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Let C be a curve of genus g. A fundamental problem in the theory of algebraic curves is to understand
maps C — P" of specified degree d. When C is general, the moduli space of such maps is well understood
by the main theorems of Brill-Noether theory. Despite much study over the past three decades, a similarly
complete picture has proved elusive for curves of fixed gonality. Here we complete such a picture, by
proving analogs of all of the main theorems of Brill-Noether theory in this setting. As a corollary, we
prove a conjecture of Eisenbud and Schreyer regarding versal deformation spaces of vector bundles on P!
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1 Introduction

The notion of a (complex) algebraic curve without reference to an embedding in projective space was
developed in the 19th century. Ever since, a fundamental problem in algebraic geometry — whose study
goes back at least to [Riemann 1851]— has been:

Question Given an algebraic curve C, what is the geometry of the space of maps C — P” of given
degree d?
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194 Eric Larson, Hannah Larson and Isabel Vogt

The data of such a map is equivalent to a line bundle &£ on C of degree d, equipped with an (r+1)-
dimensional basepoint-free space of sections V C H%(C,¥). A central object of study is therefore the
Brill-Noether locus W} (C) defined by

W; (C) := {line bundles £ on C with e, $=r+13c Pic? (C).
When C is a general curve of genus g, the fundamental results of Brill-Noether theory from the 1970s
and 1980s give a good description of the geometry of W (C). Namely, W7 (C) is
(1) of the expected dimension p = g — (r + 1)(g +r — d) and nonempty if and only if p > 0 [Griffiths
and Harris 1980];
(2) normal and Cohen—Macaulay, and is smooth away from W; *T1(C) [Gieseker 1982];
(3) of class

r

ol
Wr(C)] = .pUr+D(g—d+r)
[Wa (C)] al:[o(g—d+r+oe)!

(independently by [Kempf 1971; Kleiman and Laksov 1972]);

(4) irreducible if p > O [Fulton and Lazarsfeld 1981];

(5) reducible if p = 0, by (3), except if (d,r) = (0,0) or (d,r) = (2g — 2, g — 1); nonetheless,
when p > 0, the universal ‘W, has a unique irreducible component dominating the moduli space of
curves [Eisenbud and Harris 1987].

The local results (1) and (2) are substantially simpler; in fact, there are even short proofs of them that
do not use degeneration [Lazarsfeld 1986]. While the original proofs assume that the base field has
characteristic zero, parts (1)—(4) have subsequently been established in positive characteristic [Osserman
2014; 2019; Castorena et al. 2018; Jensen and Payne 2014]. By contrast, the only known proof of the
most subtle global result, part (5), uses degeneration and is valid only in characteristic zero. Part (5) in
positive characteristic will be a consequence of our main theorem (see Remark 1).

However, in nature, curves C are often encountered already equipped with a map C — "0, It is thus
natural to ask how the presence of a given map C — P"° — which may force C to not be general —
affects the moduli spaces of other maps C — IP”. The simplest case of this problem is when ro = 1, ie
when C is general among curves of fixed gonality k. Unsurprisingly, therefore, the following question
has received much attention from the 1990s to the present day:

Question 1.1 Given a general degree k genus g cover f: C — P!, what is the geometry of W;(C)?

For k = 2,3, classical results answer this question (in fact for every curve of genus g): the case of
hyperelliptic curves is a famous result of [Clifford 1878]; the case of trigonal curves was answered
by [Maroni 1946] (for further interpretations see also [Martens and Schreyer 1986; Larson 2021a]).
Partial progress has been made when k = 4 [Coppens and Martens 2000], and when k = 5 [Park 2002].
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Global Brill-Noether theory over the Hurwitz space 195

Upper bounds on the dimension of W (C) were given for odd k by [Martens 1996] and for arbitrary k
by [Ballico and Keem 1996]. Moreover, for arbitrary k, the dimension of all components of Wd1 ()
were determined by Coppens, Keem and Martens [Coppens et al. 1994]. Later, Coppens and Martens
[1999] showed that W7 (C) has a component of the expected dimension p when d —g <r <k —2, and
then [2002] that W (C) has components of the “wrong dimension” p(g,a —1,d) — (r —a + 1)k for o
dividing r or r 4 1. Pflueger [2017] proved that a maximum over formulas of this type provides an upper
bound

(1 dimW;(C) < px(g.r.d) = max p(g,r—4{,d)—Lk,

Lef0,...,r"}
where ' := min{r, g —d + r — 1}. The value where the above maximum is attained need not satisfy the
divisibility conditions of Coppens and Martens. Nevertheless, Jensen and Ranganathan [2021] proved
that equality holds in (1), determining the dimension of the largest component.

Subsequently, H Larson [2021b] and Cook-Powell and Jensen [2022a, Conjecture 1.2] independently
conjectured that these multiple components of varying dimensions are explained by splitting loci. Indeed,
if £:C — P! is a k-gonal curve, the condition 2°(C, £) > r + 1 is equivalent to h°(P!, fif) > r + 1.
The Brill-Noether locus W} (C) therefore splits into a union of Brill-Noether splitting loci WE(C )
corresponding to the possible splitting types ¢ of the pushforward. Namely, if € = (eq,...,e) is a
splitting type, then write O(€) := Opi(e1) @ --- D Op1(ex), and define

WE(C ) = {line bundles &£ on C with f,& ~ 0(¢€) or a specialization thereof} C Pic? (C).

In this language,
wio)y= | wio.
ho(0(€)=>r+1
It thus natural to ask whether the splitting type is the only discrete invariant, or more specifically whether
the Brill-Noether splitting loci wé (C) satisfy analogs of (1)—(5). So far, there has been substantial
progress towards the simpler local aspects: An analog of (1) is known, and there has been progress
towards analogs of (2) and (3). Namely, it is known that WE(C ) is

(1) of the expected dimension p’ := g —u(é), where u(é) := h'(End(0(¢))) = Des <e; € —€i— 1,
and nonempty if and only if p’ > 0 (independently by Larson [2021b] and Cook-Powell and Jensen
[2022a; 2022b]);

(2.) smooth away from the union of W¢ (C) for & a specialization of & [Larson 2021b];

(3%) of class

_ N(@@ _
e = 0@

for some unknown integer N(¢) depending on ¢ but not on g [Larson 2021b].
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With the exception of (3,,) above — which follows from a structure theorem on the Chow ring of the moduli
stack of vector bundles on P! obtained in [Larson 2021c]— the principal tool in the study of WE(C )
thus far has been degeneration: given an element of WE(C ) on a general smooth k-gonal curve, one can
study the limiting behavior as the curve C is specialized. The central difficulty with this approach has
been the lack of a “regeneration theorem”: Given the sort of object that looks like it might be a limit,
we had no way of showing that it was indeed a limit. Thus, “local” information about the loci WE(C )
(smoothness, dimension, etc) was accessible via degeneration, but the more subtle “global” information
(irreducibility, class, etc) remained inaccessible.

The central innovation of the present paper is to establish such a regeneration theorem, thus enabling
a degenerative study of global information about W¢(C). As a consequence, we obtain the following
results, which provide the first complete answer to Question 1.1:

Theorem 1.2 Suppose that the characteristic of the ground field is zero or greater thank. Let f: C — P!
be a general degree k cover of genus g, and let ¢ be any splitting type.

2" WE(C ) is normal and Cohen—Macaulay, and is smooth away from the union of the splitting loci
Weé' (C)c WE(C) having codimension 2 or more.

(3') The integers N(¢€) can be described in terms of a well-studied problem in the theory of Coxeter
groups (see Theorem 1.4 below for a more precise statement).

4"y WE(C) is irreducible when p’ > 0.

(5’) When p’ > 0, the universal We has a unique component dominating the Hurwitz space ¥ o of
degree k genus g covers of P1.

See Remark 1 for more details on the characteristic assumptions.

In particular, this theorem establishes that the splitting type is the only discrete invariant in the Brill-
Noether theory of k-gonal curves and resolves [Cook-Powell and Jensen 2022a, Conjecture 1.2; 2022b,
Conjecture 1.6].

Theorem 1.2(2") also implies a conjecture of Eisenbud and Schreyer regarding the equations of splitting loci
on versal deformation spaces. Suppose &’ < ¢; let % on P! x Def(0(¢’)) be the versal deformation of O (é’).
The subscheme ¥; C Def(0(¢’)), defined by the Fitting support for rk R F(m) > h' (P!, 0(¢)(m)),
is clearly supported on the splitting locus for splitting type ¢ or worse. Eisenbud and Schreyer [2008,
Conjecture 5.1] conjecture that X3 is reduced.

Corollary 1.3 The splitting locus X is normal and Cohen—Macaulay (and hence reduced).

Proof Let f:C — P! be a general cover of genus g > u(é’) and let L € WE/(C). By [Larson 2021b],
the induced map from Pic? (C) near L to Def( f« L) = Def(0(¢’)) is smooth. Thus, the fact that WE(C )
(whose scheme structure shall be defined by the appropriate Fitting supports) is normal and Cohen—
Macaulay implies X is normal and Cohen—Macaulay. |
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1.1 Further explanation of (3’)

Let W be a Coxeter group with generating set S, and let w € W be an element. Define
R(w) := number of reduced words for (W, S) equal to w.

Determination of the integers R(w) is a well-studied problem in combinatorics, starting with Stanley’s
computation [1984] of R(w) for Coxeter groups of type A (ie the symmetric groups), and his proposal
for a systematic study of R(w) for other Coxeter groups. This problem has since been solved completely
for other finite Coxeter groups — including of type B by [Haiman 1992], and of type D by [Billey and
Haiman 1995] — and partial progress has been made for some infinite Coxeter groups [Eriksson 1996;
Fan 1998; Fan and Stembridge 1997; Stembridge 1996; 1997; 1998].

Of particular relevance to us are the Coxeter systems of type A, known as affine symmetric groups.
Explicitly, these are groups generated by elements s; with j € Z/kZ, subject to relations

s7=1, sjpsjr=sjrs; if j—j' # £1, and  (sj5541)° = L.

Alternatively, elements of the affine symmetric group can be realized as permutations f : Z — Z such that

k k
fx+k)=fx)+k and Y f(x)=> x=3k(k+1);
x=1

x=1

here s; corresponds to the simple transposition defined by

x+1 ifx=j modk,
f(x)=3x—1 ifx=j+1modk,
X otherwise.

For the affine symmetric group, Eriksson [1996] gave recursive formulas for R(w) and showed that, for
fixed k, the generating function for R(w) is rational.

We relate the components of the Brill-Noether splitting locus on the central fiber to reduced words in
the affine symmetric group. As a consequence of our regeneration theorem, the count of points (when
© = 0) on the general fiber is equal to the count on the central fiber. Therefore we obtain:

Theorem 1.4 Given a splitting type €, define w(€) to be the affine symmetric group element that sends
(forl1 <€ <k)
Ui X (O@)(~epr1-0) —#{ s ep = i} + 4 0 =k +1—Cand ey = epp1_g).

Then
N(é) = R(w(é)).
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In particular, the integers N(¢) grow rapidly, and may be easily computed in any desired case using
Eriksson’s recursions mentioned above. For example, N(2, 7, 18, 18,28, 28) is the integer

25867977167969459670048709047628541850991022718608668059259099938720 ~ 2.6- 1067,

One can also check that the description of N(€) in Theorem 1.4 agrees with the conjectural value of N(€)
proposed by Cook-Powell and Jensen [2022b, Conjecture 1.6], and hence proves this conjecture.

1.2 Overview of techniques

The degeneration we will use is to a chain of elliptic curves, as described in Section 2. In Section 3, we
identify the sorts of objects that look like they might be a limit of line bundles in WE(C ); we call these
é-positive limit line bundles.

This locus of e-positive limit line bundles has an intricate combinatorial structure: In Section 4, we show
that its components are in bijection with certain fillings of a certain Young diagram I"(¢). In Section 5,
we relate these fillings to the reduced word problem for the affine symmetric group. As a preview, for
example, the splitting type ¢ = (-2, 0, 0, 2) corresponds to the Young diagram

hO(Op1(€))
2 jhl(o:—vl(é)) e
1 ccomesponds ) ). |22
El [Pom@cn) 33
5 49
=

When g = u(¢) = 7, there are six é-positive limit line bundles on the central fiber, corresponding to six
fillings, one of which is shown below:

3[4]6]7]

corresponds >
7 o W(€) = 54535152515354

S[ele]e]=

We then prove our regeneration theorem, which is the heart of the paper since it provides the bridge
between the combinatorics of the central fiber and the geometry of the general fiber. Because the
components of W have the “wrong” dimension, naively applying the techniques used by Eisenbud and
Harris [1986] to prove their regeneration theorem necessarily produces too many equations. Our key
insight is that the combinatorial structure coming from the affine symmetric group forces the limit linear
series associated to a general é-positive limit line bundle to “break up” into minimally interacting pieces
that can be regenerated almost independently. This allows us to avoid overcounting equations, and prove
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a regeneration theorem in Section 6. However, this “breaking up” happens a priori only set-theoretically.
We then upgrade this to a scheme-theoretic regeneration theorem in Section 7 by showing that the locus
of e-positive limit line bundles on the central fiber is reduced.

Having established the regeneration theorem, we then deduce the fundamental global geometric properties
of Brill-Noether splitting loci in Sections 8§-10.

Remark 1 (on our ground field) Since the conclusion of Theorem 1.2 is geometric, we suppose for the
remainder of the paper that our ground field K is algebraically closed.

The assumption that the characteristic of K is zero or greater than k is used only to guarantee the
irreducibility of ¥y , (as proved by Fulton [1969]), and hence to be able to state Theorem 1.2 in terms of
a “general” degree k cover. However, in any characteristic, the conclusions of Theorem 1.2(2")—(4") hold
for some component of ¥ .. In particular, Corollary 1.3 requires no hypotheses on the characteristic.

Moreover, in any characteristic not dividing k, the conclusion of Theorem 1.2(5") holds for some component
of ¥y . In particular, taking k large relative to g and not divisible by the characteristic, Theorem 1.2(5")
implies part (5) of the classical Brill-Noether theorem in positive characteristic.

The paper is organized so that characteristic assumptions are made as late as possible. All of Sections 2-9
make no assumptions on the characteristic of the ground field. Section 10 assumes that the ground field
has characteristic not dividing k.

Remark 2 (on Hurwitz spaces) Our arguments show the a priori stronger statement that there exists a
smooth degree k cover f: C — P with two points of total ramification satisfying (2')—(4"). Moreover,
in (5"), the Hurwitz space can be replaced with a component of the stack ¥y , , parametrizing degree k
genus g covers of P! with two marked points of total ramification (see Definition 10.2).
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2 Our degeneration

We will prove Theorem 1.2 via degeneration to a chain X = E' Uyt E 2 Up2 -++Upg—1 E€ of g elliptic

0 1 2 \\_><\//

D gt P gz P £3 Eg—lpg_ E® P

curves:

Let f': E' — P! be degree k maps. Pasting these maps together, we get a map f: X — P, where P
denotes a chain of g rational curves, attached at points ¢’ = f(p'):

|

0 1 P W

q Pl q Pl q Pl Ip)l qg_ Pl q

Ifall the ' are totally ramified at p'~' and p', then the theory of admissible covers implies that f is a
limit of smooth k-gonal curves. (The theory of admissible covers was developed by Harris and Mumford
[1982] in characteristic zero; see also [Liu 2003, Section 5] for a characteristic-independent proof of this
fact.) In other words, there is a map f: X — P between families of curves of genus g and 0, respectively,
over the base B = Spec K[[t]] such that the general fiber of f is a smooth k-gonal curve and the special
fiber of f is f. Moreover, we may suppose that the total space ¥ is smooth, that % — B is the base change
of a family ¢ — Bp with smooth total space via a map f: B — By, and that § is totally ramified along
sections p° and p& of € — B whose special fibers are p® and p#, respectively.

Amap f: E' — P! of degree k and totally ramified at p' ~! and p’ exists if and only if p! — p'~! € Pic E!
is k-torsion. To keep things as generic as possible, we therefore suppose for the remainder of the paper
that p’ — p'~1 has order exactly k in Pic E*.

Remark 3 (on “general” degree k covers) By a general degree k cover, we mean one in a component
of 3 ¢ containing the above deformation of X. When the characteristic of the ground field is zero or
greater than k, ¥y ¢ is irreducible [Fulton 1969], so such a component is the entire Hurwitz space.

