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An embedding of skein algebras of surfaces
into localized quantum tori from Dehn-Thurston coordinates

RENAUD DETCHERRY
RAMANUJAN SANTHAROUBANE

We construct embeddings of Kauffman bracket skein algebras of surfaces (either closed or with boundary)
into localized quantum tori using the action of the skein algebra on the skein module of the handlebody.
We use those embeddings to study representations of Kauffman skein algebras at roots of unity and get a
new proof of Bonahon and Wong’s unicity conjecture. Our method allows one to explicitly reconstruct
the unique representation with fixed classical shadow, as long as the classical shadow is irreducible with
image not conjugate to the quaternion group.
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1 Introduction

For ¥ a compact connected oriented surface and G an algebraic group, its character variety is
X(Z,G)={p:m((X)—> G}/G,

where G acts by conjugation. One of the simplest and most intriguing character varieties is obtained
when G = SL,(C), as it is then well-understood algebraically while being connected to hyperbolic
geometry, knot theory and 3-dimensional topology, with many beautiful applications. Concretely speaking,
X(2,SL,(C)) is just an algebraic variety of dimension 6g — 6 4+ 3n when X is a surface with negative
Euler characteristic of genus g with n boundary components, and the ring of regular functions on the
character variety C[X (X, SL,(C))] is just a commutative algebra.

Skein algebras and skein modules, introduced independently by Przytycki [1991] and by Turaev [1988],
give a quantization of character varieties. The skein module S(M) of a compact oriented 3-manifold M
is a Z[A*']-module which is the quotient of the free module spanned by isotopy classes of framed links
in the interior of M, modulo the famous Kauffman relations

://\ / \‘\ /l \ / \‘\ -1 ,'IU\‘\ 2 —2

( P =A! P AT iand LUU =(—A"—A"°)L,
where the first relates three framed links in M that are identical except in a small ball, and in the second
U is the unframed unknot. When M = X x [0, 1], with ¥ a compact oriented surface, the skein module
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has a natural structure of an algebra given by the stacking operation. We will write S(X) for the skein
algebra of a surface (ie the skein module of X x [0, 1], with its natural algebra structure). We recall also
that when M is a compact oriented surface, the skein module S(M) is a module over the skein algebra
S (dM), again for the natural stacking operation.

A result of Bullock [1997] and Przytycki and Sikora [2000] asserts that, setting the parameter A to —1,
the skein algebra S(X¥) ® 4=—1 C is isomorphic to the commutative algebra C[X (X, SL,(C))], and a
further result of Turaev [1991] states that S(X) is actually a deformation quantization of that algebra in
the direction of the Atiyah—Bott—Goldman Poisson bracket.

The skein algebras of surfaces have deep ties with much of quantum topology, in particular with the Jones
polynomials, the Witten—Reshetikhin—Turaev invariants of 3-manifolds and their associated TQFTs. A
better understanding of skein algebras (or their 3-dimensional counterparts skein modules) seems to be
key for working on many of the open conjectures in quantum topology [Lé& and Zhang 2017; Marché and
Santharoubane 2021; Bonahon et al. 2021]. Contrary to functions on the SL,(C)-character variety, skein
algebras are a difficult object to tackle, in part due to being noncommutative algebras. For instance, except
for a few small surfaces, there is at the moment no known presentations of S(X) besides the definition.

However, pioneering work of Bonahon and Wong [2011; 2016; 2017; 2019] led to a breakthrough in our
understanding of skein algebras. They constructed an embedding, the quantum trace map, from the skein
algebras of a surface ¥ with n > 1 punctures to a quantum torus. A quantum torus is a noncommutative
algebra of the form Z[A®(X; | i € I)/{X; X; = A% X; X;}; in a way, quantum tori are the simplest
possible noncommutative algebras. Bonahon and Wong used the Chekhov—Fock quantization of the
Teichmiiller space as their target space to define their quantum trace map, then they managed to quantize
the map from character variety to shear coordinates. Some difficult computations are required to check
that their formulas indeed yield an algebra morphism. Their method of defining a quantum trace map has
since been simplified by L€ [2019], and recently extended by L& and Yu to SL,, character variety.

Our first result is to propose an alternative way of defining an embedding of the skein algebra into a
quantum torus, or rather in our case a localized quantum torus. Let P be a pants decomposition of X
consisting of n curves nonparallel to the boundary and b curves parallel to the boundary. We write )
for the closed surface obtained from X by filling the boundary components by disks. We consider the
quantum torus 7 (P) over Z[Ail] with 2n + b variables Eq,..., E,, O1,...,0,,Cq,...,Cp, where
all variables commute except Q; and E; (for all i € {1,...,n}) that satisfy Q; E; = AE; Q;. Viewed as
a ring, the quantum torus 7 (P) is an integral domain, so we can define A(P) to be a Z[A¥1]-algebra
containing 7(P) where A Q2 — A=% 02 is invertible for all 1 <i <n and k € Z. The algebra A(P)
will be called a localized quantum torus.

Theorem 1.1 There is an injective Z[A¥']-algebra homomorphism
0:8(%) - A(P)
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that factors through the natural action S(X) — End(S(H,Q(A))), where H is a handlebody with
boundary S, such that curves in P bound a disk in H. Moreover for any curve o € P there exists

0€{01,...,04,C1,...,Cp} such that
o) =—(A0%+A7207?).

We remark that when ¥ has boundary, S(H, Q(A)) is the sum of relative skein modules of H where we
add a colored point in each filling disk of .

Note that in particular, we recover a theorem of L& [2022] about the faithfulness of the natural action of
S(X) on S(H). The precise definition of the embedding will be given in Definition 2.5; it is based on the
study of coefficients of curve operators on S(H, Q(A)) where H is a handlebody with boundary X, in
some basis given by trivalent colored graphs (see Lemma 2.1), which are the skein module version of the
basis of WRT-TQFTSs given by Blanchet, Habegger, Masbaum and Vogel [Blanchet et al. 1995].

Morally speaking our embedding could be thought as the quantization of Fenchel-Nielsen coordinates
associated to a pair of pants decomposition, while Bonahon and Wong’s quantum trace map is based on a
quantization of shear coordinates on the Teichmiiller space.

Compared with Bonahon and Wong’s result, our embedding has the drawback of landing in a localized
quantum torus instead of just a quantum torus, but in exchange we get several nice features. First,
our result applies to closed surfaces as well as surfaces with boundary, whereas Bonahon and Wong’s
embedding needs punctures to be defined, since they have to start with ideal triangulations of the surface X.
Second, our embedding arises in a more natural way, by studying the action of S(X) on the skein module
S(H) of a handlebody with boundary X, in the graph basis of S(H) associated to the pair of pants
decomposition P. The proof that we get an embedding does not require checking difficult formulas, and
will be a simple byproduct of the fact that S(H) is a module over S(X).

Finally, a nice feature of this new embedding is that it is in a way almost surjective. Indeed we see
in Theorem 1.1 that the elements Q1,..., O,, C1,..., Cy satisfy a degree-4 polynomial equation with
coefficients in 0 (S(X)). A similar property holds for the elements Eq, ..., Ej,:

Proposition 1.2 There exists a finite-index subgroup A of 7" such that for all k = (k1,...,kn) € A,
k
BB = Y 0)6,
jeIl
where {y; | j € I} is a finite set of multicurves on ¥ and {G; | j € I} are rational fractions in
O1,....04,Cq1,...,Cy.

Another important aspect of Bonahon and Wong’s work is the study of irreducible finite-dimensional
complex representations of Sg(X) = S(X) ®4—¢ C when £ is root of unity. More precisely, when
¢ is root of unity of order twice an odd number, Bonahon and Wong [2016] associate to any such
representation p of Sg(X) a canonical point r, € X(X,SL»(C)) called the classical shadow of p. A
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natural and important question is whether points in X(X, SL,(C)) completely classify irreducible finite-
dimensional representations of Sg(X). Bonahon and Wong [2017] proved that if ¥ has at least one
boundary component, any point in X (X, SL, (C)) satisfying a geometric condition is the classical shadow
of an irreducible representation of Sg(X). When X has no boundary component they removed this
geometric condition to prove that p - r, is surjective in [Bonahon and Wong 2019]. The surjectivity for
any surface also follows from [Frohman et al. 2019], where it is derived from the theory of Azumaya
algebras. They asked which points in X(X, SL>(C)) have a single preimage by the map r,; the unicity
conjecture that they formulated was that for an open dense subset of X (3, SL,(C)). The classical shadow
determines the representation. We prove:

Theorem 1.3 Let X be a closed compact oriented surface of genus g > 2, let £ be a 2p'™ primitive
root of unity with p > 3 an odd number and p: S¢(X) — End(V') be an irreducible representation with
classical shadow r. Assume that r is an irreducible representation whose image is not isomorphic to the
quaternion group with 8 elements. Then there exists a unique irreducible representation of Sg(X) with
classical shadow r, up to isomorphism.

Remark 1.4 While we restrict to £ a 2p™ root of unity with p odd, our methods should apply for
other roots of unity with minimal changes. The restriction to closed surfaces is more fundamental and
comes from our use of a certain pants decompositions of surfaces to simplify the computations (see
Section 3), Theorem 1.1 of [Santharoubane 2024] that gives generators of skein algebras Sg(%), and the
main theorem of [Detcherry et al. 2024].

Theorem 1.3 is a consequence of the following stronger statement:

Theorem 1.5 Suppose that X has at most one boundary component. Let £ be a2 p™ primitive root of
unity with p > 3 an odd number and p: S¢(X) — End(V') be an irreducible representation with classical
shadow r. Let P be a pants decomposition of X in the same orbit, under the action of the mapping class
group of X, as the one shown in Figure 4. Suppose that for o1, a2, o3 € P bounding a pair of pants

3 3
(1) 24 ) Te(r(ep)) — [ | Tr(r(ax)) #0,
k= k=
and for all « € P 1 1
(2 Tr(r (o)) # £2.

Then there is a representation p: Ag (T")° — End(V) such that o og = p.

In this theorem A(T")? is a Z[A*!]-subalgebra of A(P) containing o (S(X)). The definition of A(I")°
is given in Definition 3.1; it is isomorphic to a localized quantum torus (see Lemma 3.2). The notation
AS(F)O stands for A(T")° ®4=¢ C and o is the induced map Sg(X) — AS(F)O. As representations of
Ag (I")° are well understood, we have the following corollary:

Geometry & Topology, Volume 29 (2025)



An embedding of skein algebras of surfaces into localized quantum tori from Dehn—Thurston coordinates 317

Corollary 1.6 Let py and p> be two irreducible complex finite-dimensional representations of Sg (%)
with the same classical shadow r satisfying the hypothesis of Theorem 1.5. Moreover if ¥ has a boundary

component, we suppose that p; and p, have the same scalar value on any simple closed curve parallel to

the boundary. Then p; and p, are isomorphic with dimension p38 2

3g-3

when ¥ has a boundary component

and p when % has no boundary (here g is the genus of ¥).

