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Monodromy of Schwarzian equations with regular singularities

GIANLUCA FARACO
SUBHOJOY GUPTA

Let S be a punctured surface of finite type and negative Euler characteristic. We determine all possible
representations p: 71 (S) — PSL,(C) that arise as the monodromy of the Schwarzian equation on S with
regular singularities at the punctures. Equivalently, we determine the holonomy representations of complex
projective structures on S whose Schwarzian derivatives, with respect to some uniformizing structure,
have poles of order at most two at the punctures. Following earlier work that dealt with the case when
there are no apparent singularities, our proof reduces to the case of realizing a degenerate representation
with apparent singularities. This mainly involves explicit constructions of complex affine structures on
punctured surfaces, with prescribed holonomy. As a corollary, we determine the representations that arise
as the holonomy of spherical metrics on S with cone points at the punctures.
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1 Introduction

Consider the Schwarzian equation

(1 Y+ 34y =0

on a punctured Riemann sphere X = CP'\{p1, p2, ..., pr}, where the prescribed meromorphic coefficient
function g has poles of order at most two at the punctures. This is a second-order complex linear differential
equation with regular singularities and thus admits meromorphic solutions that span a complex vector

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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550 Gianluca Faraco and Subhojoy Gupta

space of dimension two; see for example [Ince 1944, Section 15.3]. The monodromy of the solutions
determines a representation p: 71 (X) — PSL,(C), and determining which monodromy groups appear
has been a subject of classical work, eg [Poincaré 1884].

More generally, let S be an arbitrary punctured Riemann surface of finite-type and negative Euler
characteristic, and let IT = 71 (S) be its fundamental group. When S is equipped with a complex structure,
the Schwarzian equation (1) makes sense by passing to the universal cover; the coefficient ¢ is then the lift
of a holomorphic quadratic differential on the surface that has poles of order at most two at the punctures.
Equivalently, the solutions of (1) also determine a complex projective (or CPL-) structure on the surface,
which is a geometric structure on the surface modeled on CP!; the monodromy of the solutions is then
the holonomy or monodromy of the geometric structure; see Section 2 for a discussion. It has been a
longstanding problem to determine which conjugacy classes of representations p: I[1 — PSL,(C) arise as
the monodromy of such a CP!-structure, when one is allowed to vary the marked complex structure on S.
The work in [Gupta 2021] provided an answer under the assumption that there is no apparent singularity;
see Definition 1.2. This clarified, in particular, a remark of Poincaré [1884, page 218] concerning the
case of the punctured Riemann sphere, where he wrote,

“On peut en général trouver une équation du 2¢ ordre, sans points 2 apparence singuliere
qui admette un groupe donné.”

Indeed, we showed in [Gupta 2021] that the monodromy groups that do arise are exactly those that are
nondegenerate as in Definition 1.1.

In this article, we drop the assumption that there are no apparent singularities, and solve the problem,
providing a complete characterization of the monodromy groups of the Schwarzian equation with regular
singularities. In other words, for a surface Sg x of genus g and k > 1 punctures that has negative Euler
characteristic, we determine the image of the monodromy map

(2) W: Pg (k) — Hom(mr1(Sg ). PSL2(C)) //PSL,(C).

where Pg (k) is the space of meromorphic projective structures on Sy ., with respect to a choice of
a marked complex structure, such that each puncture corresponds to a pole of order at most two, and
the target space is the PSL, (C)-representation variety, the space of surface-group representations into
PSL,(C) up to the action by conjugation. To be more precise, two representations are equivalent, p; ~ pa2,
if the closures of their PSL,(C)-orbits intersect; this coincides with geometric invariant theory quotient,
for example see [Newstead 2009]. We note here that with our condition on the orders of the poles, the
dimensions of the two spaces in the domain and range of the monodromy map W coincide. The question of
determining the image of the above monodromy map was mentioned in [Luo 1993, Question 4, page 554].
Our main result (Theorem A) below answers this completely.

To state our results, we recall the following definitions from [Gupta 2021].

Geometry & Topology, Volume 29 (2025)
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Definition 1.1 A representation p: I1 — PSL5(C) is said to be degenerate if p(I1) preserves a set F' on
CP! where either

(a) F ={p} (ie a global fixed point) and the monodromy around each puncture is a parabolic fixing p
or the identity element, or

(b) F ={p,q} and the monodromy around each puncture fixes p and gq.

Otherwise, p is said to be nondegenerate.

Definition 1.2 A representation p: IT — PSL;,(C) is said to have an apparent singularity at a puncture
of Sg  if p(y) = Id for the peripheral loop y around the puncture. We also say a complex projective
structure has an apparent singularity at a puncture, if the monodromy around it is trivial. In that case the
puncture is either a branch point or a regular point of the structure; see Definition 2.2 and the discussion
following it.

We shall prove:

Theorem A Let I be the fundamental group of a surface S j of genus g and k > 1 punctures, where
2—2g—k <0. A representation p: T1 — PSL,(C) arises as the monodromy of a CP!-structure in Pg (k)
if and only if one of the following hold:

(i) p is a nondegenerate representation, or
(i) p is a degenerate representation, with at least one apparent singularity, with the only exceptions
being
e the trivial representation, when g > 0 and k = 1 or 2, and

e arepresentation whose image is a group of order two, when g > 0 and k = 1.

The case of a closed surface Sg where ¢ > 2 was handled by the work of Gallo, Kapovich and Marden
in [Gallo et al. 2000], who showed that nonelementary representations that lift to SL,(C) are exactly
those that arise as monodromy representations of CP!-structures on Sg. Note that a nonelementary
representation is automatically nondegenerate as defined above (for a comparison between these notions
see [Gupta 2021, Section 2.4]). Gallo, Kapovich and Marden in [Gallo et al. 2000, Problem 12.2.1] also
stated the problem of what happens for punctured surfaces. This paper solves this — the theorem above
answers the “existence” part of their problem, and for the “nonuniqueness” part, we shall observe that the
constructions in the paper imply the following:

Corollary B The nonempty fibers of the monodromy map (2) are infinite in cardinality.

We mention some further directions to “explore the nonuniqueness” (quoting Gallo, Kapovich and Marden)
at the end of this introduction.

The case of a nondegenerate representation (case (i) in Theorem A) follows from the work in [Gupta
2021]; hence the present article, though independent of that paper, can be considered as its sequel.
We provide a new and simplified discussion of the construction of that paper in Section 3, that used a
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552 Gianluca Faraco and Subhojoy Gupta

geometric interpretation of certain cross-ratio coordinates introduced (in a more general context) by Fock
and Goncharov [2006]. We also use one of the results of Allegretti and Bridgeland [2020] which implies
that in the case of no apparent singularities, the monodromy representation is necessarily nondegenerate;
see Theorem 2.5. Indeed, together with Lemma 4.3 concerning the case when the entire monodromy
representation is trivial, and Lemma 5.1 concerning the case when the monodromy group, ie the image of
the monodromy representation, has order two, this establishes the “only if” direction in Theorem A.

The main work in this paper is to handle the remaining case of degenerate representations, namely, to
construct CP!-structures on the punctured surface with a specified monodromy representation as in
case (ii) in Theorem A. Note that this is specific to punctured surfaces, as when the surface is closed, the
analogue of the degenerate case, ie elementary representations, does not arise. In case (a) of Definition 1.1
of a degenerate representation, namely when the image of a degenerate representation has a global fixed
point on CP!, it can be conjugated into the subgroup of complex affine maps

Aff(C) ={zr>az+b|aecC* beC).

In this case, the strategy of our proof is to construct a (complex) affine structure on Sq i, whose monodromy
is the prescribed representation. Indeed, we prove the following result concerning the monodromy groups
of affine structures on a punctured surface, which we feel is of independent interest:

Theorem C Let IT be the fundamental group of S i as in Theorem A, such that the number of punctures
k > 2. Then any nontrivial representation p: I1 — Aff(C) with at least one apparent singularity arises
as the monodromy of a complex affine structure on Sg x. If k > 3, then every such representation is
realizable as the monodromy of a complex affine structure on S .

Our construction of an affine structure involves considering unbounded polygons on C with sides paired
by affine maps, and certain gluing methods which we introduce (eg Definition 4.17). The resulting affine
surface acquires branch points that arise from the vertices of the polygon after the identification, that we
delete to obtain an affine structure on a punctured surface. Since there is always an additional puncture at
infinity, our proof of Theorem C requires at least two punctures.

In the case that the surface has exactly one puncture, we rely on a refinement of the construction alluded to
above. Our strategy then is to use the action of the mapping class group to choose a generating set of the
fundamental group so that the corresponding polygonal curve bounds an immersed disk in CP!. When
the representation is coaxial, ie when the pair of points in (b) of Definition 1.1 is globally fixed, we also
introduce some further new operations (eg Definition 5.12). In these cases, even when the monodromy is
affine, we obtain a projective structure with the desired monodromy, which is not necessarily affine.

In fact, the recent preprint of Le Fils [2023] that appeared at the time of writing this article shows that
in the case of a once-punctured surface, there are some further exceptions to the existence of an affine
structure; see [loc. cit., Proposition 1.5]. It turns out that this case can also be handled using the main
result of [loc. cit.]; we describe this alternative approach in Section 5.4.4, which involves proving the
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existence of a projective structure with the desired monodromy and a single branch point, except when
the monodromy group is of order two; cf Lemma 5.1. The remaining degenerate representations still fall
into case (b) of Definition 1.1, but the pair of points is CP! is preserved, not globally fixed by such a
representation; in this case our argument relies on similar techniques.

One feature of our methods is that they are constructive, and can be potentially implemented in an
algorithm. The constructions we introduce also yield results on other special classes of CP!-structures
that are geometric structures in their own right. We mention some of these below, and leave the discussion
of others (eg half-translation structures, see Definition 4.15) for future papers.

Translation structures A special case of a complex affine structure is a translation structure which has
monodromy in the (smaller) subgroup of complex translations {z + z +a |a € C} = C. Such a structure
acquires a holomorphic (abelian) differential w that is the pullback of the differential dz on C via the
charts, and prescribing its monodromy is equivalent to prescribing the periods of w. In the recent work
[Chenakkod et al. 2022] and its follow-up [Chen and Faraco 2024], for a punctured surface the possible
periods for meromorphic differentials has been determined in the connected components of stratum with
prescribed orders of zeroes and poles. In this paper, we include a proof of the translation-structure case of
Theorem C. This is in part to motivate the proof of the more general affine-structure case, which needed
significant new constructions as mentioned above. Our treatment here of the translation-structures case
differs from that in [Chenakkod et al. 2022], although we employ the same proof strategy.

Spherical structures Another class of projective structures that are interesting in their own right are
spherical cone-metrics on a surface. For such a structure, the developing map is to the round sphere S2,
and the monodromy lies in PSU(2) = SO(3, R). Note that the monodromy around any cone point of
angle « is an elliptic rotation by that angle. The space MSph, i (#) of such spherical cone-metrics on
S k with a set of prescribed cone-angles i at the punctures admits a forgetful projection to the moduli
space Mg i ; this has been a subject of much study — see for instance Mondello and Panov [2016; 2019].
What has been less studied is the monodromy map in this context, namely, the forgetful projection to the
space of surface-group representations into SO(3, R).

Here, we provide the following corollary to our main theorem:

Corollary D Let IT be the fundamental group of S j as in Theorem A and let p: IT — SO(3,R) be a
representation. Then p is the monodromy of some spherical cone-metric on Sg . with cone points only at
the punctures, if and only if it satisfies conditions (i) and (ii) in the statement of Theorem A.

It worth noting that prescribing the monodromy around the punctures determines the cone-angles only
modulo 2r; prescribing these cone-angles in addition to the monodromy is a more delicate problem. For
a punctured sphere, the work of Eremenko [2020] solves this for the case when the prescribed monodromy
is coaxial (which, in this context, is equivalent to being degenerate).

Geometry & Topology, Volume 29 (2025)
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Branched CP!-structures Finally, CP!-structures on a surface which are allowed to have additional
branch points are of independent interest; see Definition 2.2. These were first studied in [Mandelbaum
1973]; see [Calsamiglia et al. 2014] or [Biswas et al. 2019] for more recent results. As a consequence of
Theorem A we obtain the following result concerning such branched projective structures on a punctured
surface:

Corollary E  Suppose that I1 is the fundamental group of Sg ) as in Theorem A. Every representation
p: IT — PSL,(C) arises as the monodromy of some (possibly branched) CP!-structure on S o k» With at
most two branch points.

The recent work of Nascimento [2024] also proves similar results, and develops completely different
techniques for constructing branched projective structures with prescribed monodromy.

It remains to understand the fibers of the monodromy map (2) better, for example how projective structures
in the same fiber are related, and we plan to address this in future work. The recent work of Ballas, Bowers,
Casella and Ruffoni [Ballas et al. 2024] deals with the case when the surface is the thrice-punctured
sphere So 3. For a closed surface, this was handled in the work of Baba [2017], and it is conceivable that
one can develop the analogues of the techniques there, in the punctured case. The main result of [Luo
1993] implies that the fiber W1 (p) is a discrete set when the monodromy representation p is irreducible,
and the monodromy around each puncture is nontrivial and not parabolic. In contrast, in the case all
the punctures are branch points and p is quasi-Fuchsian, the fibers can be connected, and the work in
[Calsamiglia et al. 2014] determines when that happens.

Plan of the paper The paper is organized as follows. In Section 2 we begin by recalling the basic
background of meromorphic projective structures on surfaces and their monodromy representations. In
Section 3, we deal with the case of nondegenerate representations which essentially follows by [Gupta
2021], an earlier work by the second author. The proof of Theorem A for degenerate representations is
the main core of the present paper and it is developed along Sections 4-6. In Section 4 we provide a proof
of Theorem C which handles affine representations in the case of surfaces with at least two punctures. In
Section 5, instead, we deal with the complementary case of affine representations for once-punctured
surfaces. Finally, in Section 6 we deal with dihedral representations. The final Section 7 concludes with
the proofs of Corollaries B, D and E.
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2 Preliminaries

Let S be a surface of finite type (open or closed) and of negative Euler characteristic.

2.1 Meromorphic projective structures

A CP!-structure or a (complex) projective structure on a surface S is a maximal atlas of charts to CP!
such that the transition functions are M&bius maps, ie elements of PSL,(C); in other words, it is a
(G, X)-structure, where G = PSL,(C) and X = CP!. Such a geometric structure can be equivalently
described in terms of the developing map f : S — CP! and the monodromy (or holonomy) representation
p:711(S) — PSL,(C); the developing map is a p-equivariant immersion, satisfying f(y-x) = p(y)- f(x)
for each x € S and each y € m1(S). Note that the developing map is determined up to a postcomposition
by a Mobius map A, and p is defined up to conjugation, so that the pair (dev, p) and (A-dev, A-p-A~1)
define the same CP!-structure.

An example of a CP!-structure on S is a hyperbolic structure, where the developing map develops into
the upper hemisphere of CP! (that can be identified with the hyperbolic plane H?), and the monodromy
is a discrete (Fuchsian) representation p: 1 (S) — PSL»(R).

We often consider a CP!-structure with an additional marking, that is, an additional choice of a home-
omorphism that identifies S with our complex projective surface, such that two marked structures that
differ by a homeomorphism homotopic to the identity are considered equivalent.

A change of marking on a marked CP!-structure is effected by the action of an element of the mapping
class group of S'; this changes the monodromy representation by precomposing with the corresponding
automorphism of 1 (S), which is the action of the mapping class group on the PSL;(C)-representation
variety. Note that for a punctured surface, an element of its mapping class group can permute the punctures.
Thus, while seeking a CP!-structure with a prescribed monodromy representation p, it suffices to find
one whose monodromy lies in the mapping class group orbit of p. We shall use this to our advantage
later in the paper.

The relation with the Schwarzian equation arises through the Schwarzian derivative § = S(f) dz? of the
developing map f, where

an-(7)A5)

The quadratic differential thus defined is invariant when f is precomposed by a Mobius transformation;
since f is p-equivariant, § descends to a quadratic differential ¢ on S, that is holomorphic with respect
to the complex structure induced by the CP!-structure.

Conversely, fix a complex structure on S such that § = H?/T", where I is a Fuchsian representation.
Let yo and y; be two linearly independent solutions of the Schwarzian equation

(4) ' +1igy=0
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on the universal cover S = HZ2, where q is a I'-invariant holomorphic quadratic differential. Then the
ratio f := yo/y1 defines a developing map to CP!, which is equivariant with respect to a monodromy
representation p: I' — PSL,(C), defining a CP!-structure on S. It is an exercise to show that then the

Schwarzian derivative of f equals g, so that this is indeed an inverse construction.

For a closed surface S, the deformation space P(S) of marked CP!-structures on S can be identified,
via the correspondence sketched above, with the space of holomorphic quadratic differentials Q(S) that
forms a bundle over Teichmiiller space 7 (S), where the fiber over a marked Riemann surface X is the
vector space Q(X) of holomorphic quadratic differentials on X . For details, see for example [Dumas
2009] or [Gunning 1967]; for more on the geometry of these spaces, see [Faraco 2020].

In the case that S is not closed, the above correspondence still holds, except that now the space of
holomorphic quadratic differentials on an open Riemann surface is infinite-dimensional. However, we can
restrict to meromorphic quadratic differentials, where the punctures of .S are either removable singularities
or poles of finite order:

Definition 2.1 A meromorphic projective structure on a surface S,  of negative Euler characteristic is
a CP!-structure such that if we equip S¢.x with a complete hyperbolic metric of finite volume so that
the universal cover S ok = H?, then the Schwarzian derivative of the developing map f: H? — CP!
descends to a holomorphic quadratic differential on the punctured surface, with poles of finite order at the
puncture. In other words, it defines a meromorphic quadratic differential on the closed surface Sg. As
described in the introduction, in this paper we shall consider the space Pg (k) of marked meromorphic
projective structures on S, whose corresponding meromorphic quadratic differentials have poles of
order at most two at the punctures.

Remark The above definition, and the property that the poles have order at most two, is independent of
the choice of complete hyperbolic structure, which merely serves as a “reference” projective structure.
See also [Allegretti and Bridgeland 2020, Definition 3.1].

Any CP!-structure on the closed surface S ¢ becomes an example of a meromorphic projective structures
in Pg (k) after k points are deleted; another set of examples include branched projective structures on Sg
mentioned in the introduction (see, for example, [Mandelbaum 1973]) with k branch points (as defined
below) after they are deleted to form the k& punctures.

Definition 2.2 (branch point) A branch point of a branched projective structure is a point around which
the developing map is of the form z — z” in local coordinates, where n > 1. Note that its Schwarzian
derivative, as computed by (3), has a pole of order two at such a point. Away from the branch points, a
branched projective structure is a CP!-structure in the usual sense, ie the developing map is an immersion
and each point is regular or unbranched.

For an account of the solutions of the Schwarzian equation (1) around a pole of order two of ¢, see
[Gupta 2021, Section 2.3] or [Ballas et al. 2024, Section 4.1] for a summary, and for more details see
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[de Saint-Gervais 2016, Chapter IX]. Here we give a concise summary of the discussion in [Gupta 2021,
Section 2.3]: For a regular singularity at z = 0 of the form
1-062
222 + cee,

we either have

(a) O ¢ Z, in which case there are two linearly independent local solutions of the form z*?, and the
monodromy around the singularity is nontrivial (multiplication by 2™ 19 or

(b) 0 € Z, in which case the two solutions are of the form 2191 and 2719 + C In z. In this latter case
the monodromy around O is trivial only if C = 0, and parabolic otherwise.

Thus, the definition of an apparent singularity as in Definition 1.2 is equivalent to saying that we are in
C =0 in case (b) above, and the Schwarzian equation has meromorphic solutions at the singularity. In
particular, as already noted in Definition 1.2, the CP!-structure will have a branch point (as above) or a
regular point at such a puncture; we shall use this later in the paper.

We mention here that one can also define spaces of meromorphic projective structures with poles of order
greater than two, where the corresponding Schwarzian equation has irregular singularities; see [Gupta
and Mj 2021] for an account, including a description of the asymptotic of the developing map around
such a singularity. The (framed) monodromy representations of such structures (cf the next section) were
characterized in [Gupta and Mj 2020].

2.2 Framed representations

Following Fock and Goncharov [2006], a framed representation of I1 = mw1(Sg ) to PSL»(C) is a
representation p: IT — PSL,(C) together with a framing, which, roughly speaking, is an assignment of a
point in CP! (which is a “flag” in C2) to each puncture of S ¢ k- More precisely, let the Farey set Foo
be the set of points on the ideal boundary of the universal cover of Sg x, that corresponds to the lifts of
the punctures; a framing of a CP!-structure on S ¢ k 1S @ p-equivariant map fB: Fo — CP'. The moduli
space of framed representations y(I1) is then the orbit space of such pairs under the action of PSL;(C)
that identifies (p, B) ~ (A-p- A1, A- B) for each A € PSL,(C). The space y(I1) is in fact a moduli
stack; see [Fock and Goncharov 2006, Lemma 1.1 and Definition 2.1], or [Allegretti and Bridgeland 2020,
Section 4.1 and Lemma 9.1].

Definition 2.3 (Allegretti and Bridgeland [2020]; see also Gupta and Mj [2020]) A degenerate framed
representation is a pair (p, ) € y(IT) that satisfies one of the following conditions:

(i) There is a set of two points F = {p_, p+} € CP! such that the image of B lies in F, and for any
peripheral loop y, p(y) fixes the points in F.

(i) There is a single point pg € CP! such that the image of f lies in F, and for any peripheral loop ¥,
p(y) is a parabolic element fixing pg, or is the identity element.

A framed representation is nondegenerate if it is not degenerate.
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Remark Since properties (i) or (ii) above are invariant under the PSL, (C)-action described above, the
notion is well-defined for elements of y(IT).

The following result relates this to Definition 1.1:

Proposition 2.4 [Gupta 2021, Proposition 3.1] A nondegenerate representation p can be equipped with
a framing B such that the pair (p, B) is a nondegenerate framed representation.

Remark It is worth mentioning that [Gupta 2021, Proposition 3.1] also shows that if, in addition, there
are no apparent singularities, then forgetting the framing of a degenerate (resp. nondegenerate) framed
representation yields a representation p: IT — PSL;(C) that is degenerate (resp. nondegenerate). This
allows us to go back and forth between a nondegenerate framed representation and a nondegenerate
representation, in the case that there are no apparent singularities.

The following result is a direct consequence of [Allegretti and Bridgeland 2020, Theorem 6.1] and [Gupta
2021, Proposition 3.1] (see the above remark):

Theorem 2.5 If p: I1 — PSL,(C) is the monodromy representation of a meromorphic CP!-structure in
Pg (k) with no apparent singularities, then p is nondegenerate.

3 Proof of Theorem A: nondegenerate representations

In this section we shall fix an arbitrary nondegenerate representation p: IT — PSL,(C), and show that
there is a meromorphic projective structure in the space Pg (k) that has monodromy p. This proves the “if”
direction of Theorem A in case (i) of the statement of the theorem. The proof is exactly the same as that in
[Gupta 2021]; the key observation is that our assumption in that paper that p has no apparent singularity
in fact plays no role in our construction. In what follows we provide a condensed (and simplified) account
of this construction, and refer at times to [Gupta 2021] for further discussion.

The first observation is that by Proposition 2.4 we can define a framing B: Foo — CP! such that the pair

(p, B) is a nondegenerate framed representation in the sense of Definition 2.3.

3.1 Fock—-Goncharov coordinates

Fock and Goncharov [2006] described coordinates on the moduli space of framed representations y(IT)
as follows.

Let p = (p, B) be a framed representation. Choose an ideal triangulation 7" of Sg x; in the universal
cover; this lifts to an ideal triangulation T of the universal cover, with ideal vertices in the Farey set Foo.
For each edge e € T, choose a lift e € T. Let P1, P2, P3, p4 be the four ideal vertices of the two ideal
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triangles adjacent to €, in counterclockwise order on the ideal boundary o0, gk = S!. Associated with e
we can then define a (complex) cross-ratio
~ (z1—22)(23 — z4)
) C(p,e) = ;
(z2 —z3)(z1 — z4)

where z; = B(p;) fori = 1,2,3,4. Note that this is well-defined since by the equivariance of the

framing B, a different choice of lift of e would yield a quadruple of points that differs by a Mobius
transformation, which has the same cross-ratio.

The set of such cross-ratios defines an element of (C*)", where N is the number of edges of T, and this
tuple is said to be the Fock—Goncharov coordinates of the framed representation p, with respect to our
choice of ideal triangulation.

Note, however, that the cross-ratio associated with e above is well-defined only when the quadruple
of points z1, 23, 23, z4 are distinct, and hence for a fixed T, the Fock—Goncharov coordinates are only
well-defined for a generic framed representation. The following result follows from Proposition 2.4 and
[Allegretti and Bridgeland 2020, Theorem 9.1]:

Theorem 3.1 For any nondegenerate representation p, there exists a framing 8 and an ideal triangula-
tion T such that the Fock—Goncharov coordinates of the framed representation p = (p, ) with respect
to T are well-defined.

Remark Given a nondegenerate framed representation, [Allegretti and Bridgeland 2020, Theorem 9.1]
in fact asserts the existence of a “signed” triangulation (7', €) for which the Fock—Goncharov coordinates
are well-defined. Here € denotes a choice of a sign (£1) at each puncture; switching a sign at a puncture
with loxodromic monodromy around it amounts to changing the framing at the puncture by assigning it
the other fixed point.

Henceforth, in this section, we shall assume that we have fixed such a choice of ideal triangulation 7', for
the nondegenerate framed representation p = (p, ) we fixed at the beginning of this section.

3.2 Pleated planes in H3

Recall that CP! is the ideal boundary of hyperbolic 3-space H3. The Fock-Goncharov coordinates of a
framed representation p = (p, 8) with respect to an ideal triangulation 7" can be interpreted as defining a
geometric object, namely a pleated plane in H3. This pleated plane is a p-equivariant map

(6) W § — H3,
defined on the universal cover of our surface Sy i, such that each ideal triangle A € T with, say, ideal ver-
tices p1, p2, p3 maps to the totally geodesic ideal triangle in H3 with ideal vertices B(p1), B(p2). B(p3).

Here we assume that W preserves orientation, so that the image is an oriented surface in H?3 that is
“piecewise totally geodesic”.
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B(e)

Figure 1: The map W, maps the grafted region B(€) to the “lune” L, on CP! bounded by the
circular arcs oy and «,. The shaded regions on the right are the images of A; and A, under \Ifgo;
see Section 3.3.

3.3 Constructing a projective structure

Given a nondegenerate framed representation p = (p, §) as in the beginning of the section, we now
describe how to construct a projective structure in Pg (k) with monodromy p. This is exactly as in [Gupta
2021], however, here we provide a condensed and simplified discussion. In particular, here we shall avoid
the intermediate steps of “straightening” the pleated plane and then “grafting”.

The main idea is that a pleated plane W constructed in the previous subsection also defines a projective
structure by considering its “shadow” at the boundary at infinity of H3. More precisely, on each totally
geodesic ideal triangle W(A) we can consider the hyperbolic Gauss map Ga, in the normal direction
consistent with the orientation of W. On each ideal triangle A € T, define the map W2 = Ga o ¥. Note
that the image of each ideal triangle is a triangle on CP! with sides that are circular arcs that form “cusps”
at the three vertices.

Note that this defines a map ‘Ifgo: S — CP! that is p-equivariant. However it may not be continuous:
suppose A; and A, are two adjacent triangles such that W(A;) and W(A,) lie in totally geodesic planes
that intersect at an angle o € (0,27) along a common geodesic line / (which is the W-image of the
common edge € between A; and A,). In that case, the respective images of ¢ under Ga, and G, are
arcs o and a, of great circles on CP! with a common pair of endpoints, that differ by an elliptic rotation
of an angle o. We shall call a region in CP! bounded by such a pair of arcs a “lune”.

We can, however, modify the map \1:20 to obtain a continuous map
(7) Weo: § — CP!

as follows: for each pair of adjacent triangles A;, A, in the domain S as above, cut along the common
edge ¢, and glue in a bigon B(e) such that the sides of the bigon are identified with the resulting two
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sides e1. Define a map from B(e) to CP! such that the two sides map to the arcs «;, o, described above,
and the image is the lune bounded by o; U o, such that the resulting map from A; U B(e) U A, is a
smooth orientation-preserving immersion to CP!.

We can define the maps on the “grafted” bigons in a IT-equivariant manner, so that the final map W
as in (7) is p-equivariant, and a smooth immersion. Hence, it defines a projective structure P on the
surface Sg x with monodromy p.

3.4 Schwarzian derivative at the punctures

It remains to show that the projective structure P we just constructed on Sg x in fact lies in the space Py (k),
that is, the Schwarzian derivative of the developing map with respect to a suitable reference projective
structure has a pole of order at most two.

To see this, we uniformize the underlying Riemann surface structure on Sg ; to obtain a hyperbolic metric
of finite area, such that each puncture is a cusp. This will serve as a reference projective structure.

Let D* = {0 < |w| < 1} be a conformal punctured-disk neighborhood of a puncture. Lifting to the
universal cover S, a neighborhood of an ideal point p € F would look exactly like a neighborhood
of oo in the upper half-space model of H?, where the edges of the triangulation T are the vertical
geodesics, and the deck translation corresponding to the parabolic element around the cusp is a (positive)
translation. Moreover, can choose this conformal identification with the model H?2 such that the translation
is z > z 4 1, namely H?/(z > z 4+ 1) = D* via the map z > w := e>™'Z_ If there are n geodesic sides
of the triangulation 7" asymptotic to that cusp, then a fundamental domain A of the action will comprise
n ideal triangles A1, Aj, ..., A, together with n “bigons” B(e1), B(€1), ..., B(e,) that were grafted in.
Here, e; is the “right-hand” edge of A; for each 1 <i <n.

From our definition of the map W, above, the images of B(€1), B(€z), ..., B(éy) are each a lune in
CP! with a common endpoint B(p), and the images of Ay, A, ..., A, in a neighborhood of oo are
regions bounded by circular arcs that form a “cusp” (of angle zero) at 8(p). Each successive region
shares a common circular arc with the preceding one. Hence the union of their images near 8(p) looks
like a region bounded by two circular arcs that intersect at some angle & € R (if @ > 27 then the lune is
immersed in CP!). Here, the angle « is the sum of the angles at B(p) of the lunes that are the images of
the grafted bigons.

The rest of the argument is exactly as in the proof of Proposition 3.5 in [Gupta 2021]. Consider first the
case when the total “bending angle” o around S(p) is positive. We can assume, by postcomposing with
an appropriate Mobius map, that B(p) = oo € CP!. The conformal developing map from a neighborhood
of oo in A then maps to a neighborhood of oo of a lune L, C CP! that has vertices at 0, co. Such a
conformal map has the asymptotic form f(z) = e %7 for |z| > 1, and hence on the punctured disk D*,
has the expression ]7 (w) = w27 A computation of the Schwarzian derivative using (3) then yields
that S ( f ) has a pole of order 2 at the puncture, as desired.
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In the case when the total bending angle « = 0, the conformal developing map is the identity map
f(2) = z, and the Schwarzian derivative thus yields the constant quadratic differential dz? on A that has
the expression —(1/472)w~2 dw? on D*, once again with a pole of order two.

The discussion in this section thus proves:

Proposition 3.2 Let I1 be the fundamental group of a surface Sg ;. of genus g and k > 1 punctures,
where 2 —2g — k < 0. Any nondegenerate representation p: [1 — PSL,(C) arises as the monodromy of
a CPl-structure in Pg (k).

4 Proof of Theorem C: affine holonomy with at least two punctures

In this section we start to deal with the complementary case when p: 71(Sg x) — PSL2(C) is a degenerate
representation; see Definition 1.1. Here we shall consider surfaces S, ; with at least two punctures, that
is, k > 2. Our main goal in this section is to prove our Theorem C, that is, the case (ii) of Theorem A for
affine representations when S, ; has at least two punctures.

Theorem 4.1 Let IT be the fundamental group of Sg i as in Theorem A, such that the number of
punctures k > 2. Then any nontrivial representation p: Il — Aff(C) arises as the monodromy of a
complex affine structure on Sg . If k > 3, then every representation is realizable as the monodromy of a
complex affine structure on Sg .

In Section 4.1 we shall handle the case when p is the trivial representation, in Section 4.2 the case when
o(IT) has a single global fixed point p € CP! and the monodromy of each element is a translation. In
Section 4.3 we deal with the more general case when the monodromy of each element is an affine map.
This would include also include the case when p(IT) fixes a set {p, g} C CP!, and is “coaxial”. Note
that the necessity of the presence of one apparent singularity follows from the work of Allegretti and
Bridgeland; see Theorem 2.5.

4.1 Trivial representation

We prove the first of the exceptional cases mentioned in Theorem A. To state the first result, we introduce
the following terminology:

Definition 4.2 (handles, handle-generators) On a marked surface Sy ; of some positive genus g > 0,
a handle is an embedded subsurface X that is homeomorphic to S1,1. A handle-generator for X is any
simple closed nonseparating curve on it. A pair of handle-generators for a handle will refer to a pair of
simple closed curves {«, §} that generate H,(X, Z); in particular, o and 8 intersect once.

Lemma 4.3 Suppose S, i is a surface where g > 0 and k = 1 or 2. Then the monodromy p of any
CP!-structure in Pg (k) is nontrivial. Moreover, there is a handle ¥ and a handle-generator yq for ¥ such
that p(yo) is nontrivial.
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Cp!

Figure 2: The map IT in Lemma 4.4 is a branched cover over the sphere with exactly three critical
points and three branch points.

Proof Suppose there is a CP!-structure on S ¢k (Where k = 1 or 2) such that the monodromy repre-
sentation is trivial, ie p(y) = Id for all y € I1. In particular, any puncture is an apparent singularity, and
since this projective structure corresponds to the Schwarzian equation with regular singularities, is either
a regular point or branch point.

Since the monodromy is trivial, the developing map (defined on the universal cover) in fact descends to a
well-defined map dev: S ok CP! (where recall k = 1 or 2). Since the developing map is an immersion,
this map can be thought of as a covering map from the closed surface Sg to CP! that is possibly branched
at one or two points. That is, such a map has at most two critical values on CP!. Since g > 0, it follows
from the Riemann—Hurwitz formula that there cannot be such a branched covering.

Fix a standard decomposition of S, ; into g handles, and a disk with k punctures; cf Figure 3. If we
assume that p(y) = Id whenever y is one of the 2g loops that are the generators of the handles, then we
can in fact show that the representation p is trivial: this is immediate if K = 1, and if k = 2, note that we
already know that there is one apparent singularity; the monodromy around the other singularity is then
the product of commutators of the handle-generators, and hence also trivial. |

We now show that in all other cases, one can construct a projective structure with trivial monodromy:

Lemma 4.4 Let S, x be a surface where k > 3. Then there is a CP!-structure in Pg (k) whose
monodromy representation is trivial.

Proof In the case that g = 0, it is an easy matter to define a projective structure with trivial monodromy
on Sy k., in fact it is sufficient to consider CP! with k punctures. Otherwise, we use the fact that the
Hurwitz problem of the existence of branched coverings with prescribed branching data, that is solved for
g > 0; see [Edmonds et al. 1984, Proposition 3.3] and also [Husemoller 1962].

In particular, that implies that there is a branched covering I1: S — CP! of degree 2g + 1 that is
branched over 0, 1, co € CP1, each of ramification order 2g + 1, and has exactly three critical points, say
p.q,7 on Sg, such that p = TI71(0), ¢ = IT~1(1) and r = T17!(c0); see Figure 2.

Then, the standard projective structure on CP!\ {0, 1, oo} naturally pulls back to a projective structure
on Sg \ {p, ¢, r} that has trivial holonomy. Note that one can also equip CP!\ {0, 1,00} = C \ {0, 1}
with the standard translation structure (see Section 4.2) and pull it back to Sg \ {p,¢q,r}; the induced
abelian differential w extends to the closed surface Sy and has two zeroes at p and ¢, and a pole at . O
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e Sg " Sok+1

Figure 3: The surface S, i can be divided into a subsurface homeomorphic to Sg ; (shown
shaded) and its complement, homeomorphic to S¢ k1.

4.2 Translation structures

In this section we shall assume that p: IT — C is a nontrivial representation, where
Cx{zt>z+c|ceC}

is the subgroup of PSL,(C) comprising translations. Note that since this subgroup is abelian, p factors
through the first homology group I'y x := H1(Sg k., Z), and can be thought of as a period character (or
simply character) yg x: I'g x — C.

Note that the residue theorem implies that:

Lemma 4.5 For any homomorphism y ¢ i : I'g x — C as above, sum of the values around the peripheral
curves is zero, namely

k
®) > xek (i) =0,

i=1

where y; is the simple closed curve around the i " puncture.

Remark We shall say that a “puncture has trivial monodromy” if yg x(y) = 0, where y is the loop
around that puncture.

In the case that g > 0 and k& > 1 we shall also divide the character into yg 1 and yo x+1 as follows: choose
a separating loop y that divides the surface Sg  into a subsurface Sg ; containing all the handles and
one boundary component, namely y, and a subsurface Sy x4 that is topologically a punctured sphere,
where one of the punctures is actually a boundary component y; see Figure 3.

By restricting to Sg 1 and So k1, the character y, ; determines homomorphisms
&) Xg.1:Tg1—C,
(10 Xok+1:Tok+1 = C,

respectively, where I'g,; and I'g,41 are the homology groups of the subsurfaces Sg 1 and Sp k41
respectively. Note that in either case, the boundary loop y is trivial in homology.

We shall need the following observation:
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Figure 4: A Dehn twist changes the pair of handle-generators {yo, y1} to the pair {yo, y;}, where
Y1 = Yo + ¥1 in homology.

Lemma 4.6 Let y, : 'y v — C be a character and let its associated homomorphism yg 1 as in (9)
be a nontrivial representation. Then there is a change of homology basis A € Sp(2g,Z) such that
ng © = Xg.k © A has an associated restriction X/g,1 such that )(/g’l (y) # O for each handle-generator y
on Sg 1.

Proof Since yg, 1 is nontrivial, there is some simple closed curve yq that is a handle-generator on Sg 1
and is such that x4 1(y0) # 0. Let {yo. y1} be the handle-generators of such a handle. Now suppose
Xg,1(y1) = 0. We can replace the handle-generator y; with the curve y; which is obtained by Dehn-
twisting y; around yo; see Figure 4. In homology, y| = yo + y1, and hence we now have yg 1(y1) # 0.
Thus, we have a basis of homology such that at least one of the handles has both its handle-generators
with nontrivial monodromy.

Now suppose there is a handle with handle-generators {c, 8} such that yg 1(o) = xg,1(8) = 0, then
consider the element of Sp(2g, Z) that changes the homology basis {yo, y1,«, 8} of the two handles
to the new homology basis {yo —«a, y1 + m-a,a, B +m-yo + y1}, for an integer m, leaving the other
generators unchanged. (See [Martens 1985] for this, and related elements of Sp(2g, Z).) The handle
thus acquires a new pair of generators {&, B + m - Yo + y1}, where one of the new handle-generators has
nontrivial monodromy for some m, ie yg,1(B +m-yo + y1) # 0 for some m, since xg,1(yo) # 0. The
holonomy of the other handle remains unchanged since yg,1(r) = 0. By a further change of basis as in
the previous paragraph, by Dehn twisting o around the curve representing 8 + o, we can ensure there is
a pair of generators of the handle which are both nontrivial in monodromy.

Applying either of these changes of bases to each of the handles, we can ensure that we obtain a
homology basis {a1, B1,02, B2,...,ag, Bg} via a change of basis matrix A € Sp(2g, Z) such that the
homomorphism X/g,k = )¢,k © A satisfies ng,l(ai) = 0 and ng,l(ﬁi) #0foreach 1 <i <g. |

Remark Recall from the discussion in Section 2.1 that we only need to realize a monodromy represen-
tation up to the action of the mapping class group. Hence, since the change of basis above is realized by
a mapping class, we can assume that the handle-generators are each nontrivial once we know that yg 1 is
nontrivial.

In this section, our strategy would be to define a translation structure on Sg ;. with the prescribed
holonomy that lies in C. Recall that it is a special case of a complex projective structure, comprising
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an atlas of charts to C such that the transition maps are translations. Note that such an atlas equips the
resulting surface with a complex structure. and a translation structure is then equivalent to a nonvanishing
holomorphic vector field on the Riemann surface, or equivalently, a nonvanishing holomorphic 1-form w.
Note that the punctures could be regular points, or zeroes or poles of w; a related problem when we
require some punctures to be poles, and others to be zeroes of w, with prescribed orders, is dealt with in
[Chenakkod et al. 2022]. Such a translation structure can be defined by gluing sides of a polygon, as we
now describe:

Definition 4.7 (translation surface) A translation surface is obtained by starting with a collection of
(possibly noncompact) polygons in C bounded by straight lines and/or straight line segments and/or rays,
and identifying such sides pairwise by translations. The resulting surface ¥ thus acquires a Euclidean
metric, with possible cone singularities (with cone-angles an integer multiple of 27 at points arising from
the by identifications of the vertices of the polygons. In the complement of such cone points, we then
obtain a translation structure as defined above. The standard differential dz on the polygons descends to
the holomorphic 1-form w on the surface, and the zeroes of w are precisely at the cone points, which are
branch points of the translation surface. The periods of w define a representation y: Hi(X,Z) — C that
is the holonomy of the translation surface X; note that if the branch points are removed from 3, then
each additional puncture has trivial monodromy around it.

Remark In the case that the polygons are noncompact, the translation structure will have at least one
puncture “at infinity”, where the abelian differential @ has a pole. The order of such a pole can be
determined from the flat geometry of the corresponding end: if the end is cylindrical, then the pole has
order one, if it is a planar end (ie like that of C) then the pole is of order two, and a pole of order n > 2
has an end which is isometric to an (n—1)-fold cover of a planar end, branched at co.

The following construction allows us to define a new translation surface by gluing together two translation
surfaces with poles.

Definition 4.8 (gluing along a ray) Suppose ¥; and X, are two translation surfaces, each with at least
one pole. Let /; C X; fori = 1,2 be an embedded straight line ray that starts from a cone singularity (or
a regular point) and ends in a pole. Assume that /; and /, develop onto infinite rays on C that are parallel.
Then we can define a translation surface X as follows: slit each ray /; and denote the resulting sides by
ll-"' and /;"; then identify / f‘ with /5" and /{” and l;’ by a translation. If X; is homeomorphic to S, x. for
i = 1,2, then the resulting surface X is homeomorphic to S¢, 4 ¢, k,+k,—1- Note that the starting points
of the rays are identified to a branch point on ¥ with a cone-angle that is the sum of the corresponding
angles on X1 and X, and the other endpoints (at infinity) are identified with a higher-order pole. See
Figure 5.

We finally introduce the notion of algebraic volume of a representation y as follows:
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21 EZ

)y

Figure 5: Gluing ¥, and ¥, along rays results in a new surface X; see Definition 4.8.

Definition 4.9 (algebraic volume) Let X be a translation structure on a once-punctured surface Sg 1
with holonomy y: Hy(X,7Z) — C. The algebraic volume of y is defined as the quantity

g
(11) Vol(x) = Y " 3(x(e) x(Bi)).
i=1
where {a1, B1,...,0g, Bg} is any symplectic basis of H1(X, Z), and J(c) denotes the imaginary part of

a complex number c. If X is a translation structure on a generic surface Sg i, we define the algebraic
volume of y as the algebraic volume of the subrepresentation yg 1 introduced in (9). We have emphasized
above the term algebraic in order to distinguish this notion of volume from its geometric counterpart. In
what follows we do not need to consider the geometric volume and henceforth for simplicity we abridge
the terminology to just “volume”.

In our construction, we shall also need:

Definition 4.10 (volume of a quadrilateral) Let a and b be two complex numbers and let Q be the (pos-
sibly degenerate) quadrilateral spanned by the corresponding vectors. The volume of Q is then defined as

(12) Vol(Q) = Vol(a, b) = J(ab).
In particular, the volume is null if and only if @ = Ab for some A € R.

We begin with the case that k = 2, ie there are exactly two punctures; note that our assumption of negative
Euler characteristic implies that g > 0. We show:

Proposition 4.11 Let g > 0. Any nontrivial representation yg »: I'g » — C with at least one puncture
with trivial monodromy appears as the holonomy of some translation structure on Sg >, where one of the
punctures corresponds to a zero of the abelian differential.

Proof Note that when there are exactly two punctures, and one of them has trivial monodromy, then
from (8) it follows that the other puncture also has trivial monodromy. Since yg » is nontrivial, the
associated representation yg, 1 as in (9) is nontrivial. By Lemma 4.6 we can assume that each handle-
generator maps to a nonzero complex number.
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Figure 6: The identifications described in Proposition 4.11 result in a translation surface home-
omorphic to Sy,1,, a torus with a puncture (at infinity). The regions Ry, R», R3, R4 are chosen
to lie on the left or right side of the closed polygonal curve L = e; U e; U e3 U e4 depending on
whether the volume of the handle is nonpositive or positive (the figures on the left and right,
respectively).

Now, construct a translation surface X homeomorphic to Sg 1 and having holonomy y := yg 1 as follows:
First, we consider the case when g = 1; let the pair of handle-generators be {¢, 8}, and let A, B: C — C
be the translations z — z 4+ y(«) and z — z + x(B), respectively. Note that A and B commute, and
neither is the identity map since the monodromy around each handle-generator is nontrivial.

Define four closed directed straight line segments {e1, €2, €3, e4} in C as follows: let p € C be any point
and let ¢ := AB(p) = BA(p). Then define

e1:=A(p)q. ex:=pA(p). e3:=pB(p)., es:=B(p).

Note that A(e3) = e and B(ey) = e4. If €; denotes the line segment e; with its direction reversed, then
we see that L :=e7 U ey Ues Uey is a closed directed loop based at g. Notice that L bounds a (possibly
degenerate) quadrilateral.

Now, we consider four embedded polygons Ry, Rz, R3, R4 in C, where
(i) each R; is bounded by two infinite rays r; and r;4+1, and e; (where the indices 1 <i < 4 are
cyclically ordered, such that rs is actually r), and
(il)) R; and Rj3 lie on opposite sides of e; and e3 respectively, and R, and R4 lie on opposite sides of

e> and e4 respectively.

Since R; and R, share the boundary ray r,, either both lie on the left sides of the directed edges e1 and
e, respectively, or both lie on the right sides of those edges. Similarly, the pair of adjacent regions R3
and R4 either are both on the right sides of e3 and ey4, or are both on their left sides. Thus, the choice of
which side (left or right) of e; that Ry should lie on determines which side of e; the region R; lies on for
the remaining i = 2, 3, 4. This choice is determined by the final requirement:

(iii)) Rj lies on the left-hand side of e;.
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Note that if Vol( x (o), )((,8)) = 0, then the four segments ey, 5, €3, e4 are colinear, and can be thought
of as lying on the boundary of a slit, the exterior of which is the union of regions R1 U R, U R3 U Ry.

From requirement (i) above we know R; and R;; already share a boundary ray r;; (for the cyclically
ordered indices 1 <i < 4), and it follows that R; U R» U R3 U Ry is topologically a punctured disk
immersed in C, with boundary L and a puncture at co.

The translation surface ¥ is obtained by identifying the remaining boundary sides (the segments along
the loop L) as follows: e3 is identified with e; via the translation A, and e, is identified with e4 via the
translation B. Note that requirement (ii) above ensures that we obtain a surface. It is easy to see that ¥ is
homeomorphic to the punctured torus S1,1 (with the puncture at co), and the holonomy equals y. Note
that the holonomy is with respect to a fixed pair of oriented loops that are the handle-generators on Sy 1;
the choice in (iii) results in the desired orientation of these loops on 3.

The puncture at oo has trivial monodromy, and the induced abelian differential @ has a pole of order two
at that point. There is one branch point on ¥ (or equivalently, one zero of w)—namely, the one obtained
from the endpoints of the segments e1, €5, €3, e4 after the identifications. Thus if we remove the branch
point, we obtain a surface homeomorphic to S 2, equipped with a translation structure, with holonomy y,
where both punctures have trivial monodromy, as desired.

In the case that g > 2, we shall proceed as follows. Let {o1, B1,..., g, Bg, V1, Y2} be a generating set
of 71(Sg,2), where {o;, B;} is a pair of handle generators for the i™ handle for 1 <i < g. Let A; and
B; denote the images of «; and B; via yg , respectively. We may assume that any handle generator
is nontrivial as a consequence of Lemma 4.6. For any point p € C, each pair {4;, B;} determines a
(possibly degenerate) quadrilateral Q; C C. We can order these quadrilaterals in such a way that the
volume of Q; is positive for 1 <i < h < g and nonpositive for the remaining (possibly none) g — &
handles. Note that this notion does not depend on the choice of the basepoint. In what follows we shall
place the quadrilaterals on the complex plane according to the following rule:

The rightmost vertex of Q; is identified with the leftmost vertex of Q; 1. If Q; has more
than one rightmost vertex, ie some edges are vertical, then the topmost is chosen. If Q; 1
has more than one leftmost vertex, then the bottommost is chosen.

Suppose there are & < g positive handles, and let ¢ be the vertex that Q;, and Qj 1 have in common.
Notice that such a point is unique because of the rule above. Let £ be a straight line passing through the
point ¢ and such that g is the only point of intersection with the chain of quadrilaterals constructed above.
Note that the existence of such a straight line also follows from the above rule of placing successive
quadrilaterals; indeed, the vertical line suffices unless one of the edges incident at ¢ is already vertical, in
which case one applies a slight counterclockwise tilt. We introduce an orientation on £ in such a way that
the handles with nonpositive volume are on the right of £ and the handles with positive volume are on the
left of £. Moreover, according to this orientation, the point ¢ € £ divides the straight line into two rays,

Geometry & Topology, Volume 29 (2025)



570 Gianluca Faraco and Subhojoy Gupta

Figure 7: The chain of g quadrilaterals corresponds to the positive handles (1 <i < &) each
like the right-hand figure in Figure 6, and the nonpositive handles (4 + 1 <i < g) each like the
left-hand figure in Figure 6.

the upper one £ and the lower one £~. The right-hand side of £ is a half-plane H in C containing
g — h quadrilaterals; let Ry be the complement of Q4 U---U Qg in H. If there are no handles with
nonpositive volume then Ry is just the half-plane H. Similarly, if there are no handles with positive
volume then the complement of R in C includes the left half-plane C \ H.

Suppose & > 1, on the left-hand side of £ we consider a chain of & embedded quadrilaterals obeying the
rule above such that the i quadrilateral Q; has edges {e’i , eé, eg, ei} defined by

(13) ey = Ai(p)pi+1, € :=pidi(p), e5:=piBi(pi), ey:=Bi(pi)pi+1,
where p; is the unique point such that p; 1 = A; B; (p;), where p, 41 = g by definition.

For each 1 <i < h, consider the four polygonal regions {Ri , Ré, Ré, Rf‘} in C satisfying (i)—(iii) above,
bounded by e’i , eé, eg, ei respectively, together with infinite rays that are parallel to £ (ie a translated copy
of either £ or £7). See Figure 7.

By construction, R’i and Ri3 lie on opposite sides of e’i and eé respectively, and Ré and Ri lie on opposite
sides of eé and ei respectively; cf Figure 6. Moreover, each R’i lies on the left of the corresponding
side e’i. The two rays from the leftmost point of Q; form a straight line £’ to £. By introducing on ¢’ an
orientation coherent with that of the straight line £, it makes sense to say that £’ has the entire chain of
quadrilaterals to its right. Finally, we define Ry}, 1, the half-plane on the left of /. We can now proceed

as above. The set i

(14) Ro U ( | J@®RIUR,URSU Rg)) U Rajt1
i=1

Geometry & Topology, Volume 29 (2025)



Monodromy of Schwarzian equations with regular singularities 571

is topologically a punctured disk immersed on the Riemann sphere, with a puncture at infinity, and
boundary the chain of quadrilaterals Q; U Q> U ---U Qg. The translation surface X is obtained by
identifying the remaining boundary sides {e;-} as follows: eg is identified with ei via the translation 4;,
and e}, is identified with e} via the translation B;. Itis easy to see that X is homeomorphic to a surface Sg 1
with the puncture at infinity, corresponding to a pole of order 2, and one branch point of order 2g. We
finally delete the branch point in order to get a translation surface on Sg > with the desired holonomy. O

Remark In the case that g > 2, we also have the following alternative construction, which is easier.
Namely, we construct a translation surface X; homeomorphic to S1,1 exactly as above for each handle
(so 1 < j =< g) such that the holonomy of X; is precisely the holonomy of the j  handle in the original
character yg 1. Note that each X, has a pole of order two, and exactly one branch point. Choose an
embedded infinite ray in each, between the cone point and the pole such that each develops into an infinite
ray in C in the same direction. We can then glue X; to X; 41 along these rays as in Definition 4.8, for
each 1 < j < g. The resulting translation surface ¥ is homeomorphic to Sg 1, with holonomy yg 1,
and has one pole of order g 4+ 1 and one branch point. As before, deleting the branch point results in a
surface homeomorphic to S >, equipped with a translation structure having the desired monodromy y¢ ».
However, notice that this construction results in a pole of order greater than 2. In Proposition 5.2 below
we shall need to consider a translation surface ¥ on a two-punctured genus g surface with one pole of
order exactly two. This motivates the more complicated argument above.

In the case when g = 0, we have the following construction of a translation structure realizing a prescribed
monodromy:

Proposition 4.12 If k > 2, any representation Yo k+1: I'o x+1 — C with at least one puncture with
trivial monodromy is the holonomy of some translation structure on S k41, where one of the punctures
corresponds to a zero of the abelian differential.

Proof If y¢ 1 is trivial, let Sp g be the complex plane C with k punctures. This trivially defines a
translation structure, since the charts to C are given by the inclusion map (and the transition maps are
all identity maps). The points removed are clearly apparent singularities, and so is the order-two pole at
infinity.

Now consider the case when yg x4 is nontrivial. Since by removing regular points it is easy to add
punctures with trivial monodromy to a translation surface, we can assume without loss of generality
that each puncture, except one, has nontrivial monodromy. We shall build a translation surface 3 that
is homeomorphic to Sy ; with one branch point, and is such that after removing the branch point, the
monodromy of the translation structure on the resulting surface is y¢ x41; note that the monodromy
around the branch point would be trivial.
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Figure 8: The construction of a translation surface homeomorphic to Sy », with prescribed holonomy.

We now describe two such constructions for k = 2; note that since one puncture has trivial monodromy,
by (8) the other two punctures have monodromies a and —a, respectively, where a is a nonzero complex
number.

(1) Choose a direction 6 that is not parallel to the line passing through 0 and a, ie 8 # =+ arg(a).
Consider the infinite strip S in C in the direction 6, with an orientation induced from the complex
plane, such that the two boundary components differ by the translation z > z +a. Then let A be the
translation surface obtained by identifying the two boundary components of S via the translation.

(i) As before, choose a direction 6 that is different from the direction determined by a. Consider the
complex plane C with slits along two infinite rays ry and r5, in the direction 6, that start from 0
and a, respectively. Let r;” and rl-+ be the upper and lower sides of the slits, respectively, where
i = 1,2. We then identify r;~ with r2Jr , and r1+ with 5", each by the translation z > z +a.

In all these cases, the translation surface we obtain is homeomorphic to an annulus. Removing a regular
point from this annulus, we obtain a puncture with trivial monodromy, and hence we obtain a translation
structure on a surface homeomorphic to So,3 that has the desired monodromy. The abelian differential w
has poles at the two punctures with nontrivial monodromy: in construction (i), both poles are simple
(ie order one), whereas in construction (ii), one of them has order two (and the other is simple).

The difference between constructions (i) and (ii) is the following: if you choose regular point on the
resulting translation surface and consider an arc to a puncture that develops onto a ray in C in the
direction 6, then if that puncture it is incident to is the one with monodromy « in (i), it is the one with
monodromy —a in (ii), and vice versa.

For k > 2, let the translations around the k punctures with nontrivial monodromy, as determined by )¢ x+1.
be A1, Az, ..., Ai. Let A;(z) = z + a;, where a; € C* for 1 <i < k. Observe that by (8) we have

k—1
ar = —Z a.

i=1
Consider the cyclically ordered sequence of points {p1, p2,..., pr} in C, where p; = 0 and p; =
Aj—1(pi—1) for each i = 2,...,k. From our observation it follows that p; = Ax(pr). Choose a
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direction § which is not parallel to 0 a; for any i, and let r; be the infinite ray in C that starts from p;
and has direction 6. Now for each 1 <i <k, we construct a translation surface X; homeomorphic to an
annulus, either by (i) or (ii) above, such that an arc from a regular point to the puncture with monodromy A;
develops onto the ray r; on C. We then glue X; to X; 4+ along the rays r; and r; 41, as in Definition 4.8,
where i € {1,2,3,...,k} is cyclically ordered so that ¥ is glued with X;. The resulting translation
surface is homeomorphic to Sg x with k punctures having monodromy A1, A», ..., A respectively, and
a single branch point of angle 2k (which is the point corresponding to the p; after identifications).
Removing this branch point, we obtain a translation structure on a surface homeomorphic Sg x 41 with
monodromy equal to y¢ k41, as desired. |

Remark Although our main result concerns punctured surfaces with negative Euler characteristic, it is
worth noting that in the case of the surface Sg > (ie g =0, k =2), any representation y: 71 (So,2) =Z — C
can be realized as the monodromy of some translation structure on Sg . In case y is trivial the desired
structure is the complex plane punctured at any point. Otherwise, if y(1) = « € C*, we can proceed
exactly as in the case (i) above; the resulting Euclidean cylinder is the desired structure on Sp ». Note that
such a nontrivial representation y, though degenerate, is the monodromy of a complex projective structure
without apparent singularities. Theorem 2.5 shows that this cannot happen in the case of negative Euler
characteristic.

We have thus been able to deal with two cases: one with number of punctures k = 2 but genus g > 0, and
the other with genus g = 0 but an arbitrary number of punctures, ie kK > 2. Using the gluing construction
along rays once again, we can now prove the following more general statement:

Proposition 4.13 Let I' be the first homology group of a surface Sg ., where k > 3. Let y: ' — C be
a nontrivial representation such that there is at least one puncture with trivial monodromy. Then there
is a translation structure on Sg j whose monodromy is x, and is such that the corresponding abelian
differential w on S i extends to a meromorphic abelian differential @ on the closed surface Sg.

Proof We have already seen the necessity of a puncture with trivial monodromy. Our construction of a
translation structure with the prescribed monodromy y splits into a few different cases. Note that the case
for g = 0 is already done in Proposition 4.12. Henceforth we shall assume that g > 0.

Let y0,n+1: on+1 — C be the representation as in (10), obtained by restricting y to the subsurface
of Sg  that contains all the punctures with nontrivial monodromy. Here we assume that there are 0 <n <k
such punctures, and hence the subsurface is homeomorphic to So ,+1. Note that x¢ 41 has exactly one
puncture with trivial monodromy, corresponding to the boundary of the subsurface (which is trivial in
homology). Let the rest of the monodromies be represented by the corresponding translation vectors
ai,az,...,a € C*. By Proposition 4.12 there is a translation surface ¢ homeomorphic to Sy, with a

Geometry & Topology, Volume 29 (2025)



574 Gianluca Faraco and Subhojoy Gupta

single branch point p, and at least one of the other punctures is at infinity (in the induced flat metric),
such that the monodromy around the 7 punctures are the translations by ay,as, ..., a,. Then g\ {p} is
homeomorphic to So »+1, and carries a translation structure realizing the character xo,41.

Now let xg,1: I'g,1 — C be the representation as in (9), obtained by restricting x to the subsurface of Sg
that contains all the handles. If x 1 is a nontrivial representation, then by Lemma 4.6 we can assume that
each handle-generator maps to a nonzero complex number. From the proof of Proposition 4.11 there is a
translation surface X1 homeomorphic to Sg 1, with one branch point and one puncture which is a pole of
order two, with holonomy y. 1. We then glue ¥ and X; along a suitable choice of rays from the branch
point on each surface to a pole, that develop to infinite rays in C that are parallel; see Definition 4.8.
The resulting translation surface is then homeomorphic to Sg , and has one branch point. Removing
the branch point, and k —n — 1 additional regular points, we obtain the desired surface homeomorphic
to Sg x equipped with a translation structure having monodromy y, as desired.

If xg,1 is the trivial representation, there are two cases:

Case 1 (y admits at least two punctures on S,  with trivial monodromy) We start with the translation
structure on Sy 3 that realizes the trivial representation; see Lemma 4.4. Recall from that construction
that such a translation structure is obtained from a translation surface 1 with trivial holonomy that has
two branch points, and a single pole of higher order at infinity in the induced flat metric. We can now
glue ¥y and X; along suitably chosen rays from a branch point to a pole at infinity, on either surface, as
in Definition 4.8. Note that the resulting surface is homeomorphic to Sg , and has two branch points.
Removing these two branch points, and an additional k —n — 2 regular points if necessary, we obtain a
surface homeomorphic to S, x, equipped with a translation structure having monodromy .

Case 2 (there is exactly one puncture on Sg ; with trivial monodromy) By our assumption, there are
exactly k — 1 punctures with nontrivial monodromy, which we denote by aj,as,...,ar—1 as before.
In this case, we first construct a translation structure on Sg 3 that realizes the representation for which
all handle-generators have trivial monodromy, exactly one puncture (call it p) has trivial monodromy,
and the other two punctures ¢ and r have monodromy a; and —ay, respectively: For this, we use the
same covering map IT: Sy — CP! as in the proof of Lemma 4.4, namely one that has three ramification
points 0, 1, 00 € CP! and three critical points (the preimages of 0, 1, 00) on the domain surface. This
time, we equip CP! with a translation structure for which the abelian differential  has a simple pole at 0
and oo (and residues a1/2g and —a;/2g, respectively), and 1 is a regular point. Note that as a translation
surface, the target is just a Euclidean cylinder with a distinguished regular point, and its pullback via IT is
then a translation surface X1 homeomorphic to Sg » with one cone point (which is the preimage of 1) and
two punctures which are two simple poles of IT*w. Removing the branch point, we obtain the desired
translation structure on Sg 3. Note that in the case that k = 3, the above construction completes the proof.

We now assume that k > 3; note that we can then assume without loss of generality that a; # —a5.
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To X1 we shall glue a translation surface X, homeomorphic to Sy x—» with a single branch point, where
we construct E() such that the monodromies around the punctures are a; + a»,as,...,dx—1. Such a
translation surface exists by Proposition 4.12; in that construction, we can also ensure that the puncture p’
with monodromy a; + a5 is a simple pole. The gluing is now along a choice of a ray on X{ from
the branch point to p’, and of a ray on X from the branch point there to the puncture r, which has
monodromy —a;. Once again, we choose the rays so that they develop onto parallel rays on C. The
translation surface obtained after this gluing is homeomorphic to S i _;; note that the pole obtained by
identifying the endpoints of the rays now has holonomy —a; + (a1 4+ a»2) = a», and the other endpoints
define a single branch point after the identification. Removing this branch point, we obtain a translation
structure on Sg x with monodromy y, as desired. Thus, in all cases, we are able to construct the desired
translation structure, and we are done. O

4.3 Affine surfaces with at least two punctures

In this section (and the next) we shall assume that p: IT — Aff(C) is a nontrivial representation, where
Aff(C)={z+—az+b|acC* and b € C}

is the subgroup of PSL, (C) comprising affine transformations. Here, recall that IT denotes the fundamental
group of the surface S, x. Since Aff(C) is precisely the subgroup of PSL;(C) that stabilizes the point
oo € CP!, any degenerate representation into PSL,(C) that has a global fixed point can be conjugated to
an affine representation as p above. Note that this includes the case of coaxial monodromy, when the
representation globally fixes two points in CP!.

In the language of geometric structures, an affine structure on Sg i is an atlas of charts to C such that
the transition maps are affine maps; notice that translation structures (see Section 4.2) are a special case.
Recalling our Definition 4.7, in the same spirit we describe an affine structure as follows:

Definition 4.14 An affine surface is a surface obtained by identifying sides of a (possibly disconnected,
and possibly noncompact) polygon in C by affine maps. Note that the vertices after identification may
result in branch points; a neighborhood of a branch point on an affine surface develops to C as the map
z + z" for some n > 1. Unlike in Definition 4.7, however, the resulting surface ¥ may not have an
induced Euclidean metric. Removing the set of branch points B, we obtain an affine structure on the
punctured surface with the punctures in B having trivial monodromy (ie apparent singularities of the
affine structure).

In the course of this section we need to also consider another particular kind of affine structure, namely:

Definition 4.15 A half-translation structure is obtained by starting with a collection of (possibly
noncompact) polygons in C bounded by straight lines and/or rays and/or segments, and identifying
such sides by half-translations, ie maps of the form z + +z + ¢. The resulting surface ¥ acquires a
Euclidean metric, with possible cone points with cone-angles k7, where k € Z*. On the complement

Geometry & Topology, Volume 29 (2025)



576 Gianluca Faraco and Subhojoy Gupta

of the cone points, we obtain a Euclidean structure locally modeled on C and such that the transition
maps are affine maps of the form z — £z 4- c. These structures naturally come equipped with a (possibly
meromorphic) quadratic differential ¢, induced from the quadratic differential dz2 on C. A zero of g of
order m > 1 corresponds to a cone point of angle (m + 2)m, and a simple pole is a cone point 7.

In this section, our strategy is to construct affine structures with a given affine monodromy p: IT — Aff(C).
For this, we prove analogues of the results and constructions in Section 4.2.

Just like we did for translation surfaces in Definition 4.8, we can glue affine surfaces along rays as follows:

Definition 4.16 (gluing affine surfaces) Let X; and X, be two affine surfaces with embedded arcs
1 and [, respectively, from a branch point or regular point to a puncture, that each develop onto an
infinite ray in C. Then we can define a new affine surface ¥ by making a slit along /; and /5, and gluing
crosswise to obtain an affine surface . This gluing is exactly as in Definition 4.8, except that now the
identifications between sides of the slit are by an affine map and its inverse. (In particular, the two rays that
are the developed images of the lifts of /; and /, need not be parallel.) As before, if X; is homeomorphic
to Sy, k; fori = 1,2, then ¥ is homeomorphic to Sg, 4 ¢, &, +k,—1. Moreover, the starting points of the
rays determine a branch point on X.

However, the above gluing has a disadvantage: if the two rays in the developing image are not identical
but related by an affine map A4, the holonomy of the resulting affine surface ¥ might be affected by A.
For example, if one of the endpoints of the arc being slit is a puncture with nontrivial monodromy M; on
one surface, and the corresponding puncture on the other surface has nontrivial monodromy M>, then the
monodromy around the puncture on ¥ will be M AM»A~!. Note that this issue does not arise in the
case of a translation surface (cf Definition 4.8) since the holonomy then is abelian.

To handle this, we introduce the following variant of the gluing procedure that ensures that after gluing,
the holonomies on the two constituent subsurfaces remain unchanged.

Definition 4.17 (gluing preserving holonomy) Let ¥y and 3 be affine surfaces, as before, with rays
ro and ry respectively, each from a (possibly branched) point of the surface to the puncture at infinity.
The only requirement will be that the developing map of either surface takes the starting point of the
ray to a common point p € C. In the gluing procedure we shall use the complex plane (thought of as
an affine surface) together with a choice of a ray r, leaving from p, which we denote by (C, r,). The
ray ro develops onto a ray 7o leaving from p. We slit X along ro and (C, r,) along 7y and then we
identify the resulting boundary rays crosswise, as in the Definition 4.16, to obtain an affine surface X,
with holonomy pg. In the same fashion, the ray r; develops on a ray 7 leaving from p and hence we
glue the affine surfaces X and (C, r,) along rays to obtain an affine surface X/ with holonomy p;. By
construction, the new surfaces X{ and X/ each contain a ray, say r(, and r| respectively, from the branch
point to a puncture at infinity that develop onto the same ray r, C C. We slit X and X'| along these two
rays and glue as in Definition 4.16 to obtain the final affine surface 2. If X = Sg &, and X1 = Sy, 1,
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Figure 9: In the gluing preserving holonomy (Definition 4.17), we introduce an intermediate copy
of the complex plane.

then the resulting surface ¥ is homeomorphic to Sg,+ ¢, ko+k,—1- INote that the starting points of the
arcs get identified to a branch point on X. In this construction the rays on the two surfaces being glued
develop into the same ray r., therefore the resulting affine surface has monodromy p that restricts to pg
and p; on the subsurfaces corresponding to ¥ and X; respectively.

We start with the analogue of Proposition 4.12, that handles the case when g = 0:

Proposition 4.18 If k > 2, any representation p: m1(Sg x+1) — Aff(C) with at least one puncture with
trivial monodromy is the holonomy of some affine structure on S j 1.

Proof Let us start by assuming k = 2 and let p: 1(So,3) — Aff(C) have at least one puncture with
trivial monodromy. If all the punctures have trivial monodromy then C \ {g1, g2} provides the desired
structure for any pair of points g1, g2 € C. We therefore assume the existence of at least one puncture
with nontrivial monodromy, say A4 € Aff(C). The remaining puncture necessarily has monodromy A~!.

Let pg € C be any point. Let rg be a ray leaving from pg and let A(ro) be the image of rg leaving
from A(po). We can always choose rg such that the rays ro and A(rg) are not contained in each other,
ie ro ¢ A(ro) and A(ro) ¢ ro. However, the rays ro and A(rp) may intersect at some point s € ro N A(rp).
If this is the case, we replace po with a point p, € ro such that p. ¢ pos. Notice that the segment pos
may be degenerate, that is a point, if pg = Fix(A). Let r, be the subray of rg, leaving from p,. By
construction, r is disjoint from its image A(r.).

We slit C along r, and let 7t and 7 be the right and the left copy of r, respectively. In the same fashion,
we slit C along A(r,) and denote by A(r,)" and A(r,)~ the right and the left copy of A(r,) respectively.
We glue ;" with A(r+)~ and similarly glue r; with A(r,)™" by using the affine map A; see Figure 10.

The resulting surface is a two-punctured sphere which carries an affine structure with one branch point
of magnitude 4 arising from the identification of the points p, and A(p.). One of the punctures has
monodromy A and the other puncture has monodromy A~! by construction. We eventually delete the
branch point in order to get an affine structure X on Sp 3 with the desired monodromy.
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Figure 10

We now consider the general case when k > 3. Let p: m1(Sp x+1) — Aff(C) be a representation such
that at least one puncture has trivial monodromy. There is no loss of generality in assuming that exactly
one puncture has trivial monodromy. In fact, as already observed in Proposition 4.12, it is easy to add
further punctures with trivial monodromy to an affine structure by deleting some regular points. The idea
for the general case is to define k — 1 affine structures on So, 3 as above and then glue them together to
obtain an affine structure on Sy x4; with one apparent singularity.

Let Ay, Aa, ..., Ay, Ag 41 be the monodromies of the punctures. We may assume A4 = Id and then
observe that Ay = (A1 A2+ Ax_1)~ . Let pg € C be any point and let r¢ be a ray leaving from py.
Foranyi =1,...,k —1, we define p; = A;(po) and r; = A;(rp). Clearly, r; is a ray leaving from p;.
Notice that r¢ can be chosen such that r; ¢ rg and ro ¢ r; fori =1,...,k — 1. However, the ray r; may
still intersect r¢ at some point, say §;, as observed above. We claim the existence of some good point
Do € ro and a subray 7y C rg leaving from pg such that, upon setting 7; = A; (¥p), one has 7; C r; and
the rays 7o and 7; are disjoint.

We briefly show why the claim above is true. Let &: [0, 00) — C be a parametrization of rg. We can
easily see that any parameter t € [0, 00) determines a subray r; C ro. Moreover, given two parameters
71, T2 such that 71 < 12, the corresponding rays are such that r,, C r;;. We now define ;: [0,00) — C
to be the parametrization of r; satisfying the equation & = A; o &y. Upon setting 7o = 0, as we showed
above, it is possible to find a time #; such that the subray r;, C ro leaving from &y (#;) is disjoint from the
ray Ay(rs,) leaving from &; (¢1). However, it may happen that the rays r;, and A, (r;,) still intersect. We
apply again the same reasoning to these rays. There is a time 7, > 1 such that A>(r;,) € A2(rs) C 12,
leaving from &5 (2), is disjoint from the subray r;, C ro leaving from £ (#2). By proceeding in the same
fashion at most k times, it is then possible to find a time 7 > ¢ such that each subray 7; = A; (r7), leaving
from &; (1), is disjoint from ry forany i = 1,...,k— 1.

By replacing po with pg = £9(7), we may assume without loss of generality that each ray r; is disjoint
from rg. Foreachi = 1,...,k — 1, we consider a copy of the C along with the rays ro and r; = A;(r¢)
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that are disjoint. For the i copy of C, we can proceed as above by slitting C along them and regluing to
obtain a branched affine structure X; on a two-punctured sphere with one branch point arising from the
identification of the points po and p; = A;(po). One of the punctures has monodromy A; and the other
has monodromy Al-_l.

We now explain how to glue these k — 1 surfaces. Let £; be an arc on X; from the branch point
to the puncture with monodromy Al._1 that develops into an infinite ray in C starting from pgo. We
can now glue X1, ¥»,..., Xg_; successively along these rays, as in Definition 4.17. The resulting
surface is homeomorphic to Sy x and carries an affine structure X. By construction, the punctures have
monodromy A1, Aa, ..., Ax_1,and Ay = (Ay--- Ax_;)~!. The branch points on each ¥; get identified
to a single branch point P € X. By deleting that point, the surface X \ { P} carries an affine structure
with monodromy p, as desired. |

For the case when g > 0, we begin with the following observation:

Lemma 4.19 Assume that g > 0, and let p: I1 — Aff(C) be a representation such that p(y) # Id for
at least one handle-generator yo on Sg . Then there exists ¢ € MCG(Sy, ) with an associated outer
automorphism ¢..: IT — TI1 such that p o ¢« (y) # Id for each handle-generator y .

Sketch of the proof The proof is exactly the same as that of Lemma 4.6: note that the standard basis of
homology can be considered as a generating set for I1, and changes of homology basis used in the proof
of Lemma 4.6 can be realized by a mapping class. a

Henceforth, we shall assume that in the case g > 0, the representation p maps each handle-generator
to a nontrivial affine map; cf the remark following Lemma 4.6. The following is the analogue of
Proposition 4.11:

Proposition 4.20 Let g > 0 and let p: 71 (Sg,2) — Aff(C) be a nontrivial representation such that there is
at least one puncture with trivial monodromy. Then there is an affine structure on Sg » with monodromy p,
obtained by puncturing an affine surface ¥ with a unique branch point.

Proof We shall now describe the construction of the affine surface ¥ by gluing of polygons, as in
Proposition 4.11. A crucial difference from the construction there is that in the case of affine holonomy,
the commutator of two elements (eg a pair of handle-generators) need not map to the trivial (identity)
element via p. Depending on whether the image of p is finite of order two, we shall have to distinguish
two cases.

Assume Im(p) is not finite of order two. We start with the case when g = 1. Let A and B be the affine maps
that are the monodromies around the handle-generators « and 8 respectively, ie p(a) = A and p(B) = B.
Note that by the assumption of nontriviality of p, and by Lemma 4.19, we can assume that neither A
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Figure 11: The construction of an affine surface ¥ homeomorphic to S;,; where the puncture is
at infinity, and X has a single branch point; see the proof of Proposition 4.20.

nor B is the identity map. As already observed above, the commutator C := [4, B] = ABA™1B~!
need not be the identity map; however, it is easy to verify that C is always a translation, and since
p: 1(S1,2) — Aff(C) is a homomorphism, the remaining puncture has monodromy C ! around it.

Fix a point p € C that is not a fixed point of A or B, and let g; := AB(p) and ¢, := BA(p). Note that
g1 = ¢» if A and B commute. Consider the four directed line segments e := A(p)q1, €2 := pA(p),
e3:= pB(p) and e4 := B(p)q». Note that B(e,) = e4 and A(eq) = e3. Consider two additional infinite
rays eg and es with starting points g; and g, respectively; if g1 = g2 (when A and B commute), we take
eg = e5. The directed curve L :=egUe; Uey Ues Ueq Ues is then an immersed polygonal curve in C.

As in the proof of Proposition 4.11, we then choose a collection of infinite rays R = {r1, r2, ..., s} with
starting points at the vertices of the segments defined above, and consider embedded region R; for each
i €{0,1,...,5}, bounded by the segment ¢; and one or two infinite rays from the collection R. As before,
there are two choices of such a region, since the union of ¢; and the ray(s) from its endpoint(s) separates
the complex plane; we choose the one that results in the correct orientation of the handle-generators «, 8
in the affine surface X that we shall define below. Note that each region R; has one ideal vertex at co
on C, and their union R := Rg U R; U---U R5 is an immersed disk with a puncture at co and boundary
OR=1L.

Define the affine surface X to be the quotient of R obtained by identifying the boundary segments e
and e3 via the affine map A, e, and e4 via the affine map B, and eg and e5 via the translation [B, A]
(which is the identity map if A, B commute, compatible with our requirement that ep = e5 in such a
case). The resulting surface ¥ is homeomorphic to a punctured torus, where the puncture is the point
at oo on C. From our construction, the pairs of segments {e,, e4} and {e1, e3} after identifications define
the handle-generators «, ; here note that the regions R; are chosen to lie on the correct “side” of these
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directed segments so that o and 8 have the desired orientation on the punctured torus. Moreover, the
handle-generators « and B8 on X have holonomy A4 and B respectively, and the monodromy around the
puncture at oo is the translation C. Note that the vertices of the segments {e; }1<; <4 get identified to a
single branch point g on X. The surface X \ {¢g} is thus homeomorphic to S1 2 and acquires an affine
structure with the desired monodromy p, in which ¢ is a puncture with trivial monodromy.

The higher-genus case, ie g > 2, relies on the preceding construction. Let {a1, B1,..., g, Bg, V1. V2}
be a generating set of m1(Sg2), where for 1 <i < g, {«;, 8;} is a pair of handle-generators of the
i handle. For any i = 1, ..., g there is an injection j; : {;, B;) — 71(Sg,2) and we define p; as po J;.
By Lemma 4.19, we assume that each of these affine maps is nontrivial, ie not the identity map.

Let p € CP!\ {Fix(A) | A € Im(p)} be any point. For each i, let ¥; be the affine surface homeomorphic
to the punctured torus, with monodromy p;, obtained from the construction above based at p. In order to
glue these g affine surfaces together we have to find g rays, one for each X;, that all develop on the same

ray in C. For this, we employ the construction in Definition 4.17, which we now spell out in more detail.

Recall that C in its own right can be regarded as an affine structure with trivial monodromy on a disk.
We single out on such a structure a ray, say ry, leaving from the point p above towards infinity. The pair
(C, rp) is an affine structure with a marked r¢. On each surface X;, we choose an infinite ray r; from the
unique branch point to the puncture at infinity and such that it develops on C along a ray, say 7;, leaving
from p towards infinity. Notice that a copy of the ray 7; is contained even in (C, r¢). For any i, we glue
together the affine surfaces X; and (C, ro) along the rays r¢ and 7; according to our Definition 4.16. The
resulting surface is still homeomorphic to Sy, but carries a new affine structure X’ with monodromy p;.
Moreover, on each surface X’ we can single out a copy of the ray 7.

We can now glue together affine surfaces X/, ..., Efg along these copies of rg (again according to our
Definition 4.16) to obtain an affine surface X. This surface X is homeomorphic to Sg 1 and has a unique
branch point ¢ which develops on p € C and it is the starting-point of the rays, after the identifications.
Removing g from X, we obtain the desired surface homeomorphic to Sg > and equipped with an affine
structure with monodromy p.

Let us finally assume Im(p) = Z,. Notice that we can always find a basis a1, 1, ..., og, B¢ such that
(15) pla;)=1 and p(B;)=—1 forany 1 <i <g.

Even in this case the proof is based on an inductive process, therefore we start with the case g = 1. There
exists a half-translation structure on CP!, see Definition 4.15, associated to a meromorphic quadratic
differential ¢ having one zero of order 2 at 0, two poles of order —1 at &1 and, finally, one pole of
order —4 at oo € CP!; see Definition 4.15 and the subsequent remark. Recall that, given a quadratic
differential, a pole of order one corresponds to a cone point of angle & and a zero of order two corresponds
to a branch point of magnitude 4. It is possible to verify that such a structure has nontrivial holonomy
given by a representation y: 1 (CP!\ {£1}) — Z, = {z — +z}. We now make use of this structure
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to realize a half-translation structure ¥ with the desired holonomy. Take two copies of the structure
(CP', ¢) and slit both along the segment e; = [—1, 0] and the infinite ray r; = [1, oc] for i = 1, 2. Denote
the resulting sides by eii and rl?':. We define X to be the half-translation structure on a torus obtained
by identifying e;r with e;r , e] with e5 and, in the same fashion, ,,1+ with r2Jr and r” with r;". Such a
structure is naturally associated to a meromorphic quadratic differential ¢ having one zero and one pole
of order 6. By removing the singularities of g we obtain an affine structure on S » with the desired
monodromy. The general case g > 2 now proceeds as follows. From our construction, there always exists
an infinite ray 7 C X joining the two punctures. Then consider g copies of ¥ slit along 7, and glue along
rays (as in Definition 4.17) in succession. The resulting surface is homeomorphic to Sg > and carries a
half-translation structure with holonomy p, as desired. a

Using the previous two propositions, together with the gluing construction as in Definition 4.16, we can
now prove the analogue of Proposition 4.13:

Proposition 4.21 Let g > 0 and k > 2, and let p: w1(Sg k) — Aff(C) be a nontrivial representation
such that there is at least one puncture with trivial monodromy. Then there is an affine structure on Sg i
with monodromy p, obtained by puncturing an affine surface ¥ with a unique branch point.

Proof We shall follow the strategy of the proof of Proposition 4.13. Our construction of the affine
surface X will split into two cases.

Case 1 (the representation p has at least two punctures with trivial monodromy) Define pg: 71(Sg,2) =
Aff(C) as the restriction of p to a subsurface of S, x homeomorphic to Sg > that contains all the handles
and one puncture with trivial monodromy. Let p1: 1(Sox) — Aff(C) be the restriction of p to the
complementary subsurface, that contains all the other punctures. Note that by our assumption p; has at
least one puncture with trivial monodromy. There are two subcases:

Subcase (i) (the representation pg is nontrivial) We shall build X by gluing together two affine surfaces
Yo and X1, where:

e Yo is homeomorphic to Sg 1 and has exactly one branch point p, and the monodromy of the
affine structure on the surface ¢ \ {p} is po. If po is nontrivial, such an affine surface exists by
Proposition 4.20.

e X is homeomorphic to Sy x—1, and has holonomy p; and exactly one branch point. Such an affine
surface exists by Proposition 4.18.

Recall that both the affine surfaces ¥y and ¥; depend on the choice of an initial basepoint. We
choose the same basepoint, say p for both structures. It follows from the constructions in the proofs of
Propositions 4.18 and 4.20 that the branch points on both surfaces develop to p. For the gluing, we slit
along rays, say rg and ry, on Xo and X; respectively, from the branch point to a puncture at infinity.
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These rays may develop into different rays on C with the same starting point p. We glue along these rays
as in Definition 4.17 to obtain a surface ¥ homeomorphic to S ;1 and having a single branch point.
Removing the branch point, we obtain an affine surface homeomorphic to S, j that has holonomy p.

Subcase (ii) (the representation pg is trivial) At least two punctures are trivial; let A3, A4, ..., Ag be
the affine maps that are the monodromy around the remaining punctures. We can exclude the case that
k = 3 here, since then the triviality of py would imply that p is trivial, contradicting our assumption.
According to our Lemma 4.4, there is a branched projective structure on S, with three branch points,
one of which develops at oo € CP!. We first construct a (branched) affine surface ¥ homeomorphic
to Sg,1 with two branch points by removing the branch point at infinity. Let r¢ be a ray starting from one
of the branch points to the puncture at infinity and let 7y be its developed image on C. It is an infinite ray
leaving from a point p € C. Also, construct an affine surface X1 homeomorphic to Sy x—, with exactly
one branch point, such that the monodromy around the punctures are As, ..., Ag; such a surface exists
by Proposition 4.18. Recall that the construction is subject to the choice of a basepoint. By choosing p as
the basepoint, it follows by construction that the branch point of ¥; develops at p. Let r; C X1 be any
ray from the branch point to a puncture at infinity and let 7; be the developed ray leaving from p. As
before, we now glue preserving holonomy, as in Definition 4.17. Namely, we slit ¥; along r; and then
glue a copy of the marked affine structure (C, rp) slit along 7. Notice that the gluing is possible because
r1 develops on 71 C C by construction. The resulting surface is homeomorphic to Sy x—, but carries a
new branched affine structure X/ containing a whole copy of C with the embedded ray rp. We slit X
along ro and X} along 79 and then we identify the resulting boundary rays crosswise to obtain an affine
surface 2 homeomorphic to S, x_» and two branch points. Removing the branch points we obtain the
desired affine structure on S, x with monodromy p.

Case 2 (the representation p has exactly one puncture with trivial monodromy) Consider the subsurface
of Sg i that contains all the handles, and the puncture with trivial monodromy; such a surface is
homeomorphic to Sg ». Let pg: 71(Sg,2) — Aff(C) be the restriction of p to that surface. Note that pg
has trivial monodromy for one of the punctures, and the other puncture has monodromy C that is the
product of the commutators of the holonomies around the handle-generators, for each handle. If this
product is the identity map, then we can use the same constructions as in Case 1 to finish the construction
of the desired affine surface . In what follows, we shall assume that C is not the identity element (and
is therefore some nontrivial translation).

Either using Proposition 4.20 if pg is nontrivial, or Case 2 of the proof of Proposition 4.13 if pg is trivial,
we can then build an affine surface ¢ such that

(a) it is homeomorphic to Sg 1 and a single branch point, say ¢,

(b) on removing the branch point, the affine structure on X \ {¢} has monodromy pg, and

(c) there is a ray ro from g to the puncture at infinity which has monodromy C by construction. This

ray develops on an infinite ray 7y leaving from a point p € C.
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Figure 12: The construction of an affine surface ¥ by gluing ¥ and X; along rays, in Case 2 in
the proof of Proposition 4.21.

Let the monodromy around the remaining punctures be A, As, ..., Ax. Given the point p as above, by
Proposition 4.18 there is an affine surface X that is homeomorphic to S¢ x—; such that

(a) there is exactly one branch point which develops to the point p, and

(b) the monodromy around the punctures are A,C 1 A3, Ay, ..., Ak

Let rq be a ray from the branch point to the puncture with holonomy A,C~! and let 7] be its developed
image. We glue 3¢ and ¥; along the rays ro and ry, as in Definition 4.17. Recall that in that gluing-
preserving holonomy, we in fact first attach copies of the affine surface C to ro and r; respectively, and
then glue along the same ray r, in these copies via the identity map. The resulting affine surface X is
homeomorphic to S, ;1 and has one branch point p where the starting points of the rays get identified.
Since the final gluing (along the ray r) is by the identity map, the other endpoints of the rays get identified
to a puncture with holonomy A,C ~1.C = Ajy; cf the discussion just before Definition 4.17. Hence the
monodromy of the affine structure on X \ {g} is precisely p, as desired. O

5 Affine holonomy and a single puncture

In this section we deal with the case when the representation p is into the affine group Aff(C), as in
the previous section, for once-punctured surfaces of positive genus, that is, k = 1 and g > 0. For this,
we need to modify the construction in Proposition 4.20 such that the “puncture at infinity” for X is a
regular point when viewed as a projective structure. We can then “fill in” that puncture to obtain a surface
equipped with a projective structure (away from a single branch point).

