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Monodromy of Schwarzian equations with regular singularities

GIANLUCA FARACO

SUBHOJOY GUPTA

Let S be a punctured surface of finite type and negative Euler characteristic. We determine all possible
representations � W �1.S/! PSL2.C/ that arise as the monodromy of the Schwarzian equation on S with
regular singularities at the punctures. Equivalently, we determine the holonomy representations of complex
projective structures on S whose Schwarzian derivatives, with respect to some uniformizing structure,
have poles of order at most two at the punctures. Following earlier work that dealt with the case when
there are no apparent singularities, our proof reduces to the case of realizing a degenerate representation
with apparent singularities. This mainly involves explicit constructions of complex affine structures on
punctured surfaces, with prescribed holonomy. As a corollary, we determine the representations that arise
as the holonomy of spherical metrics on S with cone points at the punctures.
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1 Introduction

Consider the Schwarzian equation

(1) y00C 1
2
qy D 0

on a punctured Riemann sphereXDCP1nfp1; p2; : : : ; pkg, where the prescribed meromorphic coefficient
function q has poles of order at most two at the punctures. This is a second-order complex linear differential
equation with regular singularities and thus admits meromorphic solutions that span a complex vector
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550 Gianluca Faraco and Subhojoy Gupta

space of dimension two; see for example [Ince 1944, Section 15.3]. The monodromy of the solutions
determines a representation � W �1.X/! PSL2.C/, and determining which monodromy groups appear
has been a subject of classical work, eg [Poincaré 1884].

More generally, let S be an arbitrary punctured Riemann surface of finite-type and negative Euler
characteristic, and let…D�1.S/ be its fundamental group. When S is equipped with a complex structure,
the Schwarzian equation (1) makes sense by passing to the universal cover; the coefficient q is then the lift
of a holomorphic quadratic differential on the surface that has poles of order at most two at the punctures.
Equivalently, the solutions of (1) also determine a complex projective (or CP1-) structure on the surface,
which is a geometric structure on the surface modeled on CP1; the monodromy of the solutions is then
the holonomy or monodromy of the geometric structure; see Section 2 for a discussion. It has been a
longstanding problem to determine which conjugacy classes of representations � W…! PSL2.C/ arise as
the monodromy of such a CP1-structure, when one is allowed to vary the marked complex structure on S .
The work in [Gupta 2021] provided an answer under the assumption that there is no apparent singularity;
see Definition 1.2. This clarified, in particular, a remark of Poincaré [1884, page 218] concerning the
case of the punctured Riemann sphere, where he wrote,

“On peut en général trouver une équation du 2d ordre, sans points à apparence singulière
qui admette un groupe donné.”

Indeed, we showed in [Gupta 2021] that the monodromy groups that do arise are exactly those that are
nondegenerate as in Definition 1.1.

In this article, we drop the assumption that there are no apparent singularities, and solve the problem,
providing a complete characterization of the monodromy groups of the Schwarzian equation with regular
singularities. In other words, for a surface Sg;k of genus g and k � 1 punctures that has negative Euler
characteristic, we determine the image of the monodromy map

(2) ‰ W Pg.k/! Hom
�
�1.Sg;k/;PSL2.C/

�
==PSL2.C/;

where Pg.k/ is the space of meromorphic projective structures on Sg;k , with respect to a choice of
a marked complex structure, such that each puncture corresponds to a pole of order at most two, and
the target space is the PSL2.C/-representation variety, the space of surface-group representations into
PSL2.C/ up to the action by conjugation. To be more precise, two representations are equivalent, �1� �2,
if the closures of their PSL2.C/-orbits intersect; this coincides with geometric invariant theory quotient,
for example see [Newstead 2009]. We note here that with our condition on the orders of the poles, the
dimensions of the two spaces in the domain and range of the monodromy map‰ coincide. The question of
determining the image of the above monodromy map was mentioned in [Luo 1993, Question 4, page 554].
Our main result (Theorem A) below answers this completely.

To state our results, we recall the following definitions from [Gupta 2021].

Geometry & Topology, Volume 29 (2025)
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Definition 1.1 A representation � W…! PSL2.C/ is said to be degenerate if �.…/ preserves a set F on
CP1 where either

(a) F D fpg (ie a global fixed point) and the monodromy around each puncture is a parabolic fixing p
or the identity element, or

(b) F D fp; qg and the monodromy around each puncture fixes p and q.

Otherwise, � is said to be nondegenerate.

Definition 1.2 A representation � W…! PSL2.C/ is said to have an apparent singularity at a puncture
of Sg;k if �.
/D Id for the peripheral loop 
 around the puncture. We also say a complex projective
structure has an apparent singularity at a puncture, if the monodromy around it is trivial. In that case the
puncture is either a branch point or a regular point of the structure; see Definition 2.2 and the discussion
following it.

We shall prove:

Theorem A Let … be the fundamental group of a surface Sg;k of genus g and k � 1 punctures , where
2�2g�k < 0. A representation � W…! PSL2.C/ arises as the monodromy of a CP1-structure in Pg.k/
if and only if one of the following hold :

(i) � is a nondegenerate representation , or

(ii) � is a degenerate representation , with at least one apparent singularity , with the only exceptions
being
� the trivial representation , when g > 0 and k D 1 or 2, and
� a representation whose image is a group of order two , when g > 0 and k D 1.

The case of a closed surface Sg where g � 2 was handled by the work of Gallo, Kapovich and Marden
in [Gallo et al. 2000], who showed that nonelementary representations that lift to SL2.C/ are exactly
those that arise as monodromy representations of CP1-structures on Sg . Note that a nonelementary
representation is automatically nondegenerate as defined above (for a comparison between these notions
see [Gupta 2021, Section 2.4]). Gallo, Kapovich and Marden in [Gallo et al. 2000, Problem 12.2.1] also
stated the problem of what happens for punctured surfaces. This paper solves this — the theorem above
answers the “existence” part of their problem, and for the “nonuniqueness” part, we shall observe that the
constructions in the paper imply the following:

Corollary B The nonempty fibers of the monodromy map (2) are infinite in cardinality.

We mention some further directions to “explore the nonuniqueness” (quoting Gallo, Kapovich and Marden)
at the end of this introduction.

The case of a nondegenerate representation (case (i) in Theorem A) follows from the work in [Gupta
2021]; hence the present article, though independent of that paper, can be considered as its sequel.
We provide a new and simplified discussion of the construction of that paper in Section 3, that used a
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552 Gianluca Faraco and Subhojoy Gupta

geometric interpretation of certain cross-ratio coordinates introduced (in a more general context) by Fock
and Goncharov [2006]. We also use one of the results of Allegretti and Bridgeland [2020] which implies
that in the case of no apparent singularities, the monodromy representation is necessarily nondegenerate;
see Theorem 2.5. Indeed, together with Lemma 4.3 concerning the case when the entire monodromy
representation is trivial, and Lemma 5.1 concerning the case when the monodromy group, ie the image of
the monodromy representation, has order two, this establishes the “only if” direction in Theorem A.

The main work in this paper is to handle the remaining case of degenerate representations, namely, to
construct CP1-structures on the punctured surface with a specified monodromy representation as in
case (ii) in Theorem A. Note that this is specific to punctured surfaces, as when the surface is closed, the
analogue of the degenerate case, ie elementary representations, does not arise. In case (a) of Definition 1.1
of a degenerate representation, namely when the image of a degenerate representation has a global fixed
point on CP1, it can be conjugated into the subgroup of complex affine maps

Aff.C/D fz 7! azC b j a 2C�; b 2Cg:

In this case, the strategy of our proof is to construct a (complex) affine structure on Sg;k , whose monodromy
is the prescribed representation. Indeed, we prove the following result concerning the monodromy groups
of affine structures on a punctured surface, which we feel is of independent interest:

Theorem C Let … be the fundamental group of Sg;k as in Theorem A, such that the number of punctures
k � 2. Then any nontrivial representation � W…! Aff.C/ with at least one apparent singularity arises
as the monodromy of a complex affine structure on Sg;k . If k � 3, then every such representation is
realizable as the monodromy of a complex affine structure on Sg;k .

Our construction of an affine structure involves considering unbounded polygons on C with sides paired
by affine maps, and certain gluing methods which we introduce (eg Definition 4.17). The resulting affine
surface acquires branch points that arise from the vertices of the polygon after the identification, that we
delete to obtain an affine structure on a punctured surface. Since there is always an additional puncture at
infinity, our proof of Theorem C requires at least two punctures.

In the case that the surface has exactly one puncture, we rely on a refinement of the construction alluded to
above. Our strategy then is to use the action of the mapping class group to choose a generating set of the
fundamental group so that the corresponding polygonal curve bounds an immersed disk in CP1. When
the representation is coaxial, ie when the pair of points in (b) of Definition 1.1 is globally fixed, we also
introduce some further new operations (eg Definition 5.12). In these cases, even when the monodromy is
affine, we obtain a projective structure with the desired monodromy, which is not necessarily affine.

In fact, the recent preprint of Le Fils [2023] that appeared at the time of writing this article shows that
in the case of a once-punctured surface, there are some further exceptions to the existence of an affine
structure; see [loc. cit., Proposition 1.5]. It turns out that this case can also be handled using the main
result of [loc. cit.]; we describe this alternative approach in Section 5.4.4, which involves proving the

Geometry & Topology, Volume 29 (2025)
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existence of a projective structure with the desired monodromy and a single branch point, except when
the monodromy group is of order two; cf Lemma 5.1. The remaining degenerate representations still fall
into case (b) of Definition 1.1, but the pair of points is CP1 is preserved, not globally fixed by such a
representation; in this case our argument relies on similar techniques.

One feature of our methods is that they are constructive, and can be potentially implemented in an
algorithm. The constructions we introduce also yield results on other special classes of CP1-structures
that are geometric structures in their own right. We mention some of these below, and leave the discussion
of others (eg half-translation structures, see Definition 4.15) for future papers.

Translation structures A special case of a complex affine structure is a translation structure which has
monodromy in the (smaller) subgroup of complex translations fz 7! zCa j a 2Cg ŠC. Such a structure
acquires a holomorphic (abelian) differential ! that is the pullback of the differential dz on C via the
charts, and prescribing its monodromy is equivalent to prescribing the periods of !. In the recent work
[Chenakkod et al. 2022] and its follow-up [Chen and Faraco 2024], for a punctured surface the possible
periods for meromorphic differentials has been determined in the connected components of stratum with
prescribed orders of zeroes and poles. In this paper, we include a proof of the translation-structure case of
Theorem C. This is in part to motivate the proof of the more general affine-structure case, which needed
significant new constructions as mentioned above. Our treatment here of the translation-structures case
differs from that in [Chenakkod et al. 2022], although we employ the same proof strategy.

Spherical structures Another class of projective structures that are interesting in their own right are
spherical cone-metrics on a surface. For such a structure, the developing map is to the round sphere S2,
and the monodromy lies in PSU.2/ Š SO.3;R/. Note that the monodromy around any cone point of
angle ˛ is an elliptic rotation by that angle. The space MSphg;k.#/ of such spherical cone-metrics on
Sg;k with a set of prescribed cone-angles # at the punctures admits a forgetful projection to the moduli
space Mg;k ; this has been a subject of much study — see for instance Mondello and Panov [2016; 2019].
What has been less studied is the monodromy map in this context, namely, the forgetful projection to the
space of surface-group representations into SO.3;R/.

Here, we provide the following corollary to our main theorem:

Corollary D Let … be the fundamental group of Sg;k as in Theorem A and let � W…! SO.3;R/ be a
representation. Then � is the monodromy of some spherical cone-metric on Sg;k with cone points only at
the punctures , if and only if it satisfies conditions (i) and (ii) in the statement of Theorem A.

It worth noting that prescribing the monodromy around the punctures determines the cone-angles only
modulo 2� ; prescribing these cone-angles in addition to the monodromy is a more delicate problem. For
a punctured sphere, the work of Eremenko [2020] solves this for the case when the prescribed monodromy
is coaxial (which, in this context, is equivalent to being degenerate).

Geometry & Topology, Volume 29 (2025)
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Branched CP1-structures Finally, CP1-structures on a surface which are allowed to have additional
branch points are of independent interest; see Definition 2.2. These were first studied in [Mandelbaum
1973]; see [Calsamiglia et al. 2014] or [Biswas et al. 2019] for more recent results. As a consequence of
Theorem A we obtain the following result concerning such branched projective structures on a punctured
surface:

Corollary E Suppose that … is the fundamental group of Sg;k as in Theorem A. Every representation
� W…! PSL2.C/ arises as the monodromy of some (possibly branched ) CP1-structure on Sg;k , with at
most two branch points.

The recent work of Nascimento [2024] also proves similar results, and develops completely different
techniques for constructing branched projective structures with prescribed monodromy.

It remains to understand the fibers of the monodromy map (2) better, for example how projective structures
in the same fiber are related, and we plan to address this in future work. The recent work of Ballas, Bowers,
Casella and Ruffoni [Ballas et al. 2024] deals with the case when the surface is the thrice-punctured
sphere S0;3. For a closed surface, this was handled in the work of Baba [2017], and it is conceivable that
one can develop the analogues of the techniques there, in the punctured case. The main result of [Luo
1993] implies that the fiber ‰�1.�/ is a discrete set when the monodromy representation � is irreducible,
and the monodromy around each puncture is nontrivial and not parabolic. In contrast, in the case all
the punctures are branch points and � is quasi-Fuchsian, the fibers can be connected, and the work in
[Calsamiglia et al. 2014] determines when that happens.

Plan of the paper The paper is organized as follows. In Section 2 we begin by recalling the basic
background of meromorphic projective structures on surfaces and their monodromy representations. In
Section 3, we deal with the case of nondegenerate representations which essentially follows by [Gupta
2021], an earlier work by the second author. The proof of Theorem A for degenerate representations is
the main core of the present paper and it is developed along Sections 4–6. In Section 4 we provide a proof
of Theorem C which handles affine representations in the case of surfaces with at least two punctures. In
Section 5, instead, we deal with the complementary case of affine representations for once-punctured
surfaces. Finally, in Section 6 we deal with dihedral representations. The final Section 7 concludes with
the proofs of Corollaries B, D and E.
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2 Preliminaries

Let S be a surface of finite type (open or closed) and of negative Euler characteristic.

2.1 Meromorphic projective structures

A CP1-structure or a (complex) projective structure on a surface S is a maximal atlas of charts to CP1

such that the transition functions are Möbius maps, ie elements of PSL2.C/; in other words, it is a
.G;X/-structure, where G D PSL2.C/ and X DCP1. Such a geometric structure can be equivalently
described in terms of the developing map f W zS!CP1 and the monodromy (or holonomy) representation
� W�1.S/! PSL2.C/; the developing map is a �-equivariant immersion, satisfying f .
 �x/D �.
/ �f .x/
for each x 2 zS and each 
 2 �1.S/. Note that the developing map is determined up to a postcomposition
by a Möbius map A, and � is defined up to conjugation, so that the pair .dev; �/ and .A � dev; A �� �A�1/
define the same CP1-structure.

An example of a CP1-structure on S is a hyperbolic structure, where the developing map develops into
the upper hemisphere of CP1 (that can be identified with the hyperbolic plane H2), and the monodromy
is a discrete (Fuchsian) representation � W �1.S/! PSL2.R/.

We often consider a CP1-structure with an additional marking, that is, an additional choice of a home-
omorphism that identifies S with our complex projective surface, such that two marked structures that
differ by a homeomorphism homotopic to the identity are considered equivalent.

A change of marking on a marked CP1-structure is effected by the action of an element of the mapping
class group of S ; this changes the monodromy representation by precomposing with the corresponding
automorphism of �1.S/, which is the action of the mapping class group on the PSL2.C/-representation
variety. Note that for a punctured surface, an element of its mapping class group can permute the punctures.
Thus, while seeking a CP1-structure with a prescribed monodromy representation �, it suffices to find
one whose monodromy lies in the mapping class group orbit of �. We shall use this to our advantage
later in the paper.

The relation with the Schwarzian equation arises through the Schwarzian derivative zq D S.f / dz2 of the
developing map f , where

(3) S.f /D

�
f 00

f 0

�0
�
1

2

�
f 00

f 0

�2
:

The quadratic differential thus defined is invariant when f is precomposed by a Möbius transformation;
since f is �-equivariant, zq descends to a quadratic differential q on S , that is holomorphic with respect
to the complex structure induced by the CP1-structure.

Conversely, fix a complex structure on S such that S DH2=� , where � is a Fuchsian representation.
Let y0 and y1 be two linearly independent solutions of the Schwarzian equation

(4) y00C 1
2
zqy D 0
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on the universal cover zS DH2, where zq is a �-invariant holomorphic quadratic differential. Then the
ratio f WD y0=y1 defines a developing map to CP1, which is equivariant with respect to a monodromy
representation � W �! PSL2.C/, defining a CP1-structure on S . It is an exercise to show that then the
Schwarzian derivative of f equals zq, so that this is indeed an inverse construction.

For a closed surface S , the deformation space P.S/ of marked CP1-structures on S can be identified,
via the correspondence sketched above, with the space of holomorphic quadratic differentials Q.S/ that
forms a bundle over Teichmüller space T .S/, where the fiber over a marked Riemann surface X is the
vector space Q.X/ of holomorphic quadratic differentials on X . For details, see for example [Dumas
2009] or [Gunning 1967]; for more on the geometry of these spaces, see [Faraco 2020].

In the case that S is not closed, the above correspondence still holds, except that now the space of
holomorphic quadratic differentials on an open Riemann surface is infinite-dimensional. However, we can
restrict to meromorphic quadratic differentials, where the punctures of S are either removable singularities
or poles of finite order:

Definition 2.1 A meromorphic projective structure on a surface Sg;k of negative Euler characteristic is
a CP1-structure such that if we equip Sg;k with a complete hyperbolic metric of finite volume so that
the universal cover zSg;k ŠH2, then the Schwarzian derivative of the developing map f WH2! CP1

descends to a holomorphic quadratic differential on the punctured surface, with poles of finite order at the
puncture. In other words, it defines a meromorphic quadratic differential on the closed surface Sg . As
described in the introduction, in this paper we shall consider the space Pg.k/ of marked meromorphic
projective structures on Sg;k whose corresponding meromorphic quadratic differentials have poles of
order at most two at the punctures.

Remark The above definition, and the property that the poles have order at most two, is independent of
the choice of complete hyperbolic structure, which merely serves as a “reference” projective structure.
See also [Allegretti and Bridgeland 2020, Definition 3.1].

Any CP1-structure on the closed surface Sg becomes an example of a meromorphic projective structures
in Pg.k/ after k points are deleted; another set of examples include branched projective structures on Sg
mentioned in the introduction (see, for example, [Mandelbaum 1973]) with k branch points (as defined
below) after they are deleted to form the k punctures.

Definition 2.2 (branch point) A branch point of a branched projective structure is a point around which
the developing map is of the form z 7! zn in local coordinates, where n > 1. Note that its Schwarzian
derivative, as computed by (3), has a pole of order two at such a point. Away from the branch points, a
branched projective structure is a CP1-structure in the usual sense, ie the developing map is an immersion
and each point is regular or unbranched.

For an account of the solutions of the Schwarzian equation (1) around a pole of order two of q, see
[Gupta 2021, Section 2.3] or [Ballas et al. 2024, Section 4.1] for a summary, and for more details see
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[de Saint-Gervais 2016, Chapter IX]. Here we give a concise summary of the discussion in [Gupta 2021,
Section 2.3]: For a regular singularity at z D 0 of the form

1� �2

2z2
C � � � ;

we either have

(a) � … Z, in which case there are two linearly independent local solutions of the form z˙� , and the
monodromy around the singularity is nontrivial (multiplication by e2�i� ), or

(b) � 2 Z, in which case the two solutions are of the form zj� j and z�j� jCC ln z. In this latter case
the monodromy around 0 is trivial only if C D 0, and parabolic otherwise.

Thus, the definition of an apparent singularity as in Definition 1.2 is equivalent to saying that we are in
C D 0 in case (b) above, and the Schwarzian equation has meromorphic solutions at the singularity. In
particular, as already noted in Definition 1.2, the CP1-structure will have a branch point (as above) or a
regular point at such a puncture; we shall use this later in the paper.

We mention here that one can also define spaces of meromorphic projective structures with poles of order
greater than two, where the corresponding Schwarzian equation has irregular singularities; see [Gupta
and Mj 2021] for an account, including a description of the asymptotic of the developing map around
such a singularity. The (framed) monodromy representations of such structures (cf the next section) were
characterized in [Gupta and Mj 2020].

2.2 Framed representations

Following Fock and Goncharov [2006], a framed representation of … D �1.Sg;k/ to PSL2.C/ is a
representation � W…! PSL2.C/ together with a framing, which, roughly speaking, is an assignment of a
point in CP1 (which is a “flag” in C2) to each puncture of Sg;k . More precisely, let the Farey set F1
be the set of points on the ideal boundary of the universal cover of Sg;k , that corresponds to the lifts of
the punctures; a framing of a CP1-structure on Sg;k is a �-equivariant map ˇ W F1!CP1. The moduli
space of framed representations y�.…/ is then the orbit space of such pairs under the action of PSL2.C/
that identifies .�; ˇ/ � .A � � �A�1; A � ˇ/ for each A 2 PSL2.C/. The space y�.…/ is in fact a moduli
stack; see [Fock and Goncharov 2006, Lemma 1.1 and Definition 2.1], or [Allegretti and Bridgeland 2020,
Section 4.1 and Lemma 9.1].

Definition 2.3 (Allegretti and Bridgeland [2020]; see also Gupta and Mj [2020]) A degenerate framed
representation is a pair .�; ˇ/ 2 y�.…/ that satisfies one of the following conditions:

(i) There is a set of two points F D fp�; pCg 2CP1 such that the image of ˇ lies in F , and for any
peripheral loop 
 , �.
/ fixes the points in F .

(ii) There is a single point p0 2CP1 such that the image of ˇ lies in F , and for any peripheral loop 
 ,
�.
/ is a parabolic element fixing p0, or is the identity element.

A framed representation is nondegenerate if it is not degenerate.
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Remark Since properties (i) or (ii) above are invariant under the PSL2.C/-action described above, the
notion is well-defined for elements of y�.…/.

The following result relates this to Definition 1.1:

Proposition 2.4 [Gupta 2021, Proposition 3.1] A nondegenerate representation � can be equipped with
a framing ˇ such that the pair .�; ˇ/ is a nondegenerate framed representation.

Remark It is worth mentioning that [Gupta 2021, Proposition 3.1] also shows that if, in addition, there
are no apparent singularities, then forgetting the framing of a degenerate (resp. nondegenerate) framed
representation yields a representation � W…! PSL2.C/ that is degenerate (resp. nondegenerate). This
allows us to go back and forth between a nondegenerate framed representation and a nondegenerate
representation, in the case that there are no apparent singularities.

The following result is a direct consequence of [Allegretti and Bridgeland 2020, Theorem 6.1] and [Gupta
2021, Proposition 3.1] (see the above remark):

Theorem 2.5 If � W…! PSL2.C/ is the monodromy representation of a meromorphic CP1-structure in
Pg.k/ with no apparent singularities , then � is nondegenerate.

3 Proof of Theorem A: nondegenerate representations

In this section we shall fix an arbitrary nondegenerate representation � W…! PSL2.C/, and show that
there is a meromorphic projective structure in the space Pg.k/ that has monodromy �. This proves the “if”
direction of Theorem A in case (i) of the statement of the theorem. The proof is exactly the same as that in
[Gupta 2021]; the key observation is that our assumption in that paper that � has no apparent singularity
in fact plays no role in our construction. In what follows we provide a condensed (and simplified) account
of this construction, and refer at times to [Gupta 2021] for further discussion.

The first observation is that by Proposition 2.4 we can define a framing ˇ W F1!CP1 such that the pair
.�; ˇ/ is a nondegenerate framed representation in the sense of Definition 2.3.

3.1 Fock–Goncharov coordinates

Fock and Goncharov [2006] described coordinates on the moduli space of framed representations y�.…/
as follows.

Let y� D .�; ˇ/ be a framed representation. Choose an ideal triangulation T of Sg;k; in the universal
cover; this lifts to an ideal triangulation zT of the universal cover, with ideal vertices in the Farey set F1.
For each edge e 2 T , choose a lift ze 2 zT . Let p1; p2; p3; p4 be the four ideal vertices of the two ideal
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triangles adjacent to ze, in counterclockwise order on the ideal boundary @1 zSg;k Š S1. Associated with e
we can then define a (complex) cross-ratio

(5) C.y�; e/D
.z1� z2/.z3� z4/

.z2� z3/.z1� z4/
;

where zi D ˇ.pi / for i D 1; 2; 3; 4. Note that this is well-defined since by the equivariance of the
framing ˇ, a different choice of lift of e would yield a quadruple of points that differs by a Möbius
transformation, which has the same cross-ratio.

The set of such cross-ratios defines an element of .C�/N , where N is the number of edges of T , and this
tuple is said to be the Fock–Goncharov coordinates of the framed representation y�, with respect to our
choice of ideal triangulation.

Note, however, that the cross-ratio associated with e above is well-defined only when the quadruple
of points z1; z2; z3; z4 are distinct, and hence for a fixed T , the Fock–Goncharov coordinates are only
well-defined for a generic framed representation. The following result follows from Proposition 2.4 and
[Allegretti and Bridgeland 2020, Theorem 9.1]:

Theorem 3.1 For any nondegenerate representation �, there exists a framing ˇ and an ideal triangula-
tion T such that the Fock–Goncharov coordinates of the framed representation y�D .�; ˇ/ with respect
to T are well-defined.

Remark Given a nondegenerate framed representation, [Allegretti and Bridgeland 2020, Theorem 9.1]
in fact asserts the existence of a “signed” triangulation .T; �/ for which the Fock–Goncharov coordinates
are well-defined. Here � denotes a choice of a sign (˙1) at each puncture; switching a sign at a puncture
with loxodromic monodromy around it amounts to changing the framing at the puncture by assigning it
the other fixed point.

Henceforth, in this section, we shall assume that we have fixed such a choice of ideal triangulation T , for
the nondegenerate framed representation y�D .�; ˇ/ we fixed at the beginning of this section.

3.2 Pleated planes in H3

Recall that CP1 is the ideal boundary of hyperbolic 3-space H3. The Fock–Goncharov coordinates of a
framed representation y�D .�; ˇ/ with respect to an ideal triangulation T can be interpreted as defining a
geometric object, namely a pleated plane in H3. This pleated plane is a �-equivariant map

(6) ‰ W zS !H3;

defined on the universal cover of our surface Sg;k , such that each ideal triangle � 2 zT with, say, ideal ver-
tices p1; p2; p3 maps to the totally geodesic ideal triangle in H3 with ideal vertices ˇ.p1/; ˇ.p2/; ˇ.p3/.
Here we assume that ‰ preserves orientation, so that the image is an oriented surface in H3 that is
“piecewise totally geodesic”.
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zS
�l �r

B.ze/

‰1

CP1

L˛

˛l

‰.�l /

‰.�r/

1

˛

˛r

Figure 1: The map ‰1 maps the grafted region B.ze/ to the “lune” L˛ on CP1 bounded by the
circular arcs ˛l and ˛r . The shaded regions on the right are the images of �l and �r under ‰01;
see Section 3.3.

3.3 Constructing a projective structure

Given a nondegenerate framed representation y� D .�; ˇ/ as in the beginning of the section, we now
describe how to construct a projective structure in Pg.k/ with monodromy �. This is exactly as in [Gupta
2021], however, here we provide a condensed and simplified discussion. In particular, here we shall avoid
the intermediate steps of “straightening” the pleated plane and then “grafting”.

The main idea is that a pleated plane ‰ constructed in the previous subsection also defines a projective
structure by considering its “shadow” at the boundary at infinity of H3. More precisely, on each totally
geodesic ideal triangle ‰.�/ we can consider the hyperbolic Gauss map G�, in the normal direction
consistent with the orientation of ‰. On each ideal triangle � 2 zT , define the map ‰01 D G� ı‰. Note
that the image of each ideal triangle is a triangle on CP1 with sides that are circular arcs that form “cusps”
at the three vertices.

Note that this defines a map ‰01 W zS ! CP1 that is �-equivariant. However it may not be continuous:
suppose �l and �r are two adjacent triangles such that ‰.�l/ and ‰.�r/ lie in totally geodesic planes
that intersect at an angle ˛ 2 .0; 2�/ along a common geodesic line l (which is the ‰-image of the
common edge ze between �l and �r ). In that case, the respective images of ze under G�l

and G�r
are

arcs ˛l and ˛r of great circles on CP1 with a common pair of endpoints, that differ by an elliptic rotation
of an angle ˛. We shall call a region in CP1 bounded by such a pair of arcs a “lune”.

We can, however, modify the map ‰01 to obtain a continuous map

(7) ‰1 W zS !CP1

as follows: for each pair of adjacent triangles �l ; �r in the domain zS as above, cut along the common
edge ze, and glue in a bigon B.ze/ such that the sides of the bigon are identified with the resulting two
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sides ze˙. Define a map from B.ze/ to CP1 such that the two sides map to the arcs ˛l ; ˛r described above,
and the image is the lune bounded by ˛l [ ˛r , such that the resulting map from �l [B.ze/[�r is a
smooth orientation-preserving immersion to CP1.

We can define the maps on the “grafted” bigons in a …-equivariant manner, so that the final map ‰1
as in (7) is �-equivariant, and a smooth immersion. Hence, it defines a projective structure P on the
surface Sg;k with monodromy �.

3.4 Schwarzian derivative at the punctures

It remains to show that the projective structureP we just constructed on Sg;k in fact lies in the space Pg.k/,
that is, the Schwarzian derivative of the developing map with respect to a suitable reference projective
structure has a pole of order at most two.

To see this, we uniformize the underlying Riemann surface structure on Sg;k to obtain a hyperbolic metric
of finite area, such that each puncture is a cusp. This will serve as a reference projective structure.

Let D� D f0 < jwj < 1g be a conformal punctured-disk neighborhood of a puncture. Lifting to the
universal cover zS , a neighborhood of an ideal point p 2 F1 would look exactly like a neighborhood
of 1 in the upper half-space model of H2, where the edges of the triangulation zT are the vertical
geodesics, and the deck translation corresponding to the parabolic element around the cusp is a (positive)
translation. Moreover, can choose this conformal identification with the model H2 such that the translation
is z 7! zC 1, namely H2=hz 7! zC 1i ŠD� via the map z 7! w WD e2�iz . If there are n geodesic sides
of the triangulation T asymptotic to that cusp, then a fundamental domain � of the action will comprise
n ideal triangles �1; �2; : : : ; �n together with n “bigons” B.ze1/; B.ze1/; : : : ; B.zen/ that were grafted in.
Here, zei is the “right-hand” edge of �i for each 1� i � n.

From our definition of the map ‰1 above, the images of B.ze1/; B.ze2/; : : : ; B.zen/ are each a lune in
CP1 with a common endpoint ˇ.p/, and the images of �1; �2; : : : ; �n in a neighborhood of 1 are
regions bounded by circular arcs that form a “cusp” (of angle zero) at ˇ.p/. Each successive region
shares a common circular arc with the preceding one. Hence the union of their images near ˇ.p/ looks
like a region bounded by two circular arcs that intersect at some angle ˛ 2RC (if ˛ > 2� then the lune is
immersed in CP1). Here, the angle ˛ is the sum of the angles at ˇ.p/ of the lunes that are the images of
the grafted bigons.

The rest of the argument is exactly as in the proof of Proposition 3.5 in [Gupta 2021]. Consider first the
case when the total “bending angle” ˛ around ˇ.p/ is positive. We can assume, by postcomposing with
an appropriate Möbius map, that ˇ.p/D12CP1. The conformal developing map from a neighborhood
of1 in � then maps to a neighborhood of1 of a lune L˛ � CP1 that has vertices at 0;1. Such a
conformal map has the asymptotic form f .z/D e�i˛z for jzj � 1, and hence on the punctured disk D�,
has the expression zf .w/D w�˛=2� . A computation of the Schwarzian derivative using (3) then yields
that S. zf / has a pole of order 2 at the puncture, as desired.
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In the case when the total bending angle ˛ D 0, the conformal developing map is the identity map
f .z/D z, and the Schwarzian derivative thus yields the constant quadratic differential dz2 on � that has
the expression �.1=4�2/w�2 dw2 on D�, once again with a pole of order two.

The discussion in this section thus proves:

Proposition 3.2 Let … be the fundamental group of a surface Sg;k of genus g and k � 1 punctures ,
where 2� 2g� k < 0. Any nondegenerate representation � W…! PSL2.C/ arises as the monodromy of
a CP1-structure in Pg.k/.

4 Proof of Theorem C: affine holonomy with at least two punctures

In this section we start to deal with the complementary case when � W�1.Sg;k/!PSL2.C/ is a degenerate
representation; see Definition 1.1. Here we shall consider surfaces Sg;k with at least two punctures, that
is, k � 2. Our main goal in this section is to prove our Theorem C, that is, the case (ii) of Theorem A for
affine representations when Sg;k has at least two punctures.

Theorem 4.1 Let … be the fundamental group of Sg;k as in Theorem A, such that the number of
punctures k � 2. Then any nontrivial representation � W … ! Aff.C/ arises as the monodromy of a
complex affine structure on Sg;k . If k � 3, then every representation is realizable as the monodromy of a
complex affine structure on Sg;k .

In Section 4.1 we shall handle the case when � is the trivial representation, in Section 4.2 the case when
�.…/ has a single global fixed point p 2CP1 and the monodromy of each element is a translation. In
Section 4.3 we deal with the more general case when the monodromy of each element is an affine map.
This would include also include the case when �.…/ fixes a set fp; qg � CP1, and is “coaxial”. Note
that the necessity of the presence of one apparent singularity follows from the work of Allegretti and
Bridgeland; see Theorem 2.5.

4.1 Trivial representation

We prove the first of the exceptional cases mentioned in Theorem A. To state the first result, we introduce
the following terminology:

Definition 4.2 (handles, handle-generators) On a marked surface Sg;k of some positive genus g > 0,
a handle is an embedded subsurface † that is homeomorphic to S1;1. A handle-generator for † is any
simple closed nonseparating curve on it. A pair of handle-generators for a handle will refer to a pair of
simple closed curves f˛; ˇg that generate H1.†;Z/; in particular, ˛ and ˇ intersect once.

Lemma 4.3 Suppose Sg;k is a surface where g > 0 and k D 1 or 2. Then the monodromy � of any
CP1-structure in Pg.k/ is nontrivial. Moreover , there is a handle † and a handle-generator 
0 for † such
that �.
0/ is nontrivial.
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Sg

p q

r

…

CP1

0 1

1

Figure 2: The map… in Lemma 4.4 is a branched cover over the sphere with exactly three critical
points and three branch points.

Proof Suppose there is a CP1-structure on Sg;k (where k D 1 or 2) such that the monodromy repre-
sentation is trivial, ie �.
/D Id for all 
 2…. In particular, any puncture is an apparent singularity, and
since this projective structure corresponds to the Schwarzian equation with regular singularities, is either
a regular point or branch point.

Since the monodromy is trivial, the developing map (defined on the universal cover) in fact descends to a
well-defined map dev W Sg;k!CP1 (where recall kD 1 or 2). Since the developing map is an immersion,
this map can be thought of as a covering map from the closed surface Sg to CP1 that is possibly branched
at one or two points. That is, such a map has at most two critical values on CP1. Since g > 0, it follows
from the Riemann–Hurwitz formula that there cannot be such a branched covering.

Fix a standard decomposition of Sg;k into g handles, and a disk with k punctures; cf Figure 3. If we
assume that �.
/D Id whenever 
 is one of the 2g loops that are the generators of the handles, then we
can in fact show that the representation � is trivial: this is immediate if k D 1, and if k D 2, note that we
already know that there is one apparent singularity; the monodromy around the other singularity is then
the product of commutators of the handle-generators, and hence also trivial.

We now show that in all other cases, one can construct a projective structure with trivial monodromy:

Lemma 4.4 Let Sg;k be a surface where k � 3. Then there is a CP1-structure in Pg.k/ whose
monodromy representation is trivial.

Proof In the case that g D 0, it is an easy matter to define a projective structure with trivial monodromy
on S0;k , in fact it is sufficient to consider CP1 with k punctures. Otherwise, we use the fact that the
Hurwitz problem of the existence of branched coverings with prescribed branching data, that is solved for
g > 0; see [Edmonds et al. 1984, Proposition 3.3] and also [Husemoller 1962].

In particular, that implies that there is a branched covering … W Sg ! CP1 of degree 2g C 1 that is
branched over 0; 1;12CP1, each of ramification order 2gC 1, and has exactly three critical points, say
p; q; r on Sg , such that p D…�1.0/, q D…�1.1/ and r D…�1.1/; see Figure 2.

Then, the standard projective structure on CP1 n f0; 1;1g naturally pulls back to a projective structure
on Sg n fp; q; rg that has trivial holonomy. Note that one can also equip CP1 n f0; 1;1g D C n f0; 1g

with the standard translation structure (see Section 4.2) and pull it back to Sg n fp; q; rg; the induced
abelian differential ! extends to the closed surface Sg and has two zeroes at p and q, and a pole at r .
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Sg;1 S0;kC1

Figure 3: The surface Sg;k can be divided into a subsurface homeomorphic to Sg;1 (shown
shaded) and its complement, homeomorphic to S0;kC1.

4.2 Translation structures

In this section we shall assume that � W…!C is a nontrivial representation, where

C Š fz 7! zC c j c 2Cg

is the subgroup of PSL2.C/ comprising translations. Note that since this subgroup is abelian, � factors
through the first homology group �g;k WDH1.Sg;k;Z/, and can be thought of as a period character (or
simply character) �g;k W �g;k!C.

Note that the residue theorem implies that:

Lemma 4.5 For any homomorphism �g;k W �g;k!C as above , sum of the values around the peripheral
curves is zero , namely

(8)
kX
iD1

�g;k.
i /D 0;

where 
i is the simple closed curve around the i th puncture.

Remark We shall say that a “puncture has trivial monodromy” if �g;k.
/ D 0, where 
 is the loop
around that puncture.

In the case that g >0 and k > 1 we shall also divide the character into �g;1 and �0;kC1 as follows: choose
a separating loop 
 that divides the surface Sg;k into a subsurface Sg;1 containing all the handles and
one boundary component, namely 
 , and a subsurface S0;kC1 that is topologically a punctured sphere,
where one of the punctures is actually a boundary component 
 ; see Figure 3.

By restricting to Sg;1 and S0;kC1, the character �g;k determines homomorphisms

�g;1 W �g;1!C;(9)

�0;kC1 W �0;kC1!C;(10)

respectively, where �g;1 and �0;nC1 are the homology groups of the subsurfaces Sg;1 and S0;kC1
respectively. Note that in either case, the boundary loop 
 is trivial in homology.

We shall need the following observation:
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1


0 
0


 01

Figure 4: A Dehn twist changes the pair of handle-generators f
0; 
1g to the pair f
0; 
 01g, where

 01 D 
0C 
1 in homology.

Lemma 4.6 Let �g;k W �g;k ! C be a character and let its associated homomorphism �g;1 as in (9)
be a nontrivial representation. Then there is a change of homology basis A 2 Sp.2g;Z/ such that
�0
g;k
D �g;k ıA has an associated restriction �0g;1 such that �0g;1.
/ ¤ 0 for each handle-generator 


on Sg;1.

Proof Since �g;1 is nontrivial, there is some simple closed curve 
0 that is a handle-generator on Sg;1
and is such that �g;1.
0/ ¤ 0. Let f
0; 
1g be the handle-generators of such a handle. Now suppose
�g;1.
1/ D 0. We can replace the handle-generator 
1 with the curve 
 01 which is obtained by Dehn-
twisting 
1 around 
0; see Figure 4. In homology, 
 01 D 
0C 
1, and hence we now have �g;1.
1/¤ 0.
Thus, we have a basis of homology such that at least one of the handles has both its handle-generators
with nontrivial monodromy.

Now suppose there is a handle with handle-generators f˛; ˇg such that �g;1.˛/ D �g;1.ˇ/ D 0, then
consider the element of Sp.2g;Z/ that changes the homology basis f
0; 
1; ˛; ˇg of the two handles
to the new homology basis f
0�˛; 
1Cm �˛; ˛; ˇCm � 
0C 
1g, for an integer m, leaving the other
generators unchanged. (See [Martens 1985] for this, and related elements of Sp.2g;Z/.) The handle
thus acquires a new pair of generators f˛; ˇCm � 
0C 
1g, where one of the new handle-generators has
nontrivial monodromy for some m, ie �g;1.ˇCm � 
0C 
1/¤ 0 for some m, since �g;1.
0/¤ 0. The
holonomy of the other handle remains unchanged since �g;1.˛/D 0. By a further change of basis as in
the previous paragraph, by Dehn twisting ˛ around the curve representing ˇC 
0, we can ensure there is
a pair of generators of the handle which are both nontrivial in monodromy.

Applying either of these changes of bases to each of the handles, we can ensure that we obtain a
homology basis f˛1; ˇ1; ˛2; ˇ2; : : : ; ˛g ; ˇgg via a change of basis matrix A 2 Sp.2g;Z/ such that the
homomorphism �0

g;k
D �g;k ıA satisfies �0g;1.˛i /¤ 0 and �0g;1.ˇi /¤ 0 for each 1� i � g.

Remark Recall from the discussion in Section 2.1 that we only need to realize a monodromy represen-
tation up to the action of the mapping class group. Hence, since the change of basis above is realized by
a mapping class, we can assume that the handle-generators are each nontrivial once we know that �g;1 is
nontrivial.

In this section, our strategy would be to define a translation structure on Sg;k with the prescribed
holonomy that lies in C. Recall that it is a special case of a complex projective structure, comprising
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an atlas of charts to C such that the transition maps are translations. Note that such an atlas equips the
resulting surface with a complex structure. and a translation structure is then equivalent to a nonvanishing
holomorphic vector field on the Riemann surface, or equivalently, a nonvanishing holomorphic 1-form !.
Note that the punctures could be regular points, or zeroes or poles of !; a related problem when we
require some punctures to be poles, and others to be zeroes of !, with prescribed orders, is dealt with in
[Chenakkod et al. 2022]. Such a translation structure can be defined by gluing sides of a polygon, as we
now describe:

Definition 4.7 (translation surface) A translation surface is obtained by starting with a collection of
(possibly noncompact) polygons in C bounded by straight lines and/or straight line segments and/or rays,
and identifying such sides pairwise by translations. The resulting surface † thus acquires a Euclidean
metric, with possible cone singularities (with cone-angles an integer multiple of 2� at points arising from
the by identifications of the vertices of the polygons. In the complement of such cone points, we then
obtain a translation structure as defined above. The standard differential dz on the polygons descends to
the holomorphic 1-form ! on the surface, and the zeroes of ! are precisely at the cone points, which are
branch points of the translation surface. The periods of ! define a representation � WH1.†;Z/!C that
is the holonomy of the translation surface †; note that if the branch points are removed from †, then
each additional puncture has trivial monodromy around it.

Remark In the case that the polygons are noncompact, the translation structure will have at least one
puncture “at infinity”, where the abelian differential ! has a pole. The order of such a pole can be
determined from the flat geometry of the corresponding end: if the end is cylindrical, then the pole has
order one, if it is a planar end (ie like that of C) then the pole is of order two, and a pole of order n > 2
has an end which is isometric to an .n�1/-fold cover of a planar end, branched at1.

The following construction allows us to define a new translation surface by gluing together two translation
surfaces with poles.

Definition 4.8 (gluing along a ray) Suppose †1 and †2 are two translation surfaces, each with at least
one pole. Let li �†i for i D 1; 2 be an embedded straight line ray that starts from a cone singularity (or
a regular point) and ends in a pole. Assume that l1 and l2 develop onto infinite rays on C that are parallel.
Then we can define a translation surface † as follows: slit each ray li and denote the resulting sides by
lCi and l�i ; then identify lC1 with l�2 and l�1 and lC2 by a translation. If †i is homeomorphic to Sgi ;ki

for
i D 1; 2, then the resulting surface † is homeomorphic to Sg1Cg2;k1Ck2�1. Note that the starting points
of the rays are identified to a branch point on † with a cone-angle that is the sum of the corresponding
angles on †1 and †2, and the other endpoints (at infinity) are identified with a higher-order pole. See
Figure 5.

We finally introduce the notion of algebraic volume of a representation � as follows:
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lC1
l�1

†1

lC2
l�2

†2

†

Figure 5: Gluing †1 and †2 along rays results in a new surface †; see Definition 4.8.

Definition 4.9 (algebraic volume) Let † be a translation structure on a once-punctured surface Sg;1
with holonomy � WH1.†;Z/!C. The algebraic volume of � is defined as the quantity

(11) Vol.�/D
gX
iD1

=
�
�.˛i /�.ˇi /

�
;

where f˛1; ˇ1; : : : ; ˛g ; ˇgg is any symplectic basis of H1.†;Z/, and =.c/ denotes the imaginary part of
a complex number c. If † is a translation structure on a generic surface Sg; k , we define the algebraic
volume of � as the algebraic volume of the subrepresentation �g;1 introduced in (9). We have emphasized
above the term algebraic in order to distinguish this notion of volume from its geometric counterpart. In
what follows we do not need to consider the geometric volume and henceforth for simplicity we abridge
the terminology to just “volume”.

In our construction, we shall also need:

Definition 4.10 (volume of a quadrilateral) Let a and b be two complex numbers and let Q be the (pos-
sibly degenerate) quadrilateral spanned by the corresponding vectors. The volume of Q is then defined as

(12) Vol.Q/D Vol.a; b/D=.xab/:

In particular, the volume is null if and only if aD �b for some � 2R.

We begin with the case that kD 2, ie there are exactly two punctures; note that our assumption of negative
Euler characteristic implies that g > 0. We show:

Proposition 4.11 Let g > 0. Any nontrivial representation �g;2 W �g;2!C with at least one puncture
with trivial monodromy appears as the holonomy of some translation structure on Sg;2, where one of the
punctures corresponds to a zero of the abelian differential.

Proof Note that when there are exactly two punctures, and one of them has trivial monodromy, then
from (8) it follows that the other puncture also has trivial monodromy. Since �g;2 is nontrivial, the
associated representation �g;1 as in (9) is nontrivial. By Lemma 4.6 we can assume that each handle-
generator maps to a nonzero complex number.
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A.p/
e1

R3
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Figure 6: The identifications described in Proposition 4.11 result in a translation surface home-
omorphic to S1;1;, a torus with a puncture (at infinity). The regions R1; R2; R3; R4 are chosen
to lie on the left or right side of the closed polygonal curve LD e1[ e2[ e3[ e4 depending on
whether the volume of the handle is nonpositive or positive (the figures on the left and right,
respectively).

Now, construct a translation surface † homeomorphic to Sg;1 and having holonomy � WD �g;1 as follows:
First, we consider the case when gD 1; let the pair of handle-generators be f˛; ˇg, and let A;B WC!C

be the translations z 7! zC �.˛/ and z 7! zC �.ˇ/, respectively. Note that A and B commute, and
neither is the identity map since the monodromy around each handle-generator is nontrivial.

Define four closed directed straight line segments fe1; e2; e3; e4g in C as follows: let p 2C be any point
and let q WD AB.p/D BA.p/. Then define

e1 WD A.p/q; e2 WD pA.p/; e3 WD pB.p/; e4 WD B.p/q:

Note that A.e3/D e1 and B.e2/D e4. If ei denotes the line segment ei with its direction reversed, then
we see that L WD e1[ e2[ e3[ e4 is a closed directed loop based at q. Notice that L bounds a (possibly
degenerate) quadrilateral.

Now, we consider four embedded polygons R1; R2; R3; R4 in C, where

(i) each Ri is bounded by two infinite rays ri and riC1, and ei (where the indices 1 � i � 4 are
cyclically ordered, such that r5 is actually r1), and

(ii) R1 and R3 lie on opposite sides of e1 and e3 respectively, and R2 and R4 lie on opposite sides of
e2 and e4 respectively.

Since R1 and R2 share the boundary ray r2, either both lie on the left sides of the directed edges e1 and
e2 respectively, or both lie on the right sides of those edges. Similarly, the pair of adjacent regions R3
and R4 either are both on the right sides of e3 and e4, or are both on their left sides. Thus, the choice of
which side (left or right) of e1 that R1 should lie on determines which side of ei the region Ri lies on for
the remaining i D 2; 3; 4. This choice is determined by the final requirement:

(iii) R1 lies on the left-hand side of e1.
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Note that if Vol
�
�.˛/; �.ˇ/

�
D 0, then the four segments e1; e2; e3; e4 are colinear, and can be thought

of as lying on the boundary of a slit, the exterior of which is the union of regions R1[R2[R3[R4.

From requirement (i) above we know Ri and RiC1 already share a boundary ray riC1 (for the cyclically
ordered indices 1 � i � 4), and it follows that R1 [R2 [R3 [R4 is topologically a punctured disk
immersed in C, with boundary L and a puncture at1.

The translation surface † is obtained by identifying the remaining boundary sides (the segments along
the loop L) as follows: e3 is identified with e1 via the translation A, and e2 is identified with e4 via the
translation B . Note that requirement (ii) above ensures that we obtain a surface. It is easy to see that † is
homeomorphic to the punctured torus S1;1 (with the puncture at1), and the holonomy equals �. Note
that the holonomy is with respect to a fixed pair of oriented loops that are the handle-generators on S1;1;
the choice in (iii) results in the desired orientation of these loops on †.

The puncture at1 has trivial monodromy, and the induced abelian differential ! has a pole of order two
at that point. There is one branch point on † (or equivalently, one zero of !) — namely, the one obtained
from the endpoints of the segments e1; e2; e3; e4 after the identifications. Thus if we remove the branch
point, we obtain a surface homeomorphic to S1;2, equipped with a translation structure, with holonomy �,
where both punctures have trivial monodromy, as desired.

In the case that g � 2, we shall proceed as follows. Let f˛1; ˇ1; : : : ; ˛g ; ˇg ; 
1; 
2g be a generating set
of �1.Sg;2/, where f˛i ; ˇig is a pair of handle generators for the i th handle for 1 � i � g. Let Ai and
Bi denote the images of ˛i and ˇi via �g;2, respectively. We may assume that any handle generator
is nontrivial as a consequence of Lemma 4.6. For any point p 2 C, each pair fAi ; Big determines a
(possibly degenerate) quadrilateral Qi � C. We can order these quadrilaterals in such a way that the
volume of Qi is positive for 1 � i � h � g and nonpositive for the remaining (possibly none) g � h
handles. Note that this notion does not depend on the choice of the basepoint. In what follows we shall
place the quadrilaterals on the complex plane according to the following rule:

The rightmost vertex of Qi is identified with the leftmost vertex of QiC1. If Qi has more
than one rightmost vertex , ie some edges are vertical , then the topmost is chosen. If QiC1
has more than one leftmost vertex, then the bottommost is chosen.

Suppose there are h � g positive handles, and let q be the vertex that Qh and QhC1 have in common.
Notice that such a point is unique because of the rule above. Let ` be a straight line passing through the
point q and such that q is the only point of intersection with the chain of quadrilaterals constructed above.
Note that the existence of such a straight line also follows from the above rule of placing successive
quadrilaterals; indeed, the vertical line suffices unless one of the edges incident at q is already vertical, in
which case one applies a slight counterclockwise tilt. We introduce an orientation on ` in such a way that
the handles with nonpositive volume are on the right of ` and the handles with positive volume are on the
left of `. Moreover, according to this orientation, the point q 2 ` divides the straight line into two rays,
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R4hC1

`0

Q1

Q2

R14

R13

: : :

Rh2 Rh1

Qh
q
QhC1

`�

`C

QhC2 : : : Qg

R0

Figure 7: The chain of g quadrilaterals corresponds to the positive handles (1 � i � h) each
like the right-hand figure in Figure 6, and the nonpositive handles (hC 1� i � g) each like the
left-hand figure in Figure 6.

the upper one `C and the lower one `�. The right-hand side of ` is a half-plane H in C containing
g� h quadrilaterals; let R0 be the complement of QhC1[ � � � [Qg in H . If there are no handles with
nonpositive volume then R0 is just the half-plane H . Similarly, if there are no handles with positive
volume then the complement of R0 in C includes the left half-plane C nH .

Suppose h� 1, on the left-hand side of ` we consider a chain of h embedded quadrilaterals obeying the
rule above such that the i th quadrilateral Qi has edges fei1; e

i
2; e

i
3; e

i
4g defined by

(13) ei1 WD Ai .pi /piC1; ei2 WD piAi .pi /; ei3 WD piBi .pi /; ei4 WD Bi .pi /piC1;

where pi is the unique point such that piC1 D AiBi .pi /, where phC1 D q by definition.

For each 1� i � h, consider the four polygonal regions fRi1; R
i
2; R

i
3; R

i
4g in C satisfying (i)–(iii) above,

bounded by ei1; e
i
2; e

i
3; e

i
4 respectively, together with infinite rays that are parallel to ` (ie a translated copy

of either `C or `�). See Figure 7.

By construction, Ri1 and Ri3 lie on opposite sides of ei1 and ei3 respectively, and Ri2 and Ri4 lie on opposite
sides of ei2 and ei4 respectively; cf Figure 6. Moreover, each Ri1 lies on the left of the corresponding
side ei1. The two rays from the leftmost point of Q1 form a straight line `0 to `. By introducing on `0 an
orientation coherent with that of the straight line `, it makes sense to say that `0 has the entire chain of
quadrilaterals to its right. Finally, we define R4hC1, the half-plane on the left of `0. We can now proceed
as above. The set

(14) R0[

� h[
iD1

.Ri1[R
i
2[R

i
3[R

i
4/

�
[R4hC1
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is topologically a punctured disk immersed on the Riemann sphere, with a puncture at infinity, and
boundary the chain of quadrilaterals Q1 [Q2 [ � � � [Qg . The translation surface † is obtained by
identifying the remaining boundary sides feij g as follows: ei3 is identified with ei1 via the translation Ai ,
and ei2 is identified with ei4 via the translationBi . It is easy to see that† is homeomorphic to a surface Sg;1
with the puncture at infinity, corresponding to a pole of order 2, and one branch point of order 2g. We
finally delete the branch point in order to get a translation surface on Sg;2 with the desired holonomy.

Remark In the case that g � 2, we also have the following alternative construction, which is easier.
Namely, we construct a translation surface †j homeomorphic to S1;1 exactly as above for each handle
(so 1� j � g) such that the holonomy of †j is precisely the holonomy of the j th handle in the original
character �g;1. Note that each †j has a pole of order two, and exactly one branch point. Choose an
embedded infinite ray in each, between the cone point and the pole such that each develops into an infinite
ray in C in the same direction. We can then glue †j to †jC1 along these rays as in Definition 4.8, for
each 1 � j < g. The resulting translation surface † is homeomorphic to Sg;1, with holonomy �g;1,
and has one pole of order gC 1 and one branch point. As before, deleting the branch point results in a
surface homeomorphic to Sg;2, equipped with a translation structure having the desired monodromy �g;2.
However, notice that this construction results in a pole of order greater than 2. In Proposition 5.2 below
we shall need to consider a translation surface † on a two-punctured genus g surface with one pole of
order exactly two. This motivates the more complicated argument above.

In the case when gD 0, we have the following construction of a translation structure realizing a prescribed
monodromy:

Proposition 4.12 If k � 2, any representation �0;kC1 W �0;kC1 ! C with at least one puncture with
trivial monodromy is the holonomy of some translation structure on S0;kC1, where one of the punctures
corresponds to a zero of the abelian differential.

Proof If �0;kC1 is trivial, let S0;kC1 be the complex plane C with k punctures. This trivially defines a
translation structure, since the charts to C are given by the inclusion map (and the transition maps are
all identity maps). The points removed are clearly apparent singularities, and so is the order-two pole at
infinity.

Now consider the case when �0;kC1 is nontrivial. Since by removing regular points it is easy to add
punctures with trivial monodromy to a translation surface, we can assume without loss of generality
that each puncture, except one, has nontrivial monodromy. We shall build a translation surface † that
is homeomorphic to S0;k with one branch point, and is such that after removing the branch point, the
monodromy of the translation structure on the resulting surface is �0;kC1; note that the monodromy
around the branch point would be trivial.
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Figure 8: The construction of a translation surface homeomorphic to S0;2, with prescribed holonomy.

We now describe two such constructions for k D 2; note that since one puncture has trivial monodromy,
by (8) the other two punctures have monodromies a and �a, respectively, where a is a nonzero complex
number.

(i) Choose a direction � that is not parallel to the line passing through 0 and a, ie � ¤ ˙ arg.a/.
Consider the infinite strip S in C in the direction � , with an orientation induced from the complex
plane, such that the two boundary components differ by the translation z 7! zCa. Then let A be the
translation surface obtained by identifying the two boundary components of S via the translation.

(ii) As before, choose a direction � that is different from the direction determined by a. Consider the
complex plane C with slits along two infinite rays r1 and r2, in the direction � , that start from 0

and a, respectively. Let r�i and rCi be the upper and lower sides of the slits, respectively, where
i D 1; 2. We then identify r�1 with rC2 , and rC1 with r�2 , each by the translation z 7! zC a.

In all these cases, the translation surface we obtain is homeomorphic to an annulus. Removing a regular
point from this annulus, we obtain a puncture with trivial monodromy, and hence we obtain a translation
structure on a surface homeomorphic to S0;3 that has the desired monodromy. The abelian differential !
has poles at the two punctures with nontrivial monodromy: in construction (i), both poles are simple
(ie order one), whereas in construction (ii), one of them has order two (and the other is simple).

The difference between constructions (i) and (ii) is the following: if you choose regular point on the
resulting translation surface and consider an arc to a puncture that develops onto a ray in C in the
direction � , then if that puncture it is incident to is the one with monodromy a in (i), it is the one with
monodromy �a in (ii), and vice versa.

For k >2, let the translations around the k punctures with nontrivial monodromy, as determined by �0;kC1,
be A1; A2; : : : ; Ak . Let Ai .z/D zC ai , where ai 2C� for 1� i � k. Observe that by (8) we have

ak D�

k�1X
iD1

ai :

Consider the cyclically ordered sequence of points fp1; p2; : : : ; pkg in C, where p1 D 0 and pi D
Ai�1.pi�1/ for each i D 2; : : : ; k. From our observation it follows that p1 D Ak.pk/. Choose a
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direction � which is not parallel to 0 ai for any i , and let ri be the infinite ray in C that starts from pi

and has direction � . Now for each 1� i � k, we construct a translation surface †i homeomorphic to an
annulus, either by (i) or (ii) above, such that an arc from a regular point to the puncture with monodromyAi
develops onto the ray ri on C. We then glue †i to †iC1 along the rays ri and riC1, as in Definition 4.8,
where i 2 f1; 2; 3; : : : ; kg is cyclically ordered so that †k is glued with †1. The resulting translation
surface is homeomorphic to S0;k with k punctures having monodromy A1; A2; : : : ; Ak respectively, and
a single branch point of angle 2�k (which is the point corresponding to the pi after identifications).
Removing this branch point, we obtain a translation structure on a surface homeomorphic S0;kC1 with
monodromy equal to �0;kC1, as desired.

Remark Although our main result concerns punctured surfaces with negative Euler characteristic, it is
worth noting that in the case of the surface S0;2 (ie gD 0, kD 2), any representation � W�1.S0;2/ŠZ!C

can be realized as the monodromy of some translation structure on S0;2. In case � is trivial the desired
structure is the complex plane punctured at any point. Otherwise, if �.1/ D ˛ 2 C�, we can proceed
exactly as in the case (i) above; the resulting Euclidean cylinder is the desired structure on S0;2. Note that
such a nontrivial representation �, though degenerate, is the monodromy of a complex projective structure
without apparent singularities. Theorem 2.5 shows that this cannot happen in the case of negative Euler
characteristic.

We have thus been able to deal with two cases: one with number of punctures k D 2 but genus g > 0, and
the other with genus g D 0 but an arbitrary number of punctures, ie k � 2. Using the gluing construction
along rays once again, we can now prove the following more general statement:

Proposition 4.13 Let � be the first homology group of a surface Sg;k , where k � 3. Let � W �!C be
a nontrivial representation such that there is at least one puncture with trivial monodromy. Then there
is a translation structure on Sg;k whose monodromy is �, and is such that the corresponding abelian
differential ! on Sg;k extends to a meromorphic abelian differential x! on the closed surface Sg .

Proof We have already seen the necessity of a puncture with trivial monodromy. Our construction of a
translation structure with the prescribed monodromy � splits into a few different cases. Note that the case
for g D 0 is already done in Proposition 4.12. Henceforth we shall assume that g > 0.

Let �0;nC1 W �0;nC1! C be the representation as in (10), obtained by restricting � to the subsurface
of Sg;k that contains all the punctures with nontrivial monodromy. Here we assume that there are 0<n<k
such punctures, and hence the subsurface is homeomorphic to S0;nC1. Note that �0;nC1 has exactly one
puncture with trivial monodromy, corresponding to the boundary of the subsurface (which is trivial in
homology). Let the rest of the monodromies be represented by the corresponding translation vectors
a1; a2; : : : ; an 2C�. By Proposition 4.12 there is a translation surface †0 homeomorphic to S0;n with a
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single branch point p, and at least one of the other punctures is at infinity (in the induced flat metric),
such that the monodromy around the n punctures are the translations by a1; a2; : : : ; an. Then †0 n fpg is
homeomorphic to S0;nC1, and carries a translation structure realizing the character �0;nC1.

Now let �g;1 W�g;1!C be the representation as in (9), obtained by restricting � to the subsurface of Sg;k
that contains all the handles. If �g;1 is a nontrivial representation, then by Lemma 4.6 we can assume that
each handle-generator maps to a nonzero complex number. From the proof of Proposition 4.11 there is a
translation surface †1 homeomorphic to Sg;1, with one branch point and one puncture which is a pole of
order two, with holonomy �g;1. We then glue †0 and †1 along a suitable choice of rays from the branch
point on each surface to a pole, that develop to infinite rays in C that are parallel; see Definition 4.8.
The resulting translation surface is then homeomorphic to Sg;n and has one branch point. Removing
the branch point, and k�n� 1 additional regular points, we obtain the desired surface homeomorphic
to Sg;k equipped with a translation structure having monodromy �, as desired.

If �g;1 is the trivial representation, there are two cases:

Case 1 (� admits at least two punctures on Sg;k with trivial monodromy) We start with the translation
structure on Sg;3 that realizes the trivial representation; see Lemma 4.4. Recall from that construction
that such a translation structure is obtained from a translation surface †1 with trivial holonomy that has
two branch points, and a single pole of higher order at infinity in the induced flat metric. We can now
glue †0 and †1 along suitably chosen rays from a branch point to a pole at infinity, on either surface, as
in Definition 4.8. Note that the resulting surface is homeomorphic to Sg;n and has two branch points.
Removing these two branch points, and an additional k�n� 2 regular points if necessary, we obtain a
surface homeomorphic to Sg;k , equipped with a translation structure having monodromy �.

Case 2 (there is exactly one puncture on Sg;k with trivial monodromy) By our assumption, there are
exactly k � 1 punctures with nontrivial monodromy, which we denote by a1; a2; : : : ; ak�1 as before.
In this case, we first construct a translation structure on Sg;3 that realizes the representation for which
all handle-generators have trivial monodromy, exactly one puncture (call it p) has trivial monodromy,
and the other two punctures q and r have monodromy a1 and �a1, respectively: For this, we use the
same covering map … W Sg !CP1 as in the proof of Lemma 4.4, namely one that has three ramification
points 0; 1;12 CP1 and three critical points (the preimages of 0; 1;1) on the domain surface. This
time, we equip CP1 with a translation structure for which the abelian differential ! has a simple pole at 0
and1 (and residues a1=2g and �a1=2g, respectively), and 1 is a regular point. Note that as a translation
surface, the target is just a Euclidean cylinder with a distinguished regular point, and its pullback via … is
then a translation surface †1 homeomorphic to Sg;2 with one cone point (which is the preimage of 1) and
two punctures which are two simple poles of …�!. Removing the branch point, we obtain the desired
translation structure on Sg;3. Note that in the case that k D 3, the above construction completes the proof.

We now assume that k > 3; note that we can then assume without loss of generality that a1 ¤�a2.
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To †1 we shall glue a translation surface †00 homeomorphic to S0;k�2 with a single branch point, where
we construct †00 such that the monodromies around the punctures are a1C a2; a3; : : : ; ak�1. Such a
translation surface exists by Proposition 4.12; in that construction, we can also ensure that the puncture p0

with monodromy a1 C a2 is a simple pole. The gluing is now along a choice of a ray on †00 from
the branch point to p0, and of a ray on †1 from the branch point there to the puncture r , which has
monodromy �a1. Once again, we choose the rays so that they develop onto parallel rays on C. The
translation surface obtained after this gluing is homeomorphic to Sg;k�1; note that the pole obtained by
identifying the endpoints of the rays now has holonomy �a1C .a1C a2/D a2, and the other endpoints
define a single branch point after the identification. Removing this branch point, we obtain a translation
structure on Sg;k with monodromy �, as desired. Thus, in all cases, we are able to construct the desired
translation structure, and we are done.

4.3 Affine surfaces with at least two punctures

In this section (and the next) we shall assume that � W…! Aff.C/ is a nontrivial representation, where

Aff.C/D fz 7! azC b j a 2C� and b 2Cg

is the subgroup of PSL2.C/ comprising affine transformations. Here, recall that… denotes the fundamental
group of the surface Sg;k . Since Aff.C/ is precisely the subgroup of PSL2.C/ that stabilizes the point
12CP1, any degenerate representation into PSL2.C/ that has a global fixed point can be conjugated to
an affine representation as � above. Note that this includes the case of coaxial monodromy, when the
representation globally fixes two points in CP1.

In the language of geometric structures, an affine structure on Sg;k is an atlas of charts to C such that
the transition maps are affine maps; notice that translation structures (see Section 4.2) are a special case.
Recalling our Definition 4.7, in the same spirit we describe an affine structure as follows:

Definition 4.14 An affine surface is a surface obtained by identifying sides of a (possibly disconnected,
and possibly noncompact) polygon in C by affine maps. Note that the vertices after identification may
result in branch points; a neighborhood of a branch point on an affine surface develops to C as the map
z 7! zn for some n > 1. Unlike in Definition 4.7, however, the resulting surface † may not have an
induced Euclidean metric. Removing the set of branch points B , we obtain an affine structure on the
punctured surface with the punctures in B having trivial monodromy (ie apparent singularities of the
affine structure).

In the course of this section we need to also consider another particular kind of affine structure, namely:

Definition 4.15 A half-translation structure is obtained by starting with a collection of (possibly
noncompact) polygons in C bounded by straight lines and/or rays and/or segments, and identifying
such sides by half-translations, ie maps of the form z 7! ˙zC c. The resulting surface † acquires a
Euclidean metric, with possible cone points with cone-angles k� , where k 2 ZC. On the complement
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of the cone points, we obtain a Euclidean structure locally modeled on C and such that the transition
maps are affine maps of the form z 7!˙zC c. These structures naturally come equipped with a (possibly
meromorphic) quadratic differential q, induced from the quadratic differential dz2 on C. A zero of q of
order m� 1 corresponds to a cone point of angle .mC 2/� , and a simple pole is a cone point � .

In this section, our strategy is to construct affine structures with a given affine monodromy � W…!Aff.C/.
For this, we prove analogues of the results and constructions in Section 4.2.

Just like we did for translation surfaces in Definition 4.8, we can glue affine surfaces along rays as follows:

Definition 4.16 (gluing affine surfaces) Let †1 and †2 be two affine surfaces with embedded arcs
l1 and l2, respectively, from a branch point or regular point to a puncture, that each develop onto an
infinite ray in C. Then we can define a new affine surface † by making a slit along l1 and l2, and gluing
crosswise to obtain an affine surface †. This gluing is exactly as in Definition 4.8, except that now the
identifications between sides of the slit are by an affine map and its inverse. (In particular, the two rays that
are the developed images of the lifts of l1 and l2 need not be parallel.) As before, if †i is homeomorphic
to Sgi ;ki

for i D 1; 2, then † is homeomorphic to Sg1Cg2;k1Ck2�1. Moreover, the starting points of the
rays determine a branch point on †.

However, the above gluing has a disadvantage: if the two rays in the developing image are not identical
but related by an affine map A, the holonomy of the resulting affine surface † might be affected by A.
For example, if one of the endpoints of the arc being slit is a puncture with nontrivial monodromy M1 on
one surface, and the corresponding puncture on the other surface has nontrivial monodromy M2, then the
monodromy around the puncture on † will be M1AM2A

�1. Note that this issue does not arise in the
case of a translation surface (cf Definition 4.8) since the holonomy then is abelian.

To handle this, we introduce the following variant of the gluing procedure that ensures that after gluing,
the holonomies on the two constituent subsurfaces remain unchanged.

Definition 4.17 (gluing preserving holonomy) Let †0 and †1 be affine surfaces, as before, with rays
r0 and r1 respectively, each from a (possibly branched) point of the surface to the puncture at infinity.
The only requirement will be that the developing map of either surface takes the starting point of the
ray to a common point p 2 C. In the gluing procedure we shall use the complex plane (thought of as
an affine surface) together with a choice of a ray r? leaving from p, which we denote by .C; r?/. The
ray r0 develops onto a ray xr0 leaving from p. We slit †0 along r0 and .C; r?/ along xr0 and then we
identify the resulting boundary rays crosswise, as in the Definition 4.16, to obtain an affine surface †00
with holonomy �0. In the same fashion, the ray r1 develops on a ray xr1 leaving from p and hence we
glue the affine surfaces †1 and .C; r?/ along rays to obtain an affine surface †01 with holonomy �1. By
construction, the new surfaces †00 and †01 each contain a ray, say r 00 and r 01 respectively, from the branch
point to a puncture at infinity that develop onto the same ray r? �C. We slit †00 and †01 along these two
rays and glue as in Definition 4.16 to obtain the final affine surface †. If †0 Š Sg0;k0

and †1 Š Sg1;k1
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Figure 9: In the gluing preserving holonomy (Definition 4.17), we introduce an intermediate copy
of the complex plane.

then the resulting surface † is homeomorphic to Sg0Cg1;k0Ck1�1. Note that the starting points of the
arcs get identified to a branch point on †. In this construction the rays on the two surfaces being glued
develop into the same ray r?, therefore the resulting affine surface has monodromy � that restricts to �0
and �1 on the subsurfaces corresponding to †0 and †1 respectively.

We start with the analogue of Proposition 4.12, that handles the case when g D 0:

Proposition 4.18 If k � 2, any representation � W �1.S0;kC1/! Aff.C/ with at least one puncture with
trivial monodromy is the holonomy of some affine structure on S0;kC1.

Proof Let us start by assuming k D 2 and let � W �1.S0;3/! Aff.C/ have at least one puncture with
trivial monodromy. If all the punctures have trivial monodromy then C n fq1; q2g provides the desired
structure for any pair of points q1; q2 2C. We therefore assume the existence of at least one puncture
with nontrivial monodromy, say A 2 Aff.C/. The remaining puncture necessarily has monodromy A�1.

Let p0 2 C be any point. Let r0 be a ray leaving from p0 and let A.r0/ be the image of r0 leaving
from A.p0/. We can always choose r0 such that the rays r0 and A.r0/ are not contained in each other,
ie r0 6�A.r0/ and A.r0/ 6� r0. However, the rays r0 and A.r0/ may intersect at some point s 2 r0\A.r0/.
If this is the case, we replace p0 with a point p? 2 r0 such that p? … p0s. Notice that the segment p0s
may be degenerate, that is a point, if p0 D Fix.A/. Let r? be the subray of r0, leaving from p?. By
construction, r? is disjoint from its image A.r?/.

We slit C along r? and let rC? and r�? be the right and the left copy of r? respectively. In the same fashion,
we slit C along A.r?/ and denote by A.r?/C and A.r?/� the right and the left copy of A.r?/ respectively.
We glue rC? with A.r?/� and similarly glue r�? with A.r?/C by using the affine map A; see Figure 10.

The resulting surface is a two-punctured sphere which carries an affine structure with one branch point
of magnitude 4� arising from the identification of the points p? and A.p?/. One of the punctures has
monodromy A and the other puncture has monodromy A�1 by construction. We eventually delete the
branch point in order to get an affine structure † on S0;3 with the desired monodromy.
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We now consider the general case when k � 3. Let � W �1.S0;kC1/! Aff.C/ be a representation such
that at least one puncture has trivial monodromy. There is no loss of generality in assuming that exactly
one puncture has trivial monodromy. In fact, as already observed in Proposition 4.12, it is easy to add
further punctures with trivial monodromy to an affine structure by deleting some regular points. The idea
for the general case is to define k� 1 affine structures on S0;3 as above and then glue them together to
obtain an affine structure on S0;kC1 with one apparent singularity.

Let A1; A2; : : : ; Ak; AkC1 be the monodromies of the punctures. We may assume AkC1 D Id and then
observe that Ak D .A1A2 � � �Ak�1/�1. Let p0 2 C be any point and let r0 be a ray leaving from p0.
For any i D 1; : : : ; k � 1, we define pi D Ai .p0/ and ri D Ai .r0/. Clearly, ri is a ray leaving from pi .
Notice that r0 can be chosen such that ri 6� r0 and r0 6� ri for i D 1; : : : ; k� 1. However, the ray ri may
still intersect r0 at some point, say si , as observed above. We claim the existence of some good point
xp0 2 r0 and a subray xr0 � r0 leaving from xp0 such that, upon setting xri D Ai .xr0/, one has xri � ri and
the rays xr0 and xri are disjoint.

We briefly show why the claim above is true. Let �0 W Œ0;1/! C be a parametrization of r0. We can
easily see that any parameter � 2 Œ0;1/ determines a subray r� � r0. Moreover, given two parameters
�1; �2 such that �1 < �2, the corresponding rays are such that r�2

� r�1
. We now define �i W Œ0;1/!C

to be the parametrization of ri satisfying the equation �i D Ai ı �0. Upon setting t0 D 0, as we showed
above, it is possible to find a time t1 such that the subray rt1 � r0 leaving from �0.t1/ is disjoint from the
ray A1.rt1/ leaving from �1.t1/. However, it may happen that the rays rt1 and A2.rt1/ still intersect. We
apply again the same reasoning to these rays. There is a time t2 � t1 such that A2.rt2/� A2.rt1/� r2,
leaving from �2.t2/, is disjoint from the subray rt2 � r0 leaving from �0.t2/. By proceeding in the same
fashion at most k times, it is then possible to find a time xt � t0 such that each subray xri DAi .rxt /, leaving
from �i .xt /, is disjoint from rxt for any i D 1; : : : ; k� 1.

By replacing p0 with xp0 D �0.xt /, we may assume without loss of generality that each ray ri is disjoint
from r0. For each i D 1; : : : ; k � 1, we consider a copy of the C along with the rays r0 and ri D Ai .r0/
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that are disjoint. For the i th copy of C, we can proceed as above by slitting C along them and regluing to
obtain a branched affine structure †i on a two-punctured sphere with one branch point arising from the
identification of the points p0 and pi D Ai .p0/. One of the punctures has monodromy Ai and the other
has monodromy A�1i .

We now explain how to glue these k � 1 surfaces. Let `i be an arc on †i from the branch point
to the puncture with monodromy A�1i that develops into an infinite ray in C starting from p0. We
can now glue †1; †2; : : : ; †k�1 successively along these rays, as in Definition 4.17. The resulting
surface is homeomorphic to S0;k and carries an affine structure †. By construction, the punctures have
monodromy A1; A2; : : : ; Ak�1, and Ak D .A1 � � �Ak�1/�1. The branch points on each †i get identified
to a single branch point P 2 †. By deleting that point, the surface † n fP g carries an affine structure
with monodromy �, as desired.

For the case when g > 0, we begin with the following observation:

Lemma 4.19 Assume that g > 0, and let � W…! Aff.C/ be a representation such that �.
/¤ Id for
at least one handle-generator 
0 on Sg; k . Then there exists � 2MCG.Sg; k/ with an associated outer
automorphism �� W…!… such that � ı��.
/¤ Id for each handle-generator 
 .

Sketch of the proof The proof is exactly the same as that of Lemma 4.6: note that the standard basis of
homology can be considered as a generating set for …, and changes of homology basis used in the proof
of Lemma 4.6 can be realized by a mapping class.

Henceforth, we shall assume that in the case g > 0, the representation � maps each handle-generator
to a nontrivial affine map; cf the remark following Lemma 4.6. The following is the analogue of
Proposition 4.11:

Proposition 4.20 Let g >0 and let � W�1.Sg;2/!Aff.C/ be a nontrivial representation such that there is
at least one puncture with trivial monodromy. Then there is an affine structure on Sg;2 with monodromy �,
obtained by puncturing an affine surface † with a unique branch point.

Proof We shall now describe the construction of the affine surface † by gluing of polygons, as in
Proposition 4.11. A crucial difference from the construction there is that in the case of affine holonomy,
the commutator of two elements (eg a pair of handle-generators) need not map to the trivial (identity)
element via �. Depending on whether the image of � is finite of order two, we shall have to distinguish
two cases.

Assume Im.�/ is not finite of order two. We start with the case when gD1. LetA andB be the affine maps
that are the monodromies around the handle-generators ˛ and ˇ respectively, ie �.˛/D A and �.ˇ/D B .
Note that by the assumption of nontriviality of �, and by Lemma 4.19, we can assume that neither A
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Figure 11: The construction of an affine surface † homeomorphic to S1;1 where the puncture is
at infinity, and † has a single branch point; see the proof of Proposition 4.20.

nor B is the identity map. As already observed above, the commutator C WD ŒA; B� D ABA�1B�1

need not be the identity map; however, it is easy to verify that C is always a translation, and since
� W �1.S1;2/! Aff.C/ is a homomorphism, the remaining puncture has monodromy C�1 around it.

Fix a point p 2C that is not a fixed point of A or B , and let q1 WD AB.p/ and q2 WD BA.p/. Note that
q1 D q2 if A and B commute. Consider the four directed line segments e1 WD A.p/q1, e2 WD pA.p/,
e3 WD pB.p/ and e4 WD B.p/q2. Note that B.e2/D e4 and A.e1/D e3. Consider two additional infinite
rays e0 and e5 with starting points q1 and q2 respectively; if q1 D q2 (when A and B commute), we take
e0 D e5. The directed curve L WD e0[ e1[ e2[ e3[ e4[ e5 is then an immersed polygonal curve in C.

As in the proof of Proposition 4.11, we then choose a collection of infinite rays RD fr1; r2; : : : ; r5g with
starting points at the vertices of the segments defined above, and consider embedded region Ri for each
i 2 f0; 1; : : : ; 5g, bounded by the segment ei and one or two infinite rays from the collection R. As before,
there are two choices of such a region, since the union of ei and the ray(s) from its endpoint(s) separates
the complex plane; we choose the one that results in the correct orientation of the handle-generators ˛; ˇ
in the affine surface † that we shall define below. Note that each region Ri has one ideal vertex at1
on C, and their union R WDR0[R1[ � � � [R5 is an immersed disk with a puncture at1 and boundary
@RD L.

Define the affine surface † to be the quotient of R obtained by identifying the boundary segments e1
and e3 via the affine map A, e2 and e4 via the affine map B , and e0 and e5 via the translation ŒB; A�
(which is the identity map if A;B commute, compatible with our requirement that e0 D e5 in such a
case). The resulting surface † is homeomorphic to a punctured torus, where the puncture is the point
at1 on C. From our construction, the pairs of segments fe2; e4g and fe1; e3g after identifications define
the handle-generators ˛; ˇ; here note that the regions Ri are chosen to lie on the correct “side” of these
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directed segments so that ˛ and ˇ have the desired orientation on the punctured torus. Moreover, the
handle-generators ˛ and ˇ on † have holonomy A and B respectively, and the monodromy around the
puncture at1 is the translation C . Note that the vertices of the segments feig1�i�4 get identified to a
single branch point q on †. The surface † n fqg is thus homeomorphic to S1;2 and acquires an affine
structure with the desired monodromy �, in which q is a puncture with trivial monodromy.

The higher-genus case, ie g � 2, relies on the preceding construction. Let f˛1; ˇ1; : : : ; ˛g ; ˇg ; 
1; 
2g
be a generating set of �1.Sg;2/, where for 1 � i � g, f˛i ; ˇig is a pair of handle-generators of the
i th handle. For any i D 1; : : : ; g there is an injection |i W h˛i ; ˇi i ! �1.Sg;2/ and we define �i as � ı |i .
By Lemma 4.19, we assume that each of these affine maps is nontrivial, ie not the identity map.

Let p 2CP1 n fFix.A/ j A 2 Im.�/g be any point. For each i , let †i be the affine surface homeomorphic
to the punctured torus, with monodromy �i , obtained from the construction above based at p. In order to
glue these g affine surfaces together we have to find g rays, one for each †i , that all develop on the same
ray in C. For this, we employ the construction in Definition 4.17, which we now spell out in more detail.

Recall that C in its own right can be regarded as an affine structure with trivial monodromy on a disk.
We single out on such a structure a ray, say r0, leaving from the point p above towards infinity. The pair
.C; r0/ is an affine structure with a marked r0. On each surface †i , we choose an infinite ray ri from the
unique branch point to the puncture at infinity and such that it develops on C along a ray, say xri , leaving
from p towards infinity. Notice that a copy of the ray xri is contained even in .C; r0/. For any i , we glue
together the affine surfaces †i and .C; r0/ along the rays r0 and xri according to our Definition 4.16. The
resulting surface is still homeomorphic to S1;1 but carries a new affine structure †0i with monodromy �i .
Moreover, on each surface †0i we can single out a copy of the ray r0.

We can now glue together affine surfaces †01; : : : ; †
0
g along these copies of r0 (again according to our

Definition 4.16) to obtain an affine surface †. This surface † is homeomorphic to Sg;1 and has a unique
branch point q which develops on p 2C and it is the starting-point of the rays, after the identifications.
Removing q from †, we obtain the desired surface homeomorphic to Sg;2 and equipped with an affine
structure with monodromy �.

Let us finally assume Im.�/Š Z2. Notice that we can always find a basis ˛1; ˇ1; : : : ; ˛g ; ˇg such that

(15) �.˛i /D 1 and �.ˇi /D�1 for any 1� i � g:

Even in this case the proof is based on an inductive process, therefore we start with the case gD 1. There
exists a half-translation structure on CP1, see Definition 4.15, associated to a meromorphic quadratic
differential � having one zero of order 2 at 0, two poles of order �1 at ˙1 and, finally, one pole of
order �4 at 1 2 CP1; see Definition 4.15 and the subsequent remark. Recall that, given a quadratic
differential, a pole of order one corresponds to a cone point of angle � and a zero of order two corresponds
to a branch point of magnitude 4� . It is possible to verify that such a structure has nontrivial holonomy
given by a representation � W �1.CP1 n f˙1g/! Z2 Š fz!˙zg. We now make use of this structure
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to realize a half-translation structure † with the desired holonomy. Take two copies of the structure
.CP1; �/ and slit both along the segment ei D Œ�1; 0� and the infinite ray ri D Œ1;1� for i D 1; 2. Denote
the resulting sides by e˙i and r˙i . We define † to be the half-translation structure on a torus obtained
by identifying eC1 with eC2 , e�1 with e�2 and, in the same fashion, rC1 with rC2 and r�1 with r�2 . Such a
structure is naturally associated to a meromorphic quadratic differential q having one zero and one pole
of order 6. By removing the singularities of q we obtain an affine structure on S1;2 with the desired
monodromy. The general case g � 2 now proceeds as follows. From our construction, there always exists
an infinite ray xr �† joining the two punctures. Then consider g copies of † slit along xr , and glue along
rays (as in Definition 4.17) in succession. The resulting surface is homeomorphic to Sg;2 and carries a
half-translation structure with holonomy �, as desired.

Using the previous two propositions, together with the gluing construction as in Definition 4.16, we can
now prove the analogue of Proposition 4.13:

Proposition 4.21 Let g > 0 and k > 2, and let � W �1.Sg;k/! Aff.C/ be a nontrivial representation
such that there is at least one puncture with trivial monodromy. Then there is an affine structure on Sg;k
with monodromy �, obtained by puncturing an affine surface † with a unique branch point.

Proof We shall follow the strategy of the proof of Proposition 4.13. Our construction of the affine
surface † will split into two cases.

Case 1 (the representation � has at least two punctures with trivial monodromy) Define �0 W�1.Sg;2/!
Aff.C/ as the restriction of � to a subsurface of Sg;k homeomorphic to Sg;2 that contains all the handles
and one puncture with trivial monodromy. Let �1 W �1.S0;k/! Aff.C/ be the restriction of � to the
complementary subsurface, that contains all the other punctures. Note that by our assumption �1 has at
least one puncture with trivial monodromy. There are two subcases:

Subcase (i) (the representation �0 is nontrivial) We shall build † by gluing together two affine surfaces
†0 and †1, where:

� †0 is homeomorphic to Sg;1 and has exactly one branch point p, and the monodromy of the
affine structure on the surface †0 n fpg is �0. If �0 is nontrivial, such an affine surface exists by
Proposition 4.20.

� †1 is homeomorphic to S0;k�1, and has holonomy �1 and exactly one branch point. Such an affine
surface exists by Proposition 4.18.

Recall that both the affine surfaces †0 and †1 depend on the choice of an initial basepoint. We
choose the same basepoint, say p for both structures. It follows from the constructions in the proofs of
Propositions 4.18 and 4.20 that the branch points on both surfaces develop to p. For the gluing, we slit
along rays, say r0 and r1, on †0 and †1 respectively, from the branch point to a puncture at infinity.
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These rays may develop into different rays on C with the same starting point p. We glue along these rays
as in Definition 4.17 to obtain a surface † homeomorphic to Sg;k�1 and having a single branch point.
Removing the branch point, we obtain an affine surface homeomorphic to Sg;k that has holonomy �.

Subcase (ii) (the representation �0 is trivial) At least two punctures are trivial; let A3; A4; : : : ; Ak be
the affine maps that are the monodromy around the remaining punctures. We can exclude the case that
k D 3 here, since then the triviality of �0 would imply that � is trivial, contradicting our assumption.
According to our Lemma 4.4, there is a branched projective structure on Sg with three branch points,
one of which develops at12 CP1. We first construct a (branched) affine surface †0 homeomorphic
to Sg;1 with two branch points by removing the branch point at infinity. Let r0 be a ray starting from one
of the branch points to the puncture at infinity and let xr0 be its developed image on C. It is an infinite ray
leaving from a point p 2C. Also, construct an affine surface †1 homeomorphic to S0;k�2 with exactly
one branch point, such that the monodromy around the punctures are A3; : : : ; Ak; such a surface exists
by Proposition 4.18. Recall that the construction is subject to the choice of a basepoint. By choosing p as
the basepoint, it follows by construction that the branch point of †1 develops at p. Let r1 �†1 be any
ray from the branch point to a puncture at infinity and let xr1 be the developed ray leaving from p. As
before, we now glue preserving holonomy, as in Definition 4.17. Namely, we slit †1 along r1 and then
glue a copy of the marked affine structure .C; xr0/ slit along xr1. Notice that the gluing is possible because
r1 develops on xr1 �C by construction. The resulting surface is homeomorphic to S0;k�2 but carries a
new branched affine structure †01 containing a whole copy of C with the embedded ray xr0. We slit †0
along r0 and †01 along xr0 and then we identify the resulting boundary rays crosswise to obtain an affine
surface † homeomorphic to Sg;k�2 and two branch points. Removing the branch points we obtain the
desired affine structure on Sg;k with monodromy �.

Case 2 (the representation � has exactly one puncture with trivial monodromy) Consider the subsurface
of Sg;k that contains all the handles, and the puncture with trivial monodromy; such a surface is
homeomorphic to Sg;2. Let �0 W �1.Sg;2/! Aff.C/ be the restriction of � to that surface. Note that �0
has trivial monodromy for one of the punctures, and the other puncture has monodromy C that is the
product of the commutators of the holonomies around the handle-generators, for each handle. If this
product is the identity map, then we can use the same constructions as in Case 1 to finish the construction
of the desired affine surface †. In what follows, we shall assume that C is not the identity element (and
is therefore some nontrivial translation).

Either using Proposition 4.20 if �0 is nontrivial, or Case 2 of the proof of Proposition 4.13 if �0 is trivial,
we can then build an affine surface †0 such that

(a) it is homeomorphic to Sg;1 and a single branch point, say q,

(b) on removing the branch point, the affine structure on † n fqg has monodromy �0, and

(c) there is a ray r0 from q to the puncture at infinity which has monodromy C by construction. This
ray develops on an infinite ray xr0 leaving from a point p 2C.
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Figure 12: The construction of an affine surface † by gluing †0 and †1 along rays, in Case 2 in
the proof of Proposition 4.21.

Let the monodromy around the remaining punctures be A2; A3; : : : ; Ak . Given the point p as above, by
Proposition 4.18 there is an affine surface †1 that is homeomorphic to S0;k�1 such that

(a) there is exactly one branch point which develops to the point p, and

(b) the monodromy around the punctures are A2C�1; A3; A4; : : : ; Ak .

Let r1 be a ray from the branch point to the puncture with holonomy A2C�1 and let xr1 be its developed
image. We glue †0 and †1 along the rays r0 and r1, as in Definition 4.17. Recall that in that gluing-
preserving holonomy, we in fact first attach copies of the affine surface C to r0 and r1 respectively, and
then glue along the same ray r? in these copies via the identity map. The resulting affine surface † is
homeomorphic to Sg;k�1 and has one branch point p where the starting points of the rays get identified.
Since the final gluing (along the ray r?) is by the identity map, the other endpoints of the rays get identified
to a puncture with holonomy A2C�1 �C D A2; cf the discussion just before Definition 4.17. Hence the
monodromy of the affine structure on † n fqg is precisely �, as desired.

5 Affine holonomy and a single puncture

In this section we deal with the case when the representation � is into the affine group Aff.C/, as in
the previous section, for once-punctured surfaces of positive genus, that is, k D 1 and g > 0. For this,
we need to modify the construction in Proposition 4.20 such that the “puncture at infinity” for † is a
regular point when viewed as a projective structure. We can then “fill in” that puncture to obtain a surface
equipped with a projective structure (away from a single branch point).

5.1 Necessary conditions

We start by showing the necessity of assuming the image of � is not a finite group of order two in
Theorem A.

Lemma 5.1 Let � W �1.Sg;1/! Aff.C/ be a nontrivial representation such that the puncture has trivial
monodromy and the image of � is finite of order two. Then � does not appear as the monodromy of any
projective structure Sg;1.
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Proof Let G D ker.�/ and let ySg;1 be the covering of Sg;1 associated to G. The group G is a subgroup
of �1.Sg;1/ of index two, and hence the covering map f W ySg;1! Sg;1 turns out to be a Galois covering
map of degree two. In particular, ySg;1 is homeomorphic to S2g�1;2. Let us now assume the existence of
a complex projective structure on Sg;1. Then we may lift this structure to a complex projective structure
on S2g�1;2 with monodromy determined by the composition �ıf�, where f� W �1.S2g�1;2/! �1.Sg;1/.
Since the image of f� is nothing but ker.�/, the representation � ıf� is just the trivial one. Therefore, by
our Lemma 4.3, such a structure does not exist and, in turn, there is no complex projective structure on
Sg;1 with monodromy �.

5.2 Once-punctured translation surfaces

The case of translation structures on once-punctured surfaces is actually subsumed by the construction
in the proof of Proposition 4.11, provided we only require a projective structure, and not a translation
structure, on the surface.

Proposition 5.2 Let Sg;1 be a surface of genus g > 0 and exactly one puncture , and let �g;1 be its
first homology group. Any nontrivial representation � W �g;1!C is the monodromy of some projective
structure on Sg;1.

Proof From (8), we know that the puncture must have trivial monodromy. We can then construct
a translation surface † homeomorphic to Sg;1 exactly as in the proof of Proposition 4.11, that has
holonomy �, one branch point p and one pole of order two. Note that a pole of order two is the point
at 1 in a standard planar end of C; thus in particular, 1 is a regular point of CP1. Thus, we can
consider y† D †[ f1g to be a surface equipped with a projective structure, with exactly one branch
point (namely, p); the surface y† n fpg is then the desired surface homeomorphic to Sg;1 equipped with a
projective structure having monodromy �.

Remark If a nontrivial representation � W �g;1!C is the monodromy of a translation structure, then
the corresponding abelian differential ! must extend to an abelian differential with exactly one zero
on the closed surface Sg . The recent work of Le Fils [2022] and Bainbridge, Johnson, Judge and Park
[Bainbridge et al. 2022] generalizing Haupt’s theorem (see [Haupt 1920] and [Kapovich 2020]) provides
necessary and sufficient conditions on � for the existence of such a structure.

5.3 Once-punctured affine torus

For the once-punctured torus, the problem of finding an projective structure with prescribed affine
holonomy is handled by the following result:

Proposition 5.3 Let � W �1.S1;1/! Aff.C/ be a nontrivial representation such that the puncture has
trivial monodromy. Assume �

�
�1.S1;1/

�
is not finite of order two. Then there is a projective structure on

S1;1 with monodromy �.
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Proof Let � W �1.S1;1/! Aff.C/ be a nontrivial affine representation, let ˛ and ˇ denote two handle-
generators and let 
 D Œ˛; ˇ� be a curve enclosing the puncture. The monodromy around the puncture is
assumed to be trivial, ie �.
/D I . This implies in particular that �.˛/D A and �.ˇ/D B commute and
hence the representation � is abelian. Up to conjugation, we may assume without loss of generality that

(16) AD

�
a 0

0 1

�
and B D

�
b 0

0 1

�
;

where a; b … f0; 1g. In fact, a and b cannot be both equal to one as the representation is assumed to be
nontrivial and, whenever A or B is the identity matrix, a suitable change of basis puts the matrices in the
desired form. Given any point p0 2C, we define the points pi for i D 1; : : : ; 3 as follows: p1 D A.p0/,
p2 D AB.p0/D BA.p0/, and finally p3 D B.p0/. The polygon

(17) p0 7! p1 7! p2 7! p3 7! p0

bounds a possibly self-intersecting and possibly degenerate quadrilateral Q on the complex plane. As
already done before, we shall denote the directed edges as follows:

e1 D p1 p2; e2 D p0 p1; e3 D p0 p3; e4 D p3 p2:

The edges of this polygon are related by the maps A;B as follows: A.e3/D e1 and B.e2/D e4. Given
the matrices A and B as in (16), it is convenient to choose p0 D 1. As a consequence, p1 D a, p2 D ab
and p3D b. We observe that the points f1; a; b; abg �C are all aligned if and only if they are all real and
the quadrilateral Q degenerates to a segment. According to this property, we shall divide the discussion
into two cases.