Note that the dimensions of representations of Sg(X) in the Azumaya locus have been computed in
[Frohman et al. 2021], but our proof is independent.

The connection between conditions (1) and (2) in Theorem 1.5 and nonquaternionic representations is
established by the two authors and Thomas Le Fils in [Detcherry et al. 2024], where we prove:

Theorem 1.7 [Detcherry et al. 2024] Let X be a closed compact oriented surface. The set of conjugacy
classes of representations r : w1 (X) — SL, (C) satisfying the hypothesis of Theorem 1.5 is equal to the set
of irreducible representations minus representations whose image is isomorphic to the quaternion group
with 8 elements.

The fact that we have to exclude the representations with quaternionic image is due to the specific type of
pair of pants decomposition we use in Theorem 1.5. Indeed a representation with quaternionic image has
trace £2 on any separating closed curve on 3.

Notice that the conditions satisfied by the classical shadow r in Theorem 1.5 defined a Zariski open dense
subset of X (X, SL,(C)). Therefore Corollary 1.6 recovers a theorem of Frohman, Kania-Bartoszynska
and L& [Frohman et al. 2019] that showed that there is a Zariski open dense subset of X (X, SL,(C))
on which classical shadows have a single preimage. Our proof thus gives an alternative proof of the
unicity conjecture of Bonahon and Wong. We note that the proof in [Frohman et al. 2019] used abstract
arguments about Azumaya algebras and facts about the center of skein algebras at roots of unity, and
produced a nonexplicit Zariski open subset of X (3, SL,(C)) where the unicity conjecture holds.

An alternative (and more constructive) approach to the unicity conjecture was initiated by Takenov [2015]
when X is the one-holed torus and the 4-holed sphere. It involved explicitly extending the representations of
S¢(X) to a quantum torus in which it embeds. We take advantage of the embedding defined by Theorem 1.1
to extend Takenov’s strategy for compact oriented surfaces that are closed or have one boundary component.
We show that a representation of classical shadow r can be extended to a representation of a localized
quantum torus and use an argument of Bonahon and Liu about the uniqueness of representations of quantum
tori to deduce the unicity of the representation of Sg(X) with classical shadow r. This construction also
allows one to explicitly reconstruct the representation from the classical shadow, recovering the surjectivity
proved in [Bonahon and Wong 2019], on the open dense subset of X (X, SL»(C)) described above.

The theorem of [Frohman et al. 2019] has since been improved by Ganev, Jordan and Safronov [Ganev
et al. 2024]: building upon Frohman, Kania-Bartoszynska and L&’s result, they prove that the unicity
conjecture actually holds over the set of all irreducible representations.
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We end this introduction with the following question:

Question 1.8 Can one define an embedding similar to that of Theorem 1.1, but with values in a quantum
torus instead of a localized quantum torus?

A possible approach towards this question would be to use a basis for the skein module modeled on the
integral basis of SO(3)-TQFTs given by Gilmer and Masbaum [2007]. Note that it is however unlikely that
one could both get an integral version of the embedding of Theorem 1.1, while keeping the nice “almost
surjectivity” feature described in Proposition 1.2. This last property is key for lifting representations as in
Theorem 1.5.

The paper is organized in two largely independent parts. Section 2 is devoted to the definition of the
map o of Theorem 1.1, and the proof that it is an embedding. The short Section 3 introduces a special
kind of pair of pants decompositions that are used in the next section, and serves as a transition between
the two parts of the paper. Section 4 is devoted to the proof of Theorem 1.5 and Corollary 1.6, and could
in principle be read independently of Section 2, although some formulas are deeply inspired by it.

Acknowledgements Over the course of this work, Detcherry was partially supported by the project
“AlMaRe” (ANR-19-CE40-0001-01) and by the EIPHI graduate school (ANR-17-EURE-0002). The
authors thank Thang L&, Thomas Le Fils, Julien Marché and Maxime Wolff for helpful conversations.

2 Embeddings of skein algebras of surfaces into localized quantum tori

2.1 Localized quantum tori

Consider the Z[A*!]-module
Anp = ZIATNET, . EF 1 ®g1441 QUAN(Q1, ., Qn, Cis ., ).

For convenience, we write an element of A4, 5, as

Y bR
kez"

where Ry, € Q(A)(Q1,...,0n.Ci....,Cp) for all k € Z", all but finitely many Ry, are zero, and EX
kl kn
denotes E|" --- E,".

For P e Q(A)(Q1,...,04.C1,...,Cp) and k € Z", we define
PR =pkr04,..., A0, C1,...,Cp).
Now we set the following multiplication on ,Zn,b:
(3 en)( 2 eis) = X eials,
kezn lezn k,lezZn

This multiplication makes «Zn,b a noncommutative algebra over the ring Z[A%*1].
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Let R be the subring of Q(A)(Q1, ..., On, C1, ..., Cp) consisting of all elements of the form U/ V where
U e Z[Ail][thl, e, Q,jfl, Clil, ce, Cbil] and V is a finite product (possibly empty) of elements of
the form A” Q% —A™" Q7> form e Z and 1 < j <n.

Let A, ; be the submodule of ﬂn’b generated by elements of the form E* R where k € Z” and R € R.
It is clear from the multiplicative structure of ﬂn,b that A, p is a Z[Ail]—subalgebra of ﬂn,b. The
noncommutative algebra A, 5 will be called the localized quantum torus.

2.2 An embedding of skein algebras through curve operators

We call a graph unitrivalent if all its vertices have degree 1 or 3. We call an edge of such a graph univalent
if at least one of its vertices has degree 1.

Let I' C S® be a planar banded unitrivalent graph; we denote by £ its set of edges. Let U C & be the
set of univalent edges of £ and & = £\U. Let n be the total number of edges of I' joining two trivalent
vertices and b be the number of univalent edges of I'. We number edges in £’ from 1 to n and edges in U
from n 41 to n + b. We will also write A(I") for the localized quantum torus A,, 5.

Finally, let P be the set of triples (e, f. g) € £3 such that the corresponding edges are adjacent to the
same trivalent vertex.

Let H C S3 be a tubular neighborhood of T'. We denote by S the boundary of H and suppose that the
genus of Y is at least 1. The univalent vertices of I" define banded points (that is, embedded intervals) on by
X1,...,Xp. Let 3 be the surface obtained from ) by removing small open disks around each x;. We
suppose that ¥ has negative Euler characteristic.

A coloring of a banded point x will be a choice of an integer ¢ > 0. For c1, . . ., ¢p a coloring of the banded
points x1, ..., Xp, the relative skein module S(H, Q(A), ¢) will be the module generated by tangles with
¢; boundary points on the banded point x; and with the Jones—Wenzl idempotent f.; inserted, modulo
the Kauffman relations. For the definition of Jones—Wenzl idempotents, which are specific elements of
the Temperley—Lieb algebra, we refer for instance to [Masbaum and Vogel 1994].

The relative skein module S(H, Q(A)) will be the direct sum of all S(H,Q(A), c¢) over all possible
colorings ¢ of the banded points x1, ..., x;. We denote by S(X) the skein algebra of X over Z[AT].
The algebra S(X) acts on S(H, Q(A)) by the stacking operation. For y a multicurve, we denote by 77
the action of y on S(H, Q(A4)).

A map c: £ — N is called an admissible coloring if, for all (e, f, g) € P, we have triangular inequalities
c(e) <c(f)+c(g)and c(e) +c(f) + c(g) is even. We also introduce a lattice A C Z¢ by

A ={k € Z¢ |forall (e, f,g) € P, k(e) + k(f) +k(g) € 27Z}.

Given an admissible coloring ¢: £ — N of I', we denote by ¢, € S(H,Q(A)) the vector obtained by
cabling each edge e of I' using the Jones—Wenzl idempotents f.(), and at trivalent vertices joining
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the strands in the unique way that avoids crossing. (Note that the conditions c(e) < ¢(f) + ¢(g) and
c(e) +c(f)+ c(g) even imply that this is possible.) It is well known that:

Lemma 2.1 The set {¢. | c: £ — N is admissible} is a basis of S(H, Q(A)).

Proof The handlebody H with banded points x1, ..., xp is homeomorphic to the thickened surface
I' x [0, 1], with banded points corresponding to univalent vertices. Fix a coloring ¢ of the banded points.
For thickened surfaces, the skein module is generated by disjoint unions of arcs and nontrivial simple
closed curves with boundary ¢ points on the i™ banded point and the é;h Jones—Wenzl idempotent
inserted at that banded point. Such tangles are completely determined by their intersection number with
the cocore of each internal edge of I". Let y. be the basis element which has c, intersections with the
cocore of the edge e. Now consider the vectors ¢, corresponding to admissible colorings of I" that
coincide with ¢; on the boundary. The recursive formula for the Jones—Wenzl idempotents shows that ¢,
is a linear combination of the vectors ¥4 with d, < ¢, for all e € £’. Moreover, ¢, has nonzero coefficient
along V.. This implies that the ¢, are linearly independent, and moreover an easy induction shows that
any V. is a linear combination of the ¢.. Therefore the ¢, are also a basis of S(X, Q(A)). |

The action of curve operators 77 in the basis ¢, can be computed using the so-called fusion rules derived
in [Masbaum and Vogel 1994]. A complete set of fusion rules is described in Figure 1, where coefficients
are expressed in terms of 4 and quantum integers {n} = A2" — A=2",

Before studying the form of curve operators in the basis ¢., we need the following lemma and definition:

Lemma 2.2 Let A be the set of admissible colorings of I". Then for all vy,...,v, € A we have

n
ﬂA-i—W#@.

i=1
We call any subset of N containing a subset of the form ﬂ;l:l A+vj, where v; € A, alarge subset of N €,

Proof Forany w € Z¢ and r € N let B(w, r) be the ball around w for || - || 0. Notice that for any k € N,

the set A contains B((2k, ..., 2k), 2|_%kj) NA. Lettingr > 1, if2|_%kJ > max([|v1]loos - --» |Vnlloo) +7
then ﬂ7=1 A +v; contains B((2k,...,2k),r) N A. As r can be chosen arbitrarily large, this shows
m7:1 A+v; #2. O

We will define a pants decomposition of X to be a collection of simple closed curves on X that cuts X into
a union of pairs of pants. This decomposition is dual to the graph I" if each curve of the decomposition
bounds a disk in H that intersects an edge of I' transversely in a single interval.

