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The smooth classification of 4-dimensional complete intersections
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We prove the “Sullivan conjecture” on the classification of 4-dimensional complete intersections up to
diffeomorphism. Here an n-dimensional complete intersection is a smooth complex variety formed by the
transverse intersection of k hypersurfaces in CP" %,

Previously Kreck and Traving proved the 4-dimensional Sullivan conjecture when 64 divides the total
degree (the product of the degrees of the defining hypersurfaces) and Fang and Klaus proved that the
conjecture holds up to the action of the group of homotopy 8-spheres ®g =~ Z /2.

Our proof involves several new ideas, including the use of the Hambleton—Madsen theory of degree-d
normal maps, which provide a fresh perspective on the Sullivan conjecture in all dimensions. This leads
to an unexpected connection between the Segal conjecture for S! and the Sullivan conjecture.

57R55; 32118

1 Introduction

1.1 Complete intersections and the Sullivan conjecture

A complete intersection X,(d) C CP"K is the transverse intersection of k complex hypersurfaces of
degrees d = {d,...,d;}. We regard X, (d) as an oriented smooth manifold of real dimension 2% and
consider the problem of classifying complete intersections up to orientation-preserving diffeomorphism.
Hence throughout this paper, all manifolds are oriented and all diffeomorphisms and homeomorphisms
are assumed to preserve orientations. By an observation of Thom, the diffeomorphism type of X (d)

depends only on the multidegree d.

The main conjecture organising the classification of complete intersections for n > 3 is the “Sullivan
conjecture”. The statement of the conjecture relies on the following fact (see Remark 2.6): There are
integers p;(n, d) such that the Pontryagin classes of X,(d) satisfy p;(Xn(d)) = pi(n, d)x?, where
x € H*(X,(d)) is the pullback of a generator of H2(CP"tk). Letd := d, - - - d denote the total degree
of Xn(d), which is the product of the individual degrees.

Definition 1.1 The Sullivan data associated to the complete intersection Xy (d) is the tuple

SDu(d) 1= (d. (pi(n. AN x(Xu(d))) e ZF x 2"/ x .,

i=1
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270 Diarmuid Crowley and Csaba Nagy

which consists of the total degree d, the Pontryagin classes of X, (d) regarded as integers and the Euler
characteristic of X (d). For a fixed n, each of these integers is a polynomial function of the individual
degrees; see Section 2.2.

Conjecture 1.2 (the Sullivan conjecture) Suppose that n > 3 and X,(d) and X, (d’) are complete
intersections. If SDy,(d) = SD,(d’), then X}, (d) is diffeomorphic to X, (d’).

The main result of this paper is that the Sullivan conjecture holds in complex dimension 4.

Theorem 1.3 Suppose that X4(d) and X4(d") are complete intersections with SD4(d) = SD4(d’). Then
X4(d) is diffeomorphic to X4(d’).

1.2 Background and an application

We first list some existing results about the Sullivan conjecture, its analogue in dimensions # < 3 and its
converse.

When n = 1, X;(d) is an oriented surface and the classification is classical (in particular the Sullivan
conjecture holds but its converse does not).

When n =2, X,(d) is a simply connected smooth manifold and smooth classification results are currently
out of reach. However, the topological classification can be deduced from results of Freedman [1982]:
Two complete intersections are homeomorphic if and only if they have the same Pontryagin class p; and
the same Euler characteristic. The converse fails, because the total degree is not even a diffeomorphism
invariant (eg X»(4), X»(3,2) and X;,(2,2,2) are all K3-surfaces.)

When n > 3, the converse of the Sullivan conjecture holds; see Proposition 2.10.
If n = 3, the Sullivan conjecture follows from classification theorems of Wall [1966] or Jupp [1973].
If n = 4, Fang and Klaus [1996, Remark 2] proved that the Sullivan conjecture holds up to connected

sum with homotopy 8-spheres:

Theorem 1.4 [Fang and Klaus 1996] Suppose that X4(d) and X4(d’) are complete intersections
with SD4(d) = SD4(d’). Then there is a homotopy 8-sphere ¥ such that X4(d’) and X4(d) ff ¥ are
diffeomorphic.

If 5 <n <7, then Fang and Wang [2010] proved that the Sullivan conjecture holds up to homeomorphism.

For n > 3, Kreck and Traving proved the following general statement. Let v, (d) be the largest integer
such that p*»@|d. If SD,(d) = SD,(d’) and vp(d) = (2n+1)/2(p—1) + 1 for every prime p with
p(p—1) <n+1, then X, (d) and X, (d’) are diffeomorphic [Kreck 1999, Theorem A]. If n = 4, then the
condition says that 64 |d.
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A motivation for the diffeomorphism classification of complete intersections is [Libgober and Wood
1982, Corollary 8.3], which says that if # > 3 and diffeomorphic complete intersections have different
multidegrees, then their complex structures lie in different connected components of the moduli space of
complex structures on the underlying smooth manifold. Here and in general, multidegrees are regarded as
equal if one can be obtained from the other by adding or removing 1s, because then the corresponding
complete intersections have a common representative. Libgober and Wood used this result to show that
for all odd n > 3 there are complete intersections having a complex moduli space with arbitrarily many
connected components. Their proof relied on a counting argument, valid in all dimensions, which shows
that the sets {d’ | SD,(d") = SDy,(d)} of multidegrees with the same Sullivan data can be arbitrarily large.
In future work we give an effective algorithm for finding pairs of multidegrees with the same Sullivan data.
The Sullivan conjecture then allows us to construct explicit examples of complete intersections in different
components of the complex moduli space and we obtain the following application of Theorem 1.3.

Example 1.5 The complete intersections X, (3(139), 7(89) 9(65) 15 25(130)) anq x, (5(261), 21(89) 27(64))
(where 3(159) stands for 150 copies of 3, etc) are diffeomorphic by Theorem 1.3 and the formulae in
Section 2.2. Hence the corresponding complex structures lie in different components of the complex
moduli space.

1.3 The outline of the proof of Theorem 1.3

If SD4(d) = SD4(d’), then by Theorem 1.4 of Fang and Klaus there is a diffeomorphism X4(d) —
X4(d") ## T for some homotopy sphere X. The group of homotopy 8-spheres, @g = Z/2, is known from
[Kervaire and Milnor 1963] and so we let 8 denote the unique diffeomorphism class of the exotic
8-sphere and introduce the following terminology.

Definition 1.6 ¢ An §8-manifold M is ®-rigid if M { ng is diffeomorphic to M.
* An 8-manifold M is @-flexible if M # £3,. is not diffeomorphic to M.

e A complete intersection X4 (d) is strongly O-flexible if X4(d)ft ng is not diffeomorphic to a complete
intersection.

As our proof of Theorem 1.3 involves treating several cases separately, we shall say that the Sullivan conjec-
ture holds for a fixed complete intersection X, (d) if, for every d’, SD,,(d) = SD,(d’) implies that X, (d")
is diffeomorphic to X, (d). By Theorem 1.4 and Remark 2.11, the Sullivan conjecture holds for X4 (d) if
and only if X4(d) is either ®-rigid or strongly ®-flexible. To prove the 4-dimensional Sullivan conjecture
we consider four cases, which are indexed by the Wu classes of X4(d) and the parity of the total degree:

V2(X34(d)) | va(X4(d)) | d mod?2 O-rigidity treated in
0 — — strongly ®-flexible Theorem 1.7
1 0 — O-rigid Theorem 1.12
1 1 0 unknown in general | Theorem 1.14 (a)
1 1 1 unknown in general | Theorem 1.14 (b)
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Here v; (X4(d)) € H (X4(d);Z/2) is the i™ Wu class of X,(d), which can be regarded as an element
of Z/2 by Remark 2.6, a “—" indicates the value of the invariant is not relevant in that case, and in the
cases when the ®@-rigidity of X4(d) is unknown, we conjecture that it depends on p;(4, d) mod 8; see
Conjecture 1.15.

Now we discuss the proof in each of the four cases.

For a spin complete intersection X4(d) (equivalently, by Proposition 2.8, when v, (X4(d)) = 0) we find

a diffeomorphism invariant property of complete intersections not shared by X4 (d) ff £8..; see Section 3.
Namely, if S(X, «) denotes the total space of the circle bundle over a space X with first Chern class «,
then S(X,(d), £x) admits a framing, making it a null-cobordant framed (2n+1)-manifold (for any

Xn(d)), whereas S(X4(d) § XS..; £x) does not (for a spin X4(d)). Hence (see Theorem 3.10), we have:

8 .
ex’
Theorem 1.7 If X4(d) is spin, then X4(d) is strongly ®-flexible. In particular, the Sullivan conjecture
holds for X4(d).

Remark 1.8 For the 5-dimensional Sullivan conjecture, the group of homotopy 10-spheres ®1¢ =
7,/2 x 7./3 will play a central role. We believe that “transfer” arguments similar to those we use in the
4-dimensional spin case will control the (Z /3)-factor of ®¢. The (Z/2)-factor of ®1y is detected by the
a-invariant, and Baraglia [2020] has recently computed the a-invariant of spin complete intersections,
verifying its values are consistent with the Sullivan conjecture. We anticipate that these ideas will lead to
a proof of the 5-dimensional Sullivan conjecture in future work.

In the nonspin cases we apply Kreck’s modified surgery theory [1999]. Consider B, := CP*°x BO(n+1),
with the stable bundle &,(d) X YBo(n+1) over it; for the notation see Definition 2.4 and Section 2.3.
Recall from [Kreck 1999, Section 8] that a normal (n—1)-smoothing in (By.£,(d) X YBo(n+1)) 18
a pair (f, /), where f: M — B, is an n-connected map from a closed smooth manifold M and
f :vm — &n(d) X YBO(n+1) is a map of stable bundles from the normal bundle of M, which covers f.
Recall also that the normal (n—1)-type of X, (d) is (Bu.&x(d) X YBO(n+1)); in particular X (d) admits a
normal (n—1)-smoothing in (By, £4(d) X YBO (n+1))- In this setting [Kreck 1999, Proposition 10] reduces
the Sullivan conjecture to a statement about bordism classes over (By,&,(d) X YBo(n+1))- For our
purposes, it is useful to state an altered version of [loc. cit., Proposition 10], which compares a complete
intersection X (d) to a somewhat more general closed 2n-manifold X”. The proof of Proposition 1.9 is
identical to the proof of the sufficient condition of [loc. cit., Proposition 10].

Proposition 1.9 Letn >3, X,,(d) be a complete intersection and X' be a closed 2n-manifold such that
X(Xn(d))=x(X"), and X,(d) and X' admit bordant normal (n—1)-smoothings over (B, £, (d)XV B0 (n+1))-
Ifd #{1},{2} or{2,2}, then X, (d) and X' are diffeomorphic. |

Remark 1.10 In fact, the assumption that d # {1} can be removed by applying [Kreck 1999, Proposition
8 (1)]. We do not know the situation for d = {2}, {2, 2}. However, for all three of these exceptional
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multidegrees d, it is elementary that SD,(d) = SD,(d’) implies d = d’ and so the Sullivan conjecture
holds for these complete intersections.

The main challenge when applying Proposition 1.9 is showing that the bordism condition holds; see
the discussion in Section 2.3. Note that the bordism group of 8-manifolds over (By, £4(d) X ¥Bo(s))
is canonically isomorphic to the twisted string bordism group Q;) (7)(CP°°; £4(d)), since BO(5) =
BO(8) = B(O(7)).

In the case of a nonspin complete intersection X4 (d) with v4(X4(d)) = 0, we will use Proposition 1.9 to
compare X4(d) with X’ = X, (d) t 3. They admit normal 3-smoothings over (Bj, £4(d) x YBO(8))
whose bordism classes differ by the image of ng under the canonical homomorphism iy: ®g —
8280(7)((CP°°; £4(d)). The map iq factors through Tors 980(7) (CP';£4(d)|cp1), and (see Lemma 4.2)

we prove:
Proposition 1.11 If X4(d) is nonspin, then Tors 5280(7) (CPY:&64(d)|cpr) = Z/4.

When v4(X4(d)) = 0, we combine Proposition 1.11 with the computations of [Fang and Klaus 1996,
Section 2.2] to show that the map ®g — 5280(7)((CP°°; £4(d)) vanishes (Proposition 4.3), which gives
(see Theorem 4.4):

Theorem 1.12 Suppose that X4(d) is a nonspin complete intersection with v4(X4(d)) =0. If d # {2, 2},
then X4(d) is ®-rigid and so the Sullivan conjecture holds for X4(d).

Remark 1.13 In fact X4(2,2) is ®-rigid too. This follows from results in Nagy’s PhD thesis [2021,
Theorem 4.6.1] but will not be proven here.

If X4(d) is nonspin, v4(X4(d)) = 1 and the total degree d is even, then 16|d (see Remark 2.9). We add
Proposition 1.11 to the Adams filtration argument of Kreck and Traving [Kreck 1999, Section 8] and the
calculations of [Fang and Klaus 1996, Section 2.4] to prove (see Proposition 4.6) part (a) of the following
theorem.

Theorem 1.14 Let X4(d) and X4(d’) be nonspin complete intersections with SD4(d) = SD4(d") and
suppose that either

(a) v4(X4(d)) # 0 and the total degree d is even, or
(b) the total degree d is odd.

Then X4(d) and X4(d") admit bordant normal 3-smoothings over (By, £4(d) X ypo(s)). Consequently,
X4(d) and X4(d') are diffeomorphic and the Sullivan conjecture holds for X4(d).

Note that the cases discussed so far (ie those prior to Theorem 1.14 (b)) have a significant overlap with,
but are not implied by, the theorem of Kreck and Traving [Kreck 1999, Theorem A]. However, the case
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of odd total degree covered in Theorem 1.14 (b) is completely new. Note also that the total degree can be
odd only if v, (X4(d)) # 0 and v4(X4(d)) # 0; see Proposition 2.8.

To prove Theorem 1.14 (b) we use the Hambleton—-Madsen theory of degree-d normal maps [1986]. A
complete intersection X (d) (with a canonical choice of normal data) represents an element in the set
N d+ (CP") of normal bordism classes of degree-d normal maps over CP™. As explained in Section 5.1,
an oriented version of the Hambleton—Madsen theory gives a bijective normal invariant map

n: N (CP") = [CP", (QS%/S0)l.

which is the usual normal invariant in the familiar case when d = 1 and where (QS%/SO), is the oriented
version of the classifying space for isomorphism classes of stable fibrewise degree-d maps between
sphere bundles of vector bundles, which was identified by Brumfiel and Madsen [1976, Section 4]. We
establish a relationship between certain “relative divisors” of a vector bundle and degree-d normal maps
over the vector bundle (Lemma 5.17) and then use this to give a formula for the canonical degree-d
normal invariant of X} (d) (Theorem 5.19).

The surgery argument of Proposition 1.9 also works if we have bordant representatives in N, j (cph
(Lemma 5.18). This and the formula of Theorem 5.19 leads to a new perspective on the stable homotopy-
theoretic input needed to prove the Sullivan conjecture (see Theorem 5.20). This new perspective allows
us to prove the 4-dimensional Sullivan conjecture when the total degree is odd and we anticipate that it
will lead to other new results in higher dimensions; eg see Remark 5.34.

