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We systematically introduce and study a new type of singularity, namely, exceptionally noncanonical
(enc) singularities. This class of singularities plays an important role in the study of many questions in
birational geometry, and has tight connections with local K-stability theory, Calabi—Yau varieties, and
mirror symmetry.

We reduce the termination of flips to the termination of terminal flips and the ACC conjecture for minimal
log discrepancies (mlds) of enc pairs. As a consequence, the ACC conjecture for mlds of enc pairs implies
the termination of flips in dimension 4.

We show that, in any fixed dimension, the termination of flips follows from the lower-semicontinuity for
mlds of terminal pairs, and the ACC for mlds of terminal and enc pairs. Moreover, in dimension 3, we
give a rough classification of enc singularities, and prove the ACC for mlds of enc pairs. These two results
provide a second proof of the termination of flips in dimension 3 which does not rely on any difficulty
function.

Finally, we propose and prove the special cases of several conjectures on enc singularities and local
K-stability theory. We also discuss the relationship between enc singularities, exceptional Fano varieties,
and Calabi—Yau varieties with small mlds or large indices via mirror symmetry.
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1 Introduction

We work over the field of complex numbers C.
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400 Jingjun Han and Jihao Liu

The minimal model program (MMP) aims to provide a birational classification of algebraic varieties. The
termination of flips in the MMP is one of the major remaining open problems in birational geometry. The
goal of this paper is to introduce and study a class of singularities, namely, exceptionally noncanonical
(enc) singularities, and utilize it on the termination of flips and other topics in birational geometry. A pair
(X, B) is called enc if (X, B) is not canonical, and all but one exceptional prime divisors over X have
log discrepancies greater than or equal to 1 (see Definition 3.8).

Termination of flips and the ACC for mlds of enc pairs Shokurov established a relation between
the termination of flips and minimal log discrepancies (mlds), a basic but important local invariant in
birational geometry. To be specific, Shokurov [2004, Theorem] proved that his ACC conjecture for (local)
mlds [1988, Problem 5] together with the lower-semicontinuity (LSC) conjecture for mlds [Ambro 1999,
Conjecture 0.2] imply the termination of flips.

On the one hand, the ACC conjecture for mlds remains unknown even in dimension 3, while the termination
of flips is proved for threefolds [Kawamata 1992b; Shokurov 1996]. On the other hand, the ACC conjecture
for mlds aims to reveal the structure of mlds of all singularities, while the singularities appearing in
any given sequence of flips should be very special (even of finitely many types as we conjecture that
the sequence of flips terminates). This indicates that the ACC conjecture for mlds might be much more
difficult than the termination of flips, and we may not need the full power of this conjecture to show the
termination of flips.

In this paper, we try to resolve this issue. Our first main result reduces the termination of flips to the ACC
for (global) mlds of a very special class of singularities, enc singularities, and the termination of terminal
flips. The latter is known up to dimension 4.
Theorem 1.1 Let d be a positive integer. Assume that
(1) the ACC for (global) mlds of enc pairs with finite coefficients of dimension d holds, ie
{mld(X, B) | (X, B) isenc, dim X = d, coeff(B) C I'}

satisfies the ACC, where I" C [0, 1] is a finite set (Conjecture 1.9(2")), and

(2) any sequence of Q-factorial terminal flips in dimension d terminates.
Then any sequence of Ic flips in dimension < d terminates.

We note that our proof of Theorem 1.1 does not rely on [Shokurov 2004]. As a consequence of Theorem 1.1,
the ACC for (global) mlds of enc pairs implies the termination of flips in dimension 4.

Theorem 1.2 Assume the ACC for (global) mlds of enc pairs with finite coefficients of dimension 4.
Then any sequence of Ic flips in dimension 4 terminates.
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On termination of flips and exceptionally noncanonical singularities 401

As another application of Theorem 1.1, we may refine Shokurov’s approach towards the termination
of flips. To be more specific, assuming the ACC for (global) mlds of enc pairs, in order to prove the
termination of flips, we only need the ACC and LSC for mlds of terminal pairs instead of lc pairs. We
note that the set of terminal singularities is the smallest class for the purpose to run the MMP for smooth
varieties, while the set of Ic singularities is rather complicated and hard to work with (see [Kollar and Mori
1998, page 57]). Moreover, terminal surface (resp. threefold) singularities are smooth (resp. hyperquotient
singularities), and the LSC conjecture for mlds is proven for the smooth varieties and hyperquotient
singularities in any dimension [Ein et al. 2003; Nakamura and Shibata 2021].

Theorem 1.3 (Theorem 4.8) Let d be a positive integer. Assume

(1) the ACC for (local) mlds of terminal pairs with finite coefficients,
(2) the LSC for mlds of terminal pairs, and
(3) the ACC for (global) mlds of enc pairs with finite coefficients (Conjecture 1.9(2"))

hold in dimension d. Then any sequence of Ic flips in dimension < d terminates.

The set of enc singularities is expected to be a really small class of singularities that should possess some
nice properties. The local Cartier indices of enc singularities are expected to be bounded from above
(see Conjecture 1.8), hence we predict that the set of their mlds is discrete away from zero and should
be much smaller than the set of all mlds. We also remark that in Theorems 1.1, 1.2, and 1.3, we only
need the ACC for (global) mlds (of enc pairs), which is considered to be much simpler than the ACC for
(local) mlds. For instance, consider any normal variety X . The log discrepancy of the exceptional divisor,
obtained through the blow-up of X at any smooth codimension 2 point, is 2. Therefore, the global mld of
any normal variety is always < 2. However, the boundedness conjecture for (local) mlds remains open in
dimension > 4.

ACC for mlds of enc threefolds Recall that the ACC conjecture for mlds is only known in full generality
for surfaces [Alexeev 1993] (see [Shokurov 1994; Han and Luo 2023; 2024] for other proofs), toric pairs
[Ambro 2006], and exceptional singularities [Han et al. 2024]. It is still open for threefolds in general
and only some partial results are known (see [Kawamata 1992a; Markushevich 1996; Kawakita 2015a;
Nakamura 2016; Nakamura and Shibata 2022; Jiang 2021; Liu and Xiao 2021; Han et al. 2022; Liu and
Luo 2022]). The second main result of this paper is the ACC for mlds of enc pairs in dimension 3. This
result suggests that the ACC conjecture for mlds of enc pairs should be much easier than Shokurov’s
ACC conjecture for mlds.

Theorem 1.4 (cf Theorem E) LetT" C [0, 1] be a DCC set. Then

{mld(X, B) | (X, B) is enc, dim X = 3, coeff(B) C T}
satisfies the ACC.
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402 Jingjun Han and Jihao Liu
By Theorems 1.3 and 1.4, we may reprove the termination of flips in dimension 3.
Corollary 1.5 (Corollary 7.4) Any sequence of Ic flips terminates in dimension 3.

We remark that our proof of Corollary 1.5 only depends on the ACC and the LSC for mlds, and does not
rely on any other auxiliary methods. In particular, our proof does not rely on difficulty functions, which
played a key role in the previous proofs on the termination of flips in dimension 3 (see [Shokurov 1985;
Kawamata et al. 1987; Kawamata 1992b; Kollar 1992; Shokurov 1996]) but are difficult to be applied in
higher dimensions, especially in dimension > 4 (we refer the reader to [Alexeev et al. 2007; Shokurov
2004; Fujino 2004] for some progress in dimension 4). The proof of Corollary 1.5, which is based on
Theorem 1.3, may shed light on another approach towards the termination of flips in high dimensions.
Note that Corollary 1.5 does not follow from Shokurov’s approach [2004] directly, as the ACC conjecture
for mlds is still open in dimension 3.

Now we turn our attention away from the termination of flips and focus on the ACC conjecture for mlds
itself. We may show the following more technical but much stronger result on the ACC conjecture for mlds.

Theorem 1.6 (cf Theorem N) Let N be a nonnegative integer, and I C [0, 1] a DCC set. Then there
exists an ACC set I'' depending only on N and T satisfying the following. Assume that (X, B) is a klt
pair of dimension 3 such that
(1) coeff(B) CTI', and
(2) there are at most N different (exceptional) log discrepancies of (X, B) that are <1, ie
#({a(E, X, B) | E is exceptional over X} N[0,1]) < N,
then mld(X, B) e T"'.

Theorem 1.6 is considered to be much stronger than Theorem 1.4 as a result on the ACC conjecture for
mlds, and the class of singularities in Theorem 1.6 is much larger than the class of enc singularities. It is
clear that the local Cartier indices of these singularities in Theorem 1.6 are unbounded when their mlds
have a positive lower bound, while they are expected to be bounded for enc pairs (see Conjecture 1.8).
Moreover, when N = 0, Theorem 1.6 implies the ACC for mlds of terminal threefolds [Han et al. 2022,
Theorem 1.1] which is beyond Theorem 1.4, and when N = 1, Theorem 1.6 implies Theorem 1.4.

Nevertheless, in order to prove Theorem 1.4, we have to prove Theorem 1.6, and the proofs of these two
theorems are intertwined with each other (see Sections 2 and 6 for details).

Further remarks and conjectures We remark that, in the proof of the ACC for mlds in dimension 2
[Alexeev 1993], there are two cases:

Case 1 The dual graph of the minimal resolution is bounded.

Case 2 The dual graph of the minimal resolution is unbounded.
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These two cases are treated in different ways in [Alexeev 1993]. Note that the minimal resolution of a
surface is nothing but its terminalization. Therefore, if we regard “terminalization” as a kind of “minimal
resolution” in high dimensions, then Theorem 1.6 implies that the ACC for mlds holds in dimension 3
whenever the dual graph of the terminalization is bounded. In other words, Case 1 in dimension 3 is
proved. Moreover, one may show a stronger result for Case 1: any log discrepancy which is not larger
than 1 belongs to a finite set (see [Han and Luo 2023, Lemma A.2; 2024]). In the same fashion, we can
also show this holds in dimension 3.

Corollary 1.7 Let N be a nonnegative integer, and I C [0, 1] a DCC set. Then there exists an ACC set
I’ depending only on N and T satisfying the following. Assume that (X, B) is a klt pair of dimension 3,
such that

(1) coeff(B) CTI', and
(2) there are at most N different (exceptional) log discrepancies of (X, B) that are <1, ie
#({a(E, X, B) | E is exceptional over X} N[0, 1]) < N.
Then {a(E, X, B) | E is exceptional over X} N[0, 1] C T".
We propose two conjectures for enc pairs. Conjecture 1.8 is related to the local K-stability theory (see

[Han et al. 2023, Theorem 1.5, Conjecture 1.6]). Roughly speaking, we expect that enc singularities have
bounded local volumes (see [Li et al. 2020]):

Conjecture 1.8 (local boundedness for enc pairs) Let d be a positive integer, € a positive real number,
and I" C [0, 1] a DCC set. Then there exists a positive real number 6 depending only on d and T satistying
the following. Assume that (X > x, B) is an enc germ of dimension d such that coeff(B) C I'. Then

(1) (X > x, B) admits a §-plt blow-up,

(2) ifmld(X > x, B) > ¢, then the local volume \751(X > x, B) is bounded away from 0.
Conjecture 1.9 (ACC for mlds of enc pairs) Letd be a positive integer, and T C [0, 1] a set of real
numbers. Let

eMLD,; (") := {mld(X, B) | (X, B) is enc, dim X = d, coeff(B) € T'}.

(1) If T satisfies the DCC, then eMLD(I") satisfies the ACC.

(2) If T is a finite set, then eMLD4(I") is a discrete set away from 0.

(2") IfT is a finite set, then eMLD 4 (T") satisfies the ACC.

We refer the reader to [Zhuang 2024] on some related works on local K-stability theory and mlds.

Conjecture 1.9(2") is a weak form of Conjecture 1.9(2). We list it separately as we only need to assume it
instead of Conjecture 1.9(2) in many results of this paper.
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404 Jingjun Han and Jihao Liu

By [Han et al. 2024, Theorem 1.3], Conjecture 1.8 implies Conjecture 1.9. In particular, in dimension 4,
either Conjecture 1.8 or 1.9 implies the termination of flips by Theorem 1.2.

There is some evidence towards Conjectures 1.8 and 1.9. We may prove both conjectures for surfaces. In
dimension 3, Conjecture 1.9(1) is nothing but Theorem 1.4, and we also have the following evidence.