5.1 Necessary conditions

We start by showing the necessity of assuming the image of p is not a finite group of order two in
Theorem A.

Lemma 5.1 Let p: 71(Sg,1) — Aff(C) be a nontrivial representation such that the puncture has trivial
monodromy and the image of p is finite of order two. Then p does not appear as the monodromy of any
projective structure Sg 1.
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Proof Let G =ker(p) and let S, ¢,1 be the covering of Sg 1 associated to G. The group G is a subgroup
of 71(Sg,1) of index two, and hence the covering map f: S, 2.1 — Sg,1 turns out to be a Galois covering
map of degree two. In particular, S ¢,1 1s homeomorphic to S>g—1,2. Let us now assume the existence of
a complex projective structure on Sg 1. Then we may lift this structure to a complex projective structure
on S»g 1,2 with monodromy determined by the composition po fix, where fi:m1(S26—-1,2) = 71(Sg,1)-
Since the image of fi is nothing but ker(p), the representation p o fi is just the trivial one. Therefore, by
our Lemma 4.3, such a structure does not exist and, in turn, there is no complex projective structure on
Sg¢,1 with monodromy p. m|

5.2 Once-punctured translation surfaces

The case of translation structures on once-punctured surfaces is actually subsumed by the construction
in the proof of Proposition 4.11, provided we only require a projective structure, and not a translation
structure, on the surface.

Proposition 5.2 Let Sg 1 be a surface of genus g > 0 and exactly one puncture, and let I'g 1 be its
first homology group. Any nontrivial representation x: I'g 1 — C is the monodromy of some projective
structure on Sg 1.

Proof From (8), we know that the puncture must have trivial monodromy. We can then construct
a translation surface X homeomorphic to Sg 1 exactly as in the proof of Proposition 4.11, that has
holonomy y, one branch point p and one pole of order two. Note that a pole of order two is the point
at oo in a standard planar end of C; thus in particular, oo is a regular point of CP!. Thus, we can
consider £ = X U {o0} to be a surface equipped with a projective structure, with exactly one branch
point (namely, p); the surface ) \ {p} is then the desired surface homeomorphic to Sg 1 equipped with a
projective structure having monodromy y. a

Remark If a nontrivial representation y: I'g 1 — C is the monodromy of a translation structure, then
the corresponding abelian differential @ must extend to an abelian differential with exactly one zero
on the closed surface Sg. The recent work of Le Fils [2022] and Bainbridge, Johnson, Judge and Park
[Bainbridge et al. 2022] generalizing Haupt’s theorem (see [Haupt 1920] and [Kapovich 2020]) provides
necessary and sufficient conditions on y for the existence of such a structure.

5.3 Once-punctured affine torus

For the once-punctured torus, the problem of finding an projective structure with prescribed affine
holonomy is handled by the following result:

Proposition 5.3 Let p: 71(S1,1) — Aff(C) be a nontrivial representation such that the puncture has
trivial monodromy. Assume p(m (S 1,1)) is not finite of order two. Then there is a projective structure on
S'1,1 with monodromy p.
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Proof Let p: 71(S1,1) — Aff(C) be a nontrivial affine representation, let « and 8 denote two handle-
generators and let y = [«, B] be a curve enclosing the puncture. The monodromy around the puncture is
assumed to be trivial, ie p(y) = I. This implies in particular that p(e) = A and p(B) = B commute and
hence the representation p is abelian. Up to conjugation, we may assume without loss of generality that

a0 b0
(16) Az(o 1) and B=(O 1),

where a, b ¢ {0, 1}. In fact, a and b cannot be both equal to one as the representation is assumed to be
nontrivial and, whenever A or B is the identity matrix, a suitable change of basis puts the matrices in the
desired form. Given any point pg € C, we define the points p; fori =1, ..., 3 as follows: p; = A(po),
p2 = AB(po) = BA(po), and finally p3 = B(po). The polygon

(17 Po > p1 > p2 > p3> po

bounds a possibly self-intersecting and possibly degenerate quadrilateral Q on the complex plane. As
already done before, we shall denote the directed edges as follows:

€1 =pi1p2, €=PpopP1. €3=PopP3, €4=Pp3p2.
The edges of this polygon are related by the maps A, B as follows: A(e3) = e; and B(e;) = e4. Given
the matrices A and B as in (16), it is convenient to choose pg = 1. As a consequence, p; = a, p» = ab
and p3 = b. We observe that the points {1, a,b,ab} C C are all aligned if and only if they are all real and
the quadrilateral Q degenerates to a segment. According to this property, we shall divide the discussion
into two cases.

Case 1 (the points 1, a, b, ab are not reals) In this case, the points 1, a, b, ab are the vertices of some
possibly self-intersecting quadrilateral Q. As done before in Proposition 4.11, we can choose a collection
of infinite rays R = {rg, r1, r2, r3} with starting points at the vertices p; of Q and consider embedded
region R;, for each i € {0, ..., 3}, bounded by the segment ¢; and two infinite rays from the collection R.
Even in this case there are two choices of each such a region, since the union of ¢; and the ray from its
endpoints separates the complex plane; we choose the one that results in the correct orientation of the
handle-generators «, 8 in the affine surface X that we shall define below; see Figure 6. Each region R;
has one ideal vertex at oo € CP! and the union of the regions determines an immersed disc R on the
Riemann sphere with boundary 0R = e7 U ez U e3 U eq. We define X to be quotient of the region R
by identifying the boundary segments e and e3 via the affine map A, and the segments e, and e4 via
the affine map B. The resulting surface is homeomorphic to a punctured torus endowed with an affine
structure on a punctured torus with one branch point of magnitude 6;r and one pole of order two. We can
fill up the puncture by adding a complex projective chart locally modeled at co € CP! and eventually
remove the (only) branch point. The final surface is a punctured torus endowed with a complex structure —
but not affine — having monodromy p.

Case 2 (the complex numbers 1, a, b, ab are reals) In this case the four points 1, a, b, ab are aligned,
and a similar construction works. Recall that in this case a, b ¢ {41} in the light of Lemma 5.1 above.
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The main difference from Case 1 is that the quadrilateral Q degenerates to a segment on the real axis.
Whenever either a or b is greater than zero, then we can still find a collection of rays and regions R;
with the desired properties and thence one can proceed as above. However, when both a, b are negative it
turns out to be impossible to find rays and regions as desired, regardless of the choice of the basepoint py.
In this case, we first need to change the handle-generators in order to make either a or b a positive real.
For instance, we may replace {c, 8} with {&, ®}. Then we can proceed as above. O

Remark Here is a construction, inspired by [Mondello and Panov 2019, Lemma 2.2], of a projective
structure (in fact, a spherical structure) on Sy,; such that the image of the monodromy representation is a
finite cyclic group of order k > 3. Let C be a great circle in CP! and let « be the “orthogonal” geodesic
line in H3 (thought of as the unit ball, with do,H > = CP!) passing through the origin. On C we can
single out two adjacent segments, say /1 and /», each of length 277/ k in the spherical metric. Of course,
1 and [, are related by the elliptic element E that is a rotation of angle 2/ k around the axis «. Slit
CP! along /; and /. The resulting space is a bigon with two vertices each of angle 2. Then reglue
/ 1+ with /5 and /{” with 12+ . The final surface is a torus equipped with a spherical structure and a single
branch point of angle 6. By deleting the branch point we end up with the desired structure on S1,1
having the desired monodromy, since the monodromy of each handle-generator is E*1.

5.4 Higher-genus affine surfaces

Let us finally consider the general case of punctured surfaces with genus g > 2. Our goal is to realize the
given representation to the affine group as the monodromy of some branched projective structure with a
single branch point. By deleting such a point, we end up with a complex projective structure on Sg 1
as desired. Note that although the monodromy is into the affine group Aff(C), the projective structure
obtained might not be an affine structure. Namely, we prove the following:

Proposition 5.4 Let g > 2 and let p: m1(Sg,1) — Aff(C) be a nontrivial representation such that
the puncture has trivial monodromy. Assume p(m(S g,l)) is not finite of order two. Then there is a
CP-structure on Sg,; with monodromy p.

Our proof shall deal with the coaxial case and noncoaxial case separately. In the final subsection we also
provide an alternative proof using Le Fils’ results [2023]. Before moving to the proof of Proposition 5.4,
we shall need some technical results.

5.4.1 Some technical lemmata In order to state and prove those lemmata we shall need, we begin by
introducing the following definitions.

Definition 5.5 (unitary part, linear part) Given a coaxial representation p, its unitary part py,: I1 — U(1)
is defined by py, (y) = exp (i arg(p(y))) for each y € I1. Note that if p is unitary then p = p,,. This notion
easily extends to any affine representation as follows. In fact, there is a natural projection Li: Aff(C) — C*
that associates to any mapping A(z) = az + b its linear part, ie Li(4) = az. Notice that if p is coaxial,
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as\;

Figure 13: The mapping class ¢ changes the pairs of handle-generators {«;, B,} and {as, Bs} to
{or, BrBs} and {o; Loy, Bs}, respectively.

then Lio p = p. The unitary part of a generic representation p is a representation py: w1(S1,1) — U(1),
defined as p, (y) = exp(i arg(Lio p(y))).

Definition 5.6 Given a coaxial representation p, a handle on Sg | generated by a pair {«, B} of simple
closed curves intersecting only once will be called rational if p, () and py,(B) generate a discrete
subgroup of U(1). Alternatively, if the dilation factors of p(«) and p(f) are a and b respectively, then
the handle is rational if their arguments arg a and arg b are in 27 Q (the dilation factor of an affine map
A(z) =az is a € C*). We will say the handle is irrational if it is not rational.

The following lemma concerns affine representation with dense unitary part.

Lemma 5.7 Let p: [T — Aff(C) be an affine representation such that Li o p is not unitary. Then there
exist handle-generators {cj, B }1<j<g on Sg 1 such that |a;|, |bj| > 1, where a; and b; are the dilation
factors of p(«;) and p(fB;) respectively. Moreover, in the case the unitary part p, has a dense image
in U(1), we can also ensure that argaj,argb; ¢ 2nQ foreach 1 < j < g and, for any € > 0, we can
choose a set of handle-generators that satisfy, in addition to the above properties, |arga;|, |argb;| < € for
each j.

Proof First of all we notice that it is sufficient to prove the lemma for coaxial representations. In fact, the
general case follows by replacing p with Lio p. Choose an initial set of handle-generators {;, B }1<j<g:
in the following argument, whenever we modify this set of generators via a mapping class, we shall
rename and continue denoting the resulting set by the same notation (viz. «;, B;). We shall also denote
by a; and b; the dilation factors of p(c;) and p(fB;) respectively. We shall first show that we can choose
handle-generators so that |a;| # 1 and |b;| # 1 for each j.

Since p is not unitary, it follows that |a,| 7% 1 for some r. Note that if |5, | # 1 instead, we can interchange
the handle-generators via the mapping class that takes the pair {&;, 8} > {Br.a,; '}. Now if |b,| = 1
we can change this pair via the mapping class that takes {o;, B8} — {a, @, Br}; such a mapping class is
supported on that handle, and Dehn-twists around «,. This makes the modulus of the dilation factor of
the p-image of the second generator also different from 1. If |as| = 1 for some other index s, then we
change the two handles (the 7™ and s") via the mapping class ¢ that takes {c, B} — {&r, Br Bs} and
{as, Bs) > {a as, Bs}; see Figure 13. In this way we can make sure that the modulus of the dilation
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factor of the first generator of the second handle is |a; as| # 1, and so we can continue the process as
above, until all handle-generators have their corresponding dilation factors not equal to 1.

To ensure the dilation factors are strictly greater than 1 in modulus, we perform the following modifications:

Claim 1 For any handle, there is a change of generators by a mapping class such that their dilation
factors satisfy |a| > 1 and |b| > 1.

Proof Assume that |b| < 1. Recall that we have already ensured above that |a| # 1. We can use the
change of generators (4, B) — (A, A" B) for n € Z, that is effected by a (power of a) Dehn twist around
the handle-generator corresponding to A. Note that the dilation factor of A" B is a”b. Thus for a suitable
choice of sign of n, and for |n| large enough, the dilation factor of A" B is strictly greater than 1 in
modulus. Now the second generator B’ = A" B has the desired property. If the first generator (which
remains unchanged) still has |a| < 1, then we perform the change of generators (A4, B') > (B’, A7),
which is again effected by an element of SL(2, Z) (and hence a mapping class). |

Now assume that the image of the unitary part p, is dense in U(1). We shall perform a change of
generators exactly as in the first part of the proof, so that the arguments of the dilation factors are all
irrational; we shall only observe that these modifications do not change the property that the dilation
factors are greater than 1 in modulus.

Assume there is some r € {1,2,..., g} such that arga, ¢ 27 Q); if instead there is some r such that
argb, ¢ 2w Q, then we can switch the roles of o, and B, in what follows (eg instead of Dehn twists
around o, we perform Dehn twists around B,). If argh, € 27Q we can change this pair of handle-
generators to {«,,a) B} for any n € Z. It is easy to see that for any n > 0, the resulting new handle-
generator will satisfy arg b, ¢ 27 Q, and since |a,| > 1, we also have |b,| > 1. Now let argas € 2w Q for
some s; as before, we use the mapping class ¢ to change the two pairs of generators {«;, B} — {&r, Br Bs}
and {a, Bs} > {0 ! ag, Bs}. Again, we rename these new pairs as {a,, B, } and {a;, By} respectively. The
new generator of the latter handle now has argas ¢ 27 Q. Note that by the change {a, Bs} — {os BY . Bs}
for n > 0 (achieved by Dehn twists along B on the s handle), we could have arranged that prior to
acting by ¢, the modulus of the dilation factor satisfied |as| > |a,|, so that after acting by ¢, the dilation
factor still satisfies |ag| > 1.

Finally, fix € > 0. We shall show that for the j handle for any 1 < j < g, there is a change of
generators by a mapping class supported on the handle, such for the resulting pair of generators we have
largaj|, |argb;| < €. Indeed, we can perform Dehn twists as usual to change the handle-generators to
{oj, (x}’ Bj} for any n € Z. As before, for any n > 0 the dilation factors remain greater than 1 in modulus.
Although the new argument could lie in 27 Q for some integer, say /N, it cannot be in 27 Q for any n # N.
(If N arga; +arghb; € 2nQ and M arga; +argb; € 2nQ for N # M then (N — M)a; € 2rQ, which
is a contradiction.) Since p(a;) is an irrational rotation of the circle, we can choose n > N such that
larg b;| < €. Similarly, we perform a power of a Dehn twist around b;, to ensure that |arga;| <e. O
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Remark Let p be a Euclidean representation, namely an affine representation with unitary linear part,
that is, p, = Lio p. Assume the image of p, to be dense in U(1). It worth noticing that, although the
first claim of Lemma 5.7 never holds for Euclidean representations, it is still possible to find a basis of
handle generators such that the linear parts of the p-images have arbitrarily small argument.

Corollary 5.8 Let p: [1 — Aff(C) be an affine representation. If the unitary part p, has a dense image
in U(1), then for any € > 0O there exist handle-generators {o;, B }1<j<g on Sg 1 such that the inequalities
—e <argh; <0and 0 <arga; +argh; < € hold for each j.

Proof The first thing we notice is that the second part of the proof above works mutatis mutandis even
when Li o p is unitary, with the only exception being that the dilatation factors are always equal to one.
What follows is nothing but a refinement of Lemma 5.7. Again, we shall assume for simplicity that p is
coaxial, and the general case comes by replacing p with Li o p. In fact, in the same notation as above,
p(ay) is an irrational rotation and we can choose n > N such that |argb;| < € and —e < argh; < 0. We
now perform a Dehn twist around b; to ensure that 0 < —argb; < arga; < €. The result follows. O

We now consider affine representations whose unitary part is discrete in U(1). We begin with the following

Lemma 5.9 Let p: I1 — Aff(C) be an affine representation whose unitary part p,, has a discrete image
in U(1). Then there exist handle-generators {cj, B }1<j<g on Sg 1 such that

(18) pu(aj) =exp(2mi/m) and pyu(B;) =1 foreach j,

where p,, (I1) = Z,. In fact, for any surjective homomorphism h: I1 — Z,,, we can find handle-generators
such that py (otj) = h(eej) and py(B;) = h(B;) for each j.

Remark Before proving the stated lemma, we recall the following result of Edmonds [1982]. For a finite
abelian group G consider the representation space Hom(I1, G). The natural action of MCG(.S) on the rep-
resentation space by precomposition yields a natural injection from the orbit space Hom(IT, G)/MCG(S)
to Hy(G,Z); see [Edmonds 1982, Theorem 1.2] and [Nielsen 1937] for the case G = Z,,. Since
Hy(Zy, 7)) = {0}, it follows that MCG(S) acts transitively on the representation space. For further
details the reader may also consult [Le Fils 2023, Proposition 3.2].

Proof of Lemma 5.9 Since U(1) is abelian, p, factors through the homology group I' = H;(Sg .1, Z).
Fix a set of handle-generators {a} , ,B; }1<j<g: this is also a set of generators of I'. Since the image in
U(1) is a discrete group, it must be cyclic, say of order m > 2. Thus, we can think of the unitary part
as a surjective homomorphism py,: I' — Z,,, where Z,, is the cyclic subgroup of U(1) generated by
exp (27ri/m). Then, by the remark above, there is 4 € Sp(2g, Z) = Aut™ (") such that the representation
puo A: T — Z,, satisfies py (oc]/.) =1 and py (,B;.) = 0 for each 1 < j < g. Indeed, for any surjective
homomorphism 4, : I' — Z,, there exists an automorphism A of I" such that the equation p, 0 A = hy,
holds. The automorphism A is induced by a mapping class ¢: Sg 1 — Sg.1, and defining «; := ¢(ozj’.)
and B, := q’)(ﬂ}) then defines our desired set of handle-generators. O
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From now on, the case of m = 2 is ruled out by our assumption that the image is not of order two;
cf Lemma 5.1. Therefore the condition m > 3 will be take as a blanket assumption unless stated otherwise.
We finally conclude with a lemma specific to noncoaxial representations. We shall make use of the
following result in Section 5.4.3.

Lemma 5.10 Suppose that p: w1(Sg,1) — Aff(C) is a nontrivial representation as in the statement of
Proposition 5.4. If p is not coaxial, then we can choose pairs of handle-generators {«;, i }1<i<g Whose
commutators are all nontrivial, ie p([o;, Bi]) # [ foreach 1 <i < g.

Proof An affine map A(z) = az 4 b has a fixed point b/(1 —a) € C, unless a = 1, ie A is a translation,
in which case the fixed-point set satisfies Fix(4) = @. Two affine maps A and B commute if and only
if their fixed-point sets are identical. We shall also use the following elementary fact: if A and B are
affine maps with different fixed-point sets, then the fixed-point set of B o A is different from that of A.
Therefore, it suffices to show that one can choose each pair {¢;, 8;} of handle-generators so that their
fixed-point sets are not identical; for the purposes of this proof we shall call a pair having this property
(and the corresponding handle) “good”.

We start with some set of handle-generators {«;, B; }1<i<g; note that these 2g elements generate the
fundamental group 71(Sg,1). By Lemma 4.19 we can also assume that p(;) and p(f;) are nontrivial
affine maps for each 1 <i < g. In what follows we shall modify this initial choice of generators by
mapping class group elements until the pair of generators of each handle is good. The basic idea of
this modification is the following: suppose {c;, B;} is a good pair, and {«;, 8;} is not. Then we replace
these two pairs of handle-generators by the pairs {«;, 8; 8} and {oel._la i, Bj}. Note that this change of
handle-generators is effected by a mapping class ¢: Sg 1 — Sg,1; see Figure 13. Let F be the common
fixed-point set of p(«;) and p(B;). We divide into two cases:

Case A (F # ¢) Inthis case F is a single point; in what follows we assume that ' =0 € C to simplify
our computations, because the general case can be reduced to this via a conjugation. Let z — a;z and
z +— bjz be the p-images of the generators o; and B; respectively, where a;,b; € C \ {0, 1}. We can
assume without loss of generality that the fixed-point sets of p(«;) and p(B;) are both distinct from F,
since otherwise, if say Fix(p(«;)) = F, then we can perform a Dehn twist in that handle around §; to
change its generators {«;, B;} — {o;Bi, Bi}. By the elementary fact noted above, Fix(p(e; ;) # F, so
this new pair of generators has the required property. The same fact implies that the new second handle
obtained after acting by the mapping class ¢, ie generated by {a;” Lo i, Bj}, s good. However, it could
still happen that for the new first handle, the p-images of the generators, namely p(c;) and p(B; B;), have
the same fixed-point set. If p(;) is the affine map z + a;z + ¢; and p(B;) is the affine map z +— b;z + dj,
then this happens when

i

(19) Fix(p(e:)) = 7= = 7—5—— = Fix(o(Bi$;))-
1 vy
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In this case, we first change the generators of the second handle at the very beginning of the construction,
by a Dehn twist around o, namely {«;, B;} — {c;, o; B;}. This does not change the property that the
fixed-point set of both generators is F'; however after acting by the mapping class ¢, the new two pairs of
handle-generators are now {o;, B;a; B} and {a;” Yo, ajB;}. The latter is a good pair for the same reason
as before; the former is not a good pair only if

i d;

20 = .
(20) 1—a; 1 —bjajb;

It is easy to check that (19) and (20) cannot simultaneously hold, since by our assumption a; # 1.

Case B (F = ¢) In this case both p(«;) and p(B;) are translations, say z =z +v and z = z + w
respectively. As above, let z — a;z + ¢; and z — b;z + d; be p(a;) and p(B;) respectively. Then the
pair of generators {c; Ya;, B;} of the second handle is good since one generator maps to a translation,
while the other does not. The new pair of generators {o;, 8; 8;} of the first handle is either also good, in
which case we are done, or else

@1 Fix(p(or)) = 7 = P04

=g = FRe8).

In the latter case, we proceed as in Case A, namely, we first replace {«;, B;} with {oj,a; B} to the
second handle, at the beginning of the construction. The new second generator of the second handle
is now the translation z — z + v + w, and after acting by the mapping class ¢, the new two pairs of
handle-generators are {o;, aB;a;f;} and {o; Yaj, ajB;}. The latter is a good pair for the same reason as
before, namely because one generator maps to a translation while the other does not. The first pair must
also be good, because otherwise

22) Ci :b,-v+b,-w—|—d,-’

1—a; 1—b;

which contradicts (21) since we know v # 0, as none of the handle-generators map to the identity element.

Thus, if there is one good pair of handle-generators, we can use the above modification repeatedly to
make each handle good. To complete the argument, we need to show that there exists a good handle.
For this, note that since p is not coaxial, there exist two elements from the initial set of generators that
do not have the same fixed-point set. If they are generators for the same handle, then we already have
one good pair. If not, suppose they belong to two handles neither of which is good; namely, suppose
there are two pairs of handle-generators {c;, B; } and {«;, B;} such that the elements in each pair have the
same fixed-point set, but the fixed-point sets for the pairs are not identical. Then we change the pair of
handles by the mapping class ¢ exactly as above, namely where the two new pairs of handle-generators
are {o;, BB} and {al._laj, Bj}. It follows from the elementary fact observed at the beginning of the
proof that both of these are now good pairs. a

5.4.2 Proof of Proposition 5.4: coaxial representations We shall divide this proof into three cases:
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(1) p is not unitary, ie its image in PSL,(C) does not lie in the circle subgroup
U(1) = {diag(e'?, e™?) | 6 e R} /{2 1}.
(ii) p is unitary, but the image of p is dense in U(1).

(iii) p is unitary, and the image of p is finite, but not of order two.
Recall that as in the previous section, we are considering representations from IT = 71(Sg,1).

Case (i) (nonunitary case) First consider the quadrilaterals {Q1, Q2,..., Qg}, where foreach 1 <i <g,
the quadrilateral Q; is constructed exactly as in Proposition 5.3 by taking the p-images A; and B; of the
i™ handle, such that the basepoint p; of Q; is also a vertex of Q;_1 for each i > 2.

The key idea is that we can do this so that each these quadrilaterals are pairwise disjoint, except for
adjacent quadrilaterals which intersect only at a single vertex, eg Q;—1 N Q; = {p;}. In order to show
that we can do this, we consider two subcases, involving the unitary part p, of p, see Definition 5.5.

Subcase 1 (p, has dense image) Recall from Proposition 5.3 that the quadrilateral Q corresponding
to a handle (with generators mapping to A and B) and basepoint p is defined by the oriented polygon
p+— A(p)— AB(p) = BA(p) — B(p) — p; see equation (17). It follows that if A and B have dilation
factors each of modulus strictly greater than 1, and with argument sufficiently small, then

(a) Q lies entirely to the right of the vertical line passing through p, and
(b) the “rightmost” point of Q is AB(p) = BA(p).

Thus, to construct the desired nonoverlapping “chain” of quadrilaterals {Q1, Q2. ..., Qg }, we choose
handle-generators as in Lemma 5.7. We choose a basepoint for Q1, corresponding to the first handle, to
be a point p € R C C, and then define the basepoint for each successive quadrilateral, corresponding to
the next handle, to be the rightmost point of the preceding quadrilateral, as in (b) above.

This oriented chain of quadrilaterals bounds an immersed punctured disk on its right, where the puncture is
at the point at infinity. In other words, Q1 U Q2 U---U Q4 bounds an immersed disk in CP! that contains
the point co. For each quadrilateral, we can identify pairs of sides using the affine maps corresponding
to the generators of that handle; this results in a genus g surface equipped with a branched projective
structure. Moreover, there is a unique branch point, namely the point where all the vertices of the

01 0> Qg

Figure 14: In Subcase 1, the chain of quadrilaterals proceeds towards the right and remains close
to the positive real axis.
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quadrilaterals get identified to; removing the branch point we obtain the desired surface homeomorphic
to Sg,1 with a projective structure having monodromy p.

Subcase 2 (p, has discrete image) Assume that the image is a cyclic group of order m > 1. Recall that
we are in the case when p is not unitary. We now observe that on each handle, we can perform the change
of the pair of generators such that our Claim 1 holds, and the handle-generators still satisfy the conclusion
of Lemma 5.9. To see that this is true, observe that for the change of handle-generators {«, 8} — {«, a" B8}
for n € Z, if py(a) = 1 and p,(B) = 0, then p, (" B) = 1 whenever n = m(mod 1). Recall from the
proof of Claim 1 that such Dehn twists around « can ensure that the resulting new generator satisfies
|b| > 1. For the other generator, switch the roles of o and §; namely, consider {«, 8} — {af", B} for
some n € Z. Note that in this case, the p,-images of the new generators remain unchanged. Thus, we can
assume that the handle-generators satisfy, foreach 1 < j < g,

(1) laj|,|bj| > 1 and
@) pule;) = exp 2i/m) and py(B)) = 1.

Let Q; be the quadrilateral corresponding to the j " handle, with basepoint p ; € C. Note that the edges
of Q; are

2mi 2mi
pj > lajlexp 7 pj > lajl|bj|exp — pj = |bjlpj = pj.

In other words, in polar coordinates on C, if |p;| = R and arg p; = 0y, the quadrilateral Q; bounds the
rectangular region

2
{(”79) ‘ R <r <laj||bj|R and 6y <0 5904__”}'
m
Note that the third vertex of Q; is an extreme point of the region, furthest from the origin.

We choose the basepoint of Q1 to be p; = 1, and for each successive quadrilateral Q;, define the
basepoint p; to be the third (ie extreme) vertex of Q;_1. Note that |p;| > |p;j—1| foreach2 < j < g. The
quadrilateral Q; can only intersect ()1 at that common vertex, since all the remaining vertices of the
preceding quadrilaterals Q1, Q2, ..., Q1 lie in the interior of the disk of radius | p;| around the origin.

The resulting sequence of quadrilaterals Q1, O, ..., Qg thus forms a nonoverlapping chain, as we
desired. Note that in the special case that m =1 (ie p, is the trivial representation), each quadrilateral is
degenerate, as its sides lie along the real line, and they form a chain along the positive real axis; otherwise,
if m > 1, this chain is “spiraling” as shown in Figure 15. As in Subcase 1, this (oriented) chain bounds an
immersed (in fact an embedded) disk in CP! on its right containing the point co. Identifying pairs of
sides of each quadrilateral Q; using the affine maps p(c;) and p(f;), we obtain a surface of genus g
equipped with a branched projective structure and monodromy p, with a unique branch point where all
the vertices of the chain get identified. Removing this branch point, we obtain the desired projective
structure on Sg 1.
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Figure 15: In Subcase 2, the chain of quadrilaterals is spiraling if the order of the discrete image
is m > 1. (Shown above for m = 3.)

Case (ii) (unitary with dense image) Let us assume now that p is unitary (ie p = p,), with an image
that is dense in U(1). Fix an € > 0, the choice of which shall be made clearer later. We can apply the
proof of the second part of Lemma 5.7 to obtain a change of generators (effected by some mapping class)
such that the resulting handle-generators {«;, B;}1<;<g satisfy, foreach 1 < j < g,

(1) argaj,argh; ¢ 27Q, and
(2) |argaj]|,|argb;| <e.
This change of generators is exactly as in [Chenakkod et al. 2022, Lemmata 11.4 and 11.5].

Thus, we can assume that for the j handle, for each 1 < j < g, the pair of generators map to the
elements of the form
Z > exp(i@})z and z > exp(i sz)z

of U(1) respectively, where 0 < 9].1, 9]-2 < €. Choose the basepoint for the first handle to be on the positive
real axis, say p; = R € R™. Then the quadrilateral Q corresponding to the first handle, given by
p1 exp(i@})l’l — exp(i (Qj1 + 01.2))p1 — exp(iejz)pl — p1, has vertices on the circle of radius R,
and lies in the sector bounded by rays at angles 0 and 911 + 912. Choose the basepoint of the next handle
to be py = exp(i (QJ.1 + 01.2)) p1; the quadrilateral Q» then lies in an adjacent sector of angular width
921 + 922 < 2e¢. We can continue placing quadrilaterals for successive handles, choosing the basepoint
of each to be the extreme point for the previous quadrilateral; each is contained in a sector of angular
width less than 2¢. Our initial choice of € > 0 can be made so that g such sectors fit without overlapping,
ie 2ge < 2. We thus obtain an oriented chain of quadrilaterals Q1, Q»,..., Qg, as in Case (i), where
successive handles intersect at a common vertex, and every other pair is disjoint. Their union then
bounds an immersed disk in CP! on its right, containing the point co. As in Case (i), we then identify
pairs of edges of each quadrilateral using the maps corresponding to the generators, to obtain a surface
homeomorphic to Sg, equipped with a branched projective structure with a unique branch point. Deleting
the branch point, we obtain the desired projective structure on Sg 1 with monodromy p.

Geometry & Topology, Volume 29 (2025)



596 Gianluca Faraco and Subhojoy Gupta

Case (iii) We now consider the remaining case when p is coaxial, but the image of p is a finite group
in U(1). Let the order of this finite group be m > 3; here, recall that m # 2 by Lemma 5.1.

We first apply Lemma 5.9 to obtain handle-generators {«;, B, }1<;<g such that

2mi )
pej) = p(Bj) = exp (7) for each j.
For any handle generated by {o;, B;}, and a choice of a basepoint p € C, the quadrilateral Q with edges

p = ple)p = pleBip = p(Bj)p—p
is a degenerate ““V”-shaped quadrilateral, since the second and fourth vertices coincide. Such a quadrilateral
bounds an immersed (in fact embedded) disk in CP! in its exterior. However, all vertices lie on the circle
of radius | p| centered at 0, and they span an angle 477 /m at the origin. This makes it difficult to form
a nonoverlapping chain of quadrilaterals, as we were able to do in Cases (i) and (ii). We resolve this

difficulty by using a “grafting” construction that we shall describe next, the idea of which is similar to
Definition 4.17.

First, we need to introduce the following definitions:

Definition 5.11 (projective handle) A projective handle will refer to a branched projective structure
on a torus with a single branch point, obtained by identifying pairs of sides of a quadrilateral Q in CP!
that bounds an immersed disk (recall that the preceding cases have involved constructing such projective
handles).

Definition 5.12 (grafting in a handle) Let S be a surface equipped with a branched projective structure,
and let y be an embedded arc on S from a branch point p to itself that develops onto an embedded arc y
on CP!. Suppose H is a projective handle that corresponds to a quadrilateral Q on CP! such that ¥ lies
in the disk in CP! bounded by Q, and an endpoint of 7 is a vertex of Q. Consider the one-holed torus T
obtained by introducing a slit in H along the arc that develops onto ¥; let the resulting two sides of the
slit be 0 and o~. Then cut along the arc y on S and identifying the resulting sides with the boundary
arc 0T and 0~ on T respectively, so that the genus of the resulting surface S’ is one more than that of S.
Here, the identification is such that the developing maps to CP! are precisely the same; the surface S’
thus acquires a (branched) projective structure. See Figure 16.

Note that in the construction above,

e there are no new branch points that are introduced, but the order of the branch point p increases by
two, and

e the monodromy representations when restricted to the subsurfaces S and A remain unchanged.

We can now construct the projective structure on Sg 1 with monodromy p (which is coaxial, unitary and
discrete) by successively grafting in handles, as we now describe.
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Figure 16: In Definition 5.12 the handle H is slit along ¥ and grafted in on S along y.

Start with the basepoint p; € R™ C C and the quadrilateral Q; corresponding to the first handle, generated
by {1, B1}. The projective handle corresponding to Q1 is our initial surface S1. We shall successively
graft in g handles as in Definition 5.12; in what follows we describe the j™ step, where we assume we
have a surface S; of genus 1 < j < g equipped with a branched projective structure with a unique branch
point.

Let Q; be the quadrilateral for the j™ handle, which by our construction will be a subsurface of S -
Let H be the projective handle corresponding to the quadrilateral Q; 1 of the next handle, when the
basepoint p; 4 for that is taken to be the third (ie extreme) point of Q;. Note that y = «; or f; is an
embedded arc from the branch point on §; to itself, and we can choose a developing image that is an
embedded arc 7 in CP!, namely one of the sides of Q; that is incident to p;1. Moreover, 7 lies in the
exterior of the quadrilateral Q1 for H; see Figure 17.

Hence the construction in Definition 5.12 can be applied, that is, we can cut along y on §; and graft in
the handle H'; the resulting surface is S; 11.

At the end of g such steps, we obtain a genus-g surface Sg with a branched projective structure with a
unique branch point. Removing the branch point, we obtain a projective surface homeomorphic to Sg 1
with monodromy p, ie with p(n) = exp(27i/m) for any handle-generator 7.

We have dealt with Cases (i)—(iii), and this completes the first part of the proof of Proposition 5.4.

N

<)

pj

Pj+1”

Figure 17: Two successive quadrilaterals in the case m = 3, shown here on two different copies
of CP!; in the inductive step the projective handle corresponding to the latter is grafted in by
Definition 5.12.
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5.4.3 Proof of Proposition 5.4: noncoaxial representations Let p: 771 (Sg,1) — Aff(C) be a nontrivial
representation that is not coaxial. Since the puncture has trivial monodromy, we regard p as a representation
p:m1(Sg) — Aff(C) and we shall realize it as the monodromy of a branch projective structure with a
single branch point. We shall eventually delete the branch point to get a complex projective structure on
Sg,1 with the desired monodromy.

Step 1 (commutators determine a convex polygon C) Given a noncoaxial representation p, Lemma 5.10
applies and hence we can assume the existence of a basis of handle-generators {o;, 8; }1<i<g such that
o[, Bi]) # I for each i. It is easy to see that these commutators are all translations, which we denote
by t1,12,...,t,. It is also not hard to show that there exists a permutation of the handles (realized by a
mapping class) such that there is a (possibly degenerate) oriented convex polygon C C C with g sides such
that for each 1 <i < g, the endpoints of the i side differ by the translation ¢;. Indeed, one permutation
that works is the one that puts the arguments of the translations in increasing order, ie if ;|t;| ™! are in
counterclockwise order on the unit circle; cf [Chenakkod et al. 2022, Proof of Proposition 6.1]. With
respect to this choice, the piecewise linear curve dC bounds the polygon C on its left. Furthermore, the
convex polygon C can be placed everywhere in C. In fact, given any starting point p; € C, the i™ side
is from p; to p;i+1 = p;i +t;, where i € {1,2,..., g} in the reordered set of handles and pg1+1 = pi

because 11 +---+1g = 0.

Step 2 (realizing a one-holed torus) Let S1,1 = H C S, be any handle (see Definition 4.2) such that the
representation p| g induced by the inclusion H < Sg is not abelian. In this step we show how to realize
p1H - 71(S1,1) — Aff(C) as the holonomy of a branched projective structure on a one-holed torus T with
linear boundary, except for at most one corner point, and no interior branch point.

For this, we shall need an immersed disk in CP! containing co bounded by a Euclidean pentagon P.
Such a pentagon is determined by a choice of a basepoint p and the p|g-images of the handle-generators,
that we denote by A and B. Recall that, here, we shall assume that A and B do not commute. Thus, given
a point p € C, the pentagon P C CP! is defined as the region containing the infinity co and bounded by
the chain

(23) p+[A, Bl(p) = B (p) > A" B~ (p) > BAT' BT (p) > p
on the right, so that the basepoint p is an extremal point of the segment o corresponding to the commutator.
We denote the oriented sides of P as follows:
e1 = BA=1B=1(p)p, es = A"1B~1(p)BA~1B~1(p),
e3=A"1B~1(p)B~1(p). es= B~ (p)[A. Bl(p).

and, finally, 0 = p[A, B](p). Notice that a similar construction already appeared in Proposition 4.20,

see Figure 6, where the basepoint has been chosen to be a different vertex. It is not clear a priori that
this pentagon bounds an immersed disk for a suitable choice of p, therefore the key assertion here is the
following:
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Lemma 5.13 Let pg € C be any point with positive imaginary part sufficiently large. For t > 0 define
_ J(+0)%R(po) +i3(po) if R(po) > 0,

(1=1)R(po) +iI(po) if R(po) <O.
Then there is a basis {c, B} of 71(S1,1) and to > 0 such that the pentagon (23)

(24) Pt

pt = [A,Bl(ps) > B~ (ps) > A" B (ps) > BAT' B~ (p1) = ps

based at p; bounds an immersed disk in CP! containing the infinity on its right for any t > to, where
A = p(a) and B = p(B).

(Here 9i(z) and J(z) are the real and imaginary parts respectively, of the complex number z.)

The polygon (23) and its shape highly depend on the choice of a basepoint pg. A priori, there are no
restrictions on such a choice. The lemma above says that if the basepoint pg is taken with positive
imaginary part sufficiently large then, by moving p¢ horizontally, we eventually find a time #o such that
the polygon (23) bounds on its right an immersed pentagon in CP! containing the infinity. How large
the imaginary part of pp must be will be clear in context, case by case. Due to the technicality of the

Lemma 5.13, we postpone its proof to the end of the current Section 5.4.

Suppose Lemma 5.13 holds, ie there is such an immersed disk. The desired branched projective structure
is then obtained by identifying the oriented sides e; and e3 via the affine map A and the sides e, and e4 via
the affine map B. The resulting surface is a one-holed torus 7', where the side o after the identifications
forms the boundary d7'; the vertices of P get identified to the unique corner-point that lies on that
boundary. We shall consider handles thus constructed in the next step below.

Step 3 (gluing handles to the polygon C) Let {o;, Bi}1<i<g be a set of handle-generators as given in
Step 1, namely, such that ¢; = p([e;, Bi]) 7% I for each i. We can order the handles cyclically so that the
translations #; form a convex polygon C C C and dC bounds the polygon on its left.

Fori € {1,2,...,g}, let H; be the handle generated by {«;, 8;}. For any i, we want to apply the second
step above and then obtain a one-holed torus 7; which carries a branched projective structure having
holonomy p; = p|q;. In fact, given a suitable starting point p;, Lemma 5.13 above states that by perturbing
pi horizontally, ie by preserving the imaginary coordinate, the chain (23) eventually bounds an immersed
pentagon P; C CP! on its right containing the point at infinity.

Recall there are no restrictions on where to place C, that is, its shape does not depend on the basepoint;
indeed, changing the basepoint changes C by a translation. Therefore we place it sufficiently far from the
origin so that the real and imaginary parts of each vertex are sufficiently large and hence Lemma 5.13
applies for each handle. More precisely, the i vertex of C will serve as the basepoint for the i ™ handle.
A fundamental membrane for the developing image of 7 is R;, the immersed pentagonal region in CP!
on the right of the chain (23) based at the i ™ vertex of C. The image of the boundary d7; is exactly the
i™ side of the convex polygon C constructed in Step 1.
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BAT'B™(p1)

gt =A"'B  (py) Dt
C

A(gr) = B~ (ps)

AB(q:) = [A. B](p:)

Figure 18: The vertices of the pentagon in the proof of Lemma 5.13 are shown labeled. The
commutator edge p;[A4, B](p;) coincides with one of the edges of the convex polygon C, and the
region Ry bounded by C lies on its left.

Consider the region Ry C C bounded by the polygon C; note that R is empty if C is degenerate (ie all
sides are colinear). Define the space Rg = Ro/~, where ~ identifies all the vertices of C to a point;
topologically, Rg is homotopy equivalent to a g-holed sphere, and the i " side of C defines an i “boundary
circle” ¢; on Rg. We now glue R with the one-holed tori obtained above by identifying the boundary
of T; with ¢; for each 1 <i < g, so that the resulting surface is homeomorphic to Sg. This surface
acquires a branched projective structure with a unique branch point, and a fundamental membrane in
the image of its developing map is Ro U Uf?;l R;. Removing the branch point, we obtain our desired
projective structure on Sg 1 with holonomy p.

It only remains to prove Lemma 5.13.

Proof of Lemma 5.13 Given any set of handle generators, say {«, B}, for 71(S1,1), we shall denote
the p-images of o and B by A(z) =az + ¢ and B(z) = bz + d, respectively. We observe that the proof
follows as soon as we show that three consecutive edges of the pentagon are embedded in C. This is
because it is easy to verify that a closed oriented curve in C U {oo} which is obtained by concatenating
two embedded arcs always bounds an immersed disk on either of its sides; cf Figure 6. Let us start with
some generalities.

Let pg € C be any point on the upper half-plane such that [A, B](po) is contained in the same half-
plane. Notice that this can be made sure by choosing pg with positive imaginary part and greater than
2| po —[A, B](po)|- Let p; be defined as in (24). As a consequence of our definition, for ¢ running to
infinity, the imaginary part of p; remains constant and hence the points p; and [A4, B](p;) both lie on the
upper half-plane for any time ¢ > 0.

We now define ¢; = A~!B~!(p;) for any t > 0. We observe that, for ¢ tending to infinity, we have the
limits

(25) |g:/| = 0o and argq; — argab = §.

The second limit can be easily explained as follows. We first notice that g; can be written as

_ (pi—(be+d))ab
- @b

(26) qr
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By setting w = bc + d, we have

27 N(g:) = ((R(pr) = R(w)R(@b) — (3(pr) = 3(w))I(ab)),

ab?
(28) @) = ﬁ((wp» —R(W))I(@b) + (X(pr) = I(w)R(ab)).

Now it is a routine exercise to check that arg ¢; — 6 for # running to infinity — recall that the imaginary
part of p; is constant as a function of ¢ and equal to JI(po).

We shall now distinguish two cases, according to the image of the unitary part of p.

Case 1 (the unitary part p,, has dense image in U(1)) In this case our Corollary 5.8 applies and hence,
for any arbitrarily small € > 0, there is a set of handle generators {«, 8} such that

O<arga<e, O<-—argh<e and 0<arga+argh <e.

The inequalities 0 < arga + arg b < € readily imply —e < § < 0 since § = —arga — arg b, and note that
d = 0 if and only if ab € R. Let us start by assuming § < 0. Then, for any ¢ large enough, the point g,
always lies on the lower half-plane and its norm can be taken to be arbitrarily large.

We now consider the point A(q;) = aq; + c. For any ¢ large enough, arg A(g;) is barely affected by
the translational part of A4, in other words arg A(g;) ~ argaq;. More precisely, since arg g; tends to &
(see formula (25)), we have that argag; — —arg b > 0 and the open ball B(aqg;,2|c|) is entirely contained
in the upper half-plane for any ¢ sufficiently big. Clearly, A(q;) € B(aqg:,2|c|).

In the same fashion we can observe that arg bg; — —arga < 0 and the open ball B(bg;,?2|d|) is entirely
contained in the lower half-plane for any ¢ sufficiently big. Similarly to the above, it is clear that
B(q:) € B(bg:.2|d)).

Recall that there exists a f; > 0 such that g; always lies in the lower half-plane for any time ¢ > t;.
This necessarily forces the segment ¢, B(g;) to be contained in the lower half-plane. On the other hand,
there exists a #p > 0 such that A(g;) always lies in the upper half-plane for any ¢ > f,, as already
observed, and this forces the edge A(g;), AB(q;) to be entirely contained in the upper half-plane, where
AB(q:) =[A, B](p:). As a consequence, the chain of segments

(29) AB(q:) — A(qt) = q: —> B(qt)

is embedded in C. The edges ¢; B(q;) and AB(q;)A(q;) cannot intersect for any time ¢t > max{ty,#}
because they lie on different half-planes. Therefore the polygon (23) bounds an immersed disk on its
right containing the infinity on the Riemann sphere.

Let us now assume § = 0. This case occurs if and only if b € R and this implies J(ab) = 0. The
imaginary part J(g;) of g; seen as a function of ¢ is constant, see the formula (28), and it may be positive.
Therefore the argument above might simply not apply in this case. We bypass this issue as follows. Recall
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that ab € R if and only if arga = —arg b. Then it is sufficient to replace the given pair of handle-generators
{a, B} with {&’, B’} = {aBL, B} in order to fall into the case of § < 0. In fact, let @’ and b’ be the linear
parts of p(a’) and p(B’) respectively; then

(30) arga’ = arga —argh = 2arga and argh’ = argh.

Now it is an easy matter to check that both 0 < arga’, —argh’ < 2¢ and 0 < arga’ + arg b’ < 2¢ hold,
which imply arga’b’ < 0, as desired.

Case 2 (the unitary part p, has discrete image in U(1)) We now suppose the unitary part p,, of p is
discrete, that means Im(p,, ) = Z, for some m > 2, or Im(p,,) is trivial. We shall consider these cases
separately.

Subcase (i) (p, nontrivial) Suppose the unitary part p,, of p is a nontrivial representation with discrete
image isomorphic to Z,, for some m > 2. Our Lemma 5.9 applies and hence we can find a set of handle
generators {&, 8} such that

m@=%%%g and pu(B) = 1.

In this case the proof does not differ much from the previous one, but it can be simplified a little. Since
Lio p(B) = b € R, we can immediately observe that the imaginary part J(A(q;)) is constant as a
function of ¢. In fact, by setting g; = A~ B~1(p;) as above, it is sufficient to observe that

—d
Alq) = B~ (po) = =

In particular, since po can be chosen arbitrarily, we may suppose I(pg) big enough to make J(A(g;)) > 0.
As a direct consequence, we can deduce that the segment A(q;), AB(q;) is entirely contained in the upper
half-plane.

The rest of the proof now proceeds as in Case 1 above. As t — +4-oc0 the point ¢; tends to infinity and
argq; — —arga = —2xwi/m < 0. For t big enough, the open ball B(bg;,2|d|), which contains the
segment ¢;, B(q;) is entirely contained in the lower half-plane. Therefore, the chain of segments

3D AB(q:) — A(q:) = q: — B(q:)

is embedded in C because the edges g; B(q;) and AB(q;)A(q;) cannot intersect. Therefore the polygon

(23) bounds an immersed disk on its right containing the infinity on the Riemann sphere.

Subcase (ii) (p, trivial) We begin by applying some reduction in order to put ¢ and b in a more
convenient form. A first important fact to note is that, whenever p,, is trivial, then Lio p(«) and Lio p(8)
are both real and different from zero. Moreover, a and b cannot be both equal to 1. In fact, if this was
the case, then [A, B] = I. In the case one between a or b is equal to 1 we may apply a suitable Dehn
twist to make both different from 1. Therefore, we can suppose a,b # 1. We then apply our Claim 1,
if necessary, to make them both greater than one in modulus; thus we may assume |a| > |b| > 1. Finally,
there is no loss of generality in assuming b positive, whereas a could be positive or negative.
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Let g; = A~'B~!(p;) as above. Notice that J(ab) = 0 because both a, b € R*. In this special case,
formula (27) and (28) simplify as

1 o~ 1 & X
(32) N(g:) = E(m(%) —R(w)) and I(gs) = E(J(Pt) — J(w)),
where w is defined as above. Thus the imaginary part of g;, seen as a function of ¢, remains constant
because it no longer depends on R (py).
Let us consider the point A(g;). It is an easy matter to check that, for ¢ running to infinity, the value

J(A(q:)) seen as a function of ¢ remains constant. In fact, by recalling that J(p;) is assumed to be
constant in ¢, it is sufficient to notice that

A0 = age + = (000 =9t) +910) +( (30 = 3(w) +30).

In the same fashion, it is possible to check that
1 A1 -
B(g:) = bqe +d = (E(fmpt) —9(w)) + m(d)) +i (5(%@,) - 3(w) + ;s(d)),
and so even the imaginary part of B(qg;) is constant as a function of ¢. Let us finally consider the points
BA(q:) = ps and AB(q;) = [A, B](p¢). As a consequence of our definitions even their imaginary parts
are constant as functions of ¢. More precisely, we have already seen in (32) that

o) = %(%(m ~3(w)).

and an easy computation shows that

3(14, BI(pr)) = 3(AB(gr)) = (3(pe) — 3(w)) +aS(d) + 3(c).
Let us now recall that the starting point pg can be chose arbitrarily on the upper half-plane. This allows
us to choose the initial point pg such that its imaginary part J(pg) is positive and sufficiently large to
guarantee that the one of the following chain of inequalities holds for any # > 0:
1 1 1
—(3(p) = 3()) < = (3(pr) = 3(w)) +3(d) < - (3(po) = 3(w)) +3(c)
< (i‘s(p,) — i‘s(w)) +a3(d)+3(c) ifa>b>1,
or
1 ~ o~ ~ 1 o~ o~ 1 ~ ~ ~x
~(3(p) =) +3(@) < —(3(po) = 3(w)) < 7 (3(po) = 3(w)) +3(c)

< (3(ps) —(w)) +aI(d) +3I(c) if a<0<b,

recalling that 1 < |b| < |a|. Since A(q;)q: and g; B(g;) do not overlap and intersect only at ¢, for ¢ large
enough, we have that the chain of segments

(33) AB(q1) = A(q:) = q: = B(q1)

is embedded in C. Therefore, even in this case, the polygon (23) bounds an immersed disk on its right
containing the infinity on the Riemann sphere. |

This completes the proof of the noncoaxial case and indeed the proof of Proposition 5.4. |
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5.4.4 An alternative proof Proposition 5.4 is also a consequence of the recent work of Le Fils [2023], as
we shall now describe. Indeed, that paper provides necessary and sufficient conditions for a representation
p:m1(Sg) — PSLy(C) to appear as the monodromy of some branched projective structure with prescribed
singularities; here we are interested in the case of a single branch point. We shall see that assuming these
conditions, the proof of Proposition 5.4 is only a few lines long, however, turning it into a constructive
proof like ours would make it considerably longer.

We begin by describing the obstructions for a representation to appear as the holonomy of some branched
projective structure with a single branch point, following the discussion in [Le Fils 2023, Section 1].

The obstructions Here, we shall assume that g > 2. It is shown in [Gallo et al. 2000, Corollary 11.2.3]
that a representation p: m1(Sg) — PSL2(C) that arises as the monodromy of a branched projective
structure on S with n branch points of orders my,ma, ..., my lifts to a representation to SL(C) if
and only if ) m; is even. Here we are interested in affine representations which are well-known to be
liftable to a representation to SL,(C). Therefore, any representation p: 71 (Sg) — Aff(C) arises as the
monodromy of some branched projective structure with one single branch point of magnitude 2(m + 1)x
only if m is even. This yields a first obstruction.

A second obstruction arises from the fact that whenever an affine representation p arises as the monodromy
of a branched projective structure with a single branch points of order, say m, then we need m > 2g — 2.
In particular the equality holds if and only if the structure is a branched affine structure. This is stated in
[Le Fils 2023, Proposition 6.18].

When the image of p is finite of order N, a third obstruction comes from the Riemann—Hurwitz formula.
Let §g be the cover of S associated to ker(p). The developing map yields a branched covering S, e —C p!
of degree d and the Riemann—Hurwitz formula implies that

(34) Nx(Sg) = x(Sg) =2d — Nm.
As d cannot be smaller than m 4+ 1, we obtain

(35) N(x(Sg)+m)>=2(m+1).
Compare with [Le Fils 2023, Section 6.2].

An affine representation p is said to be Euclidean if Im(p) is a subgroup of S! x C < Aff(C). For
Euclidean representations we may define the notion of volume as a real number naturally attached to
the representation. The volume appears as a further obstruction for realizing a representation p as the
monodromy of a branched affine structure (and hence projective) on Sg with a branch point of order
2g —2. However, this obstruction completely vanishes for realizing p as the monodromy of some branched
projective structure (no longer affine) on S, with a single branch point of order m > 2g. See [Le Fils
2023, Obstructions 4 and 5 in Section 1] for further details.
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The sixth and last obstruction listed in [Le Fils 2023] concerns g = 2 and dihedral (but not affine)
representations, and rules out the possibility of a single branch point of order two. We shall consider
dihedral representations in the next section Section 6.

Remark The necessity of assuming that p: 1 (Sg,1) — Aff(C) does not have a finite image of order
two is a consequence of our Lemma 5.1. Alternatively, such a necessity can be also deduced by the
obstruction (35). In fact, when N = 2, inequality (35) is never satisfied for any g > 2.

Alternative proof of Proposition 5.4 The proof is nothing but a direct consequence of the previous

discussion. In [Le Fils 2023, Theorem 1.1] it is showed that an affine representation p: 1 (Sg) — Aff(C)

arises as the holonomy of some branched projective structure, not necessarily affine, with one single branch

point if and only if it satisfies all the obstructions described above. By choosing m even and bigger than

2+ NQ2g—-2) -
N-=-2

we can see that the conditions of all the obstructions above are met. Hence, there exists a CP1-structure

(36) 2g =2,

on Sy with holonomy p and single branch point of order m; deleting this branch point we obtain our
desired projective structure on Sg 1. |

6 Dihedral representations

A representation p: IT — PSL,(C) is called dihedral if there exists a pair of points F' = {p, g} in CP!
which is globally preserved by the representation. Up to conjugation, we may assume F = {0, co}.
Notice that a coaxial representation is, in particular, dihedral because the set F is fixed pointwise by the
representation. In this section we shall assume p: IT — PSL,(C) is a nontrivial, degenerate and dihedral
(but not affine) representation. We recall for the reader’s convenience that, according to our Definition 1.1,
a dihedral representation p: IT — PSL,(C) is degenerate if the monodromy around each puncture fixes
the set {0, co} pointwise and p(y) preserves {0, co} for any y € II.

The aim of this section is to prove the following:
Proposition 6.1 Let IT be the fundamental group of a surface Sy, i of negative Euler type and let
p: 1(Sg k) — PSL2(C) be a nontrivial, dihedral (but not affine) and degenerate representation such

that at least one puncture has trivial monodromy. Then p arises as the monodromy representation of a
CP!-structure in Pg (k).

The following observation is an immediate consequence of our definitions:

Lemma 6.2 If a representation p: 71(So x) — PSL2(C) is either
(a) dihedral and degenerate, or

(b) has image which is a cyclic group of finite order,

then p is coaxial and hence affine.

Geometry & Topology, Volume 29 (2025)



606 Gianluca Faraco and Subhojoy Gupta

In light of Lemma 6.2(a) above we need to consider only surfaces of positive genus, since the genus
g = 0 case is covered by Proposition 4.18. We shall distinguish two cases according to the number of
punctures. In both cases, we shall make use of the following technical result.

Lemma 6.3 Let IT be the fundamental group of a surface Sq . of genus g and k > 0 punctures. Let
p: I1 — PSL,(C) be a dihedral (not affine) and degenerate representation. Then there is a set of handle-
generators {«;, B }1<i<g such that the restriction of p to the handle generated by {«1, B1} is a dihedral
representation and the restriction of p to the complementary subsurface is coaxial.

Proof The argument of this proof shares a few similarities with the proof of Lemma 5.10. Let us
begin with some observations. Being dihedral, the representation p globally preserves a pair of points in
CP!, which we may assume to be {0, co}. Since p is not affine, there is a simple closed curve § € IT
such that p(§)(z) = 1/az for some a € C*. Since p is degenerate (Definition 1.1), p(y) is a coaxial
transformation of CP! fixing {0, co} for any simple closed curve y enclosing a puncture. Thus § must be
a handle-generator.

We start with some set of handle-generators {¢;, B }1<i<g and, in what follows, we modify this initial
choice of generators by mapping class group elements until we get a new set of handle-generators with the
desired property. Notice that, if p(n) globally fixed {0, oo} for any 1 € {«;, B;} then the representation p
would be coaxial, hence affine, and this leads to a contradiction. Therefore there exists i € {1,..., g}
such that the restriction of p to the handle {¢;, 8;} is a dihedral representation. We may even suppose
that the points {0, oo} are pointwise fixed by p(«;) and swapped by p(B;), ie

pley) = (‘g (1)) and p(B;) = (,f (1))

Let {o;, B;} be another pair and suppose that the restriction of p to such handle is not coaxial. Up to
replacing this pair with {«; 8;, B, } or {o;, ;B } if needed, we may assume that both p(ct;) and p(B;)
preserve the couple {0, oo} by swapping the points.

The basic modification here is as follows. We replace the handle-generators {«;, 8; } with {o;, BB}
and we replace the handle-generators {a;, 8, } with {o; Ya;B;, Bj}. This modification is effected by a
mapping class element and the handle generated by {c;, B; B, } remains disjoint from the handle generated
by {al-_loz iBj. Bj}. It remains to show that the restriction of p to one of these handles is dihedral and the
restriction to the other handle is coaxial. By writing

plaj) = (aoj (1)) and p(Bj) = (;} (1))

it is an easy matter now to check that p, once restricted to the handle {«;, 8; 8}, is coaxial, because
p(e;) and p(B;)p(B;) both fix the pair {0, oo} pointwise. In fact, p(B;) and p(B;) both swap {0, co}
and hence their product fixes them pointwise. It is also easy to check that p, once restricted to the
handle {o;” Ya;B;j, B;}, is dihedral, because p(B;) swaps the pair {0, c0}. We can even observe that the
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transformation p(c;) ™1 p(Bi)p(B;) keeps the pair {0, 0o} pointwise fixed. An iterative argument will
provide a set of handle-generators with the desired property. Notice that this argument does not involve
the number of punctures, and hence the claim holds for any k£ > 0. |

6.1 Once-punctured surfaces
We begin by considering the case of once-punctured surfaces, ie we assume g > 0 and k = 1.
6.1.1 The once-punctured torus case In this subsection we prove the following:

Lemma 6.4 Let p: 71(S1,1) — PSL2(C) be a nontrivial, dihedral (but not affine) and degenerate
representation such that the puncture has trivial monodromy. Then there is a projective structure on Sy
with monodromy p.

Some generalities. Let p: 1(S1,1) — PSL2(C) be a nontrivial dihedral (but not affine) and degenerate
representation. We assume p preserves {0, oo}. Denote by « and 8 two handle-generators and let A = p(«)
and B = p(B). We now distinguish two possible cases according on how many handle-generators act
nontrivially on {0, co}. Without loss of generality, we may assume

a0 01
37 A=(0 1) and B=(b O)

if one handle-generator fixes {0, co} pointwise, or

01 01
(38) A=(a O) and B=(b O)

if both handle-generators act nontrivially on {0, co}. Notice that a,b € C*. Let y = [«, ] be a curve
enclosing the puncture and let p(y) = [4, B].

Proof Assuming the monodromy of the puncture to be trivial, ie p(y) = Id, it is possible to deduce
some constraints about the possible values of @ and b. A simple computation shows that a = +1 if A
and B are in the form (37) or a = £b if A and B are in the form (38). Once again, given any basepoint
po € C*, we can define in every case a polygon

(39) Po > p1 > p2 = p3 > po,

where the points p; are defined as: py = A(po), p2 = AB(po) = BA(po) and, finally, p3 = B(po).
The polygon bounds a possibly self-intersecting and possibly degenerate quadrilateral Q on the complex
plane. As already done before, we shall denote the directed edges as follows: e; = p1p2, €2 = popi,
e3 = po p3 and, finally, eq4 = p3 p>. The edges of this polygon are related by the maps A and B as follows:
A(es) = ey and B(e;) = e4. Let us now discuss case by case.

Case1 (A and B are in the form (37)) We begin by observing that ¢ = 1 implies A = I and therefore
the image of p is cyclic of order two. In particular, p is coaxial (and hence affine) as observed in Case (b)
of Lemma 6.2. As p is assumed to be dihedral but not affine, it follows that @ = —1. Given the matrices
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A and B as in (37), we notice that pg = —p1 and p, = —p3 because A(z) = —z. The polygon (39) is
self-intersecting and bounds an immersed disk in CP! containing the point co. Note that there always
exists a good choice of pg such that the polygon is not degenerate (but still self-intersecting). This is
because the polygon is degenerate whenever pg, —po = p1 and p3 = B(po) are colinear, and this happens
if and only if there is a real A % 0 such that the equality p%(l —2)) = b holds. It is easy to observe that
then p» is necessarily colinear to the other three points. Then we proceed as in Propositions 4.11 and 5.3.

Case 2 (A and B are in the form (38)) In this second case we observe that a = b implies A = B and
therefore the image of p is cyclic of order two. In particular, p is coaxial (and hence affine), as observed
in Lemma 6.2. As p is supposed to be dihedral but not affine, it follows that a = —b. Given A4 and B as
in (38), we note that pg = —p» and p; = —p3. The basepoint pg can be chosen in such a way that the
polygon (39) bounds an embedded disk in CP! containing the point co. More precisely, the polygon (39)
is degenerate if and only if the three points pg, —po = p» and p3 are colinear, and this happens whenever
they satisfy the same relation as in Case 1 above. It is now easy to see that there is always a pg € C such
that the polygon (39) is nondegenerate. Even in this case we proceed as in Propositions 4.11 and 5.3. O

6.1.2 Higher-genus once-punctured surfaces We then consider the case of once-punctured surfaces,
ie we assume k = 1. Since we have already handled the case g = 1 above, we can assume that g > 2.
Here we shall prove the following:

Lemma 6.5 Let g > 2 and let p: w1(Sg,1) — PSL»(C) be a nontrivial, dihedral (but not affine) and
degenerate representation such that the puncture has trivial monodromy. Then there is a projective structure
on Sg 1 with monodromy p.

Let p: w1(Sg,1) = PSL,(C) be a nontrivial, dihedral (but not affine) representation such that the puncture
has trivial monodromy. We can regard p as a representation p: m1(Sg) — PSL2(C) and therefore the
basic idea, again, is to realize this latter as the monodromy of a branched projective structure with a single
branch point. By deleting such a point, we will get the desired result.

Proof By Lemma 6.3 we can assume that there is a handle (see Definition 4.2) H C S, generated by
the pair {1, 81} such that p|g is dihedral (but not affine), and the restriction of p to the complementary
subsurface is a coaxial representation. Recall that, up to conjugation, we may assume that p globally
preserves the pair of points {0, oo} C CP!. Notice that, since p([o;, B;]) = I foreachindexi =2,...,g,
it follows that p([a1, B1]) = I. Moreover, we may even assume that p; g (c¢1) and pj g (B1) are in the
form (38). In fact, if they were in the form (37), a suitable Dehn twist puts them into the desired form.

Let po: m1(Sg—1,1) — Aff(C) be the restriction of p to the complement of H C Sg. It is coaxial
and the puncture has trivial monodromy by construction. We can regard pg as a coaxial representation
po:11(Sg—1) — Aff(C) and, by Proposition 5.4 (in fact from the coaxial case of the proof in Section 5.4.2),
po is realized as the holonomy of a branched projective structure on Sg—; with a unique branch point.
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Denote this projective surface by S. From the proof (see Section 5.4.2), this projective surface is in
fact obtained by constructing a chain of quadrilaterals C in CP! that bounds an immersed disk (see, for
example, Figures 14 or 15), and then identifying pairs of edges of these quadrilaterals. In particular, this
construction defines a set of handle-generators that develop onto the edges of the quadrilaterals, which
are embedded arcs in CPL. Let y be such a generator, which in our construction is a simple closed curve
on the surface from the branch point to itself, and let  C CP! be an embedded arc that it develops onto.

Let us now consider the dihedral representation p g : 71(S1,1) — PSL2(C). The puncture has trivial
holonomy by construction, Lemma 6.4 applies and therefore p| g appears as the holonomy of a complex
projective structure on a punctured torus. Let ¥ denote the projective handle (see Definition 5.11) obtained
by filling the puncture with a branched projective chart. From our construction, this projective handle is
obtained by identifying sides of a quadrilateral Q on CP! that bounds an embedded disk because the
handle-generators o and 1 are chosen in such a way that p;g (1) and pjg (B1) are in the form (38).
In fact, from the proof of Lemma 6.4, there was plenty of freedom in choosing the quadrilateral Q,
namely we could choose any basepoint pg € C so that Q, as defined by (39), is nondegenerate and indeed
embedded. In particular, we can choose a basepoint pg such that

e 7 lies in the embedded disk bounded by Q, and

» a vertex of Q is an endpoint of y.

The desired structure with holonomy p is then obtained by grafting the projective handle ¥ on S along y
as in Definition 5.12. The resulting surface is homeomorphic to Sg and has a branched projective
structure with a unique branch point; recall that grafting in a handle does not change the monodromy
of H or its complement. Deleting the branch point we obtain our desired projective structure on Sg 1
with monodromy p. a

Remark Even in this case there is an alternative proof can be derived from the results of [Le Fils 2023].
As in the preceding discussion, regard the representation p: 771(Sg,1) — PSL2(C) with trivial monodromy
around the puncture as a representation p: m1(Sg) — PSL2(C). As before, it suffices to realize this
latter representation as the monodromy of a branched projective structure with one branch point and thus
obtain the desired projective structure on Sg 1 with monodromy p by deleting the branch point. However,
according to the main theorem in [Le Fils 2023], every dihedral representation 71 (Sg) — PSL>(C) can
be realized as the monodromy of such a branched projective structure with a single branch point of order
at least three (cf the last obstruction, as mentioned in Section 5.4.4).

6.2 Surfaces with at least two punctures.

We finally consider punctured surfaces Sg x of genus at least one and with at least two punctures, ie g > 1
and k > 2. This subsection is devoted to proving Proposition 6.1 for these remaining cases. We start by
considering the case of surfaces with exactly two punctures, and the general case with more than two
punctures will follow by extending our constructions.

Geometry & Topology, Volume 29 (2025)



610 Gianluca Faraco and Subhojoy Gupta

Lemma 6.6 Letg > 1 and let p: m1(Sg,2) — PSL2(C) be a nontrivial dihedral (but not affine) and
degenerate representation such that at least one puncture has trivial monodromy. Then there is a projective
structure on Sg » with monodromy p.

Proof The case of genus g = 1, namely of representations p: 71(S1,2) — PSL2(C), uses the same
argument as previously used for Proposition 4.20 for the genus-one case. The main difference here is that
the sides are glued by elliptic transformations of order two preserving the pair {0, oo} C CP!. Note that
we can always find infinitely many rays joining the two punctures. The case of g > 2 is handled using the
g =1 case, as we shall now describe.

Let p: 1(Sg,2) — PSL2(C) be a dihedral and degenerate representation. By Lemma 6.3, there is a set of
handle-generators {a1, B1, ..., ag, Bg} such that the restriction of p to the handle generated by {o1, 81}
is dihedral of the form (37) or form (38) and the restrictions of p to each handle generated by {«;, 8;}
for 2 <i < g is coaxial, fixing {0, co} pointwise. Assume p(y1) = Id; as a consequence we have that
o([a;, Bi]) =1d for all i > 2, and p([a1, B1]) = p(y2) and is a dilation fixing {0, oo} pointwise.

Let po: m1(Sg—1,2) = PSL,(C) be the restriction of p to the subsurface of Sg » homeomorphic to Sg_1 2
that contains all the handles with coaxial monodromy and one puncture with trivial monodromy. We
notice that pg is a coaxial representation. Finally, let p1: 71 (S1,2) = PSL2(C) be the restriction of p to
the complementary subsurface that contains, in particular, the remaining puncture. The representation p;
is a dihedral (but nonaffine) degenerate representation.

We may also assume the representation pg to be nontrivial. If pg was trivial then we can apply a proper
change of basis {5, B5, . .., &g, By} so that the restriction of pg to any handle (a;, B;) is not trivial, and
fix the set {0, oo} C CP! pointwise. In fact, since p is dihedral but not affine, we may assume p(x1) or
p(B1) to be a dilation (that is, of the form z + ¢z for some ¢ € C*). Then we can apply the change of
basis, handle by handle, as described in Lemma 4.6 in order to get the desired basis.

We start by considering the representation pg. Our Proposition 4.20 applies and therefore pg can be
realized as the monodromy of some complex projective structure (in fact an affine structure) on Sg_1 2
with two punctures with trivial monodromy. We briefly recall the construction. Let p € C* be a point and
suppose p is not a fixed point of A; = p(«a;) or B; = p(B;) foranyi =1,...,g. Foranyi =2,...,g,
define Q; to be the quadrilateral based at p whose sides are defined by

(40) p+ Ai(p) = AiBi(p) = BiAi(p) = Bi(p) — p,

and define X; the 2-punctured torus obtained by the crosswise identification given by the mappings A;
and B;, where we subsequently delete the branch point arising from the vertices of the polygon. Choose
rays from p to the puncture at infinity in C \ Q; for each i, and glue these surfaces along the rays; see
Definition 4.16. We thus obtain a surface £ homeomorphic to Sg—1,» equipped with a complex projective
structure (in fact, an affine structure) with monodromy pg.
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Let us now consider pj. It is dihedral, degenerate and, by construction, at least one puncture has trivial
monodromy. By the g = 1 case handled at the beginning, p; can be realized as the monodromy of some
complex projective structure on Sj ». In fact, given p € C* as above, we proceed as in the genus-one
case of Proposition 4.20: We can define an immersed polygonal curve based at p (ie the directed curve L
in Proposition 4.20) and then glue the sides of such a polygon by using the mappings A;, By and
[A1, B1]. The resulting surface ¥’ is homeomorphic to Sy » and carries a complex projective structure
with holonomy p;. Note that there are arcs between the punctures that develop onto rays in C going
towards the puncture at infinity.

We now glue together these two structures along the rays by using Definition 4.17, as we now describe.
Let r any ray in ¥ joining the punctures and let r’ be any ray joining the two punctures of ¥’. By
construction, the ray r develops onto a ray 7 C CP! leaving from p. In the same fashion, the ray r’
develops onto a ray 7 C CP! leaving from p. Note that these rays may or may not coincide, but they have
the same starting point, so Definition 4.17 applies. We glue the surfaces ¥ and ¥’ along the rays r and r’
as in that definition. The resulting surfaces is homeomorphic to Sg > and carries a complex projective
structure with monodromy p, as desired. O

Corollary 6.7 Let g > 1andk > 3, and let p: w1(Sg x) — PSL2(C) be a nontrivial dihedral (but not
affine) and degenerate representation such that at least one puncture has trivial monodromy. Then there is
a projective structure on Sg . with monodromy p.

Proof Suppose there are more than two punctures, ie k > 2. Let p: 1(Sg k) — PSL2(C) be a dihedral
(but not affine) degenerate representation. Let A1, As, ..., Ax be the monodromies of the punctures.
Since p is a degenerate representation, we can assume without loss of generality that 4; = Id. Let
po: w1(Sg,2) — PSL2(C) be the restriction of p to the subsurface of Sg x homeomorphic to Sg > that
contains one puncture with trivial monodromy. Let C = pg(y2) be the monodromy of the other puncture
of Sg». We observe that ApA3-++ A, C~! =1d. Let So,k—1 be the (k—1)-punctured sphere and let §;
denote a curve enclosing the i puncture. Similarly, we define p; : m1(So,k—1) = PSL2(C) to be the
representation such that p;(§;) = A; foranyi = 1,...,k —2 and p;(8x—;) = AxC~'. Note that the
representation p; is by itself an affine representation.

Let us consider first the representation pg. Our previous Lemma 6.6 applies, and pg can be realized as
the monodromy of some complex projective structure on Sg >. Let us now denote by X the surface Sg >
equipped with such a structure. It follows by construction that there exists arcs between the punctures
(in fact infinitely many) that develop onto rays in C. Recall that one of these punctures is an apparent
singularity and any neighborhood of it is locally modeled on a punctured disk centered at some point
p € C. Let us fix any such arc » C X joining the punctures and denote by 7 its developed image, which
is an infinite ray on C leaving p towards the infinity.

Let us now consider the affine representation p;. According to the proof of our Proposition 4.18, after
an appropriate choice pf a basepoint, p; appears as the holonomy of some branched affine structure
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(and hence a branched projective structure) on Sy x—;. We denote by X’ the surface Sy x—; equipped
the branched affine structure we obtain by choosing p as the basepoint, where p is the point we saw
above. Let 7/ be an arc from the unique branch point, say ¢, to the puncture with holonomy A C ~!. This
ray develops on a ray 7’ leaving from p. Note that 7 and 7 are two rays based at p; in particular, they
intersect only at p if they do not coincide.

It finally remains to glue together structures ¥ and ¥’ \ {¢}, along the rays r and r’ defined above, by the
gluing construction described in Definition 4.17. The resulting surface, after the gluing, is homeomorphic
to Sg  and carries a complex projective structure with holonomy p as desired. a

This concludes the construction of the general case and indeed the proof of Proposition 6.1. a

7 Corollaries

7.1 Infinite fibers

Here we provide a proof of Corollary B. Let p: IT — PSL,(C) be a representation that satisfies the
requirements of Theorem A, so that there exists a projective structure in Pg (k) with monodromy p. Here,
we shall describe how the proof of Theorem A shows that in fact, the set of such projective structures
with monodromy p is infinite. That is, for any such p, the fiber of the monodromy map W1 (p) is infinite

in cardinality.

For this, we recall the following surgery, well-known in the context of branched projective structures; see
for instance [Gallo et al. 2000, Section 12.1] or [Calsamiglia et al. 2014, Definition 2.5].

Definition 7.1 (bubbling) Let S be a surface equipped with a projective structure, and let y be an
embedded arc on S with from one puncture to another, such that the developing image is an embedded
arc 7 in CP'. We shall call such an arc y an admissible arc for the CP!-structure on S. Take a copy of
CP! slit along 7, and let ¥4 and 7_ be the resulting sides of the slit. Cut S along y, and identify the
resulting sides with Y+ so that the resulting surface S’ is homeomorphic to S, and acquires a projective
structure. The developing map of this new projective structure, when restricted to a fundamental domain,
now wraps an additional time around CP!; however, the monodromy remains unchanged. Notice that
we have already implicitly used this fact in Definition 5.12. Moreover, a computation exactly as in
Section 3.4 shows that the resulting projective structure is also in Pg (k); that is, the Schwarzian derivative
of developing map has a pole of order at most two at the punctures.

Indeed, once we have an admissible arc as in the definition above, then we can perform the bubbling
operation m times for any m, each time adding a new copy of CP! along y, thus obtaining infinitely
many projective structures with the same monodromy.
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It only remains to show that there exist admissible arcs in any of the CP!-structures we construct
in the course of the proof of Theorem A. If the representation p is nondegenerate, then recall from
Section 3.3 that the projective structure on a surface S with monodromy p is obtained by considering
a p-equivariant pleated plane W: S — H?3, and then taking its “shadow” at the conformal boundary at
infinity dooH3 = CP!. It follows from that construction that any of the pleating lines of W is the lift of
an admissible arc on S; see also [Gupta 2021, Theorem 1.3] and its proof.

For a degenerate representation p, note that:

¢ In the case of the trivial representation handled in Lemma 4.4, either g = 0, in which case any arc
between punctures is admissible, or else g > 0, in which case the projective structure is obtained by
taking a branched cover of CP!\ {0, 1, co}. Since we can obtain infinitely many CP!-structures
on the latter by bubbling along any arc between the three punctures, their pullbacks under the same
topological branched cover defines an infinite set of points in the fiber, as desired.

e In all remaining constructions in Sections 4—6, there is a handle-generator that develops onto an
edge of a polygonal curve in CP!, and is hence admissible.

This completes the proof of Corollary B. We note that the above argument proves that each nonempty
fiber is at least countably infinite; however, as noted at the end of Section 1, there are representations
with connected (and hence uncountably infinite) fibers.

7.2 Spherical cone-metrics

Here we provide a proof of Corollary D. Since a spherical cone-metric is also a CP!-structure on the
punctured surface obtained by deleting the cone points, the “only if” direction is an immediate consequence
of Theorem 2.5, and Lemmata 4.3 and 5.1. Namely, it follows from these results that the holonomy of
such a structure satisfies conditions (i) and (ii) of Theorem A. In what follows, we shall prove the “if”
direction by handling the cases of nondegenerate and degenerate holonomy separately.

Let p: IT— SO(3, R) be a nondegenerate representation. Note that this can be thought of as a representation
into PSL, (C) that is unitary. In particular, note that the monodromy around any puncture is either elliptic or
the identity element. By Proposition 3.2 one can construct a CP!-structure P on S ¢k With monodromy p.
By virtue of the holonomy lying in the isometry group of the round metric on CP!, the punctured surface
acquires a spherical metric. It only remains to verify that the punctures are cone points (or regular points
if the cone-angle is 2m). This is a consequence of our construction in Section 3.3; see also [Gupta 2021,
Section 3]. In what follows we describe briefly how the developing map for P extends to each puncture
as a branch point.

Consider the p-equivariant pleated plane W in H (see Section 3.2); recall that the image of W comprises
totally geodesic ideal triangles with vertices in the image of the framing map f: Foo — CP!. The edges of
these totally geodesic ideal triangles form an equivariant collection of pleating lines, which are geodesic

Geometry & Topology, Volume 29 (2025)



614 Gianluca Faraco and Subhojoy Gupta

lines, each with a weight in (0, 27r) which equals the dihedral angle between the two adjacent ideal
triangles adjacent at the pleating line.

Let p be a puncture on Sg . Since the monodromy around p is elliptic, from [Gupta 2021, Lemma 3.2] it
follows that up to the equivariance, there will be finitely many pleating lines incident on any lift p € Fo,
and the sum of their weights will be positive. Interpreting this in terms of our construction of P, this
implies that, in the language of Section 3.4, the “total bending angle” o around B(p) is positive. The
developing map f of the projective structure P then takes a neighborhood of the puncture into the portion
of alune Ly in CP! that lies in a neighborhood of one of its endpoints B(p). The developing map can thus
be extended to p by mapping it to 8(p); as explained in Section 3.4, in a conformal coordinate w on the
surface in a neighborhood of the puncture p, if we take B(p) = 0 € CP! the developing map has the form
w > w* 27 This differs slightly from the map ]7 in Section 3.4, since there we took B(p) = oo € CP!.
The puncture p is thus a cone point of angle « (and a regular point if @ = 2), as desired.

Now let p: IT — SO(3, R) be a degenerate representation satisfying condition (ii) of Theorem A. The
constructions of Section 4 apply to produce a CP!-structure on S ¢,k With monodromy p. Away from
the punctures, the charts to CP! for this projective structure can be considered as charts to the round
sphere S2. So as observed above, since the monodromy of any curve is an element of SO(3, R), ie an
isometry of S2, the pullback of the spherical metric defines a spherical metric on the punctured surface.
The key observation is that our constructions in Section 4 always produce projective structures where the
punctures are cone points. Indeed, a puncture that is an apparent singularity is necessarily a branch point
(ie with cone-angle an integer-multiple of 277) or a regular point (when the cone-angle is exactly 2).
A puncture with nontrivial monodromy around it, say an elliptic rotation of angle «, has a cone-angle
o + 27 n for some integer n > 0. In particular, the developing map always extends to the puncture and has

o/2m

the form z + z in a coordinate disk centered at the puncture. This defines a spherical cone-metric

on Sg ; with monodromy p and cone points at the punctures, as desired.

7.3 Branched projective structures

We finally provide a proof of Corollary E. Our main Theorem A already covers all representations except
those that are “exceptional” in the following sense.

Definition 7.2 An exceptional representation p: 1(Sg x) — PSL2(C) is necessarily degenerate and
satisfies one of the following additional conditions:

e p does not have any apparent singularity (in the sense of Definition 1.2), or
e pistrivial when g >0and k =1 or 2, or

e p has an apparent singularity, but the image of p is a group of order two, when g > 0 and k = 1.

Our proof of Corollary E is then an immediate consequence of the following lemmata, that deal with
each of these possibilities.
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Lemma 7.3 Let p: 71(Sg 1) — PSL2(C) be a degenerate representation without apparent singularity.
Then p arises as the monodromy of a branched CP!-structure on S ¢k With a single branch point.

Proof Let p: m1(Sg x) — PSL2(C) be a degenerate representation without any apparent singularity.
Note that p cannot be trivial. Then we may regard p as a representation p: 1(Sg k+1) — PSL2(C)
such that the monodromy of the extra puncture is trivial. Notice that k + 1 > 2. Theorem A applies
and the representation p arises as the monodromy of a complex projective structure with one apparent
singularity. We eventually fill the apparent singularity with a (necessarily branched) complex projective
chart. The resulting structure is therefore a branched projective structure with a single branch point and
monodromy p. O

Lemma 7.4 Let p: 71(Sg,1) — PSL2(C) be a degenerate representation with the puncture having trivial
monodromy such that Im(p) = Z,. Then p arises as the monodromy of a branched CP-structure on
S¢,1 with a single branch point.

Proof Let p: m1(Sg,1) — PSL2(C) be a degenerate representation such that Im(p) = Z,. Assume the
puncture has trivial monodromy. We regard p as a representation p: 1 (Sg,2) — PSL»(C) such that the
monodromy of the extra puncture is trivial. Note that both punctures have trivial monodromy. Let us
consider first the case g = 1. Let e = pg C C be any segment such that p, g ¢ {0, co}. Slit CP! along
e U —e and denote the resulting sides as e* and —e*. Then glue et with —et and e~ with —e™ to
obtain a half-translation structure X on a torus and two branch points of magnitude 4. By removing
one of them we obtain a branched projective structure on S7,; with monodromy p. Assume now that
g > 2. By construction, we can always find a geodesic segment r joining the two branch points on X.
Suppose X1, ..., Xg are g copies of X. Foranyi =1, ..., g, we slit ; along r; and denote the resulting
segments rl.+ and r;”. We then glue the ¥; together by identifying r;~ with rl.JfH. The resulting surface
is homeomorphic to Sg and carries a branched projective structure with two branch points, each one
of magnitude 4gm. By removing one of them we obtain a branched projective structure on Sg 1 with a
single branch point and the desired monodromy. |

Lemma 7.5 Letk = 1,2 and let p: 71(Sg x) — PSL2(C) be the trivial representation. Then p arises as
the monodromy of a branched CP! -structure on S ¢k With a single branch point if k = 2 or two branch
points if k = 1.

Proof Letk = 1,2 and let p: w1(Sg k) — PSL2(C) be the trivial representation. We can regard p
as the trivial representation p: 71 (Sg,3) — PSL»(C). Lemma 4.4 applies and hence p appears as the
monodromy of a complex projective structure on Sg 3. We eventually fill one or two punctures with a
(necessarily) branched projective chart depending on whether k = 2 or k = 1, respectively. In both cases,
we obtain a branched projective structure on S, x for kK = 1,2, with trivial monodromy. |
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We calculate the mod-(p, v;, v2) homotopy V(2),.TC(BP(2)) of the topological cyclic homology of the
truncated Brown—Peterson spectrum BP(2), at all primes p > 7, and show that it is a finitely generated and
free Fp[v3]-module on 12 p+4 generators in explicit degrees within the range —1 <% <2 p34+2p%4+2p-3.
At these primes BP(2) is a form of elliptic cohomology, and our result also determines the mod-(p, vy, v3)
homotopy of its algebraic K-theory. Our computation is the first that exhibits chromatic redshift from
pure v,-periodicity to pure vs-periodicity in a precise quantitative manner.
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1 Introduction
Let p be a prime, let V(n) denote a Smith—-Toda complex with BP.V(n) = BP«/(p,...,vs), and let
BP(n) with mxBP(n) = Zp)[v1, . ..., vs] denote a truncated Brown—Peterson spectrum equipped with the
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E; BP-algebra structure of Hahn and Wilson [2022, Theorem A]. Let P(x) =IFp[x] and E(x) denote the
polynomial and exterior IF,-algebras on a generator x, and let I, {x} denote the IF,-module generated by x.

We confirm the quantitative form of the chromatic redshift conjecture of [Rognes 2000, page 8] in the case
of BP(2) at p > 7, showing that V(2). TC(BP(2)) is finitely generated and free as a P(v3)-module. Hence
the topological cyclic homology functor takes the “pure fp-type 2” ring spectrum BP(2) with V' (1).BP(2)
finitely generated and free as a P(v;)-module to a “pure fp-type 3” ring spectrum TC(BP(2)) with
V(2)« TC(BP(2)) finitely generated and free as a P(v3)-module, dilating the wavelength of periodicity!
from |vy| = 2p% —2to |v3| =2p3 —2.

Theorem 1.1 Let p > 7. There is a preferred isomorphism
V(2)x TC(BP(2)) = P(v3) ® E(0,A1,A2,A3)
® P(v3) ® E(A2,43) ®Fp{E1,4 |0 <d < p}
® P(v3) @ E(A1,A3) ®Fp{E2,410<d < p}
@ P(v3) ® E(A1,A2) ®Fp{E3,4|0<d < p}

of P(v3)QFE (A1, Ay, A3)-modules. This is a finitely generated and free P(v3)-module on 12 p 44 explicit
generators in degrees —1 < * <2p3 +2p? 4+ 2p —3.

The close relation between algebraic K-theory and topological cyclic homology for p-complete ring
spectra leads to the following application; cf Theorem 12.20.

Theorem 1.2 Let p > 7. There is an exact sequence of P(v3)QE (A1, Ay, A3)-modules
0 — S 72F,{71, T2, 1172} — V(2)« K(BP(2),) ¥ V(2) TC(BP(2)) — =7 !'F,{1} — 0
with |7;| = 2p' — 1. The localization homomorphism
V(2)« K(BP(2),) = v3' V(2)« K(BP(2),)

is an isomorphism in degrees * > 2 p? + 2 p, and the target is a finitely generated and free P(vfl)-module
on 12 p + 4 generators.

The proven Lichtenbaum—Quillen conjecture for K(Zp)) and K(Zp) also lets us pass from the p-complete
version to the p-local version of BP(2); cf Theorem 12.21.

Theorem 1.3 Let p > 7. The p-completion map induces a (2 p?+2 p—2)-coconnected homomorphism
V(2)«K(BP(2)) “5 V(2), K(BP(2),).

The localization homomorphism
V(2)« K(BP(2)) — v3 ' V(2)« K(BP(2))

I'See also Remark 1.9 regarding the recent resolution by Burklund, Schlank and Yuan [Burklund et al. 2022] of the (weaker)
qualitative form of the redshift conjecture, in the case of E ring spectra.

