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The Deligne-Mostow 9-ball, and the monster

DANIEL ALLCOCK
TATHAGATA BASAK

The “monstrous proposal” of the first author is that the quotient of a certain 13-dimensional complex
hyperbolic braid group, by the relations that its natural generators have order 2, is the “bimonster”
(M x M) x2. Here M is the monster simple group. We prove that this quotient is either the bimonster
or Z /2. In the process, we give new information about the isomorphism, found by Deligne and Mostow,
between the moduli space of 12-tuples in CP! and a quotient of the complex 9-ball. Namely, we identify
which loops in the 9-ball quotient correspond to the standard braid generators.

20F36, 22E40; 20D08

1 Introduction

This paper continues our pursuit of a conjectured relationship between complex hyperbolic geometry
and the largest sporadic finite simple group, the monster M [Basak 2007; 2016; Allcock 2009b Allcock
and Basak 2016; 2018]. In [Allcock 2009a], the first author conjectured a “monstrous proposal”: that
the quotient of a certain complex hyperbolic braid group G, by some natural relations S = 1 described
below, coincides with the semidirect product (M x M) x 2; see [Allcock 2009a] or the discussion just
before Theorem 1.1. This group was named the bimonster in [Conway et al. 1988]; the Z /2 exchanges
the monster factors in the obvious way. Here we prove the conjecture up to one other possibility: G/S is
either the bimonster or Z /2.

Before describing G, we recall the source of the “complex hyperbolic braid group” terminology. The
classical n-strand braid group can be described as follows [Fox and Neuwirth 1962]. Start with C”, remove
the mirrors (fixed-point sets) of the reflections in the symmetric group S,, quotient what remains by the
action of S, and then take the fundamental group. There are many generalizations of this construction,
got by replacing S, by some other reflection group and (optionally) replacing C" by some other space.
Three examples are Artin groups [van der Lek 1983; Charney and Davis 1995], the braid groups of
the finite complex reflection groups [Bessis 2015] and the fundamental groups of certain discriminant
complements arising in singularity theory [Brieskorn 1981; Looijenga 1984]. Complex reflections play a
special role because their mirrors have real codimension two: removing them leaves a space which is
connected but not simply connected.
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We apply this general construction to a specific group PI', generated by complex reflections acting on
complex hyperbolic space B!3. We will give a precise description of PI" in Section 2.4, but the details
are not important yet. We define J{ as the union of the mirrors of the complex reflections in PT". The
braid group we will study is the orbifold fundamental group

G = n{"™((B'? - 3()/PT).

A generic point of J has stabilizer generated by a single triflection (order-3 complex reflection), so its
image in B!3/PT has a neighborhood which is smooth and whose intersection with 3{/PT is a smooth
hypersurface. By a meridian we mean a small loop in (B!3 — 3{)/PT" encircling this hypersurface once
positively, or any loop freely homotopic to such a loop. The language comes from knot theory. The
analogous definition for the classical braid group gives the conjugacy class containing the standard
generators. It is well known that killing the squares of the standard generators reduces the n-strand braid
group to the symmetric group S,. We study the analogous quotient for G:

Theorem 1.1 The complex hyperbolic braid group G = Jrfrb((IB%13 — XH)/PT'), modulo the subgroup S
generated by the squares of all meridians, is isomorphic to either the bimonster or Z /2.

Ruling out the case G/S = Z/2 would prove the monstrous proposal.

Although we do not know a presentation for G, we do know that it is a quotient of a certain Artin group.
The Artin group Art(A) of a graph A is defined as follows. It has one generator for each node of the
graph. Its defining relations are that two of these generators, x and y, braid (xyx = yxy) or commute
(xy = yx) according to whether their nodes are joined or not. The associated Coxeter group Cox(A) is
defined by imposing the additional relations that the squares of the standard Artin generators be trivial.

We will write P25 for the incidence graph of the 13 points and 13 lines of the projective plane over the
field IF3 of order 3 (see Section 2.4 for details). Theorem 1.2 of [Allcock and Basak 2018] says that G is
a quotient of Art(P2F3), with the standard Artin generators mapping to meridians.

We juxtapose this with a result of Conway and Simons [2001, Theorem 2.1]: Cox(P2F3), modulo specific
relations, is the bimonster (M x M) x 2. The relations can be described as follows. Inside the incidence
graph of P2F3, one can find 12 vertices po, .. ., p11 with the property that each is joined to its predecessor
and successor (reading subscripts mod 12), and to no others. By a 12-gon we mean the subgraph spanned
by any such set of 12 vertices. Each 12-gon is a copy of the affine Dynkin diagram A11, so it describes
an embedding of the affine Weyl group Cox(/T 11) = Z'" % 81, into Cox(P2F3). The Z!! consists of the
affine translations in the standard realization of Cox(A11). Conway and Simons show that Cox(P2F3),
modulo the Z!!’s arising this way from all 12-gons in P2F3, is the bimonster. One can give explicit
relations as follows. It is easy to show (see the proof of Theorem 1.1 in Section 7) that Z!! is normally
generated in Cox(;f 11) by the word

(1-1) P10+ po(p11 -+ p1) "t

Geometry & Topology, Volume 29 (2025)



The Deligne—Mostow 9-ball, and the monster 793

So the quotient of Cox(P2F;), by the subgroup normally generated by all words (1-1) arising from
12-gons in P2[F3, is the bimonster.

We will prove Theorem 1.1 by lifting these relations to G. For each p; in the previous paragraph,
we write 7; for the corresponding generator of Art(P2F3). This makes sense since the generators of
Cox(P?IF3) and of Art(P2F3) are indexed by the same set. We will prove

(1-2) t10---to(t11 1) =1

in G. Therefore G is the quotient of Art(P2F3) by these relations (one for each 12-gon) and possibly
additional relations. It follows that G/S in Theorem 1.1 satisfies all the relations of the Conway—Simons
quotient of Cox(P2IF3), ie of the bimonster. By the simplicity of M, the only quotients of the bimonster
are the bimonster itself, Z /2 and the trivial group. A short automorphic forms argument rules out the
trivial case (Lemma 7.4), yielding Theorem 1.1.

Part of the appeal of the monstrous proposal is that the relations (1-2) have a simple and well-known
geometric meaning, which we recall in detail in Section 3. Briefly, Art(zzf 11) is a subgroup of the 12-strand
braid group Bry2(C —{0}) of the punctured plane. (It is the group of braids with total winding number 0.)
Adjoining the relation (1-2) reduces Art(fT 11) to the usual 12-strand braid group, corresponding to the
natural map Bry2(C — {0}) — Bry2(C) got by filling in the puncture.

This geometric interpretation arises in our work, via the appearance of Bri,(CP') as a subquotient of our
braid group G. The key is that B3 contains a 9-ball B%M, whose stabilizer acts on it as a group PI'pm
discovered by Deligne and Mostow [1986; Mostow 1986]. They showed that PI'py uniformizes the
moduli space of unordered 12-tuples in CP!. To state this precisely, we write Hpy for the hyperplane
arrangement in IB%]%M got by restricting H. Then (B%M—S{DM) /PT'pym is isomorphic, as a complex analytic
orbifold, to the moduli space M3, of unordered 12-tuples of distinct points of CP!. The connection to
braids is that Jrfrb (M$,) = Br12(CP')/(Z/2). See Section 5 for background and technical details.

Our strategy will be to choose a tubular neighborhood U of B%M, invariant under the setwise stabilizer
PTR}, of BI%M. It develops that (U — ) /PI'}}, fibers over (B%M — Hpwm)/PI'pm, with fiber that can be
understood by work of Orlik and Solomon. This leads to an exact sequence

(1-3) 1 — Brs — n8"™((U — H)/PTEY,) — 7™ (MF,) — 1.

We work out the details of this (nonsplit) group extension. This yields several explicit relations in the
Artin generators of G. This is done in Sections 6 and 7. After the preliminary Sections 2 and 3, it is
possible to jump to Section 6, armed only with the statements of Theorems 4.1 and 5.2.

While our result gives the bimonster as an upper bound for G/, Looijenga [2023] has found evidence
that the bimonster is also a lower bound for it. If G/S were the bimonster, then the connected covering
space of (B!3 —3()/PT corresponding to S would have the bimonster as its deck group. Then every
open subset of (B!3 — 7()/PT" would have an orbifold cover with this deck group, namely its preimage.
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Looijenga has found a fairly large open subset, over which this hoped-for cover exists unconditionally
and is connected.

Heckman [2015] gave an argument that G is a quotient of the bimonster, but unfortunately it had a
gap. Our Section 4 can be used to bridge that gap, bypassing some of our details; see Remark 7.3 for
Heckman’s argument. The largest difference from our work is that he seeks extra relations in G/.S,
rather than in G itself, as we do. Our fibration argument also applies to some other ball quotients with
distinguished subballs, yielding analogues of the exact sequence (1-3). For example, we hope to give a
new presentation of the orbifold fundamental group of the moduli space of smooth cubic surfaces, in
terms of the Artin group of the Petersen graph.

Acknowledgments We are grateful to Gert Heckman and Eduard Looijenga for very helpful conversations
and correspondence.

Allcock is supported by Simons Foundation collaboration grant 429818. Basak is supported by Simons
Foundation collaboration grant 637005.

2 Background, conventions and notation

As far as possible we maintain notation and conventions used in [Allcock and Basak 2016; 2018]. For
convenience we review the most important ones. We follow the convention that a hermitian form (- |-)
is linear in its first variable and conjugate-linear in its second. The norm of a vector x means (x | x),
sometimes written x2. Often we use the same symbol for a vector and the point of projective space
it represents. A superscript * indicates an orthogonal complement, the precise meaning depending on
context. It might mean a sublattice, a linear subspace or a complex hyperbolic space inside a larger complex
hyperbolic space. When describing groups, we often use names from the Atlas [Conway et al. 1985], and
the numeral “2” as shorthand for Z /2. For example, the Atlas writes L3(3) for PSL3(F3) = PGL3(IF3),
so we write the semidirect product PGL3(IF3) < (Z/2) as L3(3) x 2.

The only material here not already in [Allcock and Basak 2018] is the construction of lattices from graphs
(Section 2.2), the notation L4 for the Eisenstein Eg lattice, and the Deligne-Mostow lattice (Sections 2.3
and 2.7).

2.1 Complex hyperbolic space

A hermitian form is called Lorentzian if it has signature (1, 1). For example, C"! denotes C"*1 equipped
with the hermitian form
(x|y) =—x0¥0o + X171+ + Xnn.

Let V be a complex vector space equipped with a Lorentzian hermitian form. Then B(}') means the set
of negative-definite complex lines in V. This is an open ball in P(V'). If M is a subspace of V' such that
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the restriction of the hermitian form is also Lorentzian, then there is a natural inclusion B(M) — B(V).

If M has codimension 1, then we sometimes call B(M ) a hyperplane in B(V'). The complex ball B(1')

has a natural Riemannian metric with negative sectional curvature, called the Bergman metric, and is

sometimes called complex hyperbolic space. The restriction of this metric to B(M) coincides with the

Bergman metric of B(M). Suppose v and w are negative-norm vectors in V. Then they represent points

of B(V) whose distance is

(2-1) d(v,w) = cosh™! %
vi¢w

If in addition (v | w) is real and negative, then the real line segment joining v and w in V projects to

the geodesic in B(V') between these points. Similarly, if v,s € V have negative and positive norm,

respectively, then

(2-2) d(v,B(st)) = sinh™! —W.
v2s

If x, y € B(V) are distinct, then there is a unique complex 1-ball containing them, which we denote by

B!(x,y). Some authors call this the complex geodesic through x and y.

2.2 Eisenstein lattices

Let w = e27i/3 and = w—& = ~/—3. Let & be the ring Z[w] of Eisenstein integers. An Eisenstein lattice
K means a free €-module equipped with a hermitian form (- |-): K x K — Q(w). We abbreviate K ®¢ C
to K ® C, and usually think of it as containing K. If K is Lorentzian, then we write B(K) for B(K ® C).
If K is nondegenerate, then its dual lattice is defined as K* = {x € K® C : (x | k) € € for all k € K}.

Let A be a directed graph without self-loops or multiple edges. Consider the free E-module EA on the
vertex set A with basis vectors {eq : & € A}. Define an €-valued hermitian form on EA by

3 ifa=4,

(ea |eg) = 16 if A has an edge from f to «,

0 if A has no edge between 8 and «.
Suppose A is connected, E is an edge whose removal would disconnect A, and A’ is got from A by
reversing the orientation on E. Then EA and EA’ are isometric. (Choose one component of the graph
got by removing E from A, negate all the e, in that component and leave the others unchanged. The
resulting vectors have the inner products specified by A’.) Applying this repeatedly shows that if A is a
tree, then the isometry class of €A depends only on the underlying undirected graph.

2.3 The Eisenstein Eg lattice and the hyperbolic cell

Applying this construction to the Dynkin diagram A4 (with any orientations of the edges) yields the
&-lattice whose underlying real form, under the bilinear form % Re(x | y), is the E'g root lattice. We called
it E§ in [Allcock and Basak 2018], but here we will call it L4. (Note: Re(x | y) lies in %Z. The natural
scale for L4 resp. Eg is the smallest scale at which all inner products lie in € resp. Z. This is the reason
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for the % factor.) The self-duality of the Eg lattice leads to the property L% = L4. A useful consequence
of this is that if K is an &-lattice in which all inner products are divisible by 6, then every copy of L4 in
K is an orthogonal direct summand.

The property 6K* = K of an Eisenstein lattice K turns out to characterize K if K is indefinite [Basak
2007, Lemma 2.6]. Two examples are the lattices L and Lpy below. Another is the hyperbolic cell,
which means the €-span of two null vectors with inner product 6.

2.4 The lattice L

The following lattice L will play a central role. The quickest way to define it is to refer to the uniqueness
property just stated. Namely, L is the unique &-lattice of signature (13, 1) that satisfies 0L* = L; see
[Basak 2007, Lemma 2.6]. The quickest concrete construction is to define L as the sum of a hyperbolic
cell and three copies of L4. In [Allcock and Basak 2016; 2018] we also used a different direct sum
description of L, with the Leech lattice in place of L3, but this plays no role here. The only 13-ball we
will discuss is B(L), so we will write B!3 for it. All complex hyperbolic geometry will take place in B!3.

We will use the following model of L for most calculations. It was implicit in [Basak 2007, (25) in the
proof of Proposition 6.1 ] and made explicit in [Allcock 2009b]. We write P2[F3 for the incidence graph
of the finite projective plane over [F3. It has 26 vertices, corresponding to the 13 points and the 13 lines
of this finite projective plane. Whenever f is a line and « is a point on it, we direct the edge from the line
to the point. One verifies that the associated rank-26 lattice € P23 defined in Section 2.2 has radical of
rank 12; see [Basak 2016, Section 2.5]. One may define L as the quotient by the radical. Obviously all
inner products are divisible by 6, ie L C #L*, and one can check that this inclusion is equality.

It is possible to label the points and lines of P2TF5 by p1,...,p1zand/q,...,[13 so that the points on /;
are pj, pj+1, pj+3 and pjyo. Subscripts here should be read mod 13. We use the same symbols for the
vectors in L corresponding to the points and lines. Because they are roots in the sense of Section 2.5, we
call them the point- and line-roots. Since points (resp. lines) are not joined to each other, the point-roots
(resp. line-roots) are mutually orthogonal. One may introduce coordinates (xo; X1, ..., x13) on C13!
such that p; = (0;6,0,...,0),/; =(1;1,1,0,1,0,0,0,0,0, 1,0, 0, 0) and rightward cyclic permutation
of the last 13 coordinates increases subscripts by 1.

