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We build limit spaces (M j", gj) —> (X k d) of manifolds M i with uniform lower bounds on Ricci
curvature such that X* is nowhere a topological manifold, and in fact every open set U C X has infinitely
generated homology.

More completely, it is known that any such X* must be k-rectifiable for some unique dim X :=k <n =
dim M;. It is also known that if kK = n, then X" is a topological manifold on an open dense subset, and
it has been an open question as to whether this holds for k < n. Consider now any smooth complete
4-manifold (X*, 4) with Ric > A and A € R. Then for each € > 0 we construct a complete 4-rectifiable
metric space (X2, de) with dgu(X2, X*) < € such that the following hold. First, X is a limit space
(M jﬁ, gj) — X, 4, where M j6 are smooth manifolds satisfying the same lower Ricci bound Ric; > A.
Additionally, X has no open subset which is topologically a manifold. Indeed, for any open U € X# we
have that the second homology H,(U) is infinitely generated. Topologically, X? is the connect sum of
X* with an infinite number of densely spaced copies of C P2,

In this way we see that every 4-manifold X* may be approximated arbitrarily closely by 4-dimensional
limit spaces X, 64 which are nowhere manifolds. We will see that there is a sense, as yet imprecise, in which
generically one should expect manifold structures to not exist on spaces with higher-dimensional Ricci
curvature lower bounds.
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444 Erik Hupp, Aaron Naber and Kai-Hsiang Wang

1 Introduction

Let us begin with a historical discussion of measured Gromov Hausdorff limit spaces

(1) (Mjn,gj,vj,Pj)—>(Xk,d,U,P), Ricj > A, vj::&,
Vol(B1(p)))

and their structure. That metric space limits even exist in this context was the result of Gromov [1999,
Theorem 5.3]. Structural results for the limits X began in earnest with the almost rigidities of Cheeger
and Colding [1996, Theorem 6.62]. Their almost splitting theorem allowed them to show that X was the
union of rectifiable pieces of various dimensions [Cheeger and Colding 1997], and they conjectured that
the dimension is locally constant and hence unique. Colding and Naber [2012] resolved this conjecture
and showed that the limit X* is k-rectifiable for a unique k. More recently, an example of Pan and Wei
[2022] has shown that while X is k-rectifiable, its Hausdorff dimension might be larger than k. More
specifically, it is possible for the singular part of X to have larger dimension with respect to the Hausdorff
measure than it does with respect to the limit v-measure.

In the context where (1) is noncollapsed, which is to say Vol(B;(p;)) > v > 0, one can say quite a
bit more. In this case one has that k = n, and by volume convergence [Cheeger and Colding 1997,
Theorem 5.9] the limit measure v is the n-dimensional Hausdorff measure on X. The starting point
for a more refined analysis of X in the noncollapsed context is another almost rigidity of Cheeger and
Colding [1996, Theorem 4.85]. This time one considers the monotone quantity
0, (x) = Vol(Brix))
wpt

and shows that in the limit X it is a constant in r if and only if B,(x) is a metric cone. This opens
the door to the techniques of Federer [1970], which have been applied to many nonlinear equations. In
particular, one can decompose X = Reg(X) U Sing(X) into a regular and singular part and stratify the
singular part ¥°(X) C --- € $"71(X) = Sing(X). Cheeger-Colding were able to then use the Federer
dimension reduction to prove the dimensional estimates dim ¢t < 0. More recently, the work of Cheeger,
Jiang and Naber [Cheeger et al. 2021] was able to prove that F4(X) is L-rectifiable. This result is sharp
for £ < n—2 by an example of Li and Naber [2020], who built examples whose singular strata $¢(X)
are [-rectifiable, £-cantor sets.

For the regular set Reg(X') of a noncollapsed limit one can say even more. A Reifenberg-type result of
Cheeger and Colding [1997, Theorem 5.14] allows one to show that there is an open dense subset on
which X is a topological manifold. In the case where the M are boundary free it was shown in [Cheeger
and Colding 1997, Theorem 6.1] that X is a manifold away from a codimension 2 set. More recently,
it was shown by Brué, Naber and Semola [2022] that even in the boundary case one has a manifold
structure away from a codimension 2 set. That is, the top stratum of the singular set "1 (X) is itself a
manifold away from a codimension 2 set, and thus X is a topological manifold with boundary away from
a codimension 2 set.
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Lower Ricci curvature and nonexistence of manifold structure 445

1.1 Main result on topological structure

It has remained an open question as to whether in the collapsed case X needs to have a topological
manifold structure on some open dense subset. The main result of this paper is to answer this question in
the negative:

Theorem 1.1 Let (X*, /) be a smooth complete manifold with Ricy > A, where A € R. Then for every
€ > 0 there exists a metric space (X2, d,) such that

(i) den(X*, Xe) <e,
(i) X2 is 4-rectifiable,
(iii) there exist (M$.g;) <> (X2.d) with Ricg; > ).,
(iv) for all open sets U C X, we have that the homology group H,(U) is infinitely generated. Conse-

quently, every open set U C X is noncontractible and therefore not homeomorphic to Euclidean
space.

We will see that it is possible to build many such X#. In short, for each countable dense subset
% = {x;} € X and each collection of sufficiently decaying constants € > ¢; — 0 we will build X, by
connect-summing X # with a C P2 of size ~ ¢ ; at the collection of points ‘6. The topological picture will
be similar to a complex algebraic blow up, where we replace a point x; with a 2-sphere Sezj , though it
is important to note that this is purely topological and there is no complex structure being preserved in
this process. In particular, the geometric properties of the blow down map that sends the newly added
SGZJ_ to the chosen x; will be important to the construction. These blow down maps will explain how the
rectifiable charts of the space X, 64 collapse each of our added 2-spheres to points, which form a set of
measure zero. Most examples of rectifiable structures which are not manifolds arise by allowing for holes
in the space. The blow down picture here explains the ability to build a rectifiable space which is nowhere
a manifold, but also has no holes. By choosing these points {x;} and scales ¢; fairly freely we see that a
smooth structure is actually quite hard to obtain under higher-dimensional lower Ricci curvature bounds,
and in a certain generic sense we should expect limit spaces to not have manifold structures.

The above raises the question about whether if we assume bounds on topology we might obtain more.
There are two versions of such a question:

Question 1.1 Let (Mj”,gj, Vi, pj) mGH, (X*.d,v, p), where Ricj = A, vj := dvg; /Vol(B1(p;)) and
|Hy«(Mj,Z)| < A <oo. Thenis X ka topological manifold on an open dense subset?

Here, |H«(Mj, Z)| refers to the number of generators for the abelian group in question. We can phrase
the question directly on the metric-measure space itself in a very similar form:

Question 1.2 If (X*,d,v) is an RCD(n, 1) space with bounded homology |Hy (X, Z)| < 0o, then is X
a topological manifold on an open dense subset?
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Rephrasing the above: is the nonmanifold structure in Theorem 1.1 only possible in the presence of
infinitely generated homology?

Acknowledgements Naber was funded by National Science Foundation grant DMS-1809011 for much
of this work.

2 Geometric outline of construction

Let us turn our attention to the construction of the smooth manifolds (M j6, gj) = (X]f‘ xS2 h i+ sz gs52).
We will often write X Xz, S 2 to represent that we are geometrically considering the product of two
spaces with a warping factor f;. We can view X ].4 as the blow up of X4 at an increasingly dense sequence
of points. That is, to construct X j4 we will effectively take a collection of points {xj‘.’} C X* and replace
these points with 2-spheres. Each time we blow up a point, we are introducing a new noncontractible S?2
into the space. Geometrically, each S? being introduced will be of size at most €, but their sizes will
decrease quickly as the sequence continues. We will additionally alter the warping factor on the S? factor
of M j6 in order to preserve the strict Ricci curvature lower bound. As our collection of blow up points
becomes dense, we will arrive at our limit X 2.

Our construction will be inductive. That is, given M j6 which satisfies a handful of inductive properties,
we will explicitly construct from it M j6+1 with similar inductive properties. Our goals in this section will
first be to prove Theorem 1.1 given our inductive sequence, which we will do in Section 2.0.1. We will
then focus on the inductive construction itself, which will be broken down into steps. Each step will
consist of a main inductive lemma. The inductive lemmas will be proved later in the paper, but in the
meantime we will finish the inductive construction in Section 2.3 based on these lemmas. As such, our
goal for this section is to complete the proof of Theorem 1.1 modulo the proof of the inductive lemmas.

In order to state the conditions of our inductive construction, let us introduce the correct notion of
regularity scale for this paper.

Definition 2.1 (regularity scale) Let (M",g) = (X""2x S2 h+ f?gg>) be a smooth manifold with
x € X, and 0 < n < 1 a constant. Then we define the regularity scale

2 rx=r]:= max {ian(x) >rand sup Z (r2+k|Vk Rmy, | + r1+k|V1+k In f]) < n}.
O=r=l Br(x) o<k <2

Remark 2.1 The definition depends on a constant 0 < 1 < 1, though this constant may be fixed somewhat
arbitrarily. Pictorially, when 7 is small we are increasingly close to R”~2 x S2 with a product metric.

Remark 2.2 Tt follows that if r,, > 2r, then topologically B,(x) C X is contained in a Euclidean ball.

Remark 2.3 If r, > 2r, then we can write the metric /2 in exponential coordinates on B, (x) so that /1,4
is C? close to the identity and In f is C3 close to a constant. See Lemma 3.2.
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Now let (X, 1) be our chosen manifold from Theorem 1.1 with Ricy > A. We will go ahead and assume
X*# is compact, but it will be clear that this is not needed as all constructions are purely local. Primarily,
this allows us to discuss the construction in terms of some global parameters instead of choosing them
locally. Let us define

(3) AT := max{A : Ricy[v, v] > A|v|},

and observe that as X is compact we have AT > A. There is no loss in generality in us then assuming
that the constant € > 0 from Theorem 1.1 satisfies

4) e< 3T =)
Our inductive construction of (M j6, gj) will produce a choice of parameters
1 1+ € !
) rj= oy §; <8, ¢ =7 <6 Aj ::A+—I€Zek>k,
=1

where 0 < § < 1 will later be chosen sufficiently small. We will let our base step of the induction be
represented by the space M, 06 := X*x S? with product metric gg = h+8§%gg2. Our inductive assumptions
will be the following:

(I1) We can write Mj6 = Xj4 x S2, with metric g; = h; + szgsz satisfying Ricg; > A;. The space
(Xj4, hj) and warping function fj: X; — R™ are smooth with | /| < §;r;.
(I2) We have a smooth mapping ¢;: X; — X;_; and a maximal disjoint collection { By, (x]‘.’) CXjla
subject to the conditions
(12) {xfla € {x € X 1re =4y},

(I2.b) ¢ji(Bar; (x1) N{xP} = @, where ¢ji = piy10---0;: Xj — X; fori < j.
(I3) The mapping ¢;: X; — X;j_; is a diffeomorphism away from ¢j_1 (x}‘.’_l) >~ §2, an isometry away
from d)j_l (Br;_, (xj’.‘_l)), and ¢j_1 (Br;_, (xj‘?_l)) is diffeomorphic to the generating line bundle
E — S2.
14) ¢j_1 (x;l_l) =~ S2 are totally geodesic, round 2-spheres of radius < §;7; in X;. We have | D¢;| <
C(6),andif x, y € Xj with d(x, y) > §;r; then (1=8;)d (x, y) <d(¢j(x),¢; () <(1+8;)d(x, y).