Notice that Fang and Klaus (Theorem 1.4) reduced the 4-dimensional Sullivan conjecture to a 2-local prob-
lem. When d is odd, [Brumfiel and Madsen 1976] showed that there is an equivalence of 2-localisations
((QsY%/s0) 4)2) = (G/0)(2), where G/ O is the familiar classifying space from classical surgery theory
[Browder 1972; Wall 1970]. We can then exploit Sullivan’s 2-local splitting (see [Madsen and Milgram
1979, Theorem 5.18]),

(G/0)(2) = (BSO)(2) x coker J(,),

where coker J(3) is a 2-local space whose homotopy groups are certain large summands of the 2-primary
component of the cokernel of the J-homomorphism (see [Madsen and Milgram 1979, Definition 5.16]).
It follows that we have a sequence of maps

[CP™, (QS/S0)4] — [CP", ((QSY/SO)a)2)]
—> [CP",(G/0)(2)] = [CP", (BSO)(z)] x [CP", coker J()].

The formula for the degree-d normal invariant of X, (d) shows that it is the restriction of a map CP*° —
(QS%/S0),. Now the proof of [Feshbach 1986, Theorem 6], which is based on the Segal conjecture
for the Lie group S, implies that any map CP> — coker J (2) is null-homotopic and this is enough to
prove that the [CP", coker J()]-factor of the 2-localised normal invariant is trivial (Corollary 5.29). The
[CP", (BSO)(y)l-factor is controlled by the Sullivan data; hence in dimension 4 the degree-d normal
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invariant is completely determined by the Sullivan data (Theorem 5.30). The 4-dimensional Sullivan
conjecture for complete intersections with odd total degree follows (Theorem 5.31).

1.4 Inertia groups of 4-dimensional complete intersections

Recall that the inertia group of a closed connected m2-manifold M is the subgroup
I(M):={X €0, | M and M § X are diffeomorphic} C @,

of the group of homotopy m-spheres ®,, [Kervaire and Milnor 1963]. For example, an 8-manifold M
is ©-rigid if and only if /(M) = ®g. The results in Section 1.3 determine the inertia groups of a
4-dimensional complete intersection when X4 (d) is spin, or when X4(d) is nonspin and v4(X4(d)) = 0.
When X4(d) is nonspin and v4(X4(d)) # 0, we have p(4,d) = 1 mod 4 (see Proposition 2.8 and the
calculations in Section 2.2) and we offer the third and fourth rows of the table in the following conjecture.

Conjecture 1.15 The inertia groups I(X4(d)) € Og = Z /2 of 4-dimensional complete intersections are
given by the table below:

v2(X4(d)) | va(X4(d)) | p1(4.d) mod8 | I(X4(d))
0 — — 0
1 0 — Og
1 1 5 0
1 1 1 Og
Here a “—" indicates the value of the invariant is not relevant for 1(X4(d)) in that case.

Remark 1.16 The first the line of the table follows from Theorem 1.7 and the second line follows
from Theorem 1.12 and Remark 1.13. By [Kasilingam 2016, Remark 2.6 (1)], I(X4(1)) = I(CP*) =0,
which is consistent with the third line of the table. The conjecture is based on analysing the homotopy
type of the Thom spectrum of £4(d)|cps and using this to determine the map ®g = Tors QSO

Q" (CP>:£4(d)).

.

In the spin case, we identified a diffeomorphism invariant property which distinguishes the manifolds
X4(d) and X4(d)4Z8,.. In the ®-flexible nonspin cases, besides the bordism class in 2 80(7) (CP*®;&4(d)),
we do not know of such a property.

The rest of this paper is organised as follows. Section 2 covers necessary preliminaries. Section 3 treats
the spin case. Section 4 treats the two nonspin cases whose solutions rely on Proposition 1.11, which is
the case with vy = 0 and the case with v4 # 0 and even total degree (together comprising all nonspin
complete intersections with even total degree). Section 5 treats the case of odd total degree. Finally, we
have an appendix about Toda brackets and extensions, which are needed in Section 4 and specifically for
the proof of Proposition 1.11.
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2 Preliminaries

In this section we recall and establish some basic facts about complete intersections and Sullivan data.
We then recall Kreck’s modified surgery setting for the classification of complete intersections.

2.1 Complete intersections

Given a finite multiset d = {d, d>, ..., d;} of positive integers, consider homogeneous polynomials
fis foreoos fu €Clxo. X1, . .., Xptk] With these degrees. If the zero set {[x] € CP"TK | f;(x) =0} of f; is
a smooth submanifold of CP" ¥ for every i and these submanifolds are transverse, then their intersection
is a representative of the complete intersection X, (d). Any two representatives are diffeomorphic, due to
an argument generally attributed to Thom (see eg [Browder 1979]), which we outline below.

Let P,(d) denote the space of tuples ( f1, f2,..., fi) of homogeneous polynomials in n+k+1 variables
of degrees dy,d>,...,d;, and let P,(d)™ < P,(d) be the subspace of tuples that define complete
intersections. The restriction of the tautological map

WX (1 far s fi) € PP X Py(d) | fi(x) = 0 for all i} — Py(d)

to P, (d)™ is alocally trivial bundle, and its fibres are the representatives of Xy (d). Since P,(d)\ Pn(d)™C
P, (d) is a subvariety of positive complex codimension, P,(d)™ is a generic (ie open and everywhere
dense) subset in P,(d) and it is path-connected.

This implies that every tuple in P,(d) can be approximated by one in P,(d)™. We also get that any
two tuples in P,(d)™ can be joined by a path in P, (d)™, which determines a diffeomorphism (up to
isotopy) between the fibres over them. So if we take X (d) to mean any of its representatives, then it is
well-defined up to diffeomorphism. Moreover, if two representatives are identified via a path as above,
then their natural embeddings in CP"k are isotopic; hence X (d) comes equipped with an embedding
i: Xp(d) — CP"k well-defined up to isotopy. The embedding i is n-connected (this follows from the
Lefschetz hyperplane theorem, or see [Dimca 1992, Chapter 5 (2.6)]).

2.2 Computation of Sullivan data and the converse of the Sullivan conjecture

Definition 2.1 Let x € H*(CP) denote the standard generator (satisfying (x,[CP!']) = 1). The
pullbacks of x (by the standard embeddings) in H*(CP™) and H?(X,(d)) will also be denoted by x.
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Definition 2.2 For a (complex) bundle & and a positive integer r let r§ = £ @ -- - @ & denote the r-fold
Whitney sum of & with itself and let —r& denote the stable bundle which is the inverse of r&. Let
£ =£®---®E& be the r-fold tensor product (over C) of & with itself. For a tuple r = (ry,72,...,7%) let
gl :%'rl @Srz@...@é:rk.

Definition 2.3 Let y be the conjugate of the tautological complex line bundle over C P,

With this notation, the tautological bundle is ¥, and since c¢; () = —x, we have ¢1(y) = x. It is well
known that the normal bundle of CP™ in CP™*+! is vy(CP™ — CP™*!) = y|cpm and that the stable
normal bundle of CP™ is vepm = —(m+1)y|cpm (see eg [Milnor and Stasheff 1974, Section 14]).

Definition 2.4 The stable vector bundle &, (d) over CP is defined to be

En(d) = —(n+k+1)y &y @ - @ y9.

Since the normal bundle of a degree-r hypersurface in C P is the restriction of " (cf Construction 5.22
and Remark 5.16), we have:

Proposition 2.5 The stable normal bundle vy, 4y of X, (d) is isomorphic to i* (§,(d)|c pn+x). m|

Remark 2.6 Since vy, (g) is the pullback of a bundle over CP, all of the stable characteristic classes
of X, (d) lie in the subring i *(H*(CP>)) € H*(X,(d)), which is generated by x € H?(X,(d)). In
particular, p; (X, (d)) € (x¥)=7Z, cj(Xn(d)) e (x/) =7 andif 2j <n, then W2 (Xn(d)), v2j(Xn(d)) €
(02(x%)) = Z/2, where 02: H*(Xy(d)) — H*(Xn(d); Z/2) is reduction mod 2. (If 2 > n and d is
even, then 05 (x/) = 0.)

Proposition 2.5 allows us to compute the characteristic classes of X, (d) in terms of the degrees d1, . . . , dj.
Since ¢(y") = 1+rx, the total Chern class of £(d) is ¢(&n(d)) = (1+x)~ @4+ [T (1+d;x). The
same formula holds for the normal bundle vy, 4), because it is the pullback of &,(d). This implies that
c(Xn(d)) = (1 4 x)rtk+1 ]_[5;1 (14 d;x)~L. For the Pontryagin classes we have p(y”) = 1 4 r2x?;
hence p(X,(d)) = (1 +x2)" K+ i, (1 + d2x?) 7

The Euler characteristic of X5 (d) can also be determined, namely
X(Xn(d)) = {cn(Xn(d)). [Xn(d)]) = (cn(—vx, @) [Xn(d)])
= (en(=i" En(d))). [Xn(d)]) = (cn(=En(d)). i+ ([(Xn(d)]).
where is([Xn(d)]) € Hap(CP" k) is d times the generator.
It will be useful to explicitly compute the Stiefel-Whitney classes w, and w4 and Wu classes v, and vy

of a 4-dimensional complete intersection Xy (d).

Definition 2.7 For a multidegree d let p(d) denote the number of even degrees in d.
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Proposition 2.8 The Stiefel-Whitney classes w, and w4 of vy, gy and X4(d) and Wu classes v, and v4
of X4(d) are determined by p(d) mod 4 as follows (by Remark 2.6 these Stiefel-Whitney classes and
Wau classes can be regarded as elements of Z./2):

p(d) mod 4 \0 123

w2 (Vy, (@) = wa(Xa(d)) = v2(X4(d)) |1 0 1 0
wa(Vx,(d)) = v4(X4(d)) 1100
wq(X4(d)) 0110

Proof The total Chern class of &,(d) is given by the formula

k
c(En(d)) = (14x) "D TT(1+dix)

c e ‘
:1+(—(n+1)+2(di—1))x+(( 5 ) Y@=+ Y (d,-—l)(dj—l))x2+---.
i=1 i=1 1<i<j<k

We have wj; = 02(c;). Therefore

k
wa(ee(@) = ox((~5+ Y0t~ D)x) =ext1-+ s

i=1

w4($4(6_l'))=Q2((15—62k:(di—1)+ > @0 -n)e) =ea(1+(75))2).

i=1 1<i<j<k
We have the same formulas for the Stiefel-Whitney classes of vy, (4), because vy, ) is the pullback
of £4(d). Since H'(X4(d);Z/2) = H3(X4(d);Z/2) = 0, the Stiefel-Whitney classes w,(X4(d))
and w4(X4(d)) are determined by w>(vy,(4)) and w4(vy,()) via the Cartan formula. We get that

w2 (X4(d)) = wa(vx,(q)) and wa(X4(d)) = wz(vX4(4))2 + w4 (vy,(q))- By applying the Wu formula
we get that v3(X4(d)) = w2 (X4(d)) and v4(X4(d)) = w2(X4(d))* + wa(X4(d)) = wa(vy, @) O

Remark 2.9 Notice that if v5(X4(d)) # 0 and v4(X4(d)) # 0, then p(d) is divisible by 4. This means
that either p(d) = 0, and hence all degrees are odd, so the total degree is odd; or p(d) > 4, so there are
at least four even degrees and then the total degree is divisible by 16.

The following proposition implies that the converse of the Sullivan conjecture holds.

Proposition 2.10 Letn >3 and let d and d’ be two multidegrees. If there is a homotopy equivalence
S Xn(d)—Xn(d') such that f*(vx, ) = Vx,(a) (egif [ is a diffeomorphism), then SD,, (d)=SD,(d").

Proof If n >3, then H*(X,(d)) = H*(X,(d")) = Z, so any homotopy equivalence X,(d) — X, (d’)
preserves x up to sign. If f sends x to —x, then we can replace it with another homotopy equivalence
that preserves x, by composing it with a self-diffeomorphism of X,(d) (or X,(d’)) that changes the
sign of x. (Consider the conjugation map of the ambient CP"*X it sends x to —x. If a representative

Geometry & Topology, Volume 29 (2025)



The smooth classification of 4-dimensional complete intersections 279

of X,(d) is given by polynomials fi, f,..., fk, then its image is another representative of the same
complete intersection, given by the conjugate polynomials fis foreois Jro By Thom’s argument there is
a diffeomorphism between the two representatives such that after identifying them their embeddings into
CP"k are isotopic. By composing this diffeomorphism with the restriction of the conjugation map, we
get a self-diffeomorphism of either representative that changes the sign of x.) Since (x",[X,(d)]) =d
and (x",[X,(d")]) = d’, this means that d = d’. The Euler characteristic is a homotopy invariant. The
Pontryagin classes are preserved by f because of the assumption on the normal bundles, and since the
elements x2’ are preserved, the Pontryagin classes are also invariant when regarded as integers. a

Remark 2.11 If ¥ € ®,, is a homotopy sphere, then there is a homeomorphism between X, (d) and
Xn(d) § ¥ which preserves normal bundles. Thus if n > 3 and X, (d) § ¥ is diffeomorphic to a complete
intersection X, (d’), then SD,(d) = SD,(d’).

2.3 The setting for modified surgery

We recall the setup for the modified surgery arguments of [Kreck 1999, Section 8; Fang and Klaus 1996],
which will be used in Sections 4 and 5.

Recall that the inclusion i : X, (d) — C P is n-connected. It is covered by a bundle map 7 : v X, (d) = En(d)
(Proposition 2.5) and therefore (i, i) is a normal (n—1)-smoothing over (CP>, &,(d)).

Let ypo denote the universal stable vector bundle over BO and yggy;) its pullback to BO(), the
(j—1)-connected cover of BO. Let B, := CP*™ x BO(n+1). Then (i, ) can be regarded as a normal
map over (By, &n(d) X YBO(n+1)) (and it is still n-connected). Moreover, the map B, — BO inducing
€n(d) X YBO(n+1) from ygo is n-coconnected; therefore (By,n(d) X YBo(n+1)) is the normal (n—1)-
type of X,(d). When n = 4, we have that BO(5) = BO(8) = BString by Bott periodicity, and
thus (i,7) represents an element in the bordism group of closed 8-manifolds with normal maps to
(Bs,£4(d) x ypo(sy)- We denote this bordism group by 92(34;54(5_1) X YBo(s)); it is canonically
isomorphic to the twisted string bordism group ngm (CP®;&4(d)).