We write I" for the isometry group of L. Obviously it contains the group L3(3) := PGL3(F3), permuting
the points and lines of P2F3 via the standard action of GL3(F3) on F g There is additional symmetry.
From an incidence-preserving exchange of points with lines, one can construct an isometry of L that sends
the point-roots to line-roots and the line-roots to negated point-roots. Together with scalars and L3(3),
this generates a subgroup of I' whose image in PI" is L3(3) x 2. We will use this L3(3) x 2 many times.

2.5 Roots, mirrors and the hyperplane arrangement JH

A root of L means a lattice vector of norm 3. Roots are special because their triflections (complex
reflections of order 3) give elements of I'. Namely, if s is a root, then we define w-reflection in s to be
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the isometry of L ® C that fixes s1 pointwise and multiplies s by the cube root of unity w. A formula is
x> x—(1—w)((x]|s)/s?)s. Using L € OL*, one can show that this preserves L. Although we don’t
need it, we remark that I" is generated by the triflections in the 26 point- and line-roots; see [Basak 2007,
Theorem 1.1] or [Allcock 2009b, Theorem 1].

The hyperplane B(s1) CB(L) is called the mirror of s, the name reflecting the fact that it is the fixed-point
set of a reflection. When the meaning is clear, we sometimes abbreviate B(s™) to s*. We use the word
mirror exclusively for hyperplanes orthogonal to roots. The union of all mirrors of L is called J. This
hyperplane arrangement is central to the paper: our goal is to understand the orbifold fundamental group
of (B3 —7()/PT.

2.6 Special points in B3

We have already introduced the point-roots p1,..., p13 and line-roots /1, ..., [13. We call their mirrors
the point- and line-mirrors. The p; (resp. [;) are mutually orthogonal, and we write poo (resp. lo) for
the point of B!3 orthogonal to all of them. This turns out to be represented by the norm —3 vector
Poo = (0:0,...,0) (resp. loo = (4:1,...,1)).

A convenient basepoint for the orbifold fundamental group (see Section 2.8) of (B!3 — J()/PT is the
midpoint 7 of the geodesic segment joining peo and /. It is represented by the vector

T =loo +ipoo = (4+/3;1'3)

of norm —6 — 8+/3. The corresponding point of B! is the unique fixed point of L3(3) x2 C PT. The
mirrors closest to T are exactly the 26 point- and line-mirrors; see [Basak 2007, Proposition 1.2], where t
was called p, or [Allcock and Basak 2018, Lemma A.5]. Two consequences of this are that no mirror
passes through t, and that L3(3) %2 is the full PI"-stabilizer of t.

2.7 The Deligne-Mostow lattice L py;

The lattice Ly is both a sublattice of L and a lower-dimensional analogue of L. We start with its role
as an analogue. Consider the A Dynkin diagram (a 12-gon), with its edges’ orientations alternating.
The corresponding lattice (Section 2.2) has 2-dimensional radical, and Lpy is defined as the quotient
by it; see [Allcock 2000, Section 5], which also displays an isometry between Lpy and the sum of a
hyperbolic cell and two copies of L4. Lpy has signature (9, 1) and satisfies QL;SM = Lpm. We define
B%M as B(Lpm), and I'py as the isometry group of Lpy; see Theorem 5.2 for a refinement of the famous
relationship found by Deligne and Mostow between IB%I%M /PT'pbMm and the moduli space of unordered
12-tuples in CP!. By construction, PI'py contains a dihedral group D4 of order 24 that permutes the
vertices of the 12-gon. (Because of the orientations of edges, automorphisms of the diagram only provide
a D1,. The following is also an isometry: cyclically permute the 12 roots, and negate every other one.
Together with D1, and scalars, this generates a subgroup of I'py whose image in PI'py is Dog4. This is
similar to how we enlarged L3(3) to L3(3) %2 in Section 2.4.) We write p for the unique fixed point
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in IB%I%M of this dihedral group. We define roots as for L, and define Hpy C B%M as the union of the
mirrors of the roots of Lpy;. The mirrors closest to p turn out to be the ones corresponding to the nodes
of the 12-gon (Lemma 4.6).

Lpwm appears as a sublattice of L because the oriented graph P2[F3 described in Section 2.4 contains a
12-gon with alternating orientations on edges. Because Lpyv = 0L, and all inner products in L are
divisible by 6, Lpy is a summand, so I'py € I'. We make a particular choice of 12-gon in Section 4.
The (L3(3)x2)-stabilizer of this 12-gon is the D54 just mentioned. The projection of T € B!3 to IBI%M is
the point p. Part of our work will involve moving a basepoint along the geodesic segment pt. We prove
in Lemma 5.3 that Hpy is the restriction of H € B!3 to By,

2.8 Orbifold fundamental groups

Let A be a group acting properly discontinuously on a path-connected manifold X. Choose a basepoint
b € X. The orbifold fundamental group nfrb (X/A,b) is defined to be equivalence classes of pairs (y, g),
where g € A, y is a path in X from b to gb, and (y, g) is equivalent to (y’, g") if g = ¢’ and y and )’ are
homotopic in X, rel endpoints. The group operation is

(v.8)-(y'.g") = (y followed by g o y’, gg’)

~1 o reverse(y), g~ !). Projection of (y,g) to g

Inversion in nfrb(X/A, b) is given by (y,g)"! = (g
defines a homomorphism nfrb (X/A,b) — A. Tt is surjective because X is path connected. The kernel is

obviously 1 (X, ), yielding the exact sequence
(2-3) 1 — m1(X,b) — 7Y™(X/A,b) - A — 1.

The local group at b means the set of (y, g) € ni’rb(X /A, b) for which y is homotopic to the constant
path at b. This is obviously the same as the A-stabilizer of b.

2.9 Meridians

Meridians are distinguished elements of in’rb((B13 —H)/PT,b) or nfrb((Bl%M —Hpm)/PTpwm, b), where
beB3—%Hor B]%M — Hpwm is a basepoint. If s is a root and § is the w-reflection in s, then the
corresponding meridian My, s is defined as (up 5, S), where pp ¢ is the following path; let p be the
projection of b into the mirror s*. In this paper the real geodesic segment bp from b to p never meets
any other mirror. Choose a ball around p small enough to miss all other mirrors, and let g be a point of
bp —{p} in this ball. Then Mp,s 1s the geodesic bq, followed by the positive circular arc in B! (b, g) of
angle %7‘[ centered at p, followed by S(gb).

The extra generality about meridians that we developed in [Allcock and Basak 2016] is not needed here.
In particular, no detours of the sort considered there are needed. The only basepoints that we will need
are p € IB%]%M for Jrfrb((IB%]%M — Hpm)/PTpym), and a variable point o € pt — {p} € B!3 when working
with JT?“’((IB%13 — X)), PT"). Once one of these basepoints is fixed, the meridians associated to the point-
and line-roots are called the point- and line-meridians. No other meridians will appear.
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3 Braid groups

In this section we assemble some well-known material about braid groups in a form exhibiting dihedral
symmetry D»,, where n is the number of strands, which will remain constant. The n = 12 case will be
key in later sections. Although our presentations are slightly different, [Birman 1974] is an excellent
general reference.

For a Riemann surface ¥, we define X (X) as ", the space of ordered n-tuples in 3. We restrict attention
to the cases ¥ = C, C* and CP! = C U {oo}. The n-strand pure braid space of ¥ means

X°(2):={(x0,...,xn—1) € X(2) | x; # x} whenever j # k}
The symmetric group S, acts on X(X), and this action is free on X°(X). Let
Y(Z)=X(2)/S, and Y°(X)=X°(2)/S,.

The latter space Y °(X) is called the n-strand braid space of ¥, and its fundamental group is called the
n-strand braid group of X, written Br, (X). The ordinary braid group Br, refers to the case ¥ = C.
Setting ¢ = 271/ we will use the tuple T' = (1,¢,¢2,...,¢"1) as the basepoint of X°(Z), and its
image in Y °(X) as the basepoint there. Usually one specifies a loop in Y °(X) by writing down a path in
X°(X) from T to one of its S,-images.

We now define specific braids p; € Br, (C*), whose subscripts should be read modulo 7, by specifying the
motion of points of 7. Informally: the points beginning at £/ ~! and ¢/ approach each other, move around
each other in a counterclockwise direction, and then continue to ¢/ and ¢/ 1, respectively. The remaining
points do not move. For a precise definition, choose 7: [0, 1] — [1, 00) continuous with r(0) = r(1) =1
and r () > 1. Then p; is the element of Br,, (C*) represented by the path (xo(?), . .., X,—1(t)) in X°(C*),
where

xi—1(0) =@ xi) = r@) e and xq () =CF itk #£j—1. ).

We define the “increasing” and “decreasing” words

Ij=pjpj+1---pj+n— and Dj=pipj_1-pj-nt2.

(Following our conventions for orbifold fundamental groups in Section 2.8, /; means p; followed
by pj+1, followed by etc, and similarly for D;. Because Si2 acts freely on X °, the ordinary and orbifold
fundamental groups of Y ° coincide. So we identify elements of n‘frb(Y°) with their underlying paths.)
One can establish the following relations by examining how the specified braids move the {; around in C*:

(3-1) Lipl 7' = pryr forall k#j—1.7 -2,
(3-2) Djpg D' =pr—y forall k#j+1,j+2.
The inclusions C* — (C* U {0 or oo}) — CP! induce homomorphisms

Br, (C*) — Br,(C* U {0 or 0o}) — Br, (CP).

Geometry & Topology, Volume 29 (2025)



800 Daniel Allcock and Tathagata Basak

Sometimes we speak of the p; as though they were elements of these other groups, meaning their images
there.

Theorem 3.1 (braid groups) (a) The subgroup of Br,(C*) generated by po, ..., pn—1 has defining
relations pj pxpj = Pk Pj Pk OF Pj Pk = Pk Pj, according to whether k € {j & 1} or not, for each j
and k. In particular, sending the standard generators of the Artin group Art(gn_l) to o, - - - Pn—1
embeds Art(A,_1) in Br, (C*).

(b) Adjoining to (a) the relations that all D; coincide yields Br,(C* U {0}). Then Dpx D™! = pp_,
for all k, where D is the common image of all D;.

(c) Adjoining to (a) the relations that all I; coincide yields Br, (C* U {oo}). Then Tok I = pryq
for all k, where I is the common image of all I;.

(d) Adjoining to (a), (b) and (c) the relation 1D = 1 yields Br, (CP').

Remarks The proof of (b) shows that adjoining to (a) any single relation D; = D;-, with j # j’, implies
the equality of all D;; similarly for (c).

The proof of (d) shows that in the presence of the relations (a) and any one relation Iy D; = 1, the
relations in (b) imply those in (c) and vice versa. So Br, (CP!) can be got by adjoining two relations to
Art(/Tn_l), for example /o = Iy and I1Dp—1 = 1.

In particular, one could omit either (b) or (c) from the presentation (d) of Br, (CP'). (This omission
would leave one of / and D undefined, which is why we write Ix D; = 1 not I D = 1.) We prefer to keep
both (b) and (c), because in Theorem 6.6 we will meet an extension of n‘l’rb (M3,) = Bri2(CPY)/(Z/2)
to which these relations lift but the relation /D = 1 does not.

Proof (a) The map (xq,...,Xp—1) > Xg - Xn—1 fibers X°(C*) over C*. This descends to a fibration
Y°(C*) — C*. All the p; are paths in a single fiber, and it is well known that the fundamental group of
each fiber is the Artin group of type An_1, with the p; corresponding to the standard Artin generators;
see for example [van der Lek 1983, Theorem 3.8].

The existence of this fibration shows Br, (C*) =~ Art(ifn_l) x Z,, where the Z is generated by any braid
with total winding number 1 around 0. For example, the braid 7 that rotates the roots of unity one position
counterclockwise; formally, x; (u) = ¢ Je2miu/n  Drawing a picture shows tpgt ! = py_; for all k.

(b) From the inclusion Y °(C*) — Y °(C), one can work out the map Br, (C*) — Br,(C) by using Van
Kampen’s theorem. It is surjective, with kernel normally generated by the following braid: every xj (1)
is the constant path at ¢ k except x,—1(u), which starts at {1, approaches 0, encircles it once negatively
and then returns to ¢”~!. Formally, Br, (C) is the quotient of Br, (C*) by the relation D,_;t~! = 1.

Another way to say this is that Br, (C) is the quotient of Art(zzfn_l) by the relations that D, _; conjugates
the generators of the Artin group in the same way that ¢ does. That is, by the relations D, _j pg D;_ll =
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pr—1 for all k. Repeatedly conjugating D,_1 by itself therefore yields D,_», D,—3,.... On the other
hand, repeatedly conjugating D,_; by itself also yields D,_1, D51, .... This establishes the relations
in (b).

To finish the proof of (b) it is enough to show that adjoining the relations D; = D, for all j and j'
to Art(;fn_l) implies Dy—1pg Dn__l1 = pr_1 for all k. In fact it is enough to adjoin any single relation
D; = Djs with j' # j; write D for the common image of D; and D in the quotient. If j" ¢ {j £ 1},
then (3-2) establishes Dpx D! = py_; for all k. Reusing the argument of the previous paragraph,
repeatedly conjugating D by itself yields Dj 1 = D, D; > = D, D; 3 = D and so on. This implies
D,,_Uoan__l1 = pg—1 forall k, as desired. In the remaining case j’ € {j &1}, we may suppose j' = j +1
by exchanging j and j’ if necessary. This time (3-2) shows only that Dpx D~! = py_; forall k # j +2.
But D; = D11 implies Djpj4+2 = D;41pj+2, which picture drawing shows is equal to p; +1D;. So
again we have Dp; D7l =p j+1, and the same argument applies.

(c) Inversion across the unit circle exchanges 0 with co, preserves ¢, inverts every py and exchanges D, 1
with /7. Therefore we may quote the argument for (b) to obtain two descriptions of Br, (C* U {cc}).
First, it is the quotient of Br, (C*) by the relation /; 1t=1 = 1. Second, it is the quotient of Art(A4,_1)
by the relations that all /; are equal.

(d) Using Van Kampen’s theorem twice shows that Br,, (C P') is the quotient of Br,, (C*) by both relations
Dp—1t7!'=1and Il_lt_1 = 1. Therefore Br, (CP') can be described as the quotient of Art(A,_;) by
11 D,—1 = 1 and either the relations (b) or (c). If we assume (b), then the fact that D centralizes /7
forces Io = 11, In—1 = 11, I,—» = I; etc, establishing (c), and vice versa. So the relation /1D, =1
can be written /D = 1. =]

For any elements g1, ..., gm of a group, we define

A(g1,-...8m) = (8182 - gm)(g182 " &m—1) --- (8182)&1-

In Bry 41, A(p1, ..., pn) is called the “fundamental element”; it conjugates each p; to p,+1—;, and its
square generates the center of Br, 1.

Using the obvious PGL, C action on X (CP!), we define the moduli space M, of n-point subsets of C P! as
M? = X°(CPY)/(S, x PGL, C) = Y°(CP')/PGL, C.