Case 1 (the points 1; a; b; ab are not reals) In this case, the points 1; a; b; ab are the vertices of some
possibly self-intersecting quadrilateral Q. As done before in Proposition 4.11, we can choose a collection
of infinite rays RD fr0; r1; r2; r3g with starting points at the vertices pi of Q and consider embedded
region Ri , for each i 2 f0; : : : ; 3g, bounded by the segment ei and two infinite rays from the collection R.
Even in this case there are two choices of each such a region, since the union of ei and the ray from its
endpoints separates the complex plane; we choose the one that results in the correct orientation of the
handle-generators ˛; ˇ in the affine surface † that we shall define below; see Figure 6. Each region Ri
has one ideal vertex at1 2 CP1 and the union of the regions determines an immersed disc R on the
Riemann sphere with boundary @R D e1 [ e2 [ e3 [ e4. We define † to be quotient of the region R
by identifying the boundary segments e1 and e3 via the affine map A, and the segments e2 and e4 via
the affine map B . The resulting surface is homeomorphic to a punctured torus endowed with an affine
structure on a punctured torus with one branch point of magnitude 6� and one pole of order two. We can
fill up the puncture by adding a complex projective chart locally modeled at12 CP1 and eventually
remove the (only) branch point. The final surface is a punctured torus endowed with a complex structure —
but not affine — having monodromy �.

Case 2 (the complex numbers 1; a; b; ab are reals) In this case the four points 1; a; b; ab are aligned,
and a similar construction works. Recall that in this case a; b … f˙1g in the light of Lemma 5.1 above.
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The main difference from Case 1 is that the quadrilateral Q degenerates to a segment on the real axis.
Whenever either a or b is greater than zero, then we can still find a collection of rays and regions Ri
with the desired properties and thence one can proceed as above. However, when both a; b are negative it
turns out to be impossible to find rays and regions as desired, regardless of the choice of the basepoint p0.
In this case, we first need to change the handle-generators in order to make either a or b a positive real.
For instance, we may replace f˛; ˇg with f˛; ˛ˇg. Then we can proceed as above.

Remark Here is a construction, inspired by [Mondello and Panov 2019, Lemma 2.2], of a projective
structure (in fact, a spherical structure) on S1;1 such that the image of the monodromy representation is a
finite cyclic group of order k � 3. Let C be a great circle in CP1 and let ˛ be the “orthogonal” geodesic
line in H3 (thought of as the unit ball, with @1H3 D CP1) passing through the origin. On C we can
single out two adjacent segments, say l1 and l2, each of length 2�=k in the spherical metric. Of course,
l1 and l2 are related by the elliptic element E that is a rotation of angle 2�=k around the axis ˛. Slit
CP1 along l1 and l2. The resulting space is a bigon with two vertices each of angle 2� . Then reglue
lC1 with l�2 and l�1 with lC2 . The final surface is a torus equipped with a spherical structure and a single
branch point of angle 6� . By deleting the branch point we end up with the desired structure on S1;1
having the desired monodromy, since the monodromy of each handle-generator is E˙1.

5.4 Higher-genus affine surfaces

Let us finally consider the general case of punctured surfaces with genus g � 2. Our goal is to realize the
given representation to the affine group as the monodromy of some branched projective structure with a
single branch point. By deleting such a point, we end up with a complex projective structure on Sg;1
as desired. Note that although the monodromy is into the affine group Aff.C/, the projective structure
obtained might not be an affine structure. Namely, we prove the following:

Proposition 5.4 Let g � 2 and let � W �1.Sg;1/ ! Aff.C/ be a nontrivial representation such that
the puncture has trivial monodromy. Assume �

�
�1.Sg;1/

�
is not finite of order two. Then there is a

CP1-structure on Sg;1 with monodromy �.

Our proof shall deal with the coaxial case and noncoaxial case separately. In the final subsection we also
provide an alternative proof using Le Fils’ results [2023]. Before moving to the proof of Proposition 5.4,
we shall need some technical results.

5.4.1 Some technical lemmata In order to state and prove those lemmata we shall need, we begin by
introducing the following definitions.

Definition 5.5 (unitary part, linear part) Given a coaxial representation �, its unitary part �u W…!U.1/

is defined by �u.
/D exp .i arg.�.
/// for each 
 2…. Note that if � is unitary then �D �u. This notion
easily extends to any affine representation as follows. In fact, there is a natural projection Li WAff.C/!C�

that associates to any mapping A.z/D azC b its linear part, ie Li.A/D az. Notice that if � is coaxial,
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ar

br bs

as

�
a�1r as

brbs

Figure 13: The mapping class � changes the pairs of handle-generators f˛r ; ˇrg and f˛s; ˇsg to
f˛r ; ˇrˇsg and f˛�1r ˛s; ˇsg, respectively.

then Li ı �D �. The unitary part of a generic representation � is a representation �u W �1.S1;1/! U.1/,
defined as �u.
/D exp

�
i arg.Li ı �.
//

�
.

Definition 5.6 Given a coaxial representation �, a handle on Sg;1 generated by a pair f˛; ˇg of simple
closed curves intersecting only once will be called rational if �u.˛/ and �u.ˇ/ generate a discrete
subgroup of U.1/. Alternatively, if the dilation factors of �.˛/ and �.ˇ/ are a and b respectively, then
the handle is rational if their arguments arg a and arg b are in 2�Q (the dilation factor of an affine map
A.z/D az is a 2C�). We will say the handle is irrational if it is not rational.

The following lemma concerns affine representation with dense unitary part.

Lemma 5.7 Let � W…! Aff.C/ be an affine representation such that Li ı � is not unitary. Then there
exist handle-generators f j̨ ; ǰ g1�j�g on Sg;1 such that jaj j; jbj j> 1, where aj and bj are the dilation
factors of �. j̨ / and �. ǰ / respectively. Moreover , in the case the unitary part �u has a dense image
in U.1/, we can also ensure that arg aj ; arg bj … 2�Q for each 1 � j � g and , for any � > 0, we can
choose a set of handle-generators that satisfy , in addition to the above properties , jarg aj j; jarg bj j< � for
each j .

Proof First of all we notice that it is sufficient to prove the lemma for coaxial representations. In fact, the
general case follows by replacing � with Liı�. Choose an initial set of handle-generators f j̨ ; ǰ g1�j�g ;
in the following argument, whenever we modify this set of generators via a mapping class, we shall
rename and continue denoting the resulting set by the same notation (viz. j̨ ; ǰ ). We shall also denote
by aj and bj the dilation factors of �. j̨ / and �. ǰ / respectively. We shall first show that we can choose
handle-generators so that jaj j ¤ 1 and jbj j ¤ 1 for each j .

Since � is not unitary, it follows that jar j ¤ 1 for some r . Note that if jbr j ¤ 1 instead, we can interchange
the handle-generators via the mapping class that takes the pair f˛r ; ˇrg 7! fˇr ; ˛�1r g. Now if jbr j D 1
we can change this pair via the mapping class that takes f˛r ; ˇrg 7! f˛r ; ˛r ˇrg; such a mapping class is
supported on that handle, and Dehn-twists around ˛r . This makes the modulus of the dilation factor of
the �-image of the second generator also different from 1. If jasj D 1 for some other index s, then we
change the two handles (the r th and sth) via the mapping class � that takes f˛r ; ˇrg 7! f˛r ; ˇr ˇsg and
f˛s; ˇsg 7! f˛

�1
r ˛s; ˇsg; see Figure 13. In this way we can make sure that the modulus of the dilation
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factor of the first generator of the second handle is ja�1r asj ¤ 1, and so we can continue the process as
above, until all handle-generators have their corresponding dilation factors not equal to 1.

To ensure the dilation factors are strictly greater than 1 in modulus, we perform the following modifications:

Claim 1 For any handle , there is a change of generators by a mapping class such that their dilation
factors satisfy jaj> 1 and jbj> 1.

Proof Assume that jbj < 1. Recall that we have already ensured above that jaj ¤ 1. We can use the
change of generators .A;B/ 7! .A;AnB/ for n 2 Z, that is effected by a (power of a) Dehn twist around
the handle-generator corresponding to A. Note that the dilation factor of AnB is anb. Thus for a suitable
choice of sign of n, and for jnj large enough, the dilation factor of AnB is strictly greater than 1 in
modulus. Now the second generator B 0 D AnB has the desired property. If the first generator (which
remains unchanged) still has jaj < 1, then we perform the change of generators .A;B 0/ 7! .B 0; A�1/,
which is again effected by an element of SL.2;Z/ (and hence a mapping class).

Now assume that the image of the unitary part �u is dense in U.1/. We shall perform a change of
generators exactly as in the first part of the proof, so that the arguments of the dilation factors are all
irrational; we shall only observe that these modifications do not change the property that the dilation
factors are greater than 1 in modulus.

Assume there is some r 2 f1; 2; : : : ; gg such that arg ar … 2�Q; if instead there is some r such that
arg br … 2�Q, then we can switch the roles of ˛r and ˇr in what follows (eg instead of Dehn twists
around ˛r we perform Dehn twists around ˇr ). If arg br 2 2�Q we can change this pair of handle-
generators to f˛r ; ˛nr ˇrg for any n 2 Z. It is easy to see that for any n > 0, the resulting new handle-
generator will satisfy arg br … 2�Q, and since jar j> 1, we also have jbr j> 1. Now let arg as 2 2�Q for
some s; as before, we use the mapping class � to change the two pairs of generators f˛r ; ˇrg 7!f˛r ; ˇr ˇsg
and f˛s; ˇsg 7!f˛�1r ˛s; ˇsg. Again, we rename these new pairs as f˛r ; ˇrg and f˛s; ˇsg respectively. The
new generator of the latter handle now has arg as … 2�Q. Note that by the change f˛s; ˇsg 7! f˛s ˇns ; ˇsg
for n� 0 (achieved by Dehn twists along ˇs on the sth handle), we could have arranged that prior to
acting by �, the modulus of the dilation factor satisfied jasj � jar j, so that after acting by �, the dilation
factor still satisfies jasj> 1.

Finally, fix � > 0. We shall show that for the j th handle for any 1 � j � g, there is a change of
generators by a mapping class supported on the handle, such for the resulting pair of generators we have
jarg aj j; jarg bj j < �. Indeed, we can perform Dehn twists as usual to change the handle-generators to
f j̨ ; ˛

n
j ǰ g for any n 2 Z. As before, for any n > 0 the dilation factors remain greater than 1 in modulus.

Although the new argument could lie in 2�Q for some integer, say N , it cannot be in 2�Q for any n¤N .
(If N arg aj C arg bj 2 2�Q and M arg aj C arg bj 2 2�Q for N ¤M then .N �M/aj 2 2�Q, which
is a contradiction.) Since �.˛r/ is an irrational rotation of the circle, we can choose n > N such that
jarg bj j< �. Similarly, we perform a power of a Dehn twist around bj , to ensure that jarg aj j< �.
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Remark Let � be a Euclidean representation, namely an affine representation with unitary linear part,
that is, �u D Li ı �. Assume the image of �u to be dense in U.1/. It worth noticing that, although the
first claim of Lemma 5.7 never holds for Euclidean representations, it is still possible to find a basis of
handle generators such that the linear parts of the �-images have arbitrarily small argument.

Corollary 5.8 Let � W…! Aff.C/ be an affine representation. If the unitary part �u has a dense image
in U.1/, then for any � > 0 there exist handle-generators f j̨ ; ǰ g1�j�g on Sg;1 such that the inequalities
�� < arg bj < 0 and 0� arg aj C arg bj < � hold for each j .

Proof The first thing we notice is that the second part of the proof above works mutatis mutandis even
when Li ı � is unitary, with the only exception being that the dilatation factors are always equal to one.
What follows is nothing but a refinement of Lemma 5.7. Again, we shall assume for simplicity that � is
coaxial, and the general case comes by replacing � with Li ı �. In fact, in the same notation as above,
�.˛r/ is an irrational rotation and we can choose n > N such that jarg bj j< � and �� < arg bj < 0. We
now perform a Dehn twist around bj to ensure that 0 < �arg bj < arg aj < �. The result follows.

We now consider affine representations whose unitary part is discrete in U.1/. We begin with the following

Lemma 5.9 Let � W…! Aff.C/ be an affine representation whose unitary part �u has a discrete image
in U.1/. Then there exist handle-generators f j̨ ; ǰ g1�j�g on Sg;1 such that

(18) �u. j̨ /D exp.2�i=m/ and �u. ǰ /D 1 for each j;

where �u.…/ŠZm. In fact , for any surjective homomorphism h W…!Zm, we can find handle-generators
such that �u. j̨ /D h. j̨ / and �u. ǰ /D h. ǰ / for each j .

Remark Before proving the stated lemma, we recall the following result of Edmonds [1982]. For a finite
abelian groupG consider the representation space Hom.…; G/. The natural action of MCG.S/ on the rep-
resentation space by precomposition yields a natural injection from the orbit space Hom.…;G/=MCG.S/
to H2.G;Z/; see [Edmonds 1982, Theorem 1.2] and [Nielsen 1937] for the case G D Zm. Since
H2.Zm; Z/ D f0g, it follows that MCG.S/ acts transitively on the representation space. For further
details the reader may also consult [Le Fils 2023, Proposition 3.2].

Proof of Lemma 5.9 Since U.1/ is abelian, �u factors through the homology group � DH1.Sg;1;Z/.
Fix a set of handle-generators f˛0j ; ˇ

0
j g1�j�g ; this is also a set of generators of � . Since the image in

U.1/ is a discrete group, it must be cyclic, say of order m � 2. Thus, we can think of the unitary part
as a surjective homomorphism �u W � ! Zm, where Zm is the cyclic subgroup of U.1/ generated by
exp .2�i=m/. Then, by the remark above, there is A 2 Sp.2g;Z/ŠAutC.�/ such that the representation
�u ıA W � ! Zm satisfies �u.˛0j / D 1 and �u.ˇ0j / D 0 for each 1 � j � g. Indeed, for any surjective
homomorphism hu W �! Zm there exists an automorphism A of � such that the equation �u ıAD hu
holds. The automorphism A is induced by a mapping class � W Sg;1! Sg;1, and defining j̨ WD �.˛

0
j /

and ǰ WD �.ˇ
0
j / then defines our desired set of handle-generators.
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From now on, the case of m D 2 is ruled out by our assumption that the image is not of order two;
cf Lemma 5.1. Therefore the condition m� 3 will be take as a blanket assumption unless stated otherwise.
We finally conclude with a lemma specific to noncoaxial representations. We shall make use of the
following result in Section 5.4.3.

Lemma 5.10 Suppose that � W �1.Sg;1/! Aff.C/ is a nontrivial representation as in the statement of
Proposition 5.4. If � is not coaxial , then we can choose pairs of handle-generators f˛i ; ˇig1�i�g whose
commutators are all nontrivial , ie �.Œ˛i ; ˇi �/¤ I for each 1� i � g.

Proof An affine map A.z/D azC b has a fixed point b=.1�a/ 2C, unless aD 1, ie A is a translation,
in which case the fixed-point set satisfies Fix.A/D∅. Two affine maps A and B commute if and only
if their fixed-point sets are identical. We shall also use the following elementary fact: if A and B are
affine maps with different fixed-point sets, then the fixed-point set of B ıA is different from that of A.
Therefore, it suffices to show that one can choose each pair f˛i ; ˇig of handle-generators so that their
fixed-point sets are not identical; for the purposes of this proof we shall call a pair having this property
(and the corresponding handle) “good”.

We start with some set of handle-generators f˛i ; ˇig1�i�g ; note that these 2g elements generate the
fundamental group �1.Sg;1/. By Lemma 4.19 we can also assume that �.˛i / and �.ˇi / are nontrivial
affine maps for each 1 � i � g. In what follows we shall modify this initial choice of generators by
mapping class group elements until the pair of generators of each handle is good. The basic idea of
this modification is the following: suppose f˛i ; ˇig is a good pair, and f j̨ ; ǰ g is not. Then we replace
these two pairs of handle-generators by the pairs f˛i ; ˇi ǰ g and f˛�1i j̨ ; ǰ g. Note that this change of
handle-generators is effected by a mapping class � W Sg;1! Sg;1; see Figure 13. Let F be the common
fixed-point set of �. j̨ / and �. ǰ /. We divide into two cases:

Case A (F ¤ �) In this case F is a single point; in what follows we assume that F D 0 2C to simplify
our computations, because the general case can be reduced to this via a conjugation. Let z 7! aj z and
z 7! bj z be the �-images of the generators j̨ and ǰ respectively, where aj ; bj 2 C n f0; 1g. We can
assume without loss of generality that the fixed-point sets of �.˛i / and �.ˇi / are both distinct from F ,
since otherwise, if say Fix.�.˛i //D F , then we can perform a Dehn twist in that handle around ˇi to
change its generators f˛i ; ˇig 7! f˛iˇi ; ˇig. By the elementary fact noted above, Fix.�.˛iˇi //¤ F , so
this new pair of generators has the required property. The same fact implies that the new second handle
obtained after acting by the mapping class �, ie generated by f˛�1i j̨ ; ǰ g, is good. However, it could
still happen that for the new first handle, the �-images of the generators, namely �.˛i / and �.ˇi ǰ /, have
the same fixed-point set. If �.˛i / is the affine map z 7! aizCci and �.ˇi / is the affine map z 7! bizCdi ,
then this happens when

(19) Fix.�.˛i //D
ci

1� ai
D

di

1� bibj
D Fix.�.ˇi ǰ //:

Geometry & Topology, Volume 29 (2025)



592 Gianluca Faraco and Subhojoy Gupta

In this case, we first change the generators of the second handle at the very beginning of the construction,
by a Dehn twist around j̨ , namely f j̨ ; ǰ g 7! f j̨ ; j̨ ǰ g. This does not change the property that the
fixed-point set of both generators is F ; however after acting by the mapping class �, the new two pairs of
handle-generators are now f˛i ; ˇi j̨ ǰ g and f˛�1i j̨ ; j̨ ǰ g. The latter is a good pair for the same reason
as before; the former is not a good pair only if

(20)
ci

1� ai
D

di

1� biaj bj
:

It is easy to check that (19) and (20) cannot simultaneously hold, since by our assumption aj ¤ 1.

Case B (F D �) In this case both �. j̨ / and �. ǰ / are translations, say z 7! zC v and z 7! zCw

respectively. As above, let z 7! aizC ci and z 7! bizC di be �.˛i / and �.ˇi / respectively. Then the
pair of generators f˛�1i j̨ ; ǰ g of the second handle is good since one generator maps to a translation,
while the other does not. The new pair of generators f˛i ; ˇi ǰ g of the first handle is either also good, in
which case we are done, or else

(21) Fix.�.˛i //D
ci

1� ai
D
biwC di

1� bi
D Fix.�.ˇi ǰ //:

In the latter case, we proceed as in Case A, namely, we first replace f j̨ ; ǰ g with f j̨ ; j̨ ǰ g to the
second handle, at the beginning of the construction. The new second generator of the second handle
is now the translation z 7! zC vCw, and after acting by the mapping class �, the new two pairs of
handle-generators are f˛i ; ˛ˇi j̨ ǰ g and f˛�1i j̨ ; j̨ ǰ g. The latter is a good pair for the same reason as
before, namely because one generator maps to a translation while the other does not. The first pair must
also be good, because otherwise

(22)
ci

1� ai
D
bivC biwC di

1� bi
;

which contradicts (21) since we know v¤ 0, as none of the handle-generators map to the identity element.

Thus, if there is one good pair of handle-generators, we can use the above modification repeatedly to
make each handle good. To complete the argument, we need to show that there exists a good handle.
For this, note that since � is not coaxial, there exist two elements from the initial set of generators that
do not have the same fixed-point set. If they are generators for the same handle, then we already have
one good pair. If not, suppose they belong to two handles neither of which is good; namely, suppose
there are two pairs of handle-generators f˛i ; ˇig and f j̨ ; ǰ g such that the elements in each pair have the
same fixed-point set, but the fixed-point sets for the pairs are not identical. Then we change the pair of
handles by the mapping class � exactly as above, namely where the two new pairs of handle-generators
are f˛i ; ˇi ǰ g and f˛�1i j̨ ; ǰ g. It follows from the elementary fact observed at the beginning of the
proof that both of these are now good pairs.

5.4.2 Proof of Proposition 5.4: coaxial representations We shall divide this proof into three cases:
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(i) � is not unitary, ie its image in PSL2.C/ does not lie in the circle subgroup

U.1/D fdiag.ei� ; e�i� / j � 2Rg=f˙I g:

(ii) � is unitary, but the image of � is dense in U.1/.

(iii) � is unitary, and the image of � is finite, but not of order two.

Recall that as in the previous section, we are considering representations from …D �1.Sg;1/.

Case (i) (nonunitary case) First consider the quadrilaterals fQ1;Q2; : : : ;Qgg, where for each 1� i �g,
the quadrilateral Qi is constructed exactly as in Proposition 5.3 by taking the �-images Ai and Bi of the
i th handle, such that the basepoint pi of Qi is also a vertex of Qi�1 for each i � 2.

The key idea is that we can do this so that each these quadrilaterals are pairwise disjoint, except for
adjacent quadrilaterals which intersect only at a single vertex, eg Qi�1\Qi D fpig. In order to show
that we can do this, we consider two subcases, involving the unitary part �u of �, see Definition 5.5.

Subcase 1 (�u has dense image) Recall from Proposition 5.3 that the quadrilateral Q corresponding
to a handle (with generators mapping to A and B) and basepoint p is defined by the oriented polygon
p 7!A.p/ 7!AB.p/DBA.p/ 7!B.p/ 7! p; see equation (17). It follows that if A and B have dilation
factors each of modulus strictly greater than 1, and with argument sufficiently small, then

(a) Q lies entirely to the right of the vertical line passing through p, and

(b) the “rightmost” point of Q is AB.p/D BA.p/.

Thus, to construct the desired nonoverlapping “chain” of quadrilaterals fQ1;Q2; : : : ;Qgg, we choose
handle-generators as in Lemma 5.7. We choose a basepoint for Q1, corresponding to the first handle, to
be a point p 2RC �C, and then define the basepoint for each successive quadrilateral, corresponding to
the next handle, to be the rightmost point of the preceding quadrilateral, as in (b) above.

This oriented chain of quadrilaterals bounds an immersed punctured disk on its right, where the puncture is
at the point at infinity. In other words, Q1[Q2[� � �[Qg bounds an immersed disk in CP1 that contains
the point1. For each quadrilateral, we can identify pairs of sides using the affine maps corresponding
to the generators of that handle; this results in a genus g surface equipped with a branched projective
structure. Moreover, there is a unique branch point, namely the point where all the vertices of the

p
Q1 Q2

: : :
Qg

Figure 14: In Subcase 1, the chain of quadrilaterals proceeds towards the right and remains close
to the positive real axis.
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quadrilaterals get identified to; removing the branch point we obtain the desired surface homeomorphic
to Sg;1 with a projective structure having monodromy �.

Subcase 2 (�u has discrete image) Assume that the image is a cyclic group of order m� 1. Recall that
we are in the case when � is not unitary. We now observe that on each handle, we can perform the change
of the pair of generators such that our Claim 1 holds, and the handle-generators still satisfy the conclusion
of Lemma 5.9. To see that this is true, observe that for the change of handle-generators f˛; ˇg 7! f˛; ˛nˇg
for n 2 Z, if �u.˛/ D 1 and �u.ˇ/ D 0, then �u.˛nˇ/ D 1 whenever n � m.mod 1/. Recall from the
proof of Claim 1 that such Dehn twists around ˛ can ensure that the resulting new generator satisfies
jbj > 1. For the other generator, switch the roles of ˛ and ˇ; namely, consider f˛; ˇg 7! f˛ˇn; ˇg for
some n 2Z. Note that in this case, the �u-images of the new generators remain unchanged. Thus, we can
assume that the handle-generators satisfy, for each 1� j � g,

(1) jaj j; jbj j> 1 and

(2) �u. j̨ /D exp .2�i=m/ and �u. ǰ /D 1.

Let Qj be the quadrilateral corresponding to the j th handle, with basepoint pj 2C. Note that the edges
of Qj are

pj 7! jaj j exp
�
2�i

m

�
pj 7! jaj jjbj j exp

�
2�i

m

�
pj 7! jbj jpj 7! pj :

In other words, in polar coordinates on C, if jpj j DR and argpj D �0, the quadrilateral Qj bounds the
rectangular region �

.r; �/
ˇ̌̌
R � r � jaj jjbj jR and �0 � � � �0C

2�

m

�
:

Note that the third vertex of Qj is an extreme point of the region, furthest from the origin.

We choose the basepoint of Q1 to be p1 D 1, and for each successive quadrilateral Qj , define the
basepoint pj to be the third (ie extreme) vertex of Qj�1. Note that jpj j> jpj�1j for each 2� j � g. The
quadrilateral Qj can only intersect Qj�1 at that common vertex, since all the remaining vertices of the
preceding quadrilaterals Q1;Q2; : : : ;Qj�1 lie in the interior of the disk of radius jpj j around the origin.

The resulting sequence of quadrilaterals Q1;Q2; : : : ;Qg thus forms a nonoverlapping chain, as we
desired. Note that in the special case that mD 1 (ie �u is the trivial representation), each quadrilateral is
degenerate, as its sides lie along the real line, and they form a chain along the positive real axis; otherwise,
if m> 1, this chain is “spiraling” as shown in Figure 15. As in Subcase 1, this (oriented) chain bounds an
immersed (in fact an embedded) disk in CP1 on its right containing the point1. Identifying pairs of
sides of each quadrilateral Qj using the affine maps �. j̨ / and �. ǰ /, we obtain a surface of genus g
equipped with a branched projective structure and monodromy �, with a unique branch point where all
the vertices of the chain get identified. Removing this branch point, we obtain the desired projective
structure on Sg;1.
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p2

Q2

p3

Q3

p4
p1

Q1

Figure 15: In Subcase 2, the chain of quadrilaterals is spiraling if the order of the discrete image
is m> 1. (Shown above for mD 3.)

Case (ii) (unitary with dense image) Let us assume now that � is unitary (ie �D �u), with an image
that is dense in U.1/. Fix an � > 0, the choice of which shall be made clearer later. We can apply the
proof of the second part of Lemma 5.7 to obtain a change of generators (effected by some mapping class)
such that the resulting handle-generators f j̨ ; ǰ g1�j�g satisfy, for each 1� j � g,

(1) arg aj ; arg bj … 2�Q, and

(2) jarg aj j; jarg bj j< �.

This change of generators is exactly as in [Chenakkod et al. 2022, Lemmata 11.4 and 11.5].

Thus, we can assume that for the j th handle, for each 1 � j � g, the pair of generators map to the
elements of the form

z 7! exp.i�1j /z and z 7! exp.i�2j /z

of U.1/ respectively, where 0 < �1j ; �
2
j < �. Choose the basepoint for the first handle to be on the positive

real axis, say p1 D R 2 RC. Then the quadrilateral Q1 corresponding to the first handle, given by
p1 7! exp.i�1j /p1 7! exp.i.�1j C �

2
j //p1 7! exp.i�2j /p1 7! p1, has vertices on the circle of radius R,

and lies in the sector bounded by rays at angles 0 and �11 C �
2
1 . Choose the basepoint of the next handle

to be p2 D exp.i.�1j C �
2
j //p1; the quadrilateral Q2 then lies in an adjacent sector of angular width

�12 C �
2
2 < 2�. We can continue placing quadrilaterals for successive handles, choosing the basepoint

of each to be the extreme point for the previous quadrilateral; each is contained in a sector of angular
width less than 2�. Our initial choice of � > 0 can be made so that g such sectors fit without overlapping,
ie 2g� < 2� . We thus obtain an oriented chain of quadrilaterals Q1;Q2; : : : ;Qg , as in Case (i), where
successive handles intersect at a common vertex, and every other pair is disjoint. Their union then
bounds an immersed disk in CP1 on its right, containing the point1. As in Case (i), we then identify
pairs of edges of each quadrilateral using the maps corresponding to the generators, to obtain a surface
homeomorphic to Sg , equipped with a branched projective structure with a unique branch point. Deleting
the branch point, we obtain the desired projective structure on Sg;1 with monodromy �.
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Case (iii) We now consider the remaining case when � is coaxial, but the image of � is a finite group
in U.1/. Let the order of this finite group be m� 3; here, recall that m¤ 2 by Lemma 5.1.

We first apply Lemma 5.9 to obtain handle-generators f j̨ ; ǰ g1�j�g such that

�. j̨ /D �. ǰ /D exp
�
2�i

m

�
for each j:

For any handle generated by f j̨ ; ǰ g, and a choice of a basepoint p 2C, the quadrilateral Q with edges

p 7! �. j̨ /p 7! �. j̨ ǰ /p 7! �. ǰ /p 7! p

is a degenerate “V”-shaped quadrilateral, since the second and fourth vertices coincide. Such a quadrilateral
bounds an immersed (in fact embedded) disk in CP1 in its exterior. However, all vertices lie on the circle
of radius jpj centered at 0, and they span an angle 4�=m at the origin. This makes it difficult to form
a nonoverlapping chain of quadrilaterals, as we were able to do in Cases (i) and (ii). We resolve this
difficulty by using a “grafting” construction that we shall describe next, the idea of which is similar to
Definition 4.17.

First, we need to introduce the following definitions:

Definition 5.11 (projective handle) A projective handle will refer to a branched projective structure
on a torus with a single branch point, obtained by identifying pairs of sides of a quadrilateral Q in CP1

that bounds an immersed disk (recall that the preceding cases have involved constructing such projective
handles).

Definition 5.12 (grafting in a handle) Let S be a surface equipped with a branched projective structure,
and let 
 be an embedded arc on S from a branch point p to itself that develops onto an embedded arc y

on CP1. Suppose H is a projective handle that corresponds to a quadrilateral Q on CP1 such that y
 lies
in the disk in CP1 bounded by Q, and an endpoint of y
 is a vertex of Q. Consider the one-holed torus T
obtained by introducing a slit in H along the arc that develops onto y
 ; let the resulting two sides of the
slit be �C and ��. Then cut along the arc 
 on S and identifying the resulting sides with the boundary
arc �C and �� on T respectively, so that the genus of the resulting surface S 0 is one more than that of S .
Here, the identification is such that the developing maps to CP1 are precisely the same; the surface S 0

thus acquires a (branched) projective structure. See Figure 16.

Note that in the construction above,

� there are no new branch points that are introduced, but the order of the branch point p increases by
two, and

� the monodromy representations when restricted to the subsurfaces S and H remain unchanged.

We can now construct the projective structure on Sg;1 with monodromy � (which is coaxial, unitary and
discrete) by successively grafting in handles, as we now describe.
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S
p 


H

Q
y


S 0

Figure 16: In Definition 5.12 the handle H is slit along y
 and grafted in on S along 
 .

Start with the basepoint p1 2RC�C and the quadrilateralQ1 corresponding to the first handle, generated
by f˛1; ˇ1g. The projective handle corresponding to Q1 is our initial surface S1. We shall successively
graft in g handles as in Definition 5.12; in what follows we describe the j th step, where we assume we
have a surface Sj of genus 1� j < g equipped with a branched projective structure with a unique branch
point.

Let Qj be the quadrilateral for the j th handle, which by our construction will be a subsurface of Sj .
Let H be the projective handle corresponding to the quadrilateral QjC1 of the next handle, when the
basepoint pjC1 for that is taken to be the third (ie extreme) point of Qj . Note that 
 D j̨ or ǰ is an
embedded arc from the branch point on Sj to itself, and we can choose a developing image that is an
embedded arc y
 in CP1, namely one of the sides of Qj that is incident to pjC1. Moreover, y
 lies in the
exterior of the quadrilateral QjC1 for H ; see Figure 17.

Hence the construction in Definition 5.12 can be applied, that is, we can cut along 
 on Sj and graft in
the handle H ; the resulting surface is SjC1.

At the end of g such steps, we obtain a genus-g surface Sg with a branched projective structure with a
unique branch point. Removing the branch point, we obtain a projective surface homeomorphic to Sg;1
with monodromy �, ie with �.�/D exp.2�i=m/ for any handle-generator �.

We have dealt with Cases (i)–(iii), and this completes the first part of the proof of Proposition 5.4.

y


Qj QjC1

pj

pjC1

Figure 17: Two successive quadrilaterals in the case mD 3, shown here on two different copies
of CP1; in the inductive step the projective handle corresponding to the latter is grafted in by
Definition 5.12.
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5.4.3 Proof of Proposition 5.4: noncoaxial representations Let � W�1.Sg;1/!Aff.C/ be a nontrivial
representation that is not coaxial. Since the puncture has trivial monodromy, we regard � as a representation
x� W �1.Sg/! Aff.C/ and we shall realize it as the monodromy of a branch projective structure with a
single branch point. We shall eventually delete the branch point to get a complex projective structure on
Sg;1 with the desired monodromy.

Step 1 (commutators determine a convex polygon C) Given a noncoaxial representation �, Lemma 5.10
applies and hence we can assume the existence of a basis of handle-generators f˛i ; ˇig1�i�g such that
�.Œ˛i ; ˇi �/¤ I for each i . It is easy to see that these commutators are all translations, which we denote
by t1; t2; : : : ; tn. It is also not hard to show that there exists a permutation of the handles (realized by a
mapping class) such that there is a (possibly degenerate) oriented convex polygon C�C with g sides such
that for each 1� i � g, the endpoints of the i th side differ by the translation ti . Indeed, one permutation
that works is the one that puts the arguments of the translations in increasing order, ie if ti jti j�1 are in
counterclockwise order on the unit circle; cf [Chenakkod et al. 2022, Proof of Proposition 6.1]. With
respect to this choice, the piecewise linear curve @C bounds the polygon C on its left. Furthermore, the
convex polygon C can be placed everywhere in C. In fact, given any starting point p1 2C, the i th side
is from pi to piC1 D pi C ti , where i 2 f1; 2; : : : ; gg in the reordered set of handles and pgC1 D p1
because t1C � � �C tg D 0.

Step 2 (realizing a one-holed torus) Let S1;1ŠH � Sg be any handle (see Definition 4.2) such that the
representation �jH induced by the inclusion H ,! Sg is not abelian. In this step we show how to realize
�jH W �1.S1;1/!Aff.C/ as the holonomy of a branched projective structure on a one-holed torus T with
linear boundary, except for at most one corner point, and no interior branch point.

For this, we shall need an immersed disk in CP1 containing1 bounded by a Euclidean pentagon P .
Such a pentagon is determined by a choice of a basepoint p and the �jH -images of the handle-generators,
that we denote by A and B . Recall that, here, we shall assume that A and B do not commute. Thus, given
a point p 2C, the pentagon P �CP1 is defined as the region containing the infinity1 and bounded by
the chain

(23) p 7! ŒA; B�.p/ 7! B�1.p/ 7! A�1B�1.p/ 7! BA�1B�1.p/ 7! p

on the right, so that the basepoint p is an extremal point of the segment � corresponding to the commutator.

We denote the oriented sides of P as follows:

e1 D BA�1B�1.p/p; e2 D A�1B�1.p/BA�1B�1.p/;

e3 D A�1B�1.p/B�1.p/; e4 D B�1.p/ŒA;B�.p/;

and, finally, � D pŒA;B�.p/. Notice that a similar construction already appeared in Proposition 4.20,
see Figure 6, where the basepoint has been chosen to be a different vertex. It is not clear a priori that
this pentagon bounds an immersed disk for a suitable choice of p, therefore the key assertion here is the
following:
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Lemma 5.13 Let p0 2C be any point with positive imaginary part sufficiently large. For t > 0 define

(24) pt D

�
.1C t /<.p0/C i=.p0/ if <.p0/ > 0;
.1� t /<.p0/C i=.p0/ if <.p0/ < 0:

Then there is a basis f˛; ˇg of �1.S1;1/ and t0 > 0 such that the pentagon (23)

pt 7! ŒA; B�.pt / 7! B�1.pt / 7! A�1B�1.pt / 7! BA�1B�1.pt / 7! pt

based at pt bounds an immersed disk in CP1 containing the infinity on its right for any t � t0, where
AD �.˛/ and B D �.ˇ/.

(Here <.z/ and =.z/ are the real and imaginary parts respectively, of the complex number z.)

The polygon (23) and its shape highly depend on the choice of a basepoint p0. A priori, there are no
restrictions on such a choice. The lemma above says that if the basepoint p0 is taken with positive
imaginary part sufficiently large then, by moving p0 horizontally, we eventually find a time t0 such that
the polygon (23) bounds on its right an immersed pentagon in CP1 containing the infinity. How large
the imaginary part of p0 must be will be clear in context, case by case. Due to the technicality of the
Lemma 5.13, we postpone its proof to the end of the current Section 5.4.

Suppose Lemma 5.13 holds, ie there is such an immersed disk. The desired branched projective structure
is then obtained by identifying the oriented sides e1 and e3 via the affine map A and the sides e2 and e4 via
the affine map B . The resulting surface is a one-holed torus T , where the side � after the identifications
forms the boundary @T ; the vertices of P get identified to the unique corner-point that lies on that
boundary. We shall consider handles thus constructed in the next step below.

Step 3 (gluing handles to the polygon C) Let f˛i ; ˇig1�i�g be a set of handle-generators as given in
Step 1, namely, such that ti D �.Œ˛i ; ˇi �/¤ I for each i . We can order the handles cyclically so that the
translations ti form a convex polygon C �C and @C bounds the polygon on its left.

For i 2 f1; 2; : : : ; gg, let Hi be the handle generated by f˛i ; ˇig. For any i , we want to apply the second
step above and then obtain a one-holed torus Ti which carries a branched projective structure having
holonomy �i D�jHi

. In fact, given a suitable starting point pi , Lemma 5.13 above states that by perturbing
pi horizontally, ie by preserving the imaginary coordinate, the chain (23) eventually bounds an immersed
pentagon Pi �CP1 on its right containing the point at infinity.

Recall there are no restrictions on where to place C, that is, its shape does not depend on the basepoint;
indeed, changing the basepoint changes C by a translation. Therefore we place it sufficiently far from the
origin so that the real and imaginary parts of each vertex are sufficiently large and hence Lemma 5.13
applies for each handle. More precisely, the i th vertex of C will serve as the basepoint for the i th handle.
A fundamental membrane for the developing image of Ti is Ri , the immersed pentagonal region in CP1

on the right of the chain (23) based at the i th vertex of C. The image of the boundary @Ti is exactly the
i th side of the convex polygon C constructed in Step 1.
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BA�1B�1.pt /

qt D A
�1B�1.pt /

A.qt /D B
�1.pt /

AB.qt /D ŒA; B�.pt /

pt

R0

C

Figure 18: The vertices of the pentagon in the proof of Lemma 5.13 are shown labeled. The
commutator edge pt ŒA; B�.pt / coincides with one of the edges of the convex polygon C, and the
region R0 bounded by C lies on its left.

Consider the region R0 �C bounded by the polygon C; note that R is empty if C is degenerate (ie all
sides are colinear). Define the space xR0 D R0=�, where � identifies all the vertices of C to a point;
topologically, xR0 is homotopy equivalent to a g-holed sphere, and the i th side of C defines an i th “boundary
circle” ci on xR0. We now glue xR0 with the one-holed tori obtained above by identifying the boundary
of Ti with ci for each 1 � i � g, so that the resulting surface is homeomorphic to Sg . This surface
acquires a branched projective structure with a unique branch point, and a fundamental membrane in
the image of its developing map is R0 [

Sg
iD1Ri . Removing the branch point, we obtain our desired

projective structure on Sg;1 with holonomy �.

It only remains to prove Lemma 5.13.

Proof of Lemma 5.13 Given any set of handle generators, say f˛; ˇg, for �1.S1;1/, we shall denote
the �-images of ˛ and ˇ by A.z/D azC c and B.z/D bzC d , respectively. We observe that the proof
follows as soon as we show that three consecutive edges of the pentagon are embedded in C. This is
because it is easy to verify that a closed oriented curve in C[f1g which is obtained by concatenating
two embedded arcs always bounds an immersed disk on either of its sides; cf Figure 6. Let us start with
some generalities.

Let p0 2 C be any point on the upper half-plane such that ŒA; B�.p0/ is contained in the same half-
plane. Notice that this can be made sure by choosing p0 with positive imaginary part and greater than
2jp0 � ŒA; B�.p0/j. Let pt be defined as in (24). As a consequence of our definition, for t running to
infinity, the imaginary part of pt remains constant and hence the points pt and ŒA; B�.pt / both lie on the
upper half-plane for any time t � 0.

We now define qt D A�1B�1.pt / for any t � 0. We observe that, for t tending to infinity, we have the
limits

(25) jqt j !1 and arg qt ! arg ab D ı:

The second limit can be easily explained as follows. We first notice that qt can be written as

(26) qt D
.pt � .bcC d//ab

jabj2
:
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By setting w D bcC d , we have

<.qt /D
1

jabj2

�
.<.pt /�<.w//<.ab/� .=.pt /�=.w//=.ab/

�
;(27)

=.qt /D
1

jabj2

�
.<.pt /�<.w//=.ab/C .=.pt /�=.w//<.ab/

�
:(28)

Now it is a routine exercise to check that arg qt ! ı for t running to infinity — recall that the imaginary
part of pt is constant as a function of t and equal to =.p0/.

We shall now distinguish two cases, according to the image of the unitary part of �.

Case 1 (the unitary part �u has dense image in U.1/) In this case our Corollary 5.8 applies and hence,
for any arbitrarily small � > 0, there is a set of handle generators f˛; ˇg such that

0 < arg a < �; 0 < �arg b < � and 0� arg aC arg b < �:

The inequalities 0� arg aC arg b < � readily imply �� < ı � 0 since ı D�arg a� arg b, and note that
ı D 0 if and only if ab 2R. Let us start by assuming ı < 0. Then, for any t large enough, the point qt
always lies on the lower half-plane and its norm can be taken to be arbitrarily large.

We now consider the point A.qt / D aqt C c. For any t large enough, argA.qt / is barely affected by
the translational part of A, in other words argA.qt /� arg aqt . More precisely, since arg qt tends to ı
(see formula (25)), we have that arg aqt!�arg b > 0 and the open ball B.aqt ; 2jcj/ is entirely contained
in the upper half-plane for any t sufficiently big. Clearly, A.qt / 2 B.aqt ; 2jcj/.

In the same fashion we can observe that arg bqt !�arg a < 0 and the open ball B.bqt ; 2jd j/ is entirely
contained in the lower half-plane for any t sufficiently big. Similarly to the above, it is clear that
B.qt / 2 B.bqt ; 2jd j/.

Recall that there exists a t1 > 0 such that qt always lies in the lower half-plane for any time t > t1.
This necessarily forces the segment qtB.qt / to be contained in the lower half-plane. On the other hand,
there exists a t2 > 0 such that A.qt / always lies in the upper half-plane for any t > t2, as already
observed, and this forces the edge A.qt /; AB.qt / to be entirely contained in the upper half-plane, where
AB.qt /D ŒA; B�.pt /. As a consequence, the chain of segments

(29) AB.qt /! A.qt /! qt ! B.qt /

is embedded in C. The edges qtB.qt / and AB.qt /A.qt / cannot intersect for any time t >maxft1; t2g
because they lie on different half-planes. Therefore the polygon (23) bounds an immersed disk on its
right containing the infinity on the Riemann sphere.

Let us now assume ı D 0. This case occurs if and only if ab 2 R and this implies =.ab/ D 0. The
imaginary part =.qt / of qt seen as a function of t is constant, see the formula (28), and it may be positive.
Therefore the argument above might simply not apply in this case. We bypass this issue as follows. Recall
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that ab 2R if and only if arg aD�arg b. Then it is sufficient to replace the given pair of handle-generators
f˛; ˇg with f˛0; ˇ0g D f˛ˇ�1; ˇg in order to fall into the case of ı < 0. In fact, let a0 and b0 be the linear
parts of �.˛0/ and �.ˇ0/ respectively; then

(30) arg a0 D arg a� arg b D 2 arg a and arg b0 D arg b:

Now it is an easy matter to check that both 0 < arg a0;�arg b0 < 2� and 0 < arg a0C arg b0 < 2� hold,
which imply arg a0b0 < 0, as desired.

Case 2 (the unitary part �u has discrete image in U.1/) We now suppose the unitary part �u of � is
discrete, that means Im.�u/Š Zm for some m � 2, or Im.�u/ is trivial. We shall consider these cases
separately.

Subcase (i) (�u nontrivial) Suppose the unitary part �u of � is a nontrivial representation with discrete
image isomorphic to Zm for some m� 2. Our Lemma 5.9 applies and hence we can find a set of handle
generators f˛; ˇg such that

�u.˛/D exp
�
2�i

m

�
and �u.ˇ/D 1:

In this case the proof does not differ much from the previous one, but it can be simplified a little. Since
Li ı �.ˇ/ D b 2 RC, we can immediately observe that the imaginary part =.A.qt // is constant as a
function of t . In fact, by setting qt D A�1B�1.pt / as above, it is sufficient to observe that

A.qt /D B
�1.pt /D

pt � d

b
:

In particular, since p0 can be chosen arbitrarily, we may suppose =.p0/ big enough to make =.A.qt //> 0.
As a direct consequence, we can deduce that the segment A.qt /; AB.qt / is entirely contained in the upper
half-plane.

The rest of the proof now proceeds as in Case 1 above. As t !C1 the point qt tends to infinity and
arg qt ! �arg a D �2�i=m < 0. For t big enough, the open ball B.bqt ; 2jd j/, which contains the
segment qt ; B.qt / is entirely contained in the lower half-plane. Therefore, the chain of segments

(31) AB.qt /! A.qt /! qt ! B.qt /

is embedded in C because the edges qtB.qt / and AB.qt /A.qt / cannot intersect. Therefore the polygon
(23) bounds an immersed disk on its right containing the infinity on the Riemann sphere.

Subcase (ii) (�u trivial) We begin by applying some reduction in order to put a and b in a more
convenient form. A first important fact to note is that, whenever �u is trivial, then Li ı�.˛/ and Li ı�.ˇ/
are both real and different from zero. Moreover, a and b cannot be both equal to 1. In fact, if this was
the case, then ŒA; B�D I . In the case one between a or b is equal to 1 we may apply a suitable Dehn
twist to make both different from 1. Therefore, we can suppose a; b ¤ 1. We then apply our Claim 1,
if necessary, to make them both greater than one in modulus; thus we may assume jaj> jbj> 1. Finally,
there is no loss of generality in assuming b positive, whereas a could be positive or negative.
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Let qt D A�1B�1.pt / as above. Notice that =.ab/ D 0 because both a; b 2 R�. In this special case,
formulæ (27) and (28) simplify as

(32) <.qt /D
1

ab

�
<.pt /�<.w/

�
and =.qt /D

1

ab

�
=.pt /�=.w/

�
;

where w is defined as above. Thus the imaginary part of qt , seen as a function of t , remains constant
because it no longer depends on <.pt /.

Let us consider the point A.qt /. It is an easy matter to check that, for t running to infinity, the value
=.A.qt // seen as a function of t remains constant. In fact, by recalling that =.pt / is assumed to be
constant in t , it is sufficient to notice that

A.qt /D aqt C c D

�
1

b

�
<.pt /�<.w/

�
C<.c/

�
C i

�
1

b

�
=.pt /�=.w/

�
C=.c/

�
:

In the same fashion, it is possible to check that

B.qt /D bqt C d D

�
1

a

�
<.pt /�<.w/

�
C<.d/

�
C i

�
1

a

�
=.pt /�=.w/

�
C=.d/

�
;

and so even the imaginary part of B.qt / is constant as a function of t . Let us finally consider the points
BA.qt /D pt and AB.qt /D ŒA; B�.pt /. As a consequence of our definitions even their imaginary parts
are constant as functions of t . More precisely, we have already seen in (32) that

=.qt /D
1

ab

�
=.pt /�=.w/

�
;

and an easy computation shows that

=
�
ŒA; B�.pt /

�
D=.AB.qt //D

�
=.pt /�=.w/

�
C a=.d/C=.c/:

Let us now recall that the starting point p0 can be chose arbitrarily on the upper half-plane. This allows
us to choose the initial point p0 such that its imaginary part =.p0/ is positive and sufficiently large to
guarantee that the one of the following chain of inequalities holds for any t � 0:

1

ab

�
=.pt /�=.w/

�
<
1

a

�
=.pt /�=.w/

�
C=.d/ <

1

b

�
=.pt /�=.w/

�
C=.c/

<
�
=.pt /�=.w/

�
C a=.d/C=.c/ if a > b > 1;

or
1

a

�
=.pt /�=.w/

�
C=.d/ <

1

ab

�
=.pt /�=.w/

�
<
1

b

�
=.pt /�=.w/

�
C=.c/

<
�
=.pt /�=.w/

�
C a=.d/C=.c/ if a < 0 < b;

recalling that 1 < jbj< jaj. Since A.qt /qt and qtB.qt / do not overlap and intersect only at qt for t large
enough, we have that the chain of segments

(33) AB.qt /! A.qt /! qt ! B.qt /

is embedded in C. Therefore, even in this case, the polygon (23) bounds an immersed disk on its right
containing the infinity on the Riemann sphere.

This completes the proof of the noncoaxial case and indeed the proof of Proposition 5.4.
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5.4.4 An alternative proof Proposition 5.4 is also a consequence of the recent work of Le Fils [2023], as
we shall now describe. Indeed, that paper provides necessary and sufficient conditions for a representation
� W�1.Sg/!PSL2.C/ to appear as the monodromy of some branched projective structure with prescribed
singularities; here we are interested in the case of a single branch point. We shall see that assuming these
conditions, the proof of Proposition 5.4 is only a few lines long, however, turning it into a constructive
proof like ours would make it considerably longer.

We begin by describing the obstructions for a representation to appear as the holonomy of some branched
projective structure with a single branch point, following the discussion in [Le Fils 2023, Section 1].

The obstructions Here, we shall assume that g � 2. It is shown in [Gallo et al. 2000, Corollary 11.2.3]
that a representation � W �1.Sg/ ! PSL2.C/ that arises as the monodromy of a branched projective
structure on Sg with n branch points of orders m1; m2; : : : ; mn lifts to a representation to SL2.C/ if
and only if

P
mi is even. Here we are interested in affine representations which are well-known to be

liftable to a representation to SL2.C/. Therefore, any representation � W �1.Sg/! Aff.C/ arises as the
monodromy of some branched projective structure with one single branch point of magnitude 2.mC 1/�
only if m is even. This yields a first obstruction.

A second obstruction arises from the fact that whenever an affine representation � arises as the monodromy
of a branched projective structure with a single branch points of order, say m, then we need m� 2g� 2.
In particular the equality holds if and only if the structure is a branched affine structure. This is stated in
[Le Fils 2023, Proposition 6.18].

When the image of � is finite of order N , a third obstruction comes from the Riemann–Hurwitz formula.
Let ySg be the cover of Sg associated to ker.�/. The developing map yields a branched covering ySg!CP1

of degree d and the Riemann–Hurwitz formula implies that

(34) N�.Sg/D �. ySg/D 2d �Nm:

As d cannot be smaller than mC 1, we obtain

(35) N
�
�.Sg/Cm

�
� 2.mC 1/:

Compare with [Le Fils 2023, Section 6.2].

An affine representation � is said to be Euclidean if Im.�/ is a subgroup of S1 Ë C < Aff.C/. For
Euclidean representations we may define the notion of volume as a real number naturally attached to
the representation. The volume appears as a further obstruction for realizing a representation � as the
monodromy of a branched affine structure (and hence projective) on Sg with a branch point of order
2g�2. However, this obstruction completely vanishes for realizing � as the monodromy of some branched
projective structure (no longer affine) on Sg with a single branch point of order m � 2g. See [Le Fils
2023, Obstructions 4 and 5 in Section 1] for further details.
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The sixth and last obstruction listed in [Le Fils 2023] concerns g D 2 and dihedral (but not affine)
representations, and rules out the possibility of a single branch point of order two. We shall consider
dihedral representations in the next section Section 6.

Remark The necessity of assuming that � W �1.Sg;1/! Aff.C/ does not have a finite image of order
two is a consequence of our Lemma 5.1. Alternatively, such a necessity can be also deduced by the
obstruction (35). In fact, when N D 2, inequality (35) is never satisfied for any g � 2.

Alternative proof of Proposition 5.4 The proof is nothing but a direct consequence of the previous
discussion. In [Le Fils 2023, Theorem 1.1] it is showed that an affine representation �W�1.Sg/!Aff.C/
arises as the holonomy of some branched projective structure, not necessarily affine, with one single branch
point if and only if it satisfies all the obstructions described above. By choosing m even and bigger than

(36)
2CN.2g� 2/

N � 2
> 2g� 2;

we can see that the conditions of all the obstructions above are met. Hence, there exists a CP1-structure
on Sg with holonomy � and single branch point of order m; deleting this branch point we obtain our
desired projective structure on Sg;1.

6 Dihedral representations

A representation � W…! PSL2.C/ is called dihedral if there exists a pair of points F D fp; qg in CP1

which is globally preserved by the representation. Up to conjugation, we may assume F D f0;1g.
Notice that a coaxial representation is, in particular, dihedral because the set F is fixed pointwise by the
representation. In this section we shall assume � W…! PSL2.C/ is a nontrivial, degenerate and dihedral
(but not affine) representation. We recall for the reader’s convenience that, according to our Definition 1.1,
a dihedral representation � W…! PSL2.C/ is degenerate if the monodromy around each puncture fixes
the set f0;1g pointwise and �.
/ preserves f0;1g for any 
 2….

The aim of this section is to prove the following:

Proposition 6.1 Let … be the fundamental group of a surface Sg;k of negative Euler type and let
� W �1.Sg;k/! PSL2.C/ be a nontrivial , dihedral (but not affine) and degenerate representation such
that at least one puncture has trivial monodromy. Then � arises as the monodromy representation of a
CP1-structure in Pg.k/.

The following observation is an immediate consequence of our definitions:

Lemma 6.2 If a representation � W �1.S0;k/! PSL2.C/ is either

(a) dihedral and degenerate , or

(b) has image which is a cyclic group of finite order ,

then � is coaxial and hence affine.
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In light of Lemma 6.2(a) above we need to consider only surfaces of positive genus, since the genus
g D 0 case is covered by Proposition 4.18. We shall distinguish two cases according to the number of
punctures. In both cases, we shall make use of the following technical result.

Lemma 6.3 Let … be the fundamental group of a surface Sg;k of genus g and k � 0 punctures. Let
� W…! PSL2.C/ be a dihedral (not affine) and degenerate representation. Then there is a set of handle-
generators f˛i ; ˇig1�i�g such that the restriction of � to the handle generated by f˛1; ˇ1g is a dihedral
representation and the restriction of � to the complementary subsurface is coaxial.

Proof The argument of this proof shares a few similarities with the proof of Lemma 5.10. Let us
begin with some observations. Being dihedral, the representation � globally preserves a pair of points in
CP1, which we may assume to be f0;1g. Since � is not affine, there is a simple closed curve ı 2…
such that �.ı/.z/ D 1=az for some a 2 C�. Since � is degenerate (Definition 1.1), �.
/ is a coaxial
transformation of CP1 fixing f0;1g for any simple closed curve 
 enclosing a puncture. Thus ı must be
a handle-generator.

We start with some set of handle-generators f˛i ; ˇig1�i�g and, in what follows, we modify this initial
choice of generators by mapping class group elements until we get a new set of handle-generators with the
desired property. Notice that, if �.�/ globally fixed f0;1g for any � 2 f˛i ; ˇig then the representation �
would be coaxial, hence affine, and this leads to a contradiction. Therefore there exists i 2 f1; : : : ; gg
such that the restriction of � to the handle f˛i ; ˇig is a dihedral representation. We may even suppose
that the points f0;1g are pointwise fixed by �.˛i / and swapped by �.ˇi /, ie

�.˛i /D

�
ai 0

0 1

�
and �.ˇi /D

�
0 1

bi 0

�
:

Let f j̨ ; ǰ g be another pair and suppose that the restriction of � to such handle is not coaxial. Up to
replacing this pair with f j̨ ǰ ; ǰ g or f j̨ ; j̨ ǰ g if needed, we may assume that both �. j̨ / and �. ǰ /
preserve the couple f0;1g by swapping the points.

The basic modification here is as follows. We replace the handle-generators f˛i ; ˇig with f˛i ; ˇi ǰ g

and we replace the handle-generators f j̨ ; ǰ g with f˛�1i j̨ ǰ ; ǰ g. This modification is effected by a
mapping class element and the handle generated by f˛i ; ˇi ǰ g remains disjoint from the handle generated
by f˛�1i j̨ ǰ ; ǰ g. It remains to show that the restriction of � to one of these handles is dihedral and the
restriction to the other handle is coaxial. By writing

�. j̨ /D

�
0 1

aj 0

�
and �. ǰ /D

�
0 1

bj 0

�
;

it is an easy matter now to check that �, once restricted to the handle f˛i ; ˇi ǰ g, is coaxial, because
�.˛i / and �.ˇi /�. ǰ / both fix the pair f0;1g pointwise. In fact, �.ˇi / and �. ǰ / both swap f0;1g
and hence their product fixes them pointwise. It is also easy to check that �, once restricted to the
handle f˛�1i j̨ ǰ ; ǰ g, is dihedral, because �. ǰ / swaps the pair f0;1g. We can even observe that the
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transformation �.˛i /�1�.ˇi /�. ǰ / keeps the pair f0;1g pointwise fixed. An iterative argument will
provide a set of handle-generators with the desired property. Notice that this argument does not involve
the number of punctures, and hence the claim holds for any k � 0.

6.1 Once-punctured surfaces

We begin by considering the case of once-punctured surfaces, ie we assume g > 0 and k D 1.

6.1.1 The once-punctured torus case In this subsection we prove the following:

Lemma 6.4 Let � W �1.S1;1/ ! PSL2.C/ be a nontrivial , dihedral (but not affine) and degenerate
representation such that the puncture has trivial monodromy. Then there is a projective structure on S1;1
with monodromy �.

Some generalities. Let � W �1.S1;1/! PSL2.C/ be a nontrivial dihedral (but not affine) and degenerate
representation. We assume � preserves f0;1g. Denote by ˛ and ˇ two handle-generators and letAD�.˛/
and B D �.ˇ/. We now distinguish two possible cases according on how many handle-generators act
nontrivially on f0;1g. Without loss of generality, we may assume

(37) AD

�
a 0

0 1

�
and B D

�
0 1

b 0

�
if one handle-generator fixes f0;1g pointwise, or

(38) AD

�
0 1

a 0

�
and B D

�
0 1

b 0

�
if both handle-generators act nontrivially on f0;1g. Notice that a; b 2 C�. Let 
 D Œ˛; ˇ� be a curve
enclosing the puncture and let �.
/D ŒA; B�.

Proof Assuming the monodromy of the puncture to be trivial, ie �.
/ D Id, it is possible to deduce
some constraints about the possible values of a and b. A simple computation shows that aD˙1 if A
and B are in the form (37) or aD˙b if A and B are in the form (38). Once again, given any basepoint
p0 2C�, we can define in every case a polygon

(39) p0 7! p1 7! p2 7! p3 7! p0;

where the points pi are defined as: p1 D A.p0/, p2 D AB.p0/ D BA.p0/ and, finally, p3 D B.p0/.
The polygon bounds a possibly self-intersecting and possibly degenerate quadrilateral Q on the complex
plane. As already done before, we shall denote the directed edges as follows: e1 D p1p2, e2 D p0p1,
e3Dp0p3 and, finally, e4Dp3p2. The edges of this polygon are related by the maps A and B as follows:
A.e3/D e1 and B.e2/D e4. Let us now discuss case by case.

Case 1 (A and B are in the form (37)) We begin by observing that aD 1 implies AD I and therefore
the image of � is cyclic of order two. In particular, � is coaxial (and hence affine) as observed in Case (b)
of Lemma 6.2. As � is assumed to be dihedral but not affine, it follows that aD�1. Given the matrices
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A and B as in (37), we notice that p0 D�p1 and p2 D�p3 because A.z/D�z. The polygon (39) is
self-intersecting and bounds an immersed disk in CP1 containing the point1. Note that there always
exists a good choice of p0 such that the polygon is not degenerate (but still self-intersecting). This is
because the polygon is degenerate whenever p0, �p0Dp1 and p3DB.p0/ are colinear, and this happens
if and only if there is a real �¤ 0 such that the equality p20.1� 2�/D b holds. It is easy to observe that
then p2 is necessarily colinear to the other three points. Then we proceed as in Propositions 4.11 and 5.3.

Case 2 (A and B are in the form (38)) In this second case we observe that aD b implies AD B and
therefore the image of � is cyclic of order two. In particular, � is coaxial (and hence affine), as observed
in Lemma 6.2. As � is supposed to be dihedral but not affine, it follows that aD�b. Given A and B as
in (38), we note that p0 D�p2 and p1 D�p3. The basepoint p0 can be chosen in such a way that the
polygon (39) bounds an embedded disk in CP1 containing the point1. More precisely, the polygon (39)
is degenerate if and only if the three points p0, �p0D p2 and p3 are colinear, and this happens whenever
they satisfy the same relation as in Case 1 above. It is now easy to see that there is always a p0 2C such
that the polygon (39) is nondegenerate. Even in this case we proceed as in Propositions 4.11 and 5.3.

6.1.2 Higher-genus once-punctured surfaces We then consider the case of once-punctured surfaces,
ie we assume k D 1. Since we have already handled the case g D 1 above, we can assume that g � 2.
Here we shall prove the following:

Lemma 6.5 Let g � 2 and let � W �1.Sg;1/! PSL2.C/ be a nontrivial , dihedral (but not affine) and
degenerate representation such that the puncture has trivial monodromy. Then there is a projective structure
on Sg;1 with monodromy �.

Let � W�1.Sg;1/! PSL2.C/ be a nontrivial, dihedral (but not affine) representation such that the puncture
has trivial monodromy. We can regard � as a representation x� W �1.Sg/! PSL2.C/ and therefore the
basic idea, again, is to realize this latter as the monodromy of a branched projective structure with a single
branch point. By deleting such a point, we will get the desired result.

Proof By Lemma 6.3 we can assume that there is a handle (see Definition 4.2) H � Sg generated by
the pair f˛1; ˇ1g such that �jH is dihedral (but not affine), and the restriction of � to the complementary
subsurface is a coaxial representation. Recall that, up to conjugation, we may assume that � globally
preserves the pair of points f0;1g�CP1. Notice that, since �.Œ˛i ; ˇi �/D I for each index i D 2; : : : ; g,
it follows that �.Œ˛1; ˇ1�/ D I . Moreover, we may even assume that �jH .˛1/ and �jH .ˇ1/ are in the
form (38). In fact, if they were in the form (37), a suitable Dehn twist puts them into the desired form.

Let �0 W �1.Sg�1;1/ ! Aff.C/ be the restriction of � to the complement of H � Sg . It is coaxial
and the puncture has trivial monodromy by construction. We can regard �0 as a coaxial representation
x�0 W�1.Sg�1/!Aff.C/ and, by Proposition 5.4 (in fact from the coaxial case of the proof in Section 5.4.2),
x�0 is realized as the holonomy of a branched projective structure on Sg�1 with a unique branch point.
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Denote this projective surface by S . From the proof (see Section 5.4.2), this projective surface is in
fact obtained by constructing a chain of quadrilaterals C in CP1 that bounds an immersed disk (see, for
example, Figures 14 or 15), and then identifying pairs of edges of these quadrilaterals. In particular, this
construction defines a set of handle-generators that develop onto the edges of the quadrilaterals, which
are embedded arcs in CP1. Let 
 be such a generator, which in our construction is a simple closed curve
on the surface from the branch point to itself, and let y
 �CP1 be an embedded arc that it develops onto.

Let us now consider the dihedral representation �jH W �1.S1;1/! PSL2.C/. The puncture has trivial
holonomy by construction, Lemma 6.4 applies and therefore �jH appears as the holonomy of a complex
projective structure on a punctured torus. Let† denote the projective handle (see Definition 5.11) obtained
by filling the puncture with a branched projective chart. From our construction, this projective handle is
obtained by identifying sides of a quadrilateral Q on CP1 that bounds an embedded disk because the
handle-generators ˛1 and ˇ1 are chosen in such a way that �jH .˛1/ and �jH .ˇ1/ are in the form (38).
In fact, from the proof of Lemma 6.4, there was plenty of freedom in choosing the quadrilateral Q,
namely we could choose any basepoint p0 2C so that Q, as defined by (39), is nondegenerate and indeed
embedded. In particular, we can choose a basepoint p0 such that

� y
 lies in the embedded disk bounded by Q, and

� a vertex of Q is an endpoint of y
 .

The desired structure with holonomy � is then obtained by grafting the projective handle † on S along 

as in Definition 5.12. The resulting surface is homeomorphic to Sg and has a branched projective
structure with a unique branch point; recall that grafting in a handle does not change the monodromy
of H or its complement. Deleting the branch point we obtain our desired projective structure on Sg;1
with monodromy �.

Remark Even in this case there is an alternative proof can be derived from the results of [Le Fils 2023].
As in the preceding discussion, regard the representation � W�1.Sg;1/! PSL2.C/ with trivial monodromy
around the puncture as a representation x� W �1.Sg/! PSL2.C/. As before, it suffices to realize this
latter representation as the monodromy of a branched projective structure with one branch point and thus
obtain the desired projective structure on Sg;1 with monodromy � by deleting the branch point. However,
according to the main theorem in [Le Fils 2023], every dihedral representation �1.Sg/! PSL2.C/ can
be realized as the monodromy of such a branched projective structure with a single branch point of order
at least three (cf the last obstruction, as mentioned in Section 5.4.4).

6.2 Surfaces with at least two punctures.

We finally consider punctured surfaces Sg;k of genus at least one and with at least two punctures, ie g� 1
and k � 2. This subsection is devoted to proving Proposition 6.1 for these remaining cases. We start by
considering the case of surfaces with exactly two punctures, and the general case with more than two
punctures will follow by extending our constructions.

Geometry & Topology, Volume 29 (2025)



610 Gianluca Faraco and Subhojoy Gupta

Lemma 6.6 Let g � 1 and let � W �1.Sg;2/! PSL2.C/ be a nontrivial dihedral (but not affine) and
degenerate representation such that at least one puncture has trivial monodromy. Then there is a projective
structure on Sg;2 with monodromy �.

Proof The case of genus g D 1, namely of representations � W �1.S1;2/! PSL2.C/, uses the same
argument as previously used for Proposition 4.20 for the genus-one case. The main difference here is that
the sides are glued by elliptic transformations of order two preserving the pair f0;1g�CP1. Note that
we can always find infinitely many rays joining the two punctures. The case of g � 2 is handled using the
g D 1 case, as we shall now describe.

Let � W �1.Sg;2/! PSL2.C/ be a dihedral and degenerate representation. By Lemma 6.3, there is a set of
handle-generators f˛1; ˇ1; : : : ; ˛g ; ˇgg such that the restriction of � to the handle generated by f˛1; ˇ1g
is dihedral of the form (37) or form (38) and the restrictions of � to each handle generated by f˛i ; ˇig
for 2 � i � g is coaxial, fixing f0;1g pointwise. Assume �.
1/D Id; as a consequence we have that
�.Œ˛i ; ˇi �/D Id for all i � 2, and �.Œ˛1; ˇ1�/D �.
2/ and is a dilation fixing f0;1g pointwise.

Let �0 W�1.Sg�1;2/! PSL2.C/ be the restriction of � to the subsurface of Sg;2 homeomorphic to Sg�1;2
that contains all the handles with coaxial monodromy and one puncture with trivial monodromy. We
notice that �0 is a coaxial representation. Finally, let �1 W �1.S1;2/! PSL2.C/ be the restriction of � to
the complementary subsurface that contains, in particular, the remaining puncture. The representation �1
is a dihedral (but nonaffine) degenerate representation.

We may also assume the representation �0 to be nontrivial. If �0 was trivial then we can apply a proper
change of basis f˛02; ˇ

0
2; : : : ; ˛

0
g ; ˇ
0
gg so that the restriction of �0 to any handle h˛0i ; ˇ

0
i i is not trivial, and

fix the set f0;1g�CP1 pointwise. In fact, since � is dihedral but not affine, we may assume �.˛1/ or
�.ˇ1/ to be a dilation (that is, of the form z 7! cz for some c 2C�). Then we can apply the change of
basis, handle by handle, as described in Lemma 4.6 in order to get the desired basis.

We start by considering the representation �0. Our Proposition 4.20 applies and therefore �0 can be
realized as the monodromy of some complex projective structure (in fact an affine structure) on Sg�1;2
with two punctures with trivial monodromy. We briefly recall the construction. Let p 2C� be a point and
suppose p is not a fixed point of Ai D �.˛i / or Bi D �.ˇi / for any i D 1; : : : ; g. For any i D 2; : : : ; g,
define Qi to be the quadrilateral based at p whose sides are defined by

(40) p 7! Ai .p/ 7! AiBi .p/D BiAi .p/ 7! Bi .p/ 7! p;

and define †i the 2-punctured torus obtained by the crosswise identification given by the mappings Ai
and Bi , where we subsequently delete the branch point arising from the vertices of the polygon. Choose
rays from p to the puncture at infinity in C nQi for each i , and glue these surfaces along the rays; see
Definition 4.16. We thus obtain a surface † homeomorphic to Sg�1;2 equipped with a complex projective
structure (in fact, an affine structure) with monodromy �0.
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Let us now consider �1. It is dihedral, degenerate and, by construction, at least one puncture has trivial
monodromy. By the g D 1 case handled at the beginning, �1 can be realized as the monodromy of some
complex projective structure on S1;2. In fact, given p 2 C� as above, we proceed as in the genus-one
case of Proposition 4.20: We can define an immersed polygonal curve based at p (ie the directed curve L
in Proposition 4.20) and then glue the sides of such a polygon by using the mappings A1, B1 and
ŒA1; B1�. The resulting surface †0 is homeomorphic to S1;2 and carries a complex projective structure
with holonomy �1. Note that there are arcs between the punctures that develop onto rays in C going
towards the puncture at infinity.

We now glue together these two structures along the rays by using Definition 4.17, as we now describe.
Let r any ray in † joining the punctures and let r 0 be any ray joining the two punctures of †0. By
construction, the ray r develops onto a ray xr � CP1 leaving from p. In the same fashion, the ray r 0

develops onto a ray xr 0�CP1 leaving from p. Note that these rays may or may not coincide, but they have
the same starting point, so Definition 4.17 applies. We glue the surfaces † and †0 along the rays r and r 0

as in that definition. The resulting surfaces is homeomorphic to Sg;2 and carries a complex projective
structure with monodromy �, as desired.

Corollary 6.7 Let g � 1 and k � 3, and let � W �1.Sg;k/! PSL2.C/ be a nontrivial dihedral (but not
affine) and degenerate representation such that at least one puncture has trivial monodromy. Then there is
a projective structure on Sg;k with monodromy �.

Proof Suppose there are more than two punctures, ie k > 2. Let � W �1.Sg;k/! PSL2.C/ be a dihedral
(but not affine) degenerate representation. Let A1; A2; : : : ; Ak be the monodromies of the punctures.
Since � is a degenerate representation, we can assume without loss of generality that A1 D Id. Let
�0 W �1.Sg;2/! PSL2.C/ be the restriction of � to the subsurface of Sg;k homeomorphic to Sg;2 that
contains one puncture with trivial monodromy. Let C D �0.
2/ be the monodromy of the other puncture
of Sg;2. We observe that A2A3 � � �AkC�1 D Id. Let S0;k�1 be the .k�1/-punctured sphere and let ıi
denote a curve enclosing the i th puncture. Similarly, we define �1 W �1.S0;k�1/! PSL2.C/ to be the
representation such that �1.ıi / D Ai for any i D 1; : : : ; k � 2 and �1.ık�1/ D AkC�1. Note that the
representation �1 is by itself an affine representation.

Let us consider first the representation �0. Our previous Lemma 6.6 applies, and �0 can be realized as
the monodromy of some complex projective structure on Sg;2. Let us now denote by † the surface Sg;2
equipped with such a structure. It follows by construction that there exists arcs between the punctures
(in fact infinitely many) that develop onto rays in C. Recall that one of these punctures is an apparent
singularity and any neighborhood of it is locally modeled on a punctured disk centered at some point
p 2C. Let us fix any such arc r �† joining the punctures and denote by xr its developed image, which
is an infinite ray on C leaving p towards the infinity.

Let us now consider the affine representation �1. According to the proof of our Proposition 4.18, after
an appropriate choice pf a basepoint, �1 appears as the holonomy of some branched affine structure
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(and hence a branched projective structure) on S0;k�1. We denote by †0 the surface S0;k�1 equipped
the branched affine structure we obtain by choosing p as the basepoint, where p is the point we saw
above. Let r 0 be an arc from the unique branch point, say q, to the puncture with holonomy AkC�1. This
ray develops on a ray xr 0 leaving from p. Note that xr and xr 0 are two rays based at p; in particular, they
intersect only at p if they do not coincide.

It finally remains to glue together structures † and †0 n fqg, along the rays r and r 0 defined above, by the
gluing construction described in Definition 4.17. The resulting surface, after the gluing, is homeomorphic
to Sg;k and carries a complex projective structure with holonomy � as desired.

This concludes the construction of the general case and indeed the proof of Proposition 6.1.

7 Corollaries

7.1 Infinite fibers

Here we provide a proof of Corollary B. Let � W …! PSL2.C/ be a representation that satisfies the
requirements of Theorem A, so that there exists a projective structure in Pg.k/ with monodromy �. Here,
we shall describe how the proof of Theorem A shows that in fact, the set of such projective structures
with monodromy � is infinite. That is, for any such �, the fiber of the monodromy map ‰�1.�/ is infinite
in cardinality.

For this, we recall the following surgery, well-known in the context of branched projective structures; see
for instance [Gallo et al. 2000, Section 12.1] or [Calsamiglia et al. 2014, Definition 2.5].

Definition 7.1 (bubbling) Let S be a surface equipped with a projective structure, and let 
 be an
embedded arc on S with from one puncture to another, such that the developing image is an embedded
arc y
 in CP1. We shall call such an arc 
 an admissible arc for the CP1-structure on S . Take a copy of
CP1 slit along y
 , and let y
C and y
� be the resulting sides of the slit. Cut S along 
 , and identify the
resulting sides with y
˙ so that the resulting surface S 0 is homeomorphic to S , and acquires a projective
structure. The developing map of this new projective structure, when restricted to a fundamental domain,
now wraps an additional time around CP1; however, the monodromy remains unchanged. Notice that
we have already implicitly used this fact in Definition 5.12. Moreover, a computation exactly as in
Section 3.4 shows that the resulting projective structure is also in Pg.k/; that is, the Schwarzian derivative
of developing map has a pole of order at most two at the punctures.

Indeed, once we have an admissible arc as in the definition above, then we can perform the bubbling
operation m times for any m, each time adding a new copy of CP1 along 
 , thus obtaining infinitely
many projective structures with the same monodromy.
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It only remains to show that there exist admissible arcs in any of the CP1-structures we construct
in the course of the proof of Theorem A. If the representation � is nondegenerate, then recall from
Section 3.3 that the projective structure on a surface S with monodromy � is obtained by considering
a �-equivariant pleated plane ‰ W zS !H3, and then taking its “shadow” at the conformal boundary at
infinity @1H3 DCP1. It follows from that construction that any of the pleating lines of ‰ is the lift of
an admissible arc on S ; see also [Gupta 2021, Theorem 1.3] and its proof.

For a degenerate representation �, note that:

� In the case of the trivial representation handled in Lemma 4.4, either g D 0, in which case any arc
between punctures is admissible, or else g > 0, in which case the projective structure is obtained by
taking a branched cover of CP1 n f0; 1;1g. Since we can obtain infinitely many CP1-structures
on the latter by bubbling along any arc between the three punctures, their pullbacks under the same
topological branched cover defines an infinite set of points in the fiber, as desired.

� In all remaining constructions in Sections 4–6, there is a handle-generator that develops onto an
edge of a polygonal curve in CP1, and is hence admissible.

This completes the proof of Corollary B. We note that the above argument proves that each nonempty
fiber is at least countably infinite; however, as noted at the end of Section 1, there are representations
with connected (and hence uncountably infinite) fibers.

7.2 Spherical cone-metrics

Here we provide a proof of Corollary D. Since a spherical cone-metric is also a CP1-structure on the
punctured surface obtained by deleting the cone points, the “only if” direction is an immediate consequence
of Theorem 2.5, and Lemmata 4.3 and 5.1. Namely, it follows from these results that the holonomy of
such a structure satisfies conditions (i) and (ii) of Theorem A. In what follows, we shall prove the “if”
direction by handling the cases of nondegenerate and degenerate holonomy separately.

Let � W…!SO.3;R/ be a nondegenerate representation. Note that this can be thought of as a representation
into PSL2.C/ that is unitary. In particular, note that the monodromy around any puncture is either elliptic or
the identity element. By Proposition 3.2 one can construct a CP1-structure P on Sg;k with monodromy �.
By virtue of the holonomy lying in the isometry group of the round metric on CP1, the punctured surface
acquires a spherical metric. It only remains to verify that the punctures are cone points (or regular points
if the cone-angle is 2�). This is a consequence of our construction in Section 3.3; see also [Gupta 2021,
Section 3]. In what follows we describe briefly how the developing map for P extends to each puncture
as a branch point.

Consider the �-equivariant pleated plane ‰ in H3 (see Section 3.2); recall that the image of ‰ comprises
totally geodesic ideal triangles with vertices in the image of the framing map ˇ WF1!CP1. The edges of
these totally geodesic ideal triangles form an equivariant collection of pleating lines, which are geodesic
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lines, each with a weight in .0; 2�/ which equals the dihedral angle between the two adjacent ideal
triangles adjacent at the pleating line.

Let xp be a puncture on Sg;k . Since the monodromy around xp is elliptic, from [Gupta 2021, Lemma 3.2] it
follows that up to the equivariance, there will be finitely many pleating lines incident on any lift p 2 F1,
and the sum of their weights will be positive. Interpreting this in terms of our construction of P , this
implies that, in the language of Section 3.4, the “total bending angle” ˛ around ˇ.p/ is positive. The
developing map f of the projective structure P then takes a neighborhood of the puncture into the portion
of a lune L˛ in CP1 that lies in a neighborhood of one of its endpoints ˇ.p/. The developing map can thus
be extended to p by mapping it to ˇ.p/; as explained in Section 3.4, in a conformal coordinate w on the
surface in a neighborhood of the puncture xp, if we take ˇ.p/D 0 2CP1 the developing map has the form
w 7! w˛=2� . This differs slightly from the map zf in Section 3.4, since there we took ˇ.p/D12CP1.
The puncture xp is thus a cone point of angle ˛ (and a regular point if ˛ D 2�), as desired.

Now let � W…! SO.3;R/ be a degenerate representation satisfying condition (ii) of Theorem A. The
constructions of Section 4 apply to produce a CP1-structure on Sg;k with monodromy �. Away from
the punctures, the charts to CP1 for this projective structure can be considered as charts to the round
sphere S2. So as observed above, since the monodromy of any curve is an element of SO.3;R/, ie an
isometry of S2, the pullback of the spherical metric defines a spherical metric on the punctured surface.
The key observation is that our constructions in Section 4 always produce projective structures where the
punctures are cone points. Indeed, a puncture that is an apparent singularity is necessarily a branch point
(ie with cone-angle an integer-multiple of 2�) or a regular point (when the cone-angle is exactly 2�).
A puncture with nontrivial monodromy around it, say an elliptic rotation of angle ˛, has a cone-angle
˛C2�n for some integer n� 0. In particular, the developing map always extends to the puncture and has
the form z 7! z˛=2� in a coordinate disk centered at the puncture. This defines a spherical cone-metric
on Sg;k with monodromy � and cone points at the punctures, as desired.

7.3 Branched projective structures

We finally provide a proof of Corollary E. Our main Theorem A already covers all representations except
those that are “exceptional” in the following sense.

Definition 7.2 An exceptional representation � W �1.Sg;k/! PSL2.C/ is necessarily degenerate and
satisfies one of the following additional conditions:

� � does not have any apparent singularity (in the sense of Definition 1.2), or

� � is trivial when g > 0 and k D 1 or 2, or

� � has an apparent singularity, but the image of � is a group of order two, when g > 0 and k D 1.

Our proof of Corollary E is then an immediate consequence of the following lemmata, that deal with
each of these possibilities.
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Lemma 7.3 Let � W �1.Sg;k/! PSL2.C/ be a degenerate representation without apparent singularity.
Then � arises as the monodromy of a branched CP1-structure on Sg;k with a single branch point.

Proof Let � W �1.Sg;k/! PSL2.C/ be a degenerate representation without any apparent singularity.
Note that � cannot be trivial. Then we may regard � as a representation x� W �1.Sg;kC1/! PSL2.C/
such that the monodromy of the extra puncture is trivial. Notice that k C 1 � 2. Theorem A applies
and the representation x� arises as the monodromy of a complex projective structure with one apparent
singularity. We eventually fill the apparent singularity with a (necessarily branched) complex projective
chart. The resulting structure is therefore a branched projective structure with a single branch point and
monodromy �.

Lemma 7.4 Let � W �1.Sg;1/! PSL2.C/ be a degenerate representation with the puncture having trivial
monodromy such that Im.�/ Š Z2. Then � arises as the monodromy of a branched CP1-structure on
Sg;1 with a single branch point.

Proof Let � W �1.Sg;1/! PSL2.C/ be a degenerate representation such that Im.�/Š Z2. Assume the
puncture has trivial monodromy. We regard � as a representation x� W �1.Sg;2/! PSL2.C/ such that the
monodromy of the extra puncture is trivial. Note that both punctures have trivial monodromy. Let us
consider first the case g D 1. Let e D pq �C be any segment such that p; q … f0;1g. Slit CP1 along
e [�e and denote the resulting sides as e˙ and �e˙. Then glue eC with �eC and e� with �e� to
obtain a half-translation structure † on a torus and two branch points of magnitude 4� . By removing
one of them we obtain a branched projective structure on S1;1 with monodromy �. Assume now that
g � 2. By construction, we can always find a geodesic segment r joining the two branch points on †.
Suppose †1; : : : ; †g are g copies of †. For any i D 1; : : : ; g, we slit †i along ri and denote the resulting
segments rCi and r�i . We then glue the †i together by identifying r�i with rCiC1. The resulting surface
is homeomorphic to Sg and carries a branched projective structure with two branch points, each one
of magnitude 4g� . By removing one of them we obtain a branched projective structure on Sg;1 with a
single branch point and the desired monodromy.

Lemma 7.5 Let k D 1; 2 and let � W �1.Sg;k/! PSL2.C/ be the trivial representation. Then � arises as
the monodromy of a branched CP1-structure on Sg;k with a single branch point if k D 2 or two branch
points if k D 1.

Proof Let k D 1; 2 and let � W �1.Sg;k/! PSL2.C/ be the trivial representation. We can regard �
as the trivial representation x� W �1.Sg;3/! PSL2.C/. Lemma 4.4 applies and hence x� appears as the
monodromy of a complex projective structure on Sg;3. We eventually fill one or two punctures with a
(necessarily) branched projective chart depending on whether k D 2 or k D 1, respectively. In both cases,
we obtain a branched projective structure on Sg;k for k D 1; 2, with trivial monodromy.

Geometry & Topology, Volume 29 (2025)



616 Gianluca Faraco and Subhojoy Gupta

References
[Allegretti and Bridgeland 2020] D G L Allegretti, T Bridgeland, The monodromy of meromorphic projective

structures, Trans. Amer. Math. Soc. 373 (2020) 6321–6367 MR Zbl

[Baba 2017] S Baba, 2�-grafting and complex projective structures with generic holonomy, Geom. Funct. Anal.
27 (2017) 1017–1069 MR Zbl

[Bainbridge et al. 2022] M Bainbridge, C Johnson, C Judge, I Park, Haupt’s theorem for strata of abelian
differentials, Israel J. Math. 252 (2022) 429–459 MR Zbl

[Ballas et al. 2024] S A Ballas, P L Bowers, A Casella, L Ruffoni, Tame and relatively elliptic CP1-structures on
the thrice-punctured sphere, Algebr. Geom. Topol. 24 (2024) 4589–4650

[Biswas et al. 2019] I Biswas, S Dumitrescu, S Gupta, Branched projective structures on a Riemann surface and
logarithmic connections, Doc. Math. 24 (2019) 2299–2337 MR Zbl

[Calsamiglia et al. 2014] G Calsamiglia, B Deroin, S Francaviglia, Branched projective structures with Fuchsian
holonomy, Geom. Topol. 18 (2014) 379–446 MR Zbl

[Chen and Faraco 2024] D Chen, G Faraco, Period realization of meromorphic differentials with prescribed
invariants, Forum Math. Sigma 12 (2024) art. id. e90

[Chenakkod et al. 2022] S Chenakkod, G Faraco, S Gupta, Translation surfaces and periods of meromorphic
differentials, Proc. Lond. Math. Soc. 124 (2022) 478–557 MR Zbl

[Dumas 2009] D Dumas, Complex projective structures, from “Handbook of Teichmüller theory, II” (A Pa-
padopoulos, editor), IRMA Lect. Math. Theor. Phys. 13, Eur. Math. Soc., Zürich (2009) 455–508 MR Zbl

[Edmonds 1982] A L Edmonds, Surface symmetry, I, Michigan Math. J. 29 (1982) 171–183 MR Zbl

[Edmonds et al. 1984] A L Edmonds, R S Kulkarni, R E Stong, Realizability of branched coverings of surfaces,
Trans. Amer. Math. Soc. 282 (1984) 773–790 MR Zbl

[Eremenko 2020] A Eremenko, Co-axial monodromy, Ann. Sc. Norm. Super. Pisa Cl. Sci. 20 (2020) 619–634
MR Zbl

[Faraco 2020] G Faraco, Distances on the moduli space of complex projective structures, Expo. Math. 38 (2020)
407–429 MR Zbl

[Fock and Goncharov 2006] V Fock, A Goncharov, Moduli spaces of local systems and higher Teichmüller
theory, Publ. Math. Inst. Hautes Études Sci. 103 (2006) 1–211 MR Zbl

[Gallo et al. 2000] D Gallo, M Kapovich, A Marden, The monodromy groups of Schwarzian equations on closed
Riemann surfaces, Ann. of Math. 151 (2000) 625–704 MR Zbl

[Gunning 1967] R C Gunning, Special coordinate coverings of Riemann surfaces, Math. Ann. 170 (1967) 67–86
MR Zbl

[Gupta 2021] S Gupta, Monodromy groups of CP1-structures on punctured surfaces, J. Topol. 14 (2021) 538–559
MR Zbl

[Gupta and Mj 2020] S Gupta, M Mj, Monodromy representations of meromorphic projective structures, Proc.
Amer. Math. Soc. 148 (2020) 2069–2078 MR Zbl

[Gupta and Mj 2021] S Gupta, M Mj, Meromorphic projective structures, grafting and the monodromy map, Adv.
Math. 383 (2021) art. id. 107673 MR Zbl

[Haupt 1920] O Haupt, Ein Satz über die Abelschen Integrale 1. Gattung, Math. Z. 6 (1920) 219–237 MR Zbl

Geometry & Topology, Volume 29 (2025)

https://doi.org/10.1090/tran/8093
https://doi.org/10.1090/tran/8093
http://msp.org/idx/mr/4155179
http://msp.org/idx/zbl/1461.30099
https://doi.org/10.1007/s00039-017-0424-9
http://msp.org/idx/mr/3714716
http://msp.org/idx/zbl/1401.57027
https://doi.org/10.1007/s11856-022-2381-8
https://doi.org/10.1007/s11856-022-2381-8
http://msp.org/idx/mr/4526837
http://msp.org/idx/zbl/1521.14056
https://doi.org/10.2140/agt.2024.24.4589
https://doi.org/10.2140/agt.2024.24.4589
https://doi.org/10.25537/dm.2019v24.2299-2337
https://doi.org/10.25537/dm.2019v24.2299-2337
http://msp.org/idx/mr/4033817
http://msp.org/idx/zbl/1430.30020
https://doi.org/10.2140/gt.2014.18.379
https://doi.org/10.2140/gt.2014.18.379
http://msp.org/idx/mr/3159165
http://msp.org/idx/zbl/1286.30031
https://doi.org/10.1017/fms.2024.71
https://doi.org/10.1017/fms.2024.71
https://doi.org/10.1112/plms.12432
https://doi.org/10.1112/plms.12432
http://msp.org/idx/mr/4413502
http://msp.org/idx/zbl/1528.30014
https://doi.org/10.4171/055-1/13
http://msp.org/idx/mr/2497780
http://msp.org/idx/zbl/1196.30039
http://projecteuclid.org/euclid.mmj/1029002670
http://msp.org/idx/mr/654478
http://msp.org/idx/zbl/0511.57025
https://doi.org/10.2307/1999265
http://msp.org/idx/mr/732119
http://msp.org/idx/zbl/0603.57001
https://doi.org/10.2422/2036-2145.201706_022
http://msp.org/idx/mr/4105912
http://msp.org/idx/zbl/1481.57032
https://doi.org/10.1016/j.exmath.2019.04.006
http://msp.org/idx/mr/4177950
http://msp.org/idx/zbl/1461.30106
https://doi.org/10.1007/s10240-006-0039-4
https://doi.org/10.1007/s10240-006-0039-4
http://msp.org/idx/mr/2233852
http://msp.org/idx/zbl/1099.14025
https://doi.org/10.2307/121044
https://doi.org/10.2307/121044
http://msp.org/idx/mr/1765706
http://msp.org/idx/zbl/0977.30028
https://doi.org/10.1007/BF01362287
http://msp.org/idx/mr/207978
http://msp.org/idx/zbl/0144.33501
https://doi.org/10.1112/topo.12189
http://msp.org/idx/mr/4286048
http://msp.org/idx/zbl/1479.57058
https://doi.org/10.1090/proc/14866
http://msp.org/idx/mr/4078090
http://msp.org/idx/zbl/1514.30013
https://doi.org/10.1016/j.aim.2021.107673
http://msp.org/idx/mr/4232545
http://msp.org/idx/zbl/1468.30072
https://doi.org/10.1007/BF01199957
http://msp.org/idx/mr/1544406
http://msp.org/idx/zbl/47.0351.02


Monodromy of Schwarzian equations with regular singularities 617

[Husemoller 1962] D H Husemoller, Ramified coverings of Riemann surfaces, Duke Math. J. 29 (1962) 167–174
MR Zbl

[Ince 1944] E L Ince, Ordinary differential equations, Dover, New York (1944) MR Zbl

[Kapovich 2020] M Kapovich, Periods of abelian differentials and dynamics, from “Dynamics: topology and
numbers” (P Moree, A Pohl, L Snoha, T Ward, editors), Contemp. Math. 744, Amer. Math. Soc., Providence, RI
(2020) 297–315 MR Zbl

[Le Fils 2022] T Le Fils, Periods of abelian differentials with prescribed singularities, Int. Math. Res. Not. 2022
(2022) 5601–5616 MR Zbl

[Le Fils 2023] T Le Fils, Holonomy of complex projective structures on surfaces with prescribed branch data, J.
Topol. 16 (2023) 430–487 MR Zbl

[Luo 1993] F Luo, Monodromy groups of projective structures on punctured surfaces, Invent. Math. 111 (1993)
541–555 MR Zbl

[Mandelbaum 1973] R Mandelbaum, Branched structures and affine and projective bundles on Riemann surfaces,
Trans. Amer. Math. Soc. 183 (1973) 37–58 MR Zbl

[Martens 1985] H H Martens, On a theorem of O Haupt characterizing periods of abelian differentials, Ann.
Acad. Sci. Fenn. Ser. A I Math. 10 (1985) 377–380 MR Zbl

[Mondello and Panov 2016] G Mondello, D Panov, Spherical metrics with conical singularities on a 2-sphere:
angle constraints, Int. Math. Res. Not. 2016 (2016) 4937–4995 MR Zbl

[Mondello and Panov 2019] G Mondello, D Panov, Spherical surfaces with conical points: systole inequality and
moduli spaces with many connected components, Geom. Funct. Anal. 29 (2019) 1110–1193 MR Zbl

[Nascimento 2024] G Nascimento, Monodromies of projective structures on surface of finite-type, Geom. Dedicata
218 (2024) art. id. 1 MR Zbl

[Newstead 2009] P E Newstead, Geometric invariant theory, from “Moduli spaces and vector bundles” (S B
Bradlow, L Brambila-Paz, O García-Prada, S Ramanan, editors), Lond. Math. Soc. Lect. Note Ser. 359, Cambridge
Univ. Press (2009) 99–127 MR Zbl

[Nielsen 1937] J Nielsen, Die Struktur periodischer Transformationen von Flächen, Danske Vid. Selsk. Mat.-Fys.
Medd. 15 (1937) 1–77 Zbl

[Poincaré 1884] H Poincaré, Sur les groupes des équations linéaires, Acta Math. 4 (1884) 201–312 MR Zbl

[de Saint-Gervais 2016] H P de Saint-Gervais, Uniformization of Riemann surfaces: revisiting a hundred-year-old
theorem, Eur. Math. Soc., Zürich (2016) MR Zbl

Dipartimento di Matematica e Applicazioni U5, Università degli Studi di Milano-Bicocca
Milan, Italy

Department of Mathematics, Indian Institute of Science
Bangalore, India

gianluca.faraco@unimib.it, subhojoy@iisc.ac.in

Proposed: Anna Wienhard Received: 4 August 2022
Seconded: Benson Farb, David Fisher Revised: 5 June 2023

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

http://projecteuclid.org/euclid.dmj/1077470001
http://msp.org/idx/mr/136726
http://msp.org/idx/zbl/0196.34001
http://msp.org/idx/mr/10757
http://msp.org/idx/zbl/0063.02971
https://doi.org/10.1090/conm/744/14989
http://msp.org/idx/mr/4062570
http://msp.org/idx/zbl/1436.37047
https://doi.org/10.1093/imrn/rnaa263
http://msp.org/idx/mr/4406117
http://msp.org/idx/zbl/1485.30014
https://doi.org/10.1112/topo.12287
http://msp.org/idx/mr/4575871
http://msp.org/idx/zbl/07738236
https://doi.org/10.1007/BF01231297
http://msp.org/idx/mr/1202134
http://msp.org/idx/zbl/0778.30043
https://doi.org/10.2307/1996458
http://msp.org/idx/mr/325958
http://msp.org/idx/zbl/0278.30024
https://doi.org/10.5186/aasfm.1985.1041
http://msp.org/idx/mr/802499
http://msp.org/idx/zbl/0583.30039
https://doi.org/10.1093/imrn/rnv300
https://doi.org/10.1093/imrn/rnv300
http://msp.org/idx/mr/3556430
http://msp.org/idx/zbl/1446.53027
https://doi.org/10.1007/s00039-019-00506-3
https://doi.org/10.1007/s00039-019-00506-3
http://msp.org/idx/mr/3990195
http://msp.org/idx/zbl/1447.58013
https://doi.org/10.1007/s10711-023-00849-0
http://msp.org/idx/mr/4654135
http://msp.org/idx/zbl/07760997
https://doi.org/10.1017/CBO9781139107037.005
http://msp.org/idx/mr/2537067
http://msp.org/idx/zbl/1187.14054
http://msp.org/idx/zbl/0017.13302
https://doi.org/10.1007/BF02418420
http://msp.org/idx/mr/1554639
http://msp.org/idx/zbl/16.0252.01
https://doi.org/10.4171/145
https://doi.org/10.4171/145
http://msp.org/idx/mr/3494804
http://msp.org/idx/zbl/1332.30001
mailto:gianluca.faraco@unimib.it
mailto:subhojoy@iisc.ac.in
http://msp.org
http://msp.org




msp

Geometry & Topology 29:2 (2025) 619–686
DOI: 10.2140/gt.2025.29.619

Published: 12 March 2025

Algebraic K-theory of elliptic cohomology

GABRIEL ANGELINI-KNOLL

CHRISTIAN AUSONI

DOMINIC LEON CULVER

EVA HÖNING

JOHN ROGNES

We calculate the mod-.p; v1; v2/ homotopy V .2/�TC.BPh2i/ of the topological cyclic homology of the
truncated Brown–Peterson spectrum BPh2i, at all primes p� 7, and show that it is a finitely generated and
free Fp Œv3�-module on 12pC4 generators in explicit degrees within the range�1���2p3C2p2C2p�3.
At these primes BPh2i is a form of elliptic cohomology, and our result also determines the mod-.p; v1; v2/

homotopy of its algebraic K-theory. Our computation is the first that exhibits chromatic redshift from
pure v2-periodicity to pure v3-periodicity in a precise quantitative manner.
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1 Introduction

Let p be a prime, let V .n/ denote a Smith–Toda complex with BP�V .n/ D BP�=.p; : : : ; vn/, and let
BPhni with ��BPhni DZ.p/Œv1; : : : ; vn� denote a truncated Brown–Peterson spectrum equipped with the
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E3 BP-algebra structure of Hahn and Wilson [2022, Theorem A]. Let P .x/D Fp Œx� and E.x/ denote the
polynomial and exterior Fp-algebras on a generator x, and let Fpfxg denote the Fp-module generated by x.