For y and § simple closed curves on X, we denote by i (y, §) the geometric intersection number of y and §.

We can now describe the structure of curve operators 77 associated to multicurves on X:
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n “n¥1y

AN A e

a a

b c . {%(u+b+c)+1}{%(b+c—a)}
b1 c—1 b—1 c—1
n+1 n—1

n+1 n—1
{n+2} =

" T n

n+1 n—1

Figure 1: Fusion rules for computing curve operators in the basis ¢.. Thick edges represent edges
of the trivalent graph I', which are colored by integers, while slim black arcs are colored by 1. We
let {n} = A?" — A72",

Proposition 2.3 Let y be a multicurve on X. There exists a large subset V), C N¢ and F ,3’ € R (for
k: & — 7Z) such that for all ¢ € V),

TVpe= Y FJ(AD, . A AC+D  gettdyy
k:&—7Z
Moreover it P ={o;,...,a,} is a pants decomposition of X dual to I' (with numbering corresponding
to that of &) then
(1) F,Z =0 when |k(j)| >i(y,a;) ork(j) #Zi(y.«;j) mod?2 forsomel < j <n,
(ii) if k = (£i(y.o1),....xi(y.an)) then F} #0.

The proof of Proposition 2.3 involves fusion calculations to compute coefficients of curve operators and

will be done in Section 2.4.
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Lemma 2.4 Assume that for some multicurve y on ¥ there exist two large subsets V and V' of N¢
and coefficients Fj, and Gy in R such that for any ¢ in V or V', TY ¢, admits a decomposition as in
Proposition 2.3 with coefficients Fy, or Gy, respectively. Then Fy = Gy, forall k: £ — 7.

Proof Indeed, the intersection V' NV’ will be also be a large subset of N¢ and thus will contain, by
the proof of Lemma 2.2, subsets of the form B(v,r) N A where v € N and r can be arbitrarily large.
Notice that A contains the lattice 2Z¢. Assume that r is strictly larger than d, the maximum of the
degrees of the rational fractions Fj — G} (which we define as the maximum of the degrees of their
numerator and denominator). By Proposition 2.3 the rational fractions F} and Gy coincide on the set of
all (AW . A°+D)y where ¢ € B(v, r) N 2Z¢, which is a product of sets that contains more than d
elements. By an easy induction on the number of variables n of Fj and Gy, we deduce that Fy, = G. O

Thanks to Lemma 2.4, we can make the following definition:

Definition 2.5 For y a multicurve,

o(y)= Y E¥FJ/(01,....04.C1.....Cp) € AD),
k:&—7Z

and we linearly extend this definition to a Z[A¥']-module morphism
o:5(X)— A).
Lemma 2.6 The mapo: S(X) — A(T) is a Z|A*1]-algebra morphism.

Proof Note that the map y € S(X, Z[A*!]) — T? € End(S(H, Q(A))) is a morphism of algebras. The
lemma will follow from the fact that o (y) encodes the action of 77 € End(S(H, Q(A))) in the basis ¢,
and that the multiplication in A(I") corresponds to the composition of operators.

Indeed, let y and § be two multicurves, and assume that

T'ge= 3 F(AW . atg
k:&—7Z
for any ¢ € V), and
Tpe= 3 FoAW . A0y
k:&—7Z
forany c € Vg. Let V = ﬂkeA,|k,~|§i(y,al—) Vs + k. Then V is a large subset of N¢" and for anyceV
and any k € A such that F,Z # 0, we have ¢ + k € V5. Hence

Tg.y‘pc
PR RO )
&~
— Z FIS(Ac(l)+k(1), o Ac(n)-i—k(n)’ Ac(n-i—l)’ o Ac(n+b))F]Z(Ac(l), o Ac(n+b))(/’c+k+l~
k,(:&—>7Z

Therefore, comparing with the formula for the product in A(T") in Section 2.1, (8- y) = o (8)a (y).
The general case of y,8 € S(Z, Z[AT]) follows by linearity. a
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2.3 Injectivity of o

Let y be a multicurve. From now on, for any k: £’ — Z, the element F,Z(Ql, ey 00,C1,...,Cp) ER
will be simply denoted by F ]g/ .

For @ and B two curves on X, the positive fractional Dehn twist of « along f is the simple closed curve
obtained in the following way: isotope & and S so that they are in minimally intersecting position, then
in a neighborhood of 8 we change the curve o by

-
o
D

The negative fractional Dehn twist of « along § is obtained in a similar way.

Lemma 2.7 Let y be a multicurve, and let k: &' — 7. We assume that |k;| = ek; =i(y,a;) # 0 with
e = x1. Let y+ be the curve obtained from y by applying a positive fractional twist along o;. We have
F]g/-i- — _A28+|kj|Q128F’g"

Proof We will treat only the case ¢ = 41, the case ¢ = —1 being completely similar. Let y—
be the curves obtained from y by applying a negative fractional twist along ;. We have oy =
Akiy, 4+ A%iy_ + lower order curves, where by lower order we mean less geometric intersection
with ;. Hence by identifying the terms in E¥ in o(ajy), we have —(A? sz + A2 QJ._Z)EkFy =

Aki ERFr+ + A=K EKF)~ . Using Q%Ek = A2kj EF 07 and simplify by E*, we get
_(A2+2kj QJZ + A—Z—ij QJ—Z)FIg/ — Akj F]z’+ 4+ A—kj F]g/—
Similarly, if we expand ya;, we get
—(A2Q?+ AT2QHF =AM T+ AN F)-
We conclude by solving the system of two equations. a

Proposition 2.8 The map o: S(X) — A(I") is injective.

Proof We recall that the set of multicurves is a basis of S(X). In this proof we will use Dehn—Thurston
coordinates for multicurves; we use the convention of [Charles and Marché 2012, Section 2]. This same
convention will be used whenever these coordinates are needed.

Let C be a finite set of multicurves and x = Zyec Ayy € S(X) such that o(x) = 0.
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Let us consider an element k of the set of n-tuples of the form (i(y,a1),...,i(y,®,)) where y € C
which is maximal for the lexicographical order. Notice that by Proposition 2.3, only the multicurves y
such that (i (y, «1),...,i(y,an)) = k contribute to the coefficient in £ k. Let C’ be the subset of C of
those maximal multicurves, and let us prove that A,, = 0 for all y € C’. Note that in the Dehn—Thurston
coordinates associated to the pair of pants decomposition (a7, ..., &), the multicurves in C’ differ only
by their twist coordinates. If we identify the terms in £ Kin o (x), we get

> W F =o.
yeC’

Let § be a multicurve satisfying
(i) i(0,aj)=kjforalll <j <n,
(it) if kj = 0 then the j th twist coordinate of § is trivial.

By Lemma 2.7, for each y € C there exists R, € Q(A4)[ ;H] such that F) = R;,F,f. We claim that the
{R, | y € C'} are linearly independent. Indeed, if the j! intersection coordinate does not vanish, by
Lemma 2.7, shifting the j ™ twist coordinates up by 1 multiplies R, by — A%tk sz.. If the j ™ intersection
coordinate vanishes, shifting the j twist coordinate up by 1 multiplies R, by (—AZQJ? — A2 QJ._z)
instead. In all cases, Ry, is a Laurent polynomial in the variables Q;, whose monomial of highest degree
has degree in Q; equal to twice the j th twist coordinate of y.

Now, from the equality

> ARy Fl =0,

yeC’
we can conclude that A, = 0 for all y € C’. An easy induction then proves that A, = 0 forall y € C.
Therefore x = 0. d

We note that the embedding o is not surjective onto A(I"). Indeed, as a consequence of Proposition 2.3(i),
the image of the morphism ¢ is included in the Q(A4)(Q1,..., Ox)[C lil yooty C bil]-subalgebra generated
by elements of the form E k. where k € A. In the following proposition, we show that the image of o is a
kind of lattice in this subalgebra. The next proposition implies Proposition 1.2 in the introduction:

Proposition 2.9 Let F = Q(A)(Q1..... Qn)[Cit!.....CE"]. Then the Q(A)-subalgebra of A,
generated by F and Im(o) is
P FE*.

keA

Proof For k € A let |k| = (lk1],...,|knr|). We will prove, by induction on |k| in the lexicographical
order, that EX is a linear combination over F of symbols o (y) of multicurves. The image of the empty
multicurve settles the case |k| = 0. Next we note that since k € A, there is a multicurve y on X such that
i(y,a;) = |ki| forany 1 <i <n. For ¢ € {0, 1}", let y, be the multicurve obtained from y by shifting
its i twist coordinate by &; if y has nonzero intersection with a;. The curves Y, all have |k| geometric
intersections with the curve {&1, ..., o, }.
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For any u € {£1}", and any ¢ € {0, 1}", the coefficient F;ffm is nonzero by Proposition 2.3(ii). Let us

assume for simplicity that y has nonzero intersection with the curves oy, ..., «g and is disjoint from the
curves &g 41, ...,0,. By Lemma 2.7, we have
Ve __ _A2ui kil n21iNe Y
Fui =[] =4 Qi)™ By
1<i<d

for any p and e. The matrix

M = ( 1_[ (_A2ui+|k,'|Qi2V«i)£,'
1<i<d

)se{O,l}d,Me{:l:l}d

is the tensor product of matrices

1 1
(_A2+|k,~|Qi2 _A—2+k,~|Ql_—2) ;
and therefore is invertible. Hence for any pu, there is an F-linear combination of the multicurves y,
such that its image by ¢ has coefficient 1 along E*%! and zero coefficient along each other E Wkl
where 1/ # 1 € {£1}9. As a result, we get an F-linear combination of multicurves x = 3 Ay, such
that o (x) = EIK] up to lower-order terms, and by the induction hypothesis we can add another linear
combination of multicurves to eliminate those lower-order terms. |

Remark 2.10 In some sense, the embedding is analogous to the Frohman—Gelca embedding [2000] of
the skein algebra of the closed torus into the quantum torus Z[AT1](Q, E)/ 0E=AEQ- The image of
the Frohman—Gelca embedding is the symmetric part of the quantum torus, that is, elements invariant
under the action of the Z[A*!]-algebra automorphism 0: Q, E + Q~!, E~1. Here, since o(a,) =
—A202 — 47202, we have that the localized quantum torus is a kind of “finite extension” of the skein
algebra by Proposition 2.9.