We assume 1 > 3 to avoid degenerate cases. Then PGL,(C) acts freely and properly on X °(CP), so the
quotient is a manifold. Because My, is the quotient of this manifold by the finite group Sy, it is an orbifold.
Recall that the tuple T is our basepoint for X °(CP'). We take its images in X °(CP')/PGL, C and M,
also denoted by 7', as our basepoints when discussing their orbifold fundamental groups. It is well known
that the map Br,, (CP') — 7™ (M) induced by Y °(CP') — M, is surjective, with kernel equal to the
center of Br, (CP'), which is isomorphic to Z/2 with generator I = D~"; see for example [Birman
1974, Theorem 4.5]. So Theorem 3.1 implies the following theorem (the final assertion is obvious in the

presence of the fourth relation):

Geometry & Topology, Volume 29 (2025)



802 Daniel Allcock and Tathagata Basak

orb

Theorem 3.2 The orbifold fundamental group ™ (M;,, T') is generated by po, .. ., pp—1, With defining
relations

(@) pjpxp; = PkPjPk OF Pj Pk = Pk pP;, according to whether k € {j £ 1} or not, for each j and k,
(b) allthe I; := pjpj+1---pj+n—1 coincide,

(¢) allthe Dj := p;jpj—1--+pj—n+1 coincide,

(d) ID =1, where I (resp. D) is the common image of the I (resp. D).

(e) I"=D"=1.

When n is even, (e) may be replaced by the relation "2 = pn/2, |

4 Change of basepoint in B'?

In this section, we begin working in the hyperplane arrangement complement B!3 — J(, with an emphasis
on how the Deligne—-Mostow ball IB%I%M lies inside B'3. We fix an A4 subdiagram of the incidence graph
of P2FF3, whose 26 nodes are the point- and line-roots p ;7 and /; from Section 2.4. Any two such
subdiagrams are equivalent, but for concreteness we choose /1, p2, [> and p3. These roots are mutually
orthogonal, except that (p, | [1) = (p2 |2} = (p3 |[2) = 0. Therefore their integral span is a copy of
the Eisenstein lattice L4 (see Section 2.3). We call it Lgl) to distinguish it from two other copies of L4
introduced below. As indicated in Section 2.7, we will write Lpy for the orthogonal complement of Lgl)
in L, and IB%]%M for the corresponding 9-ball. See Section 5 for more information about the connection of
the Deligne—-Mostow ball quotient to moduli of 12-tuples in CP!. A mirror orthogonal to a root s of L
contains ]B%]%M if and only if s is a root of the positive definite lattice Lgl) . The scaled real form of Lgl)
is Eg (see Section 2.3), which has 240 roots. So exactly 40 mirrors contain B%M, corresponding to the
scalar classes of the 240 roots of Lgl).

The nodes of P2F5 that are not joined to the A4 form an A diagram, ie a 12-gon, namely

4-1) D610, P13, 14, p7. 111, P12, 1o, po. I3, pg.ls

in cyclic order. We introduce alternative notation s, . .., s11 for them, in this order. We also write s4,
sB, Sc and sp for the roots /1, p2, [ and p3 forming the A4 diagram. As explained in Section 2.7, the
&-span of s¢,...,511 is Lpm. We write p for the projection of t to IB%]%M, and let ¢ be any point of
70 — {p}. We abbreviate the meridians M g,,..., M¢ 5, Mz s,,.... My 5, t0 To, ..., T11,TA, ..., TD,
and similarly with o in place of 7. In Section 5 we will extend this notation by writing pyg, ..., p11 for
the meridians based at p and associated to s, ..., s11. But these will represent elements of a different
complex hyperbolic braid group n?rb((B%M — Hpm)/PTpm, p). Because p lies in H, it doesn’t make
sense to speak of J'ri’rb((IB%13 —H)/PT, p).

The following theorem is the main result of this section. Lemma 4.6 is the only other result referenced later.
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Theorem 4.1 The segment Tp meets 3 only at p. For any o € Tp — {p}, the change-of-basepoint

isomorphism

(B3 —H)/PT, 1) = 7Y®((B3 — H)/PT, 0),
induced by the segment 7o, identifies each meridian 1y, ..., 711, TA, ..., Ip based at T with the corre-
sponding meridian o9, ...,011,04,...,0p based at 0.
Proof This follows immediately from the next lemma: fixing j =0,...,11,A,...,D, and letting o
vary over 7p — {p}, the surface swept out by the meridians o; misses H. O

Lemma4.2 (a) Fix j =0,...,11, and let Q be the totally real quadrilateral with vertices t, p and
the projections t" and p’ of these points to sj-. Then Q meets SJJ-‘ in T/ p/, meets the 40 mirrors
containing IB%]%M in pp’, and misses all other mirrors.

(b) Fix j =A,...,D,andlet T be the totally real triangle with vertices t, p and the projection t’ of T
to s]J.-. Then T meets sj- in v’ p, meets the other 39 mirrors containing B%M at p only, and misses
all other mirrors.

We will start the proof of Lemma 4.2 after some preparation that includes Lemma 4.3. The stabilizer
L3(3) x2 of t contains an order-24 dihedral group D4 that preserves {sj;, cees SIJ)‘} and acts faithfully
and transitively on the set of mirrors sé-, .. sf-l Half of these transformations exchange si- with s]J)- and
sB with Sc Therefore it suffices to prove the sa and sg cases of (b) and the sg case of (a). We restrict
attention to these three cases.

We will need to know the corners of the polygons explicitly. All three have t = (44 +/3;1,...,1) as a
vertex, with norm —6 — 8+/3. Now, the projection of 7 to Lgl) ®C is

—B+23) 1 +ip3)— (5+3V3)(a+ip2).

One checks this by computing this vector’s inner products with [, p2, [> and p3, and comparing with
(t|pj)=—0and (t|l;) —+/3. Subtracting it from 7 gives the other vertex that is shared by all three
polygons, namely

— (6A:21,0,0,24,34,1,1,1,1,22,3%,1,1) where A = 2+ /3.
Computation shows p2 = (p | 1) = —36 —24/3.

The remaining vertex or vertices are different in the three cases. First we consider the sa (= /1) case of
Lemma 4.2(b). Then

(lh), . -3
'=1— Lh=1— L= ) 3.
R T AR

The calculation of 7’ in the s (= p2) case is the same, except that (7 | p2) =—6, leading to T/ = t+ips/~/3.
In both cases one computes

()2 =('|t) =—=7—8+43 and (¢'|p) =—36—243.
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Similarly, in the quadrilateral case we have 7/ = 7 4 ipg/~/3,
()2 =('|1) ==7—8+43 and (¢'|p) =—37—243.

The fourth vertex of Q is p’. Because p differs from t by a vector orthogonal to so(= pe), we have
(p| ps) = (| ps) = —0. Therefore p’ = p +ipe/~/3. One computes

()= (o' p) = (o' | T) = (o' | T') = =37 —24V/3.

The reason that all these inner products turn out to be real is that i pq,...,ip13,[1, ..., [13 have real inner
products, and the real hyperbolic 13-space they span contains p’ and all three /. In the three cases, we
have seen that the vertices of T" (resp. T', Q) are represented by negative-norm vectors whose real span is
3-dimensional and totally real (ie contains no complex subspaces). This justifies our claim in Lemma 4.2
that O, T € B3 are totally real polygons. For use in the proof of Lemma 4.2, we also note the negativity
of the pairwise inner products of the vectors representing the vertices.

Our strategy for proving Lemma 4.2 derives from [Allcock and Basak 2018, Appendix A]. There, we
showed that various totally real triangles are covered by balls of various finite radii centered at the point
Poo = (0;0,...,0) € B13, where all 13 point-mirrors meet. For each of these balls, we used a computer
to enumerate the finitely many mirrors that meet it. Then we worked out whether and how these mirrors
meet each triangle of interest. We will use the same strategy, but we will also need balls centered around
another point ¢ € B!3. To define it, note that there is a unique way to choose two A4 diagrams in the A
that are not joined to each other or to s¢g. Namely, we define ng) as the span of s5,...,s5, and Lf) as
the span of s7,...,519. We define ¢ as the point of B!3 that is orthogonal to (sq) @ Lgl) @ ng) @ Lf).
Just like poo, ¢ is represented by a norm —3 lattice vector, namely

c=64;1,0,0,2,2,0,0,0,0,1,2,1,0).

As in [Allcock and Basak 2018, Appendix A], we call an open ball centered at p a critical ball if its
boundary is tangent to some mirror. Even though some mirrors pass through pso, we do not count the
radius-0 ball as critical. The distance from p to the mirror of a root s is given by

sinh™ 1\/ p°°|2 = sinh™! Ve p°°| _smh_ \/ 0,1,3,4,7,...).
p2.s

The last equality comes from (peo | §) € 0E. The numerlcal values of the first few critical radii are

r1,72,73,74, ...~ 0.549, 0.881, 0.987, 1.210, .. ..

We call s a batch-n root, and s a batch-n mirror (around poo) if stis tangent to the n™ critical ball
(around po). We extend this language to “batch-0" in the case s L poo. All these considerations apply
verbatim with ¢ in place of puo.

Lemma 4.3 The triangles in the s and sg cases of Lemma 4.2(b), and the quadrilateral in the s¢ case of
Lemma 4.2(a), are covered by the union of the fourth critical balls around ps and c.
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Proof In the quadrilateral case, we define points on two edges of Q, namely m = %(‘L’ + p) € Tp and
m = %(r' + p') € ©/p’. Because balls and (totally real) polygons are convex, it is enough to check that
, 7/, m and m’ lie at distance < r4 = sinh™! \/; ~ 1.210 from poo, and that m, m’, p and p’ lie at
distance < r4 from c. In the triangle cases we use the same argument, except that we define m’ = %(r' +p),
and we replace the quadrilateral m, m’, p, p’ by the triangle m, m’, p. Here are the data shared by all three

cases:

d(Poo, T) = cosh™! / % + %«/§ ~ .740, d(poo,m) = cosh™! V % + %ﬁ% 1.172,
d(c,m)=cosh™!/ % + %ﬁ% 1.161, d(c, p) = cosh™! \/% + i—gﬁ% 1.032.

In the triangle (resp. quadrilateral) cases we have

d(c,m’) = cosh™! \/% + %«/5% 1.158 resp. cosh™! \/% + %ﬁ% 1.151.

In the sa case (resp. the other two cases) we have

d(poo. ') =cosh™! /223 4 194—63«/§ ~.848  resp. cosh™' /% + 19763\/5 ~ .700.

In the sa, sg and quadrilateral cases respectively we have

d(poo, m’) = cosh™! %Jk%ﬁ%l.l%, cosh_I\/%—l—%ﬁ%l.UO,

cosh™! % + 1452 /3~ 1.163.

and

Finally, in the quadrilateral case

d(c,p’) =cosh™" /323 + %x@ ~ 1.024.

One may use the identity cosh? = sinh? +1 to avoid approximation when checking that these distances

10
3 - O

are less than sinh™! \/g . This reduces one to checking that each radicand is less than
Proof of Lemma 4.2 As mentioned above, it suffices to prove this for the quadrilateral and two triangles
treated in Lemma 4.3. By that lemma, the only mirrors that can meet these polygons are the 0, 1%,
2" and 3™ batch mirrors around peo and c. There are only finitely many mirrors in each batch, and in
[Allcock and Basak 2018, Lemma A.12] we explained how to use a computer to iterate over the mirrors in
these batches around p~,. Below we will explain the corresponding enumeration around c. Now suppose
given a triangle 7 C B!3 whose vertices are represented by vectors whose norms and inner products
are negative. Following [Allcock and Basak 2018, Lemma A.1], T meets a mirror st if and only if the
origin lies in the triangle (7" | s) € C whose vertices are the inner products of these vectors with s. By
examining the 0™ through 3" batch mirrors, around pso and ¢, we found all the mirrors meeting the
polygons. We carried out all calculations using exact arithmetic in the field Q (6, +/3). The results are as
stated in the lemma. |

It remains to explain the enumeration of mirrors near c. We work with respect to the basis
C,80; SA,SB,SC,SD; §5,54,53,82; §7,88,59,510
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for C13-1, whose inner product matrix is

3600 3600 3600
—30@0%09@03_0(_)@03_’0(_)
03 06386 06386 06386
0063 0063 00863
(The backwards ordering of the 4-tuple ss, ..., s makes its inner product matrix coincide with those of

the other 4-tuples.) To avoid confusion, we will use square brackets when writing components of vectors
with respect to this basis.

Lemma 4.4 L consists of all vectors [a/0,b/0;Vy;Uy; V3] where a,b € & are congruent mod 6 and
U1, Uz, U3 € Lg.

Proof This is just a computation, but we indicate why it should be true. The 4-tuple in each of the last
three blocks of basis vectors generates a copy of L4. Recall that L4 is a summand of any lattice that
contains it and that has all inner products divisible by 6. Therefore the semicolons delimit summands of L.
The only possibility for the remaining summand is (g g) Therein, ¢ is a primitive lattice vector in the
orthogonal complement of the norm —3 vector s¢, and therefore must have norm 3 (making visible a fact
we already used). There are only two proper enlargements of the lattice (_(3) (3)) to a lattice with all inner

products divisible by 8, got by adjoining (so &= ¢)/68. We chose the sign of ¢ so that (so +¢)/0 € L. O

Lemma 4.5 The roots in batches 0, .. ., 3 around c appear in Table 1.
batch « b |6|>  norms of U1, Up, U3  mirrors
0 0 0 0 3,0,0 120
0 +w/6 3 0,0,0 1
1 1 w’ 1 3,0,0 2160
1 —2w/ 4 0,0,0 3
2 0 0 0 6,0,0 6480
0 0 0 3,3,0 172 800
0 +w/6 3 3,0,0 4320
3 =2 w! 0 6,0,0 6480
-2 w! 0 3,3,0 518 400
-2 —2w/ 4 3,0,0 2160
-2 w/B+orw) 7 0,0,0 6

Table 1: The batch O, ..., 3 mirrors around ¢; see Lemma 4.5. We list all batch-0 roots, and
one root from each scalar class of roots in batches 1, 2 and 3. Listed roots have the form
[a/0,b/0;V1;V,; U3] where a and b appear in the table, and the norms of Uy, U3, U3 € L4 are as
specified, up to permutation. When present, j varies over {0, 1,2}. The last column gives the
number of mirrors arising from the listed roots.
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Proof Suppose s = [a/0,b/0;V1;V5; V3] is a root in batch O (resp. 1, 2, 3). Then |{s|c)|> = 0
(resp. 3, 9, 12). Since (s | ¢) = —3(a/0), this shows |a|?> =0 (resp. 1, 3, 4). We may suppose a = 0 (resp.
1, 6, —2), after scaling by a unit. Since s = 3,

2 2

4-2) 3)%‘ +5f+6§+6§=3+3)%) = 3 (resp. 4.6, 7).