The notation C(6) above tells us that | D¢| is uniformly bounded by a dimensional # = 6 constant, which
in this case is just a uniform constant.

Let us discuss some of the above properties and their implications. Condition (I1) tells us that from a
geometric standpoint M j6 is globally a warped product over X #, and that geometrically the S? factor
is disappearing in the limit. Condition (I2) is an enumeration of the points we will be doing surgery
around to move from X to Xj . The important point to observe is that necessarily this set is becoming
increasingly dense by condition (I2.a), as the points are maximal subsets inside the set whose regularity
scale is too large.
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To move from Xj to X we will be performing surgeries on the balls B, (xJ‘.‘ ). Condition (I3) is telling
us that the surgery is topologically a connect sum with C P2, where we are replacing each x}’ with a
2-sphere. Near xj‘.‘ this has the effect of replacing the diffeomorphic ball B, (xl‘.’) with the total space
E — S? of the generating line bundle over S2. Note that the unit sphere bundle in E is S3, and hence
this is the right object for gluing. From a topological perspective, moving from X; to X adds a second
homology generator for each xj‘?. Condition (I2.b) is telling us that our surgeries never intersect the
previously added 2-spheres.

Condition (I4) is explaining the geometric properties of our blow down maps ¢; : X; — X;_;. These will
each be smooth mappings, indeed uniformly Lipschitz, and will be Riemannian isometries away from some
small neighborhoods of the blow up points. We will see that the limit map ® :=lim; o ¢j1: X, 54 — X4
is uniformly Holder and locally bi-Lipschitz away from a set of measure zero. In particular we will have a
single rectifiable chart of X, 64 over X4, that is an a.e. defined locally bi-Lipschitz map onto a full-measure
subset of a smooth manifold. The blow up 2-spheres will all be collapsed to single points under this

mapping.

2.0.1 Proving Theorem 1.1 given the inductive spaces M]‘.S Before focusing on the inductive con-
struction itself, let us see how to use (I1)—(I4) in order to finish the proof of Theorem 1.1.

Let us begin by studying properties of the spaces X j4. For each i < j let us write {S jzl. ala = {¢j_l.1 (x{)}a-
Notice by conditions (I4) and (I2.b) that these are disjoint totally geodesic round 2-spheres inside of X 1.4.
Additionally, by (I3) and a Mayer—Vietoris sequence we have that

6) mi(X}) = (XY with Hy(X}) = Ho(X*) @ @D ([S7a))-
i<j,a
In particular, the rank of the second homology is growing in step with these two spheres.

Let us now flesh out the geometric properties implied by (I4) more completely. From (I4), we expect
the Lipschitz constant to be uniformly bounded, but not necessarily close to 1. On the other hand, (14)
also tells us that the Lipschitz constant is close to 1 away from a small neighborhood of the diagonal in
X4 x Xj4. Consequently, we have the following bounds:

J
d(x,y)>éjrj, then (1—34;)d(x,y) <d($;j(x),¢;(y) <(1+6)d(x,y),
d(x,y) <éjrj, then d(¢;(x),¢;(y)) <Cd(x,y) for C = C(6).

Thus we can take the Lipschitz constant to be small if the distance between two points is also not too

(7N Ifx,yeX; with{

small. This in particular implies the much weaker estimate
(8) ¢jisaCéj < C27/§-Gromov Hausdorff map.
By composing, we see that Xj4 is always C§ < €-GH close to X* for small enough §.

The importance of these estimates is that our real goal is to obtain uniform continuity for the maps
¢ji: X; — X; from (I12.b). It is too much to ask that they be uniformly Lipschitz. However, for
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8 < 8(C) = 4(6) in the construction, condition (I4) will now allow us to show that the ¢;; are uniformly
C* maps. Indeed, for any fixed x, y € Xj, write r := d(x, »), and then using (7) we can estimate

) dgjix). ¢ < [ < J] +é0r
k<jr=<éiri k<j:r>68;ry

To estimate the above we will use that §; < §!*/, which gives us that

(10) d(¢ji(x). ¢ji (1) = (1 +8)CMOMO2r = (14 6)r*®,

where a(§) = 14+ In(C)/In(§/2) - 1 as § — 0.

Now recall by (8) that ¢; isa Cé; < C 27/ §-Gromov Hausdorff map. Consequently we have that
$ji: Xj—> XiisaC Y ispsipr 6k = C27"§-Gromov Hausdorff map. This tells us that {X;} is a Cauchy
sequence, and so

(11) (X;,dj) s (Xe, d).

Note that this is not a subsequential convergence but an actual convergence by the Cauchy condition. It
follows from (I1) that M SR x 4 as well, since | fj| <8jrj — 0. As the maps ¢;; witness the GH-Cauchy
condition, we can take limits

(12) lim ¢j; 1= ®;: X} — X;,

j—oo
where the ®; are also C27%§-Gromov Hausdorff maps. It follows from (10) that the ®; are C*-Holder
maps,! or more precisely that

(13) d(@i(x), ®i(y)) = (1+8)d(x, y)*.
Importantly, we have that the ®; are continuous maps.

Now recall from (I3) and (I4) that {S jzl- g SX j4 are totally geodesic round 2-spheres in X j4. Note also

that for i < j < k we have by (I2.b) and (I3) that ¢, j |S/%ia S ]fl.a — S jzl. o 18 an isometry. Consequently,
we can limit our sequences of 2-spheres to get round 2-spheres
(14) lim {87, € X} = {S{, € X&)

j—o0

Q2 2
Note that ®; |Si2a :Sia = Siia
is at most r;8;. Now we claim that each Siza cX 64 is a nontrivial generator in the second homology group

as well. Indeed, assuming this is not the case, there must be a continuous 3-chain v : A > X 64 with

is an isometry for every j > i; in particular, the radius of each 2-sphere Sl%z

boundary 9y = S?,. If we compose with ®; then this gives us a continuous chain ®joy: A - X 1.4,

whose boundary is the 2-sphere S jzl. 4~ However, as we know that § jzl. 4 18 a nontrivial generator in the
. . . . . 2

second homology group, this is not possible. A similar argument shows that each {S;, } generates an

independent factor in the second homology group.

1 fact, the ®; are rectifiable charts. Indeed, the ¢; are (1 + §;)-bi-Lipschitz away from the bubbles ¢j_1 (ng_1 i1 (x;.’_1 ),

and uniformly locally bi-Lipschitz away from the added 2-spheres. Composing these estimates as in (10) shows that for any
j >0, the ®; are C(i, j)-bi-Lipschitz away from Uk>i,a Brkéj N (Slga).
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Finally, let us show more carefully that the 2-spheres {Sl%l},-,a are dense in X¢. Fix any x € X¢ and
€’ > 0. Consider ®;(x) € X; for some large i such that ®; is an ¢/-GH map. We claim that we can
find xj‘.‘ € Xj for some j > i such that d(gbji(xj‘.’), ®;(x)) < €. Since ®; = ¢j; o P;, it is then clear
that the 2-sphere S jza = <I>j_1 (x]q) is contained in the ball By (x). To prove the claim, suppose it is
not true. Since ¢;; is a C27'§-Gromov Hausdorff map, we then have x;.’ & By _cq-is(Pj(x)) for any
J =z i and any blow up point x7. Thus the ball B.,_c;-i5_,, (®;(x)) has the same Riemannian metric
for all such j. In particular, ®; (x) will have the same regularity scale for all such j —note that the
regularity scale is invariant under scaling of the warping function /. Now for j large enough, a point in
Bo_ca-i5—r,(®j(x)) has to be blown up since the collection of blow up points is maximal. This is a
contradiction.

Thus we have our limit space X and a dense collection of two spheres {Sﬁl} which are all generators in
the second homology group, as claimed. This finishes the proof of Theorem 1.1 under the assumption
that we have built our inductive sequence M j6 satisfying (I1)—(14). O

2.1 Step 1: the gluing block % (e, a, §)

In order to prove Theorem 1.1 we are therefore left with showing how to build Mj 11 = Xj11 x5, | S 2
from Mj = Xj x5, S 2 in the inductive construction. The first step of the construction will build what is
our main gluing block. When we move from X; to X; 1 we will take our appropriately dense collection
of points {x]‘.’} and replace a small neighborhood of each with our gluing block &B. From a topological
perspective, it will be a connect sum with a copy of C P? near each qu, so that we are blowing up the
points {xj‘.’} and replacing them with 2-spheres.

Our main constructive lemma in this step of the construction is the following:

1

10°
smooth Riemannian manifold % (¢, «, §) with Ricg > 0 and such that:

Lemma 2.2 (inductive step 1) Forevery 0 <€ < 0 <a <a(e) and 0 < 6 < (€, @), there exists a

(i) B is diffeomorphic to E x S?, where E is the total space of the generating line bundle E — S?.
Further, (B, g) has a warped product structure g := g + fzgSz.

(ii) There exists U = Ug x S* C B such that B\ U is isometric to a neighborhood of infinity in
C(S}_,) Xspe S* with the metric dr? 4+ (1 —€)?r?ggs +§*r*¥gga.
Further, there existsa¢: (E,gg) — C(S13_E) such that:

(i) ¢ is a diffeomorphism away from the cone point 0 € C(S?), with ¢~1(0) = S? an isometric
sphere.

(i) |D¢| < C is uniformly bounded with ¢ an isometry away from UE.

Note that 3B \ U looks very pGH-close to R* x S 2, where the degree of closeness is being measured by e,
o and § in a quantitative manner.
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2.2 Step 2: adding cone singularities

The second step of the construction involves changing the geometry near each xj‘.‘ so that the gluing
blocks B, which have a very specific geometry at infinity, may be isometrically glued along an annulus
into X;. Let us begin with a broader discussion before stating the main constructive lemma.

