g TN TT

g i O T

Qg 7;. G T
G6G97TT

Geometry &
Topology

Volume 29 (2025)

The stable Adams operations on Hermitian K -theory

JEAN FASEL
OLIVIER HAUTION

:.msp






Geometry & Topology 29:1 (2025) 127-169
:'msp DOL: 10.2140/gt.2025.29.127
Published: 1 January 2025

The stable Adams operations on Hermitian K -theory

JEAN FASEL
OLIVIER HAUTION

We prove that exterior powers of (skew-)symmetric bundles induce a A-ring structure on the ring
GW°(X) @ GW?(X), when X is a scheme where 2 is invertible. Using this structure, we define
stable Adams operations on Hermitian K-theory. As a byproduct of our methods, we also compute the
ternary laws associated to Hermitian K-theory.
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Introduction

From their introduction by Adams [1962] in his study of vector fields on spheres, Adams operations have
been extremely useful in solving various problems in topology, algebra and beyond. One may mention for
instance the proof of Serre vanishing conjecture by Gillet and Soulé [1987], or their use in intersection
theory. In algebraic geometry, the work of several authors allowed the extension of these operations
(initially defined at the level of the Grothendieck group Kj) to the whole world of K-theory; the most
recent and probably most natural extension being due to Riou [2010] using (stable) motivic homotopy
theory.
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128 Jean Fasel and Olivier Haution

Over a scheme X, it is often useful to study vector bundles endowed with some extra decoration, such
as a symmetric or a symplectic form. The analogues of the Grothendieck group Ky(X) in this context
are the so-called Grothendieck—Witt groups (or Hermitian K-theory groups) GW'(X) for i € Z/4
(see eg [Schlichting 2017]), which classify symmetric and symplectic bundles [Walter 2003]. Very often,
the constructions and questions pertaining to algebraic K-theory can be generalized to the context of
Grothendieck—Witt groups. For instance, Serre’s Vanishing Conjecture makes sense in this broader context
[Fasel and Srinivas 2008].

As for the Adams operations, Zibrowius [2015; 2018] has proved that the exterior power operations on
symmetric bundles yield a A-ring structure on the Grothendieck—Witt group GW?(X) of any smooth
variety X over a field of characteristic not two. This provides in particular Adams operations on these
groups. It is not very difficult to construct A-operations in GW?(X), and a significant portion of the
papers [Zibrowius 2015; 2018] consists in showing that this pre-A-ring is actually a A-ring, which means
that the A-operations verify certain additional relations pertaining to their multiplicative and iterative
behavior. In particular, it is not so difficult to construct the Adams operations ¥, but much harder to
show that they are multiplicative and verify the relations ¥" = ¥ o y". To prove that GW°(X) is a
A-ring, Zibrowius followed the strategy used in [SGA 6 1971] for the analogous problem in K-theory, and
reduced the question to proving that the symmetric representation ring GW°(G) of an affine algebraic
group G (over a field of characteristic not two) is a A-ring. This is done by further reducing to the case
when G is the split orthogonal group, and using explicit descriptions of the representations of certain
subgroups in that case.

A first purpose of this paper is to extend the construction of Zibrowius in two directions:

(1) Allow X to be an arbitrary quasicompact quasiseparated Z[%]—scheme admitting an ample family
of line bundles.

(2) Replace GW®(X) with GW*(X), the ring of symmetric and symplectic forms.

The objective is achieved in Theorem 4.2.5:

Theorem 1 For every quasicompact and quasiseparated scheme X over Z [%], the pre-A-ring GW* (X)
is a A-ring.

The proof is obtained by first showing that the map GW°(G) — GW° (Gg) is injective, when G is a
split reductive algebraic group over Z[%] Since the target is a A-ring by the result of Zibrowius, so is
GW?(G), and thus also GW°(X) when X is as in (1).

For (2), a natural strategy is to mimic Zibrowius’s proof, by considering not just symmetric representations
of algebraic groups, but also skew-symmetric ones. Although we believe that this idea might work, we
were not able to implement it satisfyingly. Instead we observe that we may pass from GW™ (X) to
GW™(X) using the quaternionic projective bundle theorem [Panin and Walter 2021].
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The stable Adams operations on Hermitian K-theory 129

The Witt groups are natural companions of the Grothendieck—Witt groups, obtained from them by modding
out the hyperbolic classes. Their behavior is somewhat easier to understand, and they keep track of an
important part of the quadratic information, while forgetting some of the K-theoretic information. Our
A-ring structure on the Grothendieck—Witt groups does not descend to one on the Witt groups. There
is a good reason for this: the Witt ring cannot admit a (functorial) A-ring structure, because it takes the
value [F, on every algebraically closed field, and [F, has no such structure. Nonetheless, we prove that
the odd Adams operations (as well as the even ones when additionally —1 is a square) do descend to
operations on the Witt ring. It would be interesting to find algebraic axioms describing a weak form of
the structure of A-ring (including odd Adams operations) that applies to the Witt ring, but we will not
investigate this question further in this paper.

The next natural step consists in considering the groups GW!(X) for i odd, as well as the higher
Grothendieck—Witt groups GW; (X) for j € Z. To do so, we focus on Adams operations, and follow the
approach pioneered by Riou [2010] to construct stable versions of those. The fact that GWE(X)is a
A-ring ends up being a crucial input, allowing us to understand the behavior of the Adams operations
with respect to stabilization. This approach is carried out in Section 5, where we obtain the following
result (Theorem 5.5.8 and Proposition 5.5.9).

Theorem 2 Let X be a (quasicompact and quasiseparated) scheme over Z[%] and let GW in SH(X)
be the spectrum representing Hermitian K -theory. Then, there exists for any integer n € N a morphism of
motivic ring spectra, the so-called n Adams operation,

1
Ut GW — GW|:—i|
n*
satisfying W™[1/n*] o W" = W™M" for any integer m € N. These operations extend the classical Adams
operations in K-theory in the sense that there is a commutative diagram of motivic ring spectra

. |
ew 2, GW[—}
n*

|

pn 1
BGL —— BGL[—}
n

in which the vertical morphisms are the forgetful maps and the bottom horizontal morphism is the Adams

operation on K -theory defined by Riou [2010, Definition 5.3.2].

In the statement the right-hand side is the spectrum obtained out of GW after inversion of the class
n* € GW™T (X)), which equals n when 7 is odd, and the class of the hyperbolic n-dimensional symmetric
form when 7 is even.

When 7 is even, inverting #n* in GW™ (X) seems to be a fairly destructive procedure, so in practice
the stable even Adams operations are unlikely to be very valuable improvements of their K-theoretic
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130 Jean Fasel and Olivier Haution

counterparts. By contrast, we expect that the odd operations will be useful in many situations. For instance,
Bachmann and Hopkins [2020] recently used them to compute the n-inverted homotopy sheaves of the
algebraic symplectic and special linear cobordism spaces. Their construction of Adams operations is
quite different in spirit to the one presented here but satisfy (almost) the same properties; see Remark 3.2
of [loc. cit.].

In the last section of this paper, we offer an application under the form of the computation of the ternary
laws associated to Hermitian K-theory. These laws are the analogue, in the context of Sp-oriented ring
spectra, of the formal group laws associated to any oriented ring spectrum. In short, they express the
characteristic classes of a threefold product of symplectic bundles of rank 2, and are expected to play an
important role in the classification of Sp-oriented cohomology theories. We refer the interested reader to
[Déglise and Fasel 2023] for more information on these laws.

To conclude this introduction, let us comment on the assumption that 2 is invertible, needed in our proofs
of the main theorems stated above. We made this assumption mainly since it appears in results that we
heavily need, such as the representability result of Schlichting and Tripathi [2015] and the article of
Panin and Walter [2021] in which the Borel classes associated to symplectic bundles are constructed.
There is currently work in progress by several authors [Calmes et al. 2023; 2020a; 2020b], aiming at
setting Hermitian K-theory in the context of co-categories (with extra structures). This would allow us,
as a byproduct, to lift the necessity for 2 to be invertible in all constructions in Hermitian K-theory. At
the moment, there is however no publicly available analogue either of the representability result, or of
the construction of the Borel classes. Less seriously, we also used the assumption that 2 is invertible in
Section 2, mostly while computing the exterior powers of a tensor product of rank 2 bundles. We believe
that the same results hold in a broader context, but don’t know how to do it at the moment. Altogether,
the main theorems of the paper should hold without this somewhat embarrassing hypothesis, provided the
required tools are made available.

Acknowledgements Haution was supported by the DFG grant HA 7702/5-1 and Heisenberg fellowship
HA 7702/4-1, and was affiliated with the Ludwig-Maximilians-Universitdt Miinchen during the preparation
of this paper. Fasel is grateful to Aravind Asok, Baptiste Calmes and Frédéric Déglise for useful discussions.
Both authors warmly thank Alexey Ananyevskiy for sharing a preprint on Adams operations which has
been a source of inspiration for the results of the present paper, and Tom Bachmann for very useful
suggestions. They also heartily thank the referee for a careful reading and useful comments that helped
correct mistakes and improve the exposition.

1 Grothendieck—Witt groups and spectra

All schemes will be assumed to be quasicompact and quasiseparated, and to admit an ample family of
line bundles.
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The stable Adams operations on Hermitian K-theory 131

Let X be a scheme. In this paper, we will denote by GW™ (X)) (resp. GW™ (X)) the Grothendieck—Witt
group of symmetric forms (resp. skew-symmetric forms), defined eg in [Walter 2003, Section 6] using
the exact category of vector bundles over X. The product of two skew-symmetric forms being symmetric,
we have a pairing

GW ™ (X)x GW™(X) - GWT (X)),

turning GWE (X ) =GW1(X)®GW ™ (X) into a (commutative) Z /2-graded ring.

Assume now that X is a scheme over Z [%] Following Schlichting [2017, Definition 9.1], we can consider
the Grothendieck—Witt groups GW} (X) for any i, j € Z which are 4-periodic in 7, in the sense that there
are natural isomorphisms GW;- (X) ~ GW§+4(X ) for any i € Z. For X affine and i = 0, the groups
GW}) (X) are (naturally isomorphic to) the orthogonal K-theory groups KO; (X) as defined by Karoubi,
while for i = 2 (and X still affine) the groups GWj2~ (X) are (naturally isomorphic to) the symplectic
K-theory groups KSp; (X) by [Schlichting 2017, Corollary A.2]. Also by [Walter 2003, Theorem 6.1]
and [Schlichting 2017, Proposition 5.6], we have natural isomorphisms GW ™ (X) ~ GW8 (X) and
GW™(X) =~ GW5(X).

Notation 1.1 We will denote by 7 € GWJ(Spec(Z[1])) and T € GW3(Spec(Z[1]))) the classes of the
hyperbolic symmetric and skew-symmetric bilinear forms, respectively. When u € (Z[%])X, we will
denote by (1) € GW{(Spec(Z[1])) the class of the symmetric bilinear form (x, y) — uxy, and write
€=—(—1). Thush=1—e.

The collection of groups GW; (X) fits into a well-behaved cohomology theory, which is SL¢-oriented
by [Panin and Walter 2018, Theorem 5.1], and in particular Sp-oriented [Panin and Walter 2021]. The
functors X — GW; (X) are actually representable by explicit (geometric) spaces GW! inthe A -homotopy
category H(Z[%]) of Morel-Voevodsky (see [Schlichting and Tripathi 2015, Theorem 1.3]),

(24 X+, GW’]H(Z[%]) = GW; (X).

Further, one can express the aforementioned periodicity under the following form: there exists an element
y € GWg (Spec(Z[%])) such that multiplication by y induces the periodicity isomorphisms

(1.a) GW! ~ GWit4 |

When X is a Z[%]—seheme, the Z-graded ring

(1.b) GW(X) := P GWe’ (X)
JE€Z

can be identified with the Z-graded subring GW= (X)) of GW= (X)[x*!] defined in Appendix B (where
y corresponds to x2), and we have a canonical isomorphism of Z /2-graded rings

GW§"(X)/(y — 1) ~ GW*(X).
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132 Jean Fasel and Olivier Haution

The P !-projective bundle theorem of Schlichting [2017, Theorem 9.10] allows us to build a ring spec-
trum GW in SH (Z [%]) representing Hermitian K-theory. A convenient construction is recalled in [Panin
and Walter 2018, Theorem 12.2], and we explain the relevant facts in the next few lines in order to fix
notation.