(1) Letey:=1—sup{t |t e CT@3,I',Z>1)}, where CT(3,T,Z>;) is a set of threefold canonical
thresholds (see Theorem 3.7). Then (X > x, B) admits a canonical blow-up which extracts the unique
exceptional prime divisor computing mld(X > x, B) if mld(X > x, B) < €y. This proves a special case
of Conjecture 1.8.

(2) To prove Conjecture 1.9(2), we are only left to prove the following two cases:
(a) The case when the index 1 cover of X is strictly canonical.
(b) The case when X is terminal.

All other cases follow from our proofs in this paper.

(3) When I' = {0}, since the mlds under case (2)(a) belong to the set {% |ne Zzl} while (2)(b) can
never happen, we could get Conjecture 1.9(2). In addition, if we assume the index conjecture of Shokurov
(see [Chen and Han 2020, Conjecture 6.3]), then we can get Conjecture 1.8(2) as well.

Finally, we remark that enc singularities are deeply related to exceptional Fano varieties and Calabi—Yau
varieties with small mlds or large indices via mirror symmetry. They are also tightly connected to the
boundedness of log Calabi—Yau varieties. See Section 8 for details.
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2 Sketch of the proofs of theorems 1.4 and 1.6

Since the proofs of Theorems 1.4 and 1.6 are quite complicated, for the reader’s convenience, we sketch
a proof of them in this section. To prove Theorems 1.4 and 1.6, we need to apply induction on the lower
bound of mlds. More precisely, we need to prove the following theorems for positive integers /:
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Theorem E; (cf Theorem 1.4) Let! be a positive integer, I' C [0, 1] a DCC set, and

£(,T) = {(X, B) | (X, B) is Q-factorial enc, dim X = 3, coeff(B) € T', mld(X, B) > %}
Then {mld(X, B) | (X, B) € £(I, ")} satisfies the ACC.
Theorem N; (cf Theorem 1.6) Let/ and N be positive integers, I' C [0, 1] a DCC set, and
N({,N,T):= {(X, B) } (X, B) is a threefold kit pair, coeff(B) C T, %
#({a(E, X, B) | E is exceptional over X} N[0, 1]) < N}.

<mld(X, B) < 1,

Then {mld(X, B) | (X, B) e N(I, N,T")} satisfies the ACC.
To make our proof more clear, we introduce the following auxiliary theorem:

Theorem C; Let! be a positive integer, I' C [0, 1] a DCC set, and
c(,T):= {(X, B) ‘ (X > x, B) is a Q-factorial threefold enc germ, coeff(B) C T,
mld(X) < 1, mld(X, B) > %, X >%is strictly canonical,
where 7r: (X 5 X) — (X 3 x) is the index 1 cover of X > x}.

Then {mld(X, B) | (X, B) € C(I, ")} satisfies the ACC. (Here “strictly canonical” means canonical but

not terminal.)

We will prove Theorems E, N, and C,! that is, Theorems E;, N;, and C; for any positive integer /, in the
following way:

(1) Theorem E; implies Theorem N;; see Lemma 7.1.

(2) Theorem C; implies Theorem E;; see Lemma 7.2, and Theorems 5.2, 5.6, 5.7, 6.3, and 6.8.

(3) Theorem N;_; imply Theorem C;; see Lemma 7.3.
The proof of (1) relies on the following observation: when proving by using contradiction, we may
construct a DCC set I'” depending only on N and T, such that for any (X, B) € N'(/, N, I'), there always
exists (X', B’) € £(I, T) such that mld(X’, B) belongs to an ACC set if and only if mld(X, B) belongs
to an ACC set. For such construction, one needs to look into different birational models of (X, B) which

only extracts noncanonical places of (X, B). Indeed, the proof also works in higher dimensions and its
idea is applied to prove Theorems 1.1, 1.2, and 1.3 as well. We refer to Lemma 4.3 for more details.

To prove (2), for any (X, B) € £(/,T'), let E be the unique exceptional prime divisor over X such that
a(E, X, B) = mld(X, B), and x the generic point of centery (£). We may assume that x is a closed

IRegarding the labels of the theorems: E stands for the initial of “enc”, N stands for the additional restriction “< N, and C
stands for the initial of “canonical” as in “strictly canonical”. Coincidentally, these labels together also form the word enc.
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406 Jingjun Han and Jihao Liu

point (see Lemma 5.1). There are three cases:

(2.1) X > x is strictly canonical,
(2.2) X > x is not canonical, and

(2.3) X > Xx is terminal.
We prove (2.1) by applying the cone theorem and the boundedness of complements (Theorem 5.2).
To prove (2.2), let (f > X) = (X 2 x) be the index 1 cover of X 5 x. Then there are three subcases:

2.2.1) X is strictly canonical,
(2.2.2) X is smooth, and

(2.2.3) X is terminal and has an isolated cDV singularity.
The case (2.2.1) is nothing but Theorem C;.

In the case of (2.2.2), X has toric singularities. Since X is enc, one can show that the degree of the cover
X — X is bounded from above, and the ACC for mld(X, B) immediately follows (see Theorem 6.3).

We are left to prove (2.2.3), which is the most tedious part of the whole paper. Here we need to apply the
classification of cDV singularities [Mori 1985] to classify enc cDV (cyclic) quotient singularities X > x.
Our ideas are inspired by the ones in the classification of threefold terminal singularities [Mori 1985;
Reid 1987] and the (rough) classification of threefold “nearly terminal” singularities [Jiang 2021; Liu and
Xiao 2021; Liu and Luo 2022]. The major difference between our classification and the previous ones is
that the mlds of enc singularities cannot be assumed to be close to 1: in fact, they can be arbitrarily small.
This makes most computations in [Reid 1987; Jiang 2021; Liu and Xiao 2021; Liu and Luo 2022] no
longer work. A key observation here is that enc cDV quotient singularities with mld(X > x) € (% ﬁ]
share similar properties and will be much easier to classify. Indeed, we will show that the local Cartier
indices of these X > x are (almost) bounded. On the other hand, enc cDV quotient singularities with
mld(X 3> x) € (ﬁ, 1] can be classified by induction on /. This will imply (2.2.3), and we conclude the
proof of (2.2). See Section 6.2 for more details.

The proof of (2.3) is very tricky. When I is a finite set, we can apply the theory of functional pairs
introduced in [Han et al. 2024; 2021] and carefully construct some weighted blow-ups to prove this
case (Theorem 5.6). The key point is that the unique divisor £ over X > x which computes mld(X, B)
must also compute the canonical threshold ct(X, 0; B), and the latter satisfies the ACC [Han et al. 2022,
Theorem 1.7; Chen 2022, Theorem 1.1]. However, for the arbitrary DCC coefficient case, we are unable
to prove it directly. Nevertheless, with some clever arguments, we can reduce it to the finite coefficient
case (although possibly losing the condition that X is terminal). See Theorem 5.7 for more details.
Since (2.3) is the only case left to prove in (2), the DCC coefficient case is also automatically resolved.
This concludes the proof of (2.3), and hence of (2).
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(X >5x,B), mld> }
coeff(B)CTI'

replace (X >x, B), T

(Xax,@L)‘ (X 3x, B)—> enc

(E; to N;: Lemmas 4.3, 7.1)

Y
X Q-fa@-faetoﬂalization ‘

Y
—— N surface casev’
x closed? | (Lemma 5.1)
Y

mld(X)=1? Y | cone theorem+-complementv’

(Theorem 5.2)
N
replace (X >x,B)and I’
X terminal? bt I' finite? l I' —finite
(C; to E;: Theorem 5.7, Lemma 7.2)
N Y

uniform rational polytope+

X Sm@;‘ show bo(u%l}?:(irgrsls60§)index v construct weighted blow-upsv’
: (Theorem 5.6)

N
E - Y | classify enc singularitiesv’
X terminal? ’—’ (Section 5.2)
N
mld(X) =1

e

replace (X >x, B) and I
[—1-1
(N;_1 to C;: Lemma 7.3)

Figure 1: Flowchart of the proofs of Theorems 1.4 and 1.6.

To prove (3), we may assume that / > 2. Let K § + B be the pullback of Ky + B. Then we may show
that

mld(X, B) € {a(E, X, B) < 1| E is exceptional over X} C {2mld(X, B)...., (I —1)mld(X, B)}
and the latter is a finite set with cardinality / — 2. Thus we only need to show that mld(f B) belongs to

an ACC set, which follows from Theorem N;_; as mld(X B) > 2mld(X, B) > 2 > 7= This finishes
the proof of (3).

To summarize, we may show Theorems E, N, and C by induction on /. Now Theorems 1.4 and 1.6 follow
from Theorem N and [Han et al. 2022, Theorem 1.1].

The flowchart of Figure 1 may also help the reader.
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3 Preliminaries

We will freely use the notation and definitions from [Kolldr and Mori 1998; Birkar et al. 2010].
3.1 Pairs and singularities

Definition 3.1 A contraction is a projective morphism f:Y — X such that /Oy = Oy. In particular,
f is surjective and has connected fibers.

Definition 3.2 Let f: Y — X be a birational morphism, and Exc( /') the exceptional locus of f. We
say that f is a divisorial contraction of a prime divisor E if Exc(f) = E and —E is f-ample.

Definition 3.3 (pairs, see [Chen and Han 2020, Definition 3.2]) A pair (X/Z > z, B) consists of a
contraction 7 : X — Z, a (not necessarily closed) point z € Z, and an R-divisor B > 0 on X, such that
Ky + B is R-Cartier over a neighborhood of z and dim z < dim X. If 7 is the identity map and z = x,
then we may use (X > x, B) instead of (X/Z > z, B). In addition, if B = 0, then we use X > x instead
of (X > x,0). When we consider a pair (X >x,) ;bi B,'), where B; are distinct prime divisors and
b; > 0, we always assume that x € Supp B; for each i.

If (X > x, B) is a pair for any codimension > 1 point x € X, then we call (X, B) a pair. A pair (X > x, B)
is called a germ if x is a closed point. We also say X > x is a singularity if X > x is a germ.

Definition 3.4 (singularities of pairs) Let (X/Z > z, B) be a pair associated with the contraction
w: X — Z, and let E be a prime divisor over X such that z € w(centery E). Let f: Y — X be alog
resolution of (X, B) such that centery E is a divisor, and suppose that Ky + By = f*(Kx + B) over a
neighborhood of z. We define a(E, X, B) := 1 —multg By to be the log discrepancy of E with respect
to (X, B).

For any prime divisor E over X, we say that E is over X/Z > z if w(centery E) = Z. If r is the identity
map and z = x, then we say that E is over X > x. We define

mld(X/Z >z, B) :=inf{a(E, X, B) | E is over Z > z}
to be the minimal log discrepancy (mld) of (X/Z > z, B).
Let € be a nonnegative real number. We say that
(X/Z >z, B) is Ic (resp. klt, e-Ic, e-klt) if mld(X/Z >z, B) >0 (resp. >0, > ¢, >¢).

We say that (X, B) is Ic (resp. klt, e-lc, e-klt) if (X > x, B) is lc (resp. klt, €-lc, €-klt) for any
codimension > 1 point x € X.

We say that (X, B) is canonical (resp. terminal, plt) if (X > x, B) is 1-Ic (resp. 1-klt, klt) for any
codimension > 2 point x € X.

For any (not necessarily closed) point x € X, we say that (X, B) is Ic (resp. klt, e-Ic, canonical, terminal)
near x if (X, B) is lc (resp. klt, €-Ic, canonical, terminal) in a neighborhood of x. If X is lc (resp. kit,
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On termination of flips and exceptionally noncanonical singularities 409

€-Ic, canonical, terminal) near a closed point x, then we say that X > x is an Ic (resp. klt, e-Ic, canonical,
terminal) singularity. We remark that if (X > x, B) is Ic, then (X, B) is Ic near x.

We say that (X > x, B) (resp. (X, B)) is strictly canonical if mld(X > x, B) = 1 (resp. mld(X, B) = 1).
Definition 3.5 Let ¢ be a nonnegative real number, (X > x, B) (resp. (X, B)) a pair, and D > 0 an
R-Cartier R-divisor on X. We define
a-lct(X > x, B; D) :=sup{—o0,t |t >0, (X > x, B+1tD)is a-Ic}
(resp. a-lct(X, B; D) :=sup{—o0,t |t >0, (X,B+1tD)is a—lc})
to be the a-lc threshold of D with respect to (X > x, B) (resp. (X, B)). We define
ct(X > x,B:D):=1-lct(X > x,B; D)
(resp. ct(X, B; D) :=sup{—o0,t |t >0, (X,B+1tD)is canonical})
to be the canonical threshold of D with respect to (X > x, B) (resp. (X, B)). We define
Iet(X > x, B; D) :=0-lct(X > x, B; D)
(resp. lct(X, B; D) := 0-lct(X, B; D))
to be the Ic threshold of D with respect to (X 2 x, B) (resp. (X, B)).