We confirm the quantitative form of the chromatic redshift conjecture of [Rognes 2000, page 8] in the case
of BPh2i at p�7, showing that V .2/� TC.BPh2i/ is finitely generated and free as a P .v3/-module. Hence
the topological cyclic homology functor takes the “pure fp-type 2” ring spectrum BPh2i with V .1/�BPh2i
finitely generated and free as a P .v2/-module to a “pure fp-type 3” ring spectrum TC.BPh2i/ with
V .2/� TC.BPh2i/ finitely generated and free as a P .v3/-module, dilating the wavelength of periodicity1

from jv2j D 2p2� 2 to jv3j D 2p3� 2.

Theorem 1.1 Let p � 7. There is a preferred isomorphism

V .2/� TC.BPh2i/Š P .v3/˝E.@; �1; �2; �3/

˚P .v3/˝E.�2; �3/˝Fpf„1;d j 0< d < pg

˚P .v3/˝E.�1; �3/˝Fpf„2;d j 0< d < pg

˚P .v3/˝E.�1; �2/˝Fpf„3;d j 0< d < pg

of P .v3/˝E.�1; �2; �3/-modules. This is a finitely generated and free P .v3/-module on 12pC4 explicit
generators in degrees �1� � � 2p3C 2p2C 2p� 3.

The close relation between algebraic K-theory and topological cyclic homology for p-complete ring
spectra leads to the following application; cf Theorem 12.20.

Theorem 1.2 Let p � 7. There is an exact sequence of P .v3/˝E.�1; �2; �3/-modules

0!†�2FpfN�1; N�2; N�1 N�2g ! V .2/�K.BPh2ip/
trc���! V .2/� TC.BPh2i/!†�1Fpf1g ! 0

with j N�i j D 2pi � 1. The localization homomorphism

V .2/�K.BPh2ip/! v�1
3 V .2/�K.BPh2ip/

is an isomorphism in degrees �� 2p2C2p, and the target is a finitely generated and free P .v˙1
3
/-module

on 12pC 4 generators.

The proven Lichtenbaum–Quillen conjecture for K.Z.p// and K.Zp/ also lets us pass from the p-complete
version to the p-local version of BPh2i; cf Theorem 12.21.

Theorem 1.3 Let p � 7. The p-completion map induces a .2p2C2p�2/-coconnected homomorphism

V .2/�K.BPh2i/ ���! V .2/�K.BPh2ip/:

The localization homomorphism

V .2/�K.BPh2i/! v�1
3 V .2/�K.BPh2i/

1See also Remark 1.9 regarding the recent resolution by Burklund, Schlank and Yuan [Burklund et al. 2022] of the (weaker)
qualitative form of the redshift conjecture, in the case of E1 ring spectra.
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Algebraic K-theory of elliptic cohomology 621

is an isomorphism in degrees �� 2p2C2p, and the target is a finitely generated and free P .v˙1
3
/-module

on 12pC 4 generators.

Remark 1.4 An alternative title for this paper could be Topological cyclic homology modulo p, v1

and v2 of the second truncated Brown–Peterson spectrum. In earlier work [Ausoni and Rognes 2002] we
referred to the calculation of V .1/� TC.BPh1i/ as (an essential step toward) a calculation of the “algebraic
K-theory of topological K-theory”. The relation between BPh1i and topological K-theory is analogous to
that between BPh2i and elliptic cohomology, so we hope the reader grants us the poetic license presumed
by our choice of title.

The v1- and v2-periodic families in ��V .0/ and ��V .1/, respectively, are related to the well-known
˛-family visible to topological K-theory and the fairly well understood ˇ-family visible to elliptic
cohomology. The v3-periodic families emerging from our calculation are related to the third family of
Greek letter elements, the 
 -family, which is less well understood, and for which there is currently no
known detecting cohomology theory with a geometric interpretation of the cohomology classes. Our result
suggests that algebraic K-theory of elliptic cohomology may be such a detecting cohomology theory.

We now explain Theorem 1.1 in more detail. For each E3 ring spectrum B we have maps of E2 ring spectra

S !K.B/ trc
�! TC.B/ ��! THH.B/hT

! THH.B/

from the sphere spectrum to the topological Hochschild homology THH.B/ of B, via its algebraic
K-theory K.B/, topological cyclic homology TC.B/ and the T -homotopy fixed points of THH.B/. For
p � 7, the Smith–Toda spectrum V .2/ exists as a homotopy commutative and associative ring spectrum,
with a periodic class v3 2 �2p3�2V .2/. In Section 3 we recall that

V .2/� THH.BPh2i/DE.�1; �2; �3/˝P .�/;

with j�i j D 2pi � 1 for i 2 f1; 2; 3g and j�j D 2p3. In Sections 5 and 6 we use E2 ring spectrum
power operations to show that the THH-classes �i lift to K-theory classes �K

i 2 V .2/�K.BPh2i/, with
tr.�K

i / D �i . We also write �i for their images in V .2/� TC.BPh2i/ and V .2/� THH.BPh2i/hT . In
Sections 8–11 we determine the structure of the T -homotopy fixed point spectral sequence

E2.T /DH��.T ;V .2/� THH.BPh2i//D P .t/˝E.�1; �2; �3/˝P .�/) V .2/� THH.BPh2i/hT :

The image of v3 in V .2/� THH.BPh2i/hT is detected by t�. The homotopy classes

„i;d 2 V .2/� TC.BPh2i/

for i 2 f1; 2; 3g and 0< d < p are constructed in Section 12 so that

�.„i;d /D

1X
nD0

�iC3n;d

in V .2/� THH.BPh2i/hT . In this convergent series, each �k;d is a specific V .2/-homotopy element
detected by a class

xk;d D t
d
p

r.k/�Œk��
d
p

r.k�3/
2E1.T /:
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Here Œk�2f1; 2; 3g satisfies k� Œk� mod 3, and r.k/DpkCpk�3C� � �CpŒk� for k�1. In particular, both

�.„i;d / and �i;d 2 ft
dpi�1

�ig

are detected by tdpi�1

�i in E1.T /, for i 2f1; 2; 3g. Letting @ denote the generator of V .2/�1 TC.BPh2i/,
and noting that �i �„i;dD0 for each i and d , this concludes our specification of the notation in Theorem 1.1,
which appears as Theorem 12.17 in the body of the text. One way to summarize the grading of the module
generators is to say that the Poincaré series of V .3/� TC.BPh2i/ is

.1Cx�1/.1Cx2p�1/.1Cx2p2�1/.1Cx2p3�1/

C .1Cx2p2�1/.1Cx2p3�1/.xCx3
C � � �Cx2p�3/

C .1Cx2p�1/.1Cx2p3�1/.x2p�1
Cx4p�1

C � � �Cx2p2�2p�1/

C .1Cx2p�1/.1Cx2p2�1/.x2p2�1
Cx4p2�1

C � � �Cx2p3�2p2�1/:

Remark 1.5 The seminal calculation in this field was made by Bökstedt and Madsen [1994; 1995]. For
the Eilenberg–MacLane spectrum BPh0i DHZ.p/ at p � 3 they established an isomorphism

V .0/� TC.Z.p//Š P .v1/˝E.@; �1/

˚P .v1/˝Fpf„1;d j 0< d < pg

of free P .v1/-modules of rank pC3, where„1;d is detected by td�1. The (then unproven) Lichtenbaum–
Quillen conjecture for K.Qp/ could be deduced from this, showing that the natural homomorphism

V .0/�K.Qp/! V .0/�K.SQp/
hGQp

is 0-coconnected, where GQp
D Gal.SQp=Qp/ is the absolute Galois group. In particular, the P .v1/-

module generators of V .0/� TC.Z.p// correspond in a precise manner to a basis for the Galois cohomology
groups in the descent spectral sequence

E2
�s;t DH s

Gal.QpIFp.t=2//) V .0/�sCtK.SQp/
hGQp :

The fact that V .0/� TC.Z.p// is P .v1/-torsion free is thus a reflection of Suslin’s theorem [1984]
that V .0/�K.SQp/ Š V .0/�ku D Fp Œu� is P .v1/-torsion free, and the finite generation and grading of
V .0/� TC.Z.p// corresponds to precise information about the Galois (or motivic) cohomology of Qp.

For the Adams summand BPh1i D ` of ku.p/ at p � 5, Ausoni and Rognes [2002] thereafter obtained an
isomorphism

V .1/� TC.`/Š P .v2/˝E.@; �1; �2/

˚P .v2/˝E.�2/˝Fpf„1;d j 0< d < pg

˚P .v2/˝E.�1/˝Fpf„2;d j 0< d < pg

of free P .v2/-modules of rank 4pC 4, where „1;d is detected by td�1 and „2;d is detected by tdp�2.
Moreover, Ausoni [2010] proceeded to calculate V .1/� TC.ku/, and showed [Ausoni 2005] that

V .1/�K. p̀/! V .1/�K.kup/
h�
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is an isomorphism. Rognes [2014, Section 5] viewed this as computational evidence for the existence of
a descent spectral sequence, converging to V .1/�K. p̀/, from a form of motivic cohomology defined
for E1 ring spectra such as p̀. The fact that V .1/� TC.`/ is P .v2/-torsion free would then reflect an
analog of Suslin’s theorem, and the finite generation and grading of V .1/� TC.`/ would correspond to
specific information about this spectrally defined motivic cohomology.2

Our present conclusions about V .2/� TC.BPh2i/ and V .2/�K.BPh2ip/ as P .v3/-modules continue this
pattern, and further suggest the existence of a descent spectral sequence from a motivic cohomology
defined for less commutative ring spectra, such as the E3 ring spectrum BPh2ip. If so, Theorem 1.1
provides information about these (at the time of writing, hypothetical) motivic cohomology groups.

Remark 1.6 Our calculations in V .2/-homotopy involve the homotopy element v3 2 �2p3�2V .2/

and its v2-Bockstein image i2j2.v3/ 2 �2p3�2p2�1V .2/, closely related to the first element 
1 2

�2p3�2p2�2p�1S in the third Greek letter family. To make a similar computation of V .3/� TC.BPh3i/ as
a P .v4/-module would require knowing the existence of a homotopy element v4 2 �2p4�2V .3/, mapping
to the class with the same name in BP�V .3/D BP�=.p; : : : ; v3/. The existence of v4 is presently not
known for any prime p; cf [Ravenel 2004, Section 5.6 and (5.6.13)]. Conceivably, a calculation could be
made of V� TC.BPh3i/ as a P .w/-module for another type 4 finite ring spectrum V , with v4 self-map
w W†dV ! V . Something similar was carried out for the Eilenberg–MacLane spectrum BPh0i DHZ.2/
at p D 2 in [Rognes 1999], calculating .S=2/� TC.Z.2// and .S=4/� TC.Z.2// in tandem.

Remark 1.7 Let T .3/D v�1
3

V .2/ be the telescopic localization of the type 3 complex V .2/, and let
V .3/ be the mapping cone of v3 W†

2p2�2V .2/! V .2/. The three theorems above imply that

T .3/� TC.BPh2i/Š T .3/�K.BPh2ip/Š T .3/�K.BPh2i/

are all nontrivial P .v˙1
3
/-modules, so that the Bousfield T .3/-localizations

LT .3/ TC.BPh2i/'LT .3/K.BPh2ip/'LT .3/K.BPh2i/

are all nontrivial spectra. Moreover, the graded abelian groups

V .3/� TC.BPh2i/ V .3/�K.BPh2ip/ V .3/�K.BPh2i/

are all finite, so
TC.BPh2i/p K.BPh2ip/p K.BPh2i/p

are all of fp-type 3 in the sense of [Mahowald and Rezk 1999]. These qualitative statements confirm a
weaker form of the chromatic redshift conjecture for BPh2i, roughly as formulated in [Ausoni and Rognes
2008, Conjecture 1.3], but do not contain the information that V .2/� TC.BPh2i/ is free over P .v3/, ie

2See also Remark 1.9 regarding the recent discovery by Hahn, Raksit and Wilson [Hahn et al. 2022] of such a cohomology
theory, in the case of E1 ring spectra.
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that TC.BPh2i/ is of “pure fp-type 3” in the sense of [Rognes 2000], nor the quantitative information
about its precise rank and generating basis.

In groundbreaking work, Hahn and Wilson [2022, Theorem B] confirmed the qualitative form of the
chromatic redshift conjecture for all BPhni, at all primes p. However, as outlined in Remark 1.5, we take
the view that the precise P .w/-module structure of V� TC.BPhni/, where V is some type .nC1/ finite
complex with vnC1 self-map w W†dV ! V , will be an essential ingredient of an understanding of it and
V�K.BPhnip/ as being obtained by descent from a form of motivic cohomology for ring spectra.

Remark 1.8 Ausoni and Rognes [2002] had outlined a calculation of V .n/� TC.BPhni/ as a P .vnC1/-
module, under the strong hypotheses that V .n/ exists as a ring spectrum (with a homotopy element vnC1)
and that BPhni admits an E1 ring spectrum structure. As in the case nD 1, the sketched argument used
a homotopy Cartan formula for E1 power operations, and was carried out in the range of degrees where
the comparison homomorphism y�1� W V .n/� THH.BPhni/! V .n/� THH.BPhni/tCp is an isomorphism.
When nD 2 and p � 7, this homomorphism is .2p2C2p�3/-coconnected, as we show in Theorem 8.1,
so that the calculation would determine V .2/� TC.BPh2i/ for �> 2p2C 2p� 3.

There is a .2p2�2/-connected map BPh2i ! BPh1i inducing a .2p2�1/-connected map

V .2/� TC.BPh2i/! V .2/� TC.BPh1i/

(cf [Bökstedt and Madsen 1994, Proposition 10.9; Dundas 1997] and Proposition 12.19). Hence the
known calculation of V .1/� TC.BPh1i/ does account for V .2/� TC.BPh2i/ in degrees �< 2p2�1. This
leaves a gap in degrees 2p2� 1� � � 2p2C 2p� 3, where the traditional arguments do not determine
V .2/� TC.BPh2i/. (This is a new phenomenon for n� 2; there is no such gap for n 2 f0; 1g.)

Around the year 2000 it was only known that BPhni could be realized as an E1 ring spectrum [Baker
and Jeanneret 2002, Corollary 3.5], so the calculations were hypothetical, even for n D 2 and p � 7.
With the much more recent Hahn–Wilson construction of an E3 ring structure on BPhni, it has finally
become possible to carry out most of the original program, as we show in this paper. The lower order
of commutativity has, however, required us to also develop a homotopy Cartan formula for certain E2

power operations, which we do in Section 5.

The original Bökstedt–Hsiang–Madsen presentation [Bökstedt et al. 1993] of TC.B/ was given in terms
of fixed point spectra THH.B/C for finite subgroups C �T , using the language of genuinely equivariant
stable homotopy theory. However, almost all calculations were made using the naively equivariant
homotopy fixed points THH.B/hC and Tate constructions THH.B/tC , and were therefore only known to
be valid in the range of degrees where the comparison map y�1 induces an isomorphism.

The new Nikolaus–Scholze presentation [2018] of topological cyclic homology promoted the ingredients
that were previously used for calculations into definitions. Hence TC.B/ was redefined in terms of the
homotopy fixed points THH.B/hT and Tate construction THH.B/tT , and the key role of the (naively
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T -equivariant) map y�1, now called the p-cyclotomic structure map 'p , was greatly clarified. Moreover,
Nikolaus and Scholze proved that the old and new definitions agree when THH.B/ is bounded below,
eg for connective B. This means that by carrying out the homotopy fixed point and Tate construction
calculations in all degrees, we can now fully calculate V .2/� TC.BPh2i/, eliminating the gap of degrees
discussed above. We compare the old and new terminologies in Section 4.

Remark 1.9 After the present paper was first posted in preprint form, Hahn, Raksit and Wilson [Hahn
et al. 2022] introduced a motivic filtration on TC.R/, for so-called chromatically quasisyntomic E1 ring
spectra R, whose associated graded realizes the form of motivic cohomology that was predicted to exist in
Remark 1.5. This new cohomology theory for E1 ring spectra generalizes the syntomic cohomology for
quasisyntomic commutative rings introduced by Bhatt, Morrow and Scholze [Bhatt et al. 2019, Section 7.4].

In the same year, Burklund, Schlank and Yuan [Burklund et al. 2022, Theorem E], building on [Yuan
2024, Theorem A], proved that if R is an E1 ring spectrum such that K.n/�R¤ 0 and K.nC1/�RD 0,
then K.nC 1/�K.R/¤ 0. Combined with previous work of Land, Meier, Mathew and Tamme [Land
et al. 2024, Corollary B] and Clausen, Mathew, Naumann and Noel [Clausen et al. 2024] on the vanishing
of K.m/�K.R/ for m� nC 2, this proves that algebraic K-theory of an E1 ring spectrum increments
chromatic complexity by precisely one, thus establishing a very general form of qualitative redshift.
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while this work was being carried out. He would like to thank the Institute for their hospitality. Höning
thanks the Radboud Excellence Initiative for funding her postdoc position. This project received funding
from the European Union’s Horizon 2020 research and innovation programme under the Marie Skłodowska-
Curie grant agreement 101034255.

2 Smith–Toda and truncated Brown–Peterson spectra

Let A� be the mod-p dual Steenrod algebra, and write H�X DH�.X IFp/ for the mod-p homology of a
spectrum X , viewed as an A�-comodule. Likewise, let H DHFp denote the mod-p Eilenberg–MacLane
(E1 ring) spectrum.

By a Smith–Toda complex V .n/we mean a finite and p-local spectrum with H�V .n/DE.�0; : : : ; �n/�A�.
The spectra V .0/D S [p e1, V .1/D S [p e1 [˛1

e2p�1 [p e2p and V .2/ exist for p � 2, p � 3 and
p � 5, respectively; see Smith [1970, Section 4] and Toda [1971, Theorem 1.1]. In the stable homotopy
category there are unital multiplications �0 W V .0/ ^ V .0/ ! V .0/, �1 W V .1/ ^ V .1/ ! V .1/ and
�2 W V .2/^V .2/! V .2/ for p � 3, p � 5 and p � 7, respectively; cf [Yanagida and Yosimura 1977,
Sections 1.4, 2.4 and 3.3]. These are unique, and therefore commutative. They are also associative, with the
exception of �0 at pD 3. Toda [1971, Theorem 4.4] showed that V .3/ exists for p� 7 and admits a unital
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multiplication for p � 11. The spectra V .n/ for n� 4 are not known to exist at any prime p; cf [Ravenel
2004, (5.6.13)]. We use the following notation for some of the resulting homotopy cofiber sequences:

S
p
�! S

i0
�! V .0/

j0
�!†S;(2-1)

†2p�2V .0/
v1
�! V .0/

i1
�! V .1/

j1
�!†2p�1V .0/;(2-2)

†2p2�2V .1/
v2
�! V .1/

i2
�! V .2/

j2
�!†2p2�1V .1/;(2-3)

†2p3�2V .2/
v3
�! V .2/

i3
�! V .3/

j3
�!†2p3�1V .2/:(2-4)

The unital multiplications on V .0/, V .1/ and V .2/ are also regular, in the sense that the respective
Bockstein operators i0j0 W V .0/!†V .0/, i1j1 W V .1/!†2p�1V .1/ and i2j2 W V .2/!†2p2�1V .2/ act
as derivations; see [Araki and Toda 1965, Theorem 5.9; Yosimura 1977, Propositions 1.1 and 1.2].

The complex cobordism spectrum MU is a prototypical E1 ring spectrum. Basterra and Mandell [2013,
Theorem 1.1] proved that the p-local Brown–Peterson spectrum BP is a retract up to homotopy of MU.p/
in the category of E4 ring spectra, and that the E4 ring structure on BP is unique up to equivalence. By
an nth truncated Brown–Peterson spectrum BPhni we mean a complex orientable p-local ring spectrum
such that the composite

Z.p/Œv1; : : : ; vn�� ��BP! ��MU.p/! ��BPhni

is an isomorphism, following [Lawson and Naumann 2014, Definition 4.1]. It follows, as in [Lawson and
Naumann 2014, Theorem 4.4], that H�BPhni D P . N�k j k � 1/˝E. N�k j k > n/ as a subalgebra of the
dual Steenrod algebra. According to recent work by Hahn and Wilson [2022], there exist towers

� � � ! BPhnC 1i ! BPhni ! � � � ! BPh0i DHZ.p/

of E3 BP-algebra spectra, for all p, where each BPhni is an nth truncated Brown–Peterson spectrum.
Hence THH.BP/ is an E3 ring spectrum with cyclotomic structure, in the sense to be recalled in Section 4,
and there are towers

� � � ! THH.BPhnC 1i/! THH.BPhni/! � � � ! THH.Z.p//

of E2 THH.BP/-algebra spectra with cyclotomic structure. The availability of these T -equivariant ring
spectrum structures is an essential prerequisite for our calculations.

Chadwick and Mandell [2015, Corollary 1.3] showed that the Quillen map MU.p/! BP is an E2 ring
map, and it follows from [Basterra and Mandell 2013] that it exhibits BP as a retract up to homotopy
of MU.p/ in the category of E2 ring spectra. It is not known whether the Basterra–Mandell and
Quillen/Chadwick–Mandell E2 ring spectrum splittings can be chosen to agree, but the induced splittings
of �� THH.BP/ off from �� THH.MU.p//, in the category of differential graded algebras, must agree,
modulo addition of decomposables and multiplication by p-local units. Hence the calculation in [Rognes
2020, Theorem 5.6] of the �-operator on �� THH.BP/, induced by the T -action on THH.BP/, is valid
also for the Basterra–Mandell splitting, up to decomposables and p-local units.
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3 Topological Hochschild homology

Let p be an odd prime. We use the conjugate pair of presentations

A� D P .�k j k � 1/˝E.�k j k � 0/D P . N�k j k � 1/˝E. N�k j k � 0/DH�H

of the dual Steenrod algebra [Milnor 1958], with N�k D �.�k/ in degree 2.pk � 1/ and N�k D �.�k/ in
degree 2pk � 1. The Hopf algebra coproduct is given by

 . N�k/D
X

iCjDk

N�i ˝ N�
pi

j and  . N�k/D 1˝ N�k C

X
iCjDk

N�i ˝
N�
pi

j :

The mod-p homology Bockstein satisfies ˇ. N�k/D N�k . The same formulas give the A�-coaction � and
Bockstein operation on the subalgebras

H�BPD P . N�k j k � 1/ and H�BPhni D P . N�k j k � 1/˝E. N�k j k > n/

of A�. For each E1 ring spectrum (or S -algebra) B, the topological Hochschild homology THH.B/ has
a natural T -action, which induces � -operators

� WH� THH.B/!H�C1 THH.B/ and � W �� THH.B/! ��C1 THH.B/

in homology and homotopy. Since BP and the BPhni are (at least) E3 ring spectra, we can make the
following homology computations:

Proposition 3.1 [McClure and Staffeldt 1993, Remark 4.3; Angeltveit and Rognes 2005, Theorem 5.12]
There are A�-comodule algebra isomorphisms

H� THH.BP/ŠH�BP˝E.� N�k j k � 1/

and
H� THH.BPhni/ŠH�BPhni˝E.� N�1; : : : ; � N�nC1/˝P .� N�nC1/:

Each class � N�k is A�-comodule primitive , while �.� N�nC1/D 1˝ � N�nC1C N�0˝ � N�nC1.

Passing to homotopy, recall that ��BPD Z.p/Œvn j n� 1� with jvnj D 2pn� 2. To be definite, we take
the vn to be the Hazewinkel generators.

Proposition 3.2 [McClure and Staffeldt 1993, Remark 4.3; Rognes 2020, Proposition 4.6, Theorem 5.6]
There is an algebra isomorphism

�� THH.BP/Š ��BP˝E.�n j n� 1/;

where �n has degree j�nj D 2pn � 1 and (mod-p) Hurewicz image h.�n/ D � N�n. Here �.�n/ D 0 for
each n. The first few �.vn/ satisfy

�.v1/D p�1; �.v2/D p�2� .pC 1/v
p
1
�1;

�.v3/D p�3� .pv1v
p�1
2
C v

p2

1
/�2� .v

p
2
� .pC 1/v

pC1
1

v
p�1
2
Cp2v

p2�1
1

v2Cpv
p2Cp
1

/�1:

Geometry & Topology, Volume 29 (2025)



628 Gabriel Angelini-Knoll, Christian Ausoni, Dominic Leon Culver, Eva Höning and John Rognes

The specific choice of �n 2 �2pn�1 THH.BP/ made in [Rognes 2020] is the unique class detected by
tn 2 �2pn�2.BP^BP/ in filtration degree 1 of the spectral sequence associated to the skeleton filtration
of THH.BP/. The claim that its Hurewicz image equals � N�n 2H2pn�1 THH.BP/ follows from the proof
of [Zahler 1972, Lemma 3.7].

If V .n/ exists as a finite spectrum with

H�V .n/DE.�0; : : : ; �n/;

then H�.V .n/ ^ BPhni/ Š A�, so that V .n/ ^ BPhni ' H . We write hn W V .n/�X ! H�X for the
(generalized) Hurewicz homomorphism induced by the map V .n/!H extending the unit S !H .

Proposition 3.3 [Ausoni and Rognes 2012, Lemma 4.1; Angelini-Knoll et al. 2024, Proposition 2.9]
Suppose that V .n/ exists as a ring spectrum. Then

V .n/� THH.BPhni/D ��.V .n/^THH.BPhni//DE.�1; : : : ; �nC1/˝P .�nC1/

maps isomorphically to the subalgebra of A�-comodule primitives in

H�.V .n/^THH.BPhni//ŠH�V .n/˝H� THH.BPhni/ŠA�˝E.� N�1; : : : ; � N�nC1/˝P .� N�nC1/:

Here each �k is the image of �k 2 �2pk�1 THH.BP/ under the natural map induced by S ! V .n/ and
BP! BPhni, with Hurewicz images

h.�k/D 1^ � N�k and hn.�k/D � N�k :

Moreover , �nC1 in degree j�nC1j D 2pnC1 is the class with Hurewicz images

h.�nC1/D 1^ � N�nC1C �0 ^ � N�nC1 and hn.�nC1/D � N�nC1:

Note that the A�-coaction sends h.�nC1/ to

1˝ .1^ � N�nC1/C N�0˝ .1^ � N�nC1/C 1˝ .�0 ^ � N�nC1/C �0˝ .1^ � N�nC1/D 1˝ h.�nC1/;

so that this class is A�-comodule primitive. We spell out these definitions a little more explicitly in the
case of main interest to us.

Definition 3.4 For p � 7 let

�1; �2; �3; �3 2 V .2/� THH.BPh2i/

denote the classes in degrees j�1jD 2p�1, j�2jD 2p2�1, j�3jD 2p3�1 and j�3jD 2p3 with Hurewicz
images h.�1/D 1^ � N�1, h.�2/D 1^ � N�2, h.�3/D 1^ � N�3 and h.�3/D 1^ � N�3C �0 ^ � N�3. Then

V .2/� THH.BPh2i/DE.�1; �2; �2/˝P .�3/;

which has at most one monomial generator in each degree. We generally abbreviate �3 to � when only
discussing BPh2i.

The V .n/-homotopy classes �nC1 should not be confused with the ring spectrum multiplications
�n W V .n/^V .n/! V .n/, which hereafter appear explicitly only in the proof of Proposition 5.10.
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4 Cyclotomic nomenclature

We review some notation in common use from 1994 to 2017, including [Hesselholt and Madsen 1997;
Rognes 1999; Ausoni and Rognes 2002; Hesselholt and Madsen 2003; Ausoni and Rognes 2012]. For
each T -spectrum X there is a natural map

r WX Cp !ˆCp X

of T=Cp-spectra from the categorical Cp-fixed points to the geometric Cp-fixed points. The latter were
introduced, as “spacewise Cp-fixed points”, in [Lewis et al. 1986, Definition II.9.7], essentially as a left
Kan extension. This definition agrees with what has later been called the monoidal geometric fixed points
[Mandell and May 2002]. Recall the T -equivariant homotopy cofiber sequence

ETC
c
�! S0 e

�!eET :

In the commutative square
X Cp

r
//

e

��

ˆCp .X /

'
��

.eET ^X /Cp
'
// ˆCp .eET ^X /

the right-hand and lower maps are T=Cp-equivariant equivalences. The expression .eET ^ X /Cp is
therefore sometimes [Hesselholt and Madsen 1997] taken as a definition of the geometric fixed points,
but this construction is not strictly monoidal. The commutative square

X Cp
r

//

c�

��

ˆCp .X /

c�

��

F.ETC;X /Cp
r
// ˆCp .F.ETC;X //

is T=Cp-equivariantly homotopy Cartesian. Note that ˆCp .F.ETC;X //' ŒeET ^F.ETC;X /�Cp D

X tCp defines the Cp-Tate T=Cp-spectrum. These T=Cp-spectra are hereafter viewed as T -spectra via
the pth root isomorphism � W T Š T=Cp, which we omit from the notation.

The T -spectra X DTHH.B/ are cyclotomic, in the sense that there are T -equivalencesˆCp .THH.B//'
THH.B/. Hence [Bökstedt and Madsen 1994, (6.1)] there are vertical maps of horizontal homotopy
cofiber sequences

THH.B/hCpn

N
// THH.B/Cpn R

//

�n

��

THH.B/Cpn�1

y�n

��

THH.B/hCpn

N h
// THH.B/hCpn Rh

// THH.B/tCpn

known as the norm–restriction sequences, for all n. Here the (Witt vector restriction) maps R are given by

r
C

pn�1 W THH.B/Cpn
!ˆCp .THH.B//Cpn�1 ' THH.B/Cpn�1 :
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The norm maps N are given by the Adams transfer equivalence THH.B/hCpn ' ŒETC ^THH.B/�Cpn ,
followed by the map induced by c W ETC ! S0. The right-hand homotopy Cartesian squares are
compatible with the (Witt vector Frobenius) maps F WX Cpn !X

C
pn�1 that forget some invariance. The

Witt vector terminology is motivated by the effects of these maps on �0 for connective B, in view of the
isomorphisms �0 THH.B/Cpn ŠWnC1.�0.B// of [Hesselholt and Madsen 1997, Theorem 3.3].

The homotopy restriction map Rh is induced by e W S0!eET , and induces a map of spectral sequences
from the Cpn-homotopy fixed point spectral sequence to the Cpn-Tate spectral sequence. The map �n is
the comparison map from fixed points to homotopy fixed points, and y�n denotes its Tate analog. Passing
to homotopy limits over the maps F , and implicitly p-completing, one obtains a map of homotopy
cofiber sequences

†THH.B/hT
N

// TF.B/ R
//

�
��

TF.B/

y�
��

†THH.B/hT
N h
// THH.B/hT Rh

// THH.B/tT .

Again, Rh is induced by e W S0!eET and induces a map of spectral sequences from the T -homotopy
fixed point spectral sequence to the T -Tate spectral sequence. The topological cyclic homology

TC.B/ ��! TF.B/
1
�!
R
�! TF.B/

was originally defined by Bökstedt, Hsiang and Madsen [Bökstedt et al. 1993] as the homotopy equalizer
of the identity 1 W TF.B/ ! TF.B/ and the restriction map R W TF.B/ ! TF.B/. We refer to the
preferred lifts trc W K.B/! TC.B/ and trT D � ı � ı trc W K.B/! THH.B/hT of the Bökstedt trace
map tr WK.B/! THH.B/ as the cyclotomic trace map and the circle trace map, respectively.

Some important recent papers give new emphasis to many of these objects. Hesselholt [2018] writes

TP.B/D THH.B/tT

for the circle Tate construction on THH.B/ and calls it the periodic topological cyclic homology of B.
(One might also say topological periodic homology.) Nikolaus and Scholze [2018] write

TC�.B/D THH.B/hT

for the circle homotopy fixed points of THH.B/ and call it the topological negative cyclic homology, write

'p D
y�1 W THH.B/! THH.B/tCp

for the comparison map and call it the p-cyclotomic structure map, and write

can W TC�.B/! TP.B/

for the homotopy restriction map

Rh
W THH.B/hT

! THH.B/tT
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and refer to it as the canonical map. The structure map

� WX ! .X^p/tCp DRC.X /

to the topological Singer construction, from [Bruner et al. 1986, Section II.5; Lunøe-Nielsen and Rognes
2012], is now called the Tate diagonal.

In the definition of TC.B/ as a homotopy equalizer, Nikolaus and Scholze replace TF.B/ in the source by
THH.B/hT via � , and replace TF.B/ in the target by THH.B/tT via y� . In view of the commutative square

TF.B/
y�

//

�
��

THH.B/tT

G '

��

THH.B/hT .y�1/
hT
// .THH.B/tCp /hT

from [Hesselholt and Madsen 1997, page 68; Ausoni and Rognes 2002, page 27] the identity map
1 W TF.B/! TF.B/ is then replaced with the circle homotopy fixed points .y�1/

hT D 'hT
p of the p-

cyclotomic structure map, suppressing the (still implicitly p-complete) equivalence

G W THH.B/tT
D .THH.B/tCp /T ! .THH.B/tCp /hT

from the notation. The fact that G is an equivalence for connective B was shown by computation in the first
instances considered, and then proved in [Bökstedt et al. 2014, Proposition 3.8] under the assumption that
H�B is of finite type. It reappears in the new terminology as the Tate orbit lemma [Nikolaus and Scholze
2018, Lemma I.2.1], since .THH.B/hCp

/tT ' � is equivalent to †THH.B/hT ! .THH.B/hCp
/hT

being an equivalence, which in turn is equivalent to G being an equivalence.

Likewise, the restriction map R WTF.B/!TF.B/ is replaced with the homotopy restriction map RhD can.
Combining these replacements,

TC.B/ ��! THH.B/hT G�1.y�1/
hT

��������!

Rh
��������! THH.B/tT

is redefined as the homotopy equalizer of G�1 ı .y�1/
hT and Rh D can, much as in [Ausoni and Rognes

2012, page 1072], or (in order not to need to invert G) as the homotopy equalizer

TC.B/ ��! THH.B/hT .y�1/
hT

�����!

GRh
�����! .THH.B/tCp /hT

of .y�1/
hT D'hT

p and GıRh. The old and new definitions of TC.B/ agree for connective B, by [Nikolaus
and Scholze 2018, Theorem II.3.8].

5 Homotopy power operations

Let B be an EnC1 ring spectrum. Using the Boardman–Vogt tensor product of operads [Dunn 1988], we
may view B as an En algebra in the category of E1 ring spectra (or S -algebras). There are then natural En
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algebra structures on the algebraic K-theory spectrum K.B/ and on the cyclotomic spectrum THH.B/,
and these are respected by the trace map K.B/! THH.B/, as well as its cyclotomic refinements.

For each E2 ring spectrum R, there is a natural “top” homology power operation

�1 WH2k�1R!H2pk�1R

introduced in [Cohen et al. 1976, Theorem III.1.3]. If R is an E3 ring spectrum, then �1 DQk is the
Araki–Kudo/Dyer–Lashof/Cohen operator, as defined in [Cohen et al. 1976, Theorem III.1.1]; we will
also use this notation in the E2 ring spectrum case, to emphasize the dependence on k (and to avoid
confusion with the element �1 in the dual Steenrod algebra). Let ˇ denote the mod-p homology Bockstein
operator. Ausoni and Rognes [2002, Section 1.5] discussed a homotopy power operation

Pk
W �2k�1R! V .0/2pk�1R

lifting Qk (see Lemma 5.5), in the context of E1 ring spectra. Here we will extend its definition to E2

ring spectra, and construct a homotopy power operation

Pk
W V .0/2k�1R! V .1/2pk�1R

also lifting Qk (see Lemma 5.6).

To define these operations for E2 ring spectra R, we make use of the little 2-cubes operad C2 encoding
E2 algebra structures. For a spectrum X let

Brp X DD2;pX D C2.p/Ë†p
X^p

denote the pth braided-extended power of X . Note that Brp †2X Š†2p Brp X by [Cohen et al. 1978,
Theorem 1]. In the case X D S2k�1, with H�X D Fpfx2k�1g,

(5-1) H� Brp S2k�1
D FpfˇQk.x2k�1/;Q

k.x2k�1/g

follows from [Cohen et al. 1976, Theorem III.5.3]; cf [Cohen 1981, Proposition II.1.2]. Hence there is an
(implicitly p-complete) equivalence N�0 W†

2pk�1DV.0/' Brp S2k�1, with right adjoint

�0 W S
2pk�1

! V .0/^Brp S2k�1:

Here DV.0/'†�1V .0/ denotes the Spanier–Whitehead dual of V .0/, and h0.�0/DQk.x2k�1/.

For typographical reasons we will often simply write g for the maps 1 ^ g W A ^ B ! A ^ C and
g^ 1 W B ^D! C ^D, for suitable A, g W B! C and D.

Definition 5.1 Let R be an E2 ring spectrum. The homotopy power operation

Pk
W �2k�1R! V .0/2pk�1R

sends each map f W S2k�1!R to the composite

Pk.f / W S2pk�1 �0
�! V .0/^Brp S2k�1 Brp f

���! V .0/^Brp R ��! V .0/^R;

where � W Brp R!R is part of the E2 ring structure.
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In the case X D †2k�1DV.0/, where H�X D Fpfx2k�2;x2k�1g with ˇ.x2k�1/D x2k�2, there is an
inclusion

Fpfx
p

2k�2
; ˇQk.x2k�1/;Q

k.x2k�1/g �H� Brp †2k�1DV.0/

of left A�-comodules, or of right A-modules. Of the dual Steenrod operations, only ˇ and P1
� act

nontrivially on the left-hand side, with

P1
�Q

k.x2k�1/D 0 and P1
�ˇQk.x2k�1/D�x

p

2k�2
;

according to the spectrum-level Nishida relations; see [Cohen et al. 1976, Theorems III.1.1(6) and III.1.3(3);
Bruner et al. 1986, Theorem III.1.1(8)]. As in [Toda 1971], let

V .1=2/D S [p e1
[˛1

e2p�1;

so that V .0/�V .1=2/�V .1/ and DV.1=2/'†1�2p.S[˛1
e2p�2[pe2p�1/. The following construction

refines a map discussed by Toda [1968, Lemma 3]:

Lemma 5.2 There exists a (p-complete) map

N�1=2 W†
2pk�1DV.1=2/! Brp †2k�1DV.0/

realizing the inclusion of Fpfx
p

2k�2
; ˇQk.x2k�1/;Q

k.x2k�1/g in homology.

Proof We can choose a minimal cell structure on Brp †2k�1DV.0/ with a .2pk�1/-cell representing
Qk.x2k�1/ that is attached by a degree-p map to a .2pk�2/-cell representing ˇQk.x2k�1/. The
.2pk�1/-cell is not attached to the .2pk�2pC1/-skeleton, since P1

�Q
k.x2k�1/D 0. We can orient the

.2pk�2p/-cell so that the .2pk�2/-cell is attached to it by ˛1, since P1
�ˇQk.x2k�1/D�x

p

2k�2
.

We fix a choice of N�1=2 for each integer k, but see Remark 5.4. This specifies a composite map

(5-2) N�1 W†
2pk�1DV.1/!†2pk�1DV.1=2/ N�1=2

���! Brp †2k�1DV.0/;

with homology image Fpfx
p

2k�2
; ˇQk.x2k�1/;Q

k.x2k�1/g, and we write

�1 W S
2pk�1 �1=2

���! V .1=2/^Brp †2k�1DV.0/! V .1/^Brp †2k�1DV.0/

for its right adjoint.

Definition 5.3 Let R be an E2 ring spectrum. The homotopy power operation

Pk
W V .0/2k�1R! V .1=2/2pk�1R! V .1/2pk�1R

sends each map f W S2k�1! V .0/^R, with left adjoint Nf W†2k�1DV.0/!R, to the composite

Pk.f / W S2pk�1 �1
�! V .1/^Brp †2k�1DV.0/ Brp Nf

���! V .1/^Brp R ��! V .1/^R:
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Remark 5.4 We discuss the nonuniqueness of N�1=2 and the resulting ambiguity in the operation Pk just
defined. For brevity, let U D Brp †2k�1DV.0/. By [Cohen et al. 1976, Theorem III.3.1] we have

H�U Š Fpfx
p

2k�2
;x

p�1

2k�2
x2k�1;x

p�2

2k�2
y4k�3;x

p�2

2k�2
y4k�2;x

p�3

2k�2
x2k�1y4k�3g

in degrees 2pk � 2p � � � 2pk � 2pC 2, plus classes in higher degrees, where

y4k�3 D Œx2k�2;x2k�2�1 and y4k�2 D Œx2k�2;x2k�1�1

are E2 ring spectrum Browder brackets. (We write Œx;y�1 in place of the traditional �1.x;y/ in order to
avoid confusion with the homotopy class �1.) The (additive) indeterminacies in N�1=2 and �1 are maps
†2pk�1DV.1=2/! U and m W S2pk�1! V .1/^U , respectively, that induce zero in homology. The
Atiyah–Hirzebruch spectral sequence for V .1/�U shows that mD˛1 �n for a class n2V .1/2pk�2pC2U Š

H2pk�2pC2U , generated by x
p�2

2k�2
y4k�2 and x

p�3

2k�2
x2k�1y4k�3. These generators map to zero in

V .1/�R if the E2 ring structure on R extends to an E3 ring structure. Hence any two different choices
of maps N�1=2 will give operations Pk that differ at most by a multiple of ˛1, and which strictly agree if
R is an E3 ring spectrum. This means that for all of the assertions we will make about these homotopy
power operations, the choice of N�1=2 makes no difference: in Lemma 5.6 the Hurewicz homomorphism
h1 annihilates ˛1-multiples, and in Proposition 5.10 we assume that R is an E1 ring spectrum.

Lemma 5.5 Let R be an E2 ring spectrum. The square

�2k�1R
Pk
//

h

��

V .0/2pk�1R

h0

��

H2k�1R
Qk

// H2pk�1R

commutes.

Proof Let t0 WH !H ^DV.0/ and b0 WH ^V .0/!H be H -module maps that split off the top and
bottom cells, respectively. Then b0hD h0 W V .0/!H , and the following diagram commutes.

S2pk�1 //

�0

!!

h

��

V .0/^DV.0/^S2pk�1 N�0 //

h

��

V .0/^Brp S2k�1 Brp f //

h

��

V .0/^Brp R
� //

h

��

V .0/^R

h

��

H^S2pk�1 //

t0
((

H^V .0/^DV.0/^S2pk�1 N�0 //

b0

��

H^V .0/^Brp S2k�1 Brp f //

b0

��

H^V .0/^Brp R
� //

b0

��

H^V .0/^R

b0

��

H^DV.0/^S2pk�1 N�0 //H^Brp S2k�1 Brp f //
OO

Š

��

H^Brp R
� //

OO

Š

��

H^R

BrH
p .H^S2k�1/

BrHp Ng
// BrH

p .H^R/
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Here Ng D 1^f WH ^S2k�1!H ^R denotes the H -module map that is left adjoint to the Hurewicz
image g D hf W S2k�1!H ^R, and BrH

p denotes the pth braided-extended power construction in the
category of H -modules. The upper composite S2pk�1!H ^R then represents h0Pk.f /, while the
lower composite represents

Qp�1.g/D ��.ep�1˝g˝p/;

up to a known unit in Fp , with notation as in [May 1970, Definition 2.2; Cohen et al. 1976, Section I.1].
This equals Qk.hf /.

Lemma 5.6 Let R be an E2 ring spectrum. The square

V .0/2k�1R
Pk
//

h0

��

V .1/2pk�1R

h1

��

H2k�1R
Qk

// H2pk�1R

commutes.

Proof Let t1 WH!H^DV.1/ and b1 WH^V .1/!H be H -module maps that split off the top and bottom
cells, respectively. Then b1hD h1 W V .1/!H and the following diagram commutes, up to units in Fp .

S2pk�1 //

�1

  

h

��

V .1/^DV.1/^S2pk�1
N�1
//

h

��

V .1/^Brp †
2k�1DV.0/

Brp Nf
//

h

��

V .1/^Brp R
�
//

h

��

V .1/^R

h

��

H^S2pk�1 //

t1
((

ep�1

((

H^V .1/^DV.1/^S2pk�1
N�1
//

b1

��

H^V .1/^Brp †
2k�1DV.0/

Brp Nf
//

b1

��

H^V .1/^Brp R
�
//

b1

��

H^V .1/^R

b1

��
H^DV.1/^S2pk�1

N�1
//H^Brp †

2k�1DV.0/
Brp Nf

//
OO

Š

��

H^Brp R
�

//
OO

Š

��

H^R

H^Brp S2k�1

Brp t0

44

OO

Š

��

BrH
p .H^†

2k�1DV.0//
BrHp Nf

//BrH
p .H^R/

BrH
p .H^S2k�1/

BrHp t0
44

BrHp Ng

??

Here Ng W H ^ S2k�1 ! H ^ R denotes the H -module map extending the V .0/-Hurewicz image
g D h0f W S

2k�1 ! H ^R. The two maps from H ^ S2pk�1 to H ^ Brp †2k�1DV.0/ agree, up
to a known unit in Fp, because the map N�1=2 in Lemma 5.2 sends the top cell to Qk.x2k�1/. The two
maps from BrH

p .H ^S2k�1/ to BrH
p .H ^R/ agree because Ng is homotopic through H -module maps

to Nf t0. The upper composite S2pk�1! H ^R in the diagram represents h1Pk.f /, while the lower
composite represents a known unit times Qp�1.g/, which equals Qk.h0f /.
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The following homotopy Cartan formula generalizes the one proved for E1 ring spectra in [Ausoni and
Rognes 2002, Lemma 1.6]:

Proposition 5.7 Let R be an E3 ring spectrum. For x 2 �2iR and y 2 �2j�1R, the relation

Pk.xy/D xpP j .y/

holds in V .0/2pk�1R, where k D i C j .

Proof We use the following nearly commutative diagram, where ıp is the operadic diagonal from [Bruner
et al. 1986, Section I.2],

Dn;pX D Cn.p/Ë†p
X^p

denotes the pth En-extended power, and �1 WX
^p'D1;pX!D2;pX DBrp X and �2 WBrp X!D3;pX

are stabilization maps.

†2pk�1DV.0/
N�0

//

Š

��

Brp S2k�1
Brp.f �g/

//

Š

��

Brp R
�

// R

S2pi^†2pj�1DV.0/

'

��

Brp.S
2i^S2j�1/

Brp.f^g/
//

ıp

��

Brp.R^R/

Brp �

OO

ıp

��

D1;pS2i^Brp S2j�1 �1^1
// Brp S2i^Brp S2j�1

Brp f^Brp g
//

�2^�2

��

Brp R^Brp R
�^�

//

�2^�2

��

R^R

�

OO

D3;pS2i^D3;pS2j�1
D3;pf^D3;pg

// D3;pR^D3;pR

�^�

88

We may view the E3 ring spectrum R as an E2 algebra in the category of E1 ring spectra. The ring
spectrum pairing � WR^R!R is then an E2 ring spectrum map, and therefore the right-hand rectangle
commutes. Moreover, the right-hand triangle commutes, because the E3 operad action extends the E2

action.

Let f W S2i!R and g W S2j�1!R be maps representing x and y. The composite

f �g W S2k�1
Š S2i

^S2j�1 f^g
���!R^R �

�!R

then represents xy, and the upper square commutes by functoriality of the braided-extended power. The
central and lower squares commute by naturality of ıp and �2.

We do not know whether the left-hand rectangle commutes. However, we do claim that the two composites
†2pk�1DV.0/! Brp S2i ^Brp S2j�1 become homotopic after composition with �2^ �2. This implies
that the composite along the upper edge, which is adjoint to the map representing Pk.xy/, is homotopic
to the composite along the left-hand, lower and right-hand edges, which in turn is homotopic to the central
composite via Brp f ^Brp g; this is adjoint to the map representing xpP j .y/.
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To justify the claim, we compute in homology. Recall the expression (5-1) for H� Brp S2k�1, which has
an evident analog for H� Brp S2j�1. In the case X D S2i , with H�X D Fpfx2ig,

(5-3) H� Brp S2i
D Fpfx

p
2i
; ˛2piC1g

follows from [Cohen et al. 1976, Theorem III.5.2]. Here ˛2piC1 D�x
p�2
2i

Œx2i ;x2i �1 is a class given in
terms of the E2 Browder bracket, and ˇ˛2piC1 D 0 according to [loc. cit., Theorem III.1.2(7)]. Note that
˛2piC1 maps to zero under �2.

Along one route, the right A-module generator x2pk�1 in H2pk�1†
2pk�1DV.0/ maps to x2pi˝x2pj�1

in the homology of S2pi ^ †2pj�1DV.0/, and thereafter to x
p
2i
˝Qj .x2j�1/ in the homologies of

D1;pS2i ^Brp S2j�1, Brp S2i ^Brp S2j�1 and D3;pS2i ^D3;pS2j�1.

Along the other route, x2pk�1 maps to Qk.x2k�1/ in the homology of Brp S2k�1, and to Qk.x2i˝x2j�1/

in the homologies of Brp.S2i^S2j�1/ and D3;p.S
2i^S2j�1/. By the E3 ring spectrum Cartan formula

[loc. cit., Theorem III.1.1(4)], it maps to

Qi.x2i/˝Qj .x2j�1/D x
p
2i
˝Qj .x2j�1/

in the homology of D3;pS2i ^D3;pS2j�1.

It follows that the two composites Ǹ1; Ǹ2 W †2pk�1DV.0/! D3;pS2i ^D3;pS2j�1 induce the same
homomorphism in homology. Hence their adjoints `1; `2 W S

2pk�1 ! V .0/^D3;pS2i ^D3;pS2j�1

also agree in homology. Since D3;pS2i ^D3;pS2j�1 is .2pk�3/-connected and h0 W V .0/! H is
.2p�3/-connected, it follows that `1 and `2 are homotopic. Therefore Ǹ1 and Ǹ2 are also homotopic.

Remark 5.8 This proof also shows that

ıp�Q
k.x2i ˝x2j�1/D x

p
2i
˝Qj .x2j�1/C c �˛2piC1˝ˇQj .x2j�1/

in the homology of Brp S2i ^Brp S2j�1, for some unknown coefficient c 2 Fp. If c ¤ 0 then the two
maps †2pk�1DV.0/! Brp S2i ^Brp S2j�1 induce different homomorphisms in homology, and the
left-hand rectangle does not commute.

Corollary 5.9 Let
R s�! T r�!R

be spectrum maps with rs homotopic to the identity. Assume that R is an E2 ring spectrum , that T is
an E3 ring spectrum and that s or r is an E2 ring map. Then Pk.xy/D xpP j .y/ in V .0/2pk�1R for
x 2 �2iR, y 2 �2j�1R and k D i C j .

Proof Replace Proposition 5.10 with Proposition 5.7 in the proof of Corollary 5.12.

We will also need a homotopy Cartan formula for the power operations from Definition 5.3:
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Proposition 5.10 Let R be an E1 ring spectrum. For x 2 V .0/2iR and y 2 V .0/2j�1R, the relation

Pk.xy/D xpP j .y/

holds in V .1/2pk�1R, where k D i C j .

Proof We use the following nearly commutative diagram, where

DpX D C1.p/Ë†p
X^p

denotes the pth (unqualified) extended power, and � 0
2
W Brp X !DpX is the infinite stabilization map.

We write �p
0
W V .0/^p ! V .0/ for the .p�1/-fold iterate of the ring spectrum multiplication, and let

mD �1.i1 ^ 1/ W V .0/^V .1/! V .1/ denote the left V .0/-module action on V .1/.

†2pk�1DV.1/
N�1

//

Dm
��

Brp †
2k�1DV.0/

Brp f �g
//

Brp D�0
��

Brp R
�

//R

†2piDV.0/^†2pj�1DV.1/

D�
p
0
^N�1

��

Brp.†
2iDV.0/^†2j�1DV.0//

Brp. Nf^ Ng/
//

ıp
��

Brp.R^R/

Brp �

OO

ıp
��

D1;p†
2iDV.0/^Brp †

2j�1DV.0/
�1^1
//Brp †

2iDV.0/^Brp †
2j�1DV.0/

Brp Nf^Brp Ng
//

� 0
2
^� 0

2
��

Brp R^Brp R
�^�
//

� 0
2
^� 0

2

��

R^R

�

OO

Dp†
2iDV.0/^Dp†

2j�1DV.0/
Dp
Nf^Dp Ng

//DpR^DpR

�^�

77

The right-hand rectangle and triangle commute as before, replacing E3 by E1.

Let f W S2i ! V .0/ ^ R and g W S2j�1 ! V .0/ ^ R be maps representing x and y, with adjoints
Nf W†2iDV.0/!R and Ng W†2j�1DV.0/!R. The composite

f �g W†2k�1DV.0/ D�0
���!†2iDV.0/^†2j�1DV.0/

Nf^ Ng
���!R^R

�
�!R

is then adjoint to the map f �g W S2k�1! V .0/^R that represents xy, and the upper square commutes
by functoriality of the braided-extended power. The central and lower squares commute by naturality
of ıp and � 0

2
.

As before we do not know whether the left-hand rectangle commutes. However, we claim that the two
composites

†2pk�1DV.1/! Brp †2iDV.0/^Brp †2j�1DV.0/

become homotopic after composition with � 0
2
^ � 0

2
to

W DDp†
2iDV.0/^Dp†

2j�1DV.0/:

This implies that the composite along the upper edge, which is adjoint to the map representing Pk.xy/, is
homotopic to the composite along the left-hand, lower and right-hand edges, which in turn is homotopic
to the central composite via Brp Nf ^Brp Ng; this is adjoint to the map representing xpP j .y/.
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To justify the claim, we first compute in homology, using [Cohen et al. 1976, Theorem I.4.1]. Writing
H�†

2iDV.0/ D Fpfx2i�1;x2ig and H�†
2j�1DV.0/ D Fpfx2j�2;x2j�1g, with ˇx2i D x2i�1 and

ˇx2j�1 D x2j�2, we have

H�Dp†
2iDV.0/D FpfˇQi.x2i�1/;Q

i.x2i�1/;x2i�1x
p�1
2i

;x
p
2i
; ˇQiC1.x2i�1/;Q

iC1.x2i�1/; : : : g

in degrees � � 2pi � 2, and

H�Dp†
2j�1DV.0/DFpfx

p
2j�2

;x
p�1
2j�2

x2j�1;ˇQj .x2j�2/;Q
j .x2j�2/;ˇQj .x2j�1/;Q

j .x2j�1/; : : :g

in degrees �� 2pj �2p. Their tensor product is H�W , which is concentrated in degrees 2pk�2p�2�

� � 2pk � 2pC 1 and � � 2pk � 4.

On one hand, the right A-module generator x2pk�1 in H2pk�1†
2pk�1DV.1/ maps to x2pi ˝ x2pj�1

in the homology of †2piDV.0/^†2pj�1DV.1/, and thereafter to x
p
2i
˝Qj .x2j�1/ in the homologies

of D1;p†
2iDV.0/^Brp †2j�1DV.0/, Brp †2iDV.0/^Brp †2j�1DV.0/ and W . On the other hand,

x2pk�1 maps to Qk.x2k�1/ in the homology of Brp †2k�1DV.0/, and to Qk.x2i ˝ x2j�1/ in the
homologies of Brp.†2iDV.0/ ^†2j�1DV.0// and Dp.†

2iDV.0/ ^†2j�1DV.0//. By the E1 ring
spectrum Cartan formula [loc. cit., Theorem I.1.1(6)] it maps to Qi.x2i/˝Qj .x2j�1/Dx

p
2i
˝Qj .x2j�1/

in H�W .

It follows that the two composites Nm1; Nm2 W †
2pk�1DV.1/ ! W induce the same homomorphism

in homology. Let Nm D Nm2 � Nm1 be their difference, inducing zero in homology. The homological
Atiyah–Hirzebruch spectral sequence for V .1/�W D ŒDV.1/;W �� shows that Nm is nullhomotopic, since
H2pk�2pC2.W I�2p�3V .1//DH2pk�2pC2W D 0. Hence Nm1 and Nm2 are homotopic, as claimed.

Remark 5.11 A similar proof goes through if R is an En ring spectrum with n� 6, replacing W with
WnDDn;p†

2iDV.0/^Dn;p†
2j�1DV.0/. For 3� n� 5 the group H2pk�2pC2Wn will be nonzero, due

to the presence of En Browder bracket terms in this degree, so Nm might map the top cell of †2pk�1DV.1/
via ˛1 to a .2pk�2pC2/-cell of Wn, and hence be essential. For simplicity we assume nD1, since
this will suffice for our application.

Corollary 5.12 Let
R s�! T r�!R

be spectrum maps with rs homotopic to the identity. Assume that R is an E2 ring spectrum , that T is
an E1 ring spectrum and that r or s is an E2 ring map. Then Pk.xy/D xpP j .y/ in V .1/2pk�1R for
x 2 V .0/2iR, y 2 V .0/2j�1R and k D i C j .

Proof Apply Proposition 5.10 for T to see that

r�.P
k.s�x � s�y//D r�..s�x/

p
�P j .s�y//
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in V .1/2k�1.R/. If r is an E2 ring map, then naturality of the products and homotopy power operations
with respect to r implies Pk.r�s�x � r�s�y/ D .r�s�x/

p � P j .r�s�y/. If s is an E2 ring map, then
naturality of the products and homotopy power operations with respect to s implies r�s�.P

k.x �y//D

r�s�.x
p �P j .y//. In either case the conclusion follows from r�s� D 1.

6 Some V.0/- and V.1/-homotopy classes

The homotopy power operations introduced in Definitions 5.1 and 5.3 apply for RD S with its E1 ring
structure. The E2-term of its mod-p Adams spectral sequence

E
s;t
2
.S/D Exts;tA�.Fp;Fp/) �t�s.S/

^
p

contains classes traditionally denoted by

a0 D Œ�0� and hi D Œ�
pi

1
�;

for i � 0, in bidegrees .s; t/D .1; 1/ and .1; 2pi.p�1//, respectively. Here �0 is dual to ˇ and a0 detects
p 2 �0.S/

^
p Š Zp , while �pi

1
is dual to Ppi

and h0 detects the generator ˛1 2 �2p�3.S/
^
p Š Z=p. The

classes hi for i � 1 support nonzero d2-differentials [Liulevicius 1962] in the Adams spectral sequence
for S , but some of these map to permanent cycles in the corresponding spectral sequences for V .0/

and V .1/, detecting interesting homotopy classes.

Definition 6.1 Let

ˇı1 D Pp�1.˛1/ 2 �2p2�2p�1V .0/ and 
 ı1 D Pp2�p.ˇı1/ 2 �2p3�2p2�1V .1/:

The ring/circle superscripts indicate that these classes are constructed using the E2 ring spectrum structure.

Lemma 6.2 The classes ˇı
1

and 
 ı
1

are detected by i0.h1/D Œ�
p
1
� and i1i0.h2/D Œ�

p2

1
� in the Adams

spectral sequences for V .0/ and V .1/, respectively.

Proof The case of ˇı
1

is due to Toda [1968, Lemma 4]. It suffices to prove that the dual Steenrod
operation Pp

� acts nontrivially in the homology of the mapping cone C Ň, where

Ň W†2p2�2p�1DV.0/' Brp S2p�3 Brp ˛1
����! Brp S ��! S

is left adjoint to ˇı
1
. There are natural maps

C Ň
Q� � C.Brp ˛1/

D˛1���! Brp.C˛1/

that are induced by � and the canonical nullhomotopy in a cone, respectively. By an analog of [Toda
1968, Theorem 2] for braided-extended powers we have

D˛1�..ep�1˝x˝p/^/D e0˝ .x
^/˝p;
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up to a unit in Fp, where x^ 2H2p�2C˛1 lifts the generator x 2H2p�3S2p�3 and .ep�1˝ x˝p/^ 2

H2p2�2pC.Brp ˛1/ lifts ep�1˝x˝p 2H2p2�2p�1 Brp S2p�3. Since P1
�.x
^/ generates H0C˛1, it fol-

lows from the homology Cartan formula that Pp
� .e0˝.x

^/˝p/De0˝P1
�.x
^/˝p generates H0 Brp.C˛1/.

By naturality with respect to Toda’s map D˛1
, it follows that Pp

� ..ep�1˝x˝p/^/ generates H0C.Brp ˛1/,
and by naturality with respect to Q� it follows that

Pp
� WH2p2�2pC Ň !H0C Ň

is nonzero.

The proof for 
 ı
1

is similar. It suffices to prove that the dual Steenrod operation Pp2

� acts nontrivially in
the homology of the mapping cone C N
 , where

N
 W†2p3�2p2�1DV.1/ N�1
�! Brp.†2p2�2p�1DV.0// Brp Ň

���! Brp S ��! S

is left adjoint to 
 ı
1

. Here N�1 was defined in (5-2). There are natural maps

C N
 Q�1�! C.� ıBrp Ň/
Q� � C.Brp Ň/

D Ň
��! Brp.C Ň/

induced by N�1, � and the canonical nullhomotopy, respectively. By [Toda 1968, Theorem 2] again, we have

D Ň�..ep�1˝y˝p/^/D e0˝ .y
^/˝p;

up to a unit in Fp, where y^ 2H2p2�2pC Ň lifts the generator

y 2H2p2�2p�1.†
2p2�2p�1DV.0//

and .ep�1˝y˝p/^ 2H2p3�2p2C.Brp Ň/ lifts

ep�1˝y˝p
2H2p3�2p2�1 Brp.†2p2�2p�1DV.0//:

Since Pp
� .y
^/ generates H0C Ň, it follows that Pp2

� .e0 ˝ .y
^/˝p/ D e0 ˝ Pp

� .y
^/˝p generates

H0 Brp.C Ň/. Naturality with respect to D Ň implies that

Pp2

� ..ep�1˝y˝p/^/

generates H0C.Brp Ň/, and naturality with respect to Q� and Q�1 implies that

Pp2

� WH2p3�2p2C N
 !H0C N


is nonzero.

The first Greek letter element ˛1 2 �2p�3S is the image under j0 W V .0/! S1 of a class v1 2 �2p�2V .0/

detected by the class of the cobar cocycle Œ�1�1C Œ�1��0 in bidegree .s; t/D .1; 2p � 1/ of the Adams
spectral sequence

E
s;t
2
.Y /D Exts;tA�.Fp;H�Y /) �t�s.Y

^
p /

for Y D V .0/. Similarly, ˇ1 2 �2p2�2p�2S is the image under j0j1 W V .1/ ! S2p of a class v2 2

�2p2�2V .1/, and 
1 2 �2p3�2p2�2p�1S is the image under j0j1j2 W V .2/ ! S2p2C2p�1 of a class
v3 2 �2p3�2V .2/.
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Lemma 6.3 The groups �2p�2V .0/ŠZ=p for p� 3, �2p2�2V .1/ŠZ=p for p� 3 and �2p3�2V .2/Š

Z=p for p � 5 are generated by classes v1, v2 and v3, respectively, each in Adams filtration 1.

Proof The claim for V .0/ is well known. The claim for V .1/ is contained in [Toda 1971, Theorem 5.2
and (5.7)]. The claim for V .2/ can be deduced from [Toda 1971, Section 3], as follows. Let P � A
be the sub-Hopf algebra of the mod-p Steenrod algebra generated by the Steenrod operations P i . Let
K D FpfQ3; ˇQ3; : : : g be the kernel of the surjection A˝P Fp!H�V .2/DE.ˇ;Q1;Q2/, where Qi

denotes the Milnor primitive, and consider the long exact sequence

� � � ! Exts�1;t
A .K;Fp/

ı�! Exts;tA .H
�V .2/;Fp/! Exts;tP .Fp;Fp/! � � � :

Using the May spectral sequence, Toda [1971, Section 3] calculated an upper bound for Exts;tP .Fp;Fp/

in the range t < 2.p2C 2pC 3/.p � 1/C 4, which shows that these groups are trivial in topological
degrees t � s D 2p3� 3 and 2p3� 2. Hence ı.Q�

3
/ in cohomological degree s D 1 is the only generator

of E2.V .2//D ExtA.H�V .2/;Fp/ in topological degree 2p3� 2. Moreover, there is no possible target
for an Adams differential on this class, which must therefore detect v3.

Lemma 6.4 For p� 3, the classes ˇı
1

and j1.v2/Dˇ
0
1

in �2p2�2p�1V .0/ agree modulo (a nonzero mul-
tiple of ) ˛1v

p�1
1

. Hence i1.ˇ
ı
1
/D i1.ˇ

0
1
/ in �2p2�2p�1V .1/, and j0.ˇ

ı
1
/Dˇ1D j0.ˇ

0
1
/ in �2p2�2p�2S

is the first element in the ˇ-family.

For p � 5, the classes 
 ı
1

and j2.v3/D 

00
1

in �2p3�2p2�1V .1/ agree modulo ˛1v
p�1
2

. Hence i2.

ı
1
/D

i2.

00
1
/ in �2p3�2p2�1V .2/.

Proof The cobar cocycle Œ�2�1 C Œ�2��0 C Œ�
p
1
��1 detects v2 2 �2p2�2V .1/. The A�-comodule ho-

momorphism j1� W H�V .1/ ! H��2pC1V .0/ sends 1 and �0 to zero, and maps �1 to 1. Hence
j1 W E

1;�
2
.V .1// ! E

1;��2pC1
2

.V .0// sends Œ�2�1 C Œ�2��0 C Œ�
p
1
��1 to Œ�p

1
�1 D i0.h1/. This is also

the class detecting ˇı
1
, by Lemma 6.2. Therefore j1.v2/D ˇ

0
1

and ˇı
1

agree modulo Adams filtration � 2,
ie modulo ˛1v

p�1
1

. (We will see in Remark 7.5 that v1ˇ
ı
1
¤ 0, while v1ˇ

0
1
D 0, so ˇı

1
�ˇ0

1
is a nonzero

multiple of ˛1v
p�1
1

.) Nonetheless, j0.ˇ
ı
1
/D j0.ˇ

0
1
/, since j0.˛1v

p�1
1

/
:
D ˛1 p̨�1 D 0.

The cobar cocycle Œ�3�1C Œ�3��0 C Œ�
p
2
��1 C Œ�

p2

1
��2 detects v3 2 �2p3�2V .2/. The A�-comodule ho-

momorphism j2� W H�V .2/! H��2p2C1V .1/ sends 1, �0 and �1 to zero, and maps �2 to 1. Hence
j2 WE

1;�
2
.V .2//!E

1;��2p2C1
2

.V .1// sends Œ�3�1C Œ�3��0C Œ�
p
2
��1C Œ�

p2

1
��2 to Œ�p2

1
�1D i1i0.h2/. This

is also the class detecting 
 ı
1

, by Lemma 6.2. Therefore j2.v3/ D 

00
1

and 
 ı
1

agree modulo Adams
filtration � 2, ie modulo ˛1v

p�1
2

.

Remark 6.5 One way to see that ˛1v
p�1
1

and ˛1v
p�1
2

generate Adams filtration � 2 in �2p2�2p�1V .0/

and �2p3�2p2�1V .1/, respectively, is to compare with the corresponding Adams–Novikov spectral
sequences. By the beginning calculations in [Ravenel 2004, Section 4.4] the classes h11 and h10v

p�1
1

generate the Adams–Novikov E2-term for V .0/ in topological degree 2p2�2p�1, while the classes h12
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and h10v
p�1
2

generate the Adams–Novikov E2-term for V .1/ in topological degree 2p3� 2p2� 1. The
formula �R.vnC1/D vnC1C vnt

pn

1
� v

p
n t1 in BP�BP=In from [Ravenel 2004, Corollary 4.3.21] shows

that jn.vnC1/ in ��V .n� 1/ is detected by h1n� h10v
p�1
n when vnC1 2 ��V .n/ exists, while ˛1v

p�1
n

is detected by h10v
p�1
n .

The homotopy power operations also apply to R D K.BP/ and R D THH.BP/, with their E3 ring
structures derived from the E4 ring structure on BP, and to RDK.BPhni/ and RD THH.BPhni/, with
their E2 ring structures derived from the E3 ring structure on BPhni. (For n � 1 these are E1 ring
structures.)

��K.BP/ //

tr
��

��K.BPhni/ //

tr
��

��K.Z.p//

tr
��

�� THH.BP/ // �� THH.BPhni/ // �� THH.Z.p//

According to [Bökstedt and Madsen 1994, Theorem 10.14; Rognes 1998, Theorem 1.1] we can find a
class �K

1
2 �2p�1K.Z/ with tr.�K

1
/ D �1 2 �2p�1 THH.Z/, having Hurewicz image h.�1/ D � N�1 2

H2p�1 THH.Z/. The same statements apply with Z replaced by BPh0i DHZ.p/. The E4 ring spectrum
map BP ! HZ.p/ is .2p�2/-connected, and induces a .2p�1/-connected map K.BP/ ! K.Z.p//

by [Bökstedt and Madsen 1994, Proposition 10.9]. Hence we can lift �K
1

to �2p�1K.BP/. Its trace
image tr.�K

1
/2�2p�1 THH.BP/DZ.p/f�1g then maps to the generator �1 2 �2p�1 THH.Z.p//ŠZ=p.

It follows that we can scale the choice of �K
1
2 �2p�1K.BP/ by a p-local unit so as to ensure that

tr.�K
1
/D �1 in �2p�1 THH.BP/.

Definition 6.6 We fix a choice of a class �K
1
2 �2p�1K.BP/ with tr.�K

1
/ D �1 in �2p�1 THH.BP/.

These map to classes with the same names in �2p�1K.BPhni/ and �2p�1 THH.BPhni/, respectively, for
each n� 0.

The choice of �K
1
2 �2p�1K.BP/ made here is equivalent to the selection of �K

1
2 �2p�1K.BPh1i/

discussed in [Ausoni and Rognes 2002, Section 1.2], since BP! BPh1i D ` is .2p2�2/-connected,
which ensures that K.BP/!K.BPh1i/ is .2p2�1/-connected.

Definition 6.7 Let �K
2
D Pp.�K

1
/ 2 V .0/2p2�1K.BP/, mapping to classes with the same name in

V .0/2p2�1K.BPhni/ for each n� 1.

By naturality of Pp for E2 ring spectrum maps, this definition agrees with the case nD 1 discussed in
[Ausoni and Rognes 2002, Section 1.7].

Lemma 6.8 The classes tr.�K
2
/ and i0.�2/ in V .0/2p2�1 THH.BP/ both have Hurewicz image � N�2 in

H2p2�1 THH.BP/. Hence they agree modulo vp
1
�1, and have the same image in V .1/2p2�1 THH.BP/.
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Proof We have tr.�K
2
/D tr.Pp.�K

1
//D Pp.tr.�K

1
//D Pp.�1/ by naturality of Pp with respect to tr,

and h0Pp.�1/ D Qph.�1/ D Qp.� N�1/ by Lemma 5.5. Moreover, Qp.� N�1/ D �Qp. N�1/ D � N�2 by
[Angeltveit and Rognes 2005, Proposition 5.9; Bruner et al. 1986, Theorem III.2.3].

Definition 6.9 Let �K
3
D Pp2

.�K
2
/ 2 V .1/2p3�1K.BP/, mapping to classes with the same name in

V .1/2p3�1K.BPhni/ for each n� 2.

Lemma 6.10 The classes
tr.�K

3 /; i1i0.�3/ and Pp2

.i0.�2//

in V .1/2p3�1 THH.BP/ all have Hurewicz image � N�3 in H2p3�1 THH.BP/. Hence they agree modulo
v

p
2
�1 and have the same image in V .2/2p3�1 THH.BP/.

Proof We have tr.�K
3
/ D tr.Pp2

.�K
2
// D Pp2

.tr.�K
2
// by naturality of Pp2

with respect to tr, and
h1Pp2

.tr.�K
2
//DQp2

h0.tr.�K
2
//DQp2

.� N�2/ by Lemmas 5.6 and 6.8. Likewise, h1Pp2

.i0.�2//D

Qp2

h0.i0.�2//DQp2

.� N�2/. Finally, Qp2

.� N�2/D �Qp2

. N�2/D � N�3 by the same two references as in
the previous lemma.

Let us summarize these results, for later reference:

Proposition 6.11 Let p � 7. The trace map tr WK.B/! THH.B/ induces ring homomorphisms

V .2/�K.BP/! V .2/� THH.BP/ and V .2/�K.BPh2i/! V .2/� THH.BPh2i/;

each mapping i2i1i0.�
K
1
/, i2i1.�

K
2
/ and i2.�

K
3
/ to �1, �2 and �3, respectively.

Proof The claims for BP follow from Definition 6.6 and Lemmas 6.8 and 6.10. The image classes
in V .2/� THH.BPh2i/ coincide with the classes from Definition 3.4 since their Hurewicz images in
H� THH.BPh2i/ agree.

7 Approximate homotopy fixed points

For C D Cpn or T we have multiplicative homotopy fixed point spectral sequences

E2.C /DH��.C IV .2/� THH.B//) V .2/� THH.B/hC

(cf [Hedenlund and Rognes 2024, Section 5]) and multiplicative Tate spectral sequences

yE2.C /D yH��.C IV .2/� THH.B//) V .2/� THH.B/tC

(see [loc. cit., Section 6]). Here H�.T / D P .t/ and yH�.T / D P .t˙1/ with t 2 H 2 Š yH 2, while
H�.Cpn/ D E.un/ ˝ P .t/ and yH�.Cpn/ D E.un/ ˝ P .t˙1/ with un 2 H 1 Š yH 1. Note that for
B D BPh2i, each bidegree of E2.C / and yE2.C / is either 0 or Fp . This section is devoted to the proof of
the following collection of detection results:
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Proposition 7.1 The unit map S !K.B/ and the circle trace map trT WK.B/! THH.B/hT induce
ring homomorphisms

V .2/�! V .2/�K.BP/! V .2/� THH.BP/hT
! V .2/� THH.BPh2i/hT

mapping i2i1i0.˛1/, i2i1.ˇ
ı
1
/, i2.


ı
1
/ and v3 to classes detected by t�1, tp�2, tp2

�3 and t�, respectively.

Proof By Proposition 7.3 the circle trace image of ˇı
1

is detected by tp�2 in the T -homotopy fixed
point spectral sequence for V .0/^THH.BP/, hence also for V .2/^THH.BPh2i/.

By Proposition 7.4 the image of 
 ı
1

is detected by tp2

�3 in the spectral sequence for V .1/^THH.BP/,
hence also for V .2/^THH.BPh2i/.

By Proposition 7.6 the image of v3 is detected by t� in the spectral sequence for V .2/^THH.BPh2i/.

A simpler case of this last argument shows that the image of ˛1 is detected by t�1 in the spectral sequence
for THH.BP/, hence also for V .2/^THH.BPh2i/, but this is also readily deduced from the previously
known case of THH.Z/.

Notation 7.2 For any spectral sequence E2
�;�)G� and nonzero element x 2E1�;� we write fxg for the

coset of elements � 2 G� that are detected by x. Sometimes we will write ŒŒx�� for a specific choice of
such an element � , so that ŒŒx�� 2 fxg. Similar conventions appear in [Barratt et al. 1970, Proposition 3.1.5;
Bruner and Rognes 2021, Theorem 11.61].

For each T -spectrum X and integer m� 0 we have an mth-order approximate T -homotopy fixed point
spectral sequence

E2
�;� D ZŒt �=.tmC1/˝��.X /) ��F.S

2mC1
C ;X /T ;

obtained by truncating the T -homotopy fixed point spectral sequence to (horizontal) filtration degrees
�2m� � � 0.

Proposition 7.3 Consider the pth-order approximate T -homotopy fixed point spectral sequence

E2
�;� D ZŒt �=.tpC1/˝�� THH.BP/) ��F.S

2pC1
C ;THH.BP//T

for THH.BP/, and its analog for V .0/^THH.BP/. The circle trace image of ˛1 2 �2p�3.S/ in

��F.S
2pC1
C ;THH.BP//T

factors as a product ŒŒt �� � ŒŒ�1��, with ŒŒt ��2 ftg and ŒŒ�1��2 f�1g detected by t and �1, respectively. Moreover ,
the image of ˇı

1
2 �2p2�2p�1V .0/ in

V .0/�F.S
2pC1
C ;THH.BP//T

is the unique class detected by tp�2.
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Proof The pth-order approximate T -homotopy fixed point spectral sequence is multiplicative, and has
E2-term

ZŒt �=.tpC1/˝Z.p/f1; v1; �1; v
2
1 ; v1�1; : : : g;

with generators as listed in vertical degrees � < 6p � 6. Here d2.v1/ D t � �.v1/ D t � p�1, as in
Proposition 3.2, and E3 D E1 in this range of degrees. Hence t , �1 and t�1 are all infinite cycles,
detecting homotopy classes with indeterminacies Z.p/ft

pv1g, Z=pftp�1v1�1g and Z=pftpv1�1g, re-
spectively. The unit map S ! F.S

2pC1
C ;THH.BP//T takes ˛1 to a class detected by t�1; cf [Rognes

1998, Theorem 1.4]. Since each element in the indeterminacy of ft�1g factors as an element in the
indeterminacy of ftg times �1 (and also factors as t times an element in the indeterminacy of f�1g), it
follows that the image of ˛1 can be factored as a product ŒŒt �� � ŒŒ�1�� in ftg � f�1g.

Let �ı
2
D tr.�K

2
/D Pp.�1/ in V .0/� THH.BP/. By the homotopy Cartan formula from Proposition 5.7,

applied for the E3 ring spectrum F.S
2pC1
C ;THH.BP//T , the circle trace image of ˇı

1
D Pp�1.˛1/ is

Pp�1.ŒŒt �� � ŒŒ�1��/D ŒŒt ��
p
�Pp.ŒŒ�1��/:

Here Pp.ŒŒ�1��/ 2 f�
ı
2
g is a class detected by �ı

2
, by naturality of Pp with respect to the edge homo-

morphism induced by F.S
2pC1
C ;THH.BP//T ! THH.BP/. It follows that ŒŒt ��p �Pp.ŒŒ�1��/ is detected

by tp�ı
2
, with zero indeterminacy since this class lives in the lowest filtration degree.

To complete the proof, note that tp�ı
2
D tp�2 at the V .0/-homotopy E3-term, since these classes differ

by a multiple of d2.tp�1v2/D�tpv
p
1
�1 by Proposition 3.2 and Lemma 6.8.

Proposition 7.4 Consider the .p2/th-order approximate T -homotopy fixed point spectral sequence

E2
�;� D ZŒt �=.tp2C1/˝V .0/� THH.BP/) V .0/�F.S

2p2C1
C ;THH.BP//T

for V .0/^THH.BP/ and its analog for V .1/^THH.BP/. The circle trace image of ˇı
1
2�2p2�2p�1V .0/ in

V .0/�F.S
2p2C1
C ;THH.BP//T

factors as a product ŒŒtp �� � ŒŒ�2��, with ŒŒtp �� 2 ftpg and ŒŒ�2�� 2 f�2g detected by tp and �2, respectively.
Moreover , the image of 
 ı

1
2 �2p3�2p2�1V .1/ in

V .1/�F.S
2p2C1
C ;THH.BP//T

is the unique class detected by tp2

�3.

Proof Our first goal will be to show that tp times the indeterminacy in f�2g and �2 times the indetermi-
nacy in ftpg, in combination, span the indeterminacy in ftp�2g in the .p2/th-order spectral sequence for
V .0/^THH.BP/. To do this, we compare the mth-order approximate T -homotopy fixed point spectral
sequences for the three T -spectra

V .1/^THH.BP/; V .0/^THH.BP/ and THH.BP/;

via the morphisms induced by i0 W S ! V .0/, i1 W V .0/! V .1/ and j1 W V .1/!†2p�1V .0/.
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We begin with the V .1/-homotopy spectral sequence, which is easiest to understand. The mth-order
spectral sequence for V .1/^THH.BP/ has E2-term

PmC1.t/˝P .v2; : : : /˝E.�1; �2; : : : /;

where the omitted generators have vertical degree � � 2p3� 2. Here v2, �1 and �2 are infinite cycles,
since multiplication by v2 is realized by a self-map of V .1/ and since �1 and �2 detect the circle trace
images of �K

1
and �K

2
, respectively. For m D p it follows that this spectral sequence collapses at the

E2-term, in vertical degrees �< 2p3� 2.

For m> p there are nonzero d2p-differentials generated by

d2p.t/
:
D tpC1�1;

where x
:
D y means that x is a unit (in Fp) times y. This differential is present already in the T -homotopy

fixed point spectral sequence for THH.BP/, and lifts that of [Bökstedt and Madsen 1994, Theorem 5.8(i)]
for THH.Z.p// over the morphism of spectral sequences induced by BP!HZ.p/. It follows that the
mth-order E2pC1-term equals

Fpft
i
j 0� i �m; p j ig˝P .v2/˝E.�1; �2/

in vertical degrees �< 2p3� 2, plus some extra classes in even filtrations �2m� �< �2mC 2p and
�2p < � � 0 that survive due to being close to the truncation limits. Moreover, for m < p2C p the
spectral sequence must collapse at this stage, for these vertical degrees, since there is no room for a
differential on tp.

For later use, note that when m D 3p � 2 no classes survive in total degree � D 2p2 � 2p � 2i for
2 � i < p, since the classes t iCp�1v2 support differentials and the classes t iC2p�1�1�2 are hit by
differentials. Hence V .1/�F.S

2mC1
C ;THH.BP//T is zero in these degrees. Moreover, for i D 1 only the

classes t2p�1�2 and tpv2 survive in total degree � D 2p2� 2p� 2, and here i1j1.t
pv2/ is detected by

t2p�2 ¤ 0, so only t2p�1�2 can be (and is) in the image of i1, since j1i1 D 0. Hence the image of i1 is
isomorphic to Z=p in this degree.

We now turn to the V .0/-homotopy spectral sequence. The .p2/th-order approximate T -homotopy fixed
point spectral sequence for V .0/^THH.BP/ has E2-term

Pp2C1.t/˝P .v1; v2; : : : /˝E.�1; �2; : : : /;

where the omitted generators have vertical degree � � 2p3 � 2. Here t , v1, �1 and �2 are d2-cycles,
while d2.v2/D�tv

p
1
�1 by Proposition 3.2. Hence the E3-term equals

Pp2C1.t/˝ .P .v1/f1g˚Pp.v1/f�1; v2�1; : : : ; v
p�1
2

�1g/˝E.�2/

in vertical degrees �< 2p3� 2p, except that there are some additional classes in filtration degrees 0 and
�2p2; see Figure 1, which is drawn for p D 3, and hence is not quite to scale for the primes p � 7 under
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Figure 1: E3) V .0/�F.S
2p2C1;THH.BP//T in vertical degrees � < 4p2C 2p � 5, with all

d2p-differentials (dashed) and selected d4p�2-differentials (solid).
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consideration. As above, we know that the classes v1, �1 and �2 are infinite cycles. The next nonzero
differentials are

d2p.t/
:
D tpC1�1 and d2p.v2�1/

:
D tpv1�1�2:

The d2p-differential on t for V .0/ ^ THH.BP/ follows, as above, from the one for THH.BP/. The
earlier differential d2p�2.v2�1/ 2 Fpft

p�1v
pC3
1
g must vanish by tv

p
1

-linearity, since tv
p
1
� v2�1 D 0 and

tv
p
1
� tp�1v

pC3
1
¤ 0. If d2p.v2�1/ were zero, v2�1 would detect a class in V .0/�F.S

2pC1
C ;THH.BP//T

that maps under i1 WV .0/!V .1/ to the class in V .1/�F.S
2pC1
C ;THH.BP//T detected by v2�1. However,

the latter class maps under i1j1 W V .1/! †2p�1V .1/ to the nonzero class i1j1.v2�1/ D i1.ˇ
0
1
/�1 D

i1.ˇ
ı
1
/�1 detected by tp�2 � �1 D �tp � �1�2, as follows from Lemma 6.4 and Proposition 7.3. This

contradicts j1i1 D 0, and proves that d2p.v2�1/ is nonzero in Fpft
pv1�1�2g.

It follows that the E2pC1-term equals

PpC1.t
p/˝ .P .v1/f1; �2g˚Pp.v1/f�1g˚Fpf�1�2; v

p�1
1

v2�1g/

˚Fpft
i
j 0< i < p2; p−ig˝ .P .v1/fv

p
1
; v1�2C cv2�1g˚Fpfv

p�1
1

v2�1g/

in vertical degrees �< 4p2C2p�5, plus some extra classes in even filtrations �2p2 � �<�2p2C2p

and �2p<�� 0. In the expression v1�2Ccv2�1, the coefficient c (which will vary with the t -exponent i )
is some unit in Fp.

The next differentials include

d4p�2.tv
p
1
/
:
D t2pv1�2 and d4p�2.t iv

p
1
/
:
D t iC2p�1.v1�2C cv2�1/

for 2 � i < p. To see that these are nonzero, we compare the mth-order spectral sequences for
V .0/^THH.BP/ and V .1/^THH.BP/, in the particular case mD3p�2. If d4p�2.t iv

p
1
/ were zero in the

former, then t iv
p
1

would survive to detect a class in degree 2p2�2p�2i of V .0/�F.S
2mC1
C ;THH.BP//T

that cannot be a v1-multiple, for filtration reasons, and which must therefore have nonzero image in
V .1/�F.S

2mC1
C ;THH.BP//T . However, for 2� i < p we checked above that this graded abelian group

is zero in these degrees. The assumption that d4p�2.t iv
p
1
/ is zero therefore leads to a contradiction,

which shows that this class is nonzero in Fpft
iC2p�1.v1�2C cv2�1/g, as claimed.

Furthermore, for i D 1 it is not possible that both t2p�1�2 and tv
p
1

survive to E1, since then the image
of i1 in degree 2p2 � 2p � 2 would have order p2, rather than the order p that we established above.
Hence d4p�2.tv

p
1
/ must be nonzero in Fpft

2pv1�2; t
2pv2�1g. Extending to the case mD 3p shows that

d4p�2.tv
p
1
/ must be nonzero in Fpft

2pv1�2g, as claimed.

We can now conclude that tp is an infinite cycle in the spectral sequence converging to

V .0/�F.S
2p2C1
C ;THH.BP//T ;

since there are no possible targets for later differentials, and the indeterminacy in ftpg is generated by
(classes detected by)

tp2�pC1v
p�1
1

and tp2

v
p
1
:
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The class tp�2 is also an infinite cycle, detecting the circle trace image of ˇı
1

by Proposition 7.3, and has
indeterminacy generated by (a subset of)

t2p�1.v1�2C cv2�1/; tp2�pC1v
p�1
1

�2 and tp2

v
p�1
1

v2�1:

Likewise, �2 is an infinite cycle, detecting the circle trace image of �K
2

plus some multiple of vp
1
�K

1

according to Lemma 6.8, with indeterminacy generated by (a subset of)

tp�1.v1�2C cv2�1/; t2p�2.v2
1�2C cv1v2�1/; tp2�pv

p�1
1

v2�1 and tp2�1v
pC1
1

�2:

Here tp�1.v1�2C cv2�1/ might support a nonzero dr -differential and not be an infinite cycle. However,
there are no possible targets in filtrations �2p2 � � < �2p2 C 2p of such a dr -differential, since
d4p�2.tp2�1v

2pC2
1

/ D tp2C2p�2v
pC3
1

�2 ¤ 0 in the full T -homotopy fixed point spectral sequence.
Hence in this case t2p�1.v1�2C cv2�1/ will also support a nonzero differential, of the same length, and
also not be an infinite cycle. Similarly, if tp2�pv

p�1
1

v2�1 is hit by a dr -differential, then tp2

v
p�1
1

v2�1

will be hit by a differential of the same length.

It follows that tp times the indeterminacy in f�2g, together with the class tp2�pC1v
p�1
1

�2, span the
indeterminacy in ftp�2g. That extra class lies in the indeterminacy of ftpg times �2. Hence we have
achieved our first goal, as formulated at the outset of the proof.

Now choose classes x and y in V .0/�F.S
2p2C1
C ;THH.BP//T , detected by tp and �2, respectively. Then

the difference between the circle trace image of ˇı
1

and the product xy lies in the indeterminacy of ftp�2g.
By modifying the choices of x and y, within the indeterminacies of ftpg and f�2g, respectively, we can
reduce the filtration of this difference until it becomes zero. Let ŒŒtp ��D x and ŒŒ�2��D y be the final values
of x 2 ftpg and y 2 f�2g, so that the circle trace image of ˇı

1
equals the product ŒŒtp �� � ŒŒ�2��.

Let �ı
3
D Pp2

.�2/ in V .1/� THH.BP/. We apply the Cartan formula from Corollary 5.12 in the case of
the E3 ring spectrum retract F.S

2p2C1
C ;THH.BP//T of F.S

2p2C1
C ;THH.MU.p///T , where the latter is

an E1 ring spectrum. It asserts that the circle trace image of 
 ı
1
D Pp2�p.ˇı

1
/ is

Pp2�p.ŒŒtp �� � ŒŒ�2��/D ŒŒt
p ��p �Pp2

.ŒŒ�2��/:

Here Pp2

.ŒŒ�2��/ 2 f�
ı
3
g is a class detected by �ı

3
, by naturality of Pp2

with respect to the edge homomor-
phism induced by F.S

2p2C1
C ;THH.BP//T ! THH.BP/. It follows that ŒŒtp ��p �Pp2

.ŒŒ�2��/ is detected
by tp2

�ı
3
, with zero indeterminacy since this class lives in the lowest filtration degree.

To complete the proof, note that tp2

�ı
3
D tp2

�3 at the V .1/-homotopy E3-term, since these classes
differ by a multiple of d2.tp2�1v3/D�tp2

v
p
2
�1 by Proposition 3.2 and Lemma 6.10.

Remark 7.5 In the course of the previous proof, we have seen that the circle trace image of ˇı
1
2 V .0/�

is detected by tp�2, and that tpv1�2 is not a boundary in the (approximate) T -homotopy fixed point
spectral sequence, which implies that v1 �ˇ

ı
1
¤ 0. This confirms a claim made in the proof of Lemma 6.4.
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Proposition 7.6 Consider the first-order (approximate T -homotopy fixed point) spectral sequence

E2
�;� D ZŒt �=.t2/˝V .2/� THH.BPh2i/) V .2/�F.S

3
C;THH.BPh2i//T

for V .2/^THH.BPh2i/. The circle trace image of v3 2 �2p3�2V .2/ in

V .2/�F.S
3
C;THH.BPh2i//T

is the unique class detected by t�.

Proof The line of argument is the same as for the case of v2 2 �2p2�2V .1/ in [Ausoni and Rognes 2002,
Proposition 4.8]. For brevity, let Y D F.S3

C;THH.BPh2i//T . We have a map of mod-p Adams spectral
sequences

E2.V .2//D ExtA�.Fp;H�V .2//! ExtA�.Fp;H�.V .2/^Y //DE2.V .2/^Y /;

where v3 is detected in the source in bidegree .s; t/D .1; 2p3� 1/ by the class of the cobar cocycle

x D Œ�3�1C Œ�3��0C Œ�
p
2
��1C Œ�

p2

1
��2

in E
1;�
1
.V .2//DA�˝H�V .2/. (As usual, A� denotes the cokernel of the unit Fp!A�.) We claim that

this cocycle does not become a coboundary when mapped to E
1;�
1
.V .2/^ Y /D A�˝H�.V .2/^ Y /.

This implies that the image of v3 is nonzero in V .2/�.Y /, and in view of Proposition 3.3 the only possible
detecting class in its total degree is t�.

To prove the claim we use the first-order spectral sequence for H ^V .2/^THH.BPh2i/, which reduces
to a long exact sequence, leading to an extension

0! cok.�/!H�.V .2/^Y /! ker.�/! 0

of A�-comodules. Here

� WH�.V .2/^THH.BPh2i//!H�C1.V .2/^THH.BPh2i//

acts on H�.V .2/ ^ THH.BPh2i// Š A� ˝ E.� N�1; � N�2; � N�3/˝ P .� N�3/, as per Proposition 3.1. The
cocycle x is a cobar coboundary only if there is a class y 2 E

0;�
1
.V .2/ ^ Y / D H�.V .2/ ^ Y / with

A�-comodule coaction �.y/ containing the term �3˝ 1.

There is no such class y 2 cok.�/, since this A�-subcomodule does not contain the algebra unit 1.
Moreover, since �. N�3/D � N�3 ¤ 0, the class N�3 is not in ker.�/. Hence ker.�/ in total degree 2p3� 1 is
generated by polynomials in N�0, N�1, N�2, N�1, N�2, N�3, � N�1, � N�2 and � N�3, none of which have A�-coaction
that involves �3. This proves that no such class y exists, and x is not a coboundary.