Let us start with a discussion of the density of singularities. It is known — see for instance [Otsu and
Shioya 1994, Example 2] — that one can build examples (X, /) with Ricy > 0 for which the singular set
is dense. In fact, the example in [loc. cit.] has positive sectional secy > 0 and even full positive curvature
operator Rmy, > 0. What is at first counterintuitive is that the constructions of [loc. cit.] not only produce
but essentially rely on these stronger curvature conditions. That is, the construction of singularities with
Rmy, > 0 in [loc. cit.] is very analogous to the construction of convex functions with nonsmooth points.

Let us now consider what is almost the reverse direction. Begin with a smooth space (X, /) with some
form of lower bound on the curvature and ask about adding cone singularities near any point x € X
without destroying the lower curvature bound. If for instance sec; > A > 0, then one can accomplish
this by performing a C° gluing in the spirit of [Perelman 1997, Section 4]. Namely, one can remove a
sufficiently small neighborhood of x € X and isometrically glue in a rescaled spherical suspension of
the boundary. There will be what is essentially distributional curvature added along the gluing, but the
secy > A assumption will allow us to guarantee that these distributional curvatures all have the right sign.
In particular, one can smooth near the gluing region and preserve the sec; > A > 0 condition.

The procedure described above of adding cone singularities near any point does not work if we are only
assuming Ricj, > A. In short, the distributional curvature added from the C° gluing is due to the difference
in second fundamental forms of the boundary on the two sides of the gluing. This second fundamental
form in turn is closely related to sectional curvature, and Ricci curvature control is not sufficient. It turns
out that we need to exploit better the local geometry near x € X in order to control the Ricci curvature.

In Step 2.1 of Section 5, we will see how to resolve this problem and add such cone singularities to
arbitrary spaces satisfying Ricj, > A without destroying the lower Ricci curvature bound.? The inductive
lemma of this step of the construction is a generalization of this discussion and will allow us to also
add conical singularities with a fixed warping structure near every point. This extra warping control is
necessary in order to use the inductive lemma of Step 1 to add our desired topology. We will focus on the
6-dimensional case M = X* x S? of interest, though it is clear that dimension is not a relevant constraint.
Precisely, we have the following local gluing lemma, which focuses on a ball with controlled regularity
scale:

Lemma 2.3 (inductive step 2) Consider a warped product space (Bg (p) x S2, g), where the metric
g =g+ f*gg- satisfies injg,(p) > 2, Ricg > A and

(15) IRmg |, [VRmg, |, [V2Rmg, |, [VIn £, [V2In f|, [V In f|<n< 1.
2The construction in Section 5.1 is a bit more general; one can drop the warping factor to obtain the claimed result.
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Write r := distg 5 (-, p). Then for all choices of parameters 0 <€ <€(|A]),0 <o <a(€),0 <7 <7(a, A, €)
and0 <6 <8§(A,a, €, || f|lpoe.T), there exists 0 < § = 5( 6] f|loo | @, A, €) and a warped product metric
g=23p+ [ 2gg such that:
(i) The Ricci lower bound Ricg > A — C(4)€ holds for 7/2 <r < 2.
(i) g=gp+ ngzgsz is unchanged up to scaling the warping factor f by §forl<r<2.
(iii) §=dr?4+(1—e)?*r?ggs +8%r**gg> has the cone warping structure C(S}__) Xgpa S? for r <F.
(iv) The identity map Id: (B,(p), 2B) — (B2(p), gB) is (1 + 2¢)-bi-Lipschitz.

Remark 2.4 Our notation of the constant dependence &( 8A|| flloo | @, A, €) means 6 — 0 as <‘5A|| flloo—0
with the other constants o, A and € fixed.

Remark 2.5 The caveat in (i) that Ricgz > A — C(4)€ only away from a small neighborhood of the cone
point, eg By/»(p) xS 2, cannot be improved. This is simply due to the fact that the fixed warping structure
C(S 13—5) xgsre S? has infinite negative curvature at the pole, in particular it has Ric| g2 —~>—ooasr —0.
In practice, B7/»(p) x S 2 will be replaced by a rescaled bubble % obtained from Lemma 2.2, which does
have the appropriate Ricci lower bound.

In practice the above works as follows. If M = X xy § 2 is a smooth manifold with a lower Ricci
curvature bound and x € X, then the above tells us we can find a potentially very small neighborhood
Byp(x)x S 2 in which we can change the geometry of M. Specifically, after shrinking the warping factor
by 8 , we can alter the metric so that the ball Bz,(x) x S 2 will be isometric to that of the warped cone
C(ST_0) Xsp(r /o) S*.

In the case of no warping factor, as per the discussion before the statement of the above lemma, we
can repeat this process indefinitely in order to produce a dense set of singularities. In the case of a
warping factor we can similarly repeat this process indefinitely, but also combine with the inductive
lemma (Lemma 2.2) in order to glue topology in at each step. We will discuss this construction more
carefully in the next step.

2.3 Step 3: constructing M ;¢

Let us now see how to use the inductive steps of Lemmas 2.2 and 2.3 in order to complete the inductive
step of the construction and build M; 1| from M;. Thus let us assume we have built M; = X; x S? with
gi=hj+ sz gs2 and Ricg;, > A;. Let us also choose a maximal disjoint collection { By, (xj‘.‘)} such that
(X9} C{x € X} :ry = 4rj} and ¢ji (Bar; (X)) N{xP} = 2.

Due to the unfortunate number of constants being accounted for in the construction, it is helpful to briefly
remark on what will happen. The goal is to construct M;_ in two steps. First we will take each ball
By, (x]‘.‘) C X; and apply the inductive step of Lemma 2.3 in order to add a warped cone singularity on
Bz, (xj‘?). This space is not smooth at the cone point x]‘? of course, but will have appropriately positive Ricci
at least outside of By, /z(xj‘.’). We will then apply the inductive step of Lemma 2.2 to replace each warped
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cone By, (x;.’) with the smooth bubble metric % of positive Ricci. This will produce Xj 1, and if we
choose the various constants sufficiently small at each stage, we can do this while keeping control of both
the space and its relationship to X;j. That is, we can show the inductive hypotheses (I1)—(I4) are satisfied.

Let us now describe the modifications to each disjoint ball By, (x]‘.‘) x S? in more detail. It will be more
convenient to describe the process on a single rescaled ball B, (p) x S? := r_1 (B2, (x”) x §?) with
metric g = gp + f2gg2 := i 2(hj + f gs2) =rj2gj. Observe that the ball B, (p) x S2 satisfies the
criteria of Lemma 2.3, with R1cc1 lower bound rz)\ Therefore let us apply Lemma 2.3 with input
parameters €', «, 7, 8 and output parameter d;. We choose €', «, 7 and 5 to satisfy the conditions of
Lemmas 2.3 and 2.2, but we may further shrink these constants later.

The previous application of Lemma 2.3 to B, (p)xS? produced a metric g = gp+ f g 52 such that f =5 f
and gp = gp on the open set A »(p). Note additionally that by choosing €’ < €’(€j 41, rj) small enough,
we can ensure that Ricg > r; 20 j+1 holds away from Bz, (p)xS=. 2 Inside the inner radius, (B3 (p)xS?, 2)

is isometric to the cone warping structure B;(0) x S2 C C(S3 ) x; 1 S2. We wish to replace this inner

ball with a rescaled copy of the gluing model B (€', «, §(€’, al)) Efrom Lemma 2.2. Recall from Lemma 2.2
that U C % is an open set such that B\ U is isometric to dr? + (1 —€')?r2ggs + (8(¢', ))*r?%gga.
Let % be a rescaling of % so that the rescaled core U < B is contained in a bounded region with a
collar neighborhood V of its boundary isometric to A7/, 7(0) X S 2ccC (S; 3 _er) Xspre ST, 2. for some
811 =811 (7, a0, €'). We additionally require that 7 < 7(|A; 41/, r;) is small enough so that Ricg > I )x]+1
in this region. In particular, if we multiply f by min(8z, 677)/6; and multiply the warping factor of %
by min(8;,877)/811, then we can define a warped product (B, g) from (B,(p) x S2, &) by removing
Bz/h(p) x S 2 and isometrically gluing the rescaled model 3 into B;(p) x S? along V. Note that for
warped product geometries, multiplying the warping factor by a constant < 1 only increases the Ricci
curvature — see Remark 3.2 —so Ricg > rjz)\jﬂ.

We now seek to replace the original ball B;,, (xj‘.‘) xS2CM i with the rescaled rj@. By construction,
rj% is a warped product over a compact manifold with boundary, with a collar neighborhood of its
boundary isometric to (Ay; 27, (p) X S2,hj + (gfj)zgsz), where § := gmin(SI, 8rr)/8r. If we multiply
the warping factor of M; by 6 — which is independent of the choice of point in {xj‘?}! — then we see that
By, (x;.’) x §? can be replaced by rj973, glued isometrically along A, >y, (p) X S 2. We similarly replace
Boy, (xJ?) x S? for each other a to form (Mjt1,8j+1)-

We have almost completed our construction. For any choices of € > 0 and 7 > 0 appropriately small our
construction above holds, and we need only make choices. Observe that we can define ¢; 1: Xj 1 — Xj
to be the identity outside of ( J, By, (x") On the union of annuli | J,(By, (x“) \ Bz, (xJ‘.’)) we have
by Lemma 2.3 that | D¢ — I| < C€’ if we set ¢pj; := Id setwise on this region. We can use the
second part of Lemma 2.2 in order to extend ¢; 1 to each glued bubble r; B, so that |D¢j 1| < C(6) on
{Bsr; (x{)}. If we now choose € <€'(8j41) and 7 < §j41/2 sufficiently small, (7) holds. This finishes
the construction of M; 1. O
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3 Preliminaries

3.1 Ricci curvature of warping geometry

The underlying ansatz for all constructions going forward is the warped product with S2. We have several
formulas for the curvature of such spaces which will be used in this paper. In this section we collect
together some elementary remarks and formulas about such constructions. These will be the starting
point for many of the other formulas computed in this paper.

Let us now be more precise: consider the data of a smooth Riemannian manifold (X, #) with a positive
function f: X — (0, 00). We can form the warped product of X with S? as follows:

(16) X xp 8= (X xS h+ f2gg).

Thatis, X xS 2 is a Riemannian manifold that topologically has the structure of a (trivial) sphere bundle
S? X Xf S2 X5 X. The fibers 771 (x) = S}(x), for x € X, of the projection map 7 are metrically
round spheres of radius £, and are orthogonal to the natural sections X x {w} for @ € S2. Denoting
M :=XxzS 2, we will therefore use the orthogonal splitting to make the identification TM =~ TX @ TS?.
We obtain the following concise formulas for the Ricci curvature of M in the complementary directions:

VZ
(17) RICM |TX =Rich _2(}’—]{]{)’
: 1 Vaflp Awf
(18) RICM |T52 = (ﬁ_Th_ f )fzgsz‘

Let us make a couple of remarks about the general form of these identities, which we will use without
further comment throughout the rest of the paper:

Remark 3.1 There is no cross-term in Ricpy, ie Ricps (v, w) = 0 for v € TX and w € T'S?. In practice,
this splitting of the Ricci curvature into orthogonal blocks will allow us to subdivide the problem of lower
bounding Ricys into two distinct steps.

