
spaces and graphs satisfy the bounded distance property [65] and the coarse Helly property [29].

The fact that CAT(0) cubical groups are Helly (Theorem 1.1(2)) follows from the bijection between
CAT(0) cube complexes and median graphs (see Chepoi [27] and Roller [81]) and the result of Bandelt
and Van de Vel [10] establishing that the thickenings of median graphs are Helly graphs. This result was
generalized by Chalopin, Chepoi, Hirai and Osajda [23] to swm-graphs, thus yielding Theorem 1.1(4).

The Helly property is ubiquitous in combinatorics, and is captured by the concept of Helly hypergraphs;
see Berge [13]. Berge and Duchet [14] presented a simple “local” characterization of Helly hypergraphs
that is useful in showing that the maximal cliques of a graph satisfy the Helly property. This result and
the local-to-global characterization of Helly graphs of [23] provide a useful tool to establish the Hellyness
of a graph. This method is used in the proof of Theorems 1.1 and 1.6.

Besides the local-to-global characterization of Helly graphs, other characterizations of Helly graphs have
been obtained earlier by Bandelt and Pesch [8], Bandelt and Prisner [9] and Hell and Rival [52]. The
proof of Theorem 1.5(2)–(9) uses other properties of Helly graphs and injective spaces. Theorem 1.5(2)
follows from Polat’s [77] fixed-point result for Helly graphs. Theorem 1.5(4) uses the fact that Helly

Geometry & Topology, Volume 29 (2025)



6 Jérémie Chalopin, Victor Chepoi, Anthony Genevois, Hiroshi Hirai and Damian Osajda

graphs are dismantlable [8] and that fixed-point sets in dismantlable graphs are contractible; see Barmak
and Minian [11]. The proof of Theorem 1.5(3) relies on the characterization of (Gromov) hyperbolic
weakly modular graphs of [23] and Chepoi, Dragan, Estellon, Habib and Vaxès [28].

Theorem 1.5(5) follows from the fact that a geometric action on a Helly graph extends to a geometric
action on its injective hull. The second assertion then follows since injective spaces of finite combinatorial
dimension admit a convex geodesic bicombing; see Descombes and Lang [33]. Theorem 1.5(6)–(9) follow
from the existence of this geodesic bicombing and results established by [33], Fukaya and Oguni [44]
and Kasprowski and Rüping [64].

To establish the biautomaticity of Helly groups (Theorem 1.5(5)), we use the technique introduced by
Świątkowski [85] of locally recognized path systems in a graph. In this setting, one can design a canonical
path system satisfying a combinatorial bicombing property (this bicombing is different from the convex
geodesic bicombing of [33]). That groups acting geometrically on Helly graphs are different from groups
acting on injective spaces follows from the recent result of Hughes and Valiunas [58] showing that there
exist groups acting geometrically on injective spaces that are neither Helly nor biautomatic.

1.3 Discussion of consequences of main results

Biautomaticity is an important algorithmic property of a group. It implies, among other things, that the
Dehn function is at most quadratic and that the word problem and the conjugacy problem are solvable;
see eg Epstein, Cannon, Holt, Levy, Paterson and Thurston [40]. Biautomaticity of classical C.4/–T.4/
small cancellation groups was proved by Gersten and Short [47]. Our results (Theorem 1.1(3) and
Theorem 1.5(1)) imply biautomaticity in the more general graphical small cancellation case.

Biautomaticity of all FC-type Artin groups is a new result of this paper together with work of Huang
and Osajda [57]. Also new are the solution to the conjugacy problem and the quadratic bound on the
Dehn function. Altobelli [1] showed that FC-type Artin groups are asynchronously automatic, and hence
have solvable word problem. Biautomaticity for few classes of Artin groups was shown before by Brady
and McCammond [20], Charney [24], Gersten and Short [47], Huang and Osajda [56], Peifer [74] and
Pride [79]; (see [57, Subsection 1.3] for a more detailed account).

Although the classical C.4/–T.4/ small cancellation groups have been thoroughly investigated and quite
well understood (see eg [47] and Lyndon and Schupp [67]), there was no nonpositive curvature structure
similar to CAT.0/ known for them. Wise [88] equipped groups satisfying the stronger B.4/–T.4/ small
cancellation condition with a structure of a CAT.0/ cubical group, but the question of a similar cubulation of
C.4/–T.4/ groups is open [88, Problem 1.4]. Theorems 1.5 and 1.1(3) equip such groups with a structure of
a group acting geometrically on an injective metric space. This allows us to conclude that the Farrell–Jones
and coarse Baum–Connes conjectures hold for them. These results are new; moreover, we prove them in the
much more general setting of graphical small cancellation. Note that — although quite similar in definition
and basic tools — the graphical small cancellation theories provide examples of groups not achievable
in the classical setting (see eg Osajda [71; 70] and Osajda and Prytuła [72] for details and references).

Geometry & Topology, Volume 29 (2025)



Helly groups 7

Important examples to which our theory applies are presented in [57]. These — besides the FC-type Artin
groups mentioned above — are the weak Garside groups of finite type. This class includes among others:
fundamental groups of the complements of complexified finite simplicial arrangements of hyperplanes,
spherical Artin groups, braid groups of well-generated complex reflection groups, structure groups of
nondegenerate, involutive and braided set-theoretical solutions of the quantum Yang–Baxter equation,
one-relator groups with nontrivial center and, more generally, tree products of cyclic groups. To our best
knowledge there were no other “CAT.0/-like” structures known for these groups before. Consequently,
such results as the existence of an EZ-structure, the validity of the Farrell–Jones conjecture and of the
coarse Baum–Connes conjecture obtained by using our approach are new in these settings.

Yet another class to which our theory applies and provides new results are quadric groups introduced and
investigated by Hoda [54]. See eg [54, Example 1.4] for a class of quadric groups that are a priori neither
CAT.0/ cubical nor C.4/–T.4/ small cancellation groups.

Finally, we believe that many other groups are Helly — see the discussion in Section 9. Proving Hellyness
of those groups would equip them with very rich discrete and continuous structures, and would immediately
imply a plethora of strong features, described above. On the other hand, there are still many other properties
to be discovered, with the hope that most CAT.0/ results can be shown in this setting.

1.4 Organization of the article and further results

The proofs of Theorem 1.1(1)–(4) are provided as follows. Item (1) follows from Proposition 6.7 and
Corollary 6.9. Items (2) and (4) follow from Proposition 6.1 and Corollary 6.2. Item (3) is Corollary 6.19.

The coarse Helly property is discussed in Section 3.3, and the proof of Theorem 1.2 (later appearing as
Proposition 6.8) is presented in Section 6.3.

The proofs of Theorem 1.3(1)–(5) are provided as follows. Item (1) is proved in Section 6.5. Items (2)–(4)
are consequences of Theorem 1.4 (later appearing as Theorem 6.24) and are shown in Section 6.7. There,
we also show more general results: Theorem 6.27 on diagram products of Helly groups, and Theorem 6.31
on right-angled graphs of Helly groups. Item (5) follows directly from Theorem 6.21.

Theorem 1.4 is discussed and proved in Section 6.7.

The proofs of Theorem 1.5(1)–(9) are provided as explained below. The proof of (1) is presented in
Section 8. Item (2) follows from the fixed point theorem (Theorem 7.1), and is proved in Section 7.1. The
proof of (3) is presented in Section 7.2. Item (4) follows from Corollary 7.4 in Section 7.3, (5) follows
from Theorems 3.13 and 6.3, and (6)–(9) are proved in Sections 7.4, 7.5, 7.6 and 7.7, respectively.

The proofs of Theorem 1.6(1)–(4) are provided as follows. A union of graph-products (UGP) is defined
and studied in Section 5.1, and (1) is a part of Theorem 5.4. Graphical small cancellation complexes are
studied in Section 6.4, and (2) is proved there as Theorem 6.18. Rips complexes and face complexes are
discussed in Sections 5.5 and 5.6, respectively, and (3) is shown there. We discuss nerve complexes and
prove (4) in Section 5.4.

Geometry & Topology, Volume 29 (2025)



8 Jérémie Chalopin, Victor Chepoi, Anthony Genevois, Hiroshi Hirai and Damian Osajda

Due to its relevance to our work here, in Section 2.5 we present in detail the Helly property in the general
setting of hypergraphs (set systems). We also discuss the conformality property for hypergraphs, which is
dual to the Helly property and which is an analog of flagness for simplicial complexes. For the same
reason, in Section 3.2 we present the main ideas of Isbell’s proof of the existence of injective hulls. Some
further notions and additional results can be found in the arXiv version of the paper.

2 Preliminaries

2.1 Graphs

A graph G D .V;E/ consists of a set of vertices V WD V.G/ and a set of edges E WDE.G/� V �V . All
graphs we consider are undirected, connected and locally finite but not necessarily finite, and contain no
multiple edges and no loops. (With the exception of the quasimedian graphs considered in Section 6.7.)
That is, they are locally finite one-dimensional simplicial complexes. For two distinct vertices v;w 2 V
we write v � w (resp. v œ w) when there is an (resp. there is no) edge connecting v with w, that is,
when vw WD fv;wg 2 E. For vertices v;w1; : : : ; wk , we write v � w1; : : : ; wk (resp. v œ w1; : : : ; wk)
or v � A (resp. v œ A) when v � wi (resp. v œ wi ), for each i D 1; : : : ; k, where A D fw1; : : : ; wkg.
As maps between graphs G D .V;E/ and G0 D .V 0; E 0/ we always consider simplicial maps, that is,
functions of the form f W V ! V 0 such that if v � w in G then f .v/ D f .w/ or f .v/ � f .w/ in G0.
A .u;w/-path .v0 D u; v1; : : : ; vk D w/ of length k is a sequence of vertices with vi � viC1. If k D 2,
then we call P a 2-path of G. If xi ¤ xj for ji � j j � 1, then P is called a simple .a; b/-path. A k-cycle
.v0; v1; : : : ; vk�1/ is a path .v0; v1; : : : ; vk�1; v0/. For A�V , the subgraph of GD .V;E/ induced by A
is the graph G.A/D .A;E 0/ such that uv 2 E 0 if and only if uv 2 E (G.A/ is sometimes called a full
subgraph of G). A square uvwz (resp. triangle uvw) is an induced 4-cycle .u; v; w; z/ (resp. 3-cycle
.u; v; w/). The wheel Wk is the graph obtained by connecting a single vertex — the central vertex c— to
all vertices of the k-cycle .x1; x2; : : : ; xk/.

The distance d.u; v/D dG.u; v/ between two vertices u and v of a graph G is the length of a shortest
.u; v/-path. For a vertex v of G and an integer r � 1, we denote by Br.v;G/ (or by Br.v/) the ball in G
(and the subgraph induced by this ball) of radius r centered at v, that is, Br.v;G/Dfx 2 V W d.v; x/� rg.
More generally, the r-ball around a set A � V is the set (or the subgraph induced by) Br.A;G/ D
fv 2 V W d.v; A/� rg, where d.v; A/Dminfd.v; x/ W x 2Ag. As usual, N.v/DB1.v;G/ n fvg denotes
the set of neighbors of a vertex v in G. A graph G D .V;E/ is isometrically embeddable into a graph
H D .W; F / if there exists a mapping ' W V !W such that dH .'.u/; '.v//D dG.u; v/ for all vertices
u; v 2 V . A retraction ' of a graph G is an idempotent nonexpansive mapping of G into itself, that is,
'2 D ' W V.G/! V.G/ with d.'.x/; '.y//� d.x; y/ for all x; y 2W . The subgraph of G induced by
the image of G under ' is referred to as a retract of G.

The interval I.u; v/ between u and v consists of all vertices on shortest .u; v/-paths, that is, of all vertices
(metrically) between u and v: I.u; v/D fx 2 V W d.u; x/C d.x; v/D d.u; v/g. An induced subgraph
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of G (or the corresponding vertex set A) is called convex if it includes the interval of G between any pair
of its vertices. The smallest convex subgraph containing a given subgraph S is called the convex hull
of S and is denoted by conv.S/. An induced subgraph H (or the corresponding vertex set of H ) of a
graph G is gated [39] if for every vertex x outside H there exists a vertex x0 in H (the gate of x) such
that x0 2 I.x; y/ for any y of H . Gated sets are convex, and the intersection of two gated sets is gated.
By Zorn’s lemma there exists a smallest gated subgraph hhSii containing a given subgraph S , called the
gated hull of S .

Let Gi for i 2 ƒ be an arbitrary family of graphs. The Cartesian product
Q
i2ƒGi is a graph whose

vertices are all functions x W i 7! xi for xi 2 V.Gi /, and where two vertices x and y are adjacent if there
exists an index j 2ƒ such that xjyj 2E.Gj / and xi D yi for all i ¤ j . Note that a Cartesian product
of infinitely many nontrivial graphs is disconnected. Therefore in this case the connected components of
the Cartesian product are called weak Cartesian products. The direct product�i2ƒGi of graphs Gi for
i 2ƒ is a graph having the same set of vertices as the Cartesian product, and two vertices x and y are
adjacent if xiyi 2E.Gi / or xi D yi for all i 2ƒ.

We continue with definitions of weakly modular graphs and their subclasses. We follow [23; 4]. Recall
that a graph is weakly modular if it satisfies the following two distance conditions (for every k > 0):

� Triangle condition (TC) For any vertex u and any two adjacent vertices v and w at distance k
to u, there exists a common neighbor x of v and w at distance k� 1 to u.

� Quadrangle condition (QC) For any vertices u and z at distance k and any two neighbors v andw
of z at distance k� 1 to u, there exists a common neighbor x of v and w at distance k� 2 from u.

Vertices v1, v2 and v3 form a metric triangle v1v2v3 if I.vi ; vj / \ I.vi ; vk/ D fvig for any distinct
1� i; j; k � 3. If d.v1; v2/D d.v2; v3/D d.v3; v1/D k, then this metric triangle is called equilateral
of size k. All metric triangles of a weakly modular graph are equilateral [25].

We use some classes of weakly modular graphs defined either by forbidden isometric or induced subgraphs,
or by restricting the size of the metric triangles of G. A graph is called median if every triplet of vertices
has a unique median, that is, jI.u; v/\ I.v; w/\ I.w; v/j D 1 for every triplet of vertices .u; v; w/. By
a result of [27; 81], median graphs are exactly the 1-skeletons of CAT.0/ cube complexes (see below).
For other properties and characterizations of median graphs, see the survey [4]; for some other results
on CAT.0/ cube complexes, see [82]. A graph is called modular if I.u; v/\ I.v; w/\ I.w; v/¤∅ for
every triplet .u; v; w/ of vertices, that is, every triplet of vertices admits a median. Clearly, median graphs
are modular and modular graphs are weakly modular. A modular graph is called strongly modular if it
does not contain K�3;3 as an isometric subgraph. We will also consider a nonbipartite generalization of
strongly modular graphs, called sweakly modular graphs or swm-graphs, which are defined as weakly
modular graphs without induced K�4 and isometric K�3;3 (K�4 is K4 minus one edge and K�3;3 is K3;3
minus one edge). The swm-graphs have been introduced and studied in depth in [23]. The cell complexes
of swm-graphs can be viewed as a far-reaching generalization of CAT.0/ cube complexes in which the
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cubes are replaced by cells arising from dual polar graphs, introduced and characterized by Cameron [22].
By [23, Theorem 5.2], dual polar graphs are exactly the thick weakly modular graphs not containing any
induced K�4 or isometric K�3;3 (a graph is thick if the interval between two vertices at distance 2 contains
at least two other vertices). A set X of vertices of an swm-graph G is Boolean-gated if X induces a gated
and thick subgraph of G. By [23, Section 6.3] a set X of vertices of an swm-graph G is Boolean-gated if
and only if X is a gated set of G that induces a dual-polar graph.

A graph G is called pseudomodular if any three pairwise-intersecting balls of G have a nonempty
intersection [6]. This condition easily implies both the triangle and quadrangle conditions, and thus
pseudomodular graphs are weakly modular. An important subclass of pseudomodular graphs is constituted
by Helly graphs, the main subject of our paper, which will be defined below. The quasimedian graphs are
the K�4 - and K2;3-free weakly modular graphs; equivalently, they are exactly the retracts of Hamming
graphs (weak Cartesian products of complete graphs). From the definition it follows that quasimedian
graphs are pseudomodular and swm-graphs. For many results about quasimedian graphs see [7; 45], and
for a theory of groups acting on quasimedian graphs see [45].

A graph G is called bridged [42; 84] if it does not contain any isometric cycle of length greater than 3.
Alternatively, a graph G is bridged if and only if the balls Br.A;G/ around convex sets A of G are convex.
Bridged graphs are exactly the weakly modular graphs that do not contain induced 4- and 5-cycles [25].
A graph G (or its clique-complex X.G/) is called locally systolic if the neighborhoods of vertices do
not induce 4- and 5-cycles. If additionally the clique complex X.G/ of G is simply connected, then the
graph G (or its clique-complex X.G/) is called systolic. If the neighborhoods of vertices of a (locally)
systolic graph G do not induce 6-cycles, then G is called (locally) 7-systolic. It was shown in [27] that
bridged graphs are exactly the 1-skeletons of the systolic complexes of [61]. In the following, we will use
the name systolic graphs instead of bridged graphs.

A graph G D .V;E/ is called hypercellular [30] if G can be isometrically embedded into a hypercube
and G does not contain Q�3 as a partial cube minor (Q�3 is the 3-cube Q3 minus one vertex). A graph H
is called a partial cube minor of G if G contains a finite convex subgraph G0 which can be transformed
into H by successively contracting some classes of parallel edges of G0. Hypercellular graphs are not
weakly modular but they generalize median graphs [30].

2.2 Complexes

All complexes we consider are locally finite CW complexes. Following [51, Chapter 0], we call them
cell complexes or just complexes. If all cells are simplices (resp. unit solid cubes) and the nonempty
intersection of two cells is their common face, then X is called a simplicial (resp. cube) complex. For a
cell complex X , by X .k/ we denote its k-skeleton. All cell complexes in this paper will have graphs as
their 1-skeletons. Therefore we use the notation G.X/ WDX .1/. The star of a vertex v in a complex X ,
denoted by St.v;X/, is the set of all cells containing v.
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An abstract simplicial complex � on a set V is a set of nonempty subsets of V such that each member
of �, called a simplex, is a finite set, and any nonempty subset of a simplex is also a simplex. A simplicial
complex X naturally gives rise to an abstract simplicial complex � on the set of vertices (0-dimensional
cells) of X by setting U 2� if and only if there is a simplex in X having U as its vertices. Combinatorial
and topological structures of X are recovered from �. Hence we sometimes identify simplicial complexes
and abstract simplicial complexes.

The clique complex of a graph G is the abstract simplicial complex X.G/ having the cliques (ie complete
subgraphs) of G as simplices. A simplicial complex X is a flag simplicial complex if X is the clique
complex of its 1-skeleton. Given a simplicial complex X , the flag-completion yX of X is the clique
complex of the 1-skeleton G.X/ of X .

Let C be a cycle in the 1-skeleton of a complex X . Then a cell complex D is called a singular disk
diagram (or Van Kampen diagram) for C if the 1-skeleton of D is a plane graph whose inner faces are
exactly the 2-cells of D and there exists a cellular map ' WD!X such that 'j@D D C (for more details
see [67, Chapter V]). According to Van Kampen’s lemma [67, pages 150–151], a cell complex X is simply
connected if and only if, for every cycle C ofX , one can construct a singular disk diagram. A singular disk
diagram with no cut vertices (that is, its 1-skeleton is 2-connected) is called a disk diagram. A minimal
(singular) disk for C is a (singular) disk diagram D for C with a minimum number of 2-faces. This
number is called the (combinatorial) area of C and is denoted by Area.C /. If X is a simply connected
triangle (resp. square, triangle-square) complex, then for each cycle C , all inner faces in a singular disk
diagram D of C are triangles (resp. squares, triangles or squares).

As morphisms between cell complexes we always consider cellular maps, that is, maps sending the
k-skeleton into the k-skeleton. An isomorphism is a bijective cellular map that is a linear isomorphism
(isometry) on each cell. A covering (map) of a cell complex X is a cellular surjection p W zX!X such that
pjSt.Qv; zX/ W St. Qv; zX/! St.p. Qv/;X/ is an isomorphism for every vertex Qv in zX ; compare [51, Section 1.3].
The space zX is then called a covering space.

2.3 CAT.0/ spaces and Gromov hyperbolicity

Let .X; d/ be a metric space. A geodesic segment joining two points x; y 2X is an isometric embedding
� W R1 � Œ0; l� ! X such that �.0/ D x, �.l/ D y and d.�.t/; �.t 0// D jt � t 0j for any t; t 0 2 Œ0; l�
(d.x; y/D l is the length of the geodesic �). A metric space .X; d/ is geodesic if every pair of points in
X can be joined by a geodesic segment. Every graph G D .V;E/ can be transformed into a geodesic
space .XG ; d / by replacing every edge e D uv by a segment 
uv D Œu; v� of length 1; the segments may
intersect only at common ends. Then .V; dG/ is isometrically embedded in a natural way into .XG ; d /.

A geodesic triangle �.x1; x2; x3/ in a geodesic metric space .X; d/ consists of three points in X and a
geodesic between each pair of vertices. A comparison triangle for�.x1; x2; x3/ is a triangle�.x01; x

0
2; x
0
3/

in the Euclidean plane E2 D .R2; d2/ such that d2.x0i ; x
0
j /D d.xi ; xj / for i; j 2 f1; 2; 3g. A geodesic
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metric space .X; d/ is a CAT.0/ space [49] if all geodesic triangles �.x1; x2; x3/ of X satisfy the
comparison axiom of Cartan, Alexandrov and Toponogov:

If y is a point on the .x1; x2/-geodesic of�.x1; x2; x3/ and y0 is the unique point on the line
segment Œx01; x

0
2� of the comparison triangle �.x01; x

0
2; x
0
3/ such that d2.x0i ; y

0/D d.xi ; y/

for i D 1; 2, then d.x3; y/� d2.x03; y
0/.

The CAT.0/ property is equivalent to the convexity of the function f W Œ0; 1�! X given by f .t/ D
d.˛.tl˛/; ˇ.t lˇ //, for any two geodesics ˛ and ˇ of lengths l˛ and lˇ (which is further equivalent to the
convexity of the neighborhoods of convex sets). This implies that CAT.0/ spaces are contractible. Any
two points of a CAT.0/ space can be joined by a unique geodesic. See [21] for a detailed account on
CAT.0/ spaces and their isometry groups.

A cube complex X is CAT.0/ if X , endowed with the intrinsic `2 metric, is a CAT.0/ metric space.
Gromov [49] characterized CAT.0/ cube complexes as the simply connected cube complexes such that
the following cube condition holds: if three .kC2/-dimensional cubes intersect in a k-dimensional cube
and pairwise intersect in .kC1/-dimensional cubes, then all three are contained in a .kC3/-dimensional
cube. The cube condition is equivalent to the flagness condition, which states that the geometric link of
any vertex is a flag simplicial complex. The 1-skeletons of CAT.0/ cube complexes are precisely the
median graphs [27; 81].

A metric space .X; d/ is ı-hyperbolic [49; 21] if, for any points u, v, x and y of X , the two larger
of the sums d.u; v/C d.x; y/, d.u; x/C d.v; y/ and d.u; y/C d.v; x/ differ by at most 2ı � 0. A
graph G D .V;E/ is ı-hyperbolic if .V; dG/ is ı-hyperbolic. A metric space or a graph has bounded
hyperbolicity if it is ı-hyperbolic for some finite ı. For geodesic metric spaces and graphs, ı-hyperbolicity
can be defined as spaces in which all geodesic triangles are ı-slim. Recall that a geodesic triangle
�.x; y; z/ is called ı-slim if for any point u on the side Œx; y� the distance from u to Œx; z�[ Œz; y� is at
most ı.

2.4 Group actions

For a set X and a group � , a �-action on X is a group homomorphism �! Aut.X/. If X is equipped
with an additional structure, then Aut.X/ refers to the automorphism group of this structure. We say
then that � acts on X by automorphisms, and x 7! gx denotes the automorphism that is the image of g.
Here X will be a graph or a cell complex, and thus Aut.X/ will denote graph automorphisms or cellular
automorphisms. Let � be a group acting by automorphisms on a cell complex X . Recall that the action
is cocompact if the orbit space X=G is compact. The action of � on a locally finite cell complex X is
proper if stabilizers of cells are finite. Finally, the action is geometric (or � acts geometrically on X ) if it
is cocompact and proper. If a group � acts geometrically on a graph G or on a cell complex X , then G
and X are locally finite. This explains why we consider locally finite graphs, complexes and hypergraphs.
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2.5 Hypergraphs (set families)

In this subsection, we recall the main notions in hypergraph theory. We closely follow the book by
Berge [13] on hypergraphs (with the single difference that our hypergraphs may be infinite). A hypergraph
is a pair HD .V; E/, where V is a set and E D fHigi2I is a family of nonempty subsets of V ; V is called
the set of vertices and E is called the set of edges (or hyperedges) of H. Abstract simplicial complexes
are examples of hypergraphs. The degree of a vertex v is the number of edges of H containing v. A
hypergraph H is called edge-finite if all edges of H are finite and vertex-finite if the degrees of all vertices
are finite. H is called a locally finite hypergraph if H is edge-finite and vertex-finite. A hypergraph H is
simple if no edge of H is contained in another edge of H. The simplification of a hypergraph HD .V; E/
is the hypergraph MHD .V; ME/ whose edges are the maximal by inclusion edges of H.

The dual of a hypergraph HD .V; E/ is the hypergraph H�D .V �; E�/ whose vertex set V � is in bijection
with the edge-set E of H and whose edge-set E� is in bijection with the vertex set V ; namely E� consists
of all SvDfHj 2 E W v 2Hj g for v 2V . By definition, .H�/�DH. The dual of a locally finite hypergraph
is also locally finite. The hereditary closure yH of a hypergraph H is the hypergraph whose edge set is
the set of all nonempty subsets F � V such that F �Hi for at least one index i . Clearly the hereditary
closure yH of a hypergraph H is a simplicial complex and yHD yMH. The 2-section ŒH�2 of a hypergraph H is
the graph having V as its vertex set, and two vertices are adjacent in ŒH�2 if they belong to a common edge
of H. By definition the 2-section ŒH�2 is exactly the 1-skeleton yH.1/ of the simplicial complex yH, and
the 2-section of H coincides with the 2-section of its simplification MH. The line graph L.H/ of H has E
as its vertex set, and Hi and Hj are adjacent in L.H/ if and only if Hi \Hj ¤∅. By definition (see also
[13, Proposition 1, page 32]), the line graph L.H/ of H is precisely the 2-section ŒH��2 of its dual H�. A
cycle of length k of a hypergraph H is a sequence .v1;H1; v2;H2; v3; : : : ;Hk; v1/ such that H1; : : : ;Hk
are distinct edges of H, v1; v2; : : : ; vk are distinct vertices of V , vi ; viC1 2Hi for i D 1; : : : ; k� 1, and
vk; v1 2Hk . A copair hypergraph is a hypergraph H in which V nHi 2 E for each edge Hi 2 E . The
nerve complex of a hypergraph HD .V; E/ is the simplicial complex N.H/ having E as its vertex set and
such that a finite subset � � E is a simplex of N.H/ if

T
Hi2�

Hi ¤∅; see [17]. The nerve graph NG.H/
of a hypergraph H is the 1-skeleton of the nerve complex N.H/. The following result is straightforward:

Lemma 2.1 N.H/D yH� and NG.H/D ŒH��2 D .yH�/.1/.

A family of subsets F of a set V satisfies the (finite) Helly property if, for any (finite) subfamily F 0 of F ,
the intersection

T
F 0D

T
fF WF 2F 0g is nonempty if and only if F \F 0¤∅ for any pair F;F 0 2F 0. A

hypergraph HD .V; E/ is called (finitely) Helly if its family of edges E satisfies the (finite) Helly property.
We continue with a characterization of Helly hypergraphs. In the finite case this result is due to Berge and
Duchet [13; 14]. The case of edge-finite hypergraphs follows from a more general result [5, Proposition 1].

Proposition 2.2 [13; 14] An edge-finite hypergraph HD .V; E/ is Helly if and only if for any x; y; z2V
the intersection of all edges containing at least two of x, y and z is nonempty.
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We call the condition in Proposition 2.2 the Berge–Duchet condition.

A hypergraph HD .V; E/ is conformal if all maximal cliques of the 2-section ŒH�2 are edges of H. In
other words, H is conformal if and only if its hereditary closure yH is a flag simplicial complex. The
following result establishes the duality between conformal and Helly hypergraphs:

Proposition 2.3 [13, page 30] H is conformal if and only if its dual H� is Helly.

Analogously to the Helly property, the conformality can be characterized in a local way via the following
Gilmore condition (the proof follows from Propositions 2.2 and 2.3):

Proposition 2.4 [13, page 31] A vertex-finite hypergraph H is conformal if and only if for any three
edgesH1,H2 andH3 of H there exists an edgeH of H containing .H1\H2/[.H1\H3/[.H2\H3/.

A hypergraph H is balanced [13] if any cycle of H of odd length has an edge containing three vertices of
the cycle. Balanced hypergraphs represent an important class of hypergraphs with strong combinatorial
properties (the König property) [13; 15]. It was noticed [13, page 179] that the finite balanced hypergraphs
are at the same time Helly and conformal; the duals of balanced hypergraphs are also balanced. In fact,
those three fundamental properties still hold for a larger class of hypergraphs: we call a hypergraph H
triangle-free if any cycle of H of length 3 has an edge containing the three vertices of the cycle. That
is, for any three distinct vertices x, y and z and any three distinct edges H1, H2 and H3 such that
x; y 2H1, y; z 2H2 and z; x 2H3, one of the edges H1, H2 and H3 contains the three vertices x, y
and z. Equivalently, a hypergraph H is triangle-free if and only if it satisfies a stronger version of the
Gilmore condition: for any three edges H1, H2 and H3 of H there exists an edge Hi in fH1;H2;H3g
that contains .H1\H2/[ .H1\H3/[ .H2\H3/. Since the dual of a triangle-free hypergraph is also
triangle-free, locally finite triangle-free hypergraphs are conformal and Helly [15; 13].

Another important class of Helly hypergraphs, extending the class of balanced hypergraphs, is the class
of normal hypergraphs. A hypergraph H is called normal [13; 66] if it satisfied the Helly property and its
line graph L.H/ is perfect (ie by the strong perfect graph theorem L.H/ does not contain odd cycles of
length > 3 and their complements as induced subgraphs).

With any graph G D .V;E/ one can associate several hypergraphs, depending on the studied problem and
of the studied class of graphs. In the context of our current work, we consider the following combinatorial
and geometric hypergraphs: the clique-hypergraph X .G/ of all maximal cliques ofG, the ball-hypergraph
B.G/ of all balls of G, and the r-ball-hypergraph Br.G/ of all balls of a given radius r of G. The
ball-hypergraph can be considered for an arbitrary metric space .X; d/. The clique-hypergraph X .G/
of any graph G is simple and conformal, and its hereditary closure yX .G/ coincides with the clique
complex X.G/ of G. In the case of median graphs G (and CAT.0/ cube complexes), together with
the cube complex (cube hypergraph), an important role is played by the copair hypergraph H.G/ of
all halfspaces of G (convex sets with convex complements). Since convex sets of median graphs are
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gated [60, Theorem 1.22] and gated sets satisfy the finite Helly property, the hypergraph H.G/ is finitely
Helly. For a graph G we will also consider the nerve complex N.X .G// of the clique-hypergraph X .G/,
as well as the nerve complex N.Br.G// of the r-ball-hypergraph Br.G/ for r 2N.

2.6 Abstract cell complexes

An abstract cell complex X (also called a convexity space or closure space) is a locally finite hypergraph
H.X/D .V; E/ with ∅ 2 E and whose edges are closed under intersections, ie if Hi for i 2 I are edges
of H, then

T
i2I Hi is also an edge of H.X/. We call the edges of H.X/ the cells of X and H.X/ the

cell-hypergraph of X . The cells of X contained in a given cell C are called the faces of C . The faces
of a cell C ordered by inclusion define the face lattice F.C/ of C . C 0   C is a facet of C if C 0 is a
maximal by inclusion proper face of C ; in other words, C 0 is a coatom of the face lattice F.C/. The
dimension dim.C / of a cell C is the length of the longest chain in the face lattice of C . Locally finite
abstract simplicial complexes are abstract cell complexes. In fact, they are the cell complexes in which the
face lattices are Boolean lattices. The dimension of a simplex with d C 1 vertices is d . Cube complexes
are also abstract cell complexes. It suffices to consider the vertex set of each cube as an edge of the
cell-hypergraph; the dimension of a cube is the standard dimension.

Abstract cell complexes also arise from swm-graphs and hypercellular graphs. The cells of an swm-graph
are its Boolean-gated sets and the dimension of a Boolean-gated set is its diameter. Observe that in an
swm-graph, any maximal clique is boolean-gated. In the corresponding abstract cell complex, each such
clique is a 1-dimensional cell whose 0-cells are the vertices of the clique. It was shown in [23] that one
can also associate a contractible geometric cell complex to any swm-graph G, in which the cells are
the orthoscheme complexes of the Boolean-gated sets of G. Note that the geometric dimension of this
geometric complex is larger than the dimension of the abstract cell complex. The cells of a hypercellular
graph G are the gated subgraphs of G which are the convex hulls of the isometric cycles of G. It was
shown in [30] that those cells are Cartesian products of edges and even cycles. It was established in [30]
that the geometric realization of the abstract cell complex of a hypercellular graph is contractible. The
dimension of such a cell is the number of edge factors plus twice the number of cycle factors. Notice that
swm-graphs and hypercellular graphs represent two far-reaching and quite different generalizations of
median graphs. Swm-graphs no longer have hyperplanes (ie classes of parallel edges) and halfspaces,
and their cells (Boolean-gated sets) have a complex combinatorial structure; nevertheless, they are still
weakly modular and admit a local-to-global characterization. On the other hand, hypercellular graphs are
no longer weakly modular but they still admit hyperplanes (whose carriers are gated) and halfspaces, and
each triplet of vertices admits a unique median cell.

2.7 Helly graphs and Helly groups

We continue with the definitions of our main objects: Helly and clique-Helly graphs and complexes, and
Helly groups.
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Definition 2.5 A graph G is a Helly graph if the ball-hypergraph B.G/ is Helly. A graph G is a 1-Helly
graph if the 1-ball-hypergraph B1.G/ is Helly. A clique-Helly graph is a graphG in which the hypergraph
X .G/ of maximal cliques is Helly.

Observe that a Helly graph is 1-Helly and a 1-Helly graph is clique-Helly, but that the reverse implications
do not hold: a cycle of length at least 7 is 1-Helly but not Helly and a cycle of length 4 is clique-Helly
but not 1-Helly. Notice also that Helly graphs are pseudomodular and thus weakly modular. For arbitrary
graphs not containing infinite cliques, Polat and Pouzet [78] proved that the Helly property and the finite
Helly property are equivalent.

Definition 2.6 A Helly complex is the clique complex of some Helly graph. A clique-Helly complex is
the clique complex of some clique-Helly graph.

Remark 2.7 If in Definitions 2.5 and 2.6 instead of a Helly property we consider the corresponding finite
Helly property, then the graphs satisfying it are called finitely Helly. For example, finitely clique-Helly
graphs are graphs G in which the hypergraph X .G/ has the finite Helly property. For locally finite graphs,
the finite Helly properties for balls and cliques implies the Helly property, and thus finitely Helly (resp.
clique-Helly) graphs and complexes are Helly (resp. clique-Helly). By [78], the same implication holds
for arbitrary graphs not containing infinite cliques.

We continue with the definition of Helly groups:

Definition 2.8 A group � is Helly if it acts geometrically on a Helly complex X .

If a group � acts geometrically on a Helly complex X , then X is locally finite. Moreover X has uniformly
bounded degrees.

In case of the clique-Helly property, Proposition 2.2 can be specified in the following way:

Proposition 2.9 [35; 86] A graph G with finite cliques is clique-Helly if and only if for any triangle T
of G the set T � of all vertices of G adjacent with at least two vertices of T contains a vertex adjacent to
all remaining vertices of T �.

Remark 2.10 Proposition 2.9 does not hold for graphs containing infinite cliques. For example, consider
the graph G defined as follows. First, consider an infinite clique K D fv0; v1; v2; : : : ; vk; : : :g whose
vertex set is indexed by N. For each i 2N, we add a vertex ui that is adjacent to all vj such that j � i .
Observe that any two maximal cliques of G have a nonempty intersection but there is no universal vertex
in G. Consequently, G is not clique-Helly. On the other hand, one can easily check that G satisfies the
criterion of Proposition 2.9.

For any locally finite graph G, the clique-hypergraph X .G/ is conformal and G is isomorphic to the
2-section of X .G/. Moreover, if G is clique-Helly, then X .G/ is Helly. We conclude this subsection with
the following simple but useful converse result (see eg [9]):
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Proposition 2.11 For a locally finite hypergraph HD .V; E/ the following conditions are equivalent :

(i) The 2-section ŒH�2 of H is a clique-Helly graph and H is conformal (each maximal clique of ŒH�2
is an edge of H).

(ii) The simplification MH of H is conformal and Helly.

(iii) MH satisfies the Berge–Duchet and Gilmore conditions.

In particular , the 2-section of any locally finite triangle-free hypergraph is clique-Helly.

Proof Since ŒH�2 D Œ MH�2, we can suppose that H is simple. The equivalence .ii/() .iii/ follows from
Propositions 2.2 and 2.4. If (i) holds, then H coincides with the hypergraph of maximal cliques of ŒH�2,
and thus H is Helly. Also H is conformal as the clique-hypergraph of a graph. This establishes .i/D) .ii/.
Conversely, if (ii) holds, since H is conformal, each clique of ŒH�2 is included in an edge of H. Thus the
maximal cliques of ŒH�2 are in bijection with the edges of H. This shows that ŒH�2 is clique-Helly.

2.8 Hellyfication

There is a canonical way to extend any hypergraph HD .V; E/ to a conformal hypergraph conf.H/D
.V; E 0/: E 0 consists of E and all maximal by inclusion cliques C in the 2-section ŒH� of H. Any
conformal hypergraph H00 extending H and having the same 2-section ŒH00�D ŒH� as H also contains
conf.H/ as a subhypergraph, thus conf.H/ can be called the conformal closure of H. Since the Helly
property and conformality are dual, any hypergraph HD .V; E/ can be extended to a Helly hypergraph
Helly.H/D .V 0; E 0/: for every maximal pairwise-intersecting set F of edges of H with empty intersection,
add a new vertex vF to V and to each member of F . In the thus extended hypergraph Helly.H/ any two
edges intersect exactly when their traces on V intersect. Hence Helly.H/ satisfies the Helly property and
we call Helly.H/ the Hellyfication of H. Again, Helly.H/ is contained in any hypergraph satisfying the
Helly property, extending H and having the same line graph as H . This kind of Hellyfication approach
was used in [5] to Hellyfy discrete copair hypergraphs and to relate this Hellyfication procedure with the
cubulation (median hull) of the associated wall space; see [5, Proposition 3].

3 Injective spaces and injective hulls

In this section we discuss injective metric spaces and Isbell’s construction of injective hulls. Those notions
are strongly related to Helly graphs: roughly, Helly graphs and ball-Hellyfication can be seen as discrete
analogs of (continuous) injective metric spaces and injective hulls.

3.1 Injective spaces

A metric space .X; d/ is called hyperconvex if every family of closed balls Bri
.xi / of radii ri 2 RC

with centers xi satisfying d.xi ; xj / � ri C rj has a nonempty intersection. Rephrasing the definition,
.X; d/ is hyperconvex if it is Menger-convex (that is, Br.x/\Bd.x;y/�r.y/¤ ∅ for all x; y 2 X and
r 2 Œ0; d.x; y/�) and the family of closed balls in .X; d/ satisfies the Helly property. A metric space
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.X; d/ is called integer-valued if d.x; y/ is an integer for any x; y 2X . An integer-valued metric space

.X; d/ is discretely geodesic if for any two points x; y 2X with d.x; y/D n there exists a sequence of
points x0 WD x; x1; x2; : : : ; xn WD y such that d.xi ; xiC1/D 1. The set of vertices of a connected graph
equipped with a graph distance is an example of an integer-valued and discretely geodesic metric space.

Let .Y; d 0/ and .X; d/ be two metric spaces. ForA�Y , a map f WA!X is 1-Lipschitz if d.f .x/; f .y//�
d 0.x; y/ for all x; y 2 A. The pair .Y;X/ has the extension property if for any A� Y , any 1-Lipschitz
map f W A!X admits a 1-Lipschitz extension, ie a 1-Lipschitz map Qf W Y !X such that Qf jA D f . A
metric space .X; d/ is injective if for any metric space .Y; d 0/, the pair .Y;X/ has the extension property.
For Y �X , the map f WX ! Y is a (nonexpansive) retraction if f is 1-Lipschitz and f .y/D y for any
y 2 Y . A metric space .Y; d 0/ is an absolute retract if, whenever .Y; d 0/ is isometrically embedded in a
metric space .X; d/, there exists a retraction f from X to Y .

In 1956, Aronszajn and Panitchpakdi established the following equivalence between hyperconvex spaces,
injective spaces, and absolute retracts:

Theorem 3.1 [2] A metric space .X; d/ is injective if and only if .X; d/ is hyperconvex if and only if
.X; d/ is an absolute (1-Lipschitz) retract.

3.2 Injective hulls

By a construction of Isbell [59] (rediscovered twenty years later by Dress [37] and yet another ten
years later by Chrobak and Larmore [31] in computer science), for every metric space .X; d/ there
exists a smallest (with respect to inclusion) injective metric space containing X . More precisely, an
injective hull (or tight span, or injective envelope, or hyperconvex hull) of .X; d/ is a pair .e; E.X// where
e WX !E.X/ is an isometric embedding into an injective metric space E.X/, and such that no injective
proper subspace of E.X/ contains e.X/. Two injective hulls e W X ! E.X/ and f W X ! E 0.X/ are
equivalent if they are related by an isometry i WE.X/!E 0.X/. Below we describe Isbell’s construction in
some details and we recall a few important features of injective hulls — all this will be of use in Section 6.

Theorem 3.2 [59] Every metric space .X; d/ has an injective hull and all its injective hulls are
equivalent.

We continue with the main steps in the proof of Theorem 3.2. We follow the Isbell’s proof [59], but
also use some notations and results from Dress [37] and Lang [65]; see these three papers for a full
proof. Let .X; d/ be a metric space. A metric form on X is a real-valued function f on X such
that f .x/C f .y/ � d.x; y/ for all x; y 2 X . Denote by �.X/ the set of all metric forms on X , ie
�.X/Dff 2RX W f .x/Cf .y/� d.x; y/ for all x; y 2Xg. For f; g 2�.X/, set f � g if f .x/� g.x/
for each x 2 X . A metric form is called extremal on X if there is no g 2 �.X/ such that g ¤ f and
g � f . Let E.X/D ff 2�.X/ W f is extremalg.

Claim 3.3 If f 2E.X/, then f .x/C d.x; y/� f .y/ for any x; y 2X , that is , f is 1-Lipschitz.
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If this was false for x; y 2 X , then defining g to coincide with f everywhere except at y, where
g.y/D f .x/C d.x; y/, we conclude that g 2�.X/. Since g � f , we obtain g D f .

The difference d1.f; g/D supx2X jf .x/�g.x/j between any two extremal forms f and g is bounded;
any number f .x/Cg.x/ is a bound. Thus .E.X/; d1/ is a metric space. For a point x 2X , let dx be
defined by setting dx.y/D d.x; y/ for any y 2X .

Claim 3.4 For any x 2 X , the map dx W y 7! d.x; y/ is extremal on X and the map e W X ! E.X/

sending x to dx is an isometric embedding of .X; d/ into .E.X/; d1/.

The map e is often called the Kuratowski embedding.

From the definition of extremal metric forms, the following useful property of E.X/ easily follows (this
explains why extremal maps are called tight extensions in [37]):

Claim 3.5 If .X; d/ is compact then for any f 2 E.X/ and x 2 X there exists y in X such that
f .x/Cf .y/D d.x; y/. In general metric spaces , for any x 2X and any � > 0, there exists y in X such
that f .x/Cf .y/ < d.x; y/C �.

The inequalities f .x/Cf .y/� d.x; y/ and f .x/C d.x; y/� f .y/ together are equivalent to:

Claim 3.6 If f 2E.X/, then f .x/D d1.f; e.x// for all x 2X .

The following claim is the main tool in Isbell’s proof. Let �.E.X// denote the set of all metric forms on
E.X/ and let E.E.X// denote the set of all extremal metric forms on E.X/.

Claim 3.7 If s is extremal on E.X/, then se is extremal on X .

First notice that se2�.X/. To prove Claim 3.7, we suppose by way of contradiction that se is not extremal
and we obtain a contradiction with the assumption that s is extremal on E.X/. Then there exists h2E.X/
such that h� se and h.x/<se.x/ for some x2X . Define the map t WE.X/!R by setting t .f /D s.f / for
all f 2E.X/ different from e.x/. Set t .e.x//Dh.x/< s.e.x//. Since t < s, to contradict the extremality
of s on E.X/ it remains to show that t 2�.E.X//, ie t .f /Ct .g/�d1.f; g/ for any f; g 2E.X/. Since
s 2�.E.X//, from the definition of t it suffices to establish the previous inequality for any f 2E.X/
and g D e.x/ with f ¤ e.x/, that is, to show that te.x/C t .f /� d1.f; e.x//. This is done using the
definition of e.x/ and Claims 3.3 and 3.6. For any � > 0, pick y 2X such that f .x/Cf .y/< d.x; y/C�.
Then te.x/C t .f /D te.x/C se.y/� se.y/C s.f /� h.x/Ch.y/�d1.e.y/; f /� d.x; y/�f .y/ >
f .x/� � D d1.e.x/; f /� �. Since � > 0 is arbitrary, te.x/C t .f /� d1.f; e.x//, as required.

Claim 3.8 The metric space .E.X/; d1/ is injective.

To prove Claim 3.8, in view of Theorem 3.1 it suffices to show that .E.X/; d1/ is hyperconvex: if
fi 2E.X/, ri 2RC and i 2 I such that d1.fi ; fj /� riCrj , then

T
i2I B.fi ; ri /¤∅. We may suppose

that r WE.X/!�.E.X// is a metric form on E.X/ extending the radius function ri : r.fi /D ri (this
extension exists by Zorn’s lemma). Let s 2 E.E.X// such that s � r . By Claim 3.7, se belongs to
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E.X/. We assert that se belongs to any r.f /-ball centered at f 2E.X/. Indeed, for any x 2X , we have
se.x/�f .x/D se.x/�d1.f; e.x//� s.f /� r.f /, where the equality follows from Claim 3.6 and the
first inequality follows from Claim 3.3 (applied to E.X/ and E.E.X// instead of X and E.X/). On
the other hand, f .x/� se.x/D d1.f; e.x//� se.x/ � s.f / � r.f /, where the equality follows from
Claim 3.6 and the inequality follows by the choice of s in �.E.X//. This establishes Claim 3.8.

Claim 3.9 The embedding e WX!E.X/ is an injective hull and is equivalent to every injective hull ofX .

Let ˛ W E.X/! E.X/ be 1-Lipschitz such that ˛.e.x// D e.x/ for any x 2 X . Let f 2 E.X/ and
let g D ˛.f /. By Claim 3.6, for any x 2 X we have g.x/ D d1.g; e.x// D d1

�
˛.f /; ˛.e.x//

�
�

d1.f; e.x//D f .x/. Hence g � f , whence ˛ is the identity map. Thus E.X/ cannot be retracted to
any subset S  E.X/ containing e.X/, and hence S is not injective.

Finally, consider any injective hull e0 W X ! E 0.X/ of .X; d/. Let f be an isometry from e.X/ to
e0.X/ and let f 0 be its inverse. Since both E.X/ and E 0.X/ are injective, there exist 1-Lipschitz maps
Qf WE.X/!E 0.X/ and Qf 0 WE 0.X/!E.X/ extending f and f 0, respectively. Note that the composition
Qf 0 Qf is a 1-Lipschitz map from E.X/ to E.X/ that is the identity on e.X/. Therefore Qf 0 Qf is the identity

map by what has been shown above, and thus Qf is injective and Qf 0 is surjective. Since Qf and Qf 0 are
1-Lipschitz and Qf 0 Qf is the identity on E.X/, necessarily Qf is an isometric embedding of E.X/ in E 0.X/.
Then since E.X/ is injective, the image of Qf contains e0.X/D Qf .e.X// and E 0.X/ is an injective hull,
so Qf must be surjective and thus Qf is an isometry. Then Qf 0 is injective, otherwise Qf 0 Qf cannot be the
identity map on E.X/. Thus both Qf and Qf 0 are isometries. This concludes the proof of Theorem 3.2.

Dress [37] defined E.X/ as the set of all maps f 2RX such that f .x/D supfd.x; y/�f .y/ W y 2Xg
for all x 2 X . He established the following nice property of E.X/ (which in fact characterizes E.X/;
see [37, Theorem 1]):

Claim 3.10 If f; g 2E.X/, then

d1.f; g/D supfd1.e.x/; e.y//� d1.e.y/; f /� d1.e.x/; g/ W x; y 2Xg:

For simplicity, we prove Claim 3.10 for compact metric spaces, for which the supremum can be replaced
by maximum. The claim asserts that any pair of extremal functions f and g lies on a geodesic between
the images e.x/ and e.y/ in E.X/ of two points x and y of X . Let x be a point of X such that
d1.f; g/ D f .x/� g.x/. By Claim 3.5 there exists y 2 X such that f .x/ D d.x; y/� f .y/. Hence
d1.f; g/ D f .x/� g.x/ D d.x; y/� f .y/� g.x/ D d1.e.x/; e.y//� f .y/� g.x/. By Claim 3.6,
f .y/Dd1.f; e.y// and g.x/Dd1.g; e.x//. Consequently d1.f; g/Dd1.e.x/; e.y//�f .y/�g.x/D
d1.e.x/; e.y//� d1.f; e.y//� d1.g; e.x// and we are done.

One interesting property of injective hulls is their monotonicity:

Corollary 3.11 If .X; d/ is isometrically embeddable into .X 0; d 0/, then E.X/ is isometrically embed-
dable into E.X 0/.
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Proof Since .X; d/ is isometrically embeddable into .X 0; d 0/ and E.X/, and .X 0; d 0/ is isometrically
embeddable into E.X 0/, there exists an isometric embedding of e.X/ � E.X/ into E.X 0/. Since
E.X 0/ is injective, this isometric embedding extends to a 1-Lipschitz map ˛ from E.X/ to E.X 0/. If
d1.˛.f /; ˛.g// < d1.f; g/ for f; g 2E.X/, then d1

�
˛.e.x//; ˛.e.y//

�
< d1.e.x/; e.y// for points

x; y 2X occurring in Claim 3.10, contrary to the assumption that ˛ isometrically embeds e.X/.

As shown by Dress [37], the injective hull of a finite metric space is a finite polyhedral complex. Using this,
he defined the combinatorial dimension of a general metric space X as the supremum of the dimensions
of the polyhedral complexes E.Y / for all finite subspaces Y of X . Any f 2E.X/ belongs to the interior
of a unique cell of the polyhedral complex. Dress combinatorially characterized the cells of E.X/.
Goodman and Moulton gave a presentation of Dress’s result in the finite case [48]. Lang presented Dress’s
result in the case of general metric spaces, and formulated conditions under which the injective hull is
finite-dimensional or has a finite number of types of cells for each dimension [65]. In the following, we
continue with this combinatorial description following the presentation of [65; 33].

For any f 2�.X/, consider the graph .X;A.f // where A.f / is the set of all pairs fx; yg of points in
X such that f .x/C f .y/D d.x; y/. If X is finite (or compact), then f belongs to E.X/ if and only if
.X;A.f // has no isolated vertices. This is no longer true when X is not compact (see Claim 3.5). For
this, Dress and Lang introduced the subset E 0.X/D

˚
f 2�.X/ W

S
A.f /DX

	
of E.X/. They show

that E 0.x/ is dense in E.X/ if the metric on X is integer-valued.

A set A of unordered pairs of points in X is called admissible if there exists f 2E 0.X/ with A.f /D A.
Denote by A.X/ the set of all such admissible sets. The family of polyhedral faces of E.X/ is then given
by fP.A/ga2A.X/ where P.A/D ff 2�.X/ WA�A.f /g. As noticed in [65], P.A/DP.A/\E.X/D
P.A/\E 0.X/. The rank rk.A/ of an admissible set A is the dimension of P.A/. The rank rk.A/ can
be characterized as follows. If f; g 2 P.A/, then f .x/C f .y/D d.x; y/D g.x/Cg.y/ for fx; yg 2 A
and thus f .y/�g.y/D�.f .x/�g.x//. So the difference f �g has alternating sign along all paths in
the graph .X;A/. Consequently, for each connected component of .X;A/, there is at most one degree of
freedom for the values of f 2 P.A/. If the connected component C contains an odd cycle, then f and g
coincide on all vertices of C . Alternatively, if the connected component C is bipartite, then the restrictions
of all functions f 2 P.A/ on the vertices of C form a 1-parameter family: given the value f .x/ on
one vertex of C , one can deduce all the other values of f on C . Then the rank rk.A/D dim.P.A// is
precisely the number of bipartite components of the graph .X;A/.

Dress [37] characterized spaces of combinatorial dimension at most n by a 2.nC1/-point inequality. These
notions are important to state and establish some results of Lang [65] that we present and use in Section 6.3.

3.3 Coarse Helly property

A metric space .X; d/ is coarsely hyperconvex if there exists some ı � 0 such that, for any set of
centers fxigi2I in X and any set of radii frigi2I in RC satisfying d.xi ; xj / � ri C rj , there exists
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x 2 X such that d.x; xi / � ri C ı for all i 2 I , ie the intersection
T
i2I BriCı.xi / is not empty. A

metric space .X; d/ has the coarse Helly property if there exists some ı � 0 such that, for any family
B D fBri

.xi / W i 2 I g of pairwise-intersecting closed balls of X , the intersection
T
i2I BriCı.xi / is not

empty. If the space .X; d/ is Menger-convex (in particular, if .X; d/ is geodesic), both properties are
equivalent. In a discretely geodesic metric space (in particular, in a graph), if d.xi ; xj /� riC rj , then the
balls Bdrie

.xi / and Bdrj e.xj / intersect. In particular if the frigi2I are integers, then d.xi ; xj /� ri C rj
if and only if Bri

.xi / and Brj .xj / intersect. Consequently, a discretely geodesic metric space .X; d/ is
coarsely hyperconvex with some constant ı if and only if it satisfies the coarse Helly property with some
constant ı0, where ı and ı0 differ by at most 1. The injective hull E.X/ of a metric space .X; d/ has the
bounded distance property if there exists ı � 0 such that for any f 2 E.X/ there exists a point x 2X
such that d1.f; e.x//� ı. The coarse Helly property was introduced in [29] and the bounded distance
property in [65], in both cases for ı-hyperbolic spaces and graphs.

We show that the coarse hyperconvexity of a metric space is equivalent to the fact that its injective hull
satisfies the bounded distance property.1

Proposition 3.12 A metric space .X; d/ is coarsely hyperconvex if and only if its injective hull E.X/
satisfies the bounded distance property. Consequently , if .X; d/ is a geodesic or discretely geodesic
metric space , then the coarse hyperconvexity of .X; d/, the coarse Helly property for .X; d/ and the
bounded distance property for E.X/ are all equivalent.

Proof First suppose that .X; d/ is coarsely hyperconvex with some constant ı � 0. Let f 2 E.X/.
Then f .x/C f .y/ � d.x; y/ for any x and y. By the coarse hyperconvexity of .X; d/ applied to the
radius function f , there exists a point z 2X such that d.z; x/� f .x/C ı for any x 2X . We assert that
d1.f; e.z// � ı. Indeed, d1.f; e.z// D supx2X jf .x/� d.x; z/j. By the choice of z in Bf .x/Cı.x/,
d.x; z/�f .x/� ı. It remains to show the other inequality, f .x/�d.x; z/� ı. Assume by contradiction
that f .x/� d.x; z/ > ı. Let � D 1

2
.f .x/� d.x; z/� ı/ and observe that f .x/ > d.x; z/C ıC �. By

Claim 3.5, there exists y 2X such that f .x/Cf .y/ < d.x; y/C �. But since z 2 Bf .y/Cı.y/, we have
f .y/�d.y; z/�ı, and so f .x/Cf .y/>d.x; z/CıC�Cd.y; z/�ıDd.x; z/Cd.y; z/C��d.x; y/C�
(the last inequality follows from the triangle inequality), a contradiction.

Conversely, let E.X/ satisfy the bounded distance property with ı � 0. We will show that .X; d/
is coarsely hyperconvex. Let B.xi ; ri / for i 2 I be a collection of closed balls of .X; d/ such that
ri C rj � d.xi ; xj / for all i; j 2 I . Let r 2�.X/ be a metric form on X extending the radius function ri
for i 2 I (its existence follows from Zorn’s lemma). Let f 2E.X/ such that f .x/� r.x/ for any x 2X .
By the bounded distance property, X contains a point z such that d1.f; e.z// � ı. This implies that
jf .x/� e.z/.x/j D jf .x/� d.x; z/j � ı for any x 2 X . In particular, d.x; z/ � f .x/C ı � r.x/C ı,
and thus z belongs to all closed balls Br.x/Cı.x/; x 2X .
1Independently, this was also observed by Urs Lang (personal communication, 2019).
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3.4 Geodesic bicombings

One important feature of injective metric spaces is the existence of a nice (bi)combing. Recall that a
geodesic bicombing on a metric space .X; d/ is a map � W X �X � Œ0; 1�! X such that for every pair
.x; y/ 2X �X the function �xy WD �.x; y; � / is a constant-speed geodesic from x to y. We call � convex
if the function t 7! d.�xy.t/; �x0y0.t// is convex for all x; y; x0; y0 2X . The bicombing � is consistent if
�pq.�/D �xy..1��/sC�t/ for all x; y 2X , 0� s � t � 1, p WD �xy.s/, q WD �xy.t/ and � 2 Œ0; 1�. It
is called reversible if �xy.t/D �yx.1� t / for all x; y 2X and t 2 Œ0; 1�. From the definition of injective
hulls and [33, Lemma 2.1 and Theorems 1.1–1.2] we have the following:

Theorem 3.13 A proper injective metric space of finite combinatorial dimension admits a unique convex
consistent reversible geodesic bicombing.

4 Helly graphs and complexes

In this section, we recall the basic properties and characterizations of Helly graphs. We also show that
any graph admits a Hellyfication, a discrete counterpart of Isbell’s construction.

4.1 Characterizations

Helly graphs are the discrete analogs of hyperconvex spaces: namely, the requirement that radii of balls
are nonnegative reals is modified by replacing the reals by the integers. A vertex x of a graph G is
dominated by another vertex y if the unit ball B1.y/ includes B1.x/. A graph G is dismantlable if its
vertices can be well ordered (denoted by �) so that, for each v there is a neighbor w of v with w � v
which dominates v in the subgraph of G induced by the vertices u� v.

The following result presents a local-to-global and a topological characterization of all (not necessarily
finite or locally finite) Helly graphs.

Theorem 4.1 [23] For a graph G, the following conditions are equivalent :

(i) G is Helly.

(ii) G is a weakly modular 1-Helly graph.

(iii) G is a dismantlable clique-Helly graph.

(iv) G is clique-Helly with a simply connected clique complex.

Moreover , if the clique complex X.G/ of G is finite-dimensional , then (i)–(iv) are equivalent to:

(v) G is clique-Helly with a contractible clique complex.

Let G be a (finitely) clique-Helly graph and let zG be the 1-skeleton of the universal cover zX WD zX.G/ of
the clique complex X WDX.G/ of G. Then zG is a (finitely) Helly graph. In particular , G is a (finitely)
Helly graph if and only if G is (finitely) clique-Helly and its clique complex is simply connected.
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Conditions (ii) and (iii) of Theorem 4.1 refine and generalize the characterizations of finite Helly graphs
given in [9; 8]. The second part of Theorem 4.1 and its proof lead to two conclusions. First, if a simplicial
complex X is clique-Helly (for arbitrary families of maximal cliques), then its universal cover zX is Helly
(for arbitrary families of balls of its 1-skeleton). Second, if X is finitely clique-Helly, then its universal
cover is finitely Helly (this holds even if X contains infinite cliques). From [23, Theorem 9.1] it follows
that Helly graphs satisfy a quadratic isoperimetric inequality. It was shown in [80] that any finite Helly
graph G has the stabilized clique property: there exists a complete subgraph of G invariant under the
action of the automorphism group of G. Other properties of Helly graphs will be presented below.

4.2 Injective hulls and Hellyfication

We will show that for any graph G there exists a smallest Helly graph Helly.G/ comprising G as an
isometric subgraph; we call Helly.G/ the Hellyfication ofG (analogously, we will denote by Helly.X.G//
the clique complex of Helly.G/ and refer to it as to the Hellyfication of X.G/).

Let .X; d/ be an integer-valued metric space. An integer metric form on X is a function f WX !Z such
that f .v/Cf .w/� d.v;w/ for all v;w 2X . Let �0.X/ denote the set of all integer metric forms on X .
An integer metric form is extremal if it is minimal pointwise. We define the metric space E0.X/��0.X/
as the set of all extremal integer metric forms on .X; d/ endowed with the sup-metric d1. The embedding
e W X ! E0.X/ is defined as v 7! d.v; � /. The pair .e; E0.X// is the discrete injective hull of X . We
define a graph structure on E0.X/ by putting an edge between two extremal forms f; g 2 E0.X/ if
d1.f; g/D 1. With some abuse of notation, we also denote this graph byE0.X/. IfGD .V;E/ is a graph
with the path metric d , we will denote by E0.G/ and E.G/ the discrete injective hull E0.V .G// and the
injective hull of the metric space .V .G/; d/, respectively. Similarly, we write e.G/ instead of e.V .G//.

The following result is well known (see [62; 75; 76]), and is the discrete counterpart of Isbell’s Theorem 3.2.

Theorem 4.2 If .X; d/ is an integer-valued metric space , then E0.X/ D E.X/\ZX is the smallest
Helly graph into which .X; d/ is isometrically embedded. In particular , the discrete injective hull E0.G/
of a graph G is contained as an isometric subgraph in any Helly graph G0 containing G as an isometric
subgraph and is the Hellyfication Helly.G/ of G.

Proof First we show that the sets E0.X/ and E.X/\ZX coincide. Observe that by the definitions
of E0.X/ and E.X/\ZX , we have E.X/\ZX �E0.X/. To show the converse inclusion, first note
that E0.X/ satisfies the discrete analog of Claim 3.5: if f 2E0.X/, then for any x in X there exists y
in X such that f .x/C f .y/D d.x; y/. By way of contradiction, suppose there exist f 2 E0.X/ and
g 2E.X/ such that g¤f and g�f . Then g.x/<f .x/ for some point x ofX . By the discrete analog of
Claim 3.5, there exists y in X such that f .x/Cf .y/D d.x; y/. But since g.x/<f .x/ and g.y/� f .y/,
we obtain g.x/Cg.y/< d.x; y/, contrary to the assumption g 2E.X/. Therefore E0.X/�E.X/\ZX

and thus E0.X/DE.X/\ZX . Consequently, .E0.X/; d1/ is also an integer-valued metric space.
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Next we show that the balls of .E0.X/; d1/ satisfy the Helly property. Let fi 2E0.X/ and ri 2ZC for
i 2 I such that d1.fi ; fj /� ri C rj . We may suppose that r 2�0.E0.X// is an integer metric form on
E0.X/ extending the radius function ri (r.fi /Dri for i 2I ) and t 2E0.E0.X//DE.E0.X//\ZE

0.X/ is
an integer metric form onE0.X/ such that t � r . Let t 0 2�.E.X// be a metric form onE.X/ extending t ,
ie for any f 2E0.X/ we have t 0.f /D t .f /— its existence follows by Zorn’s lemma. Let s 2E.E.X//
such that s� t 0. By the discrete analog of Claim 3.5, for any f 2E0.X/ there exists g 2E0.X/ such that
t .f /C t .g/D d1.f; g/. Since s.f /C s.g/� t 0.f /C t 0.g/D t .f /C t .g/D d1.f; g/� s.f /C s.g/,
we have that s.f /D t 0.f /D t .f / and s.g/D t 0.g/D t .g/ since s.h/� t 0.h/D t .h/ for any h 2E0.X/.
Consequently, sjE0.X/ D t . By Claim 3.7 and the proof of Claim 3.8, se belongs to E.X/ and is a
common point of all balls Bri

.fi /. Since e.x/ 2 E0.X/ for any x 2 X , and since s and t coincide on
E0.X/, we have se D te. Therefore te belongs to E0.X/ and is a common point of all balls Bri

.fi /.
This shows that the balls of .E0.X/; d1/ satisfy the Helly property.

We show by induction on k D d1.f; g/ that any two vertices f; g 2E0.X/ are connected in the graph
E0.X/ by a path of length k. Indeed, pick a ball of radius 1 centered at f and a ball of radius k � 1
centered at g. By the Helly property, there exists h2E0.X/ such that d1.f; h/� 1 and d1.h; g/� k�1.
By the triangle inequality, these two inequalities are equalities. Thus E0.X/ is a Helly graph isometrically
embedded in E.X/. The proof that E0.X/ does not contain any Helly subgraph containing X and that
all discrete injective hulls are isometric is identical to the proof of Claim 3.9. The proof that E0.X/ is an
isometric subgraph of any Helly graph G0 containing G as an isometric subgraph is similar to the proof
of Corollary 3.11.

Remark 4.3 A direct consequence of the second assertion of Theorem 4.2 is that if G is Helly, then
Helly.G/ coincides with G.

Remark 4.4 For an integer-valued metric space .X; d/, the injective hull E.E0.X// of the discrete
injective hull E0.X/ of X coincides with the injective hull E.X/ of X .

4.3 Hyperbolicity and Helly graphs

In Helly graphs, hyperbolicity can be characterized by forbidding isometric square-grids.

Proposition 4.5 For a Helly graph G, the following are equivalent :

(1) G has bounded hyperbolicity.

(2) The size of isometric `1-square-grids of G is bounded.

(3) The size of isometric `1-square-grids of G is bounded.

Proof Since any Helly graph G is weakly modular, by [23, Theorem 9.6] G has bounded hyperbolicity
if and only if the metric triangles and the isometric square-grids are of bounded size. Since G is Helly, all
metric triangles ofG are of size at most one. Therefore G has bounded hyperbolicity if and only if the size
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of the isometric `1-square-grids of G are bounded. We now show that in a Helly graph G, the size of the
isometric `1-square-grids is bounded if and only if the size of the isometric `1-square-grids is bounded.

Let G contain an isometric 2k � 2k `1-grid H1, where

V.H1/D f.i; j / 2 Z2 W ji jC jj j � 2k and i C j is eveng

and .i; j /.i 0; j 0/ 2E.H1/ if and only if ji � i 0j D jj � j 0j D 1, ie if and only if d1..i; j /; .i 0; j 0//D 1.
Since G is Helly, the Hellyfication H 01 of H1 is an isometric subgraph of G and H 01 can then be
described as follows: V.H 01/ D f.i; j / 2 Z2 W ji j C jj j � 2kg and .i; j /.i 0; j 0/ 2 E.H 01/ if and only
if d1..i; j /; .i 0; j 0// D 1. But then the set f.i; j / 2 V.H 01/ W ji j � k and jj j � kg induces a 2k � 2k
`1-grid in H 01, and thus in G. Suppose now that G contains an isometric 2k � 2k `1-grid H2, where
V.H2/Df.i; j /2Z2 W ji j�k and jj j�kg and .i; j /.i 0; j 0/2E.H 01/ if and only if d1..i; j /; .i 0; j 0//D1.
Let H 02 be the graph induced by V.H 02/D f.i; j / 2Z2 W ji jC jj j< k and iCj is eveng. Note that H 02 is
isomorphic to a k � k `1-grid. Since H 02 is an isometric subgraph of H2, G contains an isometric k � k
`1-grid.

Dragan and Guarnera [36] precisely characterize the hyperbolicity of a Helly graph by three families of
isometric subgraphs of the `1-grid.

5 Helly graph constructions

In the previous section, with any connected graph G we associated in a canonical way a Helly graph
Helly.G/. However, not every group acting geometrically on G also acts geometrically on Helly.G/. In
this section, we prove or recall that several standard graph-theoretical operations preserve Hellyness and
that other operations applied to some non-Helly graphs lead to Helly graphs. As we will show in the next
section, those constructions also preserve the geometric action of the group, allowing us to prove that
some classes of groups are Helly.

5.1 Direct products and amalgams

We start with the following well-known result:

Proposition 5.1 The classes of Helly and clique-Helly graphs are closed under direct products of finitely
many factors and retracts.

The first assertion follows from the fact that the balls in a direct product are direct products of balls in
the factors and that the maximal cliques of a direct product are direct products of maximal cliques. The
second assertion follows from the fact that retractions are 1-Lipschitz maps and therefore preserve the
Helly property.
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Figure 1: The 3-sun can be obtained from the amalgam of a triangle and a 3-fan over an edge.

The amalgam of two Helly graphs along a Helly graph is not necessarily Helly: the 3-sun (which is not
Helly) can be obtained as an amalgam over an edge of a triangle and a 3-fan (which are both Helly); see
Figure 1. Consider now amalgams of direct products of (clique-)Helly graphs and, more generally, of
graphs obtained by amalgamating together a collection of direct products of (clique-)Helly graphs along
common subproducts. We provide sufficient conditions for these amalgams to be (clique-)Helly.

Given a family HD fHj gj2J of locally finite graphs, a finite subproduct of the direct product�HD
�j2J Hj is a subgraph G D �j2J Gj of �H such that Gj D Hj for finitely many indices and
Gj D fvj g where vj 2 V.Hj / for all other indices. For each vertex v of�H (or any of its subgraphs),
we denote by vj the coordinate of v in Hj .

A locally finite connected graph G is a union of graph products (UGP) over a family H D fHj gj2J
of locally finite graphs if there exists a family fGigi2I of distinct finite subproducts of�H such that
GD

S
i Gi . The graphsGi are called the pieces ofG. Since eachHj 2H is locally finite and each piece of

G is a finite subproduct of�H, each piece ofG is also locally finite. Observe thatG is a subgraph of�H
but not necessarily an induced subgraph. However, each pieceGi ofG is an induced subgraph of�H. We
say that the pieces of a collection fGikgk2K of pieces of a UGP GD

S
i2I Gi ��H over HDfHj gj2J

agree on a factor Hj if there exists vj 2 V.Hj / such that for each k 2K, either Gjik DHj or Gjik D fvj g.

Lemma 5.2 Two pieces G1 and G2 of a UGP G ��H have a nonempty intersection if and only if G1
and G2 agree on all factors Hj 2H.

The set of pieces fGigi2I satisfies the Helly property: any collection fGikgk2K of pairwise-intersecting
pieces has a nonempty intersection , ie there exists a vertex w of G such that for each k 2 K and each
factor Hj 2H, either Gjik D fwj g or Gjik DHj .

Proof First, if G1 and G2 agree on all factors Hj , then for each j there exists w0j 2 V.G
j
1 /\V.G

j
2 /.

Let w be a vertex of�H such that wj D w0j for all j . Since for each j , Gj1 D fwj g or Gj1 DHj , the
vertex w belongs to G1. Similarly, w belongs to G2 and thus G1 and G2 have a nonempty intersection.
Conversely, let u2 V.G1/\V.G2/ and note that uj 2 V.G

j
1 / for every j . Consequently, either Gj1 DHj

or Gj1 D fuj g. Similarly, either Gj2 DHj or Gj2 D fuj g. In both cases, G1 and G2 agree on Hj .

Let fGikgk2K be a collection of pairwise-intersecting pieces. By the first statement, any two pieces of
this collection agree on all factors Hj 2H. Consequently, for any factor Hj , there exists w0j 2 V.Hj /
such that for any k 2K, Gjik D fwj g or Gjik DHj . Consider the vertex w of�H such that wj D w0j
for all j and observe that w belongs to every piece of the collection.
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We say that a UGP satisfies the 3-piece condition if, for any three pairwise-intersecting pieces G1, G2
and G3, there exists a piece G4 intersecting G1, G2 and G3 such that for every factor Hj 2H, if for two
pieces Gi1 and Gi2 among G1, G2 and G3 we have Gji1 DG

j
i2
DHj , then Gj4 DHj .

Proposition 5.3 If a UGPG over H satisfies the 3-piece condition , then every cliqueK of G is contained
in a piece of G.

Proof Since G is locally finite, the cliques of G are finite and we can proceed by induction on the size k
of K. Suppose that the assertion holds for all cliques of size at most k� 1. By definition of G, each edge
belongs to a piece of G. Let u, v and w be three vertices of K. Since K n fwg is a clique of size k� 1,
there exists a piece G1 containing all vertices of K n fwg. If w 2 V.G1/, we are done. Assume now that
w … V.G1/. Similarly, we can assume that there exist pieces G2 and G3 such that K \V.G2/DK n fug
and K \ V.G3/ D K n fvg. Since u 2 V.G1/\ V.G3/, the pieces G1 and G3 agree on every factor
Hj 2H. Similarly, G1 and G2 as well as G2 and G3 agree on every factor Hj 2H. Since u … V.G2/,
necessarily there exists a factor Hj2

such that Gj2

2 does not contain uj2
. Thus Gj2

2 consists of a single
vertex v2¤ uj2

. Since both G1 and G3 agree with G2 on Hj2
and since they both contain uj2

, necessarily
G
j2

1 D G
j2

3 D Hj2
. Similarly, there exist Hj1

;Hj3
2 H and vertices v1 2 Hj1

and v3 2 Hj3
such that

G
j1

1 D fv1g, G
j1

2 D G
j1

3 D Hj1
, Gj3

3 D fv3g and Gj3

1 D G
j3

2 D Hj3
. By the 3-piece condition, there

exists G4 intersecting G1, G2, and G3 such that for every factor Hj 2H, if for two pieces Gi1 and Gi2
among G1, G2 and G3 we have Gji1 D G

j
i2
DHj , then Gj4 DHj . We assert that K is a clique of G4.

Pick any vertex x 2K and note that x belongs to at least two pieces among G1, G2 and G3, say to G1
and G2. For each factor Hj 2 H, if Gj4 ¤Hj , since G4 agrees with G1 and G2 and by the definition
of G4, either Gj4 D G

j
1 D fxj g or Gj4 D G

j
2 D fxj g. Consequently, x is a vertex of G4 and thus K is

a clique of G4. Therefore all vertices of K belong to a piece of G, and since any piece is an induced
subgraph of�H we conclude that K is a clique of this piece.

Theorem 5.4 If a UGP G over H satisfies the 3-piece condition and every piece of G is clique-Helly ,
then G is a clique-Helly graph. Furthermore , if the clique complex X.G/ of G is simply connected
then G is a Helly graph.

Proof Since G has finite cliques, we can use Proposition 2.9 to establish the clique-Helly property for G.
Pick any triangle T D u1u2u3 of G and let T � be the set of vertices of G adjacent to at least two vertices
of T . For any v 2 T �, by Proposition 5.3 there exists a piece containing a triangle vuiuj ; let P � be the
set of all pieces containing such triangles. Since the pieces of P � piecewise intersect, by the first assertion
of Lemma 5.2 they pairwise agree on every factor Hj 2H. By the second assertion of Lemma 5.2, there
exists a vertex w 2G such that either Gji D fwj g or Gji DHj for any piece Gi of P �. Thus w belongs
to every piece of P �.

For each factor Hj 2H, let Tj D fuj W u 2 T g and T �j D fvj W v 2 T
�
j g. Note that Tj is either a vertex, an

edge or a triangle in Hj . Moreover, in the first two cases, there exists uj 2 Tj that belongs to the 1-ball
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of every vertex vj 2 T �j . If Tj is a triangle, then every vertex vj 2 T �j is in the 1-ball of at least two
vertices of Tj . Since Hj is clique-Helly, in all three cases there exists a vertex wj 2 V.Hj / belonging to
the 1-ball of each vertex vj 2 T �j . Observe that if there exists a piece Gi of P � such that Gji contains
only one vertex, then Tj is a vertex or an edge and we can choose wj 2 V.Hj / such that Gji D fwj g.

Letw� be the vertex ofG such thatw�j Dwj for every factorHj 2H. By our choice ofwj , for any pieceGi
of P � such that Gji contains only one vertex, Gji Dfwj g and for any other piece Gi of P �, wj is a vertex
of Gji DHj . Therefore w� is a vertex that belongs to all pieces of P �. For any vertex v 2 T � and any
factorHj 2H, vj is in the 1-ball of wj inHj by our choice of wj . Since each piece Gi of G is an induced
subgraph of�H, w� is in the 1-ball in G of all vertices v of T �, establishing that G is clique-Helly.

The second assertion follows from Theorem 4.1.

Given a family HD fHj gj2J of locally finite graphs, an abstract graph of subproducts (GSP) .H;G; `/
is given by a connected graph G without infinite clique and a map ` W V.G/! 2H satisfying the following
conditions:

(A1) `.v/ is a finite subset of H for each v 2 V.G/.

(A2) For each edge uv 2E.G/, `.u/¤ `.v/.

A realization of an abstract GSP .H;G; `/ is a set of maps�
pv WH n `.v/!

[
j2J

V.Hj /

�
v2V.G/

satisfying the following conditions:

(A3) For each v 2 V.G/, pv.Hj / 2 V.Hj / for every factor Hj 2H n `.v/.

(A4) For any vertices u; v 2 V.G/, there is an edge uv 2 E.G/ if and only if pu.Hj / D pv.Hj / for
every factor Hj 2H n .`.u/[ `.v//.

A GSP admitting a realization is called a realizable GSP.

Proposition 5.5 For any realizable GSP .H;G; `/ and any of its realizations fpvgv2V.G/, we can define a
UGPG.G/D

S
v2V.G/Gv where there is a pieceGvD�j2J Gjv for each v 2V.G/ such that Gjv DHj if

Hj 2`.v/ and Gjv Dfpv.Hj /g otherwise. Conversely , any UGPG��H is the realization of a realizable
GSP over�H.

Proof First note that (A4) is equivalent to the following condition on the pieces of G.G/:

(A40) For any vertices u; v 2 V.G/, there is an edge uv 2E.G/ if and only if V.Gu/\V.Gv/¤∅.

In order to show that G.G/ is a UGP, we must show that it is locally finite. Consider a vertex u 2G.G/
that has an infinite number of neighbors. Since each piece containing u is locally finite, there are an
infinite number of pieces containing u. By (A40), these pieces form an infinite clique in G, a contradiction.
Moreover, if there exist two vertices u; v2V.G/ such that the piecesGu andGv coincide, then `.u/D `.v/
and pu.Hj /D pv.Hj / for any Hj 2H n f`.u/g. So uv 2E.G/ and `.u/D `.v/, contradicting (A2).
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Conversely, given a UGP G over H, we construct a realizable GSP as follows. In G, there is a vertex
vi for each piece Gi of G, and we set `.vi /D fHj 2H WG

j
i DHj g. For each Hj … `.vi /, there exists

wj 2 V.Hj / such that Gji D fwj g, and we set pvi
.Hj /Dwj . For any vertices vi ; vi 0 2 V.G/, there is an

edge vivi 0 2E.G/ if and only if pvi
.Hj /D pvi0

.Hj / for every factor Hj … `.vi /[ `.vi 0/.

Since each piece Gi is a finite subproduct of�H , `.vi / is finite for each vi 2 V.G/ and thus (A1) holds.
By definition of pvi

and of the edges of E.G/, (A2) and (A4) also hold. Observe also that G.G/ and G
are isomorphic and thus G is the realization of G. It remains to show that G does not contain infinite
cliques. By (A40), if there exists an infinite clique in G, then there exists an infinite collection fGikgk2K
of pairwise-intersecting pieces. By Lemma 5.2, this implies that there exists a vertex w that belongs to
every piece Gik . Since all pieces of G are distinct and since w belongs to an infinite number of pieces,
there exists an infinite collection of factors fHj 0gj 02J 0 such that for each Hj 0 there exists a piece Gik with
w 2Gik and Gj

0

ik
DHj 0 . Consequently, for each j 0 2 J 0, one can find a vertex wj

0

2�H in G obtained
from w by replacing the coordinate wj 0 by one of its neighbors in Hj 0 . All the wj

0

constructed in this
way are distinct and they are all neighbors of w in G. Consequently, w has infinitely many neighbors
in G and thus G is not locally finite, a contradiction.

We say that a GSP .H;G; `/ satisfies the product-Gilmore condition if for every triangle T D x1x2x3
of G there exists y 2 V.G/ such that y D xi or y � xi for 1� i � 3 and

.`.x1/\ `.x2//[ .`.x2/\ `.x3//[ .`.x1/\ `.x3//� `.y/:

Proposition 5.6 For a realizable GSP .H;G; `/ and any of its realizations fpvgv2V.G/, the UGP G.G/
obtained from G and fpvgv2V.G/ satisfies the 3-piece condition if and only if .H;G; `/ satisfies the
product-Gilmore condition.

Proof Assume .H;G; `/ satisfies the product-Gilmore condition. By (A40), two pieces in the UGP G.G/
obtained from a realization of a GSP G intersect if and only if there is an edge between the corresponding
vertices of G. Thus it is enough to consider three pieces Gx1

, Gx2
and Gx3

corresponding to three vertices
x1, x2 and x3 that are pairwise adjacent in G. By our assumption, there exists a vertex y 2 V.G/ such
that y D xi or y � xi for any 1� i � 3 and .`.x1/\ `.x2//[ .`.x2/\ `.x3//[ .`.x1/\ `.x3//� `.y/.
Consider the piece Gy in G.G/. By (A40), Gy intersects Gx1

, Gx2
, and Gx3

. Moreover, for any factor
Hj 2H, if Gjx1

DG
j
x2
DHj , by the definition of G.G/ we obtain Hj 2 `.x1/\ `.x2/� `.y/. Similarly,

for any Hj 2H such that Gjx2
DG

j
x3
DHj or Gjx1

DG
j
x3
DHj , we have Hj 2 `.y/. This establishes

the 3-piece condition for G.G/.

Conversely, suppose that G.G/ satisfies the 3-piece condition and consider a triangle x1x2x3 of G and
the three corresponding pieces Gx1

, Gx2
and Gx3

of G.G/. By (A40), V.Gx1
/, V.Gx2

/ and V.Gx3
/

pairwise intersect. By the 3-piece condition, there exists x4 2 V.G/ such that V.Gx4
/ intersects V.Gx1

/,
V.Gx2

/, and V.Gx3
/, ie x4 either coincides with or is adjacent to each xi for 1� i � 3. Moreover, for
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each Hj 2 `.x1/\`.x2/ we have Gjx1
DG

j
x2
DHj , and the definition of Gx4

implies that Gjx4
DHj , ie

Hj 2 `.x4/. Consequently `.x1/\`.x2/� `.x4/, and similarly .`.x2/\`.x3//[.`.x1/\`.x3//� `.x4/.
This proves the product-Gilmore condition for .H;G; `/.

From Propositions 5.1 and 5.6 and Theorem 5.4 we obtain the following corollary:

Corollary 5.7 Consider a realizable GSP .H;G; `/ and any of its realizations fpvgv2V.G/. If .H;G; `/
satisfies the product-Gilmore condition and if each factor H 2H is clique-Helly, then G.G/ is a clique-
Helly graph. Furthermore , if the clique complexX.G.G// is simply connected , thenG.G/ is a Helly graph.

Thickenings of locally finite median graphs (ie of CAT.0/ cube complexes) is an instructive example
of clique-Helly graphs that can be obtained via Theorem 5.4 or Corollary 5.7. The pieces of a median
graph G seen as a UGP are the thickenings of the maximal cubes of G. The fact that it satisfies the
product-Gilmore condition follows from the fact that the cell hypergraph is conformal, which can be
derived from the cube condition of the CAT.0/ cube complex Xcube.G/.

5.2 Thickening

The direct product of graphs considered above is the l1 version of the Cartesian product. Thus, when
we turn all k-cubes of the Cartesian product of k paths into simplices, we have the corresponding direct
product of k paths. More generally, a similar operator transforms median graphs into Helly graphs: let
G� be the graph having the same vertex set as G, where two vertices are adjacent if and only if they
belong to a common cube of G. The graph G� is called the thickening of G (for l1-metrization of cube
complexes, of median graphs and, more generally, of median spaces; see [19; 87]).

Proposition 5.8 [10] If G is a locally finite median graph , then G� is a Helly graph and each maximal
clique of G� is a cube of G.

The thickening X� of an abstract cell complex X is a graph obtained from X by making adjacent all
pairs of vertices of X belonging to a common cell of X . Equivalently, the thickening of X is the 2-section
ŒH.X/�2 of the hypergraph H.X/. We say that an abstract cell complex X is simply connected if the
clique complex of its thickening X� is simply connected.

Proposition 5.8 of Bandelt and Van de Vel was extended to the thickenings of the abstract cell complexes
arising from swm-graphs and from hypercellular graphs.

Proposition 5.9 [23; 30] The thickening G� WDX.G/� of the abstract cell complex X.G/ associated
to any locally finite swm-graph or any hypercellular graph G is a Helly graph. Each maximal clique of
G� is a cell of X.G/.

The existing proofs of Propositions 5.8 and 5.9 are based on the following global property ofG�: each ball
of G� defines a gated subgraph of G; thus G� is Helly since gated sets satisfy the finite Helly property.
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Figure 2: A house (left) and a 3-deltoid (right).

5.3 Coarse Helly graphs

The coarse Helly property of a graph G can be used to show via Hellyfication that a group acting on G
geometrically is Helly. In this subsection, we recall the result of [29] that ı-hyperbolic graphs are coarse
Helly and we deduce from a result of [26] that several subclasses of weakly modular graphs (in particular,
cube-free median graphs, hereditary modular graphs and 7-systolic graphs) are coarse Helly.

Proposition 5.10 [29] If G is a ı-hyperbolic graph , then G is coarse Helly for 2ı.

Proposition 5.11 [26] A weakly modular graph not containing isometric cycles of length > 5, houses
or 3-deltoids (see Figure 2) is coarse Helly with constant 1. In particular , cube-free median graphs ,
hereditary modular graphs and 7-systolic graphs are coarse Helly.

It is known that the systolic (bridged) graphs satisfying the conditions of Proposition 5.11 are all
hyperbolic [23; 28]. Cube-free median graphs and, more generally, hereditary modular graphs (which
by a result of [3] are exactly the graphs in which all isometric cycles have length 4) in general are not
hyperbolic. On the other hand, general median graphs are not coarse Helly: already the cubic grid Z3 is
not coarse Helly as shown by the following example:

Example 5.12 In Z3, for any integer n, consider four balls of radius 2n centered at x1D .�2n; 2n;�2n/,
x2 D .2n; 2n; 2n/, x3 D .�2n;�2n; 2n/ and x4 D .2n;�2n;�2n/. Observe first that for any two such
nodes xl and xl 0 , d.xl ; xl 0/D 4n and thus the four balls pairwise intersect. We show that for any node
y D .i; j; k/ 2 Z3, we have maxfd.y; xl/ W 1 � l � 4g � 6n. Assume that y minimizes this maximum.
Observe that if y… Œ�2n; 2n�3, then its gate y0 in the box Œ�2n; 2n�3 is strictly closer to each xl , contrary to
our choice of y. Consequently i; j; k 2 Œ�2n; 2n�, d.y; x1/D iC2nC2n�jCkC2nD 6nC i�jCk,
d.y; x2/ D 6n � i � j � k, d.y; x3/ D 6nC i C j � k and d.y; x4/ D 6n � i C j C k, and thusP4
iD1 d.xi ; y/D 24n. Therefore maxfd.y; xl/ W 1� l � 4g � 6n.

Analogously, the triangular grid (alias, the systolic plane) is also not coarse Helly:

Example 5.13 T3 is the graph of the tiling of the plane into equilateral triangles with side length 1.
T3 is a bridged graph. Pick three vertices x1, x2 and z D x3 of T3 which define an equilateral triangle
�.x1; x2; x3/ of T3 with side length 6n. Consider the three balls B3n.x1/, B3n.x2/ and B3n.x3/. We

Geometry & Topology, Volume 29 (2025)



Helly groups 33

assert that maxfd.y; xi / W 1 � i � 3g � 4n for any vertex y of V.T3/. If y … �.x1; x2; x3/, then y is
in one of the half-planes defined by the sides of �.x1; x2; x3/ and not containing �.x1; x2; x3/, say in
the halfspace defined by x1 and x2. But then d.x3; y/� 6n because x3 has distance � 6n to any vertex
of T3 defined by the line between x1 and x2. Now let y 2 �.x1; x2; x3/. It can be shown easily by
induction on k that if�.x1; x2; x3/ is a deltoid of size k of T3, then d.y; x1/Cd.y; x2/Cd.y; x3/D 2k
for any y 2 �.x1; x2; x3/. This shows that in our case d.y; x1/ C d.y; x2/ C d.y; x3/ � 12n, ie
maxfd.y; xi / W 1� i � 3g � 4n.

5.4 Nerve graphs of clique-hypergraphs

We first show that (clique-)Hellyness is preserved by the nerve complexN.X .G// of the clique-hypergraph
X .G/ of a Helly graph G. Nerve complexes of clique-hypergraphs are also called clique graphs in the
literature; see eg [9]. In general, the nerve complex N.X .G// of the clique-hypergraph of a graph G is
not a flag simplicial complex. However, N.X .G// is flag if G is clique-Helly:

Lemma 5.14 For any locally finite graph G, N.X .G// is a flag simplicial complex if and only if G is a
(finitely) clique-Helly graph.

Proof By definition, N.X .G// is a flag simplicial complex if and only if any finite set of pairwise-
intersecting cliques K1; K2; : : : ; Kp of G have a nonempty intersection. This is precisely the definition
of a finitely clique-Helly graph. Since G is locally finite, G is finitely clique-Helly if and only if G is
clique-Helly.

The first assertion of the following result was first proved by Escalante [41] (he also proved the converse,
that any clique-Helly graph is the clique graph of some graph):

Proposition 5.15 If G is a locally finite clique-Helly graph , then the nerve graph NG.X .G// of the
clique-hypergraph X .G/ is a clique-Helly graph and its flag-completion is a clique-Helly complex. If G is
a locally finite Helly graph , then NG.X .G// is a Helly graph and its flag-completion is a Helly complex.

Proof Let G be a locally finite clique-Helly graph. Let G0 be the nerve graph of the clique-hypergraph
X .G/. Since G is locally finite, G0 is also locally finite. We prove that G0 is clique-Helly by using the
triangle criterion from Proposition 2.9. Let uvw be a triangle in G0. It corresponds to three pairwise
intersecting, and thus intersecting, maximal cliques in G, denoted by the same symbols u, v and w.
Observe that all vertices of .u\v/[ .v\w/[ .w\u/ are pairwise adjacent in G, and thus u\v, v\w
and w\u are all contained in a common maximal clique x in G.X/. We claim that every vertex y in
G0 that is adjacent to u and v in G0 is also adjacent to x in G0. This is so because in G, the maximal
clique y intersects u and v, and hence intersects u\ v since G is a clique-Helly graph. Since u\ v � x,
y intersects x in G and thus x � y in G0. Similarly, the vertex x 2G0 is a universal vertex for triangles
containing fv;wg and fw; ug in G0. Consequently, the nerve graph G0 is clique-Helly.
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Suppose now that G is Helly. By Theorem 4.1, X.G/ is simply connected and G is a clique-Helly graph.
By the first part of the theorem, the 1-skeletonG0DG.Y / of the nerve complex Y of the clique-hypergraph
X .G/ is clique-Helly. By Borsuk’s nerve theorem [18; 17], X.G/ and Y have the same homotopy type.
Consequently, Y is also simply connected. By Theorem 4.1, this implies that G0 DG.Y / is Helly.

We now show that the clique-Hellyness of the nerve graph is preserved by taking covers:

Theorem 5.16 Given two locally finite graphs G and G0 such that the clique complex X.G/ is a cover
of the clique complex X.G0/, the nerve graph NG.X .G// is clique-Helly if and only if the nerve graph
NG.X .G0// is clique-Helly.

Theorem 4.1 immediately gives the following corollary since the nerve complex of the maximal simplices
of a simply connected simplicial complex is simply connected by Borsuk’s nerve theorem [18; 17].

Corollary 5.17 For a locally finite graph G, the nerve graph NG.X . zG// of the clique-hypergraph of the
1-skeleton zG of the universal cover zX.G/ of X.G/ is Helly if and only if the nerve graph NG.X .G// of
the clique-hypergraph X .G/ is clique-Helly.

Theorem 5.16 is proved via the following lemma, establishing that a covering map between the clique
complexes of two graphs extends to a covering map between the nerve complexes of the corresponding
clique-hypergraphs.

Lemma 5.18 Given two locally finite simple graphs G and G0, any covering map ' W X.G/! X.G0/

induces a covering map from N.X .G// to N.X .G0//.

Proof In N.X .G//, the vertices are the maximal cliques of G and a finite set � D fK1; : : : ; Kpg of
cliques of G is a simplex of N.X .G// if

Tp
iD1Ki ¤∅. Since G is locally finite, each maximal clique

K of G is finite. We extend the map ' to all cliques of G: for any clique K D fu1; : : : ; ukg of G, we set
'.K/D f'.u1/; : : : ; '.uk/g. Observe that for any clique K D fu1; : : : ; ukg of G we have ui � uj , and
thus '.ui /� '.uj /. Since G0 is loop-free, '.K/ is a clique of G0 and j'.K/j D jKj.

Consider two cliques K of G and K 0 of G0 such that K 0 D '.K/. For any u 2K, ' induces a bijection
between the cliques containing u and the cliques containing '.u/. So K is a maximal clique of G if and
only if K 0 is a maximal clique of G0. Therefore ' induces a map from V.N.X .G/// to V.N.X .G0///.

We now prove a useful claim:

Claim 5.19 For any maximal cliquesK1 andK2 of G such that K1\K2¤∅, we have '.K1/\'.K2/D
'.K1\K2/.

Proof The inclusion '.K1\K2/�'.K1/\'.K2/ is trivial. Suppose now that the reverse inclusion does
not hold, ie that there exist u1 2K1 nK2 and u2 2K2 nK1 such that '.u1/D '.u2/. Pick u 2K1\K2
and observe that u� u1 since K1 is a clique and u� u2 since K2 is a clique. Consequently the map ' is
not locally injective at u, a contradiction.
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Note that if � D fK1; : : : ; Kpg is a simplex of N.X .G//, then there exists u 2
Tp
iD1Ki . Consequently

'.u/2
Tp
iD1 '.Ki /, and thus the image of a simplex of N.X .G// is a simplex of N.X .G0//. Thus ' is a

simplicial map from N.X .G// to N.X .G0//. Moreover, for any 1� i < j �p we have u2Ki \Kj , and
consequently, by Claim 5.19, '.Ki /\'.Kj /D '.Ki \Kj /. Since j'.Ki /j D jKi j and j'.Kj /j D jKj j,
this implies that if Ki ¤Kj then '.Ki /¤ '.Kj /. Consequently, j'.�/j D j� j.

We now show that ' is locally surjective. Let K0 2 V.N.X .G/// and K 00 D '.K/ 2 V.N.X .G0///
and consider a simplex � 0 D fK 00; K

0
1; : : : ; K

0
pg in N.X .G0//. By definition of N.X .G0//, there exists

u0 2
Tp
iD1K

0
i . Since K 00 D '.K0/, there exists u 2K0 such that u0 D '.u/. Since ' is a covering map

from G to G0, for each 1 � i � p, there exists Ki 2 V.N.X .G/// such that u 2 Ki and K 0i D '.Ki /.
Since u 2

Tp
iD1Ki , � D fK0; K1; : : : ; Kpg is a simplex of N.X .G0// that is mapped to � 0 by '.

We now show that ' is locally injective. Consider K0 2 V.N.X .G/// and assume that there exist
two distinct simplices �1 and �2 in N.X .G// such that K0 2 �1 \ �2 and '.�1/ D '.�2/. Since
j'.�1/j D j�1j and j'.�2/j D j�2j, it implies that there exist K1 2 �1 n �2 and K2 2 �2 n �1 such that
'.K1/D '.K2/. If K1 \K2 ¤ ∅, since j'.K1/j D jK1j and j'.K2/j D jK2j, by Claim 5.19 we have
K1 DK2, a contradiction. Consequently, K1\K2 D∅. Consider two distinct vertices u1 2K0\K1
and u2 2K0\K2. Since j'.K0/j D jK0j, we have '.u1/¤ '.u2/. Since '.K2/D '.K1/, there exists
v1 2K2 such that '.v1/D '.u1/. But u2 � u1 since u1; u2 2K0 and u2 � v1 since u2; v1 2K2. This
contradicts the local injectivity of ' at u2.

Consequently, ' defines a simplicial map from N.X .G// to N.X .G0// that induces a bijection between
the simplices containing a vertex of N.X .G// and the simplices containing its image, ie ' defines a
covering map from N.X .G// to N.X .G0//.

Since a covering map is locally bijective, from Lemma 5.18 and Proposition 2.9 we conclude that the
nerve graph NG.X .G// is clique-Helly if and only if the nerve graph NG.X .G0// is clique-Helly. This
concludes the proof of Theorem 5.16.

5.5 Rips complexes and nerve complexes of ı-ball-hypergraphs

The Rips complex Rı.M/ of a metric space .M; d/ and positive real ı is an abstract simplicial complex
that has a simplex for every finite set of points of M that has diameter at most ı. If .M; d/ is a connected
unweighted graph G, then for any positive real ı, Rı.G/ and Rbıc.G/ coincide. In this case, we can
thus assume that ı is a positive integer, and then the Rips complex Rı.G/ is just the ıth power Gı of G.
Notice that for any ı 2N, the nerve complex N.Bı.G// of the ı-ball-hypergraph Bı.G/ is isomorphic to
the Rips complex R2ı.G/.

Lemma 5.20 Rips complexes Rı.G/ of a Helly graph G are Helly.

Proof As noted above, ı can be assumed to be an integer and thus the Rips complex Rı.G/ coincides
with the ıth power Gı of G. For any vertex v and any radius r , note that Br.v;Gı/D Brı.v;G/. Thus
the result follows since the family of balls of G satisfies the Helly property.
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5.6 Face complexes

The face complex F.X/ of a locally finite abstract simplicial complex X is the simplicial complex whose
vertex set V.F.X// is the set of nonempty simplices of X and where fF1; F2; : : : ; Fkg is a simplex of
F.X/ if

Sk
iD1 Fi is contained in a common simplex F of X . If X is the clique complex of a graph G,

then the vertices of F.X/ are the cliques of G and two cliques K1 and K2 of G are adjacent in the
1-skeleton of F.X/ if K1[K2 is a clique.

Given a maximal simplex � D fF1; F2; : : : ; Fkg of F.X/,
Sk
iD1 Fi is contained in a common simplex

F of X . By maximality of � , F D
S
� D

Sk
iD1 Fi and F is a maximal simplex of X . Moreover,

F 2 � , and consequently, since � is maximal, � D P.F / n f∅g where P.F / is the set of all subsets of F .
Conversely, for any maximal simplex F of X , by definition of F.X/, � D P.F / n f∅g is a simplex of
F.X/. Since F is a maximal simplex of X , � must be a maximal simplex of F.X/. As a result, we
obtain the following lemma:

Lemma 5.21 For any simplicial complexX , the map � 7!
S
� defines a bijection from the set of maximal

simplices of F.X/ to the set of maximal simplices of X , with inverse given by F 7! P.F / n f∅g.

The face complexes of clique complexes are also clique complexes:

Lemma 5.22 For any clique complex X , its face complex F.X/ is also a clique complex.

Proof Let GDG.X/ be the 1-skeleton of X and let G0DG.F.X// be the 1-skeleton of F.X/. For any
edge F1F2 inG0, F1, F2 and F1[F2 are cliques ofG. Consequently, for any clique �DfF1; F2; : : : ; Fkg
in G.F.X//, F1[F2[� � �[Fk is a clique of G. Since X is the clique complex of G, F1[F2[� � �[Fk
is a clique of X and thus � is a simplex of F.X/.

Proposition 5.23 The face complex F.X/ of a locally finite clique-Helly (resp. Helly) complex X is a
locally finite clique-Helly (resp. Helly) complex.

Proof By Lemma 5.22, F.X/ is a clique complex. Let G D G.X/ be the 1-skeleton of X and
G0 D G.F.X// be the 1-skeleton of F.X/. Since G is locally finite, G0 is also locally finite and thus
F.X/ is a locally finite simplicial complex. Consider the bijection � 7!

S
� between the maximal cliques

of F.X/ and the maximal cliques of X defined in Lemma 5.21. Observe that if .�i /i2I is a family of
maximal cliques of F.X/, then

T
i2I �i ¤∅ if and only if

T
i2I

�S
�i
�
¤∅. Consequently, since X is

clique-Helly, F.X/ is also clique-Helly.

Suppose now that X is simply connected. Since the nerve complexes of the clique hypergraphs of X
and F.X/ are isomorphic thanks to the bijection � 7!

S
� , X and F.X/ are homotopy equivalent by

Borsuk’s nerve theorem [18; 17]. Consequently F.X/ is simply connected, and thus by Theorem 4.1
F.X/ is a Helly complex when X is a Helly complex.
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6 Helly groups

As defined above, a group is Helly if it acts geometrically on a (necessarily, locally finite) Helly graph.
The main goal of this section is to provide examples of Helly groups. More precisely, in this section we
prove Theorems 1.1, 1.2, 1.3 and 1.4, some of their consequences and related results.

6.1 Proving Hellyness of a group

To prove that a group � (geometrically) acting on a cell complex X (or on its 1-skeleton G.X/) is Helly,
we will derive from X a Helly complex X� and prove that � acts geometrically on X�. The natural
(and most canonical) way would be to take as X� the Hellyfication Helly.X/ of X . By Theorem 4.2,
Helly.X/ is well defined and Helly for all complexes X . The group � acts on Helly.X/, but the group
action is not always geometrical. However, using the results from Sections 4.2 and 5.3, and a result of
Lang [65], we will prove that hyperbolic groups act geometrically on the Hellyfication of their Cayley
graphs that are hyperbolic, and thus hyperbolic groups are Helly.

In several other cases there are more direct ways to derive X�. In the case of CAT.0/ cubical groups,
based on Proposition 5.8 and the bijection between median graphs and 1-skeletons of CAT.0/ cube
complexes [27; 81], it follows that thickenings along cubes of locally finite CAT.0/ cube complexes
are Helly. Thus CAT.0/ cubical groups are Helly. By Proposition 5.9, the thickenings of locally
finite hypercellular complexes and of locally finite swm-complexes are Helly. Consequently, groups
acting geometrically on hypercellular graphs or swm-graphs are Helly. We use the same technique by
thickening (along cells) to show that classical C.4/–T.4/ small-cancellation and graphical C.4/–T.4/
small-cancellation groups are Helly. In all these cases, the maximal cliques of the thickenings correspond
to cells of the original complex. This allows us to establish that the group � acts geometrically on the
thickening. By considering face complexes, we show that Helly groups are stable by free products with
amalgamation over finite subgroups and by quotients by finite normal subgroups. Using the theory of
quasimedian groups of [45], we provide criteria allowing the construction of Helly groups from groups
acting on quasimedian graphs. This allows us to show that Helly groups are stable by taking graph
products, �-products, Ì-powers and‰-products of groups. We also show that the fundamental groups
of right-angled graphs of Helly groups are Helly.

6.2 CAT.0/ cubical hypercellular, and swm-groups via thickening

A group � is called cubical if � acts geometrically on a median graph G (or on the CAT.0/ cube
complex of G). A group � is called an swm-group if it acts geometrically on an swm-graph G (or on the
orthoscheme complex of G). A group � is called hypercellular if it acts geometrically on a hypercellular
graph G (or on the geometric realization of G).

Any group � acting geometrically on a median graph, swm-graph or hypercellular graph G also acts
geometrically on its thickening G�. From Propositions 5.8 and 5.9 we obtain:
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Proposition 6.1 Cubical groups , swm-groups and hypercellular groups are Helly.

In [23], with every building � of type Cn we associated an swm-graph H.�/ in such a way that any
(proper or geometric) type-preserving group action on � induces a (proper or geometric) action on H.�/.

Corollary 6.2 Uniform type-preserving lattices in isometry groups of buildings of type Cn are Helly.

6.3 Hyperbolic and quadric groups via Hellyfication

If a group � acts geometrically on a graph G, it also acts on its Hellyfication Helly.G/D E0.G/ and
on its injective hull E.G/. However in general, this action is no longer geometric. This is because the
injective hull E.G/ is not necessarily proper and because the points of E.G/ may be arbitrarily far
from e.G/. This does not happen if G is a Helly graph:

Theorem 6.3 Let G be a locally finite Helly graph.

(1) The injective hull E.G/ of G is proper and has the structure of a locally finite polyhedral complex
with only finitely many isometry types of n-cells , isometric to injective polytopes in `n1, for every
n� 1. Moreover , dH .E.G/; e.G//� 1. Furthermore , if G has uniformly bounded degrees , then
E.G/ has finite combinatorial dimension.

(2) A group acting cocompactly, properly or geometrically on G acts cocompactly, properly or
geometrically, respectively, on its injective hull E.G/.

For ˇ � 1, the graph G has ˇ-stable intervals [65] if for every triple of vertices w, v and v0 with v � v0,
we have dH .I.w; v/; I.w; v0// � ˇ, where dH denotes the Hausdorff distance. The proof of the first
assertion of Theorem 6.3(1) is based on the following theorem of Lang [65]:

Theorem 6.4 [65, Theorem 1.1] Let G be a locally finite graph with ˇ-stable intervals. Then the
injective hull of G is proper (that is , bounded closed subsets are compact) and has the structure of a
locally finite polyhedral complex with only finitely many isometry types of n-cells , isometric to injective
polytopes in `n1, for every n� 1.

Next we show that weakly modular graphs (and thus Helly graphs) have ˇ-stable intervals:

Lemma 6.5 Every weakly modular graph has 1-stable intervals.

Proof We need to show that for every triplet of vertices w, v and v0 with d.v; v0/ � 1 and every
u 2 I.w; v/, there exists a vertex u0 2 I.w; v0/ with d.u; u0/ � 1. If v D v0, we are done by taking
u0 D u. Suppose now that v � v0. We proceed by induction on k D d.w; v/C d.w; v0/. The case
k D 0 is obvious. Assume that the statement holds for any j < k and let d.w; v/C d.w; v0/ D k. If
d.w; v0/D d.w; v/C1, then I.w; v/� I.w; v0/ and the result holds. If d.w; v/D d.w; v0/, then, by the
triangle condition (TC) (see Section 2.1) there exists a vertex v� � v; v0 such that v� 2 I.w; v/\I.w; v0/.
Since d.w; v/Cd.w; v�/Dd.w; v/Cd.w; v0/�1Dk�1, by the induction hypothesis, for any u2I.w; v/
there exists u0 2 I.w; v�/� I.w; v0/ such that d.u; u0/� 1. Let d.w; v0/D d.w; v/� 1, ie v0 2 I.w; v/.
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For any u 2 I.w; v/, let u� 2 N.v/\ I.u; v/. By the quadrangle condition, there exists v� such that
v� � v0; u� and v� 2 I.w; v0/\ I.w; u�/. Since d.w; u�/C d.w; v�/D k � 2 and since u 2 I.w; u�/,
by the induction hypothesis there exists u0 such that d.u; u0/� 1 and u0 2 I.w; v�/� I.w; v0/.

To establish the second assertion of Theorem 6.3(1), we use Lang’s results relating the combinatorial
dimension with the notion of cones. In a graph G, the cone [65] determined by the directed pair .x; v/ of
vertices of G is the set C.x; v/D fy 2 V.G/ W v 2 I.x; y/g. Given a vertex v 2 V.G/, we denote by C.v/
the set of all cones C.x; v/ for x 2 V.G/. For a ball B of G, we denote by C.B/ the set of all pointed
cones .v; C.x; v// with v 2B and x 2 V.G/. By [65, Lemma 5.8], the size of C.B/ is finite and bounded
by a function of the size of B .

Proposition 6.6 [65, Proposition 5.12] Let G be a locally finite graph with ˇ-stable intervals. Given a
vertex z 2 V.G/ and ˛ > 0, let B be the ball B2˛ˇ .z/. Then for every f 2 E 0.G/ such that f .z/ � ˛,
we have rk.A.f //� 1

2
jC.B/j.

Proof of Theorem 6.3(1) Properness and the structure of a locally finite polyhedral complex follow
from Theorem 6.4 and Lemma 6.5.

We now show that dH .E.G/; e.G//� 1. Pick any f 2E.G/ and consider f 0 2�0.G/ defined by setting
f 0.x/Ddf .x/e for any x 2V.G/. Let f 00 2E0.G/ such that f 00� f 0, and notice that for any x 2V.G/
we have f 00.x/� f 0.x/ < f .x/C 1. On the other hand, for any x 2 V.G/, by Claim 3.5, for any � > 0,
there exists y 2V.G/ such that f .x/Cf .y/<d.x; y/C��f 00.x/Cf 00.y/C��f 00.x/Cf .y/C1C�.
Consequently f .x/ < f 00.x/C1C� for any � > 0, and thus f .x/� f 00.x/C1. Since G is a Helly graph,
by Theorem 4.2, E0.G/ and G coincide, and thus there exists a vertex z 2 V.G/ such that f 00 D dz ,
establishing that d1.f; dz/� 1.

Now, additionally suppose thatG has uniformly bounded degrees. To show thatE.G/ is finite-dimensional,
pick any f 2E 0.G/ and consider the vertex z 2 V.G/ such that f .z/D d1.f; dz/� 1. By Lemma 6.5,
G has 1-stable intervals, and by Proposition 6.6 applied with ˛ D ˇ D 1, we have that rk.A.f // �
1
2
jC.B2.z//j. Since G has bounded degrees, the size of the balls of radius 2 in G is also bounded, and by

[65, Lemma 5.8] the size of jC.B2.z//j is uniformly bounded by some constant K. Consequently, by
Proposition 6.6 all cells of E 0.X/ are of dimension at most 1

2
K. By [65, Theorem 4.5], E 0.G/DE.G/.

This proves that E.G/ has finite combinatorial dimension.

Theorem 6.3(2) is an immediate corollary of Theorem 6.3(1) and of the next proposition.

Proposition 6.7 Let G be a locally finite graph such that the injective hull E.G/ is proper and satisfies
the bounded distance property, and let � be a group acting on G.

(1) If � acts cocompactly on G, then � acts cocompactly on E.G/ and E0.G/.

(2) If � acts properly on G, then � acts properly on E.G/ and E0.G/.