Geometry & Topology, Volume 29 (2025)



Algebraic K-theory of elliptic cohomology 621

is an isomorphism in degrees * > 2 p? + 2 p, and the target is a finitely generated and free P(vgbl)—module
on 12 p 4 4 generators.

Remark 1.4 An alternative title for this paper could be Topological cyclic homology modulo p, v,
and vy of the second truncated Brown—Peterson spectrum. In earlier work [Ausoni and Rognes 2002] we
referred to the calculation of V(1) TC(BP(1)) as (an essential step toward) a calculation of the “algebraic
K-theory of topological K-theory”. The relation between BP(1) and topological K-theory is analogous to
that between BP(2) and elliptic cohomology, so we hope the reader grants us the poetic license presumed
by our choice of title.

The v;- and v,-periodic families in 74V (0) and 7,V (1), respectively, are related to the well-known
a-family visible to topological K-theory and the fairly well understood B-family visible to elliptic
cohomology. The v;-periodic families emerging from our calculation are related to the third family of
Greek letter elements, the y-family, which is less well understood, and for which there is currently no
known detecting cohomology theory with a geometric interpretation of the cohomology classes. Our result
suggests that algebraic K-theory of elliptic cohomology may be such a detecting cohomology theory.

We now explain Theorem 1.1 in more detail. For each E5 ring spectrum B we have maps of £ ring spectra
S — K(B) % TC(B) &> THH(B)"T — THH(B)

from the sphere spectrum to the topological Hochschild homology THH(B) of B, via its algebraic
K-theory K(B), topological cyclic homology TC(B) and the T-homotopy fixed points of THH(B). For
p = 7, the Smith-Toda spectrum V(2) exists as a homotopy commutative and associative ring spectrum,
with a periodic class v3 € 7,3, V(2). In Section 3 we recall that

V(2)« THH(BP(2)) = E(A1.A2.43) @ P(),

with |A;| = 2p’ — 1 for i € {1,2,3} and || = 2p3. In Sections 5 and 6 we use E, ring spectrum
power operations to show that the THH-classes A; lift to K-theory classes )\iK € V(2)« K(BP(2)), with
tr(AK) = A;. We also write A; for their images in V(2), TC(BP(2)) and V(2), THH(BP(2))"T. In
Sections 8—11 we determine the structure of the T -homotopy fixed point spectral sequence

E*(T) = H™*(T. V(2)x THH(BP(2))) = P(1) ® E(k1, k2, 43) ® P(1) = V(2), THH(BP(2))"T.
The image of v3 in V(2)« THH(BP(2))"T is detected by #1. The homotopy classes
Eiaq € V(2)« TC(BP(2))

fori € {1,2,3} and 0 < d < p are constructed in Section 12 so that
o0
7(Bid) =) Eitind
n=0

in V(2)x THH(BP(2))"T. In this convergent series, each &k.a 1s a specific V(2)-homotopy element

detected by a class . .
Xk,d = tir(k))u[k]uﬁr(k_” € E®(T).
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Here [k] € {1, 2, 3} satisfies k =[k] mod 3, and r (k) = p* + p*¥=3 +- -4 pIKl for k > 1. In particular, both
i—1
7(8i,q) and &g € 1P i
are detected by ¢dp' ! Ajin E®(T), fori €{1,2, 3}. Letting d denote the generator of V' (2)_; TC(BP(2)),
and noting that A;-E; 4 = 0 for each i and d, this concludes our specification of the notation in Theorem 1.1,

which appears as Theorem 12.17 in the body of the text. One way to summarize the grading of the module
generators is to say that the Poincaré series of V' (3)« TC(BP(2)) is

1+ x"H(1 +x227H (1 + 2271 + 2277
+(1 —|—X21’2_1)(1 +x2p3_1)(x—i—x3 +“_+x2p—3)
(14 X271 4 X220 (2P x4l 22T
+(1+x2p—1)(1+x2p2—1)(x2p2—1 _|_x4p2—1 +__'+x2p3—2p2—1).

Remark 1.5 The seminal calculation in this field was made by Bokstedt and Madsen [1994; 1995]. For
the Eilenberg-MacLane spectrum BP(0) = HZ,) at p > 3 they established an isomorphism

V(0)« TC(Z () = P(v1) ® E(3. 1)
®P)RFp{E14|0<d < p}

of free P(vq)-modules of rank p + 3, where & 4 is detected by 19\, . The (then unproven) Lichtenbaum-—
Quillen conjecture for K(Q,) could be deduced from this, showing that the natural homomorphism

V(0)+K(Qp) — V(0)xK(Qp)"0r

is 0-coconnected, where G, = Gal(Q p/Qp) is the absolute Galois group. In particular, the P(v)-
module generators of V' (0)x TC(Z)) correspond in a precise manner to a basis for the Galois cohomology
groups in the descent spectral sequence

E?, = H5(QpiFp(t/2)) = V(0)—s1s K(Qp)"%0n.

The fact that V(0)« TC(Zp)) is P(vy)-torsion free is thus a reflection of Suslin’s theorem [1984]
that V(0)xK(Q p) = V(0)xku = Fplu] is P(v;)-torsion free, and the finite generation and grading of
V(0)« TC(Zp)) corresponds to precise information about the Galois (or motivic) cohomology of Q.

For the Adams summand BP(1) = £ of ku(,) at p > 5, Ausoni and Rognes [2002] thereafter obtained an
isomorphism
V(1) TC() = P(v2) ® £(3,11,42)
@ P(v2) ® E(h2) ®Fp{E1,4|0<d < p}
@ P(v2) ® E(A) ®Fp{E,,4[0<d < p}

of free P(v,)-modules of rank 4p + 4, where B, 4 is detected by 193, and E,,4 is detected by 1P ),.
Moreover, Ausoni [2010] proceeded to calculate V(1) TC(ku), and showed [Ausoni 2005] that

V(1) K(€p) — V(15K (kup)"®
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is an isomorphism. Rognes [2014, Section 5] viewed this as computational evidence for the existence of
a descent spectral sequence, converging to V(1) K({;), from a form of motivic cohomology defined
for Eo ring spectra such as £,. The fact that V' (1)« TC({) is P(v;)-torsion free would then reflect an
analog of Suslin’s theorem, and the finite generation and grading of V (1)« TC({) would correspond to
specific information about this spectrally defined motivic cohomology.?

Our present conclusions about V(2)« TC(BP(2)) and V(2)« K(BP(2),) as P(v3)-modules continue this
pattern, and further suggest the existence of a descent spectral sequence from a motivic cohomology
defined for less commutative ring spectra, such as the E3 ring spectrum BP(2),. If so, Theorem 1.1
provides information about these (at the time of writing, hypothetical) motivic cohomology groups.

Remark 1.6 Our calculations in V(2)-homotopy involve the homotopy element v3 € m,,3_,V(2)
and its vy-Bockstein image i; j,(v3) € n2p3—2p2—1V(2)’ closely related to the first element y; €
Typ3—2p2—2p—1S in the third Greek letter family. To make a similar computation of V(3)« TC(BP(3)) as
a P(v4)-module would require knowing the existence of a homotopy element v4 € 7, 54_, V(3), mapping
to the class with the same name in BP,V(3) = BP./(p, ..., v3). The existence of vy is presently not
known for any prime p; cf [Ravenel 2004, Section 5.6 and (5.6.13)]. Conceivably, a calculation could be
made of Vi TC(BP(3)) as a P(w)-module for another type 4 finite ring spectrum V', with v4 self-map
w: 24V — V. Something similar was carried out for the Eilenberg—-MacLane spectrum BP(0) = H Z2)
at p = 2 in [Rognes 1999], calculating (S/2)« TC(Z(2)) and (S/4)« TC(Z3)) in tandem.

Remark 1.7 Let 7(3) = v3_1 V(2) be the telescopic localization of the type 3 complex V(2), and let
V(3) be the mapping cone of vj3: »2r°-2 V(2) — V(2). The three theorems above imply that
T(3)« TC(BP(2)) = T'(3)s K(BP(2),) = T'(3): K (BP(2))
are all nontrivial P(vfl)-modules, so that the Bousfield 7'(3)-localizations
L73) TC(BP(2)) >~ L3 K(BP(2),) >~ L13)K(BP(2))
are all nontrivial spectra. Moreover, the graded abelian groups

V(3)« TC(BP(2)) <~ V(3)«K(BP(2),) < V(3)« K(BP(2))
are all finite, so

TC(BP(2))p < K(BP(2)p)p <= K(BP(2)),

are all of fp-type 3 in the sense of [Mahowald and Rezk 1999]. These qualitative statements confirm a
weaker form of the chromatic redshift conjecture for BP(2), roughly as formulated in [Ausoni and Rognes
2008, Conjecture 1.3], but do not contain the information that V' (2), TC(BP(2)) is free over P(v3), ie

2See also Remark 1.9 regarding the recent discovery by Hahn, Raksit and Wilson [Hahn et al. 2022] of such a cohomology
theory, in the case of Eo ring spectra.

Geometry & Topology, Volume 29 (2025)



624 Gabriel Angelini-Knoll, Christian Ausoni, Dominic Leon Culver, Eva Honing and John Rognes

that TC(BP(2)) is of “pure fp-type 3” in the sense of [Rognes 2000], nor the quantitative information

about its precise rank and generating basis.

In groundbreaking work, Hahn and Wilson [2022, Theorem B] confirmed the qualitative form of the
chromatic redshift conjecture for all BP(n), at all primes p. However, as outlined in Remark 1.5, we take
the view that the precise P(w)-module structure of Vi TC(BP(n)), where V is some type (n+1) finite
complex with v, self-map w: ¥4V — V, will be an essential ingredient of an understanding of it and
Vi« K(BP(n),) as being obtained by descent from a form of motivic cohomology for ring spectra.

Remark 1.8 Ausoni and Rognes [2002] had outlined a calculation of V(). TC(BP(n)) as a P(v;+1)-
module, under the strong hypotheses that V'(n) exists as a ring spectrum (with a homotopy element v,41)
and that BP(n) admits an E ring spectrum structure. As in the case n = 1, the sketched argument used
a homotopy Cartan formula for E, power operations, and was carried out in the range of degrees where
the comparison homomorphism f‘l*: V(n)« THH(BP(n)) — V(n)« THH(BP(n))*» is an isomorphism.
When n =2 and p > 7, this homomorphism is (2 p2+2 p—3)-coconnected, as we show in Theorem 8.1,
so that the calculation would determine V(2)+ TC(BP(2)) for > 2p? +2p —3.

There is a (2p%—2)-connected map BP(2) — BP(1) inducing a (2p?—1)-connected map
V(2)« TC(BP(2)) — V(2)« TC(BP(1))

(cf [Bokstedt and Madsen 1994, Proposition 10.9; Dundas 1997] and Proposition 12.19). Hence the
known calculation of V (1), TC(BP(1)) does account for V(2), TC(BP(2)) in degrees * < 2p? — 1. This
leaves a gap in degrees 2p? — 1 < % < 2p? +2p — 3, where the traditional arguments do not determine
V(2)« TC(BP(2)). (This is a new phenomenon for #n > 2; there is no such gap for n € {0, 1}.)

Around the year 2000 it was only known that BP(n) could be realized as an E ring spectrum [Baker
and Jeanneret 2002, Corollary 3.5], so the calculations were hypothetical, even for n = 2 and p > 7.
With the much more recent Hahn—Wilson construction of an E’5 ring structure on BP(n), it has finally
become possible to carry out most of the original program, as we show in this paper. The lower order
of commutativity has, however, required us to also develop a homotopy Cartan formula for certain E,
power operations, which we do in Section 5.

The original Bokstedt—Hsiang—Madsen presentation [Bokstedt et al. 1993] of TC(B) was given in terms
of fixed point spectra THH(B) for finite subgroups C C T, using the language of genuinely equivariant
stable homotopy theory. However, almost all calculations were made using the naively equivariant
homotopy fixed points THH(B)"€ and Tate constructions THH(B)?€, and were therefore only known to
be valid in the range of degrees where the comparison map f‘l induces an isomorphism.

The new Nikolaus—Scholze presentation [2018] of topological cyclic homology promoted the ingredients
that were previously used for calculations into definitions. Hence TC(B) was redefined in terms of the
homotopy fixed points THH(B)"T and Tate construction THH(B)'T, and the key role of the (naively
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T -equivariant) map f‘l, now called the p-cyclotomic structure map ¢,, was greatly clarified. Moreover,
Nikolaus and Scholze proved that the old and new definitions agree when THH(B) is bounded below,
eg for connective B. This means that by carrying out the homotopy fixed point and Tate construction
calculations in all degrees, we can now fully calculate V(2)« TC(BP(2)), eliminating the gap of degrees
discussed above. We compare the old and new terminologies in Section 4.

Remark 1.9 After the present paper was first posted in preprint form, Hahn, Raksit and Wilson [Hahn
et al. 2022] introduced a motivic filtration on TC(R), for so-called chromatically quasisyntomic Es ring
spectra R, whose associated graded realizes the form of motivic cohomology that was predicted to exist in
Remark 1.5. This new cohomology theory for E ring spectra generalizes the syntomic cohomology for
quasisyntomic commutative rings introduced by Bhatt, Morrow and Scholze [Bhatt et al. 2019, Section 7.4].

In the same year, Burklund, Schlank and Yuan [Burklund et al. 2022, Theorem E], building on [Yuan
2024, Theorem A], proved that if R is an E ring spectrum such that K(n)« R # 0 and K(n+ 1)+ R =0,
then K(n 4+ 1)x K(R) # 0. Combined with previous work of Land, Meier, Mathew and Tamme [Land
et al. 2024, Corollary B] and Clausen, Mathew, Naumann and Noel [Clausen et al. 2024] on the vanishing
of K(m)« K(R) for m > n + 2, this proves that algebraic K-theory of an E ring spectrum increments
chromatic complexity by precisely one, thus establishing a very general form of qualitative redshift.

Acknowledgments We all thank the referee for good advice. Ausoni acknowledges support from the
project ANR-16-CE40-0003 ChroK. Culver was supported by the Max Planck Institute for Mathematics
while this work was being carried out. He would like to thank the Institute for their hospitality. Honing
thanks the Radboud Excellence Initiative for funding her postdoc position. This project received funding
from the European Union’s Horizon 2020 research and innovation programme under the Marie Sktodowska-
Curie grant agreement 101034255.

2 Smith-Toda and truncated Brown—Peterson spectra

Let A4 be the mod-p dual Steenrod algebra, and write Hx X = Hy(X;IF,) for the mod-p homology of a
spectrum X, viewed as an Ayx-comodule. Likewise, let H = HIF, denote the mod-p Eilenberg-MacLane
(E ring) spectrum.

By a Smith—Toda complex V(n) we mean a finite and p-local spectrum with Hy V(n) = E(1g,. .., Tn) C Ax.
The spectra V(0) = S Upel, V(1) = S Up e! Uy, e?P~1 U, e?P and V(2) exist for p > 2, p > 3 and
p = 5, respectively; see Smith [1970, Section 4] and Toda [1971, Theorem 1.1]. In the stable homotopy
category there are unital multiplications wg: V(0) A V(0) — V(0), uy: V(1) A V(1) — V(1) and
wr:VQR)AV(2)— V(2) for p=3, p>5and p > 7, respectively; cf [ Yanagida and Yosimura 1977,
Sections 1.4, 2.4 and 3.3]. These are unique, and therefore commutative. They are also associative, with the
exception of g at p = 3. Toda [1971, Theorem 4.4] showed that V'(3) exists for p > 7 and admits a unital
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multiplication for p > 11. The spectra V(n) for n > 4 are not known to exist at any prime p; cf [Ravenel
2004, (5.6.13)]. We use the following notation for some of the resulting homotopy cofiber sequences:

(2-1) S 2 550 vy xS,

2-2) »2P-2y(0) 2L v(0) 5 v(1) L 2221y (0),
(2-3) 220721 (1) 22 y(1) 2 y(2) L2 52071y,
2-4) =27 2212) 2 v (2) B v (3) £ 32771y 2),

The unital multiplications on V(0), V(1) and V(2) are also regular, in the sense that the respective
Bockstein operators ig jo: V(0) = ZV(0), i1 j1: V(1) = 222~V (1) and i3 jo: V(2) = y2p?-1 V(2) act
as derivations; see [Araki and Toda 1965, Theorem 5.9; Yosimura 1977, Propositions 1.1 and 1.2].

The complex cobordism spectrum MU is a prototypical E« ring spectrum. Basterra and Mandell [2013,
Theorem 1.1] proved that the p-local Brown—Peterson spectrum BP is a retract up to homotopy of MU,
in the category of E4 ring spectra, and that the E4 ring structure on BP is unique up to equivalence. By
an n'™ truncated Brown—Peterson spectrum BP(n) we mean a complex orientable p-local ring spectrum
such that the composite

Z(p)[vl, ceey Un] C nxBP — 4 MU(p) — JT*BP<I’l)

is an isomorphism, following [Lawson and Naumann 2014, Definition 4.1]. It follows, as in [Lawson and
Naumann 2014, Theorem 4.4], that HyBP(n) = P (£ | k > 1) ® E(% | k > n) as a subalgebra of the
dual Steenrod algebra. According to recent work by Hahn and Wilson [2022], there exist towers

«+—BP(n+1) - BP(n) — --- — BP(0) = HZ)

of E; BP-algebra spectra, for all p, where each BP(n) is an n™ truncated Brown—Peterson spectrum.
Hence THH(BP) is an E'53 ring spectrum with cyclotomic structure, in the sense to be recalled in Section 4,
and there are towers

.- — THH(BP(n + 1)) — THH(BP(1n)) — - -- — THH(Z )

of £, THH(BP)-algebra spectra with cyclotomic structure. The availability of these T -equivariant ring
spectrum structures is an essential prerequisite for our calculations.

Chadwick and Mandell [2015, Corollary 1.3] showed that the Quillen map MU(,) — BP is an E ring
map, and it follows from [Basterra and Mandell 2013] that it exhibits BP as a retract up to homotopy
of MU, in the category of E; ring spectra. It is not known whether the Basterra-Mandell and
Quillen/Chadwick—Mandell E, ring spectrum splittings can be chosen to agree, but the induced splittings
of 7« THH(BP) off from 7« THH(MU(,)), in the category of differential graded algebras, must agree,
modulo addition of decomposables and multiplication by p-local units. Hence the calculation in [Rognes
2020, Theorem 5.6] of the g-operator on 7, THH(BP), induced by the T -action on THH(BP), is valid
also for the Basterra—Mandell splitting, up to decomposables and p-local units.
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3 Topological Hochschild homology

Let p be an odd prime. We use the conjugate pair of presentations
Ax=P(E |k =2 1) ® E(t |k 20) = P(§k | k 2 1) ® E(fg | k 2 0) = HyH

of the dual Steenrod algebra [Milnor 1958], with S_k = x(&x) in degree 2( pk —1) and 7 = x(7%) in
degree 2 pK—1. The Hopf algebra coproduct is given by
YE)= Y &RE and Y(@) =104+ Y LR .
i+j=k i+j=k
The mod-p homology Bockstein satisfies S(7x) = &. The same formulas give the As-coaction v and
Bockstein operation on the subalgebras

HyBP= P |k >1) and HyBP(n)= P(& |k >1)Q E(% | k > n)

of Ax. For each E ring spectrum (or S-algebra) B, the topological Hochschild homology THH(B) has
a natural T -action, which induces o-operators

o: Hy THH(B) - Hyy1 THH(B) and o: 7w« THH(B) - 74y THH(B)
in homology and homotopy. Since BP and the BP(n) are (at least) E3 ring spectra, we can make the
following homology computations:
Proposition 3.1 [McClure and Staffeldt 1993, Remark 4.3; Angeltveit and Rognes 2005, Theorem 5.12]
There are Ax-comodule algebra isomorphisms

H, THH(BP) =~ HyBP® E(c& | k > 1)
and
H, THH(BP(n)) =~ H«BP(n) ® E(c&q,...,0&,41) ® P(0Ty41).

Each class 0§, is As-comodule primitive, while V(0Ty+1)=1Q®0T41 +T0® a§n+1.

Passing to homotopy, recall that 74«BP = Zp)[v, | n > 1] with |v,| = 2p" — 2. To be definite, we take
the v, to be the Hazewinkel generators.

Proposition 3.2 [McClure and Staffeldt 1993, Remark 4.3; Rognes 2020, Proposition 4.6, Theorem 5.6]
There is an algebra isomorphism

7« THH(BP) =~ 7,BP ® E(A, | n > 1),

where A, has degree || = 2p" — 1 and (mod-p) Hurewicz image h(A,) = 0&,. Here o(A,) = 0 for
each n. The first few o (vy,) satisty

o(vi) = pri, o(v2) = phy—(p+ Dvlhy,
_ 2 _ 2_ 2
o(v3) = phs — (puivd ™ + 0P )y — 8 — (p+ DUPT I 4 p2oP ey 4 pu? AL
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The specific choice of A, € 5,71 THH(BP) made in [Rognes 2020] is the unique class detected by
tn € mapn_>(BP A BP) in filtration degree 1 of the spectral sequence associated to the skeleton filtration
of THH(BP). The claim that its Hurewicz image equals 05,, € H,,n_1 THH(BP) follows from the proof
of [Zahler 1972, Lemma 3.7].

If V(n) exists as a finite spectrum with
H,V(n) = E(tg,...,Ts),

then Hy(V(n) A BP(n)) =~ A, so that V(n) A BP(n) ~ H. We write h,: V(n)s X — HiX for the
(generalized) Hurewicz homomorphism induced by the map V(n) — H extending the unit S — H.

Proposition 3.3 [Ausoni and Rognes 2012, Lemma 4.1; Angelini-Knoll et al. 2024, Proposition 2.9]
Suppose that V(n) exists as a ring spectrum. Then

V(n)« THH(BP(n)) = 704(V(n) AN THH(BP (1)) = E(A1..... Ant1) ® P(in1)
maps isomorphically to the subalgebra of Ax-comodule primitives in
Hy(V(n) ATHH(BP(n))) = H,V(n) ® Hy THH(BP(n)) = As @ E(0&1,...,086n11) ® P(0Tut1).

Here each Ay is the image of Ay € 1,k THH(BP) under the natural map induced by S — V(n) and
BP — BP(n), with Hurewicz images

h(hi) = 1A0E and hy(Ay) = o&.

n+1

Moreover, [, in degree |[ty41]| =2p is the class with Hurewicz images

h(ptng1) = 1AGT 41+ To AOEnp1  and  hy(fyt1) = 0Tns1.
Note that the A,-coaction sends /(u,+1) to

1@ (1AGTy41) + To ® (1 AGE+1) + 1 ® (To ATEns1) + To ® (1 A0En11) = 1 ® h(itng1),

so that this class is Ax-comodule primitive. We spell out these definitions a little more explicitly in the
case of main interest to us.

Definition 3.4 For p > 7 let
)\1 s )\,2, )\3, M3 € V(Z)* THH(BP(2))

denote the classes in degrees |A ;| =2p—1, |Ay| =2p%—1, |A3| =2p3—1and |u3| =2p> with Hurewicz
images 1(A1) = 1 Ao&p, h(hy) = 1 AGEs, h(h3) =1 A0E; and hi(iu3) = 1 Ao T3 + 19 AoEs. Then

V(2)x THH(BP(2)) = E(A1,A2,42) ® P(u3),

which has at most one monomial generator in each degree. We generally abbreviate (13 to i when only
discussing BP(2).

The V(n)-homotopy classes w41 should not be confused with the ring spectrum multiplications
Un: V(n) A V(n) — V(n), which hereafter appear explicitly only in the proof of Proposition 5.10.
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4 Cyclotomic nomenclature

We review some notation in common use from 1994 to 2017, including [Hesselholt and Madsen 1997;
Rognes 1999; Ausoni and Rognes 2002; Hesselholt and Madsen 2003; Ausoni and Rognes 2012]. For
each T-spectrum X there is a natural map

re X% 5 o x

of T/ Cp-spectra from the categorical C,-fixed points to the geometric Cp-fixed points. The latter were
introduced, as “spacewise Cp,-fixed points”, in [Lewis et al. 1986, Definition I1.9.7], essentially as a left
Kan extension. This definition agrees with what has later been called the monoidal geometric fixed points
[Mandell and May 2002]. Recall the T -equivariant homotopy cofiber sequence

ET, % S ET.

In the commutative square
X6 — L 9% (X)

| |-
(ET A X)Cr —=— @C»(ET A X)
the right-hand and lower maps are T /Cj,-equivariant equivalences. The expression (ﬁ A X)P is

therefore sometimes [Hesselholt and Madsen 1997] taken as a definition of the geometric fixed points,
but this construction is not strictly monoidal. The commutative square

X6 —— T 9% (X)

F(ET4+, X)¢ —— ®Cr(F(ET4, X))

is T /Cp-equivariantly homotopy Cartesian. Note that G (F(ET,, X)) ~ [ﬁ AF(ETy, X)]% =
X' defines the Cp-Tate T /Cp-spectrum. These T /Cp-spectra are hereafter viewed as T -spectra via
the p'" root isomorphism p: T = T/ Cp, which we omit from the notation.

The T-spectra X = THH(B) are cyclotomic, in the sense that there are T -equivalences ®¢» (THH(B)) ~
THH(B). Hence [Bokstedt and Madsen 1994, (6.1)] there are vertical maps of horizontal homotopy

cofiber sequences
THH(B)jc,, — — THH(B)Sr" —~— THH(B) !

R

h h
THH(B)jc,, —— THH(B)"»" —X, THH(B)'Cr"

known as the norm—restriction sequences, for all n. Here the (Witt vector restriction) maps R are given by
rCn=1 THH(B)%" — &% (THH(B))»"! ~ THH(B) 1.
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The norm maps N are given by the Adams transfer equivalence THH(B) hCyn = [ET, ATHH(B)]S",
followed by the map induced by ¢: ET+ — S°. The right-hand homotopy Cartesian squares are
compatible with the (Witt vector Frobenius) maps F: X" — X Con=1 that forget some invariance. The
Witt vector terminology is motivated by the effects of these maps on my for connective B, in view of the
isomorphisms 7o THH(B)»" = W, 41 (7o(B)) of [Hesselholt and Madsen 1997, Theorem 3.3].

The homotopy restriction map R" is induced bye:S% — ET , and induces a map of spectral sequences
from the Cpn-homotopy fixed point spectral sequence to the Cpn-Tate spectral sequence. The map I'; is
the comparison map from fixed points to homotopy fixed points, and f‘n denotes its Tate analog. Passing
to homotopy limits over the maps F, and implicitly p-completing, one obtains a map of homotopy

cofiber sequences

N R

S THH(B),1 TF(B) TF(B)

| I

h
S THH(B),r —— THH(B)"T —*_; THH(B)'T

Again, R" is induced bye: S — ET and induces a map of spectral sequences from the T -homotopy
fixed point spectral sequence to the T -Tate spectral sequence. The topological cyclic homology

TC(B) %> TF(B) ;:; TF(B)

was originally defined by Bokstedt, Hsiang and Madsen [Bokstedt et al. 1993] as the homotopy equalizer
of the identity 1: TF(B) — TF(B) and the restriction map R: TF(B) — TF(B). We refer to the
preferred lifts trc: K(B) — TC(B) and trr = omw otrc: K(B) — THH(B)"T of the Bokstedt trace
map tr: K(B) — THH(B) as the cyclotomic trace map and the circle trace map, respectively.

Some important recent papers give new emphasis to many of these objects. Hesselholt [2018] writes
TP(B) = THH(B)'T

for the circle Tate construction on THH(B) and calls it the periodic topological cyclic homology of B.
(One might also say topological periodic homology.) Nikolaus and Scholze [2018] write

TC™(B) = THH(B)"T
for the circle homotopy fixed points of THH(B) and call it the topological negative cyclic homology, write
¢p = I'1: THH(B) — THH(B)'»
for the comparison map and call it the p-cyclotomic structure map, and write

can: TC™ (B) — TP(B)

for the homotopy restriction map
R": THH(B)"T — THH(B)'T
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and refer to it as the canonical map. The structure map
e X > (X"?)% = RL(X)

to the topological Singer construction, from [Bruner et al. 1986, Section I1.5; Lunge-Nielsen and Rognes
2012], is now called the Tate diagonal.

In the definition of TC(B) as a homotopy equalizer, Nikolaus and Scholze replace TF(B) in the source by
THH(B)"T via T, and replace TF(B) in the target by THH(B)'T via T. In view of the commutative square

TR(B) —~ THH(B)T

r| =
wr ED"T 1Cp\hT
THH(B)"" —— (THH(B)'*?)
from [Hesselholt and Madsen 1997, page 68; Ausoni and Rognes 2002, page 27] the identity map

1: TF(B) — TF(B) is then replaced with the circle homotopy fixed points (f‘l)hT = (pII,’T of the p-
cyclotomic structure map, suppressing the (still implicitly p-complete) equivalence

G: THH(B)'T = (THH(B)'“")T — (THH(B)'%)"T

from the notation. The fact that G is an equivalence for connective B was shown by computation in the first
instances considered, and then proved in [Bokstedt et al. 2014, Proposition 3.8] under the assumption that
H, B is of finite type. It reappears in the new terminology as the Tate orbit lemma [Nikolaus and Scholze
2018, Lemma 1.2.1], since (THH(B)c,)'T =~ * is equivalent to X THH(B);r — (THH(B)xc,)"T
being an equivalence, which in turn is equivalent to G being an equivalence.

Likewise, the restriction map R:TF(B) — TF(B) is replaced with the homotopy restriction map R" = can.

Combining these replacements,
e SZLED"T 1T
TC(B) & THH(B) — THH(B)
R

is redefined as the homotopy equalizer of G~ o (f‘l)hT and R" = can, much as in [Ausoni and Rognes
2012, page 1072], or (in order not to need to invert G) as the homotopy equalizer

(f )hT
TC(B) % THH(B)"T ——= (THH(B)' )"
GR

of (f‘l )T = (pl},’T and G o R". The old and new definitions of TC(B) agree for connective B, by [Nikolaus
and Scholze 2018, Theorem 11.3.8].

5 Homotopy power operations

Let B be an E, 4 ring spectrum. Using the Boardman—Vogt tensor product of operads [Dunn 1988], we
may view B as an E, algebra in the category of E ring spectra (or S-algebras). There are then natural £,
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algebra structures on the algebraic K-theory spectrum K(B) and on the cyclotomic spectrum THH(B),
and these are respected by the trace map K(B) — THH(B), as well as its cyclotomic refinements.

For each E; ring spectrum R, there is a natural “top” homology power operation
§1: Hyp1 R — Hypi_ 1 R

introduced in [Cohen et al. 1976, Theorem III.1.3]. If R is an E3 ring spectrum, then &; = Qk is the
Araki—Kudo/Dyer—Lashof/Cohen operator, as defined in [Cohen et al. 1976, Theorem III.1.1]; we will
also use this notation in the E, ring spectrum case, to emphasize the dependence on k (and to avoid
confusion with the element £; in the dual Steenrod algebra). Let B denote the mod-p homology Bockstein
operator. Ausoni and Rognes [2002, Section 1.5] discussed a homotopy power operation

P*: k1 R—> V(0)2pk—1 R

lifting 0k (see Lemma 5.5), in the context of Eso ring spectra. Here we will extend its definition to E,
ring spectra, and construct a homotopy power operation

PE:V(0)2-1 R = V(D2pk—1 R
also lifting Q% (see Lemma 5.6).

To define these operations for £, ring spectra R, we make use of the little 2-cubes operad C, encoding
E, algebra structures. For a spectrum X let

Brp X = D; , X =Ca(p) Xy, XN
denote the p'" braided-extended power of X . Note that Br, 02X = 2 Br, X by [Cohen et al. 1978,
Theorem 1]. In the case X = S?¢~1, with Hx X = Fp{xox_1}.
(5-1) HyBrp S = Fp{BO* (xar—1). 0% (var—1)}
follows from [Cohen et al. 1976, Theorem II1.5.3]; cf [Cohen 1981, Proposition II.1.2]. Hence there is an
(implicitly p-complete) equivalence 7jo: S2P*~1DV(0) ~ Br, S 2k=1 " with right adjoint

no: ST 5 v(0) ABr, 21,

Here DV(0) ~ =1 V(0) denotes the Spanier—Whitehead dual of V(0), and /(7o) = OF (x2—1).
For typographical reasons we will often simply write g for the maps 1A g: AANB - A A C and

gA1: BAD — C A D, for suitable 4, g: B— C and D.

Definition 5.1 Let R be an E, ring spectrum. The homotopy power operation

P*: o 1 R— V(0)3pk—1 R

sends each map f: S$2k—1

PR(f): §2Pk=1 10, y(0) ABr, S21 B2, y(0) ABr, R & V(0) A R,

— R to the composite

where 0: Br, R — R is part of the E ring structure.
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In the case X = Z2k~1py(0), where Hy X = Fp{xak—2, Xok—1} with B(x24—1) = X24—», there is an
inclusion

Fp{x2, . BOF(x2x—1). OF (x24—1)} C Hy Br, S~ 1DV(0)

of left Ax-comodules, or of right A-modules. Of the dual Steenrod operations, only B and P} act
nontrivially on the left-hand side, with

PLO*(xpk—1) =0 and PLROF(xpk_1) = Xy

according to the spectrum-level Nishida relations; see [Cohen et al. 1976, Theorems I11.1.1(6) and I11.1.3(3);
Bruner et al. 1986, Theorem III.1.1(8)]. As in [Toda 1971], let

V(1/2) =S Upe! Uy, 271,

so that V(0) C V(1/2) C V(1) and DV(1/2) = Z!72P (S Ug, e2P~2Upe?P~1). The following construction
refines a map discussed by Toda [1968, Lemma 3]:
Lemma 5.2 There exists a (p-complete) map

M1/2: Z¥*=1py(1/2) — Br, 2~ 1DV(0)
realizing the inclusion of ]Fp{xé’k_z, BO¥ (x25—1), O% (x2%—1)} in homology.
Proof We can choose a minimal cell structure on Br, $2k=1pV(0) with a (2 pk—1)-cell representing
0¥ (xp5_1) that is attached by a degree-p map to a (2pk—2)-cell representing BO¥ (x,5_1). The

(2 pk—1)-cell is not attached to the (2 pk—2 p+1)-skeleton, since P} Qk(xzk_l) = 0. We can orient the

(2pk—2p)-cell so that the (2 pk—2)-cell is attached to it by &y, since P! BOK (x26—1) = —xfk_z. |

We fix a choice of 7/, for each integer k, but see Remark 5.4. This specifies a composite map
(5-2) iy 2251 py(1) — 2225~ 1py(1/2) 122, Br, 521 py(0),
with homology image IF), {xé)k_z, BOX (x2—1), O% (x25—1)}, and we write

np: S2Pk=1 2, y(1/2) ABr, £2K71DV(0) — V(1) ABr, 221 DV(0)

for its right adjoint.

Definition 5.3 Let R be an E; ring spectrum. The homotopy power operation
PE:V(0)26-1 R = V(1/2)2pk-1 R = V(D pic—1 R
sends each map /: S%¥~1 — V(0) A R, with left adjoint /: Z2k~1DV(0) — R, to the composite
PE(fy: 82Pk=1 I v (1) ABr, 2%~ 1DV(0) LUFN V(1) ABr, R% V(1) A R.
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Remark 5.4 We discuss the nonuniqueness of 771/, and the resulting ambiguity in the operation Pk just
defined. For brevity, let U = Br), EZk_lDV(O). By [Cohen et al. 1976, Theorem II1.3.1] we have

~ p p—1 p—2 p—2 p—3
H.U =F, {xzk—z’ Xk X2k—1-Xpp o Vak—3:Xnp o Vak—2>Xop_2X2k—1 Vak—3}

in degrees 2pk —2p < * < 2pk —2p + 2, plus classes in higher degrees, where

Vak—3 = [Xok—2, X2k—2]1 and  yagr_o = [X2k—2, X2k—1]1

are E; ring spectrum Browder brackets. (We write [x, y]; in place of the traditional A1 (x, y) in order to
avoid confusion with the homotopy class A;.) The (additive) indeterminacies in 7}, /2 and 7 are maps
»2Pk=1py(1/2) — U and m: S?Pk=1 — V(1) A U, respectively, that induce zero in homology. The
Atiyah—Hirzebruch spectral sequence for V(1)U shows that m = o -n foraclassn € V(1) x—2p42U =
Hypi—2p4+2U, generated by xé’,:_zzy‘;k_z and xé’,:fzxzk_ly4k_3. These generators map to zero in
V (1)« R if the E, ring structure on R extends to an E3 ring structure. Hence any two different choices
of maps 71/, will give operations P¥ that differ at most by a multiple of «, and which strictly agree if
R is an E; ring spectrum. This means that for all of the assertions we will make about these homotopy
power operations, the choice of 77/, makes no difference: in Lemma 5.6 the Hurewicz homomorphism
hy annihilates 1 -multiples, and in Proposition 5.10 we assume that R is an E, ring spectrum.

Lemma 5.5 Let R be an E; ring spectrum. The square

Pk
Tok—1 R —— V(0)2pk—1 R

hl lho
Qk

Hyg—1 R —— Hypp—1 R

commutes.

Proof Letty: H— H ADV(0) and by: H A V(0) - H be H-module maps that split off the top and
bottom cells, respectively. Then bgh = hg: V(0) — H, and the following diagram commutes.

no

/—\

SPE-1 () ADV(O)AS2PRT Ty (0)ABr, ST — 27Ty (0)ABr, R—f— V(O)AR
h h h h h
HAS2PK=1 s HAV(0)ADV(0)AS2Pk=1 % 11 AV (0)ABr p 21 Bl HA V(0)ABr, R HAV(0)AR
0 bo bo bo bo

HADV(O)ASPK=1 ™0, p nBr, 52k LN HABr, R—% 5 HAR

~ ~

Bril 2
B (HAS*—1) —" %, BeH (HAR)
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Here g=1Af:HAS 2k—=1 _, H A R denotes the H-module map that is left adjoint to the Hurewicz
image g = hf:S 2k=1 . H AR, and Brlf] denotes the p'" braided-extended power construction in the
category of H-modules. The upper composite S2?¥~1 — H A R then represents ho P¥( f), while the
lower composite represents

Qp—l(g) = 9*(317—1 ® g®p)’

up to a known unit in [F,, with notation as in [May 1970, Definition 2.2; Cohen et al. 1976, Section 1.1].
This equals QX (hf). a

Lemma 5.6 Let R be an E, ring spectrum. The square

Pk
V(0)ok—1 R —— V(1)2pr—1 R
T
Qk
Hyp—1 R —— Hppp—1 R

commutes.

Proof Lett;: H— HADV(1)andb;: HAV (1) — H be H-module maps that split off the top and bottom
cells, respectively. Then b1h = hy: V(1) — H and the following diagram commutes, up to units in F,.

n1

n Brp f
SPR=1 (Y ADV(1)ASZR-1 Ly (1) ABr, 21 DV(0)—2L s V(1) ABr, R— s V(I)AR
h h h h h

n Brp f
HAS?*=1 s HAV(1)ADV(1)AS2Pk—1 2>H/\V(1)ABr,, EZk—lDV(O)i>H/\V(1)/\Brp RL HAV()AR

f b] bl bl bl
apk—1___M 2k—1 Brp f 4
HADV()AS“P*™ ——— HABr, X DV(0) ——— HABr, R——— HAR
€p—
! Brp to - =
HABr, §2%-1 Brl! (HAS DV(0)— 2 Be (HAR
ABr1 ), r, (HA V(0)) ——Br, (HAR)

Brﬁ to
= BrII;I g
Brif (HAS?T)

Here g: H A S*~!' — H A R denotes the H-module map extending the V(0)-Hurewicz image
g =hof: S**' - H A R. The two maps from H A S?*k~1 to H A Brp ¥2k=1pV(0) agree, up
to a known unit in [Fp, because the map 7/, in Lemma 5.2 sends the top cell to Qk (X2%—1). The two
maps from Brlf] (HAS*=1) 10 Brf (H A R) agree because g is homotopic through H-module maps
to f19. The upper composite S2?K—1 _» H A R in the diagram represents /1; P¥( f), while the lower
composite represents a known unit times Q,_1(g), which equals 0k (ho 1). O
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The following homotopy Cartan formula generalizes the one proved for E ring spectra in [Ausoni and
Rognes 2002, Lemma 1.6]:

Proposition 5.7 Let R be an E3 ring spectrum. For x € »; R and y € 751 R, the relation
PK(xy) =xPP/(y)

holds in V(0)5,x—1 R, where k =i + j.

Proof We use the following nearly commutative diagram, where §, is the operadic diagonal from [Bruner
et al. 1986, Section 1.2],
Dn,p X =Cu(p) Xxp XN?

denotes the p" E,-extended power, and o7 : X\P ~ Dy, X —> Dy, X =Brp Xandoy:Brp X — D3 , X
are stabilization maps.

flo Brp(f-8) 0

$20k=1py(0) Br, §2k-1 B, R— % R
lg = Bry ¢
S2PIAE2PIIDV(0) Br,(S2as2-1) — PYN) g (RAR) 4
l: i 3
Dy, 5% ABry §271 70 pr, 52 B, 521 00 g g, R0 RAR
02O 020 -
D3, fAD3 g

D3 ,S? AD; ,S% 71 ————""5 D3 ,RAD;3 ,R

We may view the E3 ring spectrum R as an E, algebra in the category of £ ring spectra. The ring
spectrum pairing ¢ : R A R — R is then an E, ring spectrum map, and therefore the right-hand rectangle
commutes. Moreover, the right-hand triangle commutes, because the E3 operad action extends the E»
action.

Let f:S? — Rand g: S*~! — R be maps representing x and y. The composite
fog: S~ g2 5 g2-1 SAg, R A RS R
then represents x y, and the upper square commutes by functoriality of the braided-extended power. The

central and lower squares commute by naturality of §, and 0.

We do not know whether the left-hand rectangle commutes. However, we do claim that the two composites
»2Pk=1py(0) — Br, S2 ABr, S2/~! become homotopic after composition with o5 A o5 This implies
that the composite along the upper edge, which is adjoint to the map representing Pk (x ¥), is homotopic
to the composite along the left-hand, lower and right-hand edges, which in turn is homotopic to the central
composite via Br, f A Br, g; this is adjoint to the map representing x# PI(p).
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To justify the claim, we compute in homology. Recall the expression (5-1) for Hyx Br, S 2k=1\which has
an evident analog for Hy Br), S2/=1 In the case X = S%, with H, X = Fp{xa2i},

(5-3) Hy Brp S =Fp{x], azpi+1}

follows from [Cohen et al. 1976, Theorem II1.5.2]. Here azp;41 = —xé’i_z[le-, X7;]1 is a class given in

terms of the £, Browder bracket, and Basp; 41 = 0 according to [loc. cit., Theorem III.1.2(7)]. Note that
Q2pi+1 Maps to zero under o;.

Along one route, the right A-module generator X5, in Hypi—g Ezpk—lDV(O) maps to Xzp; @ X2pj—1
in the homology of S/ A £2?/~1DV(0), and thereafter to xé’i ® 07 (x j—1) in the homologies of
Dy, S* ABrp S 71, Br, S?) ABr, S~ ! and D3 ,S?' A D3 ,SH L.

Along the other route, x5, maps to 0¥ (xx_1) in the homology of Bry S2k=1 andto QK (x,; ®x2j-1)
in the homologies of Brp(SZi AS% =1y and D3,p(52i AS%/=1), By the E3 ring spectrum Cartan formula
[loc. cit., Theorem III.1.1(4)], it maps to

0" (x21) ® Q7 (x2j-1) = x3; ® Q7 (x2-1)
in the homology of D3 ,S% A D3 ,S*/ 1.

It follows that the two composites {1, {»: Z2?*~1DV(0) — D3 ,S% A D3 ,S%~! induce the same
homomorphism in homology. Hence their adjoints £, £: S?2Pk~1 — V(0) A D3,pS2i A D3,1,,S2j_1
also agree in homology. Since Dg,pSZi A D;;,pSzj_1 is (2pk—3)-connected and hg: V(0) — H is
(2 p—3)-connected, it follows that £; and £, are homotopic. Therefore ¢, and £, are also homotopic. O

Remark 5.8 This proof also shows that

§px Q% (x21 ® x2j—1) = xE, ® Q7 (x2j_1) + ¢ - i1 ® BOT (x2j-1)

in the homology of Br, S?! ABr, S2/~1, for some unknown coefficient ¢ € IF,. If ¢ % 0 then the two
maps $%7 k=1py(0) — Br, § 2iA Br, § 2/=1 induce different homomorphisms in homology, and the
left-hand rectangle does not commute.

Corollary 5.9 Let
RS TL R

be spectrum maps with rs homotopic to the identity. Assume that R is an E, ring spectrum, that T is
an E3 ring spectrum and that s or r is an E, ring map. Then PX(xy) = x? P/(y) in V(0)2pk—1R for
XemiR, yemj_Randk =i+ j.

Proof Replace Proposition 5.10 with Proposition 5.7 in the proof of Corollary 5.12. a

We will also need a homotopy Cartan formula for the power operations from Definition 5.3:
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Proposition 5.10 Let R be an E, ring spectrum. For x € V(0),; R and y € V(0),;_1 R, the relation

P¥(xy) =xP P (y)
holds in V(1)px—1 R, where k =i + j.

Proof We use the following nearly commutative diagram, where

DpX =Coo(p) X3p xne

denotes the p" (unqualified) extended power, and 05:Bry, X — D, X is the infinite stabilization map.
We write ,ug : V(0)NP — V(0) for the (p—1)-fold iterate of the ring spectrum multiplication, and let
m = p1(i; A1): V(0) A V(1) = V(1) denote the left V(0)-module action on V(1).

£27k=1py/(1) n Br, 5°~1DV/(0) By /8 Br,R— 4R
Dm Brp Dpg ; Brp ¢
S2IDV(0)AZ?P/ =DV (1) Brp(EZfDV(O)AEZJ—IDV(O))MBrP(RAR) ¢
Dul Aty 8p ) 8p
Dy, ,Z* DV(0)ABr, £2/~1DV(0) ‘”—M>Br,, 2 DV(0)ABr, ZZj_lDV(O)MBrp RABr, R2% RAR
e DpfADp e on6

D, 2 DV(0)AD, ¥~ DV(0)—2""% . p,RAD, R

The right-hand rectangle and triangle commute as before, replacing E3 by Eso.
Let /: S% — V(0)A R and g: S?~1 — V(0) A R be maps representing x and y, with adjoints
f:22DV(0) — R and g: S ~1DV(0) — R. The composite

Fg: 2% 1py(0) 240 52ipy 0y A 521DV (0) L2% RAR S R

is then adjoint to the map f - g: S2K~1

— V(0) A R that represents xy, and the upper square commutes
by functoriality of the braided-extended power. The central and lower squares commute by naturality

of §, and 0.

As before we do not know whether the left-hand rectangle commutes. However, we claim that the two
composites
»2Pk=1py(1) — Br, 2 DV(0) ABr, £2~'DV(0)

become homotopic after composition with o) A 0} to
W = D,2*DV(0) A D,=¥ 1DV (0).

This implies that the composite along the upper edge, which is adjoint to the map representing Pk (x »), is
homotopic to the composite along the left-hand, lower and right-hand edges, which in turn is homotopic
to the central composite via Br), f A Brp g; this is adjoint to the map representing x? PI(p).
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To justify the claim, we first compute in homology, using [Cohen et al. 1976, Theorem 1.4.1]. Writing
H.X*DV(0) = Fp{x2i—1,x2;} and H.X*~1pV(0) = Fpixaj—2,Xx2j—1}, with Bx5; = X;_; and
Bxaj—1 = Xx2j_2, we have

Hy DpS2DV(0) = Fp{BO" (x2i-1), Q' (x2i—1), X2im1x8 1 xF, BOT (x2i1), QT (x2im1), ..}

in degrees * > 2 pi — 2, and

Hy Dy =271 DV(0) =Fp{xh,_y xx0 1. 807 (x2j-2), Q7 (x2j-2). BOY (x2j-1), Q7 (x2j-1)....}

in degrees * > 2pj —2 p. Their tensor product is Hx W, which is concentrated in degrees 2pk —2p —2 <
% <2pk—2p+1and x> 2pk —4.

On one hand, the right A-module generator x5,k 1 in Hyp—j EZPk—lDV(l) maps to X2p; ® X2pj—1
in the homology of 227DV (0) A X277 ~1DV/(1), and thereafter to xé’ ;® 07 (x, j—1) in the homologies
of Dy ,£2'DV(0) A Brp, £2/71DV(0), Br, 2 DV(0) A Br, £271DV(0) and W. On the other hand,
X2pk—1 Maps to Qk(xzk_l) in the homology of Br, »2k=1py(0), and to Qk(xzi ® x2j—1) in the
homologies of Br,(22DV(0) A 22 ~1DV(0)) and D,(22'DV(0) A £2/71DV(0)). By the Eoo ring
spectrum Cartan formula [loc. cit., Theorem 1.1.1(6)] it maps to Q (x2;)® Q7 (x2j-1)= xé’i ®Q/ (x2j—-1)
in H,W.

It follows that the two composites 7y, 71: 22PK~1DV(1) — W induce the same homomorphism
in homology. Let m = m, — m be their difference, inducing zero in homology. The homological
Atiyah—Hirzebruch spectral sequence for V(1) W = [DV(1), W]« shows that m2 is nullhomotopic, since
Hypi—opt2(Wimap3V(1)) = Hypg—2p+2W = 0. Hence my and m, are homotopic, as claimed. O

Remark 5.11 A similar proof goes through if R is an Ej ring spectrum with n > 6, replacing W with
W, = Dn,pEZ"DV(O) A Dn,pEZj_lDV(O). For 3 <n <5 the group Hjpx 3,42 Wy will be nonzero, due
to the presence of E, Browder bracket terms in this degree, so 7 might map the top cell of £2P¥~1py/(1)
via a1 to a (2pk—2p+2)-cell of Wy, and hence be essential. For simplicity we assume n = oo, since
this will suffice for our application.

Corollary 5.12 Let
RSTL R
be spectrum maps with rs homotopic to the identity. Assume that R is an E, ring spectrum, that T is
an E, ring spectrum and that r or s is an E, ring map. Then Pk(xy) = xPPJ(y) in V(1)2pk—1 R for
xeV(0);R, yeV(0)j—1Rand k =i+ j.
Proof Apply Proposition 5.10 for T to see that
re(PX (55 -54)) = 1a((5:0)7 - P (54 )
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in V(1)o,—1(R). If r is an E, ring map, then naturality of the products and homotopy power operations
with respect to r implies Pk (FaSsX - FxSxy) = (Fessxx)? - P/ (r«s«y). If s is an E, ring map, then
naturality of the products and homotopy power operations with respect to s implies rxsx(P* (x - y)) =
FaSsx(XP - pPJ (»)). In either case the conclusion follows from rys4 = 1. O

6 Some V' (0)- and V' (1)-homotopy classes

The homotopy power operations introduced in Definitions 5.1 and 5.3 apply for R = § with its E ring
structure. The E,-term of its mod-p Adams spectral sequence

Ey'(S) = Ext} (Fp.Fp) = m1—5(S))
contains classes traditionally denoted by
ap=[ro] and h; =[],

fori > 0, in bidegrees (s,7) = (1,1) and (1,2 p'(p—1)), respectively. Here g is dual to 8 and aq detects
p € mo(S)y = Zp, while éf’l is dual to PP’ and hq detects the generator o € m,-3(S), = Z/p. The
classes h; for i > 1 support nonzero d,-differentials [Liulevicius 1962] in the Adams spectral sequence
for S, but some of these map to permanent cycles in the corresponding spectral sequences for V(0)
and V(1), detecting interesting homotopy classes.

Definition 6.1 Let

—1 2_
Bl = PP (o) € Tap2_2p—1V(0) and yr = PP P(B)) € Tap3—ap2—1 V().
The ring/circle superscripts indicate that these classes are constructed using the £ ring spectrum structure.

Lemma 6.2 The classes 7 and y; are detected by io(hy) = [Sf’ | and iyig(hy) = [ f’ 2] in the Adams
spectral sequences for V(0) and V (1), respectively.

Proof The case of B is due to Toda [1968, Lemma 4]. It suffices to prove that the dual Steenrod
operation P? acts nontrivially in the homology of the mapping cone C 8, where
B: 32*~2~1py(0) ~ Br, §23 B, g 5 8, §
is left adjoint to 7. There are natural maps
— ~ Dy
CB <& C(Brpa;) =25 Bry(Cay)

that are induced by 6 and the canonical nullhomotopy in a cone, respectively. By an analog of [Toda
1968, Theorem 2] for braided-extended powers we have

Dy, ((ep—1 @ XEP)N) = ¢ ® (x)®72,
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up to a unit in IF,, where x* € H,,_,Ca; lifts the generator x € Hzp_3S2p_3 and (ep—1 ® x®P)N e
Hypo_p, C(Brp o) lifts ep—1 ® x®? ¢ Hyp2 ), Brp S2P=3_ Since PL(x") generates HoCa, it fol-
lows from the homology Cartan formula that P£ (e ® (x)®?) = eq@PL (x)®? generates Hy Br,(Cay).
By naturality with respect to Toda’s map Dy, , it follows that P ((ep—1 ®x®P)") generates HyC (Brp ay),
and by naturality with respect to 6 it follows that

PY:H,,» ,,CB— HyCP
1S nonzero.

2
The proof for y; is similar. It suffices to prove that the dual Steenrod operation PP acts nontrivially in
the homology of the mapping cone Cy, where

7. £27° =201 py(1) 1L, B, (527°=20-1 py(0)) B8, Br, S & §
is left adjoint to yf . Here 11 was defined in (5-2). There are natural maps
_ 5 = 8 = Dj >
Cy 15 C(H oBry B) <& C(Bry f) =25 Br,(CH)
induced by 7171, 6 and the canonical nullhomotopy, respectively. By [Toda 1968, Theorem 2] again, we have
Dz, (ep—1 ® ¥EP)") = o ® (")®7,
up to a unit in Fp,, where y" € H, p2—2pC B lifts the generator
2_pp
ye 1_12172—217—1(2217 2 IDV(O))
and (ep—1 ® yOPYA ¢ H;p3_5,2C(Brp B) lifts
ep1 ® y®P € Hyps_ypo_y Bry (227" ~271DV(0)).
— 2
Since PZ(y”) generates HyCp, it follows that P (eg @ (" )®P) = eq @ PL(y")®P generates
Hy Br, (C ,3). Naturality with respect to D k; implies that
2
P ((ep-1 ® y®P)Y)
generates HyC (Br, B), and naturality with respect to 6 and 11 implies that

2 _ —
P Hyp3_5p2Cy — HoCy
is nonzero. O

The first Greek letter element oy € 75,3 S is the image under jo: V(0) — S Tofaclass vy € m2p—2V(0)
detected by the class of the cobar cocycle [t1]1 + [§1]7o in bidegree (s,2) = (1,2p — 1) of the Adams
spectral sequence

ES'(Y) =Exty (Fp, HyY) = m—s(Y}))
for Y = V(0). Similarly, 1 € mp2_5,_,S is the image under joji: V(1) — S2P of a class v, €
Typ2_oV(1), and y1 € myp3_np2_5, 1S is the image under joj1j2: V(2) — §2P°+2P=1 of g class
V3 € T3, V(2).
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Lemma 6.3 The groups 7ap—» V(0) = Z/p for p =3, 75,2, V(1) =Z/p for p=3 and 1, ,3_, V(2) =
Z/ p for p > 5 are generated by classes vy, v, and vs3, respectively, each in Adams filtration 1.

Proof The claim for V(0) is well known. The claim for V(1) is contained in [Toda 1971, Theorem 5.2
and (5.7)]. The claim for V(2) can be deduced from [Toda 1971, Section 3], as follows. Let P C A
be the sub-Hopf algebra of the mod-p Steenrod algebra generated by the Steenrod operations P*. Let
K =TF,{Q3,BQs....} be the kernel of the surjection A®p F, - H*V(2) = E(B, Q1, Q2), where Q;
denotes the Milnor primitive, and consider the long exact sequence

- — Ext’, (K, Fp) & Ext’ (H*V(2), Fp) — Ext}s (Fp, Fp) — -+

Using the May spectral sequence, Toda [1971, Section 3] calculated an upper bound for Exti;t (Fp,.Fp)
in the range ¢ < 2(p? 4 2p + 3)(p — 1) + 4, which shows that these groups are trivial in topological
degrees t —s = 2p3 —3 and 2p3 — 2. Hence § (Q3) in cohomological degree s = 1 is the only generator
of E»(V(2)) = Ext4(H*V(2),F,) in topological degree 2 p3 —2. Moreover, there is no possible target
for an Adams differential on this class, which must therefore detect vs3. O

Lemma 6.4 For p > 3, the classes ] and j;(v2) = B} in Ty p2_p—1 V(0) agree modulo (a nonzero mul-

tiple of) alvf_l. Hence iy (B]) =i1(B)) inmpp2_n,—1 V(1), and jo(B7) = B1 = jo(B)) in7pp2_5p 5 S
is the first element in the B-family.

For p > 5, the classes y; and j(v3) = y; inmwy,3_5,2_1 V(1) agree modulo alvg_l. Hence i5(yy) =

ir(y) in7yp3_5p2 1 V(2).

Proof The cobar cocycle [t2]1 + [€x]tg + [&f’ Jz1 detects vy € 7,2, V(1). The Ax-comodule ho-
momorphism Jix: H V(1) — Hy_5,,1V(0) sends 1 and 7y to zero, and maps 7; to 1. Hence

EL *(V(l)) 1 *=221(1(0)) sends [2]1 + [E2]to + [Sp]rl to [éf)]l = ig(hy). This is also
the class detecting A7, by Lemma 6.2. Therefore j; (v;) = B] and B agree modulo Adams filtration > 2,
ie modulo alv p=l (We will see in Remark 7.5 that vy 7 # 0, while vl,B/ =0, so 7 — B is a nonzero
multiple ofotlv1 )Nonetheless Jo(BS) = jo(B)), since ]O(cxlvl )—oelocp 1 =0.

The cobar cocycle [3]1 + [£3]t0 + [52 lt1 + [&p ]tz detects v3 € m,,5_,V(2). The Ax-comodule ho-
momorphism jo4: Hy V(2) — H,_ 5,24, V(1) sends 1, 79 and 7 to Zero and maps 75 to 1. Hence
J2r Ey* (V@) — Ey* 2P L (v(1) sends [z3]1 + [Eslo + (671 + [ Tra to 6711 = iaio(ha). This
is also the class detecting y;, by Lemma 6.2. Therefore j,(v3) = ;" and y; agree modulo Adams

filtration > 2, ie modulo o vé’ -1 O

Remark 6.5 One way to see that o4 vf 1 and o vf 1 generate Adams filtration > 2 in i, p2—2p—1 V(0)

and 7,53 _552_ V(1), respectively, is to compare with the corresponding Adams—Novikov spectral
sequences. By the beginning calculations in [Ravenel 2004, Section 4. 4] the classes /11 and hlovp !

generate the Adams—Novikov E-term for V(0) in topological degree 2 p% —2p — 1, while the classes /1
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and hlovf ! generate the Adams—Novikov E,-term for V(1) in topological degree 2p3 —2p? — 1. The
formula ng(vy4+1) = Vpt1 + vntlpn —vPt; in BP«BP/ I, from [Ravenel 2004, Corollary 4.3.21] shows

that j,(vy41) in 774V (n — 1) is detected by /y, — hlov,ﬁ’_l when v, 41 € 74V (n) exists, while o pP1

is detected by hlov,f_l.

The homotopy power operations also apply to R = K(BP) and R = THH(BP), with their E3 ring
structures derived from the F4 ring structure on BP, and to R = K(BP(n)) and R = THH(BP(n)), with
their E, ring structures derived from the E3 ring structure on BP(n). (For n < 1 these are Eo ring
structures.)
7% K(BP) ——— 7+« K(BP(n)) ———— 7« K(Z(p))
L

7+ THH(BP) —— 7, THH(BP(n)) —— 74 THH(Z,))

According to [Bokstedt and Madsen 1994, Theorem 10.14; Rognes 1998, Theorem 1.1] we can find a
class A{( € myp—1 K(Z) with tr(k{() = Ay € my,—1 THH(Z), having Hurewicz image h(A;) = 051 €
H,, 1 THH(Z). The same statements apply with Z replaced by BP(0) = HZ ). The E4 ring spectrum
map BP — HZ,) is (2p—2)-connected, and induces a (2p—1)-connected map K(BP) — K(Z())
by [Bokstedt and Madsen 1994, Proposition 10.9]. Hence we can lift kf( to mpp,—1 K(BP). Its trace
image tr()\lK) € myp—1 THH(BP) = Z,){A 1} then maps to the generator A € 73,1 THH(Z ()) = Z/ p.
It follows that we can scale the choice of )\f € myp—1 K(BP) by a p-local unit so as to ensure that
tr(AX) = Ay in 7, THH(BP).

Definition 6.6 We fix a choice of a class A{( € myp—1 K(BP) with tr()\{() = Ay in m,,_1 THH(BP).
These map to classes with the same names in 7,1 K(BP(n)) and m,,_; THH(BP(n)), respectively, for
eachn > 0.

The choice of A{( € myp—1 K(BP) made here is equivalent to the selection of k{( € mpp—1 K(BP(1))
discussed in [Ausoni and Rognes 2002, Section 1.2], since BP — BP(1) = { is (2p*—2)-connected,
which ensures that K(BP) — K(BP(1)) is (2p?—1)-connected.

Definition 6.7 Let )\f = PP (A{( ) € V(0),,2_; K(BP), mapping to classes with the same name in
V(0),,2_1 K(BP(n)) for each n = 1.

By naturality of P? for E, ring spectrum maps, this definition agrees with the case n = 1 discussed in
[Ausoni and Rognes 2002, Section 1.7].

Lemma 6.8 The classes tr()»f ) and ig(2) in V(0),,2_; THH(BP) both have Hurewicz image o0&, in
H,,>»_ THH(BP). Hence they agree modulo vfkl, and have the same image in V(1),,2_; THH(BP).
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Proof We have tr(kf ) =tr(P? (XII( )) = PP (tr()\f' )) = PP (A1) by naturality of P? with respect to tr,
and o PP (A1) = QPh(Ly) = QP(c&;) by Lemma 5.5. Moreover, Q?(c&;) = 0 QP (&) = 0&, by
[Angeltveit and Rognes 2005, Proposition 5.9; Bruner et al. 1986, Theorem I11.2.3]. |

Definition 6.9 Let )\f = pr’ (Af ) € V(1);,3_; K(BP), mapping to classes with the same name in
V(1)5,3_1 K(BP(n)) for each n > 2.

Lemma 6.10 The classes
2
w(A5), irig(hs) and PP (ip(A2))
in V(1),,3_; THH(BP) all have Hurewicz image 053 in H,,3_; THH(BP). Hence they agree modulo
vf A1 and have the same image in V(2),,3_; THH(BP).

Proof We have tr(kK ) = tr(PI’2 (XK ) = pr’ (tr(kK )) by naturality of PP’ with respect to tr, and

Pl’ (tr(AK)) = QP ho(tr(AK)) = Ql’ (052) by Lemmas 5.6 and 6.8. Likewise, /1 pr’ (ip(Ap)) =
Ql’ ho(io(Xp)) = QP (0&,). Finally, Qp (0&) = OQP (£,) = 0&5 by the same two references as in
the previous lemma. |

Let us summarize these results, for later reference:

Proposition 6.11 Let p > 7. The trace map tr: K(B) — THH(B) induces ring homomorphisms
V(2)«K(BP) = V(2)« THH(BP) and V(2)«K(BP(2)) — V(2)« THH(BP(2)),

each mapping izilio(k{(), izil(kf) and iz(kf) to A1, Ay and Aj, respectively.

Proof The claims for BP follow from Definition 6.6 and Lemmas 6.8 and 6.10. The image classes

in V(2) THH(BP(2)) coincide with the classes from Definition 3.4 since their Hurewicz images in
H, THH(BP(2)) agree. |

7 Approximate homotopy fixed points

For C = Cyn or T we have multiplicative homotopy fixed point spectral sequences
E*(C)= H *(C;V(2)« THH(B)) = V(2)« THH(B)hC

(cf [Hedenlund and Rognes 2024, Section 5]) and multiplicative Tate spectral sequences
E*(C) = H*(C; V(2)x THH(B)) = V(2)s THH(B)'¢

(see [loc. cit., Section 6]). Here H*(T) = P(r) and H*(T) = P(t!) with 1 € H? =~ H?, while
H*(Cpn) = E(uy) ® P(t) and H*(Cpn) = E(up) ® P(t*") with u, € H' = H'. Note that for
B = BP(2), each bidegree of EZ(C) and E 2(C) is either 0 or IFp. This section is devoted to the proof of
the following collection of detection results:
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Proposition 7.1 The unit map S — K(B) and the circle trace map try : K(B) — THH(B)"T induce
ring homomorphisms

V(2)x — V(2)«K(BP) — V(2)x THHBP)"T — v(2), THH(BP(2))"T
mapping iziyio(cy), i2i1(BY]), i2(yy) and v3 to classes detected by tAy, 1P A, tpz)\3 and tj, respectively.
Proof By Proposition 7.3 the circle trace image of A7 is detected by #7A; in the T-homotopy fixed
point spectral sequence for V(0) A THH(BP), hence also for V(2) A THH(BP(2)).

By Proposition 7.4 the image of y; is detected by ) 3 in the spectral sequence for V(1) A THH(BP),
hence also for V(2) A THH(BP(2)).

By Proposition 7.6 the image of v3 is detected by 7t in the spectral sequence for V(2) A THH(BP{(2)).

A simpler case of this last argument shows that the image of «; is detected by #A; in the spectral sequence
for THH(BP), hence also for V(2) A THH(BP(2)), but this is also readily deduced from the previously
known case of THH(Z). |

Notation 7.2 For any spectral sequence E ,‘%* = G« and nonzero element x € EZ, we write {x} for the
coset of elements & € G that are detected by x. Sometimes we will write [x] for a specific choice of
such an element £, so that [x] € {x}. Similar conventions appear in [Barratt et al. 1970, Proposition 3.1.5;
Bruner and Rognes 2021, Theorem 11.61].

For each T-spectrum X and integer m > 0 we have an m"-order approximate T -homotopy fixed point
spectral sequence
E;, = Z[/ (") @ e (X) = m PSP 0T,

obtained by truncating the T -homotopy fixed point spectral sequence to (horizontal) filtration degrees
—2m <% =<0.
Proposition 7.3 Consider the p'-order approximate T -homotopy fixed point spectral sequence
E2, =Z[1)/(t?™") ® ns THH(BP) = m, F(S3”"', THH(BP))T
for THH(BP), and its analog for V(0) A THH(BP). The circle trace image of a € my,_3(S) in
mx F(SP+! THH(BP))T

factors as a product [t] -[M1], with [[¢t] € {z} and [A1] € {X1} detected by t and X1, respectively. Moreover,
the image of B7 € 75,2_5, 1 V(0) in

V(0)« F(SZ**! THH(BP))"

is the unique class detected by t? ,.
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Proof The p"-order approximate T-homotopy fixed point spectral sequence is multiplicative, and has
E2-term
Z[t)/(tP T @ Z(py {1, v1, A1, VT, viAg, ... )

with generators as listed in vertical degrees * < 6p — 6. Here d?(v{) = t-0(v;) =t - pAy, as in
Proposition 3.2, and E3 = E® in this range of degrees. Hence ¢, A; and tA; are all infinite cycles,
detecting homotopy classes with indeterminacies Zp){t” vy}, Z/pitP~ v A} and Z/ p{tPv L}, te-
spectively. The unit map S — F (Sip + THH(BP))T takes oy to a class detected by 741 ; cf [Rognes
1998, Theorem 1.4]. Since each element in the indeterminacy of {¢A;} factors as an element in the
indeterminacy of {¢} times A; (and also factors as ¢ times an element in the indeterminacy of {1;}), it

follows that the image of «; can be factored as a product [[¢] - [A{] in {¢} - {A1}.

Let A5 = tr(kf ) = P?(Ay) in V(0)x THH(BP). By the homotopy Cartan formula from Proposition 5.7,

applied for the E3 ring spectrum F(Sierl ,THH(BP))T, the circle trace image of BI = PP~ (ay) is
PPUEL D) = 17 PP (),

Here P?([A1]) € {A5} is a class detected by A3, by naturality of P? with respect to the edge homo-
morphism induced by F(S3*"' THH(BP))T — THH(BP). It follows that [¢]? - P?([A1]) is detected
by 1713, with zero indeterminacy since this class lives in the lowest filtration degree.

To complete the proof, note that 1”15 = 1”1, at the V(0)-homotopy E 3_term, since these classes differ
by a multiple of d?(t?~1v,) = —tpvfkl by Proposition 3.2 and Lemma 6.8. a

Proposition 7.4 Consider the (p?*)"-order approximate T -homotopy fixed point spectral sequence
E2, = Z[1]/(t”**") ® V(0) THH(BP) = V(0)s F(Sif’2+ ' THHBP))T
for V(0) N\THH(BP) and its analog for V(1) A\THH(BP). The circle trace image of B € w5 ,2_5,_1 V(0) in
V(0)« (S ! THH(BP))T

factors as a product [[t?] - [A,], with [tP] € {tP} and [[A;] € {A,} detected by t? and A,, respectively.
Moreover, the image of y; € 7y ,3_5,2_1 V(1) in
V(1) F(S2° ! THH(BP))T

is the unique class detected by tpz)x3.

Proof Our first goal will be to show that 7# times the indeterminacy in {A,} and A, times the indetermi-

nacy in {77}, in combination, span the indeterminacy in {t?,} in the (p?)™®-order spectral sequence for

V(0) A THH(BP). To do this, we compare the m™-order approximate T -homotopy fixed point spectral
sequences for the three T -spectra

V(1) ATHH(BP), V(0) ATHH(BP) and THH(BP),
via the morphisms induced by ig: S — V(0), i1: V(0) — V(1) and j;: V(1) = Z2P~1V(0).
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We begin with the V(1)-homotopy spectral sequence, which is easiest to understand. The m"M-order
spectral sequence for V(1) A THH(BP) has E2-term

Pui1(t)® P(va,...) Q@ E(A1,A2,...),

where the omitted generators have vertical degree * > 2p> —2. Here vy, A1 and A, are infinite cycles,
since multiplication by v, is realized by a self-map of V(1) and since A; and A, detect the circle trace

K

images of A" and kf , respectively. For m = p it follows that this spectral sequence collapses at the

E?-term, in vertical degrees * < 2p3 —2.
For m > p there are nonzero d?P-differentials generated by
d* (1) =Pt

where x = y means that x is a unit (in IF) times y. This differential is present already in the T -homotopy
fixed point spectral sequence for THH(BP), and lifts that of [Bokstedt and Madsen 1994, Theorem 5.8(i)]
for THH(Z p)) over the morphism of spectral sequences induced by BP — HZ ). It follows that the
m®-order E2P*!_term equals

Fp{t' |0<i<m, p|i}® P(v2) ® E(A1, ;)

in vertical degrees * < 2p3 — 2, plus some extra classes in even filtrations —2m < % < —2m + 2p and
—2p < % < 0 that survive due to being close to the truncation limits. Moreover, for m < p% + p the
spectral sequence must collapse at this stage, for these vertical degrees, since there is no room for a
differential on 72.

For later use, note that when m = 3p — 2 no classes survive in total degree * = 2p? —2p — 2i for
2 <i < p, since the classes t* T2~ 1y, support differentials and the classes tT2P~1X;A, are hit by
differentials. Hence V(1) F (Sim”Ll,THH(BP))T is zero in these degrees. Moreover, for i = 1 only the
classes 2”111, and tPv, survive in total degree * = 2p? —2p —2, and here i; j; (1P v,) is detected by
t2P )\, # 0, s0 only 12”111, can be (and is) in the image of iy, since j;i; = 0. Hence the image of i is
isomorphic to Z/ p in this degree.

We now turn to the ¥(0)-homotopy spectral sequence. The (p?)™-order approximate T -homotopy fixed
point spectral sequence for V(0) A THH(BP) has E2-term

Pp2+1(f)®P(U1,U2,...)®E()ul,)xz,...),

where the omitted generators have vertical degree * > 2p3 —2. Here ¢, vy, A; and A, are d?-cycles,
while d?(v,) = —lvf A1 by Proposition 3.2. Hence the E3-term equals

Py () ® (P} Pp(v){hi. vaht. ..., v A1) ® E(hy)

in vertical degrees * < 2p3 —2p, except that there are some additional classes in filtration degrees 0 and
—2p?; see Figure 1, which is drawn for p = 3, and hence is not quite to scale for the primes p > 7 under
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. . . . . . . . 'y -vlp2
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124 t3p—2 Z2P tp+1 tP lp—l t 1

N, N, N,
L]

Figure 1: E3 = V(0). F(SZI’2+1 ,THH(BP))T in vertical degrees * < 4p> +2p — 5, with all
d?P -differentials (dashed) and selected d*?~2-differentials (solid).
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consideration. As above, we know that the classes vy, A1 and A, are infinite cycles. The next nonzero
differentials are

d* () =ty and  d*(vahy) = tPv A As.
The d?P-differential on ¢ for V(0) A THH(BP) follows, as above, from the one for THH(BP). The
earlier differential d*?~2(v,A1) € ]Fp{tp_1 vf’“} must vanish by tvf-linearity, since tvf’ -vpA; = 0 and
tvf Pl vf+3 £ 0. If d?P (v,A ) were zero, vo A would detect a class in V/(0)4 F(Sip'i'1 ,THH(BP))T
that maps under i1 : V(0) — V(1) to the class in V(l)*F(S_%rerl ,THH(BP))T detected by voA;. However,
the latter class maps under i j;: V(1) = Z2?~1V(1) to the nonzero class i1 j;(vah;) = i(BPh =
i1(B7)A1 detected by 1715 - Ay = —tP - A1Ay, as follows from Lemma 6.4 and Proposition 7.3. This
contradicts jji; = 0, and proves that d2” (vyA;) is nonzero in Fp{tPv A As}.

It follows that the E2P+!-term equals
Ppr1(t7) ® (P(1){1, 22} ® Pp(v1) (A1} @ Fpihiha, v7 ™ v2h1})
EBIFp{ti |0<i<p? ptit® (P(vl){vf, V1A +CcvpAy} @Fp{vf_lvzkl})

in vertical degrees * < 4p? 4 2p — 5, plus some extra classes in even filtrations —2p? < * < —2p? 4+ 2p
and —2 p < % < 0. In the expression v; A, +cvyA 1, the coefficient ¢ (which will vary with the ¢-exponent i)
is some unit in [Fp.

The next differentials include

d*?72(tvf) = tPvihy and  dPT2(0P) =TT W kg + cvahy)
for 2 < i < p. To see that these are nonzero, we compare the m"-order spectral sequences for
V(0) ATHH(BP) and V(1) ATHH(BP), in the particular case m = 3p—2. If d*P~2(¢! vlp ) were zero in the
former, then tivf would survive to detect a class in degree 2 p? —2p—2i of V(0)4 F(Sim+1 ,THH(BP))T
that cannot be a v;-multiple, for filtration reasons, and which must therefore have nonzero image in
V)« F(S i’”"'l ,THH(BP))T. However, for 2 < i < p we checked above that this graded abelian group

is zero in these degrees. The assumption that d*? =2 (¢! vf ) is zero therefore leads to a contradiction,
which shows that this class is nonzero in IFp{li+21’_1 (v1A2 + cvaA1)}, as claimed.

Furthermore, for i = 1 it is not possible that both t2P ) 1Ay and tvf survive to E°°, since then the image
of i1 in degree 2p? —2p — 2 would have order p?, rather than the order p that we established above.
Hence d4P—2 (tvf’) must be nonzero in Fp{t?Pv{A,,12PvyA;}. Extending to the case m = 3p shows that
d41’_2(tvf) must be nonzero in F,{t?”v;A,}, as claimed.

We can now conclude that #? is an infinite cycle in the spectral sequence converging to
2
V(0)«F(S3 !, THH(BP))T,

since there are no possible targets for later differentials, and the indeterminacy in {¢?} is generated by

(classes detected by)
2__ — 2
t? p+1vf ' and ¢? vf’.
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The class £7 is also an infinite cycle, detecting the circle trace image of 87 by Proposition 7.3, and has

indeterminacy generated by (a subset of)

lzp_l(vl)\2+(3v2)\1), lp —ptl p 1)\.2 and lp p Uz)\,].

Likewise, A, is an infinite cycle, detecting the circle trace image of Af plus some multiple of vf’ )\IK

according to Lemma 6.8, with indeterminacy generated by (a subset of)
— _ 2_ — 2_
PN wihgy +cvphy),  tPTE(wIAg +cvjvarg), tP PyP YvoA; and ¢? lvf’sz.

Here t?~!(v{ A, 4 cvyA 1) might support a nonzero d” -differential and not be an infinite cycle. However,
there are no possible targets in filtrations —2p% < % < —2p2 4 2p of such a d”-differential, since
ct”"’_z(t"’z_1 vfp-"z) = tp2+2p_2vf+3k2 # 0 in the full T-homotopy fixed point spectral sequence.
Hence in this case 12?71 (v; Ay 4+ cva);) will also support a nonzero differential, of the same length, and
also not be an infinite cycle. Similarly, if P?=p v B vzkl is hit by a d”-differential, then tl’zvfJ -1 VoA
will be hit by a differential of the same length.

It follows that ¢ times the indeterminacy in {A,}, together with the class 2=l vf A2 span the
indeterminacy in {t”A,}. That extra class lies in the indeterminacy of {¢?} times A,. Hence we have

achieved our first goal, as formulated at the outset of the proof.

Now choose classes x and y in V(0)« F (Sip 21 ,THH(BP))T, detected by ¢? and A, respectively. Then
the difference between the circle trace image of 87 and the product xy lies in the indeterminacy of {rP4,}.
By modifying the choices of x and y, within the indeterminacies of {¢?} and {A,}, respectively, we can
reduce the filtration of this difference until it becomes zero. Let [1?] = x and [A,] = p be the final values
of x € {t?} and y € {A,}, so that the circle trace image of 87 equals the product [#7] - [A2].

Let A = pr’ (Ap) in V(1)4 THH(BP) We apply the Cartan formula from Corollary 5.12 in the case of
the E3 ring spectrum retract F/(S’ 2+ ,THHBP))T of F (S 2+ , THH(MU p)))T where the latter is
an E ring spectrum. It asserts that the circle trace image of y; = pri- P(BY) is

PP ([P]-[A2]) = [:717 - PP ([22)).

Here PP’ ([A2]) € {A5} is a class detected by A5, by naturality of PP” with respect to the edge homomor-
phism induced by F(S""’ 1 THH(BP))T — THH(BP). It follows that [t?]? - PP*([A5]) is detected
by tP? A3, with zero indeterminacy since this class lives in the lowest filtration degree.

To complete the proof, note that ZPZ)C; = tp2k3 at the V(1)-homotopy E3-term, since these classes

differ by a multiple of afz(tpz_1 v3) = —tP? v4 A1 by Proposition 3.2 and Lemma 6.10. |

Remark 7.5 In the course of the previous proof, we have seen that the circle trace image of 87 € V/(0)«
is detected by P A,, and that 1”v; A, is not a boundary in the (approximate) T -homotopy fixed point
spectral sequence, which implies that vy - 8 # 0. This confirms a claim made in the proof of Lemma 6.4.
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Proposition 7.6 Consider the first-order (approximate T -homotopy fixed point) spectral sequence
EZ, =1Z[1)/(t*) ® V(2)x THH(BP(2)) = V(2), F(S}. THH(BP(2)))"
for V(2) ATHH(BP(2)). The circle trace image of v3 € 7, ,3_, V(2) in
V(2)«F(S3, THH(BP(2)))T
is the unique class detected by t/1.

Proof The line of argument is the same as for the case of v, € 7, ,2_, V(1) in [Ausoni and Rognes 2002,
Proposition 4.8]. For brevity, let ¥ = F(S3, THH(BP(2)))T. We have a map of mod-p Adams spectral
sequences

E>(V(2)) =Exty, (Fp, H V(2)) = Exty, (Fp, H«(V(2)AY)) = E2(V(2) AY),
where v3 is detected in the source in bidegree (s,7) = (1,2p3 — 1) by the class of the cobar cocycle

P p?
x = [r3]1 +[§3]r0 + 65 It +[6] |2
in £ 11 F(V(2)) = Ax ® Hy V(2). (As usual, A, denotes the cokernel of the unit F p» — Ax.) We claim that
this cocycle does not become a coboundary when mapped to E 11 FVQRAY) =A@ H (V2 AY).
This implies that the image of vz is nonzero in V(2)4(Y'), and in view of Proposition 3.3 the only possible
detecting class in its total degree is 7.
To prove the claim we use the first-order spectral sequence for H A V(2) A THH(BP(2)), which reduces
to a long exact sequence, leading to an extension
0 — cok(o) > Hx(V(2Q)AY) > ker(o) — 0
of A.-comodules. Here
o: H«(V(2) ATHH(BP(2))) — Hyx+1(V(2) ATHH(BP(2)))
acts on Hy(V(2) A THH(BP(2))) = A« ® E(0&;,0&,,0&3) ® P(073), as per Proposition 3.1. The
cocycle x is a cobar coboundary only if there is a class y € E ?’*(V(2) ANY) = H«(V(2) AY) with
Ay-comodule coaction v(y) containing the term 73 ® 1.
There is no such class y € cok(o), since this Ax-subcomodule does not contain the algebra unit 1.
Moreover, since 0(73) = 073 # 0, the class T3 is not in ker(c'). Hence ker(o) in total degree 2p3 — 1 is

generated by polynomials in 7y, 71, 72, 51, é_z, 53, o é 1s 0‘,52 and 05_3, none of which have A,-coaction
that involves 3. This proves that no such class y exists, and x is not a coboundary. O

8 The C,-Tate spectral sequence

We now establish an effective version of the Cp-equivariant Segal conjecture (or homotopy limit property)
for V(2) ATHH(BP(2)), by direct computation. The corresponding results for the groups Cp» and T then
follow from a theorem of Tsalidis. The analogous results for BP(0) = HZ,) and BP(1) = £ were proved
in [Bokstedt and Madsen 1994, Theorem 5.8(i)] and [Ausoni and Rognes 2002, Theorem 5.5], respectively.
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Theorem 8.1 The C)-Tate spectral sequence

E*(Cp) = H™*(Cp: V(2)« THH(BP(2))) = V(2)» THH(BP(2))'
has E?-term R
E*(Cp) = E(up) ® P(*1) ® P(1p1) ® E(hy, Az, 43).

There are differentials
AP ('Py = (hy,  dPPI(PPYY =Py, dPIPTPYY =Py and  dPPT(uyPY) =,
and the classes A, Ay, A3 and (%P * are permanent cycles. The E°°-term
E® = P(tip3) ® E(A1,A2,A3)
is the associated graded of
V(2)« THH(BP(2))' = E(h1.h2.43) ® P(u™").
The comparison map IVE THH(BP(2)) — THH(BP(2))*» induces the localization homomorphism
V@l'1: EGu. A2, 43) ® P() = E(i.ha hs) ® P(*),
which is (2p*+42 p—3)-coconnected.
Proof The circle trace map K(B) — THH(B)"T lifts the trace map, so by Proposition 6.11 the classes
kiK for i € {1,2,3} map to classes in V(2)x THH(B)"T detected by the A;. Similarly, by Proposition 7.1
the class v3 in 74V (2) maps to a class detected by #.. Hence these detecting classes are infinite cycles in
all of the C-homotopy fixed point and C-Tate spectral sequences. This means that in order to determine

the d” -differentials in one of these spectral sequences, it suffices to determine d” (x) for x ranging through
a P(tn)® E(A1, Ay, A3)-module basis for the E”-term.

The unit map S — THH(B) factors through B, and V(2)«BP(2) = [, so the images of a1, B, ¥y
and v3 in 74 V(2) map to zero in V(2), THH(BP(2)) and V(2)x THH(BP(2))?“». Hence the four classes
th1, tP Ay, tP2A3 and 7p must all be boundaries in the C,-Tate spectral sequence.

The first possible (nonzero) d” -differentials on #; and tlin E 2(Cp) have r = 2 p. We know that £, is

a boundary, so
d*(117P) = 1.

Also d?P(uy) € Fp{u1tPr1}, so d?P(u11™1) = 0 for some integer m1; defined mod p. Hence
E?PTNCp) = E(uit™) ® P(*P) @ P(tp) ® E(hy, A, A3).
The next possible d” -differentials on u1™! and r*? have r = 2p2. We know that #7 1, is a boundary, so
A2 (1P7P7) = (P,

Also dzl’z(ultml) € Fp{ultmﬁpzkz}, o) dzl’z(ultmz) = 0 for some integer m, defined mod p?, with

myp =m mod p. Then
E2P’H1(Cy) = Euit™) ® P(tEP7) @ P(t1) ® E(Ay. A, ).
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If m> = —p mod p? then the first possible differential on u 12 is d” (ut™?) € Fp{lm2+P2+Pklkz}
with » = 2p? 4+ 2p — 1. Otherwise, the first possible differential on ;™2 has r = 2p3.

By naturality with respect to the group cohomology transfer (Verschiebung), with V(t’) = 0 and
V(uqt') = ut’, the first possible d”-differential on t£P? cannot take a value of the form u1x, and
hence has r = 2p3; cf [Ausoni and Rognes 2002, Lemma 5.2].

We know that ¢# 2k3 is a boundary, and the only possible sources in E 2(Cp) of a d"-differential with this
target are t_P3+2P2+P_1A1k2 withr =2p3—2p2 —2p+2, ult_l’s"'zpz_l)»z withr =2p3 —2p? 41,
uyt=P P2 HP=10 with r = 2p% —2p + 1 and +~2°TP* with r = 2p3. The first source is not
present in E2p7H1 (Cp), and the second and third sources are present there only if 72, = —1 mod p? or
my = p— 1 mod p?, respectively. In both of these cases m, # —p mod p2, so u;1™2 survives to the
E2P* term. In the second case

3_9p2 I 2_ 3_9p2 _p3 2_
d2p 2p +1(u1t p°+2p 1)\2) :d2p 2p +1(U1[ p°+2p 1))\‘2 =0,

while in the third case

3_ 3420y 3_ —p34p24
d2p 2p+1(ult p +p°+p 1X1)=d2p 2P+1(u1l‘ p’+p +p l)k1 =0.

Hence the fourth option, . - )
d*PT (TP P75,
is the only possibility.

We also know that 7x is a boundary, and the only possible sources of a d” -differential with this target are
uyt =P FPPEP=I) s with = 2p3 —2p2 —2p +3, 1P TP A, with r = 2p3 —2p2 42, =P HP),
with r =2p3 —2p +2 and ull_p3 with 7 = 2p3 + 1. The first source is only present in EZPZ‘H(CP) if
my = p—1 mod p2, in which case u;™2 survives to the E 2P*_term, and
d2p3—2p2—2p+3(u1[—p3+p2+p—l)\‘1)\2) _ d2p3—2p2—2p+3(ult—p3+p2+p—l)klkz —0.
In the second case
d2p3_2p2+2(l_p3+‘p2)\2) _ d2P3_2p2+2((t_p2)p_l)l2 -0,

. 2 . 3 . . . S92 .
since 1*P” survive to the E2P -term. The third source is not present in E2P t1 (Cp). This leaves the

fourth option, . \
d>P TP = ap,

as the only possibility. It follows that d 2p? (ull_pS) = 0. In particular, ult_P3 must be present in
E2P7+1 (Cp), and we may take m; = my = 0 in the formulas above. Then

EPH(Cy) = E(uit ™) @ P(tEPY) @ P(t)) ® E(h1. ha. A3).
Here d2P*+1 (R4 3) lies in a trivial group, so
E?'T2(C,) = PEP’) @ E(hy. Aa. A3).
This equals E *(Cp), since there are no further targets for differentials on ™% :
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We claim that f‘l (i) in V(2)« THH(BP(2))*C» is detected by a unit times ¢ 7 ¥ To see this, we can use
naturality with respect to the map BP(2) — BP(1), as in the commutative diagram below.