2.4 Proof of Proposition 2.3

In this section, we will prove Proposition 2.3. Let X be a compact oriented surface of genus g and with
b boundary components with negative Euler characteristic, P = {a1,...,®3g_34p} be a pair of pants
decomposition of ¥, and I" be a trivalent banded graph dual to P. We also view X as the boundary of a
handlebody H , and thus vectors ¢, associated to colorings of I give a basis of S(H, Q(A)) by Lemma 2.1.

Taking two parallel copies of each curve in P, we get a decomposition of ¥ into pairs of pants and annuli.
We will call the two parallel copies «; and o, with no particular convention for the choice of ;. Note
that the pairs of pants in the decomposition have boundary either the curves «; and «;, or the boundary
curves of X.

If y is a multicurve on X, then up to isotopy y can be put into Dehn—Thurston position. By this we
mean that the geometric intersection number i (y, ;) of y with each curve in P is exactly the number
of intersection points of y with o; and also with ¢, and that in each pair of pants or annulus of the
decomposition, the curve y looks like one of the patterns described in Figure 2.
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& &

Figure 2: A multicurve in Dehn—Thurston position follows one of the above patterns in the pants

and annuli of the decomposition.

The computation of the coefficients of the operator 77 in the basis ¢, can be done as follows. First we
can remove any component § in y that is parallel to a curve in P or a boundary curve, at the price of
multiplying ¢, by the scalar —A2¢e T2 A=2¢"2 = _ 4202 4=2 (2 where e is the edge encircled by B.

Second we apply the first fusion rule for each intersection point of y with a curve «; or ;. Each fusion
shifts the color of the corresponding edge by £1. After fusion, it only remains to simplify one of the
patterns described in Figure 3 to express the coefficients of 77 ¢, on the basis {¢.}. Note that as the skein
module of the sphere with two colored points is 1-dimensional if the two colors agree and zero otherwise,
to obtain a nonzero vector we need that the sums of shifts at intersection points with «; and ozlf coincide.
Furthermore, the skein module of a sphere with three points colored by c1, ¢2 and c3 is 1-dimensional if
the colors satisfy the admissibility conditions ¢; < ¢; + ¢ and c¢1 + ¢2 + ¢3 even, and zero-dimensional

L

/‘“ ’\'\ - ‘ -
111 B b+ 8 b+ 6
/K R/

nts
Figure 3: Top: the different patterns of the intersection of a multicurve (in black) with an annulus

or pants piece of the decomposition. The trivalent graph I is shown in red. Bottom: the remaining
patterns after fusion.

Geometry & Topology, Volume 29 (2025)



An embedding of skein algebras of surfaces into localized quantum tori from Dehn—Thurston coordinates 327

otherwise. By the assumption that ¢ is in the set V),, that is always the case after fusion. Therefore each
of the terms we obtain after fusion at the intersection points of y with o; and o] is just a scalar multiple
of a vector ¢, . The color shift k. at edge e is the common sum of the £1 shifts at either intersection
points in y Ne; or at intersection points in y N ;. This shows that T7 ¢, has nonzero coefficient along
@c+k only when k € A and |k.| <i(y,c.) for each edge e.

Next we claim that the coefficients are in the ring R. Notice that the remaining patterns after fusion at
intersection points y N (e U @) shown in Figure 3 can be reduced to remove all black arcs using the
fusion rules in Figure 1. Furthermore, all of the fusion rules in Figure 1 involve only rational functions of
A€ and A, where c, are the colors of edges e € £. Moreover, the denominators appearing in the fusion
rules are all of the form {c, + k} = A2¢e+2k _ g=2¢e=2k where k € 7. (We remark that the first fusion
rules will shift colors of I', but only by a fixed amount.) We also claim that if e is an external edge, we
will never need to use any rule involving a denominator {c, + k}, since the geometric intersection of y
and o, is zero. Those rules correspond to the rules that create or erase a black arc with an endpoint on
the edge e. Therefore the coefficients are in the ring R.

It remains to be seen that the extremal coefficients are nonzero. This is a consequence of [Detcherry
2016, Theorem 1.3; Charles and Marché 2012, Lemma 4.3]. The former studies the matrix coefficients
of the action of curve operators on SU,-TQFT spaces of surfaces. A subset of the basis ¢, of the
skein module of the handlebody, corresponding to colors ¢ satisfying the additional “r-admissibility
conditions”, gives a basis of the SU>-TQFT space of the surface (X, ¢;) with colored points. The curve
operators on S induce curve operators 7, on the TQFT spaces at level r, and their matrix coefficients
F ,Z SU2 (c/r,1/r) are obtained from the coefficients of T in the EX by sending A to a 2r™ root of unity
and applying some renormalization. Theorem 1.3 of [Detcherry 2016] then shows that F ,3’ U2 (x,0)
is the k' Fourier coefficient of the trace function fy: p > [];c;(=Tr(p(y:)) defined on the subset
{e € &' | Tr(p(ae)) = 2 cos(mxe))} of the SU(2) moduli space of X. Lemma 4.3 of [Charles and Marché
2012] shows that the extremal Fourier coefficients are nonzero as long as x is taken in the interior of the
image of the momentum map p > (arccos(3 Tr(p(c)))), .- This implies that the coefficients F}’ SU2
are nonzero when k, = %i(y, o) for all e € £, and the same is true for the coefficients F| IZ .

3 Localized quantum torus associated to a sausage graph

In this section, as well as the remainder of the paper, we write U(x) = x —x~! when x is an invertible
element in a ring. Let ¥ be a surface with at most one boundary component with negative Euler
characteristic. Consider the pants decomposition of ¥ as in Figure 4. Let I" be the graph dual to this

aq ag
aop
@T@E Cg:@?
by be
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Figure 4: When 0¥ = &, the two rightmost curves coincide.
When 0% = @, ag—1 = bg—1 and ¢, does not exist. Finally let B1,..., Bg,Y1,...,Yg—1 be the curves
shown in Figure 5.
For k: & — 7, we define E¥ to be [],cg Ef(e) and A to be the set of maps k: £ — Z such that if

e1,e2,e3 € E(I') meet at a vertex then k(eq) + k(e2) + k(e3) is even.

Definition 3.1 Let R° be the set of Laurent polynomial with coefficients in Z[A*!] in the variables

Qtzzov Qa1 Qb1 ) Qal Qb_ll’ ey Qag—l ng—l s Qag—l Qb_gl_l . ch yee ey ch. We deﬁne A(F)O to be the
subalgebra of A(I") defined by the set of
> EFFy.

keA
where Fy = V/W with V € R? and W a finite (possibly empty) product of A" Q2 — A" Q2 forn € Z
and ¢ € P.

We define also the nonlocalized version A(T")°:
T(r)° = { > EXFi| Fie R°§ C AM)°.
keA
Lemma 3.2 7(I')? is generated by the sets
X =102 0a 0> Cay Q3+ Qagy Oy Qa1 Q5 1+ Qe Qe s
Y ={Ea. Ea\Ep,. Ea,Ep .. ... Eag_lEbg_l,Eag_lE;gl_l, EZ.....E2 .},
Z={0c}

and the inverses of the elements of these sets.

Convention From now on we will use the same symbol for an edge of I" and the unique curve in P
encircling it.

Recall that o: S(X) — A(") is an embedding. We see that for e € P,
o(e) = —(A2Q7 +4720,7).

Figure 5: The § and y curves.
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Figure 6: Three configurations for the curve y: the one-cycle (left), two-cycle (center) and
separating edge curve (right).

Let us give an explicit expression of o (y) for y € {B1,...,B¢.¥1,...,yg—1}. There are three local
configurations for y as shown in Figure 6.

Suppose that y is a one-cycle as in Figure 6, left. The fusion rules say that

3) o(y) = Ee+E;'F.

where
F=U(A*Q20,)U(Q;07HUA? QD) UQD) ™,

and we recall the notation U(x) = x —x~ L.

Suppose that y is a two-cycle as in Figure 6, center. A straightforward computation using fusion rules

gives that
4) o(y)=EpEp+ EpE;"Fi 1 + Eb_lEcF—l,l + Eb_lEc_lF—l,—la
where
F _ _U(Qa/Qb Qc_l)U(Qa Op Qc_l) F _ _U(Qa/Qc Qb_l)U(Qa Qc Qb_l)
= uaopuy T UA209U(Q2)
Foy_ = U(A%?Qa0:0p)U(A% 040 0p)U(Qp 0 0,HU(05 00 1)

U(A20HU(QHU(A20)U(Q})

Finally suppose that y is a separating edge curve as in Figure 6, right. We have
®) o(y)=E}G>+ Go+ E; >G5,

where
_ (did3 + dads)c + (A2 + A72)(dyd2 + d3dy)
U(Q2)U(A*032) ’
_ U(A204,04,000U(Qa, Qe 07)U(Qa, 0 05,)
2o U(A~202)U(Q2)2U(A202)
U(A%Q4,04;,0)U(Qa, 0c Q7 U(Q4; 0 Q7))

Go

G2 = _U(le Qd4 Q;l)U(de Qd3 Q;l)’
with dj = —A2Q§j — A—2Q;j2 for j € {1,2,3,4}.
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Proposition 3.3 If £ is a nonzero complex number such that £* # 1, then the image 0g: Sg(X) — Ag(I)
lies in Ag ().