Recall first that Panin and Walter [2021] defined a smooth affine Z [%]—scheme HPP” for any n € N, called
the quaternionic projective space. On HP”, there is a canonical bundle U of rank 2 endowed with a
symplectic form ¢, yielding a canonical element u = (U, ¢) € GW~ (HP"). For any n € N, there are

morphisms
(1.0) in: HP" — HP"*!

such that iy u = u, whose colimit (say in the category of sheaves of sets) is denoted by HP*°. It is a
geometric model of the classifying space BSp, of rank 2 symplectic bundles. As HP? = Spec(Z[%]),
we consider all these schemes as pointed by i and note that i 5“ (u) = 7. Recall moreover from [Panin and
Walter 2018, Theorem 9.8] that HP ! is A!-weak equivalent to (P1)"2. In fact HP! = Q,, where the
latter is the affine scheme considered for instance in [Asok et al. 2017].

The quaternionic projective bundle theorem (for trivial bundles) [Panin and Walter 2021, Theorem 8.1]
asserts that, when X is a regular Z[%]—scheme, the (left or right) GW(X)-module GW}(HP” x X)
is free on the basis 1, (u — 1), ..., (u —1)". (Here, for a Z[%]—soheme Y we have written GW3(Y) =
Dijez GW; ¥).)

Notation 1.2 We set 7 := HP!, that we consider as pointed by /. We also denote by Q7 the right
adjoint of the endofunctor 7 A (—) of H(Z[%])

The spectrum GW is defined as the 7 -spectrum whose component in degree 7 is GW2” and bonding

maps
(1.d) o: T AGW?" — GW2+2

induced by multiplication by the class u — 7 in GW(Z, (7). This T-spectrum determines uniquely a P!-
spectrum in view of [Riou 2007, Proposition 2.22] or [Panin and Walter 2018, Theorem 12.1], which has

the property that . o
GW; (X) = [Z30 X4, = Zp, GWlsy(z[L])

for a smooth Z[%]—scheme X.

If now X is a regular Z[%]—seheme with structural morphism py : X — Spec (Z[%]), we can consider

the functor p%: SH(Z[1]) = SH(X) and the spectrum p% GW. On the other hand, one can consider
the IP’AI,—spectrum GWy representing Grothendieck—Witt groups in the stable category SH(X). It follows
from [Panin and Walter 2018, discussion before Theorem 13.5] that the natural map p)*( GW — GWy is
in fact an isomorphism. Consequently,

GW!(X) =[S0 X+, =31 551 Px GWlsy(x),
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The stable Adams operations on Hermitian K-theory 133

and we say that GW is an absolute P -spectrum over Z[%] It is in fact an absolute ring spectrum by
[Panin and Walter 2018, Theorem 13.4].

In contrast with the spectrum representing K -theory, the spectrum GW is not oriented, in the sense that it
doesn’t admit a well-behaved theory of Chern classes of vector bundles. Instead, as mentioned above,
this spectrum is Sp-oriented, and thus each vector bundle V' over a regular Z[%]—soheme X equipped
with a nondegenerate skew-symmetric form v: E — EY admits Borel classes b?W(V, V) € GW%i (X) for
i € N; see [Panin and Walter 2021, Definition 8.3]. When E has rank two, we have

1 ifi =0,
bYWy = [(Vov)]—1 ifi=1,
0 otherwise.

See [Panin and Walter 2018, Theorem 9.9].

2 Exterior powers and rank-two symplectic bundles

When V is a vector bundle on a scheme X, we denote its dual by VY. A bilinear form on V' is a morphism
of vector bundles v: V — VY. When x, y € H°(X, V), we will sometimes write v(x, y) instead of
v(x)(y). We will abuse notation, and for n € N denote by /\"v the bilinear form on A"V given by
the composite /\"V N, NY(VY) — (/\” V)V. We will also denote the pair (/\" Vv, /\”v) by N*(V,v).
Similar conventions will be used for the symmetric or tensor powers of bilinear forms, or their tensor

products.

Explicit formulas for symmetric and exterior powers are given as follows. Let n be an integer, and denote
by &, the symmetric group on 7 letters, and by €: &,, — {—1, 1} the signature homomorphism. Then for
any open subscheme U of X and x¢,...,Xp, ¥1,..., Y0 € HO(U, V), we have

(2.2) (Sym” v)(xX1 = Xn. Y1+ Yn) = D V(X1 Vo) V(Xns Ya(m):
0ES,

(2.b) (N'V)XL A AX yr Ao A ) = D €@)V(X1, Vo) -+ V(Xns Vo),
(A5G

or more succinctly
(2.0) (AN"W) (X1 A= AXp, y1 Ao A p) = det(v(xi, ).

If V and W are vector bundles equipped with bilinear forms v and p, then for any i and j the bilinear
form A"t/ (v L p) restricts to (A'v) ® (A ) on (NV)® (NW) C Nt/ (V & W). This yields an
isometry, for any n € N,

2.d) NVeWvew~ | NV N (W.p.
i=0
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134 Jean Fasel and Olivier Haution

Lemma 2.1 Let (E,¢) and (F, ¢) be vector bundles over a scheme X equipped with bilinear forms, of
respective ranks e and f. Then we have an isometry

(N(E. ) & (N (F.0)* = N (E@ F.e® ).
Proof Let us first assume that £ and F are free and that X = Spec R is affine. Let (xq,...,X.)
(resp. (¥1....,yy)) be an R-basis of H°(X, E) (resp. H°(X, F)). Then the element
2.€) = A Ax)® @ (A Ay ®
is a basis of H%(X, (/\"’E)®f ® (/\fF)®e), and the element
2.1 U=X1 QYDA AX1®Y)A(X2@ y1) A+ AlXe ® yr)
is a basis of H*(X, A/ (E ® F)). The mapping z + u then defines an isomorphism of line bundles
2.9 (NE)® & (N F)® = NS (EQ F).
Consider now the matrices

A = (e(xi, xj)) € Me(R), B = (¢(yi,yj)) € Mg(R).
By (2.c) we have
((Aeg)®f ® (/\fF)®e)(z,Z) = (det A)7 - (det B)®,
and N\¢/ (¢ ® ) (u, u) is the determinant of the block matrix
e(x1,x1)B ... e(x1,x¢)B
C = IS Mef(R).
e(xe,x1)B ... &(Xxe,Xxe)B

It then follows from [Bourbaki 1970, III, Section 9, Lemme 1, page 112] that
det C = det(det(e(x;, xj)B)) = det(det(A4) B¢) = (det A) - (det B)®.

Therefore

(A0)® & (N F)*)z.2) = A e @) (. w),
which shows that (2.g) is the required isometry.

Next, assume given R-linear automorphisms : H°(X, E) — H°(X, E) and 8: H°(X, F) > H°(X, F).
Replacing the basis (x1,...,xe) and (y1...., yr) by their images under « and B multiplies the element
(2.¢) by the quantity (det) - (det 8)/, and the element (2.f) by the same quantity (this is a similar
determinant computation as above, based on [Bourbaki 1970, III, Section 9, Lemme 1, page 112]). We
deduce that the isometry (2.g) glues when E and F are only (locally free) vector bundles, and X is
possibly nonaffine. |
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The stable Adams operations on Hermitian K-theory 135

Lemma 2.2 LetV be a vector bundle of constant rank n over a scheme X, equipped with a nondegenerate
bilinear form v. Then we have an isometry

NV ) = (Vo) @ N'(V,v).

Proof The natural morphism (/\”_1 V) ® V — A'V induces a morphism A"~V — Hom(V, \"V). As
V is a vector bundle (of finite rank) the natural morphism V'V ® A"V — Hom(V, /A" V) is an isomorphism.
Composing with the inverse of v ® idny-, we obtain a morphism

s NV S v N

To verify that it induces the required isometry, we may argue locally and assume that V' is free and
X = Spec R is affine. Pick an R-basis (vy,...,v,) of H°(X, V). Then (wy,...,w,) is an R-basis of
HO(X, N*1V), where w; = (—1)" vy A=+~ AT; Avp. Let z=vy A--- AV, € HO(X, N'V), and note
that w; Av; =z foralli € {1,...,n}. Consider the unique elements vi“, RN S H° (X, V) satistying
v(v},vj) = d;j (Kronecker symbol) for all i, j € {1,...,n}. Then we have

(2.h) s(w)=vi®z fori=1,...,n.

Consider the matrix 4 = (v(v;,vj)) € My(R). Observe that the j coordinate of v/ in the basis
(vi,...,vy) is the (i, j)™ coefficient of the matrix A~!, from which it follows that

(2.1) “(A7Y) = (. v))) € Mu(R).

Letk,l €{1,...,n}. It follows from (2.c) that (/\"_1 v)(wk, wy) is the (k, )™ cofactor of the matrix A,
and thus coincides with the (k, /)™ coefficient of the matrix (det A) “(A~1). In view of (2.i), we deduce
that (using (2.c) for the last equality)

(N71) (wi, wy) = v(vg, v)) -det 4 = v}, v]) - (N')(z, 2).
By the formula (2.h), this proves that s is the required isometry. |
In the rest of the section, we fix a Z[%]—scheme X. By a symplectic bundle on X, we will mean a
vector bundle on X equipped with a nondegenerate skew-symmetric form. For an invertible element

L € H°(X,Ox), we denote by (1) the trivial line bundle on X equipped with the nondegenerate bilinear
form given by (x, y) — Axy.

Lemma 2.3 Let (V,v) be a symplectic bundle of constant rank n over X . Then there exists an isometry

NY(V,v) ~(1).

Proof We may assume that X # & and n > 1. Then we may write n = 2m for some integer m — the
form induced by (V, v) over the residue field of a closed point of X is skew-symmetric, hence symplectic
as 2 is invertible, and such forms over fields have even dimension [Milnor and Husemoller 1973, I, (3.5)].
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136 Jean Fasel and Olivier Haution
The morphism
YO~ yOm g y®m _, Nmy @ Nmy NVE Ay )Y o AmY s 0y

descends to a morphism A(y,): /\"V — Ox. If (V;,v;) for i = 1,2 are symplectic bundles over X of
ranks n; = 2m; such that (V,v) = (V1,v{) L (V3,v,), we have a commutative diagram

NV A (Nmv)Y

| T

(/\ml Vl) ® (/\sz2) NV @N"2v, (/\ml Vl)v ® (/\mz VZ)V

Therefore the identification /\"V = A"V} @ "2V, yields an identification Ay, = A, v,) @ A(7y,,)-

In order to prove that Ay, induces the claimed isometry, we may assume that X is the spectrum of
a local ring. In this case the nondegenerate skew-symmetric form (V, v) is hyperbolic [Milnor and
Husemoller 1973, 1, (3.5)]. Given the behavior of A(y,,,) with respect to orthogonal sums, we may assume
that n = 2 and that (V, v) is the hyperbolic plane. So there exists a basis (v, v;) of H°(X, V) such that

v(v,v1) =0, v(vp,v2)=0 and v(vy,vp)=1.

By (2.b), we have
(/\ZU)(Ul A V3, Vg /\U2) =1.

Since
Ay (V1 Av2) = v(vy,v2) = 1 € H(X, Ox),

it follows that A(y,,) induces an isometry N2 (V,v) >~ (1). |
Let V be a vector bundle over X. Consider the involution o of ¥ ®? exchanging the two factors. Set

Vf’z = ker(o —id) and V.®? = ker(c + id). Since 2 is invertible we have a direct sum decomposition
Ve =V g V2

Let now v be a bilinear form on V. There are induced bilinear forms vfz on sz and v®% on V&2,
Writing (V, v)f2 (resp. (V,v)®?) instead of (V.22 vfz) (resp. (V®2,1®2)), we have an orthogonal
decomposition

24) (V.0)® = (V.v)$ L (V.v)®%
Lemma 2.4 There are isometries
(V% ~(2)®@Sym*(V,v) and (V.1)®* >~ (2) ®@ A*(V.v).
Proof It is easy to see that the morphism
PNV > V82 y AV 0] ®Ur— Uy @ U1,
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The stable Adams operations on Hermitian K-theory 137
induces an isomorphism A?V ~ V®2_If U is an open subscheme of X and vy, vy, wi, w, € HO(U, V),
we have, using (2.b),
v®2(i (v) Ava).i (w1 Awy))
=12 (1 @V — vV ® V1, Wy @ Wy — Wy @ W)
=v(vr, w)v(va, wz) —v(v2, w)v(vy, wa) —v(V1, W)V (V2, W) + v(v2, w2)v(vy, w1)
= 20(vy, w)v(V2, w2) — 2v(va, W)V (V1. wa) = 2(APV) (V1 A vz, Wi Awy),

proving the second statement. The first is obtained in a similar fashion, using the morphism
Sysz—>V®2, ViU > V1 @ Uy + Uy ® vy O
Lemma 2.5 There is an isometry
(V,1)®% =~ (2) ® (Sym*(V,v) L A*(V,v)).
Proof This follows from Lemma 2.4 and (2.j). O

Lemma 2.6 Let E and F be vector bundles over X, respectively equipped with bilinear forms ¢ and ¢.