Theorem 3.6 [Han et al. 2022, Theorem 1.6] Leta > 1 be a positive real number, and I" C [0, 1],
I'" C [0, +00) two DCC sets. Then the set of a-Ic thresholds

{a-let(X > x, B; D) | dim X = 3, X is terminal, coeff(B) C T, coeff(D) C I},
satisfies the ACC.

Theorem 3.7 [Han et al. 2022, Theorem 1.7; Chen 2022, Theorem 1.2] Let I’ C[0, 1] and T C [0, +00)
be two DCC sets. Then the set

CT(3,I.T") := {ct(X, B; D) | dim X =3, coeff(B) C T, coeff(D) C T}
satisfies the ACC.

Definition 3.8 (1) Let (X, B) be a pair. We say that (X, B) is exceptionally noncanonical (enc for
short) if mld(X, B) < 1, and the set

{E | E is exceptional over X, a(E, X, B) <1}
contains a unique element.

(2) Let (X > x, B) be a germ. We say that (X > x, B) is exceptionally noncanonical (enc for short) if
(X, B) is enc in a neighborhood of x and mld(X > x, B) = mld(X, B).

It is easy to see that any enc pair is automatically klt.

Lemma 3.9 Let (X, B) be an enc pair. Then (X, B) is klt.

Geometry & Topology, Volume 29 (2025)



410 Jingjun Han and Jihao Liu

Proof Since (X, B) is an enc pair, there exists an exceptional divisor over X . In particular, dim X > 2.
Let f:Y — X be a log resolution of (X, Supp B) and write Ky + By := f*(Kx + B). If (X, B) is not
klt, then there exists a component D of Supp By such that multp By > 1. Let Hy, H, be two general
hyperplane sections on Y. For each i € {1, 2}, let y; be the generic point of H; N D and let E; be the
exceptional divisor obtained by the blow-up of Y at y;. Then for each i € {1, 2}, E; is exceptional over
X and

1>2—multp By > a(E,-, Y, By) = a(E,-, X, B),

which contradicts our assumption. |

Theorem 3.10 [Kollar 1992, Theorem 18.22] Let (X 3 x, Y 7=, bi B;) be an Ic germ such that B; > 0
are Q-Cartier near x, b; > 0, and x € Supp B; for eachi. Then Z;":l b; <dim X.

Definition 3.11 Let S be a set. We define #S or |.S| to be the cardinality of S.

3.2 Complements
Definition 3.12 Let 1 be a positive integer, [y C (0, 1] a finite set, and (X/Z 3z, B) and (X/Z 5z, BT)
two pairs. We say that (X/Z 3 z, BT) is an R-complement of (X/Z > z, B) if
e (X/Z53z,BY)islc,
e« BT > B, and
e Ky+ Bt ~g0Oovera neighborhood of z.
We say that (X/Z >z, BT) is an n-complement of (X/Z > z, B) if
e (X/Z>3z,BY)islec,
e nBT > |(n+1){B}] +n|B],and
e n(Ky + B™) ~ 0 over a neighborhood of z.

We say that (X/Z > z, B) is R-complementary (resp. n-complementary) if (X/Z > z, B) has an R-
complement (resp. n-complement).

We say that (X/Z 3 z, B") is a monotonic n-complement of (X/Z 3 z,B) if (X/Z >z, BT) is an
n-complement of (X/Z >z, B) and BT > B.

We say that (X/Z 3z, BT) is an (n, I'y)-decomposable R-complement of (X /Z > z, B) if there exists
a positive integer k, ay,...,a; € Iy, and Q-divisors Bl+, R B: on X, such that

i=1

e (X/Z >z, BY)isan R-complement of (X/Z >z, B), and

e YK aj=1and Y*_ a; B = BT,

e (X/Z >z, Bi+) is an n-complement of itself for each i.
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Theorem 3.13 [Han et al. 2024, Theorem 1.10] Let d be a positive integer and I" C [0, 1] a DCC set.
Then there exists a positive integer n and a finite set I'g C (0, 1] depending only on d and T" and satisfying
the following.

Assume that (X/Z > z, B) is a pair of dimension d and coeff(B) C T, such that X is of Fano type

over Z and (X/Z > z, B) is R-complementary. Then (X/Z > z, B) has an (n, T'y)-decomposable
R-complement.

3.3 Threefold singularities

Lemma 3.14 [Kawamata 1988, Lemma 5.1] Let X > x be a terminal threefold singularity and I a
positive integer such that IKy is Cartier near x. Then ID is Cartier near x for any Q-Cartier Weil divisor
DonX.

Theorem 3.15 [Liu and Xiao 2021, Theorem 1.4; Jiang 2021, Theorem 1.3] Let X be a Q-Gorenstein
threefold. If mld(X) < 1, then mld(X) < %

Definition 3.16 A weight vector is a vector w € Qio for some positive integer d.

For any vector &« = («1,...,ay) € Zio, we define x® := x{" "-xzd, and w(x%) := Z?:l w;a; to

be the weight of x* with respect to w. For any analytic function 0 # 1 := ) ,a agx®, we define
=0

w(h) ;= min{w(x%) | ag # 0} to be the weight of h with respect to w. If h = 0, then we define
w(h) := 4o0.

Definition 3.17 Let (X >x,B:= Zf;l b; B,-) be a threefold germ such that X is terminal, b; > 0, and
B; > 0 are Q-Cartier Weil divisors. Let d, n, and m < d be positive integers, such that

~ d 1
X5x)=(hr1=-=¢n=0C(C"350)/ (ai.....aq)
for some nonnegative integers a1, . . . , a4 and some semi-invariant irreducible analytic function ¢y ..., ¢, €
. . . d . 1
C{x1,...,x4} such that mult, ¢; > 1 for each i, and the group action on C* corresponding to (a1, ...,aq)

is free outside 0. By [Kawamata 1988, Lemma 5.1], B; can be identified with

(e =0c @50/ baran),

for some semi-invariant analytic function /#; € C{x{,...,x;} near x € X. We say that B; is locally
defined by (4; = 0) for simplicity. The set of admissible weight vectors of X > x is defined by

{%(wl, L., wg) € %Zio ’ there exists b € Z such that w; = ba; modn, 1 <i < d}.
For any admissible weight vector w = %(wl, ..., Wgq), we define
1 d m k
w(X 2x):= p Zwi —Zw(qb,') —1, and w(B):= Zbiw(h,-).

i=1 i=1 i=1

By construction, w(B) is independent of the choices of »; and B;.
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Let f//: W — (C%50)/ ,ll(al, ...,ag) be the weighted blow-up at 0 with an admissible weight vector

w = %(wl, ...,Wq), Y the strict transform of X on W, and E’ the exceptional locus of f”’. Let

f = f'ly and E := E'|y. We say that /: Y — X > x is a weighted blow-up at x € X and E is the
exceptional divisor of this weighted blow-up.

We will use the following well-known lemma frequently.

Lemma 3.18 (see [Mori 1985, the proof of Theorem 2; Hayakawa 1999, Section 3.9]) Settings as in
Definition 3.17. For any admissible weight vector w of X > x, let E be the exceptional divisor of the
corresponding weighted blow-up f:Y — X at x (see Definition 3.17). If E is a prime divisor, then

Ky=f*Ky +w(X>x)E, and f*B= By+w(B)E,

where By is the strict transform of B on Y . In particular, a(E, X, B) = 1 + w(X > x) —w(B).

4 On termination of flips

4.1 Proofs of Theorems 1.1 and 1.2
We need the following auxiliary lemma for induction purposes.

Lemma 4.1 Letd > 2 be a positive integer. We have the following.
(1) The ACC for (global) mlds of enc pairs with finite coefficients in dimension d implies the ACC for
(global) mlds of enc pairs with finite coefficients in dimension < d.

(2) The termination of Q-factorial terminal (resp. klit, Ic) flips in dimension d implies the termination
of Q-factorial terminal (resp. klt, Ic) flips in dimension < d.

Proof (1) It suffices to show that for any enc pair (X, B), (X', B’) := (X xC, B x C) is also an enc
pair, and mld(X’, B’) = mld(X, B). Let E be the unique exceptional prime divisor over X, such that
a(E, X, B) =mld(X, B) < 1. By [Kollar and Mori 1998, Proposition 2.36], there exists a log resolution
f:Y — X of (X, B), such that Supp B;O is log smooth, where Ky + By := f*(Kxy + B). Then
multg By =1—a(E,X,B)>0.LetY :=Y xC, By, := By xC, E'=ExC,and /' := f xidc.
Then f": Y’ — X' is a log resolution of (X', B’),
Ky + By = " (Kx + B').

Supp B;O is log smooth, and multg, By = multg By > 0.

Since (X, B) is enc, for any point »’ on Y such that y’ # E’ is exceptional over X', we have codim y’ >
multy,s By, + 1. Thus by [Chen and Han 2020, Lemma 3.3],

mld(Y’ > y’, By/) = codim y — multys By, > 1.
In other words, E’ is the unique exceptional prime divisor over X’ such that a(E’, X', B’) < 1. Hence

(X', B’) is an enc pair, and mld(X’, B’) = a(E’, X', B') = a(E, X, B) = mld(X, B).
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(2) Let (X, B) be a Q-factorial terminal (resp. klt, Ic) pair, and
(X, B) := (Xo, Bo) -——> (X1, By) ——> -+ (Xi, Bi) ——> -+~
a sequence of flips. Let C be an elliptic curve. Then
(X xC,BxC):=(XogxC,ByxC)--> (X1 xC,B; xC)-->---(X; xC,B;i xC) ==» -~

is also a sequence of flips of dimension dim X 4 1. Now (2) follows from our assumptions. m|
We will use the following notation in the proofs of Lemma 4.3 and Theorem 1.1.

Definition 4.2 Let (X, B) be an Ic pair. We define
D(X, B)<y :={E | E is exceptional over X, a(E, X, B) < 1}.

By [Kollar and Mori 1998, Proposition 2.36], D(X, B) is a finite set when (X, B) is kIt.

The following lemma plays a key role in this section, and it will be applied to prove Theorems 1.1, 7.6,
and Lemma 7.1.

Lemma 4.3 Let d, N be two positive integers, and T' C [0, 1] a DCC set. Let {(X;, B;)}°, be a

i=1
sequence of klt pairs of dimension d, and

I'; :={a(E;, X;, Bi) | E; is exceptional over X;} N[0, 1].
Suppose that
e coeff(B;) C T foreachi,
e 1 <#I'; <N foreachi, and
e U2, T does not satisfy the ACC.

0
i=1

Then possibly passing to a subsequence, there exists a DCC set I C [0, 1], and a sequence {(X], B})}
of Q-factorial enc pairs of dimension d, such that

(1) coeff(B]) C T foreach i,
(2) {mld(X/, B})}$2, is strictly increasing, and
(3) mld(X/, B]) > mld(X;, B;) for eachi.

Moreover, if we further assume that T is a finite set and | J;=, I'; is a DCC set, then we may choose I to
be a finite set.
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Proof Possibly passing to a subsequence we may assume that #I°; = k > 1 for some positive integer
k < N. For each i, there exist positive integers ry ;, ..., 't ; and real numbers {a;,j };>1,1< <k, such that

D(les Bl)fl = {Ei,1,17 ceey Ei,l,rlwi; Ei,z,la ey El‘,z,rzgi; cees Ei,k,l? ceey Ei,k,rk'i}

for some distinct exceptional prime divisors E; ; ; over X;, a;,j = a(E; ; ;, X;, Bj) <1 foranyi,j,/,
and {a;,j};>1,1<j<k does not satisfy the ACC. Possibly reordering indices and passing to a subsequence,
we may assume that there exists 1 < j, < k, such that

* a; j is strictly increasing for any 1 < j < jo, and
e a; j is decreasing for any jo+1=<j <k.
Let f;: Y; — X; be a birational morphism which extracts exactly the set of divisors
Fii={Eij1}jo+1<j<k, 1<I<r; ;

and let Ky, + By, := ;" (Kx; + B;). Since a;,; is decreasing for any jo 4 1 < j <k, the coefficients of
By, belong to the DCC set [:= F'U{l—ai, j}j,+1<j<k- By construction, D(Y;, By;)<1 = D(X;, Bi)\Fi,
and D(Y;, By;)<i is a nonempty set as E; 1,1 € D(Y;, By;)<1.