Proof Let o € P. Then og(a) = —(82Q2 + £720.?) for some edge ¢ € E(T'), and therefore
og(a) € Ag(I‘)O. Also og(y) € AS(F)O for any y € {B1,....Bg¢,Y1....,Yg—1} according to (3)—(5).
Since the set of Dehn twists associated to the curves in P U {B1,...,Bg,¥1....,Yg—1} generates the
mapping class group of X, the set PU{B1,...,Bg,¥1,....Vg—1} generates Sg(X) by [Santharoubane
2024, Theorem 1.1]. O

We give an explicit version of Proposition 1.2:

Proposition 3.4 Let y € {B1,...,Bg.V1,....Vg—1}. If y is a one-cycle as in Figure 6, left, then
6) Eo=—(te(y)+ A7 yQ;HATI U0, EJ' = (A% Q2 +1.(y) AT U QY F1,
where F was defined in (3). If y is a two-cycle as in Figure 6, center, then

9 EpEc=(0(1)A20,202+o(t(y) A~ Q2 +0 (te(y) A7 02 +0 (11 (v)) D,
®)  EpE;'Fi1=—(0(y)A%0,%Q2+0(tp(y)A> Q2 +0(tc(y) A~ Q2 +0 (tptc () D",

@) Ey'EF1=—(c(n)A*0;0 2 +0(ty(y) A~ Q2 +0 (te(y) A’ Q) +0 (1p1c(y)) D',
(10) Ey'E;'Foy 1 =(0(1)A°Q; 0240 (15(y) A Q240 (1c () A Q7 +0 (141 (y))) D,

where D = A2U(A2Q§)U(A2Qi) and where F_1,1, F1,—1 and F_1 _1 were defined in (4). Finally if y
is a separating edge curve as in Figure 6, right, then

_ A28 Q‘Z—AZS _ _

2 _ 2 _ 1¥¢ 2 2 2 ~2\—1

(11) Ec G2 - |:ch +7 U(A4Qg) :|A U(A Qc) ’
-2 _ 212 -2 51Qc2'_82 2 ~2\—1

(12) Ec G, = |:VA Qc +A T+ U(Q%) U(A Qc) >

where 81 = d1d3 + dydy, 82 = didr + d3zdy and t is as in Figure 7.

Figure 7: The curve t.
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Proof Suppose that y is a one-cycle. Recall that o(¢) = —(4202 + A™2Q,?) and Q. E, = AE, Q..
Moreover, in the skein algebra of ¥, we have dey — A~ ye = (4% — A™?)t.(y). Using (3) we obtain
o(te(y)) = —A3E, Q? — A_lEe_1 Qe_zF, and therefore

o(y)=Ec+E;'F and o(te(y)) = —AE. Q7 — A7 E; ' Q% F.
Solving this system gives (6).

In the case where y is a two-cycle, the strategy is very similar. We apply 3, 7. and 7,7, to the curve y to
get a system of four equations whose resolution gives (7)—(10).

Suppose now that y is a separating edge curve. In the skein algebra of ¥ we have
A2cy —A%yc = (A* — A1 + (A2 — A72)(d1d3 + dady).

Applying this to (5), one gets
_ o(d1dz + drds) — Goo(c _ _
0(y)—Go=E2Ga+E;2G_s, o(1)+ G 3Azijl)—2 0 ():—E§G2A4Q§—E62G_2ch.

Solving this system gives (11) and (12). O

We finish this section by analyzing irreducible representations of A(I")? at roots of unity. Let £ be a
2 p" primitive root of unity with p odd, and let p: Ag (I")% — End(V) be a complex irreducible finite-
dimensional representation. Let x € X U ), and notice that x? is a central element of Ag (I")°. Hence
p(x?) is a scalar times the identity of V' (because p is irreducible). Let us denote this scalar by Ay ,.
Note that Q, is also central, so p(Q¢,) = A, Idy for some A, € C.

Proposition 3.5 Let py and p be two complex irreducible finite-dimensional representations of Ag (N)°.
If Ap, = Ap, and Ay p, = Ax,p, forall x € X UY then p; and p, are isomorphic. Any irreducible

3g—2 3g-3

representation of AE(F)O has dimension p when I' has a univalent vertex and p otherwise.

Proof It is enough to prove that the restrictions of p; and p, to 775(F)0 are isomorphic. Let VW be the
complex algebra defined by the generators U*! and V*!, and by the relation UV = £2V U. From the
generators of Lemma 3.2 it is easy to see that E(F)O is isomorphic to W®3&~3 when I" does not have a
univalent vertex (which is when 9% = @) and to W®38~2 @ C[Z*!] (where Z is a formal independent
variable) when I' has one univalent vertex. The result follows directly from [Bonahon and Liu 2007,
Lemmas 17 and 18]. O

4 Representation of the skein algebra

In this section X is still a surface with at most one boundary component with negative Euler characteristic.
The goal of this section is to prove Theorem 1.5 and Corollary 1.6.
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Let p > 3 be an odd number; we warn the reader that from now on A will not be a formal variable but a
2 p" primitive root of unity. We recall the Bonahon—Wong theory. Let

0:S4(2) — End(V)

be a finite-dimensional irreducible representation. By the work of Bonahon and Wong, there exists
r: w1 (X) — SL,(C) such that for any simple close curve y we have

(13) Tp(p(y)) = =Tr(r(y)) 1dy.

Here T} is the k™ Chebyshev polynomial of the first kind; the important thing to remember is that
Tp(u+ut) = uF +u* forall ueC— {0}.

Moreover r is called the classical shadow of p.

The proof of Theorem 1.5 requires several steps; it starts at Section 4.1 and ends at Section 4.7. The goal
is to define {5 on the generators of .A4(I")° (given in Lemma 3.2), prove the relations satisfied by these
generators are preserved by p, and show that p agrees with p on 04(X4(X)).

The proof of Corollary 1.6 is done in Section 4.8. From now on, we fix a irreducible representation

0:S54(2) — End(V) with classical shadow r satisfying the hypothesis of Theorem 1.5.

4.1 Action of the Q operators

For @ € P, let us chose xy # 0 such that Tr(r(x)) = x§” + Xo 2P A known fact is that (1) implies that
p(@) is diagonalizable with eigenvalues

k —2 —2k—
—(x2AZKF2 4 2 g2k2)

fork =0,..., p—1. We define, for k € Z,

Vo k = Ker(p(a) + ()CZAZk'"2 + x(;zA_Zk_z) Idy).
We also define p(Q4) € GL(V) by

0(0y)v = xa(—A)kv forall veV,x

so that
(14) pl@) = —(A%5(Qa)* + A725(Qa) ).

As the matrices {p(«) | @ € P} pairwise commute, it is clear that {p(Q) | @ € P} pairwise commute.
Hence the set {p(Qy) | @ € P} defines a morphism p: (C[Q;tl | e € £(T')] — End(V) —here we use
that P is canonically in bijection with £(T).

The following lemma will help us extend j further. Recall that U(W) = W — W1 for an invertible
element W.
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Lemma 4.1 For all o € P, we have U(A¥5(04)?) € GL(V) forany k € Z.

Proof Letting k € Z and « € P, the eigenvalues of U(AX 5(Q4)?) are U(Ak+21x§) for [ € Z. Suppose

that one of these is zero, which is to say that U(A*5(Q4)?) ¢ GL(V). This would imply A¥¥2/x2 =

A2 x, 2 for some [ € Z. Taking the p™ power of this equality gives x;t” = 1, which implies

r(a) = x2? + x5 2P = +2. This would contradict (2). |

From this we see that p is defined for elements in A4 (") of the form X /Y where X, Y €C [Q;IEl lee&()]

and Y is a finite product of elements in the set {U(A4¥ 0y)|yeP. kel

Lemma 4.2 Let e1,e3,e3 € E(I') meet at a vertex. For all k € Z and €1, €3, €3 € {—1, 1} we have
pUA* 05 02 08)) € GL(V).

Proof Let o1,00,03 € P be dual to ey, ep and e3, respectively. Suppose there exists k € Z and

€1,€2,€3 € {—1, 1} such that 5(U(AX Q¢! Q2 082)) is not invertible. This would mean that for some

1 € Z we have U(£ A" x§! x§2 x53) = 0. This implies A x5} x2x&3 = A7 x5 X0 x5 <3, Taking the p™

power of this equality (and remembering that A? = A™7), one gets
xglel x£;2x53€3 — xglpél x;2P€2x073P€3‘
Let Ay = x4, Ao = x£32, A3 = x4, ° and remember that 111,13 —kl_l)kglkgl = 0. Now notice that
3 3
[T uA2A8 -a7'A5225%) =24+ > ad +achH - [T a2 + 252,
82,83€{—1,1} k=1 k=1
with the left hand side being zero by assumption and the right hand side being

3 3
24 ) Tr(r(ap) — [ [ TeCr ()
k=1 k=1

This would contradict (1). O

4.2 Action of a one-cycle edge shift

Recall that the set of curves {B1,...,Bg.V1,...,Vg—1} was defined in Figure 5, and let y be one of these
curves. Suppose that y is a one-cycle as in Figure 6, left. In light of (6), let us define

p(Ee) = —pllte(y) + A7y 0 AT UA?0) 7],
PESY) = plAPY QF +te(y)ATIUA2 Q) F1],
where F is defined in (3). Notice that p(F') is invertible by Lemma 4.2, and hence the second formula

makes sense.

Convention In the coming proofs, we sometimes drop the symbol o when the notation is too cluttered.
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Lemma 4.3 The following statements hold:

(@) p(Qe)p(Ee) = —Ap(Ee)p(Qe) and p(Qe)p(E; ") = —AT B(E;HD(Qe).

(b) A(Ee)p(E;") =1Idy.

© p(y) = p(Ee) + p(E;")A(F).
Proof (a) Recall that V, ; =Ker(p(e)+ (ngZk 24 2 4=2k=2)1dy,) for k € Z. Moreover, it follows
from ey = A7 2ye + A7 (A% — A7)t (y) and eto(y) = A%t.(y)e — A(A% — A72)y that

p(e)p(Ee) = p(Ee)p(—A* Q2 — A4 0,?),

which implies that p(E¢)V, x € Ve k+1 and in particular 5(Q¢)p(Ee) = —Ap(E.)p(Qe). The second
part of (a) can be proved with the exact same strategy.

(b) From (a), U(A*Q2) "' p(E; ) = p(E;HU(Q7), so

PEIP(E;Y) = —(te(y) + AT BO2) APy 0F + 1e(y) AT2U(Q)) T UL Q) F 1.
Note that —A2U(Q2)U(A%2Q2)F = —A2(A?Q% + A72Q;* + f). Thus it is enough to prove
(15) (te(y) + AT BQ(APY Q7 + te(y) = —AX(A*QF + A720* + /).
Still from (a),

(te(y) + A Y Q) APy 02 +1e(y) = Ate(y)y Q7 +1e(y)” + A*y? + Ayte(v) 0,2
Now we use fo(y)y = A~ e 4+ A, (e) to get

(te(y) + A7y Q) A%y Q7 +1e(y)) = A2(Q7 + Q%) + 1. (y)* + A%y? — A%, % (e)e
= AP APQe +ATPO 4 ).
The last equality follows by 1,2 (e)e = A%y? + f —A?— A2+ A7 21, (y)* and e = —(A2 Q2+ A720;2).