8 The Cp-Tate spectral sequence

We now establish an effective version of the Cp-equivariant Segal conjecture (or homotopy limit property)
for V .2/^THH.BPh2i/, by direct computation. The corresponding results for the groups Cpn and T then
follow from a theorem of Tsalidis. The analogous results for BPh0i DHZ.p/ and BPh1i D ` were proved
in [Bökstedt and Madsen 1994, Theorem 5.8(i)] and [Ausoni and Rognes 2002, Theorem 5.5], respectively.
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Theorem 8.1 The Cp-Tate spectral sequence

yE2.Cp/D yH
��.CpIV .2/� THH.BPh2i//) V .2/� THH.BPh2i/tCp

has E2-term
yE2.Cp/DE.u1/˝P .t˙1/˝P .t�/˝E.�1; �2; �3/:

There are differentials

d2p.t1�p/
:
D t�1; d2p2

.tp�p2

/
:
D tp�2; d2p3

.tp2�p3

/
:
D tp2

�3 and d2p3C1.u1t�p3

/
:
D t�;

and the classes �1, �2, �3 and t˙p3

are permanent cycles. The E1-term

yE1 D P .t˙p3

/˝E.�1; �2; �3/

is the associated graded of

V .2/� THH.BPh2i/tCp ŠE.�1; �2; �3/˝P .�˙1/:

The comparison map y�1 W THH.BPh2i/! THH.BPh2i/tCp induces the localization homomorphism

V .2/�y�1 WE.�1; �2; �3/˝P .�/!E.�1; �2; �3/˝P .�˙1/;

which is .2p2C2p�3/-coconnected.

Proof The circle trace map K.B/! THH.B/hT lifts the trace map, so by Proposition 6.11 the classes
�K

i for i 2 f1; 2; 3g map to classes in V .2/� THH.B/hT detected by the �i . Similarly, by Proposition 7.1
the class v3 in ��V .2/ maps to a class detected by t�. Hence these detecting classes are infinite cycles in
all of the C -homotopy fixed point and C -Tate spectral sequences. This means that in order to determine
the dr -differentials in one of these spectral sequences, it suffices to determine dr .x/ for x ranging through
a P .t�/˝E.�1; �2; �3/-module basis for the Er -term.

The unit map S ! THH.B/ factors through B, and V .2/�BPh2i D Fp, so the images of ˛1, ˇı
1
, 
 ı

1

and v3 in ��V .2/ map to zero in V .2/� THH.BPh2i/ and V .2/� THH.BPh2i/tCp . Hence the four classes
t�1, tp�2, tp2

�3 and t� must all be boundaries in the Cp-Tate spectral sequence.

The first possible (nonzero) dr -differentials on u1 and t˙1 in yE2.Cp/ have r D 2p. We know that t�1 is
a boundary, so

d2p.t1�p/
:
D t�1:

Also d2p.u1/ 2 Fpfu1tp�1g, so d2p.u1tm1/D 0 for some integer m1 defined mod p. Hence

yE2pC1.Cp/DE.u1tm1/˝P .t˙p/˝P .t�/˝E.�1; �2; �3/:

The next possible dr -differentials on u1tm1 and t˙p have r D 2p2. We know that tp�2 is a boundary, so

d2p2

.tp�p2

/
:
D tp�2:

Also d2p2

.u1tm1/ 2 Fpfu1tm1Cp2

�2g, so d2p2

.u1tm2/D 0 for some integer m2 defined mod p2, with
m2 �m1 mod p. Then

yE2p2C1.Cp/DE.u1tm2/˝P .t˙p2

/˝P .t�/˝E.�1; �2; �3/:
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If m2 � �p mod p2 then the first possible differential on u1tm2 is dr .u1tm2/ 2 Fpft
m2Cp2Cp�1�2g

with r D 2p2C 2p� 1. Otherwise, the first possible differential on u1tm2 has r D 2p3.

By naturality with respect to the group cohomology transfer (Verschiebung), with V .t i/ D 0 and
V .u1t i/ D u2t i , the first possible dr -differential on t˙p2

cannot take a value of the form u1x, and
hence has r D 2p3; cf [Ausoni and Rognes 2002, Lemma 5.2].

We know that tp2

�3 is a boundary, and the only possible sources in yE2.Cp/ of a dr -differential with this
target are t�p3C2p2Cp�1�1�2 with r D 2p3�2p2�2pC2, u1t�p3C2p2�1�2 with r D 2p3�2p2C1,
u1t�p3Cp2Cp�1�1 with r D 2p3 � 2p C 1 and t�p3Cp2

with r D 2p3. The first source is not
present in yE2p2C1.Cp/, and the second and third sources are present there only if m2 ��1 mod p2 or
m2 � p � 1 mod p2, respectively. In both of these cases m2 ¥ �p mod p2, so u1tm2 survives to the
E2p3

-term. In the second case

d2p3�2p2C1.u1t�p3C2p2�1�2/D d2p3�2p2C1.u1t�p3C2p2�1/�2 D 0;

while in the third case

d2p3�2pC1.u1t�p3Cp2Cp�1�1/D d2p3�2pC1.u1t�p3Cp2Cp�1/�1 D 0:

Hence the fourth option,
d2p3

.t�p3Cp2

/
:
D tp2

�3;

is the only possibility.

We also know that t� is a boundary, and the only possible sources of a dr -differential with this target are
u1t�p3Cp2Cp�1�1�2 with r D 2p3 � 2p2 � 2pC 3, t�p3Cp2

�2 with r D 2p3 � 2p2C 2, t�p3Cp�1

with r D 2p3� 2pC 2 and u1t�p3

with r D 2p3C 1. The first source is only present in yE2p2C1.Cp/ if
m2 � p� 1 mod p2, in which case u1tm2 survives to the E2p3

-term, and

d2p3�2p2�2pC3.u1t�p3Cp2Cp�1�1�2/D d2p3�2p2�2pC3.u1t�p3Cp2Cp�1/�1�2 D 0:

In the second case

d2p3�2p2C2.t�p3Cp2

�2/D d2p3�2p2C2..t�p2

/p�1/�2 D 0;

since t˙p2

survive to the E2p3

-term. The third source is not present in yE2p2C1.Cp/. This leaves the
fourth option,

d2p3C1.u1t�p3

/
:
D t�;

as the only possibility. It follows that d2p3

.u1t�p3

/ D 0. In particular, u1t�p3

must be present in
yE2p2C1.Cp/, and we may take m1 Dm2 D 0 in the formulas above. Then

yE2p3C1.Cp/DE.u1t�p3

/˝P .t˙p3

/˝P .t�/˝E.�1; �2; �3/:

Here d2p3C1.t�p3

/ lies in a trivial group, so

yE2p3C2.Cp/D P .t˙p3

/˝E.�1; �2; �3/:

This equals yE1.Cp/, since there are no further targets for differentials on t�p3

.
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We claim that y�1.�/ in V .2/� THH.BPh2i/tCp is detected by a unit times t�p3

. To see this, we can use
naturality with respect to the map BPh2i ! BPh1i, as in the commutative diagram below.

H� THH.BPh2i/

��

V .2/� THH.BPh2i/
h2
oo

y�1
//

��

V .2/� THH.BPh2i/tCp

��

H� THH.BPh1i/ V .2/� THH.BPh1i/
h2
oo

y�1
// V .2/� THH.BPh1i/tCp

H� THH.BPh1i/ V .1/� THH.BPh1i/
h1
oo

y�1
//

i2

OO

V .1/� THH.BPh1i/tCp

i2

OO

Recall from Proposition 3.3 that V .1/� THH.BPh1i/ D E.�1; �2/˝ P .�2/, where h1.�2/ D � N�2 in
H� THH.BPh1i/, and that y�1.�2/ in V .1/� THH.BPh1i/tCp is detected by a unit times t�p2

by the proof
of [Ausoni and Rognes 2002, Theorem 5.5]. It follows that � maps to i2.�

p
2
/ in V .2/� THH.BPh1i/,

since h2.�/D � N�3 maps to h1.�
p
2
/D .� N�2/

p D � N�3. By naturality, y�1.�/ maps to a class detected by a
unit times .t�p2

/p D t�p3

, which proves the claim.

The highest-degree class in E.�1; �2; �3/˝P .�˙1/ that is not in the image from E.�1; �2; �3/˝P .�/

is �1�2�3�
�1, in degree .2p�1/C .2p2�1/C .2p3�1/� .2p3/D 2p2C2p�3. Hence V .2/�y�1 is

injective in this degree, and an isomorphism in all higher degrees.

Corollary 8.2 [Tsalidis 1998, Theorem 2.4; Bökstedt et al. 2014, Theorem 2.8] The comparison maps

�n W V .2/^THH.BPh2i/Cpn
! V .2/^THH.BPh2i/hCpn ;

y�n W V .2/^THH.BPh2i/Cpn�1 ! V .2/^THH.BPh2i/tCpn ;

for n� 1, and their homotopy limits

� WV .2/^TF.BPh2i/!V .2/^THH.BPh2i/hT and y� WV .2/^TF.BPh2i/!V .2/^THH.BPh2i/tT ;

are all .2p2C2p�3/-coconnected.

9 The Cp2-Tate spectral sequence

Our next goal is to determine the differential structure of the Cpn-Tate spectral sequence converging to
V .2/� THH.BPh2i/tCpn , for each n� 2. There are some minor differences between the cases nD 2 and
n� 3, so we spell out the Cp2 case in this section, including some motivation, and leave the notationally
more elaborate cases n� 3 for the next section.

We first determine the structure of the Cp-homotopy fixed point spectral sequence from that of the Cp-Tate
spectral sequence, using the homotopy restriction morphism (also known as the canonical morphism)

Rh
WEr .Cp/! yE

r .Cp/:
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It is algebraically simpler to work with the localized spectral sequence ��1Er .Cp/, keeping in mind that

Er .Cp/! ��1Er .Cp/

is .2p2C2p�3/-coconnected. In view of Theorem 8.1, the �-localized Cp-homotopy fixed point spectral
sequence for V .2/^THH.BPh2i/ is isomorphic to the Cp-homotopy fixed point spectral sequence for
V .2/^THH.BPh2i/tCp .

Proposition 9.1 The �-localized Cp-homotopy fixed point spectral sequence

��1E2.Cp/DH��.CpI�
�1V .2/� THH.BPh2i//) ��1V .2/� THH.BPh2i/hCp

has E2-term
��1E2.Cp/DE.u1/˝P .t�/˝E.�1; �2; �3/˝P .�˙1/:

There are differentials

d2p.�/
:
D .t�/p�1�

1�p; d2p2

.�p/
:
D .t�/p

2

�2�
p�p2

;

d2p3

.�p2

/
:
D .t�/p

3

�3�
p2�p3

; d2p3C1.u1�
p3

/
:
D .t�/p

3C1;

and the classes t�, �1, �2, �3 and �˙p3

are permanent cycles.

Proof The composite relations

d2p.�/ ��p
D d2p.t� � t�1/ ��p :

D t� � tp�1�1 ��
p
D .t�/p�1�;

d2p2

.�p/ ��p2

D d2p2

..t�/p � t�p/ ��p2 :
D .t�/p � tp2�p�2 ��

p2

D .t�/p
2

�2�
p;

d2p3

.�p2

/ ��p3

D d2p3

..t�/p
2

� t�p2

/ ��p3 :
D .t�/p

2

� tp3�p2

�3 ��
p3

D .t�/p
3

�3�
p2

;

d2p3C1.u1�
p3

/D d2p3C1..t�/p
3

�u1t�p3

/
:
D .t�/p

3

� t�D .t�/p
3C1

lift to the Cp-homotopy fixed point spectral sequence and can be rewritten as claimed after inverting �.

The first differential leaves

��1E2pC1.Cp/DE.u1/˝P .t�/˝E.�1; �2; �3/˝P .�˙p/

˚E.u1/˝Pp.t�/˝E.�2; �3/˝Fpf�1�
j
j vp.j /D 0g:

The second leaves

��1E2p2C1.Cp/DE.u1/˝P .t�/˝E.�1; �2; �3/˝P .�˙p2

/

˚E.u1/˝Pp.t�/˝E.�2; �3/˝Fpf�1�
j
j vp.j /D 0g

˚E.u1/˝Pp2.t�/˝E.�1; �3/˝Fpf�2�
j
j vp.j /D 1g:

The third leaves

��1E2p3C1.Cp/DE.u1/˝P .t�/˝E.�1; �2; �3/˝P .�˙p3

/

˚E.u1/˝Pp.t�/˝E.�2; �3/˝Fpf�1�
j
j vp.j /D 0g

˚E.u1/˝Pp2.t�/˝E.�1; �3/˝Fpf�2�
j
j vp.j /D 1g

˚E.u1/˝Pp3.t�/˝E.�1; �2/˝Fpf�3�
j
j vp.j /D 2g:
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The final differential leaves

��1E2p3C2.Cp/D Pp3C1.t�/˝E.�1; �2; �3/˝P .�˙p3

/

˚E.u1/˝Pp.t�/˝E.�2; �3/˝Fpf�1�
j
j vp.j /D 0g

˚E.u1/˝Pp2.t�/˝E.�1; �3/˝Fpf�2�
j
j vp.j /D 1g

˚E.u1/˝Pp3.t�/˝E.�1; �2/˝Fpf�3�
j
j vp.j /D 2g;

which equals ��1E1.Cp/.

Next we use the commutative diagram

THH.BPh2i/hCp

F

��

THH.BPh2i/Cp

F

��

�1
oo

y�2
// THH.BPh2i/tC

p2

F
��

THH.BPh2i/ THH.BPh2i/
y�1

// THH.BPh2i/tCp

and what is known about V .2/� THH.BPh2i/hCp above degree 2p2C2p�3 to pin down the differential
pattern of the Cp2-Tate spectral sequence leading to V .2/� THH.BPh2i/tC

p2 :

Theorem 9.2 The Cp2-Tate spectral sequence

yE2.Cp2/D yH��.Cp2 IV .2/� THH.BPh2i//) V .2/� THH.BPh2i/tC
p2

has E2-term
yE2.Cp2/DE.u2/˝P .t˙1/˝P .t�/˝E.�1; �2; �3/:

There are differentials

d2p.t1�p/
:
D t�1; d2p2

.tp�p2

/
:
D tp�2; d2p3

.tp2�p3

/
:
D tp2

�3;

d2p4C2p.tp3�p4

/
:
D tp3

.t�/p�1; d2p5C2p2

.tp4�p5

/
:
D tp4

.t�/p
2

�2;

d2p6C2p3

.tp5�p6

/
:
D tp5

.t�/p
3

�3; d2p6C2p3C1.u2t�p6

/
:
D .t�/p

3C1;

and the classes t�, �1, �2, �3 and t˙p6

are permanent cycles.

Proof According to [Ausoni and Rognes 2002, Lemma 5.2], naturality with respect to Frobenius and
Verschiebung maps forces the first three differentials, showing that

yE2p3C1.Cp2/DE.u2/˝P .t˙p3

/˝P .t�/˝E.�1; �2; �3/:

To proceed, we shall make use of the summands

Pp.t�/˝Fpf�1�g; Pp2.t�/˝Fpf�2�
p
g; Pp3.t�/˝Fpf�3�

p2

g and Pp3C1.t�/˝Fpf�
p3

g

in E1.Cp/, which is equal to ��1E1.Cp/ in these degrees. There are almost no classes in the same
total degrees and of lower filtration than the vanishing products

.t�/p ��1�; .t�/p
2

��2�
p; .t�/p

3

��3�
p2

and .t�/p
3C1
��p3

:
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The only exception is the class .t�/p
2Cp�1�1�2�3 in the same total degree as .t�/p

2

��2�
p . However,

this class is itself a .t�/p
2

-multiple, so there is no room for a hidden vp2

3
-extension on �2�

p . Hence �1�

detects a vp
3

-torsion class x1, �2�
p detects a vp2

3
-torsion class x2, �3�

p2

detects a vp3

3
-torsion class x3,

�p3

detects a vp3C1
3

-torsion class x4 in V .2/� THH.BPh2i/hCp , and these v3-power torsion orders are
all exact.

By Corollary 8.2 the maps �1 and y�2 are .2p2C2p�3/-coconnected. Hence the classes xi lift uniquely
to classes yi in V .2/� THH.BPh2i/Cp with �1.yi/D xi , and we let zi D

y�2.yi/ denote their images in
V .2/� THH.BPh2i/tC

p2 . Since y�1.�/D t�p3

, up to a unit in Fp that we hereafter often omit to mention,
F.z1/ is detected by t�p3

�1, F.z2/ is detected by t�p4

�2, F.z3/ is detected by t�p5

�3 and F.z4/ is
detected by t�p6

in yE1.Cp/.

We claim that there are no classes in yE1.Cp2/ in the same total degrees and of higher filtrations than

t�p3

�1; t�p4

�2; t�p5

�3 and t�p6

:

This will imply that the zi are detected by precisely these classes. Already at the (known) E2p3C1-term
the only exception to the claim is u2t�p3�p5

in the same total degree as t�p5

�3, and we shall see below
that this class supports a nonzero d2p4C2p-differential, hence does not survive to the E1-term. It then
follows that the products

.t�/p � t�p3

�1; .t�/p
2

� t�p4

�2; .t�/p
3

� t�p5

�3 and .t�/p
3C1
� t�p6

must detect zero, and therefore be boundaries in the Cp2-Tate spectral sequence yEr .Cp2/. We shall prove
that these boundaries must be

d2p4C2p.t�p3�p4

/
:
D .t�/p � t�p3

�1; d2p5C2p2

.t�p4�p5

/
:
D .t�/p

2

� t�p4

�2;

d2p6C2p3

.t�p5�p6

/
:
D .t�/p

3

� t�p5

�3; d2p6C2p3C1.u2t�2p6

/
:
D .t�/p

3C1
� t�p6

;

and the asserted formulas follow readily.

We shall make use of the following lemma. Each cyclic P .t�/-module is either free or torsion, being
isomorphic to a suspension of P .t�/ or of its truncation Ph.t�/D P .t�/=..t�/h/ at some height h� 1,
according to the case. Here and below exponents � and �i are always assumed to lie in f0; 1g.

Lemma 9.3 For each r � 2p3 C 1 the Cp2-Tate Er -term yEr .Cp2/ is a direct sum of cyclic P .t�/-
modules , generated by classes of the form u�

2
t i � �

�1

1
�
�2

2
�
�3

3
with p3 j i . The dr -differential maps free

summands to free summands , and is zero on the torsion summands.

Proof We proceed by induction on r � 2p3 C 1, assuming that the P .t�/-module structure of the
Er -term is as stated.

Suppose that there is a dr -differential dr .a/ D b hitting a nonzero t�-torsion class. Then t� � b D

b0 D dr0.a0/ must have been hit by an earlier dr0-differential, where a0 is a generator of the form
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u�
2
t i ��

�1

1
�
�2

2
�
�3

3
with p3 j i . Hence a must lie in the same total degree as the formal product .t�/�1 � a0,

but in a higher filtration. At the E2-term, this could happen in three cases:

� if a0 D u�
2
t i � �1�2�3, with a in the bidegree of u�

2
t i�p � �2, u�

2
t i�p2

� �1, u2t i�p2�p � 1 or
t i�p2�pC1 � 1,

� if a0 D u�
2
t i ��2�3, with a in the bidegree of u2t i�p2Cp�1 ��1, t i�p2Cp ��1 or u�

2
t i�p2

� 1,

� if a0 D u�
2
t i ��1�3, with a in the bidegree of u�

2
t i�p � 1.

However, in none of these cases is the prescribed t -exponent (i �p, i �p2, etc) a multiple of p3. Hence
there are no nonzero classes in these bidegrees of yE2p3C1.Cp2/, and therefore also not in yEr .Cp2/ for
r � 2p3C 1.

It follows that no differentials hit the torsion summands, so each nonzero differential maps a free summand
to another free summand. Its kernel is then zero, while its cokernel creates a torsion summand in the
ErC1-term, which is still generated by a class of the required form. This proves the inductive statement
for r C 1.

The remainder of the proof of Theorem 9.2 can be separated into five steps:

(1) We start with z1, which we know is detected by t�p3

�1. Checking bidegrees in yE2p3C1.Cp2/, the
next possible differentials on u2 and t�p3

are

d2p4C2p�1.t�p3

/ 2 Fpfu2t�p3Cp4

.t�/p�1�1�3g;

d2p4C2p.t�p3

/ 2 Fpft
�p3Cp4

.t�/p�1g;

d2p4C2p.u2/ 2 Fpfu2tp4

.t�/p�1g:

Since t� and the �i are infinite cycles, we must have dr D 0 for 2p3C1� r < 2p4C2p�1. Moreover,
.t�/p � t�p3

�1
:
D dr1.a1/ in vertical degree 2p4C 2p � 1 must be a boundary, and the only possible

source of such a dr1-differential with r1 � 2p4C2p�1 is a1D t�p3�p4

with r1D 2p4C2p. It follows
that d2p4C2p�1.t�p3

/D 0 vanishes and furthermore that d2p4C2p.t�p3

/
:
D t�p3Cp4

.t�/p�1 is nonzero.

(2) We turn to z4, which we know is detected by t�p6

. Thus tp6

and its inverse are permanent cycles.
The nonzero product vp3

3
�z4 is detected by b4D .t�/

p3

� t�p6

or, if this product is a boundary, by another
class in the same total degree as b4 but of lower filtration. Let b0

4
denote the actual detecting class. Then

t� �b0
4

:
D dr4.a4/ in total degree 4p6�2 detects vp3C1

3
�z4D 0, and hence is a boundary. By Lemma 9.3,

the source of this differential is of the form a4 D u�
2
t i ��

�1

1
�
�2

2
�
�3

3
, with p3 j i . (If a4 were a t�-multiple

at the E2-term, then it would be a t�-multiple at the Er4-term, by the lemma. Then b0
4

would be a
dr4-boundary, which is impossible since it detects vp3

3
� z4 ¤ 0.) The total degree of a4 is 4p6� 1, so the

only possibilities are tp3�2p6

�3 with r4 � 2p6C 2, or u2t�2p6

with r4 � 2p6C 2p3C 1. However, we
showed in (1) that tp3�2p6

�3 supports a nonzero (shorter) d2p4C2p-differential. Hence a4 D u2t�2p6
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survives at least to the E2p6C2p3C1-term, and dr4.a4/¤ 0 for some r4 � 2p6C 2p3C 1. Since tp6

is
an infinite cycle it follows that u2 also survives to the E2p6C2p3C1-term. Hence

yE2p4C2pC1.Cp2/DE.u2/˝P .t˙p4

/˝P .t�/˝E.�1; �2; �3/

˚E.u2/˝Pp.t�/˝E.�2; �3/˝Fpft
i�1 j vp.i/D 3g:

In particular, u2t�p3�p5

is not an infinite cycle, and cannot detect z3, confirming our earlier claim.

(3) We continue with z2, which we know is detected by t�p4

�2. Checking bidegrees in yE2p4C2pC1.Cp2/,
the next possible differentials on t�p4

are

d2p5C2p2�1.t�p4

/2Fpfu2t�p4Cp5

.t�/p
2�1�2�3g and d2p5C2p2

.t�p4

/2Fpft
�p4Cp5

.t�/p
2

�2g;

while u2 survives at least to yE2p6C2p3C1.Cp2/ by (2). The differentials on t�, the �i and the torsion
summand are zero. Hence dr D 0 for 2p4C2pC1� r < 2p5C2p2�1. Moreover, .t�/p

2

� t�p4

�2 D

dr2.a2/ in vertical degree 2p5 C 2p2 � 1 must be a boundary, and the only possible source of such
a dr2-differential with r2 � 2p5 C 2p2 � 1 is a2

:
D t�p4�p5

with r2 D 2p5 C 2p2. It follows that
d2p5C2p2�1.t�p4

/D 0 vanishes and that d2p5C2p2

.t�p4

/
:
D t�p4Cp5

.t�/p
2

�2 is nonzero. Hence

yE2p5C2p2C1.Cp2/DE.u2/˝P .t˙p5

/˝P .t�/˝E.�1; �2; �3/

˚E.u2/˝Pp.t�/˝E.�2; �3/˝Fpft
i�1 j vp.i/D 3g

˚E.u2/˝Pp2.t�/˝E.�1; �3/˝Fpft
i�2 j vp.i/D 4g:

(4) We know from (2) that z3 is detected by t�p5

�3. Checking bidegrees in yE2p5C2p2C1.Cp2/, the next
possible differential on t�p5

is

d2p6C2p3

.t�p5

/ 2 Fpft
�p5Cp6

.t�/p
3

�3g;

while u2 survives to the E2p6C2p3C1-term by (2). The differentials on t�, the �i and the torsion summands
are zero. Hence dr D 0 for 2p5C 2p2C 1� r < 2p6C 2p3. Moreover, .t�/p

3

� t�p5

�3 D dr3.a3/ in
vertical degree 2p6C2p3�1 must be a boundary, and the only possible source of such a differential is a3

:
D

t�p5�p6

with r3 D 2p6C 2p3. It follows that d2p6C2p3

.t�p5

/
:
D t�p5Cp6

.t�/p
3

�3 is nonzero. Hence

yE2p6C2p3C1.Cp2/DE.u2/˝P .t˙p6

/˝P .t�/˝E.�1; �2; �3/

˚E.u2/˝Pp.t�/˝E.�2; �3/˝Fpft
i�1 j vp.i/D 3g

˚E.u2/˝Pp2.t�/˝E.�1; �3/˝Fpft
i�2 j vp.i/D 4g

˚E.u2/˝Pp3.t�/˝E.�1; �2/˝Fpft
i�3 j vp.i/D 5g:

(5) Finally, we return to z4. Since b4 D .t�/p
3

� t�p6

is nonzero, in vertical degree 2p6 of the
E2p6C2p3C1-term, it can no longer become a boundary. We can therefore strengthen the conclusions
in (2) to conclude that vp3

3
� z4 is detected by b0

4
D b4, and that t� � b4 D .t�/

p3C1 � t�p6

is a unit times
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dr4.a4/, with r4D 2p6C2p3C1 and a4D u2t�2p6

. It follows that d2p6C2p3C1.u2t�p6

/
:
D .t�/p

3C1,
since tp6

is an infinite cycle. Hence

yE2p6C2p3C2.Cp2/D P .t˙p6

/˝Pp3C1.t�/˝E.�1; �2; �3/

˚E.u2/˝Pp.t�/˝E.�2; �3/˝Fpft
i�1 j vp.i/D 3g

˚E.u2/˝Pp2.t�/˝E.�1; �3/˝Fpft
i�2 j vp.i/D 4g

˚E.u2/˝Pp3.t�/˝E.�1; �2/˝Fpft
i�3 j vp.i/D 5g:

No free summands remain, so by Lemma 9.3 there are no further differentials, and this Er -term
equals yE1.Cp2/.

10 The Cpn-Tate spectral sequences

The following notations will be convenient when we now determine the differential structure of the
Cpn-Tate spectral sequence.

Definition 10.1 [Ausoni and Rognes 2002, Definition 2.5; Angelini-Knoll et al. 2024, (5.8)] Let
r.k/D 0 for k 2 f0;�1;�2g and set r.k/D pkC r.k�3/ for k � 1. Thus r.3n�2/D p3n�2C� � �Cp,
r.3n� 1/D p3n�1C � � �Cp2 and r.3n/D p3nC � � �Cp3, with n terms in each sum.

Let Œk� 2 f1; 2; 3g be defined by k � Œk� mod 3, so that f�Œk�; �ŒkC1�; �ŒkC2�g D f�1; �2; �3g.

Theorem 10.2 The Cpn-Tate spectral sequence

yE2.Cpn/D yH��.Cpn IV .2/� THH.BPh2i//) V .2/� THH.BPh2i/tCpn

has E2-term
yE2.Cpn/DE.un/˝P .t˙1/˝P .t�/˝E.�1; �2; �3/:

There are differentials
d2r.k/.tpk�1�pk

/
:
D tpk�1

.t�/r.k�3/�Œk�

for each 1� k � 3n, and
d2r.3n/C1.unt�p3n

/
:
D .t�/r.3n�3/C1:

The classes t�, �1, �2, �3 and t˙p3n

are permanent cycles.

For nD 1, this is Theorem 8.1. We prove the statement for general n by induction, assuming the statement
for a value n� 2, and deducing that it also holds for nC 1. The case nD 2 is provided by Theorem 9.2.

The distinct terms of the Cpn-Tate spectral sequence are

yE2r.m/C1.Cpn/DE.un/˝P .t˙pm

/˝P .t�/˝E.�1; �2; �3/

˚

mM
kD4

E.un/˝Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� j vp.i/D k � 1g
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for 1�m� 3n. To see this, note that the differential d2r.k/ only affects the summand

E.un/˝Fpft
i
j vp.i/D k � 1g˝P .t�/˝E.�1; �2; �3/;

and here its homology is E.un/˝Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� jvp.i/Dk�1g. Thereafter,

yE2r.3n/C2.Cpn/D P .t˙p3n

/˝Pr.3n�3/C1.t�/˝E.�1; �2; �3/

˚

3nM
kD4

E.un/˝Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� j vp.i/D k � 1g:

To see this, note that d2r.3n/C1 only affects the summand E.un/˝P .t˙p3n

/˝P .t�/˝E.�1; �2; �3/,
and that its homology is P .t˙p3n

/˝Pr.3n�3/C1.t�/˝E.�1; �2; �3/. For bidegree reasons, the remaining
differentials are zero, so yE2r.3n/C2.Cpn/D yE1.Cpn/ and the classes t˙p3n

are permanent cycles.

We obtain the differential structure of the Cpn-homotopy fixed point spectral sequence Er .Cpn/ for
V .2/^THH.BPh2i/ from that of the Cpn-Tate spectral sequence yEr .Cpn/ by restricting to the second
quadrant, and write ��1Er .Cpn/ for its localization given by inverting (a power of) �. It follows from
Theorem 8.1 that ��1Er .Cpn/ is isomorphic to the Cpn-homotopy fixed point spectral sequence for
V .2/^THH.BPh2i/tCp .

Proposition 10.3 The �-localized Cpn-homotopy fixed point spectral sequence

��1E2.Cpn/DH��.Cpn I��1V .2/� THH.BPh2i//) ��1V .2/� THH.BPh2i/hCpn

has E2-term
��1E2.Cpn/DE.un/˝P .t�/˝E.�1; �2; �3/˝P .�˙1/:

There are differentials
d2r.k/.�pk�1

/
:
D .t�/r.k/�Œk��

pk�1�pk

for each 1� k � 3n, and
d2r.3n/C1.un�

p3n

/
:
D .t�/r.3n/C1:

The classes t�, �1, �2, �3 and �˙p3n

are permanent cycles.

Proof This follows from Theorem 10.2 by comparison along the morphism

Rh
WEr .Cpn/! yEr .Cpn/

of spectral sequences induced by the homotopy restriction map (also known as the canonical map), and
the .2p2C2p�3/-coconnected localization morphism

Er .Cpn/! ��1Er .Cpn/:

Algebraically, the translation is achieved through multiplication with appropriate powers of t�.
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The distinct terms of the �-localized Cpn-homotopy fixed point spectral sequence are

��1E2r.m/C1.Cpn/DE.un/˝P .t�/˝E.�1; �2; �3/˝P .�˙pm

/

˚

mM
kD1

E.un/˝Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
j
j vp.j /D k � 1g

for 1�m� 3n. To see this, note that the differential d2r.k/ only affects the summand

E.un/˝P .t�/˝E.�1; �2; �3/˝Fpf�
j
j vp.j /D k � 1g;

and here its homology is E.un/˝Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
j jvp.j /Dk�1g. Thereafter

��1E2r.3n/C2.Cpn/D Pr.3n/C1.t�/˝E.�1; �2; �3/˝P .�˙p3n

/

˚

3nM
kD1

E.un/˝Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
j
j vp.j /D k � 1g:

As before, d2r.3n/C1 only affects the summand E.un/˝P .t�/˝E.�1; �2; �3/˝P .�˙p3n

/, and its
homology is Pr.3n/C1.t�/˝E.�1; �2; �3/˝P .�˙p3n

/. For bidegree reasons the remaining differentials
are zero, so ��1E2r.3n/C2.Cpn/D ��1E1.Cpn/ and the classes �˙p3n

are permanent cycles.

To achieve the inductive step we use the commutative diagram

(10-1)

THH.BPh2i/hCpn

F n

��

THH.BPh2i/Cpn

F n

��

�n
oo

y�nC1
// THH.BPh2i/tC

pnC1

F n

��

THH.BPh2i/ THH.BPh2i/
y�1

// THH.BPh2i/tCp

and what is known about V .2/� THH.BPh2i/hCpn above degree 2p2C2p�3 to determine the differential
pattern of the CpnC1-Tate spectral sequence converging to V .2/� THH.BPh2i/tC

pnC1 .

Proof of Theorem 10.2 We must show that the CpnC1-Tate spectral sequence

yE2.CpnC1/D yH��.CpnC1 IV .2/� THH.BPh2i//) V .2/� THH.BPh2i/tC
pnC1

has the asserted differential pattern. By naturality with respect to (Tate spectrum) Frobenius and Ver-
schiebung morphisms,

F W yEr .CpnC1/� yEr .Cpn/ WV;

it follows as in [Ausoni and Rognes 2002, Lemma 5.2] that the left-hand spectral sequence has differentials

d2r.k/.tpk�1�pk

/
:
D tpk�1

.t�/r.k�3/�Œk�

for all 1� k � 3n, leading via the E2r.3/C1 DE2p3C1-term

yE2p3C1.CpnC1/DE.unC1/˝P .t˙p3

/˝P .t�/˝E.�1; �2; �3/
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to the E2r.3n/C1-term

yE2r.3n/C1.CpnC1/DE.unC1/˝P .t˙p3n

/˝P .t�/˝E.�1; �2; �3/

˚

3nM
kD4

E.unC1/˝Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� j vp.i/D k�1g:

We shall prove that this spectral sequence contains three more families of even-length differentials,
followed by one family of odd-length differentials, after which it collapses.

Note that the E2p3C1-term is free as a P .t�/-module. Replacing Cp2 with CpnC1 and u2 with unC1 in
the proof of Lemma 9.3, with no other changes, establishes the more general statement:

Lemma 10.4 For each r � 2p3 C 1 the CpnC1-Tate Er -term yEr .CpnC1/ is a direct sum of cyclic
P .t�/-modules , generated by classes of the form u�

nC1
t i � �

�1

1
�
�2

2
�
�3

3
with p3 j i . The dr -differential

maps free summands to free summands , and is zero on the torsion summands.

By our inductive hypothesis, the abutment E1.Cpn/, which is isomorphic to ��1E1.Cpn/ above degree
2p2C 2p� 3, contains summands

Pr.3n�2/.t�/˝Fpf�1�
p3n�3

g; Pr.3n�1/.t�/˝Fpf�2�
p3n�2

g;

Pr.3n/.t�/˝Fpf�3�
p3n�1

g; Pr.3n/C1.t�/˝Fpf�
p3n

g:

Moreover, ��1E1.Cpn/ is generated as a P .t�/-module by classes in filtrations �1 and 0. Hence any
class in E1.Cpn/ in the same total degree as, but of lower filtration than, one of the vanishing products

.t�/r.3n�2/
��1�

p3n�3

; .t�/r.3n�1/
��2�

p3n�2

;

.t�/r.3n/
��3�

p3n�1

; .t�/r.3n/C1
��p3n

;

must itself be divisible by (at least) the indicated power of t�. It follows that there are no hidden v3-
power extensions present, so that �1�

p3n�3

detects a vr.3n�2/
3

-torsion class x1 2V .2/� THH.BPh2i/hCpn ,
�2�

p3n�2

detects a vr.3n�1/
3

-torsion class x2, �3�
p3n�1

detects a vr.3n/
3

-torsion class x3 and �p3n

detects
a vr.3n/C1

3
-torsion class x4, and these v3-power torsion orders are exact.

By Corollary 8.2 there are unique classes yi 2V .2/� THH.BPh2i/Cpn and zi 2V .2/� THH.BPh2i/tC
pnC1

with �n.yi/D xi and y�nC1.yi/D zi for each i . Moreover, z1; : : : ; z4 are v3-power torsion classes of
orders precisely r.3n� 2/, r.3n� 1/, r.3n/ and r.3n/C 1, respectively.

Applying Frobenius maps Fn as in (10-1), and the fact from Theorem 8.1 that y�1 maps � to t�p3

(up
to the usual implicit unit) and preserves the �i , we deduce that Fn.z1/; : : : ;F

n.z4/ are detected by
the classes t�p3n

�1, t�p3nC1

�2, t�p3nC2

�3 and t�p3nC3

in yE1.Cp/. Hence z1; : : : ; z4 are detected in
yE1.CpnC1/ in the same total degrees as these classes, in equal or higher filtration. However, since n� 2,

there are no possible detecting classes of strictly higher filtration present in yE2r.3n/C1.CpnC1/. We can
therefore conclude that z1; : : : ; z4 are detected by

t�p3n

�1; t�p3nC1

�2; t�p3nC2

�3 and t�p3nC3

;
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respectively, in yE1.CpnC1/. (The only problematic class at the E2r.3/C1-term, unC1t�p3�p3nC2

in the
same total degree as t�p3nC2

�3, is now known to support a d2r.4/-differential, as in the Cp2 case.)

It follows that the products

.t�/r.3n�2/
� t�p3n

�1; .t�/r.3n�1/
� t�p3nC1

�2; .t�/r.3n/
� t�p3nC2

�3 and .t�/r.3n/C1
� t�p3nC3

must detect zero, and therefore be boundaries, in the CpnC1-Tate spectral sequence. We shall prove that
these boundaries must be

d2r.3nC1/.t�p3n�p3nC1

/
:
D .t�/r.3n�2/

� t�p3n

�1;

d2r.3nC2/.t�p3nC1�p3nC2

/
:
D .t�/r.3n�1/

� t�p3nC1

�2;

d2r.3nC3/.t�p3nC2�p3nC3

/
:
D .t�/r.3n/

� t�p3nC2

�3;

d2r.3nC3/C1.unC1t�2p3nC3

/
:
D .t�/r.3n/C1

� t�p3nC3

:

In view of the Leibniz rule, the first three can be rewritten as

d2r.k/.tpk�1�pk

/
:
D tpk�1

.t�/r.k�3/�Œk�

for 3nC 1� k � 3nC 3, while the fourth is equivalent to

d2r.3nC3/C1.unC1t�p3nC3

/
:
D .t�/r.3n/C1:

As for Theorem 9.2, the remainder of the proof of Theorem 10.2 will consist of five steps, but for n� 2

we can start with z4 in place of z1, and this simplifies the discussion of the class unC1.

(1) We know that z4 is detected by t�p3nC3

. Thus tp3nC3

and its inverse are permanent cycles. The
nonzero product vr.3n/

3
� z4 is detected by b4 D .t�/

r.3n/ � t�p3nC3

or, if this product is a boundary, by
another class in the same total degree as b4 but of lower filtration. Let b0

4
denote the actual detecting

class. Then t� � b0
4

in total degree 4p3nC3� 2 and vertical degree � 2r.3nC 3/ detects vr.3n/C1
3

� z4 D 0,
and hence is a boundary. We write t� �b0

4

:
D dr4.a4/. By Lemma 10.4, the source of this differential is of

the form a4 D u�
nC1

t i ��
�1

1
�
�2

2
�
�3

3
, with p3 j i . The total degree of a4 is 4p3nC3� 1, so the only possible

sources are tp3�2p3nC3

�3, with r4 � 2r.3nC3/�2p3C2, or unC1t�2p3nC3

. However, since n� 2, the
first of these possibilities is no longer present in yE2r.3n/C1.CpnC1/. Hence a4 D unC1t�2p3nC3

survives
at least to the E2r.3nC3/C1-term, and dr4.a4/ ¤ 0 for some r4 � 2r.3nC 3/C 1. Since tp3nC3

is an
infinite cycle it also follows that dr .unC1/D 0 for all r � 2r.3nC 3/.

(2) We continue with z1, which is detected by t�p3n

�1. The nonzero product vr.3n�2/�1
3

�z1 is detected by
b1D .t�/

r.3n�2/�1�t�p3n

�1 or, if this product is a boundary, by another class in the same total degree as b1

but of lower filtration. Let b0
1

denote the detecting class. Then t� � b0
1

in total degree 2p3nC1C 2p3n� 1

and vertical degree � 2r.3nC 1/ � 1 detects vr.3n�2/
3

� z1 D 0, and hence is a boundary. We write
t��b0

1

:
Ddr1.a1/. By Lemma 10.4 the source of this differential is of the form a1Du�

nC1
t i ��

�1

1
�
�2

2
�
�3

3
with

p3 j i . The only such class in the correct total degree is a1 D t�p3n�p3nC1

. Considering vertical degrees,
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it follows that r1� 2r.3nC1/. Since the torsion summands in yE2r.3n/C1.CpnC1/ are not affected by later
differentials, the �i and t� are infinite cycles and unC1 survives to the E2r.3nC3/C1-term by (1), it follows
that dr D 0 for 2r.3n/ < r < 2r.3nC 1/. After this, b1 is in too low a vertical degree to be a boundary.
Hence b0

1
D b1 and r1 D 2r.3nC 1/. It follows that d2r.3nC1/.t�p3n

/
:
D t�p3nCp3nC1

.t�/r.3n�2/�1.
This establishes the first new even-length differential, and leads to the E2r.3nC1/C1-term

yE2r.3nC1/C1.CpnC1/DE.unC1/˝P .t˙p3nC1

/˝P .t�/˝E.�1; �2; �3/

˚

3nC1M
kD4

E.unC1/˝Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� jvp.i/Dk�1g:

(3) Next3 we turn to z2, which is detected by t�p3nC1

�2. The nonzero product vr.3n�1/�1
3

� z2 is
detected by b2 D .t�/

r.3n�1/�1 � t�p3nC1

�2 or, if this product is a boundary, by another class in the
same total degree as b2 but of lower filtration. Let b0

2
denote the detecting class. Then t� � b0

2

:
D dr2.a2/

detects vr.3n�1/
3

� z2 D 0, and hence is a boundary. The source a2 of this differential is of total degree
2p3nC2C2p3nC1, and by Lemma 10.4 it has the usual form u�

nC1
t i ��

�1

1
�
�2

2
�
�3

3
, so a2D t�p3nC1�p3nC2

is the only possibility, with r2�2r.3nC2/. It follows as in (2) that dr D0 for 2r.3nC1/< r <2r.3nC2/.
After this, b2 lies too close to the horizontal axis to be a boundary, so b0

2
D b2 and r2 D 2r.3nC 2/. It

then follows that d2r.3nC2/.t�p3nC1

/
:
D t�p3nC1Cp3nC2

.t�/r.3n�1/�2. This establishes the second new
even-length differential, and gives the E2r.3nC2/C1-term

yE2r.3nC2/C1.CpnC1/DE.unC1/˝P .t˙p3nC2

/˝P .t�/˝E.�1; �2; �3/

˚

3nC2M
kD4

E.unC1/˝Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� jvp.i/Dk�1g:

(4) Carrying on, we consider z3, which is detected by t�p3nC2

�3. The nonzero product vr.3n/�1
3

� z3 is
detected by b3 D .t�/

r.3n/�1 � t�p3nC2

�3, unless this class is a boundary, in which case the product is
detected by another class in the same total degree as b3, but of lower filtration. Let b0

3
denote the detecting

class. Then t� �b0
3

:
D dr3.a3/ detects vr.3n/

3
�z3D 0, and must be a boundary. The source a3 of this differ-

ential is of total degree 2p3nC3C 2p3nC2, and by Lemma 10.4 it has the usual form u�
nC1

t i ��
�1

1
�
�2

2
�
�3

3

not involving �. The only possibility is a3 D t�p3nC2�p3nC3

, with r3 � 2r.3nC 3/. It follows as above
that dr D 0 for 2r.3nC 2/ < r < 2r.3nC 3/, after which b3 is in too low a vertical degree to become a
boundary, so b0

3
D b3 and r3 D 2r.3nC 3/. Hence d2r.3nC3/.t�p3nC2

/
:
D t�p3nC2Cp3nC3

.t�/r.3n/�3.
This establishes the third new even-length differential, and leaves the E2r.3nC3/C1-term

yE2r.3nC3/C1.CpnC1/DE.unC1/˝P .t˙p3nC3

/˝P .t�/˝E.�1; �2; �3/

˚

3nC3M
kD4

E.unC1/˝Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� jvp.i/Dk�1g:

3Steps (3) and (4) are very similar to (2), but we believe the arguments are easier to follow when written out separately.
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(5) Finally, we return to z4. Since b4D .t�/
r.3n/ �t�p3nC3

is nonzero, in vertical degree 2r.3nC3/�2p3

of the E2r.3nC3/C1-term, it cannot be a boundary, and hence is equal to the class b0
4

from step (1). Thus
t� �b0

4
D .t�/r.3n/C1 � t�p3nC3 :

D dr4.a4/ with a4 D unC1t�2p3nC3

and r4 D 2r.3nC3/C1. It follows
that d2r.3nC3/C1.unC1t�p3nC3

/
:
D .t�/r.3n/C1, since tp3nC3

is an infinite cycle. This establishes the
claimed new odd-length differential, and leaves

yE2r.3nC3/C2.CpnC1/DP .t˙p3nC3

/˝Pr.3n/C1.t�/˝E.�1; �2; �3/

˚

3nC3M
kD4

E.unC1/˝Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� jvp.i/Dk�1g:

No free summands remain, so by Lemma 10.4 the remaining differentials are all zero, and this Er -term
equals yE1.CpnC1/. This completes the nth inductive step.

11 The T -Tate spectral sequence

We can now make the differential structure of the spectral sequences

E2.T /DH��.T IV .2/� THH.BPh2i// )V .2/� THH.BPh2i/hT ;

��1E2.T /DH��.T IV .2/� THH.BPh2i/tCp /)V .2/�.THH.BPh2i/tCp /hT ;

yE2.T /D yH��.T IV .2/� THH.BPh2i// )V .2/� THH.BPh2i/tT

fully explicit.

Theorem 11.1 The T -Tate spectral sequence

yE2.T /D yH��.T IV .2/� THH.BPh2i//) V .2/� THH.BPh2i/tT

has E2-term
yE2.T /D P .t˙1/˝P .t�/˝E.�1; �2; �3/;

there are differentials
d2r.k/.tpk�1�pk

/
:
D tpk�1

.t�/r.k�3/�Œk�

for each k � 1, the classes t�, �1, �2 and �3 are permanent cycles , and the E1-term is

yE1.T /D P .t�/˝E.�1; �2; �3/

˚

M
k�4

Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk� j vp.i/D k � 1g:

Proof This follows by passage to the limit over n from Theorem 10.2.

Remark 11.2 We saw in Propositions 9.1 and 10.3 that for each n � 1, some positive power of
� 2 V .2/� THH.BPh2i/ lifts to V .2/� THH.BPh2i/hCpn , so that the �-localized Cpn-homotopy fixed

Geometry & Topology, Volume 29 (2025)



Algebraic K-theory of elliptic cohomology 667

point spectral sequence converges to a localization ��1V .2/� THH.BPh2i/hCpn . However, no such power
of � lifts to V .2/� THH.BPh2i/hT , and we therefore instead express the abutment of the �-localized
T -homotopy fixed point spectral sequence in terms of THH.BPh2i/tCp , with ��1V .2/� THH.BPh2i/Š
V .2/� THH.BPh2i/tCp , as per Theorem 8.1.

Proposition 11.3 The �-localized T -homotopy fixed point spectral sequence

��1E2.T /DH��.T I��1V .2/� THH.BPh2i//) V .2/�.THH.BPh2i/tCp /hT

has E2-term
��1E2.T /D P .t�/˝E.�1; �2; �3/˝P .�˙1/;

there are differentials
d2r.k/.�pk�1

/
:
D .t�/r.k/�Œk��

pk�1�pk

for each k � 1, the classes t�, �1, �2 and �3 are permanent cycles , and the E1-term is

��1E1.T /D P .t�/˝E.�1; �2; �3/

˚

M
k�1

Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
j
j vp.j /D k � 1g:

Proof This follows by passage to the limit over n from Proposition 10.3.

Proposition 11.4 The T -homotopy fixed point spectral sequence

E2.T /DH��.T IV .2/� THH.BPh2i//) V .2/� THH.BPh2i/hT

has E2-term
E2.T /D P .t/˝E.�1; �2; �3/˝P .�/;

for each k � 1 there are differentials

d2r.k/.�dpk�1

/
:
D .t�/r.k/�Œk��

.d�p/pk�1

for d > p with p−d;

d2r.k/.�.p�d/pk�1

/
:
D tdpk�1

.t�/r.k/�dpk�1

�Œk� for 0< d < p;

d2r.k/.tdpk�1

/
:
D tdpk�1Cpk

.t�/r.k�3/�Œk� for d > 0 with p−d;

the classes t�, �1, �2 and �3 are permanent cycles , and the E1-term is

E1.T /D P .t�/˝E.�1; �2; �3/

˚

M
k�1

Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
dpk�1

j p−d > 0g

˚

M
k�1

Pr.k/�dpk�1.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
dpk�1

�Œk� j 0< d < pg

˚

M
k�4

Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
dpk�1

�Œk� j p−d > pg:
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Proof The differentials on tdpk�1

for p−d > 0 follow as in Theorem 11.1, while those on �dpk�1

for
p−d > p are as in Proposition 11.3. For 0< d < p,

d2r.k/.�dpk�1

/
:
D .t�/r.k/�Œk��

dpk�1�pk

D tpk�dpk�1

.t�/r.k/Cdpk�1�pk

�Œk�:

Replacing d by p� d we obtain the claimed formula.

For each k � 1 and p−d , the d2r.k/-differential maps the summand

E.�ŒkC1�; �ŒkC2�/˝Fpft
i�j
j i � j D dpk�1

�pk
g

of E2r.k/.T / injectively to the summand

E.�ŒkC1�; �ŒkC2�/˝Fpft
i�Œk��

j
j i � j D dpk�1

g;

with cokernel one of the displayed summands in E1.T /. Here i � 0 and j � 0 in each case.

Following the referee’s good advice, we decompose these E1-terms as in the next three definitions.

Definition 11.5 Let A D P .t�/˝E.�1; �2; �3/, viewed as a subalgebra of E1.T /. For k � 1 and
0< d < p let

C.k; d/D Pr.k/�dpk�1.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
dpk�1

�Œk�g

be the finite A-submodule of E1.T / generated by

ck;d D tdpk�1

�Œk�:

The class
xk;d D .t�/

d
p

r.k�3/
� ck;d D t

d
p

r.k/�Œk��
d
p

r.k�3/

is an element of C.k; d/, is nonzero since d
p

r.k � 3/ < r.k/� dpk�1, and has total degree jxk;d j D

2pŒk�� 2dpŒk��1� 1. In particular,

x1;d D c1;d D td�1; x2;d D c2;d D tdp�2 and x3;d D c3;d D tdp2

�3

for all 0< d < p. Let C D
L

k�1;0<d<p C.k; d/, and let

B D
M
k�1

Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
dpk�1

j p−d > 0g;

D D
M
k�4

Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
dpk�1

�Œk� j p−d > pg

be the indicated A-submodules of E1.T /, concentrated in positive and negative total degrees, respectively.
Then E1.T /DA˚B˚C ˚D.

It should be clear from the context whether B refers to this summand in E1.T / or a generic S -algebra.
The classes xk;d are the ones mentioned in Section 1. Their role, together with the classes zk;d defined
just below, will only become apparent starting with Corollaries 12.7 and 12.8.
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Definition 11.6 Let A0 D P .t�/ ˝ E.�1; �2; �3/ as a subalgebra of ��1E1.T /. For k � 1 and
0< d < p, let

C 0.k; d/D Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
�dpk�1

g

be the finite A0-submodule of ��1E1.T / generated by

c0k;d D �Œk��
�dpk�1

:

The class
zk;d D .t�/

d
p

r.k/
� c0k;d D t

d
p

r.k/�Œk��
d
p

r.k�3/

is an element of C 0.k; d/, is nonzero since d
p

r.k/< r.k/, and has total degree jzk;d jD2pŒk��2dpŒk��1�1.
Let C 0 D

L
k�1;0<d<p C 0.k; d/, and let

B0 D
M
k�1

Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
dpk�1

j p−d > 0g;

D0 D
M
k�1

Pr.k/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�Œk��
�dpk�1

j p−d > pg

be the indicated A0-submodules of ��1E1.T /, concentrated in positive and negative total degrees,
respectively. Then ��1E1.T /DA0˚B0˚C 0˚D0.

Definition 11.7 Let yAD P .t�/˝E.�1; �2; �3/,

yC .k; d/D Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
dpk�1

�Œk�g

for k � 1 and 0< d < p, and

yB D
M
k�4

Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
�dpk�1

�Œk� j p−d > 0g;

yC D
M

k�4;0<d<p

yC .k; d/;

yD D
M
k�4

Pr.k�3/.t�/˝E.�ŒkC1�; �ŒkC2�/˝Fpft
dpk�1

�Œk� j p−d > pg:

Then yE1.T /D yA˚ yB˚ yC ˚ yD. Note that yC .k; d/D 0 for k 2 f1; 2; 3g.

The T -equivariant comparison map

y�1 W THH.BPh2i/! THH.BPh2i/tC2

(renamed the p-cyclotomic structure map 'p in [Nikolaus and Scholze 2018]) induces a morphism of
T -homotopy fixed point spectral sequences, given at the E2-term by the homomorphism

E2.y�hT
1 / WE2.T /D P .t/˝E.�1; �2; �3/˝P .�/! P .t/˝E.�1; �2; �3/˝P .�˙1/D ��1E2.T /

that inverts �. At the E1-terms we have the following formulas:
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Lemma 11.8 The homomorphism

E1.y�hT
1 / WE1.T /! ��1E1.T /

maps

(1) A isomorphically to A0,

(2) B isomorphically to B0,

(3) C injectively to C 0, and

(4) D to zero.

Specifically, E1.y�hT
1
/ is injective in total degrees � � �2p3 C 2p2 and bijective in total degrees

� � 2p2C 2p� 2.

Proof Cases (1) and (2) are clear. In (3), the injection C.k; d/! C 0.k; d/ takes ck;d D tdpk�1

�Œk�

to .t�/dpk�1

� c0
k;d

, which is annihilated by the same t�-power as ck;d , namely .t�/r.k/�dpk�1

. In (4),
the image of D in D0 is zero since tdpk�1

�Œk� maps to .t�/dpk�1

��Œk��
�dpk�1

, which is zero because
dpk�1 � r.k/ for d > p.

The highest-degree element in the kernel of E1.y�hT
1
/ is t .pC1/p3

.t�/p�1�1�2�3 in D in total degree
�2p3C 2p2� 1, mapping to d2r.4/.tp3�1�2�3�

�1/. The highest-degree element not in the image of
E1.y�hT

1
/ is �1�2�3�

�1 in C 0.1; 1/, in total degree 2p2C 2p� 3.

Similarly, the homotopy restriction map

Rh
W THH.BPh2i/hT

! THH.BPh2i/tT

(renamed the canonical map in [Nikolaus and Scholze 2018]) induces a morphism of spectral sequences,
given at the E2-term by the homomorphism

E2.Rh/ WE2.T /D P .t/˝E.�1; �2; �3/˝P .�/! P .t˙1/˝E.�1; �2; �3/˝P .�/D yE2.T /

that inverts t . The following lemma is similar to [Ausoni and Rognes 2002, Proposition 7.2]:

Lemma 11.9 The homomorphism

E1.Rh/ WE1.T /! yE1.T /

maps

(1) A isomorphically to yA,

(2) B to zero ,

(3) C surjectively to yC , and

(4) D isomorphically to yD.

Specifically, E1.Rh/ is surjective in total degrees � � 2p3C 2p� 2 and bijective in total degrees � � 0.
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Proof Cases (1) and (4) are clear. In (2), the image of B in yB is zero since �Œk��dpk�1

maps to
.t�/dpk�1

� t�dpk�1

�Œk�, which is zero because dpk�1 � r.k � 3/ for d > 0. In (3), the surjection
C.k; d/! yC .k; d/ takes ck;d D tdpk�1

�Œk� to tdpk�1

�Œk�, which is annihilated by a lower t�-power
than ck;d since r.k � 3/ < r.k/� dpk�1 for 0< d < p.

The lowest-degree element not in the image of E1.Rh/ is t�p3

�1 in yB, in total degree 2p3C 2p� 1.
The lowest-degree element in the kernel of E1.Rh/ is tp�1�1 in C.1;p� 1/ in total degree 1, mapping
to d2p.t�1/.

12 Topological cyclic homology and algebraic K -theory

We now pursue the calculational strategy employed in [Bökstedt and Madsen 1994; 1995; Hesselholt and
Madsen 1997; Rognes 1999; Ausoni and Rognes 2002, 2012; Ausoni 2010] to identify TC.B/ with the
homotopy equalizer of the two maps GRh and y�hT

1
displayed below.

TC.B/ �
// THH.B/hT Rh

//

y�hT
1 ((

THH.B/tT

G'

��

.THH.B/tCp /hT

In these papers, this identification was only known to be valid in V -homotopy in a range of sufficiently
high degrees, for suitable finite spectra V . However, with the work of Nikolaus and Scholze [2018,
Remark 1.6], we now know that TC.B/ is given by the homotopy equalizer above in all degrees, whenever
THH.B/ is bounded below. (This certainly holds for all connective S -algebras B.) Let GRh

� D V�.GRh/

and y�hT
1�
D V�.y�

hT
1
/. The associated long exact sequence

� � � @�! V� TC.B/ ��! V� THH.B/hT GRh
��
y�hT

1�
�������! V�.THH.B/tCp /hT @�! � � �

leads to the short exact sequence

0!†�1 cok.GRh
��
y�hT

1� /
@�! V� TC.B/ ��! ker.GRh

��
y�hT

1� /! 0:

In our case, the task is to calculate the kernel and cokernel of GRh
��
y�hT

1�
for B D BPh2i and V D V .2/,

and thereby to determine V .2/� TC.BPh2i/. We studied the effect of y�hT
1

and Rh at the level of spectral
sequence E1-terms in Lemmas 11.8 and 11.9. In Proposition 12.1 we do something similar for G.
Thereafter we find lifts zA, zB, zC and zD in V .2/� THH.BPh2i/hT of the summands A, B, C and D of
E1.T / from Definition 11.5, and compute the effect of GRh

��
y�hT

1�
acting upon these lifts.

Proposition 12.1 The isomorphism

G� D V .2/�.G/ W V .2/� THH.BPh2i/tT Š
�! V .2/�.THH.BPh2i/tCp /hT

takes each class
� 2 ftp3i.t�/m�

�1

1
�
�2

2
�
�3

3
g
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detected by y D tp3i.t�/m�
�1

1
�
�2

2
�
�3

3
2 yE1.T / to a class

G�.�/ 2 f.t�/
m�

�1

1
�
�2

2
�
�3

3
��i
g

detected by z D .t�/m�
�1

1
�
�2

2
�
�3

3
��i 2 ��1E1.T / (up to a unit in Fp, which we suppress). Conversely,

its inverse G�1
� takes each class

� 2 f.t�/m�
�1

1
�
�2

2
�
�3

3
�j
g

to a class
G�1
� .�/ 2 ft�p3j .t�/m�

�1

1
�
�2

2
�
�3

3
g

(again , up to a unit in Fp, which we suppress).

Proof We first handle the case mD 0, using the commutative diagram

THH.B/tT F t
//

G '

��

THH.B/tC
pnC1

' Gn

��

.THH.B/tCp /hT F h
// .THH.B/tCp /hCpn

in the special case of B D BPh2i and nD 0. It is constructed by viewing the T=Cp-equivariant Cp-fixed
point spectrum

X D ŒeET ^F.ETC;THH.B//�Cp ' THH.B/tCp

as a T -spectrum via the pth root isomorphism � WT ŠT=Cp . The comparison map G WX T!X hT is then
compatible with the comparison map Gn WX

Cpn !X hCpn , via the group restriction maps along Cpn �T .

In the case nD 0, the group restriction map F t induces a morphism of spectral sequences given at the
E2-terms by the inclusion

E2.F t / W yE2.T /DP .t˙1/˝E.�1;�2;�3/˝P .�/!E.u1/˝P .t˙1/˝E.�1;�2;�3/˝P .�/D yE2.Cp/:

Hence each class � 2 V .2/� THH.BPh2i/tT detected by tp3i�
�1

1
�
�2

2
�
�3

3
¤ 0 in yE1.T / maps to a class

F t
�.�/ detected by tp3i�

�1

1
�
�2

2
�
�3

3
in yE1.Cp/DP .t˙p3

/˝E.�1; �2; �3/, which remains nonzero there.
It follows from Theorem 8.1 that .G0F t /�.�/ D �

�1

1
�
�2

2
�
�3

3
��i in V .2/� THH.BPh2i/tCp up to a unit

in Fp , which we suppress. This equals .FhG/�.�/, where the group restriction map Fh for nD 0 induces
the edge homomorphism

E1.Fh/ W ��1E1.T /!E.�1; �2; �3/˝P .�˙1/:

Hence G�.�/ must be detected in ��1E1.T / by a class z mapping to ��1

1
�
�2

2
�
�3

3
��i under the edge

homomorphism, and the only possibility is that z D �
�1

1
�
�2

2
�
�3

3
��i , in filtration degree zero.

For m� 1, each class � detected by y D tp3i.t�/m�
�1

1
�
�2

2
�
�3

3
¤ 0 in yE1.T / is of the form �D vm

3
� �0,

with �0 detected by y0 D tp3i�
�1

1
�
�2

2
�
�3

3
2 yE1.T /. To see this, note that each element of yE1.T / in the

same total degree as y, but of lower filtration, is a .t�/m-multiple. This follows from the case enumeration
in the proof of Lemma 9.3. By the first part of the proof, G�.�0/ is detected by z0 D �

�1

1
�
�2

2
�
�3

3
��i .

Hence G�.�/D v
m
3
�G�.�0/ is detected by .t�/m � z0 D z, since this product is nonzero.
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For the converse, consider any class � detected by z D .t�/m�
�1

1
�
�2

2
�
�3

3
�j ¤ 0 in ��1E1.T /. Then

�DG�1
� .�/ must be detected by some monomial y in E1.T /, and G�.�/D � is detected by z. By the

first part of the proposition, this monomial must be y D t�p3j .t�/m�
�1

1
�
�2

2
�
�3

3
.

Recall �K
1

, �K
2

and �K
3

from Definitions 6.6, 6.7 and 6.9.

Definition 12.2 Let

zAD P .v3/˝E.�1; �2; �3/� V .2/� THH.BPh2i/hT

be the subalgebra generated by the images of i2i1i0.�
K
1
/; i2i1.�

K
2
/; i2.�

K
3
/ 2 V .2/�K.BPh2i/ and

v3 2 ��V .2/ under the composites

S !K.BPh2i/ trc�! TC.BPh2i/ ��! THH.BPh2i/hT ;

where trc denotes the cyclotomic trace map [Bökstedt et al. 1993]. The homomorphisms GRh
� and y�hT

1�

agree on these classes, and we let

zA0 D P .v3/˝E.�1; �2; �3/� V .2/�.THH.BPh2i/tCp /hT

be the subalgebra generated by the images of v3, �1, �2 and �3, under either one of these homomorphisms.

The subalgebras zA and zA0 are lifts to V .2/-homotopy of the subalgebras A � E1.T / and A0 �

��1E1.T /, respectively. To choose good lifts zC .k; d/ and zC 0.k; d/ in V .2/-homotopy of the summands
C.k; d/ and C 0.k; d/ we make use of the norm–restriction homotopy cofiber sequence

†THH.BPh2i/hT
N h

��! THH.BPh2i/hT Rh

��! THH.BPh2i/tT @h

�!†2 THH.BPh2i/hT

and the associated long exact sequence. The T -Tate spectral sequence maps to a horizontally shifted
T -homotopy orbit spectral sequence

(12-1) E2
�;� DH��2.T IV .2/� THH.BPh2i//D Fpft

i
j i < 0g˝E.�1; �2; �3/˝P .�/

) V .2/�†
2 THH.BPh2i/hT ;

concentrated in filtrations s � 2 of the first quadrant.

The T -Tate differentials crossing the vertical line s D 1 are closely related to the homotopy norm
map N h

� D V .2/�.N
h/; cf [Bökstedt and Madsen 1994, Theorem 2.15]. Let Rh

� D V .2/�.R
h/, so

that im.N h
� / D ker.Rh

�/ by exactness. The following two lemmas spell out some upper bounds for
ker E1.Rh/:

Lemma 12.3 In the T -Tate spectral sequence . yEr .T /; dr /, the nonzero differentials from total degrees
�< 2p3 that cross the line s D 1 are of the form

d2p.td�p�
�2

2
/
:
D td�1�

�2

2
; d2p2

.tdp�p2

�
�1

1
/
:
D tdp�

�1

1
�2; d2p3

.tdp2�p3

�
�1

1
�
�2

2
/
:
D tdp2

�
�1

1
�
�2

2
�3;
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for suitable 0< d <p and �1; �2 2 f0; 1g. Hence in total degrees �� 2p3�2 the classes on the right-hand
side generate ker E1.Rh/. These lie in filtrations �2.p3�p2/� s � �2, and there is at most one class
in each total degree � � 2p3� 2.

Proof The restriction to total degrees � < 2p3 means we only have to consider differentials on the
classes t i for �p3 < i < 0, and their �1- and �2-multiples. The d2p-differentials only cross s D 1 for
�p < i < 0. The d2p2

-differentials are defined for p j i and only cross s D 1 when �p2 < i < 0. The
d2p3

-differentials are defined for p2 j i and cross s D 1 whenever �p3 < i < 0. An explicit enumeration
shows that each total degree in the range 1� � � 2p3� 2 occurs at most once.

Lemma 12.4 In the T -Tate spectral sequence , the nonzero dr -differentials from total degrees �<4p3�1

that cross the line s D 1 are of the form

d2p.td�p.t�/m�
�2

2
�
�3

3
/
:
D td .t�/m�1�

�2

2
�
�3

3
;

d2p2

.tdp�p2

.t�/m�
�1

1
�
�3

3
/
:
D tdp.t�/m�

�1

1
�2�

�3

3
;

d2p3

.tdp2�p3

.t�/m�
�1

1
�
�2

2
/
:
D tdp2

.t�/m�
�1

1
�
�2

2
�3;

d2p4C2p.t�p3

�
�2

2
/
:
D tp4�p3

.t�/p�1�
�2

2

for suitable m; �1; �2; �3 2 f0; 1g, with mC �3 � 1. In the d2p case with m D 1 we have d D �1 or
0 < d < p � 1, while in the remaining d2p, d2p2

and d2p3

cases we have 0 < d < p. Hence in total
degrees � � 4p3 � 3 the classes on the right-hand side generate ker E1.Rh/. These lie in filtrations
�2.p3 � p2 C 1/ � s � 0, except for the last two classes tp4�p3

.t�/p�1�
�2

2
, which lie in filtration

�2.p4�p3Cp/ and total degrees 2p3� 1C �2.2p2� 1/.

Proof The restriction to total degrees �< 4p3� 1 means that we only have to consider differentials on
the classes t i for �p3� i < 0, and some of their t�-, �1-, �2- and �3-multiples (without repeated factors).
The resulting right-hand classes have the form t iy in Tate filtration s D�2i , where 0� i � p3�p2C 1,
except in the last two cases.

Recall ck;d and c0
k;d

from Definitions 11.5 and 11.6.

Proposition 12.5 For each k 2 f1; 2; 3g and 0< d < p there is a unique element


k;d 2 fck;dg � V .2/� THH.BPh2i/hT

that satisfies
Rh
�.
k;d /D 0:

Moreover , �k � 
k;d D 0 and vpk�dpk�1

3
� 
k;d D 0.

Proof The tower of spectra inducing the T -homotopy fixed point spectral sequence is obtained by
restricting the tower inducing the T -Tate spectral sequence to filtrations s � 0. Hence each nonzero class
x 2 ker E1.Rh/�E1.T / can be represented by an element � 2 ker.Rh

�/� V .2/� THH.BPh2i/hT , in
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the sense that � 2 fxg; see [Bökstedt and Madsen 1994, page 75; Ausoni and Rognes 2002, Lemma 7.3].
Furthermore, for x in total degree �� 2p3�2, the element � is unique. To see this, suppose that � 0 2 fxg
is also in ker.Rh

�/. Then � 0� � in ker.Rh
�/ must be detected by a class x0 in ker E1.Rh/, in the same

total degree as x, but in lower filtration. As noted in Lemma 12.3, there are no nonzero such x0, so � 0D � .

In particular, for k 2 f1; 2; 3g and 0< d < p this applies to the classes ck;d D tdpk�1

�k in total degrees
1� 2pk � 2dpk�1� 1� 2p3� 2p2� 1, and uniquely defines the homotopy elements 
k;d .

By exactness, we can write 
k;d DN h
� .�k;d / with

�k;d 2 V .2/�†
2 THH.BPh2i/hT

in degree 2pk � 2dpk�1. In fact, �k;d 2 ft
dpk�1�pk

g, up to a unit multiple, but we only need to
know that �k;d must be detected in filtration s � 2pk � 2dpk�1 in the shifted T -homotopy orbit spectral
sequence (12-1). Hence vpk�dpk�1

3
��k;dD0, for filtration reasons, which implies that vpk�dpk�1

3
�
k;dD0

since N h
� is P .v3/-linear.

Finally, �k � �k;d D 0, because tdpk�1�pk

��k
:
D d2pk

.tdpk�1�2pk

/ is a boundary and by inspection of
bidegrees there are no other classes in the E1-term of (12-1) in the same total degree and of lower
filtration. Applying N h

� we can conclude that �k � 
k;d D 0.

Proposition 12.6 For each k � 1 and 0< d < p there are elements


 0k;d 2 fc
0
3;dg � V .2/�.THH.BPh2i/tCp /hT and 
kC3;d 2 fckC3;dg � V .2/� THH.BPh2i/hT

that satisfy

v
dpk�1

3
� 
 0k;d D

y�hT
1� .
k;d / and GRh

�.
kC3;d /D 

0
k;d :

Moreover , vr.k/
3
� 
 0

k;d
D 0 and vr.kC3/�dpkC2

3
� 
kC3;d D 0.

Proof We proceed by induction on k � 1, starting from Proposition 12.5. By Lemma 11.8 the image
y�hT

1�
.
k;d / 2 V .2/�.THH.BPh2i/tCp /hT of the previously constructed class 
k;d 2 fcd;kg is detected

by tdpk�1

�k D .t�/dpk�1

� c0
k;d

in ��1E1.T /, so any initial choice of 
 0
k;d
2 fc0

k;d
g will satisfy

v
dpk�1

3
� 
 0

k;d
� y�hT

1�
.
k;d /, modulo classes of lower filtration. Since ��1E1.T / is generated as a

P .t�/-module by classes in filtration s D 0, each nonzero class in lower filtration than ck;d , but of the
same total degree, is .t�/dpk�1

times a class in the same total degree as c0
k;d

and of lower filtration.
Hence the choice of 
 0

k;d
can be iteratively adjusted so as to make vdpk�1

3
� 
 0

k;d
D y�hT

1�
.
k;d /.

Therefore vr.k/
3
�
 0

k;d
Dv

r.k/�dpk�1

3
� y�hT

1�
.
k;d /D0, since y�hT

1�
is P .v3/-linear and vr.k/�dpk�1

3
�
k;d D0

by the inductive hypothesis.

The final choice of class 
 0
k;d

is still detected by c0
k;d
D �Œk��

�dpk�1

in C 0.k; d/� ��1E1.T /, so by
Proposition 12.1, G�1

� .
 0
k;d
/2V .2/� THH.BPh2i/tT is detected by tdpkC2

�Œk� in yC .kC3; d/� yE1.T /.
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This class lies in negative total degree, where E1.Rh/ is bijective by Lemma 11.9. It follows that
Rh
�.
kC3;d / D G�1

� .
 0
k;d
/ for a uniquely determined class 
kC3;d 2 V .2/� THH.BPh2i/hT , which is

detected by ckC3;d D tdpkC2

�Œk� in C.kC 3; d/�E1.T /.

From the relation vr.k/
3
�
 0

k;d
D 0 and P .v3/-linearity of G� and Rh

� we deduce that vr.k/
3
�G�1
� .
 0

k;d
/D 0

and Rh
�.v

r.k/
3
� 
kC3;d /D 0. Since ker.Rh

�/D im.N h
� /, we can write vr.k/

3
� 
kC3;d DN h

� .�kC3;d / for
some �kC3;d in degree 2pkC3� 2dpkC2. From the T -Tate differential

d2r.kC3/.tdpkC2�pkC3

/
:
D tdpkC2

.t�/r.k/�Œk� D .t�/
r.k/
� ckC3;d

we could prove that �kC3;d 2 ft
dpkC2�pkC3

g (up to a unit), but again we only need to know that �kC3;d

must be detected in filtration s � 2pkC3 � 2dpkC2 in (12-1). Hence vpkC3�dpkC2

3
� �kC3;d D 0 in

V .2/�†
2 THH.BPh2i/hT , which implies that

v
r.kC3/�dpkC2

3
� 
kC3;d D v

pkC3�dpkC2

3
�N h
� .�kC3;d /D 0

in V .2/� THH.BPh2i/hT , as asserted.

Recall the classes xk;d and zk;d from Definitions 11.5 and 11.6.

Corollary 12.7 For each k 2 f1; 2; 3g and 0< d < p there is a unique element

�k;d 2 fxk;dg � V .2/� THH.BPh2i/hT

that satisfies Rh
�.�k;d /D 0. Moreover , �k � �k;d D 0 and vpk�dpk�1

3
� �k;d D 0.

Proof Let �k;d D 
k;d as in Proposition 12.5, noting that xk;d D ck;d .

Corollary 12.8 For each k � 1 and 0< d < p there are unique elements

�kC3;d 2 fxkC3;dg � V .2/� THH.BPh2i/hT and �k;d 2 fzk;dg � V .2/�.THH.BPh2i/tCp /hT

that satisfy
GRh
�.�kC3;d /D y�

hT
1� .�k;d /D �k;d :

Moreover , �Œk� � �kC3;d D 0 and v
.1� d

p
/r.kC3/

3
� �kC3;d D 0.

Proof For k � 1, choose elements 
kC3;d and 
 0
k;d

as in Proposition 12.6. Recalling that xkC3;d D

.t�/
d
p

r.k/
� ckC3;d , we let

�kC3;d D v
d
p

r.k/

3
� 
kC3;d :

Then

GRh
�.�kC3;d /D v

d
p

r.k/

3
�GRh

�.
kC3;d /D v
d
p

r.k/�dpk�1

3
� v

dpk�1

3
� 
 0k;d D v

d
p

r.k�3/

3
� y�hT

1� .
k;d /

D y�hT
1� .�k;d /:
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To see that this uniquely determines �kC3;d 2 fxkC3;dg, note that any other choice of class � 2 fxkC3;dg

with GRh
�.�/D GRh

�.�kC3;d / would differ from �kC3;d by an element � 0 in ker.Rh
�/ that is detected by

an element x0 in ker E1.Rh/ of lower filtration than xkC3;d , and hence of filtration s < �2.p3C 1/.
By Lemma 12.3, no such element x0 exists in total degree j�kC3;d j D 2pŒk�� 2dpŒk��1� 1� 2p3� 2.

By induction, GRh
�.�Œk� � �kC3;d / D y�

hT
1�
.�Œk� � �k;d / D 0. Hence, if � 00 D �Œk� � �kC3;d were nonzero,

it would be a class in ker.Rh
�/, in total degree 4pŒk� � 2dpŒk��1 � 2 � 4p3 � 3, that is detected by

an element x00 in ker E1.Rh/ of lower filtration than that of xkC3;d . By Lemma 12.4, treating the
cases k C 3 D 4 and k C 3 � 5 separately, no such element x00 exists. This contradiction proves that
�Œk� � �kC3;d D 0. By Proposition 12.6,

v
.1� d

p
/r.kC3/

3
� �kC3;d D v

r.kC3/�dpkC2

3
� 
kC3;d D 0:

Finally, let �k;d D y�hT
1�
.�k;d /, which is then detected by E1.y�hT

1
/.xk;d /D zk;d .

We now fix compatible choices of classes 
k;d and 
 0
k;d

, as in Propositions 12.5 and 12.6:

Definition 12.9 For k � 1 and 0< d < p let

zC .k; d/Š Pr.k/�dpk�1.v3/˝E.�ŒkC1�; �ŒkC2�/˝Fpf
k;dg

be the P .v3/˝E.�ŒkC1�; �ŒkC2�/-submodule of V .2/� THH.BPh2i/hT generated by 
k;d , and let

zC 0.k; d/Š Pr.k/.v3/˝E.�ŒkC1�; �ŒkC2�/˝Fpf

0
k;dg

be the P .v3/˝E.�ŒkC1�; �ŒkC2�/-submodule of V .2/�.THH.BPh2i/tCp /hT generated by 
 0
k;d

. Let

zC D
Y
k�1

0<d<p

zC .k; d/ and zC 0 D
Y
k�1

0<d<p

zC 0.k; d/:

These are detected by the summands C �E1.T / and C 0 � ��1E1.T /, respectively.

Lemma 12.10 The P .v3/˝E.�ŒkC1�; �ŒkC2�/-submodules

h�k;d i � zC .k; d/ and h�k;d i � zC
0.k; d/

generated by �k;d D v
d
p

r.k�3/

3
� 
k;d and �k;d D v

d
p

r.k/

3
� 
 0

k;d
, respectively, are equal to the (uniquely

defined ) zA-submodules generated by �k;d and �k;d , with

h�k;d i Š P.1� d
p
/r.k/.v3/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�k;dg;

h�k;d i Š P.1� d
p
/r.k/.v3/˝E.�ŒkC1�; �ŒkC2�/˝Fpf�k;dg:

Proof These P .v3/˝E.�ŒkC1�; �ŒkC2�/-submodules are zA-submodules, since we proved �Œk� � �k;d D 0

in Corollaries 12.7 and 12.8, which readily implies that �Œk� � �k;d D 0.
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Remark 12.11 With this notation, Proposition 12.6 shows that y�hT
1�

induces isomorphisms h�k;d i !
h�k;d i, and injections zC .k; d/! zC 0.k; d/ and zC .k; d/=h�k;d i ! zC 0.k; d/=h�k;d i. It also shows that
GRh
� induces isomorphisms zC .kC3; d/=h�kC3;d i!

zC 0.k; d/=h�k;d i, and surjections h�kC3;d i!h�k;d i

and zC .kC 3; d/! zC 0.k; d/, for all k � 1 and 0< d < p.

Choosing lifts of the B- and D-summands requires less precision:

Definition 12.12 For each k � 1 and p−d > 0 choose a class

ˇk;d 2 V .2/� THH.BPh2i/hT

detected by �Œk��dpk�1

2 B, and let

zB.k; d/Š Pr.k/.v3/˝E.�ŒkC1�; �ŒkC2�/˝Fpfˇk;dg

be the E.�ŒkC1�; �ŒkC2�/-submodule of V .2/� THH.BPh2i/hT generated by vm
3
�ˇk;d for 0�m< r.k/.

For each k � 4 and p−d > p choose a class

ık;d 2 V .2/� THH.BPh2i/hT

detected by tdpk�1

�Œk� 2D, and let

zD.k; d/Š Pr.k�3/.v3/˝E.�ŒkC1�; �ŒkC2�/˝Fpfık;dg

be the E.�ŒkC1�; �ŒkC2�/-submodule of V .2/� THH.BPh2i/hT generated by vm
3
�ık;d for 0�m< r.k�3/.

Let
zB D

Y
k�1

p−d>0

zB.k; d/ and zD D
Y
k�4

p−d>p

zD.k; d/:

These are detected by the summands B and D of E1.T /, respectively.

Lemma 12.13 For each k � 1 and p−d > 0 the difference

.GRh
��
y�hT

1� /.ˇk;d / 2 V .2/�.THH.BPh2i/tCp /hT

is detected by ��Œk��dpk�1

2 B0. For each k � 4 and p−d > p the difference

.GRh
��
y�hT

1� /.ık;d / 2 V .2/�.THH.BPh2i/tCp /hT

is detected by �Œk���dpk�4

2D0.

Proof On one hand, by Lemma 11.8 the image �y�hT
1�
.ˇk;d / is detected by ��Œk��dpk�1

in homotopy
fixed point filtration 0, while by Lemma 11.9 and Proposition 12.1 the image GRh

�.ˇk;d / lies in negative
filtration (or is zero). Hence .GRh

��
y�hT

1�
/.ˇk;d / is detected by the filtration 0 class.

On the other hand, by Lemma 11.9 and Proposition 12.1 the image GRh
�.ık;d / is detected by �Œk���dpk�4

in filtration 0, while by Lemma 11.8 the image �y�hT
1�
.ık;d / lies in negative filtration (or is zero). Hence

.GRh
��
y�hT

1�
/.ık;d / is detected by the filtration 0 class.
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Definition 12.14 As subgroups of V .2/�.THH.BPh2i/tCp /hT , let

zB0 D .GRh
��
y�hT

1� /.
zB/ and zD0 D .GRh

��
y�hT

1� /.
zD/:

These are detected by the summands B0 and D0 of ��1E1.T /, respectively.

Proposition 12.15 The inclusions induce isomorphisms

V .2/� THH.BPh2i/hT
Š zA˚ zB˚ zC ˚ zD and V .2/�.THH.BPh2i/tCp /hT

Š zA0˚ zB0˚ zC 0˚ zD0:

In these terms , GRh
� �
y�hT

1�
is the direct sum of the zero homomorphism zA 0�! zA0, two isomorphisms

zB Š�! zB0 and zD Š�! zD0, and the difference � W zC ! zC 0 between the restricted homomorphisms

GRh
� W

Y
k�1

0<d<p

zC .k; d/!
Y
k�1

0<d<p

zC 0.k; d/; . : : : ; 
k;d ; : : : / 7! . : : : ; 
 0k�3;d ; : : : /

and

y�hT
1� W

Y
k�1

0<d<p

zC .k; d/!
Y
k�1

0<d<p

zC 0.k; d/; . : : : ; 
k;d ; : : : / 7! . : : : ; v
dpk�1

3
� 
 0k;d ; : : : /:

Here 
 0
k�3;d

is to be interpreted as 0 for k 2 f1; 2; 3g.

Proof The submodules zA, zB, zC and zD are detected by the direct summands A, B, C and D spanning
E1.T /, so zA˚ zB ˚ zC ˚ zD ! V .2/� THH.BPh2i/hT is an isomorphism by strong convergence of
the T -homotopy fixed point spectral sequence. Likewise, zA0, zB0, zC 0 and zD0 are detected by the direct
summands A0, B0, C 0 and D0 spanning ��1E1.T /.

The homomorphisms GRh
� and y�hT

1�
agree on zA, since the classes v3, �1, �2 and �3 come from algebraic

K-theory, and hence also from topological cyclic homology. Their difference is therefore the zero
homomorphism. The restricted homomorphisms GRh

� �
y�hT

1�
W zB ! zB0 and GRh

� �
y�hT

1�
W zD! zD0 are

isomorphisms, by the construction of the target modules, which relies on Lemma 12.13. The restricted
homomorphism GRh

��
y�hT

1�
D� W zC ! zC 0 factors as asserted by Propositions 12.5 and 12.6.

Proposition 12.16 There are P .v3/˝E.�1; �2; �3/-module isomorphisms

ker.GRh
��
y�hT

1� /Š P .v3/˝E.�1; �2; �3/˚P .v3/˝E.�2; �3/˝Fpf„1;d j 0< d < pg

˚P .v3/˝E.�1; �3/˝Fpf„2;d j 0< d < pg

˚P .v3/˝E.�1; �2/˝Fpf„3;d j 0< d < pg;

cok.GRh
��
y�hT

1� /Š P .v3/˝E.�1; �2; �3/:

Here „i;d in degree 2pi � 2dpi�1 � 1 is detected by xi;d D tdpi�1

�i 2 E1.T /, for each i 2 f1; 2; 3g

and 0< d < p.
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Proof Let � W zC ! zC 0 be as in Proposition 12.15. Then

ker.GRh
��
y�hT

1� /D
zA˚ ker.�/ and cok.GRh

��
y�hT

1� /D
zA0˚ cok.�/:

Consider the associated map of vertical short exact sequencesQ
k�1;0<d<ph�k;d i

�0
//

��

��

Q
k�1;0<d<ph�k;d i

��

��Q
k�1;0<d<p

zC .k; d/
�

//

����

Q
k�1;0<d<p

zC 0.k; d/

����Q
k�1;0<d<p

zC .k; d/=h�k;d i
�00

Š
//
Q

k�1;0<d<p
zC 0.k; d/=h�k;d i.

In the upper row, the y�hT
1�
W h�k;d i! h�k;d i for k � 1 and 0< d <p are isomorphisms, so we can identify

ker.�0/ with the product over i 2 f1; 2; 3g and 0< d < p of the limit of the sequence

� � � ! h�kC3;d i
.y�hT

1�
/�1GRh

�
���������! h�k;d i ! � � � ! h�iC3;d i

.y�hT
1�
/�1GRh

�
���������! h�i;d i;

where k � i mod 3. Since
.y�hT

1� /
�1GRh

� W �kC3;d 7! �k;d ;

this limit is isomorphic, as an zA-module, to P .v3/˝E.�ŒiC1�; �ŒiC2�/˝Fpf„i;dg, with

„i;d D . : : : ; 0; �kC3;d ; 0; 0; �k;d ; 0; : : : /

detected by xi;d in E1.T /. Similarly, we can identify cok.�0/ with the (right) derived limit of this
sequence, which vanishes because each GRh

� W h�kC3;d i ! h�k;d i is surjective.

In the lower row, ker.�00/ D 0 and cok.�00/ D 0 because zC .i; d/=h�i;d i D 0 for i 2 f1; 2; 3g and the
GRh
� W
zC .kC 3; d/=h�kC3;d i !

zC 0.k; d/=h�k;d i are isomorphisms. Taken together, this proves that

ker.�/D ker.�0/Š
Y

i2f1;2;3g
0<d<p

P .v3/˝E.�ŒiC1�; �ŒiC2�/˝Fpf„i;dg

and cok.�/D 0.

Theorem 12.17 Let p � 7. There is a preferred P .v3/˝E.�1; �2; �3/-module isomorphism

V .2/� TC.BPh2i/Š P .v3/˝E.@; �1; �2; �3/˚P .v3/˝E.�2; �3/˝Fpf„1;d j 0< d < pg

˚P .v3/˝E.�1; �3/˝Fpf„2;d j 0< d < pg

˚P .v3/˝E.�1; �2/˝Fpf„3;d j 0< d < pg;

with „i;d detected by xi;d D tdpi�1

�i for i 2f1; 2; 3g and 0<d <p. Here jv3jD 2p3�2, j�i jD 2pi�1,
j@j D �1 and jt j D �2. This is a free P .v3/-module on the 16C 12.p� 1/D 12pC 4 generators

@��
�1

1
�
�2

2
�
�3

3
; �

�2

2
�
�3

3
„1;d ; �

�1

1
�
�3

3
„2;d and �

�1

1
�
�2

2
„3;d

in degrees �1� � � 2p3C 2p2C 2p� 3, where �; �i 2 f0; 1g and 0< d < p.
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Proof The definition of TC.BPh2i/ as the homotopy equalizer of y�hT
1

and GRh leads to the short exact
sequence

0!†�1 cok.GRh
��
y�hT

1� /
@�! V .2/� TC.BPh2i/ ��! ker.GRh

��
y�hT

1� /! 0:

It splits as an extension of P .v3/˝E.�1; �2; �3/-modules, since the image of @ is trivial in the (even)
degrees of the products �i �„i;d that vanish on the right-hand side. The splitting is unique, since the
left-hand side is trivial in the (zero or odd) degrees of the module generators 1 and „i;d .

Corollary 12.18 The classes ˛1, ˇ0
1

and 
 00
1
2 ��V .2/ map under the unit map S ! TC.BPh2i/ to the

classes „1;1, „2;1 and „3;1, respectively.

Proof These elements are detected, in pairs, by t�1, tp�2 and tp2

�3 in E1.T /, and in these (total)
degrees there are no other classes of lower filtration, nor in the image of @.

Thanks to the Nikolaus–Scholze model for TC.B/ we no longer need to recover V .2/� TC.BPh2i/ from
V .2/� TC.BPh1i/ in low degrees, but we nonetheless have the following consistency result:

Proposition 12.19 The E3 BP-algebra map BPh2i ! BPh1i induces a .2p2�1/-connected surjective
ring homomorphism

V .2/� TC.BPh2i/! V .2/� TC.BPh1i/ŠE.@; �1; �2/

˚E.�2/˝Fpf„1;d j 0< d < pg

˚E.�1/˝Fpf„2;d j 0< d < pg

mapping @, �1, �2, „1;d and „2;d to the classes with the same names , and mapping v3, �3 and „3;d

to zero.

Proof This is clear for @, �1 and �2. Moreover, „1;d and „2;d in V .2/� TC.BPh2i/ map to classes in
V .2/� THH.BPh1i/hT that are detected by td�1 and tdp�2, respectively, which characterizes their images
in V .2/� TC.BPh1i/. The classes v3, �3 and „3;d for 1� d �p�2 are mapped to trivial groups. Finally,
„3;p�1 in degree 2p2� 1 maps to zero in V .2/� THH.BPh2i/, and hence cannot be detected by �2.

We write BPh2ip for the p-completion of the p-local E3 ring spectrum BPh2i.

Theorem 12.20 Let p � 7. There is an exact sequence

0!†�2FpfN�1; N�2; N�1 N�2g ! V .2/�K.BPh2ip/
trc���! V .2/� TC.BPh2i/!†�1Fpf1g ! 0:

Hence V .2/�K.BPh2ip/ is the direct sum of a free P .v3/-module on 12p C 4 generators in degrees
0��� 2p3C2p2C2p�3, plus an Fp-module with trivial v3-action spanned by three classes in degrees
2p� 3, 2p2� 3 and 2p2C 2p� 4. In particular , the localization homomorphism

V .2/�K.BPh2ip/! v�1
3 V .2/�K.BPh2ip/

is an isomorphism in degrees � � 2p2C 2p.
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Proof By [Dundas 1997; Hesselholt and Madsen 1997, Theorem D] there is a homotopy cofiber sequence

K.BPh2ip/p trc�! TC.BPh2i/p $�!†�1HZp;

and hence also a long exact sequence

� � � ! V .2/�K.BPh2ip/
trc���! V .2/� TC.BPh2i/ $���! V .2/�.†

�1HZp/! � � � :

Here V .2/�.HZp/ŠE. N�1; N�2/ with j N�1j D 2p�1 and j N�2j D 2p2�1. The only P .v3/-module generator
of V .2/� TC.BPh2i/ that is mapped nontrivially by $� is @, with $�.@/

:
D†�11. The generators @�1,

@�2 and @�1�2 come from V .0/-homotopy, hence factor through V .0/�.†
�1HZp/, and therefore map

to zero. The generator �1„2;1 is the product of two classes in the image of trc�, hence also maps to zero
under $ . It follows that ker.$�/ is freely generated as a P .v3/-module by the same generators as for
V .2/� TC.BPh2i/, except that @ in degree �1 is replaced by v3@ in degree 2p3� 3.

Theorem 12.21 The p-completion map � W BPh2i ! BPh2ip induces a .2p2C2p�2/-coconnected
homomorphism

V .2/�K.BPh2i/ ���! V .2/�K.BPh2ip/:

Hence V .2/�K.BPh2i/ is the direct sum of a free P .v3/-module on 12p C 4 generators in degrees
0� � � 2p3C 2p2C 2p� 3, plus an Fp-module with trivial v3-action concentrated in degrees 1� � �

2p2C 2p� 3. In particular ,

V .2/�K.BPh2i/! v�1
3 V .2/�K.BPh2i/

is an isomorphism in degrees � � 2p2C 2p.

Proof By the proven Lichtenbaum–Quillen/Bloch–Kato conjectures [Voevodsky 2011] and the earlier
calculation of V .0/� TC.Z/ from [Bökstedt and Madsen 1994; 1995], V .1/�K.Q/ and V .1/�K.Qp/ are
concentrated in degrees 0� � � 2p� 2. Hence V .1/^K.Q/! V .1/^K.Qp/ is .2p�1/-coconnected.
It follows from the localization sequence in algebraic K-theory that V .1/^K.Z.p//! V .1/^K.Zp/ is
also .2p�1/-coconnected, so that V .2/^K.Z.p//! V .2/^K.Zp/ is .2p2C2p�2/-coconnected. By
the commutative cube

K.BPh2i/p
�

//

((

trc

��

K.BPh2ip/p

((trc

��

K.Z.p//p
�

//

trc

��

K.Zp/p

trc

��

TC.BPh2i/p
'

//

((

TC.BPh2ip/p

((

TC.Z.p//p
'

// TC.Zp/p

and [Dundas 1997] applied to the left-hand and right-hand faces, V .2/^K.BPh2i/! V .2/^K.BPh2ip/
is also .2p2C2p�2/-coconnected.
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O.2/-symmetry of 3D steady gradient Ricci solitons

YI LAI

We prove that all 3D steady gradient Ricci solitons are O.2/-symmetric. The O.2/-symmetry is the most
universal symmetry in Ricci flows with any type of symmetries. Our theorem is also the first instance
of symmetry theorem for Ricci flows that are not rotationally symmetric. We also show that the Bryant
soliton is the unique 3D steady gradient Ricci soliton with positive curvature that is asymptotic to a ray.
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1 Introduction

1.1 Statement of the main results

The concept of Ricci solitons was introduced by Hamilton [49]. Ricci solitons generate self-similar
solutions of Hamilton’s Ricci flow [48], and often arise as singularity models of Ricci flows; see also
Hamilton [50; 51], Cao [22] and Chen and Zhu [31]. They can be viewed as the fixed points under the
Ricci flow in the space of Riemannian metrics modulo rescalings and diffeomorphisms. Ricci solitons are
also natural generalizations of the Einstein metrics and constant curvature metrics.
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688 Yi Lai

A complete Riemannian manifold .M; g/ is called a Ricci soliton, if there exist a vector field X and a
constant � 2R such that

RicD 1
2

LXgC�g:

The soliton is called shrinking if � > 0, expanding if � < 0, and steady if �D 0. Moreover, if the vector
field X is the gradient of some smooth function f , then we say it is a gradient Ricci soliton, and f is the
potential function. In particular, a steady gradient Ricci soliton satisfies the equation

RicDr2f:

The goal of this paper is to study steady gradient Ricci solitons with bounded curvature in dimension 3.
We assume they are nonflat.

In dimension 2, the only steady gradient Ricci soliton is Hamilton’s cigar soliton [49], which is rotationally
symmetric. In dimension n�3, Bryant [19] constructed a steady gradient Ricci soliton which is rotationally
symmetric. See Cao [23], Feldman, Ilmanen and Knopf [47] and Lai [60] for more examples of Ricci
solitons in dimension n� 4.

In dimension 3, we know that all steady gradient Ricci solitons are nonnegatively curved (Chen [30]),
and they are asymptotic to sectors of angle ˛ 2 Œ0; ��. In particular, the Bryant soliton is asymptotic to a
ray (˛ D 0), and the soliton R� cigar is asymptotic to a half-plane (˛ D �). If the soliton has positive
curvature, it must be diffeomorphic to R3 (Petersen [67]), and asymptotic to a sector of angle in Œ0; �/
(Lai [60]). If the curvature is not strictly positive, then it is a metric quotient of R� cigar (Morgan and
Tian [63]).