3 Limits of line bundles

In this section, let f: € — P — B be a family of degree k genus g covers, over a smooth irreducible
base B, which is smooth over the generic point B*, and has smooth total space 6. (Prior to Section 10,
the only case of interest will be when B is the spectrum of a DVR.) We suppose that all fibers (including
over nonclosed points) of 6 — B are chain curves, ie of the form C'! Upt U+ Upn—1 C", with all C i
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smooth. (The integer n will depend on which fiber we consider.) Equivalently, all geometric fibers of
€ — B are chain curves, and these chain curves can be oriented (ie the two ends can be distinguished)
in a way which is consistent over B. This second condition holds, in particular, if ‘¢ — B has a section
whose value at any geometric point C'! Upt U-+-U,u—1 C" is supported in C L {p!'} (which allows us
to consistently pick which end of the chain is “left” and “right”).

Similarly, we suppose that all fibers of ? — B are chain curves with all components P ~ P! and that
the map §: € — P respects this structure. Finally, we suppose that, for each fiber the maps f': C! — P!

1

are totally ramified at the nodes p'~! and p’ (note that this condition is vacuous if C is smooth).

Note that such covers include our degeneration ¥ — % — B from the previous section as the special case
where B is the spectrum of a DVR and all C? have genus 1. Similarly, this includes Py = %o — By as
the special case where all C’ have genus 0.

In this section, we address the following two fundamental questions:

(1) Suppose £* is a line bundle of degree d on the generic fiber €* = 6 xp B*. What data do we
obtain on a special fiber over b € B?

(2) If §+&* has splitting type €, what conditions must this data on a special fiber satisfy?

These questions are local on B. Shrinking B if necessary, we may suppose that every component of the
singular locus A of f meets the fiber over b € B. In other words, writing

C Z(GXBbZCIUpl U--Upn—1 c",
every component of A contains some p'.

We now turn to Question (1) above. Since € is smooth, we may extend £* to a line bundle ¥ on 6.
However, this extension is only unique up to twisting by divisors on % that do not meet the generic fiber,
ie which do not dominate B. We now describe a basis for such divisors.

Since € — B is a family of chain curves, each component of A contains at most one p’. Because ¢ — B
is a family of nodal curves, f: A — B is unramified. Moreover, because the versal deformation space of a
node is Spec K [[x, y,t]]/(xy —t) — Spec K[[¢], and the total space % is smooth, the image under § of
any component of A is a smooth divisor in B. Consequently, A is smooth of codimension 2 in ‘6. Thus,
each p’ is contained in a unique component A‘.

Putting this together, there are exactly n — 1 components of A, one containing each node of C. Label
these components A, A% .. A"l g0 that A’ contains pi.

Consider any component S of f(A), and let {i1,i2,...,i,(s)} denote the set of i such that f(A) = 8.
(As we range through all components of f(A), these sets form a partition of {1, 2, ...,n}.) Then, because
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% — B is a family of chain curves, f~1(S) =S, US,U---U Sm(s)+1 has exactly m(S) + 1 components,
meeting pairwise along the A% :

Sm(S)-H

Alm(s)
Sm(s) >

DI

S b

As shown in the above diagram, these components are indexed so that
Clu...uch if j =1,
SiNC=qCmFtly...uC™ if j =m(S)+1, and S;NS; =
Cli—1Tly...uC% otherwise.

A if j =41,
g ifj > 1
For 1 < j <m(S), we define

¥ =8, +8,4---4S;, whichsatisfies T/ NC=C'4+C2+..-+C¥,

By construction, every divisor on % supported on f~1(S) is a unique linear combination of the %%/
and §~1(S). Repeating this construction for every component S of f(A), we will have defined divisors
T forall1<i<n-—1.

Example 3.1 When B is the spectrum of a DVR and b is the special fiber, ' = C! +C2+---+ C'.

Now suppose that D is any irreducible divisor such that f(D) is a divisor on B not contained in f(A).
Then the generic fiber of € over (D) is irreducible, so D is a multiple of f~! (§(D)). Putting this together,
we learn that any divisor on 6 that does not dominate B can be written uniquely as a linear combination
of the X/ and the pullback of a divisor on B.
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Note that twisting by the pullback of a divisor on B does not change ¥|¢, and that twisting by the %
changes the &|., as follows:
Llei(=p) ifj =i,

) LE) s =1 Llei(p) i j=i+1,
flcJ otherwise.
In particular, for any degree distribution d= (d',d?,...,d") withd = >d ! there is an extension & P

of £* to % such that &£ (;lc has degree d (ie has degree d’ on C'), which is unique up to twisting by
the pullback of a divisor on B. Moreover, any one extension & p determines all other extensions (up to
pullbacks of divisors on B) via the above relation.

Restricting to the fiber C over b, we conclude that for each such degree distribution d , there is a unique
limit L i £ d |c of degree 6? . Moreover, any one limit L J determines all other limits via repeatedly
applying the relation

Lt a2,..anlci ()  if j =i,
@ L@ a,..di+1aiti-1,.anlcr =\ L@t ar,..anlei (=p) if j=i+1,

L a2, as)lci otherwise.

The following definition thus encapsulates the data we obtain on any fiber:

Definition 3.2 Let
Pic? C := |_| Pic? C/N,
d:yYdi=d

where ~ denotes the equivalence relation generated by (3). We call elements L of Pic? C limit line
bundles of degree d, and write L J for the corresponding line bundle on C of degree d.

If D=C'uCi*tluU...UC/ c C is any connected curve, we write L for the “restriction of L to D
as a limit line bundle of degree d”. More formally, for any degree distribution (d?,d'*!,...,d’) on D
withd! +d't1 ...+ d/ =d, we have

................

For ease of notation when C = X (respectively C = P) is our chain of g elliptic (respectively rational)
curves, we set L! = LE" (respectively L = LT"). These are limit line bundles on smooth curves, which
are just ordinary line bundles.

In other words, if we fix a degree distribution d with 3" d! = d, then we have a natural isomorphism
Pic? C ~ Pic? C; but Pic? C exists without fixing a degree distribution (although its elements do not
then yet correspond naturally to line bundles on C). Note that Pic? C is a torsor for Pic® C ~ I1 Pic® C?,
and that there are natural tensor product maps Pic?! C x Pic?2 C — Pic?1t42 C.
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Example 3.3 Consider the family appearing in Section 2. When £* = O (m) := §*0g= (m), we obtain
limit line bundles O¢ (m). These can be described in terms of the geometry of the central fiber alone: for
instance, if we fix the degree distribution (mk, 0, ..., 0), we have

Oci(m) := (fH)*Opi(m) ifi=1,

OCc(m =
c( )(mk,O,...,O)lCl Oci otherwise.

By slight abuse of notation, we write Og(m)’ := E*@gpo (m)’, where ,8~: %P — Py is the base change of
B: B — By appearing in Section 2.

This then provides an answer to the first question posed at the beginning of the section: To a line bundle
£* on €* on the generic fiber, we can associate a limit line bundle L of degree d on C.

We now turn to the second question: Suppose that f«£* has splitting type e. What can we say about the
associated limit line bundle L? First of all,

X(L) = x(£*) = x(P',0p1(2)),

and so
(@Y) d=g—1+)((IP’1,@P1(5)).

Moreover, since £* has splitting type ¢,

k
5) ho(@*, £*(m)) = h°(P!, 0p1 (€)(m)) = Z max(0,e; +m + 1) for any m.
{=1

By semicontinuity, the limit line bundle L therefore satisfies

k n
©6) h(C, L(m)(—i) > Z max (0, ey +m + 1) for any degree distribution d with Z d' =d +mk.
(=1 i=1

The following definition thus encapsulates the conditions our data on the central fiber must satisfy:
Definition 3.4 We say that a limit line bundle L € Pic? (C) is é-positive if it satisfies (4) and (6).

This then provides an answer to the second question posed at the beginning of the section: if f+<£* has
splitting type ¢, then the associated limit line bundle L must be é-positive.

In fact, there is a proper scheme WE((@) over B whose fibers over every point parametrize e-positive line
bundles on the corresponding fiber of ‘6 — B. This scheme will be an intersection of determinantal loci
(over all degree distributions). To construct this scheme, work locally on the base near b € B as above,
and write 7 : Pic? (¢/B) xp € — Pic? (¢/B) for the projection map. For any degree distribution d on
C ;=% xp b of d + mk, we obtain a universal bundle £(m) ;- For each m and d , there is a natural
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scheme structure on
{L e Pic? (¢/B) : F°(r™ (L), L(m)) = h°(P", 0(&)(m))}

= {L € Pic? (6/B) : tk(R'm%(m) 7)|1. = h' (P!, 0()(m))},
defined by the Fitting support for where rk R 7, % (m) iz h'(P!,0(é)(m)), as we now recall. The Fitting

supports of a coherent sheaf are defined by the appropriately sized determinantal loci of a resolution by
vector bundles and are independent of the resolution (see for example [Eisenbud 1995, Section 20.2]).

An often-used resolution of R! 7, (m) ; 1s constructed as follows. Let D 5 C € be a sufficiently relatively

ample divisor (relative to d ), so that 7« [£(m) (}(D 3)] and m«[£(m) J(D j)| D(;] are vector bundles on
Pic? (¢/B). Pushing forward the exact sequence

0 — %£(m) ; — £(m);(D ) - £(m) (D 3)|p; — 0
by m, we see that the restriction map
7 [(m) 5(D )] = 72[£(m) (D 7))

provides a resolution of R, (m) ;- Using the scheme structure defined by the appropriate minors, we
define .
We(®6) := ﬂ{L € Pic? (¢/B) k(R L(m) 5)| = h' (P, 0(@)(m))}.
m,d
Since hf (P',0(&)(m)) =0 for m large, only finitely many terms in the intersection are proper subschemes
of Pic? (¢/B).

4 Classification of €-positive limit line bundles

Returning to notation of Section 2, in this section we classify e-positive line bundles on the central fiber X.
The following description in terms of k-staircase tableaux is an observation due to Cook-Powell and
Jensen [2022b] in the tropical setting. Here, we provide a self-contained proof in the classical setting.

For any 0 <i < g and any degree distribution d , write
XS =E'UE?U---UE" and d=' =d'+d*+---+d".
Definition 4.1 For a limit line bundle L, and 1 <i < g —1, and n > 1, define
al (L) = min{a : HO(X =1, L;lx=i) > n for any degree distribution d with d=! = ).
We extend this to i = g via
at(L)= min{a : for some m and € with d + mk = a+¢ and € > 0, we have
no(x, L(m)g,,,) = n+e for any degree distribution d(m) with d(m)=8 =d +mk},

and toi = 0 via
ag(L) =n-—1.
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For 1 <i < g —1, unwinding the definition of ai there exists a degree distribution d with d=i =
a — 1 satisfying h®(X =, L - | x<i) <n— 1. Furthermore, since vanlshlng at a single p01nt imposes at
most one condition on global sections, there exists a degree distribution d with = = = a}, witnessing
hO(X=t, L; |y<i) = n such that not every section of L; |x<i vanishes at p'.

Proposition 4.2 We have a’, > a! _,.

Proof The case i = 0 is clear by definition.

When 1 <i < g~ 1, let d be a degree distribution with d =/ = aﬁl_l witnessing A (X =, L; ly<i)=n—1.

This implies aj, > at as desired.

n—1°

Finally, when i = g, we claim that, for any m and € with d + mk = an | + €, there is some degree
distribution d(m) with d(m)=& = d + mk such that h°(X, L(m)d( )) < (n—1)+ €. Indeed, if not, then
ho(X, L(m) - iom ) > (n—1) 4+ (e + 1) for every such degree distribution, which would contradict the
definition of a | because d +mk = (an 1 — 1) + (e + 1). This implies ab >a®

n—1» as desired. O

Proposition 4.3 We have a!, > a!!. If equality holds, then L' ~ O (a; ' p'™' + (d —al V) p').

Remark 4 Our proof will show that if equality holds when i = 1 (respectively i = g) then a =0
(respectively a5 = = d mod k). Thus the formula given for L’ is independent of choice of p° and p&.

Proof We separately consider the following cases:

i =1 For any degree distribution c?, the line bundle L2|E1 ~ LY (—(d —d')p')is of degree d! on a
genus 1 curve and hence by Riemann—Roch has a max (0, d !)-dimensional space of global sections unless
d!' =0and L'(—dp') ~ Of1. Hence, there is no degree distribution d such that d! < al—1=n-2

and h°(E', L i =|g1) > n. Furthermore, there is no such degree distribution with d! = a9 =n — 1 and
hO(Lg|E1) > n unless a?l =0and L! =0g1(dp') =0 (agpO +(d —ag)pl).

2<i=<g-—1 Let c? be a degree distribution such that dsi-1 = ai,_l —1 and
ROX=7Y Ll <io1) <n.
We may further assume that d/ = 0. Then
hO(X=', Lily=i) = hO(X =1, Ljlx<i-1)+ h(E", Lilgi (—=p'~") <n.
Therefore a’, > al 1.
Furthermore, there exists a degree distribution d with dsi—1 = afl_l and d' = 0 witnessing

ROX="Y Lalg<i-)=n and hO(X='"1 Lly<imi(—=p' ™)) =n—1.
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Thus
WO(X=', Lsly<i) =h(E', L3|gi)+n—1.
If af, = af,‘l, then, to ensure this degree distribution has enough sections, hO(E i L J| gi) > 0. Since
L3|Ei has degree zero, this implies L2|Ei ~ Ofi. Applying (3),
Lilgi ~ L' (—ay ' p'™ = (d —ayHph),
so this implies the desired condition.
i =g Let d be a degree distribution such that d=8~! = g8 ! _1and
hO(X=871 Lly<e1) <n.
Let m and € > 0 be any integers such that d + mk = aﬁ_l — 1+ €. Define
d(m):=(d",d?, ...,d*"" d& + mk).
Then d& + mk = €. Thus
RO(X. L(m) ,) < hO(XZETL L(m) 5, Ix=e-1) +hO(ES L(m) 3, |E<(=p* 1) <n +e.
Therefore a5 > a,‘%_l.
Furthermore, there exists a degree distribution d with d=8=1 = as -1 witnessing
hO(X=871 Lily<e-1)=n and AO(XZ871 Ls|y<em1(—p8~ 1) =n—1.
Let m and € > 0 be any integers such that d + mk = af ! 4 ¢. Define d (m) as above; as before,
d8 + mk = €. We have
ho (X, L(M) ) = hO(EE, L(m)g,nE2) +n—1.
If af = af ™", then for some such choice of m and €, we must have h°(E¢, L(m)j,|E2) > €. Since
deg L(m)i(m)|Eg = d& + mk = €, this implies € = 0 and L(m)g(m)|Eg ~ Ogz. Applying (3),
L(m) | B2 = LE () (—af "' p& ™) = LE ((mk —af 1) p# 1) = LE (=af ™' p ™1 = (d —af ™) p¥),
so this is exactly the desired condition. a

We now repackage this information as follows:

Definition 4.4 For n > 1, write _
fa)=i+n—1—a,,

and define
h(n) := hz(n) = max{h! (P, 0(¢)(m)) : m satisfies h°(P1, 0(¢)(m)) > n}
k k
= max{ > max(0,—eg —m — 1) : m satisfies Y max(0,eg +m + 1) > n}.
=1 =1

Note that s(n) is nonincreasing and is zero for n large.
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Proposition 4.5 If L is e-positive, then f,(g) > h(n).

Proof Suppose that m satisfies 1°(P1, 0(¢)(m)) > n; let € = h°(P, 0(¢)(m)) —n > 0. By (6),
HOX, L0M) ) 2 WP 0@) () =1 + €
for any degree distribution d (m) with d(m)=8 = d + mk. Therefore, by Definition 4.1,

af <d +mk —e=d+mk—h"(P',0E)(m))+n.
Thus,
fa(®) = g+n—1-[d +mk—h°(P',0@)(m)) +n]=h'(P' 0E)(m)).

Therefore f,,(g) > h(n). |

The inequality of Proposition 4.5 forces equality to hold in Proposition 4.3 for many values of i and n. To
keep track of when equality holds, we use a combinatorial object that we will term a k-staircase tableau.

Definition 4.6 A Young diagram is a finite collection of boxes arranged in left-justified rows such that
the number of boxes in each row is nonincreasing. We index the boxes by their row and column (7, ¢),
beginning with (1, 1), and we define the diagonal index of a box to be ¢ —r.