H, THH(BP(2)) 22— V(2), THH(BP(2)) N V(2)« THH(BP(2))/C»

H, THH(BP(1)) «2— V(2), THH(BP(1)) Iy V(2)s THH(BP(1))/Cr
H, THH(BP(1)) < V(1), THH(BP(1)) T V(1) THH(BP(1))’C»

Recall from Proposition 3.3 that V(1) THH(BP(1)) = E(A{,A2) ® P(uz), where hi(iy) = 07, in

H, THH(BP(1)), and that T (i2) in V(1) THH(BP(1))*<r is detected by a unit times =P’ by the proof

of [Ausoni and Rognes 2002, Theorem 5.5]. It follows that p maps to 12(/1«2) in V(2)x THH(BP(1)),

since /i, () = 0'T3 maps to /1y (/,Lz) = (07,)? = 073. By naturality, Fl (i) maps to a class detected by a
o 2 3 . .

unit times (¢1777)? = ¢~P", which proves the claim.

The highest-degree class in E(A;, A2, A3) ® P(u*t1) that is not in the image from E (A1, A2, A3) @ P(11)
is A\jA2hspu~ L indegree 2p— 1)+ (2p2— 1)+ (2p3 —1)— (2p3) =2p2 +2p —3. Hence V(2)4 Ty is
injective in this degree, and an isomorphism in all higher degrees. O
Corollary 8.2 [Tsalidis 1998, Theorem 2.4; Bokstedt et al. 2014, Theorem 2.8] The comparison maps
Cp: VA THH(BP(2))CP" - V(Q2)A THH(BP(2))hCP”,
T,: V(2) ATHH(BP(2))S»"~! — V(2) ATHH(BP(2))'Cr" |
forn > 1, and their homotopy limits
I': V(2)ATF(BP{2)) — V(2)/\THH(BP(2))”T and T: V(2) ATF(BP(2)) — V(2)/\THH(BP(2))’T,

are all (2p?+2p—3)-coconnected.

9 The C,:-Tate spectral sequence

Our next goal is to determine the differential structure of the Cpn-Tate spectral sequence converging to
V(2)« THH(BP(2))!C»" , for each n > 2. There are some minor differences between the cases n = 2 and
n = 3, so we spell out the Cp,2 case in this section, including some motivation, and leave the notationally
more elaborate cases n > 3 for the next section.

We first determine the structure of the Cp-homotopy fixed point spectral sequence from that of the C,-Tate
spectral sequence, using the homotopy restriction morphism (also known as the canonical morphism)

R E"(Cp) — ET(Cp).
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It is algebraically simpler to work with the localized spectral sequence p~ ! E” (Cp), keeping in mind that
E"(Cp) — u 'E"(Cp)
is (2p%42p—3)-coconnected. In view of Theorem 8.1, the -localized C ‘»-homotopy fixed point spectral
sequence for V(2) A THH(BP(2)) is isomorphic to the C,-homotopy fixed point spectral sequence for
V(2) A THH(BP(2))!Cr.
Proposition 9.1 The p-localized C,-homotopy fixed point spectral sequence
W EX(Cp) = H™*(Cpi ™' V(2)« THH(BP(2))) = 11" V(2)« THH(BP(2))" <

has E?-term
u E*(Cp) = E(u1) ® P(1p1) ® E(h1. A2, A3) ® P(u™h).

There are differentials
d? () = (1) P ha ', 2 (uP) = ()P hop? P,
A2 (W) = ()P dap T P Pty = (o,
and the classes tit, Ay, Ay, A3 and uiPS are permanent cycles.

Proof The composite relations
d?P () - P =d? (et P =1 tP Ay pP = ()P A,
T B e () ) B U LA PRV U L ST
A2 () pP = AP ()PP = )P T i = () hap?”
3 3 3 3 —p3 . 3 3
AP ) = dPP TN ()P ug TP = ()P o = ()P
lift to the Cp-homotopy fixed point spectral sequence and can be rewritten as claimed after inverting . O

The first differential leaves
p EPTNCy) = E(u1) ® P(1jt) ® E(My, Aa, h3) ® P(u*?)

® E(u1) ® Pp(tpt) ® E(A2, 23) @ Fpihipt! | vp(j) =0}
The second leaves

P EPIH(C,) = E(uy) ® P(tp) ® E(hy Az, h3) ® P(utPY)
®E(u1)® Pp(tit) ® E(h, A3) @ Fp{hip/ | vp(j) =0}

@ E(u1) ® Pya(tp) ® E(hy. 23) ® Fpfhop’ |vp(j) = 1}
The third leaves

P ERTN(Cy) = E(u) ® P(1p) ® E(hy Ao, hy) ® P(uEP)
B E(u1) ® Pp(tp) ® E(Aa, A3) @ Fpfhipt! [ vp(j) = 0}
@ E(uy) ® Pp2(tit) ® E(A 1, A3) @ Fpldapt! [vp(j) =1}
@ E(u1) ® Pps(ti) ® E(hy. h2) @ Fpldap’ | vp(j) =2}
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The final differential leaves
W EPH2(Cy) = Py (1) ® E(hp A2, h3) ® P(utP)
® E(u1) ® Ppltp) ® E(hg, A3) @ Fpih ! [ v,(j) = 0}
® Eu1) ® Ppa(tp) ® E(h1.23) ® Fplhapd |vp(j) = 13
® E(u1) ® Pps(tp) ® E(hy, h2) @ Fpfhsp’ [v,(j) =2},
which equals ,u_lEoo(Cp).

Next we use the commutative diagram
THH(BP(2))"C» JREE THH(BP(2))¢» & THH(BP(2))'»?
C
THH(BP(2)) ——— THH(BP(2)) L) THH(BP(2))!Cr

and what is known about V(2), THH(BP(2))"C» above degree 2p? + 2p — 3 to pin down the differential
pattern of the C),>-Tate spectral sequence leading to V(2)« THH(BP(Z))tCHZ:

Theorem 9.2 The C,2-Tate spectral sequence

E*(Cy2) = H7*(Cp2: V(2)« THH(BP(2))) = V(2) THH(BP(2))'
has E?-term
E*(Cp2) = E(uz) ® P(r*") ® P(1p) ® E(A1, A2, A3).
There are differentials
APy = ihy, AP (PTPY) = 1Phy,  dPPN (PP =P,
AR S Py, PP 2 0 )P,

6 3 5_,6 . 5 3 6 3 _ 6 . 3
R (T L (11 L P Lk (N T D
6
and the classes tit, A1, A2, A3 and t=P° are permanent cycles.

Proof According to [Ausoni and Rognes 2002, Lemma 5.2], naturality with respect to Frobenius and
Verschiebung maps forces the first three differentials, showing that
E*PH(Cp) = E(u2) ® P(2P") ® P(t11) ® E(h1. A2 13).
To proceed, we shall make use of the summands
Ppt) ® Fpihip}.  Ppa(ti) ® Fpldopt?},  Ppa(t) @ Fp{hsp?’} and  Ppsyy (i) ® Fpip?”})

in E%°(Cp), which is equal to u~! E®(C)) in these degrees. There are almost no classes in the same
total degrees and of lower filtration than the vanishing products

G)? A, @GP P, P Asp? and ()P TP’
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The only exception is the class (11)? >+p ~IX1AsA3 in the same total degree as (¢u)? 2 - Ao u?. However,
this class is itself a (t;L)PZ-multiple, so there is no room for a hidden vf -extension on A, u”. Hence At
detects a v¥-torsion class xy, A, u? detects a vf ’ -torsion class x;, Azu? ? detects a vf ’ -torsion class x3,
u? ? detects a vf 3Jr1-torsion class x4 in V(2)4 THH(BP(2))hCP, and these v3-power torsion orders are
all exact.

By Corollary 8.2 the maps I'y and f‘z are (2p2+2p—3)-coconnected. Hence the classes x; lift uniquely
to classes y; in V(2)s« THH(BP(2))» with T’y (y;) = x;, and we let z; = f‘z (i) denote their images in
V(2)x« THH(BP(2))’CPZ. Since fl (n) = t_l’s, up to a unit in I, that we hereafter often omit to mention,
F(zy) is detected by Z_P3)\1, F(zy) is detected by t_p4k2, F(z3) is detected by t_P5X3 and F(zy4) is
detected by t=° in EOO(CP).

We claim that there are no classes in £ °°(Cp2) in the same total degrees and of higher filtrations than
—p3 _p4 —pS _pn6
tTPA, TP Ay, 7P A3 and 7P,

This will imply that the z; are detected by precisely these classes. Already at the (known) E2? *+1_term
the only exception to the claim is u¢~? *=P° in the same total degree as t 7 5)»3, and we shall see below
that this class supports a nonzero d 2p*+2p -differential, hence does not survive to the E°°-term. It then
follows that the products
(w)? -k, @) T A @)? P Ay and (q)? P
must detect zero, and therefore be boundaries in the C),2-Tate spectral sequence E" (Cp2). We shall prove
that these boundaries must be
S B N L o SR s O Y D L 83
d2P0H2P0 (PP = ()P TPy, PRI (2P0 = ()PP

and the asserted formulas follow readily.

We shall make use of the following lemma. Each cyclic P(zi)-module is either free or torsion, being
isomorphic to a suspension of P (ft) or of its truncation Py (i) = P(ti)/((z0)") at some height 7 > 1,
according to the case. Here and below exponents € and ¢; are always assumed to lie in {0, 1}.

Lemma 9.3 For each r > 2p3 4+ 1 the Cp2-Tate E" -term E’(sz) is a direct sum of cyclic P(tjt)-
modules, generated by classes of the form ugti -)\?)L;Z)\? with p3|i. The d” -differential maps free
summands to free summands, and is zero on the torsion summands.

Proof We proceed by induction on r > 2p3 4 1, assuming that the P(zjt)-module structure of the
E7-term is as stated.

Suppose that there is a d”-differential d” (¢) = b hitting a nonzero fu-torsion class. Then tu-b =
by = d"°(ap) must have been hit by an earlier d’0-differential, where aq is a generator of the form
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uSt’ - AT AS2ASY with p? |i. Hence @ must lie in the same total degree as the formal product (fu)~! - aq,
but in a higher filtration. At the E2-term, this could happen in three cases:

. 7 . . . i P n2 i n2__
o if ag = uSt' - AyAzA3, with a in the bidegree of u§t'™? - Ay, uSt'™P" - Ay, uat'”P" 7P -1 or
fi=pP=p+1, 1,

. ; . . . -~ _ P n2 c 22
o if ag = uSt’ - Aoz, with a in the bidegree of ut' P TP~ )y (1 =PHP )y or uS TP 1,
o ifayg= ugti - A1A3, with ¢ in the bidegree of ugli_l’ - 1.

However, in none of these cases is the prescribed z-exponent (i — p, i — p?, etc) a multiple of p>. Hence
there are no nonzero classes in these bidegrees of E2p+1 (Cp2), and therefore also not in ET (Cp2) for
r>2p341.

It follows that no differentials hit the torsion summands, so each nonzero differential maps a free summand
to another free summand. Its kernel is then zero, while its cokernel creates a torsion summand in the
E”" 1 term, which is still generated by a class of the required form. This proves the inductive statement
forr + 1. O

The remainder of the proof of Theorem 9.2 can be separated into five steps:

(1) We start with z;, which we know is detected by ¢ —? 3)\1. Checking bidegrees in E2p+1 (Cp2), the
next possible differentials on u, and ¢ —? ¥ are

2P +2p-1 (t_pS) c Fp{uzl_p3+P4 (tp)P~ 1A A5,
AP € Fplr P 0 ()P},

d*7" 2P (uy) € Fpluat” (t10)" 11},

Since ¢4 and the A; are infinite cycles, we must have d” = 0 for 2p3 4+ 1 <r <2p* +2p — 1. Moreover,
(tw)? ~t_1’3k1 = d"(a;) in vertical degree 2p* 4+ 2p — 1 must be a boundary, and the only possible
source of such a d”!-differential with r; >2p*+2p—1lisa; = =P =P with r1 =2p*+2p. It follows
that ¢ 2P +2p—1 (l_P3) = 0 vanishes and furthermore that d2P*+2P (t_Ps) = —p’+p (t)® A1 is nonzero.

(2) We turn to z4, which we know is detected by t—# °. Thus ¢7° and its inverse are permanent cycles.
The nonzero product vf ’ -z4 is detected by by = (tn)? A or, if this product is a boundary, by another
class in the same total degree as b4 but of lower filtration. Let b, denote the actual detecting class. Then
ti-by = d"(ay) in total degree 4p% —2 detects v§’3+1 -z4 = 0, and hence is a boundary. By Lemma 9.3,
the source of this differential is of the form a4 = ugti AJTASZASY, with p? i, (If ag were a tj-multiple
at the E2-term, then it would be a ¢z4-multiple at the E”4-term, by the lemma. Then b;f would be a
d"4-boundary, which is impossible since it detects vf ’ -z4 #0.) The total degree of a4 is 4p® — 1, so the
only possibilities are tp3_2p6k3 with r4 > 2p%+2, or u21_2P6 with r4 > 2p% +2p3 + 1. However, we
showed in (1) that ¢? 3=2p 6k3 supports a nonzero (shorter) d 2p*+2p_(ifferential. Hence Ay = Uyt 2P o
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. 6 3 . 6 .
survives at least to the E27" 2P +1_term, and d"*(a4) # 0 for some r4 > 2p® +2p3 + 1. Since 7" is

. . . . 6 3
an infinite cycle it follows that u5 also survives to the E2?" 727”1 term. Hence

EP+2H(Co) = E(uz) ® P(tEP') ® P(1p) ® E(hy. Az, h3)
@ E(u2) ® Pp(tpt) ® E(hy, h3) @ Fp{t'Ay | vp(i) = 3}.

. _p3_p5. . . . . .
In particular, u,2~? ~7" is not an infinite cycle, and cannot detect z3, confirming our earlier claim.

(3) We continue with z,, which we know is detected by ¢ ~7 4)L2. Checking bidegrees in E2pt+2p+1 (Cp2),
the next possible differentials on 1 =7 * are

A2 Y B lunt P P () " Aghs}y and  d2PTFRPR (PN e Ryl R ()P ),

while u, survives at least to E20°+2p°+1 (sz) by (2). The differentials on zu, the A; and the torsion
summand are zero. Hence d” = 0 for 2p* +2p 4+ 1 <r <2p> +2p? — 1. Moreover, (Z;L)P2 ~t_p4k2 =
d"(a») in vertical degree 2p> + 2p% — 1 must be a boundary, and the only possible source of such
a d"2-differential with r, > 2p> +2p? — 1 is ay = t=7*=P° with rp = 2p> + 2p?. It follows that
d2pP°+20°=1(;=P*) =  vanishes and that d27°+2P%(t=2"*) = t=P*+P" (111)P* 1, is nonzero. Hence
E?PTR20HN(Cpa) = E(u2) @ P(EP) @ P(1) ® E (k1 A, hs)

® E(u2) ® Pp(tp) ® E(ha, 13) @ Fplt'ay [ vp(i) = 3

@ E(u2) ® Ppa(tp) ® E(hy. h3) ®Fp{t' Ay | vp(i) = 4}
(4) We know from (2) that z3 is detected by t~7 5k3. Checking bidegrees in E2p°+2p7+1 (Cp2), the next
possible differential on =P is

2P () € Fplt PP ()P s},

while u, survives to the E2? *+20°+1_term by (2). The differentials on #u, the A; and the torsion summands
are zero. Hence d” = 0 for 2p° +2p? +1 <r <2p® +2p>. Moreover, (t,u)p3 -Z_PSM =d"(az) in
vertical degree 2 p®+4-2 p3 —1 must be a boundary, and the only possible source of such a differential is a3 =
t=P°=P° with r3 =2p®+2p3. It follows that d2po+2p? (t_l’s) = Z_P5+p6(ZpL)P3k3 is nonzero. Hence
E2P"R20 N (Cpa) = E(u2) ® P(F7") @ P(tt) @ E by A, 23)

® E(u3) ® Pp(tp) ® E(ha, 23) @ Fplt' Ay | vp(i) = 3}

@ E(u2) ® Ppa(tp) ® E(hy.23) ® Fpft' Ay | v, (i) = 4}

® E(u2) ® Pps (1) ® E(h1.h2) ®Fplt'hs | vp(i) = 5.
(5) Finally, we return to z4. Since by = (tu)‘”3 -17P" is nonzero, in vertical degree 2p% of the

E2p°+2p 3‘H—term, it can no longer become a boundary. We can therefore strengthen the conclusions
. 3 . 3 _ 6 . .
in (2) to conclude that vf - z4 is detected by b = by, and that tj0 - by = (t0)? T1.47P” is a unit times
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d"™(as), withrg =2p®+2p3+ 1 and ay = uzt_2P6. It follows that d21’6+21’3+1(u21_1’6) = (t,u)p3+1,
since #7° is an infinite cycle. Hence
EXHR2(C ) = PP ® Pps gy (110) ® E(Ay, Agu A3)
® E(u2) ® Pp(ti) ® E(ha, A3) @ Fpl{t' Ay | vp(i) =3}
@ E(uz) ® Ppa(tpt) ® E(h1. h3) @ Fp{t' A | vp(i) = 4}
B E(u3) ® Pps(tp) ® E(hy.22) ® Fp{t'As | vp(i) = 5}

No free summands remain, so by Lemma 9.3 there are no further differentials, and this E”-term
equals Eoo(sz). O

10 The C,--Tate spectral sequences

The following notations will be convenient when we now determine the differential structure of the
Cpn-Tate spectral sequence.

Definition 10.1 [Ausoni and Rognes 2002, Definition 2.5; Angelini-Knoll et al. 2024, (5.8)] Let
r(k)=0fork € {0,—1,—2} and set r (k) = p¥ +r(k—3) fork > 1. Thus r(3n—2) = p" 2 +... 4 p,
r(3n—1)=p3" 1 +...4 p?and r(3n) = p3" +---+ p3, with n terms in each sum.

Let [k] € {1,2, 3} be defined by k = [k] mod 3, so that {Ajx], Ak+17 Ak+2]) = A1, A2, A3}

Theorem 10.2 The Cpn-Tate spectral sequence

E2(Cpn) = H™*(Cpn; V(2)« THH(BP(2))) = V(2)« THH(BP(2))'»"
has E?-term
E*(Cpn) = E(un) ® P(tE") ® P(tpt) ® E(h1. A2, A3).
There are differentials
d2r® P = P g

foreach 1 <k <3n, and
d2r(3n)+l(unt_p3n) - ([M)r(3n—3)+1.

The classes tjt, Ay, A2, A3 and £ " are permanent cycles.
For n =1, this is Theorem 8.1. We prove the statement for general # by induction, assuming the statement
for a value n > 2, and deducing that it also holds for n + 1. The case n = 2 is provided by Theorem 9.2.

The distinct terms of the Cpn-Tate spectral sequence are

EMFNCpn) = E(un) @ PEP") @ P(tp) ® E(h1, Az, A3)

m
® D Eun) ® Pri—3)(t1) ® ECrpie 13, Mr2) © Fplt Apgy | vp (i) = k — 1}
k=4
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for 1 <m < 3n. To see this, note that the differential 72" %) only affects the summand

E(un) @ Fplt’ [ vp(1) =k —1}® P(tp1) ® E(h1. 42 23).
and here its homology is E () ® Py (x—3)(t 1) @ E (Ag+1]- k[k+2])®FP{lik[k] |vp(i) =k—1}. Thereafter,
E> DR (Cyn) = PUHP™) @ Pranm3y 1 () 8 EQur Az hs)

3n

® P Ewn) ® Pre—3)(ti) ® Ehiger 1) Ag2) © Fplt Ay | vp (1) = k — 1.
k=4

To see this, note that d2”G™+1 only affects the summand E (1) ® P(tip3n) ® P(tp) ® E(Aq, A2, A3),
and that its homology is P(tip3n)® Pr3n—3)+1(t)® E (A1, A2, A3). For bidegree reasons, the remaining
differentials are zero, so £27 (3”)+2(Cpn) =E % (Cpn) and the classes 1P are permanent cycles.

We obtain the differential structure of the C,n-homotopy fixed point spectral sequence E”(Cpn) for
V(2) ATHH(BP(2)) from that of the Cpn-Tate spectral sequence E" (Cpn) by restricting to the second
quadrant, and write © ! E” (Cpn) for its localization given by inverting (a power of) . It follows from
Theorem 8.1 that u~'E” (Cpn) is isomorphic to the Cpn-homotopy fixed point spectral sequence for
V(2) A THH(BP(2))C».

Proposition 10.3 The p-localized Cpn-homotopy fixed point spectral sequence

W E(Cpn) = H*(Cpn; ™' V(2)4 THH(BP(2))) = 1" V(2), THH(BP(2))" "

has E?-term
p E*(Cpn) = E(un) ® P(tp) ® E(hy, 2, 23) ® P(u™).

There are differentials
k—1 . k—1_ k
d¥ O ") = )" Odpgu” P

foreach 1 <k <3n, and
d2r(3n)+1(unup3") - (ZM)r(3n)+l.

The classes tii, A1, Ay, A3 and ,uil’3” are permanent cycles.

Proof This follows from Theorem 10.2 by comparison along the morphism
R": E"(Cpn) — E"(Cpr)

of spectral sequences induced by the homotopy restriction map (also known as the canonical map), and
the (2 p2+2p—3)-coconnected localization morphism

E"(Cpn) = W VE" (Cpn).
Algebraically, the translation is achieved through multiplication with appropriate powers of 7. |
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The distinct terms of the u-localized Cpr-homotopy fixed point spectral sequence are
P EX N (Con) = E(un) @ P(110) ® E(hy A h3) ® P(u")
m
® P E(un) ® Prgey (1) ® EQrpget1: As2) @ Fplhpgu’ [vp(j) =k — 13
k=1
for 1 <m < 3n. To see this, note that the differential 42" %) only affects the summand
E(un) ® P(tp) ® E(1, 32, h3) @ Fp{pd | 0p(j) =k =13,

and here its homology is E () ® Py ) (t14) ® E (Mg +1]> Ak +2]) ®Fp {k[k]uj | vp(j) =k —1}. Thereafter
pT B OO (Cn) = Py 41 (10) @ E(hy ko, hy) @ P(u*P™)

3n

® D Eun) ® Pry (11t) ® Ehpger1)s Aie+2) @ Fplhpn? [ vp(j) =k —13.
k=1

As before, d2”3M+1 only affects the summand E(u,) @ P(t) @ E(A1, Az, A3) ® P(/Lil’3”), and its
homology is Py3u)+1 () ® E(A1,A2,A3) @ P (u*P 3m). For bidegree reasons the remaining differentials
are zero, so ! E2GmM+2(Cpn) = 1 E%(Cpn) and the classes pP™" are permanent cycles.

To achieve the inductive step we use the commutative diagram

T, T,
THH(BP(2))"Crn «—"— THH(BP(2))C»" —"% THH(BP(2)) Con+1

(10-1) lF lpn an
THH(BP(2)) ——— THH(BP(2)) — s THH(BP(2))C»

and what is known about V(2), THH(BP(2))"Co" above degree 2 p2 +2 p —3 to determine the differential

pattern of the Cp,»+1-Tate spectral sequence converging to V(2)x THH(BP(2))tCP"+1 .

Proof of Theorem 10.2 We must show that the C,»+1-Tate spectral sequence
E*(Cyut1) = H™*(Cput1: V(2)« THH(BP(2))) = V(2), THH(BP(2)) “p"+!

has the asserted differential pattern. By naturality with respect to (Tate spectrum) Frobenius and Ver-
schiebung morphisms,
F: E"(Cynt1) 2 E"(Cpn) 1V,

it follows as in [Ausoni and Rognes 2002, Lemma 5.2] that the left-hand spectral sequence has differentials
d?r 0 Py = P gy R0
for all 1 <k < 3n, leading via the E2®+1 = E20°+1 torm
B (Cpnin) = E(unt1) ® PEP)) @ P(ipt) ® (A1, A2, 43)
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to the E27GM+1 _term

E¥COH(Couit) = Etnsr) ® PUEP™") @ P(tpt) ® E(hy., Ay A3)
3n

S En+1)® Prie—) (1) ® E Ay 11. Ag+2) ©Fp it Apgg | 0p (1) = k=13
k=4

We shall prove that this spectral sequence contains three more families of even-length differentials,
followed by one family of odd-length differentials, after which it collapses.

3 . . . . .
Note that the E27"+ ! term is free as a P(zu)-module. Replacing Cp2 with Cpnt1 and up with Uy in
the proof of Lemma 9.3, with no other changes, establishes the more general statement:

Lemma 10.4 For each r > 2p? + 1 the Cpn+1-Tate E”-term E" (Cpn+1) is a direct sum of cyclic
P(tjt)-modules, generated by classes of the form u$ 1" - A{'A2AS* with p*|i. The d” -differential
maps free summands to free summands, and is zero on the torsion summands. |

By our inductive hypothesis, the abutment £°°(Cpn), which is isomorphic to uwE *°(Cpn) above degree

2p? +2p — 3, contains summands
3n—2

3n—3
Pr(3n—2) (th) ® IFp{)\l,up 3 Pr(3n—1)(t1u) ® Fp{)\zﬂp I
3n—1 3n
Pr(3n)(tﬂ) ® IE‘1)‘{)"3#1) I Pr(3n)+1(t/L) ® ]Fp{:up 3

Moreover, u ' E *°(Cpn) is generated as a P(¢ju)-module by classes in filtrations —1 and 0. Hence any
class in £°°(Cpn) in the same total degree as, but of lower filtration than, one of the vanishing products

3n—2

) D 1P () O ™

() O™ aapn?™ ) OO ™
must itself be divisible by (at least) the indicated power of #u. It follows that there are no hidden v3-

. 3n—3 — .
power extensions present, so that A1 ?”  detects a v;(3n 2 _torsion class x1 € V(2)« THH(BP(2))"Co
3n—2 — . 3n—1 . 3
Ao u? "7 detects a v;(3" 1)—torsmn class x5, Asu? "™ detects a v;(S”)—torsmn class x3 and u? " detects

3n)+1 . .
a v;( MF1_torsion class X4, and these v3-power torsion orders are exact.

By Corollary 8.2 there are unique classes y; € V(2), THH(BP(2))%»" and z; € V(2)« THH(BP(Z))tCP'“rl
with I, (y;) = x; and f‘n+1 (yi) = zj for each i. Moreover, zy, ..., z4 are v3-power torsion classes of
orders precisely »(3n —2), r(3n— 1), ¥r(3n) and r (3n) + 1, respectively.

Applying Frobenius maps F” as in (10-1), and the fact from Theorem 8.1 that f‘l maps ( to ¢t~ ? ’ (up
to the usual implicit unit) and preserves the A;, we deduce that F"(zy),..., F"(z4) are detected by
the classes Z_PM)»I, t_p3n+lk2, t_P3n+2k3 and t=7""" in E°°(Cp). Hence zq, ..., z4 are detected in
E *°(Cpn+1) in the same total degrees as these classes, in equal or higher filtration. However, since n > 2,
there are no possible detecting classes of strictly higher filtration present in E2rGm+1 (Cpn+1). We can

therefore conclude that zq, ..., z4 are detected by

_ pl3n _ p3n+1 3n+2 3n+3
7PN, TP

Ao, TP TA3 and TP,
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respectively, in E"O(Cpnﬂ). (The only problematic class at the E2")+1_term, un+1t_p3_1’3n+2 in the
Zpant2, . . . .
same total degree as t =P A3, is now known to support a d2” 4 _differential, as in the C 2 case.)

It follows that the products

e R SR 7 N A S (N R

3n+2 3n+3

A3 and (tp)"CMFLP

must detect zero, and therefore be boundaries, in the Cpn+1-Tate spectral sequence. We shall prove that
these boundaries must be

er(3n+l)(t 2’H'l) (l )r(3n 2) .t -p3 )\‘1’
d27(3n+2) (f pinti— 3”+2) (l/,L)r(Sn 1) .t p3"+l)kz,
d2’(3”+3)(z p3n+2 3n+3) (l )r(3n) _p3n+2)\3’

J42rGn+3)+1 3nt3

(un+ll—2p-n+3) - (tﬂ)r(3n)+1 4P

In view of the Leibniz rule, the first three can be rewritten as
k—1_ ,k . k—1 —
d2r(k)(tp Yy =P (lu)r(k 3))\[k]

for 3n + 1 < k < 3n 4+ 3, while the fourth is equivalent to
d2r(3n+3)+1(un+1t—p3”+3) - (Zu)r(Sn)+1'
As for Theorem 9.2, the remainder of the proof of Theorem 10.2 will consist of five steps, but for n > 2
we can start with z4 in place of z;, and this simplifies the discussion of the class u,,4 1.
3n+3

3n+3 . .
. Thus ¢? and its inverse are permanent cycles. The
3n+3

(1) We know that z4 is detected by =7
r(3m) - z4 is detected by by = (tp)"C" .¢—P
another class in the same total degree as b4 but of lower filtration. Let b} denote the actual detecting
class. Then 7y - by in total degree 4p3n+3 _ 2 and vertical degree > 2r (3n + 3) detects v r(3n)+l cz4 =0,
and hence is a boundary. We write 71t - b} = d"*(a4). By Lemma 10.4, the source of this dlfferential is of

nonzero product v3 or, if this product is a boundary, by

the form a4 = uj, t’ ATTASZASY, with p? | i. The total degree of ay is 4p3"+3 — 1, so the only possible
3”+3A3, with 74 > 2r(3n+3)—2p> +2, or un+1t_21’3”+3
first of these possibilities is no longer present in E2rGm+1 (Cpn+1). Hence ag = un+ll_21’3n+3 survives
at least to the E2"Gn+3)+ 1 term, and d”4(as) # 0 for some r4 > 2r(3n + 3) + 1. Since 7" s an
infinite cycle it also follows that d” (u,,4+1) = 0 for all » <2r(3n + 3).

sources are t? _21’ . However, since n > 2, the

r(3n—2)—1

(2) We continue with 21 which is detected by ¢ A " 1. The nonzero product v, -z1 is detected by

by = ()" Gn=2=1 P’ " k1 or, if this product is a boundary, by another class in the same total degree as b

but of lower filtration. Let ] denote the detecting class. Then ¢/ - b/ in total degree 2 p3ntlpopi3n
and vertical degree > 2r(3n + 1) — 1 detects v;(3n_2) -zy = 0, and hence is a boundary. We write
t,u -by =d"'(ay). By Lemma 10.4 the source of this differential is of the forma; = ufH_lt" ATASZASY with

3n+1

p3 |i. The only such class in the correct total degree is @ = ¢ —p¥'=p’ . Considering vertical degrees,
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it follows that ; > 2r(3n+1). Since the torsion summands in E2rGm+1 (Cpn+1) are not affected by later
differentials, the A; and 7y are infinite cycles and u, 41 survives to the E2"G7+3)+1_term by (1), it follows
that d” = 0 for 2r(3n) <r <2r(3n + 1). After this, b; is in too low a vertical degree to be a boundary.
Hence b} = by and r; = 2r(3n + 1). It follows that d2’(3”+1)(t_1’3”) = =P+ p ()" G2,
This establishes the first new even-length differential, and leads to the E2” Grn+D+1_term

ErOmt D (C i) = Eunp )@ PP )@ P()® E (A1 A2, A3)
3n+1 .
& D Ent1)®Prk—3) ) SE (fge 11, Mi42) ®Fplt Apgy | vp () =k =13
k=4
3n+1 r(3n—1)—1 .
3
A or, if this product is a boundary, by another class in the

(3) Next? we turn to z,, which is detected by =7
detected by b, = ()" Gn—D-1 P
same total degree as by but of lower filtration. Let 5} denote the detecting class. Then #j1 - b}, = d"*(a;)

As. The nonzero product v Zp 18

detects v;(3"_1) -zp = 0, and hence is a boundary. The source a, of this differential is of total degree
. i _ p3n+1_ ,3n+2
2p31%2 £ 2p37+1 and by Lemma 10.4 it has the usual form u€ , ¢’ AP AZAS  s0a; =17F ep

n+1
is the only possibility, with r, > 2r(3n+2). It follows as in (2) that d” =0 for 2r 3n+1) <r <2r(3n+2).

After this, b; lies too close to the horizontal axis to be a boundary, so b}, = b, and r = 2r(3n +2). It
then follows that @27 Gn+2) (=p*" 1y = y=p*" 1 +p¥"*2 (4 \rGn=1)) . This establishes the second new

even-length differential, and gives the E2" G722+ _term

B OmDH(Ci) = B )@ PEP )@ P ® E(hy, o, 13)
3n+2 )
& D Ent1)®Prk—3) WS E (hige 11 Ma42) ®Fplt Apgy | vp () =k —13.
k=4

(4) Carrying on, we consider z3, which is detected by 7 e

detected by b3 = (1p)" M1 o
detected by another class in the same total degree as b3, but of lower filtration. Let bg denote the detecting
class. Then tp-b} = d"3(a3) detects v;(3n) -z3 = 0, and must be a boundary. The source a3 of this differ-
ial i 3n+3 3n+2 ; [ 9 €19 €29 €3

ential is of total degree 2p°"7> + 2p>"T= and b};nlﬁmniil:?"l %t has the usual form u;, 7' - A7'A2 A5
, with r3 > 2r(3n + 3). It follows as above

not involving w. The only possibility is a3 =27 ~—#°
that d” = 0 for 2r (3n 4+ 2) < r < 2r(3n + 3), after which b3 is in too low a vertical degree to become a

r(3n)—1
3

A3, unless this class is a boundary, in which case the product is

A3. The nonzero product v -Z3 18

boundary, so b} = b3 and r3 = 2r(3n + 3). Hence d2rGnt3) =2y == ) yrGBm
This establishes the third new even-length differential, and leaves the E£2” Gn+3)+1_term
~ 3n+3
EX O (Copni1) = E(un )@ PUFP" )@ PUW)®E (A1 A2, A3)
3n+3 )
& D E@n+)®Prk—3) )@ E (et 11 M4 2) ®Fp it Ay | vp (1) =k —13.
k=4

3Steps (3) and (4) are very similar to (2), but we believe the arguments are easier to follow when written out separately.
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(5) Finally, we return to z4. Since bg = (t)" 3™ -t=7"""* is nonzero, in vertical degree 2r (3n+3)—2p?
of the E27Gn+3)+1_term, it cannot be a boundary, and hence is equal to the class bjf from step (1). Thus
t-by = (1) Gm+1 P g (ag) with aq = un+11_2P3n+3 and rq4 = 2r(3n + 3) + 1. It follows
that d2’(3”+3)+1(un+1t_1’3"+3) = (rp)" G+ since 2> is an infinite cycle. This establishes the

claimed new odd-length differential, and leaves

3n+3
)@ P41 (WS E (A1, ha, h3)

EZr(3n+3)+2(Cp”+l) — P(f
3n+3

® @ E(nt1)® Priie—3) (1) ® E (i 17, A4-2) @Fpdt Apiey [ vp (i) =k —1}.
k=4

No free summands remain, so by Lemma 10.4 the remaining differentials are all zero, and this E”-term
equals E *°(Cpn+1). This completes the n'" inductive step. O

11 The T -Tate spectral sequence

We can now make the differential structure of the spectral sequences
E*(T)= H *(T:;V(2)« THH(BP(2))) =V(2). THH(BP(2))"T,
w VE2(T) = H™*(T; V(2)x THH(BP(2))' )=V (2)+ (THH(BP(2)) <» )T

E*(T) = H*(T:;V(2)« THH(BP(2))) = V(2)sx THH(BP(2))'T
fully explicit.

Theorem 11.1 The T -Tate spectral sequence

E*(T) = H*(T; V(2)« THH(BP(2))) = V(2), THH(BP(2))'T
has E?-term
EXT) = P(*)® P(t) ® E(A1. A2, h3),
there are differentials
@y = o gy gy
for each k > 1, the classes tii, Ay, A, and A3 are permanent cycles, and the E°°-term is
E®(T) = P(tp) ® E(h1. 2. 13)

OEP Prik—3» 1) ® EChpir1): Aet2) @ Fplt Ay | vp (i) =k — 1},
k>4

Proof This follows by passage to the limit over n from Theorem 10.2. |

Remark 11.2 We saw in Propositions 9.1 and 10.3 that for each n > 1, some positive power of
w € V(2)« THH(BP(2)) lifts to V(2), THH(BP(2))"Cr"  so that the p-localized Cpn-homotopy fixed
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point spectral sequence converges to a localization i~ ! V(2), THH(BP(2))"C»" . However, no such power
of w lifts to V(2)x THH(BP(Z))hT, and we therefore instead express the abutment of the p-localized
T -homotopy fixed point spectral sequence in terms of THH(BP(2))*», with 1~V (2), THH(BP(2)) =~
V(2)« THH(BP(2))!“?, as per Theorem 8.1.

Proposition 11.3 The u-localized T -homotopy fixed point spectral sequence
p~ EX(T) = H™*(T:u”' V(2)« THH(BP(2))) = V(2)-(THH(BP(2))"“")"*

has E?-term
p EX(T) = P(tp) ® E(Ay, Ao, A3) ® P(uh),

there are differentials
1

k=1, . k=1_pk
d? O ey = @) Orggu?” =7
for each k > 1, the classes tjt, A1, Ay and A3 are permanent cycles, and the E°°-term is
u E®(T) = P(tpn) ® E(h1. A2, A3)

&P Prity (111) ® EQprt1), Mg 42) @ Fpfhpqn [ vp(j) =k —13.
k>1

Proof This follows by passage to the limit over » from Proposition 10.3. O

Proposition 11.4 The T -homotopy fixed point spectral sequence

E*(T) = H™*(T; V(2)x THH(BP(2))) = V(2) THH(BP(2))"T
has E?-term
E*(T)=P(t) ® E(A1. A2, A3) ® P(1),

for each k > 1 there are differentials
d2r(k)(Mdp"_l) - (ZM)’(k)A[k]M(d_P)Pk_I for d > p with ptd,
A2 (PP = dpt T g yrE=d Ty for 0 < d < p,
d2r ) (pdp" Tty = pdpt Tt ()" ®Dpg  for d > 0 with ptd,
the classes tjt, A1, Ao and A3 are permanent cycles, and the E°°-term is
E®(T) = P(tp) ® E(A1, A2, A3)
& P Prito (1) ® EChprr). Mg+a) @ Eplhgqu® ™ | prd > 0}

k=1
k—1
& D Py ey—api—1 (110) ® EGhpgey 1) Ae2) ®Fp{tP” Ay |0 < d < p}
k=1
k—1
OB Prk—3(111) ® ECpes1) Ape2) @ Fplt" Ay | ptd > p}.
k>4
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Proof The differentials on %"~ for ptd > 0 follow as in Theorem 11.1, while those on udl’k—] for
ptd > p are as in Proposition 11.3. For 0 < d < p,

k—1 .
> O @y = ()" Prggu®

k—1

_pk _ tpk_dpk—l (l‘lu,)r(k)—’—dpk_l_l,k)\[k],

Replacing d by p — d we obtain the claimed formula.

For each k > 1 and p }d, the d*"®)_differential maps the summand

EM\k1]s AMrr2) @ Fplt i — j = dp*=' — p*}

of E2"®)(T) injectively to the summand

EMk+17s AMi+2) @ Fplt Apqu? | i — j = dp*=13,

with cokernel one of the displayed summands in £°°(T). Here i > 0 and j > 0 in each case. |
Following the referee’s good advice, we decompose these E°°-terms as in the next three definitions.

Definition 11.5 Let 4 = P(t) ® E(A1, A2, A3), viewed as a subalgebra of E°°(T). For k > 1 and
0<d<plet

k—1
Ck.d) = Pyy_ape—1 (1) ® E(r11. AMt2) ® Fp{t P Ay}
be the finite A-submodule of E°°(T) generated by

k—1
Ck,d = de }\[k]-
The class

dy(k—3) .

Xk = () ” = 15" O p kD

Ck,d

k—1

is an element of C(k, d), is nonzero since %r(k —3) <r(k)—dp®™", and has total degree |xx 4| =

2pll —2dptk1=1 _ 1. n particular,
2
X1 d=C1d= 192, Xod =Cod = t%7), and X3,d =C3,d = (%" s

forall 0 <d < p. Let C = D1 0<q<p Clk, d), and let

k—1
B =B Priioy(t1t) ® E(hpget 1) Micr2) ® Fp g™ | prd > 0},
k=1

k—1
D =D Pr—3 1) ® EQhpg1) Ae+2) @ Fplt " Ay | ptd > p}
k=4

be the indicated A-submodules of £°°(T), concentrated in positive and negative total degrees, respectively.
Then EX(T)=A®BaeCa& D.

It should be clear from the context whether B refers to this summand in £°°(T) or a generic S-algebra.
The classes xj 4 are the ones mentioned in Section 1. Their role, together with the classes z; 4 defined
just below, will only become apparent starting with Corollaries 12.7 and 12.8.
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Definition 11.6 Let A’ = P(t;) ® E(h1, A2, A3) as a subalgebra of u~! E®(T). For k > 1 and
0<d<p,let
1

—dpk—
C' (k. d) = Proy(ti) ® ECrer 11, Mi+2) © Fp g™ 7}
be the finite A’-submodule of £ ~! E®(T) generated by

_dpk—l

Ckd = Mk
The class

d

Zkd = (t,u)zr(k) 'cl,c,d _ t%r(k))‘[k]ﬂ%r(k_”

is an element of C’(k, d), is nonzero since %r(k) <r(k), and has total degree |z 4| = 2plkl 2 plkl=1_1.

k—1
B' = @ Py (1) ® EQies 11, A2 ® Fpfhpqu® ™ | ptd > 0},
k>1

_dpk—1
D'=@P Proyti) ® Er11- Aes2) @ Fpfhpqu ™ | ptd > p}
k>1

be the indicated A’-submodules of u~! E%(T), concentrated in positive and negative total degrees,
respectively. Then u~'E®(T)=A'" @B &C' & D',
Definition 11.7 Let A = P(t11) ® E(h1, Aa, A3),

~ k—1

Clk.d) = Pr—3)(t1t) ® EQupie1)s Mira) ® Fplt P g}
fork>1and 0 <d < p, and

-~ _Jdnk—1
B =P Prk—3(t1) ® EQuict11- M+2) ®Fp e =P Ay | phd > 0},

k>4
C= P CdCka,
k>4,0<d<p
~ dpk—l
D= @ Prk—3) (1)) ® E(Afk+1], Ake+2]) @ Fplt Ayl ptd > p}.
k>4

Then EOO(T) =A® BoC @ D. Note that é(k,d) =0 for k € {1,2,3}.

The T -equivariant comparison map
Ty : THH(BP(2)) — THH(BP(2))'¢>

(renamed the p-cyclotomic structure map ¢, in [Nikolaus and Scholze 2018]) induces a morphism of
T -homotopy fixed point spectral sequences, given at the E2-term by the homomorphism

EX([T1): EX(T) = P(1) ® E(A1, A2, 43) ® P(1) > P(1) ® E(hy, A2, 43) ® P(u*!) = ' EX(T)
that inverts p. At the E°°-terms we have the following formulas:
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Lemma 11.8 The homomorphism
E®(T): E®(T) — n~ ' E®(T)
maps
(1) A isomorphically to A’,
(2) B isomorphically to B’,
(3) C injectively to C’, and
(4) D to zero.

Specifically, E Oo(f‘f‘T) is injective in total degrees * > —2p3 + 2p? and bijective in total degrees
*x>2p24+2p—2.

Proof Cases (1) and (2) are clear. In (3), the injection C(k,d) — C’(k,d) takes ¢k g4 = tdpk_l)\[k]
to (Z/L)"'J”k_1 - ¢} 4> Which is annihilated by the same #/.-power as ¢ 4, namely (zj)" ()—dp*! 1 4),
the image of D {n D’ is zero since tdpk_l)»[k] maps to (Z;L)“U”k_1 -k[k]u_dpk_l, which is zero because
dp*=1 > r(k) for d > p.

The highest-degree element in the kernel of E oO(f‘f”r) is t(P+DP? (t)P~1A1AsA3 in D in total degree
—2p3 +2p2—1, mapping to d2*@ (P ~1), 131~ 1). The highest-degree element not in the image of
Eoo(f‘{ﬂr) is A{A,A3 "1 in C’(1, 1), in total degree 2p2 + 2p — 3. a
Similarly, the homotopy restriction map

R": THH(BP(2))"T — THH(BP(2))'T

(renamed the canonical map in [Nikolaus and Scholze 2018]) induces a morphism of spectral sequences,
given at the E2-term by the homomorphism

EX(R"): E*(T) = P(t) ® E(h1, 22, 43) ® P() > P(*") @ E(h1, 42, h3) ® P(1) = E*(T)

that inverts 7. The following lemma is similar to [Ausoni and Rognes 2002, Proposition 7.2]:

Lemma 11.9 The homomorphism
E®(R"): E®(T) — E*(T)
maps
(1) A isomorphically to A,
(2) B to zero,
(3) C surjectively to C, and
(4) D isomorphically to D.

Specifically, E % (RM) is surjective in total degrees * < 2p3 4+ 2 p — 2 and bijective in total degrees * < 0.
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Proof Cases (1) and (4) are clear. In (2), the image of B in B is zero since X[k]udl’k_l maps to
(t,u)dpk_l ~t_dpk_lk[k], which is zero because dp*~! > r(k —3) for d > 0. In (3), the surjection
C(k,d) — C(k,d) takes ¢y g = dek_lk[k] to tdpk_l)\[k], which is annihilated by a lower 7u-power
than ¢ 4 since r(k —3) <r(k)— dpk=1 for 0 < d < p.

The lowest-degree element not in the image of E®(R") is r=? 3A1 in B, in total degree 2p® +2p — 1.

The lowest-degree element in the kernel of E%(R") is =11, in C(1, p — 1) in total degree 1, mapping
to d?P(t71). m|

12 Topological cyclic homology and algebraic K -theory

We now pursue the calculational strategy employed in [Bokstedt and Madsen 1994; 1995; Hesselholt and
Madsen 1997; Rognes 1999; Ausoni and Rognes 2002, 2012; Ausoni 2010] to identify TC(B) with the
homotopy equalizer of the two maps GR" and f‘{’T displayed below.

h
TC(B) —— THH(B)"T — & THH(B)'T

(THH(B)!Cr)hT
In these papers, this identification was only known to be valid in V' -homotopy in a range of sufficiently
high degrees, for suitable finite spectra V. However, with the work of Nikolaus and Scholze [2018,
Remark 1.6], we now know that TC(B) is given by the homotopy equalizer above in all degrees, whenever
THH(B) is bounded below. (This certainly holds for all connective S-algebras B.) Let GRQ = Vi (GRh)
and f‘f’f = Vi (f‘{’T). The associated long exact sequence

h_{hT
i, Y, (THH(B)Y )T 2, ...

.. V, TC(B) Z> V, THH(B)"T

leads to the short exact sequence
0 — 7! cok(GR! —TT) 2 v, TC(B) Z> ker(GR! —T"T) — 0.

In our case, the task is to calculate the kernel and cokernel of GRﬁ — 1:{’3 for B=BP(2) and V = V(2),
and thereby to determine V(2), TC(BP(2)). We studied the effect of f‘f’T and R at the level of spectral
sequence E°°-terms in Lemmas 11.8 and 11.9. In Proposition 12.1 we do something similar for G.
Thereafter we find lifts Z E C and D in V(2)« THH(BP(Z))}’T of the summands 4, B, C and D of
E®°(T) from Definition 11.5, and compute the effect of GRQ — f‘{’f acting upon these lifts.
Proposition 12.1 The isomorphism

Gy = V(2)+(G): V(2), THH(BP(2))'T = v(2),(THH(BP(2))!¢»)*T
takes each class

3 .
ne{t? ()" AT A AT
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detected by y = tP3i(tu)mki1A;2)\§3 € E(T) to a class
Gul) € ()" 3§ SRS )
detected by z = (tp)™ A AS2AS ™" € w1 E®(T) (up to a unit in F,, which we suppress). Conversely,
its inverse G, ! takes each class '
e ™ AgAg W)
to a class S
GI' @) € P ()"

(again, up to a unit in IF,, which we suppress).

Proof We first handle the case m = 0, using the commutative diagram

t
THH(B)'T — & THH(B) Cr+!

|- s

h
(THH(B)Z‘Cp)hT F (THH(B)th)thn
in the special case of B = BP(2) and n = 0. It is constructed by viewing the T /C,-equivariant Cp-fixed
point spectrum s
X =[ET A F(ET,, THH(B))]|? ~ THH(B)
as a T -spectrum via the p™ root isomorphism p: T =T/ Cp. The comparison map G : X T 5 X"7T is then
compatible with the comparison map G,: X %" — X hCpn | via the group restriction maps along Cp,n C T.

In the case n = 0, the group restriction map F’ induces a morphism of spectral sequences given at the
E?-terms by the inclusion

EX(F):EX(T)=P(*)®E(M1.h2.23)® P(1) = E()® P )@ E (1. A2, h3)® P (1) = E*(Cy).
Hence each class n € V(2)« THH(BP(2))!T detected by tp3")»?k;2)\§3 # 0 in £°°(T) maps to a class
FL(n) detected by tp3iki‘ ASZASY in EOO(CP) = P(tip3) ® E(A1, Az, A3), which remains nonzero there.
It follows from Theorem 8.1 that (Go F')«(n) = A{'AS2AS ™ in V(2)« THH(BP(2))'“» up to a unit
in IF,,, which we suppress. This equals (F hG) (1), where the group restriction map F”* for n = 0 induces
the edge homomorphism

E®(FMY: f7VE®(T) > E(Ay, Aa, h3) ® P(uth).

Hence G« (1) must be detected in = ! E%(T) by a class z mapping to ki‘k;ﬂ? p~" under the edge
homomorphism, and the only possibility is that z = A{'A52A5* ™, in filtration degree zero.

For m > 1, each class n detesc.ted by y = tl’ii (t)"AS AS2ASS # 0in E®(T) is of the fornAl n=v5"no,
with o detected by yo = tP"'A{'A5?A5* € E%(T). To see this, note that each element of £°°(T) in the
same total degree as y, but of lower filtration, is a (z4)™-multiple. This follows from the case enumeration
in the proof of Lemma 9.3. By the first part of the proof, G« (1) is detected by zy = )\iIKZZAZSM_i.
Hence G« (1) = v§" - Gx(no) is detected by (¢14)"™ - z9 = z, since this product is nonzero.
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For the converse, consider any class ¢ detected by z = (1u)™A{' A5} w/ #0in =1 E®(T). Then
n = G;!(¢) must be detected by some monomial y in E*(T), and G«(n) = ¢ is detected by z. By the
first part of the proposition, this monomial must be y = ¢=2°J (1) A ASEASY. m|

Recall AII(, )\f and )\3K from Definitions 6.6, 6.7 and 6.9.

Definition 12.2 Let
A= P(v3) ® E(A1. A2, A3) C V(2)s THHBP(2))*T

be the subalgebra generated by the images of izilio(le),izil(kf),iz(kf) € V(2)xK(BP(2)) and
v3 € 74 V(2) under the composites
S — K(BP(2)) & TC(BP(2)) Z> THH(BP(2))"T

where trc denotes the cyclotomic trace map [Bokstedt et al. 1993]. The homomorphisms GRQ and IA*{‘E
agree on these classes, and we let

A= P(v3) ® E(Ay. A2, A3) C V(2)(THH(BP(2)) )T

be the subalgebra generated by the images of v3, A1, A, and A3, under either one of these homomorphisms.

The subalgebras A and A’ are lifts to V(2)-homotopy of the subalgebras A C E*°(T) and A’ C
w1 E®(T), respectively. To choose good lifts C (k,d) and C'(k,d ) in V'(2)-homotopy of the summands
C(k,d) and C’(k, d) we make use of the norm-restriction homotopy cofiber sequence

¥ THH(BP(2)),r X% THHBP(2))"T &% THH(BP(2))'T 2% £2 THH(BP(2)),T

and the associated long exact sequence. The T -Tate spectral sequence maps to a horizontally shifted
T -homotopy orbit spectral sequence
(12-1) E; .= Hy o(T:V(2)« THH(BP(2))) = Fp{t' | i <0} ® E(h1.42.23) ® P(i)

= V(2)«3* THH(BP(2))sT .

concentrated in filtrations s > 2 of the first quadrant.

The T-Tate differentials crossing the vertical line s = 1 are closely related to the homotopy norm
map N = V(2)«(N"); cf [Bokstedt and Madsen 1994, Theorem 2.15]. Let R? = V(2)4(R"), so
that im(Nf) = ker(Ri) by exactness. The following two lemmas spell out some upper bounds for
ker E%(R"):

Lemma 12.3 In the T -Tate spectral sequence (E "(T), d"), the nonzero differentials from total degrees
% < 2p3 that cross the line s = 1 are of the form

. 2 —_p2 . 3 2_ 53 . 2
d*P(ITPA2) = eI AE, AP PTPISY) = Ay, dPP (T ASIAS) = A A A,
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for suitable 0 < d < p and €, €5 € {0, 1}. Hence in total degrees x <2 p> —2 the classes on the right-hand
side generate ker E®(R™). These lie in filtrations —2(p> — p?) < s < —2, and there is at most one class
in each total degree * < 2p3 —2.

Proof The restriction to total degrees * < 2p3 means we only have to consider differentials on the
classes ¢ for —p3 <i <0, and their A;- and A,-multiples. The d?”-differentials only cross s = 1 for
—p <i <0. The d2P’ _differentials are defined for p|i and only cross s = 1 when —p? <i < 0. The
d?P’ differentials are defined for p? |i and cross s = 1 whenever —p3 < i < 0. An explicit enumeration

shows that each total degree in the range 1 < s < 2p3 — 2 occurs at most once. O

Lemma 12.4 In the T -Tate spectral sequence, the nonzero d” -differentials from total degrees * < 4p3—1
that cross the line s = 1 are of the form

d*P P )" AAS) = 14 )" AR
2 dp 2 .
d2p (de P (t:u)m}‘?)\?) - de(zl/v)m)\?)‘i)\ﬁ’
3 2_ .3 . 2
d*P7 (P ()™ AT ASE) = 1P ()™ A A s,
4 _p3 . 4_p3
dPP7TRP (PN = PP ()P gAY
for suitable m, €1, ¢€,,€3 € {0, 1}, with m + €3 < 1. In the d?P case with m = 1 we have d = —1 or
0 <d < p— 1, while in the remaining d*?, d?P® and d?P° cases we have 0 < d < p. Hence in total
degrees * < 4p3 — 3 the classes on the right-hand side generate ker E °°(Rh). These lie in filtrations

—2(p*—p*+1) =<s=0, except for the last two classes tp4_P3(tu)PA1A§2, which lie in filtration
—2(194 - P3 + p) and total degrees 2p3 -1+ 62(2p2 —1).

Proof The restriction to total degrees * < 4p3 — 1 means that we only have to consider differentials on
the classes ¢ for — p3 <1i <0, and some of their #i4-, A1-, A- and A3-multiples (without repeated factors).
The resulting right-hand classes have the form ¢’ y in Tate filtration s = —2i, where 0 <i < p3 — p2 +1,
except in the last two cases. |

Recall ¢; 4 and cl/c 4 from Definitions 11.5 and 11.6.

Proposition 12.5 Foreach k € {1,2,3} and 0 < d < p there is a unique element

Vi.d € {ck.a} C V(2)« THH(BP(2))"T
that satisfies
Rt (ye.a) =0.
Pk _dpk—l

Moreover, Ay - Yg,q = 0 and v “Vid = 0.

Proof The tower of spectra inducing the T-homotopy fixed point spectral sequence is obtained by
restricting the tower inducing the T -Tate spectral sequence to filtrations s < 0. Hence each nonzero class
x € ker E®(R") ¢ E°(T) can be represented by an element & € ker(Rﬁ) C V(2)« THHBP2) T  in
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the sense that £ € {x}; see [Bokstedt and Madsen 1994, page 75; Ausoni and Rognes 2002, Lemma 7.3].
Furthermore, for x in total degree * < 2p3 —2, the element £ is unique. To see this, suppose that £’ € {x}
is also in ker(R"). Then & — £ in ker(R”) must be detected by a class x’ in ker E%(R"), in the same
total degree as x, but in lower filtration. As noted in Lemma 12.3, there are no nonzero such x’, so & = €.

In particular, for k € {1,2,3} and 0 < d < p this applies to the classes cx 4 = tdpk_lkk in total degrees
1< Zpk — 2dpk_1 —1<2p*—2p?—1, and uniquely defines the homotopy elements Vi,d-

By exactness, we can write yg g4 = Nf (Ok,q) with
Or.a € V(2)«X? THH(BP(2)) 5T

in degree 2pk — 2dp*~!. 1In fact, Ok,a € {tdpk_l_f’k}, up to a unit multiple, but we only need to

know that 6y 4 must be detected in filtration s < 2 pk — dek_l in the shifted T -homotopy orbit spectral

pk_dpk—l . . . . Pk_dpk—l
sequence (12-1). Hence v Ok ,q = 0, for filtration reasons, which implies that v3 “Vie,d =0

since Ni’ is P(v3)-linear.

Finally, Ag - 0 4 = 0, because 1P 71 =P y e = d2P" (19" 7' =2P") i a boundary and by inspection of
bidegrees there are no other classes in the E°°-term of (12-1) in the same total degree and of lower
filtration. Applying N/ we can conclude that Ay, - Yk.d = 0. |

Proposition 12.6 Foreach k > 1 and 0 < d < p there are elements

Vea €15 4} CVQ«(THHBP2) )T and i 434 € {exq3,a} C V(2)« THHBP(2))"T

that satisty
dpk—! BAT h
v3" Vg =Tl Wka) and GR{(Vk+43.d) = Vi g
_dpk+2
Moreover, v;(k) . Vlé,d = 0 and v;(k+3) dp “Vi+3,d = 0.

Proof We proceed by induction on k > 1, starting from Proposition 12.5. By Lemma 11.8 the image
f‘f’f (Vk.4) € V(2)«(THH(BP(2))’ Cr)IT of the previously constructed class Yk.d € 1k} is detected
by 47" = ()@ - ¢} 4 in TP E®(T), so any initial choice of y; , € {c} ,} will satisfy
v;ip o y]é, = f‘{’f (Vk,d)- rn,odulo classes of lower filtration. Since u~'E "’O(T) is’generated as a
P (tin)-module by classes in filtration s = 0, each nonzero class in lower filtration than ¢, 4, but of the

. k— . . .
same total degree, is (Z/L)dp " times a class in the same total degree as c,’{ 4 and of lower filtration.

k—1 A~
Hence the choice of )/,2 4 can be iteratively adjusted so as to make vgip . )/12 q= Ff’f Vk.,d)-
r(k) r(k)—dp*=' SpT s AT : r(k)—dpk—!
Therefore vy 'Vlé,d =, T1e (Vk,a) =0, since I'{ is P(v3)-linear and v, “Vi.d =0

by the inductive hypothesis.

The final choice of class )/]é 4 1s still detected by c//c q= A[k]u_dpk_l in C'(k,d) c pn='E*(T), so by
Proposition 12.1, G5! (v ;) € V(2)« THH(BP(2))! " is detected by 1% " Aty in C (k +3. d) € E%(T).

Geometry & Topology, Volume 29 (2025)



676 Gabriel Angelini-Knoll, Christian Ausoni, Dominic Leon Culver, Eva Honing and John Rognes

This class lies in negative total degree, where E °°(Rh) is bijective by Lemma 11.9. It follows that

R" ¥ (Vk43.d) = 1()/k d) for a uniquely determined class yxy3.4 € V(2)x THH(BP(2 2))"T | which is
detected by cx 43,0 =1 dp* k[k] inC(k+3,d)C E(T).
From the relation vg(k) Vk 4 = 0and P(v3)-linearity of G« and Rh we deduce that vr(k) G, 1()/,é =0

and R" (v3( ) “Vk+3.4) = 0. Since ker(R ) = 1m(Nh) we can write v3( ) “Vi+3.d = Ny (9k+3,d) for

some 0y 1 3.4 in degree 2p*+3 —2dp*+2. From the T-Tate differential

k+2_ pk+3_ . +2
d?>r &+ " =p )=t"1’ () O = )" ® g3

we could prove that Oy 43 4 € {t“’l”kJr } (up to a unit), but again we only need to know that O 13 4
k+3_ gpk+2
must be detected in filtration 5 < 2pk‘"3 2dpk*2 in (12-1). Hence vf —dp “Ok+3,4 = 0in
V(2)« X2 THH(BP(2)),T, which implies that
k+3)—d k+2 k+3_d k+2
U;( A aa = vy PN Ok s3a) =0
in V(2)« THHBP(2))"T as asserted. |

Recall the classes xi 4 and zj 4 from Definitions 11.5 and 11.6.

Corollary 12.7 Foreach k € {1,2,3} and 0 < d < p there is a unique element
shde{xhd}cv«a*THHan%mY”

that satisfies R” % (&k.a) = 0. Moreover, Ay - 4 = 0 and vp "~ Sk,d =0.
Proof Let & g4 = vk, 4 as in Proposition 12.5, noting that xg 4 = ¢k 4. a

Corollary 12.8 Foreach k > 1 and 0 < d < p there are unique elements
Ek+3.d € (X430} C V(D) THHBPR)'  and  §iq € {zx,a} C V(2)«(THHBP(2))' 7)™

that satisty
GRU (& v3.0) = T1Y (Ek.0) = Ca-

(1 )r(k+3)

Moreover, Ak - k43,4 =0 and v “€k43,4 =0.

Proof For k > 1, choose elements yj 13 4 and )/k 4 s in Proposition 12.6. Recalling that xz 13,4 =

(lM)” Ck+3,d, we let
4r(k)

Ek+3.d=V5  Vkt3d-
Then
4y (k) fr(k) —dpk—1 g k-1 r(k 3)
GRU(Ex13.0) =v! -GRM(ypys.a) = 07 v g =g T (k)

=TT (& 2).

Geometry & Topology, Volume 29 (2025)



Algebraic K-theory of elliptic cohomology 677

To see that this uniquely determines £, 13 4 € {Xk 43,4}, note that any other choice of class & € {xXg 43,4}
with GRQ &)= GRﬁ’< (€k+3,4) would differ from &3 4 by an element £’ in ker(Rﬁ) that is detected by
an element x’ in ker E C’O(Rh) of lower filtration than xj 13 4, and hence of filtration s < —2( pP+1).
By Lemma 12.3, no such element x” exists in total degree |§x43.4| = 2plkl 2 gplkl=1 _ 1 <2p3 —2.

By induction, GRQ(A[k] “Ekt3.d) = f‘{’f (Afk] - &k,a) = 0. Hence, if £&” = Ap) - Ex+3,4 Were nonzero,
it would be a class in ker(Rﬁ), in total degree 4pkl — 24plk1=1 _ 2 < 4p3 — 3 that is detected by
an element x” in ker E °°(Rh) of lower filtration than that of xz 43 4. By Lemma 12.4, treating the
cases k +3 = 4 and k + 3 > 5 separately, no such element x” exists. This contradiction proves that
)‘[k] &k +3,4 = 0. By Proposition 12.6,

(1=2)r(k+3) k+3)—dp*+2
v, 7 Sk+3.d = U;( )= “Yk+3,d = 0.
Finally, let {3 4 = f‘f’f (6,4 ), which is then detected by Eoo(f‘f’T)(xk’d) =Zkd- O

We now fix compatible choices of classes yx 4 and y,i 4 as in Propositions 12.5 and 12.6:

Definition 12.9 Fork > 1and 0 <d < p let

Clk.d) 2= Py(ty—dpr—1 (v3) ® EChpga1). e 2) ® Fplvia)
be the P(v3)®E(A[k+1]. Ak+2))-submodule of V(2)« THH(BP(2))"T generated by Yk.d» and let

C' (k. d) = Prgoy(v3) ® E(hig11, Ae2) @ Fplvg o)
be the P(v3)® E(A[k 1], Ak +2])-submodule of V(2)«(THH(BP(2))'»)"T generated by y,é 4 Let
C= [] Ctk.dy and C'= [] C'tk.a).
k>1 k>1

0<d<p 0<d<p

These are detected by the summands C C E*(T) and C’' C u~! E®(T), respectively.

Lemma 12.10 The P(v3)® E(A[ 417, Ak +2])-submodules

(Ek.a) CCk,d) and (Lkq) C C'(k,d)

dy(k—3 dy(k
generated~by Ekd = v3”r( ). Yk.d and Gy g = v3”r( ). Vlé,d’ respectively, are equal to the (uniquely

defined) A-submodules generated by & 4 and i 4, with
(Er,a) = P(l_%),(k)(vs) ® E(A k411> Mr+2) @ Fpléials
(Cr.a) = Py ) (v3) & ERpir 11, Apet2) @ Fpilead-

Proof These P(v3)® E(Afk41]. Ak+2])-submodules are A-submodules, since we proved Afgy - €x,a =0
in Corollaries 12.7 and 12.8, which readily implies that Az - §x 4 = 0. O
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Remark 12.11 With this notation, Proposition 12.6 shows that f‘{’f induces isomorphisms (£x 4) —
(&x.q) and injections C (k,d) — C'(k,d) and C(k,d)/{Ex.q) — C'(k,d)/{¢k.4). Tt also shows that
GR" induces isomorphisms C (k + 3, d)/{Ek+3.d) = C'(k, d)/(Ck,a), and surjections (§x3.4) = (Ck.a)
and C(k +3,d) — C'(k,d), forallk > 1and 0 <d < p.

Choosing lifts of the B- and D-summands requires less precision:

Definition 12.12 For each k > 1 and p {d > 0 choose a class
Br.a € V(2)« THH(BP(2))"T
detected by A """ ¢ B, and let

B(k,d) = Prgy(v3) ® EChge1] Mi+2]) © FpiBr.a’

be the E(A[k4 1], Ak+2))-submodule of V(2)x THH(BP(2))"T generated by vy Br,a for 0 <m <r(k).
For each k > 4 and p td > p choose a class

8k.a € V(2)« THH(BP(2))"T
detected by tdpk_lk[k] € D, and let

D(k,d) = Pr(—3)(v3) ® EQufiy 13, Mict21) ® Fp{.a)

be the E (A 417, Ak +2])-submodule of V(2)x THH(BP(2))"T generated by vy g g for 0 <m <r(k—3).
Let
B= [] Bk.d) and D= [[ Dk.d).

k=1 k=>4
ptd>0 ptd>p

These are detected by the summands B and D of E°°(T), respectively.

Lemma 12.13 Foreach k > 1 and p +d > 0 the difference
(GRL —T11)(Br.a) € V(2)x(THH(BP(2)) )"
is detected by —k[k]udpk_l € B’. Foreach k > 4 and ptd > p the difference
(GRY—T1)(Sk.a) € V(2)+(THH(BP(2) )T

*

is detected by Ak w4t e pr.

T

*

Proof On one hand, by Lemma 11.8 the image —f{’ (Bk,a) is detected by —A[x) ;Ldpk_l in homotopy

fixed point filtration 0, while by Lemma 11.9 and Proposition 12.1 the image GR& (Bk,q) lies in negative
filtration (or is zero). Hence (GRﬁ’< — f‘f‘T)(ﬂk,d) is detected by the filtration O class.

%
—4

On the other hand, by Lemma 11.9 and Proposition 12.1 the image GRﬁ (8k,a) is detected by Afx i y
in filtration 0, while by Lemma 11.8 the image —f‘f’f (Ok,q) lies in negative filtration (or is zero). Hence

(GRf’k — f‘f’f)((ﬁk’d) is detected by the filtration 0 class. O
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Definition 12.14 As subgroups of V(2)«(THH(BP(2))*¢»)AT let
B' = (GR!'—T"T)(B) and D' = (GR!—T!T)(D).

These are detected by the summands B’ and D’ of ~! E®(T), respectively.

Proposition 12.15 The inclusions induce isomorphisms
V(2)« THHBP2)'T ~ A B Cod D and V(Q2)«(THHBPR)' YT~ A @B &C' @D’

In these terms, GRﬁ — f‘{lf is the direct sum of the zero homomorphism ALY A two isomorphisms
B => B’ and D > D', and the difference A: C — C’ between the restricted homomorphisms

GRL: [ Ckedy— [] C'ked). (ooviar--) > (oo Vs ge---)

k>1 k>1
O<d<p 0<d<p

and

A~ ~ ~ k—1
o ] Ckedy—» ] Cled). Cooovieae-- ) G v yfgen).

k=1 k=1
0<d<p 0<d<p

Here y; _, , is to be interpreted as 0 for k € {1, 2, 3}.

Proof The submodules A, B, C and D are detected by the direct summands A, B, C and D spanning
E®(T),s0 A® B®C & D — V(2)« THH(BP(2))"T is an isomorphism by strong convergence of
the T -homotopy fixed point spectral sequence. Likewise, A’, B/, C' and D’ are detected by the direct
summands A’, B’, C’ and D’ spanning ;! E>(T).

The homomorphisms GRﬁ and f‘hf agree on /T, since the classes v3, A1, A, and A3 come from algebraic

K-theory, and hence also from topological cyclic homology. Their difference is therefore the zero
homomorphism. The restricted homomorphisms GRQ - f‘f’f : B — B’ and GRﬁ - f‘f’f :D — D' are

isomorphisms, by the construction of the target modules, which relies on Lemma 12.13. The restricted

FhT

homomorphism GRh A: C — C’ factors as asserted by Propositions 12.5 and 12.6. a

Proposition 12.16 There are P(v3)Q E (A1, A3, A3)-module isomorphisms
ker(GR: —T1T) = P(v3) ® E(h1.42.43) ® P(v3) ® E(h2. 3) ® Fp{E1 4 |0 <d < p}
DP(W3)REM,A3)QFp{E,4|0<d < p}
® P(v3) ® E(A1,42) ® Fp{E3,4 |0 <d < p},
cok(GR" — T'T) = P(v3)® E(h1, A2, A3).

Here B, 4 in degree 2p' —2dp'~! — 1 is detected by Xid =1 dp'~ )\. € E®(T), foreach i € {1,2,3}
and 0 <d < p.
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Proof Let A:C — C’ beasin Proposition 12.15. Then
ker(GRZ — f‘f’T) =Ao ker(A) and cok(GRﬁ — f‘{'T) =A@ cok(A).

* *

Consider the associated map of vertical short exact sequences

A/
[Tk>1,0<a<plbi,a) ——— Tli=1,0<a<p(Ck.d)

I I

~ A ~
[Tk>1,0<d<p Ck.d) ——— [1x>1,0<a<p C'(k.d)

l l

Mis1,02d<p Clk.d)/Era) —2 Tlkz1.0ea<p C' (k. )/ (E.a)-

In the upper row, the IA‘{’E A&k.a) = (Ck.a) for k = 1 and 0 < d < p are isomorphisms, so we can identify
ker(A’) with the product over i € {1,2,3} and 0 < d < p of the limit of the sequence

(Eia),

@Cp5~1GrRY (@1~ GrY
—

e —> (5k+3,d) <$k,d> > <§i+3,d>

where k =i mod 3. Since
(IO T'GRE &30 > &
this limit is isomorphic, as an A-module, to P(v3) ® E(A[j41], AMit2) ®Fp{E; 4}, with
Bid=10(...0,643,4.0,0,&4.0,...)

detected by x; 7 in E°°(T). Similarly, we can identify cok(A’) with the (right) derived limit of this
sequence, which vanishes because each GRQ: (€k+3,4) = (Ck.a) is surjective.

In the lower row, ker(A”) = 0 and cok(A”) = 0 because C (i, d)/(&.4) =0 fori € {1,2,3} and the
GRﬁ: é(k +3.d)/k+3,0) — 5’(1{, d)/(Ck.a4) are isomorphisms. Taken together, this proves that

ker(A) =ker(A) = ] Ps)® ECs1). Ajiv2) ®Fp{Eia}

i€{1,2,3)
0<d<p

and cok(A) = 0. a
Theorem 12.17 Let p > 7. There is a preterred P(v3)® E(A1, A2, A3)-module isomorphism
V(2)+« TC(BP(2)) = P(v3) ® E(3.A1,42,43) ® P(v3) ® E(A2,A3) ®Fp{E1,4 |0 <d < p}
® P(v3) ® E(h1,43) ®Fp{E,,4 [0 <d < p}
@ P(v3) @ E(A,A2) ®Fp{E3,4|0<d < p},

with E; 4 detected by x; 4 :ldl’i_lki fori €{1,2,3}and 0 <d < p. Here |v3| =2p>—2, |A;| =2p'—1,
|0| = —1 and |t| = —2. This is a free P(v3)-module on the 16 + 12(p — 1) = 12 p + 4 generators

IATAZAT, APAT B4, AVASEng and AY'ATE;4
in degrees —1 < % <2p* +2p? +2p —3, wheree,e; € {0, 1} and 0 < d < p.
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Proof The definition of TC(BP(2)) as the homotopy equalizer of f‘{m and GR" leads to the short exact

sequence
0 — 27! cok(GR" —T"T) 2 v(2),, TC(BP(2)) Z> ker(GR" —T'T) — 0.

* *

It splits as an extension of P(v3)®E (A1, Az, A3)-modules, since the image of d is trivial in the (even)
degrees of the products A; - E; 4 that vanish on the right-hand side. The splitting is unique, since the
left-hand side is trivial in the (zero or odd) degrees of the module generators 1 and &; 4. a

Corollary 12.18 The classes a, ] and y" € m+V(2) map under the unit map S — TC(BP(2)) to the
classes 1,1, E5,1 and B3, 1, respectively.

Proof These elements are detected, in pairs, by tAq, tP 1, and tpzk3 in E°°(T), and in these (total)
degrees there are no other classes of lower filtration, nor in the image of 0. |

Thanks to the Nikolaus—Scholze model for TC(B) we no longer need to recover V(2) TC(BP(2)) from
V(2)« TC(BP(1)) in low degrees, but we nonetheless have the following consistency result:

Proposition 12.19 The E3 BP-algebra map BP(2) — BP(1) induces a (2 p?—1)-connected surjective
ring homomorphism

V(2)x TC(BP(2)) — V(2)x TC(BP(1)) = E(0, A1, A2)
S ER) ®Fp{E1,4|0<d < p}
@ EMR)®Fp{Er410<d<p}
mapping 0, Ay, Ay, B1 4 and E, 4 to the classes with the same names, and mapping v3, A3 and Ej 4

to zero.

Proof This is clear for d, A; and A,. Moreover, 81 4 and E, 4 in V(2)x TC(BP(2)) map to classes in
V(2)« THH(BP(1))*T that are detected by %A and %P ), respectively, which characterizes their images
in V(2)« TC(BP(1)). The classes v3, A3 and E3 4 for 1 <d < p—2 are mapped to trivial groups. Finally,
E3,p—1 in degree 2p% — 1 maps to zero in V(2)« THH(BP(2)), and hence cannot be detected by A,. O

We write BP(2),, for the p-completion of the p-local E3 ring spectrum BP(2).

Theorem 12.20 Let p > 7. There is an exact sequence
0 — X7, {71, T2, T1 12} — V(2)« K(BP(2),) ¥ V(2)« TC(BP(2)) — X7 'F,{1} — 0.

Hence V(2)« K(BP(2),) is the direct sum of a free P(vs)-module on 12p + 4 generators in degrees
0<x<2p3+2p2+2p—3, plusan [F-module with trivial vs-action spanned by three classes in degrees
2p—3,2p%*—3and 2p?+ 2p — 4. In particular, the localization homomorphism

V(2)«K(BP(2),) = v3' V(2)« K(BP(2),)
is an isomorphism in degrees * > 2p? 4+ 2p.
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Proof By [Dundas 1997; Hesselholt and Madsen 1997, Theorem D] there is a homotopy cofiber sequence
K(BP(2)), ¥ TC(BP(2)), & X 'HZ),
and hence also a long exact sequence
o= V(2)« K(BP(2),) ¥ V(2) TC(BP(2)) &5 V(2)« (X 'HZp) — ---.

Here V(2)«(HZ,) = E(71, T,) with |7;| =2p—1and |7;| = 2p? — 1. The only P (v3)-module generator
of V(2)x TC(BP(2)) that is mapped nontrivially by w is 9, with w4 (9) = X~ !1. The generators A,
A, and dA A, come from V(0)-homotopy, hence factor through V(0)«(X~1 HZ,), and therefore map
to zero. The generator A; E, ; is the product of two classes in the image of trc, hence also maps to zero
under w. It follows that ker(w) is freely generated as a P(v3)-module by the same generators as for
V(2)+« TC(BP(2)), except that 9 in degree —1 is replaced by v3d in degree 2p3 — 3. |

Theorem 12.21 The p-completion map «: BP(2) — BP(2), induces a (2p% 42 p—2)-coconnected

homomorphism
V(2)xK(BP(2)) &> V(2)+ K(BP(2),).

Hence V(2)« K(BP(2)) is the direct sum of a free P(v3)-module on 12p + 4 generators in degrees

0<x<2p3+2p>+2p-—3, plus an F,-module with trivial vs-action concentrated in degrees 1 < * <
2p? 4+ 2p —3. In particular,

V(2)« K(BP(2)) — v3 ' V(2)« K(BP(2))

is an isomorphism in degrees * > 2p% 4+ 2p.

Proof By the proven Lichtenbaum—Quillen/Bloch—Kato conjectures [Voevodsky 2011] and the earlier
calculation of V' (0)« TC(Z) from [Bokstedt and Madsen 1994; 1995], V(1) K(Q) and V (1)« K(Q)) are
concentrated in degrees 0 < * <2p —2. Hence V(1) A K(Q) — V(1) A K(Qp) is (2p—1)-coconnected.
It follows from the localization sequence in algebraic K-theory that V(1) A K(Z,)) — V(1) A K(Zyp) is
also (2 p—1)-coconnected, so that V(2) A K(Zp)) — V(2) A K(Zp) is (2p?+2p—2)-coconnected. By
the commutative cube

K(BP(2)), K(BP(2),),

tre K(Zp))p — ml \K(Zp)p

TC(BP(2)), — TC(BP(2) ), tre
\TC(Z(I,))p = \TC(Zp)p

and [Dundas 1997] applied to the left-hand and right-hand faces, V(2) A K(BP(2)) — V(2) A K(BP(2),)
is also (2p242p—2)-coconnected. O
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0(2)-symmetry of 3D steady gradient Ricci solitons

Y1 LAI

We prove that all 3D steady gradient Ricci solitons are O(2)-symmetric. The O(2)-symmetry is the most
universal symmetry in Ricci flows with any type of symmetries. Our theorem is also the first instance
of symmetry theorem for Ricci flows that are not rotationally symmetric. We also show that the Bryant
soliton is the unique 3D steady gradient Ricci soliton with positive curvature that is asymptotic to a ray.
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1 Introduction

1.1 Statement of the main results

The concept of Ricci solitons was introduced by Hamilton [49]. Ricci solitons generate self-similar
solutions of Hamilton’s Ricci flow [48], and often arise as singularity models of Ricci flows; see also
Hamilton [50; 51], Cao [22] and Chen and Zhu [31]. They can be viewed as the fixed points under the
Ricci flow in the space of Riemannian metrics modulo rescalings and diffeomorphisms. Ricci solitons are
also natural generalizations of the Einstein metrics and constant curvature metrics.
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688 Yi Lai

A complete Riemannian manifold (M, g) is called a Ricci soliton, if there exist a vector field X and a
constant A € R such that
Ric = %ﬁfxg +Ag.

The soliton is called shrinking if A > 0, expanding if A < 0, and steady if A = 0. Moreover, if the vector
field X is the gradient of some smooth function f, then we say it is a gradient Ricci soliton, and f is the
potential function. In particular, a steady gradient Ricci soliton satisfies the equation

Ric = V27,

The goal of this paper is to study steady gradient Ricci solitons with bounded curvature in dimension 3.
We assume they are nonflat.

In dimension 2, the only steady gradient Ricci soliton is Hamilton’s cigar soliton [49], which is rotationally
symmetric. In dimension n > 3, Bryant [19] constructed a steady gradient Ricci soliton which is rotationally
symmetric. See Cao [23], Feldman, Ilmanen and Knopf [47] and Lai [60] for more examples of Ricci
solitons in dimension n > 4.

In dimension 3, we know that all steady gradient Ricci solitons are nonnegatively curved (Chen [30]),
and they are asymptotic to sectors of angle « € [0, rr]. In particular, the Bryant soliton is asymptotic to a
ray (o« = 0), and the soliton R x cigar is asymptotic to a half-plane (« = 7). If the soliton has positive
curvature, it must be diffeomorphic to R3 (Petersen [67]), and asymptotic to a sector of angle in [0, 77)
(Lai [60]). If the curvature is not strictly positive, then it is a metric quotient of R x cigar (Morgan and
Tian [63]).

Hamilton conjectured that there exists a 3D steady gradient Ricci soliton that is asymptotic to a sector
with angle in (0, 7r), which is called a 3D flying wing; see Cao [23], Cao and He [26], Catino, Mastrolia
and Monticelli [27], Chow, Chu, Glickenstein, Guenther, Isenberg, Ivey, Knopf, Lu, Luo and Ni [35],
Deng and Zhu [42] and Chow, Lu and Ni [38]. The author [60] confirmed this conjecture by constructing
a family of Z, x O(2)-symmetric 3D flying wings. More recently, the author showed that the asymptotic
cone angles of these flying wings can take arbitrary values in (0, 7). It is then interesting to see whether a
3D steady gradient Ricci soliton with positive curvature must be either a flying wing or the Bryant soliton.
This is equivalent to asking whether the Bryant soliton is the unique 3D steady gradient Ricci soliton with
positive curvature that is asymptotic to a ray. Our first main theorem gives an affirmative answer to this.

Theorem 1.1 (uniqueness theorem) Let (M, g) be a 3D steady gradient Ricci soliton with positive
curvature. If (M, g) is asymptotic to a ray, then it must be isometric to the Bryant soliton up to a scaling.

We mention that there are many other uniqueness results for the 3D Bryant soliton under various additional
assumptions. First, Bryant [19] showed in his construction that the Bryant soliton is the unique rotationally
symmetric steady gradient Ricci solitons. More recently, a well-known theorem by Brendle [12] proved
that the Bryant soliton is the unique steady gradient Ricci soliton that is noncollapsed in dimension 3.
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See also Deng and Zhu [42], Cao and Chen [25], Cao, Catino, Chen, Mantegazza and Mazzieri [24],
Chen and Wang [32], Munteanu, Sung and Wang [65] and Catino, Mastrolia and Monticelli [27] for more
uniqueness theorems for the Bryant soliton and cigar soliton.

Our Theorem 1.1 is the Ricci flow analog of XJ Wang’s well-known theorem [71] in mean curvature
flow, which proves that the bowl soliton is the unique entire convex graphical translator in R3. Note that
the analog of 3D steady Ricci solitons in mean curvature flow are convex translators in R3, where the
rotationally symmetric solutions are called bowl solitons. Moreover, a 3D steady Ricci soliton asymptotic
to a ray can be compared to a convex graphical translator whose definition domain is the entire R2.

There have been many exciting symmetry theorems in geometric flows; see for instance Huisken and
Sinestrari [56], Brendle, Huisken and Sinestrari [17], Angenent, Brendle, Daskalopoulos and Sesum 2],
Bamler and Kleiner [8], Brendle [13], Zhu [73; 74], Bourni, Langford and Tinaglia [10; 11], Brendle
and Choi [14; 15], Brendle and Naff [18], Brendle, Daskalopoulos, Naff and Sesum [16] and Du and
Haslhofer [44]. If one views the rotational symmetry as the “strongest” symmetry, then the O (2)-symmetry
is naturally the “weakest”, and the most universal symmetry in all ancient Ricci flow solutions. For
example, in dimension 2, the nonflat ancient Ricci flows are the shrinking sphere, the cigar soliton, and
the sausage solution (see Daskalopoulos, Hamilton and Sesum [40] Daskalopoulos and Sesum [41]),
and they are all rotationally symmetric (ie O(2)-symmetric). In dimension 3, the author’s flying wing
examples and Fateev’s examples [46] (see also Bakas, Kong and Ni [3]) are all O(2)-symmetric but not
rotationally symmetric (ie O(3)-symmetric).

It was conjectured by Hamilton and Cao that the 3D flying wings are O(2)-symmetric. Our second main
theorem confirms this conjecture. In particular, this is the first instance of a symmetry theorem for Ricci

flows that are not rotationally symmetric.
Theorem 1.2 Let (M, g) be a 3D flying wing. Then (M, g) is O(2)-symmetric.

Here we say a complete 3D manifold is O(2)-symmetric if it admits an effective isometric O(2)-action,
and the action fixes a complete geodesic I', such that the metric is a warped product metric on M \ T’
with S!-orbits. It is easy to see the Bryant soliton and R x cigar are also O(2)-symmetric. Therefore,
combining Theorems 1.1 and 1.2, we see that all 3D steady gradient Ricci solitons are O(2)-symmetric.

Theorem 1.3 Let (M, g) be a 3D steady gradient Ricci soliton, then (M, g) is O(2)-symmetric.

In mean curvature flow, the “weakest” symmetry is the Z,-symmetry, which are usually obtained using
the standard maximum principle method. More precisely, if we compare 3D steady gradient Ricci solitons
with convex translators in R3, then the O(2)-symmetry is compared with the Z,-symmetry (reflectional
symmetry) there. The convex translators in R3 have been classified to be the tilted Grim Reapers, the
flying wings, and the bowl soliton, all of which are Z,-symmetric; see Hoffman, Ilmanen, Martin and
White [55]. However, as its analogy in Ricci flow, the O(2)-symmetry is not “discrete” at all, and no
maximum principle is available.
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We also obtain some geometric properties for the 3D flying wings. First, we show that the scalar
curvature R always attains its maximum at some point, which is also the critical point of f. The analog
of this statement in mean curvature flow is that the graph of the convex translator has a maximum point,
which relies on the well-known convexity theorem by Spruck and Xiao [70].

Theorem 1.4 Let (M, g, f) be a 3D steady gradient Ricci soliton with positive curvature. Then there
exists p € M which is a critical point of the potential function f, and the scalar curvature R achieves the
maximum at p.

We study the asymptotic geometry of 3D flying wings. First, we show that the soliton is Z,-symmetric
at infinity, in the sense that the limits of R at the two ends of I" are equal to a same positive number.
Here T is a complete geodesic fixed by the O(2)-isometry. After a rescaling we may assume this positive
number is 4, then we show that there are two asymptotic limits, one is R x cigar with R(x4p) = 4, and
the other is R? x S with the diameter of the S!-factor equal to 7. Note that in a cigar soliton where
R = 4 at the tip, the diameter of the S !-fibers in the warped-product metric converges to 7 at infinity.
See Hamilton [51], Kotschwar and Wang [57], Deruelle [43], Chow, Deng and Ma [37] and Lai [60] for
more discussions on the asymptotic geometry of Ricci solitons.

