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Independence of singularity type
for numerically effective Kéihler—Ricci flows

HOSEA WONDO
ZHOU ZHANG

We show that the singularity type of solutions to the Kidhler—Ricci flow on a numerically effective manifold
does not depend on the initial metric. More precisely, if there exists a type-III solution to the Kéhler—Ricci
flow, then any other solution starting from a different initial metric will also be type III. This generalizes a
previous result by Yashan Zhang for the semiample case, and confirms a conjecture by Valentino Tosatti.

53C55; 32Q15

1 Introduction

The Kéhler—Ricci flow is a geometric evolution equation used to study Kihler geometry. It has proven to
be a powerful tool in constructing canonical metrics, such as Kidhler—Einstein metrics [Cao 1985; Phong
et al. 2007; Munteanu and Székelyhidi 2011; Phong and Sturm 2006; Tian 2012].

A primary research direction is the study of the analytic minimal model program in birational geometry
[Matsuki 2002], where the flow takes a central role in producing minimal models. Initiated by Song
and Tian [2007], the program proposes to emulate the procedure carried out by Hamilton and Perelman
in resolving the Poincaré conjecture. The idea is to run the flow on algebraic manifolds and perform
“algebraic surgeries” such as flips and contractions each time the flow encounters a singularity [Song
and Weinkove 2013a; 2014; Song and Yuan 2012]. After finite iterations of this procedure, the resulting
manifold would be numerically effective (nef), and hence a minimal model. At this stage, the normalized
version of the flow will evolve the metric to a Kéhler—Einstein metric or a generalized Kdhler—Einstein
metric. Significant progress has been made in this direction; see [Song and Tian 2012; 2016; 2017; Tian
2019; Guo et al. 2016; Fong 2015; Zhang 2019; Tosatti et al. 2018; Tian and Zhang 2016].

Let X be a compact Kéhler manifold with numerically effective line bundle, which corresponds to the
final step of the analytic minimal model program. A family on Kihler metrics w(¢) is said to evolve by
the normalized K#hler—Ricci flow if

(1-1) %w(l) = —Ric(@() — o), o) = w;.
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Since the flow is weakly parabolic, we have access to interior estimates, which smooths the metric for
short times. In the long run, nonlinearities make the metric nonpositive, forming a singularity. The precise
time of singularity formation is determined by the class of the evolving metric in the cohomology given by
{d-closed real (1, 1)-forms}

{9-exact real (1, 1)-forms}

(1-2) Hy''(M,R) =

The singular time, 7', is characterized in [Tian and Zhang 2006]:

(1-3) T :=sup{t | [w(?)] is Kihler}.

By formally taking the cohomology class of (1-1) and solving the resulting ODE, we obtain the solution
(1-4) [0(t)] = ™" [wo] — (1 —e™)e1 (X).

Since X is numerically effective, —cq(X) lies in the closure of the Kihler cone, the set of classes with a
Kéhler representative, and thus the solution exists for all time. Furthermore, for any initial metric, the
cohomology class converges to the first Chern class —c; (X) in the limit as ¢ — oco. This is independent
of any starting metric wy.

The singularity formation reveals the manifold’s underlying topology; therefore, the curvature blowup
should be independent of the starting metric. To describe the curvature blowup, we utilize the following
terminology traditionally used in parabolic geometric flows, such as the Ricci flow and mean curvature flow.

Definition 1.1 We say that a long-time solution to the normalized K#hler—Ricci flow (1-1) develops a
type-11II singularity if

(1-5) sup  |[Rm(w(?))|w(r) < +00,
X x[0,00)

and a type-IIb singularity if

(1-6) sup  [Rm(w (7))@ = +00.
X x[0,00)

The precise conjecture for metric independence is stated by Tossati [2018].

Conjecture 1.2 [Tosatti 2018] Let X be a compact Kdhler manifold with Kx nef, so every solution of
the Kéhler—Ricci flow exists for all positive time. Then the singularity type at infinity does not depend on
the choice of the initial metric wy.

Progress towards this conjecture and the analysis of the flow in general has been achieved under the
assumption that Ky is semiample.

Definition 1.3 A line bundle over a compact Kihler manifold (X, @) is semiample if there exists k > 0
such that for each point p € X, there exists a global section of L®* that does not vanish at p.

The global sections of L®k generate a holomorphic map,
(1-7) /X = Xewn C CPV.
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The image Xcan is possibly a singular variety, and the dimension of X.,, corresponds to the Kodaira
dimension of X. This setup provides a fibration structure in which the flow collapses along the fibers
onto the base space X,y, enabling a more intricate analysis; see [Tosatti 2018].

In the semiample case, Tossati and Yuguang Zhang [2015] give an almost-complete classification of
singularity type based on the topology of X. More precisely, they show the following:

Theorem 1.4 (Tosatti and Yuguang Zhang [2015]) Let X be a compact Kéhler manifold with semiample
Kx and consider a solution of the Kdhler—Ricci flow.

(1) Suppose kod(X) = 0.

e If X is a finite quotient of a torus, then the solution is of type III.

e If Ky is not a finite quotient of a torus, then the solution is of type IIb.
(2) Suppose kod(X) = n.

e If Ky is ample, then the solution is type III.

e If Ky is not ample, then the solution is type IIb.

(3) Suppose 0 < kod(X) < n.
e If X, is not a finite quotient of a torus, then the solution is of type IIb.
e If X, is a finite quotient of a torus and V = &, then the solution is of type III.

(4) Suppose n =2 and kod(X) = 1. Then the solution is of type III if and only if the only singular
fibers on f are of type mIy for m > 1.

An alternative proof to (1), (2) and a special case of (3) was given by Yashan Zhang [2020], where he
deduces these results by setting up a comparison of some well-behaved metric and an arbitrary metric.
Moreover, he showed that for semiample Ky the singularity type does not depend on the initial metric,
thereby confirming Conjecture 1.2 in the semiample case. Furthermore, Fong and Yashan Zhang [2020]
showed that the set of singular fibers of the semiample fibration on which the Riemann curvature blows up
at time infinity is independent of the choice of the initial Kidhler metric. For more results pertaining to the
curvature behavior of semiample Kéhler—Ricci flows, see [Zhang 2009b; Song and Tian 2016; Jian 2020].