The boundary of a Young diagram is the sequence of line segments formed by the right-most edges of the
last box in every row and the bottom-most edge of the last box in every column. For convenience, we
extend this to infinity below and to the right of the diagram. We index the boundary segments by the
diagonal index of the box above (if the segment is horizontal), or to the right (if the segment is vertical):

Cc

14
r
14
-2
Vel /'/boundary

ENAN

Because A(n) is nonincreasing and zero for n large, the data of the function A (n) (which is defined for
positive integers 1) is thus the same as the data of a Young diagram, where we put /(1) boxes in the n™

column.

Definition 4.7 For a splitting type €, we write I'(€) for the Young diagram determined by A;(n) in the
above manner. We call a Young diagram of the form I'(¢) for some ¢ a k-staircase.
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For example, here is I'(€) for ¢ = (—4, 2,0, 0):

h(n)=0forn>8
h(5) =h(6)=h(7) =1
h(3)=h(4)=2

h(l) = h(2) = 4

For each é-positive line bundle L, we will use the functions fy (i) to build a filling 7 of I'(¢). Namely,
fn(0) =0 and f,(g) = h(n), and, by Proposition 4.3, f,(i) < f.(i — 1) + 1. Therefore, f, assumes
every value between 0 and /(n) inclusive. Our filling 7' of I'(€) is obtained by placing min{i : f. (i) =r}
in the ' row of the ¢ column.

Proposition 4.8 If i is in the r™ row of the ¢ column of T, then
L :@Ei((c—r+i —Dp' M d—(c—r+i —1))pi).

In particular, if i appears in multiple boxes of T, then all such boxes have the same value of ¢ — r modulo
k. Moreover, this filling is increasing along rows and columns.

Proof Given r and ¢, suppose i is the first time for which f.(i) = r. Because this is a new maximum,

-1

we must have f.(i — 1) = r — 1, which implies a’~! = a’. = ¢ —r +i — 1. By Proposition 4.3,

L' =0gi @ p '+ d—aip)y=0gi((c—r+i—Dp 4 (d—(c—r+i-1)p'),

1

as desired. In particular, if i appears in multiple boxes of T, then since p'~! — p' is exactly k-torsion

in Pic® E I all such boxes have the same value of ¢ — r modulo k.

We now show that the filling is increasing along rows and columns. Since f.(i) < f.(i — 1)+ 1,
the function f, must attain the value r before it attains r 4+ 1. This shows the filling is increasing
down column ¢. Meanwhile, by Proposition 4.2, aé_l < ai and so fe—1(i) > fc(i). Tt follows that
min{i : fe—1({) =r} <min{i : f,(i) = r} (the larger function must attain r at an earlier or the same time).
However, if equality holds, the first part of this proposition says that ¢ —r = (¢ — 1) —r mod k, which is
impossible. Thus, min{i : f,—1 (i) = r} <min{i : f.(i) = r}, which shows the filling is increasing along

row r. O

Definition 4.9 A filling T of a Young diagram is called k-regular if it is increasing along rows and
columns, and all boxes containing the same symbol i have the same value of ¢ —r modulo k. We write
T[ileZ/kZ U{x} ={1,2,...,k,*} for this common value of ¢ —r modulo k if i appears in T; if i
does not appear in T then we set T'[i] = *. We call a k-regularly filled k-staircase a k-staircase tableau.

For the remainder of the paper, all fillings of any Young diagram will be assumed to be k-regular.
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Definition 4.10 Given a tableau 7, we define a corresponding reduced subscheme of Pic? (X) by
WT(X):={LePic! (X): L' ~Ogi (T[i] +i = D)p' ' +(d — (T[i] +i — 1) p') if T[i] # *}.
Similarly, given a diagram I", we define

wrxy= | wlhw.
T filling of "

In this language, Proposition 4.8 states that WE(X Jred C WF(E)(X ). In fact, we will see later that
weé(x)=wre ).

5 Combinatorics

In the previous section, we classified limit é-positive line bundles in terms of k-staircase tableaux. Such
tableaux are special cases of a more general class of tableaux known as k-core tableaux, which are well
studied due to their relationship with the affine symmetric group (see [Lapointe and Morse 2005; Lascoux
2001], or for an overview see [Lam et al. 2014, Section 1.2]). To make the paper self-contained, we recall
the basic facts about this relationship here (without proof) in the next two subsections, and use them
to deduce the structure results for k-staircase tableaux that are needed for the proof of the regeneration
theorem. This explicit description of WT (X) will also be used directly in the proofs of all of our main
theorems.

5.1 k-cores and the affine symmetric group

Recall that the affine symmetric group S, & is the group of permutations f:7Z — Z such that

k k
fx+k)=fx)+k and Y fx)=) x=%k(k+1).

x=1 x=1

Such permutations automatically satisfy

(M f(x) # f(y) (modk) for x # y (mod k).

The affine symmetric group is generated by transpositions s; (for j € Z/kZ) satisfying

x+1 ifx=j modk,
six)=3x—1 ifx=j+1 modk,
X otherwise,
with relations

s]2 =1, sjsjr=sjrs; if j—j # £1, and (Sij+1)3 =1.

For ease of notation, we include the identity e = s4 as a generator (so generators are indexed by
Z]kZ U {x}).
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Figure 1: Left: a 4-staircase is 4-core. Center: another 4-core that is not a 4-staircase. Right: a
diagram that is not a 4-core.

Each line segment making up the boundary of a Young diagram is either vertical or horizontal. The
following key definition generalizes the notion of a k-staircase:

Definition 5.1 A sequence {y;} of vertical and horizontal line segments is called k-convex if y; is
vertical only when y;_ is also vertical. A Young diagram is called a k-core if its boundary is k-convex.
A (k-regular) filling of a k-core will be called a k-core tableau.

In the literature, k-cores are also frequently defined in terms of their hook lengths, which are the number
of boxes to the right or bottom of a given box (including the given box). Namely, a Young diagram is a
k-core if and only if no hook lengths are divisible by k, or equivalently if and only if no hook lengths are
equal to k. See Figure 1.

A sequence {y;} is k-convex if each residue class of segments is composed of an infinite sequence of
vertical segments followed by an infinite sequence of horizontal segments. Thus, to specify a k-core,
it suffices to give a collection {f1, ..., #x} of integers (distinct mod k), representing the first horizontal
segment in each residue class. Such data is a priori determined up to addition of an overall constant
(ie {tj} — {t; + &}); the indexing of boundary segments in Definition 4.6 corresponds to the unique
normalization such that

k k
Y= "j=%k(k+1).
ji=1 j=1

Therefore, k-cores are in bijection with elements of S, %/ Sk — by sending {z; } to the coset of permutations
sending {1,2,...,k} to {t1,t2, ..., }. There is a distinguished coset representative f satisfying (1) <

f@) << flk).

Definition 5.2 If I is a k-core and x € Z, we define I' (x) to be the value of this distinguished permutation
applied to x; if T is a k-core tableau of shape I', we define 7'(x) = I'(x).
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Figure 2: A 3-core diagram I" (left) and the action of §3 on it (right).

In the definition of a k-convex sequence {y; }, we could equivalently have considered pairs of adjacent
line segments (y;, ¥;+1). Then the mod k residue class of pairs of boundary segments

{’()/J’ J/j+1)’(yj+k’ J/j-l-k-l-l)v"'}

is composed of a sequence of (vertical, vertical) segments, followed by a (possibly empty) sequence
of either (vertical, horizontal) or (horizontal, vertical) corners, followed by a sequence of (horizontal,
horizontal) segments. In other words, the mod k residue classes of pair of boundary segments in a k-core
always progress along one of the following trajectories:

removable
]
\ /'
[
addable

The configuration of a vertical and then horizontal segment is called an addable corner, and the configu-
ration of a horizontal and then vertical segment is called a removable corner.

This gives a natural (left) action of the affine symmetric group S,  on the set of k-cores. Namely, s; - I is
the k-core obtained from I' by adding a box in all addable corners whose diagonal index has residue
class j (if such addable corners exist), or removing a box from all removable corners whose diagonal
index has residue class j (if such removable corners exist), or doing nothing (if no such addable or
removable corners exist). See, for example, Figure 2.
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Figure 3: The two efficient fillings of this 3-staircase diagram.

One easily checks that this respects the relations for the affine symmetric group, and that, under this
action,
{k-core diagrams} <> Sy / Sk

is an S, k-equivariant bijection of sets.

5.2 k-core tableaux and the word problem

Given a k-core T, let w € Sk be the representative of the corresponding coset with w(1) < w(2) <
ce<w(k). Ifw=sj,5j,_, ---s; is a word for w in Sk, then we obtain a filling of I': Indeed, we build
I" from the empty k-core by consecutively applying the s;, ; this determines a k-core tableau of shape I’
where any box added in the i™ step contains the symbol i.

See an example in Figure 3. Lapointe and Morse [2005] showed that this completely describes efficiently
filled k-core tableaux. Namely:

(1) Any efficient filling (ie with the fewest possible symbols) arises in this way from a unique reduced
word for w (ie a word with the fewest possible nonidentity generators). Conversely, any reduced
word gives an efficient filling (and if the word is reduced then no boxes are ever removed). See
[Lapointe and Morse 2005, Section 8].

(2) The minimal number of symbols needed to fill I', which we will denote u(T"), is exactly the number

of boxes in I' whose hook length is less than k. See [Lapointe and Morse 2005, Lemma 31].

(3) Efficient fillings can be constructed inductively: Suppose I' has a removable corner whose diagonal
index has residue class j, so that s; - I is strictly contained in I". Then u(s; -I') = u(I') — 1. See
[Lapointe and Morse 2005, Proposition 22]. In particular:

(a) An efficient filling of I" whose largest symbol appears in a box with diagonal index of residue j
restricts to an efficient filling of s; - I".

(b) An efficient filling of s; - I' can be completed to an efficient filling of I' whose largest symbol
appears in a box with diagonal index of residue j.
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5.3 Reduction to efficient tableaux

One consequence of this final property (b) is that we need only consider efficient tableaux for our geometric
problem.

Proposition 5.3 Let T be a k-core tableau of shape I". Then there is an efficiently filled k-core tableau
T’ of shape T with WT (X) € WT/(X). In particular,
wl(x) = g wT(X).
T an efficient filling of I"

Proof We argue by induction on u(I"); the base case u(I") = 0 is tautological. For the inductive step, let
t be the largest symbol appearing in 7, and j = T'[t] (see Definition 4.9). Let 75 be the restriction of T
to s; - I'. By our inductive hypothesis, there is an efficient filling 7 of s; - I' with wTo(X)c wTe (X).
If T’ is the completion of T/ to a filling of I" using the additional symbol 7, then W7 (X) C wT'(X), as
desired. |

5.4 Truncations

The following will be a convenient way of packaging the data of an efficient filling as necessary for our
regeneration theorem:

Definition 5.4 Let T be an efficiently filled k-core tableau, corresponding to a reduced word s, -+ 5,5}, .
Define T=! to be the tableau formed by the boxes of T" with symbols up to 7, ie corresponding to the
reduced word s, - -+ 5,5, .

In particular, for each ¢ and £, we obtain an integer, which we refer to as the £™ truncation at time ¢,
T=H) = (s), * -+ 5,55, (D).

We now summarize several properties of the 7=’ ({). First of all, by construction,

(®) T=%) =¢.

Moreover, by (7),

) T='(€1) £ T='(¢3) (mod k) for £1 % ¢, (mod k).

If 5;, is the identity (equivalently if 7[t] = %), then T='(£) = T='"1(¢) for all £. Otherwise, s;, is a
simple transposition, and there are exactly two values of £ € {1,2,...,k}, say £_ and {4, for which
T='({) changes:

T==1() if £ # Ly,

Tl +£1 ifb=44.

In this case, we say that ¢ is increasing for £ and decreasing for £_. Combining (9) and (10),

(11) TS ) —TS () =T ) —T=""1t,) =1 (mod k).

(10) T='(t) =
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Figure 4 illustrates the behavior of the 7=’ ({) at fixed time 7, and the relation between times 7 — 1 and 7.
As can be seen, we have the relation

(12) T[t]=T="({—) (mod k).

As can be seen in Figure 4, right, T='~1({_) is an edge of the leftmost addable corner whose diagonal
index has residue class T'[¢], while T='~1(£.) lies to the right of the rightmost addable corner whose
diagonal index has residue class 7'[¢]. Thus,

13) Tl <17 —(k—1) <T71y) and TI'(D) <T'(0y)—(k+1) < T (Ly).
Proposition 5.5 If {1 > {5, then
(14)

[Tst(ﬁl) - T5’(£2)J
k

is a nondecreasing function of t. In particular, the truncations are “sorted”, ie

T<'(0y) > T=' (L) if {1 > L.

Proof We will prove this by induction on ¢. From (9) and (10), we have

< _ < <t—10p \_ p<t—1 1 if (b, €)= (€4, L),
LT ") -T t(fz)leT ) T (52)J+ =1 if (€1, €2) = (b—. L),

k k )
0 otherwise.

It thus remains to see that £_ < . But this follows from (13), given our inductive hypothesis that the
truncations are sorted. d

5.5 k-staircases

Let ¢ be a splitting type; write d; > dp > -++ > d for the distinct parts of €, and my,m», ..., mg for
the corresponding multiplicities. (Note that ey <ep <--- < ey but d; > dp > --- > ds!) The integers

Geometry & Topology, Volume 29 (2025)



216 Eric Larson, Hannah Larson and Isabel Vogt

1 <{ <k are then naturally in bijection with pairs (j,n) with 1 < j <s and 1 <n <m; (via lexicographic
order). We will use this implicit bijection to write expressions such as T=8(j, n) := T=8({).

Proposition 5.6 Every k-staircase is a k-core, and u(I'(€)) = u(é).

Proof Write n(m) := #{{ : ¢y > —m}. The k-staircase I'(¢) has the form

hO(0(€)(m + 1))

RO (0(8)(m))

h>k h<k k—n(m+2)
n(m+1)
h<k k—n(m+1)

' (0(€)(m))

n(m)

h'(0@)(m —1))

h<k |k—n(m)

/m)

Since n(m) is a nondecreasing function of m, the boxes in the shaded regions have hook length / < k,
and the remaining boxes have & > k. In particular, no box has & = k, so I'(€) is a k-core. Counting up

the number of boxes with & < k, we obtain

u(C@) =Y n(m)-(k—n(m+1))

Y Y Y

m e¢ =—m e52<—(m+1)
= Z#{m:egz—i-l <-m=<ey}
£1,4>

- Z (P, Opi(eg, —eq,))

L1,6
=pl (IP’ 1 End(Op1 (5)))

=u(e). O

Remark 5 The fact that u(I"(¢)) = u(€) already establishes that, for C — P! a general degree k genus g
cover, dim W¢(C) < dim W@ (X) = g —u(@).

Proposition 5.7 T=8(j,n) = x(0(e)(=d;)) — (m1 +---+m;) +n.
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Proof We use the lengths labeled in the diagram

h(0@)(=d;))

h'(0@E)(=d;))

h©(@€)(—d; — 1))
my+---+mj

to calculate the diagonal index of the first horizontal segment in every residue class along the boundary

of I'(é):
T=8({) = (horizontal position) — (vertical position)

=h°(P',0@)(—d; — 1)) +n—h' (P!, 0@)(—d)))
= x(0()(—=d;))—(my +---+mj) +n,

as desired. O

We conclude the section with two results on the relationship between the truncations with either the same

value of j or distinct values of j.
Corollary 5.8 Ifny > ny, then T<'(j,ny)—T="(j,np) <k —1.

Proof By Propositions 5.5 and 5.7,
{Tﬁt(j,nl)—TS’(j,nz)J - LTSg(j,nl)—TSg(j,nz)J _ Vl —an _0

k k k

Corollary 5.9 If t is decreasing for (j—,n—) and increasing for (jy,n+), then j— < jy.

Proof By (13), T<'(j_,n_) < T='(j;+.n4+) — (k + 1). Therefore, by Proposition 5.5, j_ < ji.
Moreover, by Corollary 5.8, j— # j+. |

Corollary 5.10 Ifj' > j, then T=8(j',n')—T='(j',n") > T=8(j,n)—T='(j,n).

Proof It suffices to consider the case j’ = j + 1. Because the truncations remain sorted (Proposition 5.5),
(A5) TG +1Lmjp) =T +1Ln) Zmjpy —n'=T=E( + Lmj11) =T=E(j + 1.n),
(16) T='(j.m)=T=(j.1) 2n—1=T=5(j.n)=T=E(j.1).