In particular, |b|? is at most the right side. After imposing the condition
b=a=0(resp. 1,0,1) mod 6,

b must be one of the possibilities listed in the table. From (4-2) follows 07 + 93 + v3 = 3 + |a|*> — |b|*.
Since the vectors of L4 have norms 0,3,6,9, ..., the norms of U1, U and v3 are as stated in Table 1, up
to permutation. Counting the mirrors of each type uses the fact that L4 has 240 vectors of norm 3 and
2160 of norm 6. O

To carry out the proof of Lemma 4.2, we prepared lists of the norm 3 and 6 vectors in L4, and used these
to make lists of all possibilities for (v7, U2, U3), which in turn we used to construct the roots in Table 1.
We converted these roots to our usual coordinates, and then computed their mirrors’ intersections with
the polygons. The enumeration of mirrors near ¢ also allows us work out p’s nearest mirrors:

Lemma 4.6 The components of J{ that come nearest p, other than those that pass through it, are

1 1
Sy -5 517

Proof One can check

o1 /1 1 -1 /5,13 .
sinh —ﬁ—i—ﬁx/g—i—cosh 1+t 3 < sinh \/;

The first and second terms on the left are the distances from p to sj- and c, respectively. They are
approximately .113 and 1.032. The right side is r4 ~ 1.210. It follows that the mirrors nearest p, subject
to missing it, lie in batches 0, ..., 3 around c¢. Examining these batches proves the lemma. To avoid
approximation when checking the inequality, apply sinh to both sides and then use its “angle sum”
formula. |

5 The Deligne-Mostow 9-ball quotient

In their celebrated papers, Deligne and Mostow [1986; Mostow 1986] related many ball quotients to
various moduli spaces of tuples in CP!. Their work has been revisited from several perspectives [Thurston
1998; Couwenberg et al. 2005]. We recommend Looijenga’s expository paper [2007] and use it for most
of our references. We will establish notation, then extract what we need from the literature, and then
explain our refinements.

We recall and extend the notation of Section 3 in the case ¥ = CP! and n = 12. Namely, X is the
space (CP')!2 of ordered 12-tuples in CP', and X° is the subspace in which the 12 points are all
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distinct. We also define X*! as the subspace of X consisting of ordered 12-tuples in CP! with no points
of multiplicity > 5. To the previously defined

Y=X/S12, Y°=Xo/512 and M?2=YO/PGL2@
we add
Y= X%/S;, and MY, =Y*/PGL,C.

The superscript st indicates stability in the sense of geometric invariant theory (GIT). The only part of
stability that is important for us is that PGL, C acts properly on X' (and hence on Y*'). This follows
from the elementary fact that PGL, C acts simply transitively on ordered triples in CP!, which also
shows that PGL, C acts freely on X °. Therefore X °/PGL; C is a manifold. Quotienting again, this time
by Si2, yields the orbifold Y °/PGL, C.

Theorem 5.1 (Deligne and Mostow) There is an isomorphism f: M5, — IB%]%M /PTpm of complex
analytic varieties with the following properties:

(a) The restriction of f to M7, = Y°/PGL, C is a complex analytic orbifold isomorphism onto
By — Hom)/PTpm.

(b)) Ifze [B%M lies in exactly one component of Hpy, then its image in [B%%M /PT'pm corresponds via
f to a 12-tuple with exactly one multiple point, that point having multiplicity 2.

(c) Write y for the antiholomorphic involution of Y corresponding to inversion across the unit circle.
We use the same notation for the induced antiholomorphic involution of My,. Suppose y € Y °
is y-invariant, and write f(y) for its image under the composition of projection to M7, and
f: M5, = By — Hom)/PTom. Suppose ]F‘E) € By — Howm lies over f(y). Then there is an
antiholomorphic involution  of Bp,, that fixes m) and lies over f o yo f~1.

Proof We refer to the example after Looijenga’s Theorem 3.9 in [2007]. In his notation we take n = 10,

and weights u = (Ko, ..., U11) = (% ey %) The hyperbolic case of that theorem asserts

5-1) there exists a I'-equivariant isomorphism F': SM\Q;E — By_1.

The map F is called the Schwartz map. By an isomorphism, he means an isomorphism of complex
analytic orbifolds.

Looijenga’s B,—1 = Bg is a complex 9-ball, and his I" is the image of a certain monodromy representation,
in this case a homomorphism from 71 (Y °) 2 Bri2(CP') to the group PU(9, 1) of biholomorphisms
of Bg. This homomorphism sends each standard braid generator to a complex reflection whose nonidentity
eigenvalue is 2™ i/3 This follows from Looijenga’s Corollary 2.2. Unfortunately its statement gives the
wrong eigenvalue 27 i/6  However, his argument gives the correct eigenvalue —e 27" /6 = ¢271/3 The
same calculation, with this same result, appears in the proof of [Mostow 1986, Lemma 3.9]. The fact
that the standard generators act by complex reflections with this eigenvalue, and satisfy the braid and
commutation relations, uniquely determines the monodromy representation, and identifies Looijenga’s T"
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with our PI'py. This is the content of [Allcock 2000, Section 5]. Because this representation is irreducible,
the I'- and PI'py-invariant hermitian forms of signature (9, 1) are uniquely determined, up to scale.
Therefore they are identified with each other, up to scale. This identifies Looijenga’s By with our IB%]%M.

We phrase Looijenga’s constructions in our notation. To the kernel of 71(Y°) — PI'py corresponds
a covering space Y° of Y°, with deck group PI'pym. Looijenga calls this space 171"0 and describes it
concretely in his Section 1.5. He defines a PI'pp-equivariant holomorphic map F: Y° — B%M in terms
of the periods of certain integrals. There is a canonical extension of Y° — Y° to a ramified covering
space Yt Y and a unique extension F': yst— B%M. Furthermore, ¥ is smooth. This is the content
of the first sentence of [Looijenga 2007, Proposition 3.8]. These spaces fit into a commutative diagram

ye —— ¥ s ¥/PGL, C —E— B,
quotient by PFDM\L J/ l l
Yo« v s Y*'/PGL, C —L— BY,, /Pl
1
My,

in which vertical arrows indicate quotients by PI'pyr. In our notation, (5-1) asserts that the top right map
F is a PT'pp-equivariant isomorphism of complex analytic orbifolds. Our f is the induced map got from
this by quotienting the domain and range by PI'py.

Technical note (1) Looijenga quotients by SL, C rather than PGL, C. He is careful not to let the
subgroup {1} contribute to the orbifold fundamental groups, even though it acts trivially. The way
he does this is by defining his space Q}, as the smooth variety (not orbifold) X°/SL, C. See his page
230 for this definition and explicit charts defining the variety structure. The presence of {£1}, acting
trivially, has no effect on this quotient. So for our purposes it is harmless to replace SL, C by PGL, C.
However, we may no longer use the simple connectivity of SL, C to automatically lift the SL, C-action
from Y° to Y°. We must check that the PGL, C-action on Y° lifts. We do this as follows, where
§:S' — PGL; C is a 1-parameter subgroup representing the nontrivial element of 771 (PGL, C): We must
show that, regarding § as a member of Brj,(CP!) by applying it to some 12-tuple, its image in PI'py
is trivial. By construction, ¢ is the braid commonly called the “full twist”. Formally, § is the nontrivial
central element of Bry 2((CP1). So its image in PI'py is central there, and hence preserves every mirror.
Therefore it is trivial.

(2) We have described extending the domain of F from Y° to Y™, and then quotienting by PGL, C.
Looijenga does this in the other order. This makes no difference, because the constructions are PGL, C-
invariant. Our formulation makes it easier to explain the orbifold isomorphism in (a). His S,\Qj,, also
written Sy, \ V,;’ to draw on earlier parts of his paper, is our ¥ °/PGL, C, and similarly with superscripts
changed to ** or a tilde added.

There are commuting actions of PGL, C and PI'py on Yst. We quotient by PI'py and then PGL, C, and
compare to what happens when we quotient in the other order. The quotient yst /PTpmM is an orbifold
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and hence also an analytic space. As an analytic space, it is the complex manifold Y™, essentially by the
definition of the normalization of analytic spaces (which is how Y5t is defined). The PGL, C-action on
Yt is proper, making the quotient into an orbifold and hence an analytic space. These are the standard
orbifold and analytic space structures on MY,. Now we take the quotients in the other order. Looijenga’s
theorem identifies ¥ /PGL, C (as an orbifold) with the manifold ]B%M. Taking the quotient of this by
PI'pm gives the orbifold IB%]%M /PT'pm, whose underlying analytic space has now been identified with MY,.
This proves the claim on the first line of Theorem 5.1.

We phrased this as an isomorphism of analytic spaces, even though all the spaces involved are orbifolds.
This is because it is not an orbifold isomorphism: the elements of Yt — Y° have nontrivial PT'pm-
stabilizers, so the orbifold quotient yst /PT'py is not the manifold Y™, even though the analytic space
quotient is. However, this issue disappears when Ystis replaced by Y°, where PTpy acts freely. Then
the same argument establishes an orbifold isomorphism between M7, and its image in B%M /PT'bm.

In particular, to prove (a) it is enough to show F (Y") = IB%%M — Hpm. It is difficult to give a precise
citation, so we will unpack some of Looijenga’s constructions. The key point is that if some of the
12 points collide, then the Schwartz map F' degenerates to the Schwartz map of a smaller tuple of
numbers, got by fusing the pz’s in that collision pattern; see his Section 1.4. His Theorem 3.9 also
applies to that Schwartz map, establishing an isomorphism from the moduli space of stable 12-tuples
with those collisions (or more) to a subball of ]B%M. That subball may contain subsubballs corresponding
to more-singular collision patterns, and so on. In this way, the natural stratification of Y*' is identified
with the stratification of [B%%M by intersections of mirrors. In particular, ye /PGL, C is identified with
IB%]%M — Hpm, and the smooth part of yst /PGL, C is identified with the smooth part of Hpy. Modulo
details, this gives parts (a) and (b) of the current theorem.

We unpack the details that we will need. To evaluate limits of F' as some of the 12 points collide, consider
some z(0) = (z9(0),...,z11(0)) € X*. For now the argument “(0)” is just a formal symbol, present
because we will soon choose a path z(¢) approaching z(0). By reordering, we may suppose

(i) the z;(0) that are involved in any given collision have consecutive subscripts, all less than 11.
By applying an element of PGL, C, we may suppose
(i) 211(0) = oo.

Now we choose a path z: [0, 1] — X, with z(0) equal to the point just discussed, and z(7) € X° for all
t > 0. It is easy to choose this path satisfying:

(iii) if z;(0) is not a multiple point of z(0), then z;(¢) is constant, and

(iv) if z;—1(0) = z;(0), then z; 1 () and z;(¢) have constant imaginary part, and for all > O the
following hold: z;_1(¢) lies to the left of z;(¢), and the segment z;_;(¢)z; (¢) contains none of the
zx (1) except its own endpoints.
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Each such curve z(¢) can be pushed forward into Y and then lifted to a curve Z(¢) in Y. The lifting
uses that ¥° — Y is a covering space (allowing one to define Z on (0, 1]), and that ¥' — ¥t is proper
(allowing an extension to [0, 1]). Up to the action of PGL, C, every point of Y5t — ¥° has the form Z(0)
for some lift Z(¢) of some such curve z(¢). We will show that F sends every such Z(0) into Hpy. The
same argument will show that if z(0) is more degenerate than a single collision of two of the z;, then F'
sends every such Z(0) into an intersection of several components of Hpyy.

So fix a path z(z) as above. To show that F sends every Z(0) into Hpy, it is enough to prove this for
any single lift Z of z. This uses PI'pm-equivariance. To specify a lift Z, it is enough to choose a lift Z(1)
of the other endpoint z(1). One may specify Z(1) by choosing what Looijenga calls an L-slit (see his
Section 1.2). This means a sequence of curves §;,1 from z;_1(1) to z;(1) which together form an arc
that is eventually horizontal and rightward-moving as it approaches z1; = co. We choose any L-slit
with the property that if z; ;1 and z; collide at ¢ = 0, then 4,1 is the horizontal segment from z; (1)
to z;j(1). The fact that such an L-slit exists uses (i)—(iv). There is a unique-up-to-isotopy way to deform
the §;,1, through paths §;; that form an L-slit for z(¢), as ¢ varies over (0, 1]. Again using (i)—(iv), we
may suppose that if z; _; and z; collide at # = 0, then §;; is the horizontal segment from z; _1(¢) to z; (¢),
for all 7 € (0, 1].

Our choice of L-slit allows one to write down F(Z(¢)) explicitly. Namely, it allows one to specify a branch
of a certain multivalued 1-form 7, ;) on CP!, with certain singularities at the z ;(1); see Looijenga’s
Section 1.1. Then, in suitable local projective coordinates,

F(Z() = (F1(Z(@)), ..., F10(Z(2))), where  Fj(Z()) 2/ Nz@ry for t€(0,1].
.
(See Looijenga’s Section 1.3. His F; are certain multiples of these integrals, rather than the integrals
themselves, but the constant factors do not affect our arguments.) Suppose z; 1 and z; collide at # = 0.
Then Looijenga’s (1.6) shows that F;(Z(¢)) — 0 as ¢ — 0. Namely, the left side of his equation is
(zj(t) —zj—1 (1))2/3, times a number of terms bounded away from 0, times Fj(Z(t)). The right side is
bounded. So Fj(zZ(t)) = 0ast — 0.

Just before his (2.2), Looijenga writes /7 for the braid group element, supported in a disk small enough
to miss all other zg, that moves z; 1 and z; around each other positively by a half-twist. His (2.2)
describes how each Fj (Z(7)) changes under the monodromy action of /7', namely by the addition of a
multiple of F;(Z(¢)). Since F;j(Z(t)) approaches 0 as t — 0, it follows that F'(Z(0)) is invariant under the
monodromy action of +/7". Since this action is by a triflection whose mirror is a component of Hpwy, we
have proven that F'(Z(0)) lies in a component of Hpys. It follows that F (Ys— I7°) C Hpwm. Also, if more
than one collision takes place, for example if three points collide or four points degenerate in two pairs,
then the argument applies to each pair that degenerates, yielding multiple mirrors that contain F(Z(0)).

Now we can prove (a) and (b). Because PGL; C acts freely and properly on Y, ()7St — }7°) /PGL, C is
a closed analytic subspace of yst /PGL; C, and each of its (analytic space) components has dimension 8.

Geometry & Topology, Volume 29 (2025)



812 Daniel Allcock and Tathagata Basak

By (5-1), the same holds for its F-image inside IBIQ)M. Since this image lies in JH{py, whose components
PI'pym permutes transitively, it follows that F((Y =Y °)/PGL, C) = Hpwm. Because F is an isomorphism,
this implies F (?°) = B%M — Hpm, finishing the proof of (a). At this point we know that 12-tuples
without degenerations correspond to points of [B%%M —Hpwm, and 12-tuples with more than one degeneration
correspond to points of B%M that lie in multiple mirrors. So every remaining point of H{py must correspond
to a 12-tuple with exactly one degeneration. This proves (b).

We now prove (c). Because y: Y ° — Y ° sends meridians to inverses of meridians, it sends the monodromy
representation to its complex conjugate. In particular, it preserves the kernel of this representation, and
hence lifts to an antiholomorphic involution y of Y°. We may suppose that y fixes any chosen preimage
7 € Y° of y, say one with F(§) = m). Because y normalizes PGL, C, x does too, so y descends to an
antiholomorphic involution of Ye /PGL, C = B%M — Hpm, which we will also call y. By construction,
7 fixes f(y) and lies over the antiholomorphic involution f o yo f~1 of B2y — Hom)/PTpm.

The ball ]B%%M certainly admits antiholomorphic involutions. Following ¥ by one of them gives a holo-
morphic map BY,; — Hpm — By, which extends to all of B, by the Riemann extension theorem. It
follows that y itself extends (as an antiholomorphic involution) to all of IB%]%M. O

Our goal is to make the isomorphism in Theorem 5.1 more explicit. We will say which point of IB%I%M /PI'pm

corresponds to the standard basepoint for MS,, and which loops in (B%M — Hpwm)/PTI'pm correspond to
the standard generators of Bri(CP!). This result is interesting without any monstrous connection at all.