We prove Conjecture 1.2 without assuming Ky is semiample. More precisely, we show that if a solution
develops a type-III singularity on a numerically effective manifold, then every other solution develops a
type-IlII singularity. Consequently, if a solution develops a type-IIb singularity, then any other solution
must be type IIb.

Theorem 1.5 Let w(¢) be a solution to the normalized Kihler—Ricci flow (1-1) on a manifold X with
numerically effective Kx. Suppose that

(1-8) IRm(@(1))[3,) < Co-
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Then for any other solution to the Kahler—Ricci flow, w(t), there exists a constant C > ( such that

(1-9) Cla@t) <w(r) <Car),
and
(1-10) IRm(w(1))|3,) < C

forall t = 0.

Remark 1.6 Any solution to the Kihler—Ricci flow on a numerically effective manifold exists for all
time. Indeed, the estimate (1-10) is impossible for finite-time singularity due to Zhou Zhang [2010].

The proof builds on the results in [Zhang 2020], but the major difference is that no assumptions on the
semiampleness of X need to be made.

We end the introduction by outlining the structure of this paper. In Section 2, we show a special case
of Theorem 1.5, when the two initial metrics wy and @y are related by a simple scaling factor Ao > 0.
We first derive a Monge—Ampere equation where the potential function relates the two evolving metrics
under rescaling of space and time. By deriving bounds on the potential function and because of the
curvature assumption on @, we derive metric equivalence between the known type-III metric @ and the
arbitrary metric w. Curvature estimates are then obtained as done in [Zhang 2020]. In Section 3, we
utilize Lemma 2.1 to prove Theorem 1.5. Lemma 2.1 plays a vital role in constructing “comparison”
solutions to the arbitrary solution w(¢), which will be needed to obtain a favorable sign when carrying
out maximum principle arguments. As a result, a potential function bound is derived and used to obtain
metric equivalence. With a similar argument as carried out in Section 2, curvature bounds are obtained
for the general theorem. Finally, in Section 4, we utilize Theorem 1.5 for examples from [Zhang 2020] in
the numerically effective case.

Acknowledgement The authors would like to thank Valentino Tosatti, Feng Wang, Yashan Zhang and
Zhenlei Zhang for their interest and feedback on this work. They would also like to thank the reviewer
for their helpful comments and feedback. Finally, they would like to thank the School of Mathematics
and Statistics at The University of Sydney for providing a great study and research environment.

2 Preliminary results

In the first part of this section, we restrict ourselves to the special case of Theorems 1.5, which will be
utilized in the proof of the general theorem. More precisely, we show that if there exists a solution to the
Kéhler—Ricci flow on a numerically effective manifold X with uniformly bounded curvature, then any

scaling of the initial metric produces a solution that also evolves with uniformly bounded curvature.

In the second part of this section, we recall the proof in [Zhang 2019] which allows us to derive a bound
on the curvature of a flow w(z), given that it is equivalent to a type-III flow w(z).
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2.1 Flow from a scaled initial metric

Lemma 2.1 Let X be a numerically effective Kéihler manifolds such that there exists @(t) a solution to
the Kihler—Ricci flow with bounded curvature tensor:

2-1) IRm(@(1))[3;) < Co-

Then for any Ay > 0, there exists C > 0 such that the solution w(t) starting from w(0) = Ay (0) satisfies
(2-2) C™la@) <w(t) <Ca(1),

(2-3) IRm(w(1))|3,;) < C,

forall t = 0.

We first reduce the problem to a Monge—Ampere equation. The reduction will differ slightly from what is
usually done in the literature. Since the initial metrics are equal up to some scaling factor, we scale the
solution in space and time by A(¢) and t(¢), respectively, so that

(2-4) [o(D)] = AD)[@(z(2))]

for all £ = 0 and wy = Ao Where A¢ > 0. For any solution to the Kidhler—Ricci flow, the cohomology
class evolves as

(2-5) [(t)] = e’ [wo] — (1 —e™")er (X).
Then from (2-4), we have
hoe @0 — (1 —e ey (X) = A0)e ™ D@ — (1 — e "D (1)ey (X),

from which we deduce that

(2-6) MO =hoe™, M) —e O = 17",
Solving this system yields
— At)
2-7) At)=e " (Ag—1)+1 and 1(t)=t¢+In - )
0

Furthermore, we check that at # = 0, the initial class satisfies [wg] = A¢[@g].

We reduce the flow equation to a Monge—Ampere equation where the rescaled metric takes the role of the
reference metric. Using (2-4), there exists #: X — R such that

(2-8) o(t) = MO (T (1)) + V—100u(t).
For ease of notation, we drop the ¢ dependence for 7 and A. Taking a 7—time derivative,

D0 1y e 4 200D o Tar(
S2(1) = M (03() + 2555 + V=100 (5 ).
Using A’ + A =1, 7/ = A7 and (1-1) in 7, the above expression becomes

%—‘;(z) = W (O)@(1) + V=10 log & (x)" — @(1) + ﬁaé(%—‘[‘).

Geometry & Topology, Volume 29 (2025)
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Figure 1: Scaling of initial metric.

On the other hand, (1-1) in ¢ is

%—‘;’(z) = Ric(w(1)) — w(t) = V=199 log w(1)" — A& (t) — v/—190u(?).
Combining the previous two equations and using A’ + A = 1 leads to

J—_laé(%—’:) — VZ10310g w(1)" — V=183 log @(1)" = ~/—199u(?).

Integrating over the compact manifold X yields the complex Monge—Ampere equation

(2

o\ e

(2-9) ) (). u(0)=o.

Att =0, we have

du
at lr=0
which is independent of x € X . Since u(0) = 0, the function u(¢) is constant over X, and thus (2-9) is an

(2-10) =nlog(Ag),

ordinary differential equation and (2-8) is

Q2-11) w(t) = M0)@(7).

Proof of Lemma 2.1 Equation (2-11) implies that there exist C > 0 such that
(2-12) C'a(1r) <o) <Ca(r).