Remark 3.2 The scaling action f +> A f for A > 0 leaves the 7X directions Ricyys |7y invariant, and acts
on the 7.S? directions by Ricps |7g2 = A% Ricps |72 + (A ™2 — 1)A%gg2. Thus, Ricyy is nondecreasing
under the scaling f +— A f when A < 1. In practice, this will mean that Ricys |rg2 can be made as large
as desired, without disrupting Ricys |7a7, by multiplying f by a suitably small positive number.

3.2 C! gluing lemma for warping geometry

We state in this subsection a C'! gluing lemma. It is a slight generalization of a result of Menguy [2000,
Lemma 1.170], and its proof is essentially verbatim. We will make use of it in both steps of the
construction.
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Lemma 3.1 (C' warped geometry gluing) Let (M", h) be a smooth manifold with N"~1' € M a
complete smooth submanifold. Consider (M" x S*, g), where g = h+ f*g gk is a C! warped product
metric. Assume further that

(1) & and f are smooth on M \ N and have smooth limits from each side of N,
(i) infRicg > A on (M \ N) x S*.

Then for every open set N € U and number € > 0, there exists a smooth metric gy = hy + fégsk
on M x Sk such that Ricg,, > A and gy = g outside of U x Sk. Moreover, one can arrange that

lg _gU”Cl(UxSk) < €.

Remark 3.3 It is enough to assume that g is C* on M \ N.
Remark 3.4 The verbatim result is true for more general warping factors other than spheres.

3.3 Regularity under the exponential map

The following is relatively standard, and the proof goes through a series of Jacobi field estimates; however
it is surprisingly difficult to find a precise reference for it. For the convenience of the reader we state the
result precisely below:

Lemma 3.2 (regularity of exponential map) Let 0 < n < 1 be a number and (B1(p), g) a metric ball
which satisfies the regularity scale estimates
k
(19) inj(p) > 1 with Y [V'Rm| e <.
£=0
Given an orthonormal basis {0,} of T, M, let g, = exp* g be the metric in exponential coordinates.
Then we can estimate

k
(20) Z(r‘zHgab —8apllLee + > r M 0cgapllLoe + Y Y ||a§lmclgab||m) <C(n.k)n.
c

ab =2 Cl,..0sCe

Remark 3.5 Let us say a few words about how these estimates can be proved. One rewrites the
metric derivatives in terms of the Jacobi vector fields J, := rd, along radial geodesics passing through p,
eg dcgap =1 2(g(Vy.Ja, Jp)+8(Ja, V., Jp)) for 3. L Vr. To obtain estimates on the iterated covariant

derivatives Jy,, . q,.b =V Tay -V Ta, Jp, one uses the equation they solve:

0= VJal e V‘Iak (Jb/, + R(Jb, 8;‘)8,«) = J:l,,,,,akab + R(‘]al,...,ak,b’ 8,4)8,4 + Eal,...,ak,b-

The inhomogeneous term E,, 4, p depends only on lower-order covariant derivatives J¢, ... ¢, Jg for

..........

£ < k, which inductively have already been estimated, the base case £ = 0 being the standard estimates
for Jacobi vector fields as in [Jost 2017, Chapter 6.5]. One can then proceed to estimate solutions of this
inhomogeneous ODE, eg by Duhamel’s principle.
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Remark 3.6 Let us briefly compare this regularity estimate and proof sketch with another possible
approach. First, one switches to harmonic coordinates and uses the assumed injectivity radius and
curvature bounds (19) to obtain C k+1.e control on the metric in these coordinates for any 0 <o <1,
following [Anderson 1990]. Then, one converts this into C k=L control on the metric in exponential
coordinates by [DeTurck and Kazdan 1981, Theorem 2.1]. The loss of (1 — «) derivatives compared to
Lemma 3.2 is immaterial in our context, where we are only ever working on the regularity scale in a
smooth manifold.

Our primary use of the above will be to view the metric g as a form of twisted cone. Namely, in

the context where inj(p) > 1 as above we can use exponential coordinates to write the metric g on
B (0)CC(S*™1)=R"as

21) g=dr* +r’g,,

where g, is a smooth family of metrics on S”~!. The estimates above can then be understood as estimates
on this family g,:

Corollary 3.3 (cone regularity of exponential map) Let (B(p), g) be a metric ball which satisfies the
regularity scale estimates (19) with 0 < < 1. Let us use exponential coordinates to write g = dr> +r2g,
as in (21), where g, is a family of metrics on S "=1_Then we have the estimates

k

(22) D Ve (8 —gs3)Loo(ss g p) < Cln k) 12,
£=0

k—1 k-2
Ve &rllLoe(ss gy < Cokynr, Y Vg &) lLoo(ss gy < C k).
£=0 £=0

4 Step 1: the gluing block

In this section we build the gluing block of Step 1 for our construction. Our 4-manifold of interest for this
gluing block is the generating line bundle £ — S2, which we can topologically also view as C2 blown-up
at the origin. We will build a metric of positive Ricci curvature on E x S? which has the property that
at infinity it looks roughly like R* x S2. More precisely, it will be isometric to the warped product
c(s 13_ o) Xsra S 2 near infinity. The precise lemma is the following:

Lemma 4.1 (inductive step 1) Forevery 0 < € < %, 0<a<a(e)and 0 <6 < §(¢, ), there exists a

smooth Riemannian manifold % (e, a, §) with Ricg > 0 and such that:

(i) B is diffeomorphic to E x S?, where E is the total space of the generating line bundle E — S?.
Further, (B, g) has a warped product structure g := g + f*gg> for some smooth f: E — R™.

(ii) There exists a U = Ug x S? € B such that B \ U is isometric to a neighborhood of oo in
C(S}_,) Xspe S* with the metric dr? 4+ (1 —€)?r?ggs +§*r*¥gga.
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: . 3 .
Further, there exists a ¢: (E, gg) — C(S{_,) such that:

(1) ¢ is a diffeomorphism away from the cone point 0 € C(S 13_ )» with ¢~ 1(0) = S? an isometric
sphere.

(ii) |D¢| < C is uniformly bounded with ¢ an isometry away from Ug.

Remark 4.1 As usual our use of the notation C(.S 13—5) xsra S? means we are looking at the warped
product metric on C(S3) x S? givenby g :=dr? + (1 —€)*r’ggs +8%r*%gqo.

The proof of the above lemma is broken down over the remainder of this Section. In Step 1.1 of Section 4.1
we begin by writing down a metric on (E, g g,1) with nonnegative Ricci curvature, and which looks like
a cone at infinity. This cone however may not be close to R* at this stage.

In Step 1.2 of Section 4.2 we will write down a metric on E x S? of the form g, = g » + f}7gg2. The
base metric g > := gg,1 will simply be the metric from the first step, however we will now equip the
metric with a warping S2 factor f>(r) := 8,(1 + r2)*2/2. The polynomial growth of the warping factor
will add extra curvature which will be useful in flattening out the cone in the third step.

In Step 1.3 of Section 4.3 we will use the extra curvature provided by the warping factor to slowly increase
the cone angle of g g until it is close to Euclidean. In Step 1.4 we will fix the warping factor so that our
space becomes isometric to the warped cone C(.S 13_ o) Xsra S? near infinity. At several steps we will only
build geometries which are globally C!, but we will end the construction of Lemma 4.1 by applying the
C! smoothing Lemma 3.1 in order to fix this issue.

4.1 Step 1.1: bubble metric with positive Ricci

Consider the generating line bundle E — S?2, and let us observe that the unit sphere bundle is diffeomorphic
to S3. In particular, if we remove the zero section then E \ S? is diffeomorphic to Rt x S*. We will
begin by writing our metric in this degenerate coordinate system. To do so let us choose the canonical
left-invariant vector fields X, Y, Z on S3 so that they satisfy the commutator relations [X, Y] = 2Z,
[Y,Z]=2X and [Z, X]=2Y. Let dX, dY and dZ denote the dual frames. We first consider a metric
on R* x §3 of the form

(23) gE.1 =drP 4+ A(r)?dX* + B(r)*(dY? +dZ?).
In order for this to define a smooth metric on E it is required that A4(0) = 0 with 4" (0) = 0 and

B(0) > 0 with B©49) = (. Our construction for this step is the following:

Lemmad4.2 Letgg, beasin (23),andlet 0 <m < ﬁ with r; := 2. Then there exist A(r) and B(r)
such that

(i) A(r) = B(r) with A'(r) = B'(r) = m forr > ry,

(il) gEg,1 defines a C! metric on E, smooth away from r = ry, with Ric > 0 on the smooth part, and

Ric > %kZ > 0 on U, :={r <ry} for some constant k = k(m).
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Remark 4.2 For r > ry, we have that gg ; = dr? + A(r)zgs3 is exactly the cone metric on C(S,fl).

Proof of Lemma 4.2 Let £ > 0 be the smallest number satisfying the relation

(24) m = cos(kry).
Clearly we then have %71 <kr < %n. Let us define A(r) by the formula
1
—sin(kr) ifr <ry,
2 A=) iz |
— +m(r—ry) ifr>ry.

To define B(r) let b = b(m) < v 1 —m?/k be taken so that we can find a smooth function with
b ifr < %rl,
0<B"<4—m if Ly <r<r

(26) B(y=1"=%"=7 =TS

1 —m?

+m(r—ry) ifr>rq.

1

Note that in this case we necessarily have 0 < B’ <m < A" and B > A. Together with kr; < 57 and

m< we can estimate

ﬁ’
(27) b= B(%rl) > B(r1) —m(ry — %rl) > %(\/ 1 —m? —%mn) > i

Observe from the behavior of 4 and B as r — 0% that g E,1 indeed defines a smooth metric on E near
the zero section; see eg [Perelman 1997].

Let us now estimate the Ricci curvatures. For r < %rl, we have (note that B’ = 0 = B” here)

A// B//
28 Ric(d,,0,) = —— —2— = k2,
(28) lc(r r) A B
(X X A" _A'B A%,
Ric[ —, — |=-—=-2 +2— > k2,
X |X| A AB B4

" Y Y " zZ Z B" A'B (B 2+ 2 +232—2A2
icl —,— |)]=Ric] —, — | =——— —| = _—t
Y] Y] VARVA B  AB B B2 B4

2 2k?