Moreover, by Proposition 5.5,
Lng(j +1,mjp1) —T=5(j, I)J - LTS’(J‘ +1,mjp1) =T=(J, l)J

k k

Geometry & Topology, Volume 29 (2025)



218 Eric Larson, Hannah Larson and Isabel Vogt

F1T2 R4 F6F7 Fo fufiafud]
N7 , 2377 19111214
a decreasing box : :
4 -8 1013
P57 11 12 14
— an increasing box 77113
8714
T
I an increasing and 11
I decreasing box \_lgx‘
N1/
14

Figure 5

By Proposition 5.7, T=8(j 4+ 1,m;+1) — T=8(j,1) = —1 mod k, so this implies
(17) T=8(j +1.mjy1)=T=8(, ) =T='(j + Lomjp1) —T=(j. 1).
Adding (15), (16) and (17), we obtain

T='(j,n) =TS (j + 1,n") > T=E(j,n) = T=E(j +1,n"). O
5.6 Alternative construction of truncations: paths on the tableau

The truncations can alternatively be described directly in terms of the tableau, without going through the
affine symmetric group. In this subsection, we give a brief exposition of this. We omit proofs since the
construction of the truncations given above is logically sufficient for the remainder of the paper.

We call a box in a tableau decreasing if it is filled with the first instance of a number, reading from the
left. Dually, we call a box increasing if it is filled with the first instance of a number, reading from the
top. See Figure 5.

For an efficient filling, one can show that the number of decreasing boxes in a row is a nonincreasing
function of the row, and is always at most k — 1. For 0 <i < k, we call the collection of boxes which
are the i™ decreasing box in each row the i decreasing cascade of the tableau. Dually, we define the
increasing cascades. (The k'™ cascade is always empty.) One then shows that the translation of the
(k+1—i)™ increasing cascade of a tableau up k + 1 —i and over i “meshes” with the i"" decreasing
cascade to form a “walking path” and consists of symbols in increasing order.

We think of these walking paths as giving instructions to a collection of k ants starting at (0, £) for
1 <€ <k. At time ¢, if the symbol ¢ appears as the next box in the £ walking path, the £ ant steps
onto the corresponding box. The diagonal index of the £ ant at time ¢ recovers T=* (£); the symbol ¢
is decreasing (respectively increasing) for £ if ¢ is a decreasing (respectively increasing) box in the £
walking path. See Figure 6.
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[ 1] [ 1]

(44
l

Figure 6: The first through fourth walking paths (in lexicographic order).

6 Set-theoretic regeneration

In this section, we show that every point of WF(E)(X ) arises as a limit of line bundles with splitting
type €. In particular, the fiber over 0 of the closure of We(x* /B*) coincides set-theoretically with
wT@ (X), and therefore also with W‘?(X )red. For this task, we will use the language of limit linear
series, as developed by Eisenbud and Harris [1986].

Then, in the following section, we will show that WE(X ) is reduced. Since the closure of WE(%* /B*)
is a priori contained scheme-theoretically in WE(X ), this will upgrade our set-theoretic regeneration
theorem to a scheme-theoretic regeneration theorem. In other words, this will show that the fiber over 0
of the closure of WE(%*/B*) is equal to wT@ (X) as schemes.

Recall that, for a splitting type €, we write dy > --- > d; for the distinct entries of ¢, and my, ..., mg for
the corresponding multiplicities. (Note that ey <ep <---<erbutd; >dp >--->d; ) If f:C — P!
is a smooth degree k cover, the locus WE(C ) can be described (set-theoretically) as follows. A line
bundle L is in WE(C) if and only if L possesses a collection for j = 1,...,5 — 1 of linear series
V; € H°(C, L(—d;)) with dim V; = h®(P!, 0(¢)(—d,)). Moreover, the V; may be chosen so that the
image of the natural map

(18) V1@ HO(P',0(dj—1—d;)) > H*(C. L(—=d; 1)) ® H*(P', 0(dj—1 —d;)) - H’(C. L(~d}))

is contained in V;. We call such a collection {V1, ..., Vy} satisfying (18) an é-nested linear series and V;
the linear series at layer j. By convention, we set Vg := {0}.
Now suppose that p € C is a point of total ramification for f, and let Im;(V;_1) denote the image

of (18). Recall that the vanishing indices of V; at p are the distinct orders of vanishing of elements
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of Vj at p. Call the vanishing indices of V; at p that are not vanishing indices of Im;(V;_1) at p the
new vanishing indices for layer j at p. An é-nested linear series will be called noncolliding at p if the
new vanishing indices at p are distinct from each other, and from all vanishing indices at lower layers,
modulo k. For j’ < j, if V;s has a section vanishing to order a at p, then there are sections vanishing to
orders a,a +k,...,a+(d;s—d;)k in Im; (V;—1).

Lemma 6.1 If {Vy,...,Vs} is an é-nested linear series that is noncolliding at some p € C, then
dimIm; (Vi—1) = h°(P', Op1 (€)(—d;)) —m;.
Hence, the number of new vanishing indices at layer j is exactly m;.

Proof We induct on j. When j = 1, we have dimIm; (Vp) = 0 by definition. Suppose that, for all
Jj' < j, there are m - new sections at layer j ' say Oj/ s 0j im0 of distinct vanishing orders mod k.
Then Im; (V;—1) is spanned by the image of

BDioja.....05m,) @ H'(P'.0(d; —d;)) > HO(C. L(—d))).

J'<j
Considering orders of vanishing at p, we see that the map above is injective, so
dimIm; (V;_;) = Z mjh® (P, 0(d; —d;)) = h°(P',0()(~d;)) —m;. o

J'<j
The above notions extend readily to limit linear series on our chain curve X: we call a collection of
limit linear series {V'1, ...,V s} an é-nested limit linear series if, for each component E I 5 PL the
collection of aspects {V'1 (E?), ..., Vs(E")} form an é-nested linear series; we say this limit linear series
is noncolliding if {V'1(E"), ...,V s(E")} is noncolliding at p'~! and p’.
i
) ) Jn .
vanishing indices in layer j at p’ on the component E‘*1. In terms of the a’j ,,» the vanishing indices of
Vi(Ei*1) at p' are

In what follows, new vanishing indices will be denoted in bold: a’;  forn =1,...,m; will be the new

(19) {a , +6k:8=0,....dj—dp.n=1,....my j =1..j}

We define bj. a=d—djk — a; > these represent the new vanishing indices in layer j at p' on the
component E I (if our limit linear series is refined):

i—1 i

14 )4
i—1! i1 E' DT,
b 4n b @n

|
i
For ease of notation, we will sometimes replace (j, 7) by its corresponding lexicographic order
C:=L(j.n)=m1+---+mj_1+n,
and so write ai-’n = a% and b’Jn = bz.
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Let T be any efficient tableau of shape I'(¢). Our argument for the regeneration theorem will proceed
in two basic steps. First we show that a general é-positive line bundle in W7 (X) arises from a refined,
noncolliding ¢-nested limit linear series. Then we prove a regeneration theorem for refined, noncolliding
e-nested limit linear series.

6.1 From tableaux to limit linear series

We explain how to construct nested limit linear series from tableaux. We will need to know our proposed
new vanishing indices increase across layers, as established in the following lemma:

Lemma 6.2 Let T be an efficient tableau of shape T'(¢). Define
20) ), =T<(jn)+i—1 (sob’,=d—djk—a’, =d—dik—i+1-T(j.n)).

! : i i i i
Ifj" < j, thena', ., <a’; , and b’ ,, <b'; .

Js

Proof For each i, Proposition 5.5 says @} < a), < a’, <---. To obtain the statement for the bé’n, we
first apply Proposition 5.7 to obtain

b8, =d—dik—g+1=[(0@)(=dj))—(mi+---+mj)+n]=my+---+m; —n.
In particular,
21 b‘?,,n,=m1+~--+mj/—n/<m1+-~-+mj—n=b§,n.
We then rewrite Corollary 5.10 in terms of the b’s to obtain
(22) 3”,11’ - bg’,n’ = b;,n o b?,n‘
The claim now follows from adding (21) and (22). O

Remark 6 Although b;,’n, < b’Jn for j’ < j (increasing across layers), we have b;’l > b;’z >.> b;,mj
(decreasing within a layer).

Given a tableau T of shape I"(¢), we now show that a general line bundle in W7 (X) possesses a unique
e-nested limit linear series with the proposed vanishing indices.

Lemma 6.3 Let T be a tableau of shape I"(¢€), and let a% and b2 be as defined in the previous lemma.
A general line bundle L in WT (X)) possesses a unique é-nested limit linear series whose new vanishing
indices at p' are (exactly) az for the E*t1-aspects and b% for the E' -aspects. This é-nested limit linear
series is refined and noncolliding.
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Proof Equation (9) ensures that the proposed vanishing indices are noncolliding. Equation (20) ensures
the limit linear series is refined (see (19)).

Fix i; we will build an é-nested linear series on E’, which will be the E’ -aspect of our desired e-nested
limit linear series. If T[i] = %, then L' is a general degree d line bundle. Moreover, for any (j,n), we
have T=/=1(j,n) = T='(j,n), so

a b =a +d—dik—d’ , =(T=7"(j.n)+i=2)+d—dik—(T= (j.n)+i—1)=d—djk—1.

Thus, L(fd j)i has a unique (up to rescal?ng) section 0, , vanishing to orders exactly a;;zl at p'~1 and
b’j’n at p'. The unique linear series on E* at layer j having the prescribed vanishing is therefore

Vi(EY) = @ HOpi(dy —d)))-0j -
(/')
J =J

We now suppose that i appears in 7. Let £1 be the indices such that i is decreasing for £_ and increasing
for £, and write £+ = (ji,n4+). By Corollary 5.9, j_ < j4. The az_l and a2 are related via

(23) a;: =T W) +i—2=T5Us)+i-2F 1= a@i —1F1,
(24) a7 ' =TSO +i-2=TS)+i-2=a},—1 for {#{s.
Equivalently,

KRR VN P P

Furthermore, by (11),

(26) atl = aZl +1 and a2+ = aé_ +1 mod k.

By definition of W7 (X),

@7 L' =0gi(dj ) ' p' T by ph) = 0pi(dj)(agt + Dp' T+ by, + DY),

We now build the layers inductively (starting with the tautological case Vo(E') = {0}). After we have
built layer I/j_l(Ei), write £ = (j,n), and let

Se:=HO(E', L' (~d))(—ay~' p'™! = byp")) € HO(E' L' (=d)))

be the subspace of sections having vanishing order at least a%‘l at p'~1 and bz at p'. We must show
that Sy possesses a section vanishing to order exactly aé_l at p'~1 and b;& at p’, and that this section is
essentially unique, in the sense that, along with Im; (V; 1 (E 1)) N Sy, it generates Sy.

For £ # £, the line bundle L"(—dj)(—az_lpi_1 — b@p") has degree 1. Equation (9) implies az_l e
a[l mod k, so this line bundle is not equal to Og; (p'). Similarly, since a%_l e azl mod k, this line
bundle is not equal to Oz (p'~1). Thus dim S; = 1 and Sy consists of sections of the exact vanishing
order desired.
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8
1 =1
ayer j )
E™ . § 11 12 (13} 18
= « layer j =2 P
. 8 11 12 13 16 17 18 19 21 22 23 28
layer j =3
2 6 7 g 10 11 12 13 16 17 18 22

Table 1

When £ = {_, we have L’.(—afj;)(—atlpi_1 —bz_pi) = Ofi. Thus dim Sy_ =1, and the section with
the required vanishing orders corresponds to the constant section of L’ (—d ).

Finally, when £ = £, we have L"(—a,’jJr)(—ale"_1 — 2+pi) =0gi(p"~! + p') and dim S¢, =2.

However, we shall show that Im; (V(; )1 (E 7)) contains the 1-dimensional subspace of sections

H%Ogi) C HOOgi (p' + p')) =S¢, C HUE' L (—d},))

1

that vanish to order azl +1at p'~1 and b2+ + 1 at p'. By (19), this follows in turn from

azl +1= a[l and bh +1= b;_ (mod k),
azl +1> a[l and b2+ +1> bL.

The first line follows from (26). The second line follows from Lemma 6.2 because j_ < j4. a

Example 6.4 (g =20,¢é = (—6,—4,—2,—2,0)) Let T be the tableau in Figure 7. The locus W7 (X)
is 1-dimensional, corresponding to the fact that 13 does not appear in 7, and so L '3 may be any degree 10
line bundle on E'3. We assume L!3 is not a linear combination of the nodes. Table 2 lists the new
vanishing indices a}, and b}. Table 1 lists all vanishing indices for V; (E1#) at each layer j. The vanishing
indices at p!3 are in the top row of each layer and those for p!# are on the bottom. The new vanishing
indices are bold, and images of a section in higher layers are given the same color.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

layer 1
t=1 010\0 10\0 9\1 8‘2 7\3 6‘4 6‘4 5\5 5\5 4‘6 4‘6 3\7 2‘8 2‘8 2‘8 2‘8 1\9 1\9 0\100
layer 2
=2 118\2 17\3 17\3 17\3 16\4 15\5 14\6 14\6 13\7 12\8 11\9 10\10 9\11 8\12 6\14 5\15 5\15 4\16 3\172

=3 2 17\3 16‘4 15\5 14‘6 14‘6 14‘6 13‘7 12‘8 11‘9 11‘9 10\10 9‘11 8‘12 6‘14 5\15 4‘16 3\17 2‘18 2‘18 1

layer 3
Zaiei 3 26‘4 24‘6 23\7 21\9 20\10 18‘12 17\13 16‘14 14‘16 13\17 12‘18 12‘18 11\19 10\20 9\21 8‘22 7\23 5\25 4‘26 3

Table 2
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*i *é *% ~7 8 r10 11 *1N2 16 17 -19 20
*i *21 *% -9 | 1617|1920

7‘ é 1‘0 11 18

9‘ 16 1‘7 lb 20

1‘1 18

*1N4 20

*1[5

1‘6

1‘8

20

Figure 7

The number 14 is decreasing for the first truncation ({— = 1 = (1, 1)), so L'* = 0z14(8p'3 +2p'%).

There are two new sections in layer 2, drawn in red (£ = 2 = (2, 1)) and purple (¢ = 3 = (2,2)). The
number 14 is increasing for the third truncation ({4 = 3 = (2, 2)), and the old vanishing indices that are
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one more than the new vanishing indices are
a4 1=12+1=131=8+5=ald +k, bL+1=6+1=T=2+5=bl" +k

There is one new section in layer 3 (£ = 4 = (3, 1)), colored blue.

6.2 Regeneration for refined, noncolliding nested limit linear series

Theorem 6.5 (regeneration) Suppose “5{ and bz are the new vanishing indices at p' for a refined,
noncolliding é-nested limit linear series. Let ¥ — % — B be the family of curves constructed in Section 2.
There is a quasiprojective scheme W over B whose general fiber is contained in the space of ¢-nested
linear series on ¥* and whose special fiber is the space of é¢-nested limit linear series on X with the
(strictly) specified vanishing. Every component of W has dimension at least dim Pic? (¥/B) —u(e).

Proof We will construct a variety W' which parametrizes compatible framings of nested linear series
and surjects onto the desired W. Set x :=deg(0(é)) + k =d — g + 1. We retain notation as above, so
dy > --- > dj are the distinct degrees appearing in € and m1, ..., my are the corresponding multiplicities.
Let Pic := Pic? (%/B) and label maps as in

X xpPic — &
i
P
l#

PiCT>B

Let & be the universal limit line bundle on ¥ x g Pic > Pic. Recall that ¥’ = £....,0,d,0,...,0) has
degree d on component E’ and degree 0 on all other components. In addition, recall that Og(n)’ =
Og(n)(o,...,0,n,0,...,0) 18 isomorphic to Op1(n) on the smooth fibers of  — B; on the central fiber, it has
degree n on P’ and degree 0 on all other components. (See Example 3.3.)

Let D be an effective divisor of relative degree N on & — B such that D meets each component of the
central fiber with sufficiently large degree. By slight abuse of notation we denote by D the pullback
of this divisor to ¥ xg Pic. By cohomology and base change, m+«¥(—d j)i (D) is a vector bundle on
Picd—4ik+N (%/B), which we identify with Pic via tensoring with Oy (—d;)(D); itsrank is N + y —d,k.
For each component E’ of the central fiber, we are going to build a tower

Gi_ Longi B i N Gl = pic,

N

where each G]i' is a Grassmann bundle Gr(m;, 92;) for 92} a vector bundle over an open U }_1 C G]"._l. We
will write Ef’j- for the tautological subbundle on sz This tower of Grassmann bundles will parametrize
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é-nested linear series on E’. The bundle Ef’j. will correspond to the space of “new sections at layer j” (ie
sections at layer j modulo those coming from lower layers).