Then there is an isometry
NE®F,e®¢) >~ ((2) ®Sym*(E. &) ® N*(F,¢)) L ({2) ® A*(E, ) ® Sym*(F, 9)).
Proof It is easy to see that there is an isometry
(EQF.c®¢)® ~((E.9)$*® (F.0)%%) L ((E.9)%* & (F.0)%?).

so that the statement follows by five applications of Lemma 2.4 (and tensoring by the form (271)). O

Proposition 2.7 Let E and F be rank-two vector bundles over a Z[%]—scheme X, equipped with
nondegenerate skew-symmetric forms ¢ and ¢. Then we have, in GW ™ (X),

[(E, &) ® (F,9)] if n € {1, 3},
n _JUE. P+ [(F.9)®%] -2 ifn=2,
IN(E® F,e®¢)]= : ifnet0.4),
0 otherwise.

Proof The cases n = 0,1 and n > 5 are clear. The case n = 4 follows from Lemmas 2.1 and 2.3. The
case n = 3 then follows from the case n» = 4 and Lemma 2.2. We now consider the case n = 2. We have,
in GW™T (X)),
[N2(E® F,e® )] = (2)[Sym?(E, &)] + (2)[Sym?(F, ¢)] (by Lemmas 2.6 and 2.3)
=[(E,&)®*— (2) +[(F,¢)®?]—(2) (by Lemmas 2.5 and 2.3)

and (2) + (2) =2 e GWT (Spec (Z[%])), as evidenced by the computation

()6DE)-62) D
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3 Grothendieck—Witt groups of representations

Let B be a commutative ring with 2 € B* and G be a flat affine group scheme over B. Let Rp be the
abelian category of representations of G over B, which are of finite type as B-modules. We let Pp be the
full subcategory of Rp whose objects are projective as B-modules. The latter category is exact. If P is
an object of Pp, then its dual P¥ := Hompg (P, B) is naturally endowed with an action of G and thus can
be seen as an object of Pg. The morphism of functors @ : 1 ~ vV is easily seen to be an isomorphism of
functors Pp — Pp, and it follows that Pp is an exact category with duality.

Let D°(Rp) (resp. DP(Pp)) be the derived category of bounded complexes of objects of Rp (resp. Pp).
The category D®(Pp) is a triangulated category with duality in the sense of Balmer [2005, Definition 1.4.1]
and therefore one can consider its (derived) Witt groups W’ (DP(Pp)) [loc. cit., Definition 1.4.5] that we
denote by W (B; G) for simplicity. We can also consider the Grothendieck—Witt groups GW* (D( Pp))
(as defined in [Walter 2003, Section 2]), that we similarly denote by GW! (B; G).

Lemma 3.1 Suppose that B is a field of characteristic not two. For any i € 7, we have

w2+1(B. G) = 0.

Proof Since Pp = Rp, the category D°(Rp) is the derived category of an abelian category. We can
thus apply [Balmer and Walter 2002, Proposition 5.2]. |

We now suppose that A is a Dedekind domain with quotient field K (we assume that A # K). We assume
that 2 € A*, and let G be a flat affine group scheme over A. Then we may consider the full subcategory
Rill of R4 consisting of those representations of G over A, which as A-modules are of finite length, or
equivalently are torsion.

Any object of DP(P4) has a well-defined support, and we can consider the (full) subcategory DE(PA)
of D°(P4) whose objects are supported on a finite number of closed points of Spec(A4). This is a thick
subcategory stable under the duality. As a consequence of [Balmer 2005, Theorem 73], we obtain a
12-term periodic long exact sequence

(Ba) o= W(Dj(Pg)) = W (DP(Py)) — W (D"(Py)/ D§(P4)) — W TH(DR(P4)) — - .

We now identify the quotient category DP(Py4)/ DE(PA). Note that the extension of scalars induces a
duality-preserving, triangulated functor D®(P4) — DP(Pg), which is trivial on the subcategory DE(PA).
(The category DP( Pk ) is constructed by setting B = K above, for the group scheme Gx over K obtained
by base-change from G'.) We thus obtain a duality-preserving, triangulated functor

D(P,)/ Dj(P4) — D°(Px).

Lemma 3.2 The functor D°(Py4)/ DE(PA) — DP(Pg) is an equivalence of triangulated categories with
duality.
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Proof We have a commutative diagram of functors

D°(P4) — D°(Pk)

Il

D°(R4) — D*(Rg)

in which the vertical arrows are equivalences (use [Serre 1968, Section 2.2, Corollaire]). The composite
D (P4) — DP(P,4) — DP(R4) has essential image the subcategory D (R 4) of objects of DP(R 4) whose
homology is of finite length. As observed in [Serre 1968, Remarque, page 43], the functor R4 — Rk
induces an equivalence R4/ R% ~ Ry . Then it follows from [Keller 1999, Section 1.15, Lemma] that
the induced functor DP(R4)/ DE (R4) — DP(Rg) is an equivalence (the argument given in Section 1.15,
Example (b), works in the equivariant setting). The statement follows. |

As a consequence, the exact sequence (3.a) becomes
(3.b) o= WI(DJ(Pg)) = W (4; G) - W (K; Gg) — W T (DY(Pg)) — - .

Now, suppose that M is a representation of G over A that is of finite length. By [Serre 1968, Section 2.2,
Corollaire], we have an exact sequence of representations

(3.0) 0— P —Py—>M—0,

where Py, P; € P4. Note that the A-module M is torsion, hence MY = Homy (M, A) vanishes. We
obtain an exact sequence, by dualizing

0— Py — P — Exty(M, A4) — 0,
and it follows that M ¥ := Ext}‘1 (M, A) is naturally endowed with a structure of a representation of G
over A. The isomorphisms Py — (Py')" and Py — (P")" induce an isomorphism M — (M #)% which
does not depend on the choice of the resolution (3.c). The association M +— M # in fact defines a duality
on the category Rfl.

Lemma 3.3 Forevery i € Z, there exists an isomorphism
WHH(DR(P4)) = W (DP(R)).

Proof This follows from the existence of an equivalence of triangulated categories DE(PA) — Db(REl),
which is compatible with the duality § of Db(REI), and the duality Vv of DE(PA) shifted by 1. This
equivalence is constructed using word for word the proof of [Balmer and Walter 2002, Lemma 6.4],
where the categories VBp, O-mod and O-fl-mod are replaced by P4, R4 and REI. a

Lemma 3.4 Forevery i € Z, we have W2i(Dg(PA)) =0.

Proof In view of Lemma 3.3, this follows from [Balmer and Walter 2002, Proposition 5.2], as the
category Rfl is abelian. =]
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Proposition 3.5 Let A be a Dedekind domain with quotient field K, such that 2 € A, and let G be a flat
affine group scheme over A. Then for every i € Z, the morphism W?'(A; G) — W2 (K; G) is injective.

Proof This follows from Lemma 3.4 and the sequence (3.b). O

Theorem 3.6 Let A be a Dedekind domain with quotient field K, such that 2 € A, and let G be a split
reductive group scheme over A. Then for every i € 7., the morphism GW?! (A4; G) - GW? (K; Gg) is
injective.

Proof We have a commutative diagram where rows are exact sequences (constructed in [Walter 2003,
Theorem 2.6])

Ko(4; G) —— GW?71(4; G) —— W2~ 1(4;G) —— 0

| | |

Ko(K:Gg) — GWX1(K;Gg) — W2 UY(K:Gg) —— 0

in which the vertical arrows are induced by the extension of scalars, and Ko(4; G) (resp. Ko(K; Gg))
denotes the Grothendieck group of the triangulated category DP(Py4) (resp. D°(Pk)). Denoting by
Ko(R4) (resp. Ko(Rg)) the Grothendieck group of the category R4 (resp. Rg), the natural morphisms
Ko(R4) — Ko(A4;G) and Ko(Rg) — Ko(K; G) are isomorphisms (their inverses are constructed using
the Euler characteristic). Since the morphism Kq(R4) — Ko(Rg) is an isomorphism by [Serre 1968,
Théoreme 5], so is Ko(A;G) — Ko(K;Gg). On the other hand, we have W2 ~1(K;Gg) = 0 by
Lemma 3.1. We deduce that the morphism GW? =1 (4; G) - GW?~1(K: Gg) is surjective.

Next consider the commutative diagram

GW?71(4: G) —— Ko(4; G) ——— GW?(4; G) —— W (4:G) —— 0

GW? 1(K:Gg) — Ko(K:Gg) — GWH(K:Gg) — WH(K:Gg) —— 0
where rows are exact sequences; see again [Walter 2003, Theorem 2.6]. The indicated surjectivity and

bijectivity have been obtained above, and the injectivity in Proposition 3.5. The statement then follows
from a diagram chase. a

4 The A-operations

Let X be a scheme, and G a flat affine group scheme over X'. We denote by GW ™ (X; G) and GW ™ (X; G)
the Grothendieck—Witt groups of the exact category of G-equivariant vector bundles over X. We set
GW* (X:G)=GWT(X:G)®GW (X;G). When 4 is a commutative noetherian Z[%]—algebra and
X = Spec(A4), by [Walter 2003, Theorem 6.1] we have natural isomorphisms GW™ (Spec(A4); G) ~
GW°(4; G) and GW™(Spec(4); G) ~ GW?(4; G) (in the notation of Section 3).
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4.1 Exterior powers of metabolic forms

Let X be a scheme and G be a flat affine group scheme over X. Let E — X be a G-equivariant vector
bundle. For ¢ € {1, —1}, the associated hyperbolic e-symmetric G-equivariant bundle over X is

v 0 1
o= (e (., )

where wg: E — (EV)VY is the canonical isomorphism. These constructions induce morphisms of abelian
groups

(4.1.a) hi:Ko(X;G)—GWT(X:G), h_:Ko(X;G)—GW (X:G)

(see eg [Walter 2003, Proposition 2.2(c), Theorem 6.1]), where Kq(X; G) denotes the Grothendieck
group of G-equivariant vector bundles on X.

Lemma 4.1.1 Let M be a G-equivariant vector bundle over X equipped with a G-equivariant non-
degenerate e-symmetric bilinear form i, for some ¢ € {1, —1}. Assume (M, ) admits a (G -invariant)
Lagrangian L, and let n € N.

(i) The class [N'(M, )] € GWE(X; G) depends only on n, ¢ and the G -equivariant vector bundle L
over X (but not on (M, )).

(ii) If n is odd, the G -equivariant nondegenerate £"-symmetric bilinear form /\'(M, 1) is metabolic.

Proof We may assume that X is connected. Let Q = M/ L, and recall that u induces an isomorphism
@: Q = LY. The vector bundle /\" M is equipped with a decreasing filtration by G'-invariant subsheaves

(N'M) =im(NLON"M — N'M),
fitting into commutative squares

NL& NTIM ———— (N'M)’
(4.1.b) l l

/\iL R /\n—iQ N (/\nM)i/(/\nM)H'l

where the bottom horizontal arrow is an isomorphism; see eg [Berthelot 1971a, Lemme 2.2.1]. Since
QO ~ LY, this yields exact sequences of G-equivariant sheaves

(4.1.0) 0— (N'M) ™' > (NM) > NLNTILY -0,

from which we deduce by induction on i that (/\”M )i is a subbundle of /"M, ie the quotient
N'M/ (/\”M )l is a vector bundle. Assuming that L has rank r, then
i n—irvy_ (T r
rank(/\L@/\ L )_()(n )

I —i

Geometry & Topology, Volume 29 (2025)



142 Jean Fasel and Olivier Haution

By induction on i, using the sequences (4.1.c), we obtain

(000 =), )

j=i
An elementary computation with binomial coefficients then yields:

n+1—i

(4.1.d) rank (/" M) + rank (/" M) = rank \" M.