Theorem 1.5 (Z,-symmetry at infinity) Let (M, g, ) be a 3D flying wing. Then, after a rescaling,
lim R(I'(s)) = lim R(I'(s)) =4.
§—>00 §—>—00

For any sequence of points p; — oo, the pointed manifolds (M, g, p;) smoothly converge to either
R x cigar with R(xp) = 4, or R2 x S, with the diameter of the S!-factor equal to w. Moreover, if
pi € I', then the Iimit is (R x cigar, xyp), and if dg (I, p;) — oo, then the limit is RZx S1.

We also obtain a quantitative relation between the limit of R along I', the asymptotic cone angle, and R(p),
where p is the critical point of f. This is also true in the Bryant soliton, and thus is true for all 3D steady
gradient Ricci solitons with positive curvature.

Theorem 1.6 Let (M, g, f, p) be a 3D steady gradient Ricci soliton with positive curvature. Assume
(M, g) is asymptotic to a sector with angle «. Then we have

Jim R(T'(s)) = lim R(I'(s)) = R(p) sin®(1a).

It has been conjectured that there is a dichotomy of the curvature decay rate of steady gradient solitons,
that is, that the curvature decays either exactly linearly or exponentially; see Munteanu, Sung and
Wang [65], Deng and Zhu [42], Chan and Zhu [29] and Chan [28]. In dimension 3, the curvature of Bryant
soliton decays linearly in the distance to the tip, and the curvature in R X cigar decays exponentially in
distance to the line of cigar tips. In this paper, we prove that in a 3D flying wing, the curvature decays
faster than any polynomial function in r, and slower than an exponential function in r, where r is the
distance function to I'.
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Theorem 1.7 Let (M, g, f, p) be a3D flying wing. Suppose lims_oo R(I'(s)) = 4. Then for any o > 0
there exists C(eg) > 0, and for any k € N there exists Cy, > 0, such that for all x € M,

C—le—2(1+€0)dg(x,r) < R()C) < Ck dg_k(x,F).

1.2 Outline of difficulties and proofs

In Ricci flow, the “strongest” symmetry, ie the rotational symmetry, was first studied by Brendle [12; 13]
in dimension 3 with many novel ideas that successfully generalize to prove rotational symmetry in higher
dimensions; see also Brendle and Naff [18] and Brendle, Daskalopoulos, Naff and Sesum [16]. In
contrast to the rotational symmetry, one of the major difficulties in studying any weaker symmetries is the
nonuniqueness of asymptotic limits. For the O(2)-symmetry, this requires us to study the two different
asymptotic limits R x cigar and R? x S! separately and combine these estimates in a delicate way. Our
O(2)-symmetry theorem is the first instance of tackling this issue in Ricci flow. Our method may be
generalized to study the O(n—k)-symmetry for k = 1,...,n — 2, which is weaker than the rotational
symmetry, ie O(n)-symmetry. For example, for each dimension n > 4, the author [60] constructed
n-dimensional steady solitons with Rm > 0 that are noncollapsed, O(n—1)-symmetric but not O(n)-
symmetric. It is then interesting to see whether noncollapsed 4D steady solitons with Rm > 0. In mean
curvature flow, Choi, Haslhofer and Hershkovits [34; 33] recently classified all noncollapsed translators
in R#, and in particular showed that they are all O(2)-symmetric.

Therefore, we need to develop new tools and methods to prove the O(2)-symmetry. Some of our methods
are independent of the soliton structure and the dimension, such as the distance distortion estimates,
the curvature estimates, and the symmetry improvement theorem, which may have more applications
in studying ancient Ricci flows. In particular, as a consequence of the nonuniqueness issue of limits,
Brendle’s construction of the Killing field is not applicable in our setting. So we introduce a new stability
method to construct the Killing field; see more in Sections 7 and 8. Our stability method generalizes
Brendle’s method (see [12, Lemma 4.1]) in the sense that it also works on ancient flows but not only on
steady solitons. For example, our method was recently applied by Zhao and Zhu [72] to study the rigidity
of the noncollapsed Bryant soliton in any dimension n > 4.

We now outline the structure of the paper. In the following we assume (M, g, f) is a 3D steady gradient
Ricci soliton that is not the Bryant soliton. Let {¢; };cr be the diffeomorphisms generated by Vf, ¢¢ = id,
and let g(¢) = ¢*,g. Then (M, g(t)) with t € (—o0, 00) is the Ricci flow of the soliton.

In Section 2 we give most of the definitions and standard Ricci flow results that will be used in the
following proofs.

In Section 3 we study the asymptotic geometry of the soliton in this section. First, by the splitting theorem
of 3D Ricci flow we can show that for any sequence of points x; € M going to infinity as i — oo, the
rescaled manifolds (M, r~2(x;)g, x;) converge to a smooth limit which splits off a line, where r(x;) > 0
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is some noncollapsing scale at x;. We show that such an asymptotic limit is either isometric to R x cigar
or R2 x S1. Moreover, we find two integral curves 'y, [, of Vf tending to infinity at one end, such that
the asymptotic limits are isometric to R x cigar along them, and are R? x S! away from them. The two
integral curves also correspond to the two edge rays in the sector which is the blowdown limit of the
soliton.

Second, we prove the existence of the maximum point of R in Theorem 1.4. This is also the unique
critical point of f. We do this by a contradiction argument. Suppose there does not exist a maximum
of R. Then we can find an integral curve y of Vf which goes to infinity at both ends. We show that R
is nonincreasing along the curve and has a positive limit at one end. Using that the asymptotic limits
along both ends of y are isometric to R x cigar, we can compare the geometry at the two ends, and by a
convexity argument, we can show that R is actually constant along y, so that the soliton is isometric to
R x cigar. This is a contradiction to our positive curvature assumption. So we have a closed subset I",
which is the union of the critical point and two integral curves of Vf, such that I" is invariant under the
diffeomorphisms generated by V£, and the soliton converges to (R x cigar, x4p) under rescalings along
the two ends of T".

Next, we prove a quadratic curvature decay away from the edge I'. This corresponds to the case when
k = 2 in Theorem 1.7. The proof uses Perelman’s curvature estimate, which gives the upper bound
R(x,0) < C/r? on scalar curvature in a nonnegatively curved Ricci flow (M, g(t)) with t € [-rZ,0],
assuming the flow is noncollapsed at x on scale r. In our situation, we will show by methods of metric
comparison geometry that the soliton is not collapsed at x on scale dg (x, I') in a local universal covering.
So we can apply Perelman’s curvature estimates on the local universal covering and obtain the desired
quadratic decay R(x) < C/dZ(x,T).

Lastly, we prove Theorems 1.1 and 1.5. In proving the two theorems, we will work in the backwards
Ricci flow (M, g(—7)) with t > 0, and reduce the change of various geometric quantities to the distortion
of distances and lengths under the flow. More specifically, for a fixed point x € M at which (M, g(—7))
is close to R% x S on scale /(7). Let H(t) be the g(—7)-distance from x to I'. Then we can show

H'@)>C Vi Y1) and HW'(x)<C-H %(1)-h(1).

We can then show that /(t) stays bounded, and H(t) grows at least linearly as T — oco. Using this we
can show that R has two positive limits R, R, at the two ends of I, and the asymptotic cone angle is
nonzero. To show Ry = R, first we can find two points x1, x» at which the soliton (M, g) is €(t)-close
to R x S, on the scales 2R1_1/2 and 2R2_1/2. Here €(t) — 0 as t — o0o. Then we can show that
x1 and x, stay in a bounded distance to each other as we move backwards long the Ricci flow, and hence
(M, g(—1)) is €(t)-close to R? x S at x1, x5 on a uniform scale. So Ry = R, follows by controlling
the scale change at x1, x, in the flow. Theorem 1.5 is a key ingredient in proving the O(2)-symmetry
theorem.
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In Section 4 we prove Theorem 1.7 of the curvature estimates in this section. It is needed in the proof
of the O(2)-symmetry. First, we derive the exponential curvature lower bound of R, which needs an
improved Harnack inequality for nonnegatively curved Ricci flows. For a Ricci flow solution with
nonnegative curvature operator, the following conventional integrated Harnack inequality can be obtained
by integrating Hamilton’s differential Harnack inequality and using the inequality Ric(v, v) < |v|?R:

2
R(x2,12) -~ exp _ldg(n)(xl’XZ)
R(x1,t1) — 2 -t )

See for example Morgan and Tian [63, Theorem 4.40]. We observe that the inequality Ric(v,v) < [v|?R
can be improved to Ric(v,v) < %|v |2 R, using which we can prove the improved Harnack inequality

R(x2.12) _ exp (_l dg(tl)(xl,xz))'
R(x1,t1) ~ 4 n-n

Using this improved Harnack inequality and some distance distortion estimates we can prove the expo-

nential curvature lower bound. Note that this exponential lower bound C ! (€g)e”(Bre0) de(-.T) jg sharp,

because € can be arbitrarily small, and in R x cigar where R = 4 at the cigar tip, we have I' = R x {x;;p}

and R decays like e =2 dg (.1

Next, we derive the polynomial upper bound of R, which states that R decays faster than d - k(.,T) for
any k € N. We prove this by induction. First, the case of k = 2 is proved in Section 3. Now assume by
induction that R < Cy a’g_k(- ,T") for some k > 2. Since R evolves by 3, R = AR + 2|Ric|?(x, t) under
the Ricci flow, for all s < ¢ we have the reproduction formula

t
R(x,t) = /M G(x,t;y,9)R(y,s)dsy + 2/ /M G(x,t:z,7)|Ric|®(z, 1) drz d,
S

where G is the heat kernel of the heat equation d;u = Au. Using a heat kernel estimate on G and the
inductive assumption, we can show the first term goes to zero as we choose s — —oo, and the second
term is bounded by C -dg_(%k_l)(x, I'). Note that k > 2 implies 2k — 1 > k, completing the induction
process.

In Section 5 we prove a local stability theorem, which is another key ingredient of the O(2)-symmetry
theorem. It states that the degree of SO(2)-symmetry improves as we move forward in time along the Ricci
flow of the soliton. Here SO(2)-symmetric means that the manifold admits an isometric SO(2)-action

whose principal orbits are circles.

First, we prove the symmetry improvement theorem in the linear case. For a symmetric 2-tensor s on
an SO(2)-symmetric manifold, it has a decomposition as a sum of a rotationally invariant mode and
an oscillatory mode. We show that if / satisfies the linearized Ricci De Turck flow d;4 = Aph on the
cylindrical plane R? x S, then the oscillatory mode of / decays exponentially in time. By a limiting
argument, we generalize this theorem to the nonlinear case for the Ricci De Turck flow perturbation,
whose background is an SO(2)-symmetric Ricci flow that is sufficiently close to R? x S!.
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Moreover, the symmetry improvement theorem also describes the decay of || in the case that it is bounded
by an exponential function instead of a constant. More precisely, for xo € M, if |h|(-,0) < % %s(X0-")
for any « € [0,2.02], then |h|(xo, T) < e %0 T . ¢22 T holds for some 8o > 0. Applying the theorem to a

3D flying wing in which R limits to 4 along the edges, the increasing factor 2T

will be compensated
for by the cigar tip contracting along the edges under the Ricci flow. It is crucial that ¢ can be slightly
greater than 2, using which we can construct an SO(2)-symmetric approximating metric in Section 6, so

—(@+8)ds(.T) for some small but positive §. So the error decays faster than

that the error decays like e
that of R by the exponential lower bound in Theorem 1.7. We will use this fact to construct a Killing

field in Sections 7 and 8.

In Section 6 we construct an approximating SO(2)-symmetric metric g satisfying suitable error estimates.
First, we construct an SO(2)-symmetric metric g, away from I" which satisfies

(I-1) 1g1 —glci00 < e~ (@te0)dg(-.T)

for some €9 > 0. To show this, we impose the following inductive assumption.

Inductive assumption one There are a constant § € (0,0.01) and an increasing arithmetic sequence
ay >0, with § < o471 — o < 0.01, such that if o, < 2.02, then there is an SO(2)-symmetric metric g,
such that

(1-2) 180 — glcr00 < e ¥nde (1)

If this is true for all n € N, then gn will satisfy (1-1) for a large enough N € N.

Now assume inductive assumption one holds for n. To show it also holds for n + 1, we want to apply
the symmetry improvement theorem to the Ricci flow of the soliton. After applying the symmetry
improvement theorem i times, the error to a symmetric metric will decay by C ~/ for some C > 0. So for
points at larger distance to I', we need to apply the symmetry improvement theorem more times to achieve

—8dy

the error estimate e (-1) | Therefore, we need a second induction to apply the symmetry improvement

—8d,

theorem infinitely many times, so that eventually the error estimate e (I) holds everywhere.

Inductive assumption two There is a sequence of SO(2)-symmetric metrics {g, x }rw such that 8nk
satisfies (1-2), and for some C > 0 we have

(1-3) |8nk — &lcioo <e @D el on Typ fori =0,... k,

where I's;p ={x € M : dg(x,T") > iD}. If inductive assumption two is true for all k € N, we take g, 41
to be a subsequential limit of g, x as k — oo, then g, satisfies (1-2) for n + 1.

Inductive Assumption Two clearly holds for k = 0 by taking g,.0 = &, and using Inductive Assumption
One for n. Now assume it holds for k£ > 0, we verify it for k 4 1 by applying the symmetry improvement
theorem. More precisely, we consider the harmonic map heat flow from (M, g(¢)) to the Ricci flow
8n k(¢) starting from g, x on [0, T']. Then the error between g(¢) and g, (¢) is then described by the
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Ricci De Turck flow perturbation. Let g, 141 be the final-time metric g, x(7") modulo the rotationally
invariant part of the error and a diffeomorphism. Since oscillatory part of the error decays exponentially
in time by the symmetry improvement theorem, we can show that g, x4 satisfies (1-3). This completes
the two inductions and hence we obtain an SO(2)-symmetric metric g satisfying (1-1).

Lastly, we modify the metric g; to obtain the desired approximating SO(2)-symmetric metric g, which
satisfies both (1-1) and

(1-4) g —glcio0(x) =0 as x — oo.

Note that g already satisfies (1-4) as we move away from I, we just need to extend this estimate near I.
Since the soliton converges along the two ends of I' to R x cigar which is SO(2)-symmetric, we can
obtain g by gluing up g; with R x cigar in suitable neighborhoods of the two ends of I".

The goal of Sections 7 and 8 is to construct a nontrivial Killing field of the soliton. We do this by a
global stability argument using a heat kernel method, which is consistent with our curvature estimates
and estimates of approximating metrics.

In this section, we study the solution to the following initial value problem of the linearized Ricci De Turck
flow equation,

9th(t) = AL g0yh(1).

1-5
(- h(0) = Fx g,

where X is the Killing field of the approximating SO(2)-symmetric metric obtained in Section 6. By
the conditions (1-1) and (1-4), and the exponential lower bound from Theorem 1.7, we can deduce that
|%Lxg/R|(x) = 0 as x - co. We show that |h(¢)| — 0 as t — oo.

To prove this, we first observe by Anderson—Chow curvature pinching [1] that || satisfies the inequality

(1-6 01 = [ Gty O HI(y.0)doy.
where G(x,t; y, s) is the heat kernel to the heat-type equation

2|Ric|?(x, ¢
(1-7) dou = Au + R0

R(x,t)

Our key estimate is to show a vanishing theorem of the heat kernel G(x, ¢; y, s) for any fixed pair (y, s)
at t = oo. Using this vanishing theorem we can show that the integral in (1-6) in any compact subset is
arbitrarily small when ¢ — oo. For the integral outside the compact subset, by the initial condition it is an
arbitrary small multiple of R integrated against the heat kernel G, which is bounded by the maximum
of R, seeing that R is also a solution to (1-7).

In Section 8 we construct a Killing field of the soliton metric. Let X be the Killing field of the approxi-
mating SO(2)-symmetric metric obtained in Section 6. Let (M, g(¢)) be the Ricci flow of the soliton.
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Let Q(t) = 0P+ (X) — Ag(1)Prx (X) —Ricg (1) (¢r+(X)) and Y (¢) be a time-dependent vector field which
solves

0 Y (1) — AY(¢) —Ric(Y (1)) = Q(1),
{nm:a

Moreover, let X(¢) := ¢¢+(X) —Y. Then X(¢) solves the initial value problem
d:X(t) — AX(t) —Ric(X(?)) =0,
X0)=X,
and the symmetric 2-tensor field £y )g () satisfies the equation (1-5). Therefore, by the result from

Section 7, we see that £y ;) g(¢) tends to zero as 1 — 00. So the limit of X(¢) as  — oo is a Killing field
of (M, g).

To show that the Killing field is nonzero, we first show that Q(¢) satisfies a polynomial decay away
from I' as a consequence of (1-1) and the polynomial curvature upper bound from Theorem 1.7. Then by
some heat kernel estimates on |Y(¢)| we show that it also satisfies the polynomial decay away from I,
which guarantees the nonvanishing of the limit of X(¢) as t — oo.

In Section 9 we prove Theorem 1.2 of the O(2)-symmetry. First, let X be the Killing field obtained
in Section 8, and yg for 6 € R be the isometries generated by X. We show that the yg commute with
the diffeomorphisms ¢; generated by Vf. Then we show that yg is an SO(2)-isometry. This uses the
existence of a maximum point of R, which must be fixed by the isometries yg. Since the maximum point
of R is also a critical point of f, it follows that f is invariant under the isometries. Using this we can
show that yg is an SO(2)-isometry and fixes the edge .

Lastly, in order to show that the soliton is also O(2)-symmetric, it remains to show that the curvature form
of the SO(2)-isometry vanishes everywhere. By using the soliton equation and the curvature formula
under the SO(2)-isometry, we can reduce this to the vanishing of a scaling invariant quantity at a point
on I'. By a limiting argument and the scaling invariance, this can be further reduced to the Euclidean
space R3, where the SO(2)-isometry is the rotation around the z-axis, and hence the vanishing assertion
clearly holds.
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2 Preliminaries

In the following we present most of the definitions and concepts that are needed in the statement and
proofs of the main results of this paper.
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2.1 Steady gradient Ricci solitons

Definition 2.1 (steady Ricci soliton) We say a smooth complete Riemannian manifold (M, g) is a
steady Ricci soliton if it satisfies

(2-1) Ric = 1%x g

for some smooth vector field X. If, moreover, the vector field is the gradient of some smooth function f,
then we say it is a steady gradient Ricci soliton, and f is the potential function. In this case, the soliton
satisfies the equation

Ric = V27,
By a direct computation using (2-1), the family of metrics g(¢) = ¢/ (g), with ¢ € (—o0, 00), satisfies the
Ricci flow equation, where {¢; };¢(—o0,00) 1S the one-parameter group of diffeomorphisms generated by
—Vf with ¢¢ the identity. We say g(¢) is the Ricci flow of the soliton.

Throughout the paper, we use the triple (M, g, f) to denote a steady gradient soliton (M, g) and a
potential function f, and use the quadruple (M, g, f, p) to denote the soliton when p € M is a critical
point of f.

For 3D steady gradient Ricci solitons, by the maximum principle they must have nonnegative sectional
curvature [30]. Moreover, by the strong maximum principle, see eg [63, Lemma 4.13, Corollary 4.19], we
see that a 3D steady gradient Ricci soliton must be isometric to quotients of R X cigar if the curvature is
not strictly positive everywhere. Therefore, throughout the paper we will assume our soliton has positive
curvature. So by the soul theorem, the manifold is diffeomorphic to R3; see eg [67].

There are several important identities for the steady gradient Ricci solitons due to Hamilton; see eg [38].
In particular, we will use frequently

(2-2) (VR,Vf)=—=2Ric(V£,Vf) and R+ |Vf|* = const.

By the second equation, a critical point of f must be the maximum point of R. For a 3D steady gradient
Ricci soliton, since the Ricci curvature is positive, the first equation implies that a maximum point of
R is also a critical point of f. We will show in Section 3 that the critical point exists in all 3D steady
gradient Ricci solitons.

Hamilton’s cigar soliton [49] is the first example of Ricci solitons. It is rotationally symmetric and has
positive curvature. The cigar soliton is an important notion in this paper. In the following we review the
definition of the cigar soliton and some properties we will use, including a precise description of the
curvature decay and the tip contracting rate.

Definition 2.2 (cigar soliton; cf [49]) Hamilton’s cigar soliton is a complete Riemannian surface

R2, g, ), where
( gC f) B dx2+dy2

= m and f = IOg(l +X2 + y2)

8c
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As a solution of Ricci flow, its time-dependent version is

. dx? + dy?
gC(t) L e4t +x2 + y2‘
Let s denote the distance to the cigar tip (0, 0). Then we may rewrite g, as
(2-3) gc = ds? + tanh? s d6?,
and the scalar curvature of g. is
2-4 Ry =4sech?s = !
( - ) y = 48€C s = m

In particular, R(xp) =4 and K (xp) = 2. For a fixed 0p € [0, 27), the curve y(s) := (6o, 5) is a unit-speed
ray starting from the tip, and we can also compute that
r r
(2-5) / Rics (y/(s),y'(s)) ds = / 2sech?sds = 2tanhs|y = 2(1 — %),
0 0 e + 1
which converges to 2 as r — co. Note that this integral is the speed of a point at distance r drifts away
from the tip in the backward Ricci flow g (¢).

Throughout the paper, by abuse of notation, we will use g. to denote both the metric on the cigar, and
also the product metric on R X cigar such that R(xp) = 4; and use gan to denote the product metrics on
R x ST and R% x S! such that the length of the S !-fiber is equal to 2.

With this convention, it is easy to see from (2-3) that for any sequence of points x; — oo, the pointed

manifolds (cigar, ge, x;) smoothly converge to (R x S, ggan) in the Cheeger—Gromov sense.

Next, we introduce the concept of collapsing and noncollapsing.

Definition 2.3 (collapsing and noncollapsing) Let (M", g) be an n-dimensional complete Riemannian
manifold. We say that it is noncollapsed (resp. collapsed) if there exists (resp. does not exist) a constant
« > 0 such that the following holds: For all x € M, if [Rm|(x) < r~2 on Bg(x, r) for some r > 0, then

volg (Bg(x,r)) > kr".

It is easy to see that an n-dimensional Riemannian manifold is collapsed if there is an asymptotic limit
isometric to R”~2 x cigar.

Lemma 2.4 Let (M", g) be an n-dimensional complete Riemannian manifold. Suppose there exists a
sequence of points x; € M and constants r; > 0 such that the pointed manifolds (M, rl._2 g, x;) smoothly
converge to R"~2 x cigar. Then (M, g) is collapsed.

Proof By assumption we may choose a sequence of points y; € M such that (M, r;” 2g, y;) converge to
R”~1x§1. So there is a sequence of constants A; — oo such that [Rm|,—2¢ < A% on Br—2¢(yi, A;), and

) VOlrfzg Br._zg(yi’ Al')
lim t - =0
i—00 Al’.’
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After rescaling, this implies |[Rm|g < (4;7;)™2 on Bg(y;, A;ir;) and
lim volg Bg(yi, Airi)

=0.
i—00 (Airi)"
So (M, g) is collapsed. |

In Section 3 we will see that the converse of Lemma 2.4 is also true for all 3D steady gradient Ricci
solitons, ie any collapsed solitons have an asymptotic limit isometric to R x cigar. Note all 3D steady
gradient Ricci solitons except the Bryant soliton are collapsed [12].

2.2 Local geometry models

We will show in Section 3 that both R x cigar and R% x S! are asymptotic limits in any 3D steady gradient
Ricci solitons that are not Bryant solitons. In this subsection we define e-necks, e-cylindrical planes and
e-tip points, which are local geometry models corresponding to these asymptotic limits. Moreover, to
obtain the asymptotic limits, we need to rescale the soliton by factors that are comparable to volume scale
at the points.

Definition 2.5 (volume scale) Let (M, g) be a 3D Riemannian manifold. Define the volume scale r ()
to be

r(x) =sup{s > 0:volg (Bg(x,s)) > wos>},
where wg > 0 is chosen such that 7(x) = 1 for all x € R? x S!. It is clear that wy is less than the volume
of the radius one ball in the Euclidean space R3.

We measure the closeness of two pointed Riemannian manifolds by using the following notion of
e-isometry.

Definition 2.6 (e-isometry between manifolds) Let € >0 and m € N. Let (M", g;) fori = 1,2 be
n-dimensional Riemannian manifolds, and let x; € M;. We say a smooth map ¢: Bg, (x1,€™ 1) — M,
with ¢(x1) = x; is an e-isometry in the C"-norm if it is a diffeomorphism onto the image, and

(2-6) |Vk(qb*g2 —g1)]<e on Bgl(xl,e_l) for k=0,1,...,m,
where the covariant derivatives and norms are taken with respect to g;. We also say (M>, g2, X2) is

e-close to (M1, g1, x1) in the C™-norm. In particular, if m = [e¢~!], then we simply say (Ma, g2, x2) is
e-close to (M1, g1, x1) and ¢ is an e-isometry.

Definition 2.7 (e-isometry between Ricci flows) Let € > 0. Let (M]", g;(¢)) with ¢ € [—e~1, e 1] for
i = 1,2 be an n-dimensional Ricci flow, and let x; € M;. We say a smooth map ¢: By, (9)(x1, e =M,
such that ¢(x;) = x» is an e-isometry between the two Ricci flows if it is a diffeomorphism onto the
image, and for k =0, 1, ..., [e~1],

IVE@*g2(t) —g1(0)| <€ on By )(x1,€ ) x[—e " €],
where the covariant derivatives and norms are taken with respect to g1(0). We also say (M», g2(¢), x») is
e-close to (M1, g1(¢), x1).
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In the following, we will choose the target manifolds to be the cylinder and cylindrical plane, and call the
regions that are close to them the e-neck and e-cylindrical plane.

Definition 2.8 (e-neck) We say a 2D Riemannian manifold (N, g) is an €-neck at xo € M for some
€ > 0 if there exists a constant 7 > 0 such that (N, r~2g, xo) is e-close to the cylinder (R x S!, (0, 0)).

We say Bg (xo, re~ 1) is the e-neck, r is the scale, xq is the center, and the preimage of {0} x S under
the e-isometry is the central circle. On R x S, let the function x: R x S — R be the projection onto
the R-factor, and let dx be the vector field. Then by abuse of notation, we will denote the corresponding
function and vector field on N modulo the €-isometry by x and 0.

Definition 2.9 (e-cap) Let (M, g) be a complete 2D Riemannian manifold. We say a compact subset
% C M is an e-cap if € is diffeomorphic to a 2-ball and the boundary 0% is the central circle of an
e-neck N in (M, g). We say that the points in 6 \ N are centers of the e-cap.

Definition 2.10 (e-cylindrical plane) Let € > 0. We say a 3D Riemannian manifold (M, g) is an
e-cylindrical plane at xo € M if there exists a constant r > 0 such that (M, r—2g, x¢) is e-close to the
cylindrical plane R? x S!. By abuse of notation, we also refer to the image subset of the e-isometry as an
e-cylindrical plane of g.

We say r is the scale of the e-cylindrical plane, and x¢ is the center of the e-cylindrical plane. Let
x,y:R2xS! - R and 6: R? x S! — S! be the projection to the three product factors. By abuse of
notation, we use dy, dy, dy to denote the corresponding vector fields on M modulo the e-isometry. In
particular, we call d¢y the SO(2)-Killing field of the e-cylindrical plane.

At the center of an e-cylindrical plane, we introduce another scale in the following definition, which is
comparable to the volume scale. Since this scale is measured by the length of curves, it is more useful than
the volume scale in the Ricci flow of the soliton when combined with suitable distance distortion estimates.

Definition 2.11 (scale at an e-cylindrical plane) Let (M, g) be a 3D Riemannian manifold. Suppose
Xx € M is the center of an e-cylindrical plane. We denote by 4 (x) the infimum length of all closed smooth
curves at x that are homotopic to the S!-factor of the e-cylindrical plane in B(x, 10007 (x)), where
r(x) > 0 is the volume scale at x. It is clear that #(x) is achieved by a geodesic loop at x.

Moreover, by the definition of volume scale we have 7(x) = 1 and & (x) = 27 for all x e RZ x §'. So
when € is sufficiently small, we have

1.97r(x) < h(x) <2.17r(x).
Next we describe points on 2D manifolds that are close to the tip of the cigar.

Definition 2.12 (e-tip point) Lete > 0. Let (M, g) be a 2D Riemannian manifold, x € M. If there is an e-
isometry from (M, r~2(x)g, x) to (cigar, r ~2(xo)gec, Xo), for some xo € cigar such that dg.(x0, Xip) <€,
then we say x is an e-tip point.
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Similarly, if (M, g) is a 3D Riemannian manifold, x € M. Suppose there is an e-isometry from
(M, r72(x)g, x) to (R x cigar, r2(x0)gc, Xo) for some xo € R x cigar such that dg, (X0, Xip) < €,
where xyjp is the tip of the cigar with the same R-coordinate as xo. Then we say that x is an e-tip point.

2.3 Distance distortion estimates and curvature estimates

In this subsection, we review some standard distance distortion estimates and curvature estimates, which
are originally due to Hamilton [51] and Perelman [66]. A key observation in obtaining these estimates is
the following. Let (M, g(¢)) with ¢ € [0, T'] be a Ricci flow. Assume y: [0, 1] = M is a smooth curve.
For any ¢ € [0, T'], write L(¢) for the length of y with respect to g(¢). Then

, ! Ricg (o (y'(5). 1(5))
—_ ds.
Lo /0 O

27

In particular, the following lemma gives an upper bound on the speed of distance shrinking between
two points, using only local curvature bounds near the two points. The proof uses the second variation
formula; see eg [36, Theorem 18.7].

Lemma 2.13 Let (M, g(t));<[0,1] be a Ricci flow of dimension n. Let K, ro > 0.

(1) Let xo € M and tg € (0,T). Suppose that Ric < (n — 1)K on By,(x¢,ro). Then the distance
function d(x,t) = d;(x, x¢) satisfies, in the outside of By,(xo, o), the inequality

(0 = Mi=od = —(n—=1)(53Kro +r5").
(2) Letty€0,T) and xg, x1 € M. Suppose
Ric(x,t0) <(n—1)K
for all x € By,(xo,r0) U Byy(x1,70). Then
0t r=t0dt (x0,x1) = —2(n — 1)(Kro + ro_l).
The next lemmas control how fast a metric ball shrinks and expands along Ricci flow, using the nearby
curvature assumptions. They can be proved by using the Ricci flow equation; see eg [69, Lemmas 2.1
and 2.2].
Lemma 2.14 Let (M, g(t)):c[0,1] be a Ricci flow of dimension n, and let xo € M. Let K, A > 0.
(1) Suppose Ricg () > —K on B;(x9, A) € M forallt € [0, T]. Then forall t € [0, T],
Bo(xo, Ae KTy c B;(xo. A e_K(T_t)).
(2) Suppose Ricg () < K on Bt(xo, R) € M forallt € [0, T]. Then forallt € [0, T],
B:(xo, Ae™ X1y © By(xo, A).
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The following curvature estimate is also due to Perelman [66, Corollary 11.6]. It provides a curvature
upper bound at points in a Ricci flow, if the local volume has a positive lower bound. For a more general
version of this estimate, see [5, Proposition 3.2].

Lemma 2.15 (Perelman’s curvature estimate) Forany k > 0 andn € N, there exists C > 0 such that the
following holds. Let (M", g) x [T, 0] be an n-dimensional Ricci flow (not necessarily complete). Let
x € M be apoint with Bg (x, r)x[—r?,0] € M x[—T, 0] for some r > 0. Assume also vol(Bg(x,r))>kr".
Then R(x,0) < C/r?.

2.4 Metric comparisons

We need the following notions and facts from metric comparison geometry; see [21]. Let (M, g) be a
complete n-dimensional Riemannian manifold with nonnegative sectional curvature.

Lemma 2.16 (monotonicity of angles) For any triple of points o, p,q € M, the comparison angle £ poq
is the corresponding angle formed by minimizing geodesics with lengths equal to dg (0, p), dg (0, q) and
dg(p,q) in Euclidean space.

Let op and oq be two minimizing geodesics in M between o, p and o, q, and let £poq be the angle
between them at 0. Then £ poq > £ poq. Moreover, for any p’ €op and g’ € oq, we have X p’oq’ > £ poq.

In a nonnegatively curved complete noncompact Riemannian manifold, we can equip a length metric on
the space of geodesic rays. Moreover, a blowdown sequence of this manifold converges to the metric
cone over the space of rays in the Gromov—Hausdorff sense; see eg [63, Proposition 5.31].

Let y; and y» be two rays with unit speed starting from a point p € M. The limit lim, _, o, Z)q (r)py2(r)
exists by the monotonicity of angles, and we say it is the angle at infinity between y; and y», and denote
itas £(y1,72).

Lemma 2.17 (space of rays) Let p € M and Soo(M, p) be the space of equivalent classes of rays
starting from p, where two rays are equivalent if and only if the angle at infinity between them is zero,
and the distance between two rays is the limit of the angle at infinity between them. Then Soo (M, p) is a
compact length space.

Lemma 2.18 (asymptotic cone) Let p € M and I (M, p) be the metric cone over Soo(M, p). Then for
any A; — oo, the sequence of pointed manifolds (M, )tl._l g, p) converges to I (M, p), with p converging
to the cone point in the pointed Gromov—Hausdorff sense. Moreover, for p,q € M, we have that T (M, p)
is isometric to T (M, q). We say (M, g) is asymptotic to 5 (M, p), and T (M, p) is the asymptotic cone
of M.

It is clear that the asymptotic cone I (M, p) is in fact independent of the choice of p. It is easy to see that
the asymptotic cones of the Bryant soliton and R X cigar are a ray and a half-plane. In [60], the author
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constructed a family of 3D steady gradient Ricci solitons that are asymptotic to metric cones over an
interval [0, a], where a € (0, 7). We will show in Section 3 that this is true for all 3D steady gradient
Ricci soliton with positive curvature that is not a Bryant soliton.

In the rest of this subsection we introduce a very useful technical notion called strainer [21]. It is similar
to the notion of an orthogonal frame in the Euclidean space R”, that provides a local coordinate system
in the metric space.

Definition 2.19 ((m, §)-strainer) Let§ > 0and 1 <m € N. A 2m-tuple (a1, b1, ..., am, by) of points
in a metric space (X, d) is called an (m, §)-strainer around a point x € X if

Zaixbj > %n—(g forall i,j=1,...,m withi # j,

Zaixaj>%7r—8 forall i,j=1,...,m withi # j,

Zbixbj>%7r—8 forall i,j =1,...,m withi # j,

Lajxb; > —§ forall i =1,...,m.
The strainer is said to have size r if d(x,a;) =d(x,b;) =r foralli =1,...,m. It is said to have size
atleast r if d(x,a;) >r and d(x,b;) >r foralli =1,...,m.

We also introduce the notion of (m+%, 8)-strainers. Similarly, this notion provides a local coordinate
system in the metric space that looks like a half-plane R” = R” x R.

Definition 2.20 ((m—l—%, 8)—strainer) Let§ >0and 1 <m € N. We call a 2m+1)-tuple of points
(a1,b1,...,am,bm,am+1) in a metric space (X,d) an (m—i—%,S)—strainer around a point x € X if
Zaixbj >%7r—8 foralli=1,...,m+1land j =1,...,m with i # j,
Laixaj > Aw—8 foralli,j=1,....m+1withi # j,
£bixb; > Ix—§ foralli,j=1,....mwithi # j,

Zajxb; >m—8§ foralli =1,...,m.
The strainer is said to have size r if d(x,a;) =d(x,bj) =r foralli=1,....m+1land j =1,... . m. It
is said to have size at least r if d(x,a;) > r foralli =1,... , m+1landd(x,bj) >rforall j =1,...,m.

2.5 Heat kernel estimates

We prove a few lemmas using the standard heat kernel estimates of the heat equations under the Ricci
flows. Let G(x,t;y,s), where x,y € M and s < ¢, be the heat kernel of the heat equation d;u = Au
under g(t), that is,

(2-8) 0:G(x.t:y,5) = Ax 1 G(x,t:y,5), th\nl G(-,t;y,s) = dy.

It is easy to see that G(x,¢; y, s) is also the heat kernel of the conjugate heat equation, that is,
—0sG(x,t;9,8) = Ay sG(x,1;y,5) = R(y,5) G(x,1;y,5), Sh}r} G(x,t;-,5) = 0x.

We have the following Gaussian upper bound for G.
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Lemma 2.21 (upper bound of the heat kernel for an evolving metric, cf [36, Theorem 26.25]) Let
(M", g(t)) be a complete Ricci flow on [0, T'| with |Rm| < K. There exists a constant C1 < oo depending
only onn, T and K such that the conjugate heat kernel satisfies

C1 exp(_ dsz(x,y))
Voll/z(Bs (x, ,/%(t —s))) -V011/2(Bs(y, %(t —s))) Ci(t—s)

foranyx,ye M and 0 <s <t <T.

(2-9) G(x,t;y,8) <

Using this we can prove the following lemma, which gives a time- and distance-dependent upper bound
on nonnegative subsolutions to the heat equation, depending on initial upper bounds.
Lemma 2.22 Forany K, T,« > 0, there is a constant C(K, T, «) > 0 such that the following holds:
Let (M, g(t), yo) be a complete Ricci flow on [0, T'|. Assume that

(1) |Rm|(x,t) <K forall x € M and t € [0, T], and

(2) u: M x[0,T]— [0, 00) is a smooth function with d;u < Au and

u(x,0) <e® do(x,y0)

Then for all D > 0, u(x,1) < Ce@tDD forany (x,t) € Bo(yo, D) x [0, T].

Proof First, by the curvature assumption |Rm| < K, it follows immediately from the Ricci flow equation
that the metrics at different times are comparable to each other, ie

e~ Kg(s) < g(r) <e®g(s).

From now on we will use C to denote all constants that depend only on 7', K and o, whose values may
vary.

By the reproduction formula we have

(2-10) u(x.1) 5/ G(x,15y,0)-u(y,0) doy.
M
Now let D > 0 and assume x € Bg(xg, D), and split the integral into two parts
ur= [ GGy 0G0 doy [ GGr.0)u(3.0)doy.
Bo(x,1) M\Bo(x,1)

For the first part, note that for any y € Bg(x, 1), we have
do(y,x0) < do(y.x)+do(x,x0) <1+ D.

So by the assumption on u we have u(y, 0) < ¢®*(1+P) and hence

(2-11) / G(x,t;,0)-u(y,0)doy < e"‘(”D)/ G(x,t;y,0)doy < e*11D),
Bo(x,1) Bo(x,1)
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To estimate the second part in (2-10), we first claim that for any y € M \ By(x, 1),

d&(x,w)_

2-12 G(x,t;y,00<C- -
@12 (ru153.0) = Crexp( =2

To this end, we note that if + > 1, the volumes of the two balls Bg(x, \/t/_2) and By(y, \/t/_2 are
bounded below by C 1. So the claim follows immediately from (2-9). If < 1, then by the assumption
on the injectivity radius and the curvature, we see that the volumes of the two balls By (x, \/t/_Z) and
Bo(y, \/Z/_Z) are bounded below by C ~1(z/2)"/2. Note also that for large enough C we have

_ 1 d?(x,y)
1 n/2<C. — ) <(C. 077
@) = Cren(ger ) = Crew{ e )

where we used dg(x, y) > 1, and C; > 0 is the constant from (2-9). So by Lemma 2.21 this implies

- dg(x,y) dg(x,y)
G(x.t:v.0) < C(Lr)™/? _G0 ) e 20 )
. £7.0) = (2) exp Cit - xp 2C1t

which proves the claim.
Note for any y € M \ Bg(x, 1), we have

u(y,0) < %40 (x0,y) < e (do(x0,x)+do(x,y)) < @D . pado(x,y)

Combining this with (2-12), we see that the second part in (2-10) satisfies

dg(x.,y)
Ct

dg(x,
M Ct

<Ce®?,

(2-13) / G(x,t;y,0)-u(y,0)doy < Ce*P / exp(— ) . e2do(x.y) doy
M\ Bo(x,1) M

where in the last inequality we used the curvature bound |Rm| < K and ¢t < T, which allows us to apply
a volume comparison to estimate the last integral term; see also [58, Lemma 2.8]. Combining the two
inequalities (2-11) and (2-13) we get |u|(x,1) < Ce@TDP which proves the lemma. a

3 Asymptotic geometry at infinity

In this section, we study the asymptotic geometry of a 3D steady gradient soliton that is not a Bryant
soliton. We show that it dimension reduces to the cigar soliton along two integral curves of V. Moreover,
we show that the asymptotic cone of the soliton is isometric to a metric cone over an interval [0, @], where
a € (0, ). We also prove a few other geometric properties of the soliton, one of which is that the scalar
curvature attains its maximum at some point.
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3.1 Classification of asymptotic limits

The main result in this subsection is Lemma 3.3, which states that there are two asymptotic limits in the
soliton, which are R% x S and R x cigar. In taking limits, we will often need to rescale the metrics by
the volume scale r(x;) at the basepoint x;, to guarantee the limit is smooth and also not trivial. Recall by
Definition 2.5, volume scale is the maximum radius such that the volume ratio is not less than wg > 0,
and volume scale is 1 everywhere on R? x S'!.

We will use the following lemma to show that R x 72 cannot be an asymptotic limit.

Lemma 3.1 Let (M, g) be a 3D complete Riemannian manifold with positive curvature, and suppose
RxT?=RxS!xS! isequipped with some product metric go (in which the lengths of the two S -fibers
are not necessarily equal), and let xo € R x T2, Then there exists an g > 0 such that for any y € M, the
pointed manifold (M, r=2(y)g, y) is not €g-close to (R x T2, r~2(x0)go. Xo)-

Proof Suppose €p does not exist. Then there exists a sequence of points y; € M such that the
sequence (M, r~2(yx)g, vx) smoothly converges to (R x T2, r~2(x0)go, Xo). It is clear that y; — oo,
because otherwise the manifold is isometric to R x 72, a contradiction to the positive curvature. So
there exists a sequence €, — 0, an open neighborhood U of y; and a diffeomorphism ¢y such that
Ok [—6,:1 , e,:l] x T2 — U C M, which maps x¢ € {0} x T2 to yi, and is such that ¢y, is an € -isometry.
We say T2 := ¢y ({0} x T?) is the central torus, which is homeomorphic to 72.

In the rest of the proof we show that a connected component of the level set of the function d),(-) :=
dg(yo,-) at yi is homeomorphic to a 2-torus. Suppose this claim is true. Then for k sufficiently large,
dg (o, yx) is sufficiently large, which contradicts the fact that a level set of a distance function to a fixed
point in a positively curved 3D Riemannian manifold must be homeomorphic to a 2-sphere at all large
distances; see eg [63, Corollary 2.11]. Then this will prove the lemma.

To show the claim, without loss of generality we may assume after a rescaling that r(y;) = 1. Let
s:R x T? — R be the coordinate function in the R-direction of R x 72, and let X = ¢ (3x) be a vector
field on U, C M. For any small € > 0, it is easy to see that for all large k, the angle formed by any
minimizing geodesic from yg to a point p € Uy and X(p) is less than €. Let y,,, with u € (=100, 100),
be the flow generated by X on ¢ ((—100, 100) x T2?) C M. Then the distance function dy,( -) increases
along x, at a rate bounded below by 1 — Coe, where Co > 0 is a universal constant. In particular, an
integral curve of X intersects a level set of dy, () in a single point.

Therefore, there is a continuous function 5 Tk2 — R such that for any x € T2, we have dyo (X3(x) (X)) =
dyo(yk). Let F: Tk2 — di)l (dyy(yk)) be defined by F(x) = x3(x)(x), then F is continuous. We show
that F is an injection: suppose F'(x1) = F(x2) = y. Then x; = y_5(x,)(y) fori =1, 2. Since x1, x3 € T2,
it follows that (d);l)*s(xl) = (d),:l)*s(xz) =0and

0=(d; )*s(x1) — (¢ ) s (x2) = 5(x2) —5(x1).
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So §(x2) =5(x1), and hence x; = x». Since Tk2 is compact, F is a homeomorphism from the 2-torus
onto the image which is a connected component of dy_ol (dyo(¥x))- This proves the claim. O

The following lemma will be used to show that all asymptotic limits split off a line.

Lemma 3.2 Let (M, g) be a complete Riemannian manifold with nonnegative sectional curvature and let
Wklz—y C M be a sequence of points with dg (yo, yi) — 0o. Then after passing to a subsequence of
ki there exists aray o': [0,00) — M with 6(0) = yo and a sequence of numbers s — oo such
that for zj = o (sg), we have dg (zx, yx) = dg (Yo, yx) and

Ayovieze — 7w  as k — oo.
Proof A standard metric comparison argument. See for example [4, Lemma 5.1.5]. a
Now we prove the main result in this subsection.

Lemma 3.3 Let (M, g) be a3D steady gradient soliton with positive curvature that is not a Bryant soliton.
Let p € M be a fixed point. Then for any € > 0, there is D(€) > 0 such that for all x € M \ Bg(p, D),
the pointed manifold (M, r=2(x)g, x) is e-close to exactly one of the following:

(1) (R xcigar, r~2(X)ge, X), or

(2) (Rz X Sl’ &stan )?)

We call these two limits the asymptotic limits of the soliton.

Proof First, we show that for all x € M \ B, (p, D), there exists D > 0 such that (M, r=2(x)g, x) is
e-close to some product space with an R-factor. This suffices to show that for any sequence of points
{k}z—> the rescaled Ricci flows (M, r2(yi)g(r?>(yi)t), (k. 0)) converge to an ancient Ricci flow
that split off a line.

First, we claim 7 (yx)/dg(yo, yx) — 0 as k — oo. If this is not true, then (M, g) has Euclidean volume
growth, and hence is flat by Perelman’s curvature estimate (Lemma 2.15); a contradiction. So by passing
to a subsequence we may assume (M, r~2(yx)g(r?>(yi)t), (k. 0)) converges to an ancient 3D Ricci
flow; see [60, Lemma 3.3].

So by Lemma 3.2 and the strong maximum principle [63, Lemma 4.13, Corollary 4.19], the limit flow
splits off an R-factor. Therefore, by the classification of ancient 2D Ricci flows [39; 41], the limit flow
must be isometric to one of the following Ricci flows up to a rescaling:

(1) R xcigar,

2) R%ZxS!,

3) RxT?,

4) RxS2?,

(5) R x sausage solution.
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First, item (3) is impossible by Lemma 3.1. Second, we can argue in the same way as [60, Theorem 3.7]
to exclude item (5): In [60, Theorem 3.7], we argued under the O(2)-symmetry assumption, and used the
curve I'(s) fixed by the O(2)-isometry to define a function F(s) which characterizes the diameter of the
nonflat factor in the asymptotic limits at I'(s). We showed limgs_, oo F(s) = co. In our current setting,
we can find a curve f(s): [0, 00) — M going to infinity, such that for all s >0, (M, R(f (s))g, f‘(s)) is
e-close to either R x S2, or R x cigar or a time-slice of R x sausage solution at the tip. Then we can
define the diameter function F(s) by replacing I'(s) by ['(s), and show limg— 0 F(s) = 0o in the same
way. This implies that R x sausage solution cannot appear in the blowup limit.

Finally, we exclude item (4) as follows: Suppose R x SZ is an asymptotic limit. We claim that all
asymptotic limits are R x S2. If so, then it is clear that the soliton is noncollapsed, and thus has to be
the Bryant soliton by Brendle’s result [12], so we get a contradiction. To show the claim, suppose by
contradiction that there is another limit of type (1) or (2). First, for any € > 0, after scaling down by
sufficiently large C > 0, the metric spaces of R x cigar, R? x S and R x S? are e-close in the pointed
Gromov-Hausdorff sense to an € ~!-ball in R x R4, R? or R, respectively. So for points z sufficiently far
away from a fixed point, the metric space of (M, C ~'r=2(z)g, z) is 2e-close to a (2¢) " !-ball in R x R,
R2 or R.

Next, note that there exists €g > 0 such that R is not €g-close to either R x R4 or R2. Since R x S? is
not the unique asymptotic limit, we can find points z — oo as k — oo, such that (M, C~1'r=2(zx)g, zx)
for sufficiently large C > 0 is not %eo—close to any of R x R, R? or R. This contradiction proves the
claim. |

The following lemma shows that in the Ricci flow of the soliton, the closeness of a time-slice to the
asymptotic limit leads to the closeness in a parabolic region of a certain size.

Corollary 3.4 Suppose that (M, g) is a 3D steady gradient soliton with positive curvature that is not
a Bryant soliton. Let p € M be a fixed point. Then for any € > 0, there is a D(¢) > 0 such that for all
X € M \ Bg(p, D), the pointed rescaled Ricci flow (M, r=2(x)g(r?(x)t), x) is e-close to exactly one of
the following two Ricci flows:

(D) (R xcigar, r=2(¥)ge (r? (1), ¥,
2) (R?x ST, gyan, X)-

Proof Note that the Ricci flows gRrxcigar(f) and gr2yg1(f) on R x cigar and R2 x S! are both eternal
Ricci flows which have bounded curvature. The assertion now follows from Lemma 3.3 by a standard
limiting argument as in [59, Lemma 3.4]. |

In the rest of this section, we show that R x cigar is a stable asymptotic limit when we move forward in
the Ricci flow of the soliton, in the sense that a region close to the R X cigar stays close to it until it is not
close to any asymptotic limits.
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This is based on the observation that the Ricci flow of the cigar soliton contracts all points to the tip when
we move forward in time along the flow. By using this and the closeness to the Ricci flow of cigar, we
show in the next lemma that an e-tip point x (see Definition 2.12) stays a 2¢-tip point outside a compact
subset, when we move along an integral curve ¢—;(x) of —Vf. Note that this amounts to moving forward
along the Ricci flow of the soliton, since g(t) = ¢*, g satisfies the Ricci flow equation, where {¢;};cr
are the diffeomorphisms generated by V£

Lemma 3.5 Fix some p € M. For any € > 0, there exists D(¢) > 0 such that the following holds.

For any point x € M \ Bg(p, D), let ¢_;(x) be the integral curve of =V f for t € [0, 00). Suppose x is
an e-tip point. Then ¢_;(x) is a 2e-tip point for all t € [0,t(x)), where t(x) € (0, oo] is the supremum
of t suchthat¢_;(x) € M \ Bg(p, D).

Proof For the fixed €, we choose T'(¢) > 0 to be the constant such that in the Ricci flow of the cigar
soliton, the metric ball of radius 2¢ at time O centered at the tip contracts to a metric ball of radius € at
time 7'(¢). Let 0 < €] < € be a constant whose value will be chosen later, then choose D(e1) > 0 to be
the constant from Corollary 3.4.

If xo ¢ Bg(p, D) is an e-tip point, in the following we will show that ¢_,2(,;(Xo) is a 2e-tip point
for all 7 € [0, T'(¢)] such that ¢_,2(,y¢(x0) & Bg(p, D), and ¢p_,2(4,) 7(¢)(*0) is again an e-tip point.
Suppose this is true, then the lemma follows by induction immediately.

By Corollary 3.4, there is an €1 -isometry i between the two pointed Ricci flows

(M, r™2(x0)g(r?(x0)1), x0) and (R x cigar, r (¥ (x0))go(r* (¥ (x0))1), ¥ (x0))-
Note that ¥ is also a 100e1-isometry between time-slices, and hence an e-isometry for €; < 1(1)—06.

Let xp be the tip of the cigar in R x cigar which has the same R-coordinate as ¥ (xo). Then by taking
€1 sufficiently small depending on €, and using the distance shrinking of the cigar, it is easy to see that
dr (Y (x0), Xip) < 2¢ in the Ricci flow r=2(Y(x0))go(r?> (¥ (xg))t), for all ¢ > 0. This implies the first
half of the claim, that ¢_,2(,);(x0) is a 2¢-point. The second half of the claim follows by the choice
of T(€) and taking ; sufficiently small that €71 > T'(e). ]

3.2 The geometry near the edges

We study the local and global geometry at points that look like R x cigar. First, we show in Lemma 3.14
that there are two chains of infinitely many topological 3-balls that cover all e-tip points. Using this we
show in Lemma 3.16 that the asymptotic cone of the soliton is a metric cone over an interval [0, a], for
some a € [0, 7r), and the points in these two chains correspond to the boundary points of the cone. Next,
in Lemma 3.17 we construct two smooth curves going to infinity inside the two chains, such that they are
two integral curves of Vf or —Vf, and along them the soliton converges to (R x cigar, xp).
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Fix a point p € M, in the following technical lemma we show that the minimizing geodesic from p to an
€-tip point g is almost parallel to the R-direction in R x cigar at g. The idea is to study the geometry near
an e-tip point ¢ in three different scales: In the largest scale d(p, q), the soliton looks like its asymptotic
cone; in the smallest scale by the volume scale r(g), it looks like R X cigar; in some intermediate scale
between r(g) and d(p, q), it looks like a two-dimensional upper half-plane. Note when there is no
confusion, we will omit the subscript g and write dg(-,-) as d(-,-) and Bg(p,-) as B(p,-).

Lemma 3.6 Let (M, g) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Let p € M be a fixed point. For any § > 0, there exists € > 0 such that the following holds:

Let g € M be an e-tip point, and ¢ be an e-isometry from R x cigar to M. Let d, be the unit vector
field in the R-direction in R X cigar. Let y: [0, 1] — M be a minimizing geodesic from p to q. Then

|lcos £(y'(1), $(3,))| = 1| < 6.
Proof Suppose not, then there are § > 0, ¢, — 0 and ¢;-tip points ¢; — oo such that

(-1 A(y{(1), $ix(3r)) € (8, 7 =),

where y;: [0,1] — M is a minimizing geodesic from p to g;, and ¢; is an ¢;-isometry at ¢;. For
convenience, we will use ¢; to denote any sequence Ce; where C > 0 is a constant independent of i.

Since dg (p. qi) — oo and the curvature is positive, after passing to a subsequence we may assume that the
rescaled manifold (M, d ~2(g;, p)g. p) converges to the asymptotic cone in the Gromov—Hausdorff sense;
see Lemma 2.18. So we can find a point z; € M such that the pair of points (p, z;) is a (1, ¢;)-strainer
at g; of size dg(g;, p). Let p; be a point on y; and w; be a point on the minimizing geodesic connecting
gi and z; such that d(w;, q;) = d(pi,qi) = ri/8i, where §; > r(q;)/d(qi, p) is a sequence converging
to zero, which we may adjust later. Since r(g;)/8; < d(qi, p), by the monotonicity of angles, (p;, w;) is
a (1, ¢;)-strainer at g; of size r(g;)/8;. So

(3-2) Apigiwi = 7 —¢;.

Next, consider the rescaled pointed manifold (M, r~2(g;)g. g;), which is €;-close to (R X cigar, xp).
Then there is a sequence of points 0; € M with d(0;,q;) = r(g;)/d; such that the minimizing geodesic
0;:[0,1] = M from g; to o; satisfies £(07(0), ¢;«(d;)) — 0 as i — oco. Combining this fact with (3-1)

we get
£piqio; € (%8, - %8)

Since €; — 0, by choosing §; — 0 properly we have |Zp,-q,-0,- — A pigioi| < 11—08, and hence
(3-3) Apigioi € (i& T — %8)
for all sufficiently large i.

Now consider the rescaled pointed manifold (M, 8l.2r_2(ql~)g, qi). Since §; — 0, after passing to a
subsequence we may assume that it converges to the upper half-plane R x R4 in the Gromov—Hausdorff
sense, with ¢; — (0, 0) and 0; — (1, 0) € R x R4 modulo the approximation maps. Assume p; converges
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to (xo0, o) € R x R4. Then by (3-3) we have yg > 13708‘ On the other hand, (3-2) implies that (xq, yo)
is one point in a (1, 0)-strainer at (0, 0) of size 1. So it is clear that |xo| = 1 and yo = 0, a contradiction.
This proves the lemma. |

In the next few definitions, we introduce the concept of e-solid cylinders. These are topological 3-balls
that look like a large neighborhood of the tip in R x cigar. A chain of e-solid cylinder is a sequence of
these cylinders meeting nicely. In this subsection, we will show in Lemma 3.14 that all e-tip points are
covered by exactly two such chains.

Definition 3.7 (e-solid cylinder) Let x € M be an e-tip point, and ¢, be the corresponding €-isometry.
We say vy, p := ¢x([—L, L] X Bg (xp, D)), is an e-solid cylinder centered at x, where L, D > 0 are
constants.

In order to make sure that the union of two intersecting e-solid cylinders is still a topological 3-ball,
we want them to meet nicely. So we introduce the concept of good intersection between two €-solid
cylinders; see eg [64, Section 5.6].

Definition 3.8 (good intersection) Let y; and y» be two e-tip points, and ¢y, be the corresponding
e-isometries. Let §;: [—L;, L;] = M be a curve passing through y; such that ¢y_l_1 (Vi (s)) = (5, x4ip). We
say V(i) = ¢y, ([—Li, Li] X Bg,.(x4p. D)) for i = 1,2 have good intersection if, after possibly reversing
the directions of either or both of the R-factors, the following hold:

(1) The projection ryq in the direction of R is an increasing function along ¥, at any point of y, N v(1).
(2) There is a point in the negative end of v(2) that is contained in v(1), and the positive end of v(2)
is disjoint from v(1).

(3) Either 1.1D1r(y1) < Dzr(yz), or Dzr(yz) < 0.9D1r(y1).

With the notion above, if two e-solid cylinders have good intersection, then the intersection is homeomor-
phic to a 3-ball; see [64, Lemma 5.19].

Definition 3.9 (chain) Suppose that we have a sequence of e-solid cylinders {v(1), ..., v(k)}, for some
k € N U {oo}, with the curves ¥; from Definition 3.8. We say that they form a chain of e-solid cylinders
if the following hold:

(1) For each 1 <i < k the open sets v(i) and v(i + 1) have a good intersection with the given
orientations.

2) Ifv(@)Nv(j)# @ forsomei # j, then |[i — j| = 1.

Lemma 3.10 (cf [64, Lemma 5.22]) Suppose that {v(1),...,v(k)} is a chain of €-solid cylinders. Then
v(1) U---Uv(k) is homeomorphic to a 3-ball and its boundary is the union of the negative end of v(1),
the positive end of v(k), and an annulus A.
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For an e-tip point x, let v be an e-solid cylinder centered at it. In Lemma 3.11, we construct a chain of e-
solid cylinders starting from v, which extends to infinity on one end. Moreover, the e-solid cylinder on the
other end meets a 2-sphere metric sphere dB(p, Do) in a spanning disk, where Dg > 0 is independent of x.

Lemma 3.11 (extending an e-solid cylinder to a chain) Let (M, g) be a 3D steady gradient soliton with
positive curvature that is not a Bryant soliton. Let p € M be a fixed point. There exists D > 0 such that
the following is true.

For any e-tip point x € M \ B(p, D), there exist an integer N € N and a sequence of e-tip points {x; 32 N
going to infinity such that xo = x and x_y € 0B(p, D), and an infinite chain of e-solid cylinders
{v(i)}72_y centered at x;, where v(i) = ¢x,; ([—900, 900] x Bg. (x4p, L)) with L; € [500, 1000], such
that if v(i) intersects dB(p, D) for some D > D, then v(i) meets dB(p, D) in a spanning disk.

Proof By Lemma 3.3 we can choose D > 0 sufficiently large that the rescaled soliton at any point
in M\ B(p, %5) is e-close to the asymptotic limits. For an e-tip point xo € M \ B(p, D), assume
d(p, xo) = Do. Let ¢, be the e-isometry. Then v(0) := ¢y, ([-900, 900] x B, (xsp, 1000)) is an e-solid
cylinder. Let r be the projection onto the R-direction in R x cigar. By Lemma 3.6, after possibly replacing
r by —r, we may assume £(Vd(p,-), $xo+(0r)) < €. So the two points yt := ¢, ((£1000, x¢p)) € M
satisfy

d(y+,p) = (1 —€)1000r(x9) + Do and d(y—, p) <—(1—¢€)1000r(x¢) + Do.

By the choice of D we can find a pair of e-tip points x4+; € B(y+,7(x0)). In particular, we have
X+1 & o ([—900, 900] x Bg, (xip, 1000)), and

d(x1,p) >900r(x9) + Do and d(x_1,p) <—900r(xo)+ Dy.

Similarly, let ¢, be the e-isometry at x+1. Then v(£1) := ¢x, ([-900, 900] x Bg, (x4p, 500)) is an
e-solid cylinder at x41. It is clear that v(0) and v(%1) have good intersections.

Repeating this, we can obtain a sequence of e-tip points {x;}72_ \, with x_x € B(p, D), and a sequence
of e-solid cylinders v(i) := ¢y, ([-900, 900] x By, (x4p, D;)) centered at x;, where D; = 500 when
i is odd, and D; = 1000 when i is even, such that x; +1 € B(¢x, ((1000, x;p)), 107 (x;)). Therefore, by
triangle inequalities it is easy to see that v(i) only intersects with v(i — 1) and v(i + 1), and has good
intersections with them. In particular, for all i > 0 we have

i—1

d(x;, p) > 900 Z r(xg) + Do — oo.

k=0
So {v(i)}72, is an infinite chain of e-solid cylinders. Moreover, we see that v(i) meets all metric spheres
dB(p, D) with D > D in a spanning disk, since by Lemma 3.6 we have £(Vd(p,-), ¢x;«(;)) < €
for all i. |

In the following, we use Lemma 3.11 to show that all e-tip points outside of a compact subset are contained
in the union of finitely many chains of e-solid cylinders.
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Lemma 3.12 (disjoint chains containing all e-tip points) Under the same assumption as in Lemma 3.11,
and let D be from Lemma 3.11. There exist k chains of e-solid cylinders €1, ...,y for somek € N,
each of which satisfies the conclusions in Lemma 3.11. Moreover, all e-tip points in M \ B(p, D) are
contained in the union of €y, ..., 6.

Proof Assume x; is an e-tip point, x; € M \ B(p, D). Then let €; be a chain of e-solid cylinders
produced by Lemma 3.11, whose union contains x. If there exists an e-tip point x, € M \ (61U B(p, D)),
then by Lemma 3.11 we can construct a new chain 4, of €-solid cylinders containing x,. We claim that
€1 N6y = @, ie the union of all e-solid cylinders in €1 is disjoint from that in €,.

First, for two e-tip points x, y with d(x, y) < 1000r(x), it is easy to see that d(x, y) < 0.1r(x) when
€ is sufficiently small. Using this fact we see that x; is at least 9007 (x)-away from %1, and hence
€, NN AdB(p, D1) = @, where D1 = d(x2, p) > D. Let a,b > 0 be the infimum and supremum
of {r : €y N6, NAB(p,r) = @}. Then a < D; < b. Suppose by contradiction that ¢ > D. Then
€1 N%€yNIB(p,a) # I, and we can find an e-tip y € €1 N6, N IB(p,a). However, by Lemma 3.6
this implies that v the e-solid cylinder centered at y is contained in ‘61 N %6, and the positive end of v is
at distance a + 1000r(y) from p, which is greater than a. This contradicts the infimum assumption of a.
By a similar argument, we can show b = co. This proves the claim.

Repeating this procedure, we obtain a sequence of chains of €-solid cylinders whose unions are disjoint.
This must stop in finitely many steps, because these chains intersect with dB(p, D) in spanning disks
whose areas are uniformly bounded below. So we may assume these chains are €y, ..., €y and they
contain all e-tip points. a

Now we show that the number of these chains is exactly equal to two. To do this, we need the following
lemma, which enables us to glue e-cylindrical planes that intersect, and produce a global S!-fibration on
their union.

Lemma 3.13 (global S 1_fibration [64, Proposition 4.4]) Let M be a 3D Riemannian manifold. Given
€’ > 0, the following holds for all € > 0 less than a positive constant €1 (€¢’). Suppose K C M is a compact
subset and each x € K is the center of an e-cylindrical plane. Then there is an open subset V' containing K
and a smooth S -fibration structure on V.

Furthermore, if U is an e-cylindrical plane that contains a fiber F of the fibration on V, then F is €’-close
to a vertical S'-factorin U, and F generates the fundamental group of U. In particular, the diameter of F
is at most twice the length of any circle in the €-cylindrical plane centered at any point of F .

Lemma 3.14 (two chains containing all e-tip points) Let (M, g) be a 3D steady gradient soliton with
positive curvature that is not a Bryant soliton. Let p € M be a fixed point. There exists a D > 0 such that
the following is true.

There are exactly 2 chains of €-solid cylinders ‘€, and 6,, each of which satisfies the conclusions in
Lemma 3.11. Moreover, all e-tip points in M \ B(p, D) are contained in the union of €, and €,.
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Proof First, we show k > 1, which is equivalent to the R X cigar being indeed an asymptotic limit
of the soliton M. Suppose this is not the case. On the one hand, since all e-tip points are contained
in €1, ...,%, the complement of them in M \ B(p, D) is covered by e-cylindrical planes. Then by
Lemma 3.13 we can find a connected open subset V; containing B(p,2D) — B(p, D) which carries a
smooth S !-fibration. Consider the homotopy exact sequence

o (Vi) = m1(SY) = 1 (V1) = w1 (Vi) = -

Since the base space V7 o of this fibration is connected and noncompact, we have 72(V1,0) = 0, and it
follows that the S !-fiber is incompressible in V7, ie the map 71 (S D 5 7(Vy)is an injection; see eg [52].

On the other hand, let U be an e-cylindrical plane contained in B(p,2D) — B(p, D), let x € U be the
center of the e-cylindrical plane, and let F be the S!-fiber of the fibration on V' that passes through x.
Then by Lemma 3.13, the fiber F is e-close to the vertical S 1_factor in U, and hence F is also contained
in U, and hence contained in B(p,2D)— B(p, D). Note that the metric spheres dB(p, D) and dB(p,2D)
are diffeomorphic to 2-spheres, and B(p,2D) — B(p, D) is diffeomorphic to R x S2. So if k = 0, we see
that B(p,2D) — B(p, D) — @y —--- — €y is diffeomorphic to R x S2, and if k = 1, it is diffeomorphic
to R3, both of which have trivial fundamental groups. Therefore, F bounds a disk in B(p,2D)— B(p, D).
However, this contradicts with the above fact that the fiber F' is incompressible. So k > 2.

Next, we show k = 2. Suppose not; then k > 3. The subset K := B(p,2D)—B(p, D)—%€—%5—---—%y,
is covered by e-cylindrical planes, so by Lemma 3.13 we can obtain a smooth S !-fibration on a subset V/
containing K. Let C1, Cy be two circles of the fibration on V' that are contained in €1, €, respectively.
Then by Lemma 3.13, C; bounds a spanning disk D; in ¢; fori =1,2. Let A C B(p,2D)— B(p, D) be
an annulus bounded by C; and C, which is saturated by S 1_fibers. Then the union S := D;UD,UA isa
2-sphere which is isotopic to the two metric spheres dB(p, D) and dB(p,2D). In particular, S separates
0B(p, D) from dB(p,2D).

Since k > 3, it follows that €3 intersects with S at some e-tip point y. First, y cannot be in the annulus A
because A is covered by €g-cylindrical planes for a very small €p > 0. Second, y cannot be in either of
the two spanning disks D and D,, because 63 is disjoint from €¢; for i = 1,2. So this contradiction
proves k = 2. m|

It is clear that at the volume scale, an e-tip point is different from a point at which the manifold is an
e-cylindrical plane. We show in the following technical lemma that they can also be distinguished from
each another at an even larger scale. Roughly speaking, the former point looks like a boundary point in
the half-plane, while the latter looks like a point in the plane.

Lemma 3.15 Let (M, g) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Let p € M be a fixed point. For any § > 0, there exists an € > 0 such that for any €-tip point x,
there exists a constant 0 < ry < 8d(p, x) such that there is no 2-strainer at x of size larger than ry.
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Proof For x sufficiently far away from p, we have by volume comparison that r(x)/d(p, x) < §2. Take
ry =71(x)/8. Then ry <8d(p, x), and the rescaling (M, r;2g, x) is the scaling down of (M, r~2(x)g, x)
by §~1. The scaling down of (R x cigar, Xip) by 8§71 is C§-close to the two-dimensional upper half-plane
(R xR 4, (0,0)) in the pointed Gromov—Hausdorff sense. Take € < §. By the definition of e-tip point,
we see that (M, r~2(x)g, x) is e-close to (R x cigar, xp). Therefore, (M, rg2g,x) is Ces-close in
the Gromov—Hausdorff sense to the metric ball B((0,0), 1) in the two-dimensional upper half-plane
(R x R4, (0,0)).

It is easy to see that there is no (2, €g)-strainer at (0, 0) in R x R of size larger than 1, which is the same
in (M, r;2g, x). Scaling back, it follows that there is no (2, €g)-strainer at x in (M, g) of size larger
than ry. O

Recall that S (M, p) is the metric space of equivalent classes of rays starting from p. We show in the
following lemma that Soo (M, p) is a closed interval [0, 8] for some 6 € [0, ). Moreover, the two chains
of e-solid cylinders 6; and 6, are two “edges” of the soliton (M, g), in the sense that the two rays y;
and y; correspond to the two end points in [0, ]. We will show 6 > 0 in Corollary 3.43, so that the
soliton is indeed a flying wing.

Lemma 3.16 Let (M, g) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Let p € M be a fixed point. Then Soo(M, p) is isometric to an interval [0, 6] for some 6 € [0, 7).

Moreover, fori = 1,2, and for any sequence of points p,(ci) € €; such that p](ci) — 00 as k — oo, the
minimizing geodesics pp,(c’) subsequentially converge to two rays y1 and y, such that [y1] = 0 and

[y2] = 0, after possibly switching y; and 5.

Proof Fix some p € M. We shall say that two quantities dy, d» > 0 are comparable if C ~1d; < dp < Cd,
for some universal constant C > 0. By the noneuclidean volume growth of (M, g), the asymptotic cone is
a two-dimensional metric cone over Soo (M, p), where Soo(M, p) is a one-dimensional Alexandrov space,
and hence is an interval or a circle. In the latter case, we can find a (2, €)-strainer of size comparable to
d(p, x) at any point x € M. However, this is impossible at an e-tip point by Lemma 3.15. So Soc (M, p)
is isometric to an interval [0, 8], for some 6 € [0, r]. Moreover, we have 6 < 7, because otherwise the
manifold splits off a line and is isometric to R x cigar, which does not have strictly positive curvature.

First, we show that for any points going to infinity in €1, the minimizing geodesics from p to them
subsequentially converge to rays that are in the same equivalence class in Soo(M, p). Suppose by
contradiction that this is not true. Then we can find two sequences of points pyx, por € €1 going to
infinity, such that the minimizing geodesics ppii, ppak converge to two rays o1, o with 2(01,02) > 0.

Let By : [0, 1] — %1 be a smooth curve joining pix, P2k, Which consists of e-tip points. By Lemma 3.6
we may assume that d(p, B (s)) is monotone in s. Let 6;(s) = Z0; (d(p. Br(s))) pBi (s) fori = 1,2.
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Then it is clear that as k — 00, 61;(0) and 6,4 (1) converge to 0, and 1% (1) and 6,4 (0) converge to
Z(o*l ,02) > 0. So for sufficiently large k, we have
01 (0 01 (1
1% (0) <€ and (1) >e L
621 (0) O (1)
By continuity, there exists a point g = By (sg) with sz € (0, 1) such that 01 (sx) = 621 (sk), and hence

Lo1(d(p,qr)) p gk = £02(d (P, qx)) P qi-

Since d(p, p1x), d(p, par) — o0, we have d(p, ;) — oo. Therefore, after passing to a subsequence,
Pqr converges to a ray o3, which satisfies 2(03, 01) = 2(03, 02). Since S (M, p) is an interval, this
implies

£(03,01) = £(03.02) = 1 X(01.02).

So for sufficiently large k, we can find a (2, €)-strainer at g; of size comparable to d(qg, p), which is
impossible by Lemma 3.15 because gy, is an e-tip point.

Now it remains to show that the ray o corresponds to one of the two end points in S (M, p) = [0, 6]. This
can be shown by a similar argument: Suppose 6 > 0 and [o1] € (0, 8). Then we can find (2, €¢)-strainers
at a sequence of e-tip points x; — 0o at scales comparable to d(p, xi), contradicting Lemma 3.15. O

Now we prove our main result in this subsection. For i = 1,2 we will construct two smooth curves
I'; 1 [0, 00) — 6; tending to infinity, which are integral curves of either Vf or —V £, such that the rescaled
manifold converges to R x cigar pointed at the tip along I';.

Lemma 3.17 Let (M, g) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. There exists a smooth curve I'; : [0, 00) — 6; which is an integral curve of Vf or —Vf, such
that limg_oo I'j (§) = 00, and for any sequence of points x; — oo along T;, the pointed manitolds
(M, r=2(x;)g, x;) smoothly converge to (R x cigar, r_z(xtip)gc, Xtip)-

Proof Fix some point p € M, and let Do > 0 be a large constant such that if f has a critical point (which
must be unique), then B(p, Dg) contains the critical point. We will use €(D) > 0 denote all positive
constants depending on D such that € — 0 as D — oo.

Take a sequence of € -tip points p; € 61 going to infinity, where €, — 0. Assume pj ¢ B(p, Do) for
all k. Denote by yp, : [0,sx] — M the integral curve of —Vf starting from py, where s; € (0, 00] is
the smallest value of s such that y,, (s) € dB(p, Do). It is easy to see that sy — oo as k — oo. By
Lemma 3.5 we see that yp, ([0, sx]) C €1 and if yp, (s) ¢ B(p, D) for some D > 0, then y,, (s) is an
€(D)-tip point, where €(D) — 0 as D — oo is independent of k.

First, assume sy is finite for all k. Let g = v, € €1 N3B(p, Do). Then, after passing to a subsequence,
gk converges to a point g € €1 N IB(p, Dg). Denote by y,, the integral curve of Vf starting from gy.
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Then y,, converges to the integral curve I't: [0, 00) — €1 of Vf starting from ¢, Which satisfies all
the assertions.

Now assume s = oo for some k = k. Since the critical point of f (if it exists) is contained in B(p, Dy),
this implies that Yo (s) > o0 as s — o0. Therefore, we may take Vpi, to be 'y, which is an integral
curve of —Vf and satisfies all assertions as a consequence of Lemma 3.5. By the same argument, we can
find I'y C €, satisfying the assertions. |

Remark 3.18 When (M, g) is isometric to R x cigar, and the potential function f could be a nonconstant
linear function in the R-direction, then one of 'y and I'; is the integral curve of Vf and the other is
of —Vf. However, if (M, g) has strictly positive curvature, we will show in Theorem 3.31 that f has a
unique critical point, and 'y and I['; are both integral curves of Vf.

Let ' = TI'1 ([0, 00)) U T2 ([0, 00)). The following lemma shows that the distance from sufficiently far
away points to the subset I' must be achieved at the interior, so that the minimizing geodesics connecting
them to I' are orthogonal to I" by the first variation formula.

Lemma 3.19 Under the same assumptions as in Lemma 3.17, suppose there are a sequence of points
pi — oo and a constant so > 0 such that one of the following conditions holds:

(1) d(pi,T)=d(pi. T1(][0, s0]) UT2([0, s0])),
(2) d(pi,T1) =d(pi, T1([0, so]), or
(3) d(pi.T2) =d(pi,2([0, s0])).

Then M is isometric to R x cigar.

Proof We prove the lemma under condition (1), and the two other cases follow in the same way. We
will show that after passing to a subsequence, the minimizing geodesics from p to p; converge to a
geodesic ray y such that £(y, y;) > %n, where y; are the two rays corresponding to the two end points in
Seo(M, p); see Lemma 3.16. Then by Lemma 3.16 this implies Soo (M, p) = [0, ] and the assertion of
the lemma follows immediately. In the proof we use € to denote a general positive constant that goes to
Zero as i — oo.

Let g; € T be such that d(p;, I'([—so, s0])) = d(pi,qi). Choose a sequence of points 0; € I'1 with
d(qi,0i) = a;d(p;i,q;) and such that o; — 0 and d(g;, 0;) — oo. Since o; — 0, we have Zoipiq,- — 0,
and hence

£0iqipi + £qi0ipi = 7 —e.

Since d(pi,0i) = d(pi, ) =d(pi, qi), the segment 0; ¢; is the longest in the comparison triangle o; p; q;,
so it must be opposite to the largest comparison angle, ie

ZOiqipi = Zqz‘OiPi-
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So the last two inequalities imply
(3-4) £oiqipi = Am—e.

By Lemma 3.16 the minimizing geodesics po; converge to the ray y;. After passing to a subsequence
we may assume the pp; converge to a ray Y. Then by the boundedness of {¢g;} and (3-4), it is easy to
see that £(y1,y) > %71. By a symmetric argument, we also have £(y2,y) > %n. So £L(y1,y2) = 7 by
Lemma 3.17, which implies a splitting of (M, g), and hence it is isometric to R x cigar. |

3.3 Quadratic curvature decay

The main result in this subsection is the following theorem of the quadratic curvature decay, which
corresponds to the upper bound in Theorem 1.7. We show that there is a uniform C > 0 such that the
scalar curvature has the upper bound R < C/d?(-,T), where I' = I'{ ([0, 00)) U I'5(]0, 00)), and I'; and
I’y are from Lemma 3.17.

Theorem 3.20 Let (M, g) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. There exists C > 0 such that for any x € M \ T,

R(x) < -5
X) < ——r.
~d?%(x,T)
Proof First, we introduce some constants that will be used throughout this subsection, and we may
further adjust their values. The dependence of these constants is subject to the order
8, a Dz € D1, o, C,

such that each constant is chosen depending only on the preceding ones. More precisely, we will choose
D and D, sufficiently large that § can be arbitrarily close to zero.

Let € > 0 be some very small number, and fix a point pg € M. Then by Lemmas 3.3, 3.14 and 3.17 we
see that there are D1 > D, > 0 such that the following holds: First, the soliton is an e-cylindrical plane
at all points x which satisfies d(x, pg) > %Dl and d(x,T") > %Dz r(x). Second, the soliton is e-close to
(R x cigar, r_z(xo)gc, Xo) for some xo for which dg_ (xp, x0) < 10D5.

By compactness we may choose C > 0 large enough, so that Theorem 3.20 holds in B(pg, D). Moreover,
for points x € M \ B(pg, D1) which satisfy d(x, po) > D1 and d(x,T") < D5 r(x), by the definition of
the volume scale and a volume comparison argument, it is clear that there exists @ > 0 such that

vol(B(X,d(x,T))) > wd(x,T)3.
So Theorem 3.20 holds at x by Perelman’s curvature estimate; see Lemma 2.15.
Therefore, from now on we assume that
(3-5) d(x,po)>D; and d(x,T')> Dpr(x).
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So the metric ball B(x, 3d(x,T)) is covered by e-cylindrical planes. By the S!-fibration Lemma 3.13,
we see that there is an open subset U D B (x, %d (x, F)) which has a global S 1_fibration, and the S!-fibers
are incompressible.

The following lemma gives a uniform lower bound for the volume ratio on the universal coverings of U.
So by applying Perelman’s curvature estimate (Lemma 2.15) in the universal covering we obtain the
inequality in Theorem 3.20 at a lift of x, which implies the same inequality at x. So Theorem 3.20
reduces to the following lemma by Perelman’s curvature estimates (Lemma 2.15). O

Lemma 3.21 There exists @ > 0 such that in the universal cover U of U, we have B (35 v (x, F)) eU ,
and
Vol(B (35, %d(x, F))) >w d3(x, ),

where X € U is a lift of x.

Proof To prove the lemma, we will follow the idea in [6, Lemma 2.2] to construct a (3, §)-strainer
near X of size comparable to d(x, I') for some small § > 0, then use this to obtain a lower bound on the
volume ratio as in [6, Lemma 2.2] and [20, Theorem 10.8.18]. We first construct a (2, §)-strainer at X
using Claims 3.22 and 3.23.

Claim 3.22 There exist p,q € M such that the triple of points {p,q,x} forms a %n—triangle and
d(x, p) =d(x,T). Here by a j-triangle we mean that ;1 > 0 and

prq, qup, prq > UL

Proof Lete € (O, ﬁ) be some fixed small number. Let p € I" to be the closest point to x on I". Then
by Lemma 3.19, p is an interior point in I', and p is an e-tip point by Lemma 3.17. Therefore, it is
easy to see that the minimizing geodesic px and v/« (0,) is almost orthogonal at p, where v, is the

e-isometry to (R x cigar, r_z(xtip) gc, Xip) at p, ie

(3-6) | £(px, Ypx (7)) — 37| < €.
Note that d(x, ") > D, r(x) and d(x, p) = d(x,T"). We claim that
(3-7) d(x.T) > 15 D2r(p).

because otherwise we may choose D sufficiently large (depending on D5) so that d(x, p) < lioDzr( p)
must imply r(p) < 10r(x), which implies d(x, p) < D, r(x), a contradiction. So (3-7) holds.

By Lemma 3.17 we can take D1 to be large so that € is sufficiently small, where € is determined by D
such that the following holds: By (3-6) and the e-closeness to R x cigar in the region containing the
B(p, D> r(p)), we have for all points y € B(p, D> r(p)) that
~ 1 1 2
(3-8) Lypx' < 2T+ 100 = 37
where x’ is a point on the minimizing geodesic px such that
d(p.x') = {5 D2r(p) <d(x,T).

Geometry & Topology, Volume 29 (2025)



720 Yi Lai

Now let ¢ € T be a point such that d (g, p) = d(x, I'). By (3-7) we can choose a point ¢’ on the minimizing
geodesic pq such that

d(p.q") = {5 D2r(p) <d(x.T).

Then using (3-8) we obtain

WIN

Lq'px' <in+7h5 < 2n
By the monotonicity of angles, the last three inequalities imply

~ 1 1 2
Lqpx < 57+ 195 < 570

Note d(x,q) > d(x,T) =d(x, p) = d(p, q). The segment |Xg| is the longest in the comparison triangle
AXG P, and thus it must be opposite to the largest comparison angle, ie

qux > qup = qux.
This combined with qux + qup + £ pgx = m implies
qux > qup = qux > én.

So {p,q, x} forms a %n—triangle. |

Claim 3.23 There exists o > 0 such that when D and D, are sufficiently large, the following holds for
all x € M satisfying (3-5): There is a point x’ € B(x, %d(x, F)) such that there is a (2, §)-strainer at x’
of size ad(x, ).

Proof Suppose this is not true. Then there is a sequence of points x; € M going to infinity and
d(x;, ') = oo such that the claim fails. Let p;, ¢g; be points from Claim 3.22 which form a %n-triangle
together with x;, and such that d(p;, x;) = d(x;, T').

After passing to a subsequence, the pointed manifolds (M,d ~2(x;,T")g, x;) converge to a complete
noncompact length space (X, dy), which is an Alexandrov space with nonnegative curvature [21]. The
triples (p;., gi, xi) converge to a triple (Poo, doos Xoo) in the limit space, which forms a %n—triangle. So
the Alexandrov dimension of the limit space is at least two, because otherwise X must be isometric to a
ray or a line, which does not contain any én—triangles.

Since the set of (2, §)-strainers is open and dense in an Alexandrov space of dimension 2, we can find a
point x" € By, (x, 1—10) such that there is a (2, §)-strainer at x’ of size « for some « > 0. This induces a
contradiction for sufficiently large i. a

Assume we can show that the volume of B(x’, 1) is bounded below. Then by a volume comparison using
that x" € B(x, {5 d(x,T')), this would imply a lower bound on the volume of B(x, 1). Therefore, we
may assume without loss of generality that there is a (2, §)-strainer (a1, b1, az, b») at x of size ad(x, T").
From now on we will work with the rescaled metric 4 = d ~2(x, I')g and bound the 1-ball around a lift

of x in the universal cover from below by a universal constant.
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Let 7: U — U be a universal covering, and X, a;, 5,~ be lifts of x, a;, b; in the universal cover U such
that

(3-9) d(x,a;)=d(x,a;) :d(}',l;i):d(x,bi) =a.

Then since the covering map 7 is 1-Lipschitz, we have

(3-10) d(@.by) = d(ai.by), d@.a)) = d(ai.aj),  dbi,by) = d(bi,by).

So the comparison angles between X, a;, b ; at X are at least as large as those between x, a;, b; at x, ie
Ad;%b; > Xajxb;, Za;Xb; > Xayxas, Za;Xb; > Xbyxby.

So (ay, as, 51,52) is a (2, §)-strainer at X.

Next, we will extend the (2, §)-strainer to a (2+%, 8)—strainer at X. Since the S!-fiber in U is in-
compressible, we can find a sequence X; of lifts of x that is unbounded. We may assume that the

/2. Because otherwise, there would be two points X;, X;

consecutive distances of {X;} are at most D, !
such that d(X;,x;) > D, 17z Rescaling back to the metric g and by Lemma 3.13, we see that the length
of the circle in the e-circle plane at x is at least Dz_l/zd(x, I'). This implies r(x) > Dz_l/zd(x, I,

which contradicts our assumption (3-5). So we can find an i € N such that with y = X;, we have
4.5 - D3 < Dy V2.

Claim 3.24 The tuple (a1, a>, 51,52, y)isa (2+%, 8)-tuple at X of size at least D2_1/4 - D2—1/2'

Proof Note that in the triangle AyXa;, the segment |ya;| has the longest length, and thus must be
opposite to the largest comparison angle, ie

L84;X7 > AX74d;.
Since d(X,y) — 0 as D, — oo, we find
(3-11) Aya;% < 6.
We also have
(3-12) AFa;X + Ka; Xy + AXya; = n.
So the last three inequalities imply £7; X7 > %JT — 4. The same is true with @; replaced by bi. So
(3-13) Aa;¥7>in—6 and Zbi5y>1m—56,
and hence the claim holds. |
Claim 3.25 The tuple (a1, a», 51,52, X)isa (2+%, 8)—tuple at y of size at least Dz_l/4 — DZ_I/Z.

Proof Since |d(F.d;)—d(X.a;)| < D, "/ and |d(F. b;)—d(%. b;)| < D3 /*, we see that (@1.@2. by . b)
is a (2, §)-strainer at y of size at least « — D, /4 _ 2D, 12 we may assume that D, is sufficiently large

that this is at least 2o > Dz_l/4 — DZ_I/Z.
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By metric comparison we have

Zaifj/v-f— Zgifj/v-f— Zaifg,' <2m,
which by (3-13) and £d;¥b; > 7 — § implies

N
+
&

x5 <izm 468 and ZhiEy <

=

Combining this with (3-12) and (3-11) we obtain
L35 > An—6 and ZX7h; > 1w 6.
So the claim holds. O

Now take 7 be the midpoint of a minimizing geodesic between y and X.

Claim 3.26 The tuple (a1, a», EI,EZ, ¥, X) is a (3, §)-strainer at m of size at least %DZ_IM — D2—1/2.

Proof First, by the monotonicity of comparison angles we have
Lin%a; > A5%a; > In—8 and  Zi%b; > A7Xb; > Ln -6,

Then repeating the same argument as in Claim 3.25 replacing y by i, we see that

La;mnx, Abim% > Am —§
Replacing X by ¥, similarly we can obtain
Lamy, Kby > 1w —§

Moreover, as before we can see that (a1, dz, 51,52) is a (2, 8)-strainer at m. Finally, 2)717155 =7 is
trivially true. So the claim holds. a

Using the (3, §)-strainer in Claim 3.26, one can construct a 100-bilipschitz map f': B(in,AD, Y 4) —R3
for some sufficiently small A as in [6, Lemma 2.2(i)] and [20, Theorem 10.8.18], which implies
vol(B(ii, AD; /%)) > c(AD; '/*)3

for some universal ¢ > 0. This implies Lemma 3.21 by volume comparison. O

3.4 Existence of a critical point

The main result in this subsection is Theorem 3.31, which proves the existence of the maximum point of
the scalar curvature, which is also the critical point of the potential function.