(c) This follows from direct computation. O

4.3 Action of a two-cycle edge shift

Lety €{B1.....Bg.Y1,...,Yg—1} be atwo-cycle as in Figure 6, center. In light of (7)—(10), let us define
P(EpEc) = pl(yA™2 0,202 +15() AT 0% +1c(1) AT Q)2 + 131 () D',
PEpESY) = pl-(rA* 052 02 + 15 (1) A QZ + 1 () AT 052 + tpte () DT L],
PE, Ee) = pl-(vA* 0507 + t5(N AT 0% +1e(1)A> 0 + tyte (¥)) D' F2 41,
P(E, EcY) = pl(yA° Q5 02 + 15(1) A% Q2 + 1 (1) A* O + tpte (Y)) D™ FZ 4],
where D = AZU(AZQg)U(AZQZ), and where F1 1, F_1,; and F_1 _; were defined in (4).
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Lemma 4.4 The following statements hold:
@ F(On)(ES! ES) = (—A)Y 5(E5! E&)F(Qyp) forall €1, € {1, 1},
(b) p(Qe)A(E Ec?) = (—A)2p(E,' E¢*)p(Qc) forall €1.€2 € {—1.1}.
(©) PEpEc)p(E," EZY) =1dy and p(EpE;)p(Ey " Ec) = 1dy.
) PE; E2)P(E EE') = H(E5? EC)A(E; EE) forall 1,6, €3, €4 € {—1,1}.
© p(y)=p(EpEc) + p(EpEc)p(F1,—1) + p(Ey  EQ)p(F-1,1) + p(E; EZ D p(Fo1,-1).

Proof For this proof let us define, for €1, ¢ € {—1, 1},
Xeeo = P(EL E?)p(DFe, e,).
where we set F1,1 = 1.
(a) This is very similar to the proof of Lemma 4.3(a). This time
by =A2yb+ AN A=A D)(y).  bie(y) = A2t (n)b+ A7 (A% — A7) 1p(1c(y)),
biy(y) = A%ty (y)b — A(A> — A7)y, biyte(y) = Ayl (y)b — A(A* = A72)1c(y),
imply that 5(b)p(E}' E?) = p(E;' EC)p(—A>T2€1 Q2 — A272€101°2) for €, €3 = £ 1. The proof of (b)

is exactly the same as (a).

(c¢) Note that
PEyESB(E 'E;€) = X1,eX—1,-e(A*F1 ¢ F_1_<DD)™",
with
A4ﬁ1,eF_1’_eﬁD — A4(A2€ QIZ)QgG + A—Ze Qb—2 Q;ZG + a)(A2€ QZQ?E + A—2€ Q;Z Q;ZE 4+ a/).

Let us prove that
Xl,eX—l,—e = A4ﬁ1,€F—1,—E§D-

We fix e € {—1,1}. Let x = A_lyQ;2 +1tp(y) and y = A3yQ,§ + tp(y). Then

X1e=e(xAT207% 1 1.(x), Xoq—e =e(yATT20% 1 1.(y)).
X1, eXo1,—e = A*xy +1c(xy) + A2 (A% e (x)y 02€ + A2 x1c(») 07%9).

Notice that the computations done in Lemma 4.3 (and more precisely, for (15)) can be repeated and give

(16) xy=—A*(A*Qp + A7205* +8p),
(17) te(xy) = —A*(A2Q} + A2 05 * +1c(8p)).
We compute

AZE—ltC(x)nge+A—2€+1xtc(y)Q;2€ :A4Z+tb(2)+A22,,
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where z = 426711 (y)y Q%€ + A€ y1.(y) Q%€ and

2= A%ty () Qp Q2+ AT 1ety (1) Q52 Q7 + 1y (Nie (V)[A T2 0,2 Q2 + AT T2 05 0.74].
Hence
(18) X1 eX-1,-e = A*xy +1c(xy) + A2 (A%z + 1 (2) + A%2)).
We compute using skein relations:
(19) z=—A*Y?—A72(tc(y))* —8c + (A2 + A72) + (A>3 Q2 + A2 0 2),
(20) 15(2) = —A2(ty(Y))> — A2 (tpte(1)* — 1p(8c) + (A2 + A7) + c(A272€ Q2 + A7212 072,
Q) =t()ip(y)eh + (a+d ) (A€ QF02 + A7>€0;,%0.7%)
+ cb(AZE—Z QiQ?G + A2—2€ Q;2 Q;ZG)‘
The computation of #.(y)t,(y)ch gives
AP+ A2y +80) + (07 + P — (A2 + A7) +ad + (1p(1))” + (1c(7))?)
FAT2(tp(8e) + 1 (8p)) + A (tptc (1))
Combining (16), (17) and (19)—(21) in (18) we get
XI,GX—I,—G — A4(A2€ QiQ?G + A—ZE Q;Z Q;ZG +a)(A2€ Q%Q?G + A—2€ Q;Z Q;ZE _|_a/)‘
(d) By (c) it is enough to prove that
PEyEP(EyE;") = p(Ep EZ)B(Ep Ee).
We have
PEyE)PEpE;") = X1,1X1,1(A*U(A* QP UA? QHU(A* Q) U(QH Fi 1)~ ",
BERE;A(EpEe) = X1,-1X1,1(A*U(A2 QD) UAZQHU(A* Q) U(QH) Fi-1) "

Thus it is enough to prove X1,1X1,—1 = X1,-1X1,1. This reduces to
A2 4+ 1.(x?) + Axt1(x) 072 + A3t (x)x 02 = A*x? + 1. (x?) + A2 x1.(x) 02 + A7 1. (x)x 02

= Axte(x) Q72 4+ A31.(x)x Q2 = Ax1.(x) 02 + A7 M. (x)x 0.2

= Axt (x)(A*Q2 - A0 ) = A7 1 ()x(A*Q7 — A2 0?)

= Axte(x) = A7 (x)x.

The last equivalence is obtained because U(A2Q?2) is invertible. Let us expand Axt.(x) — A~ . (x)x
remembering that Qpx = Ax Qp and prove it is zero:

Axte(x) — A7 e (x)x
= A"Aytc(y) — A7 1 (n)y]1 05 + A2 [yt (y) — te ()Y + (A — A7)t (1)1 ()] Q3
+ip(Ayte(y) — A7 e (y)y).
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Expanding yt.(y) and f.(y)y using skein relations, this expression reduces to
(A2 = A7) (A0 + A7%bc 0,2 +¢) = (A2 — A7) [c(A* Qs + A0, %) + bc] Q2 A2
= (A% — A™?)[~ch + bc]Q; 2 A2 =0. i

4.4 Action of the square of a separating edge shift

Let y be a separating edge curve as shown in Figure 6, right. Again inspired by (11) and (12), let
A_281 QC_2 — A282
U(4%02)
§102 -6

PE;?) = ﬁ[(ngi + A2 W)U(AZQEWG:%]-

pP(ED) = —ﬁ[(yQ;z +T- )A—2U(A2QZ)‘IG;1},

Lemma 4.5 The following statements hold:
@) A(Qe)P(EZ) = A*H(EZ)P(Qc) and p(Qe)P(E?) = AT2H(EZ)H(Qc).-
(b) A(EZ)H(E;?) =ldy.
© py) = P(EDH(G2) + p(Go) + H(EZ?)p(G-2).
Proof (a) Using skein relations we have
cy=A"ye+ AU — AN T + A72(A% — A7) (d1d3 + dady),
et = A*te — A?(A* — A% e — A2(A% — A72)(d1da + dads).
Then a computation implies
cEciz _ Efz(—Azi“ Qz —A_(2i4)Qc_2),
which implies the desired equalities.

(b) Let Yo = p(E2)A2U(A2Q2)'G} and Y_p = (E;2)U(A%Q2)G—s. Using (a), p(E2)B(E;?) =
Y2Y_2(A2U(A™202)GoU(A202)G )", where

Gy =—U(A>Q4, 04,0 HU(A*Q4, 04,071
Let us prove that Y,Y_» = A2U(A™? Qg)(A;z U(A%2Q2)G_,. A brute force computation gives
A2U(A720%)GLU(A%02)G

= —AP(=T*+85T° + (8= A)T? + (8182 —483)T + (44 — 16— 6] — ) U0 .

where A =d? +d7 +di +d} 4+ didadsds and T = Q2 + Q2. (Note that this equality is equivalent
to an equality of two Laurent polynomials in A and the variables Q., and hence can be checked using
Sage, for example.) Therefore it is enough to prove that

—YoV_p = A?(=T* + 8373 + (8 — A)T? 4 (8182 — 483)T + (4A — 16— 867 — 62))U(Q>) 2.
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Let us prove this:

-¥2Y_»
- (VQZ 24,4 Z(SUlglizQ_g)Azgz) (yAfo T+ A2+ —SIUQ(?Q;)(SZ)
= A%y2 + A%y1Q ;2 + A8 1U(Q2) ! — A%y8,0.2U(02) !
+ APty Q2 + AT + 181 02U(Q2) T — T8 U(Q0) 7!
— A%y U(QY) ™ —61702U(Q) ™! — A*8FU(Q2) > + 426161 0.2U(Q2) 2
+ A%,y Q2 + 8,TU(Q2) ™! + 42818, Q2U(Q2) ™2 — A253U(Q2) >
= A*6yy+181+[A%8182(Q2+ 02— A% (824+8D)U(Q?) 24+ ASy> + A% (y1 Q2+ 1y Q%)+ 4722,

The term y 7 can reduced using skein relations to A%c + 83 + A™2¢, where §3 = d1d4 + dad3 and ¢ is

Hence y1Q,2 +1y02 = (47202 + A20.%)c + 83(Q2 + 0, 2) — ¢c. The expansion of ¢c gives
pc=A—(A2+ A2 4 A%2 4 A5,y + A28 0+ A 42,

We recall that A = d12 + d22 + d32 + df + did>dsds. Now plugging this back into the expression for
—Y,Y_,, we get, after simplifications,

~ A™28,072— A28, . 810%2-5,
—Y,Y 5= 2 — ¢ A2 2 A 2 —=Cc <
2V (VQ"’ T at02) )(V Qe+ 4T+ T 07)

= A2(6:182(Q2+ 0 HU(Q) 2= (87 +85)U(Q2) 2 +83(Q2+ 0. ) —A-U(02)?)
= A% (6182(02 + 07— (81 +83)+83(Q2+ 0. U(Q2)*— AU(Q2)*—U(QHMHU(Q2) 2
= A2 (=T*+ 83T +(8—A)T?+(8182—483)T +(4A—16—82—83))U(Q2) "2,

where we recall that T = Q2 + Q2. The last equality is obtained from the identity U(Q?)? = T? — 4.
(c) This is derived from a direct computation. O
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4.5 Commutation between the square of an edge and a one-cycle