Inside L, the sublattice Lpy is the orthogonal complement of the span L4 of specific roots sa, ..., Sp
of L. Its isometry group I'py is a subgroup of I" because Lpy is a summand of L. Although we defined
the hyperplane arrangement Hpys in terms of the roots of Lpy, it can also be defined as the set of
hyperplanes arising from intersections of IB%I%M with components of J{; see Lemma 5.3. In Section 4 we
defined p as the projection of 7 € B13 to B%M, and we defined specific roots sg,...,s11 of Lpm. By
Lemma 4.6, their mirrors are the mirrors of Hpy that come closest to p. We define

p;j := the meridian M, s, € 7™ ((BRy — Hom)/PTom. p).-
Now we can state the main theorem of this section; as in Section 3, { means emile,

Theorem 5.2 The orbifold isomorphism f: M7, — (]B%]%M — Hpwm)/PI'pm of Theorem 5.1(a) identifies
the basepoint T = {1,¢,..., ¢ e M3, with the basepoint p € B%M — Hpm (or rather with its image
mod PI'pv). Furthermore, it identifies the just-defined p; € nfrb((Bl%M — Hpm)/PI'pm, p) with the
elements of thrb (M7,, T') denoted by the same symbols in Section 3.

In particular, py, ..., p11 generate Jrfrb((IB%]%M — Hpm)/PTpwm, p), with defining relations stated in the
n = 12 case of Theorem 3.2.

We prove our earlier claim about the two descriptions of Hpy, then proceed to the proof of Theorem 5.2.
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Lemma 5.3 Every mirror of L that meets B%M is the mirror of a root of Lpy, except for the 40 mirrors
which contain B%M.

Proof Suppose [B]%M meets the mirror of a root r. Then the €-span of r and L4 is positive definite. Also,
all its inner products are divisible by 6. Therefore L4 is a summand of it. Since 72 and the minimal norm

of L4 are both 3, r € L4 or r 1. L4. In the first case r1 contains B%M, and in the second r € Lpy. O

Lemma 5.4 The images of T in M7, and p in (B%M—G{DM) /PT'pm are identified by the isomorphism f .

Proof The main point is that p’s PI'py-stabilizer is the dihedral group D4 of order 24. This uses
Lemma 4.6, ie that the mirrors of sg, ..., s11 are the components of Hpy; closest to p. So any element of
the stabilizer permutes them, and indeed is determined by how it permutes them. (Consider its action on
their points closest to p.) Since these roots form an A1 diagram, the stabilizer is no larger than D,4, and
a D»4 in the stabilizer is visible (see Section 2.7).

The orbifold isomorphism in Theorem 5.1(a) shows that p corresponds to a point of M7, with local
group D»4. That is, to an unordered 12-tuple of distinct points in C P!, with PGL, C-stabilizer isomorphic
to Dy4. Considering the finite subgroups of PGL, C shows that there is only one such tuple, up to
projective equivalence, namely 7T . a

Let p’ be the projection of p to s(J)-. The segment op corresponds via f to some motion in CP! of the
12 points of T. The rest of the proof of Theorem 5.2 amounts to formulating this precisely and then
identifying the motion. To start, observe that the orbifold covering spaces

X°/PGL, C - M{, and By —Hpm — By — Hom)/Plom = M,

are manifold covers of the same orbifold. Therefore Theorem 5.1(a) implies there is a diffeomorphism f ,
from a neighborhood E7 of (the image of) 7" in X °/PGL, C to a neighborhood E,, of p in ]B%]%M — HpmMm,
that lies over f and is D4-equivariant.

Together with analytic continuation, this allows us to transfer any path in B%M — Hpwm, beginning at p, to
a path in X °/PGL, C beginning at 7. In particular, there exists a unique path y: [0, 1) - X°/PGL; C,
whose initial segment corresponds to pp’ under f , and which has the same projection as pp’ — {p’} to
M3, = (B%M — Hpwm)/PI'pm. Because X /PGL, C is finite over Y'/PGL, C, y extends continuously
to [0, 1]. Finally, because X*®' is a PGL, C-bundle over X% /PGL, C, we may lift y to a path B(z) =
(Bo, ..., B11) € X*! of ordered 12-tuples in CP!.

Our analysis of B will rely on a study of certain antiholomorphic involutions of M7, and BI%M. Following
Theorem 5.1(c), write y: CP! — CP! for the inversion map across the unit circle, ie z — 1/Z. We also
write y for the induced maps on X*' and Y*! and their quotients by PGL, C. As a self-map of CP!,
the antiholomorphic involution y preserves T pointwise and commutes with 7’s setwise stabilizer
D74 C PGL, C. Another way to say this is that y’s action on X °/PGL; C preserves the image therein
of T, and commutes with the D4 C S5 stabilizing this image.
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Theorem 5.1(c) provides an antiholomorphic involution y of IB%IQ)M that fixes p and lies over the antiholo-
morphic involution f o yo f~! of IB%%M /PT'pMm. In fact, there are several candidates for y, differing by
composition with the involutions in Dy4. Since f : Er — E, is an isomorphism of orbifold covering
spaces, it identifies the lifts of y to E7 with the lifts of y to E,. We define j to be the lift to ]B%I%M
that corresponds to y under f . (We can now discard E7 and E,.) We remark that antiholomorphic
automorphisms of the complex ball are complex hyperbolic isometries.

Lemma 5.5 There are only two possibilities for §: it is either the antiholomorphic involution jo of
B%M got from complex conjugation in the P2IF3 model of L, or the composition of jo with the central
involution Z of the PI'py-stabilizer D4 of p.

Proof Since y preserves p and Hpyy, it permutes the mirrors nearest p, which by Lemma 4.6 are the sl.J-.
Since it commutes with Dy, it either preserves each of them, or else sends each siL to siL+6. In either
case, this determines the action of ¥ on the points of the sl.J- that are nearest p, and hence the action on all
of [B]%M. The first of these possibilities is realized by yo, and the second by jg o Z. |

We now return to our path B(t) = (Bo(t),...,B11(t)) € X*'. The key ingredient in the analysis is that
pp’ is Jo-invariant. Also important is that the B; (¢) are all distinct, for each ¢ until = 1. At¢ = 1, two
of the fB; (t) become equal, while the rest remain distinct from them and from each other. This follows
from Theorem 5.1(b) and the fact that p’ lies in exactly one component of Hpy. One might skip the next
proof for now, since the lemma after it has a similar but simpler proof.

Lemma 5.6 X = Jo-

Proof Suppose to the contrary, so ¥ = 7o o Z. Because pp’ is jo-invariant, y is (yoZ)-invariant,
where Z is still the central involution of D,g4, but now acting on X% /PGL, C. That is, there exists
g::[0,1] = PGL, C such that (y o Z)(B(t)) = g:(B()). Since Z acts on X = (CP)12 by cyclically
permuting the factors by six positions, we have

(5'2) (X(ﬁG(t))v R X(ﬂll(t))v X(IBO([))’ SRR} X(ﬁs(t))) = (gt(:BO([))’ s ’gl(ﬁll(t)))'

Choose i and j so that B;, B, Bi+e and B¢ are not involved in the collision as  — 1. From (5-2)
this 4-tuple is projectively equivalent to y(Bi+s), x(Bj+6). x(Bi), x(B;). This is projectively equivalent
to Bi+6, B 46 Bi,ﬂ_ 7, because y and the usual complex conjugation on CP! differ by a projective
transformation. This gives an equality of cross ratios:

(Bi —Bj)Bi+s —Pj+e) _ (Bi+s—PBj+6)(Bi —F;)

(Bi — Bi+6)(Bj —Bj+6)  (Bire—PBi)(Bj+e—Bj)

In particular, B;, B, Bi+e and B4 have real cross ratio.

A 4-tuple has real cross ratio if and only if it can be carried into the unit circle by a projective transformation.
So, by applying a time-dependent projective transformation, we may suppose that B; (¢), B (¢), Bi+6(t)
and B +6(t) lie on the unit circle, for all 7. At¢ =0, {B;, Bi+e} separates f; and B; ¢ from each other
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on the circle. These four points remain distinct during the motion, so the same holds for all z. Therefore
the geodesics B; (t)Bi+6(t) and B; (t)B;+6(t), in the Poincaré disk bounded by the unit circle, meet each
other. By applying a time-dependent projective transformation, preserving the unit circle, we may suppose

without loss of generality that the intersection point is the origin. In particular, 8;(¢) and fB;+¢(¢) are
antipodal for all ¢, and similarly with j in place of i.

We revisit (5-2) in light of this information. It says that g; acts by negation on four points of the unit
circle. This uniquely determines g; as z +> —z, for all 7. It follows that Sz 1¢(t) = —1/ Br(¢) forall k. In
particular, the unordered 12-tuple underlying () is preserved by the fixed-point-free self-map z — —1/Z
of CP!. This is a contradiction: (1) has a single collision point, and hence admits no such symmetry. 0

Lemma 5.7 The path y in M},, corresponding to pp', is represented by a path (Bo(?), ..., B11(t)) €
(CPY!'2, satisfying

(a) PBi(¢) lies in the unit circle for all i and t,

(b) foreach t €10, 1), the B;(t) are distinct,

(¢) two of the B; (1) coincide and the rest are distinct from them and each other.

Proof By the previous two lemmas, § = fo. So the jo-invariance of pp’ implies the y-invariance
of y. In other words, y(B(¢)) is projectively equivalent to B(¢) for all ¢, which is to say that there exists
g::[0,1] = PGL, C such that

(5-3) (xBo(®)). ... x(B11(1))) = (8:(Bo(®)). - .. & (B11(1)))

forall . We choose i, j and k not involved in the collision; in particular, B; (¢), 8, (¢) and B (¢) remain dis-
tinct as f — 1. Because PGL, C acts 3-transitively on C P!, we may apply a time-dependent automorphism
of CP! to suppose that f; (¢), B () and By (¢) lie on the unit circle for all 7. That is, they are y-invariant,
and hence by (5-3) also g;-invariant. Only the trivial element of PGL, C fixes three points, so g; is the
identity for all . Now (5-3) says that §8; (¢) is fixed by y, for all i and 7. We have exhibited a representative
B:10,1] — X5t for pp’, consisting of 12 points moving on the unit circle that remain distinct until t = 1,
when two neighbors collide but no other collisions take place. This last part uses Theorem 5.1(b). |

Proof of Theorem 5.2 Our goal is to understand the motions of 12-tuples in CP!, corresponding to the
meridians pog, ..., P11 € ﬂi’rb((B%M — Hpwm)/PTom, p). By definition, pg follows pp’ until very near o/,
then travels one third of the way around s(J)-, onto So(p’p), and then continues along So(o’p) until arriving
at So(p)-

We already transferred pp’ to a path y in X*'/PGL, C. By Lemma 5.7, y is represented by a path 8 of
ordered 12-tuples in S! € CP! that remain distinct until # = 1, when two neighbors collide, say Bo(t)
and B1(¢). By this choice of labeling, y (1) lies in the component Cg1 of (X' — X °)/PGL; C fixed by the
involution A = (01) € S15. Because there is only one collision among B¢ (1), ..., 811(1), this is the only
component of (X% — X°)/PGL, C containing y(1), just as s(J)- is the only component of H containing p’.
Because X' — Y*' has order-2 branching along Co;, rather than order 3, we can now identify the path
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in X°/PGL, C corresponding to pg. It begins at (the PGL, C-orbit of) T, travels along y(¢) until ¢ is
very near 1 (say ¢ = tg), so that y(#g) is very near Co1. Then it travels halfway around Cy;, ending at
A(y(tp)), and then continues along A(reverse(y)) until arriving at A(7).

This path is easy to lift to X °, because we have already lifted y to 8. It begins at T and follows B(¢)
until £ = ¢¢, so that Bo and 81 have almost collided. Then ¢ and 81 move counterclockwise around each
other, so that they swap places, ending at the A(8(fo)). Then it travels along A(reverse(f)) all the way
to A(T). This is one of the standard generators given in Section 3 for the braid group Bri»(CP?!).

We have proven that the isomorphism f: M7, — (]B%%M — Hpwm)/PTpm sends the standard generators
for Bri2(CP1), called p; in Section 3, to the meridians in nfrb((B%M — Hpwm)/PI'pm, p) called p; in this
section, up to labeling. Considering which pairs of generators braid and which pairs commute shows that
the identification may be taken to match subscripts in the natural way. |

6 A neighborhood of B%M, modulo its stabilizer

Recall from Section 4 that [B%%M means the 9-ball orthogonal to the roots s4, ..., sp that form our chosen
A4 subdiagram of P2F3. Our goal is to define a suitable neighborhood U of IB%]%M, invariant under

PI'p\; := the setwise PI'-stabilizer of B%M,

and write down a presentation of n‘l)rb((U —H)/PT'E},). Theorem 5.2 leads to a surjection from this group
to the orbifold fundamental group of the moduli space M7, of 12-point subsets of C P 1 We will identify
the kernel as the ordinary 5-strand braid group, and then work out the details of the group extension.

We defined Hpp IB%]%M as the union of the mirrors of the roots of Lpy. In Lemma 5.3 we showed that
these are exactly the roots of L whose mirrors meet ]B’>I9)M, except for the 240 roots in the positive definite
lattice (sa, - ..,Sp) = L4, which are orthogonal to [B%]%M. This immediately implies:

Lemma 6.1 There is a PI'}-invariant neighborhood U of IB%IQ)M such that orthogonal projection
7: B — IB%]%M realizes U — H as a fibration over B%M — Hpm, with fibers as follows. The fiber
over each x € B\, — Hpw is an open ball centered at x, in the B* orthogonal to B, at x, minus the 40
mirrors of Ly. O

Now we choose a basepoint o € Tp — {p}, close enough to p so that the meridians o}, defined in Section 4
and based at 0, liein U for j =0,...,11,A,...,D. By moving o closer to p we may also suppose that
o’s PI'-stabilizer is a subgroup of p’s. We set

. b
J =1 ((U —-H)/PTP\, 0).
Most of this section concerns relations between oy, ..., 011, 0A, ..., 0p. The 100ts Sg, ..., 511, SA, ..., SD
form an A;; A4 subdiagram of P2F5, and so the corresponding meridians tp, ..., 711, Ta, ..., Tp (all

based at ) satisfy the A 11 A4 Artin relations. This is [Basak 2016, Theorem 4.4]. By Theorem 4.1,
00,...,011,0A,...,0p do too.
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Orthogonal projection B13 — IB%M is PI'}}4-equivariant, inducing a map
(6-1) (U —3)/PTHy — (Bpy — Hom)/Plom.

Here PI'py is the group of automorphisms of B%M induced by PI'}{;. That is, PI'py is the quotient
of PI'j}; by the pointwise stabilizer of B%M. This agrees with our previous use of PI'py to mean the
projective isometry group of Lpy, because Lpy is a summand of L. The projection (6-1) induces a
homomorphism

(6-2) J = 7™ (B — Hom)/PTom. p) = 7™ (M3,. T).

The isomorphism here uses our refinement (Theorem 5.2) of the theorem of Deligne and Mostow. It is
well known that M, has contractible orbifold universal cover [Birman 1974]. Therefore, applying the

long exact homotopy sequence to the fibration in Lemma 6.1 yields an exact sequence
(6-3) 1 — 79" (fiber over p,0) — J — a{(M$,, T) — 1.
Next we work out the left term:

Lemma 6.2 The kernel n;’rb(ﬁber over p, o) in (6-3) is isomorphic to the 5-strand braid group Brs.
The meridians oa,...,op form a standard set of generators. That is, their A4 Artin relations are
defining relations.