In Lemmas 3.27 and 3.28, we study the geometry of level sets of the potential function f. To start, we
first note that the second fundamental form of a level set of f satisfies

V2 f Ric

Ve VS
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Recall the Gauss equation, that for a manifold N embedded in a Riemannian manifold (M, g), the
curvature tensor Rmy of N with induced metric can be expressed using the second fundamental form
and Rmyy, the curvature tensor of M :

(Rmpy (u, v)w, z) = (Rmps (u, v)w, z) + ((u, 2), (v, w)) — (II(u, w), (v, 2)).
So (3-14) implies that the level sets of f with induced metric have positive curvature.

More precisely, for a level set of f at an e-tip point, Lemma 3.27 shows that at a point that is sufficiently
far away from this e-tip point in the level set, the soliton is close to R% x S! under a suitable rescaling.
We show this by a limiting argument.

Lemma 3.27 Let (M, g, f) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. For any § > 0 and Cy > 0, there exists D > 0 such that the following holds:

For all D > D, there exists € > 0 such that the following holds: Suppose ¢ € M is an e-tip point with
IVf1(g) > CO_I, and let © = f~1(f(q)) be the level set passing through q. Suppose also that z € ¥ is a
point with ds (g, z) = DR™Y/2(q), where dx, is the length metric of the induced metric on X. Then the
soliton (M, g) is a §-cylindrical plane at z.

Proof Suppose this is false. Then there is some § > 0 such that for any large D, there exist a constant
D > D, a sequence of constants €, — 0, and a sequence of €j-tip points g — 00, and a sequence of
points zx € I := f ' (f(qr)) with ds, (qx.zx) = DR™'/2(gx) such that the soliton (M, g) is not a
8-cylindrical plane at zg.

In the following we will show that when D is large enough, the level sets % under suitable rescalings
converge to a level set of a smooth function on R X cigar, and z; converge to a point at which R x cigar
isa %5—cylindrical plane, which will imply a contradiction for sufficiently large k. We now divide the
discussion into three cases depending on the limit of R(gy). To start, note that R + |Vf|?> = C 12 for some
C1>0.So R<C?and |Vf|<C;.

Case1l (limsup;_, o, R(qx)>C ~2 > 0 for some C > 0 which may depend on the sequence) In this
case we can deduce from the soliton equation V2 f = Ric that derivatives of order at least two of the
functions f; := f — f(gx) are uniformly bounded. Moreover, at g; we have fi(gx) = 0 and

Co' < IV fel(qr) = IV l(qx) < Ci.

Let V denote the covariant derivatives of gk = %R(qk) g, then we have that ﬁ f;c Iz, = 4RV2(q)|VS ]
is uniformly bounded above, and in particular at g we have

IV fil(qr) = 4Co ' R™Y2(qp) > 4C5 L

So after passing to a subsequence we may assume that the functions ﬁc converge to a smooth function f~o
on R x cigar, which satisfies foo(X4ip) = 0, V2 fso = Ric and

|V fool (xtp) > 4Co 1 CTL.
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Note that Cy and C; are constants that only depend only on the soliton but not the sequence.

Since V2 f, = Ric, by the uniqueness of the potential function on the cigar soliton we see that fso
is the sum of the potential function on cigar which vanishes at the tip and a linear function along the
R-factor whose derivative has absolute value at least 4C; Ic . 1" and vanishes at Xip- In particular, 0 is a
regular value of f and the level set o0 := f.5'(0) is a noncompact complete rotationally symmetric
2D manifold.

Therefore, after passing to a subsequence, as the manifolds (M , %R(qk)g, qk) smoothly converge
to (R x cigar, g, Xip), the level sets (Zk, %R(qk) g qk) of ﬁ( with the induced metrics smoothly
converge to the level set (Zoo, £5..: Xiip) Of foo, and zx € X converge to a point Zeo € oo With
ds . (Xiip: Zoo) = %D. Since R x cigar is a %8—cylindrical plane at zo, when D is sufficiently large
depending on § and 4C Ic L !, we obtain a contradiction for all sufficiently large k.

Case2 (limg_,o R(qr) =0) Consider the rescaled metrics g5 = %R(qk) g and the rescaled functions

=~ _ f— S
Je = e Timg
4R=12(qp)
then f;; satisfies f;;(qk) =0 and
~ ~ ~ V2f Ric Ric

3-15 V2 =V2f = = = ,
G Te= Ve = 4R T SR gy AR ()
and also

IV filz, = 4R7Y2(q)IV fil = IVf| < C1.

In particular, at g5 we have

(3-16) IV filz (ax) = IV (qx) € [C5 L, Call.

By (3-15) and (3-16), the derivatives of f;; are uniformly bounded. Thus there is a subsequence of f;;
converging to a smooth function fo, on R x cigar with foo (x4p) = 0.

By (3-15) and (3-16) we have V? foo = 0 and |V foo|(xip) > 0. So foo is a nonconstant linear function in
the R-direction. In particular, 0 is a regular value of fx, and the level set Zoo := f51(0) is equal to
{a} x cigar C R x cigar for some a € R.

Therefore, after passing to a subsequence, as the manifolds (M , %R(qk)g, qk) smoothly converge
to (R xcigar, g¢, X¢p), the level sets (E > %R(qk) g%y qk) of f;( with induced metrics smoothly converge
to the level set (Xo0, g5 Xtip) Of foo, and the points z; € X converge to a point Ze, € Yoo With
dy . (Xiip, Zoo) = %D. So it follows when D is sufficiently large that R x cigar is a %8—cylindrical plane
at Zoo. This is a contradiction for large k. a

The next lemma shows that for a point at which the soliton looks sufficiently like the cylindrical plane
R? x S, the level set of f passing through it looks like the cylinder R x S!. We prove this lemma by a
limiting argument.
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Lemma 3.28 Let (M, g, f) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. For any § > 0 and Cy > 0, there exists € > 0 such that if M is an e-cylindrical plane at x € M
andr(x) > Co_l, then the level set f ~1(f(x)) of f passing through x is a §-neck at x at scale r(x).

Proof Suppose the conclusion is not true. Then for some § > 0 and Cy > 0, there is a sequence of points
x; € M at which (M, g) is an ¢;-cylindrical plane, with ; — 0, such that ¥; := f~!(f(x;)) is not a
8-neck at x; at scale r(x;).

Consider the rescalings of the metrics g; := r~2(x;)g, and the rescalings of the functions
J’;i' — fl fi (xl)
r (xl)
We have f;(x;) =0 and

VK2 = ) VER2 f = 7 ) VR (V2 ) = 1L () VE RiC) - for k > 0,
and also
Vi =r? )V fi = r(x)Vf;.
Therefore, using r(x;) > Cy ! we obtain
VE2 filg, = r ' ) VE(Rio) g, < Col V¥ (Ri0)z;

which goes to zero for each k > 0 since ¢; — 0. Note that R + |Vf|?> = C2 for some C; > 0, and we
also have |Vf| < C; and
IV filg; = IVfI = Cr.

In particular, since r(x;) > CO_1 and €; — 0, it follows that R(x;) — 0 and |Vf|(x;) > %Cl for all large i.
So at x; we have
IV filg, (xi) = [V |(xi) € [5C1, Ci].

So after passing to a subsequence we may assume that the manifolds (M, g;, x;) smoothly converge to
(R?x S, ggans X0 ), and the functions f; converge to a smooth function fi, on R? x S, which satisfies

foo(X00) =0 and
(3-17) IVEF2 £l =0 for k>0, and  |Vfeol(xeo) € [1C1,C1]-

By (3-17) it is easy to see that fs, is a constant in each S!-factor in R? x S!, and a nonconstant
linear function on the R2-factor. After a possible rotation on R?, we may assume the level set X :=
F510) = {(x,0,0) : x € R, 0 €[0,27)}. In particular, 0 is a regular value of fo0, and To is isometric
to (R x S, ggan). Therefore, the level sets (Z;, 7 2(x;)gs ;»Xi) of f: smoothly converge to the level set
(X0, gstan> Xoo) Of foo. This implies that X; is a 5-neck when i is sufficiently large, a contradiction. O

The following lemma compares the value of f at two points x and y, when the minimizing geodesic
from x to y is orthogonal to Vf at y.
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Lemma 3.29 Let x and y be two points in M. Suppose that a minimizing geodesic o from y to x is
orthogonal to Vf at y. Then f(x) > f(y).

Proof Since (Vf(0(0)),0’(0)) = 0, computing by calculus variation we have

1
f(x)—f(y)=f(o(l))—f(o(O))=f0 (Vf(a(r)),o'(r))dr
= /l/ V2 f(o'(s),0(s))dsdr
0JO

1 pr
=/ / Ric(o”(s),0(s))ds dr > 0. O
0Jo

The following lemma compares the scales of two e-necks in a positively curved noncompact complete
2D manifold. It says that the scale of the inner e-neck is almost not larger than that of the outer e-neck.

Lemma 3.30 For any § > 0, there exists an € > 0 such that the following holds:

Let (M, g) be a 2D complete noncompact Riemannian manifold with positive curvature and let p be a
soul for it. Then for any e-neck N disjoint from p, the central circle of N separates the soul from the end
of the manifold. In particular, if two €-necks N1 and N in M are disjoint from each other and from p,
then the central circles of N1 and N, are the boundary components of a region in M diffeomorphic to
Stx1.

Moreover, assume Ny is contained in the 2-ball bounded by the central circle of N». Then the scales
r1 and rp of N1 and N satisfy
r < (1 + 8)7‘ 2.

Proof The proof is a slight modification of the proof of [63, Lemma 2.20] using Busemann functions. O
Now we prove the critical point theorem.

Theorem 3.31 Let (M, g) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Then there exists p € M such that R attains its maximum at p and Vf(p) = 0.

Proof Let € > 0 be some constant we can take arbitrarily small, and we will use § > 0 to denote all
constants that converge to zero as € — 0. We suppose by contradiction that R,x does not exists.

First, the level sets of f are noncompact: Suppose not. Then for some a € R, the level set f~!(a) is
compact and hence is diffeomorphic to S2. So f~!(a) separates the manifold into a compact and a
noncompact connected component. Since f is convex and nonconstant, by the maximum principle it
attains its minimum in the compact region. This contradicts our assumption.

Let I'1, I'2: [0, 00) € M be the two integral curves of Vf or —Vf from Lemma 3.17, which extend to
infinity on the open ends. First, we claim that I'; and I'y cannot be integral curves of —Vf at the same
time. Otherwise, on the one hand, we have d(I'1(s), ['2(s)) — 0o as s — oo by Lemma 3.16. On the
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other hand, since 'y and I'; are integral curves of —V £, it follows by the positive curvature and distance
expanding along the backwards Ricci flow of the soliton that d(I" (s), I'2(s)) < d(T'1(s0), ['2(s0)) for
any s > sg. This contradiction shows the claim.

So we may assume I'; is an integral curve of Vf. In Claims 3.32, 3.33 and 3.34, we will construct a
complete integral curve I': (—oo, +00) € M of V£ such that I'([sg, 00)) C 61, ['((—00, —s¢]) C €6, for
some 5o > 0, and moreover the manifolds (M, r~2(I'(s))g, I'(s)) converge to (R xcigar, r ~2 (Xtip)&e» Xtip)
as s — £o00. Note that I'((—o0, 00)) is invariant under the diffeomorphisms ¢; generated by Vf.

Claim 3.32 Take y;: [0,00) — M to be the integral curve of —V f starting from I'1(0). Then y1(s)
goes to infinity as s — 00.

Proof Suppose otherwise: assume for some s; — oo and compact subset V' that we have y;(s;) € V. By
the compactness of V, there is ¢ > 0 such that Ric > ¢g and ¢ < |Vf| < ¢~ in V. So by the first identity
in (2-2) we have

ds

Moreover, by the increasing of R(y1(s)) we get (d/ds)|s=s; R(y1(s)) > 0 for all 5. It is clear that there
is a uniform Cq > 0 such that

R(y1(s)) z c.

S=1s;

2

‘%R(W(S)) <(Cp forall s.

We may choose the sequence s; such that s;; > s; + 1. Then

R(y1(si+1)) = R(y(s1) + D (R(r1(se4+1)) — R(y1(sx)) = R(y(s1)) + 3ic2Cy ! — o0,
k=1

which is impossible. |

Claim 3.33 As s — oo, the manifolds (M,r2(y1(s))g. y1(s)) converge smoothly to the manifold
(R x cigar, r~2(x4p)gx, Xup). In particular, y1(s) is an e-tip point for all sufficiently large s.

Proof It follows from Lemma 3.3 that the manifolds (M, r~2(y1(s))g. y1(s)) converge smoothly to
either (R x cigar, r ~2(x9)gs, xo) or (R? x S, ggan, X0). We show that it must be the first case. Since
liminfs_o R(y1(s)) > 0, by the quadratic curvature decay of Theorem 3.20, it follows that y1 (s) is within
uniformly bounded distance to the e-tip points on I'y UT',. So the limit must be (R xcigar, r ~2(x¢)gx, Xo0).

Moreover, since y1(s) is an integral curve of —V f', by the distance shrinking in the cigar soliton it is easy
to see that x¢ must be a tip point in R x cigar. |

Claim 3.34 For all s sufficiently large, y1(s) C 65.

Proof Since the two chains 6; and ‘6, contain all e-tip points by Lemma 3.14, we have either y; (s) € 6>
or y1(s) € €, for all sufficiently large s.

Geometry & Topology, Volume 29 (2025)



728 Yi Lai

Suppose y1(s) € 61 for all large 5. On the one hand, by Claim 3.33, d(y1(s), 1) — 0 as s — oo. Since
I'1 (s) is the integral curve of Vf, we see that |Vf|(I";(s)) increases in s, and hence

liminf [V/](y1(s)) = liminf [V/|(T'1(s)) > O.

So by Claim 3.33 we have that £(Vf, ¢p«(0;)) < € at all e-tip points in 6, after possibly replacing r
by —r.

On the other hand, for a fixed point pg, by Lemma 3.6, £(Vd(po,-), $«(9,)) < € holds at all e-tip
points in €; after possibly replacing r by —r. So either £(Vf, Vd(po,-)) <€ or £(—=Vf,Vd(pg,-)) <€
has to hold at all e-tip points in 6;. Note that Claim 3.32 implies that d(pg, y1(s)) — o0 as s — 00,
and hence (1) must hold. But the fact that d(pg, '1(s)) — oo as s — oo implies that (2) must hold,
a contradiction. |

Therefore, letting I'(s) = "1 (s) for s > 59, and I'(s) = y1(so — s) for s <59, we get the desired complete
integral curve I': (—o0, +00) of Vf. So we may assume ['3(s) = y1(s — s9) for s > s9. Then I'y
and I'y still satisfy the conclusions in Lemma 3.17, and moreover satisfy the additional properties that
limg_ 00 R(I'2(s)) > 0, and that 'y and I'; are both parts of a complete integral curve I.

After a rescaling we may assume limg_,oo R(I'2(s)) = 4. Then for some s; > 0, whose value will
be determined later, we can find a point p, which is the center of an e-cylindrical plane, such that
|h(p)—2n|<eandd(p,T") =d(p,I'2) =s1; see Definition 2.11 for i(-). Let y,(¢) be the integral curve
of Vf starting from p. Then d(y,(¢), I') increases in ¢. In particular, d(y,(¢),I'(0)) > d(yp(t).T') > s1.
So by Lemma 3.19 we see that when s is sufficiently large, the distance d(y, (), I') for any fixed ¢ is
always attained in " ((—o0, —s¢) U (59, 00)), where I'(s) are e-tip points.

In particular, the minimizing geodesic connecting y,(¢) to some point y, € I'((—o0, —sg) U (59, 00))
such that d(y,(t), y¢) = d(yp(t),T') is orthogonal to I" at the e-tip point y;, and y; — oo as t — 0o. On
the one hand, by the distance distortion estimate we have

d
(3-18) 90001 = sup [ Rie).y'(5)) ds
di yex(n Jy
in the backward difference quotient sense (see [36, Lemma 18.1]), where %(t) is the space of minimizing

geodesics y that realize the distance of d(y,(¢),I"). In particular, if y, € I'; and y is a minimizing
geodesic connecting y, () to y;, we have

(3-19) %d(yp(t), r)> / Ric(y'(s),y'(s))ds >2—¢€ forall t €0, T],
y

where in the second inequality we used (2-5) that in a cigar soliton with R(xqp) = 4, the integral of Ricci
curvature along a geodesic ray starting from the tip is equal to 2. On the other hand, we have

(3:20) L dtp).Ta(so+1) < in / Ric(y/(s). 7/(5)) ds
dt yew) Jy
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in the forward difference quotient sense, where W'(¢) is the space of all minimizing geodesics between
Yp(t) and I'1 (5o + 7). Since R(I'(s)) strictly decreases in s, because otherwise (M, g) is isometric to
R x cigar, we may assume that for some ¢; > 0 we have R(I'1(sg,o0)) < 4 —c1. So by (3-20) there
exists some c, > 0 such that

d
(3-21) Ed(yp(f),rl(so-i-f)) <2-—c3.
Therefore, it follows from (3-19) and (3-21) that d(y,(¢),I') = d(yp(t), I'1) for sufficiently large 7.

Therefore, we may let
T =sup{t :d(yp(1).T) = d(yp(r). I'2)} < o0,

then d(yp(T).T'1) = d(yp(T),I'2) and d(y,(t),I') = d(yp(t),I'2) for all t < T. Integrating (3-19)
from O to T we obtain

dyp().T) zd(p.T) + 2—e)t 51+ 2 —e)t.

Since yp(¢) is the integral curve of Vf starting from p, it follows by the definition of / that h(y,(?)) is
equal to the length of a minimizing geodesic loop at p with respect to g(¢). So by the Ricci flow equation,
Rm > 0, and |Ric| < CR, we see that i(y,(¢)) is nondecreasing in ¢ and the evolution inequality

d
271 (1) = C-R(yp (1)) - h(yp(1))

holds. Combining this with the following curvature upper bound from Theorem 3.20,

C C
R(yp(t)) < d2(y,(1).T) = (s1 + (2 —e€)1)?’

we obtain

d
Eh(yp(f)) < m h(yp(1)).

Assuming s is sufficiently large and integrating this we obtain
(3-22) h(yp(1)) < h(p)(1+€) <2n(1+¢).

Let g € I'1 be a point such that
d(yp(T).q) = d(yp(T).T).
So by Lemma 3.29 we have
f(@) < fyp(T)).

Since R(I'1(s)) decreases and f(I"1(s)) increases in s, there is g, € I'1 such that

fla2) = f(yp(T)) > f(q) and R(q) > R(q2).

In the rest of proof, we will show R(g2) > 4 —§. First, if d(yp(T),q2) < 8§ 1R™1/2(g,), then since ¢»
is an e-tip point, we obtain
|h(yp(T)) =4 - R %(q2)] < 6.
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This fact combined with (3-22) gives

1
(3-23) R72(g2) < —h(yp(T)) +6 < 5 +8,
and hence R(g2) > 4—6.

So we may assume from now on that d(y,(T),q2) > §TIR™1/2(gy).
Claim 3.35 There exists an 8-cylindrical plane at some z € f~1(f(q2)) at scale r = R™1/2(g5).

Proof Let¢: (R xcigar, xgp): — (M, g2) be an e-isometry. For the interval [-1/§,1/5] C R and the ball
Bg, (Xiip, 1/+/8) in (cigar, g.), we consider image of their product U := ¢([—1/8, 1/8]x Bg, (xiip, 1/\/3)).
Let o be a smooth curve connecting ¢» to y,(T) in the level set f~1(f(¢2)). Since y,(T) ¢ U, by
continuity o must exit U at some z € dU.

Write dUL := ¢ ({£1/8} x Bg, (Xuip, 1/+/8)). We will show that z € ¢ ([—1/8, 1/8]x 0B, (xip, 1/+/8)) =
oU —oU—_ —dU4. Replacing + and — if necessary, we may assume f(¢(1/8)) > f(q2) > f(p(—1/6)).

On the one hand, for any y € dU_ let 6: [0,{] — M be a unit-speed geodesic from y to some point
q— € ¢([—1/8,1/8] x x¢p) which achieves the distance from y to it. Then we have

V4
FO) - flgo) = fo (Vfo!(r) dr
L pr
= / [ V2 f(o'(s), 0’ (s))ds dr
0J0

L pl C
< Ric(o’(s),0'(s))ds dr < —,
N 7
where we used that the length of o satisfies £ € [§~1/2R™1/2(g,), 26 1/2R~1/2(4,)]. This then implies

C C
1) = 16+ 52 = fa) = g5+ = < 102,
and hence dU_ is disjoint from f~1( f(g2)).

On the other hand, for any y € dU4 let g+ be a point in ¢([—1/8, 1/8] x xp) that is closest to y. Then

1
Tz flgr) = fa2) + =5 > f(q2).
and hence QU+ is also disjoint from f~!(f(g2)). So the claim holds. |
By Lemma 3.28, the two §-cylindrical planes at y,(7') and z produce the two d-necks in the level set
surface f~1(f(¢2)): One §-neck, denoted by Ny, is centered at y,(7'), which has scale 2(1 + §) because

h(yp(T)) <2m(146) by (3-23), and h(y,(T)) > h(p) > 2w — € by the choice of p and the monotonicity
of h along integral curves; and the other §-neck, denoted by Ny, is centered at z with scale R™1/2(g,).

Geometry & Topology, Volume 29 (2025)



O (2)-symmetry of 3D steady gradient Ricci solitons 731

By the choice of N, and d(y,(T),gq2) > 8! R™Y2(g,), it is clear that N5 is in the 2-ball bounded by the
central circle of Ni. Since f~1(f(g2)) is positively curved, we can apply Lemma 3.30 and deduce that

R_l/z(qz) <2(1446) andhence R(gz)>4(1-79).
Now letting € go to zero, by the monotonicity of R along I'" this implies that R is a constant along I.
So R =2 on I'. By the soliton identity,
Ric(VS,Vf)=—(VR,Vf)=0.

The Ricci curvature vanishes along I' in the direction of Vf. So the soliton splits off a line and it is
isometric to R x cigar, contradiction. This proves the existence of a critical point of f". a

The following corollary follows immediately from Theorem 3.31 and Lemmas 3.17 and 3.16.

Corollary 3.36 There are two integral curves I';: (—o0,00) — M of Vf, fori = 1,2, such that the
following hold:
(1) Let p be the critical point of f. Then limg_,_oo ['; (s) = p;
(2) As s — oo, the pointed manifolds (M,r=2(I;(s))g., i (s)) smoothly converge to the manifold
(]R X Cigar’ r_z(xtip)g(f? xtip)'
(3) For any p,(cl) e I'; such that p](cl) — 00 as k — oo, the minimizing geodesics pp,(cl) subsequentially
converge to two rays y; and y, such that [y1] = 0 and [y2] = 0 € Seo(M, p) = [0, 6] for some
0 €[0,m).

3.5 An ODE lemma for distance distortion estimates

We will use the following ODE lemma of two time-dependent scalar functions to estimate certain distance
distortions in Theorem 3.41. This method generalizes the bootstrap argument in [60, Theorem 1.3], which
relies on the O(2)-symmetric structure of the soliton.

Lemma 3.37 (an ODE lemma) Let H,h: [0, T] — (0, c0) be two differentiable functions satisfying

H'(t)= Ci-h™'(0),
(3-24) / -2
R (1) < Co- H™2(1) - h(),
for some constants C1, C» > 0. Suppose
HO)
3-25 — > .
(3-25) h0) ~ C

Let C3:= C1h™1(0)— Co H~1(0) > 0. Then for all t € [0, T| we have

H(t) = Cst + H(0),
h(r) < h(())ecz/(CBH(O))‘

Proof Dividing both sides by A () in the second inequality in (3-24), we get
3, (Inh(t)) < CLH™2(1).
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Integrating this from O to r we get

Inh(t) < Cs /t H™2(s)ds + In h(0),
0

and hence )
h(t) < h(0)e o 0 s,

plugging which into the first inequality in (3-24) we get
H'(1) > C1h(0)e~C2fo H2()ds

Let Hy(¢) be a solution to the following problem:

Ho(0) = H(0),

HY(t) = Crh~ ' (0)e=C2 o Ho* () ds

Then it is easy to see that for all r > 0,

(3-26)

(3-27) H(t) = Ho(t) > 0.
The second equation in (3-26) implies
In(H{(t)) = In(Cy i~ 1(0)) — C, fo t Hy2(s) ds,
differentiating which at both sides we obtain
3 (Hy(t) — CoHy ' (1)) = 0.

Integrating this and using (3-26) and (3-25) we obtain

H{(t)— CoHy ' (t) = Hy(0) — CoHy ' (0) = C1h™ 1 (0) — CoH™1(0) = C3 > 0.

So by (3-27) we obtain
H(t) > Hy(t) > Cst + H(0).

Substituting this into the second inequality in (3-24) we get
G

0¢(Inh(1)) < m’

integrating which we obtain

h(t) < h(O)ecz/(C3H(O))—Cz/(C3(C3t+H(0))) < h(O)eCZ/(C3H(O)).

3.6 Asymptotic cone is not a ray

Yi Lai

Theorem 3.41 is the main result in this section. It states that the soliton is Z,-symmetric at infinity, in the

sense that R has equal positive limits along the two ends of I". Moreover, assuming this positive limit is

equal to 4 after a proper rescaling, then any sequence of points going to infinity converges to either R? x §'!

or R x cigar, without any rescalings. As a consequence of Theorem 3.41, we prove in Corollary 3.43

the uniqueness of the Bryant soliton among all 3D steady solitons on R3 asymptotic to a ray.
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We remark that this Z,-symmetry at infinity is also true in mean curvature flow: a mean curvature flow
flying wing in R? is a graph over a finite slab. Moreover, the slab width is equal to that of its asymptotic
translators, which are two tilted Grim Reaper hypersurfaces [70; 55].

We first prove a technical lemma using metric comparison.

Lemma 3.38 There exists € > 0 such that the following holds: Let ¥ be a 2D complete Riemannian
manifold with nonnegative curvature. Then there cannot be more than two disjoint € -caps.

Moreover, suppose there are two disjoint €-caps centered at py and p,, and X is an €-neck at a point
p € X such that p is not in the two €-caps. Then the central circle at p separates p1 and p-.

Proof For the first claim, suppose by contradiction that there are three disjoint e-caps 61, €, and €3
centered at p1, p» and p3. We shall use §(¢) to denote all constants that go to zero as € goes to zero.

Assume the minimizing geodesics pj p> and p; p3 intersect the boundary of 6; at x, and x3 respectively,
which are centers of two e-necks. So we have

d(x2,x3) <8(e)d(x2, p1),
which by the monotonicity of angles implies
Ap2p1p3 < Lxap1x3 < 8(e).

In the same way we obtain that £ py p» p3, £p1 p3p2 < 8(€). But then we have

Ap1pap3+ Lpapips+ Ap1p3ps <38(e) <,
which is impossible.

For the second claim, suppose the central circle at p does not separate p; and p,. Denote the e-isometry
of the e-neck at p by ¥: (—e 1,e7 ) x ST = 2. Let y1 = ¥ ({£e 1} x S1). Then, after possibly
replacing + with —, we claim that the minimizing geodesics pp1, pp»> and p; p» are all contained in the
component of ¥ separated by y_ which contains yy: First, since p; and p, are in the same component
of X separated by ¥ ({0} x S1), suppose pp; intersects y. Then it follows that pp, also intersects X,
and the claim follows by the minimality of these geodesics.

By the claim, we can use a similar argument as before to deduce

Ap1pap+ Apapr1p+ Apippa <7,
which is a contradiction. O

The following lemma is a key ingredient in the proof of Theorem 3.41.

Lemma 3.39 There exists Co > 0 such that the following holds: Let € > 0 be a sufficiently small number,
and p € M be an e-cylindrical plane point. Let g € I' be the point such that d(p,q) = d(p, T"). Suppose
R(g) < CO_I. Then r(q) < 1200 h(p), where h(-) is defined in Definition 2.11.
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Proof Let C denote all positive universal constants, and § denote all positive constants that converge to
zero as € — 0. Let ¥ := f~1(f(q)). Then X is diffeomorphic to S2, and it separates M into a bounded
component f~1([0, f(¢))) diffeomorphic to a 3-ball, and an unbounded component f~1(( f(g), o))
diffeomorphic to R x §2. So we may assume I' N £ = {g,7}, and ¢ and g are §-tip points. Let
y:10, 1] = M be a minimizing geodesic from g to p. Then by Lemma 3.29 we have miny,[o,17) f > f(q),
so p € f1([f(q).00)). Therefore, there is a smooth nonnegative function T: [0, 1] — R such that

y(r) == ¢_r¢)(y(r)) € Zforr €[0,1]. Let p =y (1) = p_11)(p).
Claim 3.40 We have that ds(p,q) > % dx (g, p), where dx, denotes the intrinsic metric on 3.

Proof First, we may assume (M, g) is an e-cylindrical plane at p. First, by the positive curvature and
distance shrinking in the Ricci flow g(¢) = ¢*, g of the soliton, we have

(3-28) h(p) < h(p).

Consider the smooth map y: [0, 1] x R — M defined by y(r,t) = ¢:(y(r)). Since ¢; is the flow of Vf,
we have f o y(r,t) =t + f(q) and hence (y«(9;), x«(9;)) = (Vf, x«(9;)) = 0. So we can compute

1
(3-29) d(p.q) = Length(y) =/0 |k (r, 7 @0r) + T () - X7 (ry) (02) | d
1 1
> /0 o @) dr = /O 670y (7 (F)] dr

1
= [ 170l dr = Lengtn(7) = ds . .
0
Since |Vf|>C~1>0o0n M \ B(xg, 1), we have
(3-30) d(p.p) =C(f(p)— f(p)=C(f(p)— f(q)
1 pr
= C/O /(; Ric(y'(s),y'(s))ds dr

1
<c / Ric(y'(r).y/(r) dr < Ld(p.q).
0

where in the second equality we used (Vf, y’(0)) = 0, and in the last inequality we used

1 |
/0 Ric(y'(r), y'(r)) dr < Ed(P’Q),

which follows from Lemma 2.13(2), Theorem 3.20, and the assumption R(g) < C, ! by taking Cp
sufficiently large.

Since d(p,q) > d(p,T") = d(p, q), together with (3-29) and (3-30) this implies
ds(p.q) = d(p.q) = d(p.q)—d(p.p) = d(p.q) —d(p. p) = 3ds(q. P).
This proves the claim. |
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Since ¢ is a §-tip point, we may assume without loss of generality that dx;(¢, p) > D R~/2(g), where D is
from Lemma 3.27, because otherwise for sufficiently small € we have r(q) < 10r(p) < 10r(p) <100k(p),
and thus the lemma holds. So we can find a point ¢; on the X-minimizing geodesic between g and p
such that dx;(¢, ¢1) = DR™/2(g) and hence

(3-31) r(q) =10r(q1).

By Lemma 3.27 it follows that (M, g) is a §-cylindrical plane at ¢;. So by Lemma 3.28 this implies that
the level set X is a 6-neck at p and ¢; at scale r(p) and r(q1), respectively.

We may also assume dx(p,q1) > 100r(p) > 10h(p), because otherwise we have r(q) < 10r(g;) <
20r(p) < 20r(p), and thus the lemma holds. We will show the inequalities

(3-32) dx(q.p) =dx(q.q1) =3d=(q. p).

For the first inequality in (3-32), since g and ¢ are in two disjoint §-caps, it follows by Lemma 3.38 that
the central circle at p separates g; and ¢ in X. So a minimizing geodesic between ¢; and g intersects the
central circle at p, and hence

dx(q.q1) =z d=(p.q) — 10h(p) + dx=(P.q1) = d=(P. Q)

where in the last inequality we used dx(p, ¢1) > 1007 (p) > 10 h(p). For the second inequality in (3-32),
by Claim 3.40 we have

dz(q.q1) = ds(q. p) +ds(p.q1) =ds(q. p) +dxs(p.q) <3dx(q. p).
By the first inequality in (3-32) and the positive curvature on X, we can deduce by volume comparison that

0Bx(q.dx(q.9))| _ |19Bs(q,ds(q. P))|
d):(q’ (]1) - d):(q’ p_) ‘

(3-33)

Since X is a §-neck at both points p and g1, it is easy to see that

rey

r(q1)

Therefore, by the second inequality in (3-32) and (3-33) we get r(q1) < 12r(p). Then by (3-31),
r(p) < 10h(p) and (3-28) we get

2.

=

r(q) < 120r(p) < 1200h(p) < 1200A(p),

which proves the lemma. O

Now we prove the main theorem in this section. A key step in the proof is to choose two suitable functions
that evolve by the conditions in Lemma 3.37.
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Theorem 3.41 Let (M, g) be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Let I'y and I', be the two integral curves of Vf from Corollary 3.36. Then after a rescaling of
(M, g), we have

Jim R(Ty(s) = lim R(D5(s)) = 4.
Moreover, for any sequence of points q; — o0, the sequence of pointed manifolds (M, g, q;.) converge to
either (R? x S, ggan) or (R x cigar, g¢). In particular, if {q} C T'y UT,, then (M, g, qx) converges to

R x cigar.

Proof We will first prove limg_oo R(I';(s)) > 0 for i = 1,2. By Theorem 3.31 we know that f has
a unique critical point xo. Assume f(x¢) = 0. Then it is easy to see that all level sets f~!(s) for all
s > 0 are diffeomorphic to 2-spheres, and the induced metrics have positive curvature by (3-14). Let
I'1 and I'; be from Corollary 3.36, and I' = I'1 (—00, 00) U ['2(—00, 00) U {xo}. Then the subset I' is
invariant under the diffeomorphism ¢;. Let C denote all positive universal constants, € denote all positive
constants that we may take arbitrarily small, and § denote all positive constants that converge to zero as
€ — 0. Suppose by contradiction that the assertion limg_, o, R(I'; (s)) > 0 for both i = 1, 2 does not hold;

we will derive a contradiction. Without loss of generality, we may assume limg—,oo R(I'1(s)) = 0.

Choose a point p € M such that (M, g) is an e-cylindrical plane at p, and d(p,I") = d(p,T'1). By
Lemma 3.5, (M, g) is always an e-cylindrical plane along the integral curve ¢;(p) of Vf starting from p
for t > 0. We abbreviate ¢;(p) as p;. Let g; € " be a point such that d(p;, ") = d(ps, q:). We claim
that R(g;) — 0 as t — oo.

The claim is clear when limg_oo R(I"2(s)) = 0, using that g; — oo as t — oo by Lemma 3.19. If
limg—o0 R(I'2(s)) > 0, we argue as follows: First, for any large s; > 0, by Lemma 3.19 we can choose p
to be sufficiently far away from xg, so that d(p;, I';) for i = 1,2 are achieved at points on I'; ((s1, 00)).
On the one hand, by limg_, o R(I'2(s)) > 0 and (2-7), we may assume %d(p,, I'z) > ¢ for some cg > 0.
On the other hand, by lims—cc R(I'1(s)) = 0, Theorem 3.20, and the distance distortion estimate in

Lemma 2.13(2), we may also assume %d(pt, )< ﬁco for all # > 0. So we have

d d
Ed(Pt, I7) > ad(]’t’ I').

Since d(p, ') = d(p, T'1), it follows by integrating that d(p;, I'2) > d(ps, T1) = d(ps, T) for all ¢ > 0.
So g, always falls on ' ([s1, 00)), and thus R(g;) — 0. So the claim holds.

Since (M, r~2(q;)g, q:) converges to R x cigar as t — oo, it follows for large ¢ that R > C 1 r=2(q,)
in B(g;, C~'r(q;s)). Let H(¢;(p)) = d(¢:(p).T). Then by (2-7) this implies:

(3-34) »H(p)=C ' r i (q).

Further, by Theorem 3.20 we have R < CH ~2(p;) in B(p;, 100 h(p;)), where h( - ) is from Definition 2.11.
So by (2-7) this implies

(3-35) dh(pe) <C-H 2(pr)-h(pe).
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By the above claim we know R(q;) — 0 as t — 0o, so we can assume R(g;) < CO_1 for Co > 0 from
Lemma 3.39, by applying which we have r(g;) < 1200 i(p;), and thus

0 H(ps) = (1200€) " h ™1 (qr),

dh(pr) < C-H2(pr) - h(pr).
By taking € sufficiently small, we may assume H(p)/h(p) > 1200 C2. So H(p;) and h(p,) satisfy all
assumptions in the ODE Lemma 3.37, applying which we can deduce

H(p,)>C™ 't and h(p;)<C for all sufficiently large ¢.

So we obtain r(g;) < C. Since (M, r~2(q;)g.q:) converge to (R x cigar, Xip) as t — oo, this implies
lim;— o R(q:) > 0, a contradiction to the above claim. This proves limg_oo R(I';(s)) > 0 fori =1, 2.

Now we prove limg—o0 R(I'1(s)) = limg—oc R(I"2(s)) and the remaining assertions of the theorem. Note
that it suffices to show that for any two e-cylindrical plane points x1, x, € M, we have |h(x1)—h(x2)| <.
To show this, by replacing p; by ¢,(x;) for i = 1,2 in (3-34), and noting that r(g;) < C~! as a
consequence of limg_, o R(I7;(s)) > 0 for i = 1, 2, it follows that H(¢;(x;)) increases at least linearly,
and thus by (3-35) we obtain

(3-36) Ih(xi) = h(ge (xi))| <8 for i = 1,2,
Claim 3.42 tl_l)rgo d(ps(x1), Ps(x2)) < 00.

Proof First, we have that d(¢;(x;),T") > d(x;, ') + C ™'t fori = 1,2, so by the distance distortion of
Lemma 2.13 and Theorem 3.20 we have

d
7; 3 (¢1(x1). ¢ (x2)) = max
integrating which we obtain

(3-37) d(¢:(x1), @1 (x2)) = d(x1,x2) + C Int.

Therefore, for any sufficiently large ¢, letting y: [0, 1] — M be a minimizing geodesic between ¢;(x1)

C C
A, T)+C 11 d(x2, T) +C 1t |

and ¢;(x,), by triangle inequalities we have d(y([0,1],T") > C~1¢. So by Theorem 3.20 we have
SUPsefo,1] R(Y(5)) < C/t2, and hence (3-37) implies

d c
(@i (1), $u(x2) = f Ric(/(s). /() ds = 57

Y
integrating which we proved the claim. O

Note that ¢ (x2) converges to a rescaling of R? x S! as t — oo, so by Claim 3.42 we see that

|h (e (x1)) = h(r(x2))] < 8
for all sufficiently large . Combining this with (3-36), this implies

|h(x1) —h(x2)| <6,
which proves the theorem. |
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In the following we show that the soliton is asymptotic to a sector. Therefore, 3D steady gradient solitons
are all flying wings except the Bryant soliton.

Corollary 3.43 (Theorem 1.1, asymptotic to a sector) Let (M, g) be a 3D steady gradient soliton with
positive curvature. If the asymptotic cone of (M, g) is a ray, then (M, g) is isometric to a Bryant soliton.

Proof Suppose that (M, g) is not a Bryant soliton. Let C > 0 denote all constants depending on
the soliton (M, g), and let € > 0 be some sufficiently small number. Let I'y and I', be the integral
curves from Corollary 3.36. By Theorem 3.41 we may assume limg—oo R(I';(s)) = 4. We write
I' =T1([0,00)) UT'2([0, 00)). Let p € M be the center of an e-cylindrical plane, then we have

(3-38) d(¢:(p).T)>1.91+d(p.T) fort>0.

Suppose max R = R(xg) < C. Then we have

d(xo,¢:(p)) <20Ct,
which combined with (3-38) implies
(3-39) d(¢:(p), ') > C_ld(xo, ¢:(p)) for all large ¢.

Let g € 'y and g, € T'» be sequences of points such that d(xg, gx) = d(xo, ¢x), and let 03 : [0, 1] > M
be a minimizing geodesic connecting ¢ and g. Then it is easy to see that d(xg, 0% ([0, 1])) — oo as
k — oo. Since d(xg, ¢:(p)) — 0o as t — oo, the integral curve ¢; (p) must pass through the S '-factor of
an e-cylindrical plane centered at some point on oy (0, 1). In particular, we can find #; > 0 and s € (0, 1)
such that t; — 0o as k — oo, and

d(¢1(p). ok (sx)) < 2.
Since d(qx, qx) = d(0x (k). qr) = d(ox (sx), '), this implies by the triangle inequality that
d(qk-qr) = d(@y (p).T') = d(¢y, (). 0k (5k)) = d(dy (). T') =2,
which together with (3-39) implies
(3-40) d(qx.qx) = C'd(xo. ¢s (p)) for all large k.
Since (M, g) is not isometric to R x cigar, we have
d(qk. i) < (2—CHd(x0. qp)-
Combining it with the triangle inequality
d(x0, 1. (p)) + d(qr. qx) = d(x0.qk) + d(x0, Gx) — 27 = 2d(x0. k) — 27,

we obtain
d(x0, 1 (p)) = C ™ d(x0, i)

So by (3-40) this implies d(qx.,gx) = C ~'d(x¢. qx) and thus quxocjk > C~!. Lastly, by Lemma 3.16,
the minimizing geodesics xpqj and xogy converge to two rays o; and o, with 2(01,02) >C~1>0.So
the soliton is asymptotic to a sector. |
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4 Upper and lower curvature estimates

In this section, we prove Theorem 1.7 of the two-sided curvature estimates. For the lower bound,
Theorem 4.8 shows that R decays at most exponentially fast away from I'" by using the improved Harnack
inequality in Corollary 4.6. For the upper bound, Theorem 4.11 shows that R decays at least polynomially
fast away from I". Theorem 4.11 is proved using the quadratic curvature decay from Theorem 3.20 and a
heat kernel method.

4.1 Improved integrated Harnack inequality

In this subsection, we prove an improved integrated Harnack inequality for Ricci flows with nonnegative
curvature operators. This improved Harnack inequality will be used to deduce the exponential curvature
lower bound in Theorem 4.8.

First, we state Hamilton’s traced differential Harnack inequality and its integrated version.

Theorem 4.1 Let (M, g(t)) fort € (0, T] be an n-dimensional Ricci flow with complete time slices
and nonnegative curvature operator. Assume furthermore that the curvature is bounded on compact time
intervals. Then for any (x,t) € M x (0, T] and v € Ty M,

R
(4-1) 8,R(x,t)—|—7+2(v,VR) + 2 Ric(v,v) > 0.
Moreover, integrating this inequality appropriately yields: For any (x1,11), (x2,12) € M x (0, T] with
t1 < tp, we have

R d2, (x1,x2)
4-2) (x2.12) _ t—lexp(—l gt) 2 )

R(Xl,l1) o) 2 1h—1

Remark 4.2 By the soliton identities it is not hard to see that the equality in the differential Harnack
inequality (4-1) is achieved if (M, g(t)) is the Ricci flow of an expanding gradient Ricci soliton with
nonnegative curvature operator and v = V f;. We adopt the convention that the flow satisfies

1
Ric(g (1)) + 2—tg(z) =V2f, fort>0.
See eg [38, Chapter 10.4].

Remark 4.3 In dimension 2, using Ric = %R g one can prove the slightly better integrated Harnack
inequality

2
4-3) Reat) , 4, (JM)_

R(x1,t1) ~ 12 4 n-n

The main result of this subsection shows that (4-3) actually holds in all dimensions. Our key observation
is the following curvature inequality.
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Lemma 4.4 Let (M, g) be an n-dimensional Riemannian manifold with nonnegative curvature operator.
Then

(4-4) Ric < %Rg.

Proof To show this, let p € M and choose an orthonormal basis {e; }"_, of T, M under which the Ricci
curvature is diagonal, so
Ric = ()kl, e ,ln),

where A1 > ---> A, are the n eigenvalues. Let k;; = Rm(e;, ej, ¢;, ¢;). Then since Rm > 0, we have
ki <) kji = A
J#i
foralli =2,...,n. So
M=kia+tkiz+--+kin<Ar+Az+---+ Ay,

and hence we have

Ay Aot
Ricw.v) = 21fof? = (2255 ol = 4, o

Now we prove the improved integrated Harnack inequality.

Theorem 4.5 (improved integrated Harnack inequality) Let (M, g(t)) for t € [0, T] be a complete
Ricci flow with nonnegative curvature operator. Suppose also that the (M, g(t)) have bounded curvature.
Then for any x1,x2 € M and 0 <t <t <T, we have

2
R(x2,12) _ no _ldg(tl)(xl,xz)
R(x1,01) ~ 12 4 1 —1 '

Proof In the Harnack inequality (4-1), letting v = —V(log R)(x,?) and Tp = 0, we get

1 2Ric(VIog R, Vlog R
4-5) R R+ =2[Vlog R + ic( OgR 02R) .
Then by Lemma 4.4 we obtain
0
(4-6) M log(tR) > |V log R|%.

Let p: [t1,t2] & M be a g(¢1)-minimizing geodesic from x; to x5. Then

taR(x2,12) 2 (g [t2 ad du
1 — | = —1 R = —1 R Vi R), —
o ez ) = [ Gy roatRue. 0y dr = [ roger) + (9 oger).

1%} d 15} d
z/ |VlogR|2+<V10gR,d—l;>dt2/ |v1ogR|2—|v1ogR|‘d—’;'dz
t t

1 1

1%}
=4
4 f
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Note that if moreover the Ricci flow (M, g(¢)) is ancient, then (4-6) becomes

ad
4-7) o, log R = |Vlog RI?.

In particular, the following integrated Harnack inequality is a direct consequence of Theorem 4.5.

Corollary 4.6 (improved Harnack inequality, ancient flow) Let (M, g(t)) for t € (—o0, 0] be a complete
Ricci flow with bounded curvature. Suppose Rmg ;) > 0 for all t € (—o0, 0]. Then for any x1,x2 € M
and t; < tp, we have

R(x2.12) - exp (_l dg(tl)(xl,xz))'

R(x1,t1) ~ 4 n-n

Remark 4.7 The equality in Lemma 4.4 holds on any two-dimensional solutions. In the cigar soliton,
it is easy to see that the equality in (4-7) is achieved, but the equality is lost in the integrated version.
Nevertheless, the factor % in Corollary 4.6 is still sharp in the sense that using it we can obtain a curvature
lower bound on cigar soliton which is arbitrarily close to the actual curvature decay in the cigar at infinity:

Let (X, g¢) be a cigar soliton and R(x4p) = 4. Let (X, g¢(¢)) be the Ricci flow of the soliton. For any
x € X, lett = —do(x, x4p)/2. Then by the distance distortion estimate (2-5) in g.(t), we have

dy(x, xip) < do(x, Xiip) + (2—€)(—1),

where € > 0 denotes all constants depending on do(x, X;p), such that € — 0 as do(x, xgp) — 00. So
applying the improved Harnack inequality we get

R(x,0) > R(xp, 1) e~ 2=€) do(x,xip) — 4 ,—(2—€) do(x,xip)
This can be compared with the curvature formula of the cigar soliton (2-4),

16 < 16 e~ 2400xXip)

R(-x’ 0) = (edo(x,x[ip) _i_e—do(x,xlip))Z =

4.2 Exponential lower bound of the curvature

In this subsection we use the improved Harnack inequality to deduce the exponential curvature lower
bound.

Theorem 4.8 (scalar curvature exponential lower bound) Let (M, g, f, p) be a 3D steady gradient
soliton that is not a Bryant soliton. Assume limg_.o R(I'1(s)) = limg_o0 R(I'2(s)) = 4. Then for any
€o > 0, there exists C > 0 such that

(4-8) R(x) > C1p=2(1+€0)dg (x,T)

Proof For any €p > 0, let € > 0 denote all small constants depending on €y, whose values may change
from line to line. Let (M, g(t)), t € (—o0, 00), be the Ricci flow associated to the soliton (M, g), g(0) = g.
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Consider the subset U consisting of all points x such that the distance d;(x, ") for all # < 0 must be
achieved at e-tip points on I'. Then it is clear by Lemma 3.19 that the complement of U is compact. So
we can find a constant C > 0 such that R > C~! on M \ U. Therefore, it suffices to prove the curvature
lower bound (4-8) for points (x,0) € U x {0} C M x (—o0, 00).

Let x € U and ¢t < 0. By a distance distortion estimate we have

d
(4-9) ——d;(x,T) < sup /Ric(y'(s),y’(s)) ds,
dt yexr) Jy

where the derivative is the backward difference quotient, and %(¢) is the space of all minimizing geodesics y
which realize the distance d;(x, I'). For any such y connecting x to a point y; € I" such that d;(x, y;) =
d¢(x,T), we have that y; is an e-tip point since x € U, and y is orthogonal at y; to I". Moreover, by the
assumption limg—, 00 R(I'1(5)) = limg— o0 R(I'2(s)) = 4 we have

(4-10) R(y;.1) > 4—e.

So by taking € small, (4-9) implies

d
_Edt(x’ I') <2(1 +€p),

integrating which we get
(4-11) di(x,yr) =di(x,T') =do(x,T") +2(1 + €0) (—1).
Now applying Corollary 4.6
(the improved Harnack inequality) and using (4-10) and (4-11) we obtain
R(x,0) > R(y;, t)e—dtz(x,yz)/(—M) > (4_G)e—(do(x,F)+2(1+€o)(—t))2/(—4t)_
Letting t = —%do (x, '), this implies
R(x,0) > (4 —¢)e 2 Fe0)do(x.T), O
Remark 4.9 This curvature estimate is sharp: in the manifold R X cigar, the curvature decays like

0(e=24( 1)) 50 our lower bound estimate O (e~ (21€0) s (-:-1) gets arbitrarily close to it as the distance
dg (-, T") goes to infinity.

4.3 Polynomial upper bound of the curvature

In Theorem 4.11 we show that the quadratic curvature decay from Theorem 3.20 can be improved to
polynomial decay at any rate. The proof relies on the following heat kernel estimate. This estimate shows
that the heat kernel starting from (x, #) behaves like a Gaussian, and it is centered at the (x, s) for all
s <t—2.Fors €[t —2,t), the Gaussian bound also holds by Lemma 2.21.
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Lemma 4.10 Let (M, g, f, p) be a 3D steady gradient soliton that is not a Bryant soliton and (M, g(t))
be the Ricci flow of the soliton. Let G(x,t;y,s) forx,y € M and s <t — 2 be the heat kernel of the heat
equation 0;u = Au under g(t). Then there exists C > 0 such that

_dsz(x,y))‘

G(x,t:y,5) < C(t —s)%/?
(ruti35) = O =9 exp 42

Proof After a rescaling we assume limg—o0 R(I'1(s)) = limg—oo R(I'2(s)) = 4. We shall use C to
denote all constants depending only on the soliton (M, g). Without loss of generality, we may assume
s =0. Forany s € [0,1] and z € Bs(x, 1), let y: [s,7] — M be a curve such that y|[5 5] is a minimizing
geodesic connecting x and z with respect to g(0), and y|pp ] = .

For any 7 € [0, — 5], by Theorem 3.20 we have R(y,t — ) < C/r?(y,t —t). Moreover, denoting
d:(x,T) by r(x,t), by Theorem 3.41 and distance distortion estimates we have

(4-12) r(x,t)+1.9( —s) <r(x,s) <r(x,t)+2.1(t —s).

So R(y,t —1) < C/(r(x,t)+C~'1)2. Fort € [t —2,t — 5], we have R(y(t — 7).t —7) < C and
ly’|(t —7) < C. Putting these together we can estimate the £-length of y,
-2

20)= [ VeRGdr+ [ VRRGE-D.-0+ P dr

t—2 C t—s
d C dt < CA/t.
E/o VG D ECToe ”ft_z VedusCVi

Let £(z,5) := £(x,1)(z. 5) be the reduced length from (x,7) to (z, s). Then
Lanzs) _ L) _ c
2Vt —s T 2\t—s

Recalling the heat kernel lower bound by Perelman in [66, Corollary 9.5], we get

L(z,5)=

1 ) C
4-13 G(x,t;z,8) > ————— @) > _—
*-13) ( )z dr(t —5)3/2 ~13/2
for all s € [0, 1] and z € Bs(x, 1), integrating which in Bg(x, 1) we get
C
4-14) / G(x,t;z,8)dsz > =7 for all s € [0, 1].
BS(xal) l /

Let y € M, then by the multiplication inequality for the heat kernel in [54, Theorem 1.30] we have

_ _ (ds(x,y)—2)
(4-15) (/Bs(x,l) G(x,t;z,5) dsz) (/Bs(y,l) G(x,t;z,5) dsz) <C exp(——4c([ . )

Substituting (4-14) into (4-15) and using the distance distortion estimate dg(x, y)—2 > C ~'do(x,y)—2>
(2C)~dy(x, y), we obtain

d 2
(/ G(x’t;z’s)dsz)SCts/zexp(—M).

Geometry & Topology, Volume 29 (2025)



744 Yi Lai

Integrating this for all s € [0, 1], and then applying the parabolic mean-value inequality (see eg [36]) to
G(x,t;-,-) at (y,0), we obtain

O
4Ct

d?(x,
G(x,t;y,0) < Ct3 exp(—M).
Theorem 4.11 (scalar curvature polynomial upper bound) Let (M, g, f) be a 3D steady gradient
soliton that is not a Bryant soliton. Then for any integer k > 2, there exists Cy > 0 such that
Ck

dg ( ) F)
Proof By Theorem 3.20 this is true for k = 2. Let (M, g(¢)) be the Ricci flow of the soliton. We denote

d:(x,T) by r(x,t). After a rescaling we assume limg—, o R(I'1(s)) = limg—oo R(I'2(s)) = 4, so (4-12)
holds.

Suppose by induction that this is true for k > 2, we will show that this is also true for £k + 1. In the
following C denotes all positive constants that depend on k, the maximum of R and the limits of R at
the two ends of I'. Since R satisfies the evolution equation

3; R = AR + 2|Ric|?,

for a fixed pair (x,¢) € M x (—o0, 0c0) we have

t
R(x,t):/ G(x,t;y,s)R(y,s)dsy+2// G(x.t:z,8)|Ric|®(z, ) dez dt := I(s) + 1I(s).
M s JM

First, we claim that limg—, oo I(s) = 0. To show this, we split I(s) into two integrals on BS( » 7000 000 —==7(x, s))
and M \ Bs( , 10Oor(x s)) and denote them respectively by /1(s) and I>(s). Then for I(s), using
Jay G(x.t;y,5)dsy =1 we can estimate that

I1(s) < (/M G(x,t;y,s)dsy)-( sup R(~,s)) = sup R(-,5).
Bs(x

B (x. 75557 (x-9)) To007(x:9))
For any y € Bs( , 1000r(x s)) we have r(y,s) > r(x,s)— wlwr(x,s) > %r(x,s). So by the inductive
assumption, R(y,s) < C/r¥(x,s). So it follows by (4-12) that I (s) < C/r2(x, s), which goes to zero
as § — —oo0.

For I5(s), since by (4-12) we have
2
ds (v, x) >C™

r—s
it follows by the heat kernel estimates Lemma 4.10 and Lemma 2.21 that

G(x.1:y.5) < Ce—d20)/Clt=s)

Yr(x,5)=C7 't —5) forall y € M\ Bs(x, 13557 (x.5)).

which implies

I(s) < C/ e~ di(».x)/Cl1=s) dsy <Ce"&9/C 0 a5 s > —o0.
M\Bs(x, o007 (* s))
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Next, we estimate 1I(s). Let
J (1) :=/ G(x,t:z,7)|Ric|*(z, 1) dy 2,
M

and split it into two integrals on By (x, 15557 (. 7)) and M \ B (x, 19557 (x. 7)), and denote them
respectively by J1(t) and J> (7). Then by a similar argument as above and using the inductive assumption,
we see that J1(7) < C/r2(x, 1) and Jo(1) < Ce7&D/C < C /r2k(x, 7).

Therefore, integrating J(s) we obtain

t t t t C
II(s)=2/S J(‘L’)d‘[=2/; (J1(1)+J2(T))d15/; mdtffs CG.DT 100 dt

1 1
=C (r2k_1(x, N (r(x,0)+ 1.9(t—s))2k_1)
C

< —=".
T or2k=1(x, 1)
Combining this with the estimate on I(s), it follows that
C
R(x,t) <limsup(I(s) +1(s)) < —.
(1) < Hmsup(r(s) 1) =y

Since k > 2, we have 2k — 1 > k 4 1, which proves the theorem by induction. |

5 Symmetry improvement theorems

In this section we will study the Ricci De Turck perturbations 2 whose background metric is an SO(2)-
symmetric complete Ricci flow which is sufficiently close to the cylindrical plane R?x S!. Such symmetric
2-tensor can be decomposed as & = hy + h_, where h is the rotationally invariant mode and /4_ is the
oscillatory mode. We show that the oscillatory mode /_ decays in time exponentially in a certain sense.
We will first prove the linear version of this symmetry improvement theorem, that is, the oscillatory mode
of a linearized Ricci De Turck flow on R? x S decays exponentially in time. Then we can obtain the
theorem from its linear version by using a limiting argument.

More explicitly, || decays exponentially in time in the following sense: First, if |/_| is initially bounded
uniformly by a constant, then the theorem shows that it decays as e~% for some §¢ > 0. Moreover, if
|h—|(-,0) has an exponential growth in the space direction, then the theorem shows that |h_|(-,t) still

8

decays as e °°’ modulo the same exponential growth rate in the space direction.

5.1 SO(2)-decomposition of a symmetric 2-tensor

For a 3D Riemannian manifold (M, g), we say it is SO(2)-symmetric if it admits an effective isometric
SO(2)-action. Equivalently, this means that there is a one-parameter group of isometries Vg, with 6 € R,
such that ¥y = id if and only if 8 = 2k 7 for k € Z. Throughout this section, we will moreover assume that
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(M, g) is a 3D SO(2)-symmetric Riemannian manifold such that there exist a 2D Riemannian manifold
(N, go) and a Riemannian submersion 7 : (M, g) — (N, go) which maps an orbit of the SO(2)-action to
a point in N. This can be ensured when the SO(2)-action is free.

Let U be a local coordinate chart on N with coordinates p: (x, y) € Uy C R? — p(x, y) € U. Take
a section s: U — 7~ 1(U) C M. Parametrize SO(2) by 0: [0,27) — SO(2). Then we obtain a local
coordinate on 7~1(U) by (x, y,0) = 0 -s(p(x, y)).

Let & be a symmetric 2-tensor on M, and

1 2w
(5-1) ha(v) = (0" h)(y) db,
T Jo
and h_ ;= h—h4. Then h4 and h_ are two symmetric 2-tensors. For any 6y € SO(2), we have
1 27 1 2w 1 21 +6p
Oghy = — 0y (0*h)do = — Oo+60)*hdf = — 0*hdf =hy.
fhe=gr | s as =5 [T @ rornao= [ .

So we say A is the rotationally invariant part and h_ is the oscillatory part of &, and h = hy + h_ is
the SO(2)-decomposition of /. Similarly, we say / is rotationally invariant if # = 4, and oscillatory if
hy =0.

We now analyze the structure of the oscillatory mode more carefully. Since the one-forms dx, dy and d6
are invariant under the SO(2)-action, it follows that the basis {dx2, dy?, dx dy,dx df,dy d6, d68?} of
the space of all symmetric 2-tensors are rotationally invariant. So the SO(2)-decomposition of / reduces
to the decomposition of components of h under this basis: /4 can be written as below under the local
coordinates,

hzFldxz—l—deyz—l—F3dxdy+F4dxd9+Fsdyd9+F6d02,

where F;(x,y,0): Uy x S! — R are functions. Let F; + be the i™ component in /. Then

1 2w
F,',+(x,y,0)=—/ Fi(x,y.0))do’,
2 0
which is independent of €, and

o0
Fio(x.y.0) =) A j(x.y)cos(j6) + Bi j(x. y) sin(j6),
where Jj=1
1 2w 1 2
Ajj(x,y) = ;/0 Fi(x,y,0")cos(j0')df’ and Bij(x,y)= ;/0 Fi(x,y,0")sin(jO")do’.

We have the following observations. Suppose {M;, g;, x;} is a sequence of SO(2)-symmetric Riemannian
manifolds, which smoothly converges to an SO(2)-symmetric Riemannian manifold (Mo, g0, Xo0), and
the convergence is SO(2)-equivariant. Suppose also that 4; is a sequence of symmetric 2-tensors on M;
that smoothly converges to a symmetric 2-tensor on Moo. Write h; =h; + +h; — and hoo = hoo,+ +hoo,—
for the SO(2)-decomposition. Then /; + smoothly converges to /s, +, and h; — smoothly converges
t0 Noo,—.
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5.2 A symmetry improvement theorem in the linear case

Note that straightforward computation shows that the decomposition & = hy + h_ is compatible with
the linearized Ricci De Turck flow d;4 = Ay h on the cylindrical plane R? x S!. In the following, we
consider an oscillatory symmetric 2-tensor # on R? x S! which solves the linearized Ricci De Turck
equation. Assume |A|( -, 0) satisfies an exponential growth bound, then the following proposition shows
that |/| decays exponentially in time in a certain sense.

Proposition 5.1 (on R? x S!, linear) Let 8o = 0.01. There exists a Ty > 0 such that for all
a€[0,2.02] and T =Ty,

the following holds. Let h(-,t) fort € [0, T] be a continuous family of oscillatory tensors on R? x S1,
which is smooth on t € (0, T| and satisfies the linearized Ricci De Turck flow d;h = Aph. Suppose that

o2 h(x, y,0,0) < Ae@Vx*+7?
for any (x, y,0) € R2x S'. Then
11](0,0,0,T) < A 2T .e=80T

Note that at (0, 0, 8), the upper bound || < A at time 0 becomes |h| < A ¢2®T . ¢=%T 4t time T. For
o =0, the bound at time T is || < A-e~%T  in which case the exponential decay is clear. For « # 0, there
is an extra increasing factor e22T which seems to cancel out the effect of the decreasing factor e=%T In
this case, the exponential decay rate is measured by the time-dependent distance to the “basepoint” in a
suitable Ricci flow. So the increasing factor e2*7 will be compensated for by the distance shrinking as

going forward along the flow.

In Section 6, we will apply the nonlinear version of this proposition on the 3D flying wing with
limg 00 R(T;(s)) = 4 for i = 1,2. We will consider h satisfying the initial bound |h| < ¢*%s(-T).
Since the soliton converges to R x cigar along I', it follows that the distance to I" shrinks at a speed
arbitrarily close to 2. This will outweigh the increasing caused by e2*T. It is crucial that & can be slightly
greater than 2 since we will rely on this to find an SO(2)-symmetric metric sufficiently close to the soliton

—(248) d,

metric so that the error decays like e (-T) for some small but positive 8. So the error can decay

faster than the scalar curvature as a consequence of Theorem 1.7.

Proof Since / is oscillatory, we can write it as

h(x,y,0,t) = Fi(x,y,0,t)dx*>+ Fa(x,y,0,t)dx dy + Fs3(x,y,0,t)dy* + F4(x, y,0,t) dx d6
+ Fs(x,y.,0,t)dy df + Fe(x, y,0,t)d6?,
where F; are in the form
o0
Fi(x,y,0,t)= Z Ajj(x,y,t)cos(jO) + B; j(x,y,t)sin(j0),
j=1
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where | pan
A j(x,y,1) = —/ Fi(x,y,0",t)cos(j0")do’,
T Jo

1 2
Bi’j(x’y’t):;/o Fi(x,y,0",t)sin(jO')do’.

So by the assumption (5-2) we have |F;(x,y,60,0)| < A e“‘/m, and hence
(5-3) 40,7166, 3,00, 1By j1(x, 7,0) < 24¢0V 3502,
Now, the tensor / satisfies d;h = Aph, which in the coordinate (x, y, 6) is equivalent to
(5-4) 0 Fi(x,y,0.1) = (0xx +dyy + dgo) Fi(x,y.0,1) = (Ag2 + dgg) Fi (x, . 0.1).
Solving (5-4) term by term we see

9t Ai,j = Ap2Aij—j>A;j and 0;B;j = Ag2Bij—j* B ;.

So A;,j(x,y,1) .eJ?=T) and Bij(x,y.1) .ei?=T) satisfy the heat equation on R2. In the following,
we will estimate these terms from above at (0,0, 7).

For convenience, we will omit the indices for a moment and let

(5-5) u(x, y.1) = A; ;(x,y, t).ejZ(t—T)‘
Then u satisfies the heat equation
atu = ARZM,
and by (5-3) we have
(5_6) |u|(xay70)§2Ae‘x v x2+y2.e_j2T.

Since cos 0.4 > ﬁ, it follows that for any (x, y) € R2, there is

Vx24+y2<1.1(xcosf+ ysinf) forall 6 €[0y—0.4,00 +0.4],
where 0y satisfies cos 8g = x/y/x2 + y2 and sin 6y = y//x2 + y2. So for any o we have that

(5-7) ea«/x2+y2 < L /271 el.la(xcos@-i—ysin@) do
=08 J, :

Let

2
v(x,y,t) _ 2A€_j2T _e(l.loz)zt . 01_8[ g e(l.lot)(xcos@—i—y sin ) do.
. 0

For any fixed 6, by a straightforward computation we see that the function e(1:18)%7 . o(1.1e)(x cos 0+ sin )

is a solution to the heat equation on R2. So it follows that v also satisfies the heat equation, ie
8[1) = ARZ V.
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Note by (5-6) and (5-7) we have |u|(x, y,0) < v(x, y,0). Moreover, by Lemma 2.22 we have a linear
exponential growth bound on |u|(x, y,t) for all later times ¢ € [0, T], which may depend on 7. This
allows us to use the maximum principle (see eg [45]) and deduce that

(>-8) 1u|(0,0,T) <v(0,0,T) = 2.54¢ 7T . (11)°T
Since « € [0,2.02], it is easy to check that
20— (1.1e)> + 1= 0.1.

Take Tp = (In2.5)/0.05, then €%-9°T > 2.5 for all T > Ty, and hence

250 T _e(l.la)zT < 20T  ,—0.05T

e
Substituting this into (5-8), we obtain
|u|(0,0,T)< A o—U?=DT 20T  ,—0.05T
Restoring the indices in (5-5), we obtain
|4:,71(0,0,T) < Ae—U?-DT 20T  ,—0.05T

Similarly, | B;, ;](0, 0, T') satisfies the same inequality. Therefore, assuming 7o > (In 400)/0.04, we obtain

o o o0
F1(0,0.7) < 3 [A; j1(0.0.T) + > |Bi (0,0, T) < 24227 . ¢ 70057 . 3™ o =(*=1T

Jj=1 Jj=1 Jj=1
<44 020T . o=005T ﬁAeZ“T LeT00IT,
which implies |4](0,0, T) < A e2®T .¢70-01T 'and hence proves the lemma. |

5.3 A symmetry improvement theorem in the nonlinear case

In Theorem 5.3, we prove the nonlinear version of Proposition 5.1. In the theorem, / is a symmetric
2-tensor satisfying the Ricci De Turck flow perturbation with background metric g(¢) being an SO(2)-
symmetric complete Ricci flow which is sufficiently close to R? x S! at a basepoint. We will show that
the oscillatory part of / has a similar exponential decay in time as in Proposition 5.1.

We briefly recall some facts of Ricci De Turck flow perturbations from [9, Appendix A]. Let (M, g(¢))
be a complete Ricci flow and & be a solution to the Ricci De Turck flow perturbation equation with
background metric g(¢), given by

Vo, h = Agryh +2Rmg 1) (h) + 2g 1) [h].

where 9.4 ;) [h] is quadratic in / and its spatial derivatives, and the left-hand side contains the conventional
Uhlenbeck trick,
(Va,h)ij = (3¢h)ij + gP%(hpj Ricgi +hip Ricg;).
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Then /2 := o~ ! satisfies the rescaled Ricci De Turck flow perturbation equation

Va, i = Agoyh + 2Rmg ) () + 2. [7].
which as @ — 0 converges to the linearized Ricci De Turck equation,
Va,h = Mgyl +2Rmyg 1y (1),
which can also be written as atfz =A LE, where Ay is the Lichnerowicz laplacian
Aphij = Ahij +2 g g% Ry iohpg — g7 (hp; Ricg; +hip Ricg)).

Theorem 5.3 is proved using a limiting argument: We consider a sequence of blowups of solutions /;
to the Ricci De Turck flow perturbation, and show that they converge to a solution to the linearized
Ricci De Turck flow to which we can apply Proposition 5.1. To take the limit, we need to derive uniform
bounds for /; and the derivatives.

To this end, we first observe that for a solution 4 to the Ricci De Turck flow perturbation, |/|? satisfies
the evolution inequality [9, Appendix A.1]

3 |h|* < (g + M)V VEIR> =2(g + 1) 71 ¢" VihpuVihgy + C(n)|[Rmg]| - |h> + C(n)|h] - [Vh|?,

where C (1) > 0 is some dimensional constant. Note that the elliptic operator (g + /)" Vizj is not exactly a
laplacian of metrics. So in order to use the standard heat kernel estimates, we compare this operator with
the exact laplacian Ag ;)4 p(s) in the following lemma, and show that d; |h|? < Agt)+h(t) |h|? + |h)?.

Lemma 5.2 For any n € N, there are constants Co(n) and C1(n) such that the following holds. Let
(M", g(t)) witht € [0, T] be a Ricci flow (not necessarily complete) with |Rm| <1 and inj > 1, and let
h(t) be a Ricci flow perturbation with background g(t). Suppose |V¥h| < 1/Co(n) < ﬁ fork =0,1.
Then |h|? satisfies the evolution inequality

(5-9) 3t1h|* < Agy+h(lh)* + Ci(n)|h|>.

Proof In the following, the covariant derivatives and curvature quantities are taken with respect to g(z),
and the time-index ¢ in g(¢) and /(¢) is suppressed. Let C denote all dimensional constants whose values

2

may change from line to line. Let (x1 ,x%,...,x") be local coordinates on an open subset U C M, such

that |Vk g| < C for k =0, 1; for example we may choose the distance coordinates [67, Theorem 74]. By

the formula of the Hessian Vl.zj f= 81.2j f-r l’j dr f for any smooth function f on U, it is easy to see

(g + W VAP = (g + )Y 0% |1 — (g + W) TK o |2,
Aginlhl* = (g + 1) 32 |h)> — (g +h) TK k1|,

where f‘llj is the Christoffel symbol of g + /. So we have
(g + WY VAR = Agynlh? = (g + 1) (TF —T5)ok|n]>.
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Seeing that |fllj — Fllj| < C(|h| + |Vh|) and using the assumption |V¥h| < 1/Cy(n) for k = 0,1,
for sufficiently large Co(n) we obtain

(g + P VEIR? = Agpnlh?| < CIRI?|Vh| + CIh| VR < 510> + 3| VA[>.
Combining this with Section 5.3, and noting that

2(g + 1)V gP9g" Vi hpy Vihgy > 1.8|Vh|?,
we obtain (5-9). O

Now we prove the main result of this section.

Theorem 5.3 (on almost cylindrical part, nonlinear) There exist 8o, To > O such that for any T > Ty,
there exist €(T), g(T), D(T) > 0 such that for any

«€[0,2.02], e<€ &<8 and Dy> D,
the following holds.
Let (M, g(t),x0) witht € [0, T] be a three-dimensional SO(2)-symmetric complete Ricci flow with
|[Rm|g ;) < 1, and suppose (M, g, xo) is §-close to (R% x S, gstan) in the C°8-norm. Let h(t) be a

Ricci De Turck flow perturbation with background metric g(t) on Bgy(xg, D#) x [0, T] and suppose
|VER(r)| < ﬁ for k =0, 1. Note that the norms and derivatives are with respect to g(0). Suppose also

|VER|(x,0) < e-e100do(x:%0)  for x € By(xg, Dy) and k =0, 1,2,

5-10

( ) |h|(x,t) <e-el0D+ for (x,t) € dBo(x0, D#) x [0, T].
Suppose also

(5-11) 1h|(x,0) < €-e* @ +rO:X0)  for x e By(xo, D).

Then we have
IVER_|(x0, T) < €-e 5T 02T for k =0,1,...,100,

where h_ is the oscillatory part of h.

Proof Let Ty > 0 be from Proposition 5.1, and the value of §y will be determined later. Suppose the
assertion does not hold for some T > Ty and Co > 0. Then there are sequences of numbers ¢; — 0,
8 = 0and Dy; > D; — o0, a sequence of SO(2)-symmetric complete Ricci flows (M;, g;(¢)) with
t €[0, T], which is 8;-close to R% x S1 at (x;,0) € M; x [0, T], and a sequence of Ricci De Turck flow
perturbation /; (¢) with background metric g; (¢), defined on Bo(x;, D¢ ;) x [0, T'], such that (5-10) holds
in Bo(xg, Dy, ), and

(5-12) |hil(x,0) <¢ %45 @+ (XX) - o Bo(xi, D;),
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but there is some k; € {0, 1, ..., 100} such that
(5-13) VK hi —|(x;. T) > € -7 . 20T

After passing to a subsequence we may assume that the pointed Ricci flows (M;, g;(¢), x;) on [0, T]
converge to (RZ x S, ggan, Xo) in the C2%-sense. We will show that /; /€; converge to a solution to the
linearized Ricci De Turck flow on R2 x S!. To this end, since |th| < Tloo’ k=0,1, by Lemma 5.2,
there is Co > O such that

¢lhi|* < Ag,sn,|hil* + Co-|hi|> on Bo(x;, Dy;)x[0,T].
Let u; ;= e Cot |h; |2, then this implies d;u; < A, 4, u;. Moreover, (5-10) implies

U; (_x’O) < eiz .eZOdgl‘(O)‘i‘hi(O)(xaxi) for x € BO(-xi’ D#,i)v

ui(x,t) < ei2~620D#J for x € dBo(x;, Dy,;) and t € [0, T].

Applying the heat kernel estimate Lemma 2.22 and the weak maximum principle on Bo(x;, Dy,;) %[0, T],
we obtain bounds on |u;| which are independent of all i: for any A > 0, there exists C(A4, T') > 0, which
is uniform for all 7, such that

lui|(x,t) < C(A,T)-€* on Boy(x;,A)x[0,T],

and hence
(5-14) |hi|(x,1) <C(A,T)-€ on Bo(x;, A)x[0,T],

with a possibly larger C(A4, T). By the local derivative estimates for the Ricci De Turck flow perturbations
[9, Lemma A.14], this implies bounds for higher derivatives,

V™ hi| < Cn(A,T)-€i-t™™2 on Bo(x;, 14) % (0, 7],

where m € N and C,,,(A, T') > 0 are constants depending on A, 7" and m. Moreover, the first inequality
in (5-10) implies

IVEh;] < C(A,T)-€¢ on Bo(x;,1A4)x[0,T] for k =0,1,2.
Therefore, letting H; = h; /€;,

V™ H;| < Cn(A,T)-17"/> on Bo(x;,54) x (0, T},
and also
IVKH;| < C(A,T) on Bo(x;,14)x[0,T] for k =0,1,2.

So after passing to a subsequence, H; converges to a symmetric 2-tensor Hy, on (R? x S1) x [0, 7] in
the C%-sense, and the convergence is smooth on (0, T].

On the one hand, by the contradiction assumption (5-13) there is some kg € {0, ..., 100} such that
(5-15) VKO Hoo _|(x0, T) = e7%0T . 20T,
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On the other hand, since ¢; — 0, it follows that H, satisfies the linearized Ricci De Turck equation
0t Hoo = AL, Hoo. The initial bound (5-12) passes to the limit and implies

| Hoo|(x,0) < e®%esan*X0)  forall x e RZ x S,

So we can apply Proposition 5.1 to the oscillatory part H, — at every point in the backward parabolic
neighborhood U := B7(x¢,1) x [T —1,T] C (R? x S') x [0, T'] centered at (xg, T'), and obtain

@+0.01 ,—0.01T ,2aT . [

|Hoo—| <e e

Since the components of H — satisfy the heat equation (5-4), it follows by the standard derivative
estimates of heat equations that for all k =0, 1, ..., 100,

|VkHoo,—|(xO, T) < Ck '€_O'OIT _eZOLT < 8_80T _eZOZT

for some §g < 0.01, which contradicts with (5-15). O

6 Construction of an approximating SO(2)-symmetric metric

The main goal in this section is to construct an approximating SO(2)-symmetric metric whose error to the

—2(1+€0)dg (.T) for some positive constant €y > 0, and moreover the error

soliton metric is bounded by e
goes to zero as we move towards the infinity of the soliton. Here I' = I'1 (—o0, 00) U T (—00, 00) U { p},

where p is the critical point of M, and I'y and I'; are two integral curves from Corollary 3.36.

The construction consists of two parts. First, in Section 6.4, we do an inductive construction to obtain an
SO(2)-symmetric metric g that approximates the soliton metric within the error e~2(1+e0)dg (-.T) Next,

in Section 6.5, we extend g to a neighborhood of I" to obtain the desired approximating metric.

In the first step, we repeat the following process in an induction scheme: We consider the harmonic map
heat flows from the Ricci flow of the soliton to the Ricci flow of some approximating SO(2)-symmetric
metric. The error between the two flows is characterized by the Ricci De Turck flow perturbation, whose
oscillatory mode decays in time by our symmetric improvement theorem. Therefore, the accuracy of
the approximation will improve by the flow, after adding the rotationally symmetric mode in the Ricci
De Turck flow perturbation to the approximating metric.

Note that the norm of the perturbation could grow very fast in the compact regions since we do not
have a symmetry improvement theorem there. In order to deal with this, we will do surgeries to the
soliton metric g and the approximating SO(2)-symmetric metrics, by cutting off their compact regions
and gluing regions that are sufficiently close to R? x S!. The resulting manifolds are diffeomorphic to
R? x S, and close to R? x S! everywhere. So the harmonic map heat flows between the flows of these
manifolds exist up to a long enough time for us to apply Theorem 5.3. In the surgeries, we need to glue
e-cylindrical planes, and for the SO(2)-symmetric metrics we also need to preserve the SO(2)-symmetry
in the resulting metrics. This needs some gluing lemmas in Section 6.1. We conduct the surgeries in
Sections 6.2 and 6.3.
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6.1 Glue up SO(2)-symmetric metrics

In order to do the surgeries, we need to know how to glue SO(2)-symmetric metrics. This is done in this
subsection. Recall that for a 3D Riemannian manifold (M, g), we say it is SO(2)-symmetric if there is a
one-parameter group of isometries g, with 8 € R, such that Y9 = id if and only if 8 = 2kx, k € Z. In
this subsection, we show how to glue several SO(2)-symmetric metrics which are close to (R%x S, ggan)
and also close to each other on their intersections.

Since the metrics throughout this subsection are e-close to R? x S! for some very small €, we will
take derivatives and measure norms using the metric g, on R? x S, since different choices of the
e-cylindrical planes only cause an error of Cpe for some universal constant Cy > 0. Moreover, we say
two maps are e€-close in C k_norm if their images are e-close, and they are e-close in C k_norm under the
standard coordinates of two e-cylindrical planes e-close to the preimage and image spaces.

First, we show in the following lemma that if a 3D Riemannian manifold (M, g) is e-close to RZ x S at
X0 € M under two e-isometries ¢; and ¢, then the two vector fields ¢1x(dg) and ¢ (dg) are Coe-close.
Therefore, the vector field dg is well-defined on an e-cylindrical plane up to sign and an error €.

Lemma 6.1 Let k € N. There exists Co, € > 0 such that the following holds for all e < €. Let (M, g)
be a 3-dimensional Riemannian manifold. Suppose (M, g, x¢) is e-close to (R? x S, gyan) in the
Ck-norm under two e-isometries ¢;: S' x (—e 1, e V) x (=", e ') > U; € M fori = 1,2, where
V := ¢1(S! x (=100, 100) x (=100, 100)) C U,. Then after possibly replacing ¢» by ¢» o p, where
p(0.x,y) =(—0,x,y) for® €[0,2n) and x, y € (—e~ !, e~ ), we have

|p1x(0p) —¢2*(39)|Ck*1(v) < Coe.

Proof We shall use € to denote all constants Coe, where Coy > 0 is a constant depending only on k. Let
gi = (qbl._l)*gstan and X; = ¢;«(dg) fori =1,2. Let (x, y, 8) be the coordinates on U; induced by ¢
such that g can be written as d62 4+ dx? +dy?, where x, y € (—e~1,e 1) and 6 € [0, 27). So X1 = 0.
The coordinate function 6 can be lifted to a function z on the universal covering Uy — Uy, so that the
metric on U; can be written as dz2 + dx2 +d 2 under the coordinates (x, y, z).

Assume ¢ is sufficiently small. Then
(6-1) 1g1 = &2lcry =181 —&leky + 182 —glek vy S €.
Since £x, g> = 0, this implies
(6-2) I£x,81]ch—1(vy = |£x5(82 + (81— &2)) cr—1(v) = |£x, (81 — &2)[cr-1(v) S €.
Note that all Killing fields on R3 have the form
a1y +azdy +azd; +by1(x0; —z0x) + b2(x0y — ydx) + b3(z0y — y0;),

where a1,a»,as, b1, by, b3 € R. By a direct computation using (6-2), we see that X is e-close in the
C*~1_norm to a vector field on V of the form

(6-3) a10x +az0dy +azdg +b1(xdg —00x) + ba(xdy — ydx) + b3(00, — ydp).
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In the following, we will estimate these coefficients and show that |a3 & 1| < € and other coefficients
are bounded in absolute values by e. First, since X5 is smooth, it follows that the vector field in (6-3)
restricted at 6 = 0 and 8 = 27 must be e-close. So we must have

b1l + [b3] < €.

Next, since V82X, = 0, it follows by (6-1) that | V8! leck—l(V) < €, which implies |h3| < €. So X» is
e-close in the C¥~1-norm to the vector

Y = a18x +a28y +a389,

and hence the flow generated by Y, which is

x(; xo0, y0, 60) = xo + axt,

y(;x0, Y0, 60) = yo + axt,

6(z: xo0, yo, 00) = 0o +ast,
is e-close in the C*¥~1-norm to the flow generated by X, on V. Since the flow of X, is 2x-periodic, it
follows that

(6-4) lai| + |az| + |2wraz —2mnx| <€ for some m € N.

Note that for i = 1,2, X; is a unit-speed velocity vector of the g;-minimal geodesic loop, so it is easy to
see that for sufficiently small € we must have either | X, — X1 | < Tloo or | Xo+ Xq1| < 101W' This implies
las £1] < ﬁ, which combined with (6-4) implies

lai] + laz| +laz £ 1| <€,

which proves the lemma. O

The next lemma is a step further than Lemma 6.1, which shows that if an SO(2)-symmetric metric is
e-close to an e-cylindrical plane, then their Killing fields are also Cgpe-close.

Lemma 6.2 Let k € N4. There exists Cg, € > 0 such that the following holds for all ¢ <€. Let (U, g)
be a 3D Riemannian manifold (which is not necessarily complete), and let xo € U. Suppose that g is
SO(2)-symmetric metric and X is the Killing field of the SO(2)-isometry. Suppose also that (U, g, xg) is
e-close to (R? x S, ggan) in the C k _norm, and

|X — 9| < 1950 on Bg(xo,1000) € U,
where g denotes the Killing field along the S'-direction in an e-cylindrical plane. Then

| X — 96l cr—1(B, (xo,1000)) = Co€.

Note that the assumption | X — dg| < ﬁ in this lemma is necessary even if we derive a better bound
using it. For example, on R? x S, an SO(2)-isometry could be either a rotation in the xy-plane around

the origin, or a rotation in the S !-factor, but their Killing fields are not close to each other.
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Proof We shall use € to denote all constants Cge, where Cp > 0 is a constant independent of €. First, let
$1 be the e-isometry from (R? x S!, ggan) to (U, g, Xo), and let (x, y, ) with x, y € (—e~!,e7!) and
0 €[0, 2r) be local coordinates on an open subset V' containing By (xo, 1000), such that g1 := (¢1_1)* Zstan
can be written as d62 + dx2 + dy?2. Then @ can be lifted to a function z on the universal covering V — V,
and the induced metric on V is dz2 + dx2 + dy2.

Seeing that £x g = 0, this implies
1Lx g1lcr—1v) = 1Lx (81— &)lck—1@w) S €.
As in Lemma 6.1, this implies that X is e-close in the C¥~1-norm to the vector field on V given by
(6-5) Y :=a10x +az0y, +azdg + ba(xdy — ydy),
where a1, a,as, by € R.

In the following we will show that |az — 1| <€ and |a|, |az|, |b2| < €. First, assume b, # 0. Then the
flow generated by Y is

v(t: x0, o, 6o) = yocosbat + ;ﬂ(l —cos byt) + 22 sin bot,
2 2

(6-6) x(t; X0, 0, 0o) = xo cos bat + %(cos bot — 1)+ ZQ sin bot,
2 2

0(t; xo, yo. 6o) = 0o + ast.

Since the flow generated by X is 2m-periodic and Y is e-close to X, it follows that
(6-7) |x(27; X0, Yo, B0) — Xo| + |y (27; X0, Yo, 60) — yo| + [2mwasz —2mm| <€
for some m € N. First, by | X — dg| < Tloo we have

Y = 9] < |X = Y|+ |X —9g] <€+ X — 8| < 555

which implies |b,| < ﬁ. Moreover, by taking yo = 100, —100 in (6-7) and using (6-6), we get
200|cos(2why) — 1| = |y(2m; 0, 100,0) — 100 — y(27; 0, —100,0) + 100| <€,

L

which combined with [bz| < 155

implies |by| <.
So we may assume b, = 0 in (6-5), so X is e-close to the vector field in the C k=1_norm on V given by
(6-8) Z = a18x +023y +d389,

which generates the flow
y(t:x0, y0.60) = yo + axt,
(6-9) x(:xo0, Yo, 00) = xo + axt,
0(t; xo0, yo, o) = o +ast.
The 2z -periodicity of the flow of X implies immediately
lay| + |az| + |2rasz —2mn| <e.
Using | X —dg| < ﬁ again this implies |a3 — 1| < €, which proves the lemma. |
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In the following lemma, we show that one can glue one-parameter groups of diffeomorphisms that are
e-close to each other on their intersections, to obtain a global one-parameter group of diffeomorphisms
that are Cge-close to them, where the constant Cy does not depend on €.

Lemma 6.3 Let m,k € Ni. There exists Co, € > 0 such that the following holds for all € < €. Let
(M, g) be a 3D Riemannian manifold. Suppose (M, g) is e-close to (RZ x S, ggan) at all x € M. Suppose
{Ui 372, is an open covering of M such that at most m of them intersect at one point. Additionally,
suppose that there is a one-parameter group of diffeomorphisms {¢; g }ger on each U; which satisfies

(1) ¢i,0 = ¢i2n =1d,

(2) |¢ir+(3:)—0g| < ﬁ, where dg denotes the Killing field along the S ! -direction in an e-cylindrical

plane up to sign,
3) |¢i —¢jlck((UimUj)Xsl) <€, where ¢;(x,0) = ¢; g(x) for any (x,0) € U; x St

Then there exists a one-parameter group of diffeomorphisms {{; };er on M satistying

(D) Yo =v2r =1id,
(2) ¥ —dilckw,xs1) < Coe forall i,
(3) Y =¢ison{x €M :Bg(x,1000r(x)) C U;}.

Proof In the following, Cy denotes all positive constants that depend on k. Since (M, g) is covered by
e-cylindrical planes, by a standard gluing argument we can find a smooth complete surface N embedded
in M such that the tangent space of N is ﬁ—almost orthogonal to dy in each e-cylindrical plane. Equip
the manifold N x S with a warped product metric § = gn + d02, 6 x [0, 27r), where gy is the induced
metric of (M, g) on N.