First we will want to apply Proposition 1.9 when X’ = X4(d) ff 8, . There is a canonical homeomorphism
h: Xq(d) ft Eegx — X4(d), and since homotopy spheres are stably parallelisable [Kervaire and Milnor
1963, Theorem 3.1], & is covered by a bundle map h of stable normal bundles. Then (ioh, io };) is
also a normal 3-smoothing over (B4, £4(d) X ¥Bo(s)), and in the bordism group QSOU)(CPO"; £4(d)) it
represents [i, 7]+ [Z2.], where [£8,] is the image of ©2 under the canonical homomorphism iy: Og —
8280(7) (CP°;&4(d)). So to apply Proposition 1.9 in this setting we need to show that this homomorphism
is trivial and we do this in the nonspin case with v4(X4(d)) = 0; see Proposition 4.3.

Now suppose that X4(d’) is another complete intersection with an analogous normal 3-smoothing
(i’,i") over (CP®,£4(d")). If the Pontryagin classes of X4(d) and X4(d’) agree, in particular if
SD4(d) = SD4(d’), then the Pontryagin classes p; and p, of £4(d) and £4(d’) also agree. This implies
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that £4(d)|cps = £4(d")|cps (by [Sanderson 1964, Theorem (3.9)] every stable bundle over CP* is
isomorphic to &,  := ay ® b(y ®r y) for some a, b € Z, and the function (a,b) = (p1(£a.). P2(a,5))
is injective). Thus £4(d”) © £4(d) is trivial over CP*, so it has an O(7)-structure. Therefore Idc peo has a
lift g: CP*° — B, which induces £4(d”) from £4(d) X ypo(s)- Hence if g: £4(d’) — £4(d) X yBoys) is
a bundle map over g, then (g oi’, g oi’) is a normal 3-smoothing of X4(d’) over (Bs.&4(d) X yBo(s))-
If SD4(d) = SD4(d’), then the discussion in the paragraph above shows that X4(d) and X4(d’)
admit normal 3-smoothings over (By, £4(d) X ypoysy) and x(X4(d)) = x(X4(d")); therefore to apply
Proposition 1.9 it is enough to prove that these normal 3-smoothings represent the same bordism class
in 980(7) (CP>°;&4(d)). Fang and Klaus obtained Theorem 1.4 by showing that the difference of these
bordism classes is in the image of the canonical homomorphism iy: ®g — ngm (CP®;&4(d)). In the
nonspin cases with v4(X4(d)) # 0, we are able to show in Sections 4.3 and 5 that the bordism classes agree.

3 The spin case

In this section we prove that 4-dimensional spin complete intersections are strongly ®-flexible; hence the
Sullivan conjecture holds for them.

Definition 3.1 For a smooth manifold X and a cohomology class & € H?(X), let E(X,a) denote the
total space of the complex line bundle over X with first Chern class «. Let D(X, o) denote its disc bundle
and S (X, ) denote its sphere bundle.

Recall that x € H?(X,,(d)) is the pullback of the standard generator of H?(CP). First we will prove
that for every complete intersection Xy (d) the total space S(X,(d), x) admits a framing such that it is
framed null-cobordant (where by a framing of a manifold we mean a trivialisation of its stable normal
bundle, equivalently, of its stable tangent bundle); see Theorem 3.4.

Recall that (a representative of) the complete intersection X,4+1(d) C CP"Hk+1 i the set of com-
mon zeros of some homogeneous polynomials f1, f5,..., fr € C[xo,X1,..., Xptk+1)- If fra1 €
Clxo, X1, ..., Xp+k+1] is linear and its zero set L is transverse to X, 41(d), then X, (d) = X,+1(d)N L.

Proposition 3.2 The complement X,11(d) \ X,(d) is stably parallelisable.

Proof We have the following commutative diagram of embeddings:
Cprtk+1 \ L — Cprtk+1
iT Ti
S Xn+1(d)\ Xn(d) — Xp+1(d)
0

VX1 (@\Xn(d) = VX1 (@) X1 @\ X @) Z 1 Ent1 (@) X1 @\ X (@) =17 Enr1(d)|cprtiriyg)
(using Proposition 2.5), and this is trivial, because cprtk+l \ L is contractible (recall that L is a
hyperplane). |
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Proposition 3.3 We have v(X,(d) = X,1+1(d)) = i*(y) (see Definition 2.3).

Proof Since L is transverse to X, +1(d) and X, (d) = X,+1(d) N L, the normal bundle v(X,(d) —
X,11(d)) is the restriction of v(L — CP"tk+1): hence

V(Xn(d) = Xnt1(d)) = v(L — CP" KN iy 2= vlx, @) O

Theorem 3.4 For any complete intersection X, (d), (the total space of) the S'-bundle S(X,(d), x)

admits a framing Fy such that [S(X,(d), x), Fo] =0¢€ Qgrn_H.

Proof Let U be a tubular neighbourhood of X;,(d) in X, +1(d). By Proposition 3.3 it is diffeomorphic
to the disc bundle of i *(y), whose first Chern class is x, therefore 0U ~ S(X,(d), x). Its complement,
Xn+1(d)\int U, is a codimension-0 submanifold in X, 41(d) \ X»(d). The latter is stably parallelisable
by Proposition 3.2, so X, +1(d) \ int U is stably parallelisable too. If we choose Fj to be the restriction
of a framing of X,+1(d) \ intU to the boundary 9(X,+1(d) \ intU) ~ dU =~ S(X,(d), x), then
(S(X,(d), x), Fy) is framed null-cobordant. a

The goal of the rest of this section is to prove that S(X4(d) # 2%, x) is not framed nullcobordant (with
any framing) if X4(d) is spin; see Theorem 3.9. First we show that, when an m-manifold X is replaced
by X # T for a homotopy m-sphere X, the framed cobordism class of S(X, ) changes by £ x S! (with
a certain choice of framings); see Lemma 3.5. In Lemma 3.6 we give a formula to compute the framing
of the S! component. By applying this formula we prove that if X4(d) is spin, then S(X4(d) #t %, x)
has a framing such that it is not framed nullcobordant (Theorem 3.8). Finally we show that we cannot

make the framed cobordism class vanish by changing the framing.

Lemma 3.5 Suppose that m > 3, X is an m-manifold, « € H*(X) and F is a framing of S(X, ).
Then there exists a framing F, of S such that for every ¥ € ®,, and framing F of ¥ there is a framing
F of S(X #t X, «) such that

[S(X.a), Fol +[Ex S'. Fi x Fy] = [S(X 1 5.,0). F]e QfF .

Proof Fix an embedding D™ — X where the connected sum is done. There is a homotopically
unique homeomorphism between X and X ff ¥ that is the identity on X \ int D™, so there is a canonical
isomorphism H?(X) = H?(X #fX). Thus « can be regarded as an element of H2(X #X), and S(X X, o)
makes sense. The homomorphisms H?(X) — H?*(X \int D) < H?*(X #f X) are injective (in fact they
are isomorphisms); therefore S(X # =, «) is (the total space of) the unique S'-bundle over X # ¥ whose
restriction to X\ int D™ is isomorphic to that of S(X, «).

Let W =(S(X,0) UZ xSy x [ Ur (D™ x S1 x I), where the gluing map
D" xS %0l - (S(X,a) UZ x Sy x {1}
is the disjoint union of the (homotopically unique) local trivialisation f5: D™ x S! x {0} — S(X, ) x {1}

of S(X,a) over the fixed D and the product map f;: D" x S! x {1} - X x S! x {1}, where D" — &
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is the embedding used to construct the connected sum X ff . Then 0W = d_W L d4 W, where 0_W =
(S(X,a)UExS1)x{0} and 8+W=(S(X,oz)\(intD”’)(SI)I_I(E\intDm)><S1)x{1}Ume_1 xStxI.
Thus 9+ W is an S!-bundle over (X \int D)US™ 1 x I U(Z \int D) ~ X # ¥ and it coincides with
S(X,a) over X \ int D™, therefore 0+ W ~ S(X ## X, «).

The inclusion S(X, o) x {0} — S(X,a) x I Uy, D™ x S 1'% I is a homotopy equivalence, covered by a
bundle map between the stable normal bundles; therefore the framing Fjy can be extended to a framing
of S(X,a) x I Ugy D™ x S x I. The restriction of this framing to D™ x S! x {1} is E,, x F,, where
E is the homotopically unique framing of D™ and F, is some framing of S! (because every framing
of D™ x S! is of this form). Similarly, we can take the framing F; x Fp of ¥ x § I and extend it to
¥ x S1x I. The restriction of this framing to D" x S x {1} is again E, x F, (up to homotopy); therefore
the framings of S(X, &) x I Uy, D™ x St x I and ¥ x S x I together determine a framing of W. Let
F denote its restriction to 0+ W &~ S(X #f ¥, ). Then W is a framed cobordism between the framed
manifolds (S(X,a), Fo) U(E xS, Fy x F,) and (S(X # 2, a), F). a

Lemma 3.6 Suppose that, in addition to the assumptions of Lemma 3.5, there is an [a] € ,(X) such
that (o, p([a])) = 1, where p: (X)) — H,(X) is the Hurewicz homomorphism. Then for any such
[a] € m2(X) and the framing F, constructed in the proof of Lemma 3.5 we have

(ST, Fa] = (wa (X)), p(la])) + 1,

where both sides are regarded as elements of 7. /2 (using that Qflr ~7/2).

Proof Fix a local trivialisation fo: D™ x S1 — S(X, a), as in the proof of Lemma 3.5. The framing F,
is defined by the property that the restriction of Fy to fo(D™ x S1) is Ep, x F, (throughout this proof
we will identify the framings of fo(D™ x S!) with the framings of D™ x S! via (the derivative of) fy).
First we will give another characterisation of E,;, x F5.

If 3: m5(X) — m(S') = Z denotes the boundary map in the homotopy long exact sequence of the
fibration S' — S(X,a) — X, then 3([a]) = (a, p([a])) (this holds if X = S? and a = Idg>, because
a is the Euler class of E(S?, ), and in general a: S? — X induces a commutative diagram between
the exact sequences). Moreover, 0 is the composition of the isomorphism 7, (X) = 7, (S(X, ), S')
and the boundary map 7, (S(X, ), S!) — 7,(S!). Therefore for any [a] with («, p([a])) = 1 there is
amap a: D?> — S(X,a) (well-defined up to homotopy) such that d| g1 is the inclusion of a fibre and
(a,a|g1) represents the element in 7, (S(X, «), S!) corresponding to [a] € w5(X). We can lift @ to a
map a: D* — S(X,a) x R(J)r (where R(J)r denotes [0, 00)) such that a is an embedding, it is transverse
to S(X,a) x {0}, a1 (S(X,a) x {0}) = S, a|g1: S! — S(X,a) x {0} is the inclusion of a fibre and
[a.alg1]=[a.dlg1] € a(S(X, ) x R, ST xRE) = mp(S(X, @), ST).

Let U be a tubular neighbourhood of @(D?) in S(X, ) x ]R(J)r. We can assume that U N S(X, ) x {0} =
fo(D™ x S1). (Note that U is the total space of a D" -bundle over D2, so it has a homotopically unique
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trivialisation D? x D™ — U, but the restriction of this trivialisation to S may differ from f;, the
difference is given by an element of 71 (SO,,;) = Z/2.) The framing Fj can be extended to a framing
of S(X, o) x Rg‘ and then restricted to a framing of U. As mentioned above, if we further restrict this
framing to fo(D™ x S1), we get E,, x F,. Since U is contractible, it has a homotopically unique framing,
so this means that E,, x F5 is the restriction of the homotopically unique framing of U.

The local trivialisation f; is the restriction of a local trivialisation fo: D™ x D? — D(X,«). The
homotopically unique framing of fo (D™ x D?) is E,,x E; its restriction to fo(D™xS1)is Epx (E,]| s1).
Since (S', Ez|g1) is the framed boundary of (D?, E3), we have [S!, E>|gi1]=0€ QF = Z/2. So if
g € 71(SO) = Z /2 denotes the difference of the framings F, and E,|g1 of S, then [S!, F;] =g € Z/2.

We have D(X,a) Us(x,q) S(X. o) x Rf ~ E(X,@) (in each fibre D> Ugi S! x R{ ~ R?) and
fo(D™xD?)UU is a tubular neighbourhood of f,({0}x D?)Ua(D?)~ S?in E(X,a). Asa D™-bundle
over S? it is classified by an element of 7,(BSO,,) = Z/2. Under the isomorphism 75(BSO,,;) =
75 (BSO) = 71 (SO) this element corresponds to g (because it is equal to the difference of the restrictions
of the unique framings of fo(D™ x D?) and U, which are E,, x (E,| s1) and E,, x F, respectively).

So we need to determine the normal bundle of the embedding S? — E (X, «) as an element of 7, (BSO).
Since S? is stably parallelisable, it is the same as the restriction of the stable tangent bundle TE(X,«)
to S2. The embedding S? — E(X,«) is homotopic to its projection to the zero section (X). Since
fo({0} x D?) is a fibre of D(X, ), its projection to X is one point. The map a@: D? — S(X, o) x R(’)L is
alift of @: D?> — S(X, ), which is a lift of a map a: S? — X representing [a] € 7, (X). Therefore the
composition of the embedding S? — E(X, «) and the projection to X is a. The restriction of t E(X,)
to X is E(X,a) @ tx. So the bundle we are interested in is the pullback of E(X, ) @ tx by a.

The second Stiefel-Whitney class detects 7, (BS0O), so
g = (wa(a"(E(X.0) ® x)). [S*]) = (w2 (E(X. ) ® 7). ax ([S?))
= (w2 (E(X, @) + wa(zx), p([a]) = (e2(a), p([a])) + (w2(X), p(la])) = 1 + (w2 (X), p([a])).

where 0,: H*(X) — H?(X;Z/2) denotes reduction mod 2 and we used that E (X, «) is a complex line
bundle, so w(E(X,a)) =0 and wy(E(X,®)) = 02(c1(E(X,®))) = 02(a) and that {(«, p([a])) = 1.

We already saw that g corresponds to [S!, F], so the statement follows. O

Proposition 3.7 If F, is the (homotopically unique) framing of S such that [S!, F,] is the nontrivial
element in Qﬁr >~ 7,/2, and F; is any framing of %, then [28, x S!, F| x F;] #0 € Qfgr. Moreover,

ex?
(28, x ST, F| x F,] is not contained in the image of the J -homomorphism Jg: 79(SO) — Qf;.