Thus to show (2-2), we need to show that for some C > 0,

(2-13) Cla@) <@(r) < Car)

for all = 0. To show the above, we use (2-1) to find a Cy > 0 such that

(2-14) —Cyo < Ric(w) < Cyo.
This implies that (1-1) can be estimated by
(2-15) —Cow < %—(;) +o < Co.

Geometry & Topology, Volume 29 (2025)
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The lower bound in (2-15) implies
0.5 -Gt Dig)

and the upper bound in (2-15) implies
%(e(l—@”a}) <0
forall ¢ = 0.

We now take cases. Suppose that 0 < Ao < 1 and assume that ¢ > 7 for T large enough such that
T =1+ In(A(r)/Ao) > . Using that e(!=C0) G (1) is decreasing in 7, we have
At
1205 < ca.
Ao

where C > 0. On the other hand, ¢(€o+ DG (1) is increasing in ¢, which implies

(1) <17CEDg;) =e

@(1) = CoTDEIG (1) = e-<Co+1>¥5)(z) >C7'&()
0

for some C > 0. Combining these gives us (2-13). If Ay > 1 we can derive the estimate using the same
method with 7 < 7.

Combining (2-13) with (2-12) yields (2-2) for all ¢ = T, for some large 7" > 0. Interior estimates imply
(2-2) for all t = 0.

The curvature bounds (2-3) follow immediately from (2-11) and the scaling properties of the curvature
tensor. O

2.2 General result for higher-order estimates

Using the metric equivalence, we derive higher-order estimates for w(¢) given that the curvature tensor
is bounded for @. The method is identical to that of Yashan Zhang [2020]; for convenience we sketch
the argument here. When the evolving metric w(¢) is equivalent to a fixed metric wg, see Song and
Weinkove’s notes [2013b].

Since we have shown the inequality (2-2), we consider the two metrics with the same time scale ¢ and
drop the dependence of the metrics on ¢ for notational convenience.

Lemma 2.2 Suppose that w and @ are solutions to (1-1) and |Rm(w)|z < C. The evolution of the
trace satisfies

8 - - - .= 7 ~ ~
(2-16) (5 - Aw) try @ < C try & + Ctry @)% — g]’gqub“V,-gpl;ngaq.
Proof The time derivative is given by
a - 8 ]_l ~ <. ag < T . -
(2-17) E(trm ) = ‘gt gi;+g”a—;f = R’'g;5 — try Ric(d).
The laplacian of the trace is given by the standard calculation carried out in [Yau 1978; Lu 1967]:
(2-18) Aotry®=RI'g;— g/ g1 R;5 0+ 8" 89 8%Vig 1 Vi 8ag.

Geometry & Topology, Volume 29 (2025)
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Combining the previous two equations yields

a - . T =~ o= 7 - -
(2-19) (E — Aw(t)) tr, @ = — tr, Ric(@) + g”gquijqu —g”gqubavigpl;ngaq.

The desired inequality follows from the assumption (2-1). O

Proposition 2.3 (Yashan Zhang [2020]) Let @(z) be a type-III solution to the normalized Kahler—Ricci
flow and w(t) be an arbitrary solution such that for some Cy > 0,

(2-20) Cy 'a(t) < w(1) < Cod(1)
for all t = 0. Then there exists C > 0 such that
(2-21) IRm(o(®)|w@) < C

forall t = 0.

Proof Let W = (\Illkj) where \I/l’j = Flkj — f{; and S = [¥|2. In local coordinates,

(2-22) S=g"g"* g1V Vg5
For the last term in (2-16), we have
(2-23) g g8 Vg 1 Vigag = & g1 8 (Vi = V)2 5 (Vi — V) Eag

=g/ g1 P (— W)z p (W4 )Zae = CT'S.
Hence, we have the estimate

(2-24) (%—Aw)trw&') <Cc-Cls.
The evolution of the tensor .S is given by
(2-25) @ —Ao)S = S — VU2 - [TU2 + (V; RE — ¥+ Rm(@) — gEG%R'pr, W),

where (-, ) is the tensor inner product induced by the metric g(¢) associated with w(¢). Following
Hamilton’s argument [1982] (or see [Song and Weinkove 2013b]), the assumption (2-1) on the curvature
tensor of @ implies

IVa @) Rm(@(@)lz@) < C
for some C > 0. In light of this, we estimate (2-25) by

(2-26) (%—Aw)S <CS+C— |V —|TW)2.
We now have all the pieces to set up a maximum principle argument. Let Q := S + A tr, @ for some
sufficiently large A > 0. Using (2-24) and (2-26), there exists C > 0 such that

(2-27) (% - Aw) 0<-S+C.

By a standard maximum principle argument and noting that tr,,,) @(f) < C, we find a constant C > 1
such that S < C.

Geometry & Topology, Volume 29 (2025)
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B [wo]  [@7]; /

Figure 2: Scaling of type-III solutions.

The last term in (2-26) can be estimated by

(2-28) VU[, =R — R 15 = 3 Rm(@)[; — C.
Thus
ad
(2-29) (E — Aw)S <C -1 Rm(@)2.
The evolution of curvature can be estimated by
d
(2-30) (5 = 20 RM(@)]o < CIRM@)[2 — }[Rm(@)].
Let Q := |Rm(w)|,+ AS for some large constant A > 0, we combine the previous two estimates to obtain
d
(2-31) (E—Aw)(|Rm(w)|w +48) < —LRm()], + C.
Then by the maximum principle, there exists C > 0 such that
) sup |[Rm(w)|, < C. m|
@ 32) X x[0,00) ¢

3 Proof of Theorem 1.5

Using Lemma 2.1, we scale a type-1II solution @(#) twice to w™(¢) and @™ (¢), so that Wy = Ay Do <
Wy < )\(J)F&')O = a)(;r . We then choose A small enough and k(')'r large enough so that w; < wy < (uSL .
Furthermore, these solutions starting from these scaled metrics are type III. We treat these new solutions
as reference metrics, where either w™ (¢) or @™ () is chosen to obtain a favorable sign when carrying out

maximum principle arguments.
3.1 Reduction to a Monge-Ampere equation

Let x € [weo] be a representative of the limiting class under the normalized Kéhler—Ricci flow. Using the

usual reference metrics, we have _
olt)=e"wg+(1—e )+ +v—1030¢,

3-1 _ _
G-D a)J”(t):e_’a)(;r—i—(l—e_’))(—i-«/—188@Jr and o (1) =e¢"wy +(1—e ") x+vV—130¢".