We build the tower by constructing the Q; inductively. By convention, set Gf) := Pic and Ué := Pic. We
begin by defining Qlll as the pushforward 92’1 := m+P(—d,)' (D), which we have seen above is a vector
bundle.

Now suppose, by induction, that we have defined 82;_1 as a quotient
(Wi ooy o) med(~dj-1) (D) > 2j_;.

defined on some open U }_2 C G]i- _,- Let (Efj._l)/ be the pullback of the tautological bundle, ie the bundle
such that the diagram below is a fiber square:

(Yj ooyl ) med(=dj-1)' (D) — (Yj_)*2

] T

() » I

The bundle (Efj._l)/ will correspond to the full linear series at layer j — 1 (not just the new sections).

The layer j comparison maps of (18) fit together in our family as the map
(F._ )Y ® (ol o-opl_)*¢u0p(dj—1 —d;)

|

Wi ooyl ) m(~dj—1) (D) ® (ol o0yl _ ) *¢u0p(dj—1 —d;)’

|

(Wio--oyi_ ) mP(~d;) (D)

As in the proof of Lemma 6.1, the above composition has rank at most #°(0(€)(—d;)) — m;. Define
U }_1 C G]"._1 to be the open where the composition has exactly this rank. On U }_1, define Q; to be the
cokernel of the composition. Its rank ¢g; :=r1k Sl; is

(28) qj = tk(mx£(~d;) (D)) — (h°(0(@)(~d;)) —m;)

= N + 1(0@)(=d))) — (°(0(€)(=d;)) —m;)

= N +mj;—h'(0(€)(—d))).
Now we introduce a space parametrizing “lifted projective frames” over our tower of Grassmann bundles.
Recalling that Qj. is a quotient of (wi 0--+0 w}_l)*n*iﬁ(—dj)i(D), let GJ’ — G; be the space of lifts of
mj -dimensional subspaces of Q; to m; —dimensional subsp.aces of (Y} 0::0 wj’._l)*ﬂ*if(—dj)’ (D) (so
G} Ls.an open insiig Gr(ml', (Yjo---0 glf;_l)*n*iif(—dj)’ (D))). th'et Ef; denote the tautological bundle
on Gjl-, and let Fr(ﬂ)}) — GJ’. be the space of projective frames of 9’;
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For p a node on a component E, we inductively define
Lp . Lp ._ pip . i
Fro = Fr(y ) and Fooi=F7 ij;l Fr(4}),

which encodes framing information for component i of all sections up to layer j. Note that F ;’p does
not depend on p —however, we include the p to highlight that we will be imposing conditions on these
frames at the node p. We define a “master frame space”

Fim FOR ) FRR SRR X F  FRR o FEOP T R REDT
where all products are over Pic. This maps to
G =Gl xGX, xG2 xG3 xG x---xG | xG¥7 ' xG&_,
Next we compute dim F. The relative dimension of Fr(g’;) over G ]’ is
(29) mj - (tkwab(=d;) (D) = 1) = m; - [°(0@)(~d))) —1].

. l . . . . . .
Since each ¥} has relative dimension m; (q; —m;),

s—1
dim Ff) = dimPic+ Y m; - [1°(0@)(—d))) — 1]+ m; (q; —m;).
j=1
Altogether, we find that
s—1

(30) dimF=dimPic+(2g—2)( m; - [h°(0@)(~d;)) — 1]+ m;(q; — mj))

Jj=1
s—1

= dim Pic + (2g —2)( > mj - [h°(0@)(~d}) = 1]+ m; (N —hl(@(é)(—dj))))

ji=1
s—1
= dim Pic + (2g —2)( Z mj(N + x(0(€)(—d})) — 1)).

Jj=1

We now construct a subvariety W' C F that parametrizes compatlble projective frames of é-nested limit
linear series. The image of W in G will be the desired variety W.

We will impose three types of conditions on frames; the first two will be pullbacks of conditions on G:

(1) We require that the spaces of sections corresponding to the same component are equal.
(2) We require that the space of sections vanish along D.

(3) We impose compatibility conditions for the two frames labeled with the same node.
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6.3 Compatibility along components

The first of these conditions is represented by restricting to a diagonal. This imposes

(31) codim(G!_| x G2_| x---x GE_| = G) =dimGZ_; +--- +dim G5~}

s—1
=(g—2) Y _mjlgj—mj)
j=1

s—1
=(g-2) ) _mj(N—h'(0@)(—d))))
j=1
conditions.

6.4 Vanishing along D

After étale base change, we may assume that each component of D meets only one E’. Let D' be the
union of components of D meeting E?, and let Z J’ C G} be the locus where the nested linear series
vanishes on D' (up to layer j). To determine an upper bound on the codimension of Z!_; C G;_,, we
count the number of equations needed to describe Z j’ C (w})_l z ;_1) at each layer:

Zi

s—1

{

(W§_1)_1 (Zé_z) —_—

cee ——————— % Zé
Wi N Zh) —— Z}
WH Nz — Z}

! [ I

Gi . \ Gi \ Gi \ Gi
s—1 3 3 7 3 3 7 2 N 7 1
s—1 Vi (E V3

~

We start with the locus Z ‘1 C G, which is defined by the vanishing of the composition
P = WD = W) m(=d1) (D) » (Y1) *m(E(=d1) (D) ® Op).
This represents n1; deg(D') equations.
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On (y))~'Z}_ |, the evaluation

(Yio o) ) me(L(=d;) (D)) = (Y o+~ 0 Y1) *mu(L(~d;) (D) ® Opi)
factors through Slj Therefore, Z j’ C (wjl:_l)_l V4 ]i._l) is the locus where the composition
S = (P))*2 — (Yj o0y *mu(L(—d;) (D) ® Opi)
vanishes. This represents m; deg(D") equations.
Totaling over the layers, we see that every component of Z é_l has codimension at most
codim(Z!_; C Gi_}) < (my +---+ms_1)deg(D').

Taking the product over all components, every component of Z sl_l Xpic * * * Xpic Z f_l has codimension at
most

(32)  codim(Z}_; Xpic+ -+ Xpic Z5_| C Gl x G2 x+--x GE_ ) < (my+---+ms_1)N.

6.5 Compatibility at nodes

. ) i i
For each node p’ we describe equations on F.”" x F! "' that impose vanishing conditions on both
frames at p in the central fiber, and say the two frames are equal up to translation by old sections on the

general fiber.

. ~. CR ~.
Let oj’.’l, .. .,q?,mj be coordina'tes on thg Fr(g’;) component of Fsl’_g. (the universal framing ?f 9’}
associated to p'). SinEllarly, let /\},1, e, k}’mj be cgordinates on the Fr(ff}“) comp0n§nt of F Sl:rll’p (the
universal framing of SJ}H associated to p'). Let t’ be the constant section of Oy (X =") (that vanishes to

the left of p’), and let 1 be the constant section of O (X >') (that vanishes to the right of p’):

Rjn
oj’i,n
Aj’.z
P ALy
ol

p
El Ei+1
e —
p =0
—
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i i i
AR IR A

(desired vanishing of the )Lj’n) and that the new vanishing indices at p’ on E' are the b’]n =d—djk —a;,n

Suppose that, for layer j, the specified new vanishing indices at p’ on Ei*! are a’. |, a

(desired vanishing of the aj,n).

We define a closed subvariety Yl C Fsi’_pll X Fsijll’p l by the conditions (for j = 1,...,s — 1 and
n=1,...,mj)
(33) G},n ® (‘[i)aj.n = Aj,n ® (Mi)bj,n ,

viewed as elements of the projectivization of
mad(—dj) (D +a’ , X=) = o S(—d;) (D + b, X7).
The isomorphism above comes from the fact that
(—dy)’ = L(~d;) T (~(d — djk) X =)
and O(X =) = 0(—X>") and a’, , + b’ =d —d;k.

Away from the central fiber, 7/ and u are nonzero, so (33) says the new sections 0},;1 and )Ljn are equal
(up to scaling).

In the central fiber, t/|y>; is not a zero divisor and vanishes only at p’, while u|y<i is not a zero
a divisor and vanishes only at p’. Thus condition (33) says that GJZ: , and )Lj. , are determined by the

restrictions GJ‘:’" |y<i and kjn |x>i, which can be anything of the desired vanishing order at Pl

(34) 0]’:’,, |y<i vanishes to order at least ba,n at p',
(35) )Ljn |x>i vanishes to order at least a;,n at p',
: : |2 : - Wi 20
(36) A;’n |X§i = G;’n |X§i . . };;l and O';’n |X>i = A,;,n |X>i . ﬁ
W<t L3

Since 7' vanishes on X=/, and u/ vanishes on X >, in most cases (36) simplifies to )Lj. alx=i =0 (unless
as-’n =0), and 0},n |X>f' = 0 (unless bljn = 0). In particular, when j > 1, both a;’n and b’jn are positive,
50 (36) simplifies to A’ [y<i =0 and 0}, |x>i = 0.

For each (j, n), equation (33) represents
ke $(—d;) (D +a’ , X=') = 1 =1tk £(~d;) (D) — 1 = N + x(P',0()(~d;)) — 1

conditions. Thus, every component of ¥ has codimension at most
_ o ) . s—1
codim(Y! € Ffl x Fy507) <> “my (N + x(P'.0@)(—d))) - 1),
ji=1
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and so every component of Y1 x Y2 x - x Y&~1 has codimension at most

s—1
(37) codim(Y! x Y2 x---x Y8 C F) <(g—1) Y _m;(N + x(P'.0@)(—d)))—1).

Jj=1
Imposing all the conditions of Sections 6.3—6.5 defines a closed subvariety of F. Let us additionally
remove the locus over the central fiber where any vanishing index of the frame is larger than the specified
vanishing index. We call the resulting quasiprojective variety W' The image of Wt — G is the
desired W.

6.6 Fiber dimensions

Finally, let us count the dimension of fibers W — G. At each layer j, the master frame space F
parametrizes 2g — 2 lifted projective frames of dimension m;.

On the general fiber, our equations specify that these frames are equal in g — 1 pairs. The fiber dimension
W — G is thus (see (29)) equal to

s—1
(38) (=1 ) m;(h°©@)(=dj) —1).
j=1

On the special fiber, let {oj‘: )Lj. s denote a point of W', The other points in the same fiber are then

n’

obtained by applying linear transformations X! and A’ to the ojl.’n and /\;n of a particular form we

will now explain. Let x’ and y’ be sections of Op (1)’ that vanish at g ~! = f(p'~1) and ¢' = f(p'),

respectively; via pullback, we think of them as sections of Ox (1)’ on X vanishing at p'~! and p’,

respectively. Then, to ¢/ , the linear transformation %/ may add any section from a previous layer

J?n ’ .
whose image in layer j has higher vanishing order; explicitly, we may add oj’./,n, times any monomial

(x')? - (y")%'=4=% (with 0 < § < d; — d;) such that
(39) b+ (dy—d;j —8)k > b .

Similarly, to /\;,n, the linear transformation A’ may add /\;,,n, times any monomial (x?)% - (y?)4/—4; =8

(with 0 <8 < dj» —d;) such that

(40) a’, +8k >d’,.

The fiber dimension is therefore the number of monomials satisfying (39) plus the number satisfying (40).
Recall that bi-,’n/ + az.,,n, =d —dj'k and b’]n + aé.,n =d —djk, and aj-,’n, £ ai.,n (mod k) unless
(j’,n")y = (j,n). Therefore, every monomial satisfies exactly one of (39) or (40), except when (j’,n’) =
(j,n). The fiber dimension is therefore

s—1 s—1
@n (-0 m; (—1 + Y mp(dy—d; + 1)) = (=1 Y _m;(h°0@)(=d;j)) —1).
j=1 J'=J Jj=1

Note that this is the same as the fiber dimension on the general fiber.
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6.7 Final dimension estimate

Recalling the dimension of F' and totaling the equations imposed in Sections 6.3-6.5, we find that every
component W' of W has dimension

dim W’ > dim F — number of defining equations — fiber dimension

s—1
= dimPic+(2g—2) ( Z mj (N + x(0(e)(—d;))— 1)) (dim F'; see (30))
ji=1
s—1
—(g—-2) Z m; (N —h'(0@)(—d}))) (diagonal condition; see (31))
j=1
s—1
—N Z m; (vanishing along D; see (32))
ji=1
s—1
—(g-D Z m;j (N + x(0(e)(—d,)) — 1) (compatibility at nodes; see (37))
=1
s—1
—(g—-1 Z mj (h0(©(§)(—dj)) — 1) (fiber dimension; see (38) and (41))
ji=1

s—1
= dimPic— Y _m;h' (0(@)(~d,))

Jj=1

= dim Pic —u(e). |

The regeneration theorem allows us to show that the é-nested limit linear series built from tableaux as in
Lemma 6.3 arise as limits from smooth curves, implying that W1 (X) is contained in the closure of
We(&*/B*).

Corollary 6.6 Let T be an efficiently filled tableau of shape I'(¢). Then WT (X) is contained in the
closure of WE(%*/B*).

Proof Let W be the quasiprojective scheme with vanishing corresponding to 7' as constructed in
Theorem 6.5. By Lemma 6.3, a generic line bundle in W7 (X) is in the image of W in Pic? (X). Moreover,
the uniqueness statement in Lemma 6.3 together with the fact that dim WT(X) = g—u(é) shows that the
restriction of W to the central fiber has an irreducible component Y of dimension g —u(¢é) that dominates
WT (X). By Theorem 6.5, the dimension of Y is less than the dimension of any component of W. Let
Y’ be an irreducible component of w containing Y, which necessarily dominates the base. The closure
of the image of Y’ in Pic? (%/B) contains W7 (X) and is contained in the closure of W¢(%¥*/B*). O

Geometry & Topology, Volume 29 (2025)



Global Brill-Noether theory over the Hurwitz space 233
7 Reducedness and Cohen—Macaulayness

7.1 Reducedness

At the central fiber X = E!' U 1 - Upe—1 E¥, the schemes we (X) are defined as intersections of
determinantal loci of the form

WI(X)={Le Picd (X) : HOX. L) > r + 1}

for various degree distributions d = (d!,...,d#) and integers r.

We will first show that any such determinantal locus is a union of preimages of reduced points under
various projection maps PlCd (X) = [lies Picd’ (E") (for S ©{1,2,...,g}). Then we will show that the
class of such varieties is closed under intersection, thus establishing that WE(X ) is reduced. Combined
with Corollary 6.6, this will show that

WeéXx)=wr(x).
Let m: X x PlCd (X)) —> PlCd (X) be the projection and let & := 5!3 be a universal line bundle on
X X PlCd (X). Additionally, let D be a divisor on X, contained in the smooth locus, and such that
D' := D N E' is of sufficiently high degree. Recall that, in terms of the natural map
¢: 1xE(D) — 7(£(D)|p),

the loci of interest are .

WiX)={Le Pic? (X) : dimker |z > r + 1}.
The scheme structure is given by the (n 4 1) x (n + 1) minors of ¢, where

n=rkn«*(D)—(r+1)=d—g—r+deg(D).

We will descnbe the rank loci of ¢ in terms of evaluation maps on the normahzatlon Vi E1 ‘UES > X
of X. Let o' : E' x Pic? (E) > Pic? "(E') be the projection. In addmon let pr : PlCd (X) — Pic? "(EY)
be the prOJectlon and let #; be a universal line bundle on E’ x Pic? (E ') such that &| Eixpicd (X) =
(Id x pr' )*&;. These maps fit into the diagram

z—1 E! xP1cd(X)
/ w
E' x Pic? (X) S > X x Pic? (X)
Idxpr’i lﬂ
E! x Pic?' (E') Picd (X)
Picd’ (EY)
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There is a commuting diagram of vector bundles on Pic? (X)

?,:1 Pri)*(”i)*gi(Di)

0 —— TE(D) ——— (v x 1d)s (v X 1) *E(D) —— BE_ 7u(L(D)] i) — 0

0| I

Te(E(D)|p) — wa(v X 1d)a (v X Id)*L(D) ], -1 ()

=1 (pr)* (7))L (D) pi

The top row is exact by our assumption that D is sufficiently positive. Since sequences of vector bundles
split locally, the rank loci of ¢ are corresponding rank loci of { & n:

(42) (L ePic?(X):tk¢ <n}={LePic?(X):tk(y ®n) <n—+(g— 1)}
The restriction of i @ 1 to each summand (prf)* (%)« %; (D?) is (pr')*ev!, where
ev': (1')+%£i (D) — (1')#(£: (D) pi-10 piup?)