2 - ’
B(V])2 1—m2

which is clearly appropriately positive. For %rl <r <ry, we can estimate

A" B 4m/ry 48m
29 Ric(d,,0,) = —— —2— > k2 -2 L1 >p2[1-22),
29) €@ ) = =" =27 = 12k = ( 71)
X X A" A'B _A? m  2k%sin*(kry/2)
Ric[ =, = | =-"— — 22 > k2 =2k cot(kr /2
1C(|X|’|X|) A AR BT ok e T T )
1
> k21 —4V3m + —— ),
> k%( fm+2(1_m2)2)
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" Y Y Ri zZ Z B" A'B (B 2+ 2 +282—2A2
icfl—,—)]=Rie{l —,— | = ——"—| — _—t
Y| Y] 1Z|"|Z] B  AB B B2 B*
4 2 k2
> m/”—kcot(krl/z)i—( e ) v

- 1/2k 1/2k 1/2k 1 —m?
2 24
Zkz( ——m—2«/§m—4m2).

1 —m? T

Again observe that for m < ﬁ we have the appropriate positivity. Finally for r > r{, we have (note that

A = B is affine here)

X X 1—(4)? 1—m?
30 Ric(9,,9,) =0, Ric| —,— ) =2 =2 .
Since m < ﬁ we have Ric > 0 for r > r;. This completes the construction. a

4.2 Step 1.2: bubble metric with S? warping factor

Recall that we ended the last step by constructing a metric gg,; on £ — S 2 which has nonnegative
Ricci curvature and is a cone C(S,}) outside a compact subset. The sphere S2, in this cone is, however,
potentially quite small, and we will want to take the radius of this sphere closer to 1 in order to geometrically

flatten out the space.

In this next step of the construction, we want to add to gg 1 a warped S 2 factor. This factor will add
additional curvature to the radial directions, which will be used in subsequent sections to flatten out our
cone structure. In this step we will look for a metric of the form

(31) g =gEa2+ 2(r)’gs2 =gE1 + [2(r)gs2.
In particular, we will not change the metric on our base F in this step. The warping factor f,(r) will be
given explicitly by

(32) f2(r) =81 +12)5/2.

Our main purpose in this step is to see that g, always has positive Ricci curvature:

Lemma 4.3 Let g, be as in (31) and (32). Then for any 0 < oy < ap(m) < % and 0 < g, <1,
(33) g2=8Ea2+ fr8s2 =dr’ + A(r)?dX? + B(r)*(dY* +dZ*) + f2(r)*gs>
defines a C! metric on E x S?, smooth away from r = r; with Ric > 0 on the smooth part.

Proof Note first that as fz(Odd) (0) = 0, the metric is smooth near r = (). Calculations together with the
results from the previous subsection give that for r < ry,

/ 14 _ 2
Gy Lo o L o g e,
fr 1+r2 7 2 fr  1+r2 1472
A f) _ .kcos(kr)azr Lo cos(kr) < B'f] L
Afy  sin(kr)(1+r2) 1+7r2 272 Bfy ™ B(3r1) 2
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We use the subscript index o for coordinate directions on S that are orthonormal for g g2 (and diagonalize
the corresponding block of Ric) at the point of calculation. We now estimate the Ricci curvature of the

whole space for r < r; (with Lemma 4.2):

A// BN 1"
(35) Ric(d,, d,) = -~ 2? —2722 > 1k* —2as,

X X A" A'B A2 A f)
Ric[ —, — |=—"——2"" 42=_ 2 1
1°(|X| |X|) A TAB TR TAp 2

Ric Yy r — Ric Zz Z __B_”_ﬂ_ 2/ 2+2232_A2_28/f2/
Y| 1Y 1ZI"|Z| B B* Bf;

_ ' 1 " (f/)z A/f/ B/f/
2 aa’ aa - _ J2 2 _ 2 2 2
f 2 RIC( ) f22 f2 f22 A f2 B f2

>__ 1

N 8%(1 + rlz)“2
Observe for any 0 < oy < ap(m) and any 0 < 6, < 1 that we have Ric > 0. For r > r; = 2 we use
different estimates (recall that A = B and they are affine here, and we impose oy < %):

1.2 1
—0ay — 705 — yway —2mkas.

le oo r
36 L=
(36) AR
_2//= 2 (, (e —2)r? _ @ a (052—2)712)< —2
S 14712 1+r2 )7 1472 1472 "7 5(147r?)
1
A'fy  mayr
Afs  A(1+r?)
Thus we can estimate the Ricci curvatures for r > ry:
A// 2//
37 Ric(9,,0;) = —3— —2-= >0,
(37 ic(dr, 0r) A 2
X X A" 1—A)? A S, 1-m?
of L X\ oAU A, lemt, maor
X 1X] A A2 Af> A2 A+

2
> A—(kr1 V1—m?2—may),
-

3 . 1 " (f/)z A/f/
2 0a, 0q) = — — S 2
J2 " Ric(a ba) 2L Ah

- 1 n o o F moiyr
T2 +rye 5(1+r2) 1472 A(1 +712)

< 1 1+062 2 3
—+ ——a5—3a .
Tar2\g2t s 2

Thus we again have, for any 0 < oy < a,(m) and 0 < §, < 1, that Ric > 0. O
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4.3 Step 1.3: flattening the cone

Our goal in this step of the construction is to look for a metric on E x S?2 of the form

(38) g3:=gE3+ f3(r)’gsz.
where the warping factor f3(r):= f5(r) = 8,(14r2)%2/2 will remain unchanged, up to further restrictions
on the parameters §, and «,. The base metric g g 3 should look like a flat cone C(S 13_ ) outside some
large radius, and will more generally satisfy
8E2 ifr <ry,
39 = X
39) EE3 {dr2+h3(r)2g53 ifr >rq,
where the warping function /3 will be smooth on [rq, 00) and satisfy
0<rh3 <10/Inry ifr €[ry,r3],
Wy(r)=1-¢ if r >rj.

The following lemma will tell us that for r3 sufficiently large, the resulting metric will have positive Ricci

(40) hs(r1) = A(r1),  h3(r1) =m, {

curvature:

Lemma 4.4 Let g5 satisfy (38)—(40) with oy < ap(€,m) < % r3 > r3(m,ay, €) and §, < §,(m). Then
g3 is smooth away from r = ry, globally C, and satisfies Ric > 0 on the smooth region.

Proof We will focus our computations in the range r € [ry, 3], as in the range r € [r3, oo) the metric gg 3
is again conic and the estimate will be similar as in the previous subsection. We also introduce the subscript
index i for coordinate directions on S3 that are orthonormal for g g3 (and diagonalize the corresponding
block of Ric) at the point of calculation. Let us begin by computing the Ricci curvature of the ansatz
=dr? 4+ h3(r)’ggs + f3(r)%gg: as:
1 //

41 Ri =-33_223%
(41) 1Crr hs f3
1— (/’l )2 W Wof!
h3? Ricj; = 2——5>— — 3 2373,
P h3 hy  h3 f3

1— 2 4 !
f3 2 Ricgq = #——3—35—3.
13 f3 fahs

Let us impose the restriction oy < 5 and calculate mrq < A(rp) < rl < (1 —e€)ry. Then in the range
r € [rq, 3], let us observe the estimates

42) f3 < ¥ 1—¢ Sogi’
f3h3 1+r2m@r—r)+A(r) ~ mr?
1—(hy)? - 1—(1—¢)? €
(h3)2 ~ (1—e)(r—r) + A(r)? ~ r?’
-0 1 azr? 1 (r2 )“2 I
(f3)? 8%(1 +r2)2  (1+r2)2 "~ 8%1/2“2 1+7r2 4r2 — 28§r2a2 - 25%,/
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hg’ 10 1
— << R
h3 - mlnr3 r2’
_3”= oy (14_(012—2);/2)E —0 E—@i.
f3 1452 1472 5(1+r2) 25 r2
If we plug these estimates into (41) then we arrive at
43) Ri - 8ay 30 1
ic — — —,
"=\ 25 mlnr; ) r2?

10 2« 1
h3_2 Ric;; = | 2e — = —,
mlnrs  m Jr?

R e (A3l L 14 31
P T2 T\2s m) 2 T o2 2\25 m)r

It follows from the first inequality that if r3 > r3(m, a3) then Ric,, > 0. It follows from the second

inequality that if oy < ap(m, €) and r3 > r3(m, €) then Ric;; > 0. Finally we see from the last equation
that if 6, < 8,(m) that Ricgq > 0. |

4.4 Step 1.4: the warped cone metric

In the last step of the construction we have built a global metric g3 on E x S?2 such that outside the
compact set Uz := {r < r3}, the metric g3 can be written as

(44) g3=dr’ +(1—e)*(r — R3)*ggs +83(1 +rH)*2 gga,

where R3 solves /13(r3) = (1—€)(r3 — R3). Observe that R3 > 0 under our assumptions of the parameters.
Our goal in this step of the construction is to build a metric g4 which agrees with g3 for » < r3, but for
r > r3 should take the form

(45) ga=dr* +(1—e)*(r — R3)*ggs + fa(r)?gso,

where our warping factor satisfies

S3(r) ifr <rs,
46 =
(#0) Ja(r) {S(r—R3)°‘ if r > rs.
We want our warping function to be globally C!, and thus we will choose the constants
. h3(r3) N

3 14+7r3)2%
(47) o= azl—_; <y and § := 52(—3)

I+r; h3(r3)\*

1—€

Our final lemma is that for ay and &, sufficiently small, our new metric g4 has positive Ricci curvature:

Lemma 4.5 Let g4 satisty (45) and (46). If we further choose oy < a»(€) and 8, < 6,(x3), then for
r > r3 we have that Ric > 0.
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Remark 4.3 After the change of coordinates ¢ := r — R3, the metric g4 above becomes the desired
format

(48) dt* + (1 —e)t)?ggs + (61%)2gg2 =:dt* + h(t)*g g3 + f(1) g2,

as in Lemma 4.1.

Proof The range r > r3 corresponds exactly to ¢ > f3(r3)/(1 — €), and in these new coordinates we can
compute the Ricci curvature of g4 as

—1
(49) Ricy = —2“(0;2 ) o,
1 2
h=2 Ric;; = (——1—05)_»
(1—6)2 12 h3(r3) 2—2a
2. _ e L ( 1—6) 2 1
f 7" Ricgy = a(l—oz)+8—2—a —3u 2z a(l—oz)+5—2—oz —3a 2

Notice that as «; — 0 we have that « — 0, and similarly (after fixing o, o, r3) we have that §;, — 0 as
8 — 0. Thus for oy < a5 (€) the second term is uniformly positive. Finally for §, < §,(«ty) we have that
the third term is uniformly positive. O

4.5 Finishing the proof of Lemma 4.1

Fore >0and m = # fixed we can now choose o < (¢) and 8 < §(e, ). Let us now equip E x S? with
the metric g4. Recall that this metric is smooth away from r € {r;, r3}, globally C! and satisfies Ric > 0
on the smooth part. We can now apply the C'! smoothing Lemma 3.1 in order to build a smooth metric
g=gE+ f?gg> on E x S? with Ric > 0 such that g = g4 for r > 2r3. This completes the construction

of B = RB(e, o, §). What remains is to define and study the projection map ¢: (E, gg) — C(S13_6).