Geometry & Topology, Volume 29 (2025)
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In our proof of Theorem 1.5, we require three Monge—Ampére equations relating pairs of w(z), o™ (1)
and @~ (¢). Taking a time derivative of w(¢) and @™ (¢) in (3-1), and using the flow equation, we arrive at
a Monge—Ampere equation for u := ¢ — ¢~ given by

du o" _
(3-2) i log((w_)n) u,
where
(3-3) o) =w () +e (wy— wy ) + V—=100u.

Equation (3-2) will be the primary Monge—Ampere equation utilized in the proof of the main theorem.
Note that the construction of @, ensures wx := wo — w, > 0. Similarly, for ¢ := @t — ¢~ we have

+\n
(3-4) 88—? = log(%) — .
The function ¥ relates the two evolving metrics by
(3-5) ot () =0 (1) +e (] —wy) +v—130y.
Finally, for v := ¢ — @™, we have the Monge—Ampere equation
n
(3-6) g—;} = log((cj)T)n) -,
where
(3-7) o(t) =0T (1) + e (wy— a)(;r) + v/—199v.

3.2 Potential estimates

Our aim is to derive potential estimates for # and its time derivative. We begin by calculating the evolution
of u and du/dt. As before, we drop the ¢ dependence on the metrics and potential functions for ease of
notation. We denote geometric quantities associated with @™ () and @~ () by their respective symbol in
superscripts.

Lemma 3.1 For ws := wo — w, > 0, any solution u to (3-2) satisfies

(3-8) (% — Aw(,))u = %—l; —n4trp0 +e " tr, ws
and
(3-9) (% - Aw(t))%—‘t‘ — R~ —try Ric(w™) — %—l: @ — ety wy 1.

Proof The first equation (3-8) follows from (3-1):

(% — Aw(,)>u = %—L; —trp(w—w —e Twy) = %—L; —n4try 0 +e T try ws.

Geometry & Topology, Volume 29 (2025)
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Equation (3-9) is derived using (3-2):
(57 = 200) 3 = (5 = 8000 ) 0e(555) = (57 ~ 20
= R™ —try Ric(w™) — %—L; +n—try 0 —e ! try, wx. |
Lemma 3.2 Let u be a solution to (3-2). Then there exists a uniform C > 0 such that
(3-10) O0<u@®)<C
forall t = 0.
Proof To obtain the lower bound, we apply the maximum principle to e’u + At for any constant 4 > 0.

Over the region [0, 7] x X for any T > 0, if the spacetime minimum occurs at some ¢ > 0, at that point
we have

(0™ (1) + e (wo —wy) + V—190u)"
(™))"

which is a contradiction. Thus the minimum must occur at ¢ = 0, where e‘u + At = 0. We conclude that,

ozg(e’quAt):etlog( )+A>et10g(1)+A>0,

for all spacetime,
e'u+ Ar=0

holds for any 4 > 0. Finally, we take the limit 4 — 0 to deduce that
u=0.

To derive an upper bound for u, we first observe that at a spatial maximum vp,.x, from (3-6) we have

d (@1 + e (0o —wg))"

% <lo ( (w+)n 0 — Umax < —VUmax-
Then by the maximum principle, we deduce that v < 0. On the other hand, we have C > 0 such that
(3-11) lvl<C

+

for all # > 0. Indeed, the initial metrics NS

w, and @ are scalar multiples of each other, so Lemma 2.1
and (3-4) imply

+\n
%(ettﬂ) =e' IOg(EZ—;”) <Ceé

for some C > 0. Integrating the above gives us (3-11). It now follows that
u() =p()—¢~ @) =v()+v¥ ) <C,

where C > 0 is independent of time. |

Lemma 3.3 Let u be a solution to (3-2). Then there exists C > 0 such that

ou

(3-12) =

‘sc
forall t = 0.

Geometry & Topology, Volume 29 (2025)
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Proof We first note that Lemma 2.1 implies that for some C > 0, we have

(3-13) Cla(t) <o (1) <Ca(r)

and

(3-14) Rm(w~ ()2, < C.

forall t = 0. Let

(3-15) 0= aa—btl—Au,

where A > 0 a constant that will be set later. By combining (3-8) and (3-9), and using (3-14), we obtain

(% ~20)Q = R~ ~try Ric(@™) — (4 + D trg 0" — (A + e~ try wn — (4 + 1)%—3’ +(A+1)n

S—(A+1-Cotryw™ —(A+ e try, ws — (A + 1)%—3‘ +(A+ 14 Cy)n.
We choose A =2 + Cj to obtain the estimate
0
(37 -2)0 < —c5; +C.
Applying the parabolic maximum principle yields the upper bound

du
-— <C
ot
for some C > 0.
For the lower bound, we instead consider the quantity
u

0= 81+A

for some A > 0 to be determined later. Once again, we use (3-8), (3-9) and (3-14) to set up a maximum
principle argument:

(z?z Aw)Q R™(t) — tr, Ric(w™ )+(A—1)trww+(A—1)e—’trww*+(A—1)%—”t‘+n(1—A)

=(—Co+1—A)n+(4— l)a—l: +(A—Co—Dtry o™ + (A—1)e™ try wx.
Applying a similar argument to before, we choose 4 = 2 + Cj to obtain an estimate

0 _ du (@)"\/n _ du —(1/n)u)dt+u)
(az Aw)Q/ —C+CS 07 = C+C8t+ ( - ) C+C%+ne .

n

Then applying the maximum principle, using that u is uniformly bounded, shows that there exists a C > 0
independent of time such that

ou
3_16 — [—
( ) 51 = —C.