(3) If � acts geometrically on G, � acts geometrically on E.G/ and E0.G/; thus � is a Helly group.
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Proof Consider the Helly graph E0.G/. Since the set E0.G/ is an integer-valued subspace of E.G/
and E.G/ is proper, the balls of E0.G/ are compact. Therefore the graph E0.G/ is a proper metric
space and thus is locally finite. In particular, all compact sets of E0.G/ are finite. Since E.G/ satisfies
the bounded distance property, there exists ı such that, for each f 2E.G/, we have d1.f; e.G//� ı.

We first assume that � acts cocompactly on G, and then show that � acts cocompactly on E0.G/ and
E.G/. The proof is the same in both cases; we provide it for E0.G/. Since � acts cocompactly on G,
there exists v 2 V.G/ and r 2N such that V.G/D

S
g2� V.Br.gv;G//. Let RD r C ı and considerS

g2� V
�
BR.ge.v/; E

0.G//
�
. For any f 2E0.G/, there exists v0 2 V.G/ such that d1.f; e.v0//� ı.

Since there exists g 2 � such that dG.v0; gv/� r ,

d1.f; ge.v//D d1.f; e.gv//� d1.f; e.v
0//C d1.e.v

0/; e.gv//� ıC dG.v
0; gv/� ıC r:

This shows that E0.G/D
S
g2� V

�
BR.ge.v/; E

0.G//
�
, and thus � acts cocompactly on E0.G/.

We now assume that � acts properly on G, and then show that � acts properly on E0.G/ and E.G/.
Consider a compact setK inE0.G/ orE.G/ and letK 0Dfv2V.G/ W 9f 2K such that d1.f; e.v//� ıg.
Since K 0 is a bounded subset of V.G/, K 0 is finite, and thus e.K 0/ is also finite. Pick any g 2 � such that
NgK\K ¤∅ (where Ng is the inverse of g in �) and some f 2K such that Ngf 2K. Let v 2K 0 such that
d1.f; e.v//� ı. Since � acts on E0.G/ and E.G/, d1. Ngf; Nge.v//D d1.f; e.v//� ı. Since Nge.v/D
e. Ngv/ we have Ngv 2K 0, and thus v 2K 0\gK 0. Hence fg 2� W NgK\K ¤∅g � fg 2� W gK 0\K 0¤∅g.
Since � acts properly on G, the second set is finite and thus � acts properly on E0.G/ and E.G/.

Finally, if � acts geometrically on E0.G/, since E0.G/ is Helly, � is a Helly group.

If we consider a group � acting on a coarse Helly graph G, then the following holds:

Proposition 6.8 A group acting geometrically on a coarse Helly graph with ˇ-stable intervals is Helly.

This result is a particular case of Theorem 6.4 and Propositions 3.12 and 6.7.

From Propositions 5.10 and 6.8, we also get the following corollary:

Corollary 6.9 Hyperbolic groups are Helly.

Proof By Proposition 5.10, any ı-hyperbolic graph G is coarse Helly with constant 2ı. Moreover, if G
has ı-thin geodesic triangles, then one can easily check that G has .ıC1/-stable intervals. The result
then follows from Proposition 6.8.

A group � is quadric if it acts geometrically on a quadric complex [54]. Quadric complexes are cell
complexes that have hereditary modular graphs as 1-skeletons.

Corollary 6.10 Quadric groups are Helly.

Proof Since hereditary modular graphs are weakly modular, they have 1-stable intervals by Lemma 6.5
and they are coarse Helly by Proposition 5.11.
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By [54, Theorem B], any group admitting a finite C.4/–T.4/ presentation acts geometrically on a quadric
complex, leading thus to the following corollary:

Corollary 6.11 Any group admitting a finite C.4/–T.4/ presentation is Helly.

6.4 Graphical small cancellation groups via thickening

Here we prove that finitely presented graphical C.4/–T.4/ small cancellation groups are Helly. We
closely follow [72, Section 6], where graphical C.6/ groups were studied. We begin with general notions
concerning complexes, then graphical C.4/–T.4/ complexes, and proving the Helly property for a class
of graphical C.4/–T.4/ complexes. From this we conclude the Hellyness of the corresponding groups.

In this subsection, unless otherwise stated, all complexes are 2-dimensional CW-complexes with combi-
natorial attaching maps (that is, restriction to an open cell is a homeomorphism onto an open cell) being
immersions — see [72, Section 6] for details. A polygon is a 2-disk with the cell structure that consists
of n vertices, n edges and a single 2-cell. For any 2-cell C of a 2-complex X there exists a map R!X ,
where R is a polygon and the attaching map for C factors as S1! @R!X . By a cell we will mean a
map R!X where R is a polygon. An open cell is the image in X of the single 2-cell of R. A path in X
is a combinatorial map P !X where P is either a subdivision of the interval or a single vertex. In the
latter case we call P !X a trivial path. The interior of the path is the path minus its endpoints. Given
paths P1! X and P2! X such that the terminal point of P1 is equal to the initial point of P2, their
concatenation is the obvious path P1P2!X whose domain is the union of P1 and P2 along these points.
A cycle is a map C !X , where C is a subdivision of the circle S1. The cycle C !X is nontrivial if it
does not factor through a map to a tree. A path or cycle is simple if it is injective on vertices. Notice that
a simple cycle (of length at least 3) is nontrivial. The length of a path P or a cycle C , denoted by jP j
or jC j, respectively, is the number of 1-cells in the domain. A subpath Q!X of a path P !X (or a
cycle) is a path that factors as Q! P !X such that Q! P is an injective map.

A disk diagram is a contractible finite 2-complex D with a specified embedding into the plane. We call D
nonsingular if it is homeomorphic to the 2-disc, otherwise D is called singular. The area of D is the
number of 2-cells. The boundary cycle @D is the attaching map of the 2-cell that contains the point f1g,
when we regard S2 D R2 [ f1g. A boundary path is any path P !D that factors as P ! @D!D.
An interior path is a path such that none of its vertices, except for possibly endpoints, lie on the boundary
of D. If X is a 2-complex, then a disk diagram in X is a map D!X .

A piece in a disk diagram D is a path P !D for which there exist two different lifts to 2-cells of D, ie
there are 2-cells Ri!D and Rj !D such that P !D factors both as P !Ri!D and P !Rj !D,
but there does not exist an isomorphism Rj !Ri making the following diagram commutative:

P Ri

Rj D
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Let ' WG!‚ be an immersion of graphs where ‚ is connected and G does not have vertices of degree
0 or 1. For convenience we will write G as the union of its connected components G D

F
i2I Gi , and

refer to the connected graphs Gi as relators.

A thickened graphical complex X is a 2-complex with 1-skeleton ‚ and a 2-cell attached along every
immersed cycle in G (if a cycle C ! G is immersed, then in X there is a 2-cell attached along the
composition C !G!‚). A (nonthickened) graphical complex X� is a 2-complex obtained by gluing
a simplicial cone C.Gi / along each Gi !‚:

X� D‚['
G
i2I

C.Gi /:

For any Gi ! X we have a thick cell Th.Gi /! X , where Th.Gi / is formed by gluing 2-cells along
all immersed cycles in Gi . In X� a cone-cell is the corresponding map C.Gi /!X . Note that the two
complexes X and X� have the same fundamental groups. To be consistent with the approach in [72], in
the following material we usually work with the thickened complex X , however the results could also be
formulated for X�.

Let X be a thickened graphical complex. A piece in X is a path P ! X for which there exist two
different lifts to G, ie there are two relators Gi and Gj such that the path P !X factors as P !Gi!X

and P !Gj !X , but there does not exist an isomorphism Th.Gj /! Th.Gi / such that the following
diagram commutes:

P Th.Gi /

Th.Gj / X

A disk diagramD!X is reduced if for every piece P !D the composition P !D!X is a piece inX .

Lemma 6.12 (Lyndon–Van Kampen lemma) Let X be a thickened graphical complex and let C !X

be a closed homotopically trivial path. Then:

(1) There exists a disk diagram D!X such that the path C factors as C ! @D!X , and C ! @D

is an isomorphism.

(2) If a diagram D!X is not reduced , then there exists a diagram D1!X with smaller area and the
same boundary cycle in the sense that there is a commutative diagram

@D1 @D

X

Š

(3) Any minimal-area diagram D!X such that C factors as C Š�! @D!X is reduced.
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Definition 6.13 We say that a thickened graphical complex X satisfies

� the C.4/ condition if no immersed cycle C !X that factors as C !Gi !X is the concatenation
of fewer than four pieces, and

� the T.4/ condition if there does not exist a reduced nonsingular disk diagram D ! X with D
containing an internal 0-cell v, of valence 3, that is, contained in exactly three corners of 2-cells.

If X satisfies both conditions we call it a C.4/–T.4/ thickened graphical complex. The corresponding
complex X� is called a C.4/–T.4/ graphical complex.

If D is a disk diagram, we define small cancellation conditions in a very similar way, except that a piece
is understood as a piece in a disk diagram.

Proposition 6.14 If X is a C.4/–T.4/ thickened graphical complex and D ! X is a reduced disk
diagram , then D is a C.4/–T.4/ diagram.

Proof The assertion follows immediately from the definitions of a reduced map and a piece.

The following lemma is a graphical C.4/–T.4/ analog of [72, Theorem 6.10] — the graphical C.6/ case —
and [54, Propositions 3.4, 3.5 and 3.7 and Corollary 3.6] — the classical C.4/–T.4/ case.

Lemma 6.15 Let X be a simply connected C.4/–T.4/ thickened graphical complex. Then:

(1) For every relator Gi , the map Gi !X is an embedding.

(2) The intersection of (the images of ) any two relators is either empty or it is a finite tree.

(3) If three relators pairwise intersect then they all intersect and the intersection is a finite tree.

Proof We proceed by contradiction, assuming the statement does not hold and showing that this leads to
a forbidden reduced disk diagram in each case.

(1) Suppose there is a relator G1 that does not embed. Let v and v0 be two vertices of G1 mapped to a
common vertex v11 in X , and let 
 be a geodesic path in G1 between v and v0. The path 
 is mapped
to a loop 
1 in X . By simple connectedness and Lemma 6.12 there exists a reduced disk diagram D

for 
1; see Figure 3, left. We may assume that we choose a counterexample so that the area (the number
of 2-cells) of D is minimal among all counterexamples.

v12

F1

F1 F2

F3


1 D


1

˛1

F1

v11

D

F2


2

˛1

˛2

v21

˛1

˛2

˛3

D
1

2


3v31
v23

v12

Figure 3: The proof of Lemma 6.15. From left to right: (1), (2) and (3).
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F1
˛1


1

P

F 0
Q
D0

v11

Figure 4: The proof of Lemma 6.15(1).

Now consider a larger disk diagram D [ F1 where F1 is a cell whose boundary is the concatenation

1˛1 which is mapped to a loop in G1, and the only common point of 
1 and ˛1 is v11; see Figure 3,
left. The existence of F1 follows from our assumption that there are no degree-1 vertices in relators. The
diagram D [F1 cannot be reduced, otherwise it would be a C.4/–T.4/ diagram by Proposition 6.14,
and this would contradict eg [54, Proposition 3.4]. Hence, by the definition of a reduced diagram, there
is a piece P in D [F1 that does not lift to a piece in X . Since D is reduced, it follows that P has to
lie on 
1. Since P does not lift to a piece in X , P is a part of the boundary of a cell F 0 such that its
other boundary part Q maps to G1 as well; see Figure 4. Thus replacing the subpath P of 
1 by Q and,
if necessary, reducing the resulting loop to get an immersed one, we get a new counterexample with a
diagram D0, such that D DD0[F 0, of smaller area. This is a contradiction and so proves (1).

(2) First we prove that the intersection of two relators is connected. We proceed analogously to the
proof of (1). Suppose not, and let G1 and G2 intersect in a nonconnected subgraph leading to a reduced
disk diagram as in Figure 3, middle, with the boundary of Fi mapping to Gi . Again, we assume
that D has minimal area among counterexamples and consider the extended disk diagram D[F1[F2.
By [54, Proposition 3.5] the new diagram is not reduced, and hence, as in the proof of (1), we get
to a contradiction by finding a new counterexample with a smaller area diagram. This proves the
connectedness of the intersection of two relators. The fact that such intersections do not contain cycles
follows immediately from the C.4/ condition.

(3) By (1) and (2) it is enough to show that the triple intersection is nonempty. Here we proceed
analogously to (1) and (2). The corresponding diagrams are depicted in Figure 3, right, and the fact that
the extended diagram D[F1[F2[F3 is not reduced follows from [54, Proposition 3.7].

Lemma 6.16 LetG1, G2 andG3 be three pairwise-intersecting relators in a simply connected C.4/–T.4/
thickened graphical complex X . Then the intersection Gi \Gj of any two relators is contained in the
third one.

Proof Suppose not. Let vi be a vertex inGj\Gk not inGi for fi; j; kgDf1; 2; 3g. By Lemma 6.15 there
exists a vertex v 2G1\G2\G3 and immersed paths 
i �Gj \Gk from v to vi for all fi; j; kgD f1; 2; 3g.
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v

1 
3


2
F1

F2

F3

v1

v2

v3

Figure 5: The proof of Lemma 6.16.

By our assumption that there are no degree-1 vertices, we may find a reduced disk diagram consisting of
cells Fi mapped to Gi for i D 1; 2; 3, as in Figure 5. This contradicts the T.4/ condition.

Lemma 6.17 Let X be a simply connected C.4/–T.4/ thickened graphical complex and consider a
collection fGi !Xgi2I of relators. If for every i; j 2 I the intersection Gi \Gj is nonempty, then the
intersection

T
i2I Gi is a nonempty tree.

Proof This follows directly from Lemmas 6.16 and 6.15(3).

In view of Lemmas 6.16 and 6.15, for a simply connected C.4/–T.4/ graphical complexX� we may define
a flag simplicial complex X�, called its thickening, as follows: vertices of X� are the vertices of X�, and
two vertices are connected by an edge if and only if they are contained in a common cone-cell. (Observe
that the thickening of a graphical complex is not the corresponding thickened graphical complex.)

Theorem 6.18 Let X� be a simply connected C.4/–T.4/ graphical complex. Then the 1-skeleton of the
thickening X� of X� is Helly. Consequently, a group acting geometrically on X� is Helly.

Proof Since cone-cells are contractible and, by Lemma 6.17, all their intersections are contractible
or empty, by Borsuk’s nerve theorem [18; 17] the thickening X� is homotopically equivalent to X�.
By Lemmas 6.16 and 6.15, the hypergraph defined by the thickening is triangle-free, and hence, by
Proposition 2.11 the 1-skeleton of X� is clique-Helly. The theorem now follows by Theorem 4.1.

Examples of groups as in Theorem 6.18 are given by the following construction. A graphical presentation
P D hS W 'i is a graph G D

F
i2I Gi and an immersion ' W G ! RS , where every Gi is finite and

connected and RS is a rose, ie a wedge of circles with edges (cycles) labeled by a set S . Alternatively,
the map ' W G ! RS , called a labeling, may be thought of as an assignment: to every edge of G we
assign a direction (orientation) and an element of S .

A graphical presentation P defines a group � D �.P/D �1.RS /=hh'�.�1.Gi //i2I ii. In other words �
is the quotient of the free group F.S/ by the normal closure of the group generated by all words (over
S [S�1) read along cycles in G (where an oriented edge labeled by s 2 S is identified with the edge of
the opposite orientation and the label s�1). Observe that removing vertices of degree 1 from G does not
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change the group. Hence we may assume that there are no such vertices in G. A piece is a path P labeled
by S such that there exist two immersions p1 W P !G and p2 W P !G, and there is no automorphism
ˆ WG!G such that p1 Dˆ ıp2.

Consider the graphical complex X� DRS ['
F
i2I C.Gi /. The fundamental group of X� is isomorphic

to � . In the universal cover zX� of X� there might be multiple copies of cones C.Gi / whose attaching
maps differ by lifts of Aut.Gi /. After identifying all such copies, we obtain the complex zXC. The
group � acts geometrically, but not necessarily freely, on zXC. We call the presentation P a C.4/–T.4/
graphical small cancellation presentation when the complex X� is a C.4/–T.4/ graphical complex. The
presentation P is finite, and the group � is finitely presented if the graph G is finite and the set S (of
generators) is finite. As an immediate consequence of Theorem 6.18 we obtain the following:

Corollary 6.19 Finitely presented graphical C.4/–T.4/ small cancellation groups are Helly.

6.5 Free products with amalgamation over finite subgroups

Let H be a graph with vertex set fwj gj2J . For a collection fHj gj2J of graphs indexed by vertices of H ,
we consider the collection FH WD fF.Hj /gj2J of their face complexes. For every edge e D fuj ; uj 0g
in H we pick vertices wej 2F.Hj / and wej 0 2F.Hj 0/. The amalgam of FH overH , denoted by H.FH/,
is a graph defined as follows: Vertices of H.FH/ are equivalence classes of the equivalence relation onS
j2J V.F.Hj // induced by the relation wej � w

e
j 0 for all edges e of H . Edges of H.FH/ are induced

by edges in the disjoint union
F
j2J F.Hj /. The part of Theorem 1.3(1) concerning free products with

amalgamations over finite subgroups is implied by the following result. The case of HNN-extensions
follows analogously.

Theorem 6.20 For i D 1; 2 let �i act geometrically on a Helly graph Gi , and let � 0i < �i be finite
subgroups such that � 01 and � 02 are isomorphic. Then the free product �1 �� 01Š� 02 �2 of �1 and �2 with
amalgamation over � 01 Š �

0
2 acts geometrically on an amalgam H.FH/ of FH over H , where H is a

tree , elements of H are copies of G1 and G2, and such that H.FH/ is Helly.

Proof LetH be the Bass–Serre tree for �1�� 01Š� 02�2. For a vertexwj ofH corresponding to �i we define
Hj to be a copy of Gi . For an edge e in H we define wej to be a vertex fixed in Hj by the corresponding
conjugate of � 01Š�

0
2 (such a vertex exists by Theorem 7.1 and Proposition 5.23). An equivariant choice of

vertices wej leads to an amalgam H.FH/ acted geometrically upon by �1 �� 01Š� 02 �2. The graph H.FH/
is Helly since it can be obtained by consecutive gluings of two Helly graphs along a common vertex —
such a gluing obviously results in a Helly graph (for a more general gluing procedure see [68]).

6.6 Quotients by finite normal subgroups

Let � act (by automorphisms) on a complex X . Then � acts on F.X/ and we define the fixed-point
complex F.X/� in the face complex as the subcomplex spanned by all vertices of F.X/ fixed by � (that
correspond to the cliques of X stabilized by �). The following theorem implies Theorem 1.3(5):
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Theorem 6.21 Let � be a group acting by automorphisms on a clique-Helly graph G. Let N C � be a
finite normal subgroup. Then �=N acts by automorphisms on the clique-Helly complex F.X.G//N . If
G is Helly then F.X.G//N is Helly as well. If the � action on G is proper or cocompact then the induced
action of �=N on F.X.G//N is proper or cocompact , respectively.

Proof The �-action on G induces the �-action on F.X.G//, and consequently the �=N -action on
F.X.G//N . It is clear that the latter is proper or cocompact if the initial action is so. By Lemma 7.7 and
Corollary 7.8 the complex F.X.G//N is (clique-)Helly if G is so.

6.7 Actions with Helly stabilizers

Our goal now is to apply the general theory developed in [45] in order to show that the family of
Helly groups is stable under several group-theoretic operations. The main theorem in this direction is
Theorem 6.24, which shows that if a group acts on a quasimedian graph in a specific way and if clique
stabilizers are Helly, then the group must be Helly as well. We emphasize that, contrary to the rest of
the article, our quasimedian graphs may not be locally finite; in particular, their cliques will typically be
infinite. We begin by giving general definitions and properties related to quasimedian graphs.

6.7.1 Preliminaries on quasimedian graphs Recall that a graph is quasimedian if it is weakly modular
and does not contain K�4 or K3;2 as induced subgraphs. Several subgraphs are of interest in the study of
quasimedian graphs:

� In this subsection, by a clique, we mean a maximal complete subgraph.

� A prism is an induced subgraph which decomposes as a Cartesian product of cliques. The maximal
number of factors of a prism in a quasimedian graph is referred to as its cubical dimension (which may
be infinite). (Observe that, by maximality of our cliques, a single vertex defines a prism of zero cubical
dimension if and only if it is isolated.)

� A hyperplane is an equivalence class of edges with respect to the transitive closure of the relation
which identifies two edges whenever they belong to a common triangle or they are opposite sides of a
square (ie a four-cycle). Two cliques are parallel if they belong to the same hyperplane. Two hyperplanes
are transverse if their union contains two adjacent edges of some square.

� According to [45, Proposition 2.15], a hyperplane separates a quasimedian graph, that is, the graph
obtained by removing the interiors of the edges of a hyperplane contains at least two connected components.
Such a component is a sector delimited by the hyperplane.

According to [7; 45, Lemmas 2.16 and 2.80], cliques and prisms are gated subgraphs. For convenience, in
the sequel we will refer to the map sending a vertex to its gate in a given gated subgraph as the projection
onto this subgraph.

6.7.2 Systems of metrics Given a quasimedian graph G, a system of metrics is the data of a metric ıC
on each clique C of G. Such a system is coherent if for any two parallel cliques C and C 0 one has
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ıC .x; y/ D ıC 0.tC!C 0.x/; tC!C 0.y// for all vertices x; y 2 C , where tC!C 0 denotes the projection
of C onto C 0. As shown in [45, Section 3.2], it is possible to extend a coherent system of metrics to
a global metric on G. Several constructions are possible; we focus on the one which will be relevant
for our study of Helly groups. A chain R between two vertices x; y 2 V.G/ is a sequence of vertices
.x1 D x; x2; : : : ; xn�1; xn D y/ such that, for every 1� i � n� 1, the vertices xi and xiC1 belong to a
common prism, say Pi . The length of R is `.R/D

Pn�1
iD1 ıPi

.xi ; xiC1/, where ıPi
denotes the `1-metric

associated to the local metrics defined on the cliques of Pi . Then the global metric extending our system
of metrics is

ı1 W .x; y/ 7!minf`.R/ WR is a chain between x and yg:

Throughout this section, all our local metrics will be graph metrics. It is worth noticing that, in this case,
ı1 turns out to be a graph metric as well. Consequently, .G; ı1/ will be considered as a graph. More
precisely, this graph has V.G/ as its vertex set and its edges link two vertices if they are at ı1-distance 1.
Notice that if P DC1�� � ��Cn is a prism of G, then the graph .P; ı1/ is isometric to the direct product
.C1; ıC1

/� � � �� .Cn; ıCn
/.

The main result of this section is that extending a system of Helly graph metrics produces a global metric
which is again Helly. More precisely:

Proposition 6.22 Let G be a quasimedian graph of finite cubical dimension endowed with a coherent
system of graph metrics fıC W C is a clique of Gg. Suppose that .C; ıC / is a locally finite Helly graph
for every clique C of G and that each vertex belongs to only finitely many cliques. Then .G; ı1/ is a
Helly graph.

We begin by proving the following preliminary lemma:

Lemma 6.23 Suppose G is a quasimedian graph endowed with a coherent system of graph metrics
fıC W C is a clique of Gg and that the clique complex of .C; ıC / is simply connected for every clique C
of G. Then the clique complex of .G; ı1/ is simply connected as well.

Proof Let 
 be a cycle in the 1-skeleton of .G; ı1/. We prove by induction on the number of hyperplanes
of G crossed by 
 that 
 is nullhomotopic in the clique complex of .G; ı1/. Of course, if 
 does not
cross any hyperplane then it has to be reduced to a single vertex and there is nothing to prove. So from
now on we assume that 
 crosses at least one hyperplane.

Let Y � V.G/ denote the gated hull of the vertex set of 
 . Notice that the subgraph of .G; ı1/ spanned
by the vertices of Y coincides with .Y; ı1/. According to [45, Proposition 2.68], the hyperplanes of Y
are exactly the hyperplanes of G crossed by 
 . If the hyperplanes of Y are pairwise transverse, then it
follows from [45, Lemma 2.74] that Y is a single prism. Consequently, .Y; ı1/ is the direct product of
graphs whose clique complexes are simply connected, so 
 must be nullhomotopic in the clique complex
of .G; ı1/. From now on assume that Y contains at least two hyperplanes, say J and H , which are
not transverse.
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Let S denote the sector delimited by H which contains J . Decompose 
 as a concatenation of subpaths
˛1ˇ1 � � �˛nˇn˛nC1 such that ˛1; : : : ; ˛nC1 are included in S and ˇ1; : : : ; ˇn intersect S only at their
endpoints. For every 1 � i � n, fix a path �i � .Y; ı1/ between the endpoints of ˇi which does not
cross J (such a path exists as a consequence of [45, Proposition 3.16]). Notice that ˇi��1i is a cycle which
does not cross H , so by our induction assumptions we know that ˇi and �i are homotopic (in the clique
complex). Therefore 
 is homotopic (in the clique complex) to the cycle ˛1�1 � � �˛n�n˛nC1, which does
not crossH . We conclude that 
 is nullhomotopic (in the clique complex) by our induction assumptions.

Proof of Proposition 6.22 Fix a set C of representatives of cliques modulo parallelism. For every C 2 C,
let �C WG! C denote the projection onto C . We claim that

� W .G; ı1/! �
C2C

.C; ıC /; x 7! .�C .x//;

is an injective graph morphism.

Let x; y 2 .G; ı1/ be two adjacent vertices, ie ı1.x; y/D 1. So there exists a prism P of G, thought of
as a product of cliques C1 � � � � �Cn, which contains x and y and such that the projections of x and y
onto each Ci are identical or ıCi

-adjacent. For every 1� i � n, let C 0i 2 C denote the representative of Ci .
Because our system of metrics is coherent, we also know that the projections of x and y onto each C 0i are
identical or ıC 0

i
-adjacent. Therefore �.x/ and �.y/ are adjacent in the subgraph�1�i�n.C

0
i ; ıC 0i

/ of

�C2C.C; ıC /. Thus � is a graph morphism.

Now, let x; y 2 .G; ı1/ be two distinct vertices. By [45, Proposition 2.30], there exists a hyperplane
separating x and y. Therefore if C 2 C denotes the representative clique dual to this hyperplane, then
�C .x/¤ �C .y/. Hence �.x/¤ �.y/, proving that � is indeed injective.

Notice that the image of a prism of G under � is a finite subproduct of�C2C.C; ıC /. Moreover, because
every vertex of G belongs to only finitely many cliques and because each .C; ıC / is locally finite, .G; ı1/
must be locally finite. As a consequence, .G; ı1/ is a UGP over f.C; ıC / W C 2 Cg. We claim that our
UGP satisfies the 3-piece condition, so let P1, P2 and P3 be three pairwise-intersecting prisms in G.
Because prisms are gated, they satisfy the Helly property, so there exists a vertex x 2 P1 \P2 \P3.
Let J denote the set of all the hyperplanes that have a clique in at least two prisms among P1, P2 and P3.
Observe that any two distinct hyperplanes J1; J2 2 J are transverse (ie there exists a prism containing
cliques from both J1 and J2). For every J 2 J , fix a clique CJ � P1 [P2 [P3 in J that contains x
and let P denote the gated hull of the union of all the CJ for J 2 J . Because the hyperplanes in J are
pairwise transverse, we deduce from [45, Proposition 2.68 and Lemma 2.74] that P is a prism. Our goal
is to show that P is the piece of G we are looking for. So let C 2 C be such that at least two prisms
among P1, P2 and P3 have projection C on the C -coordinate. It follows from [45, Lemma 2.20] that the
hyperplane J containing C intersects at least two prisms among P1, P2 and P3, and hence J 2 J . By
construction, P contains a clique in J , and hence a clique parallel to C . In other words, C is also the
projection of P on the C -coordinate, as desired. Thus we have verified that the 3-piece condition holds.
We conclude that .G; ı1/ is a Helly graph by combining Theorem 5.4 with Lemma 6.23.

Geometry & Topology, Volume 29 (2025)



50 Jérémie Chalopin, Victor Chepoi, Anthony Genevois, Hiroshi Hirai and Damian Osajda

6.7.3 Constructing Helly groups We are now ready to construct new Helly groups from old ones.
Recall from [45] that the action of a group � on a quasimedian graph G is topical-transitive if it satisfies
the two following conditions:

(1) For every hyperplane J , every clique C � J and every g 2 stab.J /, there exists h 2 stab.C / such
that g and h induce the same permutation on the set of sectors delimited by J .

(2) For every clique C of G either
� C is finite and stab.C /D fix.C /, or
� stab.C /Õ C is free and transitive on the vertices.

Then the statement we are interested in is:

Theorem 6.24 Let � be a group acting topically transitively on a quasimedian graph G. Suppose that

� every vertex of G belongs to finitely many cliques ,

� every vertex stabilizer is finite ,

� the cubical dimension of G is finite ,

� G contains finitely many �-orbits of cliques , and

� for every maximal prism P D C1 � � � � �Cn, we have stab.P /D stab.C1/� � � � � stab.Cn/.

If clique stabilizers are Helly, then so is � .

Before turning to the proof of Theorem 6.24, we need the following easy observation (which can be
proved by following [45, Lemma 4.34]):

Lemma 6.25 For every Helly group � , there exist a Helly graph G and a vertex x0 2G such that � acts
geometrically on G and stab.x0/ is trivial.

Proof of Theorem 6.24 First, observe that G contains only finitely many �-orbits of prisms. Indeed, let
C be a finite collection of representatives of cliques modulo the action of � . For every C 2 C, fix a vertex
xC 2 C . Let P denote the set of all the prisms in G that contain xC for some C 2 C. Since each vertex
belongs to finitely many cliques by assumption, we know that P is a finite collection. Now, if P is an
arbitrary prism in G, there must exist g 2 � and C 2 C such that gP contains C , and a fortiori xC , and
hence gP 2 P . This proves our observation. By combining Lemma 6.25 with [45, Proposition 7.8], there
exists a new quasimedian graph Y endowed with a coherent system of metrics fıC W C is a clique of Y g
such that � acts geometrically on .Y; ı1/ and such that .C; ıC / is a Helly graph for every clique C of Y .
Since .Y; ı1/ is a Helly graph by Proposition 6.22, we conclude that � is a Helly group.

We now record several applications of Theorem 6.24.

6.7.4 Graph products of groups Given a simplicial graph G and G D f�u W u 2 V.G/g a collection of
groups indexed by the vertices of G (called vertex-groups), the graph product GG is the quotient� ¨

u2V.G/

�u

�ı
hhŒg; h�D 1; g 2 �u; h 2 �v if .u; v/ 2E.G/ii:

Geometry & Topology, Volume 29 (2025)



Helly groups 51

For instance, if G has no edge then GG is the free product of G, and if G is a complete graph then GG is
the direct sum of G. One often says that graph products interpolate between free products and direct sums.

By combining Theorem 6.24 with [45, Proposition 8.14], one obtains:

Theorem 6.26 Let G be a finite simplicial graph and G a collection of groups indexed by V.G/. If the
vertex-groups are Helly, then so is the graph product GG.

6.7.5 Diagram products of groups Let P D h† WRi be a semigroup presentation. We assume that if
uD v is a relation which belongs to R then vD u does not belong to R; in particular, R does not contain
relations of the form uD u. The Squier complex S.P/ is the square-complex

� vertices are the positive words w 2†C,

� edges .a; uD v; b/ link aub and avb where .uD v/ 2R, and

� squares .a; u D v; b; p D q; c/ are delimited by the edges .a; u D v; bpc/, .a; u D v; bqc/,
.aub; p D q; c/ and .avb; p D q; c/.

The connected component of S.P/ containing a given word w 2 †C is denoted by S.P; w/. Given
a collection of groups G D f�s; s 2 †g labeled by the alphabet †, the diagram product D.P;G; w/ is
isomorphic to the fundamental group of the following 2-complex of groups:

� The underlying 2-complex is the 2-skeleton of the Squier complex S.P; w/.
� To any vertex uD s1 � � � sr 2†C is associated the group �u D �s1 � � � � ��sr .

� To any edge e D .a; u! v; b/ is associated the group �e D �a ��b .

� To any square is associated the trivial group.

� For every edge eD .a; u! v; b/, the monomorphisms �e!�aub and �e!�avb are the canonical
maps �a ��b! �a ��u ��b and �a ��b! �a ��v ��b .

We refer to [50; 45, Section 10] for more information about diagram products of groups. By Theorem 6.24
and [45, Proposition 10.33 and Lemma 10.34], one obtains:

Theorem 6.27 Let P D h† WRi be a finite semigroup presentation , G a collection of groups indexed by
the alphabet † and w 2†C a baseword. If fu 2†C W uD w mod Pg is finite and if the groups of G are
all Helly, then the diagram product D.P;G; w/ is a Helly group.

Explicit examples of diagram products can be found in [45, Section 10.7]. For instance, the �-product of
two groups �1 and �2, defined by the relative presentation

�1��2 D h�1; �2; t W Œg; h�D Œg; tht�1�D 1 for g 2 �1 and h 2 �2i

is a diagram product [45, Example 10.65]. As it satisfies the assumptions of Theorem 6.27, it follows that:

Corollary 6.28 If �1 and �2 are two Helly groups , then so is �1��2.
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6.7.6 Right-angled graphs of groups Roughly speaking, right-angled graphs of groups are fundamental
groups of graphs of groups obtained by gluing graph products together along “simple” subgroups. We
refer to [83] for more information about graphs of groups.

Definition 6.29 Let G and H be two simplicial graphs, and G and H be two families of groups indexed
by V.G/ and V.H/, respectively. A morphism ˆ WGG!HH is a graphical embedding if there exists an
embedding f WG!H and isomorphisms 'v W �v! �f .v/ for v 2 V.G/, such that f .G/ is an induced
subgraph of H and ˆ.g/D 'v.g/ for every v 2 V.G/ and g 2 �v.

Definition 6.30 A right-angled graph of groups is a graph of groups such that each (vertex- and
edge-)group has a fixed decomposition as a graph product and such that each monomorphism of an
edge-group into a vertex-group is a graphical embedding (with respect to the structures of graph products
we fixed).

In the following, a factor will refer to a vertex-group of one of these graph products. Let G be a right-
angled graph of groups. Notice that, if e is an oriented edge from a vertex x to another y, then the
two embeddings of �e in �x and �y given by G provide an isomorphism 'e from a subgroup of �x to a
subgroup of �y . Moreover, if � � �x is a factor, then 'e.�/ WD fg 2 �y W 9h 2 � such that 'e.h/D gg is
either empty or a factor of �y . Set

ˆ.�/D f'ek
ı � � � ı'e1

W e1; : : : ; ek is an oriented cycle at x; 'ek
ı � � � ı'e1

.�/D �g;

thought of as a subgroup of the automorphism group Aut.�/.

By combining Theorem 6.24 with [45, Proposition 11.26 and Lemma 11.27], one obtains:

Theorem 6.31 Let G be a right-angled graph of groups such that ˆ.�/ D fIdg for every factor � .
Suppose that the underlying abstract graph and the simplicial graphs defining the graph products are all
finite. If the factors are Helly, then so is the fundamental group of G.

For explicit examples of fundamental groups of right-angled graphs of groups see [45, Section 11.4].
For instance, the Ì-power of a group � [45, Example 11.38], defined by the relative presentation
�Ì D h�; t W Œg; tgt�1� D 1 for g 2 �i, is the fundamental group of a right-angled graph of groups
satisfying the assumptions of Theorem 6.31, and hence:

Corollary 6.32 If � is a Helly group , then so is �Ì.

Also, the‰-product of two groups �1 and �2 [45, Example 11.39], defined by the relative presentation
�1 ‰ �2 D h�1; �2; t W Œg; h� D Œg; tht

�1� D Œh; tht�1� D 1 for g 2 �1 and h 2 �2i, is the fundamental
group of a right-angled graph of groups satisfying the assumptions of Theorem 6.31, and hence:

Corollary 6.33 If �1 and �2 are Helly groups , then so is �1‰ �2.
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7 Properties of Helly groups

The main goal of this section is proving Theorem 1.5(2)–(4) and (6)–(9). (Theorem 1.5(1) is proved in
the subsequent Section 8 and Theorem 1.5(5) follows from Theorems 3.13 and 6.3.) On the way we show
also some immediate consequences of the main results and prove related facts concerning groups acting
on Helly graphs.

7.1 Fixed points for finite group actions

In this subsection we prove Theorem 1.5(2), which states that every Helly group has only finitely many
conjugacy classes of finite subgroups. It is an immediate consequence of the following result, which is
interesting on it own:

Theorem 7.1 (fixed point theorem) Let � be a group acting by automorphisms on a Helly graph G
without infinite cliques. If � has bounded orbits , then there exists a clique of G stabilized by � . In
particular , there is a fixed vertex of the induced action of � on the face complex F.G/.

Proof Pick a vertex v of G and consider its �-orbit �v. Let N be the diameter of �v. The intersection
B WD

T
g2� BN .gv/ of N -balls centered at vertices of the orbit �v is a nonempty bounded �-invariant

Helly graph. Since G does not contain infinite simplices, by [77, Theorem A], the graph B contains a
clique stabilized by � .

Proof of Theorem 1.5(2) This follows immediately from the fixed point theorem, Theorem 7.1, as in,
for example, the case of CAT.0/ groups in [21, Proposition I.8.5].

Remark 7.2 Theorem 1.5(2) can be also deduced from [38] or [65, Proposition 1.2] combined with our
Theorem 6.3.

7.2 Flats vs hyperbolicity

Proof of Theorem 1.5(3) Suppose that � is hyperbolic. Then G is hyperbolic and, clearly, does not
contain an isometric `1-square-grid. For the converse, recall that if � is not hyperbolic then G contains
isometric finite `1-square-grids of arbitrary size, by Proposition 4.5. Since � acts geometrically on G
(and, in particular, G is locally finite), by a diagonal argument it follows that G contains an isometric
infinite `1-grid; see eg [21, Lemma II.9.34 and Theorem II.9.33].

7.3 Contractibility and Hellyness of the fixed-point set

The aim of this section is to prove that for a group acting on a Helly complex its fixed-point set is
contractible. This leads to a proof of Theorem 1.5(4) showing that the Helly complex is a model for the
classifying space for proper actions. Furthermore, we show that the fixed-point subcomplex of the face
complex (of the Helly complex on which the group acts) is Helly.
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Lemma 7.3 Let � < Aut.X/ be a group of automorphisms of a locally finite Helly complex X . The
fixed-point set X 0� of the barycentric subdivision X 0 of X is contractible.

Proof Let � be a simplex of X stabilized by � . For every N >0, the intersection BN WD
T
v2�.0/ BN .v/

ofN -balls centered at vertices of � is Helly, and hence dismantlable. It is also �-invariant, by construction.
The fixed-point set B 0�N in the barycentric subdivision B 0N of BN is contractible by [11, Theorem 6.5] or
[53, Theorem 1.2]. Since the sets BN exhaust X , it follows that the fixed-point set X 0� in the barycentric
subdivision X 0 of X is contractible.

Theorem 1.5(4) is a part of the following corollary of Theorem 7.1 and Lemma 7.3:

Corollary 7.4 Let � be a group acting properly on a locally finite Helly graph G. Then the Helly
complex X.G/ is a model for the classifying space E� for proper actions of � . If the action is cocompact
then the model is finite-dimensional and cocompact.

In view of Theorem 6.3 and [65, Theorem 1.4] there exists another model for E� , defined as follows:

Theorem 7.5 Let � be a group acting properly on a locally finite Helly graph G. The injective hull
E.G/ of G is a model for the classifying space E� for proper actions of � . If the action is cocompact
then the model is finite-dimensional and cocompact.

Remark 7.6 Observe that X.G/ can be nonhomeomorphic to E.G/. For example, if G is an .nC1/-
clique then obviously the clique complex X.G/ is an n-simplex, whereas the injective hull E.G/ is a
cone over nC 1 points, that is, a tree.

Recall that the fixed-point complex F.X/� in the face complex is the subcomplex spanned by all vertices
of F.X/ fixed by � . We now prove that F.X/� is Helly.

Lemma 7.7 (clique-Helly fixed-point set) Let � < Aut.X/ be a group of automorphisms of a locally
finite clique-Helly complex X . Then the fixed-point complex F.X/� is clique-Helly.

Proof Let uvw be a triangle in F.X/� . By the clique-Helly property for F.X/ (Proposition 5.23)
there is a vertex z 2 F.X/ adjacent to all vertices of F.X/ spanning triangles with an edge of uvw
(Proposition 2.9). Since uvw belongs to F.X/� , all vertices in the orbit �z have the same property as z, ie
they are adjacent to all vertices of F.X/ spanning triangles with an edge of uvw. Thus they span a simplex
of F.X/. Let � be the union of the simplices of X corresponding to the vertices of �z in F.X/. By
Lemma 5.21, � is a simplex of X . Let y be the vertex of F.X/ corresponding to � . Notice that y belongs
to F.X/� . We now prove that y satisfies the assumption of Proposition 2.9. Pick a vertex x of F.X/�

spanning a triangle with an edge of uvw, say with uv. By the definition of z, x is adjacent to z and to any
z0 2 �z. Consequently, for any z0 2 �z, x and z0 correspond to two subsimplices �x and �z0 of a common
simplex of X . Therefore all vertices of �x are adjacent to all vertices of �z0 . Since � D

S
z02�z �z0 ,

�x and � are also subsimplices of a common simplex of X . Thus x and y are adjacent in F.X/.
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Corollary 7.8 (Helly fixed-point set) Let � < Aut.X/ be a group of automorphisms of a locally finite
Helly complex X . Then the fixed-point complex F.X/� is Helly.

Proof Since every edge in F.X/� is homotopic to a path in X 0� , every cycle in F.X/� is homotopic to
a cycle in X 0� , and hence F.X/� is simply connected by Lemma 7.3. So by Lemma 7.7 and Theorem 4.1,
F.X/� is Helly.

7.4 EZ-boundaries

For a group � acting geometrically on X , by an EZ-structure for � we mean a pair .X; @X/, where
X DX[@X is a compactification of X that is a Euclidean retract with the following additional properties.
The EZ-boundary @X is a Z-set in X such that, for every compact K �X , the sequence .gK/g2� is a
null sequence, and the action � ÕX extends to an action � ÕX by homeomorphisms. This notion was
first introduced by Bestvina [16] (without the requirement of extending �ÕX to �ÕX ), then by Farrell
and Lafont [43] (for free actions) and finally in [73] (in the form above). Homological invariants of the
boundary are related to homological invariants of the group, and the existence of an EZ-structure has some
important consequences (eg it implies the Novikov conjecture in the torsion-free case). Conjecturally,
all groups with finite classifying spaces admit EZ-structures, but such objects were constructed only for
limited classes of groups — notably for hyperbolic groups and for CAT.0/ groups. Theorem 1.5(6) is a
consequence of the following:

Theorem 7.9 Let � act geometrically on a Helly graph G. Then there exists an EZ-boundary @G such
that .X.G/[ @G; @G/ and .E.G/[ @G; @G/ are EZ-structures for � .

Proof It is shown in [33] that for a complete metric space E.G/ with a convex and consistent bicombing,
there exists @G (a space of equivalence classes of combing rays) such that .E.G/[@G; @G/ is a so-called
Z-structure. The proof is easily adapted to show that it is an EZ-structure (see eg [73] where a much weaker
version of a “coarse bicombing” is used to define an EZ-structure). It follows that .X.G/[@G; @G/ is an
EZ-structure as well.

7.5 The Farrell–Jones conjecture

For a discrete group � , the Farrell–Jones conjecture asserts that the K-theoretic (resp. L-theoretic)
assembly map

H�
n .EVCY.�/IKR/!Kn.R�/ .resp. H�

n .EVCY.�/IL
h�1i

R /! Lh�1in .R�//

is an isomorphism. Here R is an associative ring with a unit, R� is the group ring and Kn.R�/ are the
algebraic K-groups of R� . By EVCY.�/ we denote the classifying space for the family of virtually cyclic
subgroups of � , and KR is the spectrum given by algebraic K-theory with coefficients from R (resp. we
have the L-theoretic analogs); see eg [12; 64] for more details. We say that � satisfies the Farrell–Jones
conjecture with finite wreath products if for any finite group F the wreath product � oF satisfies the
Farrell–Jones conjecture.
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Proof of Theorem 1.5(7) Kasprowski and Rüping [64] showed that the Farrell–Jones conjecture with
finite wreath products holds for groups acting geometrically on spaces with convex geodesic bicombing.
Hence our result follows from Theorems 6.3 and 3.13.

7.6 The coarse Baum–Connes conjecture

For a metric space X the coarse assembly map is a homomorphism from the coarse K-homology of X to
the K-theory of the Roe algebra of X . The space X satisfies the coarse Baum–Connes conjecture if the
coarse assembly map is an isomorphism. A finitely generated group � satisfies the coarse Baum–Connes
conjecture if the conjecture holds for � seen as a metric space with a word metric given by a finite
generating set. Equivalently, the conjecture holds for � if a metric space (equivalently, every metric
space) acted geometrically upon by � satisfies the conjecture.

Proof of Theorem 1.5(8) Fukaya and Oguni [44] introduced the notion of geodesic coarsely convex space,
and proved that the coarse Baum–Connes conjecture holds for such spaces. A geodesic coarsely convex
space is a metric space with a coarse version of a bicombing satisfying some coarse convexity condition.
In particular, metric spaces with a convex bicombing — and hence all proper injective metric spaces
(Theorem 3.13) — are geodesic coarsely convex spaces. Therefore our result follows from Theorem 6.3.

7.7 Asymptotic cones

In this section, we are interested in asymptotic cones of Helly groups and prove Theorem 1.5(9). Before
turning to the proof, let us begin with a few definitions.

An ultrafilter ! over a set S is a collection of subsets of S satisfying the following conditions:

� ∅ … ! and S 2 !.

� For every A;B 2 !, A\B 2 !.

� For every A� S , either A 2 ! or Ac 2 !.

Basically, an ultrafilter may be thought of as a labeling of the subsets of S as “small” (if they do not
belong to !) or “big” (if they belong to !). More formally, the map

P.S/! f0; 1g; A 7!

�
0 if A … !;
1 if A 2 !;

defines a finitely additive measure on S . The easiest example of an ultrafilter is the following. Fixing
some s 2 S , set !D fA� S W s 2Ag. Such an ultrafilter is called principal. The existence of nonprincipal
ultrafilters is assured by Zorn’s lemma; see [63, Section 3.1] for a brief explanation.

Now fix a metric space .X; d/, a nonprincipal ultrafilter ! over N, a scaling sequence �D .�n/ satisfying
�n ! 0 and a sequence of basepoints o D .on/ 2 XN . A sequence .rn/ 2 RN is !-bounded if there
exists some M � 0 such that fn 2 N W jrnj � M g 2 ! (ie if jrnj � M for “!-almost all n”). Set
B.X; �; o/D f.xn/ 2X

N W .�nd.xn; on// is !-boundedg. We may define a pseudodistance on B.X; �; o/
as follows. First, we say that a sequence .rn/ 2 RN !-converges to a real r 2 R if, for every � > 0,
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fn 2N W jrn� r j � �g 2 !. If so, we write r D lim! rn. It is worth noticing that an !-bounded sequence
of RN always !-converges; see [63, Section 3.1] for more details. Then our pseudodistance is

B.X; �; o/2! Œ0;C1/; .x; y/ 7! lim
!
�nd.xn; yn/:

The previous !-limit always exists since the sequence under consideration is !-bounded.

Definition 7.10 The asymptotic cone Cone!.X; �; o/ of X is the metric space obtained by quotienting
B.X; �; o/ by the relation .xn/� .yn/ if d..xn/; .yn//D 0.

The picture to keep in mind is that .X; �nd/ is a sequence of spaces we get from X by “zooming out”,
and the asymptotic cone is the “limit” of this sequence. Roughly speaking, the asymptotic cones of a
metric space are asymptotic pictures of the space. For instance, any asymptotic cone of Z2, thought of as
the infinite grid in the plane, is isometric to R2 endowed with the `1-metric, and the asymptotic cones of
a simplicial tree (and more generally of any Gromov-hyperbolic space) are real trees.

One can define asymptotic cones of finitely generated groups up to bi-Lipschitz homeomorphism by
looking at word metrics associated to finite generating sets, since quasi-isometric metric spaces have
bi-Lipschitz-homeomorphic asymptotic cones [63, Proposition 3.12].

We are now ready to prove Theorem 1.5(9) as a consequence of the following result:

Proposition 7.11 Let .X; d/ be a finite-dimensional proper injective metric space. Then its asymptotic
cones are contractible.

Proof Let � W X � X � Œ0; 1� denote the combing provided by Theorem 3.13. Fix a nonprincipal
ultrafilter !, a sequence of basepoints o D .on/ and a sequence of scalings � D .�n/. For every point
x D .xn/ 2 Cone!.X; o; �/ and every t 2 Œ0; 1�, let �.t; x/ denote .�.on; xn; t //. Since � is geodesic,
�.t; x/ defines a point of Cone!.X; o; �/. Also, since � is convex, the map

� W Œ0; 1��Cone!.X; o; �/! Cone!.X; o; �/; .t; x/ 7! �.t; x/;

is continuous. In other words, � defines a retraction of Cone!.X; o; �/ to the point o.

Proof of Theorem 1.5(9) Let � be a group acting geometrically on a Helly graph G. By Theorem 6.3, �
acts geometrically on the injective hull E.G/ of G, which is a finite-dimensional proper injective metric
space. As every asymptotic cone of � must be bi-Lipschitz-homeomorphic to an asymptotic cone of
E.G/, the desired conclusion follows from Proposition 7.11.

8 Biautomaticity of Helly groups

Biautomaticity is a strong property implying numerous algorithmic and geometric features of a group
[40; 21]. Sometimes the fact that a group acting on a space is biautomatic may be established from the
geometric and combinatorial properties of the space. For example, one of the important and nice results
about CAT.0/ cube complexes is a theorem by Niblo and Reeves [69] stating that the groups acting
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geometrically on such complexes are biautomatic. Januszkiewicz and Świątkowski [61] established a
similar result for groups acting on systolic complexes. It is also well known that hyperbolic groups are
biautomatic [40]. Świątkowski [85] presented a general framework of locally recognized path systems
in a graph G under which proving biautomaticity of a group acting geometrically on G is reduced to
proving local recognizability and the 2-sided fellow traveler property for some paths.

In this section we use a different meaning of the term “bicombing”. Here the bicombing is a combinatorial
object that should not be confused with the (continuous) geodesic bicombing from Section 3.4.

8.1 Main results

In this section, similarly to the results of [69] for CAT.0/ cube complexes, of [61] for systolic complexes
and of [23] for swm-graphs, we define the normal clique-path and prove the existence and uniqueness
of normal clique-paths in all Helly graphs G. These clique-paths can be viewed as usual paths in the
1-skeleton of the face complex F.X.G// of X.G/ and give rise to paths in the 1-skeleton ˇ.G/ of the first
barycentric subdivision of X.G/. From their definition, it follows that the sets of normal clique-paths are
locally recognized sensu [85]. Moreover, we prove that they satisfy the 2-sided fellow traveler property.
As a consequence, groups acting geometrically on Helly graphs are biautomatic.

Theorem 8.1 The set of normal clique-paths between all vertices of a Helly graph G defines a regular
geodesic bicombing in ˇ.G/. Consequently, a group acting geometrically on a Helly graph is biautomatic.

Remark 8.2 A natural generalization of this theorem would be to prove that injective groups (ie groups
acting geometrically on injective metric spaces) are biautomatic. Recently, Hugues and Valiunas [58]
proved this is not the case: they constructed an injective group that is not biautomatic and thus not Helly.

8.2 Bicombings and biautomaticity

We continue by recalling the definitions of (geodesic) bicombing and biautomatic group [40; 21]. Let
G D .V;E/ be a graph and suppose that � is a group acting geometrically by automorphisms on G.
These assumptions imply that the graph G is locally finite and that the degrees of the vertices of G are
uniformly bounded. Denote by P.G/ the set of all paths of G. A path system P [85] is any subset of
P.G/. The action of � on G induces the action of � on the set P.G/ of all paths of G. A path system
P � P.G/ is called �-invariant if g � 
 2 P for all g 2 � and 
 2 P .

Let Œ0; n�� denote the set of integer points from the segment Œ0; n�. Given a path 
 of length nD j
 j in G,
we can parametrize it and denote it by 
 W Œ0; n��! V.G/. It will be convenient to extend 
 over Œ0;1�
by setting 
.i/D 
.n/ for any i > n. A path system P of a graph G is said to satisfy the 2-sided fellow
traveler property if there are constants C > 0 and D � 0 such that for any two paths 
1; 
2 2 P , the
following inequality holds for all natural i :

dG.
1.i/; 
2.i//� C maxfdG.
1.0/; 
2.0//; dG.
1.1/; 
2.1//gCD:
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A path system P is complete if any two vertices are endpoints of some path in P . A bicombing of a
graph G is a complete path system P satisfying the 2-sided fellow traveler property. If all paths in the
bicombing P are shortest paths of G, then P is called a geodesic bicombing.

We quickly recall the definition of a biautomatic structure for a group; for details see [40; 21; 85]. Let �
be a group generated by a finite set S . A language over S is some set of words in S [S�1 (in the free
monoid .S[S�1/�). A language over S defines a �-invariant path system in the Cayley graph Cay.�; S/.
A language is regular if it is accepted by some finite-state automaton. A biautomatic structure is a pair
.S;L/, where S is as above, L is a regular language over S and the associated path system in Cay.�; S/ is
a bicombing. A group is biautomatic if it admits a biautomatic structure. In what follows, we use specific
conditions implying biautomaticity for groups acting geometrically on graphs. The method, relying on
the notion of a locally recognized path system, was developed by Świątkowski [61].

Let G be a graph and let � be a group acting geometrically on G. Two paths 
1 and 
2 of G are
�-congruent if there is g 2 � such that g � 
1 D 
2. Denote by Sk the set of �-congruence classes of
paths of length k of G. Since � acts geometrically on G, the sets Sk are finite for any natural k. For any
path 
 of G, denote by Œ
� its �-congruence class.

For a subset R � Sk , let PR be the path system in G consisting of all paths 
 satisfying the following
two conditions:

(1) If j
 j � k, then Œ�� 2R for any subpath � of length k of 
 .

(2) If j
 j< k, then 
 is a prefix of some path � such that Œ�� 2R.

A path system P in G is k-locally recognized if, for some R � Sk , we have P D PR, and P is locally
recognized if it is k-locally recognized for some k. Świątkowski [85] established the following sufficient
conditions for biautomaticity in terms of local recognition and bicombing:

Theorem 8.3 [85, Corollary 7.2] Let � be group acting geometrically on a graph G and let P be a path
system in G satisfying the following conditions:

(1) P is locally recognized.

(2) There exists v0 2 V.G/ such that any two vertices from the orbit � � v0 are connected by a path
from P .

(3) P satisfies the 2-sided fellow traveler property.

Then � is biautomatic.

8.3 Normal clique-paths in Helly graphs

For a set S of vertices of a graphGD .V;E/ and an integer k�0, letB�
k
.S/ WD

T
s2S Bk.s/. In particular,

if S is a clique, then B�1 .S/ is the union of S and the set of vertices adjacent to all vertices in S . If S �S 0,
then B�

k
.S/� B�

k
.S 0/. For two cliques � and � of G, let Nd.�; �/ WDmaxfd.t; s/ W t 2 � and s 2 �g. We

also recall the notation d.�; �/Dminfd.t; s/ W t 2 � and s 2 �g for the standard distance between � and � .
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We say that two cliques � and � of a graph G are at uniform distance k (denoted by �‰k � ) if d.s; t/D k
for any s 2 � and any t 2 � . Equivalently, �‰k � if and only if Nd.�; �/D d.�; �/D k.

Given two cliques � and � of G with Nd.�; �/D k � 2, let yR� .�/ WD B�k .�/\B
�
1 .�/ and let f� .�/ WD

B�
k�1

.�/\B�1 .
yR� .�//. The following observations can help to understand these notions:

� yR� .�/ is the union of the maximal cliques of B�
k
.�/ that contain � .

� B�1 .
yR� .�// is the intersection of the maximal cliques of B�

k
.�/ that contain � .

� f� .�/ is the intersection of B�
k�1

.�/ and the maximal cliques of B�
k
.�/ that contain � .

Since G is a Helly graph, the set f� .�/ is nonempty, and we call it the imprint of � with respect to � .
Note that since � is a clique � � yR� .�/, and thus f� .�/� yR� .�/. Note also that each vertex in f� .�/ is
adjacent to all other vertices in yR� .�/, whence yR� .�/� B�1 .f� .�// and f� .�/ is a clique.

Lemma 8.4 For any two cliques � and � of a Helly graph G such that Nd.�; �/ D k � 2, the imprint
f� .�/ is a nonempty clique such that Nd.�; f� .�//D k � 1D Nd.�; s0/ for any s0 2 f� .�/. Moreover , if
�‰k � , then f� .�/‰k�1 � .

Proof By definition f� .�/ � B�k�1.�/. Also, for any r; r 0 2 yR� .�/, we have � � B1.r/ \ B1.r 0/.
Moreover, for any r 2 yR� .�/ and any t 2 � , d.r; t/ � k and thus Bk�1.t/ \ B1.r/ ¤ ∅. Note also
that since � is a clique and k � 2, � � B�

k�1
.�/. Consequently, since G is a Helly graph, f� .�/ ¤ ∅.

Since f� .�/[ � � yR� .�/ and each vertex of f� .�/ is adjacent to all other vertices of yR� .�/, necessarily
f� .�/[� is a clique. Therefore, for any t 2 � and s 2� such that d.t; s/D Nd.�; �/Dk, and any s0 2f� .�/,
we have d.s0; t /� d.s; t/�d.s; s0/D k�1. Since s0 2 f� .�/�B�k�1.�/, we have d.s0; t /D k�1. Thus,
Nd.�; f� .�//D k� 1 and f� .�/‰k�1 � when �‰k � .

Lemma 8.5 Consider three cliques � , � 0 and � of a Helly graph G such that Nd.�; �/D Nd.�; � 0/D k � 2.
If � 0 � � , then yR� .�/� yR� .� 0/ and f� .� 0/� f� .�/. In particular , if �‰k � , then for every s 2 � we
have f� .s/� f� .�/.

Proof Recall that yR� .�/ WD B�
k
.�/ \ B�1 .�/ and yR� .� 0/ WD B�

k
.�/ \ B�1 .�

0/. Since � 0 � � , we
have B�1 .�/ � B

�
1 .�
0/ and thus yR� .�/ � yR� .� 0/. Consequently, B�1 . yR� .�

0// � B�1 .
yR� .�// and thus

f� .�
0/D B�

k�1
.�/\B�1 .

yR� .�
0//� B�

k�1
.�/\B�1 .

yR� .�//D f� .�/.

A sequence of cliques .�0; �1; : : : ; �k/ of a Helly graph G is called a normal clique-path if the following
local conditions hold:

(1) For any 0� i � k� 1, �i and �iC1 are disjoint and �i [ �iC1 is a clique of G.

(2) For any 1� i � k� 1, �i�1 and �iC1 are at uniform distance 2.

(3) For any 1� i � k� 1, �i D f�i�1
.�iC1/.

Notice that if k � 2, then (1) follows from (2) and (3).
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Theorem 8.6 (normal clique-paths) For any pair � and � of cliques of a Helly graph G such that
�‰k � , there exists a unique normal clique-path 
�� D .� D �0; �1; �2; : : : ; �k D �/ such that

(8-1) �i D f� .�iC1/ for each i D k� 1; : : : ; 2; 1;

and any sequence of vertices P D .s0; s1; : : : ; sk/ with si 2 �i for 0 � i � k is a shortest path from s0

to sk . In particular , any two vertices p and q of G are connected by a unique normal clique-path 
pq .

Proof We first prove that 
�� is a normal clique-path. The proof uses the following result:

Lemma 8.7 Let � , � 0, � 00 and � be four cliques of a Helly graph G such that � ‰k � with k � 3,
� 0 � f� .�/ and � 00 � f� .� 0/. Then f� .�/D f� 00.�/.

Proof Note that our conditions and Lemma 8.4 imply that � 0‰k�1 � , � 00‰k�2 � and �‰2 � 00.

We first show that yR� 00.�/D yR� .�/. Recall that yR� .�/DB�k .�/\B
�
1 .�/ and yR� 00.�/DB�2 .�

00/\B�1 .�/.
Since � ‰k�2 � 00, we have B�2 .�

00/ � B�
k
.�/. Consequently, yR� 00.�/ � yR� .�/. Conversely, by the

definition of � 00, we have � 0�B�1 .�
00/. Since � 00�f� .� 0/, we haveB�1 .�

00/�B�1 .f� .�
0//� yR� .�

0/�� 0.
Since � 0 � f� .�/, we have yR� .�/�B�1 .f� .�//�B

�
1 .�
0/�B�2 .�

00/ where the last containment follows
from � 00�f� .�

0/. So yR� .�/DB�k .�/\B
�
1 .�/�B

�
2 .�
00/\B�1 .�/D

yR� 00.�/, and thus yR� 00.�/D yR� .�/.

Set yR WD yR� 00.�/D yR� .�/, %0 WD f� 00.�/ and �0 WD f� .�/. Recall that �0 D f� .�/DB�k�1.�/\B
�
1 .
yR/

and %0 D f� 00.�/D B�1 .�
00/\B�1 .

yR/. Since �‰k�2 � 00, we have B�1 .�
00/� B�

k�1
.�/ and thus %0 � �0.

Conversely, since �0� yR� .�0/DB�1 .�
0/\Bk�1.�/�B

�
1 .�
0/\Bk�1.�/D yR� .�

0/, we have �0�B�1 .�
00/

by definition of � 00. Consequently, �0 � B�1 .�
00/\B�1 .

yR/D %0. Thus �0 D %0.

To prove that 
�� is a normal clique-path, we proceed by induction on k. If k � 2, there is nothing to
prove. Assume now that k � 3. Since �‰k �k , �k�1 D f� .�k/ and �k�2 D f� .�k�1/, we have that
�‰k�1 �k�1, �‰k�2 �k�2 and �k�2‰2 �k . By the induction hypothesis, .�0 D �; �1; �2; : : : ; �k�1/
is a normal clique-path. Applying Lemma 8.7 with � D �k , � 0 D �k�1 and � 00 D �k�2, we have that
�k�1 D f�k�2

.�k/, and thus 
�� is a normal clique-path as well.

We now prove that an arbitrary normal clique-path 
 0�� D .� D %0; %1; %2; : : : ; %l D �/ coincides with 
�� .
In fact, we prove this result under a weaker assumption than �‰k � .

Proposition 8.8 Let � and � be two cliques of a Helly graph G, and let k be an integer such that
Nd.s; �/D k for every s 2 � . Then any normal clique-path 
 0�� D .� D %0; %1; %2; : : : ; %l D �/ coincides

with 
�� D .� D �0; �1; �2; : : : ; �k D �/, whose cliques are given by (8-1).

Proof The proof of the proposition is based on the following result:

Lemma 8.9 Let %, %0, %00 and � be four cliques of a Helly graph G with Nd.�; %/D 1C Nd.�; %0/DW k � 3,
Nd.%; %00/� 2, %0 D f%00.%/ and %00 � f� .%0/. Then %0 D f� .%/.
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Proof Let � 0D f� .%/, and note that our conditions and Lemma 8.4 imply that Nd.�; � 0/D 1C Nd.�; %00/D
k� 1 and Nd.%; %00/D 2.

We first show that yR%00.%/D yR� .%/. Recall that yR� .%/DB�k .�/\B
�
1 .%/ and yR%00.%/DB�2 .%

00/\B�1 .%/.
Since Nd.�; %00/D k� 2, necessarily B�2 .%

00/� B�
k
.�/, and consequently, yR%00.%/� yR� .%/. In particular,

note that %0 � yR%00.%/ � yR� .%/, so � 0 � B�1 . yR� .%// � B
�
1 .%
0/. Since � 0 � B�

k�1
.�/, we have � 0 �

B�
k�1

.�/\B�1 .%
0/D yR� .%

0/. Therefore, by the definition of %00 � f� .%0/, we have � 0 � B�1 .%
00/. Hence

B�1 .�
0/� B�2 .%

00/, and thus yR� .%/� B�1 .�
0/� B�2 .%

00/. Therefore yR� .%/� B�2 .%
00/\B�1 .%/D

yR%00.%/

and thus yR� .%/D yR%00.%/.

Let yR D yR� .%/ D yR%00.%/ and recall that %0 D f%00.%/ D B�1 .%
00/ \ B�1 .

yR/ and that � 0 D f� .%/ D

B�
k�1

.�/ \ B�1 .
yR/. Since � 0 � B�1 .%

00/, necessarily � 0 � %0. Conversely, since Nd.�; %00/ D k � 2,
necessarily B�1 .%

00/� B�
k�1

.�/, and consequently, %0 � � 0. Thus %0 D � 0.

We prove the proposition by induction on the length l of the normal clique-path 
 0�� . If l � 2, there is
nothing to prove. Assume now that l � 3 and let k D Nd.�; �/.

Suppose first that Nd.�; %l�1/ D k � 1. Since %l�1 [ � is a clique and since Nd.s; �/ D k for every
s 2 � , necessarily Nd.p0; �/ D k � 1 for every p0 2 %l�1. By the induction hypothesis, the clique-path

 0�%l�1

D .� D %0; %1; %2; : : : ; %l�1/ coincides with 
�%l�1
. Consequently, l D k and %l�2 D f� .%l�1/.

Applying Lemma 8.9 with %D � , %0 D %l�1 and %00 D %l�2, we have that f� .�/D f%l�2
.�/D %l�1.

Hence 
 0�� and 
�� coincide.

Suppose now that Nd.�; %l�1/ � k. In this case l � k C 1, and so Nd.%l ; �/ D k � l � 1. Consider
the minimal index i for which there exists p 2 %i such that Nd.p; �/ � i � 1. Note that i � 2, since
otherwise � D %0 D fpg and %0\ %1 ¤∅, contradicting the fact that 
 0�� is a normal clique-path. Note
also that since 
 0�� is a normal clique-path, %0‰2 %2, and thus i � 3. By the induction hypothesis,

 0�%i�1

D .� D %0; %1; %2; : : : ; %i�1/ and 
�%i�1
coincide. In particular, this implies that %i�2D f� .%i�1/.

Note that p 2 B�i�1.�/ by our choice of p and that p 2 B�1 .%i�1/ since %i�1 D f%i�2
.%i /. Consequently

p 2 yR� .%i�1/ � B
�
1 .%i�2/. But then %i and %i�2 are not at uniform distance 2, contradicting the fact

that 
 0�� is a normal clique-path. This finishes the proof of Proposition 8.8.

To conclude the proof of Theorem 8.6, consider any sequence P D .s0; s1; : : : ; sk/ such that si 2 �i for
0� i � k. Note that P is a path since �i [�iC1 is a clique for every 0� i � k�1, and that it is a shortest
path since d.s0; sk/D Nd.�0; �k/D k.

8.4 Normal paths in Helly graphs

In this subsection, we define the notion of a normal path between any two vertices t and s of a Helly
graph. Analogously to normal clique-paths, normal paths can be characterized in a local-to-global way,
and therefore they are locally recognized. Any two vertices t and s of G can be connected by at least one
normal path, and all normal .t; s/-paths are hosted by the normal clique-path 
ts .
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A path .t D s0; s1; : : : ; sk D s/ between two vertices t and s of a Helly graph G is called a normal path
if the following local conditions hold:

(1) For any 1� i � k� 1, d.si�1; siC1/D 2.

(2) For any 1� i � k� 1, si 2 fsi�1
.siC1/.

Proposition 8.10 (normal paths) A path PtsD .tD s0; s1; : : : ; skD s/ between two vertices t and s of a
Helly graph G is a normal path if and only if si 2ft .siC1/ for any 1� i � k�1. In particular , this implies
that Pts is a shortest path of G. If 
ts D .ftg D �0; �1; : : : ; �k D fsg/ is the unique normal clique-path
between t and s, then for any normal path P 0ts D .t D s0; s1; : : : ; sk D s/, we have si 2 �i for 0� i � k.

Proof The proof of the first statement is similar to the proof of Theorem 8.6. We first prove that Pts
is a normal path. Observe that by Lemma 8.4, Pts is a shortest path of G. We proceed by induction on
the distance k D d.t; s/. If k � 2, there is nothing to prove. Assume now that k � 3. Since d.t; sk/D k,
sk�1 2 ft .sk/ and sk�2 2 ft .sk�1/, we have d.t; sk�1/D k�1 and d.t; sk�2/D k�2. By the induction
hypothesis .s0 D t; s1; s2; : : : ; sk�1/ is a normal path. Applying Lemma 8.7 with � D fskg, � 0 D fsk�1g,
� 00Dfsk�2g and �Dftg, we conclude that sk�12ft .sk/Dfsk�2

.sk/ and thusPts is a normal path as well.

We now prove that any normal path P 0ts D .t D p0; p1; : : : ; pl D s/ is a shortest path of G and that
pi 2 ft .piC1/ for every 1 � i � l . To do so, we proceed by induction on the length l of P 0ts . If l � 2,
there is nothing to prove. Assume now that l � 3 and let kD d.t; pl/. By the induction hypothesis applied
to the normal path P 0tpl�1

D .t D p0; p1; : : : ; pl�1/, P 0tpl�1
is a shortest path of G and pi 2 ft .piC1/

for every 1� i � l � 2. In particular, d.t; pl�1/D l � 1.

Suppose first that d.t; pl�1/ D k � 1. Then l D k, and therefore P 0ts is a shortest path. Since
pl�2 2 f� .pl�1/, applying Lemma 8.9 with % D fsg, %0 D fpl�2

.s/ and %00 D fpl�2g, we have that
ft .s/D fpl�2

.s/, and thus pl�1 2 fpl�2
.s/D ft .s/. Consequently, pi 2 ft .piC1/ for every 1 � i � l

and the proposition holds in this case. Suppose now that l � 1 D d.t; pl�1/ � k, ie l � k C 1. By
the induction hypothesis applied to the path P 0tpl�1

, we have pl�2 2 ft .pl�1/. Note that pl 2 Bl�1.t/
because d.t; pl/D k � l � 1, and that pl 2 B1.pl�1/. Consequently, pl 2 yRt .pl�1/� B1.pl�2/. But
then d.pl ; pl�2/� 1, contradicting the fact that P 0ts is a normal path.

Consider now the normal clique-path 
ts D .ftg D �0; �1; : : : ; �k D fsg/ between two vertices t and s
and any normal path Pts D .t D s0; s1; : : : ; sk D s/. We show by reverse induction on i that si 2 �i for
0 � i � k. For i D k, there is nothing to prove. Suppose now that i < k and that siC1 2 �iC1. Since
si 2 ft .siC1/ by the first assertion of the proposition and since ft .siC1/� ft .�iC1/D �i by Lemma 8.5,
we have si 2 �i .

Remark 8.11 Figure 6 is a Helly graph and contains two vertices s and t such that the cliques of the
normal clique-path 
ts contain a vertex not included in any normal .t; s/-path.
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t

s

v v0

yx

w

u u0

Figure 6: In this graph, y appears in a clique of the normal clique-path 
tsD .t; fx; yg; fu; u0; wg; s/.
However, for any normal path .t D s0; s1; s2; s3 D s/, yRt .s2/ contains either v or v0, and thus
y … ft .s2/.

8.5 Normal (clique-)paths are fellow travelers

Proposition 8.12 Let G be a Helly graph. Consider two cliques � and � , two vertices p and q of G, and
two integers k0 � k such that p‰k0 � , q‰k � , d.�; �/� 1 and d.p; q/� 1. For the normal clique-paths

p� D .p D �0; �1; : : : ; �k0 D �/ and 
q� D .q D �0; �1; : : : ; �k D �/, we have d.�i ; �i / � 1 for every
0� i � k and d.�i ; �k/� 1 for every k � i � k0.

Proof We prove the result by induction on k0. If k0� 1, there is nothing to prove. Assume now that k0� 2
and that the lemma holds for any cliques � and � , any vertices p and q, and any integers l � l 0 � k0� 1
such that p‰l 0 � , q‰l � , d.�; �/� 1 and d.p; q/� 1.

Suppose first that k < k0. Note that kC 1� k0 � kC 2 since d.p; q/� 1 and d.�; �/� 1. Let s 2 � and
t 2 � such that d.s; t/Dd.�; �/� 1. Note that d.p; t/�d.q; t/C1DkC1�k0. Consequently t 2 yRp.s/,
and thus fp.s/ � B1.t/. So since fp.s/ � fp.�/ D �k0�1 by Lemma 8.5, we have d.�k0�1; �k/ � 1.
By Lemma 8.4, p‰k0�1 �k0�1, and thus we can apply the induction hypothesis to �k0�1, � , p and q.
Therefore d.�i ; �i / � 1 for every 0 � i � k and d.�i ; �k/ � 1 for every k � i � k0 � 1. Since, by our
assumptions, d.�k0 ; �k/� 1, we are done.

Suppose now that k D k0. By the induction hypothesis, it is enough to show that d.fp.�/; fq.�// � 1.
Consider any two vertices s 2 � and t 2 � such that d.s; t/D d.�; �/. By Lemma 8.5, it is enough to
show that d.fp.s/; fq.t//� 1.

Assume first that d.p; t/� k (in this case s D t or pD q). Note that t 2Bk.p/\B1.s/D yRp.s/, and so
fp.s/� B1.t/. Since fp.s/� Bk�1.p/� Bk.q/, we have fp.s/� Bk.q/\B1.t/D yRq.t/. Therefore
fq.t/� B

�
1 .fp.s// and d.fp.s/; fq.t//� 1. Using symmetric arguments, we have d.fp.s/; fq.t//� 1

when d.q; s/� k.

Assume now that d.q; s/D d.p; t/D kC1. This implies that p¤ q, s¤ t , p‰k fq.t/ and q‰k fp.s/.
Since d.p; s/ D k and p‰k fq.t/, we have fs; tg [ fq.t/ � yRp.t/. Consider a vertex u 2 fp.t/. By
definition of u, we have d.p; u/ D k and fs; tg [ fq.t/ � B1.u/. Also, d.q; u/ D k since d.q; s/ D
k C 1 and since Nd.q; fq.t// D k � 1. Therefore, by the previous case replacing t by u, we have
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d.fp.s/; fq.u// � 1. Note that yRq.t/D B1.t/\Bk.q/� B1.t/\BkC1.p/D yRp.t/. Since u 2 fp.t/,
we obtain yRq.t/� yRp.t/� B�1 .fp.t//� B1.u/. Consequently, yRq.t/� B1.u/\Bk.q/D yRq.u/ and
fq.u/� fq.t/. Therefore d.fp.s/; fq.t//� d.fp.s/; fq.u//� 1, concluding the proof.

From Propositions 8.10 and 8.12, we immediately get the following result:

Corollary 8.13 In a Helly graph G, the set of normal paths satisfies the 2-sided fellow traveler property.
More precisely, for any four vertices s, t , p and q and two integers k0 � k such that d.p; s/ D k0,
d.q; t/ D k, d.s; t/ � 1 and d.p; q/ � 1, and for any normal paths P D .p D s0; s1; : : : ; sk0 D s/ and
QD .qD t0; t1; : : : ; tkD t /we have d.si ; ti /�3 for every 0� i �k and d.si ; tk/�3 for every k� i �k0.

We are ready to conclude the proof of biautomaticity from Theorem 8.1:

Proposition 8.14 Let a group � act geometrically on a Helly graph G. Then � is biautomatic.

Proof Let P denote the set of all normal paths of G. We will prove now that the path system P satisfies
Theorem 8.3(1)–(3). Condition (2) is satisfied because any two vertices of G are connected by a path of P .
That P satisfies the 2-sided fellow traveler property follows from Corollary 8.13. Finally, condition (1),
that the set P can be 2-locally recognized, follows from the definition of normal paths and the fact
that conditions (1) and (2) of this definition can be tested within balls of G of radius 2. Since � acts
geometrically on G, there exists only a constant number of types of such balls.

Remark 8.15 Proposition 8.14 can be also proved by viewing the set P� of normal clique-paths of a
Helly graph G as paths of the face complex F.X.G// of the clique complex of G and establishing that
P� satisfies Theorem 8.3(1)–(3).

The set P� in F.X.G// gives rise to a set P 0 of paths of the first barycentric subdivision ˇ.G/ of the
clique complex X.G/ of G. Combinatorially, ˇ.G/ can be defined in the following way: The cliques of
G are the vertices of ˇ.G/ and two different cliques � and � 0 are adjacent in ˇ.G/ if and only if � � � 0

or � 0 � � . For each path P in P�, each edge �� 0 of P is replaced by the 2-path .�; � [ � 0; � 0/ in the
path P 0 of P 0 corresponding to P . Again, one can establish that P� satisfies Theorem 8.3(1)–(3).

9 Final remarks and questions

We strongly believe that the theory of Helly graphs, injective metric spaces and groups acting on them
deserves intensive study on its own. In this article we focused mostly on geometric actions of groups
on Helly graphs, but similarly to other nonpositive curvature settings, just proper or cocompact actions
should be studied as well.

Below we pose a few arbitrary problems following the overall scheme of our main results; the first two
concern examples of Helly groups, and the last one is about their properties.
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Problem 9.1 (When) are the following groups (virtually) Helly: mapping class groups , cubical small
cancellation groups , Artin groups and Coxeter groups?

Confirming a conjecture stated by the authors of the current article, Nima Hoda [55] proved recently that
the Coxeter group acting on the Euclidean plane and generated by three reflections in the sides of the
equilateral Euclidean triangle is not Helly. This group is CAT.0/ and systolic (and hence also biautomatic).

Problem 9.2 (combination theorems for group actions with Helly stabilizers) Is a free product of two
Helly groups with amalgamation over an infinite cyclic subgroup Helly? Are groups hyperbolic relative to
Helly subgroups Helly? (When) are small cancellation quotients of Helly groups Helly?

As for general properties of Helly groups, it is natural to ask which of the properties of CAT.0/ groups
hold in the Helly setting. For a choice of such properties a standard reference is [21].

Problem 9.3 Are abelian subgroups of Helly groups finitely generated? Is there a solvable subgroup
theorem for Helly groups? Describe centralizers of infinite-order elements in Helly groups. Construct
low-dimensional models for classifying spaces for families of subgroups (eg for virtually cyclic subgroups)
of Helly groups. Describe quasiflats in Helly groups.
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Topologically trivial proper 2-knots

ROBERT E GOMPF

We study smooth, proper embeddings of noncompact surfaces in 4-manifolds, focusing on exotic planes
and annuli, ie embeddings pairwise homeomorphic to the standard embeddings of R2 and R2� int D2

in R4. We encounter two uncountable classes of exotic planes, with radically different properties. One
class is simple enough that we exhibit explicit level diagrams of them without 2-handles. Diagrams
from the other class seem intractable to draw, and require infinitely many 2-handles. We show that every
compact surface embedded rel nonempty boundary in the 4-ball has interior pairwise homeomorphic
to infinitely many smooth, proper embeddings in R4. We also see that the almost-smooth, compact,
embedded surfaces produced in 4-manifolds by Freedman theory must have singularities requiring
infinitely many local minima in their radial functions. We construct exotic planes with uncountable group
actions injecting into the pairwise mapping class group. This work raises many questions, some of which
we list.
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1 Introduction

Classical knot theory has spawned various other lines of research with a common theme of studying
ambient isotopy classes of embeddings of manifolds. In the traditional setting the domain is compact, but
the problem naturally extends to the noncompact setting if we require the embeddings to be proper. The
classical case S1 ,!R3 then extends to the case of knotted embeddings into R3 of the line R and ray Œ0;1/.
For example, it is known (perhaps counterintuitively) that knotted rays exist [Fox and Artin 1948] and
realize uncountably many ambient isotopy classes [McPherson 1973]. (These are each obtained from the
cited references by deleting the wild endpoint of an arc in S3.) In a different direction, higher-dimensional
spheres in Rn have been extensively studied. For example, 2-knots of a 2-sphere into R4, as well as
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higher-genus knotted surfaces in R4, have been receiving recent attention. However, higher-dimensional
proper knots are largely terra incognita. The present paper addresses proper 2-knots of surfaces in R4, with
domain usually taken to be the plane R2 or the (half-open) annulus Œ0;1/�S1. In dimension 4, the smooth
and topological categories are quite different. For example, there are families of compact, nonorientable
surfaces in R4 that are smoothly distinct but topologically isotopic (by Finashin, Kreck and Viro [Finashin
et al. 1988] and Finashin [2009]), and in fact are topologically standard by [Kreck 1990] (although no
orientable examples are presently known). In this paper, we work in the smooth category, but focus on
those examples that appear simplest in the topological category. That is, we study smooth ambient isotopy
classes of smooth, proper embeddings that are topologically ambiently isotopic to the standard plane
R2�R4 or annulus Œ0;1/�S1�R4 (the standard plane minus an open disk). We call nontrivial examples
exotic planes and exotic annuli, respectively. These have been known (but not widely) since the 1980s,
with exotic planes implicitly given in [Gompf 1984, Remark 4.2] (see Remark 3.4 below) and a different
family observed by Freedman (previously unpublished but described in Section 4) shortly thereafter. They
are a uniquely 4-dimensional phenomenon (Proposition 3.6): A self-homeomorphism of Rn that is a local
diffeomorphism near the standard Rk can be assumed the identity there after a smooth ambient isotopy, ex-
cept in the case .n; k/D .4; 2/; the analogous statement for annuli is only slightly weaker. The topological
simplicity of exotic planes and annuli makes them particularly subtle: All of the classical invariants, such
as from the homotopy type of the complement or a branched cover, fail to distinguish them. Nevertheless,
we uncover a rich structure using more subtle invariants of smooth 4-manifolds. This structure often
transfers to more general proper 2-knots. For example, every oriented surface in R4 obtained as the interior
of a compact surface embedded rel its nonempty boundary in B4 has infinitely many exotic cousins
topologically isotopic to it (Corollary 4.4). This suggests a future direction of studying smooth proper
2-knots “modulo” exotic planes, and whether these differ from topological proper 2-knots (Questions 4.5
and 6.7). However, the present paper focuses on the exotic planes, methods of distinguishing them, their
range of symmetries, and some explicit diagrams of such exotica (the simplest being Figure 1 below).

For our first approach to constructing invariants, note that any annulus A in R4 has a simply connected
complement. (We henceforth assume all embeddings of positive codimension are proper and all annuli
are half-open, while working up to isotopies of the ambient space.) It follows that A can be extended to
an immersion of R2 by adding an immersed disk D with A\D D @AD @D. This can be transformed to
an embedded surface of finite genus. (For example, tube away double points in pairs after adding double
points of one sign as necessary.) Conversely, any immersed surface with one end, finite genus and finitely
many double points determines an embedded annulus. (Remove the interior of a suitably large compact
surface with a single boundary component, and notice that the resulting isotopy class is independent of
the choice of such surface.) For such a surface, we will say the end is annular.

Definition 1.1 The minimal genus g.A/ of an embedded annulus A is the smallest genus of an embedded,
oriented surface determining A. The kinkiness �.A/ is the pair .�C; ��/ for which �C (resp. ��) is the
minimal number of positive (resp. negative) double points in a generically immersed R2 determining A.
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Note that �C and �� may not be realized by the same immersion of R2. (An example with �˙ D 0 but
g D 1 can be constructed from the figure-eight knot in @B4.) As we will see, there are exotic annuli
realizing all possible values of �, and all possible minimal genera (Theorem 1.5(b)).

These invariants are not directly useful for an embedded R2 since they obviously vanish on the annulus it
determines. However, a more useful version describes the behavior at infinity of any surface F determining
an annulus A in R4: If we smoothly one-point compactify R4 to S4 in the obvious way, then A becomes
an almost-smooth embedded disk D � S4, smooth except at a unique isolated singularity occurring at
the added point1. Working in a preassigned neighborhood V of1 in S4, we may remove a singular
disk from D, and replace it with either a smoothly embedded surface or an immersed disk as before.
Minimizing as before gives a version of g or �. However, these numbers depend in general on the choice
of V, nondecreasing as we reduce the size of V.

Definition 1.2 The minimal genus at infinity g1.A/Dg1.F /, and kinkiness at infinity �1
˙
.A/D�1

˙
.F /,

are given by the limit in Z�0[f1g of the corresponding numbers for the pair .D;V / as the neighborhood
V of1 becomes arbitrarily small.

We also call these invariants the minimal genus g.D/ and kinkiness �˙.D/ of the singular disk (or the
singularity), which is equivalent to the author’s original usage for disks in [Gompf 1984]. In Section 3.1,
we reinterpret that paper and its follow-up in [Gompf 2017a] to obtain the following, in the cases with
nonvanishing invariants:

Theorem 1.3 There are exotic planes in R4 realizing all values of �1 D .�1C ; �
1
� /, with g1 D

maxf�1C ; �
1
� g.

The exceptional case with vanishing �1 and g1 (Theorem 1.5(a) below) is proved in Section 4, using a
different construction that also realizes each of infinitely many values of g1 by uncountably many exotic
planes (Corollary 4.9).

While realizing large values of these invariants gives a sense in which exotic planes can be arbitrarily
complicated at infinity, we also investigate how simple they can be. An annulus A in R4 has g1 D 0 if
and only if there is a homotopy from the corresponding singular disk in S4 to a smoothly embedded disk,
supported in an arbitrarily small neighborhood of the singularity in S4. This implies the kinkiness at
infinity also vanishes. Specializing to a proper 2-knot R2 ,!R4 and inverting our viewpoint, we have:

Definition 1.4 We will say a proper 2-knot F WR2 ,!R4 is generated by 2-knots if, for every compact
subset K �R4, there is a disk containing F�1.K/ in R2 whose image can be extended to an embedded
sphere by adding a disk in the complement of K. If the sphere can always be chosen to be unknotted, we
will say F is generated by unknots.

Thus, F is generated by 2-knots if and only if g1.F /D 0, but generation by unknots is stronger (strictly,
as we see below). For comparison, note that the definitions generalize to any proper embedding between
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Euclidean spaces. It is clear that every proper knot R ,!R3 is generated by knots. (Remove the ends and
connect the resulting endpoints by an arc near infinity.) This contrasts with the above exotic planes, which
have g1 ¤ 0 so are not generated by 2-knots. Some proper knots R ,! R3 are generated by unknots.
(Thicken any knotted ray 
 to an embedded I � Œ0;1/. The resulting boundary line is generated by
unknots of the form @.I � Œ0; t �/, but it is still knotted since each end is isotopic to 
 .) In contrast, infinite
connected sums, for example, are not generated by unknots, since any truncation near infinity will give a
nontrivial connected sum. Similarly, knotted planes that are generated by 2-knots but not unknots can be
constructed by summing the standard plane with an infinite sequence of 2-knots. However, it is not clear
whether exotic planes can have this behavior (Questions 6.2).

Theorem 1.5 (a) There is an uncountable collection of exotic planes that are generated by unknots , so
g1 D 0, determining pairwise nonisotopic exotic annuli.

(b) For each value of � 2 Z�0 �Z�0, there are uncountably many exotic annuli realizing this value
with g Dmaxf�˙g and g1 D 0.

We construct and distinguish these examples in, respectively, Section 4.2 (proof of Theorem 1.6 starting
on page 97) and Section 3.1 (Corollary 3.3). The proof is completed in Section 5.2, with the behavior
at infinity established by explicitly drawing the surfaces. We will see that the exotic planes in (a) are
simpler than our other exotic planes in many ways (summarized in Section 6). For clarity of exposition,
we will refer to such examples as simple, although it is not presently clear which properties should be
singled out for a formal definition.

Since the simple exotic planes in (a) have g1D �1
˙
D 0, we need a new invariant to distinguish them. In

classical and other versions of knot theory, the homotopy type of the double branched cover of the knot
provides important information. Since the double branched cover of an exotic plane is homeomorphic
to R4, it provides no homotopy-theoretic invariants. However, an unpublished example of Freedman
(later expanded by the author and exhibited in [Gompf 1993]) showed that such a branched cover need not
be diffeomorphic to R4. Its diffeomorphism type can then be used as an invariant. The well-developed
theory of exotic R4-homeomorphs (oriented diffeomorphism types homeomorphic to R4) can now be
used to establish a theory of such exotic planes, obtaining the family in (a) and further results in this paper.
For example, Section 4.5 exhibits exotic planes (both simple and otherwise) with various discrete group
actions, some uncountable, that inject into the pairwise mapping class group. Other exotic planes P have
large group actions near the end, whose nontrivial elements cannot extend over the entire pair .R4;P /.
For some of the global actions, each compact subset of R4 has infinitely many pairwise disjoint images.
In contrast (Theorem 4.1) there is an exotic plane P 0 and a compact subset K of R4 such that no pairwise
diffeomorphism of .R4;P 0/ sends K into R4�K.

We attempt to organize the set of proper 2-knots with a relation: for two such knots F1 and F2, we write
F1 � F2 if there is a (nonproper) embedding of R4 into itself sending F1 onto F2. We call F1 and F2
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Figure 1: An exotic plane from Theorem 1.5(a), as an infinite, recursive level diagram. The thick
curves represent bunches of the indicated numbers of parallel strands.

equivalent if F1 � F2 � F1, obtaining equivalence classes that form a partially ordered set. Perhaps
surprisingly, this yields rich structure. Let †� I be obtained from the standard Cantor set by removing
the upper endpoint of each of the deleted middle thirds. Then † has the cardinality of the continuum.
Partially order †�† so that .s1; s2/� .t1; t2/ means si � ti for each i . In Section 4.2 we prove:

Theorem 1.6 (a) The exotic planes of Theorem 1.5(a) are all equivalent to the standard plane.

(b) There is an uncountable set of equivalence classes of exotic planes with the order type of †�†.

(c) There is an uncountable set of equivalence classes of exotic planes with the order type of † such
that each class has uncountably many distinct elements.

The simple exotic planes presented in (a) of the two previous theorems seem quite different from the
other planes of Theorems 1.3 and 1.6, simpler in ways besides their vanishing g1 and equivalence to
the standard plane. For example, they are simple enough that we can draw them explicitly. In Section 5,
which can mostly be read after Sections 2.3–2.4 and 4.1 (the latter needed for planes but not annuli), we
draw them as level diagrams (movies) using a proper Morse function given by distance to a generic point.
For Theorem 1.5(a) and each choice of � in (b), we explicitly draw such an example, and describe the
other members of the uncountable family up to unspecified ramification. In each case, we obtain a ribbon
surface, with local minima successively appearing as the radius function increases, and each eventually
being connected to the rest by a ribbon (saddle point). Notably, we do not need any local maxima. The
only difference between these diagrams and the more familiar diagrams of compact ribbon surfaces is
that in our case, the process never terminates. (If it did, the topologically standard annulus would be
smoothly standard — as in the text preceding Definition 2.2 — hence it would be unique and with g D 0.)
Our simplest example is Figure 1. To interpret the figure, consider the recursively defined tangles ˛n,
nD 0; 1; 2; : : : , for which the thick curves represent bunches of 2nC1 strands as indicated, parallel in the
plane of the paper (except where subject to the two indicated full left twists). Thus, ˛n has 2nC2 strands
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exiting the top of the box, and the same number exit the bottom. The lower diagrams show how the plane
intersects 3-spheres of radius r 2 ZC. The first diagram with nD 0 shows a ribbon link in the sphere of
radius 1. One component is obtained by connecting the top and bottom of ˛0 by four arcs in the manner
of a braid completion, while threading through a 4-component unlink. There is an obvious ribbon move
between the two outermost arcs of the completion, allowing us to interpret the diagram as six 0-handles
(local minima) at some radius less than 1, with one pair connected by a 1-handle appearing at radius 1.
Then, at radius 2 (middle diagram), four more 1-handles connect the knot to the four linking circles while
threading through the boundary circles of eight more 0-handles. The resulting diagram has the same form
as the first, with n incremented by 1 (right diagram). The diagrams continue recursively. The fact that
this is an exotic plane arises from a general construction in Sections 4 and 5. However, as a check, we
also show directly that it is topologically standard (Remark 5.3(b)). The fact that the plane is exotic is
more difficult to prove, but perhaps more believable.

Unlike the examples of Theorem 1.5, the other examples of Theorems 1.3 and 1.6 are created by an infinite
process with poorly controlled, superexponentially growing complexity, so extracting an explicit diagram
seems intractable. (More specifically, the infinite nature of the constructions of Theorem 1.5 comes
from Casson handles, which can be described concretely. The other constructions involve topologically
embedded surfaces, which ultimately arise from intersections of complicated infinite nestings of Casson
handles; see Section 2.5.) In contrast to the previous paragraph, any level diagrams of these more
complicated exotic planes would require infinitely many local maxima (Scholium 4.14 and Corollary 4.11,
respectively). In some cases, the number of components of the superlevel sets r�1Œa;1/ must become
arbitrarily large as the radius a increases (Scholium 4.12), whereas the superlevel sets in the previous
paragraph are connected.

We can invert our viewpoint to get a discussion of isolated singularities of embedded surfaces. A smooth
annulus in R4 is topologically standard if and only if the disk made by compactifying at infinity is locally
flat, so locally it is pairwise homeomorphic to a smoothly embedded surface. The annulus is smoothly
standard if and only if the singularity is trivial under an equivalence relation that we call almost-smooth
isotopy, topological (ambient) isotopy that is smooth except at the singular point. This relation preserves
g and � of the singularity. Any isolated singularity in an otherwise smooth surface in a 4-manifold locally
admits a level diagram from the radius function at the singularity, which we can assume is Morse elsewhere
on the surface. This diagram is obtained from a diagram of the corresponding annulus by inverting the
radial coordinate, so it typically fails to terminate with decreasing radius. Such diagrams can be varied
in the usual way by almost-smooth isotopy. We use this viewpoint to study the structure of singularities
of compact surfaces: a known corollary of [Freedman 1982] and [Quinn 1982] (see Corollary 2.8 below)
is that locally flat (topologically embedded) surfaces can always be topologically isotoped to be smooth
except at a point. The minimum genus and kinkiness of such singularities were addressed in [Gompf
2017a, Theorems 6.2 and 8.4]. We further elucidate the complexity of such singularities at the end of
Section 4.4:
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Theorem 1.7 Every compact , locally flat surface F in a smooth 4-manifold is topologically (ambiently)
isotopic to a surface F 0 that is smooth except at a singular point p at which every level diagram requires
infinitely many local minima. This singularity can be chosen so that

(a) g Dmaxf�C; ��g, realizing any preassigned , sufficiently large �˙ (finite or infinite), or

(b) g is infinite , and for each m2ZC there is a neighborhood U of p such that every integral homology
4-ball B with p 2 int B � U and @B transverse to F 0 intersects F 0 in at least m components.

If F is smooth , the singularity of F 0 can be chosen to realize any nonzero � in (a), or , alternatively, to
have no local minima and g D �˙ D 0 but still not be almost-smoothly isotopic to a smooth surface.

The proof (Section 4.4) actually shows that the almost-smooth surfaces arising from Freedman’s con-
struction (with sufficient ramification) always require infinitely many local minima. It proceeds by
immediately smoothing F near its 1-skeleton and reducing to the case of the core disk of a Casson
handle (whose definition we review in Section 2.4). It follows that the theorem applies more generally
to smoothing embedded 2-complexes, creating a singularity as above on each 2-cell. The cases with
g ¤ 0 can alternatively be proved using generalized Casson handles with embedded surface stages, the
technology needed for [Gompf 2023]. Corollary 6.1 of that paper showed that any 2-complex tamely
topologically embedded in a complex surface is topologically isotopic to one with an uncountable system
of Stein neighborhoods (so a finite complex becomes a “Stein compact”). It follows that the resulting
2-cells typically must have singularities requiring infinitely many local minima (and can be chosen with
g and �˙ arbitrarily large, although the condition on homology balls does not follow in the Stein setting).

This paper is organized as follows: After discussing our basic tools in Section 2, we prove most of
Theorem 1.3 in Section 3, exhibiting exotic planes with all nonzero values of �1 (and thereby g1).
This leads into a summary of necessary background from exotic R4 theory. For context, we also show
nonexistence of exotic linear spaces in other dimensions, as well as considering exotic annuli, and briefly
discuss the dual problem of smoothing topological submanifolds of 4-manifolds. Section 4 studies exotic
planes and other surfaces by the diffeomorphism types of their double branched covers. We obtain
uncountably many exotic planes with g1 D 0 as well as with arbitrarily large (finite or infinite) g1.
Understanding the resulting ends allows us to prove Theorem 1.7 on singularities of almost-smooth
surfaces. We also discuss exotic planes with many symmetries (Section 4.5). In Section 5, we draw
explicit exotic annuli and planes, and exhibit some symmetries. Finally, we summarize the behavior
of our two types of exotic planes and discuss some open questions (Section 6). Throughout the text,
we work in the setting of oriented, connected, smooth manifolds, except where otherwise specified.
Embeddings with positive codimension (only) are assumed to be proper, and in the topological category
they are locally flat. Isotopies are implicitly ambient, ie we compose the embedding with an isotopy of
the ambient space through diffeomorphisms (or homeomorphisms in the topological category). Since
all orientation-preserving self-diffeomorphisms of R2 and Œ0;1/�S1 are isotopic to the identity, we
often abuse notation by conflating embeddings of these spaces with their images. Similarly, pairwise
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diffeomorphism and isotopy are equivalent for embeddings in Rn, and analogously in the topological
category. (To isotope a self-diffeomorphism of Rn to the identity, first arrange this to first order at 0, then
conjugate by a dilation. A similar procedure works in the topological category by first applying the stable
homeomorphism theorem to make it the identity near 0 (by [Kirby and Siebenmann 1977] for n� 5 and
[Quinn 1982, 2.2.2] for nD 4).) The symbol “�” denotes diffeomorphism (sometimes pairwise).

The author would like to acknowledge the 2019 BIRS 2-knots conference 19w5118, which planted the
seed for this paper.

2 Basic tools

We begin by assembling some basic tools for proper knots, beginning with a way to distinguish annuli by
using them to enlarge the ambient manifold. We then discuss end sums, satellites, Casson handles and
isotoping topologically embedded surfaces to become almost smooth.

2.1 Distinguishing annuli

One way to distinguish annuli is the following:

Proposition 2.1 (a) For any smooth n-manifold X and k � n, there is a canonical bijection between
isotopy classes of normally framed annuli Œ0;1/�Sk�1 ,! X and manifolds yX containing X

as the complement of a distinguished boundary component identified as Sk�1 � Rn�k (up to
diffeomorphisms with restriction to X isotopic to the identity).

(b) There is a canonical map from isotopy classes of such framed annuli to manifolds (up to diffeomor-
phism) obtained by attaching an open k-handle to X at infinity as defined below.

Proof In (a), the distinguished boundary component of yX extends into yX as .�1;1��Sk�1 �Rn�k .
The required framed annulus in X is given by Œ0;1/� Sk�1 � f0g. For the reverse correspondence,
glue such a tubular neighborhood of a boundary component onto X using the obvious identification
of its interior with a neighborhood of the annulus in X. These correspondences are easily seen to be
well-defined inverses up to the given equivalences. We can now add a k-handle at infinity for (b): use
the new boundary of yX with the given framing to attach an open k-handle Dk �Rn�k , or, equivalently,
identify a tubular neighborhood of the attaching region in the handle with the framed neighborhood of
the annulus in X.

Handles at infinity, which were used in [Gompf 2017b], are more general than would be expected by
considering interiors of compact handlebodies. This is because yX typically cannot be compactified by
adding more boundary, as the fundamental group behavior of X at infinity sometimes shows. For example,
if R4 is exhibited as the interior of a compact manifold, the boundary must be simply connected and
hence diffeomorphic to S3. If this contains the boundary of yX for some topologically standard annulus
in R4, the resulting circle in S3 must have knot group Z, so it bounds a disk D in S3. Then the annulus
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lies in the boundary of Œ0;1/�D in R4, so it is smoothly standard. In particular, exotic annuli as in
this paper can never arise as interiors of compact pairs. However, we can still canonically keep track of
framings as we do for knots in S3:

Definition 2.2 The 0-framing of an annulus in R4 is the unique normal framing for which attaching a
2-handle at infinity gives a manifold with vanishing intersection pairing. Equivalently, it is the unique
framing that extends over any embedded surface generating the annulus.

2.2 End sums

The end sum operation consists of connecting two manifolds by a 1-handle at infinity so that their
orientations agree. This was analyzed in detail in [Calcut and Gompf 2019] (expanding on earlier work
in [Gompf 1985]): The operation is well defined on diffeomorphism types in dimensions n� 4 when (for
example) the ends are simply connected, by uniqueness of the defining rays up to isotopy. (In contrast,
summing a pair of one-ended manifolds with complicated fundamental group structure at infinity can even
result in uncountably many diffeomorphism types, as shown by Calcut, Guilbault and Haggerty [Calcut
et al. 2022].) There is a natural identification of the end sum X n \Rn with X n that is the identity outside a
neighborhood of the ray in X. This extends the operation to sums of countably infinite collections, where
we sum each onto Rn using an infinite collection of disjoint rays in the latter. It is then independent of the
order of the summands and grouping — commutativity and associativity in the infinite setting. We now
turn this into an operation for studying proper 2-knots that is analogous to the connected sum of classical
knots. For any two embedded noncompact surfaces Fi �X 4

i , we can choose a ray in each Fi and perform
the sum pairwise, respecting all orientations, to get a new pair .X1 \X2;F1 \F2/. This is well defined
on diffeomorphism types of pairs whenever the end of each Fi is annular (ie Fi has one end and finite
genus), since the rays are then unique up to pairwise isotopy. (Without annularity, there are examples
with all relevant manifolds one-ended, but the resulting 4-manifolds nonunique. For example, the rays
used in [Calcut et al. 2022] can be assumed to lie on a surface of infinite genus. See Questions 6.15 for
related issues.) In general, we should not expect the isotopy class of F1 \F2 �X1 \X2 to be uniquely
determined by the isotopy classes of the summands. (Already in the simpler setting of pairwise connected
sums of circles in tori, the result changes under 2�-rotation of the disk.) But, when X2 is R4 and the end
of each Fi is annular, the end sum F1 \F2 � X1 \R4 D X1 is well defined on isotopy classes since it
just inserts F2 into F1 near the isotopically unique ray. We can form a countable sum \

N

iD1.Xi ;Fi/ of
pairs for any N 2 f0; 1; 2; : : : ;1g by summing each into .R4;R2/, along a collection of N disjoint rays
in R2 indexed by positive integers. (Then N D 0 returns .R4;R2/.) In Section 4.5 it will be useful to
allow collections of rays that densely fill regions, such as Œ0;1/�Q�R�R.

Proposition 2.3 The end sum \
N

iD1.Xi ;Fi/ of noncompact surfaces Fi �X 4
i can be defined using any

collection of N disjoint rays 
i in R2. If the end of each Fi is annular , the diffeomorphism type of the
sum depends only on the diffeomorphism types of the pairs .Xi ;Fi/. In particular , it is independent of the
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order. Iterated sums of such pairs .Xi ;Fi/ can equivalently be performed simultaneously if the resulting
genus is finite.

Proof Truncate each ray 
i so that its distance to the origin is at least i . The union of the rays is then a
1-manifold in R2. After pairwise isotopy of .R4;R2/, we can further assume the rays are radial, with 
i

beginning at radius i . It is then easy to define the sum: Find disjoint, pairwise tubular neighborhoods
�i of the rays and identify each �i with

�
0; 1

2

�
� .R3;R/ in a copy of Œ0; 1� � .R3;R/, then identify�

1
2
; 1
�
� .R3;R/ with a neighborhood of a ray in Fi �Xi . If the end of each Fi is annular, these latter

rays are unique up to pairwise isotopy, and the resulting sum is easily seen to be independent of all choices
except perhaps the order of the terms.

For independence of order, suppose we have another such collection of radial rays 
 0i . After rotating
.R4;R2/, we can assume 
 0

1
D 
1. Form the sum .R4;R2/ \ .X1;F1/ D \

1

iD1.Xi ;Fi/. Since the end
of F1 is annular, there is an annulus A1 given by a proper embedding Œ1;1/�S1!R2 \F1 that agrees
with polar coordinates on R2 � �1. After isotopy in a neighborhood of A1 in R4, preserving the first
coordinate of A1, we can assume 
 0

2
D 
2. Since the end of F2 is annular, the sum \

2

iD1.Xi ;Fi/ now
contains an annulus A2 agreeing with A1 on Œ2;1/�S1 along R2 \F1� �2. Continuing by induction,
we prove independence of order for all N <1. (The annulus An allows FnC1 to jump over previous
summands as necessary to obtain the required order around R2.) Since every point has a neighborhood
on which all but finitely many of these diffeomorphisms agree, there is a well-defined limiting local
diffeomorphism for N D1 that is easily seen to be bijective.

We can iterate the operation of summing collections as above, possibly infinitely. If the end of each
original surface is annular and each partial sum has finite genus, then the partial sums inherit annular ends,
and we can assume each required ray for subsequent sums lies in a central R2. The final sum then contains
multiple central copies of .R4;R2/ end summed according to some tree. The sum of these copies is
again diffeomorphic to .R4;R2/, since it can be written as a nested union of standard ball pairs .B4;B2/.
Thus, the original iterated sum is diffeomorphic to a single sum. Since .R4;R2/ is the identity element,
an end sum as above with finite N is then diffeomorphic to the corresponding iterated 2-fold sum.

The set of diffeomorphism types of pairs .X;F / such that the end of F is annular forms a commutative
monoid under end sum, with various submonoids such as the (genus-0) proper 2-knots in R4 and the
topologically standard proper 2-knots. Since these two submonoids are closed under infinite sums
(although the original monoid is not), they are far from being a group. First, the Eilenberg swindle
(Mazur trick) shows there are no inverses: if an embedded plane F � R4 has an inverse F�1, then
F � F \R2 \R2 \ � � � � F \ .F�1 \ F / \ .F�1 \ F / \ � � � � .F \ F�1/ \ .F \ F�1/ \ � � � � R2 (where
R2 denotes the standard plane in R4 and the third diffeomorphism is by associativity). Secondly, every
homomorphism ' from either of these monoids to a group is trivial: for all such surfaces F, we have
'
�
\
1

F
�
D '

�
F \

�
\
1

F
��
D '.F /'

�
\
1

F
�
, so '.F / is the identity. Thus, there can be no useful
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(a) (b)

(c)

Figure 2: Whitehead doubles and kinky handles.

analogue of the knot concordance group for proper 2-knots or exotic planes. However, the double
branched cover of a pairwise end sum is the end sum of the corresponding double branched covers. In
particular, we obtain a homomorphism from the monoid of topologically standard planes in R4 to the
monoid of diffeomorphism types homeomorphic to R4, respecting infinite end sums. Infinite end sums
are compatible in the obvious way with the equivalence and partial ordering used in Theorem 1.6, and
the ordering corresponds to inclusion of double branched covers. (For a well-defined ordered monoid
structure on R4-homeomorphs, one should descend further to “compact equivalence” classes defined by
setting R1 �R2 if every compact subset of R1 embeds in R2.)

2.3 Satellites

Another useful tool is the satellite construction. Classically, we start with a pattern P , which is a knot in a
solid torus T D S1�D2. The corresponding satellite operator replaces a companion knot K � S3 by the
satellite knot P.K/�S3 obtained from P �T by identifying T with a tubular neighborhood of K so that
the product framing of the core of T corresponds to the 0-framing of K (and all orientations are preserved).
For example, if P is given by the dotted circle in Figure 2(a), where T is the complement of the lower
circle in S3, identified so that the circles S1 � fpg in T are unlinked from each other in the diagram,
P.K/ is called the positive (untwisted) Whitehead double DK of K. The negative Whitehead double is
obtained from the mirror image of P . The result of doubling three meridians of an unknot, one negatively,
is shown in (b). The satellite construction has various generalizations to higher dimensions. The most
well known is to take the product of a classical pattern with I and insert it into a tubular neighborhood of a
compact annulus embedded rel boundary in a 4-manifold. This shows, for example, that if K0 and K1 are
concordant (the boundary components of an annulus in I �S3 with Ki � fig �S3), then so are P.K0/

and P.K1/. This notion immediately generalizes to half-open, proper annuli. For such an annulus in R4,
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we canonically identify a tubular neighborhood as a product using the 0-framing of Definition 2.2. Aside
from doubling annuli in this manner, we will take satellites with other pattern and companion surfaces.
An important example is doubling disks. Note that the dotted circle in Figure 2(a) is unknotted in S3, so
it bounds an unknotted disk P in the 4-ball B whose boundary is shown. This disk P can be visualized in
the figure as a pair of parallel disks connected by a twisted band (and with interior pushed into int B). We
take this disk as the pattern for doubling a disk � embedded rel boundary in D4, by identifying a tubular
neighborhood N of � with B so that N \ @D4 corresponds to T (necessarily inducing the 0-framing).
Now (b) of the figure, interpreted 4-dimensionally, shows the result of doubling three normal disks to the
unknotted disk in D4 whose boundary is the lower circle. The disks are more easily seen after an isotopy
producing (c) (using the fact that the Whitehead link in Figure 2(a) is symmetric, ie there is an isotopy
interchanging its components).

2.4 Casson handles

We will make extensive use of Casson handles. These smooth 4-manifolds were first introduced by
Casson [1973–76], then shown by Freedman [1982] to be homeomorphic (rel boundary) to the open
2-handle D2 �R2 as the cornerstone of his classification theorem for simply connected topological
4-manifolds. When Donaldson [1983] showed that the smooth analogue of that theorem is false, it
followed immediately that Casson handles are not all diffeomorphic to the open 2-handle — in fact, the
topological core disk of a Casson handle (the homeomorphic image of the core D2 � f0g �D2 �R2) is
typically not topologically isotopic to a smooth disk. But, as Freedman observed in his original paper, his
proof showed that the topological core could always be assumed isotopic to an almost-smooth disk (as
we discuss in Section 2.5). He also observed that the interior of a Casson handle is diffeomorphic to R4,
by a simple engulfing argument, which we reproduce below (Proposition 2.5).