Proof It follows from [Kervaire and Milnor 1963, Section 4 and Theorem 5.1] that [£8_, F;]&Im Js. Un-

ex’
der the Pontryagin—-Thom isomorphism the map x[S!, F]: Qg — Qg corresponds to -n: w3 — g, which
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is injective by [Toda 1962, page 189 and Theorem 14.11)]. By [Adams 1966, Proof of Example 12.15],
we have Im J9 = (Im Jg)n. Therefore

(25, Fi]x[S'. F2] € (Q§ \Im Jg) x [S", F,] = (Qf x[S. )\ (Im Jg x [S", F])
= (QF x[S', )\ Im Jy € Q§ \ Im Jy.
Fi]x[S', Fp] #0. O

ex’

In particular [£8,,

Theorem 3.8 If X,(d) is spin, then there is a framing F such that [S(X4(d)# £8.,x), F]#0 ¢ Qfgr.

ex’

Proof Let Fj be a framing of S(X4(d), x) such that [S(X4(d), x), Fo] = 0 (see Theorem 3.4). Let F;
be any framing of 28 . By Lemma 3.5 there are framings F, and F such that

[S(Xa(d) 5y, %), F1=[S(Xa(d), %), Fol +[Z5, x S', Fi x Fy] = [£5, x S', Fy x Fa]

ex’

Since x is a generator of H?(X4(d)), there is a generator [a] of 5 (X4(d)) such that (x, p([a])) = 1,
so we can apply Lemma 3.6, and since X4(d) is spin, we get that [S', F»] = 1. By Proposition 3.7
[28.x S1, F| x F5] # 0 and this implies that [S(X4(d) ff =8,, x), F] # 0. m|

Theorem 3.9 If X4(d) is spin, then, for every framing F, [S(X4(d)$ 28..x), F]#0 ¢ Qg.

ex’

Proof First we show that S(X4(d)#t 23 x> X) is 3-connected. Recall that the embedding X4(d) — Cp4tk
is 4-connected. Therefore we have 71 (X4(d)) = m3(X4(d)) = 0 and 7m5(X4(d)) = Z. From the
homotopy long exact sequence of the fibration S! — S(X4(d), x) — X4(d), we obtain that S(X4(d), x)
is 3-connected. Since S(X4(d) i =
9-manifold. This implies that S(X,(d) f £8,, x) is homotopy equivalent to a CW-complex with cells
only in dimensions 0, 4, 5 and 9 (see [Smale 1962, Theorem 6.1]).

Any two framings of S(X4(d) ft 8, x) differ by a map S(X4(d) § X3 ,x) — SO. Since 74(SO) =
75(S0O) = 0, this difference is in fact an element of 779(SO). Changing the framing of the 9-cell by an

8., X) is homeomorphic to S(X4(d), x), it is also a 3-connected

ex’ ex’

element of 79(SO) has the same effect on the framed cobordism class as taking connected sum with S°
with the corresponding framing, which is given by the J-homomorphism Jg: 79(SO) — Qg. Therefore
the set of cobordism classes in fo represented by S(X4(d) f 2
Im Jy. By Proposition 3.7 and the proof of Theorem 3.8 this coset has an element which is not in Im Jo;

ox» X) (with any framing) is a coset of

therefore it is not the trivial coset. So it does not contain 0; therefore 0 € Qf; is not represented by

S(X4(d) 1t 28, x) with any framing. |

Now we can conclude that 4-dimensional spin complete intersections are strongly ®-flexible.
Theorem 3.10 If X4(d) is spin, then X4(d) t £8, is not diffeomorphic to a complete intersection.

Proof Suppose that X, (d) t 3 is diffeomorphic to some complete intersection X4 (d’). The diffeo-
morphism induces an isomorphism between H?(X4(d")) and H?(X4(d) ff 8,). We may assume that
the generator x € H?(X4(d’)) goes into the generator of H?(X4(d) Z ) corresponding to x under the
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isomorphism H?(X,4(d) ng) ~ H?(X4(d)\int D) = H?(X4(d)) (see the proof of Lemma 3.5). This
is because X4(d’) has a self-diffeomorphism which sends x to —x (see the proof of Proposition 2.10).
This implies that S(X4(d) # 8, , x) is diffeomorphic to S(X4(d’), x).

ex’

By Theorem 3.4, S(X4(d’), x) has a framing F such that (S(X4(d’), x), Fy) is framed nullcobordant,
but by Theorem 3.9 S(X4(d) ff =8, x) does not have such a framing, so they are not diffeomorphic. This

ex?’
contradiction shows that X4(d) #f 3. is not diffeomorphic to any complete intersection X4(d”). |

4 The nonspin cases with even total degree

In this section we prove Theorems 1.12 and 1.14 (a). Both of these results rely on the computation of
Tors QSO (CP;g') ~ 7 /4 in Lemma 4.2 below, where £! denotes the (unique up to isomorphism)
nontrivial stable bundle over CP! = S2. Note that if £ is a stable bundle over CP> with w,(£) # 0,
then its restriction to CP! is isomorphic to £1.

4.1 The computation of Tors 2 g 7 (CPL;gY

We first establish the necessary background to state and prove Lemma 4.2. Let S° denote the sphere
spectrum and write Sk for the k-fold suspension of S® We let n: S — S denote the generator of
the 1-stem 7§ = Z /2, and Cy the cofibre of 7. Since & I is the nontrivial stable bundle over CP!, the
Thom spectrum of ! is given by Th(¢!) ~ C,, and the Pontryagin-Thom map for Q*O 7 (CPL;EY)is
an isomorphism

PT: Q27N (CP': ") - 7 (MO(8) ATh(E")) = 7 (MO(8) A Cy).

where A denotes the smash product. Smashing the cofibration S® — C,, — S? with MO(8) and taking
homotopy groups, we obtain the long exact sequence

(1) -+ = m7(MO(8)) > g (MO(8)) — mg(MO(8) A Cp) — mg(MO(8)) > 17(MO(8)) — - -- .

We shall need some basic facts about the low-dimensional string bordism groups Qf (7 7 (MO(8))

(

and the natural forgetful map F: QI — Qf 7) These facts can be deduced from results of [Giambalvo

1971], and we also give a direct proof below.

Lemma 4.1 (cf [Giambalvo 1971]) The natural map F': Qf,f — Q*O 7) satisfies:

(a) ng >~ 7/2 and F: Qg — Q6O<7) is an isomorphism.

b 27 ~o.

© ng ~7/2®7Z and F: Qg — 5280(7) has image 7 /2 and kernel the image of J -homomorphism
Jg: m3(SO) — mg = Qg ~ (Z/2)%

(7)

Proof Under the Pontryagin-Thom isomorphism, the map F: Qf — Q*O corresponds to the map on

homotopy groups induced by the inclusion of the Thom cell S® — MO(8). To compute this map, we first
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replace MO (8) with a simpler spectrum. Let fz: S8 — BO(8) represent a generator of 73 (BO(8)) =~ Z
and let {7 be the stable vector bundle over S® classified by f.

The Thom spectrum of any vector bundle over an m-sphere is the cofibre of a map S~ 1 — S°
and it was Milnor [1958, Lemma 1] who first observed that this map is obtained by applying the
stable J-homomorphism to the clutching function of the bundle. Hence the Thom spectrum of {g is
Th(¢g) ~ Cz, where 5: S” — S° is given by applying the J-homomorphism to the clutching function
of {g, which generates 77(SO(7)) = 77(SO).

By construction, f induces an isomorphism on 7rg. We have ¢(S®) mi =7, and mT10(S%) = w5 = Lo,
generated by n and 12 respectively, so by Bott periodicity and [Adams 1966, Proof of Example 12.5],
S also induces isomorphisms on ¢ and 71g9. Hence fp is 10-connected, and so the induced map of
Thom spectra

Th(é’H) ~ C& —> M0(8>
is also 10-connected. Hence in dimensions * <9 the map F: QI — Q*O 7 45 isomorphic to the map on
homotopy groups induced by the inclusion S° — Cj.

The cofibration S°® — C5 — S® leads to a long exact sequence

= T s — m3(Co) =y T s — w5 (C) = 0 — i — m6(Ca) = 00— -

We see immediately that 7r{ — 76(Cz) is an isomorphism, and so F': Qfg — 5260(7)

is an isomorphism.
Since Qg =~ ¢ = 7Z/2 (where the last isomorphism is given in [Toda 1962, Chapter XIV]), this proves
part (a). For part (b), we use that J7: 77(SO) — 7'[; is onto by [Adams 1966, Example 7.17], and so o

enerates 3. Hence 64 : w5 — 73
7 0

7
5 is finite, Ker(0x: 7§ — 73) = Z. We also have Im(6«: 7] — 7g) = (n6) = Im(Jg) (using [Adams

1966, Proof of Example 12.15]). By Toda’s calculations [1962, Chapter XIV], 7y = (Z/ 2)? with n& # 0,
and this finishes the proof of part (c). a

is surjective, which proves part (b). For part (c), since 7§y = Z and

From the exact sequence (1) and Lemma 4.1 (b) we deduce that there is a short exact sequence
@ 00+ 20 Crgh 20 0

Noting that Qfg = 960(7) =~ 7./2 is detected by the Arf invariant, it is easy to see that the homomorphism
8280(7) (CPL; g - 8260(7) can be identified with the codimension-2 Arf invariant

Acpr: 207 P - 72,

which is defined by making a normal map (g, g): M — S? transverse to a point * € S? and taking the
Arf invariant of the resulting 6-manifold g~!(x), which is canonically framed.

Lemma 4.2 There is a nonsplit short exact sequence of abelian groups
A
0— 05 — Tors Q2 (CPl; 6" 225 7.2 0.
In particular Tors ngm((:P1 £ = 7/4.
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Proof There is a natural forgetful map F!: Ql;r((CP1 ED — QSO <7)((CPI :£1) and the exact sequence
of (2) forms part of the following commutative diagram:

fr
RS cpl /RS

Qff Qff Qff(CP';g") Z/2 " Qf
©) B | H
A
o o 1
0—— 7 — @ cpe) Lz 0

Here Afé pt' Qfgr((CP1 :£1) — 7Z/2 is a codimension-2 Arf invariant, which is defined analogously to the

codimension-2 Arf invariant on ng (CP';£"). We shall first compute Qg((CP1 :£1) and we do this
via the Pontryagin—Thom isomorphism

QY (CPYEY) = 73 (Cp).

The cofibration S® — Cy— S? leads to the following long exact sequence (showing in particular that the
top row of diagram (3) is also exact):

-~-—>n§"—*>ng—>n8(C,,)—>7zg"—*>n§—>---.

From Toda’s calculations [1962, Chapter XIV], we have 7] =~ Z/ 2(v?), m5 = 7./240(0), 7y =
Z/2(no) @ Z/2(€), where v € 73 is a generator and nv € my = {0}. It follows that n«: n{ — 73
is the zero map and that there is a short exact sequence

4 0—Z/2([e]) = ng(Cy) = Z/2 — 0,

where [€] € 75 /0« (1) denotes the equivalence class of €. By Lemma A.1 from the appendix, the
extension (4) is determined by the Toda bracket

(n,v%,2) C Tg.
By [loc. cit., Proposition 3.4 ii], there is a Jacobi identity for Toda brackets,
0€ (1% 2)+ (2,707 + (v2,2,7),

where we have ignored signs since all the Toda brackets consist of elements of order 2 or 1. Now by
[loc. cit., Proposition 1.2], (2,1, v2) € (2,5, v)v. Since (2,7, v) C m¢ =1{0}, we have (2,7, v)v ={0} and
50 (2,1, v2) ={0}. By [loc. cit., page 189], (12,2, n) = {€, e+no}. It follows that (1, v2,2) = {e,e+no}
is nontrivial and maps to the generator [¢] € 73 /n«(73). Applying Lemma A.1, we deduce that the
extension (4) is nontrivial and hence is isomorphic to the extension

0—>2Z/2—>7/4—7Z/2—0.
The above shows that Qg(CPl;El) ~7/4.

In diagram (3) we can replace the top row with the short exact sequence (4) (noting that, as we saw in the
proof of Lemma 4.1, Im(Jg) = 1«(7r3) and coker(Jg) = ®g) and restrict the bottom row to the torsion
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subgroups, to get the following commutative diagram:
fr

0 Og Qffcple)y — 5 7/20 0
s L |
A
0 — Tors Q0" —— Tors @27 (CP; 1) =25 7/2 —— 0

We check that the bottom row is exact. The map A¢ p1 is surjective by the commutativity of the diagram,

(") and Tors Qsom((CP L. £1) follows from the exactness of the original

sequence. Now by Lemma 4.1 (c) the map F: ®g — Tors 8280 n

while exactness at Tors Qg
is an isomorphism. So, by the five
lemma, the homomorphism F!: Qg((CP1 :£1) — Tors ngm((CP1 :£1) is also an isomorphism, which
completes the proof. a

4.2 The nonspin case with v4(X4(d)) =0

Let X4(d) be a nonspin complete intersection with v4(X4(d)) = 0. We will prove that X4(d) is
O-rigid. As explained in Section 2.3, it is enough to show that the canonical homomorphism iy : ®g =
Tors QSO N QSO (7)(CP°°;§4(4_1)) is trivial. We will exploit the fact that iy factors through the
group Tors 20 (CPY 1 &4(d)|cp).

Proposition 4.3 Let & be a stable bundle over CP* such that w,(£) # 0 and w4(§) = 0. Then the
natural map iy: ©g — QSOM(CPOO; &) is trivial.

Proof By [Fang and Klaus 1996, Section 2.2] we have ng (CP®°, ;&) =~ Z. From the exactness of
the sequence _
N 980(7) Jog QSOU)((CPOO;S) N 980<7)(CP°°, * ) —> e

we deduce that the image of j, contains the torsion subgroup of 980(7)(<CP°°;§). The signature
defines nontrivial homomorphisms 8280(7) — 7 and QSO (7)((CP°°;§) — 7Z which commute with jj.
By Lemma 4.1 (c), Qg N~z @ Z/2 and so jg is rationally injective. Therefore its restriction to
Tors 8280(7) =~ Og is surjective onto Tors ng((CPoo;s). Thus if 8280(7)(CP°°;§) has a nontrivial
torsion element, then it has order 2.

Let icp1y: Tors QSO<7)((CP1;§1) — Tors 5280(7)((CP°°; £) denote the homomorphism induced by the

inclusion CP! — CP>. By Lemma 4.2, Tors S280(7>((CP1 :£1) = 7Z /4 and if a denotes a generator, then
»38 . represents 2a. Therefore io(X2,) = icp1,(2a) = 2icpi,(a) = 0. O

Theorem 4.4 If X4(d) is a nonspin complete intersection with v4(X4(d)) = 0 and d # {2, 2}, then
X4(d) and X4(d) tt £8 . are diffeomorphic.

Proof In this case w,(£4(d)) # 0 and w4(£4(d)) = 0 (see Proposition 2.8), so by Proposition 4.3 the
canonical homomorphism iy: ®g — ngm (CP;&4(d)) is trivial. Therefore X4(d) and X4(d) tf 28,
admit bordant normal 3-smoothings over (B4, £4(d)XyBo(s))- By Proposition 1.9, X4(d) and X4(d)ff 8,
are diffeomorphic. |
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4.3 The nonspin case with v4(X4(d)) # 0 and even total degree

Now we suppose that v4(X4(d)) # 0 and the total degree d is even. By Remark 2.9 this implies that
V5 (d) > 4 (where v, (d) denotes the exponent of 2 in the prime factorisation of d). We will apply the Adams
filtration argument of Kreck and Traving [Kreck 1999, Section 8]. If £ is a stable vector bundle over CP°,
we use the Pontryagin—Thom isomorphism to identify the groups QSO 7 (CP®;&) =n3(MO(8) ATh(§))
and hence their torsion subgroups. In this way we obtain an Adams filtration on Tors 980(7) (CP>;¢).
Recall that a map S — E representing a torsion class in 7; (E), the i "™ homotopy group of a spectrum E,
has Adams filtration > k if it can be factored as a composition of k& maps, each of which is trivial on
homology with Z /2 coefficients.