Let aj := lim; 540 a;,; for any 1 < j < jo. By [Liu 2018, Lemma 5.3], for each i, there exist
1 <ji<joand 1 </; <rj,;, and a birational morphism g; : Xl.’ — Y; which extracts exactly all divisors
in D(Y;, By,)<1 except E; j, 1., such that X/ is Q-factorial and

Z (aj —aij)multg, ;. Eij1<aj —aij;.
1=j<jo,1=l=rj i, (G.D#Ui ki)

Let By, := (gl-_l)*BYl. + lejsjo,1515r,~,,~,(j,l)9é(j,~,l,~)(1 —aj)E; ;. Then the coefficients of By
belong to the DCC set IV :=T' U {1 —a;}1<j<j,. Moreover, if T" is a finite set and U2, T;is a DCC
set, then I'/ is a finite set.

By construction, (X7, By/) is enc and mld(X;, Bi) < aij; < a(Eyj, 1;. X/, By/) <aj; < 1. Thus
aj’j’- E a(E,-,jl.Jl. s Xi/’ BXI/) = mld(Xl-/, BXI/) < Clji E 1.
Possibly passing to a subsequence, we may assume that j; = j; is a constant. Since a;, j, is strictly
increasing for each i, {mld(X/, By/) | i € Z>} is not a finite set. Possibly passing to a subsequence, we
1
may assume that {mld(X7, Bx/)}32, is strictly increasing. m|
/)si=
Proof of Theorem 1.1 First, we prove the case of kit flips in dimension d. Let

(X,B):= (Xo,Bo)———~>X1,B)) - -+ ——->(Xi,Bi) - — — > (Xig1, Biy1) - — -+

NS N
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be a sequence of kit flips of dimension d. Since a(E, X;, B;) <a(E, Xj, Bj) for any i < j and any prime
divisor E over X, possibly truncating to a subsequence, we may assume that there exist exceptional prime
divisors E1q,..., Ex over X, such that D(Xj, Bj)<1 = D(X, B)<y = {E},..., Ex} for any i. Then
{a(Ey, Xi, Bi) |1 =1 <k}{2, isa DCC set and the coefficients of B; belong to a finite set. By Lemma 4.3
and the ACC for (global) mlds of enc pairs with finite coefficients, {a(Ey, X;, B;i) |1 <1 <k}72 | satisfies

the ACC. It follows that {a(E}, X;, B;) | 1 =1 < k}{2, is a finite set. Thus possibly truncating to a
subsequence, we may assume that a(E;, X;, B;) = a(E;, X;, Bj) forany i, j.

Let fo: Yo — Xo be the birational morphism which extracts exactly E1, ..., Ej for each i such that Y
is Q-factorial, and let Ky, + By, := j;)*(K X, + Bo). We claim that we may construct a sequence of
Q-factorial terminal flips on Ky, + By,. Suppose that we have constructed (Y;, By;) with f;:Y; — X;
such that Ky, + By, := f;*(Kx; + Bi), and (Yo, By,) --> (Y1. By,)--- -——> (Yi, By;) consists of a
sequence of terminal flips on Ky, + By,. By [Birkar et al. 2010, Corollary 1.4.3], we may run a
(Ky; + By;)-MMP over Z; which terminates with a minimal model (Y;+1, By, ). Since (Xj+1, Bi+1)
is the log canonical model of (Y;, By,) over Z;, there exists an induced morphism f;y1:Y; 41 — Xi11,
such that Ky, | + By, , := fi’j_l(KXiJrl + Bjy1). Since a(Ey, X;, Bi) =a(E;, Xj+1, Bi+1) for any /,
E; is not contracted in the MMP Y; --> Y; 41, and ¥; -—> Y; 4 only consists of a sequence of flips. Thus
we finish the proof of the claim by induction. Now the termination follows from the termination of flips
for Q-factorial terminal pairs.

Finally, we prove the general case. By Lemma 4.1, assumptions in Theorem 1.1 also hold for <d —1. So
we may do induction on d, and assume that any sequence of Ic flips in dimension < d — 1 terminates. Now
the termination follows from the kit case and the special termination (see [Shokurov 2004, Corollary 4;
Fujino 2007; Chen and Tsakanikas 2023, Lemma 2.17(1); Han and Li 2022]). O

Proof of Theorem 1.2 This follows from Theorem 1.1 and the termination of canonical fourfold flips
[Fujino 2004]. Note that [Fujino 2004] only deals with the Q-coefficients case but the same argument
works for the R-coefficients case. O

4.2 Proof of Theorem 1.3
Lemma 4.4 Let (X, B) be a pair. Then the set
{mld(X >x,B)|x e X}

is finite. In particular, minyecg mld(X > x, B) is well-defined for any subset S of X .

Proof Let f:Y — X be alog resolution of (X, B), and Ky + By := f*(Kx + B). Then
{mld(X >2x,B)|xe X} C{mld(Y > y,By)|yeY}
and the latter is a finite set by [Chen and Han 2020, Lemma 3.3]. O
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Definition 4.5 ([see Fulton 1984, Examples 19.1.3-19.1.6; Kollar 1996, Chapter 11.(4.1.5)]) Let X
be a reduced projective scheme and let £ be a nonnegative integer. We denote by Z; (X )g the group
of k-dimensional algebraic cycles on X with rational coefficients. All cycles which are numerically
equivalent to zero form a subgroup of Z; (X )q, and we denote by Ny (X)q the quotient group. Then
Ny (X)q is a finite-dimensional QQ-vector space.

Lemma 4.6 Let k be a positive integer, and f: X --> Y a dominant rational map of reduced projective
schemes. Suppose that f induces a birational map on each irreducible component of X and Y, and f~!
does not contract any k -dimensional subvariety of Y. Then

(1) dim Ng(X)g = dim N (Y)q, and
(2) if f contracts some k-dimensional subvariety of X, then dim Ny (X)g > dim N (Y)q.

Proof (1) This follows from the fact that fi: Ny (X)g — Ni(Y)q is surjective.
(2) Let W C X be a subvariety of dimension k which is contracted by f. Then the cycle [W] satisfies
[(W]#0in Zx (X))@, f«[W]=0in Z;(Y)q, and (2) is proved. O

Shokurov proved that the ACC and the LSC conjectures for mlds imply the termination of flips [Shokurov
2004]. The following slightly stronger result actually follows from similar arguments as his proof. For
the reader’s convenience, we give a proof in details here.

Theorem 4.7 Let d be a positive integer, a a nonnegative real number, and T" C [0, 1] a finite set.
Suppose that
(1) the set of mlds
{mld(X > x, B) | mld(X, B) > a (resp. > a), dim X = d, coeff(B) C T}

satisfies the ACC, and
(2) for any pair (X, B) of dimension d such that mld(X, B) > a (resp. > a),
x > mld(X > x, B)
is lower-semicontinuous for closed points x.
Then for any pair (X, B) withdim X = d and mld(X, B) > a (resp. > a), any sequence of (K y + B)-flips

terminates.

Proof Step1 In this step, we introduce some notation. Suppose that there exists an infinite sequence of
(Kx +B)-flips,

f f Si— fi
(X, B) := (Xo, Bo) -=> (X1, By) =-=> - (X;_1, Bi_1) == (X, B;) —=> (Xix1, Bix1) -+~ .
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For each i > 0, denote by ¢;: X; — Z; and ¢i+ : Xi+1 — Z; the corresponding flip contraction and
flipped contraction between quasiprojective normal varieties, respectively. Let

ai:= min mld(X; > x;,B;), and o;:=infla;|j>1i}.
x; €Exc(¢;)

There exists an exceptional prime divisor E; over Xj, such that a; = a(E;, X;, B;), and centery; E; C
Exc(¢;i). We note that a; > a (resp. a; > a) as mld(X;, B;) > mld(X, B) and codim Exc(¢;) > 2.

Step 2 In this step, for each i > 0, we show that o; = a; for some n; > i.

Foreachi >0, let af :=min{a; |i <j <[}forl>i. Foreach/>1i, thereexisti <i; </ and an exceptional
prime divisor E;, over Xj,, such that a;, = oef =a(E;, Xi,, B;;), and centery; E;, € Exc(¢;,). Suppose
that «; # ocl{ for any / > i, then there are infinitely many / > i + 1, such that i; > i;_;. For each such /, and
any i < j <1ij, we have centery, Ej, ¢ Exc(¢;), otherwise a(E;,, Xj, Bj) <a(Ej, X;,, Bi)) = al{ <aj,
which contradicts the definition of ;. Thus mld(X; > x; ;,, B;) = a(E;,, X;, Bi) =a(E;,, X;,, Bi;) = a;,,
where x; ;, = centery, E;,. In particular, {mld(X; > x; ;,, B;) | / > i} is an infinite set which contradicts

Lemma 4.4. Thus «; = ay,; for some n; > i.

Step 3 In this step, we show that possibly passing to a subsequence of flips, there exists a nonnegative
real number ¢’ > a (resp. a’ > a), such that

e a; >d foranyi >0, and
e q; = d for infinitely many i.
Since mld(X;, B;) > mld(X, B) > a (resp. mld(X;, B;) > mld(X, B) > a) for any i, by Step 2 and (1),
{ai|i € Zzo) ={an, |1 € Zzo}
is a finite set. In particular, there exist a nonnegative integer N, and a unique nonnegative real number
a' > a (resp. a’ > a), such that a,, > a’ for any i > N, and a,, = &’ for infinitely many i.
Step 4 In this step, we construct k, S;, W;, and show some properties.

Possibly passing to a subsequence, we may assume there exists a nonnegative integer k satisfying the
following:

e For any i, any point x; € Exc(¢;) with (X; 3 x;, B;) = &’ satisfies dim x; < k.
 For infinitely many i, there exists a k-dimensional point x; € Exc(¢;) such that (X; 3 x;, B;) = d’.

Let S; be the set of the k-dimensional points x; € X; with mld(X; > x;, B;) < a’, and W; C X; the
Zariski closure of S;. Then by (2) and [Ambro 1999, Proposition 2.1], any k-dimensional point x; € W;
belongs to S;.

Step 5 In this step, we prove that f; induces
¢ abijective map S; \ Exc(¢;) — S;+1, and
* adominant morphism f;: W; \ Exc(¢;) = Wit 1.
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It suffices to show the first assertion as the second one follows from the first one.
For any x; € S; \ Exc(¢;), fi(xi) € Si41 as

mld(Xj41 3 fi(xi), Biy1) =mld(X; 3 x;, B;) <d’.
For any x; 11 € S;+1, suppose that x; 1 € Exc(¢i+). Then

min  mld(X; 3 x;, B;j) <mld(X;41 3 Xj41, Bit1) < a,
x; €Exc(¢;)

contradicting Step 3. Tt follows that x; 11 & Exc(¢;r ) and f; induces a bijective map S; \ Exc(¢;) — Si+1.

Step 6 In this step, we derive a contradiction, and finish the proof.

By Step 5, the number of the irreducible components of W; is nonincreasing. Thus possibly passing to a
subsequence, we may assume that f; induces a birational map on each irreducible component of W;. On
the one hand, by Step 5 and Step 4, fi_1 does not contract any k-dimensional subvariety of W;4 1. On the
other hand, by construction of k in Step 4, there exist infinitely many i/ such that mld(X; > x;, B;) = a’
for some k-dimensional point x; € Exc(¢;). For such i and x;, by Step 5, x; € W; is contracted by f;,
which contradicts Lemma 4.6. |

Theorem 4.8 (Theorem 1.3) Letd be a positive integer. Assume that
(1) the ACC for mlds of terminal pairs with finite coefficients in dimension d, ie
{mld(X > x, B) |mld(X, B) > 1,dim X = d, coeff(B) < F}

satisfies the ACC for any finite set I', and

(2) the LSC for mlds of terminal pairs in dimension d, ie for any pair (X, B) of dimension d such that
mld(X, B) > 1,
x > mld(X > x, B)

is lower-semicontinuous for closed points x.

Then any sequence of terminal flips in dimension d terminates. Moreover, if we additionally assume that
Conjecture 1.9(2') holds in dimension d, then any sequence of Ic flips in dimension < d terminates.