The basic building blocks of Casson handles are kinky handles. A kinky handle T1 is a compact tubular
neighborhood in a 4-manifold of a generically immersed 2-disk, its core. Equivalently, T1 is made from
a trivial disk bundle over the core disk (a 2-handle) by self-plumbing. The boundary of the core is the
attaching circle of T1, and the attaching region @�T1 � @T1 is the tubular neighborhood of the attaching
circle obtained by restricting the disk bundle (ie the attaching region of the plumbed 2-handle). Either
description of a kinky handle shows that it is homotopy equivalent to a wedge of k circles, where k is
the number of double points of the core. A slightly closer analysis shows that it is diffeomorphic to a
boundary sum of k copies of S1 �D3. This is shown in Figure 3 in the case with two positive double
points and one negative: Take the product of the pictured genus-3 handlebody with I, thinking of the
I coordinate as time t . The attaching circle is the pictured curve at t D 1. As t decreases, the core is
depicted as a circle in T1 that unknots itself by the obvious homotopy with three self-crossings, and then
bounds a disk (local minimum) and disappears. This figure also depicts the kinky handle as a 4-ball
with three 1-handles attached, which is described in Kirby calculus by Figure 2(c) (or equivalently (b)).
In these latter diagrams, the 4-manifold is given as the complement of tubular neighborhoods of the
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Figure 3: A kinky handle: The diagram represents the top boundary of a product with I. The core
is the obvious immersed disk with three double points bounded by the pictured curve.

disks of Section 2.3 bounded by the dotted circles. The general case is similar. (For more details see
eg [Gompf and Stipsicz 1999, Chapter 6].) Note that every kinky handle is made from k copies of the
simplest one (shown in Figure 2(a)) by reversing some orientations and pairwise boundary-summing. A
similar description builds their interiors by pairwise end-summing. We often think of a kinky handle as a
generalized 2-handle. That is, we glue its attaching region to the boundary of another 4-manifold so that
a preassigned framed circle in the latter is identified with the attaching circle C of T1 with the 0-framing
as it appears in Figures 2 and 3. Note that this framing extends over any embedded surface in T1 with
boundary C, but does not in general agree with the normal framing of the immersed core disk (which
is the blackboard framing in Figures 2(c) and 3, so has coefficient C2 in that example). In general, the
framing induced by the immersed core has coefficient 2.kC�k�/ in these diagrams, where kC (resp. k�)
is the number of positive (resp. negative) double points.

A Casson handle is made from an infinite stack of kinky handles. To begin, a 1-stage tower T1 is a kinky
handle. There is an obvious framed link in its boundary, consisting of the 0-framed meridians of the
dotted circles in Figure 2, for which attaching 2-handles would cancel the 1-handles to yield a 4-ball
with an unknotted attaching circle. These 2-handles would fill in the holes of Figure 3 in the obvious
way. To obtain a 2-stage tower T2, we instead attach kinky handles to this framed link. As Figure 2(b)
indicates, a kinky handle is obtained from a 2-handle H (the k D 0 case) by removing disks. Specifically,
we take a ramified double of the cocore disk of H, the satellite operation corresponding to a pattern as
in the figure (ie doubling parallel copies of the cocore disk), then delete a tubular neighborhood of the
resulting disks from H. To obtain T2, we apply this procedure to the canceling 2-handles for T1. The
overall result is to replace the dotted disks for T1 by their ramified doubles. Iterating this procedure using
the framed links at the top stage kinky handles, we get a sequence of towers T1 � T2 � T3 � � � � . A
Casson handle CH is obtained from the infinite union of such a sequence by removing all of its boundary
except the open attaching region int @�T1 D @CH. Equivalently, we can assume the neighborhoods of
ramified doubles removed at each stage are nested; the Casson handle is then obtained by removing
their infinite intersection (and some boundary) from H. (At generic points, this intersection is locally a
product of R2 with a Cantor set, appearing in the boundary as a generalized Whitehead continuum.) The
almost-smooth core of such a standardly embedded Casson handle CH�H is topologically ambiently
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isotopic in H to the core of H (since the knot group is Z or by the more direct method of [Gompf 2017a,
Theorem 6.2]), so the Casson handle itself is (nonambiently) topologically isotopic rel boundary to the
open 2-handle made from H by removing suitable boundary. A Casson handle is completely specified by
a based, signed tree with no finite branches. (Each vertex represents a kinky handle, and its signed edges
directed away from the base correspond to its double points.)

Definition 2.4 A refinement of CH is a Casson handle CH0 whose signed tree contains that of CH.

Any such refinement has a canonical embedding CH0�CH with @CH0D @CH, made by ambiently adding
new double points and kinky handles (or removing a certain nested intersection). Any two Casson handles
have a common refinement, for example, by identifying the basepoints of the corresponding signed trees.

Proposition 2.5 [Freedman 1982, Theorem 2.1] The interior of every Casson handle is diffeomorphic
to R4.

Proof Slightly thin the towers Tn of the given Casson handle CH by deleting boundary collars, so that
each Tn (n� 2) contains Tn�1 in its interior and the union of these compact towers is int CH. We have
seen that each kinky handle is a closed tubular neighborhood of a wedge of circles. Each such circle
can be identified with the attaching circle of the corresponding kinky handle at the next higher stage. It
follows by induction that each tower is also a neighborhood of a wedge of circles. (Collapse from the
first stage up.) Since each circle is nullhomotopic in its next-stage kinky handle, it follows that Tn�1 is
nullhomotopic in Tn. Since homotopy implies isotopy for circles in a 4-manifold, Tn�1 can be smoothly
isotoped into a 4-ball in Tn. Equivalently, we can find a ball Bn with Tn�1 � Bn � int Tn in the original
nest of (slightly thinned) towers. Thus, int CH is a nested union of balls. It is now easy to construct a
diffeomorphism int CH�R4 sending each Bn onto the ball of radius n.

2.5 Almost-smooth surfaces

To arrange Casson handle cores to be almost smooth, we need the following notion:

Definition 2.6 A subset C of an m-manifold X is smoothly cellular if it can be described as a nested
intersection of smooth m-balls Bi with int Bi � BiC1 for each i . It is smoothly boundary cellular if it is
an intersection of half-balls, each intersecting @X in an .m�1/-ball, and nested as before (using “int” in
the set-theoretic sense).

The notion of cellularity was well known at the time of Freedman’s work. The author is not aware of
explicit previous usage of boundary cellularity, although it was surely implicitly known to Freedman.
(We suppress further usage of the adjective “smoothly” since we are taking everything to be smooth
unless otherwise specified.) It is routine to check that, if C is cellular in either sense, then X �C is
diffeomorphic to X �fpg, where p is an interior or boundary point, respectively. Intuitively, C can be
“shrunk to a point” in X without changing the ambient smooth structure.
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Theorem 2.7 (Freedman) The topological core of any Casson handle CH is topologically ambiently
isotopic (rel boundary and with compact support) to a disk D that is smooth except at one point p, which
can be chosen to be in either the interior or boundary of D.

The interior case is essentially [Freedman 1982, Addendum A to Theorem 1.1]. The boundary case is
unpublished but contemporaneous. We simplify the proof in places, using more recent methods. The proof
also verifies that the (compactly supported) topological isotopy class of the core disk does not depend on
the topological identification of CH with a standard open 2-handle. We will usually assume such cores
are smooth except at one interior point, but will also have use for the boundary case (Proposition 3.7).

Proof Freedman’s proof [1982] that CH is a topological open 2-handle uses a difficult lemma that
embeds Casson handles inside preassigned finite towers. Repeated use of this in towers at high stages
exhibits CH as a nested union of compacta parametrized, preserving order, by the standard Cantor set.
Each compactum C is the end compactification of an infinite Casson tower with the same attaching circle
as CH. (These compacta are not manifolds, although they can be taken to be topological 2-handles if
we replace Casson handles by Freedman’s more general towers with many embedded surface stages, as
in [Freedman and Quinn 1990].) Consider such a C whose parameter is approached from above by a
sequence in the Cantor set. Isotope C slightly away from @CH. Then C is cellular. This is because by
construction, each neighborhood V of C contains some Casson tower Tn (again isotoped away from @CH)
whose subtower Tn�1 contains C. As in the proof of Proposition 2.5, there is a smoothly embedded ball
Bn with C � Tn�1 � Bn � Tn � V, where we include into interiors after slightly thinning Tn�1. Such
balls can be constructed to nest as required. Cellularity of C implies CH�C is diffeomorphic to CH�fpg
for an arbitrary p 2 int CH. The annulus A connecting the attaching circle of CH to the corresponding
circle in C is sent by this diffeomorphism to an annulus in CH�fpg that compactifies to an almost-smooth
disk D in CH. Freedman showed that D is a topological core by a deep dive into his 2-handle recognition
proof, but this can be avoided with more modern technology: Analyzing �1 in CH�D shows that D

is “locally homotopically unknotted”, hence locally flat by Venema [1997], and �1.CH�D/Š Z. Then
D is topologically isotopic to the core of any given topological open 2-handle structure (essentially by
the proof that a 2-sphere in S4 with knot group Z is topologically unknotted [Freedman and Quinn 1990,
Theorem 11.7A]). To similarly arrange the singularity to lie on the boundary, do not isotope the subsets
entirely away from @CH, but instead leave their intersections with @CH a nested sequence of 3-balls. We
can arrange the resulting boundary-cellular set to have the form C 0 D C [
 , where 
 is an arc in A from
@CH to C. Shrinking C 0 to a point sends A to the required disk D0 that is smooth except at a boundary
point. If we instead do the shrink in two stages, first shrinking C gives the disk D that we have already
identified with a topological core, containing the embedded image of 
 . Shrinking that image does not
change the homeomorphism type of .CH;D/, so the resulting D0 is also a topological core.

Freedman actually used the innermost C of the uncountable family as the cellular set, but we will later
have use of the whole family.
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We can alternatively derive the case p 2 @D from the case p 2 int D proved in [Freedman 1982]. Given
the latter, choose an arc 
 in D from @D to p. We can assume this is smooth except at p. In CH�fpg,
there is a unique ray toward p (up to smooth ambient isotopy) since the end at p is simply connected
(compare with uniqueness of end sums, Section 2.2). Thus, after an almost-smooth isotopy of D in CH,
we can assume 
 is smooth. Then 
 is smoothly boundary cellular, so we can shrink it to a boundary
point, away from which D is smooth.

Combining this theorem with work of Quinn [1982] immediately gives:

Corollary 2.8 Every compact , locally flat surface F in a 4-manifold is almost-smoothable.

Proof Decompose F as a CW-complex with a unique 2-cell, then thicken in the obvious way to a
topological 2-handlebody. By [Quinn 1982, 2.2.2 and 2.2.4] (see also [Gompf 2005, Theorem 5.2]), we
can assume the underlying 1-handlebody and its intersection with F are smooth, and replace the 2-handle
by a Casson handle. The latter is only given in [Quinn 1982] to be “weakly unknotted” in the original
topological 2-handle, but we can now infer their two cores are topologically isotopic (as in [Freedman
and Quinn 1990, Theorem 11.7A] again). That is, we can topologically isotope the remaining disk of F

to agree with an almost-smooth core.

The minimal genus and kinkiness of the resulting singularity were addressed in [Gompf 2017a, Theorems
6.2 and 8.4]; see also Theorem 1.7. Proposition 3.7 below shows that no singularity is necessary when
F is open.

3 Initial results

We now prove the results that follow most easily from the literature. This naturally leads into a brief
discussion of the exotic R4 theory that we will need in Section 4. For context, we then briefly digress to
discuss (non)existence of exotic linear subspaces and annuli in general dimensions, and the dual problem
of smoothability of topological submanifolds of 4-manifolds.

3.1 Exotic annuli and planes from Casson handles

In this section, we construct exotic annuli and planes realizing all nonzero values of � and �1, respectively.
We prove Theorem 1.3, that exotic planes realize all values of �1 and g1 Dmaxf�1

˙
g. (The case with

�1 D 0 consists in quoting Theorem 1.5(a), whose proof uses different methods and is deferred to
later sections.) In addition, part of Theorem 1.5(b), uncountably many annuli with each nonzero �, is
immediate from Corollary 3.3 below, with the rest completed in Section 5.2 by drawing the annuli. To
begin, we recall what is known about the diffeomorphism classification of Casson handles, based on
[Gompf 1984; 1986; 2017a].

Definition 3.1 The minimal genus g.CH/ of a Casson handle is the minimal genus of an embedded
surface in CH bounded by the attaching circle [Gompf 2017a]. Similarly, the kinkiness �˙.CH/ is the
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minimal number of double points of the given sign in a generically immersed disk bounded by the
attaching circle [Gompf 1984].

Note that, if CH0 is a refinement of CH (Definition 2.4) then it canonically embeds in CH, so g.CH0/�
g.CH/, and similarly for �˙.

Theorem 3.2 [Gompf 2017a, Theorem 8.6] For each .m; n/ 2Z�0�Z�0�f.0; 0/g, there are uncount-
ably many diffeomorphism types of Casson handles with � D .�C; ��/D .m; n/ and g Dmaxfm; ng.

Proof The reference deals with �, but g follows also. Let CHC be the Casson handle with one double
point at each stage and all signs positive, so each kinky handle is given by Figure 2(a). For each
m; n 2 Z�0 except for mD nD 0, let CHm;n be the Casson handle made from m copies of CHC and n

copies of its mirror image by gluing their attaching regions in the obvious way so that the resulting first
stage core has m positive and n negative double points. Clearly, �C.CHm;n/�m and ��.CHm;n/� n.
The embedded surface made from the first stage core by tubing together pairs of double points of
opposite sign and smoothing the remaining double points (replacing each local pair of intersecting
disks by an annulus) shows that g.CHm;n/�maxfm; ng. For lower bounds on these invariants, attach
CHm;0 to a 4-ball along an unknot with framing 2m� 2. The resulting interior admits a Stein structure.
(See for example [Gompf and Stipsicz 1999, Chapter 11]. Note that the first stage is made from the
cotangent bundle of S2 by self-plumbing.) The adjunction inequality for Stein surfaces now shows that
g.CHm;0/ � m, and similarly �C.CHm;0/ � m. (The adjunction inequality is insensitive to negative
double points, ultimately since they can be blown up without changing the homology class.) Since
CHm;n is a refinement of CHm;0, we conclude that �.CHm;n/D .m; n/ (with �� evaluated by reversing
orientation) and g.CHm;n/Dmaxfm; ng.

To produce uncountable families, let X D CP2 # kCP2 and note that, for large k, the class ˛ D
3e0C

P8
iD1 ei 2H2.X / (using the obvious basis) has ˛2D 1 but orthogonal complement that is negative-

definite and not diagonalizable. (When k D 8, the complement is even and hence E8. This persists as a
summand when k increases.) Thus, ˛ cannot be represented by an embedded sphere, which could be
blown down to contradict Donaldson’s diagonalizability theorem [1983]. However, Casson’s algorithm
[1973–76] represents ˛ by a (highly ramified) Casson handle CH attached to a 1-framed unknot in a
4-ball for k � 9 (showing that g.CH/¤ 0). With more work [Gompf 1986], one can explicitly embed
the first stage (or first several) with only one (positive) double point so that Casson’s algorithm still
generates the rest of the Casson handle. Thus, we can assume CH is obtained from CHC by refining only
the higher stages. Refining further, we can alternatively assume CH is made from any given CHm;n by
refining only higher stages (and reversing orientation on X if mD 0), so that it has the same � and g

as CHm;n. Now recall from the proof of Theorem 2.7 that CH contains an uncountable nest of Casson
handles parametrized by a Cantor set. These can be constructed by reembedding only above the first stage,
so that they all have the same � and g as CHm;n. If any two of these Casson handles were diffeomorphic,
then attaching them to concentric 4-balls in X would create a diffeomorphic pair W and W 0 of open
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W 0

W

diffeomorphic ends of W and W 0X

W �W 0

Figure 4: Constructing a periodic end.

subsets carrying ˛ and with cl W 0 �W. We could then cut W 0 out of X and replace it by an infinite
stack of copies of W �W 0, glued along diffeomorphic ends (Figure 4). This would yield a 4-manifold
with a periodic end and a definite, nondiagonalizable intersection form, contradicting [Taubes 1987] (see
[Gompf and Stipsicz 1999, Theorem 9.4.10]).

Corollary 3.3 For each .m; n/¤ .0; 0/, there is an uncountable family of pairwise nonisotopic exotic
annuli in R4 with � D .m; n/ and g Dmaxfm; ng. Each annulus in the family extends to a topologically
standard , almost-smooth plane that is relatively unsmoothable in that it cannot be smoothed by any
topological isotopy that is smooth outside a compact set.

Proof An almost-smooth core disk of a Casson handle CH (Theorem 2.7, interior case) is topologically
standard in int CH, which is diffeomorphic to R4. Thus, it determines a smooth, topologically standard
annulus. By Proposition 2.1(a), we can reconstruct the Casson handle from the annulus, so nondiffeomor-
phic Casson handles yield nonisotopic annuli in R4. The invariants � and g of the annulus equal those of
the Casson handle, and the core disk interior is relatively unsmoothable whenever � or g is nonzero.

More generally, every exotic annulus with g > 0 extends as above, by Corollary 2.8 applied to the
topological spanning disk.

Proof of Theorem 1.3 We wish to construct an exotic plane realizing any given value of �1. First, we
topologically isotope the standard S2 � S4 to create a suitable unique singularity: Decompose its tubular
neighborhood as B4 with a 2-handle attached, then canonically embed a given CHm;n in the 2-handle.
As in the proof of Theorem 2.7, CHm;n contains a nested, decreasing sequence of Casson handles with
intersection C that is cellular in S4. Isotope C and the Casson handles away from @CHm;n so that the
latter form a neighborhood system of C in CHm;n (Figure 5, left). Now shrinking C to a point as in the
figure preserves the nest of Casson handles, but their intersection becomes the singular point p of the
resulting almost-smooth disk D, with each Casson handle intersecting D in a disk. After topological
isotopy of the standard S2, we can assume (as in the proof of Corollary 2.8) that it contains D. Deleting
p from .S4;S2/ now gives P, a topologically standard R2 in R4. The sequence of Casson handles can
be constructed to all have the same first stage, and hence the same �˙ and g, as CHm;n. It is now easily
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Figure 5: Creating a singularity with a neighborhood system of Casson handles.

verified that �1.P / D .m; n/. Alternatively, the first stages can be refined so that �C or �� (or both)
increase without bound, so we can realize any preassigned �1.P /¤ .0; 0/ and g1.P /Dmaxf�˙.P /g.
The remaining case of vanishing invariants follows from Theorem 1.5(a). The exotic planes of that
theorem are constructed in Section 4.2 (proof of Theorem 1.6 starting on page 97) and shown to have
vanishing invariants in Section 5.2.

A similar approach is used in [Gompf 2017a] to analyze the invariants of singularities of almost-smooth
surfaces more generally.

Remark 3.4 These are essentially the original exotic planes implicit in [Gompf 1984, Remark 4.2].
The construction in that remark was to one-point compactify (ramified versions of) .int CHm;n; int D/,
then smooth the singularity at infinity by an omitted argument similar to our proof that g1 D 0 for
Theorem 1.5 (Section 5.2). Yet another description of these planes is to smooth the core of CHm;n away
from a boundary point (Theorem 2.7), then pass to the interior.

3.2 Exotic R4 methods

In Section 4, we will extensively use exotic R4 theory. We now illustrate the main ideas, starting from the
proof of Theorem 3.2. (See [Gompf and Stipsicz 1999, Section 9.4] for a broader look.) First note that the
manifold W from that proof embeds in CP2, by standardly embedding CH in the 2-handle of the obvious
handle decomposition of the latter. We can assume the closure of W has the form B4[C, where C is
cellular as in the proof of Theorem 2.7. Then RDCP2� cl W is diffeomorphic to the complement of an
almost-smooth sphere topologically isotopic to CP1, so it is homeomorphic to R4. However, it cannot be
diffeomorphic to R4, since its end is diffeomorphic to that of the negative-definite manifold X � cl W :
this has no smooth 3-spheres surrounding cl W in X, or else we could cut along such a 3-sphere and glue
in B4, contradicting Donaldson’s theorem. In fact, R is a large exotic R4, meaning it has a compact,
codimension-0 submanifold that cannot smoothly embed in S4: if a sufficiently large compact subset
embedded in S4 (or in any closed, negative-definite manifold), a similar gluing argument would fuse
the latter into X � cl W to again contradict Donaldson. Now recall that such cellular subsets C � CH
occur in an uncountable nested family, so we obtain an uncountable family of R4-homeomorphs Rs

constructed in the same manner, nested in the reverse order. Thus, they are parametrized, preserving
order, by †, the Cantor set with the upper endpoint of each middle third removed. Alternatively, we
can construct a nested family parametrized by an interval, by considering open balls of sufficiently large

Geometry & Topology, Volume 29 (2025)



90 Robert E Gompf

radius in the topological R4 structure of R. Either way, the members Rs of the family are pairwise
nondiffeomorphic by the periodic end argument illustrated in Figure 4. In fact, we obtain a 2-parameter
family by end-summing with opposite orientations, with Rs \Rt embedding in Rs0 \Rt 0 if and only if
s � s0 and t � t 0. (There is no embedding with s > s0 since Rt 0 embeds in CP2 and the periodic end
theorem still applies with negative-definite homology in the end. For the case t > t 0, reverse orientation.)
Similarly, the nonembedding statement for the manifolds Rs persists if we end-sum them with more
general 4-manifolds that embed in closed, negative-definite, simply connected 4-manifolds.

Remark 3.5 We have also exhibited uncountably many almost-smooth spheres topologically isotopic
to CP1 � CP2 and distinguished (up to almost-smooth isotopy) by the diffeomorphism types of their
exotic R4 complements. These can be constructed for any finite � with �C > 0 by controlling the first
stage as for Theorem 3.2 and evaluating � as for Theorem 1.3.

In Section 4, we discuss small exotic R4-homeomorphs, ie those that are not large. All known examples
embed in S4 (rather than just their compact subsets embedding). These are obtained by a method
of Freedman [Demichelis and Freedman 1992] from failure of the smooth h-cobordism theorem for
4-manifolds [Donaldson 1990]. An end-periodic version of that theorem again yields uncountable families
[Demichelis and Freedman 1992]. Since that version allows negative-definite homology in the end, we
obtain 2-parameter families [Gompf 1993, Theorem 1.1; Bižaca and Gompf 1996, Proposition 5.6] and
their generalization as before [Gompf 2017a, Lemma 7.3]. (The conclusions are slightly weaker than
before, since one must work relative to a certain compact subset: In the uncountable families, each
diffeomorphism type appears at most countably often, so we obtain the cardinality of the continuum in
ZFC set theory. One can construct such families so that some diffeomorphism type appears more than
once [Gompf 2018, Remark 6.8].)

3.3 Other dimensions

We now show that exotic planes have no analogues in other dimensions.

Proposition 3.6 Suppose a homeomorphism h WRn!Rn is a local diffeomorphism near Z DRk � f0g.
Then h.Z/ is smoothly ambiently isotopic to Z unless n D 4 and k D 2. The same holds if Z is the
annulus .Rk � int Dk/� f0g unless nD 4 and k D 2; 3; 4, or k D 3 and nD 5; 6; 7.

Every exotic plane or annulus in R4 has such a homeomorphism h by uniqueness of topological normal
bundles [Freedman and Quinn 1990, 9.3D]. One might hope for the same to hold for all smooth embeddings
Rk ,!Rn that are topologically standard, but the author is unaware of a sufficiently general uniqueness
theorem for normal bundles. Since every orientation-preserving diffeomorphism Rk !Rk is isotopic
to the identity, the first conclusion of the proposition can be immediately strengthened from an isotopy
of the submanifold h.Z/ to an isotopy sending the restricted map hjZ to idZ . However, this fails
for annuli in some high dimensions: An exotic self-diffeomorphism of Sk�1 (k � 7) extends radially
over Rk and then as a product with idRn�k over Rn, giving a self-homeomorphism h of Rn that is a
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local diffeomorphism off of f0g �Rn�k . This satisfies the hypotheses and conclusion of the second
sentence of the proposition with h.Z/DZ. Suppose there were a smooth ambient isotopy sending hjZ

to idZ . For k D n, Proposition 2.1(b) would produce a forbidden diffeomorphism between Sk and the
exotic sphere † obtained by gluing two balls via hjSk�1 . Similarly, for k D n� 1, we would obtain a
diffeomorphism †�R� Sn�1 �R. This manifold would then contain disjoint copies of † and Sn�1

cobounding a forbidden h-cobordism.

Proof The cases n� 4 only use smoothness of h through that of its image submanifold h.Z/: When
n< 4, we can pairwise smooth h W .Rn;Z/! .Rn; h.Z// by standard 3-manifold topology, then smoothly
isotope h to the identity. When nD 4, smooth 1-manifolds cannot be knotted. Every embedding R3 ,!R4

exhibits R4 as an end sum of two R4-homeomorphs. (A tubular neighborhood of the R3 can be identified
with that of the gluing arc; see eg [Calcut and Gompf 2019].) Since the monoid of these has no inverses
[Gompf 1985] (by the Eilenberg swindle/Mazur trick introduced in the last paragraph of Section 2.2)
both summands are standard, as is the original embedding.

When ZDRk�f0g and n> 4, we can assume after normal radial dilation that h is a local diffeomorphism
on N DRk �Dn�k . Thus, the pulled-back smoothing on the domain is standard on N. But Rn� int N �

@N � Œ0;1/. Since smoothings rel boundary are classified by a homotopy lifting problem when n> 4 (by
[Kirby and Siebenmann 1977]; see also [Freedman and Quinn 1990, Section 8.3] for a quick overview), the
smoothing of Rn is isotopic rel N to the standard smoothing. Equivalently, h is topologically isotopic rel N

to a diffeomorphism, which is then smoothly isotopic to the identity, completing the proof for Rk � f0g.

The proposition holds without use of h when n� 2kC2, since homotopy implies isotopy by transversality,
completing the k D 3 case. For the remaining case of annuli with k ¤ 3, it suffices to show that the
topological open k-handle yX arising from Proposition 2.1(a) is diffeomorphic to a standard open k-
handle, preserving the attaching sphere setwise. This follows unless k D 3 or k � 7 by vanishing of
the smoothing uniqueness obstruction �k.TOP=O/ [Kirby and Siebenmann 1977; Freedman and Quinn
1990, Section 8.3]. For k D n� 7, yX must be diffeomorphic to a ball as required, by puncturing it and
applying the h-cobordism theorem. Thus, the uniqueness obstruction is encoded in how its boundary
is identified with Sk�1. Stability of high-dimensional smoothing theory [Kirby and Siebenmann 1977,
Essay I, Section 5, Remark 2] now gives the required diffeomorphism for n> k � 7.

Regarding the missing cases of the proposition, the bulk of this paper deals with .n; k/D .4; 2/. The case
of annuli with nD k D 4 is equivalent to the notorious 4-dimensional smooth Schoenflies conjecture
[Gompf 2018, Proposition 2.2]. The case k D 3 is equivalent (as above) to nonexistence of an exotic
open 3-handle with interior diffeomorphic to Rn. When nD 4, there are uncountably many smoothings
of S3�R (for example connected sums of R4-homeomorphs). Drilling out a neighborhood of a properly
embedded line gives uncountably many exotic 3-handles, but it is not known if an exotic 3-handle can
ever have interior diffeomorphic to R4. If there is an exotic 3-handle in dimension 5, 6 or 7, it and the
corresponding exotic annulus are unique since �3.TOP=O/Š Z2.
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Figure 6: Pushing a singularity out to infinity, as seen in the surface F �X.

3.4 Unsmoothable submanifolds

In 4-manifolds, there are many ways to construct topological (locally flat) embeddings of compact surfaces
that cannot be smoothed by topological isotopy. An example from the 1980s is the topological sphere
representing the class ˛ in the proof of Theorem 3.2. The manifold int.B4[CHm;0) in the first paragraph
of that proof has homology generated by a class with minimal genus m but represented by a topological
sphere (so by an unsmoothable surface of any genus less than m). It is an interesting open question
whether such compact unsmoothable surfaces exist in R4. Corollary 3.3 exhibits topological planes in R4

that are unsmoothable relative to their smooth ends. However, without restriction on the end, noncompact
surfaces in smooth 4-manifolds are always smoothable:

Proposition 3.7 Every topological (locally flat , proper) embedding of a noncompact surface into a
smooth 4-manifold X is topologically (ambiently) isotopic to a smooth embedding.

Proof Let F �X be the image of the embedding. As in the proof of Corollary 2.8, we can smooth F

near the 1-skeleton of a cell decomposition and realize the rest of F as topological cores of disjointly
embedded Casson handles CHi in X. Choose a point pi 2 CHi in each attaching circle. These are the
endpoints of a properly embedded family of rays 
i in F whose interiors are disjoint from the Casson
handles. Let Bi be a half-ball in CHi centered at pi 2 @CHi . By pushing along each 
i as in Figure 6,
we can disjointly reembed each CHi �fpig in X, fixing CHi �Bi and properly embedding Bi � fpig,
sending F \CHi �fpig into F. But F \CHi is a topological core by construction, so Theorem 2.7 gives
a compactly supported topological isotopy in CHi that smooths it except at pi . Applying this to each
reembedded CHi �fpig smooths F. The embedding map of F can then be immediately smoothed by a
pairwise isotopy of .X;F /.

There are many ways to obtain unsmoothable embeddings of closed 3-manifolds into 4-manifolds. More
strongly, embeddings that are not almost-smoothable (and cannot even be smoothed away from certain
larger subsets) can be obtained in various ways using the topology of the 3-manifold. (See the last
paragraph of [Gompf 2017a, Section 6].) However, locally flat embeddings of S3 and R3 in R4 are
always topologically standard. (This follows up to homeomorphism from [Brown 1962] and [Cantrell
1963], respectively, the latter after removing a point from the sphere pair in the corollary of [loc. cit.]. An
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ambient isotopy to the identity can then be obtained by straightening near 0 2R4 [Quinn 1982, 2.2.2]
and dilating.) For such embeddings, we can still obtain unsmoothability within a neighborhood of the
submanifold, but must use a different approach:

Proposition 3.8 There is a topological embedding R3 ,!R4 separating the components of some compact
set K in its complement , such that no smooth embedding of R3 separates K. Thus , the embedding
R3 ,!R4�K is not smoothable by a topological isotopy. There is a topological embedding S3 ,!R4

with a neighborhood in which it is not homologous to an almost-smooth embedding of S3.

Proof There is a topological embedding S3 �R ,! S4 whose image U contains no smooth 3-sphere
separating its ends, as discussed more carefully in Section 4.1. Both of the required embeddings arise from
this by deleting a point from S4. For the embedding of R3, delete a point p from the image S of S3�f0g

to obtain a topologically embedded Q in R4 homeomorphic to R3, separating the two components of
K D S4�U. Suppose there were a smooth Q0�R3 separating these. Then Q0 would split R4 as an end
sum. But this operation has no inverses [Gompf 1985] (by the Eilenberg swindle/Mazur trick introduced
in Section 2.2). Thus, R4�Q0 would be diffeomorphic to two copies of R4. But then each copy would
have smooth 3-spheres near infinity, contradicting the fact that U has no such 3-spheres.

To realize the data of the last sentence of the proposition, instead remove a point of S4 �U to obtain
S � U � R4. Suppose there were an almost-smooth 3-sphere S 0 in U as in that sentence. We could
assume its singularity agreed with p from the previous paragraph (after a smooth, compactly supported
isotopy of U sending one point to the other). Then removing p from .S4;S 0/ would give a Q0 forbidden
by the first paragraph.

4 Exotic branched coverings

Having realized all nonzero values of �1 (and thereby g1) by exotic planes for Theorem 1.3, we probe
deeper by studying exotic planes for which the corresponding double branched covers can be recognized
as exotic smoothings of R4, allowing us to harness the powerful theory of such smoothings. The first
such example, due to Freedman, was later incorporated into a peculiar Z2˚Z2-action [Gompf 1993].
We now analyze this action in detail. (We reverse the orientations of [Gompf 1993, Sections 3 and 4] to
obtain the more “natural” orientations of subsequent papers that are stable under connected sum with
CP2 but not CP2. Signs of the double points of the Casson handles were unspecified in that paper,
with one exception discussed below. We will ultimately see in Remark 5.5(c) that both conventions can
produce the same exotic R4, but with different Z2˚Z2-actions.) The action generates two different
uncountable collections of exotic planes, corresponding to the two types of exotic R4-homeomorphs
(small and large). One type is generated by unknots (proof of Theorem 1.5 in Section 5.2 starting on
page 114), so has g1D 0, and can be drawn explicitly without local maxima (Section 5.2). The other has
g1 > 0 (Proposition 4.8), realizing each of infinitely many values of g1 by uncountably many exotic
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Figure 7: A Z2˚Z2-invariant decomposition of S2 �S2 with U an exotic S3 �R at the end of
two exotic R4-homeomorphs R and R� in the (noninvariant) S4-summand.

planes (Corollary 4.9), and requires infinitely many local maxima in any diagrams (Corollary 4.11). These
seem intractable to draw explicitly. (A more detailed comparison of the two types of exotic planes appears
at the beginning of Section 6.) As applications, we show that many embedded surfaces, including all those
arising from compact surfaces embedded in the 4-ball rel nonempty boundary, have infinitely many exotic
cousins (Section 4.3), and that the singularities of almost-smooth surfaces arising from Freedman theory
as in Corollary 2.8 typically require infinitely many local minima (Theorem 1.7, proved in Section 4.4).
We also exhibit exotic planes with uncountable groups of symmetries that are not pairwise isotopic to the
identity (Section 4.5).

4.1 An exotic Z2˚Z2-action

In [Gompf 1993], the 4-sphere is exhibited as the union of two open subsets R and R� (the former
denoted by R0 in [loc. cit.]). Their intersection U D R\R� is homeomorphic to S3 �R, but has no
smoothly embedded S3 separating its ends. In particular, each of R and R� is a small exotic R4. Let
N D R # S2 � S2, so R� [N is identified with S2 � S2 (Figure 7). There is a standard action of
GDZ2˚Z2 on S2�S2 given in holomorphic affine coordinates for S2DCP1 by the three involutions
ry.u; v/D . Nu; Nv/, rz.u; v/D .v;u/ and rx.u; v/D . Nv; Nu/. By construction, U, N and R� are invariant
under the action, although the connected sum decomposition of N is not. Figure 8(a) shows N with the
involutions given by �-rotation about the corresponding coordinate axes (so rx is �-rotation in the plane
of the paper). To understand the figure, first interpret the fine circles as 2-handles. These equivariantly
cancel the 1-handles, resulting in a diagram of S2 � S2 with its G-action. Now imagine each fine
2-handle decomposed as a 1-handle and two 2-handles that are interchanged by rz . (This could be drawn
explicitly by adding a pair of balls to each fine circle where it intersects the z-axis.) For a fixed Casson
handle CH, we can G-equivariantly embed a copy of CH into each of the four resulting 2-handles. (Use
the standard embedding of Section 2.4, so each CH is topologically (nonambiently) isotopic to the open
2-handle containing it.) Equivalently, we are rz-equivariantly embedding a Casson handle 2 CH (made
by gluing together two copies of CH) into each of the two fine 2-handles in the figure. The manifold N

is obtained by replacing the fine 2-handles with these rz-invariant Casson handles and removing the
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(a) (b)
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�1

0 2 CH

Figure 8: The 4-manifold N with its G-action (a) and its quotient Nx (b). Putting a dot on one
large 0-framed curve in (a) gives R, a small exotic R4 with a G-action of its end.

remaining boundary, so it is topologically (nonambiently) equivariantly isotopic to S2 �S2 minus the
4-handle. Its complement in S2 � S2, together with the topological open collar U of N, is R�. The
G-actions on N and R� are topologically standard. That is, up to homeomorphism, the action on N

is given by the standard action on S2 � S2 minus a fixed point, and the action on R� is obtained by
rotating about the three coordinate axes of R3 in R3 �R. To see R, surger the S2�S2-summand out
of N (nonequivariantly) by replacing the 0-framing on one of the large curves by a dot. Note that since N

and R are each made from a compact manifold by attaching Casson handles, they can be drawn explicitly
(sometimes modulo the issue of the required complexity of CH). The manifolds and planes constructed
from these can also be drawn (Section 5). In contrast, R� is obtained by removing topological core disks
or closed neighborhoods of these, obtained by infinitely iterated Freedman reembedding (Section 2.5), so
it seems an intractable problem to explicitly draw it or any derived exotic objects.

Exoticness of R and R� follows from the original construction of N. For suitably chosen CH, N embeds
in the middle level of an h-cobordism between two nondiffeomorphic closed 4-manifolds X0 and X1

that are distinguished by gauge-theoretic invariants. (This construction goes back to [Casson 1973–76]
with a more complicated version of N ; see also [Gompf and Stipsicz 1999, Section 9.3].) The two large
0-framed curves represent the unique ascending and descending 2-sphere of the h-cobordism, with one
extra pair of intersection points. Adding a dot to one curve surgers the corresponding sphere out of N,
exhibiting copies of R in X0 and X1, respectively. Each copy of R contains a compact set K (obtained
from Figure 8 by removing the fine curves and dotting one 0-framed curve) such that the manifolds
Xi � int K are diffeomorphic. Then R�K has no smooth S3 separating its ends, for otherwise X0 and
X1 would only differ by homotopy 4-sphere summands, so their invariants would agree. Thus, U �R�K

has no S3 separating its ends, so R and R� are exotic. Neither of the diffeomorphisms rx or rz can extend
over R, since we could otherwise construct a diffeomorphism between X0 and X1. However, the diagram
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shows that ry does extend. By [Bižaca and Gompf 1996], we can take CH to be the Casson handle CHC
with a single positive double point in each kinky handle, or any refinement of it. (We will need to pass to
an arbitrarily large compact subset of N to obtain the embedding in an h-cobordism, but the rest of the
discussion still applies.) We can then obtain uncountably many diffeomorphism types of R by embedding
suitable, highly ramified refinements into CHC as in the proof of Theorem 2.7, varying the thickness of U.
These R4-homeomorphs are distinguished by the end-periodic h-cobordism argument of [Demichelis and
Freedman 1992], applied as in [Gompf 1993, Section 1] to the h-cobordism realizing the simple version
of N in Figure 8. (One can similarly vary R�, but distinguishing the resulting diffeomorphism types may
require new tricks.)

The various quotients of the G-action are determined in [Gompf 1993]. We denote by Nx and NG

the quotients of N by rx and by G, respectively, and similarly for the other quotients. The quotients
other than for rx are standard: R�y �R�z �R�

G
�Ny �NG �R4 and Nz �CP2�fpg. The induced

involutions on the Z2-quotients, and hence their induced maps to R�
G

and NG , are also standard (complex
conjugation in the case of Nz). The involution ry on N DR#S2�S2 restricts to a topologically standard
involution on R, yielding a topologically standard branched covering R!R4 of the standard R4 by a
small exotic R4, as first observed by Freedman. (Surgering N to R does not change the quotient, but
surgers the branch locus from a punctured torus to an exotic plane; see Section 5.2.) The quotient Nx

is shown in Figure 8(b) (where the �1-framing is the blackboard framing), and its complement in the
quotient CP2 of S2 � S2, extended by the topological collar Ux , is R�x . The figure exhibits Nx as a
Casson handle attached to B4 along a �1-framed unknot. (The first stage is explicitly drawn and isotopic
to the mirror image of Figure 2(a) by symmetry of the Whitehead link, so it has a negative double point.
The higher stages are given by 2 CH.) For CH sufficiently ramified, Nx embeds in X D CP2 # kCP2

representing the class ˛ as in the proof of Theorem 3.2 (with reversed orientation). Then Nx is an
exotic open Hopf bundle with no smoothly embedded sphere generating its homology. As in Section 3.2,
R�x then has the same end as a nondiagonalizable, positive-definite 4-manifold (made from X by deleting
a compact subset of Nx), so it is a large exotic R4 with a compact subset that cannot embed in any
closed, positive-definite 4-manifold, and Ux DNx\R�x has no 3-sphere separating its ends. Furthermore,
R�x lies in an uncountable family of pairwise nondiffeomorphic R4-homeomorphs obtained by varying
the thickness of its topological collar Ux . The map R�x ! R�

G
is a topologically standard branched

covering map from a large exotic R4 to the standard R4. (In addition, the map R�!R�x is a topologically
standard branched covering from a small exotic R4 to a large R4, showing that the large/small dichotomy
does not have a simple relationship with such branched covers. It is still an open question whether the
standard R4 has such a map to an exotic one.)

4.2 Families of exotic planes

We now have a supply of exotic but topologically standard double branched coverings of R4, whose
branch loci in R4 must then be exotic planes. Recall from the end of Section 2.2 that double branched
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covering induces a monoid homomorphism from isotopy classes of topologically standard planes to
R4-homeomorphs, which descends to their partially ordered quotient monoids (where the equivalence and
partial order for planes are defined preceding Theorem 1.6). This immediately allows us to apply exotic
R4 theory to exotic planes. We first prove Theorem 1.6, constructing uncountable families of exotic
planes that are well behaved under the partial order, then consider the end sum operation. Subsequent
subsections expand these ideas to more general knotted surfaces and to exotic planes with group actions.

Proof of Theorem 1.6 When we vary CH in Section 4.1, the resulting small R4-homeomorphs R range
over uncountably many diffeomorphism types. These realize uncountably many diffeomorphism types of
ends since only countably many manifolds can have a given end. The branch loci of the corresponding
involutions ry on R must then realize uncountably many isotopy classes of exotic planes P in R4 (which
we call simple), determining uncountably many classes of exotic annuli. In Section 5.2, we will see that
these planes are all generated by unknots, which will complete the proof of Theorem 1.5(a). Embedding
each CH in a 2-handle ry-equivariantly embeds R in R4 without enlarging the branch locus, showing that
P �R2. Since .R4;R2/ embeds in every .X;F / with F �R2, restricting to a diffeomorphism R2! F,
P is equivalent to the standard plane, as required to prove Theorem 1.6(a).

While the large exotic R�x lies in a pairwise nondiffeomorphic family parametrized by an interval, it
requires more care to construct an uncountable family with quotients R�

G
identified as R4. We expand the

argument identifying R�
G

in [Gompf 1993]. Let C � CH be a compactum as in the proof of Theorem 2.7,
so that C is cellular in any 4-manifold X whose interior contains CH. We can now locate R�x in Figure 8(b)
as the complement in CP2 of a compactum obtained from a thinner version H of the given handlebody
(ignoring the fine circle) by attaching a copy of C inside each copy of CH. (The proof in [loc. cit.] used an
almost-smooth core disk in place of C but was otherwise the same.) The remaining involution is given in
Figure 8(b) by �-rotation about the z-axis and preserves R�x . Its branched covering map sends CP2 to S4

and each pictured handle of H to a 4-ball attached to a previous 4-ball along a 3-ball in its boundary. (For
example, the attaching region of the 2-handle is a solid torus covering a 3-ball branched along a trivial pair
of arcs.) The two copies of CH are identified to a single copy, attached along half of its attaching region to
the 4-ball B comprising the image of H, so R�

G
DS4�.B[C /�S4�C �S4�fpg�R4. Varying the

parameter over † as in Section 3.2 now gives a Z2-invariant nested family of pairwise nondiffeomorphic,
large exotic R4-homeomorphs R�x whose quotients under the topologically standard involution are R4.

Theorem 1.6(b)–(c) now follow from the exotic R4 theory discussed in Section 3.2. For t 2†, let Rt

be the corresponding large exotic R4, and let Pt �R4 be the corresponding branch locus. For t < t 0, the
inclusion Rt �Rt 0 was constructed to have compact closure (for the periodic end argument). However,
the fixed set of the involution on R�x avoids the Casson handles CH (although it intersects the 1-handle
separating them in 2 CH) so after an equivariant isotopy we can assume the inclusion sends the fixed set
of Rt onto that of R0t. This shows Pt � Pt 0 . If also s � s0 in †, we then have Ps \P t � Ps0 \P t 0 , where
the bar denotes reversed ambient orientation. If s > s0 or t > t 0, Rs \Rt cannot embed in Rs0 \Rt 0 , so the
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map from†�† to equivalence classes of exotic planes is an order-preserving injection, proving (b). If we
replace the exotic planes P t in this family by those coming from (a), the second summand no longer affects
the resulting equivalence classes, which are then bijectively parametrized by s 2†, preserving order. For
fixed s, the corresponding R4-homeomorphs still realize uncountably many diffeomorphism types [Gompf
1993, Section 1] (since Rs embeds in CP2, so the end-periodic h-cobordism argument still applies; see
Section 3.2). Thus, we obtain uncountably many exotic planes in each equivalence class, proving (c).

Sharpening our techniques, we now exhibit exotic planes with infinite order under end sum. While this is
not surprising, it provides uncountable families that we will subsequently show have arbitrarily large g1

(Corollary 4.9). The same proof shows that some exotic planes have a certain rigidity, and shows in
Section 4.3 that many proper 2-knots have infinitely many exotic cousins.

Theorem 4.1 There is an exotic plane P whose n-fold sums PnD\nP form a set fPn jnD0;1;2; : : : ;1g

of the same order type as its index set. In particular , the sums Pn are all distinct. For every n 2 ZC, there
is a compact subset K of R4 such that no pairwise self-diffeomorphism of .R4;Pn/ sends K into R4�K.
(This clearly fails for nD 0;1.) There is an uncountable family of such planes P indexed by † such that ,
for each fixed n 2 ZC, the resulting planes Pn are all distinct , with order type given by †.

Proof This follows from the analogous results for R4-homeomorphs. First we construct a variation
of R�x . Let X 0 DCP2 # 16CP2. By Freedman’s classification [1982], X 0 splits topologically as CP2 # Y,
where Y is a topological manifold with an even, positive-definite intersection form of rank 16. (Note
that the intersection form of the latter sum is isomorphic to that of X 0 since both forms are odd and
indefinite with the same b˙.) The latter splitting exhibits a topological CP1 whose tubular neighborhood
can be smoothly exhibited in X 0 as a Casson handle attached to a 4-ball (as in the proof of Corollary 2.8).
After refinement, we may assume this neighborhood is diffeomorphic to Nx from Section 4.1. The only
complication is that the first stage of the Casson handle, as exhibited in Figure 8(b), may require additional
double points. We may assume, after further refinement, that these occur in pairs of opposite sign as in
Figure 9 (whose first stage is isotopic to the mirror image of Figure 2(c)). This similarly extends the
diagram of the double branched cover in Figure 8(a), which is in turn realized by making finger moves
in the middle level of the h-cobordism. The discussion in Section 4.1 then applies as before (for CH
sufficiently ramified) with the end of R�x agreeing with that of an even, positive-definite, simply connected
4-manifold. Since R�x is embedded with compact closure in a larger exotic R4 in CP2, it lies in a
compact submanifold Q of CP2 whose double ZDQ[id@

Q is a closed, spin 4-manifold containing R�x .
It follows that the manifolds Rn D \n R�x for n D 0; 1; 2; : : : ;1 are ordered like their index set: If
Rm embeds in Rn with m > n, then Rn contains disjoint copies of Rn and R1. Iterating, we can find
arbitrarily many disjoint copies of R1 in Rn � #n Z. Since the (simply connected) end of R1 D R�x
agrees with that of a positive-definite spin manifold, cutting and pasting gives a closed, spin 4-manifold
with b� D nb�.Z/ fixed and bC arbitrarily large, contradicting a theorem of Furuta [2001]. By the
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Figure 9: A more complicated version of Nx .

previous proof, R�x varies over a Z2-invariant, †-indexed family whose quotients are diffeomorphic
to R4. (Replace B [C by a boundary sum Ck D B \ kC, where Figure 9 has k copies of 2 CH. This is
still cellular.) For each n 2 ZC, the corresponding family of manifolds Rn is nested with the order type
of †. (Otherwise we could put a periodic end on a nondiagonalizable, definite manifold constructed as an
n-fold end sum).

The theorem now follows easily. Set P equal to the branch locus in R�
G
�R4 generating R�x . For m� n

we have R2 �Pn�m, so Pm �Pm \R2 �Pm \Pn�m DPn. For m> n this inequality cannot hold since
double branched covering preserves order. The †-ordered families follow similarly. (As in the previous
proof, the branch locus of R�x avoids the copies of CH.) To construct K of the theorem, note the previous
paragraph shows that for fixed n 2 ZC, there is a finite upper bound on the number of disjoint copies
of R1 that can be simultaneously embedded in Rn. Let K0 �R1 be a compact submanifold containing a
slightly smaller exotic R4 whose end still agrees with the end of an even, definite manifold. Then the
same argument bounds the number of disjoint copies of K0 in Rn. Let zK be a compact submanifold
of Rn containing the maximal number of copies of K0. Then zK cannot embed in Rn�

zK. Let K �R4

be the image of zK under the branched covering. Then no diffeomorphism of .R4;Pn/ can send K

into R4�K.

4.3 Knotted surfaces

The proof of Theorem 4.1 also shows that many other surfaces in 4-manifolds are topologically isotopic
to infinitely many distinct embeddings. In fact, we will see (Corollary 4.4) that this holds for the interior
of any compact surface embedded rel nonempty boundary in B4. Recall from Section 2.2 that an end
sum .X;F1/ \ .R

4;F2/ can naturally be written as .X;F1 \F2/, uniquely up to smooth isotopy if each
Fi has a unique end and finite genus. If Fi has several ends, we may need to choose one to specify the
isotopy (or diffeomorphism) type, and if it has infinitely many ends or infinite genus, we may need to
specify the defining ray in Fi .
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Theorem 4.2 Let F �X be a noncompact surface embedded in a 4-manifold , with a double branched
cover zX embedding in a compact 4-manifold W (possibly with boundary).

(a) If W is spin , then , for any family fPn j n D 0; 1; 2; : : : ;1g as constructed in Theorem 4.1, the
pairs .X;Fn/D .X;F / \ .R4;Pn/ (using fixed auxiliary data for F if needed ) are all topologically
isotopic to .X;F /, but no two pairs are diffeomorphic.

(b) If W is instead closed , simply connected and definite , then .X;F / is topologically isotopic to
uncountably many nondiffeomorphic pairs of the form .X;Ft / D .X;F / \ .R4;P /, where P

(up to orientation) varies over simple exotic planes as constructed in the previous sections for
Theorem 1.6(a).

Proof For (a), assume after doubling if necessary that W is closed. The proof of Theorem 4.1 (with
an extra zX -summand) shows that for m > n, there is no embedding .X;Fm/ ,! .X;Fn/ sending Fm

onto Fn, so the pairs are pairwise nondiffeomorphic. (If the original embedding zX �W has a sufficiently
complicated set-theoretic boundary, we may have to improve the embedding by deleting a tubular
neighborhood of a ray from zX. This creates a new embedding of zX with some smooth 3-manifold
boundary, so we may construct the end sum zX \Rn inside the spin manifold W # nZ.) For (b), reverse
orientation on X if necessary so that W is negative-definite and orient the planes P as usual. Then the
double branched covers (for any choices of auxiliary data) have the form zX \R with zX �W and R a small
exotic R4 as in Section 4.1. These represent uncountably many diffeomorphism types by [Gompf 2017a,
Lemma 7.3]. (That lemma followed from the end-periodic h-cobordism method with a negative-definite
end; see Section 3.2. It used a slightly different version of R, but the difference does not affect its proof.)

Remarks 4.3 The above proof actually shows that (b) remains true under the weaker hypothesis that each
compact, codimension-0 submanifold of zX lies in some W as given. However, the simple connectivity
hypothesis is essential for the proof since a nontrivial �1.W / would show up in the end of the associated
end-periodic manifold, obstructing the required theorem from gauge theory. (To see a typical difficulty, note
that the interior of the E8-plumbing violates the periodic end theorem if we drop simple connectivity of the
end.) Note that (a) only requires enough auxiliary data to determine zX \Rn. For example, no such data is
needed if zX is simply connected at infinity (or its unique end is Mittag-Leffler [Calcut and Gompf 2019]).

Corollary 4.4 Suppose F is a compact (orientable) surface embedded (smoothly) in the 4-ball with
F\@B4D @F ¤∅. Then there are infinitely many surfaces in int B4�R4 topologically but not smoothly
isotopic to int F.

Proof It suffices to show that the double cover of B4 branched along F is spin, for then (a) of the
theorem applies. The spin structure on B4 lifts to the double cover zE of E DB4�F. This spin structure
does not extend over the lifted branch locus zF. However, H1.E/ is Z (since F is orientable) with �1. zE/

mapping onto 2Z, so there is an element of H 1. zEIZ2/ pairing nontrivially with the meridian of zF. This
modifies the spin structure on zE so that it does extend.
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There are also nontrivial slice disks in B4 whose interiors are topologically isotopic to uncountably many
embeddings R2 ,!R4 by (b), for example with W the double of a contractible branched double cover.
These results suggest the utility of separating the study of smooth proper 2-knots in general from that of
exotic planes. Recall that the topologically standard proper 2-knots constitute a submonoid of all proper
2-knots (as well as of various other monoids of embedded surfaces). Thus, the submonoid has an “action”
whose orbit space is obtained by calling two proper 2-knots equivalent if they become isotopic after end
sum with suitable exotic planes. The orbit space has a well-defined forgetful map into the monoid of
topological proper 2-knots up to topological isotopy. This is surjective by Proposition 3.7.

Question 4.5 How far is this forgetful map from being injective?

See also Questions 6.7. The question can similarly be formulated for all noncompact pairs .X;F /.

4.4 Genus at infinity and the Taylor invariant

The proof of Theorem 4.1 allows us to more deeply understand exotic annuli and singularities of surfaces,
including the structure of their radial functions, using g1 and the Taylor invariant [1997]. For simplicity,
we use the following variant of the latter:

Definition 4.6 For a spin 4-manifold V, define 
 �.V / 2Z�0[f1g to be the smallest b such that every
compact, codimension-0 submanifold Q of V embeds in a closed, spin 4-manifold with bC D b� � b.

We will not need the actual Taylor invariant 
 .V /, whose definition is more technical but applies to all 4-
manifolds. (It focuses on those compact subsets Q that lie in suitable 4-balls topologically embedded in V.)
But it is immediate from the definitions that 
 .V /� 
 �.V / with equality whenever V is homeomorphic
to R4, so we will use the two interchangeably in the latter case. We immediately obtain some useful
properties:

Proposition 4.7 (a) The invariant 
 � is nondecreasing under inclusion and subadditive under end
sum.

(b) When 
 �.V / is finite , there is a compact Q � V such that every open U with Q � U � V has

 �.U /D 
 �.V /.

(c) For the double branched covers Rn of the exotic planes Pn of Theorem 4.1, 
 .R1/ is infinite ,
while the other values 
 .Rn/ are finite and nonzero for n ¤ 0 but become arbitrarily large as n

increases.

Note that (c) again distinguishes infinitely many diffeomorphism types in fRng and hence in fPng.

Proof (a) Nondecreasing behavior is clear. For subadditivity, note that an end sum is exhausted by
boundary sums of compact subsets of the summands.

(b) Since 
 �.V / is finite, there is a Q that admits no embedding as in the above definition with b<
 �.V /.
Any such Q works by (a).
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(c) We return to the proof of Theorem 4.1, which exhibits Rn as \n R�x , with R�x embedded in a closed,
spin manifold Z with bC D b�. The embedding shows that 
 .R�x/� bC.Z/ is finite, as is 
 .Rn/ (by
subadditivity). To see that 
 .Rn/ takes arbitrarily large values, choose Q�R�x large enough to contain
an exotic R4 with the same end as an even, definite 4-manifold. Then, for any finite b, Furuta’s theorem
gives an upper bound on the number of disjoint copies of Q that can be found in a spin manifold as
in Definition 4.6, forcing 
 .Rn/ to increase without bound. Now 
 .Rn/ > 0 for all finite n > 0 by
subadditivity, and 
 .R1/ is infinite since 
 � is nondecreasing under inclusion.

We can now analyze g1.Pn/ via the following:

Proposition 4.8 Let F �R4 be a surface whose end is annular , and let V be the double branched cover.
Then 
 .V /� 
 �.V /� g.F /Cg1.F /.

Proof Since V is spin (as in the proof of Corollary 4.4), 
 �.V / is defined and satisfies the first inequality.
It now suffices to assume g1.F / is finite. Given a compact submanifold Q of V, we can modify .R4;F /

outside of the image of Q to get a closed surface yF in S4 with genus g. yF / D g.F /C g1.F /. The
double branched cover Y of S4 along yF is the required closed, spin manifold containing Q and with
bC D b� D g. yF /: Since yF is orientable, it has a Seifert hypersurface. Pushing its interior into the
5-ball and double covering shows that Y bounds so has signature 0. The equalities for b˙ then follow
immediately from [Hsiang and Szczarba 1971, Theorem 3.2].

Corollary 4.9 The exotic planes PnD \n P of Theorem 4.1 (with P fixed ) realize infinitely many values
of g1. Varying P realizes each of infinitely many values of g1 by uncountably many exotic planes.

This again shows that no two of the exotic planes Pn are isotopic (for each fixed P ), since otherwise the
monoid structure would show that there were only finitely many isotopy classes.

Proof We show below that g1.P / is finite. It follows that g1.Pn/ is finite for all n <1. (More
generally, g1 is subadditive on end sums.) Since 
 .Rn/ takes arbitrarily large values, the proposition
then shows that g1.Pn/ takes infinitely many values. Fixing n 2 ZC and varying P as in Theorem 4.1,
we obtain uncountably many diffeomorphism types of the form Rn. For sufficiently large parameter values
in †, these all have the same value 
 of 
 .Rn/ (Proposition 4.7(b)). The corresponding uncountable
family of exotic planes Pn all have g1.Pn/�
 , so at least one value of g1�
 is realized by uncountably
many such planes. Since increasing n makes 
 arbitrarily large, the last sentence of the corollary follows.

To verify finiteness of g1.P /, recall that the fixed set RP2 of our involution on CP2 (rotation about
the y-axis in Figure 9) is disjoint from the Casson handles CH (although it intersects the 1-handles
between them inside each 2 CH), and that the image R�

G
of R�x in the quotient S4 is a standard R4

complementary to a cellular set Ck D B \ kC and intersecting RP2 in P. Then P is the interior of a
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compact disk D� in RP2, with @D� lying in the manifold part of @Ck . Since int Ck is simply connected,
we can cap off D� with a compact surface F � Ck of some genus g. By cellularity, R�

G
D S4 �Ck

is diffeomorphic to S4 � fpg with p 2 int Ck �F, fixing a preassigned compact subset of the domain.
Pulling back D�[F to R�

G
gives a genus-g surface in R4 agreeing with P on a preassigned compact

subset, showing g1.P /� g.

The Taylor invariant gives yet another way to analyze the complexity of annuli in R4, by considering
local maxima and superlevel sets r�1Œa;1/ of a radius function.

Theorem 4.10 Let F �R4 be a surface whose end is annular , with �1.R
4�F / finitely generated , and

with double branched cover V. If 
 �.V / > 2g.F /, then the distance function to a generic point of R4

must have infinitely many local maxima on F.

It is unclear to the author whether the �1-hypothesis is necessary. However, it is automatically satisfied
in our case of interest, when the annulus at infinity is topologically standard (so compactifying gives a
locally flat surface in S4).

Corollary 4.11 Any level diagram (using the radius function) of an exotic plane from Theorem 1.6(b )–(c)
or 4.1 requires infinitely many local maxima.

Proof The double branched cover V of any of these has a compact submanifold Q (in some R�x-
summand) that does not embed in a closed 4-manifold with b� D 0, so 
 �.V / > 0.

Scholium 4.12 below gives exotic planes satisfying the even stronger condition that the number of
components of the regular superlevel sets must become arbitrarily large with increasing radius. In contrast,
we show in Section 5 that the simple exotic planes from Theorem 1.6(a) have diagrams with no local
maxima, so their superlevel sets must be connected.

Proof of Theorem 4.10 The level diagram of F determined by the distance function can be used to
construct a handlebody whose interior is V. One approach is to first construct the complement of F. This
is obtained from a 0-handle by adding a .kC1/-handle for each k-handle of F (eg [Gompf and Stipsicz
1999, Section 6.2]). If F has only finitely many local maxima, then its complement will have only finitely
many 3-handles. Since V is made by double covering and adding a 2-handle and 2g.F / 3-handles, it
will also have only finitely many 3-handles. Suppose Q is a compact subhandlebody in V containing all
of the 3-handles. Since Q embeds in its double DQ, which is closed and spin with signature 0, it suffices
to show

1
2
b2.DQ/D b2.Q/� b2.V /D 2g.F /:

The first two relations are essentially Taylor’s proof [1997, Theorem 4.3] that 
 .V / � b2.V / for any
4-manifold with finitely many 3-handles. We simplify the details by avoiding the delicate nonspin case.
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The inequality follows immediately since V is built from Q without 3-handles. The obvious retraction
DQ!Q splits the long exact sequence of the pair to give

Hk.DQ/ŠHk.Q/˚Hk.DQ;Q/

for each k. For k D 2, the last term is isomorphic to H2.Q; @Q/ŠH 2.Q/, giving the first equality.

The last equality was essentially proved by Hsiang and Szczarba [1971] in the case of a topologically
standard end (equivalently for closed manifolds). The general case follows the same method: we wish to
show b1.V /D 0D b3.V /, for then an easy Euler characteristic computation completes the proof. The
second of these equalities follows from the first — immediately from duality in the closed case of [Hsiang
and Szczarba 1971], and with a bit more work in our setting: If b3.V /¤ 0, then there is some compact
Q0 � V with connected boundary, carrying a class ˛ 2 H3.Q

0/ that maps nontrivially into V. This
group injects into H3.DQ0/ by the above splitting. Thus, some ˇ 2H1.DQ0/ intersects ˛ nontrivially.
Since @Q0 is connected, we can assume ˇ 2H1.Q

0/. Since ˇ �˛ ¤ 0, it follows that ˇ has infinite order
in H1.V /, so b1.V /¤ 0. To show that b1.V / vanishes, let Y be obtained from the exterior of F in R4

by adding a 2-cell along a curve wrapping twice around the meridian. Then �1.Y / is finitely generated by
hypothesis, and H1.Y /ŠZ2. The double cover of Y has �1. zY /Š�1.V / an index-2 subgroup of �1.Y /.
Apply [Hsiang and Szczarba 1971, Lemma 4.1]: since �1.Y / is finitely generated with finite cyclic H1,
and �1.V / has prime-power index in �1.Y / with abelian quotient, we conclude that H1.V / is finite.

We now exhibit exotic planes for which the number of components of the superlevel sets must become
arbitrarily large:

Scholium 4.12 There are uncountably many exotic planes P � R4 with g1.P / D1 such that , for
each m 2 ZC, there is a compact K �R4 for which every P -transverse integral homology ball B �R4

containing K has complement intersecting P in at least m components. Any annulus (or surface with
annular end ) in R4 inherits these same properties after end sum with P.

Proof Let P be any exotic plane whose double branched cover V has infinite Taylor invariant, so
g1.P /D1 by Proposition 4.8. For example, we can obtain uncountably many of these starting with
some P1 from Theorem 4.1 (so V D R1) and applying Theorem 4.2(b) with .X;F / D .R4;P1/,
augmented by the first sentence of Remarks 4.3. Given m, we can choose K so that any B containing K

has double branched cover zB � V that cannot embed in any closed, spin 4-manifold with bC D b� <m.
Since P is a plane, the number of components of P �B equals b1.P \B/C 1. To understand zB, create
a connected surface .F; @F / � .B; @B/ from P \B by connecting its components near @B using the
minimal number of 1-handles. Then b1.F /D b1.P \B/. Applying [Hsiang and Szczarba 1971] as in
the proof of Theorem 4.10, we see that the double cover Q of the integral ball B branched along F has
b2.Q/D b1.F / (the right side replacing 2g.F / in the previous argument) and contains a copy of zB, so
m� b˙.DQ/D b2.Q/D b1.F /D b1.P \B/. The first sentence of the scholium follows immediately.
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A similar argument (with m shifted) applies to A\P for any annulus A�R4, once we fill A by a compact
surface F0 that we choose K to contain. We also have g1.A \P /D1 since a genus-g surface capping
A \P near infinity gives a cap for P of genus gCg.F0/.

Remark 4.13 Other results from exotic R4 theory descend similarly to exotic planes. For example, if R

is an exotic R4 containing some R�x as in Section 4.1, it has a compact subset that cannot be enclosed by
a rational homology sphere. (It has the same end as a nondiagonalizable definite manifold. Capping the
latter by the rational ball cut out in R would contradict Donaldson’s theorem.) Thus, any exotic plane from
Theorem 1.6(b)–(c) or 4.1 has an associated compact subset of R4 that is not enclosed by any 3-manifold
with corresponding double branched cover a rational homology sphere. This shows yet again that such
planes cannot be standard near infinity, for otherwise there would be large 3-spheres covered by S3.

We can now complete the discussion, begun preceding Theorem 1.7, of almost-smoothing topologically
embedded surfaces. As we have seen (Corollary 2.8), a compact, locally flat F �X is always topologically
ambiently isotopic to a surface that is smooth except at a unique point p, and [Gompf 2017a] allows
control of g and � of the singularity. We wish to understand the possible local level diagrams centered
at p (up to almost-smooth isotopy as defined before Theorem 1.7).

Proof of Theorem 1.7 First we dispense with the exceptional case of obtaining a singularity with gD 0,
where F is initially smooth by hypothesis. Theorem 1.5(a) exhibits exotic planes in R4 determining exotic
annuli with g1 D 0. Explicit diagrams of these planes without local maxima are given by Theorem 5.2.
One-point compactifying any of these gives a topologically unknotted, almost-smooth sphere in S4

whose singularity has g D 0 and lacks local minima but is not smoothable by almost-smooth isotopy.
Connected-summing F with such a sphere gives the required almost-smooth surface.

For the remaining cases, a smooth F can be topologically isotoped to have a unique singularity, with
any nonzero (finite or infinite) � and g Dmaxf�˙g, using the one-point compactifications of the exotic
planes of Theorem 1.3. If F is not smooth we almost-smooth it as in Corollary 2.8, with the proof of
Theorem 1.3 (Section 3.1) realizing any � and g as before with �˙ sufficiently large. Either way, the
singularity comes from a core of some Casson handle CHF . By construction, the numbers of first-stage
double points of CHF with each sign cannot exceed the desired �˙, but the higher stages of CHF can be
chosen with arbitrarily large ramification. It now suffices to show that, in such a sufficiently ramified
Casson handle CHF , every almost-smooth core obtained by Freedman’s construction (Theorem 2.7)
requires infinitely many local minima, and to arrange our desired intersection condition of (b) of the
theorem. For the latter, after almost-smoothing F, delete its singular point p from a 4-ball neighborhood
of p, then invert to obtain an exotic annulus in R4. End-sum this with P from Scholium 4.12 and fill
p back in. The resulting surface is still topologically isotopic to F, but has g D1, and the number of
components of its intersection with small homology balls increases without bound, as required. (The
complement of a homology ball in S4 is again a homology ball.)

Geometry & Topology, Volume 29 (2025)



106 Robert E Gompf

To show that every Freedman core disk D of CHF requires infinitely many local minima, we (indirectly)
compare with an exotic plane P requiring infinitely many local maxima. We arrange the latter property as
for Corollary 4.11, by choosing P with double branched cover R�x as in Section 4.1. We wish to arrange
CHF to be the same Casson handle CH that appears (twice) in Figure 8(b). We are not allowed to refine
the first stage of CHF , but the topological Hopf bundle Nx embeds as required in the almost-definite X

from the proof of Theorem 3.2 as long as the first stage of CH (in the second stage of Nx) has a negative
double point and the higher stages are sufficiently ramified [Gompf 1986]. As in Section 3.2, this shows
the corresponding R�x has 
 > 0, as required, so we can assume CH D CHF after possibly reversing
orientation and refining both. (If CH has no positive first-stage double point, we lose the proof that the
double branched cover R� of R�x is exotic, but this is not presently needed.) The core disk D�CHF DCH
is constructed as in the proof of Theorem 2.7 by shrinking a suitable cellular subset C. As in the proof of
Theorem 1.6 (Section 4.2), the quotient of R�x is given by R�

G
D S4� .B[C /� S4�fpg �R4. As in

the proof of Corollary 4.9, the branch locus RP2 intersects R�
G

in P and intersects @.B[C / transversely
in a knot K (bounding P ) in its 3-manifold region. (This can be constructed explicitly by taking the
quotient of Figure 8(b). The branch locus in Nx intersects 2 CH only in a 2-dimensional 1-handle, with
the same core as the 4-dimensional 1-handle attached to H that separates the two copies of CH. In the
quotient NG , this contributes a pair of arcs to K, running along the free half of the attaching region
of CH.) The knot K lies in the attaching region of the Casson handle whose closure is B[C, so after we
extend the core D across B, K lies in an S1 �D2 tubular neighborhood of @D in @.B [C /. Thus, the
diffeomorphism S4� .B [C /! S4�fpg, which created D, also sends the exotic plane P �R�

G
to a

surface that near p is given by a satellite on D � fpg with pattern Œ0;1/�K � Œ0;1/�S1 �D2. If
D had only finitely many local minima in its radial function, then some subdisk D0 �D containing p

would have none. Then D0�fpg in S4�fpg DR4 would have no local maxima, and hence P would
have only finitely many, contradicting our choice of the latter.

Scholium 4.14 The exotic planes of Theorem 1.3 with nonzero g1 and �1 require infinitely many local
maxima (assuming sufficient ramification in the construction).

Proof This follows immediately from the previous proof, since the ends of these planes are constructed
by puncturing Freedman core disks with arbitrarily large ramification above the first stage.

4.5 Group actions

We now investigate symmetries of exotic planes. The main theme continues to be that we can extract
information from exotic R4 theory. In this case, we consider [Gompf 2018], which constructed exotic
R4-homeomorphs admitting uncountable group actions that inject into the mapping class group, and
similar inextendible group actions at infinity. By expanding the theory to manifold pairs, we will obtain
similar actions on exotic planes. For a pair .X;F /, let D.X;F /D �0.DiffC.X;F // denote the group of
pairwise isotopy classes of pairwise self-diffeomorphisms preserving both orientations. We write D.X /
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if F is empty and D.F / if X D R4. Similarly, we consider pairwise group actions at infinity through
“germs” of pairwise diffeomorphisms:

Definition 4.15 A diffeomorphism at infinity of .X;F / is a pairwise proper embedding into .X;F / of
the closed complement of a compact subset of X, up to enlarging the latter. Two such diffeomorphisms
are isotopic if they are pairwise properly isotopic after a sufficiently large compact subset is removed
from their domains.

Diffeomorphisms at infinity form a group under the obvious notion of composition. An action at infinity of
a group G is a homomorphism from G into this group. Let D1.X;F / denote the group of isotopy classes
of diffeomorphisms at infinity. There is an obvious forgetful homomorphism D.X;F /! D1.X;F /.
It can be shown as in [Gompf 2018] that its kernel and cokernel must be countable. While D.R4/

is trivial, D1.R4/ is unknown. (It is the group of invertible elements in the monoid of homotopy
4-spheres under connected sum [Gompf 2018], so countable and abelian, but its triviality is equivalent
to the 4-dimensional smooth Schoenflies conjecture.) Thus, we let D1.F / denote the kernel of the
homomorphism D1.R4;F /! D1.R4/. We obtain a homomorphism D.F /! D1.F /.

Theorem 4.16 (a) There is an exotic plane P1 on which the uncountable group Q! acts , as well
as all countable subgroups of R and S1, and the free group G1 on countably infinitely many
generators (where we use the discrete topology on each of these groups). These actions can be
chosen to inject into D.P1/ and D1.P1/.

(b) There is an exotic plane P 01 such that G1 and all countable subgroups of R and S1 each act at
infinity, injecting into the cokernel D1.P 01/= ImD.P 01/.

Both P1 and P 01 can be chosen to have g1 D 0 or1 (and be simple in the former case) and can be
chosen from among uncountably many isotopy classes in each case.

Note that R and S1 have many countable subgroups. For example, .Q=Z/˚1Q embeds in S1 DR=Z,
rationally generated by Q=Z and the square roots of all primes. The group Q! cannot appear in (b) since
the given cokernel is countable. In the case g1 D 0, the actions in the theorem are described explicitly
by level diagrams in R4 in Section 5.4.

Proof We first construct the exotic plane P1 and its actions. Let P be any of the exotic planes arising
in the proof of Theorem 1.6(a) or (c) in Section 4.2. By construction, P D P� \PC, where P� is double
branch-covered by a small exotic .R; ry/ from Section 4.1, and PC is the standard plane in (a) of that
theorem, but double covered in (c) by a large R�x , which we assume is constructed as for Theorem 4.1.
Let P1 D \1 P. Then g1.P1/ is 0 or 1 in the two respective cases, by subadditivity of g1 and
Proposition 4.8, respectively. (In the former case, the infinite end sum should still be considered simple;
see Section 6.) In either case, P1 can be chosen from uncountably many isotopy classes obtained by
varying R and applying [Gompf 2017a, Lemma 7.3] as in the proof of Theorem 4.2(b) (where zX consists
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of all summands but one copy of R). For fixed P, Proposition 2.3 allows us to construct this infinite end
sum using any choice of countably infinitely many disjoint rays in R2 �R4, and the resulting plane is
independent of the choice. To realize an action by a countable subgroup G of R, take the rays to be
Œ0;1/�G � R�R D R2. Then translation by any element of G determines a self-diffeomorphism
of .R4;P1/. (Truncating the rays as in the proof of Proposition 2.3 does not change the resulting exotic
plane. For a careful check that the action extends, see the proof of [Gompf 2018, Theorem 4.4].) For
subgroups of S1, do the same construction in polar coordinates. (Finite subgroups can be embedded in
infinite subgroups, or used for actions on finite end sums.) For Q! (or any countable direct product of
countable subgroups of R), realize each factor using a separate copy of .R4;R2/ so that .�1;�1��R3

is held fixed, then end sum these together using another copy of .R4;R2/ (fixed by the action). For G1,
let F be a plane minus an infinite discrete set, consider a single ray in F � f0g � F �R2, and lift to the
universal cover R2 �R4.

The proof of (a) is completed by comparing with the proof of [Gompf 2018, Theorem 4.4], the cor-
responding theorem for R4-homeomorphs. By construction, the double branched cover of P can be
identified with the corresponding exotic R4 in that proof. (The latter is denoted by RS or RS \RL

therein, depending on whether we are in the case g1 D 0 or1. We should use R from Section 4.1 in
place of the small exotic RS that appears in that proof and in Remark 5.5(d) below, which causes no
difficulties since we presently have no need of Stein structures.) The double branched cover R1 of P1

is then an infinite end sum of these, and, by construction, the actions of the previous paragraph lift to
actions on R1 that were shown in that proof to inject into D.R1/ and D1.R1/. If any group element

 is isotopic to the identity in .R4;P1/, then its lift z
 to R1 is isotopic to either the identity or the
covering involution r . In the first case, 
 must be the identity by [Gompf 2018]. Otherwise, the same
proof applies to z
 ı r since r preserves the summands and commutes with the relevant involution rx at
the end of each R-summand. More strongly, any 
 ¤ id cannot even be isotopic to the identity after
removing a compact subset, completing (a).

For (b), recall that the summand P� of P is double branch-covered by .R; ry/ (Figure 8(a)). We have
seen that the other involution rx on the end of R cannot be diffeomorphically extended over all of R.
Thus, it descends to an involution of the end of P� that cannot extend to a self-diffeomorphism of
.R4;P�/. (For an explicit description of this in R4, see Scholium 5.4.) The involution is standard on
the end of R4 (ignoring P�) since it extends standardly over Ny . It preserves the orientation of R4

but reverses it on P�. Construct P 01 as in the previous paragraphs, except with the orientation on one
copy of P� reversed. Then P 01 is the same as P1 outside a compact set. In particular, the previous
group actions still inject into D1.P 01/D D1.P1/. The double branched covers of P 01 and P1 can
be diffeomorphically identified, but their group actions at infinity are then conjugate by an rx-twist on
one summand. According to [Gompf 2018, Theorem 4.6], nontrivial elements of the new group actions
can no longer extend over R1. The same then applies to P 01. The last sentence of the theorem follows
for P 01 just as for P1 since their double branched covers agree.
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(a) (b) �2

Figure 10: Exhibiting Tn�1 � Bn � int Tn for n� 2. The tower Tn�1 is given by the thick curve,
whose .n�1/st double is the attaching circle of Tn�1 and (in (a) before thinning) also of the large
solid torus Tn and CHC. The 4-ball Bn surrounds Tn�1 and the 0-handle in (b).

5 Level diagrams

We now explicitly describe some exotically embedded surfaces by drawing their successive levels with
respect to the radius function on R4, which we can take to be a Morse function on the surfaces. The
key step will be to understand the first stage core c1 of a Casson handle, whose interior we have already
seen to be diffeomorphic to R4 (Proposition 2.5). Once we can draw such immersed planes int c1 in R4

explicitly, their ends will typically be explicit exotic annuli as in Theorem 1.5(b). We can then use the
satellite construction to obtain explicit diagrams of the simple exotic planes from Section 4 that prove
Theorem 1.5(a), the simplest being Figure 1 in the introduction. We focus on using the simplest Casson
handle CHC, whose kinky handles each have a single positive double point, then indicate how to generate
uncountably many isotopy classes by using more general Casson handles. We exhibit the inextendible
involutions of the ends of exotic planes used in the proof of Theorem 4.16(b), and indicate how to draw
group actions as in that theorem.

5.1 Annuli from Casson handle cores

First recall that the proof of Proposition 2.5 provides inclusions Tn�1�Bn� int Tn for each n� 2, where
Bn is the 4-ball mapped onto the ball of radius n by the diffeomorphism int CHC�R4, and Tn� int CHC
is a suitably thinned version of the initial n-stage subtower of CHC. The same proof shows that each Tn

in CHC is diffeomorphic to its top stage kinky handle, which can be identified with S1 �D3. This is
pictured (as in Figure 3) by the large solid torus in Figure 10(a), extended by product with the interval
I D Œ0; 1�. Before thinning, Tn�1 can then be identified with a neighborhood of the attaching circle of the
kinky handle, so it is represented by the thick Whitehead curve extended over the subinterval

�
1
2
; 1
�
� I.

It follows by induction that the attaching circle @c1 of Tn appears at t D 1 as the n-fold Whitehead double
of the core circle of the solid torus. (By symmetry of the Whitehead link, this matches the description in
Section 2.4.) After the thinning operation, Tn�1 appears as the same solid torus given by the thick curve,
but only extended over

�
3
5
; 4

5

�
. The core of this solid torus extends over

�
4
5
; 1
�

as an annulus An. We see
inductively that int c1 �

S
Tn D int CHC is obtained from the core immersed disk of the thinned T1 by
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˛nC1˛n˛n

˛0 D ˛n D

˛n�1
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2n�1 strands

2n strands 2nC1 strands

�

r D nC 1 r D nC 2

Figure 11: The first stage core int c1 of int CHC � R4 as an infinite level diagram. For n � 1,
the tower Tn is embedded (with �2 twists) in BnC1 as the ball of radius nC 1

2
with a 1-handle

attached, extended to level r D nC 1 as the solid torus in the lower left diagram containing the
upper circle and ˛n box but disjoint from the lower circle.

its union with each of the annuli Dn�1An � Tn� int Tn�1 for n� 2. (Thus, it intersects the boundary of
each of the thinned copies of Tn in its attaching circle, as required.)

To see int c1 as a level diagram in R4, we must intersperse this description with the balls Bn and interpret
these as round balls in R4. First we isotope Tn�1 vertically in Tn, fixing the concave-left strand of
the clasp but moving the concave-right strand down to the interval

�
1
5
; 2

5

�
. This vertically stretches the

annulus An connecting @Tn�1 to @Tn, but the projection to Figure 10(a) is unchanged. Next we move
Tn�1 along Tn preserving the coordinate t in I, again fixing the concave-left strand, so that Tn�1 projects
into a small ball as in (b). (This is an isotopy since the two strands of the clasp lie in disjoint intervals
of I.) This move preserves the blackboard framing, but lowers the writhe by 2, so we must put two left
twists into the embedding of Tn�1 in (b) to recover the 0-framing in (a). The isotopy drags along the part
of An with t < 1

2
, but leaves the part with t > 1

2
fixed, so that An is stretched across a horizontal disk at

t D 1
2

. This is shown in (b), with the disk interpreted as a canceling 0-1 handle pair. Finally, we raise all
of Tn�1 back to

�
3
5
; 4

5

�
. This pushes the 1-handle of An to some level above 4

5
, but the 0-handle stays at

t D 1
2

since it is blocked above by Tn�1. In this final configuration, viewed as levels with increasing t ,
we first see a 0-handle of An appear at t D 1

2
. Its boundary persists until Tn�1 appears as a meridian

solid torus for 3
5
� t � 4

5
. At t D 4

5
, that meridian becomes one boundary component of An, and then

persists until the 1-handle connects it to the boundary of the 0-handle. After this, the remaining boundary
is a Whitehead curve that persists until at t D 1 it becomes the other boundary component of An, the
attaching circle of the top kinky handle of Tn. We take Bn to be a small 4-ball in Tn containing Tn�1

and the 0-handle of An, but not the 1-handle.

Combining the descriptions of int c1 and An from the last two paragraphs, we can exhibit int c1 � R4

recursively as Figure 11. At r D 1 we see a Hopf link, which we interpret as the boundary of a pair of
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�4
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C � C
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Figure 12: Drawing the first stage core int c1 of the Casson handle with the given signed graph.

intersecting 0-handles in the unit 4-ball, realizing the double point of c1. (The twist box on the single
strand of ˛0 is a reminder that the �2-framing on this component becomes the canonical 0-framing of
Definition 2.2 at subsequent stages.) As the radius function on R4 increases to 2, a 1-handle connects these
disks while threading through another pair of 0-handle boundaries. The resulting twisted Whitehead curve
has now been exhibited bounding a disk with one double point, the core of T1, where T1 is embedded
with two left twists, along with a pair of 0-handles for DA2 as in Figure 10(b) (nD 2). The next iteration
produces the 1-handles completing DA2 as in that figure, along with the four 0-handles of D2A3 in T3.
Iterating Figure 11 for all n 2 Z�0 exhibits int c1 in R4.

For an arbitrary Casson handle, the first stage core int c1 can be drawn similarly. The main complication is
that we must use boundary sums of solid tori at each stage as in Figure 3. For example, the corresponding
diagram for CHm;n from Section 3.1 is made by drawing mC n copies of Figure 11 in separate regions,
n of these with reversed ambient orientation, and connected-summing them at each copy of ˛0. (Note that
˛0 lies in a left half-space whose intersection with the diagram is independent of r � 1.) The beginning
of a more typical int c1 is shown in Figure 12. The core of the thinned first stage T1 is shown by the top
three disks connected with two bands. (This exhibits a disk with two positive double points whose regular
neighborhood is T1.) Each dashed arc represents a pair of parallel ribbons connecting the boundary of a
band to a pair of 0-handle boundaries. Then T2 is a ball containing these 0-handles and T1, with three
1-handles added along the dashed arcs. Each 1-handle of the surface has �2� twists, where � is the sum
of the signs of the double points at the next stage. For example, the upper left band is untwisted since
the set of disks it threads through corresponds to a pair of double points of opposite sign (as seen in the
second level of edges of the corresponding graph).

To draw an exotic annulus as in Corollary 3.3, it now suffices to delete an open disk from int c1 containing
at least one sheet of each double point. (Note that @c1 � @CH also bounds any almost-smooth topological
core, so the corresponding annuli are smoothly isotopic.) We could delete an arbitrarily large disk, so that
the diagram starts at some large radius r . However, it is easiest to see the pattern if we delete a small
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disk, namely the disk with boundary at r D 1 made from ˛0 in Figure 11 or the disk bounded by the top
circle in Figure 12. Corollary 3.3 and its proof now imply:

Proposition 5.1 Figure 11 represents an exotic annulus , with boundary given by the circle containing ˛0

at r D 1, and with g D �C D 1 and �� D 0. We realize all nonzero values of �, with g Dmaxf�C; ��g,
by connected sums of copies of this diagram (suitably oriented ), and uncountably many realizing each
value as in Figure 12.

While we have explicitly described annuli realizing all nonzero g and � as sums of g or �CC�� suitably
oriented copies of Figure 11, the ramification required for uncountable families is harder to describe. In
principle, it can be described explicitly by applying Bižaca’s algorithm [1994] to Freedman’s uncountable
nesting of Casson handles. However, for the first Casson handle distinguished from a given CHm;n by this
method, the number of disks at the kth stage increases highly superexponentially with k, and subsequent
Casson handles grow successively faster. On the other hand, it seems likely that Casson handles are
classified up to diffeomorphism by their signed trees, in which case the corresponding annuli are also.

5.2 Exotic planes

We now wish to draw a simple exotic plane P with double branched cover R a small exotic R4 as in
Section 4.1. Recall that R is obtained from Figure 8(a) of N, the exotic punctured S2 �S2, by a surgery
that changes one large curve from 0-framed to dotted. (We remove boundary as needed to get open
manifolds.) The involution ry is rotation about a horizontal line in the paper. Since we do not presently
need the other involutions of N, we can replace 2 CH by any sufficiently complicated Casson handle CH0.
In fact, R is exotic if we use CHC or any refinement of it [Bižaca and Gompf 1996]. These refinements
range R over uncountably many diffeomorphism types (Section 4.1), realizing uncountably many ends
(since only countably many manifolds can have a given end), yielding uncountably many exotic planes P

and annuli.

The branch locus in N is the fixed set of ry , given in Figure 8(a) as an unknotted disk in the 0-handle,
bounded by the y-axis, together with a 2-dimensional 1-handle D1 �D1 inside each 2-handle D2 �D2.
In the quotient, these 2-handles become 4-balls attached to the 0-handle along 3-balls, so they do not
contribute to the topology. However, the 1-handles inside them appear as in Figure 13(a) (which is
essentially [Gompf 1993, Figure 8], reflected as discussed at the beginning of Section 4 above). The
dashed arcs in the figure are ribbon moves exhibiting a level diagram of the obvious punctured-torus
Seifert surface pushed into the interior of the 4-manifold. (We have essentially inverted the Akbulut–Kirby
algorithm [1980] for drawing branched covers of pushed-in Seifert surfaces.) Surgering N to R replaces
an S2 �D2 by D3 � S1, where ry reflects both factors of each. This does not change the quotient
manifold, but surgers the branch locus along an unknotted disk. The resulting exotic plane P is obtained
in the figure by deleting one of the dashed arcs, breaking the previously visible rz-symmetry when
CH0 D 2 CH. Removing the Casson handle exhibits P as the interior of a ribbon disk D � I �S1 �D2.
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Branch locus

0 CH0

D

D

(a) (b)

(c)

Figure 13: (a) Exotic punctured torus (with two ribbon moves) and plane P (with one ribbon
move) respectively branch-covered by N and R. (b)–(c) The corresponding pattern P D int D.

This is also shown after isotopy in (b) and (c). (The isotopy to (b) is rz-equivariant if the second ribbon
is shown symmetrically in (b), with the Casson handle 2 CH attaching to a meridian at the upper fixed
point of the dotted circle.) Replacing the Casson handle by a 2-handle in any of these diagrams cancels
the 1-handle, exhibiting D as an unknotted disk in the 4-ball. Thus, in the topological category, P is an
unknotted plane in R4 as expected (and N is the branched cover of a topologically standard punctured
torus). In the smooth category, the pictured I �S1 �D2 is essentially a boundary collar of CH0, so we
get diffeomorphisms Ry � int CH0 �R4, showing directly that P is smoothly a plane in R4 (necessarily
exotic since it is branch-covered by R). We can identify Œ0; 1/�S1 � f0g � I �S1 �D2 as the annulus
A D Œ0;1/ � S1 � int c1 of Proposition 5.1. (Think of CH0 as attached at level 0 2 I.) Thus, in
int CH0 �R4, P is made from A by a satellite construction whose pattern begins with D near @A and
extends as Œ0;1/� @D along the rest of A. This can be drawn by quadrupling all strands in the diagram
of A and inserting the generalized clasp of D shown in (c), using the canonical 0-framing of A. We
conclude:

Theorem 5.2 Figure 1 shows a simple exotic plane double covered by an exotic R made as in Section 4.1
with CHC replacing each 2 CH. The corresponding diagram with an arbitrary Casson handle CH0 in place
of CHC is made from the diagram for CH0 as in Figure 12 by inserting ˛0 from Figure 1 (with the number
of twists in its box chosen suitably) and quadrupling the other strands. In particular , this includes an
uncountable family of distinct simple exotic planes whose ends determine distinct annuli.

To use Figure 12 as drawn, for example, we would change the twist box in ˛0 from �2 to �4. Unlike
for annuli, there is no known way to extract an explicit pairwise nonisotopic family of these planes, since
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we only obtain an uncountable family in which each isotopy class occurs at most countably often. (See
Section 3.2.) However, we do know there is an uncountable distinct family made from Casson handles
with only positive double points, by the method of [Gompf 2018, Proof of Lemma 3.2(b), end of Section 6].
As with annuli, we are free to conjecture that distinct signed trees determine different exotic planes.

Proof of Theorem 1.5 The main remaining step is to understand the behavior of the ends of our surfaces.
We first show that every Casson handle interior has g1.int c1/D 0. For this, we one-point compactify
R4 to S4 and look at an arbitrarily small neighborhood of1. After further reducing this neighborhood,
we may assume its closure Z is the complement of some (thinned) int Tn as in Section 5.1. Since the
latter is a neighborhood of a wedge of circles in S4, Z is a boundary sum of copies of S2 �D2, made
from a dotted unlink diagram of Tn by changing dots to zeroes. In the case of CHC, int c1 intersects
@Z D @Tn � S2 �S1 in Dn�1D��, where � is a meridian of the 0-framed unknot describing Z, and
the first double D� is taken using the �2-framing of � (Figure 10(b) with n replaced by nC 1). Since
the framing of � can be changed by any even number by sliding over the 2-handle of Z, we may instead
describe int c1\@Z as Dn�. After we reduce Z further by removing the 2-handle, this curve is exhibited
as an unknot in S3, so it obviously bounds an embedded disk in Z. This proves g1.int c1/D 0 for CHC.
The proof for an arbitrary Casson handle is similar, except that Z will be given by a 0-framed unlink and
other even framings of the meridians may arise (see Figure 12).

Theorem 1.5 now follows immediately. Corollary 3.3 already exhibited uncountably many annuli realizing
each nonzero value of � or g. These were the ends of surfaces int c1 (for refinements of the Casson
handles CHm;n), so had g1 D 0, as required for (b) of the theorem. Each exotic plane P constructed for
Theorem 5.2 is a satellite on such an annulus A with pattern D[ .Œ0;1/�@D/. After we cap A by a disk
in Z as in the previous paragraph, we can also cap P since @D is unknotted in S3. The resulting 2-sphere
can be pulled entirely into Z along A, where it is seen to be unknotted since D is an unknotted disk in
the 4-ball. Thus, P is generated by unknots, so g1.P /D 0. This proves (a), and the annuli determined
by these planes give the missing case of (b) with �C D �� D g D 0.

Remarks 5.3 (a) Similar reasoning shows that a surface F in R4 is generated by 2-knots whenever it
is a satellite on an annulus with pattern given by a slice disk D � I �S1 �D2. If D is also unknotted
in B4, then F is generated by unknots (since the resulting sphere can be pulled into a neighborhood of
a circle near infinity, and this circle is necessarily unknotted, with the correct framing in Z2). It seems
harder in general to recognize when F is an exotic plane.

(b) Arguably, the most surprising point of this section is that the planes and annuli we have drawn with
level diagrams are topologically standard, so we check this directly in Figures 1 and 11. (The other
cases are similar.) Each pictured surface F (a plane or int c1) is exhibited without local maxima, so
any nullhomologous loop in its complement can be retracted to the spine of a nullhomotopy and then
pushed outward to a product of commutators in some @Tn�F. It now suffices to show that the image
of �1.@Tn�F /! �1..R

4� int Tn/�F / is abelian, for then �1.R
4�F /Š Z, and the complement of
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an open tubular neighborhood of F has a system of neighborhoods of infinity (complementary to the
subsets Tn) with fundamental group Z. The neighborhood system guarantees that the pictured annulus is
topologically standard (equivalently, its compactification is locally flat) by Venema [1997], and the knot
group Z then implies that the plane in Figure 1 is standard (since its compactification is a topologically
unknotted sphere by Freedman, eg [Freedman and Quinn 1990, 11.7A]).

To prove the �1-condition, recall that either diagram shows Tn in the lower left picture as a solid torus T

in the boundary of BnC1, extended by a collar into int BnC1, where T contains the upper component of
the thick Hopf link and avoids the lower one. Then @Tn\F is the curve in T generated by the recursion.
The meridian � of T bounds a disk along @Tn�F, parallel to the 0-handles whose boundaries are also
meridians. The longitude � of T is isotopic in R4� int Tn�F to a meridian of the solid torus containing
these 0-handle boundaries. If we push � and � up to level nC 2, they become isotopic disjointly from F.
Thus, both are nullhomotopic in .R4� int Tn/�F. (The nullhomotopy of �, when taken to lie in R4�Tn

except for � � @Tn, is a disk immersed with one double point; this is the core cnC1 of the top stage
of TnC1.) It follows that the desired image of �1.@Tn �F / is also that of �1.T �F /=h�1.@T /i. To
compute this group, we can remove the �2-twist box from ˛n, erase the thick lower curve from the left
picture and work in S3. But we can recheck by induction that the resulting circle is unknotted. (The
twist box in each remaining ˛k disappears when we unwrap the Whitehead curve determined by ˛kC1.)
Thus, this latter group and its image are abelian (in fact, Z), as required. A similar discussion applies to
surfaces generated by more general Casson handles as in Figure 12. The main difference is that each �
bounds an immersed disk with multiple double points (the core of the attached kinky handle).

5.3 The inextendible involution of the end

Recall that the inextendible actions of Theorem 4.16(b) were constructed using an involution of the end
of an exotic plane .R4;P / that could not be diffeomorphically extended over the pair. This involution
descends from either of the involutions rx or rz on N (Figure 8(a)), so is pictured as rz in Figure 13(a) of
Ny �R4. As we have seen, the pictured invariant punctured torus is the branch locus of the branched
covering N !Ny , and deleting one ribbon move yields P with the inextendible involution of its end. To
draw a level diagram of this, we must perform the satellite operation of Theorem 5.2 rz-equivariantly.
The pattern is seen in Figure 13(b), where we attach 2 CH to a meridian of the upper fixed point of the
dotted circle, with CH any refinement of CHC (to guarantee that R is exotic). The level diagram of 2 CH
can be drawn by connected-summing two diagrams for CH so that they are interchanged by a �-rotation
that reverses the string orientation on the sum. The equivariant satellite operation then quadruples all
strands of 2 CH and at one fixed point inserts the generalized clasp exhibited at the center of Figure 13(b).
(This is awkward to draw in two dimensions, but can be visualized 3-dimensionally.) We conclude:

Scholium 5.4 For any refinement CH of CHC, Figure 13(b ) is the pattern for an rz-equivariant satellite
operation on the annulus obtained from 2 CH, exhibiting a simple exotic plane P whose end is symmetric
under a �-rotation of R4, but for which the involution cannot extend to any self-diffeomorphism of
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ry

Figure 14: Ribbon disks for the .�3; 3;�3; 3/-pretzel link. Adding a Casson handle to each
meridian of the complement gives R with its involution ry and Z2˚Z2-action of its end (with rx

given by rotation about the vertical axis).

.R4;P /. Symmetrically adding a second ribbon move to the figure gives an invariant , topologically
trivial punctured torus with the same exotic end as P. This is the branch locus of the branched covering
N !Ny �R4.

Remarks 5.5 (a) In the literature [Demichelis and Freedman 1992; Gompf 1993; Bižaca and Gompf
1996], R is often described by deleting a pair of ribbon disks of the .�3; 3;�3; 3/-pretzel link from B4

and attaching a Casson handle to a meridian of each component. These disks are shown in Figure 14
(ignoring the widely dashed circle). The two finely dashed arcs, one of which contains the point at infinity,
are the required ribbon moves. (One of these arcs immediately cancels, but we retain both to display
a symmetry.) Our current methods easily recover this pretzel link description of R, while exhibiting
the action by G D Z2 ˚Z2 on its end displayed in Figure 8(a): There is an isotopy of Figure 13(b)
interchanging the ribbon disks, after we isotope the disk bounded by the dotted circle to add a cancelable
ribbon move. This isotopy restricts equivariantly (under rotation about the z-axis) to the link (ignoring
the ribbon moves), so it preserves the inextendible involution of the end of P. We can now interchange
the roles of the two circles, so that P is given by the obvious disk bounded by the dotted circle and the
ambient R4 is the complement of the other disk with a Casson handle added to its meridian. The double
branched cover R of P is now easily seen to be Figure 14, with branch locus given by the obvious disk
in B4 bounded by the widely dashed circle. The involution ry is the pictured covering involution. If
the Casson handles 2 CH are attached to meridians at points projecting to the top of the dashed circle
in Figure 14, the full G-action of the end is generated by ry and rotation about the vertical axis, which
turns out to be rx in Figure 8(a). (This approach does not distinguish rx from rz . However, we can reach
this same conclusion directly from Figure 8(a) by considering the small dotted circles to represent disks
in B4 and equivariantly canceling the large 1-2 handle pair of R. The required equivariant isotopies to
reach Figure 14, via [Gompf 1993, Figure 12], are difficult.)

(b) The pretzel link of Figure 14 actually exhibits a Z3
2
-action extending the G-action above. This only

seems to contribute one additional G-action to our current discussion (see (c) below), but the full Z3
2
-action

may be useful for cork theory. This action can naturally be seen in the figure by one-point compactifying R3
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and identifying the page as the equatorial S2 of S3 �R4. Then the three standard coordinate axes and
the three coordinate circles containing center points of the twisted bands become the intersections with S3

of the six coordinate 2-planes of R4, so are natural axes of rotation, generating the orientation-preserving
subgroup of the Z4

2
of coordinate reflections of R4. The antipodal map can be extended over R but fixes

only 02R4 with quotient homeomorphic to a cone on RP3. Rotation in the plane of the paper extends over
the ribbon complement but cannot be further extended over R as an involution with branch locus R2, since
it sends each component Ki of L to itself without fixed points. Such a rotation of Ki would correspond to
a rotation in @.2 CH/ fixing the attaching circle. The resulting fixed set in 2 CH would then be a forbidden
smooth disk spanning the attaching circle. There are only two subgroups of order greater than 2 avoiding
these two elements. However, if we replace the Casson handles by 2-handles with a given framing n,
the full Z3

2
-action action extends over the resulting 3-manifold, and for n� �4 (and maybe larger) these

diffeomorphisms do not all extend over the resulting cork (see [Gompf 2018, Theorem 6.4(d)]).

(c) Recall from the beginning of Section 4 that our diagrams are oriented as in [Bižaca and Gompf
1996], so oppositely to [Gompf 1993]. We can now see that both conventions produce the same R4-
homeomorphs. This is because Figures 13(b) and 14 admit reflectional symmetries (diagonally). Thus,
there is an orientation-preserving diffeomorphism between Figure 8(a) and its mirror image (after surgering
the 0-framed curve to a dotted circle, but before attaching the Casson handles). This preserves (up to
isotopy) the meridians where the Casson handles attach. Replacing both copies of 2 CH by CHC in
both diagrams now gives diffeomorphic smoothings R of R4, so the version from [Gompf 1993] is also
exotic without ramification via [Bižaca and Gompf 1996]. We similarly obtain a diffeomorphism for any
fixed choice of CH, and the involutions ry (but not rx) correspond. The main difference between the
two conventions is that the quotients of rx (and similarly rz) have opposite orientations. Thus, Nx in
[Gompf 1993] is an exotic CP2 � fpg with a positive double point while Nz is standard, and R�x has
the end of a negative-definite, nondiagonalizable 4-manifold but lives in CP2 and cannot embed in a
negative-definite, closed 4-manifold. For a suitably ramified CH, we obtain R as an exotic R4 admitting
both G-actions, sharing the involution ry , and with the corresponding large exotic R4-homeomorphs R�x
from the two actions mirror images of each other. The origin of this symmetry is that S2 �S2 has an
orientation-reversing diffeomorphism reflecting (say) the first factor. In holomorphic affine coordinates,
this conjugates the group action of Section 4.1 by complex conjugation in the first factor, interchanging
rx and rz . In diagrams, this reverses the clasp of the Hopf link and the orientation of one circle (so
the linking number is still C1). Equivalently, we isotopically flip over one circle fixing the other. The
symmetry is broken when we pass to the subset N by adding clasps and Casson handles, resulting in the
exotic quotient of N lying in oppositely oriented Hopf bundles.

(d) There is also a simpler exotic R4 appearing in [Bižaca and Gompf 1996] (see [Gompf and Stipsicz
1999] for a simpler construction) but it does not appear to admit an involution or generate an exotic plane.
(It does admit a Stein structure, while R does not appear to.) This arises since the middle level of the
h-cobordism has a 2-handle canceling the sum of the 1-handles in Figure 8(a). The resulting diagram has
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a single dotted circle, surrounding the central clasp, with a single meridian Casson handle that can be
any refinement of CHC. The analogue of Figure 14 is the .�3; 3;�3/-pretzel knot K, also known as x946,
obtained from the figure by removing a right-twisted band (eg [Gompf 2018, Lemma 7.1]). This time
there is no symmetry cyclically permuting the bands, so the relevant symmetry group replacing Z3

2
in (b)

above is Z2
2
. Now the analogue of ry sends K to itself without fixed points (rather than interchanging the

components of L), so the reasoning in (b) shows it cannot extend over the Casson handle. Thus, we do
not obtain an involution of the exotic R4, only involutions rx and rz of its ends that no longer commute.
(The analogue of Figure 8(a) has no common fixed point on the central dotted circle for locating a Casson
handle compatible with both.) Either of these can be chosen as Casson’s involution that cannot extend
over the exotic R4. The latter is realized as rotation in the plane of the paper if the knot is drawn with
parallel bands [Gompf 2018, Lemma 7.1]. Since the analogue of Figure 14 has no reflectional symmetry,
there is no discussion analogous to (c) above. In particular, it is not known if adding CHC to the mirror
image of the pretzel-knot ribbon-disk complement gives an exotic R4.

5.4 Group actions

To draw the more general group actions of Section 4.5 on simple exotic planes, we only need to understand
end sums. The finite (cyclic) case consists of equivariantly connected-summing copies of a given diagram
to a 0-handle with its obvious action, using a band at each copy of ˛0. For infinite sums, we also need to
add constants to the radial coordinates of the summands so that the intersection with each 4-ball has a
finite handle structure. For example, a Z-invariant exotic plane is obtained from a collection fPm jm2Zg

of copies of P, where Pm is obtained from P by translating by m units in a fixed direction (and P is drawn
in a 3-ball of diameter 1) and adding jmj to its radial coordinate r . The generator sends Pm to PmC1

by translation and adding ˙1 to r (and suitably adjusting r on the bands connecting to the 0-handle).
Realizing a Q-action is similar but more subtle, since small elements of Q require large shifts of r . This
is allowable since we assume the discrete topology on Q. (Each group element is continuous since the
summands lie in disjoint closed regions in R4 whose union has no extraneous limit points. The algebraic
structure fits together by the equivalent description in Section 4.5.) For Q! , start infinitely many such
Q-clusters on separate intervals of the 0-handle, staggered in r to retain local finiteness of the handle
structure. For free groups, tessellate the plane with fundamental domains and start a copy of P in each
domain as the 0-handle boundary expands. (It may be simplest to consider each free group as a subgroup
of the free group on two generators.) For the inextendible actions of the end in Theorem 4.16(b), construct
these actions as for (a), but then switch the ribbon move of Figure 13(b) to the other diagonal in one copy
of P.

6 Open questions

We have now constructed and studied two main types of exotic planes. The simple examples from
Theorem 1.5(a) are constructed so that their double branched covers are made from a simple 4-manifold
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by adding Casson handles (Figure 8(a)). Thus, we could draw the embeddings explicitly (Theorem 5.2).
The resulting radial functions have no local maxima and connected superlevel sets. These planes are
generated by unknots (Definition 1.4), so have g1 D �1

˙
D 0. Each is double branch-covered by a small

exotic R4 that embeds in R4, and the planes are all equivalent, in the sense of Theorem 1.6, to the standard
plane. These properties are retained by infinite end sums of such examples, which we still consider simple.
The other type of exotic plane is more complicated. We constructed such planes in two different ways:
by deleting a singular point from an almost-smooth 2-sphere in S4 realized by an infinite intersection
of Casson handles (Theorem 1.3), or by exhibiting the double branched cover as the complement of a
similarly complicated intersection (Theorems 1.6(b)–(c) and 4.1). Either way, the construction seems too
complicated to draw explicitly. Each level diagram requires infinitely many local maxima (Scholium 4.14
and Corollary 4.11, respectively), and sometimes the number of components of the superlevel sets must
become arbitrarily large (Scholium 4.12). Planes of this second type have nonzero g1. In fact, the exotic
planes of Theorem 1.3 realize all nonzero values of �1 and g1 Dmaxf�1

˙
g, and those of Theorem 4.1

realize each of infinitely many nonzero values of g1 by uncountably many exotic planes (Corollary 4.9).
In both Theorems 1.6(b)–(c) and 4.1, each plane is double branch-covered by a large exotic R4 with
nonzero Taylor invariant.

Question 6.1 Are the above properties of simple exotic planes all equivalent?

One candidate for a counterexample is the branch locus P�y of the map R�!R�y � R4 generated by
the involution ry (Section 4.1). Like our simple examples, this is generated by unknots, so g1.P�y /D 0.
(Figure 13(a) shows the embedding Ny � S4, where we thicken the Casson handle to a 2-handle and
add a 4-handle, with R�y the open complement of a smaller version of Ny . The full branch locus is the
pictured punctured torus, capped by an unknotted disk in the 4-handle. Surgering this gives a disk in the
end of R�y capping P�y to an unknotted sphere in the 4-handle.) This contrasts with any plane double
covered by R�x , which has g1 > 0 (and for which the corresponding full branch locus is RP2). However,
R� is made by removing from S2 �S2 a subset (with cellular quotient) built with nested intersections
of Casson handles, so in that respect it resembles R�x more than R. Do level diagrams of P�y require
infinitely many local maxima? This would follow if R� requires infinitely many 3-handles (proof of
Theorem 4.10). However, R� has vanishing Taylor invariant, so our argument used on R�x breaks down.
The author has not analyzed the analogous plane P�z in R�z � R4 � CP2 generated by rz . What is its
behavior at infinity? The branch locus in CP2 is homologically essential (a quadric curve), so doesn’t
immediately show g1 D 0. We can ask, more generally:

Questions 6.2 Does every exotic plane with small double cover have g1D 0? Is every exotic plane with
g1 D 0 (so generated by 2-knots) generated by unknots? Is there a relation between these conditions and
having a diagram with no local maxima? Is there an exotic plane requiring local maxima but only finitely
many?
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Another possible source of counterexamples is the exotic planes of Theorem 1.3 with g1 > 0, which
have unknown double branched covers.

Questions 6.3 Must these covers be large? Is there an exotic plane whose double cover is the standard R4?
Do distinct exotic planes ever have diffeomorphic double covers? For example , are P�y and P�z distinct?
What about P1 and P 01 from Theorem 4.16? (More generally, consider end sums with different choices
of surface orientation.) What can be said about higher-degree branched covers?

Sections 4 and 5 raise other questions:

Questions 6.4 What else can be extracted from the Z2˚Z2-action of Section 4.1? What about the
simpler exotic R4 of Remark 5.5(d)? Are there other interesting exotic group actions that we can study in
this manner?

In addition to the above discussion of P�y and P�z , we can consider other quotients from Section 4.1.
Since the action is topologically standard, the branch loci of the maps N ! Nz � CP2 � fpg and
Nx ! NG � R4 are, respectively, an exotic punctured quadric curve and Möbius band. It should be
possible to draw these with explicit level diagrams in R4 or its blowup. It should also be possible to
describe the whole Z2˚Z2-action on N via explicit surfaces in RG �R4 and perhaps use this to shed
some light on the action on the end of R�. Does this action, or the Z3

2
-action of Remark 5.5(b), provide

new insight on corks? A large R4 can be constructed in S2 �S2 rather than CP2 [Gompf and Stipsicz
1999, Section 9.4] — or in many other manifolds as in [Gompf 2023, Theorem 6.6(a)]. In particular, a
large R4 can be embedded in Figure 7, containing the S4-summand. Can this (or more general examples)
be assumed equivariant? What new phenomena result?

Question 6.5 Is there a family of pairwise nonisotopic exotic planes that is naturally parametrized by an
interval (perhaps preserving the order defined for Theorem 1.6)?

The double branched cover R�x of an exotic plane constructed for Theorem 1.6(b)–(c) lies in a pairwise
nondiffeomorphic family parametrized by an interval (Section 3.2). This can be assumed to extend our
Z2-invariant family parametrized by †, provided that the construction uses towers with enough embedded
surface stages (as in [Freedman and Quinn 1990]) in place of Casson handles (see [Demichelis and
Freedman 1992, Theorem 3.2]). However, it isn’t clear whether the quotients R�

G
are the standard R4 for

parameter values outside the Cantor set.

Question 6.6 Does every compact surface in B4 generate an uncountable family of topologically isotopic
surfaces in R4 as in Corollary 4.4? How generally do noncompact surfaces in R4 lie in such families
(countable or uncountable)?

Theorem 4.2(b) gives uncountable families for certain slice disks, but fails for higher-genus surfaces. An
infinite end sum F1 of standard punctured tori is a candidate for a surface that cannot be changed by
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summing with exotic planes; see Questions 6.11 and below. However, an exotic F1 can be made by
attaching copies of 2 CH to .�1; 0��R3 along an infinite union of Hopf links so that a fixed �-rotation
flips each Casson handle. This #1 S2�S2-homeomorph can be chosen to be Stein and hence exotic by
the adjunction inequality. Furthermore it, and hence the exotic F1 branch locus, comes in uncountably
many diffeomorphism types distinguished by the genus function [Gompf 2017a, Theorem 3.5].

Questions 6.7 How different is topological proper 2-knot theory from the smooth theory modulo exotic
planes? (See Question 4.5.) We can ask this for embeddings of R2 or for higher-genus punctured surfaces ,
or consider infinite-genus surfaces such as F1. Is there a “universal” plane analogous to (and maybe
branch-covered by) the Freedman–Taylor universal R4 [1986]?

The defining property of the universal R4 (that is, the interior of the universal half-space of [Freedman and
Taylor 1986]) is that end-summing with it (at each end) turns homeomorphic 4-manifolds diffeomorphic
whenever the corresponding Kirby–Siebenmann uniqueness obstruction vanishes. One might hope for
an exotic plane that similarly implies the map of Question 4.5 is a bijection, but this is probably too
optimistic.

Problems 6.8 (a) Prove that every positive integer is g1.P / for uncountably many distinct exotic
planes P (see Corollary 4.9 and Scholium 4.12), and the same for �1 in .Z�0[f1g/�.Z�0[f1g/.

(b) Find exotic planes (or annuli ) with g1 ¤maxf�1
˙
g. Find exotic annuli with g ¤maxf�˙g.

One approach to (a) would be to apply Theorem 4.2(b) (and maybe Remarks 4.3) to the exotic planes of
Theorem 1.3. However, it is not clear whether the definiteness hypothesis can be applied; see Questions 6.3.
This may depend on signs of double points, so may work better if one component of �1 vanishes. If the
surface in (b) is allowed to be topologically knotted, examples can be constructed from knots in S3. (The
annulus made from the figure-eight knot has g D g1 D 1 but �˙ D �1˙ D 0.)

Problem 6.9 Draw a level diagram describing an exotic plane (or annulus) with g1 > 0.