Hamilton conjectured that there exists a 3D steady gradient Ricci soliton that is asymptotic to a sector
with angle in .0; �/, which is called a 3D flying wing; see Cao [23], Cao and He [26], Catino, Mastrolia
and Monticelli [27], Chow, Chu, Glickenstein, Guenther, Isenberg, Ivey, Knopf, Lu, Luo and Ni [35],
Deng and Zhu [42] and Chow, Lu and Ni [38]. The author [60] confirmed this conjecture by constructing
a family of Z2 �O.2/-symmetric 3D flying wings. More recently, the author showed that the asymptotic
cone angles of these flying wings can take arbitrary values in .0; �/. It is then interesting to see whether a
3D steady gradient Ricci soliton with positive curvature must be either a flying wing or the Bryant soliton.
This is equivalent to asking whether the Bryant soliton is the unique 3D steady gradient Ricci soliton with
positive curvature that is asymptotic to a ray. Our first main theorem gives an affirmative answer to this.

Theorem 1.1 (uniqueness theorem) Let .M; g/ be a 3D steady gradient Ricci soliton with positive
curvature. If .M; g/ is asymptotic to a ray, then it must be isometric to the Bryant soliton up to a scaling.

We mention that there are many other uniqueness results for the 3D Bryant soliton under various additional
assumptions. First, Bryant [19] showed in his construction that the Bryant soliton is the unique rotationally
symmetric steady gradient Ricci solitons. More recently, a well-known theorem by Brendle [12] proved
that the Bryant soliton is the unique steady gradient Ricci soliton that is noncollapsed in dimension 3.
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See also Deng and Zhu [42], Cao and Chen [25], Cao, Catino, Chen, Mantegazza and Mazzieri [24],
Chen and Wang [32], Munteanu, Sung and Wang [65] and Catino, Mastrolia and Monticelli [27] for more
uniqueness theorems for the Bryant soliton and cigar soliton.

Our Theorem 1.1 is the Ricci flow analog of X J Wang’s well-known theorem [71] in mean curvature
flow, which proves that the bowl soliton is the unique entire convex graphical translator in R3. Note that
the analog of 3D steady Ricci solitons in mean curvature flow are convex translators in R3, where the
rotationally symmetric solutions are called bowl solitons. Moreover, a 3D steady Ricci soliton asymptotic
to a ray can be compared to a convex graphical translator whose definition domain is the entire R2.

There have been many exciting symmetry theorems in geometric flows; see for instance Huisken and
Sinestrari [56], Brendle, Huisken and Sinestrari [17], Angenent, Brendle, Daskalopoulos and Šešum [2],
Bamler and Kleiner [8], Brendle [13], Zhu [73; 74], Bourni, Langford and Tinaglia [10; 11], Brendle
and Choi [14; 15], Brendle and Naff [18], Brendle, Daskalopoulos, Naff and Sesum [16] and Du and
Haslhofer [44]. If one views the rotational symmetry as the “strongest” symmetry, then theO.2/-symmetry
is naturally the “weakest”, and the most universal symmetry in all ancient Ricci flow solutions. For
example, in dimension 2, the nonflat ancient Ricci flows are the shrinking sphere, the cigar soliton, and
the sausage solution (see Daskalopoulos, Hamilton and Sesum [40] Daskalopoulos and Sesum [41]),
and they are all rotationally symmetric (ie O.2/-symmetric). In dimension 3, the author’s flying wing
examples and Fateev’s examples [46] (see also Bakas, Kong and Ni [3]) are all O.2/-symmetric but not
rotationally symmetric (ie O.3/-symmetric).

It was conjectured by Hamilton and Cao that the 3D flying wings are O.2/-symmetric. Our second main
theorem confirms this conjecture. In particular, this is the first instance of a symmetry theorem for Ricci
flows that are not rotationally symmetric.

Theorem 1.2 Let .M; g/ be a 3D flying wing. Then .M; g/ is O.2/-symmetric.

Here we say a complete 3D manifold is O.2/-symmetric if it admits an effective isometric O.2/-action,
and the action fixes a complete geodesic � , such that the metric is a warped product metric on M n�
with S1-orbits. It is easy to see the Bryant soliton and R� cigar are also O.2/-symmetric. Therefore,
combining Theorems 1.1 and 1.2, we see that all 3D steady gradient Ricci solitons are O.2/-symmetric.

Theorem 1.3 Let .M; g/ be a 3D steady gradient Ricci soliton , then .M; g/ is O.2/-symmetric.

In mean curvature flow, the “weakest” symmetry is the Z2-symmetry, which are usually obtained using
the standard maximum principle method. More precisely, if we compare 3D steady gradient Ricci solitons
with convex translators in R3, then the O.2/-symmetry is compared with the Z2-symmetry (reflectional
symmetry) there. The convex translators in R3 have been classified to be the tilted Grim Reapers, the
flying wings, and the bowl soliton, all of which are Z2-symmetric; see Hoffman, Ilmanen, Martín and
White [55]. However, as its analogy in Ricci flow, the O.2/-symmetry is not “discrete” at all, and no
maximum principle is available.
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We also obtain some geometric properties for the 3D flying wings. First, we show that the scalar
curvature R always attains its maximum at some point, which is also the critical point of f . The analog
of this statement in mean curvature flow is that the graph of the convex translator has a maximum point,
which relies on the well-known convexity theorem by Spruck and Xiao [70].

Theorem 1.4 Let .M; g; f / be a 3D steady gradient Ricci soliton with positive curvature. Then there
exists p 2M which is a critical point of the potential function f , and the scalar curvature R achieves the
maximum at p.

We study the asymptotic geometry of 3D flying wings. First, we show that the soliton is Z2-symmetric
at infinity, in the sense that the limits of R at the two ends of � are equal to a same positive number.
Here � is a complete geodesic fixed by the O.2/-isometry. After a rescaling we may assume this positive
number is 4, then we show that there are two asymptotic limits, one is R� cigar with R.xtip/D 4, and
the other is R2 �S1 with the diameter of the S1-factor equal to � . Note that in a cigar soliton where
RD 4 at the tip, the diameter of the S1-fibers in the warped-product metric converges to � at infinity.
See Hamilton [51], Kotschwar and Wang [57], Deruelle [43], Chow, Deng and Ma [37] and Lai [60] for
more discussions on the asymptotic geometry of Ricci solitons.

Theorem 1.5 (Z2-symmetry at infinity) Let .M; g; f / be a 3D flying wing. Then , after a rescaling ,

lim
s!1

R.�.s//D lim
s!�1

R.�.s//D 4:

For any sequence of points pi ! 1, the pointed manifolds .M; g; pi / smoothly converge to either
R� cigar with R.xtip/ D 4, or R2 � S1, with the diameter of the S1-factor equal to � . Moreover , if
pi 2 � , then the limit is .R� cigar; xtip/, and if dg.�; pi /!1, then the limit is R2 �S1.

We also obtain a quantitative relation between the limit ofR along � , the asymptotic cone angle, andR.p/,
where p is the critical point of f . This is also true in the Bryant soliton, and thus is true for all 3D steady
gradient Ricci solitons with positive curvature.

Theorem 1.6 Let .M; g; f; p/ be a 3D steady gradient Ricci soliton with positive curvature. Assume
.M; g/ is asymptotic to a sector with angle ˛. Then we have

lim
s!1

R.�.s//D lim
s!�1

R.�.s//DR.p/ sin2
�
1
2
˛
�
:

It has been conjectured that there is a dichotomy of the curvature decay rate of steady gradient solitons,
that is, that the curvature decays either exactly linearly or exponentially; see Munteanu, Sung and
Wang [65], Deng and Zhu [42], Chan and Zhu [29] and Chan [28]. In dimension 3, the curvature of Bryant
soliton decays linearly in the distance to the tip, and the curvature in R� cigar decays exponentially in
distance to the line of cigar tips. In this paper, we prove that in a 3D flying wing, the curvature decays
faster than any polynomial function in r , and slower than an exponential function in r , where r is the
distance function to � .

Geometry & Topology, Volume 29 (2025)



O.2/-symmetry of 3D steady gradient Ricci solitons 691

Theorem 1.7 Let .M; g; f; p/ be a 3D flying wing. Suppose lims!1R.�.s//D 4. Then for any �0>0
there exists C.�0/ > 0, and for any k 2N there exists Ck > 0, such that for all x 2M,

C�1e�2.1C�0/ dg.x;�/ �R.x/� Ck d
�k
g .x; �/:

1.2 Outline of difficulties and proofs

In Ricci flow, the “strongest” symmetry, ie the rotational symmetry, was first studied by Brendle [12; 13]
in dimension 3 with many novel ideas that successfully generalize to prove rotational symmetry in higher
dimensions; see also Brendle and Naff [18] and Brendle, Daskalopoulos, Naff and Sesum [16]. In
contrast to the rotational symmetry, one of the major difficulties in studying any weaker symmetries is the
nonuniqueness of asymptotic limits. For the O.2/-symmetry, this requires us to study the two different
asymptotic limits R� cigar and R2 �S1 separately and combine these estimates in a delicate way. Our
O.2/-symmetry theorem is the first instance of tackling this issue in Ricci flow. Our method may be
generalized to study the O.n�k/-symmetry for k D 1; : : : ; n� 2, which is weaker than the rotational
symmetry, ie O.n/-symmetry. For example, for each dimension n � 4, the author [60] constructed
n-dimensional steady solitons with Rm � 0 that are noncollapsed, O.n�1/-symmetric but not O.n/-
symmetric. It is then interesting to see whether noncollapsed 4D steady solitons with Rm� 0. In mean
curvature flow, Choi, Haslhofer and Hershkovits [34; 33] recently classified all noncollapsed translators
in R4, and in particular showed that they are all O.2/-symmetric.

Therefore, we need to develop new tools and methods to prove the O.2/-symmetry. Some of our methods
are independent of the soliton structure and the dimension, such as the distance distortion estimates,
the curvature estimates, and the symmetry improvement theorem, which may have more applications
in studying ancient Ricci flows. In particular, as a consequence of the nonuniqueness issue of limits,
Brendle’s construction of the Killing field is not applicable in our setting. So we introduce a new stability
method to construct the Killing field; see more in Sections 7 and 8. Our stability method generalizes
Brendle’s method (see [12, Lemma 4.1]) in the sense that it also works on ancient flows but not only on
steady solitons. For example, our method was recently applied by Zhao and Zhu [72] to study the rigidity
of the noncollapsed Bryant soliton in any dimension n� 4.

We now outline the structure of the paper. In the following we assume .M; g; f / is a 3D steady gradient
Ricci soliton that is not the Bryant soliton. Let f�tgt2R be the diffeomorphisms generated by rf , �0D id,
and let g.t/D ���tg. Then .M; g.t// with t 2 .�1;1/ is the Ricci flow of the soliton.

In Section 2 we give most of the definitions and standard Ricci flow results that will be used in the
following proofs.

In Section 3 we study the asymptotic geometry of the soliton in this section. First, by the splitting theorem
of 3D Ricci flow we can show that for any sequence of points xi 2M going to infinity as i !1, the
rescaled manifolds .M; r�2.xi /g; xi / converge to a smooth limit which splits off a line, where r.xi / > 0
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is some noncollapsing scale at xi . We show that such an asymptotic limit is either isometric to R� cigar
or R2 �S1. Moreover, we find two integral curves �1; �2 of rf tending to infinity at one end, such that
the asymptotic limits are isometric to R� cigar along them, and are R2 �S1 away from them. The two
integral curves also correspond to the two edge rays in the sector which is the blowdown limit of the
soliton.

Second, we prove the existence of the maximum point of R in Theorem 1.4. This is also the unique
critical point of f . We do this by a contradiction argument. Suppose there does not exist a maximum
of R. Then we can find an integral curve 
 of rf which goes to infinity at both ends. We show that R
is nonincreasing along the curve and has a positive limit at one end. Using that the asymptotic limits
along both ends of 
 are isometric to R� cigar, we can compare the geometry at the two ends, and by a
convexity argument, we can show that R is actually constant along 
 , so that the soliton is isometric to
R� cigar. This is a contradiction to our positive curvature assumption. So we have a closed subset � ,
which is the union of the critical point and two integral curves of rf , such that � is invariant under the
diffeomorphisms generated by rf , and the soliton converges to .R� cigar; xtip/ under rescalings along
the two ends of � .

Next, we prove a quadratic curvature decay away from the edge � . This corresponds to the case when
k D 2 in Theorem 1.7. The proof uses Perelman’s curvature estimate, which gives the upper bound
R.x; 0/ � C=r2 on scalar curvature in a nonnegatively curved Ricci flow .M; g.t// with t 2 Œ�r2; 0�,
assuming the flow is noncollapsed at x on scale r . In our situation, we will show by methods of metric
comparison geometry that the soliton is not collapsed at x on scale dg.x; �/ in a local universal covering.
So we can apply Perelman’s curvature estimates on the local universal covering and obtain the desired
quadratic decay R.x/� C=d2g .x; �/.

Lastly, we prove Theorems 1.1 and 1.5. In proving the two theorems, we will work in the backwards
Ricci flow .M; g.��// with � � 0, and reduce the change of various geometric quantities to the distortion
of distances and lengths under the flow. More specifically, for a fixed point x 2M at which .M; g.��//
is close to R2 �S1 on scale h.�/. Let H.�/ be the g.��/-distance from x to � . Then we can show

H 0.�/� C�1 � h�1.�/ and h0.�/� C �H�2.�/ � h.�/:

We can then show that h.�/ stays bounded, and H.�/ grows at least linearly as � !1. Using this we
can show that R has two positive limits R1; R2 at the two ends of � , and the asymptotic cone angle is
nonzero. To show R1 DR2, first we can find two points x1; x2 at which the soliton .M; g/ is �.�/-close
to R2 � S1, on the scales 2R�1=21 and 2R�1=22 . Here �.�/! 0 as � !1. Then we can show that
x1 and x2 stay in a bounded distance to each other as we move backwards long the Ricci flow, and hence
.M; g.��// is �.�/-close to R2 �S1 at x1; x2 on a uniform scale. So R1 DR2 follows by controlling
the scale change at x1; x2 in the flow. Theorem 1.5 is a key ingredient in proving the O.2/-symmetry
theorem.
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In Section 4 we prove Theorem 1.7 of the curvature estimates in this section. It is needed in the proof
of the O.2/-symmetry. First, we derive the exponential curvature lower bound of R, which needs an
improved Harnack inequality for nonnegatively curved Ricci flows. For a Ricci flow solution with
nonnegative curvature operator, the following conventional integrated Harnack inequality can be obtained
by integrating Hamilton’s differential Harnack inequality and using the inequality Ric.v; v/� jvj2R:

R.x2; t2/

R.x1; t1/
� exp

�
�
1

2

d2
g.t1/

.x1; x2/

t2� t1

�
:

See for example Morgan and Tian [63, Theorem 4.40]. We observe that the inequality Ric.v; v/� jvj2R
can be improved to Ric.v; v/� 1

2
jvj2R, using which we can prove the improved Harnack inequality

R.x2; t2/

R.x1; t1/
� exp

�
�
1

4

d2
g.t1/

.x1; x2/

t2� t1

�
:

Using this improved Harnack inequality and some distance distortion estimates we can prove the expo-
nential curvature lower bound. Note that this exponential lower bound C�1.�0/e�.2C�0/ dg. � ;�/ is sharp,
because �0 can be arbitrarily small, and in R�cigar where RD 4 at the cigar tip, we have � DR�fxtipg

and R decays like e�2dg. � ;�/.

Next, we derive the polynomial upper bound of R, which states that R decays faster than d�kg . � ; �/ for
any k 2N. We prove this by induction. First, the case of k D 2 is proved in Section 3. Now assume by
induction that R � Ck d�kg . � ; �/ for some k � 2. Since R evolves by @tRD�RC 2jRicj2.x; t/ under
the Ricci flow, for all s < t we have the reproduction formula

R.x; t/D

Z
M

G.x; t Iy; s/R.y; s/ dsyC 2

Z t

s

Z
M

G.x; t I z; �/jRicj2.z; �/ d�z d�;

where G is the heat kernel of the heat equation @tuD�u. Using a heat kernel estimate on G and the
inductive assumption, we can show the first term goes to zero as we choose s!�1, and the second
term is bounded by C � d�.2k�1/

g.t/
.x; �/. Note that k � 2 implies 2k � 1 > k, completing the induction

process.

In Section 5 we prove a local stability theorem, which is another key ingredient of the O.2/-symmetry
theorem. It states that the degree of SO.2/-symmetry improves as we move forward in time along the Ricci
flow of the soliton. Here SO.2/-symmetric means that the manifold admits an isometric SO.2/-action
whose principal orbits are circles.

First, we prove the symmetry improvement theorem in the linear case. For a symmetric 2-tensor h on
an SO.2/-symmetric manifold, it has a decomposition as a sum of a rotationally invariant mode and
an oscillatory mode. We show that if h satisfies the linearized Ricci De Turck flow @thD�Lh on the
cylindrical plane R2 �S1, then the oscillatory mode of h decays exponentially in time. By a limiting
argument, we generalize this theorem to the nonlinear case for the Ricci De Turck flow perturbation,
whose background is an SO.2/-symmetric Ricci flow that is sufficiently close to R2 �S1.

Geometry & Topology, Volume 29 (2025)



694 Yi Lai

Moreover, the symmetry improvement theorem also describes the decay of jhj in the case that it is bounded
by an exponential function instead of a constant. More precisely, for x0 2M, if jhj. � ; 0/ � e˛ dg.x0;� /

for any ˛ 2 Œ0; 2:02�, then jhj.x0; T /� e�ı0 T � e2˛ T holds for some ı0 > 0. Applying the theorem to a
3D flying wing in which R limits to 4 along the edges, the increasing factor e2˛ T will be compensated
for by the cigar tip contracting along the edges under the Ricci flow. It is crucial that ˛ can be slightly
greater than 2, using which we can construct an SO.2/-symmetric approximating metric in Section 6, so
that the error decays like e�.2Cı/ dg. � ;�/ for some small but positive ı. So the error decays faster than
that of R by the exponential lower bound in Theorem 1.7. We will use this fact to construct a Killing
field in Sections 7 and 8.

In Section 6 we construct an approximating SO.2/-symmetric metric xg satisfying suitable error estimates.
First, we construct an SO.2/-symmetric metric xg1 away from � which satisfies

(1-1) jxg1�gjC100 � e
�.2C�0/ dg. � ;�/

for some �0 > 0. To show this, we impose the following inductive assumption.

Inductive assumption one There are a constant ı 2 .0; 0:01/ and an increasing arithmetic sequence
˛n > 0, with ı � ˛nC1�˛n � 0:01, such that if ˛n � 2:02, then there is an SO.2/-symmetric metric ygn
such that

(1-2) jygn�gjC100 � e
�˛ndg. � ;�/:

If this is true for all n 2N, then ygN will satisfy (1-1) for a large enough N 2N.

Now assume inductive assumption one holds for n. To show it also holds for nC 1, we want to apply
the symmetry improvement theorem to the Ricci flow of the soliton. After applying the symmetry
improvement theorem i times, the error to a symmetric metric will decay by C�i for some C > 0. So for
points at larger distance to � , we need to apply the symmetry improvement theorem more times to achieve
the error estimate e�ı dg. � ;�/. Therefore, we need a second induction to apply the symmetry improvement
theorem infinitely many times, so that eventually the error estimate e�ı dg. � ;�/ holds everywhere.

Inductive assumption two There is a sequence of SO.2/-symmetric metrics fygn;kg1kD1 such that ygn;k
satisfies (1-2), and for some C > 0 we have

(1-3) jygn;k �gjC100 � e
�˛ndg. � ;�/ �C�i on ��iD for i D 0; : : : ; k;

where ��iD D fx 2M W dg.x; �/� iDg. If inductive assumption two is true for all k 2N, we take ygnC1
to be a subsequential limit of ygn;k as k!1, then ygnC1 satisfies (1-2) for nC 1.

Inductive Assumption Two clearly holds for k D 0 by taking ygn;0 D ygn and using Inductive Assumption
One for n. Now assume it holds for k � 0, we verify it for kC 1 by applying the symmetry improvement
theorem. More precisely, we consider the harmonic map heat flow from .M; g.t// to the Ricci flow
ygn;k.t/ starting from ygn;k on Œ0; T �. Then the error between g.t/ and ygn;k.t/ is then described by the
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Ricci De Turck flow perturbation. Let ygn;kC1 be the final-time metric ygn;k.T / modulo the rotationally
invariant part of the error and a diffeomorphism. Since oscillatory part of the error decays exponentially
in time by the symmetry improvement theorem, we can show that ygn;kC1 satisfies (1-3). This completes
the two inductions and hence we obtain an SO.2/-symmetric metric xg1 satisfying (1-1).

Lastly, we modify the metric xg1 to obtain the desired approximating SO.2/-symmetric metric xg, which
satisfies both (1-1) and

(1-4) jxg�gjC100.x/! 0 as x!1:

Note that xg1 already satisfies (1-4) as we move away from � , we just need to extend this estimate near � .
Since the soliton converges along the two ends of � to R� cigar which is SO.2/-symmetric, we can
obtain xg by gluing up xg1 with R� cigar in suitable neighborhoods of the two ends of � .

The goal of Sections 7 and 8 is to construct a nontrivial Killing field of the soliton. We do this by a
global stability argument using a heat kernel method, which is consistent with our curvature estimates
and estimates of approximating metrics.

In this section, we study the solution to the following initial value problem of the linearized Ricci De Turck
flow equation,

(1-5)
�
@th.t/D�L;g.t/h.t/;

h.0/D LXg;

where X is the Killing field of the approximating SO.2/-symmetric metric obtained in Section 6. By
the conditions (1-1) and (1-4), and the exponential lower bound from Theorem 1.7, we can deduce that
jLXg=Rj.x/! 0 as x!1. We show that jh.t/j ! 0 as t !1.

To prove this, we first observe by Anderson–Chow curvature pinching [1] that jhj satisfies the inequality

(1-6) jh.x; t/j �

Z
M

G.x; t Iy; 0/jhj.y; 0/ d0y;

where G.x; t Iy; s/ is the heat kernel to the heat-type equation

(1-7) @tuD�uC
2jRicj2.x; t/
R.x; t/

u:

Our key estimate is to show a vanishing theorem of the heat kernel G.x; t Iy; s/ for any fixed pair .y; s/
at t D1. Using this vanishing theorem we can show that the integral in (1-6) in any compact subset is
arbitrarily small when t!1. For the integral outside the compact subset, by the initial condition it is an
arbitrary small multiple of R integrated against the heat kernel G, which is bounded by the maximum
of R, seeing that R is also a solution to (1-7).

In Section 8 we construct a Killing field of the soliton metric. Let X be the Killing field of the approxi-
mating SO.2/-symmetric metric obtained in Section 6. Let .M; g.t// be the Ricci flow of the soliton.
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LetQ.t/D @t�t�.X/��g.t/�t�.X/�Ricg.t/.�t�.X// and Y.t/ be a time-dependent vector field which
solves �

@tY.t/��Y.t/�Ric.Y.t//DQ.t/;
Y.0/D 0:

Moreover, let X.t/ WD �t�.X/�Y . Then X.t/ solves the initial value problem�
@tX.t/��X.t/�Ric.X.t//D 0;
X.0/DX;

and the symmetric 2-tensor field LX.t/g.t/ satisfies the equation (1-5). Therefore, by the result from
Section 7, we see that LX.t/g.t/ tends to zero as t!1. So the limit of X.t/ as t!1 is a Killing field
of .M; g/.

To show that the Killing field is nonzero, we first show that Q.t/ satisfies a polynomial decay away
from � as a consequence of (1-1) and the polynomial curvature upper bound from Theorem 1.7. Then by
some heat kernel estimates on jY.t/j we show that it also satisfies the polynomial decay away from � ,
which guarantees the nonvanishing of the limit of X.t/ as t !1.

In Section 9 we prove Theorem 1.2 of the O.2/-symmetry. First, let X be the Killing field obtained
in Section 8, and �� for � 2R be the isometries generated by X . We show that the �� commute with
the diffeomorphisms �t generated by rf . Then we show that �� is an SO.2/-isometry. This uses the
existence of a maximum point of R, which must be fixed by the isometries �� . Since the maximum point
of R is also a critical point of f , it follows that f is invariant under the isometries. Using this we can
show that �� is an SO.2/-isometry and fixes the edge � .

Lastly, in order to show that the soliton is also O.2/-symmetric, it remains to show that the curvature form
of the SO.2/-isometry vanishes everywhere. By using the soliton equation and the curvature formula
under the SO.2/-isometry, we can reduce this to the vanishing of a scaling invariant quantity at a point
on � . By a limiting argument and the scaling invariance, this can be further reduced to the Euclidean
space R3, where the SO.2/-isometry is the rotation around the z-axis, and hence the vanishing assertion
clearly holds.
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2 Preliminaries

In the following we present most of the definitions and concepts that are needed in the statement and
proofs of the main results of this paper.
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2.1 Steady gradient Ricci solitons

Definition 2.1 (steady Ricci soliton) We say a smooth complete Riemannian manifold .M; g/ is a
steady Ricci soliton if it satisfies

(2-1) RicD 1
2

LXg

for some smooth vector field X . If, moreover, the vector field is the gradient of some smooth function f ,
then we say it is a steady gradient Ricci soliton, and f is the potential function. In this case, the soliton
satisfies the equation

RicDr2f:

By a direct computation using (2-1), the family of metrics g.t/D ��t .g/, with t 2 .�1;1/, satisfies the
Ricci flow equation, where f�tgt2.�1;1/ is the one-parameter group of diffeomorphisms generated by
�rf with �0 the identity. We say g.t/ is the Ricci flow of the soliton.

Throughout the paper, we use the triple .M; g; f / to denote a steady gradient soliton .M; g/ and a
potential function f , and use the quadruple .M; g; f; p/ to denote the soliton when p 2M is a critical
point of f .

For 3D steady gradient Ricci solitons, by the maximum principle they must have nonnegative sectional
curvature [30]. Moreover, by the strong maximum principle, see eg [63, Lemma 4.13, Corollary 4.19], we
see that a 3D steady gradient Ricci soliton must be isometric to quotients of R� cigar if the curvature is
not strictly positive everywhere. Therefore, throughout the paper we will assume our soliton has positive
curvature. So by the soul theorem, the manifold is diffeomorphic to R3; see eg [67].

There are several important identities for the steady gradient Ricci solitons due to Hamilton; see eg [38].
In particular, we will use frequently

(2-2) hrR;rf i D �2Ric.rf;rf / and RCjrf j2 D const:

By the second equation, a critical point of f must be the maximum point of R. For a 3D steady gradient
Ricci soliton, since the Ricci curvature is positive, the first equation implies that a maximum point of
R is also a critical point of f . We will show in Section 3 that the critical point exists in all 3D steady
gradient Ricci solitons.

Hamilton’s cigar soliton [49] is the first example of Ricci solitons. It is rotationally symmetric and has
positive curvature. The cigar soliton is an important notion in this paper. In the following we review the
definition of the cigar soliton and some properties we will use, including a precise description of the
curvature decay and the tip contracting rate.

Definition 2.2 (cigar soliton; cf [49]) Hamilton’s cigar soliton is a complete Riemannian surface
.R2; gc ; f /, where

gc WD
dx2C dy2

1C x2Cy2
and f D log.1C x2Cy2/:
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As a solution of Ricci flow, its time-dependent version is

gc.t/ WD
dx2C dy2

e4t C x2Cy2
:

Let s denote the distance to the cigar tip .0; 0/. Then we may rewrite gc as

(2-3) gc D ds
2
C tanh2 s d�2;

and the scalar curvature of gc is

(2-4) R† D 4 sech2 s D
4

.esC e�s/2
:

In particular, R.xtip/D 4 andK.xtip/D 2. For a fixed �0 2 Œ0; 2�/, the curve 
.s/ WD .�0; s/ is a unit-speed
ray starting from the tip, and we can also compute that

(2-5)
Z r

0

Ric†.
 0.s/; 
 0.s// ds D
Z r

0

2 sech2 s ds D 2 tanh sjr0 D 2
�
1�

2

e2r C 1

�
;

which converges to 2 as r!1. Note that this integral is the speed of a point at distance r drifts away
from the tip in the backward Ricci flow gc.t/.

Throughout the paper, by abuse of notation, we will use gc to denote both the metric on the cigar, and
also the product metric on R� cigar such that R.xtip/D 4; and use gstan to denote the product metrics on
R�S1 and R2 �S1 such that the length of the S1-fiber is equal to 2� .

With this convention, it is easy to see from (2-3) that for any sequence of points xi !1, the pointed
manifolds .cigar; gc ; xi / smoothly converge to .R�S1; gstan/ in the Cheeger–Gromov sense.

Next, we introduce the concept of collapsing and noncollapsing.

Definition 2.3 (collapsing and noncollapsing) Let .M n; g/ be an n-dimensional complete Riemannian
manifold. We say that it is noncollapsed (resp. collapsed) if there exists (resp. does not exist) a constant
� > 0 such that the following holds: For all x 2M, if jRmj.x/ < r�2 on Bg.x; r/ for some r > 0, then

volg.Bg.x; r//� �rn:

It is easy to see that an n-dimensional Riemannian manifold is collapsed if there is an asymptotic limit
isometric to Rn�2 � cigar.

Lemma 2.4 Let .M n; g/ be an n-dimensional complete Riemannian manifold. Suppose there exists a
sequence of points xi 2M and constants ri > 0 such that the pointed manifolds .M; r�2i g; xi / smoothly
converge to Rn�2 � cigar. Then .M; g/ is collapsed.

Proof By assumption we may choose a sequence of points yi 2M such that .M; r�2i g; yi / converge to
Rn�1�S1. So there is a sequence of constantsAi!1 such that jRmjr�2

i
g �A

�2
i onBr�2

i
g.yi ; Ai /, and

lim
i!1

volr�2
i
g Br�2

i
g.yi ; Ai /

Ani
D 0:
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After rescaling, this implies jRmjg � .Airi /�2 on Bg.yi ; Airi / and

lim
i!1

volg Bg.yi ; Airi /
.Airi /n

D 0:

So .M; g/ is collapsed.

In Section 3 we will see that the converse of Lemma 2.4 is also true for all 3D steady gradient Ricci
solitons, ie any collapsed solitons have an asymptotic limit isometric to R� cigar. Note all 3D steady
gradient Ricci solitons except the Bryant soliton are collapsed [12].

2.2 Local geometry models

We will show in Section 3 that both R�cigar and R2�S1 are asymptotic limits in any 3D steady gradient
Ricci solitons that are not Bryant solitons. In this subsection we define �-necks, �-cylindrical planes and
�-tip points, which are local geometry models corresponding to these asymptotic limits. Moreover, to
obtain the asymptotic limits, we need to rescale the soliton by factors that are comparable to volume scale
at the points.

Definition 2.5 (volume scale) Let .M; g/ be a 3D Riemannian manifold. Define the volume scale r. � /
to be

r.x/D supfs > 0 W volg.Bg.x; s//� !0s3g;

where !0 > 0 is chosen such that r.x/D 1 for all x 2R2�S1. It is clear that !0 is less than the volume
of the radius one ball in the Euclidean space R3.

We measure the closeness of two pointed Riemannian manifolds by using the following notion of
�-isometry.

Definition 2.6 (�-isometry between manifolds) Let � > 0 and m 2 N. Let .M n
i ; gi / for i D 1; 2 be

n-dimensional Riemannian manifolds, and let xi 2Mi . We say a smooth map � W Bg1.x1; �
�1/!M2

with �.x1/D x2 is an �-isometry in the Cm-norm if it is a diffeomorphism onto the image, and

(2-6) jr
k.��g2�g1/j � � on Bg1.x1; �

�1/ for k D 0; 1; : : : ; m;

where the covariant derivatives and norms are taken with respect to g1. We also say .M2; g2; x2/ is
�-close to .M1; g1; x1/ in the Cm-norm. In particular, if mD Œ��1�, then we simply say .M2; g2; x2/ is
�-close to .M1; g1; x1/ and � is an �-isometry.

Definition 2.7 (�-isometry between Ricci flows) Let � > 0. Let .M n
i ; gi .t// with t 2 Œ���1; ��1� for

i D 1; 2 be an n-dimensional Ricci flow, and let xi 2Mi . We say a smooth map � WBg1.0/.x1; �
�1/!M2

such that �.x1/D x2 is an �-isometry between the two Ricci flows if it is a diffeomorphism onto the
image, and for k D 0; 1; : : : ; Œ��1�,

jr
k.��g2.t/�g1.t//j � � on Bg1.0/.x1; �

�1/� Œ���1; ��1�;

where the covariant derivatives and norms are taken with respect to g1.0/. We also say .M2; g2.t/; x2/ is
�-close to .M1; g1.t/; x1/.
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In the following, we will choose the target manifolds to be the cylinder and cylindrical plane, and call the
regions that are close to them the �-neck and �-cylindrical plane.

Definition 2.8 (�-neck) We say a 2D Riemannian manifold .N; g/ is an �-neck at x0 2M for some
� > 0 if there exists a constant r > 0 such that .N; r�2g; x0/ is �-close to the cylinder .R�S1; .0; 0//.

We say Bg.x0; r��1/ is the �-neck, r is the scale, x0 is the center, and the preimage of f0g �S1 under
the �-isometry is the central circle. On R�S1, let the function x WR�S1!R be the projection onto
the R-factor, and let @x be the vector field. Then by abuse of notation, we will denote the corresponding
function and vector field on N modulo the �-isometry by x and @x .

Definition 2.9 (�-cap) Let .M; g/ be a complete 2D Riemannian manifold. We say a compact subset
C � M is an �-cap if C is diffeomorphic to a 2-ball and the boundary @C is the central circle of an
�-neck N in .M; g/. We say that the points in C nN are centers of the �-cap.

Definition 2.10 (�-cylindrical plane) Let � > 0. We say a 3D Riemannian manifold .M; g/ is an
�-cylindrical plane at x0 2M if there exists a constant r > 0 such that .M; r�2g; x0/ is �-close to the
cylindrical plane R2�S1. By abuse of notation, we also refer to the image subset of the �-isometry as an
�-cylindrical plane of g.

We say r is the scale of the �-cylindrical plane, and x0 is the center of the �-cylindrical plane. Let
x; y W R2 � S1! R and � W R2 � S1! S1 be the projection to the three product factors. By abuse of
notation, we use @x; @y ; @� to denote the corresponding vector fields on M modulo the �-isometry. In
particular, we call @� the SO.2/-Killing field of the �-cylindrical plane.

At the center of an �-cylindrical plane, we introduce another scale in the following definition, which is
comparable to the volume scale. Since this scale is measured by the length of curves, it is more useful than
the volume scale in the Ricci flow of the soliton when combined with suitable distance distortion estimates.

Definition 2.11 (scale at an �-cylindrical plane) Let .M; g/ be a 3D Riemannian manifold. Suppose
x 2M is the center of an �-cylindrical plane. We denote by h.x/ the infimum length of all closed smooth
curves at x that are homotopic to the S1-factor of the �-cylindrical plane in B.x; 1000r.x//, where
r.x/ > 0 is the volume scale at x. It is clear that h.x/ is achieved by a geodesic loop at x.

Moreover, by the definition of volume scale we have r.x/D 1 and h.x/D 2� for all x 2R2 �S1. So
when � is sufficiently small, we have

1:9�r.x/� h.x/� 2:1�r.x/:

Next we describe points on 2D manifolds that are close to the tip of the cigar.

Definition 2.12 (�-tip point) Let � >0. Let .M; g/ be a 2D Riemannian manifold, x 2M. If there is an �-
isometry from .M; r�2.x/g; x/ to .cigar; r�2.x0/gc ; x0/, for some x0 2 cigar such that dgc .x0; xtip/� �,
then we say x is an �-tip point.
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Similarly, if .M; g/ is a 3D Riemannian manifold, x 2 M. Suppose there is an �-isometry from
.M; r�2.x/g; x/ to .R � cigar; r�2.x0/gc ; x0/ for some x0 2 R � cigar such that dgc .x0; xtip/ � �,
where xtip is the tip of the cigar with the same R-coordinate as x0. Then we say that x is an �-tip point.

2.3 Distance distortion estimates and curvature estimates

In this subsection, we review some standard distance distortion estimates and curvature estimates, which
are originally due to Hamilton [51] and Perelman [66]. A key observation in obtaining these estimates is
the following. Let .M; g.t// with t 2 Œ0; T � be a Ricci flow. Assume 
 W Œ0; 1�!M is a smooth curve.
For any t 2 Œ0; T �, write L.t/ for the length of 
 with respect to g.t/. Then

(2-7) L0.t/D�

Z 1

0

Ricg.t/.
 0.s/; 
 0.s//
j
 0.s/jg.t/

ds:

In particular, the following lemma gives an upper bound on the speed of distance shrinking between
two points, using only local curvature bounds near the two points. The proof uses the second variation
formula; see eg [36, Theorem 18.7].

Lemma 2.13 Let .M; g.t//t2Œ0;T � be a Ricci flow of dimension n. Let K; r0 > 0.

(1) Let x0 2 M and t0 2 .0; T /. Suppose that Ric � .n � 1/K on Bt0.x0; r0/. Then the distance
function d.x; t/D dt .x; x0/ satisfies , in the outside of Bt0.x0; r0/, the inequality

.@t ��/jtDt0d � �.n� 1/
�
2
3
Kr0C r

�1
0

�
:

(2) Let t0 2 Œ0; T / and x0; x1 2M. Suppose

Ric.x; t0/� .n� 1/K

for all x 2 Bt0.x0; r0/[Bt0.x1; r0/. Then

@t jtDt0dt .x0; x1/� �2.n� 1/.Kr0C r
�1
0 /:

The next lemmas control how fast a metric ball shrinks and expands along Ricci flow, using the nearby
curvature assumptions. They can be proved by using the Ricci flow equation; see eg [69, Lemmas 2.1
and 2.2].

Lemma 2.14 Let .M; g.t//t2Œ0;T � be a Ricci flow of dimension n, and let x0 2M. Let K;A > 0.

(1) Suppose Ricg.t/ � �K on Bt .x0; A/bM for all t 2 Œ0; T �. Then for all t 2 Œ0; T �,

B0.x0; A e
�KT /� Bt .x0; A e

�K.T�t//:

(2) Suppose Ricg.t/ �K on Bt .x0; R/bM for all t 2 Œ0; T �. Then for all t 2 Œ0; T �,

Bt .x0; A e
�Kt /� B0.x0; A/:
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The following curvature estimate is also due to Perelman [66, Corollary 11.6]. It provides a curvature
upper bound at points in a Ricci flow, if the local volume has a positive lower bound. For a more general
version of this estimate, see [5, Proposition 3.2].

Lemma 2.15 (Perelman’s curvature estimate) For any � > 0 and n 2N, there exists C > 0 such that the
following holds. Let .M n; g/� Œ�T; 0� be an n-dimensional Ricci flow (not necessarily complete). Let
x2M be a point withBg.x; r/�Œ�r2; 0�bM�Œ�T; 0� for some r >0. Assume also vol.Bg.x; r//��rn.
Then R.x; 0/� C=r2.

2.4 Metric comparisons

We need the following notions and facts from metric comparison geometry; see [21]. Let .M; g/ be a
complete n-dimensional Riemannian manifold with nonnegative sectional curvature.

Lemma 2.16 (monotonicity of angles) For any triple of points o; p; q 2M, the comparison angle z]poq
is the corresponding angle formed by minimizing geodesics with lengths equal to dg.o; p/, dg.o; q/ and
dg.p; q/ in Euclidean space.

Let op and oq be two minimizing geodesics in M between o; p and o; q, and let ]poq be the angle
between them at o. Then ]poq� z]poq. Moreover , for any p02op and q02oq, we have z]p0oq0� z]poq.

In a nonnegatively curved complete noncompact Riemannian manifold, we can equip a length metric on
the space of geodesic rays. Moreover, a blowdown sequence of this manifold converges to the metric
cone over the space of rays in the Gromov–Hausdorff sense; see eg [63, Proposition 5.31].

Let 
1 and 
2 be two rays with unit speed starting from a point p 2M. The limit limr!1 z]
1.r/p
2.r/
exists by the monotonicity of angles, and we say it is the angle at infinity between 
1 and 
2, and denote
it as ].
1; 
2/.

Lemma 2.17 (space of rays) Let p 2 M and S1.M; p/ be the space of equivalent classes of rays
starting from p, where two rays are equivalent if and only if the angle at infinity between them is zero ,
and the distance between two rays is the limit of the angle at infinity between them. Then S1.M; p/ is a
compact length space.

Lemma 2.18 (asymptotic cone) Let p 2M and T.M; p/ be the metric cone over S1.M; p/. Then for
any �i !1, the sequence of pointed manifolds .M; ��1i g; p/ converges to T.M; p/, with p converging
to the cone point in the pointed Gromov–Hausdorff sense. Moreover , for p; q 2M, we have that T.M; p/

is isometric to T.M; q/. We say .M; g/ is asymptotic to T.M; p/, and T.M; p/ is the asymptotic cone
of M.

It is clear that the asymptotic cone T.M; p/ is in fact independent of the choice of p. It is easy to see that
the asymptotic cones of the Bryant soliton and R� cigar are a ray and a half-plane. In [60], the author
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constructed a family of 3D steady gradient Ricci solitons that are asymptotic to metric cones over an
interval Œ0; a�, where a 2 .0; �/. We will show in Section 3 that this is true for all 3D steady gradient
Ricci soliton with positive curvature that is not a Bryant soliton.

In the rest of this subsection we introduce a very useful technical notion called strainer [21]. It is similar
to the notion of an orthogonal frame in the Euclidean space Rn, that provides a local coordinate system
in the metric space.

Definition 2.19 (.m; ı/-strainer) Let ı > 0 and 1�m 2N. A 2m-tuple .a1; b1; : : : ; am; bm/ of points
in a metric space .X; d/ is called an .m; ı/-strainer around a point x 2X if8̂̂̂<̂

ˆ̂:
z]aixbj > 1

2
� � ı for all i; j D 1; : : : ; m with i ¤ j;

z]aixaj > 1
2
� � ı for all i; j D 1; : : : ; m with i ¤ j;

z]bixbj > 1
2
� � ı for all i; j D 1; : : : ; m with i ¤ j;

z]aixbi > � � ı for all i D 1; : : : ; m:

The strainer is said to have size r if d.x; ai /D d.x; bi /D r for all i D 1; : : : ; m. It is said to have size
at least r if d.x; ai /� r and d.x; bi /� r for all i D 1; : : : ; m.

We also introduce the notion of
�
mC1

2
; ı
�
-strainers. Similarly, this notion provides a local coordinate

system in the metric space that looks like a half-plane Rn
C
DRn �RC.

Definition 2.20
��
mC1

2
; ı
�
-strainer

�
Let ı > 0 and 1 � m 2 N. We call a .2mC1/-tuple of points

.a1; b1; : : : ; am; bm; amC1/ in a metric space .X; d/ an
�
mC1

2
; ı
�
-strainer around a point x 2X if8̂̂̂<̂

ˆ̂:
z]aixbj > 1

2
� � ı for all i D 1; : : : ; mC 1 and j D 1; : : : ; m with i ¤ j;

z]aixaj > 1
2
� � ı for all i; j D 1; : : : ; mC 1 with i ¤ j;

z]bixbj > 1
2
� � ı for all i; j D 1; : : : ; m with i ¤ j;

z]aixbi > � � ı for all i D 1; : : : ; m:

The strainer is said to have size r if d.x; ai /D d.x; bj /D r for all i D 1; : : : ; mC1 and j D 1; : : : ; m. It
is said to have size at least r if d.x; ai /� r for all i D 1; : : : ; mC1 and d.x; bj /� r for all j D 1; : : : ; m.

2.5 Heat kernel estimates

We prove a few lemmas using the standard heat kernel estimates of the heat equations under the Ricci
flows. Let G.x; t Iy; s/, where x; y 2M and s < t , be the heat kernel of the heat equation @tuD �u
under g.t/, that is,

(2-8) @tG.x; t Iy; s/D�x;tG.x; t Iy; s/; lim
t&s

G. � ; t Iy; s/D ıy :

It is easy to see that G.x; t Iy; s/ is also the heat kernel of the conjugate heat equation, that is,

�@sG.x; t Iy; s/D�y;sG.x; t Iy; s/�R.y; s/G.x; t Iy; s/; lim
s%t

G.x; t I � ; s/D ıx :

We have the following Gaussian upper bound for G.
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Lemma 2.21 (upper bound of the heat kernel for an evolving metric, cf [36, Theorem 26.25]) Let
.M n; g.t// be a complete Ricci flow on Œ0; T � with jRmj �K. There exists a constant C1<1 depending
only on n, T and K such that the conjugate heat kernel satisfies

(2-9) G.x; t Iy; s/�
C1

vol1=2
�
Bs
�
x;

q
1
2
.t � s/

��
� vol1=2

�
Bs
�
y;

q
1
2
.t � s/

�� exp
�
�
d2s .x; y/

C1.t � s/

�
for any x; y 2M and 0� s < t � T .

Using this we can prove the following lemma, which gives a time- and distance-dependent upper bound
on nonnegative subsolutions to the heat equation, depending on initial upper bounds.

Lemma 2.22 For any K;T; ˛ > 0, there is a constant C.K; T; ˛/ > 0 such that the following holds:

Let .M; g.t/; y0/ be a complete Ricci flow on Œ0; T �. Assume that

(1) jRmj.x; t/�K for all x 2M and t 2 Œ0; T �, and

(2) u WM � Œ0; T �! Œ0;1/ is a smooth function with @tu��u and

u.x; 0/� e˛ d0.x;y0/:

Then for all D > 0, u.x; t/� Ce.˛C1/D for any .x; t/ 2 B0.y0;D/� Œ0; T �.

Proof First, by the curvature assumption jRmj �K, it follows immediately from the Ricci flow equation
that the metrics at different times are comparable to each other, ie

e�CKg.s/� g.t/� eCKg.s/:

From now on we will use C to denote all constants that depend only on T , K and ˛, whose values may
vary.

By the reproduction formula we have

(2-10) u.x; t/�

Z
M

G.x; t Iy; 0/ �u.y; 0/ d0y:

Now let D > 0 and assume x 2 B0.x0;D/, and split the integral into two parts

u.x; t/D

Z
B0.x;1/

G.x; t Iy; 0/ �u.y; 0/ d0yC

Z
MnB0.x;1/

G.x; t Iy; 0/ �u.y; 0/ d0y:

For the first part, note that for any y 2 B0.x; 1/, we have

d0.y; x0/� d0.y; x/C d0.x; x0/� 1CD:

So by the assumption on u we have u.y; 0/� e˛.1CD/, and hence

(2-11)
Z
B0.x;1/

G.x; t Iy; 0/ �u.y; 0/ d0y � e
˛.1CD/

Z
B0.x;1/

G.x; t Iy; 0/ d0y � e
˛.1CD/:
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To estimate the second part in (2-10), we first claim that for any y 2M nB0.x; 1/,

(2-12) G.x; t Iy; 0/� C � exp
�
�
d20 .x; y/

C t

�
:

To this end, we note that if t � 1, the volumes of the two balls B0.x;
p
t=2/ and B0.y;

p
t=2/ are

bounded below by C�1. So the claim follows immediately from (2-9). If t < 1, then by the assumption
on the injectivity radius and the curvature, we see that the volumes of the two balls B0.x;

p
t=2/ and

B0.y;
p
t=2/ are bounded below by C�1.t=2/n=2. Note also that for large enough C we have

�
1
2
t
��n=2

� C � exp
�

1

2C1t

�
� C � exp

�
d20 .x; y/

2C1t

�
;

where we used d0.x; y/� 1, and C1 > 0 is the constant from (2-9). So by Lemma 2.21 this implies

G.x; t Iy; 0/� C
�
1
2
t
��n=2 exp

�
�
d20 .x; y/

C1t

�
� C � exp

�
�
d20 .x; y/

2C1t

�
;

which proves the claim.

Note for any y 2M nB0.x; 1/, we have

u.y; 0/� e˛d0.x0;y/ � e˛.d0.x0;x/Cd0.x;y// � e˛D � e˛d0.x;y/:

Combining this with (2-12), we see that the second part in (2-10) satisfies

(2-13)
Z
MnB0.x;1/

G.x; t Iy; 0/ �u.y; 0/ d0y � Ce
˛D

Z
M

exp
�
�
d20 .x; y/

C t

�
� e˛d0.x;y/ d0y

� Ce˛D
Z
M

exp
�
�
d20 .x; y/

C t

�
d0y

� Ce˛D;

where in the last inequality we used the curvature bound jRmj �K and t � T , which allows us to apply
a volume comparison to estimate the last integral term; see also [58, Lemma 2.8]. Combining the two
inequalities (2-11) and (2-13) we get juj.x; t/� Ce.˛C1/D , which proves the lemma.

3 Asymptotic geometry at infinity

In this section, we study the asymptotic geometry of a 3D steady gradient soliton that is not a Bryant
soliton. We show that it dimension reduces to the cigar soliton along two integral curves of rf . Moreover,
we show that the asymptotic cone of the soliton is isometric to a metric cone over an interval Œ0; a�, where
a 2 .0; �/. We also prove a few other geometric properties of the soliton, one of which is that the scalar
curvature attains its maximum at some point.
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3.1 Classification of asymptotic limits

The main result in this subsection is Lemma 3.3, which states that there are two asymptotic limits in the
soliton, which are R2 �S1 and R� cigar. In taking limits, we will often need to rescale the metrics by
the volume scale r.xi / at the basepoint xi , to guarantee the limit is smooth and also not trivial. Recall by
Definition 2.5, volume scale is the maximum radius such that the volume ratio is not less than !0 > 0,
and volume scale is 1 everywhere on R2 �S1.

We will use the following lemma to show that R�T 2 cannot be an asymptotic limit.

Lemma 3.1 Let .M; g/ be a 3D complete Riemannian manifold with positive curvature , and suppose
R�T 2DR�S1�S1 is equipped with some product metric g0 (in which the lengths of the two S1-fibers
are not necessarily equal ), and let x0 2R�T 2. Then there exists an �0 > 0 such that for any y 2M, the
pointed manifold .M; r�2.y/g; y/ is not �0-close to .R�T 2; r�2.x0/g0; x0/.

Proof Suppose �0 does not exist. Then there exists a sequence of points yk 2 M such that the
sequence .M; r�2.yk/g; yk/ smoothly converges to .R�T 2; r�2.x0/g0; x0/. It is clear that yk!1,
because otherwise the manifold is isometric to R� T 2, a contradiction to the positive curvature. So
there exists a sequence �k ! 0, an open neighborhood Uk of yk and a diffeomorphism �k such that
�k W Œ��

�1
k
; ��1
k
��T 2!Uk �M, which maps x0 2 f0g�T 2 to yk , and is such that �k is an �k-isometry.

We say T 2
k
WD �k.f0g �T

2/ is the central torus, which is homeomorphic to T 2.

In the rest of the proof we show that a connected component of the level set of the function dy0. � / WD
dg.y0; � / at yk is homeomorphic to a 2-torus. Suppose this claim is true. Then for k sufficiently large,
dg.y0; yk/ is sufficiently large, which contradicts the fact that a level set of a distance function to a fixed
point in a positively curved 3D Riemannian manifold must be homeomorphic to a 2-sphere at all large
distances; see eg [63, Corollary 2.11]. Then this will prove the lemma.

To show the claim, without loss of generality we may assume after a rescaling that r.yk/ D 1. Let
s WR�T 2!R be the coordinate function in the R-direction of R�T 2, and let X D �k.@x/ be a vector
field on Uk �M. For any small � > 0, it is easy to see that for all large k, the angle formed by any
minimizing geodesic from y0 to a point p 2 Uk and X.p/ is less than �. Let ��, with � 2 .�100; 100/,
be the flow generated by X on �k..�100; 100/�T 2/�M. Then the distance function dy0. � / increases
along �� at a rate bounded below by 1�C0�, where C0 > 0 is a universal constant. In particular, an
integral curve of X intersects a level set of dy0. � / in a single point.

Therefore, there is a continuous function zs W T 2
k
!R such that for any x 2 T 2

k
, we have dy0.�zs.x/.x//D

dy0.yk/. Let F W T 2
k
! d�1y0 .dy0.yk// be defined by F.x/D �zs.x/.x/, then F is continuous. We show

that F is an injection: suppose F.x1/DF.x2/Dy. Then xi D��zs.xi /.y/ for i D 1; 2. Since x1; x2 2T 2k ,
it follows that .��1

k
/�s.x1/D .�

�1
k
/�s.x2/D 0 and

0D .��1k /�s.x1/� .�
�1
k /�s.x2/D zs.x2/�zs.x1/:
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So zs.x2/D zs.x1/, and hence x1 D x2. Since T 2
k

is compact, F is a homeomorphism from the 2-torus
onto the image which is a connected component of d�1y0 .dy0.yk//. This proves the claim.

The following lemma will be used to show that all asymptotic limits split off a line.

Lemma 3.2 Let .M; g/ be a complete Riemannian manifold with nonnegative sectional curvature and let
fykg

1
kD0
�M be a sequence of points with dg.y0; yk/!1. Then after passing to a subsequence of

fykg
1
kD0

, there exists a ray � W Œ0;1/!M with �.0/D y0 and a sequence of numbers sk !1 such
that for zk D �.sk/, we have dg.zk; yk/D dg.y0; yk/ and

z]y0ykzk! � as k!1:

Proof A standard metric comparison argument. See for example [4, Lemma 5.1.5].

Now we prove the main result in this subsection.

Lemma 3.3 Let .M; g/ be a 3D steady gradient soliton with positive curvature that is not a Bryant soliton.
Let p 2M be a fixed point. Then for any � > 0, there is D.�/ > 0 such that for all x 2M nBg.p;D/,
the pointed manifold .M; r�2.x/g; x/ is �-close to exactly one of the following:

(1) .R� cigar; r�2.zx/gc ; zx/, or

(2) .R2 �S1; gstan; zx/.

We call these two limits the asymptotic limits of the soliton.

Proof First, we show that for all x 2M nBg.p;D/, there exists D > 0 such that .M; r�2.x/g; x/ is
�-close to some product space with an R-factor. This suffices to show that for any sequence of points
fykg

1
kD0

, the rescaled Ricci flows .M; r�2.yk/g.r2.yk/t/; .yk; 0// converge to an ancient Ricci flow
that split off a line.

First, we claim r.yk/=dg.y0; yk/! 0 as k!1. If this is not true, then .M; g/ has Euclidean volume
growth, and hence is flat by Perelman’s curvature estimate (Lemma 2.15); a contradiction. So by passing
to a subsequence we may assume .M; r�2.yk/g.r2.yk/t/; .yk; 0// converges to an ancient 3D Ricci
flow; see [60, Lemma 3.3].

So by Lemma 3.2 and the strong maximum principle [63, Lemma 4.13, Corollary 4.19], the limit flow
splits off an R-factor. Therefore, by the classification of ancient 2D Ricci flows [39; 41], the limit flow
must be isometric to one of the following Ricci flows up to a rescaling:

(1) R� cigar,

(2) R2 �S1,

(3) R�T 2,

(4) R�S2,

(5) R� sausage solution.
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First, item (3) is impossible by Lemma 3.1. Second, we can argue in the same way as [60, Theorem 3.7]
to exclude item (5): In [60, Theorem 3.7], we argued under the O.2/-symmetry assumption, and used the
curve �.s/ fixed by the O.2/-isometry to define a function F.s/ which characterizes the diameter of the
nonflat factor in the asymptotic limits at �.s/. We showed lims!1 F.s/D1. In our current setting,
we can find a curve z�.s/ W Œ0;1/!M going to infinity, such that for all s � 0, .M;R.z�.s//g; z�.s// is
�-close to either R� S2, or R� cigar or a time-slice of R� sausage solution at the tip. Then we can
define the diameter function F.s/ by replacing �.s/ by z�.s/, and show lims!1 F.s/D1 in the same
way. This implies that R� sausage solution cannot appear in the blowup limit.

Finally, we exclude item (4) as follows: Suppose R � S2 is an asymptotic limit. We claim that all
asymptotic limits are R�S2. If so, then it is clear that the soliton is noncollapsed, and thus has to be
the Bryant soliton by Brendle’s result [12], so we get a contradiction. To show the claim, suppose by
contradiction that there is another limit of type (1) or (2). First, for any � > 0, after scaling down by
sufficiently large C > 0, the metric spaces of R� cigar, R2 �S1 and R�S2 are �-close in the pointed
Gromov–Hausdorff sense to an ��1-ball in R�RC, R2 or R, respectively. So for points z sufficiently far
away from a fixed point, the metric space of .M;C�1r�2.z/g; z/ is 2�-close to a .2�/�1-ball in R�RC,
R2 or R.

Next, note that there exists �0 > 0 such that R is not �0-close to either R�RC or R2. Since R�S2 is
not the unique asymptotic limit, we can find points zk!1 as k!1, such that .M;C�1r�2.zk/g; zk/
for sufficiently large C > 0 is not 1

3
�0-close to any of R�RC, R2 or R. This contradiction proves the

claim.

The following lemma shows that in the Ricci flow of the soliton, the closeness of a time-slice to the
asymptotic limit leads to the closeness in a parabolic region of a certain size.

Corollary 3.4 Suppose that .M; g/ is a 3D steady gradient soliton with positive curvature that is not
a Bryant soliton. Let p 2M be a fixed point. Then for any � > 0, there is a D.�/ > 0 such that for all
x 2M nBg.p;D/, the pointed rescaled Ricci flow .M; r�2.x/g.r2.x/t/; x/ is �-close to exactly one of
the following two Ricci flows:

(1) .R� cigar; r�2.zx/gc.r2.zx/t/; zx/,

(2) .R2 �S1; gstan; zx/.

Proof Note that the Ricci flows gR�cigar.t/ and gR2�S1.t/ on R� cigar and R2 �S1 are both eternal
Ricci flows which have bounded curvature. The assertion now follows from Lemma 3.3 by a standard
limiting argument as in [59, Lemma 3.4].

In the rest of this section, we show that R� cigar is a stable asymptotic limit when we move forward in
the Ricci flow of the soliton, in the sense that a region close to the R� cigar stays close to it until it is not
close to any asymptotic limits.
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This is based on the observation that the Ricci flow of the cigar soliton contracts all points to the tip when
we move forward in time along the flow. By using this and the closeness to the Ricci flow of cigar, we
show in the next lemma that an �-tip point x (see Definition 2.12) stays a 2�-tip point outside a compact
subset, when we move along an integral curve ��t .x/ of �rf . Note that this amounts to moving forward
along the Ricci flow of the soliton, since g.t/D ���tg satisfies the Ricci flow equation, where f�tgt2R

are the diffeomorphisms generated by rf .

Lemma 3.5 Fix some p 2M. For any � > 0, there exists D.�/ > 0 such that the following holds.

For any point x 2M nBg.p;D/, let ��t .x/ be the integral curve of �rf for t 2 Œ0;1/. Suppose x is
an �-tip point. Then ��t .x/ is a 2�-tip point for all t 2 Œ0; t.x//, where t .x/ 2 .0;1� is the supremum
of t such that ��t .x/ 2M nBg.p;D/.

Proof For the fixed �, we choose T .�/ > 0 to be the constant such that in the Ricci flow of the cigar
soliton, the metric ball of radius 2� at time 0 centered at the tip contracts to a metric ball of radius � at
time T .�/. Let 0 < �1� � be a constant whose value will be chosen later, then choose D.�1/ > 0 to be
the constant from Corollary 3.4.

If x0 … Bg.p;D/ is an �-tip point, in the following we will show that ��r2.x0/ t .x0/ is a 2�-tip point
for all t 2 Œ0; T .�/� such that ��r2.x0/ t .x0/ … Bg.p;D/, and ��r2.x0/ T .�/.x0/ is again an �-tip point.
Suppose this is true, then the lemma follows by induction immediately.

By Corollary 3.4, there is an �1-isometry  between the two pointed Ricci flows

.M; r�2.x0/g.r
2.x0/t/; x0/ and .R� cigar; r�2. .x0//g0.r2. .x0//t/;  .x0//:

Note that  is also a 100�1-isometry between time-slices, and hence an �-isometry for �1 < 1
100
�.

Let xtip be the tip of the cigar in R� cigar which has the same R-coordinate as  .x0/. Then by taking
�1 sufficiently small depending on �, and using the distance shrinking of the cigar, it is easy to see that
dt . .x0/; xtip/ < 2� in the Ricci flow r�2. .x0//g0.r

2. .x0//t/, for all t � 0. This implies the first
half of the claim, that ��r2.x0/ t .x0/ is a 2�-point. The second half of the claim follows by the choice
of T .�/ and taking �1 sufficiently small that ��11 > T.�/.

3.2 The geometry near the edges

We study the local and global geometry at points that look like R� cigar. First, we show in Lemma 3.14
that there are two chains of infinitely many topological 3-balls that cover all �-tip points. Using this we
show in Lemma 3.16 that the asymptotic cone of the soliton is a metric cone over an interval Œ0; a�, for
some a 2 Œ0; �/, and the points in these two chains correspond to the boundary points of the cone. Next,
in Lemma 3.17 we construct two smooth curves going to infinity inside the two chains, such that they are
two integral curves of rf or �rf , and along them the soliton converges to .R� cigar; xtip/.
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Fix a point p 2M, in the following technical lemma we show that the minimizing geodesic from p to an
�-tip point q is almost parallel to the R-direction in R� cigar at q. The idea is to study the geometry near
an �-tip point q in three different scales: In the largest scale d.p; q/, the soliton looks like its asymptotic
cone; in the smallest scale by the volume scale r.q/, it looks like R� cigar; in some intermediate scale
between r.q/ and d.p; q/, it looks like a two-dimensional upper half-plane. Note when there is no
confusion, we will omit the subscript g and write dg. � ; � / as d. � ; � / and Bg.p; � / as B.p; � /.

Lemma 3.6 Let .M; g/ be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Let p 2M be a fixed point. For any ı > 0, there exists � > 0 such that the following holds:

Let q 2 M be an �-tip point , and � be an �-isometry from R � cigar to M. Let @r be the unit vector
field in the R-direction in R� cigar. Let 
 W Œ0; 1�!M be a minimizing geodesic from p to q. Thenˇ̌
jcos ].
 0.1/; ��.@r//j � 1

ˇ̌
� ı.

Proof Suppose not, then there are ı > 0, �i ! 0 and �i -tip points qi !1 such that

(3-1) ].
 0i .1/; �i�.@r// 2 .ı; � � ı/;

where 
i W Œ0; 1� ! M is a minimizing geodesic from p to qi , and �i is an �i -isometry at qi . For
convenience, we will use �i to denote any sequence C�i where C > 0 is a constant independent of i .

Since dg.p; qi /!1 and the curvature is positive, after passing to a subsequence we may assume that the
rescaled manifold .M; d�2.qi ; p/g; p/ converges to the asymptotic cone in the Gromov–Hausdorff sense;
see Lemma 2.18. So we can find a point zi 2M such that the pair of points .p; zi / is a .1; �i /-strainer
at qi of size dg.qi ; p/. Let pi be a point on 
i and wi be a point on the minimizing geodesic connecting
qi and zi such that d.wi ; qi /D d.pi ; qi /D ri=ıi , where ıi > r.qi /=d.qi ; p/ is a sequence converging
to zero, which we may adjust later. Since r.qi /=ıi < d.qi ; p/, by the monotonicity of angles, .pi ; wi / is
a .1; �i /-strainer at qi of size r.qi /=ıi . So

(3-2) z]piqiwi � � � �i :

Next, consider the rescaled pointed manifold .M; r�2.qi /g; qi /, which is �i -close to .R� cigar; xtip/.
Then there is a sequence of points oi 2M with d.oi ; qi /D r.qi /=ıi such that the minimizing geodesic
�i W Œ0; 1�!M from qi to oi satisfies ].� 0i .0/; �i�.@r//! 0 as i !1. Combining this fact with (3-1)
we get

]piqioi 2
�
1
2
ı; � � 1

2
ı
�
:

Since �i ! 0, by choosing ıi ! 0 properly we have j z]piqioi �]piqioi j< 1
10
ı, and hence

(3-3) z]piqioi 2
�
1
4
ı; � � 1

4
ı
�

for all sufficiently large i .

Now consider the rescaled pointed manifold .M; ı2i r
�2.qi /g; qi /. Since ıi ! 0, after passing to a

subsequence we may assume that it converges to the upper half-plane R�RC in the Gromov–Hausdorff
sense, with qi! .0; 0/ and oi! .1; 0/2R�RC modulo the approximation maps. Assume pi converges
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to .x0; y0/ 2R�RC. Then by (3-3) we have y0 > 1
100
ı. On the other hand, (3-2) implies that .x0; y0/

is one point in a .1; 0/-strainer at .0; 0/ of size 1. So it is clear that jx0j D 1 and y0 D 0, a contradiction.
This proves the lemma.

In the next few definitions, we introduce the concept of �-solid cylinders. These are topological 3-balls
that look like a large neighborhood of the tip in R� cigar. A chain of �-solid cylinder is a sequence of
these cylinders meeting nicely. In this subsection, we will show in Lemma 3.14 that all �-tip points are
covered by exactly two such chains.

Definition 3.7 (�-solid cylinder) Let x 2M be an �-tip point, and �x be the corresponding �-isometry.
We say �L;D WD �x.Œ�L;L��Bgc .xtip;D//, is an �-solid cylinder centered at x, where L;D > 0 are
constants.

In order to make sure that the union of two intersecting �-solid cylinders is still a topological 3-ball,
we want them to meet nicely. So we introduce the concept of good intersection between two �-solid
cylinders; see eg [64, Section 5.6].

Definition 3.8 (good intersection) Let y1 and y2 be two �-tip points, and �yi be the corresponding
�-isometries. Let z
i W Œ�Li ; Li �!M be a curve passing through yi such that ��1yi .z
i .s//D .s; xtip/. We
say �.i/D �yi .Œ�Li ; Li ��Bgc .xtip;Di // for i D 1; 2 have good intersection if, after possibly reversing
the directions of either or both of the R-factors, the following hold:

(1) The projection r1 in the direction of R is an increasing function along z
2 at any point of z
2\ �.1/.

(2) There is a point in the negative end of �.2/ that is contained in �.1/, and the positive end of �.2/
is disjoint from �.1/.

(3) Either 1:1D1r.y1/�D2r.y2/, or D2r.y2/� 0:9D1r.y1/.

With the notion above, if two �-solid cylinders have good intersection, then the intersection is homeomor-
phic to a 3-ball; see [64, Lemma 5.19].

Definition 3.9 (chain) Suppose that we have a sequence of �-solid cylinders f�.1/; : : : ; �.k/g, for some
k 2N [f1g, with the curves z
i from Definition 3.8. We say that they form a chain of �-solid cylinders
if the following hold:

(1) For each 1 � i < k the open sets �.i/ and �.i C 1/ have a good intersection with the given
orientations.

(2) If �.i/\ �.j /¤∅ for some i ¤ j , then ji � j j D 1.

Lemma 3.10 (cf [64, Lemma 5.22]) Suppose that f�.1/; : : : ; �.k/g is a chain of �-solid cylinders. Then
�.1/[ � � � [ �.k/ is homeomorphic to a 3-ball and its boundary is the union of the negative end of �.1/,
the positive end of �.k/, and an annulus A.
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For an �-tip point x, let � be an �-solid cylinder centered at it. In Lemma 3.11, we construct a chain of �-
solid cylinders starting from �, which extends to infinity on one end. Moreover, the �-solid cylinder on the
other end meets a 2-sphere metric sphere @B.p;D0/ in a spanning disk, whereD0>0 is independent of x.

Lemma 3.11 (extending an �-solid cylinder to a chain) Let .M; g/ be a 3D steady gradient soliton with
positive curvature that is not a Bryant soliton. Let p 2M be a fixed point. There exists D > 0 such that
the following is true.

For any �-tip point x 2M nB.p;D/, there exist an integerN 2N and a sequence of �-tip points fxig1iD�N
going to infinity such that x0 D x and x�N 2 @B.p;D/, and an infinite chain of �-solid cylinders
f�.i/g1iD�N centered at xi , where �.i/D �xi .Œ�900; 900��Bgc .xtip; Li // with Li 2 Œ500; 1000�, such
that if �.i/ intersects @B.p;D/ for some D �D, then �.i/ meets @B.p;D/ in a spanning disk.

Proof By Lemma 3.3 we can choose D > 0 sufficiently large that the rescaled soliton at any point
in M n B

�
p; 1

2
D
�

is �-close to the asymptotic limits. For an �-tip point x0 2 M n B.p;D/, assume
d.p; x0/DD0. Let �x0 be the �-isometry. Then �.0/ WD �x0.Œ�900; 900��Bgc .xtip; 1000// is an �-solid
cylinder. Let r be the projection onto the R-direction in R�cigar. By Lemma 3.6, after possibly replacing
r by �r , we may assume ].rd.p; � /; �x0�.@r// < �. So the two points y˙ WD �x0..˙1000; xtip// 2M

satisfy

d.yC; p/� .1� �/1000 r.x0/CD0 and d.y�; p/� �.1� �/1000 r.x0/CD0:

By the choice of D we can find a pair of �-tip points x˙1 2 B.y˙; r.x0//. In particular, we have
x˙1 … �x0.Œ�900; 900��Bgc .xtip; 1000//, and

d.x1; p/ > 900 r.x0/CD0 and d.x�1; p/ < �900 r.x0/CD0:

Similarly, let �x˙1 be the �-isometry at x˙1. Then �.˙1/ WD �x˙1.Œ�900; 900��Bgc .xtip; 500// is an
�-solid cylinder at x˙1. It is clear that �.0/ and �.˙1/ have good intersections.

Repeating this, we can obtain a sequence of �-tip points fxig1iD�N , with x�N 2B.p;D/, and a sequence
of �-solid cylinders �.i/ WD �xi .Œ�900; 900� � Bgc .xtip;Di // centered at xi , where Di D 500 when
i is odd, and Di D 1000 when i is even, such that xiC1 2 B.�xi ..1000; xtip//; 10r.xi //. Therefore, by
triangle inequalities it is easy to see that �.i/ only intersects with �.i � 1/ and �.i C 1/, and has good
intersections with them. In particular, for all i � 0 we have

d.xi ; p/ > 900

i�1X
kD0

r.xk/CD0!1:

So f�.i/g1iD1 is an infinite chain of �-solid cylinders. Moreover, we see that �.i/ meets all metric spheres
@B.p;D/ with D � D in a spanning disk, since by Lemma 3.6 we have ].rd.p; � /; �xi�.@r// < �
for all i .

In the following, we use Lemma 3.11 to show that all �-tip points outside of a compact subset are contained
in the union of finitely many chains of �-solid cylinders.
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Lemma 3.12 (disjoint chains containing all �-tip points) Under the same assumption as in Lemma 3.11,
and let D be from Lemma 3.11. There exist k chains of �-solid cylinders C1; : : : ;Ck for some k 2 N,
each of which satisfies the conclusions in Lemma 3.11. Moreover , all �-tip points in M nB.p;D/ are
contained in the union of C1; : : : ;Ck .

Proof Assume x1 is an �-tip point, x1 2M nB.p;D/. Then let C1 be a chain of �-solid cylinders
produced by Lemma 3.11, whose union contains x1. If there exists an �-tip point x2 2M n.C1[B.p;D//,
then by Lemma 3.11 we can construct a new chain C2 of �-solid cylinders containing x2. We claim that
C1\C2 D∅, ie the union of all �-solid cylinders in C1 is disjoint from that in C2.

First, for two �-tip points x; y with d.x; y/ � 1000r.x/, it is easy to see that d.x; y/ � 0:1r.x/ when
� is sufficiently small. Using this fact we see that x2 is at least 900r.x2/-away from C1, and hence
C1 \C2 \ @B.p;D1/ D ∅, where D1 D d.x2; p/ � D. Let a; b > 0 be the infimum and supremum
of fr W C1 \ C2 \ @B.p; r/ D ∅g. Then a < D1 < b. Suppose by contradiction that a � D. Then
C1 \C2 \ @B.p; a/¤ ∅, and we can find an �-tip y 2 C1 \C2 \ @B.p; a/. However, by Lemma 3.6
this implies that � the �-solid cylinder centered at y is contained in C1\C2, and the positive end of � is
at distance aC 1000r.y/ from p, which is greater than a. This contradicts the infimum assumption of a.
By a similar argument, we can show b D1. This proves the claim.

Repeating this procedure, we obtain a sequence of chains of �-solid cylinders whose unions are disjoint.
This must stop in finitely many steps, because these chains intersect with @B.p;D/ in spanning disks
whose areas are uniformly bounded below. So we may assume these chains are C1; : : : ;Ck and they
contain all �-tip points.

Now we show that the number of these chains is exactly equal to two. To do this, we need the following
lemma, which enables us to glue �-cylindrical planes that intersect, and produce a global S1-fibration on
their union.

Lemma 3.13 (global S1-fibration [64, Proposition 4.4]) Let M be a 3D Riemannian manifold. Given
�0 > 0, the following holds for all � > 0 less than a positive constant �1.�0/. SupposeK �M is a compact
subset and each x 2K is the center of an �-cylindrical plane. Then there is an open subset V containingK
and a smooth S1-fibration structure on V.

Furthermore , if U is an �-cylindrical plane that contains a fiber F of the fibration on V, then F is �0-close
to a vertical S1-factor in U, and F generates the fundamental group of U. In particular , the diameter of F
is at most twice the length of any circle in the �-cylindrical plane centered at any point of F .

Lemma 3.14 (two chains containing all �-tip points) Let .M; g/ be a 3D steady gradient soliton with
positive curvature that is not a Bryant soliton. Let p 2M be a fixed point. There exists a D > 0 such that
the following is true.

There are exactly 2 chains of �-solid cylinders C1 and C2, each of which satisfies the conclusions in
Lemma 3.11. Moreover , all �-tip points in M nB.p;D/ are contained in the union of C1 and C2.
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Proof First, we show k � 1, which is equivalent to the R � cigar being indeed an asymptotic limit
of the soliton M. Suppose this is not the case. On the one hand, since all �-tip points are contained
in C1; : : : ;Ck , the complement of them in M nB.p;D/ is covered by �-cylindrical planes. Then by
Lemma 3.13 we can find a connected open subset V1 containing B.p; 2D/�B.p;D/ which carries a
smooth S1-fibration. Consider the homotopy exact sequence

� � � ! �2.V1;0/! �1.S
1/! �1.V1/! �1.V1;0/! � � � :

Since the base space V1;0 of this fibration is connected and noncompact, we have �2.V1;0/D 0, and it
follows that the S1-fiber is incompressible in V1, ie the map �1.S1/!�1.V1/ is an injection; see eg [52].

On the other hand, let U be an �-cylindrical plane contained in B.p; 2D/�B.p;D/, let x 2 U be the
center of the �-cylindrical plane, and let F be the S1-fiber of the fibration on V that passes through x.
Then by Lemma 3.13, the fiber F is �-close to the vertical S1-factor in U, and hence F is also contained
in U, and hence contained in B.p; 2D/�B.p;D/. Note that the metric spheres @B.p;D/ and @B.p; 2D/
are diffeomorphic to 2-spheres, and B.p; 2D/�B.p;D/ is diffeomorphic to R�S2. So if kD 0, we see
that B.p; 2D/�B.p;D/�C1� � � � �Ck is diffeomorphic to R�S2, and if k D 1, it is diffeomorphic
to R3, both of which have trivial fundamental groups. Therefore, F bounds a disk in B.p; 2D/�B.p;D/.
However, this contradicts with the above fact that the fiber F is incompressible. So k � 2.

Next, we show kD 2. Suppose not; then k� 3. The subsetK WDB.p; 2D/�B.p;D/�C1�C2�� � ��Ck
is covered by �-cylindrical planes, so by Lemma 3.13 we can obtain a smooth S1-fibration on a subset V
containing K. Let C1; C2 be two circles of the fibration on V that are contained in C1;C2, respectively.
Then by Lemma 3.13, Ci bounds a spanning disk Di in Ci for i D 1; 2. Let A�B.p; 2D/�B.p;D/ be
an annulus bounded by C1 and C2 which is saturated by S1-fibers. Then the union S WDD1[D2[A is a
2-sphere which is isotopic to the two metric spheres @B.p;D/ and @B.p; 2D/. In particular, S separates
@B.p;D/ from @B.p; 2D/.

Since k � 3, it follows that C3 intersects with S at some �-tip point y. First, y cannot be in the annulus A
because A is covered by �0-cylindrical planes for a very small �0 > 0. Second, y cannot be in either of
the two spanning disks D1 and D2, because C3 is disjoint from Ci for i D 1; 2. So this contradiction
proves k D 2.

It is clear that at the volume scale, an �-tip point is different from a point at which the manifold is an
�-cylindrical plane. We show in the following technical lemma that they can also be distinguished from
each another at an even larger scale. Roughly speaking, the former point looks like a boundary point in
the half-plane, while the latter looks like a point in the plane.

Lemma 3.15 Let .M; g/ be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Let p 2M be a fixed point. For any ı > 0, there exists an � > 0 such that for any �-tip point x,
there exists a constant 0 < rx < ıd.p; x/ such that there is no 2-strainer at x of size larger than rx .
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Proof For x sufficiently far away from p, we have by volume comparison that r.x/=d.p; x/� ı2. Take
rx D r.x/=ı. Then rx <ıd.p; x/, and the rescaling .M; r�2x g; x/ is the scaling down of .M; r�2.x/g; x/
by ı�1. The scaling down of .R�cigar; xtip/ by ı�1 is Cı-close to the two-dimensional upper half-plane
.R�RC; .0; 0// in the pointed Gromov–Hausdorff sense. Take � < ı. By the definition of �-tip point,
we see that .M; r�2.x/g; x/ is �-close to .R � cigar; xtip/. Therefore, .M; r�2x g; x/ is C�ı-close in
the Gromov–Hausdorff sense to the metric ball B..0; 0/; 1/ in the two-dimensional upper half-plane
.R�RC; .0; 0//.

It is easy to see that there is no .2; �0/-strainer at .0; 0/ in R�RC of size larger than 1, which is the same
in .M; r�2x g; x/. Scaling back, it follows that there is no .2; �0/-strainer at x in .M; g/ of size larger
than rx .

Recall that S1.M; p/ is the metric space of equivalent classes of rays starting from p. We show in the
following lemma that S1.M; p/ is a closed interval Œ0; �� for some � 2 Œ0; �/. Moreover, the two chains
of �-solid cylinders C1 and C2 are two “edges” of the soliton .M; g/, in the sense that the two rays 
1
and 
2 correspond to the two end points in Œ0; ��. We will show � > 0 in Corollary 3.43, so that the
soliton is indeed a flying wing.

Lemma 3.16 Let .M; g/ be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Let p 2M be a fixed point. Then S1.M; p/ is isometric to an interval Œ0; �� for some � 2 Œ0; �/.

Moreover , for i D 1; 2, and for any sequence of points p.i/
k
2 Ci such that p.i/

k
!1 as k !1, the

minimizing geodesics pp.i/
k

subsequentially converge to two rays 
1 and 
2 such that Œ
1� D 0 and
Œ
2�D � , after possibly switching 
1 and 
2.

Proof Fix some p 2M. We shall say that two quantities d1; d2>0 are comparable if C�1d1<d2<Cd1
for some universal constant C > 0. By the noneuclidean volume growth of .M; g/, the asymptotic cone is
a two-dimensional metric cone over S1.M; p/, where S1.M; p/ is a one-dimensional Alexandrov space,
and hence is an interval or a circle. In the latter case, we can find a .2; �/-strainer of size comparable to
d.p; x/ at any point x 2M. However, this is impossible at an �-tip point by Lemma 3.15. So S1.M; p/
is isometric to an interval Œ0; ��, for some � 2 Œ0; ��. Moreover, we have � < � , because otherwise the
manifold splits off a line and is isometric to R� cigar, which does not have strictly positive curvature.

First, we show that for any points going to infinity in C1, the minimizing geodesics from p to them
subsequentially converge to rays that are in the same equivalence class in S1.M; p/. Suppose by
contradiction that this is not true. Then we can find two sequences of points p1k; p2k 2 C1 going to
infinity, such that the minimizing geodesics pp1k; pp2k converge to two rays �1; �2 with z].�1; �2/ > 0.

Let ˇk W Œ0; 1�! C1 be a smooth curve joining p1k; p2k , which consists of �-tip points. By Lemma 3.6
we may assume that d.p; ˇk.s// is monotone in s. Let �ik.s/D z]�i .d.p; ˇk.s///pˇk.s/ for i D 1; 2.

Geometry & Topology, Volume 29 (2025)



716 Yi Lai

Then it is clear that as k !1, �1k.0/ and �2k.1/ converge to 0, and �1k.1/ and �2k.0/ converge to
z].�1; �2/ > 0. So for sufficiently large k, we have

�1k.0/

�2k.0/
< � and

�1k.1/

�2k.1/
> ��1:

By continuity, there exists a point qk D ˇk.sk/ with sk 2 .0; 1/ such that �1k.sk/D �2k.sk/, and hence

z]�1.d.p; qk// p qk D z]�2.d.p; qk// p qk :

Since d.p; p1k/; d.p; p2k/!1, we have d.p; qk/!1. Therefore, after passing to a subsequence,
pqk converges to a ray �3, which satisfies z].�3; �1/D z].�3; �2/. Since S1.M; p/ is an interval, this
implies

z].�3; �1/D z].�3; �2/D 1
2
z].�1; �2/:

So for sufficiently large k, we can find a .2; �/-strainer at qk of size comparable to d.qk; p/, which is
impossible by Lemma 3.15 because qk is an �-tip point.

Now it remains to show that the ray �1 corresponds to one of the two end points in S1.M; p/D Œ0; ��. This
can be shown by a similar argument: Suppose � > 0 and Œ�1� 2 .0; �/. Then we can find .2; �0/-strainers
at a sequence of �-tip points xk!1 at scales comparable to d.p; xk/, contradicting Lemma 3.15.

Now we prove our main result in this subsection. For i D 1; 2 we will construct two smooth curves
�i W Œ0;1/!Ci tending to infinity, which are integral curves of either rf or �rf , such that the rescaled
manifold converges to R� cigar pointed at the tip along �i .

Lemma 3.17 Let .M; g/ be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. There exists a smooth curve �i W Œ0;1/! Ci which is an integral curve of rf or �rf , such
that lims!1 �i .s/ D 1, and for any sequence of points xi ! 1 along �i , the pointed manifolds
.M; r�2.xi /g; xi / smoothly converge to .R� cigar; r�2.xtip/gc ; xtip/.

Proof Fix some point p 2M, and let D0 >0 be a large constant such that if f has a critical point (which
must be unique), then B.p;D0/ contains the critical point. We will use �.D/ > 0 denote all positive
constants depending on D such that �! 0 as D!1.

Take a sequence of �k-tip points pk 2 C1 going to infinity, where �k! 0. Assume pk … B.p;D0/ for
all k. Denote by 
pk W Œ0; sk�!M the integral curve of �rf starting from pk , where sk 2 .0;1� is
the smallest value of s such that 
pk .s/ 2 @B.p;D0/. It is easy to see that sk !1 as k !1. By
Lemma 3.5 we see that 
pk .Œ0; sk�/ � C1 and if 
pk .s/ … B.p;D/ for some D > 0, then 
pk .s/ is an
�.D/-tip point, where �.D/! 0 as D!1 is independent of k.

First, assume sk is finite for all k. Let qk D 
pk 2 C1\@B.p;D0/. Then, after passing to a subsequence,
qk converges to a point q1 2 C1\ @B.p;D0/. Denote by z
qk the integral curve of rf starting from qk .
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Then z
qk converges to the integral curve �1 W Œ0;1/! C1 of rf starting from q1, which satisfies all
the assertions.

Now assume sk D1 for some kD k0. Since the critical point of f (if it exists) is contained in B.p;D0/,
this implies that 
pk0 .s/!1 as s!1. Therefore, we may take 
pk0 to be �1, which is an integral
curve of �rf and satisfies all assertions as a consequence of Lemma 3.5. By the same argument, we can
find �2 � C2 satisfying the assertions.

Remark 3.18 When .M; g/ is isometric to R�cigar, and the potential function f could be a nonconstant
linear function in the R-direction, then one of �1 and �2 is the integral curve of rf and the other is
of �rf . However, if .M; g/ has strictly positive curvature, we will show in Theorem 3.31 that f has a
unique critical point, and �1 and �2 are both integral curves of rf .

Let � D �1.Œ0;1//[�2.Œ0;1//. The following lemma shows that the distance from sufficiently far
away points to the subset � must be achieved at the interior, so that the minimizing geodesics connecting
them to � are orthogonal to � by the first variation formula.

Lemma 3.19 Under the same assumptions as in Lemma 3.17, suppose there are a sequence of points
pi !1 and a constant s0 > 0 such that one of the following conditions holds:

(1) d.pi ; �/D d.pi ; �1.Œ0; s0�/[�2.Œ0; s0�//,

(2) d.pi ; �1/D d.pi ; �1.Œ0; s0�/, or

(3) d.pi ; �2/D d.pi ; �2.Œ0; s0�//.

Then M is isometric to R� cigar.

Proof We prove the lemma under condition (1), and the two other cases follow in the same way. We
will show that after passing to a subsequence, the minimizing geodesics from p to pi converge to a
geodesic ray 
 such that ].
; 
i /� 1

2
� , where 
i are the two rays corresponding to the two end points in

S1.M; p/; see Lemma 3.16. Then by Lemma 3.16 this implies S1.M; p/D Œ0; �� and the assertion of
the lemma follows immediately. In the proof we use � to denote a general positive constant that goes to
zero as i !1.

Let qi 2 � be such that d.pi ; �.Œ�s0; s0�// D d.pi ; qi /. Choose a sequence of points oi 2 �1 with
d.qi ; oi /D ˛id.pi ; qi / and such that ˛i ! 0 and d.qi ; oi /!1. Since ˛i ! 0, we have z]oipiqi ! 0,
and hence

z]oiqipi C z]qioipi � � � �:

Since d.pi ; oi /� d.pi ; �/D d.pi ; qi /, the segment oiqi is the longest in the comparison triangle oipiqi ,
so it must be opposite to the largest comparison angle, ie

z]oiqipi � z]qioipi :
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So the last two inequalities imply

(3-4) z]oiqipi � 1
2
� � �:

By Lemma 3.16 the minimizing geodesics poi converge to the ray 
1. After passing to a subsequence
we may assume the ppi converge to a ray 
 . Then by the boundedness of fqig and (3-4), it is easy to
see that ].
1; 
/� 1

2
� . By a symmetric argument, we also have ].
2; 
/� 1

2
� . So ].
1; 
2/� � by

Lemma 3.17, which implies a splitting of .M; g/, and hence it is isometric to R� cigar.

3.3 Quadratic curvature decay

The main result in this subsection is the following theorem of the quadratic curvature decay, which
corresponds to the upper bound in Theorem 1.7. We show that there is a uniform C > 0 such that the
scalar curvature has the upper bound R � C=d2. � ; �/, where � D �1.Œ0;1//[�2.Œ0;1//, and �1 and
�2 are from Lemma 3.17.

Theorem 3.20 Let .M; g/ be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. There exists C > 0 such that for any x 2M n� ,

R.x/�
C

d2.x; �/
:

Proof First, we introduce some constants that will be used throughout this subsection, and we may
further adjust their values. The dependence of these constants is subject to the order

ı; ˛; D2; �; D1; !; C;

such that each constant is chosen depending only on the preceding ones. More precisely, we will choose
D1 and D2 sufficiently large that ı can be arbitrarily close to zero.

Let � > 0 be some very small number, and fix a point p0 2M. Then by Lemmas 3.3, 3.14 and 3.17 we
see that there are D1 >D2 > 0 such that the following holds: First, the soliton is an �-cylindrical plane
at all points x which satisfies d.x; p0/� 1

2
D1 and d.x; �/� 1

2
D2 r.x/. Second, the soliton is �-close to

.R� cigar; r�2.x0/gc ; x0/ for some x0 for which dgc .xtip; x0/ < 10D2.

By compactness we may choose C >0 large enough, so that Theorem 3.20 holds in B.p0;D1/. Moreover,
for points x 2M nB.p0;D1/ which satisfy d.x; p0/�D1 and d.x; �/�D2 r.x/, by the definition of
the volume scale and a volume comparison argument, it is clear that there exists ! > 0 such that

vol.B.zx; d.x; �///� ! d.x; �/3:

So Theorem 3.20 holds at x by Perelman’s curvature estimate; see Lemma 2.15.

Therefore, from now on we assume that

(3-5) d.x; p0/�D1 and d.x; �/�D2 r.x/:
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So the metric ball B
�
x; 1
2
d.x; �/

�
is covered by �-cylindrical planes. By the S1-fibration Lemma 3.13,

we see that there is an open subset U �B
�
x; 1
2
d.x; �/

�
which has a global S1-fibration, and the S1-fibers

are incompressible.

The following lemma gives a uniform lower bound for the volume ratio on the universal coverings of U.
So by applying Perelman’s curvature estimate (Lemma 2.15) in the universal covering we obtain the
inequality in Theorem 3.20 at a lift of x, which implies the same inequality at x. So Theorem 3.20
reduces to the following lemma by Perelman’s curvature estimates (Lemma 2.15).

Lemma 3.21 There exists ! > 0 such that in the universal cover zU of U, we have B
�
zx; 1
2
d.x; �/

�
b zU ,

and
vol
�
B
�
zx; 1
2
d.x; �/

��
� ! d3.x; �/;

where zx 2 zU is a lift of x.

Proof To prove the lemma, we will follow the idea in [6, Lemma 2.2] to construct a .3; ı/-strainer
near zx of size comparable to d.x; �/ for some small ı > 0, then use this to obtain a lower bound on the
volume ratio as in [6, Lemma 2.2] and [20, Theorem 10.8.18]. We first construct a .2; ı/-strainer at zx
using Claims 3.22 and 3.23.

Claim 3.22 There exist p; q 2 M such that the triple of points fp; q; xg forms a 1
6
�-triangle and

d.x; p/D d.x; �/. Here by a �-triangle we mean that � > 0 and

z]xpq; z]xqp; z]pxq > �:

Proof Let � 2
�
0; 1
100

�
be some fixed small number. Let p 2 � to be the closest point to x on � . Then

by Lemma 3.19, p is an interior point in � , and p is an �-tip point by Lemma 3.17. Therefore, it is
easy to see that the minimizing geodesic px and  p�.@r/ is almost orthogonal at p, where  p is the
�-isometry to .R� cigar; r�2.xtip/gc ; xtip/ at p, ie

(3-6)
ˇ̌
].px;  p�.@r//� 1

2
�
ˇ̌
� �:

Note that d.x; �/ > D2 r.x/ and d.x; p/D d.x; �/. We claim that

(3-7) d.x; �/ > 1
10
D2r.p/;

because otherwise we may choose D1 sufficiently large (depending on D2) so that d.x; p/� 1
10
D2r.p/

must imply r.p/� 10r.x/, which implies d.x; p/� D2 r.x/, a contradiction. So (3-7) holds.

By Lemma 3.17 we can take D1 to be large so that � is sufficiently small, where � is determined by D2
such that the following holds: By (3-6) and the �-closeness to R� cigar in the region containing the
B.p;D2 r.p//, we have for all points y 2 B.p;D2 r.p// that

(3-8) z]ypx0 � 1
2
� C 1

100
�
2
3
�;

where x0 is a point on the minimizing geodesic px such that

d.p; x0/D 1
10
D2r.p/ < d.x; �/:
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Now let q 2� be a point such that d.q; p/Dd.x; �/. By (3-7) we can choose a point q0 on the minimizing
geodesic pq such that

d.p; q0/D 1
10
D2 r.p/ < d.x; �/:

Then using (3-8) we obtain
z]q0px0 � 1

2
� C 1

100
�
2
3
�:

By the monotonicity of angles, the last three inequalities imply

z]qpx � 1
2
� C 1

100
�
2
3
�:

Note d.x; q/� d.x; �/D d.x; p/D d.p; q/. The segment jzxzqj is the longest in the comparison triangle
z4zxzq zp, and thus it must be opposite to the largest comparison angle, ie

z]qpx � z]qxp D z]pqx:

This combined with z]qpxC z]qxpC z]pqx D � implies

z]qpx � z]qxp D z]pqx � 1
6
�:

So fp; q; xg forms a 1
6
�-triangle.

Claim 3.23 There exists ˛ > 0 such that when D1 and D2 are sufficiently large , the following holds for
all x 2M satisfying (3-5): There is a point x0 2 B

�
x; 1
10
d.x; �/

�
such that there is a .2; ı/-strainer at x0

of size ˛d.x; �/.

Proof Suppose this is not true. Then there is a sequence of points xi 2 M going to infinity and
d.xi ; �/!1 such that the claim fails. Let pi ; qi be points from Claim 3.22 which form a 1

6
�-triangle

together with xi , and such that d.pi ; xi /D d.xi ; �/.

After passing to a subsequence, the pointed manifolds .M; d�2.xi ; �/g; xi / converge to a complete
noncompact length space .X; dX /, which is an Alexandrov space with nonnegative curvature [21]. The
triples .pi ; qi ; xi / converge to a triple .p1; q1; x1/ in the limit space, which forms a 1

6
�-triangle. So

the Alexandrov dimension of the limit space is at least two, because otherwise X must be isometric to a
ray or a line, which does not contain any 1

6
�-triangles.

Since the set of .2; ı/-strainers is open and dense in an Alexandrov space of dimension 2, we can find a
point x0 2 BdX

�
x; 1
10

�
such that there is a .2; ı/-strainer at x0 of size ˛ for some ˛ > 0. This induces a

contradiction for sufficiently large i .

Assume we can show that the volume of B.x0; 1/ is bounded below. Then by a volume comparison using
that x0 2 B

�
x; 1
10
d.x; �/

�
, this would imply a lower bound on the volume of B.x; 1/. Therefore, we

may assume without loss of generality that there is a .2; ı/-strainer .a1; b1; a2; b2/ at x of size ˛d.x; �/.

From now on we will work with the rescaled metric hD d�2.x; �/g and bound the 1-ball around a lift
of x in the universal cover from below by a universal constant.
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Let � W zU ! U be a universal covering, and zx; zai ; zbi be lifts of x; ai ; bi in the universal cover zU such
that

(3-9) d.zx; zai /D d.x; ai /D d.zx; zbi /D d.x; bi /D ˛:

Then since the covering map � is 1-Lipschitz, we have

(3-10) d.zai ; zbj /� d.ai ; bj /; d.zai ; zaj /� d.ai ; aj /; d.zbi ; zbj /� d.bi ; bj /:

So the comparison angles between zx; zai ; zbj at zx are at least as large as those between x; ai ; bj at x, ie

z]zai zxzbj � z]aixbj ; z]zai zxzbj � z]a1xa2; z]zai zxzbj � z]b1xb2:

So .za1; za2; zb1; zb2/ is a .2; ı/-strainer at zx.