Leti and j be integers. We have a commutative diagram

NLNTM ——» (M) N'M

R

NL& N M)’ ——((NM)) «— (N'M)”

where « is defined by setting, for every open subscheme U of X and xq,...,x;, y1,...,)j € H°(U, L)
and Xj41, ..., Xn, Yj41s---. Yn € HO(U, M) (see (2.0)),

(4le)  alxy A AXi @ Xigp1 A AXn) (V1A AYj @ Pyt Ase- A yn) = det(u(xi, yj)).

If i 4+ j > n, then for each 0 € &, there exists e € {1, ..., n} such that x, € HO(.U, L)and yo () € HO(U, L),
so that ((Xe, Vg (e)) = 0, which by (4.1.e) implies that & = 0. Thus (N'M)' ((/\”M)J)L in this case.
In particular, (/\”M )l is a sub-Lagrangian of /\"(M, i) when 2i > n.

If n = 2k — 1 with k € N, then 2 rank(/\" M )* = rank A" M by (4.1.d), hence the subbundle (/"M )"
is a Lagrangian in /\"(M, ). This proves (ii). Moreover, it follows that the class of /\N*(M, i) in
GW* (X; G) coincides with the class of the hyperbolic form Hg((/\”M )k), hence depends only on the
class in Ko(X; G) of the G-equivariant vector bundle (/\”M )k; see (4.1.a). In view of the sequences
(4.1.c), the latter depends only on the classes of N'L ® N**LV in Ko(X; G) for i > k, from which (i)
follows when 7 is odd.

Assume now that n = 2k with k € N. Then the inclusion of the subbundle (/\" M )k c (\N'M )kH)J'
is an equality by rank reasons; see (4.1.d). By [Walter 2003, Proposition 2.2 (d), Theorem 6.1], we have

@D (M) = [H (N M)+ (VM) /(N ) p)] e GWH (X 6),

where p is the bilinear form induced by 1 on (A"M)*/(N"M)**", which in view of (4.1.b) is G-
equivariantly isometric to the form g fitting into the commutative diagram

NLONM ——» NLRNQ —=— NL®NLY

| l |

(NL®NM) —(NLNQ) «= (NL N L)Y
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where the horizontal isomorphisms are induced by ¢: Q@ —> LV. The formula (4.1.¢) (and the fact that
¢ is induced by p) yields the formula, for every open subscheme U of X and xy,...,Xg, V1,..., VK €
H°(U,L)and fi,..., fx.&1,.., 8k € H(U, LY),

0 (egj (Xi)))
(fiyi) 0 ’

where i, j run over 1,...,k, and so the indicated determinant is n x n, which shows that the bilinear

ﬂ(xl/\"'/\xk@’fl/\"'/\fk,yl/\"'/\yk®g1/\"'Agk)=det(

form B depends only on the G-equivariant vector bundle L (and not on ). It follows that the isometry
class of that G-equivariant form ((/\" M )k J(N'M )kle , p) depends only on L. As above, the class of
the hyperbolic form H; ((/\”M )k+1) in GW™ (X; G) also depends only on L, so that (i) follows from
(4.1.f) when n is even. O

4.2 The A-ring structure
We will use the notion of (pre-)A-rings, recalled in Appendix A.

Proposition 4.2.1 Let X be a scheme and G a flat affine group scheme over X . Then the exterior power
operations

A GWE(X: G) > GWE(X; G),
defined by (P, ¢) — (/\i P, /\i<p), endow the ring GW™(X; G) with the structure of a pre-A-ring.

Proof The structure of the proof is the same as that of [Zibrowius 2015, Proposition 2.1], and is based
on the description of GW* (X; G) in terms of generators and relations; see eg [Walter 2003, page 20].
It is clear that the exterior power operations descend to the set of isometry classes, and moreover the
total exterior power operation is additive in the sense of (2.d). Finally, let M be a G-equivariant vector
bundle over X equipped with a G-equivariant nondegenerate -symmetric bilinear form p for some
g€ {l,—1}. If (M, ) admits a G-equivariant Lagrangian L, then L is also a G-equivariant Lagrangian
in the hyperbolic form Hg(L), so that by Lemma 4.1.1 (i) the forms /N"(M, 1) and /\*(H(L)) have the
same class in GWE(X; G). |

Proposition 4.2.2 Suppose that G is a split reductive group scheme over Z[%] Then the pre-A-ring
GW™ (Spec(Z[1]): G) is a A-ring.

Proof By [Zibrowius 2015, Proposition 2.1] the pre-A-ring GW ™ (Spec(Q); Gq) is a A-ring. It follows
from Theorem 3.6 that GW ™ (Spec(Z[%]); G) is a pre-A-subring of GW™ (Spec(Q); Gg), and hence a
A-ring. |

Corollary 4.2.3 For every Z[%]—scheme X, the pre-A-ring GW™ (X)) is a A-ring.

Proof This follows from Proposition 4.2.2 (applied to the split reductive groups O, and Oy, x Oy), using
the arguments of [Berthelot 1971b, Théoreme 3.3]; see [Zibrowius 2015, Section 3.2] for details. O
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When x € GW™ (X)) is the class of a rank-two symplectic bundle, it follows from Lemma 2.3 that
Ar(x)=14+1tx+ t%; see (A.a). In other words, in the notation of (C.1.b), we have

(4.2.2) A (x) =Li(x) e GWE(X) forall i € N\ {0}.
Lemma 4.2.4 The relations (A.b) and (A.c) are satisfied for all x, y,z € GW™ (X).

Proof By the symplectic splitting principle [Panin and Walter 2021, Section 10], we may assume that
X, y and z are each represented by a rank-two symplectic bundle. In view of (4.2.a), the relation (A.c)
follows from Lemma C.2.1. The relation (A.b) has been verified in Proposition 2.7; see Lemma C.1.1. O

Theorem 4.2.5 For every Z[%]—scheme X, the pre-A-ring GW*(X) is a A-ring.

Proof Taking Proposition 4.2.2 and Lemma 4.2.4 into account, it only remains to verify (A.b) when
x € GWT(X) and y € GW™(X). Let i > n, and consider the scheme X x HP?. It is endowed with a
universal symplectic bundle of rank two, whose class we denote by u € GW™ (X x HP?). Denote again
by x, y € GWE(X x HP?) the pullbacks of x, y € GWT(X). Then using successively Proposition 4.2.2
and Lemma 4.2.4,

Ai(xyu) = Ae()he(yu) = Ay (x)As (¥)As (u).

On the other hand, by Lemma 4.2.4,
Ae(xyu) = Ae(xy)ae(u).

The quaternionic projective bundle theorem recalled in Section 1 implies that the GW"*" (X')-module
GWg (X x HP?) is free on the basis 1, u, ..., u'. Modding out ¥ — 1, we obtain a decomposition

GWE(X xHP') = GWE(X) 8 GWE(X)u @ --- & GWE(X)u'.

In view of (4.2.a), it follows from Lemma C.1.2 that the u”-component of the #"-coefficient of A;(xy)As(u)
is A" (xy), and that the u"-component of the " -coefficient of A;(x)A;(y)A; (1) is

PaAN(x), .. AT AN (), L A ()).
This proves (A.b). O

Let X be a Z[%]—scheme. In view of Lemma B.1, the A-ring structure on GW*(X) induces a A-ring
structure on

GWE(X) ~ GWEn(X).
Explicitly, denoting by p: GW* (X) — GW"(X) the canonical homomorphism of abelian groups (see
Appendix B), we have fori € Z andn € N,
P (r)) - y™ if r e GW(X),
(4.2.b) M (p(r)-yh) = 2 p(A(r)) - y"2itD/2 if r € GW™(X) and n is even,
p(W1(r)) - y@RIFD=D/2 if p ¢ GW™(X) and 7 is odd.
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5 The Adams operations

5.1 The unstable Adams operations

The A-operations constructed in Section 4 are not additive (with the exception of A1), and there is a
standard procedure to obtain additive operations from the A-operations, which is valid in any pre-A-ring,
see eg [Atiyah and Tall 1969, Section 5]. Indeed, for any Z[%]-scheme X, we define the (unstable)
Adams operations

Y": GWH(X) — GW2™ (X) for ne N\ {0} andi € Z
through the inductive formula (see eg [Atiyah and Tall 1969, Proof of Proposition 5.4])
(51a) wn _)\lwn—l +)\2wn—2 et (_l)n—l)\n—lwl + (_l)nn)kn =0.

For instance, this yields
v!'=id and v?=(id)®>—2A2.

We also define ¥© as the composite
(5.1.b) ¥ GWE (x) 2, 7m0, GwI(x).

Assume now that (E, v) is a rank-two symplectic bundle on X, and let x =[(E,v)] € GW% (X) beits
class. Then, by Lemma 2.3, we have for n € N \ {0},

x ifn=1,
Mx)=1qy ifn=2,
0 ifnd{l, 2}
Thus, (5.1.a) yields the inductive formula for x as above (the class of a rank-two symplectic bundle)
(5.1.c) Yr(x) = xy" N (x) —py" 3 (x) for n>2.

Proposition 5.1.1 The operations " : GW{'*" (X)) — GW{*"(X) are ring morphisms for n € N, and
satisty the relation Y™ o " = " for m,n € N.

Proof This follows from Theorem 4.2.5; see eg [Atiyah and Tall 1969, Propositions 5.1 and 5.2]. O

Remark 5.1.2 The operations {" for n < 0 are classically defined using duality; since by definition a
nondegenerate symmetric (resp. skew-symmetric) form is isomorphic to its dual (resp. the opposite of its
dual), in our situation we could set, for n < 0,

Y~ "(x) whenx € Gng(X) fori € Z,
—y¥"(x) whenx € Gng+2(X) fori € Z,

making Proposition 5.1.1 valid for m,n € Z.

() = {
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5.2 Adams Operations on hyperbolic forms

Let X be a Z[%]—seheme, and consider its Grothendieck group of vector bundles K(X). The exterior
power operations yield a A-ring structure on Ko(X)—and in particular Adams operations " for
n € N\ {0}, using the formula (5.1.a) — such that the forgetful morphism

(5.2.2) F1GWE(X) — Ko(X)

mapping y to 1 is a morphism of A-rings. In this section, we consider the hyperbolic morphisms
hai: Ko(X) — GW{"(X), defined just below. Those are of course not morphisms of A-rings (not even
ring morphisms), but as we will see in Proposition 5.2.4, they do satisfy some form of compatibility with
the Adams operations.

We define morphisms
(5.2.b) hai: Ko(X) — GW3(X) forieZ

by the requirements that 1o = A+ and &, = h_ (see (4.1.a)) under the identifications GW8 (X)~GWT(X)
and GW% (X) ~ GW (X)), and for any vector bundle £ — X

(5.2.¢) Y -hai(E) = hyit2)(E) fori€lZ.

Lemma 5.2.1 Leta € Ko(X) and b € Gng (X). Then, in the notation of (5.2.a) and (5.2.b), we have
foranyi € Z,

hai(@)-b = hyGiy jy(a- f(b)).

Proof Lete, & €{l,—1}. Letus consider vector bundles 4 and B on X, and a nondegenerate e-symmetric
bilinear form v on B. The isomorphism

1 0
(A®B)@(AV@B)M(AM)@(AV@BV):(A@B)@(A@B)V

induces an isometry

((A@B)@(AV@B),( 0 1%”)):((/1@3)@@@8)%( 0 1))

gwya@v e’ waeB 0

as evidenced by the computation

1 0 0 N/l O _ 0 1®@v) _ 0 I®v

0 1®vY ) \edwmy@wp 0/J\0 1®v) \edmy@0WVowp) 0 ) \doy®v 0 )
The lemma follows. O
Lemma 5.2.2 Forany i, j € Z we have hy;(1)h2;(1) = 2hy 4 j)(1).

Proof Takea =1¢€ Ko(X)and b =hy;(1) € GWéj(X) in Lemma 5.2.1. O
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Observe that the classes / and t (see Notation 1.1) coincide respectively with /1¢(1) and /,(1). Thus
Lemma 5.2.2 implies that

(5.2.d) h®>=2h, ht=2t, 1*=2yh.
Combining the relations 47 = 2t and & = 1 4 (—1) yields
(5.2.e) (-t =1.

Lemma 5.2.3 For n € N, we have in GW}" (Spec(Z[1])) (see Notation 1.1) that

ry=1/2 if n is odd,
2(=1)"2yn/2  f p s even.