Section 4.5 presented exotic planes with large discrete group actions whose nontrivial elements were not
pairwise isotopic to the identity, as well as planes with similar inextendible actions of their ends. It is
natural to ask what other sorts of actions can occur. Since R-actions (flows) can always be constructed,
we restrict to actions with torsion. For comparison, torus knots in S3 admit circle actions, and hence
finite cyclic actions whose elements are pairwise isotopic to the identity. These knots can then be coned
to PL (or holomorphic) almost-smooth (but not locally flat) embeddings R2 ,!R4 with circle actions.

Questions 6.10 Are there exotic planes with finite cyclic actions whose elements are pairwise isotopic to
the identity? Circle actions? Are all torsion group actions on exotic planes discrete? What about actions
on exotic (topologically standard ) annuli?
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We conclude with several more general questions. To begin, note that connected-summing a pair .X;F /
with S4 containing a standardly embedded T 2, or RP2 with normal Euler number �2 or C2, sums any
double branched cover with S2�S2, CP2 or CP2, respectively. Thus, the double branched cover of any
exotic plane becomes diffeomorphic to that of the standard plane after summing with infinitely many
standard tori along a discrete set. According to [Bižaca and Gompf 1996, Proposition 5.4], any R as
in Section 4.1 with only positive double points in CH becomes standard after such a sum with copies
of CP2 but not with a sum of copies of CP2. Thus, the corresponding planes remain exotic after infinite
connected sums with standard positive projective planes.

Questions 6.11 Do these planes become standard after infinite connected sums with negative projective
planes? With tori? Do sums with tori make all planes standard?

In a compact setting with suitably controlled knot groups, the corresponding question for finite sums with
standard tori has been answered affirmatively [Baykur and Sunukjian 2016]. Studying sums with standard
copies of RP2 of a fixed sign may also be interesting in the compact setting.

Questions 6.12 Applying Proposition 2.1(a) to any exotic plane determining an exotic annulus gives an
exotic open 2-handle with standard interior and (unlike possibly all Casson handles) a smooth core. Is this
useful? What does Proposition 2.1(b) give us?

Problem 6.13 Find a more direct way to distinguish exotic planes. Are there combinatorial invariants?

Such invariants could not be determined by underlying topology such as the knot group.

Questions 6.14 Are there exotic planes in C2 (or in the open unit ball or other Stein structure on R4)
that are holomorphic? Symplectic? Lagrangian? What about almost-smooth (topologically standard )
planes (eg Corollary 3.3) that are symplectic (or Lagrangian) at nonsingular points?

There are Lagrangian disks in B4 [Chantraine 2015], and holomorphic embeddings of a complex open
disk into C2 [Baader et al. 2010], that are topologically knotted, but there is no smoothly knotted algebraic
embedding C ,!C2. (See [Rudolph 1982] for a topological proof of the latter.) Every exotic plane P

is holomorphic in some complex (Kähler but not Stein) structure on R4. (Perturb P � C2 so that it
contains some holomorphic open disk D, then note that .C2� .P �D/;D/ is diffeomorphic to the pair
.R4;P /.) Our diagrams from Section 5 seem hard to make symplectic since they are constructed with
many antiparallel sheets. Our other exotic planes cannot be holomorphic, by the maximum modulus
principle, since their diagrams require local maxima. Similarly, any holomorphic exotic plane must have
double branched cover with vanishing Taylor invariant by Theorem 4.10.
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Questions 6.15 Are there embeddings of one-ended surfaces in R4 whose end sum in R4 depends on a
choice of rays? What about sums of the form .X;F1/ \ .R

4;F2/D .X;F1 \F2/? Does the answer to the
latter depend on whether we distinguish these up to pairwise diffeomorphism or isotopy? Can an end sum
as in Proposition 2.3 fail to commute?

By Proposition 2.3, any examples would involve infinite genus. Recall that pairwise diffeomorphism
implies isotopy for surfaces in R4. Compare with ray dependence of sums of 4-manifolds, eg [Calcut and
Gompf 2019; Calcut et al. 2022].
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The stable Adams operations on Hermitian K -theory
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We prove that exterior powers of (skew-)symmetric bundles induce a �-ring structure on the ring
GW0.X / ˚ GW2.X /, when X is a scheme where 2 is invertible. Using this structure, we define
stable Adams operations on Hermitian K-theory. As a byproduct of our methods, we also compute the
ternary laws associated to Hermitian K-theory.
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Introduction

From their introduction by Adams [1962] in his study of vector fields on spheres, Adams operations have
been extremely useful in solving various problems in topology, algebra and beyond. One may mention for
instance the proof of Serre vanishing conjecture by Gillet and Soulé [1987], or their use in intersection
theory. In algebraic geometry, the work of several authors allowed the extension of these operations
(initially defined at the level of the Grothendieck group K0) to the whole world of K-theory; the most
recent and probably most natural extension being due to Riou [2010] using (stable) motivic homotopy
theory.
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Over a scheme X , it is often useful to study vector bundles endowed with some extra decoration, such
as a symmetric or a symplectic form. The analogues of the Grothendieck group K0.X / in this context
are the so-called Grothendieck–Witt groups (or Hermitian K-theory groups) GWi.X / for i 2 Z=4

(see eg [Schlichting 2017]), which classify symmetric and symplectic bundles [Walter 2003]. Very often,
the constructions and questions pertaining to algebraic K-theory can be generalized to the context of
Grothendieck–Witt groups. For instance, Serre’s Vanishing Conjecture makes sense in this broader context
[Fasel and Srinivas 2008].

As for the Adams operations, Zibrowius [2015; 2018] has proved that the exterior power operations on
symmetric bundles yield a �-ring structure on the Grothendieck–Witt group GW0.X / of any smooth
variety X over a field of characteristic not two. This provides in particular Adams operations on these
groups. It is not very difficult to construct �-operations in GW0.X /, and a significant portion of the
papers [Zibrowius 2015; 2018] consists in showing that this pre-�-ring is actually a �-ring, which means
that the �-operations verify certain additional relations pertaining to their multiplicative and iterative
behavior. In particular, it is not so difficult to construct the Adams operations  n, but much harder to
show that they are multiplicative and verify the relations  mn D  m ı n. To prove that GW0.X / is a
�-ring, Zibrowius followed the strategy used in [SGA 6 1971] for the analogous problem in K-theory, and
reduced the question to proving that the symmetric representation ring GW0.G/ of an affine algebraic
group G (over a field of characteristic not two) is a �-ring. This is done by further reducing to the case
when G is the split orthogonal group, and using explicit descriptions of the representations of certain
subgroups in that case.

A first purpose of this paper is to extend the construction of Zibrowius in two directions:

(1) Allow X to be an arbitrary quasicompact quasiseparated Z
�

1
2

�
-scheme admitting an ample family

of line bundles.

(2) Replace GW0.X / with GW˙.X /, the ring of symmetric and symplectic forms.

The objective is achieved in Theorem 4.2.5:

Theorem 1 For every quasicompact and quasiseparated scheme X over Z
�

1
2

�
, the pre-�-ring GW˙.X /

is a �-ring.

The proof is obtained by first showing that the map GW0.G/! GW0.GQ/ is injective, when G is a
split reductive algebraic group over Z

�
1
2

�
. Since the target is a �-ring by the result of Zibrowius, so is

GW0.G/, and thus also GW0.X / when X is as in (1).

For (2), a natural strategy is to mimic Zibrowius’s proof, by considering not just symmetric representations
of algebraic groups, but also skew-symmetric ones. Although we believe that this idea might work, we
were not able to implement it satisfyingly. Instead we observe that we may pass from GW�.X / to
GWC.X / using the quaternionic projective bundle theorem [Panin and Walter 2021].
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The Witt groups are natural companions of the Grothendieck–Witt groups, obtained from them by modding
out the hyperbolic classes. Their behavior is somewhat easier to understand, and they keep track of an
important part of the quadratic information, while forgetting some of the K-theoretic information. Our
�-ring structure on the Grothendieck–Witt groups does not descend to one on the Witt groups. There
is a good reason for this: the Witt ring cannot admit a (functorial) �-ring structure, because it takes the
value F2 on every algebraically closed field, and F2 has no such structure. Nonetheless, we prove that
the odd Adams operations (as well as the even ones when additionally �1 is a square) do descend to
operations on the Witt ring. It would be interesting to find algebraic axioms describing a weak form of
the structure of �-ring (including odd Adams operations) that applies to the Witt ring, but we will not
investigate this question further in this paper.

The next natural step consists in considering the groups GWi.X / for i odd, as well as the higher
Grothendieck–Witt groups GWi

j .X / for j 2 Z. To do so, we focus on Adams operations, and follow the
approach pioneered by Riou [2010] to construct stable versions of those. The fact that GW˙.X / is a
�-ring ends up being a crucial input, allowing us to understand the behavior of the Adams operations
with respect to stabilization. This approach is carried out in Section 5, where we obtain the following
result (Theorem 5.5.8 and Proposition 5.5.9).

Theorem 2 Let X be a (quasicompact and quasiseparated ) scheme over Z
�

1
2

�
and let GW in SH.X /

be the spectrum representing Hermitian K-theory. Then , there exists for any integer n 2N a morphism of
motivic ring spectra , the so-called nth Adams operation ,

‰n
WGW!GW

�
1

n�

�
;

satisfying ‰mŒ1=n�� ı‰n D‰mn for any integer m 2N. These operations extend the classical Adams
operations in K-theory in the sense that there is a commutative diagram of motivic ring spectra

GW ‰n
//

��

GW
�

1

n�

�

��

BGL ‰n
// BGL

�
1

n

�
in which the vertical morphisms are the forgetful maps and the bottom horizontal morphism is the Adams
operation on K-theory defined by Riou [2010, Definition 5.3.2].

In the statement the right-hand side is the spectrum obtained out of GW after inversion of the class
n� 2 GWC.X /, which equals n when n is odd, and the class of the hyperbolic n-dimensional symmetric
form when n is even.

When n is even, inverting n� in GWC.X / seems to be a fairly destructive procedure, so in practice
the stable even Adams operations are unlikely to be very valuable improvements of their K-theoretic

Geometry & Topology, Volume 29 (2025)



130 Jean Fasel and Olivier Haution

counterparts. By contrast, we expect that the odd operations will be useful in many situations. For instance,
Bachmann and Hopkins [2020] recently used them to compute the �-inverted homotopy sheaves of the
algebraic symplectic and special linear cobordism spaces. Their construction of Adams operations is
quite different in spirit to the one presented here but satisfy (almost) the same properties; see Remark 3.2
of [loc. cit.].

In the last section of this paper, we offer an application under the form of the computation of the ternary
laws associated to Hermitian K-theory. These laws are the analogue, in the context of Sp-oriented ring
spectra, of the formal group laws associated to any oriented ring spectrum. In short, they express the
characteristic classes of a threefold product of symplectic bundles of rank 2, and are expected to play an
important role in the classification of Sp-oriented cohomology theories. We refer the interested reader to
[Déglise and Fasel 2023] for more information on these laws.

To conclude this introduction, let us comment on the assumption that 2 is invertible, needed in our proofs
of the main theorems stated above. We made this assumption mainly since it appears in results that we
heavily need, such as the representability result of Schlichting and Tripathi [2015] and the article of
Panin and Walter [2021] in which the Borel classes associated to symplectic bundles are constructed.
There is currently work in progress by several authors [Calmès et al. 2023; 2020a; 2020b], aiming at
setting Hermitian K-theory in the context of1-categories (with extra structures). This would allow us,
as a byproduct, to lift the necessity for 2 to be invertible in all constructions in Hermitian K-theory. At
the moment, there is however no publicly available analogue either of the representability result, or of
the construction of the Borel classes. Less seriously, we also used the assumption that 2 is invertible in
Section 2, mostly while computing the exterior powers of a tensor product of rank 2 bundles. We believe
that the same results hold in a broader context, but don’t know how to do it at the moment. Altogether,
the main theorems of the paper should hold without this somewhat embarrassing hypothesis, provided the
required tools are made available.
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1 Grothendieck–Witt groups and spectra

All schemes will be assumed to be quasicompact and quasiseparated, and to admit an ample family of
line bundles.
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Let X be a scheme. In this paper, we will denote by GWC.X / (resp. GW�.X /) the Grothendieck–Witt
group of symmetric forms (resp. skew-symmetric forms), defined eg in [Walter 2003, Section 6] using
the exact category of vector bundles over X . The product of two skew-symmetric forms being symmetric,
we have a pairing

GW�.X /�GW�.X /! GWC.X /;

turning GW˙.X /D GWC.X /˚GW�.X / into a (commutative) Z=2-graded ring.

Assume now that X is a scheme over Z
�

1
2

�
. Following Schlichting [2017, Definition 9.1], we can consider

the Grothendieck–Witt groups GWi
j .X / for any i; j 2Z which are 4-periodic in i , in the sense that there

are natural isomorphisms GWi
j .X / ' GWiC4

j .X / for any i 2 Z. For X affine and i D 0, the groups
GW0

j .X / are (naturally isomorphic to) the orthogonal K-theory groups KOj .X / as defined by Karoubi,
while for i D 2 (and X still affine) the groups GW2

j .X / are (naturally isomorphic to) the symplectic
K-theory groups KSpj .X / by [Schlichting 2017, Corollary A.2]. Also by [Walter 2003, Theorem 6.1]
and [Schlichting 2017, Proposition 5.6], we have natural isomorphisms GWC.X / ' GW0

0.X / and
GW�.X /' GW2

0.X /.

Notation 1.1 We will denote by h 2GW0
0

�
Spec

�
Z
�

1
2

���
and � 2 GW2

0

�
Spec

�
Z
�

1
2

����
the classes of the

hyperbolic symmetric and skew-symmetric bilinear forms, respectively. When u 2
�
Z
�

1
2

���, we will
denote by hui 2 GW0

0

�
Spec

�
Z
�

1
2

���
the class of the symmetric bilinear form .x;y/ 7! uxy, and write

� D�h�1i. Thus hD 1� �.

The collection of groups GWi
j .X / fits into a well-behaved cohomology theory, which is SLc-oriented

by [Panin and Walter 2018, Theorem 5.1], and in particular Sp-oriented [Panin and Walter 2021]. The
functors X 7!GWi

j .X / are actually representable by explicit (geometric) spaces GWi in the A1-homotopy
category H

�
Z
�

1
2

��
of Morel–Voevodsky (see [Schlichting and Tripathi 2015, Theorem 1.3]),

Œ†
j

S1XC;GWi �H.ZŒ 1
2 �/
D GWi

j .X /:

Further, one can express the aforementioned periodicity under the following form: there exists an element

 2 GW4

0

�
Spec

�
Z
�

1
2

���
such that multiplication by 
 induces the periodicity isomorphisms

(1.a) GWi
' GWiC4 :

When X is a Z
�

1
2

�
-scheme, the Z-graded ring

(1.b) GWeven
0 .X / WD

M
j2Z

GW2j
0
.X /

can be identified with the Z-graded subring 3GW˙.X / of GW˙.X /Œx˙1� defined in Appendix B (where

 corresponds to x2), and we have a canonical isomorphism of Z=2-graded rings

GWeven
0 .X /=.
 � 1/' GW˙.X /:
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The P1-projective bundle theorem of Schlichting [2017, Theorem 9.10] allows us to build a ring spec-
trum GW in SH

�
Z
�

1
2

��
representing Hermitian K-theory. A convenient construction is recalled in [Panin

and Walter 2018, Theorem 12.2], and we explain the relevant facts in the next few lines in order to fix
notation.

Recall first that Panin and Walter [2021] defined a smooth affine Z
�

1
2

�
-scheme HPn for any n 2N, called

the quaternionic projective space. On HPn, there is a canonical bundle U of rank 2 endowed with a
symplectic form ', yielding a canonical element uD .U; '/ 2 GW�.HPn/. For any n 2 N, there are
morphisms

(1.c) in W HPn
! HPnC1

such that i�n u D u, whose colimit (say in the category of sheaves of sets) is denoted by HP1. It is a
geometric model of the classifying space BSp2 of rank 2 symplectic bundles. As HP0 D Spec

�
Z
�

1
2

��
,

we consider all these schemes as pointed by i0 and note that i�
0
.u/D � . Recall moreover from [Panin and

Walter 2018, Theorem 9.8] that HP1 is A1-weak equivalent to .P1/^2. In fact HP1 DQ4, where the
latter is the affine scheme considered for instance in [Asok et al. 2017].

The quaternionic projective bundle theorem (for trivial bundles) [Panin and Walter 2021, Theorem 8.1]
asserts that, when X is a regular Z

�
1
2

�
-scheme, the (left or right) GW��.X /-module GW��.HPn �X /

is free on the basis 1; .u� �/; : : : ; .u� �/n. (Here, for a Z
�

1
2

�
-scheme Y we have written GW��.Y /DL

i;j2Z GWi
j .Y /.)

Notation 1.2 We set T WD HP1, that we consider as pointed by i0. We also denote by �T the right
adjoint of the endofunctor T ^ .�/ of H

�
Z
�

1
2

��
.

The spectrum GW is defined as the T -spectrum whose component in degree n is GW2n and bonding
maps

(1.d) � W T ^GW2n
! GW2nC2

induced by multiplication by the class u� � in GW2
0.T /. This T -spectrum determines uniquely a P1-

spectrum in view of [Riou 2007, Proposition 2.22] or [Panin and Walter 2018, Theorem 12.1], which has
the property that

GWi
j .X /D Œ†

1

P1XC; †
�j

S1†
i
P1 GW�SH.ZŒ 1

2 �/

for a smooth Z
�

1
2

�
-scheme X .

If now X is a regular Z
�

1
2

�
-scheme with structural morphism pX WX ! Spec

�
Z
�

1
2

��
, we can consider

the functor p�
X
W SH

�
Z
�

1
2

��
! SH.X / and the spectrum p�

X
GW. On the other hand, one can consider

the P1
X

-spectrum GWX representing Grothendieck–Witt groups in the stable category SH.X /. It follows
from [Panin and Walter 2018, discussion before Theorem 13.5] that the natural map p�

X
GW!GWX is

in fact an isomorphism. Consequently,

GWi
j .X /D Œ†

1

P1XC; †
�j

S1†
i
P1p�X GW�SH.X /;
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and we say that GW is an absolute P1-spectrum over Z
�

1
2

�
. It is in fact an absolute ring spectrum by

[Panin and Walter 2018, Theorem 13.4].

In contrast with the spectrum representing K-theory, the spectrum GW is not oriented, in the sense that it
doesn’t admit a well-behaved theory of Chern classes of vector bundles. Instead, as mentioned above,
this spectrum is Sp-oriented, and thus each vector bundle V over a regular Z

�
1
2

�
-scheme X equipped

with a nondegenerate skew-symmetric form � WE!E_ admits Borel classes bGW
i .V; �/ 2GW2i

0 .X / for
i 2N; see [Panin and Walter 2021, Definition 8.3]. When E has rank two, we have

bGW
i .V; �/D

8<:
1 if i D 0,
Œ.V; �/�� � if i D 1,
0 otherwise.

See [Panin and Walter 2018, Theorem 9.9].

2 Exterior powers and rank-two symplectic bundles

When V is a vector bundle on a scheme X , we denote its dual by V _. A bilinear form on V is a morphism
of vector bundles � W V ! V _. When x;y 2 H 0.X;V /, we will sometimes write �.x;y/ instead of
�.x/.y/. We will abuse notation, and for n 2 N denote by

V
n� the bilinear form on

V
nV given by

the composite
V

nV
Vn�
���!

V
n.V _/!

�V
nV
�_. We will also denote the pair

�V
nV;

V
n�
�

by
V

n.V; �/.
Similar conventions will be used for the symmetric or tensor powers of bilinear forms, or their tensor
products.

Explicit formulas for symmetric and exterior powers are given as follows. Let n be an integer, and denote
by Sn the symmetric group on n letters, and by � WSn!f�1; 1g the signature homomorphism. Then for
any open subscheme U of X and x1; : : : ;xn;y1; : : : ;yn 2H 0.U;V /, we have

.Symn �/.x1 � � �xn;y1 � � �yn/D
X
�2Sn

�.x1;y�.1// � � � �.xn;y�.n//;(2.a)

�V
n�
�
.x1 ^ � � � ^xn;y1 ^ � � � ^yn/D

X
�2Sn

�.�/�.x1;y�.1// � � � �.xn;y�.n//;(2.b)

or more succinctly

(2.c)
�V

n�
�
.x1 ^ � � � ^xn;y1 ^ � � � ^yn/D det.�.xi ;yj //:

If V and W are vector bundles equipped with bilinear forms � and �, then for any i and j the bilinear
form

V
iCj .� ? �/ restricts to

�V
i�
�
˝
�V

j�
�

on
�V

iV
�
˝
�V

j W
�
�
V

iCj .V ˚W /. This yields an
isometry, for any n 2N,

(2.d)
V

n.V ˚W; �˚�/'

n

?
iD0

V
i.V; �/˝

V
n�i.W; �/:
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Lemma 2.1 Let .E; "/ and .F; '/ be vector bundles over a scheme X equipped with bilinear forms , of
respective ranks e and f . Then we have an isometry�V

e.E; "/
�˝f
˝
�V
f .F; '/

�˝e
'
V

ef .E˝F; "˝'/:

Proof Let us first assume that E and F are free and that X D Spec R is affine. Let .x1; : : : ;xe/

(resp. .y1; : : : ;yf /) be an R-basis of H 0.X;E/ (resp. H 0.X;F /). Then the element

(2.e) z D .x1 ^ � � � ^xe/
˝f
˝ .y1 ^ � � � ^yf /

˝e

is a basis of H 0
�
X;
�V

eE
�˝f
˝
�V
f F

�˝e�, and the element

(2.f) uD .x1˝y1/^ � � � ^ .x1˝yf /^ .x2˝y1/^ � � � ^ .xe˝yf /

is a basis of H 0
�
X;
V

ef .E˝F /
�
. The mapping z 7! u then defines an isomorphism of line bundles

(2.g)
�V

eE
�˝f
˝
�V
f F

�˝e �
�!

V
ef .E˝F /:

Consider now the matrices

AD .".xi ;xj // 2Me.R/; B D .'.yi ;yj // 2Mf .R/:

By (2.c) we have ��V
e"
�˝f
˝
�V
f F

�˝e�
.z; z/D .det A/f � .det B/e;

and
V

ef ."˝'/.u;u/ is the determinant of the block matrix

C D

0B@".x1;x1/B : : : ".x1;xe/B
:::

:::

".xe;x1/B : : : ".xe;xe/B

1CA 2Mef .R/:

It then follows from [Bourbaki 1970, III, Section 9, Lemme 1, page 112] that

det C D det.det.".xi ;xj /B//D det.det.A/Be/D .det A/f � .det B/e:

Therefore ��V
e"
�˝f
˝
�V
f F

�˝e�
.z; z/D

V
ef ."˝'/.u;u/;

which shows that (2.g) is the required isometry.

Next, assume given R-linear automorphisms ˛ WH 0.X;E/!H 0.X;E/ and ˇ WH 0.X;F /!H 0.X;F /.
Replacing the basis .x1; : : : ;xe/ and .y1; : : : ;yf / by their images under ˛ and ˇ multiplies the element
(2.e) by the quantity .det˛/e � .detˇ/f , and the element (2.f) by the same quantity (this is a similar
determinant computation as above, based on [Bourbaki 1970, III, Section 9, Lemme 1, page 112]). We
deduce that the isometry (2.g) glues when E and F are only (locally free) vector bundles, and X is
possibly nonaffine.
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Lemma 2.2 Let V be a vector bundle of constant rank n over a scheme X , equipped with a nondegenerate
bilinear form �. Then we have an isometryV

n�1.V; �/' .V; �/˝
V

n.V; �/:

Proof The natural morphism
�V

n�1V
�
˝V !

V
nV induces a morphism

V
n�1V !Hom.V;

V
nV /. As

V is a vector bundle (of finite rank) the natural morphism V _˝
V

nV !Hom.V;
V

nV / is an isomorphism.
Composing with the inverse of �˝ idVnV , we obtain a morphism

s W
V

n�1V ! V ˝
V

nV:

To verify that it induces the required isometry, we may argue locally and assume that V is free and
X D Spec R is affine. Pick an R-basis .v1; : : : ; vn/ of H 0.X;V /. Then .w1; : : : ; wn/ is an R-basis of
H 0.X;

V
n�1V /, where wi D .�1/n�iv1^ � � � ^bvi ^ vn. Let z D v1^ � � � ^ vn 2H 0.X;

V
nV /, and note

that wi ^ vi D z for all i 2 f1; : : : ; ng. Consider the unique elements v�
1
; : : : ; v�n 2H 0.X;V / satisfying

�.v�i ; vj /D ıij (Kronecker symbol) for all i; j 2 f1; : : : ; ng. Then we have

(2.h) s.wi/D v
�
i ˝ z for i D 1; : : : ; n:

Consider the matrix A D .�.vi ; vj // 2 Mn.R/. Observe that the j th coordinate of v�i in the basis
.v1; : : : ; vn/ is the .i; j /th coefficient of the matrix A�1, from which it follows that

(2.i) t .A�1/D .�.v�i ; v
�
j // 2Mn.R/:

Let k; l 2 f1; : : : ; ng. It follows from (2.c) that
�V

n�1�
�
.wk ; wl/ is the .k; l/th cofactor of the matrix A,

and thus coincides with the .k; l/th coefficient of the matrix .det A/ �t .A�1/. In view of (2.i), we deduce
that (using (2.c) for the last equality)�V

n�1�
�
.wk ; wl/D �.v

�
k ; v
�
l / � det AD �.v�k ; v

�
l / �

�V
n�
�
.z; z/:

By the formula (2.h), this proves that s is the required isometry.

In the rest of the section, we fix a Z
�

1
2

�
-scheme X . By a symplectic bundle on X , we will mean a

vector bundle on X equipped with a nondegenerate skew-symmetric form. For an invertible element
� 2H 0.X;OX /, we denote by h�i the trivial line bundle on X equipped with the nondegenerate bilinear
form given by .x;y/ 7! �xy.

Lemma 2.3 Let .V; �/ be a symplectic bundle of constant rank n over X . Then there exists an isometryV
n.V; �/' h1i:

Proof We may assume that X ¤¿ and n� 1. Then we may write nD 2m for some integer m — the
form induced by .V; �/ over the residue field of a closed point of X is skew-symmetric, hence symplectic
as 2 is invertible, and such forms over fields have even dimension [Milnor and Husemoller 1973, I, (3.5)].
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The morphism

V ˝n
' V ˝m

˝V ˝m
!
V

mV ˝
V

mV
Vm�˝id
�����!

�V
mV

�_
˝
V

mV !OX

descends to a morphism �.V;�/ W
V

nV ! OX . If .Vi ; �i/ for i D 1; 2 are symplectic bundles over X of
ranks ni D 2mi such that .V; �/D .V1; �1/? .V2; �2/, we have a commutative diagramV

mV

Vm�
//
�V

mV
�_

�V
m1V1

�
˝
�V

m2V2

� Vm1�1˝
Vm2�2

//

OO

�V
m1V1

�_
˝
�V

m2V2

�_
OO

Therefore the identification
V

nV D
V

n1V1˝
V

n2V2 yields an identification �.V;�/ D �.V1;�1/˝�.V2;�2/.

In order to prove that �.V;�/ induces the claimed isometry, we may assume that X is the spectrum of
a local ring. In this case the nondegenerate skew-symmetric form .V; �/ is hyperbolic [Milnor and
Husemoller 1973, I, (3.5)]. Given the behavior of �.V;�/ with respect to orthogonal sums, we may assume
that nD 2 and that .V; �/ is the hyperbolic plane. So there exists a basis .v1; v2/ of H 0.X;V / such that

�.v1; v1/D 0; �.v2; v2/D 0 and �.v1; v2/D 1:

By (2.b), we have �V
2�
�
.v1 ^ v2; v1 ^ v2/D 1:

Since
�.V;�/.v1 ^ v2/D �.v1; v2/D 1 2H 0.X;OX /;

it follows that �.V;�/ induces an isometry
V

2.V; �/' h1i.

Let V be a vector bundle over X . Consider the involution � of V ˝2 exchanging the two factors. Set
V ˝2
C D ker.� � id/ and V ˝2

� D ker.� C id/. Since 2 is invertible we have a direct sum decomposition
V ˝2 D V ˝2

C ˚V ˝2
� .

Let now � be a bilinear form on V . There are induced bilinear forms �˝2
C on V ˝2

C and �˝2
� on V ˝2

� .
Writing .V; �/˝2

C (resp. .V; �/˝2
� ) instead of .V ˝2

C ; �˝2
C / (resp. .V ˝2

� ; �˝2
� /), we have an orthogonal

decomposition

(2.j) .V; �/˝2
D .V; �/˝2

C ? .V; �/
˝2
� :

Lemma 2.4 There are isometries

.V; �/˝2
C ' h2i˝Sym2.V; �/ and .V; �/˝2

� ' h2i˝
V

2.V; �/:

Proof It is easy to see that the morphism

i W
V

2V ! V ˝2; v1 ^ v2 7! v1˝ v2� v2˝ v1;
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induces an isomorphism
V

2V ' V ˝2
� . If U is an open subscheme of X and v1; v2; w1; w2 2H 0.U;V /,

we have, using (2.b),

�˝2.i.v1 ^ v2/; i.w1 ^w2//

D �˝2.v1˝ v2� v2˝ v1; w1˝w2�w2˝w1/

D �.v1; w1/�.v2; w2/� �.v2; w1/�.v1; w2/� �.v1; w2/�.v2; w1/C �.v2; w2/�.v1; w1/

D 2�.v1; w1/�.v2; w2/� 2�.v2; w1/�.v1; w2/D 2
�V

2�
�
.v1 ^ v2; w1 ^w2/;

proving the second statement. The first is obtained in a similar fashion, using the morphism

Sym2 V ! V ˝2; v1v2 7! v1˝ v2C v2˝ v1:

Lemma 2.5 There is an isometry

.V; �/˝2
' h2i˝

�
Sym2.V; �/?

V
2.V; �/

�
:

Proof This follows from Lemma 2.4 and (2.j).

Lemma 2.6 Let E and F be vector bundles over X , respectively equipped with bilinear forms " and '.
Then there is an isometryV

2.E˝F; "˝'/'
�
h2i˝Sym2.E; "/˝

V
2.F; '/

�
?
�
h2i˝

V
2.E; "/˝Sym2.F; '/

�
:

Proof It is easy to see that there is an isometry

.E˝F; "˝'/˝2
� '

�
.E; "/˝2

C ˝ .F; '/
˝2
�

�
?
�
.E; "/˝2

� ˝ .F; '/
˝2
C

�
;

so that the statement follows by five applications of Lemma 2.4 (and tensoring by the form h2�1i).

Proposition 2.7 Let E and F be rank-two vector bundles over a Z
�

1
2

�
-scheme X , equipped with

nondegenerate skew-symmetric forms " and '. Then we have , in GWC.X /,

Œ
V

n.E˝F; "˝'/�D

8̂̂̂<̂
ˆ̂:
Œ.E; "/˝ .F; '/� if n 2 f1; 3g,
Œ.E; "/˝2�C Œ.F; '/˝2�� 2 if nD 2,
1 if n 2 f0; 4g,
0 otherwise.

Proof The cases nD 0; 1 and n� 5 are clear. The case nD 4 follows from Lemmas 2.1 and 2.3. The
case nD 3 then follows from the case nD 4 and Lemma 2.2. We now consider the case nD 2. We have,
in GWC.X /,

Œ
V

2.E˝F; "˝'/�D h2iŒSym2.E; "/�Ch2iŒSym2.F; '/� (by Lemmas 2.6 and 2.3)

D Œ.E; "/˝2�� h2iC Œ.F; '/˝2�� h2i (by Lemmas 2.5 and 2.3)

and h2iC h2i D 2 2 GWC
�
Spec

�
Z
�

1
2

���
, as evidenced by the computation�

1 �1

1 1

��
1 0

0 1

��
1 1

�1 1

�
D

�
2 0

0 2

�
:
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3 Grothendieck–Witt groups of representations

Let B be a commutative ring with 2 2 B� and G be a flat affine group scheme over B. Let RB be the
abelian category of representations of G over B, which are of finite type as B-modules. We let PB be the
full subcategory of RB whose objects are projective as B-modules. The latter category is exact. If P is
an object of PB , then its dual P_ WDHomB.P;B/ is naturally endowed with an action of G and thus can
be seen as an object of PB . The morphism of functors $ W 1' __ is easily seen to be an isomorphism of
functors PB! PB , and it follows that PB is an exact category with duality.

Let Db.RB/ (resp. Db.PB/) be the derived category of bounded complexes of objects of RB (resp. PB).
The category Db.PB/ is a triangulated category with duality in the sense of Balmer [2005, Definition 1.4.1]
and therefore one can consider its (derived) Witt groups Wi.Db.PB// [loc. cit., Definition 1.4.5] that we
denote by Wi.BIG/ for simplicity. We can also consider the Grothendieck–Witt groups GWi.Db.PB//

(as defined in [Walter 2003, Section 2]), that we similarly denote by GWi.BIG/.

Lemma 3.1 Suppose that B is a field of characteristic not two. For any i 2 Z, we have

W2iC1.BIG/D 0:

Proof Since PB DRB , the category Db.RB/ is the derived category of an abelian category. We can
thus apply [Balmer and Walter 2002, Proposition 5.2].

We now suppose that A is a Dedekind domain with quotient field K (we assume that A¤K). We assume
that 2 2A�, and let G be a flat affine group scheme over A. Then we may consider the full subcategory
Rfl

A
of RA consisting of those representations of G over A, which as A-modules are of finite length, or

equivalently are torsion.

Any object of Db.PA/ has a well-defined support, and we can consider the (full) subcategory Db
fl.PA/

of Db.PA/ whose objects are supported on a finite number of closed points of Spec.A/. This is a thick
subcategory stable under the duality. As a consequence of [Balmer 2005, Theorem 73], we obtain a
12-term periodic long exact sequence

(3.a) � � � !Wi.Db
fl.PA//!Wi.Db.PA//!Wi.Db.PA/=Db

fl.PA//!WiC1.Db
fl.PA//! � � � :

We now identify the quotient category Db.PA/=Db
fl.PA/. Note that the extension of scalars induces a

duality-preserving, triangulated functor Db.PA/! Db.PK /, which is trivial on the subcategory Db
fl.PA/.

(The category Db.PK / is constructed by setting BDK above, for the group scheme GK over K obtained
by base-change from G.) We thus obtain a duality-preserving, triangulated functor

Db.PA/=Db
fl.PA/! Db.PK /:

Lemma 3.2 The functor Db.PA/=Db
fl.PA/! Db.PK / is an equivalence of triangulated categories with

duality.
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Proof We have a commutative diagram of functors

Db.PA/ //

��

Db.PK /

��

Db.RA/ // Db.RK /

in which the vertical arrows are equivalences (use [Serre 1968, Section 2.2, Corollaire]). The composite
Db

fl.PA/!Db.PA/!Db.RA/ has essential image the subcategory Db
fl.RA/ of objects of Db.RA/ whose

homology is of finite length. As observed in [Serre 1968, Remarque, page 43], the functor RA!RK

induces an equivalence RA=R
fl
A
'RK . Then it follows from [Keller 1999, Section 1.15, Lemma] that

the induced functor Db.RA/=Db
fl.RA/! Db.RK / is an equivalence (the argument given in Section 1.15,

Example (b), works in the equivariant setting). The statement follows.

As a consequence, the exact sequence (3.a) becomes

(3.b) � � � !Wi.Db
fl.PA//!Wi.AIG/!Wi.KIGK /!WiC1.Db

fl.PA//! � � � :

Now, suppose that M is a representation of G over A that is of finite length. By [Serre 1968, Section 2.2,
Corollaire], we have an exact sequence of representations

(3.c) 0! P1! P0!M ! 0;

where P0;P1 2 PA. Note that the A-module M is torsion, hence M_ D HomA.M;A/ vanishes. We
obtain an exact sequence, by dualizing

0! P_0 ! P_1 ! Ext1A.M;A/! 0;

and it follows that M ] WD Ext1A.M;A/ is naturally endowed with a structure of a representation of G

over A. The isomorphisms P0! .P_
0
/_ and P1! .P_

1
/_ induce an isomorphism M ! .M ]/], which

does not depend on the choice of the resolution (3.c). The association M 7!M ] in fact defines a duality
on the category Rfl

A
.

Lemma 3.3 For every i 2 Z, there exists an isomorphism

WiC1.Db
fl.PA//'Wi.Db.Rfl

A//:

Proof This follows from the existence of an equivalence of triangulated categories Db
fl.PA/! Db.Rfl

A
/,

which is compatible with the duality ] of Db.Rfl
A
/, and the duality _ of Db

fl.PA/ shifted by 1. This
equivalence is constructed using word for word the proof of [Balmer and Walter 2002, Lemma 6.4],
where the categories VBO, O-mod and O-fl-mod are replaced by PA, RA and Rfl

A
.

Lemma 3.4 For every i 2 Z, we have W2i.Db
fl.PA//D 0.

Proof In view of Lemma 3.3, this follows from [Balmer and Walter 2002, Proposition 5.2], as the
category Rfl

A
is abelian.
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Proposition 3.5 Let A be a Dedekind domain with quotient field K, such that 2 2A�, and let G be a flat
affine group scheme over A. Then for every i 2Z, the morphism W2i.AIG/!W2i.KIGK / is injective.

Proof This follows from Lemma 3.4 and the sequence (3.b).

Theorem 3.6 Let A be a Dedekind domain with quotient field K, such that 2 2A�, and let G be a split
reductive group scheme over A. Then for every i 2 Z, the morphism GW2i.AIG/! GW2i.KIGK / is
injective.

Proof We have a commutative diagram where rows are exact sequences (constructed in [Walter 2003,
Theorem 2.6])

K0.AIG/ //

��

GW2i�1.AIG/ //

��

W2i�1.AIG/ //

��

0

K0.KIGK / // GW2i�1.KIGK / // W2i�1.KIGK / // 0

in which the vertical arrows are induced by the extension of scalars, and K0.AIG/ (resp. K0.KIGK /)
denotes the Grothendieck group of the triangulated category Db.PA/ (resp. Db.PK /). Denoting by
K0.RA/ (resp. K0.RK /) the Grothendieck group of the category RA (resp. RK ), the natural morphisms
K0.RA/!K0.AIG/ and K0.RK /!K0.KIG/ are isomorphisms (their inverses are constructed using
the Euler characteristic). Since the morphism K0.RA/! K0.RK / is an isomorphism by [Serre 1968,
Théorème 5], so is K0.AIG/ ! K0.KIGK /. On the other hand, we have W2i�1.KIGK / D 0 by
Lemma 3.1. We deduce that the morphism GW2i�1.AIG/! GW2i�1.KIGK / is surjective.

Next consider the commutative diagram

GW2i�1.AIG/ //

����

K0.AIG/ //

'

��

GW2i.AIG/ //

��

W2i.AIG/ //
� _

��

0

GW2i�1.KIGK / // K0.KIGK / // GW2i.KIGK / // W2i.KIGK / // 0

where rows are exact sequences; see again [Walter 2003, Theorem 2.6]. The indicated surjectivity and
bijectivity have been obtained above, and the injectivity in Proposition 3.5. The statement then follows
from a diagram chase.

4 The �-operations

Let X be a scheme, and G a flat affine group scheme over X . We denote by GWC.X IG/ and GW�.X IG/
the Grothendieck–Witt groups of the exact category of G-equivariant vector bundles over X . We set
GW˙.X IG/D GWC.X IG/˚GW�.X IG/. When A is a commutative noetherian Z

�
1
2

�
-algebra and

X D Spec.A/, by [Walter 2003, Theorem 6.1] we have natural isomorphisms GWC.Spec.A/IG/ '
GW0.AIG/ and GW�.Spec.A/IG/' GW2.AIG/ (in the notation of Section 3).
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4.1 Exterior powers of metabolic forms

Let X be a scheme and G be a flat affine group scheme over X . Let E!X be a G-equivariant vector
bundle. For " 2 f1;�1g, the associated hyperbolic "-symmetric G-equivariant bundle over X is

H".E/D

�
E˚E_;

�
0 1

"$E 0

��
;

where $E WE! .E_/_ is the canonical isomorphism. These constructions induce morphisms of abelian
groups

(4.1.a) hC WK0.X IG/! GWC.X IG/; h� WK0.X IG/! GW�.X IG/

(see eg [Walter 2003, Proposition 2.2(c), Theorem 6.1]), where K0.X IG/ denotes the Grothendieck
group of G-equivariant vector bundles on X .

Lemma 4.1.1 Let M be a G-equivariant vector bundle over X equipped with a G-equivariant non-
degenerate "-symmetric bilinear form �, for some " 2 f1;�1g. Assume .M; �/ admits a (G-invariant)
Lagrangian L, and let n 2N.

(i) The class Œ
V

n.M; �/� 2 GW˙.X IG/ depends only on n; " and the G-equivariant vector bundle L

over X (but not on .M; �/).

(ii) If n is odd , the G-equivariant nondegenerate "n-symmetric bilinear form
V

n.M; �/ is metabolic.

Proof We may assume that X is connected. Let QDM=L, and recall that � induces an isomorphism
' WQ �

�!L_. The vector bundle
V

nM is equipped with a decreasing filtration by G-invariant subsheaves�V
nM

�i
D im

�V
iL˝

V
n�iM !

V
nM

�
;

fitting into commutative squares

(4.1.b)

V
iL˝

V
n�iM //

��

�V
nM

�i
��V

iL˝
V

n�iQ //
�V

nM
�i
=
�V

nM
�iC1

where the bottom horizontal arrow is an isomorphism; see eg [Berthelot 1971a, Lemme 2.2.1]. Since
Q'L_, this yields exact sequences of G-equivariant sheaves

(4.1.c) 0!
�V

nM
�iC1
!
�V

nM
�i
!
V

iL˝
V

n�iL_! 0;

from which we deduce by induction on i that
�V

nM
�i is a subbundle of

V
nM , ie the quotientV

nM=
�V

nM
�i is a vector bundle. Assuming that L has rank r , then

rank
�V

iL˝
V

n�iL_
�
D

�r

i

�� r

n�i

�
:
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By induction on i , using the sequences (4.1.c), we obtain

rank
�V

nM
�i
D

rX
jDi

� r

j

�� r

n�j

�
:

An elementary computation with binomial coefficients then yields:

(4.1.d) rank
�V

nM
�i
C rank

�V
nM

�nC1�i
D rank

V
nM:

Let i and j be integers. We have a commutative diagramV
iL˝

V
n�iM // //

˛

��

�V
nM

�i � � //

��

V
nM

Vn�
���V

j L˝
V

n�j M
�_ ��V

nM
�j �_? _oo

�V
nM

�_
oooo

where ˛ is defined by setting, for every open subscheme U of X and x1; : : : ;xi ;y1; : : : ;yj 2H 0.U;L/

and xiC1; : : : ;xn;yjC1; : : : ;yn 2H 0.U;M / (see (2.c)),

(4.1.e) ˛.x1 ^ � � � ^xi ˝xiC1 ^ � � � ^xn/.y1 ^ � � � ^yj ˝yjC1 ^ � � � ^yn/D det.�.xi ;yj //:

If iCj >n, then for each � 2Sn there exists e2f1; : : : ; ng such that xe 2H 0.U;L/ and y�.e/2H 0.U;L/,
so that �.xe;y�.e//D 0, which by (4.1.e) implies that ˛ D 0. Thus

�V
nM

�i
�
��V

nM
�j �? in this case.

In particular,
�V

nM
�i is a sub-Lagrangian of

V
n.M; �/ when 2i > n.

If nD 2k � 1 with k 2N, then 2 rank
�V

nM
�k
D rank

V
nM by (4.1.d), hence the subbundle

�V
nM

�k
is a Lagrangian in

V
n.M; �/. This proves (ii). Moreover, it follows that the class of

V
n.M; �/ in

GW˙.X IG/ coincides with the class of the hyperbolic form H"

��V
nM

�k�, hence depends only on the
class in K0.X IG/ of the G-equivariant vector bundle

�V
nM

�k ; see (4.1.a). In view of the sequences
(4.1.c), the latter depends only on the classes of

V
iL˝

V
n�iL_ in K0.X IG/ for i � k, from which (i)

follows when n is odd.

Assume now that nD 2k with k 2N. Then the inclusion of the subbundle
�V

nM
�k
�
��V

nM
�kC1�?

is an equality by rank reasons; see (4.1.d). By [Walter 2003, Proposition 2.2 (d), Theorem 6.1], we have

(4.1.f) Œ.M; �/�D
�
H1

��V
nM

�kC1��
C
���V

nM
�k
=
�V

nM
�kC1

; �
��
2 GWC.X IG/;

where � is the bilinear form induced by � on
�V

nM
�k
=
�V

nM
�kC1, which in view of (4.1.b) is G-

equivariantly isometric to the form ˇ fitting into the commutative diagramV
kL˝

V
kM // //

˛
��

V
kL˝

V
kQ

��

'
//
V

kL˝
V

kL_

ˇ
���V

kL˝
V

kM
�_ �V

kL˝
V

kQ
�_? _oo

�V
kL˝

V
kL_

�_'
oo
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where the horizontal isomorphisms are induced by ' WQ �
�!L_. The formula (4.1.e) (and the fact that

' is induced by �) yields the formula, for every open subscheme U of X and x1; : : : ;xk ;y1; : : : ;yk 2

H 0.U;L/ and f1; : : : ; fk ;g1; : : : ;gk 2H 0.U;L_/,

ˇ.x1 ^ � � � ^xk ˝f1 ^ � � � ^fk ;y1 ^ � � � ^yk ˝g1 ^ � � � ^gk/D det
�

0 ."gj .xi//

.fi.yj // 0

�
;

where i; j run over 1; : : : ; k, and so the indicated determinant is n� n, which shows that the bilinear
form ˇ depends only on the G-equivariant vector bundle L (and not on �). It follows that the isometry
class of that G-equivariant form

��V
nM

�k
=
�V

nM
�kC1

; �
�

depends only on L. As above, the class of
the hyperbolic form H1

��V
nM

�kC1� in GWC.X IG/ also depends only on L, so that (i) follows from
(4.1.f) when n is even.

4.2 The �-ring structure

We will use the notion of (pre-)�-rings, recalled in Appendix A.

Proposition 4.2.1 Let X be a scheme and G a flat affine group scheme over X . Then the exterior power
operations

�i
W GW˙.X IG/! GW˙.X IG/;

defined by .P; '/ 7!
�V

iP;
V

i'
�
, endow the ring GW˙.X IG/ with the structure of a pre-�-ring.

Proof The structure of the proof is the same as that of [Zibrowius 2015, Proposition 2.1], and is based
on the description of GW˙.X IG/ in terms of generators and relations; see eg [Walter 2003, page 20].
It is clear that the exterior power operations descend to the set of isometry classes, and moreover the
total exterior power operation is additive in the sense of (2.d). Finally, let M be a G-equivariant vector
bundle over X equipped with a G-equivariant nondegenerate "-symmetric bilinear form � for some
" 2 f1;�1g. If .M; �/ admits a G-equivariant Lagrangian L, then L is also a G-equivariant Lagrangian
in the hyperbolic form H".L/, so that by Lemma 4.1.1 (i) the forms

V
n.M; �/ and

V
n.H".L// have the

same class in GW˙.X IG/.

Proposition 4.2.2 Suppose that G is a split reductive group scheme over Z
�

1
2

�
. Then the pre-�-ring

GWC
�
Spec

�
Z
�

1
2

��
IG
�

is a �-ring.

Proof By [Zibrowius 2015, Proposition 2.1] the pre-�-ring GWC.Spec.Q/IGQ/ is a �-ring. It follows
from Theorem 3.6 that GWC

�
Spec

�
Z
�

1
2

��
IG
�

is a pre-�-subring of GWC.Spec.Q/IGQ/, and hence a
�-ring.

Corollary 4.2.3 For every Z
�

1
2

�
-scheme X , the pre-�-ring GWC.X / is a �-ring.

Proof This follows from Proposition 4.2.2 (applied to the split reductive groups On and Om�On), using
the arguments of [Berthelot 1971b, Théorème 3.3]; see [Zibrowius 2015, Section 3.2] for details.
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When x 2 GW�.X / is the class of a rank-two symplectic bundle, it follows from Lemma 2.3 that
�t .x/D 1C txC t2; see (A.a). In other words, in the notation of (C.1.b), we have

(4.2.a) �i.x/D `i.x/ 2 GW˙.X / for all i 2N n f0g:

Lemma 4.2.4 The relations (A.b) and (A.c) are satisfied for all x;y; z 2 GW�.X /.

Proof By the symplectic splitting principle [Panin and Walter 2021, Section 10], we may assume that
x, y and z are each represented by a rank-two symplectic bundle. In view of (4.2.a), the relation (A.c)
follows from Lemma C.2.1. The relation (A.b) has been verified in Proposition 2.7; see Lemma C.1.1.

Theorem 4.2.5 For every Z
�

1
2

�
-scheme X , the pre-�-ring GW˙.X / is a �-ring.

Proof Taking Proposition 4.2.2 and Lemma 4.2.4 into account, it only remains to verify (A.b) when
x 2 GWC.X / and y 2 GW�.X /. Let i � n, and consider the scheme X �HP i . It is endowed with a
universal symplectic bundle of rank two, whose class we denote by u 2 GW�.X �HP i/. Denote again
by x;y 2 GW˙.X �HP i/ the pullbacks of x;y 2 GW˙.X /. Then using successively Proposition 4.2.2
and Lemma 4.2.4,

�t .xyu/D �t .x/�t .yu/D �t .x/�t .y/�t .u/:

On the other hand, by Lemma 4.2.4,

�t .xyu/D �t .xy/�t .u/:

The quaternionic projective bundle theorem recalled in Section 1 implies that the GWeven
0 .X /-module

GWeven
0 .X �HP i/ is free on the basis 1;u; : : : ;ui . Modding out 
 � 1, we obtain a decomposition

GW˙.X �HP i/D GW˙.X /˚GW˙.X /u˚ � � �˚GW˙.X /ui :

In view of (4.2.a), it follows from Lemma C.1.2 that the un-component of the tn-coefficient of �t .xy/�t .u/

is �n.xy/, and that the un-component of the tn-coefficient of �t .x/�t .y/�t .u/ is

Pn.�
1.x/; : : : ; �n.x/; �1.y/; : : : ; �n.y//:

This proves (A.b).

Let X be a Z
�

1
2

�
-scheme. In view of Lemma B.1, the �-ring structure on GW˙.X / induces a �-ring

structure on 3GW˙.X /' GWeven
0 .X /:

Explicitly, denoting by � W GW˙.X /! GWeven
0 .X / the canonical homomorphism of abelian groups (see

Appendix B), we have for i 2 Z and n 2N,

(4.2.b) �n.�.r/ � 
 i/D

8<:
�.�n.r// � 
 ni if r 2 GWC.X /,
�.�n.r// � 
 n.2iC1/=2 if r 2 GW�.X / and n is even,
�.�n.r// � 
 .n.2iC1/�1/=2 if r 2 GW�.X / and n is odd.

Geometry & Topology, Volume 29 (2025)



The stable Adams operations on Hermitian K-theory 145

5 The Adams operations

5.1 The unstable Adams operations

The �-operations constructed in Section 4 are not additive (with the exception of �1), and there is a
standard procedure to obtain additive operations from the �-operations, which is valid in any pre-�-ring,
see eg [Atiyah and Tall 1969, Section 5]. Indeed, for any Z

�
1
2

�
-scheme X , we define the (unstable)

Adams operations

 n
W GW2i

0 .X /! GW2ni
0 .X / for n 2N n f0g and i 2 Z

through the inductive formula (see eg [Atiyah and Tall 1969, Proof of Proposition 5.4])

(5.1.a)  n
��1 n�1

C�2 n�2
C � � �C .�1/n�1�n�1 1

C .�1/nn�n
D 0:

For instance, this yields
 1
D id and  2

D .id/2� 2�2:

We also define  0 as the composite

(5.1.b)  0
W GW2i

0 .X /
rank
��! Z�0.X /! GW0

0.X /:

Assume now that .E; �/ is a rank-two symplectic bundle on X , and let x D Œ.E; �/� 2 GW2
0.X / be its

class. Then, by Lemma 2.3, we have for n 2N n f0g,

�n.x/D

8<:
x if nD 1;


 if nD 2;

0 if n 62 f1; 2g:

Thus, (5.1.a) yields the inductive formula for x as above (the class of a rank-two symplectic bundle)

(5.1.c)  n.x/D x n�1.x/� 
 n�2.x/ for n� 2:

Proposition 5.1.1 The operations  n W GWeven
0 .X /! GWeven

0 .X / are ring morphisms for n 2N, and
satisfy the relation  m ı n D  mn for m; n 2N.

Proof This follows from Theorem 4.2.5; see eg [Atiyah and Tall 1969, Propositions 5.1 and 5.2].

Remark 5.1.2 The operations  n for n< 0 are classically defined using duality; since by definition a
nondegenerate symmetric (resp. skew-symmetric) form is isomorphic to its dual (resp. the opposite of its
dual), in our situation we could set, for n< 0,

 n.x/D

�
 �n.x/ when x 2 GW4i

0 .X / for i 2 Z,
� �n.x/ when x 2 GW4iC2

0
.X / for i 2 Z,

making Proposition 5.1.1 valid for m; n 2 Z.
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5.2 Adams Operations on hyperbolic forms

Let X be a Z
�

1
2

�
-scheme, and consider its Grothendieck group of vector bundles K0.X /. The exterior

power operations yield a �-ring structure on K0.X /— and in particular Adams operations  n for
n 2N n f0g, using the formula (5.1.a) — such that the forgetful morphism

(5.2.a) f W GWeven
0 .X /!K0.X /

mapping 
 to 1 is a morphism of �-rings. In this section, we consider the hyperbolic morphisms
h2i WK0.X /! GWeven

0 .X /, defined just below. Those are of course not morphisms of �-rings (not even
ring morphisms), but as we will see in Proposition 5.2.4, they do satisfy some form of compatibility with
the Adams operations.

We define morphisms

(5.2.b) h2i WK0.X /! GW2i
0 .X / for i 2 Z

by the requirements that h0DhC and h2Dh� (see (4.1.a)) under the identifications GW0
0.X /'GWC.X /

and GW2
0.X /' GW�.X /, and for any vector bundle E!X

(5.2.c) 
 � h2i.E/D h2.iC2/.E/ for i 2 Z:

Lemma 5.2.1 Let a 2K0.X / and b 2 GW2j
0
.X /. Then , in the notation of (5.2.a) and (5.2.b), we have

for any i 2 Z,
h2i.a/ � b D h2.iCj/.a �f .b//:

Proof Let "; "02f1;�1g. Let us consider vector bundles A and B on X , and a nondegenerate "-symmetric
bilinear form � on B. The isomorphism

.A˝B/˚ .A_˝B/

�
1 0
0 1˝�

�
�����! .A˝B/˚ .A_˝B_/' .A˝B/˚ .A˝B/_

induces an isometry�
.A˝B/˚ .A_˝B/;

�
0 1˝ �

"0$A˝ � 0

��
'

�
.A˝B/˚ .A˝B/_;

�
0 1

""0$A˝B 0

��
;

as evidenced by the computation�
1 0

0 1˝ �_

��
0 1

""0$A˝$B 0

��
1 0

0 1˝ �

�
D

�
0 1˝ �

""0$A˝ .�
_ ı$B/ 0

�
D

�
0 1˝ �

"0$A˝ � 0

�
:

The lemma follows.

Lemma 5.2.2 For any i; j 2 Z we have h2i.1/h2j .1/D 2h2.iCj/.1/.

Proof Take aD 1 2K0.X / and b D h2j .1/ 2 GW2j
0
.X / in Lemma 5.2.1.
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Observe that the classes h and � (see Notation 1.1) coincide respectively with h0.1/ and h2.1/. Thus
Lemma 5.2.2 implies that

(5.2.d) h2
D 2h; h� D 2�; �2

D 2
h:

Combining the relations h� D 2� and hD 1Ch�1i yields

(5.2.e) h�1i� D �:

Lemma 5.2.3 For n 2N, we have in GW2n
0

�
Spec

�
Z
�

1
2

���
(see Notation 1.1) that

 n.�/D

�
�
 .n�1/=2 if n is odd ,
2h�1in=2
 n=2 if n is even.

Proof We prove the lemma by induction on n, the cases nD 0; 1 being clear. If n� 2, we have by (5.1.c)

(5.2.f)  n.�/D � n�1.�/� 
 n�2.�/:

Assume that n is odd. Using the induction hypothesis together with (5.2.e) we obtain

� n�1.�/D 2h�1i.n�1/=2�
 .n�1/=2
D 2�
 .n�1/=2:

On the other hand, by induction we have


 n�2.�/D 
�
 .n�3/=2
D �
 .n�1/=2:

Combining these two computations with (5.2.f) proves the statement when n is odd.

Assume now that n is even. Using the induction hypothesis we have

� n�1.�/D �2
 .n�2/=2
D 2h
 n=2

D 2.h�1in=2Ch�1i.n�2/=2/
 n=2

as well as

 n�2.�/D 2h�1i.n�2/=2
 n=2;

and the result follows as above from (5.2.f) when n is even.

Proposition 5.2.4 Let E!X be a vector bundle , and n 2N; i 2 Z. For j 2 Z, let us denote by Ij the
image of h2j WK0.X /! GW2j

0
.X /.

(i) If n is odd , then �n ı h2i.E/ lies in Iin.

(ii) If n is odd , then  n ı h2i.E/ lies in Iin.

(iii) If n is even , then  n ı h2i.E/ lies in 2 GW2in
0 .X /C Iin.

Proof Statement (i) follows from Lemma 4.1.1(ii) with G D 1 (observe that by construction of the
Grothendieck–Witt group, the classes of metabolic forms belong to the subgroup Iin � GW2in

0 .X /). Let
us prove (ii) by induction on n. This is clear when nD 1. Assume that n is odd. When j 2 f1; : : : ; n�1g

is even, the element  n�j ı h2i.E/ belongs to Ii.n�j/ by induction. When j 2 f1; : : : ; ng is odd, the
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element �j ıh2i.E/ belongs to Iij by (i). Since Iik �GW2i.n�k/
0

.X /� Iin for all k 2Z by Lemma 5.2.1,
it follows from the inductive formula (5.1.a) that  n ıh2i.E/ belongs to Iin. The proof of (iii) is similar,
noting that n�n ı h2i.E/ is divisible by 2 (the starting case nD 0 being clear from (5.1.b)).

Recall the exact sequence of [Walter 2003, Theorem 2.6], for i 2 Z,

K0.X /
h2i
�! GW2i

0 .X /!W2i.X /! 0:

When X ¤¿, the �-ring structure on GWeven
0 .X / does not descend to its quotient

L
i2Z W2i.X /, for

instance because �2.h0.1// D h�1i has nonzero image in the Witt ring. However, Proposition 5.2.4
implies the following:

Corollary 5.2.5 Let n 2N be odd. Then the operations  n; �n W GW2i
0 .X /! GW2in

0 .X / descend to
operations

 n; �n
WW2i.X /!W2ni.X /:

Remark 5.2.6 If �1 is a square in H 0.X;OX /, then 2D h0.1/ 2 GW0
0.X /. Thus Proposition 5.2.4(iii)

implies that the operation  n does descend to the Witt groups when n is even (even though �n does not).

5.3 Adams operations on the universal rank-two bundle

In this section, we consider the universal symplectic bundle .U; '/ over HP1, and denote by u its class in
GW2

0.HP1/.

Proposition–Definition 5.3.1 Let n 2N. There exists a unique element

!.n/ 2 GW2n�2
0

�
Spec

�
Z
�

1
2

���
such that  n.u� �/D !.n/ � .u� �/ 2 GW2n

0 .HP1/:

Proof The GWeven
0

�
Spec

�
Z
�

1
2

���
-module GWeven

0 .HP1/ is free on the basis 1;u � � , as recalled in
Section 1. This implies the uniqueness part of the statement. Let us write

 n.u� �/D aC b.u� �/;

with a 2GW2n
0

�
Spec

�
Z
�

1
2

���
and b 2GW2n�2

0

�
Spec

�
Z
�

1
2

���
. Consider the morphism of Z

�
1
2

�
-schemes

i0 W Spec
�
Z
�

1
2

��
D HP0! HP1 of (1.c). Since i�

0
.u/D � , we have

aD i�0 .aC b.u� �//D i�0 ı 
n.u� �/D  n

ı i�0 .u� �/D  
n.0/D 0:

So we may set !.n/D b.

Lemma 5.3.2 Let m; n 2N. Then !.mn/D !.n/ � n.!.m//.

Proof Indeed by Proposition 5.1.1, we have in GW2mn
0 .HP1/

 mn.u� �/D  n
ı m.u� �/D  n.!.m/ � .u� �//D  n.!.m// � n.u� �/

D !.n/ � n.!.m// � .u� �/:
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From the inductive definition of the Adams operations, we deduce an inductive formula for the classes!.n/:

Lemma 5.3.3 We have !.0/D 0, !.1/D 1, and if n� 2,

!.n/D �!.n� 1/� 
!.n� 2/C n�1.�/:

Proof The computations of !.0/ and !.1/ are clear. Assume that n� 2. Then by (5.1.c) we have, in
GW2n

0 .HP1/,

 n.u� �/D  n.u/� n.�/D u n�1.u/� 
 n�2.u/� � n�1.�/C 
 n�2.�/

D u n�1.u� �/C .u� �/ n�1.�/� 
 n�2.u� �/:

By the quaternionic projective bundle theorem [Panin and Walter 2021, Theorem 8.1] we have .u��/2D0,
hence u.u� �/D �.u� �/, so that

 n.u� �/D .u� �/
�
�!.n� 1/C n�1.�/� 
!.n� 2/

�
;

from which the result follows.

We are now in position to find an explicit expression for the elements !.n/. For this, recall from
Notation 1.1 that hD 1� �.

Proposition 5.3.4 We have

!.n/D

(
n
�

1
2
.n� 1/hCh�1i.n�1/=2

�

 .n�1/=2 if n is odd;

1
2
n2�
 .n�2/=2 if n is even:

Proof We proceed by induction on n, the cases nD 0; 1 being clear. Let n� 2. Assume that n is even.
Recall that h� D 2� by (5.2.d) and that �h�1i D � by (5.2.e). Combining these observations with the
explicit formula for !.n� 1/ (known by induction) yields

�!.n� 1/D .n� 1/2�
 .n�2/=2;

hence, using the inductive hypothesis and Lemma 5.2.3,

�!.n� 1/� 
!.n� 2/C n�1.�/D .n� 1/2�
 .n�2/=2
�

1
2
.n� 2/2Œt ��
 .n�2/=2

C �
 .n�2/=2

D
1
2
.n2/�
 .n�2/=2;

which coincides with !.n/ by Lemma 5.3.3, as required.

Assume that n is odd. Observe that hD h�1i.n�1/=2Ch�1i.n�3/=2, so that we have by induction

!.n� 2/D .n� 2/
�

1
2
.n� 1/h� h�1i.n�1/=2

�

 .n�3/=2:

Therefore, using Lemmas 5.3.3 and 5.2.3 and (5.2.d) (and the inductive hypothesis),

!.n/D �!.n� 1/� 
!.n� 2/C n�1.�/

D
1
2
.n� 1/2�2
 .n�3/=2

� .n� 2/
�

1
2
.n� 1/h� h�1i.n�1/=2

�

 .n�1/=2

C 2h�1i.n�1/=2
 .n�1/=2

D
�
.n� 1/2h� .n� 2/ � 1

2
.n� 1/hC .n� 2/h�1i.n�1/=2

C 2h�1i.n�1/=2
�

 .n�1/=2

D n
�

1
2
.n� 1/hCh�1i.n�1/=2

�

 .n�1/=2:
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5.4 Inverting !.n/

To define the stable Adams operations, we will be led to invert the elements !.n/2GW2n�2
0

�
Spec

�
Z
�

1
2

���
.

Let us first observe that it is equivalent to invert somewhat simpler elements.

Definition 5.4.1 For n 2N, we define an element n? 2 GW0
0

�
Spec

�
Z
�

1
2

���
by

n? D

�
n if n is odd,
1
2
nh if n is even:

(Recall from Notation 1.1 that hD 1� � 2 GW0
0

�
Spec

�
Z
�

1
2

���
is the hyperbolic class.)

Lemma 5.4.2 Suppose that RD GWeven
0

�
Spec

�
Z
�

1
2

���
. Then the R-algebras RŒ1=n?� and RŒ1=!.n/�

are isomorphic.

Proof We use the explicit formulas of Proposition 5.3.4. Assume that n is odd. Since nDn? divides !.n/,
it is invertible in RŒ1=!.n/�. Conversely, writing nD2mC1 we have (recall that �D�h�1i, so that �2D1)

!.n/ � .m.1C �/C �m/D 
mn.m.1� �/C .��/m/ � .m.1C �/C �m/

D 
mn.m.1� �/�m
Cm.1C �/.��/mC .�1/m/

D 
mn.m�m.1� �C .�1/m.1C �//C .�1/m/

D 
mn.2mC 1/.�1/m D 
mn2.�1/m;

where the penultimate equality is seen for instance by distinguishing cases according to the parity of m.
It follows that !.n/ is invertible in RŒ1=n?�DRŒ1=n�.

Now assume that n is even. Then, by (5.2.d),

(5.4.a) !.n/2 D
�

1
2
n2�

�2

 n�2

D
1
2
n4h
 n�1

D n3n?
 n�1;

so that n? is invertible in RŒ1=!.n/�. On the other hand, using (5.2.d), we have

.n?/2 D 1
2
n2hD n � 1

2
nh:

Hence n is invertible in RŒ1=n?�. Thus (5.4.a) implies that !.n/ is invertible in RŒ1=n?�.

We want now to formally invert the action of n? on the spectrum GW.

Definition 5.4.3 We consider the ring

(5.4.b) B D ZŒe�=.e2
� 1/;

and for n 2N, we define an element n� 2 B by

n� D

�
n if n is odd,
1
2
n.1� e/ if n is even:

For any m; n 2N, we have

(5.4.c) .mn/� Dm�n� 2 B:

Geometry & Topology, Volume 29 (2025)



The stable Adams operations on Hermitian K-theory 151

Remark 5.4.4 The ring morphism B ! GWeven
0

�
Spec

�
Z
�

1
2

���
given by e 7! � maps n� to n?. The

ring B may be identified with GWC.Spec Z/, but we will not use this observation.

Denote by S 2 SH
�
Z
�

1
2

��
the sphere spectrum. Recall that each invertible element u 2

�
Z
�

1
2

��� defines
an endomorphism hui 2 EndSH.ZŒ 1

2 �/.S/; see eg [Déglise and Fasel 2023, 2.2.8]. Thus we may define a
ring homomorphism

(5.4.d) B! EndSH.ZŒ 1
2 �/.S/; e 7! �h�1i;

which allows us to see n� as an endomorphism of the sphere spectrum and perform the formal inversion
of n� in an efficient way, as explained in [Bachmann 2018, Section 6]. In short, we consider the diagram

S
n�
�! S

n�
�! � � �

and define SŒ1=n�� to be its homotopy colimit in SH
�
Z
�

1
2

��
. Further, we set

GW
�

1

n�

�
WDGW^S

�
1

n�

�
:

This is naturally a motivic ring spectrum.

The B-algebra structure on GWeven
0

�
Spec

�
Z
�

1
2

���
induced by (5.4.d) is given by e 7! � (the argument is

detailed in the last paragraph of the proof of [Panin and Walter 2018, Theorem 11.1.5]), and in particular
maps n� to n?. It thus follows from Lemma 5.4.2 that, for any i 2 N, the morphism GWŒ1=n��!

†
i.n�1/
T GWŒ1=n�� induced by multiplication by !.n/i 2 GW2i.n�1/

0

�
Spec

�
Z
�

1
2

���
admits an inverse in

SH
�
Z
�

1
2

��
,

(5.4.e) !.n/�i
W†

i.n�1/
T GW

�
1

n�

�
!GW

�
1

n�

�
:

For any i; j 2 Z and any smooth Z
�

1
2

�
-scheme X , the spectrum †

j

S1†
i
P1†

1

P1XC is a compact object in
SH

�
Z
�

1
2

��
by [Jardine 2000, Section 2.2, Lemma 2.2], and it follows from [Stacks 2005–, Tag 094A]

that we have a canonical isomorphism

(5.4.f)
�
†1P1XC; †

�j

S1†
i
P1

�
GW

�
1

n�

���
SH.ZŒ 1

2 �/
D GWi

j .X /

�
1

n�

�
:

When X is merely a regular Z
�

1
2

�
-scheme, the same property holds using the spectrum p�

X
.GWŒ1=n��/,

where pX WX ! Spec
�
Z
�

1
2

��
is the structural morphism.

5.5 The stable Adams operations

Recall from [Panin and Walter 2018, Section 8] and [Schlichting and Tripathi 2015, Theorem 1.3] that
GW2 is naturally isomorphic to the object Z�HGr in the homotopy category H

�
Z
�

1
2

��
, where HGr

denotes the infinite quaternionic Grassmannian. Thus, by [Déglise and Fasel 2023, Theorem 4.1.4],
where GW2

0.X / is denoted by KSp0.X /, the Adams operations  n W GW2
0.X /! GW2n

0 .X / constructed

Geometry & Topology, Volume 29 (2025)



152 Jean Fasel and Olivier Haution

in Section 5.1, where X runs over the smooth Z
�

1
2

�
-schemes, are induced by a unique morphism

 n WGW2
!GW2n in H

�
Z
�

1
2

��
. Using the periodicity isomorphisms (1.a), we obtain Adams operations:

(5.5.a)  n
W GW2i

! GW2ni for i odd:

We will need the following complement to [Déglise and Fasel 2023, Theorem 4.1.4]:

Lemma 5.5.1 Consider an Sp-oriented ring spectrum E 2 SH
�
Z
�

1
2

��
, and consider for a; b 2 Z the

pointed motivic space E D�1
P1†

a
S1†

b
P1E 2 H

�
Z
�

1
2

��
. Let i1; : : : ; ir 2 Z be odd integers. Then each

map GW2i1 ^ � � � ^GW2ir ! E in H
�
Z
�

1
2

��
is determined by the induced maps

(5.5.b) GW2i1

0
.X1/� � � � �GW2ir

0
.Xr /! Œ.X1 � � � � �Xr /C; E �H.ZŒ 1

2 �/;

where X1; : : : ;Xr run over the smooth Z
�

1
2

�
-schemes.

Proof By [Panin and Walter 2018, Section 8], for j D 1; : : : ; r , the pointed motivic space GW2ij can
be expressed as a (homotopy) colimit of pointed smooth Z

�
1
2

�
-schemes Ym;j D f�m; : : : ;mg �HGrm;j

over m2N, where HGrm;j denotes an appropriate symplectic Grassmannian. Set YmD Ym;1^� � �^Ym;r

and G D GW2i1 ^ � � � ^GW2ir . Then by [loc. cit., Theorem 10.1], we have an exact sequence

0! lim
m

1ŒS1
^Ym; E �H.ZŒ 1

2 �/! ŒG; E �H.ZŒ 1
2 �/! lim

m
ŒYm; E �H.ZŒ 1

2 �/! 0:

The lim1-term vanishes by [loc. cit., Theorems 9.4, 13.2 and 13.3]; see [loc. cit., Proof of Theorem 13.1].
Thus a map G! E in H

�
Z
�

1
2

��
is determined by its restrictions to ŒYm; E �H.ZŒ 1

2 �/, for m 2N, each of
which is determined by its restriction to Œ.Ym;1�� � ��Ym;r /C; E �H.ZŒ 1

2 �/, in view of [loc. cit., Lemma 7.6].
The latter is the image of the tuple of canonical maps

.Ym;1! GW2i1 ; : : : ;Ym;r ! GW2ir / 2 GW2i1

0
.Ym;1/� � � � �GW2ir

0
.Ym;r /

under the map (5.5.b).

We are now in position to follow the procedure described in [Déglise and Fasel 2023, Section 4] to
construct the nth stable Adams operation, for n 2N. For any integer i 2 Z, consider the motivic space

GW2i

�
1

n�

�
D�1T †

i
T GW

�
1

n�

�
2H

�
Z
�

1
2

��
:

The composite †1T GW2i
!†i

T GW!†i
T GWŒ1=n�� in SH

�
Z
�

1
2

��
yields, by adjunction, a morphism

(5.5.c) GW2i
! GW2i

�
1

n�

�
in H

�
Z
�

1
2

��
;

while the morphism in SH
�
Z
�

1
2

��
†1T

�
T ^GW2i

�
1

n�

��
D†T†

1
T GW2i

�
1

n�

�
†T .counit/
������!†T†

i
T GW

�
1

n�

�
D†iC1

T GW
�

1

n�

�
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yields a morphism

(5.5.d) T ^GW2i

�
1

n�

�
! GW2.iC1/

�
1

n�

�
in H

�
Z
�

1
2

��
:

Using the morphism !.n/�i of (5.4.e), we define a morphism in H
�
Z
�

1
2

��
, for i odd,

(5.5.e) ‰n
i W GW2i  

n

�! GW2ni (5.5.c)
���! GW2ni

�
1

n�

�
�1T †

i
T !.n/

�i

��������! GW2i

�
1

n�

�
:

Proposition 5.5.2 Let i 2 Z be odd and let n 2N. Then the diagram

T ^2 ^GW2i //

idT^2 ^!.n/
2 n

��

GW2.iC2/

 n

��

T ^2 ^GW2n.iC2/�4 // GW2n.iC2/

commutes in H
�
Z
�

1
2

��
, where the horizontal arrows are induced by the bonding map � of (1.d).

Proof Let X be a smooth Z
�

1
2

�
-scheme, and denote by p W HP1 �HP1 �X !X the projection. Let

u1;u2 2GW2
0.HP1�HP1�X / be the pullbacks of u2GW2

0.HP1/ under the two projections. Consider
the diagram

GW2i
0 .X /

'
//

!.n/2 n

��

GW2.iC2/
0

.T ^2 ^XC/

 n

��

// GW2.iC2/
0

.HP1 �HP1 �X /

 n

��

GW2n.iC2/�4
0

.X /
'

// GW2n.iC2/
0

.T ^2 ^XC/ // GW2n.iC2/
0

.HP1 �HP1 �X /

where the horizontal composites are given by x 7! p�.x/ � .u1� �/.u2� �/. Then, for x 2GW2i
0 .X / we

have, by Proposition 5.1.1 and Proposition–Definition 5.3.1,

 n.p�.x/ � .u1� �/.u2� �//D p�. n.x// � n.u1� �/ � 
n.u2� �/

D !.n/2 �p�. n.x//.u1� �/.u2� �/;

showing that the exterior square in the above diagram commutes. Since the lower-right horizontal arrow
is injective (eg by [Panin and Walter 2018, Lemma 7.6]), it follows that the interior left square commutes.
By Lemma 5.5.1, this implies that the diagram

GW2i //

!.n/2 n

��

�2
T GW2.iC2/

�2
T  

n

��

GW2n.iC2/�4 // �2
T GW2n.iC2/

commutes, which implies the statement by adjunction.
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Corollary 5.5.3 Let i 2 Z be odd and let n 2N. Then the diagram

T ^2 ^GW2i //

idT^2 ^‰n
i
��

GW2.iC2/

‰n
iC2

��

T ^2 ^GW2i

�
1

n�

�
// GW2.iC2/

�
1

n�

�
commutes in H

�
Z
�

1
2

��
, where the upper horizontal arrow is induced by the map (1.d), and the lower one

by (5.5.d).

Proof We have a commutative diagram

T ^2 ^GW2n.iC2/�4 //

��

T ^2 ^GW2n.iC2/�4

�
1

n�

�
idT^2 ^�1T †

i
T !.n/

�i�2

//

��

T ^2 ^GW2i

�
1

n�

�
��

GW2n.iC2/ // GW2n.iC2/

�
1

n�

�
�1T †

iC2
T !.n/�i�2

// GW2.iC2/

�
1

n�

�
Combining this diagram with Proposition 5.5.2 yields the corollary, in view of (5.5.e).

Proposition 5.5.4 For any r; n 2N, the natural morphism�
GW^r ;GW

�
1

n�

��
SH.ZŒ 1

2 �/
! lim

i odd

�
.GW2i/^r ;GW2ir

�
1

n�

��
H.ZŒ 1

2 �/
is bijective.

Proof We use (the proof of) [Panin and Walter 2018, Theorem 13.1] — which applies to S DSpec
�
Z
�

1
2

��
by [loc. cit., Theorems 13.2 and 13.3] — with the difference that BO D GW should be replaced by
GWŒ1=n��, which does not affect any of the arguments appearing in its proof, by (5.4.f). This yields the
natural isomorphism�

GW^r ;GW
�

1

n�

��
SH.ZŒ 1

2 �/
! lim

i2N

�
.GW2i/^r ;GW2ir

�
1

n�

��
H.ZŒ 1

2 �/
;

and the proposition follows using a cofinality argument.

The transition maps in the limit appearing in Proposition 5.5.4 are given by the composite�
.GW2.iC2//^r ;GW2.iC2/r

�
1

n�

��
H.ZŒ 1

2 �/
!

�
.T ^2

^GW2i/^r ;GW2.iC2/r

�
1

n�

��
H.ZŒ 1

2 �/

D

�
.†2

T†
1
T GW2i/^r ; †

.iC2/r
T GW

�
1

n�

��
SH.ZŒ 1

2 �/

D

�
.†1T GW2i/^r ; †ir

T GW
�

1

n�

��
SH.ZŒ 1

2 �/

D

�
.GW2i/^r ;GW2ir

�
1

n�

��
H.ZŒ 1

2 �/
;

Geometry & Topology, Volume 29 (2025)



The stable Adams operations on Hermitian K-theory 155

where the first map is given by composition with the map T ^2 ^GW2i
! GW2.iC2/ induced by (5.5.d).

It thus follows from Corollary 5.5.3 that the family ‰n
i of (5.5.e), for i odd, defines an element of the

limit appearing in Proposition 5.5.4 (with r D 1).

Definition 5.5.5 For n 2N, we denote by

‰n
WGW!GW

�
1

n�

�
the morphism of spectra corresponding to the family ‰n

i of (5.5.e), for i odd, under the bijection of
Proposition 5.5.4 (with r D 1). We call it the stable nth Adams operation.

Remark 5.5.6 If X is a regular Z
�

1
2

�
-scheme with structural morphism pX W X ! Spec

�
Z
�

1
2

��
/, we

obtain a morphism of spectra

‰n
WGWX D p�X GW! p�X

�
GW

�
1

n�

��
D .p�X GW/

�
1

n�

�
DGWX

�
1

n�

�
:

For i 2 Z, let us define
z‰n

i D�
1
T †

i
T .‰

n/ W GW2i
! GW2ni

�
1

n�

�
:

Note that, by construction, we have ‰n
i D
z‰n

i when i is odd. Let us mention that the stable Adams
operation has the expected relation to the unstable one, also in even degrees:

Lemma 5.5.7 When X is a smooth Z
�

1
2

�
-scheme , the morphism GW2i

0 .X /!GW2i
0 .X /Œ1=n

�� induced
by z‰n

i equals !.n/�i n for any i 2 Z.

Proof This is true when i is odd, since‰n
i D
z‰n

i in this case. Assume that i is even. Let p WX�HP1!X

be the projection. We have a commutative diagram

GW2i
0 .X /

�
//

z‰n
i
��

GW2iC2
0

.T ^XC/

z‰n
iC1

��

// GW2iC2
0

.HP1 �X /

z‰n
iC1

��

GW2i
0 .X /

�
1

n�

�
�
// GW2iC2

0
.T ^XC/

�
1

n�

�
// GW2iC2

0
.HP1 �X /

�
1

n�

�
where the horizontal composites are given by x 7! p�.x/ � .u� �/. Now, by the odd case treated above,
we have for x 2 GW2i

0 .HP1 �X /,

z‰n
iC1.p

�.x/ � .u� �//D !.n/�i�1 n.p�.x/ � .u� �// (by the odd case)

D !.n/�i�1
�p� n.x/ � n.u� �/ (by Proposition 5.1.1)

D p�.!.n/�i
� n.x// � .u� �/ (by Proposition–Definition 5.3.1).

The statement then follows from the injectivity of the lower horizontal composite; see for example [Panin
and Walter 2018, Lemma 7.6].
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Theorem 5.5.8 For any integer n2N, the stable Adams operation ‰n WGW!GWŒ1=n�� is a morphism
of ring spectra.

Proof We first have to check that the diagram

(5.5.f)

GW^GW ‰n^‰n
//

��

GW
�

1

n�

�
^GW

�
1

n�

�
��

GW ‰n
// GW

�
1

n�

�
in SH

�
Z
�

1
2

��
commutes, where the vertical arrows are the multiplications. In view of Proposition 5.5.4,

we have to check that the following diagram, in which the vertical maps are induced by the multiplication
in the ring spectrum GW, commutes in H

�
Z
�

1
2

��
, for any i 2 Z odd:

GW2i
^GW2i

z‰n
i
^z‰n

i
//

��

GW2i

�
1

n�

�
^GW2i

�
1

n�

�
��

GW4i
z‰n

2i
// GW4i

�
1

n�

�
By Lemmas 5.5.1 and 5.5.7 (taking into account [Panin and Walter 2018, Theorem 11.4]), when X;Y are
smooth Z

�
1
2

�
-schemes and x 2 GW2i

0 .X /, y 2 GW2i
0 .Y /, this reduces to the formula

(5.5.g) p�1 .!.n/
�i n.x// �p�2 .!.n/

�i n.x//D !.n/�2i n.p�1 .x/ �p
�
2 .y// 2 GW4i

0 .X �Y /;

where p1 WX �Y !X and p2 WX �Y ! Y are the projections. But the formula (5.5.g) readily follows
from Proposition 5.1.1.

Next, we need to prove the commutativity of the diagram

S
"

//

" ##

GW
‰n

��

GW
�

1

n�

�
in SH

�
Z
�

1
2

��
. By adjunction, this reduces to the fact that

z‰n
0.1/D 1 2 GW0

0

�
Spec Z

�
1
2

��
;

a consequence of Lemma 5.5.7 and of the fact that  n.1/D 1.

Proposition 5.5.9 For any integers m; n 2N, the composite

GW ‰n

�!GW
�

1

n�

�
‰mŒ1=n��
������!GW

�
1

m�

��
1

n�

�
DGW

�
1

.mn/�

�
in SH

�
Z
�

1
2

��
is equal to ‰mn. (Here ‰mŒ1=n�� denotes the image of the morphism ‰m under the

localization functor, and the last equality follows from (5.4.c).)
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Proof For every i 2 Z, applying the functor �1T †
i
T W SH

�
Z
�

1
2

��
! H

�
Z
�

1
2

��
to the morphism

‰mŒ1=n�� WGWŒ1=n��!GWŒ1=.mn/�� yields a morphism

z‰m
i

�
1

n�

�
W GW2i

�
1

n�

�
! GW2i

�
1

.mn/�

�
:

In view of Proposition 5.5.4, it will suffice to show that, for i 2N odd, the composite

GW2i
z‰n

i
�! GW2i

�
1

n�

�
z‰m

i
�! GW2i

�
1

.mn/�

�
equals z‰mn

i in H
�
Z
�

1
2

��
. By Lemmas 5.5.1 and 5.5.7, it will then suffice to show that, for each odd

i 2N and each smooth Z
�

1
2

�
-scheme X , the composite

GW2i
0 .X /

!.n/�i � n

������! GW2i
0 .X /

�
1

n�

�
!.m/�i � m

������! GW2i
0 .X /

�
1

.mn/�

�
equals !.mn/�i � mn. But this follows from Proposition 5.1.1 and Lemma 5.3.2.

6 Ternary laws for Hermitian K -theory

Recall from [Déglise and Fasel 2023, Section 2.3] that ternary laws are the analogues for Sp-oriented
cohomology theories (or spectra) of formal group laws for oriented cohomology theories. For an Sp-
oriented theory A over Spec

�
Z
�

1
2

��
, with Borel classes denoted by bA

i , those are power series

Fi 2A�;�
�
Spec

�
Z
�

1
2

���
ŒŒv1; v2; v3�� for i D 1; 2; 3; 4;

characterized by the fact that, for any triple of rank-two symplectic bundles E1;E2;E3, the Borel classes
of their tensor product (which is again a symplectic bundle) are given by

bA
i .E1˝E2˝E3/D Fi.b

A
1 .E1/; b

A
1 .E2/; b

A
1 .E3// for i D 1; 2; 3; 4:

At present, there are few computations of such laws, including MW-motivic cohomology and motivic
cohomology, which are examples of the so-called additive ternary laws; see [Déglise and Fasel 2023,
Definition 3.3.3]. In this section, we compute the ternary laws of Hermitian K-theory (and thus also of
K-theory as a corollary), which are not additive.

Our first task is to express the Borel classes in Hermitian K-theory in terms of the �-operations. We
will denote by �i.X1; : : : ;X4/ 2 ZŒX1; : : : ;X4� the elementary symmetric polynomials. Recall that

 2 GW4

0.Spec Z
�

1
2

�
/ denotes the periodicity element; see (1.a).

Lemma 6.1 Let X be a Z
�

1
2

�
-scheme and let e1; : : : ; e42GW2

0.X / be the classes of rank-two symplectic
bundles over X . Then

�i.e1C � � �C e4/D

8̂̂̂<̂
ˆ̂:
�1.e1; : : : ; e4/ if i D 1,
�2.e1; : : : ; e4/C 4
 if i D 2,
�3.e1; : : : ; e4/C 3�1.e1; : : : ; e4/
 if i D 3,
�4.e1; : : : ; e4/C 2�2.e1; : : : ; e4/
 C 6
 2 if i D 4.

Geometry & Topology, Volume 29 (2025)



158 Jean Fasel and Olivier Haution

Proof In view of (4.2.a), it suffices to expand the product

.1C te1C 
 t2/.1C te2C 
 t2/.1C te3C 
 t2/.1C te4C 
 t2/:

Lemma 6.2 In the ring ZŒx1;x2;x3;x4;y�, we have the equalities

�i.x1�y; : : : ;x4�y/D

8̂̂̂<̂
ˆ̂:
�1� 4y if i D 1,
�2� 3y�1C 6y2 if i D 2,
�3� 2�2yC 3�1y2� 4y3 if i D 3,
�4� �3yC �2y2� �1y3Cy4 if i D 4,

where �i D �i.x1; : : : ;x4/ for any i 2 f1; : : : ; 4g.

Proof Direct computation.

Proposition 6.3 Let X be a Z
�

1
2

�
-scheme. Let E be a symplectic bundle of rank 8 on X , and let

e 2 GW2
0.X / be its class. Then we have

bGW
i .E/D

8̂̂̂<̂
ˆ̂:

e� 4� if i D 1,
�2.e/� 3�eC 4.2� 3�/
 if i D 2,
�3.e/� 2��2.e/C 3.1� 2�/
 e� 8�
 if i D 3,
�4.e/� ��3.e/� 2�
�2.e/� �
 eC 2
 2 if i D 4.

Proof Using the symplectic splitting principle [Panin and Walter 2021, Section 10], we may assume that
E splits as an orthogonal sum of rank-two symplectic bundles, whose classes in GW2

0.X / we denote by
e1; : : : ; e4. The Borel classes bGW

i .E/ are then given by the elementary symmetric polynomials in the
elements e1� �; : : : ; e4� � , which can be computed using Lemma 6.2. For i D 1, the result is immediate.
For i D 2, we have

�2.e1� �; : : : ; e4� �/D �2.e1; : : : ; e4/� 3��1.e1; : : : ; e4/C 6�2

and �2.e1; : : : ; e4/D �
2.e/� 4
 by Lemma 6.1. As �2 D 2.1� �/
 , we find

�2.e1� �; : : : ; e4� �/D �
2.e/� 4
 � 3�eC 12.1� �/
;

proving the case i D 2. We now pass to the case i D 3. Using Lemma 6.2, we find

bGW
3 .E/D �3.e1; : : : ; e4/� 2��2.e1; : : : ; e4/C 3�2e� 4�3

D �3.e/� 3
 e� 2�.�2.e/� 4
 /C 6.1� �/
 e� 16�


D �3.e/C 3.1� 2�/
 e� 2��2.e/� 8�
:

In the case i D 4, we have

bGW
4 .E/D �4.e1; : : : ; e4/� ��3.e1; : : : ; e4/C �

2�2.e1; : : : ; e4/� �
3eC �4:
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Using Lemma 6.1, we obtain

�4.e1; : : : ; e4/D �
4.e/� 2�2.e1; : : : ; e4/
 � 6
 2

D �4.e/� 2�2.e/
 C 2
 2;

��3.e1; : : : ; e4/D �.�
3.e/� 3
 e/D ��3.e/� 3�
 e;

�2�2.e1; : : : ; e4/D 2.1� �/
�2.e1; : : : ; e4/D 2.1� �/
�2.e/� 8.1� �/
 2:

Since �3e D 4�
 e and �4 D 8.1� �/
 2, we conclude summing up the previous expressions.

Our next task is to obtain an explicit formula for the �-operations on products of three classes of rank-two
symplectic bundles, providing a different proof of [Ananyevskiy 2017, Lemma 8.2]. It will be useful to
have a basis for the symmetric polynomials in three variables u1;u2;u3. Following [Déglise and Fasel
2023, Section 2.3.3], we set, for i; j ; k 2N,

(6.a) �.ui
1u

j
2
uk

3/D
X
.a;b;c/

ua
1ub

2uc
3;

where the sum runs over the monomials ua
1
ub

2
uc

3
in the orbit of ui

1
u

j
2
uk

3
under the action of the permutation

of the variables u1;u2;u3.

Lemma 6.4 Let X be a Z
�

1
2

�
-scheme , and let u1;u2;u3 2 GW2

0.X / be the classes of rank-two sym-
plectic bundles on X . Then

�i.u1u2u3/D

8̂̂̂<̂
ˆ̂:

u1u2u3 if i D 1,
�.u2

1
u2

2
/
 � 2�.u2

1
/
 2C 4
 3 if i D 2,

�.u3
1
u2u3/


2� 5u1u2u3

3 if i D 3,

�.u4
1
/
 4Cu2

1
u2

2
u2

3

 3� 4�.u2

1
/
 5C 6
 6 if i D 4.

Proof In view of (A.d) and (4.2.a), this follows from Lemma C.3.2.

Finally, we are in position to compute the ternary laws of Hermitian K-theory. The computation is
obtained by combining Proposition 6.3 and Lemma 6.4 (applied to 
�1u1u2u3).

Proposition 6.5 Let E1;E2;E3 be symplectic bundles of rank 2 on a Z
�

1
2

�
-scheme X . Let u1;u2;u3

be their respective classes in GW2
0.X /. Then the Borel class bGW

i .E1˝E2˝E3/ 2 GW2i
0 .X / equals8̂̂̂̂

<̂̂
ˆ̂̂̂:

u1u2u3

�1
� 4� if i D 1,

�.u2
1u2

2/

�1
� 2�.u2

1/� 3�u1u2u3

�1
C 12.1� �/
 if i D 2,

�.u3
1u2u3/


�1
� 2.1C 3�/u1u2u3� 2�
�1�.u2

1u2
2/C 4��.u2

1/� 16�
 if i D 3,

�.u4
1/Cu2

1u2
2u2

3

�1
� 4.1� �/
�.u2

1/� 2��.u2
1u2

2/� ��.u
3
1u2u3/


�1
C 4�u1u2u3

C 8.1� �/
 2 if i D 4.

Here we have used the notation of (6.a). As a consequence of this proposition, we obtain the explicit
expression of the ternary laws F1;F2;F3;F4 associated to Hermitian K-theory.
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Theorem 6.6 The ternary laws Fi D Fi.v1; v2; v3/ of Hermitian K-theory, over the base Spec
�
Z
�

1
2

��
,

are

F1 D 2.1� �/�.v1/C �

�1�.v1v2/C 


�1v1v2v3;

F2 D 2.1� 2�/�.v2
1/C 2.1� �/�.v1v2/C 2�
�1�.v2

1v2/� 3�
�1v1v2v3C 

�1�.v2

1v
2
2/;

F3 D 2.1� �/�.v3
1/� 2.1� �/�.v2

1v2/C 8.2� 3�/v1v2v3C �

�1�.v3

1v2/� 2�
�1�.v2
1v

2
2/

C 3�
�1�.v2
1v2v3/C 


�1�.v3
1v2v3/;

F4 D �.v
4
1/� 2.1� �/�.v3

1v2/C 2.1� 2�/�.v2
1v

2
2/C 2.1� �/�.v2

1v2v3/� �

�1�.v3

1v2v3/

C 2�
�1�.v2
1v

2
2v3/C 


�1�.v2
1v

2
2v

2
3/:

Proof We use the notation of the previous proposition. We will also write bi D bGW
i .E1˝E2˝E3/

for i D 1; 2; 3; 4, and vj D bGW
1
.Ej /D uj � � for j D 1; 2; 3. For b1, we find

u1u2u3 D v1v2v3C ��.v1v2/C �
2�.v1/C �

3;

and the result follows quite easily from �2 D 2.1� �/
 and �3 D 4�
 . For i D 2, we first compute

�.u2
1u2

2/D �.v
2
1v

2
2/C 2��.v2

1v2/C 4.1� �/
�.v2
1/C 8.1� �/
�.v1v2/C 16�
�.v1/C 24.1� �/
 2:

Next,
�2�.u2

1/D�2�.v1/
2
� 4��.v1/� 12.1� �/
:

As b2 D �.u
2
1
u2

2
/
�1� 2�.u2

1
/� 3�u1u2u3


�1C 12.1� �/, we finally obtain the result for b2.

We next treat the case i D 3, for which we have

b3 D �.u
3
1u2u3/


�1
C .�2� 6�/u1u2u3� 2�
�1�.u2

1u2
2/C 4��.u2

1/� 16�
:

Now,

�.u3
1u2u3/D �.v

3
1v2v3/C ��.v

3
1v2/C 2.1� �/
�.v3

1/C 3��.v2
1v2v3/C 6.1� �/
�.v2

1v2/

C 12�
�.v2
1/C 18.1� �/
v1v2v3C 28�
�.v1v2/C 40.1� �/
 2�.v1/C 48�
 2;

and we deduce that

b3 D 2.1� �/�.v3
1/� 2.1� �/�.v2

1v2/C 8.2� 3�/v1v2v3C �

�1�.v3

1v2/� 2�
�1�.v2
1v

2
2/

C 3�
�1�.v2
1v2v3/C 


�1�.v3
1v2v3/:

We conclude with the case i D 4. The Borel class reads

b4 D �.u
4
1/C 


�1�.u2
1u2

2u2
3/� 2�.u2

1u2
2/� �


�1�.u3
1u2u3/C 4�u1u2u3C 2.1� �/�.u2

1u2
2/

� 4.1� �/
�.u2
1/C 8.1� �/
 2:

First, we note that

�.u4
1/D �.v

4
1/C 4��.v3

1/C 12.1� �/
�.v2
1/C 16�
�.v1/C 24.1� �/
 2;
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while

u2
1u2

2u2
3 D �.v

2
1v

2
2v

2
3/C 2��.v2

1v
2
2v3/C 2.1� �/
�.v2

1v
2
2/C 8.1� �/
�.v2

1v2v3/C 8�
�.v2
1v2/

C 32�
v1v2v3C 8.1� �/
 2�.v2
1/C 32.1� �/
 2�.v1v2/C 32�
 2�.v1/C 32.1� �/
 3:

Using the above, we finally find

b4 D �.v
4
1/� 2.1� �/�.v3

1v2/C 2.1� 2�/�.v2
1v

2
2/C 2.1� �/�.v2

1v2v3/� �

�1�.v3

1v2v3/

C 2�
�1�.v2
1v

2
2v3/C 


�1�.v2
1v

2
2v

2
3/:

Remark 6.7 The ternary laws of the spectrum W representing (Balmer) Witt groups have been computed
by Ananyevskiy [2017, Lemma 8.2]. In view of the morphism of ring spectra GW!W, we may recover
this result by setting 1� � D 0 and � D 0 in the above expression.

The above theorem yields an expression of the ternary laws of K-theory (those can of course be computed
more directly). As above, we want to write the Borel classes of threefold products of symplectic bundles
in terms of the first Borel classes of the bundles, and we may use the forgetful functor from Hermitian
K-theory to ordinary K-theory. Regarding periodicity, the forgetful functor maps � to 2ˇ2 and 
 to ˇ4,
where ˇ is the Bott element (of bidegree .2; 1/).

Theorem 6.8 The ternary laws Fi D Fi.v1; v2; v3; v4/ of K-theory are

F1 D 4�.v1/C2ˇ�2�.v1v2/Cˇ
�4v1v2v3;

F2 D 6�.v2
1/C4�.v1v2/C4ˇ�2�.v2

1v2/�6ˇ�2v1v2v3Cˇ
�4�.v2

1v
2
2/;

F3 D 4�.v3
1/�4�.v2

1v2/C40v1v2v3C2ˇ�2�.v3
1v2/�4ˇ�2�.v2

1v
2
2/C6ˇ�2�.v2

1v2v3/

Cˇ�4�.v3
1v2v3/;

F4 D �.v
4
1/�4�.v3

1v2/C6�.v2
1v

2
2/C4�.v2

1v2v3/�2ˇ�2�.v3
1v2v3/C4ˇ�2�.v2

1v
2
2v3/Cˇ

�4v2
1v

2
2v

2
3 :

Appendix A �-rings

Here we recall a construction from [Berthelot 1971a, Section 2.3]; a more accessible exposition can be
found in [Atiyah and Tall 1969, Section 1], where the terminology “�-ring/special �-ring” is used instead
of “pre-�-ring/�-ring”. Let R be a commutative ring. One defines a ring ƒ.R/, whose underlying set is
1C tRŒŒt ��. The addition in ƒ.R/ is given by multiplication of power series, while multiplication in ƒ.R/
is given by the formula�X

n2N

fntn

�
�

�X
n2N

gntn

�
D

X
n2N

Pn.f1; : : : ; fn;g1; : : : ;gn/t
n;

where Pn are certain universal polynomials defined in (C.1.a) below. In this ring the neutral element for
the addition is the constant power series 1, and the multiplicative identity is the power series 1C t .
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A structure of pre-�-ring on R is a morphism of abelian groups

(A.a) �t D �
R
t WR!ƒ.R/; r 7!

X
n2N

�n.r/tn:

When R and S are pre-�-rings, a ring morphism f W R! S is called a morphism of pre-�-rings if it
commutes with the operations �n, ie if the diagram

ƒ.R/
ƒ.f /

// ƒ.S/

R
f

//

�R
t

OO

S

�S
t

OO

commutes. When R is a ring, a pre-�-ring structure on ƒ.R/ is defined by setting, for j 2N n f0g,

�j

�X
n2N

fntn

�
D

X
i2N

Qi;j .f1; : : : ; fij /t
i ;

where Qi;j are certain universal polynomials defined in (C.2.a). Then R 7!ƒ.R/ defines a functor from
the category of rings to that of pre-�-rings.

A pre-�-ring R is called a �-ring if �t is a morphism of pre-�-rings. This amounts to the following
relations, for all n; i; j 2N n f0g:

�n.xy/D Pn.�
1.x/; : : : ; �n.x/; �1.y/; : : : ; �n.y// for x;y 2R;(A.b)

�i.�j .z//DQi;j .�
1.z/; : : : ; �ij .z// for z 2R:(A.c)

Note that if E is a subset of R such that (A.b) and (A.c) are satisfied for all x;y; z 2E, then (A.b) and
(A.c) are satisfied for all x;y; z lying in the subgroup generated by E in R.

Note also that if R is a �-ring, and x;y; z 2R, it follows from Lemma C.3.1 that

(A.d) �n.xyz/DRn.�
1.x/; : : : ; �n.x/; �1.y/; : : : ; �n.y/; �1.z/; : : : ; �n.z//;

where Rn is a polynomial defined in Section C.3.

Lemma A.1 Let R be a commutative ring and x 2R. Then in ƒ.R/ we have

�1.1Cxt/D 1Cxt and �i.1Cxt/D 0 for i > 1:

Proof This amounts to verifying that Qij .x; 0; : : :/D x when i D j D 1, and that Qij .x; 0; : : :/D 0

when i > 1 or j > 1, which follows at once from (C.2.a) under U1 7! x and Us 7! 0 for s > 0.

Lemma A.2 Let R be a commutative ring and x 2R. Let fi 2R for i 2N be such that f0 D 1. Then�X
n2N

fntn

�
� .1Cxt/D

X
n2N

fnxntn
2ƒ.R/:

Moreover , if x 2R�, then 1Cxt is invertible in ƒ.R/, and .1Cxt/i D 1Cxi t for all i 2 Z.
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Proof The first formula amounts to verifying that Pn.f1; : : : ; fn;x; 0; : : :/D fnxn, which follows from
(C.1.a) (and (C.0.a)) under V1 7! x and Vj 7! 0 for j > 1.

Lemma A.3 Let R be a �-ring , and consider the ring of Laurent polynomials RŒx˙1� with coefficients
in R. Then there exists a unique structure of �-ring on RŒx˙1� such that R!RŒx˙1� is a morphism of
pre-�-rings and �t .x/D 1Cxt . In addition ,

�n.rxi/D �n.r/xni for any r 2R; i 2 Z; n 2N:

Proof Let S DRŒx˙1�. By Lemma A.2, the element 1Cxt 2ƒ.S/ is invertible and there exists then
a unique pre-�-ring structure �t W S ! ƒ.S/ such that �t .x/ D 1C xt and R! S is a morphism of
pre-�-rings. Consider the diagram

ƒ.S/
ƒ.�S

t /
// ƒ.ƒ.S//

ƒ.R/
ƒ.�R

t /
//

cc

ƒ.ƒ.R//

88

R
�R

t
//

�R
t

OO

{{

ƒ.R/

�
ƒ.R/
t

OO

&&

S
�S

t
//

�S
t

OO

ƒ.S/

�
ƒ.S/
t

OO

Using the fact that ƒ.R/ and ƒ.S/ are �-rings [Atiyah and Tall 1969, Theorem 1.4], we see that all maps
are ring morphisms. The interior middle square is commutative because R is a �-ring, and the right one
because ƒ.R/!ƒ.S/ is a morphism of pre-�-rings. Commutativity of each of the other three interior
squares follows from the fact that R! S is a morphism of pre-�-rings. We conclude that the exterior
square is a diagram of R-algebras. To verify its commutativity it thus suffices to observe its effect on
x 2 S , which is done using Lemma A.1. We have proved that S is �-ring. The last statement follows
from Lemma A.2.

Appendix B Graded rings

Let S D S0 ˚ S1 be a commutative Z=2-graded ring. There is a general procedure to construct a
commutative Z-graded ring out of S , which we now explain. We may consider the ring of Laurent
polynomials S Œx˙1� as a graded ring by setting jxj D 1 and jsj D 0 for any s 2 S . We consider the
Z-graded subgroup yS � S Œx˙1� defined by

ySi WD S.i mod 2/ �x
i for i 2 Z:
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It is straightforward to check that yS is in fact a Z-graded subring of S Œx˙1�, and that the canonical
homomorphism of abelian groups S ! yS defined by u 7! uxi for u 2 Si and i D 0; 1 has the property
that the composite with the projection

S ! yS
�
�! yS=.x2

� 1/

is an isomorphism of Z=2-graded rings.

Suppose next that G is an abelian group, and that S is a G-graded ring having the structure of a �-ring.
We will say that S is a G-graded �-ring if �i.r/ 2 Sig for any i 2N, any g 2G and any r 2 Sg. As a
corollary of Lemma A.3, we obtain the following result.

Lemma B.1 Let S be a commutative Z=2-graded �-ring. Then , the structure of a �-ring on S Œx˙1�

defined in Lemma A.3 induces a �-ring structure on yS which turns it into a Z-graded �-ring. If r 2 ySi for
some i 2 Z, there exists a unique s 2 S.i mod 2/ such that r D sxi , and we have

�n.r/D �n.s/xni
2 ySni :

Appendix C Some polynomial identities

When U1; : : : ;Um is a series of variables, we denote by �n.U /2ZŒU1; : : : ;Um� the elementary symmetric
functions, defined by the formula, valid in ZŒU1; : : : ;Um�Œt �,

(C.0.a)
Y

1�i�m

.1C tUi/D
X
n2N

tn�n.U /:

C.1 The polynomials Pn

By the theory of symmetric polynomials, there are polynomials Pn 2 ZŒX1; : : : ;Xn;Y1; : : : ;Yn� such
that

(C.1.a)
Y

1�i;j�m

.1C tUiVj /D
X
n2N

tnPn.�1.U /; : : : ; �n.U /; �1.V /; : : : ; �n.V //

holds in ZŒU1; : : : ;Um;V1; : : : ;Vm�Œt � for every m.

Let R be a commutative ring. For every x 2R, let us define elements `i.x/ 2R for each integer i � 1

by the formula

(C.1.b) `i.x/D

8<:
x if i D 1;

1 if i D 2;

0 if i > 2:

For elements a1; : : : ; ar 2R�, we consider the polynomial

(C.1.c) �a1;:::;ar
.t/D

Y
"1;:::;"r2f1;�1g

.1C ta
"1

1
� � � a"n

n / 2RŒt �:
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These polynomials can be expressed inductively as

(C.1.d) �a1;:::;ar
.t/D �a1;:::;ar�1

.tar / ��a1;:::;ar�1
.ta�1

r /:

Note that for any a 2R�,
�a.t/D 1C .aC a�1/t C t2;

and for any a; b 2R�, setting x D aC a�1 and y D bC b�1,

(C.1.e) �a;b.t/D 1C txyC t2.x2
Cy2

� 2/C t3xyC t4:

Lemma C.1.1 Let R be a commutative ring and x;y 2R. Then

Pn.`1.x/; : : : ; `n.x/; `1.y/; : : : ; `n.y//D

8̂̂̂<̂
ˆ̂:

1 if n 2 f0; 4g;

xy if n 2 f1; 3g;

x2Cy2� 2 if nD 2;

0 if n> 4:

Proof Consider the ring S D RŒa; a�1; b; b�1�=.x � a� a�1;y � b � b�1/. Then S contains R. We
have �i.a; a

�1/D `i.x/ and �i.b; b
�1/D `i.y/ for all i , so that, by (C.1.a) and (C.1.c),

�a;b.t/D
X

n

Pn.`1.x/; : : : ; `n.x/; `1.y/; : : : ; `n.y//t
n:

Thus the statement follows from (C.1.e).

Lemma C.1.2 Let R be a commutative ring and n 2N n f0g. Then for every r1; : : : ; rn 2R, the element

Pn.r1; : : : ; rn; `1.B/; : : : ; `n.B//�Bnrn 2RŒB�

is a polynomial in B of degree � n� 1.

Proof We may assume that RDZŒX1; : : : ;Xn� and that ri DXi for all i D 1; : : : ; n. By algebraic inde-
pendence of the elementary symmetric polynomials, the ring R is then a subring of R0 D ZŒU1; : : : ;Un�,
via Xi 7! �i.U /. The ring S DR0ŒB;A;A�1�=.B �A�A�1/ then contains R0ŒB�, and thus also RŒB�.
Since �i.A;A

�1/D `i.B/ for all i , we have in S Œt � that
nX

iD1

Pi.�1.U /; : : : ; �n.U /; `1.B/; : : : ; `n.B//t
i
D

nY
iD1

.1C tUiA/.1C tUiA
�1/;

and thus, in R0ŒB�Œt �,
nX

iD1

Pi.�1.U /; : : : ; �n.U /; `1.B/; : : : ; `n.B//t
i
D

nY
iD1

.1C tUiBC t2U 2
i /:

Expanding the last product and looking at the tn-coefficients of both sides of the equation, we see that
Pn.�1.U /; : : : ; �n.U /; `1.B/; : : : ; `n.B// has leading term Bn�n.U / as a polynomial in B, in view of
(C.0.a).
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C.2 The polynomials Qi;j

By the theory of symmetric polynomials, there are polynomials Qi;j 2 ZŒX1; : : : ;Xij � with i; j 2 N

such that

(C.2.a)
Y

1�˛1<���< j̨�m

.1CU˛1
� � �U

j̨
t/D

X
i2N

t iQi;j .�1.U /; : : : ; �ij .U //

holds in ZŒU1; : : : ;Um�Œt � for every m. For instance, we have Q1;j DXj for any j 2N n f0g.

Lemma C.2.1 Let R be a commutative ring and x 2R. Then

Qi;j .`1.x/; : : : ; `ij .x//D

8<:
`i.x/ if j D 1 and i ¤ 0;

1 if i D 1 and j D 2, or if i D 0;

0 otherwise:

Proof Let S DRŒa; a�1�=.x� a� a�1/. Then S contains R. Setting w1 D a, w2 D a�1 and wk D 0

in S for k > 2, we have �k.w/D `k.x/ for all k. Thus for all j 2N,

X
i2N

t iQi;j .`1.x/; : : : ; `ij .x//
(C.2.a)
D

Y
1�˛1<���< j̨�m

.1Cw˛1
� � �w

j̨
t/D

8<:
1C txC t2 if j D 1;

1C t if j D 2;

1 otherwise.

C.3 The polynomials Rn

By the theory of symmetric polynomials, there are polynomials

Rn 2 ZŒX1; : : : ;Xn;Y1; : : : ;Yn;Z1; : : : ;Zn�

such thatY
1�i;j ;k�m

.1C tUiVj Wk/D
X
n2N

tnRn.�1.U /; : : : ; �n.U /; �1.V /; : : : ; �n.V /; �1.W /; : : : ; �n.W //

holds in ZŒU1; : : : ;Um;V1; : : : ;Vm;W1; : : : ;Wm�Œt � for every m.

Lemma C.3.1 For n�m, we have , in ZŒX1; : : : ;Xm;Y1; : : : ;Ym;Z1; : : : ;Zm�,

Rn D Pn.X1; : : : ;Xn;P1.Y1;Z1/; : : : ;Pn.Y1; : : : ;Yn;Z1; : : : ;Zn//:

Proof Observe that, in ZŒU1; : : : ;Um;V1; : : : ;Vm�Œt �,Y
1�i;j�m

.1C tUiVj /D

mY
iD1

mY
jD1

.1C tUiVj /
(C.0.a)
D

mY
iD1

�X
n2N

�n.V /U
n
i tn

�
:

Since the elements Yr D �r .V / for r D 1; : : : ;m are algebraically independent, in view of (C.1.a) it
follows that we have, in ZŒU1; : : : ;Um;Y1; : : : ;Ym�Œt �, and writing Ys D 0 for s >m,

(C.3.a)
X
n2N

Pn.�1.U /; : : : ; �n.U /;Y1; : : : ;Yn/t
n
D

mY
iD1

�X
n2N

YnU n
i tn

�
:
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Now in ZŒV1; : : : ;Vm;W1; : : : ;Wm�, set for any n 2N,

pn D Pn.�1.V /; : : : ; �m.V /; �1.W /; : : : ; �m.W //;

so that, in ZŒU1; : : : ;Um;V1; : : : ;Vm;W1; : : : ;Wm�Œt �,Y
1�i;j ;k�m

.1C tUiVj Wk/
(C.1.a)
D

mY
iD1

�X
n2N

pnU n
i tn

�
(C.3.a)
D

X
n2N

Pn.�1.U /; : : : ; �n.U /;p1; : : : ;pn/t
n:

Since the elements Xr D�r .U /, Yr D�r .V /, Zr D�r .W / for rD1; : : : ;m are algebraically independent,
this yields the statement.