Next, we will extend the .2; ı/-strainer to a
�
2C1

2
; ı
�
-strainer at zx. Since the S1-fiber in U is in-

compressible, we can find a sequence zxi of lifts of x that is unbounded. We may assume that the
consecutive distances of fzxig are at most D�1=22 . Because otherwise, there would be two points zxi ; zxj
such that d.zxi ; zxj /�D

�1=2
2 . Rescaling back to the metric g and by Lemma 3.13, we see that the length

of the circle in the �-circle plane at x is at least D�1=22 d.x; �/. This implies r.x/ � D�1=22 d.x; �/,
which contradicts our assumption (3-5). So we can find an i 2N such that with zy D zxi , we have

jd.zy; zx/�D
�1=4
2 j<D

�1=2
2 :

Claim 3.24 The tuple .za1; za2; zb1; zb2; zy/ is a
�
2C1

2
; ı
�
-tuple at zx of size at least D�1=42 �D

�1=2
2 .

Proof Note that in the triangle 4zyzxzai , the segment j zyzai j has the longest length, and thus must be
opposite to the largest comparison angle, ie

z]zai zx zy � z]zx zyzai :

Since d.zx; zy/! 0 as D2!1, we find

(3-11) z]zyzai zx < ı:

We also have

(3-12) z]zyzai zxC z]zai zx zyC z]zx zyzai D �:

So the last three inequalities imply z]zai zx zy � 1
2
� � ı. The same is true with zai replaced by zbi . So

(3-13) z]zai zx zy � 1
2
� � ı and z]zbi zx zy � 1

2
� � ı;

and hence the claim holds.

Claim 3.25 The tuple .za1; za2; zb1; zb2; zx/ is a
�
2C1

2
; ı
�
-tuple at zy of size at least D�1=42 �D

�1=2
2 .

Proof Since jd.zy; zai /�d.zx; zai /j<D
�1=4
2 and jd.zy; zbi /�d.zx; zbi /j<D

�1=4
2 , we see that .za1; za2; zb1; zb2/

is a .2; ı/-strainer at zy of size at least ˛�D�1=42 �2D
�1=2
2 . We may assume that D2 is sufficiently large

that this is at least 1
2
˛ >D

�1=4
2 �D

�1=2
2 .

Geometry & Topology, Volume 29 (2025)



722 Yi Lai

By metric comparison we have

z]zai zx zyC z]zbi zx zyC z]zai zxzbi � 2�;

which by (3-13) and z]zai zxzbi � � � ı implies

z]zai zx zy � 1
2
� C ı and z]zbi zx zy � 1

2
� C ı:

Combining this with (3-12) and (3-11) we obtain

z]zx zyzai � 1
2
� � ı and z]zx zyzbi � 1

2
� � ı:

So the claim holds.

Now take zm be the midpoint of a minimizing geodesic between zy and zx.

Claim 3.26 The tuple .za1; za2; zb1; zb2; zy; zx/ is a .3; ı/-strainer at zm of size at least 1
2
D
�1=4
2 �D

�1=2
2 .

Proof First, by the monotonicity of comparison angles we have

z] zmzxzai � z]zyzxzai � 1
2
� � ı and z] zmzxzbi � z]zyzxzbi � 1

2
� � ı:

Then repeating the same argument as in Claim 3.25 replacing zy by zm, we see that

z]zai zmzx; z]zbi zmzx > 1
2
� � ı:

Replacing zx by zy, similarly we can obtain

z]zai zmzy; z]zbi zmzy > 1
2
� � ı:

Moreover, as before we can see that .za1; za2; zb1; zb2/ is a .2; ı/-strainer at zm. Finally, z]zy zmzx D � is
trivially true. So the claim holds.

Using the .3; ı/-strainer in Claim 3.26, one can construct a 100-bilipschitz map f WB. zm;�D�1=42 /!R3

for some sufficiently small � as in [6, Lemma 2.2(i)] and [20, Theorem 10.8.18], which implies

vol.B. zm;�D�1=42 // > c.�D
�1=4
2 /3

for some universal c > 0. This implies Lemma 3.21 by volume comparison.

3.4 Existence of a critical point

The main result in this subsection is Theorem 3.31, which proves the existence of the maximum point of
the scalar curvature, which is also the critical point of the potential function.

In Lemmas 3.27 and 3.28, we study the geometry of level sets of the potential function f . To start, we
first note that the second fundamental form of a level set of f satisfies

(3-14) IID�
r2f

jrf j

ˇ̌̌̌
f �1.a/

D�
Ric
jrf j

ˇ̌̌̌
f �1.a/

� 0:
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Recall the Gauss equation, that for a manifold N embedded in a Riemannian manifold .M; g/, the
curvature tensor RmN of N with induced metric can be expressed using the second fundamental form
and RmM, the curvature tensor of M :

hRmN .u; v/w; zi D hRmM .u; v/w; ziC hII.u; z/; II.v; w/i � hII.u;w/; II.v; z/i:

So (3-14) implies that the level sets of f with induced metric have positive curvature.

More precisely, for a level set of f at an �-tip point, Lemma 3.27 shows that at a point that is sufficiently
far away from this �-tip point in the level set, the soliton is close to R2 �S1 under a suitable rescaling.
We show this by a limiting argument.

Lemma 3.27 Let .M; g; f / be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. For any ı > 0 and C0 > 0, there exists D > 0 such that the following holds:

For all D �D, there exists � > 0 such that the following holds: Suppose q 2M is an �-tip point with
jrf j.q/� C�10 , and let †D f �1.f .q// be the level set passing through q. Suppose also that z 2† is a
point with d†.q; z/DDR�1=2.q/, where d† is the length metric of the induced metric on †. Then the
soliton .M; g/ is a ı-cylindrical plane at z.

Proof Suppose this is false. Then there is some ı > 0 such that for any large D, there exist a constant
D >D, a sequence of constants �k ! 0, and a sequence of �k-tip points qk !1, and a sequence of
points zk 2 †k WD f �1.f .qk// with d†k .qk; zk/DDR

�1=2.qk/ such that the soliton .M; g/ is not a
ı-cylindrical plane at zk .

In the following we will show that when D is large enough, the level sets †k under suitable rescalings
converge to a level set of a smooth function on R� cigar, and zk converge to a point at which R� cigar
is a 1

2
ı-cylindrical plane, which will imply a contradiction for sufficiently large k. We now divide the

discussion into three cases depending on the limit of R.qk/. To start, note that RCjrf j2DC 21 for some
C1 > 0. So R � C 21 and jrf j � C1.

Case 1 (lim supk!1R.qk/ > C
�2 > 0 for some C > 0 which may depend on the sequence) In this

case we can deduce from the soliton equation r2f D Ric that derivatives of order at least two of the
functions zfk WD f �f .qk/ are uniformly bounded. Moreover, at qk we have zfk.qk/D 0 and

C�10 � jr
zfkj.qk/D jrf j.qk/� C1:

Let zr denote the covariant derivatives of zgk D 1
16
R.qk/g, then we have that j zr zfkjzgk D 4R

�1=2.qk/jrf j

is uniformly bounded above, and in particular at qk we have

j zr zfkj.qk/� 4C
�1
0 R�1=2.qk/� 4C

�1
0 C�11 :

So after passing to a subsequence we may assume that the functions zfk converge to a smooth function f1
on R� cigar, which satisfies f1.xtip/D 0, r2f1 D Ric and

jrf1j.xtip/� 4C
�1
0 C�11 :
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Note that C0 and C1 are constants that only depend only on the soliton but not the sequence.

Since r2f1 D Ric, by the uniqueness of the potential function on the cigar soliton we see that f1
is the sum of the potential function on cigar which vanishes at the tip and a linear function along the
R-factor whose derivative has absolute value at least 4C�10 C�11 and vanishes at xtip. In particular, 0 is a
regular value of f1 and the level set †1 WD f �11 .0/ is a noncompact complete rotationally symmetric
2D manifold.

Therefore, after passing to a subsequence, as the manifolds
�
M; 1

16
R.qk/g; qk

�
smoothly converge

to .R� cigar; gc ; xtip/, the level sets
�
†k;

1
16
R.qk/g†k ; qk

�
of zfk with the induced metrics smoothly

converge to the level set .†1; g†1 ; xtip/ of f1, and zk 2 †k converge to a point z1 2 †1 with
d†1.xtip; z1/ D

1
4
D. Since R � cigar is a 1

2
ı-cylindrical plane at z1 when D is sufficiently large

depending on ı and 4C�10 C�11 , we obtain a contradiction for all sufficiently large k.

Case 2 (limk!1R.qk/D 0) Consider the rescaled metrics zgk D 1
16
R.qk/g and the rescaled functions

zfk WD
f �f .qk/

4R�1=2.qk/
;

then zfk satisfies zfk.qk/D 0 and

(3-15) zr
2 zfk Dr

2 zfk D
r2f

4R�1=2.qk/
D

Ric
4R�1=2.qk/

D
fRic

4R�1=2.qk/
;

and also
j zr zfkjzgk D 4R

�1=2.qk/jr zfkj D jrf j � C1:

In particular, at qk we have

(3-16) j zr zfkjzgk .qk/D jrf j.qk/ 2 ŒC
�1
0 ; C1�:

By (3-15) and (3-16), the derivatives of zfk are uniformly bounded. Thus there is a subsequence of zfk
converging to a smooth function f1 on R� cigar with f1.xtip/D 0.

By (3-15) and (3-16) we have r2f1 D 0 and jrf1j.xtip/ > 0. So f1 is a nonconstant linear function in
the R-direction. In particular, 0 is a regular value of f1, and the level set †1 WD f �11 .0/ is equal to
fag � cigar�R� cigar for some a 2R.

Therefore, after passing to a subsequence, as the manifolds
�
M; 1

16
R.qk/g; qk

�
smoothly converge

to .R�cigar; gc ; xtip/, the level sets
�
†k;

1
16
R.qk/g†k ; qk

�
of zfk with induced metrics smoothly converge

to the level set .†1; g†1 ; xtip/ of f1, and the points zk 2 †k converge to a point z1 2 †1 with
d†1.xtip; z1/D

1
4
D. So it follows when D is sufficiently large that R� cigar is a 1

2
ı-cylindrical plane

at z1. This is a contradiction for large k.

The next lemma shows that for a point at which the soliton looks sufficiently like the cylindrical plane
R2 �S1, the level set of f passing through it looks like the cylinder R�S1. We prove this lemma by a
limiting argument.
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Lemma 3.28 Let .M; g; f / be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. For any ı > 0 and C0 > 0, there exists � > 0 such that if M is an �-cylindrical plane at x 2M
and r.x/� C�10 , then the level set f �1.f .x// of f passing through x is a ı-neck at x at scale r.x/.

Proof Suppose the conclusion is not true. Then for some ı > 0 and C0 > 0, there is a sequence of points
xi 2M at which .M; g/ is an �i -cylindrical plane, with �i ! 0, such that †i WD f �1.f .xi // is not a
ı-neck at xi at scale r.xi /.

Consider the rescalings of the metrics zgi WD r�2.xi /g, and the rescalings of the functions

zfi WD
fi �fi .xi /

r.xi /
:

We have zfi .xi /D 0 and

zr
kC2 zfi D r

�1.xi /zr
kC2fi D r

�1.xi /zr
k.zr2fi /D r

�1.xi /zr
k.fRic/ for k � 0;

and also
zr zfi D r

2.xi /r zfi D r.xi /rfi :

Therefore, using r.xi /� C�10 we obtain

j zr
kC2 zfi jzgi D r

�1.xi /j zr
k.fRic/jzgi � C0j zr

k.fRic/jzgi ;

which goes to zero for each k � 0 since �i ! 0. Note that RC jrf j2 D C 21 for some C1 > 0, and we
also have jrf j � C1 and

j zr zfi jzgi D jrf j � C1:

In particular, since r.xi /�C�10 and �i! 0, it follows that R.xi /! 0 and jrf j.xi /� 1
2
C1 for all large i .

So at xi we have
j zr zfi jzgi .xi /D jrf j.xi / 2

�
1
2
C1; C1

�
:

So after passing to a subsequence we may assume that the manifolds .M; zgi ; xi / smoothly converge to
.R2�S1; gstan; x1/, and the functions zfi converge to a smooth function f1 on R2�S1, which satisfies
f1.x1/D 0 and

(3-17) jr
kC2f1j D 0 for k � 0; and jrf1j.x1/ 2

�
1
2
C1; C1

�
:

By (3-17) it is easy to see that f1 is a constant in each S1-factor in R2 � S1, and a nonconstant
linear function on the R2-factor. After a possible rotation on R2, we may assume the level set †1 WD
f �11 .0/D f.x; 0; �/ W x 2R; � 2 Œ0; 2�/g. In particular, 0 is a regular value of f1, and †1 is isometric
to .R�S1; gstan/. Therefore, the level sets .†i ; r�2.xi /g†i ; xi / of zfi smoothly converge to the level set
.†1; gstan; x1/ of f1. This implies that †i is a ı-neck when i is sufficiently large, a contradiction.

The following lemma compares the value of f at two points x and y, when the minimizing geodesic
from x to y is orthogonal to rf at y.
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Lemma 3.29 Let x and y be two points in M. Suppose that a minimizing geodesic � from y to x is
orthogonal to rf at y. Then f .x/� f .y/.

Proof Since hrf .�.0//; � 0.0/i D 0, computing by calculus variation we have

f .x/�f .y/D f .�.1//�f .�.0//D

Z 1

0

hrf .�.r//; � 0.r/i dr

D

Z 1

0

Z r

0

r
2f .� 0.s/; �.s// ds dr

D

Z 1

0

Z r

0

Ric.� 0.s/; �.s// ds dr � 0:

The following lemma compares the scales of two �-necks in a positively curved noncompact complete
2D manifold. It says that the scale of the inner �-neck is almost not larger than that of the outer �-neck.

Lemma 3.30 For any ı > 0, there exists an � > 0 such that the following holds:

Let .M; g/ be a 2D complete noncompact Riemannian manifold with positive curvature and let p be a
soul for it. Then for any �-neck N disjoint from p, the central circle of N separates the soul from the end
of the manifold. In particular , if two �-necks N1 and N2 in M are disjoint from each other and from p,
then the central circles of N1 and N2 are the boundary components of a region in M diffeomorphic to
S1 � I .

Moreover , assume N1 is contained in the 2-ball bounded by the central circle of N2. Then the scales
r1 and r2 of N1 and N2 satisfy

r1 < .1C ı/r2:

Proof The proof is a slight modification of the proof of [63, Lemma 2.20] using Busemann functions.

Now we prove the critical point theorem.

Theorem 3.31 Let .M; g/ be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Then there exists p 2M such that R attains its maximum at p and rf .p/D 0.

Proof Let � > 0 be some constant we can take arbitrarily small, and we will use ı > 0 to denote all
constants that converge to zero as �! 0. We suppose by contradiction that Rmax does not exists.

First, the level sets of f are noncompact: Suppose not. Then for some a 2 R, the level set f �1.a/ is
compact and hence is diffeomorphic to S2. So f �1.a/ separates the manifold into a compact and a
noncompact connected component. Since f is convex and nonconstant, by the maximum principle it
attains its minimum in the compact region. This contradicts our assumption.

Let �1; �2 W Œ0;1/ 2M be the two integral curves of rf or �rf from Lemma 3.17, which extend to
infinity on the open ends. First, we claim that �2 and �1 cannot be integral curves of �rf at the same
time. Otherwise, on the one hand, we have d.�1.s/; �2.s//!1 as s!1 by Lemma 3.16. On the
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other hand, since �1 and �2 are integral curves of �rf , it follows by the positive curvature and distance
expanding along the backwards Ricci flow of the soliton that d.�1.s/; �2.s// � d.�1.s0/; �2.s0// for
any s � s0. This contradiction shows the claim.

So we may assume �1 is an integral curve of rf . In Claims 3.32, 3.33 and 3.34, we will construct a
complete integral curve � W .�1;C1/ 2M of rf such that �.Œs0;1//� C1; �..�1;�s0�/� C2 for
some s0>0, and moreover the manifolds .M; r�2.�.s//g; �.s// converge to .R�cigar; r�2.xtip/gc ; xtip/

as s!˙1. Note that �..�1;1// is invariant under the diffeomorphisms �t generated by rf .

Claim 3.32 Take 
1 W Œ0;1/!M to be the integral curve of �rf starting from �1.0/. Then 
1.s/
goes to infinity as s!1.

Proof Suppose otherwise: assume for some si !1 and compact subset V that we have 
1.si / 2 V. By
the compactness of V, there is c > 0 such that Ric� cg and c � jrf j � c�1 in V. So by the first identity
in (2-2) we have

d

ds

ˇ̌̌̌
sDsi

R.
1.s//� c:

Moreover, by the increasing of R.
1.s// we get .d=ds/jsDsiR.
1.s//� 0 for all s. It is clear that there
is a uniform C0 > 0 such that ˇ̌̌̌

d2

ds2
R.
1.s//

ˇ̌̌̌
� C0 for all s:

We may choose the sequence si such that siC1 > si C 1. Then

R.
1.siC1//�R.
.s1//C

iX
kD1

.R.
1.skC1//�R.
1.sk///�R.
.s1//C
1
2
ic2C�10 !1;

which is impossible.

Claim 3.33 As s ! 1, the manifolds .M; r�2.
1.s//g; 
1.s// converge smoothly to the manifold
.R� cigar; r�2.xtip/g†; xtip/. In particular , 
1.s/ is an �-tip point for all sufficiently large s.

Proof It follows from Lemma 3.3 that the manifolds .M; r�2.
1.s//g; 
1.s// converge smoothly to
either .R� cigar; r�2.x0/g†; x0/ or .R2 �S1; gstan; x0/. We show that it must be the first case. Since
lim infs!1R.
1.s//>0, by the quadratic curvature decay of Theorem 3.20, it follows that 
1.s/ is within
uniformly bounded distance to the �-tip points on �1[�2. So the limit must be .R�cigar; r�2.x0/g†; x0/.

Moreover, since 
1.s/ is an integral curve of �rf , by the distance shrinking in the cigar soliton it is easy
to see that x0 must be a tip point in R� cigar.

Claim 3.34 For all s sufficiently large , 
1.s/� C2.

Proof Since the two chains C1 and C2 contain all �-tip points by Lemma 3.14, we have either 
1.s/2C2

or 
1.s/ 2 C1 for all sufficiently large s.
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Suppose 
1.s/ 2 C1 for all large s. On the one hand, by Claim 3.33, d.
1.s/; �1/! 0 as s!1. Since
�1.s/ is the integral curve of rf , we see that jrf j.�1.s// increases in s, and hence

lim inf
s!1

jrf j.
1.s//D lim inf
s!1

jrf j.�1.s// > 0:

So by Claim 3.33 we have that ].rf; ��.@r// < � at all �-tip points in C1, after possibly replacing r
by �r .

On the other hand, for a fixed point p0, by Lemma 3.6, ].rd.p0; � /; ��.@r// < � holds at all �-tip
points in C1 after possibly replacing r by �r . So either ].rf;rd.p0; � // < � or ].�rf;rd.p0; � // < �
has to hold at all �-tip points in C1. Note that Claim 3.32 implies that d.p0; 
1.s//!1 as s!1,
and hence (1) must hold. But the fact that d.p0; �1.s//!1 as s !1 implies that (2) must hold,
a contradiction.

Therefore, letting �.s/D �1.s/ for s � s0, and �.s/D 
1.s0� s/ for s � s0, we get the desired complete
integral curve � W .�1;C1/ of rf . So we may assume �2.s/ D 
1.s � s0/ for s � s0. Then �1
and �2 still satisfy the conclusions in Lemma 3.17, and moreover satisfy the additional properties that
lims!1R.�2.s// > 0, and that �1 and �2 are both parts of a complete integral curve � .

After a rescaling we may assume lims!1R.�2.s// D 4. Then for some s1 > 0, whose value will
be determined later, we can find a point p, which is the center of an �-cylindrical plane, such that
jh.p/�2�j � � and d.p; �/Dd.p; �2/D s1; see Definition 2.11 for h. � /. Let 
p.t/ be the integral curve
of rf starting from p. Then d.
p.t/; �/ increases in t . In particular, d.
p.t/; �.0//� d.
p.t/; �/� s1.
So by Lemma 3.19 we see that when s1 is sufficiently large, the distance d.
p.t/; �/ for any fixed t is
always attained in �..�1;�s0/[ .s0;1//, where �.s/ are �-tip points.

In particular, the minimizing geodesic connecting 
p.t/ to some point yt 2 �..�1;�s0/[ .s0;1//
such that d.
p.t/; yt /D d.
p.t/; �/ is orthogonal to � at the �-tip point yt , and yt !1 as t!1. On
the one hand, by the distance distortion estimate we have

(3-18)
d

dt
d.
p.t/; �/� sup


2Z.t/

Z



Ric.
 0.s/; 
 0.s// ds

in the backward difference quotient sense (see [36, Lemma 18.1]), where Z.t/ is the space of minimizing
geodesics 
 that realize the distance of d.
p.t/; �/. In particular, if yt 2 �2 and 
 is a minimizing
geodesic connecting 
p.t/ to yt , we have

(3-19)
d

dt
d.
p.t/; �/�

Z



Ric.
 0.s/; 
 0.s// ds � 2� � for all t 2 Œ0; T �;

where in the second inequality we used (2-5) that in a cigar soliton with R.xtip/D 4, the integral of Ricci
curvature along a geodesic ray starting from the tip is equal to 2. On the other hand, we have

(3-20)
d

dt
d.
p.t/; �1.s0C t //� inf


2W.t/

Z



Ric.
 0.s/; 
 0.s// ds
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in the forward difference quotient sense, where W.t/ is the space of all minimizing geodesics between

p.t/ and �1.s0C t /. Since R.�.s// strictly decreases in s, because otherwise .M; g/ is isometric to
R� cigar, we may assume that for some c1 > 0 we have R.�1.s0;1// � 4� c1. So by (3-20) there
exists some c2 > 0 such that

(3-21)
d

dt
d.
p.t/; �1.s0C t //� 2� c2:

Therefore, it follows from (3-19) and (3-21) that d.
p.t/; �/D d.
p.t/; �1/ for sufficiently large t .

Therefore, we may let
T D supft W d.
p.t/; �/D d.
p.t/; �2/g<1;

then d.
p.T /; �1/ D d.
p.T /; �2/ and d.
p.t/; �/ D d.
p.t/; �2/ for all t � T . Integrating (3-19)
from 0 to T we obtain

d.
p.t/; �/� d.p; �/C .2� �/t � s1C .2� �/t:

Since 
p.t/ is the integral curve of rf starting from p, it follows by the definition of h that h.
p.t// is
equal to the length of a minimizing geodesic loop at p with respect to g.t/. So by the Ricci flow equation,
Rm� 0, and jRicj � CR, we see that h.
p.t// is nondecreasing in t and the evolution inequality

d

dt
h.
p.t//� C �R.
p.t// � h.
p.t//

holds. Combining this with the following curvature upper bound from Theorem 3.20,

R.
p.t//�
C

d2.
p.t/; �/
�

C

.s1C .2� �/t/2
;

we obtain
d

dt
h.
p.t//�

C

.s1C .2� �/t/2
� h.
p.t//:

Assuming s1 is sufficiently large and integrating this we obtain

(3-22) h.
p.t//� h.p/.1C �/� 2�.1C �/:

Let q 2 �1 be a point such that
d.
p.T /; q/D d.
p.T /; �/:

So by Lemma 3.29 we have
f .q/ < f .
p.T //:

Since R.�1.s// decreases and f .�1.s// increases in s, there is q2 2 �1 such that

f .q2/D f .
p.T // > f .q/ and R.q/ > R.q2/:

In the rest of proof, we will show R.q2/� 4� ı. First, if d.
p.T /; q2/ < ı�1R�1=2.q2/, then since q2
is an �-tip point, we obtain

jh.
p.T //� 4� �R
�1=2.q2/j � ı:
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This fact combined with (3-22) gives

(3-23) R�1=2.q2/�
1

4�
h.
p.T //C ı �

1
2
C ı;

and hence R.q2/� 4� ı.

So we may assume from now on that d.
p.T /; q2/� ı�1R�1=2.q2/.

Claim 3.35 There exists an ı-cylindrical plane at some z 2 f �1.f .q2// at scale r DR�1=2.q2/.

Proof Let � W .R�cigar; xtip/ W! .M; q2/ be an �-isometry. For the interval Œ�1=ı; 1=ı��R and the ball
Bgc .xtip; 1=

p
ı/ in .cigar; gc/, we consider image of their productU WD�

�
Œ�1=ı; 1=ı��Bgc .xtip; 1=

p
ı/
�
.

Let � be a smooth curve connecting q2 to 
p.T / in the level set f �1.f .q2//. Since 
p.T / … U, by
continuity � must exit U at some z 2 @U.

Write @U˙ WD�.f˙1=ıg�Bgc .xtip; 1=
p
ı//. We will show that z 2�.Œ�1=ı; 1=ı��@Bgc .xtip; 1=

p
ı//D

@U �@U��@UC. Replacing C and � if necessary, we may assume f .�.1=ı// > f .q2/ > f .�.�1=ı//.

On the one hand, for any y 2 @U� let � W Œ0; `�!M be a unit-speed geodesic from y to some point
q� 2 �.Œ�1=ı; 1=ı�� xtip/ which achieves the distance from y to it. Then we have

f .y/�f .q�/D

Z `

0

hrf; � 0.r/i dr

D

Z `

0

Z r

0

r
2f .� 0.s/; � 0.s// ds dr

�

Z `

0

Z `

0

Ric.� 0.s/; � 0.s// ds dr �
C
p
ı
;

where we used that the length of � satisfies ` 2 Œı�1=2R�1=2.q2/; 2ı�1=2R�1=2.q2/�. This then implies

f .y/� f .q�/C
C
p
ı
� f .q2/�

1

Cı
C
C
p
ı
< f .q2/;

and hence @U� is disjoint from f �1.f .q2//.

On the other hand, for any y 2 @UC let qC be a point in �.Œ�1=ı; 1=ı�� xtip/ that is closest to y. Then

f .y/� f .qC/� f .q2/C
1

Cı
> f .q2/;

and hence @UC is also disjoint from f �1.f .q2//. So the claim holds.

By Lemma 3.28, the two ı-cylindrical planes at 
p.T / and z produce the two ı-necks in the level set
surface f �1.f .q2//: One ı-neck, denoted by N1, is centered at 
p.T /, which has scale 2.1C ı/ because
h.
p.T //� 2�.1Cı/ by (3-23), and h.
p.T //� h.p/� 2��� by the choice of p and the monotonicity
of h along integral curves; and the other ı-neck, denoted by N2, is centered at z with scale R�1=2.q2/.
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By the choice of N2 and d.
p.T /; q2/� ı�1R�1=2.q2/, it is clear that N2 is in the 2-ball bounded by the
central circle of N1. Since f �1.f .q2// is positively curved, we can apply Lemma 3.30 and deduce that

R�1=2.q2/� 2.1C ı/ and hence R.q2/� 4.1� ı/:

Now letting � go to zero, by the monotonicity of R along � this implies that R is a constant along � .
So R� 2 on � . By the soliton identity,

Ric.rf;rf /D�hrR;rf i D 0:

The Ricci curvature vanishes along � in the direction of rf . So the soliton splits off a line and it is
isometric to R� cigar, contradiction. This proves the existence of a critical point of f .

The following corollary follows immediately from Theorem 3.31 and Lemmas 3.17 and 3.16.

Corollary 3.36 There are two integral curves �i W .�1;1/!M of rf , for i D 1; 2, such that the
following hold :

(1) Let p be the critical point of f . Then lims!�1 �i .s/D p;

(2) As s !1, the pointed manifolds .M; r�2.�i .s//g; �i .s// smoothly converge to the manifold
.R� cigar; r�2.xtip/gc ; xtip/.

(3) For any p.i/
k
2 �i such that p.i/

k
!1 as k!1, the minimizing geodesics pp.i/

k
subsequentially

converge to two rays 
1 and 
2 such that Œ
1� D 0 and Œ
2� D � 2 S1.M; p/ D Œ0; �� for some
� 2 Œ0; �/.

3.5 An ODE lemma for distance distortion estimates

We will use the following ODE lemma of two time-dependent scalar functions to estimate certain distance
distortions in Theorem 3.41. This method generalizes the bootstrap argument in [60, Theorem 1.3], which
relies on the O.2/-symmetric structure of the soliton.

Lemma 3.37 (an ODE lemma) Let H;h W Œ0; T �! .0;1/ be two differentiable functions satisfying

(3-24)
�
H 0.t/� C1 � h

�1.t/;

h0.t/� C2 �H
�2.t/ � h.t/;

for some constants C1; C2 > 0. Suppose

(3-25)
H.0/

h.0/
>
C2

C1
:

Let C3 WD C1h�1.0/�C2H�1.0/ > 0. Then for all t 2 Œ0; T � we have�
H.t/� C3t CH.0/;

h.t/� h.0/eC2=.C3H.0//:

Proof Dividing both sides by h.t/ in the second inequality in (3-24), we get

@t .ln h.t//� C2H�2.t/:
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Integrating this from 0 to t we get

ln h.t/� C2

Z t

0

H�2.s/ dsC ln h.0/;

and hence
h.t/� h.0/eC2

R t
0 H
�2.s/ ds;

plugging which into the first inequality in (3-24) we get

H 0.t/� C1h.0/e
�C2

R t
0 H
�2.s/ ds:

Let H0.t/ be a solution to the following problem:

(3-26)
�
H0.0/DH.0/;

H 00.t/D C1h
�1.0/e�C2

R t
0 H
�2
0 .s/ ds:

Then it is easy to see that for all t � 0,

(3-27) H.t/�H0.t/ > 0:

The second equation in (3-26) implies

ln.H 00.t//D ln.C1 h�1.0//�C2

Z t

0

H�20 .s/ ds;

differentiating which at both sides we obtain

@t .H
0
0.t/�C2H

�1
0 .t//D 0:

Integrating this and using (3-26) and (3-25) we obtain

H 00.t/�C2H
�1
0 .t/DH 00.0/�C2H

�1
0 .0/D C1h

�1.0/�C2H
�1.0/D C3 > 0:

So by (3-27) we obtain
H.t/�H0.t/� C3t CH.0/:

Substituting this into the second inequality in (3-24) we get

@t .ln h.t//�
C2

.C3t CH.0//2
;

integrating which we obtain

h.t/� h.0/eC2=.C3H.0//�C2=.C3.C3tCH.0/// � h.0/eC2=.C3H.0//:

3.6 Asymptotic cone is not a ray

Theorem 3.41 is the main result in this section. It states that the soliton is Z2-symmetric at infinity, in the
sense that R has equal positive limits along the two ends of � . Moreover, assuming this positive limit is
equal to 4 after a proper rescaling, then any sequence of points going to infinity converges to either R2�S1

or R� cigar, without any rescalings. As a consequence of Theorem 3.41, we prove in Corollary 3.43
the uniqueness of the Bryant soliton among all 3D steady solitons on R3 asymptotic to a ray.
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We remark that this Z2-symmetry at infinity is also true in mean curvature flow: a mean curvature flow
flying wing in R3 is a graph over a finite slab. Moreover, the slab width is equal to that of its asymptotic
translators, which are two tilted Grim Reaper hypersurfaces [70; 55].

We first prove a technical lemma using metric comparison.

Lemma 3.38 There exists � > 0 such that the following holds: Let † be a 2D complete Riemannian
manifold with nonnegative curvature. Then there cannot be more than two disjoint �-caps.

Moreover , suppose there are two disjoint �-caps centered at p1 and p2, and † is an �-neck at a point
p 2† such that p is not in the two �-caps. Then the central circle at p separates p1 and p2.

Proof For the first claim, suppose by contradiction that there are three disjoint �-caps C1, C2 and C3

centered at p1, p2 and p3. We shall use ı.�/ to denote all constants that go to zero as � goes to zero.

Assume the minimizing geodesics p1p2 and p1p3 intersect the boundary of C1 at x2 and x3 respectively,
which are centers of two �-necks. So we have

d.x2; x3/ < ı.�/d.x2; p1/;

which by the monotonicity of angles implies

z]p2p1p3 � z]x2p1x3 � ı.�/:

In the same way we obtain that z]p1p2p3; z]p1p3p2 � ı.�/. But then we have

z]p1p2p3C z]p2p1p3C z]p1p3p2 � 3ı.�/ < �;
which is impossible.

For the second claim, suppose the central circle at p does not separate p1 and p2. Denote the �-isometry
of the �-neck at p by  W .���1; ��1/ � S1 ! †. Let 
˙ D  .f˙��1g � S1/. Then, after possibly
replacing C with �, we claim that the minimizing geodesics pp1, pp2 and p1p2 are all contained in the
component of † separated by 
� which contains 
C: First, since p1 and p2 are in the same component
of † separated by  .f0g �S1/, suppose pp1 intersects 
C. Then it follows that pp2 also intersects †C,
and the claim follows by the minimality of these geodesics.

By the claim, we can use a similar argument as before to deduce

z]p1p2pC z]p2p1pC z]p1pp2 < �;
which is a contradiction.

The following lemma is a key ingredient in the proof of Theorem 3.41.

Lemma 3.39 There exists C0>0 such that the following holds: Let � > 0 be a sufficiently small number ,
and p 2M be an �-cylindrical plane point. Let q 2 � be the point such that d.p; q/D d.p; �/. Suppose
R.q/ < C�10 . Then r.q/� 1200 h.p/, where h. � / is defined in Definition 2.11.
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Proof Let C denote all positive universal constants, and ı denote all positive constants that converge to
zero as �! 0. Let † WD f �1.f .q//. Then † is diffeomorphic to S2, and it separates M into a bounded
component f �1.Œ0; f .q/// diffeomorphic to a 3-ball, and an unbounded component f �1..f .q/;1//
diffeomorphic to R � S2. So we may assume � \ † D fq; xqg, and q and xq are ı-tip points. Let

 W Œ0; 1�!M be a minimizing geodesic from q to p. Then by Lemma 3.29 we have min
.Œ0;1�/ f �f .q/,
so p 2 f �1.Œf .q/;1//. Therefore, there is a smooth nonnegative function T W Œ0; 1�! R such that
x
.r/ WD ��T.r/.
.r// 2† for r 2 Œ0; 1�. Let xp D x
.1/D ��T.1/.p/.

Claim 3.40 We have that d†. xp; xq/� 1
2
d†.q; xp/, where d† denotes the intrinsic metric on †.

Proof First, we may assume .M; g/ is an �-cylindrical plane at xp. First, by the positive curvature and
distance shrinking in the Ricci flow g.t/D ���tg of the soliton, we have

(3-28) h. xp/� h.p/:

Consider the smooth map � W Œ0; 1��R!M defined by �.r; t/D �t .x
.r//. Since �t is the flow of rf ,
we have f ı�.r; t/D t Cf .q/ and hence h��.@t /; ��.@r/i D hrf; ��.@r/i D 0. So we can compute

(3-29) d.p; q/D Length.
/D
Z 1

0

j��.r;T .r//.@r/CT
0.r/ ���.r;T .r//.@t /j dr

�

Z 1

0

j��.r;T .r//.@r/j dr D

Z 1

0

j�T.r/�.x

0.r//j dr

�

Z 1

0

jx
 0.r/j dr D Length.x
/� d†.q; xp/:

Since jrf j � C�1 > 0 on M nB.x0; 1/, we have

(3-30) d.p; xp/� C.f .p/�f . xp//D C.f .p/�f .q//

D C

Z 1

0

Z r

0

Ric.
 0.s/; 
 0.s// ds dr

� C

Z 1

0

Ric.
 0.r/; 
 0.r// dr � 1
2
d.p; q/;

where in the second equality we used hrf; 
 0.0/i D 0, and in the last inequality we usedZ 1

0

Ric.
 0.r/; 
 0.r// dr �
1

2C
d.p; q/;

which follows from Lemma 2.13(2), Theorem 3.20, and the assumption R.q/ < C�10 by taking C0
sufficiently large.

Since d.p; xq/� d.p; �/D d.p; q/, together with (3-29) and (3-30) this implies

d†. xp; xq/� d. xp; xq/� d.p; xq/� d.p; xp/� d.p; q/� d.p; xp/�
1
2
d†.q; xp/:

This proves the claim.
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Since q is a ı-tip point, we may assume without loss of generality that d†.q; xp/�DR�1=2.q/, whereD is
from Lemma 3.27, because otherwise for sufficiently small � we have r.q/� 10r. xp/� 10r.p/� 100h.p/,
and thus the lemma holds. So we can find a point q1 on the †-minimizing geodesic between q and xp
such that d†.q; q1/DDR�1=2.q/ and hence

(3-31) r.q/� 10 r.q1/:

By Lemma 3.27 it follows that .M; g/ is a ı-cylindrical plane at q1. So by Lemma 3.28 this implies that
the level set † is a ı-neck at xp and q1 at scale r. xp/ and r.q1/, respectively.

We may also assume d†. xp; q1/ > 100r. xp/ > 10h. xp/, because otherwise we have r.q/ � 10r.q1/ �
20r. xp/� 20r.p/, and thus the lemma holds. We will show the inequalities

(3-32) d†.xq; xp/� d†.xq; q1/� 3 d†.xq; xp/:

For the first inequality in (3-32), since xq and q1 are in two disjoint ı-caps, it follows by Lemma 3.38 that
the central circle at xp separates q1 and xq in †. So a minimizing geodesic between q1 and xq intersects the
central circle at xp, and hence

d†.xq; q1/� d†. xp; xq/� 10h. xp/C d†. xp; q1/� d†. xp; xq/;

where in the last inequality we used d†. xp; q1/ > 100 r. xp/ > 10 h. xp/. For the second inequality in (3-32),
by Claim 3.40 we have

d†.xq; q1/� d†.xq; xp/C d†. xp; q1/� d†.xq; xp/C d†. xp; q/� 3 d†.xq; xp/:

By the first inequality in (3-32) and the positive curvature on†, we can deduce by volume comparison that

(3-33)
j@B†.xq; d†.xq; q1//j

d†.xq; q1/
�
j@B†.xq; d†.xq; xp//j

d†.xq; xp/
:

Since † is a ı-neck at both points xp and q1, it is easy to see that

1
2
�
j@B†.xq; d†.xq; q1//j

r.q1/
� 2 and 1

2
�
j@B†.xq; d†.xq; xp//j

r. xp/
� 2:

Therefore, by the second inequality in (3-32) and (3-33) we get r.q1/ � 12r. xp/. Then by (3-31),
r. xp/� 10h. xp/ and (3-28) we get

r.q/� 120r. xp/� 1200h. xp/� 1200h.p/;

which proves the lemma.

Now we prove the main theorem in this section. A key step in the proof is to choose two suitable functions
that evolve by the conditions in Lemma 3.37.
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Theorem 3.41 Let .M; g/ be a 3D steady gradient soliton with positive curvature that is not a Bryant
soliton. Let �1 and �2 be the two integral curves of rf from Corollary 3.36. Then after a rescaling of
.M; g/, we have

lim
s!1

R.�1.s//D lim
s!1

R.�2.s//D 4:

Moreover , for any sequence of points qk!1, the sequence of pointed manifolds .M; g; qk/ converge to
either .R2 �S1; gstan/ or .R� cigar; gc/. In particular , if fqkg � �1[�2, then .M; g; qk/ converges to
R� cigar.

Proof We will first prove lims!1R.�i .s// > 0 for i D 1; 2. By Theorem 3.31 we know that f has
a unique critical point x0. Assume f .x0/D 0. Then it is easy to see that all level sets f �1.s/ for all
s > 0 are diffeomorphic to 2-spheres, and the induced metrics have positive curvature by (3-14). Let
�1 and �2 be from Corollary 3.36, and � D �1.�1;1/[�2.�1;1/[ fx0g. Then the subset � is
invariant under the diffeomorphism �t . Let C denote all positive universal constants, � denote all positive
constants that we may take arbitrarily small, and ı denote all positive constants that converge to zero as
�! 0. Suppose by contradiction that the assertion lims!1R.�i .s// > 0 for both i D 1; 2 does not hold;
we will derive a contradiction. Without loss of generality, we may assume lims!1R.�1.s//D 0.

Choose a point p 2 M such that .M; g/ is an �-cylindrical plane at p, and d.p; �/ D d.p; �1/. By
Lemma 3.5, .M; g/ is always an �-cylindrical plane along the integral curve �t .p/ of rf starting from p

for t � 0. We abbreviate �t .p/ as pt . Let qt 2 � be a point such that d.pt ; �/D d.pt ; qt /. We claim
that R.qt /! 0 as t !1.

The claim is clear when lims!1R.�2.s// D 0, using that qt ! 1 as t ! 1 by Lemma 3.19. If
lims!1R.�2.s// > 0, we argue as follows: First, for any large s1 > 0, by Lemma 3.19 we can choose p
to be sufficiently far away from x0, so that d.pt ; �i / for i D 1; 2 are achieved at points on �i ..s1;1//.
On the one hand, by lims!1R.�2.s// > 0 and (2-7), we may assume d

dt
d.pt ; �2/� c0 for some c0 > 0.

On the other hand, by lims!1R.�1.s// D 0, Theorem 3.20, and the distance distortion estimate in
Lemma 2.13(2), we may also assume d

dt
d.pt ; �1/�

1
100
c0 for all t � 0. So we have

d

dt
d.pt ; �2/ >

d

dt
d.pt ; �1/:

Since d.p; �/D d.p; �1/, it follows by integrating that d.pt ; �2/ > d.pt ; �1/D d.pt ; �/ for all t � 0.
So qt always falls on �1.Œs1;1//, and thus R.qt /! 0. So the claim holds.

Since .M; r�2.qt /g; qt / converges to R� cigar as t !1, it follows for large t that R � C�1 r�2.qt /
in B.qt ; C�1r.qt //. Let H.�t .p//D d.�t .p/; �/. Then by (2-7) this implies:

(3-34) @tH.pt /� C
�1
� r�1.qt /:

Further, by Theorem 3.20 we haveR�CH�2.pt / inB.pt ; 100 h.pt //, where h. � / is from Definition 2.11.
So by (2-7) this implies

(3-35) @th.pt /� C �H
�2.pt / � h.pt /:

Geometry & Topology, Volume 29 (2025)



O.2/-symmetry of 3D steady gradient Ricci solitons 737

By the above claim we know R.qt /! 0 as t !1, so we can assume R.qt / � C�10 for C0 > 0 from
Lemma 3.39, by applying which we have r.qt / < 1200 h.pt /, and thus�

@tH.pt /� .1200C /
�1
� h�1.qt /;

@th.pt /� C �H
�2.pt / � h.pt /:

By taking � sufficiently small, we may assume H.p/=h.p/ > 1200C 2. So H.pt / and h.pt / satisfy all
assumptions in the ODE Lemma 3.37, applying which we can deduce

H.pt /� C
�1t and h.pt /� C for all sufficiently large t:

So we obtain r.qt / � C . Since .M; r�2.qt /g; qt / converge to .R� cigar; xtip/ as t !1, this implies
limt!1R.qt / > 0, a contradiction to the above claim. This proves lims!1R.�i .s// > 0 for i D 1; 2.

Now we prove lims!1R.�1.s//D lims!1R.�2.s// and the remaining assertions of the theorem. Note
that it suffices to show that for any two �-cylindrical plane points x1; x2 2M, we have jh.x1/�h.x2/j � ı.
To show this, by replacing pt by �t .xi / for i D 1; 2 in (3-34), and noting that r.qt / � C�1 as a
consequence of lims!1R.�i .s// > 0 for i D 1; 2, it follows that H.�t .xi // increases at least linearly,
and thus by (3-35) we obtain

(3-36) jh.xi /� h.�t .xi //j � ı for i D 1; 2:

Claim 3.42 lim
t!1

d.�t .x1/; �t .x2// <1.

Proof First, we have that d.�t .xi /; �/� d.xi ; �/CC�1t for i D 1; 2, so by the distance distortion of
Lemma 2.13 and Theorem 3.20 we have

d

dt
d.�t .x1/; �t .x2//�max

�
C

d.x1; �/CC�1t
;

C

d.x2; �/CC�1t

�
;

integrating which we obtain

(3-37) d.�t .x1/; �t .x2//� d.x1; x2/CC ln t:

Therefore, for any sufficiently large t , letting 
 W Œ0; 1�!M be a minimizing geodesic between �t .x1/
and �t .x2/, by triangle inequalities we have d.
.Œ0; 1�; �/ > C�1t . So by Theorem 3.20 we have
sups2Œ0;1�R.
.s//� C=t

2, and hence (3-37) implies

d

dt
d.�t .x1/; �t .x2//�

Z



Ric.
 0.s/; 
 0.s// ds �
C

t3=2
;

integrating which we proved the claim.

Note that �t .x2/ converges to a rescaling of R2 �S1 as t !1, so by Claim 3.42 we see that

jh.�t .x1//� h.�t .x2//j � ı

for all sufficiently large t . Combining this with (3-36), this implies

jh.x1/� h.x2/j � ı;

which proves the theorem.
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In the following we show that the soliton is asymptotic to a sector. Therefore, 3D steady gradient solitons
are all flying wings except the Bryant soliton.

Corollary 3.43 (Theorem 1.1, asymptotic to a sector) Let .M; g/ be a 3D steady gradient soliton with
positive curvature. If the asymptotic cone of .M; g/ is a ray, then .M; g/ is isometric to a Bryant soliton.

Proof Suppose that .M; g/ is not a Bryant soliton. Let C > 0 denote all constants depending on
the soliton .M; g/, and let � > 0 be some sufficiently small number. Let �1 and �2 be the integral
curves from Corollary 3.36. By Theorem 3.41 we may assume lims!1R.�i .s// D 4. We write
� D �1.Œ0;1//[�2.Œ0;1//. Let p 2M be the center of an �-cylindrical plane, then we have

(3-38) d.�t .p/; �/� 1:9 t C d.p; �/ for t � 0:

Suppose maxRDR.x0/� C . Then we have

d.x0; �t .p//� 20C t;

which combined with (3-38) implies

(3-39) d.�t .p/; �/� C
�1d.x0; �t .p// for all large t:

Let qk 2 �1 and xqk 2 �2 be sequences of points such that d.x0; qk/D d.x0; xqk/, and let �k W Œ0; 1�!M

be a minimizing geodesic connecting qk and xqk . Then it is easy to see that d.x0; �k.Œ0; 1�//!1 as
k!1. Since d.x0; �t .p//!1 as t!1, the integral curve �t .p/ must pass through the S1-factor of
an �-cylindrical plane centered at some point on �k.0; 1/. In particular, we can find tk > 0 and sk 2 .0; 1/
such that tk!1 as k!1, and

d.�tk .p/; �k.sk// < 2�:

Since d.qk; xqk/� d.�k.sk/; qk/� d.�k.sk/; �/, this implies by the triangle inequality that

d.qk; xqk/� d.�tk .p/; �/� d.�tk .p/; �k.sk//� d.�tk .p/; �/� 2�;

which together with (3-39) implies

(3-40) d.qk; xqk/� C
�1d.x0; �tk .p// for all large k:

Since .M; g/ is not isometric to R� cigar, we have

d.qk; xqk/ < .2�C
�1/d.x0; qk/:

Combining it with the triangle inequality

d.x0; �tk .p//C d.qk; xqk/� d.x0; qk/C d.x0; xqk/� 2� D 2d.x0; qk/� 2�;

we obtain
d.x0; �tk .p//� C

�1d.x0; qk/:

So by (3-40) this implies d.qk; xqk/� C�1d.x0; qk/ and thus z]qkx0xqk � C�1. Lastly, by Lemma 3.16,
the minimizing geodesics x0qk and x0xqk converge to two rays �1 and �2 with z].�1; �2/� C�1 > 0. So
the soliton is asymptotic to a sector.
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4 Upper and lower curvature estimates

In this section, we prove Theorem 1.7 of the two-sided curvature estimates. For the lower bound,
Theorem 4.8 shows that R decays at most exponentially fast away from � by using the improved Harnack
inequality in Corollary 4.6. For the upper bound, Theorem 4.11 shows that R decays at least polynomially
fast away from � . Theorem 4.11 is proved using the quadratic curvature decay from Theorem 3.20 and a
heat kernel method.

4.1 Improved integrated Harnack inequality

In this subsection, we prove an improved integrated Harnack inequality for Ricci flows with nonnegative
curvature operators. This improved Harnack inequality will be used to deduce the exponential curvature
lower bound in Theorem 4.8.

First, we state Hamilton’s traced differential Harnack inequality and its integrated version.

Theorem 4.1 Let .M; g.t// for t 2 .0; T � be an n-dimensional Ricci flow with complete time slices
and nonnegative curvature operator. Assume furthermore that the curvature is bounded on compact time
intervals. Then for any .x; t/ 2M � .0; T � and v 2 TxM,

(4-1) @tR.x; t/C
R

t
C 2hv;rRiC 2Ric.v; v/� 0:

Moreover , integrating this inequality appropriately yields: For any .x1; t1/; .x2; t2/ 2M � .0; T � with
t1 < t2, we have

(4-2)
R.x2; t2/

R.x1; t1/
�
t1

t2
exp

�
�
1

2

d2
g.t1/

.x1; x2/

t2� t1

�
:

Remark 4.2 By the soliton identities it is not hard to see that the equality in the differential Harnack
inequality (4-1) is achieved if .M; g.t// is the Ricci flow of an expanding gradient Ricci soliton with
nonnegative curvature operator and v Drft . We adopt the convention that the flow satisfies

Ric.g.t//C
1

2t
g.t/Dr2ft for t > 0:

See eg [38, Chapter 10.4].

Remark 4.3 In dimension 2, using RicD 1
2
Rg one can prove the slightly better integrated Harnack

inequality

(4-3)
R.x2; t2/

R.x1; t1/
�
t1

t2
exp

�
�
1

4

d2
g.t1/

.x1; x2/

t2� t1

�
:

The main result of this subsection shows that (4-3) actually holds in all dimensions. Our key observation
is the following curvature inequality.
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Lemma 4.4 Let .M; g/ be an n-dimensional Riemannian manifold with nonnegative curvature operator.
Then

(4-4) Ric� 1
2
Rg:

Proof To show this, let p 2M and choose an orthonormal basis feigniD1 of TpM under which the Ricci
curvature is diagonal, so

RicD .�1; : : : ; �n/;

where �1 � � � � � �n are the n eigenvalues. Let kij D Rm.ei ; ej ; ej ; ei /. Then since Rm� 0, we have

k1i �
X
j¤i

kj i D �i

for all i D 2; : : : ; n. So

�1 D k12C k13C � � �C k1n � �2C�3C � � �C�n;

and hence we have

Ric.v; v/� �1jvj2 �
�
�1C � � �C�n

2

�
jvj2 D 1

2
jvj2R:

Now we prove the improved integrated Harnack inequality.

Theorem 4.5 (improved integrated Harnack inequality) Let .M; g.t// for t 2 Œ0; T � be a complete
Ricci flow with nonnegative curvature operator. Suppose also that the .M; g.t// have bounded curvature.
Then for any x1; x2 2M and 0 < t1 < t2 � T , we have

R.x2; t2/

R.x1; t1/
�
t1

t2
exp

�
�
1

4

d2
g.t1/

.x1; x2/

t2� t1

�
:

Proof In the Harnack inequality (4-1), letting v D�r.logR/.x; t/ and T0 D 0, we get

(4-5) R�1@tRC
1

t
� 2jr logRj2C

2Ric.r logR;r logR/
R

� 0:

Then by Lemma 4.4 we obtain

(4-6)
@

@t
log.tR/� jr logRj2:

Let � W Œt1; t2�!M be a g.t1/-minimizing geodesic from x1 to x2. Then

log
�
t2R.x2; t2/

t1R.x1; t1/

�
D

Z t2

t1

d

dt
log.tR.�.t/; t// dt D

Z t2

t1

@

@t
log.tR/C

�
r log.tR/;

d�

dt

�
dt

�

Z t2

t1

jr logRj2C
�
r logR;

d�

dt

�
dt �

Z t2

t1

jr logRj2� jr logRj
ˇ̌̌̌
d�

dt

ˇ̌̌̌
dt

� �
1

4

Z t2

t1

ˇ̌̌̌
d�

dt

ˇ̌̌̌2
d�� �

1

4

d2
g.t1/

.x1; x2/

t2� t1
:

Geometry & Topology, Volume 29 (2025)



O.2/-symmetry of 3D steady gradient Ricci solitons 741

Note that if moreover the Ricci flow .M; g.t// is ancient, then (4-6) becomes

(4-7)
@

@t
logR � jr logRj2:

In particular, the following integrated Harnack inequality is a direct consequence of Theorem 4.5.

Corollary 4.6 (improved Harnack inequality, ancient flow) Let .M; g.t// for t 2 .�1; 0� be a complete
Ricci flow with bounded curvature. Suppose Rmg.t/ � 0 for all t 2 .�1; 0�. Then for any x1; x2 2M
and t1 < t2, we have

R.x2; t2/

R.x1; t1/
� exp

�
�
1

4

d2
g.t1/

.x1; x2/

t2� t1

�
:

Remark 4.7 The equality in Lemma 4.4 holds on any two-dimensional solutions. In the cigar soliton,
it is easy to see that the equality in (4-7) is achieved, but the equality is lost in the integrated version.
Nevertheless, the factor 1

4
in Corollary 4.6 is still sharp in the sense that using it we can obtain a curvature

lower bound on cigar soliton which is arbitrarily close to the actual curvature decay in the cigar at infinity:

Let .†; gc/ be a cigar soliton and R.xtip/D 4. Let .†; gc.t// be the Ricci flow of the soliton. For any
x 2†, let t D�d0.x; xtip/=2. Then by the distance distortion estimate (2-5) in gc.t/, we have

dt .x; xtip/� d0.x; xtip/C .2� �/.�t /;

where � > 0 denotes all constants depending on d0.x; xtip/, such that � ! 0 as d0.x; xtip/!1. So
applying the improved Harnack inequality we get

R.x; 0/�R.xtip; t / e
�.2��/ d0.x;xtip/ D 4 e�.2��/ d0.x;xtip/:

This can be compared with the curvature formula of the cigar soliton (2-4),

R.x; 0/D
16

.ed0.x;xtip/C e�d0.x;xtip//2
� 16 e�2d0.x;xtip/:

4.2 Exponential lower bound of the curvature

In this subsection we use the improved Harnack inequality to deduce the exponential curvature lower
bound.

Theorem 4.8 (scalar curvature exponential lower bound) Let .M; g; f; p/ be a 3D steady gradient
soliton that is not a Bryant soliton. Assume lims!1R.�1.s//D lims!1R.�2.s//D 4. Then for any
�0 > 0, there exists C > 0 such that

(4-8) R.x/� C�1e�2.1C�0/dg.x;�/:

Proof For any �0 > 0, let � > 0 denote all small constants depending on �0, whose values may change
from line to line. Let .M; g.t//, t 2 .�1;1/, be the Ricci flow associated to the soliton .M; g/, g.0/Dg.
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Consider the subset U consisting of all points x such that the distance dt .x; �/ for all t � 0 must be
achieved at �-tip points on � . Then it is clear by Lemma 3.19 that the complement of U is compact. So
we can find a constant C > 0 such that R � C�1 on M nU. Therefore, it suffices to prove the curvature
lower bound (4-8) for points .x; 0/ 2 U � f0g �M � .�1;1/.

Let x 2 U and t � 0. By a distance distortion estimate we have

(4-9) �
d

dt
dt .x; �/� sup


2Z.t/

Z



Ric.
 0.s/; 
 0.s// ds;

where the derivative is the backward difference quotient, and Z.t/ is the space of all minimizing geodesics 

which realize the distance dt .x; �/. For any such 
 connecting x to a point yt 2 � such that dt .x; yt /D
dt .x; �/, we have that yt is an �-tip point since x 2 U, and 
 is orthogonal at yt to � . Moreover, by the
assumption lims!1R.�1.s//D lims!1R.�2.s//D 4 we have

(4-10) R.yt ; t /� 4� �:

So by taking � small, (4-9) implies

�
d

dt
dt .x; �/� 2.1C �0/;

integrating which we get

(4-11) dt .x; yt /D dt .x; �/� d0.x; �/C 2.1C �0/.�t /:

Now applying Corollary 4.6

(the improved Harnack inequality) and using (4-10) and (4-11) we obtain

R.x; 0/�R.yt ; t /e
�d2t .x;yt /=.�4t/ � .4� �/e�.d0.x;�/C2.1C�0/.�t//

2
=.�4t/:

Letting t D�1
2
d0.x; �/, this implies

R.x; 0/� .4� �/e�2.1C�0/d0.x;�/:

Remark 4.9 This curvature estimate is sharp: in the manifold R � cigar, the curvature decays like
O.e�2dg. � ;�//, so our lower bound estimateO.e�.2C�0/ dg. � ;�// gets arbitrarily close to it as the distance
dg. � ; �/ goes to infinity.

4.3 Polynomial upper bound of the curvature

In Theorem 4.11 we show that the quadratic curvature decay from Theorem 3.20 can be improved to
polynomial decay at any rate. The proof relies on the following heat kernel estimate. This estimate shows
that the heat kernel starting from .x; t/ behaves like a Gaussian, and it is centered at the .x; s/ for all
s < t � 2. For s 2 Œt � 2; t/, the Gaussian bound also holds by Lemma 2.21.
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Lemma 4.10 Let .M; g; f; p/ be a 3D steady gradient soliton that is not a Bryant soliton and .M; g.t//
be the Ricci flow of the soliton. Let G.x; t Iy; s/ for x; y 2M and s < t � 2 be the heat kernel of the heat
equation @tuD�u under g.t/. Then there exists C > 0 such that

G.x; t Iy; s/� C.t � s/3=2 exp
�
�
d2s .x; y/

4C.t � s/

�
:

Proof After a rescaling we assume lims!1R.�1.s// D lims!1R.�2.s// D 4. We shall use C to
denote all constants depending only on the soliton .M; g/. Without loss of generality, we may assume
s D 0. For any s 2 Œ0; 1� and z 2 Bs.x; 1/, let 
 W Œs; t �!M be a curve such that 
 jŒs;2� is a minimizing
geodesic connecting x and z with respect to g.0/, and 
 jŒ2;t� � y.

For any � 2 Œ0; t � s�, by Theorem 3.20 we have R.y; t � �/ � C=r2.y; t � �/. Moreover, denoting
dt .x; �/ by r.x; t/, by Theorem 3.41 and distance distortion estimates we have

(4-12) r.x; t/C 1:9.t � s/� r.x; s/� r.x; t/C 2:1.t � s/:

So R.y; t � �/ � C=.r.x; t/CC�1�/2. For � 2 Œt � 2; t � s�, we have R.
.t � �/; t � �/ � C and
j
 0j.t � �/� C . Putting these together we can estimate the L-length of 
 ,

L.
/D

Z t�2

0

p
�R.y; �/ d� C

Z t�s

t�2

p
�.R.
.t � �/; t � �/Cj
 0j2/ d�

�

Z t�2

0

p
�

C

.r.x; t/CC�1�/2
d� C

Z t�s

t�2

C
p
� d� � C

p
t :

Let `.z; s/ WD `.x;t/.z; s/ be the reduced length from .x; t/ to .z; s/. Then

`.z; s/D
L.x;t/.z; s/

2
p
t � s

�
L.
/

2
p
t � s

� C:

Recalling the heat kernel lower bound by Perelman in [66, Corollary 9.5], we get

(4-13) G.x; t I z; s/�
1

4�.t � s/3=2
e�`.z;s/ �

C

t3=2

for all s 2 Œ0; 1� and z 2 Bs.x; 1/, integrating which in Bs.x; 1/ we get

(4-14)
Z
Bs.x;1/

G.x; t I z; s/ dsz �
C

t3=2
for all s 2 Œ0; 1�:

Let y 2M, then by the multiplication inequality for the heat kernel in [54, Theorem 1.30] we have

(4-15)
�Z

Bs.x;1/

G.x; t I z; s/ dsz

��Z
Bs.y;1/

G.x; t I z; s/ dsz

�
� C exp

�
�
.ds.x; y/� 2/

2

4C.t � s/

�
:

Substituting (4-14) into (4-15) and using the distance distortion estimate ds.x; y/�2�C�1d0.x; y/�2�
.2C /�1d0.x; y/, we obtain�Z

Bs.y;1/

G.x; t I z; s/ dsz

�
� Ct3=2 exp

�
�
d0.x; y/

2

4C.t � s/

�
:
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Integrating this for all s 2 Œ0; 1�, and then applying the parabolic mean-value inequality (see eg [36]) to
G.x; t I � ; � / at .y; 0/, we obtain

G.x; t Iy; 0/� Ct
3
2 exp

�
�
d20 .x; y/

4C t

�
:

Theorem 4.11 (scalar curvature polynomial upper bound) Let .M; g; f / be a 3D steady gradient
soliton that is not a Bryant soliton. Then for any integer k � 2, there exists Ck > 0 such that

R �
Ck

dkg . � ; �/
:

Proof By Theorem 3.20 this is true for k D 2. Let .M; g.t// be the Ricci flow of the soliton. We denote
dt .x; �/ by r.x; t/. After a rescaling we assume lims!1R.�1.s//D lims!1R.�2.s//D 4, so (4-12)
holds.

Suppose by induction that this is true for k � 2, we will show that this is also true for k C 1. In the
following C denotes all positive constants that depend on k, the maximum of R and the limits of R at
the two ends of � . Since R satisfies the evolution equation

@tRD�RC 2jRicj2;

for a fixed pair .x; t/ 2M � .�1;1/ we have

R.x; t/D

Z
M

G.x; t Iy; s/R.y; s/ dsyC 2

Z t

s

Z
M

G.x; t I z; s/jRicj2.z; �/ d�z d� WD I.s/C II.s/:

First, we claim that lims!�1 I.s/D0. To show this, we split I.s/ into two integrals onBs
�
x; 1
1000

r.x; s/
�

and M n Bs
�
x; 1
1000

r.x; s/
�
, and denote them respectively by I1.s/ and I2.s/. Then for I.s/, usingR

M G.x; t Iy; s/ dsy D 1 we can estimate that

I1.s/�

�Z
M

G.x; t Iy; s/ dsy

�
�

�
sup

Bs.x;
1

1000
r.x;s//

R. � ; s/

�
D sup
Bs.x;

1
1000

r.x;s//

R. � ; s/:

For any y 2Bs
�
x; 1
1000

r.x; s/
�
, we have r.y; s/� r.x; s/� 1

1000
r.x; s/� 1

2
r.x; s/. So by the inductive

assumption, R.y; s/� C=rk.x; s/. So it follows by (4-12) that I1.s/� C=r2.x; s/, which goes to zero
as s!�1.

For I2.s/, since by (4-12) we have

d2s .y; x/

t � s
� C�1r.x; s/� C�1.t � s/ for all y 2M nBs

�
x; 1
1000

r.x; s/
�
;

it follows by the heat kernel estimates Lemma 4.10 and Lemma 2.21 that

G.x; t Iy; s/� Ce�d
2
s .y;x/=C.t�s/;

which implies

I2.s/� C

Z
MnBs.x; 1

1000
r.x;s//

e�d
2
s .y;x/=C.t�s/ dsy � Ce

�r.x;s/=C
! 0 as s!�1:
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Next, we estimate II.s/. Let

J.�/ WD

Z
M

G.x; t I z; �/jRicj2.z; �/ d�z;

and split it into two integrals on B�
�
x; 1
1000

r.x; �/
�

and M n B�
�
x; 1
1000

r.x; �/
�
, and denote them

respectively by J1.�/ and J2.�/. Then by a similar argument as above and using the inductive assumption,
we see that J1.�/� C=r2k.x; �/ and J2.�/� Ce�r.x;�/=C � C=r2k.x; �/.

Therefore, integrating J.s/ we obtain

II.s/D 2
Z t

s

J.�/ d� D 2

Z t

s

.J1.�/CJ2.�// d� �

Z t

s

C

r2k.x; �/
d� �

Z t

s

C

.r.x; t/C1:9.t��//2k
d�

D C

�
1

r2k�1.x; t/
�

1

.r.x; t/C1:9.t�s//2k�1

�
�

C

r2k�1.x; t/
:

Combining this with the estimate on I.s/, it follows that

R.x; t/� lim sup
s!�1

.I.s/C II.s//�
C

r2k�1.x; t/
:

Since k � 2, we have 2k� 1� kC 1, which proves the theorem by induction.

5 Symmetry improvement theorems

In this section we will study the Ricci De Turck perturbations h whose background metric is an SO.2/-
symmetric complete Ricci flow which is sufficiently close to the cylindrical plane R2�S1. Such symmetric
2-tensor can be decomposed as hD hCC h�, where hC is the rotationally invariant mode and h� is the
oscillatory mode. We show that the oscillatory mode h� decays in time exponentially in a certain sense.
We will first prove the linear version of this symmetry improvement theorem, that is, the oscillatory mode
of a linearized Ricci De Turck flow on R2 �S1 decays exponentially in time. Then we can obtain the
theorem from its linear version by using a limiting argument.

More explicitly, jh�j decays exponentially in time in the following sense: First, if jh�j is initially bounded
uniformly by a constant, then the theorem shows that it decays as e�ı0t for some ı0 > 0. Moreover, if
jh�j. � ; 0/ has an exponential growth in the space direction, then the theorem shows that jh�j. � ; t / still
decays as e�ı0t modulo the same exponential growth rate in the space direction.

5.1 SO.2/-decomposition of a symmetric 2-tensor

For a 3D Riemannian manifold .M; g/, we say it is SO.2/-symmetric if it admits an effective isometric
SO.2/-action. Equivalently, this means that there is a one-parameter group of isometries  � , with � 2R,
such that  � D id if and only if � D 2k� for k 2Z. Throughout this section, we will moreover assume that
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.M; g/ is a 3D SO.2/-symmetric Riemannian manifold such that there exist a 2D Riemannian manifold

.N; g0/ and a Riemannian submersion � W .M; g/! .N; g0/ which maps an orbit of the SO.2/-action to
a point in N. This can be ensured when the SO.2/-action is free.

Let U be a local coordinate chart on N with coordinates � W .x; y/ 2 U0 � R2 ! �.x; y/ 2 U. Take
a section s W U ! ��1.U / �M. Parametrize SO.2/ by � W Œ0; 2�/! SO.2/. Then we obtain a local
coordinate on ��1.U / by .x; y; �/! � � s.�.x; y//.

Let h be a symmetric 2-tensor on M, and

(5-1) hC.y/ WD
1

2�

Z 2�

0

.��h/.y/ d�;

and h� WD h� hC. Then hC and h� are two symmetric 2-tensors. For any �0 2 SO.2/, we have

��0 hC D
1

2�

Z 2�

0

��0 .�
�h/ d� D

1

2�

Z 2�

0

.�0C �/
�h d� D

1

2�

Z 2�C�0

�0

��h d� D hC:

So we say hC is the rotationally invariant part and h� is the oscillatory part of h, and hD hCC h� is
the SO.2/-decomposition of h. Similarly, we say h is rotationally invariant if hD hC, and oscillatory if
hC D 0.

We now analyze the structure of the oscillatory mode more carefully. Since the one-forms dx, dy and d�
are invariant under the SO.2/-action, it follows that the basis fdx2; dy2; dx dy; dx d�; dy d�; d�2g of
the space of all symmetric 2-tensors are rotationally invariant. So the SO.2/-decomposition of h reduces
to the decomposition of components of h under this basis: h can be written as below under the local
coordinates,

hD F1 dx
2
CF2 dy

2
CF3 dx dyCF4 dx d� CF5 dy d� CF6 d�

2;

where Fi .x; y; �/ W U0 �S1!R are functions. Let Fi;˙ be the i th component in h˙. Then

Fi;C.x; y; �/D
1

2�

Z 2�

0

Fi .x; y; �
0/ d� 0;

which is independent of � , and

Fi;�.x; y; �/D

1X
jD1

Ai;j .x; y/ cos.j�/CBi;j .x; y/ sin.j�/;
where

Ai;j .x; y/D
1

�

Z 2�

0

Fi .x; y; �
0/ cos.j� 0/ d� 0 and Bi;j .x; y/D

1

�

Z 2�

0

Fi .x; y; �
0/ sin.j� 0/ d� 0:

We have the following observations. Suppose fMi ; gi ; xig is a sequence of SO.2/-symmetric Riemannian
manifolds, which smoothly converges to an SO.2/-symmetric Riemannian manifold .M1; g1; x1/, and
the convergence is SO.2/-equivariant. Suppose also that hi is a sequence of symmetric 2-tensors on Mi

that smoothly converges to a symmetric 2-tensor onM1. Write hi Dhi;CChi;� and h1Dh1;CCh1;�
for the SO.2/-decomposition. Then hi;C smoothly converges to h1;C, and hi;� smoothly converges
to h1;�.
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5.2 A symmetry improvement theorem in the linear case

Note that straightforward computation shows that the decomposition hD hCCh� is compatible with
the linearized Ricci De Turck flow @thD�Lh on the cylindrical plane R2 �S1. In the following, we
consider an oscillatory symmetric 2-tensor h on R2 � S1 which solves the linearized Ricci De Turck
equation. Assume jhj. � ; 0/ satisfies an exponential growth bound, then the following proposition shows
that jhj decays exponentially in time in a certain sense.

Proposition 5.1 (on R2 �S1, linear) Let ı0 D 0:01. There exists a T0 > 0 such that for all

˛ 2 Œ0; 2:02� and T � T0;

the following holds. Let h. � ; t / for t 2 Œ0; T � be a continuous family of oscillatory tensors on R2 �S1,
which is smooth on t 2 .0; T � and satisfies the linearized Ricci De Turck flow @thD�Lh. Suppose that

(5-2) jh.x; y; �; 0/j � Ae˛
p
x2Cy2

for any .x; y; �/ 2R2 �S1. Then

jhj.0; 0; �; T /� Ae2˛T � e�ı0T :

Note that at .0; 0; �/, the upper bound jhj � A at time 0 becomes jhj � Ae2˛T � e�ı0T at time T . For
˛D 0, the bound at time T is jhj �A �e�ı0T , in which case the exponential decay is clear. For ˛¤ 0, there
is an extra increasing factor e2˛T, which seems to cancel out the effect of the decreasing factor e�ı0T . In
this case, the exponential decay rate is measured by the time-dependent distance to the “basepoint” in a
suitable Ricci flow. So the increasing factor e2˛T will be compensated for by the distance shrinking as
going forward along the flow.

In Section 6, we will apply the nonlinear version of this proposition on the 3D flying wing with
lims!1R.�i .s// D 4 for i D 1; 2. We will consider h satisfying the initial bound jhj � e˛ dg. � ;�/.
Since the soliton converges to R� cigar along � , it follows that the distance to � shrinks at a speed
arbitrarily close to 2. This will outweigh the increasing caused by e2˛T. It is crucial that ˛ can be slightly
greater than 2 since we will rely on this to find an SO.2/-symmetric metric sufficiently close to the soliton
metric so that the error decays like e�.2Cı/ dg. � ;�/ for some small but positive ı. So the error can decay
faster than the scalar curvature as a consequence of Theorem 1.7.

Proof Since h is oscillatory, we can write it as

h.x; y; �; t/D F1.x; y; �; t/ dx
2
CF2.x; y; �; t/ dx dyCF3.x; y; �; t/ dy

2
CF4.x; y; �; t/ dx d�

CF5.x; y; �; t/ dy d� CF6.x; y; �; t/ d�
2;

where Fi are in the form

Fi .x; y; �; t/D

1X
jD1

Ai;j .x; y; t/ cos.j�/CBi;j .x; y; t/ sin.j�/;
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where
Ai;j .x; y; t/D

1

�

Z 2�

0

Fi .x; y; �
0; t / cos.j� 0/ d� 0;

Bi;j .x; y; t/D
1

�

Z 2�

0

Fi .x; y; �
0; t / sin.j� 0/ d� 0:

So by the assumption (5-2) we have jFi .x; y; �; 0/j � Ae˛
p
x2Cy2 , and hence

(5-3) jAi;j j.x; y; 0/; jBi;j j.x; y; 0/� 2Ae
˛
p
x2Cy2 :

Now, the tensor h satisfies @thD�Lh, which in the coordinate .x; y; �/ is equivalent to

(5-4) @tFi .x; y; �; t/D .@xxC @yy C @�� /Fi .x; y; �; t/D .�R2 C @�� /Fi .x; y; �; t/:

Solving (5-4) term by term we see

@tAi;j D�R2Ai;j � j
2Ai;j and @tBi;j D�R2Bi;j � j

2Bi;j :

So Ai;j .x; y; t/ � ej
2.t�T / and Bi;j .x; y; t/ � ej

2.t�T / satisfy the heat equation on R2. In the following,
we will estimate these terms from above at .0; 0; T /.

For convenience, we will omit the indices for a moment and let

(5-5) u.x; y; t/D Ai;j .x; y; t/ � e
j 2.t�T /:

Then u satisfies the heat equation
@tuD�R2u;

and by (5-3) we have

(5-6) juj.x; y; 0/� 2Ae˛
p
x2Cy2

� e�j
2T :

Since cos 0:4� 1
1:1

, it follows that for any .x; y/ 2R2, there isp
x2Cy2 � 1:1.x cos � Cy sin �/ for all � 2 Œ�0� 0:4; �0C 0:4�;

where �0 satisfies cos �0 D x=
p
x2Cy2 and sin �0 D y=

p
x2Cy2. So for any ˛ we have that

(5-7) e˛
p
x2Cy2

�
1

0:8

Z 2�

0

e1:1˛.x cos �Cy sin �/ d�:

Let

v.x; y; t/D 2Ae�j
2T
� e.1:1˛/

2t
�
1

0:8

Z 2�

0

e.1:1˛/.x cos �Cy sin �/ d�:

For any fixed � , by a straightforward computation we see that the function e.1:1˛/
2t �e.1:1˛/.x cos �Cy sin �/

is a solution to the heat equation on R2. So it follows that v also satisfies the heat equation, ie

@tv D�R2v:
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Note by (5-6) and (5-7) we have juj.x; y; 0/ � v.x; y; 0/. Moreover, by Lemma 2.22 we have a linear
exponential growth bound on juj.x; y; t/ for all later times t 2 Œ0; T �, which may depend on T . This
allows us to use the maximum principle (see eg [45]) and deduce that

(5-8) juj.0; 0; T /� v.0; 0; T /D 2:5Ae�j
2T
� e.1:1˛/

2T :

Since ˛ 2 Œ0; 2:02�, it is easy to check that

2˛� .1:1˛/2C 1� 0:1:

Take T0 D .ln 2:5/=0:05, then e0:05T > 2:5 for all T � T0, and hence

2:5 e�T � e.1:1˛/
2T
� e2˛T � e�0:05T :

Substituting this into (5-8), we obtain

juj.0; 0; T /� Ae�.j
2�1/T

� e2˛T � e�0:05T :

Restoring the indices in (5-5), we obtain

jAi;j j.0; 0; T /� Ae
�.j 2�1/T

� e2˛T � e�0:05T :

Similarly, jBi;j j.0; 0; T / satisfies the same inequality. Therefore, assuming T0� .ln 400/=0:04, we obtain

jFi j.0; 0; T /�

1X
jD1

jAi;j j.0; 0; T /C

1X
jD1

jBi;j j.0; 0; T /� 2A e
2˛T
� e�0:05T �

1X
jD1

e�.j
2�1/T

� 4A e2˛T � e�0:05T � 1
100
Ae2˛T � e�0:01T ;

which implies jhj.0; 0; T /� Ae2˛T � e�0:01T , and hence proves the lemma.

5.3 A symmetry improvement theorem in the nonlinear case

In Theorem 5.3, we prove the nonlinear version of Proposition 5.1. In the theorem, h is a symmetric
2-tensor satisfying the Ricci De Turck flow perturbation with background metric g.t/ being an SO.2/-
symmetric complete Ricci flow which is sufficiently close to R2 �S1 at a basepoint. We will show that
the oscillatory part of h has a similar exponential decay in time as in Proposition 5.1.

We briefly recall some facts of Ricci De Turck flow perturbations from [9, Appendix A]. Let .M; g.t//
be a complete Ricci flow and h be a solution to the Ricci De Turck flow perturbation equation with
background metric g.t/, given by

r@thD�g.t/hC 2Rmg.t/.h/CQg.t/Œh�;

where Qg.t/Œh� is quadratic in h and its spatial derivatives, and the left-hand side contains the conventional
Uhlenbeck trick,

.r@th/ij D .@th/ij Cg
pq.hpj Ricqi Chip Ricqj /:
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Then zh WD ˛�1h satisfies the rescaled Ricci De Turck flow perturbation equation

r@t
zhD�g.t/zhC 2Rmg.t/.zh/CQ

.˛/

g.t/
Œzh�;

which as ˛! 0 converges to the linearized Ricci De Turck equation,

r@t
zhD�g.t/zhC 2Rmg.t/.zh/;

which can also be written as @t zhD�Lzh, where �L is the Lichnerowicz laplacian

�Lhij D�hij C 2 g
kpg`qRkij`hpq �g

pq.hpj Ricqi Chip Ricqj /:

Theorem 5.3 is proved using a limiting argument: We consider a sequence of blowups of solutions hi
to the Ricci De Turck flow perturbation, and show that they converge to a solution to the linearized
Ricci De Turck flow to which we can apply Proposition 5.1. To take the limit, we need to derive uniform
bounds for hi and the derivatives.

To this end, we first observe that for a solution h to the Ricci De Turck flow perturbation, jhj2 satisfies
the evolution inequality [9, Appendix A.1]

@t jhj
2
� .gC h/ijr2ij jhj

2
� 2.gC h/ijgpqguvrihpurjhqvCC.n/jRmg j � jhj2CC.n/jhj � jrhj2;

where C.n/ > 0 is some dimensional constant. Note that the elliptic operator .gCh/ijr2ij is not exactly a
laplacian of metrics. So in order to use the standard heat kernel estimates, we compare this operator with
the exact laplacian �g.t/Ch.t/ in the following lemma, and show that @t jhj2 ��g.t/Ch.t/jhj2Cjhj2.

Lemma 5.2 For any n 2 N, there are constants C0.n/ and C1.n/ such that the following holds. Let
.M n; g.t// with t 2 Œ0; T � be a Ricci flow (not necessarily complete) with jRmj � 1 and inj� 1, and let
h.t/ be a Ricci flow perturbation with background g.t/. Suppose jrkhj � 1=C0.n/ < 1

100
for k D 0; 1.

Then jhj2 satisfies the evolution inequality

(5-9) @t jhj
2
��g.t/Ch.t/jhj

2
CC1.n/jhj

2:

Proof In the following, the covariant derivatives and curvature quantities are taken with respect to g.t/,
and the time-index t in g.t/ and h.t/ is suppressed. Let C denote all dimensional constants whose values
may change from line to line. Let .x1; x2; : : : ; xn/ be local coordinates on an open subset U �M, such
that jrkgj � C for k D 0; 1; for example we may choose the distance coordinates [67, Theorem 74]. By
the formula of the Hessian r2ijf D @

2
ijf ��

k
ij @kf for any smooth function f on U, it is easy to see

.gC h/ijr2ij jhj
2
D .gC h/ij @2ij jhj

2
� .gC h/ij�kij @kjhj

2;

�gChjhj
2
D .gC h/ij @2ij jhj

2
� .gC h/ij z�kij @kjhj

2;

where z�kij is the Christoffel symbol of gC h. So we have

.gC h/ijr2ij jhj
2
��gChjhj

2
D .gC h/ij .z�kij ��

k
ij /@kjhj

2:
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Seeing that jz�kij � �
k
ij j � C.jhj C jrhj/ and using the assumption jrkhj � 1=C0.n/ for k D 0; 1,

for sufficiently large C0.n/ we obtain

j.gC h/ijr2ij jhj
2
��gChjhj

2
j � C jhj2jrhjCC jhjjrhj2 � 1

2
jhj2C 1

2
jrhj2:

Combining this with Section 5.3, and noting that

2.gC h/ijgpqguvrihpurjhqv � 1:8jrhj
2;

we obtain (5-9).

Now we prove the main result of this section.

Theorem 5.3 (on almost cylindrical part, nonlinear) There exist ı0; T0 > 0 such that for any T � T0,
there exist x�.T /; xı.T /;D.T / > 0 such that for any

˛ 2 Œ0; 2:02�; � < x�; ı < xı and D# >D;

the following holds.

Let .M; g.t/; x0/ with t 2 Œ0; T � be a three-dimensional SO.2/-symmetric complete Ricci flow with
jRmjg.t/ � 1, and suppose .M; g; x0/ is ı-close to .R2 � S1; gstan/ in the C 98-norm. Let h.t/ be a
Ricci De Turck flow perturbation with background metric g.t/ on B0.x0;D#/ � Œ0; T � and suppose
jrkh.t/j � 1

1000
for k D 0; 1. Note that the norms and derivatives are with respect to g.0/. Suppose also

(5-10)
�
jrkhj.x; 0/� � � e100d0.x;x0/ for x 2 B0.x0;D#/ and k D 0; 1; 2;
jhj.x; t/� � � e10D# for .x; t/ 2 @B0.x0;D#/� Œ0; T �:

Suppose also

(5-11) jhj.x; 0/� � � e˛ dg.0/Ch.0/.x;x0/ for x 2 B0.x0;D/:

Then we have

jr
kh�j.x0; T /� � � e

�ı0T � e2˛T for k D 0; 1; : : : ; 100;

where h� is the oscillatory part of h.

Proof Let T0 > 0 be from Proposition 5.1, and the value of ı0 will be determined later. Suppose the
assertion does not hold for some T � T0 and C0 > 0. Then there are sequences of numbers �i ! 0,
ıi ! 0 and D#;i > Di !1, a sequence of SO.2/-symmetric complete Ricci flows .Mi ; gi .t// with
t 2 Œ0; T �, which is ıi -close to R2 �S1 at .xi ; 0/ 2Mi � Œ0; T �, and a sequence of Ricci De Turck flow
perturbation hi .t/ with background metric gi .t/, defined on B0.xi ;D#;i /� Œ0; T �, such that (5-10) holds
in B0.x0;D#;i /, and

(5-12) jhi j.x; 0/� �i � e
˛ dgi .0/Chi .0/.x;xi / on B0.xi ;Di /;
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but there is some ki 2 f0; 1; : : : ; 100g such that

(5-13) jr
kihi;�j.xi ; T /� �i � e

�ı0T � e2˛T :

After passing to a subsequence we may assume that the pointed Ricci flows .Mi ; gi .t/; xi / on Œ0; T �
converge to .R2 �S1; gstan; x0/ in the C 96-sense. We will show that hi=�i converge to a solution to the
linearized Ricci De Turck flow on R2 �S1. To this end, since jrkhj � 1

1000
, k D 0; 1, by Lemma 5.2,

there is C0 > 0 such that

@t jhi j
2
��giChi jhi j

2
CC0 � jhi j

2 on B0.xi ;D#;i /� Œ0; T �:

Let ui WD e�C0t jhi j2, then this implies @tui ��giChiui . Moreover, (5-10) implies�
ui .x; 0/� �

2
i � e

20dgi .0/Chi .0/.x;xi / for x 2 B0.xi ;D#;i /;

ui .x; t/� �
2
i � e

20D#;i for x 2 @B0.xi ;D#;i / and t 2 Œ0; T �:

Applying the heat kernel estimate Lemma 2.22 and the weak maximum principle on B0.xi ;D#;i /� Œ0; T �,
we obtain bounds on jui j which are independent of all i : for any A > 0, there exists C.A; T / > 0, which
is uniform for all i , such that

jui j.x; t/� C.A; T / � �
2
i on B0.xi ; A/� Œ0; T �;

and hence

(5-14) jhi j.x; t/� C.A; T / � �i on B0.xi ; A/� Œ0; T �;

with a possibly larger C.A; T /. By the local derivative estimates for the Ricci De Turck flow perturbations
[9, Lemma A.14], this implies bounds for higher derivatives,

jr
mhi j � Cm.A; T / � �i � t

�m=2 on B0
�
xi ;

1
2
A
�
� .0; T �;

where m 2N and Cm.A; T / > 0 are constants depending on A, T and m. Moreover, the first inequality
in (5-10) implies

jr
khi j � C.A; T / � �i on B0

�
xi ;

1
2
A
�
� Œ0; T � for k D 0; 1; 2:

Therefore, letting Hi D hi=�i ,

jr
mHi j � Cm.A; T / � t

�m=2 on B0
�
xi ;

1
2
A
�
� .0; T �;

and also
jr
kHi j � C.A; T / on B0

�
xi ;

1
2
A
�
� Œ0; T � for k D 0; 1; 2:

So after passing to a subsequence, Hi converges to a symmetric 2-tensor H1 on .R2 �S1/� Œ0; T � in
the C 0-sense, and the convergence is smooth on .0; T �.

On the one hand, by the contradiction assumption (5-13) there is some k0 2 f0; : : : ; 100g such that

(5-15) jr
k0H1;�j.x0; T /� e

�ı0T � e2˛T :
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On the other hand, since �i ! 0, it follows that H1 satisfies the linearized Ricci De Turck equation
@tH1 D�LH1. The initial bound (5-12) passes to the limit and implies

jH1j.x; 0/� e
˛ dgstan .x;x0/ for all x 2R2 �S1:

So we can apply Proposition 5.1 to the oscillatory part H1;� at every point in the backward parabolic
neighborhood U WD BT .x0; 1/� ŒT � 1; T �� .R2 �S1/� Œ0; T � centered at .x0; T /, and obtain

jH1;�j< e
˛C0:01

� e�0:01T � e2˛T on U:

Since the components of H1;� satisfy the heat equation (5-4), it follows by the standard derivative
estimates of heat equations that for all k D 0; 1; : : : ; 100,

jr
kH1;�j.x0; T / < Ck � e

�0:01T
� e2˛T � e�ı0T � e2˛T

for some ı0 < 0:01, which contradicts with (5-15).

6 Construction of an approximating SO.2/-symmetric metric

The main goal in this section is to construct an approximating SO.2/-symmetric metric whose error to the
soliton metric is bounded by e�2.1C�0/ dg. � ;�/ for some positive constant �0 > 0, and moreover the error
goes to zero as we move towards the infinity of the soliton. Here � D �1.�1;1/[�2.�1;1/[fpg,
where p is the critical point of M, and �1 and �2 are two integral curves from Corollary 3.36.

The construction consists of two parts. First, in Section 6.4, we do an inductive construction to obtain an
SO.2/-symmetric metric xg that approximates the soliton metric within the error e�2.1C�0/dg. � ;�/. Next,
in Section 6.5, we extend xg to a neighborhood of � to obtain the desired approximating metric.

In the first step, we repeat the following process in an induction scheme: We consider the harmonic map
heat flows from the Ricci flow of the soliton to the Ricci flow of some approximating SO.2/-symmetric
metric. The error between the two flows is characterized by the Ricci De Turck flow perturbation, whose
oscillatory mode decays in time by our symmetric improvement theorem. Therefore, the accuracy of
the approximation will improve by the flow, after adding the rotationally symmetric mode in the Ricci
De Turck flow perturbation to the approximating metric.

Note that the norm of the perturbation could grow very fast in the compact regions since we do not
have a symmetry improvement theorem there. In order to deal with this, we will do surgeries to the
soliton metric g and the approximating SO.2/-symmetric metrics, by cutting off their compact regions
and gluing regions that are sufficiently close to R2 �S1. The resulting manifolds are diffeomorphic to
R2 �S1, and close to R2 �S1 everywhere. So the harmonic map heat flows between the flows of these
manifolds exist up to a long enough time for us to apply Theorem 5.3. In the surgeries, we need to glue
�-cylindrical planes, and for the SO.2/-symmetric metrics we also need to preserve the SO.2/-symmetry
in the resulting metrics. This needs some gluing lemmas in Section 6.1. We conduct the surgeries in
Sections 6.2 and 6.3.
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6.1 Glue up SO.2/-symmetric metrics

In order to do the surgeries, we need to know how to glue SO.2/-symmetric metrics. This is done in this
subsection. Recall that for a 3D Riemannian manifold .M; g/, we say it is SO.2/-symmetric if there is a
one-parameter group of isometries  � , with � 2R, such that  � D id if and only if � D 2k� , k 2 Z. In
this subsection, we show how to glue several SO.2/-symmetric metrics which are close to .R2�S1; gstan/

and also close to each other on their intersections.

Since the metrics throughout this subsection are �-close to R2 � S1 for some very small �, we will
take derivatives and measure norms using the metric gstan on R2 � S1, since different choices of the
�-cylindrical planes only cause an error of C0� for some universal constant C0 > 0. Moreover, we say
two maps are �-close in C k-norm if their images are �-close, and they are �-close in C k-norm under the
standard coordinates of two �-cylindrical planes �-close to the preimage and image spaces.

First, we show in the following lemma that if a 3D Riemannian manifold .M; g/ is �-close to R2 �S1 at
x0 2M under two �-isometries �1 and �2, then the two vector fields �1�.@� / and �2�.@� / are C0�-close.
Therefore, the vector field @� is well-defined on an �-cylindrical plane up to sign and an error �.

Lemma 6.1 Let k 2N. There exists C0; x� > 0 such that the following holds for all � < x�. Let .M; g/
be a 3-dimensional Riemannian manifold. Suppose .M; g; x0/ is �-close to .R2 � S1; gstan/ in the
C k-norm under two �-isometries �i W S1 � .���1; ��1/� .���1; ��1/! Ui b M for i D 1; 2, where
V WD �1.S

1 � .�100; 100/ � .�100; 100// � U2. Then after possibly replacing �2 by �2 ı p, where
p.�; x; y/D .��; x; y/ for � 2 Œ0; 2�/ and x; y 2 .���1; ��1/, we have

j�1�.@� /��2�.@� /jCk�1.V / � C0�:

Proof We shall use � to denote all constants C0�, where C0 > 0 is a constant depending only on k. Let
gi D .�

�1
i /�gstan and Xi D �i�.@� / for i D 1; 2. Let .x; y; �/ be the coordinates on U1 induced by �1

such that g1 can be written as d�2Cdx2Cdy2, where x; y 2 .���1; ��1/ and � 2 Œ0; 2�/. So X1D @� .
The coordinate function � can be lifted to a function z on the universal covering zU1! U1, so that the
metric on zU1 can be written as dz2C dx2C dy2 under the coordinates .x; y; z/.

Assume � is sufficiently small. Then

(6-1) jg1�g2jCk.V / � jg1�gjCk.V /Cjg2�gjCk.V / � �:

Since LX2g2 D 0, this implies

(6-2) jLX2g1jCk�1.V / � jLX2.g2C .g1�g2//jCk�1.V / D jLX2.g1�g2/jCk�1.V / � �:

Note that all Killing fields on R3 have the form

a1@xC a2@y C a3@zC b1.x@z � z@x/C b2.x@y �y@x/C b3.z@y �y@z/;

where a1; a2; a3; b1; b2; b3 2 R. By a direct computation using (6-2), we see that X2 is �-close in the
C k�1-norm to a vector field on V of the form

(6-3) a1@xC a2@y C a3@� C b1.x@� � �@x/C b2.x@y �y@x/C b3.�@y �y@� /:
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In the following, we will estimate these coefficients and show that ja3˙ 1j � � and other coefficients
are bounded in absolute values by �. First, since X2 is smooth, it follows that the vector field in (6-3)
restricted at � D 0 and � D 2� must be �-close. So we must have

jb1jC jb3j � �:

Next, since rg2X2 D 0, it follows by (6-1) that jrg1X2jCk�1.V / � �, which implies jb2j � �. So X2 is
�-close in the C k�1-norm to the vector

Y WD a1@xC a2@y C a3@� ;

and hence the flow generated by Y , which is8<:
x.t I x0; y0; �0/D x0C a1t;

y.t I x0; y0; �0/D y0C a2t;

�.t I x0; y0; �0/D �0C a3t;

is �-close in the C k�1-norm to the flow generated by X2 on V. Since the flow of X2 is 2�-periodic, it
follows that

(6-4) ja1jC ja2jC j2�a3� 2m�j � � for some m 2N:

Note that for i D 1; 2, Xi is a unit-speed velocity vector of the gi -minimal geodesic loop, so it is easy to
see that for sufficiently small � we must have either jX2�X1j � 1

1000
or jX2CX1j � 1

1000
. This implies

ja3˙ 1j �
1
100

, which combined with (6-4) implies

ja1jC ja2jC ja3˙ 1j � �;

which proves the lemma.

The next lemma is a step further than Lemma 6.1, which shows that if an SO.2/-symmetric metric is
�-close to an �-cylindrical plane, then their Killing fields are also C0�-close.

Lemma 6.2 Let k 2NC. There exists C0; x� > 0 such that the following holds for all � < x�. Let .U; g/
be a 3D Riemannian manifold (which is not necessarily complete), and let x0 2 U. Suppose that g is
SO.2/-symmetric metric and X is the Killing field of the SO.2/-isometry. Suppose also that .U; g; x0/ is
�-close to .R2 �S1; gstan/ in the C k-norm , and

jX � @� j �
1

1000
on Bg.x0; 1000/b U;

where @� denotes the Killing field along the S1-direction in an �-cylindrical plane. Then

jX � @� jCk�1.Bg.x0;1000// � C0�:

Note that the assumption jX � @� j � 1
1000

in this lemma is necessary even if we derive a better bound
using it. For example, on R2 �S1, an SO.2/-isometry could be either a rotation in the xy-plane around
the origin, or a rotation in the S1-factor, but their Killing fields are not close to each other.
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Proof We shall use � to denote all constants C0�, where C0 > 0 is a constant independent of �. First, let
�1 be the �-isometry from .R2 �S1; gstan/ to .U; g; x0/, and let .x; y; �/ with x; y 2 .���1; ��1/ and
� 2 Œ0; 2�/ be local coordinates on an open subset V containingBg.x0; 1000/, such that g1 WD .��11 /�gstan

can be written as d�2Cdx2Cdy2. Then � can be lifted to a function z on the universal covering zV ! V,
and the induced metric on zV is dz2C dx2C dy2.

Seeing that LXg D 0, this implies

jLXg1jCk�1.U / D jLX .g1�g/jCk�1.U / � �:

As in Lemma 6.1, this implies that X is �-close in the C k�1-norm to the vector field on V given by

(6-5) Y WD a1@xC a2@y C a3@� C b2.x@y �y@x/;

where a1; a2; a3; b2 2R.

In the following we will show that ja3� 1j � � and ja1j; ja2j; jb2j � �. First, assume b2 ¤ 0. Then the
flow generated by Y is

(6-6)

8̂̂̂<̂
ˆ̂:
y.t I x0; y0; �0/D y0 cos b2t C

a1

b2
.1� cos b2t /C

a2

b2
sin b2t;

x.t I x0; y0; �0/D x0 cos b2t C
a2

b2
.cos b2t � 1/C

a1

b2
sin b2t;

�.t I x0; y0; �0/D �0C a3t:

Since the flow generated by X is 2�-periodic and Y is �-close to X , it follows that

(6-7) jx.2� I x0; y0; �0/� x0jC jy.2� I x0; y0; �0/�y0jC j2�a3� 2m�j � �

for some m 2N. First, by jX � @� j � 1
1000

we have

jY � @� j � jX �Y jC jX � @� j � �CjX � @� j �
1
500
;

which implies jb2j � 1
100

. Moreover, by taking y0 D 100;�100 in (6-7) and using (6-6), we get

200jcos.2�b2/� 1j D jy.2� I 0; 100; 0/� 100�y.2� I 0;�100; 0/C 100j � �;

which combined with jb2j � 1
100

implies jb2j � �.