Consider the following portion of the graph

e d
0 |
\_/

d3

Recall that p(E2) = p[Y2A72U(A202)"1G5 1] where G, = —U(Q20;)U(Q4,04,0 "), and where
AT2810.% — A28,

Yo =y0. >+~

U(4*032)
with 81 = eds + ed>, 82 = ed> + ed3 and 1 being the following curve:
¢ T d>
c
d3

Recall also that p(E.) = —p[(te(B) + A1 Q%) A1UA%202)71].
Lemma 4.6 P(Ee)B(EZ) = p(EZ)B(Ee).
Proof Let us first simplify the expression of 5(E2). A computation shows that
PED =~y —te(n) + @ =1 QAT U(A* Q)T U401 G5 1.

where T = ¢ () is the following curve:

e _ d2

d3

Let us define Y, = y —t.(y) + (T — 1)Q:2, ¢ =y —t.(y) and ¥ = T — 7. Using A-commutation,
A(Ee)B(E2) = H(ED)P(Ee) is equivalent to

(22) X1Y3(A%020;1 —A4720,%0.) = V3X1(0207 " — 0,200,

where X1 = t.(8) + A~!BQ,2. For two elements x and y we define [x, y]4 = Axy — A~ yx. Proving
(22) is equivalent to proving that

(A[X1. V31407 + A7 (Y5, X114Q.202) 0 ' = 0.
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Now let us expand the expression & = A[X1,Y;]402 + A7[Y,, X114 0,202 using the fact that X;
commutes with Q. and Y, commutes with Q,:

A[X1. Y1402 + A7 (Y3, X114 0, 02
= A([te(B). )4 + [t (B). Y1402 + A7V [B.0la Q.7 + A7 [B. Y14 020, %) 02
+ A (@ te(B)a + A7 [0, BlAQT: + [ te (B Q7% + AT ¥, Bla 020, 0,202
= A([te(B). 014 Q7 + [te(B). V14 Q2 Q2 + A7 [B. @la + A7 [B. ¥]4 0
+ A7 (9. 1(B)a 0202 + A7 o, Bla 0 07 + [V, 1e(Ba Q2 + A7 (¥, Bla 0.

Using that 0;2 = —A%e — A*Q2, 072 = —A%c— A*Q? and Q% = A%e? + A% Q2 — A*, we get

£=C1020%+C02+C30% +Cy,

where
C1 = —A[te(B). Y14 — A[p.1(B)la + A*[¢. Blae.

Co = Alte(B), pla — A>[te(B), ¥]ac — A>[Y, te(B)]a + A*[¥, Blae,
Cs = —A*B, ¥4 — Alp, te(B)lae + A%[p, Blae* — A%[p, Bla.
Cs = [B. ¢la— A*[B. ¥lac — Al te(B)lae + A%[Y, Blae® — A% [y, Bla.

The elements C;, C,, C3 and Cy4 are skein elements that can be computed using skein relations. After a
straightforward computation we get C1 = C, = C3 = C4 = 0, which shows that £ = 0. More details on
those computations are given in the appendix. |

4.6 Commutation between the square of an edge and a two-cycle

Consider the following portion of the graph

d
1 y d2
\_/
da d

Using the proof of Lemma 4.6, we have
PEZ) = —plY;A72U(A* Q) U420 71 Gy 1),

with Y) =y —te(y) + (T — 1) Q-2. Recall also that we set ¢ = y —1.(y) and ¢ = 7 — 7. For the
two-cycle B we have

P(Eq Eq,) = plBAT0,2 057 +1a,(BYAT Q2 +1a,(B)A™ 02 + 14,14, (B) D],
P(Ea, Ez))p(F1,-1) = pl—(BA? Q72 05, +1a,(B)A* 07, +1a,(BYAT 032 + 14,1, (8)) D],
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where D = AZU(AZQSZI)U(AZQ34) and

U(Qa/ Qd4 QJII)U(QC Qd4 Q;ll)
UA20%)UQ%)

1,-1 = —

Lemma 4.7 The following statements hold:
@ A(Eq, Ea)P(EZ) = P(E2)P(Eq, Ea,)-
(®) A(Eq, EgHA(ED) = H(EDF(Ea, EZ)).
Proof To make the notation less cluttered, we write Q4 for Q4, and Q1 for Qg .
(a) Firstletus set X = A~1B072 +14,(B) so that
p(Ea Eq,) = (A7 X032 +14,(X)) D™
Using known commutation relations, p(E4, Ed4)/5(EC2) = ,5(E62),5(Ea31 E4,) is equivalent to
£=ATNAX. Y3401 0% + A7 [Y3. X]02) 04 + 14, (AIX. Y314 07 0% + A7 [Y3. X]02) = 0.
If we set U = A[X,Y;]a0305 + A7'[Y;, X]Q2, the expression of € is simply A™'UQ % + 14,(U).
Let us first compute U by expanding the expression and remembering that 072 = —A4*0? — 4%d; and
Q2 =-A4%Q2 — A2c:
U=A[X. Y1407 0% + A7'[Y;. X]02
=~ A1, (B). ¥14Q2 01 Q% — (A[ta, (B). Vac + Alta, (B). ¢14) 0 Q% — A*[B. ¥4 02 04
— Alp. Bla0F OF + (1B ¢la — A’[B. ¥1ac) 0F — A%[v. B4 OF
+ (A7 @ 14, (B)la — [0, Blad1) OF + (A7 (Y ta, (B)]a — [V, Bladh).

Using the same technique we get

ATUQP +1a, W)= Y Coeen0i” 057027

€1,€2,63=0,1

where
Cr,1=—Ata,1q,(B). V]a+ A0, Bla.
C11.0=A[V. Bla—A g, ta, (B). V1ac+Alta,ta, (B). ¢la.
Cro1==A%[¢,14,(B)la+A[p, Blada—A*[ta, (B). ¥1a,
Co1,1=—A%p. 14, (B)la+A[g. Bladi—A*[14,(B). V4.
Co,0,1=—A[B. V]a—lp.ta, (B)lads+Alp. Bladids+A" 9. ta,ta, (B)a—Ie. ta,(B)ladn,
Co,1,0=A[Y, Bladi+ta, (B). pla—A%[ta, (B). W]ac—A2[Y. 14, (B)]a,
Cr0,0=—A%[ta, (B). V1ac+[ta, (B). 9la—A*[V. ta, (B)la+A [V Blada,
Co.0,0 =V 1a,(B)lad1+ A V. 14,14, (B)la+ A" [B. 0la—A[B. ¥]ac+A[Y. Blad da
—[¥.14,(B)]ada.
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Here again, these elements are in the skein algebra of the surface, and hence can be computed using skein
relations. A long but straightforward computation shows that Ce, ¢,,e; = 0 for all €1, €2, €3 € {0, 1}. We
refer to the appendix for more details. Thus & = A~/ QZZ +1q4,UU) = 0.

(b) The proof goes as in (a) and we use the same notation. Here p(E 4, E‘;:)[)(Ef,) = ,6(E§),6(Edl E;:)
is equivalent to
€= A*(A[Y3, X102 0% + A7 [X. Y310 0F + 14, (A[Y3. X]4 02 0% + A7 [X. Y;]07) = 0.
Expanding this using 072 =—A4*0%2—A42d,, 0;2=—-A*Q2—A%c and Q} =—A"2Q%ds—A~* we get
&€= Z Dejer,es 077 037 02,

€1,€2,63=0,1
where

Di1,1=A[p. Blada—A%ta, (B). V1a—A[¢. 14,(B)la.

Di1,0=A[Y, Blada+A%[ta, (B), 9la—A%Tta, (B), W1ac—A* (Y, 14, (B)la,

Dio,1=A%p. Bla—A[14,1a,(B). ¥la.

Do,1,1=—A%[¢.14,(B)lada+A%[p, Blad1da—A°[B. Y1a+Alg. ta,ta, (B)a—A[p. ta, (B)lad1,
Do,o,1=—1¢.ta,(B)la+Alp. Bladi—A?[ta,(B). V4.

Do,1,0=—A[V. 14, (B)lada—A>[B. Y ]ac+A[B. pla+ A [, Bladrda+ Al t4,14,(B)]a

—A?[Y.14,(B)ad1
D1,0,0= A%V Blat+ A" [ta,1a,(B). 9la—Alta, ta, (B). ¥ac.
Do.o0,0=A[Y. Bladi—[¥. ta, (B)la—[ta,(B). ¥]ac+A>[14,(B). ¢la.
Notice that Dy,1,1 = A*C1,0,1, D1,1,0 = A*C1,0,0, D1,0,1 = A72C1,1,1, Do,1,1 = A%Co0,1, Do,o,1 =
A_2C0,1,1, D(),],() = AZCO,O,(), Dl,(),() = A_2C1,1,0, and D070,0 = A_2C0,1,0. Hence these elements
are again all vanishing. |

4.7 Proof of Theorem 1.5

Lemma 3.2 gives us a list of generators for A4 (I")°. Subsections 4.1-4.4 define 5 on these generators.
Lemmas 4.3(a)—(b), 4.4(a)—(d), 4.5(a)—(b), 4.6 and 4.7 insure that p preserve the relations between the
generators and therefore defines a representation p: .A4(I")? — End(V). Now Lemmas 4.3(c), 4.4(e) and
4.5(c) and (14) tell us that p o o4 coincides with pon PU{B1,...,Bg.V1,...,Vg—1}. As Aisa 2pth
primitive root of unity with p >3, PU{B1,...,Bg.¥1,...,Yg—1} generates S4(X) by [Santharoubane
2024, Theorem 1.1], and hence pooy = p.

4.8 Classical shadow

We still work with an irreducible representation p: S4(X) — End(V') with classical shadow r satisfying
the hypothesis of Theorem 1.5. Let 5: A4(I")° — End(V) be the lift of p built in the previous subsections.
For y a simple a closed curve on X, let r, = =Tr(r(y)).
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Proposition 4.8 Lety € {B1,....B¢.V1,....Ve—1}.