3.3 Proof of Theorem 1.5

We now derive a metric equivalence between the type-IIT solution @ and the arbitrary solution w.

Geometry & Topology, Volume 29 (2025)
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Proof From a standard calculation, using (3-14), we have for some C > 0 and Cy > 0

(3-17) (% - Aw) logtry, ™ < Cotry 0™ +C
for all times ¢ = 0. The uniform bound on %—L; from Lemma 3.3 implies that

d du — —t — _
(3-18) (E_A“’)u =3 —n+ttpw +e try(wy—wy)=—C+trpo .

Following a similar argument as before, we define Q :=logtr, v~ — Au. Then using the two inequalities,
we choose A large enough so that

(3-19) (%—Aw)Q <C—trpw.

Applying the maximum principle, and again using Lemmas 3.2 and 3.3, we obtain some C > 0 such that
(3-20) trow” <C

for all # = 0. Combining the potential estimates from Lemmas 3.2 and 3.3, we derive from the Monge—
Ampere equation (3-2) the volume bounds

n

(3-21) C <

<C
(@7)"

for some C > 0 for all # = 0. Similar to before, we employ standard eigenvalue estimates to obtain
" _
tro—w <n trp 0w < C.
(@7)"

Then the two trace bounds imply the following metric equivalence:

(3-22) Clo™ () <) < Co™(1).
The above inequality and (3-13) yield (1-9). To obtain bounds on the curvature tensor, we apply
Proposition 2.3 with @™ (¢) in place of @. m|

We can now apply Theorem 1.5 to answer Conjecture 1.2:

Theorem 3.4 Let X be a Kahler manifold with numerically effective canonical line bundle. Then the
singularity type of solutions to the Kihler—Ricci flow is independent of the initial metric.

Proof Suppose a solution @ is type III. Then by Theorem 1.5, any other solution starting from a different
initial metric must also be type III. On the other hand, if a type-IIb solution exists, then any other solution
must be type IIb, as otherwise Theorem 1.5 implies that all solutions must be type III, a contradiction. O

Remark 3.5 Finally, Theorem 1.5 can be interpreted as evidence for the Kihler extension of the
abundance conjecture. Indeed, if a counterexample to Theorem 1.5 could be constructed, then Yashan
Zhang’s result [2020] implies that the manifold cannot be semiample.
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4 Further remarks

Our results and techniques have applications and generalizations in many settings.

We start with some examples where an explicit solution to the normalized K&hler—Ricci flow is known.
This allows us to deduce the singularity type for an arbitrary initial metric for these manifolds. These
examples are obtained from [Zhang 2019].

(1) Calabi-Yau metrics Suppose that X admits a Calabi—Yau metric. Then under the Kéhler—Ricci
flow, we check that w(r) = e ‘wcy is a solution with w(0) = wcy. For such solutions, the curvature
evolves as

@-1) IRm(0(1))]w@) = ¢ Rm(0cy)|ocy -

and therefore develops a type-III singularity if and only if wcy is a flat metric, which is possible if and
only if X is a finite quotient of a torus. Therefore we conclude from Theorem 1.5 that the Kdhler—Ricci
flow develops a type-III solution on a numerically effective manifold X if and only if it is a finite quotient
of a torus. Furthermore, this demonstrates Theorem 1.4(1) without assuming Ky is semiample.

Remark 4.1 Theorem 1.4(2) assumes Ky is big. Since nef and big imply semiample, the generalization
to nef is immediate.

(2) Product manifold Consider the product manifold X := B x Y where Y is a Calabi—Yau manifold.
This is a special case of Theorem 1.4(3). Suppose that @ is a Kdhler—Einstein metric on B, then check that

4-2) ot)=e'wcy +(1—e Howp

is a solution to the Kihler—Ricci flow. The curvature is given by

4-3) IRmw(1)[2,) = > Rm(wcy) o, + IRm(wp)|3,,-

(1—e71)2
Thus we have a type-III singularity if and only if wcy is flat, which occurs if Y is a finite quotient of

a torus. So a type-III singularity develops if and only if Y is a finite quotient of a torus. Hence, using
Theorem 1.5, for any initial metric wy, there exists C > 0 such that

(4-4) C7'o(t) <o) <Ca(t) and |[Rm(w(?))|u@) < C,
forall z = 0.

Furthermore, our method can be applied to other flows, for example the modified Kihler—Ricci flow
as studied in [Zhang 2009a; Yuan 2011; Wu and Zhang 2022]. More precisely, the independence of
infinite-time singularity type should follow from metric equivalence and higher-order estimates.

Geometry & Topology, Volume 29 (2025)



Independence of singularity type for numerically effective Kdahler—Ricci flows 493

References
[Cao 1985] HD Cao, Deformation of Kdihler metrics to Kihler—Einstein metrics on compact Kéhler manifolds,
Invent. Math. 81 (1985) 359-372 MR Zbl

[Fong 2015] F T-H Fong, On the collapsing rate of the Kdahler—Ricci flow with finite-time singularity, J. Geom.
Anal. 25 (2015) 1098-1107 MR Zbl

[Fong and Zhang 2020] F T-H Fong, Y Zhang, Local curvature estimates of long-time solutions to the Kdhler—
Ricci flow, Adv. Math. 375 (2020) art. id. 107416 MR

[Guo et al. 2016] B Guo, J Song, B Weinkove, Geometric convergence of the Kdhler—Ricci flow on complex
surfaces of general type, Int. Math. Res. Not. 2016 (2016) 5652-5669 MR Zbl

[Hamilton 1982] RS Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17 (1982)
255-306 MR Zbl

[Jian 2020] W Jian, Convergence of scalar curvature of Kdhler—Ricci flow on manifolds of positive Kodaira
dimension, Adv. Math. 371 (2020) art. id. 107253 MR Zbl

[Lu 1967] Y-C Lu, On holomorphic mappings of complex manifolds, PhD thesis, University of California, Berkeley
(1967) Available at https://www.proquest.com/docview/302237334

[Matsuki 2002] K Matsuki, Introduction to the Mori program, Springer (2002) MR Zbl