So we may assume b2 D 0 in (6-5), so X is �-close to the vector field in the C k�1-norm on V given by

(6-8) Z WD a1@xC a2@y C a3@� ;

which generates the flow

(6-9)

8<:
y.t I x0; y0; �0/D y0C a2t;

x.t I x0; y0; �0/D x0C a1t;

�.t I x0; y0; �0/D �0C a3t:

The 2�-periodicity of the flow of X implies immediately

ja1jC ja2jC j2�a3� 2m�j � �:

Using jX � @� j � 1
1000

again this implies ja3� 1j � �, which proves the lemma.
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In the following lemma, we show that one can glue one-parameter groups of diffeomorphisms that are
�-close to each other on their intersections, to obtain a global one-parameter group of diffeomorphisms
that are C0�-close to them, where the constant C0 does not depend on �.

Lemma 6.3 Let m; k 2 NC. There exists C0; x� > 0 such that the following holds for all � < x�. Let
.M; g/ be a 3D Riemannian manifold. Suppose .M; g/ is �-close to .R2�S1; gstan/ at all x 2M. Suppose
fUig

1
iD1 is an open covering of M such that at most m of them intersect at one point. Additionally,

suppose that there is a one-parameter group of diffeomorphisms f�i;�g�2R on each Ui which satisfies

(1) �i;0 D �i;2� D id,

(2) j�i;t�.@t /�@� j � 1
1000

, where @� denotes the Killing field along the S1-direction in an �-cylindrical
plane up to sign ,

(3) j�i ��j jCk..Ui\Uj /�S1/ � �, where �i .x; �/D �i;� .x/ for any .x; �/ 2 Ui �S1.

Then there exists a one-parameter group of diffeomorphisms f tgt2R on M satisfying

(1)  0 D  2� D id,

(2) j ��i jCk.Ui�S1/ � C0� for all i ,

(3)  t D �i;t on fx 2M W Bg.x; 1000 r.x//� Uig.

Proof In the following, C0 denotes all positive constants that depend on k. Since .M; g/ is covered by
�-cylindrical planes, by a standard gluing argument we can find a smooth complete surface N embedded
in M such that the tangent space of N is 1

100
-almost orthogonal to @� in each �-cylindrical plane. Equip

the manifold N �S1 with a warped product metric xgD gN Cd�2, � � Œ0; 2�/, where gN is the induced
metric of .M; g/ on N .

First, we will use the local one-parameter groups �i;� to construct local diffeomorphisms Fi WN �S1!M.
Let Vi D Ui \N. Then fVig1iD1 is an open covering of N, and at most m of them intersect at one point.
Let Fi W Vi �S1! Ui be defined by

Fi .x; �/D �i;� .'.x//:

Then Fi is a diffeomorphism, and

jFi �Fj jCk..Vi\Vj /�S1/ � C0�:

Next, we will first construct a global diffeomorphismF WN�S1!M by gluing up the diffeomorphismsFi
so that F is C0�-close to each Fi . Suppose x� is sufficiently small such that for any x 2M, Bg.x; x�/ is a
convex neighborhood of x, ie the minimizing geodesics connecting any two points in Bg.x; x�/ are unique
and contained in Bg.x; x�/. Let �2 be the open neighborhood of f.x; x/ 2M 2g the diagonal of M 2,

�2 D f.x; y/ 2M
2
W dg.x; y/� x�g �M

2:

Define the smooth map

(6-10) †2 W f.s1; s2/ 2 Œ0; 1�
2
W s1C s2 D 1g ��2!M
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as †2.s1; s2; x1; x2/ D 
x2;x1.s1/, where 
x2;x1 W Œ0; 1�!M is a minimizing geodesic from x2 to x1.
Then for all s1; s2 2 Œ0; 1� with s1C s2 D 1, and x; x1; x2 2M , †2 satisfies the properties

(1) †2.1; 0; x1; x2/D x1, †2.0; 1; x1; x2/D x2,

(2) †2.s1; s2; x; x/D x.

Then for each K 2N, we can inductively construct the open neighborhood

�K D f.x1; : : : ; xK/ 2M
K
W dg.xi ; xj /� x�g �M

K

of f.x; : : : ; x/ 2MKg the diagonal in MK (see also [7]), and the smooth map

†K W f.s1; : : : ; sK/ 2 Œ0; 1�
K
W s1C � � �C sK D 1g ��K !M;

by defining

†K.s1; : : : ; sK ; x1; : : : ; xK/ WD†2.1� sK ; sK ; †K�1.s1; : : : ; sK�1; x1; : : : ; xK�1/; xK/;

with the following properties for all s1; : : : ; sK 2 Œ0; 1�, s1C � � �C sK D 1 and x; x1; x2; : : : ; xK 2M :

(1) If for some j 2 f1; : : : ; Kg we have sj D 1 and si D 0 for all i ¤ j , then

†K.s1; : : : ; sK ; x1; : : : ; xK/D xj :

(2) †K.s1; : : : ; sK ; x; : : : ; x/D x.

(3) If sK�iC1 D � � � D sK D 0 for some i � 1, then

†K.s1; : : : ; sK ; x1; : : : ; xK/D†K�1.s1; : : : ; sK�i ; x1; : : : ; xK�i /:

Let fhig1iD1 be a partition of unity of N �S1 subordinated to fVi �S1g1iD1, such that hi is constant on
each S1-factor, and hi � 1 on zVi � S1, where zVi D fx 2 N W BgN .x; 500 r.x// � Vig � S

1. Then let
F WN �S1!M be such that for any x 2N �S1,

F.x/ WD†K.h1.x/; : : : ; hK.x/; F1.x/; : : : ; FK.x//;

where K 2N is some integer such that hK0.x/D 0 for any K 0 >K. By the properties of �K and †K ,
we see that F is a well-defined smooth map, and it satisfies

(6-11) jF �Fi jCk.Vi�S1/ � C0�:

Next, we will show that F is a diffeomorphism. First, by (6-11) and the definition of xg we see that for
any p 2N �S1 and v 2 Tp.N �S1/, we have

(6-12) jF�p.v; v/jg � 0:9jvjxg :

So F� is nondegenerate. Next, we argue that F is injective. To see this, note that (6-11) and assumption (2)
imply that F is injective on BgN .x; 2/ � S

1 for any x 2 N , and F.x1 � S1/\ F.x2 � S1/ D ∅ for
any x1; x2 2 N such that dgN .x1; x2/ � 1. Now suppose F.x1; �1/D F.x2; �2/. Then we must have
dgN .x1; x2/ < 1, and hence x1 D x2; �1 D �2 as desired. Therefore, F is a diffeomorphism.
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Next, let � 2 Œ0; 2�/ be the parametrization of S1, and let X WD F�.@� /. Then X generates a 2�-
periodic one-parameter group of diffeomorphisms  � with � 2 Œ0; 2�/ on M. In the following we will
show that  � satisfies all the properties. Write  .x; �/ D  � .x/ for all .x; �/ 2 M � S1. First, let
zUi D fx 2M W Bg.x; 1000 r.x//� Uig. Then it is easy to see that zUi � F. zVi �S1/. Since hi � 1 on
zVi �S

1, it follows that F D Fi , and hence  � D �i;� on zUi , which verifies property (3).

Lastly, to verify property (2), we note that for any x 2 Ui D Fi .Vi �S1/, supposing x D Fi .z; �1/, then
for any � 2 Œ0; 2�/, we have

�i;� .x/D �i;�C�1.x/D Fi .z; �1C �/

and also
 .F ıF�1i .x/; �/D  .F.z; �1/; �/D F.z; �1C �/:

Therefore, using (6-11) the closeness of F and Fi , as well as the closeness of F ıF�1i W Ui !M and
id W Ui !M, we can deduce that

j ��i jCk.Ui�S1/ � C0�;

which verifies (2).

Now we prove the main result of this subsection, which shows that if there are some SO.2/-symmetric
metrics which are �-close to each other, then we can glue them together to obtain a global SO.2/-symmetric
metric which is C0�-close to the original metrics.

Lemma 6.4 Let k;m 2 NC. There exists C0; x� > 0 such that the following holds for all � < x�. Let
.M; g/ be a 3D Riemannian manifold diffeomorphic to R2 � S1, which is �-close to .R2 � S1; gstan/

at all x 2M. Suppose fUig1iD1 is a locally finite covering of M such that at most m of them intersect
at one point , and there is an SO.2/-symmetric metric gi on Wi WD

S
x2Ui

Bg.x; 1000r.x//, with the
SO.2/-isometry f�i;�g�2Œ0;2�/ and Killing field Xi , which satisfies

(6-13) jgi �gjCk.Wi / � � and jXi � @� jC0.Wi / �
1

1000
;

where @� denotes the Killing field along the S1-direction in an �-cylindrical plane , up to sign. Let fhig1iD1
be a partition of unity subordinate to fUig1iD1. Then we can find an SO.2/-symmetric metric xg on M with
SO.2/-isometry f �g�2Œ0;2�/ such that

(6-14) jxg�gjCk�1.M/ � C0� and j � ��i;� jCk�1.Ui / � C0�:

Moreover , xg D gi on the subset fx 2M W hi .�i;� .x//D 1 for � 2 Œ0; 2�/g.

Proof In the following C0 denotes all positive constants that depend on k and m. Let

Vi D fx 2M W hi .�i;� .x//D 1 for � 2 Œ0; 2�/g � Ui �Wi :

First, applying Lemma 6.2 to gi we have

(6-15) jXi � @� jCk�1.Ui / � C0�;

where @� is the Killing field along the S1-direction in an �-cylindrical plane up to sign. As in Lemma 6.3,
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let N be a 2D complete surface smoothly embedded in M, whose tangent space is 1
100

-almost orthogonal
to @� .

Next, we will construct a diffeomorphism � W N � S1 ! M such that � jN�f0g D idN and ��.@� / is
1
100

-close to the S1-factor of any �-cylindrical planes. To do this, first we can find a covering of M by �-
cylindrical planes such that the number of them intersecting at any point is bounded by a universal constant.
Then we claim that after reversing the � -coordinate in certain �-cylindrical planes we can arrange that the
vector fields @� are C0�-close in the intersections. Suppose the claim does not hold. Then by Lemma 6.1
it is easy to find an embedded Klein bottle in M. Since M is diffeomorphic to R2 �S1, which can be
embedded into R3 as a tubular neighborhood of a circle, it follows that the Klein bottle can be embedded
in R3, which is impossible by [53, Corollary 3.25]. Now the diffeomorphism � follows immediately
from applying Lemma 6.3, since the one-parameter groups of these �-cylindrical planes are C0�-close.

Therefore, we can replaceXi by�Xi for some i so that they are all 1
100

-close to ��.@� /. So (6-15) implies

(6-16) jXi �Xj jCk�1.Ui\Uj / � C0�:

Replacing �i;� by �i;�� for such i , this then implies

(6-17) j�i;� ��j;� jCk�1.Ui\Uj / � C0�:

Then by Lemma 6.3 we can construct a one-parameter group of diffeomorphisms f �g on M such that
 0 D  2� D id and

j � ��i;� jCk�1.Ui / � C0�;

and  � D �i;� on Vi .

Let yg D
P1
iD1 hi �gi . Then yg D gi on Vi and by (6-13) we have

jyg�gjCk�1 � C0� on M:

Let

xg D
1

2�

Z 2�

0

 �� yg d�:

Then .M; xg/ is SO.2/-symmetric under the isometries  � , and

jxg�gi jCk�2.Ui / �
1

2�

Z 2�

0

j �� g��
�
i;�gi jCk�2.Ui / d�

�
1

2�

Z 2�

0

j �� .g�gi /jCk�2.Ui /Cj 
�
� gi ��

�
i;�gi jCk�2.Ui / d� � C0�;

which combined with (6-13) implies (6-14).

Moreover, if x 2 Vi , then  � .x/D �i;� .x/ and yg.x/D gi .x/, so we have

xg.x/D
1

2�

Z 2�

0

 �� .yg. � .x/// d� D
1

2�

Z 2�

0

��i;� .gi .�i;� .x/// d� D gi .x/;

which finishes the proof.
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6.2 Surgery on the soliton metric

In this subsection we will conduct a surgery on the soliton by first removing a neighborhood of the
edges � and then grafting a region covered by �-cylindrical planes onto the soliton. After the surgery, we
obtain a complete metric on R2 �S1, which is covered everywhere by �-cylindrical planes.

We fix some conventions and notations. First, in the rest of the entire section we assume .M; g/ is a 3D
steady gradient soliton with positive curvature that is not a Bryant soliton. Then by Theorem 3.41 we
may assume after a rescaling that

(6-18) lim
s!1

R.�1.s//D lim
s!1

R.�2.s//D 4:

Next, let �D dg. � ; �/. For any 0 < A < B we write

�ŒA;B� D �
�1.ŒA;B�/; ��A D �

�1.Œ0; A�/; ��A D �
�1.ŒA;1//; �A D �

�1.A/:

In the following, we construct a complete metric on R2 �S1 and a vector field so that they are equal to
the soliton metric and rf on the infinite triangular region �>A, and it is covered by �-cylindrical planes.
Using the flow of V we construct a flow g0.t/ on M 0 which then satisfies the Ricci flow equation in a
region of M 0 � Œ0;1/, that looks like the space beneath a staircase. In future proofs in this section, the
flow .M 0; g0.t// will be used as domains of harmonic map heat flows.

Lemma 6.5 (�-grafted soliton, �-grafted soliton flow) Let .M; g/ be a 3D steady gradient soliton with
positive curvature that is not a Bryant soliton , satisfying (6-18). For any � > 0 and m 2N, there exists a
quadruple .M 0; g0; V; A/ which consists of a complete Riemannian manifold .M 0; g0/, a smooth vector
field V on M 0, and a constant A > 200, such that the following hold :

(1) M 0 is diffeomorphic to R2 �S1.

(2) There is an isometric embedding � W .�>A�200; g/! .M 0; g0/. So we will identify �>B as a subset
in M 0 for any B � A� 200.

(3) .M 0; g0/ is an �-cylindrical plane at any point x 2M 0 in the Cm-norm.

(4) V Drf on �>A, and V D 0 on M 0 n�>A�200, and jrkV j � 1000 for k D 0; : : : ; m.

(5) Let f tgt2R be the flow of diffeomorphisms generated by V with  0 D id. Let .M 0; g0.t// be a
smooth flow for t � 0, where g0.t/D  ��tg

0. Then  t D �t for t � 0 on �>A, and

� t>B WD  t .�>B/D �t .�>B/:

Moreover , g0.t/ satisfies the Ricci flow equation on the open subset[
t�0

.� t>A � ftg/�M
0
� Œ0;1/:

We call .M 0; g0; V; A/ the �-grafted soliton , and .M 0; g0.t/; A/ the �-grafted soliton flow.
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Proof Let A > 0 be sufficiently large that ��A is covered by �-cylindrical planes. We may furthermore
increase A depending on m, � and the soliton .M; g/.

By using the Ricci flow equation @tg.t/D �2Ric.g.t//, where g.t/D ���tg, the quadratic curvature
upper bound in Theorem 4.11, and Shi’s derivative estimates [68], we may assume when A is sufficiently
large that

jr
`.g���

�.kC1/g/j � � on �k.��A/ for `D 0; : : : ; m;

where the covariant derivatives are taken with respect to g, and k 2N. Therefore, for each k 2NC, by a
standard gluing argument we can construct a metric gk on ��A which satisfies

gk D �
�
�kg on �k.��A/;

and for all i D 0; 1; 2; : : : ; k� 1,

(6-19) jr
`.gk �g/j � C0� on M for `D 0; : : : ; m;

where here and below C0 denotes all positive constants that only depend on the soliton and m.

Now fixed a point p 2 ��A �M and let pk WD �k.p/. Then after passing to a subsequence we may
assume that the pointed manifolds .��A; gk; pk/ converge to a smooth manifold .M 0; g0; p0/. At the
same time, the isometric embeddings �k W .��A; g; p/! .�k.��A/; gk; pk/ � .M; gk; pk/ smoothly
converge to an isometric embedding � W .��A; g; p/! .M 0; g0; p0/ in the Cm-sense.

Furthermore, by (6-19), we see that .M 0; g0; p0/ is C0�-close to the smooth limit of .M; g; pk/, which
by Lemma 3.3 must be isometric to R2 � S1 after a suitable rescaling. In particular, this implies that
.M 0; g0/ is complete, diffeomorphic to R2 �S1, and covered by C0�-cylindrical planes.

Now assume A sufficiently large, and replace A by A� 200 and also � by �=C0. Then assertions (1), (2)
and (3) are satisfied. We can find a vector field V on M 0 which satisfies the conditions in (4). Then (5)
follows by using the fact that g.t/D ���tg and V Drf on �>A.

6.3 Surgery on SO.2/-symmetric metrics

The next lemma allows us to do an SO.2/-invariant extension to an SO.2/-symmetric metric yg defined
on an open subset containing ��B for some large B > 0. It extends the incomplete SO.2/-symmetric
metric yg to a complete SO.2/-symmetric metric. Moreover, if yg is close to the soliton metric g, then the
resulting complete metric is close to the grafted soliton metric g0.

In future proofs in this section, we will run harmonic map heat flows from the grafted soliton flow
.M 0; g0.t// to Ricci flows starting from some suitable SO.2/-symmetric metrics we obtained by the
SO.2/-invariant surgery.
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Lemma 6.6 (SO.2/-invariant extension) There are constants C0 > 0 such that the following holds.
For any � > 0, let .M 0; g0/ be the �-grafted soliton from Lemma 6.5 with mD 1000 and AD A.�;m/.
Then for any B > A, suppose yg is an SO.2/-symmetric metric on an open subset U � ��B with the
SO.2/-isometry f �g�2Œ0;2�/ and the Killing field X , such that

(6-20) jyg�g0jC100.U / � � and jX � @� jC0.U / <
1

1000
;

where @� is the Killing field of an �-cylindrical plane (by Lemma 6.5, .M 0; g0/ is covered by �-cylindrical
planes). Then there is an SO.2/-symmetric metric zg on M 0 with the SO.2/-isometry z �2Œ0;2�/ and the
corresponding Killing field zX , such that

jzg�g0jC98.M 0/ � C0 � and j zX � @� jC98.M 0/ � C0 �:

Moreover , we have zg D yg and z � D  � for � 2 Œ0; 2�/ on ��BC100.

Proof It is easy to find a sequence of points fxig1iD1 �M
0 nU such that the number of metric balls

Bg 0.xi ; 1000/ that intersect at any point is bounded by a universal constant, and fBg 0.xi ; 1000/g1iD1
together with U form an open covering of M 0. Let fhig1iD0 be a partition of unity subordinate to fUig1iD0
such that the function h0 satisfies h0. � .x//D 1 for all x 2 ��BC100 � U. By the property of .M 0; g0/,
there is an �-isometry .R2 �S1; gstan/! .M 0; g0; xi / for each i . The assertions now follow by applying
Lemma 6.4 to glue all the SO.2/-isometries from the �-cylindrical planes on Bg 0.xi ; 1000/ and the
SO.2/-isometry on U.

6.4 An approximating metric away from the edge

In this subsection, we construct an SO.2/-symmetric approximating metric away from the edge � such
that the error decays at the rate O.e�2.1C�1/dg. � ;�//.

In the proof of Theorem 6.7, we will need to choose some constants that are sufficiently large or small
such that certain requirements are satisfied. In order to show that the dependence between these constants
is not circular, we introduce the parameter order

ı0; C0; T; D; �; A; D;

such that each parameter is chosen depending only on the preceding parameters.

Theorem 6.7 (approximation with good exponential decay) Let .M; g; f; p/ be a 3D steady gradient
soliton that is not a Bryant soliton satisfying (6-18). Then there exist constants �1; A1 > 0 such that
��A1 �M is covered by �-cylindrical planes of g, and an SO.2/-symmetric metric yg on an open subset
containing ��A1 , and

jr
m.g� yg/j � e�2.1C�1/dg. � ;�/ on ��A1 for mD 0; : : : ; 100;

where the covariant derivatives and norms are taken with respect to g. Moreover , let X be the Killing
field of the SO.2/-isometry of yg, and @� be the SO.2/-Killing field of an �-cylindrical plane of g, then we
have jX � @� j � 1

1000
.
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Proof We choose the following constants which satisfy the above parameter order, and whose values
may be further adjusted later:

(1) Let ı0 > 0 be from Theorem 5.3.

(2) Let C0 > 0 be the maximum of 1 and the constants C0 > 0 from Lemma 6.1, 6.4 and 6.6.

(3) Let T >T0, where T0 is from Theorem 5.3. Assume also that 2C 20 e
400<e

1
2
ı0T and T 1=2>160=ı0.

(4) (a) Let 0 < � <min
˚

1
1000
xı.T /=C 20 ; x�.T /=.e

400C 20 /
	
, where xı.T /; x�.T / > 0 are constants deter-

mined by Theorem 5.3.

(b) For any complete metric zg on R � S1 which is covered by 2C0�-cylindrical planes in the
Cm-sense, the Ricci flow .M 0; zg.t// starting from zg stays smooth and jRmjzg.t/ � 1=T for all
t 2 Œ0; T �.

(c) Let zgi .t/ for i D 1; 2 and t 2 Œ0; T � be two smooth families of metrics on R2 � S1 that are
covered by 2C0�-cylindrical planes. Then the harmonic map heat flow

f�tgW .R
2
�S1; zg1.t//! .R2 �S1; zg2.t//; with �0 D id;

is smooth for t 2 Œ0; T �. The existence of such � is guaranteed by [9, Lemma A.24], the
existence of harmonic map heat flows, and estimates of perturbations.

(5) Let A > 0 be sufficiently large that:

(a) .M 0; g0; V; A/ is an �=C0-grafted soliton by Lemma 6.5. In particular, the �=C0-grafted soliton
flow .M 0; g0.t// satisfies the Ricci flow equation on[

t�0

� t>A �M
0
� Œ0;1/:

(b) By Theorem 3.41 and (6-18), we may assume that for any point x 2 ��A �M and t � 0,

(6-21) 2� 1
16
ı0 �

d

dt
dg.�t .x/; �/� 2C

1
16
ı0:

(6) Let D D maxfA; 100 lnC0; ln ��1; 10D; 100T 1=2; e400g, where D.T / > 0 is determined by
Theorem 5.3.

Step 1 In this step, we impose two inductive assumptions. In the first induction, we construct a sequence
of metrics ygn such that ygn has an exponential decay rate of ˛n, and the sequence ˛n increases by a
positive amount one by one. So the last metric ygN will satisfy all assertions of the theorem. Suppose the
first inductive assumption holds for a fixed n < N . Then in the second induction we construct an infinite
sequence of metrics fygn;kg1kD1, where ygn;0 D ygn, and ygn;k has the better decay rate of ˛nC1 on larger
and larger domains depending on k. The domains will eventually cover the part sufficiently far away
from � . So letting i !1, we can take a limit of ygn;k and obtain ygnC1 that satisfies the decay rate of
˛nC1 everywhere, and thus verifies the first inductive assumption for nC 1. We can repeat this process
until ˛n > 2, which completes the proof.
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Inductive Assumption One

(1) For any n 2N, if ˛n WD .n lnC0/=D � 2:02, there are a sequence of increasing constants Dn > 0
and an SO.2/-symmetric metric ygn defined on an open subset in M n� containing ��Dn such that

jr
m.ygn�g/j � � � e

�˛n.dg. � ;�/�Dn/ on ��Dn for mD 0; : : : ; 100:

(2) Moreover, let Xn be the Killing field of the SO.2/-isometry of ygn. Then on any �-cylindrical plane
of g, the SO.2/-Killing field @� satisfies

jXn� @� j �
1

1000
on ��Dn :

Suppose Inductive Assumption One is true for a moment. Since .lnC0/=D < 0:01, let N be an integer
such that 2 < .N lnC0/=D � 2:02. Then the metric ygN on ��DN satisfies all assertions of the theorem,
with �1 D 1

2

�
.N lnC0/=D � 2

�
and A1 DDN . So the theorem follows immediately after establishing

Inductive Assumption One.

First, for nD 0, since .M 0; g0/ is covered everywhere by �=C0-cylindrical planes and g0 D g on ��A, by
applying Lemma 6.4 we obtain an SO.2/-symmetric metric on M 0 which is covered by C0�-cylindrical
planes, and its restriction on ��D0 satisfies the inductive assumptions for some D0 � ACD. Now
suppose the inductive assumption holds for some n� 0. In the rest of the proof we show that it also holds
for nC 1. Now we impose the second inductive assumption.

Inductive Assumption Two

(1) Let n� 0 be fixed. Then for any k 2N there exists an SO.2/-symmetric metric ygn;k , defined on
an open subset in M n� containing ��Dn which, on ��DnCiD , satisfies

jr
m.ygn;k �g/j � � �C

�i
0 � e

�˛n.dg. � ;�/�Dn/ for i D 0; : : : ; k and mD 0; : : : ; 100:

(2) Moreover, let Xn;k be the Killing field of the SO.2/-isometry of ygn;k . Then the SO.2/-Killing
field @� of any �-cylindrical plane of g satisfies

jXn;k � @� j �
1

1000
on ��Dn :

Step 2 For k D 0, Inductive Assumption Two clearly holds by choosing ygn;0 D ygn. Now assume it is
true for some integer k � 0. In this step, we will extend the SO.2/-symmetric metric ygn;k to a complete
SO.2/-symmetric metric zgn;k . Then we will study the harmonic map heat flow between the grafted
soliton flow g0.t/ and the Ricci flow starting from zgn;k and obtain some distance distortion estimates
under these flows.

First, part (1) of Inductive Assumption Two implies jrm.ygn;k�g/j � � on ��Dn for mD 0; : : : ; 100. So
by applying Lemma 6.6 (SO.2/-invariant extension), we obtain a complete SO.2/-symmetric metric zgn;k
on M 0 such that zgn;k D ygn;k on ��DnC100, and

(6-22) jr
m.zgn;k �g

0/j � C0� and j zXn;k � @� j � C0� on M 0 for mD 0; : : : ; 98;
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where the norms and derivatives are taken with respect to g0, and zXn;k and @� are the SO.2/-killing fields
of zgn;k , and any �-cylindrical plane of g0.

Next, we claim the complete SO.2/-symmetric metric zgn;k satisfies, on ��DnCiD ,

(6-23) jrm.zgn;k�g/j�C0 �e
400
�� �C�i0 �e

�˛n.dg. � ;�/�Dn/ for i D�1; 0; : : : ; k and mD 0; : : : ; 98:

We prove the claim in the following three cases:

(a) For all i � 1, since zgn;k D ygn;k on ��DnC100���DnCD , the claim holds by part (1) of Inductive
Assumption Two for ygn;k .

(b) For i D�1, the claim follows from (6-22) by noting that g0 D g on ��A � ��Dn�D .

(c) For i D 0, first, we have zgn;k D ygn;k on ��DnC100, where the claim holds by part (1) of Inductive
Assumption Two; then, on �ŒDn;DnC100�, the claim follows from (6-22) by noting that g0 D g
on �>A, and using ˛n < 4 and dg. � ; �/�Dn � 100.

Let .M 0; zgn;k.t// with t 2 Œ0; T � be the Ricci flow that starts from the complete SO.2/-symmetric zgn;k .
Then jRmjzgn;k.t/ � 1=T for all t 2 Œ0; T �. Let f�n;k;tgW .M 0; g0.t//! .M 0; zgn;k.t// for t 2 Œ0; T � be a
smooth harmonic map heat flow with �n;k;0 D id, and let hn;k.t/ WD .��1n;k;t /

�g0.t/� zgn;k.t/. These are
guaranteed by the choice of �.

For fixed n and k, we will omit the subscripts n and k in �n;k;t , zgn;k.t/ and hn;k.t/ for a moment. For
any fixed i D 0; 1; : : : ; kC 1, let

x 2 �T�DnCiD and x0 D �T .x/:

We first estimate distance distortions and drifts of points under the harmonic map heat flow.

Claim 6.8 For any L> 10T 1=2, we have Bzg.0/.x0; L/� �t .Bg 0.t/.x; 10L// for all t 2 Œ0; T �.

Proof First, we observe that by jhj � 1
1000

we have

(6-24) Bzg.t/.�t .x/; 5L/� �t .Bg 0.t/.x; 10L//:

Now let y 2 B0.x0; L/. By the triangle inequality we have

dzg.t/.y; �t .x//� dzg.t/.x
0; �t .x//C dzg.t/.x

0; y/:

On the one hand, by the local drift estimate of harmonic map heat flows [9, Lemma A.18], and the
curvature bound jRmjzg.t/ < 1=T , we have for all t 2 Œ0; T � that

(6-25) dzg.t/.x
0; �t .x//D dzg.t/.�t .x/; �T .x//� 10.T � t /

1=2
� 10T 1=2 <L:

On the other hand, by the distance distortion estimate on the Ricci flow .M 0; zgk.t// under the curvature
bound jRmjzg.t/ < 1=T , we have

dzg.t/.x
0; y/� 2eT sup jRmjzg.t/dzg.0/.x

0; y/� 4dzg.0/.x
0; y/� 4L:

Combining the last three inequalities we obtain dzg.t/.y; �t .x//� 5L, which together with (6-24) implies
the claim.
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Since x 2 �T
�DnCiD

, by the definition of the flow g0.t/ we see that x 2 � t
�DnCiD

for all t 2 Œ0; T �. In
particular, we have x 2 �0

�DnCiD
D ��DnCiD . So taking LD 1

10
D in Claim 6.8 we see that

(6-26) Bzg.0/.x
0;D/� Bzg.0/

�
x0; 1

10
D
�
� Bg.x;D/� ��DnC.i�1/D;

which in particular implies x0 2 ��DnC.i�1/D .

Step 3 In this step, we will apply Theorem 5.3 (symmetry improvement) at .x0; 0/, with constants chosen
as follows.

(a) We choose ˛ in Theorem 5.3 to be ˛n.

(b) We choose � in Theorem 5.3 to be

H.x0/D C0 � e
400
� � �C

�.i�1/
0 � e�˛n.dg.x

0;�/�Dn/:

Note dg.x0; �/ is well-defined, since x0 2 ��DnC.i�1/D � �>A.

(c) We choose D# in Theorem 5.3 to be

D# WD
1
10
.dg.T /.x; �/�DnCD/�

1
10
D >D:

First, we verify assumption (5-11). Let y 2 ��DnC.i�1/D , then by comparing (6-23) with H.x0/ (note
that since we choose i D 0; : : : ; kC1, it follows that i �1D�1; : : : ; k, which meets the range of (6-23)),
and using the triangle inequality dg.y; �/� dg.x0; �/� dg.y; x0/, we obtain

(6-27) jr
mhj.y; 0/�H.x0/ � e˛n dg.y;x

0/ for mD 0; : : : ; 98;

which also holds for all y 2 Bzg.0/.x0;D/ by (6-26). This verifies the assumption (5-11).

Next, we verify the assumption of Theorem 5.3 that h restricted on Bzg.0/.x0;D#/ � Œ0; T � is a Ricci
De Turck flow perturbation. This follows from Claim 6.8: by taking LDD# we have, for all t 2 Œ0; T �,

Bzg.0/.x
0;D#/� �t .Bg 0.t/.x; dg.T /.x; �/�DnCD//

� �t .Bg 0.t/.x; dg.t/.x; �/�DnCD//� �t .�
t
�Dn�D

/� �t .�
t
�A/:

Moreover, by the local derivative estimates for Ricci De Turck flow perturbations [9, Lemma A.14], we
may taking � small so that jr`hj � 1

1000
for `D 0; 1.

Lastly, we will verify assumption (5-10) of Theorem 5.3. Recall that assumption (5-10) consists of two
estimates of jhj on the parabolic boundary of

Bzg.0/.x
0;D#/� Œ0; T �D .@Bzg.0/.x

0;D#/� Œ0; T �/[ .Bzg.0/.x
0;D#/� f0g/:

We first verify assumption (5-10) on @Bzg.0/.x0;D#/� Œ0; T �. Note by (6-25) that dg.x; x0/ � 10T 1=2,
and thus by (6-21) and the triangle inequality dg.x0; �/� dg.x; �/C dg.x; x0/ we have

dg.x
0; �/� dg.T /.x; �/C 2:1T C 10T

1=2
D 10D#C 2:1T C 10T

1=2
CDn:
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Then using ˛n < 4 we obtain

e�˛n.dg.x
0;�/�Dn/ � e�4.10D#C2:1TC10T

1=2/
� e�40D#�10T � e�40D#�D � e�50D# :

Using D � 100 lnC0 and D# � .i C 1/D, we also have

C0 � e
400
�C
�.i�1/
0 � e�.iC1/D � e�10D# :

Substituting these into H.x0/, we obtain

(6-28) jhj � 1
1000
� e100D# �H.x0/:

Next, we verify assumption (5-10) on Bzg.0/.x0;D#/ � f0g. Let y 2 �ŒDnC.j�1/D;DnCjD/ for some
0� j � i � 1. Then we have dg.x0; y/� .i � j /D, which implies

C
i�j
0 � e..lnC0/=D/�dg.x

0;y/
� e0:01dg.x

0;y/;

which combined with (6-23), H.x0/ and the triangle inequality implies

(6-29) jr
mhj.y; 0/�H.x0/ �C

i�j
0 � e˛n .dg.x

0;�/�dg.y;�// �H.x0/ � e4dg.x
0;y/

for all y 2 ��Dn�D and all mD 0; : : : ; 98. If y 2 ��DnC.i�1/D , then (6-29) also holds by (6-27). Since
Bzg.0/.x

0;D#/� ��Dn�D , this together with (6-28) verifies assumption (5-10).

Step 4 In this step we will apply Theorem 5.3, get an exponential decay on the oscillatory part of h
at time T , use this decay to extend Inductive Assumption Two from k to kC1, and deduce that Inductive
Assumption One holds for nC 1. To be concrete, by applying Theorem 5.3 (symmetric improvement)
at .x0; 0/, we obtain

jr
mh�j.x

0; T /�H.x0/ � e2˛nT � e�ı0T � C0 � e
400
� � �C

�.i�1/
0 � e�˛n.dg.x

0;�/�Dn/ � e2˛nT � e�ı0T

for mD 0; : : : ; 100. We will estimate below that the last term e�ı0T is sufficiently small that it outweighs
all other factors bigger than 1. Specifically, we have

jr
mh�j.x

0; T /� C0 � e
400
� � �C

�.i�1/
0 � e�˛n.dg.x;�/�Dn/ � e2˛nT � e�

3
4
ı0T

� C0 � e
400
� � �C

�.i�1/
0 � e�˛n.dg.T /.x;�/�Dn/ � e�

1
2
ı0T

�
1
2
� �C�i0 � e

�˛n.dg.T /.x;�/�Dn/;

where in the first inequality we used the triangle inequality dg.x0; �/� dg.x; �/� �dg.x; x0/ together
with dg.x0; x/� 10T 1=2 and T 1=2>160=ı0; in the second inequality we used the distance distortion esti-
mate (6-21) and ˛n<4; in the last inequality we used 2C 20 �e

400<e
1
2
ı0T . The above inequality also holds

when the norms and derivatives are with respect to .��1T /�g0.T / after removing the factor 1
2

. So we have

(6-30) jr
m��T h�j.x; T /� � �C

�i
0 � e

�˛n.dg.T /.x;�/�Dn/ for mD 0; : : : ; 100;

where the norms and derivatives are with respect to g.T /.
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Now we restore the subscripts n; k. Since

g0.T /D ��n;k;T .hn;k.T /C zgn;k.T // and hn;k.T /D hn;k;C.T /C hn;k;�.T /;

by letting

ygn;kC1 D �
�
n;k;T .hn;k;C.T /C zgn;k.T //;

we see that ygn;kC1 is an SO.2/-symmetric metric on M 0 and (6-30) implies

jr
m.g0.T /� ygn;kC1/j � � �C

�i
0 � e

�˛n.dg.T /. � ;�/�Dn/ on �T�DnCiD

for mD 0; : : : ; 100, and the norms and derivatives are with respect to g.T /. Note that this is true for all
i D 0; 1; : : : ; kC 1. Since g0.T /D ��

�T g and ��T W .�T�A; g
0.T //! .��A; g/ is an isometry, replacing

ygn;kC1 by ��T .ygn;kC1/ we then have

jr
m.g� ygn;kC1/j � � �C

�i
0 � e

�˛n.dg. � ;�/�Dn/ on ��DnCiD

for mD 0; : : : ; 98. This verifies part (1) of Inductive Assumption Two for kC 1. Moreover, it is easy
to see that part (2) of Inductive Assumption Two for kC 1 also holds, as a consequence of the smallness
of � and jhj.

Therefore, Inductive Assumption Two holds for all k � 0. Now let p 2 �>Dn be some fixed point. Then
we may assume, after passing to a subsequence and letting k!1, that the pointed SO.2/-symmetric
manifolds .M 0; ygn;k; p/ converge in the C 98-norm to an SO.2/-symmetric manifold .M 0; ygnC1; p/
which satisfies

(6-31) jr
m.g� ygnC1/j � � �C

�i
0 � e

�˛n.dg. � ;�/�Dn/ on ��DnCiD

for all i 2N and mD 0; : : : ; 98. Moreover, part (2) of Inductive Assumption One holds for nC 1 with
ygnC1, as a consequence of part (2) Inductive Assumption Two and the smooth convergence. It remains
to verify part (1) of Inductive Assumption One. For any i � 0 and y 2 �ŒDnCiD;DnC.iC1/D/, we have
dg.y; �/�DnC .i C 1/D, which together with (6-31) implies

jr
m.g� ygnC1/j.y/� � � e

�˛nC1.dg.y;�/�DnC1/;

where

DnC1 D
.DCDn/ lnC0C˛nDnD

lnC0C˛nD
>Dn and ˛nC1 D

.nC 1/ lnC0
D

:

Therefore, we have

jr
m.g� ygnC1/j � � � e

�˛nC1.dg. � ;�/�DnC1/ on ��DnC1

for mD 0; : : : ; 100, which verifies part (1) of Inductive Assumption One for nC 1, and thus completes
the proof.
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6.5 Extend the approximating metric near the edges

The approximating SO.2/-symmetric metric yg in Theorem 6.7 is defined on an open subset away from � .
Next, we want to extend it to an SO.2/-symmetric metric which is also defined on a neighborhood of
� . Seeing that the soliton dimension reduces to R� cigar along � , we can find a sequence of SO.2/-
symmetric metrics close to g in balls centered at � whose radius goes to infinity. Then by gluing these
metrics with yg, we obtain an SO.2/-symmetric metric xg defined everywhere outside of a compact subset
of M. We will show that xg� g has the same exponential decay rate as yg� g, and it decays to zero at
infinity in addition. In Section 6.1 we studied the gluing of SO.2/-symmetric metrics that are close to
R2 �S1. Here we need to glue SO.2/-symmetric metrics that are close to R� cigar, which needs the
following gluing lemma. The lemma shows that if a vector field on R� cigar is almost a Killing field,
and it is close to @� at a larger distance to R, then it is also close to @� at a smaller distance.

Lemma 6.9 For any C1; �1 > 0, there exists C.C1; �1/ > 0 such that the following holds for any � > 0.
Let .r; s; �/ W .R�cigar; g†/!RC�R� Œ0; 2�/ be coordinates such that g†D dr2Cds2C'2.r/ d2� ,
and let r be the distance to the line R� fxtipg. Suppose Y.r; s; �/ is a smooth vector field , defined for all
.r; s; �/ 2 ŒA; B�� Œ�s0; s0�� Œ0; 2�/ for some 1 < A < B and s0 2 Œ0;1�, such that

(6-32) jr
k.LY g†/j � C1 e

�2.1C�1/r for k D 0; : : : ; 98:

Suppose also that

(6-33) jr
k.Y � @� /j. � ; B; � /� � for k D 0; : : : ; 98:

Then we have

jr
k.Y � @� /j. � ; A; � /� Ce

�2.1C�1/ACC.B �A/�CC� for k D 0; : : : ; 96:

Proof Write Y D Y s@s C Y r@r C Y �@� under the coordinates .s; r; �/. Then, by the formula of Lie
derivatives for a symmetric 2-tensor, we have

(6-34) LY g†.@r ; @� /D@�Y
r
C@rY

�'2; LY g†.@r ; @s/D@rY
s
C@sY

r ; LY g†.@r ; @r/D2 @rY
r :

Moreover, by assumption (6-33) we have

.jrkY sjC jrkY r jC jrk.Y � � 1/j/. � ; B; � /� Ce�2.1C�1/A:

By the third equation in (6-34) and (6-32), integrating from r D A to r D B and using (6-33) we see that

jr
k�1Y r jCk�1. � ; r; � /� C.e

�2.1C�1/r C �/

for any r 2 ŒA; B�. Substituting this into the first two equations in (6-34), integrating from r D A to
r D B and using (6-33), we obtain

.jrk�2.Y � � 1/jC jrk�2Y sj/. � ; A; � /� Ce�2.1C�1/ACC.B �A/�CC�;

which proves the lemma.
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We now prove the main result of this section.

Theorem 6.10 Let .M; g; f; p/ be a 3D steady gradient soliton that is not a Bryant soliton. Assume
that lims!1R.�1.s// D lims!1R.�2.s// D 4. Then there exist constants C; �1 > 0 and an SO.2/-
symmetric metric xg defined outside of a compact subset of M such that for any k D 0; : : : ; 98,

(6-35) jr
k.g� xg/j ! 0 as x!1 and jr

k.g� xg/j � Ce�2.1C�1/dg. � ;�/;

where the covariant derivatives and norms are taken with respect to g.

Proof We will use �.D/ to denote a general function that goes to zero as D!1. Let C > 0 denote
all constants that depend only on the soliton. On the one hand, since for each i D 1; 2 the manifold
dimension reduces along �i to R� cigar, we can find D1.s/ > 0 for all large s with D1.s/!1 slowly
enough in s so that .M; g; �i .s// is e�2.1C�1/D1.s/-close to R�cigar in Bg.�i .s/;D1.s//, where �1 >0
is from Theorem 6.7. Then by a standard gluing argument, we can find an SO.2/-symmetric metric zgi on
an open subset Ui containing the balls Bg.�i .s/;D1.s// for all large s, such that:

(1) For each i D 1; 2 we have

(6-36) jr
k.zgi �g/j �minf�.dg. � ; p//; Ce�2.1C�1/dg. � ;�/g on Ui ;

where �.dg. � ; p// denotes a general function that tends to 0 as dg. � ; p/!1.

(2) U1\U2 D∅.

(3) Let �i;� with � 2 Œ0; 2�/ be the SO.2/-isometries for .Ui ; zgi / for i D 1; 2. We can also assume that
there is an embedded surface Ni in Ui \��1000 which is diffeomorphic to R2 and intersects each
S1-orbit of �i;� exactly once, and its tangent space TxNi at x 2Ni is 1

100
-close to the orthogonal

space of the S1-orbit passing through x.

(4) For each large s, there is a smooth map  i;s from Bg.�i .s/;D.s// into .R� cigar; g†/ which is a
diffeomorphism onto the image, such that

(6-37) jr
k.zgi � 

�
i;sg†/j � Ce

�2.1C�1/dg. � ;�/:

Let Xi be the Killing field of the SO.2/-isometry of zgi . Then

(6-38) jr
k.Xi � . i;s/

�1
� .@� //j � Ce

�2.1C�1/dg. � ;�/:

On the other hand, by Theorem 6.7, we have an SO.2/-symmetric metric yg defined on an open subset
U � ��A for some A > 0 such that

(6-39) jr
k.g� yg/j � Ce�2.1C�1/dg. � ;�/ for k D 0; : : : ; 100:

Let �� with � 2 Œ0; 2�/ be the SO.2/-isometries for .U; yg/, and Y be the Killing field of �� . Next, we
will compare the two vector fields Xi and Y on �>A\Ui . First, by (6-36), (6-37), (6-39) and triangle
inequalities we have

jr
k.yg� �i;sg†/j � Ce

�2.1C�1/dg. � ;�/ for k D 0; : : : ; 100:
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Then by LY yg D 0, this implies

(6-40) jr
k.LY 

�
i;sg†/j � Ce

�2.1C�1/dg. � ;�/ for k D 0; : : : ; 98:

Moreover, by Theorem 4.11 we can see that .M; g/ is a Ck=d2g . � ; �/-cylindrical plane in the C k-sense
and Ck > 0 at points where the metrics yg and  �i;sg† are both defined. So we can apply Lemma 6.2 and
deduce

(6-41) jr
k.Y � . i;s/

�1
� .@� //j �

C

d2g . � ; �/
for k D 0; : : : ; 98:

We can find D2 W Œs0;1/!RC for a sufficiently large s0, such that D2.s/�D1.s/, Bg.�i .s/;D2.s//�
Ui and D2.s/!1 sufficiently slowly as s!1 so that

(6-42)
C

D21.s/
.D1.s/�D2.s// <

C

D1.s/
< e�2.1C�1/D2.s/:

Therefore, for each i D 1; 2, by (6-40), (6-41) and (6-42) we can apply Lemma 6.9 with � D C=D21.s/
and B DD1.s/� ADD2.s/, and deduce

jr
k.Y � . i;s/

�1
� .@� //j � Ce

�2.1C�1/D2.s/ � Ce�2.1C�1/dg. � ;�/

on Bg.�i .s/;D2.s// \ U for k D 0; : : : ; 98. Combining this with inequality (6-38) we see that for
Vi WD

S
s>s0

Bg.�i .s/;D2.s//, we have

(6-43) jr
k.Y �Xi /j � Ce

�2.1C�1/dg. � ;�/

on U \Vi for k D 0; : : : ; 98, and thus

jr
k.�� ��i;� /j � Ce

�2.1C�1/dg. � ;�/:

Therefore, by the same argument as in Lemma 6.3, we can glue the metrics yg on U, zgi on Vi for i D 1; 2,
and also glue the SO.2/-isometries �� and �i;� for i D 1; 2 to obtain an SO.2/-symmetric metric xg
defined outside of a compact subset of M, which satisfies the following properties:

(1) For each i D 1; 2 we have that xgD zgi onWi , where Bg.�i .s/;D3.s//�Wi �Vi is a �i;� -invariant
open subset, D3.s/ < D2.s/, and D3.s/!1 as s!1.

(2) We have that xg D yg on U n .V1[V2/.

(3) For some D0 > 0, we have

(6-44)
�
jrk.xg�g/j � Ce�2.1C�1/dg. � ;�/ on ��D0 for k D 0; : : : ; 98;
jxg�gj � �.dg. � ; p// on W1[W2:

The first inequality implies that xg satisfies the assertion of exponential decay away from � . Moreover,
since dg.x; p/!1 as dg.x; �/!1 for any x 2 M n .W1 [W2/, the first inequality implies that
jxg�gj � �.dg. � ; p// also holds on M n .W1[W2/. So xg satisfies the assertion of decaying to zero at
infinity.
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7 The evolution of the Lie derivative

In this section, .M; g/ is a 3D steady gradient soliton that is not a Bryant soliton, and .M; g.t// is the
Ricci flow of the soliton. Let h.t/ be a linearized Ricci De Turck flow with background metric g.t/.
The main result is Proposition 7.3, which shows that h.t/ tends to zero as t goes to infinity, if the initial
value h.0/ satisfies the condition h.x; 0/=R.x/! 0 as x!1. In particular, let xg be the approximating
SO.2/-symmetric metric obtained from Theorem 6.10, and let @� with � 2 Œ0; 2�/ be the Killing field of
the SO.2/-symmetry. We show that the Lie derivative L@�g satisfies this initial condition, hence decays
to zero as t !1 under the linearized Ricci De Turck equation.

7.1 The vanishing of a heat kernel at infinity

In this subsection we prove a vanishing theorem of the heat kernel to a certain heat-type equation at time
infinity. We will see that for a linearized Ricci De Turck flow h.t/, the norm jhj. � ; t / is controlled by the
convoluted integral of this heat kernel and jhj. � ; 0/.

Let G be the heat kernel of the heat-type equation

(7-1) @tH D�H C
2jRicj2

R
H:

That is, for any t > s and x; y 2M,

@tG.x; t Iy; s/D�x;tG.x; t Iy; s/C
2jRicj2.x; t/
R.x; t/

G.x; t Iy; s/ and lim
t&s

G. � ; t Iy; s/D ıy :

Lemma 7.1 (vanishing of heat kernel at time infinity) Let p be the point where R attains its maximum.
For any fixed D > 0, let

uD.x; t/D

Z
B0.p;D/

G.x; t Iy; 0/ d0y:

Then supBt .p;D/ uD. � ; t /! 0 as t !1.

Proof Note that uD satisfies the equation (7-1). First, we show that there exists C1 > 0 such that
uD.x; t/� C1 for all .x; t/ 2M � Œ0;1/. Since the scalar curvature satisfies the equation

@tRD�RC
2jRicj2

R
�R;

by using the reproduction formula we have

R.x; t/D

Z
M

G.x; t Iy; 0/R.y; 0/ d0y:

By compactness we have for some c > 0 that R.y; 0/ � c for all y 2 B0.p;D/, so it follows that
uD.x; t/� c

�1R.x; t/� c�1R.p/. So we may take C1 D c�1R.p/.
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Now suppose the lemma does not hold. Then there exist �>0 and a sequence of ti!1 and xi 2Bti .p;D/
such that uD.xi ; ti /� � > 0. Without loss of generality we may assume that tiC1 � ti C1. Since u�C1,
by a standard parabolic estimate we see that j@tuDj.x; t/CjruDj.x; t/�C2 for some C2>0. Therefore,
there exists ı1 2 .0; 1/ such that

(7-2)
Z
Bt .p;D/

Z
B0.p;D/

G.x; t Iy; 0/ d0y dtx D

Z
Bt .p;D/

uD.x; t/; dtx � ı1

for all t 2 Œti ; ti C ı1�.

Recall that the (symmetric) curvature operator Rm Wƒ2TM !ƒ2TM is defined so that

hRm.vi ^ vj /; vk ^ v`i DR.vi ; vj ; vk; v`/ for any vi ; vj ; vk; v` 2 TxM;

where here R. � ; � ; � ; � / is the curvature tensor of type .4; 0/. We use the convention

R.vi ; vj ; vi ; vj /D�kvi ^ vj k
2
�K.vi ^ vj /:

Since in dimension 3, elements of ƒ2TM are all simple, we can choose an orthonormal basis fe1; e2; e3g
for TxM, such that Rm is diagonalized by e1^e2, e1^e3, e2^e3. That is, there are constants �1; �2; �32R

such that Rm.e1^e2/D��3e1^e2, Rm.e1^e3/D��2 e1^e3 and Rm.e2^e3/D��1 e2^e3. Since
Rm > 0 (equivalent to positive sectional curvature in 3D), we have �1; �2; �3 > 0. So it is easy to see
that 2jRicj2 D 2.�2C�3/2C 2.�1C�3/2C 2.�1C�2/2 and R2 D 4.�1C�2C�3/2, which implies

2jRicj2�R2 < 0:

So by compactness there is ı2 > 0 such that

(7-3) sup
Bt .p;D/

2jRicj2�R2

R
� �ı2:

Let FD.t/D
R
B0.p;D/

R
M G.x; t Iy; 0/ dtx d0y. Then since

(7-4) @t

Z
M

G.x; t Iy; 0/ dtx

D

Z
M

@tG.x; t Iy; 0/�R.x; t/G.x; t Iy; 0/ dtx

D

Z
M

�x;tG.x; t Iy; 0/C
2jRicj2.x; t/
R.x; t/

G.x; t Iy; 0/�R.x; t/G.x; t Iy; 0/ dtx

D

Z
M

G.x; t Iy; 0/

R.x; t/
.2jRicj2.x; t/�R2.x; t// dtx;

where we used that the heat kernel G satisfies a Gaussian upper bound so that
R
M �x;tG.x; t Iy; 0/ dtx

vanishes by the divergence theorem. Hence we obtain

(7-5) @tFD.t/D

Z
B0.p;D/

Z
M

G.x; t Iy; 0/

R.x; t/
.2jRicj2�R2/.x; t/ dtx d0y < 0;
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and by (7-2) and (7-3) we see that @tFD.t/� �ı1ı2 for all t 2 Œti ; ti C ı1�. Note that G is everywhere
positive so that FD.t/ > 0 and tiC1 � ti C 1 > ti C ı1, implying

�FD.0/� lim
t!1

FD.t/�FD.0/� �

1X
iD1

Z tiCı1

ti

ı1 � ı2 dt D�

1X
iD1

ı21 � ı2 D�1;

which is a contradiction. This proves the lemma.

7.2 The vanishing of the Lie derivative at infinity

We prove the main result in this subsection by applying the heat kernel estimates. First, we prove a lemma
using the Anderson–Chow pinching estimate.

Lemma 7.2 (cf [1]) Let .M; g.t// with t 2 Œ0; T � be a 3D complete Ricci flow with bounded curvature
and positive sectional curvature. Consider a solution h to the linearized Ricci De Turck flow on .M; g.t//,
and a positive solution H to the equation

(7-6) @tH D�H C
2jRicj2.x; t/
R.x; t/

H:

Then

@t

�
jhj2

H 2

�
��

�
jhj2

H 2

�
C 2rH � r

�
jhj2

H 2

�
:

Proof By a direct computation using @thD�L;g.t/h and (7-6) we have (see [1])

@t

�
jhj2

H 2

�
D�

�
jhj2

H 2

�
C2rH �r

�
jhj2

H 2

�
C

4

H 2

�
Rijklhilhjk�

jRicj2

R
jhj2

�
�2
jHrihjk � .riH/hjkj

2

H 4
:

Then the lemma follows immediately form the pinching estimate from [1] that for any nonzero symmetric
2-tensor h,

Rm.h; h/
jhj2

�
jRicj2

R
:

We now prove the main result of this section. Noting that jhj. � ; t / is controlled by the convoluted integral
of the heat kernel of (7-1), we split the integral into two parts, where in the compact region, the integral
tends to zero as a consequence of our vanishing theorem. In the noncompact subset, we use the assumption
h.x; 0/=R.x/! 0 as x!1 and the reproduction formula of the scalar curvature to deduce that the
integral is bounded above by arbitrarily small multiples of the scalar curvature.

Proposition 7.3 Let .M; g.t// be the Ricci flow of a 3D steady gradient Ricci soliton that is not a Bryant
soliton. Consider a solution h.t/, with t 2 Œ0;1/, to the linearized Ricci De Turck flow on M, ie

@th.t/D�L;g.t/h.t/:
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Suppose h satisfies the initial condition

jhj.x; 0/

R.x/
! 0 as x!1:

Then for each D > 0,
sup

x2Bt .p;D/

jhj.x; t/! 0 as t !1:

Proof Let H.x; t/D
R
M G.x; t Iy; 0/jhj.y; 0/ d0y. Then H solves the equation

@tH D�H C
2jRicj2.x; t/
R.x; t/

H:

Therefore, by Lemma 7.2 and applying the weak maximum principle to jhj2=H 2, we see that jhj �H ,
that is,

(7-7) jh.x; t/j �

Z
M

G.x; t Iy; 0/jhj.y; 0/ d0y:

For any � > 0, by the assumption on jhj. � ; 0/, we can find some D > 0 such that jh.y; 0/j � �R.y; 0/ for
all y 2M nB0.p;D/. We may assume D > 1=�. So by (7-7) and using Lemma 7.1 (vanishing of heat
kernel) we have for all sufficiently large t and x 2 Bt .p;D/ that

jh.x; t/j �

Z
B0.p;D/

G.x; t Iy; 0/jhj.y; 0/ d0yC

Z
MnB0.p;D/

G.x; t Iy; 0/jhj.y; 0/ d0y

� �C �

Z
M

G.x; t Iy; 0/R.y; 0/ d0y D �C �R.x; t/� �.1CR.p//:

This implies supBt .p;D/ jhj. � ; t / � �.1C R.p// for all large t , and the assertion follows by letting
�! 0.

As a direct application, we prove the following:

Corollary 7.4 Let xg be the SO.2/-symmetric metric from Theorem 6.10, and X be a vector field on M
which is a smooth extension of the Killing field of the SO.2/-isometry of xg, and X has a bounded
C 2-norm. Let h.t/ be the solution to the initial value problem of the linearized Ricci De Turck flow�

@th.t/D�L;g.t/h.t/;

h.0/D LXg:
Then for each D > 0,

sup
x2Bt .p;D/

jhj.x; t/! 0 as t !1:

Proof By Proposition 7.3 it suffices to show that jhj.x; 0/=R.x/! 0 as x!1. On the one hand, by
Theorem 6.10, there exist �1; C1 > 0 such that

(7-8)
�
jh.0/j � C1 � e

�2.1C�1/dg. � ;�/ on M;
jh.x; 0/j ! 0 as x!1:
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On the other hand, by Theorem 4.8 (scalar curvature exponential lower bound) we can find a constant
C2 > 0 depending only on �1 such that

(7-9) R � C�12 e�2.1C
1
2
�1/dg. � ;�/:

For any � > 0, by the second condition in (7-8) we can find D.�/ > 0 such that jhj.x; 0/ � � for all
x 2M nBg.p;D.�//. First, if ��L.�/ nBg.p;D.�//, where

L.�/D
ln.C=

p
�/

2.1C �1/
;

we have
jhj.x; 0/� � D

p
� �C � e�2.1C�1/L.�/ �

p
� �R.x/:

Second, if x 2 ��L.�/, then by the first condition in (7-8) and (7-9) we obtain

jhj.x; 0/� C1 � e
��1 dg.x;�/ � e�2.1C

1
2
�1/ dg.x;�/ � C1C2 � e

��1L.�/ �R.x/:

Note L.�/!1 as �! 0, it follows immediately that jhj.x; 0/=R.x/! 0 as x!1.

8 Construction of a Killing field

Let .M; g/ be a 3D steady gradient soliton that is not a Bryant soliton, and let .M; g.t// with t 2 .�1;1/
be the Ricci flow of the soliton. In this section, we study the evolution of a vector field X.t/ under the
equation

(8-1) @tX.t/D�g.t/X.t/CRicg.t/.X/:

In particular, we will choose X.0/ to be the Killing field of the SO.2/-isometry of the approximating
metric obtained from Theorem 6.10, and show that X.ti / converges to a nonzero Killing field of the
soliton .M; g/ for a sequence ti !1.

Throughout this section, we assume

lim
s!1

R.�1.s//D lim
s!1

R.�2.s//D 4;

and xg is the SO.2/-symmetric metric defined outside of a compact subset of M from Theorem 6.10.

First we fix some notation. Let A > 0 be sufficiently large that ��A is covered by �-cylindrical planes
for some sufficiently small �. In particular, the SO.2/-isometry  � of xg acts freely on an open subset
U � ��A, and the length of each S1-orbit is 100�-close to 2� . So we can find a 2D manifold .N; gN /
and a Riemannian submersion � W .U; xg/! .N; gN / which maps a S1-orbit to a point in N.

Let � W .�1; 1/2 ! B � N be a local coordinate at p 2 N such that �.0; 0/ D p, and s W B ! U

be a section of the Riemannian submersion � . Then the map ˆ W .�1; 1/2 � Œ0; 2�/! U defined by
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ˆ.x; y; �/D  � .s.�.x; y/// gives a local coordinate at s.p/ 2 U under which xg can be written as

xg D
X

˛;ˇDx;y

g˛ˇ d˛ dˇCG.d� CAx dxCAy dy/
2;

where G, Ax , Ay and g˛ˇ are functions that are independent of � , and G is the length of S1-orbit. Note
that a change of section changes the connection form AD Ax dxCAy dy by an exact form, and leaves
invariant the curvature form

dAD .@xAy � @yAx/ dx ^ dy D Fxy dx ^ dy:

Lemma 8.1 For any k 2N, there are Ck > 0 such that for all q 2 U we have

j zr
`.dA/j.�.q//�

Ck

dkg .q; �/
for `D 0; 1;(8-2)

j zr
`G1=2j.�.q//�

Ck

dkg .q; �/
for `D 1; 2;(8-3)

where zr denotes the covariant derivative on the 2D manifold .N; gN /.

Proof We adopt the notation that for a tensor � D � i1:::irj1:::js
dxj1 ˝ � � � ˝ dxjs ˝ @xi1 ˝ � � � ˝ @xir on B ,

we have
�
i1:::ir
j1:::js ;k

D @xk .�
i1:::ir
j1:::js

/; �
i1:::ir
j1:::js ;k`

D @2xk ;x`.�
i1:::ir
j1:::js

/;

zr@xk
� D �

i1:::ir
j1:::jsIk

dxk˝ dxj1 ˝ � � �˝ dxjs ˝ @xi1 ˝ � � �˝ @xir ;

zr
2
@xk;x`

� D �
i1:::ir
j1:::jsIk`

dxk˝ dx`˝ dxj1 ˝ � � �˝ dxjs ˝ @xi1 ˝ � � �˝ @xir :

For a point p in the base manifold parametrized by x and y, it is convenient to choose the section so that
A.p/D 0. Then the nonzero components of the curvature tensor RIJKL of xg are given in terms of the
components of the curvature tensor R˛ˇ
ı of .B; gN /, the components Fxy , and the function G, by

(8-4)

R�˛�ˇ D�
1
2
GI˛ˇ C

1
4
G�1G;ˇG;˛C

1
4
g
ıG2F˛
Fˇı ;

R�xyx D�
1
2
GFxyIx �

3
4
G;xFxy ;

Rxyxy DRxyxy �
3
4
GF 2xy :

(See [62, Section 4.2].) Let RIJKL be the components of the curvature tensor of the soliton metric g,
then by Theorem 4.11 we have jRIJKLj � Ck=dkg . � ; �/ for any k 2 N and Ck > 0. So by (6-35) we
obtain jRIJKLj � Ck=dkg . � ; �/ after replacing Ck by a possibly larger number. In particular, by the
second equation in (8-4) we obtain

(8-5) j zr.G3=2 dA/j.�.q//�
Ck

dkg .q; �/
for all q 2 U:

By Kato’s inequality this implies

(8-6) j zrjG3=2 dAjj.�.q//� jzr.G3=2 dA/j.�.q//�
Ck

dkg .q; �/
:
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By Theorem 3.41 there exists C > 0 such that for t � 0,

dg.�t .q/; �/� dg.q; �/CC
�1t

for any point q 2 ��A, where A > 0 is sufficiently large. Note that since .M; g; �t .q// converges to
R2 �S1 as t !1, we have limt!1 jG

3=2 dAj.�.�t .q///D 0. Since by (8-6) we have

(8-7)
ˇ̌̌
d

dt
jG3=2 dAj.�.�t .q///

ˇ̌̌
D jhzrjG3=2 dAj; ��.rf .�t .q///ij �

Ck

dkg .�t .q/; �/
;

integrating which from 0 to1, we see that there is some Ck�1 > 0 such that

jG3=2 dAj.�.q//�
Ck�1

dk�1g .q; �/
:

This together with (8-5) implies (8-2). This also implies j1
4
g˛ˇG2F 2xy j.�.q// � Ck=d

k
g .q; �/ in

the first equation in (8-4), and hence implies j zr2G1=2j.�.q// � Ck=dkg .q; �/. Similarly, we obtain
j zrG1=2j.�.q//� Ck=d

k
g .q; �/ by integrating along �t .q/ from 0 to1.

Let @� be the Killing field of the SO.2/-isometry of xg outside of a compact subset of M. We can extend
it to a smooth vector field Y on M such that jY j � 10. Let Y.t/D �t�Y for all t � 0, and let

Q.t/D�@t .Y.t//C�g.t/Y.t/CRicg.t/.Y.t//:

We will often abbreviate it as Q.t/D�@tY C�Y CRic.Y / when there is no confusion. Next, we show
that Q.t/ has a polynomial decay away from � .

Lemma 8.2 For any k 2N, there are Ck > 0 such that

jQ.x; t/j �
Ck

dkt .x; �/
for all t � 0:

Proof Since g.t/D ���tg, �t W .M; g/! .M; g.t// is an isometry, it follows that

@tY.t/D @t .�t�Y /D �t�.Lrf Y /; �g.t/Y.t/D �t�.�Y /; Ricg.t/.Y.t//D �t�.Ric.Y //:

So the lemma reduces to showing

j�Lrf Y C�Y CRic.Y /j �
Ck

dkg . � ; �/
:

Let hD LY g. Then by a direct computation we have the identity (see eg [12])

(8-8) div.h/� 1
2

trrhD�Y CRic.Y /:

Since by (6-35) we have

jr
mhj D jrm.LY g/j D jr

m.LY .g� xg//j � C � e
�2.1C�1/dg. � ;�/ for mD 0; 1;

it then follows that
jdiv.h/jC jtrrhj � C � e�2.1C�1/dg. � ;�/:
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Therefore, by (8-8) and Theorem 4.11 (scalar curvature polynomial upper bounds),

(8-9) j�Y CRic.Y /j � C � e�2.1C�1/dg. � ;�/ �
Ck

dkg . � ; �/
:

So the lemma reduces to estimating jLrf Y j.

To do this, we assume rf DF �@�CF ˛@˛ for ˛D x; y, where F � D @�f �G�1. Then we can compute

(8-10) Lrf Y D Lrf @� D�.@�F
�
� @� C @�F

˛
� @˛/:

We will see in the next equations that the components @�F � and @�F ˛ also appear in the components of
Lrf xg which we will compare them to. Replacing the section �D0 by �C

R y
0

R x
0 @yAx.x

0; y0/ dx0 dy0D0

and define the local coordinates using this new section, then by (8-2) we have

xg D
X

˛;ˇDx;y

g˛ˇ d˛ dˇCGd�
2
C xh;

where xh is a 2-tensor satisfying jrmxhj � Ck=dkg . � ; �/ for mD 0; 1. In particular, this implies

jxg˛� jC j@ˇ xg˛� j �
Ck

dkg . � ; �/
for ˛; ˇ D x; y:

So by a direct computation we obtain

(8-11)
.Lrf xg/�ˇ D 2 @�F

˛
� xg˛ˇ �F

�@ˇGCO.d
�k
g . � ; �//;

.Lrf xg/�� D F
˛@˛GC 2.@�F

� / �GCO.d�kg . � ; �//;

where O.d�kg . � ; �// denotes functions that are bounded by Ck=dkg . � ; �/ in absolute values.

Since 1
2

Lrf g Dr
2f D Ric, we have

jLrf xgj � jLrf .xg�g/jC jLrf gj � C � e
�2.1C�1/dg. � ;�/C 2jRicg j �

Ck

dkg . � ; �/
:

Therefore, by comparing (8-10) and (8-11) we can deduce

jLrf Y j �
Ck

dkg . � ; �/
CC � j zrGj;

which combined with (8-3) implies

jLrf Y j �
Ck

dkg . � ; �/
;

proving the lemma.

Let Z.t/ be a vector field which solves

(8-12)
�
�@tZC�ZCRic.Z/DQ.t/;
Z.0/D 0:

In the next lemma, we show that Z.t/ has a polynomial decay away from � .
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Lemma 8.3 For any k 2N, there are Ck > 0 such that jZ.t/j � Ck=dkt . � ; �/.

Proof We can compute that

�jZj2 D 2h�Z;ZiC 2hrZ;rZi and @t jZj
2
D 2h@tZ;Zi � 2Ric.Z;Z/;

combining which with (8-12) we obtain

@t jZ.t/j
2
D�g.t/jZ.t/j

2
� 2jrg.t/Z.t/j

2
g.t/� 2hQ.t/; Z.t/ig.t/;

which we will often abbreviate as @t jZj2 D �jZj2 � 2jrZj2 � 2hQ;Zi. Similarly, we can show
@t jX j

2D�jX j2�2jrX j2 ��jX j2. By the maximum principle we get jX.t/j � jX.0/j �C , and hence

jZ.t/j � jY.t/jC jX.t/j � C:

So by Lemma 8.2,

@t jZj
2
��jZj2CC � jQj ��jZj2C

Cm

dmt . � ; �/
for any mD 0; : : : ; 94:

The lemma now follows immediately from the following lemma.

Lemma 8.4 Let .M; g.t// be a 3D steady gradient soliton that is not a Bryant soliton , and suppose that
u WM � Œ0; T �!1 is a smooth nonnegative function which satisfies u. � ; 0/D 0 and

@tu��uC
C0

dkt . � ; �/

for some integer k�2 and C0>0. Then there exists C DC.C0; k/>0 such that u. � ; t /�C=dk�1t . � ; �/.

Proof Let C > 0 denote all constants depending on C0; k. Denote dt .x; �/ by r.x; t/, which satisfies
the distance distortion estimates (4-12). By u. � ; 0/D 0, the maximum principle, and the integral formula
for solutions of heat-type equations, we obtain

u.x; t/�

Z t

0

Z
M

G.x; t Iy; s/
C0

rk.y; s/
dsy ds;

where G.x; t Iy; s/ is the heat kernel of the heat equation under g.t/; see (2-8).

For a fixed s 2 Œ0; t �, we split the integral
R
M G.x; t Iy; s/.C0=r

k.y; s// dsy into two integrals on
Bs
�
x; 1
1000

r.x; s/
�

and M nBs
�
x; 1
1000

r.x; s/
�
, and denote them respectively by I.s/ and II.s/. We will

estimate them similarly as in the proof of Theorem 4.11. For II.s/, note that

d2s .y; x/

t � s
�
r.x; s/

C

for all y 2M nBs
�
x; 1
1000

r.x; s/
�
, by the heat kernel estimates of Lemmas 4.10 and 2.21 we obtain

II.s/� C
Z
MnBs.x;r.x;s/=1000/

e�d
2
s .y;x/=.C.t�s// dsy � C � e

�r.x;s/=C
�

C

rk.x; s/
:
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For I.s/, we have r.y; s/� 1
2
r.x; s/ for all y 2 Bs

�
x; 1
1000

r.x; s/
�
, and thus

I.s/� C sup
y2Bs.x;r.x;s/=1000/

r�k.y; s/�
C

rk.x; s/
:

Therefore, by (4-12) and the estimates of I.s/ and II.s/, we obtain

u.x; t/�

Z t

0

C

rk.x; s/
ds � C

�
1

rk�1.x; t/
�

1

.r.x; t/C 1:9t/k�1

�
�

C

rk�1.x; t/
:

Now we prove the main result of this section, which finds a nontrivial Killing field of .M; g/ as time
goes to infinity.

Proposition 8.5 There exists a vector field X1 such that LX1g D 0 which does not vanish everywhere
and has bounded norm.

Proof Let X.t/D Y.t/�Z.t/ and zX.t/D ��t�X.t/. We will show that there exists a sequence ti!1
such that the vector fields zX.ti / on M smoothly converge to a nonzero Killing field X1.

By the definitions of Z.t/ and X.t/, it is easy to see that�
@tX.t/D�X.t/CRic.X.t//;
X.0/D Y.0/:

Let h.t/D LX.t/g.t/. Then a direct computation shows that h.t/ satisfies the linearized Ricci De Turck
equation �

@th.t/D�Lh.t/;

h.0/D LXg D LY g:

Note that we have the isometry

.M; g.t/; p;X.t/; h.t//
��t
��! .M; g; p; zX.t/; zh.t//;

where zh.t/D ��t h.t/D L zX.t/g.

By Theorem 3.41, for any � > 0, ��A is covered by �-cylindrical planes on scale 1 for sufficiently large A.
So we may pick a point q 2M such that

ˇ̌
jY j.q; 0/� 1

ˇ̌
� � and r.q; 0/ > 2C1C 1, where C1 > 0 is the

constant from Lemma 8.3. Then by the definition of Y we have jY j.�t .q/; t/D jY j.q; 0/� 1� �, and by
Lemma 8.3 we have jZj.�t .q/; t/D jZj.q; 0/� 1

2
. Therefore,

j zX jg.q; t/D jX jg.t/.�t .q/; t/� jY jg.t/.�t .q/; t/� jZjg.t/.�t .q/; t/�
1
2
� �:

Next, by jX j.t/�C , and the standard interior estimates for linear parabolic equations [61, Theorem 7.22],
we have that jrkX j.t/ � Ck uniformly for all t on .M; g.t//, and thus jrk zX j.t/ � Ck on .M; g/ for
any k 2 N. Therefore, by the Arzelà–Ascoli theorem, there exists ti !1 such that zX.ti / smoothly
uniformly converges to a vector field X1 and correspondingly zh.ti / converges to a smooth symmetric
2-tensor LX1g.

First, we have X1 ¤ 0, because jX1j.q/D j zX j.q; ti /� 1
2
� �. Moreover, by Corollary 7.4 we see that

zh.ti / converges to 0 smoothly and uniformly on any compact subsets of M, implying LX1g D 0.
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9 Proof of theO.2/-symmetry

In this section we prove the O.2/-symmetry for all 3D steady gradient solitons that are not the Bryant
soliton. In Proposition 8.5 we find a nonzero smooth vector field X such that LXg D 0. We will show
that X induces an isometric O.2/-action f��g�2Œ0;2�/. Throughout this section we assume .M; g; f; p/
is a 3D steady gradient solitons with positive curvature that is not the Bryant soliton, where p is the
critical point of f , and f .p/D 0.

First, let f��g�2R, be the one-parameter group of isometries generated by X , we show that X and rf
commute, and hence the diffeomorphisms they generate commute.

Lemma 9.1 We have that ŒX;rf �D 0, and �� ı�t D �t ı�� for all t 2R and � 2R.

Proof We first show that the potential function is invariant under �� . Let p be the critical point of f .
Since p is the unique maximum point of R, we have �� .p/D p for all t , and hence

f ı�� .p/D f .p/D 0; r.f ı�� /.p/Drf .p/D 0; r
2.f ı�� /D RicDr2f:

For any x 2M, let � W Œ0; 1�!M be a minimizing geodesic from p to x, then

f .�� .x//D f .�� .p//C

Z 1

0

Z r

0

r
2.f ı�� /.�

0.s/; � 0.s// ds dr

D f .p/C

Z 1

0

Z r

0

r
2f .� 0.s/; � 0.s// ds dr D f .x/:

So f ı�� � f . Now since ��
�
.f /D f and ��

�
gD g, it is easy to see that ��

�
.rf /Drf . So ŒX;rf �D 0

and hence �� ı�t D �t ı�� .

Second, we show that �� is an SO.2/-isometry.

Lemma 9.2 There exists � > 0 such that after replacing f��g by f���g, we have that f��g is a SO.2/-
isometry on M.

Proof Since f is invariant under �� , it follows that the level sets of f are invariant under �� . So ��
induces an isometry on each level set of f . Since the level sets f �1.a/ for a > 0 are compact and
diffeomorphic to S2, it is easy to see that X jf �1.a/ vanishes at exactly two points, and �� jf �1.a/ acts by
rotations with two fixed points.

Therefore, for some a > 0, after replacing X by �X for some � > 0 we may assume that �� jf �1.a/ D id
if and only if � D 2k� for k 2 Z. In particular, for a point y 2 f �1.a/, we have �2�.y/ D y, and
.�2� jf �1.a//�y is the identity transformation of the tangent space Tyf �1.a/. Since �� is a smooth
family of diffeomorphisms, and �0 D id, it follows that �2� preserves the orientation. So .�2�/�y is the
identity on TyM, and hence �2� D id. Therefore, �� for � 2 Œ0; 2�/ is an SO.2/-isometry.
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Next, we show that the fixed-point set � 0 D fx 2M WX.x/D 0g D fx 2M W �� .x/D x; � 2Rg of the
SO.2/-isometry �� coincides with � D �1.�1;1/[ �2.�1;1/[ fpg, where �1 and �2 are two
integral curves of rf from Corollary 3.36.

Lemma 9.3 � D � 0.

Proof Note that � n fpg; � 0 n fpg are both unions of two integral curves of rf . Let � 01 and � 02 be
the two connected components of � 0 n fpg. It suffices to show that for each j D 1; 2, the integral
curves �j and � 0j intersect at some point, after possibly switching the order of �1 and �2. To see this,
note that on the one hand, by Corollary 3.36 we have that the manifolds .M; r�2.x/g; x/ converge to
.R�cigar; r�2.xtip/gc ; xtip/ for any sequence x!1 along � . On the other hand, since the points on � 0

are fixed points of the SO.2/-isometry, it is easy to see that the manifolds .M; r�2.x/g; x/ converge to
.R� cigar; r�2.xtip/gc ; xtip/ for any sequence x!1 along � 0.

Therefore, for any i 2N, after switching the order of �1 and �2 we may assume that there are two points
xi 2 �1 \ .M nBg.p; 2// and yi 2 � 01 \ .M nBg.p; 2// such that dg.xi ; yi / < i�1. Let ti > 0 be a
constant such that ��ti .xi / 2 Bg.p; 2/ nBg.p; 1/. Then

dg.��ti .xi /; ��ti .yi //D dg.ti /.xi ; yi /� dg.xi ; yi /� i
�1
! 0:

So after passing to a subsequence we may assume ��ti .xi /; ��ti .yi /! q ¤ p, and hence q 2 �1\� 01
and �1 D �2. Similarly we can show �2 D �

0
2.

Lastly, we prove the O.2/-symmetry, that is, that there exist a totally geodesic surface N �M and a
diffeomorphism ˆ W N � S1 !M n � such that the pullback metric ˆ�g is a warped-product metric
ˆ�gD gN C'

2 d�2, with � 2 Œ0; 2�/, where gN is the induced metric on N and ' is a smooth positive
function on N . Note that not every SO.2/-isometry is an O.2/-isometry. For example, the S1-action on
S2nC1 �CnC1 by complex scalar multiplication is an isometry, which gives CPn D S2nC1=S1. But it
is not an O.2/-isometry since the curvature form is nonzero.

Lemma 9.4 The SO.2/-isometry �� is an O.2/-isometry.

Proof Let†Df �1.a/ for some fixed a>0, and � W Œ0; 1�!† be a minimizing geodesic in† connecting
the two fixed points fxa; xxag. Letˆ W .0; 1/�.�1;1/�Œ0; 2�/!M n� be a diffeomorphism defined as

ˆ.r; t; �/D �t .�� .�.r///D �� .�t .�.r//:

Note that �t and �� commute by Lemma 9.1. Then we can write the metric under this coordinate as

g D
X

˛;ˇDr;t

g˛ˇ dx˛ dxˇ CG.d� CA/
2:

Since the vectors @r , @t Drf and @� DX are orthogonal at all points in

† n fxa; xxag Dˆ.f.r; 0; �/ W r 2 .0; 1/; � 2 Œ0; 2�/g/;

the connection form ADAr drCAt dt vanishes at these points. Moreover, we have At D 0 everywhere
because h@t ; @� i D hrf;Xi D 0.
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On the one hand, since A vanishes on†nfxa; xxag, by the curvature formula (8-4) for an SO.2/-symmetric
metric we have

(9-1) Rict� DR�rtr D�12GFrt Ir �
3
4
G;rFrt :

On the other hand, by the soliton equation RicDr2f we have

(9-2) Rict� Dr
2
t�f D�hrrf rf; @� i D �hr@t@t ; @� i D

1
2
@� h@t ; @t i D 0;

where we used h@t ; @� i D hX;rf i D 0 and @� h@t ; @t i DX.jrf j2/D 0. So by (9-1) and (9-2) we have

(9-3) zr@r .G
3=2 dA/DG1=2

�
GFrt Ir C

3
2
G;rFrt

�
dr ^ dt D 0 on M n�;

where zr denotes the covariant derivative on the 2D submanifold f�t .�.r// j r 2 .0; 1/; t 2 .�1;1/g.

Claim 9.5 The equality dAD 0 holds on M n� .

Proof Consider the rescaled manifolds .M; r�2i g; xa/, where ri > 0 is an arbitrary sequence going to
zero. Then it is easy to see that .M; r�2i g; xa/ smoothly converges to the Euclidean space R3, with �
converging to a straight line, which we may assume to be the z-axis after a change of coordinates. So the
SO.2/-isometry on .M; r�2i g; xa/ converges to the rotation around the z-axis. Note that jG dAj is scale
invariant, so this convergence implies jG dAj.ri ; 0/!0 as i!1, which proves limr!0 jG dAj.r; 0/D0.
So limr!0 jG3=2 dAj.r; 0/D 0. Then by (9-3), we get G3=2 dA.r; 0/D 0 and dA.r; 0/D 0. So dAD 0
on † n fxa; xxag.

Note that we may choose † to be f �1.a/ for any a > 0, and the same argument implies dA D 0

everywhere on M n� , which proves the claim.

Now since dA D 0 and At D 0, we have @Ar=@t D @At=@r D 0. Note that Ar.r; 0; �/ D 0, and this
implies Ar.r; t; �/ D 0 for all t 2 R. So A D 0, and hence the metric can be written as the following
warped-product form under the coordinates .r; t; �/,

g D
X

˛;ˇDr;t

g˛ˇ dx˛ dxˇ CG d�
2:

Using the O.2/-symmetry and the Z2-symmetry at infinity, to prove Theorem 1.6 we can follow the same
line as in [60, Theorem 1.5].
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The Deligne–Mostow 9-ball, and the monster

DANIEL ALLCOCK

TATHAGATA BASAK

The “monstrous proposal” of the first author is that the quotient of a certain 13-dimensional complex
hyperbolic braid group, by the relations that its natural generators have order 2, is the “bimonster”
.M �M/Ì 2. Here M is the monster simple group. We prove that this quotient is either the bimonster
or Z=2. In the process, we give new information about the isomorphism, found by Deligne and Mostow,
between the moduli space of 12-tuples in CP1 and a quotient of the complex 9-ball. Namely, we identify
which loops in the 9-ball quotient correspond to the standard braid generators.

20F36, 22E40; 20D08

1 Introduction

This paper continues our pursuit of a conjectured relationship between complex hyperbolic geometry
and the largest sporadic finite simple group, the monster M [Basak 2007; 2016; Allcock 2009b Allcock
and Basak 2016; 2018]. In [Allcock 2009a], the first author conjectured a “monstrous proposal”: that
the quotient of a certain complex hyperbolic braid group G, by some natural relations S D 1 described
below, coincides with the semidirect product .M �M/Ì 2; see [Allcock 2009a] or the discussion just
before Theorem 1.1. This group was named the bimonster in [Conway et al. 1988]; the Z=2 exchanges
the monster factors in the obvious way. Here we prove the conjecture up to one other possibility: G=S is
either the bimonster or Z=2.

Before describing G, we recall the source of the “complex hyperbolic braid group” terminology. The
classical n-strand braid group can be described as follows [Fox and Neuwirth 1962]. Start with Cn, remove
the mirrors (fixed-point sets) of the reflections in the symmetric group Sn, quotient what remains by the
action of Sn and then take the fundamental group. There are many generalizations of this construction,
got by replacing Sn by some other reflection group and (optionally) replacing Cn by some other space.
Three examples are Artin groups [van der Lek 1983; Charney and Davis 1995], the braid groups of
the finite complex reflection groups [Bessis 2015] and the fundamental groups of certain discriminant
complements arising in singularity theory [Brieskorn 1981; Looijenga 1984]. Complex reflections play a
special role because their mirrors have real codimension two: removing them leaves a space which is
connected but not simply connected.

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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We apply this general construction to a specific group P� , generated by complex reflections acting on
complex hyperbolic space B13. We will give a precise description of P� in Section 2.4, but the details
are not important yet. We define H as the union of the mirrors of the complex reflections in P� . The
braid group we will study is the orbifold fundamental group

G D �orb
1 ..B13�H/=P�/:

A generic point of H has stabilizer generated by a single triflection (order-3 complex reflection), so its
image in B13=P� has a neighborhood which is smooth and whose intersection with H=P� is a smooth
hypersurface. By a meridian we mean a small loop in .B13�H/=P� encircling this hypersurface once
positively, or any loop freely homotopic to such a loop. The language comes from knot theory. The
analogous definition for the classical braid group gives the conjugacy class containing the standard
generators. It is well known that killing the squares of the standard generators reduces the n-strand braid
group to the symmetric group Sn. We study the analogous quotient for G:

Theorem 1.1 The complex hyperbolic braid group G D �orb
1 ..B13�H/=P�/, modulo the subgroup S

generated by the squares of all meridians , is isomorphic to either the bimonster or Z=2.

Ruling out the case G=S Š Z=2 would prove the monstrous proposal.

Although we do not know a presentation for G, we do know that it is a quotient of a certain Artin group.
The Artin group Art.�/ of a graph � is defined as follows. It has one generator for each node of the
graph. Its defining relations are that two of these generators, x and y, braid (xyx D yxy) or commute
(xy D yx) according to whether their nodes are joined or not. The associated Coxeter group Cox.�/ is
defined by imposing the additional relations that the squares of the standard Artin generators be trivial.

We will write P 2F3 for the incidence graph of the 13 points and 13 lines of the projective plane over the
field F3 of order 3 (see Section 2.4 for details). Theorem 1.2 of [Allcock and Basak 2018] says that G is
a quotient of Art.P 2F3/, with the standard Artin generators mapping to meridians.

We juxtapose this with a result of Conway and Simons [2001, Theorem 2.1]: Cox.P 2F3/, modulo specific
relations, is the bimonster .M �M/Ì 2. The relations can be described as follows. Inside the incidence
graph of P 2F3, one can find 12 vertices �0; : : : ; �11 with the property that each is joined to its predecessor
and successor (reading subscripts mod 12), and to no others. By a 12-gon we mean the subgraph spanned
by any such set of 12 vertices. Each 12-gon is a copy of the affine Dynkin diagram zA11, so it describes
an embedding of the affine Weyl group Cox. zA11/ŠZ11ÌS12 into Cox.P 2F3/. The Z11 consists of the
affine translations in the standard realization of Cox. zA11/. Conway and Simons show that Cox.P 2F3/,
modulo the Z11’s arising this way from all 12-gons in P 2F3, is the bimonster. One can give explicit
relations as follows. It is easy to show (see the proof of Theorem 1.1 in Section 7) that Z11 is normally
generated in Cox. zA11/ by the word

(1-1) �10 � � � �0.�11 � � � �1/
�1:

Geometry & Topology, Volume 29 (2025)
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So the quotient of Cox.P 2F2/, by the subgroup normally generated by all words (1-1) arising from
12-gons in P 2F3, is the bimonster.

We will prove Theorem 1.1 by lifting these relations to G. For each �i in the previous paragraph,
we write �i for the corresponding generator of Art.P 2F3/. This makes sense since the generators of
Cox.P 2F3/ and of Art.P 2F3/ are indexed by the same set. We will prove

(1-2) �10 � � � �0.�11 � � � �1/
�1
D 1

in G. Therefore G is the quotient of Art.P 2F3/ by these relations (one for each 12-gon) and possibly
additional relations. It follows that G=S in Theorem 1.1 satisfies all the relations of the Conway–Simons
quotient of Cox.P 2F3/, ie of the bimonster. By the simplicity of M , the only quotients of the bimonster
are the bimonster itself, Z=2 and the trivial group. A short automorphic forms argument rules out the
trivial case (Lemma 7.4), yielding Theorem 1.1.

Part of the appeal of the monstrous proposal is that the relations (1-2) have a simple and well-known
geometric meaning, which we recall in detail in Section 3. Briefly, Art. zA11/ is a subgroup of the 12-strand
braid group Br12.C�f0g/ of the punctured plane. (It is the group of braids with total winding number 0.)
Adjoining the relation (1-2) reduces Art. zA11/ to the usual 12-strand braid group, corresponding to the
natural map Br12.C�f0g/! Br12.C/ got by filling in the puncture.

This geometric interpretation arises in our work, via the appearance of Br12.CP1/ as a subquotient of our
braid group G. The key is that B13 contains a 9-ball B9DM, whose stabilizer acts on it as a group P�DM

discovered by Deligne and Mostow [1986; Mostow 1986]. They showed that P�DM uniformizes the
moduli space of unordered 12-tuples in CP1. To state this precisely, we write HDM for the hyperplane
arrangement in B9DM got by restricting H. Then .B9DM�HDM/=P�DM is isomorphic, as a complex analytic
orbifold, to the moduli space Mı12 of unordered 12-tuples of distinct points of CP1. The connection to
braids is that �orb

1 .Mı12/Š Br12.CP1/=.Z=2/. See Section 5 for background and technical details.

Our strategy will be to choose a tubular neighborhood U of B9DM, invariant under the setwise stabilizer
P�sw

DM of B9DM. It develops that .U �H/=P�sw
DM fibers over .B9DM�HDM/=P�DM, with fiber that can be

understood by work of Orlik and Solomon. This leads to an exact sequence

(1-3) 1! Br5! �orb
1 ..U �H/=P�sw

DM/! �orb
1 .Mı12/! 1:

We work out the details of this (nonsplit) group extension. This yields several explicit relations in the
Artin generators of G. This is done in Sections 6 and 7. After the preliminary Sections 2 and 3, it is
possible to jump to Section 6, armed only with the statements of Theorems 4.1 and 5.2.

While our result gives the bimonster as an upper bound for G=S , Looijenga [2023] has found evidence
that the bimonster is also a lower bound for it. If G=S were the bimonster, then the connected covering
space of .B13 �H/=P� corresponding to S would have the bimonster as its deck group. Then every
open subset of .B13�H/=P� would have an orbifold cover with this deck group, namely its preimage.
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Looijenga has found a fairly large open subset, over which this hoped-for cover exists unconditionally
and is connected.

Heckman [2015] gave an argument that G is a quotient of the bimonster, but unfortunately it had a
gap. Our Section 4 can be used to bridge that gap, bypassing some of our details; see Remark 7.3 for
Heckman’s argument. The largest difference from our work is that he seeks extra relations in G=S ,
rather than in G itself, as we do. Our fibration argument also applies to some other ball quotients with
distinguished subballs, yielding analogues of the exact sequence (1-3). For example, we hope to give a
new presentation of the orbifold fundamental group of the moduli space of smooth cubic surfaces, in
terms of the Artin group of the Petersen graph.

Acknowledgments We are grateful to Gert Heckman and Eduard Looijenga for very helpful conversations
and correspondence.

Allcock is supported by Simons Foundation collaboration grant 429818. Basak is supported by Simons
Foundation collaboration grant 637005.

2 Background, conventions and notation

As far as possible we maintain notation and conventions used in [Allcock and Basak 2016; 2018]. For
convenience we review the most important ones. We follow the convention that a hermitian form h � j � i
is linear in its first variable and conjugate-linear in its second. The norm of a vector x means hx j xi,
sometimes written x2. Often we use the same symbol for a vector and the point of projective space
it represents. A superscript ? indicates an orthogonal complement, the precise meaning depending on
context. It might mean a sublattice, a linear subspace or a complex hyperbolic space inside a larger complex
hyperbolic space. When describing groups, we often use names from the Atlas [Conway et al. 1985], and
the numeral “2” as shorthand for Z=2. For example, the Atlas writes L3.3/ for PSL3.F3/D PGL3.F3/,
so we write the semidirect product PGL3.F3/Ì .Z=2/ as L3.3/Ì 2.

The only material here not already in [Allcock and Basak 2018] is the construction of lattices from graphs
(Section 2.2), the notation L4 for the Eisenstein E8 lattice, and the Deligne–Mostow lattice (Sections 2.3
and 2.7).

2.1 Complex hyperbolic space

A hermitian form is called Lorentzian if it has signature .n; 1/. For example, Cn;1 denotes CnC1 equipped
with the hermitian form

hx jyi D �x0 Ny0C x1 Ny1C � � �C xn Nyn:

Let V be a complex vector space equipped with a Lorentzian hermitian form. Then B.V / means the set
of negative-definite complex lines in V . This is an open ball in P.V /. If M is a subspace of V such that
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the restriction of the hermitian form is also Lorentzian, then there is a natural inclusion B.M/! B.V /.
If M has codimension 1, then we sometimes call B.M/ a hyperplane in B.V /. The complex ball B.V /

has a natural Riemannian metric with negative sectional curvature, called the Bergman metric, and is
sometimes called complex hyperbolic space. The restriction of this metric to B.M/ coincides with the
Bergman metric of B.M/. Suppose v and w are negative-norm vectors in V . Then they represent points
of B.V / whose distance is

(2-1) d.v;w/D cosh�1
r
jhv jwij2

v2w2
:

If in addition hv jwi is real and negative, then the real line segment joining v and w in V projects to
the geodesic in B.V / between these points. Similarly, if v; s 2 V have negative and positive norm,
respectively, then

(2-2) d.v;B.s?//D sinh�1
r
�
jhv j sij2

v2s2
:

If x; y 2 B.V / are distinct, then there is a unique complex 1-ball containing them, which we denote by
B1.x; y/. Some authors call this the complex geodesic through x and y.

2.2 Eisenstein lattices

Let !D e2�i=3 and � D!� x!D
p
�3. Let E be the ring ZŒ!� of Eisenstein integers. An Eisenstein lattice

K means a free E-module equipped with a hermitian form h � j � iWK�K!Q.!/. We abbreviate K˝EC

to K˝C, and usually think of it as containing K. If K is Lorentzian, then we write B.K/ for B.K˝C/.
If K is nondegenerate, then its dual lattice is defined as K� D fx 2K˝C W hx j ki 2 E for all k 2Kg.

Let � be a directed graph without self-loops or multiple edges. Consider the free E-module E� on the
vertex set � with basis vectors fe˛ W ˛ 2�g. Define an E-valued hermitian form on E� by

he˛ j eˇ i D

8<:
3 if ˛ D ˇ;
� if � has an edge from ˇ to ˛;
0 if � has no edge between ˇ and ˛:

Suppose � is connected, E is an edge whose removal would disconnect �, and �0 is got from � by
reversing the orientation on E. Then E� and E�0 are isometric. (Choose one component of the graph
got by removing E from �, negate all the e˛ in that component and leave the others unchanged. The
resulting vectors have the inner products specified by �0.) Applying this repeatedly shows that if � is a
tree, then the isometry class of E� depends only on the underlying undirected graph.

2.3 The Eisenstein E8 lattice and the hyperbolic cell

Applying this construction to the Dynkin diagram A4 (with any orientations of the edges) yields the
E-lattice whose underlying real form, under the bilinear form 2

3
Rehx jyi, is the E8 root lattice. We called

it EE
8 in [Allcock and Basak 2018], but here we will call it L4. (Note: Rehx jyi lies in 3

2
Z. The natural

scale for L4 resp. E8 is the smallest scale at which all inner products lie in E resp. Z. This is the reason
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for the 2
3

factor.) The self-duality of the E8 lattice leads to the property �L�4 DL4. A useful consequence
of this is that if K is an E-lattice in which all inner products are divisible by � , then every copy of L4 in
K is an orthogonal direct summand.

The property �K� DK of an Eisenstein lattice K turns out to characterize K if K is indefinite [Basak
2007, Lemma 2.6]. Two examples are the lattices L and LDM below. Another is the hyperbolic cell,
which means the E-span of two null vectors with inner product � .