() = {

Proof We prove the lemma by induction on 7, the cases n = 0, 1 being clear. If n > 2, we have by (5.1.c)
(5.2.) Yo =" O -y (o).
Assume that 7 is odd. Using the induction hypothesis together with (5.2.e) we obtain
_L,wn—l (T) — 2(_1)(”—1)/21,)/(}1—1)/2 — 2_[)/(}1—1)/2'
On the other hand, by induction we have

(n—3)/2 (n—l)/Z‘

YY" (1) = yy =1y

Combining these two computations with (5.2.f) proves the statement when 7 is odd.
Assume now that 7 is even. Using the induction hypothesis we have
‘Hﬂn_l(l’) — _L,2y(n—2)/2 — 2h)/n/2 — 2((_1>n/2 + (_1>(n—2)/2)yn/2

as well as
an_z(f) — 2(_1>(n—2)/2yn/2’

and the result follows as above from (5.2.f) when 7 is even. O

Proposition 5.2.4 Let E — X be a vector bundle, and n € N,i € Z. For j € 7, let us denote by I; the
image of hyj: Ko(X) — GWéj (X).
(1) Ifmisodd, then A" o hy;(E) lies in Iy,.
(i) If nisodd, then ¥ o hy; (E) lies in I;p.
(iii) If n is even, then Y" o h,;(F) lies in 2GW§”’(X) + Iin.

Proof Statement (i) follows from Lemma 4.1.1(ii) with G = 1 (observe that by construction of the
Grothendieck—Witt group, the classes of metabolic forms belong to the subgroup /;, C GW%i "(X)). Let
us prove (ii) by induction on #. This is clear when n = 1. Assume that # is odd. When j € {1,...,n—1}
is even, the element ¥~/ o h,;(E) belongs to I;(4—j) by induction. When j € {1,...,n} is odd, the
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element A/ o /1,; (E) belongs to I;j by (i). Since I -GWSi("_k) (X) C Iiy forall k € Z by Lemma 5.2.1,
it follows from the inductive formula (5.1.a) that " o si,; (E) belongs to I;;. The proof of (iii) is similar,
noting that nA” o /15;(E) is divisible by 2 (the starting case n = 0 being clear from (5.1.b)). O

Recall the exact sequence of [Walter 2003, Theorem 2.6], for i € Z,
Ko(X) 225 GW2i (X) — W (X) — 0.

When X # @, the A-ring structure on GW'"(X') does not descend to its quotient ;5 W2 (X), for
instance because A%(/1o(1)) = (—1) has nonzero image in the Witt ring. However, Proposition 5.2.4
implies the following:

Corollary 5.2.5 Let n € N be odd. Then the operations ", A" GW%i (X)— GW%”’(X ) descend to

operations
YW (X)) > W),

Remark 5.2.6 If —1 is a square in H%(X, Oy), then 2 = ho(1) € GW8(X). Thus Proposition 5.2.4(iii)
implies that the operation ¥" does descend to the Witt groups when 7 is even (even though A" does not).

5.3 Adams operations on the universal rank-two bundle

In this section, we consider the universal symplectic bundle (U, ¢) over HP !, and denote by u its class in
GW3(HPY).
Proposition—-Definition 5.3.1 Let n € N. There exists a unique element
w(n) e GWg" 2 (Spec(Z[%])) such that Yy"(u—t)=whn) - (u—r1) € GW%” (HP).
Proof The GW{" (Spec(Z[%]))—module GWSVCH(H]P’I) is free on the basis 1,u — t, as recalled in
Section 1. This implies the uniqueness part of the statement. Let us write
Y'u—t)=a+bu-—r1),

with a € GW%” (Spec (Z[%])) and b € GW%”_2 (Spec (Z[%])) Consider the morphism of Z[%]—schemcs
io: Spec(Z[5]) = HP® — HP! of (1.c). Since i (u) = 7, we have

a=ija+bu—1))=ijoy"(u—1)=y"oij(u—1)=y"0)=0.
So we may set w(n) = b. |

Lemma 5.3.2 Letm,n € N. Then w(mn) = w(n) - ¥y (w(m)).

Proof Indeed by Proposition 5.1.1, we have in GW%’””(HIP’ 1
Y™ u—1) =y oy (u—1) =y " (0m) - (u—1)) =y " (@0(m)) - ¥"(u—r1)
= o(n)-y"(0(m)) - (u—1). m
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From the inductive definition of the Adams operations, we deduce an inductive formula for the classes w(n):

Lemma 5.3.3 We have w(0) =0, w(1) =1, and if n > 2,
wmn) =t0n—1)—yon—2)+ " (7).
Proof The computations of w(0) and w(1) are clear. Assume that n > 2. Then by (5.1.c) we have, in
GW2"(HPY),
V=) =" ) =" () = uy" T @) -y "2 ) = oy (@) +y " (D)
=uy" -0+ @—0)Y" @) -y U —1).
By the quaternionic projective bundle theorem [Panin and Walter 2021, Theorem 8.1] we have (z—1)% =0,
hence u(u — t) = t(u — 1), so that
Y u—1)= -1 (tom—1) + 9" (1) —yon -2)),
from which the result follows. O

We are now in position to find an explicit expression for the elements w(n). For this, recall from
Notation 1.1 that 7 = 1 —e.

Proposition 5.3.4 We have
") n(%(n—l)h—i—(—1)("_1)/2))/(”_1)/2 if n is odd,
w =
%nzry(”_z)/z if n is even.
Proof We proceed by induction on 7, the cases n = 0, 1 being clear. Let n > 2. Assume that 7 is even.

Recall that 2t = 27 by (5.2.d) and that 7(—1) = 7 by (5.2.e). Combining these observations with the
explicit formula for w(n — 1) (known by induction) yields
to(n—1)= (n—1)>ry®2/2,
hence, using the inductive hypothesis and Lemma 5.2.3,
ton—1)—yomn—=2)+y" 1(2)=@m— l)zry(”_2)/2 — %(n — 2)2[l]1y(”_2)/2 + ry(”_z)/z
= 3y "2,
which coincides with w(n) by Lemma 5.3.3, as required.
Assume that 7 is odd. Observe that 4 = (—1)*=1/2 1 (_1)(#=3)/2 54 that we have by induction
wn—2)=n—-2)(Lmn—1)h—(=1)=1/2), (1=3)/2
Therefore, using Lemmas 5.3.3 and 5.2.3 and (5.2.d) (and the inductive hypothesis),
o) =ton—1)—yomn—2)+y" (1)

=1 1272y @=3/2 _ (L —1)h— (_1>(n—1)/2)y(n—1)/2 4 2(—1)=D/2) =D/

=((n—1)2h—@m—-2)-Ln—Dh+ n—2)(=1)""D/2 L 2(—1)(1=D/2)), (1=D)/2

=n(3(n—Dh+ (—1)7D/2))(1=D/2, O
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5.4 Inverting w(n)

To define the stable Adams operations, we will be led to invert the elements (1) € GWZ" 2 (Spec(Z[1])).
Let us first observe that it is equivalent to invert somewhat simpler elements.
Definition 5.4.1 For n € N, we define an element n* € GWJ(Spec(Z[1])) by
. n if n is odd,
n =
%nh if n is even.
(Recall from Notation 1.1 that # = 1 —e € GW{(Spec(Z[1])) is the hyperbolic class.)

Lemma 5.4.2 Suppose that R = GW{'" (Spec(Z[%])). Then the R-algebras R[1/n*] and R[1/w(n)]
are isomorphic.

Proof We use the explicit formulas of Proposition 5.3.4. Assume that 7 is odd. Since n =n* divides w(n),
itis invertible in R[1/w(n)]. Conversely, writing n = 2m+ 1 we have (recall that e = —(—1), so that €2 = 1)
won)-m(1+e)+e™) =y"n(m(l—e€)+ (—€)™) - (m(1 +€) +€™)
=y"n(m(1 —e)e™ + m(l + €)(—e)™ + (=1)"™)
=y"n(me™(1—e+ (=D (1 +¢€)) + (—=1D)™)
=y"n@2m+ D) (=1)" = y"n? ()",
where the penultimate equality is seen for instance by distinguishing cases according to the parity of m.
It follows that w(n) is invertible in R[1/n*] = R[1/n].

Now assume that # is even. Then, by (5.2.d),
(5.4.2) w(n)? = (%nzr)zy”_z = %n4hy”_1 =n3n*y" 1,
so that n* is invertible in R[1/w(n)]. On the other hand, using (5.2.d), we have
n*)? = %nzh =n- %nh.
Hence 7 is invertible in R[1/n*]. Thus (5.4.a) implies that w(#n) is invertible in R[1/n*]. ad
We want now to formally invert the action of #n* on the spectrum GW.

Definition 5.4.3 We consider the ring
(5.4.b) B =Z[e]/(e* ~ 1),

and for n € N, we define an element n* € B by
N {n if n is odd,

1 . .
sn(l—e) ifniseven.
For any m,n € N, we have

(5.4.c) (mn)* =m*n* € B.
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Remark 5.4.4 The ring morphism B — GW§'"(Spec(Z[3])) given by e > € maps n* to n*. The

ring B may be identified with GW ™ (Spec Z), but we will not use this observation.

Denote by S € SH (Z[%]) the sphere spectrum. Recall that each invertible element u € (Z[%])X defines
an endomorphism (u) € Endsy(z[1])(S); see eg [Déglise and Fasel 2023, 2.2.8]. Thus we may define a
ring homomorphism

(5.4.d) B — Endsu(z[4])(S), e —(-1),

which allows us to see n* as an endomorphism of the sphere spectrum and perform the formal inversion
of n* in an efficient way, as explained in [Bachmann 2018, Section 6]. In short, we consider the diagram

n* n*
st,gr, ...

and define S[1/n*] to be its homotopy colimit in S’H(Z[%]). Further, we set

1 1
n n
This is naturally a motivic ring spectrum.

The B-algebra structure on GWE'*" (Spec(Z[1])) induced by (5.4.d) is given by e > € (the argument is
detailed in the last paragraph of the proof of [Panin and Walter 2018, Theorem 11.1.5]), and in particular
maps n* to n*. It thus follows from Lemma 5.4.2 that, for any i € N, the morphism GW[1/n*] —
E?"_l) GW/1/n*] induced by multiplication by w(n)’ € GWSI(”_I) (Spec (Z[%])) admits an inverse in
su(z[)).

S 1 1
(5.4.€) o)~ 2 I)GW[—*:|—>GW[—*].
n n

For any 7, j € Z and any smooth Z[%]-seheme X, the spectrum Eél prl Ei’,ﬂ X+ is a compact object in
SH(Z[3]) by [Jardine 2000, Section 2.2, Lemma 2.2], and it follows from [Stacks 2005—, Tag 094A]
that we have a canonical isomorphism

5.4. $X Xy, T xl I(GW[LD} = GWi(X [i}
( f) |: pLat+ g1 <p n* SH(Z[%]) ]( ) n*

When X is merely a regular Z[%]—scheme, the same property holds using the spectrum py (GW[1/n*]),

where py: X — Spec(Z[31]) is the structural morphism.

5.5 The stable Adams operations

Recall from [Panin and Walter 2018, Section 8] and [Schlichting and Tripathi 2015, Theorem 1.3] that
GW? is naturally isomorphic to the object Z x HGr in the homotopy category H(Z[%]), where HGr

denotes the infinite quaternionic Grassmannian. Thus, by [Déglise and Fasel 2023, Theorem 4.1.4],
where GW(Z) (X) is denoted by KSp,(X), the Adams operations " : GW% (X)— GW%” (X) constructed

Geometry & Topology, Volume 29 (2025)



152 Jean Fasel and Olivier Haution

in Section 5.1, where X runs over the smooth Z[%]—sohemes, are induced by a unique morphism
" :GW? - GW" in ’H(Z[%]) Using the periodicity isomorphisms (1.a), we obtain Adams operations:

(5.5.2) Y GW2 > GW2™M  for i odd.

We will need the following complement to [Déglise and Fasel 2023, Theorem 4.1.4]:

Lemma 5.5.1 Consider an Sp-oriented ring spectrum E € SH(Z[1]), and consider for a,b € Z the

pointed motivic space £ = Q]‘}’f’l Easl E?P,l YOS ”H(Z[%]) Letiy,...,i, € Z be odd integers. Then each
map GW*! A--- AGW?r — & in H(Z[1]) is determined by the induced maps

(5.5.b) GWg' (X1) %+ x G (Xp) = [(X1 %+ % Xp) 4. El(z[4])

where X1, ..., X, run over the smooth Z[%]-schemes.