We will need the following improvement of Kreck and Traving’s vanishing result in dimension 8.

Lemma 4.5 Let £ be a stable bundle over C P such that w,(£) # 0, w4(§) # 0 and the homomorphism
ip: Og — QSOW)((CPO"; &) is injective. Then the only element of Tors QSOW)((CPO"; &) with Adams
filtration 4 or higher is the trivial element.

Proof Consider the exact sequence
o j o 0o o 0o
= Qg <7>j—°>528(7>(((fP ;S)—>528(7>((P K E) = e

Fang and Klaus [1996, Section 2.4] proved that 5280(7) (CP®,%;6) = Z @ 7Z/2, where the Z /2 summand
is detected by the codimension-2 Arf invariant. Hence we have the following commutative diagram
between exact sequences (the bottom sequence is exact, because jj is rationally injective, as in the proof

of Proposition 4.3): Acpi
®g — > Tors 92;0(7)(CP1;‘§1) —517/2

- e |-

Tors 980(7) ", Tors ngm((CPoo;é) A, Z]2

Moreover, the top sequence is short exact by Lemma 4.2. The bottom sequence is also short exact (the
surjectivity of A follows from the commutativity of the diagram and the injectivity of iy was assumed). It
follows that i p1, : Tors 8280(7)((CP1 : €1y — Tors 980(7) (CP°;£) is an isomorphism.

Now we choose a generator ¢ € Tors 980(7) (CP®;&)=7Z/4and let [ f] € mg (MO (8) ATh(§)) represent
the image of a under the Pontryagin—Thom isomorphism. By [Fang and Klaus 1996, page 144], the image
of [ f] in the group wg(MO(8) A (Th(£)/S?)) has Adams filtration 2. Since the Adams filtration cannot
decrease under composition, [ f;] has Adams filtration < 2. Therefore 24, corresponding to 2[ f;] under the
Pontryagin—-Thom isomorphism, has Adams filtration < 3. Since 2« is a multiple of every nonzero element
of Tors €2 80 n (CP°; &)= 7Z/4, the only element with Adams filtration 4 or higher is the trivial element. O

Proposition 4.6 Let X4(d) and X4(d’) be nonspin complete intersections with SD,(d) = SD, (d’) and
v4(X4(d)) # 0. If the total degree d is even, then X4(d) and X4(d’) are diffeomorphic.
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Proof By Theorem 1.4 there is a homotopy sphere ¥ € ©g such that X4(d) ~ X4(d') #f . By
Proposition 2.8 we have w,(£4(d)) # 0 and wy4(£4(d)) # 0. Again we consider the natural map
io: @ > Q¢ 7 (CP®:£4(d)).

If i is zero, then X4(d’) and X4(d’) ff ¥ are diffeomorphic by the same argument as in the proof of
Theorem 4.4. Hence X4(d) and X4(d’) are diffeomorphic.

Now suppose that iy: @y — 980(7) (CP=°;£4(d)) is nonzero (hence injective). The arguments of Kreck
and Traving [Kreck 1999, Section 8] show that X4(d) and X4(d’) admit normal 3-smoothings over
(B4.64(d) x yBo(s)) whose bordism classes differ by a torsion element of Adams filtration v(d) or
higher. Since d is even, we have v, (d) > 4 (see Remark 2.9), so by Lemma 4.5 any such torsion element
is trivial. Hence X4(d) and X4(d’) admit bordant normal 3-smoothings over (B4, £4(d) X ypo(s)) and
so by Proposition 1.9, X4(d) and X,4(d’) are diffeomorphic. |

5 The case of odd total degree

It remains then to consider the case where the total degree d is odd. Note that in general this case is not
®-rigid as the following theorem of Kasilingam shows.

Theorem 5.1 [Kasilingam 2016, Remark 2.6 (1)] CP* is not diffeomorphic to CP* %8, .

To prove the Sullivan conjecture for X4(d) when d is odd, we find a new way to compare normal bordism
classes for X4(d) and X4(d’), which is one of the main achievements of this paper. In particular, we
believe that introducing the Hambleton—-Madsen theory [1986] of degree-d normal invariants will provide
a new perspective on the Sullivan conjecture in all dimensions.

5.1 Degree-r normal maps and their normal invariants

In this subsection we review the surgery classification of bordism classes of degree-r normal maps for
any integer r. Our treatment follows [Hambleton and Madsen 1986] but with minor modifications to suit
our setting. We will assume that all manifolds and all bundles are oriented and that all bundle maps are
orientation-preserving. We also choose to work with stable normal bundles in the source of normal maps,
as opposed to stable tangent bundles, and for simplicity, we only formulate the statements in the special
case when the target space of a degree-r normal map is a closed smooth connected oriented m-manifold P.

Definition 5.2 Let M and P be closed smooth oriented m-manifolds and assume that P is connected.

For r € Z, a degree-r normal map (f, /): M — P is a map of stable vector bundles

va—>§

[l

M — P

from the stable normal bundle of M to some stable vector bundle over P such that f: M — P has
degree r.

Geometry & Topology, Volume 29 (2025)



The smooth classification of 4-dimensional complete intersections 291

When r = +1, then £ is a vector bundle reduction of the Spivak normal fibration of P, but in general this
only holds away from r. Normal bordism of degree-r normal maps is defined analogously to normal bor-
dism of degree-1 normal maps [Wall 1970, Proposition 10.2]: the normal maps ( f, f): (M, vps) — (P, &)
and (f7, f'): (M’,vpp) — (P, &) are normally bordant if there is an isomorphism «: £ — & and a
bordism between (f, ) and (', o f”) over (P, &).

Definition 5.3 We denote the set of normal bordism classes of degree-r normal maps to P by N, " (P),
where the superscript “+4” indicates that we are working in the oriented setting.

For a fixed &, let QI (P; £), denote the subset of Qff (P;&) consisting of bordism classes whose repre-
sentatives have degree r. The group of stable bundle automorphisms of &, Aut(£), acts on QI (P; &),
by postcomposition. Let N, (P, &) € N, (P) denote the subset of normal bordism classes that are
representable by normal maps to (P, £). Then we have a canonical bijection
N (P.§) = @y (P:6)r [ Aut(®).
Moreover,
NP =] | NP 8),
(€]
where we take the union over the isomorphism classes of stable bundles over P which admit degree-r
normal maps. To distinguish degree-r normal bordism classes from usual bordism classes we use

Notation 5.4 We denote the bordism class of (£, f) in QI (P; &), by [f, f]¢ and in N;F (P) by [f, f].

As in the degree-1 case, the computation of N, (P) proceeds via fibrewise degree-r maps between vector
bundles. Recall that for a bundle ¢, the total space is denoted by E¢, the disc bundle is D¢, the sphere
bundle is S¢ and the projection is 7¢. For a space ¥ with oriented vector bundles ¢ and ¢ of the same
rank over Y, we consider fibrewise maps

sc—=5 50

N

between the associated sphere bundles, where the restriction of g to each fibre has degree . Given a
fibrewise degree-r; map g: S¢; — S6; and a fibrewise degree-r, map g,: S¢, — S6,, their fibrewise
join is a fibrewise degree-rir, map g * g2: S(&1 & &) — S(61 P 6,) between the spheres bundles
of the Whitney sums of the original bundles. An isomorphism between two fibrewise degree-r maps,
gi: St — S6;, i =0,1, is a pair of vector bundle isomorphisms «: ¢y — ¢; and B: 6y — 6; such that
the following diagram commutes up to fibre homotopy over Y:

Sto 22 S6,
Sal lSﬂ
g1
Sé‘l — SQ]

where So and SB are the induced maps of sphere bundles.
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Definition 5.5 Two fibrewise degree-r maps are equivalent if they become isomorphic after fibrewise
join with the restriction of a vector bundle isomorphism (ie stabilisation), and we define

FAY) = {g: St — S0} /~

to be the set of equivalence classes of fibrewise degree-r maps of vector bundles over Y. The equivalence
class of g is denoted by [g].

We now review how taking the transverse inverse image of the zero section is used to define a map
T:FT(P)— N (P). If g: S¢ — SO represents an element [g] € 7, (P), then we can extend it to a
fibre-preserving map f: D¢ — D@ that is transverse to the zero section P C Df. We set M := f~1(P)
and fps := f|p. Since g has degree r, the map fpr: M — P has degree r too. The map f determines
a bundle map fo: v(M — D¢) — v(P — D) == 0 over fjr. We have

vm = v(M — DE) @ vpelm = v(M — DE) & (mgm)*(vp ©8) =v(M — DO @ fr(vp ©Y).
By adding the canonical map fy;(vp ©¢) — vp ©{ to fo, we get a bundle map
Sarivm > 0®vp oY

over fyr. Then we define T'([g]) := [far. far]. For the case when P is a smooth manifold (which we
have assumed for simplicity), the following theorem is the oriented version of a foundational result of
Hambleton and Madsen on degree-r normal maps (their proof applies verbatim in the oriented setting).

Theorem 5.6 (cf [Hambleton and Madsen 1986, Theorem 2.2]) The map T : 7,7 (P) — N7 (P) is a
well-defined bijection. =]

Remark 5.7 In [Hambleton and Madsen 1986] the source manifold M is defined as the inverse image
under g of a section of S6. The construction above can be seen as a special case of this via stabilisation,
as we now explain. Let R := (R x P — P) denote the trivial rank-1 bundle over P and let S® := S R.
f{=0OR, 0 =0@®@Rand g = g’ *Idgo: S¢ = S x S° — S0 = SO’ x SO for some ¢, 0’
and g': S¢' — SO, then S¢ = D¢ Ugys D:C/ (where D¢’ are two copies of the disc bundle D{’),
S8 = D+0'Ugg D0, [ :=g|p, ¢: D+ — D10’ is an extension of g’, and the zero section of
D 0’ coincides with the section I x P C SO x P = S% C S0/ % S° = S0 of S6.

In order to apply Theorem 5.6 we need to be able to compute F,* (P). The assignment ¥ + FF(Y) is a
homotopy functor from the category of spaces to the category of sets. By Brown representability [1962],
this functor (restricted to CW-complexes) is represented by a classifying space.

Definition 5.8 The classifying space of the functor F, is denoted by (QS%S0),, and the canonical
bijection from F, ¥ (Y) to [Y, (QS%/SO),] is denoted by

Br: 7,7 (Y) — [, (QSY/S0),].
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Remark 5.9 Hambleton and Madsen [1986, Section 1] and Brumfiel and Madsen [1976, Section 4] allow
orientation-reversing bundle isomorphisms when they define the equivalence relation on fibrewise degree-r
maps. They denote the corresponding classifying space by (QS°/0), for r > 0. The forgetful map
induces a map (QS%/SO), — (QS°/ 0))r| of classifying spaces, which is a homotopy equivalence when
r # 0 and a nontrivial (Z/2)-covering when r = 0 (see [Brumfiel and Madsen 1976, Proposition 4.3]).

When r = 1, we may identify (QS%/SO); = G/O, where G/ O is the homotopy fibre of the canonical
map BSO — BSG, the forgetful map from the classifying space of stable vector bundles to the classifying
space of stable spherical fibrations.

The equivalence Br and Theorem 5.6 combine to give the following important definition.

Definition 5.10 Let n: N,;T(P) — [P, (QS%/S0),] denote the composition Bro7 ~L. For a degree-r
normal map (f, f): M — P, the homotopy class n([f, f]) €[P, (QS%/SO),] s called the normal invariant

of (f. ).

We shall need two classes of examples of fibrewise degree-r maps. The trivial degree-r map of rank k (well-
defined up to fibre homotopy) is 4 xIdy : SK~1 x ¥ — Sk~ x ¥ for some degree-r map h: SK—1 — §k=1
For the second class of degree-r maps, ¢ has real rank 2, and we regard ¢ as a complex line bundle over Y.
Setting 6 := ¢ to be the r-fold complex tensor product of ¢ with itself, we have the canonical degree-r map

4(): S-S, vV =vRVR---Qu.

For the classification of complete intersections the universal examples of such maps, where Y = CP” or
CP® and ¢ = y|cpn or y, will play a central role.

Definition 5.11 For a k-tuple of integers r = (ry,...,rr) with r =ryry--- 1y set
Nn(r) 1= Br((tr, (y|cpn) % -+ % 1 (¥ |cpn)]) € [CP", (QS%/SO), ],
Noo(r) 1= Br([tr, (y) * -+ % 1, (y)]) € [CP™, (QSY/SO),].

The notation in Definition 5.11 is designed to match Theorem 5.19, which states that the com-
plete intersection X,(d) admits a degree-d normal map (fy(d), fn(d)): Xn(d) — CP" such that

(), fu(d))) = 1a(d).
5.2 The space (QS%SO0), and connected sums

In order to apply Theorem 5.6 we will need to make computations with the set of normal invariants
[P, (QS%S0),]. For this we need information about the space (QS%/SO),, and we first adapt the
discussion of the related space (QS0 /0), from [Brumfiel and Madsen 1976, Section 4] to the oriented
setting. When r = 1, the space (QS%/SO); = G/O has been extensively studied. In general, Brumfiel
and Madsen [1976, Proposition 4.3] showed that there is a fibration sequence

(5) QS? -5 (QsY/50), 2> BSO,
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where the map §, : (QS%/SO), — BSO classifies taking the formal difference of the source and target
vector bundles of a fibrewise degree-r map, QS(,) is the space of stable degree-r self maps of the sphere,
which classifies fibrewise degree-r self-maps of trivialised vector bundles and i, : QS(r) — (QSY/S0),
classifies forgetting that the bundles are trivialised. The space QS? is often denoted by SG. There is also
amap -r: G/O — (QS%S0),, which classifies taking fibrewise join with the trivial degree-r map and
which fits into the following map of fibration sequences:

sG—"' .G/0—2 . Bso

©6) -rl -rl lldaso

iy Sr
QS? — (QSY/S0), —~ BSO

where - r: SG = QS(I) — QS(,) is the map obtained by composition with a fixed map of degree r and § := §;
is the canonical map.

Since QS°:= Lz QS?, the space of stable self maps of the sphere is a grouplike H-space (with the “loop
sum” operation, which induces the addition on 7)), its connected components are all homotopy equivalent.
So 7 (QS?) = 7;(SG) = x{ for all r and 7, and under this identification ; (- ): 7; (SG) — 7;(QS?) is
multiplication by r. Therefore when we invert the primes dividing r, the map - r becomes a weak homotopy
equivalence and hence a homotopy equivalence (see [Brumfiel and Madsen 1976, Proposition 4.6]).
Combining this with the commutative diagram of (6), we get:

Proposition 5.12 (cf [Brumfiel and Madsen 1976, Proposition 4.6]) Ifr # 0, the map -r: G/O —
(QS%/S0), induces a homotopy equivalence

(-N[1/r1:(G/O)[1/r] = (QSY/SO)[1/r]
such that §,[1/r]o (-r)[1/r] = §[1/r]. m|

Here X[1/r] denotes the localisation of a space X obtained by inverting the primes dividing r (see
[Sullivan 1970, Chapter 2]), and foramap f: X — Y, f[1/r]: X[1/r] — Y[1/r] denotes the induced
map.