-1

is the map that evaluates a section on E' at the points of D’ and the nodes p'~! and p (or just p! on E!

or just p&~1 on E#). The matrix for ¥ @ n is almost block diagonal:

(A%

(A%

(%

e 0

evs

The following lemma helps us describe the rank loci of such almost block diagonal matrices scheme-
theoretically:
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Lemma 7.1 Let Mat(x, y) denote the affine space of x X y matrices. Suppose that S and T are
given schemes, and A: S — Mat(x1, y1) and B: T — Mat(x,, y,) are two families of matrices. Let
M: S xT — Mat(xy + x2, y1 + y2 — 1) be the family of matrices where the upper left entries are given
by A, the lower right entries are given by B, and the rest of the entries are 0:

Let A_: S — Mat(x; — 1, y1) be the composition of A with the map that removes the bottom row.
Similarly, let B~ : T — Mat(x,, y» — 1) be the composition of B with the map that removes the top row.
Let

Sq={s€S:1kA(s) <a}, Ty, ={t €T :1k B(t) < b},

S, ={s€S:tkA_(s)<a}, T, ={teT:tkB (t)<b}

be defined scheme-theoretically by the vanishing of appropriately sized minors. Then

(43) {(s.0)0eSxT:kM@s.)<n}= | ) SaxTp)U | ) S;xTy)

a+b=n a+b=n—1
as schemes. In particular, if all rank loci of A, A_, B and B~ are reduced, then all rank loci of M are
reduced.

Proof The scheme structure on the left-hand side of (43) is defined by the (n + 1) x (n 4+ 1) minors
of M. Any such minor contains @ columns meeting A and b columns meeting B for some a +b =n + 1.

First consider a square submatrix of M that uses the common row (colored violet in the diagram). If its
determinant is nonzero, then the submatrix contains at least ¢ — 1 rows meeting A_ and at least » — 1
rows meeting B~ . Either there are a rows meeting A_, and its determinant is an @ X @ minor of A_ times
a b x b minor of B; or there are b rows meeting B~ and its determinant is an @ X @ minor of A times a
b x b minor of B~. Now consider a square submatrix of M that does not use the common row. If its
determinant is nonzero, then it is a product of an a x a minor of A— and a b x b minor of B~. Ranging
over all minors with this distribution of columns, we obtain elements that generate

I(S,_1) - I(Tp—1) + 1(Sa—1) - 1(T,_ ) = I((Su_y xTUS XTp_1) N (Sg—1 xTUS xT,_,)),
where S_1 = §Z, = T—y = TZ, = & by convention.
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We therefore find that

{(s.0)eSXT :ckM(s,t) <n}= (| (S;uyxTUSXTp_)N(Sam1 xTUS X Ty ).
a+b=n+1
Because A_ is obtained from A by removing a single row, the rank loci of A and A_ are nested:

G=8,S850CS8) CS51CS85 ©€85HC8, €+ C8H-1S5,1SSCS.
And similarly, for B and B™:
®=T__1ETOETO_ETl§T1_§T2§T2_§"'§Tn—1ETn__lngET-

The claim now follows from the following general fact regarding such intersections. |

Lemma 7.2 Given nested sequences of schemes

@=YyCY S CYuCY and @=Z9CZ1 S CZnCZ,

we have

(| Gix2yuwxzp= |J Yixz
i+j=m i+j=m+1
as schemes.

Proof In general, intersection does not distribute across unions scheme-theoretically. However, we first
show that, if A; C A, and B are subschemes of any scheme, then
A, N (A1 UB) =AU (42N B).

as schemes. That is, intersection distributes across union if appropriate containments are satisfied. It
suffices to prove the statement in the affine case, where this becomes a statement about ideals. Suppose
I1:=1(A1) D I :=I(A3) and J := I(B). Then we must show

L+hnJ)=hLn{z2+ ).
Ifael,and b eIy NJ, thenit’s clear thata +b € I1 and a + b € I, + J. Now suppose we have a € I
and b € J such thata + b € 1. Since I, C I, it follows that b € I1. Hencea +b e I, + 11 N J.

To prove the lemma, we induct on m. The case m = 0 is immediate (& = &). Suppose we know the
result for chains of length one less. We want to study

(| ix2DHUE xZ)=F xZn) N[V1x Z)U(Y X Zn-1)]N [ FixZ)U(Y xZ))

i+j=m i+j=m
i>2
=[(Y X Zn-DUM1 xZw)]N () XixZ)U( xZ))
i+j=m
i>2
=(Y1me)U[(Yme_1)ﬂ N (Y,-xZ)U(YXZj):|.
i+j=m
i>2
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Now the term in large square brackets is the intersection of complementary unions of the chains
B=Y0CCY3C--CYpCY and =20CZ1C-CZpn1<Z,
which have length one less. The result now follows by induction. |
We now study the rank loci of evaluation maps on elliptic curves.
Lemma 7.3 Let E be an elliptic curve and & a universal line bundle on 7w : E X Pic? (E) —> Pic? (E)
with d > 1. Suppose D is an effective divisor and
ev: T L = Tu (Ll pupicd (£))
is the evaluation map. For any n, the scheme
Sy ={L € Picd(E) :rkev|y <n}
is either empty, all of Pic? (E), or a single reduced point. In particular, it is reduced.
Proof We have that S, is empty or all of Pic? (E) unless degD=dandn=d—1. Whendeg D =d,
the evaluation map is between vector bundles that both have rank d. The locus where the map drops rank
is cut out by the determinant, which is a section of det(7«%)" ® det(« (L] py yp;.a ( E)))- Set-theoretically,

the vanishing of this section is supported on L = O(D) € Pic? (E). To see it is reduced, we compute its
degree

0:= deg(det(n*iﬁ)v ® det (7 ($|Dxpicd(E)))) = —degcy(m«&) + degcy (7« (§£|Dxpicd(E))).

Using Grothendieck—Riemann—Roch (noting that the relative Todd class is trivial since E is an elliptic
curve),
0 = —degchy(¥) + deg ch2(§£|DXpicd(E)).

Using the additivity of Chern characters in exact sequences,
9 = —deg chy (£(=D x Pic? (E))) = —1 dege1 (£(—D x Pic? (E)))*.

Given an identification E x Pic? (E) = E x E, the line bundle £(—D x Pic? (E)) can be represented by
the diagonal A minus a fiber f. Since A% = 0 (by adjunction) and 2 = 0, we obtain (A — f)? = —2.
Thus,

0=1. O

Lemma 7.4 Let & be the collection of subvarieties of Pic? (X) that are unions of reduced preimages
of points via projections (]_[ies pri): Pic? (X) = [lies Pic?' (E') forsome S € {1,...,g}. Then ¥ is
closed under union and intersection.

Proof It is clear that & is closed under union. The intersection statement is clear set-theoretically, so it
suffices to show that the intersection of two elements of ¥ is reduced.
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Suppose A, B € ¥ and p € AN B. Choose étale coordinates x; on Picd’ (E") near pr' (p). Then, étale-
locally, A and B are reduced unions of coordinate linear spaces. Equivalently, /(A) and I(B) are reduced
monomial ideals (ie generated by monomials in the x; whose exponents are 0 or 1). The class of such
ideals is closed under addition. |

Putting together Lemmas 7.1, 7.3 and 7.4, we deduce the desired reducedness property.

Theorem 7.5 For any r > 0 and degree distribution d , the scheme W (X) is a union of preimages of
reduced points via projections Pic? (X) = [ljes Pic% (E;) for subsets S C {1,...,g}. It follows that
we (X) is reduced.

Proof By (42),

WI(X)=(Le Pic? (X) : tk(n @ )L, < d +deg(D) — (r + )},

Lor Di), we

Applying Lemma 7.3 with D = D’ U p’ U p'~! (respectively D = D U p’ or D' U p'~
see that the rank loci of the maps ev’ (respectively ev’ with top row or bottom row or top and bottom
row removed) are all in &. Repeated application of Lemma 7.1 then shows that the rank loci of n @ v
are all in &. Thus, W¢ (X) is an intersection of subschemes in &, so WE(X ) is in &, and in particular is

reduced. O

Corollary 7.6 WE(X ) = WF(E)(X ) is reduced, and equal scheme-theoretically to the closure of
W (%* /B*) in the central fiber.

Proof We have shown the containments
W@ /B*)lo € WE(X) = W¥(X)wea € WO (X) C WE(@*/B¥)o.
(In order: by construction— see Definition 3.4 and the following discussion; by Theorem 7.5; by

Proposition 4.8; and by Corollary 6.6.) Therefore all containments are equalities. |

7.2 Cohen-Macaulayness

For any k-convex diagram T, we will prove that W (X) is Cohen—Macaulay by inducting on g. The key
to running our induction is the following standard fact:

Lemma 7.7 (see for example [Hochster 2016, Proposition 4.1]) Suppose A and B are Cohen—Macaulay
and AN B has codimension 1 in both A and B. Then AU B is Cohen—Macaulay if and only if AN B is
Cohen—Macaulay.

Theorem 7.8 Given any k-convex shape ', the scheme WT (X) is Cohen—Macaulay. In particular,
we (X) is Cohen—Macaulay, and therefore WE(C ) is Cohen—Macaulay for a general degree k genus g
cover f:C — Pl
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Proof We will induct on g. For the base case g = 1, we know W (X) is either all of Pic? (EY), ora
single reduced point. For the inductive step, suppose we are given L € WT (X). Let

g
w:Pic? (X) = [ Pic?(E") — Pic? (X =871) = [ [ Pic? (E)
i=1 i<g
be the projection map, ie (M',...,M&)— (MY, ..., M&~1). Let iz : Pic? (X=8~1) - Pic? (X) be the
section which sends (M',... , M& O (M, ... M8~1 L8). Define

A= J wI'x) and B:= [J Wi (X).
T:geT T:g¢T
If L € A, then L8 is a linear combination of p&~! and p#, and I" has a removable corner in the
corresponding residue j. Recall that u(s; - I") = u(I") — 1 (see Section 5.2, item (3)).

Then A =7 (WS T (X=871)) in a neighborhood of L, so A is Cohen—Macaulay by induction. Meanwhile,
B =Y (WT'(X=2-1)), so B is Cohen—Macaulay by induction. Moreover, AN B =z (WT (X=8~1))
in a neighborhood of L, so is Cohen—Macaulay by induction. Since A N B has codimension 1 in both 4
and B, Lemma 7.7 implies that WT'(X) = 4 U B is Cohen—Macaulay.

Since Cohen—Macaulayness is an open condition, WE(C ) is Cohen—Macaulay for a general degree k
cover f:C — P, m|

Remark 7 As explained in the introduction, this also establishes Cohen—Macaulayness, and hence
reducedness of universal splitting loci (Corollary 1.3). The authors suspect that a more direct argument
may be given by just degenerating the P! (without considering another curve). Reducedness confirms
that the scheme structure on splitting loci obtained from Fitting supports — ie nontransverse intersections
of determinantal loci —is the “correct” scheme structure. Cohen—Macaulayness supports the perspective
that, despite this failure of transversality, splitting loci ought to behave like determinantal loci (see eg
[Larson 2021c], where analogs of the Porteous formula were given).

8 Connectedness

In this section, we show WE(C ) is connected when g > u(é), where f: C — P! is a general degree k
cover. For comparison, in the classical Brill-Noether theorem, a proof of connectedness via degeneration
to a general chain of elliptic curves was given by Osserman [2019].

Since “geometrically connected and geometrically reduced” is an open condition in flat proper families
[EGATIV3 1966, théoreme 12.2.4(vi)] and we have already shown wé (X) is reduced (see Theorem 7.5),
it suffices to see that WE(X )= WF(E)(X ) is connected. In other words, we want to show the transitivity
of the following equivalence relation:
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Definition 8.1 We say two k-core tableau 7 and T’ with the same shape T" meet if W7T (X) and WT/(X )
intersect. We say that 7 and T’ are connected if WT (X) and WT'(X) are in the same connected
component of WT (X).

By definition, “connected” is the equivalence relation generated by “meet.” Unwinding Definition 4.10,
T and T’ meet if and only if, for every 7, either

T[t]=%, T'[t]=%, or T[t]=T'[t] (modk).

The simplest example of two tableaux that are connected is the following:

Example 8.2 Suppose that T is a tableau filled with a subset of the symbols {1, ..., g} that does not
include the symbol N. Let N’ be the smallest symbol greater than (respectively largest symbol less
than) N appearing in 7. Then T meets the tableau obtained from T by replacing the symbol N’ with N.
Applying this repeatedly, every tableau is connected to the tableau obtained by relabeling symbols via an
order-preserving map from the subset of symbols used to any other subset of u symbols.

By Example 8.2, it suffices to show that all efficiently filled tableau filled with symbols {1, ...,u} are
connected when g > u. To do this, we use the relations in the affine symmetric group

. ./
sjsjr=sjrs;  (for j —j # £1) and SjSj418) = Sj+15;8j+1-

These relations give rise to two basic moves, known as the braid moves for the affine symmetric group,
between reduced words:

(F') Sju iy <> Syt S a8 Sji 1Sy S (for Ji — jia # £1),

i P P . . . - cee Q- oo— ] — 7
(S S Sjt < Sj S a3Sjip1Sji S Sy - Sh (for ji = jiv1 £ 1= jita).

Given our identification of reduced words with efficient k-core tableaux, this is equivalent to the following
moves on tableaux:

Definition 8.3 Let T be an efficiently filled k-core tableau. We define the two braid moves as follows:
(F) If T[i]—TJi + 1] # %1 mod k, define the flip F'T by
Ti+1] ift=i,

(FIT)[t] =3 T[i] ift=i+1,
Tt] otherwise.
(S) Similarly, if T[i]=T[i +2] and T[i + 1] = T[i] & 1 mod k, define the shuffle S'T by
T[i] ift=i+1,
S'TH[t]=1T[i +1] iftefi,i+?2},
T[t] otherwise.
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Note that both braid moves are involutions, ie F! FIT = T and S'S!T = T. It is known that we can
get from any reduced word to any other reduced word — or equivalently from any efficient tableau to
any other efficient tableau — by applying a sequence of braid moves (see [Bjorner and Brenti 2005,
Theorem 3.3.1(ii)]). Therefore, it suffices to prove that 7 and F T (when defined) or 7 and ST (when
defined), are connected.

Lemma 8.4 Suppose that T is an efficient filling of a k-core ' with symbols {1, ..., u}, and that F' T
is defined. If g > u(T"), then T and F'T are connected.

Proof Start with 7" and relabel symbols according to {1, ..., u}+—{1,...,i —1,i +1,...,u+ 1} (see
Example 8.2). In this filling, each i 4+-2 may be replaced with i because no i 4-1 appears to the upper-left of
ani +2. After this replacement, we further relabel symbols according to {1,...,i+1,i+3,...,u+1}—~

{1,...,u}:

start with 7" ... relabel symbols ... replace i +2 with i ...relabel symbols

[+

N

)

[+

i+1

X

\

i+1

NP

i+1

&
c_ﬁ&

i+2

O
%ﬁ@

i+1

i+1

)

i+1

i+1

S
gﬁ&

)

8
N

‘__ﬁ&

The resulting tableau is F? 7. Each tableau in this sequence is connected to the previous, so 7 and F'T
are connected. |

Lemma 8.5 Suppose that T is an efficient filling of a k-core ' with symbols {1, ... ,u}, and that ST is
defined. If g > u(T"), then T and S'T are connected.

Proof Because S is an involution, after possibly replacing T with ST, it suffices to treat the case
Tli +1]—=T[i]=1 (modk). Let j = T[i] = T[i +2]. Note that T=/~1 has addable corners with
diagonal indices of residues j and j + 1 (because S’ T is defined). In other words, the boundary segments
of T=' neighboring boxes with diagonal index of residue class j or j + 1 must proceed through

SR

To see that 7 and S’ T are connected when g > u, consider the sequence of tableaux in Figure 8. First
relabel T according to {1,...,u}—{1,...,i —1,i +1,...,u + 1} to get filling (b). Then place i in the
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(a) start with 7" ... (b) relabel ...
i |i+1 i+1[i+2
i+1 i+2
—
i+2 i+3
(c) placei ... (d) remove i +3
i+1[i+2 i+1{i+2
i i
i+3 i+1
Figure 8

positions of T=/~1"s addable corners with diagonal index of residue j + 1 to get filling (c). Now all
instances of i + 3 may be replaced with i + 1 to give filling (d). Tableau (d) is a relabeling of S’ T by
{L..oouy={1,...,i+2,i+4,...,u+1}

Each tableau above is connected to the previous, so this shows that 7 and S?7T are connected. O

This establishes that WE(X ) is connected. Since it is also reduced (Theorem 7.5) and “geometrically
connected and geometrically reduced” is an open condition in flat proper families, we have proven:

Theorem 8.6 If f: C — P! is a general degree k cover and g > u(é), then WE(C ) is connected.