First, we will use the local one-parameter groups ¢; g to construct local diffeomorphisms Fj: N x S M.
Let V; = U; N N. Then {V;}72, is an open covering of N, and at most m of them intersect at one point.
Let F;: V; x S — U; be defined by

Fi(x,0) = ¢i,6(p(x)).
Then F; is a diffeomorphism, and
|Fi = Fjlek(@invy)xst) = Coe.
Next, we will first construct a global diffeomorphism F : N xS! — M by gluing up the diffeomorphisms F;
so that F' is Cpe-close to each F;. Suppose € is sufficiently small such that for any x € M, Bg(x,€) is a

convex neighborhood of x, ie the minimizing geodesics connecting any two points in Bg (x, €) are unique
and contained in Bg (x,€). Let A be the open neighborhood of {(x, x) € M2} the diagonal of M?2,

Ay ={(x,y) € M?:dg(x,y) <€} C M>.
Define the smooth map
(6-10) Yo {(s1,52) €[0, 1251+ 52 =1} x Ay > M
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as X2 (81,52, X1,X2) = Vxy.x; (51), Where yx, x,: [0, 1] = M is a minimizing geodesic from x5 to x;.
Then for all 51, 52 € [0, 1] with 51 4+ 52 = 1, and x, x1, xo € M, 3, satisfies the properties

(1) 22(1,0,x1,x2) = x1, 22(0, 1, x1, x2) = X2,

2) X22(s1,52,x,x) = Xx.
Then for each K € N, we can inductively construct the open neighborhood
Ag ={(x1,...,xg) € MK:dg(xi,x]-) <€} C MK
of {(x,...,x) € MK} the diagonal in M X (see also [7]), and the smooth map

EK:{(sl,...,sK)e[O,l]K:s1+---+sK:l}xAK—>M,

by defining
Er(s1,... 8k, X1, -, XK) 1= Bo(1 — sk, 5k, Tk—1(51, ..., SK—1, X1, - - ., XK—1), XK),
with the following properties for all sq,...,5x €[0,1], s1 +---+sx =1and x,x1,X2,...,Xxg € M:

(1) If for some j €{l,..., K} wehave s; =1ands; =0 forall i # j, then

Yk(S1,. .. 8K, X1, ..., XK) = Xj.
2) Zg(s1,..., 5K, X,...,X) =X.
3) Ifsgx—j+1 =---=s5kg =0for somei > 1, then
ZK(Slv'--vsKvxls"'sxK) = ZK—I(SI"--7SK—i7x11"'1xK—i)'

Let {h;}72, be a partition of unity of N x § 1 subordinated to {V; x S'! }72 1> such that ; is constant on

each S1-factor, and h; = 1 on V; x S, where V; = {x € N : Bgy (x,5007(x)) C V;} x S1. Then let
F:N xS'— M be such that for any x € N x ST,
F(x):=2g(h1(x),...,hg(x), F1(x),..., Fx(x)),

where K € N is some integer such that 2g/(x) = 0 for any K’ > K. By the properties of Ag and X,
we see that F is a well-defined smooth map, and it satisfies

(6-11) |F — Filck v, xs1) < Coe.

Next, we will show that F' is a diffeomorphism. First, by (6-11) and the definition of g we see that for
any pe N x St and v € T,(N x S!), we have

(6-12) | Fap(v.)|g = 0.9]v]z.

So F is nondegenerate. Next, we argue that F' is injective. To see this, note that (6-11) and assumption (2)
imply that F is injective on By, (x,2) X S forany x € N, and F(x; x S1) N F(x; x S1) = @ for
any x1, X2 € N such that dg, (x1,x2) > 1. Now suppose F(x1,61) = F(x2,62). Then we must have
dgy(x1,x2) <1, and hence x1 = x2, 01 = 0, as desired. Therefore, F is a diffeomorphism.
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Next, let 6 € [0,27) be the parametrization of S!, and let X := F4(dg). Then X generates a 27-
periodic one-parameter group of diffeomorphisms g with 6 € [0, 277) on M. In the following we will
show that Vg satisfies all the properties. Write ¥ (x, 0) = ¥g(x) for all (x,0) € M x S!. First, let
U={xeM: Bg(x,1000r(x)) C U;}. Then it is easy to see that U; c F(V; x S1). Since hi =1 on
Vi x S1, it follows that F = F;, and hence Vg = ¢ip on U;, which verifies property (3).

Lastly, to verify property (2), we note that for any x € U; = F; (V; x S'), supposing x = F;(z, 1), then
for any 6 € [0, 27r), we have

$i,6(X) = io+6,(x) = Fi(z.01 +0)

and also

Y(F o F'(x),0) = Y(F(z,61),0) = F(z,61 +6).

Therefore, using (6-11) the closeness of F and F;, as well as the closeness of F o Fi_1 :U; - M and
id: U; — M, we can deduce that

[V —ilcrw,;xsty = Coe,
which verifies (2). O

Now we prove the main result of this subsection, which shows that if there are some SO(2)-symmetric
metrics which are e-close to each other, then we can glue them together to obtain a global SO(2)-symmetric

metric which is Cpe-close to the original metrics.

Lemma 6.4 Letk,m € Ni. There exists Co, € > 0 such that the following holds for all ¢ < €. Let
(M, g) be a 3D Riemannian manifold diffeomorphic to R? x S, which is e-close to (R? x S, ggtan)
at all x € M. Suppose {U; 72, is a locally finite covering of M such that at most m of them intersect
at one point, and there is an SO(2)-symmetric metric g; on W; := Uerl, Bg (x,1000r(x)), with the
SO(2)-isometry {¢; g }9e[0,2) and Killing field X;, which satisfies

(6-13) |gi —glck(Wi) <e and |X;— 80|C0(W,~) < —10100,

where dg denotes the Killing field along the S -direction in an e-cylindrical plane, up to sign. Let {h; }32 |

be a partition of unity subordinate to {U; }72 ,. Then we can find an SO(2)-symmetric metric g on M with
SO(2)-isometry {¥/g}ge[0,27) Such that

(6-14) 18— glck—1(ar) < Coe  and  |Yg — ;i glck—1w;) < Coe.

Moreover, g = g; on the subset {x € M : h;(¢; g(x)) =1 for 6 € [0,2m)}.

Proof In the following Cyp denotes all positive constants that depend on k and m. Let
Vi={xeM :hi(¢ip(x))=1for0 €[0,2m)} CU; CW,.

First, applying Lemma 6.2 to g; we have

(6-15) | X; — 89|ck—1(Ul-) < Coe,

where g is the Killing field along the S !-direction in an e-cylindrical plane up to sign. As in Lemma 6.3,
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let N be a 2D complete surface smoothly embedded in M, whose tangent space is ﬁ—

to dg.

almost orthogonal

Next, we will construct a diffeomorphism o: N x S! — M such that o Nx{o} = idy and 0x(dg) is
ﬁ-close to the S !-factor of any e-cylindrical planes. To do this, first we can find a covering of M by e-
cylindrical planes such that the number of them intersecting at any point is bounded by a universal constant.
Then we claim that after reversing the 6-coordinate in certain e-cylindrical planes we can arrange that the
vector fields dg are Cpe-close in the intersections. Suppose the claim does not hold. Then by Lemma 6.1
it is easy to find an embedded Klein bottle in M. Since M is diffeomorphic to R? x S, which can be
embedded into R3 as a tubular nei ghborhood of a circle, it follows that the Klein bottle can be embedded
in R3, which is impossible by [53, Corollary 3.25]. Now the diffeomorphism o follows immediately
from applying Lemma 6.3, since the one-parameter groups of these e-cylindrical planes are Cye-close.

Therefore, we can replace X; by —X; for some i so that they are all ﬁ—close to 0x(dg). So (6-15) implies
(6-16) |Xi_X.i|Ck—1(U,~ﬂUj) < Cye.
Replacing ¢; g by ¢; _g for such i, this then implies

(6-17) [9i,0 — bj.0lck—1w:nu;) = Coe.
Then by Lemma 6.3 we can construct a one-parameter group of diffeomorphisms {19} on M such that
lﬂo = Wzn =1id and
Vo —di.0lck—1w;) = Coe,
and Y9 = ¢; g on V;.
Letg =) 72, h;i-gi. Then g = g; on V; and by (6-13) we have

|g — glck—1 <Coe on M.
Let

oo L (T yrean

g§=7- ; Vg do.

Then (M, g) is SO(2)-symmetric under the isometries g, and

2w
_ 1
|g—gi|ck—2(Ui) =< gfo |W§<g_¢:egi|ck—z([]i) do
1 2w
<5 | 1V (& —gi)lck—2w,y + Vg8 — ¢ 98ilck—2(w,) d0 < Coe,

which combined with (6-13) implies (6-14).

Moreover, if x € V;, then ¥g(x) = ¢; g(x) and g(x) = g; (x), so we have

2r 2r
B0 =g | ¥i@eN o =5 | 97 (& 9100 0 = i),
which finishes the proof. |
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6.2 Surgery on the soliton metric

In this subsection we will conduct a surgery on the soliton by first removing a neighborhood of the
edges I" and then grafting a region covered by e-cylindrical planes onto the soliton. After the surgery, we
obtain a complete metric on RZ x S, which is covered everywhere by e-cylindrical planes.

We fix some conventions and notations. First, in the rest of the entire section we assume (M, g) is a 3D
steady gradient soliton with positive curvature that is not a Bryant soliton. Then by Theorem 3.41 we
may assume after a rescaling that

(6-18) lim R(T1(s)) = lim R(T2(s)) = 4.
S—>00 S—>00
Next, let p =dg(-,I"). For any 0 < A < B we write
Tagr=p (A B]), T<a=p '([0.4). Tza=p"'([4.00). Ta=p'(A4).

In the following, we construct a complete metric on R? x S! and a vector field so that they are equal to
the soliton metric and Vf on the infinite triangular region I's. 4, and it is covered by e-cylindrical planes.
Using the flow of V' we construct a flow g’(¢) on M’ which then satisfies the Ricci flow equation in a
region of M’ x [0, 00), that looks like the space beneath a staircase. In future proofs in this section, the
flow (M’, g’(t)) will be used as domains of harmonic map heat flows.

Lemma 6.5 (e-grafted soliton, e-grafted soliton flow) Let (M, g) be a 3D steady gradient soliton with
positive curvature that is not a Bryant soliton, satisfying (6-18). For any € > 0 and m € N, there exists a
quadruple (M', g’, V, A) which consists of a complete Riemannian manifold (M’, g’), a smooth vector
field V on M’, and a constant A > 200, such that the following hold:

(1) M’ is diffeomorphic to R? x S!.

(2) There is an isometric embedding t: (T's 4—200, &) — (M’, g’). So we will identify T's g as a subset
in M’ for any B > A —200.

(3) (M’,g’) is an e-cylindrical plane at any point x € M’ in the C™ -norm.

4 V=VfonTsy,andV =0onM'\Ts4—200, and [VKV| <1000 for k =0, ..., m.

(5) Let{y+}ser be the flow of diffeomorphisms generated by V with o = id. Let (M’, g'(¢)) be a
smooth flow for t > 0, where g'(t) = y*,g’. Then Y; = ¢, fort >0 on I's 4, and

1—‘t>B =v:('sB) =¢:(I'sB).

Moreover, g'(t) satisfies the Ricci flow equation on the open subset

| (TL g x{1}) € M’ x [0. 00).
t>0

We call (M', g’, V, A) the e-grafted soliton, and (M’, g'(t), A) the e-grafted soliton flow.
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Proof Let A > 0 be sufficiently large that I'> 4 is covered by e-cylindrical planes. We may furthermore
increase A depending on m, € and the soliton (M, g).

By using the Ricci flow equation d;g(¢) = —2Ric(g(?)), where g(¢) = ¢*, g, the quadratic curvature
upper bound in Theorem 4.11, and Shi’s derivative estimates [68], we may assume when A is sufficiently
large that

IVEg— " @)l <€ on g(Tsa) for £=0.....m,

where the covariant derivatives are taken with respect to g, and k € N. Therefore, for each k € N, by a
standard gluing argument we can construct a metric g5 on I's 4 which satisfies

gk =¢2;g on ¢x(I'>a),
and foralli =0,1,2,...,k—1,
(6-19) |Ve(gk—g)|§Coe on M for £=0,...,m,
where here and below Cy denotes all positive constants that only depend on the soliton and m.

Now fixed a point p € I's 4 C M and let py := ¢ (p). Then after passing to a subsequence we may
assume that the pointed manifolds (I's 4, gk, px) converge to a smooth manifold (M’, g’, p’). At the
same time, the isometric embeddings ¢y : (I's 4. g, p) = (P (I'>4). &k. Pk) C (M, gk, px) smoothly
converge to an isometric embedding 7: (I'> 4, g, p) = (M', g’, p’) in the C™-sense.

Furthermore, by (6-19), we see that (M, g’, p’) is Coe-close to the smooth limit of (M, g, py), which
by Lemma 3.3 must be isometric to R? x S! after a suitable rescaling. In particular, this implies that
(M', g’) is complete, diffeomorphic to R? x S, and covered by Coe-cylindrical planes.

Now assume A sufficiently large, and replace A by A —200 and also € by €/Cy. Then assertions (1), (2)
and (3) are satisfied. We can find a vector field ¥V on M’ which satisfies the conditions in (4). Then (5)
follows by using the fact that g(¢1) = ¢*,g and V =Vf on I's 4. |

6.3 Surgery on SO(2)-symmetric metrics

The next lemma allows us to do an SO(2)-invariant extension to an SO(2)-symmetric metric g defined
on an open subset containing I'> g for some large B > 0. It extends the incomplete SO(2)-symmetric
metric g to a complete SO(2)-symmetric metric. Moreover, if g is close to the soliton metric g, then the
resulting complete metric is close to the grafted soliton metric g’.

In future proofs in this section, we will run harmonic map heat flows from the grafted soliton flow
(M’, g’ (t)) to Ricci flows starting from some suitable SO(2)-symmetric metrics we obtained by the
SO(2)-invariant surgery.
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Lemma 6.6 (SO(2)-invariant extension) There are constants Coy > 0 such that the following holds.
For any € > 0, let (M’, g) be the e-grafted soliton from Lemma 6.5 with m = 1000 and A = A(e, m).
Then for any B > A, suppose g is an SO(2)-symmetric metric on an open subset U D I's p with the
SO(2)-isometry {Yg}ge[o0,2) and the Killing field X, such that

(6-20) |§—g/|C100(U) <e and |X —dglcow) < ﬁ,
where 0y is the Killing field of an e-cylindrical plane (by Lemma 6.5, (M’, g’) is covered by e-cylindrical

planes). Then there is an SO(2)-symmetric metric § on M’ with the SO(2)-isometry 1}96[0,2,,) and the
corresponding Killing field X, such that

|§—g/|c98(M/) <Cope and |X:—ag|c98(M/) <(Cpe.
Moreover, we have § = g and Yy = Vg for 0 € [0,27) on I'> B+100-

Proof It is easy to find a sequence of points {x;}$2, C M’ \ U such that the number of metric balls
Bg/(x;,1000) that intersect at any point is bounded by a universal constant, and {Bg’(x;, 1000)}2;
together with U form an open covering of M’. Let {h; }$2 , be a partition of unity subordinate to {U; }°2
such that the function A satisfies 1o(¥g(x)) = 1 for all x € I'> p1190 C U. By the property of (M, g’),
there is an e-isometry (R% x S, ggun) — (M, g’, x;) for each i. The assertions now follow by applying
Lemma 6.4 to glue all the SO(2)-isometries from the e-cylindrical planes on Bg/(x;, 1000) and the

SO(2)-isometry on U. a
6.4 An approximating metric away from the edge

In this subsection, we construct an SO(2)-symmetric approximating metric away from the edge I" such
that the error decays at the rate O (e~2(1+€1)ds(-.1))

In the proof of Theorem 6.7, we will need to choose some constants that are sufficiently large or small
such that certain requirements are satisfied. In order to show that the dependence between these constants
is not circular, we introduce the parameter order

807 COa T7 Qv 67 A’ D’

such that each parameter is chosen depending only on the preceding parameters.

Theorem 6.7 (approximation with good exponential decay) Let (M, g, f, p) be a 3D steady gradient
soliton that is not a Bryant soliton satisfying (6-18). Then there exist constants €1, A1 > 0 such that
I'> 4, C M is covered by e-cylindrical planes of g, and an SO(2)-symmetric metric g on an open subset
containing I's 4, , and
|V (g —8)| < e 20+ende (1) >4, for m=0,...,100,

where the covariant derivatives and norms are taken with respect to g. Moreover, let X be the Killing
field of the SO(2)-isometry of g, and dg be the SO(2)-Killing field of an e-cylindrical plane of g, then we
have | X —dg| < ﬁ.
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Proof We choose the following constants which satisfy the above parameter order, and whose values
may be further adjusted later:

(1) Let 8¢ > 0 be from Theorem 5.3.
(2) Let Cp > 0 be the maximum of 1 and the constants Cy > 0 from Lemma 6.1, 6.4 and 6.6.

(3) LetT > Ty, where Ty is from Theorem 5.3. Assume also that 2C02e400 < e%‘sOT and T1/2 > 160/6o.

4) (@) Let0 < e <min{igg8(T)/C2.€(T)/(e*°C2)}, where §(T),€(T) > 0 are constants deter-
mined by Theorem 5.3.

(b) For any complete metric § on R x S! which is covered by 2Cpe-cylindrical planes in the
C™-sense, the Ricci flow (M’, g(¢)) starting from g stays smooth and [Rm|z¢) < 1/T for all
te[0,T].

(c) Letg;(t) fori =1,2andt € [0, T] be two smooth families of metrics on R? x S that are
covered by 2Cpe-cylindrical planes. Then the harmonic map heat flow

() (R?2x S E1(1) = (R2x S, 52(r)),  with yo =id,

is smooth for ¢ € [0, T]. The existence of such € is guaranteed by [9, Lemma A.24], the
existence of harmonic map heat flows, and estimates of perturbations.

(5) Let A > 0 be sufficiently large that:

(@) (M',g’,V,A)isan e/Cy-grafted soliton by Lemma 6.5. In particular, the € /Cyp-grafted soliton
flow (M’, g’(t)) satisfies the Ricci flow equation on

| TL M x[0.00).

t>0

(b) By Theorem 3.41 and (6-18), we may assume that for any point x € I'> 4y C M and ¢t > 0,
d
(6-21) 2— 7680 = - dg (¢ (x).T) = 2+ {560

(6) Let D = max{4,100InCo,Ine~", 10D, 100T'/2 490} where D(T) > 0 is determined by
Theorem 5.3.

Step 1 In this step, we impose two inductive assumptions. In the first induction, we construct a sequence
of metrics g, such that g, has an exponential decay rate of o, and the sequence «, increases by a
positive amount one by one. So the last metric g will satisfy all assertions of the theorem. Suppose the
first inductive assumption holds for a fixed n < N. Then in the second induction we construct an infinite
sequence of metrics {g,  }7o ;, Where gn,0 = &n, and g, x has the better decay rate of a,+1 on larger
and larger domains depending on k. The domains will eventually cover the part sufficiently far away
from I'. So letting i — oo, we can take a limit of g, x and obtain g, that satisfies the decay rate of
an+1 everywhere, and thus verifies the first inductive assumption for n + 1. We can repeat this process
until ¢, > 2, which completes the proof.
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Inductive Assumption One

(1) Foranyn € N, if o, := (nlnCp)/ D < 2.02, there are a sequence of increasing constants D, > 0

and an SO(2)-symmetric metric g, defined on an open subset in M \ I' containing I's p,, such that
|Vm(§n _g)| <e .e—Otn(dg(-,I‘)—Dn) on Fan for m=0,...,100.

(2) Moreover, let X, be the Killing field of the SO(2)-isometry of g,. Then on any e-cylindrical plane
of g, the SO(2)-Killing field dg satisfies

| X, —0g| < 101—00 on I'sp,.

Suppose Inductive Assumption One is true for a moment. Since (In Cp)/D < 0.01, let N be an integer
such that 2 < (N InCo)/D < 2.02. Then the metric gy on I's p,, satisfies all assertions of the theorem,
with €] = %((N InCoy)/D — 2) and A1 = Dp. So the theorem follows immediately after establishing
Inductive Assumption One.

First, for n = 0, since (M’, g’) is covered everywhere by €/Cy-cylindrical planes and g’ = g on I's 4, by
applying Lemma 6.4 we obtain an SO(2)-symmetric metric on M’ which is covered by Cype-cylindrical
planes, and its restriction on I's p, satisfies the inductive assumptions for some Dg > A + D. Now
suppose the inductive assumption holds for some n > 0. In the rest of the proof we show that it also holds

for n 4+ 1. Now we impose the second inductive assumption.
Inductive Assumption Two

(1) Letn > 0 be fixed. Then for any k € N there exists an SO(2)-symmetric metric g, x, defined on
an open subset in M \ I" containing I'> p, which, on I's p, 4+;p, satisfies

V" (gnk—8) = €-Cy! cem @ D=Dn)  for i =0,... k and m=0,...,100.

(2) Moreover, let X, x be the Killing field of the SO(2)-isometry of g, x. Then the SO(2)-Killing
field dg of any e-cylindrical plane of g satisfies

1
|Xn’k—ag|§m on Fan.

Step 2 For k = 0, Inductive Assumption Two clearly holds by choosing g,,0 = g». Now assume it is
true for some integer k > 0. In this step, we will extend the SO(2)-symmetric metric g, x to a complete
SO(2)-symmetric metric g, x. Then we will study the harmonic map heat flow between the grafted
soliton flow g’() and the Ricci flow starting from g, x and obtain some distance distortion estimates
under these flows.

First, part (1) of Inductive Assumption Two implies |V (g, x —g)| <€ onT'sp, form =0,...,100. So
by applying Lemma 6.6 (SO(2)-invariant extension), we obtain a complete SO(2)-symmetric metric g, i
on M’ such that g, x = &,k on I'sp, +100, and

(6-22) V™ (Znxk — &) < Coe and |)?n,k — 39| < Coe on M’ for m=0,...,98,
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where the norms and derivatives are taken with respect to g’, and X n.k and dg are the SO(2)-killing fields
of &y k. and any e-cylindrical plane of g’.

Next, we claim the complete SO(2)-symmetric metric g, x satisfies, on I'sp, 1D,
(6-23) |V (Zni—8)| < Cp-e*%.e.Cyte™@n@c()=Dn) - for j = _1,0,...,k and m=0,...,98.
We prove the claim in the following three cases:

(a) Foralli>1,since g, x = &n.k o0 I'sp,+100 D I's D, + b, the claim holds by part (1) of Inductive
Assumption Two for g, k.

(b) Fori = —1, the claim follows from (6-22) by noting that ¢’ = gonI'sy D I'sp,—p.

(c) Fori =0, first, we have g, x = &y x on I's p, +-100, Where the claim holds by part (1) of Inductive
Assumption Two; then, on I'[p, p,+100]> the claim follows from (6-22) by noting that g’ = g
on I's 4, and using o, <4 and dg(-,I") — D,, < 100.

Let (M', g, x(¢)) with ¢ € [0, T'] be the Ricci flow that starts from the complete SO(2)-symmetric g, .
Then [Rm(z, , ) <1/T forallt € [0, T]. Let { )y, x;}: (M’ g'(t)) - (M', g, x(¢)) fort €[0,T] be a

—1 *

smooth harmonic map heat flow with y, x o = id, and let i, & (t) := (¥, % ,

g'(t) — 8n k(t). These are
guaranteed by the choice of €.

For fixed n and k, we will omit the subscripts #n and k in x, k¢, &n k(t) and hy, () for a moment. For
any fixedi =0,1,...,k+1, let

T
xelip ip and x'= yr(x).
We first estimate distance distortions and drifts of points under the harmonic map heat flow.

Claim 6.8 Forany L > 10T /2, we have Bz (g)(x’, L) C y:(Bg(1)(x, 10 L)) forall t € [0, T].

. 1
Proof First, we observe that by |h| < 1555 We have

(6-24) Bz (1)(xt(x),5L) C x:(Bgr(r)(x,10 L)).
Now let y € Bo(x’, L). By the triangle inequality we have
dg)(y, x:(0)) < dgy(x', x:(X)) + dg i (x', ).

On the one hand, by the local drift estimate of harmonic map heat flows [9, Lemma A.18], and the
curvature bound |[Rm|z ) < 1/T, we have for all ¢ € [0, T] that

(6-25) dg (X', 11(x)) = dgy(xe (%), x7(x)) < 10(T —=)/> < 10T'/% < L.

On the other hand, by the distance distortion estimate on the Ricci flow (M’, gx(¢)) under the curvature
bound |Rm|z) < 1/T, we have

dzy(x'.y) < 2eT PRz 4z ) (¥, y) < 4dg(0) (x. y) <4L.

Combining the last three inequalities we obtain dg (., x:(x)) < 5L, which together with (6-24) implies
the claim. o
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Since x € F;Dn +ip- by the definition of the flow g’(¢) we see that x € thDn 4ip forallz €[0,T]. In
particular, we have x € FgD,, +ip =I'>D,+ip. So taking L = %D in Claim 6.8 we see that

(6-26) Bz(0)(x', D) C Bz(0)(x", 5 D) C Bg(x, D) CT=p,, 4(i-1)D>
which in particular implies x’ € I'>p_ +—1)D-

Step 3 In this step, we will apply Theorem 5.3 (symmetry improvement) at (x’, 0), with constants chosen

as follows.
(a) We choose « in Theorem 5.3 to be «,.

(b) We choose ¢ in Theorem 5.3 to be

%(X/) — CO . e400 e C()_(i_l) . e—an(dg(x/,r)—Dn)'

Note dg (x’,T') is well-defined, since x" € I'sp +—1)p C I'> 4.
(c) We choose Dy in Theorem 5.3 to be
Dy := 15(dg(r)(x.T) = Dy + D) = 15D > D.

First, we verify assumption (5-11). Let y € I's p 4 (i—1)p. then by comparing (6-23) with #(x’) (note
that since we choose i =0, ...,k + 1, it follows that i — 1 = —1, ..., k, which meets the range of (6-23)),
and using the triangle inequality dg(y, ') > dg(x',T) —dg(y, x"), we obtain

(6-27) IV™h|(y,0) < %(x") - e %«O*) for m=o0,...,098,
which also holds for all y € Bz(g)(x’, D) by (6-26). This verifies the assumption (5-11).

Next, we verify the assumption of Theorem 5.3 that / restricted on Bgz(gy(x’, Dy) x [0, T] is a Ricci
De Turck flow perturbation. This follows from Claim 6.8: by taking L. = Dy we have, for all ¢ € [0, T,
Bz0)(x', Dy) C x1(Bg/ty(x,dg(r)(x,T) — D + D))
C Xt (Bgr()(x. dg(1y(x. T) = D+ D)) C xe(Ts p, _p) C (L ).
Moreover, by the local derivative estimates for Ricci De Turck flow perturbations [9, Lemma A.14], we
may taking € small so that |V¢h| < Tloo for =0,1.

Lastly, we will verify assumption (5-10) of Theorem 5.3. Recall that assumption (5-10) consists of two
estimates of || on the parabolic boundary of

Bz0)(x', Dy) x [0, T] = (0Bz(0)(x', D) x [0, T]) U (Bg(0)(x', Dy) x {0}).

We first verify assumption (5-10) on dBgg)(x’, Dy) x [0, T]. Note by (6-25) that dg (x, x’) < 1071/2,
and thus by (6-21) and the triangle inequality dg(x’,T) < dg(x,T) + dg(x, x’) we have

dg(x',T) < dg(ry(x,T) +2.1T + 1072 = 10Dy +2.1T +10T"/? 4 D,
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Then using o, < 4 we obtain

1/2
¢~ n(dg(x'.T)=Dy) 5 ,—4(10D;+2.1T+10T /2y > ¢~40D4—10T - ,—40Dy—D 5 ,—50D;

Using D > 1001n Cy and Dy > (i + 1) D, we also have

Co -6400-C0_(i_1) > o~ (+1DD 5 ,—10Dy

Substituting these into #(x’), we obtain

(6-28) |1 < 1555 < €' 7% - %(x").

Next, we verify assumption (5-10) on Bg(g)(x’, D) x {0}. Let y € I'(p, +(j—1)D,D,+ ;D) for some
0 < j <i—1. Then we have dg(x’, y) > (i — j) D, which implies

i/ < (I Co)/Dyds('y) < (0.01d (7).

which combined with (6-23), #(x’) and the triangle inequality implies
(6-29) IV™h|(y,0) < J(x) - Cé_j . o [dg(x',T)=dg (y.1)) <9(x")- etde(x".y)

forally eI'sp,—p andallm =0,...,98. If y € I's p, +(i—1) D, then (6-29) also holds by (6-27). Since
Bz0)(x’, D4) C I's p,—p, this together with (6-28) verifies assumption (5-10).

Step 4 In this step we will apply Theorem 5.3, get an exponential decay on the oscillatory part of &
at time T, use this decay to extend Inductive Assumption Two from & to k + 1, and deduce that Inductive
Assumption One holds for n + 1. To be concrete, by applying Theorem 5.3 (symmetric improvement)
at (x’,0), we obtain

|th_|(x/’ T) < %(X/) .eZOLnT . e—50T < CO '6400 e- C()_(i—l) .e—an(dg(x/,l")—Dn) . e20tnT . e—50T

—60T

form =0, ..., 100. We will estimate below that the last term e is sufficiently small that it outweighs

all other factors bigger than 1. Specifically, we have
|th_|(xl’ T) <Co '€400 e Co—(i—l) .e—otn(dg(x,l")—Dn) _eZOenT . 6_%80T
< CO X e400 e- C()_(i_l) . e_an(dg(T)(xsF)_Dn) X e—%&)T
< e Gyt emonlnr DD

where in the first inequality we used the triangle inequality dg (x',T') —dg(x, ') > —dg(x, x) together

with dg (x’, x) < 10712 and T'1/2 > 160/8y; in the second inequality we used the distance distortion esti-

mate (6-21) and o, < 4; in the last inequality we used 2C02 6400 < £380T The above inequality also holds

when the norms and derivatives are with respect to ( X}l)* g'(T) after removing the factor % So we have
(6-30) IV y5h_|(x,T) <e-Cy'-e e ®D=Dn) for =0, ..., 100,
where the norms and derivatives are with respect to g(7').
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Now we restore the subscripts 7, k. Since

& (T = 1 gy k(1) + Bu (1)) and I g (T) = Iy g 4 (T) + by (T,
by letting
z/g\n,k—i-l = X:,k,T(hn,k,—f-(T) + gn,k(T))v

we see that g, g1 is an SO(2)-symmetric metric on M’ and (6-30) implies
V(&' (T) = 8njes)| S € Cot e en@emC:D=P0) o 1T L))

form =0, ..., 100, and the norms and derivatives are with respect to g(7). Note that this is true for all
i=0,1,...,k+1. Since g'(T) = ¢* ;g and ¢_7: (FZA, g'(T)) — (I's 4, g) is an isometry, replacing
gn.k+1 by ¢7.(Zn k+1) we then have

—Qp (dg( -, I"N—=Dy)

|Vm(g—§n,k+1)|§€'co_i-e on I'sp,+iD

form =0,...,98. This verifies part (1) of Inductive Assumption Two for k 4+ 1. Moreover, it is easy
to see that part (2) of Inductive Assumption Two for k + 1 also holds, as a consequence of the smallness
of € and |A|.

Therefore, Inductive Assumption Two holds for all kK > 0. Now let p € I's. p,, be some fixed point. Then
we may assume, after passing to a subsequence and letting k — oo, that the pointed SO(2)-symmetric
manifolds (M’, g, k., p) converge in the C®-norm to an SO(2)-symmetric manifold (M, gn+1, p)
which satisfies

(6-31) V™ (g —8ny1)| <€ Cpl e @elI=Dn) on T Lip

foralli e N and m =0,...,98. Moreover, part (2) of Inductive Assumption One holds for n + 1 with
Zn+1, as a consequence of part (2) Inductive Assumption Two and the smooth convergence. It remains
to verify part (1) of Inductive Assumption One. For any i >0 and y € I'ip, +iD, D, +(i+1) D) We have
dg(y,T') < Dy + (i + 1) D, which together with (6-31) implies

V(g = 8t D)|(p) < €-e 1 (e D=Dns),

where
(D+Dy)InCo+anDyD (n+1)InCy
D = > D d =
n+1 InCo +a,D n and  Op+41 D

Therefore, we have
V7(g = &ny1)] < €7@t @sC-D7Pie0) on Ty

form =0, ..., 100, which verifies part (1) of Inductive Assumption One for n + 1, and thus completes
the proof. |
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6.5 Extend the approximating metric near the edges

The approximating SO(2)-symmetric metric g in Theorem 6.7 is defined on an open subset away from T".
Next, we want to extend it to an SO(2)-symmetric metric which is also defined on a neighborhood of
I'. Seeing that the soliton dimension reduces to R x cigar along I', we can find a sequence of SO(2)-
symmetric metrics close to g in balls centered at I whose radius goes to infinity. Then by gluing these
metrics with g, we obtain an SO(2)-symmetric metric g defined everywhere outside of a compact subset
of M. We will show that g — g has the same exponential decay rate as g — g, and it decays to zero at
infinity in addition. In Section 6.1 we studied the gluing of SO(2)-symmetric metrics that are close to
R? x S!. Here we need to glue SO(2)-symmetric metrics that are close to R x cigar, which needs the
following gluing lemma. The lemma shows that if a vector field on R X cigar is almost a Killing field,
and it is close to dg at a larger distance to R, then it is also close to dy at a smaller distance.

Lemma 6.9 For any Cy, €1 > 0, there exists C(Cy, €1) > 0 such that the following holds for any € > 0.
Let (r,s,0): (R xcigar, g5) — R4 xR x [0, 27) be coordinates such that g = dr? +ds? + ¢>(r) d>0,
and let r be the distance to the line R x {xp}. Suppose Y (r, s, 0) is a smooth vector field, defined for all
(r,s,0) € [A, B] x[—s0, 0] X [0,27) for some 1 < A < B and s¢ € [0, o], such that

(6-32) VK ($ygs)| < C1e 200" fork =0,...,98.
Suppose also that
(6-33) IVE(Y —3g)|(-,B,-) <€ fork=0,...,98.
Then we have
VR —39)|(-. A.-) < Ce™20FDA L C(B—A)e+Ce fork =0,...,9.
Proof Write Y = Y59, + Y79, + Y?3g under the coordinates (s, r, 8). Then, by the formula of Lie
derivatives for a symmetric 2-tensor, we have
(6-34) Ly gs(0r,09)=09Y " +0,Y%0%  Lygs(dr.05)=0,Y +0,Y", Lygs(d,,0,)=20,Y".
Moreover, by assumption (6-33) we have
(V5T + [VEYT |+ [VE(® = 1)])(-. B,-) < Ce20FeDA4,
By the third equation in (6-34) and (6-32), integrating from r = A to r = B and using (6-33) we see that
VKLY | ki (-, -) < C(e~20F€0r 4 ¢

for any r € [A, B]. Substituting this into the first two equations in (6-34), integrating from r = A to
r = B and using (6-33), we obtain

(VE2(v 9 — 1)+ |[VF2Y5)) (-, A,-) < Ce20HDA 4 C(B — A)e + Ce,
which proves the lemma. |
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We now prove the main result of this section.

Theorem 6.10 Let (M, g, f, p) be a 3D steady gradient soliton that is not a Bryant soliton. Assume
that limg_, o6 R(I'1(s)) = limg—,oo R(I'2(s)) = 4. Then there exist constants C, €1 > 0 and an SO(2)-
symmetric metric g defined outside of a compact subset of M such that for any k =0, ..., 98,

(6-35) IVE(g—2)—>0 asx—o0o and |V¥(g—g)| < Ce 2UFends(.D),

where the covariant derivatives and norms are taken with respect to g.

Proof We will use €(D) to denote a general function that goes to zero as D — oo. Let C > 0 denote
all constants that depend only on the soliton. On the one hand, since for each i = 1, 2 the manifold
dimension reduces along I'; to R x cigar, we can find D (s) > 0 for all large s with D1(s) — oo slowly
enough in s so that (M, g, I';(s)) is e 20+e)D1(s)_cloge to R x cigar in Bg (I'; (s), D1(s)), where €1 > 0
is from Theorem 6.7. Then by a standard gluing argument, we can find an SO(2)-symmetric metric g; on
an open subset U; containing the balls B, (I'; (s), D1(s)) for all large s, such that:

(1) Foreachi = 1,2 we have
(6-36) IV¥(Zi — &)| < minfe(dg (-, p)), Ce 2TV on 1,
where €(dg (-, p)) denotes a general function that tends to 0 as dg (-, p) — oo.
2 UiNnlU;=2.
(3) Let x; 9 with 6 € [0, 27) be the SO(2)-isometries for (U;, g;) fori = 1,2. We can also assume that
there is an embedded surface N; in U; N I's1900 which is diffeomorphic to R2 and intersects each

S L-orbit of Xio exactly once, and its tangent space Tx N; at x € N; is ﬁ—close to the orthogonal
space of the S !-orbit passing through x.

(4) For each large s, there is a smooth map ¥; 5 from Bg (I'; (s), D(s)) into (R x cigar, g5) which is a
diffeomorphism onto the image, such that

(6-37) V(@i =y} gm)| < Cem 20 Hends (D),
Let X; be the Killing field of the SO(2)-isometry of g;. Then
(6-38) V(X — (Yi.5)5" (99))| < Ce 20 FeNde (1)

On the other hand, by Theorem 6.7, we have an SO(2)-symmetric metric g defined on an open subset
U D TI's 4 for some A > 0 such that

(6-39) VA (g —8)| < Ce™20+ede (1) g0 k=0, ..., 100.

Let yg with 8 € [0, 27) be the SO(2)-isometries for (U, g), and Y be the Killing field of yg. Next, we
will compare the two vector fields X; and Y on I's 4 N U;. First, by (6-36), (6-37), (6-39) and triangle

inequalities we have

VK@ — it gn)| < Ce20FedeCD) for o — 0, 100,
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Then by £y g = 0, this implies
(6-40) IVE( Ly vt gm)| < Cem20Hends (D) for k=0, ..., 98.
Moreover, by Theorem 4.11 we can see that (M, g) is a C/ dg(- , I)-cylindrical plane in the C¥-sense

and Ci > 0 at points where the metrics g and v/ g are both defined. So we can apply Lemma 6.2 and
deduce

C
k -1 _
(6-41) IVE(Y = (Wi5)2 1 (39))] < 20 for k =0,...,98.

We can find D> : [sg, 00) — R for a sufficiently large s¢, such that D, (s) < D1(s), Bg(I'i (s), D2(s)) C
U; and D;(s) — oo sufficiently slowly as s — co so that

¢ c
(D1(s) = Ds(s)) < —— < e_z(1+€1)D2(s)‘

6-42 =
(€42 D2(s) D)

Therefore, for each i = 1, 2, by (6-40), (6-41) and (6-42) we can apply Lemma 6.9 with e = C/ D%(s)
and B = Di(s) > A = D5(s), and deduce

[VE(Y = (1,5)7" (09))] < Ce 20HeDD206) < C2(+ed(D)
on Bg(Li(s), D2(s)) N U for k = 0,...,98. Combining this with inequality (6-38) we see that for
Vii=Ussso Bg(Li(s), D2(s)), we have
(6-43) IVE(Y — X;)| < Cem20Fends(-.D)
onUNV; fork=0,...,98, and thus
V¥ (o — x1.9)| = Ce72(Hed (D),

Therefore, by the same argument as in Lemma 6.3, we can glue the metrics g on U, g; on V; fori =1, 2,
and also glue the SO(2)-isometries yg and y; ¢ for i = 1,2 to obtain an SO(2)-symmetric metric g
defined outside of a compact subset of M, which satisfies the following properties:

(1) Foreachi =1,2 we have that g = g; on W;, where Bg (I'; (s), D3(s)) C W; C V; is a y; g-invariant
open subset, D3(s) < D, (s), and D3(s) — co as s — o0.

(2) Wehavethatg =gon U \ (V7 UV3).
(3) For some Do > 0, we have

(6-44) |VE(g —g)| < Ce 20+e0)ds (1) oy T'u o for k =0,...,98,
g — gl <e(dg(-.p)) on Wy U Ws.

The first inequality implies that g satisfies the assertion of exponential decay away from I'. Moreover,

since dg(x, p) — oo as dg(x,I') — oo for any x € M \ (W1 U W), the first inequality implies that

|g —g| <e(dg(-, p)) also holds on M \ (W; U W>). So g satisfies the assertion of decaying to zero at

infinity. =
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7 The evolution of the Lie derivative

In this section, (M, g) is a 3D steady gradient soliton that is not a Bryant soliton, and (M, g(¢)) is the
Ricci flow of the soliton. Let /(¢) be a linearized Ricci De Turck flow with background metric g(z).
The main result is Proposition 7.3, which shows that A (¢) tends to zero as ¢ goes to infinity, if the initial
value %(0) satisfies the condition /(x,0)/R(x) — 0 as x — oco. In particular, let g be the approximating
SO(2)-symmetric metric obtained from Theorem 6.10, and let dg with 8 € [0, 277) be the Killing field of
the SO(2)-symmetry. We show that the Lie derivative &3, g satisfies this initial condition, hence decays
to zero as t — oo under the linearized Ricci De Turck equation.

7.1 The vanishing of a heat kernel at infinity

In this subsection we prove a vanishing theorem of the heat kernel to a certain heat-type equation at time
infinity. We will see that for a linearized Ricci De Turck flow /4(¢), the norm |A|( -, ¢) is controlled by the
convoluted integral of this heat kernel and |A|( -, 0).

Let G be the heat kernel of the heat-type equation

2|Ric|?

(7-1) 0:H =AH+ H.

That is, for any t > s and x,y € M,
2|Ric|?(x, t)

aG ,t, ) :A G ,t, )
tG(x,t,y,s) xtG(x,1;y,8) + RG.0)

G(x,t;y,s) and lim G(-,t;y,s) =4y.
TN

Lemma 7.1 (vanishing of heat kernel at time infinity) Let p be the point where R attains its maximum.
For any fixed D > 0, let

uD(x,t):/ G(x,t;y,0)doy.
BO(psD)

Then supp,(p pyun(-,t) > 0ast — oco.

Proof Note that up satisfies the equation (7-1). First, we show that there exists C; > 0 such that
up(x,t) <Cj forall (x,t) € M x[0,00). Since the scalar curvature satisfies the equation

2|Ric|?

atR=AR+ ‘R,

by using the reproduction formula we have

R(x,t) = /M G(x,t;y,00R(y,0)dopy.

By compactness we have for some ¢ > 0 that R(y,0) > ¢ for all y € Bo(p, D), so it follows that
up(x,t) <c 7 'R(x,t) <c 'R(p). So we may take C; = c "' R(p).
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Now suppose the lemma does not hold. Then there exist € > 0 and a sequence of #; — oo and x; € By, (p, D)
such that up (x;, t;) > € > 0. Without loss of generality we may assume that t; 1 > t; + 1. Since u < Cy,
by a standard parabolic estimate we see that |d;up|(x, )+ |Vup|(x,t) < C; for some C; > 0. Therefore,
there exists §; € (0, 1) such that

(7-2) / / G(x,t;y,0)doy d,x=/ up(x,t),dix > 6,
Bt(P,D) BO(PaD) B[(psD)

forall t € [t;, t; + 61].
Recall that the (symmetric) curvature operator Rm: A2TM — A2TM is defined so that
(Rm(v; Avj),vp Avg) = R(vi, v, vk, vg) forany v;,vj,vg,vp € Tx M,
where here R(-,-,-,-) is the curvature tensor of type (4, 0). We use the convention
R(vi,vj,vi,vj) = —|lvi A vj||2 - K(vi Avj).

Since in dimension 3, elements of A2TM are all simple, we can choose an orthonormal basis {e}, e, €3}

for T M, such that Rm is diagonalized by e Ae3, e1 Aes, ex Aes. Thatis, there are constants A1, A5, A3 €R

such that Rm(el /\62) = —)L3€1 A Rm(e1 /\63) = —/\2 e1Nes and Rm(€2 /\63) = —Al ey Nes. Since

Rm > 0 (equivalent to positive sectional curvature in 3D), we have A1, A2, A3 > 0. So it is easy to see

that 2|Ric|? = 2(A2 + A3)% +2(A1 + A3)% +2(A1 + A2)? and R? = 4(A1 + A2 + A3)2, which implies
2|Ric|?> — R? < 0.

So by compactness there is § > 0 such that

2|Ric|? — R
(7-3) sup ———— < —65.
B.(p.D) R

Let Fp(t) = fBo(p,D) Jay G(x,t;y,0)dsx doy. Then since
04 [ Geriy0)dia
M

_ / 3G (x,1:,0)— R(x.)G(x.1: . 0) dyx
M

2|Ric|?(x, 1)
R(x,t)

= [, S e R de

where we used that the heat kernel G satisfies a Gaussian upper bound so that f y AxiG(x,t:y,0)d;x

= / Ax:G(x,t;y,0) + G(x,t;9,0)— R(x,t)G(x,t;y,0)dsx
M

vanishes by the divergence theorem. Hence we obtain

(7-5) 0 Fp(t) = / / GEY-0) g RieP - R2)(x. 1) dyx doy <0,
Bo(p,D) JM  R(x.,1)
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and by (7-2) and (7-3) we see that d; Fp(t) < —818, for all ¢ € [t;,t; + §1]. Note that G is everywhere
positive so that Fp () >0 and t;+1 > ¢; + 1 > t; + 81, implying

ti+61 0
~Fp(0) < lim Fp(1)~ Fp(0) < Z/ 81-8pdt ==Y 878y =—

i=1 i=1

which is a contradiction. This proves the lemma. a

7.2 The vanishing of the Lie derivative at infinity

We prove the main result in this subsection by applying the heat kernel estimates. First, we prove a lemma
using the Anderson—Chow pinching estimate.

Lemma 7.2 (cf[1]) Let (M, g(t)) witht € [0, T] be a 3D complete Ricci flow with bounded curvature
and positive sectional curvature. Consider a solution h to the linearized Ricci De Turck flow on (M, g(t)),
and a positive solution H to the equation

2|Ric|?(x, t)
R(x,1)

|2 Ll LY

Proof By a direct computation using d:h = A _¢(;)h and (7-6) we have (see [1])

h|? h|? h|? Ric|? IHV-h-k—(V'ILI)h'IJ2
8’(|11_|2):A(|H|2)+2VH V(' | )+H2( ijkihithjre— Ric] |h|) — H4l —

(7-6) 0,H=AH +

Then

Then the lemma follows immediately form the pinching estimate from [1] that for any nonzero symmetric
2-tensor A,
Rm(h, h) - [Ric|?
h?> 7 R

We now prove the main result of this section. Noting that |A|( -, ¢) is controlled by the convoluted integral
of the heat kernel of (7-1), we split the integral into two parts, where in the compact region, the integral
tends to zero as a consequence of our vanishing theorem. In the noncompact subset, we use the assumption
h(x,0)/R(x) — 0 as x — oo and the reproduction formula of the scalar curvature to deduce that the
integral is bounded above by arbitrarily small multiples of the scalar curvature.

Proposition 7.3 Let (M, g(t)) be the Ricci flow of a 3D steady gradient Ricci soliton that is not a Bryant
soliton. Consider a solution h(t), with t € [0, 00), to the linearized Ricci De Turck iow on M, ie

0h(t) = AL gy ().
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Suppose h satisfies the initial condition
|h|(x,0)
R(x)

—0 as x — oo.

Then for each D > 0,

sup  |h|(x,t) >0 ast— oo.
XGB[(p,D)

Proof Let H(x,t) = [, G(x,t;y,0)|h|(y.0)doy. Then H solves the equation

2|Ric|?(x, 1)

d:H=AH
! + R(x,t)

Therefore, by Lemma 7.2 and applying the weak maximum principle to |i|?/ H?, we see that |h| < H,
that is,

(7-7) h(x.0)] < /M G(x.1:7.0)[h|(y.0) doy.

For any € > 0, by the assumption on |A|( -, 0), we can find some D > 0 such that |i(y,0)| <eR(y,0) for
all y e M\ Bo(p, D). We may assume D > 1/¢. So by (7-7) and using Lemma 7.1 (vanishing of heat
kernel) we have for all sufficiently large ¢ and x € B;(p, D) that

|h(x,1)] S[ G(X,l;y,0)|h|(y,0)doy+/ G(x,t;y,0)|h|(y,0)doy
Bo(p,D) M\By(p,D)

<e¢ +e/ G(x,t;y,00R(y,0)doy =€+ €R(x,t) <e(l+ R(p)).
M

This implies supg, (, py |7](-,7) < €(1 + R(p)) for all large 7, and the assertion follows by letting
€ —0. o

As a direct application, we prove the following:

Corollary 7.4 Let g be the SO(2)-symmetric metric from Theorem 6.10, and X be a vector field on M
which is a smooth extension of the Killing field of the SO(2)-isometry of g, and X has a bounded
C?-norm. Let h(t) be the solution to the initial value problem of the linearized Ricci De Turck flow
dth(t) = AL gy (1),
h(0) = £xg.
Then for each D > 0,

sup  |h|(x,t) >0 ast— oo.
x€B;(p,D)

Proof By Proposition 7.3 it suffices to show that |k|(x,0)/R(x) — 0 as x — oco. On the one hand, by
Theorem 6.10, there exist €1, C1 > 0 such that
|h(0)| < Cy -e~2(1+en)ds (-.1) on M,

7-8
(7-8) |h(x,0)] — 0 as x — 00.
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On the other hand, by Theorem 4.8 (scalar curvature exponential lower bound) we can find a constant
C, > 0 depending only on €; such that

(7-9) R > Cylem2(+3e0ds (1),

For any € > 0, by the second condition in (7-8) we can find D(¢) > 0 such that |/|(x,0) < € for all
X € M\ Bg(p, D(¢)). First, if ', (¢) \ Bg(p, D(€)), where

_ In(C//e)

LO=507ea)

we have
|h|(x,0) < e =fe-C-e 20+ < /e R(x).

Second, if x € I's 1 (¢), then by the first condition in (7-8) and (7-9) we obtain
|h|(x,0) < C;-e” € dg(x,I') _6—2(1+%€1)dg(x,r) <Ci{Cy-e €1 L(e) , R(x).

Note L(¢) — oo as € — 0, it follows immediately that |#|(x,0)/R(x) — 0 as x — oo. m|

8 Construction of a Killing field

Let (M, g) be a 3D steady gradient soliton that is not a Bryant soliton, and let (M, g(¢)) with ¢ € (—o0, 00)
be the Ricci flow of the soliton. In this section, we study the evolution of a vector field X (¢) under the

equation
(8-1) 0t X(t) = Ag(1) X(?) + Ricg 1) (X).

In particular, we will choose X(0) to be the Killing field of the SO(2)-isometry of the approximating
metric obtained from Theorem 6.10, and show that X(¢;) converges to a nonzero Killing field of the
soliton (M, g) for a sequence t; — oo.

Throughout this section, we assume
Jim R(1(s)) = lim R(I2(s)) = 4,
and g is the SO(2)-symmetric metric defined outside of a compact subset of M from Theorem 6.10.

First we fix some notation. Let A > 0 be sufficiently large that I'> 4 is covered by e-cylindrical planes
for some sufficiently small €. In particular, the SO(2)-isometry g of g acts freely on an open subset
U D I's 4, and the length of each S!-orbit is 100e-close to 2. So we can find a 2D manifold (N, gn)
and a Riemannian submersion : (U, g) — (N, gn) which maps a S!-orbit to a point in N.

Let p: (—=1,1)2 — B C N be a local coordinate at p € N such that p(0,0) = p, and s: B — U
be a section of the Riemannian submersion 7. Then the map ®: (—1, 1)? x [0,27) — U defined by
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D(x,y,0) = vg(s(p(x,y))) gives a local coordinate at s(p) € U under which g can be written as
7= Z gap dadB + G(dO + Ax dx + Ay dy)?,
a,f=x,y
where G, Ay, Ay and g,g are functions that are independent of 6, and G is the length of S L orbit. Note

that a change of section changes the connection form A = Ay dx + Ay dy by an exact form, and leaves
invariant the curvature form

dA = (3xAy —dyAy) dx Ady = Fyydx Ady.

Lemma 8.1 For any k € N, there are C > 0 such that for all g € U we have

~€ Ck _
(8-2) IVE(dA)|(m(g)) = —dg(% ) for £=0,1,
~ C
_ L1/2 k _
(8-3) IVEG = |((g)) < —dg,‘(q, N for £ =1,2,

where V denotes the covariant derivative on the 2D manifold (N, gn).

Proof We adopt the notation that for a tensor t = T gy @ @ dxds ® ax, ®---®dy; on B,

J1eeeJs
we have
i1e.dy i zr i1...0r _ 92 i1...0r
lel...Js = 0 (T ) T ke = e (T,
Vo, T=1 " dx* @dx) @ @dx @0y, @ @,
V2 =1 “ i dx*Rdxt@dxN @ RdxF R0y, @ @y, .
Oxp.xg skl i1 ir”

For a point p in the base mamfold parametrized by x and y, it is convenient to choose the section so that
A(p) = 0. Then the nonzero components of the curvature tensor Ry sk of g are given in terms of the
components of the curvature tensor Rgg,s of (B, gn), the components Fyy, and the function G, by
Egagﬂ = —%G;aﬂ + %G_l G’ﬂ G’(x + %gV‘SGsz F,gg ,
(8-4) Roxyx =—3GFry:x = G x Fxy.
Exyxy = Rxyxy — %Gszy'
(See [62, Section 4.2].) Let Ryjx1 be the components of the curvature tensor of the soliton metric g,
then by Theorem 4.11 we have |Ryjxr| < Ck/dé’f(- ,I') for any k € N and C > 0. So by (6-35) we
obtain |Ryjxr| < Cx/ dgf (-, T) after replacing Cy by a possibly larger number. In particular, by the
second equation in (8-4) we obtain

(8-5) IV(G32dA)|(n(q)) < ——=— forall g€U.
dk(q,T)
By Kato’s inequality this implies
~ ~ C
(8-6) VIG*2 dA||(m(9) < [V(G¥2 dA)|(n(g)) < -~
dk(q,T)
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By Theorem 3.41 there exists C > 0 such that for 7 > 0,

dg(¢i(q).T) > dg(qg. T)+C7 1t

for any point ¢ € I's 4, where A > 0 is sufficiently large. Note that since (M, g, ¢;(q)) converges to
R2 x S1 as 1 — 0o, we have lim;— o0 |G3/2 dA|(7(¢:(q))) = 0. Since by (8-6) we have

(8-7) 91632 4 4| (91 (@))| = (VG2 dA| 7a (T ($1(0))))

[ S—
di dE(¢:(q).T)

integrating which from 0 to oo, we see that there is some Ci_; > 0 such that

Cr—1
1G32 dA|(n(q)) < ——t—.
dk=1(q.T)

This together with (8-5) implies (8-2). This also implies |%g°“8G2FXZy|(n(q)) < Ck/dé‘(q, I') in

the first equation in (8-4), and hence implies |§2G1/ 2|(n(q)) < Cy/ déf (g,T). Similarly, we obtain
|§G1/2|(n(q)) < Ck/dé]f (¢, T') by integrating along ¢;(q) from 0 to co. |

Let dg be the Killing field of the SO(2)-isometry of g outside of a compact subset of M. We can extend
it to a smooth vector field ¥ on M such that |Y| < 10. Let Y (¢) = ¢+ Y for all ¢ > 0, and let

(1) = =0:(Y(1)) + Ag ()Y () + Ricg (1) (Y (2)).
We will often abbreviate it as Q(¢) = —9;Y + AY + Ric(Y) when there is no confusion. Next, we show

that Q(¢) has a polynomial decay away from I".

Lemma 8.2 For any k € N, there are Cy, > 0 such that

Ck

|Q(x,1)] Sm

forall t > 0.

Proof Since g(t) = ¢*,g, ¢:: (M, g) — (M, g(t)) is an isometry, it follows that

DY (1) =0 (§exY) = ra(LusY).  AgnY (1) = $ra(AY),  Ricy(n(Y(1)) = pra(Ric(Y)).
So the lemma reduces to showing

. Cr
—$vrY + AY +Ric(Y)| < ———.
|=Lvr ic( )|_d§(-,F)

Let h = ¥y g. Then by a direct computation we have the identity (see eg [12])
(8-8) div(h) — 3 tr Vi = AY +Ric(Y).
Since by (6-35) we have
V™| = V™ (Ly g)| = [V™(Ly (g — §)| < C 20D for iy =0, 1,

it then follows that
|div(h)| + |tr VR| < C o 2(1+e)dg (4.1
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Therefore, by (8-8) and Theorem 4.11 (scalar curvature polynomial upper bounds),

C
(8-9) |AY +Ric(Y)| < C e 20+eds(T) o~k
dk(-,T)

So the lemma reduces to estimating [£y Y.
To do this, we assume Vf = F?9y + F%3, for o = x, y, where F? =3y f-G~1. Then we can compute
(8-10) PyrY = Pyrdg = —(9gFO -39 + 09 F* - ).

We will see in the next equations that the components dg F? and 95 F% also appear in the components of
v s g which we will compare them to. Replacing the section § =0by 0+ 5 [ 9y Ax(x', ") dx’ dy’ =0
and define the local coordinates using this new section, then by (8-2) we have

g= > gapdadB+Gdo*+h,
a,B=x,y

where & is a 2-tensor satisfying |V™h| < Cy/ dé]f (-,T) for m =0, 1. In particular, this implies

1ao| +1088a0| < for o, f = x, y.

Ck
dk(-.T)
So by a direct computation we obtain
. (Evr8)op =206 F% - Zup — FP95G + 0(d*(-.T)),
(Lvr)oo = F*9aG +2(0g F%)- G + O(d*(-.T)).

where O(d;*(-,T)) denotes functions that are bounded by Cy/d* (-, T) in absolute values.
g g

Since 1%yrg = V2 f = Ric, we have

C
[£or8] < vy @=8)|+|2ysgl = € e 2T VECD L oRie | <
g\’
Therefore, by comparing (8-10) and (8-11) we can deduce
Cr ~
[EvpY| < —— +C-|VG],
dg ( T F)

which combined with (8-3) implies

Ck

1LY | < —F——
SEI=dk LT

proving the lemma. |

Let Z(t) be a vector field which solves

—3;Z + AZ +Ric(Z) = (1),

(8-12) Z(0) = 0.

In the next lemma, we show that Z(¢) has a polynomial decay away from I".

Geometry & Topology, Volume 29 (2025)



O (2)-symmetry of 3D steady gradient Ricci solitons 781

Lemma 8.3 For any k € N, there are C, > 0 such that |Z(t)| < Ck/a’tk(~ ).

Proof We can compute that
AZ|>?=2(AZ,Z)+2(VZ,VZ) and 98,Z|*>=2(0:Z,Z)—-2Ric(Z,Z),
combining which with (8-12) we obtain

UIZW) = Ag)| ZO =2IVe(n Z(1) 5 ) = 2(0(1), Z(1)) g (1)
which we will often abbreviate as 9;|Z|> = A|Z|?> —2|VZ|? —2(Q, Z). Similarly, we can show
31X |? = A|X|?>—=2|VX|?> < A|X|?. By the maximum principle we get | X (¢)| < |X(0)| < C, and hence
IZOl =YDl +[X0)| = C.
So by Lemma 8.2,

| Z)> <A|Z*+C-|0| < A|Z)* + forany m =0,...,94.

dr"(-.T)

The lemma now follows immediately from the following lemma. |

Lemma 8.4 Let (M, g(t)) be a 3D steady gradient soliton that is not a Bryant soliton, and suppose that
u: M x [0, T] — oo is a smooth nonnegative function which satisfies u(-,0) = 0 and

Co
df(-.T)
for some integer k > 2 and Cy > 0. Then there exists C = C(Cy, k) > 0 such that u(-,t) < C/a’tk_1 (-,I).

8tu < Au +

Proof Let C > 0 denote all constants depending on Cy, k. Denote d;(x, ") by r(x, t), which satisfies
the distance distortion estimates (4-12). By u( -, 0) = 0, the maximum principle, and the integral formula
for solutions of heat-type equations, we obtain

t
C
u(x,t)f// G(x,t;y,s)k—odsyds,
0Jm r®(y,s)

where G(x,t;y,s) is the heat kernel of the heat equation under g(¢); see (2-8).

For a fixed s € [0,7], we split the integral [,, G(x.1:y,5)(Co/r*(y,s)) dsy into two integrals on
By (x. 10957 (x.8)) and M \ Bs(x, 1567 (X, 5)), and denote them respectively by I(s) and II(s). We will
estimate them similarly as in the proof of Theorem 4.11. For II(s), note that

a2, x) _ r(x.s)
t—s — C

forall y € M \ By (x. o557 (X, 5)), by the heat kernel estimates of Lemmas 4.10 and 2.21 we obtain
C

()< C / e~ 43 X)/(C(t—s)) dgy < C-eT@9/C < .
T IM\By(x.r(x,5)/1000) - ~rk(x,s)
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For I(s), we have r(y,s) > %r(x,s) forall y € Bs(x Lr(x,s)), and thus

* 1000
I(s) <C sup r_k(y,s) = .
yeBy(x,r(x,s)/1000) ré(x,s)
Therefore, by (4-12) and the estimates of /(s) and 7I(s), we obtain
roc 1 1 C
u(x,t)f/ dst( — )5 . m|
o r¥(x,s) rk=1(x,t)  (r(x,t) +1.9¢)k-1 rk=1(x,t)

Now we prove the main result of this section, which finds a nontrivial Killing field of (M, g) as time
goes to infinity.

Proposition 8.5 There exists a vector field X, such that £x__ g = 0 which does not vanish everywhere
and has bounded norm.

Proof Let X(t)=Y(t)— Z(¢) and X (t) = Pp—r+ X(¢). We will show that there exists a sequence ¢; — 00
such that the vector fields X (t;) on M smoothly converge to a nonzero Killing field X .
By the definitions of Z(¢) and X(¢), it is easy to see that
d: X(t) = AX(t) + Ric(X(1)),
{X (0) =Y(0).
Let h(t) = £x(;)g(t). Then a direct computation shows that /() satisfies the linearized Ricci De Turck

equation
{Mt(l) = Aph(1),
h(0) =%xg=%yg.
Note that we have the isometry
(M. g(t). p. X(1). h(1)) 2= (M. g. p. X (1). h(1)).
where (1) = ¢} h(t) = Lg,)8.
By Theorem 3.41, for any € > 0, I'> 4 is covered by e-cylindrical planes on scale 1 for sufficiently large A.
So we may pick a point ¢ € M such that }|Y|(q, 0)— 1} <eandr(q,0) >2Cy + 1, where C; > 0 is the

constant from Lemma 8.3. Then by the definition of Y we have |Y |(¢:(q),t) =|Y |(¢,0) > 1 —¢, and by
Lemma 8.3 we have |Z|(¢:(q),t) = |Z|(¢,0) < % Therefore,

X1g(q.0) = X1ty (@), 1) = 1Y g1y (be (@), 1) = | Z] g (1) (b2 (@), 1) = § —e.
Next, by | X|(¢) < C, and the standard interior estimates for linear parabolic equations [61, Theorem 7.22],
we have that |V¥X|(r) < Ci uniformly for all # on (M, g(¢)), and thus |ka|(t) < Cy on (M, g) for
any k € N. Therefore, by the Arzela—Ascoli theorem, there exists #; — oo such that X (#;) smoothly
uniformly converges to a vector field X, and correspondingly h (i) converges to a smooth symmetric
2-tensor £x_ g.

First, we have X0 # 0, because | Xoo|(g) = |)? I(q.t;) > L — €. Moreover, by Corollary 7.4 we see that
h(t;) converges to 0 smoothly and uniformly on any compact subsets of M, implying £x_ g = 0. O
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9 Proof of the O(2)-symmetry

In this section we prove the O(2)-symmetry for all 3D steady gradient solitons that are not the Bryant
soliton. In Proposition 8.5 we find a nonzero smooth vector field X such that £x g = 0. We will show
that X induces an isometric O(2)-action {yg}ge[0,2). Throughout this section we assume (M, g, f, p)
is a 3D steady gradient solitons with positive curvature that is not the Bryant soliton, where p is the
critical point of f, and f(p) = 0.

First, let { xg }9er, be the one-parameter group of isometries generated by X, we show that X and Vf
commute, and hence the diffeomorphisms they generate commute.

Lemma 9.1 We have that [X,Vf] =0, and ygo¢; = ¢; o yg forall t € R and 0 € R.

Proof We first show that the potential function is invariant under yg. Let p be the critical point of f.
Since p is the unique maximum point of R, we have yg(p) = p for all ¢, and hence

foxe(p)=/(p)=0, V(foxe)p)=Vf(p)=0, V>(foye)=Ric=V>f

For any x € M, let o: [0, 1] — M be a minimizing geodesic from p to x, then
1 pr
100N = FGaon+ [ [ V2 0 0@ 01,00 ds dr

1 pr
= f(p)+ [O /0 V2 £(0'(5).0"(s)) ds dr = f(x).

So foyxg=f.Nowsince y,(f)= f and ypg = g, itis easy to see that y5(Vf) = Vf. So [X,Vf]=0
and hence yg o ¢; = ¢ 0 xg. O

Second, we show that yg is an SO(2)-isometry.

Lemma 9.2 There exists A > 0 such that after replacing { g} by { )¢}, we have that {yg} is a SO(2)-

isometry on M.

Proof Since f is invariant under yg, it follows that the level sets of f are invariant under yg. So yg
induces an isometry on each level set of f. Since the level sets f~!(a) for @ > 0 are compact and
diffeomorphic to S2, it is easy to see that X | £—1(q) vanishes at exactly two points, and xg|r-1(,) acts by
rotations with two fixed points.

Therefore, for some a > 0, after replacing X by A.X for some A > 0 we may assume that xg|s—1(,) = id
if and only if § = 2k for k € Z. In particular, for a point y € f~!(a), we have y2,(y) = y, and
(X2r|f~1(q))*y is the identity transformation of the tangent space 7y f ~!(a). Since yg is a smooth
family of diffeomorphisms, and yo = id, it follows that y», preserves the orientation. So ()25 )xy is the
identity on 7}, M, and hence y», = id. Therefore, yy for 6 € [0, 27) is an SO(2)-isometry. O
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Next, we show that the fixed-point set ' ={x € M : X(x) =0} ={x € M : yg9(x) = x,0 € R} of the
SO(2)-isometry yg coincides with ' = I'1 (—o0, 00) U 'y (—00, 00) U {p}, where I'1 and T', are two
integral curves of Vf from Corollary 3.36.

Lemma 9.3 r=r".

Proof Note that "\ {p}, T\ {p} are both unions of two integral curves of Vf. Let I'| and I'} be
the two connected components of I\ {p}. It suffices to show that for each j = 1,2, the integral
curves I'; and I’J’- intersect at some point, after possibly switching the order of I'; and I';. To see this,
note that on the one hand, by Corollary 3.36 we have that the manifolds (M, r ~2(x)g, x) converge to
(R x cigar, r 2 (Xtip) e Xiip) for any sequence x — oo along I'. On the other hand, since the points on I'’
are fixed points of the SO(2)-isometry, it is easy to see that the manifolds (M, r~2(x)g, x) converge to
(R x cigar, r =2 (Xtip)&e, Xiip) for any sequence x — oo along I'".

Therefore, for any i € N, after switching the order of I'; and ['; we may assume that there are two points
x; € 1N (M \ Bg(p,2)) and y; € T'; N (M \ Bg(p.2)) such that dg(x;, y;) < i~!. Lett; >0bea
constant such that ¢_;, (x;) € Bg(p,2) \ Bg(p,1). Then

dg ($—t; (xi), p—t; (i) = dg 1) (xi, yi) < dg(xi,yi) <i~ ' —0.

So after passing to a subsequence we may assume ¢, (x;), p—, (i) = q # p, and hence g € T'1 N T}

and I'y = I'. Similarly we can show I'; = Fé. O

Lastly, we prove the O(2)-symmetry, that is, that there exist a totally geodesic surface N C M and a
diffeomorphism ®: N x S! — M \ T such that the pullback metric ®*g is a warped-product metric
O*g =gy + 02 dh?, with 6 € [0,27), where g is the induced metric on N and ¢ is a smooth positive
function on N. Note that not every SO(2)-isometry is an O(2)-isometry. For example, the S !-action on
§27+1  C"*1 by complex scalar multiplication is an isometry, which gives CP" = §27+1/51 But it
is not an O(2)-isometry since the curvature form is nonzero.

Lemma 9.4 The SO(2)-isometry yg is an O(2)-isometry.

Proof Let X = f~!(a) for some fixed a >0, and o': [0, 1] — £ be a minimizing geodesic in ¥ connecting
the two fixed points {x4, X4 }. Let ®: (0, 1) x (—00, 00) X [0, 27) = M \ T be a diffeomorphism defined as

O(r.1.0) = d1(xo(a(r)) = xo(d:(0(r)).
Note that ¢; and yg commute by Lemma 9.1. Then we can write the metric under this coordinate as

g= Y gapdxadxg+G(do+ A).
o,B=rt

Since the vectors d,, d; = Vf and d9 = X are orthogonal at all points in
S\ {xq,Xq} = P({(r,0,0):r €(0,1),0 €[0,27)}),
the connection form A = A, dr + A; dt vanishes at these points. Moreover, we have A; = 0 everywhere

because (d;,dg) = (Vf, X) =0.
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On the one hand, since A vanishes on X\ {x4, X4}, by the curvature formula (8-4) for an SO(2)-symmetric
metric we have

©-1) Ric/p = Rorir = —3GFrisr — 3G, Fro.

On the other hand, by the soliton equation Ric = V2 f we have

9-2) Ric,g = Vip [ = —(VysVf.06) = —(V,01.09) = 309(0s.9;) = 0.

where we used (9;,dg) = (X, Vf) =0 and d4(9;, ;) = X(IVf|?) = 0. So by (9-1) and (9-2) we have
(9-3) Vo, (G*?dA) = GV*(GFyyyr + 3Gy Fry)dr ndt =0 on M\T,

where V denotes the covariant derivative on the 2D submanifold {p:(a(r)) | re(0,1),t € (—00,00)}.
Claim 9.5 The equality dA = 0 holds on M \ T.

Proof Consider the rescaled manifolds (M, r;” 2g,x4), where r; > 0 is an arbitrary sequence going to
zero. Then it is easy to see that (M, rl._2 g. xg) smoothly converges to the Euclidean space R3, with T
converging to a straight line, which we may assume to be the z-axis after a change of coordinates. So the
SO(2)-isometry on (M, rl._2 g, Xq) converges to the rotation around the z-axis. Note that |G dA| is scale
invariant, so this convergence implies |G d A|(r;,0) — 0 as i — oo, which proves lim, ¢ |G dA|(r, 0) =0.
So lim,_so |G3/%2 d A|(r,0) = 0. Then by (9-3), we get G3/2 dA(r,0) = 0 and dA(r,0) = 0. So dA =0
on X\ {xg4, X4}

Note that we may choose X to be f~!(a) for any a > 0, and the same argument implies dA = 0
everywhere on M \ I", which proves the claim. |

Now since dA = 0 and A; = 0, we have dA,/dt = dA;/dr = 0. Note that A,(r,0,60) = 0, and this
implies A,(r,t,0) = 0 for all 1 € R. So A = 0, and hence the metric can be written as the following
warped-product form under the coordinates (r, ¢, 8),

g = Z gaﬂdxadx/;—l—GdQZ. |

a,B=rt

Using the O(2)-symmetry and the Z,-symmetry at infinity, to prove Theorem 1.6 we can follow the same
line as in [60, Theorem 1.5].
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The Deligne-Mostow 9-ball, and the monster

DANIEL ALLCOCK
TATHAGATA BASAK

The “monstrous proposal” of the first author is that the quotient of a certain 13-dimensional complex
hyperbolic braid group, by the relations that its natural generators have order 2, is the “bimonster”
(M x M) x2. Here M is the monster simple group. We prove that this quotient is either the bimonster
or Z /2. In the process, we give new information about the isomorphism, found by Deligne and Mostow,
between the moduli space of 12-tuples in CP! and a quotient of the complex 9-ball. Namely, we identify
which loops in the 9-ball quotient correspond to the standard braid generators.

20F36, 22E40; 20D08

1 Introduction

This paper continues our pursuit of a conjectured relationship between complex hyperbolic geometry
and the largest sporadic finite simple group, the monster M [Basak 2007; 2016; Allcock 2009b Allcock
and Basak 2016; 2018]. In [Allcock 2009a], the first author conjectured a “monstrous proposal”: that
the quotient of a certain complex hyperbolic braid group G, by some natural relations S = 1 described
below, coincides with the semidirect product (M x M) x 2; see [Allcock 2009a] or the discussion just
before Theorem 1.1. This group was named the bimonster in [Conway et al. 1988]; the Z /2 exchanges
the monster factors in the obvious way. Here we prove the conjecture up to one other possibility: G/S is
either the bimonster or Z /2.

Before describing G, we recall the source of the “complex hyperbolic braid group” terminology. The
classical n-strand braid group can be described as follows [Fox and Neuwirth 1962]. Start with C”, remove
the mirrors (fixed-point sets) of the reflections in the symmetric group S,, quotient what remains by the
action of S, and then take the fundamental group. There are many generalizations of this construction,
got by replacing S, by some other reflection group and (optionally) replacing C” by some other space.
Three examples are Artin groups [van der Lek 1983; Charney and Davis 1995], the braid groups of
the finite complex reflection groups [Bessis 2015] and the fundamental groups of certain discriminant
complements arising in singularity theory [Brieskorn 1981; Looijenga 1984]. Complex reflections play a
special role because their mirrors have real codimension two: removing them leaves a space which is
connected but not simply connected.
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We apply this general construction to a specific group PI", generated by complex reflections acting on
complex hyperbolic space B!3. We will give a precise description of PI" in Section 2.4, but the details
are not important yet. We define J{ as the union of the mirrors of the complex reflections in PI". The
braid group we will study is the orbifold fundamental group

G = 7{"™((B'? - 30)/PT).

A generic point of I has stabilizer generated by a single triflection (order-3 complex reflection), so its
image in B'3/PT has a neighborhood which is smooth and whose intersection with 3{/PT is a smooth
hypersurface. By a meridian we mean a small loop in (B!3 — J)/PT encircling this hypersurface once
positively, or any loop freely homotopic to such a loop. The language comes from knot theory. The
analogous definition for the classical braid group gives the conjugacy class containing the standard
generators. It is well known that killing the squares of the standard generators reduces the n-strand braid
group to the symmetric group S,. We study the analogous quotient for G:

Theorem 1.1 The complex hyperbolic braid group G = J'ri’rb((IB13 — H)/PT"), modulo the subgroup S
generated by the squares of all meridians, is isomorphic to either the bimonster or 7. /2.

Ruling out the case G/S = Z/2 would prove the monstrous proposal.

Although we do not know a presentation for G, we do know that it is a quotient of a certain Artin group.
The Artin group Art(A) of a graph A is defined as follows. It has one generator for each node of the
graph. Its defining relations are that two of these generators, x and y, braid (xyx = yxy) or commute
(xy = yx) according to whether their nodes are joined or not. The associated Coxeter group Cox(A) is
defined by imposing the additional relations that the squares of the standard Artin generators be trivial.

We will write P25 for the incidence graph of the 13 points and 13 lines of the projective plane over the
field IF3 of order 3 (see Section 2.4 for details). Theorem 1.2 of [Allcock and Basak 2018] says that G is
a quotient of Art(P2F3), with the standard Artin generators mapping to meridians.

We juxtapose this with a result of Conway and Simons [2001, Theorem 2.1]: Cox(PZIF3), modulo specific
relations, is the bimonster (M x M) x 2. The relations can be described as follows. Inside the incidence
graph of P2[F3, one can find 12 vertices o, . .., p11 With the property that each is joined to its predecessor
and successor (reading subscripts mod 12), and to no others. By a 12-gon we mean the subgraph spanned
by any such set of 12 vertices. Each 12-gon is a copy of the affine Dynkin diagram A11, so it describes
an embedding of the affine Weyl group Cox(A11) 2 Z1! x1 81, into Cox(P2F3). The Z!! consists of the
affine translations in the standard realization of Cox(;f 11). Conway and Simons show that Cox(P?F3),
modulo the Z!!’s arising this way from all 12-gons in P2[F3, is the bimonster. One can give explicit
relations as follows. It is easy to show (see the proof of Theorem 1.1 in Section 7) that Z!! is normally
generated in Cox(/T 11) by the word

(1-1) P10+ po(p11 -+ p1) " .
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So the quotient of Cox(P?2IF,), by the subgroup normally generated by all words (1-1) arising from
12-gons in P2[F3, is the bimonster.

We will prove Theorem 1.1 by lifting these relations to G. For each p; in the previous paragraph,
we write 7; for the corresponding generator of Art(P2F3). This makes sense since the generators of
Cox(P?F3) and of Art(P2[F3) are indexed by the same set. We will prove

(1-2) t10--to(tir--t) =1

in G. Therefore G is the quotient of Art(P2[F3) by these relations (one for each 12-gon) and possibly
additional relations. It follows that G/S in Theorem 1.1 satisfies all the relations of the Conway—Simons
quotient of Cox(P2[F3), ie of the bimonster. By the simplicity of M, the only quotients of the bimonster
are the bimonster itself, Z /2 and the trivial group. A short automorphic forms argument rules out the

trivial case (Lemma 7.4), yielding Theorem 1.1.

Part of the appeal of the monstrous proposal is that the relations (1-2) have a simple and well-known
geometric meaning, which we recall in detail in Section 3. Briefly, Art(/zf 11) is a subgroup of the 12-strand
braid group Brj, (C —{0}) of the punctured plane. (It is the group of braids with total winding number 0.)
Adjoining the relation (1-2) reduces Art(/T 11) to the usual 12-strand braid group, corresponding to the
natural map Brj(C —{0}) — Bry2(C) got by filling in the puncture.

This geometric interpretation arises in our work, via the appearance of Bri,(CP!) as a subquotient of our
braid group G. The key is that B3 contains a 9-ball IB%]%M, whose stabilizer acts on it as a group PI'pm
discovered by Deligne and Mostow [1986; Mostow 1986]. They showed that PT'py uniformizes the
moduli space of unordered 12-tuples in CP'. To state this precisely, we write Hpy for the hyperplane
arrangement in B%M got by restricting J{. Then (B%M—}CDM) /PTpy is isomorphic, as a complex analytic
orbifold, to the moduli space M7, of unordered 12-tuples of distinct points of C P'. The connection to
braids is that ni’rb (M3,) = Bri2(CPY)/(Z/2). See Section 5 for background and technical details.

Our strategy will be to choose a tubular neighborhood U of IB%]%M, invariant under the setwise stabilizer
PISY,; of By, It develops that (U — 3)/PT3y, fibers over (BRy, — Hpm)/PTpm, with fiber that can be
understood by work of Orlik and Solomon. This leads to an exact sequence

(1-3) 1 — Brs — 7{™((U — H)/PTHy,) — 77 (M3,) — 1.

We work out the details of this (nonsplit) group extension. This yields several explicit relations in the
Artin generators of G. This is done in Sections 6 and 7. After the preliminary Sections 2 and 3, it is
possible to jump to Section 6, armed only with the statements of Theorems 4.1 and 5.2.

While our result gives the bimonster as an upper bound for G/S, Looijenga [2023] has found evidence
that the bimonster is also a lower bound for it. If G/S were the bimonster, then the connected covering
space of (B! —3{)/PT corresponding to S would have the bimonster as its deck group. Then every
open subset of (B!3 — J()/PT" would have an orbifold cover with this deck group, namely its preimage.
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Looijenga has found a fairly large open subset, over which this hoped-for cover exists unconditionally
and is connected.

Heckman [2015] gave an argument that G is a quotient of the bimonster, but unfortunately it had a
gap. Our Section 4 can be used to bridge that gap, bypassing some of our details; see Remark 7.3 for
Heckman’s argument. The largest difference from our work is that he seeks extra relations in G/S,
rather than in G itself, as we do. Our fibration argument also applies to some other ball quotients with
distinguished subballs, yielding analogues of the exact sequence (1-3). For example, we hope to give a
new presentation of the orbifold fundamental group of the moduli space of smooth cubic surfaces, in
terms of the Artin group of the Petersen graph.
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2 Background, conventions and notation

As far as possible we maintain notation and conventions used in [Allcock and Basak 2016; 2018]. For
convenience we review the most important ones. We follow the convention that a hermitian form (- | -)
is linear in its first variable and conjugate-linear in its second. The norm of a vector x means (x | x),
sometimes written x2. Often we use the same symbol for a vector and the point of projective space
it represents. A superscript * indicates an orthogonal complement, the precise meaning depending on
context. It might mean a sublattice, a linear subspace or a complex hyperbolic space inside a larger complex
hyperbolic space. When describing groups, we often use names from the Atlas [Conway et al. 1985], and
the numeral “2” as shorthand for Z /2. For example, the Atlas writes L3(3) for PSL3(F3) = PGL3(IF3),
so we write the semidirect product PGL3(IF3) x(Z/2) as L3(3) x 2.

The only material here not already in [Allcock and Basak 2018] is the construction of lattices from graphs
(Section 2.2), the notation L4 for the Eisenstein Eg lattice, and the Deligne-Mostow lattice (Sections 2.3
and 2.7).

2.1 Complex hyperbolic space

A hermitian form is called Lorentzian if it has signature (1, 1). For example, C"-! denotes C"*! equipped
with the hermitian form
(x]y) =—x0¥0 + X171+ + XnJn.

Let V be a complex vector space equipped with a Lorentzian hermitian form. Then B(}') means the set
of negative-definite complex lines in V. This is an open ball in P (V). If M is a subspace of V' such that

Geometry & Topology, Volume 29 (2025)



The Deligne—Mostow 9-ball, and the monster 795

the restriction of the hermitian form is also Lorentzian, then there is a natural inclusion B(M) — B(V).
If M has codimension 1, then we sometimes call B(M ) a hyperplane in B(V'). The complex ball B(1)
has a natural Riemannian metric with negative sectional curvature, called the Bergman metric, and is
sometimes called complex hyperbolic space. The restriction of this metric to B(M) coincides with the
Bergman metric of B(M). Suppose v and w are negative-norm vectors in V. Then they represent points
of B(V) whose distance is

(v w)|?

2-1) d(v,w) = cosh™! >

>
viw

If in addition (v | w) is real and negative, then the real line segment joining v and w in V projects to

the geodesic in B(1') between these points. Similarly, if v,s € V have negative and positive norm,

respectively, then

[{v]s)?

(2-2) d(v,B(st)) =sinh~! /- o

If x, y € B(V) are distinct, then there is a unique complex 1-ball containing them, which we denote by
B!(x, y). Some authors call this the complex geodesic through x and y.

2.2 Eisenstein lattices

Let w = e27/3 and = w—& = ~/—3. Let & be the ring Z[w] of Eisenstein integers. An Eisenstein lattice
K means a free £-module equipped with a hermitian form (- |-): K x K — Q(w). We abbreviate K ®¢ C
to K ® C, and usually think of it as containing K. If K is Lorentzian, then we write B(K) for B(K ® C).
If K is nondegenerate, then its dual lattice is defined as K* = {x € KQ C: (x| k) € € for all k € K}.

Let A be a directed graph without self-loops or multiple edges. Consider the free E-module EA on the
vertex set A with basis vectors {eq : & € A}. Define an £-valued hermitian form on EA by

3 ifa=4,

(ea |eg) = 16 if A has an edge from f to «,

0 if A has no edge between 8 and «.
Suppose A is connected, E is an edge whose removal would disconnect A, and A’ is got from A by
reversing the orientation on E. Then EA and EA’ are isometric. (Choose one component of the graph
got by removing E from A, negate all the e, in that component and leave the others unchanged. The
resulting vectors have the inner products specified by A’.) Applying this repeatedly shows that if A is a
tree, then the isometry class of €A depends only on the underlying undirected graph.

2.3 The Eisenstein Eg lattice and the hyperbolic cell

Applying this construction to the Dynkin diagram A4 (with any orientations of the edges) yields the
&-lattice whose underlying real form, under the bilinear form % Re(x | y), is the Eg root lattice. We called
it Eé in [Allcock and Basak 2018], but here we will call it L4. (Note: Re{x | y) lies in %Z. The natural
scale for L4 resp. Eg is the smallest scale at which all inner products lie in € resp. Z. This is the reason
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for the % factor.) The self-duality of the Eg lattice leads to the property 0L} = L4. A useful consequence
of this is that if K is an E-lattice in which all inner products are divisible by 6, then every copy of L4 in
K is an orthogonal direct summand.

The property 6K* = K of an Eisenstein lattice K turns out to characterize K if K is indefinite [Basak
2007, Lemma 2.6]. Two examples are the lattices L and Lpy below. Another is the hyperbolic cell,
which means the £-span of two null vectors with inner product 6.

2.4 The lattice L

The following lattice L will play a central role. The quickest way to define it is to refer to the uniqueness
property just stated. Namely, L is the unique &-lattice of signature (13, 1) that satisfies 0L* = L; see
[Basak 2007, Lemma 2.6]. The quickest concrete construction is to define L as the sum of a hyperbolic
cell and three copies of L4. In [Allcock and Basak 2016; 2018] we also used a different direct sum
description of L, with the Leech lattice in place of L3, but this plays no role here. The only 13-ball we
will discuss is B(L), so we will write B!3 for it. All complex hyperbolic geometry will take place in B13.

We will use the following model of L for most calculations. It was implicit in [Basak 2007, (25) in the
proof of Proposition 6.1 ] and made explicit in [Allcock 2009b]. We write P2[F3 for the incidence graph
of the finite projective plane over 3. It has 26 vertices, corresponding to the 13 points and the 13 lines
of this finite projective plane. Whenever § is a line and « is a point on it, we direct the edge from the line
to the point. One verifies that the associated rank-26 lattice € P2F3 defined in Section 2.2 has radical of
rank 12; see [Basak 2016, Section 2.5]. One may define L as the quotient by the radical. Obviously all
inner products are divisible by 6, ie L C #L*, and one can check that this inclusion is equality.

It is possible to label the points and lines of P2F3 by p1,..., p13 and [1,...,[13 so that the points on l;
are pj, pj+1, pj+3 and pjyo. Subscripts here should be read mod 13. We use the same symbols for the
vectors in L corresponding to the points and lines. Because they are roots in the sense of Section 2.5, we
call them the point- and line-roots. Since points (resp. lines) are not joined to each other, the point-roots
(resp. line-roots) are mutually orthogonal. One may introduce coordinates (xg; X1,...,x13) on C 13,1
such that p; = (0;6,0,...,0),/;, =(1;1,1,0,1,0,0,0,0,0, 1,0, 0, 0) and rightward cyclic permutation
of the last 13 coordinates increases subscripts by 1.

We write I" for the isometry group of L. Obviously it contains the group L3(3) := PGL3(IF3), permuting
the points and lines of P2[F3 via the standard action of GL3(F3) on Fg’ There is additional symmetry.
From an incidence-preserving exchange of points with lines, one can construct an isometry of L that sends
the point-roots to line-roots and the line-roots to negated point-roots. Together with scalars and L3(3),
this generates a subgroup of I whose image in PT" is L3(3) x2. We will use this L3(3) x 2 many times.