Proof This follows from Theorem 4.7 when a = 1 and Theorem 1.1. O

Remark 4.9 Generalized pairs, introduced in [Birkar and Zhang 2016], have become central topics in
birational geometry in recent years. By [Hacon and Liu 2023], we can run MMPs for any QQ-factorial Ic
generalized pair. Therefore, studying the termination of flips for generalized pairs is also intriguing. It is
important to note that the proofs in this section are expected to work for generalized pairs as well. For
instance, [Chen et al. 2024, Theorem 4.8] provides a proof of Theorem 4.7 for generalized pairs when
a = 0. Consequently, we anticipate that Theorems 1.1, 1.2, and 1.3 will also apply to generalized pairs by
using similar arguments to those in this section. For the sake of brevity and the reader’s convenience, we
omit the detailed proofs here.
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5 Theorems 1.4 and 1.6 for canonical threefolds

In this section, we prove Theorem 1.4 when X is canonical.
We first prove Theorem 1.4 when (X, B) is noncanonical in codimension 2. More precisely, we have:
Lemma 5.1 LetI" C [0, 1] be a DCC set. Assume that (X, B) is an enc pair of dimension 3 and E a
prime divisor over X, such that

(1) coeff(B) €T,

(2) dimcentery £ =1, and

3) a(E,X,B)<1.
Then mld(X, B) belongs to an ACC set.
Proof Since (X, B) isenc, a(E, X, B) = mld(X, B). Let C := centery E, H a general hyperplane on

X which intersects C, and Kz + By := (Kx + B + H)|g. Then the coefficients of By belong to a
DCC set. By [Kollar and Mori 1998, Lemma 5.17(1)],

mld(H, Bg) > mld(X, B+ H) > a(E, X, B+ H) = a(E, X, B) = mld(X, B).

By [Birkar et al. 2010, Corollary 1.4.5], a(E, X, B+ H)>mld(H, By ). Thus mld(H, By ) =mld(X, B).
By [Alexeev 1993, Theorem 3.8], mld(H, Bgr) belongs to an ACC set, hence mld(X, B) belongs to an
ACC set. O

5.1 Strictly canonical threefolds

In this subsection, we prove Theorem 1.4 when X is strictly canonical. More precisely, we have:

Theorem 5.2 Let " C [0, 1] be a DCC set. Then
{mld(X >x,B)|dimX =3, (X > x, B) isenc, X is strictly canonical, coeff(B) C F}
satisfies the ACC.
Proof Suppose that the statement does not hold. Then there exists a sequence of enc pairs (X; 3 x;, B;)
of dimension 3, such that
e mld(X;) =1, and
e a; :=mld(X; > x;, B;) is strictly increasing.

Possibly taking a small Q-factorialization, we may assume that X; is Q-factorial. By Lemma 5.1, we
may assume that x; is a closed point for each i.
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Let E; be the unique prime divisor that is exceptional over X; such that a(E;, X;, B;) < 1. Then
a(E;, Xi, Bi) = mld(X; > x;, B;) = a; and centery, E; = x;. For any prime divisor F; # E; that is
exceptional over Xj, a(F;, X;,0) > a(F;, X;, B;) > 1. Since X; is strictly canonical, a(E;, X;,0) = 1.

By Theorem 3.13, there exists a positive integer # and a finite set I'y C (0, 1] depending only on T,
such that for any #, there exists an (n, I'g)-decomposable R-complement (X; > x;, Bl.+ ) of (X; 2 x;, Bj).
Possibly passing to a subsequence, we may assume that there exists a positive real number a, such that
a(E;, Xi, Bl.+) =a for any i. Since q; is strictly increasing and ¢ = a(E;, Xj, Bl.+) <a(E;, Xi, B;j) = a;,
possibly passing to a subsequence, we may assume that there exists a positive real number §, such that
aj —a > § for any i.

Let fi: Y; — X; be the divisorial contraction which extracts E;, and let By, and B}Li be the strict
transforms of B; and BiJr on Y; respectively. Then

Ky, + By, + (1 —a) E; = f{"(Kx, + Bi).

By the length of extremal rays, there exists a (Ky, + By, +(1—a™) E;)-negative extremal ray R; over a
neighborhood of x; which is generated by a rational curve C;, such that

0> (Ky, + By, + (1 -a)E;)-C; = =6
(see [Fujino 2017, Theorem 4.5.2(5)]). Since (Ky; + By, + (1 —a;) E;) - C; = 0, we have

0<(a;—a)(—E;-C;) <6.
Thus
0< (—Ei-C,') < g

By [Kawakita 2015b, Theorem 1.1], 60Ky; is Cartier over a neighborhood of x;. Since Xj is enc, Y; is
terminal. By Lemma 3.14, 60 D; is Cartier over a neighborhood of x; for any Weil divisor D; on Y;. In
particular, —E; - C; belongs to the finite set g5Z>1 N (0, g)

We may write B; = Z bi,j Bi,j, where B; j are the irreducible components of B;, and let By, ; be the
strict transform of B; j on Y; for each i, j. Then By, j-C € 60Z>0 for every i, j. Since Ky, = fl* Ky,

y; - Ci = 0. Thus
(Ky;, + By,)-C; (By,,j - Ci)
Ei Xi.B)=1- e N
aFi i Bi) (—E;-Cp) Z”(E,c,)
Since b;,j € I', a(E;, Xi, B;) belongs to an ACC set, this leads to a contradiction. O

5.2 Terminal threefolds

In this subsection, we study Theorem 1.4 when X is terminal. At the moment, we cannot prove
Theorem 1.4 in full generality, but we can prove the finite coefficient case, and reduce the DCC coefficient
case to the finite coefficient case (but possibly losing the condition that X is terminal).
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Lemma 5.3 Let I be a positive integer and I C [0, 1] be a DCC set. Assume that (X > x, B) is a
threefold pair, such that

(1) X is terminal,

(2) coeff(B) C T,

(3) (X >x, B) isenc, and

(4) IKy is Cartier near x.

Then mld(X > x, B) belongs to an ACC set.

Proof Possibly replacing X with a small Q-factorialization, we may assume that X is Q-factorial. By
Lemma 5.1, we may assume that x is a closed point.

Suppose that the statement does not hold. By Theorem 3.10, there exist a nonnegative integer m, a real
number «a € (0, 1], a strictly increasing sequence of real numbers «a; € (0, 1] such that lim;, 4 o0 a; = a,
and a sequence of Q-factorial threefold germs (X i D x;, B = Z}"zl bi,j Bi, j), such that for any i,

e (X;>xi, B;)isenc and X; is terminal,

e b;j eI forany j,

e mld(X; > x;, B;) = a;,

* Bii,...,Bjm are the irreducible components of B;,

* Xx; € Supp B;,;j for any j, and

e [Ky; is Cartier near x;.
Possibly passing to a subsequence, we may assume that b; ; is increasing for any fixed j, and let
bj = 1limj 40 b j. We let B; = Z;';l bj B;,;j for each i. By [Hacon et al. 2014, Theorem 1.1],
possibly passing to a subsequence, we may assume that (X; > x;, B;) is Ic for each i.
Since (X; > x;, B;) is enc, we may let E; be the unique prime divisor over X; > x; which computes
mld(X; > x;, B;). By Lemma 3.14 and [Nakamura 2016, Theorem 1.2], possibly passing to a subsequence,

we may assume that @’ := a(E;, X;, B;) > 0 is a constant, and we may pick a strictly decreasing sequence
of real numbers ¢;, such that (1 +¢;)B; > B; = B; for each i and lim;_, 4 €; = 0. Therefore,

a/ = a(E,', Xi, El) < a(E,', Xi, B,') =a; <d,
and
lim ¢; multEi B; > lim (CZ(E,',X,', Bi)—a(E,',X,', E,)) =a—d >0.
i—>+o00

i—-+o0
Hence lim; oo multg, B; = +o00. Let #; := ct(X; > x;,0; B;). Since (X; > x;, B;) is enc and
a(E;, Xi, Bj) <1, we have that #; < 1. By [Han et al. 2022, Lemma 2.12(1)], a(E;, X;, t; B;) = 1
for each i. Since

1 =a(E;, Xi,ti Bi) = a(Ei, Xi, Bi) — (1 —t;) multg, B; <a—(1—1¢;)multg,; B;,
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we have
a—1
I>ti>1— ——.
multg; B;
Thus lim; 5 oo ; = 1 and #; < 1 for each i, which contradicts Theorem 3.6. O

Definition 5.4 Let (X > x, B) be an Ic germ. A terminal blow-up of (X > x, B) is a birational morphism
f:Y — X which extracts a prime divisor £ over X > x, such that a(E, X, B) =mld(X > x, B), — F
is f-ample, and Y is terminal.

Lemma 5.5 [Han et al. 2022, Lemma 2.35] Let (X > x, B) be a germ such that X is terminal and
mld(X > x, B) = 1. Then there exists a terminal blow-up f:Y — X of (X 3 x, B). Moreover, it X is
Q-factorial, then Y is Q-factorial.

Theorem 5.6 Let " C [0, 1] be a finite set. Then
{mld(X >x,B)|dimX =3, (X 5 x, B) isenc, X is terminal, coeff(B) C F}

satisfies the ACC.

Proof Step 1 We construct some functional pairs in this step.

Possibly replacing X with a small QQ-factorialization, we may assume that X is Q-factorial. By Lemma 5.1,
we may assume that x is a closed point. By Lemmas 5.1 and 5.3, we may assume that X > x isa cA/n
type singularity for some positive integer n > 3. Let E be the unique prime divisor over X > x such that
mld(X > x, B) =a(E, X, B).

Let ¢ :=ct(X > x,0; B). By Theorem 3.6, there exists a positive real number €y depending only on I,
such that <1 —¢.

By our assumptions and [Han et al. 2024, Theorem 5.6], there exist two positive integers /, m, real numbers
1, v(l), cee, vé that are linearly independent over Q, vg := (v(l), cee, vé) € R/, an open set U > vy of R,
and Q-linear functions sy, ..., Sy : R/t SR depending only on I', and Weil divisors BY,....,Bm>0
on X, such that:

(1) si(1,v9) > 0and x € Supp B’ for each 1 <i <m.
(2) Let B(v) :=) 7o, si(1, v) B! for any v € R’. Then B(vo) = B and (X 3 x, B(v)) is Ic for any
velU.

(3) Possibly shrinking U, we may assume that (1 + <) B > B(v) > (1—)B forany v € U.

We may pick vectors vy, ..., v;4; € UNQ! and real numbers by, ..., ;4 € (0, 1] depending only on T,
such that Zf: b;i =1 and Zf:i biv; = vg. We let B; := B(v;) for each i. Then there exists a positive
integer M depending only on I', such that M B; is integral for any i.
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Let #; :=ct(X > x,0; B;) for each i. By [Han et al. 2022, Lemma 2.12(2)], mld(X > x, #; B;) = 1. Since
B;i > (1—%)Band ¢ < 1—¢€g, we have

— €
i < 63 1.
-3
Thus 1 1
— € — €
B> 1_;(1+%°)Bz 1_£B,~zz,-B,~.
2 2

Since (X > x, B) isenc, a(E, X,;B;) = 1 and a(F, X, t; B;) > 1 for any prime divisor F # E over
X > x.

Step 2 Construct divisorial contractions.

By Lemma 5.5, there exists a terminal blow-up f:Y — X of (X > x,¢; B;) which extracts a prime
divisor E over X > x. By [Kawakita 2005, Theorem 1.3], f is of ordinary type as n > 3. By [Han et al.
2022, Theorem 2.31(1)], we may take suitable local coordinates x1, x5, x3, x4 of C 4 an analytic function
¢ € C{x1, x3, X3, X4}, and positive integers r1, 1, a, b and d satisfying

e gcd(b,n) =1,

o (X 3x)=($(x1,x2,x3,x4) =0) C(C*350)/1(1,-1,5,0),

* ¢ is semi-invariant under the group action

o= (x1. X2, X3, X4) > (Ex, & x0, 6233, x4),
where & = ¢27i/7,
e fis a weighted blow-up at x € X with the weight vector w := ,ll(rl ,F,a,n),
e a=bry modn, gcd((a—bry)/n,r)=1,r1 +r, =adn,
* ¢(x1, X2, X3, X4) = X1X2 + g(xF, X4), and
o zdn ¢ g(x%,x4) and w(¢p) = adn.
There are two cases:

Casel d>4ora>4.

Case2 d <3anda <3.