Proof By [Panin and Walter 2018, Section 8], for j =1, ..., r, the pointed motivic space GW?32ii can
be expressed as a (homotopy) colimit of pointed smooth Z[%]-sohemes Yim,j ={—m,...,m} xHGry, ;

over m € N, where HGry,, ; denotes an appropriate symplectic Grassmannian. Set Yy, = Yy A+ <A Yy »
and G = GW21 A ... AGW?2r_ Then by [loc. cit., Theorem 10.1], we have an exact sequence

0~ 1im'[S" A Yon. Elu(z[3]) = 9. Eu(z[4]) — lmlYom. Ehu(z[4]) — 0.

The lim!-term vanishes by [loc. cit., Theorems 9.4, 13.2 and 13.3]; see [loc. cit., Proof of Theorem 13.1].
Thus amap G — £ in H(Z[%]) is determined by its restrictions to [Y7,, 5]?{(2[%]), for m € N, each of
which is determined by its restriction to [(Yy,,1 X+ -+ X Yy r) ., S]H(Z[%]), in view of [loc. cit., Lemma 7.6].
The latter is the image of the tuple of canonical maps

Y1 = GWH L Yoy — GWr) € GWE (Y1) X -+ - X GWE (Yy,r )

under the map (5.5.b). O

We are now in position to follow the procedure described in [Déglise and Fasel 2023, Section 4] to
construct the n'" stable Adams operation, for n € N. For any integer i € Z, consider the motivic space

1 . 1
2 1
GW ’{n—*} = Q;’?E’TGWL—*] e H(Z[5]).
The composite X GW? — =7 GW — =5 GW[1/n*]in SH (Z[%]) yields, by adjunction, a morphism

D).

D=

. (1
(5.5.0) Gw2’—>Gw2'{—*} in H(Z[
n
while the morphism in SH (Z[%])
oo 21 1 ) 2i ) 1| Sr(counit) i 1 i+1 1
ET T AGW n—* :ETET GW n—* —)ETETGW n—* :ET GW n—*
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yields a morphism

(5.5.d) T/\GWZi{nL*} — GWZ("“){L} in H(Z[3]).

n*
Using the morphism (1)~ of (5.4.¢), we define a morphism in H(Z[%]), for i odd,

) . . 1 Qoo —i . 1
(5.5.€) o GW2 L gwni 829, gwy2ni {—*} EFEOW T G2 {—*}
n n

Proposition 5.5.2 Let i € Z be odd and let n € N. Then the diagram

TA2 A GW2E Gw2@+2)

id a2 /\a)(n)zllf”l IW"

TA2Z A GwZn(i+2)—4 Gw2n(i+2)

commutes in H(Z[3]), where the horizontal arrows are induced by the bonding map o of (1.d).

Proof Let X be a smooth Z[%]—soheme, and denote by p: HP! x HP! x X — X the projection. Let
ur,us € GW5(HP! x HP! x X) be the pullbacks of u € GW3(HP!) under the two projections. Consider
the diagram

GW2(X) = GWIIHD(TA2 A Xy ) —— GWIITDHP! x HP! x X)

] | 1

GWHD4 = Gw2 D (7A2 A x ) GWI D (P! X HP! x X)

where the horizontal composites are given by x + p*(x)-(u; — t)(u, — t). Then, for x € GW%i (X) we
have, by Proposition 5.1.1 and Proposition—Definition 5.3.1,
Y (p*(x) - (U =)z — 1)) = p*(Y"(x) - Y" (ur — 1) - Y" (2 — 7)
= wm)?- p*(Y" () (U1 — ) (U2 — 1),
showing that the exterior square in the above diagram commutes. Since the lower-right horizontal arrow

is injective (eg by [Panin and Walter 2018, Lemma 7.6]), it follows that the interior left square commutes.
By Lemma 5.5.1, this implies that the diagram

2i 2 2(i+2
GW2 Q2 GW20+2)
w(n)zrlf”l lﬂ%—l/fn
2n(i+2)—4 2 2n(i+2
GW2itD=4 @2 gw2ni+2)
commutes, which implies the statement by adjunction. O
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Corollary 5.5.3 Leti € Z be odd and let n € N. Then the diagram
TA2 A GW2E Gw2@+2)

idrA2 AW l lq’ﬁz
7'/\2 /\GWzt{i} GWZ(H—Z){L}
n* n*

commutes in ’H(Z[%]) where the upper horizontal arrow is induced by the map (1.d), and the lower one
by (5.5.d).

Proof We have a commutative diagram

. . 1) idrA2 AQPY w(n)—i—2 1
2 2n(i+2)—4 2 2n(i+2)—4 T T 2 2
T2 AGWANU — 5 TA2 AGW21U {—} T /\GW’{n—*}

‘ '
oni . 1 Qs 2om)—i2 , 1
GW n(i+2) Gw2n(l+2) _ Gwz(1+2) _
n* n*
Combining this diagram with Proposition 5.5.2 yields the corollary, in view of (5.5.e). |

Proposition 5.5.4 For any r,n € N, the natural morphism
1
[GWA’ GW[ H — lim [(GWZ’)“ wz”{ }]
n* Jsu(z[L]) Podd ) In(z[3])

Proof We use (the proof of) [Panin and Walter 2018, Theorem 13.1]— which applies to .S = Spec (Z [%])
by [loc. cit., Theorems 13.2 and 13.3] —with the difference that BO = GW should be replaced by
GW][1/n*], which does not affect any of the arguments appearing in its proof, by (5.4.f). This yields the

is bijective.

natural isomorphism
1

owaw ]LH(Z[ D - fip| oW ow| }]Hw[ )

and the proposition follows using a cofinality argument. a

The transition maps in the limit appearing in Proposition 5.5.4 are given by the composite

|:(GW2(1+2))/\r W2(1+2)r{ 1 }L(Z[ 0 |:(7-/\2/\GW21)/\Y W2(1+2)r{ ! }L(Z[ 0
1

= (2222 W) 2(’+2)’GW[ H
(TT S n* Uswz13))

nl st(z[ 1)

B (GWZI)M szr{ 1 }]H(Z[ 1)

— (27_ GWZI)/\r er GW[
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where the first map is given by composition with the map 72 A GW? — GW?2U+2) induced by (5.5.d).
It thus follows from Corollary 5.5.3 that the family W7 of (5.5.e), for i odd, defines an element of the
limit appearing in Proposition 5.5.4 (with r = 1).

Definition 5.5.5 For n € N, we denote by

lI‘”:GW—>GW|: ]

1
n*
the morphism of spectra corresponding to the family W} of (5.5.e), for i odd, under the bijection of
Proposition 5.5.4 (with » = 1). We call it the stable n™ Adams operation.

Remark 5.5.6 If X is a regular Z[%]—scheme with structural morphism py: X — Spec(Z[%])), we
obtain a morphism of spectra
" s " 1 . 1] 1
V" GWy = py GW — py | GW - = (py GW) - =GWy pell |

Fori € Z, let us define |

U = QPRL (") GW — GW {n—*}
Note that, by construction, we have \IJI” = @;’ when 7 is odd. Let us mention that the stable Adams
operation has the expected relation to the unstable one, also in even degrees:

Lemma 5.5.7 When X is a smooth Z[%]-scheme, the morphism GW§' (X) — GW¢' (X)[1/n*] induced
by ‘Ifl” equals w(n)~'y" forany i € Z.

Proof This is true when 7 is odd, since W = Cﬂ? in this case. Assume that i is even. Let p: X xHP! — X
be the projection. We have a commutative diagram

GW2/(X) ———— GWH (T A X)) ————— GWZ'T2(HP! x X)

‘I’?l l‘l’?ﬂ l‘l’?ﬂ

. 17 -~ . 1 ‘ 1
GW32/(X) [n—*] —5 GWI (T A Xy) [n—*} —— GW2T2(HP! x X) [n—*]

where the horizontal composites are given by x — p*(x) - (u — 7). Now, by the odd case treated above,
we have for x € GW3/ (HP! x X),

‘If?_i_l (p*x)-u—1)) = a)(n)_i_l v (p*(x)- (u—r1)) (by the odd case)
=wm) L p*y™(x)-¥"(u—1) (by Proposition 5.1.1)
= p* (o) Y (x)) - (u—1) (by Proposition—Definition 5.3.1).
The statement then follows from the injectivity of the lower horizontal composite; see for example [Panin

and Walter 2018, Lemma 7.6]. O
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Theorem 5.5.8 For any integer n € N, the stable Adams operation " : GW — GW/[1/n*] is a morphism
of ring spectra.
Proof We first have to check that the diagram
n n 1 1
GWAGW 2%, GW[—*] A GW[—*}
n n

(5.5.0) l |

s o]

n*

in SH (Z[%]) commutes, where the vertical arrows are the multiplications. In view of Proposition 5.5.4,
we have to check that the following diagram, in which the vertical maps are induced by the multiplication
in the ring spectrum GW, commutes in H(Z[3]), for any i € Z odd:

. R ON (1 1
GW* AGWY ——— GW? {—*} AGW? {—*}
J/ n n
. wn, 1
4 2i 4
GW* GW ’{n—*}

By Lemmas 5.5.1 and 5.5.7 (taking into account [Panin and Walter 2018, Theorem 11.4]), when X, Y are
smooth Z[1]-schemes and x € GW}'(X), y € GW5' (Y), this reduces to the formula

559 pi@mTY" ) py@m Y (X)) = o) Y (p](x) - p3 (1) € GW (X X Y),
where p1: X XY — X and py: X XY — Y are the projections. But the formula (5.5.g) readily follows
from Proposition 5.1.1.

Next, we need to prove the commutativity of the diagram

S —— GW

x l\pn
1
GW p
in SH (Z[%]) By adjunction, this reduces to the fact that
(1) =1 € GW)(Spec Z[1]).
a consequence of Lemma 5.5.7 and of the fact that " (1) = 1. |
Proposition 5.5.9 For any integers m,n € N, the composite
n 1 m * 1 1 1
WL gw|— | U gw| — || = | = GW
n* m* |[ n* (mn)*

in SH (Z[%]) is equal to W™". (Here W™[1/n*] denotes the image of the morphism W™ under the
localization functor, and the last equality follows from (5.4.c).)
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Proof For every i € Z, applying the functor Q¥4 SH(Z[3]) = H(Z[3]) to the morphism
U1 /n*]: GW[1/n*] - GW[1/(mn)*] yields a morphism

KA R
Wiy — i GWH  — & - GW § ——— 1.
n* n* (mn)

In view of Proposition 5.5.4, it will suffice to show that, for i € N odd, the composite
g (1) O . 1
GW? - GW? | — 1 - GW> ] ——
n* (mn)
equals \i;”” in H(Z[%]) By Lemmas 5.5.1 and 5.5.7, it will then suffice to show that, for each odd
i € N and each smooth Z[%]-seheme X, the composite

. —i 0 . 1 —i . m .
GW2i (x) L0V, GW%’(X)[n—*} ) VT ng’(X)[

(mn)*]

equals w(mn)~" - ™" But this follows from Proposition 5.1.1 and Lemma 5.3.2. |

6 Ternary laws for Hermitian K -theory

Recall from [Déglise and Fasel 2023, Section 2.3] that ternary laws are the analogues for Sp-oriented
cohomology theories (or spectra) of formal group laws for oriented cohomology theories. For an Sp-
1

oriented theory A over Spec (Z[E]), with Borel classes denoted by blf‘l, those are power series

F; € A%*(Spec(Z[1]))[v1. va, v3] for i =1,2,3,4,

characterized by the fact that, for any triple of rank-two symplectic bundles E{, E,, E3, the Borel classes
of their tensor product (which is again a symplectic bundle) are given by

b (E\ ® E2 ® E3) = Fi(b{{(E1), b{L(E2), b{l(E;)) for i =1,2,3,4.

At present, there are few computations of such laws, including MW-motivic cohomology and motivic
cohomology, which are examples of the so-called additive ternary laws; see [Déglise and Fasel 2023,
Definition 3.3.3]. In this section, we compute the ternary laws of Hermitian K-theory (and thus also of
K-theory as a corollary), which are not additive.