[Munteanu and Székelyhidi 2011] O Munteanu, G Székelyhidi, On convergence of the Kiihler—Ricci flow, Comm.
Anal. Geom. 19 (2011) 887-903 MR Zbl

[Phong and Sturm 2006] D H Phong, J Sturm, On stability and the convergence of the Kihler—Ricci flow, J.
Differential Geom. 72 (2006) 149-168 MR Zbl

[Phong et al. 2007] D H Phong, N Sesum, J Sturm, Multiplier ideal sheaves and the Kdhler—Ricci flow, Comm.
Anal. Geom. 15 (2007) 613-632 MR Zbl

[Song and Tian 2007] J Song, G Tian, The Kdhler—Ricci flow on surfaces of positive Kodaira dimension, Invent.
Math. 170 (2007) 609-653 MR Zbl

[Song and Tian 2012] J Song, G Tian, Canonical measures and Kdihler—Ricci flow, J. Amer. Math. Soc. 25 (2012)
303-353 MR Zbl

[Song and Tian 2016] J Song, G Tian, Bounding scalar curvature for global solutions of the Kdhler—Ricci flow,
Amer. J. Math. 138 (2016) 683-695 MR Zbl

[Song and Tian 2017] J Song, G Tian, The Kdiihler—Ricci flow through singularities, Invent. Math. 207 (2017)
519-595 MR Zbl

[Song and Weinkove 2013a] J Song, B Weinkove, Contracting exceptional divisors by the Kdhler—Ricci flow,
Duke Math. J. 162 (2013) 367-415 MR Zbl

[Song and Weinkove 2013b] J Song, B Weinkove, An introduction to the Kihler—Ricci flow, from “An introduction
to the Kihler—Ricci flow” (S Boucksom, P Eyssidieux, V Guedj, editors), Lecture Notes in Math. 2086, Springer
(2013) 89-188 MR Zbl

[Song and Weinkove 2014] J Song, B Weinkove, Contracting exceptional divisors by the Kihler—Ricci flow, 11,
Proc. Lond. Math. Soc. 108 (2014) 1529-1561 MR Zbl

[Song and Yuan 2012] J Song, Y Yuan, Metric flips with Calabi ansatz, Geom. Funct. Anal. 22 (2012) 240-265
MR Zbl

Geometry & Topology, Volume 29 (2025)


https://doi.org/10.1007/BF01389058
http://msp.org/idx/mr/799272
http://msp.org/idx/zbl/0574.53042
https://doi.org/10.1007/s12220-013-9458-x
http://msp.org/idx/mr/3319963
http://msp.org/idx/zbl/1318.53071
https://doi.org/10.1016/j.aim.2020.107416
https://doi.org/10.1016/j.aim.2020.107416
http://msp.org/idx/mr/4170232
https://doi.org/10.1093/imrn/rnv332
https://doi.org/10.1093/imrn/rnv332
http://msp.org/idx/mr/3567255
http://msp.org/idx/zbl/1404.53081
http://projecteuclid.org/euclid.jdg/1214436922
http://msp.org/idx/mr/664497
http://msp.org/idx/zbl/0504.53034
https://doi.org/10.1016/j.aim.2020.107253
https://doi.org/10.1016/j.aim.2020.107253
http://msp.org/idx/mr/4108223
http://msp.org/idx/zbl/1444.53064
https://www.proquest.com/docview/302237334
https://doi.org/10.1007/978-1-4757-5602-9
http://msp.org/idx/mr/1875410
http://msp.org/idx/zbl/0988.14007
https://doi.org/10.4310/CAG.2011.v19.n5.a3
http://msp.org/idx/mr/2886711
http://msp.org/idx/zbl/1264.53063
http://projecteuclid.org/euclid.jdg/1143593129
http://msp.org/idx/mr/2215459
http://msp.org/idx/zbl/1125.53048
https://doi.org/10.4310/CAG.2007.v15.n3.a7
http://msp.org/idx/mr/2379807
http://msp.org/idx/zbl/1143.53064
https://doi.org/10.1007/s00222-007-0076-8
http://msp.org/idx/mr/2357504
http://msp.org/idx/zbl/1134.53040
https://doi.org/10.1090/S0894-0347-2011-00717-0
http://msp.org/idx/mr/2869020
http://msp.org/idx/zbl/1239.53086
https://doi.org/10.1353/ajm.2016.0025
http://msp.org/idx/mr/3506382
http://msp.org/idx/zbl/1377.53087
https://doi.org/10.1007/s00222-016-0674-4
http://msp.org/idx/mr/3595934
http://msp.org/idx/zbl/1440.53116
https://doi.org/10.1215/00127094-1962881
http://msp.org/idx/mr/3018957
http://msp.org/idx/zbl/1266.53063
https://doi.org/10.1007/978-3-319-00819-6_3
http://msp.org/idx/mr/3185333
http://msp.org/idx/zbl/1288.53065
https://doi.org/10.1112/plms/pdt059
http://msp.org/idx/mr/3218318
http://msp.org/idx/zbl/1301.53066
https://doi.org/10.1007/s00039-012-0151-1
http://msp.org/idx/mr/2899688
http://msp.org/idx/zbl/1248.53057

494 Hosea Wondo and Zhou Zhang

[Tian 2012] G Tian, Existence of Einstein metrics on Fano manifolds, from “Metric and differential geometry” (X
Dai, X Rong, editors), Progr. Math. 297, Birkh&user, Basel (2012) 119-159 MR Zbl

[Tian 2019] G Tian, Some progresses on Kdhler—Ricci flow, Boll. Unione Mat. Ital. 12 (2019) 251-263 MR

[Tian and Zhang 2006] G Tian, Z Zhang, On the Kdihler—Ricci flow on projective manifolds of general type,
Chinese Ann. Math. Ser. B 27 (2006) 179-192 MR Zbl

[Tian and Zhang 2016] G Tian, Z Zhang, Convergence of Kdihler—Ricci flow on lower-dimensional algebraic
manifolds of general type, Int. Math. Res. Not. 2016 (2016) 6493-6511 MR Zbl