2.5 Roots, mirrors and the hyperplane arrangement JH{

A root of L means a lattice vector of norm 3. Roots are special because their triflections (complex
reflections of order 3) give elements of I'. Namely, if s is a root, then we define w-reflection in s to be
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the isometry of L @ C that fixes s1 pointwise and multiplies s by the cube root of unity w. A formula is
x> x—(1—w)({x|s)/s?)s. Using L C OL*, one can show that this preserves L. Although we don’t
need it, we remark that I" is generated by the triflections in the 26 point- and line-roots; see [Basak 2007,
Theorem 1.1] or [Allcock 2009b, Theorem 1].

The hyperplane B(s1) CB(L) is called the mirror of s, the name reflecting the fact that it is the fixed-point
set of a reflection. When the meaning is clear, we sometimes abbreviate B(s1) to s*. We use the word
mirror exclusively for hyperplanes orthogonal to roots. The union of all mirrors of L is called J{. This
hyperplane arrangement is central to the paper: our goal is to understand the orbifold fundamental group
of (B3 —3()/PT.

2.6 Special points in B3

We have already introduced the point-roots py,..., p13 and line-roots /1, ..., l13. We call their mirrors
the point- and line-mirrors. The p; (resp. /;) are mutually orthogonal, and we write poo (resp. /oo) for
the point of B!3 orthogonal to all of them. This turns out to be represented by the norm —3 vector
Poo = (0;0,...,0) (resp. loo = (4:1,...,1)).

A convenient basepoint for the orbifold fundamental group (see Section 2.8) of (B'3 — J)/PT is the
midpoint 7 of the geodesic segment joining poo and /. It is represented by the vector

T =loo +ipoo = (4 + /3;113)

of norm —6 — 8+/3. The corresponding point of B'3 is the unique fixed point of L3(3) x2 C PT. The
mirrors closest to t are exactly the 26 point- and line-mirrors; see [Basak 2007, Proposition 1.2], where
was called p, or [Allcock and Basak 2018, Lemma A.5]. Two consequences of this are that no mirror
passes through , and that L3(3) 2 is the full PI"-stabilizer of t.

2.7 The Deligne-Mostow lattice Ly

The lattice Lpy is both a sublattice of L and a lower-dimensional analogue of L. We start with its role
as an analogue. Consider the A Dynkin diagram (a 12-gon), with its edges’ orientations alternating.
The corresponding lattice (Section 2.2) has 2-dimensional radical, and Lpy is defined as the quotient
by it; see [Allcock 2000, Section 5], which also displays an isometry between Lpy and the sum of a
hyperbolic cell and two copies of L4. Lpy has signature (9, 1) and satisfies GLBM = Lpm. We define
[B%]%M as B(Lpm), and I'py as the isometry group of Lpy; see Theorem 5.2 for a refinement of the famous
relationship found by Deligne and Mostow between B%M /PI'pm and the moduli space of unordered
12-tuples in CP!. By construction, PT'py; contains a dihedral group D4 of order 24 that permutes the
vertices of the 12-gon. (Because of the orientations of edges, automorphisms of the diagram only provide
a Dj,. The following is also an isometry: cyclically permute the 12 roots, and negate every other one.
Together with D1, and scalars, this generates a subgroup of ['py whose image in PI'pyg is Dog. This is
similar to how we enlarged L3(3) to L3(3) x 2 in Section 2.4.) We write p for the unique fixed point
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in B%M of this dihedral group. We define roots as for L, and define Hpy IB%]%M as the union of the
mirrors of the roots of Lpy. The mirrors closest to p turn out to be the ones corresponding to the nodes
of the 12-gon (Lemma 4.6).

Lpwm appears as a sublattice of L because the oriented graph P2F3 described in Section 2.4 contains a
12-gon with alternating orientations on edges. Because Lpm = 0L, and all inner products in L are
divisible by 8, Lpy is a summand, so I'py € I'. We make a particular choice of 12-gon in Section 4.
The (L3(3)x2)-stabilizer of this 12-gon is the D4 just mentioned. The projection of 7 € B!3 to B%M is
the point p. Part of our work will involve moving a basepoint along the geodesic segment pt. We prove
in Lemma 5.3 that Hpy is the restriction of H C B3 to IB%I%M.

2.8 Orbifold fundamental groups

Let A be a group acting properly discontinuously on a path-connected manifold X. Choose a basepoint
b € X. The orbifold fundamental group nfrb(X /A, b) is defined to be equivalence classes of pairs (y, g),
where g € A, y is a path in X from b to gb, and (y, g) is equivalent to (y’, g’) if ¢ = ¢’ and y and y’ are
homotopic in X, rel endpoints. The group operation is

(v.8)-(y'.g") = (y followed by g o y’, gg’)

orb

Inversion in 7™ (X /A, b) is given by (y, g)~ ! = (g7 ! oreverse(y), g~ '). Projection of (y,g) to g
defines a homomorphism nfrb (X/A,b) — A. It is surjective because X is path connected. The kernel is
obviously 71 (X, b), yielding the exact sequence

(2-3) 1 - m(X,b) — aY(X/A,b) > A — 1.

orb

The local group at b means the set of (y, g) € n7™(X /A, b) for which y is homotopic to the constant
path at . This is obviously the same as the A-stabilizer of b.

2.9 Meridians

Meridians are distinguished elements of 79 ((B'3 — ) /PT, b) or 7Y™ ((By — Hpm)/PTpm, b), where
beBB—Hor [B]%M — Hpwm is a basepoint. If s is a root and S is the w-reflection in s, then the
corresponding meridian M}  is defined as (up . S), where up g is the following path; let p be the
projection of b into the mirror s. In this paper the real geodesic segment E? from b to p never meets
any other mirror. Choose a ball around p small enough to miss all other mirrors, and let g be a point of
bp —{p} in this ball. Then Mp.s 1s the geodesic bq, followed by the positive circular arc in B! (b, ¢) of
angle %n centered at p, followed by S (gb).

The extra generality about meridians that we developed in [Allcock and Basak 2016] is not needed here.
In particular, no detours of the sort considered there are needed. The only basepoints that we will need
are p € B, for Jrfrb((]B%Ig)M — Hpm)/PTpym), and a variable point o € pt — {p} € B!3 when working
with thrb((IB%13 —H), PT"). Once one of these basepoints is fixed, the meridians associated to the point-
and line-roots are called the point- and line-meridians. No other meridians will appear.
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3 Braid groups

In this section we assemble some well-known material about braid groups in a form exhibiting dihedral
symmetry D»,, where n is the number of strands, which will remain constant. The n = 12 case will be
key in later sections. Although our presentations are slightly different, [Birman 1974] is an excellent
general reference.

For a Riemann surface X, we define X (X) as X", the space of ordered n-tuples in . We restrict attention
to the cases ¥ = C, C* and CP! = C U {oo}. The n-strand pure braid space of ¥ means

X°(2):={(x0,...,xp—1) € X(2) | x; # x} whenever j # k}
The symmetric group S, acts on X(X), and this action is free on X°(X). Let
Y(X)=X(X)/S, and Y°(X)=X°(X)/S,.

The latter space Y °(X) is called the n-strand braid space of X, and its fundamental group is called the
n-strand braid group of X, written Br,(X). The ordinary braid group Br, refers to the case ¥ = C.
Setting ¢ = 2™/ we will use the tuple T = (1,¢,¢2,...,¢"1) as the basepoint of X°(X), and its
image in Y °(X) as the basepoint there. Usually one specifies a loop in Y °(X) by writing down a path in
X°(X) from T to one of its S, -images.

We now define specific braids p; € Br, (C*), whose subscripts should be read modulo 7, by specifying the
motion of points of 7. Informally: the points beginning at ¢/~ and ¢/ approach each other, move around
each other in a counterclockwise direction, and then continue to ¢/ and ¢/~1, respectively. The remaining
points do not move. For a precise definition, choose r: [0, 1] — [1, 0o) continuous with r(0) =r(1) =1
and 7 (%) > 1. Then p; is the element of B, (C*) represented by the path (xo(¢), . . ., X,—1(¢)) in X°(C*),
where

X () =@ xi) = @) e and xq() =8k ifk#£j—1,)

We define the “increasing” and “decreasing” words

Ii=pjpj+1---pj+n— and Dj=pjpj_1--pj—nt2.

(Following our conventions for orbifold fundamental groups in Section 2.8, /; means p; followed
by pj+1, followed by etc, and similarly for D;. Because S acts freely on X °, the ordinary and orbifold
fundamental groups of Y ° coincide. So we identify elements of nfrb(Y") with their underlying paths.)
One can establish the following relations by examining how the specified braids move the ¢; around in C*:

(3-1) Lipl7 ' =pryr forall k#j—1.7 -2,
(3-2) Djpe D" =pr—y forall k#j+1,j+2.
The inclusions C* — (C* U {0 or co}) — CP! induce homomorphisms

Br, (C*) — Br, (C* U {0 or co}) — Br, (CP').
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Sometimes we speak of the p; as though they were elements of these other groups, meaning their images
there.

Theorem 3.1 (braid groups) (a) The subgroup of Br,(C*) generated by po, . .., pn—1 has defining
relations pj pxpj = Pk Pj Pk OF Pj Pk = Pk pPj, according to whether k € {j % 1} or not, for each j
and k. In particular, sending the standard generators of the Artin group Art(gn_l) to po, ... Pn—1
embeds Art(A,_1) in Br, (C*).

(b) Adjoining to (a) the relations that all D; coincide yields Br, (C* U {0}). Then Do D7 = pr_yq
for all k, where D is the common image of all D;.

(c) Adjoining to (a) the relations that all I; coincide yields Br, (C* U {oco}). Then Iok I = pryq
for all k, where I is the common image of all I;.

(d) Adjoining to (a), (b) and (c) the relation ID = 1 yields Br, (C Pl).

Remarks The proof of (b) shows that adjoining to (a) any single relation D; = D, with j # j’, implies
the equality of all D;; similarly for (c).

The proof of (d) shows that in the presence of the relations (a) and any one relation Iz D; = 1, the
relations in (b) imply those in (c) and vice versa. So Br, (CP') can be got by adjoining two relations to
Art(gn_l), for example Io = Iy and I1 D, = 1.

In particular, one could omit either (b) or (c) from the presentation (d) of Br, (CP'). (This omission
would leave one of / and D undefined, which is why we write I3 D; = 1 not I D = 1.) We prefer to keep
both (b) and (c), because in Theorem 6.6 we will meet an extension of nfrb (M7,) = Bri2(CPY/(Z/2)
to which these relations lift but the relation /D = 1 does not.

Proof (a) The map (xg,...,Xn—1) > Xg -+ Xn—1 fibers X°(C*) over C*. This descends to a fibration
Y°(C*) — C*. All the p; are paths in a single fiber, and it is well known that the fundamental group of
each fiber is the Artin group of type A,_1, with the p; corresponding to the standard Artin generators;
see for example [van der Lek 1983, Theorem 3.8].

The existence of this fibration shows Bry, (C*) =~ Art(zzfn_l) X 7., where the Z is generated by any braid
with total winding number 1 around 0. For example, the braid ¢ that rotates the roots of unity one position
counterclockwise; formally, x; (1) = ¢ Je2miu/n Drawing a picture shows 1pxt ! = py_; for all k.

(b) From the inclusion Y °(C*) — Y °(C), one can work out the map Br, (C*) — Br, (C) by using Van
Kampen’s theorem. It is surjective, with kernel normally generated by the following braid: every xj (1)
is the constant path at ¢ k except x,—1 (), which starts at "1, approaches 0, encircles it once negatively
and then returns to ¢”~!. Formally, Br, (C) is the quotient of Br, (C*) by the relation D, 1t~ = 1.

Another way to say this is that Br, (C) is the quotient of Art(zzfn_l) by the relations that D, _; conjugates
the generators of the Artin group in the same way that ¢ does. That is, by the relations D, _1 pg D;_ll =
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pi—1 for all k. Repeatedly conjugating D,_ by itself therefore yields D, _», Dy—_3,.... On the other
hand, repeatedly conjugating D, by itself also yields D, —;, Dy—1,.... This establishes the relations
in (b).

To finish the proof of (b) it is enough to show that adjoining the relations D; = D for all j and j’
to Art(/Tn_l) implies D, _1pg D;_ll = pr_1 for all k. In fact it is enough to adjoin any single relation
Dj = Dj with j" # j; write D for the common image of D; and D;- in the quotient. If j’ ¢ {j + 1},
then (3-2) establishes Doy D! = py_; for all k. Reusing the argument of the previous paragraph,
repeatedly conjugating D by itself yields D; 1 = D, Dj—» = D, D;_3 = D and so on. This implies
Dy_1p D;_ll = pg—1 forall k, as desired. In the remaining case j’ € {j &1}, we may suppose j' = j +1
by exchanging j and j’ if necessary. This time (3-2) shows only that Dpy D™ = p;_; for all k # j + 2.
But Dj = D; 1 implies D;p;+2 = Dj+1pj+2, which picture drawing shows is equal to p; +1D;. So
again we have Dp; 42Dl = pj+1, and the same argument applies.

(c) Inversion across the unit circle exchanges 0 with oo, preserves ¢, inverts every p and exchanges Dy
with 1~ ! Therefore we may quote the argument for (b) to obtain two descriptions of Br, (C* U {oo}).
First, it is the quotient of Br, (C*) by the relation /- 11=1 = 1. Second, it is the quotient of Art(A4,_1)
by the relations that all /; are equal.

(d) Using Van Kampen’s theorem twice shows that Br,, (C P1) is the quotient of Br, (C *) by both relations
Dp—1t7 ! =1and Il_lt_1 = 1. Therefore Br, (CP') can be described as the quotient of Art(A,_1) by
I1D,,—1 = 1 and either the relations (b) or (c¢). If we assume (b), then the fact that D centralizes I;
forces Iy = 11, In—1 = 11, I,—» = I etc, establishing (c), and vice versa. So the relation /1 D,,—1 =1
can be written /D = 1. =]

For any elements g1, ..., g of a group, we define

A(gt,....8m) = (8182 - 8m) (8182 " &m—1) - (g182)81.

In Bry 41, A(p1, ..., pn) is called the “fundamental element”; it conjugates each p; to p,+1—;, and its
square generates the center of Bry 1.

Using the obvious PGL; C action on X (CP!), we define the moduli space M, of n-point subsets of CP! as
M = X°(CPY)/(S, xPGL, C) = Y°(CP')/PGL, C.

We assume n > 3 to avoid degenerate cases. Then PGL,(C) acts freely and properly on X °(CP'), so the
quotient is a manifold. Because M, is the quotient of this manifold by the finite group Sy, it is an orbifold.
Recall that the tuple T is our basepoint for X °(CP!). We take its images in X °(CP')/PGL, C and M3,
also denoted by T, as our basepoints when discussing their orbifold fundamental groups. It is well known
that the map Br, (CP') — 7{"™ (M) induced by Y °(CP!) — Mj, is surjective, with kernel equal to the
center of Br, (CP'), which is isomorphic to Z/2 with generator I” = D~"; see for example [Birman
1974, Theorem 4.5]. So Theorem 3.1 implies the following theorem (the final assertion is obvious in the
presence of the fourth relation):

Geometry & Topology, Volume 29 (2025)



802 Daniel Allcock and Tathagata Basak

Theorem 3.2 The orbifold fundamental group n;’rb (M;,, T) is generated by po, ..., pn—1, With defining
relations
(@) pjpPrp; = PkPj Pk OF Pj Pk = Pk pP;. according to whether k € {j £ 1} or not, for each j and k,
(b) allthe I; := pjpj+1---pj+n—1 coincide,
(¢) allthe Dj := p;jpj—1---pj—n+1 coincide,
(d) ID =1, where I (resp. D) is the common image of the I; (resp. D).
(e) I"=D"=1.

When n is even, (e) may be replaced by the relation "2 = pn/2, O

4 Change of basepoint in B!

In this section, we begin working in the hyperplane arrangement complement B3 — 3(, with an emphasis
on how the Deligne—-Mostow ball IB%I%M lies inside B'3. We fix an A4 subdiagram of the incidence graph
of P2F3, whose 26 nodes are the point- and line-roots p ; and /; from Section 2.4. Any two such
subdiagrams are equivalent, but for concreteness we choose /1, p2, [> and p3. These roots are mutually
orthogonal, except that (p2 | /1) = (p2|l2) = (p3|l2) = 0. Therefore their integral span is a copy of
the Eisenstein lattice L4 (see Section 2.3). We call it L‘(‘I)

introduced below. As indicated in Section 2.7, we will write Lpy for the orthogonal complement of Lgl)

to distinguish it from two other copies of L4

in L, and B%M for the corresponding 9-ball. See Section 5 for more information about the connection of
the Deligne-Mostow ball quotient to moduli of 12-tuples in CP!. A mirror orthogonal to a root s of L
contains IBI%M if and only if s is a root of the positive definite lattice Lgl). The scaled real form of L‘(,rl)
is Eg (see Section 2.3), which has 240 roots. So exactly 40 mirrors contain IB%]%M, corresponding to the
scalar classes of the 240 roots of Lgl).

The nodes of P2F5 that are not joined to the A4 form an A diagram, ie a 12-gon, namely

4-1) Ds. 110, P13, 14, p7, 111, P12, 19, po,lg, pg.Is

in cyclic order. We introduce alternative notation so, . .., s11 for them, in this order. We also write sa,
sB, sc and sp for the roots /1, p2, [ and p3 forming the A4 diagram. As explained in Section 2.7, the
E-span of sg,...,s11 is Lpm. We write p for the projection of 7 to IB%%M, and let o be any point of
7p — {p}. We abbreviate the meridians Mrg,,..., Mz, Mr sy, ... My s, 10 To, ..., T11, TA, - - ., TD,
and similarly with o in place of 7. In Section 5 we will extend this notation by writing pg, ..., p11 for
the meridians based at p and associated to s, ..., s11. But these will represent elements of a different
complex hyperbolic braid group nfrb((B]%M — Hpm)/PTpwm, p). Because p lies in H, it doesn’t make
sense to speak of yrfrb((IB%13 —H)/PT, p).

The following theorem is the main result of this section. Lemma 4.6 is the only other result referenced later.
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Theorem 4.1 The segment Tp meets H only at p. For any o € Tp — {p}, the change-of-basepoint

isomorphism

(B —3)/PT, 1) = 7Y™ ((B" —3)/PT. 0),
induced by the segment 7o, identifies each meridian 1y, ..., T11, TA, . . . , Tp based at t with the corre-
sponding meridian oy, . ..,011,04,...,0p based at .
Proof This follows immediately from the next lemma: fixing j =0,...,11,A,...,D, and letting o
vary over 7p — {p}, the surface swept out by the meridians o; misses H. |

Lemmad4.2 (a) Fixj=0,...,11, and let Q be the totally real quadrilatera] with vertices t, p and
the projections t’ and p’ of these points to s . Then Q meets s in /' p/, meets the 40 mirrors
containing B pM 10 pp’, and misses all other mirrors.

(b) Fix j =A,...,D,andlet T be the totally real triangle with vertices t, p and the projection t’ of t
to s;-. Then T meets s;- in v’ p, meets the other 39 mirrors containing IB%%M at p only, and misses
all other mirrors.

We will start the proof of Lemma 4.2 after some preparation that includes Lemma 4.3. The stabilizer

L3(3) %2 of t contains an order-24 dihedral group D4 that preserves {s/i-, e ,S]JD‘} and acts faithfully
and transitively on the set of mirrors s(J)-, ey sf-l. Half of these transformations exchange slﬂ; with s]J)- and

sé with sé-. Therefore it suffices to prove the s and sg cases of (b) and the sg case of (a). We restrict
attention to these three cases.

We will need to know the corners of the polygons explicitly. All three have r = (44 +/3;1,...,1) as a
vertex, with norm —6 — 8+/3. Now, the projection of 7 to Lgl) ®C is

—B42V3) (1 +ip3)— (5+3V3) (> +ipa).

One checks this by computing this vector’s inner products with /1, p», [ and p3, and comparing with
(t|pj) =—0and (tr|[;) —+/3. Subtracting it from 7 gives the other vertex that is shared by all three
polygons, namely

p=(6A;21,0,0,24,34,1,1,1,1,24,31,1,1) where A =2+ /3.
Computation shows p? = (p | ) = —36 —24+/3.

The remaining vertex or vertices are different in the three cases. First we consider the sa (= /1) case of
Lemma 4.2(b). Then

(1) -3
' =7— li=1— I1 =1 +11/3.
iy y =T/

The calculation of 7’ in the sg (= p») case is the same, except that (t | p») =—6, leading to /= t+i p2/ /3.
In both cases one computes

()2 =('|1) ==7—8+3 and (7'|p)=—36—24+/3.

Geometry & Topology, Volume 29 (2025)



804 Daniel Allcock and Tathagata Basak

Similarly, in the quadrilateral case we have ©/ = 7 + i pg/~/3,
() =(t'|t)=-7-8+3 and (r'|p)=—37—243.

The fourth vertex of Q is p’. Because p differs from t by a vector orthogonal to so(= pe), we have
(p| pe) = (| ps) = —0. Therefore p' = p +ipe/~/3. One computes

)= |p)=(p | 7) = (p | ) = =37 —24V/3.

The reason that all these inner products turn out to be real is that i py,...,ip13,/1,..., /13 have real inner
products, and the real hyperbolic 13-space they span contains p’ and all three t’. In the three cases, we
have seen that the vertices of T (resp. 7', Q) are represented by negative-norm vectors whose real span is
3-dimensional and totally real (ie contains no complex subspaces). This justifies our claim in Lemma 4.2
that Q, T € B3 are totally real polygons. For use in the proof of Lemma 4.2, we also note the negativity
of the pairwise inner products of the vectors representing the vertices.

Our strategy for proving Lemma 4.2 derives from [Allcock and Basak 2018, Appendix A]. There, we
showed that various totally real triangles are covered by balls of various finite radii centered at the point
Poo = (0;0,...,0) € B13, where all 13 point-mirrors meet. For each of these balls, we used a computer
to enumerate the finitely many mirrors that meet it. Then we worked out whether and how these mirrors
meet each triangle of interest. We will use the same strategy, but we will also need balls centered around
another point ¢ € B!3. To define it, note that there is a unique way to choose two A4 diagrams in the A
that are not joined to each other or to s¢9. Namely, we define Lf) as the span of 55, ...,ss, and L‘(ﬁ) as
the span of 57, ..., 510. We define ¢ as the point of B!3 that is orthogonal to (sq) ® Lgl) @ ng) @ Lf’).

Just like poo, € is represented by a norm —3 lattice vector, namely
c=606(4;1,0,0,2,2,0,0,0,0,1,2,1,0).

As in [Allcock and Basak 2018, Appendix A], we call an open ball centered at p a critical ball if its
boundary is tangent to some mirror. Even though some mirrors pass through pso, we do not count the
radius-0 ball as critical. The distance from p to the mirror of a root s is given by

s1nh1\/ poo|52 —snhl\/ Poo| —smh \/(01347 ).
pZs

The last equality comes from (poo | s) € OE. The numerlcal values of the first few critical radii are

r1,72,13,74,...~ 0.549, 0.881, 0.987, 1.210,. ...

We call s a batch-n root, and s a batch-n mirror (around peo) if s is tangent to the n'™ critical ball
(around p). We extend this language to “batch-0" in the case s L poo. All these considerations apply
verbatim with ¢ in place of pso.

Lemma 4.3 The triangles in the sp and sg cases of Lemma 4.2(b), and the quadrilateral in the sy case of
Lemma 4.2(a), are covered by the union of the fourth critical balls around po and c.
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Proof In the quadrilateral case, we define points on two edges of O, namely m = %(‘[ + p) € 7p and
m' = %(r’ + p') € /p’. Because balls and (totally real) polygons are convex, it is enough to check that
t, v/, m and m’ lie at distance < r4 = sinh™! \/g ~ 1.210 from poo, and that m, m’, p and p’ lie at
distance < r4 from c. In the triangle cases we use the same argument, except that we define m’ = %(t/ +p),
and we replace the quadrilateral m, m’, p, p’ by the triangle m, m’, p. Here are the data shared by all three

cases:

d(poo, T) = cosh™! \/% + %\/5% 740, d(poo,m) = cosh™! \/% + %\@ ~ 1.172,

d(c,m) =cosh™! \/% + %\@% 1.161, d(c, p) = cosh™! %—i— %«/g% 1.032.

In the triangle (resp. quadrilateral) cases we have

d(c,m’) = cosh™! \/% + %32«/5% 1.158 resp. cosh™! ig% + %ﬁ% 1.151.

In the s case (resp. the other two cases) we have

d(poo. ') =cosh™! /320 + 19763\/5 ~.848  resp. cosh™' /% + 19763«/5 ~ .700.

In the sa, sp and quadrilateral cases respectively we have

d(Poo.m’) = cosh™ /4226 1 256./3 ~ 1.195, cosh™! /4483 4+ 1296 /3 ~ 1.170,

cosh™ /3193 4 1452./3 ~ 1.163.

and

Finally, in the quadrilateral case

d(c,p’) =cosh™ /32 + %\/5 ~ 1.024.

One may use the identity cosh? = sinh? +1 to avoid approximation when checking that these distances

are less than sinh™! \/g . This reduces one to checking that each radicand is less than 170. O

Proof of Lemma 4.2 As mentioned above, it suffices to prove this for the quadrilateral and two triangles
treated in Lemma 4.3. By that lemma, the only mirrors that can meet these polygons are the 0™, 1%,
2" and 3™ batch mirrors around peo and ¢. There are only finitely many mirrors in each batch, and in
[Allcock and Basak 2018, Lemma A.12] we explained how to use a computer to iterate over the mirrors in
these batches around p~. Below we will explain the corresponding enumeration around ¢. Now suppose
given a triangle 7 C B!3 whose vertices are represented by vectors whose norms and inner products
are negative. Following [Allcock and Basak 2018, Lemma A.1], T meets a mirror s if and only if the
origin lies in the triangle (7 | s) € C whose vertices are the inner products of these vectors with s. By
examining the 0 through 3™ batch mirrors, around po and ¢, we found all the mirrors meeting the
polygons. We carried out all calculations using exact arithmetic in the field Q(6, +/3). The results are as
stated in the lemma. |

It remains to explain the enumeration of mirrors near c. We work with respect to the basis
C,80; SA,SB,SC,SD; S$5,54,53,82; §7,58,59,510
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for C'3:1, whose inner product matrix is

36000 36000 36000
—30@9390@9390@9390
03 0636 0636 0636
0063 0063 0063
(The backwards ordering of the 4-tuple ss, . .., s makes its inner product matrix coincide with those of

the other 4-tuples.) To avoid confusion, we will use square brackets when writing components of vectors

with respect to this basis.

Lemma 4.4 L consists of all vectors [a/0,b/0;V1;Va; V3] where a,b € & are congruent mod 6 and

1_51, 1_52, 1_53 € L4.

Proof This is just a computation, but we indicate why it should be true. The 4-tuple in each of the last
three blocks of basis vectors generates a copy of L4. Recall that L4 is a summand of any lattice that
contains it and that has all inner products divisible by 6. Therefore the semicolons delimit summands of L.
The only possibility for the remaining summand is (g g). Therein, ¢ is a primitive lattice vector in the
orthogonal complement of the norm —3 vector sg, and therefore must have norm 3 (making visible a fact
we already used). There are only two proper enlargements of the lattice (_3 (3)) to a lattice with all inner

products divisible by 6, got by adjoining (so &= ¢)/8. We chose the sign of ¢ so that (so +¢)/0 € L. O

Lemma 4.5 The roots in batches 0, ..., 3 around ¢ appear in Table 1.
batch a b |6|> norms of ¥y, U2, U3  mirrors
0 0 0 0 3,0,0 120
0 +w/ 0 3 0,0,0 1
1 1 wl 1 3,0,0 2160
1 —2w/ 4 0,0,0 3
2 0 0 0 6,0,0 6480
0 0 0 3,3,0 172 800
0 +w/ 6 3 3,0,0 4320
30 =2 wl 0 6,0,0 6480
-2 wl 0 3,3,0 518 400
-2 —2w/ 4 3,0,0 2160
-2 @/GB+@ord) 7 0.0,0 6

Table 1: The batch O, ..., 3 mirrors around c; see Lemma 4.5. We list all batch-0 roots, and
one root from each scalar class of roots in batches 1, 2 and 3. Listed roots have the form
[@a/6,b/0;V1; Va; V3] where a and b appear in the table, and the norms of U1, U3, U3 € L4 are as
specified, up to permutation. When present, j varies over {0, 1,2}. The last column gives the
number of mirrors arising from the listed roots.
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Proof Suppose s = [a/0,b/0;V1;Up; V3] is a root in batch O (resp. 1, 2, 3). Then |(s|c)|?> = 0
(resp. 3, 9, 12). Since (s | ¢c) = —3(a/#), this shows |a|?> = 0 (resp. 1, 3, 4). We may suppose a = 0 (resp.
1, 6, —2), after scaling by a unit. Since 52 = 3,

2 2
4-2) 3‘%‘ +5%+5§+ﬁ§=3+3(%( = 3 (resp. 4,6,7).
In particular, ||? is at most the right side. After imposing the condition
b=a=0(resp. 1,0,1) mod 6,

b must be one of the possibilities listed in the table. From (4-2) follows v7 + 93 + v3 =3 + |a|*> — |b|*.
Since the vectors of L4 have norms 0,3, 6,9, ..., the norms of U1, U, and v3 are as stated in Table 1, up
to permutation. Counting the mirrors of each type uses the fact that L4 has 240 vectors of norm 3 and
2160 of norm 6. o

To carry out the proof of Lemma 4.2, we prepared lists of the norm 3 and 6 vectors in L4, and used these
to make lists of all possibilities for (v1, U2, U3), which in turn we used to construct the roots in Table 1.
We converted these roots to our usual coordinates, and then computed their mirrors’ intersections with
the polygons. The enumeration of mirrors near ¢ also allows us work out p’s nearest mirrors:

Lemma 4.6 The components of J{ that come nearest p, other than those that pass through it, are

1 1
S EEEEITE

Proof One can check

sinh ™! \/—ﬁ + %ﬁ—l—cosh_l \/ % + % 3 < sinh™! \/2

The first and second terms on the left are the distances from p to s;- and ¢, respectively. They are
approximately .113 and 1.032. The right side is r4 ~ 1.210. It follows that the mirrors nearest p, subject
to missing it, lie in batches 0, ..., 3 around c¢. Examining these batches proves the lemma. To avoid
approximation when checking the inequality, apply sinh to both sides and then use its “angle sum”
formula. O

5 The Deligne-Mostow 9-ball quotient

In their celebrated papers, Deligne and Mostow [1986; Mostow 1986] related many ball quotients to
various moduli spaces of tuples in CP!. Their work has been revisited from several perspectives [Thurston
1998; Couwenberg et al. 2005]. We recommend Looijenga’s expository paper [2007] and use it for most
of our references. We will establish notation, then extract what we need from the literature, and then
explain our refinements.

We recall and extend the notation of Section 3 in the case ¥ = CP! and n = 12. Namely, X is the
space (CP')!2 of ordered 12-tuples in CP', and X° is the subspace in which the 12 points are all
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distinct. We also define X as the subspace of X consisting of ordered 12-tuples in C P! with no points
of multiplicity > 5. To the previously defined

YZX/Slz, YOZXO/Slz and M?ZIYO/PGch
we add
Y*=X%/S1, and M, =Y*/PGL,C.

The superscript st indicates stability in the sense of geometric invariant theory (GIT). The only part of
stability that is important for us is that PGL, C acts properly on X*' (and hence on Y*'). This follows
from the elementary fact that PGL, C acts simply transitively on ordered triples in CP!, which also
shows that PGL, C acts freely on X°. Therefore X °/PGL, C is a manifold. Quotienting again, this time
by Si2, yields the orbifold Y °/PGL, C.

Theorem 5.1 (Deligne and Mostow) There is an isomorphism f: M}, — B%M /PT'pym of complex
analytic varieties with the following properties:

(a) The restriction of f to M7, = Y°/PGL, C is a complex analytic orbifold isomorphism onto
(BPy — Hom)/PTom.

(b) Ifze BI%M lies in exactly one component of Hpy, then its image in BI9)M /PT'pm corresponds via
f to a 12-tuple with exactly one multiple point, that point having multiplicity 2.

(c) Write y for the antiholomorphic involution of Y S corresponding to inversion across the unit circle.
We use the same notation for the induced antiholomorphic involution of MY,. Suppose y € Y °
is x-invariant, and write f(y) for its image under the composition of projection to M7, and
fiMs, — (IB%]%M — Hpwm)/PTI'pm. Suppose f(y) € BI%M — Hpwm lies over f(y). Then there is an
antiholomorphic involution y of IB%]%M that fixes f(y) and lies over f o yo f~1.

Proof We refer to the example after Looijenga’s Theorem 3.9 in [2007]. In his notation we take n = 10,

and weights . = (Ko, ..., L11) = (%, cees %) The hyperbolic case of that theorem asserts
5-1) there exists a ['-equivariant isomorphism F : Su\Qii — By_1.

The map F is called the Schwartz map. By an isomorphism, he means an isomorphism of complex
analytic orbifolds.

Looijenga’s B, 1 = Bg is a complex 9-ball, and his I' is the image of a certain monodromy representation,
in this case a homomorphism from 71 (Y °) 2 Bry2(CP') to the group PU(9, 1) of biholomorphisms
of Bg. This homomorphism sends each standard braid generator to a complex reflection whose nonidentity
eigenvalue is 2™ /3. This follows from Looijenga’s Corollary 2.2. Unfortunately its statement gives the
wrong eigenvalue 2" i/6 However, his argument gives the correct eigenvalue —e 27 1/6 — ¢27i/3 The
same calculation, with this same result, appears in the proof of [Mostow 1986, Lemma 3.9]. The fact
that the standard generators act by complex reflections with this eigenvalue, and satisfy the braid and
commutation relations, uniquely determines the monodromy representation, and identifies Looijenga’s I"

Geometry & Topology, Volume 29 (2025)



The Deligne—Mostow 9-ball, and the monster 809

with our PI'py. This is the content of [Allcock 2000, Section 5]. Because this representation is irreducible,
the I'- and PI'py-invariant hermitian forms of signature (9, 1) are uniquely determined, up to scale.
Therefore they are identified with each other, up to scale. This identifies Looijenga’s B9 with our IB%]%M.

We phrase Looijenga’s constructions in our notation. To the kernel of 71(Y °) — PI'pm corresponds
a covering space Y° of Y°, with deck group PI'ppm. Looijenga calls this space 171°0 and describes it
concretely in his Section 1.5. He defines a PI'pp-equivariant holomorphic map F': Yo - [B%%M in terms
of the periods of certain integrals. There is a canonical extension of Y° = Y° to a ramified covering
space Y'Y and a unique extension F': yst— IB%]%M. Furthermore, ¥ % is smooth. This is the content
of the first sentence of [Looijenga 2007, Proposition 3.8]. These spaces fit into a commutative diagram

Yo —— v s ¥/PGL,C —E— BY,,
quotient by PFDM\L l l l
Y —— 1™ > Y¥/PGL, C AN B/ PTom
1l
M,

in which vertical arrows indicate quotients by PI'py. In our notation, (5-1) asserts that the top right map
F is a PT'pp-equivariant isomorphism of complex analytic orbifolds. Our f is the induced map got from
this by quotienting the domain and range by PI'py.

Technical note (1) Looijenga quotients by SL, C rather than PGL, C. He is careful not to let the
subgroup {1} contribute to the orbifold fundamental groups, even though it acts trivially. The way
he does this is by defining his space Qj, as the smooth variety (not orbifold) X°/SL, C. See his page
230 for this definition and explicit charts defining the variety structure. The presence of {£1}, acting
trivially, has no effect on this quotient. So for our purposes it is harmless to replace SL, C by PGL, C.
However, we may no longer use the simple connectivity of SL, C to automatically lift the SL, C-action
from Y° to Y°. We must check that the PGL, C-action on Y° lifts. We do this as follows, where
§: 81— PGL, C is a 1-parameter subgroup representing the nontrivial element of 771 (PGL, C): We must
show that, regarding § as a member of Bry,(CP!) by applying it to some 12-tuple, its image in PI'py
is trivial. By construction, § is the braid commonly called the “full twist”. Formally, § is the nontrivial
central element of Brj, (CP 1). So its image in PI'py is central there, and hence preserves every mirror.
Therefore it is trivial.

(2) We have described extending the domain of F from Y° to Y™, and then quotienting by PGL, C.
Looijenga does this in the other order. This makes no difference, because the constructions are PGL, C-
invariant. Our formulation makes it easier to explain the orbifold isomorphism in (a). His S;,\ Q;,, also
written Sy, \V,;’ to draw on earlier parts of his paper, is our ¥ °/PGL, C, and similarly with superscripts
changed to % or a tilde added.

There are commuting actions of PGL, C and PI'py; on Yst. We quotient by PI'py and then PGL, C, and
compare to what happens when we quotient in the other order. The quotient yst /PTpwm is an orbifold
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and hence also an analytic space. As an analytic space, it is the complex manifold Y%, essentially by the
definition of the normalization of analytic spaces (which is how Yt is defined). The PGL, C-action on
Yt is proper, making the quotient into an orbifold and hence an analytic space. These are the standard
orbifold and analytic space structures on MY,. Now we take the quotients in the other order. Looijenga’s
theorem identifies ¥ /PGL, C (as an orbifold) with the manifold B%M. Taking the quotient of this by
PT'pym gives the orbifold IB%I%M /PTpm, whose underlying analytic space has now been identified with M7,.
This proves the claim on the first line of Theorem 5.1.

We phrased this as an isomorphism of analytic spaces, even though all the spaces involved are orbifolds.
This is because it is not an orbifold isomorphism: the elements of Y5 — Y° have nontrivial PI'bm-
stabilizers, so the orbifold quotient yst /PT'py is not the manifold Y*', even though the analytic space
quotient is. However, this issue disappears when Ystis replaced by Y°, where PTpy acts freely. Then
the same argument establishes an orbifold isomorphism between M7, and its image in ]BI%M /PT'bM.

In particular, to prove (a) it is enough to show F (Y") = B%M — Hpwm. It is difficult to give a precise
citation, so we will unpack some of Looijenga’s constructions. The key point is that if some of the
12 points collide, then the Schwartz map F' degenerates to the Schwartz map of a smaller tuple of
numbers, got by fusing the py’s in that collision pattern; see his Section 1.4. His Theorem 3.9 also
applies to that Schwartz map, establishing an isomorphism from the moduli space of stable 12-tuples
with those collisions (or more) to a subball of IB%]%M. That subball may contain subsubballs corresponding
to more-singular collision patterns, and so on. In this way, the natural stratification of Y is identified
with the stratification of B%M by intersections of mirrors. In particular, ye /PGL, C is identified with
IB%%M — Hpm, and the smooth part of yst /PGL, C is identified with the smooth part of Hpy;. Modulo
details, this gives parts (a) and (b) of the current theorem.

We unpack the details that we will need. To evaluate limits of F' as some of the 12 points collide, consider
some z(0) = (z9(0),...,z11(0)) € X*'. For now the argument “(0)” is just a formal symbol, present
because we will soon choose a path z(¢) approaching z(0). By reordering, we may suppose

(i) the z;(0) that are involved in any given collision have consecutive subscripts, all less than 11.
By applying an element of PGL, C, we may suppose
(i) z11(0) = oo.

Now we choose a path z: [0, 1] — X, with z(0) equal to the point just discussed, and z (1) € X° for all
t > 0. It is easy to choose this path satisfying:

(iii) if z;(0) is not a multiple point of z(0), then z;(¢) is constant, and

(iv) if zj—1(0) = z;(0), then z;_1(¢) and z;(¢) have constant imaginary part, and for all > 0 the
following hold: z; 1 (¢) lies to the left of z; (¢), and the segment z;_1(7)z; () contains none of the
zx (t) except its own endpoints.
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Each such curve z(¢) can be pushed forward into Y and then lifted to a curve Z(¢) in Y5, The lifting
uses that ¥° — Y° is a covering space (allowing one to define Z on (0, 1]), and that ¥' — Y is proper
(allowing an extension to [0, 1]). Up to the action of PGL, C, every point of Yt — Y ° has the form Z(0)
for some lift Z(¢) of some such curve z(¢). We will show that F sends every such Z(0) into Hpy;. The
same argument will show that if z(0) is more degenerate than a single collision of two of the z;, then F'
sends every such Z(0) into an intersection of several components of Hpy.

So fix a path z(¢) as above. To show that F' sends every Z(0) into Hpy, it is enough to prove this for
any single lift Z of z. This uses PI'ppm-equivariance. To specify a lift Z, it is enough to choose a lift Z(1)
of the other endpoint z(1). One may specify Z(1) by choosing what Looijenga calls an L-slit (see his
Section 1.2). This means a sequence of curves §;,1 from z;_1(1) to z; (1) which together form an arc
that is eventually horizontal and rightward-moving as it approaches z;; = co. We choose any L-slit
with the property that if z; 1 and z; collide at ¢ = 0, then J;,1 is the horizontal segment from z;_1(1)
to z;j(1). The fact that such an L-slit exists uses (i)—(iv). There is a unique-up-to-isotopy way to deform
the §;,1, through paths §;; that form an L-slit for z(¢), as ¢ varies over (0, 1]. Again using (i)—(iv), we
may suppose that if z; 1 and z; collide at t = 0, then §; ; is the horizontal segment from z;_1(¢) to z; (¢),
for all ¢ € (0, 1].

Our choice of L-slit allows one to write down F(Z(¢)) explicitly. Namely, it allows one to specify a branch
of a certain multivalued 1-form 7n,) on CP!, with certain singularities at the zj(t); see Looijenga’s
Section 1.1. Then, in suitable local projective coordinates,

FG@G)) = (FLG()), ..., Flo(3(t))),  where Fj(z(z)):/ N2y for ¢ € (0,1].

.t
(See Looijenga’s Section 1.3. His F; are certain multiples of these integrals, rather than the integrals
themselves, but the constant factors do not affect our arguments.) Suppose z;—1 and z; collide at 7 = 0.
Then Looijenga’s (1.6) shows that Fj(zZ(t)) — 0 as t — 0. Namely, the left side of his equation is
(zj(t)—zj—1 (¢))~2/3, times a number of terms bounded away from 0, times F, 7(Z(t)). The right side is
bounded. So F;(zZ(t)) = 0ast — 0.

Just before his (2.2), Looijenga writes ~/7 for the braid group element, supported in a disk small enough
to miss all other z;, that moves z; 1 and z; around each other positively by a half-twist. His (2.2)
describes how each Fj(3(t)) changes under the monodromy action of +/7T, namely by the addition of a
multiple of F;(Z(¢)). Since F;(Z(t)) approaches 0 as t — 0, it follows that F'(Z(0)) is invariant under the
monodromy action of +/7". Since this action is by a triflection whose mirror is a component of Hpy, we
have proven that F((0)) lies in a component of Hpy. It follows that F (Y — ¥ °) € Hpy. Also, if more
than one collision takes place, for example if three points collide or four points degenerate in two pairs,
then the argument applies to each pair that degenerates, yielding multiple mirrors that contain F(Z(0)).

Now we can prove (a) and (b). Because PGL, C acts freely and properly on Y, (17St — Y°) /PGL, C is
a closed analytic subspace of yst /PGL, C, and each of its (analytic space) components has dimension 8.
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By (5-1), the same holds for its F'-image inside IB%I%M. Since this image lies in H{py;, whose components
PT'pMm permutes transitively, it follows that F' ((Y“—Y") /PGL, C) =Hpy. Because F is an isomorphism,
this implies F (Y °) = IB%]%M — Hpwm, finishing the proof of (a). At this point we know that 12-tuples
without degenerations correspond to points of IB]%M —Hpwm, and 12-tuples with more than one degeneration
correspond to points of IB%%M that lie in multiple mirrors. So every remaining point of Hpy; must correspond
to a 12-tuple with exactly one degeneration. This proves (b).

We now prove (c). Because y:Y° — Y ° sends meridians to inverses of meridians, it sends the monodromy
representation to its complex conjugate. In particular, it preserves the kernel of this representation, and
hence lifts to an antiholomorphic involution ¥ of Y°. We may suppose that y fixes any chosen preimage
ye Y° of y, say one with F(y) = fT)’)- Because y normalizes PGL, C, y does too, so y descends to an
antiholomorphic involution of ye /PGL, C = IB]%M — Hpm, which we will also call . By construction,
7 fixes f(y) and lies over the antiholomorphic involution f o y o £~ of (BS, — Hpm)/PTpm.

The ball [B%%M certainly admits antiholomorphic involutions. Following y by one of them gives a holo-
morphic map B3, — Hpm — Bpy,, which extends to all of B, by the Riemann extension theorem. It
follows that y itself extends (as an antiholomorphic involution) to all of IB%I%M. O

Our goal is to make the isomorphism in Theorem 5.1 more explicit. We will say which point of B%M /PT'pMm
corresponds to the standard basepoint for M7,, and which loops in (BIQ)M — Hpwm)/PI'pm correspond to
the standard generators of Bri(CP'). This result is interesting without any monstrous connection at all.

Inside L, the sublattice Lpy is the orthogonal complement of the span L4 of specific roots sa, ..., Sp
of L. Its isometry group I'py is a subgroup of I" because Lpy is a summand of L. Although we defined
the hyperplane arrangement Hpys in terms of the roots of Lpy, it can also be defined as the set of
hyperplanes arising from intersections of [B]%M with components of H; see Lemma 5.3. In Section 4 we
defined p as the projection of t € B13 to IB%I%M, and we defined specific roots sg,...,s11 of Lpy. By
Lemma 4.6, their mirrors are the mirrors of Hpy that come closest to p. We define
p;j := the meridian M, s, € 7™ ((BRy — Hom)/PTom. p)-
Now we can state the main theorem of this section; as in Section 3, ¢ means e/,

Theorem 5.2 The orbifold isomorphism f: M7, — ([B%lg)M — Hpwm)/PTI'pm of Theorem 5.1(a) identifies
the basepoint T = {1,¢,..., ¢} e M3, with the basepoint p € B%M — Hpm (or rather with its image
mod PI'pm). Furthermore, it identifies the just-defined p; € nfrb((Blg)M — Hpm)/PTpm, p) with the

elements of nfrb (M3,. T') denoted by the same symbols in Section 3.

In particular, po, ..., p11 generate nfrb((IB%]%M — Hpwm)/Plpm, p), with defining relations stated in the
n = 12 case of Theorem 3.2.

We prove our earlier claim about the two descriptions of Hpys, then proceed to the proof of Theorem 5.2.
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Lemma 5.3 Every mirror of L that meets IB%I%M is the mirror of a root of Lpy, except for the 40 mirrors
which contain ]B%%M.

Proof Suppose B%M meets the mirror of a root r. Then the £-span of r and L4 is positive definite. Also,
all its inner products are divisible by 6. Therefore L4 is a summand of it. Since 72 and the minimal norm
of L4 are both 3, r € L4 or r 1. L4. In the first case r1 contains B%M, and in the second r € Lpy. O

Lemma 5.4 The images of T in M3, and p in (B%M—U{DM) /PT'pwm are identified by the isomorphism f .

Proof The main point is that p’s PI'py-stabilizer is the dihedral group D4 of order 24. This uses
Lemma 4.6, ie that the mirrors of sg, ..., s11 are the components of J{py; closest to p. So any element of
the stabilizer permutes them, and indeed is determined by how it permutes them. (Consider its action on
their points closest to p.) Since these roots form an A diagram, the stabilizer is no larger than D4, and
a D,4 in the stabilizer is visible (see Section 2.7).

The orbifold isomorphism in Theorem 5.1(a) shows that p corresponds to a point of M7, with local
group Do4. That is, to an unordered 12-tuple of distinct points in C P!, with PGL, C-stabilizer isomorphic
to Dy4. Considering the finite subgroups of PGL, C shows that there is only one such tuple, up to
projective equivalence, namely 7. O

Let p’ be the projection of p to S(J)‘. The segment pp’ corresponds via f to some motion in CP! of the
12 points of T'. The rest of the proof of Theorem 5.2 amounts to formulating this precisely and then
identifying the motion. To start, observe that the orbifold covering spaces

X°/PGL, C - MJ, and By —Hpm — By — Hom)/Plom = MS,

are manifold covers of the same orbifold. Therefore Theorem 5.1(a) implies there is a diffeomorphism f ,
from a neighborhood E7 of (the image of) 7" in X°/PGL; C to a neighborhood E,, of p in [B%%M — Hpwm,
that lies over f and is D,4-equivariant.

Together with analytic continuation, this allows us to transfer any path in IB%]%M — Hpwm, beginning at p, to
a path in X °/PGL, C beginning at 7. In particular, there exists a unique path y:[0,1) - X°/PGL, C,
whose initial segment corresponds to pp’ under f , and which has the same projection as pp’ — {p’} to
M, = (IB%]%M — Hpwm)/PT'pm. Because X /PGL, C is finite over Y'/PGL, C, y extends continuously
to [0, 1]. Finally, because X*' is a PGL, C-bundle over X*'/PGL, C, we may lift y to a path B(¢) =
(Bo, - .., B11) € X' of ordered 12-tuples in CP?.

Our analysis of B will rely on a study of certain antiholomorphic involutions of M3, and B%M. Following
Theorem 5.1(c), write y: CP! — CP! for the inversion map across the unit circle, ie z > 1/Z. We also
write y for the induced maps on X*' and Y*' and their quotients by PGL, C. As a self-map of CP!,
the antiholomorphic involution y preserves T pointwise and commutes with 7’s setwise stabilizer
D74 C PGL, C. Another way to say this is that y’s action on X°/PGL; C preserves the image therein
of T, and commutes with the D>4 C S5 stabilizing this image.
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Theorem 5.1(c) provides an antiholomorphic involution § of B%M that fixes p and lies over the antiholo-
morphic involution f o yo f~1 of B%M /PTpm. In fact, there are several candidates for y, differing by
composition with the involutions in Dj4. Since f : Er — E, is an isomorphism of orbifold covering
spaces, it identifies the lifts of y to E7 with the lifts of y to E,. We define § to be the lift to IB%]%M
that corresponds to y under f . (We can now discard E7 and E,.) We remark that antiholomorphic
automorphisms of the complex ball are complex hyperbolic isometries.

Lemma 5.5 There are only two possibilities for y: it is either the antiholomorphic involution jo of
B%M got from complex conjugation in the P2IF3 model of L, or the composition of o with the central
involution Z of the PI'py-stabilizer D4 of p.

Proof Since j preserves p and Hpyy, it permutes the mirrors nearest p, which by Lemma 4.6 are the sl-J-.
Since it commutes with D4, it either preserves each of them, or else sends each sl.J- to sl.J-+6. In either
case, this determines the action of y on the points of the sl.J- that are nearest p, and hence the action on all
of B%M. The first of these possibilities is realized by y¢, and the second by ygo Z. O

We now return to our path B(z) = (Bo(2),...,B11(t)) € X*. The key ingredient in the analysis is that
pp’ is Jo-invariant. Also important is that the B; (¢) are all distinct, for each ¢ until t = 1. At ¢ = 1, two
of the B;(¢) become equal, while the rest remain distinct from them and from each other. This follows
from Theorem 5.1(b) and the fact that p’ lies in exactly one component of Hpy;. One might skip the next
proof for now, since the lemma after it has a similar but simpler proof.

Lemma 5.6 X = Jo-

Proof Suppose to the contrary, so ¥ = fo o Z. Because pp’ is fo-invariant, y is (yoZ)-invariant,
where Z is still the central involution of D54, but now acting on X'/PGL, C. That is, there exists
g::[0,1] = PGL, C such that (y o Z)(B(t)) = g:(B(t)). Since Z acts on X = (CP')!12 by cyclically
permuting the factors by six positions, we have

52 (x(Be®).- - x(Br1®)). x(Bo@)). ... x(Bs5(1))) = (g:(Bo(®)). - ... &+ (B11(1))).

Choose i and j so that B;, B;, Bi+e and B¢ are not involved in the collision as  — 1. From (5-2)
this 4-tuple is projectively equivalent to y(Bi+6), x(Bj+6). x(Bi). x(B;). This is projectively equivalent
to Bi+6, B 46 ,gi, ,5 7, because y and the usual complex conjugation on CP! differ by a projective
transformation. This gives an equality of cross ratios:

(Bi =Bi)Bi+6 —Bj+6) _ Bi+s—Bi+6)(Bi — b))

(Bi = Bive)(Bj —Bj+e)  (Birs—Bi)(Bj+e—B))

In particular, B;, B;, Bi+e and B; +¢ have real cross ratio.

A 4-tuple has real cross ratio if and only if it can be carried into the unit circle by a projective transformation.
So, by applying a time-dependent projective transformation, we may suppose that 8; (), B8 (¢), Bi+e(t)
and B +6(t) lie on the unit circle, for all 7. At¢ =0, {B;, Bi+e} separates f; and ;¢ from each other
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on the circle. These four points remain distinct during the motion, so the same holds for all #. Therefore
the geodesics B; (t)Bi+6(f) and B, (¢)B;+6(t), in the Poincaré disk bounded by the unit circle, meet each
other. By applying a time-dependent projective transformation, preserving the unit circle, we may suppose

without loss of generality that the intersection point is the origin. In particular, 8;(¢) and B;t¢(¢) are
antipodal for all ¢, and similarly with j in place of i.

We revisit (5-2) in light of this information. It says that g; acts by negation on four points of the unit
circle. This uniquely determines g; as z + —z, for all z. It follows that B 1 ¢(1) = —1/ B (t) forall k. In
particular, the unordered 12-tuple underlying B(¢) is preserved by the fixed-point-free self-map z —~ —1/z
of CP!. This is a contradiction: B(1) has a single collision point, and hence admits no such symmetry. 0O

Lemma 5.7 The path y in MY,, corresponding to pp', is represented by a path (Bo(?), ..., B11(t)) €
(CPY)'2, satisfying

(a) PBi(t) lies in the unit circle for all i and ¢,

(b) foreach t €0, 1), the B;(t) are distinct,

(c) two of the B; (1) coincide and the rest are distinct from them and each other.

Proof By the previous two lemmas, ¥ = fo. So the jfo-invariance of pp’ implies the y-invariance
of y. In other words, y(B(¢)) is projectively equivalent to S(¢) for all ¢, which is to say that there exists
g::10,1] = PGL, C such that

(5'3) (X(ﬁO(I))’ R X(:Bll(t))) = (gl(ﬂO([))’ s ’gl(ﬁll(t)))

forall 7. We choose i, j and k not involved in the collision; in particular, B; (¢), B, (¢) and By () remain dis-
tinct as 7 — 1. Because PGL, C acts 3-transitively on CP!, we may apply a time-dependent automorphism
of CP! to suppose that B; (¢), B; (¢) and B (¢) lie on the unit circle for all 7. That is, they are y-invariant,
and hence by (5-3) also g;-invariant. Only the trivial element of PGL, C fixes three points, so g; is the
identity for all . Now (5-3) says that §8; (¢) is fixed by y, for all i and 7. We have exhibited a representative
B:10,1] — X5t for pp’, consisting of 12 points moving on the unit circle that remain distinct until f = 1,
when two neighbors collide but no other collisions take place. This last part uses Theorem 5.1(b). O

Proof of Theorem 5.2 Our goal is to understand the motions of 12-tuples in CP!, corresponding to the
meridians pg, ..., 011 € nfrb((B]%M — Hpm)/PTowm, p). By definition, pg follows pp’ until very near o/,
then travels one third of the way around S(J)‘, onto So(p’p), and then continues along So(o’p) until arriving
at So(p)-

We already transferred pp’ to a path y in X*'/PGL, C. By Lemma 5.7, y is represented by a path B of
ordered 12-tuples in S! € CP! that remain distinct until # = 1, when two neighbors collide, say Bo(t)
and B1(¢). By this choice of labeling, y (1) lies in the component Cy1 of (X' — X °)/PGL; C fixed by the
involution A = (01) € S1». Because there is only one collision among B¢(1), ..., 811(1), this is the only
component of (X3 — X°)/PGL, C containing y(1), just as S(J)‘ is the only component of H containing o’.
Because X — Y has order-2 branching along Co1, rather than order 3, we can now identify the path

Geometry & Topology, Volume 29 (2025)



816 Daniel Allcock and Tathagata Basak

in X°/PGL, C corresponding to pg. It begins at (the PGL, C-orbit of) T, travels along y(¢) until ¢ is
very near 1 (say ¢t = fg), so that y(fp) is very near Cp;. Then it travels halfway around Cy;, ending at
A(y(to)), and then continues along A(reverse(y)) until arriving at A(T).

This path is easy to lift to X°, because we have already lifted y to . It begins at T and follows B(¢)
until ¢ = 1y, so that 8 and 1 have almost collided. Then ¢ and 1 move counterclockwise around each
other, so that they swap places, ending at the A(B(#p)). Then it travels along A(reverse(B)) all the way
to A(T). This is one of the standard generators given in Section 3 for the braid group Bri»(CP?!).

We have proven that the isomorphism f: M7, — (IB%I%M — Hpwm)/PT'pm sends the standard generators
for Bri2(CP1), called p; in Section 3, to the meridians in Jrfrb((IB%%M — Hpwm)/PI'pm, p) called p; in this
section, up to labeling. Considering which pairs of generators braid and which pairs commute shows that
the identification may be taken to match subscripts in the natural way. |

6 A neighborhood of IB?)M, modulo its stabilizer

Recall from Section 4 that B]%M means the 9-ball orthogonal to the roots s4, ..., sp that form our chosen
A4 subdiagram of P2F3. Our goal is to define a suitable neighborhood U of ]B%%M, invariant under

PI'P\; := the setwise PI'-stabilizer of B%M,

and write down a presentation of nfrb((U —H)/PI'5})- Theorem 5.2 leads to a surjection from this group
to the orbifold fundamental group of the moduli space M7, of 12-point subsets of C P 1. We will identify
the kernel as the ordinary 5-strand braid group, and then work out the details of the group extension.

We defined Hppy IB%%M as the union of the mirrors of the roots of Lpy;. In Lemma 5.3 we showed that
these are exactly the roots of L whose mirrors meet IB%]%M, except for the 240 roots in the positive definite
lattice (sa,...,Sp) = L4, which are orthogonal to IB]%M. This immediately implies:

Lemma 6.1 There is a PI'};-invariant neighborhood U of B%M such that orthogonal projection
7: B3 - ]B%gM realizes U — H as a fibration over [B%]%M — Hpwm, with fibers as follows. The fiber
over each x € B\, — Hpw is an open ball centered at x, in the B* orthogonal to BY,, at x, minus the 40
mirrors of Ly. O

Now we choose a basepoint o € Tp — {p}, close enough to p so that the meridians o, defined in Section 4
and based at o, liein U for j =0,...,11,A,...,D. By moving o closer to p we may also suppose that
o’s PI'-stabilizer is a subgroup of p’s. We set

J =1 ((U —H)/PTEN,. 0).
Most of this section concerns relations between oy, ..., 011,04, ..., 0p. The roots sg, ..., 511, SA, . .., SD
form an A1; A4 subdiagram of P 2F3, and so the corresponding meridians 7, ..., 711, TA, ..., Ip (all

based at 7) satisfy the A 11 A4 Artin relations. This is [Basak 2016, Theorem 4.4]. By Theorem 4.1,
00,...,011,04A, ..., 0p do too.
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Orthogonal projection B!3 — IB%I%M is PI'}4-equivariant, inducing a map
(6-1) (U =30/PTi\ — By — Hom)/Plowm.

Here PI'py is the group of automorphisms of IB%%M induced by PI'j§;. That is, PI'py is the quotient
of PI'j} by the pointwise stabilizer of B%M. This agrees with our previous use of PI'py to mean the
projective isometry group of Lpy, because Lpy is a summand of L. The projection (6-1) induces a
homomorphism

(6-2) J — 1™ ((BRy — Hom)/PTom. p) = 7™ (M3,, T).

The isomorphism here uses our refinement (Theorem 5.2) of the theorem of Deligne and Mostow. It is
well known that M7 has contractible orbifold universal cover [Birman 1974]. Therefore, applying the
long exact homotopy sequence to the fibration in Lemma 6.1 yields an exact sequence

(6-3) 1 — 7™ (fiber over p,0) — J — 7°(M$,, T) — 1.
Next we work out the left term:

Lemma 6.2 The kernel Jrfrb(ﬁber over p, ) in (6-3) is isomorphic to the 5-strand braid group Brs.
The meridians oa,...,op form a standard set of generators. That is, their A4 Artin relations are
defining relations.

Proof We recall that Aut(L4) is the finite complex reflection group numbered 32 in the Shephard—Todd
list [1954, Table VII]. The fibration in Lemma 6.1 shows that the kernel in (6-3) is

(6-4) (B —H)/Aut(Lg), 0),

where B is a small ball centered at p, in the orthogonal complement to ]B%I%M at p. This is essentially the
definition of the braid group associated to Aut(L4). (The standard definition [Bessis 2015] uses C* in
place of B, and 7 in place of n‘frb, which is no change at all because finite complex reflection groups
act freely on their mirror complements.) Orlik and Solomon [1988, Theorem 2.25] showed that this is

isomorphic to the standard 5-strand braid group.

It remains to show that o4, ..., op are comprise a standard set of generators. We use [Allcock and Basak
2016, Theorem 1.2] to prove generation. This requires us to check several things. First, the reflections
in sa,...,sp generate Aut(Lg4), which is well known. Second, of the 40 mirrors of Aut(Ly4), the ones
closest to o are the mirrors orthogonal to these four roots. This is an easy computer check. To state the
third condition, we write E for the set of eight images of o under the w- and @-reflections in these four
mirrors. One must check, for each of the remaining 36 mirrors, that the projection of o to that mirror is
closer to some element of E than it is to o. This is another easy computer check.

The A4 Artin relations satisfied by o4, ...,op are the relations defining Brs in terms of its standard
generators. So we obtain a self-surjection Brs; — Brs by sending some standard set of generators to
Oa,...,0p. The braid group is Hopfian [Bell and Margalit 2006, page 276], which means that any self-
surjection must be an automorphism. Therefore g4, . . ., op are themselves a standard set of generators. O
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Remark We sketch a geometric argument that avoids the Hopfian trickery and the reliance on [Orlik
and Solomon 1988]. First one proves generation, as above, and it remains to show that the braid relations
on ga,...,op define the subgroup of J that they generate. Suppose R(0a,...,op) = 1 is a relation they
satisfy. By Theorem 4.1 R(za,...,7p) = 1. Then by L3(3) x2 symmetry R(zp, ..., 73) = 1. Another
application of Theorem 4.1 shows R(0oy, ...,03) = 1, and then projecting to (B%M —Hpm)/PI'pm gives
R(po, - .., p3) = 1. Using normal forms for words in braid groups, one can show that the homomorphism
Brs(C) — Bri2(CP!) — yrfrb (M7,) sending the standard generators of Brs to four consecutive standard
generators of Bri(CP!) is injective. It follows that R(po, ..., p3) = | is a consequence of the braid
relations on po, . . ., p3. Reversing the first part of the argument shows that the same holds with gy, ..., 0p
in place of po, ..., p3.

We have established the exact sequence
(6-5) 1 — Brs — J — 7{™(M$,) — 1.

We know that J is generated by o0y, ...,011,04,...,0p. Three kinds of relations suffice to define J.
First are the relations defining the normal subgroup Brs, which are words in 04, ...,op. Then there
are relations saying how oy, ..., 011 act on this normal subgroup: they centralize it. Finally there are
relations of the form

(6-6) word(ay, ...,011) = word(da,...,0D),

where the left side is one of the relators defining Hi)rb (M3,), except written with o;;’s in place of p;’s.

And the right side is a word in g4, ..., op that is equal to the left-side word. (Such a word exists,
because the left side lies in the kernel of the projection to nfrb (M3,).) It is easy to see that any word in
09,...,011,0A,-..,0p that is trivial in J can be reduced to the trivial word by use of these relators. So
a set of defining relations for J consists of the Artin relators among o, ..., op, their commutativity with
09, .- .,011 and one relation of the form (6-6) for each defining relator of Jrfrb (M3,).

It remains to work out the words (6-6) explicitly. As preparation, we record some facts about important
elements of PI". Write Sy, ..., S11, 54, ..., Sp for the w-reflections in the roots sg, ..., S11,SA,...,SD.

Lemma 6.3 (a) S;S;y1---Sj+10 (resp. S;jSj—1---Sj—10) is independent of j € {0, ..., 11}. It per-
mutes the mirrors sé- by incrementing (resp. decrementing) subscripts. It, and also A(Sa, ..., Sp),
act on B1(p, ) by the positive %n rotation around p.

(b) The actions of SlSz---SloSlzlSlo -+-8581 and A(Sa, ..., Sp)? onB'3 coincide. Namely, both
e”i/3S1 -'-S10S121S10 -++S1 and A(Sa, ..., Sp)? act trivially on Lpy and by the scalar e™'/3 on
its orthogonal complement.

(¢) A(S1,...,S11) permutes the mirrors st by s;- — sf-z_j, and acts on B! (p, t) by the m rotation
around p.
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Proof The equalities were suggested by experience with the ordinary braid groups and the braid groups
of finite complex reflection groups. The roots s; are defined, via (4-1), in Section 2.4. The formula for a
triflection appears in Section 2.5. We used a computer to write down matrices for the triflections §; and
then check our assertions. |

Lemma 6.4 The PT -stabilizer of o fixes B!(p, t) pointwise, has generators
S182-+-S11-A(Sa,....Sp) L oforder 12 and (S1S2---S11)®- A(S1,....S11)"! of order 2,

and is dihedral of order 24. Conjugation by the second word inverts the first.

Proof We chose o close enough to p so that o”’s stabilizer lies in p’s. Therefore o’s stabilizer acts trivially
on B(p, o) =B (p, r). The stabilizer of t is L3(3) %2, and its subgroup fixing p (or equivalently o)
is dihedral of order 24. That the listed elements stabilize o follows from Lemma 6.3. Computation
establishes their orders and that the second inverts the first. We remark that the exponent —1 could be
removed in the second word, because A(S1, ..., S11) has order 2. However, the current form matches
the lift of this word with o;’s in place of §;’s, in Lemma 7.1. O

Lemma 6.5 Let y (resp. 8) be the positively directed circular arc in B! (p, t), beginning at o, and
subtending angle %n (resp. %n) around its center p. Then

(a) theojoj41---0j410 are equal to each other and to (y, SjSj+1---Sj+10),

(b) theojoj_1---0j—10 are equal to each other and to (y, S;Sj—1---Sj-10),

(¢) A(oa,...,op) isequal to (y, A(Sa,...,Sp)), and

(d) A(o1,...,011) isequal to (8, A(S1,...,S11)).

Proof of Lemma 6.5(a)—-(b) Assuming for a moment one case of (a), namely
(6-7) op---o11 = (., 51+ S11)s

we will prove the rest of (a) and all of (b) by symmetry. The PI'-stabilizer of o acts trivially on
B! (p, 7), and therefore fixes y. Lemma 6.4 shows that it contains S --- S11 - A(Sa, ..., Sp)~ !, which
by Lemma 6.3(a) permutes the mirrors s(J)-, ey sf-l by incrementing subscripts. Therefore the conjugates
of (6-7) by the powers of Sy ---S11-A(Sa, ..., Sp)~ ! are the relations 0j-0j+10=(¥.Sj - Sj+10)-
These relations are part of our claim in (a). The rest of (a) follows, because Lemma 6.3(a) shows that
Sj -+ Sj+10 is independent of ;.

Next, Lemma 6.4 shows that the PI"-stabilizer of o contains (S --'511)6 -A(Sq,. .., Sn)_l. It fixes y,
for the same reason as in the previous paragraph. It reverses the cyclic ordering of the mirrors S(J)‘, e sf-l

by Lemma 6.3(c). Therefore (b) follows from (a).
It remains to prove (6-7). We write B for the path underlying o1 - - - 011, namely

B = lLg,s, followed by Si(is,s,) followed by S152(ig,s5) - .. followed by S152 -+ S10(a,s1,)-
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It is obvious that o7 - - - 071 has the same underlying element of PI" as (y, S1---S11). In particular, the
endpoints of B and y coincide. So it remains to show that the loop By ! (ie B followed by reverse(y))
is nullhomotopic in U — H. In fact we will show that it is nullhomotopic in V' — J{, where V is the
intersection of U with the B!® spanned by [B%%M and t. It follows from Lemma 6.1 that V — 3 is a
punctured-disk bundle over IB%%M — Hpm.

Our first step is to show that the projection of By ~! to B%M — Hpwm is nullhomotopic. To do this we find
braids representing the projections of oy ---011 and (y, S1--- S11) to ni’rb((IB%]%M —Hpwm)/PTpwm, p) =
ni’rb (M3,, T). By Theorem 5.2, the former is represented by the braid p; - -- p11. The latter projects to

((the constant path at p), S7--- S11).

This is represented by a braid which keeps all 12 points evenly spaced on the unit circle (because its
underlying path in the moduli space is constant), and permutes them in the same way as pj - - - p11 (because

the element of PI'py underlying py --- p11 is S1---S11). That is, (v, S1---S11) is represented by the
1
6
braid followed by the inverse of the second is trivial in Bry,(CP!). It follows that the projection of By !

braid in which all 12 points of 7 move zm clockwise around the unit circle with uniform speed. The first

to IB%%M — Hpwm represents the trivial element of n‘l’rb (M3,) and is therefore nullhomotopic.

Now the exact sequence on 1, for the punctured-disk fibration V —H — IB%]%M — Hpwm, shows that By~ !

is homotopic into the fiber over p. So it will be enough to show that By ~! has trivial winding number
around B%M in B19. For this, we may replace 8 by its projection « to B! (p, 7). In summary, it will be

1

enough to prove that the specific loop ay~! is nullhomotopic in the specific punctured disk V NB!(p, 7).

This becomes obvious upon drawing it, which we now prepare to do.

First, each pq,5; was defined as a perturbation of the concatenation of two geodesic segments. The first
segment joins o to the projection of o into siJ-, which the second segment joins to S; (o). The perturbation
is to avoid hitting sl.J- at the concatenation point, and can be made arbitrarily small. The concatenation

1 9
around B, ;.

point does not lie in ]BI%M, so the perturbation does not affect the winding number of Sy~
So, for the rest of the proof, we will ignore the perturbation and regard (14,5, as the concatenation of the
two segments. (Or you can imagine that the perturbation is so small that it becomes invisible in Figure 1.)

This makes S into a concatenation of 22 specific geodesic segments in B0,

Second, if two vectors of negative norm in C !4 have negative inner product, then the segment joining them
in C14 represents the geodesic joining the corresponding points in B!3. Therefore ji4, s; 18 represented by
the line segment in C'# from o to its linear projection onto siJ-, followed by the line segment from there
to S; (o). In this way, we may regard S as a path in C 14

We orthogonally project B into C{p, ) and decompose the result as a linear combination of p and T — p.
These are orthogonal to each other, with norms —36 — 24+/3 and 30 4 16+/3, respectively. Therefore

(B()]p) ) (B@) | —p)
—36—24+/3 30 + 1643

the projection of B(¢) to C(p, 7) is (t —p).
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Figure 1: The piecewise-linear path t — (8(¢) | p) in C, up to scaling. Its reciprocal, scaled, is
the path « at the heart of the proof of Lemma 6.5(a).

The coefficient of the second component is constant in time, because B(¢) differs from 8(0) = o by a
linear combination of sg, ..., s11. These are orthogonal to T — p because p was defined as the projection
of 7 to their span. The constant does depend on our choice of basepoint o = $(0), and is nonzero because
o € pt — {p}. On the other hand, the coefficient of the first component depends on time, but does not
depend on the choice of o € pt—{p}. This is because any two candidates for ¢ differ by a multiple of t—p.

We identify P C (p, t) with CP! = C U{oo} by sending up+v(z —p) to v/u. This identifies p with 0, and
B! (p, r) with an open disk centered there. (If one cares, the radius is \/—p2/(t — p)2.) Most importantly,

we get the simple formula
constant depending on o

(B(t)| p), which is independent of o

at) =
where f(t) is a concatenation of 22 segments in C !4, starting at (0) = 0.

The path appearing in Figure 1 is not . Rather, the figure shows the piecewise linear path t — (8(¢) | p),
up to scale. It is clearly homotopic, rel endpoints, to a clockwise circular arc of angle %n around 0. To
check that the picture does not deceive, it is enough to verify that the endpoints of the segments lie in the
right half-plane in C. (This is why we work with the piecewise linear path, rather than « itself.) Therefore
o is homotopic, rel endpoints, to the counterclockwise circular arc of angle %71 in B!(p, 1), starting at o

1

and centered at p. This is the same path as y, proving that ¢y ™" is nullhomotopic. a

If one’s only goal is to prove Theorem 1.1, then one can skip the rest of this section; see the proof of that
theorem in Section 7.

Proof of Lemma 6.5(c) First we claim that (y, A(Sa, ..., Sp)) has the same image in the abelianization
Z of Brs as A(0a, ..., op). To see this, observe that its twelfth power is the circle in B! (p, 7) centered
at p. This loop encircles the 40 mirrors, once each. Since a loop around one of these mirrors is (conjugate
to) the 3™ power of one of the standard braid generators, it follows that the image of (y, A(Sa, ..., Sp))
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in Z is %(40 -3) = 10 times that of a standard generator. On the other hand, A(o,, ..., op) is defined as
a product of 10 standard generators. This proves our claim.

Next we claim that conjugation by (y, A(Sa, ..., Sp)) exchanges os <> op and og <> oc. That is, it
permutes the generators of Brs in the same way that A(aa, . ..,op) does. It follows that they differ by
a central element of Brs. It is well known that Z(Brs) is cyclic, generated by A(oa, .. .,op)2. Since
the center maps faithfully to the abelianization, the previous paragraph shows that A(oa,...,op) and
(v, A(Sa, ..., Sp)) are actually equal, not just equal up to center.

It remains to prove the claim. We will show

(6'8) (Vv A(SA, ceey SD))UD()/, A(SA, ey SD))_l = OA.

The same argument proves that (y, A(Sa, ..., Sp)) also sends o4 to op, and exchanges o <> o¢c. The
element of PI" underlying the left side of (6-8) is

A(Sa,....Sp)SpA(SaA, ..., Sp)~ L.

Since A(Sa, ..., Sp) exchanges Sp <> Sp, this simplifies to S4. This agrees with the element of PT’
underlying the right side of (6-8).

To simplify analysis of the underlying path, we write F; for the 1-parameter subgroup of U(13, 1) that

acts trivially on Lpy ® C and by the scalar ™%/

on its orthogonal complement. On every complex
line through p, which is orthogonal to B%M, it acts by %th rotation. In particular, y(¢) = F;(0). Also,
although the F; do not all preserve I, they do preserve U N H, which is the only part of I that will be

important in this proof.

We also recall that the path underlying op is [ig,s,, moving from o to very near s]J)-, then %n of the way
around sé, and then onward to Sp(o). What remains is to consider the path underlying the left side
of (6-8). This is y, followed by the A(Sa, ..., Sp)-image of (s, followed by the A(Sa, ..., Sp)Sp-
image of reverse(y). The first part is the path ¢ — F;(0) as ¢ varies over [0, 1]. Because A(Sa, ..., Sp)
exchanges si with s]JD-, the second part is (L F, (¢),s,> from F1(0) to SA(F1(0)) = F1(Sa(0)). The third
partis t = F1_;(Sa(0)). We must show that this 3-part path, followed by reverse(its,s, ), bounds a disk
in U — H. This is almost obvious: consider the surface swept out by the F;-images of 45, as ¢ varies
from O to 1 (or equivalently, the surface swept out by the paths (F, (5),s,)- a

Proof of Lemma 6.5(d) In the ordinary 12-strand braid group, A(oy,...,011) can be described by
saying that the 12 strands are embedded in a strip that rotates about its midline through an angle 7. This
represents a constant path in M$,, so A(oy,...,011) is homotopic, rel endpoints, into the punctured disk
which is the fiber of V' — J{ over p. By Lemma 6.3(c), its final endpoint is halfway around this fiber
from o. To finish the proof, it is enough to show that A(o1,...,011)? encircles the puncture p once
positively. This follows from its equality with (o - - - 011)12 in Bryz, and our description of o1 --- 0711 in
part (a) of this lemma. O
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Theorem 6.6 The orbifold fundamental group
J = 7{((U — 30/ Py, 0)
has generators 0y, ...,011,04, .. .,0p and defining relations
(a) the Artin relations of the A 11 A4 diagram,
(b) allthe I; :=0j0;41---0j410 coincide; write I for their common value,

(¢c) allthe Dj :=o0j0j—1---0j—10 coincide; write D for their common value,

(d) ID = A(oa,...,op)?, and

(e) D®=1°.
Furthermore, o} I~ = 041, Dox D™ = 04_; and A(01,...,011)0kA(01,...,011) " =012 for
allk=0,...,11.

Here and henceforth we use I;, D;, I and D for these words in the oy rather than the pg. To avoid
confusion, we will not use these symbols in the proof until after establishing (a)—(e).

Proof We will establish the stated relations; that they are defining relations follows. This is because they
include defining relations for the normal subgroup Brs generated by a4, ..., op, relations saying how
09, ...,01] conjugate o, ..., 0p, and also one relation of the form (6-6), for each defining relator of
79 (MS3,) from Theorem 3.2. (See the discussion before Lemma 6.3.) Since 12 is even, we may use
the alternative form (p ---/)11)6 = (p11 '--p1)6 of Theorem 3.2(e). The A 11 A4 Artin relations hold by
[Basak 2016, Theorem 4.4]. Lemma 6.5 establishes (b) and (c).

(d) Lemma 6.3(b) shows that the elements of PI" underlying
o1 - -0100'1210'10 <+ 01 and A(O’A, . ,O'D)z,

namely S ---S10S121S10 -.-81 and A(Sa, ..., Sp)?, coincide. Lemma 6.5(a)—(c) show that both un-
derlying paths are homotopic, rel endpoints, to the positive circular arc in B! (p, r) that starts at o and
subtends angle %JT around its center p.

(e) Lemma 6.5(a)—(b) shows that (o7 ---011)® and (011 - --01)® have the same underlying path, namely
the positive semicircular arc in B! (p, 7), starting at o and centered at p. And one can check that their
underlying elements (S -+ S11)® and (S ---S1)® of PI" are equal. This proves (e).

Because oy, ..., 011 satisfy (b) and the A 11 Artin relations, Theorem 3.1(c) shows that Jox [~ = Ok+1
and Doy D' = oy_; for all k. For k # 0 in the final relation, the A1; Artin relations satisfied by
o1,...,071] are enough: this is one of the standard properties of the fundamental element of Bry,. To check
that A(oq,...,011) commutes with oy, observe that o} + 01,_f, and conjugation by A(oy,...,011),
are automorphisms of J that agree on the generating set {oy,...,011}. (This is a generating set because
one case of (b) is 0¢ -+ 010 = 071 -+ - 011, Which expresses og in terms of 01, ...,011.) O
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7 Proof of the main theorem

We will find new relations in G by using the previous section to write down generators for the local group
at 0, defined in Section 2.8, as words in the meridians oy, ...,011,0a, ..., 0p. Because the PI"-stabilizer
of ¢ lies inside the L3(3) x 2 stabilizing 7, conjugation by these words must permute the point- and
line-meridians, ie the 26 Artin generators of G. The new relations express this conjugation action. We
remark that we may speak of “the” local group at o, even though we have considered ¢ as a point of
two different orbifolds, (U —H)/PTY, and (B'3 —3)/PT. Their local groups at o coincide because
the full PI"-stabilizer of o preserves B%M, and hence U. In the next lemma, / means the “increasing”
product 0041 ---0j+10, Which is independent of j by Lemma 6.5(a).

Lemma 7.1 The local group at ¢ is dihedral of order 24, generated by
I-A(0n,... ,UD)_1 oforder 12 and 1I°- Ao, .. .,011)_1 of order 2.

Conjugation by the second inverts the first.

Proof Lemma 6.5(a) and (c) show that the path y (defined there) underlies / = o1 ---071; and also
A(oa, ...,op). Furthermore, y lies in B!(p, r), on which Sj---Sq; acts by rotating y(0) to y(1).
Therefore the path underlying I - A(oa, . ..,op)~! is homotopic to y followed by the reverse of y. So
I-A(og,...,0p)" ! represents the same element of J as

(the constant path at 0, S1S2 -+ S11- A(Sa, - .., SD)_I).

This gets identified with the first element of PI" listed in Lemma 6.4, under the correspondence between
the PT -stabilizer and the local group of 0. A similar argument using Lemma 6.5(a) and (d) identifies
1°. A(o1,...,011)" ! with the second element listed there. O

We know from [Allcock and Basak 2018] that the point- and line-meridians generate G, and from [Basak
2016, Theorem 4.4] that they satisfy the Artin relations of P2F3. Therefore G is a quotient of Art(P2F3).
But for current purposes it is cleaner to express it as a quotient of Art(P2F3) x Aut(P2[F3), where the
Artin generators map to the point- and line-meridians, and Aut(P2F3) = L3(3) x 2 is identified with the
local group at 7.

Theorem 7.2 (new relations in G) The orbifold fundamental group

G = 7{"™((B'* - 3)/PT, 1)
is the quotient of Art(P2F3) x Aut(P2F3) by the following relations and possibly some additional
(presently unknown) relations.

Consider any A11A4 subdiagram of P?F3, any labeling of the nodes of A by 1o, ..., 111 cyclically
around it in either direction, and either labeling of the nodes of A4 by ta, ..., tp along it. Then

(@ 7172 111 A(TA, ..., )" ! equals the element of Aut(P2IF3) that permutes the nodes of the Avll
by tj = 711, and those of the A4 by to <> Tp and 18 < TC,
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(b) (tit2---111)% - A(t1,...,711)"" equals the element of Aut(P2[F3) that permutes the nodes of the
f’lvll by t; — 16—, and fixes each of 14, ..., Tp.

Proof Recall from Section 4 the 16 particular point- and line-meridians oy, ...,011,04,...,0p based
at o, and the corresponding meridians tg, ..., 711, 7a,..., tTp based at 7. These are 16 of the Artin
generators, forming a labeled A 11 A4 diagram as specified in the statement.

The segment o7 identifies the orbifold fundamental groups of (B!3 — 7)/PT" based at o and 7. It
is fixed pointwise by the PI'-stabilizer D4 of o, and therefore identifies the local group at o with a
subgroup of L3(3) x2. By Theorem 4.1, this segment also identifies each of oy, ...,011,04,...,0D
with the corresponding 7o, ..., 711, 7A, ..., Tp. Therefore the words in Lemma 7.1, with o;’s replaced
by 7;’s, permute the 26 Artin generators. The pointwise (L3(3)x2)-stabilizer of an A1 A4 diagram is
trivial. Therefore these words’ actions on the 26 generators are completely determined by their actions on

T0,---5T11,TAs - - -, TD.

We will work out this action in the case of the second word; the argument for the first is similar. Every
word in 71,..., 711 centralizes tg4,..., Tp, S0 it is enough to show that (71 ---‘E11)6A(‘L’1, o Ti) !
conjugates 7; to te—; for each j =0,...,11. By Theorem 4.1, it is enough to prove this with all 7z ’s
replaced by oy ’s, which is immediate from the identities at the end of Theorem 6.6.

We have established the lemma for one particular choice of 79, ..., 711, TA, . . . , Tn. This does not quite
prove the theorem, because L3(3) x 2 acts with two orbits on the set of such choices. The other orbit is
represented by the labeling 79, ..., 11, D, ..., Ta. But this case follows from the first, by the relation
A(ta, ..., ) = A(tp, ..., Ta) in Brs, O

Proof of Theorem 1.1 Consider § := 1oty -+~ T19(T172 -+~ T11) ', regarded as an element of Art(zzlvl 1) C
Art(P2F3). We call it the “deflation word” for reasons that will become clear. An immediate consequence
of Theorem 7.2(a) is that § dies in G. (In fact, the relation § = 1 in G follows from Lemma 6.5(a),
so the later parts of Section 6 are not needed for this theorem.) We write § for the image of § in
Cox(A11) € Cox(P2F3).

We claim that the subgroup of Cox(/’lvll) ~ 71 % 15 normally generated by § is the translation
subgroup Z!!. This is standard: annihilating § expresses tg as a word in 71, .. ., 711, SO the quotient can be
no larger than S1,. The quotient is no smaller, because the transpositions (1 2), (23),...,(1112),(121) e
S12 satisfy the relations of Cox(;f 11) and also the deflation relation.

Now we can quote a result of Conway and Simons [2001], which depends essentially on work of Ivanov
[1999] and Norton [1992]. They consider the “deflation” of Cox(P2F3), meaning the quotient of this
group by the subgroup normally generated by the translation subgroups of the Cox(/f 11)’s coming from all
the A1 subdiagrams of P2F3. They prove that this quotient is the bimonster. Because G is a quotient of
Art(P2F3) in which § dies, G/S is a quotient of Cox(P2F3) in which § dies. By the previous paragraph,
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G/ S is a quotient of the deflation of Cox(P2F3), and hence of the bimonster (M x M) x 2. Since M
is simple, the only possibilities for G/S are the bimonster, Z /2 and the trivial group. The last case is
excluded by Lemma 7.4. a

Remark 7.3 We sketch an argument of Heckman [2015]. It lets one skip most of Sections 5 and 6, and
still prove Theorem 1.1, although it does not establish any new relations in G itself. Killing the squares
of the meridians collapses the exact sequence (6-5), namely

1 — Brs — J — 7{™(M$,) — 1,

so that the left term becomes S5 and the right term S1,. Because S5 has trivial center, the extension is
determined by the homomorphism S5 — Out(S5) = 1. Therefore J becomes S5 x S12. The images

of g, ...,011 commute with Ss, and hence lie in the S, factor. Indeed, they project to the standard
transpositions generating S12. It follows that the deflation relation holds for the images of oy, ..., 011
in G/S. Then Theorem 4.1 gives the same result for 79, ..., 711, and one can quote Conway and

Simons [2001] as in the proof above. (Unfortunately, Heckman’s approach to Theorem 4.1 had a gap.)

Lemma 7.4 The quotient of G = Jrj’rb((IBE13 — H)/PT') by the subgroup S generated by the squares of
the meridians is nontrivial.

Proof Tt is enough to exhibit a surjection G — Z/2, or equivalently a connected orbifold double cover
of (B3 —3()/PT. There is a degree-4 holomorphic automorphic form ¥y for PT', whose zero locus is
with multiplicity 1 along each component [Allcock 2000, Theorem 7.1]. This means: Wy is a holomorphic
function on the preimage Q of B! in C# — {0}, homogeneous of degree —4, with a simple zero along
each component of the preimage H of H in £, and no other zeros. The same reference shows that U
transforms by a character I' — Z /3.

Let Z be the space of pairs (£, ¢), where £ C Q is the preimage of a point of B!3> — J(, and ¢ is a
holomorphic function on £ whose square coincides with \IJ(3)| ¢ Forgetting ¢ gives a projection Z —
B!3 — 3, which is obviously a degree-2 covering space. It is connected because \IJS has zeros of odd order
along H: taking a square root introduces ramification there. The I'-invariance of \IJS yields a I'-action
on Z, with each g € T sending (£, ¢) to (g(£), ¢ o g~ 1). Because ¢ is homogeneous of degree —6, the
scalars in T" act trivially, yielding a PT'-action on Z and a PT'-equivariant map Z — B!3 — H. Our
promised double cover of (B!3> —3)/PT"is Z/PT. a
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