Our first task is to express the Borel classes in Hermitian K-theory in terms of the A-operations. We
will denote by o;(X1,..., X4) € Z[X1,..., X4] the elementary symmetric polynomials. Recall that
y € GWé (Spec Z[%]) denotes the periodicity element; see (1.a).

Lemma 6.1 Let X beaZ [%] -scheme and leteq, ..., e4 € GW% (X) be the classes of rank-two symplectic
bundles over X. Then
0’1(61,...,84) ifiZI,
i oz(ey,...,eq) +4 ifi =2,
eyt + eq) = 2(eq 4) +4y i
os(eq,....es) +301(eq,....eq)y ifi =3,

04(6’1,...,84)+202(61,...,€4))/+6]/2 ifi =4.
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Proof In view of (4.2.a), it suffices to expand the product

(1 +te; +yt)(A +tey +yt®) (1 +tes + y12)(1 +teg + y12). O

Lemma 6.2 In the ring Z[x1, X5, X3, X4, V], we have the equalities

o1 —4y ifi =1,
( ) oy —3y0; + 62 ifi =2,
0i(X1— Y, ..., Xq4—y) = o
By a7y 03 — 20,y + 301y% —4y? ifi =3,
os—03y+oayt—o1yd +y* ifi =4,
where 0; = 0i(x1,...,x4) forany i € {1,...,4}.
Proof Direct computation. a

Proposition 6.3 Let X be a Z[%]—scbeme. Let E be a symplectic bundle of rank 8 on X, and let
ee€ GW(Z) (X) be its class. Then we have

e—4t ifi =1,
A2(e) —3te +4(2—3¢)y ifi =2,
A3(e) —2tA2%(e) + 3(1 —2¢)ye — 8ty ifi =3,
Ae)—1A3(e) —2eyr?(e) —tye +2y?% ifi =4.

bi™(E) =

Proof Using the symplectic splitting principle [Panin and Walter 2021, Section 10], we may assume that
E splits as an orthogonal sum of rank-two symplectic bundles, whose classes in GW% (X) we denote by
e1,...,eq. The Borel classes blGW(E ) are then given by the elementary symmetric polynomials in the
elements ey — 1, ..., e4 — T, which can be computed using Lemma 6.2. For i = 1, the result is immediate.
For i = 2, we have

o2(e1—1,....e4—1) =0a(eq,...,e4) = 3101 (eq, ..., e4) + 67>
and o3 (eq,...,e4) = A%(e) —4y by Lemma 6.1. As 12 = 2(1 —¢€)y, we find
o2(e1—1,...,e4—1) =A%(e) —4y —3te + 12(1 —€)y,
proving the case i = 2. We now pass to the case i = 3. Using Lemma 6.2, we find
b?W(E) =o3(eq,...,eq) —2t05(eq, ..., e4) + 372 —47°
=A3(e) =3ye—2t(A%(e) —4y) + 6(1 —€)ye — 16Ty
= A3(e) +3(1 —2€)ye — 2112 (e) — 81y.
In the case i = 4, we have

bfW(E) =o4(eq,....es) —103(eq1, ..., e4) +1202(e1, ..., e4) — T3+ 1%
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Using Lemma 6.1, we obtain
oaler,....eq) =A4e) —=20a(eq, ... e5)y —6y% = A4 (e) —2A%(e)y + 292,
to3(eq,....es) = t(A3(e) —3ye) = A3 (e) — 3rye,
205(eq,....e5) =2(1—€)yoa(er,....e5) =2(1 —€)yr2(e) —8(1 —€)y?

Since t3e = 4rye and 14 = 8(1 — €)y2, we conclude summing up the previous expressions. a

Our next task is to obtain an explicit formula for the A-operations on products of three classes of rank-two
symplectic bundles, providing a different proof of [Ananyevskiy 2017, Lemma 8.2]. It will be useful to
have a basis for the symmetric polynomials in three variables w1, u#5, u3. Following [Déglise and Fasel
2023, Section 2.3.3], we set, for i, j,k € N,
(6.) o(uu uk) = Z u“ubug,

(a,b,c)

ab

2 3mtheorbltofu u’l

where the sum runs over the monomials © u under the action of the permutation

2
of the variables w1, u,, us.

Lemma 6.4 Let X be a Z[%]—scheme, and let uq,us,us3 € GW(Z) (X) be the classes of rank-two sym-
plectic bundles on X . Then

Ujuaus ifi =1,
2,2 2y,,2 3 s
. -2 4 fi=2
Wuyauy) = { TR 200D 4y =2
o(uyuuz)y” —Sujususy ifi =3,
0(u4)y +u2 2 2 y3 40(u2)y +6y° ifi =4.
Proof In view of (A.d) and (4.2.a), this follows from Lemma C.3.2. O

Finally, we are in position to compute the ternary laws of Hermitian K-theory. The computation is
obtained by combining Proposition 6.3 and Lemma 6.4 (applied to y ~lu usu3).

Proposition 6.5 Let E;, E,, E5 be symplectic bundles of rank 2 on a Z[%]—scheme X. Letuq,uy,u;
be their respective classes in GW% (X). Then the Borel class biGW(E 1 E,® E3) € GW%i (X) equals

u1u2u3)/_1—4r ifi =1,
o(u%ué)y_l —20(u%) —3tugususy t +12(1 —€)y ifi =2,
a(u3u2u3)y_1 —2(1 4+ 3€)ujurus — 2ry_lo(u%u§) + 4‘[0’(1/1%) — 16ty ifi =3,
0(u4) + uzugugy 401 —e)yo*(u%) —2eo(ufu§ — ro(u?u2u3)y_1 +4tu uyu;

+8(1—e)y? ifi =4.

Here we have used the notation of (6.a). As a consequence of this proposition, we obtain the explicit
expression of the ternary laws Fy, F», F3, F4 associated to Hermitian K-theory.
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Theorem 6.6 The ternary laws F; = F;(v1, v, v3) of Hermitian K -theory, over the base Spec(Z[3]).
are
Fi=2(1—€)o(v) + ¢ o (v1v2) + ¥~ vgvp0s,
F, =2(1 —26)0’(1)%) +2(1 —€)a(vivy) + 2ty_lo(va2) =3ty lvvavy + y_la(v%vg),
F;=2(1 —e)cr(vf) —-2(1 —e)a(v%vz) 4+ 8(2—3¢)vivvz + r)/_la(vaz) — 21)/_10(1)%1)%)

+ 31)/_10(1}%1)21)3) + y_la(vazvg),
Fy= a(vf) —-2(1 —e)a(vaz) +2(1— 26)0(1)%1)%) +2(1 —e)a(va2v3) — ry_la(vf’vzv3)

+ 2‘[)/_10(U%U§U3) + y_la(vagvi).
Proof We use the notation of the previous proposition. We will also write b; = biGW(E 1® Ey,® E3)
fori =1,2,3,4, and v; = bSV(E;) = uj — 7 for j =1,2,3. For by, we find

Uiz = v1Vv3 + 10 (V1V2) + ‘L’ZG(UI) + 73,

and the result follows quite easily from 2 = 2(1 —¢€)y and > = 4ry. For i = 2, we first compute
a(ufug) = a(va%) + Zra(vaz) +4(1 —e)ya(vf) +8(1 —€)yo(vivy) + 16Ty0(vy) 4+ 24(1 —€)y2.

Next,
—20(u%) = —20(v1)? —4t0(vy) — 12(1 — €)y.

As by = a(u%ug)y_l — 2o(u%) —3tujususzy~' 4+ 12(1 —€), we finally obtain the result for b,.
We next treat the case i = 3, for which we have
by = a(ufu2u3)y_1 4+ (=2 —=6€)ujuruz — 2ry_la(u%u§) + 4ra(u%) —167y.
Now,
o(u?u2u3) = U(va2v3) + to(vaz) +2(1 —e)ya(vf) + 3to(v12v2v3) +6(1 —e)yo(vlzvz)
+ 12r)/o(vf) + 18(1 — €)yv1v2v3 4 287y 0 (v1v2) +40(1 —€)y 20 (v1) + 487y 2,
and we deduce that
bz =2(1— e)a(vf) —-2(1 —e)a(vaz) + 8(2 —3€)vivv; + t)/_la(vaz) —2‘()/_10’(1)%1)%)
+ 3ry_la(v12v2v3) + )/_la(vazvg).
We conclude with the case i = 4. The Borel class reads
by = a(u?) + y_lo(u%ugug) — 20(u%u§ — ry_lo(u%uzu;;) +druurus + 2(1 —e)a(u%u%
—4(1 —e)yo*(u%) +8(1 —e))/z.
First, we note that
a(u‘f) = a(v;‘) + 4ra(vf) +12(1 - e)ya(vf) + 161y0(v1) + 24(1 —€)y 2,

Geometry & Topology, Volume 29 (2025)



The stable Adams operations on Hermitian K-theory 161

u%u% = (r(va%vg) + 210(1}%1}%1}3) +2(1 —e)ya(v%v%) + 8(1 —e)ya(vfu2v3) + SIyG(vaz)

4+ 32tyvivvs 4+ 8(1 — e)yza(vf) +32(1 —€)y?o(v1v2) + 32120 (v1) + 32(1 —€)y 3.
Using the above, we finally find
by = G(vf) -2 —e)a(vi’vz) +2(1 —26)0’(0%1)%) +2(1— e)a(v%v2v3) — ry_la(va2v3)

+ Zry_la(va§v3) + )/_la(vagvg). a

Remark 6.7 The ternary laws of the spectrum W representing (Balmer) Witt groups have been computed
by Ananyevskiy [2017, Lemma 8.2]. In view of the morphism of ring spectra GW — W, we may recover
this result by setting 1 —e = 0 and 7 = 0 in the above expression.

The above theorem yields an expression of the ternary laws of K-theory (those can of course be computed
more directly). As above, we want to write the Borel classes of threefold products of symplectic bundles
in terms of the first Borel classes of the bundles, and we may use the forgetful functor from Hermitian
K-theory to ordinary K-theory. Regarding periodicity, the forgetful functor maps t to 282 and y to B4,
where f§ is the Bott element (of bidegree (2, 1)).

Theorem 6.8 The ternary laws F; = F;(vy, vy, v3, v4) of K-theory are
Fi =40 (v1)+2B 20 (viv2)+ B *v1va03,
F, = 60(vf)+40(v1v2)+4ﬂ_20(va2)—6,3_2v1v2v3 +,8_40(va§ ,
F3 = 40(v13)—40(v%v2)+40v1v2v3 +2,3_20(v?v2)—4ﬂ_20(va§)+6,3_20(v%v2v3)
+B 7 o (vivav3),

F,= o(v‘l‘)—4o(va2)+60(v%v§)+40(va2v3)—2,3_20(vfv2v3)+4,B_20(va§v3)+,3_4va§1)§.

Appendix A A-rings

Here we recall a construction from [Berthelot 1971a, Section 2.3]; a more accessible exposition can be
found in [Atiyah and Tall 1969, Section 1], where the terminology “A-ring/special A-ring” is used instead
of “pre-A-ring/A-ring”. Let R be a commutative ring. One defines a ring A (R), whose underlying set is
1 4+t R[¢]. The addition in A(R) is given by multiplication of power series, while multiplication in A(R)
is given by the formula

(antn)(zgnln) = Z Po(fi..oo fn 81 gn)t",
neN neN

neN
where P, are certain universal polynomials defined in (C.1.a) below. In this ring the neutral element for
the addition is the constant power series 1, and the multiplicative identity is the power series 1 + ¢.
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A structure of pre-A-ring on R is a morphism of abelian groups

(A.a) h=Af:R—>A(R). re> Y ("

neN
When R and S are pre-A-rings, a ring morphism f: R — S is called a morphism of pre-A-rings if it
commutes with the operations A", ie if the diagram

AR) 29 A(s)

xzﬁ Pf
f

R——S

commutes. When R is a ring, a pre-A-ring structure on A(R) is defined by setting, for j € N \ {0},

V(X ") = 3 Qs i

neN ieN
where Q; ; are certain universal polynomials defined in (C.2.a). Then R — A(R) defines a functor from
the category of rings to that of pre-A-rings.

A pre-A-ring R is called a A-ring if A; is a morphism of pre-A-rings. This amounts to the following
relations, for all n, i, j € N\ {0}:

(A.b) A(xy) = Pa(M (%), .. A" (x), A (p), ..., A"(p)) for x,y € R,
(A.c) M (2) = Qi (A (z), ..., AU (2)) for z € R.