[Tosatti 2018] V Tosatti, KAWA lecture notes on the Kdhler—Ricci flow, Ann. Fac. Sci. Toulouse Math. 27 (2018)
285-376 MR Zbl

[Tosatti and Zhang 2015] V Tosatti, Y Zhang, Infinite-time singularities of the Kihler—Ricci flow, Geom. Topol.
19 (2015) 2925-2948 MR Zbl

[Tosatti et al. 2018] 'V Tosatti, B Weinkove, X Yang, The Kdhler—Ricci flow, Ricci-flat metrics and collapsing
limits, Amer. J. Math. 140 (2018) 653-698 MR Zbl

[Wu and Zhang 2022] H Wu, Z Zhang, The modified Kdhler—Ricci flow, 11, preprint (2022) arXiv 2210.10296

[Yau 1978] ST Yau, A general Schwarz lemma for Kdhler manifolds, Amer. J. Math. 100 (1978) 197-203 MR
Zbl

[Yuan 2011] Y Yuan, On the convergence of a modified Kdhler—Ricci flow, Math. Z. 268 (2011) 281-289 MR Zbl
[Zhang 2009a] Z Zhang, A modified Kdhler—Ricci flow, Math. Ann. 345 (2009) 559-579 MR Zbl

[Zhang 2009b] Z Zhang, Scalar curvature bound for Kdhler—Ricci flows over minimal manifolds of general type,
Int. Math. Res. Not. 2009 (2009) 3901-3912 MR Zbl

[Zhang 2010] Z Zhang, Scalar curvature behavior for finite-time singularity of Kdhler—Ricci flow, Michigan Math.
J.59 (2010) 419-433 MR Zbl

[Zhang 2019] 'Y Zhang, Collapsing limits of the Kdhler—Ricci flow and the continuity method, Math. Ann. 374
(2019) 331-360 MR Zbl

[Zhang 2020] Y Zhang, Infinite-time singularity type of the Kdhler—Ricci flow, J. Geom. Anal. 30 (2020) 2092-
2104 MR Zbl

School of Mathematics and Statistics, The University of Sydney
Sydney, NSW, Australia

School of Mathematics and Statistics, The University of Sydney
Sydney, NSW, Australia

hdw24@cornell.edu, =zhou.zhang@sydney.edu.au

Proposed: Gang Tian Received: 9 November 2023
Seconded: John Lott, Tobias H Colding Revised: 7 February 2024

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


https://doi.org/10.1007/978-3-0348-0257-4_5
http://msp.org/idx/mr/3220441
http://msp.org/idx/zbl/1250.53044
https://doi.org/10.1007/s40574-018-0178-9
http://msp.org/idx/mr/3936306
https://doi.org/10.1007/s11401-005-0533-x
http://msp.org/idx/mr/2243679
http://msp.org/idx/zbl/1102.53047
https://doi.org/10.1093/imrn/rnv357
https://doi.org/10.1093/imrn/rnv357
http://msp.org/idx/mr/3579970
http://msp.org/idx/zbl/1404.53085
https://doi.org/10.5802/afst.1571
http://msp.org/idx/mr/3831026
http://msp.org/idx/zbl/1395.53074
https://doi.org/10.2140/gt.2015.19.2925
http://msp.org/idx/mr/3416117
http://msp.org/idx/zbl/1328.53089
https://doi.org/10.1353/ajm.2018.0016
https://doi.org/10.1353/ajm.2018.0016
http://msp.org/idx/mr/3805016
http://msp.org/idx/zbl/1401.53055
http://msp.org/idx/arx/2210.10296
https://doi.org/10.2307/2373880
http://msp.org/idx/mr/486659
http://msp.org/idx/zbl/0424.53040
https://doi.org/10.1007/s00209-010-0670-0
http://msp.org/idx/mr/2805434
http://msp.org/idx/zbl/1220.53084
https://doi.org/10.1007/s00208-009-0365-1
http://msp.org/idx/mr/2534108
http://msp.org/idx/zbl/1176.53069
https://doi.org/10.1093/imrn/rnp073
http://msp.org/idx/mr/2544732
http://msp.org/idx/zbl/1180.53068
https://doi.org/10.1307/mmj/1281531465
http://msp.org/idx/mr/2677630
http://msp.org/idx/zbl/1198.53079
https://doi.org/10.1007/s00208-018-1676-x
http://msp.org/idx/mr/3961313
http://msp.org/idx/zbl/1418.53074
https://doi.org/10.1007/s12220-017-9949-2
http://msp.org/idx/mr/4081341
http://msp.org/idx/zbl/1436.53076
mailto:hdw24@cornell.edu
mailto:zhou.zhang@sydney.edu.au
http://msp.org
http://msp.org

Mohammed Abouzaid

Dan Abramovich
Ian Agol

Arend Bayer
Mark Behrens
Mladen Bestvina
Martin R Bridson
Jim Bryan

Dmitri Burago
Tobias H Colding
Simon Donaldson
Yasha Eliashberg
Benson Farb
David M Fisher
Mike Freedman
David Gabai
Stavros Garoufalidis
Cameron Gordon
Jesper Grodal

Misha Gromov

Robert Lipshitz

Andras I Stipsicz

GEOMETRY & TOPOLOGY

msp.org/gt

MANAGING EDITORS

University of Oregon
lipshitz@uoregon.edu

Alfréd Rényi Institute of Mathematics
stipsicz@renyi.hu

BOARD OF EDITORS

Stanford University
abouzaid @stanford.edu

Brown University
dan_abramovich@brown.edu
University of California, Berkeley
ianagol @math.berkeley.edu
University of Edinburgh
arend.bayer @ed.ac.uk