Recall that we have coordinates (r, w) on Rt x S3, and we have identified E \ S? and C(S?)\ {0} with
R* x S3. Our mapping ¢: E — C(S?3) will then take the form

(50) P(r,w) = (A(r), w),
where A: [0, 00) — [0, 00) is a smooth function with

A(0) =0,
51) A A >0,

A(r3) =r3— Rz <r3,

AM@r)=1 for r>rs.
Note that since A’ < 1 and A(0) = 0, we have A(r) <r for all r > 0. Also observe that ¢ sends the zero
section S2 of E to the cone point 0 of C(S 13_ .)- It then suffices to estimate | D¢| in terms of the metrics
on £ and C (S13_ ¢)- Since the C ! gluing lemma produces a smooth metric on E which is an arbitrarily
small C'! perturbation, it is enough to estimate in the metric g4 on E.
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For r < ry, using the notation and results in Lemma 4.2 we have
(52) |D$(3,)| =A"(r) <1,

D X \| _ (d—=eAr(r) - (1—e)r - (1—e)kry
‘ (’5(@)’ = TA) S (ksinGn © sinthry)

Y| i _(A=erlr) _ (1—e)r B
‘D‘p(m)‘_‘D‘p(IZI)‘_ By - B(m) 0

For ry < r < r3, using the notation and results in Lemma 4.4 we have

T
<" (1—e),
<3-9

(53) [D$(3,)] =1"(r) =1,

‘D¢(a_w)':(1—e)x(r)§ (1—e)r EI_E.
0w hs(r) A(r) +(r—rpym = m

Since m = 1073 is chosen universally, the bounds above do not depend on any other parameters.

For r > r3, D¢ is an isometry. This concludes the proof of Lemma 4.1. |

5 Step 2: adding conical singularities

We complete Step 2 of the construction in this section. Namely, we want to see how to take a manifold
M =X*x ) 2 and add a cone point in any arbitrarily small neighborhood of X* while (almost) preserving
a Ricci curvature lower bound. Our primary setup, essentially after rescaling on the regularity scale of M,
is to assume we are faced with a warped product space (B, (p) x S2, g) with metric g = gp + f>gg2,
under the assumptions
(54) Ricg > Ag, injg,(p) > 2,

|ngB|gB’ |VngB |gB’ |V2 ngB |gB <n< L,

Ve In flgg. |V§B In flgp. |V§B In flgp <.

Note that there are no assumptions about the sign of A € R. Observe that the above hold for any warped
product M * x ) 2 50 long as we work on the regularity scale. Our main result in this section is:

Lemma 5.1 (inductive Step 2) Consider a warped product space (Bg (p) x S?, g) with metric g =
gB+ f?gg2 satisfying (54), and write r := distg , (-, p). Then for all choices of parameters 0 < e <e(|A]),
O<a<a(e),0<7<7(a,A,e)and 0<8 <8(A,a,¢€, | f Lo, T), there exists 0 <5 =35(8| flloo | @, A, €)
and a warped product metric § = gp + f g2 such that:
(i) The Ricci lower bound Ricg > A — C(4)e holds for 7 /2 <r < 2.

(i) g=gp+ ngzgsz is unchanged up to scaling the warping factor [ by Sforl<r<2.

(i) g=dr?>+(1—e€)?r’ggs +82r**gg> has the cone warping structure C(Sf_e) xspa S2 forr <7.

(iv) The identity map Id: (B,(p), 2B) — (B2(p), gB) is (1 + 2¢)-bi-Lipschitz.
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Remark 5.1 Most of the results of this section hold in general dimensions, where the constants should
then include a dimensional dependence. Our notation C(4) denotes that the constant only depends on the
dimension n = 4.

Remark 5.2 Recall that our notation of the constant dependence § = §( §|| flloo | @, A, €) means that
8 — 0 as §|| f ||co = 0 with the other constants «, A, € fixed.

The construction will be broken down into three steps. In Step 2.1 of Section 5.1 we begin by writing the
metric gg = dr? + r?g, in exponential polar coordinates, where g, is a smooth family of metrics on
S3 which naturally converges to the standard metric as r — 0. Our primary goal in Step 2.1 is to alter
the base metric gp to a metric g, 1. The metric gp ; will agree with gp for 1 <r <2, but will take the
form gp 1 = dr?+ (1 —€)?r%g, for r < ry. This will give gp ; a large amount of additional positive
Ricci curvature in the nonradial directions, which we will exploit in future steps. Additionally, we are
able to ensure that Ric of the total space drops by at worst an e-small amount when passing from g to g;.

In Step 2.2 of Section 5.2 we focus on the S? warping factor and leave the base gB.2 = gp.1 fixed.
Our goal will be to construct a warping factor f, so that f, = § Jf1 for r > ry, while f, = §r% for
r < rp. The effect of this will be to add a large amount of Ricci curvature to the radial direction of
g2:=gBo+ f78s2.

In the final Step 2.3 of Section 5.3 we will use the additional positive Ricci curvature introduced in the first
two steps to once again alter the base metric gp 3, while fixing f3 := f>. We will preserve gp .3 = gB.»
for r > r,, however for r < r3 we will ensure that gp 3 = dr? + (1 —€)?®r2ggs is the standard cone
Cc(S 13_ ¢)- This will complete the construction of g, and in Section 5.4 we will check the final bi-Lipschitz
property of the construction.

5.1 Step 2.1: decreasing the cone angle

Consider the metric gg on B,(p), and by using the radial function r := d(-, p) and exponential
coordinates let us write gpg as

(55) gp=dr’* +rg;.
where g, is a smooth family of metrics on S3. It follows from Corollary 3.3, recalling that 5 < 1, that
(56) Q-C@nrH)g, < Ricg, and g, [ Loo(s3,6,) = C(Hr.

Let us remark that the first inequality of (56) follows either from the C? estimate Corollary 3.3 or directly
from the second inequality of (56) by applying the Gauss equations and the identity %(r2 g) =11 9B (p)

In this subsection we will look for a metric

(57) g1:=gp1+ figs>
under the ansatz
(58) &B,1 = dr? +h(r)2gr and fi:= f.
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Observe that g, is the original family of metrics on S3 and that £} is a function on B, (p). For r| := %

the function /(r) will be chosen as any smooth function with the properties that

hr)=r if r>1,
(59) \h—r|+ B =1+ |h"| < 10e ifry <r <1,
h(ry=>_0—-e)r if r <rq.

In particular, this construction implies that gp 1 = gp for 1 <r <2, while gg; = dr? 4+ (1—e)%r?g,
for r < r;. Note that on B, (p) we have introduced a cone singularity at p, and we will see that this
introduces a scale invariant (positive) blow up of the Ricci curvature near p. Our main result in this
subsection is that for € sufficiently small, the metric g; has Ricci curvature that drops by an arbitrarily
small amount from that of g:

Lemma 5.2 Let g satisfy the assumptions of Lemma 5.1 with g 1 defined as in (58) and (59). Then for
any 0 < € < €(|A|), we have that

(i) Ricg,|7B,(p) > A —C(4)e on (B2(p) \{p}) x S2, and
(ii) Ricg,|gg2> f2—=C@nr~"' on(By(p)\ {p}) x S2.

Remark 5.3 The reader may wonder at the disagreeable Ricg, |72 estimate. This is simply an artifact
of the division of the proof of Lemma 5.1 into distinct steps. As soon as the radius r; is chosen in Step 2.2
of Section 5.2, we will multiply f by the small but positive number 0 < § = SA(rz, ...) so that the first
term of the above Ricg, |7¢2 lower bound dominates the second in the range 1, <r < 2.

Proof Our standard notation for the rest of this section will be to use i, j, ... to represent coordinate
directions on S3 and «, B, . .. to represent coordinate directions on S2. The index r is reserved for the
radial direction, and we will sometimes write 0,4 = i’ to represent radial derivatives. Let us compute the
Ricci curvature of the ansatz (58) as follows:

h// h/
(60) (Ricg,)rr = (Ricg)rr —3— + (; — —) trg, (g;),

h h
(Ricg, )ir = (Ricg)ir + %(% — %) hi’;lfl :
Ricq iy = Ricg)y + = Ricg) + (5 =) 07 R = - ey
#2( 5= O e + (1= 10) (b ehens + 30200 + 27 00

R-r (VN N ,)
) ( - 27, (D).

r2
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2 gB |2 2_p2 2
(Ricgl)aﬁ=[i—2—2(Angl+lv J;IgB)Jrr h (f1+(f1) lfltg,( ))

+
12 f /i h? ol f
W ———+ - .
As in (56) we have that
(61) Q2—Cnrig, < Ricg, and |g, [ Loo(s3,6,) = Cr.

Additionally, we recall the assumptions

V3D oo )

(62) |VgpIn flgpy <n and f < |VggIn flgg +1[VgpIn flg, <Cn.
gB

Let us focus first on the region r € [rq, 1], which is the worst of the two regions. If we plug the above
estimates and (59) into (60), we arrive at

(63) (Ricg,)rr > A —C(1 + Cpe,
|(Rng1 _Ricg)ir|(g1),'j < CT]G,
(Ricg,)ij > (A —=C(1 4+ Cne)(g1)ij

(Ricg, up > ( 5 Cn) (81
We see from the first three inequalities that if € < €(|A[), then Ricg, |78,(p) > A — C(4)e. If we focus
now on r < ry, where i (r) = (1 —€)r, then most of the error terms of (60) vanish. What remains are the

estimates
(64) (Ricg,)rr > A,
(Ricgl)ri = (Ricg)ri,
. 2—Cnr)e €
Ricgy )y > (3 22— M cne ey,

(Rlcg1>a,s>( 5 -cZ —Cn)<g1)aﬂ.