Proof We recall that Aut(L4) is the finite complex reflection group numbered 32 in the Shephard-Todd
list [1954, Table VII]. The fibration in Lemma 6.1 shows that the kernel in (6-3) is

(6-4) (B —H)/Aut(L4), 0),

where B is a small ball centered at p, in the orthogonal complement to IB]%M at p. This is essentially the
definition of the braid group associated to Aut(L4). (The standard definition [Bessis 2015] uses C*# in
place of B, and m1 in place of Jrfrb, which is no change at all because finite complex reflection groups
act freely on their mirror complements.) Orlik and Solomon [1988, Theorem 2.25] showed that this is

isomorphic to the standard 5-strand braid group.

It remains to show that o4, ..., op are comprise a standard set of generators. We use [Allcock and Basak
2016, Theorem 1.2] to prove generation. This requires us to check several things. First, the reflections
in sa, ..., Sp generate Aut(L4), which is well known. Second, of the 40 mirrors of Aut(L4), the ones
closest to o are the mirrors orthogonal to these four roots. This is an easy computer check. To state the
third condition, we write E for the set of eight images of ¢ under the w- and w-reflections in these four
mirrors. One must check, for each of the remaining 36 mirrors, that the projection of o to that mirror is
closer to some element of E than it is to o. This is another easy computer check.

The A4 Artin relations satisfied by o4, ..., op are the relations defining Brs in terms of its standard
generators. So we obtain a self-surjection Brs — Brs by sending some standard set of generators to
Oa,-..,0p. The braid group is Hopfian [Bell and Margalit 2006, page 276], which means that any self-
surjection must be an automorphism. Therefore o4, ..., op are themselves a standard set of generators. O
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Remark We sketch a geometric argument that avoids the Hopfian trickery and the reliance on [Orlik
and Solomon 1988]. First one proves generation, as above, and it remains to show that the braid relations
on gy, . ..,op define the subgroup of J that they generate. Suppose R(04, ...,0p) = 1 is a relation they
satisfy. By Theorem 4.1 R(za,...,tp) = 1. Then by L3(3) x2 symmetry R(zp, ..., 73) = 1. Another
application of Theorem 4.1 shows R(0y, ..., 03) = 1, and then projecting to (IB%]%M — Hpm)/PI'pm gives
R(po, - .., p3) = 1. Using normal forms for words in braid groups, one can show that the homomorphism
Brs(C) — Brj2(CP!) — nfrb (M7,) sending the standard generators of Brs to four consecutive standard
generators of Bri(CP!) is injective. It follows that R(po, ..., p3) = | is a consequence of the braid
relations on po, . . ., p3. Reversing the first part of the argument shows that the same holds with gy, ..., 0p
in place of po, ..., p3.

We have established the exact sequence
(6-5) 1 = Brs — J — 79 (M}3,) — 1.

We know that J is generated by o0g,...,011,04,...,0p. Three kinds of relations suffice to define J.
First are the relations defining the normal subgroup Brs, which are words in 04, ...,op. Then there
are relations saying how oy, ..., 011 act on this normal subgroup: they centralize it. Finally there are
relations of the form

(6-6) word(og, ...,011) = word(oa, ...,0D),

where the left side is one of the relators defining nfrb (M3,), except written with 0;’s in place of p;’s.

And the right side is a word in g4, ..., o0p that is equal to the left-side word. (Such a word exists,
because the left side lies in the kernel of the projection to nfrb(M‘fz).) It is easy to see that any word in
0¢,...,011,04A,...,0p that is trivial in J can be reduced to the trivial word by use of these relators. So
a set of defining relations for J consists of the Artin relators among o4, . . ., 0p, their commutativity with
00, - ..,011 and one relation of the form (6-6) for each defining relator of nfrb (M3,).

It remains to work out the words (6-6) explicitly. As preparation, we record some facts about important
elements of PT". Write So, ..., S11,SA, ..., Sp for the w-reflections in the roots sg, ..., 511, SA, ..., SD-

Lemma 6.3 (a) S;Sjy1---Sjt10 (resp. S;Sj—1---Sj—10) is independent of j € {0, ..., 11}. It per-
mutes the mirrors s,ﬂ- by incrementing (resp. decrementing) subscripts. It, and also A(Sa, ..., Sp),
act on B! (p, ) by the positive én rotation around p.

(b) The actions of S1S> --~S108121510 -++8581 and A(Sa, ..., Sp)? onB!3 coincide. Namely, both
e”i/3Sl --oSloSlzlSlo---Sl and A(Sa,..., SD)2 act trivially on Lpy and by the scalar e™'/3 on
its orthogonal complement.

L

12— /> and acts on B! (p, t) by the m rotation

(¢) A(S1,...,S11) permutes the mirrors sj- by st.- s
around p.
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Proof The equalities were suggested by experience with the ordinary braid groups and the braid groups
of finite complex reflection groups. The roots s; are defined, via (4-1), in Section 2.4. The formula for a
triflection appears in Section 2.5. We used a computer to write down matrices for the triflections S; and
then check our assertions. |

Lemma 6.4 The PT -stabilizer of o fixes B! (p, t) pointwise, has generators
S182-+-S11-A(Sa,....Sp) ! oforder 12 and (S1S2---S11)%- A(S1,....S11)" ! of order 2,

and is dihedral of order 24. Conjugation by the second word inverts the first.

Proof We chose o close enough to p so that o”’s stabilizer lies in p’s. Therefore ¢’s stabilizer acts trivially
on B (p, o) = B! (p, r). The stabilizer of t is L3(3) %2, and its subgroup fixing p (or equivalently o)
is dihedral of order 24. That the listed elements stabilize o follows from Lemma 6.3. Computation
establishes their orders and that the second inverts the first. We remark that the exponent —1 could be
removed in the second word, because A(S1, ..., S11) has order 2. However, the current form matches
the lift of this word with o;’s in place of S;’s, in Lemma 7.1. |

Lemma 6.5 Let y (resp. 8) be the positively directed circular arc in B'(p, ), beginning at o, and
subtending angle %71’ (resp. %n) around its center p. Then

(a) theojoj41---0j410 are equal to each other and to (y, S;Sj+1---Sj+10),

(b) theojoj_1---0j—10 are equal to each other and to (y, S;Sj—1---Sj—10),

(¢) A(oa,...,op)isequalto (y, A(Sa,...,Sp)), and

(d) A(o1,...,011) isequal to (§, A(S1,...,S11)).

Proof of Lemma 6.5(a)-(b) Assuming for a moment one case of (a), namely
(6-7) op---o11 = (¥, 81+ S11)s

we will prove the rest of (a) and all of (b) by symmetry. The PI'-stabilizer of o acts trivially on
B1 (p, T), and therefore fixes y. Lemma 6.4 shows that it contains Sy --- S11-A(Sa, ..., SD)_l, which
by Lemma 6.3(a) permutes the mirrors sé-, . ,sf-l by incrementing subscripts. Therefore the conjugates
of (6-7) by the powers of Sy -+ S11-A(Sa,...,Sp)~! are the relations 0j-0jr10=(¥.S;---Sj+10).
These relations are part of our claim in (a). The rest of (a) follows, because Lemma 6.3(a) shows that
S --+Sj+10 is independent of ;.

Next, Lemma 6.4 shows that the PI"-stabilizer of o contains (S --- S11)¢- A(Sy,..., S11)~ L. It fixes Y,
for the same reason as in the previous paragraph. It reverses the cyclic ordering of the mirrors Sd‘, cees sf-l

by Lemma 6.3(c). Therefore (b) follows from (a).
It remains to prove (6-7). We write B for the path underlying oy --- 011, namely

ﬁ ‘= Ho,si followed by S1 (/’LO,Sz) followed by S1 SZ(/'LU,S3) ... followed by Sl Sy SIO(/'LU,Sl 1 )
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It is obvious that o7 - - - 071 has the same underlying element of PI" as (y, S1---S11). In particular, the
endpoints of 8 and y coincide. So it remains to show that the loop By ~! (ie B followed by reverse(y))
is nullhomotopic in U — JH. In fact we will show that it is nullhomotopic in V' — I, where V is the
intersection of U with the B!? spanned by ]B%I%M and 7. It follows from Lemma 6.1 that V —H is a
punctured-disk bundle over B%M — HpmMm.

Our first step is to show that the projection of By~! to B%M — JHpwm is nullhomotopic. To do this we find
braids representing the projections of o1 ---o0711 and (y, S1--- S11) to nfrb((IB%%M —Hpm)/Plpm, p) =
nfrb (M3,,T). By Theorem 5.2, the former is represented by the braid py - - - p11. The latter projects to

((the constant path at p), S1--- S11).

This is represented by a braid which keeps all 12 points evenly spaced on the unit circle (because its
underlying path in the moduli space is constant), and permutes them in the same way as p1 - - - p11 (because

the element of PT'py underlying pp -+- p11 is Sy -+-S11). That is, (y, S1---S11) is represented by the

1
6

braid followed by the inverse of the second is trivial in Bri,(CP). It follows that the projection of By !

braid in which all 12 points of 7" move = clockwise around the unit circle with uniform speed. The first

to B%M — Hpm represents the trivial element of nfrb (M3,) and is therefore nullhomotopic.

Now the exact sequence on 1, for the punctured-disk fibration V —H — B%M — Hpwm, shows that By~ !

is homotopic into the fiber over p. So it will be enough to show that By ~! has trivial winding number
around IB’JI%M in B9, For this, we may replace 8 by its projection o to B! (p, 7). In summary, it will be

1

enough to prove that the specific loop ay~! is nullhomotopic in the specific punctured disk V NB!(p, 7).

This becomes obvious upon drawing it, which we now prepare to do.

First, each 1,5, was defined as a perturbation of the concatenation of two geodesic segments. The first
segment joins o to the projection of ¢ into sl.J-, which the second segment joins to S; (o). The perturbation
is to avoid hitting sl-J- at the concatenation point, and can be made arbitrarily small. The concatenation

-1 9
around B, ;.

point does not lie in IB%]%M, so the perturbation does not affect the winding number of By
So, for the rest of the proof, we will ignore the perturbation and regard 155, as the concatenation of the
two segments. (Or you can imagine that the perturbation is so small that it becomes invisible in Figure 1.)

This makes f into a concatenation of 22 specific geodesic segments in B0,

Second, if two vectors of negative norm in C '* have negative inner product, then the segment joining them
in C ' represents the geodesic joining the corresponding points in B!3. Therefore i, s; 18 represented by
the line segment in C !4 from o to its linear projection onto siL, followed by the line segment from there
to S; (o). In this way, we may regard § as a path in C14,

We orthogonally project 8 into C(p, ) and decompose the result as a linear combination of p and 7 — p.
These are orthogonal to each other, with norms —36 — 24+/3 and 30 + 16+/3, respectively. Therefore

(B(@)p) (B()|z—p)

the projection of B(¢) to C{p, T) is
proj B(@) (p, 7) _36_24ﬁp 30+ 1673

(T—p).
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Figure 1: The piecewise-linear path ¢ — (B(¢) | p) in C, up to scaling. Its reciprocal, scaled, is
the path « at the heart of the proof of Lemma 6.5(a).

The coefficient of the second component is constant in time, because B(¢) differs from 8(0) = o by a
linear combination of sg, ..., s11. These are orthogonal to T — p because p was defined as the projection
of t to their span. The constant does depend on our choice of basepoint ¢ = (0), and is nonzero because
o € pt — {p}. On the other hand, the coefficient of the first component depends on time, but does not
depend on the choice of o € pt —{p}. This is because any two candidates for ¢ differ by a multiple of T —p.

We identify P C (p, t) with CP! = C U{oo} by sending up+v(t —p) to v/u. This identifies p with 0, and
B!(p, r) with an open disk centered there. (If one cares, the radius is v/—p?/(t — p)2.) Most importantly,

we get the simple formula
constant depending on o

(B(t) | p), which is independent of o

at) =
where B(t) is a concatenation of 22 segments in C 4, starting at 8(0) = 0.

The path appearing in Figure 1 is not . Rather, the figure shows the piecewise linear path ¢ — (8(¢) | p),
up to scale. It is clearly homotopic, rel endpoints, to a clockwise circular arc of angle éjr around 0. To
check that the picture does not deceive, it is enough to verify that the endpoints of the segments lie in the
right half-plane in C. (This is why we work with the piecewise linear path, rather than « itself.) Therefore
« is homotopic, rel endpoints, to the counterclockwise circular arc of angle én in B!(p, 1), starting at o

1

and centered at p. This is the same path as y, proving that ¢y ™" is nullhomotopic. a

If one’s only goal is to prove Theorem 1.1, then one can skip the rest of this section; see the proof of that
theorem in Section 7.

Proof of Lemma 6.5(c) First we claim that (y, A(Sa, ..., Sp)) has the same image in the abelianization
Z of Brs as A(0a, ..., op). To see this, observe that its twelfth power is the circle in B! (p, 7) centered
at p. This loop encircles the 40 mirrors, once each. Since a loop around one of these mirrors is (conjugate
to) the 3" power of one of the standard braid generators, it follows that the image of (y, A(Sa. ..., Sp))
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in Z is %(40 -3) = 10 times that of a standard generator. On the other hand, A(o4,, ..., op) is defined as
a product of 10 standard generators. This proves our claim.

Next we claim that conjugation by (y, A(Sa, ..., Sp)) exchanges os <> op and og <> oc. That is, it
permutes the generators of Brs in the same way that A(oy, ..., op) does. It follows that they differ by
a central element of Brs. It is well known that Z(Brs) is cyclic, generated by A(oa, ..., op)%. Since
the center maps faithfully to the abelianization, the previous paragraph shows that A(oa,...,op) and
(v, A(SaA, ..., Sp)) are actually equal, not just equal up to center.

It remains to prove the claim. We will show

(6-8) (. A(Sa. ..., Sp))op(y, A(Sa, . ... Sp)) "' = 0a.

The same argument proves that (y, A(Sa, ..., Sp)) also sends o to op, and exchanges o <> o¢c. The
element of PI" underlying the left side of (6-8) is

A(Sa....,Sp)SpA(SA,....Sp)" L.

Since A(Sa,...,Sp) exchanges Sp <> Sp, this simplifies to Sa. This agrees with the element of PT’
underlying the right side of (6-8).

To simplify analysis of the underlying path, we write F; for the 1-parameter subgroup of U(13, 1) that

acts trivially on Lpy ® C and by the scalar ¢/

on its orthogonal complement. On every complex
line through p, which is orthogonal to IB%I%M, it acts by %m rotation. In particular, y(¢) = F;(0). Also,
although the F; do not all preserve H, they do preserve U N H, which is the only part of HH that will be

important in this proof.