9 Normality and irreducibility

Let : C — P! be a general degree k cover. In this section, we show that WE(C ) is smooth away from
more unbalanced splitting loci of codimension 2 or more. Since we have already established that WE(C )
is Cohen—Macaulay (Theorem 7.8), this implies that wé (C) is normal by Serre’s criterion (R; + S»).
Combining this with connectedness (Theorem 8.6), this establishes that WE(C ) is irreducible when
g >u(e).

To do this, we will prove the following general result regarding splitting stratifications. Suppose € is a
family of vector bundles on 77 : B x P! — B. For any splitting type €, the scheme structure on the closed
splitting locus Xz C B is defined as an intersection of determinantal loci. More precisely, the locus X3 is
the intersection over all m of the Fitting support for rk R'.€(m) > h' (P, 0(¢)(m)). We use Zg C;
to denote the open where the splitting type is exactly é.
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Proposition 9.1 Suppose ¢ is a family of vector bundles on 7w : B x P! — B such that all open splitting
loci Eg. are smooth of the expected codimension u(¢). Then X is smooth away from all splitting loci of
codimension > 2 inside X 3.

Proof Since the statement is local on B, we may assume that B is affine.

Suppose Xz C X; has codimension 1 for some €’ < €. Let Z C X; be the union of all other splitting
loci properly contained in X;:

We will show that E; C Xz~ Z is a Cartier divisor. It will follow that X3 is smooth along X7, as we
now explain. If ¥z were singular at some b € X7, then dim 75 X3 > dim Xz = dim X%, + 1. Assuming
Eg/ C Xz~ Z is Cartier, we would find dim 7} ZZ’/ >dim 7 2; —1 > dim Eg/, forcing EZ,, to be singular
at b, which contradicts the assumption that all open splitting loci are smooth. Repeating the argument for
each divisorial Xz C X; shows that X is smooth away from all codimension 2 subsplitting loci.

First we show that, to have ¢’ < ¢ with u(é’) = u(¢€) + 1, the splitting types must have a special shape.
Let r be the smallest index such that e]. < e, and let s be the largest index such that e}, > e;. (The fact
that ¢/ < € means r < s.) Then
(44) ¢ <érgi=(e1,....er_1,6r—1,€r11,...,65-1,65+1,€511,...,e) <@,
from which we see
1 =u(e)—u(e)

> u(érs) —u(e)

= 3 (0" OCer—er + 1) + 71 (Oer — e — 1)) + BL(O(e — 1 —e0)) + k1 (Oes + 1 —ep))]

e — (1 (O(ec — er)) + 1 (O(e; =€) + h (Oer —e0)) + b1 (O(es — e0)))

+ [hl(G(er — €y —2)) + h1(©(es —er + 2))] — [h1(©(€r _ es)) + hl(@(es . er))]
e, —lZerSe— L AHlie +1se et ] =
2 otherwise.

It follows that the nonnegative quantities #{{ : e, — 1 <ey <es— 1} =#{l :e, + 1 < ey < esg+ 1}
are zero, and e, = ey, and €’ = é,;. In other words, after twisting (down by e, = e5), we may assume

0(é) = N @ 0®™ @ P, where all parts of N have degree at most —2, all parts of P have degree at least 2,
and 0(&') = N ® 0(—1) ® 02"~ g 0(1) @ P.
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Away from Z, we will show that the vector bundle € on 7: P! x (2;~Z) = (X; ~ Z) splits as
€=NDT @ P where, forany b € Xz~ Z,

_joom ith¢ Xz,

T |o(-1) 092D go() ifbexy.

To construct N and &, let 2(—2) be the cokernel of 7*7,€(—2) — €(—2), which is locally free. Define
% by the exact sequence

45 N|p~N, @~P, and

«

13

0 — P(=2) — €(=2) — 2(—2) — 0.

This sequence splits if the induced map H°(%om(2(—2),€(—2))) = H°(9om(2(-2). 2(—2))) is surjec-
tive, which follows if we show H ! (%om(Q(—Z), 9’(—2))) =0. Now, (—2) is globally generated on each
fiber, and 9.(—2) has negative summands on each fiber, so Hom(2(—2), P?(—2)) has positive summands
on every fiber. Thus, by the theorem on cohomology and base change, R! 7% om(2(—2), P(—2)) =0
and so H'! (%0m(£€2(—2), 9]’(—2))) = (0 because B is affine.

Next, define N so that N'(1) is the cokernel of 7*m2(1) — 2(1), and define T by the sequence
0T —->92—->N-—>0.

The same argument as before shows that this sequence splits too. Thus, € =2 P =N S T & P. By
construction, this splitting satisfies (45).

On X; ~ Z, the fibers of R'7,7 (—1) have rank at most 1. Also, 7+ and 7, J (1) are locally free on
Y; ~ Z. The equations that cut out X3 C B are the same as the equations that cut out X; C B except at

one twist, namely when we ask for the rank of R!7.é(—1). To cut out X3, we ask that rk R, &(—1) >
Y (P!, 0(é)(—1)) =: n, whereas, to cut out X/, we ask that tk R!7,€(—1) > h1(0(&') (1)) =n + 1.

To study these equations, we must build a resolution of R!7.%(—1) by vector bundles. On X ~ Z, the
theorem on cohomology and base change shows R4 N(—1) is a vector bundle, and R!7,P(—1) = 0.
We also have a resolution by vector bundles

Up = 1T @ HOPL,0(1)) L5 Us := 7T (1) = R4 T (=1) — 0,
where Uy and U, have the same rank 2m. Therefore,
0y 1 1 1 or _ pl
00U —= R mN(=1)® Uz - R 1 N(—1) ® R 71T (—1) = R m€(—1)

is a resolution of R!7,€(—1) by vector bundles. Now, Ez, is cut out inside X3 ~ Z by the condition that
dim coker(0 & ) > n + 1, or equivalently that dim coker ¢ > 1. This locus is cut by the vanishing of its
determinant, which we can view as a section of the line bundle

N (T @ HO(PL,0(1)))” @ N (2.7 (1)).
Hence, X7 C Xz ~ Z is Cartier, as desired. |
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Larson [2021b, Theorem 1.2] established that, for f: C — P! a general degree k cover, the open
Brill-Noether splitting loci are smooth of the expected dimension. The above proposition thus implies
we (C) is smooth away from all splitting loci of codimension 2 or more. Together with Theorem 7.8, we
have thus shown:

Theorem 9.2 Let f: C — P! be a general genus g, degree k cover. Then we (C) is smooth away trom
all codimension 2 splitting loci. Thus we (C) is normal.

Combined with Theorem 8.6, we have therefore proven:

Theorem 9.3 If f: C — P! is a general degree k cover and g > u(¢), then WE(C ) is irreducible.

10 Monodromy

For the remainder of the paper, we suppose that the characteristic of our ground field does not divide k. Our
final task is to show that the universal W< has a unique irreducible component dominating a component
of the unparametrized Hurwitz stack #y o when g > u(¢). When g > u(¢) —or when k = 2, in which
case N(¢) =1 forall ¢ — WE(C ) is irreducible for C general. So, for the remainder of this section, we

suppose g = u(¢) and k > 2.

When g = u(¢), we have shown that WE(X ) is a reduced finite set of line bundles. Using this, we obtain:

Lemma 10.1 Let f*: %* — ®* be a deformation of f: X — P to a smooth cover, with smooth total
space (see Section 2). If ¢ — P’ — B is a family of smooth covers containing {*, over a reduced base B,
then Wé(€/B) — B is étale near *.

Proof Because u(¢) = g, every component of WE(CG /B) has dimension at least dim B. Moreover,
we (6/B) — B is proper, and the fiber over {* is a finite set of reduced points. Since B is reduced, we
conclude that the map is étale near *. |

Since f: X — P is separable, f* is also separable. In particular, its cotangent complex is punctual, so
¥, is smooth at f*. We can therefore apply this lemma to the universal family over a component B
of ¥y .

In greater generality, suppose that B is any irreducible base, and 7: W — B is étale near b € B. Then any
irreducible component of W dominating B meets 7! (b), and every point of 7~ (b) is contained in a
unique irreducible component of W, which dominates B. To show W has a unique irreducible component
dominating B, it thus suffices to show that any two points of 7z 1 (b) are contained in the same irreducible
component of W. In particular, suppose that B’ is irreducible and the image of B’ — B meets b. If
W xp B’ — B’ has a unique irreducible component dominating B’, then W has a unique irreducible

component dominating B.
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Therefore, if there is some family 6/B’ over a reduced irreducible base B’, containing f*, such that
we (6/B’) — B’ has a unique component dominating B’, then the universal WE has a unique component
dominating our component of ¥ .. The argument will proceed in the following steps:

(1) In Section 101, we define the stack # 2 of degree k genus g COvers with total ramification at two
k.g, g g
pOiI’ltS, and partial and total compactiﬁcations thereof:

%kgzg%smch C%ch

k,g,2 ,gZC%ng

The universal curve €™ gver %Smgcg

therefore construct the universal e-positive locus We((ésm M) as in Section 3. We will also observe that:

will be a family of chain curves with smooth total space. We may

(a) X liesin 3T€Sm‘°h, and ¥y ¢ » contains a deformation of X as in Lemma 10.1,

gpch gpsm-ch,0 sm-ch
(b) ¥ 2.2 is smooth, so X lies in a unique component ¥ k.2 of %k 2.2

©) We(<6gm chy %Sm Ch is étale near X.

We may therefore reduce to studying we (€™M, (The reason for this first reduction is to sidestep
questions related to the existence of a nice compactification of the Hurwitz space in positive characteristic,
given that we will need these compactifications of ¥ o » anyways later in our argument.) In light of (1)(c),
our problem is now to show that every two points of WE(X ) lie in the same irreducible component
of Wé(gsm-ch),

Recall that WE(X ) is the reduced finite set of line bundles L7 indexed by the efficient fillings T of T'(€)
(see Definition 4.10). Therefore, it suffices to see that for any two tableaux 7" and T of shape I'(¢),
the irreducible components of Wg(césm":h) containing 7 and 7’ coincide. Because any two tableaux
can be connected via a sequence of braid moves (see Section 8), it suffices to show that L7 and L i
(respectively L7 and L gi7), when defined, lie in the same irreducible component.

sm-ch,o
k.g.2
whose closures contain X ; these families arise by smoothing nodes of X and are themselves parametrized

(2) In Section 10.2 (respectively Section 10.3), we restrict WE(%Sm'Ch) to certain families in
by %Z,z,z (respectively %]‘253’2).

The restriction of W¥¢ (€5™<h) to these families is not irreducible. Nonetheless, for each T such that FI T
(respectively S?T') is defined, we describe substacks Y (i, T') (respectively Y (i, T)) of the restriction
of WE(%Sm‘Ch) to these families; the fiber over X of the closure of Y (i, T) (respectively Ys(i, T)) in
WE (€™ consists of L7 and L piT (respectively L7 and Lgip).

(3) Finally, in Section 10.4, we prove that Yr (i, T) and Yg (i, T) are irreducible, thereby establishing
that L7 and L gip (respectively L7 and L gi7) lie in the same irreducible component of WE(@3m<h), as
desired.

We do this by observing that Y (i, T') (respectively Ys (i, 7)) extends naturally over the entirety of %k,z,z
(respectively ?76;(,3,2). Moreover, they remain generically étale over a certain boundary stratum R
(respectively R3), where we can write down explicit equations and check irreducibility.
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10.1 Covers with two points of total ramification

Definition 10.2 Let .Ilg > denote the moduli stack of curves of genus g with two marked points, and ,/l_/tg,Z
denote its Deligne-Mumford compactification by stable curves. Write #x o » C g > for the substack
of (C, p,q) € Mg with Oc (kp) ~ Oc (kq). (In other words, for a scheme B, the B-points of ¥y ¢ >
parametrize relative smooth curves C — B equipped with a pair of sections {p, ¢} such that B can be
covered by opens U with O¢),, (kp) ~ Oc),, (kq).)

Write ¥y g2 C Mg > for the closure of ¥y g . Let ?C;cmgc}zl C Hk,g,2 (respectively %g:g,Z C Hk,g.2)

denote the open substack parametrizing chains of smooth (respectively irreducible) curves where the

sm-ch

marked points are on opposite ends. Let €™ denote the universal curve over %T(fk 22

Any (C, p,q) € Mg > lies in ¥y ¢ , if and only if C admits a map C — P! of degree k, totally ramified at
p and ¢. Such a map is unique up to Aut P!, so there is a natural map Hi,g,2 —> Hy, g. The boundary can
be understood explicitly in a similar fashion. Suppose C = C'! Upt Up2 - Upn—1 C™ with p = plecC!
and g = p" € C" is a chain of irreducible curves where the marked points are on opposite ends. By the
theory of admissible covers (see [Liu 2003, Section 5]), (C, p,q) € %;ﬁg’z if and only if C admits a map
of degree k to a chain of n copies of P! totally ramified over the p’. Such a map exists if and only if
p' — pi~lis k-torsion in Pic®(C?) for i =1, ..., n, in which case it is unique.

sm-ch

kg2 and the deformation constructed in Section 2 lies

Note that, by construction, (X, po, p?) lies in %
iIl %k,g,Z'

cg_gsm-ch

gpch
Lemma 10.3 % kg2

kg2 is smooth, as is the total space €*™" of the universal curve over

Proof Let C =C! Upi C? Up2 -+ Upn—1 C™ be a point of %zhg ,» With marked points p = plec!
and g = p" € C". Let f’: C — P be the unique map of degree k to a chain of n copies of P! totally
ramified at the p’. Because the characteristic does not divide k by assumption, f” is separable.

By formal patching (see [Liu 2003, Lemma 5.6]), a deformation of f’ is uniquely determined by
deformations in formal neighborhoods of every branch point b of f’, and every node ¢’ of P. Near a
branch point b, the deformation space is smooth since the relative cotangent complex is punctual. Above a
node ¢’, write x and y for local coordinates on C’ and C'*! at p’. Since the map is totally ramified and
k is not a multiple of the characteristic, a = x¥ and b = yk give local coordinates on the two copies of P!
meeting at ¢’. A local versal deformation space is then smooth of dimension 1: a versal deformation

with coordinate 7 is Spec K[[x, y,t]/(xy —t) — Spec K [[a, b, ]/ (ab — t*). Thus ?76%&2 is smooth.

Finally, along the fiber C, the map €s™<" — 3_‘62‘";2 is smooth away from the p’. Therefore the only
possible singularities of the total space €*™" along C occur at the p’. In a formal neighborhood of p?,

<€sm-ch

the total space is a pullback under a smooth map of the total space Spec K [[x, y,t]/(xy —t) of

the universal source over the versal deformation space appearing above, which is smooth. |
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In particular, X lies in a unlque irreducible component %gm 0}21 ° of %“m Ch . The work in Section 3 defines
a universal e-positive locus we (€5™M), which is proper over %bm Ch , and whose fiber over X is W¢ (X),
which we have shown is a reduced finite set. By regeneration (Corollary 6.6), every point of we (X)
lies in a component of W ¢(4¥™<") dominating %;Cmgcg °. Since %irf‘gfgp is reduced by Lemma 10.3, we
conclude, as in the proof of Lemma 10.1, that Wé(%sm'Ch) — ‘3762mgd2‘° is étale near X.

10.2 Flips in monodromy

Suppose that the flip F' T is defined. Our deformation of X will be obtained by smoothing the node p'.

k220f%k22 The map ¢: %kzz %“mc}z‘
(C, p. q) to the chain curve obtained by attaching E! U pt o Upia E i=1 to C so that p'~! is identified
with p, and attaching E‘t2 U ..U E€ so that p't! is identified with ¢:

Such curves are parametrized by a component ¥ sends

> i—1 i+ :
g2 P e Py C Py g rT s
p q

Our original chain curve X is in the closure of L(?}ﬁz’z’z).

Lemma 10.4 Let L be a limit line bundle on ((C, p, q), with LE' = LY fort ¢ {i,i + 1}, such that
there exist points x, y € C with

¢ ~O0(Tli)+i—-Dp+@—-Tli]—i)g+x)~O0(T[i+1]+i—Dp+d—-T[i +1]—-i)g+y)

(which forces Oc (x — y) ~Oc((T[i +1]=T[i])(p —q))). Then L is limit é-positive.