We again see that for € < €(|A]), the Ricci curvature satisfies Ricg, > A — Ce in the T B, (p) directions.
We also see that Ricg, |72 > f~2—Cnr~! holds for both the r; <r < 1 region and the < r{ region. O

5.2 Step 2.2: the S % warping factor

We now want to alter the metric g; inthe range r, <r <r; = % We are looking for a metric g, of the
form

(65) g2:=gpo+ fr(x)’gs2:=gp,1 + fr(x)*gs>.
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In particular, we will not alter the base metric gp 1 in this step. Our warping function f3: B, — R™ is
not a radial function everywhere, though one of our goals will be to make it radial on small radii. We will
want f5 to satisfy the properties
L =8 ifr >rq,

66) fa=8h ifr=n

fo=06r% ifr <r,.
Due to the nonradial nature of f7, there is some subtlety which makes a naive interpolation between f;
and §r% insufficient. Morally, this is due to the uncontrolled positivity of Ric, which can contribute very
negative terms if altered in a careless manner. The following will be the main constructive lemma for f5
in this subsection:

Lemma 5.3 Let (B,(p),gp) and fi be as in Lemma 5.2. Then for each 0 <o < 1,0 < § <1 and
0 <ry <ry(a), there exists f>: By(p) — R with ry <C(4)r, = r2+ <riand § = 8(§||f||<>o | r2) such that
1 fo= gfl on the region r2+ <r=<2,
(i) f, = 6r% on the regionr <ry,
dii) -1/ 2= ar~2 on the region ry < r < r2+,
(iv) @ !|VgyIn f2|§,B, |V§B In f5gp < C(4)ar~2 on the regionry <r < it

J— J— 2 9
W) [ falloo = CAI fllo)'/? on the region ry < r < r", and

(vi) f> is smooth away from r € {0, r,, r2+}, and C! everywhere except {p}.

Remark 5.4 The C! nature of /> is due to (iii), where we force a definite amount of radial concavity
throughout the interpolation region. This will later be smoothed with a C! gluing lemma.

We will wait until the end of the subsection to prove the above, which will require a bit of work. Let us
begin instead with how to use it in order to build our desired g5.

Lemma 5.4 Let (B,(p) x S?,g1) be as in Lemma 5.2, and for 0 < a < a(e€), ry = ry(A,a, €) and
0<38< g(k,a,e, | flloo. 7). let f> be as in Lemma 5.3. Then g, := gp,1 + fzzgsz satisfies Ricg, >
A —C(4)e away from r €[0,7/2) U {r, r2+}.

Proof of Lemma 5.4 given Lemma 5.3 Let us apply Lemma 5.3, to obtain f;. We will choose our
constants 7, & and § later in the proof. We begin with the Ricci curvature computation, where gp is the
base metric for the original metric from Lemma 5.1 :

I
(67) (Rngz)rr == (RICgB)rr - 272,
2

(V2, f)ir

(Ricgz)ir = (RngB)ir -2
)
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2 ..
(Rm&»j=(L—@%Rm&gﬁ+(L—a—ffom&»j—29§%§&i
2
+(1_(1_€)2)(§(g2)ij+(7 )z;)?z

1 1 (AngerWngZg%B)
2 (1-92\ f f22

S )
TTaCer \a T2 12 +( 2t (8) + 3 (£2)ap-

To estimate the Ricci curvature, we have three regions to study, namely r € (0, r,) U (5, r;r )uU (r2+ 1),

(Rlcgz)aﬂ |:

The region r € (rq, 2) is covered by Remark 3.2 and the previous steps of the construction. Let us begin
with the region r € (r2+, r1), and let us use Lemma 5.2. If we allow 6 < §(|| /|| co> r2+, |A]) then we can
use Lemma 5.2 to estimate

) . _ _ C
(68) Ricg, |TB,(p) > (A—C(4)€) and Ricg,|rs2 > f; 2 —C&)nr I> ngz — r—f > A.
2

In particular, once r2+ has been fixed we may fix gsufﬁciently small to control the above. Let us therefore
focus on the more challenging situations: when r € (0, 1) U (r,, r2+ ).

To begin, let us record some basic estimates which will be used. Recalling (56), we have that
(69) (2—Cnri)gr <Ricg, and  ||g)l|poe(ss ) < Cr

In view of Lemma 5.3, we have in the region r, <r < r2+ that

"
-1 2 2 o o 2
(70) o |vgBlnf2|gB’|vgBlnf2|gB<Cr_2 and ﬁf_z

Moreover, the same estimates hold when 0 < r < r,, because f, = §r% in this region. Let us analyze
each B,(p) x S? block of Ricg, according to (67). For the r,i, j, ... block corresponding to the base
B;(p) we can use the above estimates to get

(71) (Ricg,)rr > —Cn,

22
HK%ﬁA<amﬁ+Cm

—Cnr?
(Ricg,)ij > (w -C (ra—z + 77)) (g2)ij-

2
If we require that o < c(€) and r2+ < r2+ (o, €) are small enough, then

. o . € . o
(72) (Rlcgz)rr > ma (Rlcgz)ij > r_Z(gZ)ij’ |(Rlcg2)ir| < CV_2

If o < ae(€) is again small enough, then this gives the estimate Ricg, |7,(p) > €/ 2r2. If we finally require
that r2Jr < r2Jr (e, |A]), then this gives the required estimate for the B, block.
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For the S? block of Ricg,, we argue separately for r € (¥/2,r,) and r € (r3, r2+ ). When r € (r,, ;’2Jr ) let
us use (67) and (70) in order to estimate

1 o
(73) (Ricg,)op > ( -C (— + enoz)) (&2)ap-
2 I /2113 rs *
Recalling the bound || f3|lco < C ((§|| flloo)!/? from Lemma 5.3, it is clear that a small enough choice of
8 <8(|| f oo, A, r2) ensures that (Ricg,)eg > A(g2)eg for r € (r2, r2+). We can now focus on the region
r € (r/2,ry), where

1

(74) (Ricg,)op > (W - C;—z) (&2)ap-

We see that for § <§(7, |A]), we have the desired (Ricg, )y > A(g2)qp in this region, which would complete
the proof if § were sufficiently small. However, we have from Lemma 5.3 that § = §(3|| f||co | 72), SO it
suffices to require that § < 8A(|| flloos 2.7, |A|) to ensure that § is sufficiently small. |

Proof of Lemma 5.3 Before diving into the proof, we establish some new notation for the sake of
legibility. We label

(75) fr(rw):= gfl (r,w) and f_(r,w)= f_(r):=dr%,

where ¢ will be specified later in the proof. Also, instead of referring to the radii r, and r2+ directly, it will
be convenient to write the interval of interpolation (r;, ;’2Jr ) in terms of a midpoint 7y, := (¥, + r2+ )/2 and
aradius pry, := (r2+ —r3)/2. In particular, the choice of radii 5, r2+ from the statement of Lemma 5.3
will instead take the form of a choice of a constant p and radius ry,, < rp, (o).

The remaining proof has multiple steps, which we will break down into pieces:

Locating the intersection set of f_ and f; We first seek to set it up so that the intersection set
{fr=/}={(r,0)| f+(r,w) = f_(r)} is approximately at our radius ry,, which requires selecting &
depending on r,,. We will estimate the deviation of the intersection set from this radius. These estimates
will be used in the next steps of the proof.

Begin by observing that the Vg, In f bound gives the estimate

(76) [In f1(r,0) =In fr(p)| S nr = [ (r,0) € [f+(p)e 2™, fi(p)e*™] forall r < 2rp,

One then checks under what conditions f_ takes values in this same interval:
(T7) f=(r) =8r" € [f+(P)e™2"™, f1(p)e*"™]
= el fr(pre e (571 fi(petnmyile)
It is at this point that we make the choice
5= fr(pIrype?mm.
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For this choice of §, we have
™" S (p)eTrm)VE = 1y,

and thus when (77) holds we have r < 2r,,. Observe that we now have the relationships

Jo(r) < fr(p)e™2Mm < fi(rw) i r < e tnrm/e,

(78) J-(r) € Lf(pe21m, [y (p)eMm] if rne™417m/% <1 <1y,
f—(r)>f+(p)€2nrm > f+(r,w) ifrm <r = 2.

In particular, we have

(79) {f— = f+} n BZrm (p) C Arme—‘lﬂrm/a,rm (P)

Let us additionally remark that { /— = f} N By, (p) N (R4 X {w}) is nonempty for each w € S* by the
intermediate value theorem. We may therefore define g () € [rme 4"/ r,,] for each w € S to be a
radius such that f4 (g(w), ) = f—(g(w)). We can ensure that (g(w), w) always lies in the interpolation
region r € ((1— p)rm, (1 + p)rm) by requiring that r,, < rp, () is small enough that e =477m/® > 1 — p,
It is not necessary that g be continuously defined.

Definition of f> and C! cubic interpolation Our construction of f> will make use of the general
notion of a C! cubic interpolation. Namely, we will ask that f, be the uniquely defined C! function

satisfying
In f_(r) ifr <(1—p)ry

(80) In f>(r,w) = § Q(r, w) = cubic polynomial in r if r € (1 — p)rm, (1 4+ p)rm),
In f4 (7, w) ifr =04 p)rm.

We see from the above that Q(r, w) is therefore well defined by the values of f+ and /7 at the end points
of the interval [(1 — p)rm, (1 + p)rm]. It will be helpful to write the form of Q(r, w) explicitly by

r—{0—p)rm
20Fm

2
B O(rw):= [ } [ln S (4 )i o)

(4 P —r)((ln SO+ P ) — p%ln £e(Q +p)rm,w))}

N |:(1 + p)rm—r
2pTm

2
| [ =)
, 1 .
+ (== p)rm) ((ln (A= p)rm) + o In /- ((1— P)rm))]-
m
Concavity estimates for In f, We can now estimate (In f3)” in the interpolation region

r € ((1=p)rm. (14 p)rm).