Lemma C.3.2 Let R be a commutative ring and x;y; z 2R. Then

Rn.`1.x/; : : : ; `n.x/; `1.y/; : : : ; `n.y/; `1.z/; : : : ; `n.z//

D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

1 if n 2 f0; 8g;

xyz if n 2 f1; 7g;

x2y2Cx2z2Cy2z2� 2.x2Cy2C z2/C 4 if n 2 f2; 6g;

x3yzCxy3zCxyz3� 5xyz if n 2 f3; 5g;

x4Cy4C z4Cx2y2z2� 4.x2Cy2C z2/C 6 if nD 4;

0 if n> 8:

Proof Consider the ring S DRŒa; a�1; b; b�1; c; c�1�=.x � a� a�1;y � b� b�1; z � c � c�1/. Then
S contains R. We have �i.a; a

�1/ D `i.x/; �i.b; b
�1/ D `i.y/; �i.c; c

�1/ D `i.z/ for all i . Writing
rnDRn.`1.x/; : : : ; `n.x/; `1.y/; : : : ; `n.y/; `1.z/; : : : ; `n.z//, we have by definition of Rn and (C.1.c),

�a;b;c.t/D
X
n2N

rntn
2 S Œt �:

Since �a;b;c.t/D �a;b.tc/ ��a;b.tc
�1/ by (C.1.d), it follows from (C.1.e) that �a;b;c.t/ equals

.1C txycC t2.x2
Cy2

�2/c2
C t3xyc3

C t4c4/.1C txyc�1
C t2.x2

Cy2
�2/c�2

C t3xyc�3
C t4c�4/:

To conclude, we compute the coefficients rn by expanding the above product. We have r0 D r8 D 1 and
rn D 0 for n> 8, as well as

r1 D r7 D xy.cC c�1/D xyz:

Using the fact that c2C c�2 D z2� 2, we have

r2 D r6 D .x
2
Cy2

� 2/.c2
C c�2/Cx2y2

D x2y2
Cx2z2

Cy2z2
� 2.x2

Cy2
C z2/C 4:

Now c3C c�3 D z3� 3z, hence

r3 D r5 D xy.c3
C c�3/C .x2

Cy2
� 2/xy.cC c�1/D x3yzCxy3zCxyz3

� 5xyz:

Finally c4C c�4 D z4� 4z2C 2, hence

r4 D c4
Cc�4

Cx2y2.c2
Cc�2/C.x2

Cy2
�2/2 D x4

Cy4
Cz4
Cx2y2z2

�4.x2
Cy2
Cz2/C6:
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On Borel Anosov subgroups of SL.d; R/

SUBHADIP DEY

We study the antipodal subsets of the full flag manifolds F .Rd /. As a consequence, for natural numbers
d � 2 such that d ¤ 5 and d ¥ 0;˙1 mod 8, we show that Borel Anosov subgroups of SL.d;R/ are
virtually isomorphic to either a free group or the fundamental group of a closed hyperbolic surface. This
gives a partial answer to a question asked by Andrés Sambarino. Furthermore, we show restrictions on
the hyperbolic spaces admitting uniformly regular quasi-isometric embeddings into the symmetric space
Xd of SL.d;R/.

14M15, 20F65, 22E40

Dedicated to Misha Kapovich on the occasion of his 60th birthday

1 Introduction

In the past decade, Anosov subgroups of higher-rank Lie groups have emerged as a well-regarded higher-
rank extension of the classical convex-cocompact Kleinian groups. The notion of Anosov representations
was introduced by Labourie [16] from a dynamical perspective in his pioneering work on Hitchin repre-
sentations of surface groups, and then extended by Guichard and Wienhard [10] for any hyperbolic groups.
Afterward, Kapovich, Leeb and Porti [14] gave several geometrical and dynamical characterizations of
Anosov subgroups; see the article by Kapovich and Leeb [13] giving an overview of their characterizations.
A main feature of Anosov subgroups is that they have a well-defined limit set in suitable generalized flag
varieties, and any two distinct points in these limit sets are in general position.

We are motivated by a question asked by Andrés Sambarino, namely whether Borel Anosov subgroups of
SL.d;R/ are necessarily virtually free or surface groups. Combined works of Canary and Tsouvalas [4]
and Tsouvalas [22] have affirmatively answered this question for d D 3; 4 and d � 2 mod 4 (note that
d D 2 case is classical). Using a different approach, we give an affirmative answer to this question for all
d 2N satisfying

(1) d ¤ 5 and d � 2; 3; 4; 5 or 6 mod 8:

See Corollary D.

We summarize our main objectives:

(i) We study the subsets of full flag manifolds F .Rd / where all pairs points are antipodal, ie are
in general position. As noted above, the limit sets of Anosov subgroups share this property. We are

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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172 Subhadip Dey

specifically interested in understanding when antipodal subsets of F .Rd / are maximally antipodal; see
Section 1.1 for discussions related to this matter.

(ii) We aim to understand which hyperbolic groups can be realized as Borel Anosov subgroups of
SL.d;R/; see Section 1.2 for the discussion related to this.

(iii) Finally, we aim to understand which geodesic metric spaces may admit coarsely uniformly regular
quasi-isometric embeddings, a notion introduced by Kapovich, Leeb and Porti [13] strengthening the
classical notion of quasi-isometric embeddings, into the symmetric space Xd of SL.d;R/. Notably, the
orbit maps of Anosov subgroups are such embeddings; see Section 1.3 for further discussions.

1.1 Antipodal subsets

For d � 2, let Fd WDF .Rd / denote the manifold consisting of all complete flags in Rd . A pair of points
�˙ 2Fd is called antipodal (or transverse) if

� .k/� C �
.d�k/
C

DRd for all k 2 f1; : : : ; d � 1g:

Here, for � 2Fd , we use the notation � .k/ to denote the k-dimensional vector subspace of Rd appearing in
the complete flag � . We denote by E� , � 2Fd the set of all points in Fd which are not antipodal to � . The
complementary subset of E� in Fd , which we denote by C� , is an open dense subset of Fd homeomorphic
to a cell. The subset C� is called a maximal Schubert cell or big cell, whereas E� is the closure of the
union of all codimension-1 Schubert cells in the Schubert cell decomposition of Fd corresponding to � .

Theorem A Let d be any natural number satisfying (1). Let �˙ 2Fd be any pair of antipodal points ,
and let � be any connected component of Fd n .E�� [ E�C/D C�� \C�C . If c W Œ�1; 1�!Fd is any
continuous map such that

c.˙1/D �˙ and c..�1; 1//��;

then , for all � 2�, the image of c intersects E� .

Although the following example is not covered in the setting of the theorem, we believe that it would
still serve as a simple illustration of the statement: In the case corresponding to SL.2;R/�SL.2;R/ and
its minimal parabolic subgroup, the “full flag manifold” is realized as a torus. Let D denote the unit
square in R2 from which we obtained the torus by identifying the opposite edges. We identify the four
corners of D with ��, and E�� with its edges. Given any point O� in the interior of D, the subset E O� can
be realized as the union of the horizontal and vertical line segments passing through O� . Therefore, for any
�C 2 C�� D intD, the intersection C�� \C�C can be seen as the disjoint union of four open rectangles.
For any path c connecting �˙ lying in (except for the endpoints) one such rectangles �, and for any point
� 2�, it can be checked that E� intersects c.

We prove Theorem A in Section 3. The main technical ingredient in the proof is Theorem 2.4, which
states that, for natural numbers d satisfying (1), an involution � defined on C�� \ C�C does not leave
invariant any connected components; see Section 2.
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Remark 1.1 Theorem A and the other key results below have the restriction (1) on d because Theorem 2.4
may fail when d is of the form 8k� 1, 8k or 8kC 1, for k 2N. Specifically, we show that Theorem 2.4
indeed fails when d D 8k˙ 1, yet the status of its validity remains unclear for d D 8k. However, with
help from Su Ji Hong, we could computationally verify the validity of Theorem 2.4 when d D 5. Further
discussions on this matter are detailed in Remark 2.5. Consequently, for d D 5, Theorems A, C and F,
and Corollaries D and G (as well as Corollary E(i) for nD 2), remain valid.

Nevertheless, it is an intriguing prospect to investigate whether Theorem A holds true for these remaining
natural numbers d , provided the hypothesis is strengthened by requiring the map c W Œ�1; 1�!Fd to also
be antipodal.

We apply Theorem A to get information about (locally) maximally antipodal subsets of Fd , defined as
follows:

Definition 1.2 (antipodal subsets and maps)

(i) A subset ƒ�Fd is called antipodal if all distinct pairs of points in ƒ are antipodal.

(ii) An antipodal subset ƒ�Fd is called maximally antipodal if it is not contained in a strictly larger
antipodal subset of Fd .

(iii) We call an antipodal subsetƒ�Fd locally maximally antipodal if there exists an open neighborhood
N of ƒ in Fd such that ƒ is not contained in any strictly larger antipodal subset of N ; equivalently,
every point of N is not antipodal to some point of ƒ.

(iv) A continuous map � W Z ! Fd is called antipodal if, for all distinct points z˙ 2 Z, �.zC/ and
�.z�/ are antipodal.

Note that antipodal subsets of Fd form a poset, partially ordered by inclusions, and the maximally
antipodal subsets are precisely the maximal elements.

As an application of Theorem A, we get the following result:

Corollary B Let d be any natural number satisfying (1). If c W S1!Fd is an antipodal embedding ,
then ƒ WD c.S1/ is a locally maximally antipodal subset of Fd .

Proof Let x1; x2; x3 2 S1 be any distinct triple. For distinct indices i; j; k 2 f1; 2; 3g, let �ijk denote
the connected component of Fd n .Ec.xi /[ Ec.xk// containing c.xj /. Then Y D�123[�231[�312 is
an open neighborhood of ƒ. Applying Theorem A, one can verify that every point in Y is nonantipodal
to some point in ƒ.

It is unclear whether one can omit the word “locally” in the conclusion of the above result. However, if
the image of c W S1!Fd is the limit set of a Borel Anosov subgroup of SL.d;R/, then ƒ WD c.S1/ is a
maximally antipodal subset of Fd ; see Proposition 5.1.
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1.2 Borel Anosov subgroups

First, let us recall the notion of boundary embedded subgroups of SL.d;R/ introduced by Kapovich,
Leeb and Porti [14].

Definition 1.3 (boundary embedded subgroups) A subgroup � of SL.d;R/ is called B-boundary
embedded if � , as an abstract group, is hyperbolic and there exists a �-equivariant antipodal embedding
� W @1�!Fd of the Gromov boundary @1� of � to the complete flag manifold Fd .

Due to the fact that nonelementary hyperbolic groups act as convergence groups on their Gromov
boundaries, it can be inferred that nonelementary B-boundary embedded subgroups of SL.d;R/ are
discrete. The following result shows that the group-theoretic structures of the B-boundary embedded
subgroups of SL.d;R/ are highly restricted:

Theorem C Let d be any natural number satisfying (1). If a subgroup � of SL.d;R/ is B-boundary
embedded , then � is virtually isomorphic to either a free group or the fundamental group of a closed
hyperbolic surface.

This result, which we prove in Section 4, directly applies to the class of Borel Anosov subgroups introduced
by Labourie [16], who proved the seminal result that the images of the Hitchin representations of surface
groups into SL.d;R/ are Borel Anosov subgroups. While Labourie’s original definition of Borel Anosov
subgroups was intricate, a more straightforward definition has since emerged thanks to the work of
Kapovich, Leeb and Porti [14; 15] and Bochi, Potrie and Sambarino [2].

For g 2 SL.d;R/, let
�1.g/� � � � � �d .g/

denote the singular values of g. For a finitely generated group � , let j � j W � ! N [ f0g denote the
word-length function with respect to some symmetric finite generating set of � . The following definition
does not depend on the choice of such a generating set, although the implied constants may vary.

Definition 1.4 (Borel Anosov subgroups) A finitely generated subgroup � of SL.d;R/ is called Borel
Anosov if there exist constants L� 1 and A� 0 such that, for all k 2 f1; : : : ; d � 1g and for all 
 2 � ,

(2) log
�
�k.
/

�kC1.
/

�
� L�1j
 j �A:

The main features of the Borel Anosov subgroups � of SL.d;R/ include: � , as an abstract group, is
hyperbolic, and there exists a �-equivariant antipodal embedding, called the limit map,

� W @1�!Fd ;

from the Gromov boundary @1� of � to the complete flag manifold Fd ; see [2; 16]. In particular, Borel
Anosov subgroups of SL.d;R/ are B-boundary embedded (Definition 1.3). Therefore, Theorem C has
the following direct implication:

Geometry & Topology, Volume 29 (2025)
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Corollary D Let d be any natural number satisfying (1). If � is a Borel Anosov subgroup of SL.d;R/,
then � is virtually isomorphic to either a free group or the fundamental group of a closed hyperbolic
surface.

Remark 1.5 This result partially answers a question asked by Sambarino (see Canary and Tsouvalas
[4, Section 7]), who asked if the statement is true for all d � 2. As mentioned above, this question
previously has been affirmatively answered for d D 3 and d D 4 by Canary and Tsouvalas [4], and
for all d of the form 4k C 2 by Tsouvalas [22]. In fact, we give a new (and possibly simpler) proof
for the previously known cases from [4; 22]. However, for the remaining integers d � 2 not covered
by Corollary D (except for d D 5), we are unable to provide a conclusive answer to this question; see
Remark 1.1. We emphasize a connection between the maximal antipodality of limit sets and Sambarino’s
question, which could be beneficial for further exploration in these remaining cases: Suppose there exists
d 2N and a Borel Anosov subgroup � < SL.d;R/, isomorphic to a surface group, such that the limit
set of � in Fd is not maximally antipodal. In this case, by applying the combination theorem for Anosov
subgroups by Dey, Kapovich and Leeb [7] (see also Dey and Kapovich [6]), one can construct a Borel
Anosov subgroup of SL.d;R/ isomorphic to � 0 ?Z, where � 0 is a finite-index subgroup (and thus a
surface subgroup) of � . Such a construction could produce a counterexample.

More generally, given a connected noncompact real semisimple Lie group G with finite center and a
parabolic subgroup P of G, there is a distinguished class of discrete subgroups of G called P -Anosov
subgroups; see Guichard and Wienhard [10] and also Kapovich, Leeb and Porti [14]. By a B-Anosov
subgroup of G, we are referring to a P -Anosov subgroup, where P is assumed to be a minimal parabolic
subgroup of G.1

In the special case G D SO0.n; nC 1/ (resp. G D Sp.2n;R/), the Borel Anosov subgroups of G map
to Borel Anosov subgroups of SL.2nC 1;R/ (resp. SL.2n;R/) under the inclusion SO0.n; nC 1/ ,!
SL.2nC 1;R/ (resp. Sp.2n;R/ ,! SL.2n;R/). Thus Corollary D also yields the following:

Corollary E Let G be one of

(i) SO0.n; nC 1/, where n¤ 2 and n� 1 or 2 mod 4,

(ii) Sp.2n;R/, where n� 1; 2 or 3 mod 4.

If � is a Borel Anosov subgroup of G, then � is virtually isomorphic to either a free group or the
fundamental group of a closed hyperbolic surface.

Finally, it is worth remarking that restrictions on Anosov subgroups of the symplectic groups are explored
further in the subsequent papers of Dey, Greenberg and Riestenberg [5] and Pozzetti and Tsouvalas [18].

1When dealing with a connected algebraic group G defined over an algebraically closed field, the minimal parabolic subgroups
are Borel subgroups. This is why we refer this class of subgroups as “B-Anosov”. For the same reason, we referred to the class
of subgroups defined in Definition 1.3 as “B-boundary embedded”. When the minimal parabolic subgroups of G are Borel
(eg if G is split), we may also refer to B-Anosov subgroups as Borel Anosov subgroups as done in Definition 1.4 for the case
G D SL.d;R/.
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1.3 Uniformly regular quasi-isometric embeddings

The notion of uniformly regular quasi-isometric embeddings, introduced by Kapovich, Leeb and Porti, of
geodesic metric spaces into the symmetric space

Xd WD SL.d;R/=SO.d;R/

is a strengthening of quasi-isometric embeddings. Since the definition of uniformly regular quasi-isometric
embeddings requires a lengthier discussion, we refer our reader to Kapovich and Leeb [13, Definition 2.26].
This notion is especially interesting in the context of Anosov subgroups since, by [13, Theorem 3.41], a
subgroup � < SL.d;R/ is Borel Anosov if and only if � is finitely generated and the orbit map

(3) �!Xd ; 
 7! 
 � x0;

is a uniformly regular quasi-isometric embedding where � is equipped with any word metric and x0 2Xd
is any basepoint; see (2).

Theorem F Consider any locally compact geodesic Gromov hyperbolic space Z with @1Z denoting its
Gromov boundary. Suppose there exists a topological embedding c W S1! @1Z such that the image of c
is not an open set. Then Z does not admit any uniformly regular quasi-isometric embeddings into Xd ,
given d satisfies (1).

Theorem F is proved in Section 4. This result obstructs uniformly regular quasi-isometric embeddings
of certain simply connected complete Riemannian manifolds of nonpositive sectional curvature (also
called Cartan–Hadamard manifolds) into Xd . More precisely, if Y is a Cartan–Hadamard manifold with
sectional curvature bounded below and Y admits a uniformly regular quasi-isometric embedding into Xd ,
then Y is Gromov hyperbolic as a metric space (by Kapovich, Leeb and Porti [15, Theorem 1.2]), whereas
the Gromov boundary of Y is homeomorphic to the sphere of dimension dimY � 1 (by Kaimanovich
[11, Theorem 2.10]). Thus if d satisfies (1), then Theorem F implies that dimY � 2. A special case of
this is as follows:

Corollary G The hyperbolic plane is the only symmetric space of noncompact type that admits uniformly
regular quasi-isometric embeddings into Xd with d satisfying (1).

In a similar vein, applying Theorem F, a stronger conclusion than Corollary D can be obtained: finitely
generated groups � , unless � is virtually a free group or a surface group, do not even admit uniformly
regular quasi-isometric embeddings2 into Xd when d satisfies (1), since in such cases, if � admits a
uniformly regular quasi-isometric embedding into Xd , then � is a hyperbolic group [15, Theorem 1.2]
and there exist such nonisolated circles in @1� (see Bonk and Kleiner [3, Corollary 2]) as required by
the hypothesis of Theorem F to get a contradiction.

2These need not arise from a group homomorphism �! SL.d;R/ as in (3).
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Outline In Section 2, we present and prove our main technical result, Theorem 2.4. Using this, we
establish Theorem A in Section 3. Subsequently, we apply Corollary B, an immediate consequence of
Theorem A, to prove Theorems C and F in Section 4. Finally, in Section 5, we explore some additional
applications of the methods we introduce.

Acknowledgements I extend my sincere thanks to Misha Kapovich and Yair Minsky for their suggestions
and encouragement. I am grateful to Richard Canary, Su Ji Hong, Or Landesberg and Max Riestenberg
for the engaging discussions related to this work. Special thanks to Hee Oh for her insightful question
(referenced in Proposition 5.2) and the discussions stemming from it, and to Misha Shapiro for very
helpful discussions related to Theorem 2.4. I express my gratitude to the referee for their careful review
of this article and for suggesting Corollary E.

2 An involution on the intersection of two opposite maximal Schubert cells

The goal of this section is to state and prove the main technical result behind the results discussed in the
introduction; see Theorem 2.4.

We recall that SL.d;R/ acts transitively on the set consisting of all antipodal pairs of points in Fd . From
now on, we reserve the notation �˙ for the descending/ascending flags defined as follows: Let Rd be
equipped with the standard basis fe1; : : : ; ed g. Define

�C as f0g � spanfed g � spanfed ; ed�1g � � � � � spanfed ; : : : ; e1g DRd ;

�� as f0g � spanfe1g � spanfe1; e2g � � � � � spanfe1; : : : ; ed g DRd :

It can be seen easily that �˙ are antipodal.

We also reserve the notation Ud to denote the subgroup of SL.d;R/ consisting of all upper-triangular
unipotent matrices. It is easy to check that Ud fixes ��, and hence preserves the big cell C�� . Moreover,
Ud acts on C�� simply transitively, so we have a diffeomorphism

F�C W Ud ! C�� ; F .u/D u�C:

For notational convenience, for all � 2 C�� , let us write

u� WD F
�1
�C
.�/:

We identify Ud with C�� under the diffeomorphism F�C .

Furthermore, we identify Ud (and hence C��) with R.
d
2/ by sending a matrix u 2 Ud to the vector

.uij /1�i<j�d . Under this identification, � 2 C�� lies in E�C DFd nC�C if and only if there exists some
k 2 f1; : : : ; d � 1g such that � .k/C � .d�k/

C
is a proper subspace of Rd or, equivalently,

pk.u� / WD
.u�ed�kC1/^ � � � ^ .u�ed /^ ekC1 ^ � � � ^ ed

e1 ^ � � � ^ ed
D 0:

Geometry & Topology, Volume 29 (2025)



178 Subhadip Dey

Thus we can describe the set E�C \C�� algebraically as a subset of R.
d
2/ by

E�C \Ud D

d�1[
kD1

E k�C ;

where E k�C WD fu 2 Ud j pk.u/D 0g.

Example 2.1 If d D 3, then

p1

0@241 x y

1 z

1

351AD y; p2

0@241 x y

1 z

1

351AD xz�y:
Therefore E�C\U3 can be written as the union of the hypersurfaces E 1�CDf.x; y; z/ jp1.x; y; z/DyD0g

and E 2�C D f.x; y; z/ j p2.x; y; z/D xz�y D 0g in R3; see Figure 1.

The following lemma can be verified by linear algebra. We omit the details.

Lemma 2.2 The polynomial pk.u/ can be expressed as pk.u/ D detu.k/; where u.k/ denotes the
upper-right k � k block submatrix of u. In particular ,

E k�C D fu 2 Ud j detu.k/ D 0g:

We define an involution
� W Ud ! Ud ; u 7! u�1:

This simple involution plays a key role here. Note that � is a diffeomorphism, Fix.�/ D fIg, where I

denotes the identity matrix, and d�jTIUd
D�id.

Figure 1: The part of the set E�C lying in R3 Š C�� �F3. The six components of C�� \C�C
are visible in the complement of this algebraic surface.

Geometry & Topology, Volume 29 (2025)



On Borel Anosov subgroups of SL.d;R/ 179

Proposition 2.3 For all k 2 f1; : : : ; d � 1g,

pk.u
�1/D .�1/k.dC1/pd�k.u/:

In particular , �.E k�C/D E d�k�C
, � preserves E�C \Ud , and hence preserves Ud n E�C .

Proof We apply Jacobi’s complementary minor formula: if A is an invertible d � d matrix, then for any
subsets I; J � f1; : : : ; dg of size k,

detAIJ D .�1/
P
IC

P
J .detA/ det..A�1/J cIc /:

Here we use the notation AIJ to denote the submatrix of A obtained by its I th rows and J th columns.
Since in our case detuD 1, the above formula reduces to

det..u�1/IJ /D .�1/
P
IC

P
J detuJ cIc :

Fix k 2 f1; : : : ; d � 1g. Notice that when I D f1; : : : ; kg and J D fd � k C 1; : : : ; dg, we have
pk. Ou/ D det OuIJ , pd�k. Ou/ D det OuJ cIc and

P
I C

P
J D k.d C 1/. Hence, by the formula in the

previous paragraph, pk.u�1/D .�1/k.dC1/pd�k.u/:

By the above result, we thus have a well-defined involution � on Ud nE�C . Our main result of this section
is as follows:

Theorem 2.4 Suppose that d is any natural number such that d ¤ 5 and d � 2; 3; 4; 5 or 6 mod 8. Then
the involution � W Ud ! Ud does not leave invariant any connected components of Ud n E�C .

The proof of Theorem 2.4 is split into several cases and occupies the rest of this section. Here is our
plan: The proof for d D 3 is discussed in Section 2.1; see Section 2.2 for the case when d is of the
form 4kC 2. These initial cases are approached in an elementary manner. However, as our elementary
approach appears to be insufficient for the remaining cases, we rely upon some sophisticated invariants
developed by Shapiro, Shapiro and Vainshtein [19; 20], which characterize the connected components of
C�� \C�C in a combinatorial manner. In Section 2.3, we recall some necessary background on these
papers. Subsequently, the proof for d D 4 is discussed in Section 2.4. Following that, we prove the
theorem in the rest of the odd cases of d in Section 2.5 and in the remaining even cases of d in Section 2.6.

Remark 2.5 When d is of the form 8m˙ 1, then the � W Ud ! Ud leaves invariant some components
of Ud n E�C ; see below. Therefore Theorem 2.4 is false in those cases of d ; see Proposition 2.10(ii).
When d is of the form 8m, we are unable to make the conclusion because we could not study some
“exceptional” connected components; see Remark 2.12. However, in all these cases, the total number of
these components is quite “small” compared to the total number of connected components of Ud n E�C .

With help from Su Ji Hong, we managed to computationally verify Theorem 2.4 for d D 5. Despite this
effort, we decided to exclude the d D 5 case because we couldn’t find a way to present a proof for it.

Geometry & Topology, Volume 29 (2025)



180 Subhadip Dey

2.1 Proof of Theorem 2.4 when d D 3

When d D 3, the connected components of U3 n E�C in R3 D U3 are

�1Df.x; y; z/ j x >0; y >0; z > 0; xz�y >0g; y�1Df.x; y; z/ j x <0; y >0; z < 0; xz�y >0g;

�2Df.x; y; z/ j x <0; y <0; z > 0; xz�y <0g; y�2Df.x; y; z/ j x >0; y <0; z < 0; xz�y <0g;

�3Df.x; y; z/ jy >0; xz�y <0g; y�3Df.x; y; z/ jy <0; xz�y >0g:

See Figure 1. By picking a representative in each component and applying � to the representative, it can
be checked that ��k D y�k for k D 1; 2; 3. We omit the details.

2.2 Proof of Theorem 2.4 when d � 2 mod 4

Suppose that d � 2 mod 4. Let u 2 Ud n E�C be any point. By Proposition 2.3, �u 2 Ud n E�C . Let
c W Œ�1; 1�! Ud for c.˙1/D u˙1 be any path. We show that such a path c must intersect E�C \Ud . In
this case, since 1

2
d is odd, by Proposition 2.3

pd=2.u
�1/D�pd=2.u/:

Thus, by continuity, the image of c must intersect E
d=2
�C . Therefore u and �u lie in different connected

components of Ud n E
d=2
�C , and hence of Ud n E�C .

2.3 Some preparation before the proof of Theorem 2.4 in the remaining cases

We recall some notions of Shapiro, Shapiro and Vainshtein [19; 20]. Throughout, we try to be consistent
with their papers so that we can freely refer to those for more details.

Let n WD d � 1. Denote by T n D T n.F2/ the vector space of all n�n upper-triangular matrices with F2-
valued entries, where F2 D f0; 1g is the finite field of order 2. There is a certain subgroup Gn < GL.T n/
acting linearly on T n. This action is called the first Gn-action; see the introduction of [20]. There is
also another Gn-action defined in that paper, which is called the second Gn-action. However we do not
need to discuss the second action, and hence will simply call the first Gn-action the Gn-action. For the
reader’s convenience, we recall this action. For 1 � i � j � n� 1, let gij 2 GL.T n/ be the element
acting linearly on T n as follows: Let M ij be the 2� 2 submatrix of M formed by the rows i and i C 1,
and the columns j and j C 1 (or its upper triangle when i D j ). Then gij �M is the matrix obtained by
adding to each entry of M ij its trace, and keeping the rest of the entries of M unchanged. The subgroup
Gn < GL.T n/ is generated by all these gij .

Example 2.6 We revisit the case d D nC 1D 3, where

(4) T 2 D

��
0 0

0

�
;

�
0 1

0

�
;

�
1 0

1

�
;

�
1 1

1

�
;

�
0 0

1

�
;

�
1 1

0

�
;

�
1 0

0

�
;

�
0 1

1

��
;

and G2 is the group of order 2, with g11 as its nontrivial generating element. We note that G2 has
precisely four fixed points in T 2, represented by the initial four elements in (4). The remaining four
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elements in T 2 form two distinct G2-orbits. Consequently, there are six G2-orbits in total. Remarkably,
each of these orbits corresponds to a unique connected component of U3 n E�C (see Section 2.1). We
elaborate this further in our discussion below.

When d D nC 1D 4, the G3-orbits in T 3 can be found in Table 1.

By [19], the connected components of C�� \C�C are in one-to-one correspondence with the Gn-orbits
in T n. The correspondence can be realized as follows (see [19, Sections 2 and 3] for more details): Let
SnC1 denote the group of all permutations of f1; : : : ; nC 1g, let w0 denote the longest element in SnC1,
and let sk for k D 1; : : : ; n denote the transposition which swaps k and kC 1 in f1; : : : ; nC 1g. The
element w0 can be written as

(5) w0 D .s1s2 � � � sn/.s1s2 � � � sn�1/ � � � .s1s2s3/.s1s2/.s1/:

Corresponding to this (fixed) reduced decomposition of w0, by [1; 17], a generic matrix u 2 Ud D UnC1
can be uniquely factorized as

(6) uD .I C t1nEs1/.I C t2.n�1/Es2/ � � � .I C tn1Esn/.I C t1.n�1/Es1/ � � � .I C t.n�1/1Esn�1
/

� � � .I C t12Es1/.I C t21Es2/.I C t11Es1/;

where tij represents the coefficient of Esi when Esi appears the j th time from right to left in the above
expression, the tij are nonzero real numbers, and Esi denotes the .nC1/ � .nC1/ matrix with only
nonzero entry 1 at the place .i; i C 1/. Using this unique factorization of u, we assign to it the matrix
Mu 2 T

n given by

(7) Mu D

2666664
�11 �21 � � � �.n�1/1 �n1

�12 �.n�1/2� � � � � �
:::� � � � � � �2.n�1/
�1n

3777775 ;
where �ij D 0 if tij > 0 in (6), and �ij D 1 if tij < 0; see [19, Section 2.8].

Lemma 2.7 For a generic matrix u 2 Ud , the matrices Mu and Mu�1 are related by

.Mu�1/ij D .Mu/.nC1�j /.nC1�i/C 1 for all 1� i � j � n:

Proof Suppose that the factorization of u is given by (6) and the corresponding Mu has the expression
given by (7). To obtain an expression for Mu�1 , we first notice

u�1 D .I � t11Es1/.I � t21Es2/.I � t12Es1/ � � � .I � t.n�1/1Esn�1
/ � � � .I � t1.n�1/Es1/.I � tn1Esn/

� � � .I � t2.n�1/Es2/.I � t1nEs1/:

This is not in the order required by the chosen reduced form of w0 in (5); see (6). However, using the
fact that Esi and Esj commute if ji � j j � 2, we can easily put this expression in the desired form (6):
If t 0ij denote the coefficients involved in this expression for u�1, then

t 0ij D�ti.nC1�j /:
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� ��241 1 1

1 1

1

35 240 0 0

0 0

0

35
241 1 0

1 1

1

35 240 0 1

0 0

0

35
241 0 0

1 0

1

35 240 1 1

0 1

0

35
241 0 1

1 0

1

35 240 1 0

0 1

0

35
241 0 0

1 1

1

35 241 1 1

0 0

1

35 241 1 1

1 1

0

35 240 0 1

1 0

1

35 240 0 1

0 1

0

35 240 1 0

1 0

0

35 241 0 0

0 0

0

35 240 1 0

0 1

1

35
240 1 1

0 0

0

35 240 0 0

1 1

0

35 240 0 0

0 0

1

35 241 1 0

0 1

0

35 241 1 0

1 0

1

35 241 0 1

0 1

1

35 240 1 1

1 1

1

35 241 0 1

1 0

0

35
241 0 1

1 1

1

35 241 1 0

0 0

1

35 241 1 0

1 1

0

35 240 0 0

1 0

1

35 240 0 0

0 1

0

35 240 1 1

1 0

0

35 241 0 1

0 0

0

35 240 1 1

0 1

1

35
240 1 0

0 0

0

35 240 0 1

1 1

0

35 240 0 1

0 0

1

35 241 1 1

0 1

0

35 241 1 1

1 0

1

35 241 0 0

0 1

1

35 240 1 0

1 1

1

35 241 0 0

1 0

0

35
241 1 0

0 0

0

35 240 0 0

1 0

0

35 240 0 0

0 1

1

35 241 1 1

1 0

0

35 241 1 1

0 1

1

35 240 0 1

1 1

1

35
240 1 1

1 0

1

35 241 0 1

1 1

0

35 241 0 1

0 0

1

35 240 1 0

0 0

1

35 241 0 0

0 1

0

35 240 1 0

1 1

0

35
241 1 1

0 0

0

35 241 0 0

1 1

0

35 240 0 1

1 0

0

35 241 1 0

1 0

0

35 241 0 1

0 1

0

35 241 1 0

0 1

1

35
241 0 0

0 0

1

35 240 1 0

1 0

1

35 240 0 1

0 1

1

35 240 1 1

1 1

0

35 240 1 1

0 0

1

35 240 0 0

1 1

1

35
Table 1: All the G3-orbits (see Section 2.4). Each table entry represents a single G3-orbit, which
is a collection of upper-triangular matrices comprising only 0’s or 1’s.
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Hence the matrix Mu�1 is derived from Mu through a two-step process: first reflecting it across its
antidiagonal to adjust the indices, and then adding 1 to each entry in the upper-triangular region to
accommodate the sign changes.

To each connected component � of C�� \C�C we associate the set

S� WD fMu j u 2� is genericg � T n:

The vector space T n can be partitioned into subsets of the form S�, and the correspondence �$ S�

is one-to-one. Moreover, by the main theorem of [19], the subsets S� are precisely the orbits of the
Gn-action. Let us define an involution � W T n! T n by

(8) �.M/ij WDM.nC1�j /.nC1�i/C 1 for all 1� i � j � n:

A consequence of Lemma 2.7 is that

(9) �S� D S��:

Thus � is �-invariant if and only if S� is. The first part of the following lemma records this discussion:

Lemma 2.8 Let n 2 N. The involution � W UnC1 ! UnC1 preserves a connected component � of
C�� \C�C if and only if the map � W T n! T n leaves S� invariant.

Further , the involution � has no fixed points in T n. In particular , no singleton Gn-orbits are preserved by �.

The “further” part of the lemma above is verified by noticing that the entries in upper-right corner of
M 2 T n and �.M/ are different.

We identify the dual space .T n/� with the space of n� n upper-triangular matrices with F2-entries so
that, for M 2 T n and M � 2 .T n/�,

(10) hM;M �i D
X
i�j

MijM
�
ij :

We recall the elements Ek 2 T n and Rk 2 .T n/� for k D 1; : : : ; n from [20, Section 2.1],

Ek D
X

s�rDk�1

Ers and Rk D
X

1�r�k�s�n

Ers;

where Ers denotes the matrix whose only nontrivial entry is at the position .r; s/. The subspace of
.T n/� (resp. T n) spanned by the matrices Rk (resp. Ek) is denoted by Dn (resp. In). One checks that
�Ek D

P
i¤k Ei , and hence

(11) �In DIn:

Moreover, note that the matrices Ek are symmetric with respect to the antidiagonal; therefore any element
I 2In D spanfE1; : : : ; Eng is also symmetric with respect to the antidiagonal. Hence

(12) �.I CM/D I C �.M/ for all M 2 T n and I 2In:
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Let D?n � T
n denote the subspace orthogonal to Dn with respect to the standard pairing h � ; � i in (10). A

translation of D?n by a matrix M 2 T n is called a slice. If S � T n is a slice, then its height hS is defined
to be the vector

hS D .hS1 ; : : : ; h
S
n / 2 Fn2 ;

where hS
k
WD hM;Rki 2 F2 and M 2 S is an arbitrary matrix. A straightforward computation using (8)

shows that for any M 2 T n,

h�.M/;RnC1�ki � hM;RkiC k.nC 1� k/ mod 2:

In particular, � sends slices to slices. The following lemma relates the height vectors of S and �S , and
follows from the formula above:

Lemma 2.9 For every slice S � T n and k 2 f1; : : : ; ng,

hSk � h
�S
nC1�kC k.nC 1� k/ mod 2:

Note that D?n is the slice at height zero. Moreover, the correspondence S $ hS is one-to-one. A slice S
is called symmetric if its height vector hS is symmetric with respect to its middle, ie hS

k
D hS

nC1�k
for

all k 2 f1; : : : ; ng. By the Gn-orbit structure theorem [20, Theorem 2.2], every orbit of Gn Õ T n lies in
some slice S � T n.

With the help of Lemmata 2.8 and 2.9, our strategy now is to apply [20, Theorem 2.2] to check if any
Gn-orbit is preserved under the involution �.

2.4 Proof of Theorem 2.4 when d D 4

This case is illustrative, and also does not fit into the discussion of the more general cases below. Here T 3

has 64 elements, and there are twenty G3-orbits, each corresponding to one connected component of
U4 n E�C . The orbits are listed in Table 1; the theorem can be verified directly from the table.

2.5 Proof of Theorem 2.4 when d is odd and d � 7

More precisely, we prove the following:

Proposition 2.10 Let d � 7 be an odd integer.

(i) If d � 3 or 5 mod 8, then the involution � W Ud ! Ud does not preserve any connected component
of Ud n E�C .

(ii) If d � 1 or 7 mod 8, then � preserves 2.dC1/=2 connected components of Ud n E�C .

Note that there are 3 � 2d�1 connected components of Ud n E�C [20].

Let d � 7 be any odd integer. Equivalently, we assume that nD d � 1� 6 is even. Applying Lemma 2.9,
hS
k
D h�S

nC1�k
for all k 2 f1; : : : ; ng. Thus, if S � T n is a nonsymmetric slice, then h�S ¤ hS . Hence �

does not preserve any orbits lying in the nonsymmetric slices.
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However, for every symmetric slice S ,

(13) hS D h�S

or, equivalently, �S D S . Using [20, Theorem 2.2(ii)], every symmetric slice S decomposes into a number
of singleton Gn-orbits and two nonsingleton Gn-orbits of equal sizes. By Lemma 2.8, no singleton
Gn-orbit is preserved under �. So it remains only to check how � acts on the pair of nonsingleton Gn-orbits
in each symmetric slice.

Any symmetric slice can be sent to any other by the action In Õ T n by translations. It has been noted in
the proof of [20, Lemma 6.7] that In Õ T n maps Gn-orbits to Gn-orbits.

Claim 1 If � swaps (resp. preserves) the pair of nonsingleton Gn-orbits in one symmetric slice , then it
swaps (resp. preserves) those for all symmetric slices.

Proof Let S1 and S2 be any two symmetric slices, and let I 2In be a matrix such that I CS1 D S2.
Let S˙1 � S1 denote the distinct nonsingleton Gn-orbits. Then S˙2 WD I C S

˙
1 � S2 are the distinct

nonsingleton Gn-orbits in S2. If �.SC1 /D S
�
1 , then by (12),

�.SC2 /D �.I CS
C
1 /D I C �.S

C
1 /D I CS

�
1 D S

�
2 :

Thus it is enough to understand how � acts on the pair of nonsingleton Gn-orbits in D?n , the symmetric
slice at zero height. Consider the matrix M�n 2 T

n whose only nontrivial entries are the ones contained
in the 2� 2 submatrix at the upper-right corner, and let MCn WD �.M

�
n /. We note that M�n 2 D?n , and

hence so is MCn . Using the description of the Gn-action above, it is easy to observe that the Gn-orbits
S˙n WDGn �M

˙
n are both nonsingleton. Finally, since MCn D �.M

�
n /, we get SCn D �.S

�
n /.

Claim 2 For all even numbers n� 6, SCn \S
�
n D∅ precisely when n� 2 or 4 mod 8.

Proof Letˆn W .T n/�!T n�1 denote the linear map given by sending a matrixM 2 .T n/� toN 2T n�1

such that
Nij DMij CMiC1;j CMi;jC1CMiC1;jC1:

It is proven in [20, Lemma 6.6] that the dual map ˆ�n W .T
n�1/�! T n maps .T n�1/� isomorphically

onto D?n . The dual map ˆ� can be computed by

(14) ˆ�.En�1ij /DEnij CE
n
i;jC1CE

n
iC1;j CE

n
iC1;jC1;

where Ekij denotes the k � k matrix with only nontrivial entry at the position .i; j /, if i � j , or the zero
k � k matrix, otherwise. Let N�n�1 2 .T

n�1/� be the matrix whose only nontrivial entry is contained in
the upper-right corner. Let NCn�1DN

�
n�1CPn�1, where Pn�1 denotes the .n�1/� .n�1/ matrix whose

nontrivial entries are precisely located at the .i; j / such that i � j , and i and j are both odd numbers.
By the description of ˆ� above, it is easy to check that

ˆ�n.N
˙
n�1/DM

˙
n :
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There is a quadratic function

(15) Q W .T n�1/�! F2

defined in [20, Section 5.1] which distinguishes the two nonsingleton orbits. Applying [20, Lemma 5.1],
we get

Q.N�n�1/D 1 and Q.NCn�1/D
1
2
�
1
2
n
�
1
2
nC 1

�
� 1 mod 2:

Note that the quantity 1
2
�
1
2
n
�
1
2
nC1

�
counts the number of 1’s in the matrix Pn�1. ThereforeQ.NCn�1/¤

Q.N�n�1/ exactly in the cases when n� 2 or 4 mod 8. Applying [20, Lemmata 4.3, 5.5 and 6.6], the
claim follows.

Proof of Proposition 2.10 Let nD d � 1.

(i) By the second claim above, for all even integers n� 6 satisfying n� 2 or 4 mod 8, � swaps the pair
of nonsingleton Gn-orbits in D?n . Following the discussion before that claim, we conclude that no orbit
of Gn Õ T n is preserved by �.

(ii) If n� 6 and n� 0 or 6 mod 8, then by the above claim it follows that �SCn D S
�
n D S

C
n . Hence �

preserves the nonsingleton orbits of Gn Õ T n lying in the symmetric slices. Finally, by the first item of
[20, Theorem 2.2(ii)], there are exactly 2n=2C1 such orbits.

2.6 Proof of Theorem 2.4 when d � 4 mod 8 and d � 12

The only remaining case of Theorem 2.4 is as follows:

Proposition 2.11 Let d � 12 be an integer such that d � 4 mod 8. The involution � W Ud ! Ud does not
preserve any connected components of Ud n E�C .

Proof Suppose that nD d � 1� 11 is an odd integer such that n� 3 mod 8. Applying Lemma 2.9, we
observe that the Gn-orbits in the symmetric slices are not preserved, since, for every symmetric slice S ,
hS1 D 1C h

�S
1 . Furthermore, by a similar application of Lemma 2.9 to the nonsymmetric slices S , we

observe that hS ¤ h�S unless hS satisfies

(16) hSk D h
S
nC1�k for all even k and hSk D h

S
nC1�kC 1 for all odd k:

Therefore our discussion reduces to the case of Gn-orbits contained in the nonsymmetric slices whose
height vectors hS satisfy (16); we call such nonsymmetric slices special. By definition, it follows that a
slice S is special if and only if �.S/D S . By [20, Theorem 2.2(i)], every nonsymmetric (in particular,
special) slice decomposes into a pair of orbits of equal sizes.

Claim Any special slice can be brought to any other by the action In Õ T n by translations.

Proof If S and S 0 are any two special slices, then the difference vector hS � hS
0

is symmetric with
respect to the middle. We only need to remark that the image of the map h W In! Fn2 which sends a
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matrix M 2 In to the vector .hM1 ; : : : ; h
M
n / 2 Fn2 , where hM

k
WD .M;Rk/ 2 F2, consists of all vectors

h 2 Fn2 which are symmetric with respect to the middle.

Since � preserves the orbit structure of the action In Õ T n (by (12)), and the action In Õ T n preserves
the Gn-orbit structure of the slices, by the above claim, it is enough to understand the involution � W S! S

on only one special slice S . Let Sn denote the special slice at height

Nhn D . 1; 0; 1; 0; : : : ; 1„ ƒ‚ …
first .n�1/=2 entries

; 0; : : : ; 0/ 2 Fn2 :

Note that Nhn satisfies (16). Let M�n 2 Sn � T
n denote the diagonal matrix whose diagonal entries are

given by the vector Nhn, and let MCn WD �.M
�
n /. Let S˙n WDGn �M

˙
n � Sn.

Define a map f W T n! T nC1 by sending a matrix M to the matrix f .M/2 T nC1 obtained by appending
the transpose of the vector

.1; : : : ; 1„ ƒ‚ …
.nC1/=2

; 0; : : : ; 0/ 2 FnC12

to M as the last column. By a direct calculation of the height, we observe that f .Sn/�D?nC1. Moreover,
by definition of the Gn-action, it follows that f .S�n / (and similarly f .SCn /) are contained in a nonsingleton
GnC1-orbit in D?nC1. Therefore it is enough to show that f .S�n / and f .SCn / lie in two different GnC1-
orbits. Recall that Q ı .ˆ�nC1/

�1, where Q W .T n/�! Fn2 is the quadratic function in (15), distinguishes
between the pair of nonsingleton GnC1-orbits in D?nC1. LetN˙n 2 .T

n/� denote the n�nmatrices given by

.N�n /ij D

�
1 i � j; i is odd and i � 1

2
.nC 1/;

0 otherwise;

.NCn /ij D

8<:
1 i � j; i and j are both odd and i � 1

2
.nC 1/;

1 i � j; i is odd, j is even and i � 1
2
.nC 1/;

0 otherwise:

Using the description of the dual map ˆ�n in (14), one checks that f .M˙n /Dˆ
�
n.N

˙
n /. With the help of

[20, Lemma 5.1], we obtain that (modulo 2) the quantity Q.N�n / counts the number of nontrivial rows in
N�n , whereas Q.NCn / counts the number of 1’s in Q.NCn /; since n is of the form 8mC 3,

Q.N�n /D 1 and Q.NCn /D 0:

Remark 2.12 Most of the discussion in the above proof applies to the case when d is divisible by 8,
except that in this case Q.N˙

d�1
/ are both zero.

3 Proof of Theorem A

We first need the following lemma:

Lemma 3.1 Let d be any natural number satisfying (1), and let � be any connected component of
C�� \C�C . Then �C … u�� for every � 2�.

Geometry & Topology, Volume 29 (2025)



188 Subhadip Dey

Proof The equivalent statement that u�1� �C …� for every � 2� follows directly from Theorem 2.4.

Proof of Theorem A Suppose that d 2 N is any number satisfying (1), and let � be a connected
component of Fd n .E�C [E��/. Let � 2� be any point. Pick a continuous path ut , for t 2 Œ0; 1�, in Ud
from the identity element to u� . The set E D

S
t2Œ0;1� utE�C D

S
t2Œ0;1� Eut�C is compact and does not

contain ��. Let Br.��/ denote the closed ball in Fd centered at �� (with respect to some background
metric on Fd compatible with the manifold topology) of radius r > 0 small enough that it does not
intersect E . We show that

(17) .Br.��/\�/� u��:

By our choice of the radius r , any point O� 2 Br.��/\� is antipodal to �� and ut�C, for all t 2 Œ0; 1�.
Equivalently, for all t 2 Œ0; 1�, u�1t O� , is antipodal to �� and �C. Therefore we obtain a path u�1t O� , for
0� t � 1, from O� to u�11 O� which lies completely in a single connected component of C�� \C�C . Since,
by assumption, O� 2�, we must have u�11 O� 2�. Hence O� 2 u1�D u��.

Now we can complete the proof of the theorem. Let c W Œ�1; 1�!Fd be a continuous path such that

c.˙1/D �˙ and c..�1; 1//��:

Then, by (17), there exists t0 2 .�1; 1/ such that

(18) c.t/ 2 u�� whenever � 1� t � t0:

However, by Lemma 3.1, �C … u��. Since �C is antipodal to both �� and � , �C … u��, where �
denotes the closure of � in Fd . Therefore there exists t1 2 .t0; 1/ such that

(19) c.t/ … u�� whenever t1 � t � 1:

By (18) and (19), c.Œt0; t1�/ must intersect the boundary @.u��/ of the subset u�� in Fd . Note that the
boundary of u�� is contained in E�� [ E� , because

@.u��/D u� .@�/� u� .E�� [ E�C/D E�� [ E� :

Furthermore, under our hypothesis, c..�1; 1//\ E�� D∅, and so

c.Œt0; t1�/\ E� ¤∅:

4 Proofs of Theorems C and F

We first prove Theorem C. The proof of Theorem F is similar and given afterwards.

Proof of Theorem C Suppose that d 2N is as in the hypothesis. By definition, since � is a B-boundary
embedded subgroup of SL.d;R/, � is a hyperbolic group. Furthermore, since � is finitely generated,
appealing to the Selberg lemma, we know that � is virtually torsion-free. After passing to a subgroup
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of finite index, we may (and will) assume that � is torsion-free. Then, by the Stallings decomposition
theorem, � is isomorphic to a free product

(20) � D Fk ?�1 ? � � �?�n;

where Fk is a free group of rank k � 0, and the �j are one-ended hyperbolic groups for n� 0. Supposing
� is not free gives n� 1. We show that for k D 0 and nD 1, �1 is a surface group.

The subgroup �1 is naturally B-boundary embedded in SL.d;R/: Let � W @1�!Fd denote a (fixed)
�-equivariant antipodal embedding, and let �1 denote the composition

@1�1 ,! @1�
�
�!Fd :

Then �1 W @1�1!Fd is a �1-equivariant antipodal embedding.

Lemma 4.1 If yG is a one-ended hyperbolic group then there exists a topological embedding i WS1!@1 yG.

Proof Such embedded circles can be constructed either by a direct topological argument, by using the
fact that boundaries of one-ended groups are locally connected and without any global cut points (see
Swarup [21]) or by using Bonk and Kleiner’s [3, Corollary 2].

Let i W S1! @1�1 be a topological embedding, and define

c WD �1 ı i W S
1
!Fd :

Then c is an antipodal map. Define

Ec WD
[
x2S1

Ec.x/ �Fd :

We show that @1�1 D i.S1/, ie @1�1 is homeomorphic to a circle: Suppose to the contrary that
@1�1 © i.S1/. Consider a sequence of points .yn/ in @1�1 n i.S1/ which converges to some point
y 2 i.S1/. Then �1.yn/! �.y/ as n!1. Since �1 is antipodal, �1.yn/ … Ec . However, by Corollary B,
the image of c is contained in the interior of Ec , giving a contradiction.

Since @1�1 is homeomorphic to a circle, �1 is isomorphic to a surface group due to the deep work by
Tukia, Gabai, Freden, Casson and Jungreis; see the survey by Kapovich and Benakli [12, Theorem 5.4].

Finally, we show that �D�1 in (20): Suppose, to the contrary, that �n�1 is nonempty. Then @1�n@1�1
is also nonempty (for example, the fixed points in @1� of any element 
 2 � n�1 lie outside @1�1).
Let z 2 @1� n @1�1 be an arbitrary point, and let 
1 2 �1 be a nontrivial element. Then .
n1 z/n2N

is a sequence in @1� n @1�1 accumulating in @1�1 Š S1. By a similar argument as in the previous
paragraph, we obtain a contradiction.
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Proof of Theorem F If the image of c W S1 ! @1Z is not open, then there exists a sequence .zn/
in @1Z outside c.S1/ converging to a point z 2 c.S1/. Suppose, to the contrary, that there exists a
uniformly regular quasi-isometric embedding f W Z ! Xd , where d satisfies (1). Since Z is locally
compact, by [15, Theorem 1.2], f admits a continuous extension

Nf WZ!Xd tFd ;

where Z is the compactification of Z by attaching the Gromov boundary @1Z, such that the restriction
Nf j@1Z W@1Z!Fd is an antipodal map. As a consequence of continuity, the sequence . Nf .zn// converges

to Nf .z/. However, due to the antipodality of the map Nf j@1Z , . Nf .zn//must remain antipodal to Nf .c.S1//.
This is a contradiction since Corollary B asserts that Nf .c.S1// is locally maximally antipodal.

5 Some further remarks

Suppose that d is any natural number satisfying (1). Recall that, by Corollary B, antipodal circles ƒ in
Fd are locally maximally antipodal. The following result shows that, if such a circle ƒ is the limit set of
some Borel Anosov subgroup of SL.d;R/, then ƒ is maximally antipodal, ie[

�2ƒ

E� DFd :

Proposition 5.1 Let d be any natural number satisfying (1). If � <SL.d;R/ is a Borel Anosov subgroup
which is isomorphic to a surface group , then its flag limit set ƒ is a maximally antipodal subset of Fd .

Proof Suppose, to the contrary, that there exists a point O� 2 Fd antipodal to every point in ƒ. Let

 2 � be any hyperbolic element with attracting/repelling points �˙ 2ƒ. Then 
k O� ! �C as k!1.
However, since 
 preserves ƒ, 
k O� remains antipodal to ƒ for all k 2N. Since ƒ is homeomorphic to a
circle, by Corollary B, ƒ is locally maximally antipodal in Fd , and so we get a contradiction with the
preceding two sentences.

We prove the following statement, answering a question asked by Hee Oh, which was motivated Oh and
Edwards [8, Theorem 5.2], where the authors mention knowing the result for d D 3 or when d is even;
see Remark 5.4(4) in that paper.

Proposition 5.2 Let d � 2 be any natural number. The image in Fd of the equivariant limit maps
corresponding to the Hitchin representations of surface groups into PSL.d;R/ for d � 2 are maximally
antipodal subsets.

Proof By Proposition 5.1, this result is true for all d covered under the hypothesis of Proposition 5.1.

In any case, for all d � 2 it is enough to verify that ƒ is locally maximally antipodal in Fd (see the
proof of Proposition 5.1): By Fock and Goncharov [9], the Hitchin representations are characterized
by �-equivariant positive limit maps � W @1�!Fd . Let x�; x; xC 2 @1� be any distinct points, and
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let �˙ WD �.x˙/ and � WD �.x/. Then the configuration of flags .��; �; �C/ in Fd is positive, ie with
an appropriate identification of Ud with the unipotent radical in the stabilizer of �� in PSL.d;R/ there
exists a totally positive matrix u 2Ud such that � D u�C. Such a matrix u corresponds to the zero matrix
02T d�1.F2/; see (6) and (7). By Lemma 2.8, the involution � does not preserve the connected component
�C
d

of C�� \C�C corresponding to 0, since 0 is a Gd�1-fixed point for the action Gd�1 Õ T d�1; see
Section 2 for these notions. Therefore, for all d � 2, Lemma 3.1, and hence Theorem A, hold for the
specific component �C

d
. Following the proof of Corollary B, one verifies that ƒ is a locally maximally

antipodal subset of Fd .
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Global Brill–Noether theory over the Hurwitz space

ERIC LARSON

HANNAH LARSON

ISABEL VOGT

Let C be a curve of genus g. A fundamental problem in the theory of algebraic curves is to understand
maps C!P r of specified degree d . When C is general, the moduli space of such maps is well understood
by the main theorems of Brill–Noether theory. Despite much study over the past three decades, a similarly
complete picture has proved elusive for curves of fixed gonality. Here we complete such a picture, by
proving analogs of all of the main theorems of Brill–Noether theory in this setting. As a corollary, we
prove a conjecture of Eisenbud and Schreyer regarding versal deformation spaces of vector bundles on P1.
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1 Introduction

The notion of a (complex) algebraic curve without reference to an embedding in projective space was
developed in the 19th century. Ever since, a fundamental problem in algebraic geometry — whose study
goes back at least to [Riemann 1851] — has been:

Question Given an algebraic curve C, what is the geometry of the space of maps C ! P r of given
degree d?
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194 Eric Larson, Hannah Larson and Isabel Vogt

The data of such a map is equivalent to a line bundle L on C of degree d , equipped with an .rC1/-
dimensional basepoint-free space of sections V �H 0.C;L/. A central object of study is therefore the
Brill–Noether locus W r

d
.C / defined by

W r
d .C / WD fline bundles L on C with h0.C;L/� r C 1g � Picd .C /:

When C is a general curve of genus g, the fundamental results of Brill–Noether theory from the 1970s
and 1980s give a good description of the geometry of W r

d
.C /. Namely, W r

d
.C / is

(1) of the expected dimension �D g� .rC1/.gC r �d/ and nonempty if and only if �� 0 [Griffiths
and Harris 1980];

(2) normal and Cohen–Macaulay, and is smooth away from W rC1
d

.C / [Gieseker 1982];

(3) of class

ŒW r
d .C /�D

rY
˛D0

˛Š

.g� d C r C˛/Š
� � .rC1/.g�dCr/

(independently by [Kempf 1971; Kleiman and Laksov 1972]);

(4) irreducible if � > 0 [Fulton and Lazarsfeld 1981];

(5) reducible if � D 0, by (3), except if .d; r/ D .0; 0/ or .d; r/ D .2g � 2; g � 1/; nonetheless,
when � � 0, the universal Wr

d
has a unique irreducible component dominating the moduli space of

curves [Eisenbud and Harris 1987].

The local results (1) and (2) are substantially simpler; in fact, there are even short proofs of them that
do not use degeneration [Lazarsfeld 1986]. While the original proofs assume that the base field has
characteristic zero, parts (1)–(4) have subsequently been established in positive characteristic [Osserman
2014; 2019; Castorena et al. 2018; Jensen and Payne 2014]. By contrast, the only known proof of the
most subtle global result, part (5), uses degeneration and is valid only in characteristic zero. Part (5) in
positive characteristic will be a consequence of our main theorem (see Remark 1).

However, in nature, curves C are often encountered already equipped with a map C ! P r0 . It is thus
natural to ask how the presence of a given map C ! P r0 — which may force C to not be general —
affects the moduli spaces of other maps C ! P r . The simplest case of this problem is when r0 D 1, ie
when C is general among curves of fixed gonality k. Unsurprisingly, therefore, the following question
has received much attention from the 1990s to the present day:

Question 1.1 Given a general degree k genus g cover f W C ! P1, what is the geometry of W r
d
.C /?

For k D 2; 3, classical results answer this question (in fact for every curve of genus g): the case of
hyperelliptic curves is a famous result of [Clifford 1878]; the case of trigonal curves was answered
by [Maroni 1946] (for further interpretations see also [Martens and Schreyer 1986; Larson 2021a]).
Partial progress has been made when k D 4 [Coppens and Martens 2000], and when k D 5 [Park 2002].
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Upper bounds on the dimension of W r
d
.C / were given for odd k by [Martens 1996] and for arbitrary k

by [Ballico and Keem 1996]. Moreover, for arbitrary k, the dimension of all components of W 1
d
.C /

were determined by Coppens, Keem and Martens [Coppens et al. 1994]. Later, Coppens and Martens
[1999] showed that W r

d
.C / has a component of the expected dimension � when d �g < r � k� 2, and

then [2002] that W r
d
.C / has components of the “wrong dimension” �.g; ˛� 1; d/� .r �˛C 1/k for ˛

dividing r or rC 1. Pflueger [2017] proved that a maximum over formulas of this type provides an upper
bound

(1) dimW r
d .C /� �k.g; r; d/ WD max

`2f0;:::;r 0g
�.g; r � `; d/� `k;

where r 0 WDminfr; g� d C r � 1g. The value where the above maximum is attained need not satisfy the
divisibility conditions of Coppens and Martens. Nevertheless, Jensen and Ranganathan [2021] proved
that equality holds in (1), determining the dimension of the largest component.

Subsequently, H Larson [2021b] and Cook-Powell and Jensen [2022a, Conjecture 1.2] independently
conjectured that these multiple components of varying dimensions are explained by splitting loci. Indeed,
if f W C ! P1 is a k-gonal curve, the condition h0.C;L/� r C 1 is equivalent to h0.P1; f�L/� r C 1.
The Brill–Noether locus W r

d
.C / therefore splits into a union of Brill–Noether splitting loci W Ee.C /

corresponding to the possible splitting types Ee of the pushforward. Namely, if Ee D .e1; : : : ; ek/ is a
splitting type, then write O.Ee/ WD OP1.e1/˚ � � �˚OP1.ek/, and define

W Ee.C /D fline bundles L on C with f�L' O.Ee/ or a specialization thereofg � Picd .C /:

In this language,
W r
d .C /D

[
h0.O.Ee//�rC1

W Ee.C /:

It thus natural to ask whether the splitting type is the only discrete invariant, or more specifically whether
the Brill–Noether splitting loci W Ee.C / satisfy analogs of (1)–(5). So far, there has been substantial
progress towards the simpler local aspects: An analog of (1) is known, and there has been progress
towards analogs of (2) and (3). Namely, it is known that W Ee.C / is

(10) of the expected dimension �0 WD g � u.Ee/, where u.Ee/ WD h1
�
End.O.Ee//

�
D
P
ei<ej

ej � ei � 1,
and nonempty if and only if �0 � 0 (independently by Larson [2021b] and Cook-Powell and Jensen
[2022a; 2022b]);

(20ı) smooth away from the union of W Ee
0

.C / for Ee0 a specialization of Ee [Larson 2021b];

(30ı) of class

ŒW Ee.C /�D
N.Ee/

u.Ee/Š
� �u.Ee/

for some unknown integer N.Ee/ depending on Ee but not on g [Larson 2021b].
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With the exception of (30ı) above — which follows from a structure theorem on the Chow ring of the moduli
stack of vector bundles on P1 obtained in [Larson 2021c] — the principal tool in the study of W Ee.C /
thus far has been degeneration: given an element of W Ee.C / on a general smooth k-gonal curve, one can
study the limiting behavior as the curve C is specialized. The central difficulty with this approach has
been the lack of a “regeneration theorem”: Given the sort of object that looks like it might be a limit,
we had no way of showing that it was indeed a limit. Thus, “local” information about the loci W Ee.C /
(smoothness, dimension, etc) was accessible via degeneration, but the more subtle “global” information
(irreducibility, class, etc) remained inaccessible.

The central innovation of the present paper is to establish such a regeneration theorem, thus enabling
a degenerative study of global information about W Ee.C /. As a consequence, we obtain the following
results, which provide the first complete answer to Question 1.1:

Theorem 1.2 Suppose that the characteristic of the ground field is zero or greater than k. Let f WC !P1

be a general degree k cover of genus g, and let Ee be any splitting type.

(20) W Ee.C / is normal and Cohen–Macaulay, and is smooth away from the union of the splitting loci
W Ee
0

.C /�W Ee.C / having codimension 2 or more.

(30) The integers N.Ee/ can be described in terms of a well-studied problem in the theory of Coxeter
groups (see Theorem 1.4 below for a more precise statement).

(40) W Ee.C / is irreducible when �0 > 0.

(50) When �0 � 0, the universal WEe has a unique component dominating the Hurwitz space Hk;g of
degree k genus g covers of P1.

See Remark 1 for more details on the characteristic assumptions.

In particular, this theorem establishes that the splitting type is the only discrete invariant in the Brill–
Noether theory of k-gonal curves and resolves [Cook-Powell and Jensen 2022a, Conjecture 1.2; 2022b,
Conjecture 1.6].

Theorem 1.2(20) also implies a conjecture of Eisenbud and Schreyer regarding the equations of splitting loci
on versal deformation spaces. Suppose Ee0� Ee; let F on P1�Def.O.Ee0// be the versal deformation of O.Ee0/.
The subscheme †Ee � Def.O.Ee0//, defined by the Fitting support for rkR1��F.m/ � h1.P1;O.Ee/.m//,
is clearly supported on the splitting locus for splitting type Ee or worse. Eisenbud and Schreyer [2008,
Conjecture 5.1] conjecture that †Ee is reduced.

Corollary 1.3 The splitting locus †Ee is normal and Cohen–Macaulay (and hence reduced ).

Proof Let f W C ! P1 be a general cover of genus g � u.Ee0/ and let L 2W Ee
0

.C /. By [Larson 2021b],
the induced map from Picd .C / near L to Def.f�L/D Def.O.Ee0// is smooth. Thus, the fact that W Ee.C /
(whose scheme structure shall be defined by the appropriate Fitting supports) is normal and Cohen–
Macaulay implies †Ee is normal and Cohen–Macaulay.
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1.1 Further explanation of (30)

Let W be a Coxeter group with generating set S, and let w 2W be an element. Define

R.w/ WD number of reduced words for .W; S/ equal to w:

Determination of the integers R.w/ is a well-studied problem in combinatorics, starting with Stanley’s
computation [1984] of R.w/ for Coxeter groups of type A (ie the symmetric groups), and his proposal
for a systematic study of R.w/ for other Coxeter groups. This problem has since been solved completely
for other finite Coxeter groups — including of type B by [Haiman 1992], and of type D by [Billey and
Haiman 1995] — and partial progress has been made for some infinite Coxeter groups [Eriksson 1996;
Fan 1998; Fan and Stembridge 1997; Stembridge 1996; 1997; 1998].

Of particular relevance to us are the Coxeter systems of type zA, known as affine symmetric groups.
Explicitly, these are groups generated by elements sj with j 2 Z=kZ, subject to relations

s2j D 1; sj sj 0 D sj 0sj if j � j 0 ¤˙1; and .sj sjC1/
3
D 1:

Alternatively, elements of the affine symmetric group can be realized as permutations f WZ!Z such that

f .xC k/D f .x/C k and
kX
xD1

f .x/D

kX
xD1

x D 1
2
k.kC 1/I

here sj corresponds to the simple transposition defined by

f .x/D

8<:
xC 1 if x � j mod k,
x� 1 if x � j C 1 mod k,
x otherwise.

For the affine symmetric group, Eriksson [1996] gave recursive formulas for R.w/ and showed that, for
fixed k, the generating function for R.w/ is rational.

We relate the components of the Brill–Noether splitting locus on the central fiber to reduced words in
the affine symmetric group. As a consequence of our regeneration theorem, the count of points (when
�0 D 0) on the general fiber is equal to the count on the central fiber. Therefore we obtain:

Theorem 1.4 Given a splitting type Ee, define w.Ee/ to be the affine symmetric group element that sends
(for 1� `� k)

` 7! �.O.Ee/.�ekC1�`//� #f`0 W e`0 � ekC1�`gC #f`0 W `0 � kC 1� ` and e`0 D ekC1�`g:

Then

N.Ee/DR.w.Ee//:
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In particular, the integers N.Ee/ grow rapidly, and may be easily computed in any desired case using
Eriksson’s recursions mentioned above. For example, N.2; 7; 18; 18; 28; 28/ is the integer

25867977167969459670048709047628541850991022718608668059259099938720� 2:6 � 1067:

One can also check that the description of N.Ee/ in Theorem 1.4 agrees with the conjectural value of N.Ee/
proposed by Cook-Powell and Jensen [2022b, Conjecture 1.6], and hence proves this conjecture.

1.2 Overview of techniques

The degeneration we will use is to a chain of elliptic curves, as described in Section 2. In Section 3, we
identify the sorts of objects that look like they might be a limit of line bundles in W Ee.C /; we call these
Ee-positive limit line bundles.

This locus of Ee-positive limit line bundles has an intricate combinatorial structure: In Section 4, we show
that its components are in bijection with certain fillings of a certain Young diagram �.Ee/. In Section 5,
we relate these fillings to the reduced word problem for the affine symmetric group. As a preview, for
example, the splitting type Ee D .�2; 0; 0; 2/ corresponds to the Young diagram

w.Ee/ WD

8̂̂̂<̂
ˆ̂:
1 7! �4

2 7! 2

3 7! 3

4 7! 9

corresponds
to

h
1
.O

P
1
.
Ee
/.
�
2
// h1.OP1 .Ee//

h0.OP1 .Ee//

h0.OP1 .Ee/.�1//

When g D u.Ee/D 7, there are six Ee-positive limit line bundles on the central fiber, corresponding to six
fillings, one of which is shown below:

h
1
.O

P
1
.Ee
/.
�
2
// 1 3 4 6 7

2 7
4
5
7

w.Ee/D s4s3s1s2s1s3s4
corresponds

to

We then prove our regeneration theorem, which is the heart of the paper since it provides the bridge
between the combinatorics of the central fiber and the geometry of the general fiber. Because the
components of W r

d
have the “wrong” dimension, naively applying the techniques used by Eisenbud and

Harris [1986] to prove their regeneration theorem necessarily produces too many equations. Our key
insight is that the combinatorial structure coming from the affine symmetric group forces the limit linear
series associated to a general Ee-positive limit line bundle to “break up” into minimally interacting pieces
that can be regenerated almost independently. This allows us to avoid overcounting equations, and prove
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a regeneration theorem in Section 6. However, this “breaking up” happens a priori only set-theoretically.
We then upgrade this to a scheme-theoretic regeneration theorem in Section 7 by showing that the locus
of Ee-positive limit line bundles on the central fiber is reduced.

Having established the regeneration theorem, we then deduce the fundamental global geometric properties
of Brill–Noether splitting loci in Sections 8–10.

Remark 1 (on our ground field) Since the conclusion of Theorem 1.2 is geometric, we suppose for the
remainder of the paper that our ground field K is algebraically closed.

The assumption that the characteristic of K is zero or greater than k is used only to guarantee the
irreducibility of Hk;g (as proved by Fulton [1969]), and hence to be able to state Theorem 1.2 in terms of
a “general” degree k cover. However, in any characteristic, the conclusions of Theorem 1.2(20)–(40) hold
for some component of Hk;g . In particular, Corollary 1.3 requires no hypotheses on the characteristic.

Moreover, in any characteristic not dividing k, the conclusion of Theorem 1.2(50) holds for some component
of Hk;g . In particular, taking k large relative to g and not divisible by the characteristic, Theorem 1.2(50)
implies part (5) of the classical Brill–Noether theorem in positive characteristic.

The paper is organized so that characteristic assumptions are made as late as possible. All of Sections 2–9
make no assumptions on the characteristic of the ground field. Section 10 assumes that the ground field
has characteristic not dividing k.

Remark 2 (on Hurwitz spaces) Our arguments show the a priori stronger statement that there exists a
smooth degree k cover f W C ! P1 with two points of total ramification satisfying (20)–(40). Moreover,
in (50), the Hurwitz space can be replaced with a component of the stack Hk;g;2 parametrizing degree k
genus g covers of P1 with two marked points of total ramification (see Definition 10.2).
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2 Our degeneration

We will prove Theorem 1.2 via degeneration to a chain X DE1[p1 E
2[p2 � � � [pg�1 E

g of g elliptic
curves:

p0 p1 p2 pg�1 pg
E1 E2 E3 Eg�1 Eg

Let f i W Ei ! P1 be degree k maps. Pasting these maps together, we get a map f W X ! P, where P
denotes a chain of g rational curves, attached at points qi D f .pi /:

q0 q1 q2 qg�1 qg
P1 P1 P1 P1 P1

If all the f i are totally ramified at pi�1 and pi , then the theory of admissible covers implies that f is a
limit of smooth k-gonal curves. (The theory of admissible covers was developed by Harris and Mumford
[1982] in characteristic zero; see also [Liu 2003, Section 5] for a characteristic-independent proof of this
fact.) In other words, there is a map f W X! P between families of curves of genus g and 0, respectively,
over the base B D SpecKŒŒt �� such that the general fiber of f is a smooth k-gonal curve and the special
fiber of f is f. Moreover, we may suppose that the total space X is smooth, that P!B is the base change
of a family P0! B0 with smooth total space via a map ˇ W B! B0, and that f is totally ramified along
sections p0 and pg of C! B whose special fibers are p0 and pg , respectively.

A map f i WEi!P1 of degree k and totally ramified at pi�1 and pi exists if and only if pi�pi�12PicEi

is k-torsion. To keep things as generic as possible, we therefore suppose for the remainder of the paper
that pi �pi�1 has order exactly k in PicEi .

Remark 3 (on “general” degree k covers) By a general degree k cover, we mean one in a component
of Hk;g containing the above deformation of X. When the characteristic of the ground field is zero or
greater than k, Hk;g is irreducible [Fulton 1969], so such a component is the entire Hurwitz space.

3 Limits of line bundles

In this section, let f W C! P! B be a family of degree k genus g covers, over a smooth irreducible
base B, which is smooth over the generic point B�, and has smooth total space C. (Prior to Section 10,
the only case of interest will be when B is the spectrum of a DVR.) We suppose that all fibers (including
over nonclosed points) of C! B are chain curves, ie of the form C 1[p1 [ � � � [pn�1 C

n, with all C i
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smooth. (The integer n will depend on which fiber we consider.) Equivalently, all geometric fibers of
C! B are chain curves, and these chain curves can be oriented (ie the two ends can be distinguished)
in a way which is consistent over B. This second condition holds, in particular, if C! B has a section
whose value at any geometric point C 1[p1 [ � � � [pn�1 C

n is supported in C 1 X fp1g (which allows us
to consistently pick which end of the chain is “left” and “right”).

Similarly, we suppose that all fibers of P! B are chain curves with all components P i ' P1, and that
the map f W C!P respects this structure. Finally, we suppose that, for each fiber the maps f i W C i ! P i

are totally ramified at the nodes pi�1 and pi (note that this condition is vacuous if C is smooth).

Note that such covers include our degeneration X!P!B from the previous section as the special case
where B is the spectrum of a DVR and all C i have genus 1. Similarly, this includes P0

��!P0! B0 as
the special case where all C i have genus 0.

In this section, we address the following two fundamental questions:

(1) Suppose L� is a line bundle of degree d on the generic fiber C� D C�B B
�. What data do we

obtain on a special fiber over b 2 B?

(2) If f�L� has splitting type Ee, what conditions must this data on a special fiber satisfy?

These questions are local on B. Shrinking B if necessary, we may suppose that every component of the
singular locus � of f meets the fiber over b 2 B. In other words, writing

C D C�B b D C
1
[p1 [ � � � [pn�1 C

n;

every component of � contains some pi .

We now turn to Question (1) above. Since C is smooth, we may extend L� to a line bundle L on C.
However, this extension is only unique up to twisting by divisors on C that do not meet the generic fiber,
ie which do not dominate B. We now describe a basis for such divisors.

Since C!B is a family of chain curves, each component of � contains at most one pi . Because C!B

is a family of nodal curves, f W�!B is unramified. Moreover, because the versal deformation space of a
node is SpecKŒŒx; y; t ��=.xy � t /! SpecKŒŒt ��, and the total space C is smooth, the image under f of
any component of � is a smooth divisor in B. Consequently, � is smooth of codimension 2 in C. Thus,
each pi is contained in a unique component �i .

Putting this together, there are exactly n� 1 components of �, one containing each node of C. Label
these components �1; �2; : : : ; �n�1 so that �i contains pi .

Consider any component S of f.�/, and let fi1; i2; : : : ; im.S/g denote the set of i such that f.�i /D S.
(As we range through all components of f.�/, these sets form a partition of f1; 2; : : : ; ng.) Then, because

Geometry & Topology, Volume 29 (2025)



202 Eric Larson, Hannah Larson and Isabel Vogt

C!B is a family of chain curves, f�1.S/D S1[S2[� � �[Sm.S/C1 has exactly m.S/C1 components,
meeting pairwise along the �ij :

C

�im.S/

�i2

�i1

: : :
:::

S1

S2

S3

Sm.S/

Sm.S/C1

†i2

bS

B

As shown in the above diagram, these components are indexed so that

Sj \C D

8<:
C 1[ � � � [C i1 if j D 1,
C im.S/C1[ � � � [C n if j Dm.S/C 1,
C ij�1C1[ � � � [C ij otherwise.

and Sj \Sj 0 D

�
�ij if j 0 D j C 1,
∅ if j 0 > j C 1.

For 1� j �m.S/, we define

†ij D S1CS2C � � �CSj ; which satisfies †ij \C D C 1CC 2C � � �CC ij :

By construction, every divisor on C supported on f�1.S/ is a unique linear combination of the †ij

and f�1.S/. Repeating this construction for every component S of f.�/, we will have defined divisors
†i for all 1� i � n� 1.

Example 3.1 When B is the spectrum of a DVR and b is the special fiber, †i D C 1CC 2C � � �CC i .

Now suppose that D is any irreducible divisor such that f.D/ is a divisor on B not contained in f.�/.
Then the generic fiber of C over f.D/ is irreducible, so D is a multiple of f�1.f.D//. Putting this together,
we learn that any divisor on C that does not dominate B can be written uniquely as a linear combination
of the †i and the pullback of a divisor on B.
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Note that twisting by the pullback of a divisor on B does not change LjC , and that twisting by the †i

changes the LjC j as follows:

(2) L.†i /jC j '

8<:
LjC j .�p

i / if j D i ,
LjC j .p

i / if j D i C 1,
LjC j otherwise.

In particular, for any degree distribution Ed D .d1; d2; : : : ; dn/ with d D
P
d i , there is an extension L Ed

of L� to C such that L Ed jC has degree Ed (ie has degree d i on C i ), which is unique up to twisting by
the pullback of a divisor on B. Moreover, any one extension L Ed determines all other extensions (up to
pullbacks of divisors on B) via the above relation.

Restricting to the fiber C over b, we conclude that for each such degree distribution Ed , there is a unique
limit L Ed WD L Ed jC of degree Ed . Moreover, any one limit L Ed determines all other limits via repeatedly
applying the relation

(3) L.d1;d2;:::;d iC1;d iC1�1;:::;dg/jC j '

8<:
L.d1;d2;:::;dg/jC j .p

i / if j D i ,
L.d1;d2;:::;dg/jC j .�p

i / if j D i C 1,
L.d1;d2;:::;dg/jC j otherwise.

The following definition thus encapsulates the data we obtain on any fiber:

Definition 3.2 Let

Picd C WD
G

Ed W
P
d iDd

Pic
Ed C

.
�;

where � denotes the equivalence relation generated by (3). We call elements L of Picd C limit line
bundles of degree d , and write L Ed for the corresponding line bundle on C of degree Ed .

If D D C i [C iC1[ � � � [C j � C is any connected curve, we write LD for the “restriction of L to D
as a limit line bundle of degree d”. More formally, for any degree distribution .d i ; d iC1; : : : ; d j / on D
with d i C d iC1C � � �C d j D d , we have

.LD/j.d i ;d iC1;:::;dj / D L.0;:::;0;d i ;d iC1;:::;dj ;0;:::;0/jD:

For ease of notation when C DX (respectively C D P ) is our chain of g elliptic (respectively rational)
curves, we set Li DLE

i

(respectively Li DLP
i

). These are limit line bundles on smooth curves, which
are just ordinary line bundles.

In other words, if we fix a degree distribution Ed with
P
d i D d , then we have a natural isomorphism

Picd C ' Pic Ed C ; but Picd C exists without fixing a degree distribution (although its elements do not
then yet correspond naturally to line bundles on C ). Note that Picd C is a torsor for Picı C '

Q
Pic0 C i ,

and that there are natural tensor product maps Picd1 C �Picd2 C ! Picd1Cd2 C.
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Example 3.3 Consider the family appearing in Section 2. When L� D OC�.m/ WD f�OP�.m/, we obtain
limit line bundles OC .m/. These can be described in terms of the geometry of the central fiber alone: for
instance, if we fix the degree distribution .mk; 0; : : : ; 0/, we have

OC .m/.mk;0;:::;0/jC i D

�
OC1.m/ WD .f

1/�OP1.m/ if i D 1,
OC i otherwise.

By slight abuse of notation, we write OP.m/
i WD ž�OP0.m/

i , where žW P! P0 is the base change of
ˇ W B! B0 appearing in Section 2.

This then provides an answer to the first question posed at the beginning of the section: To a line bundle
L� on C� on the generic fiber, we can associate a limit line bundle L of degree d on C.

We now turn to the second question: Suppose that f�L� has splitting type Ee. What can we say about the
associated limit line bundle L? First of all,

�.L/D �.L�/D �.P1;OP1.Ee//;

and so

(4) d D g� 1C�.P1;OP1.Ee//:

Moreover, since L� has splitting type Ee,

(5) h0.C�;L�.m//D h0.P1;OP1.Ee/.m//D

kX
`D1

max.0; e`CmC 1/ for any m:

By semicontinuity, the limit line bundle L therefore satisfies

(6) h0.C;L.m/ Ed /�

kX
`D1

max.0; e`CmC 1/ for any degree distribution Ed with
nX
iD1

d i D d Cmk:

The following definition thus encapsulates the conditions our data on the central fiber must satisfy:

Definition 3.4 We say that a limit line bundle L 2 Picd .C / is Ee-positive if it satisfies (4) and (6).

This then provides an answer to the second question posed at the beginning of the section: if f�L� has
splitting type Ee, then the associated limit line bundle L must be Ee-positive.

In fact, there is a proper scheme W Ee.C/ over B whose fibers over every point parametrize Ee-positive line
bundles on the corresponding fiber of C! B. This scheme will be an intersection of determinantal loci
(over all degree distributions). To construct this scheme, work locally on the base near b 2 B as above,
and write � W Picd .C=B/�B C! Picd .C=B/ for the projection map. For any degree distribution Ed on
C WD C�B b of d Cmk, we obtain a universal bundle L.m/ Ed . For each m and Ed , there is a natural
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scheme structure on

fL 2 Pic
Ed .C=B/ W h0.��1.L/; L.m//� h0.P1;O.Ee/.m//g

D fL 2 Picd .C=B/ W rk.R1��L.m/ Ed /jL � h
1.P1;O.Ee/.m//g;

defined by the Fitting support for where rkR1��L.m/ Ed �h
1.P1;O.Ee/.m//, as we now recall. The Fitting

supports of a coherent sheaf are defined by the appropriately sized determinantal loci of a resolution by
vector bundles and are independent of the resolution (see for example [Eisenbud 1995, Section 20.2]).

An often-used resolution of R1��L.m/ Ed is constructed as follows. LetD Ed �C be a sufficiently relatively
ample divisor (relative to Ed ), so that ��ŒL.m/ Ed .D Ed /� and ��ŒL.m/ Ed .D Ed /jD Ed � are vector bundles on
Picd .C=B/. Pushing forward the exact sequence

0! L.m/ Ed ! L.m/ Ed .D Ed /! L.m/ Ed .D Ed /jD Ed ! 0

by � , we see that the restriction map

��ŒL.m/ Ed .D Ed /�! ��ŒL.m/ Ed .D Ed /jD Ed �

provides a resolution of R1��L.m/ Ed . Using the scheme structure defined by the appropriate minors, we
define

W Ee.C/ WD
\
m; Ed

fL 2 Pic
Ed .C=B/ W rk.R1��L.m/ Ed /jL � h

1.P1;O.Ee/.m//g:

Since h1.P1;O.Ee/.m//D 0 form large, only finitely many terms in the intersection are proper subschemes
of Pic Ed .C=B/.

4 Classification of Ee-positive limit line bundles

Returning to notation of Section 2, in this section we classify Ee-positive line bundles on the central fiber X.
The following description in terms of k-staircase tableaux is an observation due to Cook-Powell and
Jensen [2022b] in the tropical setting. Here, we provide a self-contained proof in the classical setting.

For any 0� i � g and any degree distribution Ed , write

X�i DE1[E2[ � � � [Ei and d�i D d1C d2C � � �C d i :

Definition 4.1 For a limit line bundle L, and 1� i � g� 1, and n� 1, define

ain.L/Dminf˛ W h0.X�i ; L Ed jX�i /� n for any degree distribution Ed with d�i D ˛g:

We extend this to i D g via

agn .L/Dmin
˚
˛ W for some m and � with dCmkD˛C� and �� 0, we have

h0.X;L.m/ Ed.m//�nC� for any degree distribution Ed.m/ with d.m/�g D dCmk
	
;

and to i D 0 via
a0n.L/D n� 1:
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For 1 � i � g � 1, unwinding the definition of ain, there exists a degree distribution Ed with d�i D
ain� 1 satisfying h0.X�i ; L Ed jX�i / � n� 1. Furthermore, since vanishing at a single point imposes at
most one condition on global sections, there exists a degree distribution Ed with d�i D ain witnessing
h0.X�i ; L Ed jX�i /D n such that not every section of L Ed jX�i vanishes at pi .

Proposition 4.2 We have ain > a
i
n�1.

Proof The case i D 0 is clear by definition.

When 1� i � g�1, let Ed be a degree distribution with d�i D ain�1 witnessing h0.X�i ; L Ed jX�i /D n�1.
This implies ain > a

i
n�1, as desired.

Finally, when i D g, we claim that, for any m and � with d Cmk D agn�1C �, there is some degree
distribution Ed.m/ with d.m/�g D dCmk such that h0.X;L.m/ Ed.m//� .n�1/C�. Indeed, if not, then
h0.X;L.m/ Ed.m// � .n� 1/C .�C 1/ for every such degree distribution, which would contradict the
definition of agn�1 because d Cmk D .agn�1� 1/C .�C 1/. This implies agn > a

g
n�1, as desired.

Proposition 4.3 We have ain � a
i�1
n . If equality holds , then Li ' OE i .a

i�1
n pi�1C .d � ai�1n /pi /.

Remark 4 Our proof will show that if equality holds when i D 1 (respectively i D g) then a0n D 0
(respectively ag�1n � d mod k). Thus the formula given for Li is independent of choice of p0 and pg .

Proof We separately consider the following cases:

i D 1 For any degree distribution Ed , the line bundle L Ed jE1 ' L
1.�.d � d1/p1/ is of degree d1 on a

genus 1 curve and hence by Riemann–Roch has a max.0; d1/-dimensional space of global sections unless
d1 D 0 and L1.�dp1/' OE1 . Hence, there is no degree distribution Ed such that d1 � a0n� 1D n� 2
and h0.E1; L Ed jE1/ � n. Furthermore, there is no such degree distribution with d1 D a0n D n� 1 and
h0.L Ed jE1/� n unless a0n D 0 and L1 D OE1.dp

1/D OE1.a
0
np

0C .d � a0n/p
1/.

2� i � g � 1 Let Ed be a degree distribution such that d�i�1 D ai�1n � 1 and

h0.X�i�1; L Ed jX�i�1/ < n:

We may further assume that d i D 0. Then

h0.X�i ; L Ed jX�i /� h
0.X�i�1; L Ed jX�i�1/C h

0.Ei ; L Ed jE i .�p
i�1// < n:

Therefore ain � a
i�1
n .

Furthermore, there exists a degree distribution Ed with d�i�1 D ai�1n and d i D 0 witnessing

h0.X�i�1; L Ed jX�i�1/D n and h0.X�i�1; L Ed jX�i�1.�p
i�1//D n� 1:
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Thus
h0.X�i ; L Ed jX�i /D h

0.Ei ; L Ed jE i /Cn� 1:

If ain D a
i�1
n , then, to ensure this degree distribution has enough sections, h0.Ei ; L Ed jE i / > 0. Since

L Ed jE i has degree zero, this implies L Ed jE i ' OE i . Applying (3),

L Ed jE i ' L
i .�ai�1n pi�1� .d � ai�1n /pi /;

so this implies the desired condition.

i D g Let Ed be a degree distribution such that d�g�1 D ag�1n � 1 and

h0.X�g�1; L Ed jX�g�1/ < n:

Let m and � � 0 be any integers such that d Cmk D ag�1n � 1C �. Define

Ed.m/ WD .d1; d2; : : : ; dg�1; dg Cmk/:

Then dg Cmk D �. Thus

h0.X;L.m/ Ed.m//� h
0.X�g�1; L.m/ Ed.m/jX�g�1/C h

0.Eg ; L.m/ Ed.m/jE
g.�pg�1// < nC �:

Therefore agn � a
g�1
n .

Furthermore, there exists a degree distribution Ed with d�g�1 D ag�1n witnessing

h0.X�g�1; L Ed jX�g�1/D n and h0.X�g�1; L Ed jX�g�1.�p
g�1//D n� 1:

Let m and � � 0 be any integers such that d Cmk D a
g�1
n C �. Define Ed.m/ as above; as before,

dg Cmk D �. We have

h0.X;L.m/ Ed.m//D h
0.Eg ; L.m/ Ed.m/jE

g/Cn� 1:

If agn D a
g�1
n , then for some such choice of m and �, we must have h0.Eg ; L.m/ Ed.m/jEg/ > �. Since

degL.m/ Ed.m/jEg D d
g Cmk D �, this implies � D 0 and L.m/ Ed.m/jEg ' OEg . Applying (3),

L.m/ Ed.m/jE
g 'Lg.m/.�ag�1n pg�1/'Lg..mk�ag�1n /pg�1/'Lg.�ag�1n pg�1� .d �ag�1n /pg/;

so this is exactly the desired condition.

We now repackage this information as follows:

Definition 4.4 For n� 1, write
fn.i/D i Cn� 1� a

i
n;

and define

h.n/ WD hEe.n/Dmaxfh1.P1;O.Ee/.m// Wm satisfies h0.P1;O.Ee/.m//� ng

Dmax
n kP̀
D1

max.0;�e`�m� 1/ Wm satisfies
kP̀
D1

max.0; e`CmC 1/� n
o
:

Note that h.n/ is nonincreasing and is zero for n large.
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Proposition 4.5 If L is Ee-positive , then fn.g/� h.n/.

Proof Suppose that m satisfies h0.P1;O.Ee/.m//� n; let � D h0.P1;O.Ee/.m//�n� 0. By (6),

h0.X;L.m/ Ed.m//� h
0.P1;O.Ee/.m//D nC �

for any degree distribution Ed.m/ with d.m/�g D d Cmk. Therefore, by Definition 4.1,

agn � d Cmk� � D d Cmk� h
0.P1;O.Ee/.m//Cn:

Thus,
fn.g/� gCn� 1� Œd Cmk� h

0.P1;O.Ee/.m//Cn�D h1.P1;O.Ee/.m//:

Therefore fn.g/� h.n/.

The inequality of Proposition 4.5 forces equality to hold in Proposition 4.3 for many values of i and n. To
keep track of when equality holds, we use a combinatorial object that we will term a k-staircase tableau.

Definition 4.6 A Young diagram is a finite collection of boxes arranged in left-justified rows such that
the number of boxes in each row is nonincreasing. We index the boxes by their row and column .r; c/,
beginning with .1; 1/, and we define the diagonal index of a box to be c � r .

The boundary of a Young diagram is the sequence of line segments formed by the right-most edges of the
last box in every row and the bottom-most edge of the last box in every column. For convenience, we
extend this to infinity below and to the right of the diagram. We index the boundary segments by the
diagonal index of the box above (if the segment is horizontal), or to the right (if the segment is vertical):

r

c

boundary

-8
-7

-6
-5
-4

-3
-2

-1
0

1
2

3
4

5 6 7
8

9

Because h.n/ is nonincreasing and zero for n large, the data of the function h.n/ (which is defined for
positive integers n) is thus the same as the data of a Young diagram, where we put h.n/ boxes in the nth

column.

Definition 4.7 For a splitting type Ee, we write �.Ee/ for the Young diagram determined by hEe.n/ in the
above manner. We call a Young diagram of the form �.Ee/ for some Ee a k-staircase.
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For example, here is �.Ee/ for Ee D .�4;�2; 0; 0/:

h.1/D h.2/D 4

h.3/D h.4/D 2

h.5/D h.6/D h.7/D 1

h.n/D 0 for n� 8

For each Ee-positive line bundle L, we will use the functions fn.i/ to build a filling T of �.Ee/. Namely,
fn.0/ D 0 and fn.g/ � h.n/, and, by Proposition 4.3, fn.i/ � fn.i � 1/C 1. Therefore, fn assumes
every value between 0 and h.n/ inclusive. Our filling T of �.Ee/ is obtained by placing minfi W fc.i/D rg
in the r th row of the cth column.

Proposition 4.8 If i is in the r th row of the cth column of T, then

Li ' OE i
�
.c � r C i � 1/pi�1C .d � .c � r C i � 1//pi

�
:

In particular , if i appears in multiple boxes of T, then all such boxes have the same value of c� r modulo
k. Moreover , this filling is increasing along rows and columns.

Proof Given r and c, suppose i is the first time for which fc.i/D r . Because this is a new maximum,
we must have fc.i � 1/D r � 1, which implies ai�1c D aic D c � r C i � 1. By Proposition 4.3,

Li D OE i .a
i�1
n pi�1C .d � ai�1n /pi /D OE i

�
.c � r C i � 1/pi�1C .d � .c � r C i � 1//pi

�
;

as desired. In particular, if i appears in multiple boxes of T, then since pi�1 �pi is exactly k-torsion
in Pic0Ei , all such boxes have the same value of c � r modulo k.

We now show that the filling is increasing along rows and columns. Since fc.i/ � fc.i � 1/ C 1,
the function fc must attain the value r before it attains r C 1. This shows the filling is increasing
down column c. Meanwhile, by Proposition 4.2, aic�1 < a

i
c and so fc�1.i/ � fc.i/. It follows that

minfi W fc�1.i/D rg �minfi W fc.i/D rg (the larger function must attain r at an earlier or the same time).
However, if equality holds, the first part of this proposition says that c� r � .c� 1/� r mod k, which is
impossible. Thus, minfi W fc�1.i/D rg<minfi W fc.i/D rg, which shows the filling is increasing along
row r .

Definition 4.9 A filling T of a Young diagram is called k-regular if it is increasing along rows and
columns, and all boxes containing the same symbol i have the same value of c � r modulo k. We write
T Œi � 2 Z=kZ[ f�g D f1; 2; : : : ; k;�g for this common value of c � r modulo k if i appears in T ; if i
does not appear in T then we set T Œi �D �. We call a k-regularly filled k-staircase a k-staircase tableau.

For the remainder of the paper, all fillings of any Young diagram will be assumed to be k-regular.
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Definition 4.10 Given a tableau T, we define a corresponding reduced subscheme of Picd .X/ by

W T .X/ WD fL 2 Picd .X/ W Li ' OE i
�
.T Œi �C i � 1/pi�1C .d � .T Œi �C i � 1//pi

�
if T Œi �¤ �g:

Similarly, given a diagram � , we define

W �.X/ WD
[

T filling of �

W T .X/:

In this language, Proposition 4.8 states that W Ee.X/red � W
�.Ee/.X/. In fact, we will see later that

W Ee.X/DW �.Ee/.X/.

5 Combinatorics

In the previous section, we classified limit Ee-positive line bundles in terms of k-staircase tableaux. Such
tableaux are special cases of a more general class of tableaux known as k-core tableaux, which are well
studied due to their relationship with the affine symmetric group (see [Lapointe and Morse 2005; Lascoux
2001], or for an overview see [Lam et al. 2014, Section 1.2]). To make the paper self-contained, we recall
the basic facts about this relationship here (without proof) in the next two subsections, and use them
to deduce the structure results for k-staircase tableaux that are needed for the proof of the regeneration
theorem. This explicit description of W �.X/ will also be used directly in the proofs of all of our main
theorems.

5.1 k-cores and the affine symmetric group

Recall that the affine symmetric group zSk is the group of permutations f W Z! Z such that

f .xC k/D f .x/C k and
kX
xD1

f .x/D

kX
xD1

x D 1
2
k.kC 1/:

Such permutations automatically satisfy

(7) f .x/¥ f .y/ .mod k/ for x ¥ y .mod k/:

The affine symmetric group is generated by transpositions sj (for j 2 Z=kZ/ satisfying

sj .x/D

8<:
xC 1 if x � j mod k,
x� 1 if x � j C 1 mod k,
x otherwise,

with relations

s2j D 1; sj sj 0 D sj 0sj if j � j 0 ¤˙1; and .sj sjC1/
3
D 1:

For ease of notation, we include the identity e D s� as a generator (so generators are indexed by
Z=kZ[f�g).
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Figure 1: Left: a 4-staircase is 4-core. Center: another 4-core that is not a 4-staircase. Right: a
diagram that is not a 4-core.

Each line segment making up the boundary of a Young diagram is either vertical or horizontal. The
following key definition generalizes the notion of a k-staircase:

Definition 5.1 A sequence f
j g of vertical and horizontal line segments is called k-convex if 
j is
vertical only when 
j�k is also vertical. A Young diagram is called a k-core if its boundary is k-convex.
A (k-regular) filling of a k-core will be called a k-core tableau.

In the literature, k-cores are also frequently defined in terms of their hook lengths, which are the number
of boxes to the right or bottom of a given box (including the given box). Namely, a Young diagram is a
k-core if and only if no hook lengths are divisible by k, or equivalently if and only if no hook lengths are
equal to k. See Figure 1.

A sequence f
j g is k-convex if each residue class of segments is composed of an infinite sequence of
vertical segments followed by an infinite sequence of horizontal segments. Thus, to specify a k-core,
it suffices to give a collection ft1; : : : ; tkg of integers (distinct mod k), representing the first horizontal
segment in each residue class. Such data is a priori determined up to addition of an overall constant
(ie ftj g 7! ftj C ıg); the indexing of boundary segments in Definition 4.6 corresponds to the unique
normalization such that

kX
jD1

tj D

kX
jD1

j D 1
2
k.kC 1/:

Therefore, k-cores are in bijection with elements of zSk=Sk — by sending ftj g to the coset of permutations
sending f1; 2; : : : ; kg to ft1; t2; : : : ; tkg. There is a distinguished coset representative f satisfying f .1/ <
f .2/ < � � �< f .k/.

Definition 5.2 If � is a k-core and x 2Z, we define �.x/ to be the value of this distinguished permutation
applied to x; if T is a k-core tableau of shape � , we define T .x/D �.x/.
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s1 �� D
1

1

1

s2 �� D 2

2

2

s3 �� D
3

3

3

Figure 2: A 3-core diagram � (left) and the action of zS3 on it (right).

In the definition of a k-convex sequence f
j g, we could equivalently have considered pairs of adjacent
line segments .
j ; 
jC1/. Then the mod k residue class of pairs of boundary segments

f : : : ; .
j ; 
jC1/; .
jCk; 
jCkC1/; : : : g

is composed of a sequence of (vertical, vertical) segments, followed by a (possibly empty) sequence
of either (vertical, horizontal) or (horizontal, vertical) corners, followed by a sequence of (horizontal,
horizontal) segments. In other words, the mod k residue classes of pair of boundary segments in a k-core
always progress along one of the following trajectories:

removable

addable

The configuration of a vertical and then horizontal segment is called an addable corner, and the configu-
ration of a horizontal and then vertical segment is called a removable corner.

This gives a natural (left) action of the affine symmetric group zSk on the set of k-cores. Namely, sj �� is
the k-core obtained from � by adding a box in all addable corners whose diagonal index has residue
class j (if such addable corners exist), or removing a box from all removable corners whose diagonal
index has residue class j (if such removable corners exist), or doing nothing (if no such addable or
removable corners exist). See, for example, Figure 2.
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Figure 3: The two efficient fillings of this 3-staircase diagram.

One easily checks that this respects the relations for the affine symmetric group, and that, under this
action,

fk-core diagramsg $ zSk=Sk

is an zSk-equivariant bijection of sets.

5.2 k-core tableaux and the word problem

Given a k-core � , let w 2 zSk be the representative of the corresponding coset with w.1/ < w.2/ <

� � �<w.k/. If w D sjgsjg�1 � � � sj1 is a word for w in zSk , then we obtain a filling of �: Indeed, we build
� from the empty k-core by consecutively applying the sji ; this determines a k-core tableau of shape �
where any box added in the i th step contains the symbol i .

See an example in Figure 3. Lapointe and Morse [2005] showed that this completely describes efficiently
filled k-core tableaux. Namely:

(1) Any efficient filling (ie with the fewest possible symbols) arises in this way from a unique reduced
word for w (ie a word with the fewest possible nonidentity generators). Conversely, any reduced
word gives an efficient filling (and if the word is reduced then no boxes are ever removed). See
[Lapointe and Morse 2005, Section 8].

(2) The minimal number of symbols needed to fill � , which we will denote u.�/, is exactly the number
of boxes in � whose hook length is less than k. See [Lapointe and Morse 2005, Lemma 31].

(3) Efficient fillings can be constructed inductively: Suppose � has a removable corner whose diagonal
index has residue class j, so that sj �� is strictly contained in � . Then u.sj ��/D u.�/� 1. See
[Lapointe and Morse 2005, Proposition 22]. In particular:

(a) An efficient filling of � whose largest symbol appears in a box with diagonal index of residue j
restricts to an efficient filling of sj �� .

(b) An efficient filling of sj �� can be completed to an efficient filling of � whose largest symbol
appears in a box with diagonal index of residue j.
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5.3 Reduction to efficient tableaux

One consequence of this final property (b) is that we need only consider efficient tableaux for our geometric
problem.

Proposition 5.3 Let T be a k-core tableau of shape � . Then there is an efficiently filled k-core tableau
T 0 of shape � with W T .X/�W T 0.X/. In particular ,

W �.X/D
[

T an efficient filling of �

W T .X/:

Proof We argue by induction on u.�/; the base case u.�/D 0 is tautological. For the inductive step, let
t be the largest symbol appearing in T, and j D T Œt � (see Definition 4.9). Let Tı be the restriction of T
to sj �� . By our inductive hypothesis, there is an efficient filling T 0ı of sj �� with W Tı.X/�W T 0ı.X/.
If T 0 is the completion of T 0ı to a filling of � using the additional symbol t , then W T .X/�W T 0.X/, as
desired.

5.4 Truncations

The following will be a convenient way of packaging the data of an efficient filling as necessary for our
regeneration theorem:

Definition 5.4 Let T be an efficiently filled k-core tableau, corresponding to a reduced word sjg � � � sj2sj1 .
Define T �t to be the tableau formed by the boxes of T with symbols up to t , ie corresponding to the
reduced word sjt � � � sj2sj1 .

In particular, for each t and `, we obtain an integer, which we refer to as the `th truncation at time t ,

T �t .`/D .sjt � � � sj2sj1/.`/:

We now summarize several properties of the T �t .`/. First of all, by construction,

(8) T �0.`/D `:

Moreover, by (7),

(9) T �t .`1/¥ T
�t .`2/ .mod k/ for `1 ¥ `2 .mod k/:

If sjt is the identity (equivalently if T Œt � D �), then T �t .`/ D T �t�1.`/ for all `. Otherwise, sjt is a
simple transposition, and there are exactly two values of ` 2 f1; 2; : : : ; kg, say `� and `C, for which
T �t .`/ changes:

(10) T �t .`/D

�
T �t�1.`/ if `¤ `˙,
T �t�1.`˙/˙ 1 if `D `˙.

In this case, we say that t is increasing for `C and decreasing for `�. Combining (9) and (10),

(11) T �t .`C/�T
�t .`�/� T

�t�1.`�/�T
�t�1.`C/� 1 .mod k/:
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T �10.1/D�5

�
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T �t .`C/
t

t

t

Figure 4

Figure 4 illustrates the behavior of the T �t .`/ at fixed time t , and the relation between times t � 1 and t .
As can be seen, we have the relation

(12) T Œt �� T �t .`�/ .mod k/:

As can be seen in Figure 4, right, T �t�1.`�/ is an edge of the leftmost addable corner whose diagonal
index has residue class T Œt �, while T �t�1.`C/ lies to the right of the rightmost addable corner whose
diagonal index has residue class T Œt �. Thus,

(13) T t�1.`�/� T
t�1.`C/� .k� 1/ < T

t�1.`C/ and T t .`�/� T
t .`C/� .kC 1/ < T

t .`C/:

Proposition 5.5 If `1 > `2, then

(14)
�
T �t .`1/�T

�t .`2/

k

�
is a nondecreasing function of t . In particular , the truncations are “sorted” , ie

T �t .`1/ > T
�t .`2/ if `1 > `2:

Proof We will prove this by induction on t . From (9) and (10), we have�
T �t .`1/�T

�t .`2/

k

�
D

�
T �t�1.`1/�T

�t�1.`2/

k

�
C

8<:
1 if .`1; `2/D .`C; `�/,
�1 if .`1; `2/D .`�; `C/,
0 otherwise.

It thus remains to see that `� < `C. But this follows from (13), given our inductive hypothesis that the
truncations are sorted.

5.5 k-staircases

Let Ee be a splitting type; write d1 > d2 > � � � > ds for the distinct parts of Ee, and m1; m2; : : : ; ms for
the corresponding multiplicities. (Note that e1 � e2 � � � � � ek but d1 > d2 > � � � > ds !) The integers
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1� `� k are then naturally in bijection with pairs .j; n/ with 1� j � s and 1�n�mj (via lexicographic
order). We will use this implicit bijection to write expressions such as T �g.j; n/ WD T �g.`/.

Proposition 5.6 Every k-staircase is a k-core , and u.�.Ee//D u.Ee/.

Proof Write n.m/ WD #f` W e` � �mg. The k-staircase �.Ee/ has the form
::
:

::
:

: : :

: : :

h < k

h < k

h < k

n.m�1/

n.m/

n.mC1/

k�n.m/

k�n.mC1/

k�n.mC2/h > k

h0.O.Ee/.mC1//

h
1
.O
.
Ee
/.
m
�
1
//

h
1
.O
.
Ee
/.
m
//

h0.O.Ee/.m//

Since n.m/ is a nondecreasing function of m, the boxes in the shaded regions have hook length h < k,
and the remaining boxes have h > k. In particular, no box has hD k, so �.Ee/ is a k-core. Counting up
the number of boxes with h < k, we obtain

u.�.Ee//D
X
m

n.m/ � .k�n.mC 1//

D

X
m

X
e`1��m

X
e`2<�.mC1/

1

D

X
`1;`2

#fm W e`2 C 1 < �m� e`1g

D

X
`1;`2

h1.P1;OP1.e`2 � e`1//

D h1
�
P1;End.OP1.Ee//

�
D u.Ee/:

Remark 5 The fact that u.�.Ee//Du.Ee/ already establishes that, for C !P1 a general degree k genus g
cover, dimW Ee.C /� dimW �.Ee/.X/D g�u.Ee/.

Proposition 5.7 T �g.j; n/D �.O.Ee/.�dj //� .m1C � � �Cmj /Cn:
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Proof We use the lengths labeled in the diagram

h0.O.Ee/.�dj //

: : :

:::
:::

h
1
.O
.
Ee
/.
�
d
j
//

h0.O.Ee/.�dj �1//
m1C� � �Cmj

: : :

n

to calculate the diagonal index of the first horizontal segment in every residue class along the boundary
of �.Ee/:

T �g.`/D .horizontal position/� .vertical position/

D h0.P1;O.Ee/.�dj � 1//Cn� h
1.P1;O.Ee/.�dj //

D �.O.Ee/.�dj //� .m1C � � �Cmj /Cn;
as desired.

We conclude the section with two results on the relationship between the truncations with either the same
value of j or distinct values of j.

Corollary 5.8 If n1 � n2, then T �t .j; n1/�T �t .j; n2/� k� 1.

Proof By Propositions 5.5 and 5.7,�
T �t .j; n1/�T

�t .j; n2/

k

�
�

�
T �g.j; n1/�T

�g.j; n2/

k

�
D

�
n1�n2

k

�
D 0:

Corollary 5.9 If t is decreasing for .j�; n�/ and increasing for .jC; nC/, then j� < jC.

Proof By (13), T �t .j�; n�/ � T �t .jC; nC/ � .k C 1/. Therefore, by Proposition 5.5, j� � jC.
Moreover, by Corollary 5.8, j� ¤ jC.

Corollary 5.10 If j 0 > j, then T �g.j 0; n0/�T �t .j 0; n0/� T �g.j; n/�T �t .j; n/.

Proof It suffices to consider the case j 0D jC1. Because the truncations remain sorted (Proposition 5.5),

T �t .j C 1;mjC1/�T
�t .j C 1; n0/�mjC1�n

0
D T �g.j C 1;mjC1/�T

�g.j C 1; n0/;(15)

T �t .j; n/�T �t .j; 1/� n� 1D T �g.j; n/�T �g.j; 1/:(16)

Moreover, by Proposition 5.5,�
T �g.j C 1;mjC1/�T

�g.j; 1/

k

�
�

�
T �t .j C 1;mjC1/�T

�t .j; 1/

k

�
:
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By Proposition 5.7, T �g.j C 1;mjC1/�T �g.j; 1/��1 mod k, so this implies

(17) T �g.j C 1;mjC1/�T
�g.j; 1/� T �t .j C 1;mjC1/�T

�t .j; 1/:

Adding (15), (16) and (17), we obtain

T �t .j; n/�T �t .j C 1; n0/� T �g.j; n/�T �g.j C 1; n0/:

5.6 Alternative construction of truncations: paths on the tableau

The truncations can alternatively be described directly in terms of the tableau, without going through the
affine symmetric group. In this subsection, we give a brief exposition of this. We omit proofs since the
construction of the truncations given above is logically sufficient for the remainder of the paper.

We call a box in a tableau decreasing if it is filled with the first instance of a number, reading from the
left. Dually, we call a box increasing if it is filled with the first instance of a number, reading from the
top. See Figure 5.

For an efficient filling, one can show that the number of decreasing boxes in a row is a nonincreasing
function of the row, and is always at most k � 1. For 0 � i � k, we call the collection of boxes which
are the i th decreasing box in each row the i th decreasing cascade of the tableau. Dually, we define the
increasing cascades. (The kth cascade is always empty.) One then shows that the translation of the
.kC1�i/th increasing cascade of a tableau up kC 1� i and over i “meshes” with the i th decreasing
cascade to form a “walking path” and consists of symbols in increasing order.

We think of these walking paths as giving instructions to a collection of k ants starting at .0; `/ for
1 � ` � k. At time t , if the symbol t appears as the next box in the `th walking path, the `th ant steps
onto the corresponding box. The diagonal index of the `th ant at time t recovers T �t .`/; the symbol t
is decreasing (respectively increasing) for ` if t is a decreasing (respectively increasing) box in the `th

walking path. See Figure 6.
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Figure 6: The first through fourth walking paths (in lexicographic order).

6 Set-theoretic regeneration

In this section, we show that every point of W �.Ee/.X/ arises as a limit of line bundles with splitting
type Ee. In particular, the fiber over 0 of the closure of W Ee.X�=B�/ coincides set-theoretically with
W �.Ee/.X/, and therefore also with W Ee.X/red. For this task, we will use the language of limit linear
series, as developed by Eisenbud and Harris [1986].

Then, in the following section, we will show that W Ee.X/ is reduced. Since the closure of W Ee.X�=B�/
is a priori contained scheme-theoretically in W Ee.X/, this will upgrade our set-theoretic regeneration
theorem to a scheme-theoretic regeneration theorem. In other words, this will show that the fiber over 0
of the closure of W Ee.X�=B�/ is equal to W �.Ee/.X/ as schemes.

Recall that, for a splitting type Ee, we write d1 > � � �> ds for the distinct entries of Ee, and m1; : : : ; ms for
the corresponding multiplicities. (Note that e1 � e2 � � � � � ek but d1 > d2 > � � �> ds !) If f W C ! P1

is a smooth degree k cover, the locus W Ee.C / can be described (set-theoretically) as follows. A line
bundle L is in W Ee.C / if and only if L possesses a collection for j D 1; : : : ; s � 1 of linear series
Vj �H

0.C;L.�dj // with dimVj D h
0.P1;O.Ee/.�dj //. Moreover, the Vj may be chosen so that the

image of the natural map

(18) Vj�1˝H 0.P1;O.dj�1�dj //!H 0.C;L.�dj�1//˝H
0.P1;O.dj�1�dj //!H 0.C;L.�dj //

is contained in Vj . We call such a collection fV1; : : : ; Vsg satisfying (18) an Ee-nested linear series and Vj
the linear series at layer j . By convention, we set V0 WD f0g.