Proof Because L7 is e-positive, and LE — L’T for ¢ ¢ {i,i + 1}, it suffices to show that, for alla, b € Z
(with the notation of Definition 3.2),

0 C L . 0 EiUEi+1 . .
(46) h*(L™ (=ap —bq)) = f(a,b) := d,-+fﬁ‘f1:dh (LT) i gi+1y(=ap —=bq)).

If a + b > d, then straightforward casework (using our assumption that T'[i + 1] # T[i] — 1 mod k)
implies
0 UEIT!
fla,b) <h ((LT)(d b.b) (—ap—bgq))=0

and so (46) holds. Otherwise, if a + b < d — 1, then straightforward casework (using our assumption that
T[i +1]# T[i]+ 1 mod k) implies

1 if (a,b)=(T[i]+i—1,d-Tli]-i),

i+1 . . . . .

flab) <hO(Lp)EYET, 1 (—ap—bg) = {1 if (a.b) = (T[i+1]+i— 1, d=T[i+1]-i),

d—a—b—1 otherwise.
This immediately implies (46) in the “otherwise” case by Riemann—Roch. In the first two cases, this
implies (46) by our assumption that LE (—ap — bgq) is effective for these values of a and b. |
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On a smooth curve of genus 2, the map C x C — Pic® C defined by (x, y) > Oc (x — y) is finite of
degree 2 away from the diagonal (which is contracted to the identity in Pic® C). Lemma 10.4 thus
produces two limit é-positive line bundles on the general curve in L(%Z’Zyz), ie a substack Yr (i, T') of the
restriction of WE(CGSm‘Ch) to ¢(3€;, , ,). Limiting to X, we obtain two e-positive line bundles (which must
be distinct because WE(%Sm'Ch) N ‘?76;?;3 is étale near X). By construction, these correspond to tableaux
T and T> satisfying T;[t] = T[t] for t # {i,i + 1}. But there are only two such tableaux: 7 itself

and F'T. Therefore the fiber of the closure of Y (i, T) over X consists of L7 and L i, as desired.

Note that, although the map Yr(i,7T) — WE(CGSm‘Ch) depends on i and T, the stack Yz (i, T) and the
map Yr(i,T) — ¥} , , depend only on n := T'[i + 1] —T'i], up to sign and modulo k. We therefore
write Yr(n) =Yr(i,T) — %z 20"
10.3 Shuffles in monodromy

Suppose that the shuffle S'T is defined, ie T'[i] = T'[i +2] and T[i + 1] = T[i] & 1. Without loss of
generality, suppose that 7'[i + 1] = T'[i] + 1. Our deformation of X will be obtained by simultaneously
i+1

smoothing the nodes p’ and p’*!. Such curves are parametrized by a component ¥ , . of #k,3,2- The

k3.2 :
map ¢: #;  , — %;‘Cm;g sends (C, p, q) to the chain curve obtained by attaching E'! Upt - Upi—2 E-1

to C so that p’~! is identified with p, and attaching E/ T3 U-.. U E# so that p' T2 is identified with ¢:

El—2 pi_ Ei—l I C I Ei+3
p q

Our original chain curve X is in the closure of L(%ZJ’Z).

Lemma 10.5 Suppose that C is a nonhyperelliptic curve of genus 3. Let L be a limit line bundle on
«(C, p,q) with LE" = LY fort ¢ {i,i +1,i + 2} such that

LC ~0c(z+ (T[il+i)p+(d —T[i]—i —1)q)

for z € {x,y}, where x,y € C is the pair of points such that p + q + x + y ~ K¢ (ie the two points
collinear with p and q in the canonical model of C as a plane quartic):

Then L is limit é-positive.
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Proof Because L7 is e-positive, and LE = LY fort ¢ {i,i + 1,i + 2}, it suffices to show that, for all
a,bel?,

0 C o . 0 EiUEiItIyEi+2 _ _
@n R Cap-b) = fabyi= min RLECES D (Cap—ba).

If a + b > d — 1, then straightforward casework implies

1 if (a,b) = (T[i]+i.d —T[i]—i—1),

b)Y < hO((Lp)EVETIVET2 o hay) =
Sfla,b) =h™(( T)(a,d—a—b,b) (—ap q)) 0 otherwise.

This immediately implies (47) in the “otherwise” case, and shows that, in the first case, (47) follows from
the condition

(48) RO(LE (—(T[i]+i)p—(d —T[i]—i —1)q)) > 1.
Otherwise, if a + b < d — 2, then straightforward casework implies

i i+1 i+2
fla,b) <h°(Lr) Gy g o % s pry(—ap —bq))

2 if (a,b) =(T[i]+i—1.d—TI[i]—i—2),
1 if (a,b) =(T[i]+i—1.d—TI[i]—i—1),
)1 if (a,b) = (T[i|+i.d —Tli]—i—2),

d—a—b—2 otherwise.

This immediately implies (47) in the “otherwise” case by Riemann—Roch. Since vanishing at p or ¢
imposes at most one condition on sections of any line bundle, in the first three cases, (47) follows from
the single condition

(49) RO(LE (—(T[i]+i—1)p—(d —T[i]—i —2)q)) > 2.

We conclude by observing that LC satisfies (48) and (49) by its definition. a

Lemma 10.5 thus produces two limit é-positive line bundles on the general curve in L(Fg 5 ,), e a
substack Yg (i, T') of the restriction of Wé(%sm'Ch) to L(J;, 5 ,). As in the previous “flip” case, the fiber
of the closure of Yg (i, T) over X consists of L7 and L i as desired. Moreover, Y5 (i, T) — %}

independent of i and 7. We therefore write Ys = Ys(i,T) — % 5 ,.

’3218

10.4 Irreducibility of Yy (n) and Yy

Our final task is to show that the following two double covers have a unique irreducible component
dominating the desired component of the base:

Yp(n) The double cover of ¥ 5 5 parametrizing points x and y with O(x —y) >~ O(n(p —q)) (where
n is an integer not equal to 0, =1 mod k);
Y5 The double cover of the complement of the hyperelliptic locus in ¥ 3 », parametrizing points x

and y with O(x 4+ y) >~ w(—p —q) (where k > 2).
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Notice that the definition of Y (n) (respectively Yg) extends naturally to the entire closure ?761(,2,2
(respectively %k,S,z), although it is not a priori finite flat of degree 2.

Proposition 10.6 (1) Yr(n) is finite flat of degree 2 over the open substack of %76;}:2’2 defined by
(C, p, q) satisfying the following conditions:
(a) C isirreducible.
(b) p—gq is exactly k-torsion on C.

(¢) p —q is exactly k-torsion on the partial normalization of C at any node (this condition is
vacuous if C is smooth and implies the previous one if C is singular).

(2) Yg is finite flat of degree 2 over the open substack of H<"

k3.2 defined by (C, p, q) satistying the

following conditions:

(a) C isirreducible.

(b) p and q are not conjugate under the hyperelliptic involution if C is hyperelliptic (this condition
is vacuous if C is not hyperelliptic).

(c) p and g are not conjugate under the hyperelliptic involution on the partial normalization of
C at any node (this condition is vacuous if C is smooth and implies the previous one if C is
singular).

Proof Write U C ?762}:2’2 (respectively Uz C ?762133’2) for the open substacks defined by the above
conditions.

Yr(n) Consider any (C, p,q) € U,. Since C is irreducible, the condition O(x — y) >~ O(n(p —q))
is equivalent to O(x + y) >~ w(n(p —q)), where y denotes the conjugate of y under the hyperelliptic
involution. The line bundle w(n(p — q)) is of degree 2, and not isomorphic to w because p — ¢ is exactly
k-torsion and n # 0 mod k. Therefore, since C is irreducible, w(n(p —q)) has a unique section (up to
scaling), vanishing on a Cartier divisor D C C of degree 2. If D were supported at a node of C, consider
the partial normalization C" of C at this node, and write s and ¢ for the points on C” above this node.
Then wc (n(p —¢q)) >~ O(s + ¢t) as line bundles on C”. Since wc >~ wcv (s +1t) >~ O(s + ¢), we would
have Ocv (n(p —q)) >~ Ocv. But this is impossible since p — g is exactly k-torsion on C” by assumption.
Thus D C Cgp.

It thus remains to see that these divisors D fit together to form a Cartier divisor % on the universal
curve 1 : € — U, of relative degree 2 (which will then be supported in the smooth locus and identified
with YF (n)). Write p, q: Uz — 6 for the universal sections. Observe that w7, (n(p—q)) is a line bundle
on %, with a unique section up to scaling on every geometric fiber. Moreover, by Lemma 10.3, the base U,
is smooth, and in particular reduced. Cohomology and base change thus implies that 7w, g, (n(p —q))
is a line bundle on U,. Working locally on U,, we may trivialize it by picking a section, which gives a
section of w¢ /g, (n(p —q)), vanishing along a Cartier divisor %.
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Ys Consider any (C, p,q) € Us. Since C is irreducible, and p and ¢ are not conjugate under the
hyperelliptic involution if C is hyperelliptic, we have 7°(C, 0(p + q)) = 1. By Serre duality, w(—p —q)
has a unique section (up to scaling), vanishing on a Cartier divisor D C C of degree 2. If D were
supported at a node of C, consider the partial normalization CV of C at this node, and write s and ¢
for the points on C" above this node. Then wc(—p — ¢) >~ O(s + ¢) as line bundles on C". Since
wc >~ wcv (s +t), we would have Ocv(p + q) >~ wcv. But this is impossible since p and ¢ are not
conjugate under the hyperelliptic involution on C" by assumption. Thus D C Cgp,.

As in the previous case, these divisors D fit together to form a Cartier divisor % on the universal curve
.6 — Us of relative degree 2. |
We now show that Yr (n) (respectively Yg) has a unique irreducible component dominating %7621’202
(respectively ?762}1302) To do this, we will restrict these double covers to certain schemes Ry — %7_6;th2 (with
h =2 and h = 3, respectively), where we can write down the equations of Yr (n) and Yg explicitly and
see that they are irreducible. The scheme R5 is an open in {ry, 2} € Sym? P! (respectively R3 is an open
in {r1,r2,r3} € Sym> P1). Let ¢ denote a primitive k™ root of unity (which exists by our assumption
that the characteristic does not divide k). Our schemes Rj, will parametrize stable curves of geometric
genus 0 of the following forms:

ri<ril 12><r2¢

On such curves (and their normalizations at any one node), p — g = 0 — oo has order exactly k; the
function ¢* gives the linear equivalence between kp and kq. Moreover, any involution of P! exchanging
0 and oo has the form ¢ > ¢/¢. Such an involution exchanges r; and r; ¢ only if ¢ = rl-2§ . Therefore, if the
ri2§ are distinct, the points p and g are not conjugate under the hyperelliptic involution on the normalization
of Rz at any node. The general curves over Rj, therefore satisfy the conditions of Proposition 10.6. A

. . 5pch,0
priori, however, R; may not map to the desired component %k, ho

Proposition 10.7 The image of Ry, lies in the component %ihhoz

Remark 8 The authors conjecture ?76;(, h.2 1s irreducible (when the characteristic does not divide k), which
would immediately imply Proposition 10.7. Indeed, in characteristic zero, one can establish this using
transcendental techniques. Moreover, techniques developed by Fulton [1969] show that irreducibility
in characteristic zero implies irreducibility when the characteristic is greater than k. However, it seems
difficult to extend this argument to small characteristics. Instead, we give here a direct algebraic proof of
Proposition 10.7, which requires only our less strict hypothesis that the characteristic does not divide k.

Proof By definition, ?762}1;2 is the component of ?’ngjh,z containing the locus of chains of elliptic curves.
(Note that the locus of chains of elliptic curves is itself irreducible, as it is isomorphic to a g-fold product
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X1(k) x -+ x X1(k) of the classical modular curve X;(k), which is irreducible in characteristic not
dividing k.) Consider the following points of %ihh 5

By smoothing the top (blue) nodes, these curves are visibly in the closure of the image of Rj. Similarly,
by smoothing the bottom (violet) nodes, these curves are visibly in the closure of the locus of chains of
elliptic curves. Finally, by Lemma 10.3, these curves lie in a unique component. |

We finally compute explicitly the restriction of the covers Yr(n) and Ys to R, and Rj3, respectively. In
particular, we will see that these covers are generically étale of degree 2 and have a unique irreducible
component dominating R, and Rj, respectively. Therefore Y (n) and Yg have a unique irreducible

component dominating %Zh’; , and %Zh’;z, respectively (see the discussion after the proof of Lemma 10.1).

For YF (n), we have O(x — y) >~ O(n(0 — 00)), so there is a function vanishing along n -0 + y, with a
pole along 7 - 0o 4+ x. The only such function on the normalization is ¢" (¢ — y)/(¢t — x); this function
must therefore descend to the nodal curve, ie

He1=y) (0" rE=y) =) 020" (a8—y)
r—x r—x r—x nt—x

The first of these equations is linear in y; we may thus solve for y and substitute into the second equation.
Clearing denominators, we obtain a quadratic equation for x, whose coefficients are symmetric in rg
and r,. Written in terms of the elementary symmetric functions e; = ry + 13 and e; = ryr on Sym2 PL,
this equation is

(50) =D+ (=" Der-x + (" = P)er = 0.

This is linear in e; and e, so can only be reducible if it has a root x € P! which is constant (ie independent
of e1 and e,). But upon setting e; = 00, this quadratic has a double root at x = oo (note that n # 1 mod k,
so {12 =£0). Similarly, upon setting e; = e, = 0, this quadratic has a double root at x = 0 (note that
n # —1 modk, so {"1 —1 £ 0). Thus no such constant root exists, and (50) is irreducible as desired.

For Yg, we have O(x + y) >~ w(—p —q), so there is a section of the dualizing sheaf vanishing at x, y, 0
and co. When pulled back to the normalization, this gives a meromorphic 1-form with poles at the points
lying above the nodes (r1, 71, 12, 12, r3, r3¢) that vanishes at x, y, 0 and co. The only such 1-form is

oy tt—x)(t—y)-dt
(=)= —r)(t —r0)(t —r3)(t —r30)’

This 1-form must therefore descend to a section of the dualizing sheaf on the nodal curve, ie

Resi=r @ + Res;—p c¢ = ReSy=p, ¢ + Res;—,, ;00 = Resy=r;a + Res;—pcx = 0.
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Since the sum of all residues (Res;=,, & +Res;—, ¢ +Res;=r,a + Res;—,, ;& + Res;=r;a +Res; = e )
automatically vanishes, this is really just two conditions:

ri(ri—=x)(ri—y) n (r19)(ri—x)(ri¢—y)
(r1=r1Q)(r1—r2)(r1—r28)(ri—r3)(ri—r3f)  (r§—r1)(rif—r2)(ri{—ra)(rif—r3)(ri¢{—r3f)
= Rest=r, 0 +Res;—, ¢ =0,
ra(ra—x)(r2—y) n (r28) (r28—x)(r28—y)
(ra—r28)(ra—r1)(r2—r18)(ra—r3)(r2—r3f) ~ (ral—r2)(r28—r1)(r2§—r18)(r2§ —r3)(r2{ —r3f)

= Rest=r,a +Res;—p,ca¢ = 0.

The first of these equations is linear in y; we may thus solve for y and substitute into the second equation.
Clearing denominators, we obtain a quadratic equation for x, whose coefficients are symmetric in r1, 7 and
r3. Written in terms of the elementary symmetric functions ey =ry +rp +r3 and e; =riry +rar3 +rarg
and e3 = ryrar3 on Sym3 P, this equation is

(£ + Dez-x? —[terer + (£ + L+ Des] - x + (£ + {)eres = 0.

To see this is irreducible, it suffices to check irreducibility after specializing e; = 1, which yields the
equation

(51) €+ Dez-x*—[tea+ (2 + L+ Des]-x + ({2 +0)e3 = 0.

This is linear in e; and e3, so can only be reducible if it has a root x € P! which is constant. But, upon
setting e5/e3 = 0, the roots are x = oo and x = ({2 4¢)/(E%2 +¢4+1) #0 (note that 2 +¢ =C(E4+1) #0
because ¢ is a primitive k™ root of unity with k > 2). Similarly, upon setting e, /e3 = 0o, the roots are x =0

and x = /(+1) # oo (again £+ 1 # 0). It thus remains to observe that ((240)/(£24+C4+1) £/ (C+1)
because ¢ # 0.
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