We also recall that the path underlying op is (ig,s,, moving from o to very near s]J)‘, then %n of the way
around sIJ)-, and then onward to Sp(o). What remains is to consider the path underlying the left side
of (6-8). This is y, followed by the A(Sa, ..., Sp)-image of ig,s,. followed by the A(Sa, ..., Sp)Sp-
image of reverse(y). The first part is the path ¢ — F; (o) as ¢ varies over [0, 1]. Because A(Sa, ..., Sp)
exchanges s/i- with s]J)-, the second part is (L F, (¢),s,> from F1(0) to SA(F1(0)) = F1(Sa(0)). The third
partis t — F1_;(Sa(0)). We must show that this 3-part path, followed by reverse(iiq,s, ), bounds a disk
in U — 3. This is almost obvious: consider the surface swept out by the F;-images of (4,5, as? varies
from O to 1 (or equivalently, the surface swept out by the paths i F, (5),s,)- a

Proof of Lemma 6.5(d) In the ordinary 12-strand braid group, A(oy,...,011) can be described by
saying that the 12 strands are embedded in a strip that rotates about its midline through an angle 7. This
represents a constant path in M‘;z, so A(o1,...,011) is homotopic, rel endpoints, into the punctured disk
which is the fiber of V' — J{ over p. By Lemma 6.3(c), its final endpoint is halfway around this fiber
from o. To finish the proof, it is enough to show that A(o7,...,011)? encircles the puncture p once
positively. This follows from its equality with (oy --- 01 1)12 in Bryz, and our description of g7 -+ - 0711 in
part (a) of this lemma. O
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Theorem 6.6 The orbifold fundamental group
J = 7{™((U = H)/PTHy, 0)
has generators 0y, ...,011,04, ..., 0p and defining relations
(a) the Artin relations of the A 1144 diagram,
(b) allthe I; :=0j0j+1---0j+10 coincide; write I for their common value,

(¢) allthe Dj :=o0j0j—1---0j—10 coincide; write D for their common value,

(d) ID = A(oa,...,op)?, and

(e) D¢=16.
Furthermore, [0} 1~' =041, Doy D! =o0y_y and A(oy,...,011)0xA(01,...,011)" ! = 01— for
allk=0,...,11.

Here and henceforth we use /;, D;, I and D for these words in the oy rather than the pg. To avoid
confusion, we will not use these symbols in the proof until after establishing (a)—(e).

Proof We will establish the stated relations; that they are defining relations follows. This is because they
include defining relations for the normal subgroup Brs generated by o4, ..., op, relations saying how
09, ...,011 conjugate ga, ..., op, and also one relation of the form (6-6), for each defining relator of
7{"™(M3,) from Theorem 3.2. (See the discussion before Lemma 6.3.) Since 12 is even, we may use
the alternative form (pg -+ p11)® = (p11 -+ p1)® of Theorem 3.2(e). The A11 A4 Artin relations hold by
[Basak 2016, Theorem 4.4]. Lemma 6.5 establishes (b) and (c).

(d) Lemma 6.3(b) shows that the elements of PI" underlying
o1 ---0100121010--'01 and A(oa,... ,oD)z,

namely S ~--SloS121S10 ---81 and A(Sa, ..., Sp)?, coincide. Lemma 6.5(a)—(c) show that both un-
derlying paths are homotopic, rel endpoints, to the positive circular arc in B!(p, 7) that starts at o and
subtends angle %n around its center p.

(e) Lemma 6.5(a)—(b) shows that (o7 ---011)® and (o011 ---01)® have the same underlying path, namely
the positive semicircular arc in B! (p, 7), starting at o and centered at p. And one can check that their
underlying elements (S ---S11)® and (S ---S1)® of PI are equal. This proves (e).

Because oy, . .., 011 satisfy (b) and the A 11 Artin relations, Theorem 3.1(c) shows that 7oy -1 = Ok+1
and Doy D' = 0y_, for all k. For k # 0 in the final relation, the A1 Artin relations satisfied by
o1, ...,011 are enough: this is one of the standard properties of the fundamental element of Bry,. To check
that A(oq,...,011) commutes with gg, observe that o + 015, and conjugation by A(oy,...,011),
are automorphisms of J that agree on the generating set {01, ...,011}. (This is a generating set because
one case of (b) is 0¢ -+ 010 = 071 -+ 011, Which expresses oy in terms of 01, ...,0711.) O
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7 Proof of the main theorem

We will find new relations in G by using the previous section to write down generators for the local group
at o, defined in Section 2.8, as words in the meridians oy, ...,011,0A, ..., 0p. Because the PI"-stabilizer
of o lies inside the L3(3) x 2 stabilizing 7, conjugation by these words must permute the point- and
line-meridians, ie the 26 Artin generators of G. The new relations express this conjugation action. We
remark that we may speak of “the” local group at o, even though we have considered o as a point of
two different orbifolds, (U — H)/PT'}}, and (B!3 —7()/PT. Their local groups at o coincide because
the full PI'-stabilizer of o preserves B%M, and hence U. In the next lemma, / means the “increasing”
product 6041 ---0j+10, Which is independent of j by Lemma 6.5(a).

Lemma 7.1 The local group at o is dihedral of order 24, generated by
I-A(0oa,... ,O’D)_l oforder 12 and 1I°- A(oq,... ,011)_1 of order 2.

Conjugation by the second inverts the first.

Proof Lemma 6.5(a) and (c) show that the path y (defined there) underlies / = o1 ---071;1 and also
A(0a, ...,op). Furthermore, y lies in B!(p, r), on which S;---S1; acts by rotating y(0) to y(1).
Therefore the path underlying 7 - A(oa, . ..,op)~! is homotopic to y followed by the reverse of y. So
I-A(oa,...,op)~ ! represents the same element of J as

(the constant path at 0, S1S3 -+ S11-A(Sa, ..., SD)_I).

This gets identified with the first element of PI" listed in Lemma 6.4, under the correspondence between
the PI'-stabilizer and the local group of . A similar argument using Lemma 6.5(a) and (d) identifies
1°. Aoy, ... ,011)_1 with the second element listed there. O

We know from [Allcock and Basak 2018] that the point- and line-meridians generate G, and from [Basak
2016, Theorem 4.4] that they satisfy the Artin relations of P2F5. Therefore G is a quotient of Art(P2F3).
But for current purposes it is cleaner to express it as a quotient of Art(P2F3) x Aut(P2[F3), where the
Artin generators map to the point- and line-meridians, and Aut(P2F3) = L3(3) %2 is identified with the
local group at 7.

Theorem 7.2 (new relations in G) The orbifold fundamental group

G = 7{"™((B'* - 30)/PT, 1)
is the quotient of Art(P2F3) x Aut(P2F3) by the following relations and possibly some additional
(presently unknown) relations.

Consider any A11A4 subdiagram of P2F3, any labeling of the nodes of A by 1o, ..., 11 cyclically
around it in either direction, and either labeling of the nodes of A4 by ta, ..., tp along it. Then

(@) TiT2---T11-A(ta, ..., )" ! equals the element of Aut(P2F3) that permutes the nodes of the A
by t; + 141, and those of the A4 by tp <> tp and 18 <> 1,

Geometry & Topology, Volume 29 (2025)



The Deligne—Mostow 9-ball, and the monster 825

®) (- 111)8 Arq, ..., t11) 7! equals the element of Aut(P?F3) that permutes the nodes of the
/Tll by tj + 16—, and fixes each of ta, ..., Tp.

Proof Recall from Section 4 the 16 particular point- and line-meridians oy, ...,011,04, ..., 0p based
at o, and the corresponding meridians 7o, ..., 711, 7%aA,...,tp based at . These are 16 of the Artin
generators, forming a labeled A11A4 diagram as specified in the statement.

The segment o7 identifies the orbifold fundamental groups of (B'3 — J)/PT based at o and 7. It
is fixed pointwise by the PI'-stabilizer D54 of o, and therefore identifies the local group at o with a
subgroup of L3(3) x2. By Theorem 4.1, this segment also identifies each of 09,...,011,04,...,0D
with the corresponding 7o, ..., 711, TA, ..., Tp. Therefore the words in Lemma 7.1, with o;’s replaced
by 7;’s, permute the 26 Artin generators. The pointwise (L3(3)x2)-stabilizer of an A1144 diagram is
trivial. Therefore these words’ actions on the 26 generators are completely determined by their actions on

T0s -5 T115TAy -+ -5 TD-

We will work out this action in the case of the second word; the argument for the first is similar. Every
word in 71,..., 711 centralizes 74,...,Tp, so it is enough to show that (7} 1) A(ey, .. 1) 7!
conjugates 7; to 16—, for each j =0,...,11. By Theorem 4.1, it is enough to prove this with all 73 ’s
replaced by oy ’s, which is immediate from the identities at the end of Theorem 6.6.

We have established the lemma for one particular choice of 7, ..., 711, Ta, . . ., Tp. This does not quite
prove the theorem, because L3(3) x 2 acts with two orbits on the set of such choices. The other orbit is
represented by the labeling 7o, ..., 11, D, . . . , Ta. But this case follows from the first, by the relation
A(ta, ..., ) = A(tp, ..., 7o) in Brs. O

Proof of Theorem 1.1 Consider § := oty -+~ T10(T172 -+~ 711) "}, regarded as an element of Art(gl 1) C
Art(P2F3). We call it the “deflation word” for reasons that will become clear. An immediate consequence
of Theorem 7.2(a) is that § dies in G. (In fact, the relation § = 1 in G follows from Lemma 6.5(a),
so the later parts of Section 6 are not needed for this theorem.) We write § for the image of § in
Cox(/fll) C Cox(P2F3).

We claim that the subgroup of Cox(fT 11) = 71 % S5 normally generated by § is the translation
subgroup Z 1. This is standard: annihilating 8 expresses tg as aword in 71, ..., 711, so the quotient can be
no larger than S1,. The quotient is no smaller, because the transpositions (1 2), (23),...,(1112),(121) €
S12 satisfy the relations of Cox(;f 11) and also the deflation relation.

Now we can quote a result of Conway and Simons [2001], which depends essentially on work of Ivanov
[1999] and Norton [1992]. They consider the “deflation” of Cox(P2F3), meaning the quotient of this
group by the subgroup normally generated by the translation subgroups of the Cox(/T 11)’s coming from all
the A1, subdiagrams of P2F3. They prove that this quotient is the bimonster. Because G is a quotient of
Art(P2[F3) in which § dies, G/S is a quotient of Cox(P2F3) in which § dies. By the previous paragraph,
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G/S is a quotient of the deflation of Cox(P2F3), and hence of the bimonster (M x M) x2. Since M
is simple, the only possibilities for G/S are the bimonster, Z /2 and the trivial group. The last case is
excluded by Lemma 7.4. |

Remark 7.3 We sketch an argument of Heckman [2015]. It lets one skip most of Sections 5 and 6, and
still prove Theorem 1.1, although it does not establish any new relations in G itself. Killing the squares
of the meridians collapses the exact sequence (6-5), namely

1 = Brs — J — 7{™®(M3,) — 1,

so that the left term becomes S5 and the right term S15. Because S5 has trivial center, the extension is
determined by the homomorphism S1; — Out(S5) = 1. Therefore J becomes S5 x S12. The images

of 0y, ...,011 commute with S5, and hence lie in the S5 factor. Indeed, they project to the standard
transpositions generating S15. It follows that the deflation relation holds for the images of oy, ..., 011
in G/S. Then Theorem 4.1 gives the same result for g, ..., 711, and one can quote Conway and

Simons [2001] as in the proof above. (Unfortunately, Heckman’s approach to Theorem 4.1 had a gap.)

Lemma 7.4 The quotient of G = y'c‘l’rb((IB%13 — H)/PT') by the subgroup S generated by the squares of
the meridians is nontrivial.

Proof It is enough to exhibit a surjection G — Z/2, or equivalently a connected orbifold double cover
of (B'3 —3()/PT. There is a degree-4 holomorphic automorphic form Wy for PT", whose zero locus is H
with multiplicity 1 along each component [Allcock 2000, Theorem 7.1]. This means: Wy is a holomorphic
function on the preimage Q of B!3 in C!% — {0}, homogeneous of degree —4, with a simple zero along
each component of the preimage H of H in €, and no other zeros. The same reference shows that W
transforms by a character I' — Z /3.

Let Z be the space of pairs (£, ¢), where £ C  is the preimage of a point of B! — I, and ¢ is a
holomorphic function on £ whose square coincides with 1118| ¢. Forgetting ¢ gives a projection Z —
B3 —3(, which is obviously a degree-2 covering space. It is connected because \Ifg has zeros of odd order
along H: taking a square root introduces ramification there. The I'-invariance of \IJS yields a I'-action
on Z, with each g € T" sending (£, ¢) to (g(£), ¢ o g~ 1). Because ¢ is homogeneous of degree —6, the
scalars in T" act trivially, yielding a PT'-action on Z and a PT'-equivariant map Z — B!3 — H. Our
promised double cover of (B!®> —3()/PT"is Z/PT. a

References
[Allcock 2000] D Allcock, The Leech lattice and complex hyperbolic reflections, Invent. Math. 140 (2000) 283-301
MR Zbl

[Allcock 2009a] D Allcock, A monstrous proposal, from “Groups and symmetries: from Neolithic Scots to John
McKay” (J Harnad, P Winternitz, editors), CRM Proc. Lecture Notes 47, Amer. Math. Soc., Providence, RI (2009)
17-24 MR Zbl

Geometry & Topology, Volume 29 (2025)


https://doi.org/10.1007/s002220050363
http://msp.org/idx/mr/1756997
http://msp.org/idx/zbl/1012.11053
https://doi.org/10.1090/crmp/047/03
http://msp.org/idx/mr/2500552
http://msp.org/idx/zbl/1193.20015

The Deligne—Mostow 9-ball, and the monster 827

[Allcock 2009b] D Allcock, On the Yss5 complex reflection group, J. Algebra 322 (2009) 1454—-1465 MR Zbl

[Allcock and Basak 2016] D Allcock, T Basak, Geometric generators for braid-like groups, Geom. Topol. 20
(2016) 747-778 MR Zbl

[Allcock and Basak 2018] D Allcock, T Basak, Generators for a complex hyperbolic braid group, Geom. Topol.
22 (2018) 3435-3500 MR Zbl

[Basak 2007] T Basak, The complex Lorentzian Leech lattice and the bimonster, J. Algebra 309 (2007) 32-56
MR Zbl

[Basak 2016] T Basak, The complex Lorentzian Leech lattice and the bimonster, I, Trans. Amer. Math. Soc. 368
(2016) 4171-4195 MR Zbl

[Bell and Margalit 2006] R W Bell, D Margalit, Braid groups and the co-Hopfian property, J. Algebra 303 (2006)
275-294 MR Zbl

[Bessis 2015] D Bessis, Finite complex reflection arrangements are K (m, 1), Ann. of Math. 181 (2015) 809-904
MR Zbl

[Birman 1974] JS Birman, Braids, links, and mapping class groups, Ann. of Math. Stud. 82, Princeton Univ.
Press (1974) MR Zbl

[Brieskorn 1981] E Brieskorn, The unfolding of exceptional singularities, Nova Acta Leopoldina (N.F.) 52 (1981)
65-93 MR Zbl

[Charney and Davis 1995] R Charney, M W Davis, The K (7, 1)-problem for hyperplane complements associated
to infinite reflection groups, J. Amer. Math. Soc. 8 (1995) 597-627 MR Zbl

[Conway and Simons 2001] JH Conway, CS Simons, 26 implies the bimonster, J. Algebra 235 (2001) 805-814
MR Zbl

[Conway et al. 1985] JH Conway, RT Curtis, S P Norton, R A Parker, R A Wilson, ATLAS of finite groups:
maximal subgroups and ordinary characters for simple groups, Oxford Univ. Press (1985) MR Zbl

[Conway et al. 1988] JH Conway, S P Norton, L H Soicher, The bimonster, the group Ysss, and the projective
plane of order 3, from “Computers in algebra” (M C Tangora, editor), Lecture Notes in Pure and Appl. Math. 111,
Dekker, New York (1988) 27-50 MR Zbl