Step 3 In this step we deal with Case 1, that is, the case when d > 4 or @ > 4. In this case, we can pick
three positive integers 7,7 and @', such that

o ry+ry=ddn,

. a/zbr{ mod 7,

/ !
e ry, 1, >n,and
1 1
o . (ri.ry.ad'.n) # (r,r2.a,n).
In fact, when @ > 4, we may take @’ = 3. When d > 4, we may take @’ = 1 and (r[,75) # (r1,72).
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Letw' := %(V{ .15.a’,n). Since a > a’, by [Han et al. 2022, Lemma C.7], the weighted blow-up with the

weight vector w” at x € X under analytic local coordinates xp, X, X3, X4 extracts an exceptional prime

divisor E/ # E, such that w’(X > x) = d//n. By our assumptions,

RS

a(E'\ X, B) =1+ = biw'(Bi) > 1.
i=1

hence Zf:} bjw'(Bj) <a’/n. Since M B; is integral for each i and x € Supp B;, w’(B;) € ﬁZZl for
eachi.
Let by :=min{b; |i =1,2,...,/ + 1}. By Lemma 5.3, we may assume that n > 3M/yy. Since M B;
a Weil divisor, M B; = (h; =0) C C4/%(1, —1,b,0) for some analytic function /;. Since w’(x1) > 1,
w'(x2) > 1, w'(xg) =1, d’ <3, bj > by, and n > 3M/y,, for each i, there exists a positive integer
1 < pi < Md'/y,, such that x3* € h; and w'(x§") = w'(h;) = p;ia’/n, and

I+1 , 141

pid" . a
Zb,-Mn_Zb,w(B,)<;.

i=1 i=1
In particular, Zf:% bi pi/M < 1. We have

I+1 I1+1 1+1 I1+1

w(B) = Zbiw(B,‘) = Z %w(hl) < Z%U)(X3i) _ Z b;;: % < g’

i=1 i=1 i=1 i=1

hence a(E, X, B) = a(E, X,0) —multg B =1+ 2 —w(B) > 1, a contradiction.

Step 4 In this step, we deal with Case 2, that is, the case when d < 3 and a < 3, hence we conclude
the proof. In this case, since a = bry modn and ged(b,n) = 1, ged(ry,n) = ged(a,n) <a < 3, so
gcd(rq,n)|6. Since r{ + r, = adn,

gcd(ry,rp) = ged(ry, adn) |ad ged(rq,n)|216.
Since M B; is a Weil divisor, n M B; is Cartier near x. Thus

ti
Lz,
o
which implies that aM /t; € Z>1. Then (aM/t;)(Kx + t; B;) is a Weil divisor for any i, by [Han et al.

2022, Lemma 5.3], (216aM/t;)(Kx + t; B;) is Cartier near x.

a t;
- =a(E,X, O)—a(E,X, ZiB,') =tmultg B = —— multg nMB; €
n nM

By [Shokurov 1993, 4.8 Corollary], there exists a prime divisor E’ # E over X > x such thata(E’, X,0) =
1 +“7/ for some integer a’ € {1, 2}. Since (216aM/t;)(Kx +1; B;) is Cartier near x and a(E’, X, t; B;) > 1
for any i, there exists a positive integer k; such that

kit
E X, t;B) =1 .
o iBi) t l6aM
Thus | o .
lt /B.=_ E/’X,O - E/,X,Z'B' - — ! .
mult By = 7 (a( ) aEL X B)) = S 6ad
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Since M nB; is Cartier near x and x € Supp B;, there exist positive integers a}, such that multg: B; =
a}/(Mn). Since (X > x, B = Zf:% biB;)isencand a(E, X, B) <1, a(E’, X, B) > 1, hence

I+1

T bja !
iz bidi e m <

Mn n

Thus the a; belong to a finite set depending only on I'.

(5-1)

Since a(E, X,0) =1+ 7 and a(E, X,#; B;) = 1, multg B; = a/(nt;). Thus
a

a(E,X,Bj)=a(E,X,0)— multEB,—1+———
n o nt

Since (X > x, B;) islc, a(E, X, B;) > 0, so

t ! > 1
i a1 177
1+ T4 2
and we have a’/(nt;) < 2d’. Since
a k,’ a
5-2 —_—— =multg B; = —
(5=2) nt;  206aM P T M

and each k; is a positive integer, the k; belong to a finite set depending only on I". By (5-1) and (5-2), we
have

41, { I+1 41y . y I+1 y
/ 4 (et}
— = - —— | —-== —L)]—-=<0.

. (i_lnt,- n) Z216Ma ZZ( 216Ma) " (Z Mn) n
Since a’, ki, bi, M, a, a;. belong to a finite set depending only on T,
Ls Mn n  n s M

i=1 i=1

belongs to a DCC set depending only on I', and Zf:i b;/(nt;) — % also belongs to a DCC set depending

only on I'. Since

multg B; = %(a(E,X,O)—a(E,X,tiB,-))= l‘l(l +%—1) = i,
i i

nt;
we have
I+1
mld(X 5x,B)=a(E,X,B)=a(E, X,0)—multg B =a(FE, X,0) — Zb multg B;
i=
1+1 I+1
n nt; £ nt; n
1 i=1
Thus mld(X > x, B) belongs to an ACC set depending only on I'. m|
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Theorem 5.7 Lete € (0, 1) be a positive real number. Suppose that
{mld(X 3> x, B) | dim X = 3, coeff(B) C Iy, (X > x, B) is Q-factorial enc} Nle, 1]
satisfies the ACC for any finite set I'g C [0, 1]. Then for any DCC set I" C [0, 1],
{mld(X > x, B) | dim X = 3, X is terminal, coeff(B) C T, (X > x, B) isenc} N[e, 1]
satisfies the ACC.
Proof Possibly replacing X with a small QQ-factorialization, we may assume that X is QQ-factorial.
Suppose that the statement does not hold. By Theorem 3.10, there exist a positive integer m, a real

number a, a strictly increasing sequence of real numbers a;, and a sequence of (Q-factorial enc threefold
pairs (X,- > xi, Bi = Z}":l bi,j B,-,j), such that for any i,

bi,j €T, and B; j > 0 are Weil divisors for any j,
e for any fixed j, b; ; is increasing,

mld(X; > x;, B;) = a;, and

o limjsto0a; =ac (€, 1].

By [Han et al. 2022, Theorem 1.1], a < 1. Let b; := lim; 40 b;,; and B; = Z;-"zl bjBi j. By
[Hacon et al. 2014, Theorem 1.1], possibly passing to a subsequence, we may assume that (X; > x;, B;)
is Ic for each i. Let ¢ := ct(X; 2 x;; B;) and E; the unique prime divisor over X; > x; such that
a(E;, Xi, B;) < 1. Then a(E;, X;, B;) = a;. By [Han et al. 2022, Lemma 2.12(1)], a(E;, X;,t; Bi) = 1,
hence multg, B; = (1—a;)/(1—1t;) <1/(1—1;). By construction, #; < 1 for each i. By Theorem 3.6, we
may assume that #; is decreasing, hence there exists a positive real number M such that multg, B; < M.

By construction, there exists a sequence of positive real numbers ¢; such that (1 + ¢;)B; > B; and
lim; 5 4 50 €; = 0. We have

a;i =a(E;, Xi, Bi) > a(E;, Xi, Bi) > a(E;, X;i, (1 +€;)B;) = a(E;, X;i, Bi)—€; multg, B; >a;—e; M,

Since limj_ 400 @; = lim; 4 5o (a; — €; M') = a, possibly passing to a subsequence, we may assume that
ai :=a(k;, Xj, Ei) is strictly increasing and lim;— 4 o0 @; = a.

Let f;:Y; — X; be the divisorial contraction which extracts E;, and let By;, Eyl. be the strict transforms
of B; and B; on Y; respectively. Then (Y;/X; 3 x;, By, + (1 —a)E;) is canonical and

coeff(By, + (1 —a)E;) CT U{l —aj.

By Theorem 3.6, possibly passing to a subsequence, we may assume that (Y;/X; 2 x;, EY:’ +(1—-a)E;)
is canonical.

By Theorem 3.13, there exists a positive integer N and a finite set 'y C (0, 1], such that (X; 3 x;, B;)
has an (N, I'g)-decomposable R-complement (X; > x;, l_?l?L) for each i. In particular, a(E;, X;, E;r)
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belongs to a discrete, hence finite set for any 7. Thus there exists a positive real number ¢, such that

t

(Yi/ Xi > xi, EY[ +(1—a+1)E;) is Ic. Possibly passing to a subsequence, we may assume thata—a; < 5

for any 7.
For any i, we let
D; :={F; | F; is over X; > x;, F; # Ej, a(F;, X, B;) < 1}.
For any F; € D;, we have
a(F;,Y;, By, + l—a+t)E;)>0 and a(F;,Y:, By, + (1—a;)E;) < 1.
Since a —a; < §, multg, E; < % and

a(F;, X;, Bi) = a(F;, Y;, By, + (1—a;)E;)
_ Ma—a:
=a(F;,Y;, By, + (1 —a)E;) + (a —a;) multp, E; > 1— M.
Possibly passing to a subsequence, we may assume that a—a; < %(1 —a) forevery i. Thena(F;, X;, Bi) >
a > c_z,- = a(E,-, Xl’, E,) for any F,' e€D;.

If (X;, B;) is not klt near x; for infinitely many 7, then we let ¢;: W; — X; be a dIt modification of
(X;, B;), and let Kw, + EWi := ¢/ (Kx; + B;). Then there exists a prime divisor H; C Exc(¢;) such that
centery; E; C H;. We immediately get a contradiction by applying adjunction to H; and using the precise
inversion of adjunction formula (see [Liu 2018, Lemma 3.3]) and the ACC for mlds of surfaces [Alexeev
1993, Theorem 3.8]. Therefore, possibly passing to a subsequence, we may assume that (X;, B;) is klt
near x; for each i.

Since (X;, B;) is klt near x;, each D; is a finite set, and we may assume that D; = {Fig,..., Fip}
for some nonnegative integer r;. Note that lim; 40 a(Fj j, X, ]E—?i) =1lforany 1 < <, and
lim; oo a(E;, X;, E,’) = a. By [Liu 2018, Lemma 5.3], possibly reordering Fj i,..., Fj;, one of the
following hold:

(1) There exists a birational morphism g; : Z; — X; which extracts exactly F; 1,..., Fj,;, such that

ri
ai =a(Ei, Zi, Bz,) + Z(l —a(Fi;, Xi, Bi)Fij)<a(Ei,Zi,Bz,) <a
j=1

for each i, where Ez,- is the strict transform of B; on Z;. In this case, we let El’ := E; and Blf = Ezi

(2) There exists a birational morphism g;: Z; — X; which extracts exactly E;, Fjy,..., F;, 1, such

that _
2(a—aj)

t

1 <a(Fiy, Xi,Bi)<a(Fiy,,Zi,Bz, +(1—a)Ez) <1

for each i, where B z;, E z; are the strict transforms of B; and E; on Z; respectively. In this case, we let
E!="F;, and B:= Bz, + (1—a)E,.
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In either case, possibly passing to a subsequence, we may assume that a; := a(E}, Z;, B}) < 1 is strictly
increasing. For any 7, we let

Dj:={F] | F] is over X; > x;, Fj is exceptional over Z;, a(F}, Z;, Bj) = 1}.

1
By construction, (Z;/X; 3 x;, Blf) is klt, so D; is a finite set. Let /; : V; — W; be a birational morphism
which extracts all divisors in D;, and let B;/. be the strict transform of Blf on V;. Then (V;, Bg/,) is enc
1 1
and a} 1= a(E}, Vi, Byy) is strictly increasing. Moreover, lim; 100 a; =1ora. Since a > €, possibly
passing to a subsequence, we may assume that a; > € for any /. However, the coefficients of B}, belong
1
to a finite set, which contradicts our assumptions. a

6 Index one cover

6.1 Enc cyclic quotient singularities

In this subsection, we prove Theorem 1.4 when X is noncanonical, with isolated singularities, and the
index 1 cover of X is smooth (see Theorem 6.3).

Lemma 6.1 (see [Liu and Luo 2022, Lemma 2.11; Ambro 2006, Theorem 1]) Let d be a positive
integer and (X 3 x) = %(al ,da,...,a4) ad-dimensional cyclic quotient singularity. Let

- ({22 )

e; the i™ unit vector in 74 for any 1 <i <d,
N :=Zx0e ®Zx>oe1 ® L>oer @D Lxoeq,
o:=NnN ng, and relin(c) :=NN Qio-
The following holds.