2.4 The lattice L

The following lattice L will play a central role. The quickest way to define it is to refer to the uniqueness
property just stated. Namely, L is the unique E-lattice of signature .13; 1/ that satisfies �L� D L; see
[Basak 2007, Lemma 2.6]. The quickest concrete construction is to define L as the sum of a hyperbolic
cell and three copies of L4. In [Allcock and Basak 2016; 2018] we also used a different direct sum
description of L, with the Leech lattice in place of L34, but this plays no role here. The only 13-ball we
will discuss is B.L/, so we will write B13 for it. All complex hyperbolic geometry will take place in B13.

We will use the following model of L for most calculations. It was implicit in [Basak 2007, (25) in the
proof of Proposition 6.1 ] and made explicit in [Allcock 2009b]. We write P 2F3 for the incidence graph
of the finite projective plane over F3. It has 26 vertices, corresponding to the 13 points and the 13 lines
of this finite projective plane. Whenever ˇ is a line and ˛ is a point on it, we direct the edge from the line
to the point. One verifies that the associated rank-26 lattice EP 2F3 defined in Section 2.2 has radical of
rank 12; see [Basak 2016, Section 2.5]. One may define L as the quotient by the radical. Obviously all
inner products are divisible by � , ie L� �L�, and one can check that this inclusion is equality.

It is possible to label the points and lines of P 2F3 by p1; : : : ; p13 and l1; : : : ; l13 so that the points on lj
are pj , pjC1, pjC3 and pjC9. Subscripts here should be read mod 13. We use the same symbols for the
vectors in L corresponding to the points and lines. Because they are roots in the sense of Section 2.5, we
call them the point- and line-roots. Since points (resp. lines) are not joined to each other, the point-roots
(resp. line-roots) are mutually orthogonal. One may introduce coordinates .x0I x1; : : : ; x13/ on C13;1

such that p1 D .0I �; 0; : : : ; 0/, l1 D .1I 1; 1; 0; 1; 0; 0; 0; 0; 0; 1; 0; 0; 0/ and rightward cyclic permutation
of the last 13 coordinates increases subscripts by 1.

We write � for the isometry group of L. Obviously it contains the group L3.3/ WD PGL3.F3/, permuting
the points and lines of P 2F3 via the standard action of GL3.F3/ on F33 . There is additional symmetry.
From an incidence-preserving exchange of points with lines, one can construct an isometry of L that sends
the point-roots to line-roots and the line-roots to negated point-roots. Together with scalars and L3.3/,
this generates a subgroup of � whose image in P� is L3.3/Ì 2. We will use this L3.3/Ì 2 many times.

2.5 Roots, mirrors and the hyperplane arrangement H

A root of L means a lattice vector of norm 3. Roots are special because their triflections (complex
reflections of order 3) give elements of � . Namely, if s is a root, then we define !-reflection in s to be
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the isometry of L˝C that fixes s? pointwise and multiplies s by the cube root of unity !. A formula is
x 7! x� .1�!/.hx j si=s2/s. Using L� �L�, one can show that this preserves L. Although we don’t
need it, we remark that � is generated by the triflections in the 26 point- and line-roots; see [Basak 2007,
Theorem 1.1] or [Allcock 2009b, Theorem 1].

The hyperplane B.s?/�B.L/ is called the mirror of s, the name reflecting the fact that it is the fixed-point
set of a reflection. When the meaning is clear, we sometimes abbreviate B.s?/ to s?. We use the word
mirror exclusively for hyperplanes orthogonal to roots. The union of all mirrors of L is called H. This
hyperplane arrangement is central to the paper: our goal is to understand the orbifold fundamental group
of .B13�H/=P� .

2.6 Special points in B13

We have already introduced the point-roots p1; : : : ; p13 and line-roots l1; : : : ; l13. We call their mirrors
the point- and line-mirrors. The pi (resp. li ) are mutually orthogonal, and we write p1 (resp. l1) for
the point of B13 orthogonal to all of them. This turns out to be represented by the norm �3 vector
p1 D . N� I 0; : : : ; 0/ (resp. l1 D .4I 1; : : : ; 1/).

A convenient basepoint for the orbifold fundamental group (see Section 2.8) of .B13 �H/=P� is the
midpoint � of the geodesic segment joining p1 and l1. It is represented by the vector

� D l1C ip1 D .4C
p
3I 113/

of norm �6� 8
p
3. The corresponding point of B13 is the unique fixed point of L3.3/Ì 2� P� . The

mirrors closest to � are exactly the 26 point- and line-mirrors; see [Basak 2007, Proposition 1.2], where �
was called N�, or [Allcock and Basak 2018, Lemma A.5]. Two consequences of this are that no mirror
passes through � , and that L3.3/Ì 2 is the full P�-stabilizer of � .

2.7 The Deligne–Mostow lattice LDM

The lattice LDM is both a sublattice of L and a lower-dimensional analogue of L. We start with its role
as an analogue. Consider the zA11 Dynkin diagram (a 12-gon), with its edges’ orientations alternating.
The corresponding lattice (Section 2.2) has 2-dimensional radical, and LDM is defined as the quotient
by it; see [Allcock 2000, Section 5], which also displays an isometry between LDM and the sum of a
hyperbolic cell and two copies of L4. LDM has signature .9; 1/ and satisfies �L�DM D LDM. We define
B9DM as B.LDM/, and �DM as the isometry group of LDM; see Theorem 5.2 for a refinement of the famous
relationship found by Deligne and Mostow between B9DM=P�DM and the moduli space of unordered
12-tuples in CP1. By construction, P�DM contains a dihedral group D24 of order 24 that permutes the
vertices of the 12-gon. (Because of the orientations of edges, automorphisms of the diagram only provide
a D12. The following is also an isometry: cyclically permute the 12 roots, and negate every other one.
Together with D12 and scalars, this generates a subgroup of �DM whose image in P�DM is D24. This is
similar to how we enlarged L3.3/ to L3.3/Ì 2 in Section 2.4.) We write � for the unique fixed point
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in B9DM of this dihedral group. We define roots as for L, and define HDM � B9DM as the union of the
mirrors of the roots of LDM. The mirrors closest to � turn out to be the ones corresponding to the nodes
of the 12-gon (Lemma 4.6).

LDM appears as a sublattice of L because the oriented graph P 2F3 described in Section 2.4 contains a
12-gon with alternating orientations on edges. Because LDM D �L

�
DM and all inner products in L are

divisible by � , LDM is a summand, so �DM � � . We make a particular choice of 12-gon in Section 4.
The .L3.3/Ì2/-stabilizer of this 12-gon is the D24 just mentioned. The projection of � 2 B13 to B9DM is
the point �. Part of our work will involve moving a basepoint along the geodesic segment �� . We prove
in Lemma 5.3 that HDM is the restriction of H � B13 to B9DM.

2.8 Orbifold fundamental groups

Let A be a group acting properly discontinuously on a path-connected manifold X . Choose a basepoint
b 2X . The orbifold fundamental group �orb

1 .X=A; b/ is defined to be equivalence classes of pairs .
; g/,
where g 2A, 
 is a path in X from b to gb, and .
; g/ is equivalent to .
 0; g0/ if gD g0 and 
 and 
 0 are
homotopic in X , rel endpoints. The group operation is

.
; g/ � .
 0; g0/D .
 followed by g ı 
 0; gg0/

Inversion in �orb
1 .X=A; b/ is given by .
; g/�1 D .g�1 ı reverse.
/; g�1/. Projection of .
; g/ to g

defines a homomorphism �orb
1 .X=A; b/! A. It is surjective because X is path connected. The kernel is

obviously �1.X; b/, yielding the exact sequence

(2-3) 1! �1.X; b/! �orb
1 .X=A; b/! A! 1:

The local group at b means the set of .
; g/ 2 �orb
1 .X=A; b/ for which 
 is homotopic to the constant

path at b. This is obviously the same as the A-stabilizer of b.

2.9 Meridians

Meridians are distinguished elements of �orb
1 ..B13�H/=P�; b/ or �orb

1 ..B9DM�HDM/=P�DM; b/, where
b 2 B13 �H or B9DM �HDM is a basepoint. If s is a root and S is the !-reflection in s, then the
corresponding meridian Mb;s is defined as .�b;s; S/, where �b;s is the following path; let p be the
projection of b into the mirror s?. In this paper the real geodesic segment bp from b to p never meets
any other mirror. Choose a ball around p small enough to miss all other mirrors, and let q be a point of
bp�fpg in this ball. Then �b;s is the geodesic bq, followed by the positive circular arc in B1.b; q/ of
angle 2

3
� centered at p, followed by S.qb/.

The extra generality about meridians that we developed in [Allcock and Basak 2016] is not needed here.
In particular, no detours of the sort considered there are needed. The only basepoints that we will need
are � 2 B9DM for �orb

1 ..B9DM �HDM/=P�DM/, and a variable point � 2 �� � f�g � B13 when working
with �orb

1 ..B13�H/;P�/. Once one of these basepoints is fixed, the meridians associated to the point-
and line-roots are called the point- and line-meridians. No other meridians will appear.
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3 Braid groups

In this section we assemble some well-known material about braid groups in a form exhibiting dihedral
symmetry D2n, where n is the number of strands, which will remain constant. The nD 12 case will be
key in later sections. Although our presentations are slightly different, [Birman 1974] is an excellent
general reference.

For a Riemann surface †, we define X.†/ as †n, the space of ordered n-tuples in †. We restrict attention
to the cases †DC, C� and CP1 DC[f1g. The n-strand pure braid space of † means

Xı.†/ WD f.x0; : : : ; xn�1/ 2X.†/ j xj ¤ xk whenever j ¤ kg

The symmetric group Sn acts on X.†/, and this action is free on Xı.†/. Let

Y.†/DX.†/=Sn and Y ı.†/DXı.†/=Sn:

The latter space Y ı.†/ is called the n-strand braid space of †, and its fundamental group is called the
n-strand braid group of †, written Brn.†/. The ordinary braid group Brn refers to the case † D C.
Setting � D e2�i=n, we will use the tuple T D .1; �; �2; : : : ; �n�1/ as the basepoint of Xı.†/, and its
image in Y ı.†/ as the basepoint there. Usually one specifies a loop in Y ı.†/ by writing down a path in
Xı.†/ from T to one of its Sn-images.

We now define specific braids �j 2Brn.C�/, whose subscripts should be read modulo n, by specifying the
motion of points of T . Informally: the points beginning at �j�1 and �j approach each other, move around
each other in a counterclockwise direction, and then continue to �j and �j�1, respectively. The remaining
points do not move. For a precise definition, choose r W Œ0; 1�! Œ1;1/ continuous with r.0/D r.1/D 1
and r

�
1
2

�
>1. Then �j is the element of Brn.C�/ represented by the path .x0.t/; : : : ; xn�1.t// inXı.C�/,

where

xj�1.t/D �
j�1r.t/e2�it=n; xj .t/D �

j r.t/�1e�2�it=n and xk.t/D �
k if k ¤ j � 1; j:

We define the “increasing” and “decreasing” words

Ij D �j�jC1 � � � �jCn�2 and Dj D �j�j�1 � � � �j�nC2:

(Following our conventions for orbifold fundamental groups in Section 2.8, Ij means �j followed
by �jC1, followed by etc, and similarly for Dj . Because S12 acts freely on Xı, the ordinary and orbifold
fundamental groups of Y ı coincide. So we identify elements of �orb

1 .Y ı/ with their underlying paths.)
One can establish the following relations by examining how the specified braids move the �j around in C�:

Ij�kI
�1
j D �kC1 for all k ¤ j � 1; j � 2;(3-1)

Dj�kD
�1
j D �k�1 for all k ¤ j C 1; j C 2:(3-2)

The inclusions C�! .C�[f0 or1g/!CP1 induce homomorphisms

Brn.C�/! Brn.C�[f0 or1g/! Brn.CP1/:

Geometry & Topology, Volume 29 (2025)



800 Daniel Allcock and Tathagata Basak

Sometimes we speak of the �j as though they were elements of these other groups, meaning their images
there.

Theorem 3.1 (braid groups) (a) The subgroup of Brn.C�/ generated by �0; : : : ; �n�1 has defining
relations �j�k�j D �k�j�k or �j�k D �k�j , according to whether k 2 fj ˙ 1g or not , for each j
and k. In particular , sending the standard generators of the Artin group Art. zAn�1/ to �0; : : : ; �n�1
embeds Art. zAn�1/ in Brn.C�/.

(b) Adjoining to (a) the relations that all Dj coincide yields Brn.C�[f0g/. Then D�kD�1 D �k�1
for all k, where D is the common image of all Dj .

(c) Adjoining to (a) the relations that all Ij coincide yields Brn.C� [ f1g/. Then I�kI�1 D �kC1
for all k, where I is the common image of all Ij .

(d) Adjoining to (a), (b) and (c) the relation ID D 1 yields Brn.CP1/.

Remarks The proof of (b) shows that adjoining to (a) any single relationDj DDj 0 , with j ¤ j 0, implies
the equality of all Dj ; similarly for (c).

The proof of (d) shows that in the presence of the relations (a) and any one relation IkDj D 1, the
relations in (b) imply those in (c) and vice versa. So Brn.CP1/ can be got by adjoining two relations to
Art. zAn�1/, for example I0 D I1 and I1Dn�1 D 1.

In particular, one could omit either (b) or (c) from the presentation (d) of Brn.CP1/. (This omission
would leave one of I and D undefined, which is why we write IkDj D 1 not IDD 1.) We prefer to keep
both (b) and (c), because in Theorem 6.6 we will meet an extension of �orb

1 .Mı12/Š Br12.CP1/=.Z=2/
to which these relations lift but the relation ID D 1 does not.

Proof (a) The map .x0; : : : ; xn�1/ 7! x0 � � � xn�1 fibers Xı.C�/ over C�. This descends to a fibration
Y ı.C�/!C�. All the �j are paths in a single fiber, and it is well known that the fundamental group of
each fiber is the Artin group of type zAn�1, with the �j corresponding to the standard Artin generators;
see for example [van der Lek 1983, Theorem 3.8].

The existence of this fibration shows Brn.C�/Š Art. zAn�1/Ì Z, where the Z is generated by any braid
with total winding number 1 around 0. For example, the braid t that rotates the roots of unity one position
counterclockwise; formally, xj .u/D �j e2�iu=n. Drawing a picture shows t�kt�1 D �k�1 for all k.

(b) From the inclusion Y ı.C�/! Y ı.C/, one can work out the map Brn.C�/! Brn.C/ by using Van
Kampen’s theorem. It is surjective, with kernel normally generated by the following braid: every xk.u/
is the constant path at �k except xn�1.u/, which starts at �n�1, approaches 0, encircles it once negatively
and then returns to �n�1. Formally, Brn.C/ is the quotient of Brn.C�/ by the relation Dn�1t�1 D 1.

Another way to say this is that Brn.C/ is the quotient of Art. zAn�1/ by the relations that Dn�1 conjugates
the generators of the Artin group in the same way that t does. That is, by the relations Dn�1�kD�1n�1 D
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�k�1 for all k. Repeatedly conjugating Dn�1 by itself therefore yields Dn�2;Dn�3; : : : . On the other
hand, repeatedly conjugating Dn�1 by itself also yields Dn�1;Dn�1; : : : . This establishes the relations
in (b).

To finish the proof of (b) it is enough to show that adjoining the relations Dj D Dj 0 for all j and j 0

to Art. zAn�1/ implies Dn�1�kD�1n�1 D �k�1 for all k. In fact it is enough to adjoin any single relation
Dj DDj 0 with j 0 ¤ j ; write D for the common image of Dj and Dj 0 in the quotient. If j 0 … fj ˙ 1g,
then (3-2) establishes D�kD�1 D �k�1 for all k. Reusing the argument of the previous paragraph,
repeatedly conjugating D by itself yields Dj�1 DD, Dj�2 DD, Dj�3 DD and so on. This implies
Dn�1�kD

�1
n�1D�k�1 for all k, as desired. In the remaining case j 0 2fj˙1g, we may suppose j 0D jC1

by exchanging j and j 0 if necessary. This time (3-2) shows only that D�kD�1D �k�1 for all k ¤ j C2.
But Dj DDjC1 implies Dj�jC2 DDjC1�jC2, which picture drawing shows is equal to �jC1Dj . So
again we have D�jC2D�1 D �jC1, and the same argument applies.

(c) Inversion across the unit circle exchanges 0with1, preserves t , inverts every �k and exchangesDn�1
with I�11 . Therefore we may quote the argument for (b) to obtain two descriptions of Brn.C�[f1g/.
First, it is the quotient of Brn.C�/ by the relation I�11 t�1 D 1. Second, it is the quotient of Art. zAn�1/
by the relations that all Ij are equal.

(d) Using Van Kampen’s theorem twice shows that Brn.CP1/ is the quotient of Brn.C�/ by both relations
Dn�1t

�1 D 1 and I�11 t�1 D 1. Therefore Brn.CP1/ can be described as the quotient of Art. zAn�1/ by
I1Dn�1 D 1 and either the relations (b) or .c/. If we assume (b), then the fact that D centralizes I1
forces I0 D I1, In�1 D I1, In�2 D I1 etc, establishing (c), and vice versa. So the relation I1Dn�1 D 1
can be written ID D 1.

For any elements g1; : : : ; gm of a group, we define

�.g1; : : : ; gm/D .g1g2 � � �gm/.g1g2 � � �gm�1/ � � � .g1g2/g1:

In BrnC1, �.�1; : : : ; �n/ is called the “fundamental element”; it conjugates each �j to �nC1�j , and its
square generates the center of BrnC1.

Using the obvious PGL2C action onX.CP1/, we define the moduli space Mın of n-point subsets of CP1 as

Mın DX
ı.CP1/=.Sn �PGL2C/D Y ı.CP1/=PGL2C:

We assume n� 3 to avoid degenerate cases. Then PGL2.C/ acts freely and properly on Xı.CP1/, so the
quotient is a manifold. Because Mın is the quotient of this manifold by the finite group Sn, it is an orbifold.
Recall that the tuple T is our basepoint for Xı.CP1/. We take its images in Xı.CP1/=PGL2C and Mın,
also denoted by T , as our basepoints when discussing their orbifold fundamental groups. It is well known
that the map Brn.CP1/! �orb

1 .Mın/ induced by Y ı.CP1/!Mın is surjective, with kernel equal to the
center of Brn.CP1/, which is isomorphic to Z=2 with generator In DD�n; see for example [Birman
1974, Theorem 4.5]. So Theorem 3.1 implies the following theorem (the final assertion is obvious in the
presence of the fourth relation):
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Theorem 3.2 The orbifold fundamental group �orb
1 .Mın; T / is generated by �0; : : : ; �n�1, with defining

relations

(a) �j�k�j D �k�j�k or �j�k D �k�j , according to whether k 2 fj ˙ 1g or not , for each j and k,

(b) all the Ij WD �j�jC1 � � � �jCn�1 coincide ,

(c) all the Dj WD �j�j�1 � � � �j�nC1 coincide ,

(d) ID D 1, where I (resp. D) is the common image of the Ij (resp. Dj ).

(e) In DDn D 1.

When n is even , (e) may be replaced by the relation In=2 DDn=2.

4 Change of basepoint in B13

In this section, we begin working in the hyperplane arrangement complement B13�H, with an emphasis
on how the Deligne–Mostow ball B9DM lies inside B13. We fix an A4 subdiagram of the incidence graph
of P 2F3, whose 26 nodes are the point- and line-roots pj and lj from Section 2.4. Any two such
subdiagrams are equivalent, but for concreteness we choose l1, p2, l2 and p3. These roots are mutually
orthogonal, except that hp2 j l1i D hp2 j l2i D hp3 j l2i D � . Therefore their integral span is a copy of
the Eisenstein lattice L4 (see Section 2.3). We call it L.1/4 to distinguish it from two other copies of L4
introduced below. As indicated in Section 2.7, we will write LDM for the orthogonal complement of L.1/4
in L, and B9DM for the corresponding 9-ball. See Section 5 for more information about the connection of
the Deligne–Mostow ball quotient to moduli of 12-tuples in CP1. A mirror orthogonal to a root s of L
contains B9DM if and only if s is a root of the positive definite lattice L.1/4 . The scaled real form of L.1/4
is E8 (see Section 2.3), which has 240 roots. So exactly 40 mirrors contain B9DM, corresponding to the
scalar classes of the 240 roots of L.1/4 .

The nodes of P 2F3 that are not joined to the A4 form an zA11 diagram, ie a 12-gon, namely

(4-1) p6; l10; p13; l4; p7; l11; p12; l9; p9; l8; p8; l5

in cyclic order. We introduce alternative notation s0; : : : ; s11 for them, in this order. We also write sA,
sB, sC and sD for the roots l1, p2, l2 and p3 forming the A4 diagram. As explained in Section 2.7, the
E-span of s0; : : : ; s11 is LDM. We write � for the projection of � to B9DM, and let � be any point of
�� � f�g. We abbreviate the meridians M�;s0 ; : : : ;M�;s11

;M�;sA ; : : : ;M�;sD to �0; : : : ; �11; �A; : : : ; �D,
and similarly with � in place of � . In Section 5 we will extend this notation by writing �0; : : : ; �11 for
the meridians based at � and associated to s0; : : : ; s11. But these will represent elements of a different
complex hyperbolic braid group �orb

1 ..B9DM �HDM/=P�DM; �/. Because � lies in H, it doesn’t make
sense to speak of �orb

1 ..B13�H/=P�; �/.

The following theorem is the main result of this section. Lemma 4.6 is the only other result referenced later.
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Theorem 4.1 The segment �� meets H only at �. For any � 2 �� � f�g, the change-of-basepoint
isomorphism

�orb
1 ..B13�H/=P�; �/Š �orb

1 ..B13�H/=P�; �/;

induced by the segment �� , identifies each meridian �0; : : : ; �11; �A; : : : ; �D based at � with the corre-
sponding meridian �0; : : : ; �11; �A; : : : ; �D based at � .

Proof This follows immediately from the next lemma: fixing j D 0; : : : ; 11;A; : : : ;D, and letting �
vary over ���f�g, the surface swept out by the meridians �j misses H.

Lemma 4.2 (a) Fix j D 0; : : : ; 11, and let Q be the totally real quadrilateral with vertices � , � and
the projections � 0 and �0 of these points to s?j . Then Q meets s?j in � 0�0, meets the 40 mirrors
containing B9DM in ��0, and misses all other mirrors.

(b) Fix j D A; : : : ;D, and let T be the totally real triangle with vertices � , � and the projection � 0 of �
to s?j . Then T meets s?j in � 0�, meets the other 39 mirrors containing B9DM at � only, and misses
all other mirrors.

We will start the proof of Lemma 4.2 after some preparation that includes Lemma 4.3. The stabilizer
L3.3/Ì 2 of � contains an order-24 dihedral group D24 that preserves fs?A ; : : : ; s

?
D g and acts faithfully

and transitively on the set of mirrors s?0 ; : : : ; s
?
11. Half of these transformations exchange s?A with s?D and

s?B with s?C . Therefore it suffices to prove the sA and sB cases of (b) and the s0 case of (a). We restrict
attention to these three cases.

We will need to know the corners of the polygons explicitly. All three have � D .4C
p
3I 1; : : : ; 1/ as a

vertex, with norm �6� 8
p
3. Now, the projection of � to L.1/4 ˝C is

�.3C 2
p
3/.l1C ip3/� .5C 3

p
3/.l2C ip2/:

One checks this by computing this vector’s inner products with l1, p2, l2 and p3, and comparing with
h� jpj i D �� and h� j lj i D �

p
3. Subtracting it from � gives the other vertex that is shared by all three

polygons, namely

�D .6�I 2�; 0; 0; 2�; 3�; 1; 1; 1; 1; 2�; 3�; 1; 1/ where �D 2C
p
3:

Computation shows �2 D h� j �i D �36� 24
p
3.

The remaining vertex or vertices are different in the three cases. First we consider the sA.D l1/ case of
Lemma 4.2(b). Then

� 0 D � �
h� j l1i

hl1 j l1i
l1 D � �

�
p
3

3
l1 D � C l1=

p
3:

The calculation of � 0 in the sB (Dp2) case is the same, except that h� jp2iD�� , leading to � 0D�Cip2=
p
3.

In both cases one computes

.� 0/2 D h� 0 j �i D �7� 8
p
3 and h� 0 j �i D �36� 24

p
3:
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Similarly, in the quadrilateral case we have � 0 D � C ip6=
p
3,

.� 0/2 D h� 0 j �i D �7� 8
p
3 and h� 0 j �i D �37� 24

p
3:

The fourth vertex of Q is �0. Because � differs from � by a vector orthogonal to s0.D p6/, we have
h� jp6i D h� jp6i D �� . Therefore �0 D �C ip6=

p
3. One computes

.�0/2 D h�0 j �i D h�0 j �i D h�0 j � 0i D �37� 24
p
3:

The reason that all these inner products turn out to be real is that ip1; : : : ; ip13; l1; : : : ; l13 have real inner
products, and the real hyperbolic 13-space they span contains �0 and all three � 0. In the three cases, we
have seen that the vertices of T (resp. T , Q) are represented by negative-norm vectors whose real span is
3-dimensional and totally real (ie contains no complex subspaces). This justifies our claim in Lemma 4.2
that Q;T � B13 are totally real polygons. For use in the proof of Lemma 4.2, we also note the negativity
of the pairwise inner products of the vectors representing the vertices.

Our strategy for proving Lemma 4.2 derives from [Allcock and Basak 2018, Appendix A]. There, we
showed that various totally real triangles are covered by balls of various finite radii centered at the point
p1 D .� I 0; : : : ; 0/ 2 B13, where all 13 point-mirrors meet. For each of these balls, we used a computer
to enumerate the finitely many mirrors that meet it. Then we worked out whether and how these mirrors
meet each triangle of interest. We will use the same strategy, but we will also need balls centered around
another point c 2 B13. To define it, note that there is a unique way to choose two A4 diagrams in the zA11
that are not joined to each other or to s0. Namely, we define L.2/4 as the span of s2; : : : ; s5, and L.3/4 as
the span of s7; : : : ; s10. We define c as the point of B13 that is orthogonal to hs0i˚L

.1/
4 ˚L

.2/
4 ˚L

.3/
4 .

Just like p1, c is represented by a norm �3 lattice vector, namely

c D �.4I 1; 0; 0; 2; 2; 0; 0; 0; 0; 1; 2; 1; 0/:

As in [Allcock and Basak 2018, Appendix A], we call an open ball centered at p1 a critical ball if its
boundary is tangent to some mirror. Even though some mirrors pass through p1, we do not count the
radius-0 ball as critical. The distance from p1 to the mirror of a root s is given by

sinh�1
r
�
jhp1 j sij

2

p21s
2
D sinh�1

r
jhp1 j sij

2

9
D sinh�1

q
1
3
.0; 1; 3; 4; 7; : : : /:

The last equality comes from hp1 j si 2 �E. The numerical values of the first few critical radii are

r1; r2; r3; r4; : : :� 0:549; 0:881; 0:987; 1:210; : : : :

We call s a batch-n root, and s? a batch-n mirror (around p1) if s? is tangent to the nth critical ball
(around p1). We extend this language to “batch-0” in the case s ? p1. All these considerations apply
verbatim with c in place of p1.

Lemma 4.3 The triangles in the sA and sB cases of Lemma 4.2(b), and the quadrilateral in the s0 case of
Lemma 4.2(a), are covered by the union of the fourth critical balls around p1 and c.
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Proof In the quadrilateral case, we define points on two edges of Q, namely mD 1
2
.� C �/ 2 �� and

m0 D 1
2
.� 0C �0/ 2 � 0�0. Because balls and (totally real) polygons are convex, it is enough to check that

� , � 0, m and m0 lie at distance < r4 D sinh�1
p
7
3
� 1:210 from p1, and that m, m0, � and �0 lie at

distance<r4 from c. In the triangle cases we use the same argument, except that we definem0D 1
2
.� 0C�/,

and we replace the quadrilateral m;m0; �; �0 by the triangle m;m0; �. Here are the data shared by all three
cases:

d.p1; �/D cosh�1
q
1
2
C
2
3

p
3� :740; d.p1; m/D cosh�1

q
1303
1034
C
1676
1551

p
3� 1:172;

d.c;m/D cosh�1
q
794
517
C
1376
1551

p
3� 1:161; d.c; �/D cosh�1

q
5
4
C
13
18

p
3� 1:032:

In the triangle (resp. quadrilateral) cases we have

d.c;m0/D cosh�1
q
1828
1195
C
1056
1195

p
3� 1:158 resp. cosh�1

q
1994
1319
C
1152
1319

p
3� 1:151:

In the sA case (resp. the other two cases) we have

d.p1; �
0/D cosh�1

q
320
429
C

96
143

p
3� :848 resp. cosh�1

q
59
143
C

96
143

p
3� :700:

In the sA, sB and quadrilateral cases respectively we have

d.p1; m
0/D cosh�1

q
4996
3585
C
256
239

p
3� 1:195; cosh�1

q
1483
1195
C
1296
1195

p
3� 1:170;

and
cosh�1

q
3103
2638
C
1452
1319

p
3� 1:163:

Finally, in the quadrilateral case

d.c; �0/D cosh�1
q
443
359
C
256
359

p
3� 1:024:

One may use the identity cosh2 D sinh2C1 to avoid approximation when checking that these distances
are less than sinh�1

p
7
3

. This reduces one to checking that each radicand is less than 10
3

.

Proof of Lemma 4.2 As mentioned above, it suffices to prove this for the quadrilateral and two triangles
treated in Lemma 4.3. By that lemma, the only mirrors that can meet these polygons are the 0th, 1st,
2nd and 3rd batch mirrors around p1 and c. There are only finitely many mirrors in each batch, and in
[Allcock and Basak 2018, Lemma A.12] we explained how to use a computer to iterate over the mirrors in
these batches around p1. Below we will explain the corresponding enumeration around c. Now suppose
given a triangle T � B13 whose vertices are represented by vectors whose norms and inner products
are negative. Following [Allcock and Basak 2018, Lemma A.1], T meets a mirror s? if and only if the
origin lies in the triangle hT j si �C whose vertices are the inner products of these vectors with s. By
examining the 0th through 3rd batch mirrors, around p1 and c, we found all the mirrors meeting the
polygons. We carried out all calculations using exact arithmetic in the field Q.�;

p
3/. The results are as

stated in the lemma.

It remains to explain the enumeration of mirrors near c. We work with respect to the basis

c; s0I sA; sB; sC; sDI s5; s4; s3; s2I s7; s8; s9; s10
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for C13;1, whose inner product matrix is

�
�3 0

0 3

�
˚

0BB@
3 N� 0 0

� 3 � 0

0 N� 3 N�

0 0 � 3

1CCA˚
0BB@
3 N� 0 0

� 3 � 0

0 N� 3 N�

0 0 � 3

1CCA˚
0BB@
3 N� 0 0

� 3 � 0

0 N� 3 N�

0 0 � 3

1CCA :
(The backwards ordering of the 4-tuple s5; : : : ; s2 makes its inner product matrix coincide with those of
the other 4-tuples.) To avoid confusion, we will use square brackets when writing components of vectors
with respect to this basis.

Lemma 4.4 L consists of all vectors Œa=�; b=� I Ev1I Ev2I Ev3� where a; b 2 E are congruent mod � and
Ev1; Ev2; Ev3 2 L4.

Proof This is just a computation, but we indicate why it should be true. The 4-tuple in each of the last
three blocks of basis vectors generates a copy of L4. Recall that L4 is a summand of any lattice that
contains it and that has all inner products divisible by � . Therefore the semicolons delimit summands of L.
The only possibility for the remaining summand is

�
0
�

N�
0

�
. Therein, c is a primitive lattice vector in the

orthogonal complement of the norm �3 vector s0, and therefore must have norm 3 (making visible a fact
we already used). There are only two proper enlargements of the lattice

�
�3
0
0
3

�
to a lattice with all inner

products divisible by � , got by adjoining .s0˙ c/=� . We chose the sign of c so that .s0C c/=� 2 L.

Lemma 4.5 The roots in batches 0; : : : ; 3 around c appear in Table 1.

batch a b jbj2 norms of Ev1; Ev2; Ev3 mirrors

0 0 0 0 3; 0; 0 120

0 ˙!j � 3 0; 0; 0 1

1 1 !j 1 3; 0; 0 2 160

1 �2!j 4 0; 0; 0 3

2 � 0 0 6; 0; 0 6 480

� 0 0 3; 3; 0 172 800

� ˙!j � 3 3; 0; 0 4 320

3 �2 !j 0 6; 0; 0 6 480

�2 !j 0 3; 3; 0 518 400

�2 �2!j 4 3; 0; 0 2 160

�2 !j .3C .! or x!// 7 0; 0; 0 6

Table 1: The batch 0; : : : ; 3 mirrors around c; see Lemma 4.5. We list all batch-0 roots, and
one root from each scalar class of roots in batches 1, 2 and 3. Listed roots have the form
Œa=�; b=� I Ev1I Ev2I Ev3� where a and b appear in the table, and the norms of Ev1; Ev3; Ev3 2 L4 are as
specified, up to permutation. When present, j varies over f0; 1; 2g. The last column gives the
number of mirrors arising from the listed roots.
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Proof Suppose s D Œa=�; b=� I Ev1I Ev2I Ev3� is a root in batch 0 (resp. 1, 2, 3). Then jhs j cij2 D 0

(resp. 3, 9, 12). Since hs j ci D�3.a=�/, this shows jaj2D 0 (resp. 1, 3, 4). We may suppose aD 0 (resp.
1, � , �2), after scaling by a unit. Since s2 D 3,

(4-2) 3
ˇ̌̌
b

�

ˇ̌̌2
C Ev21 C Ev

2
2 C Ev

2
3 D 3C 3

ˇ̌̌
a

�

ˇ̌̌2
D 3 (resp. 4; 6; 7/:

In particular, jbj2 is at most the right side. After imposing the condition

b � a� 0 (resp. 1; 0; 1/ mod �;

b must be one of the possibilities listed in the table. From (4-2) follows Ev21 C Ev
2
2 C Ev

2
3 D 3Cjaj

2� jbj2.
Since the vectors of L4 have norms 0; 3; 6; 9; : : : , the norms of Ev1, Ev2 and Ev3 are as stated in Table 1, up
to permutation. Counting the mirrors of each type uses the fact that L4 has 240 vectors of norm 3 and
2160 of norm 6.

To carry out the proof of Lemma 4.2, we prepared lists of the norm 3 and 6 vectors in L4, and used these
to make lists of all possibilities for .Ev1; Ev2; Ev3/, which in turn we used to construct the roots in Table 1.
We converted these roots to our usual coordinates, and then computed their mirrors’ intersections with
the polygons. The enumeration of mirrors near c also allows us work out �’s nearest mirrors:

Lemma 4.6 The components of H that come nearest �, other than those that pass through it , are
s?0 ; : : : ; s

?
11.

Proof One can check

sinh�1
q
�
1
12
C

1
18

p
3C cosh�1

q
5
4
C
13
18

p
3 < sinh�1

q
7
3
:

The first and second terms on the left are the distances from � to s?j and c, respectively. They are
approximately :113 and 1:032. The right side is r4 � 1:210. It follows that the mirrors nearest �, subject
to missing it, lie in batches 0; : : : ; 3 around c. Examining these batches proves the lemma. To avoid
approximation when checking the inequality, apply sinh to both sides and then use its “angle sum”
formula.

5 The Deligne–Mostow 9-ball quotient

In their celebrated papers, Deligne and Mostow [1986; Mostow 1986] related many ball quotients to
various moduli spaces of tuples in CP1. Their work has been revisited from several perspectives [Thurston
1998; Couwenberg et al. 2005]. We recommend Looijenga’s expository paper [2007] and use it for most
of our references. We will establish notation, then extract what we need from the literature, and then
explain our refinements.

We recall and extend the notation of Section 3 in the case † D CP1 and n D 12. Namely, X is the
space .CP1/12 of ordered 12-tuples in CP1, and Xı is the subspace in which the 12 points are all
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distinct. We also define X st as the subspace of X consisting of ordered 12-tuples in CP1 with no points
of multiplicity> 5. To the previously defined

Y DX=S12; Y ı DXı=S12 and Mı12 D Y
ı=PGL2C

we add
Y st
DX st=S12 and Mst

12 D Y
st=PGL2C:

The superscript st indicates stability in the sense of geometric invariant theory (GIT). The only part of
stability that is important for us is that PGL2C acts properly on X st (and hence on Y st). This follows
from the elementary fact that PGL2C acts simply transitively on ordered triples in CP1, which also
shows that PGL2C acts freely on Xı. Therefore Xı=PGL2C is a manifold. Quotienting again, this time
by S12, yields the orbifold Y ı=PGL2C.

Theorem 5.1 (Deligne and Mostow) There is an isomorphism f WMst
12 ! B9DM=P�DM of complex

analytic varieties with the following properties:

(a) The restriction of f to Mı12 D Y ı=PGL2C is a complex analytic orbifold isomorphism onto
.B9DM�HDM/=P�DM.

(b) If z 2 B9DM lies in exactly one component of HDM, then its image in B9DM=P�DM corresponds via
f to a 12-tuple with exactly one multiple point , that point having multiplicity 2.

(c) Write � for the antiholomorphic involution of Y st corresponding to inversion across the unit circle.
We use the same notation for the induced antiholomorphic involution of Mst

12. Suppose y 2 Y ı

is �-invariant , and write f .y/ for its image under the composition of projection to Mı12 and
f WMı12! .B9DM�HDM/=P�DM. Suppose Af .y/ 2 B9DM�HDM lies over f .y/. Then there is an
antiholomorphic involution O� of B9DM that fixes Af .y/ and lies over f ı� ıf �1.

Proof We refer to the example after Looijenga’s Theorem 3.9 in [2007]. In his notation we take nD 10,
and weights �D .�0; : : : ; �11/D

�
1
6
; : : : ; 1

6

�
. The hyperbolic case of that theorem asserts

(5-1) there exists a �-equivariant isomorphism F WBS�nQst
�! Bn�1:

The map F is called the Schwartz map. By an isomorphism, he means an isomorphism of complex
analytic orbifolds.

Looijenga’s Bn�1DB9 is a complex 9-ball, and his � is the image of a certain monodromy representation,
in this case a homomorphism from �1.Y

ı/ Š Br12.CP1/ to the group PU.9; 1/ of biholomorphisms
of B9. This homomorphism sends each standard braid generator to a complex reflection whose nonidentity
eigenvalue is e2�i=3. This follows from Looijenga’s Corollary 2.2. Unfortunately its statement gives the
wrong eigenvalue e2�i=6. However, his argument gives the correct eigenvalue �e�2�i=6 D e2�i=3. The
same calculation, with this same result, appears in the proof of [Mostow 1986, Lemma 3.9]. The fact
that the standard generators act by complex reflections with this eigenvalue, and satisfy the braid and
commutation relations, uniquely determines the monodromy representation, and identifies Looijenga’s �
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with our P�DM. This is the content of [Allcock 2000, Section 5]. Because this representation is irreducible,
the �- and P�DM-invariant hermitian forms of signature .9; 1/ are uniquely determined, up to scale.
Therefore they are identified with each other, up to scale. This identifies Looijenga’s B9 with our B9DM.

We phrase Looijenga’s constructions in our notation. To the kernel of �1.Y ı/! P�DM corresponds
a covering space zY ı of Y ı, with deck group P�DM. Looijenga calls this space zV ı10 and describes it
concretely in his Section 1.5. He defines a P�DM-equivariant holomorphic map F W zY ı! B9DM in terms
of the periods of certain integrals. There is a canonical extension of zY ı! Y ı to a ramified covering
space zY st! Y st, and a unique extension F W zY st! B9DM. Furthermore, zY st is smooth. This is the content
of the first sentence of [Looijenga 2007, Proposition 3.8]. These spaces fit into a commutative diagram

zY ı zY st zY st=PGL2 C B9DM

Y ı Y st Y st=PGL2 C B9DM=P�DM

=
Mst
12

quotient by P�DM

F

f

in which vertical arrows indicate quotients by P�DM. In our notation, (5-1) asserts that the top right map
F is a P�DM-equivariant isomorphism of complex analytic orbifolds. Our f is the induced map got from
this by quotienting the domain and range by P�DM.

Technical note (1) Looijenga quotients by SL2C rather than PGL2C. He is careful not to let the
subgroup f˙1g contribute to the orbifold fundamental groups, even though it acts trivially. The way
he does this is by defining his space Qı� as the smooth variety (not orbifold) Xı=SL2C. See his page
230 for this definition and explicit charts defining the variety structure. The presence of f˙1g, acting
trivially, has no effect on this quotient. So for our purposes it is harmless to replace SL2C by PGL2C.
However, we may no longer use the simple connectivity of SL2C to automatically lift the SL2C-action
from Y ı to zY ı. We must check that the PGL2C-action on Y ı lifts. We do this as follows, where
ı WS1! PGL2C is a 1-parameter subgroup representing the nontrivial element of �1.PGL2C/: We must
show that, regarding ı as a member of Br12.CP1/ by applying it to some 12-tuple, its image in P�DM

is trivial. By construction, ı is the braid commonly called the “full twist”. Formally, ı is the nontrivial
central element of Br12.CP1/. So its image in P�DM is central there, and hence preserves every mirror.
Therefore it is trivial.

(2) We have described extending the domain of F from zY ı to zY st, and then quotienting by PGL2C.
Looijenga does this in the other order. This makes no difference, because the constructions are PGL2C-
invariant. Our formulation makes it easier to explain the orbifold isomorphism in (a). His S�nQı�, also
written S�nV ın to draw on earlier parts of his paper, is our Y ı=PGL2C, and similarly with superscripts
changed to st or a tilde added.

There are commuting actions of PGL2C and P�DM on zY st. We quotient by P�DM and then PGL2C, and
compare to what happens when we quotient in the other order. The quotient zY st=P�DM is an orbifold
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and hence also an analytic space. As an analytic space, it is the complex manifold Y st, essentially by the
definition of the normalization of analytic spaces (which is how zY st is defined). The PGL2C-action on
Y st is proper, making the quotient into an orbifold and hence an analytic space. These are the standard
orbifold and analytic space structures on Mst

12. Now we take the quotients in the other order. Looijenga’s
theorem identifies zY

st
=PGL2C (as an orbifold) with the manifold B9DM. Taking the quotient of this by

P�DM gives the orbifold B9DM=P�DM, whose underlying analytic space has now been identified with Mst
12.

This proves the claim on the first line of Theorem 5.1.

We phrased this as an isomorphism of analytic spaces, even though all the spaces involved are orbifolds.
This is because it is not an orbifold isomorphism: the elements of zY st � zY ı have nontrivial P�DM-
stabilizers, so the orbifold quotient zY st=P�DM is not the manifold Y st, even though the analytic space
quotient is. However, this issue disappears when zY st is replaced by zY ı, where P�DM acts freely. Then
the same argument establishes an orbifold isomorphism between Mı12 and its image in B9DM=P�DM.

In particular, to prove (a) it is enough to show F. zY ı/ D B9DM �HDM. It is difficult to give a precise
citation, so we will unpack some of Looijenga’s constructions. The key point is that if some of the
12 points collide, then the Schwartz map F degenerates to the Schwartz map of a smaller tuple of
numbers, got by fusing the �k’s in that collision pattern; see his Section 1.4. His Theorem 3.9 also
applies to that Schwartz map, establishing an isomorphism from the moduli space of stable 12-tuples
with those collisions (or more) to a subball of B9DM. That subball may contain subsubballs corresponding
to more-singular collision patterns, and so on. In this way, the natural stratification of Y st is identified
with the stratification of B9DM by intersections of mirrors. In particular, zY ı=PGL2C is identified with
B9DM �HDM, and the smooth part of zY st=PGL2C is identified with the smooth part of HDM. Modulo
details, this gives parts (a) and (b) of the current theorem.

We unpack the details that we will need. To evaluate limits of F as some of the 12 points collide, consider
some z.0/ D .z0.0/; : : : ; z11.0// 2 X st. For now the argument “.0/” is just a formal symbol, present
because we will soon choose a path z.t/ approaching z.0/. By reordering, we may suppose

(i) the zj .0/ that are involved in any given collision have consecutive subscripts, all less than 11.

By applying an element of PGL2C, we may suppose

(ii) z11.0/D1.

Now we choose a path z W Œ0; 1�!X st, with z.0/ equal to the point just discussed, and z.t/ 2Xı for all
t > 0. It is easy to choose this path satisfying:

(iii) if zj .0/ is not a multiple point of z.0/, then zj .t/ is constant, and

(iv) if zj�1.0/ D zj .0/, then zj�1.t/ and zj .t/ have constant imaginary part, and for all t > 0 the
following hold: zj�1.t/ lies to the left of zj .t/, and the segment zj�1.t/zj .t/ contains none of the
zk.t/ except its own endpoints.
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Each such curve z.t/ can be pushed forward into Y st and then lifted to a curve Qz.t/ in zY st. The lifting
uses that zY ı! Y ı is a covering space (allowing one to define Qz on .0; 1�), and that zY st! Y st is proper
(allowing an extension to Œ0; 1�). Up to the action of PGL2C, every point of zY st� zY ı has the form Qz.0/
for some lift Qz.t/ of some such curve z.t/. We will show that F sends every such Qz.0/ into HDM. The
same argument will show that if z.0/ is more degenerate than a single collision of two of the zj , then F
sends every such Qz.0/ into an intersection of several components of HDM.

So fix a path z.t/ as above. To show that F sends every Qz.0/ into HDM, it is enough to prove this for
any single lift Qz of z. This uses P�DM-equivariance. To specify a lift Qz, it is enough to choose a lift Qz.1/
of the other endpoint z.1/. One may specify Qz.1/ by choosing what Looijenga calls an L-slit (see his
Section 1.2). This means a sequence of curves ıj;1 from zj�1.1/ to zj .1/ which together form an arc
that is eventually horizontal and rightward-moving as it approaches z11 D1. We choose any L-slit
with the property that if zj�1 and zj collide at t D 0, then ıj;1 is the horizontal segment from zj�1.1/

to zj .1/. The fact that such an L-slit exists uses (i)–(iv). There is a unique-up-to-isotopy way to deform
the ıj;1, through paths ıj;t that form an L-slit for z.t/, as t varies over .0; 1�. Again using (i)–(iv), we
may suppose that if zj�1 and zj collide at t D 0, then ıj;t is the horizontal segment from zj�1.t/ to zj .t/,
for all t 2 .0; 1�.

Our choice of L-slit allows one to write down F. Qz.t// explicitly. Namely, it allows one to specify a branch
of a certain multivalued 1-form �z.t/ on CP1, with certain singularities at the zj .t/; see Looijenga’s
Section 1.1. Then, in suitable local projective coordinates,

F. Qz.t//D .F1. Qz.t//; : : : ; F10. Qz.t///; where Fj . Qz.t//D

Z
ıj;t

�z.t/ for t 2 .0; 1�:

(See Looijenga’s Section 1.3. His Fj are certain multiples of these integrals, rather than the integrals
themselves, but the constant factors do not affect our arguments.) Suppose zj�1 and zj collide at t D 0.
Then Looijenga’s (1.6) shows that Fj . Qz.t// ! 0 as t ! 0. Namely, the left side of his equation is
.zj .t/� zj�1.t//

�2=3, times a number of terms bounded away from 0, times Fj . Qz.t//. The right side is
bounded. So Fj . Qz.t//! 0 as t ! 0.

Just before his (2.2), Looijenga writes
p
T for the braid group element, supported in a disk small enough

to miss all other zk , that moves zj�1 and zj around each other positively by a half-twist. His (2.2)
describes how each Fk. Qz.t// changes under the monodromy action of

p
T , namely by the addition of a

multiple of Fj . Qz.t//. Since Fj . Qz.t// approaches 0 as t! 0, it follows that F. Qz.0// is invariant under the
monodromy action of

p
T . Since this action is by a triflection whose mirror is a component of HDM, we

have proven that F. Qz.0// lies in a component of HDM. It follows that F. zY st� zY ı/�HDM. Also, if more
than one collision takes place, for example if three points collide or four points degenerate in two pairs,
then the argument applies to each pair that degenerates, yielding multiple mirrors that contain F. Qz.0//.

Now we can prove (a) and (b). Because PGL2C acts freely and properly on zY st, . zY st� zY ı/=PGL2C is
a closed analytic subspace of zY st=PGL2C, and each of its (analytic space) components has dimension 8.
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By (5-1), the same holds for its F -image inside B9DM. Since this image lies in HDM, whose components
P�DM permutes transitively, it follows that F.. zY st� zY ı/=PGL2C/DHDM. Because F is an isomorphism,
this implies F. zY ı/ D B9DM �HDM, finishing the proof of (a). At this point we know that 12-tuples
without degenerations correspond to points of B9DM�HDM, and 12-tuples with more than one degeneration
correspond to points of B9DM that lie in multiple mirrors. So every remaining point of HDM must correspond
to a 12-tuple with exactly one degeneration. This proves (b).

We now prove (c). Because � WY ı!Y ı sends meridians to inverses of meridians, it sends the monodromy
representation to its complex conjugate. In particular, it preserves the kernel of this representation, and
hence lifts to an antiholomorphic involution O� of zY ı. We may suppose that O� fixes any chosen preimage
Qy 2 zY ı of y, say one with F. Qy/DAf .y/. Because � normalizes PGL2C, O� does too, so O� descends to an
antiholomorphic involution of zY ı=PGL2C D B9DM�HDM, which we will also call O�. By construction,
O� fixes Af .y/ and lies over the antiholomorphic involution f ı� ıf �1 of .B9DM�HDM/=P�DM.

The ball B9DM certainly admits antiholomorphic involutions. Following O� by one of them gives a holo-
morphic map B9DM�HDM! B9DM, which extends to all of B9DM by the Riemann extension theorem. It
follows that O� itself extends (as an antiholomorphic involution) to all of B9DM.

Our goal is to make the isomorphism in Theorem 5.1 more explicit. We will say which point of B9DM=P�DM

corresponds to the standard basepoint for Mı12, and which loops in .B9DM�HDM/=P�DM correspond to
the standard generators of Br12.CP1/. This result is interesting without any monstrous connection at all.

Inside L, the sublattice LDM is the orthogonal complement of the span L4 of specific roots sA; : : : ; sD
of L. Its isometry group �DM is a subgroup of � because LDM is a summand of L. Although we defined
the hyperplane arrangement HDM in terms of the roots of LDM, it can also be defined as the set of
hyperplanes arising from intersections of B9DM with components of H; see Lemma 5.3. In Section 4 we
defined � as the projection of � 2 B13 to B9DM, and we defined specific roots s0; : : : ; s11 of LDM. By
Lemma 4.6, their mirrors are the mirrors of HDM that come closest to �. We define

�j WD the meridian M�;sj 2 �
orb
1 ..B9DM�HDM/=P�DM; �/:

Now we can state the main theorem of this section; as in Section 3, � means e�i=6.

Theorem 5.2 The orbifold isomorphism f WMı12! .B9DM�HDM/=P�DM of Theorem 5.1(a) identifies
the basepoint T D f1; �; : : : ; �11g 2Mı12 with the basepoint � 2 B9DM �HDM (or rather with its image
mod P�DM). Furthermore , it identifies the just-defined �j 2 �

orb
1 ..B9DM �HDM/=P�DM; �/ with the

elements of �orb
1 .Mı12; T / denoted by the same symbols in Section 3.

In particular , �0; : : : ; �11 generate �orb
1 ..B9DM �HDM/=P�DM; �/, with defining relations stated in the

nD 12 case of Theorem 3.2.

We prove our earlier claim about the two descriptions of HDM, then proceed to the proof of Theorem 5.2.
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Lemma 5.3 Every mirror of L that meets B9DM is the mirror of a root of LDM, except for the 40 mirrors
which contain B9DM.

Proof Suppose B9DM meets the mirror of a root r . Then the E-span of r and L4 is positive definite. Also,
all its inner products are divisible by � . Therefore L4 is a summand of it. Since r2 and the minimal norm
of L4 are both 3, r 2 L4 or r ? L4. In the first case r? contains B9DM, and in the second r 2 LDM.

Lemma 5.4 The images of T in Mı12 and � in .B9DM�HDM/=P�DM are identified by the isomorphism f .

Proof The main point is that �’s P�DM-stabilizer is the dihedral group D24 of order 24. This uses
Lemma 4.6, ie that the mirrors of s0; : : : ; s11 are the components of HDM closest to �. So any element of
the stabilizer permutes them, and indeed is determined by how it permutes them. (Consider its action on
their points closest to �.) Since these roots form an zA11 diagram, the stabilizer is no larger than D24, and
a D24 in the stabilizer is visible (see Section 2.7).

The orbifold isomorphism in Theorem 5.1(a) shows that � corresponds to a point of Mı12 with local
groupD24. That is, to an unordered 12-tuple of distinct points in CP1, with PGL2C-stabilizer isomorphic
to D24. Considering the finite subgroups of PGL2C shows that there is only one such tuple, up to
projective equivalence, namely T .

Let �0 be the projection of � to s?0 . The segment ��0 corresponds via f to some motion in CP1 of the
12 points of T . The rest of the proof of Theorem 5.2 amounts to formulating this precisely and then
identifying the motion. To start, observe that the orbifold covering spaces

Xı=PGL2C!Mı12 and B9DM�HDM! .B9DM�HDM/=P�DM ŠMı12

are manifold covers of the same orbifold. Therefore Theorem 5.1(a) implies there is a diffeomorphism Qf ,
from a neighborhood ET of (the image of) T in Xı=PGL2C to a neighborhood E� of � in B9DM�HDM,
that lies over f and is D24-equivariant.

Together with analytic continuation, this allows us to transfer any path in B9DM�HDM, beginning at �, to
a path in Xı=PGL2C beginning at T . In particular, there exists a unique path 
 W Œ0; 1/!Xı=PGL2C,
whose initial segment corresponds to ��0 under Qf , and which has the same projection as ��0�f�0g to
Mı12 Š .B

9
DM�HDM/=P�DM. Because X st=PGL2C is finite over Y st=PGL2C, 
 extends continuously

to Œ0; 1�. Finally, because X st is a PGL2C-bundle over X st=PGL2C, we may lift 
 to a path ˇ.t/ D
.ˇ0; : : : ; ˇ11/ 2X

st of ordered 12-tuples in CP1.

Our analysis of ˇ will rely on a study of certain antiholomorphic involutions of Mı12 and B9DM. Following
Theorem 5.1(c), write � WCP1!CP1 for the inversion map across the unit circle, ie z 7! 1= Nz. We also
write � for the induced maps on X st and Y st and their quotients by PGL2C. As a self-map of CP1,
the antiholomorphic involution � preserves T pointwise and commutes with T ’s setwise stabilizer
D24 � PGL2C. Another way to say this is that �’s action on Xı=PGL2C preserves the image therein
of T , and commutes with the D24 � S12 stabilizing this image.
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Theorem 5.1(c) provides an antiholomorphic involution O� of B9DM that fixes � and lies over the antiholo-
morphic involution f ı� ıf �1 of B9DM=P�DM. In fact, there are several candidates for O�, differing by
composition with the involutions in D24. Since Qf W ET ! E� is an isomorphism of orbifold covering
spaces, it identifies the lifts of � to ET with the lifts of � to E�. We define O� to be the lift to B9DM

that corresponds to � under Qf . (We can now discard ET and E�.) We remark that antiholomorphic
automorphisms of the complex ball are complex hyperbolic isometries.

Lemma 5.5 There are only two possibilities for O�: it is either the antiholomorphic involution O�0 of
B9DM got from complex conjugation in the P 2F3 model of L, or the composition of O�0 with the central
involution Z of the P�DM-stabilizer D24 of �.

Proof Since O� preserves � and HDM, it permutes the mirrors nearest �, which by Lemma 4.6 are the s?i .
Since it commutes with D24, it either preserves each of them, or else sends each s?i to s?iC6. In either
case, this determines the action of O� on the points of the s?i that are nearest �, and hence the action on all
of B9DM. The first of these possibilities is realized by O�0, and the second by O�0 ıZ.

We now return to our path ˇ.t/D .ˇ0.t/; : : : ; ˇ11.t// 2 X st. The key ingredient in the analysis is that
��0 is O�0-invariant. Also important is that the ˇi .t/ are all distinct, for each t until t D 1. At t D 1, two
of the ˇi .t/ become equal, while the rest remain distinct from them and from each other. This follows
from Theorem 5.1(b) and the fact that �0 lies in exactly one component of HDM. One might skip the next
proof for now, since the lemma after it has a similar but simpler proof.

Lemma 5.6 O�D O�0.

Proof Suppose to the contrary, so O� D O�0 ı Z. Because ��0 is O�0-invariant, 
 is .�ıZ/-invariant,
where Z is still the central involution of D24, but now acting on X st=PGL2C. That is, there exists
gt W Œ0; 1�! PGL2C such that .� ıZ/.ˇ.t//D gt .ˇ.t//. Since Z acts on X D .CP1/12 by cyclically
permuting the factors by six positions, we have

(5-2)
�
�.ˇ6.t//; : : : ; �.ˇ11.t//; �.ˇ0.t//; : : : ; �.ˇ5.t//

�
D
�
gt .ˇ0.t//; : : : ; gt .ˇ11.t//

�
:

Choose i and j so that ˇi , ǰ , ˇiC6 and ǰC6 are not involved in the collision as t ! 1. From (5-2)
this 4-tuple is projectively equivalent to �.ˇiC6/; �. ǰC6/; �.ˇi /; �. ǰ /. This is projectively equivalent
to ŇiC6; ŇjC6; Ňi ; Ňj , because � and the usual complex conjugation on CP1 differ by a projective
transformation. This gives an equality of cross ratios:

.ˇi � ǰ /.ˇiC6� ǰC6/

.ˇi �ˇiC6/. ǰ � ǰC6/
D
. ŇiC6� ŇjC6/. Ňi � Ňj /

. ŇiC6� Ňi /. ŇjC6� Ňj /
:

In particular, ˇi , ǰ , ˇiC6 and ǰC6 have real cross ratio.

A 4-tuple has real cross ratio if and only if it can be carried into the unit circle by a projective transformation.
So, by applying a time-dependent projective transformation, we may suppose that ˇi .t/, ǰ .t/, ˇiC6.t/
and ǰC6.t/ lie on the unit circle, for all t . At t D 0, fˇi ; ˇiC6g separates ǰ and ǰC6 from each other
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on the circle. These four points remain distinct during the motion, so the same holds for all t . Therefore
the geodesics ˇi .t/ˇiC6.t/ and ǰ .t/ ǰC6.t/, in the Poincaré disk bounded by the unit circle, meet each
other. By applying a time-dependent projective transformation, preserving the unit circle, we may suppose
without loss of generality that the intersection point is the origin. In particular, ˇi .t/ and ˇiC6.t/ are
antipodal for all t , and similarly with j in place of i .

We revisit (5-2) in light of this information. It says that gt acts by negation on four points of the unit
circle. This uniquely determines gt as z 7! �z, for all t . It follows that ˇkC6.t/D�1= Ňk.t/ for all k. In
particular, the unordered 12-tuple underlying ˇ.t/ is preserved by the fixed-point-free self-map z 7!�1= Nz
of CP1. This is a contradiction: ˇ.1/ has a single collision point, and hence admits no such symmetry.

Lemma 5.7 The path 
 in Mst
12, corresponding to ��0, is represented by a path .ˇ0.t/; : : : ; ˇ11.t// 2

.CP1/12, satisfying

(a) ˇi .t/ lies in the unit circle for all i and t ,

(b) for each t 2 Œ0; 1/, the ˇi .t/ are distinct ,

(c) two of the ˇi .1/ coincide and the rest are distinct from them and each other.

Proof By the previous two lemmas, O� D O�0. So the O�0-invariance of ��0 implies the �-invariance
of 
 . In other words, �.ˇ.t// is projectively equivalent to ˇ.t/ for all t , which is to say that there exists
gt W Œ0; 1�! PGL2C such that

(5-3)
�
�.ˇ0.t//; : : : ; �.ˇ11.t//

�
D
�
gt .ˇ0.t//; : : : ; gt .ˇ11.t//

�
for all t . We choose i , j and k not involved in the collision; in particular, ˇi .t/, ǰ .t/ and ˇk.t/ remain dis-
tinct as t!1. Because PGL2C acts 3-transitively on CP1, we may apply a time-dependent automorphism
of CP1 to suppose that ˇi .t/, ǰ .t/ and ˇk.t/ lie on the unit circle for all t . That is, they are �-invariant,
and hence by (5-3) also gt -invariant. Only the trivial element of PGL2C fixes three points, so gt is the
identity for all t . Now (5-3) says that ˇi .t/ is fixed by �, for all i and t . We have exhibited a representative
ˇ W Œ0; 1�!X st for ��0, consisting of 12 points moving on the unit circle that remain distinct until t D 1,
when two neighbors collide but no other collisions take place. This last part uses Theorem 5.1(b).

Proof of Theorem 5.2 Our goal is to understand the motions of 12-tuples in CP1, corresponding to the
meridians �0; : : : ; �11 2 �orb

1 ..B9DM�HDM/=P�DM; �/. By definition, �0 follows ��0 until very near �0,
then travels one third of the way around s?0 , onto S0.�0�/, and then continues along S0.�0�/ until arriving
at S0.�/.

We already transferred ��0 to a path 
 in X st=PGL2C. By Lemma 5.7, 
 is represented by a path ˇ of
ordered 12-tuples in S1 �CP1 that remain distinct until t D 1, when two neighbors collide, say ˇ0.t/
and ˇ1.t/. By this choice of labeling, 
.1/ lies in the component C01 of .X st�Xı/=PGL2C fixed by the
involution AD .01/ 2 S12. Because there is only one collision among ˇ0.1/; : : : ; ˇ11.1/, this is the only
component of .X st�Xı/=PGL2C containing 
.1/, just as s?0 is the only component of H containing �0.
Because X st! Y st has order-2 branching along C01, rather than order 3, we can now identify the path
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in Xı=PGL2C corresponding to �0. It begins at (the PGL2C-orbit of) T , travels along 
.t/ until t is
very near 1 (say t D t0), so that 
.t0/ is very near C01. Then it travels halfway around C01, ending at
A.
.t0//, and then continues along A.reverse.
// until arriving at A.T /.

This path is easy to lift to Xı, because we have already lifted 
 to ˇ. It begins at T and follows ˇ.t/
until t D t0, so that ˇ0 and ˇ1 have almost collided. Then ˇ0 and ˇ1 move counterclockwise around each
other, so that they swap places, ending at the A.ˇ.t0//. Then it travels along A.reverse.ˇ// all the way
to A.T /. This is one of the standard generators given in Section 3 for the braid group Br12.CP1/.

We have proven that the isomorphism f WMı12! .B9DM�HDM/=P�DM sends the standard generators
for Br12.CP1/, called �i in Section 3, to the meridians in �orb

1 ..B9DM�HDM/=P�DM; �/ called �i in this
section, up to labeling. Considering which pairs of generators braid and which pairs commute shows that
the identification may be taken to match subscripts in the natural way.

6 A neighborhood of B9
DM, modulo its stabilizer

Recall from Section 4 that B9DM means the 9-ball orthogonal to the roots sA; : : : ; sD that form our chosen
A4 subdiagram of P 2F3. Our goal is to define a suitable neighborhood U of B9DM, invariant under

P�sw
DM WD the setwise P�-stabilizer of B9DM;

and write down a presentation of �orb
1 ..U �H/=P�sw

DM/. Theorem 5.2 leads to a surjection from this group
to the orbifold fundamental group of the moduli space Mı12 of 12-point subsets of CP 1. We will identify
the kernel as the ordinary 5-strand braid group, and then work out the details of the group extension.

We defined HDM � B9DM as the union of the mirrors of the roots of LDM. In Lemma 5.3 we showed that
these are exactly the roots of L whose mirrors meet B9DM, except for the 240 roots in the positive definite
lattice hsA; : : : ; sDi Š L4, which are orthogonal to B9DM. This immediately implies:

Lemma 6.1 There is a P�sw
DM-invariant neighborhood U of B9DM such that orthogonal projection

� W B13 ! B9DM realizes U �H as a fibration over B9DM �HDM, with fibers as follows. The fiber
over each x 2 B9DM�HDM is an open ball centered at x, in the B4 orthogonal to B9DM at x, minus the 40
mirrors of L4.

Now we choose a basepoint � 2 ���f�g, close enough to � so that the meridians �j , defined in Section 4
and based at � , lie in U for j D 0; : : : ; 11;A; : : : ;D. By moving � closer to � we may also suppose that
� ’s P�-stabilizer is a subgroup of �’s. We set

J WD �orb
1 ..U �H/=P�sw

DM; �/:

Most of this section concerns relations between �0; : : : ; �11; �A; : : : ; �D. The roots s0; : : : ; s11; sA; : : : ; sD
form an zA11A4 subdiagram of P 2F3, and so the corresponding meridians �0; : : : ; �11; �A; : : : ; �D (all
based at �) satisfy the zA11A4 Artin relations. This is [Basak 2016, Theorem 4.4]. By Theorem 4.1,
�0; : : : ; �11; �A; : : : ; �D do too.
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Orthogonal projection B13! B9DM is P�sw
DM-equivariant, inducing a map

(6-1) .U �H/=P�sw
DM! .B9DM�HDM/=P�DM:

Here P�DM is the group of automorphisms of B9DM induced by P�sw
DM. That is, P�DM is the quotient

of P�sw
DM by the pointwise stabilizer of B9DM. This agrees with our previous use of P�DM to mean the

projective isometry group of LDM, because LDM is a summand of L. The projection (6-1) induces a
homomorphism

(6-2) J ! �orb
1 ..B9DM�HDM/=P�DM; �/Š �

orb
1 .Mı12; T /:

The isomorphism here uses our refinement (Theorem 5.2) of the theorem of Deligne and Mostow. It is
well known that Mın has contractible orbifold universal cover [Birman 1974]. Therefore, applying the
long exact homotopy sequence to the fibration in Lemma 6.1 yields an exact sequence

(6-3) 1! �orb
1 .fiber over �; �/! J ! �orb

1 .Mı12; T /! 1:

Next we work out the left term:

Lemma 6.2 The kernel �orb
1 .fiber over �; �/ in (6-3) is isomorphic to the 5-strand braid group Br5.

The meridians �A; : : : ; �D form a standard set of generators. That is , their A4 Artin relations are
defining relations.

Proof We recall that Aut.L4/ is the finite complex reflection group numbered 32 in the Shephard–Todd
list [1954, Table VII]. The fibration in Lemma 6.1 shows that the kernel in (6-3) is

(6-4) �orb
1 ..B �H/=Aut.L4/; �/;

where B is a small ball centered at �, in the orthogonal complement to B9DM at �. This is essentially the
definition of the braid group associated to Aut.L4/. (The standard definition [Bessis 2015] uses C4 in
place of B , and �1 in place of �orb

1 , which is no change at all because finite complex reflection groups
act freely on their mirror complements.) Orlik and Solomon [1988, Theorem 2.25] showed that this is
isomorphic to the standard 5-strand braid group.

It remains to show that �A; : : : ; �D are comprise a standard set of generators. We use [Allcock and Basak
2016, Theorem 1.2] to prove generation. This requires us to check several things. First, the reflections
in sA; : : : ; sD generate Aut.L4/, which is well known. Second, of the 40 mirrors of Aut.L4/, the ones
closest to � are the mirrors orthogonal to these four roots. This is an easy computer check. To state the
third condition, we write E for the set of eight images of � under the !- and x!-reflections in these four
mirrors. One must check, for each of the remaining 36 mirrors, that the projection of � to that mirror is
closer to some element of E than it is to � . This is another easy computer check.

The A4 Artin relations satisfied by �A; : : : ; �D are the relations defining Br5 in terms of its standard
generators. So we obtain a self-surjection Br5 ! Br5 by sending some standard set of generators to
�A; : : : ; �D. The braid group is Hopfian [Bell and Margalit 2006, page 276], which means that any self-
surjection must be an automorphism. Therefore �A; : : : ; �D are themselves a standard set of generators.
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Remark We sketch a geometric argument that avoids the Hopfian trickery and the reliance on [Orlik
and Solomon 1988]. First one proves generation, as above, and it remains to show that the braid relations
on �A; : : : ; �D define the subgroup of J that they generate. Suppose R.�A; : : : ; �D/D 1 is a relation they
satisfy. By Theorem 4.1 R.�A; : : : ; �D/D 1. Then by L3.3/Ì 2 symmetry R.�0; : : : ; �3/D 1. Another
application of Theorem 4.1 shows R.�0; : : : ; �3/D 1, and then projecting to .B9DM�HDM/=P�DM gives
R.�0; : : : ; �3/D 1. Using normal forms for words in braid groups, one can show that the homomorphism
Br5.C/! Br12.CP1/! �orb

1 .Mı12/ sending the standard generators of Br5 to four consecutive standard
generators of Br12.CP1/ is injective. It follows that R.�0; : : : ; �3/ D 1 is a consequence of the braid
relations on �0; : : : ; �3. Reversing the first part of the argument shows that the same holds with �A; : : : ; �D

in place of �0; : : : ; �3.

We have established the exact sequence

(6-5) 1! Br5! J ! �orb
1 .Mı12/! 1:

We know that J is generated by �0; : : : ; �11; �A; : : : ; �D. Three kinds of relations suffice to define J .
First are the relations defining the normal subgroup Br5, which are words in �A; : : : ; �D. Then there
are relations saying how �0; : : : ; �11 act on this normal subgroup: they centralize it. Finally there are
relations of the form

(6-6) word.�0; : : : ; �11/D word.�A; : : : ; �D/;

where the left side is one of the relators defining �orb
1 .Mı12/, except written with �j ’s in place of �j ’s.

And the right side is a word in �A; : : : ; �D that is equal to the left-side word. (Such a word exists,
because the left side lies in the kernel of the projection to �orb

1 .Mı12/.) It is easy to see that any word in
�0; : : : ; �11; �A; : : : ; �D that is trivial in J can be reduced to the trivial word by use of these relators. So
a set of defining relations for J consists of the Artin relators among �A; : : : ; �D, their commutativity with
�0; : : : ; �11 and one relation of the form (6-6) for each defining relator of �orb

1 .Mı12/.

It remains to work out the words (6-6) explicitly. As preparation, we record some facts about important
elements of P� . Write S0; : : : ; S11; SA; : : : ; SD for the !-reflections in the roots s0; : : : ; s11; sA; : : : ; sD.

Lemma 6.3 (a) SjSjC1 � � �SjC10 (resp. SjSj�1 � � �Sj�10) is independent of j 2 f0; : : : ; 11g. It per-
mutes the mirrors s?

k
by incrementing (resp. decrementing) subscripts. It , and also �.SA; : : : ; SD/,

act on B1.�; �/ by the positive 1
6
� rotation around �.

(b) The actions of S1S2 � � �S10S211S10 � � �S2S1 and �.SA; : : : ; SD/
2 on B13 coincide. Namely, both

e�i=3S1 � � �S10S
2
11S10 � � �S1 and �.SA; : : : ; SD/

2 act trivially on LDM and by the scalar e�i=3 on
its orthogonal complement.

(c) �.S1; : : : ; S11/ permutes the mirrors s?j by s?j 7! s?12�j , and acts on B1.�; �/ by the � rotation
around �.
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Proof The equalities were suggested by experience with the ordinary braid groups and the braid groups
of finite complex reflection groups. The roots sj are defined, via (4-1), in Section 2.4. The formula for a
triflection appears in Section 2.5. We used a computer to write down matrices for the triflections Sj and
then check our assertions.

Lemma 6.4 The P�-stabilizer of � fixes B1.�; �/ pointwise , has generators

S1S2 � � �S11 ��.SA; : : : ; SD/
�1 of order 12 and .S1S2 � � �S11/

6
��.S1; : : : ; S11/

�1 of order 2;

and is dihedral of order 24. Conjugation by the second word inverts the first.

Proof We chose � close enough to � so that � ’s stabilizer lies in �’s. Therefore � ’s stabilizer acts trivially
on B1.�; �/D B1.�; �/. The stabilizer of � is L3.3/Ì 2, and its subgroup fixing � (or equivalently �)
is dihedral of order 24. That the listed elements stabilize � follows from Lemma 6.3. Computation
establishes their orders and that the second inverts the first. We remark that the exponent �1 could be
removed in the second word, because �.S1; : : : ; S11/ has order 2. However, the current form matches
the lift of this word with �j ’s in place of Sj ’s, in Lemma 7.1.

Lemma 6.5 Let 
 (resp. ı) be the positively directed circular arc in B1.�; �/, beginning at � , and
subtending angle 1

6
� (resp. 1

2
�) around its center �. Then

(a) the �j�jC1 � � � �jC10 are equal to each other and to .
; SjSjC1 � � �SjC10/,

(b) the �j�j�1 � � � �j�10 are equal to each other and to .
; SjSj�1 � � �Sj�10/,

(c) �.�A; : : : ; �D/ is equal to .
;�.SA; : : : ; SD//, and

(d) �.�1; : : : ; �11/ is equal to .ı;�.S1; : : : ; S11//.

Proof of Lemma 6.5(a)–(b) Assuming for a moment one case of (a), namely

(6-7) �1 � � � �11 D .
; S1 � � �S11/;

we will prove the rest of (a) and all of (b) by symmetry. The P�-stabilizer of � acts trivially on
B1.�; �/, and therefore fixes 
 . Lemma 6.4 shows that it contains S1 � � �S11 ��.SA; : : : ; SD/

�1, which
by Lemma 6.3(a) permutes the mirrors s?0 ; : : : ; s

?
11 by incrementing subscripts. Therefore the conjugates

of (6-7) by the powers of S1 � � �S11 ��.SA; : : : ; SD/
�1 are the relations �j � � � �jC10 D .
; Sj � � �SjC10/.

These relations are part of our claim in (a). The rest of (a) follows, because Lemma 6.3(a) shows that
Sj � � �SjC10 is independent of j .

Next, Lemma 6.4 shows that the P�-stabilizer of � contains .S1 � � �S11/6 ��.S1; : : : ; S11/�1. It fixes 
 ,
for the same reason as in the previous paragraph. It reverses the cyclic ordering of the mirrors s?0 ; : : : ; s

?
11

by Lemma 6.3(c). Therefore (b) follows from (a).

It remains to prove (6-7). We write ˇ for the path underlying �1 � � � �11, namely

ˇ WD ��;s1 followed by S1.��;s2/ followed by S1S2.��;s3/ : : : followed by S1S2 � � �S10.��;s11
/:
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It is obvious that �1 � � � �11 has the same underlying element of P� as .
; S1 � � �S11/. In particular, the
endpoints of ˇ and 
 coincide. So it remains to show that the loop ˇ
�1 (ie ˇ followed by reverse.
/)
is nullhomotopic in U �H. In fact we will show that it is nullhomotopic in V �H, where V is the
intersection of U with the B10 spanned by B9DM and � . It follows from Lemma 6.1 that V �H is a
punctured-disk bundle over B9DM�HDM.

Our first step is to show that the projection of ˇ
�1 to B9DM�HDM is nullhomotopic. To do this we find
braids representing the projections of �1 � � � �11 and .
; S1 � � �S11/ to �orb

1 ..B9DM�HDM/=P�DM; �/D

�orb
1 .Mı12; T /. By Theorem 5.2, the former is represented by the braid �1 � � � �11. The latter projects to

..the constant path at �/; S1 � � �S11/:

This is represented by a braid which keeps all 12 points evenly spaced on the unit circle (because its
underlying path in the moduli space is constant), and permutes them in the same way as �1 � � � �11 (because
the element of P�DM underlying �1 � � � �11 is S1 � � �S11). That is, .
; S1 � � �S11/ is represented by the
braid in which all 12 points of T move 1

6
� clockwise around the unit circle with uniform speed. The first

braid followed by the inverse of the second is trivial in Br12.CP1/. It follows that the projection of ˇ
�1

to B9DM�HDM represents the trivial element of �orb
1 .Mı12/ and is therefore nullhomotopic.

Now the exact sequence on �1, for the punctured-disk fibration V �H! B9DM�HDM, shows that ˇ
�1

is homotopic into the fiber over �. So it will be enough to show that ˇ
�1 has trivial winding number
around B9DM in B10. For this, we may replace ˇ by its projection ˛ to B1.�; �/. In summary, it will be
enough to prove that the specific loop ˛
�1 is nullhomotopic in the specific punctured disk V \B1.�; �/.
This becomes obvious upon drawing it, which we now prepare to do.

First, each ��;si was defined as a perturbation of the concatenation of two geodesic segments. The first
segment joins � to the projection of � into s?i , which the second segment joins to Si .�/. The perturbation
is to avoid hitting s?i at the concatenation point, and can be made arbitrarily small. The concatenation
point does not lie in B9DM, so the perturbation does not affect the winding number of ˇ
�1 around B9DM.
So, for the rest of the proof, we will ignore the perturbation and regard ��;si as the concatenation of the
two segments. (Or you can imagine that the perturbation is so small that it becomes invisible in Figure 1.)
This makes ˇ into a concatenation of 22 specific geodesic segments in B10.

Second, if two vectors of negative norm in C14 have negative inner product, then the segment joining them
in C14 represents the geodesic joining the corresponding points in B13. Therefore ��;si is represented by
the line segment in C14 from � to its linear projection onto s?i , followed by the line segment from there
to Si .�/. In this way, we may regard ˇ as a path in C14.

We orthogonally project ˇ into Ch�; �i and decompose the result as a linear combination of � and � � �.
These are orthogonal to each other, with norms �36� 24

p
3 and 30C 16

p
3, respectively. Therefore

the projection of ˇ.t/ to Ch�; �i is
hˇ.t/ j �i

�36� 24
p
3
�C
hˇ.t/ j � � �i

30C 16
p
3
.� � �/:
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0 begin

end

1
6
�

Figure 1: The piecewise-linear path t 7! hˇ.t/ j �i in C, up to scaling. Its reciprocal, scaled, is
the path ˛ at the heart of the proof of Lemma 6.5(a).

The coefficient of the second component is constant in time, because ˇ.t/ differs from ˇ.0/D � by a
linear combination of s0; : : : ; s11. These are orthogonal to � � � because � was defined as the projection
of � to their span. The constant does depend on our choice of basepoint � D ˇ.0/, and is nonzero because
� 2 �� � f�g. On the other hand, the coefficient of the first component depends on time, but does not
depend on the choice of � 2���f�g. This is because any two candidates for � differ by a multiple of ���.

We identify PCh�; �i with CP1DC[f1g by sending u�Cv.���/ to v=u. This identifies � with 0, and
B1.�; �/ with an open disk centered there. (If one cares, the radius is

p
��2=.� � �/2.) Most importantly,

we get the simple formula

˛.t/D
constant depending on �

hˇ.t/ j �i; which is independent of �
;

where ˇ.t/ is a concatenation of 22 segments in C14, starting at ˇ.0/D � .

The path appearing in Figure 1 is not ˛. Rather, the figure shows the piecewise linear path t 7! hˇ.t/ j �i,
up to scale. It is clearly homotopic, rel endpoints, to a clockwise circular arc of angle 1

6
� around 0. To

check that the picture does not deceive, it is enough to verify that the endpoints of the segments lie in the
right half-plane in C. (This is why we work with the piecewise linear path, rather than ˛ itself.) Therefore
˛ is homotopic, rel endpoints, to the counterclockwise circular arc of angle 1

6
� in B1.�; �/, starting at �

and centered at �. This is the same path as 
 , proving that ˛
�1 is nullhomotopic.

If one’s only goal is to prove Theorem 1.1, then one can skip the rest of this section; see the proof of that
theorem in Section 7.

Proof of Lemma 6.5(c) First we claim that .
;�.SA; : : : ; SD// has the same image in the abelianization
Z of Br5 as �.�A; : : : ; �D/. To see this, observe that its twelfth power is the circle in B1.�; �/ centered
at �. This loop encircles the 40 mirrors, once each. Since a loop around one of these mirrors is (conjugate
to) the 3rd power of one of the standard braid generators, it follows that the image of .
;�.SA; : : : ; SD//
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in Z is 1
12
.40 �3/D 10 times that of a standard generator. On the other hand, �.�A; : : : ; �D/ is defined as

a product of 10 standard generators. This proves our claim.

Next we claim that conjugation by .
;�.SA; : : : ; SD// exchanges �A $ �D and �B $ �C. That is, it
permutes the generators of Br5 in the same way that �.�A; : : : ; �D/ does. It follows that they differ by
a central element of Br5. It is well known that Z.Br5/ is cyclic, generated by �.�A; : : : ; �D/

2. Since
the center maps faithfully to the abelianization, the previous paragraph shows that �.�A; : : : ; �D/ and
.
;�.SA; : : : ; SD// are actually equal, not just equal up to center.

It remains to prove the claim. We will show

(6-8) .
;�.SA; : : : ; SD//�D.
;�.SA; : : : ; SD//
�1
D �A:

The same argument proves that .
;�.SA; : : : ; SD// also sends �A to �D, and exchanges �B$ �C. The
element of P� underlying the left side of (6-8) is

�.SA; : : : ; SD/SD�.SA; : : : ; SD/
�1:

Since �.SA; : : : ; SD/ exchanges SA$ SD, this simplifies to SA. This agrees with the element of P�
underlying the right side of (6-8).

To simplify analysis of the underlying path, we write Ft for the 1-parameter subgroup of U.13; 1/ that
acts trivially on LDM˝C and by the scalar e�it=6 on its orthogonal complement. On every complex
line through �, which is orthogonal to B9DM, it acts by 1

6
�t rotation. In particular, 
.t/D Ft .�/. Also,

although the Ft do not all preserve H, they do preserve U \H, which is the only part of H that will be
important in this proof.

We also recall that the path underlying �D is ��;sD , moving from � to very near s?D , then 2
3
� of the way

around s?D , and then onward to SD.�/. What remains is to consider the path underlying the left side
of (6-8). This is 
 , followed by the �.SA; : : : ; SD/-image of ��;sD , followed by the �.SA; : : : ; SD/SD-
image of reverse.
/. The first part is the path t 7! Ft .�/ as t varies over Œ0; 1�. Because �.SA; : : : ; SD/

exchanges s?A with s?D , the second part is �F1.�/;sA , from F1.�/ to SA.F1.�//D F1.SA.�//. The third
part is t 7! F1�t .SA.�//. We must show that this 3-part path, followed by reverse.��;sA/, bounds a disk
in U �H. This is almost obvious: consider the surface swept out by the Ft -images of ��;sA as t varies
from 0 to 1 (or equivalently, the surface swept out by the paths �Ft .�/;sA).

Proof of Lemma 6.5(d) In the ordinary 12-strand braid group, �.�1; : : : ; �11/ can be described by
saying that the 12 strands are embedded in a strip that rotates about its midline through an angle � . This
represents a constant path in Mı12, so �.�1; : : : ; �11/ is homotopic, rel endpoints, into the punctured disk
which is the fiber of V �H over �. By Lemma 6.3(c), its final endpoint is halfway around this fiber
from � . To finish the proof, it is enough to show that �.�1; : : : ; �11/2 encircles the puncture � once
positively. This follows from its equality with .�1 � � � �11/12 in Br12, and our description of �1 � � � �11 in
part (a) of this lemma.
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Theorem 6.6 The orbifold fundamental group

J D �orb
1 ..U �H/=P�sw

DM; �/

has generators �0; : : : ; �11; �A; : : : ; �D and defining relations

(a) the Artin relations of the zA11A4 diagram ,

(b) all the Ij WD �j�jC1 � � � �jC10 coincide; write I for their common value ,

(c) all the Dj WD �j�j�1 � � � �j�10 coincide; write D for their common value ,

(d) ID D�.�A; : : : ; �D/
2, and

(e) D6 D I 6.

Furthermore , I�kI�1 D �kC1, D�kD�1 D �k�1 and �.�1; : : : ; �11/�k�.�1; : : : ; �11/�1 D �12�k for
all k D 0; : : : ; 11.

Here and henceforth we use Ij , Dj , I and D for these words in the �k rather than the �k . To avoid
confusion, we will not use these symbols in the proof until after establishing (a)–(e).

Proof We will establish the stated relations; that they are defining relations follows. This is because they
include defining relations for the normal subgroup Br5 generated by �A; : : : ; �D, relations saying how
�0; : : : ; �11 conjugate �A; : : : ; �D, and also one relation of the form (6-6), for each defining relator of
�orb
1 .Mı12/ from Theorem 3.2. (See the discussion before Lemma 6.3.) Since 12 is even, we may use

the alternative form .�1 � � � �11/
6 D .�11 � � � �1/

6 of Theorem 3.2(e). The zA11A4 Artin relations hold by
[Basak 2016, Theorem 4.4]. Lemma 6.5 establishes (b) and (c).

(d) Lemma 6.3(b) shows that the elements of P� underlying

�1 � � � �10�
2
11�10 � � � �1 and �.�A; : : : ; �D/

2;

namely S1 � � �S10S211S10 � � �S1 and �.SA; : : : ; SD/
2, coincide. Lemma 6.5(a)–(c) show that both un-

derlying paths are homotopic, rel endpoints, to the positive circular arc in B1.�; �/ that starts at � and
subtends angle 1

3
� around its center �.

(e) Lemma 6.5(a)–(b) shows that .�1 � � � �11/6 and .�11 � � � �1/6 have the same underlying path, namely
the positive semicircular arc in B1.�; �/, starting at � and centered at �. And one can check that their
underlying elements .S1 � � �S11/6 and .S11 � � �S1/6 of P� are equal. This proves (e).

Because �0; : : : ; �11 satisfy (b) and the zA11 Artin relations, Theorem 3.1(c) shows that I�kI�1 D �kC1
and D�kD�1 D �k�1 for all k. For k ¤ 0 in the final relation, the A11 Artin relations satisfied by
�1; : : : ; �11 are enough: this is one of the standard properties of the fundamental element of Br12. To check
that �.�1; : : : ; �11/ commutes with �0, observe that �k 7! �12�k , and conjugation by �.�1; : : : ; �11/,
are automorphisms of J that agree on the generating set f�1; : : : ; �11g. (This is a generating set because
one case of (b) is �0 � � � �10 D �1 � � � �11, which expresses �0 in terms of �1; : : : ; �11.)
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7 Proof of the main theorem

We will find new relations in G by using the previous section to write down generators for the local group
at � , defined in Section 2.8, as words in the meridians �0; : : : ; �11; �A; : : : ; �D. Because the P�-stabilizer
of � lies inside the L3.3/ Ì 2 stabilizing � , conjugation by these words must permute the point- and
line-meridians, ie the 26 Artin generators of G. The new relations express this conjugation action. We
remark that we may speak of “the” local group at � , even though we have considered � as a point of
two different orbifolds, .U �H/=P�sw

DM and .B13�H/=P� . Their local groups at � coincide because
the full P�-stabilizer of � preserves B9DM, and hence U . In the next lemma, I means the “increasing”
product �j�jC1 � � � �jC10, which is independent of j by Lemma 6.5(a).

Lemma 7.1 The local group at � is dihedral of order 24, generated by

I ��.�A; : : : ; �D/
�1 of order 12 and I 6 ��.�1; : : : ; �11/

�1 of order 2:

Conjugation by the second inverts the first.

Proof Lemma 6.5(a) and (c) show that the path 
 (defined there) underlies I D �1 � � � �11 and also
�.�A; : : : ; �D/. Furthermore, 
 lies in B1.�; �/, on which S1 � � �S11 acts by rotating 
.0/ to 
.1/.
Therefore the path underlying I ��.�A; : : : ; �D/

�1 is homotopic to 
 followed by the reverse of 
 . So
I ��.�A; : : : ; �D/

�1 represents the same element of J as

.the constant path at �; S1S2 � � �S11 ��.SA; : : : ; SD/
�1/:

This gets identified with the first element of P� listed in Lemma 6.4, under the correspondence between
the P�-stabilizer and the local group of � . A similar argument using Lemma 6.5(a) and (d) identifies
I 6 ��.�1; : : : ; �11/

�1 with the second element listed there.

We know from [Allcock and Basak 2018] that the point- and line-meridians generate G, and from [Basak
2016, Theorem 4.4] that they satisfy the Artin relations of P 2F3. Therefore G is a quotient of Art.P 2F3/.
But for current purposes it is cleaner to express it as a quotient of Art.P 2F3/Ì Aut.P 2F3/, where the
Artin generators map to the point- and line-meridians, and Aut.P 2F3/D L3.3/Ì 2 is identified with the
local group at � .

Theorem 7.2 (new relations in G) The orbifold fundamental group

G D �orb
1 ..B13�H/=P�; �/

is the quotient of Art.P 2F3/ Ì Aut.P 2F3/ by the following relations and possibly some additional
(presently unknown) relations.

Consider any zA11A4 subdiagram of P 2F3, any labeling of the nodes of zA11 by �0; : : : ; �11 cyclically
around it in either direction , and either labeling of the nodes of A4 by �A; : : : ; �D along it. Then

(a) �1�2 � � � �11 ��.�A; : : : ; �D/
�1 equals the element of Aut.P 2F3/ that permutes the nodes of the zA11

by �j 7! �jC1, and those of the A4 by �A$ �D and �B$ �C,
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(b) .�1�2 � � � �11/
6 ��.�1; : : : ; �11/

�1 equals the element of Aut.P 2F3/ that permutes the nodes of the
zA11 by �j 7! �6�j , and fixes each of �A; : : : ; �D.

Proof Recall from Section 4 the 16 particular point- and line-meridians �0; : : : ; �11; �A; : : : ; �D based
at � , and the corresponding meridians �0; : : : ; �11; �A; : : : ; �D based at � . These are 16 of the Artin
generators, forming a labeled zA11A4 diagram as specified in the statement.

The segment �� identifies the orbifold fundamental groups of .B13 �H/=P� based at � and � . It
is fixed pointwise by the P�-stabilizer D24 of � , and therefore identifies the local group at � with a
subgroup of L3.3/Ì 2. By Theorem 4.1, this segment also identifies each of �0; : : : ; �11; �A; : : : ; �D

with the corresponding �0; : : : ; �11; �A; : : : ; �D. Therefore the words in Lemma 7.1, with �j ’s replaced
by �j ’s, permute the 26 Artin generators. The pointwise .L3.3/Ì2/-stabilizer of an zA11A4 diagram is
trivial. Therefore these words’ actions on the 26 generators are completely determined by their actions on
�0; : : : ; �11; �A; : : : ; �D.

We will work out this action in the case of the second word; the argument for the first is similar. Every
word in �1; : : : ; �11 centralizes �A; : : : ; �D , so it is enough to show that .�1 � � � �11/6�.�1; : : : ; �11/�1

conjugates �j to �6�j for each j D 0; : : : ; 11. By Theorem 4.1, it is enough to prove this with all �k’s
replaced by �k’s, which is immediate from the identities at the end of Theorem 6.6.

We have established the lemma for one particular choice of �0; : : : ; �11; �A; : : : ; �D. This does not quite
prove the theorem, because L3.3/Ì 2 acts with two orbits on the set of such choices. The other orbit is
represented by the labeling �0; : : : ; �11; �D; : : : ; �A. But this case follows from the first, by the relation
�.�A; : : : ; �D/D�.�D; : : : ; �A/ in Br5.

Proof of Theorem 1.1 Consider ı WD �0�1 � � � �10.�1�2 � � � �11/�1, regarded as an element of Art. zA11/�
Art.P 2F3/. We call it the “deflation word” for reasons that will become clear. An immediate consequence
of Theorem 7.2(a) is that ı dies in G. (In fact, the relation ı D 1 in G follows from Lemma 6.5(a),
so the later parts of Section 6 are not needed for this theorem.) We write Nı for the image of ı in
Cox. zA11/� Cox.P 2F3/.

We claim that the subgroup of Cox. zA11/ Š Z11 Ì S12 normally generated by Nı is the translation
subgroup Z11. This is standard: annihilating Nı expresses �0 as a word in �1; : : : ; �11, so the quotient can be
no larger than S12. The quotient is no smaller, because the transpositions .1 2/; .2 3/; : : : ; .11 12/; .12 1/2
S12 satisfy the relations of Cox. zA11/ and also the deflation relation.

Now we can quote a result of Conway and Simons [2001], which depends essentially on work of Ivanov
[1999] and Norton [1992]. They consider the “deflation” of Cox.P 2F3/, meaning the quotient of this
group by the subgroup normally generated by the translation subgroups of the Cox. zA11/’s coming from all
the zA11 subdiagrams of P 2F3. They prove that this quotient is the bimonster. Because G is a quotient of
Art.P 2F3/ in which ı dies, G=S is a quotient of Cox.P 2F3/ in which Nı dies. By the previous paragraph,
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G=S is a quotient of the deflation of Cox.P 2F3/, and hence of the bimonster .M �M/Ì 2. Since M
is simple, the only possibilities for G=S are the bimonster, Z=2 and the trivial group. The last case is
excluded by Lemma 7.4.

Remark 7.3 We sketch an argument of Heckman [2015]. It lets one skip most of Sections 5 and 6, and
still prove Theorem 1.1, although it does not establish any new relations in G itself. Killing the squares
of the meridians collapses the exact sequence (6-5), namely

1! Br5! J ! �orb
1 .Mı12/! 1;

so that the left term becomes S5 and the right term S12. Because S5 has trivial center, the extension is
determined by the homomorphism S12! Out.S5/ D 1. Therefore J becomes S5 � S12. The images
of �0; : : : ; �11 commute with S5, and hence lie in the S12 factor. Indeed, they project to the standard
transpositions generating S12. It follows that the deflation relation holds for the images of �0; : : : ; �11
in G=S . Then Theorem 4.1 gives the same result for �0; : : : ; �11, and one can quote Conway and
Simons [2001] as in the proof above. (Unfortunately, Heckman’s approach to Theorem 4.1 had a gap.)

Lemma 7.4 The quotient of G D �orb
1 ..B13�H/=P�/ by the subgroup S generated by the squares of

the meridians is nontrivial.

Proof It is enough to exhibit a surjection G! Z=2, or equivalently a connected orbifold double cover
of .B13�H/=P� . There is a degree-4 holomorphic automorphic form ‰0 for P� , whose zero locus is H
with multiplicity 1 along each component [Allcock 2000, Theorem 7.1]. This means: ‰0 is a holomorphic
function on the preimage � of B13 in C14�f0g, homogeneous of degree �4, with a simple zero along
each component of the preimage zH of H in �, and no other zeros. The same reference shows that ‰0
transforms by a character �! Z=3.

Let Z be the space of pairs .`; �/, where ` � � is the preimage of a point of B13 �H, and � is a
holomorphic function on ` whose square coincides with ‰30j`. Forgetting � gives a projection Z !
B13�H, which is obviously a degree-2 covering space. It is connected because ‰30 has zeros of odd order
along zH: taking a square root introduces ramification there. The �-invariance of ‰30 yields a �-action
on Z, with each g 2 � sending .`; �/ to .g.`/; � ıg�1/. Because � is homogeneous of degree �6, the
scalars in � act trivially, yielding a P�-action on Z and a P�-equivariant map Z ! B13 �H. Our
promised double cover of .B13�H/=P� is Z=P� .
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