Now suppose that p 2 C is a point of total ramification for f, and let Imj .Vj�1/ denote the image
of (18). Recall that the vanishing indices of Vj at p are the distinct orders of vanishing of elements
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of Vj at p. Call the vanishing indices of Vj at p that are not vanishing indices of Imj .Vj�1/ at p the
new vanishing indices for layer j at p. An Ee-nested linear series will be called noncolliding at p if the
new vanishing indices at p are distinct from each other, and from all vanishing indices at lower layers,
modulo k. For j 0 < j, if Vj 0 has a section vanishing to order a at p, then there are sections vanishing to
orders a; aC k; : : : ; aC .dj 0 � dj /k in Imj .Vj�1/.

Lemma 6.1 If fV1; : : : ; Vsg is an Ee-nested linear series that is noncolliding at some p 2 C, then

dim Imj .Vj�1/D h0.P1;OP1.Ee/.�dj //�mj :

Hence , the number of new vanishing indices at layer j is exactly mj .

Proof We induct on j. When j D 1, we have dim Im1.V0/ D 0 by definition. Suppose that, for all
j 0 < j, there are mj 0 new sections at layer j 0, say �j 0;1; : : : ; �j 0;mj 0 , of distinct vanishing orders mod k.
Then Imj .Vj�1/ is spanned by the image ofM

j 0<j

h�j 0;1; : : : ; �j 0;mj 0 i˝H
0.P1;O.dj 0 � dj //!H 0.C;L.�dj //:

Considering orders of vanishing at p, we see that the map above is injective, so

dim Imj .Vj�1/D
X
j 0<j

mj 0h
0.P1;O.dj 0 � dj //D h

0.P1;O.Ee/.�dj //�mj :

The above notions extend readily to limit linear series on our chain curve X : we call a collection of
limit linear series fV1; : : : ;Vsg an Ee-nested limit linear series if, for each component Ei ! P1, the
collection of aspects fV1.Ei /; : : : ;Vs.Ei /g form an Ee-nested linear series; we say this limit linear series
is noncolliding if fV1.Ei /; : : : ;Vs.Ei /g is noncolliding at pi�1 and pi .

In what follows, new vanishing indices will be denoted in bold: aij;n for nD 1; : : : ; mj will be the new
vanishing indices in layer j at pi on the component EiC1. In terms of the aij;n, the vanishing indices of
Vj .E

iC1/ at pi are

(19) faij 0;nC ık W ı D 0; : : : ; dj � dj 0 ; nD 1; : : : ; mj 0 ; j
0
D 1; : : : ; j g:

We define bij;n WD d � djk � aij;n; these represent the new vanishing indices in layer j at pi on the
component Ei (if our limit linear series is refined):

pi�1 pi

Ei�1
Ei

EiC1

bi�1j;n ai�1j;n bij;n aij;n

For ease of notation, we will sometimes replace .j; n/ by its corresponding lexicographic order

` WD `.j; n/Dm1C � � �Cmj�1Cn;

and so write aij;n D ai
`

and bij;n D bi`.
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Let T be any efficient tableau of shape �.Ee/. Our argument for the regeneration theorem will proceed
in two basic steps. First we show that a general Ee-positive line bundle in W T .X/ arises from a refined,
noncolliding Ee-nested limit linear series. Then we prove a regeneration theorem for refined, noncolliding
Ee-nested limit linear series.

6.1 From tableaux to limit linear series

We explain how to construct nested limit linear series from tableaux. We will need to know our proposed
new vanishing indices increase across layers, as established in the following lemma:

Lemma 6.2 Let T be an efficient tableau of shape �.Ee/. Define

(20) aij;n WD T
�i .j; n/C i � 1 .so bij;n D d � djk� aij;n D d � djk� i C 1�T

�i .j; n//:

If j 0 < j, then aij 0;n0 < aij;n and bij 0;n0 < bij;n.

Proof For each i , Proposition 5.5 says ai1 < ai2 < ai3 < � � � . To obtain the statement for the bij;n, we
first apply Proposition 5.7 to obtain

b
g
j;n D d � djk�gC 1� Œ�.O.Ee/.�dj //� .m1C � � �Cmj /Cn�Dm1C � � �Cmj �n:

In particular,

(21) b
g
j 0;n0 Dm1C � � �Cmj 0 �n

0 <m1C � � �Cmj �nD b
g
j;n:

We then rewrite Corollary 5.10 in terms of the b’s to obtain

(22) bij 0;n0 �b
g
j 0;n0 � bij;n�b

g
j;n:

The claim now follows from adding (21) and (22).

Remark 6 Although bij 0;n0 <bij;n for j 0<j (increasing across layers), we have bij;1>bij;2> � � �>bij;mj
(decreasing within a layer).

Given a tableau T of shape �.Ee/, we now show that a general line bundle in W T .X/ possesses a unique
Ee-nested limit linear series with the proposed vanishing indices.

Lemma 6.3 Let T be a tableau of shape �.Ee/, and let ai
`

and bi` be as defined in the previous lemma.
A general line bundle L in W T .X/ possesses a unique Ee-nested limit linear series whose new vanishing
indices at pi are (exactly) ai

`
for the EiC1-aspects and bi` for the Ei -aspects. This Ee-nested limit linear

series is refined and noncolliding.
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Proof Equation (9) ensures that the proposed vanishing indices are noncolliding. Equation (20) ensures
the limit linear series is refined (see (19)).

Fix i ; we will build an Ee-nested linear series on Ei , which will be the Ei -aspect of our desired Ee-nested
limit linear series. If T Œi �D �, then Li is a general degree d line bundle. Moreover, for any .j; n/, we
have T �i�1.j; n/D T �i .j; n/, so

ai�1j;n Cbij;nDai�1j;n Cd�djk�aij;nD .T
�i�1.j; n/Ci�2/Cd�djk�.T

�i .j; n/Ci�1/Dd�djk�1:

Thus, L.�dj /i has a unique (up to rescaling) section �j;n vanishing to orders exactly ai�1j;n at pi�1 and
bij;n at pi . The unique linear series on Ei at layer j having the prescribed vanishing is therefore

Vj .E
i /D

M
.j 0;n0/
j 0�j

H 0.OP1.dj 0 � dj // � �j 0;n0 :

We now suppose that i appears in T. Let `˙ be the indices such that i is decreasing for `� and increasing
for `C, and write `˙ D .j˙; n˙/. By Corollary 5.9, j� < jC. The ai�1

`
and ai

`
are related via

ai�1`˙
D T �i�1.`˙/C i � 2D T

�i .`˙/C i � 2� 1D ai`˙
� 1� 1;(23)

ai�1` D T �i�1.`/C i � 2D T �i .`/C i � 2D ai`� 1 for `¤ `˙:(24)

Equivalently,

(25) ai�1` Cbi` D

�
d � djk� 1� 1 if `D `˙,
d � djk� 1 if `¤ `˙.

Furthermore, by (11),

(26) ai�1`�
� ai�1`C

C 1 and ai`C � ai`� C 1 mod k:

By definition of W T .X/,

(27) Li ' OE i .dj�/.a
i�1
`�
pi�1Cbi`�p

i /' OE i .djC/..a
i�1
`C
C 1/pi�1C .bi`C C 1/p

i /:

We now build the layers inductively (starting with the tautological case V0.Ei /D f0g). After we have
built layer Vj�1.Ei /, write `D .j; n/, and let

S` WDH
0.Ei ; Li .�dj /.�ai�1` pi�1�bi`p

i //�H 0.Ei ; Li .�dj //

be the subspace of sections having vanishing order at least ai�1
`

at pi�1 and bi` at pi . We must show
that S` possesses a section vanishing to order exactly ai�1

`
at pi�1 and bi` at pi , and that this section is

essentially unique, in the sense that, along with Imj .Vj�1.Ei //\S`, it generates S`.

For `¤ `˙, the line bundle Li .�dj /.�ai�1
`
pi�1 � bi`p

i / has degree 1. Equation (9) implies ai�1
`
¥

ai�1
`�

mod k, so this line bundle is not equal to OE i .p
i /. Similarly, since ai�1

`
¥ ai�1

`C
mod k, this line

bundle is not equal to OE i .p
i�1/. Thus dimS` D 1 and S` consists of sections of the exact vanishing

order desired.
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p13 p14

E14

layer j D 1 8
2

layer j D 2 8 11 12 13 18

2 6 7 8 12

layer j D 3 8 11 12 13 16 17 18 19 21 22 23 28

2 6 7 8 10 11 12 13 16 17 18 22

Table 1

When `D `�, we have Li .�dj�/.�ai�1
`�
pi�1�bi`�p

i /D OE i . Thus dimS`� D 1, and the section with
the required vanishing orders corresponds to the constant section of Li .�dj�/.

Finally, when `D `C, we have Li .�djC/.�ai�1
`C
pi�1 � bi`Cp

i /D OE i .p
i�1Cpi / and dimS`C D 2.

However, we shall show that Imj .V.jC/�1.E
i // contains the 1-dimensional subspace of sections

H 0.OE i /�H
0.OE i .p

i�1
Cpi //D S`C �H

0.Ei ; Li .�djC//

that vanish to order ai�1
`C
C 1 at pi�1 and bi`C C 1 at pi . By (19), this follows in turn from

ai�1`C
C 1� ai�1`�

and bi`C C 1� bi`� .mod k/;

ai�1`C
C 1� ai�1`�

and bi`C C 1� bi`� :

The first line follows from (26). The second line follows from Lemma 6.2 because j� < jC.

Example 6.4 (g D 20; Ee D .�6;�4;�2;�2; 0/) Let T be the tableau in Figure 7. The locus W T .X/

is 1-dimensional, corresponding to the fact that 13 does not appear in T, and so L13 may be any degree 10
line bundle on E13. We assume L13 is not a linear combination of the nodes. Table 2 lists the new
vanishing indices ai

`
and bi`. Table 1 lists all vanishing indices for Vj .E14/ at each layer j. The vanishing

indices at p13 are in the top row of each layer and those for p14 are on the bottom. The new vanishing
indices are bold, and images of a section in higher layers are given the same color.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

layer 1
`D1 0 10 0 10 0 9 1 8 2 7 3 6 4 6 4 5 5 5 5 4 6 4 6 3 7 2 8 2 8 2 8 2 8 1 9 1 9 0 10 0

layer 2
`D2 1 18 2 17 3 17 3 17 3 16 4 15 5 14 6 14 6 13 7 12 8 11 9 10 10 9 11 8 12 6 14 5 15 5 15 4 16 3 17 2

`D3 2 17 3 16 4 15 5 14 6 14 6 14 6 13 7 12 8 11 9 11 9 10 10 9 11 8 12 6 14 5 15 4 16 3 17 2 18 2 18 1

layer 3
`D4 3 26 4 24 6 23 7 21 9 20 10 18 12 17 13 16 14 14 16 13 17 12 18 12 18 11 19 10 20 9 21 8 22 7 23 5 25 4 26 3

Table 2
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1 3 5 7 8 10 11 12 16 17 19 20

2 4 6 9 16 17 19 20

7 8 10 11 18

9 16 17 19 20

11 18

14 20

15

16

18

20

2 4 6 9

1 5 12 18

2 6

7 10 14

9 19

11

14

15

16

18

20

`D 1 `D 3

`D 4

t D
0

t D
10

t D
14

t D
20

1

3

4

1

3

4

1

3

4

1

3

4

Figure 7

The number 14 is decreasing for the first truncation (`� D 1D .1; 1/), so L14 D OE14.8p13C 2p14/.

There are two new sections in layer 2, drawn in red (`D 2D .2; 1/) and purple (`D 3D .2; 2/). The
number 14 is increasing for the third truncation (`C D 3D .2; 2/), and the old vanishing indices that are
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one more than the new vanishing indices are

a132;2C 1D 12C 1D 13 D 8C 5D a131;1C k; b142;2C 1D 6C 1D 7 D 2C 5D b141;1C k:

There is one new section in layer 3 (`D 4D .3; 1/), colored blue.

6.2 Regeneration for refined, noncolliding nested limit linear series

Theorem 6.5 (regeneration) Suppose ai
`

and bi` are the new vanishing indices at pi for a refined ,
noncolliding Ee-nested limit linear series. Let X!P!B be the family of curves constructed in Section 2.
There is a quasiprojective scheme �W over B whose general fiber is contained in the space of Ee-nested
linear series on X� and whose special fiber is the space of Ee-nested limit linear series on X with the
(strictly) specified vanishing. Every component of �W has dimension at least dim Picd .X=B/�u.Ee/.

Proof We will construct a variety �W fr which parametrizes compatible framings of nested linear series
and surjects onto the desired �W. Set � WD deg.O.Ee//C k D d � gC 1. We retain notation as above, so
d1 > � � �> ds are the distinct degrees appearing in Ee and m1; : : : ; ms are the corresponding multiplicities.
Let Pic WD Picd .X=B/ and label maps as in

X�B Pic X

P

Pic B

�

f

'

�

Let L be the universal limit line bundle on X �B Pic �
�! Pic. Recall that Li D L.0;:::;0;d;0;:::;0/ has

degree d on component Ei and degree 0 on all other components. In addition, recall that OP.n/
i D

OP.n/.0;:::;0;n;0;:::;0/ is isomorphic to OP1.n/ on the smooth fibers of P! B; on the central fiber, it has
degree n on P i and degree 0 on all other components. (See Example 3.3.)

Let D be an effective divisor of relative degree N on X! B such that D meets each component of the
central fiber with sufficiently large degree. By slight abuse of notation we denote by D the pullback
of this divisor to X �B Pic. By cohomology and base change, ��L.�dj /

i .D/ is a vector bundle on
Picd�djkCN .X=B/, which we identify with Pic via tensoring with OX.�dj /.D/; its rank is N C��djk.

For each component Ei of the central fiber, we are going to build a tower

Gis�1
 is�1
��!Gis�2

 is�2
��! � � � !Gi1

 i1
�!Gi0 WD Pic;

where each Gij is a Grassmann bundle Gr.mj ;Qij / for Qij a vector bundle over an open U ij�1�G
i
j�1. We

will write Sij for the tautological subbundle on Gij . This tower of Grassmann bundles will parametrize
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Ee-nested linear series on Ei . The bundle Sij will correspond to the space of “new sections at layer j ” (ie
sections at layer j modulo those coming from lower layers).

We build the tower by constructing the Qij inductively. By convention, set Gi0 WD Pic and U i0 WD Pic. We
begin by defining Qi1 as the pushforward Qi1 WD ��L.�d1/

i .D/, which we have seen above is a vector
bundle.

Now suppose, by induction, that we have defined Qij�1 as a quotient

. i1 ı � � � ı 
i
j�2/

���L.�dj�1/
i .D/! Qij�1;

defined on some open U ij�2�G
i
j�2. Let .Sij�1/

0 be the pullback of the tautological bundle, ie the bundle
such that the diagram below is a fiber square:

. i1 ı � � � ı 
i
j�1/

���L.�dj�1/
i .D/ . ij�1/

�Qij�1

.Sij�1/
0 Sij�1

The bundle .Sij�1/
0 will correspond to the full linear series at layer j � 1 (not just the new sections).

The layer j comparison maps of (18) fit together in our family as the map

.Sij�1/
0˝ .� ı i1 ı � � � ı 

i
j�1/

�'�OP.dj�1� dj /
i

. i1 ı � � � ı 
i
j�1/

���L.�dj�1/
i .D/˝ .� ı i1 ı � � � ı 

i
j�1/

�'�OP.dj�1� dj /
i

. i1 ı � � � ı 
i
j�1/

���L.�dj /
i .D/

As in the proof of Lemma 6.1, the above composition has rank at most h0.O.Ee/.�dj //�mj . Define
U ij�1 �G

i
j�1 to be the open where the composition has exactly this rank. On U ij�1, define Qij to be the

cokernel of the composition. Its rank qj WD rk Qij is

(28) qj D rk.��L.�dj /
i .D//�

�
h0.O.Ee/.�dj //�mj

�
DN C�.O.Ee/.�dj //�

�
h0.O.Ee/.�dj //�mj

�
DN Cmj � h

1.O.Ee/.�dj //:

Now we introduce a space parametrizing “lifted projective frames” over our tower of Grassmann bundles.
Recalling that Qij is a quotient of . i1 ı � � � ı 

i
j�1/

���L.�dj /
i .D/, let zGij !Gij be the space of lifts of

mj -dimensional subspaces of Qij to mj -dimensional subspaces of . i1 ı � � � ı 
i
j�1/

���L.�dj /
i .D/ (so

zGij is an open inside Gr.mj ; . i1 ı � � � ı 
i
j�1/

���L.�dj /
i .D//). Let zSij denote the tautological bundle

on zGij , and let Fr.zSij /! zG
i
j be the space of projective frames of zSij .
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For p a node on a component Ei , we inductively define

F
i;p
1 WD Fr.zSi1/ and F

i;p
j WD F

i;p
j�1 �Gi

j�1
Fr.zSij /;

which encodes framing information for component i of all sections up to layer j. Note that F i;pj does
not depend on p— however, we include the p to highlight that we will be imposing conditions on these
frames at the node p. We define a “master frame space”

F WD F
1;p1

s�1 �F
2;p1

s�1 �F
2;p2

s�1 �F
3;p2

s�1 �F
3;p3

s�1 � � � � �F
g�1;pg�2

s�1 �F
g�1;pg�1

s�1 �F
g;pg�1

s�1 ;

where all products are over Pic. This maps to

G WDG1s�1 �G
2
s�1 �G

2
s�1 �G

3
s�1 �G

3
s�1 � � � � �G

g�1
s�1 �G

g�1
s�1 �G

g
s�1:

Next we compute dimF. The relative dimension of Fr.zSij / over Gij is

(29) mj � .rk��L.�dj /
i .D/� 1/Dmj � Œh

0.O.Ee/.�dj //� 1�:

Since each  ij has relative dimension mj .qj �mj /,

dimF
i;p
s�1 D dim PicC

s�1X
jD1

mj � Œh
0.O.Ee/.�dj //� 1�Cmj .qj �mj /:

Altogether, we find that

(30) dimF D dim PicC .2g� 2/
� s�1X
jD1

mj � Œh
0.O.Ee/.�dj //� 1�Cmj .qj �mj /

�

D dim PicC .2g� 2/
� s�1X
jD1

mj � Œh
0.O.Ee/.�dj //� 1�Cmj

�
N � h1.O.Ee/.�dj //

��

D dim PicC .2g� 2/
� s�1X
jD1

mj .N C�.O.Ee/.�dj //� 1/

�
:

We now construct a subvariety �W fr � F that parametrizes compatible projective frames of Ee-nested limit
linear series. The image of �W fr in G will be the desired variety �W.

We will impose three types of conditions on frames; the first two will be pullbacks of conditions on G:

(1) We require that the spaces of sections corresponding to the same component are equal.

(2) We require that the space of sections vanish along D.

(3) We impose compatibility conditions for the two frames labeled with the same node.
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6.3 Compatibility along components

The first of these conditions is represented by restricting to a diagonal. This imposes

(31) codim.G1s�1 �G
2
s�1 � � � � �G

g
s�1 ,!G/D dimG2s�1C � � �C dimG

g�1
s�1

D .g� 2/

s�1X
jD1

mj .qj �mj /

D .g� 2/

s�1X
jD1

mj
�
N � h1.O.Ee/.�dj //

�
conditions.

6.4 Vanishing along D

After étale base change, we may assume that each component of D meets only one Ei . Let Di be the
union of components of D meeting Ei , and let Zij � G

i
j be the locus where the nested linear series

vanishes on Di (up to layer j ). To determine an upper bound on the codimension of Zis�1 �G
i
s�1, we

count the number of equations needed to describe Zij � . 
i
j /
�1.Zij�1/ at each layer:

Zis�1

. is�1/
�1.Zis�2/ � � �

� � � Zi3

. i3/
�1.Zi2/ Zi2

. i2/
�1.Zi1/ Zi1

Gis�1 � � � Gi3 Gi2 Gi1
 is�1  i4  i3  i2

We start with the locus Zi1 �G
i
1, which is defined by the vanishing of the composition

Si1! . i1/
�Qi1 D . 

i
1/
���L.�d1/

i .D/! . i1/
���.L.�d1/

i .D/˝ODi /:

This represents m1 deg.Di / equations.
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On . ij /
�1Zij�1, the evaluation

. i1 ı � � � ı 
i
j�1/

���.L.�dj /
i .D//! . i1 ı � � � ı 

i
j�1/

���.L.�dj /
i .D/˝ODi /

factors through Qij . Therefore, Zij � . 
i
j�1/

�1.Zij�1/ is the locus where the composition

Sij ! . ij /
�Qij ! . i1 ı � � � ı 

i
j /
���.L.�dj /

i .D/˝ODi /

vanishes. This represents mj deg.Di / equations.

Totaling over the layers, we see that every component of Zis�1 has codimension at most

codim.Zis�1 �G
i
s�1/� .m1C � � �Cms�1/ deg.Di /:

Taking the product over all components, every component of Z1s�1 �Pic � � � �PicZ
g
s�1 has codimension at

most

(32) codim.Z1s�1 �Pic � � � �PicZ
g
s�1 �G

1
s�1 �G

2
s�1 � � � � �G

g
s�1/� .m1C � � �Cms�1/N:

6.5 Compatibility at nodes

For each node pi we describe equations on F i;p
i

s�1 �F
iC1;pi

s�1 that impose vanishing conditions on both
frames at pi in the central fiber, and say the two frames are equal up to translation by old sections on the
general fiber.

Let � ij;1; : : : ; �
i
j;mj

be coordinates on the Fr.zSij / component of F i;p
i

s�1 (the universal framing of zSij
associated to pi ). Similarly, let �ij;1; : : : ; �

i
j;mj

be coordinates on the Fr.zSiC1j / component of F iC1;p
i

s�1 (the
universal framing of zSiC1j associated to pi ). Let � i be the constant section of OX.X

�i / (that vanishes to
the left of pi ), and let �i be the constant section of OX.X

>i / (that vanishes to the right of pi ):

�i
j;2

�i
j;1

�i
j;n

� i
j;2

� i
j;1

� i
j;n

pi

Ei EiC1

�i D 0

� i D 0

� � � � � �
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Suppose that, for layer j, the specified new vanishing indices at pi on EiC1 are aij;1; a
i
j;2; : : : ; a

i
j;mj

(desired vanishing of the �ij;n) and that the new vanishing indices at pi onEi are the bij;nDd�djk�aij;n
(desired vanishing of the � ij;n).

We define a closed subvariety Y i � F
i;pi

s�1 � F
iC1;pi

s�1 by the conditions (for j D 1; : : : ; s � 1 and
nD 1; : : : ; mj )

(33) � ij;n˝ .�
i /a

i
j;n D �ij;n˝ .�

i /b
i
j;n ;

viewed as elements of the projectivization of

��L.�dj /
i .DC aij;nX

�i /Š ��L.�dj /
iC1.DCbij;nX

>i /:

The isomorphism above comes from the fact that

L.�dj /
i
' L.�dj /

iC1.�.d � djk/X
�i /

and O.X�i /Š O.�X>i / and aij;nCbij;n D d � djk.

Away from the central fiber, � i and �i are nonzero, so (33) says the new sections � ij;n and �ij;n are equal
(up to scaling).

In the central fiber, � i jX>i is not a zero divisor and vanishes only at pi , while �i jX�i is not a zero
a divisor and vanishes only at pi . Thus condition (33) says that � ij;n and �ij;n are determined by the
restrictions � ij;njX�i and �ij;njX>i , which can be anything of the desired vanishing order at pi :

� ij;njX�i vanishes to order at least bij;n at pi ,(34)

�ij;njX>i vanishes to order at least aij;n at pi ,(35)

�ij;njX�i D �
i
j;njX�i �

� i j
˝ai

j;n

X�i

�i j
˝bij;n

X�i

and � ij;njX>i D �
i
j;njX>i �

�i j
˝bij;n

X>i

� i j
˝ai

j;n

X>i

:(36)

Since � i vanishes on X�i , and �i vanishes on X>i , in most cases (36) simplifies to �ij;njX�i D 0 (unless
aij;n D 0), and � ij;njX>i D 0 (unless bij;n D 0). In particular, when j > 1, both aij;n and bij;n are positive,
so (36) simplifies to �ij;njX�i D 0 and � ij;njX>i D 0.

For each .j; n/, equation (33) represents

rk��L.�dj /
i .DC aij;nX

�i /� 1D rk��L.�dj /
i .D/� 1DN C�.P1;O.Ee/.�dj //� 1

conditions. Thus, every component of Y i has codimension at most

codim.Y i � F i;p
i

s�1 �F
iC1;pi

s�1 /�

s�1X
jD1

mj
�
N C�.P1;O.Ee/.�dj //� 1

�
;
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and so every component of Y 1 �Y 2 � � � � �Y g�1 has codimension at most

(37) codim.Y 1 �Y 2 � � � � �Y g�1 � F /� .g� 1/
s�1X
jD1

mj
�
N C�.P1;O.Ee/.�dj //� 1

�
:

Imposing all the conditions of Sections 6.3–6.5 defines a closed subvariety of F. Let us additionally
remove the locus over the central fiber where any vanishing index of the frame is larger than the specified
vanishing index. We call the resulting quasiprojective variety �W fr. The image of �W fr ! G is the
desired �W.

6.6 Fiber dimensions

Finally, let us count the dimension of fibers �W fr ! G. At each layer j, the master frame space F
parametrizes 2g� 2 lifted projective frames of dimension mj .

On the general fiber, our equations specify that these frames are equal in g�1 pairs. The fiber dimension�W fr!G is thus (see (29)) equal to

(38) .g� 1/

s�1X
jD1

mj
�
h0.O.Ee/.�dj //� 1

�
:

On the special fiber, let f� ij;n; �
i
j;ng denote a point of �W fr. The other points in the same fiber are then

obtained by applying linear transformations †i and ƒi to the � ij;n and �ij;n, of a particular form we
will now explain. Let xi and yi be sections of OP .1/

i that vanish at qi�1 D f .pi�1/ and qi D f .pi /,
respectively; via pullback, we think of them as sections of OX .1/

i on X vanishing at pi�1 and pi ,
respectively. Then, to � ij;n, the linear transformation †i may add any section from a previous layer
whose image in layer j has higher vanishing order; explicitly, we may add � ij 0;n0 times any monomial
.xi /ı � .yi /dj 0�dj�ı (with 0� ı � dj 0 � dj ) such that

(39) bij 0;n0 C .dj 0 � dj � ı/k > bij;n:

Similarly, to �ij;n, the linear transformation ƒi may add �ij 0;n0 times any monomial .xi /ı � .yi /dj 0�dj�ı

(with 0� ı � dj 0 � dj ) such that

(40) aij 0;n0 C ık > aij;n:

The fiber dimension is therefore the number of monomials satisfying (39) plus the number satisfying (40).
Recall that bij 0;n0 C aij 0;n0 D d � dj 0k and bij;n C aij;n D d � djk, and aij 0;n0 ¥ aij;n .mod k/ unless
.j 0; n0/D .j; n/. Therefore, every monomial satisfies exactly one of (39) or (40), except when .j 0; n0/D
.j; n/. The fiber dimension is therefore

(41) .g� 1/

s�1X
jD1

mj

�
�1C

X
j 0�j

mj 0.dj 0 � dj C 1/

�
D .g� 1/

s�1X
jD1

mj
�
h0.O.Ee/.�dj //� 1

�
:

Note that this is the same as the fiber dimension on the general fiber.
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6.7 Final dimension estimate

Recalling the dimension of F and totaling the equations imposed in Sections 6.3–6.5, we find that every
component �W 0 of �W has dimension

dim �W 0 � dimF � number of defining equations�fiber dimension

D dim PicC.2g�2/
� s�1X
jD1

mj .NC�.O.Ee/.�dj //�1/

�
(dimF ; see (30))

� .g� 2/

s�1X
jD1

mj
�
N � h1.O.Ee/.�dj //

�
(diagonal condition; see (31))

�N

s�1X
jD1

mj (vanishing along D; see (32))

� .g� 1/

s�1X
jD1

mj
�
N C�.O.Ee/.�dj //� 1

�
(compatibility at nodes; see (37))

� .g� 1/

s�1X
jD1

mj
�
h0.O.Ee/.�dj //� 1

�
(fiber dimension; see (38) and (41))

D dim Pic�
s�1X
jD1

mjh
1.O.Ee/.�dj //

D dim Pic�u.Ee/:

The regeneration theorem allows us to show that the Ee-nested limit linear series built from tableaux as in
Lemma 6.3 arise as limits from smooth curves, implying that W �.Ee/.X/ is contained in the closure of
W Ee.X�=B�/.

Corollary 6.6 Let T be an efficiently filled tableau of shape �.Ee/. Then W T .X/ is contained in the
closure of W Ee.X�=B�/.

Proof Let �W be the quasiprojective scheme with vanishing corresponding to T as constructed in
Theorem 6.5. By Lemma 6.3, a generic line bundle inW T .X/ is in the image of �W in Picd .X/. Moreover,
the uniqueness statement in Lemma 6.3 together with the fact that dimW T .X/D g�u.Ee/ shows that the
restriction of �W to the central fiber has an irreducible component Y of dimension g�u.Ee/ that dominates
W T .X/. By Theorem 6.5, the dimension of Y is less than the dimension of any component of �W. Let
Y 0 be an irreducible component of �W containing Y, which necessarily dominates the base. The closure
of the image of Y 0 in Picd .X=B/ contains W T .X/ and is contained in the closure of W Ee.X�=B�/.
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7 Reducedness and Cohen–Macaulayness

7.1 Reducedness

At the central fiber X D E1 [p1 � � � [pg�1 E
g , the schemes W Ee.X/ are defined as intersections of

determinantal loci of the form

W r
Ed
.X/D fL 2 Pic

Ed .X/ W h0.X;L/� r C 1g

for various degree distributions Ed D .d1; : : : ; dg/ and integers r .

We will first show that any such determinantal locus is a union of preimages of reduced points under
various projection maps Pic Ed .X/!

Q
i2S Picd

i

.Ei / (for S � f1; 2; : : : ; gg). Then we will show that the
class of such varieties is closed under intersection, thus establishing that W Ee.X/ is reduced. Combined
with Corollary 6.6, this will show that

W Ee.X/DW �.X/:

Let � W X � Pic Ed .X/ ! Pic Ed .X/ be the projection and let L WD L Ed be a universal line bundle on

X � Pic Ed .X/. Additionally, let D be a divisor on X, contained in the smooth locus, and such that
Di WDD\Ei is of sufficiently high degree. Recall that, in terms of the natural map

� W ��L.D/! ��.L.D/jD/;

the loci of interest are
W r
Ed
.X/D fL 2 Pic

Ed .X/ W dim ker�jL � r C 1g:

The scheme structure is given by the .nC 1/� .nC 1/ minors of �, where

nD rk��L.D/� .r C 1/D d �g� r C deg.D/:

We will describe the rank loci of � in terms of evaluation maps on the normalization � WE1t� � �tEg!X

of X. Let � i WEi �Picd
i

.Ei /! Picd
i

.Ei / be the projection. In addition, let pri W Pic Ed .X/! Picd
i

.Ei /

be the projection and let Li be a universal line bundle on Ei � Picd
i

.Ei / such that Lj
E i�Pic Ed .X/

D

.Id� pri /�Li . These maps fit into the diagramFg
iD1E

i �Pic Ed .X/

Ei �Pic Ed .X/ X �Pic Ed .X/

Ei �Picd
i

.Ei / Pic Ed .X/

Picd
i

.Ei /

��Id

�

Id� pri �

�i pri
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There is a commuting diagram of vector bundles on Pic Ed .X/Lg
iD1.pri /�.� i /�Li .D

i /

0 ��L.D/ ��.� � Id/�.� � Id/�L.D/
Lg�1
iD1 ��.L.D/jpi / 0

��.L.D/jD/ ��.� � Id/�.� � Id/�L.D/j��1.D/

Lg
iD1.pri /�.� i /�Li .D

i /jDi

�

�

 

�

The top row is exact by our assumption that D is sufficiently positive. Since sequences of vector bundles
split locally, the rank loci of � are corresponding rank loci of  ˚ �:

(42) fL 2 Pic
Ed .X/ W rk� � ng D fL 2 Pic

Ed .X/ W rk. ˚ �/� nC .g� 1/g:

The restriction of  ˚ � to each summand .pri /�.� i /�Li .D
i / is .pri /�evi , where

evi W .� i /�Li .D
i /! .� i /�.Li .D

i /jpi�1[pi[Di /

is the map that evaluates a section on Ei at the points of Di and the nodes pi�1 and pi (or just p1 on E1

or just pg�1 on Eg ). The matrix for  ˚ � is almost block diagonal:

� � �

� � �

: : :

� � �

:::
:::

:::

�p1

�p2

�p3

�pg�1

ev1

ev2

ev3

evg

0

0

The following lemma helps us describe the rank loci of such almost block diagonal matrices scheme-
theoretically:
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Lemma 7.1 Let Mat.x; y/ denote the affine space of x � y matrices. Suppose that S and T are
given schemes , and A W S ! Mat.x1; y1/ and B W T ! Mat.x2; y2/ are two families of matrices. Let
M W S �T !Mat.x1C x2; y1Cy2� 1/ be the family of matrices where the upper left entries are given
by A, the lower right entries are given by B, and the rest of the entries are 0:

A�

B� B

A 0

0

Let A� W S ! Mat.x1 � 1; y1/ be the composition of A with the map that removes the bottom row.
Similarly, let B� W T !Mat.x2; y2� 1/ be the composition of B with the map that removes the top row.
Let

Sa D fs 2 S W rkA.s/� ag; Tb D ft 2 T W rkB.t/� bg;

S�a D fs 2 S W rkA�.s/� ag; T �b D ft 2 T W rkB
�.t/� bg

be defined scheme-theoretically by the vanishing of appropriately sized minors. Then

(43) f.s; t/ 2 S �T W rkM.s; t/� ng D
[

aCbDn

.Sa �Tb/[
[

aCbDn�1

.S�a �T
�
b /

as schemes. In particular , if all rank loci of A, A�, B and B� are reduced , then all rank loci of M are
reduced.

Proof The scheme structure on the left-hand side of (43) is defined by the .nC 1/� .nC 1/ minors
of M. Any such minor contains a columns meeting A and b columns meeting B for some aC b D nC 1.

First consider a square submatrix of M that uses the common row (colored violet in the diagram). If its
determinant is nonzero, then the submatrix contains at least a� 1 rows meeting A� and at least b � 1
rows meeting B�. Either there are a rows meeting A�, and its determinant is an a�a minor of A� times
a b � b minor of B; or there are b rows meeting B�, and its determinant is an a� a minor of A times a
b � b minor of B�. Now consider a square submatrix of M that does not use the common row. If its
determinant is nonzero, then it is a product of an a� a minor of A� and a b � b minor of B�. Ranging
over all minors with this distribution of columns, we obtain elements that generate

I.S�a�1/ � I.Tb�1/C I.Sa�1/ � I.T
�
b�1/D I..S

�
a�1 �T [S �Tb�1/\ .Sa�1 �T [S �T

�
b�1//;

where S�1 D S��1 D T�1 D T
�
�1 D¿ by convention.
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We therefore find that

f.s; t/ 2 S �T W rkM.s; t/� ng D
\

aCbDnC1

.S�a�1 �T [S �Tb�1/\ .Sa�1 �T [S �T
�
b�1/:

Because A� is obtained from A by removing a single row, the rank loci of A and A� are nested:

¿D S��1 � S0 � S
�
0 � S1 � S

�
1 � S2 � S

�
2 � � � � � Sn�1 � S

�
n�1 � Sn � S:

And similarly, for B and B�:

¿D T ��1 � T0 � T
�
0 � T1 � T

�
1 � T2 � T

�
2 � � � � � Tn�1 � T

�
n�1 � Tn � T:

The claim now follows from the following general fact regarding such intersections.

Lemma 7.2 Given nested sequences of schemes

∅D Y0 � Y1 � � � � � Ym � Y and ∅DZ0 �Z1 � � � � �Zm �Z;
we have \

iCjDm

.Yi �Z/[ .Y �Zj /D
[

iCjDmC1

Yi �Zj

as schemes.

Proof In general, intersection does not distribute across unions scheme-theoretically. However, we first
show that, if A1 � A2 and B are subschemes of any scheme, then

A2\ .A1[B/D A1[ .A2\B/:

as schemes. That is, intersection distributes across union if appropriate containments are satisfied. It
suffices to prove the statement in the affine case, where this becomes a statement about ideals. Suppose
I1 WD I.A1/� I2 WD I.A2/ and J WD I.B/. Then we must show

I2C .I1\J /D I1\ .I2CJ /:

If a 2 I2 and b 2 I1\J, then it’s clear that aCb 2 I1 and aCb 2 I2CJ. Now suppose we have a 2 I2
and b 2 J such that aC b 2 I1. Since I2 � I1, it follows that b 2 I1. Hence aC b 2 I2C I1\J.

To prove the lemma, we induct on m. The case m D 0 is immediate (∅ D ∅). Suppose we know the
result for chains of length one less. We want to study\
iCjDm

.Yi �Z/[ .Y �Zj /D .Y �Zm/\ Œ.Y1 �Z/[ .Y �Zm�1/�\
\

iCjDm
i�2

.Yi �Z/[ .Y �Zj /

D Œ.Y �Zm�1/[ .Y1 �Zm/�\
\

iCjDm
i�2

.Yi �Z/[ .Y �Zj /

D .Y1 �Zm/[

�
.Y �Zm�1/\

\
iCjDm
i�2

.Yi �Z/[ .Y �Zj /

�
:
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Now the term in large square brackets is the intersection of complementary unions of the chains

∅D Y0 � Y2 � Y3 � � � � � Ym � Y and ∅DZ0 �Z1 � � � � �Zm�1 �Z;

which have length one less. The result now follows by induction.

We now study the rank loci of evaluation maps on elliptic curves.

Lemma 7.3 Let E be an elliptic curve and L a universal line bundle on � W E � Picd .E/! Picd .E/
with d � 1. Suppose D is an effective divisor and

ev W ��L! ��.LjD�Picd .E//

is the evaluation map. For any n, the scheme

Sn D fL 2 Picd .E/ W rk evjL � ng

is either empty, all of Picd .E/, or a single reduced point. In particular , it is reduced.

Proof We have that Sn is empty or all of Picd .E/ unless degD D d and nD d � 1. When degD D d ,
the evaluation map is between vector bundles that both have rank d . The locus where the map drops rank
is cut out by the determinant, which is a section of det.��L/_˝det.��.LjD�Picd .E///. Set-theoretically,
the vanishing of this section is supported on LD O.D/ 2 Picd .E/. To see it is reduced, we compute its
degree

@ WD deg
�
det.��L/_˝ det.��.LjD�Picd .E///

�
D�deg c1.��L/C deg c1.��.LjD�Picd .E///:

Using Grothendieck–Riemann–Roch (noting that the relative Todd class is trivial since E is an elliptic
curve),

@D�deg ch2.L/C deg ch2.LjD�Picd .E//:

Using the additivity of Chern characters in exact sequences,

@D�deg ch2
�
L.�D �Picd .E//

�
D�

1
2

deg c1
�
L.�D �Picd .E//

�2
:

Given an identification E �Picd .E/ŠE �E, the line bundle L.�D � Picd .E// can be represented by
the diagonal � minus a fiber f. Since �2 D 0 (by adjunction) and f 2 D 0, we obtain .��f /2 D�2.
Thus,

@D 1:

Lemma 7.4 Let S be the collection of subvarieties of Pic Ed .X/ that are unions of reduced preimages
of points via projections

�Q
i2S pri

�
W Pic Ed .X/!

Q
i2S Picd

i

.Ei / for some S � f1; : : : ; gg. Then S is
closed under union and intersection.

Proof It is clear that S is closed under union. The intersection statement is clear set-theoretically, so it
suffices to show that the intersection of two elements of S is reduced.
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Suppose A;B 2 S and p 2 A\B. Choose étale coordinates xi on Picd
i

.Ei / near pri .p/. Then, étale-
locally, A and B are reduced unions of coordinate linear spaces. Equivalently, I.A/ and I.B/ are reduced
monomial ideals (ie generated by monomials in the xi whose exponents are 0 or 1). The class of such
ideals is closed under addition.

Putting together Lemmas 7.1, 7.3 and 7.4, we deduce the desired reducedness property.

Theorem 7.5 For any r � 0 and degree distribution Ed , the scheme W r
Ed
.X/ is a union of preimages of

reduced points via projections Pic Ed .X/!
Q
i2S Picdi .Ei / for subsets S � f1; : : : ; gg. It follows that

W Ee.X/ is reduced.

Proof By (42),

W r
Ed
.X/D fL 2 Pic

Ed .X/ W rk.�˚ /jL � d C deg.D/� .r C 1/g:

Applying Lemma 7.3 with D DDi [pi [pi�1 (respectively D DDi [pi or Di [pi�1 or Di ), we
see that the rank loci of the maps evi (respectively evi with top row or bottom row or top and bottom
row removed) are all in S. Repeated application of Lemma 7.1 then shows that the rank loci of �˚ 
are all in S. Thus, W Ee.X/ is an intersection of subschemes in S, so W Ee.X/ is in S, and in particular is
reduced.

Corollary 7.6 W Ee.X/ D W �.Ee/.X/ is reduced , and equal scheme-theoretically to the closure of
W Ee.X�=B�/ in the central fiber.

Proof We have shown the containments

W Ee.X�=B�/j0 �W
Ee.X/DW Ee.X/red �W

�.Ee/.X/�W Ee.X�=B�/j0:

(In order: by construction — see Definition 3.4 and the following discussion; by Theorem 7.5; by
Proposition 4.8; and by Corollary 6.6.) Therefore all containments are equalities.

7.2 Cohen–Macaulayness

For any k-convex diagram � , we will prove that W �.X/ is Cohen–Macaulay by inducting on g. The key
to running our induction is the following standard fact:

Lemma 7.7 (see for example [Hochster 2016, Proposition 4.1]) Suppose A and B are Cohen–Macaulay
and A\B has codimension 1 in both A and B. Then A[B is Cohen–Macaulay if and only if A\B is
Cohen–Macaulay.

Theorem 7.8 Given any k-convex shape � , the scheme W �.X/ is Cohen–Macaulay. In particular ,
W Ee.X/ is Cohen–Macaulay , and therefore W Ee.C / is Cohen–Macaulay for a general degree k genus g
cover f W C ! P1.
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Proof We will induct on g. For the base case g D 1, we know W �.X/ is either all of Picd .E1/, or a
single reduced point. For the inductive step, suppose we are given L 2W �.X/. Let

� W Picd .X/Š
gY
iD1

Picd .Ei /! Picd .X�g�1/Š
Y
i<g

Picd .Ei /

be the projection map, ie .M 1; : : : ;M g/ 7! .M 1; : : : ;M g�1/. Let �L W Picd .X�g�1/! Picd .X/ be the
section which sends .M 1; : : : ;M g�1/ 7! .M 1; : : : ;M g�1; Lg/. Define

A WD
[

T Wg2T

W T .X/ and B WD
[

T Wg…T

W T .X/:

If L 2 A, then Lg is a linear combination of pg�1 and pg , and � has a removable corner in the
corresponding residue j. Recall that u.sj ��/D u.�/� 1 (see Section 5.2, item (3)).

ThenAD �L.W sj ��.X�g�1// in a neighborhood ofL, soA is Cohen–Macaulay by induction. Meanwhile,
B D ��1.W �.X�g�1//, so B is Cohen–Macaulay by induction. Moreover, A\B D �L.W �.X�g�1//

in a neighborhood of L, so is Cohen–Macaulay by induction. Since A\B has codimension 1 in both A
and B, Lemma 7.7 implies that W �.X/D A[B is Cohen–Macaulay.

Since Cohen–Macaulayness is an open condition, W Ee.C / is Cohen–Macaulay for a general degree k
cover f W C ! P1.

Remark 7 As explained in the introduction, this also establishes Cohen–Macaulayness, and hence
reducedness of universal splitting loci (Corollary 1.3). The authors suspect that a more direct argument
may be given by just degenerating the P1 (without considering another curve). Reducedness confirms
that the scheme structure on splitting loci obtained from Fitting supports — ie nontransverse intersections
of determinantal loci — is the “correct” scheme structure. Cohen–Macaulayness supports the perspective
that, despite this failure of transversality, splitting loci ought to behave like determinantal loci (see eg
[Larson 2021c], where analogs of the Porteous formula were given).

8 Connectedness

In this section, we show W Ee.C / is connected when g > u.Ee/, where f W C ! P1 is a general degree k
cover. For comparison, in the classical Brill–Noether theorem, a proof of connectedness via degeneration
to a general chain of elliptic curves was given by Osserman [2019].

Since “geometrically connected and geometrically reduced” is an open condition in flat proper families
[EGA IV3 1966, théorème 12.2.4(vi)] and we have already shown W Ee.X/ is reduced (see Theorem 7.5),
it suffices to see that W Ee.X/DW �.Ee/.X/ is connected. In other words, we want to show the transitivity
of the following equivalence relation:
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Definition 8.1 We say two k-core tableau T and T 0 with the same shape � meet ifW T .X/ andW T 0.X/

intersect. We say that T and T 0 are connected if W T .X/ and W T 0.X/ are in the same connected
component of W �.X/.

By definition, “connected” is the equivalence relation generated by “meet.” Unwinding Definition 4.10,
T and T 0 meet if and only if, for every t , either

T Œt �D �; T 0Œt �D �; or T Œt �� T 0Œt � .mod k/:

The simplest example of two tableaux that are connected is the following:

Example 8.2 Suppose that T is a tableau filled with a subset of the symbols f1; : : : ; gg that does not
include the symbol N. Let N 0 be the smallest symbol greater than (respectively largest symbol less
than) N appearing in T. Then T meets the tableau obtained from T by replacing the symbol N 0 with N.
Applying this repeatedly, every tableau is connected to the tableau obtained by relabeling symbols via an
order-preserving map from the subset of symbols used to any other subset of u symbols.

By Example 8.2, it suffices to show that all efficiently filled tableau filled with symbols f1; : : : ; ug are
connected when g > u. To do this, we use the relations in the affine symmetric group

sj sj 0 D sj 0sj (for j � j 0 ¤˙1) and sj sjC1sj D sjC1sj sjC1:

These relations give rise to two basic moves, known as the braid moves for the affine symmetric group,
between reduced words:

sju � � � sj1 $ sju � � � sjiC2sji sjiC1sji�1 � � � sj1 (for ji � jiC1 ¤˙1),(F i )

sju � � � sj1 $ sju � � � sjiC3sjiC1sji sjiC1sji�1 � � � sj1 (for ji D jiC1˙ 1D jiC2).(S i )

Given our identification of reduced words with efficient k-core tableaux, this is equivalent to the following
moves on tableaux:

Definition 8.3 Let T be an efficiently filled k-core tableau. We define the two braid moves as follows:

(F ) If T Œi ��T Œi C 1�¥˙1 mod k, define the flip F iT by

.F iT /Œt �D

8<:
T Œi C 1� if t D i ,
T Œi � if t D i C 1,
T Œt � otherwise.

(S ) Similarly, if T Œi �� T Œi C 2� and T Œi C 1�� T Œi �˙ 1 mod k, define the shuffle S iT by

.S iT /Œt �D

8<:
T Œi � if t D i C 1,
T Œi C 1� if t 2 fi; i C 2g,
T Œt � otherwise.
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Note that both braid moves are involutions, ie F iF iT D T and S iS iT D T. It is known that we can
get from any reduced word to any other reduced word — or equivalently from any efficient tableau to
any other efficient tableau — by applying a sequence of braid moves (see [Björner and Brenti 2005,
Theorem 3.3.1(ii)]). Therefore, it suffices to prove that T and F iT (when defined) or T and S iT (when
defined), are connected.

Lemma 8.4 Suppose that T is an efficient filling of a k-core � with symbols f1; : : : ; ug, and that F iT
is defined. If g > u.�/, then T and F iT are connected.

Proof Start with T and relabel symbols according to f1; : : : ; ug 7! f1; : : : ; i � 1; i C 1; : : : ; uC 1g (see
Example 8.2). In this filling, each iC2may be replaced with i because no iC1 appears to the upper-left of
an iC2. After this replacement, we further relabel symbols according to f1; : : : ; iC1; iC3; : : : ; uC1g 7!
f1; : : : ; ug:

start with T . . .

iC1

iC1

iC1

i

i

sy
mbo

ls
>
iC
1

relabel symbols . . .

iC2

iC2

iC2

iC1

iC1

sy
mbo

ls
>
iC
2

replace iC2 with i

i

i

i

iC1

iC1

sy
mbo

ls
>
iC
2

. . . relabel symbols

i

i

i

iC1

iC1

sy
mbo

ls
>
iC
1

The resulting tableau is F iT. Each tableau in this sequence is connected to the previous, so T and F iT
are connected.

Lemma 8.5 Suppose that T is an efficient filling of a k-core � with symbols f1; : : : ; ug, and that S iT is
defined. If g > u.�/, then T and S iT are connected.

Proof Because S i is an involution, after possibly replacing T with S iT, it suffices to treat the case
T Œi C 1� � T Œi � � 1 .mod k/. Let j D T Œi � D T Œi C 2�. Note that T �i�1 has addable corners with
diagonal indices of residues j and j C1 (because S iT is defined). In other words, the boundary segments
of T �i neighboring boxes with diagonal index of residue class j or j C 1 must proceed through

�

�

�

�

�

�

� �

�

� � � � � � �

To see that T and S iT are connected when g > u, consider the sequence of tableaux in Figure 8. First
relabel T according to f1; : : : ; ug 7! f1; : : : ; i � 1; iC 1; : : : ; uC 1g to get filling (b). Then place i in the
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(a) start with T . . .

iC2

iC1

i iC1

�

�

� � �

� � �

:::

(b) relabel . . .

iC3

iC2

iC1 iC2

�

�

� � �

� � �

:::

(c) place i . . .

iC3

i

iC1 iC2

�

�

� � �

� � �

:::

(d) remove iC3

iC1

i

iC1 iC2

�

�

� � �

� � �

:::

Figure 8

positions of T �i�1’s addable corners with diagonal index of residue j C 1 to get filling (c). Now all
instances of i C 3 may be replaced with i C 1 to give filling (d). Tableau (d) is a relabeling of S iT by
f1; : : : ; ug 7! f1; : : : ; i C 2; i C 4; : : : ; uC 1g.

Each tableau above is connected to the previous, so this shows that T and S iT are connected.

This establishes that W Ee.X/ is connected. Since it is also reduced (Theorem 7.5) and “geometrically
connected and geometrically reduced” is an open condition in flat proper families, we have proven:

Theorem 8.6 If f W C ! P1 is a general degree k cover and g > u.Ee/, then W Ee.C / is connected.

9 Normality and irreducibility

Let f W C ! P1 be a general degree k cover. In this section, we show that W Ee.C / is smooth away from
more unbalanced splitting loci of codimension 2 or more. Since we have already established that W Ee.C /
is Cohen–Macaulay (Theorem 7.8), this implies that W Ee.C / is normal by Serre’s criterion (R1CS2).
Combining this with connectedness (Theorem 8.6), this establishes that W Ee.C / is irreducible when
g > u.Ee/.

To do this, we will prove the following general result regarding splitting stratifications. Suppose E is a
family of vector bundles on � W B �P1! B. For any splitting type Ee, the scheme structure on the closed
splitting locus †Ee � B is defined as an intersection of determinantal loci. More precisely, the locus †Ee is
the intersection over all m of the Fitting support for rkR1��E.m/� h1.P1;O.Ee/.m//. We use †ı

Ee
�†Ee

to denote the open where the splitting type is exactly Ee.
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Proposition 9.1 Suppose E is a family of vector bundles on � W B �P1! B such that all open splitting
loci †ı

Ee
are smooth of the expected codimension u.Ee/. Then †Ee is smooth away from all splitting loci of

codimension � 2 inside †Ee.

Proof Since the statement is local on B, we may assume that B is affine.

Suppose †Ee0 �†Ee has codimension 1 for some Ee0 � Ee. Let Z �†Ee be the union of all other splitting
loci properly contained in †Ee:

†Ee

†Ee0

Z

We will show that †ı
Ee0
�†Ee XZ is a Cartier divisor. It will follow that †Ee is smooth along †ı

Ee0
, as we

now explain. If †Ee were singular at some b 2†ı
Ee0

, then dimTb†Ee > dim†Ee D dim†ı
Ee0
C 1. Assuming

†ı
Ee0
�†EeXZ is Cartier, we would find dimTb†

ı

Ee0
� dimTb†Ee�1 > dim†ı

Ee0
, forcing †ı

Ee0
to be singular

at b, which contradicts the assumption that all open splitting loci are smooth. Repeating the argument for
each divisorial †Ee0 �†Ee shows that †Ee is smooth away from all codimension 2 subsplitting loci.

First we show that, to have Ee0 < Ee with u.Ee0/D u.Ee/C 1, the splitting types must have a special shape.
Let r be the smallest index such that e0r < er and let s be the largest index such that e0s > es . (The fact
that Ee0 < Ee means r < s.) Then

(44) Ee0 � Eers WD .e1; : : : ; er�1; er � 1; erC1; : : : ; es�1; esC 1; esC1; : : : ; ek/ < Ee;

from which we see

1D u.Ee0/�u.Ee/

� u.Eers/�u.Ee/

D

X
`¤r;s

�
Œh1.O.e`� er C 1//C h

1.O.e`� es � 1//C h
1.O.er � 1� e`//C h

1.O.esC 1� e`//�

� Œh1.O.e`� er//C h
1.O.e`� es//C h

1.O.er � e`//C h
1.O.es � e`//�

�
C Œh1.O.er � es � 2//C h

1.O.es � er C 2//�� Œh
1.O.er � es//C h

1.O.es � er//�

D #f` W er � 1� e` � es � 1gC #f` W er C 1� e` � esC 1gC
�
1 if er D es ,
2 otherwise.

It follows that the nonnegative quantities #f` W er � 1 � e` � es � 1g D #f` W er C 1 � e` � es C 1g
are zero, and er D es , and Ee0 D Eers . In other words, after twisting (down by er D es), we may assume
O.Ee/DN ˚O˚m˚P, where all parts of N have degree at most �2, all parts of P have degree at least 2,
and O.Ee0/DN ˚O.�1/˚O˚.m�2/˚O.1/˚P.
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Away from Z, we will show that the vector bundle E on � W P1 � .†Ee X Z/ ! .†Ee X Z/ splits as
ED N˚T˚P, where, for any b 2†Ee XZ,

(45) Njb 'N; Pjb ' P; and Tjb '

�
O˚m if b …†Ee0 ,
O.�1/˚O˚.m�2/˚O.1/ if b 2†Ee0 .

To construct N and P, let Q.�2/ be the cokernel of ����E.�2/! E.�2/, which is locally free. Define
P by the exact sequence

0! P.�2/! E.�2/! Q.�2/! 0:

This sequence splits if the induced mapH 0
�
Hom.Q.�2/;E.�2//

�
!H 0

�
Hom.Q.�2/;Q.�2//

�
is surjec-

tive, which follows if we showH 1
�
Hom.Q.�2/;P.�2//

�
D 0. Now, P.�2/ is globally generated on each

fiber, and Q.�2/ has negative summands on each fiber, so Hom.Q.�2/;P.�2// has positive summands
on every fiber. Thus, by the theorem on cohomology and base change, R1��Hom.Q.�2/;P.�2//D 0
and so H 1

�
Hom.Q.�2/;P.�2//

�
D 0 because B is affine.

Next, define N so that N.1/ is the cokernel of ����Q.1/! Q.1/, and define T by the sequence

0! T! Q! N! 0:

The same argument as before shows that this sequence splits too. Thus, ED Q˚PD N˚T˚P. By
construction, this splitting satisfies (45).

On †Ee XZ, the fibers of R1��T.�1/ have rank at most 1. Also, ��T and ��T.1/ are locally free on
†Ee XZ. The equations that cut out †Ee0 � B are the same as the equations that cut out †Ee � B except at
one twist, namely when we ask for the rank of R1��E.�1/. To cut out †Ee , we ask that rkR1��E.�1/�

h1.P1;O.Ee/.�1//DW n, whereas, to cut out †Ee0 , we ask that rkR1��E.�1/� h1.O.Ee0/.�1//D nC 1.

To study these equations, we must build a resolution of R1��E.�1/ by vector bundles. On †Ee XZ, the
theorem on cohomology and base change shows R1��N.�1/ is a vector bundle, and R1��P.�1/D 0.
We also have a resolution by vector bundles

U1 WD ��T˝H 0.P1;O.1//
 
�! U2 WD ��T.1/!R1��T.�1/! 0;

where U1 and U2 have the same rank 2m. Therefore,

0˚U1
0˚ 
��!R1��N.�1/˚U2!R1��N.�1/˚R1��T.�1/DR1��E.�1/

is a resolution of R1��E.�1/ by vector bundles. Now, †ı
Ee0

is cut out inside †Ee XZ by the condition that
dim coker.0˚ /� nC 1, or equivalently that dim coker � 1. This locus is cut by the vanishing of its
determinant, which we can view as a section of the line bundleV2m�

��T˝H 0.P1;O.1//
�_
˝
V2m

.��T.1//:

Hence, †ı
Ee
�†Ee XZ is Cartier, as desired.
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Larson [2021b, Theorem 1.2] established that, for f W C ! P1 a general degree k cover, the open
Brill–Noether splitting loci are smooth of the expected dimension. The above proposition thus implies
W Ee.C / is smooth away from all splitting loci of codimension 2 or more. Together with Theorem 7.8, we
have thus shown:

Theorem 9.2 Let f W C ! P1 be a general genus g, degree k cover. Then W Ee.C / is smooth away from
all codimension 2 splitting loci. Thus W Ee.C / is normal.

Combined with Theorem 8.6, we have therefore proven:

Theorem 9.3 If f W C ! P1 is a general degree k cover and g > u.Ee/, then W Ee.C / is irreducible.

10 Monodromy

For the remainder of the paper, we suppose that the characteristic of our ground field does not divide k. Our
final task is to show that the universal WEe has a unique irreducible component dominating a component
of the unparametrized Hurwitz stack Hk;g when g � u.Ee/. When g > u.Ee/— or when k D 2, in which
case N.Ee/D 1 for all Ee—W Ee.C / is irreducible for C general. So, for the remainder of this section, we
suppose g D u.Ee/ and k > 2.

When gD u.Ee/, we have shown that W Ee.X/ is a reduced finite set of line bundles. Using this, we obtain:

Lemma 10.1 Let f� W X�! P� be a deformation of f W X ! P to a smooth cover , with smooth total
space (see Section 2). If C! P0! B is a family of smooth covers containing f�, over a reduced base B,
then W Ee.C=B/! B is étale near f�.

Proof Because u.Ee/ D g, every component of W Ee.C=B/ has dimension at least dimB. Moreover,
W Ee.C=B/! B is proper, and the fiber over f� is a finite set of reduced points. Since B is reduced, we
conclude that the map is étale near f�.

Since f WX ! P is separable, f� is also separable. In particular, its cotangent complex is punctual, so
Hk;g is smooth at f�. We can therefore apply this lemma to the universal family over a component B
of Hk;g .

In greater generality, suppose that B is any irreducible base, and � WW !B is étale near b 2B. Then any
irreducible component of W dominating B meets ��1.b/, and every point of ��1.b/ is contained in a
unique irreducible component of W, which dominates B. To show W has a unique irreducible component
dominating B, it thus suffices to show that any two points of ��1.b/ are contained in the same irreducible
component of W. In particular, suppose that B 0 is irreducible and the image of B 0 ! B meets b. If
W �B B

0! B 0 has a unique irreducible component dominating B 0, then W has a unique irreducible
component dominating B.
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Therefore, if there is some family C=B 0 over a reduced irreducible base B 0, containing f�, such that
W Ee.C=B 0/!B 0 has a unique component dominating B 0, then the universal WEe has a unique component
dominating our component of Hk;g . The argument will proceed in the following steps:

(1) In Section 10.1, we define the stack Hk;g;2 of degree k genus g covers with total ramification at two
points, and partial and total compactifications thereof:

Hk;g;2 �Hsm-ch
k;g;2 �Hch

k;g;2 �Hk;g;2:

The universal curve Csm-ch over Hsm-ch
k;g;2

will be a family of chain curves with smooth total space. We may
therefore construct the universal Ee-positive locus W Ee.Csm-ch/ as in Section 3. We will also observe that:

(a) X lies in Hsm-ch
k;g;2

, and Hk;g;2 contains a deformation of X as in Lemma 10.1,

(b) Hch
k;g;2

is smooth, so X lies in a unique component Hsm-ch;ı
k;g;2

of Hsm-ch
k;g;2

,

(c) W Ee.Csm-ch/!Hsm-ch
k;g;2

is étale near X.

We may therefore reduce to studying W Ee.Csm-ch/. (The reason for this first reduction is to sidestep
questions related to the existence of a nice compactification of the Hurwitz space in positive characteristic,
given that we will need these compactifications of Hk;g;2 anyways later in our argument.) In light of (1)(c),
our problem is now to show that every two points of W Ee.X/ lie in the same irreducible component
of W Ee.Csm-ch/.

Recall that W Ee.X/ is the reduced finite set of line bundles LT indexed by the efficient fillings T of �.Ee/
(see Definition 4.10). Therefore, it suffices to see that for any two tableaux T and T 0 of shape �.Ee/,
the irreducible components of W Ee.Csm-ch/ containing T and T 0 coincide. Because any two tableaux
can be connected via a sequence of braid moves (see Section 8), it suffices to show that LT and LF iT
(respectively LT and LS iT ), when defined, lie in the same irreducible component.

(2) In Section 10.2 (respectively Section 10.3), we restrict W Ee.Csm-ch/ to certain families in Hsm-ch;ı
k;g;2

whose closures contain X ; these families arise by smoothing nodes of X and are themselves parametrized
by Hı

k;2;2
(respectively Hı

k;3;2
).

The restriction of W Ee.Csm-ch/ to these families is not irreducible. Nonetheless, for each T such that F iT
(respectively S iT ) is defined, we describe substacks YF .i; T / (respectively YS .i; T /) of the restriction
of W Ee.Csm-ch/ to these families; the fiber over X of the closure of YF .i; T / (respectively YS .i; T /) in
W Ee.Csm-ch/ consists of LT and LF iT (respectively LT and LS iT ).

(3) Finally, in Section 10.4, we prove that YF .i; T / and YS .i; T / are irreducible, thereby establishing
that LT and LF iT (respectively LT and LS iT ) lie in the same irreducible component of W Ee.Csm-ch/, as
desired.

We do this by observing that YF .i; T / (respectively YS .i; T /) extends naturally over the entirety of Hk;2;2

(respectively Hk;3;2). Moreover, they remain generically étale over a certain boundary stratum R2

(respectively R3), where we can write down explicit equations and check irreducibility.
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10.1 Covers with two points of total ramification

Definition 10.2 Let Mg;2 denote the moduli stack of curves of genus g with two marked points, and Mg;2

denote its Deligne–Mumford compactification by stable curves. Write Hk;g;2 �Mg;2 for the substack
of .C; p; q/ 2Mg;2 with OC .kp/' OC .kq/. (In other words, for a scheme B, the B-points of Hk;g;2

parametrize relative smooth curves C ! B equipped with a pair of sections fp; qg such that B can be
covered by opens U with OC jU .kp/' OC jU .kq/.)

Write Hk;g;2 � Mg;2 for the closure of Hk;g;2. Let Hsm-ch
k;g;2

� Hk;g;2 (respectively Hch
k;g;2

� Hk;g;2)
denote the open substack parametrizing chains of smooth (respectively irreducible) curves where the
marked points are on opposite ends. Let Csm-ch denote the universal curve over Hsm-ch

k;g;2
.

Any .C; p; q/2Mg;2 lies in Hk;g;2 if and only if C admits a map C !P1 of degree k, totally ramified at
p and q. Such a map is unique up to Aut P1, so there is a natural map Hk;g;2!Hk;g . The boundary can
be understood explicitly in a similar fashion. Suppose C D C 1[p1 [p2 � � � [pn�1 C

n with p D p0 2 C 1

and q D pn 2 C n is a chain of irreducible curves where the marked points are on opposite ends. By the
theory of admissible covers (see [Liu 2003, Section 5]), .C; p; q/ 2Hch

k;g;2
if and only if C admits a map

of degree k to a chain of n copies of P1 totally ramified over the pi . Such a map exists if and only if
pi �pi�1 is k-torsion in Pic0.C i / for i D 1; : : : ; n, in which case it is unique.

Note that, by construction, .X; p0; pg/ lies in Hsm-ch
k;g;2

, and the deformation constructed in Section 2 lies
in Hk;g;2.

Lemma 10.3 Hch
k;g;2

is smooth , as is the total space Csm-ch of the universal curve over Hsm-ch
k;g;2

.

Proof Let C D C 1 [p1 C
2 [p2 � � � [pn�1 C

n be a point of Hch
k;g;2

, with marked points p D p0 2 C 1

and q D pn 2 C n. Let f 0 W C ! P be the unique map of degree k to a chain of n copies of P1 totally
ramified at the pi . Because the characteristic does not divide k by assumption, f 0 is separable.

By formal patching (see [Liu 2003, Lemma 5.6]), a deformation of f 0 is uniquely determined by
deformations in formal neighborhoods of every branch point b of f 0, and every node qi of P. Near a
branch point b, the deformation space is smooth since the relative cotangent complex is punctual. Above a
node qi , write x and y for local coordinates on C i and C iC1 at pi . Since the map is totally ramified and
k is not a multiple of the characteristic, aD xk and bD yk give local coordinates on the two copies of P1

meeting at qi . A local versal deformation space is then smooth of dimension 1: a versal deformation
with coordinate t is SpecKŒŒx; y; t ��=.xy � t /! SpecKŒŒa; b; t ��=.ab� tk/. Thus Hch

k;g;2
is smooth.

Finally, along the fiber C, the map Csm-ch ! Hsm-ch
k;g;2

is smooth away from the pi . Therefore the only
possible singularities of the total space Csm-ch along C occur at the pi . In a formal neighborhood of pi ,
the total space Csm-ch is a pullback under a smooth map of the total space SpecKŒŒx; y; t ��=.xy � t / of
the universal source over the versal deformation space appearing above, which is smooth.
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In particular, X lies in a unique irreducible component Hsm-ch;ı
k;g;2

of Hsm-ch
k;g;2

. The work in Section 3 defines
a universal Ee-positive locus W Ee.Csm-ch/, which is proper over Hsm-ch

k;g;2
, and whose fiber over X is W Ee.X/,

which we have shown is a reduced finite set. By regeneration (Corollary 6.6), every point of W Ee.X/
lies in a component of W Ee.Csm-ch/ dominating Hsm-ch;ı

k;g;2 . Since Hsm-ch;ı
k;g;2 is reduced by Lemma 10.3, we

conclude, as in the proof of Lemma 10.1, that W Ee.Csm-ch/!Hsm-ch;ı
k;g;2

is étale near X.

10.2 Flips in monodromy

Suppose that the flip F iT is defined. Our deformation of X will be obtained by smoothing the node pi .
Such curves are parametrized by a component Hı

k;2;2
of Hk;2;2. The map � W Hı

k;2;2
,! Hsm-ch

k;g;2
sends

.C; p; q/ to the chain curve obtained by attaching E1[p1 � � � [pi�2 E
i�1 to C so that pi�1 is identified

with p, and attaching EiC2[ � � � [Eg so that piC1 is identified with q:

pi�1

D

p

piC1

D

q

pi�2
C

piC2
Ei�1Ei�2 EiC3EiC2

Our original chain curve X is in the closure of �.Hı
k;2;2

/.

Lemma 10.4 Let L be a limit line bundle on �.C; p; q/, with LE
t

D LtT for t … fi; i C 1g, such that
there exist points x; y 2 C with

LC ' O..T Œi �C i � 1/pC .d �T Œi �� i/qC x/' O..T Œi C 1�C i � 1/pC .d �T Œi C 1�� i/qCy/

(which forces OC .x�y/' OC ..T Œi C 1��T Œi �/.p� q//). Then L is limit Ee-positive.

Proof Because LT is Ee-positive, and LE
t

DLtT for t … fi; iC1g, it suffices to show that, for all a; b 2Z

(with the notation of Definition 3.2),

(46) h0.LC .�ap� bq//� f .a; b/ WD min
d iCd iC1Dd

h0..LT /
E i[E iC1

.d i ;d iC1/
.�ap� bq//:

If aC b � d , then straightforward casework (using our assumption that T Œi C 1� ¥ T Œi �� 1 mod k)
implies

f .a; b/� h0..LT /
E i[E iC1

.d�b;b/ .�ap� bq//D 0;

and so (46) holds. Otherwise, if aC b � d � 1, then straightforward casework (using our assumption that
T Œi C 1�¥ T Œi �C 1 mod k) implies

f .a; b/� h0..LT /
E i[E iC1

.d�b�1;bC1/.�ap�bq//D

8<:
1 if .a; b/D .T Œi �Ci�1; d�T Œi ��i/,
1 if .a; b/D .T ŒiC1�Ci�1; d�T ŒiC1��i/,
d�a�b�1 otherwise.

This immediately implies (46) in the “otherwise” case by Riemann–Roch. In the first two cases, this
implies (46) by our assumption that LC .�ap� bq/ is effective for these values of a and b.
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On a smooth curve of genus 2, the map C �C ! Pic0 C defined by .x; y/ 7! OC .x � y/ is finite of
degree 2 away from the diagonal (which is contracted to the identity in Pic0 C ). Lemma 10.4 thus
produces two limit Ee-positive line bundles on the general curve in �.Hı

k;2;2
/, ie a substack YF .i; T / of the

restriction of W Ee.Csm-ch/ to �.Hı
k;2;2

/. Limiting to X, we obtain two Ee-positive line bundles (which must
be distinct because W Ee.Csm-ch/!Hsm-ch

k;g;2
is étale near X ). By construction, these correspond to tableaux

T1 and T2 satisfying Tj Œt � D T Œt � for t ¤ fi; i C 1g. But there are only two such tableaux: T itself
and F iT. Therefore the fiber of the closure of YF .i; T / over X consists of LT and LF iT , as desired.

Note that, although the map YF .i; T /! W Ee.Csm-ch/ depends on i and T, the stack YF .i; T / and the
map YF .i; T /!Hı

k;2;2
depend only on n WD T Œi C 1�� T Œi �, up to sign and modulo k. We therefore

write YF .n/D YF .i; T /!Hı
k;2;2

.

10.3 Shuffles in monodromy

Suppose that the shuffle S iT is defined, ie T Œi �D T Œi C 2� and T Œi C 1�D T Œi �˙ 1. Without loss of
generality, suppose that T Œi C 1�D T Œi �C 1. Our deformation of X will be obtained by simultaneously
smoothing the nodes pi and piC1. Such curves are parametrized by a component Hı

k;3;2
of Hk;3;2. The

map � WHı
k;3;2

,!Hsm-ch
k;g;2

sends .C; p; q/ to the chain curve obtained by attaching E1[p1 � � � [pi�2 E
i�1

to C so that pi�1 is identified with p, and attaching EiC3[ � � � [Eg so that piC2 is identified with q:

pi�1

D

p

piC2
D

q

pi�2
CEi�1Ei�2 EiC3

Our original chain curve X is in the closure of �.Hı
k;3;2

/.

Lemma 10.5 Suppose that C is a nonhyperelliptic curve of genus 3. Let L be a limit line bundle on
�.C; p; q/ with LE

t

D LtT for t … fi; i C 1; i C 2g such that

LC ' OC .zC .T Œi �C i/pC .d �T Œi �� i � 1/q/

for z 2 fx; yg, where x; y 2 C is the pair of points such that pC qC xC y � KC (ie the two points
collinear with p and q in the canonical model of C as a plane quartic):

�

�

�

�C

x

y

p

q

Then L is limit Ee-positive.
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Proof Because LT is Ee-positive, and LE
t

D LtT for t … fi; i C 1; i C 2g, it suffices to show that, for all
a; b 2 Z,

(47) h0.LC .�ap� bq//� f .a; b/ WD min
d iCd iC1Cd iC2Dd

h0..LT /
E i[E iC1[E iC2

.d i ;d iC1;d iC2/
.�ap� bq//:

If aC b � d � 1, then straightforward casework implies

f .a; b/� h0..LT /
E i[E iC1[E iC2

.a;d�a�b;b/ .�ap� bq//D

�
1 if .a; b/D .T Œi �C i; d �T Œi �� i � 1/,
0 otherwise:

This immediately implies (47) in the “otherwise” case, and shows that, in the first case, (47) follows from
the condition

(48) h0
�
LC .�.T Œi �C i/p� .d �T Œi �� i � 1/q/

�
� 1:

Otherwise, if aC b � d � 2, then straightforward casework implies

f .a; b/� h0..LT /
E i[E iC1[E iC2

.aC1;d�a�b�2;bC1/.�ap� bq//

D

8̂̂̂<̂
ˆ̂:
2 if .a; b/D .T Œi �C i � 1; d �T Œi �� i � 2/,
1 if .a; b/D .T Œi �C i � 1; d �T Œi �� i � 1/,
1 if .a; b/D .T Œi �C i; d �T Œi �� i � 2/,
d � a� b� 2 otherwise.

This immediately implies (47) in the “otherwise” case by Riemann–Roch. Since vanishing at p or q
imposes at most one condition on sections of any line bundle, in the first three cases, (47) follows from
the single condition

(49) h0
�
LC .�.T Œi �C i � 1/p� .d �T Œi �� i � 2/q/

�
� 2:

We conclude by observing that LC satisfies (48) and (49) by its definition.

Lemma 10.5 thus produces two limit Ee-positive line bundles on the general curve in �.Hı
k;3;2

/, ie a
substack YS .i; T / of the restriction of W Ee.Csm-ch/ to �.Hı

k;3;2
/. As in the previous “flip” case, the fiber

of the closure of YS .i; T / over X consists of LT and LS iT as desired. Moreover, YS .i; T /!Hı
k;3;2

is
independent of i and T. We therefore write YS D YS .i; T /!Hı

k;3;2
.

10.4 Irreducibility of YF .n/ and YS

Our final task is to show that the following two double covers have a unique irreducible component
dominating the desired component of the base:

YF .n/ The double cover of Hk;2;2 parametrizing points x and y with O.x�y/' O.n.p� q// (where
n is an integer not equal to 0;˙1 mod k);

YS The double cover of the complement of the hyperelliptic locus in Hk;3;2 parametrizing points x
and y with O.xCy/' !.�p� q/ (where k > 2).
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Notice that the definition of YF .n/ (respectively YS ) extends naturally to the entire closure Hk;2;2

(respectively Hk;3;2), although it is not a priori finite flat of degree 2.

Proposition 10.6 (1) YF .n/ is finite flat of degree 2 over the open substack of Hch
k;2;2

defined by
.C; p; q/ satisfying the following conditions:

(a) C is irreducible.

(b) p� q is exactly k-torsion on C.

(c) p � q is exactly k-torsion on the partial normalization of C at any node (this condition is
vacuous if C is smooth and implies the previous one if C is singular).

(2) YS is finite flat of degree 2 over the open substack of Hch
k;3;2

defined by .C; p; q/ satisfying the
following conditions:

(a) C is irreducible.

(b) p and q are not conjugate under the hyperelliptic involution if C is hyperelliptic (this condition
is vacuous if C is not hyperelliptic).

(c) p and q are not conjugate under the hyperelliptic involution on the partial normalization of
C at any node (this condition is vacuous if C is smooth and implies the previous one if C is
singular).

Proof Write U2 � Hch
k;2;2

(respectively U3 � Hch
k;3;2

) for the open substacks defined by the above
conditions.

YF .n/ Consider any .C; p; q/ 2 U2. Since C is irreducible, the condition O.x � y/ ' O.n.p � q//

is equivalent to O.xC Ny/ ' !.n.p � q//, where Ny denotes the conjugate of y under the hyperelliptic
involution. The line bundle !.n.p� q// is of degree 2, and not isomorphic to ! because p� q is exactly
k-torsion and n¥ 0 mod k. Therefore, since C is irreducible, !.n.p� q// has a unique section (up to
scaling), vanishing on a Cartier divisor D � C of degree 2. If D were supported at a node of C, consider
the partial normalization C � of C at this node, and write s and t for the points on C � above this node.
Then !C .n.p� q//' O.sC t / as line bundles on C � . Since !C ' !C� .sC t /' O.sC t /, we would
have OC� .n.p�q//' OC� . But this is impossible since p�q is exactly k-torsion on C � by assumption.
Thus D � Csm.

It thus remains to see that these divisors D fit together to form a Cartier divisor D on the universal
curve � W C! U2 of relative degree 2 (which will then be supported in the smooth locus and identified
with YF .n/). Write p; q WU2!C for the universal sections. Observe that !C=U2.n.p�q// is a line bundle
on C, with a unique section up to scaling on every geometric fiber. Moreover, by Lemma 10.3, the base U2
is smooth, and in particular reduced. Cohomology and base change thus implies that ��!C=U2.n.p� q//

is a line bundle on U2. Working locally on U2, we may trivialize it by picking a section, which gives a
section of !C=U2.n.p� q//, vanishing along a Cartier divisor D.
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YS Consider any .C; p; q/ 2 U3. Since C is irreducible, and p and q are not conjugate under the
hyperelliptic involution if C is hyperelliptic, we have h0.C;O.pC q//D 1. By Serre duality, !.�p� q/
has a unique section (up to scaling), vanishing on a Cartier divisor D � C of degree 2. If D were
supported at a node of C, consider the partial normalization C � of C at this node, and write s and t
for the points on C � above this node. Then !C .�p � q/ ' O.s C t / as line bundles on C � . Since
!C ' !C� .sC t /, we would have OC� .pC q/ ' !C� . But this is impossible since p and q are not
conjugate under the hyperelliptic involution on C � by assumption. Thus D � Csm.

As in the previous case, these divisors D fit together to form a Cartier divisor D on the universal curve
� W C! U3 of relative degree 2.

We now show that YF .n/ (respectively YS ) has a unique irreducible component dominating Hch;ı
k;2;2

(respectively Hch;ı
k;3;2

). To do this, we will restrict these double covers to certain schemesRh!Hch;ı
k;h;2

(with
hD 2 and hD 3, respectively), where we can write down the equations of YF .n/ and YS explicitly and
see that they are irreducible. The scheme R2 is an open in fr1; r2g 2 Sym2 P1 (respectively R3 is an open
in fr1; r2; r3g 2 Sym3 P1). Let � denote a primitive kth root of unity (which exists by our assumption
that the characteristic does not divide k). Our schemes Rh will parametrize stable curves of geometric
genus 0 of the following forms:

p D 0 q D1

r1 r1� r2 r2� r1 r1� r2 r2� r3 r3�

p D 0 q D1

On such curves (and their normalizations at any one node), p � q D 0�1 has order exactly k; the
function tk gives the linear equivalence between kp and kq. Moreover, any involution of P1 exchanging
0 and1 has the form t 7! c=t . Such an involution exchanges ri and ri� only if cD r2i �. Therefore, if the
r2i � are distinct, the points p and q are not conjugate under the hyperelliptic involution on the normalization
of R3 at any node. The general curves over Rh therefore satisfy the conditions of Proposition 10.6. A
priori, however, Rh may not map to the desired component Hch;ı

k;h;2
.

Proposition 10.7 The image of Rh lies in the component Hch;ı
k;h;2

.

Remark 8 The authors conjecture Hk;h;2 is irreducible (when the characteristic does not divide k), which
would immediately imply Proposition 10.7. Indeed, in characteristic zero, one can establish this using
transcendental techniques. Moreover, techniques developed by Fulton [1969] show that irreducibility
in characteristic zero implies irreducibility when the characteristic is greater than k. However, it seems
difficult to extend this argument to small characteristics. Instead, we give here a direct algebraic proof of
Proposition 10.7, which requires only our less strict hypothesis that the characteristic does not divide k.

Proof By definition, Hch;ı
k;h;2

is the component of Hch
k;h;2

containing the locus of chains of elliptic curves.
(Note that the locus of chains of elliptic curves is itself irreducible, as it is isomorphic to a g-fold product
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X1.k/ � � � � �X1.k/ of the classical modular curve X1.k/, which is irreducible in characteristic not
dividing k.) Consider the following points of Hch

k;h;2
:

1 � 1 �

01p D 0 q D1

or 1 � 1 � 1 �

00 11p D 0 q D1

By smoothing the top (blue) nodes, these curves are visibly in the closure of the image of Rh. Similarly,
by smoothing the bottom (violet) nodes, these curves are visibly in the closure of the locus of chains of
elliptic curves. Finally, by Lemma 10.3, these curves lie in a unique component.

We finally compute explicitly the restriction of the covers YF .n/ and YS to R2 and R3, respectively. In
particular, we will see that these covers are generically étale of degree 2 and have a unique irreducible
component dominating R2 and R3, respectively. Therefore YF .n/ and YS have a unique irreducible
component dominating Hch;ı

k;2;2
and Hch;ı

k;3;2
, respectively (see the discussion after the proof of Lemma 10.1).

For YF .n/, we have O.x � y/' O.n.0�1//, so there is a function vanishing along n � 0C y, with a
pole along n �1C x. The only such function on the normalization is tn.t � y/=.t � x/; this function
must therefore descend to the nodal curve, ie

rn1 .r1�y/

r1� x
D
.r1�/

n.r1� �y/

r1� � x
and

rn2 .r2�y/

r2� x
D
.r2�/

n.r2� �y/

r2� � x
:

The first of these equations is linear in y; we may thus solve for y and substitute into the second equation.
Clearing denominators, we obtain a quadratic equation for x, whose coefficients are symmetric in r1
and r2. Written in terms of the elementary symmetric functions e1 D r1C r2 and e2 D r1r2 on Sym2 P1,
this equation is

(50) .�nC1� 1/ � x2C .� � �nC1/e1 � xC .�
nC1
� �2/e2 D 0:

This is linear in e1 and e2, so can only be reducible if it has a root x 2P1 which is constant (ie independent
of e1 and e2). But upon setting e2D1, this quadratic has a double root at xD1 (note that n¥ 1 mod k,
so �nC1��2¤ 0). Similarly, upon setting e1D e2D 0, this quadratic has a double root at xD 0 (note that
n¥�1 mod k, so �nC1� 1¤ 0). Thus no such constant root exists, and (50) is irreducible as desired.

For YS , we have O.xCy/' !.�p� q/, so there is a section of the dualizing sheaf vanishing at x, y, 0
and1. When pulled back to the normalization, this gives a meromorphic 1-form with poles at the points
lying above the nodes (r1; r1�; r2; r2�; r3; r3�) that vanishes at x, y, 0 and1. The only such 1-form is

˛ D
t .t � x/.t �y/ � dt

.t � r1/.t � r1�/.t � r2/.t � r2�/.t � r3/.t � r3�/
:

This 1-form must therefore descend to a section of the dualizing sheaf on the nodal curve, ie

RestDr1˛CRestDr1�˛ D RestDr2˛CRestDr2�˛ D RestDr3˛CRestDr3�˛ D 0:
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Since the sum of all residues (RestDr1˛CRestDr1�˛CRestDr2˛CRestDr2�˛CRestDr3˛CRestDr3�˛)
automatically vanishes, this is really just two conditions:

r1.r1�x/.r1�y/

.r1�r1�/.r1�r2/.r1�r2�/.r1�r3/.r1�r3�/
C

.r1�/.r1��x/.r1��y/

.r1��r1/.r1��r2/.r1��r2�/.r1��r3/.r1��r3�/

D RestDr1˛CRestDr1�˛ D 0;

r2.r2�x/.r2�y/

.r2�r2�/.r2�r1/.r2�r1�/.r2�r3/.r2�r3�/
C

.r2�/.r2��x/.r2��y/

.r2��r2/.r2��r1/.r2��r1�/.r2��r3/.r2��r3�/

D RestDr2˛CRestDr2�˛ D 0:

The first of these equations is linear in y; we may thus solve for y and substitute into the second equation.
Clearing denominators, we obtain a quadratic equation for x, whose coefficients are symmetric in r1, r2 and
r3. Written in terms of the elementary symmetric functions e1D r1Cr2Cr3 and e2D r1r2Cr2r3Cr3r1
and e3 D r1r2r3 on Sym3 P1, this equation is

.�C 1/e2 � x
2
� Œ�e1e2C .�

2
C �C 1/e3� � xC .�

2
C �/e1e3 D 0:

To see this is irreducible, it suffices to check irreducibility after specializing e1 D 1, which yields the
equation

(51) .�C 1/e2 � x
2
� Œ�e2C .�

2
C �C 1/e3� � xC .�

2
C �/e3 D 0:

This is linear in e2 and e3, so can only be reducible if it has a root x 2 P1 which is constant. But, upon
setting e2=e3D 0, the roots are xD1 and xD .�2C�/=.�2C�C1/¤ 0 (note that �2C�D �.�C1/¤ 0
because � is a primitive kth root of unity with k>2). Similarly, upon setting e2=e3D1, the roots are xD0
and xD �=.�C1/¤1 (again �C1¤ 0). It thus remains to observe that .�2C�/=.�2C�C1/¤ �=.�C1/
because � ¤ 0.
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Hyperbolic hyperbolic-by-cyclic groups are cubulable

FRANÇOIS DAHMANI

SURAJ KRISHNA MEDA SATISH

JEAN PIERRE MUTANGUHA

We show that the mapping torus of a hyperbolic group by a hyperbolic automorphism is cubulable. Along
the way, we give an alternate proof of Hagen and Wise’s theorem that hyperbolic free-by-cyclic groups are
cubulable, and extend to the case with torsion Brinkmann’s thesis that a torsion-free hyperbolic-by-cyclic
group is hyperbolic if and only if it does not contain Z2-subgroups.

20E08, 20E36, 20F65, 20F67

1 Introduction

We prove the following:

Corollary 5.4 Hyperbolic hyperbolic-by-cyclic groups are cubulable.

A hyperbolic-by-cyclic group is a semidirect product G Ì Z of a hyperbolic group G with the integers Z.
A group is cubulable if it admits an isometric action on a CAT.0/ cube complex that is cubical, proper, and
cocompact. The repetition in the statement is intended: we assume that both G and G Ì Z are hyperbolic
(equivalently, G is hyperbolic and G Ì Z does not contain Z2; see Corollary 5.3). This restricts what G

can be.

Emblematic cases of our theorem are known by outstanding works. First and foremost, if G is a closed
surface group, then any hyperbolic extension G Ì Z is a closed hyperbolic 3-manifold group [Thurston
1982]. Its cubulation is due to independent works of Bergeron and Wise [2012] — using Kahn and
Markovic’s [2012] surface subgroup theorem — and Dufour [2012] — using the immersed quasiconvex
surfaces of Cooper, Long, and Reid [Cooper et al. 1994]. Second, when G is free, Hagen and Wise [2016]
cubulated the mapping torus G Ì Z of a fully irreducible hyperbolic automorphism.

Hagen and Wise [2015] also treat extensions of free groups by arbitrary hyperbolic automorphisms, a
notoriously difficult analysis. We do not rely on, nor follow, that work. Instead, our proof uses the
emblematic cases above in a telescopic argument that encompasses the case when G is a torsion-free
hyperbolic group (see Theorem 4.2). It provides a hopefully appreciated alternative.

We adopt a relative viewpoint and bootstrap the relative cubulation of certain free-product-by-cyclic
groups of [Dahmani and Meda Satish 2022]; this uses recent work of Groves and Manning [2023] on

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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improper actions on CAT.0/ cube complexes along with the malnormal combination theorem of Hsu
and Wise [2015]. The need for the theory of train tracks (of free groups or free product automorphisms;
see [Bestvina and Handel 1992; Francaviglia and Martino 2015]) is limited to absolute train tracks for
the fully irreducible case; it is encapsulated in the relative cubulation of free-product-by-cyclic groups
[Dahmani and Meda Satish 2022].

For a hyperbolic group G possibly with torsion, if there exists a hyperbolic extension G Ì Z, then G is
virtually torsion-free (and residually finite) by Proposition 5.2. In particular, G Ì Z is virtually cubulable
hyperbolic, and hence cubulable [Wise 2021, Lemma 7.14]. As a consequence, we have:

Corollary If a hyperbolic-by-cyclic group � is hyperbolic , then

(1) � is virtually (compact) special [Agol 2013],

(2) � is Z-linear and its quasiconvex subgroups are separable [Haglund and Wise 2008],

(3) � virtually surjects onto F2 [Antolín and Minasyan 2015],

(4) � is conjugacy separable [Minasyan and Zalesskii 2016], and

(5) � admits Anosov representations [Douba et al. 2023].

We end this introduction with a question. Proposition 5.2 states that a hyperbolic group is virtually a
free product of free and surface groups whenever it admits a hyperbolic automorphism. However, the
converse is false as can be seen from a hyperbolic triangle group or the free product of two finite groups —
these have finite outer automorphism groups.

Question Can one algebraically characterise hyperbolic groups that admit hyperbolic automorphisms?

Note that Pettet [1997] characterised virtually free groups with finite outer automorphism groups.
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2 Free factor systems

A free decomposition of a group G is an isomorphism G ŠA1 � � � � �Ak �Fr , where k � 0, r � 0, each
peripheral free factor Ai is not trivial, and Fr is free with rank r . We call AD .A1; : : : ;Ak/ a free factor
system of G; it is proper unless k � 1 and r D 0. The integer kC r is the Kurosh corank of the free factor
system A. A nontrivial group is freely indecomposable if its free factor systems have Kurosh corank 1.
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Assume G is finitely generated for the rest of this section. A Grushko decomposition of G is a free
decomposition whose free factor system A has maximal Kurosh corank and peripheral free factors Ai are
not Z; here we call A a Grushko free factor system and its Kurosh corank is the Kurosh–Grushko rank of G.

Recall the preorder of free factor systems of G: a free factor system BD .B1; : : : ;Bl/ is lower than A if
each Bj is conjugate in G to a subgroup of some Ai . In this case, a free decomposition with peripherals
A refines to one with peripherals B (as seen by the actions of Ai on TB, a Serre tree whose nontrivial
vertex stabilisers are exactly the conjugates of all Bj ), and the Kurosh corank of B is at least that of A (see
[Dahmani and Li 2022, Lemma 1.1] for a similar argument); if it is equal, then A is also lower than B.

Let B D .B1; : : : ;Bl/ be a free factor system of G. A proper .G;B/-free factor is a nontrivial point
stabiliser of a nontrivial action of G on a tree, for which edge stabilisers are trivial, and in which each Bj

is elliptic. In other words, it is a peripheral free factor Ai in a free factor system A that is higher than B
in the preorder.

A minimal free factor system in this preorder is a Grushko free factor system; it is unique up to the pre-
order’s equivalence relation. So any automorphism preserves the Grushko free factor system .A1; : : : ;Ak/,
ie it sends each Ai to a conjugate of some Aj . A free factor system is periodic with respect to � 2Aut.G/
if some (positive) power of � preserves it.

Lemma 2.1 Suppose G is a finitely generated group. If BD .B1; : : : ;Bl/ is a proper free factor system ,
then each Bi has Kurosh–Grushko rank strictly lower than the Kurosh–Grushko rank of G.

If G has Kurosh–Grushko rank � 2, then any automorphism �WG!G has a free factor system that is
maximal among �-periodic proper free factor systems.

Proof Since B is proper, G Š Bi �H for some nontrivial group H . By uniqueness of the Grushko
decomposition, the Kurosh–Grushko rank of G is the sum of those of Bi and H .

For the second assertion, as the Kurosh–Grushko rank is at least 2, the Grushko free factor system is
proper and �-periodic. Restricting to �-periodic proper free factor systems, any one with the lowest
Kurosh corank is maximal in the preorder.

3 Ingredients

Let G be a torsion-free group. For this section, we assume

� a free factor system B D .B1; : : : ;Bl/ has Kurosh corank � 3,

� an automorphism  WG!G preserves B, denoted by  2 Aut.G;B/,
�  2Aut.G;B/ is relatively fully irreducible, ie any  -periodic (up to conjugacy) proper .G;B/-free

factor must be conjugate to some Bi , and

�  2 Aut.G;B/ is relatively atoroidal, ie any  -periodic conjugacy class of nontrivial elements in
G intersects some Bi .

Geometry & Topology, Volume 29 (2025)
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Here is an equivalent definition of relatively fully irreducible:

Lemma 3.1 An automorphism  2Aut.G;B/ is relatively fully irreducible if and only if B is a maximal
 -periodic proper free factor system.

Proof If some -periodic proper free factor system .A1; : : : ;Ak/ is strictly higher than BD .B1; : : : ;Bl/

in the preorder, then some Ai is a  -periodic proper .G;B/-free factor that is not conjugate to any Bj .

Conversely, if some  -periodic proper .G;B/-free factor A1 is not conjugate to any Bi , then the  -
periodic free factor system .A1/ can be extended to a  -periodic proper free factor system .A1; : : : ;Ak/

that is strictly higher than B by including some (conjugates of) Bi .

For h 2G, adhWG!G denotes the inner automorphism g 7! hgh�1. For a peripheral free factor Bi , let
ki � 1 be the smallest integer such that  ki .Bi/D g�1

i Bigi for some gi 2G. The peripheral suspension
Bi Ì Z is the suspension of Bi by adgi

ı ki jBi
WBi!Bi ; this group naturally embeds in G Ì Z — one

can verify using normal forms that the natural homomorphism Bi Ì hsi !G Ì hti given by s 7! gi t
ki

is injective.

The first two authors recently gave a relative cubulation (introduced in [Einstein and Groves 2020]) of the
mapping torus of a relatively fully irreducible relatively atoroidal automorphism. Their proof is adapted
from Hagen and Wise’s [2016] cubulation of hyperbolic irreducible free-by-cyclic groups.

Theorem 3.2 (see [Dahmani and Meda Satish 2022, Theorem 1.1]) Under this section’s assumptions ,
the mapping torus G Ì Z acts cocompactly on a CAT.0/ cube complex, where each cell stabiliser is
either trivial or conjugate to a finite-index subgroup of some peripheral suspension Bi Ì Z.

The cited theorem has an additional assumption: absence of twinned subgroups. Two subgroups H1¤H2

of G are twinned in B if they are conjugates of some Bj and Bk , and adg ı 
n.Hi/DHi (for i D 1; 2) for

some n� 1 and g 2G. This assumption ensures the family of peripheral suspensions is malnormal (for
relative hyperbolicity [Dahmani and Li 2022, Theorem 0.1]), but Guirardel remarked that it is redundant:

Lemma 3.3 (Guirardel) As B has Kurosh corank � 3 and  2Aut.G;B/ is relatively fully irreducible ,
there are no twinned subgroups in B.

Our proof of the lemma uses objects (expanding train tracks, limit trees, and geometric trees of surface
type) that we do not define here for the sake of brevity; we refer the reader to the cited literature for each.

Proof The automorphism  is represented by an expanding irreducible train track; see [Dahmani
and Li 2022, Section 1.3]. Projectively iterating the train track produces the limit .G;B/-tree T and a
 -equivariant expanding homothety hWT ! T ; see [Bestvina et al. 1997, page 232]. Note that nontrivial
point stabilisers of T are  -periodic (up to conjugacy) by the finiteness of G-orbits of branch points in T

[Horbez 2017, Corollary 5.5] and the  -equivariance of h.
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Let H �G be a nontrivial nonperipheral point stabiliser of T — nonperipheral means the subgroup is
not conjugate to some Bi . Then no proper .G;B/-free factor contains H — otherwise, the smallest such
factor would be nonperipheral and  -periodic, yet  2 Aut.G;B/ is relatively fully irreducible. Thus
T is geometric of surface type [Horbez 2017, Section 6.2 and Lemma 6.8] and the point stabiliser H

is cyclic [Horbez 2017, Proposition 6.10]. As H was arbitrary, all nonperipheral point stabilisers of
T are cyclic; therefore there are no twinned subgroups in B because they would generate a noncyclic
nonperipheral T -elliptic subgroup by the  -equivariance of h.

We use the following theorem of Groves and Manning to upgrade relative cubulations in the next section.

Theorem 3.4 (see [Groves and Manning 2023, Theorem D]) If a hyperbolic group � acts cocompactly
on a CAT.0/ cube complex so that cell stabilisers are quasiconvex and cubulable , then � is cubulable.

The cited theorem has “virtually special” in place of “cubulable”. Since virtually cubulable hyperbolic
groups are cubulable [Wise 2021, Lemma 7.14], the properties “virtually special” and “cubulable” are
equivalent for hyperbolic groups by Agol’s theorem [2013]. In particular, for hyperbolic groups, being
cubulable is a commensurability invariant.

Finally, for sporadic cases when the Kurosh corank is 2, we will need a specialisation of Hsu and Wise’s
malnormal combination theorem:

Theorem 3.5 (see [Hsu and Wise 2015, Corollary C]) Suppose � D �1 �hci �2 or �1�hci is hyperbolic
and hci is an infinite cyclic malnormal subgroup of � . If each �i is cubulable , then � is cubulable.

The two decompositions can be stated together as “� splits over hci”.

4 The bootstrap

The following proposition is due to Sela (see Proposition 5.1 for a proof):

Proposition 4.1 (see [Sela 1997, Corollary 1.10]) Assume G is a torsion-free hyperbolic group and
some extension G Ì� Z does not contain a copy of Z2. If G is freely indecomposable , then it is the
fundamental group of a closed surface.

We now prove our central result:

Theorem 4.2 Let G be a torsion-free hyperbolic group. If G Ì� Z is hyperbolic , then it is cubulable.

Proof We proceed by induction on the Kurosh–Grushko rank.
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If the Kurosh–Grushko rank of G is 1, then G is freely indecomposable. By Proposition 4.1, G is a
closed surface group and, by the classification of its automorphisms, � is pseudo-Anosov [Thurston
1982, Theorem 5.5]. Then G Ì� Z is famously the fundamental group of a closed hyperbolic 3-manifold
[Thurston 1982, Theorem 5.6] and cubulable, as already mentioned in Section 1. Assume n� 2 and the
theorem holds for torsion-free hyperbolic groups of Kurosh–Grushko rank < n.

Let the Kurosh–Grushko rank of G be n. Lemma 2.1 provides a maximal �-periodic proper free factor
system BD .B1; : : : ;Bl/, and each Bi has Kurosh–Grushko rank < n. As each peripheral free factor Bi

is quasiconvex in the hyperbolic group G, a closest point projection G! Bi is Lipschitz and extends
(cosetwise) to a peripheral retraction G Ì� Z! Bi Ì Z to the peripheral suspension. Since � is a
quasi-isometry, the peripheral retractions are Lipschitz by the Morse lemma (in G) — a variation of this
idea appears in [Mitra 1998, Section 3]. Thus the peripheral suspensions are quasiconvex and hyperbolic.
By the induction hypothesis, each Bi Ì Z is cubulable.

We distinguish two cases. The first is when the Kurosh corank of B is at least 3. Some positive power
 of � preserves B and, by Lemma 3.1,  2 Aut.G;B/ is relatively fully irreducible. Since G Ì Z is
hyperbolic, it has no Z2-subgroups and there are no  -periodic conjugacy classes of nontrivial elements
in G. In particular,  2 Aut.G;B/ is relatively atoroidal. By Theorem 3.2, G Ì Z acts cocompactly on
a CAT.0/ cube complex, where each cell stabiliser is either trivial or conjugate to a finite-index subgroup
of some quasiconvex cubulable Bi Ì Z. Groves and Manning’s Theorem 3.4 thus implies G Ì Z is
cubulable. It naturally embeds in G Ì� Z with finite index, so the latter is also cubulable by [Wise 2021,
Lemma 7.14].

The last case is when the Kurosh corank of B is 2. There are three possibilities: G is B1 �B2, B1 �F1,
or F2. We rule out the third possibility as F2 Ì Z is never hyperbolic — it is a classical theorem of
Nielsen [1917] that any automorphism of F2 maps the commutator of a basis to a conjugate of itself or
its inverse. To conclude, we will prove that � DG Ì� hti (virtually) satisfies the hypotheses of Hsu and
Wise’s Theorem 3.5, and hence is cubulable. Note that hti is a maximal cyclic subgroup of � , and hence
malnormal. It remains to show that � splits over hti as needed.

In the first possibility, up to taking the square of �, we may assume that � preserves the conjugacy classes
of both B1 and B2. After conjugation (which does not change the mapping torus), we may assume it
fixes B1 (setwise) and, being an automorphism, it sends B2 to a conjugate by an element of B1. After
further conjugation, it fixes both B1 and B2. Then the mapping torus � is

.B1 �B2/Ì� hti Š .B1 Ì hti/�hti .B2 Ì hti/:

In the second possibility, we write G D B1 � hsi. Up to taking the square of � and composing with a
conjugation, we may assume that �.B1/DB1 and �.s/D sb for some b 2B1. Consider G Ì� hti, where
tst�1 D sb, or written differently s�1ts D bt . Then, rewriting the presentation, one has that

� D .B1 � hsi/Ì� hti Š .B1 Ì hti/�htisDhbti;
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where the last operation is an HNN extension with a stable letter s that (right) conjugates hti to hbti (and
actually t to bt ).

5 Once more, with torsion

Now G is a finitely presented group (possibly with torsion). It has a maximal decomposition as the
fundamental group of a finite graph of groups with finite edge groups [Dunwoody 1985]. The infinite
vertex groups are thus one-ended [Stallings 1971]. We call this a Dunwoody–Stallings decomposition. It
is not unique, but the conjugacy classes of infinite vertex groups are uniquely defined: they are conjugacy
classes of the maximal one-ended subgroups of G. The following is a generalisation of Proposition 4.1:

Proposition 5.1 Assume G is a hyperbolic group (possibly with torsion) and some extension G Ì� Z

does not contain a copy of Z2. Then every maximal one-ended subgroup of G is virtually a closed
surface group.

Proof Let H be a maximal one-ended subgroup of G. Since there are only finitely many conjugacy
classes of such subgroups,  D .adg ı�

k/jH is an automorphism of H for some integer k � 1 and
element g 2G.

Similar to the discussion in Section 3, the suspension H Ì Z naturally embeds in G Ì� Z. As H is
one-ended, its JSJ decomposition is preserved by  [Bowditch 1998, Theorem 0.1]. The lack of Z2 in
G Ì� Z imposes that the JSJ is trivial but not a rigid vertex [Bestvina and Feighn 1995, Corollary 1.3]. It
is therefore a vertex of surface type. In particular, H is virtually a closed surface group; see, for instance,
[Martino 2007, Section 4].

We are now ready to state the main observation of this section:

Proposition 5.2 If G is a hyperbolic group (possibly with torsion) and some extension G Ì� Z does not
contain a copy of Z2, then G has a characteristic finite-index subgroup that is a free product of closed
surface groups and free groups. In particular , G is residually finite.

Proof Let X be a Dunwoody–Stallings decomposition of G. We need notation for the decomposition:
the underlying finite graph is X , for each vertex v in X its vertex group is Xv , and for each edge e in X

its finite edge group is Xe . For each vertex v, denote by Hv a normal finite-index subgroup of Xv that is
either trivial or a closed surface group, as guaranteed by Proposition 5.1.

As the subgroups Hv are torsion-free, the surjections qvWXv!Xv=Hv are injective on finite subgroups.
Thus we define a graph of finite groups Y with underlying graph X , vertex groups Xv=Hv, and edge
groups Xe; the surjections qv induce a surjection qWG ! �1.Y / with a torsion-free kernel. The quo-
tient �1.Y / is virtually free by Karrass, Pietrowski, and Solitar’s characterisation [Karrass et al. 1973,
Theorem 1].
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Let J � �1.Y / be a free finite-index subgroup. Since J and the kernel of q are torsion-free, the preimage
q�1.J /�G is a torsion-free finite-index subgroup. The intersection H of subgroups of G with index
ŒG W q�1.J /� is a characteristic torsion-free finite-index subgroup. The decomposition X of G induces a
Grushko decomposition of H whose freely indecomposable free factors are closed surface groups.

We may extend Brinkmann’s thesis [2000] to the case with torsion:

Corollary 5.3 Suppose G is a hyperbolic group. Then G Ì� Z is hyperbolic if and only if it does not
contain a copy of Z2.

The forward implication is standard. Conversely, if G Ì� Z does not contain a copy of Z2, then the
same holds for the finite-index subgroup G0 Ì�jG0

Z, where G0 is the torsion-free subgroup given by
Proposition 5.2. As G0 Ì�jG0

Z is hyperbolic [Brinkmann 2000], so is G Ì� Z.

Corollary 5.4 If G and G Ì� Z are hyperbolic groups , then G Ì� Z is cubulable.

Again, consider the finite-index subgroup G0 Ì�jG0
Z of G Ì� Z, where G0 is given by Proposition 5.2.

G0 Ì�jG0
Z is cubulable by Theorem 4.2, and hence, by [Wise 2021, Lemma 7.14], so is G Ì� Z.
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The smooth classification of 4-dimensional complete intersections

DIARMUID CROWLEY

CSABA NAGY

We prove the “Sullivan conjecture” on the classification of 4-dimensional complete intersections up to
diffeomorphism. Here an n-dimensional complete intersection is a smooth complex variety formed by the
transverse intersection of k hypersurfaces in CP nCk.

Previously Kreck and Traving proved the 4-dimensional Sullivan conjecture when 64 divides the total
degree (the product of the degrees of the defining hypersurfaces) and Fang and Klaus proved that the
conjecture holds up to the action of the group of homotopy 8-spheres ‚8 Š Z=2.

Our proof involves several new ideas, including the use of the Hambleton–Madsen theory of degree-d
normal maps, which provide a fresh perspective on the Sullivan conjecture in all dimensions. This leads
to an unexpected connection between the Segal conjecture for S1 and the Sullivan conjecture.

57R55; 32J18

1 Introduction

1.1 Complete intersections and the Sullivan conjecture

A complete intersection Xn.d/�CPnCk is the transverse intersection of k complex hypersurfaces of
degrees d D fd1; : : : ; dkg. We regard Xn.d/ as an oriented smooth manifold of real dimension 2n and
consider the problem of classifying complete intersections up to orientation-preserving diffeomorphism.
Hence throughout this paper, all manifolds are oriented and all diffeomorphisms and homeomorphisms
are assumed to preserve orientations. By an observation of Thom, the diffeomorphism type of Xn.d/

depends only on the multidegree d .

The main conjecture organising the classification of complete intersections for n � 3 is the “Sullivan
conjecture”. The statement of the conjecture relies on the following fact (see Remark 2.6): There are
integers pi.n; d/ such that the Pontryagin classes of Xn.d/ satisfy pi.Xn.d// D pi.n; d/x

2i, where
x 2H 2.Xn.d// is the pullback of a generator of H 2.CPnCk/. Let d WD d1 � � � dk denote the total degree
of Xn.d/, which is the product of the individual degrees.

Definition 1.1 The Sullivan data associated to the complete intersection Xn.d/ is the tuple

SDn.d/ WD
�
d; .pi.n; d//

bn=2c
iD1

; �.Xn.d//
�
2 ZC �Zbn=2c �Z;

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
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which consists of the total degree d , the Pontryagin classes of Xn.d/ regarded as integers and the Euler
characteristic of Xn.d/. For a fixed n, each of these integers is a polynomial function of the individual
degrees; see Section 2.2.

Conjecture 1.2 (the Sullivan conjecture) Suppose that n � 3 and Xn.d/ and Xn.d
0/ are complete

intersections. If SDn.d/D SDn.d
0/, then Xn.d/ is diffeomorphic to Xn.d

0/.

The main result of this paper is that the Sullivan conjecture holds in complex dimension 4.

Theorem 1.3 Suppose that X4.d/ and X4.d
0/ are complete intersections with SD4.d/D SD4.d

0/. Then
X4.d/ is diffeomorphic to X4.d

0/.

1.2 Background and an application

We first list some existing results about the Sullivan conjecture, its analogue in dimensions n< 3 and its
converse.

When nD 1, X1.d/ is an oriented surface and the classification is classical (in particular the Sullivan
conjecture holds but its converse does not).

When nD 2, X2.d/ is a simply connected smooth manifold and smooth classification results are currently
out of reach. However, the topological classification can be deduced from results of Freedman [1982]:
Two complete intersections are homeomorphic if and only if they have the same Pontryagin class p1 and
the same Euler characteristic. The converse fails, because the total degree is not even a diffeomorphism
invariant (eg X2.4/, X2.3; 2/ and X2.2; 2; 2/ are all K3-surfaces.)

When n� 3, the converse of the Sullivan conjecture holds; see Proposition 2.10.

If nD 3, the Sullivan conjecture follows from classification theorems of Wall [1966] or Jupp [1973].

If nD 4, Fang and Klaus [1996, Remark 2] proved that the Sullivan conjecture holds up to connected
sum with homotopy 8-spheres:

Theorem 1.4 [Fang and Klaus 1996] Suppose that X4.d/ and X4.d
0/ are complete intersections

with SD4.d/ D SD4.d
0/. Then there is a homotopy 8-sphere † such that X4.d

0/ and X4.d/ ] † are
diffeomorphic.

If 5� n� 7, then Fang and Wang [2010] proved that the Sullivan conjecture holds up to homeomorphism.

For n� 3, Kreck and Traving proved the following general statement. Let �p.d/ be the largest integer
such that p�p.d/ jd . If SDn.d/D SDn.d

0/ and �p.d/ � .2nC 1/=2.p�1/C 1 for every prime p with
p.p�1/� nC1, then Xn.d/ and Xn.d

0/ are diffeomorphic [Kreck 1999, Theorem A]. If nD 4, then the
condition says that 64jd .
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A motivation for the diffeomorphism classification of complete intersections is [Libgober and Wood
1982, Corollary 8.3], which says that if n� 3 and diffeomorphic complete intersections have different
multidegrees, then their complex structures lie in different connected components of the moduli space of
complex structures on the underlying smooth manifold. Here and in general, multidegrees are regarded as
equal if one can be obtained from the other by adding or removing 1s, because then the corresponding
complete intersections have a common representative. Libgober and Wood used this result to show that
for all odd n� 3 there are complete intersections having a complex moduli space with arbitrarily many
connected components. Their proof relied on a counting argument, valid in all dimensions, which shows
that the sets fd 0 j SDn.d

0/D SDn.d/g of multidegrees with the same Sullivan data can be arbitrarily large.

In future work we give an effective algorithm for finding pairs of multidegrees with the same Sullivan data.
The Sullivan conjecture then allows us to construct explicit examples of complete intersections in different
components of the complex moduli space and we obtain the following application of Theorem 1.3.