(1) For any prime divisor E over X > x that is invariant under the cyclic quotient action, there exists a
primitive vector € relin(o) such that a(E, X,0) = a(x1x, --- X4). In particular, there exists a unique
positive integer k < r, such that

k k k k k k
ae(1+‘“__["1_W,1+“L{‘£],...,1+“L_[“LD+zzo.
r r r r r r -

d
ka; ka;
2 mld(X > x) = min 1+— - — <d.
@) ( x) 1§k§1r—1{;( + r ’7 r —D}_
Proof Point (1) is elementary toric geometry, and (2) follows immediately from (1). O

Lemma 6.2 Letd be a positive integer and € a positive real number. Then there exists a positive integer I,
depending only on d and €, satisfying the following. Let r be a positive integer and vy, ...,v, € [0, 1]
real numbers, such that Z?=1(1 + (m—1)v; — [mv;]) > € foranym € [2,r]NZ. Thenr < I.
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Proof Suppose that the statement does not hold. Then for each j € Z >, there exist vy j, ..., vg ; €0, 1]
and positive integers r;, such that

Y (1 + (m— D j — [mu; ;1) = € for any m € [2,1;]N Z,
e rj is strictly increasing, and
e v;:=limj_ 10 v;,; €Xists.
Let v := (vy,...,04). By Kronecker’s theorem, there exist a positive integer n and a vector u € 74
such that [|nv — ]l < min{$,; | 4; > 0} and nv; € Z for any i such that ; € Q. In particular,
[(n4+1)v;] = [(n+1)v; | +1 for any i such that v; € (0, 1). Now lim; 4 oo (1 +-1v;, j —[(n+1)v; ;1) =0
when v; = 0 and limj_>+oo(1 +nv;j—[(n+1v; ;1) =14+nv; — [(n+ 1)v;] when v; > 0. Thus

lim Z(l+nv,31—|'(n+1)v,,1'|)— Z (1 4+nv; —[(n+ 1)v;])

]—>+oo
0<v; <1
= Y (L4 @+ Di—[(n+ D] —57)
0<v; <1
_ _ €
_Z {n+ Doy =) < Z e
0<v;<1 0<w; <1

Thus possibly passing to a subsequence, Z?;l (I 4+nvij —[(m+1)v;;]) <eforany j, hence n > r;,
which contradicts lim; o0 7j = +00. |

Theorem 6.3 Let I" C [0, 1] be a DCC (resp. finite) set. Assume that (X > x, B) is a Q-factorial enc
pair of dimension 3, such that

(1) X > x is a noncanonical isolated singularity,
(2) coeff(B) €T, and
3) X > X is smooth, where 7: (X~ 5 X) — (X > Xx) is the index 1 cover of X > x.

Then mld(X > x, B) belongs to an ACC set (resp. is discrete away from 0).

Proof We may assume that mld(X > x, B) > ¢ for some fixed positive real number ¢ < 5. Then
mld(X > x) > €. Since X > x is noncanonical and (X > x, B) is enc, X > x is enc. Since X > X is
an isolated singularity, by Theorem 3.15, mld(X > x) = mld(X) < Q Since X is smooth, (X 3 x)
is analytically isomorphic to a cyclic quotient singularity (¥ 3 y) = ;(al ,dy,d3), where ay,ay,as, r
are positive integers such that ¢; < r and gced(a;,r) = 1 for each i. By Lemma 6.1, there exists a
positive integer ko € [1,7 — 1] such that mld(Y > y) = mld(X > x) = Zl_l{a,ko/r} € [ , 13] and
for any positive integer k # ko such that k € [1,r — 1], Z?=1{a,-k/r} > min{l,2mld(X > x)}. Let
v; :={ajko/r} for each i. Then

3 3 3
>+ (m = Dvi = [mvi]) = Y (1 +mv; — [mui]) = v > min{ ., €}

i=1 i=1 i=1
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for any m € [2,r/ged(ko,r) — 1] N Z>1. By Lemma 6.2, r/gcd(kg, r) belongs to a finite set. In
particular, w := (vy, V3, v3) belongs to a finite set, hence mld(Y > y) belongs to a finite set. Suppose
that B = ), b; B;, where B; are the irreducible components of B and b; € ', and B; = (f; =0)|y
for some semi-invariant analytic function f; € C{xy, x;, x3}. Let E be the unique divisor over X > x
such that a(E, X,0) < 1. Then by Lemma 3.18,

mld(X > x,B) =a(E, X, B)=a(E,X,O)—multEB=a(E,X,O)—Zb,- multg B;

=mld(Y 3 y)— Zbiw(fi)

belongs to an ACC set (resp. finite set). O

6.2 Enc cDV quotient singularities

In this subsection, we prove Theorem 1.4 when X is noncanonical, with isolated singularities, and the
index 1 cover of X is cDV (see Theorem 6.8).

Theorem 6.4 Let r be a positive integer, a, b, ¢, d integers, and f € C{x1, X, X3, X4} an analytic
function, such that

(X3x)=((f=0)C(C*> 0))/%(a,b,c,d)
is an enc threefold isolated singularity. Let
N = {w € Qéo ! w= %(ja,jb,jc,jd) mod Z* for some j € Z} \ {0}.
Then there exists at most one primitive vector § € N, such that t := B(x1x3x3x4) — B(f) < 1.
In particular, for any @« € N\{B,28,...,(k —1)B}, a(x1x2x3x4) —a(f) > 1, where k := L%J + 1.
Proof Assume that there exists a primitive vector 8 € N such that 8(x1x2x3x4) — B(f) < . It suffices
to show that such § is unique.

Let Z := C*/ }(a,b,c,d), and ¢g: Zg — Z the toric morphism induced by B which extracts an
exceptional divisor Eg. Let Xg be the strict transform of X on Zg. By [Jiang 2021, Proposition 2.1], we
have

Kz, +Xp+(1—1)Eg =¢E(KZ + X).

Since X > x is an isolated klt singularity and dim X = 3, (Z, X) is plt by inversion of adjunction. Thus
(Zg. Xp + (1 —1)Ep) is plt. By the adjunction formula,

KXB + Bg = (KZB + Xg+ (1 _I)E,B)|X5 = ¢;}<KX’

for some Bg > 0, and the coefficients of Bg are of the form 1 — (1 —s(1—¢))// for some positive integers
[,s as Eg intersects Xg. Since X is enc, Supp Bg is a prime divisor, say Fg.
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Let vp, be the divisorial valuation of Fg. Thus vp,(x™) = (1 — (1 —s(1 —1))/1)B(x™) for any
monomial x™, where m € M, and M is the dual sublattice of Z* + Z - %(a, b,c,d). Hence such f is
unique by the primitivity. |

We introduce the following setting. Roughly speaking, Theorem 6.6 below will show that if
1
(Xox)=(f=0)C(C*> 0)/;(01,612,613,614)

is enc and a cyclic quotient of an isolated cDV singularity, then f,a;,r,e,k, and B should satisfy
Setting 6.5. Therefore, we can transform the ACC conjecture in this case to computations on variables
that satisfy Setting 6.5.

Setting 6.5 We set up the following notation and conditions.

(1) Letr be a positive integer, 0 < aj,a,,as, a4, e <r integers, such that
(a) ged(aj,r)| ged(e,r) forany 1 <i <4,
(b) ged(aj,aj,r)=1foranyl <i < j <4,
(©) Z;;l ai—e=1 modr.
2) f eC{xy,x2,Xx3,Xx4} is p-semi-invariant, that is, p(f) = £°f, and is one of the following 3 types,
(a) (cAtype) f = x1x2+ g(x3,x4) with g € m?,
(b) (Oddtype) f = x12 + x% + g(x3,x4) withg em?® anda; #a, mod r,
(¢) (¢cD-Etype) [ = x12 + g(x2,x3,x4) with g € m?,

where m is the maximal ideal of C{x;, X, x3, x4}, and p: C* — C* is the action (X1, X2, X3, X4) —
(% x1,8%2x7, 8% x3, 8% xy).
(3) One of the two cases hold:

(@) a(xixyx3x4)—a(f)>1foranyo € N. In this case, we letk :=1 and B := 0.

(b) There exists an integer k > 2, and a primitive vector f € N, such that

(i) o either § < B(x1x2x3x4) — B(f) <min{{3. 15}, or
e B(x1x2x3x4) —B(f) =1 andk =2,
and

(ii)) foranya € N\{B,28,...,(k—1)B}, a(x1x2x3x4) —a(f) > 1,
where

N = {w €Qi,|w= %(jal,jaz,jag,ja‘;) mod Z* for some j € Z} \ {0}.

Moreover, if f is of cA type, then for any integer a such that gcd(a,r) = 1, %(al,az,a3,a4,e) #
1(a,—a,1,0,0) mod Z5.
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Theorem 6.6 Let r be a positive integer, 0 < ay,a,,as,as,e <r integers, & 1= 62’”/’,

N = {w cQi,|w= %(jal,jaZ,ja3,ja4) mod Z* for some j € Z} \ {0},

p: C* — C* the action (x1,x3.X3,x4) = (§%1x1, %25, %3 x3,6%x4), and f € C{xy, X3, X3,x4} a
JL-semi-invariant analytic function such that u(f) = £° f. Suppose that

(X 33) = (f=0)C(C*50)/+(ar,aa3,a4)
be a hyperquotient singularity such that
e (Y3y):=(f=0)=(C*>0) is an isolated cDV singularity,
e 7:(Y 2 y)— (X > x) is the index one cover, and
e (X >x)isenc,
then possibly replacing %(al,a2,a3,a4) with ({ja/r},{jax/r}, {jas/r},{jas/r}) for some j such

that gcd(j, r) = 1, and taking a g -equivariant analytic change of coordinates and possibly permuting the
coordinates x;, we have that a;, e, r, f satisfy Setting 6.5.

Proof By [Reid 1987, Page 394], since u acts freely outside y, a;, e, r satisfy Setting 6.5(1)(a) and
(1)(b). Let s € wy be a generator, then g acts on s by s — & Yiciai—eg, Since the Cartier index of Kx
near x is r, ng(Z?=1 a;—e, r) =1, and a;, e, r satisfy Setting 6.5(1)(c). By [Reid 1987, pages 394-395
and Proposition (6.7)] (see also [Jiang 2021, Proposition 4.2]), f satisfies Setting 6.5(2).

By Theorem 6.4, in order to show that f satisfies Setting 6.5(3), we only need to prove that

B(x1x2x3x4) — B(f) & (13- 1)-

We may assume that » > 13. By [Liu and Xiao 2021, Theorem 1.6, Lemmas 6.3 and 6.4] and [Jiang 2021,
Lemma 2.12, Remark 2.13], if B(x1x2x3x4) — B(f) € (%, 1), then (X > x) and B satisfy [Jiang 2021,
Section 4, Rules I-III], which is absurd according to [Jiang 2021, Section 4.

It suffices to show that a;, e, r satisfy the “moreover” part of Setting 6.5. By [Kollar and Shepherd-
Barron 1988, Theorem 6.5], if %(al,az, as,dy,e) = %(a, —a, 1,0,0) mod 772, then X > x is a terminal
singularity, which leads to a contradiction. |

Theorem 6.7 With notation and conditions as in Setting 6.5, either r or 8 # 0 belongs to a finite set
depending only on k. In particular, B(x1x,x3x4) — B(f) belongs to a finite set depending only on k, and
B(g) belongs to a discrete set for any analytic function g.

Proof Proving that either r or 8 # 0 belongs to a finite set depending only on k is elementary but
requires complicated computations, so we omit the proof and refer the reader to [Han and Liu 2025,
Theorem 1.2] (which was Theorem A.1 of the first arXiv version? of the present paper).

28ee arXiv:2209.13122v1.
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We are left to prove the “in particular”’-part. There exists a positive integer n depending only on k
such that nf € Zéo. Thus B(g) belongs to the discrete set %Zzo for any analytic function g. Since
B(x1x3x3x4) — B(f) € (0, 1], B(x1x2x3x4) — B(f) belongs to the finite set %Zzo N (0, 1]. |

Theorem 6.8 Let I" C [0, 1] be a DCC (resp. finite) set. Assume that (X > x, B) is a Q-factorial enc
pair of dimension 3, such that

(1) X > x is an isolated noncanonical singularity,
(2) coeff(B) € I, and

3) X > X is terminal but not smooth, where 7: (f > X) = (X > x) is the index 1 cover of X > x.

Then mld(X > x, B) belongs to an ACC set (resp. is discrete away trom 0).