(a) If y is a one-cycle as in Figure 6, left, then ,5(Q§P )= xe2 P 1dy and

(b) If y is a two-cycle as in Figure 6, center, then p((Qp Qcil)p) = x]fxcip Idy,

—2p -2 -2 -2
_ o TrXy Cxe T —rmxe T =Xy L F M)
P((EpEc)”) = 5 — — Idy

p 2py (2D 2p
(xb —Xp )(xe” —xc77)

and —2p 2p 2p —2p
~ —\py _ Xy X F X Tl w)Xp T T Tte(y)
P((EpE; )P) = > - - Idy,

4 2py..2p 2p
('xb _xb )(XC _'XC )C()
where

Y ’i:f V(A xarxe i YU AV xaxex )
i U((—AYx2)?
(c) If y is a separating edge curve as in Figure 6, right, then p(QF) = xZ 1dy and
rtc"(y)xc_zp +ryre + rtc(y)xc%p
(XcZP —x72P)2r 0’

where o' = [T¢Zo U= A x4, xa,x7 YU (=AY xa, %y x5 ).

P(EZP) = Idy,

343

Proof Before starting the proof, let us recall some important facts from Lemma 4.3. Given e an edge, we
can decompose V' as the direct sum of the subspaces V, x = Ker(p(e) + (xZAZk T2 4 xe_ZA_Zk_z) Idy).

Moreover, each V, j is stable by all operators p(Q.) and p(Er), p(Qr) with f # e, and finally

P(Ee)(Ve k) C Ve k+1. When computing T, (y) for y a curve on X and where T}, is the p™ Chebyshev

polynomial, since we know that 7}, () is a multiple of Idy, it is sufficient to compute the “diagonal part” of

Ty (y), ie the contribution that corresponds to maps V, x — V, k., since the nondiagonal parts will vanish.

(a) ,5(Q§p )= xe2 ? Idy is immediate from the definition of 5(Q.). To compute 5(EZ), notice that taking

the p™ Chebyshev in the equality p(y) = p(Ee) + p(E, 1) p(F) we have
To(p(1) = B(EZ) + B((E; ' F)?).
Similarly p(te(y)) = —A33(Ee)3(Q2) — A~ F(E; 1 F)B(0;2) gives

Tp(p(te(y))) = —p(ED)B(Q27) — B((E; ' F)P)p(Q,2P).
We thus have

ryldy = p(ED) + B((E; ' F)P) and 1y ) Wy = —p(ED)xZP — B((E; ' F)P)x; 2P,

The conclusion is obtained by solving this system.
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(b) p(Qp0; 1 = xlf xp Idy is immediate. The other part is very similar to (a). This time we start
from the system

o(y)=X11+ X1+ X-11+ X141,
a(tp(y) = —A>X1,105 — APX1,105 — A7 X110, — A7 X1 10,2,
o(te(y) = —A*X1107 = A7 X1, 1077 — APX 1102~ A1 X1, 1077,
o(tpte(y)) = A°X11 Q502 + A2X1,1 050, + A2X 110,202 + A2 X110, 0.7,
where X, e, = E;' E¢? Fe, e, With F1,1 = 1. Applying p and taking the p™ Chebyshev polynomial for
these four equalities, one gets
ry—Xll—i—X I—I—X 11+X 1,—1°
Foy(v) = X7, lxb T+ X7 xb "+ X2, 1x;2p +X2, —1xl:2p’
Tte() =Xf’1x +Xp _1X2 2‘"—I—X‘Dl x2? 4+ X7 1—1%c ~2p,
Tipte(y) = Xﬁlxbpxgp + Xp zfp Xe ;2P + Xfl,lxb ZPXgp + Xfl,—lxb_szc_zp'

In this system, X1 ,+1 has to be understood as p(X+t1,+1). As Xﬁl = p((EpE.)?), the desired
expression is immediate by solving the system. For p((Ep E_ 1)P), the resolution of the system gives

—2p 2p 2p —2p
—TyXp XD T Ty, Xe T )Xy T Tipte(y) 1y

2 -2 2 -2
(xbp_xb Py(xe? —xcP)

X{_ = pUEpE; F1,-1)P) =

Now from Lemma 4.4(a)—(b) and the fact that p(Q,) and p(Q,/) commute with p(Ep E _1), we get

U™ 0000, HUA* 04005
U(Az 2kQ2)U(A 2kQ2)

PU(EyE; Fi—1)P) = —p((EpEZM)P) H
k=0

Letting v be an eigenvector common to Q,, Q4 , Op and Q., we see that

U(A_ZkQa/QcQ;I)U(A_ZkQaQchjl) 1-[ U= A xarxexy HU(= A, xaxexy )v
U(A272k Q2)U(A=2k 02) U((—A)kx2)2 '

Thus p((Ep E; 1 F1,—1)?) = p((Ep E;1)P)w and we can conclude.

(c) The equality p(QF) = x? 1dy is clear. Let us prove the other one. Applying the p" Chebyshev
polynomial to p(y) = H(E2)5(G2) + p(Go) + F(E;2)(G—2) we get

Tp(p(y)) = PUEZG2)P) + H + p((E;>G-2)?),
where H is the degree-zero term in E.. We recall that
o(te(y)) = E}G2A% Q2 + Go+ E;2G,0.*.

To compute T, (p(t:(y))), let us introduce an algebra automorphism 7. on A4(I") by the formulas
1(Qy) = Qy forall f €&, 1.(Ef) = Ey for f # c and tc(E.) = (—A)*E. Q2. This indeed defines
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an automorphism of A4 (I"). Note that 7, (EX) = (—4)*+D*~1EX (for k € Z) and 6 (tc(¥)) = 7 (6 ().
We deduce that

Tp(p(te (1)) = p(re (0(¥)) = PUEZG2 A Q)P) + H + p((E;2G207H)P).
Similarly
Tp(p(t. () = p(z. (0 (y) = P(EZG,AT3Q;HP) + H + f((E;2G208)7).
Now we have
(E2G2ATBQF4? = (E2G)Px P and (E;2G20F"P = (E2G—2)Px*P.
We deduce the system
Tp(p(t: (1) = PUEZG)P)x* + H + B(EG2)Px(P),
Tp(p(y)) = PUEZG2)P) + H + p((E;>G—2)"),
Tp(p(tc (1)) = BUEZG2)P)xd? + H + p(E; > G—2)P)x*P.
Solving this system gives

Tyt () 2P = Tp () (3P 4 x22P) + Ty (te () x 27

PU(E2G2)P) = = Idy
‘ (xe? —x72P)2(x3? + x; 2P)
On the other hand,
p—1
PU(EZG2)P) = —p(EZP) [ | U(=A)* xq,xa,x7 YU (A xayxa,x 7). O
k=0

Proof of Corollary 1.6 Let p; and p, be two irreducible representations of S4(X) with the same classical
shadow r satisfying the hypothesis of Theorem 1.5. Let 5, and p, be the lifts of p; and p; to A4 (I")°
built from the previous subsections. We build the lifts p; and p, from the same quantities {xy | &« € P}.
Proposition 4.8 shows that p; and p, have the same scalar values on the p" powers of the noncentral
generators given in Lemma 3.2. Finally Proposition 3.5 allows us to conclude. |

Appendix Skein computations

In this section, we will give more details on some of the skein computations skipped in Sections 4.5
and 4.6, showing that the skein elements Cp in the proof of Lemma 4.6 and Cy 9,0 in the proof of
Lemma 4.7 both vanish.

Recall that for x, y € S(X), we write [x, y]4 for Axy — A 1yx.

Lemma A.1 Let a and b be two simple closed curves on X, viewed as elements of S(X), that intersect
once geometrically. Let t, and t; be the associated Dehn twists. Then

ab = Ata(b) + A7 1 (b), [a,bla = (A2 —A"?)ia(b) and ta(b) =13 (a).
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Proof The first two are a direct consequence of Kauffman relations, and the third is a simple isotopy. O

Lemma A.2 Lety, t, 7, B, ¢ and e be the curves described in Section 4.5, let ¢ = y — t.(y) and
Y =T—1=17—1.(1), and let

Ci = —A[te(B), ¥]a — A?[. te(B)la + A*[p, Blae.
Then C1 = 0.

Proof One can check that C; = x1 — ¢ (x1), where x1 = —A>[te(B), Tlu — A3[y. te (B)]4 + A%y, Bla.
We compute x; using Lemma A.1:
— (42 -2 5 -1 3,-1 4,1
x1= (A" = A7) (A tetgt, (1) — A1, (5 (y) + A715 " (y)e)
= (U2 = A7) (~Mttg1] (1) = At L ) + A5 15 () + Atety (7).

To conclude, let us remark that t;%ﬂ)(y) = tetglte_ Ly)=t. tﬂ_l (y), and that a simple isotopy shows that

te_lzﬂ—l()/) ~ lellgtc_l(t). Hence x; = 0 and therefore C; = 0. o

Lemma A.3 Letvy, 7, B, ¢, di and d4 be the curves described in Section 4.6, let ¢ = y —t.(y) and
W =17 —t.(7) and let

Co,0,0=—[¥: 1a, (BNa+ A" [V ta,ta, (B)la+ A" [B, pla—A[B, Y1ac+ Ay, Bladida—[¥. ta, (B)]ada.
Then Co,o’o =0.

Proof Again, C()’(),o = X0,0,0 — Ic (X(),(),()) where

x0,0,0 = —[T.ta, (B)a+ A7 [T tayta, (B)la+ A7 [B. y]a— AlB. Tlac + AlT. Blad1da—[T. 14, (B)]ada.

Using Lemma A.1, we get
1
ey Rl
= —tq,t5 (Dd1 + A g, ta,15" (D) + A i (y) + Atg(D)c + Atz (D)drda —tg, 15" (T)da.
Notice that 75(7)c = tg(7c). The curves T and ¢ have geometric intersection 2, and an easy skein
computation shows that T¢ = Aztc_l(y) + 8, + A2y, where 8, = dd» + dzd,. Using this and the
second equation in Lemma A.1, we get
o= Ayt 12 @) — At g 17 V@) + A ey g, (B) + A g ()
12 _ 42 0,0,0 = ditds’p dy ‘da'p ditds’p J:AV4
— A1 (y) — Atg(82) — A ip(y) + Az 1 ig @) + Atg, 17 157 (7)
+ Aty g5 (D) + A g gyt (D) — Atg, 17 151 (2) — A g 10,15 (D)
3, .—1 3,—1,—1,~1,=
= —Atg(8) — A’tgt, " (y)+ A g, ta, 1p (7).
A drawing shows that the simple closed curves t;ll td_41 tﬂ_l (7) and 181, 1(y) are actually isotopic. Hence
x0.,0,0 = —A(A%— A_z)tﬂ (82). But 78(82) is a linear combination of multicurves that are disjoint from c,
and hence xg,9,¢ is #, invariant and Cy,g,0 = 0. O
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