Example 1.5 The complete intersections X4.3
.150/; 7.89/; 9.65/; 15; 25.130// and X4.5

.261/; 21.89/; 27.64//

(where 3.150/ stands for 150 copies of 3, etc) are diffeomorphic by Theorem 1.3 and the formulae in
Section 2.2. Hence the corresponding complex structures lie in different components of the complex
moduli space.

1.3 The outline of the proof of Theorem 1.3

If SD4.d/ D SD4.d
0/, then by Theorem 1.4 of Fang and Klaus there is a diffeomorphism X4.d/!

X4.d
0/ ]† for some homotopy sphere †. The group of homotopy 8-spheres, ‚8 Š Z=2, is known from

[Kervaire and Milnor 1963] and so we let †8
ex denote the unique diffeomorphism class of the exotic

8-sphere and introduce the following terminology.

Definition 1.6 � An 8-manifold M is ‚-rigid if M ]†8
ex is diffeomorphic to M.

� An 8-manifold M is ‚-flexible if M ]†8
ex is not diffeomorphic to M.

� A complete intersection X4.d/ is strongly‚-flexible if X4.d/]†
8
ex is not diffeomorphic to a complete

intersection.

As our proof of Theorem 1.3 involves treating several cases separately, we shall say that the Sullivan conjec-
ture holds for a fixed complete intersection Xn.d/ if, for every d 0, SDn.d/D SDn.d

0/ implies that Xn.d
0/

is diffeomorphic to Xn.d/. By Theorem 1.4 and Remark 2.11, the Sullivan conjecture holds for X4.d/ if
and only if X4.d/ is either ‚-rigid or strongly ‚-flexible. To prove the 4-dimensional Sullivan conjecture
we consider four cases, which are indexed by the Wu classes of X4.d/ and the parity of the total degree:

v2.X4.d// v4.X4.d// d mod 2 ‚-rigidity treated in

0 � � strongly ‚-flexible Theorem 1.7
1 0 � ‚-rigid Theorem 1.12
1 1 0 unknown in general Theorem 1.14 (a)
1 1 1 unknown in general Theorem 1.14 (b)
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Here vi.X4.d// 2H i.X4.d/IZ=2/ is the i th Wu class of Xn.d/, which can be regarded as an element
of Z=2 by Remark 2.6, a “�” indicates the value of the invariant is not relevant in that case, and in the
cases when the ‚-rigidity of X4.d/ is unknown, we conjecture that it depends on p1.4; d/ mod 8; see
Conjecture 1.15.

Now we discuss the proof in each of the four cases.

For a spin complete intersection X4.d/ (equivalently, by Proposition 2.8, when v2.X4.d//D 0) we find
a diffeomorphism invariant property of complete intersections not shared by X4.d/ ]†

8
ex; see Section 3.

Namely, if S.X; ˛/ denotes the total space of the circle bundle over a space X with first Chern class ˛,
then S.Xn.d/;˙x/ admits a framing, making it a null-cobordant framed .2nC1/-manifold (for any
Xn.d/), whereas S.X4.d/ ]†

8
exI˙x/ does not (for a spin X4.d/). Hence (see Theorem 3.10), we have:

Theorem 1.7 If X4.d/ is spin , then X4.d/ is strongly ‚-flexible. In particular , the Sullivan conjecture
holds for X4.d/.

Remark 1.8 For the 5-dimensional Sullivan conjecture, the group of homotopy 10-spheres ‚10 Š

Z=2�Z=3 will play a central role. We believe that “transfer” arguments similar to those we use in the
4-dimensional spin case will control the .Z=3/-factor of ‚10. The .Z=2/-factor of ‚10 is detected by the
˛-invariant, and Baraglia [2020] has recently computed the ˛-invariant of spin complete intersections,
verifying its values are consistent with the Sullivan conjecture. We anticipate that these ideas will lead to
a proof of the 5-dimensional Sullivan conjecture in future work.

In the nonspin cases we apply Kreck’s modified surgery theory [1999]. Consider Bn WDCP1�BOhnC1i,
with the stable bundle �n.d/ � 
BOhnC1i over it; for the notation see Definition 2.4 and Section 2.3.
Recall from [Kreck 1999, Section 8] that a normal .n�1/-smoothing in .Bn; �n.d/ � 
BOhnC1i/ is
a pair .f; Nf /, where f W M ! Bn is an n-connected map from a closed smooth manifold M and
Nf W �M ! �n.d/� 
BOhnC1i is a map of stable bundles from the normal bundle of M, which covers f .

Recall also that the normal .n�1/-type of Xn.d/ is .Bn; �n.d/�
BOhnC1i/; in particular Xn.d/ admits a
normal .n�1/-smoothing in .Bn; �n.d/�
BOhnC1i/. In this setting [Kreck 1999, Proposition 10] reduces
the Sullivan conjecture to a statement about bordism classes over .Bn; �n.d/ � 
BOhnC1i/. For our
purposes, it is useful to state an altered version of [loc. cit., Proposition 10], which compares a complete
intersection Xn.d/ to a somewhat more general closed 2n-manifold X 0. The proof of Proposition 1.9 is
identical to the proof of the sufficient condition of [loc. cit., Proposition 10].

Proposition 1.9 Let n� 3, Xn.d/ be a complete intersection and X 0 be a closed 2n-manifold such that
�.Xn.d//D�.X

0/, and Xn.d/ and X 0admit bordant normal .n�1/-smoothings over .Bn; �n.d/�
BOhnC1i/.
If d ¤f1g;f2g or f2;2g, then Xn.d/ and X 0 are diffeomorphic.

Remark 1.10 In fact, the assumption that d ¤f1g can be removed by applying [Kreck 1999, Proposition
8 (i)]. We do not know the situation for d D f2g; f2; 2g. However, for all three of these exceptional
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multidegrees d , it is elementary that SDn.d/D SDn.d
0/ implies d D d 0 and so the Sullivan conjecture

holds for these complete intersections.

The main challenge when applying Proposition 1.9 is showing that the bordism condition holds; see
the discussion in Section 2.3. Note that the bordism group of 8-manifolds over .B4; �4.d/� 
BOh5i/

is canonically isomorphic to the twisted string bordism group �Oh7i
8

.CP1I �4.d//, since BOh5i D

BOh8i D B.Oh7i/.

In the case of a nonspin complete intersection X4.d/ with v4.X4.d//D 0, we will use Proposition 1.9 to
compare X4.d/ with X 0 D X4.d/ ]†

8
ex . They admit normal 3-smoothings over .B4; �4.d/� 
BOh8i/,

whose bordism classes differ by the image of †8
ex under the canonical homomorphism i0 W ‚8 !

�
Oh7i
8

.CP1I �4.d//. The map i0 factors through Tors�Oh7i
8

.CP1I �4.d/jCP1/, and (see Lemma 4.2)
we prove:

Proposition 1.11 If X4.d/ is nonspin , then Tors�Oh7i
8

.CP1I �4.d/jCP1/Š Z=4.

When v4.X4.d//D 0, we combine Proposition 1.11 with the computations of [Fang and Klaus 1996,
Section 2.2] to show that the map ‚8!�

Oh7i
8

.CP1I �4.d// vanishes (Proposition 4.3), which gives
(see Theorem 4.4):

Theorem 1.12 Suppose that X4.d/ is a nonspin complete intersection with v4.X4.d//D 0. If d ¤f2; 2g,
then X4.d/ is ‚-rigid and so the Sullivan conjecture holds for X4.d/.

Remark 1.13 In fact X4.2; 2/ is ‚-rigid too. This follows from results in Nagy’s PhD thesis [2021,
Theorem 4.6.1] but will not be proven here.

If X4.d/ is nonspin, v4.X4.d//D 1 and the total degree d is even, then 16jd (see Remark 2.9). We add
Proposition 1.11 to the Adams filtration argument of Kreck and Traving [Kreck 1999, Section 8] and the
calculations of [Fang and Klaus 1996, Section 2.4] to prove (see Proposition 4.6) part (a) of the following
theorem.

Theorem 1.14 Let X4.d/ and X4.d
0/ be nonspin complete intersections with SD4.d/D SD4.d

0/ and
suppose that either

(a) v4.X4.d//¤ 0 and the total degree d is even , or

(b) the total degree d is odd.

Then X4.d/ and X4.d
0/ admit bordant normal 3-smoothings over .B4; �4.d/� 
BOh8i/. Consequently ,

X4.d/ and X4.d
0/ are diffeomorphic and the Sullivan conjecture holds for X4.d/.

Note that the cases discussed so far (ie those prior to Theorem 1.14 (b)) have a significant overlap with,
but are not implied by, the theorem of Kreck and Traving [Kreck 1999, Theorem A]. However, the case
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of odd total degree covered in Theorem 1.14 (b) is completely new. Note also that the total degree can be
odd only if v2.X4.d//¤ 0 and v4.X4.d//¤ 0; see Proposition 2.8.

To prove Theorem 1.14 (b) we use the Hambleton–Madsen theory of degree-d normal maps [1986]. A
complete intersection Xn.d/ (with a canonical choice of normal data) represents an element in the set
N C

d
.CPn/ of normal bordism classes of degree-d normal maps over CPn. As explained in Section 5.1,

an oriented version of the Hambleton–Madsen theory gives a bijective normal invariant map

� WN C
d
.CPn/� ŒCPn; .QS0=SO/d �;

which is the usual normal invariant in the familiar case when d D 1 and where .QS0=SO/d is the oriented
version of the classifying space for isomorphism classes of stable fibrewise degree-d maps between
sphere bundles of vector bundles, which was identified by Brumfiel and Madsen [1976, Section 4]. We
establish a relationship between certain “relative divisors” of a vector bundle and degree-d normal maps
over the vector bundle (Lemma 5.17) and then use this to give a formula for the canonical degree-d
normal invariant of Xn.d/ (Theorem 5.19).

The surgery argument of Proposition 1.9 also works if we have bordant representatives in N C
d
.CPn/

(Lemma 5.18). This and the formula of Theorem 5.19 leads to a new perspective on the stable homotopy-
theoretic input needed to prove the Sullivan conjecture (see Theorem 5.20). This new perspective allows
us to prove the 4-dimensional Sullivan conjecture when the total degree is odd and we anticipate that it
will lead to other new results in higher dimensions; eg see Remark 5.34.

Notice that Fang and Klaus (Theorem 1.4) reduced the 4-dimensional Sullivan conjecture to a 2-local prob-
lem. When d is odd, [Brumfiel and Madsen 1976] showed that there is an equivalence of 2-localisations
..QS0=SO/d /.2/ ' .G=O/.2/, where G=O is the familiar classifying space from classical surgery theory
[Browder 1972; Wall 1970]. We can then exploit Sullivan’s 2-local splitting (see [Madsen and Milgram
1979, Theorem 5.18]),

.G=O/.2/ ' .BSO/.2/ � coker J.2/;

where coker J.2/ is a 2-local space whose homotopy groups are certain large summands of the 2-primary
component of the cokernel of the J -homomorphism (see [Madsen and Milgram 1979, Definition 5.16]).
It follows that we have a sequence of maps

ŒCPn; .QS0=SO/d �! ŒCPn; ..QS0=SO/d /.2/�
�
�! ŒCPn; .G=O/.2/�

�
�! ŒCPn; .BSO/.2/�� ŒCPn; coker J.2/�:

The formula for the degree-d normal invariant of Xn.d/ shows that it is the restriction of a map CP1!

.QS0=SO/d . Now the proof of [Feshbach 1986, Theorem 6], which is based on the Segal conjecture
for the Lie group S1, implies that any map CP1! coker J.2/ is null-homotopic and this is enough to
prove that the ŒCPn; coker J.2/�-factor of the 2-localised normal invariant is trivial (Corollary 5.29). The
ŒCPn; .BSO/.2/�-factor is controlled by the Sullivan data; hence in dimension 4 the degree-d normal
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invariant is completely determined by the Sullivan data (Theorem 5.30). The 4-dimensional Sullivan
conjecture for complete intersections with odd total degree follows (Theorem 5.31).

1.4 Inertia groups of 4-dimensional complete intersections

Recall that the inertia group of a closed connected m-manifold M is the subgroup

I.M / WD f† 2‚m jM and M ]† are diffeomorphicg �‚m

of the group of homotopy m-spheres ‚m [Kervaire and Milnor 1963]. For example, an 8-manifold M

is ‚-rigid if and only if I.M / D ‚8. The results in Section 1.3 determine the inertia groups of a
4-dimensional complete intersection when X4.d/ is spin, or when X4.d/ is nonspin and v4.X4.d//D 0.
When X4.d/ is nonspin and v4.X4.d//¤ 0, we have p1.4; d/� 1 mod 4 (see Proposition 2.8 and the
calculations in Section 2.2) and we offer the third and fourth rows of the table in the following conjecture.

Conjecture 1.15 The inertia groups I.X4.d//�‚8 Š Z=2 of 4-dimensional complete intersections are
given by the table below:

v2.X4.d// v4.X4.d// p1.4; d/ mod 8 I.X4.d//

0 � � 0

1 0 � ‚8

1 1 5 0

1 1 1 ‚8

Here a “�” indicates the value of the invariant is not relevant for I.X4.d// in that case.

Remark 1.16 The first the line of the table follows from Theorem 1.7 and the second line follows
from Theorem 1.12 and Remark 1.13. By [Kasilingam 2016, Remark 2.6 (1)], I.X4.1//D I.CP4/D 0,
which is consistent with the third line of the table. The conjecture is based on analysing the homotopy
type of the Thom spectrum of �4.d/jCP4 and using this to determine the map ‚8 Š Tors�Oh7i

8
!

�
Oh7i
8

.CP1I �4.d//.

In the spin case, we identified a diffeomorphism invariant property which distinguishes the manifolds
X4.d/ and X4.d/]†

8
ex . In the‚-flexible nonspin cases, besides the bordism class in�Oh7i

8
.CP1I �4.d//,

we do not know of such a property.

The rest of this paper is organised as follows. Section 2 covers necessary preliminaries. Section 3 treats
the spin case. Section 4 treats the two nonspin cases whose solutions rely on Proposition 1.11, which is
the case with v4 D 0 and the case with v4 ¤ 0 and even total degree (together comprising all nonspin
complete intersections with even total degree). Section 5 treats the case of odd total degree. Finally, we
have an appendix about Toda brackets and extensions, which are needed in Section 4 and specifically for
the proof of Proposition 1.11.
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2 Preliminaries

In this section we recall and establish some basic facts about complete intersections and Sullivan data.
We then recall Kreck’s modified surgery setting for the classification of complete intersections.

2.1 Complete intersections

Given a finite multiset d D fd1; d2; : : : ; dkg of positive integers, consider homogeneous polynomials
f1; f2; : : : ; fk 2CŒx0;x1; : : : ;xnCk �with these degrees. If the zero set fŒx�2CPnCk jfi.x/D0g of fi is
a smooth submanifold of CPnCk for every i and these submanifolds are transverse, then their intersection
is a representative of the complete intersection Xn.d/. Any two representatives are diffeomorphic, due to
an argument generally attributed to Thom (see eg [Browder 1979]), which we outline below.

Let Pn.d/ denote the space of tuples .f1; f2; : : : ; fk/ of homogeneous polynomials in nCkC1 variables
of degrees d1; d2; : : : ; dk , and let Pn.d/

ns � Pn.d/ be the subspace of tuples that define complete
intersections. The restriction of the tautological map

f.Œx�; .f1; f2; : : : ; fk// 2CPnCk
�Pn.d/ j fi.x/D 0 for all ig ! Pn.d/

to Pn.d/
ns is a locally trivial bundle, and its fibres are the representatives of Xn.d/. Since Pn.d/nPn.d/

ns�

Pn.d/ is a subvariety of positive complex codimension, Pn.d/
ns is a generic (ie open and everywhere

dense) subset in Pn.d/ and it is path-connected.

This implies that every tuple in Pn.d/ can be approximated by one in Pn.d/
ns. We also get that any

two tuples in Pn.d/
ns can be joined by a path in Pn.d/

ns, which determines a diffeomorphism (up to
isotopy) between the fibres over them. So if we take Xn.d/ to mean any of its representatives, then it is
well-defined up to diffeomorphism. Moreover, if two representatives are identified via a path as above,
then their natural embeddings in CPnCk are isotopic; hence Xn.d/ comes equipped with an embedding
i WXn.d/!CPnCk, well-defined up to isotopy. The embedding i is n-connected (this follows from the
Lefschetz hyperplane theorem, or see [Dimca 1992, Chapter 5 (2.6)]).

2.2 Computation of Sullivan data and the converse of the Sullivan conjecture

Definition 2.1 Let x 2 H 2.CP1/ denote the standard generator (satisfying hx; ŒCP1�i D 1). The
pullbacks of x (by the standard embeddings) in H 2.CPm/ and H 2.Xn.d// will also be denoted by x.
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Definition 2.2 For a (complex) bundle � and a positive integer r let r� D �˚ � � �˚ � denote the r -fold
Whitney sum of � with itself and let �r� denote the stable bundle which is the inverse of r�. Let
�r D �˝� � �˝ � be the r -fold tensor product (over C) of � with itself. For a tuple r D .r1; r2; : : : ; rk/ let
�r D �r1 ˚ �r2 ˚ � � �˚ �rk.

Definition 2.3 Let 
 be the conjugate of the tautological complex line bundle over CP1.

With this notation, the tautological bundle is N
 , and since c1. N
 /D �x, we have c1.
 /D x. It is well
known that the normal bundle of CPm in CPmC1 is �.CPm!CPmC1/Š 
 jCPm and that the stable
normal bundle of CPm is �CPm Š�.mC1/
 jCPm (see eg [Milnor and Stasheff 1974, Section 14]).

Definition 2.4 The stable vector bundle �n.d/ over CP1 is defined to be

�n.d/ WD �.nCkC1/
 ˚ 
 d1 ˚ � � �˚ 
 dk :

Since the normal bundle of a degree-r hypersurface in CPm is the restriction of 
 r (cf Construction 5.22
and Remark 5.16), we have:

Proposition 2.5 The stable normal bundle �Xn.d/ of Xn.d/ is isomorphic to i�.�n.d/jCPnCk /.

Remark 2.6 Since �Xn.d/ is the pullback of a bundle over CP1, all of the stable characteristic classes
of Xn.d/ lie in the subring i�.H�.CP1// �H�.Xn.d//, which is generated by x 2H 2.Xn.d//. In
particular, pj .Xn.d//2hx

2j iŠZ, cj .Xn.d//2hx
j iŠZ and if 2j �n, thenw2j .Xn.d//; v2j .Xn.d//2

h%2.x
j /i Š Z=2, where %2 WH

�.Xn.d//!H�.Xn.d/IZ=2/ is reduction mod 2. (If 2j > n and d is
even, then %2.x

j /D 0.)

Proposition 2.5 allows us to compute the characteristic classes of Xn.d/ in terms of the degrees d1; : : : ; dk .
Since c.
 r /D 1Crx, the total Chern class of �n.d/ is c.�n.d//D .1Cx/�.nCkC1/

Qk
iD1.1Cdix/. The

same formula holds for the normal bundle �Xn.d/, because it is the pullback of �n.d/. This implies that
c.Xn.d//D .1C x/nCkC1

Qk
iD1.1C dix/

�1. For the Pontryagin classes we have p.
 r /D 1C r2x2;
hence p.Xn.d//D .1Cx2/nCkC1

Qk
iD1.1C d2

i x2/�1.

The Euler characteristic of Xn.d/ can also be determined, namely

�.Xn.d//D hcn.Xn.d//; ŒXn.d/�i D hcn.��Xn.d//; ŒXn.d/�i

D hcn.�i�.�n.d///; ŒXn.d/�i D hcn.��n.d//; i�.ŒXn.d/�/i;

where i�.ŒXn.d/�/ 2H2n.CPnCk/ is d times the generator.

It will be useful to explicitly compute the Stiefel–Whitney classes w2 and w4 and Wu classes v2 and v4

of a 4-dimensional complete intersection X4.d/.

Definition 2.7 For a multidegree d let p.d/ denote the number of even degrees in d .
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Proposition 2.8 The Stiefel–Whitney classes w2 and w4 of �X4.d/ and X4.d/ and Wu classes v2 and v4

of X4.d/ are determined by p.d/ mod 4 as follows (by Remark 2.6 these Stiefel–Whitney classes and
Wu classes can be regarded as elements of Z=2):

p.d/ mod 4 0 1 2 3

w2.�X4.d//D w2.X4.d//D v2.X4.d// 1 0 1 0

w4.�X4.d//D v4.X4.d// 1 1 0 0

w4.X4.d// 0 1 1 0

Proof The total Chern class of �n.d/ is given by the formula

c.�n.d//D .1Cx/�.nCkC1/
kY

iD1

.1Cdix/

D 1C

�
�.nC1/C

kX
iD1

.di�1/

�
xC

��nC2

2

�
�.nC2/

kX
iD1

.di�1/C
X

1�i<j�k

.di�1/.dj�1/

�
x2
C�� � :

We have w2i D %2.ci/. Therefore

w2.�4.d//D %2

��
�5C

kX
iD1

.di � 1/

�
x

�
D %2..1Cp.d//x/;

w4.�4.d//D %2

��
15� 6

kX
iD1

.di � 1/C
X

1�i<j�k

.di � 1/.dj � 1/

�
x2

�
D %2

��
1C

�p.d/

2

��
x2

�
:

We have the same formulas for the Stiefel–Whitney classes of �X4.d/, because �X4.d/ is the pullback
of �4.d/. Since H 1.X4.d/IZ=2/ Š H 3.X4.d/IZ=2/ Š 0, the Stiefel–Whitney classes w2.X4.d//

and w4.X4.d// are determined by w2.�X4.d// and w4.�X4.d// via the Cartan formula. We get that
w2.X4.d//D w2.�X4.d// and w4.X4.d//D w2.�X4.d//

2Cw4.�X4.d//. By applying the Wu formula
we get that v2.X4.d//D w2.X4.d// and v4.X4.d//D w2.X4.d//

2Cw4.X4.d//D w4.�X4.d//.

Remark 2.9 Notice that if v2.X4.d//¤ 0 and v4.X4.d//¤ 0, then p.d/ is divisible by 4. This means
that either p.d/D 0, and hence all degrees are odd, so the total degree is odd; or p.d/� 4, so there are
at least four even degrees and then the total degree is divisible by 16.

The following proposition implies that the converse of the Sullivan conjecture holds.

Proposition 2.10 Let n� 3 and let d and d 0 be two multidegrees. If there is a homotopy equivalence
f WXn.d/!Xn.d

0/ such that f �.�Xn.d 0//Š�Xn.d/ (eg if f is a diffeomorphism), then SDn.d/DSDn.d
0/.

Proof If n� 3, then H 2.Xn.d//ŠH 2.Xn.d
0//Š Z, so any homotopy equivalence Xn.d/!Xn.d

0/

preserves x up to sign. If f sends x to �x, then we can replace it with another homotopy equivalence
that preserves x, by composing it with a self-diffeomorphism of Xn.d/ (or Xn.d

0/) that changes the
sign of x. (Consider the conjugation map of the ambient CPnCk ; it sends x to �x. If a representative
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of Xn.d/ is given by polynomials f1; f2; : : : ; fk , then its image is another representative of the same
complete intersection, given by the conjugate polynomials Nf1; Nf2; : : : ; Nfk . By Thom’s argument there is
a diffeomorphism between the two representatives such that after identifying them their embeddings into
CPnCk are isotopic. By composing this diffeomorphism with the restriction of the conjugation map, we
get a self-diffeomorphism of either representative that changes the sign of x.) Since hxn; ŒXn.d/�i D d

and hxn; ŒXn.d
0/�i D d 0, this means that d D d 0. The Euler characteristic is a homotopy invariant. The

Pontryagin classes are preserved by f because of the assumption on the normal bundles, and since the
elements x2i are preserved, the Pontryagin classes are also invariant when regarded as integers.

Remark 2.11 If † 2‚2n is a homotopy sphere, then there is a homeomorphism between Xn.d/ and
Xn.d/ ]† which preserves normal bundles. Thus if n� 3 and Xn.d/ ]† is diffeomorphic to a complete
intersection Xn.d

0/, then SDn.d/D SDn.d
0/.

2.3 The setting for modified surgery

We recall the setup for the modified surgery arguments of [Kreck 1999, Section 8; Fang and Klaus 1996],
which will be used in Sections 4 and 5.

Recall that the inclusion i WXn.d/!CP1 is n-connected. It is covered by a bundle map Ni W�Xn.d/!�n.d/

(Proposition 2.5) and therefore .i; Ni/ is a normal .n�1/-smoothing over .CP1; �n.d//.

Let 
BO denote the universal stable vector bundle over BO and 
BOhji its pullback to BOhj i, the
.j�1/-connected cover of BO . Let Bn WDCP1 �BOhnC1i. Then .i; Ni/ can be regarded as a normal
map over .Bn; �n.d/� 
BOhnC1i/ (and it is still n-connected). Moreover, the map Bn! BO inducing
�n.d/� 
BOhnC1i from 
BO is n-coconnected; therefore .Bn; �n.d/� 
BOhnC1i/ is the normal .n�1/-
type of Xn.d/. When n D 4, we have that BOh5i D BOh8i D BString by Bott periodicity, and
thus .i; Ni/ represents an element in the bordism group of closed 8-manifolds with normal maps to
.B4; �4.d/ � 
BOh8i/. We denote this bordism group by �fr

8
.B4I �4.d/ � 
BOh8i/; it is canonically

isomorphic to the twisted string bordism group �Oh7i
8

.CP1I �4.d//.

First we will want to apply Proposition 1.9 when X 0 DX4.d/ ]†
8
ex . There is a canonical homeomorphism

h W X4.d/ ] †
8
ex ! X4.d/, and since homotopy spheres are stably parallelisable [Kervaire and Milnor

1963, Theorem 3.1], h is covered by a bundle map Nh of stable normal bundles. Then .i ı h; Ni ı Nh/ is
also a normal 3-smoothing over .B4; �4.d/� 
BOh8i/, and in the bordism group �Oh7i

8
.CP1I �4.d// it

represents Œi; Ni �C Œ†8
ex �, where Œ†8

ex � is the image of †8
ex under the canonical homomorphism i0 W‚8!

�
Oh7i
8

.CP1I �4.d//. So to apply Proposition 1.9 in this setting we need to show that this homomorphism
is trivial and we do this in the nonspin case with v4.X4.d//D 0; see Proposition 4.3.

Now suppose that X4.d
0/ is another complete intersection with an analogous normal 3-smoothing

.i 0; Ni 0/ over .CP1; �4.d
0//. If the Pontryagin classes of X4.d/ and X4.d

0/ agree, in particular if
SD4.d/D SD4.d

0/, then the Pontryagin classes p1 and p2 of �4.d/ and �4.d 0/ also agree. This implies
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that �4.d/jCP4 Š �4.d
0/jCP4 (by [Sanderson 1964, Theorem (3.9)] every stable bundle over CP4 is

isomorphic to �a;b WD a
 ˚b.
 ˝R 
 / for some a; b 2Z, and the function .a; b/ 7! .p1.�a;b/;p2.�a;b//

is injective). Thus �4.d 0/	�4.d/ is trivial over CP4, so it has an Oh7i-structure. Therefore IdCP1 has a
lift g WCP1! B4 which induces �4.d 0/ from �4.d/� 
BOh8i. Hence if Ng W �4.d 0/! �4.d/� 
BOh8i is
a bundle map over g, then .g ı i 0; Ng ı Ni 0/ is a normal 3-smoothing of X4.d

0/ over .B4; �4.d/� 
BOh8i/.

If SD4.d/ D SD4.d
0/, then the discussion in the paragraph above shows that X4.d/ and X4.d

0/

admit normal 3-smoothings over .B4; �4.d/� 
BOh8i/ and �.X4.d//D �.X4.d
0//; therefore to apply

Proposition 1.9 it is enough to prove that these normal 3-smoothings represent the same bordism class
in �Oh7i

8
.CP1I �4.d//. Fang and Klaus obtained Theorem 1.4 by showing that the difference of these

bordism classes is in the image of the canonical homomorphism i0 W‚8!�
Oh7i
8

.CP1I �4.d//. In the
nonspin cases with v4.X4.d//¤0, we are able to show in Sections 4.3 and 5 that the bordism classes agree.

3 The spin case

In this section we prove that 4-dimensional spin complete intersections are strongly ‚-flexible; hence the
Sullivan conjecture holds for them.

Definition 3.1 For a smooth manifold X and a cohomology class ˛ 2H 2.X /, let E.X; ˛/ denote the
total space of the complex line bundle over X with first Chern class ˛. Let D.X; ˛/ denote its disc bundle
and S.X; ˛/ denote its sphere bundle.

Recall that x 2H 2.Xn.d// is the pullback of the standard generator of H 2.CP1/. First we will prove
that for every complete intersection Xn.d/ the total space S.Xn.d/;x/ admits a framing such that it is
framed null-cobordant (where by a framing of a manifold we mean a trivialisation of its stable normal
bundle, equivalently, of its stable tangent bundle); see Theorem 3.4.

Recall that (a representative of) the complete intersection XnC1.d/ � CPnCkC1 is the set of com-
mon zeros of some homogeneous polynomials f1; f2; : : : ; fk 2 CŒx0;x1; : : : ;xnCkC1�. If fkC1 2

CŒx0;x1; : : : ;xnCkC1� is linear and its zero set L is transverse to XnC1.d/, then Xn.d/DXnC1.d/\L.

Proposition 3.2 The complement XnC1.d/ nXn.d/ is stably parallelisable.

Proof We have the following commutative diagram of embeddings:

CPnCkC1 nL // CPnCkC1

XnC1.d/ nXn.d/ //

i

OO

XnC1.d/

i

OO

So

�XnC1.d/nXn.d/ Š �XnC1.d/jXnC1.d/nXn.d/ Š i�.�nC1.d//jXnC1.d/nXn.d/ Š i�.�nC1.d/jCPnCkC1nL/

(using Proposition 2.5), and this is trivial, because CPnCkC1 n L is contractible (recall that L is a
hyperplane).
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Proposition 3.3 We have �.Xn.d/!XnC1.d//Š i�.
 / (see Definition 2.3).

Proof Since L is transverse to XnC1.d/ and Xn.d/D XnC1.d/\L, the normal bundle �.Xn.d/!

XnC1.d// is the restriction of �.L!CPnCkC1/; hence

�.Xn.d/!XnC1.d//Š �.L!CPnCkC1/jXn.d/ Š 
 jXn.d/:

Theorem 3.4 For any complete intersection Xn.d/, (the total space of ) the S1-bundle S.Xn.d/;x/

admits a framing F0 such that ŒS.Xn.d/;x/;F0�D 0 2�fr
2nC1

.

Proof Let U be a tubular neighbourhood of Xn.d/ in XnC1.d/. By Proposition 3.3 it is diffeomorphic
to the disc bundle of i�.
 /, whose first Chern class is x, therefore @U � S.Xn.d/;x/. Its complement,
XnC1.d/ n int U, is a codimension-0 submanifold in XnC1.d/ nXn.d/. The latter is stably parallelisable
by Proposition 3.2, so XnC1.d/ n int U is stably parallelisable too. If we choose F0 to be the restriction
of a framing of XnC1.d/ n int U to the boundary @.XnC1.d/ n int U / � @U � S.Xn.d/;x/, then
.S.Xn.d/;x/;F0/ is framed null-cobordant.

The goal of the rest of this section is to prove that S.X4.d/ ]†
8
ex;x/ is not framed nullcobordant (with

any framing) if X4.d/ is spin; see Theorem 3.9. First we show that, when an m-manifold X is replaced
by X ]† for a homotopy m-sphere †, the framed cobordism class of S.X; ˛/ changes by †�S1 (with
a certain choice of framings); see Lemma 3.5. In Lemma 3.6 we give a formula to compute the framing
of the S1 component. By applying this formula we prove that if X4.d/ is spin, then S.X4.d/ ]†

8
ex;x/

has a framing such that it is not framed nullcobordant (Theorem 3.8). Finally we show that we cannot
make the framed cobordism class vanish by changing the framing.

Lemma 3.5 Suppose that m � 3, X is an m-manifold , ˛ 2 H 2.X / and F0 is a framing of S.X; ˛/.
Then there exists a framing F2 of S1 such that for every † 2‚m and framing F1 of † there is a framing
F of S.X ]†; ˛/ such that

ŒS.X; ˛/;F0�C Œ†�S1;F1 �F2�D ŒS.X ]†; ˛/;F � 2�fr
mC1:

Proof Fix an embedding Dm ! X where the connected sum is done. There is a homotopically
unique homeomorphism between X and X ]† that is the identity on X n int Dm, so there is a canonical
isomorphism H 2.X /ŠH 2.X ]†/. Thus ˛ can be regarded as an element of H 2.X ]†/, and S.X ]†; ˛/

makes sense. The homomorphisms H 2.X /!H 2.X n int Dm/ H 2.X ]†/ are injective (in fact they
are isomorphisms); therefore S.X ]†; ˛/ is (the total space of) the unique S1-bundle over X ]† whose
restriction to X n int Dm is isomorphic to that of S.X; ˛/.

Let W D .S.X; ˛/t†�S1/� I [f .D
m �S1 � I/, where the gluing map

f WDm
�S1

� @I ! .S.X; ˛/t†�S1/� f1g

is the disjoint union of the (homotopically unique) local trivialisation f0 WD
m�S1�f0g!S.X; ˛/�f1g

of S.X; ˛/ over the fixed Dm and the product map f1 WD
m�S1�f1g!†�S1�f1g, where Dm!†

Geometry & Topology, Volume 29 (2025)



282 Diarmuid Crowley and Csaba Nagy

is the embedding used to construct the connected sum X ]†. Then @W D @�W t @CW, where @�W D

.S.X; ˛/t†�S1/�f0g and @CW D .S.X; ˛/n.int Dm�S1/t.†nint Dm/�S1/�f1g[f Sm�1�S1�I.
Thus @CW is an S1-bundle over .X n int Dm/[Sm�1�I [ .†n int Dm/�X ]† and it coincides with
S.X; ˛/ over X n int Dm; therefore @CW � S.X ]†; ˛/.

The inclusion S.X; ˛/� f0g ! S.X; ˛/� I [f0
Dm �S1 � I is a homotopy equivalence, covered by a

bundle map between the stable normal bundles; therefore the framing F0 can be extended to a framing
of S.X; ˛/� I [f0

Dm �S1 � I. The restriction of this framing to Dm �S1 � f1g is Em �F2, where
Em is the homotopically unique framing of Dm and F2 is some framing of S1 (because every framing
of Dm � S1 is of this form). Similarly, we can take the framing F1 �F2 of †� S1 and extend it to
†�S1�I. The restriction of this framing to Dm�S1�f1g is again Em�F2 (up to homotopy); therefore
the framings of S.X; ˛/� I [f0

Dm �S1 � I and †�S1 � I together determine a framing of W. Let
F denote its restriction to @CW � S.X ] †; ˛/. Then W is a framed cobordism between the framed
manifolds .S.X; ˛/;F0/t .†�S1;F1 �F2/ and .S.X ]†; ˛/;F /.

Lemma 3.6 Suppose that , in addition to the assumptions of Lemma 3.5, there is an Œa� 2 �2.X / such
that h˛; �.Œa�/i D 1, where � W �2.X /! H2.X / is the Hurewicz homomorphism. Then for any such
Œa� 2 �2.X / and the framing F2 constructed in the proof of Lemma 3.5 we have

ŒS1;F2�D hw2.X /; �.Œa�/iC 1;

where both sides are regarded as elements of Z=2 (using that �fr
1
Š Z=2).

Proof Fix a local trivialisation f0 WD
m�S1! S.X; ˛/, as in the proof of Lemma 3.5. The framing F2

is defined by the property that the restriction of F0 to f0.D
m �S1/ is Em �F2 (throughout this proof

we will identify the framings of f0.D
m �S1/ with the framings of Dm �S1 via (the derivative of) f0).

First we will give another characterisation of Em �F2.

If @ W �2.X /! �1.S
1/ Š Z denotes the boundary map in the homotopy long exact sequence of the

fibration S1! S.X; ˛/! X , then @.Œa�/ D h˛; �.Œa�/i (this holds if X D S2 and a D IdS2 , because
˛ is the Euler class of E.S2; ˛/, and in general a W S2! X induces a commutative diagram between
the exact sequences). Moreover, @ is the composition of the isomorphism �2.X / Š �2.S.X; ˛/;S

1/

and the boundary map �2.S.X; ˛/;S
1/! �1.S

1/. Therefore for any Œa� with h˛; �.Œa�/i D 1 there is
a map Qa W D2! S.X; ˛/ (well-defined up to homotopy) such that QajS1 is the inclusion of a fibre and
. Qa; QajS1/ represents the element in �2.S.X; ˛/;S

1/ corresponding to Œa� 2 �2.X /. We can lift Qa to a
map Na WD2! S.X; ˛/�RC

0
(where RC

0
denotes Œ0;1/) such that Na is an embedding, it is transverse

to S.X; ˛/� f0g, Na�1.S.X; ˛/� f0g/D S1, NajS1 W S1! S.X; ˛/� f0g is the inclusion of a fibre and
Œ Na; NajS1 �D Œ Qa; QajS1 � 2 �2.S.X; ˛/�RC

0
;S1 �RC

0
/Š �2.S.X; ˛/;S

1/.

Let U be a tubular neighbourhood of Na.D2/ in S.X; ˛/�RC
0

. We can assume that U \S.X; ˛/�f0g D

f0.D
m �S1/. (Note that U is the total space of a Dm-bundle over D2, so it has a homotopically unique
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trivialisation D2 �Dm ! U, but the restriction of this trivialisation to S1 may differ from f0, the
difference is given by an element of �1.SOm/Š Z=2.) The framing F0 can be extended to a framing
of S.X; ˛/�RC

0
and then restricted to a framing of U. As mentioned above, if we further restrict this

framing to f0.D
m�S1/, we get Em�F2. Since U is contractible, it has a homotopically unique framing,

so this means that Em �F2 is the restriction of the homotopically unique framing of U.

The local trivialisation f0 is the restriction of a local trivialisation Nf0 W D
m �D2 ! D.X; ˛/. The

homotopically unique framing of Nf0.D
m�D2/ is Em�E2; its restriction to f0.D

m�S1/ is Em�.E2jS1/.
Since .S1;E2jS1/ is the framed boundary of .D2;E2/, we have ŒS1;E2jS1 �D 0 2 �fr

1
Š Z=2. So if

g 2 �1.SO/ŠZ=2 denotes the difference of the framings F2 and E2jS1 of S1, then ŒS1;F2�D g 2Z=2.

We have D.X; ˛/ [S.X ;˛/ S.X; ˛/ � RC
0
� E.X; ˛/ (in each fibre D2 [S1 S1 � RC

0
� R2) and

Nf0.D
m�D2/[U is a tubular neighbourhood of Nf0.f0g�D2/[ Na.D2/�S2 in E.X; ˛/. As a Dm-bundle

over S2 it is classified by an element of �2.BSOm/ Š Z=2. Under the isomorphism �2.BSOm/ Š

�2.BSO/Š �1.SO/ this element corresponds to g (because it is equal to the difference of the restrictions
of the unique framings of Nf0.D

m �D2/ and U, which are Em � .E2jS1/ and Em �F2 respectively).

So we need to determine the normal bundle of the embedding S2!E.X; ˛/ as an element of �2.BSO/.
Since S2 is stably parallelisable, it is the same as the restriction of the stable tangent bundle �E.X ;˛/

to S2. The embedding S2 ! E.X; ˛/ is homotopic to its projection to the zero section (X ). Since
Nf0.f0g�D2/ is a fibre of D.X; ˛/, its projection to X is one point. The map Na WD2! S.X; ˛/�RC

0
is

a lift of Qa WD2! S.X; ˛/, which is a lift of a map a W S2!X representing Œa� 2 �2.X /. Therefore the
composition of the embedding S2!E.X; ˛/ and the projection to X is a. The restriction of �E.X ;˛/

to X is E.X; ˛/˚ �X . So the bundle we are interested in is the pullback of E.X; ˛/˚ �X by a.

The second Stiefel–Whitney class detects �2.BSO/, so

g D hw2.a
�.E.X; ˛/˚ �X //; ŒS

2�i D hw2.E.X; ˛/˚ �X /; a�.ŒS
2�/i

D hw2.E.X; ˛//Cw2.�X /; �.Œa�/i D h%2.˛/; �.Œa�/iC hw2.X /; �.Œa�/i D 1Chw2.X /; �.Œa�/i;

where %2 WH
2.X /!H 2.X IZ=2/ denotes reduction mod 2 and we used that E.X; ˛/ is a complex line

bundle, so w1.E.X; ˛//D 0 and w2.E.X; ˛//D %2.c1.E.X; ˛///D %2.˛/ and that h˛; �.Œa�/i D 1.

We already saw that g corresponds to ŒS1;F2�, so the statement follows.

Proposition 3.7 If F2 is the (homotopically unique) framing of S1 such that ŒS1;F2� is the nontrivial
element in �fr

1
Š Z=2, and F1 is any framing of †8

ex , then Œ†8
ex �S1;F1 �F2�¤ 0 2 �fr

9
. Moreover ,

Œ†8
ex �S1;F1 �F2� is not contained in the image of the J -homomorphism J9 W �9.SO/!�fr

9
.

Proof It follows from [Kervaire and Milnor 1963, Section 4 and Theorem 5.1] that Œ†8
ex;F1� 62 Im J8. Un-

der the Pontryagin–Thom isomorphism the map �ŒS1;F2� W�
fr
8
!�fr

9
corresponds to �� W�s

8
!�s

9
, which
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is injective by [Toda 1962, page 189 and Theorem 14.1 i)]. By [Adams 1966, Proof of Example 12.15],
we have Im J9 D .Im J8/�. Therefore

Œ†8
ex;F1�� ŒS

1;F2� 2 .�
fr
8 n Im J8/� ŒS

1;F2�D .�
fr
8 � ŒS

1;F2�/ n .Im J8 � ŒS
1;F2�/

D .�fr
8 � ŒS

1;F2�/ n Im J9 ��
fr
9 n Im J9:

In particular Œ†8
ex;F1�� ŒS

1;F2�¤ 0.

Theorem 3.8 If X4.d/ is spin , then there is a framing F such that ŒS.X4.d/ ]†
8
ex;x/;F �¤ 0 2�fr

9
.

Proof Let F0 be a framing of S.X4.d/;x/ such that ŒS.X4.d/;x/;F0�D 0 (see Theorem 3.4). Let F1

be any framing of †8
ex . By Lemma 3.5 there are framings F2 and F such that

ŒS.X4.d/ ]†
8
ex;x/;F �D ŒS.X4.d/;x/;F0�C Œ†

8
ex �S1;F1 �F2�D Œ†

8
ex �S1;F1 �F2�:

Since x is a generator of H 2.X4.d//, there is a generator Œa� of �2.X4.d// such that hx; �.Œa�/i D 1,
so we can apply Lemma 3.6, and since X4.d/ is spin, we get that ŒS1;F2� D 1. By Proposition 3.7
Œ†8

ex �S1;F1 �F2�¤ 0 and this implies that ŒS.X4.d/ ]†
8
ex;x/;F �¤ 0.

Theorem 3.9 If X4.d/ is spin , then , for every framing F, ŒS.X4.d/ ]†
8
ex;x/;F �¤ 0 2�fr

9
.

Proof First we show that S.X4.d/]†
8
ex;x/ is 3-connected. Recall that the embedding X4.d/!CP4Ck

is 4-connected. Therefore we have �1.X4.d// Š �3.X4.d// Š 0 and �2.X4.d// Š Z. From the
homotopy long exact sequence of the fibration S1! S.X4.d/;x/!X4.d/, we obtain that S.X4.d/;x/

is 3-connected. Since S.X4.d/ ] †
8
ex;x/ is homeomorphic to S.X4.d/;x/, it is also a 3-connected

9-manifold. This implies that S.X4.d/ ] †
8
ex;x/ is homotopy equivalent to a CW-complex with cells

only in dimensions 0, 4, 5 and 9 (see [Smale 1962, Theorem 6.1]).

Any two framings of S.X4.d/ ] †
8
ex;x/ differ by a map S.X4.d/ ] †

8
ex;x/! SO. Since �4.SO/ Š

�5.SO/Š 0, this difference is in fact an element of �9.SO/. Changing the framing of the 9-cell by an
element of �9.SO/ has the same effect on the framed cobordism class as taking connected sum with S9

with the corresponding framing, which is given by the J -homomorphism J9 W �9.SO/!�fr
9

. Therefore
the set of cobordism classes in �fr

9
represented by S.X4.d/ ]†

8
ex;x/ (with any framing) is a coset of

Im J9. By Proposition 3.7 and the proof of Theorem 3.8 this coset has an element which is not in Im J9;
therefore it is not the trivial coset. So it does not contain 0; therefore 0 2 �fr

9
is not represented by

S.X4.d/ ]†
8
ex;x/ with any framing.

Now we can conclude that 4-dimensional spin complete intersections are strongly ‚-flexible.

Theorem 3.10 If X4.d/ is spin , then X4.d/ ]†
8
ex is not diffeomorphic to a complete intersection.

Proof Suppose that X4.d/ ]†
8
ex is diffeomorphic to some complete intersection X4.d

0/. The diffeo-
morphism induces an isomorphism between H 2.X4.d

0// and H 2.X4.d/ ]†
8
ex/. We may assume that

the generator x 2H 2.X4.d
0// goes into the generator of H 2.X4.d/ ]†

8
ex/ corresponding to x under the
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isomorphism H 2.X4.d/]†
8
ex/ŠH 2.X4.d/n int D8/ŠH 2.X4.d// (see the proof of Lemma 3.5). This

is because X4.d
0/ has a self-diffeomorphism which sends x to �x (see the proof of Proposition 2.10).

This implies that S.X4.d/ ]†
8
ex;x/ is diffeomorphic to S.X4.d

0/;x/.

By Theorem 3.4, S.X4.d
0/;x/ has a framing F0 such that .S.X4.d

0/;x/;F0/ is framed nullcobordant,
but by Theorem 3.9 S.X4.d/ ]†

8
ex;x/ does not have such a framing, so they are not diffeomorphic. This

contradiction shows that X4.d/ ]†
8
ex is not diffeomorphic to any complete intersection X4.d

0/.

4 The nonspin cases with even total degree

In this section we prove Theorems 1.12 and 1.14 (a). Both of these results rely on the computation of
Tors�Oh7i

8
.CP1I �1/ Š Z=4 in Lemma 4.2 below, where �1 denotes the (unique up to isomorphism)

nontrivial stable bundle over CP1 D S2. Note that if � is a stable bundle over CP1 with w2.�/¤ 0,
then its restriction to CP1 is isomorphic to �1.

4.1 The computation of Tors�Oh7i

8
.CP 1I �1/

We first establish the necessary background to state and prove Lemma 4.2. Let S0 denote the sphere
spectrum and write Sk for the k-fold suspension of S0. We let � W S1 ! S0 denote the generator of
the 1-stem �s

1
Š Z=2, and C� the cofibre of �. Since �1 is the nontrivial stable bundle over CP1, the

Thom spectrum of �1 is given by Th.�1/' C�, and the Pontryagin–Thom map for �Oh7i
� .CP1I �1/ is

an isomorphism
PT W�Oh7i

� .CP1
I �1/! ��.MOh8i ^Th.�1//Š ��.MOh8i ^C�/;

where ^ denotes the smash product. Smashing the cofibration S0! C�! S2 with MOh8i and taking
homotopy groups, we obtain the long exact sequence

(1) � � � ! �7.MOh8i/
��
�! �8.MOh8i/! �8.MOh8i^C�/! �6.MOh8i/

��
�! �7.MOh8i/! � � � :

We shall need some basic facts about the low-dimensional string bordism groups �Oh7i
� Š ��.MOh8i/

and the natural forgetful map F W�fr
�!�

Oh7i
� . These facts can be deduced from results of [Giambalvo

1971], and we also give a direct proof below.

Lemma 4.1 (cf [Giambalvo 1971]) The natural map F W�fr
�!�

Oh7i
� satisfies:

(a) �
Oh7i
6
Š Z=2 and F W�fr

6
!�

Oh7i
6

is an isomorphism.

(b) �
Oh7i
7
Š 0.

(c) �
Oh7i
8
ŠZ=2˚Z and F W�fr

8
!�

Oh7i
8

has image Z=2 and kernel the image of J -homomorphism
J8 W �8.SO/! �s

8
Š�fr

8
Š .Z=2/2.

Proof Under the Pontryagin–Thom isomorphism, the map F W�fr
�!�

Oh7i
� corresponds to the map on

homotopy groups induced by the inclusion of the Thom cell S0!MOh8i. To compute this map, we first
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replace MOh8i with a simpler spectrum. Let fH WS
8!BOh8i represent a generator of �8.BOh8i/ŠZ

and let �H be the stable vector bundle over S8 classified by fH .

The Thom spectrum of any vector bundle over an m-sphere is the cofibre of a map Sm�1 ! S0,
and it was Milnor [1958, Lemma 1] who first observed that this map is obtained by applying the
stable J -homomorphism to the clutching function of the bundle. Hence the Thom spectrum of �H is
Th.�H /' C N� , where N� W S7! S0 is given by applying the J -homomorphism to the clutching function
of �H , which generates �7.SOh7i/D �7.SO/.

By construction, fH induces an isomorphism on �8. We have �9.S
8/Š�s

1
ŠZ2 and �10.S

8/Š�s
2
ŠZ2,

generated by � and �2 respectively, so by Bott periodicity and [Adams 1966, Proof of Example 12.5],
fH also induces isomorphisms on �9 and �10. Hence fH is 10-connected, and so the induced map of
Thom spectra

Th.�H /' C N� !MOh8i

is also 10-connected. Hence in dimensions � � 9 the map F W�fr
�!�

Oh7i
� is isomorphic to the map on

homotopy groups induced by the inclusion S0! C N� .

The cofibration S0! C N� ! S8 leads to a long exact sequence

� � � ! �s
1
N��
�! �s

8! �8.C N� /! �s
0
N��
�! �s

7! �s
7.C N� /! 0! �s

6! �6.C N� /! 0! � � � :

We see immediately that �s
6
! �6.C N� / is an isomorphism, and so F W�fr

6
!�

Oh7i
6

is an isomorphism.
Since �fr

6
Š �s

6
Š Z=2 (where the last isomorphism is given in [Toda 1962, Chapter XIV]), this proves

part (a). For part (b), we use that J7 W �7.SO/! �s
7

is onto by [Adams 1966, Example 7.17], and so N�
generates �s

7
. Hence N�� W �s

0
! �s

7
is surjective, which proves part (b). For part (c), since �s

0
Š Z and

�s
7

is finite, Ker. N�� W �s
0
! �s

7
/Š Z. We also have Im. N�� W �s

1
! �s

8
/D h� N�i D Im.J8/ (using [Adams

1966, Proof of Example 12.15]). By Toda’s calculations [1962, Chapter XIV], �s
8
Š .Z=2/2 with � N� ¤ 0,

and this finishes the proof of part (c).

From the exact sequence (1) and Lemma 4.1 (b) we deduce that there is a short exact sequence

(2) 0!�
Oh7i
8
!�

Oh7i
8

.CP1
I �1/!�

Oh7i
6
! 0:

Noting that �fr
6
Š�

Oh7i
6
ŠZ=2 is detected by the Arf invariant, it is easy to see that the homomorphism

�
Oh7i
8

.CP1I �1/!�
Oh7i
6

can be identified with the codimension-2 Arf invariant

ACP1 W�
Oh7i
8

.CP1
I �1/! Z=2;

which is defined by making a normal map .g; Ng/ WM ! S2 transverse to a point � 2 S2 and taking the
Arf invariant of the resulting 6-manifold g�1.�/, which is canonically framed.

Lemma 4.2 There is a nonsplit short exact sequence of abelian groups

0!‚8! Tors�Oh7i
8

.CP1
I �1/

ACP1
���! Z=2! 0:

In particular Tors�Oh7i
8

.CP1I �1/Š Z=4.
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Proof There is a natural forgetful map F1 W�fr
8
.CP1I �1/!�

Oh7i
8

.CP1I �1/ and the exact sequence
of (2) forms part of the following commutative diagram:

(3)

�fr
7

��
// �fr

8

F
��

// �fr
8
.CP1I �1/

F 1

��

Afr
CP1

// Z=2
��
// �fr

7

0 // �
Oh7i
8

// �
Oh7i
8

.CP1I �1/
ACP1

// Z=2 // 0

Here Afr
CP1 W�

fr
8
.CP1I �1/! Z=2 is a codimension-2 Arf invariant, which is defined analogously to the

codimension-2 Arf invariant on �Oh7i
8

.CP1I �1/. We shall first compute �fr
8
.CP1I �1/ and we do this

via the Pontryagin–Thom isomorphism

�fr
8.CP1

I �1/Š �s
8.C�/:

The cofibration S0! C�! S2 leads to the following long exact sequence (showing in particular that the
top row of diagram (3) is also exact):

� � � ! �s
7
��
�! �s

8! �8.C�/! �s
6
��
�! �s

7! � � � :

From Toda’s calculations [1962, Chapter XIV], we have �s
6
Š Z=2.�2/, �s

7
Š Z=240.�/, �s

8
Š

Z=2.��/˚ Z=2.�/, where � 2 �s
3

is a generator and �� 2 �s
4
D f0g. It follows that �� W �s

6
! �s

7

is the zero map and that there is a short exact sequence

(4) 0! Z=2.Œ��/! �8.C�/! Z=2! 0;

where Œ�� 2 �s
8
=��.�

s
7
/ denotes the equivalence class of �. By Lemma A.1 from the appendix, the

extension (4) is determined by the Toda bracket

h�; �2; 2i � �s
8:

By [loc. cit., Proposition 3.4 ii], there is a Jacobi identity for Toda brackets,

0 2 h�; �2; 2iC h2; �; �2
iC h�2; 2; �i;

where we have ignored signs since all the Toda brackets consist of elements of order 2 or 1. Now by
[loc. cit., Proposition 1.2], h2; �; �2i� h2; �; �i�. Since h2; �; �i��s

5
Df0g, we have h2; �; �i�Df0g and

so h2; �; �2iDf0g. By [loc. cit., page 189], h�2; 2; �iDf�; �C��g. It follows that h�; �2; 2iDf�; �C��g

is nontrivial and maps to the generator Œ�� 2 �s
8
=��.�

s
7
/. Applying Lemma A.1, we deduce that the

extension (4) is nontrivial and hence is isomorphic to the extension

0! Z=2! Z=4! Z=2! 0:

The above shows that �fr
8
.CP1I �1/Š Z=4.

In diagram (3) we can replace the top row with the short exact sequence (4) (noting that, as we saw in the
proof of Lemma 4.1, Im.J8/D ��.�

s
7
/ and coker.J8/D‚8) and restrict the bottom row to the torsion
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subgroups, to get the following commutative diagram:

0 // ‚8

F
��

// �fr
8
.CP1I �1/

F 1

��

Afr
CP1

// Z=2
��
// 0

0 // Tors�Oh7i
8

// Tors�Oh7i
8

.CP1I �1/
ACP1

// Z=2 // 0

We check that the bottom row is exact. The map ACP1 is surjective by the commutativity of the diagram,
while exactness at Tors�Oh7i

8
and Tors�Oh7i

8
.CP1I �1/ follows from the exactness of the original

sequence. Now by Lemma 4.1 (c) the map F W ‚8 ! Tors�Oh7i
8

is an isomorphism. So, by the five
lemma, the homomorphism F1 W�fr

8
.CP1I �1/! Tors�Oh7i

8
.CP1I �1/ is also an isomorphism, which

completes the proof.

4.2 The nonspin case with v4.X4.d//D 0

Let X4.d/ be a nonspin complete intersection with v4.X4.d// D 0. We will prove that X4.d/ is
‚-rigid. As explained in Section 2.3, it is enough to show that the canonical homomorphism i0 W‚8 Š

Tors�Oh7i
8

! �
Oh7i
8

.CP1I �4.d// is trivial. We will exploit the fact that i0 factors through the
group Tors�Oh7i

8
.CP1I �4.d/jCP1/.

Proposition 4.3 Let � be a stable bundle over CP1 such that w2.�/ ¤ 0 and w4.�/ D 0. Then the
natural map i0 W‚8!�

Oh7i
8

.CP1I �/ is trivial.

Proof By [Fang and Klaus 1996, Section 2.2] we have �Oh7i
8

.CP1;�I �/Š Z. From the exactness of
the sequence

� � � !�
Oh7i
8

j0
�!�

Oh7i
8

.CP1I �/!�
Oh7i
8

.CP1;�I �/! � � �

we deduce that the image of j0 contains the torsion subgroup of �Oh7i
8

.CP1I �/. The signature
defines nontrivial homomorphisms �Oh7i

8
! Z and �Oh7i

8
.CP1I �/ ! Z which commute with j0.

By Lemma 4.1 (c), �Oh7i
8

Š Z˚ Z=2 and so j0 is rationally injective. Therefore its restriction to
Tors�Oh7i

8
Š ‚8 is surjective onto Tors�Oh7i

8
.CP1I �/. Thus if �Oh7i

8
.CP1I �/ has a nontrivial

torsion element, then it has order 2.

Let iCP1� W Tors�Oh7i
8

.CP1I �1/! Tors�Oh7i
8

.CP1I �/ denote the homomorphism induced by the
inclusion CP1!CP1. By Lemma 4.2, Tors�Oh7i

8
.CP1I �1/Š Z=4 and if a denotes a generator, then

†8
ex represents 2a. Therefore i0.†

8
ex/D iCP1�.2a/D 2iCP1�.a/D 0.

Theorem 4.4 If X4.d/ is a nonspin complete intersection with v4.X4.d// D 0 and d ¤ f2; 2g, then
X4.d/ and X4.d/ ]†

8
ex are diffeomorphic.

Proof In this case w2.�4.d//¤ 0 and w4.�4.d//D 0 (see Proposition 2.8), so by Proposition 4.3 the
canonical homomorphism i0 W‚8!�

Oh7i
8

.CP1I �4.d// is trivial. Therefore X4.d/ and X4.d/ ]†
8
ex

admit bordant normal 3-smoothings over .B4; �4.d/�
BOh8i/. By Proposition 1.9, X4.d/ and X4.d/]†
8
ex

are diffeomorphic.
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4.3 The nonspin case with v4.X4.d//¤ 0 and even total degree

Now we suppose that v4.X4.d//¤ 0 and the total degree d is even. By Remark 2.9 this implies that
�2.d/�4 (where �2.d/ denotes the exponent of 2 in the prime factorisation of d ). We will apply the Adams
filtration argument of Kreck and Traving [Kreck 1999, Section 8]. If � is a stable vector bundle over CP1,
we use the Pontryagin–Thom isomorphism to identify the groups�Oh7i

8
.CP1I �/D�8.MOh8i^Th.�//

and hence their torsion subgroups. In this way we obtain an Adams filtration on Tors�Oh7i
8

.CP1I �/.
Recall that a map Si! E representing a torsion class in �i.E/, the i th homotopy group of a spectrum E,
has Adams filtration � k if it can be factored as a composition of k maps, each of which is trivial on
homology with Z=2 coefficients.

We will need the following improvement of Kreck and Traving’s vanishing result in dimension 8.

Lemma 4.5 Let � be a stable bundle over CP1 such that w2.�/¤ 0, w4.�/¤ 0 and the homomorphism
i0 W ‚8 ! �

Oh7i
8

.CP1I �/ is injective. Then the only element of Tors�Oh7i
8

.CP1I �/ with Adams
filtration 4 or higher is the trivial element.

Proof Consider the exact sequence

� � � !�
Oh7i
8

j0
�!�

Oh7i
8

.CP1I �/!�
Oh7i
8

.CP1;�I �/! � � � :

Fang and Klaus [1996, Section 2.4] proved that �Oh7i
8

.CP1;�I �/ŠZ˚Z=2, where the Z=2 summand
is detected by the codimension-2 Arf invariant. Hence we have the following commutative diagram
between exact sequences (the bottom sequence is exact, because j0 is rationally injective, as in the proof
of Proposition 4.3):

‚8

Š

��

// Tors�Oh7i
8

.CP1I �1/

iCP1�
��

ACP1
// Z=2

D

��

Tors�Oh7i
8

i0
// Tors�Oh7i

8
.CP1I �/

A
// Z=2

Moreover, the top sequence is short exact by Lemma 4.2. The bottom sequence is also short exact (the
surjectivity of A follows from the commutativity of the diagram and the injectivity of i0 was assumed). It
follows that iCP1� W Tors�Oh7i

8
.CP1I �1/! Tors�Oh7i

8
.CP1I �/ is an isomorphism.

Now we choose a generator a2Tors�Oh7i
8

.CP1I �/ŠZ=4 and let Œfa�2�8.MOh8i^Th.�// represent
the image of a under the Pontryagin–Thom isomorphism. By [Fang and Klaus 1996, page 144], the image
of Œfa� in the group �8.MOh8i ^ .Th.�/=S0// has Adams filtration 2. Since the Adams filtration cannot
decrease under composition, Œfa� has Adams filtration � 2. Therefore 2a, corresponding to 2Œfa� under the
Pontryagin–Thom isomorphism, has Adams filtration� 3. Since 2a is a multiple of every nonzero element
of Tors�Oh7i

8
.CP1I �/ŠZ=4, the only element with Adams filtration 4 or higher is the trivial element.

Proposition 4.6 Let X4.d/ and X4.d
0/ be nonspin complete intersections with SDn.d/D SDn.d

0/ and
v4.X4.d//¤ 0. If the total degree d is even , then X4.d/ and X4.d

0/ are diffeomorphic.
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Proof By Theorem 1.4 there is a homotopy sphere † 2 ‚8 such that X4.d/ � X4.d
0/ ] †. By

Proposition 2.8 we have w2.�4.d// ¤ 0 and w4.�4.d// ¤ 0. Again we consider the natural map
i0 W‚8!�

Oh7i
8

.CP1I �4.d//.

If i0 is zero, then X4.d
0/ and X4.d

0/ ] † are diffeomorphic by the same argument as in the proof of
Theorem 4.4. Hence X4.d/ and X4.d

0/ are diffeomorphic.

Now suppose that i0 W‚8!�
Oh7i
8

.CP1I �4.d// is nonzero (hence injective). The arguments of Kreck
and Traving [Kreck 1999, Section 8] show that X4.d/ and X4.d

0/ admit normal 3-smoothings over
.B4; �4.d/� 
BOh8i/ whose bordism classes differ by a torsion element of Adams filtration �2.d/ or
higher. Since d is even, we have �2.d/� 4 (see Remark 2.9), so by Lemma 4.5 any such torsion element
is trivial. Hence X4.d/ and X4.d

0/ admit bordant normal 3-smoothings over .B4; �4.d/� 
BOh8i/ and
so by Proposition 1.9, X4.d/ and X4.d

0/ are diffeomorphic.

5 The case of odd total degree

It remains then to consider the case where the total degree d is odd. Note that in general this case is not
‚-rigid as the following theorem of Kasilingam shows.

Theorem 5.1 [Kasilingam 2016, Remark 2.6 (1)] CP4 is not diffeomorphic to CP4 ]†8
ex .

To prove the Sullivan conjecture for X4.d/ when d is odd, we find a new way to compare normal bordism
classes for X4.d/ and X4.d

0/, which is one of the main achievements of this paper. In particular, we
believe that introducing the Hambleton–Madsen theory [1986] of degree-d normal invariants will provide
a new perspective on the Sullivan conjecture in all dimensions.

5.1 Degree-r normal maps and their normal invariants

In this subsection we review the surgery classification of bordism classes of degree-r normal maps for
any integer r . Our treatment follows [Hambleton and Madsen 1986] but with minor modifications to suit
our setting. We will assume that all manifolds and all bundles are oriented and that all bundle maps are
orientation-preserving. We also choose to work with stable normal bundles in the source of normal maps,
as opposed to stable tangent bundles, and for simplicity, we only formulate the statements in the special
case when the target space of a degree-r normal map is a closed smooth connected oriented m-manifold P.

Definition 5.2 Let M and P be closed smooth oriented m-manifolds and assume that P is connected.
For r 2 Z, a degree-r normal map .f; Nf / WM ! P is a map of stable vector bundles

�M

Nf
//

��

�

��

M
f
// P

from the stable normal bundle of M to some stable vector bundle over P such that f WM ! P has
degree r .
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When r D˙1, then � is a vector bundle reduction of the Spivak normal fibration of P, but in general this
only holds away from r . Normal bordism of degree-r normal maps is defined analogously to normal bor-
dism of degree-1 normal maps [Wall 1970, Proposition 10.2]: the normal maps .f; Nf / W .M; �M /! .P; �/

and .f 0; Nf 0/ W .M 0; �M 0/! .P; � 0/ are normally bordant if there is an isomorphism ˛ W � 0 ! � and a
bordism between .f; Nf / and .f 0; ˛ ı Nf 0/ over .P; �/.

Definition 5.3 We denote the set of normal bordism classes of degree-r normal maps to P by N Cr .P /,
where the superscript “C” indicates that we are working in the oriented setting.

For a fixed �, let �fr
m.P I �/r denote the subset of �fr

m.P I �/ consisting of bordism classes whose repre-
sentatives have degree r . The group of stable bundle automorphisms of �, Aut.�/, acts on �fr

m.P I �/r

by postcomposition. Let N Cr .P; �/ � N Cr .P / denote the subset of normal bordism classes that are
representable by normal maps to .P; �/. Then we have a canonical bijection

N Cr .P; �/��
fr
m.P I �/r=Aut.�/:

Moreover,
N Cr .P /D

G
Œ��

N Cr .P; �/;

where we take the union over the isomorphism classes of stable bundles over P which admit degree-r
normal maps. To distinguish degree-r normal bordism classes from usual bordism classes we use

Notation 5.4 We denote the bordism class of .f; Nf / in �fr
m.P I �/r by Œf; Nf �� and in N Cr .P / by Œf; Nf �.

As in the degree-1 case, the computation of N Cr .P / proceeds via fibrewise degree-r maps between vector
bundles. Recall that for a bundle �, the total space is denoted by E�, the disc bundle is D�, the sphere
bundle is S� and the projection is �� . For a space Y with oriented vector bundles � and � of the same
rank over Y, we consider fibrewise maps

S�
g

//

  

S�

~~

Y

between the associated sphere bundles, where the restriction of g to each fibre has degree r . Given a
fibrewise degree-r1 map g1 W S�1! S�1 and a fibrewise degree-r2 map g2 W S�2! S�2, their fibrewise
join is a fibrewise degree-r1r2 map g1 � g2 W S.�1 ˚ �2/! S.�1 ˚ �2/ between the spheres bundles
of the Whitney sums of the original bundles. An isomorphism between two fibrewise degree-r maps,
gi W S�i! S�i , i D 0; 1, is a pair of vector bundle isomorphisms ˛ W �0! �1 and ˇ W �0! �1 such that
the following diagram commutes up to fibre homotopy over Y :

S�0
g0
//

S˛
��

S�0

Sˇ
��

S�1
g1
//// S�1

where S˛ and Sˇ are the induced maps of sphere bundles.
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Definition 5.5 Two fibrewise degree-r maps are equivalent if they become isomorphic after fibrewise
join with the restriction of a vector bundle isomorphism (ie stabilisation), and we define

FCr .Y / WD fg W S�! S�g=�

to be the set of equivalence classes of fibrewise degree-r maps of vector bundles over Y. The equivalence
class of g is denoted by Œg�.

We now review how taking the transverse inverse image of the zero section is used to define a map
T W FCr .P /!N Cr .P /. If g W S�! S� represents an element Œg� 2 FCr .P /, then we can extend it to a
fibre-preserving map f WD�!D� that is transverse to the zero section P �D� . We set M WD f �1.P /

and fM WD f jM . Since g has degree r , the map fM WM ! P has degree r too. The map f determines
a bundle map Nf0 W �.M !D�/! �.P !D�/Š � over fM . We have

�M Š �.M !D�/˚ �D� jM Š �.M !D�/˚ .�� jM /�.�P 	 �/D �.M !D�/˚f �M .�P 	 �/:

By adding the canonical map f �
M
.�P 	 �/! �P 	 � to Nf0, we get a bundle map

NfM W �M ! � ˚ �P 	 �

over fM . Then we define T .Œg�/ WD ŒfM ; NfM �. For the case when P is a smooth manifold (which we
have assumed for simplicity), the following theorem is the oriented version of a foundational result of
Hambleton and Madsen on degree-r normal maps (their proof applies verbatim in the oriented setting).

Theorem 5.6 (cf [Hambleton and Madsen 1986, Theorem 2.2]) The map T W FCr .P /!N Cr .P / is a
well-defined bijection.

Remark 5.7 In [Hambleton and Madsen 1986] the source manifold M is defined as the inverse image
under g of a section of S� . The construction above can be seen as a special case of this via stabilisation,
as we now explain. Let R WD .R�P ! P / denote the trivial rank-1 bundle over P and let S0 WD S R.
If � D �0 ˚ R, � D � 0 ˚ R and g D g0 � IdS0 W S� D S�0 � S0 ! S� D S� 0 � S0 for some �0, � 0

and g0 W S�0! S� 0, then S� D DC�
0 [S�0 D��

0 (where D˙�
0 are two copies of the disc bundle D�0),

S� D DC�
0 [S� 0 D��

0, f 0 WD gjDC�0 W DC�
0 ! DC�

0 is an extension of g0, and the zero section of
DC�

0 coincides with the section 1�P � S0 �P D S0 � S� 0 �S0 D S� of S� .

In order to apply Theorem 5.6 we need to be able to compute FCr .P /. The assignment Y 7! FCr .Y / is a
homotopy functor from the category of spaces to the category of sets. By Brown representability [1962],
this functor (restricted to CW-complexes) is represented by a classifying space.

Definition 5.8 The classifying space of the functor FCr is denoted by .QS0=SO/r , and the canonical
bijection from FCr .Y / to ŒY; .QS0=SO/r � is denoted by

Br W FCr .Y /! ŒY; .QS0=SO/r �:
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Remark 5.9 Hambleton and Madsen [1986, Section 1] and Brumfiel and Madsen [1976, Section 4] allow
orientation-reversing bundle isomorphisms when they define the equivalence relation on fibrewise degree-r
maps. They denote the corresponding classifying space by .QS0=O/r for r � 0. The forgetful map
induces a map .QS0=SO/r ! .QS0=O/jr j of classifying spaces, which is a homotopy equivalence when
r ¤ 0 and a nontrivial .Z=2/-covering when r D 0 (see [Brumfiel and Madsen 1976, Proposition 4.3]).

When r D 1, we may identify .QS0=SO/1 D G=O , where G=O is the homotopy fibre of the canonical
map BSO!BSG, the forgetful map from the classifying space of stable vector bundles to the classifying
space of stable spherical fibrations.

The equivalence Br and Theorem 5.6 combine to give the following important definition.

Definition 5.10 Let � W N Cr .P /! ŒP; .QS0=SO/r � denote the composition Br ıT �1. For a degree-r
normal map .f; Nf / WM!P, the homotopy class �.Œf; Nf �/2 ŒP; .QS0=SO/r � is called the normal invariant
of .f; Nf /.

We shall need two classes of examples of fibrewise degree-r maps. The trivial degree-r map of rank k (well-
defined up to fibre homotopy) is h�IdY WS

k�1�Y !Sk�1�Y for some degree-r map h WSk�1!Sk�1.
For the second class of degree-r maps, � has real rank 2, and we regard � as a complex line bundle over Y.
Setting � WD �r to be the r -fold complex tensor product of � with itself, we have the canonical degree-r map

tr .�/ W S�! S�r ; v 7! vr
D v˝ v˝ � � �˝ v:

For the classification of complete intersections the universal examples of such maps, where Y DCPn or
CP1 and � D 
 jCPn or 
 , will play a central role.

Definition 5.11 For a k-tuple of integers r D .r1; : : : ; rk/ with r D r1r2 � � � rk set

�n.r/ WD Br.Œtr1
.
 jCPn/� � � � � trk

.
 jCPn/�/ 2 ŒCPn; .QS0=SO/r �;

�1.r/ WD Br.Œtr1
.
 /� � � � � trk

.
 /�/ 2 ŒCP1; .QS0=SO/r �:

The notation in Definition 5.11 is designed to match Theorem 5.19, which states that the com-
plete intersection Xn.d/ admits a degree-d normal map .fn.d/; Nfn.d// W Xn.d/ ! CPn such that
�.Œfn.d/; Nfn.d/�/D �n.d/.

5.2 The space .QS0=SO/r and connected sums

In order to apply Theorem 5.6 we will need to make computations with the set of normal invariants
ŒP; .QS0=SO/r �. For this we need information about the space .QS0=SO/r , and we first adapt the
discussion of the related space .QS0=O/r from [Brumfiel and Madsen 1976, Section 4] to the oriented
setting. When r D 1, the space .QS0=SO/1 D G=O has been extensively studied. In general, Brumfiel
and Madsen [1976, Proposition 4.3] showed that there is a fibration sequence

(5) QS0
r

ir
�! .QS0=SO/r

ır
�! BSO;
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where the map ır W .QS0=SO/r ! BSO classifies taking the formal difference of the source and target
vector bundles of a fibrewise degree-r map, QS0

r is the space of stable degree-r self maps of the sphere,
which classifies fibrewise degree-r self-maps of trivialised vector bundles and ir W QS0

r ! .QS0=SO/r
classifies forgetting that the bundles are trivialised. The space QS0

1 is often denoted by SG. There is also
a map � r WG=O! .QS0=SO/r , which classifies taking fibrewise join with the trivial degree-r map and
which fits into the following map of fibration sequences:

(6)

SG
i1

//

� r
��

G=O
ı

//

� r
��

BSO

IdBSO

��

QS0
r

ir
// .QS0=SO/r

ır
// BSO

where � r W SGDQS0
1!QS0

r is the map obtained by composition with a fixed map of degree r and ı WD ı1
is the canonical map.

Since QS0
WD
F

r2Z QS0
r , the space of stable self maps of the sphere is a grouplike H -space (with the “loop

sum” operation, which induces the addition on �s
0
), its connected components are all homotopy equivalent.

So �i.QS0
r /Š �i.SG/D �s

i for all r and i , and under this identification �i. � r/ W �i.SG/! �i.QS0
r / is

multiplication by r . Therefore when we invert the primes dividing r , the map � r becomes a weak homotopy
equivalence and hence a homotopy equivalence (see [Brumfiel and Madsen 1976, Proposition 4.6]).
Combining this with the commutative diagram of (6), we get:

Proposition 5.12 (cf [Brumfiel and Madsen 1976, Proposition 4.6]) If r ¤ 0, the map � r W G=O !
.QS0=SO/r induces a homotopy equivalence

. � r/Œ1=r � W .G=O/Œ1=r �' .QS0=SO/r Œ1=r �

such that ır Œ1=r � ı . � r/Œ1=r �' ıŒ1=r �.

Here X Œ1=r � denotes the localisation of a space X obtained by inverting the primes dividing r (see
[Sullivan 1970, Chapter 2]), and for a map f WX ! Y, f Œ1=r � WX Œ1=r �! Y Œ1=r � denotes the induced
map.

We now consider the effect of taking the connected sum with a framed manifold in the source of a normal
map. For this, we will tacitly assume that all manifolds have basepoints, the bundles considered over
these basepoints have been trivialised (and for a fibrewise degree-r map, the map over the basepoint is
identified with some fixed degree-r map between spheres) and that the connected sum operation is carried
out at discs which have the basepoints on their boundaries so that the connected sum is itself based.

Suppose that .f; Nf / WM!P is an m-dimensional degree-r normal map and ŒN;F �2�fr
m. Let fN WN!P

be the constant map and NfN be the bundle map over fN corresponding to the framing F. We can assume
that .f; Nf / is constant over a small m-disc Dm �M, and by taking connected sum in the source and
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extending with the constant map, we obtain a degree-r normal map .f ] fN ; Nf ] NfN / WM ]N ! P.
Connected sum defines a natural operation

] WN Cr .P /��
fr
m!N Cr .P /; .Œf; Nf �; ŒN;F �/ 7! Œf ] fN ; Nf ] NfN �;

and we will explain how to determine �.Œf ] fN ; Nf ] NfN �/ in terms of �.Œf; Nf �/ and ŒN;F �. To do this,
we need to define an appropriate normal invariant of ŒN;F �. Define the homomorphism

�fr
r W�

fr
m! �m.QS0

r /

to be the composition�fr
m

PT
�!�s

m
ad
�!�m.QS0

0/
lsr�
��!�m.QS0

r /, where PT denotes the Pontryagin–Thom
isomorphism, ad is defined via the adjoint map, lsr is given by taking the loop sum with a fixed degree-r
map and lsr� is the induced map on �m.

For any connected, oriented m-manifold P and topological space X , connected sum of maps defines an
action ] W ŒP;X �� �m.X /! ŒP;X � of �m.X / on ŒP;X �, where we can and do assume that maps are
constant at the same value in a neighbourhood of the basepoints. This action is natural in X , ie a map
f WX ! Y determines a commutative diagram

(7)

ŒP;X ���m.X /
]
//

f��f�
��

ŒP;X �

f�
��

ŒP;Y ���m.Y /
]
// ŒP;Y �

Lemma 5.13 Let .f; Nf / WM ! P be an m-dimensional degree-r normal map and ŒN;F � 2�fr
m. The

normal invariant of .f ] fN ; Nf ] NfN / WM ]N ! P is given by

�.Œf ] fN ; Nf ] NfN �/D �.Œf; Nf �/ ] ir�.�
fr
r .ŒN;F �// 2 ŒP; .QS0=SO/r �;

where ir W QS0
r ! .QS0=SO/r is the inclusion of the fibre appearing in (5).

Proof We will prove that there is a commutative diagram

N Cr .P /��fr
m

]

��

FCr .P /��s
m

T�PT�1
oo

Id�˛
//

��

FCr .P /�FCr .Sm/
Br�Br

//

]

��

ŒP; .QS0=SO/r ���m..QS0=SO/r /

]

��

N Cr .P / FCr .P /
T

oo FCr .P /
Br

// ŒP; .QS0=SO/r �

where ˛ is the composition of ad W �s
m Š �m.QS0

0/, lsr� W �m.QS0
0/Š �m.QS0

r / and the canonical map
�m.QS0

r /! FCr .Sm/ which sends a homotopy class to the adjoint fibrewise degree-r map between trivi-
alised bundles over Sm. The second and third vertical maps will be defined in the course of the proof below.

The commutativity of the diagram above suffices to prove the lemma, because ir� is the composition
of the canonical map �m.QS0

r /! FCr .Sm/ and Br (recall that QS0
r is the classifying space of fibrewise

degree-r maps between trivialised bundles and ir classifies forgetting that the bundles are trivialised).
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First we define the map FCr .P /��s
m!FCr .P / and show that the first square commutes. Let g WS�!S�

represent an element of FCr .P /, where � and � are bundles of rank kC1�m of the form �D �0˚R and
� D � 0˚R. We define the sections s˙ WP!S� by s˙.x/D .˙1;x/2S0�P �S.� 0˚R/, and assume
that g is transverse to sC.P /, so that T .Œg�/ is represented by g�1.sC.P //! sC.P /� P (covered by
the appropriate bundle map); see Remark 5.7.

Let Dm � P be a small embedded disc, then �jDm DRkC1 �Dm and �Dm DRkC1 �Dm are uniquely
trivialised (up to homotopy). After a fibre homotopy of g we may assume that gjS�jDm is trivial,
ie gjS�jDm D h� IdDm for some degree-r map h W Sk ! Sk , and that for some small disc Dk � Sk

the map hjDk is constant with value �1 2 S0 � Sk�1 �S0 � Sk. Then g.Dk �Dm/ D s�.D
m/, so

.gjDk�Dm/�1.sC.P // is empty.

The adjoint of gjDk�Dm is the constant map in Map
�
.Dm;Sm�1/; .Map..Dk ;Sk�1/; .Sk ;�1//; c�1/

�
,

where c�1 denotes the constant map with value �1. Identifying Map..Dk ;Sk�1/; .Sk ;�1//D�kSk

we have the isomorphism

ˆ W �0

�
Map..Dm;Sm�1/; .Map..Dk ;Sk�1/; .Sk ;�1//; c�1//

�
Š �m.�

kSk/Š �mCk.S
k/D �s

m:

For a 2 �s
m, let ua WD

k �Dm! Sk �Dm be the adjoint of a representative of ˆ�1.a/. We define the
fibrewise degree-r map ga W S�! S� by

ga.v/D

�
ua.v/ if v 2Dk �Dm;

g.v/ if v 2 S� n int.Dk �Dm/.

The map ga is well-defined and continuous, because g and ua agree on @.Dk �Dm/. We define the map
FCr .P /��s

m! FCr .P / by .Œg�; a/ 7! Œga�.

We may assume that ua is transverse to 1�Dm. Then u�1
a .1�Dm/ is the image of a under the Pontryagin

construction. Moreover, ga is transverse to sC.P / and g�1
a .sC.P //D g�1.sC.P //tu�1

a .1�Dm/. This
is bordant to g�1.sC.P //]u�1

a .1�Dm/, showing that T .Œga�/D T .Œg�/ ]PT�1.a/. Thus the first square
commutes.

Next we define the map ] WFCr .P /�FCr .Sm/!FCr .P / and consider the second square. Given fibrewise
degree-r maps over P and Sm, we fix embeddings Dm!P and Dm!Sm at the basepoints and identify
the restrictions of both maps with h� IdDm . Then we can take their connected sum over P ]Sm � P.

Now let Œg� 2 FCr .P / and a 2 �s
m as before. We let g0 WD h� IdSm W Sk �Sm! Sk �Sm be a trivial

degree-r map and construct g0
a W S

k �Sm! Sk �Sm from ua and g0, analogously to ga. Then Œga�D

Œg� ] Œg0
a � (the connected sum P ]Sm is formed using the embedding Dm!P that was previously used to

construct ga and an embedding Dm!Sm whose image is the complement of the one used to construct g0
a).

We can extend ua with the projection Dk � .Sm nDm/! f�1g � .Sm nDm/ � Sk � .Sm nDm/ to
get Qua W D

k � Sm ! Sk � Sm. This is again the adjoint of a, and also of the corresponding element
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a0 2�m.QS0
0/. Since g0.y;x/D .h.y/;x/ for every .y;x/2Sk�Sm and h.y/D�1 if y 2Dk , we have

g0
a.v/D

�
ua.v/ if v 2Dk �Dm;

g0.v/ if v 2 Sk �Sm n int.Dk �Dm/

D

�
Qua.v/ if v 2Dk �Sm;

g0.v/D .h.y/;x/ if v D .y;x/ 2 .Sk n int Dk/�Sm.

Since lsr W QS0
! QS0

r is defined by taking loop sum with h, the map g0
a is the adjoint of lsr�.a

0/.
Therefore Œga�D Œg� ] ˛.a/, proving that the second square commutes.

Finally we consider the third square. For any space X , the action ] W ŒP;X ���m.X /! ŒP;X � is equal
to the composition

ŒP;X ���m.X /
_
�! ŒP _Sm;X �

p�
�! ŒP;X �;

where p WP!P=Sm�1�P_Sm is the pinch map, collapsing the boundary of a small embedded m-disc
Dm � P. Similarly, ] W FCr .P /�FCr .Sm/! FCr .P / is the composition of _W FCr .P /�FCr .Sm/!

FCr .P _Sm/ and p� W FCr .P _Sm/! FCr .P /. So the commutativity of the third square follows from
the naturality of Br.

5.3 Relative divisors

In this subsection we give another description of the bijection T W FCr .P /!N Cr .P / from Theorem 5.6
in terms of sections and divisors. In order to relate fibre-preserving maps to sections we introduce the
following notation.

Definition 5.14 Suppose that � and � are vector bundles over some base space Y.

(a) For a fibre-preserving map g W S�! S� we define a section sg W S�! .�� jS�/
�.S�/ � S� �S�

of the sphere bundle .�� jS�/�.S�/, the pull-back of S� via the projection �� jS� W S�! Y, by sg.x/D

.x;g.x//. The assignment g 7! sg is a bijection between fibre-preserving maps S�! S� and sections
of .�� jS�/�.S�/.

(b) For a fibre-preserving map f WD�!D� we define a section sf WD�! .�� jD�/
�.D�/�D� �D�

by sf .x/D .x; f .x//. The assignment f 7! sf is a bijection between fibre-preserving maps D�!D�

and sections of .�� jD�/�.D�/. Moreover, f is transverse to the zero section of D� if and only if sf is
transverse to the zero section of .�� jD�/�.D�/.

These two bijections are compatible in the sense that if g is the restriction of some f , then sg is the
restriction of sf .

Now suppose that Q� is a rank-k smooth vector bundle over a smooth manifold V with boundary @V and
s@ W @V ! S Q� j@V is a section of S Q� j@V (hence a nowhere-zero section of E Q� j@V ).
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Definition 5.15 If s W V !E Q� is a smooth section of Q� , which extends s@, and which is transverse to the
zero section, s0, then we call

Z.s/ WD s.V /\ s0.V /� s0.V /� V

a divisor of Q� relative to s@.

Remark 5.16 We have �Z.s/Š . Q�˚�V /jZ.s/, because the normal bundle of the embedding Z.s/ ,! V

is given by �.Z.s/ ! V / Š Q� jZ.s/ (in a tubular neighbourhood U � D�.Z.s/ ! V / of Z.s/ the
section sjU corresponds to a fibre-preserving map D�.Z.s/! V /!E Q� jZ.s/, and by transversality the
restriction of its derivative is an isomorphism �.Z.s/! V /Š Q� jZ.s/).

Since the fibre of E Q� is contractible, s@ can always be extended to a (transverse) section s and the
extension is unique up to homotopy (rel @V ). This also implies that the normal bordism class of the
normal map

�Z.s/
//

��

Q� ˚ �V

��

Z.s/ // V

is independent of the choice of s (and it only depends on the homotopy class of s@ as a nowhere-zero
section).

Suppose in addition that V DD� itself is the disc bundle of a rank-k smooth vector bundle � over a closed
smooth manifold P. Let � D Q� jP be the restriction of Q� . Then Q� can be identified with .�� jD�/�.�/.

Let g W S� ! S� be a fibrewise degree-r map and sg the corresponding section (see Definition 5.14).
There exists a section s WD�! .�� jD�/

�.D�/ that extends sg and is transverse to the zero section. Let
p D �� jZ.s/ WZ.s/! P.

Lemma 5.17 The map p WZ.s/!P has degree r and it is covered by a bundle map Np W�Z.s/!�˚�P	�

such that
T .Œg�/D Œp; Np� 2N Cr .P /:

Proof Using the bijection from Definition 5.14 (b) there is a fibre-preserving map f WD�!D� such
that s D sf . This f extends g and it is transverse to the zero section, so it satisfies the conditions in
the definition of T (given before Theorem 5.6). The manifold M D f �1.P / is then equal to Z.s/ and
f jM D p (and it has degree r ). We can choose Np D NfM and then T .Œg�/D Œp; Np�.

5.4 The canonical degree-d normal invariant of a complete intersection

Consider a complete intersection Xn.d/. By cellular approximation the canonical embedding i WXn.d/!

CPnCk is homotopic to a map fn.d/ WXn.d/!CPn and since CPnCk has no .2nC1/-cells, fn.d/ is
well-defined up to homotopy. Since i�.ŒXn.d/�/ is d times the preferred generator of H2n.CPn/, fn.d/

is a degree-d map.

Geometry & Topology, Volume 29 (2025)



The smooth classification of 4-dimensional complete intersections 299

The main result of this section is the computation of the normal invariant of a certain degree-d normal map
covering fn.d/ in Theorem 5.19 below. The importance of this calculation comes from the next lemma
(which can be regarded as a variation of [Kreck 1999, Proposition 10]) and its application, Theorem 5.20.

Lemma 5.18 Let Xn.d/ and Xn.d
0/ be complete intersections with �.Xn.d// D �.Xn.d

0// and
the same total degree d . Suppose that there are degree-d normal maps .f; Nf / W .Xn.d/; �Xn.d// !

.CPn; �n.d/jCPn/ and .f 0; Nf 0/ W .Xn.d
0/; �Xn.d 0//! .CPn; �n.d

0/jCPn/ such that

Œf; Nf �D Œf 0; Nf 0� 2N C
d
.CPn/:

If n� 3, then Xn.d/ and Xn.d
0/ are diffeomorphic.

Proof Let � D �n.d/jCPn and recall (see Notation 5.4) that Œg; Ng�� 2�fr
2n
.CPnI �/d denotes the element

represented by a degree-d normal map .g; Ng/ and the image of Œg; Ng�� in N C
d
.CPn/ is Œg; Ng�. By definition,

the condition Œf; Nf � D Œf 0; Nf 0� means that there is an isomorphism ˛ W �n.d
0/jCPn ! �n.d/jCPn D �

(which in particular implies that SDn.d/D SDn.d
0/) such that

Œf; Nf �� D Œf
0; ˛ ı Nf 0�� 2�

fr
2n.CPn

I �/d :

Now consider the composition

�fr
2n.CPn

I �n.d/jCPn/d !�fr
2n.CPn

I �n.d/jCPn/!�fr
2n.CP1I �n.d//!�

Ohni
2n

.CP1I �n.d//:

We see that Xn.d/ and Xn.d
0/ admit bordant normal .n�1/-smoothings over .BnI �n.d/� 
BOhnC1i/

and if d ¤ f1g; f2g or f2; 2g, then the lemma follows from Proposition 1.9. If d D f1g; f2g or f2; 2g, then
SDn.d/D SDn.d

0/ implies that d 0 D d .

Theorem 5.19 There is a bundle map Nfn.d/ W �Xn.d/! �n.d/jCPn over fn.d/ such that

�.Œfn.d/; Nfn.d/�/D �n.d/ 2 ŒCPn; .QS0=SO/d �:

(For the definitions of � and �n.d/ see Definitions 5.10 and 5.11.)

An immediate consequence of Theorem 5.19, the fact that � is a bijection and Lemma 5.18 is the following:

Theorem 5.20 Let Xn.d/ and Xn.d
0/ be complete intersections with the same total degree d and the

same Euler characteristic. If n� 3 and �n.d/D �n.d
0/ 2 ŒCPn; .QS0=SO/d �, then Xn.d/ and Xn.d

0/ are
diffeomorphic.

Proof of Theorem 5.19 Let f 0 WD.k
 jCPn/!D.
 d jCPn/ denote the Whitney sum of the tensor power
maps D.
 jCPn/!D.
 di jCPn/ and let g0 W S.k
 jCPn/! S.
 d jCPn/ be its restriction to the sphere
bundle. Hence, in the notation of Definition 5.11, g0D td1

.
 jCPn/�� � ��tdr
.
 jCPn/, so Br.Œg0�/D�n.d/

and we must prove the following: there is a map of stable vector bundles Nfn.d/ W �Xn.d/! �n.d/jCPn

over fn.d/ such that
T .Œg0�/D Œfn.d/; Nfn.d/� 2N Cd .CPn/:
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First we describe a way of constructing a representative of the complete intersection Xn.d/ in an arbitrarily
small neighbourhood of the subspace CPn�CPnCk. Let Œx0;x1; : : : ;xnCk � be homogeneous coordinates
on the ambient CPnCk. For i D 1; 2; : : : ; k, define p0

i 2CŒx0;x1; : : : ;xnCk � by p0
i .x/D x

di

nCi , where
x D .x0;x1; : : : ;xnCk/. Then˚
Œx�2CPnCk

jp0
1.x/Dp0

2.x/D � � � Dp0
k.x/D 0

	
D
˚
Œx�2CPnCk

j xnC1D xnC2D � � � D xnCk D 0
	

DCPn:

Note that if di > 1, then p0
i is singular at its zeros, so CPn is not a representative of Xn.d/ unless

d D f1; 1; : : : ; 1g. However, by applying an arbitrarily small perturbation to the p0
i we can obtain new

polynomials pi such that˚
Œx� 2CPnCk

j p1.x/D p2.x/D � � � D pk.x/D 0
	
DXn.d/

is a complete intersection and it is contained in the interior of a closed tubular neighbourhood U of CPn

(we will fix a U in Lemma 5.23 below).

By Construction 5.22 the polynomials p0
i and pi define sections of 
 di jCPnCk . Therefore the tu-

ples .p0
1
;p0

2
; : : : ;p0

k
/ and .p1;p2; : : : ;pk/ define some sections s0 and s of 
 d jCPnCk (so the zero

sets of s0 and s are CPn and Xn.d/ respectively). Then we can assume that there is a homotopy
CPnCk � I ! 
 d jCPnCk of sections between s0 and s that is nonzero on .CPnCk n int U / � I. In
particular, the restrictions of s0 and s are homotopic as nonzero sections over @U.

The normal bundle of CPn in CPnCk is k
 jCPn , so U can be identified with D.k
 jCPn/. Moreover, the
projection �U WU !CPn of U is a deformation retraction; hence the bundle ��

U
.
 d jCPn/ is isomorphic

to 
 d jU . We will fix an identification and an isomorphism in Lemma 5.23. With these identifications,
the sections s0jU and sjU correspond to fibre-preserving maps D.k
 jCPn/! D.
 d jCPn/ under the
bijection of Definition 5.14. Let f W D.k
 jCPn/! D.
 d jCPn/ be the map such that sf D sjU . In
Lemma 5.23 we prove that sf 0 D s0jU . Let g W S.k
 jCPn/! S.
 d jCPn/ be the restriction of f (we
can assume that it has values in the sphere bundle, because f jS.k
 jCPn / is nowhere zero since sj@U

is nowhere zero). Then sg D sj@U . The restriction of f 0 is g0, so sg0 D s0j@U . Since sg0 D s0j@U

and sg D sj@U are homotopic as nonzero sections, g0 and g are fibre homotopic. The bijection T is
well-defined on fibre homotopy classes, so T .Œg0�/D T .Œg�/.

By construction Xn.d/DZ.s/ is a divisor of 
 d jCPnCk relative to sj@U D sg. Since �U is homotopic
to the identity, we have fn.d/ D �U jXn.d/ (up to homotopy). By Lemma 5.17 there is a bundle map
Nfn.d/ W �Xn.d/! 
 d˚�.nC1/
	k
 jCPnŠ �n.d/jCPn such that T .Œg�/D Œfn.d/; Nfn.d/�2N Cd .CPn/.

Therefore T .Œg0�/D Œfn.d/; Nfn.d/�.

Remark 5.21 There is a canonical bundle map �Xn.d/! �n.d/jCPnCk over i , and hence over fn.d/

(cf Proposition 2.5), because there is a canonical isomorphism �Xn.d/ Š �.Xn.d/!CPnCk/˚ �CPnCk

and the normal bundle of a degree-r hypersurface in CPnCk is canonically isomorphic to the restriction
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of 
 r (see Construction 5.22 and Remark 5.16). By following the definitions, we can see that the bundle
map Nfn.d/ constructed in the proof of Theorem 5.19 is equal to this canonical map (up to homotopy).

We used the following (well-known) construction and the lemma below.

Construction 5.22 A homogeneous polynomial q of degree r in variables x0;x1; : : : ;xm determines a
section of the bundle 
 r jCPm as follows.

If rD1, then the assignment Œx0;x1; : : : ;xm� 7! Œx0;x1; : : : ;xm; q.x0;x1; : : : ;xm/� is a well-defined map
CPm!CPmC1nŒ0; 0; : : : ; 0; 1�. Since the map CPmC1nŒ0; 0; : : : ; 0; 1�!CPm, Œx0;x1; : : : ;xmC1� 7!

Œx0;x1; : : : ;xm�, can be identified with the projection of the normal bundle of CPm in CPmC1, which
is isomorphic to 
 jCPm , we get that q determines a section of 
 jCPm . So every linear monomial xi

determines a section of 
 jCPm . If we have sections s1; s2; : : : ; sr of some vector bundle �, then their
symmetric product s1s2 � � � sr is a section of the symmetric power Symr .�/ and if � is a line bundle, then
Symr .�/D �r. Therefore every degree-r monomial, and hence every degree-r homogeneous polynomial,
determines a section of 
 r jCPm .

Lemma 5.23 We can identify D.k
 jCPn/ with a tubular neighbourhood U of CPn in CPnCk and the
bundle ��

U
.
 d jCPn/ with 
 d jU such that after these identifications the section sf 0 corresponding to f 0

under the bijection of Definition 5.14 (b ) is equal to s0jU .

Proof First we will introduce “coordinates” on the total space of 
 r jCPm . Then we will define U and
describe the necessary identifications. Finally we will show that sf 0 (regarded as a section of 
 d jU ) is
equal to s0jU .

By Construction 5.22 a pair .Œa�; q/ (where Œa� D Œa0; a1; : : : ; am� 2 CPm and q is a homogeneous
polynomial of degree r in variables x0;x1; : : : ;xm) determines a point in E.
 r jCPm/ (namely, the value
of the section determined by q over the point Œa�). Every point in E.
 r jCPm/ can be described by such a
pair and two pairs, .Œa�; q/ and .Œa�; q0/, determine the same point if and only if q.a/D q0.a/. Similarly,
if qi is a homogeneous polynomial of degree di , then a pair .Œa�; .q1; q2; : : : ; qk// determines a point in
E.
 d jCPm/.

To simplify notation we use the abbreviations aD .a0; a1; : : : ; an/2CnC1nf0g, bD .b1; b2; : : : ; bk/2Ck

and c D .c0; c1; : : : ; cnCk/ 2 CnCkC1 n f0g. Also, qi and ri will always denote some homogeneous
polynomials in variables x0;x1; : : : ;xn such that qi has degree di and ri is linear.

The map .Œa�; .r1; r2; : : : ; rk// 7! Œa; r1.a/; r2.a/; : : : ; rk.a/� is a homeomorphism between E.k
 jCPn/

and an open tubular neighbourhood of CPn in CPnCk (which is diffeomorphic to CPnCk nCPk�1).
We define U to be the image of the disc bundle D.k
 jCPn/ under this map. Then this map identifies
D.k
 jCPn/ with U.

Points of the subspace E.��
U
.
 d jCPn//�U �E.
 d jCPn/ are of the form .Œa; b�; .Œa�; .q1; q2; : : : ; qk///.

The map
�
Œa; b�; .Œa�; .q1; q2; : : : ; qk//

�
7! .Œa; b�; . Nq1; Nq2; : : : ; Nqk// 2 E.
 d jCPnCk / (where Nqi is equal

Geometry & Topology, Volume 29 (2025)



302 Diarmuid Crowley and Csaba Nagy

to qi , but is regarded as a polynomial in the variables x0;x1; : : : ;xnCk) is an isomorphism between the
bundles ��

U
.
 d jCPn/ and 
 d jU D .


d jCPnCk /jU .

By definition the section s0 is the map Œc� 7! .Œc�; .p0
1
;p0

2
; : : : ;p0

k
//.

The map f 0 is given by the formula .Œa�; .r1; r2; : : : ; rk// 7! .Œa�; .r
d1

1
; r

d2

2
; : : : ; r

dk

k
//. After identifying

D.k
 jCPn/ with U the formula becomes Œa; b� 7! .Œa�; .r
d1

1
; r

d2

2
; : : : ; r

dk

k
//, where ri is chosen such

that ri.a/D bi . Therefore sf 0.Œa; b�/D .Œa; b�; .Œa�; .r
d1

1
; r

d2

2
; : : : ; r

dk

k
/// and this point is identified with

.Œa; b�; . Nr
d1

1
; Nr

d2

2
; : : : ; Nr

dk

k
//. We have

Nr
di

i .a; b/D r
di

i .a/D b
di

i D p0
i .a; b/;

so .Œa; b�; . Nrd1

1
; Nr

d2

2
; : : : ; Nr

dk

k
//D .Œa; b�; .p0

1
;p0

2
; : : : ;p0

k
//. Therefore sf 0 D s0jU .

We conclude this section with a discussion of the bundle data Nfn.d/ in the canonical normal invariant
of Xn.d/. Although the degree-d normal map .fn.d/; Nfn.d// WXn.d/!CPn is canonically constructed,
so far we have not been able to characterise its homotopy class amongst all such degree-d normal maps.
In particular, if there is a diffeomorphism h WXn.d/!Xn.d

0/, then up to homotopy it induces a unique
bundle map Nh W �Xn.d/! �Xn.d 0/ covering h and in general we do not know whether Nfn.d

0/ı Nh and Nfn.d/

are homotopic stable bundle maps. In this paper, we shall only need to address this question when nD 4

and X4.d/ is nonspin. In this case, the problem is solved via the following:

Lemma 5.24 Let X be a closed , connected nonspin 8-manifold which is homotopy equivalent to
a CW-complex with only even-dimensional cells , � a stable vector bundle over X and Ng W � ! � an
orientation-preserving stable bundle automorphism. Then Ng is fibre homotopic to the identity.

Proof By standard K-theoretic arguments (given for automorphisms of stable spherical fibrations in
[Browder 1972, Lemma I.4.6]), it is sufficient to prove that ŒX;SO� D 0. By [Hatcher 2002, Proposi-
tion 4C.1], we may assume that there is a homotopy equivalence X 'K[f D8, where K is a 6-dimensional
CW-complex with only even-dimensional cells and f W S7!K attaches a single 8-cell. Consider the
Puppe sequence of the cofibration K!K[f D8! S8:

Œ†K;SO�! �8.SO/! ŒK[f D8;SO�! ŒK;SO�:

Obstruction theory [Hatcher 2002, Corollary 4.73] gives that ŒK;SO�D0, since �2i.SO/D0 for 0�2i �6.
So to prove that ŒX;SO�Š ŒK[f D8;SO� is trivial, it is enough to show that the map Œ†K;SO�!�8.SO/
is surjective.

The map Œ†K;SO�! �8.SO/ sends a homotopy class Œg�2 Œ†K;SO� to Œgı†f �, where †f WS8!†K

is the suspension of f [Whitehead 1978, 6.18 Chapter III]. Since K[f D8 has no odd-dimensional cells,
H 1.X IZ=2/ D 0, and so X is orientable. Since X is nonspin, v2.X / D w2.X / ¤ 0 by [Milnor and
Stasheff 1974, Theorem 11.15], and so Sq2

W H 6.X IZ=2/! H 8.X IZ=2/ is nonzero. Let K.4/ � K
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denote the 4-skeleton of K, and let c WK!K=K.4/ be the collapse map; then K=K.4/ D
Wb

iD1 S6 is
a wedge of 6-spheres. Since H 6.S7/ Š H 5.S7/ Š H 8

�Wb
iD1 S6

�
Š H 7

�Wb
iD1 S6

�
Š 0, we deduce

that the functional Steenrod square of Sq2 applied to c ı f W S7!
Wb

iD1 S6 is unambiguously defined
and nonzero on H 6.K=K.4/IZ=2/; cf [Mosher and Tangora 1968, Chapter 16]. Since Sq2 is a stable
operation, the functional Steenrod square of Sq2 applied to the suspension †c ı†f W S8!

Wb
iD1 S7

is also nonzero on H 7
�Wb

iD1 S7IZ=2
�
, showing that †c ı†f is essential (see [Mosher and Tangora

1968, Chapter 16, Proposition 1]). By Hilton’s theorem [1955, Theorem A] and the computation of
the 1-stem [Toda 1962, Chapter XIV], �8

�Wb
iD1 S7

�
Š
Lb

iD1 �8.S
7/ Š .Z=2/b, and it follows that

prj ı .†c ı†f / W S8! S7 is essential for some j 2 f1; : : : ; bg, where prj W
Wb

iD1 S7! S7 splits off
the j th sphere in the wedge. Using [Adams 1966, Example 12.15], we see that precomposition with
�7 W S

8! S7 induces a surjection �7.SO/! �8.SO/, and so the composition

�7.SO/
pr�

j
�! Œ†

�
K=K.4/

�
;SO� †c�

��! Œ†K;SO� †f
�

��! �8.SO/

is onto. It follows that Œ†K;SO�! �8.SO/ is onto, completing the proof.

Corollary 5.25 Let .f0; Nf0/; .f1; Nf1/ WX4.d/! .CP4; �4.d/jCP4/ be a pair of normal maps from a non-
spin complete intersection X4.d/ such that f �

0
.x/D f �

1
.x/. Then .f0; Nf0/ and .f1; Nf1/ are homotopic.

Proof It follows from the assumption f �
0
.x/ D f �

1
.x/ that f0 and f1 are homotopic as maps into

CP1 ' K.Z; 2/. By cellular approximation they are also homotopic as maps into CP4, so we may
assume that f0 D f1. Then the bundle maps Nf0; Nf1 W �X4.d/! �4.d/jCP4 differ by precomposition with
a bundle automorphism Ng W �X4.d/! �X4.d/. By Lemma 5.24, Ng is homotopic to the identity and so Nf0

and Nf1 are homotopic.

5.5 The Sullivan conjecture in the case of odd total degree

Let Xn.d/ be a complete intersection. By Theorem 5.19 there is a degree-d normal map .fn.d/; Nfn.d// W

Xn.d/!CPn such that
�.fn.d/; Nfn.d//D �n.d/ 2 ŒCPn; .QS0=SO/d �:

Our goal is to show that if d is odd and SD4.d/D SD4.d
0/, then �4.d/D �4.d

0/. Then Theorem 5.20
allows us to deduce the Sullivan conjecture when nD 4 and d is odd. To compare the normal invariants
�4.d/ and �4.d

0/, we will apply results of Feshbach on the Segal conjecture, using the fact that �n.d/ is
the restriction of �1.d/ WCP1! .QS0=SO/d .

Due to a combination of Theorem 1.4 of Fang and Klaus and Proposition 5.12 of Brumfiel and Madsen,
localising at the prime 2 will prove to be an effective strategy when the total degree d is odd. For a simple
space Z and a prime p we shall write Z.p/ (and even .Z/.p/ where necessary) for the p-localisation
of Z. Similarly, we write A.p/ for the p-localisation of an abelian group A. If ' 2 ŒY;Z� is a homotopy
class of maps from some other space Y to Z, we write '.p/ 2 ŒY;Z.p/� for the homotopy class of the
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composition Y
'
�!Z!Z.p/, where Z!Z.p/ is the natural map. Similarly, for ZŒ1=p�, the space

obtained from Z by inverting p, we write 'Œ1=p� 2 ŒY;ZŒ1=p�� for the homotopy class of the composition
Y

'
�!Z!ZŒ1=p�, where Z!ZŒ1=p� is the natural map.

Lemma 5.26 Let n and d be positive integers. Suppose that '; 2 ŒCPn; .QS0=SO/d � are homotopy
classes such that '.p/ D  .p/ and 'Œ1=p� D  Œ1=p� for some prime p. Then ' D  .

Proof We partition the set of all primes into the sets l WD fpg and l 0 WD fq j q ¤ pg. By [Sullivan 1970,
(4), page 41], for any simple space Z the natural maps Z!ZŒ1=p� and Z!Z.p/ fit into a fibre square

Z //

��

ZŒ1=p�

��

Z.p/
// ZQ

where ZQ denotes the rationalisation of Z. Hence there is a homotopy fibration sequence Z !

Z.p/ �ZŒ1=p�!ZQ, and for Z D .QS0=SO/d we have a homotopy fibration sequence

.QS0=SO/d
`p
�! ..QS0=SO/d /.p/ � ..QS0=SO/d /Œ1=p�! ..QS0=SO/d /Q:

The Puppe sequence for homotopy classes of maps from CPn into this fibration contains the exact
sequence

ŒCPn; �..QS0=SO/d /Q�! ŒCPn; .QS0=SO/d �
`p�
��! ŒCPn; ..QS0=SO/d /.p/��ŒCPn; ..QS0=SO/d /Œ1=p��;

where p̀�.'/D .'.p/; 'Œ1=p�/ and ŒCPn; �..QS0=SO/d /Q� acts transitively on the fibres of p̀�. We will
show that ŒCPn; �..QS0=SO/d /Q�D 0, which implies that p̀� is injective and proves the lemma.

Since QS0
d is connected with finite homotopy groups (see Section 5.2), its rationalisation is contractible. So,

by the rationalisation of the fibration sequence (5), ..QS0=SO/d /Q' .BSO/Q. It is well known that there
is an equivalence .BSO/Q'

Q1
iD1 K.Q; 4i/ (see eg [Sullivan 1970, (12), pages 42–43]), and so we have

a chain of isomorphisms ŒCPn; �..QS0=SO/d /Q� Š Œ†CPn; ..QS0=SO/d /Q� Š Œ†CPn; .BSO/Q� ŠL1
iD1 H 4i.†CPnIQ/Š 0.

Lemma 5.27 Let X4.d/ and X4.d
0/ be nonspin complete intersections such that SD4.d/D SD4.d

0/. If
�4.d/.2/ D �4.d

0/.2/ 2 ŒCP4; ..QS0=SO/d /.2/�, then �4.d/D �4.d
0/.

Proof By Theorem 1.4, there is a homotopy 8-sphere † and a diffeomorphism h WX4.d/�X4.d
0/ ]†.

We may assume that h preserves the cohomology class x (see the proof of Proposition 2.10) and hence the
maps f4.d/ and f4.d

0/ ıh are homotopic (as in the proof of Corollary 5.25). Let Nh W �X4.d/! �X4.d 0/]†

be the stable bundle map covering h, which is uniquely determined up to homotopy by the derivative
of h. By Theorem 5.19, there are bundle maps Nf4.d/ and Nf4.d

0/ such that �4.d/D �.Œf4.d/; Nf4.d/�/

and �4.d
0/D �.Œf4.d

0/; Nf4.d
0/�/. As in Section 5.2, let f† W†! CP4 be the constant map. Then the

choice of an arbitrary framing of † determines a bundle map Nf† over f† and we get a normal map
.f4.d

0/ ] f†; Nf4.d
0/ ] Nf†/ WX4.d

0/ ]†!CP4. As explained in Section 2.3, since SD4.d/D SD4.d
0/,
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there is a stable bundle isomorphism ˛ W �4.d
0/jCP4 ! �4.d/jCP4 . We have the following diagram of

stable bundle maps, which commutes by Corollary 5.25:

�X4.d/

Nh

��

Nf4.d/
// �4.d/jCP4

�X4.d 0/]†

Nf4.d
0/] Nf†

// �4.d
0/jCP4

˛

OO

It follows that the degree-d normal maps

.f4.d/; Nf4.d// WX4.d/!CP4 and .f4.d
0/ ] f†; Nf4.d

0/ ] Nf†/ WX4.d
0/ ]†!CP4

represent the same element in N C
d
.CP4/, so �.Œf4.d/; Nf4.d/�/D �.Œf4.d

0/]f†; Nf4.d
0/] Nf†�/. Therefore

by Lemma 5.13 we have
�4.d/D �4.d

0/ ] Œ �

for some Œ �2 .id /�.�8.QS0
d //. By the naturality of ] (see (7)) we have �4.d/Œ1=2�D �4.d

0/Œ1=2�]Œ Œ1=2��.
Since �8.QS0

d / Š �s
8

and �s
8
Š Z=2 ˚ Z=2 by [Toda 1962, Theorem 7.1], Œ � 2 �8..QS0=SO/d /

is 2-torsion. This implies that Œ Œ1=2�� D 0, and hence �4.d/Œ1=2� D �4.d
0/Œ1=2�. We assumed that

�4.d/.2/ D �4.d
0/.2/ and so by Lemma 5.26, �4.d/D �4.d

0/.