University of Notre Dame
mbehren1 @nd.edu

University of Utah
bestvina@math.utah.edu

University of Oxford

bridson @maths.ox.ac.uk

University of British Columbia
jbryan@math.ubc.ca

Pennsylvania State University
burago@math.psu.edu

Massachusetts Institute of Technology
colding@math.mit.edu

Imperial College, London
s.donaldson @ic.ac.uk

Stanford University
eliash-gt@math.stanford.edu

University of Chicago
farb@math.uchicago.edu
Rice University
davidfisher@rice.edu
Microsoft Research
michaelf @microsoft.com
Princeton University

gabai @princeton.edu
Southern U. of Sci. and Tech., China
stavros @ mpim-bonn.mpg.de
University of Texas

gordon @math.utexas.edu

University of Copenhagen
jg@math.ku.dk

IHES and NYU, Courant Institute
gromov @ihes.fr

Mark Gross

Rob Kirby

Bruce Kleiner
Sandor Kovics
Urs Lang

Marc Levine
Ciprian Manolescu
Haynes Miller
Tomasz Mrowka
Aaron Naber

Peter Ozsvath
Leonid Polterovich
Colin Rourke
Roman Sauer
Stefan Schwede
Natasa Sesum
Gang Tian

Ulrike Tillmann
Nathalie Wahl

Anna Wienhard

University of Cambridge

mgross @dpmms.cam.ac.uk
University of California, Berkeley
kirby @math.berkeley.edu

NYU, Courant Institute
bkleiner@cims.nyu.edu

University of Washington
skovacs @uw.edu

ETH Ziirich

urs.Jlang @math.ethz.ch

Universitit Duisburg-Essen
marc.levine @uni-due.de

University of California, Los Angeles
cm@math.ucla.edu

Massachusetts Institute of Technology
hrm @math.mit.edu

Massachusetts Institute of Technology
mrowka@math.mit.edu

Northwestern University

anaber @math.northwestern.edu
Princeton University
petero@math.princeton.edu

Tel Aviv University

polterov @post.tau.ac.il

University of Warwick
gt@maths.warwick.ac.uk

Karlsruhe Institute of Technology
roman.sauer @kit.edu

Universitit Bonn

schwede @math.uni-bonn.de

Rutgers University

natasas @math.rutgers.edu
Massachusetts Institute of Technology
tian@math.mit.edu

Oxford University

tillmann @maths.ox.ac.uk

University of Copenhagen
wahl@math.ku.dk

Universitit Heidelberg
wienhard @mathi.uni-heidelberg.de

See inside back cover or msp.org/gt for submission instructions.

The subscription price for 2025 is US $865/year for the electronic version, and $1210/year (+$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Geometry & Topology is indexed
by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Geometry & Topology (ISSN 1465-3060 printed, 1364-0380 electronic) is published 9 times per year and continuously online, by Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840. Periodical
rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences
Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

GT peer review and production are managed by EditF Low® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

© 2025 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/gt
mailto:lipshitz@uoregon.edu
mailto:stipsicz@renyi.hu
mailto:abouzaid@stanford.edu
mailto:dan_abramovich@brown.edu
mailto:ianagol@math.berkeley.edu
mailto:arend.bayer@ed.ac.uk
mailto:mbehren1@nd.edu
mailto:bestvina@math.utah.edu
mailto:bridson@maths.ox.ac.uk
mailto:jbryan@math.ubc.ca
mailto:burago@math.psu.edu
mailto:colding@math.mit.edu
mailto:s.donaldson@ic.ac.uk
mailto:eliash-gt@math.stanford.edu
mailto:farb@math.uchicago.edu
mailto:davidfisher@rice.edu
mailto:michaelf@microsoft.com
mailto:gabai@princeton.edu
mailto:stavros@mpim-bonn.mpg.de
mailto:gordon@math.utexas.edu
mailto:jg@math.ku.dk
mailto:gromov@ihes.fr
mailto:mgross@dpmms.cam.ac.uk
mailto:kirby@math.berkeley.edu
mailto:bkleiner@cims.nyu.edu
mailto:skovacs@uw.edu
mailto:urs.lang@math.ethz.ch
mailto:marc.levine@uni-due.de
mailto:cm@math.ucla.edu
mailto:hrm@math.mit.edu
mailto:mrowka@math.mit.edu
mailto:anaber@math.northwestern.edu
mailto:petero@math.princeton.edu
mailto:polterov@post.tau.ac.il
mailto:gt@maths.warwick.ac.uk
mailto:roman.sauer@kit.edu
mailto:schwede@math.uni-bonn.de
mailto:natasas@math.rutgers.edu
mailto:tian@math.mit.edu
mailto:tillmann@maths.ox.ac.uk
mailto:wahl@math.ku.dk
mailto:wienhard@mathi.uni-heidelberg.de
http://dx.doi.org/10.2140/gt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org/
https://msp.org/

GEOMETRY &
Volume 29 Issue 1 (pa

Helly groups

JEREMIE CHALOPIN, VICTOR CHEPOI, ANTHONY
OSAJDA

Topologically trivial proper 2-knots
ROBERT E GOMPF

The stable Adams operations on Hermitian K-theory
JEAN FASEL and OLIVIER HAUTION

On Borel Anosov subgroups of SL(d, R)
SUBHADIP DEY

Global Brill-Noether theory over the Hurwitz space
ERIC LARSON, HANNAH LARSON and ISABEL VO

Hyperbolic hyperbolic-by-cyclic groups are cubulable
FRANCOIS DAHMANI, SURAJ KRISHNA MEDA S A’

The smooth classification of 4-dimensional complete inte:
DIARMUID CROWLEY and CSABA NAGY

An embedding of skein algebras of surfaces into localize
coordinates

RENAUD DETCHERRY and RAMANUJAN SANTHA
Virtual classes via vanishing cycles
TASUKI KINJO
On termination of flips and exceptionally noncanonical si
JINGJUN HAN and JIHAO L1U
Lower Ricci curvature and nonexistence of manifold stru
ERIK HUPP, AARON NABER and KAI-HSIANG W.
Independence of singularity type for numerically effectiv
HOSEA WONDO and ZHOU ZHANG
Subgroups of genus-2 quasi-Fuchsian groups and cocom

ZHENGHAO RAO




	1. Introduction
	2. Preliminary results
	2.1. Flow from a scaled initial metric
	2.2. General result for higher-order estimates

	3. Proof of Theorem 1.5
	3.1. Reduction to a Monge–Ampère equation
	3.2. Potential estimates
	3.3. Proof of Theorem 1.5

	4. Further remarks
	References
	
	