We now consider the effect of taking the connected sum with a framed manifold in the source of a normal
map. For this, we will tacitly assume that all manifolds have basepoints, the bundles considered over
these basepoints have been trivialised (and for a fibrewise degree-r map, the map over the basepoint is
identified with some fixed degree-r map between spheres) and that the connected sum operation is carried
out at discs which have the basepoints on their boundaries so that the connected sum is itself based.

Suppose that ( f, f): M — P is an m-dimensional degree-r normal map and [N, F]e QI Let fy:N—P
be the constant map and f_ n be the bundle map over fn corresponding to the framing F. We can assume
that (f, f) is constant over a small m-disc D™ C M, and by taking connected sum in the source and
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extending with the constant map, we obtain a degree-r normal map (f ff fv. f# fv): M4 N — P.
Connected sum defines a natural operation

BN (PYx Q> NF(P). (S SLINF) = [f 8 v S )
and we will explain how to determine n([ £ f fi, / f /n]) in terms of ([ £, f]) and [N, F]. To do this,
we need to define an appropriate normal invariant of [N, F]. Define the homomorphism
n: Q= 7w (QS))

to be the composition Qf{l LN T, N TTm (ng) LN TTm (QS(,)), where PT denotes the Pontryagin—-Thom
isomorphism, ad is defined via the adjoint map, ls, is given by taking the loop sum with a fixed degree-r

map and Is;« is the induced map on 7.

For any connected, oriented m-manifold P and topological space X, connected sum of maps defines an
action §f: [P, X| X mp(X) — [P, X] of 7, (X) on [P, X], where we can and do assume that maps are
constant at the same value in a neighbourhood of the basepoints. This action is natural in X, ie a map
f: X — Y determines a commutative diagram

[P, X]x 7tm(X) —— [P. X]

@) f*Xf{ lf*
[P.Y]X 7 (Y) —— [P, ¥]

Lemma 5.13 Let (f, /): M — P be an m-dimensional degree-r normal map and [N, F] € QI . The
normal invariant of (f # fx. [ fx): M # N — P is given by

n(f 8 Sn. S8 SND =0 /D irsGE(N, FD) € [P, (QS%/SO),],
where i, QS(r) — (QS%/S0), is the inclusion of the fibre appearing in (5).

Proof We will prove that there is a commutative diagram

TxpT—1 Idxa Brx Br

NHP) x Qg FH(P) x 7y —— FH(P) x FF (™) —— [P, (QS%/S0),] x 1 ((QS%/SO),)

| J | |

N;F(P) d FH(P) === FH(P) = [P.(QS%/50),]

where « is the composition of ad: ;, = 7, (ng), ISy4: Tm (ng) ~ Ty, (QS?) and the canonical map
Tm (QS(,)) — F;7(S™) which sends a homotopy class to the adjoint fibrewise degree-r map between trivi-
alised bundles over S”. The second and third vertical maps will be defined in the course of the proof below.

The commutativity of the diagram above suffices to prove the lemma, because i, 4 is the composition
of the canonical map 7, (QS?) — F;7(S™) and Br (recall that QS(r) is the classifying space of fibrewise
degree-r maps between trivialised bundles and i, classifies forgetting that the bundles are trivialised).
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First we define the map F,* (P)x 5, — F,* (P) and show that the first square commutes. Let g: S¢ — S0
represent an element of F, 7 (P), where ¢ and 6 are bundles of rank k +1 > m of the form ¢{ = ¢’ ® R and
0 =60’ ®R. We define the sections s+ : P — SO by s (x) = (£1,x) € SO x P C S(#’ ®R), and assume
that g is transverse to s (P), so that T'([g]) is represented by g~ ! (s (P)) — 5+ (P) ~ P (covered by
the appropriate bundle map); see Remark 5.7.

Let D™ C P be a small embedded disc, then &|pm = R¥T1 x D™ and pm = R¥+1 x D™ are uniquely
trivialised (up to homotopy). After a fibre homotopy of g we may assume that g|g¢|,,, is trivial,
ie g|s¢|pm = h xIdpm for some degree-r map h: Sk — Sk and that for some small disc DK c S¥
the map h|p« is constant with value —1 € S° € S¥=1 % §O ~ Sk, Then g(DF x D™) = 5_(D™), so
(&l phxpm) " (s5+(P)) is empty.

The adjoint of g|pk pm is the constant map in Map((D™, Sm=1) (Map((D*, Sk=1), (Sk, —1)), c-1)),
where ¢_; denotes the constant map with value —1. Identifying Map((D¥, Sk~ 1), (Sk, —1)) = Qk Sk
we have the isomorphism

®: 7r(Map((D™, S™ 1), Map((D¥, S*71), (8%, =1)), c21)) = 7m (R S¥) 2= 7014 () = 75,

Fora € m),, let ug: Dk x D™ — Sk x D™ be the adjoint of a representative of ! (). We define the
fibrewise degree-r map g,: S¢ — S0 by

() = {ua(v) if ve DKk x D™,
8 = N gv)  ifve S¢\int(D* x D™),

The map g, is well-defined and continuous, because g and u, agree on B(Dk x D™). We define the map
FH(P) x iy — FF(P) by ([gl.a) = [gal.

We may assume that u, is transverse to 1 x D™, Then u;l (1x D™) is the image of @ under the Pontryagin
construction. Moreover, g is transverse to s+ (P) and g, ' (s+(P)) = g~ ' (s4+ (P)) Uu, ' (1 x D™). This
is bordant to g~ (s1 (P)) fu; (1 x D™), showing that T ([g,]) = T ([g]) #PT~!(a). Thus the first square
commutes.

Next we define the map fi: 5,7 (P) x F7 (S™) — F (P) and consider the second square. Given fibrewise
degree-r maps over P and S™, we fix embeddings D™ — P and D™ — S at the basepoints and identify
the restrictions of both maps with /2 X Idpm. Then we can take their connected sum over P ff S = P.

Now let [¢] € F(P) and a € 75, as before. We let g% := h x Idgm : S¥ x §™ — S x ™ be a trivial
degree-r map and construct g2: S k% sm — Sk % §™ from u, and g° analogously to g4. Then [g4] =
[g]#[22] (the connected sum P f S™ is formed using the embedding D™ — P that was previously used to
construct g, and an embedding D" — S™ whose image is the complement of the one used to construct gg).
We can extend u, with the projection D¥ x (S™\ D™) — {—1} x (S™ \ D™) C Sk x (S™\ D™) to
get ig: Dk x 8™ — Sk x §™_ This is again the adjoint of a, and also of the corresponding element
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a e nm(ng). Since g%(y, x) = (h(y), x) for every (y, x) € Sk x S™ and h(y) = —1 if y € D¥, we have
ug(v) ifve D¥x D™,

go(v) ifve Sk xS™\ int(DK x D™)

_ {ﬁa(v) if ve Dk x 5™,

~ lgo() = (h(»).x) if v =(y.x) € (S \int D¥) x §™.

gd() = {

Since Is, : QS° — QS? is defined by taking loop sum with /, the map g2 is the adjoint of Is,(a’).
Therefore [g4] = [g]§f «(a), proving that the second square commutes.

Finally we consider the third square. For any space X, the action §: [P, X| X 7, (X) — [P, X] is equal
to the composition
[P, X]x mm(X) - [PV S™, X] 2> [P, X],

where p: P — P/S™"1 ~ P\ S™ is the pinch map, collapsing the boundary of a small embedded m-disc
D™ C P. Similarly, fi: 7*(P) x FT(S™) — F(P) is the composition of V: F¥(P) x FT(S™) —
FF(Pv S™)and p*: FH (P v S™) — FT(P). So the commutativity of the third square follows from
the naturality of Br. |

5.3 Relative divisors

In this subsection we give another description of the bijection 7': F,* (P) — N, (P) from Theorem 5.6
in terms of sections and divisors. In order to relate fibre-preserving maps to sections we introduce the
following notation.

Definition 5.14 Suppose that ¢ and 6 are vector bundles over some base space Y.

(a) For a fibre-preserving map g: S¢ — S8 we define a section sg: S¢ — (7¢|s¢)*(S0) € S¢ x S0
of the sphere bundle (¢|s¢)*(S0), the pull-back of S8 via the projection 7¢|s¢: S¢ — Y, by s¢(x) =
(x, g(x)). The assignment g — sg is a bijection between fibre-preserving maps S¢ — S¢ and sections
of (7¢|s¢)*(S0).

(b) For a fibre-preserving map f: D¢ — D6 we define a section s7: D — (1¢|pe)*(D8) € D¢ x DO
by sr(x) = (x, f(x)). The assignment f > 57 is a bijection between fibre-preserving maps D¢ — D0
and sections of (7r¢|p¢)* (D0). Moreover, [ is transverse to the zero section of D@ if and only if sy is
transverse to the zero section of (7z|p¢)* (D6).

These two bijections are compatible in the sense that if g is the restriction of some f, then s, is the
restriction of sz.
Now suppose that 6 is a rank-k smooth vector bundle over a smooth manifold V with boundary 0V and

Sy: 0V — S§|3V is a section of S§|3V (hence a nowhere-zero section of EélaV).
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Definition 5.15 If s: V — Ef is a smooth section of é, which extends sj, and which is transverse to the
zero section, Sg, then we call
Z(s):=s(V)Nsg(V)Cso(V)=V

a divisor ofé relative to sy.

Remark 5.16 We have vz = (é @ vy)| z(s), because the normal bundle of the embedding Z(s) < V
is given by v(Z(s) - V) =~ é|Z(s) (in a tubular neighbourhood U =~ Dv(Z(s) — V) of Z(s) the
section s|g corresponds to a fibre-preserving map Dv(Z(s) > V) - E 6 | z(s)> and by transversality the
restriction of its derivative is an isomorphism v(Z(s) — V) = 0~| Z(s))-

Since the fibre of E6 is contractible, sy can always be extended to a (transverse) section s and the
extension is unique up to homotopy (rel dV'). This also implies that the normal bordism class of the
normal map

VZz(s) — 6 D vy

|

Z(s)——V

is independent of the choice of s (and it only depends on the homotopy class of sy as a nowhere-zero
section).

Suppose in addition that V' = D¢ itself is the disc bundle of a rank-k smooth vector bundle ¢ over a closed
smooth manifold P. Let 6 = §| p be the restriction of 6. Then 6§ can be identified with (melpe)*(0).

Let g: S¢ — S0 be a fibrewise degree-r map and s, the corresponding section (see Definition 5.14).
There exists a section s: D¢ — (m¢|pe)* (D0) that extends s, and is transverse to the zero section. Let
P =mn¢lze): Z(s) = P.

Lemma 5.17 The map p: Z(s)— P has degree r and it is covered by a bundle map p:v z(;) — 0 ®vpOSE
such that
T(g) = [p. Pl € N;"(P).

Proof Using the bijection from Definition 5.14 (b) there is a fibre-preserving map f: D{ — D6 such
that s = s¢. This f extends g and it is transverse to the zero section, so it satisfies the conditions in
the definition of 7" (given before Theorem 5.6). The manifold M = f~!(P) is then equal to Z(s) and
f|a = p (and it has degree r). We can choose p = fys and then T'([g]) = [p. p). a

5.4 The canonical degree-d normal invariant of a complete intersection

Consider a complete intersection Xy (d). By cellular approximation the canonical embedding i : X5 (d) —
CP"k is homotopic to a map f,(d): Xu(d) — CP" and since CP" 1% has no (2n+1)-cells, f,(d) is
well-defined up to homotopy. Since i ([ Xy (d)]) is d times the preferred generator of H,,(CP™), fu(d)
is a degree-d map.
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The main result of this section is the computation of the normal invariant of a certain degree-d normal map
covering f,(d) in Theorem 5.19 below. The importance of this calculation comes from the next lemma
(which can be regarded as a variation of [Kreck 1999, Proposition 10]) and its application, Theorem 5.20.

Lemma 5.18 Let X, (d) and X,(d') be complete intersections with x(X,(d)) = x(Xn(d’)) and
the same total degree d. Suppose that there are degree-d normal maps (f, f): (Xn(d), VX, (d)) —
(CP". &u(d)|cpn) and (f', f7): (Xn(d'), vx, a)) = (CP",En(d")|cPn) such that

L f1=11" [T e Nj(CP™).
Ifn > 3, then X,(d) and X, (d') are diffeomorphic.

Proof Leté = £,(d)|cpn and recall (see Notation 5.4) that [g, g]¢ € Qgrn (CP™;£)4 denotes the element
represented by a degree-d normal map (g, ) and the image of [g, g]¢ in V/ d+ (CP™)is[g, g]. By definition,
the condition [f, f] = [f’, /'] means that there is an isomorphism «: &,(d’)|cpr — &n(d)|cpr = &
(which in particular implies that SD,(d) = SD,(d’)) such that

L fle =1f" a0 f1ls € Q5,(CP":£)4.
Now consider the composition
QF (CP";&,(d)|cpn)a — QF (CP";&y(d)|cpn) — QF (CP®;&,(d)) — Q2™ (CP™; £,(d)).

We see that X, (d) and X, (d") admit bordant normal (n—1)-smoothings over (By:&,(d) X YBo(n+1))
and if d # {1}, {2} or {2, 2}, then the lemma follows from Proposition 1.9. If d = {1}, {2} or {2, 2}, then
SD,(d) = SD,(d’) implies that d’ = d. O

Theorem 5.19 There is a bundle map f,,(c_l): VX, (d) — &n(d)|cpr over fn(d) such that

N(fn(d), fu(d)]) = na(d) € [CP", (QS%/SO)4].
(For the definitions of n and 1, (d) see Definitions 5.10 and 5.11.)

An immediate consequence of Theorem 5.19, the fact that 7 is a bijection and Lemma 5.18 is the following:

Theorem 5.20 Let X, (d) and X, (d’) be complete intersections with the same total degree d and the
same Euler characteristic. If n > 3 and n,(d) = nn(d’) € [CP", (QS%/S0) ], then X, (d) and X,,(d’) are
diffeomorphic. |

Proof of Theorem 5.19 Let f°: D(ky|cpn) — D(yd |c pn) denote the Whitney sum of the tensor power
maps D(y|cpn) = D(y% |cpn) and let g°: S(ky|cpr) — S(y%|cpn) be its restriction to the sphere
bundle. Hence, in the notation of Definition 5.11, g® = tg,(ylcpr)*---*tq, (v|cpn), so Br([g°]) = nn(d)
and we must prove the following: there is a map of stable vector bundles f_,',(c_l ):Vx,(d) — én(d)|cpn
over f,(d) such that

T(8") = [fa(d). fa(d)] € NS (CP").
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First we describe a way of constructing a representative of the complete intersection X, (d) in an arbitrarily

small neighbourhood of the subspace CP" C CP"k Let [X0,X1,...,X,+k] be homogeneous coordinates

on the ambient CP" K Fori = 1,2, ...k, define p? € Clxo,X1,...,Xptk] BY p?()_c) = x,ﬁi, where

x = (x0,X1,...,Xp+%)- Then

] e CP ) () = pi(@) == pp(x) =0} = {[x] € CP"** |y = xpia =+ =Xy =0}
=CP".