Next, we use the mean value theorem to estimate the difference, at g(w), between r — In f1 (r, w) and
its linearization centered at ¥ = (1 & p)ry,:
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(82) (In f; 2)”

= o (00 £ (P ) =G0 £ (A=)
3§’3r’3")(g(w) ) (0 £5) (14 )1, @) —(In £ (1—p)r)
3§p3r’;1)[((1+/0)Vm—g(w))(1nf+)/((1+/0)rm,w)—(lnf+((1+,0)rm,w)—1nf+(g(w),w))]
=0(In £ o)
+3gp 20 o (@)~ (1=p)rm) (i ) (1=p)rm)— (1 f-(g(@)—In f-(1—p)rm))]
=0(|lIn f”lc0)
(-1 3 |g(@)—rm| o 1 3g(@)—rm| n
‘(_2p 2 e 1 )(1 o +(2/)+2 P2 +C””)rm‘

The desired concavity should arise from the first term on the right-hand side of (82). We therefore pick
the universal constant p > 0 small enough so that
1 C 4

R — [ < e —
2p + 1—p 1—p
and then ry,;, < r;; (o) small enough so that
11— e—4nrm/a| < L
3(1—-p)

Since g(w) € (rme~41"m/® ). the constraint on r,, implies that

202
—r| <
|g(w) Vm|_3(1_p)rm
Thus,
1 3 — C 3
(83) _ L le@ ] <
20 2 P2y l—p 1—p

We also require that r,, < rp,(e) is small enough so that

-1
n 1 1 o
— = +—+Cr —_—
(2p 1—p ) (1—p)?rf,
in order to absorb the lower—order second term on the right-hand side of (82). This yields the claimed

concavity
(84) (Info)' <2 <22 forall r € ((1-p)rm. (1 + p)rm).
[(1—p)rm] r
Radial zeroth- and first-order estimates on f We begin this step by obtaining a bound on (In f3)’.
This allows us to turn the concavity estimates for In f; into concavity estimates for f,. Additionally, we

will use the estimate on (In f5)’ to obtain L control for f5 in the interpolation region.
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The previous step implies that for fixed w € S3, the map r +> In f5(r, ) is decreasing from the value
In £;((1 = p)rm. @) = a[(1 = p)rm] " at r = (1= p)ry. Thus,

1
(85) nf) | < —% — <a- TPt
(I=p)rm 1—p

Combining this with our concavity estimate for In f, gives

4

o  (1+p)a? _ 1—p)?
86 2 =Mf)'+Mf)<2=4+—L) = <—ar? asl <{—L).
(86) I3 (In f2)" 4+ (In f5)° = r2+ ) 2= ar as long as o < T,

This proves Lemma 5.3.(iii). To obtain L°° control on f5, let us estimate f5 on ((1 — p)rm, (1 4 p)rm)
by using the explicit formula (81) for Q:

r—(1—p)rm

2
0 | i (14 2+ 0(C1 -+ P )]
P¥m

2
+|:(1+p)"m_’”] [lnf_((l—,o)rm)+a(r_(1_'0)rm):|
2p7m (1 =p)rm

2 2
< ([—““ _”"’”] i [—“ + 2)m _r} )ln(||f+||oo> + 1%@ 2t

@7  Q@r.o) = [

20Fm 2pFm
< 3In| filloo + Ca + Crpmn.
Note that for the second inequality above, we used that f_((1 — p)ry) < f-(g(®w)) = f+(g(w)). Since
f— is increasing, this holds if (1 — p)r,, < g(w), which itself will hold if r,, < ry (o) is small enough
because g(w) > rye 4""m/® Taking exp on both sides proves Lemma 5.3(v).

Remaining derivative estimates The last remaining item is Lemma 5.3(iv), which we now turn to. The
constraint 7, < 1y, () is also finalized in this last step.

For the remaining computations, we pick coordinates d; on S3 that are normal at @ € S3 for the metric g,
and assume that we are working in the region r € ((1 — p)ry, (1 4+ p)ry). Before launching into the
remaining derivative estimates, we recall two basic bounds that we will need, both from Corollary 3.3:

(88) lgrllLoo(s3.g) < C@nr and g [l Loo(s3 ¢,) = CA.
We begin with the tangential derivatives of f5. One notices the identity, using the notation (81),

r—1—=p)rm

2
20rm ] [3i1nf+((1+p)rm,w)—((1+p)rm—r)((a,~1nf+)'((1+p)rm,w)

(89) 9diln fr = [

L f+((1+p)rm,w)]-
Prm

What is important is that the right-hand side is a linear combination of d; In fi ((1 + p)rm,®) and
O(r)0; In £ ((1 + p)rm. w) with uniformly bounded coefficients. The first term d; In /4 ((1 4 0)Fm. @)
is bounded by 7, while the second equals

O@r)(@iIn f1) = O(r)(VZ, In f + 17 (85 + gk (g))i/2)0k In f1),
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which can be bounded by Cn. Thus, for r, < r;,(a), we can estimate
o
(90) [Viln f2],2(¢,),; = C(Hn = -

Similarly, ;d; In f3 is a linear combination of 9;9; In f4.((1+p)7m, @) and O(r)9;0; In £ ((14p)rm. ®)
with bounded coefficients, where

91) 09;0;In f1 = Viz,jf+ — 2(2r(gr)ij +72(g))ij)Or S+
0;0jIn f1 =V, fr —5(2(8r)ij +4r(gn)ij +r7(8))ij)0r [+ — 5 (2r (gr)ij + 17 (81)ij) 07 f+
1

1
(28 +ref (8w Vi 1 v+ 5 (28F + ek (80)e) Vi /-

The highest-order term is —(g,);;d, f+ from the second equation, and can be bounded by nr~2. The
other terms can be estimated by Cnr~!. Using this and the previously obtained bound on In /5 and
again requiring that r,, < r;,,(«), we get

92) V20 faly2g,y,, < 18i97 10 faly2(e,y, + 31Q2r (€0 +r2(@0)i) 0 f 26,
<clic2<c2
r r2 r2

Finally we repeat this strategy once more and observe as in (89) that d;9, In f3 is a linear combination of
0i In f4 (14 p)rm.w) and O(r)0; In f1 (14 p)rm, @), with coefficients that are bounded times a factor
<r, I, We have already bounded these two expressions by C1n, so for 7, < rm(c) we get

1
©3) IV In falragg,y, <1010 10 fal g,y + 5 |@8F +rgf e n fal2qq,,
< Cnry' + Clmr™" < Cém—.
r

which finishes the proof of Lemma 5.3. |

5.3 Step 2.3: interpolating the warped cone to a homogeneous cone

We ended the last subsection having constructed a metric

94) g2=gp2+ f58s>-
This metric has the property that for » < r, we can write
93) gpa=dr’+(1-¢)’r’g, and fo = fo(r)=8r%,

where recall that gg = dr? + r?g, was the original smooth metric with regularity scale ry > 2; see (54).
Our final goal in this section is to interpolate g, with the unit sphere metric gg3. In this way we will
build a metric

(96) g3:=gB3+ f78s2,
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where f3 := f, and gp3 = dr? + (1 —e)zrzgr,3, with

gr if r > 2rs,
O gr3:=16Mgr +(1-£8(r))gss ifrelrs,2rs3],
gs3 ifr <rj.

Here, £(r) is a smooth cutoff on [r3, 2r3] satisfying the r3-independent bounds
(93) €' =Cr7! and |E"(r)|=Cr7?

We will show that for r3 sufficiently small, the metric g3 will have the appropriate Ricci curvature bounds:

Lemma 5.5 Let g3 be defined as in (96) and (97) under the assumptions of Lemma 5.1. Then for
r3 <r3(a, A, €), we have that Ricg, > A — C(4)e on (By(p) \ Br/2(p)) x S2,

Proof For radii > 2r3, the Ricci lower bound follows from Lemma 5.4 and the fact that g, = g3 in
this region. Thus, we assume for the rest of the proof that r < 2r3. The main basic estimates we will
need are from Corollary 3.3, namely

(99) lgr —gs3llczssgy <Cnr?. lgrlicissg) <Cnr. 118 lLoe(ss g < C-

Let us first apply the above in order to see the estimates

(100) lgrs —gs3llc2(ss,g q) = Cnr?,
lgrsllcrcss,g, 5) = ' (gr —g53) +ég) I c1(s53,6, ) = Cir,
gy 3llLoo(s3,g, ) = 167 (gr —gs3) +28'8; + £}/ [ Loo(s3 4, ) = C-
We are now in a position to estimate Ricg,, which we compute as follows:

. 1 a(a—l)
(101)  (Ricgy)rr = ~3 trgr.3(g;‘/3) trg» 3(gr,3) +3 |gr 3|gr 3 2

(Ricg3)ir - (a trgr Z(gr 3) (trgr 3(Vgr 3)) )
(Ricgy)ij = (1—(1—€)*)(Ricg 3 )ij + (Ricg, ; —Ricg 1)ij —3(1—€)*(r*g) 3)ij

—(1-¢) ( + z Ug,. 3(gr 3)) (rzgr’3),-j + %(1 —E)z(rg:,’3)ikgr’3(I’g;,’3)(j

1
+5 trg, 5(g.3)(83)ij —Ot(r—z(g3)ij +(1 —G)Z(Vg;,3)ij) +2((gs3)ij — (&r,3)ij)-

. 1 o
(Ricgy)op = [m ) (2(1+a) + 5 trg, (Vg;,3))] (83)ap-

We may now use the bounds (100) above to estimate the components of Ricg, by

1—
(102) Rice,)rr =205 e, Riegy > (25 - ¢+ cam)) e,
1
Ricgy)ir (g, < & Ricey)ap > (53735~ € (55 + Cm ) e
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We see from these estimates that requiring @ < Ce, r3 < r3(a,€,1) and § < §(7, |A|) small enough
guarantees that Ricg, > A for the range 7/2 < r < 2r3 under consideration. Note that without loss of
generality these requirements on « and § (by way of §) held when they were chosen in Lemma 5.4. O

5.4 Proof of Lemma 5.1

By construction, the metric g3 with inner radius 7 subject to 7 < r3 = r3(«, A, €) from Lemma 5.5 satisfies
Ricg > A —C(4)e on (By(p) \ Br/2(p)) x S?2 and all the conditions of Lemma 5.1, except that it is not
smooth. This metric is globally C'! away from p, but fails to be smooth at r € {0, r,, ;’2Jr }. The singularity
at 0 is as described in the statement of Lemma 5.1, and the other two radii can be smoothed within the
class of warped product metrics to a metric g = gp + f 2g 2 while preserving the Ric bound by the
C! gluing of Lemma 3.1.

The last remaining statement of Lemma 5.1 to be proved is that the identity map Id: (B,(p),2p) —
(B2(p), gB) is (1 + 2¢)-bi-Lipschitz. As the smooth metric g can be made C! close to g3, we can prove
a slightly stronger estimate directly for g3, and the result will follow for our final smooth metric as in
Lemma 3.1.

The bi-Lipschitz condition will follow from the following metric comparisons for different ranges of r,
which themselves follow by construction and the estimate [|g,,3 — g~ [l co(s3,4,) = C nr:

gB gB if r € (1,2],
(103) (1—e)?gp; <gp3=<1gn if r € (2r3, 1],
(1—-e)*)(1-C(#)nr?)gp (1+C@)nr2)gg ifr €(0,2r3].

By again requiring that r3 < r3(¢) in Lemma 5.5, we can simplify the above by replacing all lower and
upper bounds by (1 + %6)2 gB, respectively. Estimating the bi-Lipschitz constant of ¢ then becomes a
matter of unraveling definitions as

(104) (1-2€)|DPp(V)gp =(1—2€)|vlgy <Ivlgp, < (14+3€)[Dp(v)lg, forall ve(TBr(p).gB,3).

which completes the proof. |
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