Note that if E is a subset of R such that (A.b) and (A.c) are satisfied for all x, y, z € E, then (A.b) and
(A.c) are satisfied for all x, y, z lying in the subgroup generated by E in R.

Note also that if R is a A-ring, and x, y, z € R, it follows from Lemma C.3.1 that
(A.d) A(xyz) = RyAL(X), .. A" (X)), AL (0), . AR (), AN 2), L A (2)),

where Rj is a polynomial defined in Section C.3.

Lemma A.1 Let R be a commutative ring and x € R. Then in A(R) we have

MA+4+xt)=14xt and M (1+xt)=0fori> 1.

Proof This amounts to verifying that Q;;(x,0,...) = x wheni = j =1, and that Q;;(x,0,...) =0
when i > 1 or j > 1, which follows at once from (C.2.a) under Uy — x and Us — 0 for s > 0.

Lemma A.2 Let R be a commutative ring and x € R. Let f; € R fori € N be such that fo = 1. Then

(Z f,,z") A(L4x0) =Y fux"t" € A(R).

neN neN
Moreover, if x € R, then 1 + xt is invertible in A(R), and (1 + xt)! =1+ x't forall i € Z.
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Proof The first formula amounts to verifying that P,( fi,..., f4,X,0,...) = f,x", which follows from
(C.1.a) (and (C.0.2)) under V7 — x and V; — 0 for j > 1. O

Lemma A.3 Let R be a A-ring, and consider the ring of Laurent polynomials R[x*!] with coefficients

in R. Then there exists a unique structure of A-ring on R[x*'] such that R — R[x*!] is a morphism of

pre-A-rings and A;(x) = 1 + xt. In addition,

A(rx') = A"(r)x™ forany r € R,i € Z,n € N.

Proof Let S = R[x*!]. By Lemma A.2, the element 1 + x¢ € A(S) is invertible and there exists then
a unique pre-A-ring structure A;: S — A(S) such that A;(x) = 1 + xt and R — S is a morphism of
pre-A-rings. Consider the diagram

AQY)
A(S) A(A(S))

\ (AR)

A
A(R) — A(A(R))

)“IS )“IRT T}L;\(R) )\‘;\(S)
R

A(R)
/ s

S A(S)

Using the fact that A(R) and A(S) are A-rings [Atiyah and Tall 1969, Theorem 1.4], we see that all maps
are ring morphisms. The interior middle square is commutative because R is a A-ring, and the right one
because A(R) — A(S) is a morphism of pre-A-rings. Commutativity of each of the other three interior
squares follows from the fact that R — S is a morphism of pre-A-rings. We conclude that the exterior
square is a diagram of R-algebras. To verify its commutativity it thus suffices to observe its effect on
x € S, which is done using Lemma A.1. We have proved that S is A-ring. The last statement follows
from Lemma A.2. O

Appendix B Graded rings

Let S = So @ S1 be a commutative Z/2-graded ring. There is a general procedure to construct a
commutative Z-graded ring out of S, which we now explain. We may consider the ring of Laurent
polynomials S[x*!] as a graded ring by setting |x| = 1 and |s| = 0 for any s € S. We consider the
Z-graded subgroup Scs [x*!1] defined by

S’,— = 5 mod 2) x! forielZ.
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It is straightforward to check that S is in fact a Z-graded subring of S[x*!], and that the canonical
homomorphism of abelian groups S — S defined by u — ux’ foru € S; and i = 0, 1 has the property
that the composite with the projection

S—>8 5 8/(x2=1)
is an isomorphism of Z /2-graded rings.

Suppose next that G is an abelian group, and that S is a G-graded ring having the structure of a A-ring.
We will say that S is a G-graded A-ring if A’(r) € Sig forany i e N,any g € G and any r € Sg. Asa
corollary of Lemma A.3, we obtain the following result.

Lemma B.1 Let S be a commutative 7 /2-graded A-ring. Then, the structure of a A-ring on S[x*1]
defined in Lemma A.3 induces a \-ring structure on S which turns it into a Z-graded A-ring. If r € S; for
some i € 7, there exists a unique s € S(; mod 2) Such that r = sx*, and we have

M) = A (s)x™ € Spi.

Appendix C Some polynomial identities

When Uy, ..., Uy, is a series of variables, we denote by 0,,(U) € Z[Uy, . . ., Uy, the elementary symmetric
functions, defined by the formula, valid in Z[Uy, ..., Uy]t],
(C.0.2) [ G+ =) t"0u(U).

1<i<m neN

C.1 The polynomials P,

By the theory of symmetric polynomials, there are polynomials P, € Z[X1,..., X, Y1,..., Yy] such
that
(C.1.2) [[ a+Uvp) =" 1"Pu(o1(U).....0nU).01(V).....00(V))

1<i,j<m neN

holds in Z[Uy, ..., U, Vi, ..., Vi][t] for every m.

Let R be a commutative ring. For every x € R, let us define elements £;(x) € R for each integer i > 1
by the formula

x ifi=1,
(C.1.b) Lilx) =431 ifi =2,
0 ifi>2.
For elements ay,...,a, € R*, we consider the polynomial
(C.1.c) Taya, =[]  (+1a]'---df) e R[L.

£1,...,6r€{1,—1}
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These polynomials can be expressed inductively as

(C.1.d) Tay,...,ar (t) = Tlay,..., a,n_l(tar)'nal ..... a,-_l(lapjl)~

Note that for any a € R,
wa(t) =1+ (a+a Y +12,

and for any a,b € RX, settingx =a+a ' and y=b+ b1,

— 2(,2 2 _ 3 4
1. ; .
(C.l.e) Tap()=1+1txy+1°(x"+y"=2)+1t7xy +1

Lemma C.1.1 Let R be a commutative ring and x, y € R. Then

1 if n € {0, 4},
Xy if n € {1, 3},
P,(L R4 A Lol =
n(£1(x) n(x), €1(y) n(»)) x2+y2_2 ifn=2.
0 if n > 4.

Proof Consider the ring S = R[a,a~!,b,b7']/(x —a—a~',y —b —b~"1). Then S contains R. We
have o;(a,a™') = £;(x) and 0; (b, b~1) = £;(y) for all i, so that, by (C.1.a) and (C.1.c),

Tap(@) =Y Puly(x), ... . Ln(x). L1(). ... La(Y)I".
n
Thus the statement follows from (C.1.e). O

Lemma C.1.2 Let R be a commutative ring and n € N \ {0}. Then for every ry,...,r, € R, the element
Pn(rl,...,rn,zl(B),...,En(B))—Bnrn (S R[B]

is a polynomial in B of degree <n — 1.

Proof We may assume that R = Z[ X1, ..., X] and that r; = X; foralli = 1,...,n. By algebraic inde-
pendence of the elementary symmetric polynomials, the ring R is then a subring of R' = Z[Uy, ..., Uy],
via X; — 0;(U). Thering S = R'[B, A, A~']/(B— A — A~!) then contains R'[B], and thus also R[B].
Since 0;(A, A~') = £;(B) for all i, we have in S[¢] that

> Pi(01(U).....on(U). £1(B).... . La(B) = [[(1 +1U; A)(1 +1U; A7),

and thus, in R'[B][t],

n n
Y P01 (U).....on(U).£1(B).....ta(B)' = [ [(1 +1Ui B+ 2UP).
i=1 i=1
Expanding the last product and looking at the ¢"-coefficients of both sides of the equation, we see that
P,(o1(U),...,on(U),L1(B),...,Ly(B)) has leading term B"c,(U) as a polynomial in B, in view of
(C.0.a). O
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C.2 The polynomials Q; ;

By the theory of symmetric polynomials, there are polynomials Q; ; € Z[Xy,..., X;j] withi, j € N
such that
(C2.) [l (+UsUyt)=) 10ij01(U).....05(U))

1S <-<aj<m ieN

holds in Z[Uy, . .., Uy][t] for every m. For instance, we have Q ; = Xj forany j € N\ {0}.

Lemma C.2.1 Let R be a commutative ring and x € R. Then
Li(x) if j=1landi #0,
Qi,jl1(x),....Lij(x) =11 ifi=1andj=2,orifi =0,
0 otherwise.

Proof LetS = R[a,a”']/(x —a—a~"). Then S contains R. Setting w; = a, w, =a~ ! and wy =0
in S for k > 2, we have o3 (w) = £ (x) for all k. Thus for all j € N,
l+tx+12 ifj=1,
S0 b)) BT T (A way e we )= {141 if j =2,

ieN 1<q|<-<a;<m 1 otherwise. O
C.3 The polynomials R,

By the theory of symmetric polynomials, there are polynomials
RyeZXy,....,Xn.Y1,....Y0n. Zy,..., Zy]
such that

[[ +tUiviw) = 1"Ru(01(U).....00(U).01(V).....0n(V).01(W).....00n(W))

1<i,j,k<m neN

holds in Z[Uy, ..., Umn, Vi, ..., Vin, Wi, ..., Wy][t] for every m.

Lemma C.3.1 Forn <m, we have, in Z[X1,....Xm. Y1.....Ym,. Z1,...,. Z ],
Rn:Pn(Xl,...,Xn,PI(YI,ZI),...,Pn(Yl,...,Yn,Zl,...,Zn)).

Proof Observe that, in Z[U1, ..., Uy, Vi...., Vi,

[T a+wivp=[][]a+wwivy) =" 1‘[( 3 a,,(V)U,."z”).

1<i,j<m i=1j=1 i=1 “neN
Since the elements Y, = o, (V) for r = 1,...,m are algebraically independent, in view of (C.1.a) it
follows that we have, in Z[Uy, ..., Uy, Y1,..., Yu]t], and writing Y = 0 for s > m,
m
(C.3.a) > Pu(01(U).....on(U). Y1.... . Yp)t" = ]_[( > YnU,."z").
neN i=1 “neN
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Now in Z[V1, ..., Vi, Wi, ..., Wy, set for any n € N,
pn=Pu(o1(V),....om(V),00(W),....,om(W)),

so that, in Z[Uy, ..., Un, Vi, ..., Vi, Wi, ..., Wz,

m
C.1. C.3.
[T «a+wvwy = ]_[( 3 p,,U,.”z”) 2V Puo1(U).....on(U). pr..... pa)".

1<i,j,k<m i=1 “neN neN
Since the elements X, =0, (U), Y, =0,(V), Z, =0,(W) forr =1,..., m are algebraically independent,
this yields the statement. O

Lemma C.3.2 Let R be a commutative ring and x, y,z € R. Then

Ru(€1(x), ... €n(x), £1(3), - €n (), £1(2), . . .. £n(2)

1 if n € {0, 8},

xXyz ifne{l,7},
XXy 2+ yP %) 44 if ne{2,6},
) x3yz+xpdzFxpzd —5xyz it n € {3,5},

x4yt 2t 4 x2y222 AP+ Y2420 +6 ifn=4,

0 it n> 8.

Proof Consider the ring S = R[a,a',b,b7 ", ¢c,c7/(x—a—a ', y—b—b"1',z—c—c71). Then
S contains R. We have o;(a,a ') = £;(x),0;(b,b™ 1) = £;(y),0i(c,c™') = £;(z) for all i. Writing
= Ru(€1(x),....£n(x),£1(»),.... Ln(¥),€1(2),...,€,(2)), we have by definition of R, and (C.1.c),

Tap,c(t) = Z rpt™ € S[t].

neN

Since 74 p (1) = 7q p(tC) - na,b(tc_l) by (C.1.d), it follows from (C.1.e) that 7, 5 .(f) equals
(A +txye+12(x2+ 2 =22 +3xyp3 + 14 eH U +ixye L+ 122 (2 + y2 =2 2+ B3xpe P 144,

To conclude, we compute the coefficients r,, by expanding the above product. We have ro =rg =1 and
ry = 0 for n > 8§, as well as
r=r7= X_y(C + C_l) =Xxyz.

Using the fact that ¢2 + ¢72 = z2 — 2, we have
ra=rg=24+12=2)(*+c ) +x2y? =x2p? + x222 4 p22 —2(x2 + yr + 22) +- 4.
Now ¢3 4 ¢73 =23 — 3z, hence
rn=rs=xp(+cH+ P+ =xplc+ec H=xPyz+xpdz +xyzd —Sxyz
Finally c¢* +¢=* =z — 422 4 2, hence
ra=ct et x0T+ (241222 = x4 x 222 —A(x P+ y 42 46, O
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