[Couwenberg et al. 2005] W Couwenberg, G Heckman, E Looijenga, Geometric structures on the complement
of a projective arrangement, Publ. Math. Inst. Hautes Etudes Sci. 101 (2005) 69-161 MR Zbl

[Deligne and Mostow 1986] P Deligne, G D Mostow, Monodromy of hypergeometric functions and nonlattice
integral monodromy, Inst. Hautes Etudes Sci. Publ. Math. 63 (1986) 5-89 MR Zbl

[Fox and Neuwirth 1962] R Fox, L. Neuwirth, The braid groups, Math. Scand. 10 (1962) 119-126 MR Zbl
[Heckman 2015] G Heckman, The Allcock ball quotient, Pure Appl. Math. Q. 11 (2015) 655-681 MR Zbl
[Ivanov 1999] A A Ivanov, Y -groups via transitive extension, J. Algebra 218 (1999) 412-435 MR Zbl

[van der Lek 1983] H van der Lek, The homotopy type of complex hyperplane complements, PhD thesis, Katholieke
Universiteit de Nijmegen (1983) Available at https://hdl.handle.net/2066/148301

[Looijenga 1984] E Looijenga, The smoothing components of a triangle singularity, II, Math. Ann. 269 (1984)
357-387 MR Zbl

[Looijenga 2007] E Looijenga, Uniformization by Lauricella functions: an overview of the theory of Deligne—
Mostow, from “Arithmetic and geometry around hypergeometric functions”, Progr. Math. 260, Birkhéuser, Basel
(2007) 207-244 MR Zbl

Geometry & Topology, Volume 29 (2025)


https://doi.org/10.1016/j.jalgebra.2009.05.027
http://msp.org/idx/mr/2543618
http://msp.org/idx/zbl/1269.20029
https://doi.org/10.2140/gt.2016.20.747
http://msp.org/idx/mr/3493096
http://msp.org/idx/zbl/1372.57004
https://doi.org/10.2140/gt.2018.22.3435
http://msp.org/idx/mr/3858768
http://msp.org/idx/zbl/1447.57022
https://doi.org/10.1016/j.jalgebra.2006.05.033
http://msp.org/idx/mr/2301231
http://msp.org/idx/zbl/1125.11040
https://doi.org/10.1090/tran/6558
http://msp.org/idx/mr/3453368
http://msp.org/idx/zbl/1345.20055
https://doi.org/10.1016/j.jalgebra.2005.10.038
http://msp.org/idx/mr/2253663
http://msp.org/idx/zbl/1110.20028
https://doi.org/10.4007/annals.2015.181.3.1
http://msp.org/idx/mr/3296817
http://msp.org/idx/zbl/1372.20036
https://www.jstor.org/stable/j.ctt1b9rzv3
http://msp.org/idx/mr/375281
http://msp.org/idx/zbl/0305.57013
http://msp.org/idx/mr/642697
http://msp.org/idx/zbl/0479.14005
https://doi.org/10.2307/2152924
https://doi.org/10.2307/2152924
http://msp.org/idx/mr/1303028
http://msp.org/idx/zbl/0833.51006
https://doi.org/10.1006/jabr.2000.8494
http://msp.org/idx/mr/1805481
http://msp.org/idx/zbl/0970.20010
http://msp.org/idx/mr/827219
http://msp.org/idx/zbl/0568.20001
http://msp.org/idx/mr/1060755
http://msp.org/idx/zbl/0693.20014
https://doi.org/10.1007/s10240-005-0032-3
https://doi.org/10.1007/s10240-005-0032-3
http://msp.org/idx/mr/2217047
http://msp.org/idx/zbl/1083.14039
https://doi.org/10.1007/BF02831622
https://doi.org/10.1007/BF02831622
http://msp.org/idx/mr/849651
http://msp.org/idx/zbl/0615.22008
https://doi.org/10.7146/math.scand.a-10518
http://msp.org/idx/mr/150755
http://msp.org/idx/zbl/0117.41101
https://doi.org/10.4310/PAMQ.2015.v11.n4.a5
http://msp.org/idx/mr/3613125
http://msp.org/idx/zbl/1364.20023
https://doi.org/10.1006/jabr.1999.7882
http://msp.org/idx/mr/1705810
http://msp.org/idx/zbl/0939.20031
https://hdl.handle.net/2066/148301
https://doi.org/10.1007/BF01450700
http://msp.org/idx/mr/761312
http://msp.org/idx/zbl/0568.14003
https://doi.org/10.1007/978-3-7643-8284-1_8
https://doi.org/10.1007/978-3-7643-8284-1_8
http://msp.org/idx/mr/2306154
http://msp.org/idx/zbl/1120.33013

828 Daniel Allcock and Tathagata Basak

[Looijenga 2023] E Looijenga, Cubic threefolds moduli and the monster group, preprint (2023) arXiv 2310.20124

[Mostow 1986] G D Mostow, Generalized Picard lattices arising from half-integral conditions, Inst. Hautes Etudes
Sci. Publ. Math. 63 (1986) 91-106 MR Zbl

[Norton 1992] SP Norton, Constructing the monster, from “Groups, combinatorics & geometry”, Lond. Math.
Soc. Lect. Note Ser. 165, Cambridge Univ. Press (1992) 63-76 MR Zbl

[Orlik and Solomon 1988] P Orlik, L Solomon, Discriminants in the invariant theory of reflection groups, Nagoya
Math. J. 109 (1988) 23-45 MR Zbl

[Shephard and Todd 1954] G C Shephard, J A Todd, Finite unitary reflection groups, Canad. J. Math. 6 (1954)
274-304 MR Zbl

[Thurston 1998] W P Thurston, Shapes of polyhedra and triangulations of the sphere, from “The Epstein birthday
schrift”’, Geom. Topol. Monogr. 1, Geom. Topol. Publ., Coventry (1998) 511-549 MR Zbl

Department of Mathematics, University of Texas at Austin
Austin, TX, United States

Department of Mathematics, Iowa State University
Ames, IA, United States

allcock@utexas.edu, tathastu@gmail.com

http://www.math.utexas.edu/~allcock, https://orion.math.iastate.edu/tathagat/

Proposed: Benson Farb Received: 31 August 2023
Seconded: David Fisher, Mladen Bestvina Revised: 25 March 2024

Geometry & Topology Publications, an imprint of mathematical sciences publishers :.msp


http://msp.org/idx/arx/2310.20124
https://doi.org/10.1007/BF02831623
http://msp.org/idx/mr/849652
http://msp.org/idx/zbl/0615.22009
https://doi.org/10.1017/CBO9780511629259.008
http://msp.org/idx/mr/1200250
http://msp.org/idx/zbl/0806.20019
https://doi.org/10.1017/S0027763000002749
http://msp.org/idx/mr/931949
http://msp.org/idx/zbl/0614.20032
https://doi.org/10.4153/cjm-1954-028-3
http://msp.org/idx/mr/59914
http://msp.org/idx/zbl/0055.14305
https://doi.org/10.2140/gtm.1998.1.511
http://msp.org/idx/mr/1668340
http://msp.org/idx/zbl/0931.57010
mailto:allcock@utexas.edu
mailto:tathastu@gmail.com
http://www.math.utexas.edu/~allcock
https://orion.math.iastate.edu/tathagat/
http://msp.org
http://msp.org

Mohammed Abouzaid

Dan Abramovich
Tan Agol

Arend Bayer
Mark Behrens
Mladen Bestvina
Martin R Bridson
Jim Bryan

Dmitri Burago
Tobias H Colding
Simon Donaldson
Yasha Eliashberg
Benson Farb
David M Fisher
Mike Freedman
David Gabai
Stavros Garoufalidis
Cameron Gordon
Jesper Grodal

Misha Gromov

Andrés I Stipsicz

GEOMETRY & TOPOLOGY

msp.org/gt

MANAGING EDITORS

University of Oregon
lipshitz@uoregon.edu

Alfréd Rényi Institute of Mathematics
stipsicz@renyi.hu

BOARD OF EDITORS

Stanford University
abouzaid @stanford.edu
Brown University
dan_abramovich@brown.edu

University of California, Berkeley
ianagol @math.berkeley.edu

University of Edinburgh
arend.bayer@ed.ac.uk

University of Notre Dame
mbehren] @nd.edu
University of Utah
bestvina@math.utah.edu
University of Oxford
bridson@maths.ox.ac.uk

University of British Columbia
jbryan@math.ubc.ca
Pennsylvania State University
burago @math.psu.edu

Massachusetts Institute of Technology
colding @math.mit.edu

Imperial College, London
s.donaldson@ic.ac.uk

Stanford University
eliash-gt@math.stanford.edu
University of Chicago
farb@math.uchicago.edu

Rice University
davidfisher @rice.edu

Microsoft Research
michaelf @microsoft.com

Princeton University
gabai @princeton.edu

Southern U. of Sci. and Tech., China
stavros @ mpim-bonn.mpg.de
University of Texas

gordon @math.utexas.edu

University of Copenhagen
jg@math.ku.dk

IHES and NYU, Courant Institute
gromov @ihes.fr

Mark Gross

Rob Kirby

Bruce Kleiner
Séndor Kovics
Urs Lang

Marc Levine
Ciprian Manolescu
Haynes Miller
Tomasz Mrowka
Aaron Naber

Peter Ozsvith
Leonid Polterovich
Colin Rourke
Roman Sauer
Stefan Schwede
Natasa Sesum
Gang Tian

Ulrike Tillmann
Nathalie Wahl

Anna Wienhard

University of Cambridge

mgross @dpmms.cam.ac.uk
University of California, Berkeley
kirby @math.berkeley.edu

NYU, Courant Institute
bkleiner@cims.nyu.edu
University of Washington
skovacs @uw.edu

ETH Ziirich
urs.lang@math.ethz.ch

Universitit Duisburg-Essen
marc.levine @uni-due.de

University of California, Los Angeles
cm@math.ucla.edu

Massachusetts Institute of Technology
hrm @math.mit.edu

Massachusetts Institute of Technology
mrowka@math.mit.edu

Northwestern University
anaber @math.northwestern.edu

Princeton University
petero@math.princeton.edu
Tel Aviv University
polterov @post.tau.ac.il
University of Warwick
gt@maths.warwick.ac.uk

Karlsruhe Institute of Technology
roman.sauer @kit.edu

Universitidt Bonn
schwede @math.uni-bonn.de

Rutgers University

natasas @math.rutgers.edu
Massachusetts Institute of Technology
tian@math.mit.edu

Oxford University
tillmann @maths.ox.ac.uk

University of Copenhagen
wahl@math.ku.dk

Universitit Heidelberg
wienhard @mathi.uni-heidelberg.de

See inside back cover or msp.org/gt for submission instructions.

The subscription price for 2025 is US $865/year for the electronic version, and $1210/year (+$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Geometry & Topology is indexed
by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Geometry & Topology (ISSN 1465-3060 printed, 1364-0380 electronic) is published 9 times per year and continuously online, by Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840. Periodical
rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences
Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

GT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

© 2025 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/gt
mailto:lipshitz@uoregon.edu
mailto:stipsicz@renyi.hu
mailto:abouzaid@stanford.edu
mailto:dan_abramovich@brown.edu
mailto:ianagol@math.berkeley.edu
mailto:arend.bayer@ed.ac.uk
mailto:mbehren1@nd.edu
mailto:bestvina@math.utah.edu
mailto:bridson@maths.ox.ac.uk
mailto:jbryan@math.ubc.ca
mailto:burago@math.psu.edu
mailto:colding@math.mit.edu
mailto:s.donaldson@ic.ac.uk
mailto:eliash-gt@math.stanford.edu
mailto:farb@math.uchicago.edu
mailto:davidfisher@rice.edu
mailto:michaelf@microsoft.com
mailto:gabai@princeton.edu
mailto:stavros@mpim-bonn.mpg.de
mailto:gordon@math.utexas.edu
mailto:jg@math.ku.dk
mailto:gromov@ihes.fr
mailto:mgross@dpmms.cam.ac.uk
mailto:kirby@math.berkeley.edu
mailto:bkleiner@cims.nyu.edu
mailto:skovacs@uw.edu
mailto:urs.lang@math.ethz.ch
mailto:marc.levine@uni-due.de
mailto:cm@math.ucla.edu
mailto:hrm@math.mit.edu
mailto:mrowka@math.mit.edu
mailto:anaber@math.northwestern.edu
mailto:petero@math.princeton.edu
mailto:polterov@post.tau.ac.il
mailto:gt@maths.warwick.ac.uk
mailto:roman.sauer@kit.edu
mailto:schwede@math.uni-bonn.de
mailto:natasas@math.rutgers.edu
mailto:tian@math.mit.edu
mailto:tillmann@maths.ox.ac.uk
mailto:wahl@math.ku.dk
mailto:wienhard@mathi.uni-heidelberg.de
http://dx.doi.org/10.2140/gt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org/
https://msp.org/

GEOMETRY &
Volume 29 Issue 2 (page

Monodromy of Schwarzian equations with regular
GIANLUCA FARACO and SUBHOJOY GUPT.
Algebraic K-theory of elliptic cohomology

GABRIEL ANGELINI-KNOLL, CHRISTIAN
EvA HONING and JOHN ROGNES

O(2)-symmetry of 3D steady gradient Ricci solito
Y1 LAI

The Deligne-Mostow 9-ball, and the monster
DANIEL ALLCOCK and TATHAGATA BASA

Isoperimetric inequalities vs upper curvature boun:
STEPHAN STADLER and STEFAN WENGER

Parametric inequalities and Weyl law for the volu
LARRY GUTH and YEVGENY LIOKUMOVIC

Vanishing lines in chromatic homotopy theory
ZHIPENG DUAN, GUCHUAN LI and X1AOLI

Classification of bubble-sheet ovals in R*

BEOMJUN CHOI, PANAGIOTA DASKALOPO
HASLHOFER and NATASA SESUM

Discrete subgroups with finite Bowen—Margulis—S
MIKOLAT FRACZYK and MINJU LEE

Holder continuity of tangent cones in RCD(K, N)
nonbranching

QIN DENG


http://dx.doi.org/10.2140/gt.2025.29.549
http://dx.doi.org/10.2140/gt.2025.29.619
http://dx.doi.org/10.2140/gt.2025.29.687
http://dx.doi.org/10.2140/gt.2025.29.791
http://dx.doi.org/10.2140/gt.2025.29.829
http://dx.doi.org/10.2140/gt.2025.29.863
http://dx.doi.org/10.2140/gt.2025.29.903
http://dx.doi.org/10.2140/gt.2025.29.931
http://dx.doi.org/10.2140/gt.2025.29.1017
http://dx.doi.org/10.2140/gt.2025.29.1037
http://dx.doi.org/10.2140/gt.2025.29.1037

	1. Introduction
	2. Background, conventions and notation
	2.1. Complex hyperbolic space
	2.2. Eisenstein lattices
	2.3. The Eisenstein E8 lattice and the hyperbolic cell
	2.4. The lattice L
	2.5. Roots, mirrors and the hyperplane arrangement
	2.6. Special points in B13
	2.7. The Deligne–Mostow Lattice
	2.8. Orbifold fundamental groups
	2.9. Meridians

	3. Braid groups
	4. Change of basepoint in B13
	5. The Deligne–Mostow 9-ball quotient
	6. A neighborhood of the Deligne–Mostow ball, modulo its stabilizer
	7. Proof of the main theorem
	References
	
	