Note that if d; > 1, then p? is singular at its zeros, so CP” is not a representative of X,(d) unless
d=1{1,1,...,1}. However, by applying an arbitrarily small perturbation to the p? we can obtain new
polynomials p; such that

(X1 € CP™™ | pi(x) = pa(x) = = pr(x) = 0} = X,(d)

is a complete intersection and it is contained in the interior of a closed tubular neighbourhood U of CP"
(we will fix a U in Lemma 5.23 below).

By Construction 5.22 the polynomials p? and p; define sections of y% |cpn+x. Therefore the tu-
ples (p(l),pg, .. .,pg) and (pi, pa. ..., px) define some sections s° and s of y4|CPn+k (so the zero
sets of s° and s are CP" and X,(d) respectively). Then we can assume that there is a homotopy
CP"tk x 1 — ydl(CPn—i-k of sections between s° and s that is nonzero on (CP"t% \ intU) x I. In
particular, the restrictions of s° and s are homotopic as nonzero sections over dU.

The normal bundle of CP" in CP"*k is ky|cpn,so U can be identified with D(ky|cpn). Moreover, the
projection 77y : U — CP" of U is a deformation retraction; hence the bundle 7, (y4|cpn) is isomorphic
to )/4 |- We will fix an identification and an isomorphism in Lemma 5.23. With these identifications,
the sections s°| and s|y correspond to fibre-preserving maps D(ky|cpr) — D(y%|cpn) under the
bijection of Definition 5.14. Let f: D(ky|cpn) — D(y%|cpr) be the map such that sp=s|y. In
Lemma 5.23 we prove that sc0 = sOy. Let g: S(ky|cprn) = S(y2|cpn) be the restriction of f (we
can assume that it has values in the sphere bundle, because f/|s(ky|cpn) 1S NOWhere zero since s|ay
is nowhere zero). Then sg = s|yy. The restriction of 0 is g% so Sg0 = s%5p. Since Sg0 = s
and sg = 5|3y are homotopic as nonzero sections, 2% and g are fibre homotopic. The bijection T is
well-defined on fibre homotopy classes, so T ([g°]) = T ([g]).

By construction X, (d) = Z(s) is a divisor of ydl(c pn+k Trelative to |y = Sg. Since gy is homotopic
to the identity, we have f,(d) = 7y |x, ) (up to homotopy). By Lemma 5.17 there is a bundle map
Ju(d):vx, @) = vE @ —(n+1)y ©kylcpn 2 &n(d)|cpn such that T((g]) = [fu(d). fu(d)] € N (CP™).
Therefore 7'([g°]) = [ fu(d). fu(d)]. O

Remark 5.21 There is a canonical bundle map vy, (7) —> &1 (d)|cpn+x over i, and hence over f,(d)
(cf Proposition 2.5), because there is a canonical isomorphism vy, (4) = v(Xn(d) — CP"thy g Ve prtik
and the normal bundle of a degree-r hypersurface in C P"** is canonically isomorphic to the restriction
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of y” (see Construction 5.22 and Remark 5.16). By following the definitions, we can see that the bundle
map fn(d) constructed in the proof of Theorem 5.19 is equal to this canonical map (up to homotopy).

We used the following (well-known) construction and the lemma below.

Construction 5.22 A homogeneous polynomial ¢ of degree r in variables xg, X1, ..., X;; determines a
section of the bundle y”|cpm as follows.

If r = 1, then the assignment [xg, X1, . .., Xm]|—[X0, X1, - - -, Xm, ¢(X0, X1, . . . , Xm)] is a well-defined map
CP™ —CP™+1\[0,0,...,0, 1]. Since the map CP*T1\[0,0,...,0,1]— CP™ [X0.X1...., Xme1]—>
[X0, X1, ..., Xm], can be identified with the projection of the normal bundle of CP" in CP™+1 which
is isomorphic to y|cpm, we get that ¢ determines a section of y|cpm. So every linear monomial Xx;
determines a section of y|cpm. If we have sections s, 53, ...,s of some vector bundle &, then their
symmetric product 5155 - - -5, is a section of the symmetric power Sym” (£€) and if £ is a line bundle, then
Sym” (§) = £”. Therefore every degree-r monomial, and hence every degree-r homogeneous polynomial,
determines a section of y”|cpm.

Lemma 5.23 We can identify D(ky|cpn) with a tubular neighbourhood U of CP" in CP"*k and the
bundle r}; (v2|cpn) with y2|y such that after these identifications the section s ro corresponding to f 0
under the bijection of Definition 5.14 (b) is equal to s°| .

Proof First we will introduce “coordinates” on the total space of y” |cpm. Then we will define U and
describe the necessary identifications. Finally we will show that s¢o (regarded as a section of )/4|U) is
equal to s°|y.

By Construction 5.22 a pair ([a],q) (where [a] = [ag,ay,...,am] € CP™ and ¢ is a homogeneous
polynomial of degree r in variables xg, X1, ..., X, ) determines a point in E(y" |cpm) (namely, the value
of the section determined by ¢ over the point [¢]). Every point in E(y”|cpm) can be described by such a
pair and two pairs, ([¢], ¢) and ([a], ¢’), determine the same point if and only if ¢(a) = ¢’(a). Similarly,
if g; is a homogeneous polynomial of degree d;, then a pair ([¢], (41,92, ..., qx)) determines a point in
E(y?cpm).

To simplify notation we use the abbreviations a = (aq, a1, . . . , an) € C"TIN\{0}, b= (b1, b3, ..., by) €CK
and ¢ = (¢, €1, ..., Cyqr) € CPTRFIN {0} Also, ¢; and r; will always denote some homogeneous
polynomials in variables xg, X1, ..., X5 such that g; has degree d; and r; is linear.

The map ([¢], (r1, 72, ..., 1)) = [a,r1(a), r2(a), ..., rr(a)] is a homeomorphism between E(ky|cpn)
and an open tubular neighbourhood of CP" in CP"+k (which is diffeomorphic to CP"+k\ CPk—1),
We define U to be the image of the disc bundle D(ky|cpn) under this map. Then this map identifies
D(ky|cpn) with U.

Points of the subspace E (i, (y4|cpn)) CU x E(y2|cpn) are of the form ([a, b], ([, (¢1.¢2. - - - . qx)))-
The map ([a, 5], ([a]. (41,92, - - - qx))) = ((@.b). (1. G2, - - - Gx)) € E(y?|cpntr) (Where §; is equal
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to g;, but is regarded as a polynomial in the variables xq, X1, ..., X;4%) is an isomorphism between the
bundles 7} (y¥4|cpn) and 94|y = (y¥|cpnti)lu.

By definition the section s° is the map [c] — ([c], (p?, pg, cees pg)).

The map £ is given by the formula ([a], (1,72, ...,7%)) ([a] (r1 , rg 2. dk)) After identifying
D(ky|cprn) with U the formula becomes [a, b] — ([ 1, (r1 , 2 r,f")) where r; is chosen such
that r; (a) bi. Therefore sgo([a, b]) = ([a, b], ([d], (r d rk"))) and this point is identified with
(@, b), F 72, .. 7)), We have

i (a.b) = r" (@) = b = pP(a.b),

so ([a, b], (r1 ' '512, .. _d")) = ([a, b]. (p1 pz, .. .,pg)). Therefore 570 = s0y. O

We conclude this section with a discussion of the bundle data f,,(d ) in the canonical normal invariant
of X,(d). Although the degree-d normal map ( f;1(d), fu(d)): Xn(d) — CP" is canonically constructed,
so far we have not been able to characterise its homotopy class amongst all such degree-d normal maps.
In particular, if there is a diffeomorphism /: X}, (d) — X, (d’), then up to homotopy it induces a unique
bundle map hiv X, (d) — VX, (d") covering h and in general we do not know whether f_,'1(c_1 "Yoh and j_,',(c_i )
are homotopic stable bundle maps. In this paper, we shall only need to address this question when n = 4
and X4(d) is nonspin. In this case, the problem is solved via the following:

Lemma 5.24 Let X be a closed, connected nonspin 8-manifold which is homotopy equivalent to
a CW-complex with only even-dimensional cells, & a stable vector bundle over X and g: £ — & an
orientation-preserving stable bundle automorphism. Then g is fibre homotopic to the identity.

Proof By standard K-theoretic arguments (given for automorphisms of stable spherical fibrations in
[Browder 1972, Lemma 1.4.6]), it is sufficient to prove that [X, SO] = 0. By [Hatcher 2002, Proposi-
tion 4C.1], we may assume that there is a homotopy equivalence X ~ KUy D8 where K is a 6-dimensional
CW-complex with only even-dimensional cells and f: S7 — K attaches a single 8-cell. Consider the
Puppe sequence of the cofibration K — K Uy D? — §3:

[ZK,SO]— 75(SO) — [K Uy D®,SO] — [K, SO].

Obstruction theory [Hatcher 2002, Corollary 4.73] gives that [ K, SO] = 0, since 775; (SO) =0 for 0 <2i <6.
So to prove that [X, SO] = [K U, D8, S0] s trivial, it is enough to show that the map [Z K, SO] — 75(SO)
is surjective.

The map [ K, SO] — 75(SO) sends a homotopy class [g] € [Z K, SO] to [go = f], where =1 : S8 - =K
is the suspension of f* [Whitehead 1978, 6.18 Chapter III]. Since K Uy D? has no odd-dimensional cells,
H'(X;Z/2) =0, and so X is orientable. Since X is nonspin, v,(X) = w,(X) # 0 by [Milnor and
Stasheff 1974, Theorem 11.15], and so Sq?: H®(X;Z/2) — H8(X:;Z/2) is nonzero. Let K®* c K
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denote the 4-skeleton of K, and let ¢: K — K/K® be the collapse map; then K/K® = \/ﬁ’:1 SO is
a wedge of 6-spheres. Since H%(S7) =~ H>(S7) =~ H?® (\/?=1 S6) ~H’ (\/?=1 S6) =~ (0, we deduce
that the functional Steenrod square of Sq? applied to co f: S7 — \/f’=1 S® is unambiguously defined
and nonzero on H8(K/K™®;7Z/2); cf [Mosher and Tangora 1968, Chapter 16]. Since Sq? is a stable
operation, the functional Steenrod square of Sq? applied to the suspension Xco Xf: S8 — \/f’=1 S7
is also nonzero on H’ (\/5’:1 S’z 2), showing that Xc o X f is essential (see [Mosher and Tangora
1968, Chapter 16, Proposition 1]). By Hilton’s theorem [1955, Theorem A] and the computation of
the 1-stem [Toda 1962, Chapter XIV], g (\/?=1 S7) = @Ll 7s(S7) = (Z/2)®, and it follows that
prjo(ZcoXf): S® — S7 is essential for some j € {1,...,b}, where prj: \/5’:1 S7 — S7 splits off
the j sphere in the wedge. Using [Adams 1966, Example 12.15], we see that precomposition with
n7: S® — S7 induces a surjection 77(SO) — 7g(SO), and so the composition

%

71(S0) 25 [ (K /K@), 0] 25 [£K, $0] ZL5 74(S0)

is onto. It follows that [X K, SO] — 7g(SO) is onto, completing the proof. |

Corollary 5.25 Let (fo. fo). (fi. f1): X4(d) = (CP*,£4(d)|cp+) be a pair of normal maps from a non-
spin complete intersection X4(d) such that f;'(x) = f*(x). Then ( fo. fo) and (f1. f1) are homotopic.

Proof It follows from the assumption f(x) = f{*(x) that fo and f; are homotopic as maps into
CP>® ~ K(Z,?2). By cellular approximation they are also homotopic as maps into CP*, so we may
assume that fo = f1. Then the bundle maps fo, fl :Vx,(d) —> &4(d)|c ps differ by precomposition with
a bundle automorphism g: vy, 4) — Vx,(4)- By Lemma 5.24, g is homotopic to the identity and so fo
and f_l are homotopic. a

5.5 The Sullivan conjecture in the case of odd total degree

Let X, (d) be a complete intersection. By Theorem 5.19 there is a degree-d normal map ( fy(d), fu(d)):
Xn(d) — CP" such that

n(fu(d). fu(d)) = nn(d) € [CP", (QS?Y/SO)4].

Our goal is to show that if d is odd and SD4(d) = SD4(d’), then n4(d) = n4(d’). Then Theorem 5.20
allows us to deduce the Sullivan conjecture when n = 4 and d is odd. To compare the normal invariants
n4(d) and n4(d’), we will apply results of Feshbach on the Segal conjecture, using the fact that 1,,(d) is
the restriction of oo (d): CP*® — (QS%/S0),.

Due to a combination of Theorem 1.4 of Fang and Klaus and Proposition 5.12 of Brumfiel and Madsen,
localising at the prime 2 will prove to be an effective strategy when the total degree d is odd. For a simple
space Z and a prime p we shall write Z(,) (and even (Z),) where necessary) for the p-localisation
of Z. Similarly, we write A4(,) for the p-localisation of an abelian group A. If ¢ € [Y, Z] is a homotopy
class of maps from some other space Y to Z, we write ¢(,) € [Y, Z(,)] for the homotopy class of the
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composition ¥ 4> Z — Z(p)» where Z — Z,) is the natural map. Similarly, for Z[1/ p], the space
obtained from Z by inverting p, we write ¢[;/ ] € [Y, Z[1/ p]] for the homotopy class of the composition
Y %5 Z — Z[1/p], where Z — Z[1/p] is the natural map.

Lemma 5.26 Letn and d be positive integers. Suppose that ¢, ¥ € [CP", (QS%/S0),] are homotopy
classes such that ¢y = V() and ¢[1/p] = Y1/ p] for some prime p. Then ¢ = .

Proof We partition the set of all primes into the sets / := {p} and /" := {q | ¢ # p}. By [Sullivan 1970,
(4), page 41], for any simple space Z the natural maps Z — Z[1/p] and Z — Z,) fit into a fibre square

Z — Z[1/p]

|

Zip) — Zao

where Zg denotes the rationalisation of Z. Hence there is a homotopy fibration sequence Z —
Zpyx Z[1/p]l— Zg, and for Z = (QS%S0), we have a homotopy fibration sequence

(QSY/S0)g 2> ((QSY/S0)4) () x ((QSY/SO))[1/p] = ((QSY/SO)y)0.-

The Puppe sequence for homotopy classes of maps from CP” into this fibration contains the exact
sequence

[CP". 2((QS%/S0)4)0] = [CP". (QS%/S0) 4] -5 [CP". (QSY/SO) ) (IX[CP". ((QS%/SO)0)1/ ]l

where £y (¢) = (¢(p). ¢[1/p)) and [CP", Q((QSO/SO)d)Q] acts transitively on the fibres of £,.. We will
show that [CP", Q((QSY/ SO)4)@] = 0, which implies that £, is injective and proves the lemma.