From now on we assume that d is odd. Then .ZŒ1=d �/.2/ ' Z.2/ for any simple space Z, so from
the Brumfiel–Madsen equivalence .G=O/Œ1=d �' .QS0=SO/d Œ1=d � of Proposition 5.12, we deduce the
existence of a homotopy equivalence

� W ..QS0=SO/d /.2/ ' .G=O/.2/

such that ı.2/ ı�D .ıd /.2/, where ı.2/ and .ıd /.2/ are the 2-localisations the canonical maps ı and ıd
from (6). Moreover, by Sullivan’s 2-primary splitting theorem for G=O [Madsen and Milgram 1979,
Theorem 5.18], there is a homotopy equivalence

(8) � W .G=O/.2/! .BSO/.2/ � coker J.2/;

where the space coker J.2/ is defined in [loc. cit., Definition 5.16] and the map � is constructed in the
proof of [loc. cit., Theorem 5.18]. From the splitting of .G=O/.2/ in (8) we obtain a projection map

� W .G=O/.2/! coker J.2/:

The following result is contained in the proof of [Feshbach 1986, Theorem 6], where the arguments rely
on work of Feshbach [1987] and Ravenel [1984] on the Segal conjecture.

Theorem 5.28 (cf [Feshbach 1986, Proof of Theorem 6]) For any prime p, ŒCP1; coker J.p/�Š 0.

Proof The proof of [Feshbach 1986, Theorem 6] states that the stable cohomotopy group �0
s .CP1/ is

trivial, where �0
s .CP1/D ŒCP1;QS0

0�. The natural map QS0
0!

Q
p.QS0

0/.p/ from QS0
0 to the product

of its p-localisations, taken over all primes p, is a weak equivalence, because QS0
0 is connected with
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finite homotopy groups �i.QS0
0/Š �

s
i (hence �i.QS0

0/Š
Q

p �i.QS0
0/.p/). Now by Sullivan’s splitting

of QS0
1'QS0

0 [Madsen and Milgram 1979, Theorem 5.18], .QS0
0/.p/' imJ.p/�coker J.p/ for a certain

p-local space imJ.p/. Therefore

0Š ŒCP1;QS0
0�Š

Y
p

�
ŒCP1; imJ.p/�� ŒCP1; coker J.p/�

�
and the theorem follows.

As a consequence of Theorem 5.28 we have:

Corollary 5.29 If d is odd , then ��.��.�n.d/.2///D 0 2 ŒCPn; coker J.2/� for all n.

Proof Let i WCPn!CP1 be the inclusion and consider the following commutative diagram:

ŒCP1; .QS0=SO/d �

i�

��

// ŒCP1; ..QS0=SO/d /.2/�

i�

��

��
// ŒCP1; .G=O/.2/�

i�

��

��
// ŒCP1; coker J.2/�

i�

��

ŒCPn; .QS0=SO/d � // ŒCPn; ..QS0=SO/d /.2/�
��
// ŒCPn; .G=O/.2/�

��
// ŒCPn; coker J.2/�

Now �n.d/D i�.�1.d// by Definition 5.11 and ŒCP1; coker J.2/�Š 0 by Theorem 5.28, so the corollary
follows from the commutativity of the diagram.

Theorem 5.30 Let X4.d/ and X4.d
0/ be complete intersections with SD4.d/D SD4.d

0/ and odd total
degree. Then �4.d/D �4.d

0/ 2 ŒCP4; .QS0=SO/d �.

The Sullivan conjecture for nD 4 and odd total degree follows directly from Theorems 5.20 and 5.30.

Theorem 5.31 Let X4.d/ and X4.d
0/ be complete intersections with SD4.d/D SD4.d

0/ and odd total
degree. Then X4.d/ is diffeomorphic to X4.d

0/.

Proof of Theorem 5.30 By Lemma 5.27, it is enough to prove that �4.d/.2/ D �4.d
0/.2/. Since the

map � W ..QS0=SO/d /.2/! .G=O/.2/ is a homotopy equivalence, it suffices to show that ��.�4.d/.2//D

��.�4.d
0/.2// 2 ŒCP4; .G=O/.2/�. To simplify the notation we set

O�.d/ WD ��.�4.d/.2// and O�.d 0/ WD ��.�4.d
0/.2//:

Let � W .G=O/.2/!BSO.2/ and ˛.2/ W .BSO/.2/! .G=O/.2/ be the projection and inclusion defined by
the Sullivan splitting of .G=O/.2/ in (8) respectively, so that �D��� W .G=O/.2/! .BSO/.2/�coker J.2/,
and consider the bijection

�� ��� W ŒCP4; .G=O/.2/�� ŒCP4; .BSO/.2/�� ŒCP4; coker J.2/�:

Corollary 5.29 states that ��. O�.d//D ��. O�.d 0//D 0, hence
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(a) it remains to show that ��. O�.d//D ��. O�.d 0//, and

(b) we have
O�.d/D .˛.2/ ı�/�. O�.d// and O�.d 0/D .˛.2/ ı�/�. O�.d

0//:

It follows from Lemma 5.32 that ı.2/�. O�.d//D ı.2/�. O�.d 0//; hence

.ı.2/ ı˛.2/ ı�/�. O�.d//D .ı.2/ ı˛.2/ ı�/�. O�.d
0//:

By Lemma 5.33 .ı.2/ı˛.2//� W ŒCP4; .BSO/.2/�! ŒCP4; .BSO/.2/� is injective, so��. O�.d//D��. O�.d 0//,
which completes the proof.

Lemma 5.32 Suppose that n 6� 1 mod 4. If Xn.d/ and Xn.d
0/ are complete intersections such that

SDn.d/D SDn.d
0/, then .ı.2/ ı�/�.�n.d/.2//D .ı.2/ ı�/�.�n.d

0/.2//.

Proof By the assumption SDn.d/D SDn.d
0/, the complete intersections Xn.d/ and Xn.d

0/, and hence
their normal bundles �Xn.d/ and �Xn.d 0/, have the same Pontryagin classes (regarded as integers). This
implies that pj .�n.d//D pj .�n.d

0// for 2j � n (see Section 2.2). By [Sanderson 1964, Theorem 3.9], if
n 6� 1 mod 4, then ŒCPn;BSO�ŠZbn=2c, detected by the total Pontryagin class. Therefore �n.d/jCPn Š

�n.d
0/jCPn , and hence .nC1/
 ˚ �n.d/jCPn Š .nC1/
 ˚ �n.d

0/jCPn .

Since ıd classifies taking the formal difference of the source and target vector bundles of a fibrewise
degree-d map (see Section 5.2), .ıd /�.�n.d// 2 ŒCPn;BSO� is the classifying map of �k
 ˚ 
 d1 ˚

� � �˚ 
 dk jCPn Š .nC1/
 ˚ �n.d/jCPn . Therefore we have .ıd /�.�n.d//D .ıd /�.�n.d
0//.

By localising at 2 we get that .ıd /.2/�.�n.d/.2//D .ıd /.2/�.�n.d
0/.2//. We saw that � satisfies ı.2/ı�D

.ıd /.2/ (see Proposition 5.12), so this means that .ı.2/ ı�/�.�n.d/.2//D .ı.2/ ı�/�.�n.d
0/.2//.

Lemma 5.33 Suppose n 6� 1 mod 4. Then the map .ı.2/ ı˛.2//� W ŒCPn; .BSO/.2/�! ŒCPn; .BSO/.2/�
is injective.

Proof The proof of [Madsen and Milgram 1979, Theorem 5.18] shows that there is a commutative
diagram

.G=O/.2/

ı.2/

��

.BSO/.2/

˛.2/

66

 3�Id
// .BSO/.2/

where  3 is the map induced by the third-power Adams operation; see [loc. cit., 5.13 and Theorem 5.18].
The map  3�Id is a rational homotopy equivalence (to see this, we note that the homotopy fibre of  3�Id
is connected and has finite homotopy groups by the second Sullivan splitting in [loc. cit., Theorem 5.18]);
hence ı.2/ ı˛.2/ is a rational homotopy equivalence.
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Now let jQ W .BSO/.2/! ..BSO/.2//QDBSOQ be the natural map to the rationalisation of BSO. There
is a commutative square

ŒCPn; .BSO/.2/�
jQ�
//

.ı.2/ı˛.2//�
��

ŒCPn;BSOQ�

.ıQı˛Q/�
��

ŒCPn; .BSO/.2/�
jQ�
// ŒCPn;BSOQ�

where ıQ and ˛Q are the rationalisations of ı.2/ and ˛.2/ respectively. In particular, ıQı˛Q is a homotopy
equivalence; hence .ıQ ı˛Q/� is a bijection.

Since there are isomorphisms ŒCPn;BSOQ� Š ŒCPn; .BSO/.2/�˝Q Š .Z.2//
bn=2c˝Q ŠQbn=2c, it

follows that jQ� is injective. Therefore .ıQ ı˛Q/� ıjQ�D jQ� ı.ı.2/ ı˛.2//� is injective, which implies
that .ı.2/ ı˛.2//� is injective.

Remark 5.34 The arguments of this section can be generalised to prove the Sullivan conjecture “prime
to the total degree”. We plan to take this up in future work.

Appendix. Extensions and Toda brackets

Appendix Extensions and Toda brackets

Recall that S0 denotes the sphere spectrum and that the i th stable stem, �i.S0/, is denoted by �s
i . The

k-fold suspension of S0 is denoted by Sk, and if f W Sk ! S0 is a map, then Cf denotes the cofibre of f .
The aim of this appendix is to prove Lemma A.1, which concerns the role of Toda brackets in computing
extensions for homotopy groups of Cf . Lemma A.1 is presumably well known, but we did not find a
proof for it in the literature so far.

The stable homotopy groups of Cf lie in the following fragment of the long exact Puppe sequence:

� � � ! �s
j�k

f�
�! �s

j
i�
�! �j .Cf /

c�
�! �s

j�k�1! � � � :

Here f�; i� and c� are respectively the homomorphisms induced by composition with f , the inclusion
i W S0 � Cf , and the collapse map c W Cf ! SkC1. We shall be interested in describing the extension

(9) 0! im.i�/! �j .Cf /! im.c�/! 0:

To do this we take an element g 2�s
j�k�1

of order a for some positive integer a, which lifts to Ng 2�j .Cf /.
Then a Ng 2 im.i�/Š coker.f�/. The element a Ng 2 �s

j will of course depend on the choice of Ng in general.

To describe a Ng we consider the sequence of maps

Sj�1 f
�! Sj�k�1 g

�! S0 a
�! S0:
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Since g ıf and a ıg are both null-homotopic, the Toda bracket

ha;g; f i � �s
j

is defined. Representatives for the elements of ha;g; f i are defined as unions

.a ıH1/[ .C.f / ıH2/ W C.S
j�1/[C.Sj�1/! S0;

where H1 is a null-homotopy of g ıf , H2 is a null-homotopy of a ıg and C.�/ denotes the cone of a
spectrum or a map. The indeterminacy of ha;g; f i arises from the choice of null-homotopies H1 and H2

and is given by

I.ha;g; f i/D f�.�
s
j�k/C a�s

j � �
s
j :

We now relate the restriction of the extension (9) to the cyclic subgroup hgi � �s
j�k�1

generated by g to
the Toda bracket ha;g; f i.

Lemma A.1 Suppose that g 2 �s
j�k�1

has order a and that Ng W Sj ! Cf is a map such that c ı Ng D g.
Then

a Ng 2 i�.ha;g; f i/� �j .Cf /:

In particular , the extension

0! im.i�/! .c�/
�1.hgi/! hgi ! 0

is trivial if and only if 0 2 ha;g; f i.

Proof Given H1 WC.S
j�1/!S0, a null-homotopy of gıf WSj�1!S0, we define a choice of Ng2�j .Cf /

by

Ng DH1[C.g/ W C.Sj�1/1[C.Sj�1/2! Cf ;

where the subscripts label two copies of C.Sj�1/. There is an a-fold fold map aCf
W .Cf ;S

0/ !

.Cf ;S
0/, which extends a W S0! S0, and we have a Ng D aCf

ı Ng. On the first copy of C.Sj�1/ we have
.aCf
ı Ng/jC.Sj�1/1

D aıH1. On the second copy of C.Sj�1/, the map .aCf
ı Ng/jC.Sj�1/2

defines the zero
element of �s

j .Cf ;S
0/Š �s

j�1
. It follows that .aCf

ı Ng/jC.Sj�1/2
is homotopic rel Sj�1 to H2 ıC.f /,

where H2 W C.S
j�k�1/! S0 is a null-homotopy of ag. It follows that a Ng D aCf

ı Ng is homotopic to
i ı
�
.a ıH1/[ .H2 ıC.f //

�
and so a Ng 2 i�.ha;g; f i/ as required.

Finally, the extension 0! im.i�/! .c�/
�1.hgi/! hgi ! 0 is trivial if and only if there is Ng 2 �j .Cf /

such that a Ng D 0. Given such a Ng, we have 0 2 i�.ha;g; f i/ by the previous paragraph and so ha;g; f i
contains an element of ker.i�/ D f�.�s

j�k
/. Hence ha;g; f i \ I.ha;g; f i/ ¤ 0 and so 0 2 ha;g; f i.

Conversely, 02ha;g; f i if and only if ha;g; f iDf�.�s
j�k

/Ca�s
j and then a Ng2 i�.ha;g; f i/Dai�.�

s
j /.

Hence we can modify our choice of Ng to achieve a Ng D 0.
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An embedding of skein algebras of surfaces
into localized quantum tori from Dehn–Thurston coordinates

RENAUD DETCHERRY

RAMANUJAN SANTHAROUBANE

We construct embeddings of Kauffman bracket skein algebras of surfaces (either closed or with boundary)
into localized quantum tori using the action of the skein algebra on the skein module of the handlebody.
We use those embeddings to study representations of Kauffman skein algebras at roots of unity and get a
new proof of Bonahon and Wong’s unicity conjecture. Our method allows one to explicitly reconstruct
the unique representation with fixed classical shadow, as long as the classical shadow is irreducible with
image not conjugate to the quaternion group.

57K31

1 Introduction

For † a compact connected oriented surface and G an algebraic group, its character variety is

X.†;G/D f� W �1.†/!Gg==G;

where G acts by conjugation. One of the simplest and most intriguing character varieties is obtained
when G D SL2.C/, as it is then well-understood algebraically while being connected to hyperbolic
geometry, knot theory and 3-dimensional topology, with many beautiful applications. Concretely speaking,
X.†;SL2.C// is just an algebraic variety of dimension 6g� 6C 3n when † is a surface with negative
Euler characteristic of genus g with n boundary components, and the ring of regular functions on the
character variety CŒX.†;SL2.C//� is just a commutative algebra.

Skein algebras and skein modules, introduced independently by Przytycki [1991] and by Turaev [1988],
give a quantization of character varieties. The skein module S.M/ of a compact oriented 3-manifold M
is a ZŒA˙1�-module which is the quotient of the free module spanned by isotopy classes of framed links
in the interior of M , modulo the famous Kauffman relations

D A CA�1 and L[U D .�A2�A�2/L;

where the first relates three framed links in M that are identical except in a small ball, and in the second
U is the unframed unknot. When M D†� Œ0; 1�, with † a compact oriented surface, the skein module
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has a natural structure of an algebra given by the stacking operation. We will write S.†/ for the skein
algebra of a surface (ie the skein module of †� Œ0; 1�, with its natural algebra structure). We recall also
that when M is a compact oriented surface, the skein module S.M/ is a module over the skein algebra
S.@M/, again for the natural stacking operation.

A result of Bullock [1997] and Przytycki and Sikora [2000] asserts that, setting the parameter A to �1,
the skein algebra S.†/˝AD�1 C is isomorphic to the commutative algebra CŒX.†;SL2.C//�, and a
further result of Turaev [1991] states that S.†/ is actually a deformation quantization of that algebra in
the direction of the Atiyah–Bott–Goldman Poisson bracket.

The skein algebras of surfaces have deep ties with much of quantum topology, in particular with the Jones
polynomials, the Witten–Reshetikhin–Turaev invariants of 3-manifolds and their associated TQFTs. A
better understanding of skein algebras (or their 3-dimensional counterparts skein modules) seems to be
key for working on many of the open conjectures in quantum topology [Lê and Zhang 2017; Marché and
Santharoubane 2021; Bonahon et al. 2021]. Contrary to functions on the SL2.C/-character variety, skein
algebras are a difficult object to tackle, in part due to being noncommutative algebras. For instance, except
for a few small surfaces, there is at the moment no known presentations of S.†/ besides the definition.

However, pioneering work of Bonahon and Wong [2011; 2016; 2017; 2019] led to a breakthrough in our
understanding of skein algebras. They constructed an embedding, the quantum trace map, from the skein
algebras of a surface † with n� 1 punctures to a quantum torus. A quantum torus is a noncommutative
algebra of the form ZŒA˙1�hXi j i 2 I i=fXiXj D A�ijXjXig; in a way, quantum tori are the simplest
possible noncommutative algebras. Bonahon and Wong used the Chekhov–Fock quantization of the
Teichmüller space as their target space to define their quantum trace map, then they managed to quantize
the map from character variety to shear coordinates. Some difficult computations are required to check
that their formulas indeed yield an algebra morphism. Their method of defining a quantum trace map has
since been simplified by Lê [2019], and recently extended by Lê and Yu to SLn character variety.

Our first result is to propose an alternative way of defining an embedding of the skein algebra into a
quantum torus, or rather in our case a localized quantum torus. Let P be a pants decomposition of †
consisting of n curves nonparallel to the boundary and b curves parallel to the boundary. We write y†
for the closed surface obtained from † by filling the boundary components by disks. We consider the
quantum torus T .P/ over ZŒA˙1� with 2nC b variables E1; : : : ; En;Q1; : : : ;Qn; C1; : : : ; Cb , where
all variables commute except Qi and Ei (for all i 2 f1; : : : ; ng) that satisfy QiEi D AEiQi . Viewed as
a ring, the quantum torus T .P/ is an integral domain, so we can define A.P/ to be a ZŒA˙1�-algebra
containing T .P/ where AkQ2i �A

�kQ�2i is invertible for all 1� i � n and k 2 Z. The algebra A.P/
will be called a localized quantum torus.

Theorem 1.1 There is an injective ZŒA˙1�-algebra homomorphism

� W S.†/!A.P/

Geometry & Topology, Volume 29 (2025)
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that factors through the natural action S.†/ ! End.S.H;Q.A///, where H is a handlebody with
boundary y†, such that curves in P bound a disk in H . Moreover for any curve ˛ 2 P there exists
Q 2 fQ1; : : : ;Qn; C1; : : : ; Cbg such that

�.˛/D�.A2Q2CA�2Q�2/:

We remark that when † has boundary, S.H;Q.A// is the sum of relative skein modules of H where we
add a colored point in each filling disk of y†.

Note that in particular, we recover a theorem of Lê [2022] about the faithfulness of the natural action of
S.†/ on S.H/. The precise definition of the embedding will be given in Definition 2.5; it is based on the
study of coefficients of curve operators on S.H;Q.A// where H is a handlebody with boundary †, in
some basis given by trivalent colored graphs (see Lemma 2.1), which are the skein module version of the
basis of WRT-TQFTs given by Blanchet, Habegger, Masbaum and Vogel [Blanchet et al. 1995].

Morally speaking our embedding could be thought as the quantization of Fenchel–Nielsen coordinates
associated to a pair of pants decomposition, while Bonahon and Wong’s quantum trace map is based on a
quantization of shear coordinates on the Teichmüller space.

Compared with Bonahon and Wong’s result, our embedding has the drawback of landing in a localized
quantum torus instead of just a quantum torus, but in exchange we get several nice features. First,
our result applies to closed surfaces as well as surfaces with boundary, whereas Bonahon and Wong’s
embedding needs punctures to be defined, since they have to start with ideal triangulations of the surface†.
Second, our embedding arises in a more natural way, by studying the action of S.†/ on the skein module
S.H/ of a handlebody with boundary †, in the graph basis of S.H/ associated to the pair of pants
decomposition P . The proof that we get an embedding does not require checking difficult formulas, and
will be a simple byproduct of the fact that S.H/ is a module over S.†/.

Finally, a nice feature of this new embedding is that it is in a way almost surjective. Indeed we see
in Theorem 1.1 that the elements Q1; : : : ;Qn; C1; : : : ; Cb satisfy a degree-4 polynomial equation with
coefficients in �.S.†//. A similar property holds for the elements E1; : : : ; En:

Proposition 1.2 There exists a finite-index subgroup ƒ of Zn such that for all k D .k1; : : : ; kn/ 2ƒ,

E
k1

1 � � �E
kn
n D

X
j2I

�.
j /Gj ;

where f
j j j 2 I g is a finite set of multicurves on † and fGj j j 2 I g are rational fractions in
Q1; : : : ;Qn; C1; : : : ; Cb .

Another important aspect of Bonahon and Wong’s work is the study of irreducible finite-dimensional
complex representations of S�.†/ D S.†/˝AD� C when � is root of unity. More precisely, when
� is root of unity of order twice an odd number, Bonahon and Wong [2016] associate to any such
representation � of S�.†/ a canonical point r� 2 X.†;SL2.C// called the classical shadow of �. A
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natural and important question is whether points in X.†;SL2.C// completely classify irreducible finite-
dimensional representations of S�.†/. Bonahon and Wong [2017] proved that if † has at least one
boundary component, any point in X.†;SL2.C// satisfying a geometric condition is the classical shadow
of an irreducible representation of S�.†/. When † has no boundary component they removed this
geometric condition to prove that � 7! r� is surjective in [Bonahon and Wong 2019]. The surjectivity for
any surface also follows from [Frohman et al. 2019], where it is derived from the theory of Azumaya
algebras. They asked which points in X.†;SL2.C// have a single preimage by the map r�; the unicity
conjecture that they formulated was that for an open dense subset of X.†;SL2.C//. The classical shadow
determines the representation. We prove:

Theorem 1.3 Let † be a closed compact oriented surface of genus g � 2, let � be a 2pth primitive
root of unity with p � 3 an odd number and � W S�.†/! End.V / be an irreducible representation with
classical shadow r . Assume that r is an irreducible representation whose image is not isomorphic to the
quaternion group with 8 elements. Then there exists a unique irreducible representation of S�.†/ with
classical shadow r , up to isomorphism.

Remark 1.4 While we restrict to � a 2pth root of unity with p odd, our methods should apply for
other roots of unity with minimal changes. The restriction to closed surfaces is more fundamental and
comes from our use of a certain pants decompositions of surfaces to simplify the computations (see
Section 3), Theorem 1.1 of [Santharoubane 2024] that gives generators of skein algebras S�.†/, and the
main theorem of [Detcherry et al. 2024].

Theorem 1.3 is a consequence of the following stronger statement:

Theorem 1.5 Suppose that † has at most one boundary component. Let � be a 2pth primitive root of
unity with p � 3 an odd number and � W S�.†/! End.V / be an irreducible representation with classical
shadow r . Let P be a pants decomposition of † in the same orbit , under the action of the mapping class
group of †, as the one shown in Figure 4. Suppose that for ˛1; ˛2; ˛3 2 P bounding a pair of pants

(1) 2C

3X
kD1

Tr.r.˛2k//�
3Y
kD1

Tr.r.˛k//¤ 0;

and for all ˛ 2 P

(2) Tr.r.˛//¤˙2:

Then there is a representation Q� WA�.�/0! End.V / such that Q� ı �� D �.

In this theorem A.�/0 is a ZŒA˙1�-subalgebra of A.P/ containing �.S.†//. The definition of A.�/0

is given in Definition 3.1; it is isomorphic to a localized quantum torus (see Lemma 3.2). The notation
A�.�/0 stands for A.�/0˝AD� C and �� is the induced map S�.†/!A�.�/0. As representations of
A�.�/0 are well understood, we have the following corollary:
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Corollary 1.6 Let �1 and �2 be two irreducible complex finite-dimensional representations of S�.†/
with the same classical shadow r satisfying the hypothesis of Theorem 1.5. Moreover if † has a boundary
component , we suppose that �1 and �2 have the same scalar value on any simple closed curve parallel to
the boundary. Then �1 and �2 are isomorphic with dimension p3g�2 when † has a boundary component
and p3g�3 when † has no boundary (here g is the genus of †).

Note that the dimensions of representations of S�.†/ in the Azumaya locus have been computed in
[Frohman et al. 2021], but our proof is independent.

The connection between conditions (1) and (2) in Theorem 1.5 and nonquaternionic representations is
established by the two authors and Thomas Le Fils in [Detcherry et al. 2024], where we prove:

Theorem 1.7 [Detcherry et al. 2024] Let † be a closed compact oriented surface. The set of conjugacy
classes of representations r W �1.†/! SL2.C/ satisfying the hypothesis of Theorem 1.5 is equal to the set
of irreducible representations minus representations whose image is isomorphic to the quaternion group
with 8 elements.

The fact that we have to exclude the representations with quaternionic image is due to the specific type of
pair of pants decomposition we use in Theorem 1.5. Indeed a representation with quaternionic image has
trace ˙2 on any separating closed curve on †.

Notice that the conditions satisfied by the classical shadow r in Theorem 1.5 defined a Zariski open dense
subset of X.†;SL2.C//. Therefore Corollary 1.6 recovers a theorem of Frohman, Kania-Bartoszynska
and Lê [Frohman et al. 2019] that showed that there is a Zariski open dense subset of X.†;SL2.C//
on which classical shadows have a single preimage. Our proof thus gives an alternative proof of the
unicity conjecture of Bonahon and Wong. We note that the proof in [Frohman et al. 2019] used abstract
arguments about Azumaya algebras and facts about the center of skein algebras at roots of unity, and
produced a nonexplicit Zariski open subset of X.†;SL2.C// where the unicity conjecture holds.

An alternative (and more constructive) approach to the unicity conjecture was initiated by Takenov [2015]
when† is the one-holed torus and the 4-holed sphere. It involved explicitly extending the representations of
S�.†/ to a quantum torus in which it embeds. We take advantage of the embedding defined by Theorem 1.1
to extend Takenov’s strategy for compact oriented surfaces that are closed or have one boundary component.
We show that a representation of classical shadow r can be extended to a representation of a localized
quantum torus and use an argument of Bonahon and Liu about the uniqueness of representations of quantum
tori to deduce the unicity of the representation of S�.†/ with classical shadow r . This construction also
allows one to explicitly reconstruct the representation from the classical shadow, recovering the surjectivity
proved in [Bonahon and Wong 2019], on the open dense subset of X.†;SL2.C// described above.

The theorem of [Frohman et al. 2019] has since been improved by Ganev, Jordan and Safronov [Ganev
et al. 2024]: building upon Frohman, Kania-Bartoszynska and Lê’s result, they prove that the unicity
conjecture actually holds over the set of all irreducible representations.
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We end this introduction with the following question:

Question 1.8 Can one define an embedding similar to that of Theorem 1.1, but with values in a quantum
torus instead of a localized quantum torus?

A possible approach towards this question would be to use a basis for the skein module modeled on the
integral basis of SO.3/-TQFTs given by Gilmer and Masbaum [2007]. Note that it is however unlikely that
one could both get an integral version of the embedding of Theorem 1.1, while keeping the nice “almost
surjectivity” feature described in Proposition 1.2. This last property is key for lifting representations as in
Theorem 1.5.

The paper is organized in two largely independent parts. Section 2 is devoted to the definition of the
map � of Theorem 1.1, and the proof that it is an embedding. The short Section 3 introduces a special
kind of pair of pants decompositions that are used in the next section, and serves as a transition between
the two parts of the paper. Section 4 is devoted to the proof of Theorem 1.5 and Corollary 1.6, and could
in principle be read independently of Section 2, although some formulas are deeply inspired by it.

Acknowledgements Over the course of this work, Detcherry was partially supported by the project
“AlMaRe” (ANR-19-CE40-0001-01) and by the EIPHI graduate school (ANR-17-EURE-0002). The
authors thank Thang Lê, Thomas Le Fils, Julien Marché and Maxime Wolff for helpful conversations.

2 Embeddings of skein algebras of surfaces into localized quantum tori

2.1 Localized quantum tori

Consider the ZŒA˙1�-module

zAn;b D ZŒA˙1�ŒE˙11 ; : : : ; E˙1n �˝ZŒA˙1�Q.A/.Q1; : : : ;Qn; C1; : : : ; Cb/:

For convenience, we write an element of zAn;b asX
k2Zn

E
k1

1 � � �E
kn
n Rk;

where Rk 2Q.A/.Q1; : : : ;Qn; C1; : : : ; Cb/ for all k 2 Zn, all but finitely many Rk are zero, and Ek

denotes Ek1

1 � � �E
kn
n .

For P 2Q.A/.Q1; : : : ;Qn; C1; : : : ; Cb/ and k 2 Zn, we define

yP .k/ D P.Ak1Q1; : : : ; A
knQn; C1; : : : ; Cb/:

Now we set the following multiplication on zAn;b:� X
k2Zn

EkRk

�� X
l2Zn

ElSl

�
D

X
k;l2Zn

EkCl yR
.l/

k
Sl :

This multiplication makes zAn;b a noncommutative algebra over the ring ZŒA˙1�.
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Let R be the subring of Q.A/.Q1; : : : ;Qn; C1; : : : ; Cb/ consisting of all elements of the formU=V where
U 2 ZŒA˙1�ŒQ˙11 ; : : : ;Q˙1n ; C˙11 ; : : : ; C˙1

b
� and V is a finite product (possibly empty) of elements of

the form AmQ2j �A
�mQ�2j for m 2 Z and 1� j � n.

Let An;b be the submodule of zAn;b generated by elements of the form EkR where k 2 Zn and R 2R.
It is clear from the multiplicative structure of zAn;b that An;b is a ZŒA˙1�-subalgebra of zAn;b . The
noncommutative algebra An;b will be called the localized quantum torus.

2.2 An embedding of skein algebras through curve operators

We call a graph unitrivalent if all its vertices have degree 1 or 3. We call an edge of such a graph univalent
if at least one of its vertices has degree 1.

Let � � S3 be a planar banded unitrivalent graph; we denote by E its set of edges. Let U � E be the
set of univalent edges of E and E 0 D EnU . Let n be the total number of edges of � joining two trivalent
vertices and b be the number of univalent edges of � . We number edges in E 0 from 1 to n and edges in U
from nC 1 to nC b. We will also write A.�/ for the localized quantum torus An;b .

Finally, let P be the set of triples .e; f; g/ 2 E3 such that the corresponding edges are adjacent to the
same trivalent vertex.

Let H � S3 be a tubular neighborhood of � . We denote by y† the boundary of H and suppose that the
genus of y† is at least 1. The univalent vertices of � define banded points (that is, embedded intervals) on y†
x1; : : : ; xb . Let † be the surface obtained from y† by removing small open disks around each xj . We
suppose that † has negative Euler characteristic.

A coloring of a banded point x will be a choice of an integer c� 0. For c1; : : : ; cb a coloring of the banded
points x1; : : : ; xb , the relative skein module S.H;Q.A/; c/ will be the module generated by tangles with
ci boundary points on the banded point xi and with the Jones–Wenzl idempotent fci

inserted, modulo
the Kauffman relations. For the definition of Jones–Wenzl idempotents, which are specific elements of
the Temperley–Lieb algebra, we refer for instance to [Masbaum and Vogel 1994].

The relative skein module S.H;Q.A// will be the direct sum of all S.H;Q.A/; c/ over all possible
colorings c of the banded points x1; : : : ; xb . We denote by S.†/ the skein algebra of † over ZŒA˙1�.
The algebra S.†/ acts on S.H;Q.A// by the stacking operation. For 
 a multicurve, we denote by T 


the action of 
 on S.H;Q.A//.

A map c W E!N is called an admissible coloring if, for all .e; f; g/ 2 P , we have triangular inequalities
c.e/� c.f /C c.g/ and c.e/C c.f /C c.g/ is even. We also introduce a lattice ƒ� ZE by

ƒD fk 2 ZE
j for all .e; f; g/ 2 P; k.e/C k.f /C k.g/ 2 2Zg:

Given an admissible coloring c W E ! N of � , we denote by 'c 2 S.H;Q.A// the vector obtained by
cabling each edge e of � using the Jones–Wenzl idempotents fc.e/, and at trivalent vertices joining
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the strands in the unique way that avoids crossing. (Note that the conditions c.e/ � c.f /C c.g/ and
c.e/C c.f /C c.g/ even imply that this is possible.) It is well known that:

Lemma 2.1 The set f'c j c W E!N is admissibleg is a basis of S.H;Q.A//.

Proof The handlebody H with banded points x1; : : : ; xb is homeomorphic to the thickened surface
� � Œ0; 1�, with banded points corresponding to univalent vertices. Fix a coloring Oc of the banded points.
For thickened surfaces, the skein module is generated by disjoint unions of arcs and nontrivial simple
closed curves with boundary Oci points on the i th banded point and the Octh

i Jones–Wenzl idempotent
inserted at that banded point. Such tangles are completely determined by their intersection number with
the cocore of each internal edge of � . Let  c be the basis element which has ce intersections with the
cocore of the edge e. Now consider the vectors 'c corresponding to admissible colorings of � that
coincide with Oci on the boundary. The recursive formula for the Jones–Wenzl idempotents shows that 'c
is a linear combination of the vectors  d with de � ce for all e 2 E 0. Moreover, 'c has nonzero coefficient
along  c . This implies that the 'c are linearly independent, and moreover an easy induction shows that
any  c is a linear combination of the 'c . Therefore the 'c are also a basis of S.†;Q.A//.

The action of curve operators T 
 in the basis 'c can be computed using the so-called fusion rules derived
in [Masbaum and Vogel 1994]. A complete set of fusion rules is described in Figure 1, where coefficients
are expressed in terms of A and quantum integers fng D A2n�A�2n.

Before studying the form of curve operators in the basis 'c , we need the following lemma and definition:

Lemma 2.2 Let � be the set of admissible colorings of � . Then for all v1; : : : ; vn 2ƒ we have
n\

jD1

�C vj ¤∅:

We call any subset of NE containing a subset of the form
Tn
jD1�Cvj , where vj 2ƒ, a large subset of NE .

Proof For any w 2ZE and r 2N let B.w; r/ be the ball around w for k � k1. Notice that for any k 2N,
the set� contains B

�
.2k; : : : ; 2k/; 2

�
1
3
k
˘�
\ƒ. Letting r � 1, if 2

�
1
3
k
˘
>max.kv1k1; : : : ; kvnk1/Cr ,

then
Tn
jD1�C vj contains B..2k; : : : ; 2k/; r/\ƒ. As r can be chosen arbitrarily large, this showsTn

jD1�C vj ¤∅.

We will define a pants decomposition of † to be a collection of simple closed curves on † that cuts † into
a union of pairs of pants. This decomposition is dual to the graph � if each curve of the decomposition
bounds a disk in H that intersects an edge of � transversely in a single interval.

For 
 and ı simple closed curves on †, we denote by i.
; ı/ the geometric intersection number of 
 and ı.

We can now describe the structure of curve operators T 
 associated to multicurves on †:

Geometry & Topology, Volume 29 (2025)



An embedding of skein algebras of surfaces into localized quantum tori from Dehn–Thurston coordinates 321

n
nC 1 n� 1

a

bC 1 cC 1

c
b

a

cC 1bC 1

n

nC 1
nC 1

a

c � 1b� 1

a

c � 1bC 1

a

bC 1 c � 1

c
b

a

b� 1 c � 1

c
b

nC 1

n

D An

n

nC 1 n� 1

n

D�A�.nC2/

n

n� 1

D

D

nC 1

�
fng
fnC1g

D

˚
1
2
.a�bCc/

	
fcg

D�

˚
1
2
.aCbCc/C1

	˚
1
2
.bCc�a/

	
fbgfcg

D�
fnC2g
fC1g n

n� 1

n� 1

n� 1

D

Figure 1: Fusion rules for computing curve operators in the basis 'c . Thick edges represent edges
of the trivalent graph � , which are colored by integers, while slim black arcs are colored by 1. We
let fng D A2n�A�2n.

Proposition 2.3 Let 
 be a multicurve on †. There exists a large subset V
 � NE and F 

k
2 R (for

k W E 0! Z) such that for all c 2 V
 ,

T 
'c D
X

k W E 0!Z

F



k
.Ac.1/; : : : ; Ac.n/; Ac.nC1/; : : : ; Ac.nCb//'cCk :

Moreover if P D f˛1; : : : ; ˛ng is a pants decomposition of † dual to � (with numbering corresponding
to that of E) then

(i) F



k
D 0 when jk.j /j> i.
; j̨ / or k.j /¥ i.
; j̨ / mod 2 for some 1� j � n,

(ii) if k D .˙i.
; ˛1/; : : : ;˙i.
; ˛n// then F 

k
¤ 0.

The proof of Proposition 2.3 involves fusion calculations to compute coefficients of curve operators and
will be done in Section 2.4.
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Lemma 2.4 Assume that for some multicurve 
 on † there exist two large subsets V and V 0 of NE

and coefficients Fk and Gk in R such that for any c in V or V 0, T 
'c admits a decomposition as in
Proposition 2.3 with coefficients Fk or Gk , respectively. Then Fk DGk for all k W E 0! Z.

Proof Indeed, the intersection V \ V 0 will be also be a large subset of NE and thus will contain, by
the proof of Lemma 2.2, subsets of the form B.v; r/\ƒ where v 2NE and r can be arbitrarily large.
Notice that ƒ contains the lattice 2ZE . Assume that r is strictly larger than d , the maximum of the
degrees of the rational fractions Fk �Gk (which we define as the maximum of the degrees of their
numerator and denominator). By Proposition 2.3 the rational fractions Fk and Gk coincide on the set of
all .Ac.1/; : : : ; Ac.nCb// where c 2 B.v; r/\ 2ZE , which is a product of sets that contains more than d
elements. By an easy induction on the number of variables n of Fk and Gk , we deduce that Fk DGk .

Thanks to Lemma 2.4, we can make the following definition:

Definition 2.5 For 
 a multicurve,

�.
/D
P

k W E 0!Z
EkF




k
.Q1; : : : ;Qn; C1; : : : ; Cb/ 2A.�/;

and we linearly extend this definition to a ZŒA˙1�-module morphism

� W S.†/!A.�/:

Lemma 2.6 The map � W S.†/!A.�/ is a ZŒA˙1�-algebra morphism.

Proof Note that the map 
 2 S.†;ZŒA˙1�/ 7! T 
 2 End.S.H;Q.A/// is a morphism of algebras. The
lemma will follow from the fact that �.
/ encodes the action of T 
 2 End.S.H;Q.A/// in the basis 'c ,
and that the multiplication in A.�/ corresponds to the composition of operators.

Indeed, let 
 and ı be two multicurves, and assume that

T 
'c D
P

k W E 0!Z
F



k
.Ac.1/; : : : ; Ac.nCb//'cCk

for any c 2 V
 and
T ı'c D

P
k W E 0!Z

F ık .A
c.1/; : : : ; Ac.nCb//'cCk

for any c 2 Vı . Let V D
T
k2ƒ;jki j�i.
;˛i /

Vı C k. Then V is a large subset of NE 0 and for any c 2 V
and any k 2ƒ such that F 


k
¤ 0, we have cC k 2 Vı . Hence

T ı �
'c

D T ı
� P
k W E 0!Z

F



k
.Ac.1/; : : : ; Ac.nCb//'cCk

�
D

P
k;l W E 0!Z

F ıl .A
c.1/Ck.1/; : : : ; Ac.n/Ck.n/; Ac.nC1/; : : : ; Ac.nCb//F




k
.Ac.1/; : : : ; Ac.nCb//'cCkCl :

Therefore, comparing with the formula for the product in A.�/ in Section 2.1, �.ı � 
/D �.ı/�.
/.

The general case of 
; ı 2 S.†;ZŒA˙1�/ follows by linearity.
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2.3 Injectivity of �

Let 
 be a multicurve. From now on, for any k W E 0! Z, the element F 

k
.Q1; : : : ;Qn; C1; : : : ; Cb/ 2R

will be simply denoted by F 

k

.

For ˛ and ˇ two curves on †, the positive fractional Dehn twist of ˛ along ˇ is the simple closed curve
obtained in the following way: isotope ˛ and ˇ so that they are in minimally intersecting position, then
in a neighborhood of ˇ we change the curve ˛ by

ˇ ˇ

˛

The negative fractional Dehn twist of ˛ along ˇ is obtained in a similar way.

Lemma 2.7 Let 
 be a multicurve , and let k W E 0! Z. We assume that jkj j D "kj D i.
; j̨ /¤ 0 with
"D˙1. Let 
C be the curve obtained from 
 by applying a positive fractional twist along j̨ . We have

F

C
k
D�A2"Cjkj jQ2"j F




k
:

Proof We will treat only the case " D C1, the case " D �1 being completely similar. Let 
�
be the curves obtained from 
 by applying a negative fractional twist along j̨ . We have j̨ 
 D

Akj 
C C A
�kj 
� C lower order curves, where by lower order we mean less geometric intersection

with j̨ . Hence by identifying the terms in Ek in �. j̨ 
/, we have �.A2Q2j C A
�2Q�2j /EkF




k
D

AkjEkF 
C CA�kjEkF

�
k

. Using Q2jE
k D A2kjEkQ2j and simplify by Ek , we get

�.A2C2kjQ2j CA
�2�2kjQ�2j /F




k
D AkjF


C
k
CA�kjF


�
k
:

Similarly, if we expand 
 j̨ , we get

�.A2Q2j CA
�2Q�2j /F




k
D A�kjF


C
k
CAkjF


�
k
:

We conclude by solving the system of two equations.

Proposition 2.8 The map � W S.†/!A.�/ is injective.

Proof We recall that the set of multicurves is a basis of S.†/. In this proof we will use Dehn–Thurston
coordinates for multicurves; we use the convention of [Charles and Marché 2012, Section 2]. This same
convention will be used whenever these coordinates are needed.

Let C be a finite set of multicurves and x D
P

2C �

 2 S.†/ such that �.x/D 0.
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Let us consider an element k of the set of n-tuples of the form .i.
; ˛1/; : : : ; i.
; ˛n// where 
 2 C
which is maximal for the lexicographical order. Notice that by Proposition 2.3, only the multicurves 

such that .i.
; ˛1/; : : : ; i.
; ˛n//D k contribute to the coefficient in Ek . Let C 0 be the subset of C of
those maximal multicurves, and let us prove that �
 D 0 for all 
 2 C 0. Note that in the Dehn–Thurston
coordinates associated to the pair of pants decomposition .˛1; : : : ; ˛n/, the multicurves in C 0 differ only
by their twist coordinates. If we identify the terms in Ek in �.x/, we getX


2C 0

�
F



k
D 0:

Let ı be a multicurve satisfying

(i) i.ı; j̨ /D kj for all 1� j � n,

(ii) if kj D 0 then the j th twist coordinate of ı is trivial.

By Lemma 2.7, for each 
 2 C there exists R
 2Q.A/ŒQ˙1e � such that F 

k
DR
F

ı
k

. We claim that the
fR
 j 
 2 C

0g are linearly independent. Indeed, if the j th intersection coordinate does not vanish, by
Lemma 2.7, shifting the j th twist coordinates up by 1multiplies R
 by �A2CkjQ2j . If the j th intersection
coordinate vanishes, shifting the j th twist coordinate up by 1 multiplies R
 by .�A2Q2j �A

�2Q�2j /

instead. In all cases, R
 is a Laurent polynomial in the variables Qj , whose monomial of highest degree
has degree in Qj equal to twice the j th twist coordinate of 
 .

Now, from the equality X

2C 0

�
R
F
ı
k D 0;

we can conclude that �
 D 0 for all 
 2 C 0. An easy induction then proves that �
 D 0 for all 
 2 C .
Therefore x D 0.

We note that the embedding � is not surjective onto A.�/. Indeed, as a consequence of Proposition 2.3(i),
the image of the morphism � is included in the Q.A/.Q1; : : : ;Qn/ŒC˙11 ; : : : ; C˙1

b
�-subalgebra generated

by elements of the form Ek , where k 2ƒ. In the following proposition, we show that the image of � is a
kind of lattice in this subalgebra. The next proposition implies Proposition 1.2 in the introduction:

Proposition 2.9 Let F D Q.A/.Q1; : : : ;Qn/ŒC˙11 ; : : : ; C˙1
b
�. Then the Q.A/-subalgebra of zAn;b

generated by F and Im.�/ is M
k2ƒ

FEk :

Proof For k 2 ƒ let jkj D .jk1j; : : : ; jknj/. We will prove, by induction on jkj in the lexicographical
order, that Ek is a linear combination over F of symbols �.
/ of multicurves. The image of the empty
multicurve settles the case jkj D 0. Next we note that since k 2ƒ, there is a multicurve 
 on † such that
i.
; ˛i /D jki j for any 1 � i � n. For " 2 f0; 1gn, let 
" be the multicurve obtained from 
 by shifting
its i th twist coordinate by "i if 
 has nonzero intersection with ˛i . The curves 
" all have jkj geometric
intersections with the curve f˛1; : : : ; ˛ng.
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For any � 2 f˙1gn, and any " 2 f0; 1gn, the coefficient F 
"

�jkj
is nonzero by Proposition 2.3(ii). Let us

assume for simplicity that 
 has nonzero intersection with the curves ˛1; : : : ; ˛d and is disjoint from the
curves ˛dC1; : : : ; ˛n. By Lemma 2.7, we have

F

"

�jkj
D

Y
1�i�d

.�A2�iCjki jQ
2�i

i /"iF



jkj

for any � and ". The matrix

M D

� Y
1�i�d

.�A2�iCjki jQ
2�i

i /"i

�
"2f0;1gd ;�2f˙1gd

is the tensor product of matrices �
1 1

�A2Cjki jQ2i �A
�2Cjki jQ�2i

�
;

and therefore is invertible. Hence for any �, there is an F-linear combination of the multicurves 
"
such that its image by � has coefficient 1 along E�jkj and zero coefficient along each other E�

0jkj,
where �0 ¤ � 2 f˙1gd . As a result, we get an F-linear combination of multicurves x D

P
�"
" such

that �.x/DE�jkj up to lower-order terms, and by the induction hypothesis we can add another linear
combination of multicurves to eliminate those lower-order terms.

Remark 2.10 In some sense, the embedding is analogous to the Frohman–Gelca embedding [2000] of
the skein algebra of the closed torus into the quantum torus ZŒA˙1�hQ;Ei=QEDAEQ. The image of
the Frohman–Gelca embedding is the symmetric part of the quantum torus, that is, elements invariant
under the action of the ZŒA˙1�-algebra automorphism � W Q;E 7! Q�1; E�1. Here, since �.˛e/ D
�A2Q2e �A

�2Q�2e , we have that the localized quantum torus is a kind of “finite extension” of the skein
algebra by Proposition 2.9.

2.4 Proof of Proposition 2.3

In this section, we will prove Proposition 2.3. Let † be a compact oriented surface of genus g and with
b boundary components with negative Euler characteristic, P D f˛1; : : : ; ˛3g�3Cbg be a pair of pants
decomposition of †, and � be a trivalent banded graph dual to P . We also view † as the boundary of a
handlebodyH , and thus vectors 'c associated to colorings of � give a basis of S.H;Q.A// by Lemma 2.1.

Taking two parallel copies of each curve in P , we get a decomposition of † into pairs of pants and annuli.
We will call the two parallel copies ˛i and ˛0i , with no particular convention for the choice of ˛i . Note
that the pairs of pants in the decomposition have boundary either the curves ˛i and ˛0i , or the boundary
curves of †.

If 
 is a multicurve on †, then up to isotopy 
 can be put into Dehn–Thurston position. By this we
mean that the geometric intersection number i.
; ˛i / of 
 with each curve in P is exactly the number
of intersection points of 
 with ˛i and also with ˛0i , and that in each pair of pants or annulus of the
decomposition, the curve 
 looks like one of the patterns described in Figure 2.
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Figure 2: A multicurve in Dehn–Thurston position follows one of the above patterns in the pants
and annuli of the decomposition.

The computation of the coefficients of the operator T 
 in the basis 'c can be done as follows. First we
can remove any component ˇ in 
 that is parallel to a curve in P or a boundary curve, at the price of
multiplying 'c by the scalar�A2ceC2�A�2ce�2D�A2Q2e�A

�2Q�2e where e is the edge encircled by ˇ.

Second we apply the first fusion rule for each intersection point of 
 with a curve ˛i or ˛0i . Each fusion
shifts the color of the corresponding edge by ˙1. After fusion, it only remains to simplify one of the
patterns described in Figure 3 to express the coefficients of T 
'c on the basis f'cg. Note that as the skein
module of the sphere with two colored points is 1-dimensional if the two colors agree and zero otherwise,
to obtain a nonzero vector we need that the sums of shifts at intersection points with ˛i and ˛0i coincide.
Furthermore, the skein module of a sphere with three points colored by c1, c2 and c3 is 1-dimensional if
the colors satisfy the admissibility conditions ci � cj C ck and c1C c2C c3 even, and zero-dimensional

n

nC ı

nC ı

aC ıa

bC ıb

cC ıc

a

b

c a

b

c

aC ıa

bC ıb

cC ıc

Figure 3: Top: the different patterns of the intersection of a multicurve (in black) with an annulus
or pants piece of the decomposition. The trivalent graph � is shown in red. Bottom: the remaining
patterns after fusion.
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otherwise. By the assumption that c is in the set V
 , that is always the case after fusion. Therefore each
of the terms we obtain after fusion at the intersection points of 
 with ˛i and ˛0i is just a scalar multiple
of a vector 'cCk . The color shift ke at edge e is the common sum of the ˙1 shifts at either intersection
points in 
 \˛i or at intersection points in 
 \˛0i . This shows that T 
'c has nonzero coefficient along
'cCk only when k 2ƒ and jkej � i.
; ce/ for each edge e.

Next we claim that the coefficients are in the ring R. Notice that the remaining patterns after fusion at
intersection points 
 \ .˛e [ ˛0e/ shown in Figure 3 can be reduced to remove all black arcs using the
fusion rules in Figure 1. Furthermore, all of the fusion rules in Figure 1 involve only rational functions of
Ace and A, where ce are the colors of edges e 2 E . Moreover, the denominators appearing in the fusion
rules are all of the form fceC kg D A2ceC2k �A�2ce�2k where k 2 Z. (We remark that the first fusion
rules will shift colors of � , but only by a fixed amount.) We also claim that if e is an external edge, we
will never need to use any rule involving a denominator fceC kg, since the geometric intersection of 

and ˛e is zero. Those rules correspond to the rules that create or erase a black arc with an endpoint on
the edge e. Therefore the coefficients are in the ring R.

It remains to be seen that the extremal coefficients are nonzero. This is a consequence of [Detcherry
2016, Theorem 1.3; Charles and Marché 2012, Lemma 4.3]. The former studies the matrix coefficients
of the action of curve operators on SU2-TQFT spaces of surfaces. A subset of the basis 'c of the
skein module of the handlebody, corresponding to colors c satisfying the additional “r-admissibility
conditions”, gives a basis of the SU2-TQFT space of the surface .†; ci / with colored points. The curve
operators on S induce curve operators T 
r on the TQFT spaces at level r , and their matrix coefficients
F

;SU2

k
.c=r; 1=r/ are obtained from the coefficients of T 
 in the Ek by sending A to a 2r th root of unity

and applying some renormalization. Theorem 1.3 of [Detcherry 2016] then shows that F 
;SU2

k
.x; 0/

is the kth Fourier coefficient of the trace function f
 W � 7!
Q
i2I .�Tr.�.
i // defined on the subset

fe 2 E 0 j Tr.�.˛e//D 2 cos.�xe//g of the SU.2/ moduli space of †. Lemma 4.3 of [Charles and Marché
2012] shows that the extremal Fourier coefficients are nonzero as long as x is taken in the interior of the
image of the momentum map � 7!

�
arccos

�
1
2

Tr.�.˛e//
��
e2E 0 . This implies that the coefficients F 
;SU2

k

are nonzero when ke D˙i.
; ˛e/ for all e 2 E 0, and the same is true for the coefficients F 

k

.

3 Localized quantum torus associated to a sausage graph

In this section, as well as the remainder of the paper, we write U.x/D x� x�1 when x is an invertible
element in a ring. Let † be a surface with at most one boundary component with negative Euler
characteristic. Consider the pants decomposition of † as in Figure 4. Let � be the graph dual to this
pants decomposition:

a1

a0
c1

b1

c2 cg�1

bg

cg

ag

� � �
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� � �

Figure 4: When @†D∅, the two rightmost curves coincide.

When @†D∅, ag�1 D bg�1 and cg does not exist. Finally let ˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1 be the curves
shown in Figure 5.

For k W E 0 ! Z, we define Ek to be
Q
e2E 0 E

k.e/
e and ƒ to be the set of maps k W E 0 ! Z such that if

e1; e2; e3 2E.�/ meet at a vertex then k.e1/C k.e2/C k.e3/ is even.

Definition 3.1 Let R0 be the set of Laurent polynomial with coefficients in ZŒA˙1� in the variables
Q2a0

;Qa1
Qb1

;Qa1
Q�1
b1
; : : : ;Qag�1

Qbg�1
;Qag�1

Q�1
bg�1

;Qc1
; : : : ;Qcg

. We define A.�/0 to be the
subalgebra of A.�/ defined by the set of X

k2ƒ

EkFk;

where Fk D V=W with V 2R0 and W a finite (possibly empty) product of AnQ2˛ �A
�nQ�2˛ for n 2Z

and ˛ 2 P .

We define also the nonlocalized version A.�/0:

T .�/0 D
�X
k2ƒ

EkFk

ˇ̌̌
Fk 2R0

�
�A.�/0:

Lemma 3.2 T .�/0 is generated by the sets

X D fQ2a0
;Qa1

Qb1
;Qa1

Q�1b1
; : : : ;Qag�1

Qbg�1
;Qag�1

Q�1bg�1
;Qc1

; : : : ;Qcg�1
g;

Y D fEa0
; Ea1

Eb1
; Ea1

E�1b1
; : : : ; Eag�1

Ebg�1
; Eag�1

E�1bg�1
; E2c1

; : : : ; E2cg�1
g;

Z D fQcg
g;

and the inverses of the elements of these sets.

Convention From now on we will use the same symbol for an edge of � and the unique curve in P
encircling it.

Recall that � W S.†/!A.�/ is an embedding. We see that for e 2 P ,

�.e/D�.A2Q2e CA
�2Q�2e /:

ˇ1 ˇ2 ˇg

1 
2


g�1

� � �

Figure 5: The ˇ and 
 curves.
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e

f



b

a

c

a0



d1 d2

d3d4

c




Figure 6: Three configurations for the curve 
 : the one-cycle (left), two-cycle (center) and
separating edge curve (right).

Let us give an explicit expression of �.
/ for 
 2 fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g. There are three local
configurations for 
 as shown in Figure 6.

Suppose that 
 is a one-cycle as in Figure 6, left. The fusion rules say that

(3) �.
/DEeCE
�1
e F;

where
F D U.A2Q2eQf /U.Q

2
eQ
�1
f /U.A2Q2e /

�1U.Q2e /
�1;

and we recall the notation U.x/D x� x�1.

Suppose that 
 is a two-cycle as in Figure 6, center. A straightforward computation using fusion rules
gives that

(4) �.
/DEbEbCEbE
�1
c F1;�1CE

�1
b EcF�1;1CE

�1
b E�1c F�1;�1;

where

F�1;1 D�
U.Qa0QbQ

�1
c /U.QaQbQ

�1
c /

U.A2Q2
b
/U.Q2

b
/

; F1;�1 D�
U.Qa0QcQ

�1
b
/U.QaQcQ

�1
b
/

U.A2Q2c /U.Q
2
c /

;

F�1;�1 D
U.A2Qa0QcQb/U.A

2QaQcQb/U.QbQcQ
�1
a0 /U.QbQcQ

�1
a /

U.A2Q2c /U.Q
2
c /U.A

2Q2
b
/U.Q2

b
/

:

Finally suppose that 
 is a separating edge curve as in Figure 6, right. We have

(5) �.
/DE2cG2CG0CE
�2
c G�2;

where

G0 D
.d1d3C d2d4/cC .A

2CA�2/.d1d2C d3d4/

U.Q2c /U.A
4Q2c /

;

G�2 D�
U.A2Qd1

Qd4
Qc/U.Qd1

QcQ
�1
d4
/U.Qd4

QcQ
�1
d1
/

U.A�2Q2c /U.Q
2
c /
2U.A2Q2c /

�U.A2Qd2
Qd3

Qc/U.Qd2
QcQ

�1
d3
/U.Qd3

QcQ
�1
d2
/;

G2 D�U.Qd1
Qd4

Q�1c /U.Qd2
Qd3

Q�1c /;

with dj D�A2Q2dj
�A�2Q�2

dj
for j 2 f1; 2; 3; 4g.
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Proposition 3.3 If � is a nonzero complex number such that �4¤ 1, then the image �� W S�.†/!A�.�/
lies in A�.�/0.

Proof Let ˛ 2 P . Then ��.˛/ D �.�2Q2e C �
�2Q�2e / for some edge e 2 E.�/, and therefore

��.˛/ 2 A�.�/0. Also ��.
/ 2 A�.�/0 for any 
 2 fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g according to (3)–(5).
Since the set of Dehn twists associated to the curves in P [ fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g generates the
mapping class group of †, the set P [fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g generates S�.†/ by [Santharoubane
2024, Theorem 1.1].

We give an explicit version of Proposition 1.2:

Proposition 3.4 Let 
 2 fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g. If 
 is a one-cycle as in Figure 6, left , then

(6) Ee D�.te.
/CA
�1
Q�2e /A�1U.A2Q2e /

�1; E�1e D .A
3
Q2e C te.
//A

�1U.A2Q2e /
�1F�1;

where F was defined in (3). If 
 is a two-cycle as in Figure 6, center , then

EbEcD
�
�.
/A�2Q�2b Q�2c C�.tb.
//A

�1Q�2c C�.tc.
//A
�1Q�2b C�.tbtc.
//

�
D�1;(7)

EbE
�1
c F1;�1D�.�.
/A

2Q�2b Q2cC�.tb.
//A
3Q2cC�.tc.
//A

�1Q�2b C�.tbtc.
///D
�1;(8)

E�1b EcF�1;1D�
�
�.
/A2Q2bQ

�2
c C�.tb.
//A

�1Q�2c C�.tc.
//A
3Q2bC�.tbtc.
//

�
D�1;(9)

E�1b E�1c F�1;�1D
�
�.
/A6Q2bQ

2
cC�.tb.
//A

3Q2cC�.tc.
//A
3Q2bC�.tbtc.
//

�
D�1;(10)

where D D A2U.A2Q2c /U.A
2Q2

b
/ and where F�1;1, F1;�1 and F�1;�1 were defined in (4). Finally if 


is a separating edge curve as in Figure 6, right , then

E2cG2 D�

�

Q�2c C � �

A�2ı1Q
�2
c �A

2ı2

U.A4Q2c /

�
A�2U.A2Q2c /

�1;(11)

E�2c G�2 D

�

A2Q2c CA

�2� C
ı1Q

2
c � ı2

U.Q2c /

�
U.A2Q2c /

�1;(12)

where ı1 D d1d3C d2d4, ı2 D d1d2C d3d4 and � is as in Figure 7.

d1 d2

d3d4




�
c

Figure 7: The curve � .
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Proof Suppose that 
 is a one-cycle. Recall that �.e/D�.A2Q2e CA
�2Q�2e / and QeEe D AEeQe.

Moreover, in the skein algebra of †, we have Ae
 �A�1
e D .A2 �A�2/te.
/. Using (3) we obtain
�.te.
//D�A

3EeQ
2
e �A

�1E�1e Q�2e F , and therefore

�.
/DEeCE
�1
e F and �.te.
//D�A

3EeQ
2
e �A

�1E�1e Q�2e F:

Solving this system gives (6).

In the case where 
 is a two-cycle, the strategy is very similar. We apply tb , tc and tbtc to the curve 
 to
get a system of four equations whose resolution gives (7)–(10).

Suppose now that 
 is a separating edge curve. In the skein algebra of † we have

A2c
 �A�2
c D .A4�A�4/� C .A2�A�2/.d1d3C d2d4/:

Applying this to (5), one gets

�.
/�G0DE
2
cG2CE

�2
c G�2; �.�/C

�.d1d3C d2d4/�G0�.c/

A2CA�2
D�E2cG2A

4Q2c�E
�2
c G�2Q

�2
c :

Solving this system gives (11) and (12).

We finish this section by analyzing irreducible representations of A.�/0 at roots of unity. Let � be a
2pth primitive root of unity with p odd, and let � W A�.�/0! End.V / be a complex irreducible finite-
dimensional representation. Let x 2 X [Y , and notice that xp is a central element of A�.�/0. Hence
�.xp/ is a scalar times the identity of V (because � is irreducible). Let us denote this scalar by �x;�.
Note that Qcg

is also central, so �.Qcg
/D �� IdV for some �� 2C.

Proposition 3.5 Let �1 and �2 be two complex irreducible finite-dimensional representations of A�.�/0.
If ��1

D ��2
and �x;�1

D �x;�2
for all x 2 X [ Y then �1 and �2 are isomorphic. Any irreducible

representation of A�.�/0 has dimension p3g�2 when � has a univalent vertex and p3g�3 otherwise.

Proof It is enough to prove that the restrictions of �1 and �2 to T�.�/0 are isomorphic. Let W be the
complex algebra defined by the generators U˙1 and V ˙1, and by the relation UV D �2V U . From the
generators of Lemma 3.2 it is easy to see that T�.�/0 is isomorphic to W˝3g�3 when � does not have a
univalent vertex (which is when @†D∅) and to W˝3g�2˝CŒZ˙1� (where Z is a formal independent
variable) when � has one univalent vertex. The result follows directly from [Bonahon and Liu 2007,
Lemmas 17 and 18].

4 Representation of the skein algebra

In this section † is still a surface with at most one boundary component with negative Euler characteristic.
The goal of this section is to prove Theorem 1.5 and Corollary 1.6.
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Let p � 3 be an odd number; we warn the reader that from now on A will not be a formal variable but a
2pth primitive root of unity. We recall the Bonahon–Wong theory. Let

� W SA.†/! End.V /

be a finite-dimensional irreducible representation. By the work of Bonahon and Wong, there exists
r W �1.†/! SL2.C/ such that for any simple close curve 
 we have

(13) Tp.�.
//D�Tr.r.
// IdV :

Here Tk is the kth Chebyshev polynomial of the first kind; the important thing to remember is that

Tk.uCu
�1/D ukCu�k for all u 2C�f0g:

Moreover r is called the classical shadow of �.

The proof of Theorem 1.5 requires several steps; it starts at Section 4.1 and ends at Section 4.7. The goal
is to define Q� on the generators of AA.�/0 (given in Lemma 3.2), prove the relations satisfied by these
generators are preserved by Q�, and show that Q� agrees with � on �A.†A.†//.

The proof of Corollary 1.6 is done in Section 4.8. From now on, we fix a irreducible representation
� W SA.†/! End.V / with classical shadow r satisfying the hypothesis of Theorem 1.5.

4.1 Action of theQ operators

For ˛ 2 P , let us chose x˛ ¤ 0 such that Tr.r.˛//D x2p˛ C x
�2p
˛ . A known fact is that (1) implies that

�.˛/ is diagonalizable with eigenvalues

�.x2˛A
2kC2

C x�2˛ A�2k�2/

for k D 0; : : : ; p� 1. We define, for k 2 Z,

V˛;k D Ker.�.˛/C .x2˛A
2kC2

C x�2˛ A�2k�2/ IdV /:

We also define Q�.Q˛/ 2 GL.V / by

Q�.Q˛/v D x˛.�A/
kv for all v 2 V˛;k

so that

(14) �.˛/D�.A2 Q�.Q˛/
2
CA�2 Q�.Q˛/

�2/:

As the matrices f�.˛/ j ˛ 2 Pg pairwise commute, it is clear that f Q�.Q˛/ j ˛ 2 Pg pairwise commute.
Hence the set f Q�.Q˛/ j ˛ 2 Pg defines a morphism Q� W CŒQ˙1e j e 2 E.�/�! End.V /— here we use
that P is canonically in bijection with E.�/.

The following lemma will help us extend Q� further. Recall that U.W / D W �W �1 for an invertible
element W .
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Lemma 4.1 For all ˛ 2 P , we have U.Ak Q�.Q˛/2/ 2 GL.V / for any k 2 Z.

Proof Letting k 2 Z and ˛ 2 P , the eigenvalues of U.Ak Q�.Q˛/2/ are U.AkC2lx2˛/ for l 2 Z. Suppose
that one of these is zero, which is to say that U.Ak Q�.Q˛/2/ … GL.V /. This would imply AkC2lx2˛ D
A�k�2lx�2˛ for some l 2 Z. Taking the pth power of this equality gives x4p˛ D 1, which implies
r.˛/D x

2p
˛ C x

�2p
˛ D˙2. This would contradict (2).

From this we see that Q� is defined for elements in AA.�/ of the formX=Y whereX; Y 2CŒQ˙1e je2E.�/�
and Y is a finite product of elements in the set fU.AkQ
 / j 
 2 P; k 2 Zg.

Lemma 4.2 Let e1; e2; e3 2E.�/ meet at a vertex. For all k 2 Z and �1; �2; �3 2 f�1; 1g we have

Q�.U.AkQ�1
e1
Q�2
e2
Q�3
e3
// 2 GL.V /:

Proof Let ˛1; ˛2; ˛3 2 P be dual to e1, e2 and e3, respectively. Suppose there exists k 2 Z and
�1; �2; �3 2 f�1; 1g such that Q�.U.AkQ�1

e1
Q
�2
e2
Q
�3
e3
// is not invertible. This would mean that for some

l 2Z we have U.˙Alx�1
˛1
x
�2
˛2
x
�3
˛3
/D 0. This implies Alx�1

˛1
x
�2
˛2
x
�3
˛3
DA�lx

��1
˛1

x
��2
˛2

x
��3
˛3

. Taking the pth

power of this equality (and remembering that Ap D A�p), one gets

xp�1
˛1
xp�2
˛2
xp�3
˛3
D x�p�1

˛1
x�p�2
˛2

x�p�3
˛3

:

Let �1 D x
p�1
˛1

, �2 D x
p�2
˛2

, �3 D x
p�3
˛3

and remember that �1�2�3���11 ��12 ��13 D 0. Now notice that

Y
ı2;ı32f�1;1g

.�1�
ı2

2 �
ı3

3 ��
�1
1 �
�ı2

2 �
�ı3

3 /D 2C

3X
kD1

.�4kC�
�4
k /�

3Y
kD1

.�2kC�
�2
k /;

with the left hand side being zero by assumption and the right hand side being

2C

3X
kD1

Tr.r.˛2k//�
3Y
kD1

Tr.r.˛k//:

This would contradict (1).

4.2 Action of a one-cycle edge shift

Recall that the set of curves fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g was defined in Figure 5, and let 
 be one of these
curves. Suppose that 
 is a one-cycle as in Figure 6, left. In light of (6), let us define

Q�.Ee/D� Q�Œ.te.
/CA
�1
Q�2e /A�1U.A2Q2e /

�1�;

Q�.E�1e /D Q�Œ.A3
Q2e C te.
//A
�1U.A2Q2e /

�1F�1�;

where F is defined in (3). Notice that Q�.F / is invertible by Lemma 4.2, and hence the second formula
makes sense.

Convention In the coming proofs, we sometimes drop the symbol Q� when the notation is too cluttered.
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Lemma 4.3 The following statements hold :

(a) Q�.Qe/ Q�.Ee/D�A Q�.Ee/ Q�.Qe/ and Q�.Qe/ Q�.E�1e /D�A�1 Q�.E�1e / Q�.Qe/.

(b) Q�.Ee/ Q�.E�1e /D IdV .

(c) �.
/D Q�.Ee/C Q�.E
�1
e / Q�.F /.

Proof (a) Recall that Ve;kDKer.�.e/C.x2eA
2kC2Cx�2e A�2k�2/ IdV / for k 2Z. Moreover, it follows

from e
 D A�2
eCA�1.A2�A�2/te.
/ and ete.
/D A2te.
/e�A.A2�A�2/
 that

�.e/ Q�.Ee/D Q�.Ee/ Q�.�A
4Q2e �A

�4Q�2e /;

which implies that Q�.Ee/Ve;k � Ve;kC1 and in particular Q�.Qe/ Q�.Ee/D�A Q�.Ee/ Q�.Qe/. The second
part of (a) can be proved with the exact same strategy.

(b) From (a), U.A2Q2e /
�1 Q�.E�1e /D Q�.E�1e /U.Q2e /, so

Q�.Ee/ Q�.E
�1
e /D�.te.
/CA

�1ˇQ�2e /.A3
Q2e C te.
//A
�2U.Q2e /

�1U.A2Q2e /
�1F�1:

Note that �A2U.Q2e /U.A
2Q2e /F D�A

2.A2Q4e CA
�2Q�4e Cf /. Thus it is enough to prove

(15) .te.
/CA
�1ˇQ�2e /.A3
Q2e C te.
//D�A

2.A2Q4e CA
�2Q�4e Cf /:

Still from (a),

.te.
/CA
�1
Q�2e /.A3
Q2e C te.
//D A

3te.
/
Q
2
e C te.
/

2
CA4
2CA
te.
/Q

�2
e :

Now we use te.
/
 D A�1eCAt�2
 .e/ to get

.te.
/CA
�1
Q�2e /.A3
Q2e C te.
//D A

2.Q2e CQ
�2
e /eC te.
/

2
CA4
2�A2t�2
 .e/e

D�A2.A2Q4e CA
�2Q�4e Cf /:

The last equality follows by t�2
 .e/eDA2
2Cf �A2�A�2CA�2te.
/
2 and eD�.A2Q2eCA

�2Q�2e /.

(c) This follows from direct computation.

4.3 Action of a two-cycle edge shift

Let 
 2 fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g be a two-cycle as in Figure 6, center. In light of (7)–(10), let us define

Q�.EbEc/D Q�Œ.
A
�2Q�2b Q�2c C tb.
/A

�1Q�2c C tc.
/A
�1Q�2b C tbtc.
//D

�1�;

Q�.EbE
�1
c /D Q�Œ�.
A2Q�2b Q2c C tb.
/A

3Q2c C tc.
/A
�1Q�2b C tbtc.
//D

�1F�11;�1�;

Q�.E�1b Ec/D Q�Œ�.
A
2Q2bQ

�2
c C tb.
/A

�1Q�2c C tc.
/A
3Q2bC tbtc.
//D

�1F�1�1;1�;

Q�.E�1b E�1c /D Q�Œ.
A6Q2bQ
2
c C tb.
/A

3Q2c C tc.
/A
3Q2bC tbtc.
//D

�1F�1�1;�1�;

where D D A2U.A2Q2c /U.A
2Q2

b
/, and where F1;�1, F�1;1 and F�1;�1 were defined in (4).
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Lemma 4.4 The following statements hold :

(a) Q�.Qb/ Q�.E
�1

b
E
�2
c /D .�A/

�1 Q�.E
�1

b
E
�2
c / Q�.Qb/ for all �1; �2 2 f�1; 1g.

(b) Q�.Qc/ Q�.E
�1

b
E
�2
c /D .�A/

�2 Q�.E
�1

b
E
�2
c / Q�.Qc/ for all �1; �2 2 f�1; 1g.

(c) Q�.EbEc/ Q�.E�1b E�1c /D IdV and Q�.EbE�1c / Q�.E�1
b
Ec/D IdV .

(d) Q�.E�1

b
E
�2
c / Q�.E

�3

b
E
�4
c /D Q�.E

�3

b
E
�4
c / Q�.E

�1

b
E
�2
c / for all �1; �2; �3; �4 2 f�1; 1g.

(e) �.
/D Q�.EbEc/C Q�.EbEc/ Q�.F1;�1/C Q�.E
�1
b
Ec/ Q�.F�1;1/C Q�.E

�1
b
E�1c / Q�.F�1;�1/.

Proof For this proof let us define, for �1; �2 2 f�1; 1g,

X�1;�2
D Q�.E

�1

b
E�2
c / Q�.DF�1;�2

/;

where we set F1;1 D 1.

(a) This is very similar to the proof of Lemma 4.3(a). This time

b
 D A�2
bCA�1.A2�A�2/tb.
/; btc.
/D A
�2tc.
/bCA

�1.A2�A�2/tb.tc.
//;

btb.
/D A
2tb.
/b�A.A

2
�A�2/
; btbtc.
/D A

2tbtc.
/b�A.A
2
�A�2/tc.
/;

imply that Q�.b/ Q�.E�1

b
E
�2
c /D Q�.E

�1

b
E
�2
c / Q�.�A

2C2�1Q2
b
�A2�2�1Q�2

b
/ for �; �2D˙1. The proof of (b)

is exactly the same as (a).

(c) Note that

Q�.EbE
�
c / Q�.E

�1
b E��c /DX1;�X�1;��.A

4 yF1;�F�1;�� yDD/
�1;

with

A4 yF1;�F�1;�� yDD D A
4.A2�Q2bQ

2�
c CA

�2�Q�2b Q�2�c C a/.A2�Q2bQ
2�
c CA

�2�Q�2b Q�2�c C a0/:

Let us prove that

X1;�X�1;�� D A
4 yF1;�F�1;�� yDD:

We fix � 2 f�1; 1g. Let x D A�1
Q�2
b
C tb.
/ and y D A3
Q2

b
C tb.
/. Then

X1;� D �.xA
1�2�Q�2�c C tc.x//; X�1;�� D �.yA

1C2�Q2�c C tc.y//;

X1;�X�1;�� D A
4xyC tc.xy/CA

2.A2��1tc.x/yQ
2�
c CA

�2�C1xtc.y/Q
�2�
c /:

Notice that the computations done in Lemma 4.3 (and more precisely, for (15)) can be repeated and give

xy D�A2.A2Q4bCA
�2Q�4b C ıb/;(16)

tc.xy/D�A
2.A2Q4bCA

�2Q�4b C tc.ıb//:(17)

We compute

A2��1tc.x/yQ
2�
c CA

�2�C1xtc.y/Q
�2�
c D A4zC tb.z/CA

2z0;
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where z D A2��1tc.
/
Q2�c CA
1�2�
 tc.
/Q

�2�
c and

z0DA2�tctb.
/
Q
2
bQ

2�
c CA

�2�
 tctb.
/Q
�2
b Q�2�c C tb.
/tc.
/ŒA

2��2Q�2b Q2�c CA
�2�C2Q2bQ

�2�
c �:

Hence

(18) X1;�X�1;�� D A
4xyC tc.xy/CA

2.A4zC tb.z/CA
2z0/:

We compute using skein relations:

z D�A2
2�A�2.tc.
//
2
� ıc C .A

2
CA�2/C c.A2�2�Q2c CA

�2C2�Q�2c /;(19)

tb.z/D�A
2.tb.
//

2
�A�2.tbtc.
//

2
� tb.ıc/C .A

2
CA�2/C c.A2�2�Q2c CA

�2C2�Q�2c /;(20)

z0 D tc.
/tb.
/cbC .aC a
0/.A2�Q2bQ

2�
c CA

�2�Q�2b Q�2�c /(21)

C cb.A2��2Q2bQ
2�
c CA

2�2�Q�2b Q�2�c /:

The computation of tc.
/tb.
/cb gives

A4
2CA2.ıbC ıc/C .b
2
C c2� .A2CA�2/2C aa0C .tb.
//

2
C .tc.
//

2/

CA�2.tb.ıc/C tc.ıb//CA
�4.tbtc.
//

2:

Combining (16), (17) and (19)–(21) in (18) we get

X1;�X�1;�� D A
4.A2�Q2bQ

2�
c CA

�2�Q�2b Q�2�c C a/.A2�Q2bQ
2�
c CA

�2�Q�2b Q�2�c C a0/:

(d) By (c) it is enough to prove that

Q�.EbEc/ Q�.EbE
�1
c /D Q�.EbE

�1
c / Q�.EbEc/:

We have

Q�.EbEc/ Q�.EbE
�1
c /DX1;1X1;�1.A

4U.A2Q2b/U.A
2Q2c /U.A

4Q2b/U.Q
2
c /F1;�1/

�1;

Q�.EbE
�1
c / Q�.EbEc/DX1;�1X1;1.A

4U.A2Q2b/U.A
2Q2c /U.A

4Q2b/U.Q
2
c /F1;�1/

�1:

Thus it is enough to prove X1;1X1;�1 DX1;�1X1;1. This reduces to

A4x2C tc.x
2/CAxtc.x/Q

�2
c CA

3tc.x/xQ
2
c D A

4x2C tc.x
2/CA5xtc.x/Q

2
c CA

�1tc.x/xQ
�2
c

() Axtc.x/Q
�2
c CA

3tc.x/xQ
2
c D A

5xtc.x/Q
2
c CA

�1tc.x/xQ
�2
c

() Axtc.x/.A
2Q2c �A

�2Q�2c /D A�1tc.x/x.A
2Q2c �A

�2Q�2c /

() Axtc.x/D A
�1tc.x/x:

The last equivalence is obtained because U.A2Q2c / is invertible. Let us expand Axtc.x/�A�1tc.x/x
remembering that Qbx D AxQb and prove it is zero:

Axtc.x/�A
�1tc.x/x

D A�4ŒA
 tc.
/�A
�1tc.
/
�Q

�4
b CA

�2Œ
 tc.
/� tc.
/
 C .A
2
�A�2/tb.
/tc.
/�Q

�2
b

Ctb.A
tc.
/�A
�1tc.
/
/:
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Expanding 
 tc.
/ and tc.
/
 using skein relations, this expression reduces to

.A2�A�2/.A�4cQ�4b CA
�2bcQ�2b C c/D .A

2
�A�2/Œc.A2Q2bCA

�2Q�2b /C bc�Q�2b A�2

D .A2�A�2/Œ�cbC bc�Q�2b A�2 D 0:

4.4 Action of the square of a separating edge shift

Let 
 be a separating edge curve as shown in Figure 6, right. Again inspired by (11) and (12), let

Q�.E2c /D� Q�

�
.
Q�2c C � �

A�2ı1Q
�2
c �A

2ı2

U.A4Q2c /
/A�2U.A2Q2c /

�1G�12

�
;

Q�.E�2c /D Q�

�
.
A2Q2c CA

�2� C
ı1Q

2
c � ı2

U.Q2c /
/U.A2Q2c /

�1G�1�2

�
:

Lemma 4.5 The following statements hold :

(a) Q�.Qc/ Q�.E2c /D A
2 Q�.E2c / Q�.Qc/ and Q�.Qc/ Q�.E�2c /D A�2 Q�.E�2c / Q�.Qc/.

(b) Q�.E2c / Q�.E
�2
c /D IdV .

(c) �.
/D Q�.E2c / Q�.G2/C Q�.G0/C Q�.E
�2
c / Q�.G�2/.

Proof (a) Using skein relations we have

c
 D A�4
cCA�2.A4�A�4/� CA�2.A2�A�2/.d1d3C d2d4/;

c� D A4�c �A2.A4�A�4/c �A2.A2�A�2/.d1d2C d3d4/:

Then a computation implies

cE˙2c DE
˙2
c .�A2˙4Q2c �A

�.2˙4/Q�2c /;

which implies the desired equalities.

(b) Let Y2 D Q�.E2c /A
2U.A2Q2c /

1G12 and Y�2 D Q�.E�2c /U.A2Q2c /G�2. Using (a), Q�.E2c / Q�.E
�2
c / D

Y2Y�2.A
2U.A�2Q2c /

yG2U.A
2Q2c /G�2/

�1, where

yG2 D�U.A
2Qd1

Qd4
Q�1c /U.A2Qd2

Qd3
Q�1c /:

Let us prove that Y2Y�2 D A2U.A�2Q2c / yG2U.A
2Q2c /G�2. A brute force computation gives

A2U.A�2Q2c /
yG2U.A

2Q2c /G�2

D�A2.�T 4C ı3T
3
C .8��/T 2C .ı1ı2� 4ı3/T C .4�� 16� ı

2
1 � ı

2
2//U.Q

2
c /
�2;

where �D d21 C d
2
2 C d

2
3 C d

2
4 C d1d2d3d4 and T DQ2c CQ

�2
c . (Note that this equality is equivalent

to an equality of two Laurent polynomials in A and the variables Qe, and hence can be checked using
Sage, for example.) Therefore it is enough to prove that

�Y2Y�2 D A
2.�T 4C ı3T

3
C .8��/T 2C .ı1ı2� 4ı3/T C .4�� 16� ı

2
1 � ı

2
2//U.Q

2
c /
�2:
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Let us prove this:

�Y2Y�2

D

�

Q�2c C � �

A�2ı1Q
�2
c �A

2ı2

U.A4Q2c /

��

A2Q2c CA

�2� C
ı1Q

2
c � ı2

U.Q2c /

�
D A6
2CA2
�Q�2c CA

4
ı1U.Q
2
c /
�1
�A4
ı2Q

�2
c U.Q2c /

�1

CA2�
Q2c CA
�2�2C �ı1Q

2
cU.Q

2
c /
�1
� �ı2U.Q

2
c /
�1

�A4ı1
U.Q
2
c /
�1
� ı1�Q

�2
c U.Q2c /

�1
�A2ı21U.Q

2
c /
�2
CA2ı1ı1Q

�2
c U.Q2c /

�2

CA4ı2
Q
2
c C ı2�U.Q

2
c /
�1
CA2ı1ı2Q

2
cU.Q

2
c /
�2
�A2ı22U.Q

2
c /
�2

DA4ı2
C�ı1CŒA
2ı1ı2.Q

2
cCQ

�2
c /�A2.ı21Cı

2
2/�U.Q

2
c /
�2
CA6
2CA2.
�Q�2c C�
Q

2
c /CA

�2�2:

The term 
� can reduced using skein relations to A2cC ı3CA�2', where ı3 D d1d4C d2d3 and ' is

d2d1

d4 d3

�

Hence 
�Q�2c C �
Q
2
c D .A

�2Q2c CA
2Q�2c /cC ı3.Q

2
c CQ

�2
c /�'c. The expansion of 'c gives

'c D�� .A2CA�2/2CA4
2CA2ı2
 CA
�2ı1� CA

�4�2:

We recall that �D d21 C d
2
2 C d

2
3 C d

2
4 C d1d2d3d4. Now plugging this back into the expression for

�Y2Y�2, we get, after simplifications,

�Y2Y�2D

�

Q�2c C��

A�2ı1Q
�2
c �A

2ı2

U.A4Q2c /

��

A2Q2cCA

�2�C
ı1Q

2
c�ı2

U.Q2c /

�
DA2.ı1ı2.Q

2
cCQ

�2
c /U.Q2c /

�2
�.ı21Cı

2
2/U.Q

2
c /
�2
Cı3.Q

2
cCQ

�2
c /���U.Q2c /

2/

DA2.ı1ı2.Q
2
cCQ

�2
c /�.ı21Cı

2
2/Cı3.Q

2
cCQ

�2
c /U.Q2c /

2
��U.Q2c /

2
�U.Q2c /

4/U.Q2c /
�2

DA2.�T 4Cı3T
3
C.8��/T 2C.ı1ı2�4ı3/TC.4��16�ı

2
1�ı

2
2//U.Q

2
c /
�2;

where we recall that T DQ2c CQ
�2
c . The last equality is obtained from the identity U.Q2c /

2 D T 2� 4.

(c) This is derived from a direct computation.
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4.5 Commutation between the square of an edge and a one-cycle

Consider the following portion of the graph

d2

d3

e



ˇ
c

Recall that Q�.E2c /D Q�ŒY2A
�2U.A2Q2c /

�1G�12 � where G2D�U.Q2eQ
�1
c /U.Qd2

Qd3
Q�1c /, and where

�Y2 D 
Q
�2
c C � �

A�2ı1Q
�2
c �A

2ı2

U.A4Q2c /

with ı1 D ed3C ed2, ı2 D ed2C ed3 and � being the following curve:

d2

d3

e
�

c

Recall also that Q�.Ee/D� Q�Œ.te.ˇ/CA�1ˇQ�2e /A�1U.A2Q2e /
�1�.

Lemma 4.6 Q�.Ee/ Q�.E
2
c /D Q�.E

2
c / Q�.Ee/.

Proof Let us first simplify the expression of Q�.E2c /. A computation shows that

Q�.E2c /D�Œ.
 � tc.
/C . N� � �/Q
�2
c /A�2U.A4Q2c /

�1U.A2Q2c /
�1G�12 �;

where N� D t�1c .�/ is the following curve:
e

N�
d2

c

d3

Let us define Y 02 D 
 � tc.
/C . N� � �/Q
�2
c , ' D 
 � tc.
/ and  D N� � � . Using A-commutation,

Q�.Ee/ Q�.E
2
c /D Q�.E

2
c / Q�.Ee/ is equivalent to

(22) X1Y
0
2.A

2Q2eQ
�1
c �A

�2Q�2e Qc/D Y
0
2X1.Q

2
eQ
�1
c �Q

�2
e Qc/;

where X1 D te.ˇ/CA�1ˇQ�2e . For two elements x and y we define Œx; y�A D Axy �A�1yx. Proving
(22) is equivalent to proving that

.AŒX1; Y
0
2�AQ

2
e CA

�1ŒY 02; X1�AQ
�2
e Q2c /Q

�1
c D 0:
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Now let us expand the expression E D AŒX1; Y 02�AQ
2
e CA

�1ŒY 02; X1�AQ
�2
e Q2c using the fact that X1

commutes with Qc and Y 02 commutes with Qe:

AŒX1; Y
0
2�AQ

2
e CA

�1ŒY 02; X1�AQ
�2
e Q2c

D A.Œte.ˇ/; '�AC Œte.ˇ/;  �AQ
�2
c CA

�1Œˇ; '�AQ
�2
e CA

�1Œˇ;  �AQ
�2
c Q�2e /Q2e

CA�1.Œ'; te.ˇ/�ACA
�1Œ'; ˇ�AQ

�2
e C Œ ; te.ˇ/�AQ

�2
c CA

�1Œ ; ˇ�AQ
�2
c Q�2e /Q�2e Q2c

D A.Œte.ˇ/; '�AQ
2
e C Œte.ˇ/;  �AQ

�2
c Q2e CA

�1Œˇ; '�ACA
�1Œˇ;  �AQ

�2
c /

CA�1.Œ'; te.ˇ/�AQ
�2
e Q2c CA

�1Œ'; ˇ�AQ
�4
e Q2c C Œ ; te.ˇ/�AQ

�2
e CA

�1Œ ; ˇ�AQ
�4
e /:

Using that Q�2e D�A
2e�A4Q2e , Q�2c D�A

2c �A4Q2c and Q�4e D A
4e2CA6eQ2e �A

4, we get

E D C1Q2cQ
2
e CC2Q

2
e CC3Q

2
c CC4;

where
C1 D�A

5Œte.ˇ/;  �A�A
3Œ'; te.ˇ/�ACA

4Œ'; ˇ�Ae;

C2 D AŒte.ˇ/; '�A�A
3Œte.ˇ/;  �Ac �A

3Œ ; te.ˇ/�ACA
4Œ ; ˇ�Ae;

C3 D�A
4Œˇ;  �A�AŒ'; te.ˇ/�AeCA

2Œ'; ˇ�Ae
2
�A2Œ'; ˇ�A;

C4 D Œˇ; '�A�A
2Œˇ;  �Ac �AŒ ; te.ˇ/�AeCA

2Œ ; ˇ�Ae
2
�A2Œ ; ˇ�A:

The elements C1, C2, C3 and C4 are skein elements that can be computed using skein relations. After a
straightforward computation we get C1 D C2 D C3 D C4 D 0, which shows that E D 0. More details on
those computations are given in the appendix.

4.6 Commutation between the square of an edge and a two-cycle

Consider the following portion of the graph

d2

d3d4

d1

a0
ˇ




c

Using the proof of Lemma 4.6, we have

Q�.E2c /D� Q�ŒY
0
2A
�2U.A4Q2c /

�1U.A2Q2c /
�1G�12 �;

with Y 02 D 
 � tc.
/C . N� � �/Q
�2
c . Recall also that we set ' D 
 � tc.
/ and  D N� � � . For the

two-cycle ˇ we have

Q�.Ed1
Ed4

/D Q�Œ.ˇA�2Q�2d1
Q�2d4

C td1
.ˇ/A�1Q�2d4

C td4
.ˇ/A�1Q�2d1

C td1
td4
.ˇ//D�1�;

Q�.Ed1
E�1d4

/ Q�.F1;�1/D Q�Œ�.ˇA
2Q�2d1

Q2d4
C td1

.ˇ/A3Q2d4
C td4

.ˇ/A�1Q�2d1
C td1

td4
.ˇ//D�1�;
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where D D A2U.A2Q2
d1
/U.A2Q2

d4
/ and

F1;�1 D�
U.Qa0Qd4

Q�1
d1
/U.QcQd4

Q�1
d1
/

U.A2Q2
d4
/U.Q2

d4
/

:

Lemma 4.7 The following statements hold :

(a) Q�.Ed1
Ed4

/ Q�.E2c /D Q�.E
2
c / Q�.Ed1

Ed4
/.

(b) Q�.Ed1
E�1
d4
/ Q�.E2c /D Q�.E

2
c / Q�.Ed1

E�1
d4
/.

Proof To make the notation less cluttered, we write Q4 for Qd4
and Q1 for Qd1

.

(a) First let us set X D A�1ˇQ�21 C td1
.ˇ/ so that

Q�.Ed1
Ed4

/D .A�1XQ�24 C td4
.X//D�1:

Using known commutation relations, Q�.Ed1
Ed4

/ Q�.E2c /D Q�.E
2
c / Q�.Ed1

Ed4
/ is equivalent to

E D A�1.AŒX; Y 02�AQ
2
1Q

2
4CA

�1ŒY 02; X�Q
2
c /Q

�2
4 C td4

.AŒX; Y 02�AQ
2
1Q

2
4CA

�1ŒY 02; X�Q
2
c /D 0:

If we set U D AŒX; Y 02�AQ
2
1Q

2
4 CA

�1ŒY 02; X�Q
2
c , the expression of E is simply A�1UQ�24 C td4

.U/.
Let us first compute U by expanding the expression and remembering that Q�21 D�A

4Q21 �A
2d1 and

Q�2c D�A
4Q2c �A

2c:

U D AŒX; Y 02�AQ
2
1Q

2
4CA

�1ŒY 02; X�Q
2
c

D�A5Œtd1
.ˇ/;  �AQ

2
cQ

2
1Q

2
4 � .A

3Œtd1
.ˇ/;  �AcCAŒtd1

.ˇ/; '�A/Q
2
1Q

2
4 �A

4Œˇ;  �AQ
2
cQ

2
4

�A2Œ'; ˇ�AQ
2
1Q

2
c C .Œˇ; '�A�A

2Œˇ;  �Ac/Q
2
4 �A

2Œ ; ˇ�AQ
2
1

C .A�1Œ'; td1
.ˇ/�A� Œ'; ˇ�Ad1/Q

2
c C .A

�1Œ ; td1
.ˇ/�A� Œ ; ˇ�Ad1/:

Using the same technique we get

A�1UQ�24 C td4
.U/D

X
�1;�2;�3D0;1

C�1;�2;�3
Q
2�1

1 Q
2�2

4 Q2�3
c ;

where

C1;1;1D�A
5Œtd4

td1
.ˇ/;  �ACA

5Œ'; ˇ�A;

C1;1;0DA
5Œ ; ˇ�A�A

3Œtd4
td1
.ˇ/;  �AcCAŒtd4

td1
.ˇ/; '�A;

C1;0;1D�A
2Œ'; td4

.ˇ/�ACA
3Œ'; ˇ�Ad4�A

4Œtd1
.ˇ/;  �A;

C0;1;1D�A
2Œ'; td1

.ˇ/�ACA
3Œ'; ˇ�Ad1�A

4Œtd4
.ˇ/;  �A;

C0;0;1D�A
3Œˇ;  �A�Œ'; td1

.ˇ/�Ad4CAŒ'; ˇ�Ad1d4CA
�1Œ'; td4

td1
.ˇ/�A�Œ'; td4

.ˇ/�Ad1;

C0;1;0DA
3Œ ; ˇ�Ad1CŒtd4

.ˇ/; '�A�A
2Œtd4

.ˇ/;  �Ac�A
2Œ ; td1

.ˇ/�A;

C1;0;0D�A
2Œtd1

.ˇ/;  �AcCŒtd1
.ˇ/; '�A�A

2Œ ; td4
.ˇ/�ACA

3Œ ; ˇ�Ad4;

C0;0;0D�Œ ; td4
.ˇ/�Ad1CA

�1Œ ; td4
td1
.ˇ/�ACA

�1Œˇ; '�A�AŒˇ; �AcCAŒ ; ˇ�Ad1d4

�Œ ; td1
.ˇ/�Ad4:
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Here again, these elements are in the skein algebra of the surface, and hence can be computed using skein
relations. A long but straightforward computation shows that C�1;�2;�3

D 0 for all �1; �2; �3 2 f0; 1g. We
refer to the appendix for more details. Thus E D A�1UQ�24 C td4

.U/D 0.

(b) The proof goes as in (a) and we use the same notation. Here Q�.Ed1
E�1
d4
/ Q�.E2c /D Q�.E

2
c / Q�.Ed1

E�1
d4
/

is equivalent to

E D A3.AŒY 02; X�AQ
2
cQ

2
4CA

�1ŒX; Y 02�Q
2
1/Q

2
4C td4

.AŒY 02; X�AQ
2
cQ

2
4CA

�1ŒX; Y 02�Q
2
1/D 0:

Expanding this usingQ�21 D�A
4Q21�A

2d1, Q�2c D�A
4Q2c�A

2c andQ44D�A
�2Q24d4�A

�4 we get

E D
X

�1;�2;�3D0;1

D�1;�2;�3
Q
2�1

1 Q
2�2

4 Q2�3
c ;

where
D1;1;1DA

5Œ'; ˇ�Ad4�A
6Œtd1

.ˇ/;  �A�A
4Œ'; td4

.ˇ/�A;

D1;1;0DA
5Œ ; ˇ�Ad4CA

2Œtd1
.ˇ/; '�A�A

4Œtd1
.ˇ/;  �Ac�A

4Œ ; td4
.ˇ/�A;

D1;0;1DA
3Œ'; ˇ�A�A

3Œtd1
td4
.ˇ/;  �A;

D0;1;1D�A
2Œ'; td1

.ˇ/�Ad4CA
3Œ'; ˇ�Ad1d4�A

5Œˇ;  �ACAŒ'; td4
td1
.ˇ/�A�A

2Œ'; td4
.ˇ/�Ad1;

D0;0;1D�Œ'; td1
.ˇ/�ACAŒ'; ˇ�Ad1�A

2Œtd4
.ˇ/;  �A;

D0;1;0D�A
2Œ ; td1

.ˇ/�Ad4�A
3Œˇ;  �AcCAŒˇ; '�ACA

3Œ ; ˇ�Ad1d4CAŒ ; td1
td4
.ˇ/�A

�A2Œ ; td4
.ˇ/�Ad1;

D1;0;0DA
3Œ ; ˇ�ACA

�1Œtd1
td4
.ˇ/; '�A�AŒtd1

td4
.ˇ/;  �Ac;

D0;0;0DAŒ ; ˇ�Ad1�Œ ; td1
.ˇ/�A�Œtd4

.ˇ/;  �AcCA
�2Œtd4

.ˇ/; '�A:

Notice that D1;1;1 DA2C1;0;1, D1;1;0 DA2C1;0;0, D1;0;1 DA�2C1;1;1, D0;1;1 DA2C0;0;1, D0;0;1 D
A�2C0;1;1, D0;1;0 D A2C0;0;0, D1;0;0 D A�2C1;1;0, and D0;0;0 D A�2C0;1;0. Hence these elements
are again all vanishing.

4.7 Proof of Theorem 1.5

Lemma 3.2 gives us a list of generators for AA.�/0. Subsections 4.1–4.4 define Q� on these generators.
Lemmas 4.3(a)–(b), 4.4(a)–(d), 4.5(a)–(b), 4.6 and 4.7 insure that Q� preserve the relations between the
generators and therefore defines a representation Q� WAA.�/0! End.V /. Now Lemmas 4.3(c), 4.4(e) and
4.5(c) and (14) tell us that Q� ı �A coincides with � on P [ fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g. As A is a 2pth

primitive root of unity with p � 3, P [fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g generates SA.†/ by [Santharoubane
2024, Theorem 1.1], and hence Q� ı �A D �.

4.8 Classical shadow

We still work with an irreducible representation � W SA.†/! End.V / with classical shadow r satisfying
the hypothesis of Theorem 1.5. Let Q� WAA.�/0!End.V / be the lift of � built in the previous subsections.
For 
 a simple a closed curve on †, let r
 D�Tr.r.
//.
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Proposition 4.8 Let 
 2 fˇ1; : : : ; ˇg ; 
1; : : : ; 
g�1g.

(a) If 
 is a one-cycle as in Figure 6, left , then Q�.Q2pe /D x
2p
e IdV and

Q�.Epe /D
r
x
�2p
e C rte.
/

x
2p
e � x

�2p
e

IdV :

(b) If 
 is a two-cycle as in Figure 6, center , then Q�..QbQ˙1c /p/D x
p

b
x
˙p
c IdV ,

Q�..EbEc/
p/D

r
x
�2p

b
x
�2p
c � rtb.
/x

�2p
c � rtc.
/x

�2p

b
C rtbtc.
/

.x
2p

b
� x
�2p

b
/.x

2p
c � x

�2p
c /

IdV

and

Q�..EbE
�1
c /p/D

�r
x
�2p

b
x
2p
c C rtb.
/x

2p
c C rtc.
/x

�2p

b
� rtbtc.
/

.x
2p

b
� x
�2p

b
/.x

2p
c � x

�2p
c /!

IdV ;

where

! D�

p�1Y
kD0

U..�A/kxa0xcx
�1
b
/U..�A/kxaxcx

�1
b
/

U..�A/kx2c /
2

:

(c) If 
 is a separating edge curve as in Figure 6, right , then Q�.Qpc /D x
p
c IdV and

Q�.E2pc /D
rt�1

c .
/x
�2p
c C r
rc C rtc.
/x

2p
c

.x
2p
c � x

�2p/2rc!0
IdV ;

where !0 D
Qp�1

kD0
U..�A/kxd1

xd4
x�1c /U..�A/kxd2

xd3
x�1c /.

Proof Before starting the proof, let us recall some important facts from Lemma 4.3. Given e an edge, we
can decompose V as the direct sum of the subspaces Ve;k DKer.�.e/C .x2eA

2kC2Cx�2e A�2k�2/ IdV /.

Moreover, each Ve;k is stable by all operators Q�.Qe/ and Q�.Ef /; Q�.Qf / with f ¤ e, and finally
Q�.Ee/.Ve;k/� Ve;kC1. When computing Tp.
/ for 
 a curve on † and where Tp is the pth Chebyshev
polynomial, since we know that Tp.
/ is a multiple of IdV , it is sufficient to compute the “diagonal part” of
Tp.
/, ie the contribution that corresponds to maps Ve;k! Ve;k , since the nondiagonal parts will vanish.

(a) Q�.Q2pe /D x
2p
e IdV is immediate from the definition of Q�.Qe/. To compute Q�.Epe /, notice that taking

the pth Chebyshev in the equality �.
/D Q�.Ee/C Q�.E�1e / Q�.F / we have

Tp.�.
//D Q�.E
p
e /C Q�..E

�1
e F /p/:

Similarly �.te.
//D�A3 Q�.Ee/ Q�.Q2e /�A
�1 Q�.E�1e F / Q�.Q�2e / gives

Tp.�.te.
///D� Q�.E
p
e / Q�.Q

2p
e /� Q�..E�1e F /p/ Q�.Q�2pe /:

We thus have

r
 IdV D Q�.Epe /C Q�..E
�1
e F /p/ and rte.
/ IdV D� Q�.Epe /x

2p
e � Q�..E

�1
e F /p/x�2pe :

The conclusion is obtained by solving this system.
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(b) Q�.QbQ˙1c /D x
p

b
x
˙p
c IdV is immediate. The other part is very similar to (a). This time we start

from the system8̂̂̂̂
<̂̂
ˆ̂̂̂:

�.
/DX1;1CX1;�1CX�1;1CX�1;�1;

�.tb.
//D�A
3X1;1Q

2
b �A

3X1;�1Q
2
b �A

�1X�1;1Q
�2
b �A

�1X�1;�1Q
�2
b ;

�.tc.
//D�A
3X1;1Q

2
c �A

�1X1;�1Q
�2
c �A

3X�1;1Q
2
c �A

�1X�1;�1Q
�2
c ;

�.tbtc.
//D A
6X1;1Q

2
bQ

2
c CA

2X1;�1Q
2
bQ
�2
c CA

2X�1;1Q
�2
b Q2c CA

�2X�1;�1Q
�2
b Q�2c ;

where X�1;�2
DE

�1

b
E
�2
c F�1;�2

with F1;1 D 1. Applying Q� and taking the pth Chebyshev polynomial for
these four equalities, one gets8̂̂̂̂

<̂̂
ˆ̂̂̂:

r
 DX
p
1;1CX

p
1;�1CX

p
�1;1CX

p
�1;�1;

rtb.
/ DX
p
1;1x

2p

b
CX

p
1;�1x

2p

b
CX

p
�1;1x

�2p

b
CX

p
�1;�1x

�2p

b
;

rtc.
/ DX
p
1;1x

2p
c CX

p
1;�1x

�2p
c CX

p
�1;1x

2p
c CX

p
�1;�1x

�2p
c ;

rtbtc.
/ DX
p
1;1x

2p

b
x2pc CX

p
1;�1x

2p

b
x�2pc CX

p
�1;1x

�2p

b
x2pc CX

p
�1;�1x

�2p

b
x�2pc :

In this system, X˙1;˙1 has to be understood as Q�.X˙1;˙1/. As Xp1;1 D Q�..EbEc/
p/, the desired

expression is immediate by solving the system. For Q�..EbE�1c /p/, the resolution of the system gives

X
p
1;�1 D Q�..EbE

�1
c F1;�1/

p/D
�r
x

�2p

b
x
2p
c C rtb.
/x

2p
c C rtc.
/x

�2p

b
� rtbtc.
/

.x
2p

b
� x
�2p

b
/.x

2p
c � x

�2p
c /

IdV :

Now from Lemma 4.4(a)–(b) and the fact that Q�.Qa/ and Q�.Qa0/ commute with Q�.EbE�1c /, we get

Q�..EbE
�1
c F1;�1/

p/D� Q�..EbE
�1
c /p/

p�1Y
kD0

U.A�2kQa0QcQ
�1
b
/U.A�2kQaQcQ

�1
b
/

U.A2�2kQ2c /U.A
�2kQ2c /

:

Letting v be an eigenvector common to Qa, Qa0 , Qb and Qc , we see that

U.A�2kQa0QcQ
�1
b
/U.A�2kQaQcQ

�1
b
/

U.A2�2kQ2c /U.A
�2kQ2c /

v D

p�1Y
kD0

U..�A/kxa0xcx
�1
b
/U..�A/kxaxcx

�1
b
/

U..�A/kx2c /
2

v:

Thus Q�..EbE�1c F1;�1/
p/D Q�..EbE

�1
c /p/! and we can conclude.

(c) The equality Q�.Qpc / D x
p
c IdV is clear. Let us prove the other one. Applying the pth Chebyshev

polynomial to �.
/D Q�.E2c / Q�.G2/C Q�.G0/C Q�.E
�2
c / Q�.G�2/ we get

Tp.�.
//D Q�..E
2
cG2/

p/CH C Q�..E�2c G�2/
p/;

where H is the degree-zero term in Ec . We recall that

�.tc.
//DE
2
cG2A

8Q4c CG0CE
�2
c G�2Q

�4
c :

To compute Tp.�.tc.
///, let us introduce an algebra automorphism �c on AA.�/ by the formulas
�c.Qf /DQf for all f 2 E , �c.Ef /D Ef for f ¤ c and �c.Ec/D .�A/3EcQ2c . This indeed defines
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an automorphism of AA.�/. Note that �c.Ekc /D .�A/
.kC1/2�1Ekc (for k 2Z) and �.tc.
//D �c.�.
//.

We deduce that

Tp.�.tc.
///D Q�.�c.�.
///D Q�..E
2
cG2A

8Q4c /
p/CH C Q�..E�2c G�2Q

�4
c /p/:

Similarly

Tp.�.t
�1
c .
///D Q�.��1c .�.
///D Q�..E2cG2A

�8Q�4c /p/CH C Q�..E�2c G�2Q
4
c /
p/:

Now we have

.E2cG2A
˙8Q˙4c /p D .E2cG2/

px˙4pc and .E�2c G�2Q
˙4
c /p D .E�2c G�2/

px˙4pc :

We deduce the system8̂̂<̂
:̂
Tp.�.t

�1
c .
///D Q�..E2cG2/

p/x�4pc CH C Q�..E�2c G�2/
px4pc /;

Tp.�.
//D Q�..E
2
cG2/

p/CH C Q�..E�2c G�2/
p/;

Tp.�.tc.
///D Q�..E
2
cG2/

p/x4pc CH C Q�..E
�2
c G�2/

p/x�4pc :

Solving this system gives

Q�..E2cG2/
p/D

Tp.t
�1
c .
//x

�2p
c �Tp.
/.x

2p
c C x

�2p
c /CTp.tc.
//x

2p
c

.x
2p
c � x

�2p/2.x
2p
c C x

�2p
c /

IdV :

On the other hand,

Q�..E2cG2/
p/D� Q�.E2pc /

p�1Y
kD0

U..�A/kxd1
xd4

x�1c /U..�A/kxd2
xd3

x�1c /:

Proof of Corollary 1.6 Let �1 and �2 be two irreducible representations of SA.†/ with the same classical
shadow r satisfying the hypothesis of Theorem 1.5. Let Q�1 and Q�2 be the lifts of �1 and �2 to AA.�/0

built from the previous subsections. We build the lifts Q�1 and Q�2 from the same quantities fx˛ j ˛ 2 Pg.
Proposition 4.8 shows that Q�1 and Q�2 have the same scalar values on the pth powers of the noncentral
generators given in Lemma 3.2. Finally Proposition 3.5 allows us to conclude.

Appendix Skein computations

In this section, we will give more details on some of the skein computations skipped in Sections 4.5
and 4.6, showing that the skein elements C1 in the proof of Lemma 4.6 and C0;0;0 in the proof of
Lemma 4.7 both vanish.

Recall that for x; y 2 S.†/, we write Œx; y�A for Axy �A�1yx.

Lemma A.1 Let a and b be two simple closed curves on †, viewed as elements of S.†/, that intersect
once geometrically. Let ta and tb be the associated Dehn twists. Then

ab D Ata.b/CA
�1t�1a .b/; Œa; b�A D .A

2
�A�2/ta.b/ and ta.b/D t

�1
b .a/:
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Proof The first two are a direct consequence of Kauffman relations, and the third is a simple isotopy.

Lemma A.2 Let 
 , � , N� , ˇ, c and e be the curves described in Section 4.5, let ' D 
 � tc.
/ and
 D N� � � D N� � tc.�/, and let

C1 D�A
5Œte.ˇ/;  �A�A

3Œ'; te.ˇ/�ACA
4Œ'; ˇ�Ae:

Then C1 D 0.

Proof One can check that C1 D x1� tc.x1/, where x1 D�A5Œte.ˇ/; N��A�A3Œ
; te.ˇ/�ACA4Œ
; ˇ�A.
We compute x1 using Lemma A.1:

x1 D .A
2
�A�2/.�A5tetˇ t

�1
c .�/�A3t�1te.ˇ/.
/CA

4t�1ˇ .
/e/

D .A2�A�2/.�A5tetˇ t
�1
c .�/�A3t�1te.ˇ/.
/CA

5t�1e t�1ˇ .
/CA3tet
�1
ˇ .
//:

To conclude, let us remark that t�1
te.ˇ/

.
/D tet
�1
ˇ
t�1e .
/D tet

�1
ˇ
.
/, and that a simple isotopy shows that

t�1e t�1
ˇ
.
/� tetˇ t

�1
c .�/. Hence x1 D 0 and therefore C1 D 0.

Lemma A.3 Let 
 , N� , ˇ, c, d1 and d4 be the curves described in Section 4.6, let ' D 
 � tc.
/ and
 D N� � tc. N�/ and let

C0;0;0D�Œ ; td4
.ˇ/�ACA

�1Œ ; td4
td1
.ˇ/�ACA

�1Œˇ; '�A�AŒˇ; �AcCAŒ ; ˇ�Ad1d4�Œ ; td1
.ˇ/�Ad4:

Then C0;0;0 D 0.

Proof Again, C0;0;0 D x0;0;0� tc.x0;0;0/ where

x0;0;0D�Œ N�; td4
.ˇ/�ACA

�1Œ N�; td4
td1
.ˇ/�ACA

�1Œˇ; 
�A�AŒˇ; N��AcCAŒ N�; ˇ�Ad1d4� Œ N�; td1
.ˇ/�Ad4:

Using Lemma A.1, we get
1

A2�A�2
x0;0;0

D�td4
t�1ˇ . N�/d1CA

�1td1
td4
t�1ˇ . N�/CA�1tˇ .
/CAtˇ . N�/cCAt

�1
ˇ . N�/d1d4� td1

t�1ˇ . N�/d4:

Notice that tˇ . N�/c D tˇ . N�c/. The curves N� and c have geometric intersection 2, and an easy skein
computation shows that N�c D A2t�1c .
/C ı2CA

�2
 , where ı2 D d1d2C d3d4. Using this and the
second equation in Lemma A.1, we get

1

A2�A�2
x0;0;0 D�A

�1td1
td4
t�1ˇ . N�/�At�1d1

td4
t�1ˇ . N�/CA�1td1

td4
t�1ˇ . N�/CA�1tˇ .
/

�A3tˇ t
�1
c .
/�Atˇ .ı2/�A

�1tˇ .
/CA
3t�1d1

t�1d4
t�1ˇ . N�/CAtd1

t�1d4
t�1ˇ . N�/

CAt�1d1
td4
t�1ˇ . N�/CA�1td1

td4
t�1ˇ . N�/�Atd1

t�1d4
t�1ˇ . N�/�A�1td1

td4
t�1ˇ . N�/

D�Atˇ .ı2/�A
3tˇ t

�1
c .
/CA3t�1d1

t�1d4
t�1ˇ . N�/:

A drawing shows that the simple closed curves t�1
d1
t�1
d4
t�1
ˇ
. N�/ and tˇ t�1c .
/ are actually isotopic. Hence

x0;0;0D�A.A
2�A�2/tˇ .ı2/. But tˇ .ı2/ is a linear combination of multicurves that are disjoint from c,

and hence x0;0;0 is tc invariant and C0;0;0 D 0.
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