Proof We only need to show that for any positive integer / > 2, if mld(X > x) € (%, ﬁ], then

mld(X > x, B) belongs to an ACC set (resp. is discrete away from 0).
There exists a positive integer r, integers 0 < ay,a,,ds,dq, e, and £ := ezni/’, such that

(X 3x) = ((f=0)C(C*20)/n.

where p: C* — C# is the action (X1, X2, x3,X4) — (§%1x1,£E%Xx,, % x3,£%Xx,) and [ is p-semi-
invariant, such that u( /) = £¢ f. By Setting 6.5(1)(c), possibly replacing (a1, a;, a3, a4) and e, we may
assume that a; 4+ da, 4+ a3 + a4 —e = 1 mod r. Moreover, possibly shrinking X to a neighborhood of
X, we may write B = Z;":l b; B; where B; are the irreducible components of B and x € Supp B; for
each i. Then b; € I, and we may identify B; with ((f; = 0) C (C* 3 0))/p|x for some p-semi-invariant
function f; for eachi.

Let
N = {w € Qéo ‘ w= %(jal,jaz,ja3,ja4) mod Z* for some j € Z} \{0}.

By Setting 6.5(3), there are two cases:

Case 1l a(xixpx3x4)—a(f) > 1 forany o € N. In this case, by Theorems 6.6, 6.7, r belongs to a
finite set. Since (X > x, B) is enc and X > x is noncanonical, there exists a unique prime divisor £ over
X 2 x, such that a(E, X, B) =mld(X > x, B) and a(FE, X,0) < 1. Since rKy is Cartier, r a(E, X, 0)
belongs to a finite set and r multg B; € Z> for each i. Thus

m
a(E.X,B)=a(E.X,0)— Y bymultg B;
i=1
belongs to an ACC set (resp. finite set).
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Case 2 There exists a unique primitive vector 8 € N and an integer £ > 2, such that

1 1
© < Blxixaxsxa) = B(f) = 7=
We consider the pair

m
(Z3z, X+ By):= (@4 50.(f =0+ bi(f; =0))/,L.
i=1
By [Jiang 2021, Proposition 2.1], the primitive vector § € N corresponds to a divisor £ over Z > z, and

(6-1) a:=a(E,Z, X + Bz) = B(x1x2x3x4) — B(f) —Zbiﬁ(ﬁ =0).

i=1

In particular, 0 <a < 1/(k—1) < 1. Let i: W — Z be the birational morphism which extracts E. Then
Kw+Xw+Bw+(1—a)E=h*(Kz+ X+ Bz),
where Xy and By are the strict transforms of X and B on W, respectively.

Since (X, B) is klt near x, X > x is an isolated singularity, and dim X = 3, (Z, X + Bz) is plt by the
inversion of adjunction. Thus (W, Xy + By + (1 —a) E) is plt. Since /4 is a divisorial contraction of
E and centery E = x, E is Q-Cartier, and Supp(E£ N Xy) contains a prime divisor ¥ which does not
belong to Supp(Bj N E). By the adjunction formula,

a(F,X,B) = %(1 —s(l—a)<a< ﬁ

for some positive integers #, s. Since (X > x, B) isenc, a(F, X, B) =mld(X > x, B) > %, hence k < 1.
Thus k belongs to a finite set. By Theorems 6.6 and 6.7, a < 1 belongs to an ACC set (resp. finite set).
Thus

mld(X 5 x, B) = a(F, X, B) = %(1 —s(1—a))

belongs to an ACC set (resp. is discrete away from 0), and we are done. a
7 Proofs of other main results

Lemma 7.1 For any positive integer [, Theorem E; implies Theorem N;.

Proof This follows from Lemma 4.3. m|
Lemma 7.2 For any positive integer [, Theorem C; implies Theorem E;.

Proof Let (X,B) € £(/,T'), and E the unique exceptional prime divisor over (X, B) such that
a(E, X, B) =mld(X, B).
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By Lemma 5.1, we may assume that x := centery E is a closed point. By Theorem 5.7, we may assume
that either X is terminal and I is a finite set, or X is not terminal. By Theorem 5.6, we may assume that
X is not terminal. By Theorem 5.2, we may assume that X is not canonical. Let (f 5X)—> (X >x)be
the index 1 cover of X 5 x. Then X 5 ¥ is smooth, or an isolated cDV singularity, or a strictly canonical
singularity. By Theorems 6.3 and 6.8, we may assume that X >5%is strictly canonical. By Theorem C;,
mld(X, B) belongs to an ACC set. a

Lemma 7.3 For any positive integer | > 2, Theorem N;_ implies Theorem C;.
Proof Let (X >x,B)eC(,T), n: (f 3 X) = (X > x) the index 1 cover of X > x, and B:=n*B.
Then coeff(E) cr.

Since mld(X) < 1, there exists an exceptional prime divisor £ over X, such that a(E, X, B) <
a(E, X,0)=mld(X) < 1. Thus E is the unique exceptional prime divisor over X such thata(E, X, B) <1
as (X > x, B) is enc. In particular, a(E, X, B) = mld(X > x, B). Hence for any exceptional prime
divisor E over X such that a(E, X, E) < 1, we have a(E, X, E) = rga(E, X, B), where r is the
ramification index of 7 along E. Since (X > X) is canonical,

1<a(E.X,0)=rza(E.X.0) <rg,
so rg = 2 for any E. It follows that
mld(X, §) € {a(E, X.,B)<1 | E is exceptional over f} - {2 mld(X, B),..., (I —1)mld(X, B)}
as mld(X, B) > % and (1\7 > X) is strictly canonical. In particular,
1< #({a(f, X, E) | E is exceptional over f} NJo, 1]) <l-2.

Moreover, since a(E, X, E) =rga(E, X, B) > % >1/( —1), we have mld(f, E) > 1/(I —1). Thus
by Theorem N;_1, mld(f , §) belongs to an ACC set, which implies that mld(X, B) also belongs to an
ACC set. |

Proof of Theorems E, N, and C These follow from Lemmas 7.1, 7.2, 7.3. O

Proof of Theorem 1.6 By [Han et al. 2022, Theorem 1.1], we may assume that mld(X, B) < 1. Now
the theorem follows from Theorem N. O

Proof of Theorem 1.4 This follows from Theorem 1.6. O

Corollary 7.4 (Corollary 1.5) Any sequence of Ic flips
(X, B) := (Xo, Bo) -—> (X1, By) ——> --- (Xj, Bj) > -+~
terminates in dimension 3.
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Proof We only need to check the conditions of Theorem 4.8 when d = 3. Theorem 4.8(1) follows
from [Nakamura 2016, Corollary 1.5] (see also [Han et al. 2022, Theorem 1.1]), Theorem 4.8(2) follows
from [Ambro 1999, Main Theorem 1] (see also [Nakamura and Shibata 2021, Theorem 1.2]), and
Theorem 4.8(3) follows from Theorem 1.4. O

We conjecture that Corollary 1.7 generalizes to high dimensions:

Conjecture 7.5 Let N be a nonnegative integer, d a positive integer, and I" C [0, 1] a DCC set. Then
there exists an ACC set I'” depending only ond, N and T satistying the following. Assume that (X, B)
is a kit pair of dimension d, such that

(1) coeff(B) € T, and
(2) there are at most N different (exceptional) log discrepancies of (X, B) that are < 1, ie
#({a(E, X, B) | E is exceptional over X'} N [0, 1]) <N,
then {a(E, X, B) | E is exceptional over X} N[0, 1] C I".

Theorem 7.6 Assume that Conjecture 1.9(1) holds in dimension d. Then Conjecture 7.5 holds in
dimension d.

Proof This follows from Lemma 4.3. O
Proof of Corollary 1.7 This follows from Theorems 1.4 and 7.6. ]

Finally, we show the following theorem for independent interest. Theorem 7.7 implies that in order to
show the 1-gap conjecture for mlds (see [Chen et al. 2021, Conjecture 5.4]), it suffices to show the 1-gap
conjecture for mlds of enc pairs. We note that the 1-gap conjecture has a close relation with the birational
boundedness of rationally connected kit Calabi—Yau varieties; see [Chen et al. 2021, Corollary 5.5; Han
and Jiang 2024].

Theorem 7.7 Let d be a positive integer, and T" C [0, 1] a set. Then

sup{mld(X, B) < 1| (X, B) is Q-factorial enc, dim X = d, coeff(B) C T}
= sup{mld(X, B) < 1| (X, B) isklt,dim X = d, coeff(B) C F}.

Proof Let (X, B) be a kit pair such that dim X = d, coeff(B) C I', and mld(X, B) < 1. By [Kollar and
Mori 1998, Proposition 2.36], we may assume that £, E;, ..., Ej are all exceptional prime divisors
over X, such that a(E;, X, B) < 1. By [Liu 2018, Lemma 5.3], there exist 1 <i < k and a birational
morphism f:Y — X which extracts exactly all E, E,, ..., Ej but E;, such that 1 > a(Ej;, Y, f*_lB) >
a(E;, X, B). Possibly replacing Y with a small Q-factorialization, we may assume that Y is Q-factorial.
Then (Y, £, ' B) is a Q-factorial enc pair with 1 > mld(Y, ;! B) > mld(X, B), and we are done. O
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8 Further remarks

Remark 8.1 (history of enc pairs) We briefly introduce some history on the study of enc pairs. In [Liu
2018, Lemma 5.4], a class of pairs similar to enc pairs, that is, pairs (X, B) such that mld(X, B) < a and
there exists only 1 exceptional divisor with log discrepancy < a with respect to (X, B), was constructed.
When a = 1, these are exactly enc pairs. However, [Liu 2018] only deals with the case when a < 1
and does not deal with the case when a = 1. [Jiang 2021, Definition 2.1] first formally introduced enc
varieties X, naming them “extremely noncanonical”. In dimension 3 and when mld(X) — 1, [Jiang
2021] systematically studied the singularities of these varieties, which played a crucial role in his proof
of the 1-gap conjecture for threefolds. [Han et al. 2022] introduced enc pairs (X, B) to prove the 1-gap
conjecture for threefold pairs.

Remark 8.2 (enc pairs and exceptional Fano pairs) We explain why we use the notation “exceptionally
noncanonical” instead of “extremely noncanonical” as in [Jiang 2021]. The key reason is that, as suggested
by Shokurov, we expect exceptionally noncanonical singularities in dimension d to have connections
with the global Ic thresholds in dimension ¢ — 1, while the latter is known to have connections with the
mlds of exceptional pairs in dimension d — 1 [Liu 2023, Theorem 1.2] (see [Han et al. 2024; Shokurov
2020]). Shokurov suggested us that the role of enc singularities in the study of kit singularities may be as
important as the role of exceptional pairs in the study of Fano varieties (see [Birkar 2019]).

Theorem 7.7 could provide some evidence of this for us: when d = 3 and I' = {0}, the 1-gap of mld
is equal to % (Theorem 3.15) and is reached at an enc cyclic quotient singularity %(3, 4,5). If we let
f:Y — X be the divisorial contraction which extracts the unique prime divisor E over X > x such that
a(E, X,0) =mld(X > x), then E is normal and

(P(3.4,5), 12(x{x2 + x3x3 + x3x; =0)) = (E, Bp),

where Kg + Bg ~q f*Kx|g = (Ky + %E)lE On the other hand, % is also expected to be? the
largest surface global Ic threshold [Liu 2023, Remark 2.5; Alexeev and Liu 2019, Notation 4.1] and can

be reached by the same pair (IP’(3, 4,5), %(xfxz + x§x3 + x§x1 = 0)) [Kollar 2013, 40].
Remark 8.3 (enc pairs, Calabi—Yau varieties, and mirror symmetry) Enc pairs also have a deep
relationship with Calabi—Yau varieties in different ways.

First, by Theorem 7.7, the 1-gap conjecture for mlds of enc pairs implies the 1-gap conjecture of mlds,
while the latter will imply the birational boundedness of rationally connected Calabi—Yau varieties by
applying similar arguments as in [Han and Jiang 2024, proof of Theorem 1.2].

Second, as mentioned in Remark 8.2, the mlds of enc pairs have connections with the global Ic thresholds,
while the latter is related to the minimal possible mld of kit Calabi—Yau varieties. Indeed, the 1-gap of the

31t is proven in [Liu and Shokurov 2023, Theorem 1.1] after the first version of this paper appeared.
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mlds of enc pairs is always smaller than or equal to the minimal possible mld of kIt Calabi—Yau varieties
of smaller dimensions, and they are expected to be the same (see [Esser et al. 2022, Proposition 6.1]).
Finally, the second author was informed by Chengxi Wang that the kit Calabi—Yau variety with minimal
possible mld should be associated with a kit Calabi—Yau variety with maximal possible index by mirror
symmetry (see [Esser et al. 2022, Proposition 6.1]).
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