Since QS?Z is connected with finite homotopy groups (see Section 5.2), its rationalisation is contractible. So,
by the rationalisation of the fibration sequence (5), ((QS%/SO) 4)Q =~ (BSO)q. Itis well known that there
is an equivalence (BSO)q =~ [[i2; K(Q, 4i) (see eg [Sullivan 1970, (12), pages 42-43]), and so we have
a chain of isomorphisms [CP", 2((QS%/S0)4)q] = [ECP", ((QSY/S0)4)p] = [ECP", (BSO)q] =
@2, H¥(ZCP™;Q) 0. o

Lemma 5.27 Let X4(d) and X4(d’) be nonspin complete intersections such that SD4(d) = SD4(d’). If
na(d) ) = na(d) 2y € [CP*. ((QSY/SO)a) 2], then na(d) = na(d").

Proof By Theorem 1.4, there is a homotopy 8-sphere ¥ and a diffeomorphism /1: X4(d) ~ X4(d') § Z.
We may assume that /2 preserves the cohomology class x (see the proof of Proposition 2.10) and hence the
maps f4(d) and f4(d’) o h are homotopic (as in the proof of Corollary 5.25). Let VX, (d) —> VX (d)HE
be the stable bundle map covering /4, which is uniquely determined up to homotopy by the derivative
of /. By Theorem 5.19, there are bundle maps f4(d) and f4(d’) such that n4(d) = n([f4(d), f4(d)])
and 14(d") = n([fa(d’), f4(d")]). As in Section 5.2, let f5: ¥ — CP* be the constant map. Then the
choice of an arbitrary framing of ¥ determines a bundle map f):; over fy and we get a normal map
(f4(d) 1 fx. f4(d) 1 fx): X4(d')§ = — CP* As explained in Section 2.3, since SD4(d) = SD4(d’),
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there is a stable bundle isomorphism o : £4(d’)|cps — E4(d)|cps. We have the following diagram of
stable bundle maps, which commutes by Corollary 5.25:

fa(d)
Vx,d) ——— &a(d)|cps

,;l E
fa@)4f
VX s ————— Ea(d')| e pa
It follows that the degree-d normal maps
(fa(d), fa(d)): Xa(d) > CP* and (fa(d) 1 fz, fa(d) 1 fz): Xa(d) = — CP*

represent the same element in Nd+ (CP*), so n([f4(d), fa()]) =n(f+(d) 1t fx. f4(d) 1 f]). Therefore
by Lemma 5.13 we have

na(d) = na(d") §[v]

for some [/] € (i¢)« (78 (QSY)). By the naturality of f (see (7)) we have 14(d)1/21 = n4(d )1 /218 [¥11/21)-
Since JTg(QSg:) >~ g and g = Z/2 & Z/2 by [Toda 1962, Theorem 7.1], [¢] € 73((QS%/S0),)
is 2-torsion. This implies that [y;/2]] = 0, and hence 14(d)[1/2] = n4(d’)[1/2). We assumed that
n4(d)(2) = na(d’)(2) and so by Lemma 5.26, n4(d) = n4(d"). O

From now on we assume that d is odd. Then (Z[1/d])z) >~ Z,) for any simple space Z, so from
the Brumfiel-Madsen equivalence (G/O0)[1/d] ~ (QS%/SO)4[1/d] of Proposition 5.12, we deduce the
existence of a homotopy equivalence

x: ((QS%/S0) ) (2) ~ (G/0)2)

such that §2) o x = (84)(2), Where §(2) and (84)(2) are the 2-localisations the canonical maps § and §,4
from (6). Moreover, by Sullivan’s 2-primary splitting theorem for G/O [Madsen and Milgram 1979,
Theorem 5.18], there is a homotopy equivalence

®) ¢:(G/0)(2) — (BSO)(2) x coker J(3),

where the space coker J(3) is defined in [loc. cit., Definition 5.16] and the map ¢ is constructed in the
proof of [loc. cit., Theorem 5.18]. From the splitting of (G/O)(y) in (8) we obtain a projection map

7:(G/0)(2) — coker J().

The following result is contained in the proof of [Feshbach 1986, Theorem 6], where the arguments rely
on work of Feshbach [1987] and Ravenel [1984] on the Segal conjecture.

Theorem 5.28 (cf [Feshbach 1986, Proof of Theorem 6]) For any prime p, [CP°°, coker J( )] = 0.

Proof The proof of [Feshbach 1986, Theorem 6] states that the stable cohomotopy group 72 (CP) is
trivial, where 72(CP%®) = [CP®, ng]. The natural map ng — ]_[p (ng)(p) from QS(O) to the product
of its p-localisations, taken over all primes p, is a weak equivalence, because ng is connected with
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finite homotopy groups 7; (ng = 7} (hence m; (ng) >~ ]_[p T (ng)( p))- Now by Sullivan’s splitting
of QS(I) ~ ng [Madsen and Milgram 1979, Theorem 5.18], (ng)( p) = 1mJ () X coker J( ) for a certain
p-local space imJ (). Therefore

02 [CP>,QSJ] = [ [([CP™.imJ(,)] x [CP*, coker J(,)])
p

and the theorem follows. |
As a consequence of Theorem 5.28 we have:
Corollary 5.29 Ifd is odd, then (X« (1n(d)(2))) = 0 € [CP", coker J(y)] for all n.

Proof Leti: CP" — CP be the inclusion and consider the following commutative diagram:

[CP>, (QS%/S0)q] —— [CP™, ((QSY/S0) ) 2)] = [CP™, (G/ 0)(2)] —— [C P>, coker J ()]
T T
[CP", (QS/S0)4] —— [CP", ((QS%/S0)a) 2)] ——— [CP", (G/ 0) ()] ——— [CP", coker J ]
Now 71, (d) =i*(neo(d)) by Definition 5.11 and [C P, coker J(2)] = 0 by Theorem 5.28, so the corollary

follows from the commutativity of the diagram. |

Theorem 5.30 Let X4(d) and X4(d’) be complete intersections with SD4(d) = SD4(d’) and odd total
degree. Then n4(d) = n4(d’) € [CP*, (QS%/SO)4].

The Sullivan conjecture for n = 4 and odd total degree follows directly from Theorems 5.20 and 5.30.

Theorem 5.31 Let X4(d) and X4(d’) be complete intersections with SD4(d) = SD4(d’) and odd total
degree. Then X4(d) is diffeomorphic to X4(d'). |

Proof of Theorem 5.30 By Lemma 5.27, it is enough to prove that 1n4(d) ) = 14(d’)(2). Since the
map x: ((QSY/ SO)4)2) — (G/O)(2) is a homotopy equivalence, it suffices to show that y«(14(d)(2)) =
xx(a(d)2)) € [CP4, (G/0)(2)]- To simplify the notation we set

(d) := xx(na(d)2)) and A(d") := x+(4(d")(2)).

Let iu: (G/O) 2y — BSO(z) and a3y : (BSO)(2) — (G/O)(2) be the projection and inclusion defined by
the Sullivan splitting of (G/ O) () in (8) respectively, so that ¢ = ux 7 : (G/O)2) — (BSO) 2y xcoker J(2),
and consider the bijection

fix X 052 [CP*,(G/0) (2)] = [CP*, (BSO) )] x [CP*, coker J(y)].
Corollary 5.29 states that 7w« (7(d)) = m«(7(d")) = 0, hence
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(a) it remains to show that u«(7(d)) = u«(7(d")), and

(b) we have
N(d) = (@) o )« (A(d)) and 7(d") = (e() o w«(1(d).
It follows from Lemma 5.32 that §(2)«(7(d)) = 8(2)«(7(d")); hence

(82) 0 t2) 0 W)+ (1(d)) = (82) 0 2y © )+ (7(d")).

By Lemma 5.33 (§(2)00t(2)) «: [CP*, (BSO)(2)]— [CP*, (BSO)(2)]is injective, so px (7(d)) = p«(7(d")),
which completes the proof. |

Lemma 5.32 Suppose that n # 1 mod 4. If X,,(d) and X, (d’) are complete intersections such that
SDy(d) = SDy(d"), then (3(2) © X)« (M (d) (2)) = (8(2) © )« (M (d") 2))-

Proof By the assumption SD,(d) = SD,(d’), the complete intersections X3 (d) and X (d’), and hence
their normal bundles vy, z) and vy, (4), have the same Pontryagin classes (regarded as integers). This
implies that p;j(§,(d)) = pj(£.(d’)) for 2j < n (see Section 2.2). By [Sanderson 1964, Theorem 3.9], if
n# 1 mod 4, then [CP", BSO] = Z!"/2] detected by the total Pontryagin class. Therefore &, (d)|cpn =
En(d")|cpn, and hence (n+1)y @ &n(d)|cpr = (n+1)y ® &n(d")|cpn.

Since 8,4 classifies taking the formal difference of the source and target vector bundles of a fibrewise
degree-d map (see Section 5.2), (87)«(1n(d)) € [CP", BSO] is the classifying map of —ky & ' &
@y U |cpn = (n+1)y @ £n(d)|cpn. Therefore we have (84)x(12(d)) = (84)+(1n(d)).

By localising at 2 we get that (64) 2)x (1:(d)(2)) = (64) (2)x (M1 (d") (2)). We saw that x satisfies §(2)0 x =
(84)(2) (see Proposition 5.12), so this means that (8¢2) © )« (1 (d)2)) = (6(2) © X)+ (M (d’) (2))- |

Lemma 5.33 Suppose n # 1 mod 4. Then the map (8(2) 0 ct(2))«: [CP", (BSO)(2)] — [CP", (BSO)(2)]
is injective.

Proof The proof of [Madsen and Milgram 1979, Theorem 5.18] shows that there is a commutative
diagram
(G/0)2)

a)
/ J5<2>
2

¥3-1d
(BSO)(z) —_— (BSO)(Z)

where /3 is the map induced by the third-power Adams operation; see [loc. cit., 5.13 and Theorem 5.18].

The map > —Id is a rational homotopy equivalence (to see this, we note that the homotopy fibre of y> —Id

is connected and has finite homotopy groups by the second Sullivan splitting in [loc. cit., Theorem 5.18]);

hence () o @(2) is a rational homotopy equivalence.
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Now let jg: (BSO)(2) — ((BSO)(2))@ = BSOq be the natural map to the rationalisation of BSO. There
is a commutative square

[CP", (BSO) ()] 2 [CP", BSOg)]
1(5(2>°a<2))* l(&@oa@)*

[CP", (BSO) )] 25 [CP", BSOg]

where 8¢ and o are the rationalisations of §(5) and o,y respectively. In particular, g oo is a homotopy
equivalence; hence (dg o a@)« is a bijection.

Since there are isomorphisms [CP", BSOq] = [CP", (BSO) )] ® Q = (Z(z))L”/zJ QQ = Q21 it
follows that jg« is injective. Therefore (8g o)« © jo+ = Jj@« © (8(2) 0 (2))« is injective, which implies
that (8(2) o (2))« is injective. |

Remark 5.34 The arguments of this section can be generalised to prove the Sullivan conjecture “prime
to the total degree”. We plan to take this up in future work.

Appendix. Extensions and Toda brackets

Appendix Extensions and Toda brackets

Recall that S° denotes the sphere spectrum and that the i stable stem, 7;(S°), is denoted by n}. The
k-fold suspension of S° is denoted by S¥, and if f: SK — S is a map, then C s denotes the cofibre of f.
The aim of this appendix is to prove Lemma A.1, which concerns the role of Toda brackets in computing
extensions for homotopy groups of Cy. Lemma A.1 is presumably well known, but we did not find a
proof for it in the literature so far.
The stable homotopy groups of Cy lie in the following fragment of the long exact Puppe sequence:

f .

s s I« . Cx s “ee
STy T —>7rJ(Cf)—>7rj_k_1 — e

Here fx,ix and c4 are respectively the homomorphisms induced by composition with f, the inclusion
i:S%c Cy, and the collapse map c¢: Cr — Sk+1. We shall be interested in describing the extension

©) 0 — im(ix) — 7;(Cr) — im(cx) — 0.

To do this we take an element g € JT;_ x—1 Of order a for some positive integer a, which lifts to g € 7; (Cr).
Then ag € im(ix) = coker( fx). The element ag € 71; will of course depend on the choice of g in general.

To describe ag we consider the sequence of maps
si—1 L, gi—k=1 8,0 a, g0
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Since g o f and a o g are both null-homotopic, the Toda bracket

(a.g.f) S}
is defined. Representatives for the elements of (a, g, /) are defined as unions
(ao H)) U(C(f)oHy): C(STHucC(s/™!) —s°,

where H; is a null-homotopy of g o f, H, is a null-homotopy of a o g and C(—) denotes the cone of a
spectrum or a map. The indeterminacy of (@, g, /) arises from the choice of null-homotopies H; and H,
and is given by

I(a.g. /) = fu(i_p) +anf S .

We now relate the restriction of the extension (9) to the cyclic subgroup {(g) C 71;_ % generated by g to
the Toda bracket (a, g, f).

Lemma A.1 Suppose that g € ”;—k—l has order a and that g: ST — Cy is amap such thatco g = g.
Then

ag €ix({a. g, [)) Cm;j(Cy).

In particular, the extension

0 — im(ix) = () ™' ({g)) = (g) =0

is trivial if and only if0 € {a, g, ).

Proof Given H;:C(S/~!)— S° anull-homotopy of go f:S/~! — S° we define a choice of g € i (Cr)
by
§=H UC(g):C(ST™HuCE’ ™, - ¢y,

where the subscripts label two copies of C(S/~1). There is an a-fold fold map ac,: (Cy, S%) —
(Cr, S9), which extends a: S® — S°, and we have ag = ac, © g. On the first copy of C(S/~1) we have
(ac,08)|¢(si—1), = ao Hy. On the second copy of C(S/71), the map (acy08)|¢c(si—1y, defines the zero
element of nj(Cf, S9) ~ 71;_1. It follows that (ac, © §)[¢(si-1), is homotopic rel S to Hy o C(f),
where H,: C(S/7%=1) - S° is a null-homotopy of ag. It follows that ag = acy o g is homotopic to
io ((a oHy)U(Hyo0 C(f))) and so ag € ix({a, g, f)) as required.

Finally, the extension 0 — im(ix) — (cx)~!({g)) — (g) — 0 is trivial if and only if there is g € ; (Cr)
such that ag = 0. Given such a g, we have 0 € i« ({(a, g, f)) by the previous paragraph and so (a, g, /)
contains an element of ker(iyx) = f*(nj_k). Hence (a, g, f)NI({a,g, f)) #0andso 0 € (a, g, f).
Conversely, 0 € (a, g, ) ifand only if {(a, g, f) = f« (n;_k)+a7r; andthenag €i«({a, g, )= ai*(nj).
Hence we can modify our choice of g to achieve ag = 0. O
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